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Foreword

It is atruism that in the past decade density functional theory has made its way from a
peripheral position in quantum chemistry to center stage. Of course the often excellent
accuracy of the DFT based methods has provided the primary driving force of this devel op-
ment. When one adds to this the computational economy of the calculations, the choice for
DFT appears natural and practical. So DFT has conquered the rational minds of the quan-
tum chemists and computational chemists, but has it also won their hearts? To many, the
success of DFT appeared somewhat miraculous, and maybe even unjust and unjustified.
Unjust in view of the easy achievement of accuracy that was so hard to come by inthewave
function based methods. And unjustified it appeared to those who doubted the soundness of
the theoretical foundations. There has been misunderstanding concerning the status of the
one-determinantal approach of Kohn and Sham, which superficially appeared to preclude
the incorporation of correlation effects. There has been uneasiness about the molecular
orbitals of the Kohn-Sham model, which chemists used qualitatively as they always have
used orbitals but which in the physics literature were sometimes denoted as mathematical
constructs devoid of physical (let alone chemical) meaning.

Against this background the Chemist’s Guide to DFT is very timely. It brings in the
second part of the book the reader up to date with the most recent successes and failures of
the density functionals currently in use. The literature in this field is exploding in such a
manner that it is extremely useful to have a comprehensive overview available. In particu-
lar the extensive coverage of property eval uation, which hasvery recently been enormously
stimulated by the time-dependent DFT methods, will be of great benefit to many (compu-
tational) chemists. But | wish to emphasizein particular the good service the authors have
done to the chemistry community by elaborating in the first part of the book on the ap-
proach that DFT takesto the physics of electron correlation. A full appreciation of DFT is
only gained through an understanding of how thetheory, in spite of working with an orbital
model and asingle determinantal wave function for amodel system of noninteracting elec-
trons, still achievesto incorporate electron correlation. The authors justly put emphasis on
the pictorial approach, by way of Fermi and Coulomb correlation holes, to understanding
exchange and correlation. The present success of DFT provesthat modelling of these holes,
even if rather crudely, can provide very good energetics. It is also in the simple physical
language of shape and extent (localized or delocalized) of these holes that we can under-
stand where the problems of that modelling with only local input (local density, gradient,
Laplacian, etc.) arise. It isbecause of the well equilibrated treatment of physical principles
and chemical applicationsthat thisbook doesagood and very timely serviceto the compu-
tational and quantum chemists aswell asto the chemistry community at large. | am happy
to recommend it to this audience.

Evert JaN BAERENDS, Amsterdam
October 1999
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Preface

This book has been written by chemists for chemists. In particular, it has not been written
by genuine theoretical chemists but by chemists who are primarily interested in solving
chemical problems and in using computational methods for addressing the many exciting
questions that arise in modern chemistry. This isimportant to realize right from the start
because our background of course determined how we approached this project. Density
functional theory is afairly recent player in the computational chemistry arena. WK, the
senior author of this book remembers very well hisfirst encounter with this new approach
to tackle electronic structure problems. It was only some ten years back, when he got a
paper to review for the Journal of Chemical Physicswhere the authors employed thismethod
for solving some chemical problems. He had a pretty hard time to understand what the
authorsreally did and how much the resultswere worth, because the paper used alanguage
so different from conventional wave function based ab initio theory that he was used to. A
few years later we became interested in transition-metal chemistry, the reactivity of
coordinatively unsaturated open-shell species in mind. During a stay with Margareta
Blomberg and Per Siegbahn at the University of Stockholm, leading researchers in this
field then already for adecade, M CH was supposed to learn the tricks essential to copewith
the application of highly correlated multireference wave function based methods to tackle
such systems. So he did — yet, what he took home was the feeling that our problems could
not be solved for the next decade with this methodol ogy, but that there might be something
to learn about density functional theory (DFT) instead. It did not take long and DFT be-
came the major computational workhorse in our group. We share this kind of experience
with many fellow computational chemists around the globe. Starting from the late eighties
and early nineties approximate density functional theory enjoyed ameteoric risein compu-
tational chemistry, a success story without precedent in this area. In the Figure below we
show the number of publications where the phrases ‘DFT’ or ‘density functional theory’
appear in the title or abstract from a Chemical Abstracts search covering the years from
1990 to 1999. The graph speaks for itself.
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This stunning progress was mainly fueled by the development of new functionals —
gradient-corrected functional sand most notably hybrid functionalssuch asB3LY P—which
cured many of the deficienciesthat had plagued the major model functional used back then,
i. e.,, thelocal density approximation. Their subsequent implementation in the popular quan-
tum chemistry codes additionally catalyzed this process, which is steadily gaining momen-
tum. The most visible documentation that computational methods in general and density
functional theory in particular finaly lost their ‘ new kid onthe block’ imageisthe award of
the 1998 Noble Prizein chemistry to two exceptional protagonists of thisgenre, John Pople
and Walter Kohn.

Many experimental chemists use sophisticated spectroscopic techniques on a regular
basis, even though they are not experts in the field, and probably never need to be. In a
similar manner, more and more chemists start to use approximate density functional theory
and take advantage of black box implementations in modern programs without caring too
much about the theoretical foundationsand —more critically — limitations of the method. In
the case of spectroscopy, this partial unawareness is probably just due to alack of time or
motivation since amost any level of education required seemsto be well covered by text-
books. In computational chemistry, however, the lack of digestible sourcestailored for the
needs of chemists is serious. Everyone trying to supplement a course in computational
chemistry with pointersto the literature well suited for amateursin density functional theory
has probably had this experience. Certainly, there is a vast and fast growing literature on
density functional theory including many review articles, monographs, books containing
collections of high-level contributions and al so text books. Indeed, some of these werevery
influential in advancing density functional theory in chemistry and wejust mention what is
probably the most prominent example, namely Parr’sand Yang's* Density-Functional Theory
of Atoms and Molecules' which appeared in 1989, just when density functional theory
started to lift off. Still, many of these are either addressing primarily the physics commu-
nity or present only specific aspects of the theory. What is not available is a text book,
something like Tim Clark’s ‘A Handbook of Computational Chemistry’, which takes a
chemist, who isinterested but new to the field, by the hand and guides him or her through
basic theoretical and related technical aspects at an easy to understand level. Thisis pre-
cisely the gap we are attempting to fill with the present book. Our main motivation to
embark on the endeavor of this project was to provide the many users of standard codes
with the kind of background knowledge necessary to master the many possibilities and to
critically assess the quality obtained from such applications. Consequently, we are neither
concentrating on all the important theoretical difficulties still related to density functional
theory nor do we attempt to exhaustively review all theliterature of important applications.
Intentionally we sacrifice the purists’ theoretical standpoint and a broad coverage of fields
of applicationsin favor of apragmatic point of view. However, wedid our best to include as
many theoretical aspectsand relevant examplesfrom theliterature as possibleto encourage
the interested readers to catch up with the progress in this rapidly developing field. In
collecting thereferenceswetried to be as up-to-date as possible, with the consequence that
older studies are not always cited but can be traced back through the more recent investiga-
tions included in the bibliography. The literature was covered through the fall of 1999.
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However, due to the huge amount of relevant papers appearing in a large variety of jour-
nals, certainly not all papers that should have come to our attention actually did and we
apologize at this point to anyone whose contribution we might have missed. One more
point: we have written this book dwelling from our own background. Hence, the subjects
covered in this book, particularly in the second part, mirror to some extent the areas of
interest of the authors. As a consequence, some chemically relevant domains of density
functional theory are not mentioned in the following chapters. We want to make clear that
thisdoes not imply that we assign areduced importanceto thesefields, rather it reflects our
own lack of experience in these areas. The reader will, for example, search in vain for an
exposition of density functional based ab initio molecular dynamics (Car-Parrinello) meth-
ods, for an assessment of the use of DFT asabasisfor qualitative models such as soft- and
hardness or Fukui functions, an introduction into the treatment of solvent effects or the
rapidly growing field of combining density functional methods with empirical forcefields,
i. e, QM/MM hybrid techniques and probably many more areas.

Thebook isorganized asfollows. Inthefirst part, consisting of Chapters 1 through 7, we
give a systematic introduction to the theoretical background and the technical aspects of
density functional theory. Even though we have attempted to give a mostly self-contained
exposition, we assume the reader has at |east some basi ¢ knowledge of molecular quantum
mechanics and therelated mathematical concepts. The second part, Chapters 8to 13 presents
a careful evaluation of the predictive power that can be expected from today’s density
functional techniquesfor important atomic and molecular propertiesaswell as examples of
some selected areas of application. Of course, also the selection of these examples was
governed by our own preferences and cannot cover all important areas where density func-
tional methods are being successfully applied. The main thrust hereisto convey ageneral
feeling about the versatility but also the limitations of current density functional theory.

For any comments, hints, corrections, or questions, or to receive alist of misprints and
corrections please drop a message at DFT-Guide@chemie.uni-marburg.de.

Many colleagues and friends contributed important input at various stages of the prepa-
ration of thisbook, by making available preprints prior to publication, by discussions about
severa subjects over the internet, or by critically reading parts of the manuscript. In par-
ticular we express our thankstoV. Barone, M. Bihl, C. J. Cramer, A. Fiedler, M. Filatov, F.
Haase, J. N. Harvey, V. G. Malkin, P. Nachtigall, G. Schreckenbach, D. Schréder, G. E.
Scuseria, Philipp Spuhler, M. Vener, and R. Windiks. Further, we would like to thank
Margareta Blomberg and Per Siegbahn for their warm hospitality and patience as open
minded experts and their early inspiring encouragement to explore the pragmatic alterna-
tives to rigorous conventional ab initio theory. WK also wants to thank his former and
present diplomaand doctoral students who helped to clarify many of the concepts by ask-
ing challenging questions and always created a stimulating atmosphere. In particular we
aregrateful toA. Pfletschinger and N. Séndig for performing some of the cal culations used
in this book. Brian Yates went through the exercise of reading the whole manuscript and
helped to clarify the discussion and to correct some of our ‘Germish’. He did agreat job —
thanks a lot, Brian — of course any remaining errors are our sole responsibility. Last but
certainly not least we are greatly indebted to Evert Jan Baerends who not only contributed
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many enlightening discussions on the theoretical aspects and provided preprints, but who
also volunteered to write the Foreword for this book and to Paul von Ragué Schleyer for
providing thoughtful comments. MCH is grateful to Joachim Sauer and Walter Thiel for
support, and to the Fonds der Chemischen Industriefor aLiebig fellowship, which allowed
him to concentrate on thisenterprise free of financial concerns. At Wiley-V CH wethank R.
Wengenmayr for his competent assistance in all technical questions and his patience. The
victimsthat suffered most from sacrificing our weekends and spare time to the progress of
this book were certainly our families and we owe our wives Christina and Sophia, and
WK'’sdaughters Julianaand L eoraadeep thank you for their endurance and understanding.

WoLrFraM KocH, Frankfurt am Main
Max C. HoLTHAUSEN, Berlin
November 1999

Preface to the second edition

Due to the large demand, a second edition of this book had to be prepared only about one
year after the original text appeared. In the present edition we have corrected all errorsthat
cameto our attention and we have included new references where appropriate. The discus-
sion has been brought up-to-date at various places in order to document significant recent
developments.

WoLrraM KocH, Frankfurt am Main
Max C. HoLTHAUsSEN, Marburg
April 2001
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PART A

The Definition of the M odel

What isdensity functional theory? Thefirst part of thisbook isdevoted to this question and
we will try in the following seven chapters to give the reader a guided tour through the
current state of the art of approximate density functional theory. We will try to lift some of
the secretsveiling that magic black box, which, after being fed with only the charge density
of asystem somewhat miraculously cranksout its energy and other ground state properties.
Density functional theory is rooted in quantum mechanics and we will therefore start by
introducing or better refreshing some elementary concepts from basic molecular quantum
mechanics, centered around the classical Hartree-Fock approximation. Since modern den-
sity functional theory is often discussed in relation to the Hartree-Fock model and the
corresponding extensionsto it, asolid appreciation of therelated physicsisacrucial ingre-
dient for adeeper understanding of the thingsto come. We then comment on the very early
contributions of Thomas and Fermi as well as Slater, who used the electron density as a
basic variable more out of intuition than out of solid physical arguments. We go on and
develop the red line that connects the seminal theorems of Hohenberg and Kohn through
the realization of this concept by Kohn and Sham to the currently popular approximate
exchange-correlation functionals. The concept of the exchange-correlation hole, which is
rarely discussed in detail in standard quantum chemical textbooks holds a prominent place
in our exposition. We believe that grasping its characteristics helpsalot in order to acquire
amore pictorial and less abstract comprehension of the theory. Thisintellectual exerciseis
therefore well worth the effort. Next to the theory, which — according to our credo — we
present in a down-to-earth like fashion without going into all the many intricacies which
theoretical physicists make aliving of, we devote alarge fraction of this part to very prac-
tical aspects of density functional theory, such as basis sets, numerical integration tech-
niques, etc. While it is neither possible nor desirable for the average user of density func-
tional methods to apprehend all the technicalities inherent to the implementation of the
theory, the reader should neverthel ess become aware of some of the problems and develop
afeeling of how a solution can be realized.
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1 Elementary Quantum Chemistry

In thisintroductory chapter we will review some of the fundamental aspects of electronic
structure theory in order to lay the foundations for the theoretical discussion on density
functional theory (DFT) presented in later parts of thisbook. Our exposition of the material
will be kept as brief as possible and for adeeper understanding the reader is encouraged to
consult any modern textbook on molecular quantum chemistry, such as Szabo and Ostlund,
1982, McWeeny, 1992, Atkins and Friedman, 1997, or Jensen, 1999. After introducing the
Schrédinger equation with the molecular Hamilton operator, important concepts such as
the antisymmetry of the electronic wave function and the resulting Fermi correlation, the
Slater determinant as a wave function for non-interacting fermions and the Hartree-Fock
approximation are presented. The exchange and correlation energies as emerging from the
Hartree-Fock picture are defined, the concepts of dynamical and nondynamical electron
correlation are discussed and the dissociating hydrogen moleculeis introduced as a proto-
type example.

1.1 The Schrodinger Equation

The ultimate goal of most quantum chemical approachesisthe —approximate — sol ution of
the time-independent, non-relativistic Schrodinger equation

Q\Pi(21,22,...,RN,ﬁl,ﬁz,...,ﬁM) = Ei\Pi(21,22,...,XN,ﬁl,ﬁz,...,ﬁM) (1-1)

where H isthe Hamilton operator for a molecular system consisting of M nuclei and N
electrons in the absence of magnetic or electric fields. H isadifferential operator repre-
senting the total energy:

N 1 N ) 1 M 1 ) N M ZA N N 1 M ZB
H== DX Vi-S 2 Va-2 2-5+3 Y=+ 3 Z (1-2)
2 2 A5iMa i-1 A-1ia i>i T

i=1 i=1 A=1 B>A

Here, A and B run over the M nuclei whilei and j denote the N electrons in the system.
The first two terms describe the kinetic energy of the electrons and nuclei respectively,
where the L aplacian operator Vg isdefined as asum of differential operators (in cartesian
coordinates)

2 2 2
nga—+a—+a— (1-3)
ox5  oyi oz

and M, isthe mass of nucleus A in multiples of the mass of an electron (atomic units, see
below). The remaining three terms define the potential part of the Hamiltonian and repre-



1 Elementary Quantum Chemistry

sent the attractive electrostatic interaction between the nuclei and the electrons and the
repulsive potential due to the electron-electron and nucleus-nucleus interactions, respec-
tively. rq (and similarly R, isthedistance betweenthe particlespand g, i. e, rpq = |Fp - T |
Y, (X1, X5,..., XN Ry, Ry, ..., Ry) stands for the wave function of the i’th state of the
system, which depends on the 3N spatial coordinates {¥.} , and the N spin coordinates'
{s;} of theelectrons, which are collectively termed {X;} and the 3M spatial coordinates of
thenuclei, {R,} . Thewavefunction¥; containsall information that can possibly be known
about the quantum system at hand. Finally, E; is the numerical value of the energy of the
state described by ‘P;.

All equationsgivenin thistext appear in avery compact form, without any fundamental
physical constants. We achieve this by employing the so-called system of atomic units,
which isparticularly adapted for working with atoms and molecules. In this system, physi-
cal quantities are expressed as multiples of fundamental constants and, if necessary, as
combinations of such constants. The mass of an electron, m,, the modulus of its charge, |€],
Planck’s constant h divided by 2r, 72 , and 4ne,, the permittivity of the vacuum, areall set to
unity. Mass, charge, action etc. are then expressed as multiples of these constants, which
can therefore be dropped from all equations. The definitions of atomic units used in this
book and their relations to the corresponding Sl units are summarized in Table 1-1.

Table 1-1. Atomic units.

Quantity Atomic unit Vauein Sl units Symbol (name)
mass rest mass of electron 9.1094 x 10 kg me

charge elementary charge 1.6022x 10°C e

action Planck’s constant/2n 1.0546 x 10 Js h

length Aregh |/ mg € 52918 x 10! m a, (bohr)
energy n? I mgal 43597 x 108 E,, (hartree)

Note that the unit of energy, 1 hartree, corresponds to twice the ionization energy of a
hydrogen atom, or, equivalently, that the exact total energy of an H atom equals—0.5 E,,.
Thus, 1 hartree corresponds to 27.211 eV or 627.51 kcal/mol .2

The Schrodinger equation can be further simplified if we take advantage of the signifi-
cant differences between the masses of nuclei and electrons. Even thelightest of all nuclei,
the proton (*H), weighs roughly 1800 times more than an electron, and for atypical nucleus
such as carbon the massratio well exceeds 20,000. Thus, the nuclel move much slower than
the electrons. The practical consequenceisthat we can—at least to agood approximation —
take the extreme point of view and consider the electrons as moving in the field of fixed

! Remember from basic quantum mechanics that to completely describe an electron its spin needs to be speci-

fied in addition to the spatial coordinates. The spin coordinates can only assume the values +%%; the possible
values of the spin functions ou(s) and B(s) are: ou(¥2) = B(—¥2) = 1 and a(—2) = (%2 = 0.
2 We use kcal/mol rather than kJ/mol throughout the book. 1 kcal/mol = 4.184 k¥mol.
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nuclei. Thisisthefamous Born-Oppenheimer or clamped-nuclel approximation. Of course,
if the nuclel arefixed in space and do not move, their kinetic energy is zero and the poten-
tial energy dueto nucleus-nucleus repulsion ismerely aconstant. Thus, the complete Ham-
iltonian given in equation (1-2) reduces to the so-called electronic Hamiltonian

. 1N N M Za NN ¢ .. ~
Ha = -2 3 V2-3 Y 28 22_ T+ Vg + Ve, . (1-4)
2i:1 i=1 A= ri i=1j>i I’

The solution of the Schrodinger equation with Helec is the electronic wave function
Y e and the electronic energy Ey.. Wy depends on the electron coordinates, while the
nuclear coordinates enter only parametrically and do not explicitly appear in Wyq.. The
total energy Emt is then the sum of E4.. and the constant nuclear repulsion term,

M zz.
nuc_zz “ATE I. e,

A=1B>A 'AB

HaecWaec = Edec Vaec (1-5)
and
Eit = Egec T Enge- (1-6)

Theattractive potential exerted on the el ectrons due to the nuclei —the expectation value
of the second operator V,, in equation (1-4) —is also often termed the external potential,
V o, indensity functional theory, even though the external potential is not necessarily lim-
ited to the nuclear field but may include external magnetic or electric fields etc. From now
onwewill only consider the electronic problem of equations (1-4) — (1-6) and the subscript
‘elec’ will be dropped.

Thewavefunction W itself isnot observable. A physical interpretation can only be asso-
ciated with the square of the wave function in that

e e 9 2o e e
W (Xq, X, Xy )|~ gl ... X (1-7)

represents the probability that electrons 1, 2, ..., N are found simultaneously in volume
elements dx,dX, ... dX, . Since electrons are indistinguishable, this probability must not
change if the coordinates of any two electrons (herei and j) are switched, viz.,

L Lo INY: Lo = o2
|\P(X1,X2,...,Xi ,Xj,...,XN)| = |\P(X1,X2,...,Xj,xi,...,XN)| . (1'8)

Thus, the two wave functions can at most differ by aunimodular complex number €. It
can be shown that the only possibilities occurring in nature are that either the two functions
areidentical (symmetric wave function, appliesto particles called bosons which have inte-
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ger spin, including zero) or that the interchange leads to asign change (antisymmetric wave
function, appliesto fermions, whose spinishaf-integral). Electrons are fermionswith spin
=Y and ¥ must therefore be antisymmetric with respect to interchange of the spatial and
spin coordinates of any two electrons:

‘I’(Y(l,Y(z,...,)"(i,Y(j,...,f(N) = _\P(XIIXZ""’Xj’)—(i""’)—(N) . (1-9)

We will soon encounter the enormous consegquences of this antisymmetry principle,
which represents the quantum-mechanical generalization of Pauli’sexclusion principle (‘no
two electrons can occupy the same state’). A logical consequence of the probability inter-
pretation of the wave function isthat theintegral of equation (1-7) over thefull range of al
variables equalsone. In other words, the probability of finding the N electronsanywherein
space must be exactly unity,

[ ] R0 Zp) Ry, .. Ry = 1. (1-10)

A wave function which satisfies equation (1-10) is said to be normalized. In the follow-
ing we will deal exclusively with normalized wave functions.

1.2 TheVariational Principle

What we need to do in order to solve the Schrodinger equation (1-5) for an arbitrary mol-
eculeisfirst to set up the specific Hamilton operator of the target system. To this end we
need to know those parts of the Hamiltonian H that are specific for the system at hand.
Inspection of equation (1-4) reveals that the only information that depends on the actual
molecule is the number of electronsin the system, N, and the external potentia V. The
latter isin our cases completely determined through the positions and charges of all nuclei
in the molecule. All the remaining parts, such as the operators representing the kinetic
energy or the el ectron-electron repul sion, are independent of the particular moleculewe are
looking at. In the second step we have to find the eigenfunctions '¥; and corresponding
eigenvalues E; of H . Oncethe Y, are determined, all properties of interest can be obtained
by applying the appropriate operators to the wave function. Unfortunately, this smple and
innocuous-looking program is of hardly any practical relevance, since apart from a few,
trivial exceptions, no strategy to solve the Schrodinger equation exactly for atomic and
molecular systemsis known.

Nevertheless, the situation is not completely hopeless. There is arecipe for systemati-
cally approaching the wave function of the ground state ¥, i. e., the state which delivers
the lowest energy E,. Thisisthe variational principle, which holdsavery prominent place
inall quantum-chemical applications. Werecall from standard quantum mechanicsthat the
expectation value of a particular observable represented by the appropriate operator O
using any, possibly complex, wave function ., that is normalized according to equation
(1-10) isgiven by
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(0) = -+ Wi O iadiucky .. dRy = (¥yia | O iria ) (1-11)

where we introduce the very convenient bracket notation for integrals first used by Dirac,
1958, and often used in quantum chemistry. The star in ‘I‘fri a indicatesthe complex-conju-
gate of Wiy

Thevariational principle now statesthat the energy computed viaequation (1-11) asthe
expectation value of the Hamilton operator H from any guessed W,,;; will be an upper
bound to the true energy of the ground state, i. e.,

<‘Ptria| ||:||‘Ptria> =Eyia 2B = <‘Po|':||‘1’o> (1-12)

wherethe equality holdsif and only if ¥, isidentical to ¥, The proof of equation (1-12)
is straightforward and can be found in almost any quantum chemistry textbook.

Before we continue let us briefly pause, because in equations (1-11) and (1-12) we
encounter for the first time the main mathematical concept of density functional theory. A
rule such as that given through (1-11) or (1-12), which assigns a number, e. g., E;;4, to a
function, e. g., W44, is caled a functional. This is to be contrasted with the much more
familiar concept of afunction, which isthe mapping of one number onto another number.
Phrased differently, we can say that a functiona is a function whose argument is itself a
function. To distinguish afunctional from afunctioninwriting, one usually employs square
brackets for the argument. Hence, f(x) is a function of the variable x while F[f] isafunc-
tional of the function f. Recall that a function needs a number as input and also delivers a
number:

x— sy,

For example, f(x) = x?+ 1. Then, for x = 2, the function deliversy = 5. On the other hand,

afunctional needs afunction asinput, but again delivers a number:

f(X) FIf(x)] >Y.

1
For example, if we define Ff] = j[f(x)]z dx and use f(x) as defined above as input,

this functional delivers F [f(x) = x? + 1] = 28/15. If, instead we choose f(x) = 2x%+1, the
result is F [f(x) = 2x° + 1] = 47/15.

Expectation values such as (O) in equation (1-11) are obviously functionals, since the
value of (O) depends on the function ¥, inserted.

Coming back to the variational principle, the strategy for finding the ground state energy
and wave function should be clear by now: we need to minimize the functional E['¥] by
searching through all acceptable N-electron wave functions. Acceptable meansin this con-
text that the trial functions must fulfill certain requirements which ensure that these func-
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tions make physical sense. For example, to be dligible as a wave function, ¥ must be
continuous everywhere and be quadratic integrable. If these conditions are not fulfilled the
normalization of equation (1-10) would beimpossible. The function® which gives the low-
est energy will be ' and the energy will bethetrue ground state energy E,. Thisrecipe can
be compactly expressed as

Eo = min E[¥]= min <‘I"T + Ve + vee‘\y> (1-13)
where¥ — N indicatesthat ‘¥ isan allowed N-electron wave function. While such asearch
over all eligible functionsis obviously not possible, we can apply the variational principle
aswell to subsets of all possible functions. One usually chooses these subsets such that the
minimization in equation (1-13) can be done in some algebraic scheme. The result will be
the best approximation to the exact wave function that can be obtained from this particular
subset. It is important to realize that by restricting the search to a subset the exact wave
functionitself cannot beidentified (unlessthe exact wavefunctionisincluded in the subset,
which is rather improbable). A typical example is the Hartree-Fock approximation dis-
cussed bel ow, where the subset consists of al antisymmetric products (Slater determinants)
composed of N spin orbitals.

L et us summarize what we have shown so far: once N and Vo, (uniquely determined by
Z, and R,) are known, we can construct H . Through the prescription given in equation
(1-13) we can then —at least in principle — obtain the ground state wave function, which in
turn enabl es the determination of the ground state energy and of all other properties of the
system. Pictorially, this can be expressed as

{N,Z,,R\} = H= ¥, = E, (and all other properties).

Thus, N and V., completely and uniquely determine ¥, and E,,. We say that the ground
state energy is a functional of the number of electrons N and the nuclear potential V o,

Eo = E [N, Vg . (1-14)

1.3 TheHartree-Fock Approximation

In this and the following sections we will introduce the Hartree-Fock (HF) approximation
and some of the fundamental conceptsintimately connected with it, such asexchange, self-
interaction, dynamical and non-dynamical el ectron correlation. Wewill meet many of these
terms again in our later discussions on related topics in the framework of DFT. The HF

3 Ingenera there can be more than one function associated with the same energy. If the lowest energy results

from n functions, this energy is said to be n-fold degenerate.
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approximation is not only the corner stone of almost all conventional, i. e., wave function
based quantum chemical methods, it is also of great conceptual importance. An under-
standing of the physics behind this approximation will thus be of great help in our later
analysis of various aspects of density functional theory. In what follows we will concen-
trate on the interpretation of the HF scheme rather than on a detailed outline how the rel-
evant expressionsare being derived. An excellent sourcefor anin-depth discussion of many
aspects of the HF approximation and more sophisticated techniquesrelated toit isthe book
by Szabo and Ostlund, 1982.

As discussed above, it isimpossible to solve equation (1-13) by searching through all
acceptable N-electron wave functions. We need to define a suitable subset, which offers a
physically reasonable approximation to the exact wave function without being unmanage-
ablein practice. Inthe Hartree-Fock schemethe simplest, yet physically sound approxima-
tion to the complicated many-electron wave function is utilized. It consists of approximat-
ing the N-electron wave function by an antisymmetrized product® of N one-electron wave
functions y; (X;) . This product is usually referred to as a Sater determinant, ®gp:

xa(X)  x2(%g) - xn(Xq)
1 x1(X2)  x2(%2) AN (X2)

\PO = q)SD = ﬁ : : : (1‘15)
Xa(Xn) X2(Xn) - AN (XN)

or using a convenient short-hand notation, where only the diagonal elements are given:

Oy = \/—det{X1(Xl) X2(X2).. %N (XN)} (1-16)

The one-electron functions y; (X;) are called spin orbitals, and are composed of a spa-
tial orbital ¢;(F) and one of the two spin functions, c(s) or B(s).

x(X) = 0(F) o(s), o=0o.B. (1-17)

The spin functions have the important property that they are orthonormal, i. e., <ojo> =
<B|B> = 1 and <aB> = <Pjo> = 0. For computational convenience, the spin orbitals them-
selves are usually chosen to be orthonormal also:

4 A simple product Z = y,(X;) X2(X2) % (Xi) % (%) - xn(Xn) is not acceptable as a model wave func-
tion for fermions because it assigns a particul ar 0ne~e| ectron function to a particular electron (for example y;
to x,) and hence violates the fact that electrons are indistinguishable. In addition,

Xa(Xe) X2 (Xa) .- %i (Xi) (%)) e (Xn) # X2 (Xe) X2 (X2) - % (X)) i (%5) - (Kny)
i. e. such aproduct is not antisymmetric with respect to particle interchange.
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.[Xi*(?) xi(X) dx =<y | % >= 9 (1-18)

wherewe have used the Kronecker deltasymbol &;; which equals1fori =j and 0 otherwise.
Spin orbitals carry the usual physical interpretati on that |X(x)|2dx represents the probabil -
ity of finding the electron with spin given by ¢ within the volume element dr . The (N ')‘”2
prefactor ensures that d g fulfills the normalization condition, equation (1-10). The Slater
determinant of equation (1-15) is indeed antisymmetric, since adeterminant changes sign
upon exchange of two rows or two columns. However, wewant to reiterate at this point that
replacing the true N-electron wave function W, by asingle Slater determinant @y, rep-
resents afairly drastic approximation.

Now that we have decided on the form of the wave function the next step is to use the
variational principle in order to find the best Slater determinant, i. e., that one particular
<, whichyieldsthelowest energy. The only flexibility in aSlater determinant is provided
by the spin orbitals. In the Hartree-Fock approach the spin orbitals {¥;} are now varied
under the constraint that they remain orthonormal such that the energy obtained from the
corresponding Slater determinant is minimal

Eyr = min E[dg]. (1-19)
(DSD—)N

The expectation value of the Hamilton operator with a Slater determinant can be derived
by expanding the determinant and constructing the individual terms with respect to the
various partsin the Hamiltonian. The derivation is not very complicated and can again be
found in all relevant textbooks. We just give here the final result; the HF energy is given by

~ N . 1 N N
Evr = (@[ H|@s0) = X 1R 1D+ 2D DG 1)~ GilJi)  (1-20
i i
where

(i 1h i) =[x (%) {—%vz ZZA}X. (%) o (1-21)

A la

defines the contribution due to the kinetic energy and the el ectron-nucleus attraction and
N 2 1 N,
G 11 = [ [ Gl = [t (o) dga, (1-22)
12
I I I
(i 11) = [ [ (0) o} (%) —= %1 (R2) X1 (%) dadk, (1-23)
12

10
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are the so-called Coulomb and exchange integrals, respectively, which represent the inter-
action between two electrons as discussed in more detail bel ow.

Er from equation (1-20) is obviously a functional of the spin orbitals, E,;z = E[{;}].
Thus, the variational freedom in this expression isin the choice of the orbitals. In addition,
the constraint that the{y;} remain orthonormal must be satisfied throughout the minimiza-
tion, which introducesthe Lagrangian multiplierse; in theresulting equations. These equa-
tions (1-24) represent the Har tree-Fock equations, which determinethe * best’ spin orbitals,
i. e, those {y;} for which E,rattainsits lowest value (for a detailed derivation see Szabo
and Ostlund, 1982)

fxi=¢x,1=1,2..,N. (1-24)

These N equations have the appearance of eigenvalue equations, where the Lagrangian
multiplierse; are the eigenvalues of the operator f . Theg; have the physical interpretation
of orbital energies. The Fock operator f isan effective one-electron operator defined as

;1 uz :
fi = —EV,Z - Z—A + VHF(I) . (1'25)
A TiIA

The first two terms are the kinetic energy and the potential energy due to the electron-
nucleus attraction. V(i) isthe Hartree-Fock potential. It isthe average repulsive potential
experienced by thei’th electron due to the remaining N-1 electrons. Thus, the complicated
two-electron repulsion operator 1/r; in the Hamiltonian is replaced by the simple one-
electron operator V(i) where the electron-electron repulsion is taken into account only in
an average way. Explicitly, V¢ has the following two components:

N ~ ~
Vi (%) = X (%) = K;(%y)) - (1-26)

J

The Coulomb operator J isdefined as
A 2 1
Ji0) = i) " = o, (1-27)
12

and represents the potential that an electron at position X, experiences due to the average
charge distribution of another electron in spin orbital ;. Remember that | x;(X,) 1 dx,
represents the probability that the electron is within the volume element dx, . Thus the
Coulomb repulsion corresponding to aparticul ar distance between the reference electron at
X, and another one at position X, isweighted by the probability that the other electron is
at this point in space. Finaly, thisinteraction isintegrated over all space and spin coordi-

11
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nates. Since the result of application of :]j (X,) onaspinorhital y;(X,) dependssolely on
thevalueof y; at position X, , thisoperator and the corresponding potential arecalled local.

The second termin equation (1-26) isthe exchange contribution to the HF potential. The
exchange operator K has no classical interpretation and can only be defined through its
effect when operating on a spin orbital:

kj(xl) Xi(X1) = J X]‘k (Y(z)ri xi(X2) dX, Xj(il) . (1-28)
12

As evident from the above definition, K;(X;) leads to an exchange of the variablesin
the two spin orbitals. Furthermore, the result of operating with K;(X;) on y;(X,) depends
on the value of x; on al points in space, since y; is now related to X, , the variable over
which we integrate. Consequently, this operator and the corresponding exchange potential
are called non-local. It isimportant to realize that the occurrence of the exchange termis
entirely due to the antisymmetry of the Slater determinant and appliesto al fermions, be
they charged or neutral. The 1/r;, operator is spin independent. Thus the integration over
the spin coordinate in equation (1-28) can be separated and we have the integral over the
product of two different spin orbitals x; and x; which both depend on the same coordinate
X, . Because spin functions are orthonormal, it follows that exchange contributions exist
only for electrons of like spin, becausein the case of antiparallel spins, theintegrand would
contain afactor <ou(s,)|B(s,)> (or <B(s,)|0i(s,)>) which is zero and thus makes the whole
integral vanish. R
. It can easily be shown from their definitions that the expectation values of J;(x,) and
K;(X;) are the Coulomb and exchange integrals given in equations (1-22) and (1-23),
respectively, presented above. There is one more thing that we need to emphasize: in the
double summation in equation (1-20) theterm i =j isalowed. Thismeansthat if i =j, the
integral (1-22) describesthe Coulomb interaction of the charge distribution of one electron
withitself. Asaconsegquence, even if we compute the energy of aone-electron system, such
as the hydrogen atom, where there is definitely no electron-electron repulsion, equation
(1-22) would neverthel ess give anon-zero result. This self-interaction is obviously physi-
cal nonsense. However, the exchange term takes perfect care of this: for i = j, the Coulomb

and exchangeintegralsareidentical and both reduceto ”| xi (Xq) |2 ri | %1 (%2) |2 dX, 0%, .
12

Since they enter equation (1-20) with opposite signs the self-interaction is exactly can-
celled. As we will soon see, the self-interaction problem, so elegantly solved in the HF
scheme, and the representation of the exchange energy, constitute major obstaclesin den-
sity functional approaches. Finally, we should note that because the Fock operator depends
through the HF potential on the spin orbitals, i. e., on the very solutions of the eigenvalue
problem that needs to be solved, equation (1-24) is not aregular eigenvalue problem that
can be solved in aclosed form. Rather, we have here a pseudo-ei genval ue problemthat has
to be worked out iteratively. The technique used is called the self-consistent field (SCF)
procedure sincethe orbitals are derived from their own effective potential. Very briefly, this

12
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technique starts with a ‘ guessed’ set of orbitals, with which the HF equations are solved.
The resulting new set of orbitalsis then used in the next iteration and so on until the input
and output orbitals differ by lessthan a predetermined threshold. For the sake of compl ete-
ness we also point out that the Hartree-Fock SCF problem is usually solved through the
introduction of afinite basis set to expand the molecular orbitals. We will have to discuss
al these aspects in much more detail in the context of the Kohn-Sham equations in later
chapters.

Finally, we should note Koopmans' theorem (Koopmans, 1934) which provides aphysi-
cal interpretation of the orbital energies € from equation (1-24): it states that the orbital
energy ¢; obtained from Hartree-Fock theory is an approximation of minus the ionization
energy associated with the removal of an electron from that particular orbital y;, i. e,
g; =~ Ey — Ey_q = —1E(i) . Thesimple proof of thistheorem can be found in any quantum
chemistry textbook.

An important consequence of the only approximate treatment of the electron-electron
repulsion is that the true wave function of a many electron system is never asingle Slater
determinant! We may ask now: if ®gj is not the exact wave function of N interacting
electrons, isthere any other (necessarily artificial model) system of which it is the correct
wave function? The answer is ‘Yes'; it can easily be shown that a Slater determinant is
indeed an eigenfunction of aHamilton operator defined asthe sum of the Fock operators of
equation (1-25)

. N N
Hur®Pso = Ee®sp = Zfiq)SD = Zﬁiq)so- (1-29)
| I

Since the Fock operator is a effective one-el ectron operator, equation (1-29) describesa
system of N electrons which do not interact among themselves but experience an effective
potential V. In other words, the Slater determinant is the exact wave function of N non-
interacting particles moving in thefield of the effective potential V. It will not takelong
before we will meet again the idea of non-interacting systems in the discussion of the
Kohn-Sham approach to density functional theory.

14 TheRestricted and Unrestricted Hartree-Fock M odels

Frequently we are dealing with the special but common situation that the system has an
even number of electrons which are all paired to give an overall singlet, so-called closed-
shell systems. Thevast mgjority of al ‘normal’ compounds, such aswater, methane or most
other ground state speciesin organic or inorganic chemistry, belongsto this class. In these

5 strictly speaking, this statement applies only to closed-shell systems of non-degenerate point group symme-

try, otherwise the wave function consists of alinear combination of afew Slater determinants.

13
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instances the Hartree-Fock solution is usually characterized by having doubly occupied
spatial orbitals, i. e., two spin orbitals, and x, share the same spatial orbital ¢, connected
with an o and a3 spin function, respectively and havethe same orbital energy. If weimpose
thisdouble occupancy right from the start, we arrive at therestricted Hartree-Fock approxi-
mation, RHF for short. Situationswhere the RHF pictureisinadequate are provided by any
system containing an odd number of electrons (the methyl radical or even the hydrogen
atom with its single electron fall into this category) or by systems with an even number of
electrons, but where not all of these electrons occupy pair-wise one spatial orbltal —i.e,
open-shell situations, such as the triplet ground states of methylene, CH, (X B, ) or the
oxygen molecule ( X3x; ¢)- There are two possibilities for how one can treat such species
within the HartreeFock approximation. Either we stay as closely as possible to the RHF
picture and doubly occupy all spatial orbitals with the only exception being the explicitly
singly occupied ones, or we completely abandon the notion of doubly occupied spatial
orbitalsand allow each spin orbital to haveits own spatial part. The former istherestricted
open-shell HF scheme (ROHF) while the latter is the much more popular unrestricted
Hartree-Fock variant (UHF). In UHF the o and 3 orbitals do not share the same effective
potential but experience different potentials, V% and VJ}- . As aconsequence, the o.- and
B-orbitalsdiffer intheir spatial characteristicsand have different orbital energies. The UHF
scheme affords equations that are much simpler than their ROHF counterparts. Particu-
larly, the ROHF wave function is usually composed not of asingle Slater determinant, but
corresponds to a limited linear combination of a few determinants where the expansion
coefficients are determined by the symmetry of the state. On the other hand, in the UHF
scheme we are always dealing with single-determinantal wave functions. However, the
major disadvantage of the UHF technique is that unlike the true and a so the ROHF wave
function, aUHF Slater determinant is no longer an eigenfunction of thetotal spin operator,
& . Themorethe (82) expectation value of aSlater determinant deviatesfrom the correct
value—i. e., S(S+1) where Sisthe spin quantum number representing the total spin of the
system — the more this unrestricted determinant is contaminated by functions correspond-
ing to states of higher spin multiplicity and the less physically meaningful it obviously
gets.

1.5 Electron Correlation

As we have seen in the preceding section a single Slater determinant ®g as an approxi-
mate wave function captures asignificant portion of the physics of amany electron system.
However, it never corresponds to the exact wave function. Thus, owing to the variational
principle, E. g is necessarily always larger (i. e., less negative) than the exact (within the
Born-Oppenheimer approximation and neglecting relativistic effects) ground state energy
E,. The difference between these two energiesis, following Lowdin, 1959, called the cor-
relation energy

Eq" = Ep — Epe- (1-30)

14
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ES" isanegative quantity because E, and e < 0and [Eg| > |Eyl. Itisameasurefor the
error introduced through the HF scheme. The development of methods to determine the
correlation contributions accurately and efficiently is still ahighly active research areain
conventional quantum chemistry. Electron correlation is mainly caused by the instantane-
ous repulsion of the electrons, which is not covered by the effective HF potential. Pictori-
aly speaking, the electrons get often too close to each other in the Hartree-Fock scheme,
becausethe electrostatic interaction istreated in only an average manner. Asaconseguence,
the electron-electron repulsion term is too large resulting in E,- being above E,. This part
of the correlation energy is directly connected to the 1/r;, term controlling the electron-
electron repulsion in the Hamiltonian and is obviously the larger the smaller the distance
r» between electrons 1 and 2 is. It isusually called dynamical electron correlation because
it isrelated to the actual movements of the individual electrons and is known to be a short
range effect. The second main contributionto ERF isthe non-dynamical or static correla-
tion. Itisrelated to thefact that in certain circumstancesthe ground state Slater determinant
isnot agood approximation to the true ground state, because there are other Slater determi-
nants with comparable energies. A typical exampleis provided by one of the famous |abo-
ratoriesof quantum chemistry, the H, molecule. At the equilibrium distance the RHF scheme
provides a good approximation to the H, molecule. The correlation error, which is almost
exclusively dueto dynamical correlationissmall and amountsto only 0.04 E,,. However, as
we stretch the bond the correlation gets larger and in the limit of very large distances con-
vergesto some 0.25 E;, as evident from Figure 1-1, which displays the computed (RHF and
UHF) aswell as the exact potential curves for the ground state of the hydrogen molecule.

Obviously, this cannot be dynamical correlation because at ry, — o= we have two inde-
pendent hydrogen atoms with only one electron at each center and no electron-electron
interaction whatsoever (because 1/ry,, — 0). To understand thiswrong dissociation behavior

RHF,

Ry

Relative Energy

Figure 1-1. Potential curvesfor H,.
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inthe HF picturelet usrecall from basic quantum mechanicsthat the HF ground state wave
function of the H, moleculeisthe Slater determinant where the bonding c orbital is doubly
occupied

Des = % det{o4(%) o(s)) 0 (1) B(Sy)} . (1-31)

Using the simplest picture (and neglecting the effect of overlap on the normalization),
this doubly occupied 6,4 spatial molecular orbital can be thought of as being the symmetric
linear combination of the two 1satomic orbitalson the*left’ and ‘right’ hydrogens, H, and
HR

oq = ja{lsL 155} (1-32)

If we expand the determinant (1-31) in terms of the atomic orbitals (1-32) we get (im-
plicitly assuming that in the determinants the first term is always associated with the coor-
dinates 1; and s; and the second with T, and s))

Pgs = %[det{lSLOL 15} + det{1s, B 1sgod + det{ls o 15 B} + det{Isro Isgf}] . (1-33)

or, pictorially (H' - HY)Y + (HY - HD) + (T o HY + (H - HTTY

We seethat thereisan equal probability that the two spin paired electronsin that orbital
are shared between the two protons (HT Hi) + (Hi HT), asindicated by thefirst two
termsin equation (1-33) or that both el ectrons are on one nucleus, giving riseto ahydrogen
anion while the other is a mere proton (H‘N e HT) + (HT - H‘”), given by the third
and fourth term. While the inclusion of these latter, ionic termsis perfectly adequate for a
description at the equilibrium distance, it isnot suited at all for the dissociation limit, where
the weight of the ionic contributions must of course be zero in order to give the correct
asymptotic wave function consisting of two isolated hydrogen atoms

Dpiss = % [det{:lsLoc 1SRI3}+ det{]SLB ]SR(X}]- (1-34)

Thefact that the HF wave function even at large internuclear distances consists of 50 %
of ionic terms, even though H, dissociates into two neutral hydrogen atoms, leads to an
overestimation of the interaction energy and finally to the large error in the dissociation
energy. Another way of looking at this phenomenon is to recognize that to construct the
correct expression (1-34) from the molecular orbitals, we have to include the determinant
(1-36) composed of the orbital resulting from the antisymmetric linear combination of the
1satomic orbitals, i. e, the 6, antibonding orbital,
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1

Oy = E{ 15, -1z}, (1-35)
B ps = % det{o, () o(sy) 04 (F) B(S,) }. (1-36)

If, as in the RHF scheme, only one of the two determinants is used and the other is
completely neglected the picture cannot be complete. Indeed, in terms of determinants
constructed from molecular orbitals the qualitatively correct wave function for ry — oo is

1
Dpgs = 7 {@cs + @ast (1-37)

where both determinants enter with equal weight. Thiskind of non-dynamical correlation
is often also referred to as left-right correlation, because it describes the effect that if one
electron is at the left nucleus, the other will most likely be at the right one. Obvioudly,
unlike the dynamical correlation discussed before, these non-dynamical contributionsarea
long range effect and, asin the H, case discussed above, become the more important the
more the bond is stretched (Cook and Karplus, 1987). However, we a so see from Figure
1-1 that using the unrestricted (UHF) scheme rather than RHF cures the problem of the
wrong dissociation energy. At an H-H distance of some 1.24 A an unrestricted solution
lower than the RHF one appears and devel ops into a reasonable potentia curve. However,
thereisno such thing as afree lunch and the price to be paid here is that the resulting UHF
wave function no longer resembles the H,, singlet ground state. At large internuclear dis-
tances it actually converges to a physically unreasonable 1:1 mixture between a singlet
(8=0, hence S(S+1) = 0) and atriplet (S= 1, hence S (S+ 1) = 2) asindicated by the
expectation value of the S° operator, (SZ) = 1. The correct energy emerges because the
UHF wave function breaks the inversion symmetry inherent to a homonuclear diatomic
such as H,, and localizes one electron with spin down at one nucleus and the second one
with opposite spin at the other nucleus. For details, see Szabo and Ostlund, 1982.

Finally, we want to point out that EX™ is not restricted to the direct contributions con-
nected to the electron-electron interaction. As this quantity measures the difference be-
tween the expectation value of H with aSlater determinant (Pgp | T + Ve + Ve | Pp)
and the correct energy obtained from the true wave function ¥, it should come as no
surprise that there are also correlation contributions due to the kinetic energy or even the
nuclear-electron term. If, for example, the average distance between the electrons is too
small at the Hartree-Fock level, this automatically will lead to a kinetic energy that istoo
large and a nuclear-electron attraction which istoo small (i. e., too strong). These indirect
contributions can get quite significant and in some cases even constitute the decisive part of

ERF (Baerends and Gritsenko, 1997). We will seein Chapter 5 that the definition of elec-
tron correlation that emerges from the Kohn-Sham formalism of density functional theory
isin many aspects similar to the classical one based on the HF scheme discussed at this
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point, but that there are also some significant differences. Some quantitative data to cor-
roborate the statements of this section can be found in Table 5-1.

In the context of traditional wave function based ab initio quantum chemistry alarge
variety of computational schemes to deal with the electron correlation problem has been
devised during the years. Since we will meet some of these techniquesin our forthcoming
discussion on the applicability of density functional theory as compared to these conven-
tional techniques, we now briefly mention (but do not explain) the most popular ones.®
Electron correlation can most economically be accounted for through second order pertur-
bation theory due to Mdller and Plesset. This frequently used level is abbreviated MP2.
MP4,i. e., Mgller-Plesset perturbation theory to fourth order is a so often used. Thistech-
nigue is more accurate but also significantly more costly than MP2: while MP2 formally
scales with the fifth power of the system size, MP4 scales as O(m’); m being a measure of
the molecul ar size. For comparison, theformal scaling of Hartree-Fock calculationsisO(m®).
Other popular methods are based on configuration interaction (Cl), quadratic Cl (QCI) and
coupled cluster approaches (CC). In principle the exact wave functions and energies of al
states of the system could be obtained by these techniques. Of course, in real applications
some kind of approximation has to be used. The most common among these are methods
known as CISD, QCISD and CCSD, where ‘' SD’ stands for single and double excitations.
Even more sophisticated are extensions to QCISD and CCSD where triple excitations are
also accounted for through a perturbative treatment, leading to methods called QCISD(T)
and CCSD(T), respectively. These last two methods are among the most accurate, but also
most expensive (formal scaling is aso m’) computational wave function based techniques
generally available.

5 Thereisavast literature on these methods. For aconcise but very instructive overview we recommend Bartlett
and Stanton, 1995.
" Therea scaling is significantly smaller, usually between O(m?) and O(m®), depending on the system size.
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2 Electron Density and Hole Functions

In this chapter we make first contact with the electron density. We will discuss some of its
properties and then extend our discussion to the closely related concept of the pair density.
We will recognize that the latter contains all information needed to describe the exchange
and correlation effects in atoms and molecules. An appealing avenue to visualize and un-
derstand these effects is provided by the concept of the exchange-correlation hole which
emerges naturally from the pair density. Thisimportant concept, which will be of great use
in later parts of this book, will finally be used to discuss from adifferent point of view why
therestricted Hartree-Fock approach so badly failsto correctly describe the dissociation of
the hydrogen molecule.

2.1 TheElectron Density

The probability interpretation from equation (1-7) of thewave function leadsdirectly to the
central quantity of this book, the electron density p(F) . It is defined as the following mul-
tiple integral over the spin coordinates of al electrons and over all but one of the spatia
variables

p(E) = N[+ [[¥(Ry, Rpre.e i Xyy) [y .. R 2-1)

p(F) determines the probability of finding any of the N electrons within the volume ele-
ment dr; but with arbitrary spin while the other N-1 electrons have arbitrary positions and
spin in the state represented by V. Strictly speaking p(F) isaprobability density, but call-
ing it the electron density is common practice. It should be noted that the multiple integral
as such represents the probability that one particular €l ectron iswithin the volume element
dr; . However, since electrons are indistinguishable the probability of finding any electron
at thispositionisjust N times the probability for one particular electron. Clearly, p(f) isa
non-negative function of only the three spatial variables which vanishes at infinity and
integrates to the total number of electrons:

p(F = ) = 0, 22
[p(f)di = N. (2-3)

Unlike the wave function, the electron density is an observable and can be measured
experimentally, e. g. by X-ray diffraction. One of itsimportant featuresisthat at any posi-
tion of an atom, p(¥) exhibits a maximum with a finite value, due to the attractive force
exerted by the positive charge of the nuclei. However, at these positions the gradient of the
density hasadiscontinuity and acusp results. This cusp isaconsequence of the singularity

. Y4 . I . .
inthe _r_A part in the Hamiltonian asr;, — 0. Actualy, it haslong been recognized that
iA



2 Electron Density and Hole Functions

Figure 2-1. Representations of the electron density of the water molecule: (8) relief map showing values of p(r)
projected onto the plane, which contains the nuclei (large values near the oxygen atom are cut out); (b) three
dimensional molecular shape represented by an envelope of constant electron density (0.001 a.u.).

the properties of the cusp are intimately related to the nuclear charge Z of the nucleus
according to

. 0 .
lim {5 + ZZA} p(¥)=0 (2-4)

lia -0

where p(T) isthe spherical averageof p(r) . Among the other properties of the density, we
mention its asymptotic exponential decay for large distances from all nuclei

p(F) o exp[-2y/ 21 [F[ (2-5)

where | isthe exact first ionization energy of the system.

As atypical example weiillustrate in Figure 2-1 the electron density of the water mol-
eculein two different representations. In complete analogy, p(X) extendsthe electron den-
sity to the spin-dependent probability of finding any of the N electrons within the volume
element dr; and having a spin defined by the spin coordinate s.

2.2 ThePair Density

The concept of electron density, which provides an answer to the question ‘how likely isit
to find one electron of arbitrary spin within a particular volume element while all other
electrons may be anywhere’ can now be extended to the probability of finding not one but
apair of two electrons with spins ¢, and ¢, simultaneously within two volume elements
dr, and dr,, while the remaining N-2 electrons have arbitrary positions and spins. The
quantity which containsthisinformationisthe pair density p,(X,,X,) , whichisdefined as

By (%1%5) = N(N = D) [ [ [ (R Roroe Xy ) [ s .. Ry (2-6)
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2.2 The Pair Density

This quantity is of great importance, since it actually contains all information about
electron correlation, as we will see presently. Like the density, the pair density is also a
non-negative quantity. It issymmetric in the coordinates and normalized to the total number
of non-distinct pairs, i. e., N(N-1).2 Obviously, if electrons were identical, classical parti-
clesthat do not interact at all, such asfor examplebilliard balls of one color, the probability
of finding one electron at a particular point of coordinate-spin space would be completely
independent of the position and spin of the second electron. Since in our model we view
electrons asidealized mass points with no volume, this would even include the possibility
that both electrons are simultaneously found in the same volume element. In this case the
pair density would reduce to a simple product of the individual probabilities, i.e.,

oL N-1 _ -
P (X,X;y) = N p(X) p(Xy) . (2-7)

The (N-1)/N factor enters because the particles are identical and not distinguishable.
Pictorially speaking, the probability that any of the N electronsisat X, isgivenby p(X,) .
The probability that another electron is simultaneously at X, isonly (N-1)/N p(X,) be-
cause the electron at X, cannot at the same time be at X, and the probability must be
reduced accordingly.

However, billiard balls are a pretty bad model for electrons. First of all, as discussed
above, electrons are fermions and therefore have an antisymmetric wave function. Second,
they are charged particles and interact through the Coulomb repulsion; they try to stay
away from each other as much as possible. Both of these properties heavily influence the
pair density and wewill now enter an in-depth discussion of these effects. L et usbegin with
an exposition of the consequences of the antisymmetry of the wave function. Thisis most
easily done if we introduce the concept of the reduced density matrix for two electrons,
which we call v,. Thisis asimple generalization of p,(X,,X,) given above according to

Y2(Xq, %21 %1, X5) =
NN = D[ [ (R, Xp Rao. ) W (R0, %5 Rg, o Xy) MRy Ry (2-8)

When going from p, to y, we prime those variables in the second factor which are not
included in the integration. The two sets of independent and continuous variables, i. e.,
X1, X, and X7, X5 , definethevalue of vy, (X4, X,; X3, X5) whichisthe motivation for calling
this quantity a matrix (for more information on reduced density matrices see in particular
Davidson, 1976, or McWeeny, 1992). If we now interchange the variables X, and X, (or

X1 and X5 ), y, will change sign because of the antisymmetry of ¥

8 Thisisthe normalization adopted for example by McWeeny, 1967, 1992. One also finds 1/2 N(N-1) as pre-
factor, which corresponds to a normalization to the distinct number of pairs, e. g. Léwdin, 1959 or Parr and
Yang, 1989.
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2 Electron Density and Hole Functions

Yo (Xq, X X1, X5) = =Y, (Xg, Xq; X1, X5) - (2-9)

It should be obvious that the diagonal elements of this ‘matrix’ (i. e., for X, = X and
X, = X5 ) bring usback to our pair density p,(x;,X,) defined above. If wenow look at the
special situationthat X, = X, , that isthe probability that two electrons with the same spin
are found within the same volume element, we find that

P2(X,Xq) = —p2(Xq,Xq) - (2-10)

Thiscan only betrueif p,(X;,X;) = 0. Inother words, this result tells us that the prob-
ability of finding two el ectronswith the same spin at the same point in spaceisexactly zero.
Hence, electrons of like spin do not move independently from each other. It isimportant to
realizethat thiskind of correlationisin noway connected to the charge of the electrons but
is adirect consequence of the Pauli principle. It applies equally well to neutral fermions
and — also thisis very important to keep in mind — does not hold if the two electrons have
different spin. This effect is known as exchange or Fermi correlation. As we will show
below, this kind of correlation is included in the Hartree-Fock approach due to the
antisymmetry of a Slater determinant and therefore has nothing to do with the correlation
energy ERF discussed in the previous chapter.

Next, let us explore the consequences of the charge of the electrons on the pair density.
Here it is the electrostatic repulsion, which manifests itself through the 1/r;, term in the
Hamiltonian, which preventsthe el ectrons from coming too close to each other. This effect
isof courseindependent of the spin. Usually itisthiseffect whichiscalled simply electron
correlation and in Section 1.4 we have made use of this convention. If wewant to make the
distinction from the Fermi correlation, the electrostatic effects are known under the label
Coulomb correlation.

It can easily be shown that the HF approximation discussed in Chapter 1 does include
the Fermi-correlation, but completely neglects the Coulomb part. To demonstrate this, we
analyze the Hartree-Fock pair density for atwo-€el ectron system with the two spatial orbit-
as ¢, and ¢, and spin functions 6, and ¢,

PHF (R4, %,) =[ det {04(R)04(5)) 0,(7)0,(5)}] (2-11)

which after squaring the expanded determinants becomes

P;'F(XL X,) = ¢1(?1)2 0P (fz)2 (51(31)2 (52(32)2
+¢1(f2)2 ¢, (fl)z 0'1(52)2 G, (51)2 (2-12)
=201(R) 02(1) 91(12) 02(1) 64(S) 02(5) 61(S;) 02(S,)

The spin-independent probability of finding one electron at ; and the other simul-
taneously at T, is obtained by integrating over the spins. Since the spin functions are
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2.2 The Pair Density

orthonormal (recall Section 1.3) this integration simply yields 1 for the first two terms.
Furthermore, the first and second term in equation (2-12) are identical because electrons
areindistinguishable and therefore it does not matter which of the electrons—‘number 1’ or
‘number 2’ —isassociated with thefirst or the second orbital. If, however, 6, # 6,, 1. €., the
electrons spins are antiparallel, the last of the three termsin equation (2-12) will vanish
due to the orthonormality of the spin functions, <ou(s;) | B(s;)> = 0. This finally leads to
phFo1#92 (¢ 1) = p(F,) p(F,) which corresponds to the completely uncorrelated situa-
tion.? Notethat pH™17°2 (%, 7,) doesnot necessarily vanish evenfor ¥, = ¥,. Ontheother
hand, if 6, = 0,, i. e, the electrons’ spins are parallel, the last term in equation (2-12) will
not vanish but yields<o(s) | 6(S)> = 1 (6 = o, B). Hence, p}7°1=°2(%,, 7,) doesnot reduce
to the simple, uncorrelated product of individual probabilities. Rather, for T, = T, , thethird
term exactly cancels the first two and we indeed arrive at p5" (X, %;) = 0. Thus, we re-
derived the conclusionsfrom the end of the preceding chapter that the correlation dueto the
antisymmetry of thewavefunctionis covered by the HF scheme—after all no surprisesince
a Slater determinant is antisymmetric in the coordinates of any two electrons. Electrons of
antiparallel spinsthough movein acompletely uncorrelated fashion and Coulomb correla-
tionis not present at the Hartree-Fock level, as discussed in the previous chapter.

It is now convenient to express the influence of the Fermi and Coulomb correlation on
the pair density by separating the pair density into two parts, i. e. the smple product of
independent densities and the remainder, brought about by Fermi and Coulomb effectsand
accounting for the (N-1)/N normalization

P2(X1, Xp) = p(Xy) P(Xz)[l"” f(Xqy; Xz)] (2-13)

Here, f(X;;X,) issometimes called the correlation factor. Consequently, f(X,;X,) =0
definesthe completely uncorrelated case. However, notethat inthiscase, i. e, for f(X,;X,)
=0, p,(X;,X,) isnormalized to thewrong number of pairs, since _Up;'F"’l#’Z (F,,T,)dr, dr,
= ”p(?l) p(T,)dF, df, = N2 rather than N(N-1) and therefore contains the unphysical self-
interaction. We now go one step further and define the conditional probability Q(X,; X;) .
Thisisthe probability of finding any electron at position 2 in coordinate-spin spaceif there
is one already known to be at position 1

Q (% %) = %. (2-14)
1

The conditional density obviously integrates to N-1 electrons, containing all electrons
but the reference electron at X,

j Q(Xp; %)X, = N = 1. (2-15)

®  The (N-1)/N factor of equation (2-7) disappears because the two electrons in question have different spin.
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2 Electron Density and Hole Functions

The difference between Q(X,;X;) and the uncorrelated probability of finding an elec-
tronat X, describesthe changein conditional probability caused by the correction for self-
interaction, exchange and Coulomb correlation, compared to the completely uncorrelated
situation:

e (%0 %z) = % — p(Rz) = P (Ryi%s) (2-16)
1

Since correlation typically leads to adepl etion of the electron density at X, ascompared
to the independent particle situation, the quantity hy.(X,;X,) iscalled the exchange-cor-
relation hole which usually hasanegative sign, in particular in the vicinity of thereference
electron. In addition, if we integrate equation (2-16), recalling from eguation (2-15) that
Q(X,;X;) integrates to N-1, while Jp(f(z)diz =N we immediately see the important
result that the exchange-correlation hole contains exactly the charge of one electron

[ e (®e; %o)d%, = 1. (2-17)

The concept of the exchange-correlation holeiswidely used in density functional theory
and its most relevant properties are the subject of the following section.

2.3 Fermi and Coulomb Holes

The idea of the exchange-correlation hole function allows a very pictorial and intuitively
appealing accessto an understanding of how exchange and Coulomb correlation affectsthe
electron distribution in an atom or molecule. In this context we can imagine the electron
digging a hole around itself such that the probability of finding another electron nearby is
diminished. Asthe hole density usually has anegative sign, the electrostatic interaction of
the necessarily positive electron density at acertain position with the exchange-correlation
hole surrounding it is attractive. Using the new conceptsintroduced so far, it isworthwhile
to take afresh look at the expectation value of V,, , the electron-electron repulsiontermin
the Hamiltonian, equation (1-4), which correspondsto the potential energy dueto the elec-
trostatic repulsion of the electrons, E,. This interaction depends on the distance between
two electrons weighted by the probability that this distance will occur. Thus, we can ex-
press E, in terms of the spin-independent equivalent of the pair density (i.e., where we
have integrated over the spin coordinates) which contains just this information

Eee:<‘1‘

Using p,(T;, o) = p(f)p(T) + p(f)hxc (T o) (cf. the spin-integrated anal og of equa-
tion 2-16) we can split E, in two contributions which can be easily interpreted,

N N 1
PI) Ve
ij>i

_Lorpa(ib) o o
‘P> =3 I B dr,dF, . (2-18)
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_ 1 p(f)p(T2) 1 P(R)hyc(fy;12)
Eee—EJJ.T d?ldFZ +EJ.J‘Td?ldF2 (2_19)

The first term is J[p], the classical electrostatic energy of a charge distribution with
itself. Again, it isimportant to realize that Jp] contains also the unphysical self-interac-
tion as aready alluded to in Chapter 1. This can most easily be illustrated by considering
a one-electron system: with only one electron there obviously cannot be any electron-
electron Coulomb interaction. Nevertheless, even in these cases Jp] # 0. The second
term is the energy of interaction between the charge density and the charge distribution
of the exchange-correlation hole. It includes the correction for the self-interaction as well
as all contributions of quantum-mechanical correlation effects. It should be obvious by
now why the hole functions are so useful for discussing exchange and correlation effects.
The more we know about the characteristics of hy and the better the approximate hole
functions we use in our calculations resemble the true ones, the more accurate results we
can expect.

The exchange-correlation hole can formally be split into the Fermi hole, h§1=°2 (7, T,)
and the Coulomb hole hg'®2 (7, T,)

hc (i) = b2 (5;%) + h& 2 (A, T) (2:20)

where the former isthe hole in the probability density of electrons due to the Pauli princi-
ple, i. e, theantisymmetry of the wave function and applies only to el ectronswith the same
spin. Thelatter has contributions for electrons of either spin and isthe hole resulting from
the 1/ry, electrostatic interaction. These definitions are motivated by the HF picture where
the Fermi hole is accounted for through the use of asingle Slater determinant whereas the
Coulomb hole is neglected. Even though the separation of hy into an exchange and a
correlation contribution is convenient, we must keep in mind that only the total hole has a
real physical meaning. In the following we will discuss some of the properties of these
individual holes.

2.3.1 TheFermi Hole

First of al we note that the Fermi hole — which is due to the antisymmetry of the wave
function—dominates by far the Coulomb hole. Second, another, very important property of
the Fermi holeisthat it, just like the total hole, integratesto —1

J.hx (f; K)dr, = 1. (2-21)

Thisiseasy to understand because it meansthat the conditional probability for electrons
of spino integratesto N, - 1 instead of N because there is one electron of the same spin o
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aready known to be a T, . Hence, this electron is removed from the distribution. By this
removal of one charge, the Fermi hole al so takes care of the self-interaction problem. Fur-
ther, due to the Pauli principle which ensures that two electrons of the same spin cannot be
at the same position in space, the Fermi hole has to become equal to minus the density of
electrons with this spin at the position of the reference electronfor 7, — T,

hy (F, > 1;1) = —p(1) - (2-22)

What can we say about the shape of the Fermi hole? First, it can be shown that hy is
negative everywhere,

hy (f;T,) < 0. (2-23)

Second, if werecall the definition, equation (2-16), and modify it for the exchange-only
case

hy (73 12) = p(R)fx (1;5,) (2-24)

we seethat the actual shape depends not only on the Fermi correlation factor but also on the
density at T, . Asaconsequence, it will certainly not be spherically symmetric. Usually, the
exchange holeislargest around the probe electron. However, if, for example, the reference
electronisat aposition T; located far away from the atom or molecule, the Fermi hole will
beonly slowly varying for T, being within regions of appreciable electron density. Around
the reference electron it will be almost negligible because p(f, — 1) will besmall. Ina
way, the Fermi hole ‘ stays behind’ when the reference electron goes outside the regions of
normal electron density. There are al so situations where the Fermi hole actually tendsto be
delocalized. Let us again use the ground state of the H, molecule as a simple but very
instructive example. Here, there are only two electrons with spin paired and the only duty
of the Fermi hole in this case is to cancel the self-interaction. Thus, for the o (or equiva-
lently the B) electron, h% (f;; T,) isequal to minusthe a- (or B-) density which equals half
thetotal density. Thus, thisholeishalf the squared 6, molecular orbital inH,. Itistherefore
delocalized over the whole molecule, representing a charge depletion of half an electron
from the vicinity of each nucleus. Note that the Fermi holeisin this case completely inde-
pendent of the location of the reference electron. Even for r,, — oo, where there should be
one electron at each center, the Fermi hole will still remove only half of the density from
the location of the reference electron. As a consequence, the attraction of the reference
electron to the nucleus will be partially screened and its density will therefore be too dif-
fuse. Thisis exactly what happensin the HF scheme, where thetotal holeis approximated
solely by the Fermi hole. The too diffuse density causes a severe underestimation of the
electron-nuclear attraction accompanied by atoo low kinetic energy and an electron-elec-
tron repulsion which is also too low. All these effects contribute to the large error in the
Hartree-Fock dissociation curve, aswe will show in more detail in Section 5.3.2 (see also
Baerends and Gritsenko, 1997).
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2.3 Fermi and Coulomb Holes

2.3.2 TheCoulomb Hole

From equations (2-17) and (2-21) it is obvious that the Coulomb hole must be normalized
to zero, i. e. theintegral over all space contains no charge:

[ (i) di, = 0. (2-25)

This makes good physical sense since for electrons of unlike spin the probability of
finding an electron of spin 6 anywherein spaceisof coursethetotal number of electrons of
thisspin, i. e., N,. Thisresult isindependent of the positions of electronswith spin ¢’ # c.
Also, thereis no need for a self-interaction correction. The Coulomb hole will be negative
and largest at the position of the reference electron sinceit originates from the 1/r;, el ectro-
static interaction which keeps electrons apart. Since there is a finite probability that two
electrons of different spin (and approximated as volume-less point charges) can be found
within the same volume element hq(F;; F;) has no predetermined value at vanishing
interel ectronic distance, unlikethe Fermi holewhichfor T, — T, approaches —p(f;) . How-
ever, what h(7;; F;) mirrorsfor ¥, — T, isthe cusp condition that we already met in the
discussion of the density. Because no two electrons of parallel spin can occupy the same
point in space, the cusp condition occurs only for electrons of antiparallel spin. Since the
Coulomb hole integrates to zero it must also be positive in some regions. In other words,
density istaken away from areas close to the reference electron and is piled up in regions
farther away fromit. How does the Coulomb holelook likein our H, laboratory molecule?
Of course, thisisaparticularly simple case, because there are no parallel spin contributions
and the Coulomb holerefers only to theinteraction of electrons of antiparallel spins. If one
of the two electronsisfound at, say, the left proton, the probability to find the other one at
the right nucleus will be higher and vice versa. The larger the distance between the two H
atoms the more pronounced this effect will be. Thus, also the Coulomb hole will be
delocalized with a negative part at the nucleus where the reference el ectron sits and a posi-
tivepart, i. e., abuild-up of charge at the other nucleus. At the extreme, whenry,, — oo, the
Coulomb holewill remove half an electron from the nucleuswhere thereference electronis
positioned and build a charge of half an electron at the other nucleus. Unlike the Fermi
hole, which for H, wasfound to be completely independent of where the reference electron
is located, it should be clear from the foregoing discussion that the Coulomb hole has to
switch abruptly if the reference el ectron moves from the left to the right nucleus.

To visualize the above discussion we show in Figure 2-2 the Fermi, Coulomb and total
exchange-correlation holes for H, at various distances. The probe electron is placed at 0.3
bohr to the left of the right proton. We see immediately — in particular for large r — that
while both components of the hole are delocalized, the sum of thetwo, i. e, the total hole,
islocalized at the proton of the reference electron. At large distances the Coulomb holeis
negetive at the right proton and addsto the Fermi hole, while at theleft proton the Coulomb
holeis positive and exactly cancels the Fermi hole. The result isatotal hole that removes
exactly one electron from the right proton as it should in order to yield two undisturbed
hydrogen atoms in the dissociation limit. An important observation hereis that neither of
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2 Electron Density and Hole Functions

thetwo individual components of thetotal holeisanywhere closeto areasonabl e represen-
tation of the Ey total hole. Only if the Fermi and Coulomb holes are combined, the correct
shape emerges.
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Figure2-2. Fermi, Coulomb and the resulting total exchange-correlation holesfor H, at three different internuclear
distances; the position of the probe electron is marked with an arrow (adapted from Baerends and Gritsenko,
J. Phys. Chem. A, 101, 5390 (1997), with permission by the American Chemical Society).
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3 TheElectron Density asthe Basic Variable:
Early Attempts

In this section we will approach the question which isat the very heart of density functional
theory: can we possibly replace the complicated N-electron wave function with its depend-
enceon 3N spatial plusN spin variablesby asimpler quantity, such asthe electron density?
After using plausibility arguments to demonstrate that this seems to be a sensible thing to
do, we introduce two early realizations of thisidea, the Thomas-Fermi model and Slater’'s
approximation of Hartree-Fock exchange defining the X , method. The discussion in this
chapter will prepare us for the next steps, where we will encounter physically sound rea-
sons why the density isreally all we need.

3.1 Doesit Make Sense?

The conventional approach to quantum chemistry uses the wave function W as the central
quantity. Thereason isthat once we know W (or agood approximation to it) we have access
to al information that can be known about this particular state of our target system. A
typical example of this approach isthe Hartree-Fock approximation that we expounded in
Chapter 1. There is, however, a severe problem. The wave function is a very complicated
quantity that cannot be probed experimentally and that depends on 4N variables, three
spatia and one spin variablefor each of the N electrons. The systemswe areinterestedinin
chemistry, biology and material science contain many atoms and many more electrons.
Thus, any wave function based treatment will soon reach an unmanageable size. This not
only makes a computational treatment very difficult if not impossible but also reduces the
possibility of adescriptive understanding and renders this approach inaccessible to intui-

tion. On the other hand, the Hamilton operator H contains only operators that act on one
(T and VNe) or at most two (V ) particles at a time, independent of the size of the
system. Hence, one may wonder whether the complicated wave function is really needed
for obtaining the energy and other properties of interest or whether it contains redundant
and irrelevant information with regard to this purpose and we can get away with a less
complicated quantity asthe central variable. Thisisindeed thecase! Firgt, itisfairly straight-
forward to show that the Schrédinger equation can be rewritten in terms of the reduced one-
and two-particle density matrices™ and we end up with an equation that depends on 8,
rather than 4N variables, independent of the system size (McWeeny, 1992, Kryachko and
Ludefia, 1990). However, in the present context we are not going to follow that avenue any
further, since it actually represents a detour from our real godl, i. e., density functional
theory. Rather, we want to use the electron density p(T) as discussed in the previous chap-
ter —aquantity that depends only on the three spatial variables and istherefore an object in

10 Theformer isageneralization of the electron density in the same spirit as v,(Xy, X,; X3, X,) isageneralization
of Pz(f(l, iz) , see Section 2.2
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the three-dimensional physical space — as a means to reach a solution to the Schrdodinger
equation. That this endeavor has some chances of success can be deduced from the follow-
ing sequence of observations: recall that in Section 1.2 we arrived at the conclusion that the
Hamilton operator of any atomic or molecular system isuniquely defined by N, the number
of electrons, R,, the position of the nuclei in space, and Z, the charges of the nuclei. We
went on by saying that once H is known, we can — of course only in principle — solve the
Schrodinger equation. We also showed in the discussion of the properties of the electron
density p(F) in Section 2.1 that

0] Jp(ﬁ) d, = N, i. e, thedensity integrates to the number of electrons,

(i) p(¥) hasmaxima, that are actually even cusps, only at the positions R, of the nuclei,
and that

. d - .

i) lim|—+2Z =0,i.e,

(iii) rwo[ar A}P(r)

thedensity at the position of the nucleus containsinformation about the nuclear charge Z.

Thus, the electron density already provides all the ingredients that we identified as being
necessary for setting up the system specific Hamiltonian and it seemsat least very plausible
thatinfact p(T) sufficesfor acomplete determination of all molecular properties (of course,
this does not relieve us from the task of actually solving the corresponding Schrddinger
equation and all the difficultiesrelated to this). Asnoted by Handy, 1994, these very ssimple
and beautifully intuitive arguments in favor of density functional theory are attributed to
E. B. Wilson. So the answer to the question posed in the caption to this section is certainly
aloud and clear ‘ Yes'.

3.2 TheThomas-Fermi Model

Actually, the first attempts to use the electron density rather than the wave function for
obtaining information about atomic and molecular systems are almost asold asis quantum
mechanicsitself and date back to the early work of Thomas, 1927 and Fermi, 1927. In the
present context, their approach is of only historical interest. We therefore refrain from an
in-depth discussion of the Thomas-Fermi model and restrict ourselves to a brief summary
of the conclusions important to the general discussion of DFT. The reader interested in
learning more about this approach is encouraged to consult therich review literature on this
subject, for example by March, 1975, 1992 or by Parr and Yang, 1989.

At the center of the approach taken by Thomas and Fermi is aquantum statistical model
of electrons which, in its origina formulation, takes into account only the kinetic energy
whiletreating the nuclear-el ectron and el ectron-el ectron contributionsin acompletely clas-
sical way. Intheir model Thomasand Fermi arrive at the following, very simple expression
for the kinetic energy based on the uniform electron gas, afictitious model system of con-
stant electron density (more information on the uniform electron gas will be given in Sec-
tion 6.4):
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Toelp(P)] = — (36920 (P (31

If thisis combined with the classical expression for the nuclear-electron attractive po-
tential and the electron-electron repulsive potential we have the famous Thomas-Fermi
expression for the energy of an atom,

Erelp(f)] = (@22 [p 30y - 2[ P ar 4 1] Jp(?lr’lz@ didh,. (3:2)

The importance of this equation isnot so much how well it isableto really describe the
energy of an atom (actually it is only of limited use in that respect because T isonly a
very coarse approximation to the true kinetic energy and exchange and correlation effects
are completely neglected), but that the energy is given completely in terms of the electron
density p(F). Thus, we have the first example of a genuine density functional for the en-
ergy! In other words, equation (3-2) isaprescription for how to map adensity p(f) onto an
energy E without any additional information required. |n particular no recourseto thewave
function is taken. Now that we have a functional expressing the energy in terms of the
density, the next important step isto find astrategy for how the correct density that we need
to insert into (3-2) can be identified. To this end, the Thomas-Fermi model employs the
variational principle. It is assumed that the ground state of the system is connected to the
electron density for which the energy according to equation (3-2) is minimized under the
constraint of _[ p(1) di = N . Note, at this point we do not know either whether expressing
the energy asafunctional of p(r) isphysically justified or whether aprocedure employing
the variational principle on the density isreally allowed in this context. Thus, for thetime
being the only right of existence of the Thomas-Fermi model is that it seems reasonabl el

3.3 Slater’sApproximation of Hartree-Fock Exchange

Let us introduce another early example by Slater, 1951, where the electron density is ex-
ploited as the central quantity. This approach was originally constructed not with density
functional theory in mind, but as an approximation to the non-local and complicated ex-
change contribution of the Hartree-Fock scheme. We have seen in the previous chapter that
the exchange contribution stemming from the antisymmetry of the wave function can be
expressed as the interaction between the charge density of spin ¢ and the Fermi hole of the
same spin

1 p(hy (iT) - o
EX — EJ.JP( l) rX(l 2) d?ldrz. (3_3)
12

Hence, if we can construct asimple but reasonabl e approximation to the Fermi hole, the
solution of equation (3-3) can be made considerably easier. Slater’sideawasto assumethat
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3 The Electron Density as the Basic Variable: Early Attempts

the exchange hole is spherically symmetric and centered around the reference electron at
T, . We further assume that within the sphere the exchange hole density is constant, having
minusthevalueof p(F;), whileoutsideit iszero. Since the Fermi holeisknown to contain
exactly one elementary charge (cf. equation (2-21)), the radius of this sphereisthen given

by

3 1/3
s = (47:) p(i) . (3-4)

Theradiusrgissometimes called the Wigner-Seitz radius and can beinterpreted to afirst
approximation as the average distance between two electronsin the particular system. Re-
gions of high density are characterized by small values of rg and vice versa. From standard
electrostatics it is known that the potential of auniformly charged sphere with radiusrgis
proportiona to Urg, or, equivalently, to p(F;)''3. Hence, we arrive at the following ap-
proximate expression for Ey (Cy isanumerical constant),

Ex[p] = Cx [ p(7)*'® dff;. (35)

What does this mean? We have replaced the non-local and therefore fairly complicated
exchange term of Hartree-Fock theory as given in equation (3-3) by asimple approximate
expression which depends only on the local values of the electron density. Thus, this ex-
pression represents adensity functional for the exchange energy. As noted above, thisfor-
mulawas originally explicitly derived as an approximation to the HF scheme, without any
reference to density functiona theory. To improve the quality of this approximation an
adjustable, semiempirical parameter o was introduced into the pre-factor Cy which leads
to the X, or Hartree-Fock-Sater (HFS) method which enjoyed a significant amount of
popularity among physicists, but never had much impact in chemistry,

1/3
S HEI L ©9)

Typical values of o are between 2/3 and 1. We will later see that the 4/3 power law for
the dependence of the exchange interaction on the electron density is also obtained from a
completely different approach using the concept of the uniform electron gas, work pio-
neered by Bloch, 1929, and Dirac, 1930. A detailed discussion of the uniform electron gas
and its expressions for exchange and correl ation energies awaits the reader in Section 6.4.
It is worth mentioning that if the exchange contributions of equation (3-5), with adightly
modified value of C, are combined with the Thomas-Fermi energy given by expression
(3-2), we end up with an approximation which isknown asthe Thomas-Fermi-Dirac model.
This model now includes the kinetic and classical Coulomb contributions as well as the
guantum mechanical exchange effects. Theimportant point isthat all parts are expressed as
pure functionals of the density. Since, just like the original Thomas-Fermi model, the Tho-
mas-Fermi-Dirac extension was also not very successful in chemical applications, wewill
not discussit any further.
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4  TheHohenberg-Kohn Theorems

Density functional theory aswe know it today was born in 1964 when alandmark paper by
Hohenberg and Kohn appeared in the Physical Review. The theorems proven in this report
represent the major theoretical pillars on which all modern day density functional theories
are erected. This chapter introduces these Hohenberg-Kohn theorems and discusses their
obvious and maybe not so obvious consequences. We also give an alternative, more modern
approach, namely the Levy constraint-search scheme. We go on and discuss the question
whether a physically meaningful wave function can be uniquely associated with a certain
density. The common denominator in our discussion is the primacy of the application-
oriented understanding over the puristic theoretical point of view. Readers who have also
an affinity towards the latter and want to learn more about the many theoretical intricacies
of the Hohenberg-Kohn theorems are recommended to consult the comprehensive and theo-
retically sound discussions contained in Parr and Yang, 1989, Kryachko and L udefia, 1990,
Dreizler and Gross, 1995 and Eschrig, 1996.

4.1 TheFirst Hohenberg-Kohn Theorem: Proof of Existence

The first Hohenberg-Kohn theorem provides the proof that our plausibility arguments
given at the beginning of the previous chapter are indeed physically justified. To put it
differently we are about to show that the electron density in fact uniquely determines the
Hamilton operator and thus all properties of the system. The proof originally given by
Hohenberg and Kohn in their 1964 paper is disarmingly simple, ailmost trivial and one
may wonder why it took about 40 years after Thomas and Fermi first used the density asa
basic variable before their approach was put onto a firm physical foundation. Quoting
directly from the Hohenberg/Kohn paper, this first theorem states that ‘the external po-
tential Vo (F) is(towithin a constant) a unique functional of p(F); since, inturn Vg, (T)

fixes H we see that the full many particle ground state is a unique functional of p(F)".
The proof runs as follows and is based on reductio ad absurdum. We start by considering
two external potentialsV,; and V¢, which differ by more than aconstant (sincethe wave
function and hence the charge density is unaltered if a constant is added to the potential,
we must require from the outset that the two external potentials differ not only by a con-
stant) but which both give rise to the same electron density p(¥) associated with the cor-
responding non-degenerate ground states of N particles (the limitation to non-degenerate
ground states of the original Hohenberg-Kohn argument will later be lifted, see below).

These two external potentials are part of two Hamiltonians which only differ in the exter-
nal potential, H=T+ Vee + V@(t and H' =T+ V + Vext Obviously, the two Hamil-
tonians H and H’ belong to two different ground state wave functions, ¥ and ¥’, and
corresponding ground state energies, E, and Ey, respectively, with Eq # Ej . However

we assume that both wave functions give rise to the same electron density (thisis very
well possible, since the prescription of how adensity is constructed from awave function
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. . Lo I L
by quadrature, i.e., p(t) =N ---“‘P(xl,xz,...,xN) |"dsdx, ...dxy , is of course not
unique). We express this schematically following our notation from Section 1.2 as
Ve s Ho W= pf) =W <eH <V,

Therefore'¥ and ¥, respectively, are different, and we can use'¥” astrial wavefunction
for H. We must then have by virtue of the variational principle

Eo < (W IH|W)=(¥IH W)+ (¥ |H-H|¥) (4-1)
or, because the two Hamilton operators differ only in the external potential

'i'+\798+\7®(t—i'—vee—\7éxt

Ey < Ep + <‘{" ‘f"> (4-2)
which yields
Eo < Eg + [ p(F)}{Var — Vou } T . (4-3)
I nterchanging the unprimed with the primed quantities and repeating the above steps of
equations (4-1) to (4-3) we arrive at the corresponding equation

Ef < Eo — [ p(M)/{Veq — Veu ) dF - (4-4)
After adding equations (4-3) and (4-4), this leaves us with the clear contradiction
Eo + Ep < Ep + Eg or 0<0. (4-5)

This concludes the proof that there cannot be two different V., that yield the same
ground state electron density, or, in other words, that the ground state density uniquely
specifies the external potential V.. Using again the terminology of Section 1.2 we can
simply add p, as the property which contains the information about { N, Z,, R,} and sum-
marizethisas

po={N,Z,, Ry} = H= Y, = E, (and all other properties).
Since the compl ete ground state energy is afunctional of the ground state electron den-
sity so must be itsindividual components and we can write (where we revert to the sub-

script ‘Ne’ to specify the kind of external potential present in our case, which is fully
defined by the attraction due to the nuclei)

Eolpol = Tlpol + Eeclpol + Enelpol - (4-6)

It is convenient at this point to separate this energy expression into those parts that
depend on the actual system, i. e., the potential energy dueto the nuclei-el ectron attraction,
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Enelpol = JpO(F)VNed?, and those which are universal in the sense that their form is
independent of N, R, and Z,

EolPol = [ po(F)Vied + TIPo] + EeelPo] - (4-7)
system dependent universaly valid

Collecting the system independent partsinto anew quantity, the Hohenberg-Kohn func-
tional Fpk[pgl, wearrive at

Eolpol = [ Po(F)Viedr + P [pol (4-8)

which defines F[pg]. In other words, if the Hohenberg-Kohn functional isfed with some
arbitrary density p() it cranksout the expectation value (W [T + V| W) . Thisisthe sum
of the kinetic energy and the electron-electron repulsion operator with the ground state
wave function ¥ connected with this very density (i. e., ¥ is, among al the many wave
functionsthat yield p, the one which delivers the lowest energy),

FaclP] = TIP) + Exelp] = ([T + Veel¥). (4-9)

This, at first glance innocuous-looking functional F,«[p] is the holy grail of density
functional theory. If it were known exactly we would have solved the Schrédinger equa-
tion, not approximately, but exactly. And, sinceitisauniversal functional completely inde-
pendent of the system at hand, it applies equally well to the hydrogen atom as to gigantic
molecules such as, say, DNA! F«[p] contains the functional for the kinetic energy T[p]
and that for the electron-electron interaction, E.[p]. The explicit form of both these
functionals lies unfortunately completely in the dark. However, from the latter we can
extract at least the classical Coulomb part J[p], since that is aready well known (recall
Section 2.3),

Ealp] = 3 [ [0 e, + Eglp) - dpl 4 Enalp). (410
12

E.qlp] isthe non-classical contribution to the electron-electron interaction containing
al the effects of self-interaction correction, exchange and Coulomb correlation described
previously. It will come as no surprisethat finding explicit expressionsfor the yet unknown
functionals, i. e. T[p] and E,4[p], representsthe major challengein density functional theory
and alarge fraction of this book will be devoted to that problem.

One should note at this point that the ground state density uniquely determinesthe Ham-
ilton operator, which characterizes all states of the system, ground and excited. Thus, all
properties of all states are formally determined by the ground state density (even though
we would need functionals other than j p(F)Vnedr + Rk [p] , which isthe functional con-
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structed to deliver E, but not properties of electronically excited states). In the next section
we will see that the reason why density functional theory is usually termed a ground state
only theory is a consequence of the second Hohenberg-Kohn theorem. On the other hand,
itisonly the ground state density that containsthe information about positions and charges
of the nuclei alowing the mapping from density to externa potential; the density of an
excited state cannot be used.

4.2 The Second Hohenberg-Kohn Theorem: Variational Principle

Up to this point we have established that the ground state density isin principle sufficient to
obtain all properties of interest. But, how can we be sure that a certain density isreally the
ground state density that we are looking for? A formal prescription for how this problem
should be tackled has been given through the second theorem proven by Hohenberg and
Kohnin their 1964 contribution. In plain words, this theorem states that Fy,«[p], the func-
tional that deliversthe ground state energy of the system, deliversthe lowest energy if and
only if theinput density isthe true ground state density, p,. Thisis of course nothing else
than our old friend, the variational principle which in the present context can be expressed
as

Eo < E[p] = T[p] + Enelp] + Ecelp]- (4-11)

Stated in still other words this meansthat for any trial density p(r) —which satisfiesthe
necessary boundary conditions such as p() > 0, jﬁ(?) dr = N, and which is associated
with some external potential V., —the energy obtained from the functional givenin equa-
tion (4-6) represents an upper bound to the true ground state energy E,. E, results if and
only if the exact ground state density is inserted into equation (4-8). The proof of the in-
equality (4-11) issimple sinceit makes use of the variational principle established for wave
functions as detailed in Chapter 1. We recall that any trial density p(r) defines its own

Hamiltonian H and henceits own wave function ¥ . Thiswave function can now be taken

as the trial wave function for the Hamiltonian generated from the true external potential
Ve Thus, we arrive at

<‘?\ﬁ\‘?> = TIP] + VeolP] + [ P(FIVeud = E[p] = Eqlpo] = <‘PO‘I:|“PO> (4-12)

which is the desired resullt.

Let us summarize what we have shown so far. First, all properties of a system defined
by an external potential V., are determined by the ground state density. In particular the
ground state energy associated with a density p is available through the functional
Jp(F)VNed? + Fak[p] . Second, this functional attains its minimum value with respect to
all allowed densitiesif and only if theinput density isthe true ground state density, i. e, for
p(F) = po(T) . Of course, the applicability of thisvariational recipeislimited to the ground
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state energy sincethe property that E; isthelowest possible energy of the systemisexplic-
itly used (to be precise, it is limited to the lowest lying state within a given symmetry).
Hence, we cannot straightforwardly transfer this strategy to the problem of determining
energiesand properties of electronically excited states (the problem of excited states’ prop-
ertieswill be taken onin the following chapter).

Let us pause briefly at this point to scratch at a more formal, theoretical problem. The
attentive reader might have noticed that we smuggled in the condition ‘ and which are asso-
ciated with some external potentia V_,‘ asarestriction for densities to be eligible in the
variational procedure. This restriction marksthe so-called V,,.-representability problem of
electron densities. It isthe problem that among the many densities one may think of, not all
are eligible in the context of the Hohenberg-Kohn theorem. Only those should be consid-
ered which are associated with an antisymmetric wave function and a Hamilton operator
with somekind of external potential (not necessarily restricted to the kind of potentialswe
have met so far). Intimately connected is the question of how such densities can be recog-
nized. Whilethisisan important problem in some of the moretheoretical aspects of density
functional theory (for example, it isnot known so far, which conditions densities must obey
in order to beV ., -representable), it is only of minor relevance from an application’s point
of view. Most importantly, aswewill show in the following section this requirement can be
replaced by the much weaker condition that the density must stem from an antisymmetric
wave function without the explicit connection to an external potential. Such densities are
called N-representable. Sincevirtually all practical applicationsarein oneway or the other
related to wave function techniques all densities that occur in these applications trivialy
satisfy this condition. In any case, in spite of representing an exciting intellectual chal-
lenge, V- or N-representability problemswill not bother usany further, since they belong
into the domain of theoretical physics rather than computational chemistry.

4.3 The Constrained-Search Approach

In this section we introduce a different way of looking at the variational search connected
to the Hohenberg-Kohn treatment. Recall the variational principle, equation (1-13) asin-
troduced in Chapter 1

Eo = min(W[T + Ve + Ve ¥). (4-13)

In words, we search over all allowed, antisymmetric N-electron wave functions and the
onethat yieldsthelowest expectation value of the Hamilton operator (i. e. the energy) isthe
ground state wave function.

In order to connect thisvariational principleto density functional theory we perform the
search defined in equation (4-13) in two separate steps: first, we search over the subset of
al the infinitely many antisymmetric wave functions W* that upon quadrature yield a
particular density py (under the constraint that the density integrates to the correct number

of electrons). The result of this search is the wave function ¥, that yields the lowest
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energy for agiven density py. The second step liftsthe constraint of aparticular density and
extends the search over all densities. We finally identify that density among the many pr,
I'=A,B, ..., X, ... asthe ground state density, for which the wave function ‘P,Em charac-
terized in thefirst step deliversthe lowest energy of al. Thisway of looking at the minimi-
zation problem in density functional theory wasintroduced by Levy, 1979, and isknown as
the Levy constrained-search formulation and is discussed in detail in Parr and Yang, 1989,
or Kryachko and Ludefia, 1990. It can be expressed as

Ey, = min (min <‘Pﬁ + \7Ne + \766“?>j (4-14)
p—>N | Y—p

where the inner and outer minimizations correspond to the first and second steps of above,

respectively.

The energy due to the external potential is determined simply by the density and is
therefore independent of the wave function generating that density. Hence, it is the same
for all wave functions integrating to a particular density and we can separate it from the
kinetic and el ectron-€lectron repul sion contributions

E, = mn [qrpl)r; <‘I’"f’ + \A/ee“{’> + Jp(F)VNedF) (4-15)

or, introducing the universal functional
Flp] = min <‘P"i’ + \A/ee“l’> , (4-16)
Y—-p
thisresultsin

o = min (Flp] + [ p(7)Vaedh). (@17)

Given adensity, Fp] + _[p(F)VNed? delivers the corresponding energy and upon mini-

mization, the ground state density and ground state energy are obtained. One should notice
that F[p] differsfrom the functional F,«[p] given above in equation (4-9) only by the fact
that it is defined for all densities that originate from an antisymmetric wave function P.
The additional restriction that the density has to be associated with an external potential
does not surface in this formulation. Of course, if the input density belongs to the class of
Vo -representable densities, as is obviously the case for the ground state density which
belongsto the corresponding V ., in the Hamiltonian, the two functional s becomeidentical,
Fuklpol = Flpol. In addition, in the Levy formulation the restriction to non-degenerate
ground states of the original Hohenberg-Kohn theoremislifted. If aground state density p,
isselected, only one of thewave functions out of aset of functions connected with the same
ground state energy (associated with p) isfound in the constrained search.
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4.5 Discussion

4.4 Do WeKnow the Ground State Wave Function in Density
Functional Theory?

From a purist theoretical point of view, there is one further important result hidden in the
Levy constrained-search strategy: it provides aunique, albeit only formal, route to extract
the ground state wave function ¥, from the ground state density p,. Thisis anything but a
trivial problem, since there are many antisymmetric N-zel ectron wave functions that yield
the same density via py(7) = N_[- : -f|‘P(7<1,7<2, . %y)| dsidX, ...dXy . Of these, the cor-
rect ground state wave function ¥, is the one which yields the lowest energy. Stated in
other words, we just have to have a look at al the ¥'s associated with the ground state
density p, and select that onefor which Ey, _,,  islowest, whichisthent,. Of course, like
so many results presented in this chapter, thisoneis also absolutely uselessin real applica-
tions. We have no access to all these wave functions and thus, in real life there is no way
whatsoever to identify the correct wave function associated with aparticular density. Hence,
even though the ground state wave function is in principle accessible once we know the
correct ground state density (which, inturn, isprovided by minimizing the functional F[p]),
itisfairto say that for all practical purposes, thereisno wave function in density functional
theory. We want to point this out very explicitly, sincein the literature thereis sometimesa
certain laxness about thisimportant fact.**

45 Discussion

At theconclusion of thischapter et usrecapitul ate what we know by virtue of the Hohenberg-
Kohn theorems and what that they are not able to provide. For good reasons we have intro-
duced the Hohenberg-Kohn theorems as being the bedrock of modern density functional
theory. However, at the sametime, it cannot be overstressed that these results are not more
(but also not less) than mere proofs of existence. All the theorems tell usis that a unique
mapping between the ground state density p,(f) and the ground state energy E, existsin
principle. However, they do not provide any guidance at all how the functional that delivers
the ground state energy should be constructed. It is the kind of result which saves *hard-
core' theoreticians from having sleepless nights, because after Hohenberg and Kohn pre-
sented their results it was clear that what people did since Thomas and Fermi, namely
employing the electron density as the central variable which contains all the necessary
information to describe an atomic or molecular system, isindeed physically sound. How-
ever, for those who prefer a pragmatic point of view and are mainly interested in applying
density functional theory as atool to computationally predict the properties of molecules,
nothing has visibly changed by the advent of these theorems. The calculations are as hard
as before and the Hohenberg-Kohn theorems do not even give a clue as to what kind of
approximation should be used for the unknown functionals.

1 Even though the correct many electron wave function isnot availablein DFT, wewill seein Section 5.3.3 that
arelated wave function exists, which can often be used for qualitative interpretation.
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The second theorem establishes the variational principle. Again, we have to be careful
not to overinterpret this result. In any real application of density functional theory we are
forced to use an approximation for the functional F[p], since the true functional is not
available. The variational principle as proven above, however, applies to the exact func-
tional only. Thishas several unpleasant consequences. First, many conventional wave func-
tion based theories, such as the Hartree-Fock or configuration interaction schemes, are
strictly variational and the expectation value E = (¥ H|¥) isan indicator of the quality
of the trial wave function (the lower E is, the better an approximation is ¥ to Y. Inthe
density functional world, the energy value delivered by atrial functional has absolutely no
meaning in that respect. Second, it can well happen that the energies obtained from ap-
proximate density functional theory are lower than the exact ones! For example, if we
compute the energy of the hydrogen atom with the popular BPW91 functional and alarge
cc-pV5Z expansion of the one-electron Kohn-Sham functions, the result is —0.5042 E,,
significantly below the exact energy of —0.5 E,, (explanations of the various acronyms that
define the level of calculation will be given in later chapters). The reason for these at first
glance unexpected results is that in density functional theory, by using an approximation
for the universal functional we in away use an approximated rather than the exact Hamil-
tonian, while not paying attention to the wave function (which we do not know anyway).
Of course, if we change H and use something which is only an approximation to it, the
variational principle does not hold anymore. On the other hand, in variational conventional
methods we use the exact el ectronic Hamilton operator from equation (1-4) and compute
the energy as an expectation value using more and more sophisticated approximations for
the many-particle wave function, exactly the scenario for which the variational principle
applies.

Similarly, the constrai ned-search scheme, even though being very elegant in appearance
and strong in formal power, is only of theoretical value and offers no solution to practical
considerations. Simply, the program indicated in Section 4.3 cannot be realized — how
would we ever be ableto search through all wave functions? Since thisis obviously impos-
sible, setting up the functional Fp] = m|n (¥ |T + Vee| ¥) isimpossible, too. A second

point deserves to be mentioned as weII We set out to find a functional that contains an
explicit prescription for how to uniquely map an electron density onto an energy, bypassing
the complicated N-particle wave function. However, what we ended up with in the con-
strained search formalism is a definition of the all-decisive functional F[p] that explicitly
contains the wave function rather than the density — recall equations (4-14) to (4-17). We
are not going to pursue these formal aspects of density functional theory any further since
it representsadiversion from thereal focal point of thisbook: therole of density functional
theory in chemical applications. A competent in-depth discussion with many pointers to
the original literature can again be found in the excellent book by Kryachko and Ludefia,
1990.
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5 TheKohn-Sham Approach

In this chapter we will show how the Hohenberg-Kohn theorems of the previous chapter
can be put to work. Asthe caption to this chapter indicates, the approach we are discussing
has its origin in the second major paper of modern density functional theory, which ap-
peared about ayear after the ground breaking contribution by Hohenberg and Kohn. Inthis
report, Kohn and Sham, 1965, suggested an avenue for how the hitherto unknown universal
functional of the previous chapter can be approached. At the center of their ingeniousidea
istherealization that most of the problemswith direct density functionalslike the Thomas-
Fermi method presented in Chapter 3 are connected with the way the kinetic energy is
determined. In order to alleviate the situation and realizing that orbital-based approaches
such as the Hartree-Fock method perform much better in this respect, Kohn and Sham
introduced the concept of a non-interacting reference system built from a set of orbitals
(i. e., oneelectron functions) such that the major part of the kinetic energy can be computed
to good accuracy. The remainder is merged with the non-classical contributionsto the elec-
tron-€l ectron repul sion —which are also unknown, but usually fairly small. By thismethod,
as much information as possible is computed exactly, leaving only asmall part of the total
energy to be determined by an approximate functional. After introducing the Kohn-Sham
scheme, wewill discuss some of its major features. In particular wewill draw the demarca-
tion line between those properties that apply to ‘Kohn-Sham in principle’ and what hap-
pens to these propertiesin ‘ Kohn-Sham in real life'.

5.1 Orbitalsand the Non-Interacting Reference System

Let us recall that the Hohenberg-Kohn theorems allow us to construct a rigorous many-
body theory using the electron density as the fundamental quantity. We showed in the pre-
vious chapter that in this framework the ground state energy of an atomic or molecular
system can be written as

o = min (Fip] + [ o(7) Ve &)

where the universal functional F[p] contains the individua contributions of the kinetic
energy, the classical Coulomb interaction and the non-classical portion dueto self-interac-
tion correction, exchange (i. e., antisymmetry), and electron correlation effects,

Flp(M)] = TIp(F)] + Ip(F)] + Eng[p(F)] . (5-2)

Of these, only Jp] is known, while the explicit forms of the other two contributions
remain a mystery. The Thomas-Fermi and Thomas-Fermi-Dirac approximations that we
briefly touched upon in Chapter 3 are actually realizations of this very concept. All terms
present inthese models, i. e., thekinetic energy, the potential dueto the nuclei, the classical
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Coulomb repulsion, and in the case of the Thomas-Fermi-Dirac model a so the exchange
contribution are explicit functionals of the electron density, making the respective expres-
sionsvery simple. It turnsout, however, that all methods based on the Thomas-Fermi scheme,
including the numerous extensions that have been introduced sinceitsoriginal conception,
fail miserably when results better than mere qualitative trends are the target. Among the
most devastating results was the rigorous proof that within the Thomas-Fermi model no
molecular system is stable with respect to its fragments! So, what value for chemistry can
amodel possibly have in which chemical bonding does not even exist? It quickly became
clear that the major reason for the very disappointing performance of the Thomas-Fermi
model is the simple functional form for the kinetic energy with its dependence on
JpS/ 3(F)dr . Also intuitively we are not surprised that the relationship between the spatial
distribution of the electrons as provided by the el ectron density and their velocities, which
are needed for the kinetic energy, is not that trivial. Thus, it seemsto be crucial to find a
different way to treat the kinetic energy with a better control of the accuracy —and that is
exactly what Kohn and Sham set out to do.

To understand how Kohn and Sham tackled this problem, we go back to the discussion
of the Hartree-Fock scheme in Chapter 1. There, our wave function was a single Slater
determinant ®g, constructed from N spin orbitals. While the Slater determinant enters the
HF method as the approximation to the true N-electron wave function, we showed in Sec-
tion 1.3 that d g can also be looked upon as the exact wave function of afictitious system
of N non-interacting electrons (that is* electrons’ which behave as uncharged fermions and
therefore do not interact with each other via Coulomb repulsion), moving in the effective
potential V. For thistype of wave function the kinetic energy can be exactly expressed as

Thr = _%i<Xi‘V2‘Xi>' (5-3)

The HF spin orbitalsy; that appear in this expression are chosen such that the expecta-
tion value Eg attainsits minimum (under theusual constraint that they; remain orthonormal)

Eye = min <d>SD"i' + \7Ne + \789‘¢SD> . (5-4)
CDSD—)N

Of course, dl thisis not new but only a recapitulation of results from Chapter 1. The
important connection to density functional theory isthat we now go on to exploit the above
kinetic energy expression, whichisvalid for non-interacting fermions, in order to compute
the major fraction of the kinetic energy of our interacting system at hand.

The next step is crucial. We have shown above that the exact wave functions of non-
interacting fermions are Slater determinants.'? Thus, it will be possible to set up a non-
interacting reference system, with a Hamiltonian in which we have introduced an effective,
local potential V() :

12 That is, if we are dealing with non-degenerate states. Otherwise the wave function might be alimited linear
combination of Slater determinants.
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H ——iiv?+iV(K) (5-5)
S~ 2 : i : S\i/ -

Since this Hamilton operator does not contain any electron-electron interactions it in-
deed describes a non-interacting system. Accordingly, its ground state wave function is
represented by a Slater determinant (switching to ©g and ¢ rather than @4 and y, for the
determinant and the spin orbitals, respectively, in order to underline that these new quanti-
ties are not related to the HF model)

01(X1)  @(Xq) - on(Xq)
1 01(X2)  02(X2) on(X2)

@S = ﬁ . . : (5-6)
01(Xn)  @2(XN) o on(Xn)

wherethe spin orbitals, in complete analogy to equations (1-24) and (1-25), are determined
by
fKs P =& 0, (5-7)

with the one-electron Kohn-Sham operator XS defined as
Ks 12 .
o = _EV + Vg(F). (5-8)

In order to distinguish these orbitalsfrom their Hartree-Fock counterparts, they are usu-
aly termed Kohn-Sham orbitals, or briefly KS orbitals. The connection of this artificial
system to the one we are really interested in is now established by choosing the effective
potential V g such that the density resulting from the summation of the moduli of the squared
orbitals{@;} exactly equalsthe ground state density of our real target system of interacting
electrons,

N
ps(M) = 3 X [oi (7,9 = po(7) - (5-9)

5.2 TheKohn-Sham Equations

At this point, we come back to our original problem: finding a better way for the determi-
nation of the kinetic energy. The very clever idea of Kohn and Sham wasto realize that if
we are not able to accurately determine the kinetic energy through an explicit functional,
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we should be a bit less ambitious and concentrate on computing as much as we can of the
true kinetic energy exactly. We then have to deal with the remainder in an approximate
manner. Hence, they suggested to use expression (5-3) to obtain the exact kinetic energy of
the non-interacting reference system with the same density as the real, interacting one

Ts = —%ZiN,<(Pi‘V2‘(Pi>- (5-10)

Of course, the non-interacting kinetic energy isnot equal to thetruekinetic energy of the
interacting system, even if the systems share the same density, i. e., Tg # T.*® Kohn and
Sham accounted for that by introducing the following separation of the functional F[p]

Fp(F)] = Ts[p(M] + Ip(F)] + Exclp(F)] (5-11)

where Ey ., the so-called exchange-correlation energy is defined through eguation (5-11)
as

Exclpl = (T[p] - Telp]) + (Eeelp] — Ipl) = Telpl + Englp] - (5-12)

The residual part of the true kinetic energy, T, which is not covered by Tg, is simply
added to the non-classical electrostatic contributions. In other words, the exchange-corre-
lation energy Ey is the functional which contains everything that is unknown, a kind of
junkyard where everything is stowed away which we do not know how to handle exactly.
Let us also underline that in spite of its name, Ey contains not only the non-classical
effects of self-interaction correction, exchange and correlation, which are contributionsto
the potential energy of the system, but also a portion belonging to the kinetic energy. As
indicated by the intimate relation between the orbitals and the density through equation
(5-9), Tgis expected to be afunctional of p. A complementary way of looking at thisisto
realize that the energy expression of the non-interacting system contains only two compo-
nents: the kinetic energy and the energy due to the interaction with the external potential.
By the Hohenberg-Kohn theorem, the total energy must be a functional of the density.
Likewise, theinteraction with the external potential isan explicit functional of p. Hence, T¢
isalso necessarily afunctional of the charge density. But note that we again do not have a
simple expression for Tg where the density enters explicitly — the KS orbitals and not the
density p appear in equation (5-10).

So far so good, but before we are in business with this concept we need to find a pre-
scription for how we can uniquely determine the orbitals in our non-interacting reference
system. In other words, we ask: how can we defineV g such that it really provides uswith a
Slater determinant which is characterized by exactly the same density as our real system?
To solve this problem, we write down the expression for the energy of our interacting, real

18 Actually, it can be shown that Ts< T.
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system in terms of the separation described by equation (5-11), highlighting the depend-
ence on the orbitals as indicated in equations (5-9) and (5-10):

Elp(r)] = Ts[p] + J[p] + Exclp] + Enelp]

= Tslp] + % “—P(Fl) p(T,) dndr, + Exclp] + IVNeP(F)dF
Mo
(5-13)

N N N
- —%;@i\vz\wi} +§i2;m<pi@>|2 é |0y(2) [} dicy
N M 7 5
+Exclp(MI = X [ 25 [oi(R)["dhy
i A 1A

The only term for which no explicit form can be given, i. e, the big unknown, is of
course Eyc. Similarly to what we have done within the Hartree-Fock approximation, we
now apply the variational principle and ask: what condition must the orbitals{ ¢;} fulfill in
order to minimizethisenergy expression under theusual constraint of {¢; | ¢;) = §;;?The
resulting equations are (for a detailed derivation see Parr and Yang, 1989):

[— %VZ + Dpffz)d?g + Vyc(f) — ifAD o
12 A N (5-14)
= [— %Vz + Veff(Fl)) ¢ = E€Q; .

If we compare this equation with the one-particle equations from the non-interacting
reference system, we see immediately that the expression in square brackets, i. e. V «, is
identical to Vg of equation (5-8) above

= M
V(M) = Ver () = [ P2, + Vi) - 3 22 519)
12 A T1A

Thus, once we know the various contributions in equation (5-15) we have a grip on the
potential Vg which we need to insert into the one-particle equations, which in turn deter-
mine the orbitals and hence the ground state density and the ground state energy by em-
ploying the energy expression (5-13). It should be noted that V  already depends on the
density (and thus on the orbitals) through the Coulomb term as shown in equation (5-13).
Therefore, just like the Hartree-Fock equations (1-24), the Kohn-Sham one-€lectron equa-
tions (5-14) also have to be solved iteratively.

Oneterm in the above equation needs some additional comments, namely V., the po-
tential due to the exchange-correlation energy Ey . Since we do not know how this energy
should be expressed, we of course also have no clue as to the explicit form of the corre-
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sponding potential. Hence, V4 is simply defined as the functional derivative of Ey with
respecttop,i. e,
OExc
Vye = .
XC 8p

(5-16)

Itisvery important to realize that if the exact forms of Ey - and V- were known (which
isunfortunately not the case), the Kohn-Sham strategy would |ead to the exact energy, i. e.
the correct eigenval ue of the Hamilton operator H of the Schrddinger equation. The reader
should check for him- or herself that the formalism that we have illustrated in this chapter
does not contain any approximation as of yet. Thus, unlike the Hartree-Fock model, where
the approximation isintroduced right from the start (the wave function is assumed to be a
single Slater determinant, which therefore can never deliver the true solution) the Kohn-
Sham approach is in principle exact! The approximation only enters when we have to
decide on an explicit form of the unknown functional for the exchange-correlation energy
Eyc and the corresponding potential V4. The central goa of modern density functional
theory istherefore to find better and better approximations to these two quantities and we
will have alot more to say about these aspectsin the following chapters.

Before we enter a more detailed discussion of various aspects in the Kohn-Sham ap-
proach, let us summarize the main features of this procedure:

(i) Wedefineanon-interacting reference system of N particles whose exact ground state
isasingle Slater determinant ©g and whose density pg by construction exactly equals
the density of our redl, interacting system, p,.

(i) Theorbitals which form this Slater determinant are the solutions of N single particle
equations (5-7). This allows the determination of the non-interacting kinetic energy,
Tgaccording to (5-10). Theeffective potential V gin the one-electron Hamilton opera-
tor must be chosen such that the condition of pg = pyisfulfilled. The next stepsaim at
finding away of generating thisV.

(iii) The energy of the interacting system is separated into the kinetic energy T of the
non-interacting system, the energy due to the nuclei Ey,, the classical electrostatic
electron-electron repulsion energy J and the remainder Ey which consists of the
guantum-mechanical contributions to the potential energy (self-interaction correc-
tion, exchange and correlation) and the part of the true kinetic energy that is not
covered by Tg (equation 5-12).

(iv) Thisenergy expression is subjected to the variational principle with respect to inde-
pendent variations in the orbitals. The resulting expressions (5-13) show that the ef-
fective potential V4 that we need to get the correct orbitals of the non-interacting
reference system exactly equals the sum of the potential due to the nuclei, V,, the
classical Coulomb potential, V¢, and the potential generated by Ey, i. €., Vxc (equa-
tion 5-15).

(v) Provided that we know the explicit forms of all these potentials, we know Vg and by
solving the one-€electron equations we obtain the KS orhitals. These define the non-
interacting system that shares the same density as our real system. Sincein all real
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applicationswe do not know the exact V y - we need to introduce an approximation for
the exchange-correlation potential.

(vi) The orbitals give us the density via equation (5-9). Inserting this density into the
energy expression finally yields the exact ground state density and hence the exact
ground state energy, again provided we know the exact functionals. Inall real applica-
tions, however, we have to resort to approximations for the unknown functional Eyc.

5.3 Discussion

In the preceding paragraph we have given a detailed survey of the Kohn-Sham approach to
density functional theory. Now, we need to discuss some of the relevant properties pertain-
ing to this scheme and how we have to interpret the various quantitiesit produces. We also
will mention some areas connected to Kohn-Sham density functional theory which are till
problematic. Before we enter this discussion the reader should be reminded to differentiate
carefully between results that apply to the hypothetical situation in which the exact func-
tional Ey and the corresponding potentia V- are known and the real world in which we
have to use approximations to these quantities.

5.3.1 TheKohn-Sham Potential is L ocal

First we point out that the effective potential that occursin the one-particle equations of the
non-interacting reference system Vg(¥) islocal inthe sensethat it isafunction of only the
spatial variable T and isindependent on the values of V4 at other pointsin space, ¥'. Due
to the equality between Vg(F) and Vg (F) demonstrated above, Vy(T), i. €., the poten-
tial responsible for exchange and correlation effects and the difference between Tgand T,
must also be local. Thisisto be contrasted with the non-local exchange contribution that
appearsin the Hartree-Fock approximation. The result of operating with the Hartree-Fock
exchange operator K;(X,) ontheorbital y;(X;) dependson thevalue of x; everywherein
the coordinate space, not just X, , aswe discussed in Section 1.3. We arrive at the fascinat-
ing conclusion that the Kohn-Sham equations have astructure that is actually formally less
complicated than the Hartree-Fock approximation. Nevertheless, they are exact in princi-
ple. We should, however, add that even though the Kohn-Sham potential isalocal potential
with expressionsthat are formally less complicated than the corresponding equationsin the
Hartree-Fock approximation, it will probably have avery complex and non-local depend-
ence on the density.** Its value at a particular point in space Vg () will depend on the
charge density at all other points in a difficult and for us inaccessible way. The reader
should keep in mind that thisis necessarily so, because knowledge of the exact exchange-
correlation potential is equivalent to exactly solving the Schrédinger equation.

14 Stated in more mathematical terms: while the exact V. is local, Ey does not originate from alocal kernel.
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5.3.2 TheExchange-Correlation Energy in the Kohn-Sham and Hartree-Fock
Schemes

We should also clarify at this stage that there are inherent differences between the ex-
change-correlation energy that appearsin the Kohn-Sham formalism and their namesakes,
the exchange and correl ation energies, asthey are defined within the Hartree-Fock picture.
Let us state right up front: even though these two quantities are similar in some way, they
do not have the same meaning! This is important to realize because the construction of
exchange and correlation functional s to be used in the Kohn-Sham scheme are frequently
based on the HF-derived definitions of exchange and correlation. Recall from Chapters 1
and 2 that if we employ the hole formalism, the Hartree-Fock exchange energy is given by

HF /= \|,HF /= . &+
E)H(F — }J.Jpo (rl)hX (r].’ r2) d?ldfz (5_17)
2 fo

where both electrons are associated with the same spin function. Thus, the exchange energy
can be interpreted as the interaction between the HF ground state charge distribution pQF

and the corresponding exchange or Fermi hole hQF. The Hartree-Fock correlation energy
Eq" isthen defined asthe difference between the exact, non-relativistic energy within the
Born-Oppenheimer approximation and the Hartree-Fock energy, equation (1-30). We can
use an equivalent separation of Ey in the KS scheme and express E§S just as its HF
counterpart, with the only difference that it is computed from the KS orbitals which are
associated with the exact density po,

= \LWKS/= . ¢
E&S — %J‘J pO(rl)hX (r].’ r2) dFldi:z- (5'18)
M2

As the Hartree-Fock energy is the lowest energy one can possibly get from a single
determinant it followsimmediately that the correlation energy in the KS scheme using the
exact functional must be more negative (larger in an absolute sense) than EEF . The deci-
sive difference between ENT and EXS is, however, that the charge density in the Kohn-
Sham approach is by definition the exact density of thereal ground state, po(T) , whilethe
HF orbitals give the HF ground state wave function, whose square certainly does not inte-
grate to the correct ground state density, p5F(f) # p,(F) . Hence, in the KS formalism the
correlation holeis simply defined as the difference between the total exchange-correlation
hole and the exchange only part,

h&3(fy; ) = hyo (T B) — h3(7; o) (5-19)

while we have to introduce aterm in the HF scheme taking care of the difference between
the exact and the Hartree-Fock electron density

he" (7 ) = (Po(T2) — o' (R2)) + My (i o) — W™ (7 1) - (5-20)
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Table5-1. Contributionsto the Hartree-Fock correlation energy [eV] (taken from Baerends and Gritsenko, 1997).

Ec e ERec Eec
H,at R =1.401 (R) 11 +13 -05 -19
H,at R = 5 bohr -39 +8.9 -85 44
H, at R = 10 bohr 6.3 +7.9 -84 56

Hence, if the HF density is close to the exact density the differences between the ex-
change and correlation contributionsin the Hartree-Fock and Kohn-Sham schemesare small.
However, the more pE”:(F) deviatesfrom p,(¥) , thelesswill the HF exchange and corre-
lation energies parallel their Kohn-Sham counterparts. An obvious consequence of
pHF(F) # po(F) isthat the correlation energy in the HF scheme will contain contributions
from the nuclear-electron attraction, the classical Coulomb repulsion and the kinetic en-
ergy, since these quantities are evaluated using the Hartree-Fock density pfF(F), rather
than the exact one. Note that the first two contributions to the correlation energy will al-
ways be zero in the KS scheme, because the density defined by the KS orbitals equals by
construction the ground state density p,(F) . Hence EyJ[p] and J[p] are computed exactly.
In Table 5-1 the consequences of these differences — which are frequently significant, in
particular when bonds are stretched — are illustrated for the H,, molecule at three internu-
clear distances (where EZ" = TE" + Efg ¢ + Ef ). Notethe large contributions from the
electron-nucleus attraction and the kinetic energy, which are caused by the much too dif-
fuse density at elongated H-H distances, as discussed in detail by Baerends and Gritsenko,
1997.

5.3.3 Do theKohn-Sham Orbitals M ean Anything?

The next point concerns the role of the KS orbitals. Until recently there was a broad con-
sensus that the orbitals satisfying equation (5-14) have no physical significance and that
their only connection to the real world is that the sum of their squares add up to the exact
density. While thisis certainly true in a strict sense, several authors have lately pointed to
theinterpretative power of the K Sorbitalsintraditional qualitative molecular orbital schemes,
see, Kohn, Becke, and Parr, 1996, Baerends and Gritsenko, 1997, Stowasser and Hoffmann,
1999, and Baerends, 2000. After all, the KS orbitals are not only associated with a one-
electron potential which includesall non-classical effects, they are a so consistent with the
exact ground state density. Actually, the HF orbitals are in a sense much farther away from
the real system since they neither reflect correlation effects nor do they yield the exact
density. Many authors therefore recommend the KS orbitals as legitimate tools in qualita-
tive MO considerations. On the other hand, one must not confuse the Slater determinant
generated from the KS orbitals with the true many-electron wave function! As outlined in
the preceding chapter, the exact wave function of the target system issimply not available
in density functional theory! Similarly, the eigenvalues g; connected to the KS orbitals do
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not have a strict physical meaning. In Kohn-Sham theory, for example, there is no equiva-
lent of Koopmans' theorem, which could relate orbital energiestoionization energies. There
is one exception though: as a direct consequence of the long range behavior of the charge
density shown in equation (2-5), the eigenval ue of the highest occupied orbital, €, of the
K S orbitals equals the negative of the exact ionization energy. Again, however, we have to
add a big caveat here: thisholds strictly only for g, resulting from the exact V., not for
solutions obtained with approximations to the exchange-correlation potential. The exact
ionization energy of the hydrogen atom, for example, is 0.5 E;,. None of the approximate
exchange-correlation functionalsin use today produces a 1s orbital whose absol ute energy
comes even close. Rather, 1s orbital energies in the order of only —0.23 to -0.28 E,, are
obtained, more than 0.2 E;, or 5 eV off the correct value. This disappointing result mirrors
deficiencies in the exchange-correlation potentials generated by approximate functionals
for Exc, in particular deficiencies of their long range, asymptotic behavior. We will come
back to this phenomenon in Section 6.8 of the following chapter. If instead an essentially
exact Vy isused, computed from highly sophisticated configuration interaction or similar
schemes, the agreement between ¢,,,,, and — E improves significantly. That the agreement
is not quantitative is due to remaining inaccuracies in the computationally predicted densi-
ties (see e. g., Morrison and Zhao, 1995). Finally, we must not forget to mention that the
KS orbital energies also play arole in the treatment of excited states in the perturbation
theory based treatment of Gérling, 1996 or in the framework of time-dependent density
functional theory, as we will outline further below. Actually Savin, Umrigar, and Gonze,
1998 showed that thereisin many cases asurprisingly good agreement between the ground-
state KS eigenvalue differences obtained from the exact KS potential and the correspond-
ing excitation energies. These authors, however, also pointed out that this result only ap-
pliesif the essentially exact potentia is being used. Eigenvalue differences from approxi-
mate functionals come not even close.”®

5.3.4 Isthe Kohn-Sham Approach a Single Deter minant M ethod?

One frequently reads the assertion that the Kohn-Sham scheme, just like the Hartree-Fock
approximation, is a single determinant approach with all problems and shortcomings con-
nected to this. As a consequence, the Kohn-Sham formalism should, for example, fail to
correctly describe the prototype H, dissociation just in the same way as demonstrated for
the Hartree-Fock casein Section 1.4. However, we have shown above that the Kohn-Sham
picture isonly a particular rearrangement of the Hohenberg-Kohn theorems and therefore
an avenue leading in principleto the exact energy of the el ectronic Schrédinger equationin
all situations, without exception (remember that this holds only for the energy; the exact
wave function is not available). In terms of the K S approach the title question rather trans-
lates into the problem whether the non-interacting N-electron ground state that shares the
same density astheinteracting system can be generated by asingle Slater determinant built

5 Thisis due to the wrong asymptotic decay of approximate functionals, as discussed below in Section 6.8.

50



5.3 Discussion

from orbitalsthat are obtained asthe N energetically lowest lying orbitals of asimplelocal
Kohn-Sham potential V5. Such cases are termed non-interacting pure-state-Vg represent-
able. For the prototype two-el ectron closed-shell system H.,, an essentially exact local Kohn-
Sham potential Vg can fairly straightforwardly be constructed numericaly by ‘inverting’
equation (5-8). In this case the Kohn-Sham orbitals and the density are connected trivially
(apart from an irrelevant phase factor) via

o(r) = L;) : (5-21)

Nearly exact charge densities are available from top-level conventional quantum chemi-
cal calculations, i. e., full configuration interaction using large one electron basis sets. From
these, Kohn-Sham orbitals of corresponding quality can be obtained, which lead in an
iterative fashion to a very realistic representation of the exact Kohn-Sham potential V.
Using such an essentially exact Kohn-Sham potential for H,, Gritsenko and Baerends, 1997,
showed that in fact asingle Slater determinant is obtained as the Kohn-Sham non-interact-
ing reference system. This is true not only near the equilibrium bond distance, but aso
when the H-H bond is significantly stretched. Even in such acase with strong non-dynami-
cal electron correlation dueto the orbital near-degeneracy discussed in Section 1.5, asingle
Slater determinant represents the non-interacting Kohn-Sham reference system. Of course,
the KS orbitals must increasingly differ from their HF counterpartsin order to incorporate
the correlation effects and the resulting KS non-interacting wave function is a pretty bad
approximation to the true wave function. In other words, the exact H,, potential curve should
be available using a single determinant Kohn-Sham reference system provided that the
exact exchange-correlation functional is known. On the other hand, it is an active area of
research whether there are al so cases where anon-degenerate interacting ground state den-
sity cannot be represented by a single Slater determinant (i. e., it is not non-interacting
pure-state-V ¢ representable) and when thisis to be expected. For certain internuclear dis-
tances the non-degenerate 12; ground state of the C, molecule has been identified only
recently as an example where it is not possible to represent the (essentially) exact interact-
ing density obtained from sophisticated conventional calculations as a single determinant
Kohn-Sham sol ution (Schipper, Gritsenko, and Baerends, 1998a). Rather, an ensemble of a
small number of accidentally (i. e., not symmetry dictated) degenerate determinantsis re-
quired to do so. These densities are called non-interacting ensemble-Vs representable. The
weights of theindividual determinantsin the ensemble need to be determined variationaly.
Asasequel to this study, Schipper, Gritsenko, and Baerends, 1999, provided another, very
instructive example in their study of the identity reaction H, + H', > HH’ + HH'. In the
region around the quadratic saddle point, both, the exact Kohn-Sham solution as well as
typical approximate functionals need an ensembl e treatment to achieve an accurate barrier
height. If instead the standard single determinant Kohn-Sham approach is employed, the
barrier isaways severely underestimated. A concise but very clear summary of these com-
plications can befound in Baerends, 2000. See al so Wang and Schwarz, 1996 for adiscus-
sion of these phenomena using the related concept of fractional occupation numbers.
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On the other hand, none of the current approximate Ey - functionalsis able to quantita-
tively reproduce the subtle details of the non-classical contributionsto the energy (such as
the left-right correlation in the dissociating H,), which in fact leads to incorrect dissocia-
tion curves in the restricted scheme, very similar to restricted Hartree-Fock. Hence, once
more we have an example where it is of utmost importance to clearly distinguish whether
we are talking about the Kohn-Sham formalism in principle or about actual implementa-
tions of this scheme which necessarily utilize some kind of approximate form for Ey .. We
will come back to this problem and the relationship to the so-called ensemble densitiesin
Section 5.3.6. We cannot overemphasize how important it is not to let a sloppy way of
describing these effects dlip in. Again, it is not necessarily the single determinant based
regular KS schemeitself which isto blame for the sometimes poor results of approximate
Kohn-Sham density functional theory; responsible instead are the deficiencies of the ap-
proximationsto the exchange-correl ation functional. Some of these will occupy usin more
detail in the following chapter.

5.3.5 TheUnrestricted Kohn-Sham Formalism

Theeffective potential of the Kohn-Sham equationsV  contains no reference to the spin of
the electrons. Hence, for an even number of electrons the KS orbitals necessarily occur in
degenerate pairs where the spatia part is shared by an o and a8 spin function, akin to the
RHF scheme of Chapter 1. Even if we are dealing with a system with an odd number of
electrons where the density of the o-spin electrons will differ from the -spin density, the
only, all-decisive variable is still the total density, p(f) = p,(F) + pg(F) . No information
about the individual spin densitiesis required. The energy will become afunctional of the
individual spin densitiesonly if the potential contains partsthat are spin dependent, such as
an external magnetic field. Thisis, however, well beyond the scope of this book. The bot-
tom lineisthat in principle thisformalism is suitable for any kind of atom or molecule, be
it of closed-shell character or asystem with an arbitrary multiplicity. However, as so often
thisisonly the formal point of view which appliesto a hypothetical situation, namely that
the exact functionals are available. If we think more pragmatically we realize that the cur-
rent approximate functional s based on the el ectron density alone do not offer the flexibility
to really account for open-shell problems. Therefore, functionalsthat explicitly depend on
the o- and B-spin densities are usually employed in such situations, in analogy to the unre-
stricted HF approach described earlier. The resulting approximate spin-density functionals
for exchange and correlation are able to capture more of the essential physicsin open-shell
species than their spin independent counterparts.

L et us again take the H,, dissociation problem as asimple but instructive example. Con-
sider the 12;] ground state density of the H, molecule. Obviously the spin density at either
nucleus must be zero as dictated by the spatial D.;, symmetry of this closed-shell system.
Thisrequirement of zero spin density isindependent of the distance and also appliesasthe
H—H distance grows larger and larger. Thus, even in the limit of a supermolecule of two
non-interacting hydrogen atoms, infinitely far apart, the spin density is zero. The energy of
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this system must of course approach twice the energy of an isolated hydrogen atom. On the
other hand it is clear that the ground state of a hydrogen atom is °S with one unpaired
electron and non-zero spin density. If a spin-density functional is applied to these two, in
principle equivalent situations, it will find zero spin density at the nuclel in the supermol-
ecule, but anon-zero spin density in theisolated atom and will assign different energiesto
both solutions. Consequently any approximate spin-density functional will give the
unphysical result that the energy for two isolated hydrogen atoms will not add up to the
energy of the supermolecule. Therefore, none of the current approximate functionals is
ableto recover the correct potential curve for the H, moleculeif used in the spin restricted
form. This situation resembles the problems of the RHF approximation in the H,, dissocia-
tion discussed in Chapter 1 and is schematically shown in Figure 5-1. Conversely, if the
corresponding calculations are performed in the unrestricted Kohn-Sham (UK'S) picture a
qualitatively correct potential curve results, including the asymptotic region with the rela-
tive energy of the dissociation limit being equal to twice the atomic hydrogen energy. But
now, like the UHF solution, the UKS spin densities also break the inversion symmetry as
the H—H distance increases, leading to a spin polarization where o-spin density accumu-
lates at one nucleus and B-spin density at the other (Gunnarsson and Lundgvist, 1976,
Dunlap, 1987). Thus, the unrestricted density mimics the atomic densities. The symmetry
of the charge density isin these cases obviously lower than the symmetry of the molecule
and is therefore unphysical. In other words, unrestricted techniques give qualitatively cor-
rect energies but wrong densities, whereas spin-restricted methods show the opposite
behavior, that is, they give reasonable densities accompanied by incorrect energies. With
the approximate functionalsin use today it turns out that it is often necessary to alow for
the unphysical symmetry breaking in order to achieve satisfactory results (see Salahub,
1987, for an extensive discussion). We postpone amore el aborate discussion of the symme-
try problem, including possible remedies, to the next section. At this point we should point
out that even though symmetry breaking occurs also within the Kohn-Sham ansatz, this
scheme is significantly more robust than HF theory in this respect, as has been shown by,
e. g., Bauernschmitt and Ahlrichs, 1996a, and Sherrill, Lee, and Head-Gordon, 1999. This
can aso be clearly seen in Figure 5-1: the UHF curve appears aready at a significantly
shorter H-H distance than the UK S one. In other words, the spin-restricted functional al-
lows areasonably good description of the potential curve for asignificantly larger fraction
of the dissociation process. Aswe will seein Chapter 13, this hasimportant consequences
for the applicability of restricted functionals for the cal culation of saddle points of chemi-
cal reactions of formally closed-shell molecules, which are frequently characterized by
stretched bonds.

Just asin the unrestricted Hartree-Fock variant, the Slater determinant constructed from
the K'S orbitals originating from a spin unrestricted exchange-correlation functional is not
aspin elgenfunction. Frequently, theresulting (SZ> expectation valueisused asaprobefor
the quality of the UK'S scheme, similar to what is usually done within UHF. However, we
must be careful not to overstressthe apparent parallelism between unrestricted Kohn-Sham
and Hartree-Fock: in thelatter, the Slater determinant isin fact the approximate wave func-
tion used. The stronger its spin contamination, the more questionable it certainly gets. In
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Total Energy

\/

Interatomic Distance

Figure 5-1. H, potential curves computed within the restricted and unrestricted Hartree-Fock (RHF and UHF)
and Kohn-Sham (RKS and UK'S) formalisms.

the former approach, the KS Slater determinant is not the true wave function of the system
and the extent to which spin contamination of the KS determinant affects the true wave
functionisnot known. Infact, there are even opinionsin the literature that K S determinants
for open-shell systems which are not spin-contaminated are actually wrong (see for exam-
ple Pople, Gill, and Handy, 1995). In any case, it is anoteworthy and comforting fact, even
if we do not know how much it isworth, that if unrestricted Hartree-Fock and Kohn-Sham
determinants are compared, the deviation of (Sz) from the exact value is in most cases
considerably less significant for the KS determinant as described by Baker, Scheiner, and
Andzelm, 1993 and Laming, Handy, and Amos, 1993. The latter authors suggest that the
tendency of unrestricted open-shell Kohn-Sham determinants to have only rather small
spin contaminations is due to the local nature of the exchange-correlation functionals as
opposed to the non-local Hartree-Fock exchange.

In wave function based methods spin-contaminated unrestricted wave functions are fre-
guently corrected by applying so-called spin projection and annihilation techniques. Here,
the unwanted contributions to the energy belonging to states of other than the desired 3
areremoved using several techniques such as spin projection operators or expression of the
contaminated wave function in terms of pure spin states and subsequent subtraction of the
energies of the unwanted higher spin states. These methods have also been applied to unre-
stricted Kohn-Sham determinants. However, neither the theoretical soundness of thismethod
nor the quality of the spin-projected energies has been firmly established yet and the gen-
eral state of affairsin this respect seems to be more critical rather than promising (for a
discussion and examples see, e. g., Cramer et al., 1995, Wittbrodt and Schlegel, 1996,
Goldstein, Beno, and Houk, 1996 or Rodriguez, Wheeler, and McCusker, 1998).
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5.3.6 On Degeneracy, Ensemblesand other Oddities

In the preceding section we mentioned the problem of the symmetry broken and hence,
unphysical spin densities created in the UKS scheme upon dissociation of the hydrogen
molecule. Thisisjust one example of aninteresting field where approximate density func-
tional theory facesaplethoraof yet unsolved problems, i. e., how to deal with degeneracies
due to spin or non-abelian spatial symmetry.*® For a competent review on this topic, the
reader is referred to the beautiful contribution by Savin, 1996, which inspired part of the
following exposition. In the following we will enumerate some typical problematic cases.
Our main intention is to sharpen the reader’s attention in this regard rather than to offer a
profound theoretical discussion, let alone general solutions. Due to the complexity of the
problem the former forbidsitself in the present context, whilethelatter is still not available
in all cases. For a deeper scrutiny we refer the reader to the entry points for the current
literature on this subject included in the text.

Whenever symmetry related degeneracies occur, all current approximate Kohn-Sham
based density functionals fail in one way or the other. Let us start with a seemingly easy
class of systems: atoms. Unless atoms are characterized by completely filled shells, al
atomic ground states exhibit spatial or spin degeneracies. Let us take the °D state of the
scandium dication asasimple example. It hasa[Ne] (3s)? (3p)® (3d)* configuration, i. e., a
singly occupied d-shell. There are avariety of equivalent ways how this occupation can be
represented. For example, using real d-orbitalsthe single electron could residein any of the
five degenerate orbitals. Alternatively one could choose a spherically symmetric ensemble
of all five d-orbitals with equal weights of 1/5 or even opt for a complex representation of
the d-orbitals. The important point is that each of these representations yield significantly
different charge densities. Thisisshown for the occupation of thefive different real d-orbitals
in Figure 5-2. Occupying the d,2 orbital yields an energy different from occupying any
other d-orbital.

Onthe other hand, the correct energy of the atomic state must obviously be independent
of the particular choice of occupation and bethe samein all cases. Hence, any approximate
density functional faces the difficult task to deliver the same energy from these different,
but yet equivalent atomic densities. The sobering reality is that none of the available
functionalsis ableto master this challenge. This of course provokesthe next question, i. e.,
if there are anumber of energies corresponding to the scandium ground state configuration,
isthere any criterion according to which one can select a particular energy? While we will
return to thisquestion in some detail in our | ater discussion on atomic calculationsin Chap-
ter 9, we mention at this point that the usual answer isto opt for the solution which delivers
the lowest energy, even if physical symmetry requirements are violated.

Another typical class of examplesis given by the dissociation of diatomic moleculesas
already alluded to above in the case of the H, molecule where the correct dissociation
behavior was only achieved by allowing for symmetry broken spin densities. This problem

16 A non-abelian point-group contains irreducible representations of dimension larger than one. Since the de-
gree of degeneracy caused by spatial symmetry equals the dimensionality of the corresponding irreducible
representation, this kind of degeneracy is only possible in non-abelian point groups.
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Figure 5-2. Isodensity surfaces (0.001 a.u.) of the d-densities generated from integral orbital occupation of the
five d-orbitalsin Sc?* by one electronin aDFT calculation. The shape of the density resulting from occupation of
the d,.-orbital differs from the other four (which areidentical to each other except for their orientation in space)
and adightly different total energy (givenin a.u.) is assigned to this particular density.

is, however, more general. Consider the ground state of an arbitrary homonuclear diatomic
X, which dissociates into two ground state atoms X. At the limit of an infinite X—X dis-
tance we have a supermolecule of two non-interacting atoms X. Even though there is no
interaction between the two atoms the global wave function has of course still the overall
molecular symmetry. It should be obvious from elementary arguments that the energy as
well asthe charge density of this supermolecule must be obtai nable from the corresponding
guantities of the isolated atoms. In particular the energy of the supermolecule must be
twicethe energy of oneisolated atom X. Thisimportant property iscalled size-consistency.

Let ustakethe B, moleculeinits 32; ground state as an example. Near the equilibrium
distance the dominant configuration is I} 17, 205 267, 7 ,i. €., two triplet coupled elec-
trons occupy thelowest bonding T molecular orbital. Hence, the molecular density iscylin-
drically symmetric, independent of the internuclear distance. This density can easily be
represented by a Slater determinant containing two singly occupied n, and =, orbitals,
which are generated as a linear combination of the corresponding real atomic p-orbitals
(L and R stand for left and right, respectively):

1 1
Ty = ﬁ[px,L +Ppyr] and my, = E[py,l_ +Pyrl- (5-22)

At infinite separation, one arrives at two boron atoms each having adonut-like cylindri-
cal density asindicated in Figure 5-3. However, such adensity cannot be obtained from real
atomic p-orbitals. In other words, the density that results from the supermoleculeis simply
inaccessible from cal culations on theisolated atoms. Whatever we do, wewill never gener-
ate the correct charge density (and therefore energy) of the dissociated B, molecule by
calculations of the isolated boron atoms and the requirement of size-consistency is vio-
lated. Only if one switches to complex orbitals such as |p, + ip,|, are cylindrical atomic
densitiespossible. But eventhen, wearestill in trouble and face adifferent problem. Just as
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Figure 5-3. The symmetry dilemmain present-day DFT: starting from the cylindrically symmetric molecular -
density (@), the dissociation into atomic fragments can either be computed with correct atomic densities but a
wrong energy (b) or a correct energy, but wrong (because symmetry broken) atomic densities (c) (isodensity
surfaces at 0.01 a.u. constructed from the p-orbital space; adapted from Savin in Recent Devel opments of Modern
Density Functional Theory, Seminario, J. M. (ed.), 1996, with permission from Elsevier Science).

in the preceding exampl e of the scandium density, there are many different, but yet equiva
lent waysto realize the 15> 25> 2p* occupation of the P atomic ground state of boron. Even
if cylindrical atomic densities can be represented by complex orbitals and size consistency
is re-established, this atomic density results in a less favorable energy than the energy
coming from the use of real atomic p-orbitals shown in the lower half of Figure 5-3. To
reach size-consistency with respect to this atomic energy we are forced to break the mo-
lecular symmetry in the supermolecule calculation. To be specific, we construct the mo-
lecular density by allowing thelocalization of one open-shell electronin the, say, p, atomic
orbital of theleft boron atom and the other electronin the p, orbital of theright atom. Again
we have a situation where the correct energy can only be obtained from an unphysical
density.

Arethereany remediesin sight within approximate Kohn-Sham density functional theory
to get correct energies connected with physically reasonable densities, i. e., without having
to use wrong, that is symmetry broken, densities? In many cases the answer isindeed yes.
But before we consider the answer further, we should point out that the question only needs
to be asked in the context of the approximate functionals: for degenerate states and related
problems outlined above, an exact density functional in principle aso exists. The real-life
solution is to employ the non-interacting ensemble-Vg representable densities p intro-
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duced briefly in Section 5.3.4. These densities are not obtained from pure states, but from
ground state ensembles according to

L L
p=> wp; with > w; =1and 0<w; <1. (5-23)
i i

The densities p; are obtained from aset of degenerate KS wave functions and the w; are
the corresponding weights. Without going into details we note that regular density func-
tional theory can be extended to such ensembles. For our problems at hand, we can write
down the energy expression as

L
Elp1,p2s--spL] :zWiE[pi]- (5-24)

Again, thep; arethe equivalent densities obtained from symmetry breaking. Let usclarify
this concept by using the examples given above. In the B, case, the two equivalent symme-
try broken Kohn-Sham Slater determinants are

Oy =|..pcL pyr| ad ©, =|..per Py |- (5-25)

These two determinants produce equivalent, but asymmetric densities. In addition, the
energies obtained from these densities are the same, i. e. E[p,] = E[p,]. If we now insert
these two densities in equation (5-24) it is clear that the energy will be invariant to the
choice of w; and w,. If we choose w; = w, = 1/2 we will also arrive at the physically

correct, i. e. symmetric density. A very similar reasoning can be used for the H,, dissocia-
tion. We again have two equivalent Kohn-Sham spin densities corresponding to

0, =[5 19| and ©, =1 1%, (5-26)

which have the same energy. If both spin densities enter with equal weight,
_O‘—E o o d*ﬁ_é B B 5-27
p” =SlpC +prl and p7 = _[pr +pi] (5-27)

the result is the correct zero spin density,

=

1
p" ~p" = ot —pl +pk —pR]=0. (5-28)

The strategy to first use broken symmetry solutions and later restore the correct (spin)
density by employing ensembles can be applied successfully to solve many degeneracy
related problems. However, in practiceit is very rarely used because there are hardly any
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computational schemesthat can deal with such situations. In the overwhelming number of
cases, symmetry broken solutions are used without bothering about dealing with unphysical
spin densities. Finally, we should add that the approach of using broken symmetry and
afterwards restoring the correct symmetry by constructing ensembles is not a panacea.
There are examples, such as the O, dissociation, where even more elaborate strategies
reaching beyond the regular Kohn-Sham formalism are required for asolution. For details,
see Savin, 1995 and 1996.

5.3.7 Excited Statesand the Multiplet Problem

We have noted in the derivation of the Hohenberg-Kohn theorems that density functional
theory is usually termed a ground state theory. The reason for thisis not that the ground
state density does not contain the information on the excited states—it actually does! — but
because no practical way to extract thisinformation is known so far. However, the proper-
ties of excited states and excitation energies in particular are of interest in many respects
and a number of strategies how one could approach this problem in the framework of the
Kohn-Sham scheme have been put forward. In the following we will concentrate only on
those approaches which have found their way into real applications. For a theoretically
oriented discussion, see e. g., the important work of Theophilou, 1979 (also reviewed in
Parr and Yang, 1989), Gross, Oliveira, and Kohn, 1988a,b or the more recent contributions
by Gorling, 1996 or Nagy, 1998a,b. In this context we note avery recent report of Gorling,
1999 to extend the regular Kohn-Sham schemes with their limitation to ground state prop-
ertiesto excited states. In this method amore general formulation of the Hohenberg-Kohn
theorem is presented which allows one to treat ground and excited states on an equal foot-
ing. While first exploratory applications to alkali metal atoms show promising perform-
ance, routine applications will not be possible for some time. It will be interesting to see
whether thisor other approacheswill havethe potential to overcomethe excited state prob-
lemin density functional theory in ageneral fashion.

More pragmatically, standard density functional techniques can be used to explore the
energetically lowest lying state of each spatial or spin irreducible representation of the
system, since they represent in a sense the ‘ground state' in that particular symmetry as
shown many years ago by Gunnarsson and Lundgvist, 1976. For example, computing the
energetic separation between the CH, X 3B, triplet ground state and thelowest lying a'A
singlet can be realized within density functional theory by simply setting up the corre-
sponding Kohn-Sham determinants and computing the energy difference between these
two (thisisthe so-called ASCF method). Even in cases where the target isastate which is
excited even within a certain representation, the pragmatic solution —which has no formal
justification! —isto apply the regular ground state scheme, provided the excited state can
be written as a single determinant. However, many excited states do not fall into that cat-
egory and intrinsically need a multi-determinantal description. Instructive examples are
provided by the open-shell configurations of atoms which give rise to several terms. For
example, the 1°25%2p? configuration of the carbon atom leadsto three atomic terms, °P, 1D
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and !S. A density functional theory based eval uation of the relative stabilities of theseterms
is along-standing problem that holds a prominent place in the theoretical debate, the so-
called multiplet problem. Let us elaborate on this subject a bit more. If we neglect the
effects of spin/orbit coupling, all eligible states of an atom must be simultaneous eigenstates
not only of the Hamilton operator H but also of the angular momentum operators
L2 and L, , the corresponding spin operators S and S,, and the parity 7. Hence, the
state of an atom is characterized by the associated quantum numbers, i. e, L, M, S, Mg,
and w. In density functional theory we are not working with wave functions, which usually
arethe carriers of these symmetry requirements. Therefore, it must be the exchange-corre-
lation functionals that should in principle contain the dependence on the above quantum
numbers. On the other hand, aswewill discussin detail in thefollowing chapter, all current
approximate functionals are based on the model of the uniform electron gas and solely
depend on the charge or spin densities. They lack any relation to the other quantities rel-
evant for a complete description of an atomic state we have just mentioned. We are there-
fore facing a considerable conceptual problem inherent to Kohn-Sham density functional
theory which transcends the atomic case and applies equally well to other symmetry related
problems: how should one describe states which are eigenfunctions of the [2 and S or
other operators if we are working merely with an orbital based theory where we have no
accessto the correct N-electron wave function and its symmetry characteristics? The prag-
matic solution adopted is to select the single-determinantal non-interacting Kohn-Sham
reference system in such away that this Slater determinant corresponds to a state of the
desired definite values of the conserved quantum numbers. As we will see presently, this
creates new problems because of the limitations of Slater determinants.

An early ad-hoc approach to solve the multiplet problem isthe summethod dueto Ziegler,
Rauk, and Baerends, 1977, see also von Barth, 1979. Among the central conclusions put
forward by these authorsisthat the energy of aterm which is not representable by asingle
Slater determinant but needs a linear combination of determinants to exhibit the correct
spatial and spin symmetries, cannot be computed by using the spin densities generated
from the corresponding configuration state function, i. e., the proper symmetry adapted
linear combination of Slater determinants. Rather, they propose that excited states which
cannot be expressed asasingle-determinantal wave function should bewritten asaweighted
sum of determinantal energies, according to

E= ich(cp ) (5-29)
]

where the coefficients C; are fixed by the required symmetry. Let us take a very simple
exampleto |Ilustrate thls concept. Consider the helium atom with its 'S ground state char-
acterized by a (1s)? configuration. If we now transfer one electron from the 1s to the 2s
level, i. e. generatea(1s)* (2s)* occupation, this configuration isconnected with two multiplet
states, the lowest excited 1S and S terms of atomic helium. Recall from basic quantum
mechanics that the 3S state consists of three, energetically degenerate components accord-
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ing to values of the quantum number Mg =1, 0, and —1 of the z-component of the total spin,
whilethereisof course only one*S component with M <= 0. What arethe energies of these
excited states? We start out by writing down the corresponding single-determinantal wave
functions, but immediately see that one can construct such functions only for the two tri-
plets corresponding to Mg = +1:

d(’SMg =1) = % det{ls(iy) 29(7,) }x (ousy) 0(sy)) (5-30)
DS Mg = -1) = %det{ls(m 255, 1% (B(s1) B(S,)) (5-31)

As orbitals we simply use 1s and 2s atomic functions and our notation should be self-
explanatory. Thus, following the assumption that states which are represented by asingle
determinant can be studied, we could set up a Kohn-Sham determinant corresponding to
either equation (5-30) or (5-31) to obtain the energy of the 3S state in an UK S calculation.
The two states with Mg = 0, i. e. the 1S and the remaining component of the triplet (of
which we know that it must be energetically degenerate with the Mg =+1 components), are
more complicated and no longer of a single-determinantal form:

ESMs = 0) = 2 [B) 25(7) - 25(3) 1(E)]x [ods) Blsy) + Bsy) a(sy)] (5-82)

o(*'SMg =0) = %[wl) 25(1y) + 25(1) 15(K,) | x [ou(sy) B(s,) — B(sy) s,)]. (5-33)

How can we obtain an energy for the excited singlet? The normal prescription is not
applicable since thereisno single determinant on which aKohn-Sham cal culation could be
based. However, the determinant that intuitively comes closest to this state is

(mix,Ms = 0) = % detfis(h (s, 25(5)B(s,)]- (534)

This determinant hasthe desired Mg =0, but itstotal spin isnot defined. Now comesthe
trick: we recognize that equation (5-34) is actually a mixture of the functions (5-32) and
(5-33) of the Mg = 0 states (which can easily be verified by expanding the determinants),

1
NE

Now the procedure to get the energy of the singlet is outlined: after reordering equation
(5-35) and changing to energies rather than determinants we have

@(mix,Mg = 0) = —[®(3S Mg = 0) + D(}SMg = 0)] . (5-35)

E(*'S Mg = 0) = 2 E(mix,Mg = 0) - ECSMg = 0). (5-36)
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Hence, we compute the Kohn-Sham energies of the single determinant for the mixed
state and of one of the two accessible triplet states. Since all three components of 3S must
have the same energy, we know the energies of both terms on the right hand side of equa-
tion (5-36). Through this little detour we finally arrive at the desired result. This scheme
can be applied in many situationsif we recognize that many (even though not all) multiplet
energies can be written as aweighted sum of single determinants @; asin equation (5-29).
A partially automated protocol for this technique based on an elegant group theoretical
method to obtain the weights of the various determinants ®; of mixed symmetry, has been
developed by Daul and coworkers as outlined by Daul, 1994 and Daul, Doclo, and Sttickl,
1997 and implemented in an auxiliary program to be used together with the Amsterdam
Density Functional program package (ADF Single Determinants Fribourg, ASF).

However, note that the sum method has no firm theoretical justification. Not only isthe
simple assumption that we can characterize excited states through the occupation numbers
of the determinant representing the non-interacting reference system questionable, this
approach a so ignoresthefact that the functional for the excited states need not be the same
as that for the ground states. Finaly, the application of the KS scheme to an unphysical
state such as ®(mix, Mg = 0) also carries a question mark. Similarly, the assumption that
the same orbitals are used in each of the calculations also adds to the uncertainty of the
results. Indeed, there are many examples of inconsistencies of this method. This is most
clearly demonstrated by cases where one multiplet energy can be represented in various
ways by using different combinations of Slater determinants. Of course, to be consistent
the computed energy must be independent of the actually chosen linear combination of
determinants. This physical requirement is often not fulfilled and deviations exceeding 0.5
eV for the energy of a given multiplet may occur. In addition, from a technical point of
view the method has the disadvantage that several cal culations are necessary for obtaining
the desired energies and that optimizing the geometry for such statesis not straightforward.

An alternative to the sum method, dubbed spin-restricted open-shell Kohn-Sham (ROKS),
has recently been suggested by Filatov and Shaik, 1998a and 1999. This scheme bears a
strong formal similarity to the general spin restricted open-shell version of Hartree-Fock
theory. Unlikethe UK S based sum method, the non-interacting Kohn-Sham reference wave
function usesthe same orbitalsfor o and B electronsand isan eigenfunction of $* and SZ
Likewise, the ROKS scheme yields one-electron orbitals and non-interacting wave func-
tions that are symmetry adapted. The correct spatial symmetry is introduced via certain
relations between the non-interacting wave function and the interacting multiplet energy.
Thelatter correspondsto asymmetry adapted ensembl e of Kohn-Sham determinants (which
themselves can be viewed as states of mixed symmetry as shown above). A somewhat
related scheme applicable for open-shell singlets (restricted open-shell singlet, ROSS) has
been reported by Grafenstein, Kraka, and Cremer, 1998. These authors use the relation
between an open-shell singlet and the corresponding triplet state and introduce exactly
computed exchange integralsto define an energy functional for an open-shell singlet. Tak-
ing the a A « X357 excitation energy of the O, molecule as an example, where both
states origi nate from the . 17:5 configuration, ROK S fortuitously reproduces the experi-
mental value of 0.97 eV exactly while the ROSS approach yields a dightly higher excita-
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tion energy of 1.18 eV if the BLY P exchange-correlation functional and polarized triple
zeta Gaussian basis sets are used, indicating that both schemes perform rather well. Unfor-
tunately, just like the sum method, none of these techniques has been implemented in any
standard program package as of yet.

Grimme, 1996 has suggested a different way to bring electronic excitation energiesinto
the realm of density functional theory. His method starts with the configuration interaction
scheme restricted to single excitations (CIS), awell established method in wave function
based theory to determine excited state energies. The matrix elements of the CIS Hamilto-
nian are then modified by replacing the Hartree-Fock orbital energies by the corresponding
eigenval ues obtained from gradient-corrected Kohn-Sham calculations. In addition, three
empirical parameters determined from a representative reference set are included to scale
the Coulomb integrals and to introduce an empirical shift of the diagonal CIS matrix ele-
ments. Even though this approach also lacks a solid theoretical foundation, computed exci-
tation energiesfor moleculesincluding fairly large hydrocarbons are within afew tenths of
an eV of the experimental data. Grimme's method carriesthe acronym DFT/SCI for density
functional theory/single excitation configuration interaction. It has been extended to multi-
reference configuration interaction schemesvery recently, see Grimme and Wal etzke, 1999.
It would be interesting to have this method generally available in commonly used quantum
chemical programs.

Another, again completely different but apparently very promising approach to the cal-
culation of excitation energies has been developed in the past few years and is based on
time-dependent density functional theory, TDDFT. From a practical point of view, TDDFT
has the important advantage that it can actually be used because it was recently imple-
mented in many quantum chemical programs, such as the 1998 release of Gaussian or the
current version of Turbomole. This technique has afairly involved theoretical background
and we will confine our discussion to a very qualitative level. The reader interested in a
more elaborate treatment of the subject is referred to the detailed reviews by, e. g., Casida,
1995, Burke and Gross, 1998 or Petersilka, Gossmann, and Gross, 1998. In anutshell, this
strategy employs the fact that the frequency dependent linear response of afinite system
with respect to a time-dependent perturbation has discrete poles at the exact, correlated
excitation energies of the unperturbed system. To be more specific, the frequency depend-
ent mean polarizability o(w) describes the response of the dipole moment to a time-de-
pendent electric field with frequency w(t). It can be shown that the o(w) are related to the
electronic excitation spectrum according to

ow) = zf' > (5-37)

| O —O

Here o, is the excitation energy E,-E, and the sum runs over al excited states | of the
system. From equation (5-37) we immediately see that the dynamic mean polarizability
o) divergesfor o, = , i. e., has polesat the el ectronic excitation energies w,. Theresidues
f, are the corresponding oscillator strengths. Translated into the Kohn-Sham scheme, the
exact linear response can be expressed as the linear density response of a non-interacting
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system to an effective perturbation.’” The orbital eigenvalue differences of the ground state
K S orbitals enter this formalism as a first approximation to the excitation energies, which
arethen systematically shifted towardsthetrue excitation energies. Notethat inthe TDDFT
approach only properties of the ground state — namely the ordinary Kohn-Sham orbitals
and their corresponding orbital energies obtained in aregular ground state calculation—are
involved. Hence, excitation energies are expressed in terms of ground state properties and
the problem of whether density functional theory can be applied to excited states is most
elegantly circumvented. The TDDFT approach has even been extended from the mere pre-
diction of excitation energies to the computational treatment of excited state surfaces in-
cluding avoided crossings between states belonging to the same irreducible representation
by Casida, Casida, and Salahub, 1998. It is probably fair to say that as of thetime of writing
TDDFT has the appearance of being the most promising avenue to a satisfactory excited
state treatment within approximate density functional theory. An ever increasing number of
papers showing the power of this technique has appeared since efficient implementations
of TDDFT became generally availablein major commercial codes. Errorsare usually inthe
order of afew tenths of an eV, even if difficult situations are considered, such as Rydberg
states (Handy and Tozer, 1999) or excited states with substantial double excitation charac-
ter (Hirata and Head-Gordon, 1999), as we will explore in more detail in Chapter 9.

17" Notethat in all current implementations of TDDFT the so-called adiabatic approximation is employed. Here,
the time-dependent exchange-correlation potential that occurs in the corresponding time-dependent Kohn-
Sham equations and which is rigorously defined as the functional derivative of the exchange-correlation
action Ay c[p] with respect to the time-dependent electron-density is approximated as the functional deriva-
tive of the standard, time-independent Ey with respect to the charge density at timet, i. e,,

- dAyclp]  9Exclpl -
\Y F )] = =285 - “XC vy, . 5-38
xclp(T. 1)] (7, 1) () xclpi ()] ( )
Stated in other words, the zero-frequency limit of Ay is used for treating the finite frequency perturbations.
For details see in particular Casida, 1995.
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6 The Quest for Approximate Exchange-Correlation
Functionals

In the previous chapter we introduced the Kohn-Sham formalism which allows an exact
treatment of most of the contributions to the electronic energy of an atomic or molecular
system, including the major fraction of the kinetic energy. All remaining —unknown — parts
are collectively folded into the exchange-correlation functional Ey[p]. Theseinclude the
non-classical portion of the electron-electron interaction along with the correction for the
self-interaction and the component of the kinetic energy not covered by the non-interacting
reference system. Obviously, the whole endeavor of applying the Kohn-Sham scheme asa
tool to get agrip on the Schrédinger equation makes sense only if explicit approximations
tothisfunctional are available. The quality of thedensity functional approach hingessolely
on the accuracy of the chosen approximation to Ey . Hence, the quest of finding better and
better functionalsis at the very heart of density functional theory. In the following we will
review the current state of the art regarding approximate functionals for Ey. We start out
by showing that unlikein conventional wave function based methods, in density functional
theory thereisno systematic way towardsimproved approximate functionals, which in fact
represents one of the major drawbacks associated with this approach. Then, we introduce
the adiabatic connection, which provides the link between the non-classical potential en-
ergy of exchange and correlation and the Ey functional of the Kohn-Sham scheme, with
special emphasis on the corresponding hole function. The simple concept of the local den-
sity approximation based on the uniform electron gas, which represents the bedrock of
amost all current functionals, is discussed. Even though this physical model performs bet-
ter than anticipated, it isnot accurate enough for chemical applications. Hence, ideas about
how one can go beyond that approximation have been put forward by many researchers. We
will develop the connection from thelocal density approximation to the more sophisticated
generalized gradient approximation up to the nowadays so popular hybrid functionals. These
general strategies are realized in many different individual functionals and the most wide-
spread representatives as well as new developments for both classes are presented. We
continue with a discussion of the problems due to the self-interaction of the charge density
and to the behavior of the corresponding exchange-correlation potentialsin the long range
asymptotic region. Both aspects are inherent to all approximate exchange-correlation
functionals and give rise to unwanted effects. The strengths and weaknesses of the various
approacheswill be discussed and we conclude this chapter with an assessment asto where
future developments might lead.

6.1 IsTherea Systematic Strategy?

Before we start looking at possible approximations to E, - we need to address whether
there will be some kind of guidance along the way. If we consider conventional, wave
function based methods for solving the electronic Schrédinger equation, the quality of the
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results solely depends on our choice of the approximate wave function. From basic con-
cepts of linear algebra we in fact know the prescription for how the true wave function
should be constructed in principle, such as in the full configuration interaction scheme,
characterized by an expansion of both the one and the many particle probleminacomplete,
i. e, essentially infinite basis. Even though this can never be realized because the resulting
equations would be much too complicated to be ever solved, this prescription shows usthe
way how the approximate wave functions can be improved step by step in a systematic
manner. Unfortunately a similar beacon guiding us along the way towards our final, albeit
unreachabl e destination does not exist in density functional theory. The origin of this sober-
ing statement issimply that the explicit form of the exact functional isatotal mystery to us.
Not only is the physics underlying the success of current functionals far from being fully
understood, we simply do not have the faintest idea how to arrive at approximations which
arecloser to theexact functional . All searching for better functionalsrelieslargely on physical
or mathematical intuition and hasastrong ‘trial and error’ component. There are, however,
a few physical constraints which a reasonable functional has to fulfill. Among those a
prominent place is held by the sum rules valid for the exact exchange-correlation holes as
outlined in Chapter 2. Of course, the more closely the model hole that emerges from an
approximate exchange-correlation functional resembles the true hole, the better this func-
tional will be ableto account for the non-classical effects. Other propertiesinclude the cusp
condition of the correlation hole at zero separation of the two electrons, certain scaling
conditions of the exchange and correl ation energies and asymptotic properties of the corre-
sponding exchange-correlation potentials, etc.® However, one should not expect too much
help from such formal boundary conditions, since one of the baffling peculiarities of ap-
proximate density functional theory is that functionals which strictly meet these require-
ments are not necessarily better than othersthat do not. In fact, some of the most successful
approximate functionals violate several of these conditions. It istherefore of immenseim-
portance to carefully study the performance of a particular functional with respect to a
suitable set of reference data (we will elaborate on these decisive aspectsin much detail in
the second part of this book). Indeed, the most stringent tests currently available for new
functionals are completely empirical and involve the comparison with accurate reference
data, such as atomization, ionization and reaction energies, structural dataand thelike. The
most frequently used set of energetic reference data is probably the so-called G2
thermochemical data base which contains more than 50 experimentally well established
atomization energies of small molecules containing main group elements originally col-
lected by Curtiss et al., 1991. The ability to reproduce the energetics of this data base or
extensions to it has become the de facto standard for measuring the accuracy of a new
computational method. The target accuracy is the so-called chemical accuracy which cor-
respondsto an average absol ute error of about 0.1 eV or 2 kcal/mol. However, thisisavery
ambitiousgoal and up to now only very few and very expensivetraditional quantum chemi-
cal strategies are able to achieve this kind of accuracy. The performance of approximate

18 We will not digress on that matter here but rather refer the interested reader to the relevant literature, see
Perdew and Burke, 1996, or Adamo, di Matteo, and Barone, 1999.
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functionals with regard to the G2 and related reference sets will occupy us in significant
detail in Section 9.1. We should also mention in this context that the energy delivered by a
particular functional is not the ultimate probe for its quality. The exchange-correlation
energy resultsfrom theintegral over the exchange-correlation potential and in principlethe
correct energy can be obtained even from an erroneous potential because of a fortuitous
error cancellation. Therefore, a more physically motivated test is provided by a point-by-
point comparison between the model exchange-correlation potential and accurate potentials
derived from high-quality correlated wave function based cal cul ations. However, such ac-
curate potentials are rarely available and this kind of validation is seldom used.

6.2 TheAdiabatic Connection

The purpose of this chapter istheillustration of the ways how a good approximation to the
exact exchange-correlation functional of Kohn-Sham theory can be found. But before we
proceed we need to take asecond look at thisvery quantity and relate Ey - with the concept
of exchange-correlation holesintroduced earlier. The hole functionswe discussed in Chap-
ter 2 contained al information about the non-classical contributionsto the potential energy
dueto the electron-electron interaction, E,,. However, we saw in the preceding chapter that
Exc asdefined in the framework of Kohn-Sham theory also accountsfor T, the difference
between the kinetic energy of thereal, fully interacting system, T, and thekinetic energy Tg
related to the non-interacting reference system,

Exclp] = {Tlp] - Telpl} + Enalp] = Telpl + Enalpl . (6-1)

Thus, theinformation about T[p] — Tg[p] must be somehow folded into the correspond-
ing hole functions. To do this, imagine that we connect the two systems central for the KS
scheme (i. e. the non-interacting reference with no 1/r;; electron-electron interaction and
the real one where thisinteraction is operative with full strength) by gradually increasing
the coupling strength parameter A from 0 to 1:

n n N N
HK=T+V§(t+xZZi. (6-2)
f

ij>i

For each A the effective external potential Vg‘xt is adapted such that the density aways
equals the density of the fully interacting system. Hence p(F) isindependent of the actual
value of A. Clearly, for A = 0, we recover the Hamilton operator for the non-interacting
reference system, and VQXTO = Vg, whileA = 1istheregular expression for thereal system

. 4 oe w1 7 .z . :
with Vagt + Y Y = = Vg = j@dfz + Vye () — D, =2 . Equation (6-2) describes
i i i 2 A Na
how these two endpoints are smoothly connected through a continuum of artificial, par-
tially interacting systems. Borrowing from thermodynamics this path is called the adi-
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abatic connection. Interms of the adiabati c connection the energy of theinteracting system
E, -, can be expressed as the following integral

1 1
Ej1— Ejo = [dE, ,andthus E;_; = [dE, +E; (6-3)
0 0

To utilize thisrelation we now need an explicit expression for dE,. To thisend weinves-
tigate how thetotal energy E, changesupon aninfinitesimal changein the coupling strength
A. This energy is the expectation value of the corresponding Hamiltonian

N N N 1
dH, = dV5 + Y Y = (6-4)

i j>i ij

and, using the hole formalism, can be expressed as

dE, = [p(F)dVi df + % o[ P) g
2

S N (6-5)
Y J‘w df, df,
2 Mo
Inserting equation (6-5) in the integral of equation (6-3) leadsto
[y [\yA=1  \A=0 1crp(R)p(R)
BErc1 - Baco = Jp(r) I:Vext — Vext J dr + EHT drdr,
(6-6)

1 SNRA (o .o
+}J‘J.'[ p(rl) hXC(Xl’ XZ) d)?l dXz di
2 ° Mo

where we have made use of the A-independence of the density p(F). Replacing VQXTO and
Véxfl by VgandV 4, respectively and using the energy expression for the non-interacting
Kohn-Sham system,

Eyo = Ts + [ p(F)Vedf (6-7)

and defining the coupling-strength integrated exchange-correlation hole EXC as
hyc(fi ) = thC(Fl; fp)dA (6-8)
0
we finally arrive at the following equation for the energy of theredl, interacting system
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- ¥ =, 1o p(f)p(r) =
Ele = TS + Ip(r)Veffdr + EJ‘J.T d?ldrz

Ehye(B: D) (6-9)
+%J‘JP(T1) xc(f1; ) i,

f12

Thus, the important take-home message is that the exchange-correlation energy of the
Kohn-Sham scheme can be expressed through the coupling-strength integrated exchange-
correlation hole hy . If we know this hole, we know the exchange-correlation energy as
demonstrated in the following expression

_ 1 pp(hye(fity) o o
Exc =3 | JT dr,dF, . (6-10)

What does this mean? If we compare equation (6-9) which we just derived with its
counterpart which can be deduced from equation (2-19) of Chapter 2 (by adding to the E,
term of the electron-el ectron interaction described in that expression the kinetic energy and
the contribution from the external potential)

E=T+ [p(F)VegF + Ejjip(rl)p(rz) dff
2 12 (6-11)
1 pp(M)hyc(XiXo) o o

where T isthe true kinetic energy of the fully interacting system and the last term the non-
classical contribution to the el ectron-electron repul sion, we see that theintegration over the
coupling-strength elegantly transfers the difference between T and Ty, i. e. the part of the
kinetic energy not covered by the non-interacting reference system, into the exchange-
correlation hole. In other words, when going from equation (6-11) to equation (6-9) we
drastically simplify the expression for the kinetic energy (T) by reducing it to the kinetic
energy of the non-interacting reference system (Tg). The price we pay for thisis afurther
complication in the exchange-correlation hole brought about by the additional integration
over the coupling strength parameter 2, i. e., we replace hy. by HXC . Importantly, this
integration has no effect on the formal properties of the exchange-correlation hole dis-
cussed in Chapter 2, the sum rules, cusp conditions, etc. that apply to hy - apply aswell to
HXC . For detailson thisvery fundamental concept see the contributions of Gunnarsson and
Lundgvist, 1976, Harris, 1984, Becke, 19883, 1995, and Jones and Gunnarsson, 1989.

6.3 From Holesto Functionals
As aready aluded to above, the analysis of the properties of model hole functions that

emerge from approximate exchange-correlation functionals is a major tool for assessing
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hye(iy515)

A\ 4
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Figure 6-1. Fermi holes of different depths for the on-top density.

the suitability of such functionals. Recall that in Chapter 2 we separated thetotal exchange-
correlation holeinto two components, the Fermi and Coulomb holes, with the former being
by far the most important contribution to the total hole. The Fermi hole wasidentified asa
non-positive quantity which contains exactly one elementary charge. Thisisafairly strin-
gent restriction. For example, for ‘normal’ positions, where the holeis concentrated around
the reference electron it follows that the * deeper’ the hole getsfor ¥, — T, (whereit as-
sumes —p(T;) ) thelesswill it extend into space, i. e., the shorter itsrange, as schematically
shown in Figure 6-1. We should note that the exchange-correl ation hole for the special case
that T, = T, iscalled the on-top hole, which has attracted considerabl e attention lately, see,
e. g., Perdew et al., 1997, and Burke, Perdew, and Ernzerhof, 1998.

On the other hand, the Coulomb hole integrates to zero and can be negative as well as
positive. Hence this sum ruleis of only minor help. Thereis one additional, very important
aspect inthis context. The exact hole functionsare highly asymmetric entitiesand it will be
very difficult for any approximate hole to recover all the subtle details of its six-dimen-
sional shape (remember that the hole depends on the coordinates of two electrons). How-
ever, the expression for the exchange-correlation energy given in equation (6-10) does not
rely on the angular details of hy because of the clearly isotropic character of the Cou-
lomb interaction represented by the 1/r;; operator and only depends on the distance between
any two electrons. Hence, our approximate hole only hasto model the spherically averaged
exact hole about each reference point, which is significantly less complicated (but still
complicated enough).

6.4 TheLocal Density and Local Spin-Density Approximations
In this section weintroduce the model system onwhich virtually all approximate exchange-
correlation functionals are based. At the center of this model is the idea of a hypothetical

uniform electron gas. Thisis a system in which electrons move on a positive background
charge distribution such that the total ensembleiselectrically neutral. The number of elec-
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trons N as well as the volumeV of the gas are considered to approach infinity, while the
electron density, i. e., N/V remains finite, N — e, V — «, N/V = p and attains a constant
value everywhere. Physically, such a situation resembles the model of an idealized metal
consisting of a perfect crystal of valence electrons and positive cores where the cores are
smeared out to arrive at a uniform positive background charge. Indeed, the uniform elec-
tron gas is a fairly good physical model for simple metals such as sodium. On the other
hand, we should note from the start that this model system, which isaso known under the
label of the homogeneous electron gas, is pretty far from any realistic situation in atoms or
molecules, which are usually characterized by rapidly varying densities. The reason why
the uniform electron gas has such aprominent placein density functional theory isthatitis
the only system for which we know the form of the exchange and correlation energy
functionals exactly or at least to very high accuracy. We actually already met the exchange
functional of thismodel systemin Chapter 3 when we briefly discussed the Dirac exchange
functional that appears in the Thomas-Fermi-Dirac method. The ideato use this model for
approximating Ey in the Kohn-Sham scheme was already included in the original paper
by Kohn and Sham, 1965. L et us tackle the problem now from a dlightly different point of
view. Central to thismodel is the assumption that we can write Ey in the following, very
simpleform

Ex[p] = [ p(Pexc(p(P)) df - (6-12)

Here, ex-(p(T)) isthe exchange-correlation energy per particle of a uniform electron
gas of density p(r). This energy per particle is weighted with the probability p(f) that
thereisin fact an electron at this position in space. Writing Ey in thisway definesthelocal
density approximation, LDA for short. The quantity e, -(p(f)) can be further split into
exchange and correlation contributions,

exc(p(F)) = ex (p(F)) +ec(p(F)) - (6-13)

Theexchange part, 4, which representsthe exchange energy of an electronin auniform
electron gas of aparticular density is, apart from the pre-factor, equal to the form found by
Slater in his approximation of the Hartree-Fock exchange (Section 3.3) and was originally
derived by Bloch and Dirac in the late 1920's:

SIS RETIO "

Inserting equation (6-14) into equation (6-12) retrieves the p4l3 dependence of the ex-
change energy indicated in equation (3-5). This exchange functional is frequently called
Sater exchange and is abbreviated by S. No such explicit expression is known for the
correlation part, . However, highly accurate numerical quantum Monte-Carlo simulations
of the homogeneous electron gas are available from the work of Ceperly and Alder, 1980.
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On the basis of these results various authors have presented analytical expressions of .
based on sophisticated interpolation schemes. The most widely used representations of €
are the ones devel oped by Vosko, Wilk, and Nusair, 1980, while the most recent and prob-
ably also most accurate one has been given by Perdew and Wang, 1992. The common short
hand notation for the former implementations of the correlation functional isVWN. Hence,
instead of the abbreviation LDA, which defines the model of the local density approxima-
tion, one frequently finds the acronym SVWN to identify the particular functional. Note
that in their paper Vosko, Wilk, and Nusair report several expressionsfor .. VWN usually
implies that the correlation energy density of the homogeneous electron gas has been ob-
tained in the random phase approximation (RPA), while the somewhat |essfrequently used
VWNS5 variant (notethat thisisthe one recommended by the authors) denotesthe use of the
parameterization scheme based upon the results of Ceperly and Alder. Even though these
two VWN functionals in most cases perform similarly (Hertwig and Koch, 1997. But see
Section 9.4 for exampleswhere VWN and VWNS5 perform differently) one should be cau-
tious about which flavor of the VWN functional isactually implemented in the correspond-
ing computer program in order to avoid confusion. Before we go on, we pause for aminute
to make a genera remark on the nomenclature found in the literature to name a particular
functional. While there is no strict rule, most authors now term the functionals as ‘XC'
where X stands for the exchange part and C for the correlation part as described by the
initial letter of the names of the corresponding authors. Theletters are augmented by ayear,
if the same authors developed more than one functional. If the exchange and correlation
parts are due to the same authors, the letters are usually given only once.

In the preceding chapter we mentioned that approximate functionals are usually also
expressed in an unrestricted version, where not the electron density p(r), but the two spin
densities, p, () and pg(T) , with p,, (F) + pg(F) = p(r) areemployed asthecentral input.
Even though from a puristic theoretical point of view the exact functional will not depend
on the spin densities (aslong asthe external potential is spin-independent), approximations
to it will benefit from the additional flexibility of having two instead of one variable. In
particular, for open-shell situationswith an unequa number of o and 3 electrons, functionas
of the two spin densities consistently lead to more accurate results. But also for certain
situations with an even number of electrons, such as the H, molecule at larger separation,
the unrestricted functional s perform significantly better becausethey allow symmetry break-
ing. Up to this point the local density approximation was introduced as a functional de-
pending solely on p(F). If we extend the LDA to the unrestricted case, we arrive at the
local spin-density approximation, or LSD. Formally, the two approximations differ only
that instead of equation (6-12) we now write

ExZIPa:ppl = [p(Fexc(po(F), pp(P)) dr . (6-15)

Just asfor the simple, spin compensated situation where p,, (F) = pg(T) = ¥ p(T) , there
are related expressions for the exchange and correlation energies per particle of the uni-
form electron gas characterized by p,,(T) # pg(T) , the so-called spin polarized case. The
degree of spin polarization is often measured through the spin-polarization parameter
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Po(F) = pp(F)
p(h

€ attains values from O (spin compensated) to 1 (fully spin polarized, i. e., al electrons
have only one kind of spin). For details see in particular Appendix E of Parr and Yang,
1989. In the following we do not differentiate between the local and the local spin-density
approximation and use the abbreviation LDA for both, unless otherwise noted.

How do we interpret the LDA for the exchange-correlation functional ? L et us consider
the general case of an open-shell atom or molecule. At acertain position 7 in this system
we have the corresponding spin densities p,(F) and pg(r) . In the local spin-density ap-
proximation we now take these densities and insert them into equation (6-15) obtaining
Exc(r) - Thus, we associate with the densities p,, () and pg(F) the exchange and corre-
lation energies and potentials that a homogeneous electron gas of equal, but constant den-
sity and the same spin polarization & would have. This is now repeated for each point in
space and the individual contributions are summed up (integrated) as schematically indi-
cated in Figure 6-2. Obviously, this approximation hinges on the assumption that the ex-
change-correl ation potentials depend only on the local values of p,(T) and pp(T) -

Thisis avery drastic approximation since, after all, the density in our actual systemis
certainly anything but constant and does not even come close to the situation characteristic
of the uniform electron gas. As a consegquence, one might wonder whether results obtained
with such acrude model will be of any valueat all. Somewhat surprisingly then, experience
tellsusthat thelocal (spin) density approximation isactually not that bad, but rather deliv-

¢ = (6-16)

from inhomogeneous
system

Q P(f1>'mexc(p<rl))f
= @’ P2) = e (p(ry))

from homogeneous
electron gas

EX2[p] = [p(7) exc(p(F)) dF

Figure 6-2. The local density approximation.
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ersresultsthat are comparableto or even better than the Hartree-Fock approximation. It has
proven particularly successful for the determination of molecular properties such as equi-
librium structures, harmonic frequencies or charge moments as we will discuss in more
detail in later chapters. However, we should not get overexcited about such observations,
because a look at energetical details, such as bond energies, immediately shows that for
such properties the performance of the LDA israther poor. If we take the average unsigned
deviation from the experimental atomization energies from the G2 data set as an indicator,
the LDA deviates by 36 kcal/mol! On the other hand, we need to put this into perspective
because the deviation of the HF method is even substantially larger: its error is a hefty
78 kcal/mol, morethan twice aslarge asthe error of thelocal density approximation! While
the HF approximation typically underestimates atomization energies, the LDA errsin the
opposite direction, giving rise to the notorious overbinding tendency of this approxima-
tion, which we will discussin Chapter 9.

In anticipation of the future discussion on how to improve on the local density approxi-
mation, we need to ask ourselves, what are the reasons that the LDA works better than
expected from the underlying physical model of the homogeneous electron gas? The clue
for an understanding seemsto be that the exchange-correl ation hol e of the uniform electron
gas, which is being used as model for the exact hole in the local density approximation,
satisfies most of the important relations established for the true hole. Among those are the
sum-rules, the behavior for vanishing inter-electronic distance of the exchange part
(hy (F, = ;1) = —p(¥)) and the correlation part (cusp condition), as well as the prop-
erty of the exchange hole to be negative everywhere. Of course, the LDA model hole and
the exact hole differ in many details. The overbinding tendency of the local density ap-
proximation can be rationalized in terms of the exchange hole properties. The LDA holeis
spherically symmetric and always attached to the reference electron while the exact hole
has a pronounced angular structure. In the bonding region between two atoms, the LDA
model hole resembles the exact exchange hole, which becomes more isotropic (and sym-
metric with respect to the reference electron) than in the separated atoms. In an atom, the
exact exchange hole is displaced toward the nucleus, whereas the LDA hole remains asit
was in the molecular bond: centered on itsreference electron. The neglect of thisdisplace-
ment in the LDA causes significant deviations from the exact differential exchange energy
upon bond formation, with substantial errors on the atomic asymptote of an atomization
process. In other words: the centered L DA exchange holeis a better approximation for the
more homogeneous molecular density than for the more inhomogeneous density of atoms.
This causesin particular the exchange energy of the molecular system to be too negative,
that is, causes adramatic overbinding (Ernzerhof, Perdew, and Burke, 1997).

Fortunately, only the spherically averaged exchange-correlation holeis of relevance for
the exchange-correlation energy, as shown in the preceding section. The agreement be-
tween the spherically averaged LDA and exact holes is indeed much better — which is
among the reasons why the LDA works at all — and the homogeneous electron gasin fact
provides areasonabl efirst approximation to spherically averaged exchange-correlation holes
of real systems. However, we should keep in mind that the LDA hole h%2A(%; %) will
haveits highest degree of accuracy for small distances between the reference and the other
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electron because inthelocal density approximation wetreat the exchange-correlation hole
around T, asif the neighborhood were part of a homogenous electron gas of constant den-
sity. Clearly, in areal system with considerably varying charge density, this assumption
will deteriorate the larger the distance between the reference electron at ; and the other
oneat T, is.

6.5 The Generalized Gradient Approximation

The only moderate accuracy that the local (spin) density approximation delivers is cer-
tainly insufficient for most applicationsin chemistry. Hence, for the many yearsin which
the LDA wasthe only approximation availablefor Ey -, density functional theory was mostly
employed by solid-state physicists and hardly had any impact in computational chemistry.
The situation changed significantly in the early eighties when the first successful exten-
sionsto the purely local approximation were developed. Thelogical first step in that direc-
tion was the suggestion of using not only the information about the density p(r) at apar-
ticular point T, but to supplement the density with information about the gradient of the
charge density, Vp(F) in order to account for the non-homogeneity of the true electron
density. In other words, we interpret the local density approximation as the first term of a
Taylor expansion of the uniform density and expect to obtain better approximations of the
exchange-correlation functional by extending the series with the next lowest term. Thus,
we arrive at (with o and ¢’ indicating o or § spin)

ESE [Po.Pp] = IP exc(Pq.pp) dr (6-17)

, Vv Vo .
+ 3 [ CSE (PurPp) — vy o o + .
6,0’ po pc’

Thisform of functional is termed the gradient expansion approximation (GEA) and it
can be shown that it applies to a model system where the density is not uniform but very
slowly varying. Unfortunately, and at first glance counterintuitively, if utilized to solvereal
molecular problemsthe GEA does not |ead to the desired improved accuracy but frequently
performs even worse than the simple local density approximation. The reason for thisfail-
ure is that the exchange-correlation hole associated with a functional such asin equation
(6-17) has lost many of the properties which made the LDA hole physically meaningful.
For exampl e, the sum rules do not apply any more and the exchange holeis not restricted to
be negative for any pair T;; T, . Thus, the dependence between the depth of the on-top hole
and its extension is lost and the holes as well as the corresponding exchange-correlation
energies will be much more erratic. This shows again that it is not so much the model
system of the uniform electron gas but much more so the fact that the corresponding ex-
change-correlation hole system obeys most of the rules of the real system which isrespon-
sible for the success of the local density and local spin-density approximations.
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6 The Quest for Approximate Exchange-Correlation Functionals

Inavery elegant (or shall we say brute force) way, this problem was solved by straight-
forwardly enforcing therestrictionsvalid for the true holes also for the hol e of the beyond-
LDA functionals. If there are parts in the GEA exchange holes which violate the require-
ment of being negative everywhere, just set them to zero. And, in order to have the correct
sum rule behavior, well, let us simply truncate the exchange and correlation holes such that

hy (T; &) and he(Ty; T,) contain one and zero el ectron charges, respectively. Functionals

that include the gradients of the charge density and where the hole constraints have been
restored in the above manner are collectively known as generalized gradient approxima-
tions (GGA). Thesefunctionals are the workhorses of current density functional theory and
can be generically written as

ERC [Pa Pl = [f(Po:Pp: Voo, VPp) OF (6-18)

Aswewill see presently, several suggestionsfor the explicit dependence of theintegrand
f on the densities and their gradients exist, including semiempirical functionalswhich con-
tain parameters that are calibrated against reference values rather than being derived from
first principles. In practice, ES&" isusually split into its exchange and correlation contri-

butions
RSt = BN + B (6-19)

and approximations for the two terms are sought individually.

Let ustake acloser look at gradient-corrected exchange functionalsin order toillustrate
the general ideas. In particular, the reader should convince him- or herself that we are
dealing with mathematically complex constructs which have been chosen such that the
desired boundary conditionswhich the functional s and corresponding hole functions should
satisfy are fulfilled and a satisfactory performance results. One should be aware that it is
not the physics but the results obtained from them which dictate the choice of the math-
ematical constructs. In fact, some of these functionals are not even based on any physical
model. In other words, the actual form of EZ®* and ES®* usualy does not assist the
understanding of the physics these functionals try to describe. This underlines the prag-
matic character so typical for approximate density functional theory in general.

We rewrite the exchange part of ESo as

X = BN - 3 [F(so) pg () o (6-20)
o

The argument of the function F isthe reduced density gradient for spin 6
| Vps(F) |
ps ()
S, 1S to be understood as alocal inhomogeneity parameter. It assumes large values not
only for large gradients, but also in regions of small densities, such as the exponential tails

ss(F) = (6-21)
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far from the nuclei. Likewise, small values of s; occur for small gradients, typical for
bonding regions, but also for regions of large density. For example, the combination of
large density gradients and large densities close to the nuclei typically leadsto values of s;
in this region which are in between the reduced density gradients in the bonding and tail
regions, respectively. Of course, the homogeneous electron gasis characterized by s;= 0
everywhere. Finally, aword on why we divide by the 4/3 power of p and not just by p itself.
This is needed to make s; a dimensionless quantity: the dimension of the density is the
inverse dimension of volume and hence [r] 2. Its gradient has therefore dimensions of [r] ™.
But thisisjust the same dimension that p** has, because of ([r])*®=[r]™ and we arrive at
the desired dimensionless reduced gradient.

For the function F two main classes of realizations have been put forward (seein particu-
lar Adamo, di Matteo, and Barone, 1999). The first one is based on aGGA exchange func-
tional devel oped by Becke, 1988b. As outlined above, thisfunctional isabbreviated simply
as B (sometimes one also finds B88)

FB Bss (6-22)

T 1+6Ps, sinhts,

B isan empirical parameter that was determined to 0.0042 by aleast-squares fit to the
exactly known exchange energies of the rare gas atoms He through Rn. In addition to the
sum rules, this functional was designed to recover the exchange energy density asymptoti-
cally far from afinite system.

Functionals which are related to this approach include among others the recent FT97
functional of Filatov and Thiel, 1997, the PW91 exchange functional (Perdew, 1991, and
Burke, Perdew, and Wang, 1998) and the CAM(A) and CAM(B) functional s developed by
Handy and coworkers (Laming, Termath, and Handy, 1993).

The second class of GGA exchange functionals use for F a rational function of the
reduced density gradient. Prominent representatives are the early functionals by Becke,
1986 (B86) and Perdew, 1986 (P), the functional by Lacks and Gordon, 1993 (LG) or the
recent implementation of Perdew, Burke, and Ernzerhof, 1996 (PBE). As an example, we
explicitly write down F of Perdew’s 1986 exchange functional, which, just asfor the more
recent PBE functional, isfree of semiempirical parameters:

. 2 s 4 . 6 1/15
FP —11+1206) —9° | +14| —9 | + 02| —2 . (6-23)
[(24752)1/3 J [(24752)113 ] [(247‘52)1/3 ]

The corresponding gradient-corrected correlation functionals have even more compli-
cated analytical forms and cannot be understood by simple physically motivated reason-
ings. We therefore refrain from giving their explicit expressions and limit ourselves to a
more qualitative discussion of the most popular functionals. Among the most widely used
choices is the correlation counterpart of the 1986 Perdew exchange functional, usually
termed P or P86. This functional employs an empirical parameter, which was fitted to the
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correlation energy of the neon atom. A few years later Perdew and Wang, 1991, refined
their correlation functional, leading to the parameter free PW91. Another, nowadays even
more popular correlation functional is dueto Lee, Yang, and Parr, 1988 (LY P). Unlike all
the other functionals mentioned so far, LY P is not based on the uniform electron gasbut is
derived from an expression for the correlation energy of the helium atom based on an
accurate, correlated wave function presented in the context of wave function based theory
by Colle and Salvetti, 1975. The LY P functional contains one empirical parameter. It dif-
fersfrom the other GGA functionalsin that it contains somelocal components. We should
notethat all these correlation functional s are based on systemsthat only include dynamical,
i. e, short range correlation effects (the uniform electron gas or the helium atom). Non-
dynamical effects are not covered by these functionals, a property that we will come back
to in the next section.

In principle, each exchange functional could be combined with any of the correlation
functionals, but only afew combinations are currently in use. The exchange part is almost
exclusively chosen to be Becke's functional which is either combined with Perdew’s 1986
correlation functional or the Lee, Yang, Parr one — levels usually abbreviated as BP86 and
BLY P, respectively. Sometimes also the PW91 correlation functional is employed, corre-
sponding to BPW9L1. To be fair, al these flavors of gradient-corrected KS-density func-
tional theory deliver results of similar quality as demonstrated by several studies which
assessthe performance of these functional. However, in this chapter we will predominantly
concentrate on the more formal theoretical aspects of functionals and postpone a detailed
view on the actual performance of modern functionals to our discussion in Part B.

We finally note a semantic detail. GGA functionals are frequently termed non-local
functionalsin the literature. Thisis a somewhat misleading and actually sloppy terminol-
ogy that should be avoided. In our discussion of the Hartree-Fock schemein Section 1.3we
introduced the difference between local and non-local operators and showed that the clas-
sical Coulomb potential is alocal one while the HF exchange contribution represents a
typical non-local potential. According to thisdiscussion, all GGA functionals are perfectly
local in the mathematical sense: the value of the functional at apoint ¥ depends only on
information about the density p(F), itsgradient Vp(r) , and possibly other information at
this very point and is absolutely independent of propertiesof p(f’) at points ¥’ # 7 . Call-
ing these functionals ‘non-local’ is only motivated by the fact that these functionals go
beyond the ‘local’ density approximation and of course the observation that knowledge of
the gradientsisthe first step towards accounting for theinhomogeneity of thereal density;
neverthelessit is sloppy physicists’ jargon.

6.6 Hybrid Functionals
We haverepeatedly indicated that usually the exchange contributions are significantly larger
in absol ute numbers than the corresponding correl ation effects. Therefore, an accurate ex-

pression for the exchange functional in particular isaprerequisite for obtaining meaningful
results from density functional theory. However, we have seenin Chapters 1 and 5 that the
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exchange energy of a Slater determinant can be computed exactly, recall equations (5-17)
or (5-18). Thus, why do we bother with complicated, but nevertheless only approximate
exchange functionals at all? The straightforward and seemingly most appropriate strategy
for arriving at a most accurate exchange-correlation energy seems to be to use the exact
exchange energy of equation (5-18) and rely on approximate functionals only for the part
missing in the HF picture, i. e, the electron correlation,

Eyc = ES® + EXS. (6-24)

If applied to atoms this concept indeed delivers promising results. Unfortunately, and at
first glance very surprisingly, it does not live up to the expectation at all if applied to mol-
ecules and chemical bonding. Against the G2 reference set we noted a mean absol ute error
of 78 kcal/mol for the Hartree-Fock level (i. e., exact exchange only, where we assume that
the HF and KS orbitalsare similar). Whiletheinclusion of correlation through an appropri-
ate functional inthe spirit of equation (6-24) indeed cutsthe error down to 32 kcal/moal, this
is nevertheless a disappointing result if we consider that the errors associated with the
currently used Ey functionals of the GGA type, where both exchange and correlation are
approximated, are in the order of only 5-7 kcal/moal.

What arethe reasonsfor thissignificant failure of the exact exchange/density functional
correlation combination in molecular calculations? For an analysislet usrecall our discus-
sion from Chapter 2 about the properties and shapes of the exact hole functions of the H,
molecule, and in particular have another look at Figure 2-2. We saw that in thissimple case
the exchange hole corresponds to one half of the density of the o, occupied molecular
orbital and correspondsto the removal of half an electron from thevicinity of each nucleus.
It is completely delocalized and independent from the position of the reference electron.
However, the exact full hole isrelatively localized, in particular for extended internuclear
distances where |eft-right correlation prevails. To salvage this overall characteristic of the
total hole, the exact exchange hole has to be complemented by the correlation hole, which
by itself isalso delocalized. Thus, both components taken individually are bad representa-
tions of the whole, in particular the non-local exchange hole canin no way account for the
effects that occur upon bond stretching or in similar situations. As an aside, we note that
this is a manifestation of the fact that the separation of Ey in individual exchange and
correlation contributions is actually artificial and is only a consequence of the use of a
particular reference system, i. e., asingle Slater determinant. We re-emphasize that a clear
physical meaning can only be attributed to the undivided exchange-correlation energy and
hole. If we turn to the approximate holes given by the local density approximation as well
asits gradient-corrected extensions we note that they are by construction based on alocal
model. Thus, these functionals implicitly assume that both, the exchange and the correla-
tion hole are localized holes because al properties are determined by the density and its
gradient at one particular point in space. Pictorially speaking, the approximate functionals

ESY only ‘see’ their direct neighborhood and are completely ‘unaware’ of what is going
on farther away. But this explains why the simple ansatz of equation (6-24) isbound to fail
if applied to molecules. We combine the exact, del ocalized exchange hole with alocalized
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model holefor correlation. Because the cancellation between the two individual holes can-
not take place (as discussed above and in Section 2.3), theresulting total hole hasthewrong
characteristics. On the other hand, approximate exchange-correlation holes based on the
uniform electron gas are again local and are therefore a better model for the exact holethan
equation (6-24). Actually, Becke, 1995, Gritsenko, Schipper, and Baerends, 1997, and
Schipper, Gritsenko, and Baerends, 1998b and 1999, as well as others pointed out and
verified numerically that current density functionalsfor exchange with their localized holes
effectively reproduce the sum of exact exchange and non-dynamical correlation while the
corresponding correlation functional s represent only the effects of dynamical el ectron cor-
relation. By the way, the approximate correlation hole provided by conventional, wave
function based techniques indeed has the required long-range characteristics for dealing
with non-dynamical correlation, usually accomplished through including energetically low-
lying Slater determinants into the wave function. In fact, there are attemptsto already in-
clude these long-range correlation effects into the ‘exact’ Ey contribution of eguation (6-
24) through amulti-configurational SCF (M CSCF) ansatz. Combining this‘ exchange plus
non-dynamical correlation’ portion with alocal density functional for dynamical correla-
tion should be more appropriate (see, €. g., the recent reports by Leininger et al., 1997,
Borowski et al., 1998, or Gréfenstein and Cremer, 2000). Thetwo major problemswith this
approach are its significantly increased computational costs and that double-counting of
correlation effects cannot be completely excluded.

Rather than pursuing this approach further, we follow a different avenueto exploit exact
exchange outlined by Becke, 1993a and 1993b. The theoretical justification of this ap-
proach can be extracted from the adiabatic connection sketched in Section 6.2 above. We
recall from equation (6-10) that the exchange-correlation energy of the Kohn-Sham scheme
isobtained through the coupling-strength integrated exchange-correlation hole. This equa-
tionisof course equivalent to the following expression (6-25), where we integrate over the
A-dependent exchange-correlation potential energy, which is nothing else than the non-
classical contribution to the el ectron-electron interaction for different values of A (notethat
E,o corresponds to the pure potential energy contributions, dependent on A. Only the inte-
gration over A introduces the kinetic energy part into Ey)

1
Exc = | Engdh- (6-25)
0

Let usexplorefirst the nature of theintegrand E?;d for thelimiting cases. At A=0weare

dealing with an interaction free system, and the only component which is not included in
the classical term is due to the antisymmetry of the fermion wave function. Thus, Eﬁ;o is
composed of exchange only, thereis no correlation whatsoever.*® Hence, the A = 0 limit of
theintegral in equation (6-25) simply corresponds to the exchange contribution of a Slater
determinant, asfor example, expressed through equation (5-18). Remember, that E*5° can

ncl

19 Keep in mind that dynamic electron correlation is always connected to the fact that electrons interact as
charged species.
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be computed exactly, once the KS orbitals are available. On the other hand, for A = 1, the
non-classical contributions are those of the fully interacting system, containing exchange
as well as electron correlation parts. This interacting exchange-correlation energy is not
known, but can be approximated — more or |ess satisfactorily — by any Eyfunctional. The
true exchange-correlation energy is given by theintegral of equation (6-25) and we know
its value for A = 0 exactly and have pretty good approximations for A = 1. To exactly
evaluate thisintegral, however, we would need E, for intermediate values of ). But this
information is not available and we must try to find approximationsto thisintegral. Alter-
natively, we can analyze thisintegral from adlightly different point of view. We have seen
above that the model holes of the LDA or GGA schemes are reference point centered and
relatively localized. Hence, they provide a crude simulation of left-right correlation. Aswe
have discussed at length, thisisadesirablefeature for describing the hole of theinteracting
system, which isalso localized. Onthe other hand, at A = 0 adl thereis, isexchange with its
delocalized hole and our localized model holes are completely inadequate. Therefore, in
terms of holes, to describe the A = 0 end of the integration it appears plausible to mix in a
certain amount of the pure, exact exchange hole into the overall hole.

L et us be specific. The simplest approximation to solve equation (6-25) isto assumethat
E*, isalinear functionin . Thisleadsto

B - JER + S ERE (626

and corresponds to the situation shown schematically in Figure 6-3a. Using the LDA ex-
change-correlation functional for E?;j,l , equation (6-26) represents the so-called half-and-
half (HH) combination of ‘ exact’ exchange and density functional exchange-correlation as
introduced by Becke, 1993a. In fact this approach showed a promising performance. The
absolute average error with respect to the G2 atomization energies amounts to 6.5 kcal/
mol, and rivals the value of 5.7 kcal/mol for the gradient-corrected BPW91, if basis-set
free, fully numerical results are utilized. The next step taken by Becke, 1993b wasto intro-
duce semiempirical coefficientsto determinethe weights of the various componentsin this

scheme leading to the following extension of equation (6-26):
EZS = ELD + a(ELY — EXP) + bEE + cERVL, (6-27)

In this equation we have three parameters. The amount of exact exchange in the func-
tional is determined through a, while b and c control the contributions of exchange and
correlation gradient corrections to the local density approximation. As indicated in equa-
tion (6-27), Becke utilized his 1988 exchange functional and Perdew and Wang's 1991
correlation functional in his original approach. The three empirical parameters were cho-
sen such that the atomization and ionization energies as well as the proton affinities in-
cluded in the G2 data base and some total energies were optimally reproduced. Thisled to
a=0.20,b=0.72, and c = 0.81. Hence, the amount of exact exchange was reduced relative
to the earlier half-and-half scheme, indicative of alarge slope of Eﬁ(c at A =0, seeFigure
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Figure 6-3. A-dependence of Ey.
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6-3b. Most importantly, this three-parameter fit reduced the average absolute error in the
G2 atomization energies significantly to only about 2—3 kcal/mol, already very closeto the
target accuracy of 2 kcal/mol. Of course one should keep in mind that the parameters a, b,
and c werefitted to exactly these dataand it isa priori completely unclear whether asimi-
larly good performance can also be expected in general. Functionals of this sort, where a
certain amount of exact exchange is incorporated are frequently called DFT/HF hybrid
functionals, because they represent a hybrid between pure density functionalsfor exchange
and exact Hartree-Fock exchange. They are also sometimesreferred to asACM functionals,
where the acronym stands for adiabatic connection method.

Currently, the most popular hybrid functional isknown as B3LY P and was suggested by
Stephens et al., 1994. While it is of very similar spirit to the original form proposed, as
given in equation (6-27), in B3LY P, the PW91 correlation functional is replaced by the
LY P functional. The values of the three parameterswere directly taken from Becke's origi-
nal paper. Thus, the B3LY P exchange-correlation energy expressionis (with a, b, and cjust
as above)

ESAYP —(1-a) E5P +aEX + bES® + cEEP + (1-0) EE®.  (6-28)

For the B3LY P functional an unsigned error with respect to the G2 data base of only
dightly above 2 kcal/mol was determined.

Since their incarnation in the early nineties these hybrid functionals experienced an
unprecedented success (Raghavachari, 2000). In particular the B3LY P functional was an
absolute shooting star and soon developed into by far the most popular and most widely
used functional. This amazing success was fueled by the surprisingly good performance
B3LYP and related functionals demonstrated in many chemical applications, including
such difficult areas as open-shell transition-metal chemistry as we will discuss in much
detail in later parts of this book.

More recent devel opments by Becke, 1996a reduced the number of parametersto one

Efe = EXe +a(Ex ° - Exe (6-29)
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where the amount of exact exchange was empirically determined asa= 0.28 if for E%r a
combination of the standard Becke exchange (B) and a new correlation functional dueto
Becke (B95) was inserted. This functional is commonly referred to as B1B95. Its average
absolute error with respect to the G2 atomization energiesis only around 2 kcal/mol. How-
ever, there are certain technical disadvantages with this functional. Most notably, it de-
pends explicitly on the kinetic energy density in addition to the density and its gradient,
which complicates the implementation into standard molecular structure computer pro-
grams. This might be the reason, why the new B1B95 has attracted less interest than its
three-parameter predecessor, even though inclusion of the kinetic energy density into ex-
change-correlation functionals seems to have gained a lot of attention lately, as outlined
below. Inthelast part of hisseriesof paperson density-functional thermochemistry, Becke,
1997, introduced a new type of exchange-correlation functional which was based on an
elaboratefitting procedure. The exchange-correl ation functional was separated into several
parts, i. e., exchange, like-spin correlation and unlike-spin correlation and an additional
amount of exact, Hartree-Fock exchange, i. e.,

ESY = By + EP + EZ + EY + EX + FEF (6-30)

Each component, with the exception of the HF exchange, is expressed in apower series
involving the density and the reduced density gradient. These expansions were terminated
at second order, since otherwise unphysical, overfitted functionals were obtained. The re-
sulting ten linear coefficients were optimized by aleast-square fit to energetical datafrom
the G2 set. Note, that the optimal parameters were determined in a fully numerical (i. e,
basis set free), non-self-consistent procedure using L DA densities. If measured against the
G2 training set, average absol ute and maximum errors of atomization energies of only 1.8
and 5.5 kcal/mol, respectively, were obtained. The amount of exact exchange was deter-
mined at 20 % in this B97 functional. As Becke noted, thiskind of accuracy is probably as
far as one can get with conventional gradient-corrected GGA functional sfor exchange and
correlation and a certain (but fixed, see below) amount of exact, i. e. A = 0, exchange. A
year later, Schmider and Becke 19983, reparameterized the B97 functional with respect to
theextended G2 set. Theresulting B98 functional retainsthe good absolute average (1.9 kcal/
mol) and maximum errors (9.1 kcal/mol) also for thislarger and more demanding training
set.® Hamprecht et al., 1998, reparameterized the original B97 functional in aself-consist-
ent procedure, i. e., with densities optimized within the same functional and using aTZ2P
basis set and termed the resulting B97 flavor B97-1. In the same paper these authors also
suggest an extension to the B97 idea. They additionally require in the parameterization
scheme that the functional also reproduces nuclear gradients for molecules (i. e., zero if
calculations are performed at equilibrium geometries) and, probably even more impor-
tantly, that it yields accurate exchange-correlation potentials, a property that will become

2 schmider and Becke, 19983, presented various parameterizations in their paper, which differed in the choice
of dataincluded in the fitting. The quoted performance applies to their parameter set 2c, where 148 heats of
formation, 42 ionization energies, 25 electron affinities, 8 proton affinities and 10 total energieswereincluded
inthe training set.
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of interest in Section 6-8. Because the least-square procedure now includes much more
information, the power serieswas extended to forth order, increasing the number of param-
etersto 15. However, unlike in the B97 or B98 schemes, the resulting HCTH functional is
apure GGA functional and contains no exact exchange. In asubsequent paper (Boeseet dl.,
2000), the training set for the parametrization was extended in particular by anions and
weakly bound dimers leading to the HCTH/120 and HCTH/147 functionals (the numbers
indicate the number of systemsused inthetraining sets. Intheoriginal HCTH parametrization
atotal of 93 systems was used).

Before closing this section let us mention that a fraction of about 20-25 % exact ex-
change asrealized in the above functional s seems to be reasonabl e also on purely theoreti-
cal grounds as shown by Perdew, Ernzerhof, and Burke, 1996, and Burke, Ernzerhof, and
Perdew, 1997. These authors proposed parameter-free hybrid functionals of the general
form, where the amount of exact exchange has been derived as 25 % from theoretical rea-
sonings through a perturbation theory argument,

Eforid — ESCA 4 0.25(ERF — ESCM). (6-31)

If the PBE exchange-correlation functional is chosen as the GGA component, the
PBE1PBE model emerges (some authors prefer to call thisfunctional PBEQ). As shown by
Adamo and Barone, 1999, PBE1PBE shows promising performancefor all important prop-
erties, being competitive with the most reliable, empirically parameterized current
functionals. However, while about aquarter of exact exchange isreasonable for most regu-
lar systems, it should be clear that in general this parameter is certainly not universal but
depends on the actual situation. This can be impressively demonstrated using our standard
guinea-pig, the H, molecule and its molecular ion, H,". Let us consider first the neutral
hydrogen molecule. As we have seen in Section 2.3, as the distance of the two nuclei in-
creases, the total exchange-correlation hole gets more and more localized. For infinite dis-
tance it is strictly localized and removes exactly one electron from the proton where the
reference electron is located while it is zero at the other nucleus. In this situation, the
amount of exact exchange in arestricted calculation must go to zero asr — oo: the correla-
tion holes of approximate functionalsarelocalized. Mixingin any fraction of thedelocalized
exact exchange hole would therefore lead to an unphysically delocalized total hole (see
also, Gritsenko, van Leeuwen, and Baerends, 1996). The situation is completely different
for the corresponding radical cation, the one-electron system H,". Here, the exchange-
correlation hole obviously contains only the exchange part, which iscompletely delocalized
over the molecule, independent of the internuclear distance. Due to their inherent local
character none of the current approximate exchange functionals is capable of correctly
representing this situation. In order to describe this delocalized hole a hybrid with 100 %
exact exchange would be needed, as discussed by Sodupe et al., 1999. Generally speaking,
in situations, wherethe A = 0 limit is represented by degenerate or near-degenerate ground
states, thelocal exchange density functional isagood approximation throughout thewhole
integration, including A = 0. In other words, the A-dependence of E)x(C is characterized
under these circumstances by an extreme slope (approaching —e) at A = 0 and the solution
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Figure 6-4. Resonance structures of Os.

Table 6-1. Harmonic frequencies and experimental fundamentals for ozone [cm™]. Deviations from the experi-
mental result [%] are given in parentheses.

Method bending (a,) antisym. stretch (b,) sym. stretch (a,)
Hartree-Fock 870 (+21.5) 1419 (+30.3) 1541 (+35.8)
MP2 747 (+4.3) 2211 (+203.0) 1170 (+3.1)
B3LYP 750 (+4.7) 1205 (+10.7) 1259 (+10.9)
mPW1PW 778 (+8.7) 1296 (+19.0) 1323 (+16.6)
BLYP 688 (-3.9) 991 (-9.0) 1135 (+0)
BP 708 (-1.1) 1054 (-3.2) 1179 (+3.9)
Experiment 716 1089 1135

for A = 0 does not contribute to the integral asindicated in Figure 6-3c. A typical example
is provided by the ozone molecule which is known to be pathological because of near-
degeneracy effects. The ionic and biradical resonance structures indicated in Figure 6-4
both contribute significantly to the overall wave function.

The most sensitive propertiesin that respect are thevibrational frequencies, in particular
the antisymmetric O-O stretching vibration (of b, symmetry). Along this vibrational mode
therelative wei ghts of the two main contributors of Figure 6-4 to the wave function change.
Conventional methods, such as HF or the MP2 approach in particular, where dynamical
electron correlation is estimated through second order perturbation theory, fail completely.
But also hybrid functionals such as B3LY P or the very recent, one-parameter mPW1PW
scheme predict harmonic frequencies of O; which are in much less harmony with the ex-
perimental data than the results obtained from plain GGA protocols, such as BLYP or
BP86. Table 6-1 summarizes theoretically predicted harmonic frequencies for ozone from
representative computational models employing aflexible cc-pV QZ basis set to expand the
KSorbitals.

6.7 Sdf-Interaction

There is one more problem which is typical for approximate exchange-correlation
functionals. Consider the simple case of aone electron system, such asthe hydrogen atom.
Clearly, the energy will only depend on the kinetic energy and the external potential dueto
the nucleus. With only one single el ectron there is absolutely no electron-electron interac-
tionin such asystem. This sounds so trivial that the reader might ask what the point is. But
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consider the energy expression for aone electron system in the Kohn-Sham scheme (which
is no different from the general equation (5-14)),

Elp(F)] = Tslp] + Jp] + Exclp] + Enelp]- (6-32)

The classical electrostatic repulsiontermis

_Le@e(R) ¢ _
To] = 5 [R5 gy, (6-33)

Thisterm does not exactly vanish for aone electron system sinceit containsthe spurious
interaction of the density with itself. Hence, for equation (6-32) to be correct, we must
demand that J[p] exactly equals minus Ex[p] such that the wrong self-interaction is can-
celled

1 H P(u)p(%) dr dr, = —Exclp]. (6-34)
2 Mo

And that iswhere the trouble begins.

We saw in Section 1.3 that by construction the exchange term of the Hartree-Fock model
indeed exactly neutralizes the unwanted portion of J[p]. In particular, for a one electron
system equation (6-34) is satisfied and the HF scheme is therefore free of self-interaction
errors. On the other hand, in any realization of the Kohn-Sham density functional scheme
we have to employ approximations to the exchange-correlation energy which are inde-
pendent of Jp] and we should not expect equation (6-34) to hold. In fact, none of the
currently used exchange-correlation functionals is self-interaction free. In Table 6-2 we
have summarized the results for the hydrogen atom as obtained with typical exchange-
correlation functionals employing alarge cc-pV5Z basis set.

We seethat the self-interaction error, Jp] + Eyc[p], isinall casesin theorder of 10~ E,
or afew hundredths of an eV. In addition, the datain Table 6-2 reiterate some of the facts
that we noted before. B3LY P, BP86 and BPW91 yield total energies bel ow the exact result
of —0.5 E;,, in an apparent contradiction to the variational principle (see discussion in Sec-

Table 6-2. Energy components [E,] of various functionals for the hydrogen atom.

Functional Ent Jpl Ex[p] Eclp] Jp] + Exclp]
SVWN —0.49639 0.29975 -0.25753 —0.03945 0.00277
BLYP -0.49789 0.30747 -0.30607 0.0 0.00140
B3LYP —0.50243 0.30845 -0.30370% —0.00756 —0.00281
BP86 -0.50030 0.30653 -0.30479 —0.00248 -0.00074
BPW91 —0.50422 0.30890 -0.30719 —0.00631 —0.00460
HF —0.49999 0.31250 -0.31250 0.0 0.0

& Includes 0.06169 E,, from exact exchange.
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tion 4.5). It isalso noteworthy that of the three correlation functionals, only LY Pyieldsthe
correct result of zero correlation energy for a single electron (i. e,, it is self-interaction
free), al others deviate non-negligibly from zero.

Of course, this self-correction error is not limited to one electron systems, whereit can
beidentified most easily, but appliesto all systems. Perdew and Zunger, 1981, suggested a
self-interaction corrected (SIC) form of approximate functionals in which they explicitly
enforced equation (6-34) by substracting out the unphysical self-interaction terms. Without
going into any detail, we just note that the resulting one-electron equations for the SIC
orbitals are problematic. Unlike the regular Kohn-Sham scheme, the SIC-K S equations do
not sharethe same potential for al orbitals. Rather, the potential isorbital dependent which
introduces alot of practica complications. As a consequence, there are hardly any imple-
mentations of the Perdew-Zunger scheme for self-interaction correction.

Surprisingly, whileapplication of the Perdew-Zunger self-interaction correctionimproves
the results for atoms as expected, this does not necessarily carry over to ground state ener-
gies and geometries of molecules, where the self-interaction corrected scheme may even
|ead to adeterioration of the results as compared to regular approximate Kohn-Sham cal cu-
lations, as reported by Goedecker and Umrigar, 1997. The reasons for this behavior are,
however, not fully understood. Similarly, to what extent the unphysical self-interaction
affects the results of density functional calculationsin general is not completely clear yet,
but it certainly can sometimes have severe consequences. Among the most spectacular
examples is the difficulty that approximate exchange-correlation functionals experience
when the dissociation of radicals consisting of two identical moieties are studied as pointed
out by severa authors; e. g., by Merkle, Savin, and Preuss, 1992, and more recently by
Bally and Sastry, 1997, and Zhang and Yang, 1998. Sodupe et a., 1999, for example show
that Kohn-Sham calculations predict the wrong order of stability for the two low-lying
structural isomers of the (H,0)," dimer, overestimating the stability of the symmetric H,O
.-+ OH, by some 17 kcal/mol. Even for systems as simple as the one-electron hydrogen
molecular ion, H}, the dissociation curve is significantly in error leading to much too
small binding energies. The origin of the huge self-interaction error asthe H-H bond stretches
isthe incapability of theintrinsically localized model holes of approximate functionalsto
describe the delocalized exchange hole of (H---H)" asry, , —e°, see also the clear discus-
sion in Perdew and Ernzerhof, 1998. According to Zhang and Yang, 1998, such problems
are always to be expected for situations where non-integer number of electrons are in-
volved. The H3 dissociation offersaprototypefor thisscenario sinceit leadsto adel ocalized
state accordingto H*® --- H'®%as Ry increases. In general, such cases are to be expected
if the ionization energy of one dissociation partner differs by only asmall amount from the
electron affinity of the other partner. For H — H + H™ thiscriterionisperfectly satisfied
sincetheionization energy of H and the electron affinity of H* areidentical . These authors
go onto speculate, that similar problems should al so surfaceif transition states of chemical
reactions with stretched bonds or certain charge-transfer complexes are studied with ap-
proximate exchange-correlation functionals. That self-interaction indeed plays a decisive
roleinthevicinity of transition structures and may heavily affect reaction barriers has been
demonstrated, e. g., by Csonka and Johnson, 1998: the barrier for the seemingly simple
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hydrogen abstraction reaction, H, + H — H + H,, israised by approximately 8-9 kcal/mol
by inclusion of the self-interaction correction and brings the computed results into much
better agreement with the experimental activation barrier, aswe will discussin more detail
in Chapter 13. Their paper also includesaninstructive and yet concise outline of the Perdew-
Zunger procedure.

6.8 Asymptotic Behavior of Exchange-Correlation Potentials

While the behavior of the exchange-correlation potential V- (recall from equation (5-16)
that the exchange-correlation potential V. is defined as the functional derivative of the

SExc ) 4

exchange-correlation energy Ey with respect to the charge density p: Vyc =

distances far from the atom or molecule seems of little importance at first glance, it turned
out to be critical for propertieswhich depend not only on the quality of the occupied Kohn-
Sham orbitals but also on how well the virtual orbitals are described. Typical examples
include atomic electron affinities and properties related to the response of the system to an
electromagnetic field, such as polarizabilities, or excitation energiesto energetically high-
lying states, in particular Rydberg states, computed from the poles of the frequency de-
pendent polarizability (i. e., in the TDDFT scheme). How should the asymptotic V4 look

like? We know that for an N-electron system the Coulomb potential V(1) = J‘@dfz
12

behaves like N/r when r — . In order to cancel the unphysical self-interaction in the
Coulomb term, the exchange-correl ation potential (since correl ation effects are much more
short-ranged, it usually suffices to analyze only the exchange potential in the asymptotic
region) must therefore have a—L1/r dependence at large r. The electron far away from the
molecule now sees the correct net (N+1-2Z) charge (Z being the positive nuclear charge).
There are two problems with current popular exchange functionals in this context. First,
none of the corresponding potentials has the correct —1/r behavior, they rather all decrease
exponentially, i. e., much too fast. As aconsequence, these approximate potentials are less
attractive than the exact one at large r. The second problem is more subtle and much more
difficult to grasp without a detailed theoretical analysis. In the following we will limit
ourselves to a pictorial description of the problem without dwelling too much into the
physical background. In a celebrated (see Zhang and Yang, 2000) and often quoted paper,
Perdew et al., 1982, extended Kohn-Sham density functional theory to fractional electron
numbers. In that context they showed that the exchange-correlation potential actually jumps
by a constant as the number of electrons passes through an integer. This phenomenon is
known as the derivative discontinuity in DFT. As a corollary to thisit can be shown that
none of the currently available approximate functionals, which are all characterized by a
continuous potential with respect to variationsin the number of electronsis able to model
thisbehavior. Thisin turn hasthe rather unexpected consequence that an accurate continu-
ous potential should not vanish asymptotically. Rather, as shown for example by Tozer and
Handy, 1998, the asymptotic potential should obey
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. - 1
lim Vyo(F) ===+ 1 + &5 (6-35)
r—oo r

Here, | and ¢, are the lowest ionization energy and the orbital energy of the highest
occupied Kohn-Sham orbital, respectively. By the way, these deficiencies of current
functionals are the reason for the fact noted in Section 5.3.3 that the exact relationship
between these quantities, i. e., that | equals —,,,, iS not fulfilled by any approximate ex-
change-correlation functional . Infact, all approximatefunctional s give values of -¢,,,, which
are significantly larger (i. e. less negative) than the ionization energy. This reflects the too
small attractive character of the corresponding asymptotic potentials.

There have been several attemptsto improve the asymptotic behavior of exchange-corre-
lation potentials. For example, van Leeuwen and Baerends, 1994, constructed a potential
such that it shows the correct —1/r behavior, however, it still vanishes at infinity and there-
fore does not take into account the problems connected with the derivative discontinuity. In
addition, thisLB94 potential cannot be derived asthe derivative of an exchange-correlation
functional and shows some deficiencies in regions closer to the nucleus. As noted above,
Hamprecht et a ., 1998, fitted their GGA exchange-correlation HCTH functional to energetics
as well as exchange-correlation potentials in order to achieve better characteristics in the
asymptotic region. However, their potential aso eventually vanishes. For other approaches
see also Chermette et a., 1998. While both, LB94 as well as HCTH yielded improved
resultsfor low-lying virtual orbitalsand rel ated properties as compared to regular exchange-
correlation potentials, further improvements were accomplished by an ingeniously simple
maodification of the HCTH functional. Tozer and Handy, 1998, replaced the potential com-
puted as the functional derivative of the HCTH functional by the asymptotically correct
potentia from equation (6-35) if the grid point where the potentia isbeing evaluatedis* far’
from the molecule.?* This procedure was termed HCTH(AC) where AC stands for asymp-
totically corrected. The ionization energy and the highest occupied orbital energy needed
for this correction were simply taken from regular Kohn-Sham calculations. HCTH(AC)
indeed yielded significantly better excitation energies to high-lying Rydberg states and
hyperpolarizabilities as we outline in Part B of this book. Before closing this section, we
note that hybrid functionals with their exact Hartree-Fock exchange contribution also lead
to an amelioration. First, the HF exchange functional obviously shows the correct —1/r de-
cay for large distances. The asymptotic form of the exchange potentia in hybrid functionals
therefore assumes theimproved (but still not correct) form —alr with a< 1 being the amount
of exact exchange included (see Casida, 1995). Second, the introduction of some Hartree-
Fock exchange leadsto adiscontinuity in the potential asit goesthrough aninteger particle
number. Asaconsequence, hybrid functionalswill —albeit only partially — correct the prob-
lemsof potentialsbased on pure density functional sin the asymptotic regime. An extension
of theideaof ‘asymptotic correction’ to hybrid functionals has been presented by Allen and
Tozer, 2000. While the correction significantly improves excitation energies to Rydberg
States, no overall improvement over the results obtained from HCTH(AC) was achieved.

2L Tozer and Handy empirically define ‘far’ in terms of 4.7 times the Bragg-Slater radius of the corresponding
atom. The two potentials for ‘near’ and ‘far’ are connected through a linear extrapolation.
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6.9 Discussion

In the preceding sections we have reviewed the current state of the art in approximate
exchange-correlation functionals. The above conclusions support a certain, albeit qualita-
tive hierarchy of functionals of ascending complexity and accuracy as: the local density
approximation (LDA) which usually yields good structural properties but frequently fails
miserably in binding energies due to overbinding; regular gradient-corrected exchange-
correlation functionals (BP86, BLYP, BPW91, PBE and the like) which already provide
fairly accurate results, as indicated by absolute average errors of some 5 kcal/mol for at-
omization energies with respect to the G2 data base; and finally hybrid functionals, which
show in many (although not all!) applicationsthe most satisfactory performance. The most
prominent example of thisclassisB3LYP. In Part B of thisbook we report on the details of
how we can break down this hierarchy to individual functionals from each family and how
they perform for the prediction of different properties. In this concluding section we will
present a glimpse on recent progress how to devise new functionals. While some perform-
ance dataare also mentioned here, amore detailed portrait on the quality of these and other
new devel opments awaits the reader in Section 9.1.

We aready mentioned Becke's recent one-parameter hybrid functional B1B95, which
performs better than B3LY P with errors against the G2 set of only slightly above 2 kcal/
mol. Of course, the one-parameter scheme is not limited to this particular choice of
functionals and any exchange and correlation functional can in principle be used in this
protocol. One particularly interesting flavor of such one-parameter hybridsisthe modified
Perdew-Wang approach (mPW1PW) suggested by Adamo and Barone, 1998b. It was de-
signed specifically with non-covalent interactions in mind, but shows a very promising
performance across the board.

However, similar accuracy seemsto bein reach also for the latest devel opmentsin regu-
lar GGA functionals without exact exchange, such as demonstrated by Filatov and Thidl’s
1997 functional. Still, aswe will elaborate on in the application oriented part of this book,
none of these functionalsiswithout shortcomings and the hunt for better and more univer-
sal functionalsisanything but at an end. Novel forms of functional s discussed presently try
to explore new forms for exchange-correlation functionals, and we will give afew repre-
sentative exampl es. Extending the search for approximate exchange-correlation functionals
to schemes that go beyond the GGA by taking second order gradients and the (non-inter-
acting) kinetic energy density into account leads to anew family of functionals, which has
been termed meta-generalized gradient approximation (meta-GGA) by Perdew et a ., 1999.
An early example of thiskind of functional is provided by the LAP correlation functional
due to Proynov, Vela, and Salahub, 1994. This functional involves the Laplacian of the
electron density, V2p(F) , for each spin direction and the kinetic energy density asingredi-
ents reflecting inhomogeneity. Also the B95 correlation functional belongs into this cat-
egory. Filatov and Thiel, 1998, suggest a new functional for Ey which likewise expands
the arguments of the usual GGA formulation by including contributionsfrom the Laplacian
of the density. Similarly, Schmider and Becke, 1998b, extended their B97 functional by
taking into account the Laplacian of the density and the non-interacting kinetic energy
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density (seea so Becke, 1999, for asummary on B97 and extensionstoit). Also vanVoorhis
and Scuseria, 1998, presented anew exchange-correlation functional termed vV SXC which
depends not only on p and Vp, but aso on the non-interacting kinetic energy density.
Somewhat later Ernzerhof and Scuseria, 1999, Perdew et al., 1999, and Proynov, Chermette
and Salahub, 2000, developed aternative formulations of the same motif. In al casesvery
encouraging resultswere reported (see, for example, Adamo, Ernzerhof and Scuseria, 2000).
These approaches are physically motivated, and without diluting the functionals by any
exact exchange, the new functionals reach an accuracy on the G2 test bench which is com-
parable or even slightly better than that of the actual defacto standard B3LY P. On the other
hand, addressing the problem from a very pragmatic point of view, Adamson, Gill, and
Pople, 1998, make heavy use of parameterization and thus generate what they call empiri-
cal density functionals, which also deliver a good overall accuracy. Interestingly, these
authors argued that it might not be a proper way to create functionals using large and
flexible basis sets (or an infinite basis as used by Becke) during the development phase.
Rather than assuming that functionals resulting from such a process will be equally suit-
able for smaller basis sets, they used a relatively small basis to start with and put more
emphasison the empirical parameterization. Following the lines of the arguments above, it
is an appealing idea to assume that the parameterization performed within a small basis
expansion set can absorb some deficiencies of the basis limitationsitself. Their ‘empirical
density functional 1' (EDF1 for short) is composed of an adjusted mixture of functional
forms for exchange and correlation with X ,, B, LY P as components.

Interestingly, all theselatter new functionals achieve their promising performance with-
out exact exchange. Hence, it may well bethat future exchange-correl ation functional swill
get away without any exact exchange mixing and, as van Voorhis and Scuseria, 1998, con-
clude, that the apparent need for exact exchange mixing isonly arelic of therelatively poor
quality of the currently used exchange functionals. Neverthel essin concluding this section
we have to note that none of the new functionals mentioned above has already gained a
significant popularity. Functionals such asBP86, BLY P or B3LY P are still the mainstay in
most chemical applications and no serious competitor that could eventually challenge the
dominance of these schemesin the short run is actualy in sight.
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7 TheBasic Machinery of Density Functional Programs

The preceding six chapters provided an overview of thetheoretical background and current
state of the art of modern approximate density functiona theory. We now turn to the more
practical problem of how the strategies devel oped so far can be mapped onto computational
schemes. Tothisend, wefirst introduce the linear-combination-of -atomic-orbital s (L CAO)
ansatz, which is the by far most dominant way to make the iterative self-consistent field
procedure for solving the one-electron Kohn-Sham equations computationally accessible.
Thisleadsimmediately to the problem of which kinds of basis sets are suitable in order to
expand the Kohn-Sham orbitals in such calculations and according to which criteria one
should choose a particular set of basis functions. One of the main questionsin this context
is, to what extent one can benefit from the vast experience regarding basis sets accumul ated
in wave function based techniques. Schemes for how the various components appearing in
the KS equations are actually determined are discussed with particular emphasis on how
the Coulomb energy can be approached. We a so give asurvey of the techniques employed
for the numerical integration of the exchange-correlation potential including grid-free ap-
proaches, which circumvent the ubiquitous problems with numerical noise in the grid-
based numerical integration. Finally, we will review the development of new agorithms
that aim at alinear scaling of the computing time with respect to the size of the molecule
which will allow the application of these methods to very large molecules occurring, for
example, in biochemistry or material science.

7.1 Introduction of a Basis:
The LCAO Ansatz in the Kohn-Sham Equations

Recall the central ingredient of the Kohn-Sham approach to density functional theory, i. e.,
the one-electron KS equations,

2

1 N .10; (%) oWz

_§V2+ ZJ’|Jr—2|d?2+VXC(r1)—Zr—A 0 =& ¢, (7-1)
i 12 A NA

The term in square brackets defines the Kohn-Sham one-el ectron operator and eguation
(7-1) can be written more compactly as

fKS(Pi = §Q;. (7-2)

Note that the operator XS differs from the Fock operator f that we introduced in Sec-
tion 1.3 in connection with the Hartree-Fock scheme only in the way the exchange and
correlation potential saretreated. In theformer, the non-classical contributions are expressed
viathe —in its exact form unknown — exchange-correlation potential V., the functional
derivative of Ey with respect to the charge density. In the latter, correlation is neglected
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atogether, while the exchange contribution is given exactly by the action of the exchange
operator K on aspin orbital y;,

K (%) xi (%) = [ % (iz)ri 1i (%) Wy xj(%y) (7-3)
12

The Kohn-Sham equations given above in equations (7-1) or (7-2) represent a compli-
cated system of coupled integro-differential equations (the kinetic energy operator is a
differential operator, while the Coulomb contribution is expressed through an integral op-
erator) and we now need to find acomputationally efficient way of solving these equations.
At the end of this process we obtain as solutions the Kohn-Sham molecular orbitals { ¢;},
which yield the ground state density associated with the particular choice of V. (should
we know the exact V., the exact density would result). In principle, a purely numerical
approach to solve these equations is possible and afew benchmark calculations for atoms
and small molecules using such atechnique are avail able (Becke, 1989). However, numeri-
cal procedures are much too demanding for routine applications and other techniques are
required. Almost all applications of Kohn-Sham density functional theory therefore make
use of the LCAO expansion of the KSmolecular orbitals, aschemeintroduced by Roothaan,
1951, in the framework of the Hartree-Fock method. In the LCAO approach we introduce
aset of L predefined basis functions{n,} and linearly expand the Kohn-Sham orbitals as

L
¢ = Zcpinp . (7'4)
n=1

If the set {n,} was complete which would require L = <, every function ¢; could be
expressed exactly viaequation (7-4). Of course, in rea applications L isfiniteand it is of
crucial importanceto choosethe{n, } such that thelinear combination of (7-4) providesan
approximation of the exact Kohn-Sham orbitals as accurate as possible. It should also be
clear that by using alinear combination of predefined basis functionsto express the Kohn-
Sham orbitals, the originally highly non-linear optimization problem has been simplified
into alinear one, with the coefficients {c,;} being the only variables. When the LCAO
method was invented back in the nineteenfifties, the {n,} were inspired by the exactly
known eigenfunctions (‘ atomic orbitals’) of the hydrogen atom, which explains the name.
Today, the basis functions are usually chosen according to different, more pragmatic crite-
riaand do not resemble atomic functions anymore, as we will expound presently. For the
time being we just assume that we have decided on some set of real basis functions{n, }
(complex basis functions are possible, but to simplify matters we restrict ourselvesto real
functions). We now insert equation (7-4) into equation (7-2) and obtain in very close anal-
ogy to the Hartree-Fock case

~ L L
FS@E)Y ciny (1) = & Y, ¢, (7) - (7-5)
v=1 v=1
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If we now multiply this equation from the left with an arbitrary basis function n, and
integrate over space we get L equations

L ~ L
. i [ nu T SEIN, (@), = &Y ¢y [n, (Bn, (R)df for1<i<L  (7-6)
v=1 v=1

Theintegrals on both sides of this equation each define a matrix. On the left hand side,

RS = [, TS, (), (7-7)

isamatrix element of the Kohn-Sham matrix while the overlap matrix on the right hand
side has elements

Sw = [ Mu(®) M, ()l (7-8)

Both matrices are L x L dimensional and, as long as we are dealing with real basis
functions, are wmmetric,*i. e, My, =M,, (in the general case, they are self-adjoint or
hermitian,i. e, M, = Mvu). Using Sand F and introducing the L x L dimensional matri-
ces C containing the expansion vectors

Ci1 Cp - Cy
C C cee C

c-|% o= v ca @9
CL1 C2 - Cp

and €, adiagonal matrix of the orbital energies

gg 0 -~ 0
€= ? 2 ? (7-10)
0 0 - g
we can rewrite the L equations (7-6) compactly as amatrix equation
FSc=scCe. (7-11)

Hence, through the LCAO expansion we have translated the non-linear optimization
problem, which required a set of difficult to tackle coupled integro-differential equations,
into alinear one, which can be expressed in the language of standard linear algebraand can
easily be coded into efficient computer programs.
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Up to this point the derivation has exactly paralleled the Hartree-Fock case, which only
differsin using the corresponding Fock matrix, F rather than the Kohn-Sham counterpart,
FKS, By expanding XS into its components, the individual elements of the Kohn-Sham
matrix become

KS — 1 2 u ZA P(?z) s ra
Fo = Jﬂu(ﬁ) - E — 4+ J— dr, + V(1) |y (f)dr
2 A fa Mo

M
B ‘% Jnu () V2 n, (@)dh - [n, (@) 3 24, () (r-12)
A Na

~, p(F " - " "
[ T8 BU2 ey, + [, (8) Viee ) m, ()6
12

We now need to discuss how these contributionsthat are required to construct the Kohn-
Sham matrix are determined. The first two terms in the parenthesis of equation (7-12)
describe the electronic kinetic energy and the electron-nuclear interaction, both of which
depend on the coordinate of only one electron. They are often combined into asingle inte-
gral,i. e,

1o, dz, -
M = J(R) | = 5 V2 = 202 | (@)l (7-13)

Independent of the choice of the {n,}, the one-electron contribution h,, can be fairly
easily computed using well tested algorithms. For the third term we need the charge density
p which takes the following form in the LCAO scheme

N N L L
p() = Xloi (1= 3 30X cucim, (Fny (7). (7-14)
i i w v

The expansion coefficients, which actually contain all relevant information about the
charge density, are usually collected in the so-called density matrix P with elements

N
m:Z%%. (7-15)
i

Thus, we can alternatively express the Coulomb contribution in equation (7-12) solely
interms of the basis functions asthefoll owing four-center-two-el ectron integral s (since the
four basis functionsn,,, 1,, N, N, can be attached to a maximum of four different atoms)

L L
Jy =23 Pkc”nu(ﬁ) ny (E)rim(?z) Mg () didF, . (7-16)
Ao 12
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7.2 Basis Sets

Up to this point, exactly the same formulae also apply in the Hartree-Fock case. The
differenceisonly in the exchange-correlation part. In the Kohn-Sham schemethisisrepre-
sented by the integral,

Va© = [ (B) Vye(®) n (7)di, (7-17)

where we have to decide on the explicit form of V., whereas the HF exchange integral is
given by*

Kuy

a M-

L
X3 P [ 1) M) S, (o) Mo (%) Sy (7-18)
A 12

Note again the formal simplicity of equation (7-17) as compared to equation (7-18) in
spite of thefact that the former isexact provided the correct V4 - isinserted, whilethe | atter
isinherently an approximation. The calculation of the formally L%2 one-electron integrals
contained in hy,,, equation (7-13) isafairly smple task compared to the determination of
the classical Coulomb and the exchange-correlation contributions. However, before we
turn to the question, how to deal with the Coulomb and V - integrals, we want to discuss
what kind of basis functions are nowadays used in equation (7-4) to express the Kohn-
Sham orbitals.

7.2 Basis Sets

During the years, a huge collection of basis sets was generated in the context of wave
function based approaches to quantum chemistry. Here, the orbitalsx; which are expressed
through the {n, } are used to construct the approximate wave function. It has long been
recognized that very large basis setsare needed if high quality wave functionsthat take also
into account electron correlation are the target. In particular, basis functions with complex
nodal structures (polarization functions, see below) are necessary and in highly correlated
calculations the basis set requirements soon lead to computationally very demanding pro-
cedures. On the other hand, in the Kohn-Sham scheme the orbitals play anindirect roleand

N
areintroduced only asatool to construct the charge density according to p(f) = " |g; (F)|2 .

I
One should therefore expect that the basis set requirementsin Kohn-Sham calculations are
less severe than in wave function based ones. Indeed, in most applications thisis the case
(see, €. g., Bauschlicher et al., 1997, and Martin, 2000).
Inthefollowing wewill giveavery concise overview of thetypical kindsof basissetsin
use today. In conventional wave function based approaches, such as the Hartree-Fock or

22 Note that we must use X; and not T, as variable here, because of the spin-dependence of the exchange
integral, recall Section 1.3.
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configuration-interaction schemes, the set {n,,} is aimost universally chosen to consist of
so-called cartesian Gaussian-type-orbitals, GTO of the general form

n°™° = N x'yMz" exp[-or?] . (7-19)

N isanormalization factor which ensures that <n,In,> = 1 (but note that then,, are not
orthogonal, i. e, <n,n,> # O for 1 # v). o represents the orbital exponent which deter-
mines how compact (large o) or diffuse (small o) theresulting functionis.L =l + m+nis
used to classify the GTO as s-functions (L = 0), p-functions (L = 1), d-functions (L = 2),
etc. Note, however, that for L > 1 the number of cartesian GTO functions exceeds the
number of (2+1) physical functions of angular momentum |. For example, among the six
cartesian functionswith L = 2, one is spherically symmetric and is therefore not a d-type,
but an s-function. Similarly the ten cartesian L = 3 functions include an unwanted set of
three p-type functions.

The preference for GTO basis functions in HF and related methods is motivated by the
computational advantages these functions offer, because very efficient algorithms exist for
analytically calculating the huge number of four-center-two-electron integrals occurring in
the Coulomb and HF-exchange terms. On the other hand, from a physical point of view,
Sater-type-orbitals (STO) seem to be the natural choice for basisfunctions. They are sim-
ple exponential sthat mimic the exact eigenfunctions of the hydrogen atom. Unlikethe GTO
functions, Slater-type-orbitals exhibit the correct cusp behavior at r — 0 with adiscontinu-
ousderivative (whileaGTO hasaslope of zero at r — 0) and the desired exponential decay
inthetail regionsasr — « (GTO fall off too rapidly). A typical STO isexpressed as

n°° = N 1" exp[-Lr 1Y,n(6,6). (7-20)

Here, n corresponds to the principal quantum number, the orbital exponent istermed {
andY,, arethe usual spherical harmonics that describe the angular part of the function. In
fact asarule of thumb one usually needs about three times as many GTO than STO func-
tionsto achieve a certain accuracy. Unfortunately, many-center integrals such as described
in equations (7-16) and (7-18) are notorioudly difficult to compute with STO basis sets
since no analytical techniques are available and one has to resort to numerical methods.
This explains why these functions, which were used in the early days of computational
guantum chemistry, do not play any rolein modern wave function based quantum chemical
programs. Rather, in an attempt to have the cake and est it too, one usually employsthe so-
called contracted GTO basis sets, in which several primitive Gaussian functions (typically
between three and six and only seldom more than ten) as in equation (7-19) are combined
in afixed linear combination to give one contracted Gaussian function (CGF),

A
N =Y dmge. (7-21)
a

The original motivation for contracting was that the contraction coefficients dg; can be
chosen in away that the CGF resembles as much as possible a single STO function. In
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addition, contracting the primitives is also another trick to reduce the computational bur-
den. For more detailson theintricacies of such basis sets, we recommend, e. g., the compe-
tent discussion in Feller and Davidson, 1990, or Helgaker and Taylor, 1995.

In density functional theory CGF basis sets also enjoy astrong popularity. They arethe
natural choice in those programs that offer Kohn-Sham methods as an add-on but were
originally designed for wave function theory and hence use CGF to expand the molecular
orbitals, such as Gaussian or Turbomole. Also some of the genuine Kohn-Sham programs
use Gaussian basis sets, such as DGauss or DeMon. However, since in the Kohn-Sham
scheme, no exchangeintegrals asin equation (7-18) appear and, aswewill seeinaminute,
the explicit calculation of the Coulomb integrals (equation (7-16)) can aso be circum-
vented, CGF functions are not the only player in that field and the user may face different
types of basis sets depending on which program he or she decides to select. For example,
the Amsterdam Density Functional code, ADF, uses Slater-type orbitals as basisfunctions.
Not only does one get away with less functions than with GTO sets, but also the treatment
of non-abelian point group symmetriesis easier to implement with exponential functions.
This leads to a more convenient input definition and interpretation of the results of high-
symmetry moleculesand apossi ble reduction in computing time. Still another kind of basis
functionisrealized within the program DMol, which does not use analytical, but numerical
basisfunctions (Delley, 1990). Here, the{n,} arerepresented numerically on atomic centered
grids, with cubic splineinterpolations between mesh points. These basisfunctions are gen-
erated by numerically solving the atomic KS equations with the corresponding approxi-
mate exchange-correlation functional. Thus, numerical basis sets provide exact energies
(within the given functional) for atomic fragments, but obviously necessitate the use of
purely numerical (rather than analytical) techniques for solving the integrals over basis
functions developed in the preceding section.

We should also mention that basis sets which do not actually comply with the LCAO
scheme are employed under certain circumstances in density functional calculations, i. e.,
plane waves. These are the solutions of the Schrodinger equation of afree particle and are
simple exponential functions of the general form

™ = exp[i k ] (7-22)

where the vector k is related to the momentum P of the wave through p = 7k . Plane
waves are not centered at the nuclei but extend throughout the compl ete space. They enjoy
great popularity in solid state physics for which they are particularly adapted because they
implicitly involve the concept of periodic boundary conditions. Unfortunately, the number
of planewaves needed to arrive at an acceptable accuracy isusually daunting at best and for
this and other reasons applications employing plane wave basis sets are very rare in mo-
lecular quantum chemistry. Actually, none of the popular program packages supports this
kind of basis set and we will therefore neither discuss plane waves nor recent modifications
of this concept, such as the projector augmented wave method. Interested readers are di-
rected to the review by Blochl, Margl, and Schwarz, 1996.

Irrespective of whether we use Gaussian functions, Slater type exponentials or numeri-
cal sets, certain categories of functionsthat can help to characterize the quality of abasis set
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have become customary in quantum chemistry. The simplest and least accurate expansion
of the molecular orbitals utilizes only one basis function (or one contracted function in the
case of CGF sets) for each atomic orbital up to and including the valence orbitals. These
basis sets are for obvious reasons called minimal sets. A typical representativeisthe STO-
3G basis set, in which three primitive GTO functions are combined into one CGF. For
carbon, this basis set consists of five functions, one each describing the 1s and 2s atomic
orbitalsand three functionsfor the 2p shell (p,, p,, and p,). One should expect no more than
only qualitativeresultsfrom minimal setsand nowadaysthey are hardly used anymore. The
next level of sophistication are the double-zeta basis sets. Here, the set of functions is
doubled, i. e., there are two functions for each orbital (the generic name ‘ double-zeta' for
such basis sets still points to the beginnings of computational quantum chemistry, when
STO functions were in use, where the orbital exponent is called {). If we take into account
that it isin the valence space where changes in the electronic wave function occur during
chemical processes, we can limit the doubled set of functionsto the valence orbitals, while
the chemically mostly inert core electrons are still treated in aminimal set. This definesthe
split-valencetype sets. Typical examplesarethe 3-21G or 6-31G Gaussian basis setsdevel -
oped by Pople and coworkers. In most applications, such basis sets are augmented by po-
larization functions, i. e., functions of higher angular momentum than those occupied in
the atom, e. g., p-functions for hydrogen or d-functions for the first-row elements. Polari-
zation functions have by definition more angular nodal planes than the occupied atomic
orbitals and thus ensure that the orbitals can distort from their original atomic symmetry
and better adapt to the molecular environment. Polarized double-zeta or split valence basis
sets are the mainstay of routine quantum chemical applications since usually they offer a
balanced compromise between accuracy and efficiency. In terms of CGF type basis sets,
typical examples are the standard 6-31G(d,p) sets of Hehre, Ditchfield, and Pople, 1972,
and Hariharan and Pople, 1973, or the more recent SV P (split-val ence polarization) sets of
Schéfer, Horn, and Ahlrichs, 1992. Equival ents consisting of two STO functions per atomic
orbital or two numerical functions are of comparable importance in their respective do-
mains. Inthelatter case the doubling of the numerical functions can be achieved, for exam-
ple, by adding numerically generated atomic orbitals from cal culations on doubly or even
higher positively charged ions.

It is obvious how these schemes can be extended by increasing the number of functions
in the various categories. Thisresultsin triple- or quadruple-zeta basis sets which are aug-
mented by several setsof polarization functionsincluding functions of even higher angular
momentum. The cc-pVQZ (for correlation-consistent polarized valence quadruple zeta)
and cc-pV5Z (the 5 stands for quintuple) basis sets mentioned earlier are typical, modern
representatives of this approach in terms of Gaussian functions (Dunning, 1989). For ex-
ample, the large cc-pV5Z contraction consists for the first-row atoms boron to neon of
14s-, 8p-, 4d-, 3f-, 2g-, and 1h-type primitive GTO. These are contracted to 6s- and 5p-type
contracted Gaussian functions while the polarization functions are left uncontracted, lead-
ing to afinal basis set of size 6s, 5p, 4d, 3f, 2g, 1h. Thisisavalence quintuple set because
thereis 1 CGF for the 1s core electrons and 5 sets of s- and p-functions representing the
corresponding 2s and 2p orbitals of the valence shell. If the so-called spherical harmonic
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functions are used, where the contaminants in the d- and higher sets are deleted and only
the true angular momentum functions are retained, thisbasis set contains 91 CGF per first-
row atom as compared to only 15 in a6-31G(d,p) basis (by definition the 6-31G(d,p) basis
set employs six cartesian d-functions). In a study on the applicability of these correlation-
consistent basis setsin Kohn-Sham cal culations, Raymond and Wheeler, 1999, concluded
that the combination of the B3LY P technique with these sets (cc-pV TZ and better) indeed
gives very satisfactory results.

The exponents and contraction coefficients of most Gaussian basis sets have been
optimized within the Hartree-Fock or correlated wave function based schemes. A notewor-
thy exception are the sets of Godbout et al., 1992, which have been explicitly optimized
using the LDA approach and represent the standard basis sets provided by the program
DGauss. Inthe beginning it wasnot at all clear whether one could in fact use basis setsthat
were optimized for representing molecular orbitals in a HF or configuration interaction
context to construct the density, as in the Kohn-Sham scheme. However, it fortunately
turned out that the results are fairly insensitive with respect to the way the exponents and
contraction coefficients have been determined, in particular for the calculation of proper-
ties such as energies or equilibrium geometries. Hence, in general it is probably not neces-
sary to use basis sets explicitly optimized for a density functional approach, even though
thereareanumber of specia caseswherethis statement isan oversimplification. Neverthe-
less, most modern applications of Kohn-Sham density functional theory using Gaussian
functions simply employ one of the many standard basis sets, irrespective of their originin
wave function based approaches. In most contemporary program packagesthe popular sets
are provided in an internal basis set library. Should the desired set not be included in that
internal library of the program chosen, it can usually be conveniently downloaded evenin
the appropriate input format from the web-site http://www.emsl.pnl.gov:2080/forms/
basisform.html (Feller, Schuchardt, and Jones, 1998).

If the molecules of interest contain elements heavier than, say, krypton, one usually em-
ploysa(relativistic) effective core potential ((R)ECP), also called pseudopotential, to model
the energetically deep-lying and chemically mostly inert core el ectrons, asreviewed recently
by Frenking et al., 1996, and Cundari et a., 1996. The potentials are called ‘relativistic’ if
they have been fitted to atomic calculations that explicitly incorporate relativistic effects.
The commonly used pseudopotential s have been determined with conventional wave func-
tion based methodsinmind and it isnot apriori clear, whether they are as useful in conjunc-
tionwith density functional calculations. In particular one might pessimistically expect that
an ECP appropriate for aspecific exchange-correlation functional should be generated from
atomic calculations employing that very functional, causing a Babylonian confusion of
tongues. However, the considerable experience accumulated so far shows that this fear is
fortunately unfounded and that one can safely use the well-established ECP also in density
functional calculations. Specifically, Russo, Martin, and Hay, 1995, aswell asvan Wiillen,
1996, showed for selected compounds such as transition-metal carbonyls that in compari-
son with the corresponding all-el ectron cal culations, errors of the same order of magnitude
areintroduced in density functional and Hartree-Fock cal culations employing two different
popular flavors of effective core potential s derived from atomic Hartree-Fock computations.
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7.3 The Calculation of the Coulomb Term

In this section we discuss the various strategies implemented in common Kohn-Sham pro-
gramsto compute the classical el ectrostatic contribution to the el ectron-el ectron repulsion

=3 p(ﬁ)ép(?z) i (7-23)

In regular wave function based methods J is determined through the four-center-two-
L L
electronintegrals J,, = > ) P, j Inu(?l) nv(?l)im(fz) N (F,) didF, introducedin
A o Mo

equation (7-16). Of course, the same approach is valid in density functional calculations.
However, the problem inherent to this scheme is the large computational load resulting
from the sheer number of integrals. It should be obvious that formally there are some L*
such integrals which need to be computed and indeed, the handling of the two-€electron
integrals till constitutesthe computational bottle-neck in traditional Hartree-Fock calcula-
tions on very large systems. In the HF picture these integrals are not only needed for the
classical Coulomb energy but also for the determination of the exchange energy, as indi-
cated by the integrals K, shown in equation (7-18). No generaly applicable computa-
tional alternative determining these contributions without explicit evaluation of the two-
electronintegralsisknown in wave function based methods. In contrast, the exchange (and
correlation) contribution in density functional theory is approached via approximate
functionals and the evaluation of Jis completely uncoupled from the way Ey is treated.
Hence, we are not forced to use the J,, integrals from equation (7-16) but are free to take
advantage of more efficient techniques for tackling the classical Coulomb contributions.
Many density functional programsindeed use specia strategiesto compute Jwhich all bail
down to simplifying equation (7-16), which we can equivalently write as,

B = [ @ ) X2 e, (7-24)
12

We may now expand the density p(¥,) interms of an atom-centered auxiliary basis set
{®}, according to

K
p(F) = p(F) = D, ceo,(F), (7-25)

wherethetildeindicatesthat we are dealing with an approximate density (sincein practice
the auxiliary basis set will never be complete). If we use this approximation, the computa-
tional cost for evaluating Jis now formally reduced from L*to LK, sinceinstead of equa-
tion (7-16) we now have to solve
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:juv _ i c. ” N (N, (Ao, (1) ., . (7-26)

EP)

This technique was originally suggested by Baerends, Ellis, and Ros, 1973, for STO
basis functions and later extended by Sambe and Felton, 1975, and others to CGF basis
sets. The coefficients ¢, are determined either straightforwardly by minimizing the func-
tion

F = [[o(F) - p(r)] (7-27)

or preferentially by minimizing the Coulomb self-repulsion of the residual density,

P[] [p(R) = p(W)] [p(%2) — p(F)] drdh _ (7.28)

P

Thelatter approach hasthe advantage that the exact Jis approached strictly from above,
however for technical reasons it is only applicable if Gaussian basis functions are em-
ployed (Dunlap, Connolly, and Sabin, 1979). Both schemes are of course subject to the
constraint that the fitted density is normalized to the total number of electrons, i. e.,

[p(F) dF =N. (7-29)

Among the programs that employ equation (7-26) for evaluating the Coulomb contribu-
tions together with equation (7-28) for obtaining the coefficients of the auxiliary basis set
are Turbomole (where this technique carries the label RI-J method, because in the deriva-
tion a step occurs which makes use of a mathematical trick called the ‘resolution of the
identity’, seealso further below) and DGauss, i. €., programs using CGF as basisfunctions.
The STO based program ADF takesadlightly different route. Thefitted density ishere used
to construct the Coulomb potential according to

- ~ K -
Veou (1) = f% dr, ~ I% dr, = ZCKJ‘% d; = Veou (1) . (7-30)

The coefficientsdefining thefitted density are obtained viaeguation (7-27). To avoid the
difficulties of dealing with two-electron integralsin a Slater-type basis, J,, is evaluated in
this context by anumerical integration on agrid as

~ P ~
‘Juv = fﬂu (Fl) My (Fl) Veou (Fl) d—r.l = Zﬂu(Fp) Ny (Fp) Ve (Fp) Wp- (7-31)
p

Here, the grid contains P points, which are located at positions {r;} and the W/, repre-
sent the weights in the numerical quadrature scheme. We will encounter a more detailed
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discussion of such numerical techniquesin the following section. Finally, we note that the
basis sets used for expanding the density according to equation (7-25) are conveniently
chosen to be of the sametype asthe functions used in the LCAO expansion, i. e., contracted
Gaussians in Turbomole, DGauss, etc. and Slater type functions in ADF. Because these
functions model the density, which is determined as the sum of squares of the KS orbitals,
we can expect as arule of thumb that the exponentsin the auxiliary basis set should cover
the range from about twice the smallest to twice the largest exponent. Experience aso
shows that the number of auxiliary functions K must be some 2-3 times larger than the L
basis functions in the LCAO basis set in order to keep the error in the total energy intro-
duced by using only the approximate charge density below acritical threshold of 107 E,
(ca. 0.06 kcal/mal). A recent, very careful and detailed discussion on the optimization of
such auxiliary basis sets has been given by Eichkorn, et al., 1995 and 1997.

A completely different approachistakenin DMol. Recall that this program uses numeri-
cal basis sets rather than analytical functions. At the center of their implementation is
Poisson’s equation,

V2V o (F) = —4m p(7) (7-32)

which connects the Coulomb potential with the density. This equation is solved numeri-
caly on a grid. In a nutshell, the strategy includes the decomposition of the Coulomb
potential into independent single-center contributions which are solved individually. Fi-
nally, the bits and pieces are recollected to construct V() on the grid. For details, the
reader should consult Delley, 1990, or Becke and Dickson, 1988. This motif of breaking up
anintegral into atomic contributionswill also reappear in the next section where we discuss
the numerical integration of the exchange-correlation potential.

The common denominator of all these approaches for eval uating the Coulomb contribu-
tion is that no four-center-two-electron integrals such as equation (7-16) are needed. As a
consequence, the formal scaling of the computing timeis reduced from O(N?) to O(N®). But
one needs to be very careful to put this conclusion in the right perspective and not to
overinterpret the formal scaling properties. It can easily be shown that for both approaches
the asymptotic scaling for very large systems reduces to O(N?). Thereasonissimply that in
extended systems only those integrals will survive where the functions are located on
neighboring centers. The majority of the integrals will be close to zero and can safely be
neglected because of the vanishing overlap of the basisfunctions. Johnson, 1995, hastermed
thisthe ‘N3 versusN* myth’ . Nevertheless, the debate whether schemes replacing the exact
computation of the Coulomb part by some kind of approximate approach employing fitted
densities of potentialsarein thelong run beneficia or not has certainly not been settled yet.
For example, von Arnim and Ahlrichs, 1998, impressively demonstrated that even for large
systemswith more than 1000 basis functionstheir implementation of equation (7-26) inthe
frame of the Turbomole program is at least about one order of magnitude faster than the
conventional approach of explicitly computing the four-center-two-electron integral s. Well
implemented techniques employing fitted densities are probably even competitive with cur-
rent methods achieving linear scaling (see section 7.6) for cases up to fairly large systems.
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7.4 Numerical Quadrature Techniquesto Handlethe
Exchange-Correlation Potential

What we have not discussed so far is how the contribution of the final components of the
Kohn-Sham matrix in eguation (7-12), i. e., the exchange-correlation part, can be com-
puted. What we need to solve are terms such as

Var® = [, () Ve () m, (R (7-33)

Unfortunately, the explicit expressions even for the most simple approximations of V.,
such asthe LDA, are fairly sophisticated mathematical constructs, as we have seen in the
preceding chapter. A general analytical solution of equation (7-33) istherefore out of reach
and numerical techniquesbased on agrid to solve these integrals need to be employed. The
art consists now in designing agrid that comprises the most suitable compromise between
the desired sufficiently high numerical accuracy and the no lessvital requirement of having
acomputationally efficient scheme. Once we have decided on which mesh to use, Vy(T)
needs to be evaluated at each grid point. From the computational point of view, and if we
use a spin-density approach in combination with a GGA functional, thistranslatesinto the
determination of p* and pP and their first and second derivatives at each point because a
GGA functional containsthe gradient of the density and the exchange-correlation potential
itself is defined as the functional derivative of the energy with respect to the density.

The straightforward numerical integration of VJ(VC maps equation (7-33) onto

- P
V© = Vil = 3, (1) Vye(®) ny (5,) W, - (7-34)
p

In words, the integral of equation (7-33) for the exchange-correlation potential is ap-
proximated by asum of Pterms. Each of theseis computed as the product of the numerical
values of the basisfunctionsm,, andn, with the exchange-correlation potential V¢ at each
point T, on the grid. Each product is further weighted by the factor W, whose value de-
pends on the actual numerical technique used.

Thefirst step to build asuccessful strategy for solving this numerical problemisto find
agrid that is best suited for the particular situation. Clearly, the behavior of the exchange-
correlation potential isgoverned by the characteristics of thedensity p(T) , which hascusps
at the positions of the nuclei inthe molecule. It wastherefore quickly apparent that asimple
cartesian grid, which does not account for the accumulation of density at the positions of
thenuclei, iscertainly not the optimal choice. Rather, theimplementation of equation (7-34)
in most current computer programs foll ows design principles put forward by Becke, 1988c,
where the molecular integration is broken up into separate, but overlapping atomic contri-
butions. In order to limit the number of sub- and superscripts and to keep the exposition as
easy and genera as possible, we follow the notation generally used and switch to | asthe
value of theintegral andto F(F) for theintegrand,i.e, | = f/F(F) dr . Then, this decom-
position reads
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M
1=>1a (7-35)
A
where the sum is over the M nuclei and thel, are the atomic contributions defined as
Ip = j Fa(T) dF . (7-36)

The atomic integrands F, are chosen such that their sum over al nuclei returns the
original function,

M
Y Fa(f) = F(T). (7-37)
A

Theindividual F, (F) areconstructed from the original integrand by the introduction of
weight functions W, (f) with which F(¥) is multiplied

Fa(F) = W (F) F(T). (7-38)

W, (F) assumesavalue closeto unity if T iscloseto nucleusA and close to zero near
all other nuclei B # A. It is thus ensured that F, (f) isindeed the contribution of F(F)
associated with nucleus A with no (or negligibly small) contributions near the other nuclei
and that F, (F) hasa(near) singularity only at nucleusA. Of course, the weights satisfy

Y W, (F) =1. (7-39)

The transition from W, (f) = 1 to W, () = 0 as the distance from the nucleus A in-
creases needs to be smooth enough such that numerical instabilities are avoided but at the
same time also as abrupt as possible such that density peaks from nearby the nuclei are
extinguished. The implementation of this concept in the three-dimensional space involves
a special choice of coordinates — see Becke, 1988c, for details — but actually leads to a
smoothened step function as schematically sketched in Figure 7-1 for the one-dimensional
case.

v

Figure 7-1. Becke partition in one dimension.
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Theway theseweight functions (and in particular their dependence on the distance from
the nuclei) are determined involves some mathematical subtleties but iswell described in
theliterature (see Becke, 1988c, Murray, Handy, and Laming, 1993, Treutler and Ahlrichs,
1995) and will not occupy us any further.

Once the atomic contributions F, are determined, the corresponding integrals |, are
subsequently computed on grids that consist of points on concentric spheres around each
atom. Switching to polar coordinates r, 6, and ¢ the radial and angular integrations are
separated according to

P Q
In Fa(r,6,0)r*sin® dr do do = > WY W9F, (1,04, 0,) . (7-38)

p q

o—3
O t—3a
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Thereare Pradial and Q angular points, with corresponding radial and angular weights,
W™ and W9, respectively. The total number of grid points per atom is then Px Q. Usu-
aly, the angular part is not split up further into separate integrations over the two coordi-
nates 6 and ¢ because there are highly efficient algorithms for numerically integrating on
the surface of a sphere that clearly outperform the aternative integration over the indi-
vidual angular coordinates.

The next step isto choose one of the many recipesavailablefor the numerical quadrature
of the radial and angular contributions. It is well beyond the scope of this book to offer a
detailed discussion of al the pros and cons connected with the various alternatives and we
will therefore limit ourselves to a very brief summary of what is currently being used in
popular density functional programs. The reader interested in a more comprehensive and
in-depth exposition of numerical integration techniquesin the context of density functional
calculationsisencouraged to consult the primary literature quoted. For theintegration along
theradial coordinate Gaussian, for example, employsaEuler-McL aurin schemeoriginally
proposed by Murray, Handy and Laming, 1993. On the other hand, Treutler and Ahlrichs,
1995, prefer a Gauss-Chebyshev type of integration in their implementation of equation (7-
38) in the Turbomole package. If we turn to the integration of the angular part, i. e., the
numerical quadrature on the surface of a sphere, there seemsto be a certain consensus that
the so-called L ebedev grids offer the best value for money. These are very efficient grids of
octahedral symmetry. Usually, Lebedev grids that exactly sum all the spherical harmonics
foruptol =29or| =35areusedintypical density functional programs. Thistranslatesinto
302 or 434 integration points, respectively, per radial coordinate.

In order to cut down the number of grid pointsand henceto increase the efficiency of the
numerical integration, atechnique called grid pruning is frequently used. The underlying
idea is that as one approaches the nucleus, the electron density loses more and more its
angular structure and becomes increasingly spherically symmetric. Hence, for spheres at
small distances from the nucleus a progressively smaller amount of angular grid points
should suffice. Similar arguments apply if we analyze the situation at large values of r.
Here, the actual magnitude of p(f) becomes so small that again we can get away with
much less sophisticated angular gridswithout loosing any significant accuracy. In apruned
grid one exploits these observations and the space around each atom is partitioned into
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various regions. Within these regions, whose sizes of course depend on the actual atom,
Lebedev grids of varying density are used. Close to the nucleus fairly coarse grids are
sufficient, while dense ones are employed at intermediate distances and again coarser grids
aswe move farther away from the nucleus. Thistechnique is used in most modern density
functional programs such as Gaussian or Turbomole. For example, the fairly dense default
integration mesh in Gaussian 98 is a pruned grid containing 75 radial shells and a maxi-
mum of 302 angular points per shell. Due to the pruning the actual number of integration
points per atom is reduced to only around 7 000, just athird of the regular size of 75 x 302
=22 650 points.

We now need to address some of the problematic aspects inherent in the numerical
quadrature techniques. The origin of all these undesirable featuresis that none of the nu-
merically approximated quantities are exact. Thus, this numerical noiseintroducesan addi-
tional source of uncertainty into the calculations and one needs to limit the corresponding
errors as much as possible. A severe problem is related to the orientation of the angular
parts of the atomic grids. Sincethe angular grids areincomplete, the energies computed by
employing these grids are sensitive to rotations of the molecule. In other words, the total
energy of amolecule hasthe very problematic property of not being rotationally invariant.
Depending on its orientation in space, small variationsin the total energy occur. A solution
to thisdilemmaisthe definition of astandard, albeit still arbitrary orientation of theangular
gridsrelativeto the Cartesian reference frame. A set of rules characterizing such astandard
nuclear orientation can be found in Gill, Johnson, and Pople, 1993. The size of the errors
introduced by the lack of rotational invariance is demonstrated in Table 7-1. Here, the
mol ecule HOOF was computed in three different orientations. These cal cul ations employed
apruned, medium sized grid consisting of 50 Euler-McLaurin radial shellsand amaximum
of 194 angular Lebedev points and a smaller, unpruned grid with 20 radial and 50 angular
points (i. e., 1000 points per atom).

While the dependence of the total energy on the orientation is not dramatic, for obvious
reasonsit isthe more severethe coarser thegrid is. In addition, the variationswill of course
increase with the size of the molecule and can therefore become significant for larger mol-
ecules. Using a standard orientation solves the problem and the energy determined for
orientation | will alwaysbe obtained. It should be clear, however, that choosing a particular
orientation asthe standard is completely arbitrary. One could just aswell construct adiffer-
ent set of rulesleading to an alternative standard orientation which would be characterized
by dlightly different total energies. We should also mention that rotational invariance be-
comes even more important if gradients or harmonic frequencies are being computed. In

Table 7-1. Total energies [E;] of HOOF in various orientations (taken from Johnson, 1995).

Orientation (50, 194)-grid Difference (20, 50)-grid Difference

I (Standard) —247.0686706 0 —247.0669064 0

I —247.0686463 243 x 107 —247.0666277 2.79x 1074
I —247.0686779 7.30x 107° —247.0678356 —9.29x 107*
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particular harmonic frequencies of low-lying modes can be jeopardized by using tech-
niques that lack rotational invariance.

A second major problem connected to the use of finite grids for the evaluation of the
exchange-correlation energy is associated with the determination of derivatives of the en-
ergy, such as the gradients used in geometry optimizations. We use

B T
Exc = Exc = ZW’(ft (7-39)
t

as the most general expression for the numerical quadrature approximation of Ey, where
the weights W, are the product of the atomic weights W, and the quadrature weights W,
and W,,. The derivative of Ey with respect to a parameter x isthen

dg —ifiw w2y (7-40)
dx XC n th t tdxt .

Thefirst term on the right hand side of equation (7-40), the weight function derivatives,
will vanish in the limit of an infinite grid. However, in practical applications we must con-
sider that the atomic weights depend explicitly on the nuclear coordinates and therefore
their derivative will not be zero. In particular if coarse grids are used, the contributions of

d
Pl can be of appreciable magnitude. A different way of looking at this is that the

numerical grid for the evaluation of Ey is constructed as the superposition of individual
atomic grids. These are not fixed in space but move a ong with the atoms to which they are
attached. Nevertheless, many programs simply neglect these terms. Among the undesirable
consequences of this policy isthat the calculated gradient does not necessarily vanish ex-
actly at the energy minimum asit should and we areleft with the unpleasant situation that at
the lowest energy configuration we have a non-zero gradient while the structure with van-
ishing gradientsis not the one with the lowest energy. In some cases if meshes that are too
small are employed this may even lead to situations where the optimizer gets so confused
that the optimization failsto converge. Fortunately, in most casesthis numerical noiseisnot
dramaticif gridsof sufficient density are employed as demonstrated by Johnson and Frisch,
1993, and Baker et al., 1994. On the other hand, these errors become more severe if not
gradients but higher derivatives are calculated asin the eval uation of harmonic frequencies.
For example, using a grid with 50 radial and 194 angular points and a 6-31G(d) basis set,
thelowest vibrational frequency of ammoniawhich correspondsto the‘ umbrella inversion
mode amountsto 862 cm ™ if theweight derivativesare neglected but to 888 cm™ if they are
included. If instead a much smaller grid with 30 and 86 radial and angular points, respec-
tively, is used, the inclusion of the weight derivatives increases the frequency from 879 to
945 cm™. Asan aside, we note that due to the octahedral symmetry of the Lebedev angular
grids, the doubly degenerate modes in molecules of D4, or C;, symmetry are not exactly
reproduced. For example, in ammonia using the large (50,194)-grid, the two e-symmetric
modes split into 1662 and 1685 cm™ and 3505 and 3517 cmi™, respectively.
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7 The Basic Machinery of Density Functional Programs

7.5 Grid-Free Techniquesto Handle the Exchange-Correlation
Potential

Itisclear from the above discussion that the eval uation of the exchange-correlation poten-
tial using numerical integration on a finite grid has a disadvantages, mostly due to the
‘numerical noise’ inherent in this approach. To get rid of these problemsit would be desir-
able to have grid-free implementations to compute Ey and V. A first step in that direc-
tion has been taken by Zheng and Alml&f, 1993 (see also Alml6f and Zheng, 1997), subse-
guently taken up by Glaesemann and Gordon, 1998 and 1999. The basic ideaisto interpret
the density p(T) as a multiplicative operator. Next, the matrix representation R of this
operator in the basis of the L CAO expansion of the Kohn-Sham orbitals{n,} isconstructed,
leading to the matrix elements

Ry = [, (7) p(7) m, (7) dF . (7-41)

Thisstepissimilar to what we have donein equation (7-7) where we obtai ned the matrix
representation of the Kohn-Sham operator. If we insert expression (7-14) for the charge
density in terms of the LCAO functions and make use of the density matrix P defined in
equation (7-15), we arrive at

L L
Ruv = 2, ' Pio [ 1 (I (PN (P, (7) o - (7-42)
A o

While the computational work for setting up the matrix representation R of p(r) scales
formally asN*, thiscan be cut down to N® using again thetrick introduced in section 7-3 by
expanding the density in terms of an atom centered, orthonormalized auxiliary basis set
{o} (recall equation (7-25)). Let us review this simplification under a dightly different
perspective. The starting point isagain

K
p(F) = p(F) = D, ceo,(F). (7-43)

Since we have chosen the {®,} to be orthonormal, the expansion coefficients c, are
related to the density matrix according to

L L
Ce = [P() 0 () dF = ¥ > P [, (AN (N (7) df (7-44)
A o

(the reader not familiar with these basic techniques of linear algebra should consult, for
example, Chapter 1 of Szabo and Ostlund, 1982). Inserting equation (7-44) into equation
(7-43) we arrive at the following expression for the density
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K| L L
p(r) = 2{22 Pio [ (NN (F) 0(7) df} o(F) . (7-45)
kLA ©

Consequently, the final equation for the now only approximate matrix element I?zuv
becomes

- KL L
Rw = nu(f)z{zzijm(f)nc(?)wK(?) df} 0 (F) N, (1) df  (7-46)
A o

K

or, after sight rearrangement,

_ L L
Ry = 22
A o

KMX

P |1 (PN, (02 (F) O x [ o, (Fmy, (g (F) dF . (7-47)

Hence, we have factored the matrix element R,,,, of equation (7-42) which includes ex-
pensive four-center integrals into a combination of two three-center integrals through the
introduction of the auxiliary basis set with the concomitant reduction in computational
costs. This approach is usually known as the resolution of the identity (see Kendall and
Friichtl, 1997) becauseif the auxiliary basis set { w,} were complete, the sum over k of the
corresponding integrals that are formally being inserted will yield unity. (Thisisthe com-
pleteness relation of linear algebra, see Szabo and Ostlund, 1982. Note that again we re-
strict our discussion to real, not complex functions{ w,} ). We emphasi ze that this approach
constitutes an approximation which is only exact in the limit of acomplete auxiliary basis
set (see equation (7-43)), which is of course never realized.

After thisbrief detour we return to the main subject of this section, the implementation
of agrid-free KS scheme. Now that we have amatrix representation of the density, we can
exploit another well-known fact from linear algebra: a function of a matrix which is ex-
pressed in an orthonormal basis can be evaluated by first diagonalizing the matrix, then
applying the function on the diagonal elements and finally transforming the matrix back to
itsoriginal basis. Sincethe basisfunctions{n,} arenot orthonormal, we need toinclude as
afirst step the transformation of R to an orthonormal basis, R’. Let usillustrate thissimple
procedure using the LDA exchange functional, where the function isto take the 4/3 power
of the density, f(x) = x¥3. Without going into any detail about how the required matrix
transformations are carried out — be assured that they are possible — the sequence of opera-
tionsis

Ru Rp - _ Ry Rp - _ _ n 0 -
R21 R22 . orthogonalize R'21 R/22 . diagonalize 0 r, . apply f(x)
RLL RLL rn
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4/3 ’ .’
n o - Fu Fo - Fu Fo

4/3 undiagonalize ’ ’ unorthogonalize

4/3
e H,_L e Ry

The resulting matrix F corresponds to the 4/3 power of the original matrix R. If more
advanced, GGA-type functional s are used rather than the local density approximation, the
procedure becomes slightly more complicated due to the more complex forms of the
functionals. Here we just briefly sketch the general strategy which is centered around the
observation that these functional s can usually beinterpreted as a product of operators con-
Vel

VEN
p

4/3

taining terms proportional to p(f)™'° andto s = the reduced density gradient. The

matrix representation Q,,, of such a product of two functions f(r) and g(r) can be ap-
proximated if we again introduce an auxiliary basis set {r,},

Qu = [ OIFF) x 9] n, () oF

G
= > [ (D), (F) dF x [, (Fg(Fm, (7)o - (7-48)
Y

Thisisnothing el se than another resolution of theidentity, whose accuracy isdetermined
by the quality of the auxiliary basisset {=.} . In principle, these techniques could be used to
implement any desired functional including the capability to analytically compute energy
derivatives as needed in geometry optimizations and many other applications. Their main
advantageisthat the numerica noiseinherent to grid-based numerical integration techniques
will be replaced by asmooth, reproducible error due to the incompl eteness of the auxiliary
basis set. Thiserror isnot only independent of the choice of the coordinate system and thus
eliminates one significant drawback discussed in the previous section, it furthermore can
be controlled by systematically increasing the basis set. However, in particular for gradi-
ent-corrected functional s and the evaluation of derivatives, all the experience that has been
accumulated so far with these alternatives to the conventional grid-based strategies indi-
catesthat very large auxiliary basis sets{ w} and {r} are needed to obtain reasonable accu-
racies (seeg, e. g., Glaesemann and Gordon, 2000). Also, as the basis sets get larger, prob-
lems due to linear dependence and other numerical precision problems probably become
important. Up to now only a few experimental implementations of grid-free schemes to
compute the exchange-correl ation contributions in Kohn-Sham theory have been reported.
Before closing this section we should mention that Werpetinski and Cook, 1997, describea
different grid-free approach which is, however, limited to exchange-only, local p**
functionals. These authors employ an auxiliary basis set to directly fit the corresponding
pl’3 potential. While their results represent an improvement over conventional grid-based
techniques, thisapproach cannot easily be extended to modern, more complicated functionals
and it therefore lacks the generality needed to be a successful contender in this arena.
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7.6 TowardsLinear Scaling Kohn-Sham Theory

While density functional approaches offer the advantage of obtaining results of better than
Hartree-Fock quality for about the price of a HF calculation, their straightforward applica-
tionto large systemsthat occur, for example, in biochemistry, catalysis or solution chemis-
try isstill limited because of the high computational costs. There hastherefore been an ever
growing interest in devel oping techniques which do not suffer from the problematic scaling
properties of conventional agorithms but whose computational efforts grow only linearly
with the size of the system.Z

The contribution which dominates by far the computational effort in current implemen-
tations of the Kohn-Sham formalism is the evaluation of the Coulomb contribution J. We
noted in Section 7.3 that in thelarge system limit the determination of Jscales quadratically
with the size of the system, independent of the choice of either the conventional technique
based on four-center-two-electron integrals or strategies employing an auxiliary basisto fit
the density. The difficulty with the Coulomb contribution is that on the one hand the el ec-
trostatic 1/r operator hasasingularity at r = 0 and is on the other hand also inherently long-
ranged. It will be very difficult, if possible at al, to design linear scaling algorithms that
properly treat both of these difficulties. All methods attempting to reduce the scaling there-
fore share a common motif: the Coulomb problem is partitioned into a small, short-range
region where Jis computed exactly and alarge, ‘well separated’ part, wheretheinteraction
is approximated.

One class of strategies is based on the fast multipole method (FMM), which was origi-
nally designed by Greengard, 1987, to evaluate the Coulomb interaction between point
charges. Here, thelinear scaling isaimed for by a separation of the physical spacearound a
charged particle. Within the small, so-called near-field region the interaction has to be
evaluated directly. However, the interaction with the far-field region is computed by divid-
ing the physical space into a hierarchical set of cells and approximating the interaction
energy between the particles contained in two cells by an intelligent use of multipole ex-
pansions. Since the multipole expansions become more accurate astheinteraction distance
increases, larger and larger cells may be used asthe two cells get more distant. Dueto this
hierarchy of cells, inthelimit of very large systemslinear scaling is gradually approached,
even though its cost also scales with the fourth power of the logarithm of the accuracy
required as outlined by Pérez-Jorda and Yang, 1998.

However, unlike point charges, the continuous charge distributions that occur in quan-
tum chemistry have varying extents and the applicability of the multipole approximationis
not only limited by the distance but also by the extent or diffuseness of the charge distribu-
tion. This additional complexity makes a transfer of the concepts of the fast multipole
method to applicationsin quantum chemistry lessstraightforward. Thereforeit should come
as no surprise that several adaptations to extend the applicability of the FMM to the Cou-
lomb problem with continuous charge distributions have been suggested. These lead to

2 Efforts to tame the unfavorable scaling of electronic structure methods are not limited to density functional
theory. For a general summary of the current state of the art see the review by Goedecker, 1999.
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schemes such as the continuous fast multipole method (CFMM) of White et al., 1994 (see
also Johnson et al., 1996), the Gaussian very fast multipole method (GvFMM) of Strain,
Scuseria, and Frisch, 1996, or the quantum chemical tree code (QCTC) of Challacombe,
Schwegler, and Alml6f, 1996, to mention just afew. All these techniques achieve close to
linear scaling if the system gets large enough. Where the actual break-even point as com-
pared to conventional integration methods occurs, depends on the particular system (for
example, compact, three-dimensional molecular systems behave less favorably than two-
or one-dimensional chains), basis sets and the desired accuracy.

Rather than splitting the physical space into short- and long-range parts as in the above
techniques, an dternativeisfor the Coulomb operator itself to be reformulated and written
as asum of two contributions representing the short- and long-range regimes,

%ES(r)+L(r):@+l%f(r) with r = [F — 7. (7-49)

Thefunction f(r) divides L/r into a short-range function S(r) which hasasingularity at r
= 0and anon-singular, long-ranged function L(r). The separator function hasto be chosen
such that f(r) is a rapidly decaying function which approaches unity asr — . Conse-
quently, 1 —f(r) vanishesat r = 0 and contains al long-ranged components of the 1/r opera-
tor, as depicted in Figure 7-2.

S(r) will be treated in real space but needs to be applied only in a small neighborhood
around thereference charge distribution. L(r), which representsthe bulk of the el ectrostatic
interactions (in terms of their number, not in the contribution to the energy), can be treated
using various approximations with favorable scaling properties. For example, in the origi-
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Figure 7-2. Optimal partition of the Coulomb operator (adapted from Lee, Taylor, Dombrowski, and Gill, Phys.
Rev. A, 55, 3233 (1997), with permission by the American Physical Society).
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nal formulation of this algorithm, christened KWIK2* by Dombroski, Taylor, and Gill, 1996,
thefunction f(r) is chosen to be the error function and the long-range term is approximated
by itstruncated Fourier series expansion. Among the other possibilities discussed, the most
efficient and most drastic one is to neglect the long range part atogether. Obviously this
extreme approximation has an enormous effect on the absolute energies. However, if L(r) is
sufficiently flat, much smaller consequences are expected for relative energies as has in-
deed been found by Adamson, Dombroski, and Gill, 1996. To what extent this Coulomb-
attenuated Schrodinger equation (CASE) approximation and the more sophisticated Cou-
lomb-attenuated potential (CAP) extensions to it developed by Gill and Adamson, 1996,
will be useful in actual applications has not been established yet.

In summary, the prospect of achieving linear or closeto linear scaling in the determina-
tion of the Coulomb part in real calculations seems to be rather promising. Thisis under-
lined by the optimistic conclusion drawnin areview on linear scaling techniquesin DFT by
Scuseria, 1999, that ‘the “integral bottleneck” that characterized quantum chemistry cal cu-
lations for many years has clearly been defeated’ . Also note that corresponding algorithms
have lately been implemented in several popular quantum chemistry codes and are there-
fore generally available.

The other two possible computational bottlenecks in a Kohn-Sham calculation are the
diagonalization of the Kohn-Sham matrix F= and the numerical quadrature of the ex-
change-correlation functional and potential. In spite of the formal N* scaling of the
diagonalization, it has been shown to be computationally insignificant unless very large
molecular systems are being investigated. Nevertheless, techniques which allow a near-
linear scaling in terms of elapsed cpu time and of memory requirement have been reported
by various authors (see, e. g., Millam and Scuseria, 1997, Scuseria, 1999). Similarly, novel
techniques which also reduce the numerical quadratureto near-linear scaling are starting to
emerge (Pérez-Jorda and Yang, 1995, or Stratmann, Scuseria, and Frisch, 1996). Thus, for
al three important components of a Kohn-Sham calculation, methods which asymptoti-
cally scalelinearly with the size of the system are available. In principle, this opensthe way
to apply these methodsto ‘realistic’ molecules such as enzymes, and non-periodic catalysts
etc. However, the mere existence of methods that asymptotically scale more favorably than
current techniques does not say anything about how large the system has to be in order to
make the better scaling an asset. It is the magnitude of the pre-factor that is the decisive
property which determines where the cross-over between optimized conventional and lin-
ear scaling implementations will occur.

While the linear scaling techniques described so far are targeted at programs using
Gaussian functions, related attempts have al so been presented for use with Slater functions
asdescribed by Fonseca Guerraet al., 1998, in the context of the ADF program. We should
a so mention acompl etely different strategy for approaching linear scaling, the divide-and-
conquer method put forward by Yang (see Yang, 1992, and Parr and Yang, 1995). In this
scheme, not molecular orbitals asin the conventional Kohn-Sham procedure, but the el ec-

2 Theterm KWIK isnot an acronym but resulted from thefinal four lettersin the central formulaof their paper,
which contains the string A (k)1 (k).

115



7 The Basic Machinery of Density Functional Programs

tron density isthe central quantity. A large moleculeisdivided into subsystemsin physical
space and the densities of these submoieties (which necessarily add up to the total density
of the system) are expressed through local basis functions. The individual parts of the
energy are evaluated and the energy of the whole system is obtained from the sum of the
subsystem contributions. An implementation of this technique within the DeFT program
has been described by Goh, Gallant, and St-Amant, 1998.
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PART B

The Perfor mance of the M odel

The past decade has seen considerable efforts in the improvement of density functional
methods and present day functionals often yield energy related results approaching so-
called chemical accuracy, that is, with errorslessthan 2 kcal/mol. In fact, in many areas of
chemical researchitisvery difficult, if possibleat all, to produce results— either by experi-
mental means or by high quality post Hartree-Fock wave function based computations —
which are unquestionably of higher accuracy than those obtained by means of modern
functionals. Numerous examples can be found in the chemical literature supporting this
statement and there are more success stories for the application of approximate density
functional theory every month. On the other hand, the often quoted major drawback of
density functional theory isthe formal inability to systematically improve the accuracy of
quantitative predictions. Apart from some well documented problems for DFT (excited
states, highly degenerate systems, weak interactions) it is still impossible to predict DFT
errorsapriori, only from an intimate knowledge of the fundamental features of the theory.
Furthermore, it has frequently been reiterated that if density functional methods definitely
fail, and if the reason is not due to the choice of a particular functional, integration grid, or
basis set, thereis no rigorous procedure to correct the flaws since the underlying reasons of
shortcomings in the theory are far from being understood. While not too many years ago
thishasled many to simply ignore density functional theory despite of its apparent success
in many cases, computational chemistry today seems to put this into a more pragmatic
perspective. From apractical point of view, i. e., if thefocuslies on the efficient solution of
aparticular chemical problem rather than on arigorous validation of atheory, the situation
for the applicability of DFT methodsis not different from the situation of most of the post-
Hartree-Fock approaches. If a system is small enough, the whole hierarchy of post-HF
methods can be applied in order to substantiate the quality of predictions of DFT. If thisis
impossible, for like reasons any result from a chosen level of post-HF treatment could be
distrusted. The formal advantage of wave function-based theories over approximate den-
sity functional theory — namely the potential to improve the correlation treatment step by
step up to apoint where theinteresting observableis converged — isan option only for some
small molecular systems. For most chemically interesting problems such a procedure pro-
hibits itself because of the extraordinary scaling of the computational effort with the sys-
tem size and the slow convergence of correlation effects with basis set size.

Having said this, we like to view modern density functional theory as a very efficient
additional tool in the arsenal of computational methods rather than a perfectly different
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theory, which is used orthogonal to traditional approaches (like valence bond and molecu-
lar orbital theory). Just like any newly developed post-HF method,?® anew functional has
to be evaluated by careful calibration to known accurate data, before it should be trusted
and applied routinely. Hence, systematic testing of modern density functional methodol-
ogy for abroad variety of chemically motivated questionsis of paramount interest, because
the critical evaluation of such results provides the only means to assess the reliability of
current DFT methods. This type of research has led already to a substantial body of expe-
rience and even for professionalsit is not easy to follow up with the vast amount of publi-
cationsand therapid development inthefield. Therefore, the objective of the second part of
this book isto provide a comprehensive survey over systematic benchmarks assessing the
accuracy of thedifferent flavors of DFT. We analyze the results stemming from miscellane-
ous areas of application, ranging from geometry optimizations and vibrational frequencies
over to energetic details as well as electric and magnetic properties up to exploration of
pathways on potential energy surfaces for chemical reactions. The genera strengths and
weaknesses of the various functionals presently available are outlined. The selection of
examplesisof course related to our personal interests and there are many important appli-
cationsthat could not beincluded because of space limitations. In any case, the main target
of this part isto convey afeeling to the reader of how good present day DFT isand, wher-
ever possible, wetry to provide an evidence-based hierarchy of density functional models,
in order to enable him or her to select the functional and basis set most appropriate for the
respective application at hand.

% Problemswith the recently introduced multiconfiguration perturbation methods might serve as a good exam-
plein this respect, see Roos et al., 1996, for areview and further references.
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8 Molecular Structuresand Vibrational Frequencies

8.1 Molecular Structures

One of the central tasks of computational chemistry isthe reliable prediction of molecular
structures. It is routine now to carry out geometry optimizations on systems consisting of
up to, say, 50 atoms and alot of experience has been collected with respect to the perform-
ance of Hartree-Fock approaches and methods based on M gller-Plesset perturbation theory
of low order (see, for example, Hehre et al., 1986). These methods usually perform well
within an expected accuracy of +0.02 A or better for bond lengths in molecules consisting
of main group elements. It has long been recognized that HF theory usually gives bond
lengths which are too short, and the description of multiple bonds tends to be problematic
due to the neglect of electron correlation. The MP2 approach, conversely, frequently over-
estimates bond distances but has been avery successful and well-accepted black box treat-
ment of virtually any problem in organic chemistry in the past. However, an entirely differ-
ent situation has been recognized for transition-metal containing systems, for which an
often frustrating performance is observed. For coordinatively saturated closed-shell sys-
tems — that is to say, for best cases — deviations exceeding + 0.1 A for bond distances
involving the metal center are commonplace (see Frenking et a., 1996, for an instructive
review). For studies on coordinatively unsaturated open-shell systemsthe situation for such
methods is even worse and is probably condensed best by quoting Taylor: ‘ Transition-
metal chemistry (...) isagraveyard for UHF-based MP methods' (Taylor, 1992).

While automatic geometry optimization schemes employing analytical gradients and
modern, effective update algorithms have been around for many yearsin the Hartree-Fock
world, similar strategiesfor Kohn-Sham density functional theory werefirst published and
implemented in computer programs only at the end of the eighties, see, e. g. Verduis and
Ziegler, 1988, Fournier, Andzelm, and Salahub, 1989, Fan and Ziegler, 1991, Andzelm and
Wimmer, 1991, and Johnson, Gill, and Pople, 1993. However, as of now structural
optimizations using DFT can be performed just as conveniently asin HF schemes.

Transition-metal chemistry in particular was the field where pioneering density func-
tional results have been of unprecedented accuracy for larger systems and impressive to
any researcher in the field. Today, it seems that density functional theory has adopted the
role of a standard tool for the prediction of molecular structures.

8.1.1 Molecular Structuresof Covalently Bound Main Group Elements

Andzelm and Wimmer, 1992, published one of the first comprehensive studies on the
performance of approximate density functional theory in which optimized molecular
geometries were reported. These authors computed the geometries of several organic spe-
cies containing the atoms C, N, O, H, and F at the local SYWN level, using a polarized
double-zeta basis set optimized for LDA computations. Some trends have been discerned
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from this study, which provide general ‘rules of thumb’ for what can be expected from the
application of the LDA: Whilethe cal culated distances of bondsinvolving hydrogen atoms
were consistently overestimated by up to 0.02 A, single bonds between heavier atomswere
too short by about the same amount. C=C double and aromatic bonds were well described
within afew thousandths of an A, whereas C=C triple bondsweretoo long by up to 0.02 A.
Similar trends were observed for single and double bonds between C and O as well asC
and N. Single bond lengths were usually underestimated and double bond distances were
typically correct or overestimated by up to 0.03 A, depending on the particular system.
Polar C-F bonds agreed nicely with experiment, while a deviation of +0.06 A was noted
for the N-F bond in NF;. Calculated bond angles werein most cases accurate to within 1°
with the exception of NO,, for which an underestimation of the experimental value by 2.5°
has been observed. Equivalent patterns of deviations become obvious from the geometric
data published by Johnson, Gill, and Pople, 1993, who used therather small 6-31G(d) basis
set in acomparative study on the performance of six different DFT methods implemented
in Gaussian 92 on a G2 subset.?® For SVWN optimized structures, a mean absol ute devia-
tion of 0.02 A for bond lengths and 1.9° for bond angles has been observed, which can be
compared to results of HF (0.02 A, 2.0°), MP2 (0.01 A, 1.8°), and QCISD (0.01 A, 1.8°)
on the same set of molecules. In order to identify effects of the basis set incompl eteness on
LDA results, Dickson and Becke, 1993, have evaluated geometries of 69 neutral closed-
shell species obtained with the basis set free NUMOL program at the LDA limit and com-
pared them with results from several other major density functional computer codes along
with experimental datawhere available. The basis set free calculations confirmed the pre-
vailing trends for bond lengths described above but indicated a tendency for an overal
contraction of bonds upon improvement of the basis set, very similar to what has been
observed for Hartree-Fock optimized geometries. The shortening of bonds upon improve-
ment of the basis set quality led to refined LDA geometries in general, but the systematic
overestimation of bonds to hydrogen atoms remained significant. In addition, the descrip-
tion of bond distances between group 1 and group 2 metal dimers such asNa, or Mg, were
found to be problematic for LDA; regardless of whether basis sets are used or not, devia-
tions of up to 0.5 A occur. As a portrait of trends in deviations depending on bonding
situations and basis set qualitieswe give afew representative examplesfor hydrocarbonsin
Table 8-1.

Gradient corrections have been introduced in order to correct for shortcomings of the
LDA. Hence, with regard to what we have learned above, one can assume that their appli-
cation should result in an expansion of those bond lengths that are underestimated at the
LDA level, whereas too long bonds should be contracted. To put these simple-minded
anticipationsinto practice, let us consider the bond lengthsin thefirst two columns of Table
8-2.

% This set consists of 32 small neutral first-row species and although this is not a very representative testing
ground for many chemical problems, it has become a de facto standard used by several other groups. We will
refer to it asthe ' JGP set’ in the following discussions.

120



8.1 Molecular Structures

Table 8-1. Basis set dependence of SVWN-optimized C-C/C-H bond lengths [A].

Bond 6-31G(d,p) 6-311++G(d,p) Limit® Experiment
H-H — /0.765 — /0.765 — 10.765 — /0.741
H3C-CH; 1.513/1.105 1.510/1.101 1.508/1.100 1.526/1.088
H,C=CH, 1.330/1.098 1.325/1.094 1.323/1.093 1.339/1.085
HC=CH 1.212/1.078 1.203/1.073 1.203/1.074 1.203/1.061

2Basis set free data from Dickson and Becke, 1993.

Table 8-2. Effect of gradient corrections on computed bond lengths for different bonding situations [A].

Bond SVWN?® BLYP?* SVWNP BLYP® BPSs® BPWO1° Experiment
H-H Rin 0765 0748 0765 0748 0752  0.749 0.741
H,C-CH; Rec 1513 1541 1510 1542 1535  1.533 1526

Re 1105 1104 1101 1100 1102  1.100 1.088
H,C=CH, Rcc 1331 1341 1327 1339 1337 1336 1.339

Re 1098 1095 1094 1092 1094  1.092 1.085
HC=CH R.c 1212 1215 1203 1209 1210  1.209 1.203

Re 1078 1073 1073 1068 1072  1.070 1.061

26-31G(d) basis set; ® 6-311++G(d,p) basis set.

In the case of H,, thelarge overestimation observed for LDA isindeed compensated for
at the BLYP level, reducing the deviation from experiment by a significant extent. For the
C—H-bonds hardly any bond contraction is seen upon inclusion of gradient corrections. On
the other hand, C—C bonds are expanded as expected and, corresponding to the observed
error pattern at the SVWN level, single bonds are affected more than triple bonds. How-
ever, the underestimation of the C—C single bond visiblein the LDA structure is overcom-
pensated at the GGA level, leading to an even larger deviation from experiment, now with
an error of reversed sign. For the C=C double bond in turn, the BLY P functional corrects
the LDA structureto yield avery good agreement with experiment. Both methods describe
the C=C triple bond as too long, the GGA functionals exaggerate the bond length even a
little more than the LDA. Use of the larger 6-311++G(d,p) basis set marginally improves
the results for the triple bond in acetylene for all methods by roughly the same amount,
whereas C-C single and double bonds remain largely unchanged at the BLY P level. Basis
set effects are even less pronounced for bonds involving hydrogen atoms. So far, all three
gradient-corrected functionals appear well suited to predict molecular structures of better
quality than the LDA.. It is noteworthy, however, that the BP86 and BPW91 functionals do
not overestimate the length of the C-C single bond as much asthe BLY P functional does.

All of the examples discussed above demonstrate that the bonding situation determines
the accuracy achievable in LDA or GGA calculations. From a closer inspection of the
structural data published in the literature, it becomes obvious that thisisindeed generally
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the case. Furthermore, the merits of the GGA visible in the description of other molecular
properties (like binding energies, see following chapter) do not generally lead to improved
molecular geometries. In many cases the LDA deficiencies are overcompensated, |eading
to even larger deviationsfrom experimental data. For example, the proper prediction of the
molecular structures of fluorine peroxide, FOOF, and nitrosyl hyperfluorite, FONO, are
well known to be vexing problems for standard wave function based methods — results
from simple LDA calculations, however, are in good agreement with experiment (Amos,
Murray, and Handy, 1993). Although BLY P is certainly among the most prominent GGA
functionalsand is considered superior to thelocal density approximation functional SYWN,
it produces strikingly worse structuresfor these species. Asanother casein point, Altmann,
Handy, and Ingamels, 1996, found SVWN resultsfor aset of sulfur-containing compounds
by and large closer to experimental values than results from BLY P computations, with
differences between the functionals of up to 0.06 A.? Increasing the basis set size from
6-31G(d,p) to TZ2P+f led to ageneral bond contraction for both functionals (ranging from
0.01 to 0.03 A) and to an overall improvement with respect to experimental data. For the
JGP set of molecules, the BLY P functional yields bond lengths which are on average too
long by 0.02 A and bond angles are generally underestimated by 2°, showing no improve-
ment over Hartree-Fock or SVWN results (Johnson, Gill, and Pople, 1993). A comparison
of geometric parameters for the 55 molecules in the G2 set optimized with different
functional srevealed that both BLY P and BP86 gave molecular geometrieswith larger overall
deviations from experiment than M P2, the latter GGA performing slightly better than the
former (Bauschlicher, 1995). On the other hand, in caseslike Og, S;, CH, and Be,, which
have proved to be notoriously difficult problems for post-HF methods, the gradient-cor-
rected BP86 functional compared favorably with these traditional approaches and SVWN.
Only large scale coupled cluster calculations reached a better agreement with experiment
(Murray, Handy, and Amos, 1993). The BLY P functional gave slightly worse results, mostly
similar to SYWN, in some instances better. Scheiner, Baker, and Andzelm, 1997, con-
ducted an elaborate study on more than 100 molecules consisting of first and second-row
elements and were forced to conclude that the performance of the BLY P functional isinfe-
rior to that of SYWN. Thiswas particularly so for bonds involving second-row elements.
These authors found that both GGA functionalstested, BLY P and BPW91, do in fact pro-
vide a noticeable improvement over LDA in the description of bonds to hydrogen atoms,
but not for those to second-row elements. Table 8-3 shows that no marked overall improve-
ment resultsfrom the use of gradient-corrected functionalswhen al bond lengths are com-
pared.

Redfern, Blaudeau, and Curtiss, 1997, conducted a comparative study on systems in-
volving third-row atoms. Reported geometries obtained with the BLYP and BPW91

27 Besides, they noted conspicuous differences of up to 0.07 A at the LDA level from the use of different pro-

grams (DMol and CADPAC). S-F bonds were longer by 0.03 A, S-Cl and S-H bonds by 0.04 A on average if
DMol was used, while the remaining bonds showed good agreement. This might be indicative of severe
shortcomings in the basis sets used (numerical double-zeta and 6-31G(d), respectively), which would under-
line an increased importance of basis set quality for species containing third-row atoms as noted by severa
authors.
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Table 8-3. Mean absolute deviations from experiment for computed bond lengths [A]. Taken from Scheiner,
Baker, and Andzelm, 1997.

Type SVWN  BLYP BPWO1 SVWN  BLYP BPWO1
6-31G(d,p) TZV2P

al bonds® 0.016 0.021 0.017 0.013 0.016 0.013

first row® 0.015 0.017 0.013 0.013 0.013 0.011

bonds to H atoms® 0.016 0.014 0.013 0.013 0.010 0.010

second row? 0.025 0.042 0.033 0.017 0.033 0.025

@Bond distances of all 108 speciesinvestigated; ® bondsinvolvi ng first row elements and hydrogen atoms; € bonds
involving at least one H atom; 9 bonds involving at least one second row element.

functionals once more reveal ed a significantly worse description of bond lengths as com-
pared to MP2 (mean unsigned errors from experiment for bond lengths and angles, respec-
tively: BLYP: 0.05 A, 1.0°, BPW91: 0.03 A, 1.0°, MP2: 0.02 A, 0.4°). Use of the small 6-
31G(d) basis set, however, might somewhat obscure the conclusions from this study.
Laming, Termath, and Handy, 1993, showed that there is room for improvement within
the B88 exchange functional: after slight modifications in the original functional expres-
sion and empirical readjustment of the B-parameter (cf. Section 6.5) with respect to im-
proved geometries and atomization energies for a small set of molecular systems, they
favorably tested their new functionals CAM(A)-LY P and CAM(B)-LY P on areduced G2-
set. In combination with a basis set of polarized triple-zeta quality, the mean errors to
experimental bond lengths were found significantly reduced compared to BLYP (BLYP:
0.017 A, CAM(A)-LYP: 0.007 A, CAM(B)-LY P: 0.009 A). On the other hand, Adamo and
Barone, 1998b, reported only amargina improvement of computed geometries upon sub-
stitution of Becke's exchange functional by the PW functional for exchange: the average
deviation for bond lengths in the JPG set is 0.012 A with the PWPW9L1 functional com-
pared to 0.014 A obtained with BPW91 and BLY P (all methods used in combination with
the 6-311G(d,p) basis set). Attempts to modify the PW91 exchange functional (leading to
the so-called mPW functional for exchange as implemented in the program Gaussian 98)
did not change the performance with respect to geometric parameters of main group spe-
cies.® Also, other newly introduced gradient-corrected functionals did not significantly
improvethe performance (Neuman and Handy, 1995, Neuman and Handy, 1996, Hamprecht
et al., 1998, Adamo and Barone, 1999, Ernzerhof and Scuseria, 1999a). Thus, in conclu-
sion, it appearsthat for most speciesthe GGA and LDA protocols produce bond lengths of
very similar quantitative accuracy with mean deviations from experiment around 0.01 to
0.02 A for first and second-row species. Bond angles are usually underestimated but gener-
aly accurate to within 1° on average. These deviations obey certain trends, which depend
on the particular binding situation. Larger deviations have been reported for heavier main

% These modifications were not, however, explicitly done with geometric parameters in mind.
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group species. It has become obvious in severa cases that the BLY P functional is less
suited for reliable structure prediction than the BP86 or BPW91 functionals.

Invirtualy all cases studied, hybrid functionals perform substantially better than LDA
or GGA approachesin predicting molecular geometries, and in most comparative studiesa
50 % reduction in the mean errorsfor bond lengthsis observed. For example, bond lengths
inthe G2 set computed using B3LY P and B3P86 show an average absol ute deviation from
experiment of 0.013 A and 0.010 A compared to 0.026 A and 0.022 A for the pure GGA
functionals BLY P and BP86, respectively. Increasing the basis set from 6-31G(d) to 6-
311+G(3df,2p) reducesthe mean error further to 0.008 A for B3LY P (Bauschlicher, 1995).
Scheiner, Baker, and Andzelm, 1997, reported the same trends for first and second-row
systems using a slightly different hybrid functional implementation. For a set of 20 or-
ganic molecules, geometries optimized at the B3LY P/6-31G(d) level were found to bein
error by less than 0.005 A on average for bond lengths, and bond angles were accurate to
within afew tenths of a degree. These deviations are of the same order asthe uncertainties
inthe experimental equilibrium structures for most polyatomics (Rauhut and Pulay, 1995).
For a set of 13 mostly organic species, the basis set dependence of B3LY P and CCSD(T)
structures has been systematically compared and convergence was found to be faster for
the DFT method (Martin, El-Yazal, and Francois, 1995a). For these species, B3LY P was
found to give very accurate results with some trends in deviations: the lengths of single
bonds were slightly overestimated on average by 0.002 A, whereas double bonds were too
short on average by —0.003 A and triple bonds by —0.006 A. Only expensive CCSD(T)/cc-
pVQZ calculations gave better structures than the hybrid functional. The uniform error
behavior present in the B3LY P geometries|ed the authors to propose an empirical correc-
tion schemefor geometries based on formal bond orders between atoms. This scheme gave
marginally improved geometries with a mean absolute error from accurate experimental
datain the order of 0.002 A. This scaling has, however, not been used in subsequent stud-
ies.

Improvements over LDA and GGA structureswith hybrid functional s are also observed
for species containing third-row elements where the B3PW91, for instance, performs bet-
ter than MP2 (Redfern, Blaudeau, and Curtiss, 1997). Raymond and Wheeler, 1999, re-
ported geometries of aset of challenging species (NO, NO,, NO3, O,, O, SO,, CIO, CIO,)
obtained with the B3LY P functional and used the aug-cc-pvVDZ, aug-cc-pVTZ, aug-cc-
pVQZ and aug-cc-pV5Z series of basis setsin order to extrapolate to the basis set limit of
B3LY P. These authors found a significant reduction in deviations from experimental bond
lengths upon improving the basis set from double-zeta to triple-zeta quality, whereas no
marked changes resulted from extending the basis to quadruple-zeta and quintuple-zeta.
They identified the neutral Cl, and the Cl,” anion as particularly problematic systemswith
deviationsfrom experiment of 0.03 A and 0.09 A, respectively, in the extrapol ated basis set
limit. Average deviations ranging from 0.031 A (aug-cc-pVDZ) to 0.009 A (extrapolated
limit) were reported for all other systems and many computed resultsfell within the experi-
mental uncertainty. An overall accuracy of 1.0° (aug-cc-pVDZ) and 0.8° (aug-cc-pVQZ)
was observed for bond angles. Further particularly challenging test cases for density
functionals are XONO and XNO, with X = F, Cl, and Br. For the geometries of these
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species, the hybrid functionals provide a crucial improvement over GGA functionals and
the LDA, although they do not reach the performance of large scale coupled cluster calcu-
lations (L ee, Bauschlicher, and Jayatilaka, 1997). Further examplesfor the performance of
density functional theory regarding geometry prediction of open-shell specieshaverecently
been reviewed by Ventura, 1997.

At first sight, the good performance of hybrid functionals like B3LY P might be rather
surprising, since Becke did not use geometric data as input for the optimization of those
parameters on which most of the modern hybrid functionals rely. However, taking the
typical deviationsof the constituent functional ingredients, namely Hartree-Fock and BLY P,
into account, it becomes more obvious why the ubiquitous B3LY P functional behaves so
well: bond lengths evaluated with the former method are usually too short, and we just
learned that BLY P generally gives bonds that are too long. Consequently, a composite of
both should profit from error cancellations. While this certainly is only a superficial ra-
tionalization for the very satisfactory performance of the hybrid approach, this simple
view is nevertheless often sufficient to extrapolate the behavior of such functionalsif the
performance of the constituent HF and GGA methodsisknown. In any case, the generally
observed high quality of structures optimized by the B3LY P functional has led several
authorsto suggest that such geometries (and zero-point energy corrections from harmonic
frequency calculations, see below) should be used instead of MP2 geometries within the
framework of highly accurate extrapolation schemes like G2 and CBS. And indeed, first
applications of procedures altered in this way revealed not only an improved computa-
tional efficiency but also dightly reduced average errors (Bauschlicher and Partridge, 1995,
Mebel, Morokuma, and Lin, 1995, Montgomery et al., 1999). With respect to the general
quality of structural predictions it is apparent that the admixture of exact HF exchange
seemsto influence the results more than the particul ar choice of local or non-local parts of
exchange and correlation functional s within a particular hybrid functional. While ablend
of 50 % exact exchange in older procedures (Becke, 1993a) does not lead to significantly
better geometries compared to the pure GGA, virtually all functionalsincluding afraction
of 20-25 % HF exchange yield very similar results, al of high quality. As a summary,
Table 8-4 offers error statistics that have been obtained from the application of various
density functional methods to structures of main group species: the hybrid functionals
containing three empirically fitted mixing parameters (B3LY P and B3PW91) perform es-
sentially identically to more recently developed hybrids containing only one mixing pa-
rameter determined on theoretical reasoning (B1LY P, B1PW91, see Adamo and Barone,
1997, PBE1PBE, see Ernzerhof and Scuseria, 1999, and Adamo and Barone, 1999, or
B98, see Bienati, Adamo, and Barone, 1999). Despite the use of various functionals for
exchange and correl ation, or modificationsthereof (mPW, Adamo and Barone, 1998b), the
performance of the methods is significantly improved upon admixing exact exchange in
the order of some 20 %.
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Table 8-4. Compilation of mean absol ute deviations for bond lengths [A] / bond angles [degrees] for small main

group molecules from different sources.

32 1% row species, 6-31G(d) basis, Johnson, Gill, and Pople, 1993

HF 0.020/ 2.0 SVWN 0.021/1.9
MP2 0.014/1.8 BLYP 0.020/2.3
QCISD 0.013/1.8
33 1% row species, TZ2P basis, Laming, Termath, and Handy, 1993
SVWN 0.090/1.9 CAM(A)LYP 0.007 /1.7
BLYP 0.013/1.7 CAM(B)LYP 0.009/15
13 species, Martin, El-Yazal, and Francois, 1995a
CCSD(T)/cc-pvDZ 0.018/2.2 B3LYP/cc-pvDZ 0.009/1.7
CCSD(T)/cc-pVTZ 0.014/0.6 B3LYP/cc-pvVTZ 0.004/0.3
CCSD(T)/cc-pvQz 0.002/0.4 B3LYP/cc-pvQZ 0.004/0.3
20 organic molecules, Rauhut and Pulay, 1995
BLY P/6-31G(d) 0.012/0.6 B3LY P/6-31G(d) 0.003/0.5
108 1% and 2™ row species, Scheiner, Baker, and Andzelm, 1997

6-31G(d,p) DzvP TZVP TZ2P ucc?
HF 0.021
MP2 0.014
SVWN 0.016 0.016 0.014 0.013 0.013
BLYP 0.021 0.024 0.020 0.016 0.016
BPWO91 0.017 0.019 0.016 0.013 0.012
ACM 0.011 0.011 0.009 0.010 0.009

40 species cont. 3 row eements, 6-31G(d) basis, Redfern, Blaudeau and Curtiss, 1997
MP2 0.022/0.4 B3LYP 0.030/0.5
BLYP 0.048/1.0 B3PWOI1 0.020/0.5
BPWOI1 0.020/0.5
32 1% row species, 6-311G(d,p) basis, Adamo and Barone, 1997, 1998, 1999
BLYP 0.014 B3LYP 0.004
BPWO91 0.014 BILYP 0.005
PWPW91 0.012 B3PW9I1 0.008
mPWPW91 0.012 B1PWI1 0.005
PBEPBE 0.012 mPW3PW91 0.008
BHLYP 0.015 mPW1PW91 0.010
PBE1PBE 0.010
40 1% and 2" row species, TZ2P basis, Hamprecht et al., 1998

BLYP 0.019/0.4 B3LYP 0.008/0.2
HTCH 0.013/0.7

& uncontracted aug-cc-pV TZ basis.
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8.1.2 Molecular Structuresof Transition-M etal Complexes

Accurate experimental information on equilibrium geometriesfor transition-metal complexes
is much more limited than for main group molecules. Since reliable data exists for several
carbonyl complexes these systems have served in the past to test the performance of various
theoretical methods, including density functional theory. The commonly accepted working
hypothesis describing trends in electronic structure of these complexesis the Dewar-Chatt-
Duncanson model, according to which the binding between metal and ligands is governed
by theinterplay of donor and acceptor contributions. A balanced description of these effects
has been along-standing challenge for computational methods, in particular for complexes
of thefirst transition-metal row. For this class of complexes, the Hartree-Fock model gener-
aly overestimates metal-ligand (M-L) bond lengths, typically by 0.1to 0.3 A, whereas the
performance of MP2 strongly depends on the electronic situation at the metal center: good
agreement with experimenta datais commonly found for geometries of 4d and 5d species
provided that relativistic effects are properly accounted for. For elements of the first transi-
tion-metal row, however, MP2 tends to underestimate M-L bond lengths significantly. For
the LDA, ageneral trend to underestimate the lengths of M-L bonds is well documented.
Nevertheless, it performsfavorably compared to HF and frequently gives smaller deviations
from experiment than MP2. The systematic underestimation of M-L bonds involving the
metal centers by the LDA is compensated to a large extent by the application of gradient
corrections—atypical lengthening of bondsinvolving metal atomsisin the order of 0.05 A,
which compares to 0.01-0.02 A for main group elements. However, owing to the variable
quality of GGA geometries for main group species outlined above, the situation remains
unconvincing for the structures of the ligands where significant deviations occur. As for
species consisting of main group elements, the best overall description of structural proper-
ties within the DFT framework is once more found for hybrid functionals including some
20 % of exact exchange. Let us consider these statements in more detail for the chromium
hexacarbonyl complex Cr(CO),, awell studied compound for which a highly accurate ex-
perimental structure obtained from neutron diffraction is available. Table 8-5 contains a
representative collection of geometric data computed at different levels of theory.

Clearly visible are common trends for HF and M P2 structures: bond distances are over-
estimated by the former and underestimated by the latter method. The CCSD(T) optimiza-
tionyieldsan improved Cr-C bond but, interestingly, the worst description of the C-O bond
among all methods shown. Thisflaw is certainly aconsequence of the lack of higher angu-
lar momentum functionsin the basis set used for the ligand atoms — however, the computa-
tional demands of this level of theory are already respectable even considering present
computational standards. In view of the results of standard wave function based methods
the performance of the SYWN functional is not bad, although the Cr-C distanceis far too
short. For this bond, the BP86 gradient-corrected functional yields avery good agreement
with experiment, but aworse C-O bond length results. BLY P overestimates both the Cr-C
aswell asthe C-O bond distance, but there might be some room for improvement by using
more flexible basis sets. The two hybrid methods give a balanced improvement over the
LDA structure for both bond types and the agreement with experiment is good.
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Table 8-5. Computed bond lengths [A] for the Cr(CO)s complex in O, symmetry. Experimental values: R, ¢ =
1918 A, Ro.o=1.141 A (seeref. 70 in Jonas and Thiel 1995).

Bond  HF MP2 CCSD(T) SVWN BPS6 BLYP B3PS6 B3LYP
20108 1.862° 1.939° 1.865¢ 1.911¢ 1.942f 1.901¢ 1.927¢
Ree  2017°  1.874° 1.866° 1.910° 1.937° 1.929°
1.970° 1.908 1.921"
1111*  1.154° 1.178° 1.145¢ 1.156 1.157" 1.141¢ 1.142¢
Reco 1111 1.154° 1.145° 1.153° 1.164° 1.150°
1.118° 1.1541 1.155"

@Doubly polarized triple-zeta basis on C and O, ECP/triple-zeta basis on Cr (Jonas and Thiel, 1995); b doubly
polarized triple-zeta basis on C and O, Wachters basis on Cr (Jonas and Thiel, 1995); ° Wachters basis on Cr,
triple-zeta basis on C and O (Barnes, Liu, and Lindh, 1993); d 6-311+G(d) basis as implemented in Gaussian
(viz., modified Wachters basis on Cr) (Spears, 1997); © triple-zeta STO on Cr, polarized double-zeta STO on C
and O (Ziegler, 1995); f double numerical basis as implemented in DMol (Delley, 1994); 9 Wachters basis on Cr,
6-31G(d) basis on C and O (Hamprecht et al., 1998); " extended Wachters basis on Cr, polarized double-zeta
basis (D95*) on C and O (Koch and Hertwig, 1998).

Table 8-6 displays M-C and C-O bond lengths for the hexacarbonyls of Cr, Mo, and W
determined at different levels of theory together with experimental data. First we note the
general expansion of M-C bonds by the GGA treatment improving the LDA geometry for
the Cr and Mo complexes, but not for W(CO)g. For this species, anearly perfect agreement
with experiment for W-C and C-O bond lengthsis seen with SYWN, while BP86 overesti-
mates both distances. However, neither LDA nor BP86 cal cul ations reflect the experimen-
tal trendsin M-C bond lengths, but the metal -CO bond lengthsincrease steadily from Cr to
W. Better agreement is obtained if relativistic effects are included within the GGA treat-
ment, either by means of perturbation theory (BP86+QR) or by use of relativistic effective

Table 8-6. Bond lengths for neutral hexacarbonyl complexes of Cr, Mo, and W in O, symmetry [A].

Cr(CO); Mo(CO), W(CO),
Method Ru-c Reco Ru-c Reo Ru-c Reo
SVWN? 1.866 1.145 2.035 1.144 2.060 1.144
BP86* 1.910 1.153 2.077 1.152 2.116 1.154
BP86+QR? 1.910 1.153 2.076 1.153 2.049 1.155
BP86/ECP’ 1.908 1.154 2.065 1.153 2.075 1.154
B3LYP* 1921 1.155 2.068 1.155 2.078 1.156
MP2/ECP® 1.862 1.154 2.031 1.152 2.047 1.153
Experiment 1.914 1141 2.063 1.145 2.058 1.148

2 Triple-zeta STO on the metal, polarized double-zeta STO on C and O (Ziegler, 1995); b doubly polarized triple-
zeta basis on C and O, ECP/triple-zeta basis on the metal (Jonas and Thiel, 1995); € polarized double-zeta basis
on C and O, ECP/triple-zeta basis on the metal (Koch and Hertwig, 1998).
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core potentials (BP86/ECP, see Frenking et al., 1996). Both approaches give essentially the
same accuracy (see also van Willen, 1996) and correctly reproduce the experimentally
observed trend in bond lengths. It isobvious from Table 8-6 that the presence of relativistic
effects results in metal-ligand bond contractionsin the order of 0.06 A for W(CO),, which
isjust about the usual amount by which LDA underestimates the length of such bonds.
Hence, the excellent SVWN estimate for the W-C bond length seems to be predominantly
caused by error cancellation, whereas the C-O bond is indeed very well described at this
level. Finally, the MP2 results of Jonas and Thiel reflect also for these species what is now
common knowledge for such systems (see Frenking and Wagener, 1998, and references
cited therein): the simplest post-HF method, i. e. MP2, cannot deal with 3d transition-metal
compounds, while reasonable geometries are usually obtained for coordinatively saturated
closed-shell complexes of 4d and 5d elements.

The trends derived from these example cases are representative for most of the geomet-
ric data published on coordinativetransition-metal compounds. Inthe past decade the BP86
functional has become the preferred computational workhorse for the handling of transi-
tion-metal complexes. Accurate geometries were obtained with thisfunctional for the neu-
tral carbonyl complexes Fe(CO)s, Ru(CO)g, Os(CO)5, Ni(CO),, Pd(CO),, and Pt(CO), (Jonas
and Thiel, 1995). Where the results could be compared to experimental data, deviationsfor
metal ligand bonds did not exceed 0.01 A. For structures of ionic hexacarbonyl complexes,
a larger maximum deviation of 0.06 A has been noted, but the direct comparison with
experiment is somewhat hampered by the presence of crystal packing or counter-ion effects
in X-ray structures (Jonas and Thiel, 1996). Related findings have been reported for the
structures of V(CO)g (Spears, 1997) and a variety of other complexes (for typical exam-
ples, see Ziegler, 1995, Rosaet a., 1996, Bérces, 1996, or Ehlerset al., 1997). Experimen-
tal trends in bond lengths are well reproduced for different kinds of coordinatively bonded
complexes despite the presence of non-negligible errors in absolute values, e. g., for C-O
bond lengths.

By and large, the BP86 functional has been shown to be a valuable tool for the assess-
ment of transition-metal coordination chemistry. Unfortunately, other functional s have not
been tested as extensively as BP86 but a recent review shows that the B3LY P functional
givesessentially equally good structuresfor this class of compounds (Frenking and Wagener,
1998). The molecular structures of the complexes Fe(CO);, Fe,(CO),, and Fey(CO),, have
been studied using the BP86 and B3LY P functionals in combination with basis sets of
double-zeta and polarized double-zeta quality, and the results were carefully compared to
available experimental and existing theoretical datain avividly written report (Jang et al.,
1998). The experimental geometries are reproduced well within 0.02 A and 0.4°, which is
just about the order of magnitude by which different experiments deviate from each other.
Notable qualitative differences between both theoretical methods occurred for the descrip-
tion of axial and equatorial M-L bond lengths in Fe(CO)s, but in view of the experimental
contradictionsfound for thisissueit ishard to state which functional performsbetter. How-
ever, B3LY P compared favorably with CCSD(T) results for this compound. In a study on
the actinide complexes UF,, NpFg, and PuF, the bond lengths computed with HF, SVWN,
BLYP, and B3LY P were compared with experimental structures obtained by electron dif-
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fraction techniques (Hay and Martin, 1998). Employing anewly devel oped relativistic ECP/
basis set combination for the metal atoms and the 6-31G(d) basis on F, the observed devia-
tionsin bond lengths were moderate with the best performance found for SYWN, theworst
for BLYP. At the conventional HF level the bond lengths were underestimated by 0.02 A
while the density functional's produced distances which weretoo long with errors of 0.01 A
(SVWN), 0.04 A (BLYP), and 0.02 A (B3LYP).

In acomparative study on optimized geometries of 25 transition-metal complexes, quali-
tative differences for SYWN and BP86 structures have been noted (Bray et al., 1996). A
general expansion of bond lengths ranging from 0.02 to 0.09 A was found when going
from SVWN to the gradient-corrected BP86 functional. Thistrend is consistently present
in al types of bonds investigated. However, a better agreement with experiment is found
for BP86 structures of those compl exes, which predominantly contain coordinative metal-
carbon bonds (0.01 A vs. 0.05 A mean deviation for BP86 and SVWN, respectively), whereas
SVWN gives better results for complexes containing covalent bonds between metal and
non-carbon atoms (0.07 A vs. 0.03 A mean deviation for BP86 and SVWN, respectively).
From what we have learned in Section 8.1.1, this behavior is not totally unexpected and it
can be rationalized after reinspection of the published data. Weak bonds (e. g., coordina-
tive bonds like M-CO, M-CN or M-NO) are systematically underestimated in length in
LDA structures. Stronger M-Cl and M-OH bonds agree very well in length with experi-
ment whereas double bonds like M=0 come out too long from LDA optimizations. Inclu-
sion of gradient corrections affords a systematic elongation of bonds, which leads to an
improved description of weak bonds and exaggerated bond distances for stronger bonds.
Thus, akin to the deviation patterns noted earlier for bonds between main group atoms, the
particular binding situation determines the accuracy resulting from the LDA and GGA
treatment.

8.2 Vibrational Frequencies

Vibrational spectroscopy isof utmost importance in many areas of chemical research and
the application of el ectronic structure methods for the cal culation of harmonic frequencies
has been of great value for the interpretation of complex experimental spectra. Numerous
unusual molecul es have been identified by comparison of computed and observed frequen-
cies. Another standard use of harmonic frequenciesin first principles computationsis the
derivation of thermochemical and kinetic data by statistical thermodynamicsfor which the
frequenciesarean important ingredient (see, e. g., Hehre et al. 1986). Thetheoretical evalu-
ation of harmonic vibrational frequenciesisefficiently donein modern programs by evalu-
ation of analytic second derivatives of thetotal energy with respect to cartesian coordinates
(see, e. g., Johnson and Frisch, 1994, for the corresponding DFT implementation and
Stratman et al., 1997, for further developments). Alternatively, if the second derivativesare
not available analytically, they are obtained by numerical differentiation of analytic first
derivatives (i. e., by evaluating gradient differences obtained after finite displacements of
atomic coordinates). In the past two decades, most of these cal culations have been carried
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out at the Hartree-Fock level in combination with small to medium sized basis sets and the
results have been systematically compared to experimental data. At this level, the calcu-
|ated frequencies are commonly overestimated quite systematically by ca. 10 %, which can
be traced back to the missing electron correlation, basis set deficiencies and the neglect of
anharmonicity. As the observed deviations are in most cases uniform, a simple empirical
scaling of the computed frequencies or diagonal force constants allows for a substantial
improvement of the results in most instances. The scale factors are usualy transferable
within the same class of compounds. A force field determined in this way can predict
vibrational frequencies to within 10 to 20 cm accuracy for systems which are well-be-
haved in the HF approximation, such as for simple organic molecules. For systems de-
manding ahigher degree of el ectron correlation, however, the Hartree-Fock method failsto
give even qualitatively correct answers and errors are generally non-systematic. This cat-
egory of speciesisfound among transition-metal compounds, systems containing multiple
bonds, and open-shell species. Faulty geometric parameters have been recognized as akey
problem in this regard (for an in-depth discussion and potential remedies see Allen and
Csaszér, 1993, and references cited therein). If wewould restrict ourselvesto conventional
wave function based methods, the accurate prediction of vibrational frequenciesfor transi-
tion-metal complexesisonly possible by means of sophisticated wave function based theory
(large scale Cl or coupled-cluster approaches) but the large number of electrons intrinsi-
cally renders its application prohibitively expensive, in particular for systems with low
point-group symmetry. Consequently, the computationally efficient treatment of electron
correlation and the availability of analytical first and second derivatives—which are not at
hand for most highly correlated post-HF approaches — spurred on the interest in approxi-
mate density functionalsin thisimportant field of application. The systematic and accurate
assessment of the performance of DFT for force fields of transition-metal complexesis
somewhat hampered by the smaller number of experimentally well characterized systems,
but the available studies are very encouraging.

8.2.1 Vibrational Frequenciesof Main Group Compounds

From severa early studies it has become obvious that harmonic frequencies computed at
the LDA level aregeneraly ascloseto experiment asthose obtained from M P2 theory (Fan
and Ziegler, 1992, Bérces and Ziegler, 1992, Murray et a., 1992, Handy et al., 1992). The
particular performance of frequency evaluation employing the smple SYWN functional
has been investigated in some detail by Andzelm, and Wimmer, 1992, for a set of small
molecules consisting of C, N, O, H, and F atoms. C=C and C=C bond stretching frequen-
cieswere found to be very close to experimentally derived harmonic frequencies, whereas
C—C single bond stretches were overestimated by about 1 %. The C-H bond stretching
frequenciesweretypically too low by about 2 %. These deviationsarefully inlinewith the
discussion of bond lengths above: for those bond types which are overestimated in length,
frequencieswhich aretoo low result, and vice versa. In addition, ageneral underestimation
of low frequency bending and torsional modes has been noted, which directly contributes

131



8 Molecular Structures and Vibrational Frequencies

to ageneral underestimation of zero-point vibrational energies. LDA underestimates these
energies to about the same extent as M P2 overestimates them.

Given the sometimes erratic behavior of optimized molecular structures found in the
JGP set, aremarkably similar overall performance for SYWN and BLY P with respect to
predicted harmonic vibrational frequencies was noted by Johnson, Gill, and Pople, 1993.
Both methods compared favorably with (unscaled) HF and M P2 results and the mean abso-
lute deviations from available experimental harmonic frequencieswere reported as SVWN:
75cm™, BLYP: 73cm™, HF: 168 cm™, MP2: 99 cm™, QCISD: 42 cm™. Hertwig and
Koch, 1995, have systematically studied vibrational frequenciesfor main group homonuclear
diatomics and found the BP86 functional to perform dlightly better than BLY P, but both
GGA schemes describe experimental data remarkably better than MP2 or CISD (mean
absoluteerrorsfor the speciesLi, to Cl, employing the 6-311G(d) basisset are HF: 218 cm Y
MP2: 138 cm™, CISD: 104 cm ™, BP86: 39 cm ™, BLY P; 48 cmi™). The superior perform-
ance of GGA functionals over both the simple LDA or the hybrid functionals in the diffi-
cult case of the ozone system — an exacting testing ground for post-HF methods, on which
many fail to even give qualitatively correct answers — has already been mentioned in Sec-
tion 6.6. BLYP also gave improved frequencies compared to SVWN for the demanding
FOOF and FONO systems despite larger deviationsfound in bond lengths (Amos, Murray,
and Handy, 1993). Several other case studies documented the high quality of harmonic
frequencies predicted at the GGA level (seg, e. g., Florian and Johnson, 1994, Hutter, L (ithi,
and Diederich, 1994, Florian and Johnson, 1995, Wheeless, Zhou, and Liu, 1995, and
Michalska et a., 1996). But just as importantly, the evaluation of frequencies at the LDA
level can lead to chemically meaningful answers for large scale cases where any higher
level of theory cannot be applied within the limits of available computing resources (for an
example see, Hill, Freeman, and Delley, 1999).

Zhou, Wheeless, and Liu, 1996, have systematically investigated the reliability of re-
sultsfrom six different density functional methods employing the small 6-31G(d) basis set.
These authors computed harmonic frequenciesfor typical organic molecul es such as ethyl-
ene, formaldehyde, glyoxal, acrolein, and butadiene, aswell as some deuterated derivatives
for which experimental datais available. The results indicate that frequencies obtained by
the three hybrid methods B3LY P, B3P86, and BHLY P somewhat overestimate observed
fundamental's (151 data points, mean absolute errors: 51 cm™, 56 cm™, and 109 cm™>, re-
spectively) but that B3LY P and B3P86 results are closer to available experimental har-
monic values (16 data points, errors; 21 cm™, 22 cm™*, and 96 cm™). The SYWN, BLYP,
and BP86 functionals, in turn, deviate more strongly (errors; 85 cm™, 73 cm ™, and 79 cm 2,
respectively) but a better agreement is seen for the direct comparison with experimental
fundamentals (errors: 28 cm™, 16 cm™, 19 cm™). At first sight the excellent accord be-
tween harmonics obtained with the LDA and the two GGA functionals and experimental
fundamentalsissurprising in light of the only mediocre quality of the corresponding struc-
tural predictions. The good performance of the GGA functionals in the determination of
directly observed fundamental frequencies implies that the correlation between equilib-
rium structures and frequenciesisnot as strong for current DFT methodsasit isfor conven-
tional wave function based methods. This can, however, be attributed to a cancellation of
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errors: the BLY P functional systematically overestimates bond lengths, which leads to a
genera underestimation of computed force constants. This bias is compensated for by the
systematic overestimation somewhat inappropriately introduced by the direct comparison
of computed harmonic and observed fundamental frequencies (fundamentals are usually
smaller than their harmonic counterparts due to anharmonicity effects). This view seems
justified by thefact that C—H stretching frequencies have been identified asthe main source
of anharmonicity and if these vibrationswere excluded, BLY P and B3LY P gave very simi-
lar results. However, neither the computation of anharmonic vibrational energy levels nor
the experimental determination of harmonic frequenciesisroutinely practical for polyatomic
molecules. Hence, it seems that the B3LY P and B3P86 methods give results which are
theoretically more sound but that GGA frequencies might be apragmatic way for theinter-
pretation of directly observed experimenta frequencies without the need to account for
anharmonicity effects. A similar conclusion has been put forward by Finley and Stephens,
1995, after studying the vibrational frequencies of a set of 11 small first-row compounds.
Interestingly, these authors also noted a significant improvement of computed lower fre-
guencies upon improvement of the basis set quality. For more complicated situations, how-
ever, the application of gradient-corrected functionals may lead to large errorsin predicted
frequencies and the overall performance of hybrid functionalsis found superior —in these
instances, thefailures are caused by large errorsin the GGA structures (L ee, Bauschlicher,
and Jayatilka, 1997). A variety of case studies verifiesthe high quality of vibrational spec-
tracomputed with hybrid methods, which usually outperform L DA and gradient-corrected
methods and give results close to sophisticated post-HF methods and experiments (see,
e. g., Barone, Orlandini, and Adamo, 1994a, Martin, El-Yazal, and Frangois, 1995b,
Kozlowski, Rauhut, and Pulay, 1995, Martin, El-Yazal, and Francois, 1996, Kesyczynski,
Goodman, and Kwiatkowski, 1997, Kwiatkowski and L eszczynski, 1997, Stepanian et d .,
19983, 1998b, 1999, Devlin and Stephens, 1999, or Bienati, Adamo, and Barone, 1999).
Interestingly, the kinetic energy density dependent VVSX C functional yields frequencies of
similar quality than B3LY P without the use of Hartree-Fock exchange (Jaramillo and
Scuseria, 1999).

After it has become clear that DFT methods are in general well-behaved in predicting
vibrational frequencies and that deviations from experimental results occur quite system-
atically, some consideration has been given to the development of generic scaling factors.
Florian and Johnson, 1994, were probably the first to show that the systematic deviations
apparent indensity functional cal culations on formamide could benefit from scaling. Based
on investigations on aset of 20 small moleculeswith over 300 experimental fundamentals,
Rauhut and Pulay, 1995, published scaling factors for the BLY P/6-31G(d) and B3LY P/6-
31G(d) levelsof theory (0.990, and 0.963, respectively). Thefortuitous agreement of BLY P
frequencies with anharmonic experimental frequencies leads to a scaling factor close to
unity and thus the mean deviation from experiment only changes from 30 cm = to 26 cm™
after scaling. However, the mean deviation for B3LY P improves rather significantly from
74 cm™ to 19 cm* upon scaling. These authors have al so shown that the accuracy of com-
puted frequencies can be further improved by application of their scaled quantum mechani-
cal (SQM) force field procedure. In this model the molecular force field is expressed in a
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set of standardized valence internal coordinates which are then sorted into groups sharing
common scaling factors. Such factors— eleven in number for this specific set of molecules
— are derived for each group separately by aleast squares fit procedure to experimental
frequencies. This type of scaling yields reduced errors for both hybrid methods tested
(B3LYPR, and B3PW86) and, in particular, frequencies in the fingerprint region profited
strongly. Application of this procedure has led, for example, to a reassignment of some
fundamentals for the infrared spectrum of aniline. The disadvantage of this approach is of
course the need to transform the computed force constants into a set of nonredundant va-
lence coordinates, the manual derivation of which is a tedious affair and error-prone for
larger molecules.

In a semina paper, Scott and Radom, 1996, have investigated the performance of a
variety of modern functionals (BLY P, BP86, B3LY P, B3P86, and B3PW91) in combina-
tion with the 6-31G(d) basis set for predicting vibrational frequenciesand zero-point vibra-
tional energies for alarge suite of test molecules. By fitting computed data to a basis of
1066 individual experimental vibrations they developed a set of uniform scaling factors
relating the computed harmonic frequenciesto experimental fundamentals. Table 8-7 shows
the resulting scaling factors along with some data allowing an assessment of the perform-
ance for each of the methods after scaling on the test set of 122 molecules.

All DFT methods perform better than HF and MP2; the hybrid techniques are even
better than the costly QCISD. Both GGA functionals show scaling factors close to unity
which meansthat they can be used without scaling, but they do not perform quite aswell as

Table 8-7. Frequency scaling factors, rms deviation, proportion outside a 10 % error range and listings of
problematic cases [cm™] for several methods employing the 6-31G(d) basis set. Taken from Scott and Radom,
1996.

Method f2 RMS® 10%° Problematic Cases (Deviations larger than 100 cm™)

HF 08953 50 10  233(0,), 221(Oy Fy), 180(*A;-CH,), 164(F,0), 139(N,),
120(N,F,), 115(HOF, NF5), 103(NCIF,)

MP2 0.9434 63 10 660(05), 304(NO,), 277(N,), 225(0,), 150(HF), 149(*A,-CH,),
142(HC,H), 136(HC,H), 131(CINS), 120(CIC,H), 117(H,),
115(3B,-CH,), 111(C,N,), 101(FCN)

QCISD 0.9537 37 6 202(*A-CH,), 129(HF), 117(C,H,), 101(0y)

BLYP 0.9945 45 10 224(*A,-CH,), 189(H,), 165(HF), 116(0H), 113(S05), 112(°B,-
CH,), 111(S0,), 109(C,H,)

BPS6 09914 41 6 229(*A,-CH,), 142(H,), 115(HF), 114(3B,-CH,), 106(F,)

B3LYP 09614 34 6 204('A,-CH,), 132(HF), 125(F,), 121(H,), 110(0,)

B3P86 09558 38 4 204(*A,-CH,), 146(F,), 139(0y)
4

B3PWOL 09573 34 204(*A,-CH,), 140(F,), 137(0,)

3 Scalefactor; ° root mean square error after scaling in cm™; © percentage of frequenciesthat fall outside by more
than 10 % of the experimentally observed fundamentals.
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methods including exact exchange. The hybrid functionals show scaling factors similar to
MP2 and QCISD whereastheir accuracy is superior to all traditional methods with respect
to the criteria presented in Table 8-2. B3PW91 performs best, closely followed by the
popular B3LY P functional.

In addition to the uniform scaling factors given above, these authors proposed separate
scaling factors for zero-point vibrational energies, for low frequency vibrations, and for
correcting thermal contributionsto enthal pies and entropies. The evaluation shows signifi-
cant differences between uniform and separately optimized scaling factors and the authors
recommend that the latter should be used in order to improve the theoretical predictions.
For the BLY Pfunctional, additional testswith alarger 6-311G(df,p) basis set and different
integration grid sizesindicated only minor influences on the deviations from experimental
data. Uniform scaling parameters for vibrational frequencies and zero-point vibrational
energies have been independently developed by others (Bauschlicher and Partridge, 1995,
for B3LY P, Wong, 1996, for SVWN, BVWN, BLYP, B3LYP, and B3P86, Jaramillo and
Scuseria, 1999, for VSXC and B3LY P), and it is pleasing to note that, where the investiga-
tions overlap, the results are in good mutual agreement.

8.2.2 Vibrational Frequenciesof Transition-Metal Complexes

The pioneering comprehensive study of monometal carbonyls by Jonas and Thiel, 1995,
was probably the first devoted to the computation of vibrational spectra for such com-
pounds using density functional theory. These authors systematically compared experi-
mental spectra and calculated vibrational data for several neutral tetra-, penta-, and
hexacarbonyl complexes, M(CO),,, n = 4-6). They used HF, MP2, BP86, and BLY P and
found the BP86 functional in combination with a doubly polarized triple-zeta basis on the
ligands and arelativistic ECP/triple-zeta basis on the metal to be very well suited for pre-
dictive purposes. Most of the DFT results reported were in very good agreement with ex-
periment, whereas HF structures and frequencies were found to be completely inadequate.
Results from M P2 cal cul ations were satisfactory only for third and, to alesser extent, sec-
ond-row transition-metal complexes, whereas significant deviations (partly exceeding
100 cm™) occurred for first-row transition-metal complexes. |n agreement with the aspects
considered above, the BP86 functional tends to underestimate the C-O stretching modes
rather uniformly by some 20 to 40 cm™ while M—C stretching modes were accurate to
within 20 cm™. A subsequent study on several metal- carbonyl hydrides corroborated the
good quality of BP86 results, which were found to be superior to both, HF and MP2 ap-
proaches (Jonas and Thiel, 1996). The computed harmonic M—C stretching frequencies
were again dlightly lower than experimental values, whereas M—H bond stretches were
overestimated by up to 50 cm™ for third-row complexesand accurate to within 10 cm™ for
the heavier hydrides. These studies were subsequently extended to include charged carbo-
nyl complexes, where ahighly uniform small deviation between computed harmonics and
observed fundamental frequenciesfor agiven type of vibration wasfound (Jonasand Thiel,
1998). Computed raw frequencies could even be improved by the application of constant
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shift factors (28 cm™ for C—O and —13 cm ™ for M—C stretching modes) to the computed
harmonics.?® The B3LY P functional gave slightly larger deviations than BP86 in related
work on several isoel ectronic hexacarbonyl complexes, if the computed harmonic frequen-
cies were compared to directly observed fundamentals (Szilagyi and Frenking, 1997). In
the study on Fe(CO)s, Fe,(CO),, and Fe;(CO),, by Jang et al., 1998, the results could be
compared to experiment, and an improved performance was found for B3LY P after scaling
the harmonic frequencies by a factor of 0.97, a scale factor which is quite similar to the
values for main group compounds described above. BP86 results were found to bein good
agreement without scaling. A study on the actinide complexes UF;, NpFg, and PuFg em-
ploying HF, SVWN, BLYP and B3LY P reported harmonic frequencies which were com-
pared to experimental gas-phase and matrix results (Hay and Martin, 1998). The computed
and experimental harmonic frequencies differed on average by 50 cm™(HF), 19 cm™
(SVWN), 33cm™ (BLYP), and 21 cm™ (B3LYP) and a correlation with deviations for
computed bond lengths was recognized.

In summary, systematic comparisons between computed and experimental frequencies
have proven the applicability of DFT for the evaluation of vibrational spectra on
coordinatively saturated closed-shell transition-metal complexes. A much lower computa-
tional cost in combination with a high overall accuracy compared to correlated traditional
approaches renders the well tested BP86 functional a highly valuable research tool with
excellent predictive power for thisfield of research. This assessment is corroborated by an
ongoing series of studies by Andrews and coworkers, who use density functional theory as
a standard tool to augment and interpret experimentally measured infrared data, even on
small coordinatively unsaturated, open-shell species (which have as yet received not as
much attention as the standard closed-shell complexes). A detailed discussion of the huge
amount of published data is well beyond the scope of this book and the reader is rather
referred to representative pieces of work, which provide pointers to further publications.
These studiesincludetheinfrared spectraof Cu(CO);. 4, Cu(CO), 5, and Cu(CO);.5 (Zhou
and Andrews, 1999, see literature cited for Ni(CO), and Co(CO), ) as well as related
ruthenium and osmium complexes (Zhou and Andrews, 1999b, see literature cited for iron
complexes), nitrides and N, complexes of rhodium (Citra and Andrews, 1999, and refer-
encescited therein for related work on Fe, Co, and Ni), nitric oxide complexes (Kushto and
Andrews, 1999), oxygen complexes of chromium, molybdenum, and tungsten (Zhou and
Andrews, 1999c), scandium (Bauschlicher, 1999) and yttrium and lanthanum (Andrews et
al., 1999).

2 Asdiscussed for the two complexes [V (CO)¢]™ and Cr(CO)g these constant shifts obtained for BP86 are just
about the order of magnitude of anharmonic effects present in such compounds; see Spears, 1997.
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9 Relative Energiesand Thermochemistry

Information about the energetic properties of molecules is at the heart of every quantum
chemical investigation. In this chapter we will take a close look at the performance of
current approximate density functionalswhen it comesto the determination of suchimpor-
tant energetic properties as atomization energies, ionization energies (IE) and electron af -
finities (EA). In particular the first quantity is of great value sinceit provides an idea of the
ballpark figure we are talking about when we areinterested in computing the thermochem-
istry of chemical reactions. The energies needed to remove (1E) or add an electron (EA) to
an atom or molecule are obviously of significant interest in their own right. For example,
the interpretation of photoel ectron spectroscopy experimentsis greatly facilitated if accu-
rate ionization energies are available. Furthermore, since the computation of all these dif-
ferent quantities poses severe and often different demands on the method chosen, the accu-
racy with which afunctional delivers such energiesisaprobefor its versatility. Somewhat
counterintuitively at first sight, the reliable cal culation of energetic information for atoms,
in particular for transition-metals, is especially difficult and not without ambiguity. We
therefore devote a complete section to this problem. Finally, we take up the discussion on
excitation energies from Section 5.3.7 and give an overview of the current state of theartin
the determination of electronically excited states and the corresponding transition energies
using density functional theory. We conclude with a few remarks about the ability of ap-
proximate density functional theory to reproduce singlet-triplet gaps in carbenes and re-
|ated species.

9.1 Atomization Energies

Chemical reactions involve the cleavage and formation of bonds within molecules. The
calculation and prediction of thermochemical data has long been avivid field for quantum
chemistry (see, €. g., Irikuraand Frurip, 1998). For example, whenever experimental data
is not available and empirical estimates fail, some type of quantum chemistry usualy be-
comes involved to abtain the missing information, but ‘ computational thermochemistry’ is
of great relevance also in many other areas. In practice, there is aways the need to reach
some compromise between accuracy and computational effort. Hartree-Fock theory pro-
vides an exact treatment of exchange and scales well with the molecular size, but it suffers
from severe deficiencies in describing chemical bonding due to the neglect of correlation
energy contributions. Except for isodesmic (or related) reactions (see, e. g., Hehre et d.,
1986) it cannot be used for thermochemical predictions. The introduction of dynamic and
static correlation effects by means of post-HF wave function based methods improves the
situation to a desired accuracy, but severely suffers from the notoriously unfavorable scal-
ing with molecular size. Notwithstanding the rather positive appraisal of the local density
approximation for the evaluation of molecular geometries and vibrational frequenciesin
the preceding chapter, binding energies obtained with this method are generally very inac-
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Table 9-1. Deviations between computed atomization energies and experiment for the JGP test set employing the
6-31G(d) basis set [kcal/mol]. Taken from Johnson, Gill and Pople, 1993.

HF MP2  QCISD SVWN SLYP BVWN  BLYP
mean abs. dev. 86 2 29 36 (40)° 38 4 (4 6
mean dev. -86 22 29 36 (40)° 38 0 (4) 1

@Basis set free results taken from Becke, 1992.

curate. The literature is full of results giving testimony to the inability of this method to
deliver even qualitatively meaningful answersfor problemsrelated to chemical energetics.
This problem was recogni zed more than two decades ago and was actually the main stimu-
lus for the development of gradient corrections and, later, hybrid functionals.

Computed atomization energies, i. e, of the (hypothetical) reactions in which a mol-
ecule is broken up into its constituent ground state atoms, are often very error-prone since
their evaluation necessitates the breaking of each bond in a molecule. While we usually
have a closed-shell molecule on the left hand side of the reaction, the ground state atoms
defining the right hand side are open-shell with varying multiplicity. Hence large differen-
tia correlation effectsaretypical for these reactions. Therefore, the calculation of atomiza-
tion energies is a stringent test for any computational strategy and the deviations from
experiments seen in such studies can probably be considered as upper bounds. As an in-
structive example, Table 9-1 shows some error statistics for atomization energies obtained
with different methods in combination with the rather small 6-31G(d) basis set for the JGP
set of 32 first and second-row species.

Itisapparent that the Hartree-Fock level is characterized by an enormous average devia-
tion from experiment, but standard post-HF methods for including correlation effects such
as MP2 and QCISD also err to an extent that renders their results completely useless for
thiskind of thermochemistry. We should not, however, be overly disturbed by these errors
since the use of small basis sets such as 6-31G(d) is a definite ‘ no-no’ for correlated wave
function based quantum chemical methods if problemslike atomization energies are to be
addressed. It suffices to point out the general trend that these methods systematically un-
derestimate the atomi zation energies due to an incompl ete recovery of correlation effects, a
reliable assessment of which requires sufficiently large and flexibly polarized basis sets.*
The errors are systematic because correlation effects are always stronger in molecular sys-
temsthan in their fragments (most correlation effectsare roughly proportional to the number
of spin-paired electrons). An insufficient recovery of electron correlation leadsto alack of
stabilization of the parent molecular systems, which causes the underbinding tendency.
The LDA, in turn, shows a notorious overbinding for every single molecule in the test set
except Li,, and deviations from experimental atomization energies aslarge as 220 % occur

% The G2 extrapolation scheme — which is a prescription to extrapolate the quality of QCISD(T)/
6-311++G(3df,2p) calculations — actually reaches chemical accuracy for the G2 test set of species, but only
with an empirical correction, depending on the number of electron pairs in a molecule in order to better
account for these effects.
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Table 9-2. Signed deviations [kcal/mol] between computed atomization energies (employing a 6-31G(d) basis)
and experiment. Taken from Johnson, Gill, and Pople, 1993.

Molecule SVWN  SLYP BVWN BLYP Molecule SVWN  SLYP BVWN BLYP

CH 7 6 3 0 F, 47 55 11 18
CH,(B) 21 19 2 -2 0, 57 68 10 19
CH, 31 28 3 -2 N, 32 39 =) 6
CH, a4 40 4 -3 co 37 46 -5 1
CH, 50 55 -9 -6 CN 37 45 3 9
CH, 70 71 -3 4 NO a4 53 5 13
C,Hg 86 85 -1 -6 Cco, 82 99 -3 11

for particular species like F, (see below). Although better than the HF approximation, the
LDA iscertainly not auseful thermochemical tool with amean absolute deviation of 36 kcal/
mol and it has largely been abandoned for thiskind of studies. In an attempt to amend the
situation by inclusion of a gradient-corrected correlation functional (SLY P) one ends up
with even larger errors, which isirksome at first sight. A spectacular improvement, though,
resultsfrom the application of gradient correctionsto exchange (but not to correlation): the
BVWN functional affords a reduced mean absol ute deviation of 4 kcal/mol. Inspection of
the last two columns in Table 9-1 again shows that inclusion of gradient corrections to
correlation (toyield the BLY Pfunctional) slightly decreasesthe overall accuracy. The com-
parison with basis set free results for the same set of species taken from a paper published
by Becke, 19923, reveals no significant influence of the basis set size on the overall per-
formance of the SVWN or the BVWN functional .3 Becke has shown in subsequent work
that neither the choice of the PW91 parameterization of the uniform electron gas (instead
of VWN) nor the addition of PW91 gradient correctionsfor correlation significantly changes
the overall picture (Becke, 1992b). Also in this latter study, adlightly larger mean absolute
deviation occurred for the G2 set of molecules upon inclusion of gradient corrections to
correlation as compared to exchange-only corrections.

A closer look at the original data published by Johnson, Gill, and Pople, 1993, reveals
that use of the gradient-corrected LY P correlation functional instead of VWN increases
atomization energies for non-hydride species quite significantly, while those containing
hydrogen atoms are reduced. This rather systematic trend is portrayed in Table 9-2 for a
few example cases.

Use of the LY P correlation functional apparently reduces the overbinding proportional
to the number of hydrogen atoms by about 1 kcal/mol per H from CH to CH,. On the
contrary, for the nonhydride diatomicslisted, the atomization energiesincrease by 4-5 kcal/
mol per atom upon substitution of VWN by the LY P functional. For species like C,H,,

31 The largest deviations occur for different species, however. The BVWN results published by Becke were
obtained in a post-L DA manner at LDA optimized geometries as opposed to the data published by Johnson,
Gill, and Pople, 1993, which were computed selfconsistently at geometries corresponding to the respective
level of theory. Hence, it is difficult to unambiguously pin down the origin of these differences.
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C,H,, and C,Hg, in which both types of bonds are broken, the particular stoichiometry
determines which functional performs better. The very same trends are observed for other
correlation functionals (see Becke, 1992b). Such behavior is clearly unsatisfying and an
indication that an only incomplete error cancellation is operative. Consequently, quitelarge
errorscan occur for unfortunate cases (ranging from—12 kcal/mol for H,O to +19 kcal/mol
in the case of NO for the BLY P functional). While BP86 compares favorably with other
GGA functionals for the evaluation of molecular structures and vibrational frequencies, it
is defeated by BLY P when it comes to determining atomization energies. In combination
with the 6-31G(d) basis set, the BLY P functional yields atomization energiesfor the G2 set
with a mean absolute deviation 2 kcal/mol smaller than BP86 and a significantly smaller
maximum deviation (Bauschlicher, 1995a). Using alarge 6-311+G(3df,2p) basis, the situ-
ation becomes even worse for BP86: the mean unsigned error isalmost 5 kcal/mol smaller
at the BLYP level and the difference in maximum errorsis nearly 10 kcal/mol in favor of
the latter.* The newer PWOL correlation functional performs equally well or marginally
better than LY Pwhen used in combination with the Becke exchange term. Both show very
similar mean absolute deviations for over 100 atomization energies evaluated in the com-
prehensive study of Scheiner, Baker, and Andzelm, 1997 (cf. Table 9-3).

Although observed maximum deviations are sometimes substantial and evidently far
from chemical accuracy, the fact that the overall errors for gradient-corrected functionals
are more than five times smaller than those of the traditional wave function based methods
shows nonethel ess their general suitability for thermochemical studies at amodest level of
computational effort. The BLY P functional in combination with small basis sets would
lend itself particularly well to thermochemical studies on extended systems, where the
computational demands of larger bases or correlated post-HF methods are prohibitive.
However, for medium sized hydrocarbons alarge underestimation of atomization energies
has been observed for the BLY P functional. The BP86 functional overestimated the same
atomi zation energies twice as much as BLY P underestimated them, so here BPW91 seems
to be the GGA functional of choice with only very moderate deviations (Curtiss et al.,
1997). All inal, theintroduction of gradient correctionsto exchangeisthe key toimproved
thermochemical data, whereas the influence of correctionsto the correlation term is rather
modest (inclusion of the latter, however, has important consequences for the accuracy of
computed ionization energies, see below). The importance of gradient corrections to ex-
changeisnot completely unexpected considering the fact that exchange, which isthe domi-
nant component of the exchange-correlation energy in Kohn-Sham theory, is largely in
error in the LDA. Gunnarson and Jones, 1985, have argued convincingly that much of the
exchange error inherent to the LDA stems from an improper incorporation of angular char-
acteristics and nodal structures of the Kohn-Sham orbitals. Differential exchange effects
are generally overestimated and errors in atomization energies are largest for molecular
systems, in which substantial changesin the orbital nodal structure occur —e. g., upon bond
formation from atoms resulting in occupied antibonding orbitals as in O,. Similar argu-

32 Remarkably, the BLY P functional approaches or sometimes surpasses the accuracy of hybrid functionals if
small basis sets are used (see Table 9-5).
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ments can be used to rationalize, for example, the huge overbinding of F, by the LDA
(borrowing from an illuminating paper by Ernzerhof, Perdew, and Burke, 1997). The ex-
perimental dissociation energy of the fluorine molecule into two ground state atoms (F,
(123) — 2F (ZPU)) amountsto 37 kcal/mol. Hartree-Fock and thelocal density approxima-
tion both give ridiculously wrong results: with the 6-31G(d) basis set the former yields
—34 kcal/mol (the fluorine molecule is unbound at the HF level with respect to the two
constituting F atoms) while the latter gives a binding energy of 84 kcal/mol, overshooting
the experimental D, by more than afactor of two. Since F, formally containsasingle bond,
these large errors are somewhat irritating. It is, however, well known that the lone pairsare
strongly interacting in molecular F,, which in fact is the origin of the problems for both
methods. HF fails because it does not account for correlation energy and the el ectron pairs
repel each other too strongly. If correlation is included through second or fourth order
Magller-Plesset perturbation theory, very realistic binding energies of 35 and 30 kcal/mol,
respectively, result. To LDA, on the contrary, overlapping lone pairs are nothing but ahigher
electron density. This method overestimates the exchange stabilization brought about by
these orbital interactions, which leads to an overestimation of the molecular binding en-
ergy. Incorporation of explicit density gradient dependencies into the exchange terms re-
pairs the shortcomings to a large extent (BVWN gives 47 kcal/mol), but still, GGA
functionals do not quite reach chemical accuracy. It is clear that the gradient-corrected
functional s represent a major improvement over the local density approximation and de-
liver average errors which sometimes get close to our target accuracy of 2 kcal/mol. Like-
wise, the dataindicate that even though the various GGA functionalsdiffer significantly in
their mathematical appearance, they all perform quite similarly. However, we also note that
the maximum deviations are significant and that we are still along way from a density
functional approach that is able to generally provide chemical accuracy.

In view of this situation, Becke has taken the next logical step and improved the GGA
performance by admixture of exact exchange aswe have already discussed to some extent
in Chapter 6. Hisfirst approach, the half-and-half scheme (Becke, 1993a), did not include
gradient corrections and was not much of an improvement over GGA functionalsin terms
of thermochemical accuracy. However, a subsequently suggested parameterized version,
which included gradient corrections to exchange and correlation, gave impressively re-
duced mean errors for atomization energies of the G2 set (Becke 1993b). This was the
forerunner of the now widely used B3LY P hybrid (Stephenset al., 1994) which today isthe
most popular density functional and isimplemented into most major computer codes. For
details on these functionals, the reader should leaf back to Section 6.6.

Bauschlicher and Partridge, 1995, tested the B3LY P functional in combination with
different basis sets on the G2 set of molecules. In combination with the 6-31G(d) basis, it
yields an accuracy comparable to that of the pure BLY P functiona (5.2 kcal/mol average
error). This only mediocre performance improves significantly to a mean absolute error of
only 2.2 kcal/moal, if the larger 6-311+G(3df,2p) basis is used, regardless of whether the
geometrieswere obtained at thislevel or with the much more affordabl e 6-31G(d) basis set.
Also, use of the aug-cc-pV TZ basis gave an improved average error of 2.3 kcal/mol, almost
reaching the desired goal of chemical accuracy. However, in this study the atomization
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Table 9-3. Mean absol ute deviations (MAD) from experiment [kcal/mol] for 44 atomization energies and number
of results that deviate by less than 5, between 5 and 10, and over 10 kcal/mol from experiment. Taken from
Martell, Goddard, and Eriksson, 1997.

Basis set MAD <5 [5.100 >10 MAD <5 [5.10] >10
BLYP B3LYP
6-31G(d,p) 7.6 21 12 11 5.6 26 15 3
6-311G(d,p) 6.8 23 11 10 6.8 23 14 7
cc-pvDZ 7.3 20 13 11 85 13 20 1
cc-pvVTZ 7.2 20 12 12 31 36 5 3
BP86 B3P86
6-31G(d,p) 12.7 9 9 26 6.7 21 12 1
6-311G(d,p) 10.4 15 7 22 6.2 24 12 8
cc-pvDZ 9.9 13 10 21 5.4 25 15 4
cc-pvVTZ 14.2 5 8 31 6.9 21 11 12
BPWO1 B3PWI1
6-31G(d,p) 7.0 22 1 1 5.6 24 17 3
6-311G(d,p) 6.1 24 11 9 6.9 21 17 6
cc-pvDZ 7.2 20 12 12 8.4 13 19 11
cc-pvTZ 7.8 19 1 14 338 36 6 2

energy for SO, proved to be very problematic and the results for this molecul e were found
to be extremely sensitive to the basis set quality. Martell, Goddard and Eriksson, 1997,
studied the performance of thethree commonly used GGA functionals, namely BP86, BLYP,
and BPW9L1 together with the corresponding hybrid functionals B3P86, B3LY P, and
B3PW91 on a set of 44 small first and second-row molecules. They used four different
basis sets (6-31G(d,p), 6-311G(d,p), cc-pvVDZ, and cc-pVTZ) in order to assess the reli-
ability of predicted atomization energies with these moderately sized bases.>* Comparing
the results for different basis sets and functionals it is important to firstly realize that no
particular method providesresults superior to all others. The authors noted ageneral under-
estimation of atomization energies for the two hybrid functionals B3LY P and B3PW91,
which contrasts with the overestimation found for the three pure GGA protocols and, to a
smaller extent, for the B3P86 hybrid. Looking at the mean absolute errors for al method/
basis set combinations documented in Table 9-3, the B3LY P functional gives the highest
accuracy, closely followed by B3PW9L. Larger errors occur for the B3P86 hybrid, which
only marginally surpasses the BPW91 and BLY P gradient-corrected functionalsin terms
of accuracy. Theworst performanceisfound for the BP86 functional, for which deviations
from experiment below 5 kcal/mol are the exception. The error pattern compiled in Table

33 Molecular geometries, which were not reported in this study, have been obtained using the 6-31G(d,p) and cc-
pVDZ basis sets. Thus, the 6-311G(d,p) and cc-pV TZ results refer to single point energy calculations only.
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Table 9-4. Average shifts in atomization energies upon basis set enlargement [kcal/mol]. Based on data taken
from Martell, Goddard, and Eriksson, 1997.

BLYP B3LYP  BP86 B3P86 BPW91  B3PWO1
6-31G(d,p) — 6-311G(dp) 26 -2.6 2.6 -2.0 25 24
ccpvDZ - copVTZ 48 5.5 5.2 5.9 5.0 5.9

9-3revealsthat the B3LY P and B3PW9L1 hybrid functionals give quite reliable atomization
energies in combination with the cc-pV TZ basis set. The most problematic systemsin this
study were SO,, ClO, and CCl, which also pose severe difficulties for traditional quantum
chemical methods.

A disturbing trend in the basis set dependence is seen from the mean unsigned errors
listed in Table 9-3. Reduced errors occur for the pure GGA functionals and B3P86 when
improving the quality of the Pople-type basis from 6-31G(d,p) to 6-311G(d,p) — exactly
what one would expect for any well-behaved quantum chemical method. Yet the opposite
trend emergesfor the correlation consistent basis sets when going from the polarized dou-
ble-zetacc-pVDZ to the polarized triple-zeta cc-pV TZ basis set. Better results are obtained
with the smaller basis set. Only the B3LY P and B3PW91 results show the expected behavior,
these two functionals deliver the smallest mean absolute errors of all methodsif combined
with thelarge cc-pV TZ basis set. These baffling findings can be rationalized by inspection
of the data summarized in Table 9-4.

In spite of large differences in mean errors obtained with the various methods tested,
substitution of the 6-31G(d,p) basis by the larger 6-311G(d,p) set yields a systematic shift
to reduced atomization energies on average by 2.5 kcal/moal, irrespective of the method
used. Conversely, use of the larger cc-pVTZ instead of the cc-pV DZ basis set brings about
an increase in atomization energies, on average the order of +5.5 kcal/mol. Apparently, the
6-311G(d,p) basisyields a better description of isolated atoms, whereas the improved cor-
relation consistent basis stabilizes molecular systems quite significantly with respect to the
atoms. These shiftsexplain why GGA functional's, which usually overestimate atomization
energies, perform better with the larger Pople-type 6-311G(d,p) and the smaller cc-pvVDZ
correlation consistent basis set. The clearly visible reason is once again error cancellation.

Another study by Scheiner, Baker, and Andzelm, 1997, has quite extensively addressed
the evaluation of atomization energieswith respect to different functionalsand basis sets of
varying quality. In this work it has been observed that polarized double- and triple-zeta
basis sets which have been explicitly optimized at the LDA level (denoted DZVP, p, and
TZVP, pp) are better suited for LDA and GGA calculations than for hybrid functionals.
Use of a standard TZV 2P basis for BLY P and BPW91 led to ca. 1 kcal/mol larger errors
compared to results obtained with the TZVP, 5 basis set, whereas just the opposite has
been observed for the B3LY P hybrid functional. Furthermore, the latter functional still
showed aremarkable drop by 2.5 kcal/mol in mean absol ute deviationsif alarge uncontracted
aug-cc-pV TZ basis set was used —in contrast, only marginal improvements (below 0.3 kcal/
mol) were seen for BLY P and BPW91. Apparently, the basis set requirements for con-
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verged results are higher for hybrid methods than for GGA functionals. Furthermore, it
seems that hybrid methods get along much better with standard basis sets taken from the
wave function ab initio world than GGA functionals do.

Redfern, Blaudeau, and Curtiss, 1997, have tested the BLYP, B3LYP, BPW91, and
B3PW91 functional s with respect to the accuracy of atomization energies computed for a
set of 19 molecules containing third-row, non-transition-metal elements. They used arather
large 6-311+G(3df,2p) basis set for single point energy cal cul ations on top of MP2/6-31G(d)
geometries (which might not give the highest accuracy possible for the density functional
treatment). Among the functional stested, the B3PW9L approach afforded the lowest aver-
age unsigned and maximum error (2.1 and 5.7 kcal/mol, respectively) which compared
nicely to much more costly G2 calculations (1.2 and 5.2 kcal/mol). The B3LY P functional
gave dightly worse energetics (3.3 and 6.2 kcal/mol), whereas the pure GGA functionals
led to larger mean errors and substantial maximum deviations (BLY P: 5.3 and 24.2 kcal/
mol; BPW91: 4.5 and 24.7 kcal/mol).

Before we end this discussion let us take up the thread from Section 6-9 and present
some results pertaining to the large number of new functionals that have emerged in the
past few years. Theliterature containsavariety of attemptsto further improve the accuracy
of density functional methods, which essentially follow two distinct lines, namely (a) the
fitting of adjustable functional parameters to some kind of experimental data and (b) the
fulfillment of theoretically derived and physically meaningful conditions. Examples, for
instance, belonging to thefirst category arethe CAM(A) and CAM(B) exchangefunctionals
reported by Laming, Termath, and Handy, 1993. Two different fitting proceduresto experi-
mental data have been applied and for a G2 subset the resulting functional s showed a non-
uniform performance. If combined with the LY P correlation functional, the CAM(A)-LY P
functional gave significantly improved geometries as compared to BLYP but at the same
time much worse mean errorsfor atomization energies. In contrast, the CAM(B)-LY Pfunc-
tional showed the reverse behavior with worse geometric parameters than CAM(A)-LY P
but smaller errorsfor atomization energies (CAM(A)-LY P: 21.9 kcal/mol, CAM(B)-LYP:
6.5 kcal/mol, BLY P: 9.5 kcal/mal). Such a situation is of course by no means satisfying.
On the one hand, the results show that thereis definitely room for improvement within the
particular formulations of GGA functionals by means of fitting procedures and CAM(B)-
LY P might indeed appear as a useful improvement over the BLY P functional. On the other
hand, one could expect from theoretical reasoning that an improved description of molecu-
lar binding also leads naturally to abetter performancein structure prediction, which obvi-
oudly is not the case. It is hence apparent that reparameterization does not necessarily im-
prove the fundamental physics but rather exerts some shift on the outcome of error com-
pensation effects. Therefore, one can rightly argue that this might lead to a non-systematic
performance for molecules or properties not included in thefitting set, which would render
the quality of such corrections very difficult to judge a priori. Obviously, only extensive
testing can identify the particular advantages and potential caveats of such functionals.

Theideaof modifying existing functionals by fitting particular termsto accurate experi-
mental data has been tempting to others, too. Stewart and Gill, 1995, have reparameterized
asimplified LY P correlation functional formalism, and tested its performance for atomiza-
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tion energiesin combination with Becke's 1988 (B) exchange term. This new simple func-
tional, referred to as Becke-Wigner (BW), has been tested with the 6-31G(d) and
6-311+G(3df,2p) basis sets to evaluate the atomization energies of the G2 set. The result-
ing mean absolute errors were slightly in favor of BLYP (6-31G(d): 5.5 and 4.5,
6-311+G(3df,2p): 4.9 and 4.7 kcal/mol, for BW and BLY P, respectively). However, the
computed data for individual molecules were quite different. If combined with the rather
modestly sized 6-31+G(d) basis set, the empirical density functional EDF1 by Adamson,
Gill, and Pople, 1998, yields reasonably good results with mean absolute errors for atomi-
zation energies of 3.2 kcal/mol compared to 4.4 and 5.9 kcal/mol for BLYPand B3LYPin
thisbasis, respectively. Noimprovement has been found upon exact exchange admixture. It
will be interesting to see a further assessment of the accuracy of this functional in future
applications. Neumann and Handy, 1995, implemented the Becke-Roussel exchange func-
tional (BR), which was fitted to model the shape of the Hartree-Fock exchange holein a
two-term Taylor expansion without any reference to the electron gas model. This func-
tional (which depends on the density, its gradient and Laplacian as well as on the kinetic
energy density) was tested in combination with the P86 correlation functional, employing
apolarized triple-zeta TZ2P basis set, and atomization energies were obtained for a set of
27 diatomic first and second-row molecules with amean error of 5.5 kcal/mol (compared
to 6.0 kcal/mol for BP86 applied to the same set). When used in arefitted three parameter
hybrid framework with some 20 % exact exchange admixture (BR3P86), the resulting at-
omization energieswereimproved with respect to the pure GGA, but slightly larger overall
and maximum deviations occurred as compared with B3P86 results. As briefly mentioned
in Chapter 6, Becke, 1997, proposed another functional, which contains exact exchange
admixture and was derived from a systematic fitting to thermochemical data of the G2 set
by adjusting 10 parameters, i. e., B97. Atomization energies were obtained with a mean
absolute deviation of 1.8 kcal/mol and an absolute maximum error of 5.5 kcal/mol. This
accuracy closely approachesthat of the G2 extrapolation scheme, for which 1.2 and 5.1 kcal/
mol result for mean and maximum absolute deviations, respectively. Hence, this fitting
scheme created a functional which definitely surpasses the quality of hybrid functionals
like B3LY P or B3PW91. However, thisnew method is awaiting the extensive testing which
the latter two hybrids have seen in the recent past, and it remainsto be verified whether its
performance endures asfavorably asfound for thetest set for which it hasbeen parameterized.
B97-1, the self-consi stent reparameterization of the B97 functional leadsto adlightly larger
mean absolute error (2.2 kcal/mol) for atomization energies of a G2 subset of species if
combined withaTZ2Pbasisset (Hamprecht et a.., 1998). Rather impressivethermochemical
results as documented in Table 9-5 have been reported by van Voorhis and Scuseria, 1998,
for their VSXC functional. Thisfunctiona wasthe outcome of afitting procedure adjusting
no lessthan 21 different parameters. In addition, it goes beyond the standard GGA functionals
by depending also on the non-interacting kinetic energy density. Further developments
aong similar lines have been reported in the recent literature and are discussed in Chap-
ter 6.

Neumann and Handy, 1996, implemented the recent B95 correlation functional and
tested it on a G2 subset. This functional was originally proposed by Becke and obeys
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some physically motivated minimal requirements, thus representing our first example of
path (b) among the lines of modern functional development. In Becke's original work
(Becke, 1996a) the new method has been applied in a post-LDA manner (i. e., the func-
tional was applied on KS orbitals and the corresponding density obtained from a con-
verged SVWN cal culation —as usually done by thisauthor) whereas Neumann and Handy
tested afully selfconsistent implementation. Benchmarked for atomization energies of the
G2 set (or asubset thereof by thelatter authors), the new functional led to large overbinding
for non-hydrogen species, exaggerating the above mentioned observations for the inclu-
sion of gradient correctionsto correlation even more. Species containing hydrogen atoms
on the other hand, were described with abetter accuracy. The error of the pure GGA (i. e.,
non-hybrid) form (BB95, 8.8 kcal/mol) was found inferior even to BP86 (6.0 kcal/mol)
by Neumann and Handy, confirming the disappointing results of Becke's original investi-
gation. Better results, however, were obtained for afitted single parameter hybrid imple-
mentation, blending B with exact exchange (dubbed B1B95). Becke found this functional
superior to histhree parameter fit (mean unsigned error 2.0 vs. 2.4 kcal/moal). Correspond-
ingly, asmaller error was also reported for B1B95 (2.6 kcal/mol) than for B3P86 (3.2 kcal/
mol) in the study by Neumann and Handy. Another functional, which does not rely on
empirical adjustments, isthe PBE functional introduced by Perdew, Burke, and Ernzerhof,
1996. When applied to atomization energiesfor the G2 set of species (in combination with
the rather flexible 6-311+G(3df,2p) basis set on top of MP2 optimized structures), this
functional performs much better than SVWN, but does not reach the accuracy of BLYP
(mean absolute errors are SVWN: 36.4, PBE: 8.6, BLYP: 4.7 kcal/mol). Admixing of
25 % exact exchange does ameliorate the performance but, as reported by Ernzerhof and
Scuseria, 19993, the resulting PBE1PBE hybrid functional still falls short of the B3LYP
hybrid. For the extended G2 set (148 molecul es) the errors amount to 4.8 and 3.1 kcal/mol
for the PBE1IPBE and B3LY P functionals, respectively. For the original G2 set consisting
of 55 molecules the errors are reduced to 3.5 kcal/mol (PBE1PBE) and 2.4 kcal/mol
(B3LYP). In arelated study, Adamo and Barone, 1999, report an absolute mean error for
the PBE1PBE functional combined with the 6-311++G(3df,3pd) basis set on the 32 mol-
ecule JGP subset of the G2 database of 2.6 kcal/mal. Finally we mention the recent contri-
bution by Rabuck and Scuseria, 1999, who applied the B3LYP, VSXC, PBE1PBE and
PBE functionals to the determination of enthalpies of formation for molecules which are
not included in the typical density functional training sets and which are known to be
problematic. As expected, the average errors are significantly larger than for the G2 or
related references. The best performanceis achieved with theV SXC functional (8.8 kcal/
mol absolute average deviation, 24.3 kcal/mol maximum deviation) followed by B3LY P
(0.6 and —37.2 kcal/mol, respectively) and PBE1PBE (11.5 and 39.5 kcal/mol, respec-
tively). The pure GGA functional PBE works significantly worse and shows an average
error of 38.2 kcal/mol and a maximum error exceeding 100 kcal/mol, rendering it fairly
uselessin this context. Remember that V SX C achievesits good performance without con-
taining any Hartree-Fock exchange. Rather, it differs from regular GGA functionals by
the fact that it depends not only on the density gradient but also on the kinetic energy
density.
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In conclusion, according to the results of avariety of systematic studies, theintroduction
of hybrid functional s can be considered a successful step towardsthe ultimate goal of chemi-
cal accuracy for the evaluation of atomization energies of main group species, provided
that basis sets of polarized triple-zeta quality or better are used. Although functionals like
B3LYP and B3PW91 do not quite reach the target accuracy of below 2 kcal/mol, they
provide a pragmatic means to predict atomization energies with a pleasing accuracy. As
such, they constitute highly efficient alternativesto far more demanding post-HF methods,
which show comparable mean and maximum deviations in a variety of cases. These two
hybrid methods in particular are available in several major computer codes and provide a
significant improvement over results for pure GGA functionals with only few exceptions.
From the data given above, the rough hierarchy of functionals given in Section 6-9, i. e.,
LDA < GGA < hybrid functionals, is confirmed. If we go one step further and also ask the
question, which of the widely available functionalsis to be recommended with respect to
the quality of the computational prediction of atomization energies, wearrive at thefollow-
ing conclusion (with the expected accuracy increasing from left to right):

SVWN << BP86 < BLYP =~ BPW91 < B3P86 < B3LYP = B3PW91.

In terms of basis sets, there is compelling evidence that sets smaller than polarized tri-
ple-zeta quality significantly reduce the accuracy that can be obtained with modern hybrid
functionals and cannot be recommended if quantitative energetic results are the prime tar-
get.

In Table 9-5 we summarize the performance of various functionals discussed above as
collected from many sources, which highlights the conclusions of the above discussion.

Table 9-5. Compilation of mean absolute and maximum absolute deviations (in parentheses) for atomization
energies [kcal/mol] of small main group molecules from different sources.

32 1% row species, 6-31G(d) basis set, Johnson, Gill, and Pople, 1993

HF 85.9 SVWN 35.7
MP2 224 BVWN 4.4
QCISD 28.8 BLYP 5.6

33 1% and 2" row diatomic molecules, TZ2P basis, Laming, Termath, and Handy, 1993

LDA 436 (18.3) CAM(A)-LYP 21.9 (14.5)
BLYP 95 (9.3) CAM(B)-LYP 6.5 (12.0)

G2 set, B1 = 6-31G(d), B2 = 6-311+G(3df,2p), Bauschlicher, 1995

HF/B1 80.5 (184.3) HF/B2 745 (170.0)
MP2/B1 16.0 (40.3) MP2/B2 73 (25.4)
BLYP/B1 5.3 (18.8) BLYP/B2 5.0 (15.8)
BPS6/B1 72 (24.0) BPS6/B2 103 (25.4)
B3LYP/B1 5.2 (31.5) BPS6/B2 22 (8.4)
B3P86/B1 5.9 (22.6) BPS6/B2 78 (22.7)
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Table 9-5, continued.

G2 set, Bauschlicher and Partridge, 1995

6-31G(d) aug-cc-pvVTZ 6-311+G(3df,2p)
B3LYP 52 (31.5) 2.6 (18.2) 2.2 (8.1)

44 1% and 2" row species, Martell, Goddard, and Eriksson, 1997

BLYP  BPS6 BPWO1 B3LYP B3P86  B3PWOL
6-31G(d,p) 76 12.7 70 56 6.7 56
6-311G(d,p) 6.8 104 6.1 6.8 6.2 6.9
cc-pvDZ 73 9.9 7.2 85 5.4 8.4
Cce-pvVTZ 72 14.2 78 3.1 6.9 38

G2 set, Stewart and Gill, 1995

BW/6-31G(d) 55 (25.5) BLY P/6-31G(d) 45 (16.3)
BW/6-311+G(3df,2p) 4.9 (15.3) BLYP/6-311+G(3df,2p) 4.7 (15.3)

27 1% and 2" row diatomic molecules, TZ2P basis, Neumann and Handy, 1995, 1996

BPS6 6.0 (18.3) B3P86 32 (9.3)
BRPS6 55 (14.5) BR3PS6 31 (12.0)
B1B95 8.8 (24.1) B1B95 2.6 (9.4)

19 speciesincl. 39 row atoms, 6-311+G(3df,2p) basis, Redfern, Blaudeau, and Curtiss, 1997

G2 12 (5.2)
BLYP 5.3 (24.2) B3LYP 3.3 (6.2)
BPWO1L 45 (24.7) B3PWO1 21 (5.7)

108 1% and 2™ row species, Scheiner, Baker, and Andzelm, 1997

DZVP,pp TZVPoa DZP  6-31G(d) Tz2P  UCC
SVWN 476 52.1 47.0 52.2 50.1 56.4
BLYP 7.4 6.9 10.2 7.0 7.4 7.1
BPWO1 6.4 6.2 97 74 7.3 7.0
B3LYP 838 7.8 10.1 6.8 65 41

G2 set, 6-31+G(d) basis set, Adamson, Gill, and Pople, 1998

EDF1 32 (15.3) BLYP 44 (16.3)
B3LYP 5.9 (35.9)

G2 (first 2 cols.) and ext. G2 set, 6-311+G(3df,2p) basis, Ernzerhof and Scuseria, 1999a

SVWN 36.4 (84) 83.7 (216)
PBE 8.6 (26) 17.1 (52)
BLYP 47 (15) 71 (28)
B3LYP 24 (10) 31 (20)
PBE1PBE 35 (10) 48 (24)
VSXC 25 (10) 27 ()
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9.2 Atomic Energies

Now that we have considered the performance of DFT for the prediction of atomization
energies for main group species in some detail, we focus a little closer on the right hand
side of such reactions: the atoms. Atoms are not only the smallest subunits in chemistry,
they are— seemingly paradoxically — also among the most difficult systemsto describe for
approximate density functional theory. The only exceptions which are completely
unproblematic include closed-shell atoms, such as the ground states of the rare gases, but
these are not the subject of this section. Although the errors seen in the preceding section
stem at least to some extent from problems describing main group atoms in general and
atomic states in particular, the main thrust of the following discussion will be geared to-
wards transition-metal atoms and ions. The multifaceted chemistry of transition-metalsis
largely determined by their variable occupation of nd, (n+1)s, and (n+1)p valence orbitals
which poses severe challenges for atheoretical treatment. From a physical point of view,
subtle differential correlation and exchange effects of the various nd® (n+1)s® occupations
areredlized in the different atomic states. A method which aims at an accurate description
of atomic states must be capabl e of providing abalanced and unbiased representation of the
many possible electronic situations. Thisisanything but an easy task for any current quan-
tum chemical strategy, including sophisticated approaches such as configuration interac-
tion or coupled cluster methods. One should therefore not be surprised that problems arise
with Kohn-Sham methods based on approximate density functionals.

A second major reason why atoms are so difficult, in particular for methods rooted in
approximate density functional theory, has been touched upon aready in Chapter 5. In
Kohn-Sham theory, by definition, we do not have accessto the correct many-electron wave
function and its symmetry requirements. It is therefore not clear how to deal with atomic
terms whose wave functions are eigenfunctions of the 12,2 and related operators (see
Section 5.3.7). The usual way out isto select asi ngledeterm| nantal non-interacting Kohn-
Sham reference system for defining the values of the conserved quantum numbers. This
leads to ambiguities and possible inconsistencies in the description of these states. Con-
sider the high spherical symmetry of atomic speciesand recall from Chapter 5 theinability
of current approximate functionals to properly account for the related degeneracy effects
which occur in open-shell situations. A comprehensive computational study to investigate
these problems has been reported by Baerends, Branchadell, and Sodupe 1997. They dem-
onstrate that such difficulties already show up for main group atoms with partialy occu-
pied p-orbitals. Let us consider the example of a?P ground state for a boron atom with its
[He] (29)% (2p)* electron configuration. The energy differences between the spherical den-
sity with 1/3 of an electron in each of the three real p-orbitals and a non-spherical density
derived from occupying the real p, orbital® amounts to some non-negligible 0.2 eV if the
BP86 protocol is used. If instead one of the complex p-orbitalsis occupied (e. g., p, +ip,
which correspondsto M, = 1), theresulting energy isroughly in-between the previous two

34 This corresponds to the component of 2P with M, =0. Occupying thereal p, or p, orbital resultsin the same

energy — but note that the real p, and p, orbitals are no longer eigenfunctions of the L2 operator.
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9 Relative Energies and Thermochemistry

results. The exact energy density functional would be invariant over the set of charge den-
sities bel onging to adegenerate ground state and would produce precisely the same energy
for all these possible representations. However, none of the currently known approximate
density functionals is able to meet this requirement. This type of problem is particularly
prominent when it comes to describing transition-metal atoms or ions with partially filled
d-shells. Here, the energy even depends on which of the real d-orbitals are selected for
specifying the configuration, because the shape of the d,2 orbital differs from the shape of
the other four orbitals of this set. We already illustrated this problem in Chapter 5 for the d*
configuration of the ten-fold degenerate °D ground state of the scandium dication. The
important take home message here is that due to the deficiencies of the currently used
density functionals, there is no unambiguous reference energy for atoms in approximate
density functional theory.

What isobviously needed isagenerally accepted recipefor how atomic states should be
dealt with in approximate density functional theory and, indeed, afew empirical ruleshave
been established in the past. Most importantly, due to the many ways atomic energies can
be obtained, one should always explicitly specify how the cal cul ations were performed to
ensure reproducibility. From atechnical point of view (after considerable discussionsin
the past among physicists) thereis now ageneral consensus that open-shell atomic calcu-
lations should employ spin polarized densities, i. e. densities where not necessarily

p(F) = %pa (r) + % pg(T) - Note that this does not mean that the unrestricted Kohn-Sham

formalism has to be used, restricted open-shell variants are in principle equaly eligible
(but recall the discussion in Section 5.3.5). All this condition states is that the o-density
does not haveto be equal to the B-density. Actually, thisrule must seem trivial and enforces
itself almost automatically, because spin unpolarized open-shell calculations are — if pos-
sibleat all —usually difficult to perform with most current program packages. By the same
token, densities that are allowed to be non-spherical should be used. The corresponding
atomic orbitals should be occupied either by one or two electrons rather than distributing
the N electrons equally over the n degenerate orbitals.® This ruleisalso —in principle —
automatically obeyed in most cal cul ations done with standard codes, sinceit representsthe
default way of performing such calculations. However, evenin caseswhereacalculationis
started with an integer occupation of d-orbitals, unphysical mixings between d-orbitals
and the (n+1)s-orbital may occur, depending on the symmetry imposed. The solutions
resulting from such scrambling of the original occupation pattern cannot usually berelated
toany physical state anymore, asoutlined further bel ow. When spin-polarized, non-spheri-
cal densities are allowed, the additional variational freedom leads to solutions which are
usually significantly lower in energy than if these restrictions are enforced.

%5 The physical reasoning for why these densities were frequently employed in the earlier days of density func-

tional theory wasthat in thisway the degeneracy of the partially filled d-orbitals could be retained. A technical
reason why these densities till have to be employed in some recent investigations is that calculations with
integral orbital occupations simply do not converge in the self consistent field procedure (see, e. g., Blanchet,
Duarte, and Salahub, 1997). Such densities correspond to a representation of a particular state 25" with M
= Sand aspherica averaging over M, .
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Following the discussion in Section 5.3.7, among the possible occupations of the real
atomic orbitals connected to a formal configuration one should select only those which
correspond to a single-determinantal representation of the desired atomic term. As stated
very early on by Ziegler, Rauk, and Baerends, 1977, only such single-determinantal states
arevalid for adescription using the current Kohn-Sham technol ogy and the corresponding
approximate density functionals. This also means that there are states of atoms or mol-
eculeswhich cannot be computed directly owing to their inherent multi-determinantal char-
acter. In these cases aternative routes such as the sum method introduced in Section 5.3.7
must be used. For thetransition-metal atomsand their positiveions, only thelowest multiplet
components of a particular configuration are needed for the ground and first excited states
and no such complications occur. Rather, all these terms can be represented by single deter-
minants. However, with the exception of m, = 0 al the 2+1 components of atomic orbitals
for agiven | are complex and therefore not directly accessible for a representation using
real orbitals. Instead, linear combinations of the complex determinants sharing the same
+m, need to be formed such that they |ead to real representations. The adequate occupations
of real d-orbitals, which correspond to single Slater determinants with the correct angular
momentum and spin symmetry, have been summarized in an appendix of afrequently quoted
paper by Hay, 1977, and are reproduced in Table 9-6.

It has been noted in Hay's paper that the occupations for the d*, d*, d®, and d® states are
in principle arbitrary. This does not strictly hold true for density functional applications
because of the above-mentioned dependence of the energy on the shape of the occupied
orbitals. The density generated from occupying the d,. differs from the one obtained from
placing the electron in, e. g., the d,, orbital. Feeding an approximate density functional
with these two unequal densities may lead to non-identical energies (cf. Figure 5-2). In
most practical applications, however, the errors introduced in this way should be much
smaller than those caused by other limitations of the functional or basis set employed.

Table 9-6. Open-shell d-configurations after Hay, 1977.

Configuration Ground State Term Occupation

dt p (d.)

o % (d )1(dxz_y2 )"

d® F (dyy) ' (de) ()"

d* °D (A2 2)"(de) (dhe) ()"

d® ’s (d,e_2)"(d,2) (A ) (de) ()"

o °D (d,2)2(dz_2) () (d) (d))*

d’ F (d,2)%(d,o_2)*(diy) () (@)
d® F (d,2)"(d,2_,2)"(d)*(d)*(d)?
d’ D (d,2)'d,e_,2)*(de)*(de)*(d))?
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The generation of aclean occupation pattern for atomic d-orbitalsisgreatly facilitated if
point-group symmetries can be exploited which prevent unphysical mixing. This has been
discussed in some detail in a paper on density functional atomic calculations (using are-
stricted open-shell rather than the usual unrestricted strategy) of 3d transition-metal atoms
by Russo, Martin and Hay, 1994. What one needs are symmetry constraints which allow
the occupation of the nd- and (n+1)s-orbitals in such a way that any unwanted mixing
leading to unclear, non-integer occupationsis prevented by symmetry. Let uselucidate this
by using the °F term of ad®s' occupation, asrealized in thefirst excited state of theV* ion
as an example. If we are fortunate enough to have a program which supports non-Abelian
point-group symmetries at our disposal, octahedral symmetry with inversion (point-group
0O, should be employed. The three singly occupied d-orbitals are — following Table 9-6 —
chosen asthed,y, d,,, and d,,, orbitals which span the three-dimensional irreducible repre-
sentation t,,. Hence, these three orbitals are equivalent and each is occupied by one elec-
tron of the same spin. Since the Pauli principle excludes the occupation of each spin orbital
by more than one el ectron and because the other d-orbitals belong to adifferent irreducible
representation of O, (namely €,) the electrons deposited in the t, orbitals cannot move to
any another d-orbital. The s-orbital belongsto the a,q irreducible representation. Also since
none of the d-orbitals transforms as a4 and in particular the occupied d,y, d,,, and d,,
orbitals are separated from the s-orbital by symmetry, also s/d mixing isimpossible. Asa
consequence the originally defined orbital assignment of electronsis frozen by symmetry
and will not change during the course of the calculation. If instead we have only Abelian
point-groups at our disposal and select C,,, symmetry (thetypical choice) itisstill possible
to unambiguously assign the three d-electronsto the d,, d,,, and d,, orbitals. In this case,
these three d-orbitalsareall in anirreducible representation of their own, namely a,, b; and
b,, respectively. Thus, no mixing between these or other d-orbital s can occur. However, the
formally singly occupied 4sorbital belongsto thetotally symmetric a, representation which
happensto be the sameirreducible representation in which the d,2 and d,., » orbitals can be
found. Hence, these three orbitals can now mix and there is no guarantee that the electron
which was initially assigned to the 4s orbital stays there and does not partially move into
thed,2 or thed,z..2 orbital. Unfortunately, the use of high point-group symmetries and other
symmetry arguments is not a panacea. First, many programs, such as for example the cur-
rent versions of Gaussian simply do not support non-Abelian point-groups and O,, is thus
out of reach. Second, there is also a number of cases where symmetry alone, even if
symmetries such as O,, were accessible, does not help. A casein point is provided by the
3d'4s" occupation of the ®D ground term of the scandium cation. No point-group is avail-
able which could both exclude mixing of the s- and d-orbitals and still prevent unpaired d-
electrons from moving between degenerate symmetry-equivalent d-orbitals. Neither the
high O,, symmetry nor the Abelian C,,, point-group (nor any other point-group) assuresthat
this electron distribution will persist throughout the calculation. Let us be specific: in O,
we can prevent the 4s-orbital from mixing with any of the 3d-orbitals because they are
separated by symmetry. But because the 3d-orbitals transform astwo- (e) or three-dimen-
sional (t,g) irreducible representations of Oy, the smearing of the one d-€lectron between
symmetry equivalent orbitals cannot be ruled out. For example, if we initially place the
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electroninthe d,z orbital, thereisno symmetry related reason why this electron should not
partially occupy the other d-orbital transforming as e, i. €., d2..2. Fractional occupations
of these orbitals would be the result. On the other hand, while a unique assignment of the
3d electron is possible in C,,, because there are three equivalent one-dimensional irreduc-
ible representations of C,, in which this single electron could be uniquely accommodated,
the 4s/3d mixing cannot be prevented in that point-group for the same reason as explained
above. In such cases, one usualy prefers C,,, but the user has to observe carefully the
progress of the calculation in order to ensure that the initially adjusted occupation pattern
persists until convergence of the self consistent field, at least as much as possible. These
guidelines can be summarized in the following rule of thumb for the calculation of atomic
energies. accept only solutions with the correct occupation pattern and with integer d-
orbital occupations (see Ricca and Bauschlicher, 1995a). Finally, we should note that by
lifting all restrictions with respect to symmetry and occupation pattern, afurther lowering
of the atomic energy can sometimes be achieved, see Baerends, Branchadell, and Sodupe
1997. The physical meaning of such solutions, which are often characterized by fractional
occupations of d- and s-orbitalsis, however, questionable.

In addition to these more technical problems, there are other inconsistencies which re-
strict the quality of atomic energies. The most prominent issuein this context isthe bias of
current approximate density functionals towards preferentially occupying d- rather than s-
orbitals (for detailed discussions see Gunnarsson and Jones, 1985, Ziegler and Li, 1994,
Holthausen et al., 1995). Thisis just the opposite of what is generally seen for traditional
wave function based approaches, which favor stateswith fewer d-electrons. We can ration-
alizethe contrasting shortcomings of these two different schools of theory by thefollowing
considerations exemplified for the atomic excitation energies of 3d transition-metal cati-
ons. The separations between the d” versus d™'s* states are determined by Coulomb repul-
sion, exchange energy, and electron correlation. As a consequence of the different sizes of
d- and s-orbitals® the average interel ectronic distances are larger for d™s! configurations,
resulting in areduced Coulomb repulsion. From the traditional wave function based view-
point, this means that the correlation problem is less severe for this occupation pattern.
Hartree-Fock theory, which treats Coulomb and exchange interactions exactly but neglects
correlation of electrons with antiparallel spin, indeed shows a pronounced bias towards
d"!s! configurations. This is particularly so for the late transition-metals for which this
change of the electronic configuration is accompanied by a spin flip and HF favors the
high-spin states. The very same situation causes a different problem if density functional
theory isinvoked. Due to the more compact electron arrangements in the valence d-shells,
the average exchange stabilization per d-electron pair, K 44, iSstronger than that between an
s- and ad-electron, K. Asto the current situation, it has been shown that the LDA overes-
timates the absol ute exchange terms K 4, Ko, as well as those between s- and d-electrons
and core-orhitals. As discussed in a key paper by Gunnarsson and Jones, 1985, this exag-
geration of exchange stabilizations is more pronounced for d” than for d™s! situations

% d-orhitals are generally more compact than s-orhitals of the following main quantum number by a factor of
about 1.5t0 3.4. The <r>/<rg> ratio is particularly large for the 3d-series of elements, see Bauschlicher, 1998.
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which leads to the bias mentioned above. Fortunately, these effects are compensated for in
part by account of correlation energies, which operate in the opposite direction, so that
even the LDA usually performs better than the HF approach. Absolute exchange energies,
however, are much larger in transition-metal atoms than absolute correlation energies. For
example, aSVWN treatment of the Cu” ion yields E, in the order of —60 E;,, whereasE, is
about -3 E;,, which illustrates the predominant influence of shortcomingsin the exchange
part of functionals on observed errors.

We can already anticipate that gradient corrections to exchange or an admixture of HF
exchangein the hybrid functional scheme can help to improve agreement with experiment.
This has indeed been observed, but a tendency to artificially stabilize d” over d**s* con-
figurations remains. The inclusion of atomic state splittings of transition-metals into the
databases used to construct new functionals appearsto be alogical consequence, but asfar
as we are aware, this has not been done as of yet. As a conseguence, even using the most
advanced functionals, there are anumber of caseswhere either wrong atomic ground states
are predicted by density functional theory, or where s/d mixing results in intermediate
occupations, which cannot be connected to physically reasonable configurations. For ex-
ample, the atomic ground state term of cobalt is*F, dominated by a3d’4s? occupation. The
second “F term with a 30%4s! occupation is— after correcting for the differential relativistic
effects— 0.17 €V higher in energy. Density functional calculations of various flavor give
the reverse result with the 30%4s" occupation being lower in energy than the 3d"4s” one.

Finally we need to mention that heavier el ements exhibit strong rel ativistic effects, which
also have asignificant influence on the physical properties of the d-block elements. While
common wisdom has it that relativistic contributions have even qualitative consequences
for bonding or electronic state splittings of 5d transition-metals, their influenceis not that
dramatic, but still non-negligible, for the 4d elements. The relativistic contributions to 3d
elements are often ignored, but yet, for the later elements of this row, they are larger than
inexperienced newcomersto the field might anticipate. In particular for Cu thereis quite a
deal of influence on the stability of atomic states. The experimental value for the 3d'°(*S)
— 3d%4s'(®D) state splitting in the copper cation is 2.81 eV. However, a sophisticated post-
HF treatment of these two states gives avalue of 3.11 eV.*® Such adeviation is outside the
expected error range for a high quality level of theory, and indeed, the inclusion of scalar
relativistic effects by means of perturbation theory (mass-vel ocity and Darwin corrections)
givesavalue of 2.85 eV in good agreement with experiment. Hence, the 3d°4s' configura-
tion is stabilized by 0.26 eV with respect to 3d'%(S) due to relativistic contributions. This
iscertainly anon-negligible source of error for non-relativistic cal culationsif triplet copper
cations are involved. Hence, while non-relativistic calculations on 3d elements are very
well acceptable for many purposes, one hasto take into account relativity if ahigher accu-
racy is aimed at, at least for the later elements in the row. The most convenient way to

87 Infact, for 5d transition-metals relativistic contributions, and in particular spin-orbit coupling, can be of the
same order of magnitude as chemical bonding.

% Atthehighly correlated CASSCF-AQCC level of conventional abinitio theory using avery large [ 7s6p4d3f2g]
ANO basis set.
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include scalar relativity to some extent into the calculationsis the use of relativistic effec-
tive core potentials or explicit one-component schemes, but the neglect of spin-orbit cou-
pling effects can be problematic for the heavier elements.

A typical set of results for excitation energies of 3d transition-metal atoms and their
cations based on the results of Koch and Hertwig, 1998, is summarized in Tables 9-7 and
9-8. The SYWN, BLY P and B3LY P functionalswere combined with asufficiently flexible
contracted GTO basis set of 8s7p4d2f quality to expand the Kohn-Sham orbitals. In these
calculationsthe rules outlined above were followed. For clarity the occupations used in the
respective point-group symmetriesarea soincluded in the Tables. Sincethe computationally
predicted excitation energies have been obtained in a completely non-relativistic scheme,
they are compared to experimental energiesthat have been empirically corrected for differ-
ential scalar relativistic effects taken from Raghavachari and Trucks, 1989a and 1989b.
These corrections are based on approximate cal culations and neglect the influence of rela-
tivity on the correlation energy (and vice versa), but have been shown to provide a good
approximation. The preference of current approximate density functionalsfor d-rich occu-
pations—in particular with the LDA — can easily be inferred from these results. Use of the
gradient-corrected BLY P protocol or the hybrid B3LY P approach doeslead to asignificant
reduction of the deviations but also to a less systematic behavior. Nevertheless, as com-
pared to other strategies the overall accuracy of these results, in particular for the B3LY P
functional, is satisfying. For example, the mean absolute deviations for the neutral excita-
tion energies (i. e., d"s’ versus d™s! configurations) as determined with the Hartree-Fock
model, second order M gller-Plesset perturbation theory or the QCISD(T) model amount to
0.86, 0.55 eV, and 0.14 eV, respectively (Raghavachari and Trucks, 1989a). The corre-
sponding density functional results are 0.74 eV for the SYWN, 0.55 eV for the BLYP
functional, and 0.33 eV if the B3LY P schemeis used. For thecations (i. e., d"s' versusd™?)
the density functional approaches perform significantly better with mean unsigned errors
of 0.32,0.18 and only 0.16 eV for LDA, BLYP, and B3LY P, respectively. For comparison,
Raghavachari and Trucks, 1989b report mean deviations of the HF, MP2 and QCISD(T)
schemes of 1.32, 0.35, and 0.23 eV, respectively. It should be noted that due to the above
mentioned limitations in the symmetry treatment for some of the difficult cases, the con-
verged wave functions were not absolutely clean. A casein point is provided by the Fe °D
ground term. The corresponding d®s? occupation cannot be treated in aunicue, point-group
symmetry determined way. As indicated in Table 9-7, one has to resort to C,, symmetry
and face the problem of s/d mixing. Infact, inal final Kohn-Sham wave functions some of
the s-electron population had moved to the symmetry related d-orbitals, creating adlightly
fuzzy picture and adding to theinherent uncertainty of the results. Overall, this uncertainty
in atomic Kohn-Sham calculationsisat least in the order of sometenthsof an eV, but larger
deviations may also occur using even state-of-the-art functionals.
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9.3 Bond Strengthsin Transition-Metal Complexes

Theknowledge of accurate thermochemical datafor individual metal-ligand bond strengths
is of major importance for the rational design of catalytic processes. Such datais unfortu-
nately rather limited for larger speciesin solution, but the last decade has provided an ever
growing list of accurate resultsfor small, unsaturated complexesin the gas-phase by elabo-
rate experimental techniques (see, e. g., Freiser, 1996). Today, however, computational
thermochemistry is an important tool to fill those gaps, which cannot be covered by ex-
perimental means alone. Of course, a theoretical method, which shall be used to predict
unknown binding energies of metal-ligand bonds, first has to master a suite of known
benchmarkstypical for the problem under investigation, in order to prove that it can han-
dle the delicate and subtle electronic problems in yet unexplored species. Experimental
gas-phase data are very well suited for this purpose due to the exclusion of severe compli-
cations, like solvent effects. On the traditional side, theories like Hartree-Fock, the MP
perturbation methods and also the compl ete-active-space SCF (CASSCF) approach have
been shown not to recover enough el ectron correlation and do not yield accurate geometries
or binding energies for first-row transition-metal complexes. The better players in the
post-HF field are the modified coupled-pair functional (M CPF) and especially the more
rigorous CCSD(T) approach. Also second-order perturbation theory based on CASSCF
references (CASPT2) has been shown to yield fairly accurate results even in complicated
cases (Roos et al., 1996). Quantitative accuracy, however, is hard to obtain even at the
highest levels of multireference treatment. Often, even such extraordinarily expensive
methods need empirical corrections to afford ‘best estimates’, in order to approach an
accuracy better than 5 kcal/mol. For an overview of this area of research the reader is
referred to reviews by Bauschlicher, 1995b, and Siegbahn, 1996a, and references cited
therein. Lately, as amore efficient alternative, parameterized extrapol ation schemes have
been devel oped, which — much like G2 and rel ated theories— empirically scale the corre-
lation energy (obtained from a moderate level of theory within a limited basis set) to
estimate the results of a more complete, but prohibitively expensive treatment. A promi-
nent exampleis the PCI-80 approach devel oped by Blomberg and Siegbahn (for areview
see Blomberg, 1998).

In Section 9.1 we have outlined the difficulties of modern density functionals to reach
chemical accuracy for atomization energies of main group species, and we concluded that
this goal is eventually not completely out of reach for the hybrid functional approach. In
this respect, we have looked at atomization processes as the worst case for a density func-
tional treatment, because the changes from molecular to atomic densities are most severe.
We can therefore expect a better description of the thermochemistry connected to the rup-
ture of individual bonds leading to larger (non-atomic) fragments due to a more complete
cancellation of errors. Density functional theory appearsto be in areasonably good shape
to further conquer thisterrain. In this section, we concentrate on the strength of individual
bonds in small, coordinatively unsaturated, and mostly open-shell transition-metal com-
plexes, aworst case scenario in thisfield. Let us consider aspecific example. If we want to
compute a metal-ligand bond strength according to M—X — M + X, then of course the
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isolated metal atom M becomes an integral part of the computational problem, including
thelarge errors discussed in the previous section. From what we know about the way den-
sity functional theory dealswith transition-metal atoms, we should prepareto beless ambi-
tious with our expectations as to the accuracy of computations if these elements are in-
volved. Furthermore, a remnant of inorganic chemistry text book knowledge suffices to
confirm that thisfeeling isadequate not only for the right hand side of the above-mentioned
computational problem: the binding situation of transition-metalswithin complexesin one
way or another involves a redistribution of electrons between the valence nd, (n+1)s, and
(n+1)p orbitals on the metal, too. We can view this as a mixture of contributions from
ground, excited, and ionic states of the isolated atom.* It can be energetically favorable,
for example, to (formally) promote the central metal atom M in a complex M-X to an
excited state in order to improve electrostatic interactions with the ligand. As an example,
we mention aparticularly prominent binding mechanism which involves /d hybridization.
Imagineadoubly occupied 3d,2 orbital and an empty 4sorbital asthe (hypothetical) ground
state of ametal atomin acomplex M-X. Asillustrated in Figure 9-1, the formation of a (4s
+ 3d,2) hybrid-orbital maximizes the orbital overlap between metal and ligand X. For an
efficient charge transfer from the ligand to the metal this orbital hasto be empty in order to
accept the corresponding el ectron density. The electron pair of the metal occupiesthe (4s—
3d,2) hybrid-orbital instead. Thereby, the charge density is efficiently polarized out of the
metal ligand bond axisinto an equatoria orbital |obe, which reduces the electron-electron
repulsion between the formerly doubly occupied 3d,2 and ligand orbitals. If both hybrid
orbitals are being occupied in such away, the energetic costs for thisformal promotion of
electron density into the 4s orbital pays off very well in many cases, and an overall energy
gain can be obtained by such a bonding mechanism.

4s+3d,2 4s—3d

Figure 9-1. Schematic plot of the (4s + 3d,) and (4s— 3d,.) orbitals of athird-row transition-metal involved in a
M-X bond.

% For aguide to a detailed understanding of the subject, the reader is encouraged to study the somewhat dated
but highly enlightening contribution of Carter and Goddard, 1988.
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Table 9-9. Experimental binding energies D [kcal/mol] for the cationic hydrides of the 3d elements and devia-
tions from these data obtained at various levels of theory.

Method ScH*  TiH®  VH* CrH* MnH* FeH* CoH* NiH* CuH* MAD®
Exp.2 56 53 47 32 48 49 46 39 21 +2
SVWNP +9 +7 +9  +16 +11 +10 +14  +14  +21 12
BP86° +5 +4 +6 +8 +6  +10 +10 +11  +14 8
B3LYF +3 +4 -2 +4 +1 +9 +5 +3 +4 4
B3LYP +4 +3 +7 +5 +1 +9 +3 +7 — 5
MCPF -6 -5 -5 -4 -10 -4 -9 -6 — 6
PCl-80¢ 0 +2 +2 -1 -3 +3 +1 +3 — 2

3 Armentrout and Kickel, 1996; ° Zi egler and Li, 1994; ° TZVP+f basis, corrected for zero point vibrational
energies (Barone, Adamo, and Mele, 1996); d Single point energy calculations using the 6-311+G(2d,2p) basis
set. Geometries have been obtai ned using the smaller Hay and Wadt ECP/basi s combinations (Blomberg, Siegbahn,
and Svensson, 1996); © Mean absol ute deviation from experiment; for experiment, the average of the cited experi-
mental error barsis given.

During thelast years, more and more researchers have applied density functional theory
to small transition-metal complexes and benchmarked the results against either high level
wave function based methods or experimental data. A particular set of systems for which
reasonably accurate benchmark data are available are the cationic M *-X complexes, where
XisH, CH5 or CH,,. Let us start our discussion with the cationic hydrides of the 3d transi-
tion-metals.

From the datain Table 9-9 we see clearly therecurring picture of L DA-typical overbinding,
which is ameliorated to some extent by inclusion of gradient corrections. Still, the BP86
results show a large overbinding in particular for the later elements of the series. Ziegler
and Li, 1994, attributed this latter finding to ageneral overestimation of exchange interac-
tions between the el ectron on the hydrogen atom and the same-spin el ectrons present on the
metal atom, which leads to a particularly large error for copper. The B3LY P hybrid func-
tional performs much better and halves the errors present in the GGA results. We note a
reasonable agreement between the corresponding results of Barone, Adamo, and Mele,
1996, on one hand and Blomberg, Siegbahn, and Svensson, 1996, on the other except for
the vanadium hydride, where the results of both groups differ. The reason for this discrep-
ancy might be attributed to the differences in basis sets, geometries and zero point vibra-
tional energies, but these should be reflected in the other data as well. Thus, one cannot
fully exclude the possibility that discrepancies with respect to molecular or atomic states
are present in this data. However, the PCI-80 approach, which performs best with a mean
deviation of 2 kcal/mol for this series, gives avalue for VH" right in the middle of the two
B3LY P results — so no conclusive statement can be made as to whether or not thisis an
intrinsic shortcoming of the method. In any case, thelarge deviation for the copper hydride
cation found at the BP86 level is not seenin the B3LY P data of Barone, Adamo and Mele
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(this species has not been considered by Blomberg, Siegbahn and Svensson™?). A conspicu-
ously large deviation of +9 kcal/mol occurs for the FeH™ species in the B3LY P results of
both groups. Also the PCI-80 approach shows the largest deviation for this species, al-
though the error is much smaller (3 kcal/mal).

Now weturntothe MCH3 cations, which have been studied by Holthausen et al., 1995,
and Blomberg, Siegbahn, and Svensson, 1996. The former authors used the BHLY P and
B3LY P hybrid functionals in combination with a rather limited Hay and Wadt ECP/basis
set. With the B3LY P hybrid functional, quite large overestimations of the binding energies
were obtained for some species (cf. Table 9-10). The mean absolute deviation was as high
as 9 kcal/mol, similar to the MCPF results of Blomberg, Siegbahn, and Svensson. The
unsatisfactory performance of the MCPF approach, however, has been attributed by
Blomberg Sieghahn and Svensson to the near-degeneracy effects, which are stronger inthe
methyl complexesthan in the hydrides. The much improved results obtained with the BHLY P
functional are remarkable, although it seems fortuitous in the present context: the much
larger Wachters/6-311+G(2d,2p) basis set combination used by Blomberg, Siegbahn, and
Svensson improves the B3LY P values substantially. However, none of the DFT methods
tested reaches the good performance of the scaled PCI-80 approach.

If wefinally look at the corresponding methylene complexes (see Table 9-11) the poor
M CPF performance suggests that these systems pose a severe near-degeneracy problem,
and an appropriate rigorous wave function based approach would have to invoke a
multireference treatment in combination with large basis sets. Therefore the more interest-
ing it isto seethat the B3LY P hybrid performs quite well. If used in combination with the
small Hay and Wadt ECP/basis, larger overestimations are seen for the Mn*, Fe" and Co*
methylene complexes, but the overall quality of the resultsis better than that achieved for
themethyl species. The mean unsigned errorsare significantly smaller if thelarger Wachters
basis set is used, quite independent of the contraction scheme or basis employed on the
CH,, unit — however, some binding energies deviate quite substantially. The BHLY P ap-
proach underestimates the binding energies systematically, irrespective of the basis set used.
In fact, the pronounced tendency for overbinding seen in the methyl results above leadsfor
the methylene compl exes to a somewhat better performance for the smaller Hay and Wadt
ECP/basis set combination. This clearly demonstrates error compensation effects. From
these findings we conclude that neither the use of the BHLY P functional, nor that of the
small Hay and Wadt effective core potential can be recommended for the evaluation of
binding energies of coordinatively unsaturated, open-shell transition-metal complexes. As
noted already in Section 9.1, the B3LY P hybrid should be used with basis sets of at least

40" At this point we like to add a note of caution: Blomberg et al. used the 6-311+G(2d,2p) basis set for single
point energy calculations. This notation was probably chosen by the authors of Gaussian to maintain the
standard nomenclature of the Pople-type basis sets but retrieves a modified Wachters, 1970, basis for the 3d
elements out of the basis set library. Somewhat irritatingly, the request for d-polarization functions in the
above notation actually augments the metal with f-functions. While this makes physical sense, the notation is
at best inconsistent. We additionally note that — at least up to Gaussian98, Rev. A7 —theinternally stored basis
set for Cu mixes the d-function exponents and contraction coefficients optimized for the 2D atomic term with
the s- and p-functions determined for the 23 term. Use the ‘ofinput’ keyword in order to check the basis set
used in Gaussian calculations.
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9 Relative Energies and Thermochemistry

polarized triple-zetaquality. A comparison of results from the systematic studies presented
so far shows that the B3LY P functional in combination with extended basis sets gives a
rather stable mean absolute deviation on the order of 4—6 kcal/mol, whereas maximum
deviations can reach 9 kcal/mol. Thereby, the B3LY P functional outperforms the MCPF
approach. The former produces smaller mean absolute errors and is more robust even for
problematic cases. However, as noted above, the density functional treatment does not reach
the good performance of the PCI-80 extrapolation scheme, at least not for the cases tested
so far.

We notein passing that empirical correction schemes have been proposed to account for
the bias towards d-rich situations of current density functionals. Ricca and Bauschlicher,
1995a, compute the dissociation energies of cationic transition-metal carbenes M=CH; —
M™ + CH, asaweighted average of the energies of the 3d"4s" and the 3d™* asymptoteswith
the weights determined by the metal 3d occupation in the carbene. For example, the FeCH,,"
ion hasat itsequilibrium geometry a3d occupation of 6.52 electronsaccordingtoaMulliken
population analysis. Ricca and Bauschlicher compute the Fe'/CH,, binding energy as an
average of 48 % of the °D (3d%4s’) and 52 % of the *F (3d") asymptote. However, this
correction has only a marginal influence and in fact yields inferior results in some cases.
The universal applicability of such correction schemes seemstherefore to be questionable.
Itisprobably fair to say that as of today there seemsto be no patent remedy in sight which
would reduce the inherent uncertainty in the atomic energies.

Related studies include the binding energies of 3d-transition-metal monocarbonyls
(Fournier, 1993, Ricca and Bauschlicher, 1994, Barone, 1994, Ricca and Bauschlicher,
1995b), MCH, for 4d-transition row elements (Eriksson et a., 1994), Fe(H,0);, (Ricca
and Bauschlicher, 1995c), Co(H,);; (Bauschlicher and Maitre, 1995), ethylene complexes
of Cu’, Ag", and Au” (Hertwig et al., 1996), neutral metal hydrides (Barone and Adamo,
1997a), small titanium/oxygen compounds (Bergstrom, Lunell, and Eriksson, 1996), M™-
CO, and OM*CO complexesfor the 3d-elements (Sodupe et al., 19974), 3d-element dihalides
(Wang and Schwarz, 1998), binding of nitric oxide to 3d-metal atoms (Blanchet, Duarte,
and Salahub, 1996) and 3d-metal cations (Thomas, Bauschlicher, and Hall, 1997). All these
studies (and many more, which we have not mentioned) essentially validate the applicabil -
ity of density functional theory approachesfor transition-metal problems, and most of them
carry the same essential message: the minimum errorsfor the density functional treatment
of binding energies are of the same order of magnitude as the deviations found for com-
puted atomic state splittings. In light of the preceding discussion this comesto no surprise.
We have al so seen above that the particular amount of exact exchange admixture can have
dramatic consequences for computed binding energies. Hence, aslong as there are no bet-
ter physically motivated approachesthe only obviousway to improvethe results of modern
functionalsin the transition-metal area seemsto be the inclusion of atomic state splittings
into the training sets used for the empirical construction of these functionals.

Finally, we should mention that experimental data serving as a benchmark for the ap-
praisal of computational methods must be highly accurate. Setting the goal of 2 kcal/mol
for useful accuracy of calculated thermochemical data means of course, that a still better
level of accuracy must be reached by experimental measurements. The high accuracy of
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experimental dataisin fact amost attractive property of the G2 set of molecular systems,
and is certainly not standard. The bulk of the metal-ligand binding energies determined
experimentally, usually obtained by elaborate mass spectrometric techniques, are often far
lessaccurate. Asoutlined by Blomberg and Siegbahn, 1998, amorerealistic, but still useful
goal of accuracy in transition-metal chemistry can be set to 4 to 6 kcal/mol. We have shown
above that this goal till has to be regarded as quite ambitious, but it seems well within
reach of modern density functional techniques. However —and thisis certainly one of our
main conclusions of this chapter —for every system under investigation, the importance of
calibrating the performance of the chosen strategy against appropriate reference results
cannot be overemphasized.

9.4 lonization Energies

L et us now turn to the determination of ionization energiesin the density functional frame-
work. This property, i. e., the energy required to remove an electron from a bound state to
infinite separation, is one of the most important characteristics for atoms. But aso for
mol ecul esionization processes have attracted much attention from the early nineteenseventies
onwards when photoelectron spectroscopy emerged as a new and exciting experimental
technique. In photoel ectron spectroscopy experiments monoenergetic radiation is used to
specifically gect electronsfrom any of the occupied levelsin amolecule (of course, only if
sufficiently energetic radiation is used). Since each of these levels has a different energy,
the analysis of the ionization energies (as well as intensity and angular distribution of the
emitted electrons) serves as a microscopic probe for the detailed electronic structure of
molecules. It istherefore not surprising that this technique has served as a testing ground
for theoretical methods and nowadays, a strong synergy between experiment and theory
rendersthisfield of research highly efficient. In the present context we note that the assign-
ment of photoel ectron spectrawas among the first successful applications of density func-
tional schemes.

Correlation effects are of particular importance for a proper description of ionization
processes since the number of electrons changes during the ionization. As a consequence,
the Hartree-Fock approximation usually underestimatesionization energies, since correla-
tion effects — which are neglected at the HF level — affect the neutral system usually more
strongly than the ionized cation with its one electron less. Obviously, the same observa-
tions apply to exchange-only density functionals, such asthe old X , method. For example,
the experimental ionization energy of the oxygen atom is 13.61 eV, but both, Hartree-Fock
and X, severely undershoot this target and yield only 12.02 and 12.44 €V, respectively
(using a cc-pVQZ basis set). Of course, in al modern applications of density functional
theory combined exchange-correlation functionals are employed and the accuracy of the
computed predictions depends on the balanced description of the exchange and correlation
contributions in the neutral system and the ion. A number of systematic studies on the
performance of Kohn-Sham functional s regarding ionization energies, mostly based on the
G2 dataor extensionsthereof, have been published recently. L et us begin by quoting results
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from Becke, 1992b. This author applied variousloca and GGA functionalsin his numeri-
cal, basis set free scheme(i. e, theresultsmirror the capability of thefunctional and are not
blurred by basis set deficiencies or biases) to the 42 accurately determined ionization ener-
giesof small species contained inthe original G2 set. The LDA (wherethe Slater exchange
part was combined with the parameterization of the uniform el ectron gas datadue to Perdew
and Wang, 1992) afforded mean absolute and maximum deviations of 0.23 and 0.62 eV,
respectively. Theinclusion of Becke's gradient correctionsto thelocal exchange part actu-
aly yieldsresultssignificantly inferior to those of the plain local functional, increasing the
errors by about a factor of two: the average error amounts to 0.41 eV and the maximum
error increased to 1.3 eV. Inclusion of the PW91 gradient-corrected correlation functional
(i. e, ending up with BPW91) significantly reduces the average error to 0.15 eV with a
maximum deviation of 0.44 eV. This situation is in striking contrast to the observations
made for atomization energies. There, the LDA was completely useless due to dramatic
overbinding and gradient corrections to exchange were found essential, while gradient-
corrected correlation functionals actually spoiled the error statistics (see above). In his
paper introducing the three-parameter hybrid functionals, Becke, 1993b, reports an aver-
ageerror of 0.14 eV for hisorigina B3PW91 functional with amaximum error of 0.41 eV.
Thus, the beneficial effect of admixing a certain amount of exact exchange is much less
pronounced for ionization than for atomization energies. Very similar conclusions can be
extracted from recent papers by, e. g., De Proft and Geerlings, 1997, or Curtisset al. 1998.
Thelatter authors established the accuracy of predicted i onization energiesfor seven popu-
lar exchange-correlation functionals combined with the 6-311+G(3df,2p) basis set with
respect to an extended set of more than 80 atoms and molecules. Unlike Beckein hisabove-
mentioned study, these authors employed the standard SVWN implementation of the LDA.
Interestingly, this functional performs rather disappointingly with an average unsigned er-
ror of 0.59 eV, confirming similar results by De Proft and Geerlings. The maximum devia-
tion occurs for CN whose ionization energy is overestimated by 1.74 eV. For the GGA
functionals BLY P, BP86, and BPW91, mean absolute deviations of 0.26, 0.20, and 0.22 eV,
respectively, were reported. The errors are slightly larger than those reported earlier by De
Proft and Geerlings but show the same trend in that BLY P seems to be the least accurate
GGA functional. Among the three hybrid functional stested, B3LY P and B3PW91 perform
rather well with mean errors of 0.18 and 0.19 €V, respectively. Very surprisingly, if the P86
correlation functional isemployed in the hybrid scheme (leading to the B3P86 functional),
avery large mean error of 0.57 eV results. The origin of this dramatic effect is unclear.
Hence, the winner in this contest turns out to be the B3LY P functional. To put this result
into perspective we need to point out that the G2 procedure performs much better with a
mean absolute deviation of only 0.06 eV and a maximum error of 0.32 eV (for B,F,).
Finaly, we would like to mention the work of Ernzerhof and Scuseria, 1999a, who mostly
focus on the new PBE1PBE functiona whose performance is comparable but slightly bet-
ter than B3LY P. However, these authors also show that the local VWNS5 correlation func-
tional yields very satisfactory ionization energies (mean and maximum absol ute errors of
0.22 and 0.6 eV) very close to the LDA results reported by Becke, while using VWN they
reproduced the large errors mentioned above. Thusit is obviousthat even though the VWN
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parameterization for thelocal correlation functional isvery closeto other implementations
such asVWNS5 or thelocal PW91 parameterization and unproblematic for almost all appli-
cations, it is not suited for computing ionization energies.

The important conclusion of this section is that ionization energies can be determined
with an average error of around 0.2 eV. The usua hierarchy of functionals, i. e., hybrid
functionals better than GGA better than LDA, however, does not strictly apply. Already the
local approximation providesgood resultsaslong astheVWN parameterization isavoi ded.
The GGA and hybrid functionals show only a small improvement over the LDA. On the
other hand, the B3P86 hybrid functional isan exceptionin that it performsvery poorly and
should therefore not be applied to the determination of ionization energies. We have not yet
said anything about basis set requirements. It seemsthat ionization energies are less sensi-
tive in this respect than atomization energies. For example, Curtiss et a., 1998, show that
the mean absolute error for the B3LY P functional of 0.18 eV does not necessarily require
the large 6-311+G(3df,2pd) basis set. This accuracy is already reachable with the smaller
sets 6-311+G(2df,p) and even 6-31+G(d). A summary of the various benchmark results
discussed in this section is given in Table 9-12.

Table 9-12. Compilation of mean absolute (maximum) deviations for ionization energies [eV] of small main
group molecules from different sources.

42 atoms and molecules, numerical, basis set free, Becke, 1992b and 1993b

LDA 0.23 (0.62) BPWO1 0.15 (0.44)
BVWN 0.41 (1.26) B3PWO1 0.14 (0.41)

38 atoms and molecules, De Proft and Geerlings, 1997

SVWN, aug-cc-pVTZ 0.69 BLYP, aug-cc-pvVTZ 0.19
BP86, aug-cc-pvVTZ 0.17 B3LYP cc-pvDZ 0.18
B3LYP, aug-cc-pvVTZ 0.15 B3PW91, cc-pvDZ 0.20
B3PW91, aug-cc-pVTZ 0.15

83 atoms and molecules, Curtisset al., 1998

SVWN, 6-311+G(3df,2p) 0.59 (1.74) B3LYP, 6-31+G(d) 0.18
BLYP, 6-311+G(3df,2p) 0.26 (1.02) B3LYP, 6-311+G(2df,p) 0.18
BPWOL, 6-311+G(3df,2p) 0.22 (1.17) B3LYP, 6-311+G(3df,2p) 0.18 (1.65)
BPS6, 6-311+G(3df,2p) 0.20 (1.20) B3PWOL, 6-311+G(3df,2p) 0.19 (1.67)
B3P86, 6-311+G(3df,2p) 057 (2.22) G2 0.06 (0.32)

38 atoms and molecules, 6-311+G(3df,2p) basis, Ernzer hof and Scuseria, 1999

SVWN 0.69 (1.2) PBE 0.16 (0.5)
SVWN5 0.22 (0.6) PBE1PBE 0.16 (0.7)
BLYP 0.20 (0.6) VSXC 0.13 (0.4)
B3LYP 0.17 (0.8)
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9.5 Electron Affinities

The electron affinity of aneutral system isthe energy gained upon attaching an additional
electron, thereby generating the corresponding anion. The addition of an electron does not
in al cases lead to energetically more favorable anions. Rather, there are many atoms or
molecules, where the energy of the anion is higher (i. e., less favorable) than that of the
parent neutral, i. e., where the excess electron is not bound but will auto-detach immedi-
ately. These species do not have a positive, but a negative electron affinity. Whilethere are
sophisticated experimental techniquesto probe the transient anionic speciesresulting from
neutral s with negative electron affinitieswe will in the following only consider stable ani-
ons characterized by positive electron affinities. The computational prediction of electron
affinitieshasalways been aparticularly difficult task for wave function based methods. The
correlation energy of the anion with the additional, albeit weakly bound electron is larger
than that of the neutral molecules and the anions are in addition usually characterized by a
very diffuse charge density. As a consequence, sophisticated treatments of the correlation
energy combined with one-particle basis sets augmented by diffuse and high angular mo-
mentum functions are required for an adequate description of the extra electron rendering
such calculationsintrinsically prohibitivefor larger molecules. Density functional methods
would therefore be a highly welcomed alternative. Before we enter a quantitative discus-
sion about the capability of approximate density functionals to determine electron affini-
ties we need to address a more general point. One frequently reads that for principal rea-
sonslocal functionals such asthe LDA simply do not bind the extra electron and are there-
forenot suitablefor studying anionsand rel ated properties|ike electron affinities. Of course,
the Hohenberg-Kohn theorem and hence density functional theory as such applies to al
bound systems, irrespective of whether the atom or molecule is neutral or charged, be it
positively or negatively. If the exact exchange-correlation was known, the exact solutions
for cations, neutralsand anionswould be available. Having said this, it isalso truethat local
approaches like the LDA or the GGA functionals have indeed some intrinsic problems
when it comes to treating systems with an excess negative charge. The physical reasoning
behind thisisrelated to the self-interaction problem and the incorrect asymptotic behavior
of current approximate exchange-correlation potentials briefly introduced in Sections 6.7
and 6.8. Recall that in none of the currently used density functional implementationsisthe
spurious repulsion of the probe electron with itself included in the Coulomb term J[p],
precisely cancelled by the exchange-correlation energy, Exc[p]. In terms of the related
potentials this applies in particular to distances far from the system because the corre-
sponding exchange-correlation potentialsall die out too fast with increasing distance. Hence,
for larger, the repulsive Coulomb potential prevails and the approximate potential isless
attractive than it should be. As a consegquence the excess el ectron of an anion istoo weakly
bound, if it isbound at all, as clearly pointed out by Résch and Trickey, 1997. These prob-
lemsdueto theincomplete cancellation of self-repulsion should be the more significant the
more localized the extra electron is. Hence, the most problematic cases are expected to be
atoms, followed by diatomics etc., while large molecules should be much more well-be-
haved. If we, however, adopt the DFT-typical pragmatic point of view, things are not quite
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so bad in real applications. In almost all Kohn-Sham calculations finite basis sets are used
to describe the electron density and the additional electron is forced to remain within the
spatial area defined by the basis functions. It simply cannot escape the atom or molecule
leading to an artificial stabilization which counterbal ances the self-interaction based error.
Aswewill seein this section, there have been several systematic studies of el ectron affini-
ties whose conclusions may be best summarized by quoting from the title of a paper by
Tschumper and Schagefer, 1997: * Some positive resultsfor negativeions'. In their extensive
study Curtiss et a, 1998, not only examined the performance of approximate density
functionals with respect to ionization energies but also |ooked at el ectron affinities. Their
extended G2 set included a total of 58 electron affinities for atoms and small molecules
(with up to three non-hydrogen main group atoms). Combined with the large 6-
311+G(3df,2p) one-electron basis, the G2 method sets the standard with a mean absolute
error of only 0.061 eV. The best density functional is BLY P with an average deviation of
0.11 eV, closely followed by BPW91 (0.12 eV), B3LY P (0.13 €V), and B3PW91 (0.15eV).
59 % of the BLY P electron affinities are within 0.1 eV and almost 85 % are within 0.2 eV
of the experimental ones, not showing a systematic over- or underestimation. The maxi-
mum error occursfor the C, molecule whose electron affinity is overestimated by 0.69 eV.
Just as with ionization energies, the B3P86 hybrid functional is lagging behind with an
error of 0.60 eV, which isonly 0.1 eV less than with SYWN (0.70 eV). In all cases these
two functionals overestimate the stability of the anion and yield electron affinities that are
too large. Errors obtained with smaller basis sets such as 6-31+G(d) were only marginally
larger. De Proft and Geerlings, 1997, come to similar conclusions with respect to 27 elec-
tron affinities from the original G2 test set. While they find B3PW91 to be the most accu-
rate functional with an average error of 0.11 eV, B3LYP and BLYP are of comparable
accuracy with average deviations of 0.12 and 0.14 eV, respectively. The BP86 functional
has a dlightly larger mean error of 0.23 €V and the SVWN functional is again far off, its
error amountsto 0.77 eV. There have been other studiesaswell, which essentially confirm
the results reported from these two representative investigations. We conclude that for the
calculation of electron affinities there seems to be no noteworthy beneficia effect of mix-
ing in exact exchange. Thisisin distinct contrast to atomization energies but parallels the
conclusions for ionization energies drawn in the preceding section. Thus we emphasize
that exact exchange is of large importance for bond-breaking processes but hardly of rel-
evance in processes where only the number of electronsis being changed. These conclu-
sionsremain valid also outside the domain of the small moleculesin the G2 set. In anumber
of investigations, Schaefer and coworkers tested the applicability of DFT for the determi-
nation of electron affinities of avariety of molecules containing first- and second-row main
group elements. They reported overall mean errorsfor 49 electron affinities of 0.21 eV for
BYLPand B3LYP and of 0.22 eV for BP86. Also in their test set B3P86 and SVWN turn
out to be not well suited for computing electron affinities, with mean errors amounting to
0.62 and 0.70 eV, respectively (Brown, Rienstra-Kiracofe, and Schaefer, 1999, and refer-
ences cited therein). An important point is that these encouraging results were obtained
with fairly small basis sets of polarized double-zeta quality augmented by diffuse func-
tions, in agreement with the above-mentioned data presented by Curtiss et a., 1998. This
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Table 9-13. Compilation of mean absolute deviations (maximum deviation in parentheses) for electron affinities
[eV] of small main group molecules from different sources.

27 atoms and molecules, De Proft and Geerlings, 1997

SVWN, aug-cc-pvVTZ 0.77 BLYPR, aug-cc-pvTZ 0.14
BP86, aug-cc-pVTZ 0.23 B3LYP, aug-cc-pvVDZ 0.15
B3LYPR, aug-cc-pVTZ 0.12 B3PW91, aug-cc-pvVDZ 0.13
B3PW91, aug-cc-pVTZ 0.11

58 atoms and molecules, Curtisset al., 1998

SVWN, 6-311+G(3df,2p) 0.70 (1.31) B3LYP, 6-31+G(d) 0.16
BLYP, 6-311+G(3df,2p) 0.11 (0.69 B3LYP, 6-311+G(2df p) 0.14
BPWOL, 6-311+G(3df,2p) 0.12 (0.77) B3LYP, 6-311+G(3df,2p) 0.13 (1.08)
BPS6, 6-311+G(3df,2p) 0.19 (0.88) B3PWOL, 6-311+G(3df,2p) 0.15 (1.06)
B3P86, 6-311+G(3df,2p) 0.60 (1.61)

25 atoms and molecules, 6-311+G(3df,2p) basis, Ernzer hof and Scuseria, 1999

SVWN 0.74 (1.2) PBE 0.11 (0.3)
SVWN5 0.30 (0.7) PBE1PBE 0.13 (0.3)
BLYP 0.11 (0.4) B3LYP 0.11 (0.5)

makesthe DFT based approach to el ectron affinities much more versatile and applicable to
larger molecules than wave function based strategies, for which significantly larger basis
sets are required. Table 9-13 summarizes some of the numerical data discussed in this
section.

Finally, we mention the recent study by de Oliveira et a., 1999, who reported atomic
electron affinities from a variety of methods including a number of density functionals.
While the general conclusions of this section are substantiated, one of their results will be
explicitly mentioned here: these authors show that for the first-row atoms the choice of the
exchangefunctional isdecisive whilethe quality of the correlation functional islessimpor-
tant. For the second-row analogs it is the other way round and the correlation functional
seems to be of greater importance. Even more oddly, the quality of various correlation
functionals varies and depends on the atoms. For example, the LY P functional works best
for first-row atoms, while PW91 turns out to be preferable for second-row ones. If nothing
else, these results point to the highly empirical character that all these functionalsstill have,
and that one hasto be careful when judging the predictive capabilities of present functionals.

9.6 Electronic Excitation Energies and the Singlet/Triplet Splitting
in Carbenes

We conclude this chapter with an overview of how modern density functional theory deals
with electronic excitation energies. From the very beginning, electronically excited states
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have beenidentified asavery difficult areafor Kohn-Sham density functional theory, which
isin principle limited to ground states only. Methods which offer accurate results paired
with theoretical soundness have therefore long been high up on the DFT whish list. In
Section 5.3.7 we presented some of the more recent developmentsin that area. The greatest
impetusinthat regard certainly came from the time-dependent formulation of density func-
tional theory which opened the avenue of a formally rigorous extension of regular Kohn-
Sham DFT to atime-dependent scheme. By this token, the frequency dependent response
of the charge density becomes available which in turn can be directly related to excitation
energies. Probably the most important and el egant characteristics of thisapproach isthat it
is based on ground state properties of the system and no extension of the Kohn-Sham
formalisminto the grey areaof excited statesis necessary. We already mentioned in Section
5.3.7 that in general TDDFT provides excitation energies with good accuracy and in the
following wewill substantiate these claims, focussing on the choi ce of functional and basis
set but also pointing out some problematic areas.

All the systematic investigations published so far essentially agreethat TDDFT provides
accurate excitation energiesthat rival more sophi sticated and much more costly wave func-
tion based approaches, as long as we are dealing with low-energy transitions involving
valence states. Differences between functionals are not very pronounced. For example,
Bauernschmitt and Ahlrichs, 1996b, report excitation energiesfor N,, formal dehyde, ethyl-
ene and pyridine derived from the SYWN, BP86 and B3LY P functionals combined with a
Gaussian basis set specifically designed for static polarizabilities, the POL basis set dueto
Sadlej (which contains diffuse functions). If only low energy transitions with excitation
energies below half the ionization threshold are considered, mean absolute deviations of
0.36, 0.29 and 0.30 eV for these three functional swere obtained. These results are superior
to those from Hartree-Fock based approaches such as the random-phase-approximation
(RPA, which essentially istime-dependent HF) or the configuration interaction with single
excitations (CIS) schemes, which yield errors of 0.88 and 1.65 eV, respectively. Similarly,
Casida et a., 1998, report average errors of afew tenths of an eV for the LDA aslong as
only low-lying states are included in the statistics. Stratmann, Scuseria, and Frisch, 1998,
alsoinclude larger molecules such as benzene, porphin and up to C,q in their investigation.
Their conclusions are completely in line with what we have presented so far. Excited states
which liewell below theionization threshold are described very well and hybrid functionals
like B3LYP seem to yield dightly more accurate results than simple GGA ones. Their
results al so turned out to befairly insensitive to the basis set, in particular for the low-lying
transitions. Extending the basis set from 6-31+G(d) to aug-cc-pV TZ changed the energies
of two T — ©* transitions in benzene by less than 0.1 €V. This promising performance of
TDDFT also applies to excitations from radical species, which pose severe problems to
conventional, Hartree-Fock based methods such as RPA or CIS. As shown by Hirata and
Head-Gordon, 1999, valence states with both, single and double excitation character, are
described uniformly reasonable with errors within afew tenths of an eV for small radicals
such as BH, CH,, CN, or CO", but also for bigger systems including benzyl, anilino, and
phenoxyl radicals. While for the former group the performance increased from SVWN to
BLYP and B3LYP, no significant differences between these three functionals were ob-
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served for the latter set of radicals. This sharply contrasts with the performance of HF
based techniques. While the RPA and CI S schemesare only slightly inferior to TDDFT for
excitations with dominant single excitation character, they show very large errorsfor tran-
sitions with an appreciable double excitation character, rendering these methods rather
uselessin such applications.

We always made the restriction in the above discussion that the excitations are to low
lying states. Thereason issimply that as soon as higher lying states, which arefrequently of
Rydberg character, are included, the picture changes dramatically and the TDDFT results
deteriorate significantly. Quoting again from the landmark paper by Bauernschmitt and
Ahlrichs, 1996b, the mean errorsrise to 0.53 eV (SVWN), 0.55 eV (BP86) and 0.49 eV
(B3LYP) if excitations up to the molecular ionization energy are included, and similar
observations have been reported by many other authors. The origin of this surprising phe-
nomenon was first uncovered by Casida et al., 1998, and later expounded by Tozer and
Handy, 1998. These authors convincingly demonstrate that this shortcoming isintimately
connected to the incorrect asymptotic behavior of approximate exchange-correlation
potentials. Let us try to understand this. We saw in Section 6.8 that a common feature of
current gpproximate functionalsisthat the corresponding potentia sare not attractive enough.
Among the reasonsfor this, we noted the wrong asymptotic decay of the potentials (which
isfaster than the correct —1/r behavior) and the fact that they vanish at infinity whereasthe
correct potential should converge to a positive, constant value. As a consequence, the or-
bital energy of the highest occupied orbital, which for the exact exchange-correlation func-
tional equals the ionization energy and therefore defines the ionization threshold, comes
out too high with approximate functionals, making the ionization threshold too low. Like-
wise, the description of thevirtual orbitals suffers, leading to orbital energieswhich aretoo
high. Asaconsequence, only afew virtual orbitalshave negative energies. Sincethe TDDFT
formalism makes use of orbital energy differences, the quality of the virtual orbitals and
their energiesis mirrored in the quality of the corresponding excitation energies. Now it is
easy to explain why excitations to energetically low lying states are described reasonably
well. They involve low lying virtua orbitals whose energies are negative, i. e., which are
bound with current approximate functionals. On the other hand, high energy Rydberg
excitationsinvolve higher virtual orbitalswhose positive energies are not even qualitatively
correct anymore with these functionals. Casida et a., 1998, present two criteriawhich an
excitation must fulfill in order that a standard functional can be used without being nega-
tively affected by the problems due to the incorrect asymptotic behavior. First, the excita-
tion energy must be significantly smaller than minusthe orbital energy of the highest occu-
pied orbital. Second, the transition should not involve major contributions from promo-
tions to virtua orbitals which are only weakly bound or even unbound in the selected
functional.

An obvious remedy to this situation isto use potentials that by construction exhibit the
correct asymptotic behavior. Indeed, using the LB94 or the HCTH(AC) potentials yields
significantly improved Rydberg excitation energies. As an instructive example, we quote
the detailed study by Handy and Tozer, 1999, on the benzene molecule. These authors
computed anumber of singlet and triplet 1 — ©* valenceand t — n = 3 Rydberg excitations
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employing their asymptotically corrected HCTH(AC) procedure. Over all energiesamean
absolute deviation from experimental or accurate theoretical dataof only 0.12 €V resulted,
only slightly higher than the error obtained with the much more demanding CASPT2 wave
function approach. Most importantly the Rydberg excitations, so difficult for the conven-
tional functional's, came out just as accurately asthe valencetransitions. Actually, the high-
est error of 0.62 eV intheir computed transition energies was not due to a Rydberg excita-
tion but occurred for the 1 — m* valence excitation to the °B,, state. Further examples,
which corroborate these conclusions but also add some small grains of salt can befoundin
Tozer et a., 1999. While the HCTH(AC) procedure reproduced Rydberg and valence
excitationsin most casesto within afew tenths of an eV, these authors noted that excitations
which involve a considerable charge transfer have significantly larger errors.

In arecent contribution, Adamo, Scuseria, and Barone, 1999, have studied the perform-
ance of the PBE GGA functiona and the corresponding PBELPBE hybrid functional in the
framework of time-dependent DFT and compared it to results obtained with the standard
B3LY P technique and with Handy and Tozer's HCTH(AC) data. Interestingly, if the PBE
functional is blended with 25 % exact exchange the resulting PBELPBE scheme provides
good excitation energies across the board, not only for valence but also for Rydberg
excitations closeto theionization threshold. On the one hand thisis due to the admixture of
Hartree-Fock exchange in the functional, which improves the asymptotic behavior of the
exchange-correlation potential by introducing adiscontinuity inthe potential asit increases
through an integer number of electrons and by generating an asymptotic decay of —air
whichiscloser to the correct one than the GGA asymptotic decay (see Section 6.8). Onthe
other hand, part of the success of PBE1PBE must also be intrinsic to the PBE functional
itself. Other hybrid functionalslike B3LY P are not as successful by far and already the pure
PBE functional (i. e., without exact exchange) is much better than BLY P or other GGA
implementations, even though it was not designed for any asymptotic features. Why thisis
so remains, however, to be uncovered. The conclusions of this discussion are amply dem-
onstrated in Table 9-14 and Figure 9-2 which summarize the corresponding excitation en-
ergies obtained from various functionals using the ethylene molecule as an example.

Note in particular the sharp deterioration of the computationally predicted excitation
energies as one moves closer to the ionization threshold (exp.: 10.51 eV) for the standard
functionals, which is the most eye-catching feature in Figure 9-2. The other statements
discussed above also find their confirmation in the el ectronic excitations of ethylene. Both,
the local SYWN and the gradient-corrected BLY P functionals show non-negligible defi-
ciencies, with BLY P being even significantly inferior to SYWN. Switching to B3LY P im-
proves matters somewhat. These disappointingly average absolute errorsare, however, only
due to the higher energy excitations, asindicated in Figure 9-2. The low energy region of
the spectrum is unproblematic for all these functionals. A substantial progressin terms of
performance is, however, seen with the HCTH(AC) functional. Most notably, because this
functional is augmented with an improved long-range potential, it performs satisfactorily
for al excitations included, not only for the low energy transitions, rivaling sophisticated
and computationally much more expensive CASPT2 calculations. Finally, we point to the
similarity of the PBE1PBE results obtained with two different basis sets. Thisindicates a
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Figure 9-2. Performance of various functionals in the framework of time-dependent DFT for excitation energies
of ethylene.

certain robustness of the computed excitation energies with regard to the choice of thebasis
set, provided basis sets of at least polarized triple-zeta quality augmented by diffuse func-
tions are used.

A particular class of excitation energiesis provided by the relative stability of the low-
est lying singlet and triplet states of carbenes and related species. Even though the energy
difference between these two states can easily be computed by the ASCF approach, be-
cause they both represent the lowest statesin their respective multiplicity, the computation
of reliable excitation energies for such species is a long standing problem in quantum
chemistry (for general overviews see Bettinger et al., 1997 and 1998). L et us take methyl-
eneasthe simplest exampleto illustrate the peculiarities and concomitant problemsfor the
theoretical treatment of this group of molecules. A carbene is characterized by two elec-
trons not engaged in bonding, and two non-bonding orbitals to accommodate them, i. e.,
thent-type (b, in case of the C,,, symmetric CH,) and the lower lying o-type orbital (g, for
CH,). Inthe singlet *A, state, the two electrons are spin paired while in the °B, triplet the

173



9 Relative Energies and Thermochemistry

two electrons of like spin occupy both orbitals with one electron each. Depending on the
energetic spacing of the two orbitals, the ground state of a carbene will be either singlet or
triplet. The closer together the a; and b, orbitalsare, the morefavored thetripletis(Hund's
rule), while for well separated orbitals a singlet ground state emerges. From a computa-
tional point of view an adequate and unbiased description of the two states is paved with
obstacles. Due to the different multiplicity the correlation contributions in the singlet and
the triplet states differ. In addition, singlet carbene is one of the prototypes were asingle-
determinantal approach isinadequate and non-dynamical correlation playsadecisiverole.
While the double occupation of the a, orbital is more favored than putting both electrons
into theb; MO, this second alternative will neverthelessplay an important rolein the exact
wave function. Hence, in order to adequately account for this situation both configurations
need to beincluded in the approximate wave function. Thetriplet state, on the other hand,
is well described by one determinant. This situation is schematically depicted in Figure
9-3.

The simple Hartree-Fock ansatz is doomed to fail for two reasons. First, the Fermi cor-
relation due to parallel spinsis included while the Coulomb correlation is not. Therefore
the triplet with its two open-shell parallel spin electrons will be described better than the
singlet. Second, the HF scheme uses only one configuration and completely neglects the
second determinant needed to describe the singlet wave function. A further destabilization
of the singlet as compared to the triplet results. In the conventional wave function arenathe
problem of the carbene singlet-triplet splitting can therefore only be solved if sophisticated
and expensive methods which account for dynamical and non-dynamical correlation ef-
fectsareemployed. The singlet-triplet gap in methyleneistherefore for good reasonsknown
as a ‘testing ground for electronic structure methods' (Bettinger et al., 1998). How does
approximate density functional theory farein thiscomplicated situation? Table 9-15 shows
AEg 1 as computed with various functional s using a standard 6-311+G(d,p) and a series of

\,
2
.
’
\,
2

Singlet Carbene (lAl) Triplet Carbene (3B1)

Figure 9-3. Schematic representation of the occupations of the highest occupied orbitals dominating the wave
functions of singlet and triplet carbene. For the singlet, ¢, > ¢,.
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Table 9-15. Singlet (lAl) —triplet (3Bl) energy gaps [kcal/mol] for methylene, CH, using different basis sets.

Functional 6-311+G(d,p) aug-cc-pvVTZ aug-cc-pvVQZ aug-cc-pvV5Z
HF 28.7 28.0 28.1 28.1
SVWN 14.0 129 12.9 129
SLYP 155 14.2 14.2 14.2
BVWN 9.3 85 8.6 8.6
BLYP 10.9 10.0 10.0 10.0
B3LYP 12.2 11.3 11.3 11.3
BP86 145 13.7 13.8 13.8
B3P86 15.7 14.8 149 149
BPWO1 16.7 15.9 15.9 15.9
B3PW91 171 16.3 16.4 16.4
exp. 94

augmented correlation-consistent basis sets of increasing quality.** Experimentally, thetri-
plet is more stable than the singlet by 9.4 kcal/mol .2

As expected from the above discussion, the HF method significantly overshoots this
value. It describes the triplet state as much too stable, being almost 20 kcal/mol off the
target. All DFT entries in Table 9-15 are of much better quality. Before we analyze the
performance of the density functionals we note that aready the triple-zeta basis set, i. e.,
aug-cc-pV TZ, seems to provide converged results with respect to the basis set. Increasing
the basis set further does hardly change the computed singl et-triplet gaps, the results from
the quadruple and quintuple sets are completely identical (even though the number of basis
functionsis much larger in thelatter). On the other hand, going from 6-311+G(d,p) to aug-
cc-pVTZ systematically lowers AEg 1 by roughly 1 kcal/mol. With the correl ation consist-
ent basis sets, already thelocal SVWN approach givesavery reasonable splitting (12.9 kcal/
mol). Applying the Becke gradient correction for exchange together with the local VWN
correlation functional, the triplet is found to be 8.6 kcal/mol more stable than the singlet,
i. e, the reference value is underestimated by 0.8 kcal/moal. If only the corréelation func-
tional is gradient-corrected in the SLY P functional instead, the singlet-triplet gap deterio-
rates to 14.2 kcal/mol. The GGA BLYP functiona yields the most satisfactory singlet-
triplet splitting, missing the experimental value by only 0.6 kcal/mol. Using the B3LY P
hybrid functional, the much treasured champion among the currently popular recipesin
many areas, the agreement with experiment worsens and we end up with a 11.3 kcal/mol
energy difference between the °B, and ‘A states of CH,,, i. e., an erroneous stabilization of
triplet carbene. If instead of LY P the P86 or the PW91 correlation functionals are used,

4l These basis sets consist of 34 (6-311+G(d,p)), 92 (aug-cc-pVTZ), 172 (aug-cc-pVQZ), and finally 287 (aug-
cc-pV5Z) contracted Gaussian functions and include polarization functions up to d- (6-311+G(d,p)), f- (aug-
cc-pVTZ), g- (aug-cc-pVQZ), and even h-character (aug-cc-pV5Z).

Thisisthe adiabatic T, reference value, i. e., without zero-point vibrational energy corrections, see Bettinger
et a., 1997 and 1998.

2
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similar but more pronounced trends emerge. Let us try to understand this behavior. As
noted above, abalanced description of the two statesisonly possibleif the near-degeneracy
effects of the singlet are properly taken into account. The large beneficial effect of the
gradient-corrected exchange functional isin line with one important argument put forward
earlier, namely that it isthe exchange and not the correlation GGA functional which repre-
sents the non-dynamical correlation! The somewhat disappointing performance of the hy-
brid schemesis of course a simple reflection of the bias of the HF approximation towards
thetriplet. We have discussed asimilar situation in Section 6.6 were the ground state of the
0zone mol ecule wasintroduced as an exampl e for asituation dominated by non-dynamical
correlation. Also in that example we found pure GGA functionals to perform much better
than hybrid ones.

The conclusions obtained for the parent methylene can be generalized for other carbenes
and related species. Worthington and Cramer, 1997, for example, studied avariety of sub-
stituted carbenes and vinylidenes (i. e., where the carbene carbon is part of adouble bond,
RR’'C=C:) at the BVWNS5 and BLY P levelsin combination with acc-pVTZ basis set. The
singlet-triplet splittings were usually accurate to within afew kcal/mol of the experimental
reference data. For the carbenes the BLYP functional showed slightly, but consistently
larger errors than the BVWNS5 protocol with a bias towards stabilizing the triplet. In the
case of the vinylidenes the errors are less systematic and no clear-cut conclusions can be
drawn. Using a polarized double-zeta basis set, Vargas, Galvan, and Vela, 1998, studied a
number of halocarbenes CXY with X,Y =H, F, Cl, Br, and |. In harmony with the conclu-
sionsdrawn above, it turned out to be the general trend that the SVWN functional achieved
the best agreement with the experimental reference data. The BPW91 GGA functional was
second and the worst performance was obtained systematically with the B3PW91 hybrid
scheme. In all cases the triplet was computed astoo stable. Very satisfying agreement be-
tween AEg ; obtained from sophisticated CCSD(T) calculations and the B3LY P hybrid
functional were reported by Gonzalez et a., 1998, for severa carbenes and isoelectronic
nitrenium ions, R’NR" and by Holthausen, Koch, and Apeloig, 1999, for silylenes, SIRR’
using the BLY P and B3LY P functionals. The common denominator of these and several
related studiesisthat today’s approximate density functionalsarein fact capable of treating
both, the singlet and triplet statesin a balanced way. The delicate and subtle effects due to
the near-degeneracy in the singlet and the differential dynamical correlation effects of the
two multiplicities, which challenge conventional, wave function based ab initio theory, do
not seem to pose crucia problemsto DFT. Note however that due to the special electronic
situation in carbenes and related species pure density functionalsare usually to be preferred
over hybrid ones.
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10 Electric Properties

In this chapter we will focus on the distribution of the electronsin a molecule and on the
propertiesrelated to the response of the charge distribution to an applied externa field. We
will commence with a brief survey of how the standard methods for population analysis
assign partial charges to the individual atoms if used together with present day density
functional methods. Next, we will investigate the performance of current functionals for
the determination of typical molecular electric properties such asthe static dipole moment
of amolecule, which reflects the molecular charge distribution and is therefore related to
the quality of the ground state el ectron density. If amoleculeis exposed to an electric field
F the charge density will respond to this perturbation and the energy of the system will be
modified. The energy can then be described in terms of a Taylor expansion relative to its
field-free energy (i, j, k and | run over the Cartesian components, i. e., X, y and z):

E(F)—E(0)+Z[ Il —ZZ[aFaF} F)
SIS | e o
ZZZZ[aFaFaFkaH ] ARRA +

The derivatives of the energy taken at zero field define the static*® response properties of
the molecule and are ameasure of the interaction between the applied electric field and the
system. In particular we are dealing with the following properties, which are sometimes
also classified as first, second and higher order properties, depending on the degree of
differentiation of the energy:

oE
D= 10-2
M ( oF J (10-2)
thei’th component of the dipole moment vector i,
0°E
o = — 10-3

4 We only consider static response properties in this chapter, which arise from a fixed external field. Their
dynamic counterparts describe the response to an oscillating el ectric field of electromagnetic radiation and are
of great importance in the context of non-linear optics. As an entry point to the treatment of frequency-
dependent electric response properties in the domain of time-dependent DFT we recommend the studies by
van Gisbergen, Snijders, and Baerends, 1998a and 1998b.
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thei,j’th component of the polarizability tensor o,

2°E
I 10-4
Bljk {al:,aFjaFk l) ( )
thei,j,k’th component of thefirst hyperpolarizability tensor B ,and
o'E
Yik = —| ————— (10-5)
U [BEBFjBFkBH l

thei,j,k,I"th component of the second hyperpolarizability tensor 7 .

In the following we will concentrate on the quality of results obtained for these quanti-
ties from density functional theory. A more general discussion of polarizabilities,
hyperpolarizahilities etc., is beyond the scope of the present book, but can be found in
many textbooks on physical or theoretical chemistry, such as Atkins and Friedman, 1997.

Besides these response properties of a molecule we will aso devote one section in this
chapter to the experimentally important infrared intensities, which are needed to comple-
ment the theoretically predicted frequencies for the complete computational simulation of
an IR spectrum. Thisdiscussion belongsin the present chapter becausetheinfraredintensities
are related to the derivative of the permanent electric dipole moment p with respect to
geometrical parameters.

Many of these properties are known to be very sensitive to the effects of electron corre-
lation. Therefore simplewave function based approaches such asthe Hartree-Fock method
are often inadequate and need to be augmented by some strategy to include these contribu-
tions. In addition, it is well known from conventional approaches that flexible basis sets
augmented with polarization and diffuse functions are needed for a successful description
of response properties involving perturbations from an electric field. Among the reasons
for this demand is that the basis sets are usually independent of the perturbation. In other
words, the basis set itself does not change under the influence of the electric field. Hence,
we must augment the basis set by additional functions such that it acquires enough flexibil-
ity to alow the density to properly respond to the perturbation. This reasoning already
appliesto the computation of dipole moments but even more so for higher derivatives of the
energy with respect to the el ectric field or mixed derivatives, such astheinfrared intensities
discussed bel ow. Because of the need for including el ectron correlation and large basis sets,
conventional methods soon become too demanding in terms of computer resources and
cannot be applied to larger, chemically relevant molecules. Thus, an assessment of the
applicability of density functional methods as a potential alternativeis of great interest.

10.1 Population Analysis
Atomic partial charges are a difficult concept in quantum chemistry. On the one hand,

assigning chargesto individual atomsin amoleculeisvery closeto the classical interpreta-
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tions so successfully used in organic or inorganic chemistry and allows these inherently
qualitative models to be quantified. However, on the other hand it is well known that this
very concept is totally artificial since atomic charges in a molecule do not represent a
physical observable. Stated in other words, questions such as‘ what charge doesthe oxygen
atom in water carry? are simply not allowed and lie outside the physics of the problem.
Such fundamental reasoning notwithstanding, the availability of charges of individual at-
oms in a molecule would offer alot of interpretational power and would be of enormous
help in analyzing quantum chemical calculations. Hence, alot of different schemesto par-
tition the total electron density (which of course is a physical observable) onto the indi-
vidual atoms have been devel oped in the past. Because of the lack of afundamental physi-
cal basis, all these recipes necessarily contain a certain amount of ambiguity and there
cannot bea‘best’ population analysis. Also, because no unequivocal reference values exist
to which a population analysis must finally converge, it is important to keep in mind that
one must not compare results obtained from different schemes or even values obtained
within one method but with different basis sets or numerical integration grids. We will not
pursue these principle aspects of population anaysis any further, since extensive discus-
sions of this subject can be found in most quantum chemical textbooks. Asagood and still
up-to-date source of further information we refer the reader to the review of Bachrach,
1995.

Geerlings, De Proft, and Martin, 1996, have compared the atomic populations of 15
small molecules as obtained from Bader's Atoms-in-Molecules (AIM, see Bader, 1994)
approach for population analysis using a variety of traditional, wave function based meth-
ods and approximate density functionals. As a reference they selected QCISD, as afairly
sophisticated correlated wave function based technique. The AIM scheme is probably the
theoretically soundest way of partitioning the electron density between the atomsin amol-
ecule. It is solely based on the properties of the charge density and makes no recourse to
basisfunctionsand thelike. Theintegral of the density assigned to aparticular atom (where
the area belonging to an atom, the so-called atomic basin is defined through the gradient
paths of the density) gives the corresponding number of electrons on that center and hence
its partial charge. The deviation between the atomic populations of the various methods
from the QCISD reference is of course an indicator of the differences between the corre-
sponding charge densities. A word of warning not to over-interpret these numbersis, how-
ever, inorder. Theauthorschose arather modest cc-pV DZ basis set and theresulting QCISD/
cc-pVDZ leve is certainly not sophisticated enough to produce highly accurate electron
densities. The deviations in the atomic populations therefore reflect only the internal con-
sistency of these different quantum chemical methods and do not include information about
the quality of the charge density on an absolute scale. Electron correlation has important
consequences for the atomic popul ations as evidenced by the large mean absol ute deviation
of 0.133 |¢| for the uncorrelated Hartree-Fock ansatz. The absolute values of the atomic
charges are usually too large at this level, as expected from the known trend of Hartree-
Fock to produce charge distributions that are often too polar. In the DFT domain, the uni-
form electron gas based SVWN functional also exhibits fairly large deviations with an
average error of 0.105 |g|. Thetwo GGA functionals studied, BP86 and BLY P, are closer to
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the QCISD values with mean deviations of 0.071 and 0.067 |e], respectively, while the
hybrid functionalsB3LY P and B3PW91 are closer still, the deviations are reduced to 0.035
and 0.038 |¢|, respectively. The DFT charges are in most cases smaller than the QCISD
ones, indicating less polar charge distributions. The error reduction upon going from LDA
to GGA functionalsis easily rationalized if one considers the main difference between the
corresponding densities. As shown, e. g., by Fan and Ziegler, 1995, the changesin p(T)
when going from the LDA to the GGA are small. The main effect isthat p(F) increasesin
the coreregion and the valencettails, whileit is depleted in the intermediate region. Hence,
the polarization in the charge distribution is usually somewhat increased. Overall, the com-
patibility of correlated wave function based and density functional results enhances the
level of credibility that can be attributed to the many studies found in the literature which
make use of population analysis based on density functional methods, in particular if hy-
brid functionals are being used.

10.2 Dipole Moments

The permanent moments of amolecule areimportant descriptors of the ground state charge
distribution. The ability of a certain theoretical model to reproduce experimental perma-
nent dipole momentsistherefore very helpful in assessing the quality of the corresponding
electron probability distribution. The dipole moment is in addition an important physical
property. For example, the electrostatic interaction of two molecules with non-vanishing
permanent dipole moments is dominated by the dipole-dipole term. There have been nu-
merous investigations of dipole moments at the Hartree-Fock and post-HF levels which
underline the importance of electron correlation for reaching accurate results. The most
famous exampl e in this respect is probably the carbon monoxide molecule, whose experi-
mental dipole moment amounts to 0.11 D with the negative end at the carbon atom, i. e.,
being of "C=0" polarity. The Hartree-Fock approximation is not even able to reproduce
this qualitative orientation. Near the HF limit (i. e,, using a very large, aimost complete
one-electron basis set) a dipole moment of —0.28 D is calculated, i. e., the HF dipole mo-
ment has the reverse orientation, "C=0". Modern approximate density functional theory
performs much better. Table 10-1 summarizes some typical results for dipole moments*
W= Juf +p? +p2 aongthemolecular axisfrom several recent investigationsinvolving
typical approximate exchange-correlation functionals (the negative sign in case of CO in-
dicatesa*C=0" polarity).

Dickson and Becke, 1996, use a basis set free numerical approach for obtaining their
L DA dipole moments, which definesthe complete basis set limit. In all other investigations
basis sets of at least polarized triple-zeta quality were employed. Some of these basis sets
have been designed explicitly for electric field response properties, albeit in thewave func-
tion domain. In this category belong the POL basis sets designed by Sadlej and used by
many authors as well as basis sets augmented by field-induced polarization (FIP) func-

% The dipole moment is a vector property, but usually only its magnitude is given.
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tions, which are rather diffuse s, p, d and possibly also f-type functions. It is clear from the
representative data given in Table 10-1 that smaller basis sets cannot be recommended
because their performance can be significantly worse. For example, with the popular and
often used 6-31G(d) basis set al density functionals, including SYWN and BLYP, em-
ployed in the early study of Johnson, Gill, and Pople, 1993, significantly overestimated the
NH; dipole moment by 0.4 to 0.5 D, while all the other datain Table 10-1 are within some
0.1 D for thismolecule. The POL and FIP basis sets customized for el ectric response prop-
erties do significantly better than the regular polarized triple-zeta sets. For example, the
numerical results by Dickson and Becke arein very good agreement with the local density
approximation data obtained by Calaminici, Jug, and Kdster, 1998, with the TZVP-FIP
basis set and the dipole moments obtained with the POL basis are closer to the experimen-
tal n than those computed with the standard cc-pVTZ expansion of the KS orbitals. The
datain Table 10-1 demonstrate that, overall, the density functionals yield rather good di-
pole moments, provided they are combined with flexible enough basis sets. These tech-
niques are indisputably much better than the Hartree-Fock approach but at comparable
costs. Notably, even the problematic CO molecul e poses no difficulty to DFT. All functionals
employed, including the smple local density approximation provide dipole moments for
carbon monoxide which not only show the correct “C=0" orientation, but also give very
satisfactory quantitative results. For thetotally uncorrelated HF and the partially correlated
MP2 wave function methods, Cohen and Tantirungrotechai, 1999, report mean absolute
deviations of 0.17 and 0.05 D for the dipole moments of the ten small molecules of their
test set. The two GGA functionals included in their study, BLY P and HCTH, clearly out-
perform the HF approximation but fall short of MP2 with an average error of 0.09 D for
both DFT procedures. The winners among the standard functional s are once more the hy-
brid functionals. The commonly used B3LY P protocoal is characterized by a mean absolute
deviation of only 0.04 D. Cohen and Tantirungrotechai also tested very recent functionals,
such as two different flavors of Becke's 10-parameter functional alluded to in Chapter 6,
namely B97 and B97-1. These functionals also perform very satisfactorily, but not better
than B3LY B, with errors around 0.04 D. With the larger JGP set of 32 molecul es selected
from the G2 data base and with the use of the rather large 6-311++G(3df,3pd) basis set,
which should be close to being saturated, Adamo, di Matteo, and Barone, 1999, report in
their recent review mean absolute errors which underline these conclusions and confirm
the expected hierarchy of functionals. Quoting from their results, the SVWN dipole mo-
ments are on average off by 0.25 D, all the GGA functionals perform similarly to each
other but considerably better than the local approximation with mean unsigned deviations
scattering between 0.10 to 0.12 D. Finally, the three-parameter hybrid functionals work
best with errors of only 0.08 D. This latter result is particularly noteworthy since it indi-
cates that for this particular set of molecules the hybrid functionals surpass even highly
correlated and computationally expensive wave function methods in accuracy: with the
same basis set the Hartree-Fock, MP2, and CCSD(T) techniques yield mean unsigned er-
rors of 0.29, 0.28, and 0.10 D, respectively.
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10.3 Polarizabilities

The static electric polarizability ¢ is a measure of the ease with which the electronic
distribution, i. e., the charge density of a system will get distorted by an external electric
field. Atomic and molecular polarizabilities are important properties in many areas. For
example alarge fraction of the electrostatic intermolecular interaction energy is related to
this quantity, in particular for systems without a permanent dipole moment. Similarly,
polarizabilitiesare crucial for an understanding of many propertiesin molecular opticsand
spectroscopy. From a practical point of view, polarizabilities and hyperpolarizabilities as
defined in equations (10-3) to (10-5) can be computed by numerical differentiation of the
field-dependent energy or dipole moment. This so-called finite field approach is easy to
implement but prone to errors due to problems with numerical stability in the differentia-
tion — errors which are very difficult to control. The alternative is to compute the deriva-
tives analytically, which ismore elaborate in terms of programming since it involves solv-
ing the so-called coupled-perturbed Kohn-Sham equations (see Colwell et al., 1993, and
Leeand Colwell, 1994) but is numerically considerably more stable. It isthe latter method
which is implemented in most major codes, such as Gaussian 98, but the finite field ap-
proach is still being used, see, e. g., Calaminici, Jug, and Koster, 1998. If we take the
additional electric field as a perturbation to the original Hamiltonian of the system, the
polarizabilities can also be expressed through perturbation theory. One can then show that
the polarizability is inversely proportional to the excitation energies of the system, i. e.

o o< 2 = ! E (Oisthe ground state, n denotes the n’th excited state and the sum must
n=1=0" Fn
of course exclude n = 0). It is not our intention to make an excursion into perturbation
theory, we only mention this result because it allows a pictorial insight into some of the
factors controlling the polarizability of asystem and hel psto understand why density func-
tional methods perform the way they do. The energy differences between the ground and
excited states can to afirst approximation be expressed in terms of the corresponding Kohn-
Sham orbital energy differences. The largest contribution will obviously be from the
excitations involving high-lying occupied and low-lying unoccupied Kohn-Sham orbitals
which give the smallest denominator, but the other energy differences also contribute. We
have seen in the preceding discussions that due to the incorrect asymptotic behavior of the
exchange-correlation potentials, all regular density functionals have problems in describ-
ing those orbital energies. In particul ar, because thelong-range potential s are not attractive
enough, the energies of the highest occupied orbitals usually come out significantly too
high and the orbital differences are hence too low. One should therefore expect that these
functionals should predict polarizabilitiesthat are exaggerated. And indeed, that is exactly
what is observed. Before we enter an in-depth discussion of the performance of the various
approximate density functional swe should point out that the computed static polarizability
dataare not strictly comparable with experimental ones, becauseit isdifficult to deducethe
pure static, frequency independent values from the experimental data and to remove the
unwanted contributions from vibrational, rotational or other effects. Generally it is ex-
pected that accounting for such effects would increase the computed value. In other words,
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a dight underestimation of the experimental data by the computational methods — which
are strictly frequency independent — is actually a desirable feature. Already in the early
study of Guan et al., 1993, who analyzed the performance of the local density approxima-
tion with regard to molecular polarizabilities the tendency of the LDA to overestimate the
mean polarizabilities™ <o> was noted. These authorswere probably also thefirst to under-
line the need for flexible basis sets, which must include polarization and diffuse functions
to properly describe polarizabilities. Subsequently, McDowell, Amos, and Handy, 1995,
reported mean polarizabilities <o> of aseries of small molecules obtained with the SVWN
and BLY P functionalsin comparison with Hartree-Fock, correlated wave function and ex-
perimental data employing Sadlej’s POL basis set especially optimized for this purpose.
While the HF polarizabilities were systematically too low by about 5-10 %, exactly the
opposite trend was found for the density functionals. Both functionals studied overesti-
mated <or> fairly significantly. In terms of absolute errors, the density functional methods
were not superior to the HF approximation. Furthermore and in contrast to many other
properties, inthis casethe ssmple SVWN functional generally provided results closer to the
experimental or highly correlated reference data than the gradient-corrected BLY P tech-
nigue. In order to assess the basis set dependence of their results, the authors repeated the
calculations with alarger set, where in particular the diffuse part was improved. Irrespec-
tive of the method thisled to an increase of the cal culated polarizabilities (including the HF
and related, more sophisticated models). Thisisin perfect agreement with the numerical,
basis-set free calculations of Dickson and Becke, 1996, employing the SVWN functional.
Their average polarizabilitiesarein most caseslarger than any results using the same func-
tional but with afinite basis set. In other words, increasing the basis in general aso in-
creases<o>. Sincethe LDA and GGA functionals already systematically overestimatethis
guantity, this means that by increasing the basis set the error for the density functional
methods also getslarger. Thus, we have another typical example of getting the right answer
for the wrong reason. Using only a small basis set might give overoptimistic results for
polarizabilities, which do not mirror theintrinsic accuracy of density functional theory but
are only due to a fortuitous error cancellation. Other studies essentially confirmed these
conclusions, seeg, e. g., Calaminici, Jug, and Kdéster, 1998. Fuentalba and Simén-Manso,
1997, included the B3PW91 and B3LY P hybrid functionalsin their study and showed that
they lead to asignificant improvement. Since these functional s contain some Hartree-Fock
exchange and HF is known to give too small polarizabilities, the resulting <o> should
indeed benefit from error compensation. Another interpretation for the better performance
isthat including exact HF exchange improves the asymptotic decay of the exchange poten-
tial, which issoimportant for polarizabilities. These authors also included the LB94 poten-
tial, which is characterized by the correct —1/r asymptotic decay. Supporting the above
reasoning, this choice aso yielded improved results, in harmony with the qualitative dis-
cussion above that functional swhich give better asymptotic potentials should partially cor-
rect the usually observed overestimation of polarizabilities. Similar observationsregarding

4 Usually, theindividual components of the polarizability tensor 6 are not given, but only the average value of
its diagonal elements which is defined as <o> = 1/3 (0 + 01y + 0,5)).
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the LB94 potential and the importance of an accurate potential can be extracted from the
work of van Gisbergen, Snijders, and Baerends 1998b (see also therelated earlier contribu-
tion by van Gisbergen et al., 1996 and the more recent study by Banerjee and Harbola,
1999), who used accurate exchange-correl ation potentials derived from high quality charge
densities from configuration interaction cal culations. For the six small moleculesincluded
in their study, they found the L DA to overestimate the experimental <a> by 8.8 %, which
improved to an average absolute error of 3.6 % for LB94 (no systematic error, the com-
puted data scatter bel ow and above the reference val ues and the average signed error amounts
to only 0.6 %). The role of asymptotically correct exchange-correlation functionals was
a so the focus of the polarizability calculations by Tozer and Handy, 1998. These authors
showed that theimproved asymptotic behavior of the HCTH functional was mirrored inthe
quality of the computed mean polarizabilities. Inclusion of the ‘ asymptotic correction’ (cf.
Section 6.8) resulted in even better data. For the 14 molecules included in their test set,
mean absolute deviations of 0.83 a. u. or 5.1 % (SVWN), 0.90 a. u. or 5.9 % (BLY P), 0.33
a u.or2.0% (B3LYP), 0.36 a. u. or 2.5 % (HCTH) and 0.26 a. u. or 1.3 % (HCTH(AC))
are obtained with the POL basis set. SYWN and BLY P systematically overestimate the
mean polarizabilities. B3LYP and HCTH have the same trend, but to a lesser extent and
with two exceptions, CO, and CH,,. Use of the adiabatically corrected HCTH functional/
potential always lowers <o>, usually improving the agreement with the experiment. Only
for carbon dioxide and methane — which were already too low at HCTH — and ethyleneis
no improvement as compared with the HCTH data observed. For comparison, the MP2
treatment isvery closeto the HCTH(AC) resultswith amean absolute error of 0.24 a. u. or
1.4 %. Van Caillie and Amos, 1998, and Cohen and Tantirungrotechai, 1999, also used the
POL basis setsand studied the mean pol ari zahilities of anumber of speciesincluding dightly
larger molecules such as ethane, ethene, ethyne and butadiene. Their qualitative results
overall confirm the above conclusions. In particular the B3LY P functional led to average
polarizabilities with an accuracy approaching (but not surpassing) that of sophisticated
wave function techniques. Finally, we mention arecent study by Adamo et al., 1999. These
authors applied the two hybrid functional B3LYP and PBELPBE for a larger variety of
molecul es, including some aliphatic and aromatic hydrocarbons, using different basis sets.
In line with the surprisingly good performance of the PBE1PBE functional for excitation
energies noted in Chapter 9, thisfunctional also worksvery well for polarizabilities. While
for B3LYP and HCTH(AC) mean absolute errors in <o> of 0.39 and 0.29 a. u. are ob-
tained, for the PBE1PBE functional an error of only 0.20 a. u. with respect to asmall set of
twelve reference molecules has been noted. Also, this functional does not show a system-
atic error, rather the results scatter irregularly around the experimental target numbers.
Actually, Adamo et al. also included fairly sophisticated wave function approaches such as
second and fourth order perturbation theory (MP2 and MP4) or the Brueckner doubleswith
perturbational estimate of triple excitations (BD(T)) strategy. These methods were charac-
terized by mean absolute deviations of 0.25, 0.28, and 0.23 a. u., respectively. Interestingly,
none of these did surpass the accuracy obtained from the PBE1PBE functional, in spite of
being significantly more expensive computationally. For the eight hydrocarbons, including
fairly large molecules such as naphthalene, the PBE1PBE functional continuesto provide
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10.3 Polarizabilities

Table 10-3. Compilation of mean absol ute deviationsfor static average polarizabilities[a.u.] of small main group
molecules from different sources.

13 molecules, POL basis set, McDowell, Amos and Handy, 1995

HF 1.18 BD(T) 0.36
MP2 0.36 LDA 0.99
MP4 0.40 BLYP 0.95

19 molecules, augmented TZP STO basis set, van Gisbergen et al., 1996

LDA 0.92 LB94 0.63%
BP86 0.43

8 molecules, numerical, basis set free, Dickson and Becke, 1996

LDA 0.60

16 molecules, POL basis set, Van Caillie and Amos, 1998

HF 1.06 B3LYP 0.38
LDA 0.99

16 molecules, d-aug-cc-pVTZ basis set, Van Caillie and Amos, 1998

HF 1.07 B3LYP 0.39
LDA 0.98

14 molecules, POL basis set, Tozer and Handy, 1998

LDA 0.83 HCTH 0.36
BLYP 0.90 HCTH(AC) 0.26
B3LYP 0.33 MP2 0.24

5 molecules, TZVP+FIP basis set, Calaminici, Jug and K dster, 1998

HF 1.29 BLYP 0.41
LDA 0.33 CCsD(T) 031

12 molecules, POL basis set, Adamo et al., 1999

MP2 0.25 B97 0.42
MP4 0.28 B3LYP 0.39
BD(T) 0.23 HCTH 0.29
PBE1PBE 0.20

20 molecules, POL basis set, Cohen and Tozer, 1999

HF 1.76 HCTH 1.38
MP2 0.95 B3LYP 1.79
BD 1.29 B97 1.50
BLYP 2.25 B97-1 1.53

2 Note that the signed average error is considerably smaller. The LB94 potential shows no systematic errors.
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promising results and significantly outperforms MP2 values, as far as the latter are avail-
able. It should be noted that in this case the standard B3LY P functional performs signifi-
cantly worse on average than the correlated methods, including MP2. Unfortunately, none
of the currently popular GGA functionals were included in this comparison. A representa-
tive collection of the datathat we discussed in this section can befound in Table 10-2, while
Table 10-3 summarizes some of the recent literature studies on the accuracy of DFT meth-
odsfor <o>.

The bottom line of this section is that density functional methods certainly provide a
promising tool for predicting static average polarizabilities. However, simple functionals
such as SYWN or GGA approaches like BLY P systematically and significantly overesti-
mate these quantities. There are probably several reasonsfor this, among which the errone-
ous asymptotic decay of the corresponding exchange-correlation potential s hol ds a promi-
nent place. Hybrid functionals and approaches specifically designed for dealing with the
asymptotic decay problem lead to much better results. The workhorse of today’sDFT prac-
titioners, B3LY P, performs satisfactorily, even though the results are frequently somewhat
less accurate than from standard MP2 theory. In terms of basis sets one should make sure
that they include polarization aswell as diffuse functions. The POL basis sets, even though
optimized for wave function approaches, seemsto offer a particularly well suited compro-
mise between size and computational economy for density functional approaches too.

10.4 Hyperpolarizabilites

Thetensor of the static first hyperpolarizabilities B is defined asthethird derivative of the
energy with respect to the e ectric field components and henceinvolves one additional field
differentiation compared to polarizabilities. Implementations employing analytic deriva-
tives in the Kohn-Sham framework have been described by Colwell et al., 1993, and Lee
and Colwell, 1994, for LDA and GGA functionals, respectively. If no analytic derivatives
are available, somefinitefield approximation is used. In these casesthe B tensor is prefer-
ably computed by numerically differentiating the analytically obtained polarizabilities. In
this way only one non-analytical step, susceptible to numerical noise, isinvolved. Just as
for polarizabilities, the individual tensor components are not regularly reported, but rather

the average hyperpolarizability defined as (f3) = E(BXXZ +Byyz + Bzz) - Itiswell known

from many wave function and density functional based studies that hyperpolarizabilities
are even more sensitive towards basis setsthan lower-order el ectric properties. Hence, large
basis setsincluding polarization and diffuse functions areamust if reasonable cal cul ations
on <B> are to be performed. The hyperpolarizabilities are largely determined by the elec-
tron density at long range and thus by the corresponding exchange-correlation potentials
far from the nuclei. Therefore the dependence on the particul ar functional employed should
be similar to or even more pronounced than what we discussed above for the polarizability
& . Indeed, normal LDA and GGA functionals provide resultsfor <g> which aresimilar to
each other but in general much too large if compared to experimental or accurate, corre-
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|ated wave function data. We note in passing that for the hyperpol arizabilities the compari-
son to experimental datais even more problematic than for &, because they usually do not
refer to the static limit and are severely contaminated by vibrational, rotational and other
contributions. As shown in the recent study by Cohen, Handy, and Tozer 1999, however,
the extent to which <B> is overestimated varies significantly from molecule to molecule.
For example, the BLY P average hyperpolarizability of formaldehyde, H,C=0, istoo large
by some 125 % whereas for the hydrogen fluoride and carbon monoxide molecules the
error islessthan 25 % if measured against accurate numbers from correlated wave function
based calculations. Similar results are obtained with SYWN as demonstrated by many
studies including the basis-free approach of Dickson and Becke, 1996. Better results are
furnished by hybrid functionals like B3LY P, probably due to the improved asymptotic
behavior brought about by the admixture of some exact, non-local Hartree-Fock exchange.
Special strategies, which either include a large flexibility like the highly parameterized
B97-1 hybrid functional, or which are designed with the asymptotically correct potential in
mind such as the LB94 potential or the HCTH(AC) protocoal, are better till. But these are
aso certainly not a panacea and some problematic cases remain. For example, areliable
computational result of <> for acetonitrile, CH;CN, is—40.4a u. The SYWN and BLYP
functionals show the typical overestimation and give values of —-62 and —64 a. u., respec-
tively. As expected, the admixture of exact exchange in the B3LY P protocol reduces the
error and yields—53 a. u. Rather than reducing the value for <> further and thus bringing
it closer to the reference, the asymptotically corrected HCTH(AC) procedure predicts <>
=-145.5 a. u., miles away from the target. The reason is probably that the parent HCTH
functional produces alowest unoccupied orbital of CH,CN with Rydberg character which
apparently the asymptotic correction is unable to cope with and the whole thing blows up.
A compilation of representative results for computed hyperpolarizabilities from the recent
literature can be found in Table 10-4.

Little is known about the predictive power of density functionals for second hyper-
polarizabilities, 7 . But the trends discussed so far for § can be safely extrapolated to 7 .
However, the basis set requirements are larger still and more subtle. More functionsin the
polarization space are required as well as a very flexible description of the outer regions
with diffuse functionsin order to achieve converged results. For example, Calaminici, Jug,
and K éster, 1998, show that upon adding a set of field-induced f-functionsto their d-polar-
ized triple-zeta FIP basis set, the value of <y> computed with the SYWN functional in-
creased dramatically for most of the small moleculesincluded in their study (depending on
the molecule by 50 to more than 100 %). The overall accuracy seemsto beless satisfactory
than for the lower order properties. LDA and GGA functionals severely overestimate the
individual tensor components and the average of y dueto the wrong asymptotic behavior of
the corresponding potentials. The LB94 potential improves the results but usually errsin
the opposite direction if compared to accurate coupled-cluster (CCSD(T)) data as shown
by van Gisbergen, Snijders, and Baerends, 1998b and Banerjee and Harbola, 1999.
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10.5 Infrared and Raman Intensities

The computational prediction of vibrational spectraisamong the important areas of appli-
cation for modern quantum chemical methods because it allows the interpretation of ex-
perimental spectraand can be very instrumental for theidentification of unknown species.
A vibrational spectrum consists of two characteristics, the frequency of theincident light at
which the absorption occurs and how much of the radiation is absorbed. The first quantity
can be obtained computationally by calculating the harmonic vibrational frequencies of a
molecule. As outlined in Chapter 8 density functional methods do arather good job in that
area. To complete the picture, one must also consider the second quantity, i. e., accurate
computational predictions of the corresponding intensities have to be provided.

In the case of aninfrared spectrum, the intensity isrelated to the square of the infinitesi-
mal change of the electric dipole moment w with respect to the normal coordinates,® g,

2
: (10-6)

o
. =C
: ‘BQa

C isanumerical constant and includes the degeneracy of the vibration a. Recall from

oF
ond derivatives with respect to the electric field and to the nuclear coordinates and hence
also a second-order property. In the realm of conventional wave function techniquesit is
well established that the reliable prediction of intensities is more demanding than locating
thefrequencies of thevibrational transitions. Very akin to the response properties discussed
above, electron correlation turns out to be a particularly important factor for obtaining
useful predictions. Consequently, the Hartree-Fock approximation is not a useful alterna-
tive. In addition, basis setswith polarization and diffuse functions are needed to samplethe
tail regions of the wave functions and allow the basis set to respond to the electric field
perturbation and are therefore a second prerequisite. As we know well by now, density
functional theory implicitly includes el ectron correl ation through the exchange-correl ation
functional. Indeed, successful computations of DFT frequencies and corresponding infra-
red intensities are reported in a large number of papers (for representative examples see
Stepanian et al., 1999, and Bauschlicher, Hudgins, and Allamandola, 1999). The most com-
prehensive systematic investigation of the performance of modern density functionals, in-
cluding hybrid ones, is probably the recent study of Halls and Schlegel, 1998. These au-
thors compared the local SVWN functional with the most popular GGA implementations
(BLYP, BP86, and BPW91) and their 3-parameter hybrid counterparts (B3LY P, B3P86,
and B3PW91) on atest set of twelve small, mostly organic molecules. The quantitative

. E) . . .
equation (10-2) that u = — a—l i. e. with respect to the energy the |, are the mixed sec-

% To be precise, this expression empl oys the so-called double-harmonic approximation, where cubic and higher
force constants aswell as second and higher dipole derivatives are ignored. This approximation is common to
al current implementations of calculating IR and Raman intensities. For details see Amos, 1987.
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determination of absolute experimental IR intensitiesis difficult and usually only accurate
towithin+£10%. In addition, the double harmonic approximation introduces another uncer-
tainty of about +10% and hence no strict comparability between experimental and
computationally predicted data exists. To circumvent these ambiguities the authors chose
intensities computed at the conventional QCISD level as reference data. With the rather
modest 6-31G(d) basis set, the local SVWN functional had a mean absolute error of
9.5 km/mol, lessthan half of the mean deviation of the Hartree-Fock values (24.2 km/mol)
from the QCISD reference with the same basis set. Interestingly, the GGA functionals did
not come out any better. On the contrary, although in the same ballpark, the mean absolute
errors of BLYP (12.1 km/mal), BP86 (10.6 km/mol), and BPW91 (10.2 km/mol) are al
larger than the SYWN result. A big difference is connected with the admixture of some
exact exchange. The hybrid functional's cut the error down to half and win the competition
with rather low deviations of 5.8 km/mol (B3LY P), 4.9 km/mol (B3P86), and 4.8 km/mol
(B3PW91). For comparison, the post-HF method MP2 has an error of 6.3 km/mol. If the
basis set isincreased to the rather large 6-311+G(3df,3pd) set, these conclusionsremain by
and largevalid. With thisbasis set the HF, SVWN, BLY P, and B3LY P mean absol ute errors
with respect to the QCISD level amount to 27.1, 10.9, 10.6, and 5.0 km/mol, respectively.
If we take the QCISD/6-311+G(3df,3pd) data as close to the converged final and hence
idealized experimental values, we finally ask how big a basis must be used to get close
enough to the above errors. Not unexpectedly, the 6-31G(d) set is too small and not well
suited. Its SYVWN and BLY P errors with respect to QCISD/6-311+G(3df,3pd) amount to
20.4 and 24.3 km/mol. Only after augmenting this set with several polarization and diffuse
functions an acceptable deviation close to 10-11 km/mol results. For example with the
6-31+G(3d,2p) set, the SVWN and BLYP errors are 12.1 and 11.5 km/mol, respectively,
which are quite satisfactory. In spite of the very elaborate comparisons presented in that
study one must keep in mind that the quantitative analysis should not be overvalued. IR
intensities are very sensitive quantities and using sophisticated coupled cluster CCSD(T)
calculationsrather than QCISD together with large basis sets actually leadsto deviations of
up to 10% and more, in spite of the formal similarity of the two approaches. In their study,
De Proft, Martin, and Geerlings, 1996, also included IR intensities computed with the
B3LY P functional and compare these with coupled cluster and QCISD results. Their re-
sults corroborate the above conclusions that this functional is well suited for predicting
infrared intensities if combined with d,f-polarized triple zeta basis sets. Smaller basis sets
are on average (but not in all cases) worse but still allow a semiquantitative analysis of
spectra. We should also mention the early study by Fan and Ziegler, 1992, who applied the
LDA and BP86 functionals together with various STO basis sets. Their conclusion about
the quality of DFT intensities and the need for sufficiently large basis setsis similar. How-
ever, unlike Hallsand Schlegel, they report asmall but consistent improvement in the com-
puted intensities when going from local to GGA functionals. Some representative numeri-
cal datafrom the studies cited are collected in Table 10-5.

Theintensities of Raman scattering depend on the square of the infinitesimal change of
the polarizability o with respect to the normal coordinates, g. Since the polarizability itself
is aready the second derivative of the energy with respect to the electric field — see equa-
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tion (10-3) — Raman scattering intensities are athird order property and hence are expected
to be even more sensitive to the functionals and basis sets used. In their systematic evalua-
tion of density functional methods for the calculation of Raman intensities, Halls and
Schlegel, 1999, report resultsfor 12 small molecules obtained from SVWN, BLYP, B3LYP,
mPW1PW with various basis sets and compare them to experimental as well as Hartree-
Fock and MP2 data. The hybrid functionalswork better than the BLY Pfunctional which, in
turn, offers no improvement as compared to the SYWN approximation. This somewhat
disappointing performance of the GGA functionalsfor the determination of Raman intensities
was already noted in an earlier study by Stirling, 1996. As indicated by the mean absolute
deviations from experimental data collected in Table 10-6, the POL basis set provided an
accuracy very similar to the much larger aug-cc-pVTZ set while the errors from using 6-
31G(d) were more significant by about a factor of two. Based on these results Halls and
Schlegel recommend the B3LY P/POL combination for computing Raman intensities. In a
subsequent study Van Caillie and Amos, 2000, used time-dependent DFT to compute the
Raman intensitiesfor asimilar set of moleculeswith the POL basis set. Among thefunctionals
investigated were also recent exchange-correlation functionals such as PBE, PBE1PBE,
and B97. Their conclusions substantiate the results of Hallsand Schlegel. GGA functionals
such asthe PBE functional do not improve the SVWN resultswhile the hybrid functionals
B3LY P, B97 and in particular PBE1PBE perform much better, see Table 10-6. Van Caillie
and Amos report also calculations where not the derivative of the static polarizability is
employed but in which they use dynamic (i. e., frequency dependent) polarizabilities for

Table 10-6. Compilation of mean absolute deviations for Raman intensities [A* amu™]

12 molecules, Halls and Schlegel, 1999

HF/6-31G(d) 30.3 B3LY P/6-31G(d) 30.2
SVWN/6-31G(d) 31.0 MPW1PW/6-31G(d) 29.7
BLYP/6-31G(d) 31.2 MP2/6-31G(d) 30.2
HF/POL 15.1 B3LY P/POL 13.8
SVWN/POL 16.9 mPW1PW/POL 13.6
BLYP/POL 17.7 MP2/POL 11.5
HF/large® 14.6 B3LY P/large® 12.0
SVWN/large® 14.2 mPW1PW/large® 11.8
BLY P/large® 136 MP2/large® 10.0

10 molecules, POL basis set, Van Caillie and Amos, 2000

HF 16.9 B97 13.2
SVWN 18.1 PBE1PBE 12.6
PBE 18.7 MP2 11.0
B3LYP 13.9

HFP 17.3 B97° 145
SVWNP 19.1 PBE1PBE" 137
PBE® 19.6 B3LYP® 15.2

large = aug-cc-pVTZ; b usi ng dynamic polarizabilities.
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determining the Raman intensities. Thisfrequency dependence, whichisusually neglected,
increasesthe computed i ntensities on average by some 15% leading to an overall deteriora
tion of the average errors. Hence, as the authors state, whether including the frequency
dependence represents an improvement cannot be concluded at thistime.

The take home message of this section isthat local and GGA functionals perform more
or lesssimilarly for IR and Raman intensities, whereas the hybrid ones offer a significant
improvement, yielding results comparable or even better than MP2 for significantly less
computational cost. In terms of basis sets, at least double-zeta sets augmented by flexible
polarization and diffuse functions are needed. The POL basis set seemsto offer a particu-
larly good price/performance ratio.
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11 Magnetic Properties

When a molecule is under the influence of an external magnetic field, this perturbation
gives rise to some very important effects, which al involve the interaction of anuclear or
electron spin with the local electronic currentsinduced by the externally applied magnetic
field. Specifically, the interaction of a‘magnetic’ nucleus, i. e., anucleuswhose spin | = 0,
with an external magnetic field resultsin the well known chemical shift which isthe prime
observable in nuclear magnetic resonance (NMR) experiments. Similarly, the second im-
portant source of information from an NMR spectrum, i. e., nuclear spin-spin coupling
effects is related to the interaction of a spin at one nucleus with the electronic currents
brought about by a second magnetic nucleus, i. e., the interaction of two nuclear magnetic
moments mediated by the electronic spin density. On the other hand, if it is not a nuclear
spin, but the spin of an unpaired electron that interacts with the magnetic field induced
currents we enter the domain of electron spin resonance (ESR, also known as electron
paramagnetic resonance, EPR). The central quantitiesin these techniques are the so-called
g-tensor, which in away resemblesthe NMR chemical shiftsasit describes differencesin
theinteraction dueto the chemical environment and the hyperfine coupling constantswhich
probe the amount of unpaired spin density at the nuclear position.

Both spectroscopic methods enjoy an ever-increasing popularity in many chemical ap-
plications since they offer extremely valuable information about the geometrical and elec-
tronic structures of the system. While NMR is awell-established standard tool for probing
virtually any closed-shell molecule, ESR techniques represent a central source of informa-
tionfor open-shell systemssuch asradicals. Animportant areawhere ESR dataare of great
valueis, for example, the investigation of enzymes containing non closed-shell transition-
metals, even though the connection between the experimental spectrum and the electronic
and geometrical details of the particular system are frequently not fully understood. This
great importance of NMR and ESR spectroscopy indicates that the capability of reliable
computational predictions of the corresponding propertiesisin high demand. However, as
will we outline succinctly further below, the theory behind the determination of magnetic
propertiesisfairly involved. Hence, itisonly in thelast two decades that meaningful chemical
shift calculations at the simple Hartree-Fock level have become available on aroutine ba-
sis. Unfortunately, it soon turned out that in many instances, namely whenever electron
correlationisan issue, HF resultsare not of sufficient quality to provide useful information
for guiding and interpreting experimental activities. The obvious solutiontothisproblemis
to employ wave function based strategies that explicitly include electron correlation ef-
fects. The high computational demands of such methods, however, limit their application
to small, chemically less relevant molecules. The only conventional correlated strategy
which has gained some popularity becauseit is still affordableif applied to medium sized
moleculesis based on second order M gller-Plesset perturbati on theory (MP2). However, as
we will see from the exampl es discussed bel ow, this method fails miserably in caseswhere
near-degeneracy problems are present and has to be used with great care. Asin other areas
discussed in this book it seems therefore to be a natural suggestion to combine the strate-
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gies for computing magnetic properties with density functional methods, where the elec-
tron correlation effectsareimplicitly accounted for viathe exchange-corrélation functional .
Indeed, the past few years have witnessed a tremendous devel opment of implementations
for the density functional theory based determination of NMR and ESR parameters. At the
time of writing these techniques seem to be the only avenue leading to meaningful predic-
tions, for example, for large molecules* or transition-metal compounds with a potential
which is growing at an impressive pace.

In this chapter we are going to introduce the most common strategies aimed at comput-
ing magnetic properties in a density functional theory context. We commence by briefly
reviewing the qualitative aspects of the theoretical foundations and present the implemen-
tations available. The reader should be aware that in this case we again face the dilemma of
deciding between aformal and theoretically thorough presentation of the material, digging
deep into the complex physics, and amore qualitative introduction which aimsat providing
the reader with afeeling of how the methods work and how well they perform in practical
applications. Following the general philosophy of this book we intentionally decided on
thelatter option. For readers who wish to learn more about thisfascinating field, in particu-
lar the physics governing this whole area, we have included key references to the relevant
literature. We then go on by discussing the degree of accuracy that can be expected from
such cal culations and how the choi ce of the functional and the one-electron basis set affects
the performance. Our main focus will be on the most active field in this area, i. e, the
computational prediction of NMR chemical shifts. The methodological aspects and repre-
sentative cal culations of nuclear spin-spin couplingsaswell as ESR g-tensorsand hyperfine
structures of radicals will be mentioned more briefly. In addition to presenting results for
lighter main group elements, the discussion will be extended to transition-metal compounds
which represent a considerable challenge for any method and where density functional
theory seemsto be particularly successful and sometimes the only choice.

11.1 Theoretical Background

The general theory of the quantum mechanical treatment of magnetic propertiesis far be-
yond the scope of this book. For details of the fundamental theory as well as on many
technical aspects regarding the calculation of NMR parameters in the context of various
guantum chemical techniques we refer the interested reader to the clear and competent
discussion in the recent review by Helgaker, Jaszunski, and Ruud, 1999. These authors
focus mainly on the Hartree-Fock and related correl ated methods but briefly touch also on
density functional theory. A more introductory exposition of the general aspects can be
found in standard text books such as McWeeny, 1992, or Atkins and Friedman, 1997. As
mentioned above we will in the following provide just a very genera overview of this

47 For example, despite the high symmetry of Cgo: NO calculation of its NMR properties at the MP2 level has
been reported so far. DFT-based methods, on the other hand, can readily be applied to this and to larger
fullerenes, see Buhl et al., 1999.
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subject. Similar to the dipole polarizability ¢ introduced in the preceding chapter, NMR
chemical shiftsand spin-spin couplings aswell as ESR g-tensors are second-order proper-
ties and can be expressed as a mixed second derivative of the total electronic energy with
respect to two perturbations,

s 9%E
TOXIY |,

(11-1)

When X correspondsto the magnetic field B the 64 are elements of the nuclear shield-
ing tensor or of the ESR g-tensor if Y is the nuclear magnetic moment or an electronic
spin, respectively. If, on the other hand, the derivative istaken with respect to two different
nuclear magnetic moments, we arrive at an expression for the (reduced) spin-spin coupling
constants of NMR spectroscopy. The usual way to tackle such equationsis by employing
stationary perturbation theory. In the conventional Hartree-Fock approach thisleadsto the
coupled perturbed Hartree-Fock equations, which describe the linear response of the mo-
lecular orbitals that define the Slater determinant of the corresponding HF ground state to
the external perturbation. Due to the non-local character of the exchange operator in HF
theory, the response of a particular molecular orbital depends on the linear response of all
other occupied orbitals. On the other hand, if the same reasoning is applied to Kohn-Sham
density functional theory based on the commonly used local or gradient-corrected exchange-
correlation functionals, thislinear response vani shes exactly because of the local character
of the corresponding exchange operators. Thereisno coupling between thelinear responses
of different molecular orbitals and one ends up with the so-called uncoupled density func-
tional theory (UDFT) equations. The loss of the coupling is a shortcoming which reflects
the fact that the standard functionals depend only on the charge density and are designed
for ‘“normal’ situations, i. e., where no magnetic field is present. It is very important to
realize that for a proper description of molecules in the presence of an external magnetic
field, the usual Hohenberg-Kohn theorems as outlined in Chapter 4 do not hold any more
and the corresponding exchange-correl ation functional not only hasto depend on the elec-
tron density p(F) but also on the current density j(F) induced by the magnetic field,

Exclp(F)] —Re=ned manetielied g [n(F), j(F)] - (11-2)

Approaches employing such current density functional s have been around for sometime
(seeVignale, Rasolt, and Geldart, 1990) and first implementations have been reported re-
cently, for example by Lee, Handy, and Colwell, 1995, who used alocal density type ap-
proximation, while Becke, 1996b, outlined the formalism for gradient-corrected current
density functionals. These techniques are, however, still in the early development phase
and have not reached the maturity to be of any practical relevance. Rather, all present-day
implementati ons of computing magnetic propertiesare based on regular density functionals,
i. e, they employ the approximation that the dependence on the current density can be
neglected,
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Exclp(F), i(F)] = Exclp(F]- (11-3)

Fortunately, as shown by Lee, Handy, and Colwell, 1995, it seemsthat the consequences
of this approximation with regard to the accuracy of the computed chemical shifts are
rather modest and are of less significance than the general shortcomings inherent in the
functionals used. Hence, from an application-oriented, pragmatic point of view one does
not need to worry too much about using functional swhich are formally inadequate because
they neglect the required dependence on ().

Another fundamental problem which significantly plaguesall attemptsto compute mag-
netic properties using afinite one-electron basis set approach, beit in the realm of density
functional theory or otherwise, isthe so-called gauge-problem. To explain in smple terms
what that meanswe have to mention afew key aspects of how magnetic properties enter the
Schrodinger equation. The central observablein this context isthe magnetic field B . How-
ever, in the operators, not B, but the related vector potential A of the field enters the
appropriate equations. The connection between these two quantities is that

B=VxA, (11-4)

i. e, themagnetic field is defined asthe curl of the vector potential. For the non-expert, we
only mention that the curl is a particular kind of gradient that can be applied to a vector
field (for details see McWeeny, 1992, or Atkins and Friedman, 1997). It isnot necessary in
the present context to enter an in-depth discussion of what this means, we only need to
convey the decisive point: the addition of the gradient of an arbitrary function to this vector
potential A leaves the magnetic field B unchanged. Or, in more pictorial terms, two dif-
ferent choicesof origin would givetwo aternativevaluesof A at any point in space, while
thefield B isof course independent of the arbitrarily chosen origin. Hence, many vector
potentials give rise to same magnetic field and there is no unique definition for the choice
of A corresponding to a particular magnetic field B . Since expectation values such as
NMR chemical shifts only depend on the observable, i. e. B, the results must of course be
independent of the actual choice of thevector potential A (aslong asityields B). Itisthis
requirement which is meant if one states that the magnetic field is gauge invariant.

Inall our computational strategieswe arelimited to approximate schemes and the use of
finite one-electron basis sets. One of the outgrowths of these approximationsisthat gauge
invariance is not fulfilled. The unpleasant consequence is that the computationally pre-
dicted magnetic properties depend on the choice of the coordinate system. In the coupled
Hartree-Fock scheme, for example, gauge invarianceisonly assured with acomplete, viz.,
infinite basis set. In fact, the breakthrough which triggered the fast growth of high accuracy
computational studies of NMR and ESR properties during the past two decades was the
development of efficient strategiesto cope with this gauge problem. The two most widely
used techniques are the so-called individual gauges for localized orbitals (IGLO) devel-
oped by Kutzelnigg and coworkers (for areview see Kutzelnigg, Fleischer, and Schindler,
1990) and the gauge-invariant atomic orbital (GIAQ, this acronym has been criticized
since the orbitals are actually gauge dependent and an alternative name frequently used is
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gauge-including atomic orbital) approachesfirst put forward by London as early as 1937.
In the IGLO ansatz, gauge-dependent factors are used on localized orbitals, while in the
GIAO framework the explicit field-dependence is built into the atom-centered basis func-
tions. For details the reader should consult Helgaker, Jaszunski, and Ruud, 1999, and the
many referencesgiven therein. Thefirst chemically significant cal culationsof NMR shielding
constantsin the context of density functional theory appeared afew years ago by Malkin,
Malkina, and Salahub, 1993, and employed the IGLO approach, while most subsequent
implementations use the GIAO technique, as described in detail by Rauhut et al., 1996, and
Cheeseman et al., 1996. As we will document presently, using uncoupled density func-
tional theory in either the IGLO or GIAO implementation leads in general to good agree-
ment with experimental data in spite of the formal shortcomings of this approach. How-
ever, in particular for systems characterized by low-lying excited states, but also in other
cases, shielding values which are systematically too low have been noted. As pointed out
by Bihl et al., 1999, it is not completely understood, whether this is due to general defi-
cienciesin the exchange-correlation functionals or whether it is due to the missing current
dependence. In best tradition of pragmatic solutionsin density functional theory, Malkin et
al., 1994, suggested to introduce an ad hoc correction term to the corresponding expres-
sionsas afirst attempt to introduce some current dependence. The resulting modified sum-
over-states density functional perturbation theory (SOS-DFPT) approach indeed often leads
to improved accuracy, even though it lacks the physical rigor to make it a promising and
serioustechnique from apurists’ point of view. Before we begin adetail ed discussion of the
actual performance of density functional methods in this arena, let us summarize the cur-
rent state of affairs with regard to the computational prediction of magnetic propertiesin
the Kohn-Sham framework. (i) The current dependence of the functionals required for a
theoretically correct description is neglected altogether; instead the usual exchange-corre-
Iation functional s which depend solely on the charge density are employed. (ii) The gauge
problem is tackled with the same IGLO, GIAO or similar techniques as in wave function
based approaches. In most current implementations, for example in Gaussian, Turbomole
or ADF, thelatter isrealized. Among the problems of theformer isthat there are examples,
where the results depend significantly on the localization scheme chosen. (iii) A special
implementation aimed at reducing the systematic errorsin the chemical shieldingsand thus
attempting to implicitly introduce a current dependence isthe SOS-DFPT technique. This
method is, however, fairly proprietary since it is implemented in combination with the
IGLO choice of origin only inthe deMon program and is not available in any other gener-
aly accessible quantum chemical software.

11.2 NMR Chemical Shifts

The most important magnetic property by far isthe chemical shift of NMR spectroscopy.
While proton (*H) and *3C shieldings hold a prominent place in organic chemistry, other
magnetic nuclei such as °N, 2Si, or 3P but also heavier nuclei such as transition-metals
areincreasingly important in many areas of chemistry. Obviously, all these nuclei areequally

201



11 Magnetic Properties

amenableto computational investigations. Inthefollowing wewill give an overview of the
level of confidence that can be expected for NMR shieldings computed for the various
relevant magnetic nuclel using different exchange-correlation functionals, basis sets and
implementations. Before we enter this discussion we need to point out that computed mag-
netic properties are in general extremely sensitive to the geometry chosen. Thisappliesin
particular to chemical shift calculations and already small changesin bond lengths or an-
gles may lead to significant deviations in the computed shifts. Hence, reliable chemical
shifts can only be expected if these calculations are based on good geometries. Actually,
this strong response of the chemical shift to structural variation has already frequently been
used as a means to identify the geometrical parameters of the target molecule, see Biihl,
1998. Asthe bottom line one should always keep in mind that the use of reliable structures
isanimportant prerequisite for obtai ning meaningful chemical shift, spin-spin coupling, g-
tensor or hyperfine structure information.

Let usbeginwith *H chemical shifts. Computational studiesin thisareaarelessfrequent
than for other nuclel because proton shifts span only some ten ppm and rovibrational and
solvent effects might be comparable to the range of chemical shiftsitself. Still, there have
been several reports on the successful application of density functional theory to proton
chemical shifts, see Dejaegere and Case, 1998, or Alkorta and Elguero, 1998, for repre-
sentative examples. In arecent detailed comparative study on *H chemical shifts, Rablen,
Pearlman, and Finkbiner, 1999, reported the performance of the three popular hybrid
functionals B3P86, B3PW91 and B3LY Pfor reproducing *H chemical shiftsof 80 small to
modest sized organic molecules. With the GIAO scheme and using a 6-311++G(2df,p)
basis set relative shieldings of pleasing quality were obtained. While all three functionals
performed similarly, B3LY Pwasrated best. I ncreasing the basis set further did not improve
the overall performance significantly and aready the smaller 6-311++G(d,p) basis set gave
results only marginally inferior to the 6-311++G(2df,p) ones. These authors also pointed
out that alinear scaling of the computed NMR chemical shiftsimproved the results, very
akin to the procedures established for harmonic frequencies. For example, ascaling factor
of 0.9422 was established for chemical shifts computed with the GIAO B3LY P/6-
311++G(2df,p) level based on B3LY P/6-31+G(d) optimized geometries.

Using fairly large Gaussian type basis sets to expand the Kohn-Sham orbitals and the
GIAO technique, Rauhut et a ., 1996, and Cheeseman et al ., 1996, tested the performance of
some popular exchange-correlation functional sranging from L DA through GGA functionals
such as BPW91 and BLY P up to the related three-parameter hybrid functionals B3PW91
and B3LY Pfor 23C, N, and 'O chemical shifts. In particular, the density functional results
were compared to the conventional Hartree-Fock ansatz and the MP2 extension for incor-
porating (dynamical) el ectron correlation effects, which represent the standard non-density
functional methods used for this purpose. Some representative resultstaken from Cheeseman
et al., 1996, and Adamo, Cossi, and Barone, 1999, are shown in Table 11-1.

For 13C shieldingsthetest set of simple moleculesincludedin Table 11-1 reveal sthat the
LDA cannot be recommended. This is because absolute deviations for both, absolute and
relative shifts are significantly higher than those of the HF method and much higher than
the rather small errors of the MP2 approach. As expected, the BLY P generalized gradient

202



11.2 NMR Chemical Shifts

Table 11-1. Absolute and relative (in square brackets, with respect to CH,, NH,, and H,0) **C, **N, and 'O
NMR chemical shifts [ppm].

Molecule  Nud.  HF® MP22 LDA? BLYP*  B3LYP* PBEIPBE® Exp?
CH, C 195.7 2015 193.7 187.5 189.6 194.0 195.1
NHs N 262.6 276.2 266.1 259.2 260.3 263.1 264.5
H,0 o} 3269 344.8 332.3 326.4 325.7 3289 344.0
C,Hg C 84.0 188.0 176.7 169.7 1736 179.7 180.9
[11.7] [13.5] [17.0] [17.8] [16.0] [14.3] [14.2)
CH, C 59.9 712 23 471 48.7 58.4 64.5
[1358]  [130.3]  [151.4]  [140.4]  [1409]  [1356]  [130.6]
CH, C 113.9 1233 100.0 105.7 106.3 114.0 117.2
[8L.8] [78.2] [93.7] [81.8] [83.3] [80.0] [77.9]
CH,CCH, Cgn 1140 120.9 103.2 103.0 104.5 112.5 115.2
[81.7] [80.6] [90.5] [84.5] [85.1] [81.5] [79.9]
Ceor 443 —26.0 —53.0 517 517 -36.6 289
[2400)  [2275]  [2467]  [2392]  [241.3]  [230.6]  [224.0]
CeHs C 55.0 64.0 17 437 45.2 55.3 57.2
[1407)  [1375]  [1520]  [143.8]  [144.4]  [1387]  [137.9]
CH.F C 1245 121.8 103.2 101.2 106.6 1165 116.8
[71.2] [79.7] [90.5] [86.3] [83.0] [77.5] [78.3]
CF, C 79.2 64.4 392 383 465 59.2 64.5
[1165]  [137.1]  [1545  [149.2]  [1431]  [1348]  [130.6]
HCN C 68.1 87.3 63.0 68.7 67.2 76.6 82.1
[127.6]  [1142]  [1307]  [118.8  [1224]  [117.4]  [113.0]
N —56.0 1.0 —60.2 —49.2 -53.1 -34.9 —20.4
[3186]  [2752]  [3263]  [308.4]  [313.4]  [2980]  [284.9]
CH.CN Cem 1909 1936 182.3 1771 180.4 187.7 187.7
[4.8] [7.9] [11.4] [10.4] [9.2] [6.3] [7.4]
Coy 606 76.1 54.7 57.8 574 68.2 7338
[1351]  [1254]  [139.0]  [129.7]  [132.2]  [1258]  [1213]
N —46.6 -132 447 -365 —40.7 —24.4 81
[309.2)  [289.4]  [3108]  [2957]  [30L.0]  [287.5]  [272.6]
CHaNH, C 163.8 164.9 151.1 145.3 150.1 157.1 158.3
[31.9] [36.6] [42.6] [42.2) [39.5] [36.9] [36.8]

N 250.0 261.2 244.7 2331 2384 244.0

[12.6] [15.0] [21.4] [26.1] [21.9] [19.1]
N, N -1287 449 1048 971 -1054 -76.8 616
[391.3]  [3211]  [3709]  [356.3]  [3657]  [339.9]  [326.1]
CHOH C 143.7 142.2 126.1 122.0 127.4 136.5 136.6
[52.0] [59.3] [67.6] [65.5] [62.2) [57.5] [58.5]

o 274.7 350.6 3345 3139 3216 334.7

[52.2) [-5.8] [2.2] [10.9] [4.1] [-5.8]
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Table 11-1, continued.

Molecule  Nuc.  HF MP22 LDA? BLYP*  B3LYP* PBEIPBE®  Exp?
CH,0 c 92 6.7 —41.0 -27.6 254 111
[2049]  [194.8]  [2347]  [2151]  [2150]  [205.1]
o) 4612 3419  -5092  -4507  -469.8 = -4222
[788.1]  [6867]  [8415]  [7845]  [7955]  [-7511]
HiCCOCH;  Cprepy 1635 164.5 148.8 146.9 150.4 157.0 158.0
[32.2) [37.0] [44.9] [40.6] [39.2) [37.0] [37.1)
Ceo  -232 5.8 —44.4 -374 -35.7 -111 -13.1
[2189]  [207.3]  [2345]  [2249]  [2253]  [2051]  [208.2]
o) -3405  -2798  -3755  -3515  -3581  -330.2
[667.4]  [6246]  [707.8]  [6763]  [683.8]  [659.1]
co c -29.2 11.1 -23.9 -173 217 78 1.0
[224.9]  [1904]  [217.6]  [204.8  [211.3]  [201.8]  [194.1]
o) -95.0 474 -03.7 829 8738 ~70.0 423
[421.9)  [3922]  [4260]  [407.7]  [4135]  [3989]  [386.3]
Co, C 478 635 472 479 46.9 56.8 585
[147.9]  [1380]  [1465]  [1396]  [1427]  [137.2]  [136.6]
o) 214.8 241.0 203.3 206.5 206.9 220.0 2434
[1121]  [103.8]  [129.0]  [1183]  [1188]  [108.9]  [100.6]
Meanabs. C 85 56 15.2 15.0 13.0 3.1
deviation [8.1] [1.6] [14.4] [7.9] [7.9] [2.5]

2 Cheeseman et al., 1996 using adoubly polarized quadruple zeta basis; ® Adamo, Cossi, and Barone, 1999, using
astandard 6-311+G(2p,d) basis set.

functional improvesthe quality of the results, in particular the error in the relative shiftsis
reduced to about one half of the LDA value. Interestingly, switching to the B3LY P hybrid
functional does not lead to the usually observed further betterment but furnishes results
very similar to the parent pure density functional. Rauhut et al. 1996, arrived at similar
conclusions even though some of their quantitative data differ due to the use of dlightly
different basis setsand geometries. A promising recent alternative seemsto bethe PBE1PBE
functional. Using this protocol but employing adightly different basis set, the mean abso-
lute errors in the absolute and relative shieldings drop to 3.1 and 2.5 ppm, respectively, as
compared to the MP2 result of 5.6 and 1.6 ppm, respectively (Adamo, Cossi, and Barone,
1999). Similarly, the mPW1PW functional shows very promising resultsfor 3C shieldings
asdemonstrated by Wiberg, 1999, for 18 organic molecules. Also therecent B98 functional
was shown to be competitive both with the MP2 approach and the best density functionals
by Bienati, Adamo, and Barone, 1999. Qualitatively similar conclusions can be drawn for
5N shieldings. However, for the few data for this nucleus included in Table 11-1 the LDA
already outperformsthe HF scheme, even though for all methodsthe errorsthemselvesare
considerably larger than for the **C case. For 'O shieldings in main group element com-
pounds density functional approaches— either of the GGA or the hybrid type — seem to be
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Table 11-2. Absolute 7O NMR chemical shifts [ppm] for ozone.

Nucleus HF? MP2®  CCSD(T)® LDA® BLYP* B3LYP* PBEIPBE® Exp.
Oermina 2793  +1055 —1208 —1520 -1454 -1673 -1453  —1290°, —1254°
Ocertra 2717  +2675 754 914 892 1115 1040  —724°, —688°

2 At the experimental geometry (Ryo=1.272 A, o = 116.8°) using an aug-cc-pVQZ quadruple-zeta basis sef;
P taken from Gauss and Stanton, 1996, usi ng Roo=1.2693 A, o = 117.0° and a large pentuple-zeta basis set;
¢ taken from Adamo and Barone, 1999 using Ry=1.2406 A, o = 118.3° and atriple-zeta 6-311(d,p) basis set.

insufficient to yield reliable results. For this nucleus, the conventional MP2 methods is
clearly superior, but also significantly more expensive computationally. A special, impor-
tant benchmark case is again provided by the ozone molecule because of the significant
effectsarising from non-dynamical correlation. Asshown in Table 11-2, only highly corre-
lated and computationally extremely demanding methods, such as CCSD(T) in combina
tionwith very large basis sets, are able to supply chemical shiftsreasonably closeto experi-
mental ones. Both, the HF and in particular the MP2 method, yield disastrously poor and
completely useless results, missing the experimental target data by some 2000 and 3500
ppm, respectively! On the other hand, just as in the previously discussed example of the
vibrational frequencies of O, pure density functionals perform best, whilein particular the
chemical shift of the central oxygen poses asignificant problem to hybrid functionals. The
density functional resultsin Table 11-2 have been obtained within the GIAO scheme, but as
shown by Kaupp, Makina, and Makin, 1997, calculations using the IGLO method for
dealing with the gauge problem, either in the simple uncoupled or the SOS-DFPT picture
lead to very similar conclusions.

All the above results were obtained using comparably large basis sets and we must ask
whether the choi ce of the basis set influences these general conclusions and which kinds of
standard basi s sets can be recommended for routine calculations of NMR chemical shifts.
Even though no systematic studies exploring the basis set dependence of NMR chemical
shift cal culationsin the Kohn-Sham framework seem to be availabl e, the general consensus
appearsto bethat the basis set requirementsare similar to those of the Hartree-Fock scheme
and less than for post-HF approaches. Typically, sets of polarized triple-zeta quality are
employed, such asthe 6-311+G(2d,p) standard set which a so includes an additional set of
diffuse functions on the non-hydrogen atoms. This basis set was recommended in particu-
lar by Cheeseman et al., 1996, in their evaluation of the applicability of density functional
theory to NMR chemical shifts. These authors also advocated the use of smaller sets such
as 6-31G(d) for larger molecules, albeit with some loss in accuracy. However, one should
keep in mind that there are indications that the rather good performance of these basis sets
may be dueto fortuitous error cancellations and that bigger, more flexible setsare required
for arriving at the correct answer for the correct reason. Another frequently employed and
probably better suited class of basissetsisthe IGLO-111 set originally derived by Kutzelnigg
and coworkers (Kutzelnigg, Fleischer, and Schindler, 1990) for the calculation of NMR
chemical shieldings in the context of Hartree-Fock theory. These are loosely contracted
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sets augmented by diffuse and polarization functions. For example, for carbon the IGLO-
Il basis set consists of 11s, 7p and 2d primitive Gaussian functions contracted to a final
basis set of 7s6p2d quality.

To summarize, for compounds containing elements of the first-row, GGA and hybrid
functionals provide chemical shifts of roughly similar accuracy, usually better than corre-
sponding Hartree-Fock results, whilethe LDA cannot be recommended. However, also the
GGA and hybrid approachesin many casesfall short of the precision that can be expected
from M P2 theory, let alone more elaborate techniques for accounting for electron correla-
tion such as CCSD(T). On the other hand, there are examples such as the **C chemical
shiftsin ortho-benzyne, where conventional methods such as HF and MP2 fail while den-
sity functional theory provides high quality predictions, see Orendt et a., 1996. Hence,
density functional based methods are aval uabl e addition to the quantum chemist’ stool box
but in most cases do not represent amajor breakthrough if small molecules containing only
light elements are being studied. Rather, the use of density functional techniques has its
particular merits when it comes to large systems due to its computational efficiency or to
species which contain heavier elements, such as transition-metal compounds. As noted
before, for these molecules el ectron correlation is of great importance and often relativistic
effects can nolonger beignored. If thelatter areincorporated through the use of relativistic
effective core potentials, the valence orbitals of the heavy elements show by construction
the wrong nodal behavior near the core. Hence, the straightforward use of RECPs for the
prediction of magnetic propertiesislimited to the ligand nuclei and cannot be used for the
metal. Another possibility for including relativistic effects is the quasirelativistic scheme
implemented in the ADF program. In thisapproach, the valence orbital s are orthogonalized
against the frozen core orbitals which ensures correct tails of the valence orbitals close to
the nucleus. As pointed out for example by Schreckenbach and Ziegler, 1998, chemical
shifts are mostly determined by the core tails of the valence orbitals and not by the core
orbitals themselves. Therefore, unlike RECPs, this technique can also be used to study
chemical shifts of the metal atom. In addition, very recently, the zeroth order regular ap-
proximation (ZORA) technique for incorporating spin free relativistic effects was imple-
mented in the context of NMR shielding constants by Wolff et al., 1999.

An ever growing number of chemical shift calculations for transition-element contain-
ing molecules has been carried out in the past few years as eloquently summarized in a
couple of recent reviews, such as Schreckenbach and Ziegler, 1998, Kaupp, Malkin, and
Malkina, 1998, and Bihl et al., 1999. An instructive example for ligand chemical shiftsis
given by the 7O chemical shifts of neutral and charged tetrahedral d° transition-metal oxo
complexes MO,. These systems are particularly well suited for acomparative study, since
the 1’0 chemical shifts cover alarge range and are very sensitive on the metal atom and the
bonding situation. Table 11-3 contains the oxygen shielding constants of various MO, com-
plexes obtained using a variety of density functional methods. For comparison, results
from the conventional, wave function based HF and M P2 techniques are also included.

Each of the functionals included in Table 11-3 shows a comparably good performance
for al oxo complexes. The differences between the functionals, be they of pure GGA or
hybrid typearein general small. Thisiseven moreremarkableif onetakesinto account that
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Table 11-3. Absolute YO NMR chemical shifts [ppm] in transition metal oxo complexes.

Molecule HE MP2 BP86 BP86 BP86 B3LYP B3LYP PBEIPBE Exp’
GIAO GIAO GIAO GIAO IGLO* GIAO GIAO  GIAO
BSI® BSI® STO® BSI® BSI® BsI® Bsn¢ Bsi¢

w03 -194 21 —-140 -157 —138 -183 -108 -102 -129
M 0042( =335 —60 -216 -251 -231 —289 -201 -193 -239
Crog” —1308 2173 —446 -508 —490 —640 —480 —479 —544
ReO, —464 3 —278 —282 =277 -339 —278
TcO, -819 184 —405 421 —410 -518 —458
MnQO, —7248 54485 —778 —832 821 1149 -939
0s0, —1295 1069 -521 -517 -503 —657 -505
RuO, —3330 8262 —740 —765 -733 1037 =-820
FeO, -1224 1172 1957

350S-IGLO approach; ®Basis I: IGLO Il basis for oxygen, RECP with (8s7p6d)/[6s5p3d] valence basis for
metals, taken from Kaupp, Malkina and Malkin, 1997; ¢ STO: Slater type basis of polarized triple zeta quality,
taken from Schreckenbach and Ziegler, 1997a; 9 Basis|1: EPR |1 basis for oxygen, RECP/valence basisfor metals
asin Basis |, taken from Adamo and Barone, 1998c; © taken from Kaupp, Malkina and Malkin, 1997.

these numbers have been collected from several sources which differ in the way the NMR
shifts are being computed (GIAO and the SOS-DFPT IGLO variant), the way scalar rela-
tivistic effects are accounted for (RECP and the quasirel ativistic approach), and the type of
basis set (GTO and STO based). On the other hand, both HF and MP2 show a completely
erratic behavior, which getsworse with increased deshielding. Interestingly, at the HF level
the computationally predicted shieldings are too low, while MP2 errs no less dramatically
in the opposite direction. A tendency of the MP2 methods to ‘overcorrect’ HF results can
also be noted for many well-behaved compounds of lighter nuclei, but in the transition-
metal species the errors can be spectacular: deviations from experiment of some 55000
ppm (!) in the case of MnO," clearly indicate that meaningless numbers have been pro-
duced. These compounds are known to exhibit significant non-dynamical electron correla-
tion effects pointing to the origin of this catastrophic behavior. The take-home message
hereisthat in such cases Hartree-Fock and M P2 methods are simply useless. On the other
hand, density functional theory seems to provide a general tool, applicable for the whole
range of oxides studied in thisparticular example. Interestingly, if instead of GGA functionals
their hybrid counterparts are employed, the agreement with experiment deteriorates. This
isin contradiction with the usual observation that hybrid functionals perform better than
GGA ones. To make things even more complicated, we will discuss cases below where the
hybrid functionals behave as expected and yield chemical shifts which are significantly
superior to GGA shifts. No general conclusion can be offered yet in this regard.

The computational prediction of not the ligand but the metal, particularly transition-
metal chemical shifts poses an even more severe challenge to any method. Electron corre-
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lation cannot be neglected and at least for the heavier metals relativistic effects have a
pronounced, direct influence on the results and need to be included. However, if instead of
absolute shieldings relative chemical shifts are considered, the effects of relativity are at-
tenuated. The reason for thisisthat relativistic effects are mostly due to the core el ectrons
whose properties change only little when going from one molecular environment to an-
other. Hence, they cancel to alarge extent when relative shifts are considered. Only if the
core tails of the valence orbitals start to become important can relativistic effects signifi-
cantly affect chemical shifts. Qualitative trends in chemical shifts can therefore be repro-
duced with non-relativistic calculationsfor elements as heavy as4d transition-metals. If we
turn to the quantitative performance of various functionals, surprising differences to the
corresponding ligand shifts are observed. In particular, the use of regular GGA functionals
leads in most cases to only disappointing results while hybrid functional s perform signifi-
cantly better. An extreme but still typical exampleis provided by the *’Fe chemical shiftsof
the prototype organometallic compound, ferrocene. Using afairly large basis set, pure GGA
functionals severely underestimate the experimental chemical shift of 1532 ppm by some
900 ppm, whilethe B3LY P functiona hitsright on target at 1525 ppm as demonstrated by
Bihl, 1997.

In conclusion, for most of the transition-metal chemical shifts studied up to now, hybrid
functionals such as B3LY P perform much better than GGA functionals which tend to sig-
nificantly underestimate the chemical shifts. However, as emphasized by Bihl et a., 1999,
it is an entirely open question as to whether the good performance of B3LY P and related
functionalsis dueto the underlying physics or just the result of afortuitous error cancella-
tion. We should point out though that Schreckenbach, 1999, offered an explanation for the
dramatic effect obtained for ferrocene. He argues that the following factors brought about
by mixing in exact exchange should be responsible: stabilization of the occupied orbitals
and the concomitant larger energetic gaps between occupied and virtual orbitals, the more
diffuse character of the unoccupied orbitals, and the inclusion of some coupling due to
Hartree-Fock exchangein the UDFT equations. In any case, even though such functionals
seem to help in these cases, they are certainly not a panacea since there are also examples—
like Mo chemical shifts— where the inclusion of exact exchange results in larger devia-
tions from the experimental data. The, admittedly somewhat unsatisfactory, bottom lineis
that any serious investigation of metal chemical shifts must be preceded by a careful cali-
bration of the available density functionals, sinceit is not possible to make a safe a priori
prediction of how well a particular functional will perform.

Finally, we should note that a particularly important area of application where density
functional techniques, in spite of the deficiencies noted above, are virtually without com-
petition is provided by biochemically relevant molecules, such as enzymes or nucleic ac-
ids. Thetechniquesdiscussed in this section are virtually the only quantum chemical meth-
ods which can be applied in this context due to their outstanding price/performance ratio.
For example, the 3C and >N chemical shiftsin bacteriochlorophyll A have been studied by
Facelli, 1998, and in another investigation the >’Fe, *C and O shifts in iron porphyrin
derivatives gave important clues as to the structural details of these species, as shown by
McMahon et al., 1998.
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11.3 NMR Nuclear Spin-Spin Coupling Constants

The chemical shifts discussed in the previous section are an important, but not the only
information carried by an NMR spectrum. In order to understand and interpret a com-
plete NMR spectrum the nuclear spin-spin coupling constants need to be analyzed as well.
However, the computational prediction of these quantities within approximate density
functional theory has turned out to be difficult and only a couple of reports have appeared
in the literature. In addition, only very few of the regularly available, commercial black-
box program packages include modules which would allow the routine calculation of this
property. We will therefore restrict ourselves to a brief overview of the current, still fairly
experimental state of the art for the determination of (isotropic) spin-spin coupling con-
stants in the context of density functional theory. One reason why these are difficult to
address theoreticaly is that there are a total of four terms which contribute to this prop-
erty, i. e., the diamagnetic and paramagnetic spin-orbit terms, the spin-dipole term and
the Fermi-contact term, al of which pose stringent and at the same time different prob-
lems for their theoretical description. The most important contribution among the four is
commonly the Fermi-contact term. Pictorially and very qualitatively speaking, the Fermi-
contact term for spin-spin coupling arises from the interaction of a magnetic nucleus with
the charge density at the position of this very same nucleus which induces a small polari-
zation of the total spin density (even though the system is formally closed-shell). This
distortion is then detected by a second nucleus through the same contact mechanism. In
other words, the Fermi-contact term probes the charge density and its sensitivity with re-
spect to spin polarization at the position of the two nuclei. In order to account for this
phenomenon we need to describe the local density and its spin polarization at the corre-
sponding nuclear positions as accurately as possible. This property is very sensitive to
almost everything, in particular to the type of functional and the one-particle basis set
used. Clearly, since the Fermi-contact interaction depends on the amplitude of the orbit-
as at the nuclel (which determines the charge density), neither ECP nor frozen core ap-
proaches as in the quasirelativistic ADF scheme are applicable. Rather, al-electron tech-
niques in which the core electrons are explicitly accounted for are mandatory. The first
report describing a practical implementation in the context of density functiona theory
appeared in 1994 by Malkin, Malkina, and Salahub. While these authors based their tech-
nique on GTO basis sets and GGA functionals as implemented in the deMon program, a
complementary study using STO sets and the LDA approximation in the context of the
ADF code was presented two years later by Dickson and Ziegler, 1996. Both schemes
employed a mixed analytical/finite differences implementation in which the spin-dipole
term was completely neglected. Hybrid functionals could not be used with either approach.
An important step towards routine calculations of nuclear spin-spin coupling constants
was achieved a few years later by Sychrovsky, Grafenstein, and Cremer, 2000, and by
Helgaker, Watson, and Handy, 2000. The two groups presented almost simultaneously
fully analytical implementations of nuclear spin-spin coupling constants which not only
included all four contributions but also alowed the use of the popular and successful hy-
brid functionals.
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Table 11-4. Nuclear Spin-Spin Coupling Constants [Hz].

Molecule  Coupling LDA? PWP° BLYP® B3LYF Exp.
CH, 23 6.5 -10.6 9.8 -10.9 -12.6
en 121.6 1184 124.0 1235 125.3
C,Hg 23m -10.8 7.8 71 -82 -
Yen 119.8 120.9 127.7 127.5 124.9
2Jen -1.7 -25 -33 4.1 45
C,H, 23m 38 43 —— 3.2 25
Yen 140.6 152.0 —- 154.2° 156.4
23en 18 0.7 —- -1.3¢ 2.4
Yee 68.5 61.2 —— 70.1¢ 67.6
i trans 12.3 16.9 —— 17.7° 19.1
inds 6.6 10.1 —- 11.0¢ 11.6
C,H, L 2328 249.1 256.1 254.4 248.7
2Jen 459 49.1 52.6 515 493
e 204.7 184.3 197.3 201.7 1715
3 2.6 9.0 9.4 10.2 95
CH4F Ler —297.4 -268.1 —252.1 —227.1 -161.9
Yen 141.3 - 144.3 144.9 149.1
23 238 - 65 7.7 96
23 332 - 495 50.8 46.4

3Taken from Dickson and Ziegler, 1996; ° taken from Malkin, Malkinaand Salahub, 1994; ®taken from Sychrovsky,
Grafenstein and Cremer, 2000; ¢ taken from Hel gaker, Watson and Handy, 2000. As pointed out by these authors,
the corresponding values by Sychrovsky, Gréfenstein and Cremer, 2000, are apparently in error due to an incor-
rect geometry.

In Table 11-4 we summarize some representative spin-spin coupling constants for sim-
ple organic molecules as obtained in the studies mentioned above. The somewhat unusual
PWP functional used by Malkin, Makina, and Salahub, 1994, is a GGA functiona which
combinesthe gradient-corrected exchange and correl ation functional s dueto Perdew/Wang
and Perdew. All the calculations from Table 11-4 have peen performed using large basis
setssinceit is generally accepted that basis set requirements for calculating nuclear spin-
spin coupling constants are pretty demanding and exceed those known for computing NMR
chemical shifts. In particular, the fact that standard Gaussian functions are not able to re-
produce the correct cusp condition at the location of the nuclei creates problemsin GTO
based implementations and standard basis sets are often inadequate. A possible remedy is
to augment such sets with tight (i. e., large exponent) s-functions in order to improve the
local density at the nucleus. Several authors have recommended the IGLO-I11 set although
there are also examples where even more flexible basis sets are required. Similarly, the
Slater type basis sets of Dickson and Ziegler, 1996, which do not share the problems of the
GTO sets near the nucleus, were of doubly polarized triple-zeta quality (i. e., one set of d-
and f-functions for first-row atoms).

The accuracy obtained with the GGA and hybrid functionals is satisfactory and devia-
tions from experiment are generaly of the order of 10-20 %, while the LDA spin-spin
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couplings are less useful. In their detailed comparisons which include many more mol-
ecules, Sychrovsky, Gréfenstein, and Cremer, 2000, aswell as Helgaker, Watson, and Handy,
2000, come to the conclusion that among the functionalsinvestigated B3LY P providesthe
most accurate nuclear spin-spin coupling constants. However, as noted by Malkina, Salahub,
and Malkin, 1996, the quality of the computationally predicted spin-spin coupling con-
stants systematically deteriorates along the series H, C, N, O, F which was tentatively
assigned to the increasing number of lone pairs as one passes from left to right in the
Periodic Table. For example, the computed *C—°F couplingsin methylfluoride, CH,F, of
—268.1 (PWP),—252.1 (BLY P) and—227.1 (B3LY P) Hz dramatically overshoot the experi-
mentally determined value of —161.9 Hz while the remaining computed and experimental
couplings are within a few Hz. Applications of GGA functionals to study spin-spin cou-
pling constants in larger organic molecules have been reported by Stahl et al., 1997, and
Hricovini et al., 1997. The results of applying the B3LY P hybrid functional to various **C-
3¢ and *3C-H spin-spin coupling constants (considering only the dominant Fermi-contact
term) in saccharides and related carbohydrates reported by Bose et al., 1998, Cloran,
Carmichael, and Serianni, 1999a and 1999b, give encouraging results, too. As a general
trend these authors note that experimental *C-H spin-spin coupling constants are typi-
cally underestimated by less than 10 %, while *C-23C coupling constants seem to come
out too large by asimilar amount in the DFT calculations.

11.4 ESR g-Tensors

Let us now turn to ESR spectroscopy, which is used to explore the electronic structure of
open shell compounds such as simple radicals. The theoretical determination of g-tensors
inthe context of density functional theory isalso avery new field. Thefirst implementation
based on the GI AO scheme has been presented only recently by Schreckenbach and Ziegler,
1997h. The corresponding modules have not been included in most popular programs yet
and the number of studies aimed at a systematic assessment of the quality of these ap-
proachesistherefore very small. Just as with the NMR spin-spin coupling constantsit thus
appears premature to present any general conclusionswith regard to basis sets, functionals
and resulting accuracy. Nevertheless, it seemsthat the trends observed for the NMR chemi-
cal shifts apply also to the g-tensor: density functional theory usually provides results of
higher quality than HF based techniques, but basis sets of at least polarized triple zeta
quality are required. Experimental trends are reproduced fairly well, both for the isotropic
g-valueaswell asitsindividual tensor components. However, severe problemsstill exist in
particular if heavier elementsareinvolved. For these cases, relativistic effects such as spin-
orbit coupling become more and more important. Without going into detail we mention
that van Lenthe, Wormer, and van der Avoird, 1997, have presented an alternative approach
which explicitly includestheserelativistic effectsthrough the ZORA technique which seems
to be better suited for these cases than the Schreckenbach/Ziegler implementation. We close
thissection with asimilar conclusion asthe preceding one. Density functional theory seems
to offer apromising avenue for the theoretical prediction of ESR g-tensors, but the current
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state of the art has not reached a stage where specific recommendationsregarding functionals
and basis sets would be possible. The future seems to be bright and full of fascinating
challenges. One only hasto consider the wide area of enzymatic reaction sequences where
ESR techniques are heavily used to monitor the reaction. But, it is still some way to go
before such applications will become routine.

11.5 Hyperfine Coupling Constants

Hyperfine couplings can be classified in two categories stemming from two physical mecha-
nisms. The anisotropic contribution results from the interaction between the magnetic
moments of the electrons and the nuclei. Since this interaction depends on the relative
orientation of these magnetic moments, it is only detectable when the motion of the mol-
ecules is frozen such as in matrices and crystals. In solution the molecules tumble ran-
domly and the anisotropic part of the hyperfine coupling vanishes. On the other hand, the
isotropic contribution of hyperfine coupling constants are related to the interaction be-
tween the nuclear spin and the spin of the unpaired electron, which is due to a Fermi-
contact mechanism very akin to that described earlier in the context of NMR spin-spin
couplings, according to

) K K
AP =C Y Y PP [n,8()n,ar . (11-4)
[TREAY

C contains several natural constants which in part depend on the nucleusl, Pl‘j‘v’ﬁ isthe
difference between the density matrices of electrons with o. and 3 spin (i. e., ameasure of
the spindensity) and () isthe Dirac deltafunction which ensuresthat only the density at
the position of the nucleus | is considered in this equation. Obviously, no orientation de-
pendence exists and isotropic hyperfine coupling constants can a so be measured in solu-
tion. These data contain important information about details of the geometries and allow
insights into the electronic structure of radicals and in the following, we will deal exclu-
sively with these isotropic values. The crucial requirement for obtaining accurate results
for isotropic hyperfine coupling constantsis the availability of reliable spin densities at the
nuclear positions, which isknown to be hard to achieve. Dueto the similarity of the mecha-
nisms underlying NMR spin-spin and ESR hyperfine couplings it is no surprise that the
demands on the basis sets used are also comparable. Standard DZP or even TZP sets are
generally too small. Eriksson et al., 1994, for example recommend that the IGLO-I11 basis
sets also be used for this purpose while other studies have employed basis sets such as the
EPR-I1 and EPR-I11 sets specifically designed by Barone and co-workersfor the evaluation
of EPR properties in density functional calculations (see, e. g., Barone, 1995). There are
too few systematic studies on the determination of (isotropic) hyperfine couplingsto allow
for a solid evaluation of the correlation between expected accuracy and employed tech-
nigue. However, it seems clear that density functional methods are capable of providing
reasonable predictions for these properties, even though they are not ableto rival the accu-
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Table 11-5. Isotropic hyperfine structures [Gauss|.

Molecule  Parameter PW86? B3LYP’ PBE1PBE" Exp.2°

CH, A, -20.8 233 —26.1 —23,-25.1
Ac 328 29.8 29.2 ~38, 284

CH,0" Ay 133.3 130.3 134.2 133
Ac -31.8 -335 —34.6 -39
Ao -12.6 -15.4 -14.5

2 Taken from Eriksson et al., 1994; ° taken from Adamo, Cossi and Barone, 1999.

racy obtained from highly correlated wave function based methods as shown in acompre-
hensive recent study by Gauld, Eriksson, and Radom, 1997. Again, the choice of the func-
tional and/or the one-particle basis set to expand the Kohn-Sham orbitalsis of crucial im-
portance. This should not surprise us since the isotropic couplings depend on the spin
density at the nuclear positions only and hence the performances of the different functionals
are directly related to their abilities to generate good spin densities not on average but at
these very positions. For example, Eriksson et al., 1994, demonstrated that the isotropic
hyperfine couplings of the water cation computed from various GGA functionalsvary sig-
nificantly. Compared with the experimental coupling of —29.7 Gauss, the BP functional
yields —8.6 Gauss, PW86 results in —24.6 Gauss and the more recent PW91 functional
performsworst and produces +0.6 Gauss. As already alluded to in Section 11-3, the PW86
functional produces rather good spin densitieswhich is also mirrored by its comparatively
good performance in the present context, while other functionals such as the widely used
BPare very poor. Similar conclusions regarding the strong dependence of the couplingson
the functional forms and the disappointing performance of the BP functional have been
reported by others, see, e. g. Barone, 1994. Consequently, Eriksson et a. recommend PW86
as the best suited GGA functional for the calculation of isotropic hyperfine coupling con-
stants. Thus, whilethe LDA does not deliver trustworthy results and should not be used for
computational prediction of hyperfine couplings, certain (but not all!) GGA functionals
such as PW86 aready generally provide results of acceptable accuracy. Just as in most
other areas, hybrid schemes which include a certain amount of Hartree-Fock exchange
usually represent a further improvement, as, for example, reported by Barone, 1994, or
Adamo, Cossi, and Barone, 1999. A representative set of results is documented in Table
11-5, whereisotropic hyperfine coupling constants are collected for the methyl radical and
the formal dehyde cation radical obtained with various functionals.

The best results are obtained with the hybrid schemes, the standard B3LY P functional
and the new, one-parameter PBE1PBE protocol. Of course, one must keep in mind that
independent of the particular functional chosen, large and flexible basis sets must be used.

Promising accuracy is also reported for the isotropic hyperfine coupling constants in-
volving metals. A case at hand is the study by Knight et al., 1999, of binary oxides such as
ScO, YO, and LaO, where the unrestricted B3LY P model together with very large GTO
basi s sets provided a satisfactory agreement with the corresponding experimental hyperfine
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couplings. In addition, these authors showed that B3LY P performed considerably better
than conventional restricted and unrestricted Hartree-Fock and even ROHF with configura-
tion interaction with single excitations (ROHF-CIS) models. In a detailed evaluation of
DFT methodsfor the prediction of transition-metal hyperfine coupling constants Munzarova
and Kaupp, 1999, reported the results obtained with eight different functionals (the GGA
functionals BLY P, BP86, and BPW91, the corresponding three-parameter hybrids B3LY P
and B3PW91, and three examples of * half-and-half’ hybrid functionals briefly mentioned
in Section 6.6 which include 50 % exact exchange, namely BHLY P, BHP86, and BHPW91)
and several basis setsin comparison with reliable experimental dataand resultsfrom elabo-
rate coupled cluster calculations. In terms of the basis set the authors note that for 3d tran-
sition-metals due to error compensation already a contracted GTO set of 9s7p4d quality
yields hyperfine coupling constants comparable to results obtained with much larger basis
sets. However, no generally valid hierarchy of functionals for the calculation of hyperfine
coupling constants of transition-metal containing compounds could be established, since
the performance of a given functional varies significantly for different classes of com-
plexes. The subtleties of the electronic structures, the degree of spin contamination aswell
as other factors seem to be responsible for these variations. Neverthel ess, for the majority
of the systems studied, essentially al of the functionals showed deviations of only some
10-15 % from the experimental isotropic metal hyperfine coupling constants.

11.6 Summary

The accurate computational determination of magnetic properties still posesachallengeto
density functional methods. The reasons for this are manifold. The theoretically most se-
vere deficiency of today’s implementations is the use of the standard functionals which
depend only on the charge density. In the presence of amagnetic field the usual Hohenberg-
Kohn theorem no longer applies and for a proper treatment functionals which depend not
only on the charge density but also on the magnetic current density should in principle be
employed. For thetime being, no such j(r) dependent functionals have been implemented
in standard production codes and no quick solution to this problem seems to be in sight.
Fortunately, from a pragmatic point of view, the use of regular charge density functionals
seems to be only a minor flaw. The use of sophisticated functionals such as the modern
hybrid variants together with large and flexible basis sets frequently affords results which
are better than HF and which often rival or even outperform MP2 data. However, unlike for
many other molecular properties, no clear-cut hierarchy of functionalsin terms of accuracy
has yet emerged. One should also keep in mind that all magnetic properties are very sensi-
tive to the quality of the basis sets, the kind of functional selected, and in particular to the
geometry of the system at hand. While using inaccurate geometries may render the whole
calculation worthless, the comparison between theoretically predicted and experimentally
obtained magnetic properties may on the other hand a so be used as a probe for the correct
structure of thetarget molecule. DFT-based NMR chemical shift cal culations can and should
use the techniquesto deal with the gauge problem which have been devel oped earlier inthe
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context of wave function based methods, namely IGLO or GIAO or related techniques. In
conclusion, particularly if large moleculeswhich may even contain transition-metal centers
with acomplex electronic structure are considered, density functional approaches are prob-
ably the only means available today to obtain reasonably accurate results for NMR and
ESR properties.
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12 Hydrogen Bonds and Weakly Bound Systems

The structures, energetics, vibrational frequencies etc. discussed in the preceding chapters
concerned mostly covalently bound moleculeswith bond energies typically exceeding 50-
100 kcal/mol. Let us now turn to moreweakly bound systemswith binding energies smaller
by one or two orders of magnitude. An important category among such systems is the
hydrogen bond or hydrogen bridge, i. e., the linkage A—H---B which involves hydrogen
atomsin a moderately polar bond AT_H¥ (the proton donor) and another atom or group
B> (the proton acceptor). Since 1939 the concept of hydrogen bonding has found wide
acceptance due to the publication of Pauling’s ‘ The Nature of the Chemical Bond' and it is
commonly invoked to explain the properties of systems as important as water, carbohy-
drates, and nucleic acids, just to name afew. Thistype of bond is characterized by a com-
plex formation energy larger than just dipolar and dispersion interaction energiesand by an
H---B bond length that is shorter than the sum of the van der Waalsradii of H and B. Both
A and B are usually atoms more electronegative than hydrogen like O, F, N, or Cl. If the
proton accepting group B is oxygen or nitrogen, the existence of a hydrogen bond isindi-
cated when the H---B distance is less than 2.5 A and larger than the covalent N-H or O-H
bond length (about 1.0 A). Moreover, the presence of hydrogen bonds is evidenced by an
elongation of the A-H bond, accompanied by a red shift of the corresponding infrared
stretching frequency. This weakening of the donor A-H bond goes hand in hand with a
strengthening of the H---B interaction and leads to binding situations which are intermedi-
ate between the two extremes A-H + B and A~ + H-B", the latter corresponding to the
product of asimple acid-base proton transfer reaction. A decreasein el ectron density of the
hydrogen atoms involved in a bridge is also indicated by a low field shift in *H-NMR
experiments, which can be as high as 20 ppm for strong bondsinvolving ionic species. The
strength of hydrogen bonds between neutral speciesin the gas-phaseisusually of the order
of 2-10 kcal/mol and henceintermediate between coval ent bonds (usually exceeding 50 kcal/
mol) and attractive van der Waal sinteractions (below 2 kcal/mal). Although rather weak in
nature, hydrogen bonds often have a decisive influence on the chemical properties of sub-
stances. Hydrogen bonds stabilize the secondary and tertiary structures of proteinsand are
thought to play a major role in substrate recognition, binding and enzymatic catalysis.
Owing to their major contributions to the molecular architecture, hydrogen bonds have
been studied extensively, experimentally as well as theoretically, over the years.

The peculiarity of this unique bonding pattern is that the groups A—H and B are gener-
aly closed-shell (and intheir electronic ground state) and it isnot obviousaat first sight how
the hydrogen atom could be involved in more than one bond with its single 1s valence
orbital. Although experimental work has been carried out for a vast variety of systems,
many difficulties prevent the detailed understanding of the nature of this bond and elec-
tronic structure theory therefore playsan important rolein thisfield of research. The devel-
opment of energy partitioning schemesin particular provided theoretical meansto qualita-
tively rationalize the underlying bonding mechanism. The scheme of Morokuma, 1977, for
example, which has probably received the most wide-spread attention for over two decades
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now, splitsthetotal interaction energy between two moleculesinto several partssuch asan
electrostatic component, a polarization component (originating from the polarization of
one of theinteracting molecules dueto the presence of the other), acharge-transfer compo-
nent and afew further ingredients. Applied to hydrogen bonding Morokuma’s scheme has
led to the understanding that electrostatic and charge-transfer interactions both constitute
the most relevant components of the binding energy (Umeyama and Morokuma, 1977).%8
The detailed nature of the hydrogen bond, however, is still a matter of debate (see
Dannenberg, Haskamp, and Masunov, 1999, and references cited) owing to the fact that
most rationalizations depend strongly on the particular level of theory employed. What
seems clear is that the interactions responsible for a hydrogen bond can originate from
various physical effects. Both el ectrostatic and coval ent contributions vary from speciesto
species and thus abal anced description of the subtleinterplay of el ectronic effectsis needed
for asuccessful theoretical description of hydrogen bonding.

Let us briefly outline some salient problems limiting the accuracy that a theoretical
treatment of hydrogen bonded systems can reach. One contribution to the bonding stems
from theinteraction of molecular moments, like the dipole-dipol e interaction. Considering
thewell known tendency of Hartree-Fock theory to overestimate dipole moments (cf. Chapter
10), it becomes obvious that this contribution to the binding energy will be exaggerated at
this level. On the other hand, attractive dispersion interactions are completely missing in
HF level calculations. Dispersion interactions are pure correlation effects and hence can
only be recovered at more sophisticated, correlated levels of theory which, in turn, usually
alsoyield better (i. e., smaller) dipole moments. Hence— as aconsequence of error cancel-
lation —both approaches may reproduce equally well, say, the experimental binding energy
of ahydrogen bonded complex. Properties of other regions on the potential energy surface
may be described quite differently by the two different approaches, though.

Another decisive point for the theoretical treatment of hydrogen bonded systemsis the
choice of basis set. The strength of hydrogen bonds computed by means of traditional ab
initio theory requires highly flexible basis sets including diffuse functions and an explicit
recovery of electron correlation effects. Thefact that the basis setsemployed are practically
always incomplete is troublesome with respect to a balanced description of the molecular
complex aswell asits constituting fragments. There are two aspects of this problem from
the perspective of post-HF theory. Quite a vexing one is the basis set superposition error
(BSSE). It arises from the use of finite sized basis sets in the supermolecular approach,
which is usually adopted to compute the interaction energy as the difference between the
total energy of theA—H---B complex and the sum of thetotal energies of the non-interacting
fragmentsA—H and B. Whereastheisolated fragments are just described in their own basis
sets, in theinteracting complex each of them will expand its respective wave function using

4 Since the procedure used to compute some of these components violates the Pauli exclusion principle, the
physical meaning of the interpretations emerging from the Morokuma scheme has sometimes been ques-
tioned (see, e. g., Chakravorty and Davidson, 1993). However, although its physical basis is certainly not
‘rock-solid’, this scheme (aswell as others, see Reed et al., 1986, Glendening and Streitwieser, 1994, Remer
and Jensen, 2000) splitsthe interaction energy into physically intuitive components and allows for arationali-
zation of quantum chemical results. For a rigorous theoretical approach to electron density partitioning see
Bader, 1994.
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virtual orbitals of the other. Thiswill lead to a spurious lowering of the total energy of the
complex with respect to its fragments and thus to an artificial overestimation of the
complexation energy. An approximate and highly popular way to estimate the BSSE a
posteriori is the counterpoise correction of Boys and Bernardi, 1970, in which the frag-
ment energies are computed using the basis functions of the entire complex but considering
the atoms of one respective fragment only. In this way the fragment energies will be low-
ered since their basis set expansion is becoming more complete. Notwithstanding some —
quite intelligible — critical opinions about the applicability of the counterpoise correction,
it appearsthat itsuseisnow widely accepted provided that adequate basis setsare used (for
an in-depth discussion and original references, see van Duijneveldt et a., 1994).

Onefurther problem is caused by the incomplete recovery of the correlation energy and
thevery large basis set requirementsin correl ated cal culations. Correlation effectsarelarger
in the interacting complex than in the fragments — hence the incompl ete coverage of corre-
|ation effectswill lead to an underestimation of theinteraction energy. Thiseffectisusually
the more pronounced the smaller (less complete) the basis setsare. Thiserror and the BSSE
act in opposite directions and could cancel (arather optimistic standpoint taken in some
studies), but the actual influence of both errors on computed binding energies is hard to
predict.

All thisillustratesthe problemswhen attempting to properly describe hydrogen bonding
by means of electronic structure calculations and to rationalize the underlying physics (for
reviews see, Scheiner, 1991 and 1997, Guo et al., 1997, Del Bene, 1998, Lii, 1998, and
Rappé and Bernstein, 2000). Such problems also exist in principle for covalently bonded
systems but they are usually ignored since the binding energies are one or two orders of
magnitude larger than the uncertainties caused by the errors mentioned above. Whenever
calculations aim at a similar relative accuracy, say, 2 % of the binding energy of weakly
interacting molecul es, the computational expenses are enormousand a systematic improve-
ment of the basis set quality and the correlation treatment is necessary in order to allow for
an estimate of remaining errors. Of course, such an approach is inevitably constrained to
the smallest molecular systems. For some casestraditional wave function based approaches
have been pushed to their limits and highly accurate computational results exist, which
eventually challenge experimental accuracy. For very high level calculations on the water
dimer, for example, see Klopper, van Duijneveldt-van de Rijdt and van Duijneveldt, 2000,
van Duijneveldt-van de Rijdt and van Duijneveldt, 1999, or Schiitz et a., 1997, aswell as
references cited therein.

Finally, we need to step back alittle in order to draw the readers attention to a more
fundamental problem inherent to any theoretical treatment of hydrogen bonding situations,
beit based on traditional wave function based or density functional theory. Thetopicisthe
evaluation of frequency shiftsfor situationsin which the choice of coordinate system is of
particular concern. Let us begin by classifying hydrogen bonds according to their strength
or, correspondingly, according to theA—H stretching frequency. Wewill use Figure 12-1to
illustrate the issue for the O—H---O type of bonds.

49" A priori approaches have also been developed, see, Valiron, Vibék, and Mayer, 1993, as well as Paizs and
Suhai, 1998, and references cited therein.
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Figure 12-1. Classification of O-H---O hydrogen bonding situations of different strengths and schematic
representation of corresponding potential energy curves along the O-H stretching coordinate.

The graph shows qualitatively the correlation between O-H stretching frequency and the
O-O separation inincreasingly stronger hydrogen bonds from right to left. Borrowing from
Novak, 1974, we distinguish three binding situations, weak, intermediate, and strong, which
are of interest in the forthcoming discussion, and which are classified according to the
shape of the potential energy surface (PES) in the region of the O-H stretch. The O-H
stretching potential in a weak OH---O bond is very similar to that in the isolated water
molecule (sketched as (D) in Figure 12-1). This is the standard situation for a quantum
chemical treatment and the methodological issues determining the accuracy of computed
frequencies discussed in Chapter 8 are perfectly valid. The harmonic approximation for the
evaluation of force constants usually gives sufficiently accurate resultsor, if not, one hasto
correct for theanharmonicity of the potential energy surfacein onedimension. Inthe present
context that is along the proton coordinate in the O—H bond (see Bleiber and Sauer, 1995).
Proceeding to situation (2) with ahydrogen bond of intermediate strength, the O-O distance
becomes shorter, the PES is broader and the vibrational levels are more closely spaced, in
line with a stronger frequency shift. Thisis due to the increased H---O interaction, which
gtartsto influence the PES considerably. The potentia along the OH coordinate hasashoulder
or, in the stronger binding situation (), a shallow second minimum. The theoretical recov-
ery of anharmonic frequencies on such a PES is possible only by explicit consideration of
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two dimensions, €. g., the O-H and the O-O coordinate (see Sokolov and Savel’ev, 1977,
Sokolov, Vener, and Savel’ ev, 1990, aswell as Del Bene and Jordan, 1998). In even stronger
bonds (situation @) the PES is commonly very flat in the O---H---O region and the barrier
separating the two minimamight even disappear taking the zero point vibrational level into
account. A meaningful description of the OH stretching frequency requires at least a two
dimensional treatment (see Ojamae, Shavitt, and Singer, 1995). This collection of prob-
lems connected to the PES of other than weak hydrogen bonds illustrates what sort of
difficulty one may encounter in studies on seemingly easy systems. Unlike the relatively
simple search for stationary pointsin order to determine binding energies, the evaluation of
anharmonic frequencies via explicit treatment of higher dimensional potential energy sur-
faces is anything but trivial. For strong hydrogen bonding situations the results obtained
from studies of harmonic frequency shifts can therefore be far from relevant. To the best of
our knowledge, no attempts have been made to explore the performance of density func-
tional theory under such circumstances. The theory of weak hydrogen bonds, on the other
hand, iswell developed and the available literatureis full of successful comparisons with
experimental dataand high level wave function based theory. Thisisthe areawewill mainly
concentrate on in the following.

Facing huge computational demands even for the smallest species, theoretical research
in this field is eagerly in need of much more efficient methods in order to assess larger,
scientifically more relevant species. It is no wonder, therefore, that the excellent perform-
ance of modern density functional methodsin other areas of chemical research encouraged
many to test thismethodol ogy on hydrogen bonded complexes. In thefollowing section we
will elaborate on the performance of density functional theory in this highly demanding
field by discussing one of the archetype examples. the water dimer. Later in this chapter we
will also present examples for avariety of other hydrogen bonds in order to see how well
the different binding situations are described by modern functionals. As to computed fre-
quency shifts, we will restrict our presentation to rather weak intermolecular hydrogen
bonds. Sinceall effects characterizing the physics of hydrogen bonding are present in these
species, we can fully assess the capabilities of density functional implementations by com-
parison to experiment or high level wave function based theory. Strong bonding situations
and most intramolecular hydrogen bridges are intrinsically multidimensional problemsin
the bridging region and anharmonicity effects become particularly severe. The theoretica
treatment of vibrational frequencies of such systems requires expert knowledge, a presen-
tation of which is definitely outside the scope of this book. We will conclude this chapter
with a brief discussion on the shortcomings of present-day functionals when it comes to
coping with dispersion interactions, which, aswewill see, constitute the limiting factor for
the applicability of density functional theory to weakly interacting systems.

12.1 TheWater Dimer —A Worked Example

Thewater dimer is probably the most intensively studied intermolecular hydrogen bonded
system of all. Hence, ample theoretical and experimental datais available for this system,
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Proton Donor Proton Acceptor

Figure 12-2. The water dimer.

which istherefore well suited for demonstrating the performance of theoretical methods.*
Therearethree essential properties of the water dimer which have been determined experi-
mentally: the oxygen-oxygen intermolecular distance, the binding energy, and the O-H
stretching frequency shift of the donor molecule. As to the equilibrium geometry, the C-
symmetric linear trans-structure (depicted in Figure 12-2) has been established by micro-
wave Spectroscopy.

Comparisons of the computed Ry, With experiment are somewhat complicated by the
fact that the region of the PES associated with the intermolecular coordinates is quite flat
and subject to large vibrational anharmonicity effects. The experimentally measured,
vibrationally averaged R, val ue should therefore be corrected before acomparison is made
with the computed R, distance. For the water dimer the experimentally determined R, for
the oxygen-oxygen distance is 2.976 A and aR, value of 2.952 A has been estimated (see
van Duijneveldt-van de Rijdt and van Duijneveldt, 1992). Clearly, this coordinateis highly
sensitive to the level of theory applied and the accuracy with which it is reproduced by
theoretical methodsthus constitutes agood benchmark. Hartree-Fock theory givesaninter-
molecular distance which istoo long, and the deviationsreach 0.1 A if improper basis sets
are chosen. As evident from the data compiled in Table 12-1, increasing the basis set qual-
ity expandsthe O—O distance and further deterioratesthe agreement with experiment. MP2,
inturn, doesafair job and nearly halvesthe deviations seen at the HF level . But thislowest
level of correlation treatment underestimates R, even if quite large basis sets are used.
The remaining discrepancy has been attributed to the neglect of the BSSE in the geometry
optimization procedure and indeed, an improved distance of 2.917 A results from a coun-
terpoise corrected MP2/aug-cc-pVQZ evaluation of the equilibrium structure (Hobza,
Bludsky, and Suhai, 1999). The more sophisticated correlation treatment in the CCSD(T)
approach affords still smaller deviationsthan MP2 if small basis sets are used, but the gain
in accuracy isnot so impressive with the larger basis sets, despite the much higher compu-
tational costs. Also this approach underestimates the bond length owing to BSSE effectsas
shown by Schiitz et al., 1997, and acounterpoise corrected CCSD(T) value of 2.925 A was
obtained by this group. The shortcomings of even these highly demanding geometry
optimizations demonstrate the huge demands of correlated post-HF approaches with re-

0" A recent discussion of the water dimer in the DFT domain has been given by Guo et al., 1997.
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Table 12-1. Deviation in the computed Ry,  distance of the water dimer [A] from the ‘ experimental’ R, value of
2.952A.

Basis Set HF MP2 CCsSD(T) SVWN BLYP SLYP BVWN B3LYP

6-31++G(dp) 0035  -0038  -0030  -0256 -0040 -0301 0061  -0.066
6-311++G(dp) 0082  -0042  -0028  -0244 -0025 -0291 0082  -0.052

aug-cc-pvVDZ 0.080 -0.034% -0.033° = -0.012 -0.290 0.117 -0.041
aug-cc-pvVTZ 0.086 -0.044% -0.057° -0241 -0.004 -0.288 0.124 -0.034
aug-cc-pvVQZ 0.086 -0.057° - -0.238 0003 -0.286 0.119 —0.033

3 Taken from Kim and Jordan, 1994.® Only R, optimized, Halkier et al., 1997. © No Cgtrans minimum structure.

spect to the basis set size: it seemsthat even the highly flexible aug-cc-pV5Z basis— com-
prising no less than 574 contracted basis functions for the water dimer —is not yet close to
the basis set limit. Even considering today’s computational standards, such calculations
cannot be performed in production mode and, even worse, the unfavorable scaling of corre-
lated post-HF methods with the basis set sizeis strongly discouraging for anyone thinking
of larger systems.

Comparing a few example density functional models with these results, we first note
that SYWN severely underestimates the O—O bond distance and the deviations from ex-
periment are more than three times larger compared to the HF level. Quite disturbingly, in
combination with Dunning’'s aug-cc-pVDZ basis sets the linear trans-structure is not even
aminimum but is characterized by three imaginary frequencies as a chemically irrelevant
higher order saddle point. This seemsto be aparticular shortcoming of the SVWN/aug-cc-
pVDZ combination asthelarger triple and quadruple bases render this structure correctly a
minimum. The poor LDA performance isin line with early findings by others, document-
ing the severe underestimation of intermolecular distancesin hydrogen bonded complexes
at thislevel (see Simet al., 1992, Kieninger and Suhai, 1994, Kaschner and Seifert, 1994,
Guo et al., 1997). Theinclusion of gradient corrections to exchange and correlation yields
major improvementsfor the predicted oxygen-oxygen separation. But the agreement of the
BLYP results with experiment is in fact baffling, in particular in combination with the
correlation-consistent basis sets. We have not come to trust the quality of this functional
with respect to structure predictions for it has shown a general trend to overestimate bond
distances (recall the discussion in Chapter 8). Curious about the influence of the particular
functional components, we applied also the BVWN and SLY P functionals to this system
(i. e., adding gradient corrections only to the exchange or correlation part, respectively).
What we obtained is, putting it mildly, irritating: compared to the SVWN results, inclusion
of the LYP gradient-corrected correlation functional shortens R, constantly by some
0.05 A, regardless of the basis set, exaggerating the faulty bond compression at the LDA
level. Becke's 88 gradient correction to exchange, on the other hand, overshoots this dis-
tance more than HF does. As a consequence the individual components of the BLY P func-
tional give intermolecular bond lengths which differ by 0.4 A! This rather unsatisfactory
finding clearly indicates that the excellent performance of the BLY P functional is entirely
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due to fortuitous error cancellation. From the last column in Table 12-1 we see that the
B3LY P functional, which — skeptic personalities now might put it this way — admixes a
little overestimation from HF with a little more underestimation from LDA to the well
cancelled B88 and LY P errors, performs not quite as well as the pure GGA and gives a
slightly underestimated Rq_o. But still, the agreement with experiment compares well with
MP2 or CCSD(T) results. And it isencouraging to notethat Simon, Duran, and Dannenberg,
1999, showed in arecent contribution that application of a (modified) counterpoise proce-
dure to the geometry optimization scheme yields a much improved agreement with the
‘experimental’ R, value for the B3LY P functional, even using very moderately sized basis
sets. On the corrected B3LY P potential surface obtained with apolarized double-zetabasis
set augmented with diffuse functions (D95++(d,p)) these researcherslocated aminimum at
R, = 2.912 A, compared to an uncorrected value of 2.880 A. Considering the basis set
dependence of deviations seen above, still better values seem obtainable with higher qual-
ity basis sets.

In conclusion, these dreary findings cast some doubt on thereliability of DFT resultsfor
hydrogen bonded systems. However, although the interatomic oxygen-oxygen separationis
a highly sensitive measure for judging the quality of theoretical results, it is not the only
one. But before we concentrate on other properties of the dimer, let us ook at some experi-
mentally known properties of the water monomer and see how well DFT doeshere. Clearly,
the description of thewater dimer isclosely connected to the question of how well the water
moleculeitself is tackled. From the data given in Table 12-2 it is evident that the oxygen-
hydrogen bond distance is reproduced best at the MP2 level of theory. Just as we would
expect from the conclusions drawn in Chapter 8, wefind an underestimation of R, by HF
and an overestimation by the BLY Pfunctional. The constituent SLY Pand BVWN functionals
both exaggerate the O—H distance, the former more than the latter, and BLY P gives an error
rightinthemiddle. B3LY R, also quiteforeseeably, compensatesthe overestimation of BLY P
and by including the underestimation of HF gives a deviation from the experimental value
similar to MP2. Related to the geometric deviations are those of the (unscaled) harmonic
vibrational frequencies and most interesting in the present context are the O-H stretching
vibrations. For v, and v,, the symmetric and antisymmetric stretch, respectively, the errors
generally ensue from the trends observed for the bond length: bonds which are too short
result in frequencies which are substantially too high for the HF method, which shows the
largest deviations. Bondswhich aretoo long, in turn, cause frequencieswhich aretoo low in
the case of SVWN and BLYP (aswell as SLYP and BVWN). The MP2 approach, which
furnishes Table 12-2 with a highly accurate R, aso shows the best agreement with ex-
periment for the frequencies. The deviations of B3LY P are right in the range of what we
have noted astypical for thisfunctional in Chapter 8, and the systematic underestimation by
some 3040 cm™* could profit from scaling.>* As components of the interaction energy, the
quality of computed dipole moments and polarizabilities is also of interest. It is a well

51 We also noted already that BLY P results show a better agreement with directly observed, anharmonic fre-
quencies. This is also the case here: the BLY P deviations from the fundamental experimental frequencies
(vs= 3657 cm™, v,s = 3756 cm™) are 2 and 0 cm ™, respectively.
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Table 12-2. Experimental values and deviation from experiment of the R, bond distance, the symmetric (v
and the antisymmetric (v, stretching frequency [cm™], the dipole moment [D], and the mean polarizability
[A3] of the water molecule. The aug-cc-pV TZ basis set is used throughout.

Property Exp. HF Mp2* SVWN  BLYP SLYP BVWN B3LYP
Ron 0.957%  -0.016 +0.004 +0.013 +0.015 +0.019 +0.010 +0.005
Vs 3832° +288 -9 -106 =177 -155 -132 =33
Vas 3943° +279 +5 -107 —-186 —-156 -142 —42
w[D] 1.854*  +0.084 +0.006 +0.005 -0.051 +0.007 -0.052 -0.006
A(<o>)? 1427*  -0.207 -0.004 +0.109 +0.143 +0.179 +0.075 +0.026

2 Taken from Kim and Jordan, 1994. ® Mean polarizability computed as <o> = 1/3 (0t + 01, + 01,,), See Section
10.3.

known deficit of the HF approach that the dipole moment of the water moleculeis overesti-
mated by some 5 % as a conseguence of the neglect of electron correlation, while MP2
reproduces the experimental value with pleasing accuracy. Following the trends noted in
Section 10-2, the B3LY P functional performs as good as M P2 does and also the LDA does
a good job. The BLYP deviation of 3 % from the experimental value is smaller than the
Hartree-Fock error and, as apparent from the data collected in Table 12-2, caused by the
B88 gradient correction to exchange. Thus, the good B3LY P dipole moment could once
more be seen as a compensation effect of errors present in the building blocks, i. e., HF and
BLY P. The mean polarizability of the water molecule is underestimated by 15 % at the HF
level, but well reproduced by MP2. The LDA overestimates this quantity by some 8 % and
the BLY P error amountsto 10 %. Now, it isthe LY P gradient-corrected correlation func-
tional which is obviously causing the deviation present in the BLY P results. The hybrid
B3LY P again performs rather well, reproducing the mean polarizability within 2 % of the
experimental value, but dlightly overestimating this property. Hence, notwithstanding the
sometimes faulty performance of the constituting components, the B3LY P hybrid func-
tional yields an excellent description of physical properties of the water monomer and lags
only marginally behind the more demanding computations at the MP2 level of theory.

Let us now return to the water dimer and focus on the computed binding energy. Inter-
molecular dissociation energies (corrected for zero point vibrational and thermal effects) of
5.4+ 0.7 kcal/mol and 5.4 + 0.2 kcal/mol have been obtained in experimental studies (see
the references cited by Kim and Jordan, 1994), with the former value being more often
quoted. The data collected in Table 12-3 underlines what we have said above about the
effort one has to spend when using traditional wave function based methods in order to
obtain reliableresults. A 0ok at the binding energies obtained in the Hartree-Fock approxi-
mation showsthat at the lowest level of cal culation presented, HF/cc-pV DZ, the two water
molecules are bound by 5.7 kcal/mol, in good agreement with experiment. The counter-
poise correction at thislevel seemsat first sight not to do any good — the corrected binding
energy dropsdown to 3.6 kcal/mol. Saturating the basis set, however, showsthat it isin fact
the BSSE estimation procedure, which works well: the converged (essentially BSSE-free)
interaction energy computed at the HF/cc-pV5Z level (3.5 kcal/mol) confirms the former
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Table 12-3. Interaction energy (AE) and counterpoise-corrected interaction energies (AEy) of the water dimer at
different levels of theory [kcal/mol]. The CCSD(T)/aug-VTZ geometry has been used for single point energy
calculations on the dimer. The BSSE is given in parentheses. Data taken from Halkier et a., 1997. An experimen-
tal value of 5.4 + 0.7 kcal/mol has been reported in this study.

Basis Set HF MP2 CCSD(T)
AE AEp AE AEp AE AEp

cc-pvDZ 57 36 (21 7.3 39 (34 7.0 37 (33
cc-pVTZ 43 35 (0.8) 60 44  (16) 59 43 (1.6
cc-pvQZ 39 35 (04) 55 47 (0.8) 54 47 (0.7)
cc-pV5Z 36 35 (0.1) 51 48 (0.3 51 48 (0.3
aug-cc-pvVDZ 38 35 (03) 5.2 43  (0.9) 5.2 43  (0.9)
aug-cc-pvTZ 3.6 35 (01) 5.1 46  (0.5) 5.2 47  (05)
aug-cc-pvQZ 36 35 (0.1) 5.0 4.8 0.2 51 49 0.2
aug-cc-pV5Z 35 35 (0.0 5.0 48 (0.2 - - -

counterpoise corrected estimate. Adding asingle set of diffuse functionsleadsto a signifi-
cant decrease of the BSSE — aready the fairly small aug-cc-pVDZ set shows a BSSE of
only 0.3 kcal/mol and the basis seemsto be converged with respect to both computed bind-
ing energy aswell as BSSE, from the aug-cc-pV TZ level on. Use of the cc-pVDZ basis set
leads to a significantly larger BSSE at the MP2 level. The computed binding energy of
7.3 kcal/mal is corrected to 3.9 kcal/mol by the counterpoise procedure but both values
miss the experimental interaction energy by 1-2 kcal/mol. MP2 results fall within the ex-
perimental error range using the cc-pV TZ and better basis sets. The augmented basis sets
almost halve the BSSE with respect to their counterparts without diffuse functions and the
uncorrected binding energies seem in fact almost converged from the augmented double-
zeta basis on. This underlines the need to use at least one set of diffuse functions, as com-
monly advised in theoretical studieson hydrogen bonds. It isfurther interesting to note that
the uncorrected results approach the basis set limit from above whereas the counterpoise
procedure yields lower limits of the correct binding energy. Such a behavior is of course
highly desirable for it allows the correct binding energy to be extrapolated and constitutes
away of specifying the remaining error at a given level of theory. Essentially the same
observations can be made for the CCSD(T) method, which gives marginally better results
than MP2 but at substantially higher costs. Again, asalready alluded to above, the unfavorable
scaling of thelatter method with the system size rendersit atool for benchmarking of small
systems rather than a production method to give results at justifiable costs.

Now that we have considered the traditional approachesin some detail —how does den-
sity functional theory deal with the problem? The LDA data presented in Table 12-4 con-
firmswhat can be speculated from the findings above: the underestimated bond lengths are
paralleled by asignificantly overestimated interaction energy. Aswasthe casefor theinter-
molecular O-O distance, the BLY P functional shows a reasonable agreement with the ex-
perimental binding energy, although one of its component functionals, SLYP, overesti-
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Table 12-4. Computed interaction energy (AE) and counterpoise-corrected interaction energies (AEgp) of the
water dimer [kcal/mol]. The BSSE is given in parentheses.

Basis Set SVWN BLYP SLYP BVWN
AE  AEg AE  AEg AE  AEg AE  AEg
6-31++G(d,p) 108 9.8 (10) 56 48 (0.8) 132 123 (0.9) 41 34 (07)
6-311++G(dp) 105 95 (1.0) 54 46 (08) 129 119 (1.0) 40 33 (07)
6-311++G(3df,2p) 9.3 91 (0.2) 45 42 (03) 117 115 (0.2) 31 29 (02
aug-cc-pvDZ -2 43 41 (02 116 116 (0.0) 29 28 (0.4)

aug-cc-pvTZ 90 91 (-0.1) 42 42 (0.0) 114 116 (-0.2) 29 28 (0.1)
aug-cc-pVQZ 90 91 (-0.) 42 42 (0.0) 113 116 (-0.2) 29 29 (0.0)

#No Cgtrans minimum structure.

mates the binding energy drastically. Again, the inclusion of gradient corrections to the
correlation functional gives worse results than SYWN and overestimates AE by some
2-3 kcal/mol morethan LDA doesalready. Thisresemblesthe situation found for atomiza-
tion energies, where the inclusion of the LY P correlation functional also lead to increased
binding energies, larger even than those of the pure LDA (see Chapter 9). The BVWN
functional, on the other hand, underestimates the binding energy by 2—3 kcal/moal.

In Table 12-5 we compare the binding energies computed using severa hybrid functionals
and basi s sets, attempting to approach the basis set limit for each functional in asystematic
(but not necessarily cost effective) way. At first we note the reasonabl e performance of all
functionals. The converged results, however, indicate a slight tendency to underestimate
the experimental value by about 1-2 kcal/mol. Thistrend is slightly more emphasized for

Table 12-5. Computed interaction energy (AE) and counterpoise-corrected interaction energies (AEp) of the
water dimer [kcal/mol]. The BSSE is given in parentheses.

Basis Set B3LYP B3PWO1 mPW1PWO1

AE AEcp AE AEcp AE AEgp
6-31++G(d,p) 60 46  (L4) 55 47 (0.8) 62 53 (09
6-311++G(dp) 58 51  (0.7) 53 45 (0.8) 59 51 (0.8)
6-311++G(3df,2p) 48 46  (0.2) 43 40 (03) 49 46 (03
cc-pvDZ 2 73 39 (34) 79 45 (34)
ce-pvTZ 61 45 (L6) 53 40 (13 59 46 (13
cc-pvQz 53 46 (0.7) 46 40 (06) 52 46  (0.6)
cc-pV5Z 48 46 (02 42 40 (02 48 46 (0.2
aug-cc-pvVDZ 47 45  (0.2) 42 40 (02 48 46 (02
aug-cc-pVTZ 46 46  (0.0) 40 40 (0.0) 46 46  (00)
aug-cc-pvVQZ 46 46  (0.0) 40 40 (00) 46 46 (00)

#No Cgtrans minimum structure.
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the B3PW91 functional. We also tested the mPW1PW functional of Adamo and Barone,
1998h. Its exchange part has explicitly been designed with an improved description of the
low density regions in mind, which dominate the interactions between weakly bound sys-
tems. Indeed, with respect to the B3PW91 hybrid, an improved representation of the bind-
ing energy results, now providing the very same quality asthe B3LY P functional. In view
of the large error compensation effects of the functional ingredients of the B3LY P hybrid,
however, we refrain from a further discussion of subtle binding energy differences at this
point. Instead we note another interesting finding, namely that the counterpoise-corrected
resultsreveal amuch less pronounced BSSE for any of the DFT methodsthan found for the
traditional calculations. It isstriking that Dunning’saugmented correl ation-consistent bases
hardly show any BSSE from double-zetaquality onin connection with the hybrid functionals,
whereas the non-augmented sets are slightly more prone to this error even up to pentuple-
zetaquality. The diffuse set of functionsin the augmented seriesis apparently an essential
part needed in the basis and is more important than higher angular momentum functions—
for DFT calculations.> Thisis not the case for the MP2 and CCSD(T) calculations, where
the augmented bases show a smaller but still significant BSSE and thus both, diffuse and
higher angular momentum functions are indispensabl e to approach the basis set limit. The
Pople-type basi s sets show essentially the same binding energies and BSSEs asthe correla-
tion-consistent bases of comparable size. The counterpoise procedure apparently works
very well, which allows for a reasonable estimate of the converged binding energies at
moderate cost. Thisisin linewith findings of Paizs and Suhai, 1998, who applied a coun-
terpoise procedure aswell asan apriori correction schemeto DFT cal culationsand showed
that both procedures give results very closeto each other. From the results shown above we
see that for a given basis set, however, different functionals show differences in the esti-
mated BSSE by up to 0.6 kcal/mol. Thisisan indication that the standard basis sets taken
from the world of traditional wave function based methods are not equally well suited for
different functionals (we have come to the same conclusion aready in Chapter 9).

Overdl, the accuracy reached by the hybrid functionals tested is quite pleasing, in par-
ticular if we keep in mind the favorable scaling of computational demands and the obvi-
ously much lower basis set requirements. The binding energy of the water molecule com-
puted with the B3LY P and the mPW1PW functional missthe lower experimental error bar
by only 0.1 kcal/mol and approach quite closely the best available conventiona wave func-
tion based data.

Finally, we test the ability of a variety of functionals to predict the characteristic fre-
quency shift Avgy, which the donor O-H stretching mode experiences upon forming a
hydrogen bridge. Following Sauer et a., 1994, we compare in Table 12-6 the harmonic
donor vy, stretching mode of the dimer with the arithmetic mean v = (v + v)/2 of the
symmetric and the asymmetric harmonic stretching modes of the free monomer in order to
account for the strong coupling of these two modes in the latter species. In addition, the
elongation AR, of the O—H bond involved in the interaction is given in Table 12-6.

52" In adifferent context, very similar conclusions about the BSSE in density functional applications were ob-
tained by Dargel et al., 1998.
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Table 12-6. Harmonic frequency shifts[cm™] of the donor O-H stretching mode and elongation of the O-H bond
[A] in the water dimer computed at several levels of theory (aug-cc-pVTZ basis set).

HF MP2 MP42 SVWN BLYP SLYP BVWN B3LYP
AVoy -100 -169 -121 -360 -181 —401 -134 =174
ARpy  0.004 0.008 0.007 0.010 0.008 0.021 0.005 0.008

2 Best available ab initio data: MP4/V TZ(2df,2p), Bleiber and Sauer, 1995.

Experimentally observed frequency shifts range from =105 cm™ to —206 cm™ (see ref-
erences cited by Bleiber and Sauer, 1995) and depend strongly on the type of experiment
applied. Furthermore, they include potentially strong anharmonicity effects which are not
easy to account for. Thus, it seems more adequate to compare the results of the various DFT
methods to accurate post-HF results. Firstly we note the excellent agreement between the
BLYP and B3LYP results with the MP2 data. The computed AR, show the expected
behavior: the reasonabl e agreement in the frequency shiftsfor MP2 on one hand and BLY P
and B3LY P on the other isreflected in acommon el ongation by 0.008 A of thisbond for all
these methods.>® The observed overbinding for SYWN and even more so for SLY P goes
hand in hand with a much overestimated shift in frequencies and bond lengths by these
methods. Reduced values are obtained for both shifts for the BVWN functional, which
underestimates the binding energy. Different from what we have seen with the geometric
dataabove, theimportance of higher order correlation effectsis apparently more pronounced
for the computation of frequencies: the best available MP4-level data shows a somewhat
lower shiftinfrequency and Ry, . However, we havelearned al ready to expect errorsaround
50 cm* when applying density functional theory to the evaluation of harmonic frequen-
cies. Theinclusion of scaling factors should lead to afurther decreasein errors, but we also
suspect that the deviations between computed and experimental geometries are anon-neg-
ligible source of error for the computed frequencies. Indeed, Hobza, Bludsky, and Suhai,
1999, computed counterpoise corrected harmonic frequencies at the MP2/aug-cc-pVDZ
level of theory, and found a red shift 20 cm™ lower than that resulting from uncorrected
M P2/aug-cc-pV DZ calculations.

To conclude this section, we add some data which appeared in a recent study of Tuma,
Boese, and Handy, 1999, who tested severa of the more recently developed DFT methods
for their ability to reproduce the properties of hydrogen bonded systems, including the
water dimer. Table 12-7 shows sel ected resultsfor the water dimer properties. Employing a
TZ2P-quality basis set, these authors obtai ned results of very similar quality for the hybrid
schemesB3LY R, B97-1, and PBE1PBE and the BLY P gradient-corrected functional. Some-
what larger deviationsin thefrequency shiftsare seen for the gradient-corrected PBE scheme.
The HCTH GGA functional gives the largest deviations for the geometry and binding en-
ergy, whereas a newly developed improved version of this functional, called HCTH38,

3 A similarly good agreement between B3LY P and MP2 calculations has been noted also for much smaller
basis sets, see Del Bene, Person, and Szczepaniak, 1995.
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Table 12-7. Selected computed properties for the water dimer (taken from Tuma, Boese, and Handy, 1999).

Property B3LYP B97-1  PBEIPBE  BLYP PBE HTCH  HTCH38
ARG o[A]? -0.047 0044  -0077 -0.009 -0.072 0.109 -0.003
AEp[keal/mol] 4.8 5.2 5.2 45 5.4 2.9 4.6
Avoulem™ -175 -175 -199 -187 227 -143 -181

2 Deviation from the experimental R, of 2.952 A.

yields an excellent Ry value together with a binding energy and frequency shift very
similar to B3LYP and B97-1.

12.2 Larger Water Clusters

The reasonable success in the description of the water dimer by gradient-corrected and
hybrid density functional methods hasled to investigations on larger clusters of water mol-
eculesand the properties of thewater trimer have been the subject of avariety of theoretical
and experimental studies. The water trimer is one of the ssimplest (and therefore one of the
best studied) species for which cooperative effects can be investigated, i. e, the effect on
the nature of thefirst hydrogen bond when a second is formed between one of thefirst two
partners and a third water molecule. The global minimum of this species is sketched in
Figure 12-3 and has been established asacyclic structure with anearly planar six-membered
ring and three exocyclic O-H bonds.

It was only recently that the binding energy and the structural parameters were accu-
rately determined by means of state-of-the-art wave function based theory (Nielsen, Seidl,
and Janssen, 1999) and this data now serves as abenchmark for the accuracy of alternative
theoretical methods. The oxygen-oxygen distance obtained at the M P2/aug-cc-pV QZ level
of theory amounts to 2.78 A, and a value of 10.4 kcal/mol has been extrapolated for the
infinite basis set MP2 classical binding energy at this geometry, including zero-point vibra-
tional energies obtained at the MP2/aug-cc-pVTZ level. DFT calculations performed by

Figure 12-3. Global minimum configuration of the water trimer.
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Gonzaleset al., 1996, employed BLY P as representative of the GGA family, aswell asthe
B3LYPR, B3P86, and B3PW91 hybrid functionals in combination with the 6-31+G(d,p)
basisfor geometry optimization and the 6-311++G(3df,2p) basis set for single point energy
calculations. Thedeviationsfrom theresultsof Nielsen et a. for the optimized (threedightly
inequivalent) Ry, o distancesfollow precisely the trends described above for the water dimer:
with oxygen-oxygen separations between 2.79 and 2.80 A, the BLY P functional gave the
best structural parameters, followed by B3LY P (2.77-2.78 A) and B3PW91 (2.76-2.77 A).
The largest deviation was found for the B3P86 hybrid (R o = 2.72-2.73 A). The binding
energy computed at the B3P86 level (10.1 kcal/mol) agreed best with the value of Nielsen,
Seidl, and Janssen, followed by B3LY P (8.9 kcal/mol), BLY P (8.1 kcal/mol), and B3PW91
(7.6 kcal/mol). These energies were not corrected for the BSSE, but from what we found
for the water dimer, we can assumethat this data obtained with the 6-311++G(3df,2p) basis
approaches the basis set limit to within about 1 kcal/mol. However, a slight underestima-
tion of the binding energiesis apparent in this data, as also noted for the water dimer.
Larger water clusters consisting of up to 8 monomers have been studied by Estrinet al.,
1996, who applied the PWP86 and the BP86 functionals. Their results on the water dimer
indicate a tendency of the former GGA functional to give a somewhat larger binding en-
ergy than thelatter (AEp= 5.8 kcal/mol and 4.4 kcal/mol, respectively. ' CP' indicates that
the value has been corrected for BSSE viathe counterpoise correction) but both values are
in reasonabl e agreement with the best available conventional wave function based data. For
thewater trimer, these authors obtained aslightly higher binding energy (AE-p=12.7 kcal/
mol) than Gonzales et a., also overestimating the value of Nielsen, Seidl, and Janssen.
Estrin et a. concluded, that the methods applied were somewhat inferior to published B3LY P
data, but that the approach taken should allow for meaningful predictions on larger water
clusters, of which they investigated the tetramer, the pentamer, two hexamer, and three
different octamer forms. Marked differences between these and earlier results of Laasonen
et al., 1993, for the same set of species™ have been attributed to limitations inherent to the
plane-wave approach used by the latter authors. Theresults of Estrin et al. compare at | east
qualitatively to wave function based data on small water clusters of up to six monomers
(Xantheas and Dunning, 1993) corroborating the applicability of this DFT approach, al-
though a general trend to overestimate binding energies, to underestimate intermol ecular
distances, and to overestimate O—H bond |engths seemsto persist at the GGA level. Kim et
a., 1999, extended these studies and investigated a variety of structural isomers of the
water heptamer. The structures, binding energies, and vibrational spectra obtained at the
B3LY P/6-311++G(d,p) level of theory show a reasonable correlation with selected MP2
data and experiment. In a pragmatic approach, Lee, Chen, and Fitzgerald, 1994, used the
BP86 and BLY P functionals (which yield qualitatively correct binding energies of smaller
clusters if no BSSE is taken into account) for an assessment of structural and energetic
properties of water clusters consisting of up to 20 monomers. In this work, particularly
stable bonding patterns of planar four-membered ringswereidentified, and the existence of

5 Later, these studies have been extended to clusters as large as 20 water monomers (see Laasonen and Klein,
1994).
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magic numbers (4, 8, 12) for particularly stable clusters was predicted. Furthermore, by
empirically fitting asimple 1/n function to these results, the authors were able to extrapo-
late the stability of larger water clusters with an accuracy better than 1 kcal/mol up to the
limit of ice at 0 K. Such predictive capabilities further strengthen the role of DFT as an
efficient practical tool in this contemporary field of research.

12.3 Other Hydrogen Bonded Systems

Closely related to water clusters are hydrogen-bonded aggregates of alcohol moleculesand
mixed clusters of water and alcohols, which have attracted some attention in recent years.
Inavariety of studiesthe (at least qualitatively) correct description of thermochemical and
physical properties of such species by gradient-corrected or hybrid functionals has been
repeatedly documented by comparison to experiment or correlated ab initio data>® All
these studies are centered around hydrogen bonding involving the moderately strong OH---O
bridges in neutral clusters. The strengths of these hydrogen bonds seem in general to be
very well described, abeit dightly underestimated by current DFT methodology. Let us
now see how DFT coversother binding situations ranging from very weak interaction ener-
giesto the strongest hydrogen bonds.

Inoneof theearliest of al comparative DFT studies on hydrogen bonded systems, L atgjka
and Bouteiller, 1994, studied the hydrogen fluoride dimer and applied a number of differ-
ent functionalsin combination with avariety of polarized Pople-type basis sets. While the
quality of the computed geometry and vibrational frequency of the monomer follows es-
sentially what has been said above for the water monomer, these authors observed asignifi-
cant underestimation of available experimental polarizabilities. This has been attributed to
deficienciesin the 6-311++G(d,p) basis set used and better values have been obtained by
increasing the number of polarization functions. Asfound for the water dimer, all gradient-
corrected and hybrid functional s tested were well suited to assess the structural and ener-
getic properties of the FH dimer, and particularly low deviations from experimental data
werefound for the BLY Pfunctional. Asfor the water dimer, the computationally predicted
vibrational frequencies and the red shift of F-H stretching modes showed somewhat larger
deviations. Later, Maerker et al., 1997, investigated the performance of DFT for the de-
scription of various properties of (FH),, clusters (n = 1-6) inahighly elaborate study and the
results corroborate the applicability of DFT approaches for this type of system. For the
bigger clusters, however, somewhat larger deviations were observed than for the dimer.%

%5 Related studiesinclude: M6, Y &fiez, and Elguero, 1997 (minima and interconnecting transition structures on
the methanol trimer potential energy surface), Gonzalez, M6, and Y &fiez, 1999 (the ethanol dimer and trimer),
Jursic, 1999 (the mixed water-methanol dimer), Gonzédlez et al., 1998a (mixed water/methanol clusters),
Gonzélez, M6, and Y &fiez, 1996, (the H,O, dimer and the H,O,--H,O complex), Rablen, Lockman and
Jorgensen, 1998 (complexes of small organic species with water), M6 and Y &fiez, 1998 (tropolone-(H,0),
clusters).

The interested reader is referred to the original publication as a survey of the present day knowledge of
properties of larger hydrogen fluoride clusters, agood bibliography, and further interesting theoretical results.

56
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Hirata and Iwata, 1998, extended these studies to linear oligomers and an infinite linear
hydrogen fluoride polymer. Also this study substantiates the applicability of the BLY Pand
B3LY P functionals, for which reasonable agreement with experiment has been found with
respect to structure, binding energies and vibrational frequencies of the species explored.

Novoaand Sosa, 1995, investigated the complexes (FH),, (H,0),, C,H,--H,0, CH,:--H,0,
and (NH3), and compared the results of DFT and Mgller-Plesset perturbation theory up to
fourth order. While an excellent agreement between BLY P and B3LY P on the one hand and
correlated wave function based methods on the other was documented for geometries and
counterpoise-corrected binding energies, the constituting SYWN, BVWN and SLYP
functionals performed even worse for some of the species than noted above for the water
dimer. For example, the O—C distance in the H,O---CH, complex, for which MP2, BLYP,
and B3LY Pagree quitereasonably (3.77 A, 3.94 A, and 3.89 A, respectively), is computed
as5.91A (BVWN), 3.23A (SLYP), 3.35A (SVYWN), and 4.11 A (HF). These findings
again underline the high degree of error cancellation which is operative in gradient-cor-
rected and hybrid functionals. That this error compensation isindeed successful isimpres-
sively demonstrated by the computed binding energies, wherethe BLYP, B3LY P and M P4
results agree to within 1 kcal/mol, even for weakly bound complexes. For the H,O--CH,
complex, which is bound by 0.4 kcal/mol at the MP4 level of theory, however, this accu-
racy isnot sufficient for any qualitativelet al one quantitative results (actually, this complex
isunbound by 0.3 kcal/mol at the BLY P level).

Civalleri, Garrone, and Ugliengo, 1997, have studied (FH), aswell as binary adducts of
hydrogen fluoride with NH5 and CO, theformer as an example of ahydrogen bond stronger
than that in (FH),, the latter representative for weaker interactions. Thiswork also shows a
good conformity between all tested DFT methods (with the anticipated exception of the
local SYWN functional) and available wave function based approaches for the computed
binding energy of (FH), and the FH---NH; complex. The largest relative deviations were
found for the FH---OC heterodimer, but all density functional methods correctly reproduce
the greater stability of the FH---CO isomer. In contrast, at the Hartree-Fock level of theory,
thisisomer isincorrectly described asbeing equally stable asthe FH:--OC isomer, probably
in relation to the reversed dipole moment of CO at that level. Computed harmonic fre-
quency shifts for the F—H stretch were found to be significantly different for BLYP and
B3LYP, and both methods overestimate the best available values for this quantity. For
anharmonic frequencies, which have been considered for FH---CO and FH---NH; in this
study, a fair agreement between B3LY P, MP2 and experiment has been noted, whereas
BLY P gave grossly underestimated frequencies. This should not surprise us too much in
thelight of Chapter 8, where we found an exceptionally good agreement between observed
fundamental s and harmonics computed by BLY P. Any correction for anharmonicity effects
necessarily leadsto lower, and therefore underestimated, frequencies.

For the hydrogen bonded complexes (FH),, (HCI),, (H,0),, FH---CO, FH---OC, FH---NH,
CIH--NHj, OH,-NH,, and H;0"--H,0, with binding energies ranging from 1.7 kcal/mol
(FH--CO) to 32.9 kcal/mol (H;0"™--H,0), Tuma, Boese, and Handy, 1999, compared re-
sults of severa density functional methods with high level conventional wave function
based data. With the exception of the HCTH functional, all functionalswere found to over-
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Table 12-8. Deviation of counterpoise-corrected interaction energies [kcal/mol] for several hydrogen bonded
systems from best available computed data (TZ2P basis set quality, all datafrom Tuma, Boese, and Handy, 1999).

System Reference B3LYP B97-1 PBEIPBE BLYP PBE HTCH HTCH38
H;0"H,0 329 29 32 4.1 31 51 0.4 29
FH---NH; 12.6 0.4 0.7 12 0.2 17 2.2 0.1
H,0---H,0 5.0 -0.2 0.1 0.2 -0.6 0.3 2.1 -0.4
FH---OC 17 -0.3 0.0 -0.1 0.6 -0.2 -1.2 -0.3

estimate the stability of hydrogen bonds stronger than that of water and to underestimate
that of less strongly bound species (for selected examples see Table 12-8). The HCTH
functional consistently underestimates the hydrogen bond stabilities somewhat more than
the other functionals do. This method, in turn, outperforms every other functional regard-
ing geometry changes and harmonic frequency shifts, which were also considered in this
studly.

In astudy of Topol, Burt, and Rashin, 1995, enthalpies and entropies of dimerization
(including counterpoise corrections, zero point vibrational energy effects and thermal cor-
rectionsto 298 K) for water, methanol, ethanol, formic acid, acetic acid, and trifluoroacetic
acid were computed using the BP86 GGA functional in combination with (LDA optimized)
basis sets of polarized double- and triple-zeta quality and compared to experimental data.
For the weakly bound water (AH = 4.1 kcal/mol), methanol (AH = 3.2 kcal/mol), and etha-
nol (AH = 3.3 kcal/mol) dimers, the experimental values were dlightly underestimated but
the deviations did not exceed 1 kcal/mol. A similar accuracy was observed for the rather
strongly bound carboxylic dimers of formic acid (AH = 16.6 kcal/mol) whereas slightly
larger overestimations of up to 2.7 kcal/mol were found for the most stable conformers of
the acetic acid (AH = 17.3 kcal/mol) and trifluoroacetic acid dimers (AH = 16.4 kcal/moal).
In an investigation on the stability of structural isomers of the formic acid tetramer, Stein
and Sauer, 1997, obtained a pleasing agreement between MP2 and B3LY Presults, although
the latter method showed a tendency to exaggerate the binding energies as well.

The most strongly bound neutral hydrogen bonded species known, the phosphinic acid
dimer, has been studied by Gonzdlez et al., 1998b. Its binding energy estimated at the
B3LY P/6-311+G(3df,2p) level (23.2 kcal/mol) agreesnicely with experiment (23.9+ 6 kcal/
mol). Also the computed vibrational properties are consistent with available experimental
data. A still stronger hydrogen bond is present in the anionic hydrogen diformiate complex
HCOO™--HOOCH, which representsamodel system relevant for enzymatic catalysis. Siile
and Nagy, 1996, applied several DFT methodsto eval uate the geometry and binding energy
of thisspecies. All functionals applied (BP86, BLY P, B3LY P, and B3P86) have been found
to underestimate the experimental interaction energy of 36.8 kcal/mol by up to 8 kcal/mol
when using the 6-311++G(d,p) basis set. At the B3P86/6-311++G(3df,2p) level, thiserror
is reduced to 5 kcal/mol. In combination with a polarized triple-zeta basis set built from
Slater-type orbital's, the BP86 functional implemented within the ADF code gave precisely
the same result — however, the use of more diffuse basis functions might improve the com-
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puted thermochemistry of thisanionic system. Kumar et al., 1998, also studied this species
(as well as the neutral formic acid dimer, see also Smallwood and McAllister, 1997) and
found good agreement between B3LY P and MP2 thermochemical results, but they ob-
tained an even lower binding energy owing to the use of very limited basis sets and geomet-
ric constraints in the calculations. These authors also investigated solvation effects on the
hydrogen bond strength by explicit inclusion of one and two water molecules or by a self-
consistent reaction field model in the cal cul ations. Also theinfluence of different substituents
(replacing X = H in XCOOH) on theinteraction energy has been considered. Furthermore,
miscellaneous properties of strong hydrogen bonds have been investigated by means of
DFT methodsin arecent series of papers (see Kumar and McAllister, 1998, and references
cited therein).

Let us now turn to very weakly bound systems. A systematic comparison between re-
sultsfrom wave function theory, experiment and several DFT methodsfor the weakly bound
OC---H,0 and CO---H,0 complexes has been undertaken by Lundell and Lataijka, 1997.
These species (bound by AE-p = 1.3 and 0.8 kcal/mol, respectively, at the CCSD(T)/6-
311++G(2d,2p) level) seem to mark the borderline of meaningful applications of modern
approximate density functional theory. Using the 6-311++G(2d,2p) basis set, the DFT
optimized structures for both species showed dightly overestimated intramolecular bond
lengths and slightly too short intermolecul ar distances as compared to MP2 and CCSD(T)
calculations or to experiment. Also in this study the BLY P functional keeps up itsleading
performancefor the prediction of intermolecul ar distances, whereas some functional swithout
gradient corrections showed an alarming overestimation by up to 1 A. The correct descrip-
tion of the H---O distance in the less stable CO---H,O isomer, however, is apparently more
demanding also for the hybrid functionals, which showed deviations from CCSD(T) re-
sults of almost 0.4 A for this bond. The counterpoise-corrected binding energies for the
OC.---H,0 complex are slightly underestimated by all GGA schemes and the hybrid func-
tional results scatter around the conventional ab initio values with deviations of less than
1 kcal/mol. Therelative energy of the other isomer, being 0.6 kcal/mol higher in energy at
the CCSD(T) level, isa so obtained within 1 kcal/mol by all GGA and hybrid functionals.
While the intramolecular vibrational properties were described sufficiently well by most
gradient-corrected and especially by hybrid functionals, larger relative deviationsfrom M P2
results have been noted for the intermol ecular modes, overestimating the red shiftsby upto
20 cm %, which corresponds to a deviation of more than 200 %. Particularly problematic
werethe modes of theless stable CO---H,O isomer. Whilethese deviations arein fact lower
than those observed in other applications described above in absolute terms, thelarge rela-
tiveerrorsrender the predictive power of such results ambiguous owing to the small size of
observable effects. The authors related these deficiencies to the predominance of disper-
sion energy contributionsto the bonding, which are not covered by the functional s investi-
gated (see below), but constitute 60-80 % of the binding energies of the two species as
shown by Lundell, 1995. Nevertheless, in the recent literature DFT methods have been
applied with some successto weak hydrogen bondsinvolving wt-el ectron systems (Chandra
and Nguyen, 1998). In this context we note that modifications of the original B3LYP
parameterization have been suggested for an improved assessment of vibrational frequency
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shifts and successfully applied to the (FH), complex (Dkhissi, Alikhani, and Bouteiller,
1997). Also an empirical modification of the adjustable B-parameter in the B88 functional
used in combination with exact exchange has been proposed and led to improved intermo-
lecular distances and frequency shifts for the (H,0), and the (FH), system. Non-uniform
results, however, were obtained for other weakly interacting species (Garciaet al., 1997).

In conclusion, it seemsthat the thermochemical, structural and vibrational properties of
a broad variety of hydrogen bonded species in very different binding situations can be
described reasonably well by gradient-corrected and hybrid density functional methods.
The applicability of DFT methods to hydrogen bonded systems has been confirmed by
benchmarking the results with experimental and higher level theoretical data. As of today,
awealth of papers has appeared,® which exploit the performance of DFT methods as a
practical meansto supplement and guide experimental work. Representative examples com-
prise studies on molecular clusters (Hagemeister, Gruenloh, and Zwier, 1998, and Pribble,
Hagemeister, and Zwier, 1997), correlation between proton NMR chemical shift and hy-
drogen bond strength (Kumar and McAllister, 1998, Garcia-Vilocaet a., 1998) molecular
dynamics (Wei and Salahub, 1994 and 1997, Termath and Sauer, 1997, Haase, Sauer, and
Hutter, 1997, Cheng 1998), molecular adsorption in zeolites (Krossner and Sauer, 1996,
Sauer, 1998, Zygmunt et al., 1998), binding and vibrational propertiesof nucleic acid bases
(Sponer and Hobza, 1998, Santamariaet al., 1999), cooperative hydrogen bondsin enzyme
catalysis (Guo and Salahub, 1998) and many more. Whiletheinteractionsin strongly bound
speciesare generally overestimated, weaker hydrogen bonds are often found to be underes-
timated in stability. Many functional s reach an accuracy in the description of binding ener-
gies in the order of 1-2 kcal/mol provided that sufficiently flexible basis sets of at least
polarized triple-zeta quality are used. Even though thisiswhat is called chemical accuracy,
it is not sufficient to achieve predictive power for very weakly bound species. Finaly, we
mention astudy by Milet et al., 1999. These authors corroborate the above conclusionsthat
DFT is able to deliver reasonably reliable results for minimum structures of such com-
plexes. But they also point out that density functionals have more severe problems when it
comes to probing other regions of the PES. For example, the angular dependence of the
water dimer energy is described significantly worse by the GGA and hybrid functionals
used than the properties of the minimum structure.

12.4 The Dispersion Energy Problem

In reviewing the performance of density functional theory applied to hydrogen bonded
complexes of moderate strength, we repeatedly noted a systematic underestimation of the
interaction energiesfor many types of functionals, usually below 2 kcal/mol. Thishasbeen
related by some researchersto the inability of modern functional sto describe those contri-
butions to intermolecular binding energies which stem from dispersion forces. Dispersion

57 Searching the Chemical Abstracts database for the combined keywords ‘DFT’ and ‘ hydrogen bond’ reveals
201 entries for the time between January 1997 and August 1999.
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forces, aso referred to as London forces, are long-range attractive forces which act be-
tween separated molecules even in the absence of charges or permanent electric moments.
These forces, which are purely quantum mechanical in nature, arise from an interplay be-
tween electrons belonging to the densities of two otherwise non-interacting molecules or
atoms. Owing to their like electric charges, the molecular el ectron densities of two differ-
ent systems repel each other if they come too close together. But at intermediate distances
the motion of electrons in one unit induces slight perturbations in the otherwise evenly
distributed electron densities of the neighboring molecule. This correlation of electronic
motion leads to atemporary dipole moment. The induced dipole moment, in turn, induces
a charge polarization in the first molecule, creating an attractive force between the two
systems. In the asymptotic limit, thisinduced dipole-induced dipol e attraction decayswith
the inverse sixth power of the intermolecular distance. The actual presence of interactions
from higher order electric moments leads aso to other terms like induced quadrupole-
dipole, quadrupol e-quadrupole interactions, etc., which vary as 1/r®, 1/r'° and so on. It is
solely this type of interaction which is responsible for the minute binding forces between
rare gas atoms and is the only reason why, for example, He even liquefies at very low
temperatures. Thiseffect isentirely dueto electron correlation and the Hartree-Fock model
is therefore not applicable to such situations.

Clearly, the so far unknown exact density functional must account for such electron
correlation effects. However, in present implementations only the exchange-correlation
energy of agiven, local molecular electron density is considered and remains unaffected by
the density of another, distant system if no overlap is present. The exchange-correlation
potential Vy(F) atapoint T isdetermined by the density (and its gradients and perhaps
other local information) exactly at this point. In other words, two unshared electron distri-
butions do not contribute by any means to an energy lowering in functional forms which
depend only on alocal electron density. In order to describe London interactions, a fully
nonlocal functional must be applied and alocal density functional isin principle not capa-
ble of describing thislong-range, nonlocal correlation effect. Accordingly, some standard
functionals, while correctly describing the short-range repulsion, werefound to completely
fail in the description of the attractive branches in the potentials of van der Waals com-
plexes like He,, Ne, or Ar,. Numerical applications show in fact minima on the potential
energy surfaces of such systems, although too deep and at the wrong positions, but these
usually vanish after correcting for basis set superposition errors. The presence of actual
minima has been attributed to overlapping densities, which decay exponentialy inr, and
not to aphysically correct description of true dispersion interactions dominated by thelong
range fluctuating dipole (1/r% term (Kristyan and Pulay, 1994). Pérez-Jorda and Becke,
1995, investigated the performance of the SYWN and BP86 functionals aswell as Becke's
two hybrid approachesfor the description of the He,, Ne,, Ar,, HeNe, HeAr, and NeAr rare
gasdimers. Also thisgroup found astrong overbinding for the LDA with minimalocated at
too short distances, and only repulsive interactions for the GGA and the related hybrid
functional. Interestingly, the half-and-half approach not including any gradient corrections
provided a quite reasonable description of the potential shapes, but this approach gave
minima which were too shallow. From the latter finding it appears that some DFT models
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might in fact give reasonabl e results for related systems. But as so many times before, this
is not the right answer for the right reason, i. e., a proper description of the physics of
dispersion forces, but merely aconseguence of error cancellation. Others have outlined the
strengths and weaknesses of density functional theory associated with the description of
weakly interacting systems dominated by charge-transfer interactionsand dispersion forces
(for helpful entry points into the recent literature consult Hobza, Sponer, and Reschel,
1995, Kang, 1996, Jeong and Han, 1996, Ruiz, Salahub, and VVela, 1996, Meijer and Sprik,
1996, Wesolowski et al., 1997, and Lundell and Latajka, 1997).

While calculations at the GGA level with the B88 exchange functional plus some corre-
lation functional have been shown to give purely repulsive interactions for van der Waals
complexes, other functionalsyield relatively strong binding interactions. Work along these
lines, although rather sparse, has been put forward in the literature. For instance, Patton and
Pederson, 1997, tested two standard gradient-corrected functionals in combination with
mostly converged basis sets and demonstrated areasonabl e performance for the description
of avariety of rare gas dimers. While the LDA gave grossly overestimated atomization
energies, the PWPW91 GGA functional led to reduced errors. For the gradient-corrected
PBE protocol areasonable agreement with experimental energies, bond distances, and even
vibrational frequencies was obtained for the lighter He, and Ne, diatomics. Dimers con-
sisting of heavier rare gas atoms, however, were found to be too weakly bound at thislevel,
and better agreement was found with the PWPW091 functional. Zhang, Pan, and Yang,
1997, published a comparative study on the performance of seven different gradient-cor-
rected exchange functionals in combination with the PW91 correlation functional on the
same six rare gas diatomics which Peréz and Becke have explored. The former authors
emphasized the particular influence that the choice of exchange functional has on the out-
come of cal culations on these van der Waal s systems. Hence, it might well bethat inclusion
of datafor weakly interacting systemsinto the data base used for the construction (empiri-
cal fitting) of new functionals might lead to progress in this field. Notwithstanding all
criticism with respect to the lack of the underlying physics, such pragmatism has evidently
helped alot in the past. Thus, we conclude this chapter by noting that as of today density
functional theory can be used successfully, abeit only with great care, for rather weakly
bound systems (see al so the discussion in Adamo, di Matteo, and Barone, 1999). However,
for the most part contemporary density functional theory does not seem to offer sound and
reliable predictive capabilities when it comes to describing systems dominated by very
weak van der Waalsforces. It will beinteresting to seeto what extent the many attemptsto
develop new functionals (see, Lundgvist et al., 1995, Andersson, Langreth, and Lundqvist,
1996, Dobson and Dinte, 1996, Osingaet al., 1997, Kohn, Meir, and Makarov, 1998, Dobson,
1998, Lein, Dobson, and Gross, 1999) or to improveexisting ones (e. g., Adamo and Barone,
1998b) will lead finally to an adequate and satisfying description a so of the energetically
low energy end of chemical interactions.
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13 Chemical Reactivity:
Exploring Potential Energy Surfaces

Theratesof chemical reactionsarein many caseslimited because of the presence of energy
barriers between reactants and products, and the barrier heights typically determine the
branching ratio of products. A rigorous understanding of all elementary steps along the
reaction coordinates |eading from reactants to products is a prerequisite for the develop-
ment of guidelinesfor rationalizing or predicting the corresponding chemical transforma-
tions. However, the compl ete characterization of the actual reaction mechanisms, i. e., ex-
plicit information on the structural and energetic details of all intermediates and transition
structures relevant in the course of a particular reaction, by experimental means alone has
been possible in only a very limited number of cases.® Quantum chemical calculations
offer in principle a complementary source of information. Among the most prominent ap-
plications of modern el ectronic structuretheory istherefore thelocalization and characteri-
zation of stationary pointson those parts of apotential energy surface, which are associated
with achemical reaction. In particular the ability to directly model the transition structures
connected to the activation barriersis amost appealing feature. However, even for aquali-
tatively correct picture of areaction path electron correlation effects need to be taken into
account in the framework of conventional ab initio molecular-orbital theory. If quantitative
accuracy isthetarget, a sophisticated treatment of correlation effectsisusually requiredin
order to ensure a balanced description of minima and transition structures. Hartree-Fock
theory inmost instances fails miserably. Typically, this approach |eadsto an overestimation
of reaction barriers. One important reason for the poor performance of the HF method is
that the stretching of bonds — which is a key feature of transition structures involving the
shift of individual or groups of atoms— beyond a certain point leadsto a break-down of the
one-determinantal wave function. The HF model cannot cope with such situations and, in
principle, a multi-determinantal description of the wave function combined with a suffi-
cient recovery of dynamical electron correlation is needed in order to achieve chemically
meaningful accuracy. Even though such methods have been developed and successfully
appliedinthe past, approacheslike CASPT2, MRCI, or ACPF, which are based on CASSCF
zeroth order wave functions, are much too expensive to play arole as a standard tool and
their application is limited to small, chemically less relevant cases only. Single reference
approximations like MP2 or CCSD(T) have shown to provide sufficiently accurate results
in many cases, however, it isoften not clear from the outset whether they are appropriate or
not. In addition, these methods al so suffer from an unfavorabl e scaling with molecular size,
as has been already critically noted in several placesin thisbook. This problem is particu-
larly pronounced dueto the fact that — depending on the particular system under study —the
use of very large basis setsis mandatory in order to obtain converged results. The compu-

% Note, however, that the 1999 Nobel Prize for Chemistry was awarded to A. Zewail for his ‘studies of the
transition states of chemical reactions using femtosecond spectroscopy’ (Academy’s citation, October 12,
1999).
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tational efficiency of density functional approaches combined with the inclusion of
nondynamical and dynamical correlation effectsinherent to the functional s used has there-
fore made approximate DFT apromising competitor to the conventional methods. In recent
yearsdensity functional s have been applied to agreat variety of chemical reactionsranging
from organic and inorganic systems through organometallic catalysis in the gas-phase, in
homogeneous and heterogeneous environments, to bioinorganic reactions and models for
enzymatic catalysis (for a collection of recent examples see, e. g., Truhlar and Morokuma,
1999). Early systematic investigations involving simple organic and organometallic reac-
tions include the work of Andzelm, Sosa, and Eades, 1993, Stanton and Merz, 1994, and
Baker, Muir, and Andzelm, 1995; for reviews see, e. g., Seifert and Kriiger, 1995, Springborg,
1997, Ziegler, 1997, and Salahub et a., 1999. These studies revealed that the LDA gives
extremely unreliabl e results, and should not be used, whereas abetter agreement with post-
HF and experimental reference results can be afforded by application of gradient-corrected
approaches, although they were shown to have a pronounced bias to underestimate barri-
ers.

In this final chapter we do not attempt to cover all the recent applications of density
functional theory to chemical reactivity. Such an endeavor seems hard to accomplish even
in an entire book, et alone asingle chapter — plus, areview would be outdated by the time
of publishing given the vast number of research papers appearing in the literature month by
month. Rather, we concentrate on afew systematic studies on prototype reactionsin which
the performance of density functional methods is compared to high level post-HF compu-
tational results or to reliable experimental data. The examples have been chosen to demon-
strate that the performance of approximate DFT for different classes of reactionsfrequently
differs significantly and that no general rule of thumb is available. Rather, each reaction
may offer its particular surprises. Therefore, the importance of a careful calibration of the
theoretical methods prior to their application to the actual, uncharted territory of interest
cannot be overstressed. Still, certain transformations are characterized by typical problems
and some of them are also the subject of the following sections.

In particular, reactions involving transition-metals have attracted a lot of interest re-
cently because of the connection to catalytic and enzymatic processes. Unfortunately, the
proper computational description of such reactionsis one of the great challenges of today’s
theoretical chemistry and the question for the general applicability of density functional
methodsin the field is an area of active research. We chose to provide asingle but —aswe
think — representative example to illustrate the difficulties one has to face in theoretica
studies of transition-metal reactivity.

13.1 First Example: Pericyclic Reactions
The first pair of examples we would like to discuss occurs in a field which lends itself
naturally to be conquered by theory. Indeed, the past three decades have seen the explora

tion of mechanistic details of pericyclic reactions as one of the major success stories of
computational chemistry. Rooted in qualitative molecular orbital theory, the key concept of
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conservation of orbital symmetry (Woodward and Hoffmann, 1970) has opened the way to
the detailed mechanistic understanding of electrocyclic reactions, cycloadditions, sigmatropic
shifts, cheletropic reactions, and thelike. In earlier times, however, numerical applications
using semiempirical methods or Hartree-Fock theory were insufficient to alow for un-
equivocal conclusions about mechanistic conceptions—avividly written documentation of
related controversies has been presented by Houk, Gonzalez, and Li, 1995. Activation en-
ergiesfor pericyclic reactions computed at the HF level are substantially too high, usually
by about 50-100 %, due to the neglect of electron correlation contributions. Inclusion of
dynamic correlation effects in most cases ameliorates the situation and usually affords a
much better agreement with experiment. Another severe problem occursif abalanced de-
scription of aternate pathways, like concerted and stepwise reaction mechanismsis envis-
aged. A computational discrimination between these alternativesis complicated by thefact
that the latter involve biradical species, which can be extraordinarily troublesome for sin-
gle-reference methods, such as HF or Maller-Plesset perturbation theory, but also difficult
for density functional methods (see, e. g., Goddard and Orlova, 1999, aso for possible
remedies). Asin many other areas, the advent of approximate density functional theory has
had amajor impact on thisarea of research, onceitsgeneral applicability inthefield seemed
established. Modern functional s have been shown to yield a very reasonabl e description of
the potential energy surfaces connected to the chemistry of pericyclic reactions, even in
demanding electronic situations such asin radical cation species, which pose afundamen-
tal challenge to the traditional approaches (seg, e. g., Wiest, 1999). An overview of this
theoretically well-covered field of research can befound in recent reviews (Wiest and Houk,
1996, Bertran et al., 1998, Wiest, 1998, and references therein). Here, we choose to intro-
duce the reader to two prominent examples, the [,4. electrocyclic ring opening of
cyclobutene and the prototype of a Diels-Alder reaction, the [ 4.+,2] cycloaddition of
ethylene to butadiene.

13.1.1 Electrocyclic Ring Opening of Cyclobutene

The conrotatory thermal electrocyclic ring opening of cyclobutene 1 has been extensively
studied using agreat variety of theoretical methods. In line with the Woodward-Hoffmann
rules, all theoretical methods applied to this problem compute a C,-symmetric transition
structure 2 with atwisted carbon framework. Thistransition structure connects cyclobutene
with the gauche-1,3-butadiene 3,% which subsequently rotates along the central C-C bond
viatransition structure 4 to yield the global minimum aong the reaction coordinate, i. e.,
trans-1,3-butadiene 5. The reaction path emerging from experimental and high-level theo-
retical work ispictured in Figure 13-1.

From afirst inspection of the experimental and theoretical energetic data for stationary
points along the reaction path compiled in Table 13-1, we see that Hartree-Fock theory

% The planar cis-butadiene is not a minimum but rather represents the transition structure for the degenerate
isomerization of the two identical gauche isomers.
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Figure 13-1. Reaction path for the electrocyclic ring opening of cyclobutene.

Table 13-1. Computed reaction barriers and isomer stabilities [kcal/mol] for the electrocyclic ring opening of
cyclobutene (rel ative to cyclobutene 1, including zero-point vibrational contributions). Except for G2, theresults
were obtained using the 6-311+G(d,p) basis set.

Barrier  Exp. G2 HF SVWN SLYP BVWN BLYP B3LYP
AE*, 33 33 43 33 33 28 27 32
AEY,, 41 43 56 36 4 44 41 44
AE, 4 -3 -3 -3 —4 -3 4 —4 3
AE", 3 3 2 4 5 3 4 3
AE, 4 -8 -10 -13 -3 -1 -16 -14 -12
AE, ¢ -1 -13 -16 -6 4 20 -18 -16

& Compiled from the experimental references cited in Murcko, Castejon, and, Wiberg, 1996, and Wiest, 1998.

overshoots the activation barrier AE’:"l_2 for the initial ring opening step by 10 kcal/mol. A
closer inspection of therestricted HF wave function revealsaRHF—UHF instability,®i. e.,
thereisan unrestricted Hartree-Fock solution with alower energy than therestricted, closed-
shell RHF determinant. Thisisastrong indication of the necessity to include electron cor-
relation in order to properly describe the bond rupture in transition structure 2. Indeed, if
electron correlation effects are accounted for at the rather sophisticated G2 level, the ex-

% The stability of a Slater determinant can be checked by means of the stable keyword in Gaussian 98. For an
extension to DFT, see Bauernschmitt and Ahlrichs, 1996a.
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13.1 First Example: Pericyclic Reactions

perimental barrier isreproduced perfectly. If welook at therelative energiesresulting from
the LDA treatment, we note an impressive agreement between SVWN and experiment asto
the height of the activation barrier —in contrast with common expectations, the LDA does
not underestimate the barrier. Further, quiteinterestingly, theinclusion of gradient correc-
tionsto correlation does not seem to have any influence on the computed AE”, : the SLY P
barrier height also matches the experimental value. Switching on gradient corrections to
exchange in the BVWN functional, however, leads to an underestimation of the activation
barrier by 5 kcal/mol. Alsothe BLY P GGA functiona underestimatesthebarrier by 6 kcal/
mol, and only the B3LY P hybrid functional catches up with the excellent LDA quality and
accurately describes AE”, ,. Note that unlike in the HF scheme, irrespective of the actual
functional applied all non-interacting Slater determinants generated from the approximate
K Sorbitalsare stable with respect to symmetry breaking — starting from an unrestricted set
of guessorbitals of broken symmetry for transition structure 2, the determinantsin all cases
collapseto the restricted solutions. Thisis an encouraging documentation of what we have
noted already before pertaining to the dissociation potential of H, in Section 5.3.5: density
functional theory issignificantly more robust with respect to symmetry breaking for stretched
bonds than Hartree-Fock theory. That is, the onset of the point where restricted and unre-
stricted calculations differ from each other is shifted to larger bond distances for density
functional calculations. In the present context this meansthat, ignoring all other sources of
error, thisclass of methodslendsitself intrinsically better to adescription of stretched bonds
in transition structures than Hartree-Fock and related wave function based concepts. One
would be tempted to rel ate the good performance of the density functionalsto thispleasing
feature, if there were not the disturbing deviations upon inclusion of gradient correctionsto
exchange. Remember that these were rather decisivefor an accurate eval uation of atomiza-
tion energiesas noted in Chapter 9. So, isthere something wrong with the feeling we devel -
oped for the hierarchy of density functional methods in the preceding chapters? Certainly
not! In fact, a different picture emerges, if we look at the same reaction from a different
point of view, viz., asan electrocyclic ring closure of gauche-butadiene 3, and compare the
calculated energy difference AE#3_2 computed by the various methods. Now wefind asitu-
ation which corresponds more closely to what we would have expected on the basis of our
previousfindings. While HF overestimatesthe activation barrier of the reversereaction even
more than before and G2 theory also deviates by +2 kcal/mol, SVWN underestimates the
barrier by 5 kcal/mol. Thisis ameliorated alittle at the SLY P level and a much larger bar-
rier is obtained by application of the BVWN functional, which isnow in quite good agree-
ment with the experimental data. Inclusion of the gradient correctionsto correlation in the
BLY P functional brings about a perfect match with experiment. Admixture of exact HF-
exchange leads to a dight overestimation of the barrier, but still, the experiment is well
reproduced. The relative stabilities of gauche- and trans-butadiene expressed in AE; 5 are
in most pleasing agreement with experiment at all levels of theory: the deviations do not
exceed 1 kcal/mol in any case. Likewise, the relative energy of the transition structure 4,
which connects the gauche- (3) and trans-forms (5) of butadiene, is accurately described
and within 2 kcal/mol of the reference values at al levels, with the BVWN and B3LYP
functionals performing best. Significant deviations are seen for AE;_; and AE, 5, and it is
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hence the description of the strained cyclobutene species 1, whichiscausing thetrouble. Its
electronic structureis obviously very different from the other species such that errors can-
cel only incompletely. While the G2 technique places AE,_; and AE, s within 2 kcal/mol of
the experimental results —which is just the accuracy this method has been designed for —
the DFT methods perform much worse. The SYWN, and even more so the SLYP func-
tional, underestimate the energy difference between cyclobutene and the two butadiene
minimum conformations, whereas BVWN, BLY P, and B3LY P overestimate these energy
differences. In conclusion, among the functionals tested, B3LY P provides the best overall
description of the entire reaction sequence with a maximum deviation of 5 kcal/mal.

13.1.2 Cycloaddition of Ethyleneto Butadiene

The Diels-Alder reaction isamost useful synthetic tool in organic chemistry, and the par-
ent [4+2] cycloaddition of ethylene to butadiene has been well studied by experimentalists
and theorists alike and constitutes a good test case for our current presentation. It has been
established that the reaction proceeds through a synchronous concerted transition state,
which means that the two new bonds are being formed not only in one single step but also
inasynchronousway (Goldstein, Beno, and Houk, 1996). The aternative stepwise mecha
nism involving biradical speciesis, however, energetically not far from the concerted one.
A variety of theoretical methods has been applied to Diels-Alder reactions and it has been
shown that an accurate description of this reaction typeisin need of arather high level of
electron correlation as far as classical electronic structure theory is concerned. The prob-
lemsrange from the overestimation of barriers at the HF level to non-converging results at
different levels of Mgller-Plesset perturbation theory and do not end unless non-dynamical
correlation is adequately accounted for in a balanced way to study the radical pathway
aternative (for related literature see Bertran et al., 1998, and cited references). Density
functional theory has been successfully used in thisfield ever sinceitsfirst implementation
in standard quantum chemical codes. It has furnished organic chemistry with much mecha-
nistic comprehension about this type of reaction and has been used — usually in combina-
tion with limited basi s sets due to the size of the molecul esinvolved — as an easy-to-usetool
for synthetic organic chemists (for recent examples see Sodupe et al., 1997b, Venturini et
al., 1997, Chen, Houk, and Foote, 1998, Tietze, Pfeiffer, and Schuffenhauer, 1998, and
Goldstein, Beno, and Houk, 1999).

The course of thereaction is sketched in Figure 13-2 and Table 13-2 contains the activa-
tion and reaction energies computed at different levels of theory. G2%* and experimental
results agree to within 2 kcal/mol so that this data serveswell as a benchmark. We note the
large deviations from these results at the Hartree-Fock level which we have got so used to
by now: the reaction barrier is overestimated by no lessthan 100 %, rendering thislevel of
theory completely useless for gaining chemical insight. A most dramatic underestimation

61 Related, yet simpler extrapolation schemes have been applied to evaluate the activation barrier (Froeseet al.,
1997) and the entire sequence (Barone and Arnaud,1997).
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Figure 13-2. Reaction path for the cycloaddition of ethylene to butadiene.

Table 13-2. Computed activation (AE,) and reaction energies (AE,) for the concerted gas-phase cycloaddition of
ethylene to trans-butadiene [kcal/mol]. The HF and DFT calculations were performed with the 6-311+G(d,p)
basis set and include zero-point vibrationa contributions.

Exp.2 G2 HF SVWN SLYP BVWN BLYP B3LYP
AE, 27+£2 25 51 5 -2 33 26 28
AE, -38 -38 =30 -59 —67 -14 —22 —29

& Taken from references cited in Wiest, 1998.

of the barrier is seen at the LDA level and the SLY P functional places the barrier below
even the relative energy of the reactants. However, the energy difference between the
cyclohexene product and the transition structure (AE,,) obtained with these two methods
(64 and 69 kcal/mol, respectively) is close to the reference data, which isindicative of an
incomplete error cancellation on the part of the separated reactants. The BVWN functional
has just the reverse problem: correcting exchange with the gradient-corrected functional
dueto Beckeresultsin asubstantial improvement for the computed barrier height, but now
the stability of the product is significantly underestimated. Thisleadsto an underestimation
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13 Chemical Reactivity: Exploring Potential Energy Surfaces

of thereverse barrier by thisfunctional by about the same amount as SYWN and SLY P err
in the forward direction. It is apparent that gradient corrections to exchange are more im-
portant for abal anced description of separated reactants and thetransition structure, whereas
gradient corrections to correlation do well for the relative energies of transition structure
and product. The combination of both in the BLY P functional leads to an improved de-
scription for the entire reaction sequence, but the product stability remains underestimated
by 16 kcal/mol — an unacceptably large error for chemical purposes. The B3LY P hybrid
dlightly improves the barrier height, but till alarge deviation of 9 kcal/mol is seen for the
relative energy of cyclohexene. This latter finding is rather surprising as this reaction has
not been found problematic for the B3LY P hybrid functional in previous published work
(see, e. g., Barone and Arnaud, 1996 and 1997). The only difference between these investi-
gations and the present results is the use of smaller basis setsin the previous studies. So, it
seems worthwhile to have alook at the basis set dependence. Let us therefore focus on
results from calculations with basis sets of varying size.

From the energetics compiled in Table 13-3 we clearly see that a systematic improve-
ment of the basis set quality causes a severe deterioration of the description of the relative
stability of the cyclohexene product. The height of the activation barrier isless affected and
the disagreement with the G2 data increases only dightly when going from smaller to
larger basis sets. It appears that even the B3LY P hybrid functional is not well suited to
consistently describe the dramatic changes in molecular electron density when fragmenta-
tion processes are considered, even if al species involved are closed-shell. Hence, it is
rather plausible that the many honors density functional theory has earned in thisfield in
the past are due to massive error compensation effects arising from the use of small basis
sets. Admittedly, thiserror compensation has been highly effective and constant for abroad
variety of systems studied, and has|ed to extraordinarily good agreement with experimen-
tal data (see, e. g., Beno, Houk, and Singleton, 1996). So the B3LY P/6-31G(d) combina-
tioniswithout doubt acost efficient and therefore val uable procedure with predictive capa-
bilities.%2 But, in contrast to what we have concluded in other instances, thereis no way to
improve the results if we encounter problems and we have to be very careful what we can

Table 13-3. Basis set dependence of activation (AE,) and reaction energies (AE,) computed using the B3LY P
functional for the concerted gas-phase cycloaddition of ethylene to trans-butadiene [kcal/mol]. All calculations
include zero-point vibrational contributions evaluated at the B3LY P/6-311+G(d,p) level.

6-31G(d) 6-31+G(d) 6-31++G(d,p) 6-311++G(3d,2p) cc-pvTZ
AE, 25 27 27 28 28
AE =37 -33 -32 -29 -28

T

52 Asnoted by Adamo, di Matteo, and Barone, 1999, similarly good results can be expected from the traditional
schools of theory only at the CCSD(T)/TZ2P level, but this computational approach is prohibitively expen-
sive for most chemically relevant systems to be studied.
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and cannot believe. There might be situations which small basis sets are not able to cope
and the error compensation does not work. And worse, thereis probably no way to identify
such situations from the outset. In any event, the bottom line is that one way to identify
potential shortcomings of density functionals used to study chemical reactivity isto check
the basis set influence ontheresults. In view of thesefactslet usreiterate the big caveat that
will accompany us through this chapter: one should not apply current approximate density
functionals to mechanistic problems without careful prior benchmarking of the employed
methodol ogy for thermochemical data of related well-characterized systems!

13.2 Second Example: The S2 Reaction at Saturated Carbon

Another fundamental reaction in organic chemistry isthe bimolecular nucleophilic substi-
tution (Sy2), alsoreferred to astheWalden inversion (see, e. g., Shaik, Schlegel, and Wolfe,
1992). One experimentally and theoretically particularly well characterized exampleisthe
gas-phase S 2 reaction of CI~ + CH;Cl — CICH; + CI™. Starting from the separated chlo-
ride anion and methylchloride, an ion-molecule complex [Cl---CH5CI]™ is formed. From
this complex, the reaction proceeds through atrigonal bipyramidal Dy, symmetric transi-
tion structure, in which one of the two identical carbon-chlorine bonds is formed to the
same extent asthe other oneisbroken. The product side of thisidentity reactionisof course
the mirror image of the first half of the reaction and indistinguishable from the reactant
side. Obviously, the practical interest in this sequenceislimited, but besidesthe fundamen-
tal implicationsit sufficesto establish the performance of density functional methodsin the
present context. Figure 13-3 sketches the energetic regime along the reaction coordinate

Relative Energy

od+o0  od o

™+ CHCI Cl™ CHI [Cl - CH, Cl] CICH,--CI” CICH,+CI”

Reaction Coordinate

Figure 13-3. Reaction path for the gas-phase S,2 reaction of CI~ + CH,Cl.
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Table 13-4. Complexation energy (AE.) and barrier heights (AE, and AE,, seetext) for the gas phase bimol ecul ar
S\2 identity reaction CI” + CH;Cl — CICH4 + CI™ [kcal/mol]. HF and DFT calculations were done with the 6-
311+G(d,p) basis set and include zero-point vibrational contributions.

Exp? G2 HF SVWN SLYP  BVWN BLYP  B3LYP
AE, 1242 -1 -9 -15 -17 -9 -10 -10
AEy 3/1+1° 3 7 -8 -1 4 -6 -2
AE, 13+2 13 16 6 6 5 4 8

@Compiled from references cited in Glukhovtsev et al., 1996; b taken from Glukhovtsev, Pross, and Radom,
1995; © two experimental values given.

and Table 13-4 provides experimental and accurate computational reference data, together
with Hartree-Fock and afew density functional results.

If we compare the experimental AE_, the (negative) complexation energy of the ion-
molecule complex, with the computed data we see that the Hartree-Fock level underesti-
mates this quantity, while G2 reproduces the experimental value very well. The SYWN
functional overbinds the complex by 4 kcal/mol compared to the G2 value, but liesin fact
just 1 kcal/mol outside the experimental error range — given the well known overbinding
tendency of the LDA, one might take this as an indication that the true value lies rather
close to the upper bound of the experimental uncertainty. Asis common, the inclusion of
the LY P gradient corrections increases the overbinding and the SLY P functional overesti-
mates the G2 benchmark data by 6 kcal/mol. The SYWN overbinding is largely compen-
sated for by inclusion of gradient corrections to exchange and BVWN gives a reasonable
complexation energy, matching the Hartree-Fock value. The BLY P GGA functiona and
the B3LY P hybrid give the same result, missing the experimental target by 2 kcal/mol. The
overall reaction barrier, AE,, isthe difference between the rel ative energies of the entrance
channel and thetransition structure. HF overestimatesthe barrier relativeto G2 and experi-
ment by some 4-6 kcal/mol. The qualitative picture changes with application of density
functional theory: all functionals place the central barrier below the relative energy of the
entrance channel and give negative values for AE,,. The LDA approach and even more so
the SLY P functional both underestimate the overall barrier by 11 and 14 kcal/mol, respec-
tively. Again, BVWN does a better job, but still underestimates the G2 value® by 7 kcal/
mol. Additional inclusion of the LY P correlation functional in the BLY P schemeleadsto a
deterioration of the results by 2 kcal/mol. The admixture of exact exchange within the
B3LYP hybrid gives the best result with a deviation from experimental and G2 resultsin
the order of 5 kcal/mol. The intrinsic reaction barrier, that is the energy difference AE,
between the ion-molecule complex and the transition structure, is described with similar
deviations. These results are representative for other studies on this and related systems:
standard GGA functional s underestimate the activation barriers more than the correspond-
ing hybrid functionals (Deng, Branchaddll, and Ziegler, 1994, and Glukhovtsev et al., 1996).

& | arge scale CCSD(T) calculations by Botschwina, 1998, confirm the G2 result for AE,
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Table 13-5. Computed complexation energies (AE,) and barrier heights (AE,, and AE,,, see text) [kcal/mol] for
the gas phase bimolecular S2 identity reaction CI~ + CH5Cl — CICH, + CI™ from different sources (single point
energy calculations using the 6-311++G(3df,3pd) basis on top of 6-311+G(d,p) geometries).

B3LYP? B3LYP BILYP® PBE1PBE® LGLYF LGILYF
AE, -9 -9 -10 -10 -12 -11
AE, -1 -1 -1 1 -1 -2
AE, 8 8 9 10 11 9
BPW91¢ B3PW91¢ mPWPW91¢  mPW1PW91¢  mPw3PwW91°
AE, -9 -9 -11 -10 -10
AE,, -3 0 -4 0 0
AE, 6 10 6 11 10

26-31+G(d,p) basis: Glukhovtsev et al., 1996; ® Adamo and Barone, 1999; ¢ Adamo and Barone, 1998a; ¢ Adamo
and Barone, 1998b.

Slightly better results have been obtained, however, with the recently developed mPW and
PBE functionals as can be seen from the data compiled in Table 13-5. The improvements
do not exceed 2 kcal/mol though. It isinteresting to note that the application of smaller (6-
31+G(d)) or larger basis sets (6-311++G(3df,3pd)) does not change the picture much, in
contrast to the strong influence of the basis set quality we have noted before.

13.3 Third Example:
Proton Transfer and Hydrogen Abstraction Reactions

Thetransfer of protons between atomsis of utmost importancein chemical and biological
transformations. Theoretical research in this field is entangled in a combination of prob-
|lems associated with the highly demanding aspects of hydrogen bridges and those difficul-
ties associated with a consistent description of different regions on potential energy sur-
faces encompassing the formation and cleavage of bonds. The breaking of covalent bonds
to hydrogen atoms is another important subject related to combustion chemistry. In this
field, the abstraction of hydrogen atomsby radical speciesisof great interest but, aswewill
see, highly involved as far astheory is concerned. The present section provides two exam-
ples, which arewell investigated and covered by literature: theintramolecular proton trans-
fer process in malonaldehyde enol, and the simple, seemingly trivial, hydrogen exchange
reactionH + H, — H, + H.

13.3.1 Proton Transfer in Malonaldehyde Enol
The enol form of malonaldehyde is favored over the tautomeric aldehyde due to the pres-

ence of an intramolecular hydrogen bond. It constitutes one of the smallest model systems

249



13 Chemical Reactivity: Exploring Potential Energy Surfaces

Relative Energy

Reaction Coordinate

Figure 13-4. Energy profile for the proton transfer in malonaldehyde enol.

for hydrogen bonded species subject to an intramolecular proton transfer — an important
processin enzymatic reactions. Asan extension to Chapter 12, where we have eval uated the
capabilities and limitations of contemporary density functionals to describe species with
intermolecular hydrogen bonds, we now look a little closer at the intramolecular binding
and the proton transfer process in malonaldehyde from a thermochemical point of view.
The asymmetric nature of the hydrogen bond in this species has been established by
crystall ographic, microwave, and NMR experiments (see Perrin and Kim, 1998, and refer-
encestherein) and the shift of the proton from one oxygen atom to the other — concomitant
with arearrangement of the double bond framework — proceeds viaa C,, symmeiric tran-
sition state. This double minimum situation is depicted in Figure 13-4.

Aswe have outlined in the introduction to Chapter 12, the flat potential energy surface
in the hydrogen bonding region and its double minimum nature obscuresthe validity of the
harmonic approximation commonly used to evaluate vibrational frequencies and
thermochemical properties. For the related situation in the protonated water dimer, Valeev
and Schaefer, 1998, have argued that strong anharmonicity effects of low frequency modes
can cause substantial errors for computed zero-point vibrational energies. Here, we are
mainly interested in demonstrating the general ability of density functionals to describe
potential energy surfaces. Thus, we are not seeking final answersto the chemical problem
—inorder to do so there are many severe puzzlesto be solved, starting from the choice of a
multidimensional coordinate system (e. g., Carrington and Miller, 1986) and ranging through
adescription of proton tunneling (see Shida, Barbara, and Alml&f, 1989). Rather, we will
address the basic question: is present day density functional theory able to provide agood
enough potential energy surface to justify its use in a subsequent, physically sound treat-
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Table 13-6. Computed total energy differences[kcal/mol] and distances[A] for the proton transfer in malonal dehyde
enol (6-311++G(d,p) basis).

Method AE, s  AEq Min (2) TS(©d)

Ro.o Ro..x Ro..o Ro..x
HF 0.3 10.8 2.70 1.91 2.32 1.19
SVWN 20.3 0.0 2.37 1.29 2.36 1.21
SLYP 225 -8 -8 -8 2.37 1.21
BVWN 115 34 2.65 1.76 2.40 1.22
BLYP 13.0 2.2 2.59 1.67 2.40 1.23
B3LYP 12.9 32 2.58 1.69 2.37 1.21
MP2 12.1 33 2.58 1.69 2.36 1.20
CCSD(T) 115 44 2.58° 1.69° 2.36 1.20°
CCSD(T)® 12.4 40 2.58° 1.69° 2.36 1.20°

2 No asymmetric C, structure; ® MP2/6-311++G(d,p) structure; © 6-311++G(2df,2pd) basis.

ment of the chemical problem? Does it make sense to use it at all? Let us try to find an
answer from the results summarized in Table 13-6.

We can see at aglimpse that for HF theory aswell asfor SYWN or SLY P the answer to
both questions is *No’. The energy difference AE,;5 between conformers 1 and 2, which
represents the strength of the intramolecular hydrogen bridge, is severely underestimated
by the former and dramatically overestimated by the latter methods. Accordingly, the O---O
and the O---H distances are computed too long at the HF, and too short at the SVWN level %
both compared to the MP2 reference geometry. Using the SLY P functional the Cg mini-
mum structure does not even exist but rather collapses into a C,,, minimum — a dramatic
failure. On the contrary, as so often isthe case, the BVWN functional improves the agree-
ment with the CCSD(T) energetic reference data. The structural parameters differ in the
order of 0.01 A from the optimized MP2 structure, though. Better agreement is found for
the BLY P functional, which also describes the rel ative energies of stationary pointsinves-
tigated on this PES reasonably well, although the barrier height isunderestimated by 2 kcal/
mol. A slightly better performance results from the B3LY P treatment of the problem. Both
energetics and structural parameters agree nicely with the accurate conventiona ab initio
results. Overall, the B3LY P functional yields structures and relative energies of very simi-
lar quality as MP2 and approaches the accuracy of the higher level benchmarks to within
1 kcal/mol, with aslight bias to underestimate the proton transfer barrier (see also Zhang,
Bell, and Truong, 1994, Barone, Orlandini, and Adamo, 1994b, and Barone and Adamo,
1996 and 1997h). While this accuracy is certainly at the borderline of being useful for
studies of such flat potential energy surfaces as that present in malonaldehyde enol, we
conclude that the hybrid functional level can provide proton transfer potential energy sur-
faces of aquality comparableto MP2, but at substantially lower costs. Therefore, thislevel
of theory should lend itself as an efficient tool to a further assessment of proton transfer

8 Similar findings have been reported already in the literature (Sim et al., 1992).
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13 Chemical Reactivity: Exploring Potential Energy Surfaces

processes. Similar conclusions have been drawn by others, who tested various recently
developed functionals on related problems (Sirois et al., 1997, Adamo and Barone, 1998a
and 1998b, Sadhukhan et al., 1999).

13.3.2 A Hydrogen Abstraction Reaction

One of the simplest chemical reactionsinvolving abarrier, H, + H — [H-+-H--H]" - H +
H,, has been investigated in some detail in a number of publications. The theoretical de-
scription of this hydrogen abstraction sequence turns out to be quite involved for post-
Hartree-Fock methods and is anything but atrivial task for density functional theory ap-
proaches. Table 13-7 showsresultsreported by Johnson et a., 1994, and Csonkaand Johnson,
1998, for computed classical barrier heights (without consideration of zero-point vibra-
tional correctionsor tunneling effects) obtai ned with various methods. The CCSD(T) result
of 9.9 kcal/mol is probably very accurate and serves as a reference (the experimental bar-
rier, which of course includes zero-point energy contributions, amounts to 9.7 kcal/mal).

Asusual, we seethe uncorrelated HF level overestimating the barrier, thistime by 8 kcal/
mol. MP2 does better, but it is not able to fully recover the correlation energy so that the
CCSD(T) benchmark data is still overestimated by 3 kcal/mol. Turning to the density
functionals, the SVYWN and SLY P implementations produce only chemical nonsense: the
H radical iscomputed asastable minimum, lying energetically below the reactants, rather
than as asaddle point. The BVWN functional changesthe situation giving at least aquali-
tatively correct picture with a barrier separating the two asymptotic channels H + H,. Yet
the barrier height is severely underestimated by some 7 kcal/mol or over 50 %. Thiswholly
unsatisfactory picture does not change significantly if the BLYP and B3LY P functionals
are employed.

Durant, 1996, has found the incorporation of alarger amount of exact exchange into the
hybrid functional formulation as one way to improve the performance with respect to this
reaction: the BHLY P functional delivers a barrier height of 6 kcal/mol. Accordingly,
Chermette, Razafinjanahary, and Carrion, 1997, have reoptimized the empirical mixing
parameters inherent to the B3LY P hybrid functional formulation with respect to the de-
scription of hydrogen-only systems. These authors stressed that the results were found
particularly sensitive to the amount of exact exchange admixture, which they readjusted
from 0.20 in the original B3LY P composition to 0.559 in their so-called B3(H) functional .

Table 13-7. Computed classical barrier heights AE [kcal/mol] for the reaction H, + H — [H---H--H]* = H, + H
(6-311++G(,3pd) basis set); data compiled from Johnson et al., 1994, and Csonka and Johnson, 1998.

HF MP2 CCsSD(T) SVWN SLYP BVWN BLYP B3LYP
AE 17.6 13.2 9.9 —2.8 -35 37 29 41
AEgS? - - - 6.6 6.0 13.2 12.6 111

2 Corrected for self-interaction contributions.
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Applied to the reaction barrier, this functional indeed gave an improved value of 7 kcal/
mol.

Johnson et al., 1994, and subsequently Csonkaand Johnson, 1998, went deeper into the
problem and investigated the influence of the self-interaction contributions (see Section
6.7) on thisreaction. Some of their results obtained after applying a self-interaction correc-
tion are given in Table 13-7. Indeed we see adramatic effect on all functionals applied: all
barriers are shifted by 7 — 9.5 kcal/mol to higher energies with the smallest effect for the
B3LY P hybrid. Itsself-interaction corrected barrier amountsto 11.1 kcal/mol, which agrees
much better with the CCSD(T) value. The data given in Table 13-7 shows that the self-
interaction error causes asignificant and unphysical lowering of the activation barrier, which
is, apparently, least pronounced for the B3LY P hybrid functional. We have noted aready
that inclusion of an even larger portion of exact exchange inthe BHLY P hybrid functional
improves the computed energy barrier. Without further reference, this could now be ex-
plained in two ways. One point of view isthat the larger amount of exact exchange—that is,
exchange which isfree of the self-interaction error by construction —reducesthis particul ar
shortcoming to some extent. On the other hand, seen from an even more naive standpoint,
theincreased barrier is only areflection of the fact that we are mixing in a certain amount
of HF quality into the functional form. We have noted above that the pure Hartree-Fock
level severely overestimatesthe barrier, hence the morethat HF character isincluded inthe
functional the morethe barrier isshifted to higher relative energies. While both views allow
for a—albeit hand-waving — rationalization of the performance of the respectivefunctionals,
the explicit analysis of self-interaction errors by Csonka and Johnson, 1998, reveals that
the situation is more complicated. These authors studied the individual components which
contributeto the overall self-interaction error for al three speciesinvolved in thereaction—
see Table 13-8.

For the BLY Pfunctional thereisapronounced self-interaction error for the H; transition
structure, which is much larger than the errors for the H radical or the H, molecule taken
together. The correlation part has no self-interaction problem, since the LY P correlation
energy has been designed as perfectly self-interaction free, and hencethe error in the com-
puted barrier height is entirely due to the incomplete cancellation of the self-interaction
error in the Coulomb/exchange part. So far, everything is according to expectation. For the
B3LY P hybrid, however, the breakdown of the self-interaction error into its components

Table 13-8. Self-interaction error components for Coulomb and exchange energies (E; + Ey) as well as for the
correlation energy (Ec), and the resulting sum for the H atom, the H, molecule, and the H transition structure
[kecal/moal]. Data taken from Csonka and Johnson, 1998.

Method H H, Hy

E;+E, E. SIC E,+E, Ec SIC E,+E, Ec SIC
BLYP 086 000 -0.86 038 000 -0.38 851 000 851
B3LYP 296 -262 -0.34 520 -545 024 092 -793 701
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showsastartling situation: theerrorsfor E; + E, arethreeto thirteen timeslarger than those
found for the pure Becke exchange functional for H and H,. Furthermore, for the H; tran-
sition structure the exchange related self-interaction error is about nine times smaller than
for BLYP There, E; + Ey was about -9 kcal/mol, but this changes to +0.9 kcal/mol when
the B3LY P functional is used. Hence, the self-interaction error trends in the hybrid func-
tional treatment of this reaction are just opposite to that of the pure GGA! But even more
baffling isthefinding that the correlation energy error isnolonger zero but gets significant!
This error stems from the admixture of the VWN correlation functional into the B3LY P
hybrid form (see equation (6-28)) and scales quite constantly with the size of the number of
atoms in the system. It is acting in the opposite direction and in fact compensates almost
perfectly for the self-interaction error of the Coulomb-exchange energy for H and H,, such
that the total self-interaction errorsarewell below 1 kcal/mol. Thisis not so for Hs, where
we have asmall error from exchange of +0.92 kcal/mol which contrasts with ahuge corre-
lation self-interaction error of —7.93 kcal/mol. Thus, atota error of 7.01 kcal/mol results.
The large underestimation of the barrier height is thus due to the imperfect cancellation of
the individual error components.

This hydrogen abstraction reaction has been found particularly problematic also for
other GGA and hybrid functionals, so it is clear that this and related reactions constitute
severe problems for currently available functionals (see Durant, 1996, Sadhukhan et al.,
1999). Of particular interest, however, is the finding that functionals that depend aso on
the non-interacting kinetic energy density — like LAP and B95 — show an improved de-
scription of the barrier (BLAP3: 7.3 kcal/mol, B1B95: 7.6 kcal/mol, see Salahub et a.,
1999).%% In conclusion, although one important source of error for the failure of density
functional methods to describe this hydrogen abstraction reaction has been pinned down,
the procedure to correct for self-interaction contributions is not commonly available and
not easily applicable to standard Kohn-Sham procedures (see Csonka and Johnson, 1998,
for an easy-to-read outline of procedures and further references). Therefore, one should
expect that gradient-corrected functionals tend to severely underestimate the barriers to
radical hydrogen abstraction reactions. To some lesser extent this also applies to hybrid
functionals. Further exampl es corroborating these statements can be found for similar reac-
tions in Johnson, 1995, or Baker, Muir, and Andzelm, 1995. It may nevertheless be that
related reactions can be very well described by standard functionals provided that a more
fortuitous error compensation occurs for the particular species under study. Better results
than reported here have in fact been described but the performance changes unpredictably
from system to system and a general bias to underestimate the activation barriers for such
processes appears to persist (see, e. g., Bernardi and Bottoni, 1997, Nguyen, Creve, and
Vanquickenborne, 1996, Jursic 1996. See also Ventura, 1997, for areview).

8 Wefind also other recently devel oped exchange functionalsin combination with LY Pand the 6-311++G(,3dp)
basis marginally better than the B3LY P hybrid: B1LYP: 4.8 kcal/mol, LG1LYP: 5.1 kcal/mol, mPW1LY P:
4.4 kcal/mol. Note that these hybrid functional s do not contain correlation contributions from the VWN func-
tional.
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13.4 Fourth Example: H, Activation by FeO" in the Gas-Phase

Inthislast example we extend the investigation of reaction mechanismsto transition-metal
chemistry. As repeatedly mentioned in the previous chapters, the presence of transition-
metals leads to additional difficulties for an appropriate computational description, see,
e. g., Koch and Hertwig, 1998. However, it is particularly this difficult terrain where DFT
methods have acquired a good reputation as offering the best value for money. This also
appliesto mechanistic details as verified by the large and continuously growing number of
investigations uncovering organometallic and related reaction mechanisms that appear in
the literature. Rather than attempting to survey all these developments, we will use one
particular example in the following for discussing some of the problems and peculiarities
inherent to the computational description of transition-metal reactivity. The example cho-
sen is the activation of molecular hydrogen by an iron oxide cation, FeO". While at first
glance this may seem to be a fairly exotic model reaction, it will turn out to be highly
instructive in the following. Before we start with some background information, let us add
that thisreaction involves open-shell and coordinatively unsaturated transition-metal com-
plexes. Because of the complicated electronic structure inherent in such species, the de-
mands on computational techniquesare particularly high. The performance of density func-
tional methods established for this exampl e represents therefore aworst case scenario and
the errors should be upper bounds. Reactions involving larger, coordinatively saturated,
closed-shell transition-metal compl exes which obey the 18-electron rule are expected to be
less problematic and associated with smaller computational uncertainties. Indeed, an am-
ple number of contributions testifies to the suitability of DFT methods in the regime of
organometallic chemistry (for representative examples see Cui et a., 1995, Dapprichetdl.,
1996, Siegbahn, 1996b, Deng and Ziegler, 1997, Frankcombe et a., 1997, Siegbahn and
Crabtree, 1997, Niu and Hall, 1997, Cui, Musaev, and Morokuma, 1998a and 1998b, Tor-
rent, Deng, and Ziegler, 1998, Basch et al., 1999, Niu, Thomson, and Hall, 1999, Amara et
a., 1999, Pavlov, Blomberg, and Siegbahn, 1999, Deubel and Frenking, 1999, Kragten,
van Santen, and Lerou, 1999, Petitjean, Pattou, and Ruiz-L6pez, 1999, just to mention a
few). In many cases density functional approaches are actualy the only feasible way to
tackle these questions, because typically rather large model systems are required to assign
enough chemical relevance to the calculations. The need to choose large model systems
complicates both theoretical and experimental work and due to the lack of accurate datato
compareto, most such theoretical studies are rather qualitative in nature and are not suited
asexamplesin the present context. The chemical insight gained in many instancesis never-
theless highly impressive and density functional calculations at moderately advanced lev-
els are often the only means to rationalize experimental findings.

Thesituationis somewhat better for the gas-phase chemistry of isolated transition-metal
ions or complexes, and this area of research has received alot of attention in the past. On
the experimental side, comprehensive mass-spectrometric techniques alow for an explicit
measurement of thermochemical and kinetic parameters of reactants, intermediates, and
products occurring along the reaction pathways. These data can be obtained without the
influence of ligands, counter ions, solvents etc. which would be ahighly complicated enter-
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prise—if possible at all —for experimentsin homogeneous or heterogeneous environments.
For similar reasons, reactions among isol ated speciesin the gas-phase are particularly well
suited for quantum chemical investigations, which can supplement the experimental results
with direct information on stationary points occurring along the reaction coordinate. There-
fore, the synergy between experiment and theory has been particularly useful in thisfield
(Schroder et al., 1997).

We now turn to our specific example. In the last decade, bond activation processes me-
diated by bare metal oxide cations have been extensively studied reflecting the important
role that such reactions play in various areas ranging from heterogeneous catalysis to bio-
chemical transformations.*® Asarather advanced example, we present here the results from
state-of -the-art theoretical studies on the activation of molecular hydrogen by iron oxide
cation, FeO* (°z") + H, — Fe' (°D) + H,0. Let usstart with an illustration of the chemical
problem: the most intriguing features of thisreaction are (a) the unexpectedly low reactiv-
ity found in gas-phase experiments. Although the overall reaction ishighly exothermic (AH
=-36 kcal/mol) and spin-conserving (both reactants and productsare high-spinwith S = 5/2,
i. e, sextet multiplicity) only onein 100-1000 collisionsis reactive under the conditions of
mass-spectrometric measurements. This contrasts with the general finding that FeO™ effi-
ciently reacts with alkanes, alkenes, and aromatic systems. (b) A very low Kinetic isotope
effect (k/kp = 1-1.5) and (c) an inverse temperature dependence, i. e., an even lower reac-
tivity at elevated temperatures has been found for the reaction. While finding (a) isin line
with the assumption of ahigh barrier in the course of thereaction, thelatter two findingsdo
not readily agree with a central barrier. Experimental work alone has not been able to
resolve these apparent contradictions and a combination of density functional theory and
multireference post-HF cal cul ations has been used to unravel the intrinsic mechanistic de-
tails of this reaction, first by Fiedler et al., 1994, and subsequently by Filatov and Shaik,
1998b, and Irigoras, Fowler, and Ugalde, 1999.

Thefirst step in computational studieslike this should always be to calibrate the chosen
density functional methods against the known energetic properties of related systems in
order to define thelevel of accuracy that can be expected. Our first interest liesin the high-
spin/low-spin state energy differences, as the formation and cleavage of covalent bondsto
the transition-metal always involves electron population changes among the respective d
and s orbitals. We begin by comparing computed and experimentally determined energies
to excite the Fe" ion from its °D(d®s!) ground state into the first excited *F (d) state. From
the data in Table 13-9 we see already significant deviations (up to half an €V) from the
experimental value for all density functionals, all erroneously predicting a quartet ground
state of Fe". Part of thiserror is dueto the neglect of differential relativistic effects, but the
well-known preference of density functional methodsfor d” over d™s! configurations (re-
call the discussion in Section 9.2) contributes as well and inflicts a substantial error on the
Fe" + H,0 exit channel. Of the density functional methods tested, the B3LY P functional
performs best, followed by BP86 and FT97. There have been two studies with the B3LY P

% For apresentation of the field and experimental referencesthe reader is referred to the review of Schroder and
Schwarz, 1995.
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Table 13-9. High-spin/low-spin excitation energies AE [kcal/mol] for Fe* (°D—*F), [Fe(H,0)]* (°A,—*B,), and
FeO' (.z'>®).

Species B3LYP? BP86® FT97? B3LYP® CCSD(T)® CASPTZ® Exp.
AE (Fe") 2.4 —4.3 6.5 —4.2 5.4 5.9
AE ([Fe(H,0)] 5.4 -82 -11.2 -89 2.7

AE (FeO") 8.0 127 155 7.3 125 19.1

& Wachters basis for Fe, Dunning TZ2P basis for H and O, Filatov and Shaik, 1998b; ® modified Ahlrichs TZVP
basis for Fe, Pople 6-311++G(2df,2p) for H and O, Irigoras, Fowler, and Ugalde, 1999; ° ANO [8s7p6d4f2g]
basisfor Fe, [3s2p1d] and [5s4p3d2f] for H and O, respectively, Fiedler et al., 1994.

functional employing different basis sets, due to Wachters (for Fe)/Dunning (for H, O) and
Ahlrichs(for Fe)/Pople (for H, O), respectively. Both sets, which wewill abbreviateasWD
and AP, respectively, are of approximately polarized triple-zeta quality. The deviations be-
tween the corresponding results give a feeling for the errors inherent in the choice of the
basis set. For the atomic excitation energy the basis set effect amounts to 2 kcal/mol, with
the Wachters basis set performing better.

Very similar deviations from the CCSD(T) benchmark data®” are seen for the computed
spin-state splittings in the [Fe(H,0)]* complex. Apparently, the error in the atomic state
splitting al so affectsthat of the complex. The basis set effect amountsto 3.5 kcal/mol with
the WD basis set combination again performing better. The computed high-spin/low-spin
state splittings for the FeO™ molecule reported in Table 13-9 compare fairly well with the
CCSD(T) data, with B3LY P exhibiting the largest deviation. If compared to the CASPT2
results the differences are larger and show a preference of the density functionals to favor
low-spin states. Note also that the CCSD(T) and CASPT2 calculations differ by 6.6 kcal/
mol from each other. The rather complicated electronic structure of FeO" is probably best
described at the multireference CASPT2 level of theory, but dueto thelack of more precise
data afinal recommendation as to which of these approachesisto be preferred cannot be
given. At least we find that all levels consistently predict a high-spin =" ground state for
FeO" while the uncertainty of the DFT results s as high as some 10 kcal/mol.

The binding energies of FeO" and the [Fe(H,0)]" complex are known experimentally
and are compared to the corresponding computed results in the first two entries in Table
13-10. In both cases the BP86 functional exhibits adramatic overbinding of about 20 kcal/
mol. Oddly, the FT97 GGA functional shows an equally large deviation for the strongly
bound oxide, wheresas it perfectly reproduces the experimental value for the water-iron
binding energy. The B3LY P functional provides an excellent description of the FeO™ hind-
ing energy and modestly overestimates that of the weakly bound [Fe(H,0)]" species by

7 All CCSD(T) data reported in the following have been obtained using B3LY P geometries and the CASPT2
calculations are based on BP86 structures. This exemplifies another important use of density functional theory
inthefield: as detailed in Chapter 8, modern functionals usually yield reliable geometries. Thus, performing
energy calculationswith correlated, computationally expensive conventional ab initio methods on top of DFT
optimized geometries represents an economic yet accurate strategy.
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Table 13-10. Computed binding energies of FeO" and [Fe(H,0)]" (D, with respect to atomic and molecular
sextet states) and overall reaction energies for three examples [kcal/mol].

B3LYP* BP86® FT97° B3LYP® CCSD(T)®  ExpS

FeO* 805° 108.4°  108.0° - - 8.4+ 14
[Fe(H,0)]* 349 50.1 30.7 25 306  307+12
FeO" (.z") + H, — Fe'(°D) + H,O 385 38 7.7 332 372 360+ 14
Fe'®D) +H,0 — FeOH'(*A’) +H 330 -98 215 262 331 -30.4+28
Fe'®D) +H,0 — FeH (°A) + OH - - - 567 653 —692+14

3\Wachters basis for Fe, Dunning TZ2P basis for H and O, Filatov and Shaik, 1998b; ® modified Ahlrichs TZVP
basisfor Fe, Pople 6-311++G(2df,2p) for H and O, Irigoras, Fowler, and Ugalde, 1999; ° experimental references
reported in Irigoras, Fowler, and Ugalde, 1999; d D, values.

about 4 and 2 kcal/mol with the WD and AP basis sets, respectively. Asafinal check of the
computational methods, we compare the energetics of three reactions for which experi-
mental dataisavailable. Thethermochemistry of FeO" + H, — Fe" + H,O isdescribed very
well at the B3LYP level, the WD basis set combination leading to an overestimation, the
AP combination to an underestimation of the exothermicity of this reaction, both values
lying only dlightly outside the experimental uncertainty. FT97 significantly underestimates
the reference value and thisis even more pronounced with BP86. Similar findings apply to
thethermochemical description of the hydrogen abstraction from H,O by Fe" to give FeOH"
and ahydrogen radical, although the errors for the two GGA functionals are less severe. A
remarkable difference of 6.8 kcal/moal is observed between the B3LY P results obtained
with the WD and the AP basis set combinations. The former isin excellent agreement with
the CCSD(T) data, while both B3LY P energies are slightly outside the experimental error
range, but on opposite sides. The final entry in Table 13-10 also shows a critical deviation
between the B3LY P results and experiment: the hybrid functional underestimates the
endothermicity of thisreaction by 12.4 kcal/mol while the CCSD(T) result underestimates
it by 3.9 kcal/mal.

From these few observations we can already conclude that the most consistent density
functional description of the energeticsis provided by the B3LY P hybrid with errors of the
order of 5 kcal/mol for binding energies and errors about twice as large for the high-spin/
low-spin excitation energies. Weakly bound metal complexes are more problematic to de-
scribe than strongly bound species, a problem which is quite commonly found for this
functional. The use of two different basi s sets has reveal ed that an additional uncertainty of
2to 3 kcal/mol ispresent in particular for computed binding energies, but deviationscanin
fact be aslarge as 7 kcal/mol. The overall accuracy of the B3LY P functional derived from
these benchmark studies is hence in the order of £5 kcal/mol. Let us stress this particular
point in other words: errors as large as half an eV or some 10 kcal/mol can occur for the
relative energetics of speciesinvolved in the reaction as summarized in Table 13-10. The
FT97 and BP86 functionals show much larger errors and they probably can not be recom-
mended for thiskind of application.
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Relative Energy

entrance channel 1 TS1 2 TS2 3 exit channel

Reaction Coordinate

Figure 13-5. Energy profile for the gas-phase reaction H, + FeO" — Fe + H,0.

Table 13-11. Computed energies [kcal/mol] of stationary points for the activation of H, by FeO" (D, relative to
separated FeO* (°Z) + H,).

B3LYP? BP86° FTO7? B3LYP CCSD(T)®  CASPTZ®

FeO'(*®) + H, 8 13 16 7 13 19
61 -15 -16 -12 -13 -12 -5
41 -7 -16 -12 -6 0 3
6Ts1 8 9 12 10 13 19
Ts1 1 0 -1 1 8 6
62 -38 -33 -26 -34 -31 -14
42 —41 41 34 -38 -30 25
T2 -13 -7 4 -11 -7

Ts2 -34 -31 21 -30 22

63 -73 54 -38 -66 —70 -67
43 -79 -62 -50 -75 -67

Fe'(°D) + H,0 -39 -4 -8 -33 -37 -36
Fe'(‘D) + H,0 41 -8 -14 37 32

3\Wachters basis for Fe, Dunning TZ2P basis for H and O, Filatov and Shaik, 1998b; ® modified Ahlrichs TZVP
basis for Fe, Pople 6-311++G(2df,2p) for H and O, B3LY P geometries, Irigoras, Fowler, and Ugalde, 1999;
© ANO [8s7p6d4f2g] basis for Fe, [3s2pld] and [5s4p3d2f] for H and O, respectively, BP86 geometries, Fiedler
etal., 1994.

Let us now turn to the description of the reaction pathways. Figure 13-5 schematically
depicts the shapes of the corresponding potential energy curves for the sextet and quartet
spin-states and Table 13-11 contains the thermochemical information obtained at different
levels of theory.
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Thereaction starts on the high-spin surface by forming a planar ion-molecul e encounter
complex [(H,)FeO]", ®1, from the separated reactants (the superscript indicates the multi-
plicity). According to the CASPT2 results the relative energy of this complex is merely
5 kcal/mol below the entrance channel, whereas the CCSD(T) calculations suggest a
stabilization energy of 12 kcal/mol. The density functional methods compute relative en-
ergies for this complex between —12 to —16 kcal/moal, in much better agreement with the
CCSD(T) than with the CASPT2 value. The corresponding complex “1 on the low-spin
surface is found to be less stable than its sextet counterpart by 8 kcal/mol (CASPT2) and
12 kcal/mol (CCSD(T)), both values are satisfactorily reproduced by the B3LY P func-
tional. The FT97 and BP86 functional s both describe the high-spin and the low-spin spe-
cies as equally stable. Following the formation of this complex, the reaction proceeds on
the sextet potential energy surface through an energetically rather high-lying multicentered
H.-insertion transition state °TS1, which is found to be 19 kcal/mol above the sextet en-
trance channel at the CASPT2 level of theory. The relative energy of this structureis com-
puted to be much lower at al other levels, with B3LY P using the WD basis set giving the
lowest estimate of 8 kcal/mol. While the discrepancy for the computed absolute barrier
height israther large between CASPT2 and all other methods, we can see ahighly consist-
ent description among all methods if we look at the barrier computed with respect to the
relative energy of the encounter complex, ®1: now all methods agree to within 1 kcal/mol
withthe CASPT2 value of 24 kcal/mol. Aswe have aready outlined earlier in thischapter,
it is apparent that a balanced description of fragmentation (or, in this case, association)
processes is particularly demanding for density functional methods. It is clear from the
results in Table 13-11 that this holds true also for post-HF methods, albeit to a lesser
extent. Proceeding further on the sextet surface, this transition state collapses into the
intermediate HFeOH™, 62, with a relative energy of —14 kcal/mol (CASPT2) or —31 kcal/
mol (CCSD(T)). Note the large discrepancy between the two post-HF results. The B3LY P
and BP86 energies agree much better with the CCSD(T) result, and only the FT97 func-
tional assignsasubstantially higher energy to thiscomplex. A second transition state al ong
the reaction coordinate, ®TS2, is placed 7 kcal/mol below the separated reactants at the
CCSD(T) level and connects 82 with the cationic iron water product complex. This second
transition structure is much lower in energy than ®TS1. Actually, all computed results
agree on that: irrespective of the basis set used, both B3LY P calculations give a lower
barrier, whereas the BP86 results agree with the reference value perfectly. Only the FT97
functional gives arelative barrier 4 kcal/mol above the entrance channel. Seen from an-
other angle, the B3LY P calculations place ®TS2 21 kcal/mol below ®TS1, in excellent
agreement with a CCSD(T) difference of —20 kcal/mol. The two GGA functionals give
significantly smaller energy differences of 16 (BP86) and 8 kcal/mol (FT97). A very con-
sistent picture also emergesif we look at the barrier °T S2 relative to 62: all methods agree
with the CCSD(T) value of 24 kcal/mol within 2 kcal/mol except for FT97, which givesa
larger barrier of 30 kcal/mol.

Following the transition state °TS2 downhill, we end up with the cationic iron water
complex ©3, which is found —70 or —67 kcal/mol more stable than the reactants at the
CCSD(T) or CASPT2 levels, respectively. The B3LY P numbers are similar, yielding —73
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(WD) and —66 (AP) kcal/mol. The BP86 and FT97 functionals err significantly by about
30 kcal/moal.

If we step back into the region of theinitial hydrogen activation and consider the energy
of the corresponding transition structure with a quartet multiplicity, “TS1, a much lower
barrier than on the high-spin surface results (6 kcal/mol for CASPT2 or 8 kcal/mol for
CCSD(T)). All density functional methods give an even lower value of around 1 kcal/
mol. The subsequent minimum “2 is at all levels of theory more stable than 82 except for
CCSD(T) which favors the latter by 1 kcal/mol. Given the large deviations between the
CASPT2 and CCSD(T) energiesin thisregion of the potential surface none of the methods
applied is able to provide a conclusive answer as to the favored spin-state. The quartet
transition structure “TS2 is, however, definitely more stable than the corresponding sextet
structure 8T S2. While CCSD(T) favors the low-spin transition state by 15 kcal/mol, the
two B3LY P calculationsdo so by 21 and 19 kcal/mol, respectively and BP86 (24 kcal/mol)
and FT97 (25 kcal/mol) emphasize the quartet stability even more. “TS2 isalso well below
therelative energy of “T S1 asisquite consistently shown by the B3LY P, BP86 and CCSD(T)
results, which give an energy difference between these species of —35 to —30 kcal/mol; use
of the FT97 functional results in a smaller difference of —22 kcal/mol. The subsequently
formed cationic iron complex with water is found to be more stable as a quartet by all
density functionals, whereas CCSD(T) favors the sextet, and the same trends are observed
for the exit channel Fe" + H,O. The preference for ow-spin states of density functionalsis
obvious and has been identified above as a conseguence of shortcomingsin the description
of the atomic splittings.

With respect to the reaction mechanism the following conclusions emerge: the highest
energy barrier along the reaction coordinate is that of the initial H, activation 6Ts1; all
other barriers are lower in energy by an amount which is most probably outside the error
range of the B3LY P hybrid functional and the post-HF cal culations. The presence of ahigh
lying transition structure for theinitial activation of the H, molecule could readily explain
the experimental observation of an exothermic, but highly inefficient reaction. However, a
barrier height of +19 kcal/mol computed at the CASPT2 level and also the +13 to +8 kcal/
mol obtained with the other methods, should in fact prevent the reaction from taking place
at all under thermal conditions.%® The finding of a much lower barrier on the quartet sur-
face, however, provides amore favorable pathway. In particular the occurrence of abarrier
very close to the energy of the entrance channel, as computed by the density functional
approaches, provides an appealing possibility to interpret the experimental observation of a
very inefficient reaction. In order for the reaction to proceed through quartet spin states, a
crossover from high-spin to low-spin, mediated by spin-orbit coupling has to take place.
This junction region where the sextet and quartet potential surfaces cross is located be-
tween the encounter complex and the transition state — marked as S| (spin inversion) in
Figure 13-5. Even though the crossing point is probably below the energy of the quartet

8 A detailed elucidation of the electronic structure of the speciesinvolved in the course of the reaction is well
beyond the aim of this section so we rather refer the reader to the presentations by Fiedler et a., 1994 and
Filatov and Shaik, 1998b.
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transition state “T S1 and thus most likely below the energy of the entrance channel, arather
low crossing probability has been identified by Danovich and Shaik, 1997, providing an
explanation for thelow reactivity. Experimentally we know that a second crossing between
high-spin and low-spin surfaces has to occur, for the sextet exit channel is unambiguously
lower in energy than the quartet asymptote. Indeed, the CCSD(T) calculationsarein accord
with this reasoning, with the crossing taking place between *TS2 and °3: while “TS2 is
between 15 and 25 kcal/mol more stable than °TS2, the high-spin product complex 3 is
more stable by 3 kcal/mol than its quartet counterpart. All density functionals, on the other
hand, artificially favor the low spin complex “3 aswell as the quartet exit channel and are
evidently unable to provide a fully satisfying answer. The erroneous stabilization of the
low-spin state in the DFT regime has been frequently noted. However, if we simply correct
the sextet/quartet gap of the exit channel by the atomic error, al functionals (except for the
FT97 functional) prefer the sextet by about 2 kcal/mol, close to the CCSD(T) result. The
conclusions for the multiplicity of transition state TS2 would remain unaltered, and we
obtain the same qualitative picture at the density functional level as deduced from the
CCSD(T) calculations with respect to the second surface-crossing region. While these as-
sumptions seem very reasonable, the accuracy of the applied theoretical modelsis simply
not good enough for unambiguous conclusions. In summary, theoretical findings provide
quite unexpected, but important insights into the origin of the experimental observations:
the apparent spin conservation for the overall reaction originatesin adouble crossing of the
high-spin and low-spin surfaces along the reaction coordinate. The evolving mechanism,
which has been coined ‘two-state reactivity’, provides an appealing way of interpreting
experimental findings for a wide range of transition-metal mediated reactions (seg, €. g.,
Shaik et al, 1995 and 1998).

So much for thisinteresting chemistry. But what can we deduce for the applicability of
density functional theory to such complicated and multifaceted electronic problems? Strictly
speaking, we areforced to conclude from the presentation of results above, that aconsi stent
description of energy differences below 5 kcal/mol is out of reach for present day density
functional theory and even errors of 10 kcal/mol are not uncommon (seg, e. g., Bronstrup et
al., 2001). Part of this uncertainty is also due to the rather larger basis set effects. The
results obtained with the WD and the AP bases are in some instances quite different and it
isnot generally clear which oneisto be preferred. Thisunderlinesthe need to develop basis
sets particularly designed for use in connection with density functional methodsin general
(see, e. g., Porezag and Pederson, 1999) and hybrid functionals in particular. For the two
gradient-corrected functionals applied, we have seen much larger errorsin relative energies
than those found for the B3LY P hybrid, which provided a much better overall agreement
with experimental or computational reference data. In addition, a much more satisfying
consistency of resultsis obtained with the hybrid functional if relative energies of similarly
bound species are considered — a finding that not only applies for transition-metal reac-
tions. The largest errors are usually connected to the fragments in the exit or entrance
channels; if the energies of the various stationary points within a reaction sequence are
considered, much smaller errorsare obtained. However, we have al so seen discrepancies as
largeas 17 kcal/mol between advanced post-HF methodslike CCSD(T) and CASPT2, which
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puts things into a different perspective: it is by no means clear if these methods really
perform better than the B3LY P functional. This brings us back to the recommendation
mentioned already above: theimportance of benchmarking the performance of aparticular
density functional method on aset of experimentally well established thermochemical facts
related to the reaction at hand. Only from a carefully performed calibration can we get
insight into the problems relevant to anew system under study. Experience with the appli-
cation of density functional theory on first and second-row transition-metal reactivity has
revealed that one has to be very careful interpreting hybrid density functional results on
energy differences below 10 kcal/mol. Errors can be large in some cases and perfectly
cancel out in others — of course, we never know unless we explicitly check with more
accurate data. However, in particular the application of the B3LY P hybrid functional has
provided valuable insights into mechanistic scenarios of transition-metal mediated reac-
tions, which by far exceed the insights from experimental means alone. |f applied with
care, these techniques offer new avenuesfor the investigation of transition-metal chemistry
and reactivity. For representative further work related to the reactivity of bare transition-
metal ions, the reader isreferred to Holthausen and Koch, 1996a and 1996b, Holthausen et
al., 1996 and 1997, Hertwig et d ., 1997, Hoyau and Ohanessian, 1997, Abahkin, Burt, and
Russo, 1997, Wittborn et ., 1997, Westerberg and Blomberg, 1998, Blomberg et al., 1999,
Yoshizawa, Shiota, and Yamabe, 1998 and 1999, Lunaet al., 1997, 1998a, and 1998b. For
related work on the reactivity of third-row transition-metal ions, see, e. g., Pavlov et al.,
1997, Hertwig and Koch, 1999, and Sandig and Koch, 1997 and 1998.
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Note that references to ubiquitously used terms (e. g., B3LY P) are limited to those pages
where definitions or other key information can be found.

A basis set superposition error (BSSE) 218 f
adiabatic approximation in TDDFT 64 bond lengths 119 ff
adiabatic connection 67 ff, 82 — error statistics 123, 126, 128
adiabatic connection method (ACM)  see - JGPsat 120

functionals, hybrid — main group compounds 119 ff
antisymmetrized product 9 — transition metal complexes 127 ff
antisymmetry principle 6 Born-Oppenheimer approximation 5
atomic units 4 bracket notation 7
atoms
— dissociationinto 52 ff, 56 f, 87, 137 ff C
— d-orbital densities 56 carbenes 173 ff
— energies 149 ff closed-shell systems 13
— excitation energies of transition metal charge density 97

atoms 154 ff chemical accuracy 66
— lack of reference energiesin DFT 150 computational bottleneck
— orbital occupation 149 ff — Coulombterm 102
— reference for d-orbital occupation 151 — matrix diagonalization 115
— symmetry related degeneracies 55 — numerical quadrature 115
atoms-in-molecules approach (AIM) 179 conditional probability 23
atomization energies 137 ff configuration interaction (Cl) 18
— error statistics 147 f constrained search approach 37

contracted basisset 98 ff

B contracted Gaussian function (CGF) 98
basisfunctions 94 ff conventional ab initio methods 18
basissets 97 ff — computational costs 18
— auxiliary 102, 110 ff core electrons 101
— cartesian functions 101 correlation  see electron correlation
— contracted Gaussian functions (CGF) correlation energy 14, 71f, 77 f

98 ff — Hartree-Fock vs. DFT 48 f
— correlation consistent 100 correlation factor 23
— Gaussian type orbitals (GTO) 98 ff Coulomb attenuated Schrédinger equation
— onlinelibrary 101 approximation (CASE) 115
— optimized for DFT 101, 143, 262 Coulomb correlation 22
— numerical 99 Coulomb hole 25, 27 ff
— planewaves 99 Coulomb integral 11, 102
— polarization functions 100 Coulomb operator 11
— requirements 97,104 Coulomb term 102
— Slater-type orbitals (STO) 98 f — linear scaling methods 113 ff
— gpherica harmonic functions 100 f counterpoise correction 219

— gplit-valencetype 100 coupled perturbed Hartree-Fock equations 199
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coupled cluster method (CC) 18

coupling strength integrated exchange-
correlation hole 68 f

coupling strength parameter . 67

current density functionals 197 f

cusp condition 19f, 66, 69, 74, 209

cycloaddition, [4+2] 244 ff

D

ASCF method 59

degeneracy 55 ff

density functional theory/single excitation
configuration interaction method (DFT/
SCl) 63

density fitting 102 ff

density matrix 96

derivative discontinuity 88

Diels-Alder reaction 244 ff

dipole moments 180 ff

— basis set requirements 182

— definition 177

— eror statistics 181

dispersion energy 236 f

divide-and-conquer method 115

downloadable basis set library 101

dynamical electron correlation 15, 78 ff

E

effective core potential 101

electrocyclic ring opening 241 ff

electron affinities 166 ff

— and approximate functionals 166 f

— error statistics 168

electron correlation 14

— dynamical 15, 78 ff

— left-right 17,81

— non-dynamical 15, 50 ff, 79 ff, 174 ff,
205, 207

electron density 19 ff

— aomic 56, 149 ff

— approximate 102

— non-spherical atomic 149 ff

ensembles 55

error cancellation 67, 125, 129, 140, 143,
157, 184, 205, 208, 218 f, 223 f, 238, 244,
246, 252 ff

ESR hyperfine coupling constants  see
hyperfine coupling constants

ESR g-tensors 211
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exchange-correlation energy 44, 48

— A-dependence 81 ff
exchange-correlation hole 24, 69, 84

— coupling-strength integration 68
exchange-correlation potential  45f, 88 f
— asymptotic behavior 50, 88 f

— grid-freetechniques 110 ff

— numerical quadrature techniques 105 ff
exchangeintegra 11

exchange operator 12, 47,94

excited states 59 ff

excitation energies 59 ff, 168 ff

— carbenes 173 ff

— transition metal atoms 156

external potential 5, 33 ff, 67

exact exchange 78 ff, 84, 125, 127, 208, 252 ff

F

fast multipole methods 113 ff

— continuous fast multipole method 114

— Gaussian very fast multipole method 114

— quantum chemical tree code 114

Fermi-correlation 22

Fermi hole 25 ff, 70

fitted electron density 102 ff

Fock operator 11

frequencies see vibrational frequencies

functional

— asymptotically corrected 89

- B 77

— Bl 82f

— B3(H) 248

— B3LYP 82,141

— B88 seeB

— B9 90, 250

— B97 83,90, 225f

- B97-1 83

- B98 83

— CAM(A)-LYPand CAM(B)-LYP 77, 123,
126, 144

— definition 7

— dependent on non-interacting kinetic
energy density 90, 133, 145

— development 66 ff, 144 ff

— EDF1 91,145,148

— empirica 91

— FT97 77, 256 ff

— GGA seegeneralized gradient approxi-
mation



— gradient corrected  see generalized
gradient approximation

— HCTH 84,182, 185ff, 229f

— HCTH(AC) 89, 170 ff, 185 ff

— half-and-half scheme 81

— hybrid 78ff, 141

— LAP 90, 254

— LB94 89,170, 184f, 189 f

— LDA seelocal density approximation

— local seeloca density approximation

— LSD seelocal spin-density approximation

- LG 77,245

- LYP 78,82

— mPW 85,89, 123, 125f, 204, 228 f, 249

- MPWPW91l seemPW

- mPWI1PW9l see mPW

— mPW3PW91 see mPW

— non-local 78, and see generalized gradient
approximation

— physical constraints 66

- P 77

- P86 T77f

— PBE 77,84, 171ff, 229f, 249

— PBEO seePBEIPBE

— PBEIPBE 84, 171ff, 229f, 249

- PWO91 77f,81f

-Ss 71

— VSXC 90, 133, 145

- VWN 72

- VWN5 72,164

G2 66

— extended set 146

— JGPsubset 120

method 138

use of DFT geometries 125

— thermochemical database 66

gauge problem in calculation of magnetic
properties 200

Gaussian-type-orbitals (GTO) 98

generalized gradient approximation (GGA)
75 ff

— metaGGA 90

gauge-invariant/including atomic orbital
scheme (GIAO) for calculating magnetic
properties 200 f

gradient corrections 75 ff

— second order 90
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— Laplacian 90

gradient expansion approximation (GEA)
75

grid

— pruning 107 f

— rotational invariance 108 f

— techniques 105 ff

grid-free Kohn-Sham scheme 110 ff

H

H, molecule

— activation by FeO™ 255 ff

— asymptotic wave function 16

— exact Kohn-Sham potential 51

— exchange-correlation hole functions 27

— potential curves 15, 54

— reactionwith H radical 87, 252 ff

— unrestricted vs. restricted description 52 f

H% dissociation 84, 87

Hamilton operator 3

harmonic frequencies see vibrational
frequncies

Hartree-Fock

— approximation 8 ff

— energy 10

— equations 11

— potential 11

— restricted (RHF) 13f

— restricted open-shell (ROHF) 14
unrestricted (UHF)  13f

HartreeFock Slater method 32

Hohenberg-Kohn

— functional 35

— theorems 33ff

hole functions 19, 69

homogeneous electron gas  see uniform
electron gas

hydrogen abstraction reactions 87

hydrogen bond 217 ff

— basis set superposition error 218

— classification 220

— frequency shifts 219f

— weakly bound species 235 f

hyperfine coupling constants 212 ff

— basis set requirements 212

— definition 212

hyperpolarizabilities 188 ff

— definition 178

— error statistics 190
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individual gauges for localized orbitals (IGLO)
scheme for calculating magnetic properties
200 f

infrared intensities 191 ff

— definition 191

— double-harmonic-approximation 191

— error statistics 193

ionization energies 163 ff

— lowest 88f

— error statistics 165 f

K

kinetic energy 30 ff, 41 ff

Koopmans' theorem 13, 50

Kohn-Sham

— approach 41 ff

— equations 43 ff, 93 ff

— linear scaling techniques 113 ff

— LCAOansatz 93 ff

— matrix 95ff, 110

— operator 43

— orbital energies 50

— orbitals 43, 49, 88 f, 93 ff

— potential 47

— gpin-restricted open-shell method (ROKS)
62

— time-dependent ansatz 63 f, 169 ff
unrestricted formalism (UKS) 52

KWIK approximation 115

L

LCAO ansatz 93 ff

LDA seelocal density approximation
left-right correlation 17, 81

Levy constrained search formulation 38
linear scaling techniques 113 ff

local density approximation (LDA) 70 ff
local inhomogeneity parameter 76 f

local operator 12

local potential 12, 47

local spin-density approximation (LSD) 72
London forces  see dispersion energy

LSD seeloca spin-density approximation

M

magnetic properties 197 ff
molecular structures 119 ff

— error statistics 123, 126, 128
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- JGPst 120

— main group compounds 119 ff

— transition metal complexes 127 ff
Mgller-Plesset perturbation theory 18

MP2 see Mgller-Plesset perturbation theory
multiplet problem 59 ff

N

non-dynamical electron correlation 15, 50 ff,
79 ff, 174 ff

non-interacting ensemble-V g representable
51, 57 f

non-interacting kinetic energy 44

non-interacting pure-state-V g representable 51

non-interacting reference system 13, 41 ff

non-local functionals 78, and see generalized
gradient approximation

non-local operator 12

non-local potential 12, 47

nuclear magnetic resonance (NMR) 201 ff

— basis set requirements 205

— chemical shifts 201 ff

— error statistics 203 ff, 207

— relativistic effects 206 ff

— spin-spin coupling constants 209 ff

nucleophilic substitution reaction 247 ff

numerical integration 103, 105 ff

numerical quadrature techniques 105 ff, 108

N-representability 37

@)

one-electron operator 11, 93
one-electron functions 9
on-top hole 70

online basis set library 101
open-shell systems 14

orbital

— complex representation 56 f, 149 f
— energy 11,13

— expansion by basissets 93 ff
— Gaussian-type (GTO) 98

— Slater-type (STO) 98
overlap matrix 95

ozone

— vibrational frequencies 85
— NMR chemical shifts 205

P
pair density 20 ff



Pauli’s exclusion principle 6
pericyclic reactions 240 ff
planewaves 99

Poisson’s equation 104
polarizabilities 183 ff

— basis set requirements 184
— definition 178

— error statistics 186 f

— frequency dependent 63
population analysis 178 ff
proton transfer 249 ff
pseudopotential 101

Q
quadratic Cl (QCI) 18

quasirelativistic methods seerelativistic
effects

R

Raman intensities 192 ff

— eror statistics 194

— frequency dependence 195

reaction pathways

— cycloaddition of ethylene to butadiene
244 1f

— électrocyclic ring opening of cyclobutene
241 ff

— gas phase activation of H, by FeO" 255 ff

— proton transfer in malonaldehyde 249 ff
S\2 reaction 247

reduced density gradient 76

reduced density matrix 21

relativistic effects 101, 128f, 154 f, 206 f,
211, 256

resolution of theidentity 103, 111 f

restricted open-shell singlet (ROSS) method
62

rotational invariance 108 f

ROHF  see Hartree-Fock, restricted open-
shell method

ROKS  see spin-restricted open-shell Kohn-
Sham method

ROSS  see restricted open-shell singlet
method

Rydberg states 64, 170 ff, 189

S
Schrodinger equation 3
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sdlf-interaction 12, 25, 85 ff, 253 f

self-interaction correction (SIC) 87, 249 f

self-consistent field 12

singlet/triplet gap for methylene 173 ff

— error statistics 175

Size-consistency 56

Slater determinant 9

Slater exchange 71

Slater-type-orbitals (STO) 98

S\2  seenucleophilic substitution reaction

spatial orbital 9

spin contamination 53 f

spin-density functionals 52

spin function 9

spinorbital 9

spin polarization 72f, 150 f

spin projection and annihilation techniques
54

spin-restricted open-shell Kohn-Sham (ROKS)
method 62

stability of Slater determinant 242

sum method 60 ff

sum-over-states density functional perturbation
theory (SOS-DFPT) 201

symmetry

— breaking 53ff, 150 f, 243

— dilemma 57

T

TDDFT  seetime-dependent DFT

Thermochemistry 137 ff

Thomas-Fermi model 30, 42

Thomas-Fermi-Dirac model 32

time-dependent DFT 63 f, 169 ff

transition metals

— atomic energies 149 ff

— binding energies 159 ff

— H, bond activation 255 ff

— bond strengths 157 ff

— excitation energies 154 ff

— literature pointers for theoretical studies
255, 263

— molecular structures 127 ff

— reference for d-orbital occupation 151

— gd-hybridization 158

— state splitting 149 ff

transition metal complexes

— bond strengths 157 ff

— molecular structures 127 ff

299



Index

— reactivity 255
— vibrationa frequencies 135 ff
two-state reactivity 262

U

UHF see Hartree-Fock, unrestricted formal -
ism

UKS see Kohn-Sham, unrestricted formalism

uncoupled density functional theory (UDFT)
197

uniform electron gas 30 ff, 70 ff

— parameterization seeloca density
approximation

\%

van der Waals complexes 236 ff
variationa principle 6, 36, 40

V o-representability 37
vibrational frequencies 130 ff

— erorduetogrid 108f

— error statistics 134

— main group compounds 131 ff
— ozone 85
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— scaling factors 133 ff
— transition metal complexes 135 f

W

water

— clusters 230 ff

— computed properties 225

— dimer 221ff

— électron density 20

wave function 4

— approximate construction 97
— indensity functional theory 39, 49 f
— single-determinantal 60 ff

— spin contamination 17, 53 f

— stability 242

— symmetry breaking 56 ff
weak molecular interactions 236 ff
weight functions 106 f

— derivatives 109

Wigner-Seitz radius 32

X
X, method 32





