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npeAHCJ\OBHe 

Hemmeii:Hbie .runpcpepeHIJ,HaJihHbie ypasHeHmi c qacTHhiMH rrpoH3BO.UHhiMH BToporo 

H 6onee BbiCOKHX IIOpjJ:.[IKOB (HeJIHHeHHbie ypaBHeHHjJ: MaTeMaTHqeCKOH cpH3HKH) 

qacTO BCTpeqaJOTCjJ: B pa3JIHqHbiX 06JiaCTjJ:X MaTeMaTHKH, cpH3HKH, MeXaHHKH, XH

MHH, 6HOJIOrHH H B MHOroqHcJieHHbiX IIpHJIO)I(eHHjJ:X. 06IIJ,ee perneHHe HeJIHHeHHbiX 

ypaBHeHHH MaTeMaTHqecKOH cpH3HKH y.uaeTCjJ: IIOJiyqHTb TOJibKO B HCKJIIOqHTeJihHbiX 

CJiyqajJ:X. fl03TOMY 06biqHO IIpHXO.[IHTCjJ: orpaHHqHBaTbCjJ: IIOHCKOM H aHaJIH30M 

qaCTHbiX perneHHH, KOTOpbie IIpHHjJ:TO Ha3biBaTb mO'-IHblMU peuteHU5LMU. 

ToqHhie perneHHjJ: .UHcpcpepeHIJ,HaJihHhiX ypaBHeHHH MaTeMaTHqecKoii: cpH3HKH 

BCer.ua HrpaJIH H IIpO.UOJI)I(aiOT HrpaTb orpOMHYIO pOJib B cpopMHpOBaHHH rrpa

BHJibHOrO IIOHHMaHHjJ: KaqeCTBeHHbiX OC06eHHOCTeH MHOrHX jJ:BJieHHH H IIpOIJ,eCCOB 

B pa3JIHqHhiX o6naCTjJ:X ecTeCTB03HaHHjJ:. ToqHbie perneHHjJ: HeJIHHeHHhiX ypasHe

HHH HarJiji.[IHO .[leMOHCTpHpyiOT H II03BOJijJ:JOT IIOHjJ:Tb MeXaHH3Mbl TaKHX CJIO)I(HbiX 

HeJIHHeHHbiX 3cpcpeKTOB, KaK IIpOCTpaHCTBeHHajJ: JIOKaJIH3aiJ,HjJ: rrpoiJ,eCCOB rrepeHOCa, 

MHO)I(eCTBeHHOCTb HJIH OTCYTCTBHe CTaiJ,HOHapHbiX COCTOjJ:HHH IIpH orrpe.[leJieHHbiX 

YCJIOBHjJ:X, cyiiJ,eCTBOBaHHe pe)I(HMOB C 060CTpeHHeM H .Up. flpOCTbie perneHHjJ: IIIH

pOKO HCIIOJib3YIOTCjJ: .[IJijl HJIJIIOCTpaiJ,HH TeOpeTHqeCKOrO MaTepHaJia H HeKOTOpbiX 

rrpHJIO)I(eHHH B yqe6HbiX Kypcax YHHBepcHTeTOB H TeXHHqecKHX sy3oB (no TeopHH 

TeiiJIO- H MaCCOIIepeHOCa, rH.[IpO.UHHaMHKe, ra30BOH .[IHHaMHKe, TeOpHH BOJIH, HeJIH

HeHHOH OIITHKe H .Up.). 

ToqHbie perneHHjJ: THrra 6erymeii: BOJIHhi H aBTOMO.[IeJibHbie perneHHjJ: qacTo 

rrpe.[ICTaBJijJ:JOT C060H aCHMIITOTHKH cyiiJ,eCTBeHHO 6onee IIIHpOKHX KJiaCCOB perne

HHH, cooTBeTCTBYIOIIJ,HX .upyrHM HaqaJihHhiM H rpaHHqHhiM ycnoBHjJ:M. YKa3aHHOe 

CBOHCTBO II03BOJijJ:eT ,[leJiaTb BbiBO.[Ibl 06IIJ,ero xapaKTepa H rrporH03HpOBaTb .[IHHa

MHKY pa3JIHqHhiX jJ:BJieHHH H rrpoiJ,eccoB. 

)J,a)l(e Te qaCTHbie TOqHbie perneHHjJ: .UHcpcpepeHIJ,HaJibHbiX ypaBHeHHH, KOTOpbie 

He HMeiOT jJ:CHOrO cpH3HqeCKOrO CMbiCJia, MOryT 6biTb HCIIOJib30BaHbl B KaqeCTBe 

OCHOBbl .[IJijl «TeCTOBbiX» 3a,[laq IIpH rrpoBepKe KOppeKTHOCTH H OIJ,eHKe TOqHOCTH 

pa3JIHqHbiX qHcJieHHbiX, aCHMIITOTHqecKHX H IIpH6JIH)I(eHHbiX aHaJIHTHqecKHX Me

TO.[IOB. KpoMe Toro, .uorrycKaiOIIJ,He ToqHhie perneHHjJ: MO.UeJihHhie ypaBHeHHjJ: H 

3a.[laqH CJiy)l(aT OCHOBOH .[IJijl pa3pa60TKH HOBbiX qHCJieHHbiX, aCHMIITOTHqeCKHX 

H IIpH6JIH)I(eHHbiX MeTO.[IOB, KOTOpbie, B CBOIO oqepe.[lb, II03BOJijJ:JOT HCCJie.[IOBaTb 

y)l(e 6onee CJIO)I(Hbie 3a.uaqH, He HMeiOIIJ,He TOqHoro aHaJIHTHqecKoro perneHHjJ:. 

ToqHbie MeTO.[Ibl H perneHHjJ: He06XO.[IHMbl TaK)I(e .[IJijl pa3pa60TKH H COBeprneH

CTBOBaHHjJ: COOTBeTCTBYIOIIJ,HX pa3,[1eJIOB KOMIIbiOTepHbiX rrporpaMM, rrpe.[IHa3Ha

qeHHbiX .[IJijl aHaJIHTHqecKHX BhiqHcneHHH (cHCTeMbi MATHEMATICA, MAPLE, 

CONVODE H .up.) 

Ba)I(HO OTMeTHTb, qTO MHOrHe ypaBHeHHjJ: rrpHKJia.[IHOH H TeOpeTHqeCKOH cpH3H

KH, XHMHH H 6HOJIOrHH CO.[Iep)l(aT 3MIIHpHqeCKHe rrapaMeTpbi HJIH 3MIIHpHqeCKHe 

cpyHKIJ,HH. ToqHbie perneHHjJ: rro3BOJijJ:JOT rrnaHHposaTb 3KCrrepHMeHT .[IJijl orrpe.uene

HHjJ: 3THX rrapaMeTpOB HJIH cpyHKIJ,HH rryTeM HCKYCCTBeHHOrO C03.[1aHHjJ: IIO.[IXO.[Ijiii],HX 

(rpaHHqHbiX H HaqaJibHbiX) YCJIOBHH. 
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flo.u TOqHbiMH perneHHj{MH HeJIHHeHHbiX ypaBHeHHH MaTeMaTHqeCKOH «tJM3HKH 

IIOHHMaiOTCji CJie,UyiOIIIHe perneHHjl: 

1. PerneHHjl, KOTOpbie Bbipa)l(aiOTCjl qepe3 3JieMeHTapHbie «l>YHKIIHH. 

2. PerneHHjl, KOTOpbie Bbipa)l(aiOTCjl B BH,Ue KBa,UpaTyp. * 
3. PerneHHjl, KOTOpbie OIIHCbiBaiOTCjl o6biKHOBeHHhiMH .UH«P«tJepeHQHaJihHhiMH 

ypaBHeHHj{MH (CHCTeMaMH 06hiKHOBeHHbiX .UM«tJ«tJepeHQHaJibHbiX ypaBHeHHH). 

4. PerneHHjl, KOTOpbie Bbipa)l(aiOTCjl qepe3 perneHHjl JIHHeHHhiX ypaBHeHHH c 

qaCTHbiMH IIpOH3BO,UHbiMH (JIHHeHHbiX HHTerpaJibHbiX ypaBHeHHH). 

flo.u TOqHbiMH MeTO,UaMH perneHHjl HeJIHHeHHbiX ypaBHeHHH MaTeMaTHqeCKOH 

«tJM3HKH IIOHHMaiOTCji MeTO,Ubl, 1103BOJijiJ0111He IIOJiyqaTb TOqHbie perneHHjl. 

B KHHre OIIHCaHhl OCHOBHhie (KaK KJiaCcHqecKHe, TaK II HOBbie) TOqHhie MeTO,Ubl 

perneHHjl HeJIHHeHHbiX ypaBHeHHH MaTeMaTHqeCKOH «tJM3HKH. 3TH MeTO,Ubl IIepe

qHCJieHbl B CBO,UHOH Ta6JIHQe. 

TAEJU1IJ,A 
OcHOBHhie TO'IHhie MeTOJlhi peweHI1JI HeJJI1HeMHhiX ypaBHeHI1M MaTeMaTI1'1ecKoli <j:li1311KI1 

N~ Ha3BaHI1e MeTo)la XapaKTepHhie oco6eHHOCTI1 

I KJJaCCI1'1ecKI1li MeTOJl 0CHOBaH Ha ll011CKe npeo6pa30BaHI1M, KOTOphie OCTaBJJJIIOT 

ll011CKa CI1MMeTp11lf (MeTO)l 11HBap11aHTHhiM Bl1)l ypaBHeHI1M. fl03BOJJJieT llOJJy'laTb 

rpynnoBoro aHaJJI13a) 11HBap11aHTHhie peweHI1JI 

2 HeKJJaCCI1'1ecKI1li MeTOJl BallmaJI MOJll1<j:li1KaUI1JI MeTo)la rpynnoBoro aHaJJI13a 

ll011CKa CI1MMeTp11lf (HO 6oJJee CJJOJKHaJI )lJJJI npaKTI1'!eCKOrO np11MeHeH11J1). 

il03BOJJJieT Olli1CaTh 6oJJee W11pOKI1M KJJaCC peweHI1M 

3 llpJIMoli MeTOJl KJJapKco- 3a)laeTCJI o6waJI CTpyKTypa peweHI1JI, B KOTOpoe BXO)lJIT 

Ha- KpycKaJJa np0113BOJlhHbie <j:lyHKU1111. 3TI1 <j:lyHKU1111 HepaBHOnpaBHhl, 

)lJJJI 11x onpe)leJJeHI1JI 11CllOJJh3YIOT cneul1aJJhHhie np11eMhi 

4 MeTOJl Jll1<j:l<j:lepeHU11aJJh- OcHoBaH Ha COBMeCTHOM 11CCJJe)lOBaHI111 )laHHhiX ypaBHe-

Hh!X CBJI3elf HI1M 11 BCllOMOraTeJlhHhiX (6oJJee npOCThiX) ypaBHeHI1M, 

Ha3biBaeMbiX )ll1<j:l<j:lepeHU11aJJhHhiMI1 CBJI3JIMI1 

5 MeTOJl o6o6weHHoro 3a)laeTCJI o6w11lf BI1Jl peweHI1JI, xapaKTepHhili )lJJJI JJI1Heli-

pa3)leJJeHI1JI nepeMeHHhiX Hh!X ypaBHeHI1if. ,[I,JJJI onpe)leJJeHI1JI 11CKOMhiX <j:lyHKUI1M 

11Cll0Jlh3YIOT pa3Hb!e MeTO)lhl 

6 MeTOJl <j:lyHKUI10HaJJhHOro 3a)laeTCJI o6w11lf Bl1)l peweHI1JI C <j:lyHKUI10HaJJhHhiM 

pa3)leJJeHI1JI nepeMeHHhiX np0113BOJJOM. ,[I,JJJI onpe)leJJeHI1JI 11CKOMhiX <j:lyHKU11M 

11Cll0Jlh3YIOT MeTO)lhl )ll1<j:l<j:lepeHU11pOBaHI1JI 11 pacwenJJeHI1JI 

7 MeTOJl o6paTHoli 3a)la'll1 OcHoBaH Ha cneul1aJJhHOM npe)lcTaBJJeHI111 ypaBHeHI1JI ( c 

pacceJIHI1JI llOMOillhiO napbl Jli1HeMHhiX OnepaTOpOB) 11Jll1 Ha YCJJOBI111 

COBMeCTHOCTI1 JlBYX Jli1HeMHhiX ypaBHeHI1M 

8 TeCT lleHJJeBe )lJJJI HeJJI1- OcHOBaH Ha no11cKe peweHI1M B Bl1)le pa3JJOJKeHI1M, 11Mel0-

HeMHhiX ypaBHeHI1M MaTe- ilii1X OC06eHHOCTb Tl1lla llO)lBI1JKHOrD llOJJIOCa. flOJJOJKeHI1e 

MaTI1'1eCKOM <j:li1311KI1 llOJJIOCa 3a)laeTCJI np0113BOJlhHOM <j:lyHKUI1eif 

* 11HTerp11pOBaHI1e )ll1<j:l<j:lepeHUI1aJJhHhiX ypaBHeHI1M B 3aMKHYTOM <j:lopMe - :no npe)lCTaBJJeHI1e 

peweHI1M )ll1<j:l<j:lepeHU11aJJhHhiX ypaBHeHI1M aHaJJI1TI1'!eCKI1MI1 <j:lopMyJJaMI1, np11 3alli1CI1 KOTOpbiX 11C

ll0Jlh3YIOTCJI yKa3aHHhiM anp110p11 Ha6op )lOllYCTI1MhiX <j:lyHKUI1M 11 nepe'111CJleHHhiM 3apaHee Ha6op 

MaTeMaTI1'!eCKI1X onepau11lf. PeweHI1e BbipaJKaeTCJI B Bl1)le KBa)lpaTyp, eCJJI1 B Ka'!eCTBe )lOllYCTI1MhiX 

<j:lyHKUI1M 11Cll0Jlh3YIOTCJI ::meMeHTapHhie <j:lyHKUI111 11 <j:lyHKUI111, BXO)lJIIlll1e B ypaBHeHI1e, a llO)l )l0-

nyCTI1MhiMI1 OnepaU11JIMI1 llOHI1MaeTCJI KOHe'!HOe MHOJKeCTBO ap11<j:lMeTI1'!eCKI1X onepau11lf, OnepaU11M 

cynepno311UI111 ( o6pa3oBaHI1JI CJJOJKHOM <j:lyHKUI111) 11 onepau11li B3JITI1JI Heonpe)leJJeHHoro 11HTerpaJJa. 
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3aMe4aHit1e 1. HaH6onee nonynjlpHbiMli MeTo_uaMH jiBJijiiOTCjl MeTO):(hi rpyn

nosoro aHaJIH3a li o6paTHOH 3a_uaqH paccej{Hlijl (_uaHHbie OCHOBaHbi Ha IIOHCKe 

KJIIOqeBbiX CJIOB B l1HTepHeTe ). 

3aMe4aHII1e 2. B TeopHH Tenno- li MacconepeHoca li rH_upo_uHHaMHKe* 3QJQJeK

TliBHO pa6oTaiOT TOJibKO nepBbie rneCTb MeTO):(OB, yKa3aHHbiX B Ta6JIH[(e. 

3aMe4aHII1e 3. l1Hor_ua o6be):(liHj{IOT MeTo_u rpynnosoro aHaJIH3a li HeKJiaccHqe

CKliH MeTO):( IIOliCKa CliMMeTpliH, a TaiOKe MeTO):(bl o6o61l(eHHOrO li QJYHK[(liOHaJib

HOrO pa3_ueneHHjl nepeMeHHhiX. 

3aMe4aHII1e 4. MeTo_u MoH)I(a, MeTo_u XHpOThi li _upyrHe ToqHhie MeTO):(hi, HMe

IOI[(He cymecTBeHHO 6onee y3KYIO o6nacTb npHMeHHMOCTH, B KHHre He paccMaT

pHBaiOTCjl. 

l13JIO)I(eHHe MeTO):(OB COIIpOBO)I():(aeTCji MHOrOqliCJieHHbiMli KOHKpeTHbiMli IIpli

MepaMli li ynpa)I(HeHHj{Mli, Heo6xo_uHMhiMli ):(Jijl nyqrnero ycsoeHHjl MaTepHana 

li IIOJiyqeHlijl npaKTliqeCKliX HaBhiKOB perneHlijl ):(liQJQJepeH[(liaJibHbiX ypaBHeHliH. 

IlOMliMO HeJIHHeHHbiX ypaBHeHliH BTOpOrO li 6onee BbiCOKliX IIOpji):(KOB, ):(Jljl liJI

JIIOCTpal(lili II1lipOKOH 06JiaCTli IIpliMeHliMOCTli OIIliCaHHbiX MeTO):(OB B KaqeCTBe 

IIpliMepOB li ynpa)I(HeHliH liHOr):(a liCIIOJib3YIOTCji TaiOKe HeKOTOpbie HeJIHHeHHbie 

ypasHeHHjl nepsoro nopjl_uKa li JIHHeHHbie ypasHeHHjl BToporo li 6onee BhiCOKliX 

IIOpji):(KOB. 

IlpH oT6ope npaKTHqecKoro MaTepHana (npHMepoB li ynpa)I(HeHHii) aBTOpbi oT

_uasanH HaH6onhrnee npe_unoqTeHHe cne_uyroll(HM _usyM Ba)I(HbiM THIIaM ypaBHeHHii: 

e ypaBHeHlij{M, KOTOpbie BCTpeqaiOTCjl B pa3JiliqHbiX IIpliJIO)I(eHlij{X (B TeOplili 

TeiiJIO- li MaCCOIIepeHOCa, TeOplili BOJIH, rH):(pO):(liHaMHKe, ra30BOH ):(liHaMHKe, 

TeOplili ropeHlijl, HeJIHHeHHOH OIITliKe, XliMliqeCKOH TeXHOJIOrlili, 6HOJIOrlili li _up.); 

• ypaBHeHlij{M 061l(ero Bli):(a, KOTOpbie 3aBliCjiT OT IIpOli3BOJibHbiX QJYHK[(liH 

(TOqHbie perneHlijl TaKliX ypaBHeHliH npe_ucTaBJijiiOT OC06biH liHTepec ):(Jljl TeCTlipO

BaHlijl qliCJieHHbiX li IIpli6Jili)I(eHHbiX MeTO):(OB ). 

)J,Jijl MaKCliMaJibHOrO paCII1HpeHlijl Kpyra IIOTeH[(liaJibHbiX qliTaTeJieH C pa3HOH 

MaTeMaTHqecKOH IIO):(rOTOBKOH aBTOpbi IIO B03MO)I(HOCTli CTapaJiliCb li36eraTb liC

IIOJib30BaHlijl CIIel(liaJibHOH TepMliHOJIOrlili. Il03TOMY HeKOTOpbie pe3yJihTaThl OIIli

CaHhl CXeMaTHqeCKli li ynpoll(eHHO, qero BIIOJIHe ):(OCTaToqHo ):(Jljl liX IIpliMeHeHlijl 

B 6oJibii1liHCTBe npHJIO)I(eHHH. MHorHe pa3_uenhi MO)I(HO qHTaTb He3aBHCHMO _upyr 

OT _upyra, qTo o6nerqaeT pa6oTy c MaTepHaJIOM. 

)J,Jijl y_uo6CTBa qliTaTeJieH B KHHry BKJIIOqeHbl TaiOKe qeTbipe BCIIOMOraTeJibHbiX 

rJiaBbi: IIO ypaBHeHlij{M IleHJieBe, IIO MeTO):(aM perneHlijl KBa3liJiliHeHHbiX li HeJili

HeHHbiX ypaBHeHliH C qacTHbiMli IIpOli3BO):(HbiMli nepBOrO IIOpji):(Ka, IIO MeTO):(aM 

perneHlijl QJYHK[(liOHaJibHbiX ypaBHeHliH. 

KHHra npe_ucTaBJijleT co6oii: pacrnHpeHHhiH Kypc neKQliH no MeTo_uaM perne

Hlijl HeJIHHeHHbiX ypaBHeHliH MaTeMaTHqecKOH QJli3liKli li MeXaHliKli, qliTaeMhiH 

cTy_ueHTaM Ka<jJe_upbi «IlpHKJia_uHajl MaTeMaTHKa» MocKOBCKoro rocy_uapcTBeHHoro 

TeXHHqecKoro YHHBepcHTeTa HMeHH H. 3. EayMaHa. 

ABTOpbi Ha):(eiOTCjl, qTo KHHra 6y_ueT IIOJie3HOH ):(Jljl II1lipOKOrO Kpyra Hayq

HbiX pa6oTHliKOB, npeno_uasaTeneii: BY30B, liH)I(eHepos, acnHpaHTOB li cTy_ueHTOB, 

CIIel(liaJili3HpyiOI[(liXCji B 06JiaCTli IIpliKJia):(HOH MaTeMaTliKli, MeXaHliKli, QJli3liKli, 

* 3,L~eCb HMeeTCJI B BH.l.IY IIOHCK TOLJHbiX peweHHH ypaBHeHHH Hasbe - CTOKCa 11 ypaBHeHHH 

rH).IpO).IHHaMHLJeCKOrO IIOrpaHHLJHOrO CJlOJI. 
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TeOpiiii yiTpaBJieHml II XIIMIIqecKOM TeXHOJIOriiii. 0CHOBHOM MaTepiiaJI KHIIrii II 

yiTpmKHeHml MoryT 6hiTb IICITOJib30BaHbl ,Uml qTeHII51 CITeU:KypcOB II ITpOBe,UeHII51 

ITpaKTIIqeCKIIX 3aH51TIIM ITO HeJIIIHeMHbiM ypaBHeHII51M MaTeMaTIIqeCKOM Qlii3IIKII ,UJI51 

cTy.ueHTOB II aciTIIpaHTOB Qlii3IIKO-MaTeMaTIIqecKIIX CITeU:IIaJihHOCTeif yHIIBepciiTe

TOB II TeXHIIqecKIIX BY30B. OT.uenhHbie pm.uenhi KHIIrii MoryT 6biTh BKmoqeHbi B 

OCHOBHbie Kypcbi ITO ypaBHeHII51M MaTeMaTIIqecKOM Qlii3IIKII. 

A6mopbl 



HeKOTOPble o6o3HaLieHHfl 111 3aMeLiaHHfl 

1\antHCKHe 6yKBbl 
C1, C2, ... -npOH3BOJibHbie nOCT051HHbie; 

r, tp, Z -ll,HJIHH,ll.pHqecKHe KOOp,ll.HHaTbl, r = V x 2 + y2 , X= r COS tp, y = r sin zp; 

r, (), zp-c<iJepwqecKHe KOOp,ll.HHaThl, r = Jx2 +y2 +z2 , X = rsin()coszp, 

y = sin() sin zp, z = r cos B; 
t-BpeM51 (t )': 0); 

w-HCKOMa51 <iJYHKLI,H51 (3aBHCHMa51 nepeMeHHaH); 

X, y, Z- npOCTpaHCTBeHHbie nepeMeHHbie (,ll.eKapTOBbl KOOp,ll.HHaTbl ); 

XI, ... , Xn- ,ll.eKapTOBbl KOOp,ll.HHaTbl B n-MepHOM npOCTpaHCTBe. 

rpel.leCKHe 6yKBbl 
~- onepaTop JlanJiaca: 

82 82 
~ = 8x 2 + 8y2 - B ,ll.ByMepHOM CJiyqae, 

82 82 82 
~ = 8x 2 + 8Y2 + 822 -B TpexMepHOM cJiyqae, 

n 82 

~ = 2::: -8 2 - B n-MepHoM cJiyqae; 
k=l xk 

~ 84 84 84 
~~- 6wrapMoHwqecKHH onepaTop, ~~ = 8x4 + 2 8x 28Y2 + 8Y4 - B ,ll.By-

MepHOM CJiyqae. 

KpaTKHe o6oaHal.leHHfl npoH3BOAHbiX 
lJaCTHbie npOH3BO,ll.Hbie: 

8w 8w 82w 82w 
Wx = 8x ' Wt = 8t' Wxx = 8x2 ' Wxt = 8x8t ' 

06biKHOBeHHbie npoH3BO,ll.Hbie <iJYHKLI,HH f = f ( x): 

f l = _r!1_ 
x- dx' 

f /1 - d2 f 
XX= dx2 l 

Jill - d3 f 
XXX= dx3 l 

f /111 - d4 f 
xxxx = dx4' 

KpaTKHe o6oaHal.leHHfl AHcl>cJ>epeHu,HaJ\bHbiX oneparopos 
8 8 8 ox = - Ot = - ow = -· 
8x' 8t' 8w' 
8 8 8 8 

Dx = -8 +wx-8 +wxx-8 +Wxt-8 + ···; 
X W Wx Wt 

8 8 8 8 
Dt = - + Wt- + Wxt -- + Wtt -- + · · · , 

8t 8w 8wx 8wt 

r,ll.e Ox, Ot, Ow - onepaTopbi ,ll.M<lJ<lJepeHLI,HpoBaHH51 no x, t, w, a Dx H Dt -
onepaTopbi noJIHoro ,ll.M<lJ<lJepeHLI,HpoBaHH51 no x H t (cqwTaeTC51, qTo w = w(x, t)). 
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HEKOTOPhiE OB03HA'-IEHIUI If 3AME'-IAHH51 

TA£JU1li,A 
Han6onee pacnpocTpaHeHHhie THnbi TOLJHbiX peweHHH (JJ.nll ypasHeHHH 

C JJ.BYMll He3aBHCHMbiMH nepeMeHHbiMH X If t If HCKOMOH <jlyHKUHeH w) 

Ha3BaHHe peweHHll 
CTpyKTypa peweHHll 

(X If t MOlKHO noMeHl!Tb MeCTaMH) 

PeweHHe THna 6ery111ei1: BOJ1Hbi* w = F(z), z =ax+ f]t, a/3 =/=- 0 

PeweHHe c a)J.JJ.HTHBHbiM 
w = 'P(x) + 1P(t) 

pa3)J.eneHHeM nepeMeHHbiX 

PeweHHe c MYJ1bTHnJ1HKaTHBHbiM 
w = 'P(x)1P(t) 

pa3)J.eneHHeM nepeMeHHbiX 

ABTOMO)J.eJ1bHOe perneHHe** w = t"" F(z), z = xtf3 

0606UieHHOe aBTOMO)J.eJ1bHOe 
w = 'P(t)F(z), z = x1P(t) 

peweHHe 

PeweHHe THna o6o6111eHHOH 
w = F(z), z = 'P(t)x + 1P(t) 

6ery111ei1: BOJ1Hbl 

PeweHHe c o6o6111eHHbiM 
w = 'P1(x)1P1(t) + · · · + 'Pn(x)1Pn(t) 

pa3)J.eneHHeM nepeMeHHbiX 

PeweHHe c <jlyHKUHOHaJ1bHbiM 
w = F(z), z = ip1(x)1P1(t) + · · · + 'Pn(x)1Pn(t) 

pa3)J.eneHHeM nepeMeHHbiX 

* 06e nepeMeHHble MOfYT HrpaTb p0l1b npOCTpaHCTBeHHbiX KOOp)J.HHaT. 

** l1HOf)J.a peweHHll BH)J.a w = t"" F(z), z = xtf3' f)J.e X = X+ cl If t = t + C2, TaKlKe 6yJJ.yT 

Ha3b!BaTbCll aBTOMO)J.eJ1bHbiMH perneHHl!MH. 

3aMe"'aHHR 

1. B <)lopMynax, co.n:ep)J(all(HX Bbipa)J(eHH.si THna f ( x) qacTo He orosapusaeTc.si, 
a- 2' 

qm a i= 2. 

2. B KHHre o6bJqHo He paccMaTpHBaiOTC.si npocTbie pemeHH.si, 3aBHC.simHe TOJihKO 

OT O):(HOH nepeMeHHOH, KOTOpa.si BXO):(HT B HCXO):(HOe ypaBHeHHe. 

3. B KHHre qacTo ucnoJih3yeTc.si oqeHb npocTa.si H Ham.s~.n:Ha.si KJiaccHQJHKai.J,H.si 

HaH60Jiee pacnpOCTpaHeHHbiX THllOB TOqHbiX pemeHHH, KOTOpa.si He CB.si3aHa C 

BH):(OM paCCMaTpHBaeMbiX ypaBHeHHH (eM. Ta6JIHI.J,y). 

® 3THM 3HaKOM llOMeqeHbl CCbiJIKH Ha JIHTepaTypHbie HCTOqHHKH. 

~ 3THM 3HaKOM llOMeqeHbl 3a):(aqH H ynpa)J(HeHH.sl K pa3.IJ:eJiaM ):(Jl.sl CaMOCTO.siTeJib

HOH pa6oTbi quTaTen.s~. 



1. KJ\accH~HKaU,Hfl noJ\yJ\HHeHHbiX ypasHeHHH c ~o~acTHbiMH 
npOH3BOAHbiMH BTOpOrO nOpfiAK8 

1.1. TMnbl ypaBHeHMM. YpaBHeHMR xapaKTepMCTMK 

PaccMOTpHM rronynwHeHHOe ypasHeHHe c qacTHhiMH rrpoH3BO.UHhiMH BToporo rro

p}I,UKa C .UBYM}I He3aBHCHMbiMH rrepeMeHHbiMH 

o2w o2w o2w ( ow ow ) 
a(x, y) ox2 + 2b(x, y) oxoy + c(x, y) oy2 = F x, y, w, OX ' oy ' (1) 

r,Ue a, b, C-HeKOTOpbie <l>YHKI.(HH OT X H y, HMeiOil(He HerrpepbiBHhie IIpOH3BO,[(Hhie 

,[(0 BTOpOrO IIOp}I,UKa BKJIIOqHTeJibHO. 

KJiaccH<l>HKal(H}I IIOJIYJIHHeHHbiX ypaBHeHHH rrpOBO.[(HTC}I aHaJIOrHqHO KJiaCCH

<l>HKal(HH JIHHeHHbiX ypaBHeHHH; rrpOl(e,Uypa rrpHBe,UeHH}I TaKHX ypaBHeHHH K Ka

HOHHqecKOMY BH.UY orrpe,UeJI}IeTC}I TOJibKO JieBOH qacThiO ypaBHeHH}I. 

YpaBHeHHe (1) B TOqKe ( x, y) rrpHHa,UJie)I(HT K 

napa6oJlU'-JeCKOMY muny, 

zunep6oJlU'-JeCKOMY muny, 

3JlJlunmulJecKoMy muny, 

eCJIH 

eCJIH 

eCJIH 

b2 - ac = 0· 
' 

b2 - ac > 0; 

b2 - ac < 0. 

)J,JI}J TOrO, qT06bi IIpHBeCTH ypaBHeHHe ( 1) K KaHOHHqecKOMY BH.Uy, Ha,UO 

3arrwcaTb ypasHeHHe xapaKTepHCTHK 

ady2 - 2bdxdy + cdx2 = 0, 

KOTopoe pacrra.uaeTC}I Ha .usa ypaBHeHH}I: 

a dy - (b + )b2 - ac) dx = 0, 

a dy - (b- )b2 - ac) dx = 0, 

H HaHTH HX 061l(He HHTerpaJibl. 

1.2. KaHOHM'-IeCKMM BMA ypaBHeHMM napa60J\M'-IeCKOrO TMna 

(b2 -ac=O) 

(2) 

(3) 

YpaBHeHH}I (2) H (3) B 3TOM CJiyqae COBIIa,UaiOT H HMeiOT O,[(HH 061l(HH HHTerpan 

<p(x, y) =C. 

flepeXO,[(}I OT X, y K HOBbiM He3aBHCHMbiM rrepeMeHHbiM ~' 'f7 ITO <PopMyJiaM 

~ = <p(x, y), T/ = 'fl(X, y), 
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r.ue rt = rt( x, y) - mo6a51 .UBa:JK.Uhi .UII!lJ!lJepeHIJ,IIpyeMa51 IPYHKIJ,II51, y.uosneTBOp51IO

IIJ,a51 YCJIOBIIIO HeBblpO)I(,[(eHHOCTII 51K06IIaHa D~~' 7)~ B paCCMaTpiiBaeMOM 06JiaCTII, 
D x,y 

IIpiiBe,UeM ypaBHeHIIe ( 1) K KaHOHIIqeCKOMY BII.UY 

EPw ( aw aw) 
a772 = Fl ~' Tf, w, a~ ' a77 . (4) 

B KaqecTBe IPYHKIJ,IIII rt MO)I(HO Bhi6paTh rt = x IIJIII rt = y. 
BII.UHO, qTo npeo6pa3oBaHHoe ypaBHeHIIe ( 4) IIMeeT TOJihKO O.UIIH qneH co 

CTaprneil: npoii3BO.UHOM (B qacTHOM cnyqae F1 = Wt; OHO cosna.uaeT c JIIIHeMHhiM 

ypaBHeHIIeM TeiiJIOIIpOBO.[(HOCTII). 

3aMe4aHI-1e. B BbipO)I(,UeHHOM cnyqae, Kor.ua !lJYHKIJ,II51 F1 He 3aBIICIIT oT npoii3-

BO.UHOM Wt;, ypaBHeHIIe ( 4) npe,UCTaBJI51eT C060M 06biKHOBeHHOe .UII!lJ!lJepeHIJ,IIaJib

HOe ypaBHeHIIe OTHOCIITeJibHO nepeMeHHOM Tf, B KOTOpOM ~ IIrpaeT pOJib napaMeTpa. 

1.3. KaHOHHLieCKHH BHA ypaBHeHHH rHnep60J\HLieCKOrO THna 

(b2 -ac> 0) 

06IIJ,IIe IIHTerpaJibl 

'1/J(x, y) = c2 
ypaBHeHIIM (2) II (3) 51BJI51IOTC51 BeiiJ,eCTBeHHbiMII II pa3JIIIqHbiMII. 0HII OIIpe,UeJI51IOT 

,[(Ba pa3JIIIqHbiX CeMeMCTBa BeiiJ,eCTBeHHbiX xapaKTepiiCTIIK. 

flepeX0,[(51 OT X, y K HOBbiM He3aBIICIIMbiM nepeMeHHbiM ~' Tf IIO !lJopMyJiaM 

~ = 'P(x, y), rt = '1/J(x, y), 

a2w ( aw aw) 
a~a77 = F2 ~' Tf, w, a~ ' a77 . 

Ilpeo6pa3oBaHIIe 

~ = t + z, 

IIpiiBO,[(IIT IIOJiyqeHHOe ypaBHeHIIe K .UpyroMy KaHOHIIqecKOMY BII.UY (BTOpa51 KaHO

HIIqecKa51 !lJopMa) 

r.ue F3 = 4F2 . B qacTHOM cnyqae F3 = 0 3TO ypaBHeHIIe cosna.uaeT c JIIIHeMHhiM 

ypaBHeHIIeM Kone6aHIIM CTPYHhi. 

1.4. KaHOHHLieCKHH BHA ypaBHeHHH 3MHnTHLieCKOrO THna (b2 - ac < 0) 
06IIJ,IIe IIHTerpaJibl ypaBHeHIIM (2) II (3) B 3TOM CJiyqae 51BJI51IOTC51 KOMIIJieKCHO 

COIIp51)1(eHHbiMII II OIIpe,UeJI51IOT ,[(Ba CeMeMCTBa MHIIMbiX xapaKTepiiCTIIK. 

flycTh 06IIJ,IIM IIHTerpan ypaBHeHII51 (2) IIMeeT BII.[( 

'P(x, y) + i'ljJ(x, y) = C, 

r.ue 'P(x, y) II '1/J(x, y) -BeiiJ,eCTBeHHhie !lJYHKIJ,IIII. 



1.4. KmtaltU'IeCKuii euo ypae1te1tuii :JJIJlunmu'lecKozo muna 

flepeXO,l:VI OT X, y K HOBbiM He3aBHCHMbiM nepeMeHHbiM ~' 'f7 IIO cpopMyJiaM 

~ = <.p(x, y), "7 = 1/J(x, y), 

IIpHBe,ll,eM ypaBHeHHe ( 1) K KaHOHHqeCKOMY BH,ll,Y 

EPw 82w ( 8w 8w ) 
ae + BTJ2 = F4 ~' .,., ' w' a~ ' aTJ · 

B qacTHOM cnyqae F4 = 0 3TO ypaBHeHHe coBna,ll,aeT c ypaBHeHHeM Jlannaca. 

~ 3ai)a•m u ynpamnenu11 K maae 1 

1. flp11 KaKHX 3Ha4eHHl!X orrpe)leJlliiO!l\11X KOJ<jJ<jli1UHeHTOB ypaBHeHHe 

a1 Wxx + a2Wxy + a3Wyy + b1 Wx + b2wy = J( W) 
rrpHBO)lHTCll K 06biKHOBeHHOMY )lH<jJ<j>epeHU113JlbHOMY ypaBHeHHIO 

w~~ + kw~ = f(w)? 
2. KaKHM ycnoBHHM LtOJJJKHbi yLtosneTBopHTb <j>yHKUHOHaJJbHbie KOJ<jJ<j>nuneHTbi ypasHeHHH 

h(x)wxx + h(x)wxy + h(x)wyy + 91(x)wx + 92(x)wy = .P(w), 
4T06bi OHO rrp11BO)li1J10Cb K 06biKHOBeHHOMY LtH<jJ<j>epeHUI13JlbHOMY ypaBHeHHIO BH)la: 

a) w~~ = .P(w), 
b) w~~ + aw~ = .P(w), 
c) h1(0w~~ + h2(~)w~ = .P(w)? 
YKa3altue. llpeo6pa3oBaHne ncKaTb B BHLte ~ = y + J 'P(x) dx, TJ = y + J 1/J(x) dx. 

3. KaKHM ycnoBHHM LtOJJJKHbi yLtoBneTBopHTb <j>yHKUHOHaJJbHbie KOJ<jJ<j>nuneHTbi ypaBHeHHH 

h(x)wxx + h(x)wxy + h(x)wyy + 91(x)wx + 92(x)wy = .P(w), 
4T06bi OHO Ilp11BO)li1J10Cb K KaHOHI14eCKOMY BH)ly: 

a) w~'7 = .P(w), 
b) w~~ + w'7'7 = .P(w)? 
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® Jlumepamypa K maae 1: B. M. Ea6H4, M. E. KarrnneBI14, C. r. MHXJ111H, r. 11. HaTaHCOH ( 1964), 
A. H. TnxoHoB, A. A. CaMapcKnli (1972), B. C. BnMHMHpos (1985), A.)],. llonHHHH (2001 a). 

2 A. ,[1,. IIomiHIIH, B. <t>. 3aiiues, A. H. )!(ypos 



2. npeo6pa30B8HHfl ypaBHeHHH MaTeMaTH"'eCKOH <I>H3HKH 

2.1. Tol.lei.IHble npeo6pa3oBaHMH 
IlyCTh X, y- He3aBHCHMbie nepeMeHHbie, a W = w(x, y) - tPYHKUHH 3THX 

nepeMeHHhiX. B o6IUeM cnyqae ToqeqHoe npeo6pa3oBaHHe 3a.naeTCH <PopMynaMH 

x =X(~, 'fl, u), y = Y(~, 'fl, u), w = W(~, 'fl, u), (1) 

r.D,e ~' 'f7- HOBbie He3aBHCHMbie nepeMeHHbie, U = u(~, T/)- HOBaH 3aBHCHMaH 

nepeMeHHaH, X, Y, W- HeKOTOpbie ( 3a.D,aHHbie HnH HCKOMbie) <PYHKUHH. 

ToqeqHhie npeo6pa3oBaHHH He TOnhKO coxpaHHIOT nopH.UOK ypaBHeHHH, K KO

TopoMy OHH npHMeHHIOTCH, HO H He H3MeHHIOT pa.D,HKanhHO CTPYKTYPY ypaBHeHHH, 

TaK KaK CTapnme IIpOH3BO.D,Hhie HOBbiX nepeMeHHbiX nHHeHHO 3aBHC51T OT CTapiiiHX 

IIpOH3BO.D,HbiX HCXO.D,HbiX nepeMeHHbiX. 

Ilpeo6pa3oBaHHe ( 1) o6paTHMO, ecnH 

ax ax ax 
OX oy ow 
f)y f)y f)y # 0. ax 7fY ow 
aw aw aw ---ax ay ow 

B o6IUeM cnyqae ypaBHeHHe BToporo nopH.D,Ka c .UBYMH He3aBHCHMhiMH nepe-

MeHHbiMH 

( ow ow o2w o2w o2w ) 
F x,y,w, OX) oy) ox2 ) oxoy) oy2 = 0 (2) 

C IIOMOIUbiO o6paTHMOrO ToqeqHoro npeo6pa30BaHHH ( 1) IIpHBO.D,HTCH K BH.UY 

( ou ou o2u o2u o2u ) 
G ~' 'fl, u, Ei[' ory' o~2 ' o~orJ' ory2 = 0. (3) 

EcnH u = u(~,rt)-HeKOTopoe perneHHe ypaBHeHHH (3), TO <PopMynhi (1) onpe.ue

nHIOT COOTBeTCTBYIOIUee perneHHe ypaBHeHHH (2) B napaMeTpHqeCKOM BH.D,e. 

IlpOCTeHlliHe npeo6pa30BaHHH He3aBHCHMbiX nepeMeHHbiX HMeiOT BH.D,: 

~ = x- xo, rt = y- Yo ( npeo6pa3oBaHHe C.UBHra), 

~ = k1x, rt = k2y ( npeo6pa3oBaHHe MacrnTa6HpoBaHHH). 

IlepBOe npeo6pa30BaHHe COOTBeTCTByeT nepeHOCY Haqana KOOp.D,HHaT B TOqKy 

( Xo, YO), a BTOpoe- H3MeHeHHIO MaCrnTa60B ( C)l(aTHIO HnH paCTH)I(eHHIO) B.D,Onb 

oceii x H y. 
ToqeqHbie npeo6pa3oBaHHH Hcnonh3YIOTCH .nnH ynpoiUeHHH ypaBHeHHH H npH

Be.D,eHHH HX K H3BeCTHbiM. l1HOr.D,a OHH II03BOnHIOT CBeCTH HenHHeMHbie ypaBHeHHH 

K nHHeMHbiM. 

UpuMep 1. Hemmet!Hoe ypasHeH!Ie 

ow 8(m8w) [ ]ow - =a- w - + xf(t) + g(t) - + h(t)w at ax ax ax 



C llOMO!l.\b!O TOLJeLJHOrO npeo6pa30BaHIUI 

w(x, t) = u(z, T)H(t), z = xF(t) + j g(t)F(t) dt, T = j F 2(t)Hm(t) dt, 

r)le ¢YHKUllll F 11 H onpe)leJUI!OTC» ¢opMyJJaMH 

F(t)=exp[/ f(t)dt], H(t)=exp[j h(t)dt], 

npllBO)lllTC» K 6oJJee npOCTOMY ypaBHeHll!O 

au = _!!____ (um au). 
aT az az 

UpuMep 2. HeJJHHeilHoe ypasHeHue 

aw a2w ( aw ) 2 
at = ax2 +a ax + f(x, t) 

3aMeHOll U = exp(aw) npllBO)lllTC» K Jll:IHellHOMY ypaBHeHll!O )lJJ» <jJyHKUllll U = u(x, t): 

au a2u at = ax2 + af(x, t)u. 

~ 3ai)aqu u ynpa:m:nenuR K pa:Ji). 2.1 
1. Haihu npeo6pa3osaHHe, npllBOJl»ll.\ee ypasHeHHe TenJJonpoBOJlHOCTll c HeJJHHeilHhiM llCTOLJHllKOM 
Wt = aWxx + bwn K KaHOHl:ILJeCKOMY BllJlY Ur = Uxx + Un. 
2. Haihu npeo6pa3osaHHe, npllBOJl»ll.\ee ypasHeHHe E10prepca Wt +awwx = bwxx K KaHOHHLJeCKOMY 

BllJlY Ur + UUz = Uzz. 
3. Haihll npeo6pa3osaHHe, npllBOJl»ll.\ee ypasHeHl:le Eyccl:IHeCKa Wtt + a(wwx)x + bwxxxx = 0 K 
KaHOHl:ILJeCKOMY BllJlY Urr + ( Uz) z + Uzzzz = 0. 

4. Haihu TOLJeLJHhie npeo6pa3oBaHH», npHBOJl»ll.\ee HeJJHHeHHhie ypasHeHH» 

a) Wt = Wxx + aw~, 
b) Wt = Wxx + aww;, 
c) Wt = Wxx + f(w)w; 

K Jll:IHellHOMY ypaBHeHll!O TenJJonpOBO)lHOCTll Ut = Uxx. 
YKaJaHue. Ilpeo6pa3osaHH» llll.\YTC» B Bll)le u = F(w). 

5. HailTll TOLJeLJHoe npeo6pa3oBaHHe, npHBOJl»ll.\ee ypasHeHue Wt = Wxx + aw In w + f(t) K 6oJJee 
npOCTOMY ypasHeHll!O Ut = Uxx + au In u. 

YKaJaHue. Ilpeo6pa3oBaHue l:lll.\eTc» B Bll)le w = rp(t)u, r)le u = u(x, t). 

6. HailTll TOLJeLJHoe npeo6pa3oBaHHe, npHBOJl»ll.\ee ypasHeHue Wt = Wxx + a(wx) 2 + f(t) K 6oJJee 
npOCTOMY ypaBHeHll!O Ut = Uxx + a( Ux) 2. 

YKaJaHue. Ilpeo6pa3oBaHue l:lll.\eTc» B Bll)le w = rp(t) + u, r)le u = u(x, t). 
7. HailTll TOLJeLJHOe npeo6pa3osaHHe, npllBOJl»ll.\ee ypasHeHl:le Wt = Wxx + a(wx)n + bw + f(t) K 
6oJJee npocTOMY ypasHeHll!O Ut = Uxx + a(ux)n +bu. 

YKaJaHue. Ilpeo6pa3osaHHe llll.\eTC» B Bll)le w = rp(t) + u, r)le u = u(x, t). 
8. IloKa3aTh, LJTO ypasHeHHe MOH)I(a- AMnepa w~y = WxxWyy llHBapuaHTHO OTHOCHTeJJbHO 
npeo6pa3oBaHH» 

x=a!x+b!y+c!, fj=a2x+b2y+c2, w=kw+a3x+b3y+c3 
(T. e. npllBOJlllTC» K ypasHeHH!O TaKoro )i(e Bl:IJla). 

9. HailTll npeo6pa3oBaHue Bll)la 

t = f(t), x = g(t)x, w = h(t)w + p(t)x, 

CB»3hiBa!Oil.\ee UllJJllHJlpl:ILJecKoe ypasHeHHe KopTesera- )le <l>pu3a 

wt = Wxxx + 6wwx - ~ 
11 o6hiLJHoe ypasHeHue KopTesera- )le <l>p113a 

Wt = Wxxx + 6wwx. 

® Jlumepamypa K paJd. 2.1: A. )..1,. IloJJ»HllH, B. <1>. 3ailues (2002), A. D. Poiyanin, V. F. Zaitsev 
(2004). 

2* 
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2.2. npeo6pa30B8HHe rOAOrpact>a 

):I:JHI ynpomeHIBI HeJIImeHHbiX ypaBHeHIIH H CHCTeM ypaBHeHHH C qacTHbiMH npo

H3BO.[(HbiMH HHOr.[(a HCllOJib3yeTC51 npeo6pa30BaHHe rO.[(Orpa<Pa. 

2.2.1. C/\yLiaM, KOrAa OAHa M3 He3aBMCMMbiX nepeMeHHbiX npMHMMaeTCfl 3a MCKOMYIO 

Be/\MLIMHY 

):I:JI51 ypaBHeHH51 C .[(BYM51 He3aBHCHMbiMH nepeMeHHbiMH X, t H HCKOMOH <l>YHKl(HeH 

w = w(x, t) npeo6pa3oBaHHe ro.n:orpa<Pa 3aKmoqaeTC51 B TOM, qTo perneHHe nmeTC51 

B He51BHOM BH.[(e (x H t MO)I(HO llOMeH51Tb MeCTaMH): 

x = x(t, w), (4) 

T. e. t H W npHHHMaiOTC51 3a He3aBHCHMbie nepeMeHHbie, a X - 3a 3aBHCHMYIO 

nepeMeHHyiO. Ilpeo6pa3oBaHHe ro.n:orpa<Pa (4) He MeH51eT nop51.D:OK ypasHeHH51 H 

51BJI51eTC51 qacTHbiM cnyqaeM ToqeqHoro npeo6pa3oBaHH51 ( ero MO)I(HO 3anncaTb B 

3KBHBaJieHTHOM BH.[(e: X = W, t = t, W = X). 
UpuMep 3. PaccMOTpHM HenHHeHHOe ypasHeHHe BTOporo nopl!).IKa 

aw ( aw ) 2 = a a2w . 
at ax ax2 

(5) 

11I1J,eM perneHHe B Hel!BHOM BH).Ie. )l,mp¢epeHUHpyll BblpalKeHHe (4) no o6eHM nepeMeHHbiM KaK 

Hel!BHY!O ¢YHKUH!O C y'leTOM 3aBHCHMOCTH W = w(x, t), nony'IHM: 

1 = XwWx 

0 = XwWt + Xt 

0 = XwwW; + XwWxx 

(.L1H¢¢epeHUHpOBaHHe no X), 
(.L1H¢¢epeHUHpOBaHHe not), 

(.L1H¢¢epeHUHpOBaHHe no X ).IBalK).Ibl), 

r).le HH).IeKCbl CHH3y 0603Ha'!a!OT COOTBeTCTBY!Olll,He '!aCTHble npOH3BO).IHble. 113 3THX COOTHOllleHHH 

Bblpa3HM «CTaphle)) npOH3BO).IHhie '1epe3 ((HOBble)): 

ITo).lcTaBHB 3TH BhipalKeHHll B (5), npHXO).IHM K JlHHeHHOMY ypaBHeHH!O TennonpoBO.LIHOCTH 

ax a2 x 
8t =a aw2. 

2.2.2. li!CnO/\b30BaHMe SKBMBa/\eHTHOM CMCTeMbl ypaBHeHMM 

):I:JI51 CHCTeMbl .[(BYX ypaBHeHHH C .[(BYM51 He3aBHCHMbiMH nepeMeHHbiMH X, y H 

3aBHCHMbiMH nepeMeHHbiMH w = w(x, y), v = v(x, y) npeo6pa3oBaHHe ro.n:orpa<Pa 

3aKJIIOqaeTC51 B TOM, qTO W H V npHHHMaiOTC51 3a He3aBHCHMbie nepeMeHHbie, a X 

H y- 3a 3aBHCHMbie nepeMeHHbie, T. e. HIIJ:YTC51 <l>YHKI.(HH 

x=x(w,v), y = y(w, v). (6) 

flpeo6pa30BaHHe rO.[(Orpa<Pa npHMeH51eTC51 B ra30BOH .[(HHaMHKe H B TeOpHH 

CTpyil: .[(JI51 JIHHeapH3al(HH COOTBeTCTBYIOIIJ:HX ypaBHeHHH H perneHH51 HeKOTOpbiX 

KpaeBbiX 1a.n:aq. 

):I:JI51 HCCJie.[(OBaHH51 OT.[(eJibHbiX ypaBHeHHH HHOr.[(a 6biBaeT llOJie3HO nepeHTH K 

3KBHBaJieHTHOH CHCTeMe ypaBHeHHH, a 3aTeM C.[(eJiaTb npeo6pa30BaHHe rO.[(Orpa<Pa. 

flpOHJIJIIOCTpHpyeM CKa3aHHOe Ha npHMepax KOHKpeTHbiX HeJIHHeHHbiX ypaBHeHHH. 
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llpuMep 4. CTaU110HapHoe ypasHeHI1e Xoxnosa- 3a6onouKoil (sCTpeLJaeTCll B aKyCTI1Ke 11 B 

HeJ111HeHHOH MeXaHI1Ke) 

EPw a ( aw) ax2 +a ay way = 0 (7) 

npe).ICTaBI1M B Bl1).1e CI1CTeMbl ypaBHeHI1H 

aw av 
ax ay' 

aw av 
-aw--= -. ay ax (8) 

l1cnoJlb3yeM npeo6pa3oBaHI1e ro).lorpa¢a (6): np11MeM w 11 v 3a He3aBI1CI1Mbie nepeMeHHbie, ax 11 y-
3a 3aBI1CI1Mbie nepeMeHHbie. _nl1¢¢epeHU11PYll KaJK).IOe BbipaJKeHI1e (6) no x 11 no y (KaK CJlOJKHbie 

<jJyHKU1111) 1111CKJ1IOLJall 113 nonyLJeHHbiX COOTHOWeHI1H LJaCTHbie np0113BO).IHbie Xw, Xv, Yw, Yv, 11MeeM: 

ax 1 av ax 1 aw ay 1 av ay 1 aw 
--=--, -==----, --==---, -=---, rne J-awav awav 

- & ay- a; a;;· aw J ay av J ay aw J ax av J ax 
(9) 

J1CKJ1IOLJall 113 (8) C nOMOIIJ,biO (9) np0113BO).IHbie Wx, Wy, Vx, Vy, np11X0).111M K CI1CTeMe 

ay ax ax ay 
av aw' -awa:;; = aw . (IO) 

ilOLJJleHHO npO).II1<jJ<jJepeHI..(11pyeM nepsoe ypaBHeHI1e noW, a BTOpOe-no V, 1111CKJ1IOLJI1M CMeWaHHYIO 

npo113BO.liHYIO Ywv. 8 pe3yJlbTaTe ).IJlll ¢YHKU1111 x = x( w, v) nonyLJI1M J111HeilHoe ypaBHeHI1e 

a2 x a2 x 
aw2 + aw av2 = 0. (II) 

AHanomLJHbiM o6pa30M 113 CI1CTeMbi (10) ).IJlll ¢YHKU1111 y = y(w,v) 11MeeM .llpyroe J111HeilHoe 

ypaBHeHI1e: 

a2y + _!!___(_1_!!!!___) = o 
av2 aw aw aw . (12) 

83l!B HeKoTopoe LJaCTHoe peweHI1e x = x ( w, v) ypaBHeHI1ll (II) 11 no).lcTaBI1B ero B CI1CTeMy (I 0), 
npOCTbiM 11HTerp11pOBaHI1eM MOJKHO HaHTI1 y = y( W, v). J1CKJ1IOLJI1B 113 paBeHCTB (8) nepeMeHHYIO V, 

nOJ1YLJI1M TOLJHOe peweHI1e W = w(x, y) HeJ111HeHHOrO ypaBHeHI1ll (7). 

3aMeYaHHe. YpasHeHI1e (II) np11 np0113BOJlbHOM a 11MeeT npocToe LJaCTHOe peweHI1e 

X= C!WV + C2w + C3v + c4, (13) 

r).le cl' C2, C3, c4- np0113BOJlbHbie nOCTOl!HHbie. TIO).ICTaBI1B ero B CI1CTeMy (I 0), nonyLJI1M 

ay ay 
- = C1v + C2, - = -a(C1w + C3)w. (14) av aw 

l1HTerp11pyll nepsoe ypasHeHI1e (14), Haxo).II1M y = tc1 v2 + C2v + 'P( w). Tio).lcTaBI1B :no peweHI1e 

so BTOpoe ypasHeHI1e (14), onpe,llenl!eM ¢YHKU11IO 'P(w). 8 pe3ynbTaTe nonyLJI1M 

1 C 2 C 1 C 3 1 C 2 C (I ) y= 2 !V + 2v- 3 a !W - 2 a 3W + 5· 5 

<l>opMyJlbl (13) 11 (15) onpe).leJlliiOT TOLJHOe peweHI1e ypaBHeHI1ll (7) B napaMeTp11LJeCKOH <jJopMe (v
napaMeTp). 

AHanomLJHbiM o6pa30M MOJKHO nocTp011Tb 11 .llpyme TOLJHbie peweHI1ll ypaBHeHI1ll (7). 

llpuMep 5. PaCCMOTp11M ypaBHeHI1e oOpHa -l1H<jJeJlb).la 

[1 - ( aw )2 ] a2w + 2 aw aw a2w - [1 + ( aw )2 ] a2w = 0, 
at ax2 ax at axat ax at2 

KOTOpOe 11CnOJ1b3yeTCll B HeJ111HeHHOH :meKTp0).111HaMI1Ke (B TeOp1111 nOJlll). 

flyTeM BBe).leHI1ll HOBbiX nepeMeHHbiX 

~ = X - t, TJ = X + t, aw 
u= Bf' 

aw 
v= --

a7J 
ypaBHeHI1e (16) MOJKHO 3ani1CaTb B Bl1).1e 3KBI1BaJleHTHOH CI1CTeMbl ypaBHeHI1H 

au -~=0 
arJ aE ' 

2au ( )au 2av v - - 1 + 2uv - + u - = 0. aE arJ arJ 

(16) 
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Tipeo6pa3o8aHIIe ro).lorpa<jla ( u, v rrpiiHIIMaiOTCll 3a He3a811CIIMbie rrepeMeHHbie, a ~, 7)- 3a 3a811CII

Mhie rrepeMeHHhie) rrp1180).111T K JliiHeHHOH CIICTeMe 

~- ~=0, 
ov ou 

v 2 071 + (1 + 2uv)~ + u2 ~ = 0, 
ov ov ou 

(17) 

a IlOCJle IICKJliO'IeHIIll 7)- K JliiHeHHOMY ypa8HeHIIIO 8TOporo IlOpll,liKa 

u2 02 E, + (1 + 2uv)~ + v2 02 E, + 2u~ + 2v~ = 0. 
ou2 ouov ov2 ou ov 

C411Tall, 'ITO IICKOMhie perneHIIll HaXO).IliTCll 8 rllrrep6oJJII'IecKoll o6nacTII, 3arr11rneM ypa8HeHIIe 

xapaKTepiiCTIIK (eM. ma8y 1): 

u2 dv2 - (1 + 2uv) dudv + v2 du2 = 0. 

11HTerpa.nbi :noro ypa8HeHIIll IIMeiOT 811).1 r = C1, s = C2, r).le 

v'1 + 4uv - 1 v'1 + 4uv - 1 
T= S= ------

2v 2u 
TiepeXO).Ill 8 ( 17) K H08b!M rrepeMeHHbiM ( 18), IlOJlY'IIIM 

T2~ + 07] = 0, 
OT OT 

~+s2 ~=0. 
OS OS 

J1CKJ110'1118 rrepeMeHHYIO 7), IlpiiXO).IIIM K rrpOCTeHWeMy ypa8HeHIIIO 

o2E, 
--=0, 
oros 

( 18) 

(19) 

061.1..\IIM perneHIIeM KOTOpOrO li8Jll!eTCll CYMMa ).18YX rrp011380JlbHbiX <jlyHKI..(IIH pa3Hb!X apryMeHT08. 

<l>yHKI..(IIll 7) orrpe).leJllleTCll 113 CIICTeMhl ( 19). 

~ 3ai>a•lU u ynpa;m:nenu.R K pa30. 2.2 
I. 11crronh3Yll rrpeo6pa3o8aHIIe ro).lorpa<jla, HaHTII o61.1..\11e perneHIIll MO).IeJJbHhiX ypa8HeHIIH ra3080H 

).IIIHaMIIKII: 

a) Wt + awwx = 0, 
b) Wt + f(w)wx = 0. 
YKa3aHue. 11crronh308aTb rrpeo6pa3o8aHIIe ro).lorpa<jla, orr11caHHOe 8 rrp11Mepe 3. 

2. Tipeo6pa3o8aTb HeJJIIHeiiHoe ypa8HeHIIe 8Toporo rropl!).IKa 

ow (ow )2 = f(t,w) o2w 
ot ox ox2 

8 JliiHeHHOe ypa8HeHIIe. 

YKa3aHue. 11crronh308aTb rrpeo6pa3o8aHIIe ro).lorpa<jla, orr11caHHOe 8 rrp11Mepe 3. 

3. HaHTII 811).1 <jlyHKI..(IIII j(u), ).IJlll KOTOpOH rrpeo6pa308aHIIe rO).IOrpa<jla OCTa8Jll!eT IIH8ap11aHTHbiM 

ypa8HeHIIe 

ow=f(ow)o2w_ 
ot ox ox2 

4. Tipeo6pa308aTb HeJliiHeHHOe 80J1H080e ypa8HeHIIe 

o2w = _!!_ [!(w) ow] 
ot2 OX OX 

K JliiHeHHOMY ypa8HeHIIIO. 

YKa3aHue. 11crronh308aTb rrpeo6pa3o8aHIIe ro).lorpa<jla 113 rrp11Mepa 4, 8 KOTopoM Ha).IO C).lenaTb 

rrepeo6o3Ha'leHIIll x --> t, y --> x. 

5. Tipeo6pa308aTb HeJliiHeHHOe ypa8HeHIIe TeilJ10Ilp080).1HOCTII 8 aHII30Tp0IlHOH Cpe,lle 

_!!_ [!(w) ow] + _!!_ [g(w) ow] = 0 
OX OX oy oy 

K JliiHeHHOMY ypa8HeHIIIO. 

YKa3aHUe. TiepeHTII K CIICTeMe ypa8HeHIIH, a 3aTeM IICil0Jlb308aTb rrpeo6pa308aHIIe rO).IOrpa<jla, 

KaK 8 Ilp11Mepe 4. 
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6. llpeo6pa30BaTb Hem!HeHHY!O CI1CTeMy ypaBHeHI1H 

8p 8(pv) _ 0 
at + ax - ' 

8(pv) 8(pv2 + p(p)) _ 0 
at + ax - ' 

Olli1CbiBa!OlliYIO O)lHOMepHbie a)ll1a6aTI1'1eCKI1e Te'leHI1JI 11)learibHOrO ra3a, K Jli1HeHHOH CI1CTeMe. 
3)leCb V 11 p - Hei13BeCTHbie BeJJI1'111Hbl, a p = p(p) - 3a)laHHaJI <jlyHKI..(I1JI (ilJJJI 11)learibHOrO 
noJJ11Tponl1'1ecKoro ra3a p = Ap'Y). 

YKa3aHue. llp11HJITb v 11 p 3a He3aBI1CI1Mbie nepeMeHHbie, ax 11 t-3a 3aBI1CI1Mbie nepeMeHHbie. 

7. flpeo6pa30BaTb HeJJI1HeHHY!O CI1CTeMy ra30)li1HaMI1'1eCKOrO Tl1lla 

ow ow av av 
h(w,v)- + h(w,v)- + h(w,v)- + j4(w,v)- = 0, 

OX 8y OX 8y 
ow ow av av 

g1(w,v)- + g2(w,v)- + g3(w,v)- + g4(w,v)- = 0 
OX 8y OX 8y 

B Jli1HeHHY!O CI1CTeMy. 
YKa3aHue. llp11HJIB w 11 v 3a He3aBI1CI1Mbie nepeMeHHbie, ax 11 y-3a 3aBI1CI1Mbie nepeMeHHbie, 

11CllOJlb30BaTb <jlopMyJJbl (9). 

8. l1cnOJJb3YJI npeo6pa3osaHI1e ro)lorpa<jla ( CM. np11Mep 3 ), Hai1TI1 o6111ee peweHI1e HeJJI1Hei1Horo 
ypaBHeHI1JI WxWxt - WtWxx = 0. 

® Jlumepamypa K pa30. 2.2: H. E. Ko'II1H, 11. A. K116eJJb, H. B. P03e ( 1963), )),)((. Yl13eM ( 1977, 
CTp. 588-590), 6. JI. PO)(()leCTBeHCKI1H, H. H . .51HeHKO (1978, CTp. 33-34), r. r. 4epHbiH (1988, 
cTp. 253-269), P. KypaHT (1964, cTp. 426), D. Zwillinger (1989), P. A. Clarkson, A. S. Fokas, 
M. J. Ablowitz (1989), B. <t>. 3ai1ues, A.)],. lloJJJIHI1H (2001 b), A.)],. lloJJJIHI1H, B. <t>. 3ai1ues (2002), 
A. D. Polyanin, V. F. Zaitsev (2004). 

2.3. KOHTaKTHble npeo6pa30BBHHR. npeo6pa30BBHHR J\e>KaHAPB H 
3MAepa 

2.3.1. 06~MM BMA KOHTaKTHbiX npeo6pa30BaHMM 

Ey.ueM paccMaTpHBaTb cpyHKIJ,HH .usyx nepeMeHHhiX w = w(x, y). 06IIJ,HM csoli:

CTBOM KOHTaKTHbiX npeo6pa30BaHHH 51BJUieTC51 3aBHCHMOCTb HCXO,UHbiX nepeMeH

HbiX OT HOBbiX nepeMeHHbiX II HX nepBbiX IIpOH3BO,UHbiX: 

( au au) x=X e,ry,u,7i{, ary , ( au au) y=Y e,ry,u,7i{'7h/, ( au au) w=W e,ry,u,7i{'7h/. 

(20) 
<l>yHKIJ,HH X, Y, W He 51BJI51IOTC51 npoH3BOJihHhiMH: OHM Bhi6HpaiOTC51 TaK, qTo6hi 

nepBbie IIpOH3BO,UHbie HCXO,UHbiX nepeMeHHbiX TaiOKe 3aBHCeJIH TOJibKO OT npeo6-

pa30BaHHbiX nepeMeHHbiX II HX IIpOH3BO,UHbiX He Bbiiiie nepBOrO IIOp51,UKa: 

aw ( au au) 
ax = u e, 7], u, 7i{' 7hl ' aw ( au au) 

ay = v e, 7], u, 7i{' ary . (21) 

KoHTaKTHhie npeo6pa3oBaHH51 (20)-(21) He IIOBhiiiiaiOT nop51.UKa ypaBHeHHH, K 

KOTOpbiM OHM IIpHMeH5110TC51. 

B o6IIJ,eM cnyqae ypaBHeHHe BToporo nop51.UKa c .UBYM51 He3aBHCHMhiMH nepe-

MeHHbiMH 

( aw aw a2w a2w a2w ) 
F x, y, w, ax ' ay ' ax2 ' axay' ay2 = O (22) 

C IIOMOII.I,biO KOHTaKTHOrO npeo6pa30BaHH51 (20)-(21) IIpHBO,UHTC51 K BH.UY 

( au au a2u a2u a2u ) 
G e, ry, u, 7i{' ary' ae ' a~aTJ' ary2 = O. (23) 
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l1Hor.ua ypasHemte (23) 6bmaeT npome, qeM ypasHeHHe (22). EcJIH u = u(~, "1)
HeKOTOpOe perneHHe ypaBHeHH51 (23), TO «tJopMyJihl (20) OIIpe,UeJI51IOT COOTBeTCTBy

IOmee perneHHe ypaBHeHH51 (22) B napaMeTpHqecKoM BH.Ue. 

I1oKalKeM, KaK HaHTll <jlyHKUllll U II V B (21) II COOTHOllleHllll, KOTOpbiM )lOJllKHhl Y!lOBJleTBOpl!Th 

<PYHKUHH X, Y, W B (20). IlpoaH<jl<jlepeHUHpyeM no npas11ny )lH<jl<jlepeHUHposaHHll Hel!BHhiX 

<jlyHKUIIH nepsoe II BTOpoe BbipalKeHllll (20) no X II y, Y411ThiBall, 'ITO U = u(~, TJ). 8 pe3yJlhTaTe 

nony'IHM '!eTbipe COOTHOllleHHll: 

(24) 

r)le liCnOJlh30BaHhl KpaTKlle 0603Ha4eHllll p = ~~ , q = ~~ (prJ = Q<, ); liH)leKChl ~ II TJ COOTBeTCTBYIOT 

'!aCTHhiM np0113BO)lHhiM. f1epsal! napa paseHCTB (24) npe)lCTaBJll!eT C06olf CliCTeMy Jll!HeHHhiX 

anre6paH4eCKIIX ypaBHeHIIH OTHOCI!TeJlbHO *' g~, BTOpal!- OTHOCI!TeJlbHO *' gz. Pellll!B 

3TH CHCTeMhi, MOlKHO HaliTH npOH3BO)lHhie * = A, ~ = B, * = C, * = D, a 3aTeM, 

npO)lll<jl<jlepeHUllpOBaB TpeThe COOTHOllleHHe (20) no X II y, MOlKHO Bbipa311Th BeJlll'lliHhl U = ~~ , 
V = ~~ 4epe3 HOBbie nepeMeHHhie: 

u _ A ( aw aw aw aw ) B ( aw aw aw aw ) 
- a~ + au p + ap P<. + aq PrJ + ary + au q + ap Q<, + aq qrJ ' 

( aw aw aw aw ) ( aw aw aw aw ) V = C -- + --p + --P<, + --PrJ + D -- + --q + --Q<, + --qrJ . 
a~ au ap aq ary au ap aq 

f1p11 3TOM CJle)ly!Oll.llle 113 (21) yCJJOBllll- OTCYTCTBlle 3aBHCIIMOCTll OT BTOpb!X np0113BO)lHhiX 

au = av = au = av = au = av = 0 (PrJ = Q<.) 
ap< ap< apr] apr] aqrJ aqrJ 

- 3a)la!OT )lOnOJlHIITeJlhHhie COOTHOllleHllll MelK!lY <jlyHKUlll!Mll X, Y, W. 

3aMe4aHI-1e. BmKHO OTMeTHTh, qTo KOHTaKTHhie npeo6pa3oBaHH51 onpe.ueJI51IOT

C51 He3aBHCHMO OT BH,Ua KOHKpeTHbiX ypaBHeHHH. 

2.3.2. npeo6pa30BaHMe 1\e>K.aHApa 

BmKHhiM qacTHhiM cJiyqaeM KOHTaKTHhiX npeo6pa3oBaHHH 51BJI51eTC51 npeo6pa3osa

HHe Jle)l(aH,Upa, KOTOpOe OIIpe,UeJI51eTC51 COOTHOIIIeHH51MH 

w(x, y) + u(~, "1) = x~ + Y'Tl, 
au 

X= [j[' 
au 

y = aTJ' (25) 

r,Ue U- HOBa51 3aBHCHMa51 nepeMeHHa51, a ~ H "1- HOBbie He3aBHCHMhie nepeMeH

Hhie. 

113 «tJopMyJI (25) IIOJiyqHM nepBbie IIpOH3BO,UHhie (HCIIOJib3YIOTC51 ,UBa CJie,UCTBH51 

nepBOrO paBeHCTBa, IIOJiyqeHHbie nyTeM ero .UH«tJ«tJepeHQHpOBaHH51 IIO X H y, C 

yqeTOM .UBYX .Upymx COOTHOIIIeHHH): 

aw = ~ 
ax ' 

aw 
ay = "1· (26) 
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C IIOMOil(biO cpopMyJI (25)-(26) HaXO,UHM BTOpbie IIpOH3BO,UHbie: 

r.ue 

J = a2w a2w _ ( a2w ) 2 _..!._ = a2u a2u _ ( a2u ) 2 

ax2 ay2 axay ' J ae ary2 a~aTJ . 
B o6rn:eM cJiyqae ypaBHeHHe BToporo rrop51.UKa c .UBYM51 He3aBHCHMhiMH rrepe-

MeHHbiMH 

( aw aw a2w a2w a2w ) 
F x, y, w, ax ' ay ' ax2 ' axay ' ay2 = O (27) 

C IIOMOil(biO rrpeo6pa30BaHH51 Jle)l(aH,Upa (25) (rrpH J -::f. 0) IIpHBO,UHTC51 K BH.UY 

( au au au au a2u a2u a2u ) 
F 8[' ary'ea[+ry&;/-u,e,TJ,J ary2'-J a~ary'J ae =0. (28) 

l1Hor.ua ypaBHeHHe (28) 6bmaeT rrporn:e, qeM ypaBHeHHe (27). 
IlycTb u = u( e' TJ)- HeKOTOpoe perneHHe ypaBHeHH51 (28). Tor.ua cpopMyJihl 

au au ( ) w = ea[ + TJ ary - u e, TJ , 
au 

X= 8{' 

orrpe,UeJI51IOT COOTBeTCTBYIOil(ee peiiieHHe ypaBHeHH51 (27) B rrapaMeTpHqecKOM 

BH,Ue. 

3aMe48Hit1e. l1CIIOJib30BaHHe rrpeo6pa30BaHH51 Jle)l(aH,Upa MO)I(eT IIpHBeCTH K 

rroTepe perneHHH, y.uoBJieTBOp51IOil(HX ycJIOBHIO J = 0. 
UpuMep 6. YpasHeHI1e cTaUI10HapHoro TpaHC3ByKosoro ra3osoro noToKa 

ow o 2 w o 2 w 
a---+--=0 

ox ox2 oy2 

npeo6pa30B3HJ1eM JleJKaHp_pa (25) CBO,ll_J1TCJI K JlJ1HeHHOMY ypasHeHJ1!0 C nepeMeHHbiMJ1 K03<jl<jl111 . .111-
eHT3MJ1 

2.3.3. npeo6pa30BaHHe 3H/\epa 

flpeo6pa30BaHHe 3ifJiepa 51BJI51eTC51 qaCTHbiM CJiyqaeM KOHTaKTHbiX rrpeo6pa30Ba

HHH. 0Ho orrpe.ueJI51eTC51 cooTHOIIIeHH51MH 

w(x, y) + u(e, ry) = xe, au 
X= 8{' y = "7· (29) 

113 cpopMyJI (29) (HCIIOJib3YIOTC51 ,UBa CJie,UCTBH51 rrepBOrO paBeHCTBa, IIOJiyqeHHbie 

rryTeM ero ,UHcpcpepeHQHpOBaHH51 110 X H y, C yqeTOM .UpyrHX COOTHOIIIeHHH) MO)I(HO 

aw = e 
ax ' 

aw 
ay 

,[(HcpcpepeHQHpy51 3TH Bbipa)l(eHH51 ITO X H y, HaXO,UHM BTOpbie rrpOH3BO,UHbie 

1 
Wxx = --, 

u~~ 

W -- u~,., 
xy-

u~~ 

HH)I(HHe HH,UeKCbl 0603HaqaiOT COOTBeTCTBYIOil(He qacTHbie IIpOH3BO,UHbie. 

(30) 

(31) 
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flpeo6pa30BaHHe 3i1:nepa (29)-(31) HCIIOJih3yeTCH ,UJIH perneHHH (JIHHeapH3a

IJ,HH) HeKOTOpbiX HeJIHHeHHbiX ypaBHeHHH C qaCTHbiMH IIpOH3BO,UHbiMH. 

B o6IIJ,eM cnyqae ypasHeHHe BToporo nopH.UKa c .UBYMH He3aBHCHMhiMH nepe-

MeHHbiMH 

( ow ow o2w o2w o2w ) 
F x, y, w, ox ' oy ' ox 2 ' oxoy' oy 2 = O (32) 

C IIOMOIIJ,biO npeo6pa30BaHHH 3i1:nepa (29) IIpHBO,UHTCH K BH.UY 

(33) 

l1Hor.ua ypasHeHHe (33) 6bmaeT npoiiJ,e, qeM ypasHeHHe (32). 
IlycTh u = u(e, ry)- HeKoTopoe perneHHe ypasHeHHH (33). Tor.ua cpopMyJihi 

(29) OIIpe,UeJIHIOT COOTBeTCTBYIOIIJ,ee perneHHe ypaBHeHHH (32) B napaMeTpHqeCKOM 
BH,Ue. 

UpuMep 7. Hen1111ei1Hoe ypasHeHIIe 

aw a2w +a= 0 
ay ax2 

npeo6pa30BaHIIeM 3i1nepa (29)-(31) npiiBO)liiTCJI K JliiHeHHOMY ypaBHeHIIIO TennonpOBO)lHOCTII: 

au a2u 
-=a--aTJ at;2 · 

UpuMep 8. Hen1111ei1Hoe ypasHeHIIe 

a2w aw a2w 
--=a---axay ay ax2 

TaKlKe JliiHeap113yeTCJI npeo6pa3oBaHIIeM 3i1nepa (29)-(31 ): 

a2u au 
--=a-. at;a'f] a'f] 

11HTerp11pyJI, HaXO!liiM o6wee pewe1111e nocne)lHero ypaBHeHIIJI 

r)le j( ~) II g( 1'/)- np0113BOJlhHhie <jlyHKUIIII. 

(34) 

(35) 

11cnOJlh3YJI <jlopMyJlhl (29) II (35), nOJJY'IIIM o6wee peweHIIe IICXO)lHOrO ypaBHeHIIJI (34) B 

W =X~- f(~) - g(y)ea<, 

X= fE(~) + ag(y)ea<. 

~ 3ai>a•lU u ynpa;m:nenu.R K pa30. 2.3 

I. Hen1111ei1Hoe ypasHeHIIe 

CBeCTII K JliiHeHHOMY ypaBHeHIIIO. 

YKa3aHue. 11cnoJJh30BaTh npeo6pa3oBaHIIe JlelKaH)lpa. 

2. YpaBHeHIIe MIIHIIMaJJhHhiX nosepxHocTei1 ( oniiChiBatOwee, Hanp11Mep, <jlopMy Mh!JlhHOH nneHKII, 

OrpaHII'IeHHOH 3a)laHHhiM KOHTypoM) 

[1 + ( aw )2 ] a2w - 2 aw aw a2w + [1 + ( aw )2 ] a2w = 0 
ay ax2 ax ay axay ax ay2 

CBeCTII K JliiHeHHOMY ypaBHeHIIIO. 

YKa3aHue. 11cnoJJh30BaTh npeo6pa3oBaHIIe JlelKaH)lpa. 



3. YpasHeHI1e EopHa -l1H¢enbp_a 

[1 - ( aw )2 ] a2w + 2 aw aw a2w - [1 + ( aw )2 ] a2w = 0 
at ax2 ax at axat ax at2 

CBeCTI1 K Jli1HeHHOMY ypaBHeHJ-110. 
YKa3aHue. HcnoJJh30BaTh npeo6pa3oBaHI1e JlelKaHp_pa. 

4. Heni1HeilHoe ypasHeHI1e 

!( aw aw) a2w + g( aw aw) a2w + h( aw aw) 82w = 0 
ax ' By 8x2 ax ' By axay ax ' By 8y2 

CBeCTI1 K Jli1HeHHOMY ypaBHeHI110. 
YKa3aHue. l1cnonb30BaTb npeo6pa3osaHI1e JlelKaHp_pa. 

5. Heni1HeilHoe ypasHeHI1e 

aw 82w = f(y, aw) 
By 8x2 ax 

CBeCTI1 K Jli1HeHHOMY ypaBHeHI110. 
YKa3aHue. HcnoJJh30BaTh npeo6pa3oBaHI1e 3ilnepa. 

6. Heni1HeilHoe ypasHeHI1e 

CBeCTI1 K Jli1HeHHOMY ypaBHeHI110. 

82w = f(y aw) aw a2w 
axay ' ax By Bx2 

YKa3aHue. l1cnonb30BaTb npeo6pa3osaHI1e 3ilnepa. 

7 . .[l,Jlll ¢YHKU11H MHOrHX nepeMeHHbiX W = w(X!, ... , Xn) npeo6pa30BaHI1e JlelKaHp_pa 3ap_aeTCll 
COOTHOllleHI1l!MI1: 

X!= X!, 
aw 

xk = ax ' 
k 

Xk-1 = Xk-1, 

aw 
X -n- axn' 

~ aw w(x) =LX,-- W(X), 
•=k ax, 

rp_e x = {xJ, ... ,xn} 11 X= {XJ, ... ,Xn}. HailTI1 o6paTHoe npeo6pa3oBaHI1e 11 'laCTHhie 
np0113BO,QHbie ¢YHKU1111 W no Xm np11 m = 1, ... , k - 1. 

® Jlumepamypa Kpa30. 2.3: M. r. KypeHCKI1H (1934), 3. KaMKe (1966), H. X. l16pari1MOB (1983), 
N. H. lbragimov (1994), A . .[1,. llonl!HI1H, B. <1>. 3ailues (2002), A. D. Polyanin, V. F. Zaitsev (2004). 

2.4. npeo6pa30B8HHR 6eKI\yHA8 

2.4.1. npeo6pa30B8HI1fl 6eKI\YHAa fli\H ypaBHeHHH BTOporo nopHAKa 

II ycTb w = w ( x, y) - peiiieHIIe ypaBHeHmi 

( ow ow o2w o2w o2w ) 
Fl x,y,w, OX' oy' ox2 ' oxoy' oy 2 = o, 

au= u(~, rt) -peiiieHIIe ypaBHeHII51 

fosop51T, qTo ypasHeHII51 (36) II (37) CB513aHbi rrpeo6pa3oBaHIIeM EeKJiyH.ua 

( ow ow ou ou) 
<P 1 x, y, w, ox ' oy 'u, ox' 7iY = 0, 

( ow ow ou ou) 
<P 2 x, y, w, ox ' oy 'u, ox ' 7iY = 0, 

(36) 

(37) 

(38) 
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eCJUI II3 COBMeCTHOCTII napbl (36) II (38) CJie,UyeT ypaBHeHIIe (37), a II3 COBMeCTHO

CTII napbl (37) II (38) CJie,UyeT (36). £CJIII .[(JIH HeKOTOpOrO KOHKpeTHOrO perneHIIH 

U = u(~, rt) ypaBHeHIIH (37) y.uaeTCH pa3pelliiiTb ypaBHeHIIH (38) OTHOCIITeJibHO 

w = w(x, y), TO <l>YHKl(IIH w = w(x, y) 6y.ueT perneHIIeM ypaBHeHIIH (36). CooTHo

rneHIIH (38) Ha3biBaiOT TaiOKe .UII<P<PepeHl(IIaJibHbiMII CBH3HMII. 

Ilpeo6pa3oBaHIIH EeKJiyH.ua MoryT coxpaHHTh IIHBapiiaHTHhiM BII.U ypaBHeHIIH* 

(:no ,UaeT B03MO)KHOCTb «pa3MHO)KaTb» perneHIIH) IIJIII CBH3biBaTb perneHIIH pa3HbiX 

ypaBHeHIIH ( 3TO II03BOJIHeT II3 perneHIIH O.[(HOrO ypaBHeHIIH IIOJiyqaTb perneHIIH 

.upyroro). 

UpuMep 9. IloKa)l(eM, 'ITO ypaBHeHIIe o!Oprepca 

ow ow 82w 
-=w-+--
8t ox EJx2 

CBll3aHO C JliiHeHHhiM ypaBHeHIIeM TeiiJlOnpOBO)lHOCTII 

au 82u 

8t 8x2 

npeo6pa30BaHIIeM oeKJJYH!la 
au 1 
-- -uw=O 
OX 2 ' 
au 1 8(uw) - 0 at - 2 -----a;- - . 

,[l,eifCTBIITeJJhHO, IICKJJIO'Iall 113 ( 41) W, npiiXO)liiM K ypaBHeHIIIO ( 40). 

(39) 

(40) 

(41) 

06paTHO: nycTh u(x, t)- HeHyJJesoe pewe1111e ypasHeHIIll TenJJonpoBO)lHOCTII (40). Pa3)leJJIIB 

( 40) Ha U II Bhl'IIICJJIIB 'laCTHhie np0113BO)lHhle no X OT o6eiiX 'laCTeif noJJy'leHHOrO Bhlpa)l(eHIIll, C 

y'leTOM paBeHCTBa (ut/u)x = (ux/U)t IIMeeM 

flO)lCTaBIIM CIO)la CJle)lCTBIIll nepBOrO COOTHOWeHIIll ( 41) ( CM. nepByiO II nOCJle)lHIOIO <jlopMyJJhl B 

uenO'!Ke paBeHCTB): 

u 2 
uxx ( ux ) 2 - wx --- - --

u u 2 
8 pe3yJJhTaTe npiiXO)liiM K ypaBHeHIIIO D!Oprepca (39). 

UpuMep 10. IloKa)l(eM, 'ITO ypasHeHIIe JliiYBIIJJJJll 

8 2 w .\w 
--=e 
8x8y 

CBl!3aHO C JliiHeHHhiM BOJJHOBhiM ypaBHeHIIeM 

npeo6pa30BaHIIeM oeKJJYH!la 

EJ2u 
--=0 
8x8y 

uxx wx 1 2 
--= -+-w. 

u 2 4 

au ow 2k [ 1 ] --- = -exp -.>-(w+u), 
OX OX A 2 

au ow 1 [ 1 J -+-=--exp -.A(w-u), 
8y 8y k 2 

r)le k op 0- np0113BOJlhHall nOCTOl!HHall. 

(42) 

(43) 

(44) 

flpO)lll<jl<jlepeHI..IIIpyeM nepBOe COOTHOWeHIIe (44) no y, a BTOpOe-no X. Y'IIIThiBal! paBeHCTBa 

Uyx = Uxy II Wyx = Wxy II IICKJJIO'Iall KOM611Hal..lllll nepBhiX np0113BO)lHhiX C nOMOlllhiO ( 44), IIMeeM 

0 2u o2w [ 1 J ( 8u ow ) --- -- = kexp -.>-(w + u) - +- =- exp(.Aw), 
8x8y 8x8y 2 8y 8y 

82u 8 2 w A [ 1 ] ( 8u ow) -- + -- = -exp -.>-(w- u) --- = exp(.Aw). 
8x8y 8x8y 2k 2 ox ox 

(45) 

* 8 TaKIIX CJJy'laliX IIX Ha3hiBaiOT aBTOnpeo6pa30BaHIIl!MII oeKJJYH)la. 
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CKna).lbiBal! paseHCTBa (45), nony•mM m1HeHHOe ypasHeHI1e (43). BbPmTal! 113 nepsoro paseHCTBa 

BTOpOe, np11X0).111M K HeJ111HeHHOMY ypaBHeHI110 ( 42). 

3aMe48Hit1e 1. Ba:)I<HO OTMeTIITb, qTO, B OTJJHqiie OT KOHTaKTHbiX npeo6pa30-

BaHIIH, npeo6pa3oBaHII51 EeKJiyH.ua onpe.ueJI51IOTC51 BII.UOM KOHKpeTHhiX ypaBHeHIIH 

(npeo6pa3oBaHIIe EeKJiyH.ua cyllleCTByeT He Bcer.ua). 

3aMe48Hit1e 2. ,[(JI51 .UBYX 3BOJIIOI.J,IIOHHbiX ypaBHeHIIH n-ro IIOp51,UKa BII,Ua 

8w ( 8w 8nw) 
8t = Fl X' w' ax ' ... ' axn ' 

au ( au 8nu) 
8t = F2 x, u, ax' ... ' axn 

npeo6pa3oBaHIIe EeKJiyH.ua qacTo IIIIIYT B <)JopMe .UIIQJ<)JepeHI.J,IIaJihHOH CB513II 

( 8w Bmw au 8ku) 
<P x, w, ax ' ... ' 8xm 'u, ax' ... ' 8xk = o, 

CO,Uep)l(allleH IIpOII3BO,UHhie TOJibKO IIO O,UHOH nepeMeHHOH X (BTOpa51 nepeMeHHa51 t 
BXO,UIIT He51BHO qepe3 QJYHKI.I,IIII W, u). 3Ta CB513b MO)I(eT paCCMaTpiiBaThC51 KaK 

06biKHOBeHHOe ,UIIQJQJepeHI.J,IIaJibHOe ypaBHeHIIe OTHOCIITeJibHO O,UHOH II3 3aBIICII

MbiX nepeMeHHbiX. 

2.4.2. npeo6pa30BaHHfl 6eKI\YHAa, OCHOBaHHble Ha 3aKOHaX COXpaHeHHfl 

Ey.ueM cqiiTaTb, qTo .UIIQJQJepeHI.J,IIaJihHOe ypaBHeHIIe MO)I(eT 6biTh 3aiiiiCaHo B 

<)JopMe 3aKOHa coxpaHeHII51: 

! [ F ( w, ~: , ~; , ... ) ] + :y [ G ( w, ~: , ~; , ... ) ] = 0. (46) 

Ilpeo6pa3oBaHIIe EeKJiyH.ua (npeo6pa3oBaHIIe no perneHIIIO) 

dz = F(w, Wx, Wy, .. . ) dy- G(w, Wx, Wy, .. . ) dx, dry= dy (47) 

( dz = ~dx+ ~d ====? ~ = -G ~=F) 
fu ~ y fu ' ~ 

OIIpe,UeJI51eT nepeXO,U OT X II y K HOBbiM He3aBIICIIMbiM nepeMeHHbiM Z II rJ IIO 

npaBIIJIY 
8 8 8 8 8 

ax = -Gaz, ay = &;/ + F az· 
3.uech IICIIOJih30BaHa KpaTKa51 3aiiiiCh QJYHKI.J,IIH F II G II3 ( 46). Ilpeo6pa3oBaHIIe 

( 4 7) coxpaH51eT nop51.UOK paccMaTpiiBaeMoro ypaBHeHII51. 

3aMe4aHII1e. Hepe.uKo BCTpeqaroTC51 npeo6pa3oBaHII51 no perneHIIIO (47), .uonoJI

HeHHhie npeo6pa30BaHIIeM IICKOMOH BeJIIIqiiHbl BII,Ua U = <p( W). 
UpuMep 11. PaccMoTp11M HeJ111HeHHOe ypasHeHI1e TennonpoBO).IHOCTI1 

aw = _!.!_ [i(w) aw]' 
at ax ax (48) 

KOTopoe l!BJll!eTCll qacTHbiM cnyqaeM ypasHeHI1ll (46) np11 y = t, F = f( w )wx, G = -w. 
Ilpeo6pa3oBaHI1e no peweHI1IO ( 4 7) B ).laHHOM cnyqae 11MeeT Bl1).1 

dz = wdx + [f(w)wx] dt, dry= dt. (49) 

0HO Onpe,lleJll!eT nepeXO).I OT X, y K HOBbiM He3aBI1CI1MbiM nepeMeHHbiM z, TJ no npaBI1JlY 

a a 
-=w-, ax az 

a a a 
at= 8r) + [f(w)wx]-az-· 
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TipiiMeHJIJI rrpeo6pa30BaHIIe ( 49) K ypaBHeHII!O ( 48), IlOJJY'IIIM 

aw =W2~[f(w)aw]. (50) 
a~ az az 

Tio!lCTaHOBKa w = 1/ u rrpiiBO!liiT (50) K ypaBHeHII!O Bll)la ( 48): 

au _ a [ 1 !( 1 ) au] ary - 8z ~ -:;; 8z . 
8 'laCTHOM cJJy'lae f(w) = aw- 2 HeJJIIHeiiHoe ypaBHeHIIe (48) rrpeo6pa3oBaHIIeM (49) rrepeso

!liiTCJI B JliiHeHHOe ypaBHeHIIe U'7 = GUzz. 

~ 3ai)a..,u u ynpa:m:nenuR K pa:Ji). 2.4 
1. floKa3aTb, 'ITO HeJJIIHeHHOe ypaBHeHIIe TeilJJOilpOBO)lHOCTII C 3KCilOHeHUIIaJJbHbiM IICTO'IHIIKOM 

Wxx + Wyy = ae{3w 

CBJI3aHo c ypasHeHIIeM JlanJJaca 

Uxx + Uyy = 0 
(JJIIHeiiHoe ypaBHeHIIe) rrpeo6pa3oBaHIIeM EeKJJYH!la 

Ux + tf3wy = ( +af3) 112 exp( tf3w) sin u, 

Uy- tf3wx = ( taf3) 112 exp( tf3w) cosu. 
YKG3GHUe. J1CilOJlb30BaTb YCJJOBIIJI Uxy = Uyx II Wxy = Wyx· 

2. floKa3aTb, 'ITO )lBa ypaBHeHIIJI CIIHYC-fOp)lOHa: 

Wxy = sin w 11 Uxy = sin u 

CBJI3aHhl asTorrpeo6pa3oBaHIIeM EeKJJyH!la 

Ux = Wx + 2k sin [ + ( W + U)] , 

Uy = -wy- 2k- 1 sin[ t(w- u)], 

r)le k op 0- rrp0113BOJlbHall IlOCTOJIHHall. 

YKa3GHUe. l1CITOJlb30BaTb ycJJOBIIJI Uxy = Uyx II Wxy = Wyx· 

3. TIOKa3aTb, 'ITO ypaBHeHIIJI 

Wxx + Wyy = shwchw, 
Uxx + Uyy = sin U COS U 

CBJI3aHbi rrpeo6pa3oBaHIIeM EeKJJyH!la 

Ux + Wy = sin u ch w, 
Uy- Wx = cosushw. 

YKa3GHUe. l1CITOJlb30BaTb ycJJOBIIJI Uxy = Uyx II Wxy = Wyx· 

4. TioKa3aTb, 'ITO ypasHeHIIe KopTesera- )le <l>p113a 

Wt + 6wwx + Wxxx = 0 
11 MO!lll<jmullposaHHOe ypasHeHIIe KopTesera- )le <l>p113a 

Ut- 6u2Ux + Uxxx = 0 
CBJI3aHbi rrpeo6pa3oBaHIIeM EeKJJyH!la 

Ux=c:(w+u2), c=±1, 
Ut = EWxx- 2(uw)x· 

5. TioKa3aTb, 'ITO HeJJIIHeiiHoe ypasHeHIIe lllpe!liiHrepa 

iWt + Wxx + lwl 2w = 0, 
r)le W - KOMilJJeKCHall tPYHKUIIJI )leHCTBIITeJJbHbiX rrepeMeHHbiX X II t ( i 2 -1 ), IIHBapllaHTHO 

OTHOCIITeJJbHO rrpeo6pa30BaHIIJI £eKJJYH!la 

Wx- Wx = iafi- tif2g1, 
Wt- Wt = +g!(Wx +wx)- ag2 + tiJI(I!II 2 + lhn. 

3)leCb IlpiiHJITbl 0603HalJeHIIJI 

!I =w-w, h =w+w, . ( I l2)1;2 g! =IE b- 2 fi , 
r)le a II b- rrp0113BOJlbHbie )leHCTBIITeJJbHbie IlOCTOJIHHbie, E = ±1. 
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6. CseCTI1 ypasHeHI1e Ka.nop)Kepo 

Wxt = WWxx + J(wx) 

K 06biKHOBeHHOMY )ll1<j:l<j:lepeHUI1aJlhHOMY ypaBHeH1110; HaMTI1 06111ee perneHI1e 11CXO)lHOrO ypaBHeHI1JI 
)lJlJI f(wx) =a. 

YKa3aHue. 11cnoJJh30BaTh npeo6pa3oBaHI1e no perneHI110, 11CXO)lJI 113 3aKoHa coxpaHeHI1JI 

Dt[.P(wx)] + Dx[-w.P(wx)] = 0, 

r)le Dt = !!_, Dx = _!!_, .P(u) = exp [ ;· u(du)]. at ax . f u 

7. CsecTI1 HeJ111HeliHoe ypaBHeHI1e TpeThero nopJI)lKa 

Wt = [f(w)wx]xx 

K ypaBHeHI110 aHaJIOrH'IHOrD Bl1)la 11 Onpe)leJ111Th, )lJlJI KaKOM <j:lyHKU1111 j ( W) nony'leHHOe ypaBHeHI1e 
6y)leT Jli1HeMHhiM. 

YKa3aHue. 11cnoJJh30BaTh npeo6pa3oBaHI1e no perneHI110 

dz = wdx + [f(w)wx]x dt, dry= dt 

c nocne)lyJOllleli 3aMeHoli w = 1/u. 

8. flOKa3aTh, 'ITO HeJ111HeMHOe ypaBHeHI1e 

Wtt + Wt = a(w- 2 wx)x 

npeo6pa3osaHI1eM no perneHI110 

T = t +In lwl, dz = aw- 2 wxdt + (w + Wt)dx, u = 1/w ( dz = Zt dt + Zx dx) 

np11BO)li1TCJI K Jli1HeMHOMY Tenerpa<j:lHOMY ypaBHeHI110 

® Jlumepamypa Kpa30. 2.4: G. L. Lamb (1974), R. M. Miura (1976), A. S. Fokas, R. L. Anderson 
(1979), A. S. Fokas, B. Fuchssteiner (1981), C. Rogers, W. F. Shadwick (1982), P. 6ynna<j:l, <1>. Ko)lp11 
(1983, CTp. 24-28), H. X. 116pamMOB (1983, CTp. 151-154), C. Rogers, T. Ruggeri (1985), J. Weiss 
(1986), M. A6nos11u, X. C11ryp (1987, cTp. 179-181), C. Rogers, W. F. Ames (1989), A. D. Po1yanin, 
V. F. Zaitsev (2004). 

2.5. AH<I><J>epeH~HaJ\bHble noACTaHOBKH 

IlOMHMO npeo6pa30BaHHH neKJiyH.D:a, B MaTeMaTnqecKOH QJH3HKe HCllOJib3YIOTC51 

TaiOKe .[(HQJQJepeH[(HaJibHbie llO.[(CTaHOBKH. )l,JI51 ypaBHeHHH BTOpOrO ll0p51.[(Ka .[(HQJ

QJepeH[(HaJibHbie llO.[(CTaHOBKH 06biqHO HMeiOT BH.[( 

( au au) w = w x, y, u, OX '8y . 

)l,HQJQJepeH[(HaJibHa51 llO.[(CTaHOBKa llOBbiiilaeT ll0p51.IJ:OK ypaBHeHH51 ( eCJIH OHa 

llO.[(CTaBJI51eTC51 B ypaBHeHHe .[(JI51 W) If ll03BOJI51eT C llOMOII.l,biO peiileHHH O.[(HOrO 

ypasHeHH51 nonyqaTb peii1eHH51 .n:pyroro. Cs513b Me)l(.n:y peii1eHH51MH 3THX ypasHe

HHH, B006Ill,e rOBOp51, Heo6paTHMa If HOCHT O.[(HOCTOpOHHHH xapaKTep. )l,HQJQJe

peH[(HaJibHbie llO.[(CTaHOBKH MOryT 6biTb CJie.[(CTBHeM npeo6pa30BaHH51 oeKJiyH.IJ:a 

(XOT51 3TO If He06513aTeJibHO ). )l,HQJQJepeH[(HaJibHa51 llO.[(CTaHOBKa MO)I(eT llOHH)I(aTb 

ll0p51.IJ:OK ypaBHeHH51 (Kor.n:a B KaqecTBe HCXO.[(HOrO npHHHMaeTC51 ypaBHeHHe .[(JI51 u). 
B o6meM cnyqae .n:n<)J<)JepeHU:HaJibHbie no.n:cTaHOBKH onpe.n:eJI51IOTC51 <)JopMynaMH 

(20), r.n:e QJYHKU:HH X, Y, W MoryT 3a.n:asaTbC51 npoH3BOJibHO. 
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UpuMep 12. PaccMOTpiiM ypasHeHIIe E10prepca 

aw aw a2w 
at = wa;; + ax2 · (51) 

IJepsoe COOTHOWeHIIe ( 41) MOlKHO 3aniiCaTh KaK )lll<jl<jlepeHUIIaJihHY!O nO)lCTaHOBKY (npeo6pa30-

BaHIIe Xon<Pa- Koyna) 

W = 2ux. 
u 

IIo)lcTaBJlllll (52) B (51), nony'IIIM ypaBHeHIIe 

KOTOpOe MOlKHO npeo6pa30BaTh K CJJe)ly!OI.I..\eMy Bll)ly: 

a [ 1 ( au a2u)] = o. 
ax u at ax2 

TaKIIM o6pa30M, BCl!KOe pewe1111e JJIIHeiiHoro ypaBHeHIIll TennonpoBOJlHOCTII 

au - a2u = 0 
at ax2 

(52) 

<jlopMynoll (52) nepeBOJliiTCll B pewe1111e ypasHeHIIll E10prepca (51). 06paTHOe HesepHo: pewe1111e 

ypasHeHIIll (51) nopolK)laeT, soo6we rosopll, pewe1111e 6onee o6wero ypasHeHIIll 

au - a2u = f(t)u 
at ax2 , 

r)le j(t)-HeKOTOpall <jlyHKUIIll t. 

UpuMep 13. YpasHeHIIe CTaUIIOHapHoro naMIIHapHoro riiJlPOJliiHaMII'IeCKoro norpaHII'IHOro 

CJJOll Ha nJJOCKOH nJJaCTIIHe IIMeeT Bll)l 

aw a2w aw a2w a3 w 
----------- = 1/--
ay axay ax ay2 ay3 , (53) 

r)le W - <jlyHKUIIll TOKa, X II y - COOTBeTCTBeHHO npO)lOJlhHal! II nonepe'!Hal! KOOp)liiHaThl, 1/ -

KIIHeMaTII'IeCKall Bli3KOCTh lKII)lKOCTII. 

Ilpeo6pa3oBaHIIe M113eca (Jlll<jl<jlepeHUIIaJihHal! nO)lCTaHOBKa) 

~ = x, TJ = w, 
aw 

u(~, TJ) = ay' r)le w = w(x, y), (54) 

nOHIIlKaeT nopll)lOK ypaBHeHIIll (53) II npiiBO)liiT ero K 6oJJee npOCTOMY HeJJIIHeHHOMY ypaBHeHII!O 

TenJJOnpOBO)lHOCTII 

au a(au) 
7)f = v aTJ u8r/ . (55) 

f1p11 Bh!BO)le ypaBHeHIIll (55) IICnOJJh30BaJIIICh <j)OpMyJJhl )lJlll BhllJIICJJeHIIll np0113BO)lHhiX: 

a a a a aw a aw a2w au 
-=u- -=-+---- --=u --=u-ay aTJ , ax at; ax aTJ , ay , ay2 aTJ , 

aw a2w aw a2w au a3w a ( au) 
ay axay - ax ay2 = uf)f, ay3 = u8r/ u8r/ . 

~ 3ai)a..,u u ynpa:m:nenuR K pa:Ji). 2.5 

1. IloKa3aTh, 'ITO npeo6pa3oBaHIIe M11yph1 (Jlll<jl<jlepeHUIIaJihHall no)lcTaHOBKa) nepeBOJliiT n106oe 

pewe1111e MOJlll<jJIIUIIposaHHoro ypaBHeHIIll KopTesera- )le <l>p113a 

Wt- 6w2Wx + Wxxx = 0 

B pewe1111e ypasHeHIIll KopTesera- )le <l>p113a 

Ut + 6UUx + Uxxx = 0. 

YKa3aHue. Ha)lo )lOKa3aTh TOlK)leCTBO Ut + 6uux + Uxxx = ( Bx + 2w) ( Wt - 6w2wx + Wxxx). 
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2. Hai1TH o6ll\ee peweHHe ypasHeHHll 

WyWxy- WxWyy = j(x). 

YKaJaHue. l1cnOJJb30BaTb npeo6pa3osaHHe M113eca (54). 

3. Onpe).leJJHTb BH.ll HeJJHHeHHOrO ypaBHeHHll BTOporo nopll.l.IK3, K KOTOpOMY npHBO).IHTCll ypaBHeHHe 
rH.l.IPO.l.IHHaMwiecKoro norpaHwmoro CJJOH (53) c noMO!l\biO npeo6pa3oBaHHll KpoKKo: 

~=X, ( = Wy, 111(~, () = Wyy, r.1.1e w = w(x, y). 

® Jlumepamypa K pa30. 2.5: R. M. Miura (1976), JI. r. JloHUl!HCKHH (1973, CTp. 522-523), 
A. D. Po1yanin, V. F. Zaitsev (2004). 

3 A. )],. OomiHHH, B. <1>. 3aiiues, A. H. )i(ypos 



3. PeweHHfl THna 6eryw,eH BOJ\Hbl H aBTOMOAeJ\bHble 
peweHHfl. MeTOA noA06Hfl 

3.1. npeABBpHTe/\bHble 38Me"'8HHH 

)l,JUI IIOCTpOeHH51 TOqHbiX perneHHH HeJIHHeHHbiX ypaBHeHHH MaTeMaTHqecKOH liJM-

3HKH pa3pa6oTaH p51.[( MeTO.[(OB, OCHOBaHHbiX Ha rrepeXO.[(e K HOBbiM rrepeMeHHbiM 

(3aBHCHMbiM H He3aBHCHMbiM). IlpH 3TOM 06hiqHo CTaBHTC51 QeJih: HaHTH HOBbie 

rrepeMeHHhie, qHCJIO KOTOpbiX MeHhiiie, qeM qHCJIO HCXO.[(HbiX rrepeMeHHbiX. Ile

peXO.[( K TaKHM rrepeMeHHhiM rrpHBO.[(HT K 6oJiee rrpocTbiM ypaBHeHH51M. B qacT

HOCTH, IIOHCK TOqHbiX perneHHH ypaBHeHHH C qacTHbiMH rrpOH3BO.[(HbiMH C .[(BYM51 

He3aBHCHMbiMH rrepeMeHHbiMH CBO.[(HTC51 K HCCJie.[(OBaHHIO 06biKHOBeHHbiX .[(HiiJ

IiJepeHQHaJibHbiX ypaBHeHHH (HJIH cwcTeM TaKHX ypaBHeHHif). EcTeCTBeHHO, rrpw 

yKa3aHHOH pe.[(yKIIHH perneHH51 06hiKHOBeHHbiX .[(MiiJ!lJepeHQHaJibHbiX ypaBHeHHH 

.[(aiOT He BCe perneHH51 HCXO.[(HOrO ypaBHeHH51 C qacTHbiMH rrpOH3BO.[(HbiMH, a JIHIIIb 

KJiacc perneHHH, o6Jia.[(aiOIIIHX HeKOTOpbiMH crreQHaJihHhiMH CBOHCTBaMH. 

HaH60Jiee rrpOCTbiMH KJiaccaMH TOqHbiX perneHHH, KOTOpbie OIIHChiBaiOTC51 

06hiKHOBeHHbiMH .[(MiiJ!lJepeHQHaJibHbiMH ypaBHeHH51MH, 51BJI5110TC51 perneHH51 THIIa 

6ery111eH: BOJIHhi H aBTOMO.[(eJihHhie perneHH51. CyiiieCTBOBaHHe 3THX perneHHH 

06biqHO (HO He Bcer.n:a) o6ycJIOBJieHO HHBapHaHTHOCTbiO paccMaTpHBaeMbiX ypaB

HeHHH OTHOCHTeJibHO rrpeo6pa30BaHHH C.[(BHra H paCT51)1(eHH51-C)I(aTH51. 

PerneHH51 THIIa 6ery111eif BOJIHbl H aBTOMO.[(eJihHhie perneHH51 qacTO BCTpeqaJOTC51 

B pa3JIHqHhiX rrpHJIO)I(eHH51X. HH)I(e paccMoTpeHhi xapaKTepHhie oco6eHHOCTH 3THX 

perneHHH. CqwTaeTC51, qTO HCKOMa51 BeJIHqHHa W 3aBHCHT OT .[(BYX rrepeMeHHbiX: 

X H t, r.[(e t HrpaeT pOJib BpeMeHH, a x-pOJib rrpOCTpaHCTBeHHOH KOOp.[(HHaTbl. 

3.2. PeweHHH THna 6eryw,eM BOJ\Hbl 

3.2.1. 06114MM BMA peweHMM TMna 6ery114el:t BO/\Hbl 

PemeHuRMu muna 6ezyuteii eo!lHbl Ha3hiBaiOTC51 perneHH51 BH.[(a 

w(x, t) = W(z), z = kx- >..t, (1) 

r.n:e BeJiwqwHa ).. / k wrpaeT pOJih cKopocTH pacrrpocTpaHeHH51 BOJIHhi ().. MO)I(eT 6biTh 

JII060rO 3HaKa, 3HaqeHHe A = 0 OTBeqaeT CTaQHOHapHOMY perneHHIO, a 3HaqeHHe 

k = 0 - rrpocTpaHCTBeHHO-O.[(Hopo.n:HoMy perneHHIO ). PerneHH51 THrra 6ery111eH: 

BOJIHbl xapaKTepH3YIOTC51 TeM, qTo rrpoliJHJIH 3THX perneHHH B pa3Hhle MOMeHTbl 

BpeMeHH* IIOJiyqaJOTC51 .D:pyr H3 .D:pyra rrpeo6pa30BaHHeM C.[(BHra H MO)I(HO BBeCTH 

.[(BH)I(YIIIYIOC51 C IIOCT051HHOH CKOpOCTbiO .[(eKapTOBY CHCTeMy KOOp.[(HHaT, B KOTOpOH 

rrpoliJHJib HCKOMOH BeJIHqHHbl 6y.[(eT CTaQHOHapHbiM. IlpH k > 0, A > 0 BOJIHa ( 1) 
.[(BH)I(eTC51 B.[(OJib OCH X BrrpaBO (B CTOpOHY yBeJIHqeHH51 3HaqeHHH x). 

* TepM11H peuteHue muna 6ezyU(eu 60!1Hbt 11CllOJlh3yeTCJI TaKlKe B cny'laJix, KOr)la nepeMeHHaJI t 
11rpaeT pOJlh npOCTpaHCTBeHHOH KOOp.li11HaThl. 
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fiOHCK perneHHH THIIa 6erylll,eH BOJIHbl IIpOBO.[(HTCji IIpjiMOH IIO.[(CTaHOBKOH 

Bbipa)KeHHjl (1) B HCXO.UHOe ypaBHeHHe c yqeTOM paBeHCTB Wx = k W', Wt = -,\ W' 
H T. ,[(. (rnTpHX 0603HaqaeT IIpOH3BO.UHYIO IIO z). 

PerneHHjl THIIa 6erylll,eH BOJIHbl ,[(OIIYCKaiOT ypaBHeHHjl, KOTOpbie He 3aBHCj{T 

j{BHO OT He3aBHCHMbiX nepeMeHHbiX: 

... ) = 0. (2) 

fiO,UCTaBJijljl ( 1) B (2), IIOJiyqHM aBTOHOMHOe 06hiKHOBeHHOe ,UHQJQJepeHI.(HaJibHOe 

ypaBHeHHe OTHOCHTeJihHO QJYHKI.(HH W ( Z): 

F(W, kW', ->.W', k2W", -k.AW", >.2W", ... ) = 0, 

r,Ue k H A- IIpOH3BOJibHbie IIOCTOj{HHbie. 

UpuMep I. Hem!Hei1Hoe ypasHeHI1e TennonpoBO).IHOCTI1 

aw = ~ [!(w) aw J 
at ax ax 

(3) 

).IOnycKaeT perneHI1e Tl1na 6eryll.\eH BOJlHbl. flO).ICTaBI1B (I) B (3), np11X0).111M K 06biKHOBeHHOMY 

).111<jl<jlepeHU11aJlhHOMY ypaBHeHI110 

k2 [f(W)W']' + AW' = 0. 

J1HTerp11pyll ).IBaJK).Ibl, nony411M ero perneHI1e B Hel!BHOM Bl1).1e 

k 2 ! f(W)dW = -z C 
.AW+Cl + 2, 

!).le C1 11 C2- np0113BOJlbHbie nOCTOl!HHbie. 

UpuMep 2. PaccMoTp11M O).IHopo).IHOe ypaBHeHI1e MoHJKa-AMnepa 

( a2w ) 2 - a2w a2w = 0. 
axat ax2 at2 

(4) 

flO).ICTaBI1B B Hero BbipaJKeHI1e (!), nony411M TOJK).IeCTBO. ll03TOMY ypaBHeHI1e (4) 11MeeT perneHI1e 

w = W(kx- At), 

r).le W ( z)- np0113BOJlbHal! <PYHKU11ll, k, A- np0113BOJlhHbie nocTOl!HHbie. 

UpuMep 3. Cl1cTeMa HeJ111HeHHhiX ypaBHeHI1H Maceo- 11 TennonepeHoca np11 HaJ11141111 o6beMHhiX 

XI1MI14eCKI1X peaKU11H 

au a2 u 
8t =a ax2 + f(u, w), 

aw a2w 
at= b ax2 + g(u,w) 

).IOnycKaeT TOLIHOe peweHI1e Tl1na 6eryll.\ei1 BOJlHhi 

u = u(z), w = w(z), z = kx- At, 

i).le <jlyHKU1111 u(z) 11 w(z) Oni1CbiBaiOTCll CI1CTeMOH 06hiKHOBeHHbiX ).111<jl<jlepeHUI1aJlbHbiX ypaBHeHI1H 

ak2 u:z +AU~+ f(u,w) = 0, 

bk2 w:z + AW~ + g(u, w) = 0. 

3.2.2. liiHBapHaHTHOCTb ypaBHeHHH OTHOCHTel\bHO npeo6pa30BaHHH CABHra 

Ba)KHO OTMeTHTb, qTo ypaBHeHHjl BH,Ua (2) HHBapHaHTHbl (T. e. COXpaHjiJOT BH.U) 

OTHOCHTeJibHO npeo6pa30BaHHH C.[(BHra IIO He3aBHCHMbiM nepeMeHHbiM: 

(5) 

3* 
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r,Ue C 1 II C2- IIpOII3BOJibHbie IIOCT051HHbie. CBOifcTBO IIHBapiiaHTHOCTII KOHKpeT

HbiX ypaBHeHIIH OTHOCIITeJibHO rrpeo6pa30BaHIIH C.[(BIIra (5) Hepa3pbiBHO CB513aHO C 

CyllleCTBOBaHIIeM y 3TIIX ypaBHeHIIH perneHIIH TIIIIa 6ery111eli: BOJIHbl (II3 rrepBoro 

CJie,UyeT BTOpoe ). 

PerneHII51 TIIIIa 6ery111eli: BOJIHbl 51BJI51IOTC51 rrpOCTeHIIIIIMII UH6apuaHmHblMU 

pemeHUfl.MU, T. e. perneHII51MII, KOTOpbie o6yCJIOBJieHbl CIIOC06HOCTbiO ypaBHeHIIH 

6biTb IIHBapiiaHTHbiMII OTHOCIITeJibHO HeKOTOpbiX rrpeo6pa30BaHIIH ( CO,Uep:ll<aiiiiiX 

IIpOII3BOJibHbie IIOCT051HHbie ). 

3aMe48HII1e. YCJIOBIIe IIHBapiiaHTHOCTII ypaBHeHII51 OTHOCIITeJihHO rrpeo6pa30-

BaHIIH (5) He 51BJI51eTC51 He06XO.[(IIMbiM ycJIOBIIeM .[(JI51 CyllleCTBOBaHII51 perneHIIH 

TIIIIa 6ery111IIH BOJIHbl. flp51MOH rrposepKOH MO)I(HO y6e,UIITbC51, qTO ypaBHeHIIe 

BToporo rrop51.UKa 

F(w, Wx, Wt, XWx + iWt, Wxx, Wxt, Wtt, XWxx + iWxt, 

XWxt + iwu, x 2Wxx + 2xiWxt + t2wu, XWtWxx + iwxwtt) = 0 

He .uorrycKaeT rrpeo6pa3oBaHIIH BII.Ua (5), HO IIMeeT ToqHoe perneHIIe TIIrra 6ery111eli: 

BOJIHbl ( 1 ), KOTOpoe OIIIICbiBaeTC51 06hiKHOBeHHbiM ,UIIQJQJepeHI.(IIaJibHbiM ypaBHeHII

eM 

F(W,kW', ->..W', zW',k2 W", -k>..W", .A. 2 W", kzW", ->..zW", z2 W", -k>..zW") = 0. 

3.2.3. <J>yHK~HOHa/\bHOe ypaBHeHHe, 3aAaiOW,ee peweHHH THna 6eryw,eH BO/\Hbl 

floKa)l(eM, qTO perneHII51 TIIIIa 6ery111eJi: BOJIHbl MO)I(HO OIIpe,UeJIIITb KaK perneHII51 

QJYHKI.(IIOHaJibHOrO ypaBHeHII51 

w(x, t) = w(x + C>., t + Ck), (6) 

r,Ue k II ).. - HeKOTOpbie IIOCT051HHbie, C- IIpOII3BOJibHa51 IIOCT051HHa51. YpaBHe

HIIe (6) 03HaqaeT, qTO IICKOMa51 QJYHKI.(II51 He MeH51eTC51 IIpii O.[(HOBpeMeHHOM yseJIII

qeHIIII 060IIX apryMeHTOB Ha IIpOIIOpi.(IIOHaJibHbie BeJIIIqiiHbl ( C- K03QJQJIII.(IIeHT 

IIpOIIOpi.(IIOHaJibHOCTII). 

)J,eli:cTBIITeJihHO, .UIIQJ<)JepeHI.(IIPY51 ypaBHeHIIe (6) no C, a 3aTeM rroJiara51 C = 0, 
IIpiiXO.[(IIM K ,UIIQJQJepeHI.(IIaJibHOMY ypaBHeHIIIO C qaCTHbiMII IIpOII3BO.[(HbiMII rrep-

soro rrop51.UKa 

).. ow+ k ow = 0. 
ox ot 

06111ee peiiieHIIe :noro ypaBHeHII51 CTpOIITC51 MeTO,[(OM xapaKTepiiCTIIK II IIMeeT 

BII.[( (1 ), qTo II Tpe60BaJIOCb .[(0Ka3aTb. 

~ 3ai>a•lU u ynpa;m:nenuR K pa"JO. 3.2 

1. HaHTll peweHHe Tllna 6eryll\eH BOJIHbl ypaBHeHIIJI o10prepca: Wt + WWx = GWxx. 

2. HaHTll peweHIIJI Tlllla 6eryll\eH BOJIHbl HeJIHHeHHbiX ypaBHeHIIH TellJIOllpOBO)lHOCTll: 

a) Wt = (wwx)x, 
b) Wt + awx = (wwx)x, 
c) Wt = (wwx)x +a. 

3. HailTH o6Il\ee peweHHe JIHHeHHoro ypaBHeHHJI Wtt = Wxx nyTeM nocTpoeHHJI TO'IHbiX peweHHH 

THna 6eryll\eH BOJIHbi. 

YKa3aHue. 11cnoJib30BaTb npHHUllll cynepno311Ullll peweHHH )lJIJI JIHHeHHbiX ypaBHeHHH. 
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4. HaHTI1 peweHI1JI TI1IIa 6eryll.\eH BOJJHbl Hem!HeHHbiX BOJJHOBbiX ypaBHeHI1H: 

a) Wtt = (wwx)x, 
b) Wtt = [f(w)wx]x. 

5. HaHTI1 peweHI1JI TI1IIa 6eryll.\eH BOJJHbl HeJJI1HeHHbiX ypaBHeHI1H: 

a) Wt = [f(wx)]x, 
b) Wtt = [f(wx)]x. 

6. floKa3aTb, 'ITO CJle)lyiO!l.\11e ypaBHeHI1JI He 11MeiOT peweHI1H TI1IIa 6eryll.\eH BOJlHbi: 

a) Wt = (wwx)x +X, 
b) Wtt = (wwx)x + t 2 . 

7. HaHTI1 peweHI1e 3a)la'll1 )lJJJI HeJJI1HeHHoro ypaBHeHI1JI TerrJJorrpoBO)lHOCTI1 Wt = a( wn Wx) x c 

Ha'!aJJbHbiM 11 rpaHI1'1HbiM YCJJOBI1JIMI1 

w = 0 rrp11 t = 0 (x > 0), w = kt 11n rrp11 x = 0 (t > 0). 

YKa3aHue. PeweHI1e 11ll.\eTCJI B Bl1)le 

w(x, t) = { b
0
(>.t- x)m rrp11 0 '( x '(.At, 

rrp11 x > >.t. 

8. HaHTI1 TO'IHbie peweHI1JI Tl1rra 6eryll.\eH BOJJHbi ypaBHeHI1JI EopHa -11H<jJeJJb)la 

(1- wi)wxx + 2WxWtWxt- (1 + w;)wtt = 0. 
3aMe4aHHe. 3TO ypaBHeHI1e 11CIIOJlb3YeTCJI B HeJJI1HeHHOH ::meKTpO)li1HaMI1Ke (B TeOp1111 IIOJJll). 

9. lloKa3aTb, 'ITO ypasHeHI1e KopTesera- )le <l>p113a Wt + Wxxx - 6wwx = 0 11MeeT cJJe)lyiO!l.\ee 

peweHI1e TI1IIa 6eryll.\eH BOJlHbi: 

w =- 2ch2 [ i-V:\(z- z0 )] ' 

r)le zo 11 >. > 0- rrpo113BOJJbHbie rrocTOJIHHbie. 

Z =X- At, 

10. HailTI1 peweHI1e Tl1rra 6eryll.\eH BOJJHbi ypasHeHI1JI £ycci1HeCKa: Wtt +a( wwx)x + bwxxxx = 0. 

3.3. ABTOMOAe/\bHble peweHHR. MeTOA nOA06HR 

3.3.1. 06w,HH BHA aBTOMOAe/\bHbiX peweHHH. MeTOA noAo6HH 

AemoModellbHblMU Ha3biBaiOTC51 perneHH51 sn.n:a 

w(x, t) = {'"U((), ( = xtf3. (7) 

IlpocpHJIH 3THX perneHHH B pa3Hble MOMeHTbl BpeMeHH IIOJiyqaiOTC51 .n:pyr H3 .n:pyra 

npeo6pa306Q11U5l.MU nodo6ufl (npeo6pa30BaHH51MH THIIa paCT51)1(eHH51 HJIH C)l(aTH51). 

AsToMo.n:eJibHbie perneHH51 cymecTBYIOT, ecnn pacT51)1(eHne He3aBHCHMbiX n 

3aBHCHMOH nepeMeHHbiX IIO npaBHJIY 

t = Ct, X = Ckx, w = cmw, 
C > 0- IIpOH3BOJibHa51 IIOCT051HHa51, 

(8) 

IIpH COOTBeTCTBYIOII(eM Bbi6ope k If m 3KBHBaJieHTHO TO)I(.[(eCTBeHHOMY npeo6pa-

30BaHHIO, T. e. HCXO.[(HOe ypaBHeHHe 

F(x, t, w, Wx, Wt, Wxx, Wxt, Wtt, .. . ) = 0 (9) 

B pe3yJibTaTe npeo6pa30BaHH51 (8) nepeXO.[(HT B TOqHO TaKOe )l(e ypaBHeHHe 

(1 0) 



38 PEIIIEHII51 TllllA BErY!l\EH BOJIHbl II ABTOMO,[\EJibHbiE PEIIIEHII51. METO,[\ ll0,[\0Bll51 

3.uecb «PYHKU:IUI F Ta )l(e caMajJ:, qTo H B ypasHeHHH (9); rrpH 3TOM ypasHeHHe (9) 
He 3aBHCHT OT rrapaMeTpa C. 

HaH:.ueM CBjJ:3b Me)l(.uy rrapaMeTpaMH a, (3 B perneHHH (7) H rrapaMeTpaMH k, m 
B rrpeo6pa3oBaHim pacn)l(eHHjJ:-C)I(aTHjJ: (8). IlycTh 

w = <P(x, t) (11) 

-perneHHe ypasHeHHjJ: (9). Tor.ua «PYHKQHjJ: 

w = <P(x, t) (12) 

6y,UeT perneHHeM ypaBHeHHjJ: (1 0). 
YqHTbiBajJ: jJ:BHbiH BH.[( perneHHjJ: (7), H3 (12) IIOJiyqHM 

(13) 

B03Bpal[(aj{Cb B (13) K HCXO,[(HbiM rrepeMeHHbiM C IIOMOI[(biO (8), HMeeM 

(14) 

3Ta «PYHKQHjJ:, no rrocTpoeHHIO, y.uosneTBOpjJ:eT ypaBHeHHIO (9), T. e. jJ:BJijJ:eTCjJ: ero 

perneHHeM. flOTpe6yeM, qT06bi perneHHe ( 14) COBIIaJIO C (7) ( T. e. qT06bi ycJIOBHe 

e,UHHCTBeHHOCTH perneHHjJ: BbiiiOJIHjJ:JIOCb .[(Jljl JII06biX 3HaqeHHH rrapaMeTpa C #- 0). 
):I;JijJ: 3TOrO Ha,UO IIOJIO)I(HTb 

a= m, (3 = -k. (15) 

Ha rrpaKTHKe rroHCK aBTOMO,UeJibHhiX perneHHH rrpoBO.UHTCjJ: no rronyqeHHOMY 

Bblllie KpHTepHIO cyl[(eCTBOBaHHjJ:: eCJIH k H m B (8) HaH,UeHhl, TO aBTOMO,UeJihHbie 

rrepeMeHHbie HMeiOT BH.[( (7) C rrapaMeTpaMH (15). 
MeTO.[( IIOCTpOeHHjJ: aBTOMO,UeJihHbiX perneHHH, OCHOBaHHbiH Ha HCIIOJib30BaHHH 

rrpeo6pa30BaHHH paCTjJ:)I(eHHjJ:-C)I(aTHjJ: THITa (8), HOCHT Ha3BaHHe Memooa nooo6ufl. 
Ba)I(HO OTMeTHTh, qTo 3TH rrpeo6pa3oBaHHjJ: co.uep)l(aT cso6o,UHhiH (rrpoH3BOJihHhiH) 

rrapaMeTp C. 
):I;JijJ: HarJiji.[(HOCTH Ha pHC. 1 H306pa)l(eHbl OCHOBHbie 3Tallbl IIOCTpOeHHjJ: aBTO

MO,UeJihHbiX perneHHH. 

3.3.2. npHMepbl aBTOMOAe/\bHbiX peweHHH ypaBHeHHH MaTeMaTH4eCKOH $H3HKH H 

MeXaHHKH 

UpuMep 4. PaccMOTpHM ypasHeHHe TenJionpoBO).IHOCTH c HeJIHHeHHhiM HCTO'lHHKOM CTeneHHOro 

THna 
2 

ow =a a w + bwn. (16) 
at ox2 

PacnnKeHHe nepeMeHHhiX no <jlopMyJiaM (8) npeo6pa3yeT ypasHeHHe (16) K cJie).lyiOII.IeMy BH).Iy: 

cm-1 ow = cm-2k 82w bcmn -n 
8t a 8x2 + w · 

flpHpaBHHBaHHe CTeneHeH C ).laeT CliCTeMy JIHHeHHhiX aJire6paH'leCKIIX ypaBHeHHH ).IJill onpe).leJieHllll 

llOCTOl!HHhiX k II m: 

m - 1 = m - 2k = mn, 

KOTOpal! HMeeT e).IHHCTBeHHOe peweHHe: k = t, m = 1 ~n. Y'lliThiBal! 3TH paBeHCTBa II liCllOJih3Yll 

<jlopMyJihl (7) II ( 15), HaXO).IliM aBTOMO).IeJibHbie nepeMeHHbie 

w = t 11 <1-nlu((), ( = xC 112 . 
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Hcxon;uoe ypasueuue: F(x, t, w, w"'' wt, w"""' w,I:t, wtt, ... ) = 0 

.[{enaeM rrpeo6pa3oBaHne 

pacnrJKeHI!l!!cJKanur 

Ilon;CTaB.'IHeM B ypasueuue t = Ct, X = Ckx, w = crnw 
3p_ech C- cso6op_Hhiil rrapaMeTp, 

k II m - HeKOTOphie LJIICJia 

Ilon;6upaeM k u m, TaK 'IT06LI ypasueuue coxpaun.'IO sun: 

T. e. ITOJIYLJIIM ypaBHeHIIe 

P(X, t, 1V, 1Vy, 1V;;, tU7_7 , ?.Urt. 1Vtt • ... ) = 0 

ABTOMOn;e.'lhHOe perneuue HMeeT BHLJ;: w(x, t) = tm'U((), ( = xCk 

I10;J;CTaBJilleM 

B IICXO;J;HOe ypaBHeH!!e 

,[.I,.'IH U( () no.'ly'IHM o6hiKnoseuuoe n;u«J!«J!epeuuuam.uoe ypasueuue 

39 

Puc. 1. f1pOCTeilwall CXeMa ITOCTpOeHIIll aBTOMO,QeJihHh!X peweHIIil, KOTOpall LJaCTO IICITOJih3yeTCll Ha 

rrpaKTI!Ke. 

Tiop_cTaBJillll 11x B ( 16), rrp11xop_11M K o6h!KHOBeHHOMY ,QII<jl<jlepeHUIIaJ!hHOMY ypaBHeHIIIO ,QJlll orrpep_e

neHIIll <jlyHKUIIII U ( (): 
II 1 I 1 n 

aU(( + 2 cu( + n _ 1 U + bU = 0. 

UpuMep 5. PaccMoTpiiM HeJJIIHeiiHoe ypasHeHIIe 

;t~ = a :x ( wn ~: ) ' 

KOTOpOe BCTpeLJaeTCll B 3a,QaLJaX BOJlHOBOil II ra30BOil ,QIIHaMIIKII. 

f10,QCTaBIIB (8) B ( 17), ITOJJYLJIIM 

cm-2 EJ2w = acmn+m-2k _!!__ (wn aw). 
af2 ax ax 

(17) 

I1p11paBHIIBaHIIe cTerreHeil C p_aeT op_Ho JliiHeiiHoe ypaBHeHIIe: m - 2 = mn + m - 2k. 0TCIO,Qa 

IIMeeM: k = i-mn + 1, rp_e m MOJKeT OhiTh Bhi6paHo rrp0113BOJlhHO. Hcrronh3Yll p_a.nee <jlopMynhi (7) 
II ( 15), HaXO,QIIM aBTOMO,QeJlhHhie rrepeMeHHhie: 

w = tmU((), ( = xC-}mn-!, m-n106oe. 

Tiop_cTaBI!B 11x B (17), MOJKHO rronyLJIITh OOhiKHOBeHHOe p_n<jl<jlepeHUIIaJlhHOe ypasHeHIIe ,QJlll <PYHK

U1111U((). 

B Ta6n. 1 rrpiise.ueHbi .upyriie rrpiiMepbi aBTOMO,UeJibHhiX perneHIIH HeJIIIHeHHbiX 

ypaBHeHIIH MaTeMaTII'IeCKOH «PII3IIKII. 

OrriicaHHbiH MeTO.U rrocTpoeHII51 aBTOMO,UeJihHbiX perneHIIH rrpiiMeHIIM TaiOKe K 

CIICTeMaM ypaBHeHIIH C 'laCTHbiMII IIpOII3BO,[(HbiMII. IlpOIIJIJIIOCTpiipyeM CKa3aHHOe 

Ha KOHKpeTHOM IIpiiMepe. 

UpuMep 6. PaccMoTpiiM CIICTeMy ypaBHeHIIil cTaUIIOHapHoro naMIIHapHoro mp_pop_IIHaMIILJe

CKoro ITOrpaHIILJHOrO CJlOll Ha ITJlOCKOi! ITJlaCTI!He: 

au au a2u 
u-+v- =v--, 

ax ay ay2 

au + .0!_ = 0. 
ax ay 

( 18) 
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T AEJ1111J,A I 
HeKoTopbie HeJIIIHeifHhie ypasHeHIIll MaTeMaTII'IecKoif 

<jlii311KII, ,QOIIYCKa!Oll\lle aBTOMO,QeJibHbJe pe!lleHIIll 

YpasHeHHe Ha3sa1111e ypasHeHHll 81111 perneHHll Onpe)1eJiliiOIUee ypasHeHHe 

ow =~[f(w)aw] 
HecTaUHOHapHoe 

ypaBHeHHe w=w(z), z=xc 112 [f(w)w']' + -tzw' = 0 
at ax ax TeiiJIOIIpOB0)1HOCTII 

ow =a~(wnaw)+bwk 
YpasHeHHe w=tPu(z), z=xtq, a(unu')'-qzu'+ 

TeiiJIOIIpOB0)1HOCTII 
p= 1~k, k-n-1 

+buk-pu=O at ax ax q= 2(1-k) C IICTO'IHIIKOM 

ow =a 82w +bw ow YpasHeHHe w=c 112u(z), au"+buu'+ tzu'+tu=O 
at 8x2 ax fi10prepca z=xt- 112 

ow =a 82w +b( ow) 2 
00TeHQIIaJihHOe 

ypaBHeHHe w=w(z), z=xc 112 aw" +b( w') 2+ -tzw' = 0 
at 8x2 ax fiiOprepca 

ow = a ( ow ) k 82w 
YpasHeHHe w=tPu(z), z=xtq, 

HeJIHHeHHOH p=- (k+2)q+1 a( u')ku" = qzu' +pu 
at ax EJx2 k 

QJIIJibTpaUHII q-JII06oe 

ow = f ( ow ) 82w 
YpasHeHIIe 

w = t 112u(z), 
HeJIHHeHHOH 2f( u')u" + zu'- u = 0 

at ax EJx2 QJIIJibTpaUHII z=xt- 112 

82w a [ awl BoJIHosoe 
w=w(z), z=x/t (z 2w')' = [!( w)w']' 8t2 =ax f(w) ax ypaBHeHHe 

EJ2w EJ2w YpasHeHHe 2 (l+z2)u"- 2(l+n) zu'+ 
w=x 1-nu(z), 1-n 

--+--=awn TeiiJIOIIpOB0)1HOCTII 
+ 2(1+n) u-aun=O EJx2 EJy2 

C IICTO'IHIIKOM z=yjx (1-n)2 

82w ow 82w YpasHeHIIe w = x-3k- 2u(z), _a_u'u" + £z2u"-
EJx2 +aa:y EJy2 =0 TPaHC3ByKosoro k+1 k+1 

z=xky, k-JII06oe -5kzu' +3(3k+2)u=0 Te'!eHIIll ra3a 

ow =a 83w +bw ow 
YpasHeHIIe 

w = t- 213u(z), 
KopTesera- au"'+buu' + tzu'+ §-u=O 

at 8x3 ax 11e <l>p113a z=xt- 113 

ow EJ2w ow 82w EJ3w YpasHeHHe w = x.\+1u(z), (2.\+ 1)( u') 2- (.A+ l)uu" 
-------=a--
By oxoy ox oy2 EJy3 

norpaHHLJHOro z=x.\y, 
==au"' CJIOll .\-JII06oe 

Cp_eJiaeM B ( 18) paCTl!JKeHIIe He3aBIICIIMbiX 11 3aBIICIIMbiX rrepeMeHHbiX rro rrpaBIIJIY 

X= Cx, y = Ckfj, u =emu, v = cnv. (19) 

YMHOlKIIB IIOJIY'IeHHbie ypaBHeHIIll Ha IIO,QXO,Il_llll\lle IIOCTOliHHbie MHOlKIITeJIII, IIMeeM 

-au. cn-m-k+1- au. c-m-2k+1 82u u-+ v-= v--
ox ay oy2 ' 

au. + cn-m-k+1 av = 0. 
ax of} 

(20) 

floTpe6yeM, 'IT06bi 811,11_ ypaBHeHIIH rrpeo6pa30BaHHOH CIICTeMbl (20) COB!laJI C BII,QOM ypaBHe

HIIH IICXO,QHOH CIICTeMbl ( 18). 3TO YCJIOBIIe p_aeT ,QBa JIIIHeHHbiX aJire6pa11'1eCKIIX ypaBHeHIIll: 

n- m- k + 1 = 0, -2k- m + 1 = 0. Pa3peUIIIB IIX OTHOCIITeJibHO m II n, IIOJIY'IIIM 

m = 1 - 2k, n = -k, (21) 

rp_e IIOKa3aTeJib k MOJKeT 6biTb Bbi6paH IIp0113BOJibHO. ,L(Jill IIOCTpOeHIIll aBTOMO,QeJibHOfO pellleHIIll 

IICIIOJib3yeM CXeMy Ha p11C. I, B KOTOpOif ,ll_Jlll Orrpep_eJieHIIll BII,Qa <jlyHKLIIIH U II V Ha,QO COOTBeTCTBeHHO 

rrepeo603Ha'IIITb X ----> y, t ----> X, W ----> U (P-Jill KOMIIOHeHTbl U) II X ----> y, t ----> X, W ----> V, m ----> n (P-Jill 
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KOMIIOHeHTbl v). 8 pe3yJlbTaTe HMeeM 

u(x,y) = x 1 - 2 kU((), v(x,y) = x-kV((), ( = yx-k, (22) 

r)le k- IIp0113BOJlbHall IIOCTOliHHall. flO)lCTaBHB (22) B 11CXOilHYIO CHCTeMy ( 18), IIOJlY'IHM CHCTeMy 

06biKHOBeHHbiX )li1<Jl<JlepeHI..(I1aJlbHbiX ypaBHeHHH )lJlll <JlyHKUI1H U = U ( (), V = V ( (): 

U[(l- 2k)U- k(U(] + VU( = vU((, 

(1- 2k)U- k(U( + V( = 0. 

3.3.3. EiOAee 06W,HH nOAXOA, OCHOBaHHbiH Ha peweHHH cl>YHK'-'HOHa/\bHOrO 

ypaBHeHHH 

AnropHTM ITOCTpOeHH51 aBTOMO,UeJibHOrO perneHH51, OITHCaHHbiH B pa3,U. 3.3 .1, 6biJI 

OCHOBaH Ha 51BHOM ITpe.ucTaBJieHHH :noro perneHH51 B BH.Ue (7). O.uHaKo cyrn:ecTByeT 

6oJiee 06Il(HH ITO,UXO,U, IT03BOJI5110Il(HH BbiBeCTH 3aBHCHMOCTb (7) HeiTOCpe,UCTBeHHO 

H3 YCJIOBH51 HHBapHaHTHOCTH ypaBHeHH51 (9) OTHOCHTeJihHO ITpeo6pa30BaHH51 (8). 
)J,eHCTBHTeJihHO, 6y,UeM cqHTaTh, qTo ypaBHeHHe (9) B pe3yJihTaTe ITpeo6pa30-

BaHH51 (8) ITepexo,UHT B TOqHo TaKoe )l(e ypaBHeHHe (1 0). IIycTb (11)- perneHHe 

ypaBHeHH51 (9). Tor.ua cpyHKI.J,H51 (12) 6y.ueT perneHHeM ypaBHeHH51 (10). Bo3Bparn:a-

51Ch B (12) K HCXO,UHbiM ITepeMeHHbiM (8), HMeeM 

(23) 

3Ta cpyHKI.J,H51, ITO ITOCTpoeHHIO, y.uoBJieTBOp51eT ypaBHeHHIO (9), T. e. 51BJI51eTC51 ero 

perneHHeM. I1oTpe6yeM, qT06bi perneHHe (23) COBITaJIO C (11) ( T. e. qT06bi ycJIOBHe 

e,UHHCTBeHHOCTH perneHH51 BbiiiOJIH51JIOCb ,UJI51 JII06hiX 3HaqeHHH ITapaMeTpa C 'f. 0). 
B pe3yJihTaTe ITPHXO.UHM K cpyHKI.J,HOHaJihHOMY ypaBHeHHIO 

(24) 

IIpH C = 1 ypaBHeHHe (24) o6parn:aeTC51 B TO)I(,UecTBO. Pa3JIO)I(HM (24) B p51.U 

ITO ITapaMeTpy C B OKpeCTHOCTH 3HaqeHH51 C = 1, 3aTeM ITO,UeJIHM ITOJiyqeHHOe 

Bbipa)l(eHHe Ha ( C - 1) H ITepeH:.ueM K ITpe.ueny ITPH C ----+ 1. B pe3yJihTaTe 

ITOJiyqHM JIHHeHHOe ypaBHeHHe C qaCTHbiMH ITpOH3BO,UHbiMH ITepBOrO ITOp51,UKa ,UJI51 

cpyHKI.I,HH <l>: 

(25) 

3aiTHII1eM COOTBeTCTBYIOII.(yiO xapaKTepHCTHqecKyiO CHCTeMy 06biKHOBeHHbiX ,UHcp

cpepeHI.J,HaJibHbiX ypaBHeHHH ( CM. pa3,U. 14.1.1 ): 

dx dt d<I> 
kx rn<I> · 

Haxo,UHM ee ITepBbie HHTerpanbi: 

xck = A1, tm<I> = A2, 

r.ue A1, A2- ITpOH3BOJihHbie ITOCT051HHbie. 06rn:ee perneHHe ypaBHeHH51 c qacTHhi

MH ITpOH3BO.UHhiMH (25) Hll(eTC51 B BH.Ue A2 = U (A 1), r.ue U (A) - ITpOH3BOJibHa51 

cpyHKI.J,H51 (eM. pa3.U. 14.1.1 ). B pe3yJihTaTe ITonyqHM perneHHe cpyHKI.J,HOHaJihHoro 

ypaBHeHH51 (24): 
(26) 

IIo.ucTaBHB (26) B ( 11 ), ITPHXO.UHM K aBTOMO.UeJihHOMY perneHHIO (7) c ITapaMeT

paMH (15). 
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3.3.4. HeKOTOpble aaMel.laHHH 

3aMe4aHI-1e 1. Ilpn o: = 0 aBTOMO.D:eJibHbie perneHmi (7) BCTpeqaiOTC51 B 3a.n:aqax 

C npOCTeMIIIHMH HaqaJibHbiMH If rpaHifqHbiMH YCJIOBH51MH: 

W = W1 npH t = 0 (X > 0), W = W2 npH X = 0 ( t > 0), 

r.n:e w1 If w2 - HeKOTOpbie KOHCTaHTbl. 

3aMe4aHI-1e 2. Ycnosne cymecTBOBaHH51 npeo6pa3oBaHH51 (8), coxpaH51IOIII,ero 

BH.[( paCCMaTpHBaeMOrO ypaBHeHH51, 51BJI51eTC51 .[(OCTaToqHbiM .[(JI51 cyiii,eCTBOBaHH51 

aBTOMO.D:eJihHoro perneHH51. O.n:HaKo 3TO ycnosne He 51BJI51eTC51 Heo6xo.n:HMbiM: 

cyiii,eCTBYIOT ypaBHeHH51, KOTOpbie He .[(OllYCKaiOT npeo6pa30BaHHM BH.[(a (8), HO 

HMeiOT aBTOMO.[(eJibHbie perneHH51. 

HanpnMep,ypasHeHne 

82 w 82 w 2 2 
a 8x2 + b 8t2 = (bx +at )f(w) 

HMeeT aBTOMO.[(eJibHOe perneHHe 

w = w(z), z = xt ====} w"- f(w) = 0, 

HO He .n:onycKaeT npeo6pa3oBaHHM sn.n:a (8). B YKa3aHHOM ypaBHeHHH a H b MoryT 

6biTb npOH3BOJibHbiMH «tJyHK[(H51MH apryMeHTOB X, t, W, Wx, Wt, Wxx, ... 

Eonee rnnpoKHM KJiacc ypasHeHHM 

r.n:e ak If bk- npOH3BOJibHbie «tJyHK[(HH apryMeHTOB X, t, W, Wx, ... , TaiOKe He 

.[(OllYCKaeT npeo6pa30BaHHM BH.[(a (8), HO HMeeT aBTOMO.[(eJibHbie perneHH51 BH.[(a 

w = w(z), z = xt. 

3aMe4aHI-1e 3. PerneHH51 Tnna 6erymeil: BOJIHbi TecHo CB513aHbi c aBTOMo.n:enh

HbiMH perneHH51MH. )J,eMCTBHTeJibHO, llOJIO)I(IfB B (1) 

t = ln T, x = ln y, 

llOJiyqnM npe.[(CTaBJieHHe 6eryiii,eM BOJIHbl B aBTOMO.[(eJibHOM BH.[(e 

w = W (k ln(yT--\fk)) = U(yT-Afk), 

r.n:e U(z) = W(k ln z). 

~ 3ai>a•lU u ynpa;m:nenuR « pa"JO. 3.3 

I. HailTH aBTOMO).IeJibHbie peiiieHHll HeJIHHeHHbiX ypasHeHHH TenJionpoBO).IHOCTH: 

a) Wt = a(wwx)x, 
b) Wt = a(wnwx)x, 
c) Wt = a(ewwx)x. 

2. HaHTll aBTOMO).IeJibHble peiiieHllll HeJIHHeHHbiX ypaBHeHIIH TellJIOllpOBO).IHOCTll C IICTOLJHIIKOM: 

a) Wt = ax-n(xnwwx)x + b, 
b) Wt = ax-n(xnwkwx)x + bwm, 
c) Wt = a(xnwx)x + bwk, 
d) Wt = a(wnwx)x + bxk. 
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3. HailTI1 asTOMO,QeJJbHOe peweHI1e 3ap_a'fl1 o p_11<jl<jJy3110HHOM rrorpaHI14HOM cJJoe Ha rrJJOCKOH rrJJa

CTI1He, KOTOpall Oili1Cb!BaeTCll ypaBHeHI1eM 

4ayx- 112wx + ay2x-312wy = Wyy 
11 rpaHI14HbiM11 YCJ10BI1l!MI1 

W = W! rrp11 X = 0, W = W2 rrp11 y = 0, W ----> W! rrp11 y ----> +oo. 

4. HailTI1 aBTOMO,QeJlhHOe peweHI1e o6o6!lleHHoro ypasHeHI1ll TerrJJosoro rrorpaHI14Horo CJlOll ( B 

'faCTHOCTI1, OHO 0Ili1CbiBaeT TeilJJ006MeH IlJlOCKOH IlJlaCTI1Hbl C 06TeKaiOllleH ee lKI1,QKOCTbiO) 

!(_!!___)ow + _l_g(_!!__) ow _ 82w 
Vx ox y'x y'x By - EJy2 ' 

yp_osJJeTBOpliiOlllee rpaHI14HhiM ycJJOBI1l!M 113 rrpep_biP-Ylllero rrp11Mepa. 

5. HailTI1 peweHI1e HeJJI1HeilHoro ypasHeHI1ll TerrJJorrposop_HOCTI1 

Wt = a(wnwx)x, 
yp_osJJeTBOpliiOlllee Ha'faJJhHhiM 11 rpaHI14HhiM ycJJOBI1l!M: 

a) w = 2 rrp11 t=O (x > 0), w= 1 rrp11 x=O (t > 0); 
b) w=O rrp11 t=O (x > 0), w = t rrp11 x=O (t > 0); 
c) w=O rrp11 t=O (x > 0), w = btk rrp11 x=O (t>O). 

6. HaHTI1 peWeHI1e 3a,Qa'fl1 0 TeilJlOBOM B3pb!Be, KOTOpall Oili1Cb!BaeTCll HeJ111HeHHbiM ypaBHeHI1eM 

TeilJ10IlpOBO,QHOCTI1 Wt = a( WnWx )x, Ha'faJJbHbiM 11 rpaHI14HbiM YCJ10BI1l!MI1 

w = 0 rrp11 t = 0 (x > 0), W----> 0 rrp11 X----> 00 (t > 0), 

a TaKJKe ycJJOBI1eM coxpaHeHI1ll ::mepm11 

./_: w(x, t) dx =Eo > 0. 

7. HailTI1 aBTOMO,QeJlhHOe peweHI1e o6o6!lleHHoro ypasHeHI1ll £10prepca: 

Wt + awnWx = bwxx· 

8. HailTI1 asTOMO,QeJJhHhie peweHI1ll HeJJI1HeHHhiX BOJJHOBhiX ypasHeHI1H: 

a) Wtt = a(wwx)x + b, 
b) Wtt = a(wnwx)x + bwk, 
c) Wtt = a(e:..wwx)x. 

9. HailTI1 asTOMO,QeJJhHhie peweHI1ll HeJJI1HeHHhiX ypasHeHI1H: 

a) Wt = f(wxx), 
b) Wtt = [f(wx)]x, 
c) Wtt = f(wxx). 

10. HailTI1 aBTOMO,QeJlhHhie peweHI1ll op_Hopop_Horo 11 Heop_Hopop_HhiX ypasHeHI1H MoHJKa- AMrrepa: 

a) W~y = WxxWyy, 
b) W~y = WxxWyy + axn, 
c) W~y = WxxWyy + ayxn. 

11. HailTI1 aBTOMO,QeJlhHhie peweHI1ll ypasHeHI1H Tl1rra KopTesera- p_e <l>p113a: 

a) Wt + Wxxx + awwx + bC 1w = 0, 
b) Wt + Wxxx + awnWx = 0, 
C) Wt + Wxxx + a(wx)n = 0. 

12. HailTI1 asToMop_eJJhHoe peweHI1e ypasHeHI1ll £ycci1HecKa: 

Wtt + a(wwx)x + bwxxxx = 0. 

13. CseCTI1 CI1CTeMy ypaBHeHI1H r11,Qp0,11_11HaMI14eCKOrD rrorpaHI14HOrO CJ10ll ( 18) K O,QHOMY ypaBHe

HI110 rryTeM BBe,QeHI1ll <jlyHKU1111 TOKa W ITO <jlopMyJJaM U = ~~ , V = - ~'; , a 3aTeM IlOCTp011Tb 

aBTOMO,QeJlhHOe peWeHI1e IlOJly'feHHOrO ypaBHeHI1ll. 

14. HailTI1 aBTOMO,QeJlhHOe peweHI1e ypasHeHI1H mp_pop_I1HaMI1'fecKoro rrorpaHI14Horo CJlOll ( 18) c 

rpaHI14HbiM11 YCJ10BI1l!MI1 

u = v = 0 rrp11 y = 0, u = Uo rrp11 x = 0, u ----> Uo rrp11 y ----> oo. 

YKa3aHUe. )..l,OCTaTO'fHO CBeCTI1 3ap_aqy K CI1CTeMe 06biKHOBeHHbiX ,QI1<jl<jlepeHU11aJJbHbiX ypaBHe

HI1H C COOTBeTCTBYIOllii1MI1 rpaHI14HbiMI1 YCJ10BI1l!MI1. 
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15. HaHTII aBTOMO,L\eJibHOe peiiieHIIe 3ap_aLJII 0 JiaMIIHapHOM TeLJeHIIII CTpyll, KOTOpaJI OlliiCb!BaeTCJI 

ypaBHeHIIJIMII rii,L\pO,L\IIHaMIILJeCKOrO llOrpaHIILJHOrO CJIOJI ( 18), rpaHIILJHbiMII YCJIOBIIJIMII 

uy = 0 np11 y = 0, 

II IIHTerpaJibHbiM yCJIOBIIeM 

v = 0 np11 y = 0, u ----> 0 np11 y ----> oo, 

lr·= 2 u dy =A, 
. o 

A= const . 

16. Onpep_eJIIITb, np11 KaKIIX 3HaLJeHIIJIX napaMeTpos n, m, k, p peaKUIIOHHO-P-II<j:l<j:ly3IIOHHaJI CIICTeMa 

p_onycKaeT aBTOMO,L\eJibHOe peiiieHIIe. 

Ut- G!Uxx = b1unwm, 

Wt- a2Wxx = b2ukwp 

17. Hai1TII o611111i1 BliP- npasoi1 LJaCTII ypasHeHIIH 

a) Wt- Wxx = F(x, t, w), 
b) Wt-Wxx=F(w,wx), 
c) Wt- (wwx)x = F(x, t, w), 
d) Wtt- Wxx = F(x, t, w), 
e) Wtt-Wxx=F(w,wx), 

KOTOpb!e ,L\OllYCKaiOT aBTOMO,L\eJibHble peiiieHIIJI. 

YKa3aHue. 11cnoJib3YJI npeo6pa3oBaHIIJI BliP-a (8), noJiyLJIITb <j:lyHKUIIOHaJibHOe ypasHeHIIe ,L\JIJI 

onpep_eJieHIIJI <j:lyHKUIIII F. PeiiiiiTb 3TO ypasHeHIIe c noMOll.lbiO MeTop_a p_ll<j:l<j:lepeHUIIposaHIIJI aHaJIO

riiLJHO TOMy, KaK 3TO ,L\eJiaJIOCb B pa3,L\. 3.3.3. 

18. Hai1TII o611111i1 BliP- npaBbiX LJacTei1 peaKUIIOHHO-P-II<j:l<j:ly3IIOHHOH CIICTeMbi ypasHeHIIH 

Ut- GUxx = f(u, w), 

Wt- bwxx = g(u,w), 

KOTOpall ,L\OllYCKaeT aBTOMO,L\eJibHble peiiieHIIJI. 

3.4. YpaBHeHHR, HHB8pH8HTHble OTHOCHTe/\bHO KOM6HH8LI,HH 

npeo6pa30B8HHH CABHra H paCTR>KeHHR, H HX peweHHR 

3.4.1. 3KCnOHeHL'-Ha/\bHo-aBTOMOAe/\bHble (npeAe/\bHble) peweHHfl 

3Kcn01te11LfUGJlb1IO-a6mOMOdeJlb11blMU peUte11U5/MU Ha3biBaiOTCH perneHIIH BII.[(a 

w(x, t) = eatv(~), (27) 

3KCIIOHeHI.(IIaJibHO-aBTOMO.[(eJihHhie perneHIIH cyll.(eCTBYIOT, eCJIII paCCMaTpiiBa

eMOe ypaBHeHIIe (9) IIHBapiiaHTHO OTHOCIITeJihHO 11peo6pa30BaHIIH 

(28) 

r,[(e C > 0 - 11pOII3BOJihHaH IIOCTOHHHaH, 11pii HeKOTOpbiX k II m. flpeo6pa30-

BaHIIe (28) 11pe.[(CTaBJIHeT C060H KOM6IIHai.(IIIO 11peo6pa30BaHIIH C.[(BIIra 110 t C 

11peo6pa3oBaHIIHMII TIIIIa pacTH)I(eHIIH-C)I(aTIIH 110 x II w. Ba)I(HO IIO.[(qepKHYTh, qTo 

3TII 11peo6pa1oBaHIIH co.n:ep)l(aT 11pOII3BOJihHhiH llapaMeTp C, a paccMaTpiiBaeMoe 

ypaBHeHIIe He 3aBIICIIT OT llapaMeTpa C. 
HaH:.n:eM CBH3h Me)l(.n:y llapaMeTpaMII a, (3 B perneHIIII (27) II llapaMeTpaMII 

k, m B 11peo6pa1oBaHIIII C.[(BIIra-pacn)l(eHIIH (28). IlycTh w = <I>(x, t) -perneHIIe 

ypaBHeHIIH (9). Tor.n:a cpyHKI.(IIH w = <I>(x, I) 6y.n:eT perneHIIeM ypaBHeHIIH (10). 
YqiiTbiBaH HBHbiH BII.[( perneHIIH (27), IIOJiyqiiM 

w = eatv(xe,6t). 
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TAEJU1IJ,A 2 
11HB3p113HTHble perneHIIJI, llOIICK KOTOpblX OCHOB3H Ha 11Cll0Jlb30B3HIIII KOM611H3UIIH 

npeo6pa30B3HIIH C).IBIIra II paCTJIJKeHIIJI ( C, cl' c2- np0113BOJlbHble llOCTOJIHHble) 

N~ 811.11 perneHIIli 11Hsap11aHTHbie npeo6pa3osaHIIJI CsJI3b MeJK.liY KO::HpqmulleHTaMII 

I w=U(z), z=ax+f3y t=t+C1, x=x+C2 
0: II (3- np0113BOJlbHble 

llOCTOJIHHble 

2 w=t"'U(z), z=xt13 t=Ct, x=Ckx, w=Cmw n==m, (3=-k 

3 w=e"'tU(z), z=xef3t t=t+lnC, x=Ckx, w=Cmw a=m, (3=-k 

4 w=t"'U(z), z=x+(31n t t=Ct, x=x+klnC, w=Cmw a=m, (3=-k 

B03Bpall(a51Cb K IICXO.IJ:HbiM nepeMeHHbiM c noMOII(biO (28), IIMeeM 

w = cm-aeatv(c-k-!3xe!3t). 

IloTpe6yeM, qT06bi .[(aHHOe perneHIIe COBna.JIO C (27) (T. e. qT06bi ycJIOBIIe e.[(IIH

CTBeHHOCTII perneHII51 BblllOJIH51JIOCb .[(JI51 JII06biX 3HaqeHIIH napaMeTpa C -=f. 0). )J,JI51 

:noro Ha.n:o noJIO)I(IITb 

a=m, (3 = -k. (29) 

Ha npaKTIIKe noiicK 3KcnoHeHI.(IIa.JibHO-aBTOMO.IJ:eJibHbiX perneHIIH npoBO.IJ:IITC51 

no noJiyqeHHOMY Bblllie KpiiTepiiiO cyll(eCTBOBaHII51: eCJIII k II m B (28) HaH.[(eHbl, 

TO HOBbie nepeMeHHbie IIMeiOT BII.[( (27) C napaMeTpaMII (29). 

3aMe4aHI-1e. PerneHII51 BII.IJ:a (27) IIHor.n:a Ha3biBaiOT TaK)I(e npede!lbHblMU aemo

Mode!lbHblMU pemeHUfl.MU. 

UpuMep 7. IloKaJKeM, 'ITO HeJJIIHeliHoe ypasHeHIIe TennonposO).IHOCTII 

aw = a_!!_ (wn aw ) 
at ax ax 

).IOllYCKaeT 3KCllOHeHU113JlbH0-3BTOMO).IeJlbHOe peWeHIIe. f10).ICT3BIIB (28) B (30), nonyqaeM 

em au: = acmn+m-2k _!!__ (wn aw). 
at ax ax 

(30) 

flp11p3BHIIB3HIIe CTeneHelf C ).13eT O).IHO JliiHeHHOe ypasHeHIIe: m = mn + m - 2k. 0TCIO).I3 IIMeeM: 

k= i"mn, r).le m-n106oe 'liiCJlo.l1cnonh3YJI ).lanee ¢opMyJlbi (27) 11 (29) 11 nonaraJI6e3 orpaHII'leHIIJI 

06ll.\HOCTII m = 2 (3TO 3KBIIBaJJeHTHO OnepaUIIII M3CIIlT3611pOB3HIIJI llO BpeMeHII t), H3XO).IIIM HOBble 

nepeMeHHbie 

w = e21 V(~), ( = xe-nt. (31) 

f10).ICT3BJ1JIJI IIX B (30), llOJlY'liiM 06biKHOBeHHOe ).lll<jJ<jJepeHUIIaJlbHOe ypaBHeHIIe ).IJlJI <jJyHKUIIII V ( ~): 

a(vnvD~ + n~Vd - 2V = 0. 

UpuMep 8. 11cnOJlb3YJI on11caHHbiH MeTO.ll, MOJKHO noKa3aTb, 'ITO ypasHeHIIe (17) TaKJKe IIMeeT 

3KCllOHeHU113JlbH0-3BTOMO).IeJlbHOe peWeHIIe 811).13 (31 ). 

3.4.2. liiHBapHaHTHble peweHHfl 

)J,JI51 HarJI51.[(HOCTII B Ta6JI. 2 C06paHbl IIHBapiiaHTHbie perneHII51, nOIICK KOTOpbiX 

OCHOBaH Ha IICnOJib30BaHIIII KOM6IIHai.(IIH npeo6pa30BaHIIH C.[(BIIra II paCT51)1(eHII51 

no He3aBIICIIMbiM nepeMeHHbiM II npeo6pa30BaHIIH paCT51)1(eHII51 no 3aBIICIIMOH 

nepeMeHHOH. IlOMIIMO perneHIIH TIIna 6eryll(eH BOJIHbl, aBTOMO.[(eJibHbiX perneHIIH II 

3KCnOHeHI.(IIaJibHO-aBTOMO.[(eJibHbiX perneHIIH, paCCMOTpeHHbiX paHee, B nOCJie.[(HeH 

CTpOKe OniiCaHO ell(e O.[(HO IIHBapiiaHTHOe perneHIIe. IlpOIIJIJIIOCTpiipyeM cnoco6 

ero nOCTpOeHII51 Ha KOHKpeTHOM npiiMepe. 
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UpuMep 9. IloKa)l(eM, LJTO HeJIIIHei1Hoe ypasHeHIIe TerrJiorrposop_HOCTII (30) p_orrycKaeT pe!lleHIIe, 

yKa3aHHOe B LJeTBepTOH CTpOKe B Ta6JI. 2. ,[I,JIJI :noro C,QeJiaeM rrpeo6pa30BaHIIe 

t=Ct, x=x+klnC, w=Cmw. 

cm-1 a~ = acmn+m ~ (wn aw). 
at ax ax 

flpllpaBHIIBaHIIe CTerreHeH C p_aeT O,QHO JIIIHeHHOe ypaBHeHIIe: m- 1 = mn + m. 0TCIO,Qa HaXO,QIIM: 

m = -1/n, a k-JII060e LJIICJIO. flOJTOMY (CM. LJeTBepTyiO CTpOKY B Ta6JI. 2) ypaBHeHIIe (30) IIMeeT 

IIHBapllaHTHOe pe!lleHIIe BII,Qa 

w = C 11nu(z), z =X+ ,()In t, rp_e ,6-JII06oe. (32) 

flO,QCTaBJIJIJI (32) B (30), IIpiiXO,QIIM K aBTOHOMHOMY 06b!KHOBeHHOMY ,QII<jl<jlepeHI..(IIaJibHOMY ypaBHe-

HIIIO 

a(unu~)~ - f)U~ + 2_u = o. 
n 

llaCTHOMY 3HaLJeHIIIO fJ = 0 COOTBeTCTByeT pe!lleHIIe C pa3,QeJIJIIOll.IIIMIICJI rrepeMeHHbiMII B BII,Qe CYMMbl 

<jlyHKI..(IIH pa3Hb!X apryMeHTOB. 

PaCCMOTpeHHbie B pa3.[(. 3.2-3.4 KOHKpeTHbie npMMepbl HafJHI.[(HO llOKa3biBaiOT, 

qTo llOCTpOeHMe TOqHbiX peiiieHMH nyTeM llOHM:lKeHmi pa3MepHOCTM ypaBHeHMH 

C qaCTHbiMM npOM3BO.[(HbiMM .[(OCTMraeTC51, KOf.[(a paCCMaTpMBaeMbie ypaBHeHM51 

MHBapMaHTHbl OTHOCMTeJibHO HeKOTOpbiX npeo6pa30BaHMH ( CO.[(ep:)l<all(MX O.[(MH MJIM 

HeCKOJibKO npOM3BOJibHbiX napaMeTpOB) MJIM, .LlPYfMMM CJIOBaMM, 06Jia.[(aiOT onpe

.[(eJieHHOH CMMMeTpMeif. ):l;aJiee B fJiaBe 7 6y.[(eT OllMCaH 06Il(MH MeTO.[( MCCJie.[(O

BaHM51 CMMMeTpMH .[(MQJQJepeHI.(MaJibHbiX ypaBHeHMH (MeTO.[( rpynnOBOfO aHaJIM3a), 

KOTOpbiH ll03BOJI51eT peryJI51pHbiM o6pa30M llOJiyqaTb ll0.[(06Hbie II 6oJiee CJIO)I(Hble 

MHBapMaHTHbie peiiieHM51. 

~ 3a()a'lu u ynpa:m:nenuR K pa:J{). 3.4 

I. Hai1TII rrpep_eJibHOe asTOMO,QeJibHOe pe!lleHIIe HeJIIIHei1Horo ypasHeHIIJI TerrJiorrposop_HOCTII 

Wt = (wnwx)x, 
yp_osJieTsopJIIOlllee ycJIOBIIJIM 

w---->0 rrp11 t->-oo (x>O), w=aef3t rrp11 x=O (t>-oo). 

2. Hai1TII rrpep_eJibHOe aBTOMO,QeJibHOe pe!lleHIIe HeJIIIHei1Horo ypasHeHIIJI Wt = aw~Wxx. 

3. Hai1TII rrpep_eJibHbie aBTOMO,QeJibHbie pe!lleHIIJI HeJIIIHeHHbiX BOJIHOBbiX ypasHeHIIH: 

a) Wtt = (wwx)x, 
b) Wtt = a(wnwx)x. 

4. Hai1TII rrpep_eJibHOe asTOMO,QeJibHOe pe!lleHIIe ypasHeHIIJI MOH)I(a- AMrrepa: w~y = Wxx Wyy. 

5. CseCTII CIICTeMy ypaBHeHIIH f11,11_p0,11_11HaMIILJeCKOrD rrorpaHIILJHOrO CJIOJI ( 18) K O,QHOMY ypaBHeHIIIO 

rryTeM BBe,QeHIIJI <jlyHKI..(IIII TOKa W IIO <jlopMyJiaM U = ~~ , V = - ~':: , a 3aTeM IIOCTpOIITb rrpep_eJibHOe 

aBTOMO,QeJibHOe pe!lleHIIe IIOJiyLJeHHOrO ypaBHeHIIJI. 

6. Hai1TII rrpep_eJibHOe asTOMO,QeJibHOe pe!lleHIIe ypasHeHIIH rllp_pOP-IIHaMIILJecKoro rrorpaHIILJHoro 

CJIOJI ( 18). 

7. floKa3aTb, 'ITO 3KCIIOHeHI..(IIaJibHO-aBTOMO,QeJibHb!e pe!lleHIIJI MO)I(HO OIIpep_eJIIITb KaK pe!lleHIIJI, 

yp_osJieTBopJIIOllllle <jlyHKUIIOHaJibHOMY ypasHeHIIIO: 

w(x, t) = cmw(C-kx, t-In C), 

rp_e KOHCTaHTbi C, k, m Te )i(e caMbie, LJTO 11 B rrpeo6pa3osa111111 (28). 

8. Pe!lliiTb <jlyHKUIIOHaJibHOe ypasHeHIIe, rrpllsep_eHHOe B rrpep_biP-YllleM rrp11Mepe. 

YKa3aHue. Ilpop_ll<jl<jlepeHUIIposaTb <jlyHKUIIOHaJibHOe ypasHeHIIe rro C, a 3aTeM rroJIO)I(IITb C = 1. 
floJiyLJeHHOe ypaBHeHIIe C LJaCTHbiMII IIp0113BO,Il_HbiMII pe!lliiTb MeTO,QOM xapaKTepiiCTIIK. 

9. Orrpep_eJIIITb, KaKoMy <jlyHKUIIOHaJibHOMY ypasHeHIIIO ,QOJI)I(HO yp_osJieTBOpJITb rrocJiep_Hee IIHBapll

aHTHoe pe!lleHIIe 113 Ta6JI. 2. Pe!lliiTb JTO <jlyHKUIIOHaJibHOe ypasHeHIIe. 
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10. Hai1n1 0611.111H Bll).l <jlyHKUIIH j(w, Wx), ).IJlJI KOTOpblX ypaBHeHIIJI 

a) Wt = j(w, Wx)Wxx, 
b) Wtt = f(w,wx)Wxx. 

).IOIIYCKaiOT rrpe).leJlbHb!e aBTOMO).IeJlbHb!e perueHIIJI. 

3.5. 06o6w,eH HO-a BTOMOAe/\bH ble peweH Mfl 

06o6II(eHHO-aBTOMO.[(eJihHhie perueHJUI IIMeiOT BII.[( 

w(x, t) = cp(t)u(z), z = 1/J(t)x. (33) 

<l>opMyna (33) BKJIJOqaeT B ce6H, KaK qacTHhie cnyqaii, paccMoTpeHHhie paHee 

aBTOMO.[(eJihHhie II 3KCIIOHeHQIIaJihHO-aBTOMO.[(eJihHhie perneHIIH (7) II (27). 
flpou:e.nypa IIOIICKa 0606II(eHHO-aBTOMO.[(eJihHhiX perneHIIH COCTOIIT B CJie.[(yiO

II(eM: IIOCJie IIO.[(CTaHOBKII BhipmKeHIIH (33) B paCCMaTpiiBaeMOe ypaBHeHIIe QJYHK

U:IIII cp( t) II 1j;(t) Bhi6IIpaiOTCH TaKIIM o6pa30M, qTo6hi QJYHKU:IIH u(z) y.noBJieTBOpHna 

O.[(HOMY 06hiKHOBeHHOMY .D:IIQJQJepeHQIIaJihHOMY ypaBHeHIIIO. 

UpuMep 10. l111.1eM perneHIIe HeJJIIHei1Horo ypasHeHIIJI TerrnorrpoBO).IHOCTII (30) B Bll).le (33). 
l1CIIOJ1b3Yll (33) II Y411Tb!Ball CBJI3b X= z/1/J(t), HaXO).IIIM IIp0113BO).IHbie: 

flO).ICTaBIIB IIX B (30), IIOCJle ).leJleHIIJI Ha <.p~ IIOJlY'IIIM 

<p'lj;; I 'lj;2rpn+l n I I 
U + - 1 -ZUz = 1 (u Uz)z· 

'Pt 'lj; 'Pt 
(34) 

4T06bi 3TO COOTHOllleHIIe rrpe).ICTaBJlJIJlO C060H 06biKHOBeHHOe ).lll<jl<jlepeHI..(IIaJlbHOe ypaBHeHIIe 

).IJlJI u( Z), Ha).IO IIpllpaBHJITb <jlyHKI..(IIOHaJlbHble KOJ<jl<jllll..(lleHTbl rrp11 ZU~ II ( U n U~ )~ IIOCTOJIHHbiM 

BeJlii'IIIHaM: 
<p'lj;l 'lj;2rpn+l 
__ t = a --'----'--:--- = b. 
<p;'lj; ' 'P; 

(35) 

flp11 3TOM <jlyHKI..(IIJI u(z) 6y).leT OIIIICb!BaTbCJI ypaBHeHIIeM 

113 rrepsoro ypaBHeHIIJI (35) HaXO).IIIM 

(36) 

r).le C1 - IIp0113BOJlbHall IIOCTOJIHHall. flO).ICTaBJlJIJI IIOJlY'IeHHOe Bb!palKeHIIe BO BTOpOe ypaBHeHIIe 

(35) II IIHTerpllpyll, IIMeeM 

C'f. t C 1 -2a-n - + 2=----<.p 
b 2a+n 

c2 
----t-t + c2 =In I'PI, rrp11 

n 
a=--

2 ' 

r).le C2- IIp0113BOJlbHaJI IIOCTOJIHHaJI. l13 (36)-(37), B lJaCTHOCTII, IIMeeM 

1 a 1 
<.p(t) = t - 2a+n 1/;(t) = t - 2a+n rrp11 c1 = 1, c2 = o, b=----; 

' 2a+n 

<.p(t) = e2t' 1/;(t) = e-nt rrp11 c1 = 1, c2 = o, b = 2__ 
2 

(37) 

3).1eCb rrepBaJI rrapa <jlyHKI..(IIH <.p(t) II 1j;(t) COOTBeTCTByeT aBTOMO).IeJlbHOMY peWeHIIIO (a#- -n/2-
Jli060e ), a BTOpall rrapa- 3KCIIOHeHI..(IIaJlbHO-aBTOMO).IeJlbHOMY perueHIIIO. 
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~ 3ai>a•lU u ynpa;m:nenu.n. K pa'JO. 3.5 

1. HaiiTI1 o6o6ll.leHHO-aBTOMone.JibHOe peiiieHI1e ypasHeHI1» nl1(p<jly3110HHOro rrorpaHI1'1Horo cno» 
( OIII1CbiBaeT MaCC006MeH Kaiie.Jib 11 IIY3blpeii. C IIOTOKOM): 

ow ow o2w 
f(x)- + g(x)y- = -. 

OX oy oy2 

YKa3aHue. PeiiieHI1e 11ll.leTC» s s11ne w = w(z), z = yr.p(x). 

2. HaiiTI1 o6o6ll.leHHO-aBTOMonenbHOe peiiieHI1e ypasHeHI1» n11¢¢y3110HHOro rrorpaHI1'1HOro cno» 
(OI111Cb!BaeT MaCC006MeH TBepnbiX '!aCT11U C IIOTOKOM): 

f( ) n-1 ow ( ) now o2w 
X y - + 9 X y - = --. 

OX oy oy2 

YKa3aHue. PeiiieHI1e 11111eTc» s s11ne w = w(z), z = yr.p(x). 

® Jlumepamypa K 2JlU6e 3: r. 11. EapeH6JiaTT ( 1952, 1978), JI. 11. Cenos ( 1972), w. F. Ames ( 1972), 
JI. r. Jloiiu»HCK11H (1973), r. ill.JII1XTI1Hf (1974), G. w. Bluman, J.D. Cole (1974), L. Dresner (1983), 
B. n. Mac.JIOB, B. r. )J,aHI1JIOB, K. A. Bo.JIOCOB (1987), D. Zwillinger (1989), A. )],. TIOJI»HI1H, B. <t>. 
3aiiues (2002), A. )],. Tion»HI1H (2004). 



4. MeTOA o6o6w,eHHoro pa3AeJ\eHHfl nepeMeHHbiX 
4.1. BBeAeHMe 

4.1.1. PeweHMR c MYAbTMnAMKaTMBHbiM M aAAMTMBHbiM pa3AeAeHMeM nepeMeHHbiX 

MeTO,ll. pa3,ll.enemui nepeMeHHhiX 5.1BJI5.1eTC5.1 caMhiM pacnpocTpaHeHHhiM MeTO,ll.OM 

perneHH5.1 JIIIHeMHhiX ypaBHeHHM MaTeMaTHqecKOM <lJM3HKH. )J,JI5.1 ypaBHeHHM C ,ll.By

M5.1 He3aBHCHMhiMH nepeMeHHhiMH x H t H HCKOMOM <iJYHKIIHeM w 3TOT MeTO,ll. 

6a3HpyeTC5.1 Ha IIOHCKe TOqHhiX perneHHM B BH,ll.e IIpOH3Be,ll.eHH5.1 <lJyHKIIHM pa3HbiX 

apryMeHTOB: 

w(x, t) = cp(x)'ljJ(t). (1) 

I1HTerpHpOBaHHe OT,ll.eJibHbiX KJiaCCOB HeJIHHeMHbiX ypaBHeHHM C qaCTHbiMH IIpOH3-

BO,ll.HbiMH nepBOrO IIOp5.1,ll.Ka OCHOBaHO Ha IIOHCKe TOqHbiX perneHHM B BH,ll.e CYMMbl 

<iJYHKIIHM pa3HhiX apryMeHTOB: 

w(x, t) = cp(x) + 1/J(t). (2) 

HeKOTOpbie HeJIHHeMHhie ypaBHeHH5.1 MaTeMaTHqecKOM <lJM3HKH BTOporo H 6onee 

BbiCOKHX IIOp5.1,ll.KOB TaiOKe HMeiOT TOqHhie perneHHJI BH,ll.a (I) HJIH (2). IlO,ll.06Hhie 

perneHHJI 6y,ll.eM Ha3hiBaTh COOTBeTCTBeHHO pelUCHURMU C MYllbmUnJIUKamU611blM H 

addUmU611blM pa3dCJIC11UCM nepeMC1111blX. 

® Jlumepamypa K paJo. 4.1.1: 3. KaMKe (1966), A. H. TMXOHOB, A. A. CaMapcKMH (1972), 
A. rr. MapKees (1990), A. ,ll,. IlOJUIHHH (2001 a), B. <t>. 3ai1ues, A. ,ll,. IlOJJliHHH (2003). 

4.1.2. npocTeHWMe C/\y~aM pa3Ae/\eHMR nepeMeHHbiX B He/\MHeHHbiX ypaBHeHMRX 

B OT,ll.eJihHhiX cnyqaJix pa3,ll.eneHHe nepeMeHHhiX B HeJIHHeMHhiX ypaBHeHHJIX npoBo

,ll.HTCJI no TOM )l(e cxeMe, qTo H B JIHHeMHhiX ypaBHeHHJIX. ToqHoe perneHHe HIIIeTCJI 

B BH,ll.e npoH3Be,ll.eHH5.1 HJIH cyMMhi <iJYHKIIHM pa3HhiX apryMeHTOB. Ilo,ll.cTaBHB ( 1) 
HJIH (2) B paccMaTpHBaeMoe ypaBHeHHe H ,ll.eJia5.1 3JieMeHTapHhie anre6paHqecKHe 

OIIepaQHH, IIpHXO,ll.JIT K paBeHCTBY ,ll.BYX Bbipa)l(eHHM (,ll.JIJI ypaBHeHHM C ,ll.BYM5.1 

nepeMeHHhiMH), 3aBHC5.1IIIHX OT pa3HhiX apryMeHTOB. TaKa5.1 CHTyaQHJI B03MO)I(Ha 

TOJibKO B TOM CJiyqae, KOr,ll.a Ka)l(,ll.Oe H3 yKa3aHHhiX Bbipa)l(eHHM paBHO O,ll.HOM H TOM 

)l(e nocTOJIHHOM BeJIHqHHe. B pe3yJihTaTe nonyqaJOT o6biKHOBeHHhie ,ll.M<lJ<lJepeHQH

aJihHhie ypaBHeHHJI ,ll.JIJI HCKOMbiX BeJIHqHH. 

IIpoHJIJIIOCTpHpyeM cKa3aHHoe Ha KOHKpeTHhiX npHMepax. 

UpuMep I. YpasHeHMe TenJJonpoBO.liHOCTM co CTeneHHOH HeJJMHeHHOCTbiO 

ow = a_!!_ (wk ow ) 
at ax ax (3) 

MMeeT TO 'I HOe peiiieHMe B BM.lle npo113Be).leHI1ll ¢YHKU11H pa3HbiX apryMeHTOB. Ilo).lcTaBMB (I) B 

ypaBHeHMe (3), np11X0).111M K Bblpa)l(eHJ110 

'P'l/J~ = a'lj;k+l('Pk'P~)~. 
Pa3).1eJJllll nepeMeHHble nyTeM ).leJJeHMll o6e11x 'lacTei1 Ha 'P'l/Jk+ 1, noJJy'IMM 

1/J~ a( 'Pk 'P~ )~ 
?jJk+l 'P 

4 A. )J.. IIomiHHH, B. <t>. 3ai1ues, A. H. )l(ypos 
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Jlesal! 'faCTb :noro paBeHCTBa 3aBI1CI1T TOJlbKO OT rrepeMeHHOH t, a rrpaBal!- TOJlbKO OT X. 3TO 

B03MOlKHO Jll1lllb rrp11 BblllOJJHeHI111 YCJJOBI1H 

'ljJ' 
t - c 

'lj;k+l - ' 
a( 'Pk <.p' )' 

----'.:...._-'--"'-X'-'X'- = C, 
'P 

(4) 

r)le C - rrpo113BOJJbHal! rrocTOl!HHal!. Pellli1B o6biKHOBeHHbie Jll1¢¢epeHU11aJJbHbie ypasHeHI1l! ( 4 ), 
IIOJJY411M pellleHI1e Bl1)la (I) ypaBHeHI1l! (3). 

flpoue)lypa IIOCTpOeHI1l! pellleHI1l! C pa3)leJJl!IO!l\11MI1Cl! rrepeMeHHbiM11 Bl1)la (I) HeJJI1HeHHOrO 

ypaBHeHI1l! (3) IIOJJHOCTb!O aHaJJOrH'fHa rrpoue)lype, 11CIIOJlb3YeMOH )lJll! pellleHI1l! Jli1HeHHbiX ypaB

HeHI1H, B 'faCTHOCTI1, )lJJl! ypasHeHI1l! (3) rrp11 k = 0. CJJy'fal1 pellleHI1H c IIO)l06HbiM pa3)leJJeHI1eM 

rrepeMeHHbiX 6y)leM Ha3biBaTb npocmeiiutu.Mu. 

UpuMep 2. BoJJHosoe ypasHeHI1e c JKcrroHeHU11aJJbHoi1 HeJJI1Hei1HOCTb!O 

EJ2w = a_!!_ (e>..w aw ) 
at2 ax ax 

(5) 

11MeeT TO'fHOe pellleHI1e B Bl1)le CYMMbl <jJyHKU11H pa3Hb!X apryMeHTOB. flO)lCTaBI1M Bb!palKeHI1e (2) B 

ypasHeHI1e (5). IlocJJe )leJJeHI1l! o6e11x qacTei1 Ha e>..'</J rrp11XOJli1M K paseHCTBY 

e->..1/J'Ij;;~ = a(e>..'Pcp~)~, 

JJeBal! 'faCTb KOTOpOrO 3aBI1CI1T TOJlbKO OT rrepeMeHHOH t, a rrpaBal!- TOJlbKO OT X. 3TO B03MOlKHO 

Jll1lllb rrp11 BblllOJJHeHI111 YCJJOBI1H 

(6) 

r)le C- rrpo113BOJJbHal! rrocTOl!HHal!. Pellli1B o6biKHOBeHHbie Jll1¢¢epeHU11aJJbHbie ypasHeHI1l! (6), 
IIOJJY411M pellleHI1e ypaBHeHI1l! ( 5) Bl1)la (2). 

UpuMep 3. YpasHeHI1e TerrJJorrpoBOJlHOCTI1 B aHI130TporrHoi1 cpe)le c 11CTO'fHI1KOM JJorap11<jJMI1-

'fecKoro Tl1rra 

:x [!(x) ~:] + :Y [g(y) ~; J = awlnw (7) 

11MeeT TO'fHOe pellleHI1e B Bl1)le IIp0113Be)leHI1l! <jJyHKU11H pa3Hb!X apryMeHTOB 

w = cp(x)'lj;(y). (8) 

flO)lCTaBI1M BblpalKeHI1e (8) B ypaBHeHI1e (7). flOCJJe )leJJeHI1l! Ha cp'lj; 11 rrepeHOCa OT)leJJbHbiX 

CJJaraeMbiX B pa3Hble 'faCTI1 IIOJJy'feHHOfO paBeHCTBa, IIOJJY411M 

~[f(x)cp~]~- alncp = -~[g(y)'lj;~]~ + aln'lj;. 
'P 'ljJ 

Jlesal! 'faCTb 3TOrO BblpalKeHI1l! 3aBI1CI1T TOJlbKO OT rrepeMeHHOH X, a rrpaBal! - TOJlbKO OT y. 
flp11paBHI1Bal! 11X IIOCTOl!HHOH BeJJI1411He, MOlKHO IIOJJY411Tb 06biKHOBeHHble )ll1<jJ<jJepeHU11aJJbHble 

ypasHeHI1l! )lJll! <jJyHKU11H cp(x) 11 '1/J(y). 

~ 3ai>a•IU u ynpa:m:nenu.R K pa30. 4.1.2 

1. Hai1TI1 pellleHI1l! c a)l)li1TI1BHbiM pa3)leJJeHI1eM rrepeMeHHbiX cJJe)ly!Oll\11X ypasHeHI1i1: 

a) f(x)w; + g(y)w~ = h1(x) + h2(y), 
b) f(x)w~ + g(y)w;" = aw, 
c) [f(x)wx]x + [g(y)wy]y = 0, 
d) [f(x)wx]x + [g(y)wy]y = aw, 
e) Wt = aWxx + b(wx) 2 + c, 
f) Wt = [f(x)wx]x + a(wx) 2 + bw, 
g) Wt = a(e>..wwx)x + be>..w, 
h) Wt = a(Wxx)\ 
i) Wtt = a(e>..wwx)x + b, 
j) Wtt + awt = b(e>..wwx)x, 
k) Wxt = a(e>..wWx)x + be>..w, 
I) Wtt = Wxxx + f(wx) + aw. 
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2. HailTI1 peweHI1JI c MYJJbTI1nJJI1KaTI1BHbiM pa3p_eJJeHI1eM nepeMeHHbiX cJJep_yiOil..II1X ypasHeHI1H: 

a) Wt = a(wwx)x + bw, 
b) Wt=a(wwx)x+bw2 , 

c) Wt = a(wnwx)x + bw, 
d) Wt = a(wnwx)x + bwn+! + cw, 
e) Wtt = a(wnwx)x, 
f) Wtt = a(wwx)x + bw, 
g) Wtt = a(wnwx)x + bwn+!, 
h) Wtt = a(wnwx)x + bwn+! + cw. 
i) Wxt=a(wnwx)x+bwn+!. 

® Jlumepamypa K pa10. 4.1.2: JI. B. 0BCJIHHI1KOB (1959), D. Zwillinger (1989), B. <1>. 3ailues, 

A. ):(. IloJJJIHI1H (1996), A. ):(. IloJJJIHI1H, B. <1>. 3ailues (2002). 

4.1.3. npHMepbl HeTpHBHal\bHOrO pa3Ael\eHHfl nepeMeHHbiX B Hei\HHeMHbiX 

ypaBHeHHfiX 

Bo MHOrMx cnyqaHx pa3.n:eneHMe rrepeMeHHhiX B HeJIMHeHHhiX ypasHeHMHX rrpo

MCXO.IJ:MT MHaqe, qeM B JIMHeHHbiX ypaBHeHMHX. llpOMJIJIIOCTpiipyeM CKa3aHHOe Ha 

KOHKpeTHbiX IIpMMepax. 

UpuMep 4. PaccMoTp11M ypasHeHI1e c Ky611'1ecKoil HeJJI1HeHHOCTbiO 

ow o2w (ow) 2 3 -=f(t)-+w- -aw, ot ox2 ox (9) 

rp_e j ( t)- np0113BOJlbHall <jlyHKI..(I1JI. 

lfll..leM TO'!Hble perneHI1JI B BI1,Qe np0113Be,QeHI1JI <jlyHKI..(I1H pa3HbiX apryMeHTOB. flop_CTaBI1M (I) B 

(9) 11 nop_eJJI1M o6e 'laCTI1 noJJy'leHHoro paBeHCTBa Ha f(t)<p(x)'ljJ(t). B pe3yJJbTaTe 11MeeM 

0 // II 0 f,2 
'Pt _ 'fJ XX + 'P [( I ) 2 2] N - ----:p f 'Px - a<p . (10) 

B 06Il..leM CJJy'!ae ,QaHHOe Bbipa)((eHI1e HeJJb3JI npep_CTaBI1Tb B BI1,Qe CYMMbl <jlyHKI..(I1H pa3HbiX apryMeH

TOB. 3TO, O,QHaKO, He 03Ha'laeT, 'ITO ypaBHeHI1e (9) He 11MeeT perneHI1H BI1,Qa (I). 

1°. flpliMOH nposepKOH MO)((HO y6e,QI1TbCJI, 'ITO <jlyHKI..(I10HaJJbHO-,QI1<jl<jlepeHI..(I1aJJbHOe ypaBHeHI1e 

(I 0) np11 a > 0 11MeeT peweHI1e 

<p(x) = Cexp(±xya), '1/J(t) = exP[a/ f(t)dt], (11) 

rp_e C- npo113BOJJbHaJI nocTOJIHHaJI. PeweHI1e (II) ,QJJJI <p o6pall..laeT B HYJJb Bbipa)((eHI1e B KBap_paTHbiX 

CK06Kax B (I 0), 'ITO no3BOJJJieT pa3p_eJJI1Tb nepeMeHHbie. 

2°. l1MeeTCJI 6oJJee o6Il..lee peweHI1e <jlyHKU110HaJJbHO-P-11<jl<jlepeHU11aJJbHoro ypaBHeHI1JI (I 0) np11 

a> 0: 

F =a./ f(t) dt, 

rp_e C), C2, c3- np0113BOJlbHbie nOCTOJIHHbie. <l>yHKI..(I1JI <p = <p(x) TaKOBa, 'ITO o6e KOM611Hal..(l111 

BeJJI1'111H B ypaBHeHI111 (I 0), KOTOpbie 3aBI1CJIT OT X, O,QHOBpeMeHHO 6yp_yT paBHbl HeKOTOpbiM 

nOCTOJIHHbiM: 

'P~x/'P = const, (<p~) 2 - a<p2 = const. 

3TO 06CTOJITeJJbCTBO 11 ll03BOJJJieT pa3,QeJJI1Tb nepeMeHHbie. 0TMeTI1M, 'ITO <jlyHKI..(I1JI '1/J = '1/J(t) 

yp_osJJeTBopJieT ypasHeHI110 6epHyJJJJI1 '1/J; = af(t)'ljJ- 4aCIC2'1/J3 . 

3°. l1MeeTCJI p_pyroe peweHI1e <jlyHKU110HaJJbHO-P-11<jl<jlepeHU11aJJbHoro ypaBHeHI1JI (I 0) np11 a < 0: 

<p(x) = cl sin(xy'=a) + c2 cos(xy'=a), 

F [ 2 2 /' 2F ] -l/ 2 
'1/J(t)=e C3+2a(C1 +C2). edt , F =a./ f(t) dt, 

4* 
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r).le Cl, C2, c3- rrp0113BOJlbHble IIOCTOl!HHble. <l>yHKI..(I1l! 'P = 'P(X) TaKOBa, LJTO o6e KOM611Hal..(l111 

BeJJI1LJI1H B ypaBHeHI111 ( J 0), 3aBI1Cl!ll\11e OT X, 6y).lyT paBHbl KOHCTaHTaM. 0TMeTI1M, LJTO <jlyHKI..(I1l! 

'lj; = 'lj;(t) orri1CbiBaeTcll ypasHeHI1eM EepHyJJJJI1 'lj;~ = af(t)'lj;- a(Cf + C?)'I/J3 . 

UpuMep 5. PaccMoTp11M ypaBHeHI1e TpeTbero rropl!).IKa c KBa,llpaTI1LJHoif HeJJI1HeifHOCTbiO 

ow o2w ow o2w o3w o3w 
---+a---= b-- +c--. (12) oy ox2 ox oy2 ox3 oy3 

ny).leM 11CKaTb TOLJHble peweHI1l! ypaBHeHI1l! ( 12) C pa3).1eJll!IOllii1MI1Cl! rrepeMeHHbiMI1 B Bl1).1e 

cyMMbl <jlyHKU11H pa3Hb!X apryMeHTOB 

w = f(x) + g(y). (13) 

Tio).ICTaBI1B (13) B (12), 11MeeM 

(14) 

.[l,aHHOe Bb!palKeHI1e HeJJb3l! rrpe).ICTaBI1Tb B Bl1).1e CYMMbl ).IBYX <jlyHKI..(I1H pa3Hb!X apryMeHTOB. 

HeTPY.liHO ).IOra).laTbCl!, LJTO <jlyHKU110HaJJbH0-).111<jl<jlepeHU11aJJbHOMY ypasHeHI110 (14) MOlKHO Y.liO

BJJeTBOp11Tb: 

eCJJI1 g~ = C1 

eCJJI1 ~~ = C1 

===} g(y) = Cly + c2, f(x) = c3 exp(Clx/b) + C4X (rrepBbiH CJJyLJaii), 

===} f(x) = Clx + c2, g(y) = c3 exp(aCly/c) + C4y (BTOpoif cJJyLJaif), 

r).le Cl, C2, C3, c4- rrp0113BOJlbHble IIOCTOl!HHble. 8 yKa3aHHbiX CJJyLJal!X ).IBa LJJJeHa 113 LJeTblpex 

B ( 14) o6pa!llaiOTCl! B HYJJb, LJTO II03BOJJl!eT pa3).1eJJI1Tb rrepeMeHHbie. 

YpaBHeHI1e (12) 11MeeT TaKlKe 6oJJee CJJOlKHOe TOLJHoe peweHI1e Bl1).1a (13): 

C -a.\x c.>.. c .\y b' c w = 1e + -x + 2e -a AY + 3, 
a 

r).le C 1 , C2, C3, >.- rrpo113BOJJbHbie rrocTOl!HHbie. MexaHI13M pa3).1eJJeHI1l! 3).1eCb 11Hoif: o6a HeJJI1-

HeHHbiX LJJJeHa B JJeBOH LJaCTI1 (14) CO,lleplKaT 0).111HaKOBble IIO a6COJJIOTHOH BeJJI1LJI1He, HO pa3Hble IIO 

3HaKy CJJaraeMbie, KOTOpb!e HeJJb3l! rrpe).ICTaBI1Tb B Bl1).1e CYMMbl <jlyHKI..(I1H pa3Hb!X apryMeHTOB. flp11 

CJJOlKeHI111 HeJJI1HeHHbiX LJJJeHOB yKa3aHHble CJJaraeMble COKpalllaiOTCl!, LJTO B 11TOre 11 IIp11B0).111T K 

pa3).1eJJeHI110 rrepeMeHHbiX: 

If" cl C2a2 >.3 e.\y-a.\x- Clb(a>.) 3 e-a.\x + 9y XX 

af~g~Y = -C1C2a2 >.3 e.\y-a.\x + C2c.A3 e.\y 

UpuMep 6. PaccMoTp11M ypaBHeHI1e BToporo rropl!).IKa c Ky611LJecKoif HeJJI1HeifHOCTbiO 

2 (o2w o2w) (ow) 2 (ow) 2 2 (l+w) --+-- -2w- -2w- =aw(l-w ). ox2 oy2 ox oy (15) 

l1111eM TOLJHOe peweHI1e ypaBHeHI1l! ( 15) C pa3).1eJJl!IOll\11MI1Cl! rrepeMeHHbiM11 B Bl1).1e IIp0113Be).leHI1l! 

<jlyHKU11H pa3Hb!X apryMeHTOB 

w = f(x)g(y). 

ilO).ICTaBI1B (16) B (15), IIOJJYLJI1M COOTHOWeHI1e 

(16) 

(1 + f2i)(gf~x + fg~y)- 2fg[i(f~) 2 + l(g~) 2 ] = afg(l- f 2i), (17) 

KOTOpoe HeJJb3l! rrpe).ICTaBI1Tb B Bl1).1e CYMMbl .LIBYX <jlyHKU11H pa3Hb!X apryMeHTOB. TeM He MeHee 

ypaBHeHI1e (15) 11MeeT peweHI1l! Bl1).1a (16). Tipl!MOH rrposepKOH MOlKHO y6e).II1TbCl!, LJTO <jlyHKI..(I111 

f = f(x) 11 g = g(y), Y.liOBJJeTBOpl!IOllll1e HeJJI1HeifHbiM o6biKHOBeHHbiM ).111<jl<jlepeHU11aJJbHbiM 

ypaBHeHI1l!M 

(!~)2 = Af4 + Bf2 + C, 

(g~) 2 = Cg4 +(a- B)g2 +A, 
(18) 

r).le A, B, C- rrpo113BOJJbHbie rrocTOl!HHbie, o6pa111a10T <jlyHKU110HaJJbH0-).111<jl<jlepeHU11aJJbHOe ypas

HeHI1e (17) B TOlK).IeCTBO [ Ha).IO 11CIIOJlb30BaTb CJJe).ICTBI1l! ypaBHeHI1H (18): f::x = 2Aj3 + B j, 
g~Y = 2Cg3 +(a- B)g]. 
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3aM8Y8HH8. YpaBHeHHe ( 15) 3aMeHOH U = 4 arctg W CBO).IHTCll K HeJlHHeHHOMY ypaBHeHHIO 

TennonpOBO).IHOCTH C HCTO'IHHKOM CHHYCOH).IaJlbHOrO BH).Ia ,6. U = a sin U. 

PaccMOTpeHHbie npHMepbi HJIJIIOCTpHpyroT HeKOTOpbie oco6eHHOCTH perneHHH 

c pa3_ueneHHeM nepeMeHHhiX. B pa3_u. 4.2-4.4 6y_uyT OIIHCaHbi _uocTaToqHo o6mHe 

MeTO):(bl IIOCTpOeHIBI TaKHX H 6onee CJIO)I(HbiX peiiieHHH HeJIHHeHHbiX ypaBHeHHH C 

qacTHbiMH IIpOH3BO):(HbiMH. 

® Jlumepamypa K pa10. 4.1.3: R. Steuerwald (1936), B. <1>. 3ailues, A. ,[1,. lloJlliHHH (1996), 
A. ,[1,. llonl!HHH, B. <1>. 3ailues (2002). 

4.2. CrpyKTypa peweHHH c o6o6w,eHHbiM paaAe/\eHHeM nepeMeHHbiX 

4.2.1. 06~MM BMA peweHMM. PaCCMaTpMBaeMble Kl\aCCbl Hei\MHeMHbiX ypaBHeHMM 

):I:JI51 IIpOCTOTbl H3JIO)I(eHH51 orpaHHqHMC51 3):\eCb OIIHCaHHeM CJiyqa5J: ypaBHeHHH 

MaTeMaTHqecKOH QJH3HKH C ):(BYM51 He3aBHCHMbiMH nepeMeHHbiMH X, y H 3aBHCHMOH 

nepeMeHHOH W (o_uHa H3 He3aBHCHMbiX nepeMeHHbiX MO)I(eT HrpaTb pOJib BpeMeHH). 

JlHHeHHbie ypaBHeHH51 MaTeMaTHqeCKOH QJH3HKH C pa3_ueJI51IOII.l,HMHC51 nepeMeH

HbiMH ):(OIIYCKaiOT TOqHbie peiiieHH51 B BH):(e CYMMbl 

w(x,y) = cpl(x)?j;l(Y) + 'P2(x)?/J2(Y) + · · · + 'Pn(x)?/Jn(y), (19) 

r_ue Wi = 'Pi (X )1/Ji (y)- COOTBeTCTBYIOII.l,He qaCTHbie peiiieHH51. IlpH 3TOM QJYHK[(HH 

'Pi(x), KaK H QJYHK[(HH 1/Ji(y), IIpH pa3HbiX 3HaqeHH51X i He CB513aHbl _upyr C _upyroM. 

MHorHe HeJIHHeiiHhie ypaBHeHH51 c qacTHhiMH npoH3BO):(HhiMH c KBa_upaTHqHhi

MH H CTeiieHHbiMH HeJIHHeHHOCT51MH BH):(a 

JI(x)gl(y)III[w] + h(x)g2(y)II2[w] + · · · + fm(x)gm(y)IIm[w] = 0, (20) 

r_ue IIi [ w ]- ):(HQJQJepeHU:HaJihHbie <)JopMbi, npe_ucTaBJI51IOII.l,He co6oii: npoH3Be_ueHH51 

QeJibiX HeOTpHQaTeJibHbiX CTeiieHeH QJYHK[(HH W H ee qaCTHbiX IIpOH3BO):(HbiX 

OxW, OyW, OxxW, OxyW, OyyW, OxxxW, ... , TaK)I(e HMeiOT TOqHbie perneHH51 BH

_ua ( 19). TaKHe perneHH51 6y_ueM Ha3hiBaTh pemeHuRMu c o6o6UfeHHblM pa3deJteHUeM 
nepeMeHHblX. ):I:JI51 HeJIHHeHHbiX ypaBHeHHH, B OTJIHqHe OT JIHHeHHbiX, QJYHK[(HH 

'Pi (X) IIpH pa3JIHqHbiX 3HaqeHH51X i 06biqHO CB513aHbl _upyr C _upyrOM [ H C QJYHK

U:H51MH 1/Jj (y)]. B o6meM cnyqae QJYHKU:HH 'Pi ( x) H 1/Jj (y) 3apaHee He H3BeCTHhi 

H IIO):(Jie)l(aT OIIpe_ueJieHHIO B XO):(e HCCJie):(OBaHH51. IlpHMepbi TOqHbiX peiiieHHH 

HeJIHHeHHbiX ypaBHeHHH BH):(a ( 19) ):(J151 HaH60Jiee IIpOCTbiX CJiyqaeB n = 1 H n = 2 
(npH ?j;1 = cp2 = 1) paCCMOTpeHbl B pa3):(. 4.1.2 H 4.1.3. 

0TMeTHM, qTo HaH6onee qacTo BCTpeqaeTC51 perneHHe c o6o6meHHhiM pa3_uene

HHeM nepeMeHHbiX CIIe[(HaJibHOrO BH):(a 

w(x, y) = cp(x)?j;(y) + x(x) 

(s npasoii: qacTH He3aBHCHMbie nepeMeHHbie MO)I(HO noMeH51Th MecTaMH). B qacT

HOM cnyqae x(x) = 0 3TO perneHHe nepeXO):(HT B perneHHe c MYJibTHIIJIHKaTHBHbiM 

pa3_ueneHHeM nepeMeHHhiX, a B cnyqae cp( x) = 1 - B perneHHe c a_u_uHTHBHhiM 

pa3_ueneHHeM nepeMeHHhiX. 

3aMe48HI-1e 1. Bbipa)l(eHH51 BH):(a (19) qacTO HCIIOJib3YIOTC51 B IIpHKJia):(HOH H Bbl

qHCJIHTeJihHOH MaTeMaTHKe ):(J151 IIOCTpOeHH51 IIpH6JIH)I(eHHbiX peiiieHHH ):(HQJQJepeH

[(HaJibHbiX ypaBHeHHH MeTO):(OM fanepKHHa (Hero pa3JIHqHbiMH MO):(HQJHKaQH51MH). 

3aMe4aHI-1e 2. PerneHH51 BH_ua ( 19) MoryT _uonycKaTh TaK)I(e ypasHeHH51, HMero

Ill,He OTJIHqHbie OT (20) HeJIHHeHHOCTH (eM. IIpHMep 15 H3 pa3):(. 4.5). 
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4.2.2. 061!4MM BMA 4>YHK~MOHal\bHQ-AM4>4>epeH~Mal\bHbiX ypaBHeHMM 

B o6meM cnyqae rrocne rro.n:cTaHOBKII Bbipa)l(eHII51 ( 19) B .n:II<P<PepeHU:IIaJibHoe ypaB

HeHIIe (20) .[(J151 orrpe.n:eJieHII51 <l>YHK[(IIH 'Pi (X) II '1/Ji (y) IIOJiyqiiM <l>YHK[(IIOHaJibHO

.IJ:II<l><l>epeH[(IIaJibHOe ypaBHeHIIe 

r.n:e <l>YHKU:IIOHaJibi <Pj(X) II Wj(Y) 3aBIIC51T cooTBeTCTBeHHO OT rrepeMeHHbiX x II y: 

<[> j (X) := <P j ( x, 'Pl , cp~ , cp~, ... , 'Pn, cp~, cp~) , 

Wj(Y) = wJ(Y,'l/Jl,'l/J~,'l/J~, ... ,'l/Jn,'l/J~,'l/J~). (22) 

3.n:ecb .[(J151 HarJI51.[(HOCTII <PopMyJibl BbiiiiiCaHbl .[(J151 CJiyqa5J: ypaBHeHII51 BTOpOrO 

110p51.[(Ka (20); .[(JI51 ypaBHeHIIH CTapiiiiiX 110p51.IJ:KOB B rrpaBbie qacTII <PopMyJI (22) 
BOH.IJ:YT COOTBeTCTBYIOII(IIe CTapiiiiie rrpOII3BO.[(Hbie <l>YHK[(IIH 'Pi II '1/Jj. 

)J,anee B pa3.IJ:. 4.4, 4.5 6y.n:yT OIIIICaHbl .[(Ba 061I(IIX MeTO.[(a perneHII51 <l>YHK[(IIO

HaJibHO-.IJ:II<P<PepeH[(liaJibHbiX ypaBHeHIIH BII.[(a (21 ), (22). KpoMe TOrO, B pa3.[(. 4.3, 
4.6 6y.IJ:yT paCCMOTpeHbl .[(Ba CIIel(IIaJibHbiX MeTO.[(a, He 06Jia.[(aiOII(liX 061I(HOCTblO 

(rrpii IICIIOJib30BaHIIII 3TIIX MeTO.[(OB MeHbllie 06'beM BblqliCJieHIIH). 

3aMe4aHit1e. B OTJIIIqiie OT o6biKHOBeHHbiX .n:II<P<PepeHQIIaJibHbiX ypaBHeHIIH, B 

ypaBHeHIIe (21 )-(22) BX0.[(51T HeCKOJibKO <l>YHK[(IIH (II IIX IIpOII3BO.[(HbiX), 3aBIIC511I(liX 

OT pa3HbiX apryMeHTOB. 

® Jlumepamypa K paJO. 4.2: C. C. Ti1TOB ( 1988), B. A. faJiaKT110HOB, C. A. nocarnKOB ( 1989, 
1994), V. A. Galaktionov (1995), A. )],. llonJIHI1H, B. <1>. 3ailues (2002). 

4.3. Ynpow,eHHBR CXeMa nOCTpOeHHR TO"'HbiX peweHHH, OCHOB8HH8R 

Ha anpHOpHOM 38A8HHH OAHOH CHCTeMbl KOOPAHHBTHbiX cj>yHKLI,HH 

4.3.1. OnMcaHMe ynpo114eHHOM cxeMbl nocTpoeHMH TOI.IHbiX peweHMM 

)J,JI51 IIOCTpOeHII51 TOqHbiX perneHIIH ypaBHeHIIH BII.[(a (20) C KBa.n:paTIIqHOH IIJIII 

CTerreHHOH HeJIIIHeHHOCTbiO, KOTOpbie He 3aBIIC51T 51BHO OT X (T. e. BCe fi = const), 

MO)I(HO IICIIOJib30BaTb CJie.D:yiOII(IIH yrrpoli(eHHbiH IIO.[(XO.[(. PerneHII51 IIII(eM B BII.[(e 

KOHeqHbiX CYMM ( 19). flpe.[(IIOJIO)I(IIM, qTO CIICTeMa KOOp.IJ:IIHaTHbiX <l>YHK[(IIH 'Pi (X) 
OIIIICbiBaeTC51 JIIIHeHHbiMII .IJ:II<l><l>epeH[(IIaJibHbiMII ypaBHeHII51MII C IIOCT051HHbiMII 

K03<l><l>IIU:IIeHTaMII. Haii6onee pacrrpocTpaHeHHbie perneHII51 TaKIIX ypaBHeHIIH liMe

lOT BII.[( 

KoHeqHbie Ha6opb1 3TIIX <l>YHK[(IIH (B pa3JIIIqHbiX KOM6IIHal(II51X) MO)I(HO IICIIOJib-

30BaTb .[(J151 IIOIICKa TOqHbiX perneHIIH C o6o61I(eHHbiM pa3.[(eJieHIIeM rrepeMeHHbiX 

BII.IJ:a ( 19), r.n:e Ai, ai, f3i paccMaTpiiBaiOTC51 KaK cBo6o.IJ:Hbie rrapaMeTpbi. BTopa51 cii

cTeMa <l>YHK[(IIH 9i (y) orrpe.n:eJI51eTC51 rryTeM perneHII51 COOTBeTCTBYIOII(IIX HeJIIIHeH

HbiX ypaBHeHIIH, IIOJiyqaeMbiX IIO.[(CTaHOBKOH Bbipa)l(eHII51 ( 19) B paCCMaTpiiBaeMOe 

ypaBHeHIIe. 

YKa3aHHbiH rro.n:xo.n: He IIMeeT TOM o61I(HOCTII, KOTopoH: o6na.n:aiOT MeTO.IJ:bi, 

OIIIICaHHbie .[(aJiee B pa3.IJ:. 4.4 II 4.5. 0.[(HaKO 51BHOe 3a.[(aHIIe O.[(HOH CIICTeMbl 

KOOp.IJ:IIHaTHbiX <l>YHK[(IIH 'Pi (X) pe3KO yrrpOII(aeT rrpou:e.n:ypy IIOCTpOeHII51 TOqHbiX 

perneHIIH [ IIpii 3TOM OT.[(eJibHbie perneHII51 BII.[(a ( 19) MoryT 6biTb IIOTep51Hbl]. 
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Ba:)I<HO OTMennh, qTo II3BeCTHbie K HaCT051IIIeMy speMeHII TOqHbie perneHII51 ( c 

0606111eHHbiM pa3,UeJieHIIeM nepeMeHHbiX) ypaBHeHIIH C qaCTHbiMII IIpOII3BO.[(HbiMII 

C KBa,UpaTIIqHOH HeJIIIHeHHOCTblO B IIO,UaBJI51IOIIIeM 60JibiiiiiHCTBe 3a,UaiOTC51 KOOp

.UIIHaTHbiMII <l>YHKI.(II51MII BII,Ua (23) ( 06biqHo IIpii n = 2). 

4.3.2. npHMepbl nOCTpOeHHR peweHHH He/\HHeHHbiX ypaBHeHHH CTapWHX nopRAKOB 

PaCCMOTpiiM KOHKpeTHbie IIpiiMepbi IICIIOJib30BaHII51 ynpOIIIeHHOH CXeMbl IIOCTpO

eHII51 TOqHbiX peiiieHIIH C 0606IIIeHHbiM pa3,UeJieHIIeM nepeMeHHbiX HeJIIIHeHHbiX 

ypaBHeHIIH CTapiiiiiX IIOp51,UKOB. 

UpuMep 7. YpasHeHI1JI naMI1HapHoro rrorpaHI1'lHOro cnoJI Ha rrnocKoi1 rrnaCTI1He CBO).IJITCJI K 

O).IHOMY HeJ111HeHHOMY ypaBHeHI110 TpeThero IlOpli).IKa ).IJlJI <jJyHKU1111 TOKa (Jl. f. J10HUJIHCKI1H 1973, 
f. illJ111XTI1Hr 1974): 

aw a2w aw a2w a3w 
------- = 1/--
ay axay ax 8y2 8y3 . 

HweM TO'lHOe peweHI1e :noro ypasHeHI1JI c o6o6weHHhiM pa3).1eneHI1eM rrepeMeHHhiX Bl1).1a 

w(x, y) = x'ljJ(y) + e(y), 

(24) 

(25) 

KOTOpoe OTBe'laeT rrpOCTeHWI1M <jJyHKU11JIM ipl(X) = X, ip2(X) = 1 rrp11 n = 2 B <jJopMyJle (19). 
Tio).ICTaBI1B (25) B (24 ), rrocne rreperpyrrrr11pOBKI1 '!JleHOB 11MeeM 

x[('I/J~) 2 - '1/J'I/J~y- v'I/J~~y] + ['lj;~e~- 'ljJ(J~y- ve~~y] = 0. 

lho6bi Y.liOBneTBOp11Th 3TOMY paseHCTBY rrp11 nl06biX 3Ha'leHI1JIX x, Ha).IO rrp11paBHJITh HyntO o6a Bbipa

lKeHI1JI B KBa).lpaTHbiX CK06KaX. 8 pe3yJlhTaTe IlOJ1Y'li1M CI1CTeMy 06hiKHOBeHHbiX ).111<jJ<jJepeHU11aJlbHbiX 

ypaBHeHI1H ).IJlJI orrpe).leJleHI1JI <jJyHKU11H '1/J = '1/J(y) 11 (j = (J(y): 

('1j;~) 2 - '1/J'I/J~y- v'I/J~~Y = 0, 

'ljJ~(j~ - 'ljJ(J~y - ve~~y = 0. 

3Ta CI1CTeMa 11MeeT, Hallp11Mep, TO'lHOe peweHI1e 

nlo 6v e = ___S__ + c3 + c 
'~-' = y+Cl' y+Cl (y+Cl)2 4, 

r).le cl, C2, C3, c4- rrp0113BOJlbHb!e IlOCTOJIHHhie. 

UpuMep 8. PaccMOTp11M Heni1Hei1Hoe ypasHeHI1e n-ro rropJI).IKa 

aw a2w aw a2w anw 
a;; axay -a;; 8y2 = f(x) ayn ' (26) 

r).le j (X)- rrp0113BOJlbHaJI <jJyHKU11JI. 8 '!aCTHOM cnyqae n = 3, j (X) = 1/ = COllSt OHO COBila).laeT C 

ypaBHeHI1eM rrorpaHI1'lHOrO CJlOJI (24). 
HweM TO'lHOe peweHI1e ypasHeHI1JI (26) c o6o6weHHhiM pa3).1eneHI1eM rrepeMeHHhiX Bl1).1a 

w(x,y) = 'P(x)e>.y + e(x), (27) 

KOTOpOe OTBe'laeT <jJyHKU11JIM 'I/J1 (y) = e>.y, 'I/J2 (y) = 1 B <jJopMyJle ( 19). ilO).ICTaBI1B (27) B (26), IlOCJle 

3JleMeHTapHbiX anre6pa11'!eCKI1X ).leHCTBI1H IlOJ1Y'li1M 

A2 e>.y'P[e~ + An- 2 f(x)] = 0. 

3ToMy paseHCTBY MOlKHO Y.liOBneTBOp11Th rrp11 

(J(x) = -An- 2 J j(x) dx + C, 'f'(X)-rrp0113BOJlbHaJI <jJyHKU11ll, (28) 

r).le C-rrpo113BOJlhHaJI rrocTOJIHHaJI. (,[l,pyroi1 cny'lai1, KOr).la 'P = 0, 'lj;-n106oe, MaJlOI1HTepeceH.) 

<lJOpMyJlbl (27)-(28) Olli1Cb!BaiOT TO'lHOe peweHI1e ypaBHeHI1JI (26): 

w(x, y) = 'P(x )e>.y - A n- 2 j j(x) dx + C, (29) 

co).leplKawee rrpo113BOJlhHYIO ¢YHKU1110 'I'( x) 11 ).IBe rrpo113BOJlhHhie rrocTOJIHHhie C 11 A. 
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llpuMep 9. PaccMOTp11M Hem!Hei1Hoe ypasHeHI1e n-ro rropJip_Ka 

EPw ( ow ) 2 _ o2w _ t onw 
oxot + OX w ox2 - f( ) oxn ' (30) 

rp_e j ( t) - IIp0113BOJlbHaJI <jJyHKU11JI. 8 'laCTHOM CJly'lae n = 3 11 j ( t) = COIISt OHO BCTpe'laeTCJI B 

r11p_pop_11HaM11Ke ( CM., Harrp11Mep, A. ).1,. TionJIHI1H, B. <t>. 3ai1ues, 2002). 
11!1\eM TO'IHOe peweHI1e ypaBHeHI1JI (30) BI1,Qa 

w = cp(t)e>.x + 'ljJ(t). (31) 

ilO,QCTaBI1B (31) B (30), 11MeeM 

cp~- )..cp'ljJ = )..n-1 j(t)cp. 

8b!pa311M OTClO,Qa '1/J 11 IIO,QCTaBI1M B (31 ). 8 pe3yJlbTaTe IIOJ1Y411M pewe1111e ypaBHeHI1JI (30): 

W = cp(t)e>.x + ~ <p~(t) - An- 2 f(t) 
>. <p(t) ' 

rp_e cp( t)- IIp0113BOJlbHaJI <jJyHKU11JI, A- IIp0113BOJlbHaJI IIOCTOJIHHaJI. 

~ 3ai>a•IU u ynpa:m:nenu.R K pa30. 4.3 
1. Hai1TI1 pewe1111e c o6o6111eHHbiM pa3p_eneHI1eM rrepeMeHHbiX HeJ111Hei1Horo ypasHeHI1JI rrepsoro 

IIOpli,QKa: 

Wx = yF(x, Wy) + G(x, Wy). 
YKa3aHue. Pewe1111e 11CKaTb B s11p_e w = cp(x)y + '1/J(x). 

2. Hai1TI1 pewe1111e c o6o6111eHHbiM pa3p_eneHI1eM rrepeMeHHbiX HeJ111Hei1Horo ypasHeHI1JI rrepsoro 

IIOpli,QKa: 

Wx = w~- aw2 + f(x)w. 
YKa3aHue. Pewe1111e 11CKaTb s s11p_e w = cp(x) + '1/J(x)e>-Y. 

3. Hai1TI1 peweHI1JI c o6o6111eHHbiM pa3p_eneHI1eM rrepeMeHHbiX HeJJI1Hei1HbiX ypasHeHI1H Terrnorrpo

BOP-HOCTI1: 

a) Wt = a(wwx)x, 
b) Wt = a(wwx)x + b, 
c) Wt = a(wwx)x + bw. 
YKa3aHue. PeweHI1JI 11CKaTb B s11p_e w = f(t)x + g(t) 11 w = f(t)x 2 + g(t)x + h(t). 

4. Hai1TI1 peweHI1JI c o6o6111eHHbiM pa3p_eneHI1eM rrepeMeHHbiX HeJJI1Hei1HbiX ypasHeHI1H KOHBeKTI1B

Hoi1 TeiiJ10IIpOBO,QHOCTI1: 

a) Wt = a(wwx)x + bwx, 
b) Wt = a(wwx)x + bwx + cw + k. 
YKa3aHue. PeweHI1JI 11CKaTb B s11p_e w = f(t)x + g(t) 11 w = f(t)x 2 + g(t)x + h(t). 

5. Hai1TI1 peweHI1JI c o6o6111eHHbiM pa3p_eneHI1eM rrepeMeHHbiX HeJJI1Hei1HbiX ypasHeHI1H Terrnorrpo

BOP-HOCTI1 ( 3Ha'leHI1e n = 1 COOTBeTCTByeT peweHI110 C OCeBOH CI1MMeTp11eH, a n = 2- peweHI110 C 

ueHTpaJJbHOH CI1MMeTp11ei1): 

a) Wt = ax-n(XnWWx)x, 
b) Wt = ax-n(xnwwx)x + b, 
c) Wt = ax-n(xnwwx)x + bw. 
YKa3aHue. PeweHI1JI 11CKaTb B s11p_e w = f(t)x 2 + g(t). 

6. Hai1TI1 pewe1111e c o6o6111eHHbiM pa3p_eneHI1eM rrepeMeHHbiX HeJJI1Hei1Horo ypasHeHI1JI 

Wt = aWxx + bw~ + cw + s. 
YKa3aHue. Pewe1111e 11CKaTb s s11p_e w = f(t)x 2 + g(t)x + h(t). 

7. Hai1TI1 peweHI1JI c o6o6111eHHbiM pa3p_eneHI1eM rrepeMeHHbiX Jli1Hei1Horo ypasHeHI1JI 

Wt + f(t)x- 1wx = aWxx· 
YKa3aHue. PeweHI1JI 11CKaTb B s11p_e 

a) w = x2 + cp(t), 
b) w = x 4 + cp(t)x2 + 'ljJ~t), 
c) w = x 2n + tp2n-2(t)x n- 2 + · · · + cp2(t)x2 + cpo(t). 

8. flp11 KaKOM 3Ha'leHI111 rrapaMeTpa a HeJ111HeHHOe ypaBHeHI1e 

Wt = WWxx + aw~ + b 
11MeeT pewe1111e c o6o6111eHHbiM pa3p_eneHI1eM rrepeMeHHbiX s11p_a w = f ( t )x3 + g( t )x2 + h( t )x+p( t)? 



4.4. PeuteHue cjJyHK!4UOHGJlbHO-OUqxpepeH!4UGJlbHblX yp-HUU MemOOOM ouifJifJepeH11UP06GHUfl 57 

9. HailTI1 peweHI1JI c o6o6weHHhiM pa3p_eneHI1eM nepeMeHHhiX Heni1HeilHoro ypasHeHI1JI 

Wt = Wxx + w~ + aw2. 
YKa3aHue. PeweHI1JI 11CKaTb B s11p_e 
a) w = j(t) + g(t)e>-x, 
b) w = f(t) + g(t)sh(>.x), 
c) w = f(t) + g(t)ch(>.x), 
d) w = j(t) + g(t) sin( .Ax+ C). 

10. HailTI1 peweHI1JI c o6o6weHHhiM pa3p_eneHI1eM nepeMeHHhiX Heop_Hopop_Horo ypasHeHI1JI MoH
JKa- AMnepa: 

W~y = WxxWyy + f(x). 
YKa3GHUe. PeweHI1JII1CKaTb B Bl1,ll_e w = cp(x)y + 7/J(x) 11 w = cp(x)y2 + 7/J(x)y + x(x). 

11. HailTI1 peweHI1JI c o6o6weHHhiM pa3p_eneHI1eM nepeMeHHhiX Heop_Hopop_Horo ypasHeHI1JI MoH
JKa- AMnepa: 

W~y = WxxWyy + j(x)yk. 
YKa3aHue. PeweHI1JII1CKaTb B s11p_e w = cp(x)ym + 7/J(x). 

12. HailTI1 peweHI1JI c o6o6weHHhiM pa3p_eneHI1eM nepeMeHHhiX ypasHeHI1JI CTaU110HapHoro TpaHc-
3ByKosoro ra3osoro noTOKa: 

aWxWxx + Wyy = 0. 
YKa3aHue. PeweHI1JI 11CKaTb B s11p_e 
a) w = f(y)xm + g(y), 
b) w = j(y) + g(y)x312 + h(y)x3, 
c) w = f(y) + g(y)x + h(y)x2 + p(y)x3. 

13. HaHTI1 peweHI1e c o6o6weHHhiM pa3p_eneHI1eM nepeMeHHhiX ypaBHeHI1JI cTaUI10HapHoro norpa
HWIHOro CJlOJI C rpap_11eHTOM p_asneHI1JI: 

WyWxy- WxWyy = VWyyy + aef3x. 
YKa3aHue. PeweHI1e 11CKaTh B s11p_e w = f(x)e>-y + g(x)e->.y +Ax+ By+ C. 

14. HailTI1 peweHI1JI c o6o6weHHhiM pa3p_eneHI1eM nepeMeHHhiX ypasHeHI1JI P-BI1JKeHI1JI BJI3KOH JKI1P-
KOCTI1 (cnep_CTBI1e ypaBHeHI1H HaBhe-CTOKCa, W-<j:lyHKUI1JI TOKa): 

wy(b.w)x- Wx(b.w)y = vb.b.w, rp_e bow= Wxx + Wyy· 
YKa3aHue. PeweHI1JI 11CKaTh B s11p_e 
a) w = f(x)y + g(x), 
b) w = f(x)e>.y + g(x) 

(B 3TI1X <j:lopMyJlaX He3aBI1CI1Mble nepeMeHHble X 11 y MOlKHO llOMeHJITb MeCTaM11). 

® Jlumepamypa K pa30. 4.3: B. A. ranaKTI10HOB, C. A. nocaWKOB (1989), A. /],. llOJ1JIHI1H 
(2001 b, c), A./],. llonJIHI1H, A.M. )l{ypos (2002), A./],. llonJIHI1H, B. <t>. 3ailues (2002), A. D. Polyanin 
(2002), B. <t>. 3ailues, A. /],. llonJIHI1H (2003), A. D. Polyanin, V. F. Zaitsev (2004). 

4.4. PeweHHe <I»YHKU.HOHa/\bHO-AH<I»<I»epeHu,Ha/\bHbiX ypasHeHHH 
MeTOAOM AH<I»<I»epeHU,HpOBaHHfl 

4.4.1. OmtcaHMe MeTOAa AM$$epeH~MposaHMfl 

Ilpol.(e.IJ:ypa perneHIUI QJYHKI.(HOHaJibHO-.[(HQJQJepeHI.(HaJibHbiX ypaBHeHHM BH.[(a (21 )
(22) COCTOHT H3 Tpex IIOCJie.[(OBaTeJibHbiX :naiiOB. 

1°. Ilpe.[(IIOJIO)KHM, qTQ \[f k :::j. 0. IlO.[(eJIHM ypaBHeHHe (21) Ha \[f k If IIpO.IJ:HQJQJepeH

l.(HpyeM no y. B pe3yJibTaTe rronyqHM ypasHeHHe TaKoro )l(e BH.IJ:a, HOc MeHbWHM 

qifCJIOM qJieHOB: 

ll>1(X)w1(Y) + ll>2(X)w2(Y) + · · · + ll>k-l(X)wk-l(Y) = 0, 

;j;1(X) = ~P1 (X), ~1 (Y) = [w1 (Y)/wk(Y)]~. 
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IloBTOpHM amlJiomqHyro npou:e.uypy eme ( k - 3) pa3. B HTore npHXO.UHM K 

.UByqJieHHOMY ypaBHeHHIO C pa3,UemiiOill,HMHCji nepeMeHHbiMH 

(32) 

Teneph Ha.uo paccMoTpeTh .[(Be CHTyaU:HH. 

Heebrpo:JICdeHHbzu clly'Jau: l~l(X)I + I~2(X)I "¢ 0, I ~l(Y)I + I~2(Y)I "¢ 0. 
Tor.ua perneHHjl ypaBHeHHjl (32) onpe.ueJijiiOTCjl H3 o6hiKHOBeHHhiX .UHQJ<)JepeHU:H

aJibHhiX ypaBHeHHll: 

r.ue C- np~H3BOJibH~jl IIOCTOjiHHajl. flpe,UeJibHOMY CJiyqaiO C = 00 COOTBeTCTBYIOT 

ypaBHeHHjl <!>2 = 0, W1 = 0. 
)J,ea 6blpOJICdeHHblX Clly'JaR: 

~1(X) = 0, 

~1(Y) = 0, 

~2(X) = 0 

~2(Y) = 0 

~ 1,2 (Y)-JII06bie; 

~1,2(X) -JII06hie. 

2°. flonyqeHHbie peiiieHHjl .UByqJieHHOrO ypaBHeHHjl (32) Ha,UO IIO,[(CTaBHTb B HC

XO.[(HOe QJYHK[(HOHaJibHO-,UHQJQJepeH[(HaJibHOe ypaBHeHHe (21 )-(22), qT06bi y6paTb 

«JIHIIIHHe» IIOCTOjiHHbie HHTerpHpOBaHHjl [OHM IIOjiBJijllOTCji H3-3a TOrO, qTO ypaB

HeHHe (3 2) IIOJiyqeHO H3 (21) nyTeM ,UHQJQJepeHQHpOBaHHjl]. 

3°. Cnyqali: W k = 0 Ha.uo paccMOTpeTb OT,UeJibHO (nocKOJihKY ypaBHeHHe Ha 

nepBoM :nane .ueJIHJIOCh Ha w k). AHanorHqHo cne.uyeT Hccne.uoBaTh Bee .upyrHe 

cnyqaH TO)I(,UeCTBeHHoro o6palll,eHHjl B HYJih QJYHKU:HOHaJIOB, Ha KOTOphie .ueJIHJIHCh 

IIpOMe)l(yToqHbie QJYHK[(HOHaJibHO-,UHQJQJepeH[(HaJibHbie ypaBHeHHjl. 

3aMe48HI-1e 1. <l>yHK[(HOHaJibHO-,UHQJQJepeH[(HaJibHOe ypaBHeHHe (21 )-(22) MO

)I(eT He HMeTb perneHHH. 

3aMe4aHI-1e 2. Ha Ka)I(,UOM :nane qHcno qneHoB paccMaTpHBaeMoro QJYHKU:HO

HaJihHO-,UHQJQJepeH[(HaJibHOrO ypaBHeHHjl MO)I(HO IIOHH)I(aTb nyTeM ,UHQJQJepeH[(H

pOBaHHjl KaK IIO nepeMeHHOH y, TaK II IIO nepeMeHHOH X. Ha nepBOM 3Tane, 

HaiipHMep, MO)I(HO npe,UIIOJIO)I(liTb, qTo <l>k -::j 0. flo,UeJIHB ypaBHeHHe (21) Ha <l>k II 

IIpO,UHQJQJepeHQHpOBaB IIO X, IIOJiyqHM ypaBHeHHe TaKOrO )l(e BH,Ua, HO C MeHbiiiHM 

qHCJIOM qJieHOB. 

4.4.2. npHMepbl nOCTpOeHHH peweHHH C o6o6w,eHHbiM pa3Ae/\eHHeM nepeMeHHbiX 

HH)I(e ,UaHbl KOHKpeTHbie IIpHMepbi HCIIOJib30BaHHjl OIIHCaHHOrO MeTO,Ua .[(Jljl IIO

CTpOeHHjl TOqHbiX perneHHH HeJIHHeHHbiX ypaBHeHHH C o6o6Ill,eHHbiM pa3,UeJieHHeM 

nepeMeHHhiX. 

UpuMep 10. PaccMoTpHM HeJIHHeiiHoe ypaBHeHHe n-ro nopl!)lKa 

ow o2w ow o2w onw 
------- = f(x)-, 
oy oxoy OX oy2 oyn 

(33) 

r)le f ( x) - npOH3BOJibHal! ¢YHKI.Illl!. 8 LJaCTHOM cJiyLJae n = 3, f ( x) = const OHO cosna)laeT c 

ypaBHeHHeM CTaUHOHapHOrO norpaHIILJHOrO CJ!Ol! Ha llJIOCKOM llJiaCTIIHe )lJil! !jlyHKLillll TOKa. 

11I1J,eM TOLJHOe peWeHHe ypaBHeHlll! (33) C 0606lll,eHHbiM pa3)leJieHHeM nepeMeHHbiX Bll)la 

w(x,y) = tp(x)1/J(y) + x(x). (34) 
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ilO,QCTaBI1B (34) B (33) 11 COKpaTI1B Ha cp, nOJJY411M <jlyHKI..(I10HaJJbHO-,QI1<jl<jlepeHI..(I1aJJbHOe ypaBHeHI1e 

I [(•!.' )2 ,/,./,// l I ,/,11 - f( ),j,(n) (35) 'Px 'f'y - 'f''f'yy - Xx'f'yy- X 'f'y · 

Tiop_eJJI1M o6e 'faCTI1 ypasHeHI1ll (35) Ha f = f(x ), 3aTeM npop_l1<jl<jlepeHU11pyeM no x. 8 pe3yJJbTaTe 

11MeeM 

(cp~/ f)~[(7f;~) 2 -7/J7/J~y]- (x~/ !)~7/J~y = o. 
HeebtpoxiJeHHbtii C!ly'laii. Pa3,QeJJllll B (36) nepeMeHHbie, noJJy'fi1M 

(x~/f)~ = C!(cp~/f)~, 
(7f;~) 2 -7f;7f;~y- C11/J~y = 0. 

J1HTerp11pyll, np11XO,QI1M K CJJe,QyiO!lii1M Bb!palKeHI1liM: 

(36) 

7/J(y) = C4e>.y- C1, cp(x)-JJ106all, x(x) = C1cp(x) + C2 .I f(x) dx + C3, (37) 

rp_e C 1, C2, C3, C4, >.-nocTOl!HHbie 11HTerp11posaHI1ll. Tiop_cTaBI1B (37) B (35), HaXOP-11M CBll3b MelKP-Y 

KOHCTaHTaMI1: C2 = -An- 2 . Y411Tb!Bal! CKa3aHHOe, a TaKJKe <jlopMyJJbl (34) 11 (37), B 11TOre 11MeeM 

peweHI1e ypaBHeHI1ll (33) BI1,Qa (34 ): 

w(x, y) = cp(x )e>.y - >. n- 2 / f(x) dx + C, 

rp_e cp(x)-np0113BOJlbHal! <jlyHKI..(I1ll, C, A-np0113BOJlbHble nOCTOl!HHble (C = C3, c4 = 1). 
BbtpoxiJeHHbtii c!ly'laii. 113 ypasHeHI1ll (36) 11MeeM 

(cp~jf)~ = o, (x~/f)~ = o, 7f;(y)-JJ106al!. (38) 

l1HTerp11pyll p_saJK,Qbi nepsbie p_sa ypasHeHI1ll (38), noJJy'fi1M 

cp(x) = cl .I f(x) dx + c2, x(x) = c3 .I f(x) dx + c4, (39) 

rp_e cl' C2, C3, c4- np0113BOJlbHbie nocTOl!HHbie. 

ilO,QCTaBI1B Bb!palKeHI1ll (39) B (35), np11XO,QI1M K 06biKHOBeHHOMY ,QI1<jl<jlepeHI..(I1aJJbHOMY ypaBHe

HI110 ,QJJll onpep_eJJeHI1ll <jlyHKU1111 7j; = 7/J(y): 

C1(7j;~) 2 - (C17/J + C3)7/J~y = 7/J;nl. (40) 

<lJOpMyJJbl (34), (39) 11 ypaBHeHI1e (40) Oni1CbiBaiOT TO'fHOe peweHI1e ypaBHeHI1ll (33). 

UpuMep 11. .[l,syMepHbie cTaU110HapHbie ypasHeHI1ll ,QBI1lKeHI1ll Bli3Koif HeClKI1MaeMoif lKI1P-KOCTI1 

CBO,Ql!TCll K O,QHOMY HeJJI1HeHHOMY ypaBHeHI110 'feTBepTOrD nOpli,QKa ,ll_Jlll <jlyHKI..(I111 TOKa (JI. f. Jloif

l..(l!HCKI1H, 1973 ): 

awa awa 
--(~w)- --(~w) = v~~w ay ax ax ay ' 

oyp_eM 11CKaTb TO'fHble peweHI1ll ypaBHeHI1ll ( 41) C pa3,QeJJliiOllii1MI1Cll nepeMeHHbiMI1 BI1,Qa 

w = cp(x) + 7/J(y). 

ilO,QCTaBI1B ( 42) B ( 41 ), 11MeeM 

Tipop_l1<jl<jlepeHU11pyeM o6e 'faCTH (43) no x 11 y. 8 pe3yJJbTaTe noJJy'fi1M 

(41) 

(42) 

(43) 

(44) 

HeebtpoxiJeHHbtii C!ly'laii. Tip11 'P~x =/= 0 11 7/J~y =/= 0, pa3,QeJJllll B ( 44) nepeMeHHbie, np11xop_11M K 

Jli1HeHHbiM 06biKHOBeHHbiM ,QI1<jl<jlepeHI..(I1aJJbHbiM ypaBHeHI1l!M C nOCTOl!HHbiM11 K03<jl<jll11..(11eHTaMI1 

'P~~xx == C<p~x, 
7/J~~YY = C7f;~y' 

(45) 

(46) 

KOTOpble 11MeiOT peweHI1ll pa3JJI14HOrO BI1,Qa B 3aBI1CI1MOCTI1 OT BeJJI1411Hbl KOHCTaHTbl 11HTerp11pOBa

HI1ll C. 
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1 o. PeweHHe ypasHeHHH (45), (46) rrpH C = 0: 

'P(x) = A1 + A2x + A3x2 + A4x3, 

'1/J(y) = B1 + B2y + B3y2 + B4y3, 
(47) 

r).le Ak, Bk -rrpOH3BOJlhHhie rrocTOl!HHhie (k = 1, 2, 3, 4). Ilo).ICTaBHB (47) B (43), HaXO).IHM 3HaLJeHHl! 

IIOCTOl!HHbiX: 

A4 = B4 = 0, An, En -mo6hie 

Ak = 0, Bk -mo6hie 

Bk=O, Ak-mo6b1e 

(n = 1,2,3); 
(k = 1,2,3,4); 
(k = 1,2,3,4). 

flepBble ).IBa Ha6opa IIOCTOl!HHbiX OIIpe).leJll!lOT ).IBa H3BeCTHbiX IIOJlHHOMHaJJbHbiX peweHHl! ypaBHeHHl! 

( 41) BTOpOH H TpeTbeH CTerreHH OTHOCHTeJlbHO He3aBHCHMbiX rrepeMeHHbiX (JI. f. JlOHl.ll!HCKHH, 1973): 

w = C1x2 + C2x + C3y2 + C4y + Cs, 

w = C1y3 + C2y2 + C3y + C4, 

r).le cl' ... ' Cs- rrpOH3BOJlbHble IIOCTOl!HHble. 

2°. PeweHHe ypaBHeHHH ( 45), ( 46) rrpH C = A 2 > 0: 

'P(X) = A1 + A2x + A3e>.x + A4e ->.x, 

'1/J(y) = B1 + B2y + B3e>.y + B4e->-y. 

flO).ICTaBHM (48) B (43). flOCJle COKpall\eHHl! Ha A 3 H IIpHBe).leHHl! IIO).I06Hb!X LJJleHOB IIOJJYLJHM 

A3(VA- B2)e>.x + A4(VA + B2)e->.x + B3(VA + A2)e>.y + B4(VA- A2)e->.y = 0. 

flpHpaBHHBal! KOJ<jl<jml.IHeHTbl IIpH JKCIIOHeHTaX HYJllO, HaXO).IHM 3HaLJeHHl! IIOCTOl!HHbiX: 

( cJJyLJail I), 

A3 = B3 = 0, A2 = vA, B2 = -vA (cJJyLJail 2), 

A3 = B4 = 0, A2 = -vA, B2 = -vA (cJJyLJail 3). 

(48) 

(0CTaJlbHble IIOCTOl!HHble MOryT IIpHHHMaTb IIpOH3BOJlbHble 3HaLJeHHll.) YKa3aHHble Ha60pbl IIOCTO

l!HHbiX orrpe).leJll!lOT TPH peweHHl! ypaBHeHHl! ( 41) BH).Ia ( 42): 

w = Cle-,\y + C2y + c3 +VAX, 

w = Cle-,\x +VAX+ C2e-,\y- VAY + c3, 
w = Cle-,\x- VAX+ C2e,\y- VAY + c3, 

r).le C 1 , C2, C3, A-rrpoH3BOJlhHhie rrocTOl!HHhie. 

3°. PeweHHe ypasHeHHH (45), (46) rrpH C = -A2 < 0: 

'P(x) = A1 + A2x + A3 cos( Ax)+ A4 sin( Ax), 
'1/J(y) = B1 + B2y + B3 cos(Ay) + B4 sin(Ay). 

flO).ICTaHOBKa BblpaJKeHHH (49) B (43) He ).laeT HOBbiX ).leHCTBHTeJlbHbiX peweHHH. 

(49) 

Bb!pO:JK:OeHHb!e C!IY'IGU. B CJlyLJal!X 'P~x := 0 H '1/J~y := 0 ypaBHeHHe (44) o6pa111aeTCl! B TOlK).IeCTBO 

COOTBeTCTBeHHO ).IJll! J11060H <jlyHKLIHH '1/J = '1/J(y) H J11060H <jlyHKLIHH 'P = 'P(X). 3TH CJJyLJaH Ha).IO 

paccMaTpHBaTh OT).IeJlhHO. HarrpHMep, rrpH 'P~x = 0 HMeeM 'P(x) =Ax+ B, r).le A, B-JJ106hie. 

Ilo).ICTaBHB JTY <jlyHKLIHlO B (43), rrpHXO).IHM K ypasHeHHlO -A'IjJ~~Y = v'ljJ~~yy· Ero o6111ee peweHHe 

OIIHCbiBaeTCl! <jlopMyJJOH '1/J(y) = cl exp(-Ayjv) + C2y2 + C3y + C4. B HTOre HMeeM e!lle O).IHO 

peweHHe ypaBHeHHl! ( 41) BH).Ia ( 42): 

(A= vA, B = 0), 

KOTOpoe C IIOMOlllhlO rpyrrrrOBOfO aHaJJH3a 6hiJ10 IIOJlyLJeHO B. B. flyxHaLJeBhiM ( 1960). 

UpuMep 12. PaccMoTpHM HeJJHHeilHoe ypaBHeHHe BToporo rropl!).IKa rrapa6oJJHLJecKoro THrra 

ow 82 w (aw) 2 
- = aw-- +b - +c. (50) 
at 8x2 ax 

l1111eM TOLJHble peweHHl! ypaBHeHHl! (50) C pa3).1eJ1l!lOlliHMHCl! rrepeMeHHbiMH BH).Ia 

w = 'P(t) + '1/J(t)B(x). (51) 
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Tiop_cTaBI1B (51) B (50), nocne :meMeHTapHbiX npeo6pa3osaHI1H 11MeeM 

'P~- c+ 7j;~8 = a<p7f;B~x + 7f;2 [a88~x + b(8~) 2 ]. (52) 

Tiop_eni1M o6e 'faCTI1 :noro BbipaJKeHI1JI Ha 7j;2, a 3aTeM npop_11¢¢epeH1.111pyeM no t 11 x. 8 pe3ynbTaTe 
llOJ1Y411M 

(7/JU7/J 2 )~8~ = a(<p/7f;)~8~~x· 
Pa3p_enJIJI nepeMeHHbie, np11xop_11M K o6biKHOBeHHbiM P-11¢¢epeH1.111MbHbiM ypasHeHI1JIM (K- npo-
113BOJlbHaJI llOCTOJIHHall) 

8~~x = K8~, 
(7/JU7/J2 )~ = aK('PN)~. 

06wee peweHI1e ypasHeHI1JI (53) p_aeTcJI ¢opMynaMI1 

{ 
A1x2 + A2x + A3 np11 K = 0, 

8 = A1e>-x + A2e->.x + A3 np11 K = .-\2 > 0, 
A1 sin(.-\x) + A2 cos(>.x) + A3 np11 K = -,\2 < 0, 

(53) 

(54) 

(55) 

rp_e A 1, A2, A3 - npo113BOJlbHbie nocTOJIHHbie. l1HTerp11pyJI ypasHeHI1e (54), Haxop_I1M (B
np0113BOJlbHaJI llOCTOJIHHaJI): 

<p(t) -mo6aJI, 
B 

K=O, 7/J = t + c1 
np11 

1 7j;' 
(56) 

7j; ( t) - mo6aJI, 'P = B7f; + __ t np11 K=j=.O. 
aK 1j; 

ilO,QCTaBI1B peweHI1JI (55) 11 (56) B (52), MOJKHO «y6paTb)) J111WHI1e KOHCTaHTbl 11 Onpep_eJ111Tb ¢YHK1.11111 
<p 11 7/J. 8 11TOre llOJ1Y411M: 

1 o. PeweHI1e np11 a =f=. -b, a =f=. -2b: 

W= c(a+2b) (t+CI)+C2(t+CI)- a;2b- ---.,.--(.:..._x_+--,--,C-"'3'-)2--,--,-
2(a+b) 2(a+2b)(t+C1 ) 

rp_e cl' C2, c3- np0113BOJlbHbie nOCTOJIHHbie. 

2°. PeweHI1e np11 b = -a: 

(P-nll K = 0), 

1 7j;~ (A ,\x A -,\x) w = --2 - + 7j; 1e + 2e 
a>. 1j; 

(p_nll K = ,\2 > 0), 

rp_e ¢YHK1.111JI 7/J = 7/J(t) onpep_eJllleTCJI 113 aBTOHOMHOrO 06biKHOBeHHOrO P-11¢¢epeH1.111aJlbHOrO 
ypasHeHI1JI 

peweHI1e KOToporo MOJKHO npep_cTaBI1Tb B HeJIBHOH ¢opMe. 8 'faCTHbiX cny'faJix A 1 = 0 11J111 A2 = 0 
11MeeM 7j; = cl exp( +ac,\2 t 2 + C2t). 

3°. PeweHI1e np11 b = -a: 

1 7j;' 
w = --2 _t + 7f;[A1 sin(.-\x) + A2 cos(.-\x)] (p_nJI K = -,\2 < 0). 

a>. 1j; 

rp_e ¢YHK1.111JI 7/J = 7/J(t) onpep_eJllleTCJI 113 aBTOHOMHOrO 06biKHOBeHHOrO P-11¢¢epeH1.111aJlbHOrO 
ypasHeHI1JI 

peweHI1e KOTOpOrO MOlKHO npe,QCTaBI1Tb B HeJIBHOH ¢opMe. 

3aMe4aHHe. CTpyKTYPY peweHI1H ypasHeHI1JI (50) p_pymM MeTOP-OM on11can V. A. Galaktionov 
(1995). 

~ 3ai>a•IU u ynpa:m:nenu.R K pa30. 4.4 
1. HailTI1 peweHI1JI c o6o6weHHbiM pa3p_eneHI1eM nepeMeHHbiX HeJ111HeHHbiX ypasHeHI1H nepsoro 
nopJip_Ka: 

a) Wx = aw~ + bwwy + f(x), 
b) Wx = aw~ + f(x)w. 
YKa3aHue. PeweHI1JII1CKaTb B s11p_e w = <p(x) + 7/J(x)e(y). 
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2. HailTH peweHHJI c o6o6111eHHhiM pa3p_eneHI1eM nepeMeHHhiX HenHHeHHhiX ypasHeHHH Tennonpo

BO,L\HOCTH: 

a) Wt = a(wwx)x, 
b) Wt = a(wwx)x +b. 
YKa3aHue. PeweHI1JII1CKaTb B BH,L\e w = j(t)B(x) + g(t). 

3. HailTH pewe1111e c o6o6111eHHbiM pa3p_eneHI1eM nepeMeHHbiX HenHHeilHoro ypasHeHHJI KOHBeKTHB

HOH TennonpoBO,L\HOCTH: 

Wt = a(wwx)x + bwx. 
YKa3aHue. Pewe1111e 11CKaTb B BH,L\e w = j(t)B(x) + g(t). 

4. HailTH pewe1111e c o6o6111eHHbiM pa3p_eneHI1eM nepeMeHHbiX HenHHeilHoro BOJlHOBoro ypasHeHHJI: 

Wtt = a(wwx)x. 
YKa3aHue. Pewe1111e 11CKaTb B BH,L\e w = j(t)B(x) + g(t). 

5. HailTH peweHHJI c o6o6111eHHbiM pa3p_eneHI1eM nepeMeHHbiX ypasHeHHJI norpaHWIHOro cnoJI c 

rpap_l1eHTOM ,L\aBJleHHJI: 

WyWxy- WxWyy = VWyyy + j(x). 
YKa3aHue. PeweHI1JII1CKaTb B BH,L\e w = <p(x)'I/J(y) + x(x). 

6. HailTH peweHHJI c o6o6111eHHbiM pa3p_eneHI1eM nepeMeHHbiX HenHHeHHbiX ypasHeHHH TpeTbero 

nopllp_Ka: 

a) Wxt + W~ - WWxx = j(t)Wxxx, 
b) Wt + awwx + bWxtt = 0. 
YKa3aHue. PeweHI1JII1CKaTb B BH,L\e w = <p(t)B(x) + '1/J(t). 

7. HailTH peweHHJI c o6o6111eHHbiM pa3p_eneHI1eM nepeMeHHbiX HenHHeHHbiX ypasHeHHH: 

a) Wt = aexp(.Awxx), 
b) Wtt = aexp(AWxx). 
YKa3aHue. PeweHHJI 11CKaTb B BH,L\e w = j(x)B(t) + g(x) (o6e 'laCTH ypaBHeHHH HMO 

nponorap11!jlM11posaTb ). 

® Jlumepamypa K pa30. 4.4: A. )..1,. llonJIHHH, A. H. )l{ypos (2002), A. )..1,. llonJIHHH, B. <1>. 3ailues 

(2002), B. <1>. 3ailues, A. )..1,. llonJIHHH (2003), A. D. Polyanin, V. F. Zaitsev (2004). 

4.5. PeweHHe <I>YHKU.HOHa/\bHO-AH<I><J>epeHu,Ha/\bHbiX ypasHeHHH 
MeTOAOM pacw,en/\eHHfl 

4.5.1. npeABapHTe/\bHble 3aMeL!aHHfl. OnHCaHHe MeTOAa pac~en/\eHHfl 

Ilpii yMeHbiiieHIIII qiiCJia qJieHOB «PYHK[(IIOHaJibHO-,UHCp«PepeH[(IIaJibHOrO ypaBHeHIIjl 

(21 )-(22) C IIOMOII(biO .UII«P«PepeHQIIpOBaHIIjl B03HIIKaiOT «JIIIIIIHIIe» IIOCTOj{HHbie 

IIHTerpiipOBaHIIjl, KOTOpbie Ha,UO y6IIpaTb Ha 3aKJIIOqiiTeJihHOM :narre. KpoMe TOrO, 

IIOpji,UOK IIOJiyqeHHOrO ypaBHeHIIjl MO)I(eT 6biTb Bbiiiie IIOpji,UKa IICXO,UHOrO. lJT0-

6bi II36e)l(aTb 3TIIX TPY.UHOCTeli:, peiiieHIIe «PYHKU:IIOHaJihHO-.UII«P«PepeHQIIaJihHOro 

ypaBHeHIIjl y.uo6HO CBeCTII K IIOCJie,UOBaTeJibHOMY peiiieHIIIO 6IIJIIIHeHHOrO «PYHK

U:IIOHaJibHOrO ypaBHeHIIjl CTaH,UapTHOrO BII,Ua II peiiieHIIIO CIICTeMbl 06hiKHOBeHHbiX 

.UII«P«PepeHQIIaJibHbiX ypaBHeHIIH (T. e. IICXO,UHajl 3a,Uaqa paCII(eiiJijleTCjl Ha .[(Be 

6onee IIpOCTbie 3a,Uaqii). HII)I(e ,UaHO KpaTKOe OIIIICaHIIe OCHOBHbiX 3TaiiOB 3TOrO 

MeTO,Ua. 

1°. Ha rrepBoM 3Tarre paccMoTpiiM ypaBHeHIIe (21) KaK 6IIJIIIHeli:Hoe «PYHKU:IIOHaJih

HOe ypaBHeHIIe, 3aBIICjlll(ee OT .usyx rrepeMeHHhiX X II Y, r.ue ~Pn = ~Pn(X) II 

Wn = Wn(Y) -IICKOMbie BeJIIIqiiHbi (n = 1, ... , k). 
Mo)I(HO .UOKa3aTb (HarrpiiMep, rryTeM .UII«P«PepeHU:IIposaHIIjl rro cxeMe, orriicaH

HOH B pa3,U. 4.4, COBMeCTHO C IIH.UYKU:IIeH), qTO 6IIJIIIHeHHOMY «PYHK[(IIOHaJibHO

MY ypaBHeHIIIO (21) MO)I(HO y.uosneTBOpiiTh TOJihKO B cnyqae, Kor.ua BeJIIIqiiHhi 

l!>n = l!>n(X) (n = 1, ... , k) CBj13aHhl JIIIHeHHbiMII 3aBIICIIMOCnMII. YqiiTbiBajl 3TO 
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06CT051TeJibCTBO, HeTpy.UHO IIOKa3aTb, qTO 6HJIHHeHHOe cpyHKI.J,HOHaJibHOe ypaBHe

HHe (21) HMeeT ( k - 1) pa3JIHqHbiX peiiieHHH: 

<I>i(X) = Ci,l<I>m+l(X) + Ci,2<I>m+2(X) + · · · + Ci,k-m<I>k(X), 
Wm+J(Y) = -Cl,JIJ!l(Y)- C2,JIJ!2(Y)- · · ·- Cm,JWm(Y), (57) 
i = 1, ... , m; j = 1, ... , k- m; m = 1, 2, ... , k- 1; 

r.ue Ci,j-IIpOH3BOJihHbie IIOCT051HHbie. <l>yHKI.J,HH <I>m+l(X), ... , <I>k(X), IJ!1(Y), 

... , Wm(Y), CT051II.J,He B npaBbiX qacT51X paBeHCTB (57), 3a,UaiOTC51 npoH3BOJihHO. 

BH.UHO, qTo npH cpHKCHpoBaHHOM m perneHHe (57) co.uep)I(HT m(k - m) npoH3-

BOJihHhiX IIOCT051HHbiX. 

2°. Ha BTOpOM :nane IIOCJie,UOBaTeJihHO IIO,UCTaBJI51eM cpyHKI.J,HOHaJibl <l>i(X) H 

W j (Y) H3 (22) BO BCe peiiieHH51 (57). B pe3yJihTaTe IIOJiyqaeM CHCTeMhl 06hiKHOBeH

HbiX ,UHcpcpepeHI.J,HaJibHbiX ypaBHeHHH* ,UJI51 OIIpe,UeJieHH51 HCKOMbiX cpyHKI.J,HH tpp (X) 
H 1/Jq (y). Perna51 3TH CHCTeMbi, HaXO.UHM perneHH51 c o6o6II.J,eHHhiM pa3,UeJieHHeM 

nepeMeHHbiX BH,Ua (19). 

3aMe48HI-1e 1. Ba)I(HO IIO,UqepKHYTb, qTo HCIIOJih3yeMOe B MeTO,Ue pacii.J,eiiJie

HH51 6HJIHHeHHOe cpyHKI.J,HOHaJibHOe ypaBHeHHe (21) IIpH cpHKCHpOBaHHOM k 51BJI51-

eTC51 O,UHHM H TeM )l(e ,UJI51 pa3HbiX KJiaCCOB HCXO,UHbiX HeJIHHeHHbiX ypaBHeHHH 

MaTeMaTHqeCKOH cpH3HKH. 

3aMe4aHI-1e 2. IlpH cpHKCHpoBaHHOM m perneHHe (57) co.uep)I(HT m(k-m) npo

H3BOJihHhiX IIOCT051HHbiX Ci,j. IlpH 3a,UaHHOM k HaH60Jibiiiee qHCJIO IIpOH3BOJibHbiX 

IIOCT051HHbiX HMeiOT CJie,UyiOII.J,He peiiieHH51: 

HoMep peuteHuR 

m= +k 
m = +(k ± 1) 

l.JUCJlO npOU360JlbHblX nocmORHHblX 

.l..k2 
4 

-{-(k2 - 1) 

YcJLoeuR Ha k 

k- qeTHOe qHCJIO, 

k-HeqeTHOe qHCJIO. 

l1MeHHO 3TH peiiieHH51 6HJIHHeHHOrO cpyHKI.J,HOHaJibHOrO ypaBHeHH51 qaii.J,e BCero 

IIpHBO,U51T K HeTpHBHaJibHbiM peiiieHH51M C o6o6II.J,eHHbiM pa3,UeJieHHeM nepeMeHHbiX 

B HeJIHHeHHbiX ypaBHeHH51X C qacTHbiMH IIpOH3BO,UHbiMH. 

3aMe4aHI-1e 3. nHJIHHeli:Hoe cpyHKI.J,HOHaJihHoe ypaBHeHHe (21) H ero perneHH51 

(57) HrpaiOT Ba)I(HYIO pOJib B MeTO,Ue cpyHKI.J,HOHaJibHOrO pa3,UeJieHH51 nepeMeHHbiX 

( CM. maBy 5). 

)J,JI51 HarJI51,UHOCTH Ha pHC. 2 H306pa)l(eHbl OCHOBHbie 3Taiibl IIOCTpOeHH51 perne

HHH c o6o6II.J,eHHhiM pa3,UeJieHHeM nepeMeHHhiX MeTO.UOM pacii.J,enJieHH51. 

4.5.2. PeweHMfl npOCTeMWMX 4>YHK~MOHal\bHbiX ypaBHeHMM M MX npMMeHeHMe 

IlpHBe,UeM peiiieHH51 HeCKOJibKHX IIpOCTeHIIIHX cpyHKI.J,HOHaJibHbiX ypaBHeHHH BH,Ua 

(21 ), KOTOpbie IIOHa,U0651TC51 ,UaJiee ,UJI51 peiiieHH51 KOHKpeTHbiX HeJIHHeHHbiX ypaB

HeHHH C qaCTHbiMH IIpOH3BO,UHbiMH. 

1°. <l>yHKI.J,HOHaJibHOe ypaBHeHHe 

(58) 

* 06hi'IHO 3TI1 CI1CTeMhl l!BJil!IOTCll nepeonpe)leJieHHhiM11. 
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Hcxouuoe ypasueuue: F(x, y, w, w,, wy, wa""' w"'Y' wYY' ... ) = 0 

l1ll\eM peweHHe c o6o6ll\eHHhiM 

pa3).1eJieHHeM rrepeMeHHhiX 

Tio).ICTasmreM B ypasHeHHe 

IlpHXOD:HIU K ljlyHKIJ,HOHa.'lbHO-D:HijlljlepeHIJ,Ha.'lbHOMY ypasueHHIO 

Ilo.'lyqaeM: (i) ljlyuKu,uoua.'lbHOe ypasueuue u (ii) onpeue.'IHIDrnyiD cucTeMY O.LJ.Y 

PaccMaTpHsaeM ypasHeHHe (i) 

Perna eM ljlyuKu,uoua.'lbHOe ypasueuue: .P1 (x)'lt 1(y) + ... + .Pk(x)'lt k(y) = 0 

<l>yHKU1111 <1> 111,, \}!m (I :(;'In :(; k) 

IlO).ICTaBm!eM B CJ1CTeMy (ii) 

PemaeM onpeue.TIHIDlliYID cucreMy o6MKuoseuublx uuljlljlepeuu,ua.ribHbiX ypasueuuu 

Ilo.TfyqaeM pemeuue ucxouuoro ypasueuust c o6o6meuHbiM paJue.TieuueM nepeMeHHbiX 

Puc. 2. 06!1\al! cxeMa rrocTpoeHHl! peweHHH c o6o6ll\eHHhiM pa3).1eJieHHeM rrepeMeHHhiX MeTO).IOM 

paC!l\eiiJieHHl!. J1CIIOJib30BaHO COKpallleHHe: Q_ny- 06bJKHOBeHHbJe ).111¢¢epeHU11aJibHble ypaBHeHHl!. 

me see <I>i-<l>YHKl(IIH O.[(Horo II Taro :lKe apryMeHTa, a see wi-<l>YHKl(IIII .Llpyroro 
apryMeHTa, IIMeeT .[(Sa perneHmi: 

<l>1 = A1 <!>3, 

w1 = A1w3, 

<l>2 = A2<l>3, 

w2 = A2w3, 

w3 = -A1 w1- A2w2; 

<!>3 = -A1 <l>1- A2<I>2, 
(59) 

me A 1, A 2 - rrpoii3SOJihHbie rroeTOHHHbie. <l>yHKl(IIII s rrpasbiX qaeTHX paseHeTs 
(59) eqiiTaiOTeH rrpoii3SOJihHhiMII. B rrepsoM perneHIIII e.[(eJiaHbi rrepeo6o3HaqeHIIH: 
A1 = C1,1, A2 = C2,1, a so sTopoM perneHIIII-rrepeo6o3HaqemtH: A1 = -l/C1,2, 
A2 = C1,1/C1,2 [epasHII e perneHIIHMII (57) rrpii k = 3]. 

2°. <l>yHKl(IIOHaJibHOe ypasHeHIIe 

(60) 

f.[(e see <J>i-<l>YHKl(IIII O.[(HOrO II TOfO :lKe apryMeHTa, a see Wi-<l>YHKl(IIII .L\pyroro 
apryMeHTa, IIMeeT perneHIIe 

<~>1 = A1 <!>3 + A2<l>4, 

w3 = -A1 w1- A3w2, 

<l>2 = A3<l>3 + A4<l>4, 

w4 = -A2w1- A4w2, 
(61) 
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3aBHC51rn:ee OT qeTbipex rrpoH3BOJihHhiX rrocT051HHhiX Am [eM. perneHHe (57) rrpH 

k = 4, m = 2, C1,1 = A1, C1,2 = A2, C2,1 = A3, C2,2 = A4]. <l>yHKU:HH B rrpaBbiX 

qaCT51X paBeHCTB ( 61) cqHTaiOTC51 IIpOH3BOJibHbiMH. 

YpaBHeHHe (60) HMeeT TaiOKe .D:Ba .n:pyrHx perneHH51, 3aBHC51Il(HX OT Tpex 

IIpOH3BOJibHbiX IIOCT051HHbiX: 

<l>1 = A1 <!>4, 
IJ!1=A11J!4, 

<l>2 = A2<l>4, 
W2=A21J!4, 

<!>3 = A3<l>4, 
W3=A31J!4, 

IJ!4=-A11J!1-A21J!2-A31J!3; 
<I> 4 = - A1 <!>1 - A2<I>2- A3 <!>3. 

(62) 

B rrepBOM perneHHH C.[(eJiaHbl rrepeo603HaqeHH51: Al = cl,l, A2 = c2,1, A3 = c3,1, 
a BO BTopoM perneHHH- rrepeo6o3HaqeHH51: A1 = -1/Cl,3, A2 = C1,1/C1,3, 
A3 = C1,2/C1,3· 
3°. PerneHH51 cpyHKU:HOHaJihHOro ypaBHeHH51 

(63) 

MO)KHO HaRTH ITO cpopMyJiaM (57) rrpH k = 5. IloKa)KeM rrpOCTOH CIIOC06 IIOJiyqeHH51 

perneHHH, KOTOpbiH y.n:o6HO HCIIOJib30BaTb Ha rrpaKTHKe, HCX0.[(51 Herrocpe.[(CTBeHHO 

H3 ypaBHeHH51 (63). Ey.n:eM cqHTaTh, qTo cpyHKU:HOHaJihHhie K03cpcpHU:HeHThi 1>1, 1>2 , 

1>3 51BJI51IOTC51 JIHHeHHbiMH KOM6HHa[(H51MH K03cpcpHQHeHTOB 1>4 H 1>5 : 

r.n:e An, Bn- rrpoH3BOJihHhie rrocT051HHhie. Ilo.n:cTaBHM Bbipa)KeHH51 (64) B (63) H 

co6epeM qJieHbi, rrporropu:HoHaJihHbie <I> 4 H <I> 5 : 

IJ!4 = -A11J!1- A21J!2- A31J!3, 
IJ!s = -B11J!1- B21J!2- B31J!3. 

(65) 

<l>opMyJihi (64), (65) .n:aiOT O.LJ:HO H3 perneHHH ypaBHeHH51 (63). AHaJiomqHhiM 

o6pa30M HaX0.[(51TC51 H .D:pyrHe perneHH51. 

UpuMep 13. PaccMoTpHM HeJJHHeliHoe ypasHeHHe mnep6oJJH4ecKoro THna 

EJ2w a ( ow) ot2 = aax wax + j(t)w + g(t), 

r).le j(t) II g(t)-np0113BOJlbHble rpyHKI..Illll. 

l1I1J,eM perneHHe :noro ypasHeHHll c o6o6lll,eHHhiM pa3).1eJJeHHeM nepeMeHHhiX BH).Ia 

w(x, t) = rp(x)1jJ(t) + x(t). 

flO).ICTaBIIB (67) B (66), nOCJJe ::)JleMeHTapHbiX Onepai..IIIH nOJJY'IliM 

a1jJ 2 (rprp~)~ + a1/Jx'P~x + (!1/J -1/J~~)rp + fx + g- x:t = 0. 

3TO ypaBHeHHe MOJKHO npe).ICTaBIITb B Bll).le rpyHKI..IliOHaJJbHOrO ypaBHeHllll (60), r).le 

<l>1 = (rprp~)~, <l>2 = 'P~x' <l>3 = rp, <l>4 = 1, 

IJ11 = a1/J2, IJ12 = a1/Jx, IJ13 = !1/J -1/J;~, IJ14 = fx + g- x;'t· 

(66) 

(67) 

(68) 

flO).ICTaBIIB B perneHHe ( 61) Bb!paJKeHllll ( 68), nOJJY'IliM nepeonpe).leJJeHHYIO CliCTeMy 06b!KHOBeHHbiX 

).IH!jl!jlepeHI..IllaJJbHbiX ypaBHeHIIH ).IJlll onpe).leJJeHllll !jlyHKI..IliH 'P = rp(x ), 1/J = 1/J( t), X = x( t): 

(rprp~)~ = A1rp + A2, 'P~x = A3rp + A4, 

!1/J -1/J;~ = -A1a1/J2 - A3a1/Jx, fx + g- x;'t = -A2a1/J2 - A4a1/Jx. 
(69) 

5 A. )],. IIomiHHH, B. <1>. 3ailues, A. H. )l(ypos 
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TiepBble ).IBa ypaBHeHJU! (69) COBMeCTHhl TOJlhKO rrp11 

A1 = 6E2, A2 = Ef- 4EoE2, A3 = 0, A4 = 2E2, 

r).le Eo, E1, E2- rrpo113BOJJhHhie rrocTO»HHhie, 11 HMeJOT B JTOM cJJy'lae peweHHe 

'P(x) = E2x2 + E1x +Eo. 

(70) 

(71) 

ilO).ICTaBHB Bh!palKeHH» ).IJJ» KOJ<jl<jmUHeHTOB (70) B ).IBa IIOCJle).IHI1X ypaBHeHH» ( 69), IIOJJY411M 

CHCTeMy ).IJJ» orrpe,lleJJeHH» <jlyHKU11H '1/J(t) 11 X(t): 

'1/J;~ = 6aE2'1/J2 + f(t)'ljJ, 

x;'t = [2aE2'1/J + f(t)]x + a(Ei - 4EoE2)'1/J2 + g(t). 
(72) 

<l>opMyJJhl (67), (71) 11 CI1CTeMa (72) OIIpe).leJJ»IOT TO'IHOe peweHHe ypaBHeHH» (66) C 0606ll\eH

HhiM pa3).1eJJeHJ1eM rrepeMeHHhiX. Tiepsoe ypaBHeHHe (72) pewaeTC» He3aBJ1CJ1MO; OHO JlHHeHHO B 

cJJy'lae E2 = 0 11 HHTerpHpyeTc» B KBa,llpaTypax rrp11 f(t) = const. BTopoe ypasHeHHe (72) JJHHeHHO 

OTHOCHTeJJbHO X (rrp11 113BeCTHOM '1/J). 
Tip11 'P =/'. 0, 'ljJ =/'. 0, X =/'. 0 11 rrpo113BOJJhHhiX f 11 g ypasHeHHe (66) He HMeeT .llpymx peweHHH 

BH).Ia (67). 

3aMe4aHHe. MolKHO rroKa3aTh (V. A. Galaktionov, 1995), 'ITO ypasHeHHe (66) HMeeT 6oJJee 

06!1\ee peweHHe BH).Ia 

w(x,y) = 'P1(x)'I/J1(t) + 'P2(x)'I/J2(t) + 'ljJ3(t), (73) 

f).le <jlyHKU1111 '1/J, = '1/J, ( t) OIIpe).leJJ»IOTC» 113 06hiKHOBeHHhiX ).111<jl<jlepeHU11aJJhHhiX ypaBHeHHH ( WTp11XI1 

0603Ha'!a!OT IIp0113BO).IHble IIO t) 

'1/J~' = 6a'I/Ji + f(t)'I/J!, 

'1/J~ = [6a'I/J1 + f(t)]'I/J2, (74) 

'1/J~ = [2a'I/Jl + f(t)]'I/J3 + a'ljJ~ + g(t). 

BTopoe ypasHeHHe (74) HMeeT '!aCTHOe peweHHe 'I/J2 = '1/JJ. TioJTOMY ero o61.1..1ee peweHHe MOlKHO 

3arr11caTh s BH).Ie (B. <1>. 3ailues, A.)],. TioJJ»HHH, 2001 a) 

'I/J2 = c1 'I/J1 + C2'1/J1 j d; . 
1/Jl 

4aCTHOMY CJJy'laiO C2 = 0 OTBe'laeT peweHHe, IIOJJY'IeHHOe B rrpHMepe 4. 

llpuMep 14. PaccMOTpHM HeJJHHeilHoe ypasHeHHe TpeThero rrop»).IKa 

82w + (aw) 2 -w82w =ll83w 
axat ax 8x2 8x3 ' 

KOTOpOe BCTpe'!aeTC» B r11).1pO).IJ1HaMJ1Ke. 

J11.1..1eM TO'!Hhle peweHH» ypaBHeHH» (75) BH).Ia 

w = 'P(t)B(x) + 'ljJ(t). 

ilO).ICTaBHB (76) B (75), 11MeeM 

'e' e" 2 [(e' )2 ee" ] e"' 'Pt X - 'P'I/J XX + 'P X - XX - l/ip XXX = 0. 

(75) 

(76) 

3TO <jlyHKU110HaJJhH0-).111<jl<jlepeHU11aJJhHOe ypaBHeHHe MOlKHO CBeCTI1 K <jlyHKU110HaJJhHOMY ypaBHe

HI110 ( 60), IIOJJOlKJ1B 

q.l = 'P;, q.2 = ip'I/J, q.3 = 'P2, q.4 = llip, 

\111 = e~, \112 = -e~Xl \113 = (B~) 2 - ee~Xl \114 = -e~~x· 
(77) 

ilO).ICTaBHB 3TH Bh!palKeHH» B ( 61 ), IIOJJY411M CI1CTeMy 06hiKHOBeHHhiX ).111<jl<jlepeHU11aJJhHhiX ypaBHe-

(8~) 2 - BB~x = -A1B~ + A3B~x' B~~x = A2B~- A4B~x· 
(78) 

MOlKHO IIOKa3aTh, 'ITO ).IBa IIOCJle).IHI1X ypaBHeHH» (78) 11Me!OT COBMeCTHhie peweHH» TOJlhKO rrp11 

JlHHeHHOH CB»311 MelK).IY <jlyHKUHeH 8 11 ee rrp0113BO).IHOH: 

e~ = E1e + E2. (79) 
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B1(A1 + B2- A3B1) = 0, 

B2(A1 + B2- A3B1) = 0, 

Bi + A4B1- A2 = 0. 

J1HTerpHpyll ypaBHeHHe (79), IIOJJYLJHM 

B = { B3 exp(B1x)- :: rrp11 B1 =j=. 0, 

B2x + B3 rrp11 B1 = 0, 

r.1.1e B3- rrpOH3BOJlbHal! rrocTOl!HHal!. 

113 rrepBbiX .l.IBYX ypaBHeHHH (78) HaXO).IHM ¢YHKL11111 cp 11 'lj;: 

r).le C- IIp0113BOJlbHal! IIOCTOl!HHal!. 

(80) 

(81) 

(82) 

<l>opMyJlbl (81 ), (82) 11 COOTHOWeHHll (80) Il03BOJ1li!OT HaHTH CJle).lyJOIIJ,He peweHHll ypaBHeHHll 

(75) BH).Ia (76): 

- x+Cl + C W- --- 3 
t+ c2 

C e->-x + 1 
w = 1 + v>. 

>.t+ c 2 

w = Cle-.>.(x+f3"t) + v(>. + (3) 

w = v(3 + cl e-Ax + v(>.- (3) 
1 + C2 e-"-'!3t 

r).le C1, C2, C3, (3, >.-rrpoH3BOJlbHbie rrocTOliHHbie (11x MOlKHO Bbipa3HTb LJepe3 Ak, Bk). 
J1CCJle).IOBaHHe BTOpOrO BblpOlK).IeHHOrO peweHHll (62) ¢YHKL1110HaJlbHOrO ypaBHeHHll (60) C 

yLJeTOM (77) IIpHBO).IHT K .l.IBYM peweHHliM .lll1¢¢epeHl.ll1aJlbHOrO ypaBHeHHll (75): 

w = ___:;___c + '1/J(t), 
t+ 

w = cp(t)e-.>.x- 'P~(t) + v>. 
>.<p(t) ' 

r.1.1e cp( t) 11 'lj;( t)- rrpOH3BOJlbHbie ¢YHKLIHH, C, >.- rrpOH3BOJlbHbie rrocTOl!HHbie. 

llpuMep 15. PaccMOTpHM ypasHeHHe c 3KCIIOHeHl.IHaJJbHOH HeJJHHeHHOCTbJO rro CTapweil rrpOH3-

BO).IHOH: 

Wt = f(x) exp(awxx). (83) 

J1IIJ,eM TOLJHb!e peweHHll BH).Ia 

w = cp(x) + 'lj;(x)B(t). (84) 

ilO).ICTaBHM (84) B (83), IIO).IeJlHM o6e LJaCTH IIOJJyLJeHHOrO Bb!palKeHHll Ha j(x ), a 3aTeM IIpOJJOrapH¢

MHpyeM. CLJHTall 'lj; If > 0, rrocJJe 3JleMeHTapHbiX rrpeo6pa3oBaHHH HMeeM 

acp~x - In( 'lj; I f) + aB'I/J~x - In e~ = 0. (85) 

3TO ¢YHKL1110HaJlbH0-).111¢¢epeHl.ll1aJlbHOe ypaBHeHHe MOlKHO 3aiiHCaTb B BH).Ie (58), IIOJlOlKHB 

1>1 = acp~x -ln('I/Jif), 1>2 = '1/J~x, .P3 = 1, IJ11 = 1, IJ12 = aB, IJ13 =-In&~. 

ilO).ICTaBHB 3TH Bb!palKeHHll B rrepsoe peweHHe (59), IIp11X0).111M K 06biKHOBeHHbiM .lll1¢¢epeHl.ll1aJlb-

Hb!M ypaBHeHHliM 

1>1 = acp~x -ln('I/Jif) = A1, '1/J~x = A2, lnB~ = A1 +A2aB. 

5* 
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'P(x) = - 1 A,x2 + C3x + C4 + ~ Jx (x- ~)In 'lj;((~)) d~, 
2a a xo f ~ 

1 2 
'1/J(x) = -A2x + C,x + C2, 

2 

(}(t) = --1-ln(C5- A2aeA't). 
A 2 a 

<l>opMyJlhl (84), (86) Olli1Cb!BaiOT TO'IHOe perneHI1e ypaBHeHI1» (83). 

~ 3ai)a..,u u ynpa:m:nenuR K pa:Ji). 4.5 

(86) 

1. HaifTI1 perneHI1» c o6o6111eHHbiM pa3)leJJeHI1eM rrepeMeHHbiX HeJ111HeliHbiX ypasHeHI1H Terrno- 11 

MaccorrepeHoca: 

a) Wt = a(wwx)x, 
b) Wt = a(wwx)x + b, 
c) Wt = a(wwx)x + bw, 
d) Wt = a(wwx)x + bw2, 
e) Wt = a(wwx)x + bwx. 
YKa3aHue. PerneHI1» 11CKaTb s Bl1!le w = f(t)e(x) + g(t). 

2. HaifTI1 perneHI1» c o6o6111eHHbiM pa3)leJJeHI1eM rrepeMeHHbiX HeJ111HeliHbiX BOJlHOBbiX ypasHeHMif: 

a) Wtt=a(wwx)x, 
b) Wtt = a(wwx)x + b, 
c) Wtt = a(wwx)x + bw, 
d) Wtt = a(wwx)x + bw2, 
e) Wtt + awt = b(wwx)x. 
YKa3aHue. PerneHI1» 11CKaTb s Bl1!le w = f(t)e(x) + g(t). 

3. HaifTI1 perneHI1» c o6o6111eHHbiM pa3)leJJeHI1eM rrepeMeHHbiX HeJ111HeifHoro ypasHeHI1» TpeThero 

rrop»!lKa: 

Wxt + W~ - WWxx = f(t)Wxxx, 
YKa3aHue. PerneHI1» 11CKaTb B Bl1)le w = 'P(t)(}(x) + 'ljJ(t). 

4. HaifTI1 perneHI1» c o6o6111eHHbiM pa3)leneHJ1eM rrepeMeHHbiX ypasHeHI1H rrorpaHI14HOro cno» 
CTeiieHHOH lKI1)lKOCTI1: 

a) WyWxy- WxWyy = a(Wyy)nWyyy, 
b) WyWxy- WxWyy = a(Wyy)nWyyy + j(x). 
YKa3aHue. PerneHI1» 11CKaTb B Bl1)le w = 'P(x)'I/J(y) + x(x). 

5. HaifTI1 perneHI1» c a)l)li1TI1BHbiM pa3)leJJeHI1eM rrepeMeHHbiX HeJ111HeliHbiX ypasHeHI1H 'leTsepToro 

IIOp»)lKa, KOTOpble BCTpe'!aiOTC» B f11)lpO)lJ1HaMJ1Ke B»3KOH HeClKJ1MaeMOH lKI1)lKOCTJ1: 

a) Wy(~w)x - Wx(~w)y = v~~w, 

b) Wy(~w)x - Wx(~w)y = ll~~w + f(y), 
r)le ~w = Wxx + Wyy· 

6. HaifTI1 perneHI1» c o6o6111eHHbiM pa3)leneHJ1eM rrepeMeHHbiX HeJJJ1HeliHbiX ypasHeHMif: 

a) Wt = aexp[f(x)wxx], 
b) Wt = aexp[f(t)wxx]. 
YKa3aHue. PerneHI1» 11CKaTb B Bl1)le w 

rrponorap11¢M11posaTb ). 
'P(x)e(t) + '1/J(x) (o6e 'laCTI1 ypasHeHMif Ha)lo 

® Jlumepamypa K pa30. 4.5: E. P. P03eH!lOPH (1984), A.):(. Ilon»HI1H (2001 c), A.):(. Ilon»HI1H, 

A. H. )l{ypos (2002), A. ):(. Ilon»HI1H, B. <1>. 3aiiues (2002), B. <1>. 3aiiues, A. ):(. Ilon»HI1H (2003), 
A. D. Polyanin, V. F. Zaitsev (2004). 



4.6. Memoo Tumoea-r(IJ[aKmuoHoea 

4.6. MeTOA THTOBa- ra/\aKTHOHOBa 

4.6.1. OmtCaHMe MeTOAa. noAnpOCTpaHCTBa, MHBapMaHTHble OTHOCMTe/\bHO 

He/\MHeMHoro onepaTopa 

PaccMOTpHM 3BOJIIOU:HOHHOe ypaBHeHHe 

~~ = F[w], 

r.n:e F[w]-HeJIHHeMHhiM .[(HQJ<)JepeHU:HaJihHhiM orrepaTOp BH.[(a 

[ l ( 8w anw) 
F w = F w, ax' ... ' axn . 

OnpeAeneHI-1e. KoHeqHoMepHoe JIHHeiiHoe rro.n:rrpocTpaHCTBO 

Yk = { cpl(x), ... , 'Pk(x) }, 

69 

(87) 

(88) 

(89) 

3JieMeHTaMH KOTOpOrO 51BJI5110TC51 BCeB03MO)I(Hbie JIHHeMHbie KOM6HHaQHH JIHHeMHO

He3aBHCHMbiX QJYHK[(HM Cf?l (x), ... , Cf?k(x), Ha3biBaeTC51 HHBapHaHTHbiM OTHOCH

TeJihHO orrepaTOpa F, ecJIH F[Yk] ~ Yk. 3TO 03HaqaeT, qTo cymecTBYIOT QJYHKU:HH 

ft, · · ·, fk> TaKHe qTO 

k k 

F [~ Ci'Pi(x)] = ~ fi(Cl, ... , Ck)'Pi(x) (90) 

.[(J151 rrpOH3BOJibHbiX IIOCT051HHbiX cl' ... 'Ck. 
flycTh JIHHeMHOe IIO.[(IIpOCTpaHCTBO (89) HHBapHaHTHO OTHOCHTeJihHO OIIepa

TOpa F. Tor.n:a ypaBHeHHe (87) HMeeT perneHH51 c o6o6meHHhiM pa3.n:eneHHeM 

rrepeMeHHbiX BH.[(a 
k 

w(x, t) = L 1/Ji(t)cpi(x), (91) 
i=l 

r.[(e QJYHK[(HH ?j;1 (t), ... ,1/Jk(t) OIIHCbiBaiOTC51 aBTOHOMHOM CHCTeMOM 06biKHOBeH

HhiX .[(HQJQJepeH[(HaJibHbiX ypaBHeHHM 

i = 1, ... 'k. (92) 

3.[(eCh IIITpHX 0603HaqaeT IIpOH3BO.[(HYIO ITO t. 
CJie.[(yiOI[(HM IIpHMep HJIJIIOCTpHpyeT OIIHCaHHhiM MeTO.[( IIOCTpOeHH51 perneHHM 

c o6o6meHHhiM pa3.n:eneHHeM rrepeMeHHhiX. 

UpuMep 16. PaccMOTpHM ueJJuueiluoe napa6oJJwiecKoe ypasueuue 

ow o2w ( ow ) 2 2 8t = a ox2 + ax + kw + bw + c. (93) 

IloKa)J(eM, 'ITO rrpu k > 0 au¢¢epeuuuaJJbHbiH orrepaTop F[w] = awxx + (wx) 2 + kw2 + bw+ c 
( orrpeaemnmuuil rrpasy10 '!aCTb ypasueuuJI) uMeeT asyMepuoe uusapuaHTHOe rroarrpocTpaucTBo 

:f2 = { 1, COS(xvk)}. )J,eHCTBUTeJJbHO, )lJJJI rrpOH3BOJlbHbiX C1 U C2 CrrpaBe)lJJUBO paBeHCTBO 

F [C1 + C2 cos(xvk)] = k(C~ + C~) + bC1 + c + C2(2kC1 - ak +b) cos(xvk). 

Il03TOMY ypasueuue (93) aorrycKaeT peweuue c o6o61UeHHbiM pa3)leJJeuueM rrepeMeHHbiX suaa 

w(x, t) = 'I/J1 (t) + 'I/J2(t) cos(xvk), (94) 
r)le <jJyHKUHH 'I/J1 ( t) H 'I/J2 ( t) OllUCb!Ba!OTCJI aBTOHOMHOH CUCTeMOH 06biKHOBeHHbiX )lH<jJ<jJepeHUHaJJb-
Hb!X ypaBHeHHH 

'1/J~ = k('I/Ji + '1/J~) + b'I/Jl + c, 

'1/J~ = 'I/J2(2k'I/J1 - ak +b). 
(95) 
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3aMeYaHHe 1. Ilp11 k > 0 ).111<jl<jlepeHU11aJJhHhiH orrepaTOp F[w]11MeeT TpexMepHoe 11HBap11aHTHOe 

IIO).IIIpOCTpaHCTBO :f3 = { 1, sin(xyk ), cos(xvk)}. 

3aMeYaHHe 2. Ilp11 k < 0 ).111<jl<jlepeHU11aJJhHhiH orrepaTop F[w]11MeeT TpexMepHoe 11HBap11aHTHoe 

IIO).IIIpOCTpaHCTBO :f3 = { 1, sh(xvk), ch(xyk) }. 

3aMeYaHHe 3. 6onee o6111ee ypasHeHI1e (93), r).le a= a(t), b = b(t), c = c(t)-rrp0113BOJihHbie 
<jlyHKU1111 11 k = const < 0, TaKlKe 11MeeT perne1111e c o6o6111eHHhiM pa3).1eJieHI1eM rrepeMeHHhiX 
Bl1).1a (94 ), r).le <jlyHKI..(I111 1/J1 ( t) 11 1/J2 ( t) OIII1Cb!BaiOTCll aBTOHOMHOH CI1CTeMOH 06b!KHOBeHHbiX 
).111<jl<jlepeHI..(I1aJJbHbiX ypaBHeHI1H (95). 

4.6.2. HeKOTOpble o6o6w,eHHR 

AmumriiqHhiM o6pa30M paccMaTpiisaeTC51 6onee o6mee ypasHeHIIe BII.Ua 

Lt[w] = L2[U], U = F[w], (96) 

r.ue Ll[ w ]II L2 [U]-JIIIHeHHbie .UII«P«PepeHI.J,HaJihHbie onepaTOpbi no nepeMeHHOH t 

ml m2 

Lt[w] = L ai(t) ~t~, L2[U] = L bj(t) ~t~, (97) 
i=O j=O 

a F [ w ]-HeJIIIHeHHhiH .UII«P«PepeHI.J,HaJihHhiH on epa Top no nepeMeHHOH x 

[ l ( 8w anw) F w = F t, w, 8x, ... , axn , (98) 

KOTOpbiH MO)I(eT 3aBIICeTb napaMeTpiiqeCKIIM o6pa30M OTt. 

IlycTb JIIIHeHHOe IIO,UIIpOCTpaHCTBO (89) IIHBapiiaHTHO OTHOCIITeJibHO OIIepa

TOpa F, T. e . .[(JI51 IIpOII3BOJibHbiX IIOCT051HHbiX C1, ... , Ck IIMeeT MeCTO paBeHCTBO 

k k 

F [~ Ci'Pi(x)] = ~ fi(t, C1, ... , Ck)'Pi(x). (99) 

Tor.ua ypaBHeHIIe (96) IIMeeT perneHII51 c o6o6meHHhiM pa3.ueneHIIeM nepeMeHHhiX 

BII,Ua (91 ), r.ue «PYHKI.I,IIII 'lj;1 ( t), ... , '1/Jk ( t) OIIIICbiBaiOTC51 CIICTeMOH 06biKHOBeHHbiX 

.UII«P«PepeHI.J,HaJibHbiX ypaBHeHIIH 

i = 1, ... 'k. (100) 

UpuMep 17. PaccMoTp11M ypasHeHI1e 

EPw ow ow o2 w 
a2(t)- +a1(t)- = --

ot2 ot OX ox2 ' 
(101) 

KOTOpoe rrp11 a2(t) = k2, a1 (t) = kJ/t 11CIIOJib3YeTCll ).IJ!ll OIII1CaHI1ll TpaHC3BYKOBbiX ra30Bb!X TeLJeHI1H 
(t 11rpaeT pOJib rrpOCTpaHCTBeHHOH rrepeMeHHOH). 

YpasHeHI1e (101) l!BJil!eTCll LJaCTHhiM cnyLJaeM ypasHeHI1ll (96), r).le L![w] = a2 (t)wtt + a1 (t)wt, 
L2[U] = U, F[w] = WxWxx· MolKHO rroKa3aTh, 'ITO HeJII1HeHHhiH ).111<jl<jlepeHU11aJJhHhiH orrepaTop F[w] 
).IOIIYCKaeT TpeXMepHOe 11HBap11aHTHOe IIO).IIIpOCTpaHCTBO :f3 = {1, x 3/ 2, x 3}. flOJTOMY ypaBHeHI1e 
(I 0 I) 11MeeT perneHI1ll c o6o6111eHHhiM pa3).1eJieHI1eM rrepeMeHHhiX Bl1).1a 

w(x, t) = 1/J1(t) + 1/J2(t)x312 + 1jJ3 (t)x 3 , 

f).le <jlyHKI..(I111 1/J1 (t), 1/J2(t), 1/J3(t) Olli1Cb!BaiOTCll CI1CTeMOH 06hiKHOBeHHbiX ).111<jl<jlepeHI..(I1aJJbHbiX 

a2(t)1jJ~ + a1(t)1jJ~ = %1/J~, 
a2(t)1jJ{ + a1(t)1jJ; = 445 1/J21/J3, 

a2(t)1jJ~ + a1(t)1jJ~ = 181/J~. 
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3aMeYaHHe. OnepaTop F[w] p_onycKaeT TaK)I(e 'leTbipexMepHoe HHBapHaHTHOe nop_npocTpaHCTBO 

::£4 = {1, X, X2, x 3}, KOTOpOMY COOTBeTCTByeT perneHHe C o6o6IIJ,eHHbiM pa3,QeJleHI1eM nepeMeHHbiX 

w(x,t) = 1/J1(t) + 1/J2(t)x + 1/J3(t)x2 + 1/J4(t)x3. 

CM. TaK)I(e npHMep 18 np11 ao(t) = 0, k = 1, n = 2. 

UpuMep 18. PaccMoTpHM 6onee o6mee ypaBHeHHe n-ro nopJip_Ka 

82w aw ( aw )k anw 
a2(t) at2 + a1(t)at + ao(t)w = --a;; axn · (102) 

HenHHeHHhiH onepaTop F[w] = (wx)kw1n) p_onycKaeT p_syMepHoe HHBapHaHTHoe nop_npocTpaH

CTBO ::f 2 = { 1, cp( X)}, rp_e <jlyHKI..(I1JI cp( X) Olli1CbiBaeTCJI 06biKHOBeHHbiM ,QH<jl<jlepeHI..(I1aJlbHbiM ypaB

HeHHeM (cp~)kcp1n) = cp. f103TOMY ypaBHeHHe (102) !1MeeT perneHHJI C 0606IIJ,eHHbiM pa3p_eneH!1eM 

nepeMeHHbiX BH,Qa 

w(x, t) = 1/J1(t) + 1/J2(t)cp(x), 

rp_e <jlyHKI..(I111 1/J1 ( t) 11 1/J2 ( t) Olli1Cb!Ba!OTCJI P-BYMJI He3aB!1CI1MbiMI1 06biKHOBeHHbiMI1 ,QH<jl<jlepeHI..(I1aJlb-

Hb!MI1 ypaBHeHI1JIMI1 

a2(t)1jJ~ + a1(t)1jJ~ + ao(t)1/Jl = 0, 

a2(t)1jJ{ + a1(t)1jJ; + ao(t)1jJ2 = 1/J~+ 1 . 

MHoro .n:pyrnx npnMepoB no.n:o6Horo po.n:a, a TaiOKe HeKOTOpbie .n:eTaJIH3a[(HH H 

o6o6II(eHH5! OlllfCbiBaeMoro MeTO.[(a, Mo:lKHO HaMTH B [(lfTHpyeMOM Hlf)J(e JIHTepaTy

pe. OcHOBHbie TPY.IJ:HOCTH, B03HHKaiOII(He npn ncnoJib30BaHHH MeTo.n:a TnTOBa

fanaKTHOHOBa .[(JI5! llOCTpOeHH5! TOqHbiX perneHHM KOHKpeTHbiX ypaBHeHHM, COCT05!T 

B OTbiCKaHHH JIHHeMHbiX llO.D:llpOCTpaHCTB, HHBapHaHTHbiX OTHOCHTeJibHO 3a.[(aHHO

ro HeJIHHeMHOrO onepaTopa. KpoMe TOrO, HCXO.[(HOe ypaBHeHHe MO)J(eT OTJilfqaTbC5! 

OT ypaBHeHHM paCCMaTpHBaeMoro Tlflla (He BCer.n:a MO)J(HO Bbl.[(eJIHTb ll0.[(X0.[(5!II(HM 

HennHeMHhiM onepaTop F[w]). 

~ 3a()a'lu u ynpa:m:nenuR K pa:J{). 4. 6 

1. floKa3aTb, 'ITO HeJlHHeHHbiH ,QH<jl<jlepeHI..(I1aJlbHbiH onepaTOp 

F[w] = (a!Wx + a2w + a3)Wxx + a4w~ + a5Wx + a6W + a7 
p_onycKaeT TpexMepHoe JlHHeiiHoe HHBapHaHTHoe nop_npocTpaHCTBO ::£3 = {1, x, x 2}. 11cnoJJh3YJI 

:no 06CTOJITeJlbCTBO, HaHTI1 perneHHJI C 0606IIJ,eHHbiM pa3p_eneH!1eM nepeMeHHbiX HeJlHHeHHbiX ypaB-

a) Wt = aWWxx, 
b) Wt = aWWxx + b, 
C) Wt = aWWxx + bw, 
d) Wt = aWWxx + bwx, 
e) Wt = a(wwx)x, 
f) Wt = a(wwx)x + b, 
g) Wt = a(wwx)x + bw, 
h) Wt = a(wwx)x + bwx, 
i) Wtt = aWWxx, 
j) Wtt = a(wwx)x, 
k) Wtt = aWWxx + b, 
I) Wtt = a(wwx)x +b. 

2. flp11 KaKHX ycnOBI1JIX HeJlHHeHHbiH ,QH<jl<jlepeHI..(I1aJlbHbiH onepaTOp 

F[w] = (a1wx + a2w + a3)Wxx + a4w~ + a5Wx + a6w2 + a7w +as 
p_onycKaeT HHBapHaHTHbie JlHHeiiHbie nop_npoCTpaHCTBa 

a) Y2 = {1, e>-x}, 
b) ::£3 = {1,sh(,\x),ch(>.x)}, 
c) ::£3 = {1,sin(,\x),cos(>.x)}? 
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3. HailTI1 peweHI1JI c o6o6ll.leHHhiM pa3,L~eneHI1eM rrepeMeHHhiX HeJ111HeHHhiX ypasHeHI1H: 
a) Wt = Wxx + aw;, + bw2, 
b) Wt = WWxx + bw2 + c, 
c) Wt = WWxx + bw;, + c, 
d) Wt = (wwx)x + aw2 +b. 
YKa3aHue. BocrroJlh30BaThCJI pe3yJlhTaTaMI1 peweHI1JI rrpe)lhiJlYil.leH 3a)la'll1. 

4. Dp11 KaKI1X ycnoBI1JIX HeJ111HeHHhiH Jll1<jl<jlepeHU11aJlhHhiH orrepaTop 
F[w] = a1w;,x + a2WxWxx + a3WWxx + a4w;, + asWWx + a5w2 + a7Wx + asw + ag 

)lOIIYCKaeT 11HBap11aHTHhie J111HeHHhie IIO)lllpOCTpaHCTBa 
a) 2'3={1,x,x2 }, 

b) ::£4 = {1,x,x2 ,x3}, 
c) Ys = {1,x,x2 ,x3,x4 }, 

d) Y2 = {1, e>-x}, 
e) 2'3 = {1,sh(.Ax),ch(.Ax)}, 
f) ::£3 = {1, sin(>.x ), cos(>.x) }, 
g) 2'3 = {1,ch(.Ax),ch(2.Ax)}, 
h) ::£3 = {1,cos(>.x),cos(2>.x)}, 
i) 2'2 = {1, f(x)}? 

5. HailTI1 peweHI1JI c o6o6ll.leHHhiM pa3)leneHI1eM rrepeMeHHhiX HeJ111HeHHhiX ypasHeHI1H: 
a) Wt = aw;,x, 
b) Wtt = aw;,x + b, 
c) Wt = w;,x + w2 , 

d) Wt = WWxx- fw;, + fw 2 . 

YKa3aHue. BocrroJlh30BaThCJI pe3yJlhTaTaMI1 peweHI1JI rrpe)lhiJlYil.leH 3a)la'll1 113 rryHKTOB c), d), f) 
11 h). 

6. HailTI1 peweHI1JI c o6o6ll.leHHhiM pa3)leneHI1eM rrepeMeHHhiX ypasHeHI1H c Ky6114eCKOH HeJ111Heil
HOCTh10: 

a) Wt = 2w2Wxx- ww;,, 
b) Wtt = 2w2Wxx- ww;, +a. 
YKa3aHue. DoKa3aTh, 'ITO HeJ111HeHHhiH orrepaTop F[w] = 2w2wxx- ww;, )lOrrycKaeT TpexMepHoe 

J111HeHHOe 11HBap11aHTHOe IIO)lllpOCTpaHCTBO ::£3 = {1, X, x 2}. 

® Jlumepamypa K pa30. 4.6: c. c. TI1TOB (1988), B. A. ranaKTI10HOB, c. A. DocawKOB (1994), 
V. A. Galaktionov (1995), V. A. Galaktionov, S. A. Posashkov, S. R. Svirshchevskii (1995), 
S. R. Svirshchevskii (1995, 1996), A. D. Polyanin, V. F. Zaitsev (2004). 



5. MeTOA <I>YHKU,HOHal\bHoro pa3AeAeHHfl nepeMeHHbiX 

5.1. CrpyKTypa peweHHM C <J>yHKLI,HOHB/\bHbiM pa3Ae/\eHHeM 
nepeMeHHbiX 

HemmeiiHhie ypaBHeHiui, rronyqeHHhie 3aMeHoii w = F(z) II3 JIIIHeMHbiX ypaB

HeHIIM MaTeMaTIIqecKOM <l>II3IIKII C pa3.[(emiiOIIIIIMIICH rrepeMeHHbiMII .[(JIH <l>YHKIIIIII 

Z = Z (X, y), 6y.n:yT IIMeTb TOqHbie perneHIIH BII.[(a 

n 

w(x, y) = F(z), r.n:e z = L rpm(x)1/Jm(y). (1) 
m=l 

MHoriie HeJIIIHeMHhie ypaBHeHIIH c qacTHbiMII rrpoii3BO.IJ:HbiMII, KOTOpbie He 

CBO.[(HTCH K JIIIHeMHbiM, TaK)I(e IIMeiOT TOqHbie peiiieHIIH BII.[(a (1 ). TaKIIe peiiieHIIH 

6y.n:eM Ha3biBaTb pemeHuflMu c rjJyHK1.4UOHG!lbHbZM pa3de!leHueM nepeMeHHblX. B o6-

IIIeM cnyqae <l>YHKIIIIII lpm (X), 1/Jm ( y), F ( Z) B ( 1) 3apaHee He II3BeCTHbl II IIO.[(Jie)l(aT 

orrpe.n:eneHIIIO. 

0CH06HG5l UdeR: .IJ:II<P<PepeHQIIaJibHO-<l>YHKIIIIOHaJibHOe ypaBHeHIIe, IIOJiyqeH

HOe B pe3yJihTaTe IIO.[(CTaHOBKII Bbipa)l(eHIIH ( 1) B paCCMaTpiiBaeMOe ypaBHeHIIe 

C qacTHbiMII rrpOII3BO.[(HbiMII, Ha.[(O IIpiiBeCTII K CTaH.n:apTHOMY 6IIJIIIHeMHOMY 

<l>YHKIIIIOHaJibHOMY ypaBHeHIIIO (21) II3 pa3.IJ:. 4.2.2 [ IIJIII K .IJ:II<l><l>epeHQIIaJibHO

<l>YHKIIIIOHaJibHOMY ypaBHeHIIIO BII.[(a (21 )-(22) II3 pa3.[(. 4.2.2]. 

3aMe48Hit1e 1. Ilpii <l>YHKQIIOHaJibHOM pa3.[(eJieHIIII rrepeMeHHbiX IIOIICK perne

HIIM rrpocTeil:rnero BII.IJ:a w = F(rp(x) + 1/;(y)) II w = F(rp(x)1j;(y)) rrpii
BO.IJ:IIT K O.[(IIHaKOBbiM pe3yJihTaTaM, IIOCKOJibKY CIIpaBe.[(JIIIBO rrpe.[(CTaBJieHIIe 

F(rp(x)1j;(y)) = F1(rpl(x) + 1/J1(y)), r.n:e Fl(z) = F(ez), rpl(x) = lnrp(x), 

1/;1 (y) = ln 1/J(y). 

3aMe48HII1e 2. Ilpii IIOCTpOeHIIII perneHIIM C <l>YHKIIIIOHaJibHOM pa3.[(eJieHIIeM 

rrepeMeHHhiX BII.IJ:a w = F(rp(x) + 1/;(y)) cqiiTaeTcH, qTO rp i- const II 1/J i- const. 

3aMe4aHII1e 3. <l>yHKIIIIH F( z) MO)I(eT orriiChiBaThCH KaK O.IJ:HIIM o6hiKHOBeHHhiM 

.IJ:II<l><l>epeHQIIaJibHbiM ypaBHeHIIeM, TaK II rrepeorrpe.n:eneHHOM CIICTeMOM ypaBHeHIIM 

(rrpii aHaJIII3e Ha.[(O yqiiTbiBaTb o6e 3TII B03MO)I(HOCTII). 

5.2. PeweHHR c <I>YHKU.HOHa/\bHbiM pa3AeAeHHeM nepeMeHHbiX 
cneu,Ha/\bHoro BHAa 

5.2.1. PeweHIUI nma o6o6~eHHOH 6ery~e.:t BOI\Hbl. npHMepbl 

)l,JIH yrrp0111eHIIH aHaJIII3a HeKOTOpbie <l>YHKIIIIII B ( 1) MO)I(HO 3a.[(aBaTb arrpiiOpHO, 

a .n:pyriie orrpe.n:eJIHTh B rrpoQecce perneHIIH. TaKIIe perneHIIH 6y.n:eM Ha3hiBaTh 

pemeHUflMU c rjJyHK1.4UOHG!lbHblM pa3de!leHueM nepeMeHHblX cne1.4Ua!lbHozo euda. 



74 METO~ <I>YHK'-\IIOHAJibHOfO PA3~EJIEH1151 nEPEMEHHbiX 

HH)Ke yKa3aHbi Haw6onee npoCTbie perneHHH c cpyHKIJ,HOHaJihHhiM pa3.ueneHHeM 

nepeMeHHbiX CIIeiJ,HaJibHOrO BH,Ua (x H y MO)KHO IIOMeHHTb MeCTaMH): 

w = F(z), z = 'l/J1(y)x+'l/J2(y) (apryMeHT z JIHHeeH no x); 

w = F(z), z = 'l/J1(y)x2+1/J2(y) (apryMeHT z KBa!lpaTH'IeH no x); 

w = F(z), z = 'l/J1(y)e>..x+'l/J2(Y) (apryMeHT z co)lep)I(IIT 3KcnoHeHUIIaJihHYIO !jlyHKUIIIO x). 

Ilepsoe perneHHe 6y.ueM Ha3biBaTb perneHHeM THna o6o6IIJ,eHHOH 6erymeH: BOJIHhi. 

B IIOCJie,UHeH cpopMyne BMeCTO e>..x MOryT CTOHTb TaK)Ke cpyHKIJ,HH ch(ax + b), 
sh(ax +b), sin( ax+ b). 

Ilocne no.ucTaHOBKH mo6oro H3 yKa3aHHhiX Bbipa)KeHHH B paccMaTpwsaeMoe 

ypaBHeHHe Ha,UO HCKJIIOqHTb X C IIOMOIIJ,biO Bbipa)KeHHH ,UJIH Z. B pe3yJibTaTe 

IIOJiyqHM cpyHKIJ,HOHaJibHO-.UHcpcpepeHIJ,HaJibHOe ypaBHeHHe C .UBYMH apryMeHTaMH 

y H Z. Ero peiiieHHe B pH,Ue CJiyqaeB MO)KHO IIOJiyqHTb IIpH IIOMOIIJ,H MeTO.[(OB, 

OIIHCaHHbiX B rJiaBe 4. 
)J,JIH HarJIH.[(HOCTH o6IIJ,aH CXeMa IIOCTpOeHHH peiiieHHH THIIa o6o6IIJ,eHHOH 

6eryiiJ,eH BOJIHbl .[(JIH 3BOJIIOIJ,HOHHbiX ypaBHeHHH H306pa)KeHa Ha pHC. 3. 

-H( (n) HcxOiJ,HOe ypaBueuue: wt- t, w, wx, wxx' ... , wx ) 

HmeM perneHHe s BH)le o6o6meHHorr 
6erymerr BOJIHhi 

lloiJ,CTaB.'IHel\1 B ypaBueuue w = F(z), me z = cp(t)x + '1/J(t) 

3aMeHl!eM :r Ha (z- ~J)!y 

llo.'ly'lael\f «<Jymnt,uouaJihHO-iJ.H«<J«<Jepeuu,uaJihHOe ypaBueuue c i.l.BYMH apryMeHTal\fu 

I1cnOJih3yeM npoue!lypy pacmenJieHHll 

llo.'ly'laeM: (i) «<JyuKu,uoua.'lbuoe ypaBueuue u (ii) onpei.l,e.'IHIOIII,YIO cucTeMy O)J,Y 

PaccMaTpHsaeM ypasHeHHe (i) 

cDyHKUHH <P,Il, W,, (I ( lfl, ( k) 

nO)lCTaBJilleM B CHCTeMy (ii) 

PernaeM onpeiJ.eJIHIDIII,yiD cucTeMy OOhiKHOBeuuhiX iJ.H«<J«<JepeuuuaJihHhiX ypaBueuuu 

Haxo)lHM !jlyHKUHH 'fi, '1/J, F 

llo.'ly'lael\f perneuue HCXOiJ,HOro ypaBHeHHH B BHiJ,e OOOOIII,eHHOH oerymeu BO.'IHhl 

P11c. 3. AJiropHTM nocTpoeHHll perneHHH THna o6o6meHHOi1 6erymerr BOJIHhi )lJill 3BOJIIOUHOHHhiX 
ypasHeHHi:f. l1cnoJih30BaHo coKpameHHe: O.[I,Y- o6hiKHOBeHHhie )lH!jl!jlepeHUIIaJihHhie ypasHeHIIll. 
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3aMe48Hit1e 1. AnropHTM, H306pa)l(eHHbiH Ha pHC. 3, MO)I(eT HCIIOJib30BaTbC51 

TaiOKe .UJI51 nocTpoeHH51 TOqHhiX perneHHH 6onee o6mero sw.ua * w = 0' ( t) F ( z) + 
+cp1 ( t)x+'l/!2( t), r.ue z = 'Pl ( t)x+'l/!2 (t). IlpHMep no.uo6Horo perneHH51 paccMoTpeH 

.uanee B pa3.U. 6.3 (npHMep 6). 

3aMe4aHit1e 2. PerneHHe c o6o6meHHhiM pa3.ueneHHeM nepeMeHHhiX (eM. rna

BY 4) 51BJI51eTc51 perneHHeM c <l>YHKI.(HOHaJihHhiM pa3.ueneHHeM nepeMeHHhiX qacTHO

ro BH,Ua, COOTBeTCTBYIOII.l,HM cnyqaJO F ( Z) = Z. 
PaccMOTpHM npHMepbi HeJIHHeHHhiX ypasHeHHH, .uonycKaiOII.l,HX TOqHbie perne

HH51 C <l>YHKI.(HOHaJibHbiM pa3,UeJieHHeM nepeMeHHbiX qaCTHOrO BH,Ua, KOr,Ua CJIO)I(

HbiH apryMeHT Z JIHHeeH HJIH KBa,UpaTHqeH IIO O,UHOH H3 He3aBHCHMbiX nepeMeHHbiX. 

UpuMep 1. PaccMoTpiiM HecTaUIIOHapHoe ypasHeHIIe TerworrpoBO!lHOCTII c HeJJIIHeHHbiM IICTO'I-

HIIKOM 

ow = EJ2w + F(w). 
8t 8x2 

(2) 

HrueM TO'IHbie peweHIIll ypasHeHIIll (2) c <jlyHKUIIOHaJJbHbiM pa3)leneHIIeM rrepeMeHHbiX crreu11-

aJJbHOro Bll)la 

w = w(z), z = tp(t)x + 1/;(t). 
Tpe6yeTCll HaHTII <jlyHKUIIII w(z), tp(t), 1/;(t) 11 rrpasy10 'laCTb ypasHeHIIll F(w). 

flO)lCTaBIIB Bb!pa)l(eHIIe (3) B (2) II IlO)leJliiB Ha W~, IIMeeM 

I + o!.' 2 W~z + F(w) 
'PtX 'f/t = 'P ---:;;;- ----;;- · 

z z 

(3) 

(4) 

8b!pa311M B (3) X 4epe3 Z II IlO)lCTaBIIM ero B (4). 8 pe3yJlbTaTe rrpiiXO)liiM K <jlyHKUIIOHaJJbHO

)lll<jl<jlepeHUIIaJlbHOMY ypaBHeHIIIO C !lBYMll rrepeMeHHbiMII t II z: 

1 '1/J 1 'P~ 2 w~z F(w) 
-1/Jt + -'Pt - -z + 'P -- + -- = 0, 

'P 'P wi wi 
KOTOpOe MO)I(HO paCCMaTpiiBaTb KaK <jlyHKUIIOHaJJbHOe ypaBHeHIIe (60) 113 pa3)l. 4.5, r)le 

q,l = -1/J~ + j_tp~, 1'>2 = - 'P~ , 1'>3 = tp2, 1'>4 = 1, 
'P 'P 

flO)lCTaBJlllll JTII Bb!pa)l(eHIIll B <jlopMyJlbl (61) 113 pa3)l. 4.5, IlOJlY'IIIM CIICTeMy 06biKHOBeHHbiX 

)lll<jl<jlepeHUIIaJlbHbiX ypaBHeHIIH 

I 'ljJ I A 2 A -1/Jt+-tpt= l'P + 2, 
'P 

r)le A1, A2, A3, A4- rrpo113BOJlbHbie rrocTOl!HHbie. 

C!ly~Jau 1. Ilp11 A4 # 0 pewe1111e CIICTeMbi ( 5) II MeeT Bll!l 

( )
-1/2 

tp(t) = ± Cle2A4t - ~: , 

1/;(t) = -tp(t) [ A1 j tp(t) dt + A2 j 'P~~) + C2], 

w(z) = c3 J exp( -+A3z2 - Alz) dz + c4, 

F(w) = -C3(A4z+A2)exp(-i-A3z2 - A1z), 

(5) 

(6) 

* YKa3aHHOe pewe1111e CO)lep)I(IIT B ce6e, KaK '!aCTHbie cny'lall, see 11a116onee pacrrpocTpaHeHHbie 

peweHIIll: peweHIIll Tllrra 6eryruell BOJlHbi, aBTOMO!leJlbHbie peweHIIll, o6o6rueHHhre aBTOMO!leJlbHbie 

peweHIIll, peweHIIll c a)l!liiTIIBHbiM 11 MYJJbTIIITJliiKaTIIBHbiM pa3)leneHIIeM rrepeMeHHbiX (a TaK)I(e 

MHOrlle IIHBapllaHTHb!e perneHIIll ). 
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r).le Cl, C2, C3, c4- np0113BOJibHbJe nOCTOJIHHbJe. 3aBIICIIMOCTb :F = :F(w) 3a).laeTCJI .LIBYMJI 

nocJie).IHIIMII BbipalKeHIIJIMII B napaMeTp114eCKOM Bll).le (z 11rpaeT poJib napaMeTpa). llp11 A3 # 0 
<jlyHKI..(II!O IICTO'IHIIKa :f"( W) B ( 6) MOlKHO Bblpa311Tb 4epe3 :neMeHTapHbJe <jlyHKI..(IIII II <jlyHKI..(II!O, 

o6paTHY!O IIHTerpaJiy BepOliTHOCTeif. 

8 lJaCTHOM CJiy'!ae A3 = c4 = 0, Al = -1, c3 = 1 <jlyHKI..(II!O IICTO'IHIIKa MOlKHO npe).ICTaBIITb 

B JIBHOM Bll).le: 

(7) 

Perne1111e ypaBHeHIIJI (2) B JTOM cJiy'lae MOlKHO noJiy'IIITb TaKlKe c noMO!llb!O rpynnosoro aHaJIII3a 

(8. A. )..l,opO.liHIIUbiH, 1982). 
C!ly'laii 2. llp11 A4 = 0 perneHIIJI nepBbiX .LIBYX ypaBHeHIIH (5) IIMe!OT Bll.ll 

(t)- ± 1 .i.(t) = c 2 - ~- ~(2A t +c) 
'P - yi2A3 t + C1 ' '+' J2A3 t + C1 A3 3A3 

3 1 ' 

a perneHIIJI OCTaJibHbiX ypasHeHIIH oniiCbiBa!OTCJI .LIBYMJI nocJie).IHIIMII <jlopMyJiaMII (6) np11 A4 = 0. 

UpuMep 2. PaccMoTpiiM 6oJiee o6111ee ypasHeHIIe 

ow o2 w ow 8t = a(t) ox2 + b(t)--a;; + c(t):F(w). 

CO).IeplKa!llee np0113BOJibHbJe <jlyHKI..(IIII a(t), b(t), c(t). 
PerneHIIJI IIlli eM B Bll).le (3 ). 8 3TOM CJiy'!ae B CIICTeMe ( 5) 113MeHJITCJI TOJibKO nepBbJe ).IBa 

ypaBHeHIIJI, a <jlyHKI..(IIII w(z) II :F(w) 6y).lyT OniiCbJBaTbCJI ).IBYMJI nOCJie).IHIIMII <jlopMyJiaMII (6). 

UpuMep 3. HeJIIIHeifHoe ypaBHeHIIe TenJionpoBO).IHOCTII 

ow = _i_ [Q(w) ow J + :F(w) 
ot OX OX 

TaKlKe II MeeT perneHIIJI Bll).la (3 ). l1CKOMbJe BeJIII'IIIHbl OniiCbJBa!OTCJI CIICTeMOH ( 5), B KOTOpOH 

W~z Ha).IO 3aMeHIITb Ha [Q(w)w~]~. <l>yHKI..(IIII <p(t) II 7j;(t) Onpe,lleJIJI!OTCJI ).IBYMJI nepBbiMII <jlop

MyJiaMII B ( 6). 0).1Ha 113 ).IBYX <jlyHKI..(IIH y ( W) IIJIII :f"( W) MOlKeT 6bJTb 3a).laHa np0113BOJibHO, a 

,llpyraJI HaXO).IIITCJI B npouecce perneHIIJI. 8 lJaCTHOM CJiy'!ae :f"( W) = COllSt MOlKHO nOJIY'IIITb 

Q(w) = C1e2 kw + (C2w + C3)ekw. 

UpuMep 4. AHaJIOrH'IHbiM o6pa30M paccMaTpiiBaeTCJI HeJIIIHeifHoe ypaBHeHIIe n-ro nopli).IKa 

ow = onw + :F(w). 
ot oxn 

KaK II paHee, perneHIIJI lllliYTCJI B Bll).le (3). 8 3TOM CJiy'lae B CIICTeMe (5) BeJIII'IIIHbl <p2 II W~z 
Ha).lo 3aMeHIITb cooTBeTCTBeHHO Ha 'Pn 11 w~n). 8 'laCTHOCTII, np11 A3 = 0, noMIIMO ypaBHeHIIJI c 

JIOrapll<jJMII'IeCKOH HeJIIIHeHHOCTb!O Bll).la (7), nOJIY'IIIM II .liPYrHe ypaBHeHIIJI. 

UpuMep 5. )..l,JIJI HeJIIIHeifHoro ypaBHeHIIJI n-ro nopli).IKa 

ow = onw + :F(w) ow 
ot oxn ox' 

nO liCK TO'IHOrD perneHIIJI Bll).la (3) npiiBO).IIIT K CJie).ly!O!lleif CIICTeMe ypaBHeHIIH ).IJIJI Onpe,lleJieHIIJI 

<jlyHKUIIH <p(t), 7/J(t), w(z), :F(w): 

r).le A1, A2, A3, A4- npo113BOJibHbie nocTOJIHHbie. 

llp11 n = 3, noJIOlKIIB A3 = 0 11 A1 > 0, B '!aCTHOCTII noJiy'IIIM :F( w) = - A2- A4 arcsin(kw ). 

UpuMep 6. MolKHO IICKaTb perneHIIJI ypaBHeHIIJI (2) c KBa,llpaTII'IHOH 3aBIICIIMOCTb!O CJIOlKHoro 

apryMeHTa no x: 

w = w(z), z = <p(t)x2 + 7j;(t). (8) 

flO).ICTaBIIM 3TO BblpalKeHIIe B (2). 8 pe3yJibTaTe npiiXO).IIIM K ypaBHeHII!O, KOTOpOe CO,lleplKIIT lJJieHbl 

C X 2 (11 He CO).IeplKIIT 'IJieHOB, JIIIHeHHbJX no X). l1CKJI!O'IIIB 113 noJiy'leHHOfO ypaBHeHIIJI X 2 C 

nOMO!llb!O (8), IIMeeM 

1 '1/J 1 <p~ W~z W~z F(w) -7/Jt + -'Pt + 2<p- -z + 4<pz-- - 4<p7j;-- + -- = 0. 
<p <p w~ w~ w~ 
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_nJlll peweHI1ll :noro ¢YHK!.1110WIJibHO-,QI1¢¢epeHl.ll1a.JlbHOrD ypaBHeHI1ll C P-BYMll apryMeHTaMI1 Ilp11-

MeHI1M MeTOP- paciiJ,errJJeHI1ll, orr11caHHhiH B pa3,Q. 4.5. MolKHO rroKa3aTh, 'ITO ypasHeHI1e (2) c 

JJOrap11!lJMI14eCKOH HeJJI1HeHHOCTb!O (7) 11MeeT peweHI1e BI1,Qa (8). 

llpuMep 7. PaccMOTp11M HeJJI1HeiiHoe ypasHeHI1e m-ro rropl!p_Ka 

ow o2w ow o2w ( o2w ) n-1 omw a; oxoy -ax oy2 = f(x) oy2 oym , 

KOTOpoe B lJaCTHOM CJJy'!ae j (X) = const, m = 3 0Ili1CbiBaeT rrorpaHI1'1HbiH CJJOH CTerreHHOH lKI1,QKOCTI1 

Ha IlJJOCKOH IlJJaCTI1He ( W- ¢YHKL111ll TOKa, X 11 y- rrpO,Il_OJlhHall 11 rrorrepe4Hall KOOp,11_11HaThl, n
peOJJOrHlJeCKI1H napaMeTp; 3HalJeHI1e n = 1 COOTBeTCTByeT Hb!OTOHOBCKOH lKI1,QKOCT11). 

flOI1CK TO'IHOrO peweHI1ll BI1,Qa 

w = w(z), z = ~(x)y+~(x) 

Ilp11BO,QI1T K paBeHCTBY ~~ ( W~) 2 = j(x )~2n+m-3 ( W~z)n- 1 W~m), KOTOpOe He 3aBI1CI1T OT ¢YHKL11111 ~. 
Pa3p_eJJl!ll rrepeMeHHhie 11 11HTerp11pyll, rroJJy'II1M 

~(x) = [j j(x) dx + c] 4 - 2n-m, ~(x)-rrp0113BOJlbHa, 

a ¢YHKL111ll w = w(z) orrpep_eJJlleTCll rryTeM peweHI1ll o6hiKHOBeHHoro P-11¢¢epeHl.ll1aJJhHOro ypasHe

HI1ll (w~) 2 = (4- 2n- m)(w~z)n- 1 w~m). 

llpuMep 8. PaccMOTp11M ypasHeHI1e 

on+1w 
oxnoy = f(w). (9) 

J1IIJ,eM peweHI1e C ¢YHKL1110Ha.JlbHbiM pa3,QeJJeHI1eM rrepeMeHHbiX Cilel.ll1a.JlbHOrO BI1,Qa 

w = w(z), z = ~(y)x + ~(y). (10) 

flO,QCTaBI1M (I 0) B (9), a 3aTeM 11CKJJIO'II1M X C IlOMOIIJ,b!O BblpalKeHI1ll ,ll_Jlll Z. 8 pe3yJJbTaTe IlOCJJe 

p_eJJeHI1ll Ha W~n+ 1 ) 11 rreperpyrrrr11p0BKI1 lJJJeHOB IlOJJY411M ¢YHKL1110Ha.JlbH0-,11_11!lJ¢epeHl.ll1a.JlbHOe 

ypaBHeHI1e C P-BYMll apryMeHTaMI1: 

(II) 

0HO CBO,QI1TCll K TpeXlJJJeHHOMY 611JJI1HeHHOMY ¢YHKL1110Ha.JlbHOMY ypaBHeHI1!0, KOTOpoe 11MeeT ,QBa 

peweHI1ll ( CM. pa3,Q. 4.5). 8 COOTBeTCTBI111 C 3TI1M paCCMOTp11M ,QBa CJJy'lall. 

1 a. 8 rrepsoM cJJy'lae BhipalKeHI1e B KpymhiX cKo6Kax 11 rrocJJe,QH!O!O p_po6h B (II) rrp11paBHI1BaeM K 

KOHCTaHTaM. 8 pe3yJJbTaTe IlOCJJe JJJeMeHTapHbiX rrpeo6pa30BaHI1H IlOJJY411M 

(z- C1)w~n+ 1 ) + nw~n) = 0, 

C2w~n+ 1 )- f(w) = 0, 

~n~~- ~n-1~~~ + c1~n-1~~- c2 = 0, 

rp_e C1 11 C2- rrp0113BOJlbHble IlOCTOl!HHble. floJJaral! C1 = 0 (3TO COOTBeTCTByeT C,QBI1ry ITO Z 11 

rrepeo6o3Ha'leHI1!0 ¢YHKL11111 ~) 11 11HTerp11pyll, 11MeeM 

w =A In lzl + En-1Zn- 1 + · · · + E1z +Eo, 
f(w) = AC2n!(-l)nz-n- 1, 

J dy 
~(y) = c2~(y) [rp(y)]n+1 + c3~(y), 

(12) 

rp_e A, Em, c3- rrp0113BOJlbHble IlOCTOl!HHble, ~(y)- rrp0113BOJlbHal! ¢YHKL111ll. 

IlepBhie p_se ¢opMyJJhi B ( 12) p_a!OT rrapaMeTp114ecKoe rrpep_cTaBJJeHI1e ,QJJll ¢YHKL11111 f ( w). 8 
'!aCTHOM cJJy'!ae rrp11 En-1 = · · · = Eo = 0 rrocJJe 11CKJJ!O'IeHI1ll z rrp11XO,QI1M K JKcrroHeHl.ll1a.JlhHOH 

3aBI1CI1MOCTI1 

f(w) = ae13 w, a=AC2n!(-It, /3=-(n+1)/A. 
8 CI1JJY ( 12) COOTBeTCTBY!OIIJ,ee peweHI1e ypaBHeHI1ll (9) 6yp_eT 11MeTh ¢YHKL1110Ha.JlhHbiH rrp0113BOJl. 
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2°. Bo BTOpOM cJiyqae (II) pacna).laeTCll Ha TPII o6biKHOBeHHhiX ).IH<jl<jlepeHUIIaJihHhiX ypasHeHHll: 

cpn-lcp~ = cl, 
cpn'lj;~ - cpn-11/Jcp~ = c2, 

(C1z + C2)w~n+l) + C1nw~n)- f(w) = 0, 

r).le cl II c2- np0113BOJibHble nOCTOl!HHble. PeweHIIll .liBYX nepBbiX ypaBHeHIIH IIMeiOT Bll).l 

(13) 

3TH <jlopMyJibl BMeCTe C nOCJie).IHIIM ypaBHeHI!eM (13) ).laiOT aBTOMO).IeJibHOe perneHI!e Bll).la (I 0). 

~ 3ai>a•lU u ynpa;m:nenu.R K pa30. 5.2.1 

HuJ/Ce tjJyu«u,uu j, g, h noOJleJ/Cam onpeOeJleHU/0. 

1. Hai1TII peweHIIll c <jlyHKUIIOHaJihHhiM pa3).1eJieHHeM nepeMeHHhiX cneUHaJihHOro Bll).la HeJIHHei1Horo 

ypasHeHHll nepsoro nopl!).IKa: 

Wt = f(w)wx + g(w). 
YKa3aHue. PeweHIIll IICKaTh B Bll).le 

a) w = w(z), z = cp(t)x + 1/;(t), 
b) w = w(z), z = cp(x)t + 1/J(x). 

2. Hai1TII peweHIIll c <jlyHKUIIOHaJihHhiM pa3).1eJieHHeM nepeMeHHhiX cneUHaJihHOro Bll).la HeJIHHei1Horo 

ypasHeHHll nepsoro nopl!).IKa: 

Wt = j(w)w~ + g(w). 
YKa3aHue. PeweHHll IICKaTb B Bll).le 

a) w = w(z), z = cp(t)x + 1/;(t), 
b) w = w(z), z = cp(t)x2 + 1/;(t). 

3. flo).lp06HO paCCMOTpeTb II npO).IeJiaTb BCe He06XO).IIIMb!e Bb!KJia).IKII B npHMepax 2-5. 

4. Hai1TH peweHHe THna o6o6meHHoi1 6erymei1 BOJIHhi HeJIHHei1HhiX ypasHeHHi1: 

a) Wt = [f(w)wx]x + g(w)wx, 
b) Wt = [f(w)wx]x + g(w)wx + h(w). 
YKa3aHue. PeweHHll IICKaTb B Bll).le w = w(z), r).le z = cp(t)x + 1/;(t). 

5. HaHTII peweHI!e Tllna o6o6meHHOH 6erymei1 BOJIHbl HeJII!HeHHOrO ypaBHeHIIll TenJIOnpOBO).IHOCTII: 

Wt = [f(w)w~]x + g(w). 
YKa3aHue. PeweHHe IICKaTb B Bll).le w = w(z), r).le z = cp(t)x + 1/;(t). 

6. Hai1TH peweHHll THna o6o6meHHOi1 6erymei1 BOJIHhi HeJIHHei1HhiX ypasHeHHH TpeTbero nopll.liKa: 

a) Wt = f(w)Wxxx + g(w), 
b) Wt = f(w)Wxxx + g(w)wx, 
c) Wt = [j( W )wxx]x + g( W ), 
d) Wt = [f(w)Wxx]x + g(w)wx. 

7. Hai1TII peweHIIll c <jlyHKUIIOHaJihHhiM pa3).1eJieHHeM nepeMeHHhiX cneUHaJihHOro Bll).la HeJIHHeHHhiX 

ypaBHeHIIH TenJIOnpOBO).IHOCTII: 

a) Wt = [f(w)wx]x + g(w), 
b) Wt = x-n[xnf(w)wx]x + g(w), 
c) Wt = aWxx + bxwx + f(w). 
YKa3aHue. PeweHHll IICKaTb B Bll).le w = w(z), r).le z = cp(t)x2 + 1/;(t). 

® Jlumepamypa K paJO. 5.2.1: A. ,[(. lloJiliHIIH, A. 11. )l{ypos (1998, 2002), A. ,[(. lloJiliHIIH, 

B. <t>. 3ai1ues (2002), A. D. Polyanin (2002), A. D. Polyanin, V. F. Zaitsev (2004). 

5.2.2. PeweHHe nyTeM CBeAeHHR K ypaBHeHHRM C KBaApaTHLIHOH He/\HHeHHOCTbiO 

B p51.ue cnyqaeB rroiiCK perneHII51 B BII.Ue ( 1) y.uaeTC51 rrpoBeCTII B ,UBa 3Tarra. 

CHaqana mu;eTC51 rrpeo6pa3oBaHIIe, CBO.U51Ill,ee IICXO.UHOe ypaBHeHIIe K ypaBHeHIIIO c 

KBa,UpaTIIqHOM (IIHOf,Ua CTerreHHOM) HeJIIIHeMHOCTbiO. 3aTeM peiiieHIIe IIOJiyqeHHOfO 

ypaBHeHII51 IIII.l,eTC51 MeTO,UaMII, OIIIICaHHbiMII B pa3,U. 4.3-4.6. 
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YpasHemui c KBa.upaTIIqHoii: HeJIIIHeii:HOCTbiO IIHor.ua y.uaeTCH rroJiyqiiTh c rro

MOil(biO rro.ucTaHOBOK BII.Ua w = F ( z). Haii6oJiee pacrrpocTpaHeHHbie rro.ucTaHOBKII 

IIMeiOT BII,U: 

w=z.>.. 

w = ,\lnz 

w = e.\.z 

(.UJIH ypaBHeHIIH CO CTerreHHOH HeJIIIHeHHOCTbiO), 

(.UJIH ypaBHeHIIH C 3KCIIOHeHQIIaJibHOH HeJIIIHeHHOCTbiO), 

(.UJIH ypaBHeHIIH C JIOrapmpMIIqecKOH HeJIIIHeHHOCTbiO), 

r.ue A- IIOCTOHHHaH, IIO,UJie)l(all(aH orrpe,UeJieHIIIO. YKa3aHHbiH IIO,[(XO,[( 3KBIIBaJieH

TeH arrpiiOpHOMY 3a,UaHIIIO BII,Ua QJYHKIIIIII F(z) B Bbipa)l(eHIIII (1). 
UpuMep 9. Hem!Hei1Hoe ypasHeHHe TennonpoBO).IHOCTH c HCTOLJHHKOM norapH¢MHLJecKoro THna 

ow 82 w 
8t=a 0x 2 +f(t)wlnw 

3aMeHOH W = ez CB0).111TCJI K ypaBHeHH!O C KBa,llpaTHLJHOH HeJlHHeHHOCTb!O 

8z 8 2 z ( 8z) 2 

at =a ox2 +a fu + f(t)z, 

KOTopoe ).lonycKaeT TOLJHoe perneHHe c o6o6111eHHhiM pa3).1eneHHeM nepeMeHHhiX BH).Ia 

z = 'PI(x)1h(t) + 'P2(x)1/;2(t) + 1/;3(t), 

r).le 'fl (X) = x 2 , 'f2 (X) = X, a ¢YHKI..(I111 1/Jk ( t) Olli1Cb!Ba!OTCJI COOTBeTCTBY!OllleH CHCTeMOH 

06hJKHOBeHHbJX ).111¢¢epeHI..(I1aJlbHbJX ypaBHeHHH. 

MHoro HeJIIIHeHHbiX ypaBHeHIIH pa3JIIIqHoro TIIITa, CBO,[(Hll(IIXCH C IIOMOil(biO 

IIO,[(XO,[(Hll(IIX rrpeo6pa30BaHIIH K ypaBHeHIIHM C KBa,UpaTIIqHOH HeJIIIHeHHOCTbiO, 

OIIIICaHO B llliTIIpyeMOH HII)I(e JIIITepaType. 

~ 3a()a'lu u ynpa:m:nenuR K pa:J{). 5.2.2 

I. Hai1TH perneHHJI c ¢YHKUHOHaJlhHhiM pa3).1eneHHeM nepeMeHHhiX ypasHeHHH TennonpoBO).IHOCTH 

CO CTeneHHOH HeJlHHeHHOCTh!O: 

a) Wt = ( wkwx)x + aw 1-k, 
b) Wt = (wkwx)x + aw + bw1-k, 
c) Wt = ( wkwx)x + aw 1+k + b + cw 1-k. 
YKaJaHue. PaccMaTpHsaeMbie ypasHeHHJI 3aMeHoi1 u = wk cseCTH K ypasHeHHJIM c KBa,llpaTHLJHOH 

HeJlHHeHHOCTb!O. 

2. Hai1TH perneHHJI c ¢YHKUHOHaJlhHhiM pa3).1eneHHeM nepeMeHHhiX ypaBHeHHH TennonpoBO).IHOCTH c 

JlOrapH!lJMHLJeCKOH HeJlHHeHHOCTb!O: 

a) Wt = Wxx + aw In w + b, 
b) Wt=Wxx+awln 2 w, 
c) Wt = Wxx + awln2 w + bwlnw + cw. 
YKa3GHUe. PaccMaTpHBaeMbJe ypaBHeHHJI 3aMeHOH w = eu CBeCTI1 K ypaBHeHHJIM c KBa,llpaTHLJHOH 

HeJlHHeHHOCTb!O. 

3. Hai1TH perneHHJI c ¢YHKUHOHaJlhHhiM pa3).1eneHHeM nepeMeHHhiX ypaBHeHHH TennonpoBO).IHOCTH c 

3KCllOHeHI..(I1aJlbHOH HeJlHHeHHOCTb!O: 

a) Wt = (e\wwx)x +a, 
b) Wt = (e\wWx)x +a+ be-\w, 
c) Wt = (e\wwx)x + ae\w + b + ce-\w. 
YKaJaHue. PaccMaTpHsaeMbie ypasHeHHJI 3aMeHoi1 u = e\w cseCTH K ypasHeHHJIM c KBa,llpaTHLJ

HOH HeJ1HHei1HOCTh!O. 

® Jlumepamypa 1( pa30. 5.2.2: B. A. fanaKTI10HOB, C. A. nocarnKOB ( 1989, 1994), v. A. Galak

tionov (1995), V. A. Galaktionov, S. A. Posashkov, S. R. Svirshchevskii (1995), A. D. Polyanin, 

V. F. Zaitsev (2004). 
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5.3. MeTOA AHcl>cl>epeHu,HposaHHR 

5.3.1. 0CHOBHble HAeH MeTOAa. PeAYKL'-HH K ypaBHeHHIO CTaHAaPTHOrO BHAa 

B o6meM cnyqae rro.ucTaHOBKa Bbipa)l(eHH51 (1) B paccMaTpHsaeMoe HeJIH

HeHHOe ypaBHeHHe C qaCTHbiMH IIpOH3BO.[(HbiMH IIpHBO.[(HT K «PYHK[(HOHaJibHO

.UH«P«PepeH[(HaJibHOMY ypaBHeHHIO C TpeM51 apryMeHTaMH (rrepBbie ,[(Ba apryMeH

Ta- X H y- 06hiqHhie, a TpeTHH apryMeHT- Z- CJIO)I(HbiH). Bo MHOrHX 

CJiyqa5J:X IIOJiyqeHHOe ypaBHeHIIe MeTO,[(OM .UH«P«PepeHQHpOBaHH51 y.uaeTC51 CBeCTH 

K «ilYHK[(HOHaJibHO-.UH«P«PepeHQHaJibHOMY ypaBHeHHIO CTaH,UapTHOrO BH,Ua C .UBYM51 

apryMeHTaMH (HCKJIJOqaeTC51 rrepeMeHHa51 X HJIH y). )J,JI51 perneHH51 ypaBHeHH51 C 

.UBYM51 apryMeHTaMH HCIIOJib3YIOTC51 MeTO.[(bl, OIIHCaHHbie B pa3,U. 4.3-4.6. 

5.3.2. npHMepbl nOCTpOeHHH peweHHH C cl>YHKL'-HOHa/\bHbiM pa3Ae/\eHHeM 

nepeMeHHbiX 

PaCCMOTpHM KOHKpeTHbie IIpHMepbi HCIIOJib30BaHH51 MeTO,Ua .UH«P«PepeHQHpOBaHH51 

.[(JI51 IIOCTpOeHH51 TOqHbiX perneHHH HeJIHHeHHbiX ypaBHeHHH C «PYHK[(HOHaJibHbiM 

pa3.ueneHHeM rrepeMeHHhiX. 

UpHMep 10. PaccMOTpHM HeJJHHeilHoe ypasHeHHe TenJJonposop_HOCTll 

ow = ~ [:F(w) ow J. 
ot ox ox ( 14) 

11I1J,eM TO'IHhie perneHHll BliP-a 

w = w(z), z = 'P(x) + '1/J(t). (15) 

ilO,QCTaBIIM (15) B (14). ilOCJJe p_eJJeHllll Ha W~ llOJJY'IliM !jlyHKLIIIOHaJJhHO-,Qll!jl!jlepeHUllaJJhHOe 

ypaBHeHlle C TpeMll nepeMeHHh!Mll 

w" 
H(z) = :F(w)_____E_ + :F~(w), 

w' z 

~ll!jl!jlepeHUIIPYll (16) no X, l!MeeM 

w = w(z). 

'P~~x:F(w) + 'P~'P~x[:F~(w) + 2H(z)] + ('1'~) 3 H~ = 0. 

(16) 

( 17) 

( 18) 

3TO !jlyHKLIIIOHaJJhHO-,Qll!jl!jlepeHUllaJJhHOe ypaBHeHHe C P-BYMll nepeMeHHh!Mll MOJKHO paCCMaTpl!BaTb 

KaK !jlyHKLIIIOHaJJhHOe ypaBHeHlle (58) 113 pa3,Q. 4.5, KOTOpOe liMeeT ,QBa pa3JIII'!Hh!X perneHllll. flOJTOMY 

Ha,QO paCCMOTpeTb ,QBa CJJy'lal!. 

Cqy<;aii 1. PerneHHll ¢YHKLIIIOHaJJhHO-P-ll¢¢epeHUllaJJhHOro ypasHeHHll (18) onpep_eJJl!!OTCll 113 

CliCTeMhl 06hiKHOBeHHhiX ,Qll!jl!jlepeHUllaJJhHhiX ypaBHeHIIH 

:F~ + 2H = 2A1:F, H~ = A2:F, 
(19) 

'P~~x + 2Al'P~'P~x + A2(ip~) 3 = 0, 

rp_e A1 11 A2- np0113BOJJhHhie nocTOl!HHhie. 

flepBhie ,QBa ypaBHeHllll ( 19) JIIIHeHHhl II He 3aBIICl!T OT TpeThero ypaBHeHllll. 11x 06lll,ee perneHlle 

l!MeeT Bll,ll_ 

:F= eA1z(B1+B2z) { 
eA'z(Blekz+B2e-kz) 

eA1z[B1 sin(kz) + B2 cos(kz)] 

np11 Ai > 2A2, 

np11 Ai=2A2, 

np11 Ai < 2A2, 
(20) 

llop_cTaBHM BhipalKeHHe P-Jill H 113 (20) s ( 17). lloJiy'IHM P-H¢¢epeHUllaJJhHOe ypasHeHHe P-Jill 

onpep_eJJeHHll ¢YHKI.Illll w = w(z). 8 pe3yJJhTaTe HHTerpHposaHHll HMeeM 

W = C1 J eA'zi:F(z)l- 312 dz + C2, (21) 
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r).le C1 11 C2- rrp0113BOJlbHbie IlOCTOliHHbie. <l>OpMyJJa (20) ).IJlll f BMeCTe C BbipaJKeHHeM (21) 3a).la10T 

3aBHCI1MOCTb :f' = :f'( W) B rrapaMeTp114eCKOH <jlopMe. 

PaccMOTpHM rro,llpo6Hee cJJy'laii A2 = 0 11 A1 # 0 (k = IA1I). 113 <jlopMyJJ (20) 11 (21) rroJJy'IHM 

:F(z) = B1e2A,z + B2, H = A1B2, 

w(z) = C3(B1 + B2e- 2A 1z)- 112 + C2 (C1 = A1B2C3). 
(22) 

l1CKJllO'Iall Z, HMeeM 

(23) 

DepBbiH HHTerpaJJ rrocJJe).IHero ypaBHeHHll (19) rrp11 A2 = 0 HMeeT BH.lllp~x + A1 (rp~) 2 = const, a 

ero 061.1..\ee peweHHe orrHCbiBaeTCll <jlopMyJJaMH 

( ) 1 [ D2 1 ] tp x ----In-
- 2A1 D 1 sh2(An1D2x+D3 ) 

rrp11 D1 > 0, D2 > 0; 

r.p(x)=--1-ln[-~ 1 ] 
2A1 D 1 cos2(An1-D2x+D3 ) 

rrp11 D1 > 0, D2 < 0; (24) 

r.p(x)---1-ln[-~ 1 ] 
- 2A1 D 1 ch2 (A 1 y"'5;' x + D 3) 

rrp11 D1 < 0, D2 > 0, 

r).le D 1, D2, D3- rrocTOliHHbie HHTerpHposaHHll. Bo scex Tpex cJJy'lallx BbiilOJJHlllOTCll cooTHoweHHll 

(25) 

ilO).ICTaBHM BbipalKeHHll (22) 11 (25) B HCXO).IHOe <jlyHKU110HaJJbH0-).111<jl<jlepeHU11aJJbHOe ypaBHe

HHe (16). Y'IHTbiBall BH).I rrepeMeHHOH z (15), rroJJy'IHM ypasHeHHe ).IJJll <PYHKUHH 'ljJ = 'lj;(t): 

'l/J~ = -A1B1D1e2A 1.P + A1B2D2. 

l1HTerpHpyll, HaXO).IHM perneHHe 

'ljJ(t) = _1_1n B2D2 
2A1 D 4 exp( -2Ay B 2 D 2 t) + B 1 D 1 ' 

(26) 

r).le D4- rrpOH3BOJJbHall rrocTOliHHall. 

<t>opMyJJbi (15), (22) (.liJJll w), (24), (26) orrpe).leJJlllOT TPH peweHHll HeJJHHeifHoro ypaBHeHHll (14) 
C <jlyHKUHeif :f'( W) BH).Ia (23) [ HailOMHHM, 'ITO 3TH peweHHll COOTBeTCTBYlOT lJaCTHOMY CJJy'lalO A2 = 0 
B (20) 11 (21)]. 

C!ly'laii 2. PeweHHll <jlyHKUHOHaJJbHO-).IH<jl<jlepeHUHaJJbHOro ypaBHeHHll (18) orrpe).leJJlllOTCll 113 

CHCTeMbl 06biKHOBeHHbiX ).IH<jl<jlepeHUHaJJbHbiX ypaBHeHHH 

lp~~x = A1(tp~) 3 , 'P~'P~x = A2(tp~) 3 , 
A1:F + A2(:F~ + 2H) + H~ = 0. 

DepBbie ).IBa ypaBHeHHll (27) cosMeCTHbi B .l.IBYX cJJy'lallx: 

===? r.p(x) = B1x + B2, 
1 

===? r.p(x) =--In IB1x + B2l· 
A2 

(27) 

(28) 

flepBOe perneHHe B (28) B KOHe'IHOM HTOre Ilp11B0).111T K perneHHlO ypaBHeHHll (14) THila 6eryi.I..\eH 

BOJJHbl W = w(B1X + B2t), a BTOpoe peweHHe-K aBTOMO).IeJJbHOMY peweHHlO BH).Ia W = w(x2jt). 
8 3TI1X CJJy'laliX <jlyHKUHll :f'( W) B ypaBHeHI111 (14) rrp0113BOJlbHa. 

3aMeYaHHe. l:ioJJee 061.1..\ee HeJJHHeiiHoe ypasHeHHe TerrJJorrpoBO).IHOCTH 

aw = ~ [F(w) aw] + Q(w) 
at ax ax 

TaKJKe HMeeT perneHHe BH).Ia (15). )J,JJll HCKOMbiX <jlyHKUHH r.p(x) 11 '1/J(t) rrp11X0).111M K <jlyHKU110HaJJbH0-

).111<jl<jlepeHU11aJJbHOMY ypaBHeHHlO C TpeMll He3aBHCI1MbiMI1 rrepeMeHHbiMH 

6 A. )],. nomiHHH, B. <1>. 3ailueB, A. H. )!(ypoB 
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r).le ¢YHKL111ll H ( z) onpe,lleJil!eTCll no ¢opMyJie (17). )J,II¢¢epeHLIIIPYll nocJie).IHee paseHCTBO no x, 
nOJIY'IIIM 

<.p~~x:F(w) + 'P~'P~x[:F~(w) + 2H(z)] + (r.p~) 3 H~ + r.p~[Q(w)/w~]~ = 0. 

3TO ¢YHKLIIIOHaJibHO-).III¢¢epeHLIIIaJibHOe ypaBHeHIIe C .liBYMll He3aBIICIIMbiMII nepeMeHHbiMII MOlK

HO TpaKTOBaTb KaK 611JIIIHeHHOe ¢YHKLIIIOHaJibHOe ypaBHeHIIe ( 60) 113 pa3).1. 4.5 C iJ> 1 = <.p~~x, 
il>2 = 'P~'P~x' i1>3 = (r.p~) 3 , i1>4 = <.p~. 

UpuMep 11. PaccMoTpiiM HeJIIIHei1Hoe ypasHeHIIe KJiei1Ha- fop).loHa 

a2w - a2w = :F(w). (29) 
8t2 8x2 

HI.I..\eM TO'!Hbie peweHIIll B Bll).le 

w = w(z), z = r.p(x) + '1/J(t). (30) 

Do).lcTaBIIB BbipalKeHIIe (30) B (29), noJiy'IIIM 

'1/J~~- 'P~x + [('I/J~) 2 - (r.p~) 2 ] g(z) = h(z), (31) 

r).le 

g(z) = W~z/w~, h(z) = :F(w(z))/w~. (32) 

DpO.llll¢¢epeHL111posas ypasHeHIIe (31) CHa'!aJia no t, a 3aTeM no x 11 pa3).1eJIIIB Ha '1/J~ <.p~, IIMeeM 

2(•/,11 II ) I [(oi.')2 ( I )2] II hll 
'f'tt- 'Pxx 9z + '+'t - 'Px 9zz = zz· 

l1CKJIIO'!al! '1/J~~ - 'P~x 113 :noro ypaBHeHIIll C nOMOI.I..\biO (31 ), nOJIY'IIIM 

[('I/J~) 2 - (r.p~) 2 ](g~z- 2gg~) = h~z- 2g~h. (33) 

3TO paBeHCTBO MOlKeT BbinOJIHl!TbCll TOJibKO B ).IBYX CJiy'lal!X: 

1) g~z- 2gg~ = 0, h~z- 2g~h = 0; 

2) ('I/J~) 2 = A'ljJ+B, (r.p~) 2 = -Ar.p+B-C, h~z-2g~h = (Az+C)(g~z-2gg~), 
(34) 

r).le A, B, C- npo113BOJibHbie nocTOliHHbie. PaccMoTpiiM JTII cJiy'lall no nopll.liKy. 

C!ly>.Jaii 1. Depsbie ).IBa ypasHeHIIll (34) no3BOJil!IOT HaHTII g(z) 11 h(z). l1HTerp11pyll, 113 nepsoro 

ypaBHeHIIll IIMeeM g~ = g2 + COllSt. lfHTerpllpyll ).laJiee, nOJIY'IIIM 

g = k, 
g = -1/(z + C1), 

g = -kth(kz + CI), 
g = -kcth(kz + CI), 
g = ktg(kz + C1), 

f).le C1 II k- np0113BOJibHble nOCTOliHHble. 

(35a) 

(35b) 

(35c) 

(35d) 

(35e) 

8TOpoe ypasHeHIIe (34) IIMeeT '!aCTHOe pewe1111e h = g(z). 
onpe,lleJilleTCll no ¢opMyJie (B. <1>. 3ai1ues, A. )..1,. DoJiliHIIH, 2001 a) 

DoJTOMY ero 061.1..\ee pewe1111e 

J dz 
h = C2g(z) + C3g(z) 92 (z) , (36) 

r).le C2 II C3- np0113BOJibHble nOCTOl!HHble. 

l13 COOTHOllieHIIH (32) onpe,lleJiliiOTCll ¢YHKLIIIII w(z) II :F( W) B Bll).le 

w(z) = B1 j G(z) dz + B2, :F(w) = B1h(z)G(z), r).le G(z) = exp [/ g(z) dz], (37) 

B1 11 B2 - np0113BOJibHbie nocTOl!HHbie ( ¢YHKL111ll :F 3a).laHa B napaMeTp114eCKoi1 ¢opMe ). 

HccJie).lyeM no,llp06Hee cJiy'lai1 (35b). ComacHo (36) HaXO).IIIM 

2 A2 h = A1(z + CI) + --, (38) 
z+ cl 

r).le A1 = -C3/3, A2 = -C2 -JII06bie. Do).ICTaBJillll BbipalKeHIIll (35b) 11 (38) B (37), noJiy'IIIM 

w=B1lnlz+Cli+B2, :F=A1Bl(z+C1)+ (z;~~) 2 
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T AEJ1111J,A 3 
HemmeifHhie ypasHeHJHI Wtt- Wxx = :F(w), )lonycKaJOW.11e TO'IHhie perneHI1ll c 

<jlyHKI..(I10Ha.JlhHhiM p33)leJJeHI1eM nepeMeHHhiX Bl1)l3 W = w(z), r)le Z = 'P(X) + 'ljJ(t) 

f1paBall lJaCTb ypaBHeHHll :F( W) PeweHHe w(z) YpaBHeHHll !lllll'lj;(t) 11 rp(x) 

awlnw+bw ez 
(1/J~) 2 = C 1e- 2.P+a1/J- ta+b+A, 

( <p~) 2 = C 2e- 2'P- arp+ -ta+ A 

aew+be- 2w In lzl (1/J~) 2 = 2a1j;3+ A1j;2 +C11/J+ C 2, 

( 'P~) 2 = -2arp3 + Arp2 - C 1 rp+ C 2 + b 

a sin w+b(sin wIn tg ~ +2sin ~) 4 arctg e 2 
(1/J~) 2 = C 1e2.P +C2e- 2.P +b'I/J+a+A, 

( 'P~) 2 = -C2e2'P- C 1e- 2'P- brp+ A 

ash w + b ( sh w In th ~ + 2 sh ¥) 21nlcth ~~ 
(1/J~) 2 = C 1e2.P + C 2e- 2.P- ub'I/J+ a+ A, 

( <p~) 2 = C 2e2'P + C 1 e- 2'P + ub<p +A 
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ash w+2b(sh warctg ewf2 +ch ¥) 21nltg~~ 
(1/J~) 2 = C 1 sin 21/J+ C 2 cos 21/J+ ub'I/J+ a+ A, 

( 'P~) 2 = -C1 sin 2rp+ C 2 cos 2<p- ubrp+ A 

06o3Ha'leHHll: A, C 1, C 2-npOH3BOJJbHbie nocTOliHHbie; u = 1 npH z > 0, u = -1 npH z < 0 

J1CKJ110'13ll 113 3THX COOTHOllleHHH Z, H3XO)li1M liBHhJH Bl1)l npaBOH '13CTI1 ypaBHeHI1ll (29): 

2 w- B 2 :F(w) = A,B,eu + A2B1e- u, r)le u = ---. (39) 
B, 

.[l,nll HarJJll!lHOCTI1 )la.nee nonaraeM C 1 = 0, B 1 = 1, B2 = 0 11 BBe)leM o6o3Ha'leHI1ll A 1 = a, A2 = b. 
TaKI1M o6pa30M, HMeeM 

w(z) =In lzl, :F(w) = aew + be- 2w, g(z) = -1/z, h(z) = az2 + bjz. (40) 

OcTa.noch onpe)leJJI1Th <jlyHKU1111 '1/J(t) 11 'P(x). Ilo)lcTaBI1M BhipalKeHI1ll (40) B <jlyHKU110Ha.JlhHO

!lH<jl<jlepeHU11a.JlhHOe ypaBHeHI1e (31 ). Y '111Th!B3ll 33BI1CHMOCTh (30), llOCJJe 3JJeMeHT3pHhiX npeo6pa-

30B3HI1H llOJJY411M 

['1/J~~'I/J- ('I/J~) 2 - a'ljJ3 - b]- ['P~x'P- ('P~) 2 + a'P3] + ('1/J~~- 3a'ljJ2 )'P- '1/J('P~x + 3a'P2) = 0. (41) 

.[l,l1<jl<jlepeHI..(Hpyll (41) not H X, npHXO)li1M K ypaBHeHHIO C p33)leJJlJIOIIJ,I1MHCll nepeMeHHhiM11* 

( '1/J~~t - 6a'ljJ'IjJ~)'P~ - ( 'P~~x + 6a'P'P~ )'1/J~ = 0, 

perneHI1e KOTOpOrO Olli1ChJB3eTCll 3BTOHOMHhiM11 06hJKHOBeHHhiM11 )ll1<jl<jlepeHI..(Ha.JlhHhiM11 ypaBHeHI1-

l!MI1 

'P~~x + 6a'P'P~ = A'P~, 
r)le A- KOHCTaHTa pa3)leJJeHI1ll. KalK)lOe 113 JTI1X ypasHeHI1H MOlKHO )lBa pa3a npo11HTerp11posaTh: 

('I/J~) 2 = 2a'ljJ3 + A'ljJ2 + C,'ljJ + C2, 

('P~) 2 = -2a'P3 + A'P2 + c3'P + C4, 
(42) 

r)le c,, C2, C3, c4- np0113BOJlhHhJe nOCTOl!HHhJe. J1CKJJI043ll c nOMOIIJ,hiO (42) np0113BO)lHhJe 113 

ypaBHeHI1ll (41), H3XO)li1M CBll311 MelK!lY KOHCT3HT3MI1: C3 = -C1, C4 = C2 +b. TaKI1M o6pa30M, 

<jlyHKI..(I111 '1/J(t) 11 'P(X) OllHChiB310TCll 3BTOHOMHhiMH ypaBHeHI1liMH nepBOrO nOpll)lK3 C Ky6HlJeCKOH 

HeJJI1HeHHOCThiO 

('I/J~) 2 = 2a'ljJ3 + A'ljJ2 + C,'ljJ + C2, 

('P~) 2 = -2a'P3 + A'P2 - c,'P + C2 +b. 
PerneHHll 3TI1X ypasHeHHH BhipalKaJOTCll 4epe3 3JJJJHnTI14eCKI1e <jlyHKUHH . 

.[l,JJll OCTa.JlhHhJX CJJy'laeB B (35) 11CCJle)lOB3HI1e npOBO)li1TCll 3Ha.JlOrH'IHhJM o6pa30M. Pe3yJJhT3Thl 

3Ha.Jll133 )lJlll CJJy'!aeB (35a)-(35e) CBe)leHhl B 11TOrDBOH T36JJ. 3. 

* .[l,JJll perneHHll ypaBHeHI1ll ( 41) npow.e BCero 11Cll0Jlh30B3Th pe3yJJhT3Thl perneHHll <jlyHKI..(I10Ha.Jlh

HOrO ypaBHeHI1ll ( 60) 113 pa3)l. 4.5 ( CM. <jlopMyJJhl ( 61 )-( 62) ]. 

6* 
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T AEJ1111J,A 4 
HeJIIIHeHHbie ypasHeHIIll Wxx + Wyy = :F(w), )lonycKaiOwlle TO'IHbie peweHIIll 

c <jlyHKUIIOHaJibHbiM pa3)leneHIIeM nepeMeHHbiX Bll)la w = w(z), r)le z = cp(x) + 'ljJ(y) 

N~ DpaBall '-IaCTb ypaBHeHIIll cp ( W) Perne1111e w( z) YpaBHeHIIll Will cp( x) 11 'lj;(y) 

I awlnw+bw ez 
( cp~) 2 = C1 e- 2'P + acp- ~a+ b+ A, 

(7j;~) 2 = C2e- 21/J +a'lj;- ~a- A 

2 aew+be- 2w In lzl 
( 'P~)2 = 2acp3 + Acp2 + cl cp+ c2, 

(7j;~) 2 = 2a'lj;3 - A'lj;2+C1'lj;- C2 - b 

3 a sin w+b(sin wIn tg ~ +2 sin~) 4 arctg ez 
( cp~) 2 = C1 e2'P + C2e- 2'P + bcp+ a+ A, 

(7j;~) 2 = C2e21/J + C1e- 21/J +b'lj;- A 

4 a sh w + b ( sh w In th ~ + 2 sh "*) 21nlcth ~I 
( cp~) 2 = C1 e2'P + C2e- 2'P- o-bcp+ a+ A, 
( 7j;~) 2 = -C2e21/J- C 1 e- 21/J- o-b'lj;- A 

5 ash w + 2b( sh w arctg ew/2 + ch "*) 21nltg ~~ 
( cp~) 2 = C1 sin 2cp+ C2 cos 2cp+ o-bcp+ a+ A, 
( 7j;~) 2 = C1 sin 27j;- C2 cos 27j;+ o-b'lj;- A 

06o3Ha'!eHIIll: A, C1, C2 -npoH3BOJJbHbie nocTOliHHbie; a-= 1 np11 z > 0, a-= -1 npH z < 0 

C!ly<Jaii 2. 11HTerp11pyll nepBbie )lBa ypasHeHIIll (34) (JlJill BTOporo cny'lall), IIMeeM )lBa peweHIIll: 

'l/J = ±VB t + D1, cp = ±v B- C t + D2 np11 A= 0; 
1 2 B 1 2 B- C (43) 

'ljJ = 4A(At + D1) -A' cp = -4A(Ax + D2) +-A- np11 A# 0; 

r)le D 1 11 D2 - npo113BOJlbHbie nocTOliHHbie. 8 o6o11x cny'-lallx <jlyHKUIIll :F( w) B ypasHeHIIII (29) 
liBJil!eTCll np0113BOJibHOH. Tiepsoe pewe1111e (43) COOTBeTCTByeT peweHIIIO Tllna 6eryweH BOJIHbl 
w = w(kx + >.t), a BTopoe npiiBOJliiT K pewe111110 Bll)la w = w(x2 - t 2 ). 

UpuMep 12. HeniiHeiiHoe ypasHeHIIe TennonpoBOJlHOCTII (Jlll<jl<jly31111) 

EJ2w 82 w 
8x2 + 8y2 = :F(w) 

IICCJie)lyeTCll TO'IHO TaK JKe, KaK II HeJIIIHeHHOe ypaBHeHIIe K.JJeiiHa- rop)lOHa ( CM. np11Mep II). 
0CHOBHbJe pe3yJlbTaTbl npiiBe)leHbl B IITOfOBOH Ta6Jl. 4 ( onyweHbl peweHIIe Tllna 6eryweH BOJlHbl 
w = w(kx + >.t) 11 pewe1111e Bll)la w = w(x2 + y2), KOTOpbie IIMeiOTCll )lJill n106oll :F( w )]. 

~ 3ai)a..,u u ynpa:m:nenuR K pa:Ji). 5.3 
1. HaiiTII peweHIIll c <jlyHKUIIOHaJibHbiM pa3)leneHIIeM nepeMeHHbiX HeJliiHeHHbiX ypasHeHIIH nepsoro 
nopl!JlKa: 

a) Wt = f(w)wx + g(w), 
b) Wt=f(w)w~+g(w), 
c) wi = f(w)w~ + g(w). 
YKa3aHue. PeweHIIll IICKaTb B Bll)le w = w(z), z = cp(x) + 'ljJ(t). 

2. HaiiTII peweHIIll c <jlyHKUIIOHaJibHbiM pa3)leneHIIeM nepeMeHHbiX HeJliiHeHHbiX ypasHeHIIH Tenno
npoBOJlHOCTII: 

a) Wt = [f(w)wx]x + g(w), 
b) Wt = [f(w)wx]x + g(w)wx. 
YKa3aHue. PeweHIIll IICKaTb B Bll)le w = w(z), z = cp(x) + 'ljJ(t) (JlJill nepsoro ypasHeHIIll CM. 

TaKJKe 3aMe'-laHIIe B KOHUe np11Mepa I 0). 

3. HaiiTII peweHIIll c <jlyHKUIIOHaJibHbiM pa3)leneHIIeM nepeMeHHbiX HeJliiHeHHbiX ypasHeHIIH Tenno
npoBOJlHOCTII: 

a) Wt = X-n[xn f(w)wx]x, 
b) Wt = x-n[xnf(w)wx]x + g(w). 
YKa3aHue. PeweHIIll IICKaTb B Bll)le w = w(z), z = cp(x) + 'l/J(t). 
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4. HailTH peweHHll c ¢YHKUHOHaJibHbiM pa3).1eJJeHHeM nepeMeHHbiX HeJJHHeHHbiX ypasHeHHH napa-
6oJJwiecKoro THna: 

a) Wt = [f(w)w~]x, 
b) Wt = [f(w)w~]x + g(w). 
YKa3aHue. PeweHHl!HCKaTb B BH).Ie w = w(z), z = 'P(x) + 7/J(t). 

5. HailTH peweHHll c ¢YHKUHOHaJibHbiM pa3).1eJJeHHeM nepeMeHHbiX HeJJHHeHHbiX ypasHeHHH mnep-
6oJJwiecKoro THna: 

a) Wxy = f(w), 
b) Wxy = WxWyj(w), 
c) Wxy = w~f(w), 
YKa3aHue. PeweHHl!HCKaTb B BH).Ie w = w(z), z = 'P(x) + 7/J(y). 

® Jlumepamypa K pa30. 5.3: A. M. Grundland, E. lnfeld (1992), J. Miller (Jr.), L. A. Rubel 
( 1993), R. Z. Zhdanov ( 1994), B. K. AH.llpees, 0. B. Kanuos, B. B. IlyxHa'leB, A. A. Po).IHOHOB 
(1994), P. W. Doyle, P. J. Vassiliou (1998), P. G. Estevez, C. Qu, S. Zhang (2002), A. )..1,. IloJJl!HHH, 
B. <1>. 3ailues (2002), A. D. Polyanin, V. F. Zaitsev (2004). 

5.4. MeTOA pacw,en/\eHHR. PeAYKU,HR K cj>yHKU,HOHa/\bHOMY 

ypasHeHHtO c ABYMR nepeMeHHbiMH 

5.4.1. MeTOA pac~en/\eHMH. PeAYKL'-Mfl K 4>YHKL'-MOHa/\bHOMY ypasHeHMIO 
CTaHAapTHOrO BMAa 

06II(a51 npou:e.n:ypa llOCTpOeHH51 TOqHbiX perneHHM C <l>YHK[(HOHa.JibHbiM pa3.[(eJieHH

eM nepeMeHHbiX, OCHOBaHHa51 Ha MeTO.[(e paCII(ellJieHH51, COCTOHT H3 HeCKOJibKHX 

:nanOB, KpaTKO OllHCaHHbiX HH)I(e. 

1°. Bbipa)l(eHHe ( 1) no.n:cTaBJI51eTC51 B paccMaTpHBaeMoe HeJIHHeiiHoe ypaBHe

HHe c qacTHbiMH npoH3BO.[(HbiMH. B pe3yJibTaTe nonyqaeTC51 <l>YHKU:HOHa.JibHO

.D:H<l><PepeH[(Ha.JibHOe ypaBHeHHe C TpeM51 apryMeHTaMH (nepBbie .[(Ba apryMeHTa

X H y-o6biqHbie, a TpeTHM apryMeHT-Z-CJIO)I(HbiH). 

2°. <l>yHK[(HOHa.JibHO-.[(H<P<l>epeH[(Ha.JibHOe ypaBHeHHe C llOMOII(biO 3JieMeHTapHbiX 

.[(H<P<l>epeH[(Ha.JibHbiX llO.[(CTaHOBOK ( OCHOBaHHbiX Ha Bbi.[(eJieHHH BeJIHqHH, CO.[(ep

)l(all(HX HCKOMbie <l>YHK[(HH H HX npOH3BO.[(Hbie O.[(HOrO apryMeHTa) CBO.[(HTC51 K 

qHCTO <l>YHK[(HOHa.JibHOMY ypaBHeHHIO C TpeM51 apryMeHTaMH X, y, Z. 

3°. <l>yHK[(HOHa.JibHOe ypaBHeHHe C TpeM51 apryMeHTaMH MeTO.[(OM .[(H<P<PepeH[(H

poBaHH51 CBO.[(HTC51 K <l>YHK[(HOHa.JibHOMY ypaBHeHHIO CTaH.[(apTHOrO BH.[(a C .[(BYM51 

apryMeHTaMH (HCKJIIOqaeTC51 nepeMeHHa51 X HJIH y), KOTOpoe paCCMaTpHBa.JIOCb B 

pa3.[(. 4.2. 

4°. CTpOHTC51 perneHHe <l>YHKU:HOHa.JibHoro ypaBHeHH51 c .D:BYM51 apryMeHTaMH H3 

ll. 3° (HCllOJib3YIOTC51 <PopMyJibl, npHBe.[(eHHbie B pa3.[(. 4.5). 

5°. flonyqeHHOe B ll. 4 ° perneHHe BMeCTe C HCllOJib30BaHHbiMH B ll. 2° .[(H<P<Pe

peH[(Ha.JibHbiMH llO.[(CTaHOBKaMH o6pa3yeT CHCTeMy ( 06biqHo nepeonpe.[(eJieHHYIO) 

o6biKHOBeHHbiX .n:n<P<PepeH[(Ha.JibHbiX ypaBHeHHM. CTpOHTC51 perneHHe 3TOM CHCTe

Mbi. 

6°. PerneHHe CHCTeMbl H3 ll. 5° llO.[(CTaBJI51eTC51 B HCXO.[(HOe <l>YHK[(HOHa.JibHO

.[(H<P<PepeH[(Ha.JibHOe ypaBHeHHe H3 n. 1°. B pe3yJihTaTe onpe.n:eJI51IOTC51 CB513H Me)l(.n:y 

llOCT051HHbiMH HHTerpHpOBaHH51 H HaX0.[(51TC51 BCe HCKOMbie BeJIHqHHbl. 

7°. 0T.[(eJibHO paCCMaTpHBaiOTC51 B03MO)I(Hble BblpO)I(.[(eHHbie CJiyqaH (B03HHKaiO

II(He npH HapyrneHHH HCllOJib30BaHHbiX npH perneHHH npe.[(llOJIO)I(eHHH). 
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3aMe48Hit1e. HaH60Jiee CJIO:II<HOH jiBJijleTCji TpeTbjl CTa,[(Hjl, KOTOpyiO He BCer.ua 

y.uaeTCji peaJIH30BaTb. 

MeTO.U pacmerrneHHjl CBO.UHT perneHHe «iJYHKU:HOHaJihHO-.ump«iJepeHU:HaJihHOro 

ypaBHeHHjl C TpeMjl apryMeHTaMH K perneHHIO qHCTO «lJyHK[(HOHaJibHOrO ypaBHeHHjl 

C TpeMjl apryMeHTaMH (rryTeM ero CBe,UeHHjl K CTaH,UapTHOMY «lJyHK[(HOHaJibHOMY 

ypaBHeHHIO C .UBYMjl apryMeHTaMH) H perneHHIO CHCTeMbl 06biKHOBeHHbiX .UH«lJ«lJe

peH[(HaJibHbiX ypaBHeHHH, T. e. HCXO,[(Hajl 3a,Uaqa pacrra.uaeTCjl Ha HeCKOJibKO 6oJiee 

IIpOCTbiX 3a,Uaq. flpHMepbi IIOCTpOeHHjl perneHHH C «lJyHK[(HOHaJibHbiM pa3,UeJieHHeM 

rrepeMeHHbiX MeTO.[(OM paCill,eiiJieHHjl paCCMOTpeHbl B pa3,U. 5.5. 

5.4.2. <J>yHK~HOHa/\bHble ypaBHeHHH C TpeMH apryMeHTaMH cne~Ha/\bHOrO BHAa 

flO,UCTaHOBKa Bbipa)l(eHHjl 

w = F(z), z = <p(x) + 1/J(y) 

B HeJIHHeHHbie ypaBHeHHjl C qacTHbiMH IIpOH3BO,[(HbiMH BO MHOrHX CJiyqaj{X IIpHBO

.[(HT K «lJyHK[(HOHaJibHO-,UH«lJ«lJepeH[(HaJibHbiM ypaBHeHHj{M BH,Ua 

<P1(x)IJ!1 (y, z) + <P2(x)IJ!2(y, z) + · · · + <Pk(x)wk(Y, z) + 
+ IJ!k+1(y,z) + IJ!k+2(y,z) + ··· + Wn(y,z) = 0, (44) 

r,Ue «lJyHK[(HOHaJibl <P j (X) H W j (y, Z) 3aBHCj{T COOTBeTCTBeHHO OT rrepeMeHHbiX X H 

y, z: 

<Pj(x) = <Pj(x,<p,<p~,<p~x), Wj(y,z) = wj(y,'lj;,'lj;~,'lj;~y,F,F~,F~~). (45) 

():l:aHHbie Bbipa)l(eHHjl COOTBeTCTBYIOT ypaBHeHHIO BTOpOrO IIOpji.[(Ka.). 

PerneHHe ypasHeHHjl ( 44) u:enecoo6pa3HO HCKaTb MeTO.UOM pacmerrneHHjl. Ha 

rrepBOM :narre 6y,UeM paCCMaTpHBaTb ( 44) KaK qHCTO «lJyHK[(HOHaJibHOe ypaBHeHHe, 

6e3 yqeTa 3aBHCHMOCTeH ( 45). flpe,UIIOJIO)I(HM, qTo W 1 ::j:. 0. flo,UeJIHM ypaBHeHHe 

( 44) Ha IJ! 1 H rrpo.uH«lJ«lJepeHU:HpyeM no y. B pe3yJihTaTe rronyqHM ypaBHeHHe TaKoro 

)l(e BH,Ua, HO C MeHblliHM qHCJIOM qJieHOB, CO,Uep)l(alll,HX «lJyHK[(HH <Pm: 

r,Ue IJ!~) = :y ( !7 ) + 1/J~ :z ( !7 ) . flpO,UOJI)I(ajl aHanomqHyiO rrpou:e.uypy, B 

HTOre MO)I(HO IIOJiyqHTb ypaBHeHHe, He 3aBHCjilll,ee j{BHO OT x: 

w1~i1 )(y,z) + · · · + w~k+ 1 l(y,z) = o, 

r.ue w(k+ 1) = _§__ ( \ll~) ) + 1/J' _§__ ( \ll~) ) • 
m 8y \ll(k) y 8z \ll(k) 

k k 

(47) 

YpasHeHHe (47) MO)I(HO paccMaTpHBaTb KaK ypasHeHHe c .UBYMjl He3aBHCHMhiMH 

rrepeMeHHbiMH y Hz. EcJIH w~+1)(y, z) = Qm(y)Rm(z) ,[(Jljl BCex m = k+l, ... 'n, 
TO .[(Jljl perneHHjl ypaBHeHHjl (47) MO)I(HO HCIIOJib30BaTb pe3yJihTaTbl pa3,[(. 4.2-4.5. 

® Jlumepamypa K pa30. 5.4: A. ~- IlonJIHIIH, B. <t>. 3aiiues (2002), A. D. Polyanin (2002), 
A. D. Polyanin, V. F. Zaitsev (2004). 
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5.5. PeweHHR HeKOTOpbiX HeJ\HHeHHbiX <I>YHK~HOHBJ\bHbiX ypaBHeHHH H 

HX npHJ\O>KeHHR B MBTeMBTHLieCKOH <J>H3HKe 

B 3TOM pa3_uene IIccne_uyiOTCjl HeKOTOpbie !lJYHKU:IIOHaJihHbie ypasHeHIIjl c TpeMjl 

apryMeHTaMII, KOTOpbie qaru:e BCero BCTpeqaJOTCji IIpii !lJyHK[(IIOHaJibHOM pa3_ue

JieHIIII nepeMeHHbiX B HeJIIIHeMHbiX ypaBHeHIIj{X MaTeMaTIIqecKOM !lJII3IIKII. 3TII 

pe3yJihTaTbl IICIIOJib30BaHhl ):(Jljl IIOCTpOeHIIjl TOqHbiX perneHIIM HeKOTOpbiX KJiaCCOB 

HeJIIIHeMHbiX ypaBHeHIIM TeiiJIOIIpOBO):(HOCTII II TeOpiiii BOJIH. 

5.5.1. <l>yHK~MOHal\bHoeypasHeHMe f(x) +g(y) = Q(z), rAe z = <p(x) +'l/J(y) 
3_uecb o_uHa II3 _usyx !lJYHKU:IIM f ( x) II cp( x) 3a_uaeTCjl, a _upyrajl III[(eTcjl; o_uHa II3 

_usyx !lJYHKU:IIM g(y) II "lj;(y) 3a_uaeTCjl, a _upyrajl III[(eTcjl; !lJYHKQIIjl Q(z) III[(eTcjl*. 

)J,II!lJ!lJepeHQIIpyjl ypaBHeHIIe IIO X II IIO y, IIOJiyqiiM Q~z = 0. Il03TOMY ero 

perneHIIe IIMeeT BII):( 

f(x) = Acp(x) + B, g(y) = A"lj;(y)- B + C, Q(z) = Az + C, (48) 

r_ue A, B, C- npoii3BOJihHhie nocTOj{HHhie. 

5.5.2. <l>yHK~MOHal\bHOe ypasHeHMe f(t) + g(x) + h(x )Q(z) + R(z) = 0, rAe 
z = <p(x) +,P(t) 

)J,II!lJ!lJepeHQIIpyjl ypaBHeHIIe IIO X, IIpiiXO):(IIM K ypaBHeHIIIO C ):(BYMjl He3aBIICIIMbl-

MII apryMeHTaMII 

g~ + h~Q + hcp~Q~ + cp~R~ = 0. (49) 

TaKIIe ypasHeHIIjl paccMaTpiiBaJIIICh B pa3_u. 4.3-4.6. Ilo3TOMY IIMeiOT MeCTO 

COOTHOII1eHIIjl [ IIX MO)I(HO IIOJiyqiiTb IIOCJie nepeo603HaqeHIIM II3 !lJopMyJI ( 60) 
II (61), IIpiiBe):(eHHbiX B pa3_u. 4.5]: 

g~ = A1hcp~ + A2cp~, 
h~ = A3hcp~ + A4cp~, 
Q~ = -A1- A3Q, 

R~ = -A2- A4Q, 

(50) 

r_ue A1, A2, A3, A4 -npoii3BOJihHbie nocTOj{HHbie. llHTerpiiposaHIIe CIICTeMbi (50) 
II IIO):(CTaHOBKa IIOJiyqeHHbiX perneHIIM B IICXO):(HOe !lJyHK[(IIOHaJibHOe ypaBHeHIIe 

_uaeT npiise_ueHHhie HII)I(e pe3yJihTaThi. 

Clly'1au 1. PerneHIIe !lJYHKU:IIOHaJihHoro ypaBHeHIIjl, cooTBeTCTByiOru:ee 3Haqe-

HIIIO A3 = 0 B (50): 

f = --}A1A4"lj;2 + (A1B1 + A2 + A4B3)1j;- B2- B1B3- B4, 

g = -}A1A4cp2 + (A1B1 + A2)cp + B2, 

h = A4cp + B1, (51) 

Q = -A1z + B3, 

R = -}A1A4z2 - (A2 + A4B3)z + B4, 

r_ue cp = cp( x) II "lj; = "lj;( t)- npoii3BOJihHbie !lJYHKU:IIII, Ak. Bk- npoii3BOJihHbie 

IIOCTOjiHHbie. 

* 8 fiO)l06HbiX ypaBHeHllliX CO CJlOlKHbiM apryMeHTOM C'IIITaeTCll, 'ITO 'f'(X) # COllSt 111/;(y) # COllSt. 
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me 'P = VJ(x) H '1/J = '1j;(t)-npoH3BOJihHhie <l>YHKl(HH, Ak> Bk-npoH3BOJihHhie 

llOCTOHHHhie. 

Ozy<tau 3. <l>yHKl(HOHaJihHOe ypaBHeHne HMeeT TaiOKe BhipO)K,UeHHoe perneHne 

f=A1'1/J+Bl, g=A1VJ+B2, h=A2, R=-A1z-A2Q-B1-B2, (53a) 

me 'P = VJ(x), '1/J = 'lj;(t), Q = Q(z)-npoH3BOJihHhie <l>YHKl(HH, A1, A2, B1, B2-

npoH3BOJihHhie llOCTOHHHhie, lf BhlpO)K,UeHHOe perneHHe 

f=A1'1/J+Bl, g=A1VJ+A2h+B2, Q=-A2, R=-A1z-B1-B2, (53b) 

me 'P = VJ(x), '1/J = 'lj;(t), h = h(x)- npoH3BOJihHhie <l>YHKl(HH, A 1, A 2 , B 1, 

B 2 - npoH3BOJihHhie nocTOHHHhie. BbipO)K,UeHHhie perneHHH (53a) H (53b) MO)KHO 

llOJiyqlfTh lf3 HCXO,UHOfO ypaBHeHHH lf ero CJie,UCTBHH (49) C llOMOII(hiO <PopMyJI (62) 
H3 pa3,U. 4.5. 

UpuMep 13. PaccMoTpiiM HecTaUIIOHapHoe ypasHeHIIe TenJionpoBOJlHOCTII c HeJIIIHeHHhiM 11c-

TO'-IHIIKOM 

l1IUeM TO'-!Hble perneHIIll Bll)la 

ow = EJ2w + F(w). 
8t 8x2 

w = w(z), z = 'P(x) + '1/J(t). 

(54) 

(55) 

flO)lCTaBIIM (55) B (54). flOCJie )leJieHIIll Ha W~ nOJIYLJIIM <jJyHKUIIOHaJibHO-)lll<jJ<jJepeHUIIaJibHOe 

ypasHe1111e 

nl.' = " + ( I )2 w~z + F(w(z)) 
~t 'Pxx 'Px 1 1 • 

wz wz 

flpe)lCTaBIIM ero B Bll)le <jJyHKUIIOHaJibHOfO ypaBHeHIIll 5.5.2, f)le 

f(t) = -'1/J~, g(x) = 'P~x' h(x) = ('1'~) 2 , Q(z) = w:z/w~, R(z) = f(w(z))/w~. (56) 

l1cnOJib3yeM perneHIIll ypaBHeHIIll 5.5.2. flO)lCTaBIIB Bb!paJKeHIIll (56) )lJill g II h B (51)-(53), 
nOJIYLJIIM nepeonpe)leJieHHhie CIICTeMhl ypaBHeHIIH )lJlll onpe)leJieHIIll <jJyHKUIIII If' = ip(X ). 

C!ly~Jau 1. CIICTeMa 

'P~x = -}A1A4'P2 + (A1B1 + A2)'P + B2, 

('1'~) 2 = A4'P + B1, 

noJiyLJeHHal! 113 (51) II COOTBeTCTBYIOIUal! 3HaLJeHIIIO A3 = 0 B (50), II MeeT COBMeCTHOe pewe1111e B 

cJie)lyiOIUIIX cJiyLJallx: 

'P = C1x + C2 

'P = -i-A4x 2 + C1x + C2 

np11 A2 = -A1Ci, A4 = B2 = 0, B1 = Ci, 

np11 A1 = A2 = 0, B1 = Ci - A4C2, B2 = -}A4, 
(57) 

f)le C1 II C2- np0113BOJibHb!e nOCTOl!HHb!e. 
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flepsoe peweHHe (57) rrpH A1 =f' 0 COOTBeTCTByeT rrpaBOH qaCTH ypaBHeHHll (54), KOTOpal! 
CO)leplKHT <jlyHKUHIO, o6paTHYIO K HHTerpa.ny BepOliTHOCTeH ( BH)l rrpaBOH qacTH orrpe)leJllleTCll H3 JlBYX 
IlOCJle)lHHX COOTHOllleHHH (51) H (56) )lJlll Q H R]. 8Topoe peweHHe (57) COOTBeTCTByeT rrpaBOH qaCTH 
ypaBHeHHll (54) BH)la :F( w) = k 1 Win w+ k2W. 8 060HX CJlyqaliX rrepBOe COOTHOllleHHe (51) C yqeTOM 
paBeHCTBa j = -7/J~ rrpe)lCTaBJll!eT C060H JlHHeHHOe ypaBHeHHe rrepBOrO IlOpll)lKa C IlOCTOl!HHbiMH 
KOJ<jl<jJHUHeHTaMH, perneHHeM KOTOpOrO liBJllleTCll CYMMa JKCilOHeHUHaJibHOH <jlyHKUHH H KOHCTaHTbl. 

C!ly<Jaii 2. CHcTeMa 

" = A1 B 1 eA3 'P +(A _ A 1 A 4 ) + B 'Pxx A 2 A 'P 2, 
3 3 

( I )2 - B A3'P A4 
'Px - 1e -A' 

3 

IlOJlyqeHHall H3 (52) H COOTBeTCTBYJOlllall A3 =f' 0 B (50), HMeeT COBMeCTHOe perneHHe B CJle)lyJOlliHX 
cnyqal!x: 

~...,--...,-.,.-

<p= ±J -A4jA3x+C1 
2 

<p= --In lxi+C1 
A3 

<p=- 2._ In Ieos( ~v' A3A4 x+C1) I +C2 
A3 

<p=- 2._ lnlsh( ~v' -A3A4 x+C1) I +C2 
A3 

<p=- 2._ lnlch( ~v' -A3A4 x+C1) I +C2 
A3 

rrpH 

rrpH 

rrpH 

rrpH 

rrpH 

A2 = A1A4/ A3, B1=B2=0, 

A1= ~A~, A2=A4=B2=0, Bl = 4A32e -A3cl, 

A1= ~A~, A2=~A3A4, B2=0, A3A4>0, 

A1= ~A~, A2=~A3A4, B2=0, A3A4<0, 

A1= ~A~, A2=~A3A4, B2=0, A3A4<0, 

r)le C1 H C2 - rrpOH3BOJlbHble IlOCTOl!HHble. 3TH perneHHll COOTBeTCTBYIOT rrpaBOH qaCTH ypaBHe
HHll (54), 3a)laBaeMOH B rrapaMeTpHqecKOH <jlopMe. 

C!ly<Jaii 3. BbipOlK)leHHhiM peweHHl!M <jlyHKUHOHaJibHOro ypasHeHHll (53a) H (53b) cooTBeT
CTBYJOT perneHHll HeJlHHeHHOrO ypaBHeHHll TellJlOilpOBO)lHOCTH (54) THila 6ery111ei1 BOJlHbl ( <jlyHKUHll 
:F( W)- rrpOH3BOJlbHa] H perneHHll JlHHeHHOrD ypaBHeHHll (54) C HCTOqHHKOM BH)la :F( W) = k1 w+ k2. 

3aMeYaHHe. MolKHO HCKaTb 6onee CJJOlKHbie peweHHll ypasHeHHll (54) c <jlyHKUHOHaJihHhiM 
pa3)leneHHeM BH)la 

w = w(z), z = <p(~) + 7/J(t), ~ = x +at. 
flO)lCTaHOBKa JTHX Bb!palKeHHH B ypaBHeHHe (54) TaKlKe rrpHBO)lHT K <jlyHKUHOHaJibHOMY ypaBHeHHIO 
5.5.2, B KOTOpOM X Ha)lO rrepeo603HaqHTb Ha ~ H IlOJlOlKHTb 

f(t) = -7/J;, g(~) = 'P~~- a<p~, h(~) = (<p~) 2 , Q(z) = W~z/w~, R(z) = f(w(z))/w~ . 
.[l,a.nhHei1wall rrpoueJlypa rrocTpoeHHll peweHHll rrpoBOJlHTCll TaK lKe, KaK B rrpHMepe 13. 

UpuMep 14. AHa.norHqHhiM o6pa30M paccMaTpHsaeTCll 6onee o6111ee ypasHeHHe 

aw 8 2 w aw 
at= a(x) ax2 + b(x)a;;: + :F(w), (58) 

KOTopoe BCTpeqaeTCll B 3a)laqax KOHBeKTHBHoro Terrno- H Maccoo6MeHa (a = const, b = const), B 
3a)laqax TerrnorrepeHoca B aHH30TporrHhiX cpe)lax (b = a~), B rrpoCTpaHCTBeHHhiX 3a)laqax Terrnorrpo
BOJlHOCTH C OCeBOHH UeHTpaJibHOH CHMMeTpHeH (a= const, b = const jx). 

flOHCK TOqHbiX perneHHH ypaBHeHHll (58) BH)la (55) rrpHBO)lHT K <jlyHKUHOHaJibHOMY ypaBHeHHIO 
5.5.2, r)le 

f(t) = -7/J;, g(x) = a(x)'P~x + b(x)<p~(x), 
h(x) = a(x)(<p~) 2 , Q(z) = w~z/w~, R(z) = f(w(z))/w~. 

flO)lCTaBJlllll 3TH Bb!palKeHHll B (51)-( 53), IlOJJyqHM CHCTeMbl 06b!KHOBeHHbiX )lH<jl<jlepeHUHaJibHbiX 
ypaBHeHHH )lJlll orrpe)leJleHHll HCKOMb!X BeJlHqHH. 

3aMe4aHI-1e. B rrpnMepax 13-14 rrocTpoeHne ToqHhiX perneHHM pa.:mnqHhiX 

ypaBHeHHM MaTeMaTnqecKOM <l>H3HKH CBO.[(HJIOCb K O.[(HOMY lf TOMY )J(e <i>YHK[(lf

OHaJibHOMY ypaBHeHHIO. 3TO Harmi.[(HO .[(eMOHCTpHpyeT IIOJie3HOCTb Bbi.[(eJieHH51 

lf He3aBHCHMOrO paCCMOTpeHH51 OT.[(eJibHbiX <l>YHK[(HOHaJibHbiX ypaBHeHHM (H [(e

JieC006pa3HOCTb pa3pa60TKH MeTO.[(OB perneHH51 <l>YHK[(HOHaJibHbiX ypaBHeHHM CO 

CJIO)J(HbiM apryMeHTOM). 
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5.5.3. <l>yHK~HOHa/\bHOe ypaBHeHHe j(t) + g(x )Q(z) + h(x )R(z) = 0, rAe 

z = cp(x) +,P(t) 

,[(II«P«PepeHIJ,IIpyeM ypaBHeHIIe IIO X. IlonyqiiM «PYHKIJ,IIOHaJibHO-.UII«P«PepeHIJ,IIaJib

HOe ypaBHeHIIe C .UBYM51 nepeMeHHbiMII X II z: 

(59) 

KOTOpoe C TOqHOCTbiO .[(0 oqeBII.[(HbiX nepeo603HaqeHIIM COBIIa,UaeT C ypaBHeHII

eM (60) II3 pa3,U. 4.5. 
Heeblpo:JICdeHHblU c!lyttau. PerneHIIe ypasHeHII51 (59) MO)I(HO nonyqiiTh c noMo

IIJ,hiO «PopMyJI (61) II3 pa3.U. 4.5. B pe3yJihTaTe npiiXO.UIIM K ciicTeMe o6hiKHOBeHHhiX 

.UII«P«PepeHIJ,IIaJibHbiX ypaBHeHIIM 

g~ = (A1g + A2h)cp~, 
h~ = (A3g + A4h)cp~, 
Q~ = -A1Q- A3R, 

R~ = -A2Q- A4R, 

r.ue A 1, A2, A3, A4- npoii3BOJihHbie nocT051HHbie. 

PeiiieHIIe CIICTeMhl (60) IIMeeT BII.[( 

g(x) = A2B1ek1 'P + A2B2ek2'P, 

h(x) = (k1- A1)B1ek''P + (k2- Al)B2ek2'P, 

Q(z) = A3B3e-k,z + A3B4e-k2z, 

R(z) = (k1- A1)B3e-k,z + (k2- A1)B4e-k2z, 

(60) 

(61) 

r.ue B1, B2, B3, B4 -npoii3BOJihHhie nocT051HHhie, a k1 II k2-KopHII KBa.upaTHoro 

ypaBHeHII51 

(62) 

B BbipO)I(,UeHHOM cnyqae npii k 1 = k 2 qneHhi ek2 'P II e-k2 z B ( 61) Ha.uo 3aMeHIITh 

COOTBeTCTBeHHO Ha cpekl 'P II ze-kl z. B CJiyqae qiiCTO MHIIMbiX IIJIII KOMIIJieKCHbiX 

KOpHeM ypaBHeHII51 ( 62) B peiiieHIIII ( 61) Ha,UO Bbi,UeJIIITb ,UeMCTBIITeJihHYIO ( IIJIII 

MHIIMYIO) qacTb. 

IlO.[(CTaBIIB (61) B IICXO,[(HOe «PYHKIJ,IIOHaJibHOe ypaBHeHIIe 5.5.3, IIOJiyqiiM 

ycnoBII51, KOTOphiM .UOJI)I(Hhi y.uosneTBOp51Th cso6o.UHhie Ko3«P«PIIu,IIeHThi, II Hail:.ueM 

«ilYHKIJ,IIIO f ( t): 

B2=B4=0 ====? f(t)=[A2A3+(k1-A1) 2]B1B3e-k,1f', 

B1=B3=0 ====? j(t)=[A2A3+(k2-A1)2]B2B4e-k21f', 

A1 = 0 ====? f(t) = (A2A3 + kr)B1B3e-k,,p + (A2A3 + k~)B2B4e-k21f>. 
(63) 

B peiiieHII51 (61), (63) BX0.[(51T IIpOII3BOJibHhie «PYHKIJ,IIII cp = cp(x) II 'lj; = 'lj;(t). 

Bblpo:JICdeHHblU c!lyttau. <l>yHKIJ,IIOHaJihHOe ypasHeHIIe 5.5.3 IIMeeT TaK)I(e Bhi

po)I(,UeHHoe perneHIIe 

f = B1B2eA11f>, g = A2B1e-A1 'P, h = B1e-A1 'P, R = -B2eA1z- A2Q, 
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r.ue t.p = t.p(x), 'lj; = 'lj;(t), Q = Q(z)-ITpOII3BOJihHbie «PYHKIIIIII, A1, A2, B1, B2-
ITpOII3BOJihHbie ITOCT051HHbie, II BblpO)I(,[(eHHOe perneHIIe 

f = B1B2eA1'1/J, h = -B1e-A1rp- A2g, Q = A2B2eA1z, R = B2eA1z, 

r.ue t.p = t.p(x), 'lj; = 'lj;(t), g = g(x)- ITpOII3BOJihHbie «PYHKIIIIII, A1, A2, B1, 
B2 - ITpOII3BOJihHbie ITOCT051HHbie. BbipO)I(,UeHHbie perneHII51 MO)I(HO ITOJiyqiiTh II3 

IICXO.[(HOrO ypaBHeHII51II ero CJie,UCTBII51 (59) C ITOMOIIIbiO «PopMyJI (62) II3 pa3,U. 4.5. 

UpuMep 15. ,ll,nJI HemmeifHoro ypasHeHIIJI nepsoro nopJI)lKa 

aw = F(w)( aw )2 + Q(x) 
at ax 

nOIICK TO'IHhiX perneHIIH Bll)la (55) npiiBO)liiT K <jlyHKUIIOHaJlhHOMY ypaBHeHIIIO 5.5.3, r)le 

f(t) = -7/J~, g(x) = (cp~) 2 , h(x) = Q(x), Q(z) = F(w)w~, R(z) = l/w~, w = w(z). 

UpuMep 16. ,ll,nJI HeJJHHeifHoro ypasHeHIIJI TennonpoBOJlHOCTII (14) [eM. npHMep 10 113 

pa3)l. 5.3.2] nOIICK TO'!Hh!X perneHIIH Bll)la W = w(z), Z = cp(x) +7/J(t) npiiBO)liiT K <jlyHKUIIOHaJlhHO

)lll<jl<jlepeHUIIaJlhHOMY ypaBHeHIIIO (16), KOTOpoe npiiBO)liiTCJI K <jlyHKUIIOHaJlhHOMY ypaBHeHIIIO 5.5.3, 
eCJlll nOJlO)KIITh 

f(t) = -7/J~, g(x) = 'P~x' h(x) = (cp~) 2 , Q(z) = F(w), R(z) = [F(~,w~]~, w = w(z). 
z 

5.5.4. cJ>yHK~HOHa/\bHOe ypaBHeHHe 

f(x)+g(y)+h(x)P(z)+s(y)Q(z)+R(z) =0, rAe z= cp(x)+,P(y) 

,[(II«P«PepeHQIIpyeM ypaBHeHIIe ITO y. IloJiyqeHHOe Bbipa)l(eHIIe ,UeJIIIM Ha 'lj;~P~ II 

.UII«P«PepeHQIIpyeM ITO y. B pe3yJibTaTe ITpiiXO.[(IIM K ypaBHeHIIIO C .UBYM51 apry

MeHTaMII y II Z, KOTOpoe paCCMaTpiiBaJIOCb B maBe 4 [ CM. ypaBHeHIIe (21) II ero 

perneHII51 (57)]. 

UpuMep 17. PaccMOTpiiM CTaUHOHapHoe ypasHeHHe TennonpoBOJlHOCTII B HeO)lHOpOJlHOH aHH-

30TponHoif cpe)le C HeJliiHeHHhiM IICTO'IHIIKOM 

a[ aw] a[ aw] ax a(x)a;- + ay b(y)ay = F(w). (64) 

flOIICK TO'!Hh!X perneHIIH ypaBHeHIIJI (64) Bll)la W = w(z), r)le Z = cp(x) + 7/J(y), npiiBO)liiT K 

<jlyHKUIIOHaJlhHOMY ypaBHeHIIIO 5.5 .4, r)le 

!I(x) = a(x)cp~x + a~(x)cp~, h(y) = b(y)7/J~y + b~(y)?jJ~, g1(x) = a(x)(cp~) 2 , 
g2(y) = b(y)(7jJ~) 2 , P(z) = Q(z) = w:z/w~, R(z) = -F(w)jw~, w = w(z). 

He npoBO)lJI nonHoro aHaJJH3a ypasHeHHJI ( 64 ), orpaHH'IIIMCJI 3)leCh 113Y'!eHHeM perneHHH c o6o61UeH

HhiM pa3)leJJeHHeM nepeMeHHhiX, KOTOphle cylUeCTBYIOT np11 npo113BOJlhHOH npasoif 'laCTII F( w). 
C)lenas 3aMeHy z = ( 2 , HlUeM perneHHJI ypasHeHHJI (64) Bll)la 

w = w((), ( 2 = cp(x) + 7/J(y). (65) 

ar, ' ar, '1/J' 
Y'IIIThiBaJI COOTHOllleHIIJI - = ..'£."'._ II - = __1!_, 113 (64) nOJJY'IIIM 

ax 2(, By 2(, 

[(acp~)~ + (b7j;~)~] ~~ + [a(cp~) 2 + b(7j;~) 2 ] (,w(1(,~ w( = F(w), F(w) = F(w(()). (66) 

,[I,JJJI pa3pelliiiMOCTII :noro <jlyHKUIIOHaJlhHOrO ypaBHeHIIJI noTpe6yeM, 'IT06hl BhlpalKeHIIJI B KBa)lpaT

HhiX CK06KaX 6h!Jlll <jlyHKUIIJIMII OT (: 

(acp~)~ + (b?jJ~)~ = M((), a(cp~) 2 + b(7jJ~) 2 = N((). 
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TipO).III<jl<jlepeHUIIposas nepsoe 113 3TIIX paseHCTB no x 11 no y, npiiXO).IIIM K ypasHeHIIIO ( M( / ()( = 0, 
o61l(ee pewe1111e KOToporo IIMeeT Bll).l M(() = C1(2 +C2. AHaJIOrll'fHO HaXO).IIIM N(() = C3(2 +C4. 

3).1eCh cl' C2, C3, c4- np0113BOJibHbJe nocTO»HHbJe. 8 IITOre nOJIY'fiiM 

(aip~)~ + (b'I/J~)~ = C1(ip + '1/J) + C2, a(ip~) 2 + b('I/J~) 2 = C3(ip + '1/J) + C4. 
Pa3).1eJieHIIe nepeMeHHbiX npiiBO).IIIT K CIICTeMe o6hiKHOBeHHbiX ).lll<jl<jlepeHUIIaJibHbiX ypaBHeHIIH ).IJI» 

HaXOJK).IeHII» <jlyHKUIIH ip(X ), a(x ), '1/J(y ), b(y): 

(aip~)~- C1ip- C2 = k1, 

a(ip~) 2 - C3ip- c4 = k2, 

(b'lj;~)~- C1'1/J = -k1, 

b('lj;~) 2 - C3'1j; = -k2. 
3Ta CIICTeMa BCer).la IIHTerpllpyeTC» B KBa,llpaTypax II MOJKeT 6b!Tb npeo6pa30BaHa K BII).IY 

(C3ip + C4 + k2)ip~x + (C1ip + C2 + k1- C3)(ip~) 2 = 0, 

(C3'1j;- k2)'1/J~y + (C1'1/J- k1- C3)('1j;~) 2 = 0; 

a= (C3ip + C4 + k2)(ip~)- 2 , 
b = (C3'1j;- k2)('1j;~)- 2 , 

(67) 

r).le ypaBHeHII» ).IJI» <jlyHKL(IIH ip II '1/J He 3aBIICHT OT a II b II MOryT pernaTbC» He3aBIICIIMO. He npOBO).I» 

nOJIHOfO IICCJie).IOBaHII» CIICTeMbl (67), OTMeTIIM npOCTOH 'faCTHbJH CJiy'faH, KOr).la OHa IIHTerpllpyeTC» 

B »BHOM Bll).le. 

Tip11 C1 = C2 = c4 = k1 = k2 = o, c3 = c =1 o IIMeeM 

b(y) = j3evy, 
ce-JLX 

ip(x) = --2-, 
C.!f 

r).le n, /3, J-L, v- npo113BOJibHbie nocTO»HHbie. Tio).lcTaBIIB 3TII BbipalKeHII» B (66) 11 Y'fiiTbiBa» Bll).l 

nepeMeHHOH ( (65), nOJIY'fiiM ypaBHeHIIe ).IJI» <jlyHKUIIII w((): 
II 1 I 4 ( ) w,, - -w, = -:F w . ( c 

CIICTeMa (67) IIMeeT TaKJKe ,llpyme perneHII», npiiBO).I»Il(lle K pa3JIII'fHbJM Bb!palKeHII»M ).IJI» 

<jlyHKL(IIH a(x) II b(y). 8 Ta6JI. 5 yKa3aHbl CJiy'fall, KOr).la 3TII <jlyHKL(IIII MOryT 6b!Tb BblpaJKeHbl B 

»BHOM Bll).le (onyll(eHO perneHIIe Tllna 6eryll(eH BOJIHbl, COOTBeTCTBYIOIUee a = const, b = const). 

8 061l(eM CJiyqae pewe1111e CIICTeMbl (66) npiiBO).IIIT K <jlyHKUII»M a(x) II b(y ), KOTOpble 3aniiCbJBaiOTC» 

B napaMeTp114eCKOH <jlopMe. 

T AEJ1111J,A 5 
PeweHII» c o6o6IUeHHbiM pa3).1eJieHIIeM nepeMeHHbiX Bll).la w = w((), r).le ( 2 = ip(x) + '1/J(y), ).IJI» 

ypaBHeHIIH TenJIOnpOBO).IHOCTII B HeO).IHOpO).IHOH aHII30TpOnHOH cpe,lle C HeJIIIHeHHbiM IICTO'fHIIKOM 

np0113BOJibHOfO Bll).la 

YpasHeHHe TenJJonpoB0!1HOCTH cJ>yHKUIIII cp( X) II '1/J(y) YpasHeHHe !1Jill w=w(() 

a( naw) a( kaw) 
Cx2-n Cy2-k 

II 4-nk 1 I 4 ( ) - ax - +- {3y - =F(w) 
<p= n(2-n)2' '1/J= {3(2-k)2 w((+ (2-n)(2-k) ( w,= CF w ax ax ay ay 

!!_ ( neJLX aw) + !!_ (tevy aw) =:f"( W) c c II 1 I 4 <p=--e-JLX '1/J=-e-VY w'C(w'=cF(w) ax ax ay ay C.!f2 ' f3v2 

a( xaw) a( kaw) C Cy2-k 
11 k1 1 4() - ne~' - +- {3y - =F(w) <p= C.!f2e-~'x, '1/J= f3(2-k)2 w((+---w,=-F w 

ax ax ay ay 2-k ( c 

a( 2aw) a( 2aw) <p=!fln lxl, '1/J=vln IYI 
YpasHeHHe ( 66), o6a BbipaJKeHHll s - ax - +- {3y - =F(w) 

ax ax ay ay KBa)1paTHbiX CK06KaX- KOHCTaHTbl 

a2w a ( 2aw) <p=!fX, '1/J=vlnlyl YpasHeHIIe (66), o6a BbipaJKeHIIll B 
n-+- {3y - =F(w) 

KBa)1paTHbiX CK06KaX- KOHCTaHTbl ax2 ay ay 

06o3Ha'leHHll: C, a, {3, If, v, n, k-cso60!1Hhie napaMeTpbi (Co;tO, !i#O, v,tO, no;t2, k#2) 
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~ 3ai)a..,u u ynpa:m:nenuR K pa:Ji). 5.5 

I. Pell!HTb ¢YHKLIHOHaJibHbie ypasHeHHll: 

a) f(x + y) = f(x) + f(y)- af(x)f(y), 
b) f(x)g(y) = h(x + y), 
c) f(x)g(y) + h(y) = f(x + y), 
d) f(x)g(y) = h('P(x) + 'ljJ(y)), 
e) f(x) + g(y) = h('P(x)'ljJ(y)), 

r)le j(x), g(y), h(z)-11CKOMb!e ¢YHKL11111. 

YKaJaHue. HcnOJJb30BaTb MeTOJl Jll1¢¢epeHl.IHposaHHll 11 pe3yJJbTaTbi pa3)leJJa 5.5. 

B ynpa:JtCHeHURX 2-8 pyn«u,uu f u g noiJne:Jtcam onpeiJenenu10. 

2. HailTH pell!eHHll c ¢YHKLIHOHaJibHbiM pa3)leJJeHHeM nepeMeHHbiX HeJJHHeHHbiX ypasHeHHH nepsoro 

nopll)lKa: 

a) Wt=f(w)wx+g(w), 
b) Wt = f(w)w'; + g(w), 
c) wi = f(w)w'; + g(w). 
YKaJaHue. Pell!eHHl!HCKaTb B BH)le w = w(z), z = 'P(x) + 'l/J(t). 

3. HailTH pell!eHHll c ¢YHKLIHOHaJibHbiM pa3)leJJeHHeM nepeMeHHbiX HeJJHHeHHbiX ypasHeHHH TenJJo

npoBOJlHOCTH: 

a) Wt = [f(w)wx]x + g(w), 
b) Wt = [f(w)wx]x + g(w)wx. 
YKaJaHue. Pell!eHHl!HCKaTb B BH)le w = w(z), z = 'P(x) + 'ljJ(t). 

4. HailTH pell!eHHll c ¢YHKLIHOHaJibHbiM pa3)leJJeHHeM nepeMeHHbiX HeJJHHeHHbiX ypasHeHHH TenJJo

npoBOJlHOCTH: 

a) Wt = [f(x )wx]x + g( w ), 
b) Wt = aWxx + bxnwx + f(w), n = 1, 0, -1. 
YKaJaHue. 3TH ypasHeHHll l!BJJl!IOTCll LJaCTHbiMH cJJyLJal!MH ypasHeHHll (58). 

5. HailTH pell!eHHll c ¢YHKLIHOHaJibHbiM pa3)leJJeHHeM nepeMeHHbiX HeJJHHeHHbiX ypasHeHHH TenJJo

npoBOJlHOCTH: 

a) Wt = X-n[xnf(w)wx]x, 
b) Wt = X-n[xn f(w)wx]x + g(w). 
YKaJaHue. Pell!eHHl!HCKaTb B BH)le w = w(z), z = 'P(x) + 'ljJ(t). 

6. HailTH pellleHHll c ¢YHKLIHOHaJibHbiM pa3)leJJeHHeM nepeMeHHbiX HeJJHHeHHbiX ypasHeHHH: 

a) Wt = [f(w)w';]x + g(w). 
b) Wt = X-n[xn f(w)wx]x + g(w). 
YKaJaHue. Pell!eHHl!HCKaTb B BH)le w = w(z), z = 'P(x) + 'ljJ(t). 

7. HailTH pell!eHHll c ¢YHKLIHOHaJibHbiM pa3)leJJeHHeM nepeMeHHbiX HeJJHHeilHoro BOJJHOBoro ypas

HeHHll Wxt = j(w). 
YKaJaHue. Pell!eHHll HCKaTb B BH)le: 

w = w(z), z = 'P(x) + 'l/J(t), 
a 3aTeM HCnOJJb30BaTb pe3yJJbTaTbi pell!eHHll ¢YHKLIHOHaJibHOro ypasHeHHll d) 113 nepsoro ynpaJKHe

HHll. 

8. HailTH pellleHHll c ¢YHKLIHOHaJibHbiM pa3)leJJeHHeM nepeMeHHbiX HeJJHHeilHoro ypasHeHHll TpeTbe

ro nopl!JlKa: 

Wxxt = f(w). 
YKaJaHue. Pell!eHHl!HCKaTb B BH)le w = w(z), z = 'P(x) + 'ljJ(t). TioJJyLJeHHOe ¢YHKLIHOHaJibHO

Jll1¢¢epeHl.ll1aJibHOe ypaBHeHHe CBeCTI1 K ¢YHKL1110HaJibHOMY ypaBHeHHIO 5.5.3. 

® Jlumepamypa K pa1iJ. 5.5: B. <t>. 3ailues, A. )..1,. TioJJl!HHH (1996), A. )..1,. TioJJl!HHH, A. H. )l{ypos 

(1998), A. )..1,. TioJJl!HHH, B. <t>. 3ailues (2002), A. D. Polyanin, V. F. Zaitsev (2004). 



6. npfiMOH MeTOA KAapKCOHa- KpycKal\a 

6.1. noMCK TO"'HbiX peweHMM cne~MBJ\bHOrO BMAB 

6.1.1. Ynpo~eHHaH cxeMa. npHMepbl nocrpoeHHH T04HbiX peweHHH 

Ilpe)l(.ue qeM nepeH:nt K OIIHCaHHIO MeTo.ua KrrapKCOHa - KpycKa.rra B o6rn:eM 

cnyqae, paCCMOTpHM CHaqa.rra ynporn:eHHYIO CXeMy. 

0CHOBHa51 H,Ue51 MeTO,Ua: B cnyqae ypaBHeHH51 C HCKOMOH cpyHKIJ,HeH W = w(x, t) 
TOqHoe perneHHe Hll(eTC51 B BH,Ue 

w = f(t)u(z) + g(x, t), z = 1p(t)x + 'ljJ(t). (1) 

<l>yHKIJ,HH j(t), g(x, t), 1p(t), 1/J(t) HaXO,U51TC51 B npou,ecce perneHH5I; OHM Bbi6H

paiOTC51 TaKHM o6pa3oM, qTo6hi B HTore cpyHKIJ,H51 u( z) y.uoBJieTBOp51Jia O.UHOMY 

06biKHOBeHHOMY ,UHcpcpepeHIJ,Ha.JibHOMY ypaBHeHHIO. 

HH)I(e paCCMaTpHBaiOTC51 KOHKpeTHbie IIpHMepbi IIOCTpOeHH51 TOqHbiX perneHHH 

HeJIHHeHHbiX ypaBHeHHH BH,Ua (1 ). 
UpuMep I. PaccMOTp11M ypasHeHI1e KopTesera- p_e <l>p113a 

ow = a o3w + bw ow . (2) 
at 8x3 OX 

To•-moe perneHI1e 11llleM B Bl1,ll_e (I). flO,ll_CTaBI1B (I) B (2), 11MeeM 

ai'f}u:~z + bj\QUU~ + f(bgrp- rp~x -1/J;)u~ + (bfgx - j;)u + agxxx + bggx- 9t = 0. (3) 

flp11paBHI1BaJI B (3) !jlyHK1.1110HaJibHble MHOlKI1TeJ111 np11 u:~z 11 UU~, nony'li1M 

flp11paBHI1BaJI p_a.nee !jlyHKL1110HaJibHbiH MHOlKI1TeJlb np11 U~ HYJJIO, 11MeeM 

1 ( I I) g = /;; 'f!tX + 1/Jt · 

flop_CTaBJlJIJI Bb!paJKeHI1JI (4) 11 (5) B (3), np11XO,ll_I1M K paBeHCTBY 

5 ( Ill b I ) I 1 [( 2 ) l 'P aUzzz + UUz - 'P'f!tU + --2 2rpt - 'P'Ptt X+ 2rpt1/Jt- '{!1/Jtt = 0. 
b<p 

5 z-~ 
flop_eJ111M BCe 'lJleHbl Ha '{! , a 3aTeM 11CKJ110'li1M X C nOMOlllbiO paBeHCTBa X = --. flOJJY'li1M 

<p 

Ill I -4 I 1 -8( 2 ) 
aUzzz + bUUz - 'P 'f!tU + b'P 2rpt - 'P'Ptt Z + 

1 -8 2 2 + b 'P ( rp'I/Jrptt - 'P 1/Jtt + 2rprpt1/Jt - 21/;rpt) = 0. 

(4) 

(5) 

(6) 

floTpe6yeM, 'lT06bi !jlyHK1.1110HaJibHbiH KOJ!jl!jl111.111eHT np11 U 11 nOCJle,ll_HI1H 'lJleH 6hiJ111 KOHCTaHTaMI1: 

rp- 4 rp; =-A, rp- 8 (rp1/Jrptt- rp21/Jtt + 2rprpt1/Jt- 21/;rp;) = B, 

rp_e A 11 B - np0113BOJlbHbie nocTOJIHHbie. 8 pe3ynhTaTe np11xop_11M 

,ll_l1!jl!jlepeHUI1aJibHbiX ypaBHeHI1H ,ll_Jlll onpep_eJleHI1JI !jlyHK1.111H rp 11 1/J: 

'Pt = -Arp4 , 

1/Jtt + 2Arp3 1/Jt - 2A 2 rp6 1j; = - Brp6 . 

K CI1CTeMe 06b!KHOBeHHbiX 

(7) 



6.1. floucK mO'IHblX peuteHuii cnel4UGJlbHOZO euiJa 95 

3.QeCb rrp11 3arr11c11 BTOporo ypasHeHI1ll Y'ITeHo rrepsoe ypasHeHI1e 11 ero cne.QCTBI1e: cpu= -4Acp3 '{Jt = 
= 4A2cp7. 

Hcrronh3Yll (6) 11 (7), rronyLJI1M ypasHeHI1e .QJlll <jlyHKU1111 u(z): 

2A2 B 
au~~z + buu~ - Au- --z + - = 0. (8) 

b b 

Ilp11 A -=f. 0 o6111ee perneHI1e ypasHeHI1H (7) 11MeeT B11.Q 

cp(t) = (3At + C1)- 113 , 

1/;(t) = C2(3At + C!) 213 + C3(3At + C1)- 113 + 2~2 , 
(9) 

r.Qe c1' C2, c3- rrp0113BOJlbHhie IlOCTOliHHhie. 

<l>OpMyJlhl (!), (4), (5), (9) BMeCTe C ypaBHeHI1eM (8) 0Ili1Cb!BaiOT TOLJHOe perneHI1e ypaBHeHI1ll 

KopTesera- .Qe <l>p113a (2). 

llpuMep 2. PaCCMOTp11M ypasHeHI1e 6yCCI1HeCKa 

a2w a ( aw ) a4w at2 + ax wax +a ax4 = o. (10) 

KaK 11 B rrepsoM rrp11Mepe, perneHI1e 11111eM B B11.Qe (!), r.Qe <jlyHKU1111 f(t), g(x, t), cp(t), 1/;(t) 
6y.QyT orrpe.QeJll!ThCll B rrpouecce perneHI1ll. Ilo.QCTaBI1B (I) B (I 0), 11MeeM 

afcp4 u"" + lcp2uu" + f(zZ + gcp2)u" + f 2cp2(u') 2 + (fzu + 2fgxcp + 2ftzt)u' + 
+ (fgxx + fu)u + gu + ggxx + g; + agi4 ) = 0. (II) 

flp11paBHI1Ball <jlyHKI..(I10HaJibHhle MHOlKI1TeJ111 rrp11 U1111 11 UU 11 , IlOJ1YLJI1M 

f = cp2. (12) 

flp11paBHI1Ball <jlyHKI..(I10HaJibHbiH MHOlKI1TeJlh rrp11 U 11 HYJliO, C yLJeTOM ( 12) 11MeeM 

1 ( I 1)2 g = --2 'fJtX + 1/Jt · 
'{J 

(13) 

flO.QCTaBJlllll Bb!palKeHI1ll (12) 11 ( 13) B (II), Ilp11XO.Q11M K paBeHCTBY 

cp6 (au"" + uu" + u'2) + cp2(xcpu + 1/Ju)u' + 2cp'{JttU-

- [cp- 2(cptX + 1/;t)2]tt + 6cp- 4 cp;('{JtX + 1/Jt) 2 = 0. 

8b!IlOJ1HI1M .QByKpaTHOe .Q11<jl<jlepeHU11pOBaHI1e Bb!palKeHI1ll B KBa.QpaTHbiX CK06KaX, a 3aTeM 

6 z- 'lj; 
IlO.QeJ111M BCe LJJleHbl Ha '{J . l1CKJJIOLJI1B X C IlOMO!llbiO paBeHCTBa X = --, IlOJ1YLJI1M 

'{J 

au"" + uu" + ( u')2 + cp - 5 ( cpuz + cp1/Ju - 1/Jcpu)u' + 2cp - 5 '{JttU + · · · = 0. (14) 

floTpe6yeM, LJT06bi <jlyHKI..(I10HaJibHbiH K03<jl<jl11U11eHT rrp11 U 1 6b!Jl <jlyHKI..(I1eif O.QHOH rrepeMeHHOH Z, 

T. e. 
cp- 5 (cpuz + cp1/Ju -1/Jcpu) = cp- 5 cpuz + cp- 5 (cp1/;u -1/Jcpu) = Az + B, 

r.Qe A 11 B- rrp0113BOJlhHhie rrocTOl!HHhie. 0TCIO.Qa rronyLJI1M CI1CTeMy o6biKHOBeHHhiX .Q11<jl<jlepeHU11-

a.nhHhiX ypaBHeHI1H .QJlll orrpe.QeJleHI1ll <jlyHKU11H cp 11 1/;: 

cpu = Acp5 , 

1/Ju = (A1j; + B)cp4 . 
(15) 

l1CKJ110LJI1M B (14) BTOpb!e 11 TpeThl1 rrp0113BO.QHhie <jlyHKI..(I1H cp 11 1/J. 8 11TOre Ilp11XO.Q11M K 06hiKHO

BeHHOMY .Q11<jl<jlepeHI..(I1aJibHOMY ypaBHeHI110 .QJlll <jlyHKI..(I111 u( Z): 

au""+ uu" + (u') 2 + (Az + B)u' + 2Au- 2(Az + B) 2 = 0. (16) 

<l>OpMyJlhl (!), (12), (13) BMeCTe C ypaBHeHI1liMI1 (15)-(16) 0Ili1Cb!BaiOT TOLJHOe perneHI1e ypaBHe

HI1ll 6ycci1HeCKa (I 0). 
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6.1.2. npo~eAypa nocTpoeHMH TOI.IHbiX peweHMH cne~Mal\bHoro BMAa 

1°. 0CHOBHa51 II,Ue51 MeTO,Ua: B cnyqae ypaBHeHII51 C IICKOMOH cpyHKIJ,IIeH W = W (X, t) 
TOqHOe peiiieHIIe IIIll,eTC51 B BII,Ue 

w(x, t) = f(x, t)u(z) + g(x, t), z = z(x, t). (17) 

3.uecb cpyHKIJ,IIII f(x, t), g(x, t), z(x, t) .uomKHhi OITpe.uen51ThC51 B ITpou,ecce perneHII51 

TaKIIM o6pa30M, qT06bi B IITOre ,UJI51 cpyHKIJ,IIII u(z) 6biJIO ITOJiyqeHO O,UHO 06biKHO

BeHHOe ,UIIcpcpepeHIJ,IIaJibHOe ypaBHeHIIe. 

Ba:>KHO OTMeTIITb, qTo CB513b Me)I(,Uy cpyHKIJ,II51MII W II U B cpopMyJiaX ( 1) II ( 1 7) 
JIIIHeHHa. 

2°. fiO,UCTaBIIB Bbipa)l(eHIIe ( 1 7) B paCCMaTpiiBaeMOe HeJIIIHeHHOe ypaBHeHIIe B 

qacTHbiX ITpOII3BO,UHbiX C KBa,UpaTIIqHOH IIJIII CTeiTeHHOH HeJIIIHeHHOCTbiO, ITOJiyqa-

eM 

ll>1(x, t)Ill[u] + ll>2(x, t)II2[u] + · · · + ~Pm(x, t)IIm[u] = 0. (18) 

3.uecb Ilk [ u ]- .UIIcpcpepeHIJ,IIaJihHbie cpopMbi, ITpe.ucTaBJI51IOill,IIe II3 ce651 ITpOII3Be

.ueHII51 HeOTpiiU,aTeJibHbiX IJ,eJibiX CTeiTeHeH cpyHKIJ,IIII U II ee ITpOII3BO,UHbiX U~, U~z 
II T . .[(.,a .Pk(X, t) 3aBIIC51T OT cpyHKIJ,IIH j(x, t), g(x, t), z(x, t) II IIX qacTHbiX ITpO

II3BO,UHbiX ITO X II t. flyCTb ,UIIcpcpepeHIJ,IIaJibHa51 cpopMa fll[u] CO,Uep)I(IIT CTaprnyiO 

ITpOII3BO.UHYIO ITO Z. Tor.ua cpyHKIJ,II51 ll>1(x, t) IICITOJih3yeTC51 KaK HOpMIIpyiOill,IIH 

MHO)I(IITeJib. 3TO 03HaqaeT, qTO ,UOJI)I(Hbl BbiiiOJIH51TbC51 COOTHOIIIeHII51: 

k = 1, ... ,m, (19) 

r,Ue r k ( Z)- HeKOTOpbie cpyHKIJ,IIII, ITO,UJie)l(alll,IIe OITpe,UeJieHIIIO; r 1( Z) =: 1. 

3°. Ha ITpaKTIIKe ,UJI51 yiTpOill,eHII51 BbiKJia,UOK ITPII OITpe.ueneHIIII f, g, z, u, rk MO)I(HO 

BOCITOJib30BaThC51 CJie,UyiOill,IIMII CBOHCTBaMII: 

a) eCJIII j = j(x, t) IIMeeT BII.U j = fo(x, t)O(z), TO MO)I(HO CqiiTaTb f2 =: 1 [:no 

COOTBeTCTByeT 3aMeHe u(z) -----> u(z)jf2(z)]; 
b) eCJIII g = g(x, t) IIMeeT BII,U g = go(x, t) + j(x, t)f2(z), TO MO)I(HO ITOJIO)I(IITb 

n = 0 [:no COOTBeTCTByeT 3aMeHe u(z) -----t u(z)- O(z)]; 
C) eCJIII Z = Z (X, t) 3a,UaeTC51 He51BHO anre6paiiqecKIIM ypaBHeHIIeM BII,Ua 

O(z) = h(x, y), r.ue O(z)- n106a51 o6paTIIMa51 cpyHKIJ,II51, TO MO)I(HO B351Th 

O(z) = z [:no COOTBeTCTByeT 3aMeHe z -----t n-1(z)]. 

4 °. flOCJie OITpe,UeJieHII51 cpyHKIJ,IIH r k ( Z), ITO,UCTaBIIB Bbipa)l(eHII51 (19) B (18), 
ITOJiyqiiM 06biKHOBeHHOe ,UIIcpcpepeHIJ,IIaJibHOe ypaBHeHIIe ,UJI51 cpyHKIJ,IIII U ( Z): 

(20) 

flpOIIJIJIIOCTpiipyeM xapaKTepHbie OC06eHHOCTII ITpiiMeHeHII51 MeTO,Ua KJiapKCO

Ha-KpyCKaJia Ha KOHKpeTHOM ITpiiMepe. 

UpuMep 3. 11weM peweHI1e ypasHeHI1ll £ycci1HecKa (I 0) s Bl1)le ( 17). 11MeeM 

(21) 

3)leCb Bbln11CaHbl TOJlbKO Tp11 rrepBbiX '-IJleHa 11 orryweHbl apryMeHTbl y <jlyHKL(I1H j 11 Z. <l>yHKL(I10-

HaJlbHble KOJ<jl<jl11u11eHThi rrp11 u"" 11 uu" )lOJllKHbi YilOBJleTBOpl!Tb ycnoBI110 [ CM. ( 19)]: 

j 2z; = afz;r3(z), 

r)le r3(z)-<jlyHKU11ll, IlO)lJlelKalll,al! orrpe)leJleHI110. Tor)la, BOCil0Jlb30BaBWI1Cb CBOHCTBOM a) 113 Il. 3°, 
Bhi611paeM 

f = z;, r3(z) = 1/a. (22) 
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AmUlorwmo <jlyHKU110HaJibHbie K03<jl<jl11U11eHTbi np11 u"" 11 u"' .QOJJJKHbi y.QosneTBOpl!Tb ycnOBI1!0 

6jz;zxx + 4fxz~ = jz;r2(z), (23) 

r.Qe r 2 ( z)- HOBall <jlyHKI..(I1ll, llO.QJleJKawall onpe.QeJleHI1!0. Tor.Qa c y'leTOM (22) 11MeeM 

l4zxx/Zx = r2(z)zx. 

l1HTerp11pyll no x, nony'II1M 

In Zx = I(z) +In cp(t), I(z) = __!_ J r2(z) dz, 
14 

r.Qe cp( t)- np0113BOJlbHal! <jlyHKI..(I1ll. flOBTOpHOe 11HTerp11pOBaHI1e np11BO.Q11T K Bb!paJKeHI1!0 

j e-I(z) dz = ip(t)x + ;f;(t), 

r.Qe ;f;( t)- npo113BOJlbHall <jlyHKU11ll. Cnesa CTOI1T <jlyHKU11ll z, a cne.QoBaTeJlbHO, socnOJlb30BaBWI1Cb 
CBOHCTBOM c) 113 n. 3°(c), 11MeeM 

Z = Xip(t) + '1/J(t), 
r.Qe <jlyHKU1111 'P( t) 11 '1/J( t) no.QneJKaT onpe.QeneHI1!0. 

113 <jlopMyJl (22)-(24) CJle.QyeT, 'ITO 

f = 'P2(t), r2(z) = 0. 

(24) 

(25) 

llo.QcTaBI1B BbipaJKeHI1ll (24) 11 (25) B (17), nony'II1M peweHI1e B B11.Qe (I), r.Qe <jlyHKU11ll f 
.QaeTCll <jlopMyJJOH ( 12). 0TC!O.Qa CJle.QyeT, 'ITO 11Cll0Jlb30BaHI1e 06wero llO.QXO.Qa, OCHOBaHHOrD Ha 
npe.QCTaBJleHI111 peweHI1ll B B11.Qe ( 17) B KOHe'IHOM 11TOre np11BO.Q11T K TO'IHO TaKOMY JKe pe3yJlbTaTy, 
'ITO 11 11CnOJJb30BaHI1e 6onee npocTOH <jlopMynbi (I). 

3aMe4aHII1e 1. AHa.rrornqHbiM o6pa3oM MO)I(HO noKa3aTb, qTo nocTpoeHne Toq

Horo perneHmi ypaBHeHH51 KopTeBera- .n:e <l>pn3a (2) Ha ocHoBe <PopMyn ( 1) H ( 17) 
npHBO.[(HT K O.[(HHaKOBbiM pe3yJibTaTaM. 

3aMe4aHII1e 2. PaccMoTpeHHbie npnMepbi HarJI51.D:HO noKa3biBaiOT, qTo nepBo

Haqa.rrbHbiH aHa.JIH3 KOHKpeTHbiX ypaBHeHHH l.(eJiecoo6pa3HO npOBO.[(HTb HCX0.[(51 H3 

6onee npocToii <PopMyJibi (1 ). 

~ 3a()a'lu u ynpa:m:nenuR K pa:J{). 6.1 

1. HaHTI1 TO'IHbie peweHI1ll B11.Qa (I) ypaBHeHI1ll 610prepca: Wt + WWx = awxx. 

2. HailTI1 TO'IHbie peweHI1ll B11.Qa (I) cne.Qy!Ollii1X ypaBHeHI1H: 
a) Wt + WWx = aWxxxx, 

b) Wt + WWx = aw~n). 
3. Onpe.QeJJI1Tb, np11 KaKI1X 3Ha'!eHI1l!X napaMeTpa a ypasHeHI1e <1>11TU-Xb!O- HaryMo (FitzHugh
Nagumo) 

Wt = Wxx + w(l- w)(w- a) 

.QonycKaeT TO'IHbie peweHI1ll B11.Qa (17) np11 g(x, t) = 0 (peweHI1ll Tl1na 6eryweil BOJlHbi He 
paccMaTp11BaTb ). 

® Jlumepamypa K paJO. 6.1: P. A. Clarkson, M. D. Kruskal (1989), M. C. Nucci, P. A. Clarkson 
(1992), A. D. Polyanin, V. F. Zaitsev (2004). 

6.2. noMCK TO'-IHbiX peweHMM o6w,ero BMAB 

6.2.1. 06~MM BMA peweHMM 

0CHOBHa51 H.[(e51 MeTO.[(a: B cnyqae ypaBHeHH51 C HCKOMOH <l>YHKI.(HeH W = w(x, t) 
TOqHoe perneHHe Hll.(eTC51 B BH.[(e 

w(x,t) = F(x,t,u(z)), z = z(x, t). (26) 

7 A. )],. llomiHHH, B. <1>. 3ailues, A. H. )l(ypoB 
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<l>yHKU:IIII F(x, t, u), z(x, t) .uomKHhi Bbi6IIpaTbC51 TaK, qTo6bi .UJI51 cpyHKU:IIII u(z) B 

KOHeqHOM IITOre IIOJiyqiiTb O,UHO 06biKHOBeHHOe ,UIIcpcpepeHQIIaJibHOe ypaBHeHIIe. 

B OTJIIIqiie OT cpopMyJI ( 1) II (17), CB513b Me)J(,Uy cpyHKU:II51MII W II U B (26) MO)J(eT 

6b1Tb HeJIIIHeHHOH. 

flpOIIJIJIIOCTpiipyeM xapaKTepHbie OC06eHHOCTII IIpiiMeHeHII51 MeTO,Ua KJiapKCO

Ha-KpycKaJia ,UJI51 IIOIICKa TOqHbiX perneHIIH B BII,Ue (26). 

6.2.2. npHMepbl nOCTpOeHHR TOLIHbiX peweHHH MeTOAOM KJ\apKCOHa-KpycKa/\a 

UpuMep 4. PaccMoTpiiM onl!Th ypasHeHIIe EycciiHecKa (10). 
flO).ICTaBIIB (26) B (I 0), IIMeeM 

(27) 

3).1ech BhJIIIICaHhi TOJlhKO TPII maBHhiX 'IJleHa 11 orryweHhi apryMeHThi y <PYHKUIIH F 11 z . .[l,nll Toro 

'IT06hJ (27) rrp11BO).IIIJ10Ch K 06hJKHOBeHHOMY ).lll<jl<jlepeHUIIaJlhHOMY ypaBHeHIIIO ).IJlll U = u( Z ), OTHO

weHIIll <jlyHKUIIOHaJlhHhiX K03<jl<jJIIUIIeHTOB rrp11 U 1 U 111 , U 111 , • • • K <jlyHKUIIOHaJlhHOMY K03<jl<jJIIUIIeHTY 

rrp11 CTapweif rrp0113BO).IHOH U 1111 ).IOJllKHhl 6h!Th <jlyHKUIIliMII Z II U, T. e. 

113 rrepsoro paseHCTBa IIMeeM 

11HTerp11pyll ).IBalK).Ihl ITO U, IlOJlY'IIIM 

F(x, t, u) = f(x, t)8(z, u) + g(x, t), (28) 

r).le j(x, t) II g(x, t)- rrp0113BOJlhHhJe <jlyHKUIIII ).IBYX apryMeHTOB, 8 = ./ exp ( ./ r2 du) du. 

Ilonaral! B (28) 8(z, u(z)) = U(z) 11 IICITOJ1h3Yll rrpe,liCTasneHIIe (26), rrpiiXO).IIIM K peweHIIIO, 

KOTOpoe C TO'IHOCThiO ).10 rrepeo603Ha'leHIIH COBila).laeT C ( 17). f103TOMY BCliKIIH pa3, KOr).la lllliYTCll 

peweHIIll ypasHeHIIll EycciiHecKa (I 0) c rroMOlllhiO o6wero rrpe,liCTasneHIIll (26), Mhi eCTecTBeHHhiM 

o6pa30M rrpiiXO).IIIM K CileUIIaJlhHOMY BII).IY peweHIIll ( 17). 

UpuMep 5. PaccMoTpiiM ypasHeHIIe fapp11 .[I,11Ma (Harry Dym) 

aw + 2~_1_ = O. 
at 8x3 Vw 

(29) 

ny).leM IICKaTh TO'IHhJe peweHIIll B Bll).le (26). flO).ICTaBJlllll 3TO Bh!palKeHIIe B ypaBHeHIIe, IlOJlY'IIIM 

-F-312 Fuz~u"' + ( -3F-312 Fuu + fF- 512 F~)z~u'u" + · · · = 0. 

0THOWeHIIe <jlyHKUIIOHaJlhHhJX K03<jl<jJIIUIIeHTOB rrp11 U 1 U 11 II U 111 ).IOJllKHO 6h!Th <jlyHKUIIeif Z II U, T. e. 

3 Fuu - ! Fu = r(z u). 
Fu 2 F ' 

.[I,ByKpaTHOe IIHTerpllpOBaHIIe ).laeT 

p-l/2(x, t, u) = j(x, t)8(z, u) + g(x, t), (30) 

r,11e j(x, t) II g(x, t)- rrp0113BOJlhHhJe <jlyHKUIIII ).IBYX apryMeHTOB, 8 = - ./ exp( + ./ r du) du. 

J13 <j)OpMyJl (26), (30) CJle).lyeT, 'ITO ).IOCTaTO'IHO IICKaTh peweHIIll ypaBHeHIIll fapp11 .[I,IIMa (29) B Bll).le 

w- 1/ 2 (x, t) = j(x, t)U(z) + g(x, t), z = z(x, t). 

® Jlumepamypa K pa30. 6.2: P. A. Clarkson, M. D. Kruskal (1989), D. Levi, P. Wintemitz (1989), 
P. Olver (1994). 
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6.3. HeKOTOpble MOAH<i»HK8l.I,HH H o6o6w,eHHR 

6.3.1. KoM6MHa~Mfl MeTOAOB KAapKCOHa-KpycKa/\a M o6o6w,eHHoro paaAe/\eHMfl 
nepeMeHHbiX 

1°. IlpH HCIIOJib30BaHHH pa3JIHqHhiX Mo.umlmKaiJ,HH MeTo.ua K.rrapKCOHa- Kpyc

KaJia, OCHOBaHHbiX Ha <PopMyJiaX ( 1 ), ( 17), (26), <l>YHKIJ,H51 U = u( Z) HaXO,UHTC51 B 

IIpHBHJierHpOBaHHOM IIOJIO)I(eHHH, IIOCKOJibKY OCTaJibHbie <l>YHKIJ,HH Ha,UO Bbi6HpaTb 

TaK, qT06bi ,UJI51 U ( Z) 6biJIO IIOJiyqeHO OdHO 06blKH06eHHOe iJurjHjJepeHlJUG!lbHOe 
ypaeHeHue. O.uHaKo B p51.ue cJiyqaeB IJ,eJiecoo6pa3HO HCIIOJib30BaTb 3TH MeTO.Uhi B 

coqeTaHHH C MeTO,UaMH 0606IIJ,eHHOrO H <l>YHKIJ,HOHaJibHOrO pa3,UeJieHH51 rrepeMeH

HbiX, KOr,Ua BCe orrpe,UeJI5110IIJ,He <l>YHKIJ,HH cqHTaiOTC51 paBHOIIpaBHbiMH. flpH 3TOM 

<l>YHKIJ,H51 u( Z) 6y,UeT OIIHCb1BaThC51 rrepeorrpe,UeJieHHOH cucmeMOU ypaeHeHUU. 

2°. ToqHbie perneHH51 HeJIHHeHHhiX ypaBHeHHH B qacTHhiX rrpoH3BO.UHhiX c KBa.u

paTHqHoli: HJIH CTerreHH<)Ji: HeJIHHeHHOCTbiO MO)I(HO HCKaTb B BH,Ue ( 1 ), r.ue 

g (X, t) = g 1 ( t) X+ g0 ( t). flO,UCTaBHB ( 1) B paCCMaTpHBaeMOe ypaBHeHHe, 3aMeHHM X 
Bbipa)l(eHHeM x = [z - '1/J(t)]/cp(t). B pe3yJihTaTe rroJiyqHM <l>YHKIJ,HOHaJihHO

.UH<P<PepeHIJ,HaJihHOe ypaBHeHHe c .UBYM51 apryMeHTaMH t H z. Ero perneHHe B 

p51,Ue CJiyqaeB MO)I(HO IIOJiyqHTb MeTO,UaMH .UH<P<PepeHI.I,HpOBaHH51 H paciiJ,eiiJieHH51, 

OIIHCaHHbiMH B pa3,UeJiaX 4.2-4.4. 
UpuMep 6. PaccMoTpiiM ypasHeHIIe oceciiMMeTpii'IHOro cTaUIIOHapHoro naMIIHapHoro rHJlpO-

JliiHaMII'IeCKoro rrorpaHCJJOll 

aw 82w aw 82w a ( 82w ) ------=a- y- +F(x), 
By axay ax 8y2 By 8y2 

(31) 

r)le X-KOOp)liiHaTa, OTC'IIIThiBaeMall B)lOJlh OCII CIIMMeTp1111; y = tr2 , r-pa)lllaJlhHall KOOp)liiHaTa; 

<jlyHKUIIll TOKa W CBl!3aHa C rrpO)lOJlhHOH II rrorrepe'IHOH KOMilOHeHTaMII CKOpOCTII lKII)lKOCTII U II V ITO 

<jlopMyJlaM U = + ~':;'. II V = -+ ~':::. 
PeweHIIe ypasHeHIIll (31) IIJUeM B Bll)le (MHOJKIITeJlh a 6epeTCll )lJlll yJlo6cTBa) 

w(x, y) = af(x)u(z) + ag(x), z = <p(x)y + '1/J(x). (32) 

flO)lCTaBIIM :no Bb!paJKeHIIe B IICXO)lHOe ypaBHeHIIe (31) II IICKJliO'IIIM y C IlOMO!UhiO paseHCTBa 

<p(x)y = Z- '1/J(x). flOCJle )leJleHIIll Ha a2<p2 j IlpiiXO)liiM K <jlyHKUIIOHaJlhHO-)lll<jl<jlepeHUIIaJlhHOMY 

ypaBHeHIIIO C JlBYMll apryMeHTaMII Bll)la (21 )-(22) 113 pa3)l. 4.2.2, r)le k = 6: 

( II )I o/o Ill fl II I II (frp)~ ( I )2 :F _ ZUzz z - ~Uzzz + xUUzz + gxUzz - -- Uz + _2_2_ - 0. 
'P a frp 

(33) 

11Cll0Jlh3YeM yrrpoweHHYIO CXeMy IlOCTpOeHIIll TO'IHhiX peweHIIil. ny)leM C'IIITaTh, 'ITO <jlyHKUII

OHaJlhHble K03<jl<jl11UIIeHThl rrp11 UU~z, U~z, ( U~ )2 , 1 l!BJll!IOTCll JliiHeHHhiMII KOM611HaUIIl!MII K03<jl<jlii

UIIeHTOB 1 II '1/J, CTOli!UIIX COOTBeTCTBeHHO rrp11 CTapWIIX 'IJleHaX (zU~z)~ II U~~z· 11MeeM 

f~ = A1 + B1'1/J, 

g~ = A2 + B2'1/J, 

-(f<p)~/'P = A3 + B3'1/J, 

F/(a2 j<p2 ) = A4 + B4'1/J, 

(34) 

r)le Ak. Bk- rrp0113BOJlhHhie rrocTOl!HHhie. llo)lCTaBIIM BhipaJKeHIIll (34) B (33) 11 co6epeM '!JleHhi, 

rrporrOpUIIOHaJlhHble '1/J ( C'IIITaeM, 'ITO '1/J =f' COllSt ). flpllpaBHIIBal! <jlyHKUIIOHaJlhHhiH MHOlKIITeJlb rrp11 '1/J 
HYJJIO, rrony'IIIM rrepeorrpe)leJleHHYIO CIICTeMy 

7* 

(zu:z)~ + A1uu:z + A2u:z + A3(u~) 2 + A4 = 0, 

-u:~z + B1uu:z + B2u:z + B3(u~) 2 + B4 = 0. 

(35) 

(36) 

(37) 
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8 3TOM CJJyqae peweHI1e ypa8HeHI1ll (35) 11MeeT 811,11_ 

cl n+l c c u(z) = ( ) z + 2Z + 3, 
nn+l 

(38) 

rp_e cl' C2, c3- IIOCTOliHHhie 11HTerp11p08aHI1ll. PeweHI1e (38) ypa8HeHI1ll (35) li8JilleTCll O,QH08pe

MeHHO 11 peweHI1eM ypa8HeHI1ll (36) TOJlhKO np11 8hinOJJHeHI111 YCJJ0811H 

n = -2, B1 = B3, C1 = -4/B!, C~ = -B4/B1, C3 = -B2/B1. (39) 

IJO,QCTa811M K03<jJ<jJ11U11eHThl (37), (39) 8 CI1CTeMy (34). J1HTerp11pyll, nOJIY411M 

g(x) = 2x- C3j, cp = ~i , 'ljJ =- ~1 j~, F = -(aC2C4) 2 ~~ , (40) 

rp_e j = j (X)- np011380JlhHal! <jJyHKU11ll. 

<l>opMyJihl (32), (38), ( 40) ,QaiOT TO'fHOe peweHI1e ypa8HeHI1ll OCeCI1MMeTp114HOrO norpaHI14HOrO 

CJJOll (31 ). 
C!ly'laii 2. Ilp11 

B1 = B3 = B4 = 0, B2 = -,\, A2 = 0, A3 = -A1, A4 = .-\2/A1 (41) 

C08MeCTHOe peweHI1e CI1CTeMhl (35), (36) 11MeeT 811,11_ 

u(z) = - 1-(C1e->.z + ,\z- 3). (42) 
A! 

PeweHI1e CI1CTeMhl (34) C K03<jJ<jJ11U11eHTaMI1 ( 41) Oni1Chi8aeTCll <jJOpMyJJaMI1 

f = A1x + C2, cp = C3, 'ljJ = - ~ g~, F = (aC3.\)2 (A1x + C2), (43) 
/\ A! 

rp_e cl, C2, c3- np011380JihHhie nocTOliHHhie, a g = g(x)- np011380JihHall ¢YHKU11ll. 

<l>OpMyJJhl (32), (42), (43) p_aiOT TO'fHOe peweHI1e ypa8HeHI1ll norpaHI14HOrO CJJOll (31). 

llpuMep 7. PaccMOTp11M ypa8HeHI1e c Ky6114eCKoi1 HeJJI1Hei1HOCThiO 

aw 8 2 w 3 2 
8t=a 8x 2 +b3w +b2w +b1w+bo, b3 =/=-0. (44) 

PeweHI1ll 111UeM 8 811,Qe 

w(x, t) = f(x, t)u(z) + ,\, z = z(x, t), (45) 

rp_e ¢YHKU1111 f = f(x, t), z = z(x, t), u = u(z) 11 KOHCTaHTa ,\ nop_JJeJKaT onpep_eJJeHI110. Ilop_CTa8JJllll 

( 45) 8 paccMaTp118aeMoe ypa8HeHI1e, 11MeeM 

afz;u" + (afzxx + 2afxzx- fzt)u' + b3j3u3 + (3b3,\f2 + b2j2)u2 + 
+ (3b3,\2 f + 2b2,\f + bd + afxx- ft)u + b3,\3 + b2.-\2 + b1,\ + bo = 0. 

(46) 

113 nepeonpep_eJJeHHOH CI1CTeMhl 06hiKH08eHHhiX ,QI1<jJ<jJepeHU11aJJhHhiX ypa8HeHI1H, KOTOpal! li8-

Jll!eTCll CJJe,QCT811eM ycJJ0811H nponOpU110HaJJhHOCTI1 <jJyHKU11H: (i) U 11 , UU 1 , u 3 11 (ii) U 1 , u 2 , nOJJY411M 

u(z) = 1/z, (47) 

rp_e nOCTOliHHhiH MHOlKI1TeJih 83l!T pa8Hh!M e,QI1H11Ue ( 3TOT MHOlKI1TeJih MOlKHO y'feCTh np11 8hJ6ope j, 
nOCKOJlhKY 8 <jJOpMyJJy (45) <jJyHKU1111 U 11 j 8XO,Ql!T 8 811,Qe np01138e,QeHI1ll]. flO,QCTa811M (47) 8 (46) 11 

npe,QCTa811M noJiy'feHHOe 8h!palKeHI1e 8 811,Qe KOHe'fHOrO pa3JIOlKeHI1ll no OTp11UaTeJihHhiM CTeneHliM Z. 

Ilp11pa8HI18al! HYJJIO ¢YHKU110HaJJhHhiH Km<jJ¢11U11eHT np11 z- 3 , 11MeeM 

f = /3zx, (48) 

rp_e (3- KOpeHh K8ap_paTHOrO ypa8HeHI1ll b3/32 + 2a = 0, T. e. 

(49) 

flp11pa8HI18al! HYJJIO <jJyHKU110HaJJhHhle K03<jJ<jJ11U11eHThl np11 OCTaJJhHhiX CTeneHl!X z, C y'feTOM 3a811-

CI1MOCTI1 ( 48) nOJIY411M 

Zt- 3azxx + (f]b2 + 3(3b3,\)zx = 0 (cJJe8a CTOI1T K03<jJ<jJ11U11eHT np11 z- 2 ), 

Zxt - azxxx - (b1 + 2,\b2 + 3b3,\ 2)zx = 0 

b3,\3 + b2.-\2 + b1,\ + bo = 0 

( CJJe8a CT011T K03<jJ<jJ11U11eHT np11 Z -l), 

( CJie8a CTOI1T K03<jJ<jJ11U11eHT np11 z 0 ). 

(50) 
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3.QeCb .QBa nepBbiX JH!HeHHbiX ypaBHeHIUI C '!aCTHbiMI1 np0113BO.QHbiMI1 o6pa3y!OT nepeonpe.QeJleHHY!O 
CI1CTeMy .QJlll <jlyHKU1111 z(x, t), a nOCJle.QHee Ky611'leCKOe ypaBHeHI1e CJ1YlKI1T .QJlll onpe.QeJleHI1ll 
nOCTOl!HHOH A. 

Co611pall <jlopMyJlhi (45), (47), (48), 3an11weM peweHI1e ypasHeHI1ll (44) B B11.Qe 

w(x,t)=P.._!!.!_+.>... (51) 
z ax 

IlycTb ,6-n106oe 113 'li1Cen ( 49), a .>..- KopeHb nocne.QHero (Ky611'!eCKoro) ypasHeHI1ll (50). 113 
.11-BYX nepBbiX ypaBHeHI1H (50) MOlKHO nOJ1Y'li1Tb 

r.Qe 

Zt + PIZxx + P2Zx = 0, 
Zxxx + QIZxx + Q2Zx = 0, 

PI= -3a, P2 = ,6b2 + 3,6.>..b3, 

(3b2 + 3(3.Ab3 
Ql =- 2a ' 

3b3.A2 + 2b2.A + bl 
q2 =- 2a 

Bo3MOlKHhi 'leThipe cny'lall. 
I. Ilp11 q2 =f. 0 11 qf =f. 4q2 11MeeM 

z(x, t) = C1 exp(k1X + S1t) + C2 exp(k2X + S2t) + C3, 

kn = -tq1 ± +Jqr- 4q2, sn = -k?..p1- knP2, 

r.Qe cl' C2, c3- np0113BOJlbHbie nocTOl!HHbie; n = 1' 2. 
2. Ilp11 q2 =f. 0 11 qf = 4q2 11MeeM 

z(x, t) = cl exp(kx +Sit)+ C2(kx + S2t) exp(kx +Sit)+ c3, 

3. Ilp11 q2 = 0 11 q1 =f. 0 11MeeM 

z(x, t) = C1(x- p2t) + C2 exp[-q1x + q1(P2- PlQl)t] + C3. 

4. Ilp11 q2 = Q1 = 0 11MeeM 

z(x, t) = C1 (x - p2t)2 + C2 (x - p2t) - 2C1p1 t + C3. 

6.3.2. nocTpOeHHe TOLIHbiX peweHHH ypaBHeHHH C TpeMR lot 6oAee He3aBHCHMbiMH 

nepeMeHHbiMH 

IlpH llOCTpOeHHH TOqHbiX peiiieHHH HeJIHHeHHbiX ypaBHeHHH C TpeM5! lf 6o
nee He3aBHCHMbiMH nepeMeHHbiMH HHOr,Ua Ha npOMe)KyTOqHbiX 3Tanax B03HHKa

IOT cpyHKIJ,HOHaJibHO-,UHcpcpepeHIJ,lfaJibHbie ypaBHeHH5!, KOTOpbie paCCMaTpHBaiOTC5! 

pa3,U. 4.2-4.5. 
UpuMep 8. PaccMOTp11M Heni1Hei1Hoe HecTaU110HapHoe ypasHeHI1e TennonpoBO.QHOCTI1, aHI130-

TponHoe no O.QHOMY 113 HanpaBJleHI1H: 

82w 82w a [ aw] --=a--+- (bw+c)-. 
8t2 8x2 By By 

w = U(z) + f(x, t), z = y + g(x, t). 

flO.QCTaBI1B (53) B ypaBHeHI1e (52), 11MeeM 

[(bU + ag;- gz + bf + c)U~]~ + (a9xx - gu)U~ + afxx- !tt = 0. 

IlycTb <PYHKU1111 f 11 g y.QosneTBOpli!OT nepeonpe.QeneHHOH CI1CTeMe ypasHeHI1H 

afxx- !tt = cl, 

agxx- 9tt = c2, 

ag;- gz + bf = c3, 

(52) 

(53) 

(54) 

(55) 

(56) 
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r).le Cl, C2, c3- np011380JlbHbie nOCTOJIHHbie. Tor).la <jlyHKI..(HJI U(z) Oni1Cbi8aeTCJI a8TOHOMHbiM 
06hiKH08eHHbiM ).IH<jl<jlepeHI..(HaJibHbiM ypa8HeHHeM 

[(bu + c + C3)U~]~ + c2u~ + c1 = o. 
0611..(He peweHHJI ypa8HeHHH (54)-( 55) HMeiOT 811).1: 

f = 'Pl(~) + 'I/J1(77)- tc1t2, 

g = 'P2(~) + 'I/J2(77)- tc2t2, 

~ = x + tva, 7) = x - tva, 

(57) 

IJO).ICTa811M 3TH 8bipalKeHHJI 8 ypa8HeHHe (56), a 3aTeM 11CKJIIO'II1M t C nOMOll..(biO <jlopMyJihl t = ~- 1] . 
2fo 

IJOCJie HeCJIOlKHbiX npeo6pa308aHHH nOJIY'IHM <jlyHKI..(I10HaJibH0-).111<jl<jlepeHI..(I1aJibHOe ypa8HeHHe C 
.li8YMJI apryMeHTaMH 

b'P!(~) + c2~'P;(~)- k~2 - c3 + b'I/J1( 77) + c2 77'1/J;( 77)- k 772 + 
+ 'I/J;(7J)[4a'P;(~)- C2~] + 77[2k~- C2'P;(~)] = o, (58) 

r).le 

k = - 1-(bC1 + 2C~). 
Sa 

Ypa8HeHHe (58) MOlKHO pewHTh MeTO).IOM pacmenJJeHHJI, onHCaHHhiM 8 pa3).1. 5.4. 11cnOJJh3YJI 
ynpomeHHYIO cxeMy, noJIOlKHM 

b'P!(~) + C2~'P;(~)- ke- C3 = A1, 

4a'P;(~)- C2~ = A2, 

2k~- c2'P;(~) = A3, 

r).le A1, A2, A3 HeKOTOpbie nocTOJIHHbie. Co8MeCTHOe peweHHe CHCTeMbi (59) HMeeT 811).1 

'Pl(~) =-~!be- B~2 ~ + 

'P2(~) = ~~ e + B~ 
11 COOT8eTCT8yeT CJie).lyi011..(11M 3Ha'leHHJIM nOCTOJIHHbiX: 

A1-J1106oe, 

c2 
c1 = --f, 

A2 = 4aB, A3 = -BC2, B-JJI06oe, 

C2, C3-JI106hie, k = Ci . 
Sa 

113 pa8eHCT8 (58) 11 (59) nOJJY'IHM ypa8HeHHe, C8J13bi8al011..(ee ).18e <jlyHKI..(I111 'I/J1 11 'I/J2: 

A1 + b'I/J1(77) + C27J'I/J;(77)- k772 + A2'1/J;(77) + A377 = 0. 

Y '111Tbi8aJI ( 61 ), OTCIO).Ia HMeeM 

'I/J1(7J) = _2_(C277 + 4aB)'I/J;(7J) + 2_ ( Ci 772 + BC277- A1), 
b b Sa 

'I/J2 ( 7))- np011380JlbHaJI <jlyHKI..(HJI. 

8 HTOre HaXO).IHM <jlyHKI..(I111, onpe).leJIJIIOli..(He peweHHe (53): 

( ) Ci Ci 2 2fo BC2 C3 1 ( ) , ( ) f x t = ---xt+ -t - t+--- C27]+4aB 'I/J2 7) 
' 2fo b 2b b b b ' 

g(x, t) = c2 (x2 + 2vaxt- 3at2) + B(x +Fat)+ 'I/J2(77). 
Sa 

(59) 

(60) 

(61) 

(62) 

3aMeY8HHe. 8 lJaCTHOM CJJy'!ae a= 1, b < 0, C > 0 ypa8HeHHe (52) Oni1Cbi8aeT npOCTpaHCT8eHHbie 
OKOJI038YK08hie Te'leHHJI H).leaJihHoro nomnponHoro ra3a (C. 11. IloxolKae8, 1989). 



6.3. HeKomopble MOOupuKa-tfUU u o6o6uteHuJl 103 

~ 3a()a'lu u ynpa:m:nenuR K pa:J{). 6.3 

I. TioKa3aTb, LJTO CHCTeMa (35)-(36) HMeeT TaKJKe peweHHe BH.Qa u(z) = C1z2 + C2 z + C3, r.Qe 
nocTOl!HHbie cl' C2, c3 CBll3aHbl cAn, En. TiocTp011Tb COOTBeTCTBYIOillee peweHHe ypaBHeHHll (31). 

2. HaifTH TOLJHbie peweHHll ypaBHeHHll C KBa.QpaTHLJHOH HeJJHHeHHOCTbiO: 

3. HaifTH TOLJHbie peweHHll ypasHeHHll c Ky6HLJecKoif HeJJHHeifHOCTbiO: 

Wt + CJWWx = aWxx + b3W3 + b2W2 + b1 W + bo, b3 oF 0. 

® Jlumepamypa K pa30. 6.3: G. I. Burde (1994, 1995), M. C. Nucci, P. A. Clarkson (1992), 
H. A. Ky.QpliWOB (1993), A. D. Polyanin, V. F. Zaitsev (2004). 



7. KJ\aCCH"'eCKHH MeTOA HCCJ\eAOB8HHfl CHMMeTpHH 

AH •• epeH~H8J\bH~xypaBHeHHH 

flpe)J.BapHTeJihHhie 33MeqaHHH. KJiaccuqecKIIH MeTO)J. IICCJie)J.OBaHHH CIIMMeTpHH 

)J.HQJQJepeHl(IIaJibHbiX ypaBHeHIIH* C IIOMOll(biO peryJIHpHOH rrpol(e)J.ypbl II03BOJIHeT 

HaHTH: 

(i) rrpeo6pa30BaHIIH, OTHOCHTeJibHO KOTOpbiX ypaBHeHIIe HHBapiiaHTHO (rrpu 

TaKHX rrpeo6pa30BaHIIHX )J.aHHOe ypaBHeHIIe rrepeXO)J.IIT B TOqHO TaKOe )l(e ypaBHe

HIIe), 

(ii) HOBbie rrepeMeHHbie (KaK He3aBHCIIMbie, TaK H 3aBHCIIMbie), IIpii rrepeXO)J.e 

K KOTOpbiM ypaBHeHIIe cyll(eCTBeHHO yrrpOll(aeTCH. 

YKaJaHHbie B rryHKTe (i) rrpeo6pa3oBaHIIH rrepeBO)J.HT perneHue ypaBHeHHH B TO 

)l(e caMoe HJIII Apyroe perneHue :noro )l(e ypaBHeHIIH. B rrepBOM cnyqae Mbi HMeeM 

HHBapiiaHTHOe peiiieHHe, KOTOpoe MO)I(HO HaHTH, pe)J.yl(upyH IICXO)J.HOe ypaBHeHHe 

K HOBbiM rrepeMeHHbiM, qucJIO KOTOpbiX MeHbiiie, qeM IICXO)J.HbiX. Bo BTOpOM

HeiiHBapuaHTHbie peiiieHIIH MoryT 6biTb «pa3MHO)I(eHbD> )1.0 CeMeHCTBa peiiieHHH. 

3aMe48HI-1e 1. B orrpe)J.eJieHHOM CMbiCJie KJiaCciiqecKHH MeTO)J. HCCJie)J.OBaHIIH 

CHMMeTpiiH )J.IIQJQJepeHl(HaJibHbiX ypaBHeHIIH MO)I(HO paccMaTpHBaTb KaK cyll(e

CTBeHHOe o6o6ll(eHue MeTO)J.a rro)J.o6uH, orrucaHHoro B maBe 3. 
3aMe4aHI-1e 2. B pa3)1.. 7.1-7.3 )J.aHo orrucaHue KnacciiqecKoro MeTO)J.a B HeTpa

)J.Hl(HOHHOM H3JIO)I(eHIIH C MIIHIIMaJibHbiM HCIIOJib30BaHUeM CIIel(IIaJibHOH ( «rpyrr

IIOBOH») TepMHHonoriiu. TaKoii IIO)J.XO)J. o6nerqaeT pa6oTy c MaTepiianoM II II03TO

MY rrpe)J.rroqTIITeJihHee rrpu HaqanbHOM 03HaKOMJieHHII c rrpe)J.MeToM. B pa3)1.. 7.4 
6y)J.eT )J.aHO 06'bHCHeHIIe IIpOIICXO)I()J.eHIIH pacrrpOCTpaHeHHOrO TepMIIHa «rpyrrrro

BOH aHaJIH3». 

7.1. 0AHOnapaMeTpMI.IeCKMe npeo6pa30BBHMfl M MX J\OKBJ\bHble 

CBOHCTBa 

7.1.1. 0AHOnapaMeTpH4eCKHe npeo6pa30BaHHH. liiH$HHHTe3HMal\bHbiH onepaTOp 

oy)J.eM paCCMaTpiiBaTb o6paTIIMbie rrpeo6pa30BaHIIH BH)J.a 

x = cpl(x, y, w, c:), 
y = cp2(x, y, w, c:), 
w = 7j;(x,y,w,c:), 

xiE=O =X, 
YIE=O = y, 
wiE=O = W, 

(1) 

r)J.e (/Jl, (/J2, 7/J- )J.OCTaToqHo rJia)J.KIIe QJYHKI.(IIH CBOIIX apryMeHTOB, c- Bell(e

CTBeHHbiH rrapaMeTp. CqiiTaeTcH, qTo rrpeo6pa3oBaHIIH ( 1) o6na)J.aiOT rpyrrrroBbiM 

CBOHCTBOM: 
x = cpl(x, y, w, E) = cpl(x, y, w, c: +E), 
y = cp2(x, y, w, E) = cp2(x, y, w, c: +E), 
w = 7/J(x, y, w, E) = 7/J(x, y, w, c: +E), 

* )J,pyroe Ha3saHHe :noro MeTo.na- KJJaCC11'-IeCKHH MeTo.n rpynnosoro aHaJJH3a ,nH!jl!jlepeHUHaJJb
HbiX ypaBHeHHH. 
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T. e. IIOCJie,UOBaTeJibHOe IIpHMeHeHIIe .UBYX npeo6pa30BaHHH BH,Ua (1) C napaMeTpa

MH E HE 3KBHBaJieHTHO O,UHOMY npeo6pa30BaHHIO TOro )l(e BH,Ua C napaMeTpOM c+f:. 
B qacTHOM cnyqae npeo6pa3oBaHHH Ha IIJIOCKOCTH «PYHKU:HH cp1 H 'P2 B ( 1) He 

3aBHC51T OT W H 1/J = W (T. e. W = w). 
Pa3JIO)I(eHHe cooTHOIIIeHHH (1) .UJI51 x H w B p51.U Teli:nopa no napaMeTpy E B 

OKpeCTHOCTH TOqKH E = 0 ,UaeT 

x ~ x + E~(x, y, w), fj ~ y + ErJ(x, y, w), w ~ w + c((x, y, w), (2) 

r.ue 

~(x,y,w) = aa'Pl I ' 
E c:=O 

( ) arp21 rJ x,y,w =-a , 
E c:=O 

a'lj; I ((x,y,w)=-a . 
E c:=O 

BeKTOp (~, ry, () 51BJI51eTC51 KacaTeJibHhiM BeKTopoM B TOqKe (x, y, w) K KpHBOH, 

OIIHCbiBaeMOH COOTHOIIIeHH51MH ( 1 ). 
JlHHeHHhiH .UH«P«PepeHU:HaJihHhiH onepaTop nepsoro nop51.UKa 

a a a 
X= ~(x, y, w) ax + ry(x, y, w) ay + ((x, y, w) aw, (3) 

COOTBeTCTBYIOI[(HH 6eCKOHeqHo MaJIOMY npeo6pa30BaHHIO (2), Ha3hiBaeTC51 HH«ilH

HHTe3HMaJibHbiM OIIepaTOpOM. 

TeopeMa n1-1. IlyCTb H3BeCTHbl KOOp,UHHaTbl ~(x, y, w), TJ(X, y, w), ((x, y, z) 
HH«ilHHHTe3HMaJihHoro onepaTopa (3). Tor.ua npeo6pa3oBaHHe (1) MO)I(HO nonHo

CTbiO BOCCTaHOBHTb nyTeM peiiieHH51 ypaBHeHHH JlH 

drpl ( ) drp2 ( ) 
----;IE = ~ 'Pl ' 'P2' 1/J ' ----;IE = rJ 'Pl ' 'P2' 1/J ' 

C HaqaJibHbiMH YCJIOBH51MH 

7.1.2. liiHBapHaHT onepaTOpa. npeo6pa30BaHHH Ha n/\OCKOCTH 

11HBapHaHTOM npeo6pa3oBaHH51 (1) Ha3hiBaeTC51 «PYHKU:H51 I ( x, y, w), y.uosneTBOp51-

IOI[(a51 YCJIOBHIO 

I(x, fj, w) = I(x, y, w). 

Pa3JIO)I(HB no MaJIOMY napaMeTpy E, pa3,UeJIHM nonyqeHHOe Bbipa)l(eHHe Ha E, a 

3aTeM nepeli:.ueM K npe.ueny npH E ----> 0. B pe3yJihTaTe HMeeM JIHHeli:Hoe ypasHeHHe 

c qacTHhiMH npoH3BO.UHhiMH .UJI51 I: 

ai ai ai 
XI= ~(x, y, w) ax + ry(x, y, w) ay + ((x, y, w) aw = 0. (4) 

JflwapuaHmOM onepamopa (3) Ha3biBaeTC51 «PYHKU:H51 I ( x, y, w), y.uosneTBOp51-

IOI[(a51 ypaBHeHHIO (4). 
3aiiHIIIeM COOTBeTCTBYIOI[(YIO ypaBHeHHIO C qacTHbiMH IIpOH3BO,UHbiMH (4) Xa

paKTepHCTHqecKyiO CHCTeMy 06hiKHOBeHHbiX .UH«P«PepeH[(HaJibHbiX ypaBHeHHH ( CM. 

pa3,U. 14.1.3): 
dx 

~(x, y, w) 
dy dw 

(5) 
ry(x, y, w) ((x, y, w) · 
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T AEJU1U,A 6 
O;lHonapaMeTp11'1eCKI1e npeo6pa3oBaHI1ll Ha nJJOCKOCTI1 

Ha3saHJ1e Ilpeo6pa3osaHJ1e OnepaTop 

flepeHOC llO OCI1 X i=x+c:, f;=y X=_!!____ 
ax 

flepeHOC B,L\OJlb npl!MOH a a 
i=x+bc:, f;=y-ac: X=b--a-

ax+by=O ax By 
x = x cos c:+ysin c:, a a 

Bpall\eHMe X=y--x-
fJ = y COS E - X sin E ax By 
i=xchc:+yshc:, a a 

Ilpeo6pa3osaHJ1e JlopeHua X=y-+x-
fJ = y ch c + X sh c ax By 

Ilpeo6pa3osaHJ1e faJJMJJell i=x+c:y, f;=y a 
X=y-ax 

X== xeE, fJ = ye' 
a a 

O,L\HOpO,LIHOe pacTl!JKeHMe X=x-+y-ax By 

Heo;lHOPOilHOe pacTliJKeHMe X== xeaE, fJ = yebc 
a a 

X=ax-+by-ax By 

l1Hsap11aHT 

h=y 

h=ax+by 

h =x2+y2 

h =y2-x2 

h=y 

h=yjx 

h = IYialxl-b 

llyCTb «PYHK[(HOHaJibHO He3aBHCHMbie HHTerpaJibl 3TOH CHCTeMbl HMeiOT BH.U 

h(x, y, w) = c1, h(x, y, w) = c2, (6) 

r.ue c1 II C2-IlPOH3BOJibHbie IlOCTOj{HHbie. Tor.ua 061[(ee perneHHe ypaBHeHHjl (4) 
OilHCbiBaeTCji «PopMyJIOH 

I= \l!(h,h), (7) 

r.ue W ( ft, h) - 11pOH3BOJihHajl «PYHK[(Hjl .UBYX apryMeHTOB, ft = ft (X, y, W) II 

h = h(x, y, w). 
CKa3aHHoe 03HaqaeT, qTo orrepaTop (3) HMeeT .usa «PYHKU:HOHaJihHO He3aBHCH

MhiX HHBapHaHTa ft II h II JII06ajl «PYHK[(lljl 3 (X, y, W), HHBapHaHTHajl OTHOCHTeJib

HO OrrepaTOpa (3), MO)I(eT 6biTb 3aiTHCaHa B BH,Ue «PYHK[(HH 3THX HHBapHaHTOB. 

B Ta6JI. 6 yKa3aHbi HaH6oJiee pacrrpocTpaHeHHbie rrpeo6pa3oBaHHjl Ha ITJIOCKO

CTH II COOTBeTCTBYIOI[(He liM OrrepaTOpbi (3) II HHBapHaHTbl (yKa3biBaeTCji TOJibKO 

O,UHH HHBapHaHT, TaK KaK BTOpOH HHBapHaHT Be3,Ue O,UHH II TOT )l(e: h = W ). 

7.1.3. <l>opMy/\bl AMI Bbii.IMC/\eHMH npOM3BOAHbiX. KOOPAMHaTbl nepsoro M BTOporo 

npOAOI\)KeHMH 

IIepBhie rrpoH3BO.UHhie rrpH rrepexo.ue K HOBhiM rrepeMeHHhiM ( 1) rrpeo6pa3yiOTCjl 

CJie,UyiOI[(HM o6pa30M: 

(8) 

3.uecb KOOp.UHHaTbi rrepsoro rrpo,UOJI)I(eHHjl ( 1 II (2 orrpe.ueJijiiOTCjl no «PopMyJiaM 

(1 = Dx(()-wxDx(e)-wyDx(rt) = (x+((w-ex)wx-TfxWy-eww;-TfwWxWy, 

(2 = Dy(()-wxDy(e)-wyDy(rt) = (y-eywx+((w-rty)wy-ewwxwy-rtww~, 
(9) 
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r.ue Dx II Dy-onepaTOpbi IIOJIHoro .ump«PepeHU:IIposaHII51 no nepeMeHHhiM x II y: 

a a a a 
Dx = ~ +wx~ +wxx~ +wxy~ + ···, 

uX uW uWx uWy 

a a a a 
Dy = ~ +wy~ +wxy~ +wyy~ + ···. 

uy uW uWy uWy 

(10) 

floKalKeM cnpaBe)lJJIIBOCTb nepBOH <jlopMyJJbl (8). 0'1eBII)lHO, 'ITO 

(11) 

_nll<jl<jlepeHl.IIIPYll BbipalKeHIIll (2) no X II y II OT6paCbiB3ll lJJJeHbl BTOpOrO II 6oJJee BbiCOKIIX nOpll)lKOB 

no c:, IIMeeM 

xx = 1 + c:Dx~, Xy = c:Dy~, 

fix = EDx7], fiy = 1 + c:Dy7), (12) 

Wx = Wx + EDx(, Wy = Wy + EDy(· 

_nJJll Bbi'IIICJJeHIIll Wx IICKJJIO'IIIM Wy 113 paseHCTB (II), a 3aTeM 3aMeHIIM np0113BO)lHbie Xx, Xy, fix, 
fiy, Wx, Wy COOTBeTCTBYIOil.IIIMII BbipalKeHIIliMII 113 (12). 8 pe3yJJbTaTe nOJJY'IIIM 

Pa3JJaral! B pll!l no c:, IIMeeM 

Wx ~ Wx + c(J' (1 = Dx( - WxDx~- WyDx7], 

'ITO 11 Tpe6oBaJJOCb !lOKa3aTb. AHaJJOrii'IHbiM o6pa30M Bbi'IIICJJlleTCll (2. 

BTOpbie npoii3BO.UHbie npii nepexo.ue K HOBhiM nepeMeHHhiM ( 1) npeo6pa3yiOTC51 

CJie,UyiOI[(IIM o6pa30M: 

(u = Dx((l)- WxxDx(~)- WxyDx(rt), 

(12 = Dy((l)- WxxDy(~)- WxyDy(Tf), 

(22 = Dy((2)- WxyDy(~)- WyyDy(Tf). 

KOTOpbie B pa3BepHyTOM BII,Ue 3aiiiiCbiBaiOTC51 TaK: 

(u = (xx + (2(wx- ~xx)Wx- TfxxWy + ( (ww- 2~wx)w;- 2rtwxWxWy-

(13) 

- ~wwW~- Tfwww;wy+ ((w- 2~x- 3~wWx- TfwWy)Wxx- 2(rtx +rtwWx)Wxy, 

(12 = (xy+ ((wy-~xy)wx+ ((wx-Tfxy)wy-~wyw;-
- ( (ww- ~wx- Tfwy)WxWy- TfwxW~- ~www;wy- TfwwWxW~-
- (~y+~wwy)Wxx+ ((w- ~x- 'fly- 2~wWx- 2rtwWy)Wxy- (rtx+ TfwWx)Wyy, 

(22 = (yy- ~yyWx + (2(wy- Tfyy)Wy- 2~wyWxWy + ( (ww- 2rtwy)w~-

- ~wwWxW~- TfwwW~- 2( ~Y + ~wwy)Wxy + ( (w- 2rty- ~wWx- 3rtwwy)Wyy· 
(14) 

<l>opMyJihl ,[(JI51 KOOp.UIIHaT nepBoro II BTOporo IIpO,UOmKeHIIH (9) II (14) IIOHa

,U0651TC51 ,UaJiee ,[(JI51 aHaJIII3a .UII«P«PepeHQIIaJibHbiX ypaBHeHIIH. 
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7.2. CMMMeTpMM HeJ\MHeHHbiX ypaBHeHMH BTOporo nopRAKa. YCJ\OBMe 

MHBBpMBHTHOCTM 

7.2.1. Yc/\OBHe HHBapHaHTHOCTH. npo~eAypa pac~en/\eHHH no npoH3BOAHbiM 

Ey.neM paccMaTpHBaTb .nn<P<PepeHU:HaJibHbie ypaBHeHHH B qacTHbiX npoH3BO.IJ:HbiX 

BTOpOrO nopH.[(Ka C .IJ:BYMH He3aBHCHMbiMH nepeMeHHbiMH 

( aw aw a2w a2w a2w) 
F x, y, w, ax ' ay ' ax2 ' axay ' ay2 = O. (15) 

flpou:e.nypa nOHCKa CHMMeTpHH* ypaBHeHHH ( 15) npOBO.[(HTCH B HeCKOJibKO 

:nanos. Ha nepBOM :nane noTpe6yeM, qTo6bi ypasHeHHe ( 15) 6bmo HHBapnaHTHbiM 

(T. e. COXpaHHJIO BH.IJ:) OTHOCHTeJibHO npeo6pa30BaHHH (1 ), T. e. 

F(x - w aw aw a2w a2w a2w) = 0 
' Y' ' ax ' ay ' ax2 ' axay ' ay2 · (16) 

Pa3JIO)I(HM 3TO Bbipa)l(eHHe B pH.D: npH E ----+ 0 c yqeTOM paseHCTBa Hymo masHoro 

qJieHa pa3JIO)I(eHHH (15). l1CIIOJib3YH <PopMyJibl (2), (8), (13) H y.nep)I(HBaH qJieHbl 

nepsoro nopH.IJ:Ka MarrocTH no E, nonyqnM 

( aw aw a2 w a2 w a2 w ) I 1-F x, y, w, ax ' ay ' ax2 ' axay' ay2 F=O = O. (17) 

3.[(eCb BBe.[(eHO KpaTKOe 0603HaqeHHe: 

xF = e aF + aF + , aF + ,1 aF + ,2 aF + 
2 ax Tf ay aw awx awy 

aF aF aF + (u-a- + (12-a- + (22-a-, (18) Wxx Wxy Wyy 
r.ne KOOp.IJ:HHaTbl nepBOrO H BTOpOrO npO.[(OJI)I(eHHH (i H (ij onpe.[(eJIHIOTCH no 

<PopMynaM (9) H (14). CooTHorneHHe (17) Ha3biBaeTCH ycnosneM HHBapnaHTHOCTH, 

a on epa Top X-BTOpbiM npo.non)l(eHHeM onepaTOpa (3 ). 
2 ~ ~ 

Ha BTOpOM 3Tane B (17) HCKJIIOqaeTCH npOH3BO.[(HaH ayYi (HJIH axYi) c no-

MOII(biO ypaBHeHHH (15). Ilocne 3Toro nesaH qacTb nonyqeHHoro paseHCTBa 3a

nHCbiBaeTcH KaK nOJIHHOM no «He3aBHCHMbiM nepeMeHHbiM» - BCeB03MO)I(HbiM 

npOH3Be.[(eHHHM npOH3BO.[(HbiX (B .[(aHHOM CJiyqae npOH3Be.[(eHHH CO.[(ep)I(HT pa3Hble 

CTeneHH Wx, Wy, Wxx, Wxy): 

(19) 

r.ne <l>YHK[(HOHaJibHbie K03<P<Pnu:HeHTbl Aklk2k3k4 3aBHCHT TOJibKO OT x, y, w, e, Tf, ( 
H npOH3BO.[(HbiX <l>YHK[(HH e, Tf, (, H He 3aBHCHT OT npOH3BO.[(HbiX w. PaBeHCTBO 

(19) 6y.neT BbiiiOJIHHTbCH, ecnn see Ak1 k 2k3k4 = 0. TaKHM o6pa3oM, ycnosne 

HHBapHaHTHOCTH paCII(enJIHeTCH .[(0 nepeonpe.neneHHOH onpe.[(eJIHIOII(eH CHCTeMbl, 

KOTopaH nonyqaeTCH npnpaBHHBaHHeM Hynro <l>YHKU:HOHaJibHbiX K03<P<Pnu:neHTOB 

npH pa3JIHqHbiX npOH3Be.[(eHHHX CTeneHeH OCTaBIIlHXCH npOH3BO.[(HbiX (HanOMHHM, 

qTO HCKOMbie <l>YHK[(HH e, Tf, (He 3aBHCHT OT npOH3BO.[(HbiX Wx, Wy, Wxx, Wxy). 

Ha TpeTbeM 3Tane pernaeTCH onpe.nenHIOII(aH CHCTeMa H HaXO.IJ:HTCH .nonycTHMbie 

KOOp.IJ:HHaTbl e, Tf, ( onepaTopa (3). 

* CI1MMeTp1111 ypaBHeH11ll- npeo6pa3oBaH11ll, coxpaHliJOW.11e ero Bl1)l. 
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3aMe4aHit1e 1. Ba:)I<HO OTMeTHTh, qTo H cpyHKI.J,HOHa.JihHbie K03cpcpHI.J,HeHThi 

Ak1 k2 k3 k4 , H orrpe,UeJUIIOII.J,a51 CHCTeMa JIHHeHHbl OTHOCHTeJibHO HCKOMbiX BeJIHqHH 

~' 'fl, (. 
3aMe4aHit1e 2. l1HBapwaHT I, 51BJI51IOII.J,HHC51 perneHHeM ypaBHeHH51 (4), y.uoBJie

TBOp51eT TaiOKe ypaBHeHHIO XI= 0. 
2 

llpOHJIJIIOCTpHpyeM IIpOI.J,e,Uypy IIOHCKa CHMMeTpHH ,UHcpcpepeHI.J,HaJibHbiX ypaB-

HeHHH Ha KOHKpeTHbiX IIpHMepax. 

7.2.2. npHMepbl nOHCKa CHMMeTpHM He/\HHeMHbiX ypaBHeHHM MaTeMaTHI.IeCKOM 

$H3HKH 

UpuMep I. PaccMOTpHM p_syMepHoe CTaUHOHapHoe ypasHeHHe TerlJlorrposop_HOCTH c HeJIHHeil-

HbiM 11CTO'IHI1KOM 
EPw 8 2 w 
8x2 + ay2 = f(w), (20) 

KOTOpoe COOTBeTCTByeT JieBOH 'laCTH F = Wxx + Wyy - j ( W) ypaBHeHHJI (15). 
)J,orrycKaeMbiH 11H<jli1HI1Te311MaJibHblH orrepaTOp X 6yp_eM HCKaTb B BH,Qe ( 4), rp_e KOOp,ll_HHa

Tbl ~ = ~(x, y, w), TJ = TJ(X, y, w), ( = ((x, y, w) rroKa HeH3BeCTHbl 11 rrop_JielKaT orrpep_eJie

HHIO B xop_e rrocJiep_yiOll.lero aHaJIH3a. YcJIOBHe HHBapHaHTHOCTH (17)-(18) c y'leTOM 3aBHCHMOCTH 

F = Wxx + Wyy - f ( w) 3allHCbiBaeTCJI TaK: 

(22 + (11- (f'(w) = 0. 

flO,QCTaBHB CIO,Qa BbipalKeHHJI ,QJIJI KOOp,ll_HHaT BTOpOrO rrpO,Il_OJilKeHHJI ( 14) 11 3aMeHHB 3aTeM Wyy 
Ha j ( W) - Wxx [ CJie,QCTBHe ypaBHeHHJI (20) ], HMeeM 

-2~wWxWxx + 2TJwWyWxx- 2TJwWxWxy- 2~wWyWxy- 2(~x- TJy)Wxx- 2(~y + TJx)Wxy-

- ~wwW~- TJwwW;Wy- ~wwWxW;- TJwwW~ + ((ww- 2~xw)w;- 2(~yw + TJxw)WxWy + 
+ ((ww- 2TJyw)w; + (2(xw- ~xx- ~yy- f~w)Wx + (2(yw- TJxx- 'f/yy- 3fTJw)Wy + 
+ (xx + (yy + J((w- 2TJy)- (f' = 0, 

rp_e j = j(w) 11 j' = dj /dw. flpHpaBHJieM HYJIIO KOJ<jl<jJHUHeHTbl rrp11 BCeX KOM611Hai..(I1JIX rrp0113BO,Q

HbiX. ilOJIY'IHM CJiep_yiOll.IYIO CHCTeMy: 

WxWxx: ~w = 0, 

Wxy: 
2 

Wx: 
WxWy: 

Wx: 
2 Wy: 

Wy: 

1: 

TJw = 0, 
~X- TJy = 0, 

~y + TJx = 0, 

(ww - 2~wx = 0, 

'f/wx + ~wy = 0, 
2(wx- ~xx- ~YY- ~wf(w) = 0, 

(ww - 2TJwy = 0, 

2(wy- TJxx- TJyy- 3TJwf(w) = 0, 

(xx + (yy- J'(w)( + f(w)((w- 2TJy) = 0. 

(21) 

3p_eCb B rrepBOM CTOJI61..(e yKa3aHbl KOM611Hal..(l111 rrp0113BO,Il_HbiX, BO BTOpOM- COOTBeTCTBYIOll.IHe KO

J<jl<jJHUHeHTbi; rrp11 WyWxy, WxWxy, W~, w;wy, WxW~, W~ 3TH KOJ<jl<jJHUHeHTbl p_y6JIHPYIOT rrpHBe,QeH

Hbie B CHCTeMe ypaBHeHHJI 11JII1 11X ,QH<jl<jlepeHI..(HaJibHble CJie,QCTBHJI, 11 IlOTOMY Ollyll.leHbl. Y411TblBaJI 

CJie,QCTBHJI rrepBOrO, BTOpOrO 11 IlJITOrO ypaBHeHHH (21 ), HMeeM 

~ = ~(x, y), TJ = TJ(x, y), ( = a(x, y)w + b(x, y). (22) 

113 '!eTBepTOrD 11 IlJITOrO ypaBHeHHH CHCTeMbl (21) IlOJIY'IHM 

~xx + ~YY = 0, TJxx + TJyy = 0. (23) 

flO,QCTaBHM BblpalKeHHJI (22) B Ce,QbMOe 11 ,QeBJITOe ypaBHeHHJI (21 ), a 3aTeM 11CllOJ!b3YeM paBeHCTBa 

(23). J1MeeM ax = ay = 0, OTKyp_a CJiep_yeT 

a(x, y) =a= const. (24) 
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CIICTeMa (21) C y'leTOM COOTHO!lleHIIH (22), (24) npiiHIIMaeT BII,L\: 

~X- 'f/y = 0, 

~y + 'f]x = 0, (25) 

bxx + byy- awj'(w)- bj'(w) + f(w)(a- 2ryy) = 0. 

)l,JJll npo113BOJJbHOH <PYHKUIIII f, O'leBII,L\HO, a= b= 'f/y = 0, Torp_a ~ = C1y+C2, 'f] = -C1x+C3, ( = 0. 
TioJJaral! nOCJJe,QOBaTeJJbHO O,L\HY 113 KOHCTaHT paBHOH e,QIIHIIUe, a OCTaJJbHbie- HYJJ!O, HaXO,L\IIM, 'ITO 

IICXO,L\HOe ypaBHeHIIe p_onycKaeT Tpll pa3JJII'IHbiX onepaTOpa: 

X1 = Bx (C2 = 1, C1 = C3 = 0); 
x2 =By (C3 = 1, c1 = c2 = o); (26) 

X3 = y8x- x8y (C1 = 1, C2 = C3 = 0). 
flepBbie ,L\Ba onepaTOpa COOTBeTCTBY!OT nepeHOCaM B,L\OJlb OCeH X II y, TpeTIIH- BpaiUeHII!O. 

PaccMOTpiiM nop_po6Hee TpeTbe ypasHeHIIe CIICTeMbi (25). EcJJII BbinOJJHl!eTCll paseHCTBO 

(aw + b)j'(w)- f(w)(a- 2ryy) = 0, (27) 

TO MOryT CyJUeCTBOBaTb p_pyme pe!lleHIIll CIICTeMbl (25), npiiBO,L\l!JUIIe K OnepaTOpaM, OTJllllJHbiM 

OT (26). Hap_o IICCJJe,L\OBaTb ,L\Ba CJJy'lall: a oF 0 II a = 0. 

C!ly>.Jaii 1. Pe!llal! ypasHeHIIe (27) np11 a # 0, noJJy'IIIM 

1 2-y 
f(w) = C(aw+b) ---;;-, 

rp_e 1 = 'f/y = const, b= const. TioJTOMY np11 f( w) = wk ypasHeHIIe (20) p_onycKaeT p_onoJJHIITeJJbHbiH 

on epa Top 
2 x4 = x8x + y8y + --w8w, 

1-k 
3a,L\a!OIUIIH HepaBHOMepHOe paCTlllKeHIIe. 

C!ly>.Jaii 2. Tip11 a = 0 pe!lleHIIe II MeeT BIIP-

f(w) = ce>-w, 

rp_e .>.. = const. Torp_a b = - 2ryy / .>.., a <PYHKUIIII ~ 11 'f] yp_osJJeTBOpli!OT p_syM nepBbiM ypas

HeHIIl!M (25), KOTOpbie COBnap_a!OT C ycJJOBIIliMII KO!llll - PIIMaHa ,L\Jlll aHaJJIITII'IeCKIIX <jlyHKUIIH. 

3TIIM ycJJOBIIliM yp_osJJeTsOpli!OT p_ei1cTBIITeJJbHall 11 MHIIMall '!aCTII JJ!06oi1 aHaJJIITII'IecKoi1 <PYHKUIIII 

<l>(z) = ~(X, y) + iry(x, y) KOMnJJeKCHOH nepeMeHHOH Z = X+ iy. 8 'laCTHOCTII, np11 b = const II 

f( w) = ew p_onycKaeTCll p_onoJJHIITeJJbHbiH onepaTop 

x4 = x8x + y8y- 28w, 
KOTOpbiH COOTBeTCTByeT paCTl!lKeHII!O no X II y C O,L\HOBpeMeHHbiM C,L\BIIrOM noW. 

UpuMep 2. PaccMoTpiiM HeJJIIHei1Hoe ypasHeHIIe HecTaUIIOHapHoi1 TenJJonpoBO,L\HOCTII 

aw = _i_ [!(w) aw]. (28) 
at ax ax 

8 ,L\aHHOM CJJy'lae B YCJJOBIIII IIHBapllaHTHOCTII ( 17)-( 18) Ha,L\0 nOJJOlKIITb 

y = t, F = Wt- f(w)Wxx- J'(w)w;, (12 = (22 = 0 

II IICnOJJb30BaTb BbipalKeHIIll (9) II (14) ,L\Jlll KOOp,L\IIHaT nepBOrO II BTOpOrO npO,L\OJJlKeHIIH ( 1 , (2 II (u 
np11 y = t. 3aMeHIIB 3aTeM B noJJy'leHHOM BbipalKeHIIII Wt Ha npasy10 lJaCTb ypaBHeHIIll (28), npll

paBHlleM HYJJ!O KOJ<jl<jJIIUIIeHTbl np11 pa3HbiX KOM611HaUIIl!X OCTaB!liiiXCll np0113BO,L\HbiX. 8 pe3yJJbTaTe 

npiiXO,L\IIM K CIICTeMe ypaBHeHIIH: 

WxWxx: 2f(w)["lwxf(w)+~w]+J'(w)'f]x = 0, 

Wxx: (j'(w)-l(w)'f]xx-f(w)(2~x-'f]t) = 0, 

WxWxt: f(w)'f]w = 0, 

Wxt: f(w)'f]x = 0, 

w!: J'(w)ryw+ f(w)'f]ww = 0, 

w~: 2[j'(w)] 2"7x+ f(w)~ww+ J'(w)~w+2f(w)j'(w)'f]wx = 0, 

w;: f(w)(ww+ f"(w)(- 2f(w)~wx- J'(w)(2~x- 'f]t) + J'(w)(w- f(w)J'(w)'f]ww = 0, 

Wx: 2f(w)(wx+2J'(w)(x- f(w)~xx+~t = 0, 
1: (t-f(w)(xx=O. 



7.2. CUMMempuu HeJIUHeUHblX ypaeHeHuii emopozo nopROKa. Yuweue uHeapuaHmHocmu 111 

3.QeCb B nepBOM CTOJ161..(e yKa3aHbl KOM611Hai..(I111 np0113BO.QHbiX, BO BTOpOM CTOJ161..(e-COOTBeTCTBYI0-

11..(11e ypaBHeHI1» (np11BO.Q»TC» C TO'IHOCTbiO .QO llOCTO»HHOrO MHOlKI1TeJ1»); onyll..(eHhl TOlK.QeCTBeHHhie 

BbipalKeHI1» 11 .Q11¢¢epeHI..(I1aJlbHbie CJ1e.QCTBI1». TaK KaK j ( W) "¢ 0, TO 113 TpeTbero 11 lJeTBepTOrD 

ypaBHeHI1H CI1CTeMhl CJle.QyeT, 'ITO 'TJ = 'TJ( t). Tor.Qa 113 nepsoro 11 BTOpOrO ypaBHeHI1» 11MeeM 

~ = ~(x, t), ( = f(w)(2f;x - 17t) . 
f'(w) 

C y'leTOM Haif.QeHHbiX COOTHOilleHI1H CI1CTeMy MOlKHO 3ani1CaTb B B11.Qe: 

[jj' j"'- j(f") 2 + (!') 2 j"](2~x- "'t) = 0, 

f[4j J" - 7(!') 2]~xx - (!') 2 ~t = 0, 
2f~xxx - 2~xt + "'tt = 0 

(ypaBHeHI1» COKpall..(eHbl Ha 0611..(11e MHOlKI1TeJ111, 3aBe.QOMO He paBHbie HYJliO ). 8 0611..(eM CJly'!ae, np11 

np0113BOJlhHOH ¢YHKI..(I111 j, 113 nepsoro ypaBHeHI1» CJle.QyeT 2~x - 'f/t = 0, 113 BTOpOrO-~t = 0. 113 

TpeTbero ypasHeHI1» nony'II1M ~ = c1 + C2x, TOr.Qa "' = 2C2t + C3. Il03TOMY np11 np0113BOJlbHOH 

¢YHKU1111 f ypasHeHI1e (28) .QonycKaeT Tp11 onepaTopa: 

X1 =ax 
x2 = Bt 
x3 = 2t8t + XOx 

(C1 = 1, c2 = c3 = o); 
(C3 = 1, c1 = c2 = o); 
(C2 = 1, c1 = c3 = o). 

)J,eifCTBY» aHanOri1'1HO, MOlKHO llOKa3aTh, 'ITO .QJl» CJ1e.Qyi011..(11X cnel..(l1aJlbHbiX B11.QOB ¢YHKI..(I111 j 
llO»BJl»IOTC» .QOllOJ1HI1TeJlbHbie OnepaTOpbi: 

I. f=ew: X4=XOx+28w. 
2. f = wk, k # 0,-4/3: x4 = kxax + 2w8w. 
3. f = w- 413 : x4 = 2x8x- 3w8w, Xs = x 28x- 3xw8w. 

UpuMep 3. PaccMoTp11M Teneph HeJ111HeifHoe BOJlHOBoe ypasHeHI1e 

EPw = ~ [f(w) ow J. 
ot2 OX OX 

(29) 

8 YCJ10BI111 11HBap11aHTHOCTI1 ( 17)-( 18) Ha.QO llOJ10lKI1Tb 

Y = t, F = Wtt- f(w)Wxx- J'(w)w;, (2 = (12 = 0 

11 11Cll0Jlb30BaTb BbipalKeHI1» (9) 11 (14) .QJl» KOOp.Q11HaT nepsoro 11 BTOpOro npO.QOJ1lKeHI1H (1 11 (11, (22 
np11 y = t. 3aMeHI1B B llOJly'leHHOM BbipalKeHI111 Wtt Ha npasy10 'laCTb ypaBHeHI1» (29), np11paBH»eM 

HYJliO K03¢¢11U11eHTbl np11 pa3HbiX KOM611Hai..(I1»X OCTaBilii1XC» np0113BO.QHbiX. flp11XO.Q11M K CI1CTeMe 

ypaBHeHI1H ( onyll..(eHhl TOlK.QeCTBeHHhie BbipalKeHI1» 11 .Q11¢¢epeHI..(I1aJlbHbie CJ1e.QCTB11»): 

WxWxx: 

Wxx: 

Wxt: 
3 Wx: 
2 WxWt: 
2 Wx: 

f(w)~w = 0, 
f(w)"'w = 0, 

J'(w)( + 2f(w)("'t- ~x) = 0, 

f(w)"'x- ~t = 0, 

J'(w)~w + f(w)~ww = 0, 

f(w)"'ww- J'(w)"'w = 0, 

f(w)(ww + J'(w)(w + f"(w)(- 2f(w)~wx- 2j'(w)(~x- "'t) = 0, 

2j'(w)"'x + 2f(w)"'wx- 2~wt = 0, 

2j'(w)(x- f(w)~xx + 2f(w)(wx + ~tt = 0, 

(ww - 2'f/wt = 0, 

f(w)'T/xx + 2(wt- "'tt = 0, 
(tt- f(w)(xx = 0. 

TaK KaK f(w) # const, TO 113 nepBbiX .Qsyx ypasHeHI1H HaXO.Q11M ~ = ~(x, t), "' = 'TJ(X, t). 
flOJTOMY .QeC»TOe ypaBHeHI1e CI1CTeMhl np11HI1MaeT 811.11- (ww = 0 11 np11BO.Q11T K BbipalKeHI110 
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( = a(x, t)w + b(x, t). 8 pe3yJJbTaTe OT CIICTeMbl OCTa!OTCJI ypaBHeHIIJI 

wJ'(w)a(x,y) + J'(w)b(x,y) + 2f(w)(7Jt- ~x) = 0, 

j' ( w)a(x, y) + wj" ( w)a(x, y) + j" ( w)b(x, y) - 2j' ( w)(~x - 7Jt) = 0, 

2j' (w)(axw + bx)- f(w)~xx + 2f(w)ax = 0, 
2at - 7)tt = 0, 

auw + btt- f(w)(axxW + bxx) = 0. 

8 CJly'lae np0113BOJlhHOH <jlyHKUIIII j(w) nOJJY'IIIM a= b = 0, 7)tt = 0, ~x -7)t = 0. l1HTerp11pOBaHIIe 

,L~aeT TPII onepaTopa: 

xl =Ox, x2 = Ot, x3 = XOx +tOt. 
)J,eHCTBYll aHaJJOrii'IHO, MOlKHO noKa3aTh, 'ITO )lJlJI CJle)ly!OlUIIX cneUIIaJJbHbJX Bll)lOB <jlyHKUIIII j 

nOJIBJlJI!OTCJI )lOnOJJHIITeJlbHbJe OnepaTOpbl: 

I. f=ew: X4=Xox+2ow. 
2. f = wk, k # 0,-4/3,-4: x4 = kxox + 2wow. 
3. f = w- 413 : x4 = 2xox- 3wow, Xs = x 2ox- 3xwow. 
4. f = w- 4: x4 = 2xox- WOw, Xs = t 2 0t + twow. 

Hail:.[(eHHbie c noMOID:hiO YKa3aHHOM npol(e.Llyphi CMMMeTpMM .Ll»<P<PepeHI.(Ma.Jih

HhiX ypaBHeHMM ll03BOJUIIOT nonyqaTb MX TOqHbie perneHM51 ( CM. CJie.[(yiOIIJ:MM pa3-

.[(eJI). 

~ 3ai)a..,u u ynpa:m:nenuR K pa:Ji). 7.2 

1. HaiiTII )lonycTIIMhie IIH<jJIIHIITe311MaJJhHhie onepaTophi 11 IIHBapllaHThi ypaBHeHIIJI £10prepca 11 

noTeHUIIaJJhHOro ypasHeHIIJI £10prepca: 

a) Wt + WWx = aWxx, 
b) Wt + aw~ = bwxx· 

2. HaHTII )lOnyCTIIMbJe IIH<jJIIHIITe311MaJlbHbJe OnepaTOpbl II IIHBapllaHTbl 0606JUeHHOr0 ypaBHeHIIJI 

£10prepca: 

Wt + f(w)wx = aWxx· 
flpoBeCTII KJlaCCII<jJIIKaUII!O CIIMMeTpiiH ypaBHeHIIJI )lJlJI BCeX j ( W). 
3. HaHTII )lOnyCTIIMbJe IIH<jJIIHIITe311MaJlbHbJe OnepaTOpbl II IIHBapllaHTbl HeCTaUIIOHapHbiX ypaBHeHIIH 

TenJJonpOBO)lHOCTII C HeJliiHeHHbJM IICTO'IHIIKOM: 

a) Wt = a(wwx)x + bw, 
b) Wt=a(wwx)x+bw2 , 

c) Wt = aWxx + f(w). 
flpOBeCTII KJJaCCII<jJIIKaUII!O CIIMMeTpiiH nOCJle)lHero ypaBHeHIIJI )lJlJI BCeX j ( W). 
4. HaHTII )lOnyCTIIMbJe IIH<jJIIHIITe311MaJlbHble onepaTOpbl II IIHBapllaHTbl HeJJIIHeHHbiX ypaBHeHIIH: 

a) Wt = Wxx + a(wx) 2 , 

b) Wt=Wxx+aw(wx) 2 . 

5. HaHTII )lOnyCTIIMhJe IIH<jJIIHIITe311MaJJbHhJe onepaTOpbl II IIHBapllaHTbl HeJliiHeHHOrO BOJlHOBOrO 

ypaBHeHIIJI: 

Wxt = f(w). 
flpoBeCTII KJlaCCII<jJIIKaUII!O CIIMMeTpiiH ypaBHeHIIJI )lJlJI BCeX j ( W). 
6. flOKa3aTb, 'ITO ypaBHeHIIe OKOJ103BYKOB0r0 TelJeHIIJI ra3a 

WxWxx + Wyy = 0 

)lOnycKaeT onepaTOpbi 

xl =Ox, x2 = Oy, x3 =Ow, x4 =YOw, Xs = XOx + 3wow, x6 = yoy- 2wow, 

II HaHTII COOTBeTCTBYIOJUIIe IIHBapllaHTbl. 

7. HaHTII )lOnyCTIIMbJe IIH<jJIIHIITe311MaJlbHbJe OnepaTOpbl II IIHBapllaHTbl ypaBHeHIIJI )lBIIlKeHIIJI HeJlii

HeHHOH BJI3KO-nJlaCTII'IeCKOH cpe)lhl: 

Wt = f(wx)Wxx· 
flpoBeCTII KJlaCCII<jJIIKaUII!O CIIMMeTpiiH ypaBHeHIIJI )lJlJI BCeX j ( U). 
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8. HailTI1 .QonycTI1Mbie 11H!p11HI1Te311Ma.JlbHbie onepaTOpbi 11 11HBap11aHTbi HeJJI1HeilHoro ypasHeHI1JI 

Teop1111 qmJJbTpau1111: 

Wt = [j(wx)wx]x. 
flpoBeCTI1 KJJaCCI1<jli1KaU1110 CI1MMeTp11H ypaBHeHI1JI .QJJJI BCeX j ( U). 
9. HaHTI1 .QonycTI1Mbie 11H<jli1HI1Te311Ma.JlbHbie onepaTOpbi 11 11HBap11aHTbi HeJJI1HeHHoro TeJJerpa<jJHoro 

ypaBHeHI1JI: 

Wtt + f(w)Wt = aWxx· 
flpOBeCTI1 KJJaCCI1<jli1KaU1110 CI1MMeTp11H ypaBHeHI1JI .QJJJI BCeX j ( W). 
I 0. HailTI1 .QonycTI1Mbie 11H<jli1HI1Te311Ma.JlbHbie onepaTOpbi 11 11HBap11aHTbi ypasHeHI1JI HeJJI1HeilHoro 

ypaBHeHI1JI TenJJonpOBO.QHOCTI1 B aHI130TpOnHbiX cpe.QaX: 

[f(x)wx]x + [g(y)wy]y = h(w). 
flpoBeCTI1 KJJaCCI1<jli1KaUI110 CI1MMeTp11H ypaBHeHI1JI .QJJJI BCeX j(x) 11 g(y) np11 np0113BOJlbHOH h(w). 

YKa3aHue. Koop.Q11HaTbi .QonycTI1MOro onepaTopa 11CKaTb B B11.Qe ~ = ~(x, y), Tf = ry(x, y), ( = 0. 

II. HailTI1 .QonycTI1Mbie 11H<jli1HI1Te311Ma.JlbHbie onepaTOpbi 11 11HBap11aHTbi ypasHeHI1JI Ka.no.QJKepo: 

Wxt = WWxx + j(wx). 
flpOBeCTI1 KJJaCCI1<jli1KaU1110 CI1MMeTp11H ypaBHeHI1JI .QJJJI BCeX j ( U). 
12. HailTI1 .QonycTI1Mbie 11H<jli1HI1Te311Ma.JlbHbie onepaTOpbi 11 11HBap11aHTbi HeJJI1HeilHoro ypasHeHI1JI: 

Wtt = j(Wxx). 
flpOBeCTI1 KJJaCCI1<jli1KaU1110 CI1MMeTp11H ypaBHeHI1JI .QJJJI BCeX j ( U). 
13. HaHTI1 .QonycTI1Mbie 11H<jli1HI1Te311Ma.JlbHbie onepaTOpbi 11 11HBap11aHTbi ypaBHeHI1JI MI1HI1Ma.JlbHbiX 

nosepxHOCTeil: 

(1 + w;)Wxx - 2WxWyWxy + (1 + W~)Wyy = 0. 

14. HaHTI1 .QonycTI1Mbie 11H<jli1HI1Te311Ma.JlbHbie onepaTOpbi 11 11HBap11aHTbi ypaBHeHI1JI 6opHa -

11 H <jleJJ b.Qa: 

(1- w;}Wxx + 2WxWtWxt - (1 + W~)Wtt = 0. 

15. HaHTI1 .QonycTI1Mbie 11H<jli1HI1Te311Ma.JlbHbie onepaTOpbi 11 11HBap11aHTbi HeO.QHopo.QHbiX ypaBHeHI1H 

MoHJKa- AMnepa: 

a) W~y- WxxWyy = j(x), 
b) W~y- WxxWyy = yj(x), 
c) W~y- WxxWyy = y2 j(x), 
d) W~y- WxxWyy = eY f(x). 

flpoBeCTI1 KJJaCCI1<jli1KaUI110 CI1MMeTp11H ypaBHeHI1JI .QJJJI BCeX j (X). 

7.3. i-1CnO/\b30BaHHe CHMMeTpHH ypaBHeHHR AMI nOHCKa TOLIHbiX 

peweHHH. I-'IHBapHaHTHble peweHHR 

7.3.1. lilcnO/\b30BaHHe CHMMeTpHH ypaBHeHHH AMI nOCTpOeHHH 

OAHOnapaMeTpH4eCKHX peweHHH 

IlyCTb II3BeCTHO qacTHOe perneHIIe 

w = g(x,y) (30) 

IICCJie.[(yeMOrO ypaBHeHII51. IloKa)l(eM, qTo JII06a51 CIIMMeTpii51 ypaBHeHII51, 3a.[(aBa
eMa51 npeo6pa30BaHIIeM BII.[(a ( 1 ), IIOpO)I(.[(aeT O.[(HOIIapaMeTpiiqeCKOe CeMeHCTBO 

perneHIIH ( 3a IICKmoqeHIIeM cnyqaeB, Kor.n:a perneHIIe no.n: .n:eli:CTBIIeM :noro npeo6-
pa3oBaHII51 nepeXO.[(IIT CaMO B ce651, CM. pa3.IJ:. 7.3.2). 

)J,eHCTBIITeJibHO, IIOCKOJibKY ypaBHeHIIe (15) IIOCJie nepexo.n:a K HOBbiM nepe
MeHHbiM ( 1) IIpiiHIIMaeT TaKOH )l(e BII.[( ( 16), TO npeo6pa30BaHHOe ypaBHeHIIe ( 16) 
IIMeeT perneHIIe 

w = g(x, y). (31) 

Bo3Bpallla51Cb B (31) K cTapbiM nepeMeHHbiM no <)JopMynaM (1 ), nonyqiiM o.n:Hona
paMeTpiiqecKoe perneHIIe IICXO.[(HOrO ypaBHeHII51 (15). 

8 A . .[(. IIomiHHH, B. <1>. 3ailues, A. II. )l(ypoB 
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UpuMep 4. )J,syMepHoe ypasHeHIIe TemwrrpoBO,L\HOCTII c 3KcrroHeHUIIaJihHhiM IICTO'IHIIKOM 

8 2w 8 2 w -+-=ew (32) 
8x2 8y2 

).IOilYCKaeT O).IHOMepHOe perneHIIe 
2 

w =In - 2 . (33) 
X 

YpaBHeHIIe (32) ).IOilYCKaeT orrepaTop x3 = YOx -XOy ( CM. rrp11Mep I), KOTOpblH 3a).laeT Bpall(eHIIe 

Ha rrJJOCKOCTII. CooTBeTCTBY!Oil(lle rrpeo6pa3osaHIIe rrpiiBe).leHo B Ta6JJ. 6. 3aMeHl!ll x B (33) Ha x (113 

Ta6JJ. 6), IlOJJY'IIIM O).IHOilapaMeTpll'leCKOe perneHIIe ypaBHeHIIll (32): 

w =In 2 
(xcosc: + ysinc:)2 ' 

r).le E- CB060).1Hb!H rrapaMeTp. 

7.3.2. npo~eAypa nOCTpOeHHH HHBapHaHTHbiX peweHHM 

PerneHHe (30) ypaBHeHH51 (15) Ha3biBaeTC51 HHBapHaHTHbiM OTHOCHTeJibHO npeo6-

pa30BaHH51 ( 1 ), eCJIH OHO COBna.uaeT C perneHHeM (31 ), B KOTOpOM Ha,UO BepHyTbC51 

K CTapbiM nepeMeHHbiM no «tJopMynaM (1 ). CKa3aHHOe 03HaqaeT, qTo HHBapnaHT

HOe perneHne no.u .ueli:cTBHeM .uaHHoro npeo6pa3oBaHH51 nepexo.unT caMo B ce651. 

OcHOBHbie :nanhi nocTpoeHH51 HHBapnaHTHbiX perneHHH onncaHbi HH)I(e. 

l1HBapHaHTHbie perneHH51 ypaBHeHH51 ( 15) Mil( eM B He51BHOM BH,Ue 

I(x, y, w) = 0, 

no3TOMY I(x, y, w) = 0. Haxo.unM o.uHonapaMeTpnqecKoe npeo6pa3oBaHne c onepa

TopoM (3), KOOp,UHHaTbl KOTOpOrO onpe,UeJI5110TC51 H3 YCJIOBH51 HHBapHaHTHOCTH (17) 
c noMOII(biO npou:e.uypbi, onncaHHoli: B pa3.U. 7.2. Haxo.unM .UBa «PYHKU:HOHaJibHO

He3aBHCHMbiX HHTerpana (6) xapaKTepHCTifqecKOH CHCTeMbl 06biKHOBeHHbiX .UH«tJ

«tJepeH[(HaJibHbiX ypaBHeHHH (5). 06II(ee perneHHe ypaBHeHH51 C qacTHbiMH npOH3-

BO.[(HbiMH (4) onpe.uen51eM no «tJopMyne (7). 3aTeM nonaraeM B 3TOH «tJopMyne I= 0 
If pa3pernaeM nonyqeHHOe paBeHCTBO OTHOCHTeJibHO HHBapHaHTa h. B pe3yJibTaTe 

HMeeM 

h = <I>(h), (34) 

r.ue «tJyHK[(HH ft = ft (X, y, W) If h = h (X, y, W) H3BeCTHbl, * a «tJyHK[(H51 <l> 
no.uJie)I(HT onpe.ueneHHIO. CooTHorneHne (34) 51BJI51eTC51 ocHoBoli: .UJI51 nocTpoeHH51 

HHBapHaHTHOrO perneHH51: pa3perna51 (34) OTHOCHTeJibHO W If nO,UCTaBJI5151 nony

qeHHYIO 3aBHCHMOCTb B (15), npHXO.[(HM K 06biKHOBeHHOMY .un«tJ«tJepeH[(HaJibHOMY 

ypaBHeHHIO .[(JI51 «tJyHK[(HH <!>. 
UpuMep 5. Xopowo 113BeCTHbiM 11 O'!eHb saJKHbiM '!aCTHbiM cJJyqaeM IIHBapllaHTHbiX peweHIIH 

liBJlli!OTCll aBTOMO).IeJlbHble perneHIIll (CM. pa3).1. 3.3), KOTOpble OCHOBaHbl Ha rrpeo6pa30BaHIIl!X paCTli

JKeHIIll. CooTBeTCTBY!Oil(IIH IIH<jJIIHIITe311MaJibHbiH orrepaTop 11 ero IIHBapllaHTbi IIMe!OT Bll).l: 

a a a 
X=ax- +by- +cw-; ax By aw 

Ilo).ICTaBJJllll IIHBapllaHTbl B <jlopMyJJy (34), IIMeeM lwlalxl-c = .P(IYialxl-b). Pa3perniiB 3TO 

paBeHCTBO OTHOCIITeJJbHO W, IlOJJY'IIIM Bll).l IICKOMOrO perneHIIll 

r).le \(1 ( Z) -IICKOMall <jlyHKL(IIll. 

* 06bi'IHO B Ka'leCTBe h Bbi611pa!OT IIHBapllaHT, KOTOpblH He 3aBIICIIT OT W. 
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)J,JUI HarJI51.[(HOCTH 061ll,a51 CXeMa IIOCTpOeHH51 HHBapHaHTHbiX perneHHH .[(JI51 

3BOJIIOI.J,HOHHhiX ypaBHeHHH BToporo nop51.UKa H3o6pa)KeHa Ha pwc. 4. Ha pwcyH

Ke OIIylll,eHO ypaBHeHHe nepBoro IIOp51,UKa C qacTHbiMH IIpOH3BO.[(HbiMH ( 4) .[(J151 

OIIpe,UeJieHH51 HHBapHaHTOB HHQJHHHTe3HMaJibHOrO OIIepaTopa (IIOCKOJibKY MO)KHO 

Cpa3y nepeHTH K COOTBeTCTBYIOII.l,eH xapaKTepHCTHqecKOH CHCTeMe 06biKHOBeHHbiX 

.UH«P«PepeHI.J,HaJibHbiX ypaBHeHHH). 

HcxOLJ,HOe ypaBueuue: wt = H(x, t, w, wx, wxx) 

3arri1CbiBaeM YC-'IOBI1e 11HBap11aHTHOCTI1 

PacmenJIHeM 110 pa3HbiM KOM6uuauuHM npOH3BOLI,HbiX wx, wxx' wxt 

PernaeM onpeLJ.e.'IHIOIUYIO (nepeonpeLJ.e.'leuuyro) cncTeMy Yp1.fn LJ..'IH ~' ry, ( 

Haxo)li1M ¢YHKUI111 ~. rJ, ( 

3anucbiBaeM xapaKTepucTn'lecKyiO cucreMy O)l,Y: dxl~ = dtlry = dwl( 

PewaeM xapaKTep11CTWieCKY!O CI1CTeMy 

HaxoLJ,HM nepBhie HHTerpa.'lhi: I 1(x, t, w) = C 1 u I 2 (x, t, w) = C2 

11HBap11aHTHoe peweHI1e 

HIUeM B Bl1)le 12 = <1>(1 1) 

H3 ucxoLJ,uoro ypaBueunH no.'ly'laeM O)l,Y LJ,.'IH <(lyuKunu <I>= <I>(I1) 

Puc. 4. Anrop11TM rroCTpoeHI1JI 11HBap11aHTHbiX peweHI1H )lJJJI 3BOJJ!OU110HHbiX ypaBHeHI1H BTOporo 

rropll)lKa. 11crroJJb30BaHbi KpaTKI1e o6o3Ha'leHI1JI: O,ll,Y- o6biKHOBeHHbie Jl11cpcpepeHU11aJJbHbie ypaB

HeHI1JI, Yp4TI -ypaBHeHI1JI c '!aCTHbiM11 rrp0113BOJlHbiM11; ~ = ~(x, t, w ), rJ = rJ(x, t, w), ( = ((x, t, w ); 
(1, (2, (u- KOOp)l11HaTbl rrpO)lOJllKeHHOrO orrepaTOpa, KOTOpb!e orrpe)leJJJI!OTCJI ITO cpopMyJJaM (9) 
11 (14) rrp11 y = t. 

7.3.3. npHMepbl nOCTpOeHHfl HHBapHaHTHbiX peweHHH He/\HHeHHbiX ypaBHeHHH 

UpuMep 6. PaccMOTp11M orrJITb CTaUMOHapHoe ypaBHeHJ1e TerrnorrpoBOJlHOCTI1 c HeJJJ1HeHHbiM 

1 a. Hccne)lyeM cny'lail f 
rrp11Mep I): 

8* 

EPw 8 2 w 
8x2 + 8y2 = f(w). 

Wk, KOr)la ypaBHeHI1e )lOITYCKaeT )lOIIOJJHI1TeJJbHbiH orrepaTOp ( CM. 

2 x4 = x8x + y8y + --w8w. 
1-k 
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llT06bJ HaHTII IIHBapllaHTbl :noro OnepaTOpa, Ha,[\0 paCCMOTpeTb JliiHeHHOe ypaBHeHIIe B lJaCTHbiX 

np0113BO)lHhJX nepsoro nop»)lKa X4/ = 0, KOTOpoe B pa3BepHyTOH <jlopMe 3aniiChJBaeTC» TaK: 

o1 o1 2 o1 
x-+y-+--w-=0. 

OX oy 1- k ow 

CooTBeTCTBYJOma» eMy xapaKTepiiCTII'IecKa» CIICTeMa o6hiKHOBeHHhiX )lll<jl<jlepeHUIIaJJhHhiX ypasHe-

HIIH 

IIMeeT nepBhie IIHTerpaJJhi 

dx 
X 

dy 

y 

1- k dw 
----

2 w 

yjx = c1, x 2/(k- 1)w = c2, 

r)le C1, c2 - np0113BOJlbHbJe nOCTO»HHbJe. Il03TOMY IIHBapllaHTaMII onepaTopa x4 51BJ15110TC» 

<jlyHKUIIII h = yjx II h = x 2 f(k- 1lw. 
floJJara» h = iJ>(h) II Bblpa)l(a51 W, HaXO)liiM Bll)liiHBapllaHTHOrO (aBTOMO)leJlbHOrO) perneHII» 

w = x- 2/(k- 1)il>(yjx), (35) 

r)le <jlyHKUII» iJ>(z) nO)lJle)I(IIT Onpe)leJJeHIIIO B XO)le )laJlbHeHrnero aHaJJII3a. flO)lCTaBJ15151 (35) B IIC

XO)lHOe ypaBHeHIIe (20), nOJJY'IIIM 06hJKHOBeHHOe )lll<jl<jlepeHUIIaJJbHOe ypaBHeHIIe BTOpOrO nop»)lKa, 

onpe)leJJ»JOmee JlByxnapaMeTp114eCKoe ceMeHCTBO peweHIIH 

(k- 1)2(z2 + 1)il>~z + 2(k2 - 1)zil>~ + 2(k + 1)il>- (k- 1)2il>k = 0, 

r)le z = yjx. Ero o6mee peweHIIe MO)I(eT 6biTh Hail)leHo B KBa)lpaTypax (s napaMeTp114eCKOH <jlopMe): 

{ z = tg Q, r e Q = (k2- 1) J dT A 
q, = T(tg2 Q + 1) 11 (1-k)' ).1 .j2(k- 1)2Tk+1 - 4(k + 1)T2 + A1 + 2' 

A1, A2- np0113BOJlhHhie nocTO»HHhie, T- napaMeTp. 

2°. lfHBapllaHTaMII onepaTOpa X3 )lJ151 paCCMaTpiiBaeMOrO HeJJIIHeHHOrO ypaBHeHII» TenJJOnpOBO)l

HOCTII 51BJ15110TC» U = X 2 + y 2 II W. flO)lCTaHOBKa W = w( U ), U = X 2 + y2 npiiBO)liiT K 06hJKHOBeHHOMY 

)lll<jl<jlepeHUIIaJlbHOMY ypaBHeHIIIO, OniiCbJBaJOmeMy perneHII» IICXO)lHOr0 ypaBHeHII», IIHBapllaHTHbJe 

OTHOCIITeJlhHO BpameHII» 

uw~u + w~ = + f(w). 

3aMe4aHIIe. 8 npiiJJO)I(eHII»X 06hJ'IHO B Ka'leCTBe IIHBapllaHTa BMeCTO U = X 2 + y 2 IICnOJlb3YIOT 

nOJJ»pHbiH paJliiYC r = ~-

UpuMep 7. PaccMOTpiiM HeJJIIHeilHoe ypasHeHIIe HecTaUIIOHapHOH TenJJonpoBOJlHOCTII (28). 

1°. flp11 np0113BOJlhHOH <jlyHKUIIII j ( W) ypaBHeHIIe )lOnycKaeT on epa TOp ( CM. np11Mep 2) 

x3 = 2t8t + XOx. 

lfHBapllaHTbl HaXO)l»TC» 113 JliiHeHHOrO ypaBHeHII» B 'laCTHbJX np0113BO)lHbJX nepsoro nop»)lKa 

X3J = 0, KOTOpoe B pa3sepHyTOH <jlopMe 3aniiCbJBaeTC» TaK: 

2t 01 + x!!!__ + o.!?!.... = o. 
ot OX ow 

CooTBeTCTBYJOma» eMy xapaKTepiiCTII'IecKa» CIICTeMa o6hiKHOBeHHhiX )lll<jl<jlepeHUIIaJJhHhiX ypasHe-

HIIH 

IIMeeT nepsbJe IIHTerpaJJbi 

dx 
X 

dt 

2t 

dw 

0 

xt- 112 = c1, w = c2, 

r)le C1, c2 - np0113BOJlbHhJe nocTO»HHhJe. IloJTOMY IIHBapllaHTaMII onepaTopa x3 »BJl»IOTC» 

<jlyHKUIIII h = XC 1/ 2 II h = W. 

IloJJara» h = <I>(h ), noJJy'IIIM 

w = <I>(z), z = xC 112 , (36) 

r)le <jlyHKUII» iJ>(z) nO)lJle)I(IIT Onpe)leJJeHIIIO B XO)le )laJlbHeHrnero aHaJJII3a. flO)lCTaBJ15151 (36) B 

IICXO)lHOe ypaBHeHIIe (28), npiiXO)liiM K 06hJKHOBeHHOMY )lll<jl<jlepeHUIIaJJbHOMY ypaBHeHIIIO BTOpOrO 

nop»)lKa 

2a[f( <I> )<I>~]~ + zil>~ = 0, 
KOTOpOe OniiCbJBaeT IIHBapllaHTHOe ( aBTOMO)leJlhHOe) perneHIIe. 
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T AEJ1111J,A 7 
)J,orrycTIIMhie orrepaTophi, IIHBapllaHThi 11 CTPYKTypa perneHIIH 

HeJJIIHeHHOrO ypaBHeHIIll HeCTal.IIIOHapHOH TeiTJJOilpOBO.QHOCTII (28) 

<l>yHKl.lllll j ( W) OrrepaTOphi J1HBap11aHThl 811.11- perneHIIll 
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X1=8x, h=t, h=w, w = w(t) = const, 

flp0113BOJlhHall X2=8t, h=x, I2=w, 
x3 = 2t8t + x8x h =x2jt, h=w 

ew X4=X8x+28w h=t, h=w-2lnlxl 

wk (k#O,-f) x4 = kx8x + 2w8w h=t, h=wlxl-k/2 

w-4/3 x4 = 2x8x - 3w8w, h=t, h=wx2f3, 
x5 = x 28x- 3xw8w h=t, h=wx3 

2°. 11ccJJe.QyeM cJJyqall f ( w) = wk, KOr.Qa ypasHeHIIe .QorrycKaeT orrepaTop 

x4 = kx8x + 2w8w. 

w=w(x), 
w = w(z), z = x 2jt 

w=2lnlxi+B(t) 

w = lxlk12B(t) 

w = x- 213B(t), 
w=x-3B(t) 

J1HBap11aHThl OiliiChJBa!OTCll JliiHeHHhiM ypaBHeHIIeM B qaCTHhiX rrp0113BO.QHhiX rrepBOrO IlOpli.QKa 

X 4J = 0, KOTOpoe B pa3BepHyTOH <jlopMe 3ailiiChJBaeTCll TaK: 

o1 o1 o1 
0- +kx- +2w- = 0. 

ot OX ow 
CooTBeTCTBY!Oll.lall eMy xapaKTepiiCTIIqecKall CIICTeMa o6hiKHOBeHHhiX .QII<jl<jlepeHl.lllaJJhHhiX ypaBHe-

HIIH 

IIMeeT rrepBhie IIHTerpaJJhi 

dt 
0 

dx 
kx 

dw 

2w 

t = cl, x- 2/kw = c2, 
r.Qe Cl, c2 - rrp0113BOJlhHhJe IlOCTOl!HHhJe. ll03TOMY IIHBapllaHTaMII orrepaTopa x4 l!BJlli!OTCll 

<jlyHKLIIIII fJ = t II h = x- 2/kW. 

floJJarall h = tJ(fJ) II pa3pernall JTO paBeHCTBO OTHOCIITeJJhHO W, HaXO.QIIM: 

(37) 

r.Qe <jlyHKl.lllll B(t) rro.QJJelKIIT orrpe.QeJJeHII!O B xo.Qe .QaJJhHellrnero aHaJJII3a. llo.QcTaBJJllll (37) B 

IICXO.QHOe ypaBHeHIIe (28), rrpiiXO.QIIM K 06hJKHOBeHHOMY .QII<jl<jlepeHl.lllaJJhHOMY ypaBHeHII!O rrepBOrO 

rropl!.QKa 

2kB; = 2a(k + 2)Bk+ 1 . 

11HTerp11pyll, rroJJyqiiM 

e(t) = [A- 2a(kk+ 2) trl/k, 

r.Qe A - rrpo113BOJJhHall rrocTOl!HHall. TaKIIM o6pa30M, IIHBapllaHTHoe OTHOCIITeJJhHO pacTlllKeHIIll 

perne1111e ypasHeHIIll (28) rrp11 f ( w) = wk II MeeT BII.Q 

w(x, t) = x2/k [A- 2a(kk+ 2) t] -1/k. 

8 Ta6JJ. 7 rrpiiBe.QeHa IITOrOBall KJJaCCII<jJIIKal.lllll CIIMMeTpiiH ypaBHeHIIll (28) ( CM. rrp11Mephl 2 II 7). 

UpuMep 8. PaccMoTpiiM HeJJIIHeiiHoe BOJJHosoe ypasHeHIIe (29). 
JTO ypaBHeHIIe rrp11 rrp0113BOJlhHOH <jlyHKLIIIII j ( W) .QOilYCKaeT on epa TOp ( CM. rrp11Mep 3 ): 

x3 = t8t + x8x. 

J1HBap11aHThl HaXO.Ql!TCll 113 JliiHeHHOrO ypaBHeHIIll B qacTHhJX rrp0113BO.QHhJX rrepBOrO IlOpli.QKa 

X31J = 0, KOTOpoe B pa3BepHyTOH <jlopMe 3aiTIIChJBaeTCll TaK: 

t !!.!__ + X !!.!__ + 0 ..!!.!.._ = 0 . 
ot ox ow 



118 KJIACCII'IECKIIH METO,[\ IICCJIE,[\OBAHII5! CIIMMETPIIH ,[\li<I><I>EPEH'-\liAJibHbiX YPABHEHIIH 

<l>yHKL(llll j ( W) 

flp0113BOJihHall 

ew 

wk (k#O,-f,-4) 

w-4/3 

w-4 

TAEJU1IJ,A 8 
)J,orrycTHMhie orrepaTOphi, HHBapHaHThi 11 CTPYKTypa 

peweHIIH HeJIHHeHHOrO BOJIHOBOro ypasHeHllll (29) 

OrrepaTOpbi l1HBapHaHTbl 

X1 =ox, h=t, I2=W, 
X2=0t, h=x, I2=W, 
X3 = tOt+XOx h=x/t, h=w 

X4=XOx+2ow h=t, h=w-2lnlxl 

x4 = kxox + 2wow h=t, h=wlxl-k/2 

x4 = 2xox- 3wow, h=t, h=wx2f3, 
x5 = x 2ox- 3xwow h=t, h=wx3 

x4 = 2xox- WOw, h=t, h= wlxll/2, 
x5 = t 2ot+twow h=x, h=w/t 

811p_ peweHHll 

w=w(t), 
w=w(x), 
w=w(z), z=x/t 

w=2lnlxi+B(t) 

w = lxlk12B(t) 

w = x- 213B(t), 
w = x-3e(t) 

w= lxi- 112B(t), 
w=tB(x) 

CooTseTCTBY!OlUall eMy xapaKTepHCTH'IeCKal! CHCTeMa o6biKHOBeHHhiX P-ll¢¢epeHUllaJihHhiX ypasHe-

p_orrycKaeT rrepsbie HHTerpaJibi 

dx 
X 

dt dw 

0 

xt- 1 = cl, w = c2, 
rp_e Cl, c2 - rrp0113BOJihHhle IlOCTOl!HHhie. lloJTOMY liHBapHaHTaMll orrepaTopa x3 l!BJili!OTCll 

¢YHKUllll h = xC 1 II h = w. 
lloJiarall h = <I>(h ), HMeeM 

w=<I>(y), y=xC 1 . (38) 

<l>yHKL(li!O <l>(y) Hai1p_eM, IlO,QCTaBJillll (38) B liCXO,QHOe ypaBHeHHe (29). 8 pe3yJibTaTe IlOJIY'IliM 

06hiKHOBeHHOe P-ll¢¢epeHL(llaJihHOe ypaBHeHlle 

[f(<I>)<I>~]~ = (y<I>~)~, 

orrpep_eJili!OlUee HHBapHaHTHoe ( asToMo,QeJihHOe) peweHHe. llocJiep_Hee ypasHeHHe II MeeT o'leBHP-HhiH 

rrepsbiH HHTerpaJI: f( <I> )<I>~ = y<I>~ +C. 
8 Ta6JI. 8 rrpHBe,QeHa liTOrOBall KJiaCCll!lJIIKal(llll CliMMeTpliH ypaBHeHllll (29) ( CM. rrpHMepbl 3 II 8). 

7.3.4. PeweHMfl, nopo>KAaeMble 1\MHeHHbiMM KOM6MHa~MfiMM AOnycKaeMbiX 

onepaTOpOB 

EeJm neene.n:yeMoe ypasHeHne .n:onyeKaeT N onepaTopos, TO Mbi nonyqaeM, eo

oTseTeTseHHO, N pa.:mnqHbiX HHsapnaHTHbiX perneHHM. O.n:HaKo, paeeMaTpnsa51 

onepaTOpbi S OT.[(eJibHOeTH, MO)I(HO «llOTep51Tb» perneHH51, HHSapHaHTHbie OTHOeH

TeJibHO HX JIHHeMHOM eynepn03H[(HH, KOTOpbie MOryT HMeTb eyl[(eeTSeHHO HHOM 

SM.[(. 4T06bi HaMTH see THllbl HHSapHaHTHbiX perneHHM, Ha.[(O neeJie.[(OSaTb see 

S03MO)I(Hble JIHHeMHbie KOM6HHa[(HH .[(OnyeKaeMbiX onepaTOpOS. 

UpuMep 9. PaccMOTpHM orrl!Th HeJIHHei1Hoe ypasHeHHe HecTaUHOHapHoi1 TerrJiorrposop_Ho

cm (28). 

1°. 3To ypasHeHHe ,QJill rrpOH3BOJihHOi1 f(w) p_orrycKaeT TPII orrepaTopa (eM. Ta6JI. 7): 

xl = Ot, x2 =Ox, x3 = 2tOt + XOx. 

CooTseTCTBY!OlUHe liM HHBapHaHTHbie peweHHll HMe!OT Blip_: 

w = F(x), w = F(t), w = F(x2/t). 
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0).1HaKO nepe6op B03M0)1(Hb!X JH!HeHHbiX KOM6!1Hal.II1H ).laeT ell.le onepaTOp 

X1,2 = X1 + aX2 = Ot + aox, 
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(39) 

r).le a # 0- npo113BOJJhHa» noeTO»HHa». 11HsapHaHTHoe OTHOeHTeJJhHO :noro onepaTopa perneHHe 

3anHebiBaeTe» TaK: 

w = F(x- at). (40) 
8!1).1HO, 'ITO perneHHe TaKOrO THna (6eryll.la» BOJJHa) He eo).lep)I(11Te» B 11HBap11aHTHbiX perneHH»X, 

eOOTBeTeTBYIOil.II1X ((lJJ.IeTbiM» onepaTopaM Xl, X2, x3. 

2°. EeJJH f(w) = ew, TO K yKa3aHHhiM Bhirne TpeM onepaTopaM ).lo6aBJJ»eTe» 'leTBepThiH onepaTop 

x4 = XOx + 2ow (eM. Ta6JJ. 7). 8 3TOM eJJy'!ae Jli1Hei1Ha» KOM6!1Hal.ll1» 

X3,4 = X3 + aX4 = 2t0t +(a+ 1)xox + 2aow 

).laeT HHBapHaHTHoe perneHHe 

a+l 
w=F(~)+alnt, ~=xC_2_ 

r).le ¢YHKL111» F = F(~) Y.LIOBJJeTBOp»eT o6hiKHOBeHHOMY .lll1¢¢epeHl.ll1aJJhHOMY ypaBHeHHIO 

(eF FD~ + i-(a + 1)~F~ =a. 

3°. EeJJH j( w) = Wk (k oF 0, -4/3), TO K yKa3aHHbiM B n. 1° TpeM onepaTOpaM ).I06aBJJ»eTe» 

'leTBepTbiH onepaTOp X4 = kXOx + 2WOw, 11 Jli1HeHHa» KOM611Hal.ll1» 

X3,4 = X3 + aX4 = 2t0t + (ak + 1)xox + 2awow 

nopO)I().IaeT 11HBapHaHTHOe ( aBTOMO).IeJJbHOe) perneHHe 

ok+l 
( = xc-2-, 

r).le ¢YHKL111» F = F( () Y.LIOBJJeTBOp»eT o6biKHOBeHHOMY ).IH<jJ¢epeHl.ll1aJJhHOMY ypasHeHHIO 

(Fk F()( + i-(ak + 1)(F( = aF. 

flpHBe).leHHh!e B nn. 1°-3° 11HBap11aHTHh!e perneHH» He eO).Iep)l(aTe» B Ta6JJ. 7. 3TO HarJJ»).IHO 

).leMOHeTpHpyeT He06XO).II1MOeTb paeeMOTpeHH» perneHHH, nopO)I().IaeMbiX Jli1HeHHbiM11 KOM6!1Hal.IH»MI1 

).lonyeKaeMhiX onepaTopos. 

UpuMep 10. PaeeMoTpHM Teneph HeJJHHei1Hoe BOJJHOBoe ypaBHeHHe (29). 

1°. 3TO ypaBHeHHe ).IJJ» np0113BOJlbHOH j(w) ).IOnyeKaeT Tp11 onepaTOpa (eM. Ta6JJ. 8): 

xl = Ot, x2 =Ox, x3 =lOt+ XOx, 

a eOOTBeTeTBYIOil.ll1e 11M 11HBap11aHTHh!e perneHH» 11MeiOT BH).I: 

w = F(x), w = F(t), w = F(xjt). 

flepe6op B03M0)1(Hb!X JlHHeHHbiX KOM6!1Hal.II1H ).laeT ell.le OnepaTOp (39). 11HBapHaHTHOe OTHOeHTeJJbHO 

3Toro onepaTopa perneHHe THna 6eryll.lei1 BOJJHhi HMeeT BH.ll ( 40) 11 He eo).lep)I(HTe» B HHBapHaHTHhiX 

perneHH»X, eOOTBeTeTBYIOil.II1X ((lJJ.IeTbiM» onepaTopaM Xl, X2, x3. 

2°. EeJJH f(w) = ew, TO K yKa3aHHhiM Bhirne TpeM onepaTopaM ).lo6aBJJ»eTe» 'leTBepThiH onepaTop 

x4 = XOx + 2ow (eM. Ta6JJ. 8). 8 3TOM eJJy'!ae Jli1Hei1Ha» KOM6!1Hal.ll1» 

X3,4 = X3 + aX4 =tOt+ (a+ 1)xox + 2aow 

(a# O-npo113BOJJhHa» noeTO»HHa») ).laeT HHBapHaHTHoe perneHHe 

w=F(~)+2alnt, ~=xCa-\ 
r).le ¢YHKL111» F = F(~) Y.LIOBJJeTBOp»eT o6biKHOBeHHOMY ).IH<jJ¢epeHl.ll1aJJhHOMY ypasHeHHIO 

(eF F~)~ =(a+ 1) 2e F~~ +(a+ 1)(a + 2)~F~- 2a. 

3°. EeJJH f(w) = wk (k # 0,-4/3, -4), TO no»BJJ»eTe» 'leTBepTb!H onepaTop x4 = kxox + 2wow, 
11 Jli1Hei1Ha» KOM6!1Hal.ll1» 

X3,4 = X3 + aX4 =tOt+ (ak + 1)xox + 2awow 

).laeT 11HBapHaHTHOe ( aBTOMO).IeJJbHOe) perneHHe 

w = t 2a F((), ( = xCak-\ 

r).le ¢YHKL111» F = F( () Y.LIOBJJeTBOp»eT o6biKHOBeHHOMY ).IH<jJ¢epeHl.ll1aJJhHOMY ypasHeHHIO 

(Fk F()( = (ak + 1) 2 ( 2 F(( + (ak + 1)(ak + 2- 4a)(F( + 2a(2a- 1)F. 
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~ 3a()aqu u ynpa:m:HeHUR K pa:J{). 7.3 

I. HailTI1 11HBap11aHTHbie peweHI1ll ypasHeHI1H napa60JJI1'!ecKoro Tl1rra (3BOJJ!OU110HHhiX ypasHeH11il): 

a) Wt + WWx = aWxx, 
b) Wt = Wxx + a(wx) 2, 
c) Wt = Wxx + aw(wx)2, 
d) Wt = a(wwx)x + bw, 
e) Wt=a(wwx)x+bw2, 
f) Wt + f(w)wx = awxx, 
g) Wt = aWxx + f(w), 
h) Wt = f(wx)Wxx, 
i) Wt = [f(wx)wx]x. 
YKa3aHue. BocrrOJJb30BaTbCll pe3yJJhTaTaMI1 rrpe,llwecTBY!OIUero aHaJJI13a CI1MMeTp11H yKa3aHHhiX 

ypaBHeHI1H (eM. 3a).la'll1 11 yrrpallmeHI1ll K pa3).1. 7.2). 

2. HaHTI1 11HBap11aHTHhie peweHI1ll ypaBHeHI1H: 

a) XWx + ywy = awxx + f(w), 
b) XWx + ywy = Wxx + Wyy + f(w). 

lloKa3aTb, 'ITO ypasHeHI1e b) 11MeeT Hei1HBap11aHTHOe peweHI1e Tl1rra 6eryiUeil BOJJHhi w = w(z), r).le 

Z = k1x+k2y, k1 11 k2-Ilp0113BOJibHhle IlOCTOliHHhle (cyll(eCTBOBaHI1e TaKOrO perneHI1ll rrposeplleTCll 

Herrocpe,liCTBeHHOH IlO).ICTaHOBKOH ero B ypaBHeH11e). 

3. HaHTI1 11HBap11aHTHhie peweHI1ll cJie).ly!OIU11X ypaBHeHI1H: 

a) WxWxx + Wyy = 0, 
b) Wtt + f(w)Wt = aWxx, 
c) Wxt = f(w), 
d) Wxt = WWxx + f(wx), 
e) Wtt = j(Wxx), 
f) (1 + w;)wxx - 2WxWyWxy + (1 + w~)Wyy = 0, 
g) (1 - w'f)Wxx + 2WxWtWxt- (1 + W~)Wtt = 0, 
h) W~y- WxxWyy = f(x). 
YKa3aHue. BocrroJih30BaThCll pe3yJihTaTaMI1 rrpe,llwecTBY!OIUero aHaJJI13a CI1MMeTp11H yKa3aHHhiX 

ypasHeHI1H ( CM. 3a).la'll1 11 yrrpaJKHeHI1ll K pa3).1eJJy 7 .2). 

7.4. HeKoTopble o6o6w,eHHR. YpaBHeHHR cTapwHx nopRAKOB 

7.4.1. 0AHOnapaMeTpHL!eCKHe rpynnbl /\H TOL!eLIHbiX npeo6pa30BaHHM. reHepaTOp 
rpynnbl 

B 3TOM pa1.n:ene 6y.n:eM paccMaTpHBaTb <l>YHKI.(HH, 3aBHC51II(He OT n+ 1 nepeMeHHbiX: 
x1, ... , Xn, w. Bse.n:eM KpaTKOe o6o3HaqeHne: x = (x1, ... , Xn)· 

MHO)I(eCTBO o6paTHMbiX npeo6pa3oBaHHH sn.n:a 

Tc: = { ~i: 'Pi(x, w, E), 
w- 'lj;(x, w, E), 

Xi lc:=O = Xi, 

wlc:=o = w, 
(41) 

r.n:e !.pi, 'lj;- .[(OCTaToqHo rJia.[(KHe <l>YHKI.(HH CBOHX apryMeHTOB ( i 1, ... , n ), a 
E- Bell(eCTBeHHbiH napaMeTp, Ha3biBaeTC51 O.[(HOnapaMeTpnqecKOH HenpepbiBHOH 
ToqeqHoif rpynnoH: npeo6pa3oBaHHH G, ecnn .IJ:JI51 mo6biX E1 H E2 BblllOJIH51eTC51 
cooTHorneHne T c:, o T c:2 = T c:, +c:2 , T. e. nocne.n:osaTeJibHOe npnMeHeHne .n:syx 
npeo6pa30BaHHH BH.[(a (1) C napaMeTpaMH El If E2 3KBHBaJieHTHO O.[(HOMY npeo6pa-
30BaHHIO TOrO )l(e BH.[(a C napaMeTpOM El + E2. 

)J,anee 6y.n:yT paccMaTpnsaTbC51 JIOKaJibHbie o.n:HonapaMeTpnqecKne HenpepbiB
Hbie rpynnbl JIM ToqeqHbiX npeo6pa30BaHHH ( KpaTKO- ToqeqHbie rpynnbl ), COOT
BeTCTBYIOII(He 6ecKoHeqHo MaJIOMY npeo6pa3oBaHHIO (41) npn E---+ 0. Pa3JIO)I(eHne 
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COOTHOIIleHIIH ( 41) ,UJUI Xi H W B pjJ:,U TeH:nopa IIO napaMeTpy E: B OKpeCTHOCTH TOqKH 

r=; = 0 .uaeT 

(42) 

r.ue 

"·( ) = 8r.pt(x,w,c) I 
',2 x,w "' ' uc c:=O 

!( ) = 87/J(x,w,c) I 
<, x,w "' . 

uc c:=O 
JlHHeHHbiH .UH«iJ«lJepeHI.J,HaJibHbiH onepaTOp nepBoro IIOpjJ:,UKa 

8 8 
X= ~i(x,w)~ + ((x,w)""i:l, 

UXt uW 
(43) 

COOTBeTCTBYIOll.I,HH 6eCKOHeqHO MaJIOMY npeo6pa30BaHHIO (42), Ha3biBaeTCji reHe

paTOpOM rpyiiiibl (HJIH HH«lJHHHTe3HMaJibHbiM OIIepaTOpOM, HJIH OIIepaTOpOM rpyn

IIbi). B «iJopMyJie (43) IIO HH,UeKCY i Be,UeTCjJ: CYMMHpOBaHHe. 

TeopeMa n1-1. IlycTh H3BecTHhi Koop.UHHaThi ~i(x, w), ((x, w) reHepaTopa rpyn

IIhi ( 43). Tor.ua O,UHOIIapaMeTpHqecKyiO rpynny npeo6pa30BaHHH ( 41) MO)I(HO IIOJI

HOCTbiO BOCCTaHOBHTb nyTeM peiileHHjJ: ypaBHeHHH JlH 

C HaqaJibHbiMH YCJIOBHjJ:MH 

rpilc:=O =Xi, 7Pic:=O = W. 

IlpH 3aiiHCH ypaBHeHHH JlH HCIIOJib30BaHO KpaTKOe 0603HaqeHHe: rp = ( rp1 , ... , rpn). 

3aMe4aHI-18. l1CIIOJib30BaHHe IIOHjJ:THjJ: JIOKaJibHOH O,UHOIIapaMeTpHqecKOH rpyn

IIbl ToqeqHbiX npeo6pa30BaHHH IIOCJIY)I(HJIO OCHOBOH .[(Jljl BBe,UeHHjJ: H II1HpOKO

ro pacnpOCTpaHeHHjJ: TepMHHOB «rpyiiiiOBOH aHaJIH3 .UH«lJ«lJepeHI.J,HaJibHbiX ypaB

HeHHH», «rpyiiiiOBbie MeTO,Ubi» H ,Up. (BMeCTO HCIIOJih3yeMOrO B ,UaHHOH KHHre 

TepMHHa «MeTO,U HCCJie,UOBaHHjJ: CHMMeTpHH .UH«iJ«lJepeHI.J,HaJibHbiX ypaBHeHHH» ). 

7.4.2. liiHBapHaHTbl rpynnbl. 1\oKa/\bHble npeo6pa30BaHHH npOH3BOAHbiX 

YHHBepcanbHhiM HHBapHaHTOM (KpaTKO-HHBapHaHTOM) rpynnhi (41) H onepaTopa 

(43) Ha3hiBaeTcjJ: «lJYHKI.J,HjJ: I(x, w ), y.uoBJieTBOpjJ:IOll.J,ajJ: ycnoBHIO I(x, w) = I(x, w ). 
Pa3JIO)I(eHHe no MaJIOMY napaMeTpy r=: npHBO.UHT K JIHHei1HoMy ypaBHeHHIO c qacT

HhiMH npoH3BO.UHhiMH .[(Jijl I: 

81 81 
XI= ~i(x, w)~ + ((x, w)""i:l = 0. 

UXt UW 
(44) 

113 TeOpHH ypaBHeHHH C qaCTHbiMH IIpOH3BO,UHbiMH nepBOrO IIOpjJ:,UKa CJie,UyeT, qTO 

rpynna (41) H onepaTOp (43) HMeiOT n «iJYHKI.J,HOHaJihHO He3aBHCHMhiX YHHBepcanb

HhiX HHBapHaHTOB. 3TO, B CBOIO oqepe,Uh, 03HaqaeT, qTo BCjJ:KajJ: «lJyHKI.J,HjJ: F(x, w), 
HHBapHaHTHajJ: OTHOCHTeJihHO rpyiiiibl ( 41 ), MO)I(eT 6hiTb 3aiiHCaHa B BH,Ue «lJyHKI.I,HH 

n HHBapHaHTOB. 

IlpOH3BO,UHhie IIpH nepeXO,Ue K HOBbiM nepeMeHHbiM ( 41) npeo6pa3yiOTCjJ: CJie

.UYIOll.I,HM o6pa30M: 
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3,UeCb KOOp,UIIHaTbl ITepBbiX Tpex ITpO,UOJI)I(eHHH (i, (ij, (ijk OITpe,UeJ15IIOTC51 ITO 

cpopMynaM 

(i = Di(()- PsDi(~s), 

(ij = Dj((i)- qisDj(~s), 

(ijk = Dk((ij)- TijsDk(~s), 

(46) 

r,Ue ITO HH,UeKCY S Be,UeTC51 CYMMHpOBaHHe H HCITOJib30BaHbl KpaTKHe 0603HaqeHH51 

.[(J151 qacTHbiX ITpOH3BO,[(HbiX 

ow o 2w o 3w 

Pi = ox, ' qij = OX,OX; ' Tijk = OX,OX;OXk ' 

a a a a 
Di =~+Pi~+ qij~ + rijk_"_ + ... , 

ux, uW up1 uQ;k 

Di -oiTepaTop ITOJIHoro .UHcpcpepeHIJ,HpoBaHH51 ITO ITepeMeHHOH Xi. 

7.4.3. YCI\OBHe HHBapHaHTHOCTH. npo~eAypa pacw,enl\eHHH. liiHBapHaHTHble 
peweHHH 

Ey.ueM paccMaTpHBaTh .UHcpcpepeHIJ,HaJihHhie ypaBHeHH51 B qacTHhiX ITpOH3BO.UHhiX 

ITOp51,UKa m C n He3aBHCHMbiMH ITepeMeHHbiMH 

( 
ow o 2w 83w ) 

F x, w, ~' a a ' a a a '· · · = o, UXt Xt X; Xt X; Xk 
(47) 

r.uei,j,k=l, ... ,n. 

fpyiTITOBOH aHaJIH3 ypaBHeHH51 (47) ITpOBO.UHTC51 B HeCKOJihKO 3TaiTOB. Ha 

ITepBOM 3TaiTe ITOTpe6yeM, qT06bi ypaBHeHHe ( 4 7) 6hiJIO HHBapHaHTHbiM ( COXpaH51JIO 

BH.U) OTHOCHTeJihHO ITpeo6pa30BaHHH ( 41 ), T. e. 

( _ _ ow o2w 83w ) 
F x, w, ----;::;-=-, a a ' a a a '· · · = o. 

uX, Xt X; Xt X; Xk 
(48) 

Pa3JIO)I(HM 3TO Bbipa)l(eHHe B p51.U ITPH E -----+ 0 c yqeToM paBeHCTBa HYJIIO maBHoro 

qJieHa pa3JIO)I(eHH51 ( 4 7). l1CITOJib3Y51 cpopMyJihl ( 41 ), ( 45) H y.uep)I(HBa51 qJieHbl 

ITepBOrO ITOp51,UKa MaJIOCTH ITO E, ITOJiyqHM 

( ow 82w 83 w ) I XF x,w,~, 8 8 , ,... =0. 
m uX, Xt X; OX,OX;OXk F=O 

(49) 

3,UeCb BBe,UeHO KpaTKOe 0603HaqeHHe: 

~F = ~i ~:, + ( ~~ + (i aC:, + (ij a!:xJ + (ijk ow~,:Jx" + · · ·, (50) 

r,Ue KOOp,UHHaTbl ITepBbiX Tpex ITpO,UOJI)I(eHHH (i, (ij, (ijk OITpe,UeJI51IOTC51 ITO cpopMy

JiaM ( 45), a ITO ITOBTOp51IOIIJ,HMC51 HH.UeKcaM Be,UeTC51 cyMMHpoBaHHe. CooTHorneHHe 

(49) Ha3hiBaeTC51 ycnoBHeM HHBapHaHTHOCTH, a oiTepaTop X- m pa3 ITpo.uon

)l(eHHhiM reHepaTOpOM rpyiTIThi; B cpopMyny (50) ITOCJie,UH£i'MH BX0,[(51T qaCTHbie 

ITpOH3BO.UHhie OT F ITO BCeM ITpOH3BO.UHhiM ITOp51.UKa m OT w. 
Ha BTOpOM 3TaiTe B ( 49) HCKJIIOqaeTC51 O,UHa H3 CTapiiiHX ITpOH3BO.[(HbiX ITOp51,U

Ka m C ITOMOIIJ,biO ypaBHeHH51 ( 4 7). IlOCJie 3TOrO ITOJiyqeHHOe paBeHCTBO 3aiTHCbiBa

eTC51 KaK ITOJIHHOM ITO «He3aBHCHMbiM ITepeMeHHbiM»- BCeB03MO)I(HbiM KOM6HHa

IJ,H51M OCTaBIIIHXC51 ITpOH3BO,[(HbiX, ITpe,UCTaBJI51IOIIJ,HM C060H ITpOH3Be,UeHH51 pa3JIHq

HbiX CTeiTeHeH BeJIHqHH Wx, Wy, Wxx, Wxy, ... IlOCJie 3TOrO BCe K03cpcpHIJ,HeHTbl 
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IIOJIHHOMa (OHM 3aBHCjiT TOJibKO OT X, W, ei, ( H He 3aBHCjiT OT IIpOH3BO.[(HbiX w) 
npHpaBHHBaiOT Hynro. B pe3yJihTaTe ycnosHe HHBapHaHTHOCTH pacllleiiJijleTCjl .uo 

nepeonpe.ueneHHOH mmeiiHoii onpe.ueJijiiOIIIeii cHcTeMhi. 

Ha TpeTbeM 3Tane pernaeTCjl onpe.ueJijiiOIIIajl CHCTeMa H HaXO.IJ:jiTCjl .uonycTHMbie 

KOOp,UHHaTbl ei, ( reHepaTopa rpyiiiibl (42). 
)J,Jijl ypaBHeHHH m-ro IIOpji,UKa C .UBYMjl He3aBHCHMbiMH nepeMeHHbiMH HHBa

pHaHTHbie perneHHjl BBO.[(jiTCji TaKHM )l(e o6pa30M, qTO H .[(Jljl ypaBHeHHH BTOpOrO 

IIOpji.[(Ka. B 3TOM CJiyqae IIpOI.(e,Uypa IIOCTpOeHHjl HHBapHaHTbiX peiiieHHH (npH H3-

BeCTHbiX KOOp,UHHaTaX reHepaTopa rpyiiiibi) IIOJIHOCTbiO COBIIa,UaeT C IIpOI.(e,Uypoif, 

IIO,Up06HO OIIHCaHHOH B pa3,U. 7.3. 

~ 3ai>a•lU u ynpa;m:nenuR « pa'JO. 7.4 

1. HaihH p_onyCTHMble HH!lJHHHTe3HMaJlbHble onepaTOpbl H HHBapHaHTHble peweHHll ypaBHeHHll 

KopTesera- p_e <1>pH3a: 

Wt + Wxxx - 6wwx = 0. 

2. HaihH p_onyCTHMble HH¢HHHTe3HMaJlbHble OnepaTOpbl H HHBapHaHTHble perneHHll MO,ll_H!lJHI.IHpO

BaHHOrO ypasHeHHll KopTesera- p_e <1>pH3a: 

Wt + Wxxx - 6w 2Wx = 0. 

3. HaHTH p_onyCTHMble HH¢HHHTe3HMaJlbHble onepaTOpbl H HHBapHaHTHble perneHHll ypaBHeHHH THna 

KopTesera- p_e <1>pH3a: 

a) Wt + Wxxx + awwx + bC 1w = 0, 
b) Wt + Wxxx + aw~ = 0, 
c) Wt + Wxxx + aw~ = 0. 

4. HaHTH p_onyCTHMble HH¢HHHTe3HMaJlbHble onepaTOpbl H HHBapHaHTHble perneHHll 06061lleHHOrO 

ypasHeHHll KopTesera- p_e <1>pH3a: 

Wt + Wxxx + f(w)wx = 0. 
llposeCTH KJJaCCH!lJHKaUHIO CHMMeTpHH ypaBHeHHll ,ll_Jlll BCeX j(w). 

5. HaHTH p_onyCTHMble HH¢HHHTe3HMaJlbHble OnepaTOpbl H HHBapHaHTHble perneHHll ypaBHeHHll, 

KOTOpOe BCTpe'laeTCll B rH,QpO,ll_HHaMHKe Bli3KOH lKH,QKOCTH: 

Wxt + W~ - WWxx = 1/Wxxx. 

6. HaHTH p_onyCTHMble HH¢HHHTe3HMaJlbHble OnepaTOpbl H HHBapHaHTHble perneHHll ypaBHeHHll, 

KOTOpOe BCTpe'laeTCll B rH,QpO,ll_HHaMHKe Bli3KOH lKH,QKOCTH: 

Wxt + W~ - WWxx = 1/Wxxx + j(t). 
flpoBeCTH KJJaCCH!lJHKaUHIO CHMMeTpHH ypaBHeHHll ,ll_Jlll BCeX j(t). 

7. HaHTH p_onyCTHMble HH¢11HHTe3HMaJlbHble OnepaTOpbl H HHBapHaHTHble perneHHll ypaBHeHHll 

CTaUHOHapHOrO 6e3rpap_HeHTHOrO rH,QpO,ll_HHaMH'IeCKOrO norpaHH'IHOrO CJJOll: 

WyWxy - WxWyy = Wyyy· 

8. HaHTH p_onyCTHMble HH¢11HHTe3HMaJlbHble onepaTOpbl 11 HHBapHaHTHble perneHHll ypaBHeHHll 

CTai..IHOHapHOrD rpap_HeHTHOrD rHp_pO,ll_HHaMH'IeCKOrO norpaHH'IHOrD CJJOll: 

WyWxy- WxWyy = Wyyy + j(x). 
llposeCTH KJJaCCH!lJHKaUHIO CHMMeTpHH ypaBHeHHll ,ll_Jlll BCeX j(x). 

7.5. CMMMeTpMM CMCTeM ypaBHeHMH MaTeMaTM"'eCKOH <J>M3MKM 

7.5.1. 0CHOBHble COOTHOWeHMfl, MCnO/\b3yeMble npM aHa/\M3e CMMMeTpMH CMCTeM 

ypaBHeHMH 

AHaJIH3 CHMMeTpHH (rpyiiiiOBOH aHaJIH3) CHCTeM ypaBHeHHH C qaCTHbiMH IIpOH3-

BO.[(HbiMH OTJIHqaeTCji OT aHaJIH3a O.[(HHOqHbiX ypaBHeHHH TOJibKO TeM, qTO B OIIepa

TOpe (3) Hero IIpO,UOJI)I(eHHj{X He06XO.[(HMO yqeCTb BCe 3aBHCHMbie H He3aBHCHMbie 

nepeMeHHhie. HH)I(e IIpHBe,UeHhl IIOJie3Hhie QJOPMYJibl, KOTOpbie HaH60Jiee qacTO 

HCIIOJib3YIOTCjl Ha npaKTHKe IIpH aHaJIH3e CHMMeTpHH CHCTeM ypaBHeHHH. 
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)J,m1 CIICTeM, COCT051Il(IIX II3 .UBYX ypaBHeHIIH C .UBYM51 He3aBIICIIMbiMII ITepe

MeHHbiMII X, y II IICKOMbiMII BeJIHqiiHaMII U = u(x, y), V = v(x, y), ,UOITYCTIIMbiH 

oiTepaTop IIII(eTC51 B BII.Ue 

a a a a )( = e(x,y,u,v)~ +~(x,y,u,v) ay +((x,y,u,v) au+ x(x,y,u,v)~. (51) 

B o6rn:eM cnyqae BTopoe ITPO.UOJI)I(eHIIe OITepaTopa (51) Ha <<He3aBIICIIMbie 

ITepeMeHHhie» Ux, Uy, Vx, Vy II Uxx, Uxy, Uyy, Vxx, Vxy, Vyy 3aiTIICbiBaeTC51 TaK: 

)( = e3_ + ~3._ + (3._ + X3_ + (1 _!!____ + (2_!!__ + X1 _!!____ + X2_!!_ + 
2 ax ay au av aux auy avx avy 

a a a a a a + (u-a- + (12-a- + (22-a- +xu-a-+ X12-a + X22-a . (52) Uxx Uxy Uyy Vxx Vxy Vyy 

Koop.UIIHaTbi ITepsoro ITPO.UOJI)I(eHII51 BhiqiiCJI51IOTC51 ITO cpopMynaM, aHanoriiqHhiM 

cpopMyJiaM (9) II3 pa3,U. 7.1.2: 

(1 = Dx(() -uxDx(e) -uyDx(~), 
(2 = Dy(()- uxDy(e)- uyDy(~), 

a KOOp,UIIHaThl BTOpOrO ITpO,UOJI)I(eHII51- ITO cpopMyJiaM 

(u = Dx( (1)- UxxDx( e)-UxyDx( ~)' 
(12 = Dy((1) -uxxDy(e) -uxyDy(~), 
(22 = Dy((2) -uxyDy(e) -uyyDy(~), 

Xu= Dx(xl)-vxxDx(e)-vxyDx(~), 
X12 = Dy(X1) -vxxDy(e) -vxyDy(~), 
X22 = Dy(X2)- VxyDy( e)-VyyDy( ~)' 

(54) 
r.ue Dx II Dy - OITepaTOpbi ITOJIHoro .UIIcpcpepeHIJ,IIposaHII51 ITO He3aBIICIIMhiM 

ITepeMeHHhiM: 

a a a a a a a 
Dx = -a + Ux-a + Vx-a + Uxx-a + Uxy-a + Vxx-a + Vxy-a + · · ·, 

X U V ~ ~ ~ ~ 

a a a a a a a 
Dy =-a + uy-a + vy-a + uxy-a + uyy-a + vxy-a + vyy-a + · · ·. 

y u v ~ ~ ~ ~ 

flpii aHaJIII3e CIIMMeTpiiH CIICTeM ypaBHeHIIH C qacTHbiMII ITpOII3BO,UHbiMII 

Tpe6yeTC51, qTo6bi Ka)l(.uoe ypasHeHIIe paccMaTpiisaeMoli: CIICTeMbi y.uosneTBOp51no 

YCJIOBIIIO IIHBapiiaHTHOCTII, KOTOpOe 3a,UaeTC51 ITpO,UOJI)I(eHHbiM OITepaTOpOM (52). 

7.5.2. CMMMeTpMM ypaBHeHMM CTa~MOHapHOrO rMAPOAMHaMML!eCKOrO norpaHMLIHOrO 

CI\OH 

flpOIIJIJIIOCTpiipyeM TeXHIIKY aHaJIII3a CIIMMeTpiiH HeJIIIHeHHbiX CIICTeM ypaBHeHIIH 

C qacTHbiMII ITpOII3BO,UHbiMII C ITOMOII(biO cpopMyJI (51)-( 54) Ha KOHKpeTHOM ITpii

Mepe. 

UpuMep 11. PaccMoTpHM CHCTeMy ypasHeHHH cTauHoHapHoro rH!lPO!lHHaMw-IecKoro norpaHWI-

HOrO CJJOJI 

UUx + VUy + j(x) = Uyy, 
Ux + Vy = 0. 

(55) 

OnpeOe!IHIOUfue coomHouteHuH O!IH KoopOuHam oonycmu.Mozo onepamopa. 6yaeM HCKaTh onepa

Top, aonycKaeMhiH CHCTeMOH (55), B BH)le (51). BTopoe npO)lOJJJKeHHe onepaTopa (51) onHCh!BaeTCJI 

<j:lopMyJIOH (52), B KOTOpOH CJie)lyeT fiOJIOlKI1Th 

X1 = 0, (u = (12 = 0, Xu = X12 = X22 = 0. (56a) 
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(3,neCb Y'fTeHO, 'ITO B HCCJ1e,nyeMy!O CHCTeMy BXO,nJIT TOJ1bKO npOH3BO,nHble Ux, Uy, Vy If Uyy.) 
HeHyneBbie Koop,nnHaTbi npo,nOJ1)!(eHHoro onepaTopa (52) Bbi'fHCJ1JI!OTCJI no <jlopMynaM (53) H (54): 

(1 = (x + (uUx + (vVx- Ux(~x + ~uUx + ~vVx)- Uy(1'/x + 1'/uUx + 1'/vVx), 

(2 = (y+ (uuy+ (vVy- Ux(~y+~uUy+~vVy)- Uy(1'/y+1'/uUy+1'/vVy), 

X2 = Xy+ XuUy+ XvVy- Vx(~y+~uUy+~vVy)- Vy(1'/y+1'/uUy+1'/vVy), 

(22 = (yy + 2(vyVy + (vv( Vy) 2 + [2(uy -1'/yy+ 2((uv -1'/vy)Vy -1'/vv( Vy) 2]Uy- (56b) 

- [~yy+ 2(~uy+ ~uvVy)Uy + 2~vyVy + ~uu( Uy) 2 + ~vv( Vy) 2]ux + 

- ( (uu- 21'/uy- 21'/uvVy)( Uy) 2 -1'/uu( Uy) 3 - 2(~y+ ~uUy + ~vVy)Uxy-
- [21'/y- (u- (v + (~u + ~v)Ux + (31'/u + 1'/v)Uy + 21'/vVy]Uyy· 

flo,neHCTByeM npo,nOJ1)!(eHHb!M onepaTOpOM (52) C y'feTOM (56a), (56b) Ha CHCTeMy (55). J1CKJ1!0-

'feHHe B nony'feHHbiX Bb!pa)!(eHHJIX npOH3BO,nHbiX Uyy If Vy C nOMOI.I..Ib!O COOTBeTCTBeHHO nepBOrO If 

BTOporo ypaBHeHHH CHCTeMbl (55) ,naeT ,nsa YCJ10BHJI HHBapHaHTHOCTH. flocne npHBe,neHHJI no,no6Hb!X 

'fJ1eHOB If neperpynnHpOBKH CJ1araeMbiX npHXO,nHM K Onpe,neJ1JI!OI.I..IHM ypaBHeHHJIM: 

[-3~vUx + (2~u -1'/v)Uy + 2~y + (v]Uxy + ~vvU;- (2~uv -1'/vv)u;uy + 

+ (~uu- 21'/uv)UxU; + 1'/uuU~ + (v~v- 2U1'/v- (vv- 2~yv)u; + 

+ (2(uv + 2U1'/u - 21'/yv - V1'/v + 2~yu)UxUy + (2V1'/u + 21'/yu - (uu)u; -

- U~vUxVx - U1'/vUyVx + ( -V~y - V(v - U~x - 2f1'/v + 2U1'/y + f~u + 
+ ( + 2(yv + ~yy)Ux + (V1'/y- U1'/x + 3f11u- 2(yu +X+ 1'/yy)Uy + 
+ u(vVx + ~~~- (yy + u(x + v(y- f(u + 2f1'/y = 0 (nepeoe ypaeHeHue), 

-(~u + 1'/v)u; + ((u- Xv + 1'/y- ~x)Ux- (1'/v + ~u)UyVx + (vVx + 
+(Xu -11x- ~y)Uy + (x + Xy = 0 (emopoe ypaeHeHue). 

Pac1.1..1enneHHe 3THX ypasHeHHH no «He3aBHCHMbiM nepeMeHHbiM» npnso,nHT K ,nsyM nepeonpe,neneH

HbiM CHCTeMaM, KOTOpb!e npHBe,neHbl Hlf)!(e If ,nOJ1)!(Hbl Bb!IlOJ1HJITbCJI O,nHOBpeMeHHO. 

Uxy: 
3 

Ux: 
2 

UxUy: 
2 

UxUy: 
3 

Uy: 
2 

Ux: 

UxUy: 
2 

Uy: 

UxVx: 

UyVx: 

Ux: 

1: 

JlepeaR cucmeMa: 

3~v = 0, 
2~u -1'/v = 0, 
2~y + (v = 0, 

~vv = 0, 
2~uv - 1'/vv = 0, 

~uu - 21'/uv = 0, 

1'/uu = 0, 

V~v - 2U1'/v - (vv - 2~yv = 0, 
2(uv + 2U1'/u - 21'/yv - V1'/v + 2~yu = 0, 

2V1'/u + 21'/yu - (uu = 0, 
U~v = 0, 
U1'/v = 0, 
~yy - V~y - V(v - U~x - 2f1'/v + 2U1'/y + f~u + ( + 2(yv = 0, 
1'/yy + V1'/y - U1'/x + 3f1'/u - 2(yu +X = 0, 
u(v = 0, 
~~~- (yy + u(x + v(y - f(u + 2f1'/y = 0. 

BmopaR cucme.iwa: 

~u + 1'/v = 0, 
1'/v + ~u = 0, 
(u - Xv + 1'/y - ~x = 0, 
Xu - 1'/x - ~y = 0, 
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Vx: (v = 0, 
1: (x + Xy = 0. 

8 nepsotl: CHCTeMe 113 11-ro 11 12-ro ypasHeHHH cne,L~yeT, 'ITO~ = ~(x,y,u), 7) = 7J(x,y,u), 
OTKYlta C y'leTOM BTOpOrO ypaBHeHHJI HMeeM ~ = ~ (X, y) . .[l,anee, 113 15-ro ypaBHeHHJI CJienyeT, 'ITO 
( = ((x,y,u), 'ITO c y'leTOM TpeTbero ypasHeHHJI ,L~aeT ~ = ~(x). TipH3TOM ypasHeHHJI I, 4-6 

ynosneTBop»IOTCJI TolKnecTBeHHO. HaKoHeu, 113 9-ro ypasHeHHJI cnenyeT 7)u = 0, nmToMy 7) = 77(x, y) 
(7-e ypasHeHHe np11 3TOM y,L~osneTBop»eTCJI TOlKnecTseHHo). TaKHM o6pa30M, HMeeM 

~ = ~(x), 7) = 77(x,y), ( = ((x,y,u), 

11 OCTaBUII1eCJI ypaBHeHHJI nepBOH CHCTeMbl 3anHCb!BaiOTCJI TaK: 

Uy: 

1: 

(uu = 0, 

-u~~ + 2u7]y + ( = 0, 
7)yy + V7)y - U7)x - 2(yu + X = 0, 

~~~- (yy + u(x + v(y - f(u + 2f7Jy = 0. 

(57) 

(58) 

80 BTOpOH CHCTeMe B CHJIY (57) TOlKJ(eCTBeHHO BhJnOJIHJIIOTCJI ypaBHeHHJI J, 2, 5, a OCTaJihHhie 

npHHHMaiOT BHJ(: 

Ux: (u- Xv + 7)y- ~x = 0, 
Uy: 

1: 
Xu- 7)x = 0, 
(x + Xy = 0. 

(59) 

113 nepsoro ypasHeHHJI (58) cnenyeT, 'ITO ( = (1(x,y)u + (o(x,y). TioncTaHOBKa 3Toro 
BhipalKeHHJI so BTOpoe ypasHeHHe (58) 11 paci.UenneHHe no nepeMeHHOH u naeT (o = 0. AHanorH'!HaJI 

npouenypa C 'leTBepTbiM ypaBHeHHeM (58) n03BOJIJieT HaHTH (1 = C1 = COllSt, T. e. 

( = CJU. (60) 

Y'IHThiBa» 3TY 3aBHCHMOCTh, 113 BToporo ypasHeHHJI (58) 11 nocnenHero ypasHeHHJI (59) HMeeM 

7) = i-(~x- Cl)y + h(x), X= x(x, u, v), (61) 

r,Lie h = h(x)-np0113BOJ1hHaJI !lJyHKUHJI. ilOJ(CTaHOBKa BhipalKeHHH (60), (61) B TpeTbe H'!eTBepTOe 
ypaBHeHHJI CHCTeMhl (58) 11 BTOpOe ypaBHeHHe CHCTeMhl (59) npHBOJ(HT K CJieJ(yiOI.UeH CHCTeMe 113 

Tpex ypasHeHHH: 

X= +~~xYU + h~u- t(~~- C1)v, 

~~~ + j(~~- 2Cl) = 0, 
Xu -7)x = 0. 

(62) 

(Tiepsoe ypasHeHHe (59) cosnanaeT c nepBhiM ypasHeHHeM (62), nponH¢¢epeHUHposaHHhiM nov.) 

TaK KaK x He 3aBHCHT OT y, TO 113 nepsoro ypasHeHHJI (62) HMeeM ~~x = 0, T. e. 

flOJJ.CTaBHM 3TO Bh!palKeHHe B nepsoe 11 nOCJieJ(Hee ypaBHeHHJI CHCTeMhl (62) 11 Y'ITeM 3aBHCHMOCTI1 

(60) 11 (61). Tiepeo603HalJHB KOHCTaHThl, HaXO,L\HM KOOpJJ.HHaTbl OnepaTOpa (51): 

~ = C1 + (C2 + 2C3)x, 7) = C3y + h(x), ( = C2u, X= -C3v + h'(x)u. (63) 

K 3THM ¢opMyJiaM Hano no6aBHTh ycnos11e 

(64) 

KOTOpOe liBJIJieTCJI CJieJ(CTBHeM BTOpOrO ypaBHeHHJI ( 62) 11 COJ(eplKHT ¢YHKU1110 j (X) 11 nOCTOJIHHhie 

HHTerpHposaHHJI Cn. 

Cu.M.Mempuu ypaeHeHuii zuopoOuHaMU'teCK020 nozpaHu<tH020 C!lOR. l1cnoJih3YJI (64), nposeneM 
KJiaCcH¢HKaUHIO CHMMeTpHH CHCTeMhl ypaBHeHHH norpaHH'IHOrO CJIOJI (55) J(JIJI BCeX j (X). 

1°. lJT06hi YJJ.OBJieTBOpHTh ycJIOBHIO ( 64) np11 np0113BOJihHOH ¢YHKU1111 j (X), HMO nOJIOlKHTh 

C1 = C2 = C3 = 0. ilOJ(CTaBJlliJI 3TH 3HalJeHHJI B (63), HaXO,L\HM KOOpJJ.HHaTbl ~ = ( = 0, 7) = h(x), 
x = h' ( x )u, KOTOphie onpenen»IOT nonycTHMhiH onepaTop: 

Xo = h(x)oy + h'(x)uov. (65) 
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T AEJ1111J,A 9 
CI1MMeTp1111 CI1CTeMhl ypaBHeHI1ll rH)lpO)li1HaMI1'1eCKOrO norpaHI14HOrO CJlOll (55), a = const 

<l>yHKU11ll j (X) On epa Top 11Hsap11aHT I J1HBap11aHT 2 J1HBap11aHT 3 

f1p0113BOJlhHal! Xo = h(x )ay+ h'(x )uav X u v-(Inh)~yu 

x1 =ax y u v 

0 x2 = xax + uau y ujx v 

x3 = 2xax +yay- vav yx-112 u x1/2v 

x1 =ax y u v 
a yx-1/4 ux-1/2 x1/4v X 2 = 4xax +yay+ 2uau- vav 

a ex x1 = 2xax- yay+ 2uau- vav yx1f2 ujx x1f2v 

axn, n#O 
x1 = 4xax- (n -1)yay+ n-1 n+1 1-n 

+ 2(n+ 1)uau + (n -1)vav yx -4- X --2-u X -4- v 

2°. Ilp11 f(x) = 0 ycnos11e (64) BhJnOJlHlleTcll TOlK)leCTBeHHO np11 mo6hiX Cn 11 c y'leTOM (63) )laeT 

Tp11 onepaTopa: 

x1 =ax 
x2 = xax + uau 
x3 = 2xax + yay - vav 

(C1 = 1, c2 = c3 = o, h = o); 
(C2 = 1, c1 = c3 = o, h = o); 
(C3 = 1, c1 = c2 = o, h = o), 

(66) 

K KOTOphiM Ha)lo )lo6aBI1Th onepaTop (65) (:noT onepaTop )lo6asnlleTCll 11 so scex Jlpyr11x cny'lallx). 

3°. Ilp11 f(x) = 1 113 ycnoBI1ll (64) nony'II1M C2 = 2C3. 8 3TOM cnyqae, noMI1MO onepaTOpa (65), 
)lonycKaiOTCll )lBa onepaTopa: X1, 2X2 + X3, r)le Xn onpe)leJlliiOTCll ¢opMynaMI1 (66). 

4°. f1p11 j(x) =±ex 113 YCJ10BI1ll (64) HaXO)li1M C1 = -4C3, C2 = -2C3, 'ITO COOTBeTCTByeT O)lHOMY 

onepaTopy 4X1 + 2X2 - X3. 

5°. f1p11 j(x) = ±xn (n # 0) 11MeeM C1 = 0, C2 = - 2? + ~) , 'ITO )laeT O)li1H onepaTOp 
1-n 

2(n + 1)X2 - (n- 1)X3. 
11TOrOBhJe pe3yJlhTaThl KJlaCCI1<jJI1KaU1111 CI1MMeTp11H CI1CTeMhl ypaBHeHI1ll norpaHI14HOrO CJlOll (55) 

11 COOTBeTCTBYIOJUI1e 11HBap11aHThl npe)lCTaBJleHhl B Ta6n. 9. J1Hsap11aHThl In onpe)leJll!IOTCll nepBhiMI1 

11HTerpanaMI1 xapaKTep11CTI1'1eCKOH CI1CTeMhl 06hJKHOBeHHhJX )ll1<jJ<jJepeHUI1aJlhHhJX ypaBHeHI1ll 

dx dy du dv 

X 
cooTBeTCTBYIOIUeil Jli1HeHHOMY ypasHeHI110 c 'laCTHhiMI1 npo113BOJlHhiMI1 nepsoro nopll)lKa X I = 0. 

3aMe4aHHe 1. IlepBhlll 11HBap11aHT BhJ611paJJCll Jli1HeHHhJM no nepeMeHHOH y (KOr)la 3TO MOlKHO 

6hJJ10 C)leJlaTh ). 3TO ynpOJUaeT BhJKJla)lKI1, nOCKOJlhKY B ypaBHeHI1ll BXO)li1T CTaprnal! np0113BO)lHal! 

no y, a nopl!JlOK npo113BOJlHhiX no x MeHhrne. HanoMHI1M, 'ITO BMecTo 11HBap11aHTOB In MOlKHO 

11CnOJlh30BaTh Fn(In), r)le ¢YHKUI111 Fn Bhi611paiOTCll 113 coo6palKeHI1H YJl06CTBa. 

3aMe4aHHe 2. CI1MMeTp11ll Xo COOTBeTCTByeT 11HBap11aHTHOCTI1 CI1CTeMhl ypaBHeHI1ll (55) no 

OTHOllieHI110 K npeo6pa30BaHI110 

x=x, y=y+h(x), u=ii, v=v-h~u, 
r)le h = h( X)- np0113BOJlhHall <jJyHKU11ll. 

To'IHble peuteHuH ypaeHeHuu zuiJpoOuHa.Mu'leCK020 nozpaHU'IH020 C!IOH. To'IHhie peweHI1ll 111UYTCll 

B Bl1)le 

h = <I>(h), h = lll(h), (67) 
r)le In -11HBap11aHThi, a ¢YHKU1111 <I> 11 lJ! onpe)leJlliiOTCll 113 CI1CTeMhi o6hiKHOBeHHhiX Jll1¢¢epeHU11-

aJJhHhiX ypaBHeHI1H, KOTOpal! nonyqaeTCll B pe3yJlhTaTe nO)lCTaHOBKI1 BhipalKeHI1ll (67) B 11CXOJlHYIO 

CI1CTeMy ypaBHeHI1ll (55). 
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1°. )J,JJJI np0113BOJlbHOH <jlyHKUI111 j(x) TO'IHOe peweHI1e 1111..(eM B Bl1).1e (CM. nepsy10 CTpOKY B Ta6JJ. 9) 

u = <I>(x), v = (lnh)~yu + tll(x). (68) 

ilO).ICTaBI1B BblpaJKeHI1JI (68) B (55), np11X0).111M K CI1CTeMe 06biKHOBeHHbiX ).111<jl<jlepeHI..(I1aJJbHbiX 

ypasHeHI1H, KOTOpaJI JJerKO 11HTerp11pyeTCJI. l1MeeM 

I. 1/2 

<I>(x)=±[c~-2 f(x)dx] , h(x) = q,~~), tlf(x)- np0113BOJihHall <jlyHKU11ll, (69) 

r).le C), c2- np0113BOJlbHble nOCTOJIHHble. PeweHI1e (68)-(69) COOTBeTCTByeT HeBJI3KOMY TelJeHI1!0 

lKI1).1KOCTI1, llOCKOJibKY Uyy = 0. 

2°. Tip11 f(x) = 0 11Hsap11aHThi nepsoro onepaTopa s Ta6JJ. 9 ).la!OT O).IHOMepHoe peweHI1e, KOTopoe 

He 3aBI1CI1T OT KOOp).I11HaThl X. ilO).ICTaBI1B U = u(y), V = v(y) B CI1CTeMy (55) 1111HTerp11pyll, llOJIY411M 

u=C2exp(C1y)+C3, v=C1, ecJII1 C1#0; 

v = 0, eCJ111 C1 = 0. 

Tip11 j(x) = 0 11HBap11aHTbl BTOpOrO OnepaTOpa B Ta6JJ. 9 COOTBeTCTBY!OT perneHI1!0 Bl1).1a 

U = X<p(y), V = 1/J(y), (70) 

r).le <jlyHKUI111 <p(y) 117/J(y) Olli1Cb!Ba!OTCJI CI1CTeMOH 06biKHOBeHHhiX ).111<jl<jlepeHI..(I1aJJbHbiX ypasHeHI1H 

<p2 + 1/;<p~ = 'P~y, 
<p + 1/J~ = 0, 

KOTOpaJI B03HI1KaeT B pe3yJJbTaTe llO).ICTaHOBKI1 BblpaJKeHI1H (70) B 11CXO).IHY!O CI1CTeMy (55). 
flp11 j(x) 0 11HBap11aHTbl TpeThero onepaTOpa (eM. Ta6JI. 9) np11BO).IJIT K aBTOMO).IeJihHOMY 

peweHI1!0 

u = U(8), v = x- 112V(8), 8 = yx- 11 2 , 

r).le <jlyHKU1111 U ( 8) 11 V ( 8) onpe).leJIJI!OTCJI 113 CI1CTeMhl 06hiKHOBeHHhiX ).111<jl<jlepeHU11aJJhHbiX ypaBHe-

-t8uu~ + vu~ = u~'e, 

-t8u~ + v; = o. 
3°. AHaJJOri1'1HbiM o6pa30M CTpOJITCJI TO'!Hble peweHI1JI 11 ).IJlJI ,llpymx <jlyHKUI1H j(x ), KOTOpble 

np11Be).leHhl B Ta6JI. 9. 

~ 3ai>a•IU u ynpa:m:nenu.R K pa30. 7.5 

1. HaHTI1 11HBap11aHTHble peweHI1JI CI1CTeMbl ypasHeHI1H CTai..(I10HapHOrO r11).1p0).111HaMI1lJeCKOrO no

rpaHI1'1HOrO CJIOJI (55) B CJiy'laJIX: 

a) f(x) =a, 
b) f(x) = aex, 
c) f(x) = axn. 
YKa3aHUe. 8ocnOJ1b30BaTbCJI pe3yJJhTaTaMI1 KJlaCCI1<jli1Kal..(l111 CI1MMeTp11H ).laHHOH CI1CTeMbl, KOTO

pb!e np11Be).leHhi B Ta6JI. 9. 

2. HaHTI1 ).IOnyCTI1Mble onepaTOpbl 11 11HBap11aHTHble peweHI1JI CI1CTeMbl ypasHeHI1H ycTaHOBI1BWerOCJI 

OKOJI03BYKOBOrO Te'leHI1JI ra3a 

Uy = Vx, Vy = -UUx. 

3. HaHTI1 ).IOnyCTI1Mble onepaTOpbl 11 11HBap11aHTHble peweHI1JI HeJ111HeHHOH CI1CTeMbl ypasHeHI1H 

O).IHOMepHbiX ).IJ111HHOBOJIHOBhiX KOJie6aHI1H ynpyroro CTeplKHJI 

Ut- Vx = 0, Vt =- f(u)ux. 

TipoBeCTI1 KJiaCCI1<jli1KaU11!0 CI1MMeTp11H CI1CTeMhl ypaBHeHI1H ).IJIJI BCeX j ( U). 
4. HaHTI1 ).IOnyCTI1Mble onepaTOpbl 11 11HBap11aHTHble peweHI1JI CI1CTeMbl ypasHeHI1H O).IHOMepHOrD 

1133HTpOlll1'1eCKOrO ).IBI1lKeHI1JI 11).1eaJJhHOrO ra3a 

Pt + (pu)x = 0, Ut + UUx + f(p)px = 0. 

TipoBeCTI1 KJiaCCI1<jli1KaU11!0 CI1MMeTp11H CI1CTeMhl ypaBHeHI1H ).IJIJI BCeX j (p). 
5. HaHTI1 ).IOllYCTI1Mhie onepaTOpbl 11 11HBap11aHTHhie perneHI1JI CI1CTeMhl ypaBHeHI1H ).IByMepHoro 

ycTaHOBI1BWerOCJI TelJeHI1JI 11).1eaJJbHOH HeCJKI1MaeMOH lKI1).1KOCTI1 

UUx + VUy = -px, UVx + VVy = -py, Ux + Vy = 0. 
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3aMeY8HHe. PaCCMaTpHBaeMal! CHCTeMa MOJKeT 6b!Tb CBe,QeHa K CHCTeMe H3 P-BYX ypaBHeHHH 
nyTeM HCKJliO'IeHHll ,QaBJJeHHll p. ECJJH 3aTeM BBeCTH <jJyHKUHIO TOKa 7/J no <jJopMyJJaM U = 7/Jy, V = -7/Jx, 
TO noJJy'leHHal! CHCTeMa npHBO,QHTCll K O,QHOMY ypaBHeHHIO. 

6. HaHTH p_onyCTHMble onepaTOpbl If HHBapHaHTHble peweHHll CHCTeM ypaBHeHHH: 
a) Ut = Uxx + uk f(ujw), Wt = umg(ujw); 
b) Ut=Uxx+ukf(ujw), Wt+awx=umg(ujw). 

llpoBeCTH KJJaCCH<jJHKaUHIO CHMMeTpHH CHCTeM ,QJlll BCeX j(z), g(z). 

7. HaHTH p_onyCTHMb!e onepaTOpbl If HHBapHaHTHb!e perneHHll CHCTeMbl ypaBHeHHH Maceo- If TenJJO
nepeHOCa C 06beMHbiMH XHMH'!eCKHMH peaKUHl!MH: 

Ut = aUxx + uk f(unwm), Wt = bwxx + uPg(unwm) 
llpoBeCTH KJJaCCH<jJHKaUHIO CHMMeTpHH CHCTeMbl ypaBHeHHH ,ll_Jlll BCeX j(z), g(z). 

® Jlumepamypa K maGe 7: JI. B. 0BCliHHHKOB (1959, 1962, 1978), 10. H. llaBJJOBCKHH (1961), 
G. W. Bluman, J.D. Cole (1974), J. M. Hill (1982, 1992), H. X. H6pamMOB (1983), E. )..1,. AHHHH, 
B. 0. Db!TeeB, C. H. CeHaliiOB ( 1985), D. H. Sattinger, 0. L. Weaver (1986), n. 0JJBep (1989), 
B. H. <l>yiUH'I, B. M. lliTeJJeHb, H. H. Cepos (1989), G. W. Bluman, S. Kumei (1989), H. Stephani 
(1989), N.H. lbragimov (1994, 1995), B. K. AHp_peeB, 0. B. Kanuos, B. B. llyxHa'leB, A. A. Pop_noHOB 
(1994), G. Gaeta (1994), A. M. BnHorpap_os, H. C. KpacHJJbJUHK (1997), G. Baumann (2000), 
n. n. Knpl!KOB, C. H. CeHaliiOB, A. H. 51XHO (2001), D. M. Klimov, v. Ph. Zhuravlev (2002), 
A. D. Polyanin, V. F. Zaitsev (2004), A. )..1,. llOJJliHHH (2004), B. H. Jlamo, C. B. Cnn'laK, 
B. H. CTOfHHH (2004). 



8. HeKJ\aCCH"'eCKHH MeTOA HCCJ\eAOB8HHfl CHMMeTpHH 

AH •• epeH~H8J\bH~xypaBHeHHH* 

8.1. 0nHC8HHe MeTOAa. YC/\OBHe HHB8pH8HTHOH nosepXHOCTH 

Ey.n:eM paccMaTptmaTb ypaBHeHIIe BToporo nopH.IJ:Ka c .IJ:BYMH He3aBIICIIMbiMII nepe-

MeHHbiMII 

( 8w 8w 82 w 82w 82w) 
F x,y,w, ax' ay' 8x2 ' 8x8y' 8y2 = O. (1) 

Pe3yJibTaTbi KJiacciiqecKoro MeTo.n:a IIccne.n:oBaHIIH CIIMMeTpiiii .n:mpcpepeHIJ,II

aJibHbiX ypaBHeHIIH ( CM. maBy 7) MO)I(HO cyiiJ,eCTBeHHO paCIIIIIpiiTb, eCJIII BMeCTO 

noiicKa IIHBapiiaHTOB .n:onycTIIMoro IIHcpiiHIITe3IIMaJibHOro onepaTopa X nyTeM 

perneHIIH xapaKTepiiCTIIqecKOH CIICTeMbl ypaBHeHIIH 

dx dy dw 

~(x, y, w) ry(x, y, w) ((x, y, w) 

3a.[(aTb COOTBeTCTBYIOIIJ,ee ycJIOBIIe IIHBapiiaHTHOH llOBepXHOCTII 

~(x, y, w) ~: + ry(x, y, w) ~; = ((x, y, w). (2) 

YpaBHeHIIe ( 1) II ycnoBIIe (2) .n:onoJIHHIOTCH ycnoBIIeM IIHBapiiaHTHOCTII 

(3) 

KOTOpoe COBna.n:aeT C ypaBHeHIIeM (17) II3 pa3.[(. 7.2.1. 
)J,JIH llOCTpOeHIIH TOqHbiX perneHIIH IICXO.[(HOrO ypaBHeHIIH ( 1) IICllOJib3YIOTCH 

Bee TPII ypaBHeHIIH (1)-(3). Ba)I(HO OTMeTIITb, qTo B .n:aHHOM cnyqae nonyqeHHbie 

B pe3yJibTaTe npoiJ,e.n:ypbi pacmenneHIIH onpe.n:enHIOIIJ,IIe ypaBHeHIIH .IJ:JIH Heii3BecT

HbiX cpyHKIJ,IIii: ~(x, y, w), ry(x, y, w), ((x, y, w) 6y.n:yT HeJIIIHeii:HbiMII. CIIMMeTpiiii, 

3a.[(aBaeMbie IIHBapiiaHTHOH llOBepXHOCTbiO (2), Ha3biBaiOTCH HeKJiaCciiqecKIIMII 

CIIMMeTpiiHMII. 

)J,JIH HarJIH.[(HOCTII 06IIJ,aH CXeMa llOCTpOeHIIH TOqHbiX perneHIIH HeKJiaCciiqecKIIM 

MeTO.[(OM Ha OCHOBe ycJIOBIIH IIHBapiiaHTHOH llOBepXHOCTII .[(JIH 3BOJIIOIJ,IIOHHbiX 

ypaBHeHIIH BTOpOrO llOpH.[(Ka II306pa)l(eHa Ha piiC. 5. 

3aMe48HI-1e. fiOMIIMO anropiiTMa, llOKa3aHHOrO Ha piiC. 5, BMeCTO perneHIIH 

xapaKTepiiCTIIqecKOH CIICTeMbl 06biKHOBeHHbiX .IJ:IIcpcpepeHIJ,IIaJibHbiX ypaBHeHIIH 

IIHOr.[(a llOCJie onpe.n:eJieHIIH KOOp.IJ:IIHaT ~' r], ( II3 ypaBHeHIIH (1)-(2) IICKJIJOqaeTCH 

npOII3BO.[(HaH Wt, a 3aTeM pernaeTCH llOJiyqeHHOe ypaBHeHIIe (KOTOpoe MO)I(HO 

paCCMaTpiiBaTb KaK 06biKHOBeHHOe .IJ:IIcpcpepeHIJ,IIaJibHOe ypaBHeHIIe OTHOCIITeJib

HO x c napaMeTpOM t). YKa3aHHbiH no.n:xo.n: IICllOJib3yeTcH .n:anee B npiiMepe 1, 
n. 4°. 

* Ilepe.11 •neHHeM ::noll maBhi Ha)lo npo'IHTaTh masy 7. 
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YcJiosne IIHBapnaHTHOH rrosepxHocni 

JanHChiBaeM COOTBeTCTByromee KBa3H•lHHeiiuoe Ypl.fll 1-ro nopH,'l.Ka: ew"' + TJWt = ( (2) 

BbJ<!IICJI»eM Koopn;nHaTbi 
rrpon;omKeHHoro orrepaTopa 

Ih (I )-(3) ncKmo<meM 
I1p0113BO.D;Hbie 'U't II Wn. 

fiOJiy'leHHOe Bhlpa"'eHHe pacmenJIHeM DO CTeneHHM OCTaBUieHCH npOH3BO,'J.HOH Wx 

Tipi!XO.D;IIl\1 K Ollpen;eJIHJOIUei:f CIICTel\le 

PernaeM onpe,rJ.eJIHIOUlYIO CHCTOty Ypl.fll ,'l.'IH e, '1], ( (o6hPIHO no.'laraiOT '1] = 1) 

Haxon;nM <jJyHKmm ~, 7], ( 

XapaKTepucTu'lecKaH cuCTeMa O,llY, cooTBeTCTByromaH (2): dxle = dtlry = dwl( 

PernaeM xapaKTepncTwiecKyJO cncTeMy 

HaXO,'J.HM nepBble HHTerpa.'lhl: II (x, t, w) = cl H I2(x, t, w) = c2 

HHBapnaHTHoe perneHne 
IIIUeM B BII.D;e [ 2 = <J)(I1) 

113 ucxo,rJ.uom ypaBHeHHH no.'ly'laeM O,llY ,'l.'IH IJ!YHKIIHH <I> = <I>(I1) 

Pnc. 5. AJiropnTM rrocTpoeHIIH TO<JHbiX perneHni:f HeKJiaccwieCKIIM MeTOJJ:OM ;J:JIH JBOJIJOUIIOHHbiX 
ypaBHeHI!H BTOporo ITOpH.D;Ka. J1CITOJib30BaHbl COKparueHHH: O,nY -06biKHOBeHHbie .D;H<jJ<jJepeHUHaJib
Hbie ypasHeHHH, Yp4TI- ypasHeHHH c <JaCTHbiMH rrpoH3BOJJ:HbiMH. 

8.2. KoHKpeTHble npMMepbl: ypaBHeHMe CI>MT~-XbiO-HaryMo M 

HeJ\MHeHHOe BOJ\HOBOe ypaBHeHMe 

UpnMep I. PaccMOTpHM ypaBHeHHe <l>HTU-XbJO-HaryMo (FitzHugh-Nagumo): 

aw 82w 8t = ax2 + w(l- w)(w- a), (4) 

KOTopoe cooTBeTCTByeT Jiesoi:f <Jacm F = Wxx- Wt + w(l- w)(w- a) ypasHeHHH (1). 
ECJIH 7] oF 0, TO 6e3 orpaHWieHHH 06IUHOCTI1 B YCJIOBI111 HHBapHaHTHOH llOBepXHOCTH MO)KHO 

rroJIO)KHTb "' = 1. B pe3yJihTaTe HMeeM 

aw aw 8t + ~(x, t,w)a;:- = ((x, t,w). (5) 

HcrroJib3y» KJiaccwieCKHH aJiropHTM ( CM. pa3n;. 7 .2.1 ), rron;ei:fcTByeM rrpon;OJI)KeHHbiM orrepaTopoM 

~ = ~8x + 'f]8t + (8w + (18w, + (28w, + (n8w,, + (128w, 1 + (228wu (6) 

9* 
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Ha ypasHeH11e (4). Yq11niBaJ1 paseHCTBa Ox = Ot =Ow". =Ow.,, =Ow,, = 0 (nocKOJlbKY ypasHeH11e 

He 3aBIICIIT JIBHO OT X, t, Wx, Wxt, Wtt), nonyq11M YCJlOBIIe IIHBapllaHTHOCTII B Bll.[le 

(2 = ([3w2 - 2(a + 1)w +a]+ (u. 

TIOllCTaBJlJIJI CIO.[la Bb!paJKeHI1JI (9) 11 (14) 113 pa3.[l. 7 .1.3 llJlll KOOpll11HaT nepsoro 11 BTOporo 

npOllOJllKeHIIH (2 II ( 11 np11 y = t II 'TJ = 1, IIMeeM 

(t- ~tWx+ (wWt- ~wWxWt = ([-3w2 + 2(a + 1)w- a]+ 

+ (xx + (2(wx - ~xx)Wx + ((ww - 2~wx)w; - ~wwW~ + ((w- 2~x - 3~wWx)Wxx· (7) 

8bipa311M np0113BOllHbie Wt II Wxx C llOMOUJ,biO (4)-(5) <Jepe3 OCTaJlbHbie BeJlWIIIHbi: 

Wt = (- ~Wx, Wxx = (- ~Wx- w(1- w)(w- a). (8) 

TiollCTaBIIB JTII 3aBIICIIMOCTII s ycnos11e IIHBapllaHTHOCTII (7), npiiXOlliiM K Ky611qecKoMy noniiHOMY 

OTHOCI1TeJlbHO OCTaBilleHCJI <<He3aBI1CI1MOH» np0113BOllHOH Wx. Tip11paBH11BaH11e HYJliO <jlyHKI..(110HaJlb

HbiX KOJ<jl<jllll..(lleHTOB np11 pa3JlllqHbiX CTeneHJIX 3TOrO llOJliiHOMa .[laeT onpe.[leJlJIIOUJ,YIO CIICTeMy 

~ww = 0, 

(ww- 2(~wx- ~~w) = 0, 
2(wx- 2~w(- 3w(w- a)(w- 1)~w- ~xx + 2~~x + ~~ = 0, 

(9) 

1: (t- (xx + 2~x( + (2~x- (w)w(w- a)(w- 1) + [3w2 - 2(a + 1)w +a](= 0, 

COCTOJIUJ,YIO BCero 113 qeTbipex ypaBHeHIIH. 

AHaJ1113 CI1CTeMbl (9) np11B01l11T K pa3JII1qHb!M perneHI1JIM B 3aBI1CI1MOCTI1 OT 3HaqeHI1JI napaMeT

pa a. 

1 a. TiycTb a = -1. 8 JTOM cnyqae ypasHeH11e (4) np11B01l11TCJI K ypasHeH1110 HbiOJJlJla- YaifTXe.[la 

(Newell- Whitehead) 

Wt = Wxx + W - W3 . 

8bJ<mcneHIIe KOOPlliiHaT .[laeT 

~ = a(x,t), 77 = 1, ( = -axw, 

r.[le <jlyHKUIIJI a(x, t) YllOBJleTBOplleT CIICTeMe 

at- 3axx + 2aax = 0, 

axt - axxx + 2a; + 2ax = 0, 

a COOTBeTCTByiOw,ee yCJlOBI1e 11HBap11aHTHOH llOBepXHOCTI1 11MeeT B111l 

Wt + awx = -axw. 

(10) 

(11) 

Hw,eM CTaU110HapHoe qacTHoe perneH11e ypasHeH11if (I 0) s B111le a= a( x). TipOll11<jl<jlepeHu11pyeM 

nepsoe ypasHeHIIe (I 0) no x, a 3aTeM IICKJliO<IIIM 113 nonyqeHHoro BbipalKeHIIJI TpeTbiO npo113BOllHYIO 

C llOMOUJ,biO BTOpOrO ypaBHeHI1JI (I 0). 8 pe3yJlbTaTe np11XO.[li1M K ypaBHeH1110 BTOpOro nOpll.[lKa. 

HcKJliOqlls 113 Hero BTopyiO npo113BOllHYIO c noMOUJ,biO nepsoro ypasHeHIIJI (I 0), nocne JJleMeHTapHbiX 

npeo6pa3oBaH11H nonyq11M 

(6a~ - 2a2 + 9)a~ = 0. (12) 

Tip11paBHI1BaJI B ( 12) Bb!paJKeH11e B CK06KaX HYJliO, 11MeeM ypaBHeH11e nepBOrO nOpll.[lKa C pa3.[leJlJIIO

UJ,IIMIICJI nepeMeHHbiMII. Ero o6w,ee perneHIIe MOJKHO 3an11caTb s Blllle 

3 Aexp( v'2x) + B a = --- ---=--~~7---

y'2 Aexp( v'2x) - B 

r.[le A 11 B- np0113BOJlbHbie nocTOJIHHbie. 

3 A exp ( 4 x) + B exp (-4 x) 

- v'2 A exp ( -1.! x) - B exp (- -1.! x) ' 

CooTBeTcTByiOw,aJI (II) xapaKTepiiCTIIqecKaJI CIICTeMa ypasHeHIIH 

dt dx dw 

1 a aiw 

.[lonycKaeT nepBbie 11HTerpanbi: 

t + f lniAexp( .;_; x) + Bexp(- .;_; x)l = C1, aw = C2, 

(13) 

(14) 

(15) 
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rl(e cl 11 c2- np0113BOJ1bHbie llOCTOJIHHbie. BMeCTO cl 11 c2 yl(06HO B3JITb cl = exp( tel) 11 

11CKaTb pellleH11e B Bl1l(e c2 =- ~ C!F(C!). TIOl(CTaBI1B CIOl(a BbipaJKeH11JI (13) 11 (15), nony'II1M 

CTPYKTYPY pellleHI1JI s s11n:e 

w(x, t) = {A exp [ i-( v'2x + 3t)] - B exp [ i-( -v'2x + 3t)]}F(z), 

z = Aexp[ i-(v'2x + 3t)] + Bexp[ i-( -v'2x + 3t)]. 

Tion:cTaBI1B (16) s 11CXOl(Hoe ypasHeHI1e, HaXOl(I1M ypasHeHI1e l(JJJI onpen:eneHI1JI <PYHKU1111 F(z): 

(16) 

(17) 

PellleH11e :noro ypasHeH11JI BbipaJKaeTCJI 'Iepe3 3J1J111nTI1'IecKI1e <jlyHKU1111. TiocKOJlhKY ypasHeH11e 

(17) aBTOHOMHO, TO B BbipalKeHI1e l(JlJI nepeMeHHOH Z = z(x, t) MOlKHO l(06aBI1Tb np0113BOJ1bHYIO 

al(l(I1T11BHYIO llOCTOJIHHyiO. 

3aMe4aHHe. 8b!p0lKl(eHHOMY cny'IaiO a~ = 0 B (12) COOTBeTCTByeT pellleHI1e Tl1lla 6eryLUeH 

BOJ1Hbl. 

2°. TiyCTb a = 1/2. 8bi'I11CJ1eH11e KOOpl(11HaT l(aeT 

~=a(x,t), 77=1, (=-ax(w-t), 

rl(e <jlyHKU11JI a(x, t) YD:OBJleTBOplleT CI1CTeMe 

at - 3axx + 2aax = 0, 

2axt- 2axxx + 4a; +ax = 0. 

( 18) 

J1LUeM CTaU110HapHOe pellleH11e a = a(x) 3T11X ypaBHeH11H nyTeM llOCJlel(OBaTe.!JbHOro 11CKJ110'IeH11JI 

cTaplll11X npo113BOl(HhiX ( npouen:ypa on11caHa s n. 1° ). 8 pe3y.1JbTaTe 11MeeM 

(a~- i-a2 + f)a~ = 0. 

flp11paBHI1BaJI BbipalKeHI1e B KpyrnhiX CK06KaX HYJJIO 11 pelllaJI llOJJy'IeHHOe 06biKHOBeHHOe l(l1<jl<jle

peHU11MbHOe ypaBHeH11e, HaXOl(I1M 

3 Aexp( ~) + B 
a = - -- -.,--.,.--';::=--,---=-

2v'2 Aexp( ~)- B 

3 A exp ( ~) + B exp (-~) 

- 2y'2 Aexp( 2~)- Bexp(- 2~) ' 

rl(e A 11 B- np0113BOJ1bHbie nocTOJIHHbie. CooTBeTCTBYIOLUaJI ypasHeH1110 ( 5) c KOOpl\11HaTaMI1 ( 18) 
xapaKTep11CTI1'IecKaJI CI1CTeMa ( 14) n:onycKaeT nepBbie 11HTerpanbi 

t + f IniAexp( ':( x) + Bexp( -':( x)l = C1, a(w- t) = C2, 

rl(e C1 11 C2- np0113BOJ1bHbie llOCTOJIHHbie. Tipouel(ypa, aHaJJOr11'IHaJI Olli1CaHHOH B n. 1°, np11BOl(I1T 

K TO'IHOMY pellleHI110: 

w(x,t) = + + {Aexp[i"(2v'2x+3t)]- Bexp[i(-2v'2x+3t)]}F(z), 

z = Aexp[ i"(2v'2x + 3t)] + Bexp[ i(-2v'2x + 3t)], 

rn:e <PYHKU11JI F(z) yn:osneTBOpJieT o6hiKHOBeHHOMY l(l1<jl<jlepeHU11MhHOMY ypasHeHI110 

F~~ = 8F3 . 

3°. TiyCTb a = 2. 8bi'I11CJ1eH11e KOOpl(11HaT l(aeT 

~ = a(x,t), 17 = 1, ( = -ax(w -1), (19) 

rn:e <PYHKU11JI a(x, t) yn:osneTBOpJieT CI1CTeMe (10). Ee CTaU110HapHoe pellleHI1e onpen:enJieTCJI <jlop

Mynoil (13). COOTBeTCTBYIOLUYIO ypaBHeH1110 ( 5) C KOOpl(11HaTaMI1 (19) xapaKTep11CTI1'IeCKYIO CI1CTeMy 

MOJKHO nony<mTh 113 (14), ecn11 BMecTo w non:CTaBI1Th w -1. PellleHI1e paccMaTp11saeMoro ypasHeHI1JI 

11MeeT Bl1l(: 

w(x, t) = 1 + {A exp [ i-( v'2x + 3t)] - B exp [ i-( -v'2x + 3t)]}F(z), 

z = Aexp[ i-(v'2x + 3t)] + Bexp[ i-( -v'2x + 3t)], 

rl(e A 11 B- np0113BOJ1bHbie nocTOJIHHbie, a <jlyHKU11JI F = F(z) oni1CbiBaeTCJI aBTOHOMHbiM 

06biKHOBeHHb!M l(l1<jl<jlepeHU11MbHbiM ypaBHeHI1eM ( 17). 
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4°. IlycTh a-np0113BOHhHaJI nocTOJIHHaJI. 8bi'IIICHeHHe KOOp.D;HHaT n;aeT 

~ = v; (3w- a- 1), TJ = 1, ( = -fw(w- a)(w- 1) 

a COOTBeTCTBYIOLI.Iee YCHOBIIe IIHBapllaHTHOH noBepXHOCTII IIMeeT Bll,[\ 

Wt + v; (3w- a- 1)wx + fw(w- a)(w- 1) = 0. (20) 

J1CKHIO'IaJI Wt 113 ( 4) II (20), nonyqaeM ypaBHeHI!e 

Wxx = v; (a+ 1- 3w)wx- i-w(w- a)(w- 1), (21) 

KOTOpoe C nOMOLI.IhiO nO,[\CTaHOBKII W = y'2 (in cp) x CBO,[\IITCJI K HIIHeHHOMY ypaBHeHIIIO TpeTbero 

nopli.D;Ka C nOCTOJIHHhiMII KOJ<jl<jmUIIeHTaMII 

2cpxxx - v'2 (1 + a)cpxx + acpx = 0. 

Ero o6wee perneH11e II MeeT BIID: cp = 'I/J1 ( t) exp ( v_; ax) + 'I/J2 ( t) exp ( v_; x) + 'lj;3 ( t) 11 n;aeT perneH11e 

ypaBHeHIIJI (21 ): 

( ) _ a'lj;1 (t) exp( v; ax)+ 1j;2 (t) exp( v; x) 
w x,t - V2 V2 , 

1/J1 (t) exp( -f-ax) + 1/J2 (t) exp( --f-x) + 1/J3 (t) 

rn;e <jlyHKUIIII 'lj;, ( t), i = 1, 2, 3 HaXO.D;JITCJI nO.D;CTaHOBKOH B (20). 8 IITOre nOHY'IIIM perneHIIe IICXO,[\HOrO 

ypaBHeHIIJI (4): 

aC1 exp [ +( v'2 ax+ a2 t)] + C2 exp [ +( v'2 x + t)] 
w(x, t) = (22) 

C1 exp [ i-(V2ax + a2 t)] + C2 exp [ i-(V2x + t)] + C3 exp(at)' 

rn:e cl, C2, c3- np0113BOHhHhie noCTOJIHHhie. 

5°. f1yCTh a- np0113BOHbHaJI nOCTOJIHHaJI. 803MO)J(eH TaK)J(e BTOpOH Ha6op KOOp.D;IIHaT: 

~ =- v; (3w- a- 1), TJ = 1, ( = -fw(w- a)(w- 1), 

KOTOpbiH OTHII'IaeTCJI 3HaKOM ~ OT Ha6opa B n. 4°. 3aMeHOH X = -X paCCMaTpiiBaeMOe ypaBHeHIIe 

BMeCTe C COOTBeTCTBYIOLI.IIIM ycHOBIIeM IIHBapl!aHTHOH nOBepXHOCTII CBO,[\JITCJI K ypaBHeHIIIO II 

ycnoBIIIO IIHBapHaHTHOH nosepxHOCTII 113 n. 4°. CooTBeTCTBYIOLI.Iee peweHHe nony<meTCJI 113 npasoif 

'faCTI! <jlopMyHhi (22) 3aMeHOH X Ha -X. 

6°. IlycTh a- npo113BOHhHaJI nocTOJIHHaJI 11 TJ = 0. 8bi'IIIcneHHe Koopn;HHaT n;aeT 

~ = 1, TJ = 0, ( = ((x, t, w), 

rn:e ( yn;osneTBOplleT ypasHeHIIIO 

2((xw + ( 2 (ww + (xx + w(w- a)(w- 1)(w- (t- [3w2 - 2(a + 1)w +a](= 0, (23) 

a COOTBeTCTBYIOLI.Iee YCHOBIIe IIHBapllaHTHOH noBepXHOCTII IIMeeT Bll,[\ 

Wx = (. 

J1CKHIO'IaJI Wx II Wxx 113 (4) II (24), nOHY'IIIM 

Wt = ((w + (x- w(w- a)(w- 1). 

(24) 

(25) 

ECHII Mhl IIMeeM peilleHIIJI ypaBHeHIIJI (23), Mhl MO)J(eM np011HTerp11pOBaTb ypaBHeHI!e (24) II nOHY'IIITb 

TO'IHhie perneHIIJI IICXO,[\HOrO ypaBHeHIIJI (4). 

3aMeY8HHe. J13 paCCMOTpeHHOrO npi!Mepa BII,[\HO, 'ITO IICnOHh30BaHI!e ycHOBIIJI IIHBapl!aHTHOH 

noBepXHOCTII (2) cyweCTBeHHO yseHII'IIIBaeT np0113BOH B onpen;eneHIIII KOOp.D;IIHaT ~, TJ, ( no 

cpaBHeHIIIO C KHaCCII'IeCKOH CXeMOH, Oni!CaHHOH B maBe 7. 3TO npOIICXO,[\IIT 113-3a TOrO, 'ITO 

B KHaCCII'IeCKOH CXeMe pacwenneHIIe YCHOBIIJI IIHBapllaHTHOCTII np0113BO,[\IITCJI cpa3y no .D;BYM 

np0113BO,[\HhiM Wx II Wxx, KOTOphie C'IIITaiOTCJI He3aBIICIIMhiMII BeHII'IIIHaMII ( CM. np11Mep 2 B 

niaBe 7). 8 HeKHaCCII'IeCKOH CXeMe np0113BO,[\Hb!e Wx II Wxx CBJI3aHbl BTOpblM COOTHOilleHI!eM (8) 
II pacwenneHIIe np0113BO.D;IITCJI TOHhKO no 0,[\HOH np0113BO,[\HOH Wx. f10JTOMY B KHaCCII'IeCKOH CXeMe 

Onpen;eHJIIOLI.IaJI CIICTeMa COCTOIIT 113 60.%Illero 'IIICHa ypaBHeHIIH, HaKHa,[\b!BaiOLI.IIIX ,[\OnOHHIITe.%Hb!e 

orpaHII'IeHIIJI Ha IICKOMhie BeHII'IIIHhl (no cpaBHeHIIIO C HeKHaCCII'IeCKOH CXeMOH). 8 'IaCTHOCTII, 

KHaCCII'IeCKaJI CXeMa He n03BOHJieT nOHY'IIITh peilleHIIJI ypaBHeHIIJI ( 5), paCCMOTpeHHbie Bh!Ille B 

nn. 1°-5°. 
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llpuMep 2. PaccMOTp11M HeJli1Hei1Hoe sonHosoe ypaBHeH11e 

82w 82 w 
8t2 = w 8x2 ' 

(26) 

KOTOpoe COOTBeTCTByeT JleBOH <raCTI1 F = Wtt - WWxx ypaBHeHI1J:r (!). 
Ilp11coen;11H11M K HeMy ycnos11e 11HBap11aHTHOi1 nosepxHOCTI1 (5). Ycnos11e 11HBap11aHTHOCTI1 

nony'II1M, non:eiicTBOBaB npon:on)!(eHHhiM onepaTopoM (6) Ha ypaBHeHI1e (26). Y<mnmaJ:r paseHCTBa 

Ox = Ot = Ow,, = Ow 1 = Ow,"' = 0 (nOCKOJlhKY ypaBHeH11e He 3aBI1CI1T J:rBHO OT X, t, Wx, Wt, Wxt) 11 

'TJ = 1, nony<mM YCJ10BI1e 11HBap11aHTHOCTI1 B BI1JJ:e 

(22 = (Wxx + W(u. 

f10.D;CTaBJlJ:rJ:r C!O.D;a Bb!pa)!(eH11J:r (14) 113 pa3.D;. 7.1.3 .D;JlJ:r KOOp.D;11HaT BTOpOrO npO.D;0Jl)!(eH11J:r (11 11 (22 
np11 y = t 11 77 = 1, 11MeeM 

(tt -~ttWx+2(wtWt -2~wtWxWt +(wwWZ -~wwWxWZ -2(~t +~wWt)Wxt+((w -~wWx)Wtt = 

= (Wxx +w [ (xx +(2(wx- ~xx)Wx +((ww- 2~wx)W;- ~wwW~ +((w- 2~x- 3~wWx)Wxx]. (27) 

113 YCJ10BI1J:r 11HBap11aHTHOH noBepXHOCTI1 (5) 11 ypaBHeHI1J:r (26) HaXOJJ:I1M Bbipa)!(eHI1J:r JJ:JlJ:r np0113BOJJ:

Hh!X no t 11 CMeillaHHOH np0113BO.D;HOH: 

Wt = (- ~Wx, Wtt = WWxx, Wxt = (x- ~xWx- ~Wxx, (28) 

rn:e nocnen:H»J:r ¢opMyna nony'IeHa nyTeM JJ:I1¢¢epeHL111posaHI1J:r nepsoi1 ¢opMynhr no x. Ilon:CTaBI1B 

Wt, Wtt, Wxt 113 (28) B (27), nOJ1YlJI1M nOJli1HOM OTHOCI1Te.1JbHO .D;ByX «He3aBI1CI1MhiX» np0113BO.D;Hh!X 

Wx 11 Wxx. Ilp11paBHI1BaHI1e HYJl!O ¢YHKL1110HaJlhHhiX KOJ!jJ¢11LII1eHTOB :noro nOJ111HOMa n:aeT onpen:e

JlJ:r!OILIYIO CI1CTeMy 

WxWxx: (e - w)~w = 0, 
Wxx: 2~~t + 2w~x + 2~~w(- ( = 0, 

w~: (e - w)~ww = 0, 

w;: (e- w)(ww + 2~~wt + 2~~ww(- 2~~x~w + 2w~wx = 0, 

Wx: ~tt+ 2~(wt+ 2~wt( + 2~((ww +~ww(2 - 2~t~x- 2~x~w(- 2~~w(x+ 2w(wx- W~xx = 0, 

1: (tt + 2((wt + ( 2 (ww - 2~t(x - 2~w((x - w(xx = 0. 

113 nepBOrO ypaBHeH11J:r CI1CTeMbl CJle.D;y!OT .D;Be B03M0)!(H0CTI1: 

1) ~ = ~(x, t); 
2) ~ = vfw. 

PaccMoTp11M 11x no nop»n:Ky. 

(29) 

(30) 

1°. TpeTbe ypaBHeH11e CI1CTeMbl .D;JlJ:r CJlylJaJ:r (29) y.D;OBJleTBOpJ:reTCJ:r TO)!(.D;eCTBeHHO, a 113 BTOporo 

cnen:yeT 

(31) 

lJeTBepTOe ypaBHeHI1e CI1CTeMhl B CI1JlY (29) 11 (31) YD:OBJleTBOpJ:reTCJ:r TO)!(JJ:eCTBeHHO. f1on;CTaHOBKa 

!jlyHKL111H (29) 11 (31) B nJ:rTOe 11 IlleCTOe ypaBHeH11J:r onpen;eJlJ:r!Oll(eH CI1CTeMbl n;aeT .D;Ba perneH11J:r: 

~=at+ /3, ( = 2a(at + j3) (nepsoe perneH11e); 

~=ax+ /3, ( = 2aw (sTopoe perneH11e); 

rn:e a 11 j3- npo113BOJlhHhre nocTOJ:rHHhre. 

(32) 

Jlepeoe peweHue. XapaKTep11CTI1lJecKaJ:r CI1CTeMa o6biKHOBeHHhiX D:l1¢¢epeHL111aJlhHhiX ypaBHe

HI1i1, COOTBeTCTBY!OlllaJ:r nepBOMY perneHI1!0 (32) np11 a = 2 11 j3 = 0, 11MeeT BI1JJ: 

dt dx dw 
--
2t 8t 

HaXOJJ:I1M nepBhie 11HTerpanhr: cl = X - t 2 ' c2 = w - 4t2 . 11cnOJlh3YJ:r cxeMy, 11306pa)!(eHHY!O Ha 

p11C. 5, perneH11e 11ll(eM B BI1.D;e W- 4t2 = cl>(x - t2). f10.D;CTaBJlJ:rJ:r B (26) 

w = <I>(z) + 4t2 , z = x- t 2 , (33) 

nOJ1YlJI1M aBTOHOMHOe 06hiKHOBeHHOe JJ:I1!jJ!jlepeHL(I1aJlhHOe ypaBHeHI1e JJ:JlJ:r !jlyHKL(I111 cp = cp ( Z): 

cpcp:z + 2cl>~ = 8. 
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0HO JJerKO IIHTerpllpyeTCJI, IIOCKOJlbKY IIOCJle IIOHIIJKeHIIJI IIOplll(Ka rrepeXOl(IIT B ypaBHeHIIe C pa3l(e

J1JIIOIIJ,IIMIICJI rrepeMeHHh!MII. 8 pe3yJ1hTaTe MOlKHO HaHTII TOLJHOe peiiieHIIe Blll(a (33) ypaBHeHIIJI (26). 
Bmopoe peuteHue. XapaKTepiiCTWiecKaJI CIICTeMa o6biKHOBeHHhiX l(ll¢¢epeH!.IIIaJJhHhiX ypaBHe

HIIH, COOTBeTCTBYJOIIJ,all BTOpOMY perneHIIIO (32) rrp11 a = 1 II (3 = 0, IIMeeT Bill( 

dt dx dw 

1 x 2w 

Orrpel(eJJJieM rrepBbie IIHTerpanhi: cl = In lx I - t, c2 = w I x2. l1ciiOJ1h3Yll cxeMy, 11306palKeHHYIO 

Ha p11c. 5, perneH11e IIIIJ,eM B Blll(e w/x2 = <I>(ln lxl- t). Ilol(CTaBJJJIJI B (26) 

w = x2 <I>(z), z =In lxl - t, 

IIOJJy<JIIM aBTOHOMHOe 06hiKHOBeHHOe l(ll¢¢epeHUIIaJJhHOe ypaBHeHIIe 

(<I>- l)<I>:z + 3<I><I>~ + 2<I> 2 = 0, 

KOTOpoe l(OIIYCKaeT IIOHIIlKeHIIe IIOplll(Ka CTaHl(apTHOH IIOl(CTaHOBKOH U ( cp) = cp~. 

2°. 8Topoll cny<Jal! (30) rrpiiBOl(IIT K TpiiBIIaJJhHOMY perneHIIJO ( = 0 (:no cnel(yeT 113 <JeTBepToro 

ypaBHeHIIJI orrpel(eJJJIJOmell CIICTeMhi), 113 KOToporo cnel(yeT o<IeBIIl(Hoe perneHIIe w = const. 

~ 3ai>a•IU u ynpa:m:nenu.R K maae 8 

1. l1CIIOJ1b3Yll HeKJlaCCWieCKIIH MeTOl( IICCJlel(OBaHIIJI CIIMMeTpiiH, HaHTII TO<JHble peiiieHIIJI ypaBHeHIIJI 

TeiiJJOIIpOBOl(HOCTII C Ky611<JeCKIIM IICTOLJHIIKOM: 

Wt = Wxx- aw3 

2. J1CIIOJ1h3Yll HeKJJaCCII<JeCKIIH MeTOl( IICCJlel(OBaHIIJI CIIMMeTpiiH, HaHTII TO<JHhie perneHIIJI HeJJIIHeH

HOro ypaBHeHIIJI TeiiJlOIIpOBOl(HOCTII Blll(a 

Wt = Wxx - a2w- W3 

3. 8 IIpiiMepe J (rr. 1 °) IIOCTpOIITh o6mee perneHIIe l\BYX ypaBHeHIIH (10) B Blll(e 6eryiiJ,eH BOJ1Hhl 

a = a(x - >.t). HaiiTII cooTBeTCTBYJOmee TO<JHoe perneH11e ypaBHeHIIJI HhJ03JJJJa- Yai!Txel(a 

(Newell- Whitehead) 

Wt = Wxx + W - W3. 

4. l1CIIOJ1b3Yll HeKJlaCCWieCKIIH MeTOl( IICCJlel(OBaHIIJI CIIMMeTpiiH, IIOCTpOIITb TO<JHble peiiieHIIJI 

HeJJIIHeHHhiX ypaBHeHIIH: 

a) Wt = a(wwx)x + bw, 
b) Wt=a(wwx)x+bw2, 
c) Wtt = a(wwx)x, 
d) Wxt = f(w), 
e) Wxx + Wyy = f(w), 
f) XWx + ywy = Wxx + Wyy + f(w), 
h) WxWxx + Wyy = 0. 

flony<JeHHhie pe3yJ1hTaThl cpaBHIITh C COOTBeTCTBYIOIIJ,IIMII pe3yJ1hTaTaMII IICIIOJ1h30BaHIIJI KJlaCCII<Je

CKOrD MeTOl(a rpyrrrrosoro aHaJJII3a ( CM. rnasy 7). 

® Jlumepamypa K maBe 8: G. W. 8luman, J. D. Cole (1969), P. J. Olver, Ph. Rosenau (1987), 
D. Levi, P. Wintemitz (1989), M. C. Nucci, P. A. Clarkson (1992), P. A. Clarkson, E. L. Mansfield 

(1994), P. A. Clarkson (1995), P. A. Clarkson, D. K. Ludlow, T. J. Priestley (1997), A. D. Polyanin, 

V. F. Zaitsev (2004). 



9. MeTOA AH<I><I>epeHU.H81\bHbiX CBfl3eH 

9.1. OnMcaHMe MeTOAa 

9.1.1. npeABapHTe/\bHble 3aMeL!aHHfl. npocTeHWHH npHMep 

B pa3.U. 4.1.2 H 4.4.2 paccMaTpHBa.JIHCh npHMepbi TOqHhiX perneHHH HeJIHHeHHhiX 

ypaBHeHHH C a,U,UHTHBHbiM pa3,UeJieHHeM nepeMeHHbiX BH,Ua 

w(x, y) = cp(x) + 1/J(y). (1) 

Ha Haqa.JibHOH CTa,UHH <l>YHKI.(HH cp( X) H 1/J(y) cqHTaiOTCH IIpOH3BOJibHbiMH; OHM 

no.uJie)l(aT onpe.ueneHHIO B xo.ue .Ua.JihHeli:rnero aHa.JIH3a. 

)J,H<l><PepeHl(HpyH Bbipa)l(eHHe ( 1) IIO y, IIOJiyqHM 

~; = f(y) (f = 1/J~). 

06paTHO, H3 (2) CJie,UyeT npe,UCTaBJieHHe peiiieHHH B BH,Ue (1 ). 
)J,H<l><PepeHl(HpyH ,Ua.Jiee (2) IIO X, HMeeM 

82 w 
oxoy = o. 

06paTHO, H3 (3) CJie,UyeT npe,UCTaBJieHHe peiiieHHH B BH,Ue (1). 

(2) 

(3) 

TaKHM o6pa30M 3a,Uaqy 0 IIOHCKe TOqHbiX peiiieHHH BH,Ua (1) ,UJIH KOHKpeTHOrO 

.UH<P<l>epeHl(HaJibHOrO ypaBHeHHH C qaCTHbiMH IIpOH3BO,UHbiMH MO)I(HO 3aMeHHTb 

3KBHBa.JieHTHOH 3a.uaqeli: o IIOHCKe TOqHhiX perneHHH .uaHHoro ypaBHeHHH, y.uoBne

TBOpHIOil(HX ,UOIIOJIHHTeJibHOMY YCJIOBHIO (2) HJIH (3). IlO,U06Hbie ,UOIIOJIHHTeJibHbie 

YCJIOBHH, 3aiiHCaHHbie B BH,Ue O,UHOrO HJIH HeCKOJibKHX .UH<P<PepeHl(Ha.JibHbiX ypaB

HeHHH, 6y,UeM Ha3hiBaTb duqHpepeHljUG!lbl-lblMU C65l351MU. IlopH,UOK .UH<P<PepeHl(H

a.JibHOH CBH3H OIIpe,UeJIHeTCH IIOpH,UKOM CTapiiieH IIpOH3BO,UHOH: HaiipHMep, IIOpH

,UOK .UH<P<l>epeHl(HaJibHOH CBH3H (2) paBeH e,UHHHI.(e, a IIOpH,UOK .UH<P<l>epeHl(HaJibHOH 

CBH3H (3)-.UByM. 

Ilpe)I(,Ue qeM nepeHTH K 061l(eMy OIIHCaHHIO MeTO,Ua .UH<P<l>epeHl(HaJibHbiX CBH-

3eH, IIpO,UeMOHCTpHpyeM ero xapaKTepHbie OC06eHHOCTH Ha IIpOCTOM IIpHMepe. 

UpuMep 1. PaccMOTPIIM HeJJIIHeiiHoe ypasHeHIIe Tpenero nopJIJJ:Ka 

ow o2w ow o2w o3w 
---+a---=b--
oy oxoy OX oy2 oy3 ' 

KOTOpOe np11 a = -1 BCTpecraeTCJI B TeOp1111 riiJJ:pOJJ:IIHaMWieCKOrO norpaHWIHOrO CJJOJI. 

(4) 

fiyJJ:eM IICKaTb peiiieHIIJI ypaBHeHIIJI ( 4 ), YJJ:OBJJeTBOpliiOllllle JliiHeHHOH JJ:II¢¢epeHUIIaJJbHOH CBJI311 

nepsoro nopJIJJ:Ka: 
ow 8x = <p(y). (5) 

3JJ:eCb <lJyHKUIIJI <p(y), B006111e rDBOpll, He MOJKeT 6b!Tb np0113BOJlbHOH, OHa JJ:OJlJKHa YJJ:OBJleTBOpJITb 

ycnoBIIIO coBMeCTHOCTII ypasHeHIIH (4) 11 (5). Ycnos11e coBMeCTHOCTII npeJJ:CTaBJJJieT co6oii JJ:II¢¢e

peHUIIaJJbHOe ypaBHeHIIe JJ:}IJI OnpeJJ:eJJeHIIJI <p(y) II JIBJJJieTCJI CJleJJ:CTBIIeM ypaBHeHIIH (4) II (5) II IIX 

JJ:II¢¢epeHUIIaJJbHbiX CJJeJJ:CTBIIH. 



138 METO~ ~11<l><I>EPEH'-\11AJibHbiX CB513EH 

flocnen;oBaTeHbHO l(l1¢¢epeH1.111pyll ( 5) no pa3Hb!M nepeMeHHbiM, BbJLIJ1CH11M np0113BOl(Hbie 

Wxx = 0, I 
Wxy = '(!y, Wxxy = 0, " Wxyy = 'Pyy' 

Ill 
Wxyyy = 'Pyyy. 

)J,I1¢¢epeHUI1PYll (4) no X, 11MeeM 

w;y + WyWxxy + aWxxWyy + aWxWxyy = bWxyyy· 

(6) 

(7) 

flOl(CTaBHllll B (7) np0113BOl(Hhie ¢YHKUI111 W 113 (5) 11 (6), nonycmM 06hiKHOBeHHOe l(l1¢¢epeHUI1aHb

HOe ypaBHeH11e TpeTbero nopl!n;Ka n;nll '(!: 

( 'P~) 2 + Q'(!'(!~y = b'(!~~y' (8) 

KOTOpoe npen;CTaBJilleT C060H ycnOBI1e COBMeCTHOCTI1 ypaBHeH11H ( 4) 11 ( 5). 
)J,nll nocTpoeHI1ll Tocmoro perneHI1ll npo11HTerp11pyeM ypaBHeHI1e (5). 11MeeM 

w = 'P(y)x + 1/J(y). (9) 

<l>yHKU1110 1/J(y) HaHl(eM, nOl(CTaBI1B (9) B (4) C ycieTOM COOTHOIIleH11ll (8). 8 pe3yHbTaTe np11XOL(I1M K 

06hiKHOBeHHOMY l(l1¢¢epeHUI1aHbHOMY ypaBHeHI110: 

'P~ 1/J~ + a'P1/J~y = b1j;~~Y. (I 0) 

8 11TOre 11MeeM TOLJHOe perneH11e B11n;a (9), rn;e ¢YHKU1111 'P 111/; oni1Cb!BaiOTCll ypaBHeH11l!MI1 (8) 11 (I 0). 

3aMeYaHI1e 1. )J,aHHoe perneHI1e npoU.Ie nonycmTh npl!MOH non;cTaHOBKOH BbipalKeHI1ll (9) B 

11CXOl(HOe ypaBHeH11e ( 4). 

3aMe4aHJ1e 2. IlonycieHHbie pe3yHhTaThi pacnpocTpaHl!IOTCll Ha 6onee o6U.111H cnycmil, Korn;a B 

ypaBHeHI1e (4) BXOL(l!T np0113BOHbHbie ¢YHKUI111 a= a(y) 11 b = b(y). 

9.1.2. 06w,ee omtcaHHe MeTOAa AHc1>4>epeH~Ha/\bHbiX CBH3eH 

Ilpou,e.uypa IIOCTpOeHIUI TOqHbiX perneHHH HeJIHHeHHbiX ypaBHeHHH MaTeMaTHqe

CKOH cpH3HKH MeTO,UOM ,UHcpcpepeHIJ,HaJibHbiX CB513eH COCTOHT H3 HeCKOJibKHX IIOCJie

,UOBaTeJibHbiX :naiiOB, KpaTKO OIIHCaHHbiX HH)I(e. 

1°. B o6IIJ,eM cnyqae Bhi.UeJieHHe qacTHhiX perneHHH ypaBHeHH51 

( aw aw a2w a2w a2w ) 
F x, y, w, ax ' ay ' ax2 ' axay ' ay2 '... = O (11) 

OCyiiJ,eCTBJI51eTC51 nyTeM IIpHCOe,UHHeHH51 K HeMy ,UOIIOJIHHTeJibHOH ,UHcpcpepeHIJ,H

aJibHOH CB513H 

( aw aw a2w a2w a2w ) 
G x, y, w, ax ' ay ' ax2 ' axay ' ay2 '... = O. (12) 

BH.u .UHcpcpepeHIJ,HaJihHoli: CB513H (12) MO)I(eT 3a.uasaThC51: 

e H3 anpHOpHbiX C006pa)l(eHHH ( OHa, HaiipHMep, MO)I(eT npe,UCTaBJI51Tb C060H 

pa3peiiiHMOe ypaBHeHHe ); 

• HCX0.[\51 H3 HeKOTOpbiX CBOHCTB paCCMaTpHBaeMOrO ypaBHeHH51 (HaiipHMep, ero 

CHMMeTpHH HJIH 3aKOHOB COXpaHeHH51). 

2°. IlonyqeHHa51 TaKHM o6pa30M nepeonpe.ueneHHa51 cHcTeMa ( 11 )-(12) B o6IIJ,eM 

CJiyqae HY)I(,UaeTC51 B HCCJie,UOBaHHH Ha COBMeCTHOCTb. IlpH 3a,UaHHH ,UHcpcpepeHIJ,H

aJibHOH CB513H (12) H3 anpHOpHbiX C006pa)l(eHHH OHa ,UOJI)I(Ha HMeTb ,UOCTaTOqHbiH 

cpyHKIJ,HOHaJibHbiH IIpOH3BOJI (T. e. BKJIIoqaTb B ce651 IIpOH3BOJibHbie OIIpe,UeJI51IOIIJ,He 

cpyHKIJ,HH). B pe3yJihTaTe aHaJIH3a CHCTeMbi (11)-(12) Ha cosMeCTHOCTh .UOJI)I(Hhi 

6biTb IIOJiyqeHbl YCJIOBH51, KOHKpeTH3HpyiOIIJ,He BH,U OIIpe,UeJI51IOII.I,HX cpyHKIJ,HH. 3TH 

YCJIOBH51 (yCJl06Ufl C06MeCmHOCmU) 3aiiHCbiBaiOTC51 B BH,Ue CHCTeMbl 06biKHOBeHHbiX 

,UHcpcpepeHIJ,HaJibHbiX ypaBHeHHH (HJIH CHCTeMbl ypaBHeHHH C qacTHbiMH IIpOH3BO,U

HbiMH). 
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B rrpocTeRnmx cnyqa51x* Hccne.uosaHHe Ha COBMeCTHOCTh rrpoBO.UHTC51 rryTeM 

.UH«P«PepeHI.J,HpOBaHH51 ypaBHeHHR (11) II (12) ITO X II y ( Ha,UJie)l(aii.J,ee qHCJIO pa3) 

II HCKJIJOqeHH51 H3 IIOJiyqeHHbiX TaKHM o6pa30M .UH«P«PepeHI.J,HaJibHbiX CJie,UCTBHR II 

ypaBHeHHR ( 11 )-(12) CTapiiiHX rrpOH3BO,UHbiX ( CM. rrpHMepbi 1 II 3 ). B pe3yJihTaTe 

IIpHXO,U51T K ypaBHeHHIO, KOTOpoe CO,Uep)I(HT CTeiieHH MJia,UIIIHX IIpOH3BO,UHbiX. 

IlpHpaBHHBaHHe HYJIIO K03«P«PHI.J,HeHTOB rrpH scex CTerreH51X rrpoH3BO.UHhiX II .uaeT 

YCJIOBH51 COBMeCTHOCTH, KOTOpbie CB513biBaiOT «PYHKI.I,HOHaJibHbie K03«P«PHI.J,HeHTbl 

ypaBHeHHR (11) II (12). 

3°. PernaeTC51 rronyqeHHa51 B rr. 2° cHcTeMa .UH«P«PepeHI.J,HaJihHhiX ypaBHeHHR .UJI51 

orrpe,UeJI5110ll.I,HX «PYHKI.I,HR. 3aTeM 3TH «PYHKI.I,HH IIO,UCTaBJI5110TC51 B .UH«P«PepeHI.J,HaJib

HYIO CB513h (12). B pe3yJihTaTe rrpHXO.U51T K ypasHeHHIO 

( ow ow o2w o2w o2w ) 
g x, y, w, OX ' oy ' ox 2 ' oxoy ' oy2 '... = o. (13) 

):J:H«P«PepeHI.J,HaJibHYIO CB513b (13), KOTOpa51 COBMeCTHa C paCCMaTpHBaeMbiM ypaBHe

HHeM ( 11 ), Ha3biBaiOT UH6apuaHmHblM MH02006pa3UeM ,UJI51 ypaBHeHH51 ( 11 ). 

4°. Ha.uo HaRTH o6II.J,ee perneHHe: (i) ypasHeHH51 (13) HJIH (ii) KaKoro-nH6o cne.u

CTBH51 ypaBHeHHR (11) II ( 13 ). IlonyqeHHOe perneHHe 6y,UeT BKJIJOqaTb B ce651 

HeKOTOpbie IIpOH3BOJibHbie «PYHKI.I,HH { CfJm} (3TH «PYHKI.I,HH MoryT 3aBHCeTb KaK OT 

X, y, TaK II OT w). 0TMeTHM, qTo B p51,Ue CJiyqaeB BMeCTO 06II.J,ero perneHH51 MO)I(HO 

HCIIOJib30BaTb qacTHbie perneHH51 ypaBHeHH51 (13) HJIH ero CJie,UCTBHR. 

5°. PerneHHe, IIOJiyqeHHOe B II. 4°, Ha,UO IIO,UCTaBHTb B HCXO,UHOe ypaBHeHHe (11). 
B pe3yJihTaTe rrpHXO.U51T K «PYHKI.J,HOHaJihHO-.UH«P«PepeHI.J,HaJihHOMY ypasHeHHIO, H3 

KOToporo Ha.uo HaRTH «PYHKI.J,HH { 'Pm}· Ilocne orrpe.ueneHH51 { 'Pm} HX Ha.uo rro.u

cTaBHTh B perneHHe H3 II. 4 °. B HTOre IIOJiyqHM TOqHoe perneHHe HCXO,UHOrO 

ypaBHeHH51 ( 11 ). 

3aMe48HII1e 1. IlpH Hey.uaqHOM Bbi6ope .UH«P«PepeHI.J,HaJibHOR CB513H ypaBHeHH51 

(11) II (12) MOryT OKa3aTbC51 HeCOBMeCTHbiMH (He HMeiOII.J,HMH 06II.J,HX perneHHR). 

3aMe4aHit1e 2. BMeCTO O.UHOR MoryT 6biTh HeCKOJihKO .UH«P«PepeHI.J,HaJihHhiX CB51-

3eR BH,Ua (12). 

3aMe48HII1e 3. Ha IIOCJie,UHHX Tpex 3Tarrax MeTO,Ua .UH«P«PepeHI.J,HaJibHbiX CB513eR 

rrpHXO.UHTC51 pernaTh pa3JIHqHhie ypaBHeHH51 (cHcTeMhi ypaBHeHHR). EcJIH XOT51 6hi 

Ha O,UHOM H3 3THX 3TaiiOB perneHHe IIOJiyqHTb He y.uaeTC51, TO He y.uaeTC51 IIOCTpOHTb 

II TOqHOe perneHHe HCXO,UHOrO ypaBHeHH51. 

):J:JI51 60JibllieR HarJI51,UHOCTH 06II.J,a51 CXeMa IIpHMeHeHH51 MeTO,Ua .UH«P«PepeHI.J,H

aJibHbiX CB513eR H306pa)l(eHa Ha pHC. 6. 

~ 3ai>a•lU u ynpa;m:nenuR K pa"JO. 9.1 

I. HailTI1 U11¢¢epeH1 . .111a.JlbHbie CBll311 nepaoro 11 BToporo nopl!UKOB, 3KBI1BaJieHTHbie 3an:aH11!0 perne
HI1ll B l!BHOM Bl1l(e ( !jlyHKUI111 <.p 11 1/J C'II1Ta!OTCll np0113BOHbHb!MI1 ): 

a) w = <.p(x )y + 1/J(x ), 
b) w = <.p(x)y + 1/J(y), 

* 8 06llieM CHY'Iae Hal(O 11CllOHb30BaTb MeTOl(bl 11CCHel(OBaHI1ll nepeonpen:eneHHb!X CI1CTeM, OCHO

BaHHbie: (i) Ha anrop11TMe KapTaHa 11n11 (ii) Ha anrop11TMe )l{aHe-CneHcepa-KypaH11IIII1 (Janet
Spenser- Kuranishi). On11caH11e 3TI1X anrop11TMOB 11 n:pyme caen:eHI1ll no Teop1111 nepeonpen:eneHHbiX 

CI1CTeM MO)I(HO HaHTI1, Hanp11Mep, B pa6oTax M. Kuranishi (1967), J. F. Pommaret (1978), A. <1>. Cl1-
n:opoaa, B. rr. illaneeBa, H. H. 51HeHKO (1984). 
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.D.o6asnl'!eM n;pyroe ypaBHeHI1e 

AHaHH3 ypaBHeHHH Ha COBMeCTHOCTb 

HaxoLJ:HM yc.'IOBHH coBMeCTHOCTH ypaBueuuH: F = 0 u G = 0 

Tiony'laeM ypaBHeHI1l'I 

ll;IIll onpen;eJiliJOIUHX <jJyHKUHH 

PernaeM ypaBHeHHH LJ:.'IH onpeLJ:e.'IHJO"-ux IJ!YHKI(HH 

ilOD;CTaBHl'!eM :HH <jJyHKUHH 

B D;l1<jJ<jJepeHU11aJihHYJO CBll3b 

HaXO,[J:HM HHBapuaHTHOe MHOroo6pa3He: g(x, y, W, W"" Wy, W:r,:n W:r,y, WYY' ••• ) = 0 

PeiUaeM ypaBHeHne g = 0 

Uo.'lyqeuuoe perneuue* noLJ:cTaB.'IHeM B ucxoLJ:HOe ypaBueuue 

Onpen;enl'!eM HeH3BeCTHbie <jJyHKIUIH 

H TIOCTOJ'IHHbie 

HaXOLJ:HM Toquoe perneHHe HCXO,[J:HOrO ypaBHeHHH 

Puc. 6. A'1rop11TM nocTpoeHI1ll TO<JHbiX perneH11H MeTon;oM JJ:I1<jJ<jJepeHU11aJihHhiX CBll3eH. 

c) w = cp(y)x 2 + 'ljJ(y), 
d) w = cp(x )yn + 'ljJ(x ), 
e) w=xcp(y)+y'l/J(x), 
f) w = cp(x) + 'l/J(x + y), 
g) w = cp(x + y) + 'l/J(x- y), 
h) w = cp(x + y) + 'ljJ(x + ay). 
YKaJaHue. Han;o 11CKJIJ0'111Th on;Hy 11JII1 n;se <jJyHKU1111 cp 11 'ljJ 113 11cxon;Horo Bbipa)l(eH11ll 11 ero 

JJ:I1<jJ<jJepeHU11aJibHbiX CJieD:CTB11H. 

2. HaHTI1 JJ:I1<jJ<jJepeHU11aJibHbie CBll311 BTOporo nopl!JJ:Ka, 3KBI1BaJieHTHhie 3aD:aHI110 perneHI1ll B HellE

HOM BI1D;e: 

a) ./ cp(w) dw = 'l/J(x) + ay, 

b)./ f(w)dw=cp(x)+'l/J(y). 

® Jlumepamypa Kpa30. 9.1: H. H. 51HeHKO (1964), A. <1>. CI1JJ:OpOB, B. rr. lllaneeB, H. H. 51HeHKO 

(1984), B. K. AHn;pees, 0. B. Kanuos, B. B. IlyxHa'!eB, A. A. Pon;110HOB (1994), A. D. Polyanin, 

V. F. Zaitsev (2004). 

* JTO perneHI1e 06bi'IHO COJJ:ep)I(11T HeKOTOpbie np0113BOHbHbie <jJyHKU1111 11 TIOCTOliHHbie. 
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9.2. AHcl>cJ>epeHu,Ha/\bHble CBH3H nepsoro nopHAKa 

9.2.1. 3BOI\IOL'-HOHHble ypaBHeHHH BTOpOrO nopHAKa 

PaccMOTpHM o6rn:ee 3BOJIIOU:HOHHOe ypaBHeHHe BToporo ITOp51.UKa B pa3perneHHOM 

OTHOCHTeJibHO CTaprnefi ITpOH3BO,[(HOH BH,Ue 

EPw ( ow ow) 
8x2 = :F x,t,w, ox' 8t . (14) 

)l,oiTOJIHHM ero .UH<P<PepeHU:HaJibHOH CB513biO ITepBoro ITOp51.UKa 

ow g( ow) 8t = X' t, w' OX . (15) 

YcnoBHe coBMeCTHOCTH 3THX ypaBHeHHH oiTpe.uen51eTC51 ITyTeM O.UHOKpaTHoro 

.UH<P<PepeHQHpOBaHH51 (14) ITO t H .UByKpaTHOrO .UH<P<PepeHQHpOBaHH51 (15) ITO X C 

ITOCJie,UyiOII.(HM ITpHpaBHHBaHHeM ITOJiyqeHHbiX TpeTbHX ITpOH3BO.[(HbiX Wxxt: 

(16) 

3.uech Dt H Dx- oiTepaTopbi ITOJIHoro .UH<P<PepeHU:HpoBaHH51 ITO t H x: 

a a a a 
Dt = ""i'l + Wt~ + Wxt~ + Wtt~, 

ut uW uWx uWt 
a a a a 

Dx = ~ + Wx~ + Wxx~ + Wxt~· uX uW uWx UWt 

(17) 

lJaCTHbie ITpOH3BO,[(Hbie Wt, Wxx, Wxt, Wtt B (17) ,[(OJI)I(Hbl 6biTb Bbipa)l(eHbl qepe3 

X, t, W, Wx C ITOMOII.(biO (14) H (15) H HX .UH<P<PepeHQHaJibHbiX CJie,UCTBHH. B 
pe3yJibTaTe HMeeM 

UpuMep 2. Bhi)leJ111M 113 Knacca HeJ111HeMHhiX ypasHeHI1M TennonpoBO)lHOCTI1 c 11CTO'IHI1KOM 

aw = _!!_ [f(w) aw] + g(w) 
at ax ax 

( 19) 

ypasHeHI1JI, KOTOpbie 06Jla)laiOT 11HBap11aHTHhiMI1 MHOroo6pa311JIMI1 npOCTelfwero Bl1)la 

aw 8t = 'P(w). (20) 

YpasHeHI1JI (19) 11 (20) JIBJlJIIOTCJI 'laCTHhiMI1 cny'laJIMI1 ( 14) 11 (15) np11 

F = wt- f'(w)w;- g(w) = <p(w)- g(w)- f'(w)w~ g = 'P(w). 
j(w) j(w) ' 

<l>yHKUI111 f( w ), g( w ), 'P( w) 3apaHee He 113BeCTHhi 11 noanelKaT onpeaeneHI110 s npouecce aHaJJI13a. 

ITo <jlopMynaM (18) 11 (17) HalfaeM '!aCTHhie np0113BO)lHhie 11 onepaTOphi nonHoro )ll1<jl<jlepeHU11-

posaHI1JI: 

Wt = ip, Wxx = F, Wxt = 'f1Wx, Wtt = 'P'f1
, 

a a, a ,a a a a, a 
Dt =- + ip- + 'P Wx-- + 'P'P --, Dx =- + Wx- + F-- + 'P Wx--· 

at aw awx awt ax aw awx awt 
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Tiop_cTaBHM BbipaJKeHHJI ,QJIJI Dx 11 Dt B ycJIOBHe cosMeCTHOCTH (16). TiocJie HeKOTOpbiX Bbi'fHCJieHHH 

![(f;)']'w;+ ~7gcp'-cp(~7g)' =0. 

4To6bi yp_osJieTsopHTb JTOMY paseHCTBY ,QJIJI mo6biX Wx, Hap_o noJIOJKHTb 

[ (!;)' r = 0, ~-g I (~-g)' --<p - <p -- = 0. 
f f 

(21) 

Heebzpo:>iCOeHHblU c!!y•wii. C4HTaJI ¢YHKL11110 f = f( w) 3ap_aHHOi1, noJiy'fHM TpexnapaMeTp114e

cKoe perneHHe ypaBHeHHH (21) OTHOCHTeJibHO ¢YHKL111H g = g( W) 11 cp( W): 

g(w) = a~cf (! fdw+b), cp(w) =; (! fdw+b), (22) 

rp_e a, b, c- npo113BOJibHbie nocTOJIHHbie. 

ilO,QCTaBHM cp( W) 113 (22) B ypaBHeHHe (20). 11HTerpHpyll, nOJIY411M 

J f dw = B(x)eat- b. (23) 

_nl1¢¢epeHL111PYJI (23) no x 11 t, HMeeM Wt = aeatg If, Wx = eatg~l f. Tiop_cTaBHB 3TH BbipaJKeHHJI 

B ( 19) C y'feTOM (22), np11XO,QI1M K ypaBHeHHIO B~x + cB = 0, o6mee perneHHe KOTOpOrO 11MeeT 811,11_ 

{ 
cl sin(xye) + c2 cos(xye) 

B= C1sh(xFc)+C2ch(xFc) 

C1x + C2 

np11 c > 0, 
np11 c < 0, 
np11 c = 0, 

(24) 

rp_e C1 11 C2- np0113BOJibHbJe nOCTOJIHHbJe. <lJOpMyJibl (23)-(24) Oni1CbJBaiOT TO'fHbJe perneHHJI (B 

HeJIBHOH !lJopMe) ypaBHeHHJI (19) ,QJIJI np0113BOJibHOH ¢YHKL11111 j(w) 11 ¢YHKL11111 g(w), 3a,QaHHOH 

¢opMyJIOH (22). 
BblpO:>iCOeHHblU CllY'IGU. 11MeeTCJI TaKJKe p_syxnapaMeTp114eCKOe perneHHe ypaBHeHHH (21) OTHO

CHTeJibHO ¢YHKL111H g = g( W) 11 cp( W) (KaK 11 paHee, j C'fi1TaeTCJI np0113BOJibHOH): 

b 
g(w) = f +c, 

b 
cp(w) = J' 

rp_e b 11 c- npo113BOJibHbie nocTOJIHHbie. Ero MOJKHO noJiy'fHTb 113 (22), nepeo6o3Ha'fHB b ----> b I a, 
C ----> aclb 11 yCTpeMHB a K HYJIIO. TIOCJie HeCJIOlKHbiX Bbi411CJieHJ1H nOJIY411M COOTBeTCTBYIOI'-\ee 

perneHHe ypaBHeHHJI ( 19) B HeJIBHOH ¢opMe 

llpoL(eMOHCTpHpyeM Ha KOHKpeTHhiX IIpHMepax, KaK MO)J(HO IIpOBOL(HTh Bhlqlfc

JieHH51, He rrpn6era51 K o6rn:nM cpopMynaM ( 16)-( 18). 

UpuMep 3. PaccMoTpHM 3ap_aqy OTbiCKaHHJI HeJIHHeHHbiX ypasHeHHH BToporo nopllp_Ka 

ow o2w ow 
8t = ox2 + !J(w)a:; + fo(w), (25) 

o6Jiap_aiOmHx HHBapHaHTHbiMH MHOroo6pa3HJIMI1 nepsoro nopJip_Ka BH,Qa 

ow ow 8t = g1(w)a:; + go(w). (26) 

YpasHeHHJI (25) 11 (26) JIBJIJIIOTCJI 'faCTHbiMH cJiy'faJIMH (14) 11 (15) np11 F = Wt- !I ( w)wx- fo( w) 
11 g = g1(w)wx + go(w). <l>yHKL11111 !J(w), fo(w), g1(w), go(w) 3apaHee He 113BeCTHbi 11 nop_JieJKaT 

onpep_eJieHHIO s npouecce aHaJIH3a. 

CHa'faJia Bbi'fHCJIHM npo113BOP-Hbie. TipHpaBHHBaJI npaBbie 'faCTH (25) 11 (26), HMeeM 

(27) 
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3.QeCb H .Qa.nee onycKaeTCJI apryMeHT <jlyHKUHH fi, fo, g1, go, h1, ho. )..l,H<jl<jlepeHUHPYJI (26) .QBa pa3a 

no X H HCnOJlb3Yll Bb!palKeHHe (27) ,QJlJI Wxx, HaXO,QHM CMelllaHHhie npOH3BO,QHhie 

Wxt = g1Wxx + g~w; + g~Wx = g~w; + (g1h1 + g~)Wx + g1ho, 

Wxxt = g~'w~ + (g1h~ + 3g~h1 + g~)w; + (g1h~ + 3g~ho + g1hi + g~h1)Wx + (g1h1 + g~)ho, 
(28) 

r,Qe lliTpHX o603Ha'laeT npOH3BO.QHYIO noW. )..l,H<jl<jlepeHUHpyll (27) no t H HCnOJlh3Yll Bb!palKeHHJI (26) 
H (28) ,QJlJI Wt H Wxt, HMeeM 

Wxxt = h1 Wxt + h~ WxWt + h~Wt = 

= (g1h~ + g~h1)w; + (g1hi + g~h1 + goh~ + g1h~)wx + g1hoh1 + goh~. (29) 

IlpHpaBHJieM Tenepb TpeThH npOH3BO,QHhie Wxxt H3 (28) H (29) H «C06epeM» 'IJleHhl npH 

O,QHHaKOBbiX CTeneHJIX Wx. 8 pe3yJlhTaTe nOJJY'IHM YCJlOBHe HHBapHaHTHOCTH B BH,Qe 

(30) 

YcnosHe (30) 6y.QeT Bh!IlOJlHJIThCJI, ecnH npHpaBHJITh HYJJIO KOJ<jl<jJHUHeHThi npH scex cTeneHJIX Wx: 

g~ = 0, 2g~h1 + g~ = 0, 3g~ho- goh~ = 0, g~ho - goh~ = 0. 

PerneHHe JTOH CHCTeMhi o6biKHOBeHHhiX .QH<jl<jlepeHUHa.JlhHhiX ypasHeHHH onHChiBaeTCJI <jlopMynaMH: 

g1 = C1 w + C2, go= -CfC3w3 - C1C4w2 + Csw + C6, 

h1 = 3C1C3w + C4, ho = C3go, 
(31) 

r,Qe C1, ... ' c6- npOH3BOJlbHhie nocTOJIHHhie. l1crroJlh3Yll paBeHCTBa (27) _QJ]JI h1, ho H (31), 
Onpe,QeJJJieM HCKOMble <jlyHKI..(HH, BXO.QJII.I..IHe B ypaBHeHHJI (25) H (26): 

JI(w) = C1(l- 3C3)w + C2- C4, 

fo(w) = ( -CiC3w3 - C1C4w2 + Csw + C5)(l- C3), (32) 

g1(w) = C1w + C2, go(w) = -CiC3w3 - C1C4w2 + Csw + C5. 

PaccMoTpHM no.Qpo6Hee o.QHH 'laCTHhiH cny'lail. IlonolKHM s (32): 

C1 = -k, C2 = C4 = 0, C3 = -1/k, Cs = ak, C6 = bk, 

r.Qe a, b, k- npoH3BOJlhHhie nocTOJIHHhie (k # 0). CooTBeTCTBYIOI.I..Iee ypasHeHHe (25) H HHBapHaHTHoe 

MHOroo6pa3He (26) HMeiOT BH,Q 

Wt = Wxx- (k + 3)wwx + (k + l)(w3 + aw +b), 

Wt = -kwwx + k(w3 + aw +b). 

(33) 

(34) 

061.1..1ee perneHHe KBa3HJJHHeilHoro ypasHeHHJI nepsoro nopJI.QKa (34) 3anHCbiBaeTCJI B HeJIBHOH <jlopMe 

H co.QeplKHT HHTerpa.n I ( w) = ./ w( w3 + aw + b) - 1 dw H ero o6pal.l..leHHe. CTOJlh CJlOlKHhiH BH.Q 

,QenaeT ero Hey.Q06Hb!M ,QJlJI nOCTpOeHHJI TO'!Hb!X perneHHH ypaBHeHHJI (33). 
8 ,QaHHOM CJly'!ae BMeCTO (34) MOlKHO HCnOJlb30BaTb CJle,QCTBHe ypaBHeHHH (33) H (34), nony

'leHHOe nyTeM HCKJliO'IeHHJI npOH3BO,QHOH no t: 

Wxx = 3wwx - w3 - aw - b. (35) 

3TO 06hiKHOBeHHOe ,QH<jl<jlepeHI..(Ha.JlbHOe ypaBHeHHe COOTBeTCTByeT nO,QCTaHOBKe Bb!palKeHHH (31) 
,QJlJI h1 H ho B (27). 3aMeHa W = -Ux/U npeo6pa3yeT (35) K JlHHeHHOMY ypaBHeHHIO TpeTbero 

nopli.QKa C nOCTOJIHHbiMH KOJ<jl<jJHUHeHTaMH 

Uxxx + aUx - bU = 0, (36) 

perneHHJI KOToporo onpe.QeJJJIIOTCJI KOpHJIMH Ky6H'IecKoro ypasHeHHJI .>-3 +a.>-- b = 0. 8 'laCTHOCTH, 

ecnH see KOpHH An .QeHCTBHTeJJhHhi, TO o61.1..1He perneHHJI ypasHeHHH (35) H (36) onpe.QeJJJIIOTCJI no 

<jlopMynaM 

w = -Ux/U, U = r1(t) exp(.A1x) + r2(t)exp(.A2x) + T3(t) exp(.A3x). (37) 

<l>yHKI..(HH Tn(t) HaXO,QJITCJI nyTeM nO,QCTaHOBKH BblpalKeHHJI (37) B ypaBHeHHe (33) [HJJH B ypaBHe

HHe (34)). 
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0TMeTI1M, 'ITO 6oJiee nop_p06HO ypaBHeHI1e (33) 11CCJie,QOBaHO p_pymM MeTO,QOM B pa3p_. 6.3 (CM. 

np11Mep 7 np11 bo = 0). 

UpuMep 4. PaccMOTp11M HeJII1Hei1Hoe ypasHeHI1e TenJionpoBO,QHOCTI1 

ow= o2w + (ow) 2 +w2. 
ot ox2 ox 

3ap_ap_I1M ,QI1<jl<jlepeHU11aJihHYIO CBJI3b nepsoro nopJip_Ka: 

ow ax = cp(x, t), 

(38) 

(39) 

rp_e cp- HeKoTopall ( noKa npo113BOJihHaJI) <jlyHKU11JI cso11x apryMeHTOB. Torp_a 11cxop_Hoe ypaBHeHI1e 

(38) MO)I(HO 3ani1CaTb B CJiep_yiOII..(eH <jlopMe: 

ow ocp 2 2 
8t =a;;+ cp + w . (40) 

Hai1p_eM YCJIOBI1e COBMeCTHOCTI1 COOTHOllieHI1H (39) 11 ( 40). ,[\Jill :noro np0,11_11<jl<jlepeHU11pyeM (39) 
no t, a ( 40)- no X, a 3aTeM 11CKJIIO'li1M 113 noJiy'leHHbiX Bb!pa)l(eHI1H CMernaHHYIO np0113BOP-HYIO C 

y'leTOM paBeHCTBa Wxt = Wtx· 3aMeHI1B COrJiaCHO (39) np0113BOP-HYIO Wx Ha cp, 11MeeM 

8b!pa311M OTCIO,Qa w: 

'Pt = 'Pxx + 2cpcpx + 2wcp. 

W = 'Pt - 'Pxx - 2<p<px 

2rp 

ilO,QCTaBI1B ( 41) B (39) 11 ( 40), nOJIY'li1M nepeonpep_eJieHHYIO CI1CTeMy ypaBHeHI1H 

_!__ ( 'Pt - 'Pxx - 2cp<px ) = cp, 
ox 2cp 

_?__ ( 'Pt - 'Pxx - 2<p<px ) = + 2 + ( 'Pt - 'Pxx - 2<p<px ) 2 . 
ot 2<p 'Px cp 2<p 

(41) 

(42) 

Perne1111e nepsoro ypaBHeHI1JI ( 42) 1111..(eM MeTO,QOM pa3,QeJieHI1JI nepeMeHHhiX B BI1,Qe npo113Bep_e

HI1JI <jlyHKI..(I1H pa3Hb!X apryMeHTOB cp(x, t) = 7/J(t)B(x). 3JieMeHTapHble BbiKJia,QKI1 nOKa3b!BaiOT, 'ITO 

nepBOMY ypaBHeHI110 ( 42) yp_oBJieTBoplleT <jlyHKU11JI 

cp(x, t) = 7/J(t) sin(x +C), (43) 

rp_e 7/J( t)- np0113BOJibHall <jlyHKI..(I1JI, C- np0113BOJibHall nOCTOJIHHall. ilO,QCTaBJIJIJI Bb!pa)l(eHI1e ( 43) 
BO BTOpOe ypaBHeHI1e (42), np11XO,QI1M K ypaBHeHI110 ,QJIJI Onpep_eJieHI1JI <jlyHKI..(I111 7/J(t): 

.!!:._ ( ;p + '1/J ) = ( ;p + '1/J )2 + 7/J2 
dt 2'1/J 2'1/J 

(44) 

(TO'lKa o6o3Ha'laeT npo113BOP-HYIO not). EcJII1 perne1111e aBTOHOMHoro o6hiKHOBeHHoro ,QI1<jl<jlepeHU11-

aJibHOro ypaBHeHI1JI BTOpOrO nOpli,QKa (44) noJiy'leHO, TO perneHI1e 11CXO,QHOrO ypaBHeHI1JI (38) MO)I(eT 

6hiTh Hai1p_eHo no <jlopMyJie 

w(x, t) = '1/J + '1/J - 7jJ cos(x +C), 
2'1/J 

KOTOpaJI noJiyqaeTCJI nyTeM nO,QCTaHOBKI1 Bb!pa)l(eHI1JI (43) B (41). 

3aMe4aHI-1e 1. B o6meM cnyqae .n:mi 3a.n:aHHOM QJYHKU:HH F ycnosHe cosMeCTHO

CTH ( 16) rrpe.D:CTaBJIHeT co6oil: HeJIHHeMHOe ypaBHeHHe C qacTHbiMH IIpOH3BO.[(HbiMH 

.[(JIH QJYHK[(lflf Q, KOTOpoe HMeeT 6eCKOHeqHoe MHo:lKeCTBO peiiieHHM ( TeopeMa 0 

JIOKaJibHOM Cyli(eCTBOBaHHH peiiieHHM). fl03TOMY ypaBHeHHe C qaCTHbiMH IIpOH3-

BO.[(HbiMH BTOporo IIOpH.[(Ka ( 14) .[(OIIYCKaeT 6eCKOHeqHoe MHO)J(eCTBO COBMeCTHbiX 

.D:HQJ<)JepeHU:HaJihHhiX CBH3eil: rrepsoro rropH.n:Ka (15). 

3aMe4aHI-1e 2. B o6meM cnyqae peiiieHHe ypasHeHHH c qacTHhiMH rrpoH3BO.IJ:

HhiMH rrepsoro IIOpH.[(Ka (15) CBO.[(HTCH K peiiieHHIO CHCTeMbl 06biKHOBeHHbiX .IJ:MQJ

QJepeH[(lfaJibHbiX ypasHeHHM [eM. 3. KaMKe (1966) H B. <D. 3ail:u:es, A. )],. IloJIHHHH 

(2003)]. 
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3aMe4aHit1e 3. BMeCTO ,IIJt«P«PepeHI.J,HaJihHOH CB513H nepsoro nop51,UKa (15) B p51.ue 

CJiyqaeB y.uo6Hee HCIIOJib30BaTb .UH«P«PepeHI.J,HaJibHYIO CB513b BTOpOrO IIOp51,UKa, KO

TOpa51 B03HHKaeT B pe3yJihTaTe HCKJIJOqeHH51 IIpOH3BO)J,HOH IIO BpeMeHH H3 ypaBHe

HHH (14) H (15). IlonyqeHHa51 .UH«P«PepeHI.J,HaJihHa51 CB513h MO)I(eT paccMaTpHBaThC51 

KaK 06biKHOBeHHOe .UH«P«PepeHI.J,HaJibHOe ypaBHeHHe BTOpOrO IIOp51,UKa OTHOCHTeJib

HO nepeMeHHOH XC napaMeTpOM t (eM. pa3,U. 9.3.1). 

9.2.2. r.mep60/\H4eCKHe ypaBHeHHH BTOpOrO nopHAKa 

AHaJIOrHqHhiM o6pa30M paccMaTpHsaeTC51 rHnep6onHqecKoe ypasHeHHe BToporo 

IIOp51,UKa BH,Ua 

a2 w ( aw aw) 
axat = :F x,t,w, ax' 8t ' (45) 

.uononHeHHOe .UH«P«PepeHI.J,HaJihHOH CB513biO nepsoro nop51,UKa (15). CqHTaeM, qTo 

9w '/= 0. 
X 

YcnoBHe COBMeCTHOCTH ypasHeHHH onpe.uen51eTC51 nyTeM O.UHOKpaTHoro .UH«P-

«PepeHI.J,HpoBaHH51 ( 45) IIO t H .UByKpaTHOrO .UH«P«PepeHI.I,HpOBaHH51 (15) IIO t H IIO X 

C IIOCJie,UyiOII.J,HM IIpHpaBHHBaHHeM IIOJiyqeHHbiX TpeTbHX IIpOH3BO)J,HbiX Wxtt: 

(46) 

3.uecb Dt H Dx - onepaTOpbi nonHoro .UH«P«PepeHI.J,HposaHH51 (17), B KOTOpbiX 

qacTHbie IIpOH3BO)J,Hbie Wt, Wxx, Wxt, Wtt )J,OJI)I(Hbl 6hiTb Bbipa)l(eHhl qepe3 X, t, 
W, Wx C IIOMOII.I,biO (45) H (15) H HX .UH«P«PepeHI.J,HaJibHbiX CJie)J,CTBHH. 

floKa)l(eM, KaK BblqHCJI5110TC51 BTOpbie IIpOH3BO)J,Hbie. flpO.UH«P«PepeHI.I,HpyeM 

(15) no x H 3aMeHHM CMernaHHYIO npoH3BO.UHYIO npasoH: qacTbiO ( 45). Haxo,UHM 

Bbipa)l(eHHe )J,JI51 BTOpOH IIpOH3BO)J,HOH IIO x: 

ag ag ag ( aw aw ) a2w ( aw ) 
ax +wx aw +wxx awx = :F x, t, w, ax, 8t ===} ax2 = H1 x, t, w, ax . (47) 

3,UeCb H )J,aJiee yqHTbiBaeTC51, qTo C IIOMOII.I,biO ( 15) IIpOH3BO.UHYIO IIO t MO)I(HO 

Bblpa3HTb qepe3 IIpOH3BO.UHYIO IIO X. ):J:H«P«PepeHI.I,Hpy51 ,UaJiee (15) IIO t, HMeeM 

a2w ag ag ag ag ag ag a2w ( aw) 
at2 = at+Wtaw +wxtawx = at+Q aw +F awx ===} at2 = 1{2 x,t,w, ax . 

(48) 
3aMeH5151 B (17) IIpOH3BO)J,Hbie Wt, Wxt, Wxx, Wtt HX Bbipa)l(eHH51MH H3 (15), (45), 

(47), (48), HaXO.UHM onepaTOpbi nonHoro .UH«P«PepeHI.J,HposaHH51 Dt H Dx, KOTOpbie 

)J,OJI)I(Hbl HCIIOJib30BaTbC51 B YCJIOBHH COBMeCTHOCTH ( 46). 
UpuMep 5. PaccMOTp11M Heni1Hei1Hoe ypasHeHI1e 

EPw 
axat = f(w). 

,[l,onOJ1HI1M ( 49) KBa311Jli1HeHHOH )ll1<jJ<jJepeHUI1aJlbHOH CBll3biO Bl1)la 

aw 
- = 'P(t)g(w). ax 

(49) 

(50) 

,ll,11¢¢epeHUI1PYll ( 49) no x 11 3aMeHllll 3aTeM nepsy10 npo113BO!lHYIO no x npasoi1 'IaCTbiO 
paseHCTBa (50), 11MeeM 

Wxxt = 'P9 J~ · 
,[l,l1<jJ<jJepeHU11pyll )laJJee (50) no X 11 t, nony'li1M )lBa COOTHOWeHI1ll: 

I 2 I 
Wxx = 'P9wWx = 'P 99w, 

Wxt = 'P~9 + 'P9~Wt. 

I 0 A. )J,. IIomiHHH, B. <1>. 3ai1ues, A. H. )l(ypos 

(51) 

(52) 

(53) 
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J1CKJIIO'fi1B B (53) CMernaHHYIO np0113BO).IHYIO C nOMOI'-\biO ypaBHeHI1ll ( 49), HaH).IeM nepsy10 np0113-
BO).IHYIO no t: 

Wt = f- <p~g. 
<pg~ 

)l,l1<jJ<jJepeHU11pyll (52) not 11 3aMeHllll Wt npaBOH 'faCTbiO (54), 11MeeM 

2 I I 2 ( I )I 2 I I ( I )I f - <p~g Wxxt = 'P'Pt99w + 'P 99w wWt = 'P'Pt99w + 'P 99w w 1 • 

9w 

(54) 

(55) 

Tip11paBHI1Ball Tenepb TpeTbl1 np0113BO).IHble (51) 11 (55), nOCJie COKpall\eHI1ll Ha '(J 11 :meMeHTapHbiX 
npeo6pa3oBaHI1H np11XO).II1M K onpe,lleJiliiOI'-\eMy ypasHeHI110 

'(J~g[(g~) 2 - gg~w] = gg~J~- J(gg~)~, (56) 

KOTOpOe 11MeeT ).IBa pa3JII14Hb!X perneHI1ll. 
PeuteHue 1. YpasHeHI1e (56) Y.LIOBJieTBOplleTCll TOJK).IeCTBeHHO ).IJill JII06oil ¢YHKU1111 'P = 'P(t), 

ecJII1 noJIOJKI1Tb 
(g~) 2 - gg~w = 0, 

gg~f~ - f(gg~)~ = 0. 
061'-\ee perneHI1e :JTOH CI1CTeMbl ypaBHeHI1H 11MeeT 811).1 

f(w) = ae>-w, g(w) = be>-w/ 2 , 

r).le a, b, A- np0113BOJibHble nOCTOliHHble. )],Jill npOCTOTbl BbiKJia).IOK ).laJiee 6y).leM nOJiaraTb 

(57) 

a= b = 1, .>.. = -2. (58) 

ilO).ICTaBI1M <jJyHKU1110 g( W), 3a).laHHYIO <jJopMyJiaMI1 (57)-( 58), B ).111<jJ<jJepeHU11aJibHYIO CBll3b (50). 
11HTerp11pyll noJiy'feHHOe ypasHeHI1e, 11MeeM 

w = In['P(t)x + 7j!(t)], (59) 

r).le 7j!(t)- np0113BOJibHall ¢YHKU11ll. Tio).ICTaBJillll (59) B ypasHeHI1e (49) c npasoil 'faCTbiO (57)
( 58), np11X0).111M K JII1HeHHOMY 06biKHOBeHHOMY ).111<jJ<jJepeHU11aJibHOMY ypaBHeHI110 ).IJill onpe,lleJieHI1ll 
<jJyHKU1111 7jJ ( t): 

061'-\ee pewe1111e ::noro ypasHeHI1ll ).laeTCll ¢opMyJioil 

J dt 
7j!(t) = C'P(t) - 'P(t) 'P2 (t) , (60) 

r).le C- npo113BOJibHall nocTOliHHall. 
TaKI1M o6pa30M, TO'fHOe pewe1111e HeJII1HeilHoro ypasHeHI1ll Wxt = e- 2w onpe,lleJilleTCll BbipaJKe

HI1liMI1 (59)-( 60), r).le '(J( t)- np0113BOJibHall <jJyHKU11ll. 
PeuteHue 2. 8Topoe pewe1111e 3a).laeTCll JII1HeHHOH 3aBI1CI1MOCTbiO 

'P(t) =at+ b, (61) 

r).le a 11 b-np0113BOJibHble nOCTOliHHble. 8 JTOM CJiy'fae <jJyHKU1111 j(w) 11 g(w) CBll3aHbl O).IHI1M 
COOTHOWeHI1eM (56) np11 '(J~ = a. J1HTerp11pOBaHI1e ypaBHeHI1ll (50) np11 YCJIOBI111 (61) n03BOJilleT 
HaHTI1 CTPYKTYPY peweHI1ll B Bl1).1e 

w = w(z), z = (at+ b)x + 7j!(t), (62) 

r).le 7j!(t)- np0113BOJibHall ¢YHKU11ll. Tio).ICTaBI1M JTY 3aBI1CI1MOCTb B 11CXO).IHOe ypasHeHI1e (49), a 
3aTeM 3aMeHI1M X Ha Z C nOMOI'-\biO (62). 8 pe3yJibTaTe nOJIY411M 

[az +(at+ b)7j!;- a7)!]w~z + aw~ = f(w). (63) 

)],Jill TOrO 4T06bi JTO Bb!palKeHI1e 6biJIO 06biKHOBeHHbiM ).111<jJ<jJepeHU11aJibHbiM ypaBHeHI1eM ).IJill 
<jJyHKU1111 W = w(z), Ha).IO nOJIOlKI1Tb 

(at + b )7)1; - a7)! = const . 

J1HTerp11pyll, onpe,lleJilleM <jJyHKU1110 7j!(t): 

7j!(t) = ct + d, (64) 

r).le c 11 d- npo113BOJibHbie nocTOliHHbie. 
<l>opMyJibl ( 62) 11 ( 64) onpe,lleJiliiOT peweHI1e ypaBHeHI1ll ( 49) ).IJill np0113BOJibHOH <jJyHKU1111 j ( W). 

Tip11 JTOM <jJyHKU11ll w(z) Oni1CbiBaeTCll ypaBHeHI1eM (63) np11 ycJIOBI111 (64). 4aCTHOMY CJiy'faiO 
a= d = 0 COOTBeTCTByeT perneHI1e Tl1na 6eryll\eH BOJIHbl, a CJiy'faiO b = C = d = 0-aBTOMO).IeJibHOe 
pewe1111e. 



9.2. JI.uqxpepeH!4UGJlbHbte ceRJu nepeozo nopROKa 

9.2.3. YpasHeHHH BToporo nopHAKa o6~ero BHAa 

PaccMoTpiiM riirrep60JmqecKoe ypaBHeHIIe BToporo rropH.D:Ka o6II(ero BII.D:a 

F(x, t, w, Wx, Wt, Wxx, Wxt, Wtt) = 0 
BMeCTe C .n:mp«tJepeHQIIilJibHOH CBH3bl0 rrepBOrO IIOpH.[(Ka 
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(65) 

9(x, t, w, Wx, Wt) = 0. (66) 

fiOCJie.[(OBaTeJihHO .D:II«tJ«tJepeHQIIpyeM ypaBHeHIIH ( 45) II ( 46) 110 o6eiiM rrepe

MeHHbiM .[(JIH IIOJiyqeHIIH .D:II«tJ«tJepeHQIIaJibHbiX CJie.[(CTBIIH, CO.[(ep:)l<all(IIX BTOpbie II 

TpeTbii IIpOII3BO.[(Hbie. l1MeeM 

DxF = 0, DtF = 0, Dx9 = 0, Dt9 = 0, 
Dx[Dx9J = 0, Dx[Dt9J = 0, Dt[Dt9] = 0. 

(67) 

YCJIOBIIe COBMeCTHOCTII .[(JIH (65) II (66) MO)I(HO HaHTII rryTeM IICKJIJOqeHIIH II3 ,[(e

BHTII ypaBHeHIIH (65)-(67) 1IpOII3BO.[(HbiX Wt, Wxx, Wxt, Wtt, Wxxx, Wxxt, Wxtt, Wttt· 
B pe3yJihTaTe rronyqiiM Bbipa)l(eHIIe BII.D:a 

H(x, t, w, Wx) = 0. (68) 

£CJIII JieBaH qaCTb (68) rrpe.[(CTaBJIHeT C060H IIOJIIIHOM OTHOCIITeJibHO Wx, TO .[(JIH 

rronyqeHIIH ycnoBIIH coBMeCTHOCTII Ha.n:o rrpiipaBHHTh HYJIIO «PYHKU:IIOHaJihHhie 

K03«tJ«tJIIU:IIeHTbl 3TOrO IIOJIIIHOMa. 

~ 3a()a'lu u ynpa:m:nenuR K pa:J{). 9.2 
1. flOCTp011Tb TO'!Hble peweHHJI HeJIHHeHHOrO ypaBHeHHJI TellJIOilpOBO,QHOCTI1 C 11CTO'lHI1KOM 

Wt = [f(w)wx]x + g(w), 
HCITOJib3YJI ,QH<jl<jlepeHUHaJibHbie CBJI311 rrepsoro rropJip_Ka: 

a) Wx = tp(t)g(w), 
b) Wx = tp(x)g(w), 
c) Wt = tp(t)g(w). 

2. PaccMoTpeTb 3ap_aqy OTbiCKaHHJI HeJIHHeHHbiX ypasHeHHH 

Wt = f(w)wxx + g(w)wx, 
o6Jia,QaiOwHx HHBapHaHTHbiMH MHoroo6pa3HJIMI1 rrepsoro rropllp_Ka: 

a) Wt = tp(w), 
b) Wx = tp(t)1j;(w), 
c) Wt = tp(w)wx + 1/;(w). 

HaHTI1 COOTBeTCTBYIOllll1e TO'lHbie peweHHJI. 

3. HailTH TO'lHbie peweHHJI HeJIHHeHHbiX ypaBHeHHH: 

a) Wt = Wxx + (wx) 2 + aw2 + bw + c, 
b) Wt = WWxx + aw2 + bw + c, 
c) Wt=(wwx)x+aw2 +bw+c 

c rroMOlllbiO ,QH<jl<jlepeHUHaJibHOH CBJI311 rrepsoro rropJip_Ka Wx = f(x)g(t). 
YKaJaHue. )J,JIJI rrposepKH pe3yJibTaTOB HCCJie,QoBaHHJI ypaBHeHHJI a) CM. rrpHMep 4 (rrpHBe,QeHHbie 

TaM paccyJK,QeHHJI 11CilOJib30BaTb ,QJIJI aHaJIJ13a P-BYX p_pyrHX ypaBHeHHH). 

4. PaccMOTpeTb 3ap_aqy OTbiCKaHHJI HeJIHHeHHbiX ypasHeHHH Wxt = f(w), o6Jiap_aiOwHx HHBapHaHT

HbiMH MHOroo6pa311JIMI1 rrepBoro IlOpli,QKa Wt = g( W )wx. HaHTI1 COOTBeTCTBYIOllll1e TO'lHbie peweHHJI. 

5. PaccMoTpeTb 3ap_aqy OTbiCKaHHJI HeJIHHeHHbiX ypaBHeHHH Wxt = f(w), o6Jia,QaiOwHx HHBapHaHT

HbiMH MHoroo6pa3HJIMI1 rrepsoro rropJip_Ka WtWx = g( w ). lloKa3aTb, 'ITO orrpep_eJIJIIOlliHe <jlyHKUHH 

p_oJIJKHbi yp_osJieTBOpJITb ypasHeHHIO 

gg"- (g') 2 - 2j' g + 3jg'- 2j2 = 0. 
flOCTp011Tb COOTBeTCTBYIOllll1e TO'lHble peweHHJI. 

® Jlumepamypa 1( pa30. 9.2: A. <1>. CHp_opoB, B. n. lllarreeB, H. H. 51HeHKO (1984), v. A. Galaktio

nov (1994), P. J. Olver (1994), B. K. AHp_pees, 0. B. Karruos, B. B. llyxHa'leB, A. A. Pop_HOHOB (1994), 
P. J. Olver, E. M. Vorob'ev (1996), E. M. Vorob'ev (1996), A. D. Polyanin, V. F. Zaitsev (2004). 

10* 
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9.3. AH«<>cj>epeHu,Ha/\bHble CBH3H BToporo H CTapwHx nopHAKOB 

9.3.1. AM$$epeH~Mal\bHble CBH3M BToporo nopHAKa Al\fl SBOI\IO~MOHHbiX ypasHeHMM 

1°. flpH HCIIOJib30BaHHH ,UH1pcpepeHIJ,HaJibHbiX CBji3eH BTOpOrO H 6oJiee BbiCOKHX 

IIOpji.[(KOB .[(Jijl IIOCTpOeHHjl TOqHbiX perneHHH HeJIHHeHHbiX ypaBHeHHH C qaCTHbiMH 

IIpOH3BO,[(HbiMH Ha,UO, B006IIJ,e rOBOpjl, yMeTb CTpOHTb TOqHbie peiiieHHjl 3THX ,UHcp

cpepeHIJ,HaJibHbiX CBj13ei1. B o6IIJ,eM cJiyqae 3TO BeChMa rrpo6JieMaTHqHo. Ilo3TOMY 

.[(Jljl 3BOJIIOIJ,HOHHbiX ypaBHeHHH 06biqHo HCIIOJib3YIOT ,UHcpcpepeHIJ,HaJibHbie CBj13H 

CIIeiJ,HaJibHOrO BH,Ua, B KOTOpbie BXO.[(j{T IIpOH3BO.[(Hbie TOJibKO ITO O.[(HOH rrepeMeH

HOH x (T. e. cpaKTHqecKH paccMaTpHBaiOTCjl o6biKHOBeHHbie .UHcpcpepeHIJ,HaJihHbie 

ypaBHeHHjl BTOpOrO IIOpji.[(Ka OTHOCHTeJihHO X, B KOTOpbie .Upyrajl He3aBHCHMajl 

rrepeMeHHajl t BXO,[(HT Hej{BHO HJIH rrapaMeTpHqecKHM o6pa30M; OT t 6y.UyT 3aBHCeTb 

IIOCTOj{HHbie HHTerpHpOBaHHjl). 

3a.uaqy 0 COBMeCTHOCTH 3BOJIIOIJ,HOHHOrO ypaBHeHHjl BTOpOrO IIOpji,UKa 

(69) 

C ,UHcpcpepeHIJ,HaJibHOH CBj13biO aHaJIOrHqHoro BH,Ua 

aw ( aw a2w) 8t = F2 x, t, w, ax' ax2 (70) 

MO)I(HO CBeCTH K 3a,Uaqe C ,UHcpcpepeHIJ,HaJibHOH CBj13biO rrepBOrO IIOpji.[(Ka, KOTOpajl 

paCCMaTpHBaeTCjl B pa3,[(. 9.2. )J,Jijl 3TOrO Ha,UO CHaqaJia HCKJIIOqHTb H3 ypaBHeHHH 

BTOpyiO IIpOH3BO.UHYIO Wxx· 3aTeM IIOJiyqeHHOe TaKHM o6pa30M ypaBHeHHe rrepBOrO 

rropji.IJ:Ka 

<P ( x, t, w, ~: ' ~~) = 0 

Ha,UO HCCJie,UOBaTb BMeCTe C HCXO,[(HbiM ypaBHeHHeM (69) [HJIH HCXO,[(HOH ,UHcpcpe

peHIJ,HaJibHOH CBj13biO (70)]. 

2°. )J,HcpcpepeHIJ,HaJibHYIO CBji3b (70) .[(Jljl ypaBHeHHjl (69) y.uo6HO 3aMeHHTb 3KBHBa

JieHTHOH ,UHcpcpepeHIJ,HaJibHOH CBji3biO, KOTOpajl IIOJiyqaeTCji rryTeM HCKJIJOqeHHjl Wt 

H3 (70) C IIOMOIIJ,biO (69). B pe3yJibTaTe IIOJiyqaeTCji ,UHcpcpepeHIJ,HaJibHajl CBji3b BH,Ua 

( aw a2w) w x, t, w, ax ' ax2 = 0, 

KOTOpyiO MO)I(HO paCCMaTpHBaTb KaK 06biKHOBeHHOe ,UHcpcpepeHIJ,HaJibHOe ypaBHe

HHe ITO rrepeMeHHOH X C rrapaMeTpOM t (HMeHHO 0 ,UHcpcpepeHIJ,HaJibHbiX CBji3j{X 

TaKOrO BH,Ua rOBOpHTCjl B II. 1 °). 

9.3.2. npMMepbl MCnOI\b30BaHMfl AM$$epeH~Mal\bHbiX CBH3eM Al\fl nOCTpOeHMfl 

TOLIHbiX peweHMM 

UpuMep 6. Bhi,nenHM 113 Knacca HeJIHHeHHhiX ypasHeHHH Terrnorrposo,nHOCTH c HCTO'-IHHKOM 

aw a[ aw] 8t = ax h(w)---a:;- + h(w) (71) 

ypaBHeHHJI, KOTOphie 06Jla,naiOT 11HBap11aHTHhiM11 MHOroo6pa311JIMI1 BH,ll_a 

a2w ( aw )2 
ax2 = 91(w) 8x + 92(w). (72) 

<l>yHKU1111 h(w), JI(w), 92(w), 91(w) rro,nJJe)!(aT orrpe,neneHHIO B rrpouecce aHaJJH3a. 
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lfCKJl!OLJaJI 113 (71) 11 (72) BTOpy!O np0113BO,QHy!O, 11MeeM 

aw ( aw )2 
8t = cp(w) ax + '1/J(w), (73) 

rp_e 11CnOJJb30BaHbi o6o3HaLJeHI1JI 

cp(w) = h(w)91(w) + J{(w), '1/J(w) = h(w)92(w) + h(w). (74) 

YCJ10BI1e 11HBap11aHTHOCTI1 MHOrD06pa311JI (72) no OTHO!lleHI1!0 K ypaBHeHI1!0 (71) nOJJYLJI1M nyTeM 

,QI1<jl<jlepeHU11pOBaHI1JI (72) no t: 

Wxxt = 291 WxWxt + 9~ W;Wt + 9~Wt. 
8 3TOM paBeHCTBe Ha,QO 11CKJ1!0LJI1Tb np0113BO,Il_Hble Wxxt, Wxt, Wt C nOMOI.Ub!O ypaBHeHI1H (72) 11 (73) 
11 11X ,QI1<jl<jlepeHU11aJJbHbiX CJ1e,QCTBI1il. 8 pe3yJlbTaTe 11MeeM 

(2cp9~ +3cp' 91 +cp9~ +cp")w;+( 4cp9192+5cp' 92+cp9~ -91 '1/J' -'ljJ9~ +'I/J")w;+2cp9~+'1/J' 92-'I/J9~ = 0. 
(75) 

_naJJee 6yp_eM CLJI1TaTb, LJTO 92 ¢ 0. Ilp11pasH11BaJI B (75) K HYJJ!O K03<jl<jl11U11eHTbi np11 pa3JJI1LJHbiX 

CTeneHJIX Wx, np11XO,QI1M K TpeM ypaBHeHI1JIM, KOTOpb!e yp_o6HO 3ani1CaTb B <jlopMe 

(cp' + 'P9!) 1 + 29!(cp' + 'P91) = 0, 

492(cp' + 'P9!) + (tp92- 'I/J9!) 1 + '1/J" = 0, 

cp = -t('I/J/92)'. 

(76) 

IlepsoMy ypasHeHI1!0 MO)I(HO yp_osJJeTBOp11Tb, eCJJI1 noJJO)I(I1Tb cp' + 'P91 = 0. CooTBeTCTBY!OI.Uee 

LJaCTHOe pellleHI1e CI1CTeMbl (76) 11MeeT 811,11_: 

!i" 
91 = --,' 

If 
(77) 

rp_e J1> = Jl>( W)- np0113BOJlbHaJI <jlyHKU11JI. Y LJI1Tb!BaJI COOTHO!lleHI1JI (74 ), HaXO,QI1M <jlyHKU110HaJlbHble 

K03<jl<jl11U11eHTbl 11CXO,QHOrO ypaBHeHI1JI (71) 11 11HBap11aHTHOrO MHO)I(eCTBa (72): 

!i" 
91 = --,' 

If 
92 = 

YpasHeHI1e (72) c yLJeTOM (78) p_onycKaeT nepsbiH 11HTerpaJJ: 

w; = [4Cl/1> + 4C2~ + 2u~(t)] (!f\2 , 

(78) 

(79) 

rp_e u(t) -npo113BOJlbHaJI <PYHKU11JI. HcKJJ!OLJI1M w~ B (73) c noMOI.Ub!O (79) 11 nop_cTaBI1M <PYHKU1111 

cp 11 '1/J 113 (77). flp11XO,QI1M K ypaBHeHI1!0 

(80) 

PacCMOTp11M nop_po6Ho LJaCTHbiH CJlyLJaH c2 = c3 = 0. l1HTerp11pyll ypaBHeHI1e (80) c yLJeTOM 

paseHCTBa /l>t = J1>1 Wt, nOJJYLJI1M 

/1> = -u(t) + B(x), (81) 

rp_e e( X) - np0113BOJlbHall <PYHKU11JI. Ilop_cTaBI1M (81) B (79) 11 YLJTeM paBeHCTBO /l>x = J1>1 Wx. 8 

e; - 4Cl B = 2ut - 4Cw. 

Ilp11paBHI1BaJI o6e LJaCTI1 3Toro paseHCTBa HYJJ!O 11 11HTerp11pyJI noJJyLJeHHbie o6biKHOBeHHbie ,QI1<jl<jle

peHU11aJJbHbie ypaBHeHI1JI, HaXO,QI1M <jlyHKU1111 B npaBOH LJaCTI1 <jlopMyJJbl (81 ): 

(82) 

rp_e A 11 B - npo113BOJlbHbie nocTOJIHHbie. TaKI1M o6pa30M, TOLJHoe pellleHI1e ypasHeHI1JI (71) c 

<jlyHKU11JIMI1 h 11 f2 113 (78) np11 C2 = C3 = 0 3ani1CbiBaeTCJI B HeJIBHOM BI1,Qe: 

Jl>(w) = -Aexp(2C1t) + C 1(x + B) 2 . 

8 pellleHI111 11 onpep_eJlli!OlUI1X Bb!pa)l(eHI1JIX (78) <jlyHKU11JI Jl>( W) 3ap_aeTCJI np0113BOJlbHO. 
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UpuMep 7. PaccMOTp11M 3a).laLJy o6 onpe,lleJJeHI111 HeJJI1Hei1HbiX ypasHeHI1H BTOporo nopl!,liKa 

ow o2w ow 
8t = h(w) ox2 + JI(w)--a;- + fo(w), (83) 

06Jia).lai011111X 11HBap11aHTHbiMI1 MHOroo6pa311l!MI1 Bl1).1a 

o2w ow 
ox2 = 9!(w)--a;- + 9o(w). (84) 

AHaJJI13 COBMeCTHOCTI1 3TI1X ypaBHeHI1H np11B0).111T K CJJe).lyi011111M 3aBI1CI1MOCTl!M ).IJlll Onpe,lleJJl!-

1011111X <jJyHKUI1H: 

f2 ( W)- np0113BOJibHall <jJyHKUI1ll, 

JI(w) = C1w + C2- (3ClC3w + C4)h(w), 

fo(w) = (-C~C3w3 - C1C4w2 + Csw + C5)[l- C3h(w)], 
91(w) = 3ClC3w + C4, 

9o(w) = C3( -C~C3w3 - C1C4w2 + Csw + C5), 

r).le C1, ... , C6- np0113BOJlbHble llOCTOliHHble. 

(85) 

YpasHeHI1e (84) MOJKeT 6b!Tb np011HTerp11posaHo np11 HeKOTOpbiX 3HaLJeHI1l!X nocTOl!HHbiX Cn, 
3a).lai011111X <jJyHKUI111 (85). ,[I,Jill 3TOrO Ha).IO COllOCTaBI1Tb ypaBHeHI1ll (84) 11 (35). flOCTpOeHI1e COOT

BeTCTBYI011111X TO'-!Hb!X peweHI1H, KaK 11 Bb!BO).I onpe,lleJJl!IOllii1X COOTHOWeHI1H (85), npe,liOCTaBJJl!eM 

'-111TaTeJIIO B KaLJeCTBe ynpalKHeHI1H. 

B pa3.U. 9.4 rrpime.ueHbi rrpiiMepbi .UII«tJ«tJepeHI.J,IIaJihHhiX CBji3eH: BToporo II 

TpeTbero IIOpji,UKOB, IICIIOJib30BaHIIe KOTOpbiX 3KBIIBaJieHTHO IIpjiMOMY 3a,UaHIIIO 

Haii6onee pacrrpocTpaHeHHhiX «tJopM ToqHhiX perneHIIH. 

0TMeTIIM, qTo .UII«tJ«tJepeHI.J,IIaJibHhie CBj13II TpeThero II 6onee BbiCOKIIX IIOpji,UKOB 

pe,UKO IICIIOJib3YIOTCjl, IIOCKOJibKY IIpiiBO.[(jiT K 60JibiiiiiM BbiKJia,UKaM II BeChMa 

CJIO)I(HbiM ypaBHeHIIj{M (qaCTO 6onee CJIO)I(HbiM, qeM IICXO,UHbie). 

~ 3ai>a•lU u ynpa;m:nenuR « pa"JO. 9.3 

1. flOCTp011Tb TO'-!Hble peweHI1ll HeJII1HeHHOrO ypaBHeHI1ll TenJionpOBO).IHOCTI1 (71 ), 11Cll0Jlb3Yll ).111<jJ

<jJepeHU11aJJbHYIO CBll3b BTOporo nOpll,liKa (72) np11 92 := 0. 

YKaJaHue. lloJIOJKI1Tb s (75) 92 = 0, a 3aTeM noKa3aTb, '-ITO o6wee peweHI1e nepBbiX .liByx 

ypaBHeHI1H (76) 11MeeT 811).1 

'P = c1,/ + c2J.LJ.t', '1/J = .s_ + c41-L, 91 =- 1-L',', 
1-L' 1-L' 1-L 

r).le J.t = J.t( w) - np0113BOJJbHal! ¢YHKU11ll, Cn - np0113BOJJbHbie nocTOl!HHbie. ,ll,anee 11CnOJJb30BaTb 

TaKI1e JKe paccyJK).IeHI1ll, KaK B np11Mepe 5. 

2. flOCTp011Tb TO'-!Hble peweHI1ll HeJJI1HeHHOrO ypaBHeHI1ll TenJJOnpOBO).IHOCTI1 (71 ), 11Cll0Jlb3Yll ).111<jJ

<jJepeHUI1aJJbHYIO CBll3b BTOpOrO nopll,liKa (72) 11 peweHI1e CI1CTeMbl (76) np11 <p := 0. 

YKG3GHUe. ,[l,JJll KOHTpOJJll pe3yJJbTaTOB 11Cll0Jlb30BaTb peweHI1e, llOJJyLJeHHOe B np11Mepe 2. 

3. flOCTp011Tb TO'-!Hble peweHI1ll HeJII1HeHHOrO ypaBHeHI1ll TenJionpOBO).IHOCTI1 C KBa,llpaTI1'-IHOH HeJII1-

HeHHOCTbiO 

Wt = [(a1 w + ao)wx]x + b2w2 + b1 w + bo, 
11Cll0Jlb3Yll ).111<jJ<jJepeHU11aJJbHYIO CBll3b BTOporo nOpll,liKa Wxx = <p(x )wx. 

® Jlumepamypa K pa30. 9.3: A. <1>. Cl1,!10pOB, B. n. illaneeB, H. H. 51HeHKO (1984), v. A. Ga1aktio

nov (1994), B. K. AH,llpees, 0. B. Kanuos, B. B. llyxHaLJeB, A. A. PO).II10HOB (1994), A. D. Po1yanin, 

V. F. Zaitsev (2004). 

9.4. HcnOJ\b30BBHHe HeCKOJ\bKHX AH<J><J>epeH~HBJ\bHbiX CBR3eM 

KaK yKa3hiBaJIOCh B 3aMeqaHIIII 2 II3 pa3.U. 9.1 (eM. TaK)I(e pa3.U. 9.5.3), BMecTo 

O,UHOH MOryT 3a,UaBaTbCji Cpa3y HeCKOJibKO .UII«tJ«tJepeHI.J,IIaJibHbiX CBji3eH BII,Ua (12). 
B 06II.J,eM CJiyqae .UII«tJ«tJepeHI.J,IIaJibHhie CBj13II ,UOJI)I(Hbl IICCJie,UOBaTbCjl Ha COBMeCT

HOCTb. flpOIIJIJIIOCTpiipyeM CKa3aHHOe Ha KOHKpeTHOM IIpiiMepe. 



9.4. J1cnO!lb306GHUe HeCKOJlbKUX OuqxpepeH!4UG!lbHblX C6Jl3eU 

fipUMep 8. PaCCMOTp11M HeJ111HeHHOe ypaBHeHI1e TeiiJ10npOBO.QHOCTI1 C 11CT04HI1KOM 

ow = ~ [!(w) ow J + g(w). ot OX OX 

3a.Qa.Q11M .QBe .D-11¢¢epeH!.111aJJbHbie CBJI311 nepsoro nopJI.QKa: 

ow at= 'P(x,t,w), 

ow 
- = 1/;(x, t, w), 
OX 

r.Qe '{) 11 1/J- HeKOTOpbie ( nOKa np0113BOJlbHbie) ¢YHKL11111 CB011X apryMeHTOB. 
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(86) 

(87) 

CHa'faJJa HaH.QeM YCJ10BI1e COBMeCTHOCTI1 .D-11¢¢epeHl.ll1aJJbHbiX CBJI3eH (87) . .[l,JJJI ::noro npO.D-11¢

¢epeHl.l11pyeM nepsoe COOTHO!lleHI1e (87) no X, BTOpOe - no t, a 3aTeM 3aMeHI1M B noJJy'feHHb!X 

BbipalKeHI1JIX nepBbie np0113BO.QHbie npaBbiMI1 'faCTJIMI1 (87). J1MeeM 

Wtx = 'Px + 'PwWx = 'Px + 1/J'{Jw, 
Wxt = 1/;t + 1/Jw Wt = 1/;t + '{)1/Jw. 

Dp11paBHI1BaJI Wtx = Wxt, HaXO.Q11M ycJJOBI1e COBMeCTHOCTI1 

'Px + 1/J'{Jw - 1/Jt - '{)1/Jw = 0. 

Do.QcTaBI1M Tenepb (87) B 11CXO.QHoe ypasHeHI1e (86). DoJJy'fi1M 

'P = (1/Jx + 1/J1/Jw)f + 1/;2 J' +g. 

(88) 

(89) 

J1CKJ110411B ¢YHK!.11110 '{) B YCJ10BI111 COBMeCTHOCTI1 (88) C nOMOll.lbiO (89), C y'feTOM (87) np11XO.Q11M K 

CJle.QyiOll.leMy ypaBHeHI110 .QJlJI onpe.QeJleHI1JI ¢YHKL11111 1/;: 

1/;t = (1/Jxx + 21/;1/Jxw + 1/; 21/Jww)f + (31/;1/Jx + 21/;21/Jw)J' + 1/;3 J" + 1/Jg'- 91/Jw. (90) 

YpasHeHI1e (90) co.QeplK11T Tp11 He3aBI1CI1Mbre nepeMeHHbre x, t, w 11 BbirJJJI.Q11T CJJOlKHee, '!eM 

11CXO.QHOe ypaBHeHI1e (86), KOTOpOe CO.QeplK11T TOJlbKO .QBe He3aBI1CI1Mbie nepeMeHHbie X, t. 0.QHaKO 

HaJJI1411e «J111!liHeH» nepeMeHHOH W .QaeT 6oJJee lll11p0KI1H Bbi60p pe!lleHI1H, KOTOpbre MOlKHO 11CKaTb, 

3a.QasaJI CTPYKTYPY ¢YHKL11111 1/;. H11lKe 6y.QeT noKa3aHo, KaK MOlKHO Hai1TI1 .QBa KJJacca pellleHI1i1 

HeJ111HeHHOrO ypaBHeHI1JI TenJJOnpOBO.QHOCTI1 C 11CT04HI1KOM (86), 11CXO.QJI 113 ypaBHeHI1JI (90). 

C!ly'laU J. CHa'faJJa 11ll.leM 'faCTHbie pellleHI1JI ypaBHeHI1JI (90), KOTOpbie He 3aBI1CJIT OT X, B B11.Qe 

np0113Be.QeHI1JI ¢YHKL111H pa3Hb!X apryMeHTOB 

1/J = a(t)h(w). (91) 

<l>opMyJJa (91) 3a.QaeT CTPYKTYPY pe!lleHI1JI, r.Qe ¢YHKL11111 et(t) 11 h(w) noKa Hei13BeCTHbi 11 no.QJJeJKaT 

onpe.QeJleHI110 B XO.Qe .QaJJbHeHlllero aHaJJI13a. flo.QCTaBJlJIJI (91) B (90), nOJJY411M ( TO'fKa o603Ha'faeT 

np0113BO.QHYIO no t): 

a(t) = et3 (t)h(w)(f(w)h(w))" + et(t)h(w)(g(w)/h(w))'. 

3TO ypaBHeHI1e 11MeeT HeTp11BI1aJJbHOe pellleHI1e, eCJ111 11MeiOT MeCTO paBeHCTBa 

h(w)(f(w)h(w))" =A, 

h(w)(g(w)jh(w))' = B, 
(92) 

r.Qe A, B - np0113BOJlbHbie nocTOJIHHbre. YpasHeHI1JI (92) co.QeplKaT Tp11 Hei13BeCTHbiX ¢YHKL11111; 

3a.QaBall 0.11-HY 113 HI1X (J1106y10 ), MOlKHO HaHTI1 .QBe .Qpyme. 

<l>yHKL111ll (91) nopOlK.QaeT pe!lleHI1e 11CXO.QHOro ypasHeHI1JI (86). Co macHo BTOpoMy ypasHeHI110 

(87), :no pellleHI1e MOlKHO 3ani1CaTb B HeJIBHOM B11.Qe 

j h~:) = a(t)x + f3(t), 

r.Qe ¢YHKL111ll et = et(t) y.QOBJJeTBOpJieT ypasHeHI110 EepHyJJJJI1 

a = Aet3 + Bet, 

(93) 

KOTOpOe JJerKO 11HTerp11pyeTCJI. <l>yHKLII1JI (J(t) Onpe.QeJJJieTCJI 113 06biKHOBeHHOrO .Q11¢¢epeHl.ll1aJlbHO

ro ypaBHeHI1JI, KOTOpOe MOlKHO nOJJY411Tb nO.QCTaHOBKOH pellleHI1JI (93) B 11CXO.QHOe ypaBHeHI1e (86). 
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Cq11TaJI <jlyHKU11!0 h = h( w) 3a).laHHOi1 ( ee MO)I(HO 3a).laTb rrp0113BOJibHO ), rrp011HTerp11pyeM ypas

HeHI1JI (92). 8 pe3yJibTaTe HaX0).111M Bl1).1 <jlyHKL(I1H, orrpe).leJIJI!Oil(I1X paeeMaTp11BaeMOe ypaBHeHI1e (86): 

J dw 
Q(w) = h(w)' 

r).le cl' C2, c3- rrp0113BOJibHbJe rroeTOJIHHbJe. 

C!ly'laii 2. Terrepb 111l(eM qaeTHbie peweHI1JI ypaBHeHI1JI (90), KOTOpbie He 3aBI1eJIT OT t, B Bl1).1e 

rrp0113Be).leHI1JI <jlyHKL(I1H pa3Hb!X apryMeHTOB 

7jJ = B(x)p(w). (94) 

flo).leTaBI1B (94) B (90), IlOeJie rreperpyrrrr11pOBKI1 qJieHOB 11MeeM 

B~xfP + BB~p(2fp'w + 3f~p) + B3 p2 (fp)':vw + B(pg'w - P'w9) = 0. (95) 

flO).I06HbJe <jlyHKL(I10HaJibH0-).111<jl<jlepeHU11aJibHbJe ypaBHeHI1JI IlO).Ip06HO paeeMaTp11BaJII1eb B rJiaBe 4. 
PeweHI1JI ypasHeHI1JI (95) (11x HeeKOJibKO) MO)I(HO rroJiyqi1Tb MeTO).IOM paell(errJieHI1JI, 11errOJib3YJI 

pe3yJibTaTbi pa3).1. 4.5 [eM. <jlyHKU110HaJibHOe ypaBHeHI1e (60) 11 ero peweHI1JI (61)-(62)]. 
He rrpoBO).IJI rroJIHoro aHaJII13a ypaBHeHI1JI (95), yKa)l(eM 3).1eeb O).IHO ero ToqHoe pewe1111e: 

B(x) = x, f( ) = aw + b 
w p(w) ' 

( ) = _ 3( b)_ 2 ( ) J (aw + b)p:V(w) dw 
g w aw + p w p2 (w) , (96) 

r).le p = p( W)- rrp0113BOJibHaJI <jlyHKL(I1JI, a, b- rrp0113BOJibHbJe IlOeTOJIHHbJe. flO).IeTaBI1M (94) BO 

BTopy!O ).111<jl<jlepeHU11aJibHY!O eBJI3b (87), a 3aTeM yqTeM 3aBI1ei1MOeTb B(x) = x [eM. (96)]. lloJiyqi1M 

Wx = xp( W). J1HTerp11pyll :no paBeHeTBO, 11MeeM 

J ...!:!!_ = ..!_x2 + W). 
p(w) 2 

(97) 

~11<jl<jlepeHU11pyll (97) ITO t 11 yqi1TbJBaJI Bl1).1 rrepBOH ).111<jl<jlepeHL(I1aJibHOH eBJI311 (87), HaXO).II1M 

<jlyHKL(I1!0 <p = ~;p(w). flo).leTaBI1B Bb!pa)l(eHI1JI ).IJIJI <p 117/J B (89) 11 yqi1TbJBaJI3aBI1ei1MOeTI1 (96)-(97), 
rroJiyqi1M JII1Hei1Hoe ).111<jl<jlepeHU11aJibHOe ypasHeHI1e ).IJIJI <jlyHKU1111 ~ ( t). Ero pewe1111e rrp11BO).II1T K 

3KellOHeHU11aJibHOH 3aBI1ei1MOeTI1 

(98) 

r).le C- rrp0113BOJibHaJI IlOeTOJIHHaJI. 

<l>OpMyJibl (97)-(98) ).la!OT peweHI1e B HeJIBHOH <jlopMe HeJII1HeHHOrO ypaBHeHI1JI TellJIOilpOBO).IHO

eTI1 (86), orrpe,lleJIJI!OIU11e <jlyHKU1111 KOToporo f(w) 11 g(w) 3a).la!OTeJI Bbipa)l(eHI1JIMI1 (96), r).le p(w)
rrp0113BOJibHaJI <jlyHKL(I1JI. 

3aMe48HI-1e. HeKJiaCcMqecKMM MeTO.[( MCCJie.[(OBaHM5! CMMMeTpMM .n:mp<PepeHI.(M

aJibHbiX ypaBHeHMM CBO.[(MTC5! K aHaJIM3Y ypaBHeHMM C IIOMOII.(biO .D:BYX .D:M<P<Pe

peHI.(MaJibHbiX CB5!3eM, O.[(Ha M3 KOTOpbiX rrepsoro 110p5!.[(Ka, a 110p5!.IJ:OK BTOpOM 

orrpe.n:emieTC5! rrop5!.IJ:KOM paccMaTpMsaeMoro ypasHeHM5! (eM. pa3.IJ:. 9.5.3). 

~ 3adallu u ynpa:m:nenuR K pa3d. 9.4 

I. Hai1TI1 qaeTHOe peweHI1e <jlyHKL(I10HaJibH0-).111<jl<jlepeHL(I1aJibHOro ypaBHeHI1JI (95) rrp11 e = 1 I x. 
floeTp011Tb eOOTBeTeTBY!OIUee TOqHoe peweHI1e HeJII1HeHHOrO ypaBHeHI1JI TellJIOilpOBO).IHOeTI1 (86). 

2. floeTp011Tb Bee peweHI1JI <jlyHKL(I10HaJibH0-).111<jl<jlepeHL(I1aJibHOrD ypaBHeHI1JI (95) 11 HaHTI1 eOOTBeT

eTBY!OIU11e TOqHbJe peweHI1JI ypaBHeHI1JI (86). 
YKa3aHue. ~Jill peweHI1JI ypasHeHI1JI (95) 11errOJib30BaTb MeTO).I paell(errJieHI1JI, 113JIO)I(eHHbiH B 

pa3).1. 4.5. 

3. Hai1TI1 ToqHbie peweHI1JI o6o6IUeHHoro ypaBHeHI1JI £10prepea 

Wt = f(w)Wxx + g(w)wx 
e IlOMOIL(b!O .LIBYX ).111<jl<jlepeHU11aJibHbJX eBJI3eH (87). 

® Jlumepamypa K pa30. 9.4: P. J. Olver, E. M. Vorob'ev (1996). 
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T A6JIH~A 10 
,[I,H<f><f>epeHUlla.rthHhle CBJI311 BTOpOrO nopJI)lKa, COOTBeTCTBYIOIUlle 

HeKOTOpblM KJ13CC3M TO'lHbiX peweHHH, 33)l3B3eMbiX B JIBHOM BH)le 

T11n peweHHH CTpyKTypa peweHHH ,[I,H<f><f>epeHUlla.rtbHble CBJI311 

PeweHHe c a)l)lliTIIBHhiM 
w=<p(x)+'I/J(y) Wxy=O 

pa3)leJJeHHeM nepeMeHHhiX 

PeweHHe c MYJJhTHnJJHKaTHBHhiM 
w=<p(x)'I/J(y) WWxy- WxWy = 0 

pa3)leJJeHHeM nepeMeHHhiX 

PeweHHe c o6o6weHHhiM 
w = <p(x )y2 + '1/J(x )y + x(x) Wyy-j(x)=O 

pa3)leJJeHHeM nepeMeHHhiX 

PeweHHe c o6o6weHHhiM 
w = <p(x)'I/J(y) + x(x) 

Wyy- j(y)wy = 0 
pa3)leJJeHHeM nepeMeHHhiX Wxy-g(x)wy=O 

PeweHHe c <f>YHKUIIOHa.rthHhiM w=f(z), z=<p(x)y+'I/J(x) Wyy-g(w)w;=o 
pa3)leJJeHHeM nepeMeHHhiX 

PeweHHe c <f>YHKUIIOHa.rthHhiM 
w=f(z), z=<p(x)+'I/J(y) WWxy- g( W )wxWy = 0 

pa3)leJJeHHeM nepeMeHHhiX 

9.5. CBR3b Me>KA}' MeTOAOM AM<J><J>epeHU,MB/\bHbiX CBR3eH M APYrMMM 

MeTOABMM 

MeTO.U .UH«iJ«lJepeHI.J,HaJihHhiX CBji3eH: jiBJijleTCjl O.UHHM H3 HaH6onee o611.1,HX MeTO.UOB 

IIOCTpOeHHjl TOqHbiX perneHHH HeJIHHeHHbiX ypaBHeHHH C qaCTHbiMH IIpOH3BO,UHbi

MH. MHorHe .upyrHe MeTO.Uhi MO)I(HO cqHTaTh ero qacTHhiMH cnyqaj{MH*. 

9.5.1. 06o6~eHHOe H <I>YHK~HOHa/\bHOe pa3Ae/\eHHe nepeMeHHbiX H 

AH<J><J>epeH~Ha/\bHble CBH3H 

B Ta6JI. 10 IIpHBe,UeHbl IIpHMepbi .UH«lJ«lJepeHI.J,HaJibHbiX CBj13eH BTOpOrO IIOpji,UKa, 

HCIIOJib30BaHHe KOTOpbiX 3KBHBaJieHTHO IIpj{MOMY 3a,UaHHIO HaH60Jiee paciipOCTpa

HeHHbiX «iJopM TOqHbiX peiiieHHH, HCIIOJib3YeMbiX IIpH pa3,UeJieHHH IIepeMeHHbiX. 

,[(Jijl perneHHH C «lJyHKI.I,HOHaJibHbiM pa3,UeJieHHeM IIepeMeHHbiX ( CM. CTpOKH 5 II 6) 
«lJyHKI.I,HIO g MO)I(HO Bbipa3HTb qepe3 j. 

B Ta6JI. 11 IIpHBe,UeHbl IIpHMepbi .UH«iJ«lJepeHI.J,HaJibHbiX CBji3eH TpeTbero IIOpji,U

Ka, HCIIOJib30BaHHe KOTOpbiX 3KBHBaJieHTHO IIpj{MOMY 3a,UaHHIO HaH60Jiee paciipO

CTpaHeHHbiX «iJopM TOqHbiX peiiieHHH C o6o611.1,eHHbiM II «lJyHKI.I,HOHaJibHbiM pa3,Ue

JieHHeM IIepeMeHHbiX. 

B o611.1,eM cnyqae IIOHCK perneHHjl c o6o611.1,eHHhiM pa3.ueneHHeM IIepeMeHHhiX 

BH,Ua w(x, y) = cpl(x)'ljll(y) + 'P2(x)'l/J2(Y) + · · · + 'Pn(x)'l/Jn(Y) 3KBHBaJieHTeH 

3a,UaHHIO .UH«lJ«lJepeHI.J,HaJibHOH CBj13H IIOpji,UKa 2n. 
,[(Jijl yKa3aHHbiX B Ta6JI. 10 II 11 THIIOB peiiieHHH IIpe,UIIOqTHTeJihHee HCIIOJib-

30BaTb MeTO,Ubl o6o611.1,eHHOrO II «lJyHKI.I,HOHaJibHOrO pa3,UeJieHHjl IIepeMeHHbiX, 110-

CKOJibKY OHM CO,Uep)l(aT MeHbiiie 3TaiiOB, CBji3aHHbiX C perneHHeM IIpOMe)l(yTOqHbiX 

.UH«lJ«lJepeHI.J,HaJihHhiX ypaBHeHHH. KpoMe Toro, MeTO.U .UH«lJ«lJepeHI.J,HaJihHhiX CBj13ei1 

* OcHOBHaJI TPYilHOCTh )lJJJI npaKTH'lecKoro HCnOJJh30BaHHJI MeTo)la ilH<f><f>epeHUlla.rthHhiX CBJI3eil 

COCT011T B ero O'leHb 06weH <f>opMyJJHpOBKe II He06XO)lliMOCTII np11 paCCMOTpeHllll KOHKpeTHbiX 

KJ13CCOB ypaBHeHIIH Bhi611p3Tb fiO)lXO)lJIJUlle )lH<f><f>epeHUlla.rthHhie CBJI311. flOJTOMY )lJlJI fiOCTpOeHIIJI 

TO'lHbiX peweHIIH HeJJI!HeHHbiX ypaBHeHIIH 'l3CTO npe)lnO'lTHTeJJbHee 11Cfi0Jlb30B3Tb 6oJJee npOCTble 

(HO MeHee 06JU11e) MeTO)lbl. 
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T A6JIH~A II 
)J,I1<jJ<jJepeHUI1aJibHble CBll311 TpeTbero nopll)lKa, COOTBeTCTBYIOW,I1e 

HeKOTOpblM KJ13CC3M TO'lHbiX peweHJ1H, 33)l3B3eMbiX B l!BHOM BJ1)le 

T11n peweHI1H CTpyKTypa peweHI1H )J,I1<jJ<jJepeHU11aJibHble CBll311 

PeweHI1e c o6o6w,eHHbiM 
W = 'P(X )y2 + 1j!(x )y + X(X) Wyyy= 0 

pa3)leJJeHJ1eM nepeMeHHbiX 

PeweHJ1e c o6o6w,eHHbiM 
w = 'P(x )1,b(y) + x(x) WyWxyy- WxyWyy = 0 

pa3)leJieHI1eM nepeMeHHbiX 

PeweHI1e c ¢YHKUI10HaJibHbiM Wy( WxWyyy- WyWxyy) = 
pa3)leJJeHJ1eM nepeMeHHbiX 

w = f( 'P(x )y+ 1,b(x)) 
= 2Wyy( WxWyy- WyWxy) 

PeweHI1e c ¢YHKUI10HaJibHbiM WxWyWxyy- WyWxxy = 

pa3)leJJeHJ1eM nepeMeHHbiX 
w=f('P(x)+1,b(y)) 

= Wxy( w;wyy- w;wxx) 

MaJIOllpiirO.[(eH .[(JH! llOCTpOeHIIH TOqHbiX perneHIIH ypaBHeHIIH CTapiiiiiX (npOII3-

BOJibHbiX) llOpH.IJ:KOB. 

9.5.2. npHMOH MeTOA Kl\apKCOHa-KpycKa/\a H MeTOA AHcl>cl>epeH~Ha/\bHbiX CBH3eH 

PaccMOTpiiM noiiCK TOqHoro perneHIIH B BII.IJ:e 

w(x,t) = F(x,t,u(z)), z = z(x, t), (99) 

r.n:e F(x, t, u) II z(x, t) .IJ:OJI)I(Hhi Bhi6IIpaThCH TaK, qTo6hi .IJ:JIH <l>YHKI.(IIII u(z) B 

KOHeqHOM IITOre llOJiyqiiTb O.[(HO 06biKHOBeHHOe .IJ:II<l><l>epeHl(IIaJibHOe ypaBHeHIIe 

(eM. pa3.IJ:. 6.2). 
IloKa)l(eM, qTo IIcnoJih30BaHIIe CTPYKTYPhi perneHIIH (99) 3KBIIBaJieHTHO noiicKy 

perneHIIH C llOMOil(biO KBa3IIJIIIHeHHOH .IJ:II<l><l>epeHl(IIaJibHOH CBH3II nepsoro nopH.[(Ka 

~(x, t) ~~ + fl(x, t) ~: = ((x, t, w). (100) 

)J,eHCTBIITeJihHO, nepBbie IIHTerpaJibl xapaKTepiiCTIIqecKOH CIICTeMhl 06hiKHO

BeHHbiX .IJ:II<l><l>epeHl(IIaJibHbiX ypaBHeHIIH 

IIMeiOT BII.[( 

dt 
~(x, t) 

dx 
TJ(x,t) 

dw 

((x, t, w) 

z(x, t) = cl, cp(x, t, w) = c2, (101) 

r.n:e C 1 II C2- npOII3BOJibHhie llOCTOHHHhie. fi03TOMY 061l(ee perneHIIe ypaBHeHIIH 

(1 00) 3alliiCbiBaeTCH TaK: 

cp(x, t, w) = u(z(x, t)), (102) 

r.n:e u(z) -npoii3BOJibHaH <l>YHKI.(IIH. Pa3perniiB (102) OTHOCIITeJihHO w, nonyqiiM 

npe.n:cTaBJieHIIe perneHIIH B BII.IJ:e (99). 

9.5.3. MeTOAbl rpynnOBOrO aHa/\H3a H MeTOA AHcl>cl>epeH~Ha/\bHbiX CBH3eH 

KJiacciiqecKIIH II HeKJiaCciiqecKIIH MeTO.[(hl IICCJie.[(OBaHIIH CIIMMeTpiiH .IJ:II<P<PepeH

l(IIaJihHbiX ypaBHeHIIH (KJiacciiqecKIIH II HeKJiacciiqecKIIH MeTO.IJ:hi rpynnosoro 
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aml.JIH3a) MO)I(HO nepe«PopMyJIHpOBaTb B TepMHHaX MeTO,Ua .UH«P«PepeH[(HaJibHbiX 

CBji3eH. floKa)l(eM 3TO Ha IIpHMepe ypaBHeHHjl BTOpOrO IIOpji,UKa 06Ill,ero BH,Ua 

( aw aw a 2 w a 2w a 2w) 
F x,y,w, ax' ay' ax2 ' axay' ay2 = O. 

)J,OIIOJIHHM ypaBHeHIIe ( 103) .UBYMjl .UH«P«PepeH[(HaJibHbiMH CBj13j{MH: 

taw+ aw = r 
<,ax Tf ay .., ' 

aF aF aF aF aF aF aF aF 
~- + rt- + (- + (1- + (2- + (u-- + (12-- + (22-- = 0, 

ax ay aw awx awy awxx awxy awyy 

(103) 

(104) 

(105) 

r.ue ~ = ~(x,y,w), Tf = rt(x,y,w), ( = ((x,y,w)-HCKOMbie «PYHK[(HH, a KOOp

,UHHaTbl nepBOrO H BTOpOrO IIpO,UOJI)I(eHHH (i H (ij OIIpe,UeJijllOTCji IIO «PopMyJiaM 

(9) H ( 14) H3 pa3,U. 7 .1. )J,H«P«PepeH[(HaJihHajl CBj13b (1 05) COBIIa,UaeT C YCJIOBHeM 

HHBapHaHTHOCTH ypaBHeHHjl ( 103 ), CM. ( 17) H3 pa3,U. 7 .2. 

3aMe48Hit1e. MeTO,U IIOCTpOeHHjl TOqHbiX perneHHH ypaBHeHHjl (103), OCHOBaH

HbiH Ha ypaBHeHHH C qacTHbiMH IIpOH3BO,UHbiMH nepBOrO IIOpji,UKa ( 104) H YCJIOBHH 

HHBapHaHTHOCTH (1 05), COOTBeTCTByeT HeKJiaCcHqecKOMY MeTO.UY HCCJie,UOBaHHjl 

CHMMeTpHH .UH«P«PepeHQHaJibHbiX ypaBHeHHH ( CM. pa3,U. 8.1 ). 

IlpH HCIIOJih30BaHHH KJiaccHqecKoH: cxeMhi rpynnoBoro aHaJIH3a cHaqana pac

cMaTpHBaiOTCjl ,UBa ypaBHeHHjl: ( 103) H ( 1 05). 113 3THX ypaBHeHHH HCKJIIOqaeTCjl 0.[(

Ha H3 CTapii1HX IIpOH3BO,UHbiX, HaiipHMep, Wyy, a OCTaJibHhie IIpOH3BO,UHhie (Wx, Wy, 

Wxx, Wxy) CqHTaiOTCji «He3aBHCHMbiMH». flonyqeHHOe Bbipa)l(eHHe paCII.l,eiiJijleTCji 

no CTeneHj{M «He3aBHCHMhiX» npoH3BO.UHhiX (eM. pa3.U. 7.2). B pe3yJihTaTe npHxo

.[(jiT K nepeonpe,UeJieHHOH CHCTeMe ypaBHeHHH H HaXO.[(jiT H3 Hee «PYHK[(HH ~' Tf, (. 
3aTeM 3TH «PYHK[(HH IIO,UCTaBJijllOTCjl B KBa3HJIHHeHHOe ypaBHeHHe nepBOrO IIOpji,UKa 

(1 04 ), perneHHe KOTOpOrO II03BOJijleT OIIpe,UeJIHTb 06Ill,HH BH,U perneHHjl ( B 3TOM 

perneHHH CO,Uep)I(HTCji «PYHK[(HOHaJibHbiH IIpOH3BOJI). )J,anee C IIOMOII.l,biO ypaBHeHHjl 

(1 03) yToqHjleTCjl BH.U perneHHjl, nonyqeHHoro Ha npe.Uhi.UymeM 3Tane. 

K.JiaCCHqecKajl CXeMa MO)I(eT IIpHBeCTH K IIOTepe perneHHH, IIOCKOJibKY Ha 

nepBoM 3Tane npH pacmenneHHH npe.unonaraeTCjl, qTo nepBhie npoH3BO.UHhie Wx 

H Wy jiBJijllOTCjl He3aBHCHMbiMH, B TO BpeMjl KaK B CHJIY ypaBHeHHjl ( 104) 3TH 

IIpOH3BO,UHhie CBj13aHhl JIHHeHHbiM COOTHOllieHHeM. 

~ 3ai>a•lU u ynpa;m:nenuR K pa"JO. 9.5 

1. HaliTII )lll<jJ¢epeHUIIaJJbHbie CBll311 BToporo nopll)lKa, JKBIIBaJJeHTHbie 3a)laHIIJO CTPYKTYPbi pewe

HIIll B CJle)lyJOll(eM Bll)le (j II g- np0113BOJlbHble <jJyHKUIIII COOTBeTCTBYIOll\ero apryMeHTa): 

a) w = j(x + t) + g(x - t); 
b) w = f(x +at)+ g(x + bt); 
c) w = j(x + at)g(x + bt). 
YKa3aHue. IlyTeM )lll<jJ¢epeHU11posaHIIll paccMaTpllsaeMoro BbipaJKeHIIll 11 ero cne)lCTBIIM IICKJlJO

'IIITb np0113BOJlbHbie <jJyHKUIIII. 

2. HaliTII )lll<jJ¢epeHUIIaJJbHbie CBll311 TpeThero nopll)lKa, JKBIIBaJJeHTHbie 3a)laHIIJO CTPYKTYPbi pewe

HIIll B CJle)lyJOll(eM Bll)le (j, g, h-np0113BOJlbHble <jJyHKUIIII COOTBeTCTBYIOll\ero apryMeHTa): 

a) w = f(x + t) + g(x- t) + h(x); 
b) w = j(x + at)g(x + bt) + h(t); 
c) w = f(z) + h(t), z = x + g(t); 
d) w = j(z) + h(t), z = xg(t); 
e) w = f(z), z = x 2g(t) + h(t); 
f) w = j(t)g(z), z = x + h(t); 
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g) w = f(t)g(z), z = xh(t). 
YKa3aHue. IlyTeM )ll1<jJ<j>epeHU11posaHI1JI paccMaTp11BaeMoro BbipalKeHI1JI 11 ero cne)lCTBI1HI1CKJJJO

LJI1Tb rrp0113BOJibHble <j>yHKU1111. 

3. Hai1TI1 )ll1<jJ<j>epeHU11MbHYJO CBJI3b rrepsoro rropJI)lKa Bl1)la (I 00), 3KB11BaJJeHTHYJO 3a)laHI110 CTpyK

TYPhi perneHI1JI B CJle)lyJOIUeM Bl1)le (f, g, h-rrp0113BOJlbHbie <j>yHKU1111 COOTBeTCTBYJOIUero apryMeH

Ta): 

a) w = f(t)g(z), z = x + h(t); 
b) w = f(z), z = xg(t) + h(t); 
c) w = f(z) + g(x), z = xg(t). 
YKa3aHUe. PaCCMOTpeTb COOTBeTCTBYIOJUYIO xapaKTep11CTI1LJeCKyJO CI1CTeMy ypaBHeHI1H 11 11CCJie

)lOB3Tb Bl1)l ee rrepBbiX 11HTerpanOB. 

® Jlumepamypa Kpa3i>. 9.5: C. B. MenernKo (1983), P. J. Olver (1994), B. K. AHL~pees, 0. B. Karr

uos, B. B. IlyxHaLJeB, A. A. Po)li10HOB (1994), A. D. Polyanin, V. F. Zaitsev (2004). 



10. TeeT neHJ\eBe AMI HeJ\HHe~HbiX ypaBHeHH~ 
MaTeMaTH"'eCKO~ <J>H3HKH 

10.1. noABM>KHble OC06eHHOCTM peweHMM 06biKHOBeHHbiX 

AM<i»<i»epeH u,Ma/\bH biX ypa BHeH M M 

10.1.1. npMMepbl peweHMM, MMeiOW,MX nOABM>KHble OC06eHHOCTM 

B3aMMOCBH3h BM.Ua o6hiKHOBeHHhiX .uw<fl<flepeHIJJia.JihHhiX ypaBHeHMM c oco6eHHO

CTHMM MX perneHMM 6hiJia BhiHBJieHa 6o.11ee CTa JieT Ha3a,U. 0co6eHHOCTM perneHMM 

JIMHeMHhiX 06biKHOBeHHhiX .UM<fl<flepeHIIMa.JlhHhiX ypaBHeHMM TOqHO COOTBeTCTBYIOT 

OC06eHHOCTHM K03<fl<flMIIMeHTOB ypaBHeHMM. IlOCKOJihKY MX IIOJIO)KeHMe He MeHHeT

CH C M3MeHeHMeM IIOCTOHHHhiX MHTerpMpOBaHMH, TO TaKMe OC06eHHOCTM MMeHyiOT 

HeiiO,UBM)KHbiMM. B CJiyqae HeJIMHeMHhiX ypaBHeHMM IIOHBJIHIOTCH TaK)Ke IIO,UBM)K

Hble OC06eHHOCTM perneHMM, IIOJIO)KeHMe KOTOpbiX 3aBMCMT OT Haqa.JihHhiX YCJIOBMM 

(OT IIOCTOHHHhiX MHTerpMpOBaHMH). 

HM)Ke 11pMBe.ueHhi 11pocTeifrnwe 11pMMepbi HeJIMHeMHhiX o6biKHOBeHHhiX .uw<P

<flepeHIIMa.JihHhiX ypaBHeHMM llepBOrO IIOpH,UKa M MX perneHMM C IIO,UBM)KHhiMM 

OC06eHHOCTHMM. 

Ypa6HeHue 

u' = -u2 
z 

u~ = 1/u 
u' = e-u z 

u~ = -uln2 u 

PeuteHue 

u = 1/(z- zo) 
u=2vz-zo 
u = ln(z- zo) 

u = exp[1/(z- zo)] 

Tun oco6eHI-wcmu peuteHUR 

IIO,UBM)KHhiM IIOJIIOC 

a.Jire6pawqecKa» ToqKa BeTBJieHMH 

JIOrapM<flMMqecKaH TOqKa BeTBJieHMH 

cyiiieCTBeHHO oco6a» ToqKa 

AJire6pawqecKMe ToqKM BeTBJieHM», Jiorapw<flMwqecKMe ToqKM BeTBJieHMH 11 cyiiie

CTBeHHO OC06hie TOqKM perneHMM Ha3biBaiOTCH Kpumu'-leCKUMU OC06blMU mO'-IKaMU 
(11p11 06XO,Ue BOKpyr 3TMX TOqeK B KOMIIJieKCHOM IIJIOCKOCTM Z 3HaqeHMe <flyHKIIMM 

u(z) MeHHeTCH). 

10.1.2. Pe3yl\bTaTbl KJ\aCCM<J>MKa~MM Hei\MHeMHbiX ypaBHeHMM nepsoro M BTOporo 

nopHAKOB 

P. B 1884 ro.uy JI. <DyKe (L. Fuchs) IIOKa3a.JI, qTo HeJIMHeMHhie o6hiKHOBeHHhie 

.uw<fl<flepeHIIMa.JihHhie ypaBHeHMH 11epBoro IIOp».uKa 

u~ = R(z, u) 

C paUMOHa.JlhHOM 110 BTOpOMY M aHa.JIMTMqeCKOM 110 llepBOMY apryMeHTY <flyHKIIM

eif R o6Jia,UaiOT perneHMHMM 6e3 IIO.UBM)KHhiX KpMTMqecKMX oco6hiX ToqeK (T. e. 

TOJihKO C IIO,UBM)KHbiMM IIOJIIOCaMM) JIMllih B CJiyqae 06IIIero ypaBHeHMH PMKKaTM 

u~ = Ao(z) + A1(z)u + A2(z)u2. 
2°. K.JiaCCM<flMKaliMH (Ha KOMIIJieKCHOM IIJIOCKOCTM) 06biKHOBeHHhiX .UM<fl<flepeHIIM

a.JlhHhiX ypaBHeHMM BTOpOrO IIOpH,UKa BM,Ua 

U~z = R(z, u, u~), 
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r.ue R = R( z, u, w) - cpyHKIJ,H51 pau,HOHa.JibHa51 ITO u H w H aHa.JIHTHqecKa51 ITO z, 
6bma ITpoBe,UeHa II. IIeHJieBe (P. Painieve, I900) H E. faM6be (B. Gambier, I9I 0). 
0HH ITOKa3a.JIH, qTo BCe ypaBHeHH51 ,UaHHOfO BH,Ua, perneHH51 KOTOpbiX He HMeiOT 

ITO,[(BH)I(HbiX KpHTHqecKHX ToqeK (.UOITYCTHMbiMH cqHTaiOTC51 HeiTO,[(BH)I(Hbie OC06hie 

TOqKH H ITO,[(BH)I(Hble ITOJIIOCbi) CB0.[(51TC51 K 50 KJiaCCaM ypaBHeHHM. 113 HHX 44 KJiaC

ca HHTerpwpyiOTC51 B KBa.upaTypax HJIH .uoiTycKaiOT ITOHH)I(eHHe ITOp51.UKa. OcTa.Jih

Hbie 6 KJiaCCOB 51BJI5110TC51 HeiTpHBO.[(HMbiMH, HX Ha3biBaiOT ypaeHeHURMU flewzeee (a 

HX perneHH51 - TpaHcu,eH,UeHTHhiMH cpyHKIJ,H51MH IIeHJieBe HJIH TpaHcu,eH,UeHTaMH 

IIeHJieBe ). 

10.1.3. YpasHeHMfl neHI\eBe 

1°. Ilepeoe ypaeHeHue IleH!leee (B KaHOHHqecKoii cpopMe) HMeeT BH.U 

II 6 2 
Uzz = U + z. (I) 

B OKpeCTHOCTH ITO,[(BH)I(HOfO ITOJIIOCa Zo ero perneHH51 ITpe,UCTaBHMbl B BH,Ue p51,Ua 

00 

U = ( 1 )2 + """"" am ( Z - zo) m, z-zo ~ 
m=2 (2) 

a2=-/0 zo, a3=-i, a4=C, a5=0, a5= 360 z5, 
r,Ue zo H C- ITpOH3BOJibHbie ITOCT051HHbie; K03cpcpHU,HeHTbl am ( m ;:?: 7) O,[(H03HaqHO 

oiTpe.ueJI51IOTC51 qepe3 zo H C. 

2°. Bmopoe ypaeHeHue II eHJLeee ( B KaHOHHqecKoii cpopMe) HMeeT BH.U 

II 2 3 
Uzz = u + zu + a. (3) 

B OKpecTHOCTH ITO.UBH)I(HOro ITOJIIOca zo ero perneHH51 .uoiTycKaiOT cJie.UyiOIIJ,He 

pa3JIO)I(eHH51: 

00 

u = _k_ + """""bm(z- zo)m, 
z-zo ~ 

m=l 

b1 = -ikzo, b2 = --}(k +a), b3 = C, b4 = A zo(k + 3a), 
(4) 

b5 = 30124 [(27 + 81a2 - 2z5)k + 108a- 216Czo], 

r,Ue k = ± 1; zo H C- ITpOH3BOJibHbie ITOCT051HHbie; K03cpcpHU,HeHTbl bm ( m ;:?: 6) 
O.UH03HaqHo oiTpe.ueJI51IOTC51 qepe3 z0 H C. 

3°. OcTa.JihHbie qeTbipe ypaBHeHH51 IIeHJieBe HMeiOT KBa.upaTHqHyiO HeJIHHeMHOCTh 

OTHOCHTeJibHO ITepBOM ITpOH3BO.[(HOM H 3,UeCb He ITpHB0,[(51TC51. 0TMeTHM, qTO perne

HHe qeTBepTOfO ypaBHeHH51 lleHJieBe HMeeT ITO,[(BH)I(HbiM ITOJIIOC, a perneHH51 TpeThe

ro, IT51Toro H rnecToro ypaBHeHHM IIeHJieBe HMeiOT HeiTO.UBH)I(Hhie JiorapHcpMwqe

CKHe TOqKH BeTBJieHH51. EoJiee ITo.upo6HyiO HHcpopMau,HIO o6 ypaBHeHH51X IIeHJieBe 

MO)I(HO HaMTH ,Ua.Jiee B rJiaBe I3 H B JIHTepaType, IJ,HTHpyeMOM B KOHIJ,e pa3,[(. I 0 .I. 

4°. 06biKHOBeHHOe ,UHcpcpepeHIJ,HaJibHOe ypaBHeHHe (JI1060r0 ITOp51,UKa) Ha3biBaeTC51 

ypaBHeHHeM THITa IIeHJieBe, ecJIH ero perneHH51 He HMeiOT ITO.UBH)I(HhiX KpHTHqe

CKHX OC06hiX ToqeK. 0 TaKHX ypaBHeHH51X fOBOp51T, qTo OHM 06Jia,UaiOT CBOMCTBOM 

IIeHJieBe. 
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10.1.4. TeeT neHI\eBe Al\fl 06biKHOBeHHbiX AM$$epeH~Mal\bHbiX ypasHeHMH 

PaeeMOTpHM o6biKHOBeHHOe .ump«tJepeHQHa.JihHOe ypasHeHHe n-ro rrop51.UKa: 

(n) _ F( I (n-1)) (n) _ dnu ( ) 
Uz - z, u, Uz, ... 'Uz ' Uz = dzn . 5 

TeeT IleHJieBe OeHOBaH Ha IIOHeKe perneHH51 ypaBHeHH51 (5) B BH,Ue pa3JIO)I(eHH51, 

HMeiOIIIero oeo6eHHOeTb THIIa IIO,UBH)I(HOrO IIOJIIOea: 

00 

u(z) = ( 1 ) '"""'Am(z- zo)m, 
z-zo P ~ 

m=O 

(6) 

r.ue z0 - nro6oe, p- 11enoe rroJIO)I(HTeJihHoe qHeno. PerneHHe (6) .UOJI)I(HO 6hiTh 

o6IIIHM, II03TOMY K03«tJ«tJHIIHeHThi pa3JIO)I(eHH51 Am .UOJI)I(Hhi eo.uep)l(aTb ( n - 1) 
IIpOH3BOJibHbiX IIOeT051HHbiX (B 3TOM enyqae e yqeTOM IIpOH3BOJibHOeTH zo perneHHe 

B eOOTBeTeTBHH e IIOp51,UKOM ypaBHeHH51 6y,UeT 3aBHeeTh OT n IIpOH3BOJibHbiX IIOeT0-

51HHbiX). EenH perneHHM BH.Ua (6) HeeKOJihKO, TO see OHM .UOJI)I(Hhi y.uosneTBOp51Th 

YKa3aHHhiM Tpe6osaHH51M. 

UpuMep I. XapaKTepHbie oco6eHHOCTH HCnOJJb30BaHHJI TeCTa lleHJJese npOHJJJJ!OCTpHpyeM Ha 

npHMepe HeJJHHeHHOrO 06hiKHOBeHHOrO )lH<jl<jlepeHUHaJJhHOrO ypaBHeHHJI BTOpOrO nopll)lKa 

U~z = u 2 + au + bz + cz2 . (7) 

)J,JJJI onpe)leJJeHHJI maBHoro 'IJJeHa pa3JJOlKeHHJI (6), KOTOpbiH xapaKTepH3yeTCJI noKa3aTeJJeM 

CTeneHH p 11 Km<jl<jJHUHeHTOM Ao, nO)lCTaBHM B ypasHeHHe (7) O)lHO'!JJeH 

u=~ c=z-zo, 
~p ' <, 

(8) 

a 3aTeM noJJy'leHHOe Bb!palKeHHe YMHOlKHM Ha ~P+2 (np0113Be)leHHe ~P+2 U~z )laeT BeJJH'IHHY 

HyJJeBoro nopll)lKa). l1MeeM 

p(p + l)Ao = A6e-p + Aoae + b(~ + zo)e+2 + c(~ + zo) 2e+2. (9) 

llp11 ~ ----> 0 (p > 0) B npasoll 'lacTH HeHyJJesoll BKJJa)l MOlKeT )laTh TOJJhKO nepBhiH 'IJJeH A6e-P. 
)J,JJJI TOrD 4T06bi OH 6b!Jl paBeH KOHCTaHTe, Ha)lO nOJJOlKHTb p = 2. 8 3TOM CJJy'!ae 113 (9) np11 ~ ----> 0 
HaXOJlHM Ao = 6. TaKHM o6pa30M, maBHhiH 'IJJeH pa3JJOlKeHHJI onpe)leJJJieTCJI <jlopMyJJoll (8) np11 

p = 2, Ao = 6. 

Y4HTbiBaJI CKa3aHHOe, peweHHe ypasHeHHJI (7) HIUeM B BH)le pa3JJOlKeHHJI 

u = 6C2 + A1C 1 + A2 + A3~ + A4e + Ase + A6~4 + · · ·. (10) 

llo)lCTaBHM (10) B (7), «co6epeM» 'IJJeHbi np11 OJlHHaKOBhiX CTeneHJIX ~. a 3aTeM npHpaBHJieM HYJJ!O 

K03<jl<jJHUHeHThi np11 cTeneHJIX ~. l1MeeM CHCTeMy aJJre6paH4eCKHX ypaBHeHHH )lJJJI onpe)leJJeHHJI Am: 

C 3: lOA!= 0, 

C 2: 12A2 + Ai + 6a = 0, 

C 1: 12A3 + 2A1A2 + A1a = 0, 

1: lOA4 + 2A1A3 +A~+ A2a + bzo + cz6 = 0, 
~: 6As + 2A1A4 + 2A2A3 + A3a + 2czo + b = 0, 

0 x A6 + 2A1As + 2A2A4 +A~+ A4a + c = 0. 

(11) 

3)leCb B nepBOM CTOJJ6Ue yKa3aHbl CTeneHH ~' np11 KOTOpblX CTOJIT COOTBeTCTBYIOJUHe K03<jl<jJHUHeHTbl, 

npHBe)leHHbie so BTOpOM CTOJJ6ue. 113 nepBbiX nJITH ypasHeHHH (II) noJJy'IHM 

A1 = 0, A2 =-+a, A3 = 0, A4 = 110 ( +a2 - bzo- cz6), As= --IJb- i-czo. (12) 

llo)lCTaBHB 3TH 3Ha'!eHHJI B nocJJe)lHee ypasHeHHe (II), HMeeM 

0 x A6 + c = 0. (13) 

0TC!O)la B 3aBHCI1MOCTI1 OT napaMeTpa C MOryT HMeTh MeCTO )lBe aJJhTepHaTHBHhie B03MOlKHOCTI1. 
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1 o. Ilp11 c = 0 paBeHCTBO ( 13) BblllOJIHJieTCJI TOJKp_eCTBeHHO P-JIJI mo6oro A 6 . 8 3TOM cny'!ae 

ypaBHeHI1e (7) yp_oBJieTBOplleT TecTy IleHJieBe, a ero perneHI1e MOJKeT 6hiTh npep_cTaBJieHo B BI1P-e 

pa3JIOJKeHI1JI (I 0), KOTopoe cop_epJK11T p_Be np0113BOJihHbie nocTOJIHHhie zo 11 A6; np11 3TOM nepBbie 

nJITh K03<j:l<jmul1eHTOB onpep_eJIJIJOTCJI no <j:lopMyJiaM (12), a Km<j:l<j:l11u11eHThi A7, As, ... MoryT 6hiTh 

Onpep_eJieHbl nOCJie,ll_OBaTeJibHO 113 peKyppeHTHbiX COOTHOllleHI1H (KOTOpb!e 3,ll_eCb He np11BO,ll_JITCJ1). 

2°. Ilp11 c # 0 paBeHCTBO ( 13) He BhlllOJIHJieTCJI Hl1 np11 KaKI1X 3Ha'!eHI1JIX A6 . YpaBHeHI1e (7) B 3TOM 

cJiy'lae He 11MeeT perneHI1H BI1P-a ( 6) 11, cnep_oBaTeJihHO, He yp_oBJieTBOplleT TecTy IleHJieBe. 

3aMe4aHI-1e 1. llneHbi ypaBHemur, KOTOpbie orrpe.n:emnoT Ko3<Pqmu:neHTbi pH A0 

maBHoro qneHa pa3JIO)I(eHHH (8), Ha3biBaiOTCH eedyUfUMU. B ypaBHeHHH (7) TaKHMH 

qJieHaMH HBJIHIOTCH U~z H u2 

10.1.5. HeKOTOpble 3aMe4aHHfl 0 TeCTe neH/\eBe. liiHAeKCbl <l>yKca. npHMepbl 

B 061I(eM CJiyqae, KaK H B IIpHMepe 1, peKyppeHTHbie COOTHOIIleHHH .[(JIH orrpe.[(eJie

HHH KOJ<l><l>Hl(HeHTOB pa3JIO)I(eHHH HMeiOT BH.[( 

m = 1,2, ... (14) 

llTo6hi rronyqnTb rrpoH3BOJibHYIO rrocTOHHHYIO Am, yqnTbiBaeM, qTo B perneHHH 

.[(OJI)I(Hbl O.[(HOBpeMeHHO BbiiiOJIHHTbCH paBeHCTBa: 

km =0, (15) 

B rrpHMepe 1 .[(JIH rrpoBepKH BbiiiOJIHeHHH TeCTa IleHJieBe rroTpe6oBaJIOCb pac

CMOTpeTb rrepBbie CeMb qJieHOB pa3JIO)I(eHHH, qTo 6biJIO COIIpH)I(eHO C .[(OCTaToqHo 

60Jibll1HM 06beMOM BbiKJia.[(OK. flpH 3TOM 3apaHee He 6biJIO H3BeCTHO, CKOJibKO Ha.[(O 

B3HTb qJieHOB .[(JIH aHaJIH3a. ,[(JIH rrpaKTHKH IIOJie3HO 3HaTb 3apaHee (6e3 IIpOBe.[(eHHH 

IIOJIHOrO 06beMa BblqHCJieHHH), CKOJibKO Ha.[(O 6paTb qJieHOB pa3JIO)I(eHHH (6), a 

TaK)I(e CKOJibKO K03<P<Pnu:neHTOB Am H KaKHe H3 HHX MoryT 6biTb rrpOH3BOJibHbiMH. 

,[(JIH TOrO qT06bi OTBeTHTb Ha 3TH BOIIpOCbl, Ha.[(O yMeTb BblqHCJIHTb qHCJIOBOH 

MHO)I(HTeJib km B <PopMyJiaX (14). 
lh pe3yJibTaTOB aHaJIH3a IIpHMepa 1 CJie.[(yeT, qTO MHO)I(HTeJIH km IIpH K0-

3<P<PH[(HeHTaX Am [ CM. rrepBbie qneHbi BO BTOpOM cTOn6u:e (11 )] orrpe.n:enHIOTCH 

TOJibKO Be.[(yii(HMH qJieHaMH ypaBHeHHH (7). AHaJIOrHqHaH CHTyal(HH HMeeT MeCTO 

H B cnyqae o6mero ypaBHeHHH n-ro rropH.D:Ka (5). YqnTbiBaH, qTo neBaH qacTb 

paBeHCTB (14) JIHHeli:Ha OTHOCHTeJibHO Am, a rrpaBaH He 3aBHCHT OT Am, MHO)I(H

TeJIH km MO)I(HO HaHTH rryTeM IIO.[(CTaHOBKH .[(ByqJieHa 

e=z-zo (16) 

B Be.n:ymne qneHbi ypaBHeHHH (5). Co6paB qneHbi, rrporropu:noHaJibHbie CTerreHHM 

Am, rronyqnM 

q:? m- n- p, (17) 

r.[(e km -HCKOMbiH MHO)I(HTeJib, BXO.[(HII(HH B JieByiO qacTb (14). MO)I(HO IIOKa3aTb, 

qTO km HBJIHeTCH IIOJIHHOMOM n-H CTerreHH (n- IIOpH.[(OK .[(H<P<l>epeH[(HaJibHOrO 

ypaBHeHHH) OTHOCHTeJibHO l(eJioqHcJieHHOrO HH.[(eKCa m: 

(18) 

YpaBHeHHe km = 0 Bcer.n:a HMeeT KopeHb m = 1 (KoTopbiH OTBeqaeT rrpoH3BOJibHO

CTH Bbi6opa ZQ ), a OCTaJibHbie KOpHH 3TOrO ypaBHeHHH orrpe.[(eJIHIOT UHdeKCbl cJ>yKca 
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(IIHor.ua Ha3biBaeMbie pe3oHaHcaMu)-HOMepa m1, ... , mn-1 K03«P«Pm.J,IIeHTOB Am 
B pa3JIO)I(eHIIII (6), KOTOpbie MOryT 6biTb IIpOII3BOJibHbiMII. 

Ha rrpaKTIIKe TeeT IleHJieBe y.uo6Ho rrpoBO.UIITh rrocne.uosaTeJihHO B TPII 3Tarra. 

Ilepebru :Jman. CHaqana orrpe.uemreTC51 maBHhiM qneH pa3JIO)I(eHII51 (6), KOTOpbiM 

xapaKTepii3yeTC51 rroKa3aTeJieM cTerreHII p II Ko3«P«Pm.J,IIeHTOM A0 . ):I;JI51 3Toro B 

ypaBHeHIIe (5) IIO.[(CTaBJI51eTC51 O.[(HOqJieH (8), a 3aTeM o6e qaCTII IIOJiyqeHHOrO 

Bbipa)l(eHII51 YMHO)I(aiOTC51 Ha ~p+n. B pe3yJihTaTe B nesoil: qacTII 6y.ueT CT051Th 

KOHCTaHTa. 3HaqeHIIe p Bhi6IIpaeTC51 TaK, qT06hi rrpe,UeJihHOe 3HaqeHIIe rrpaBOM 

qacTII IIpii ~ ---+ 0 TaK)I(e 6hiJIO paBHO KOHCTaHTe (OTJIIIqHOM OT HYJI51). flocJie 

3TOrO IIpiipaBHIIBaHIIe JieBOM II rrpaBOM (rrpii ~ ---+ 0) qacTeM II03BOJI51eT HaMTII 

K03«P«PIII.J,IIeHT Ao. 
Ecnii see rronyqeHHbie Ha rrepBOM 3Tarre 3HaqeHII51 p-I.J,eJibie II rroJIO)I(IITeJibHbie 

(3TO rrepBOe He06XO.[(IIMOe ycJIOBIIe .[(JI51 TeCTa fleHJieBe), TO aHaJIII3 ypaBHeHII51 (5) 
MO)I(eT 6hiTb IIpO,UOJI)I(eH. ECJIII XOT51 6hi O,[(HO 3HaqeHIIe p- Hei.J,eJIOe IIJIII KOM

IIJieKCHOe, To paccMaTpiiBaeMoe ypaBHeHIIe He y.uosneTBOp51eT TecTy IleHnese. 

Bmopou :Jman. Ha 3TOM 3Tarre orrpe.uen51IOTC51 IIH.UeKChi <l>yKca. ):l;n51 3Toro B 

Be,Uyii.I,IIe qJieHbl IIO.[(CTaBJI51eTC51 (16) II OIIpe,UeJI51eTC51 MHO)I(IITeJib km, BX0,[(5111.1,IIM B 

JieByiO qaCTb COOTHOIIIeHIIM (14). BTopoe He06XO.[(IIMOe ycJIOBIIe .[(JI51 TeCTa fleHJie

Be: ypaBHeHIIe km = 0 ,[(OJI)I(HO IIMeTh n - 1 pa3JIIIqHbiX I.J,eJihiX HeOTpiii.I,aTeJihHbiX 

KOpHeM, T. e. ,[(OJI)I(HO IIMeTh MeCTO rrpe,UCTaBJieHIIe 

km = (m + 1)(m- m1) ... (m- mn-1), 0 :S:: m1 < m2 < · · · < ffin-1, (19) 

r.ue mj -I.J,eJihie qiicna. Ecnii 3TO ycnoBIIe BhiiiOJIHeHo, TO rrepexo,U51T K TpeTheMy 

3Tarry. 

Ecnii ypaBHeHIIe km = 0 IIMeeT Hei.J,eJihie, oTpiii.J,aTeJihHhie I.J,eJihie (KpoMe 

m = -1) IIJIII KOMIIJieKCHbie KOpHII, TO paCCMaTpiiBaeMOe ypaBHeHIIe He Y.UOBJie

TBOp51eT TeCTY fleHJieBe II Ha 3TOM aHaJIII3 3aKaHqiiBaeTC51. 

Tpemuu :Jman. Ha 3TOM 3Tarre rrposep51eTC51 O.UHOBpeMeHHOe BhiiiOJIHeHIIe 

ycnoBIIM ( 15) II rrocne.uosaTeJihHO BhiqiicJI51IOTC51 Ko3«P«PIII.J,IIeHThi pa3JIO)I(eHII51 Am 
.uo 3HaqeHII51 m = mn-1 BKJIJOqiiTeJihHO. EcJIII rrpii KaKOM-TO mj ::;;: mn-1 
ycnoBIIe (15) He BhiiiOJIH51eTC51, TO ypasHeHIIe He y.uosneTBOp51eT TecTy IleHnese. 

UpuMep 2. Hall)leM 11H)leKChi <l>yKca )lJlJI ypasHeHI1JI (7) 113 np11Mepa I. 
Ilo)lCTaBJJJIJI ilBY'lJJeH ( 16) np11 p = 2, Ao = 6 B se)lyll.ll1e 'lJJeHhi ypasHeHI1JI (7) ( cooTseTCTBYIOillee 

«YKOpO'leHHOe» ypaBHeHI1e 11MeeT Bl1)l U~z = u 2), HaXO)li1M 11CKOMhiH COMHOlKI1TeJlh: 

km = m2 - 5m- 6 = (m + l)(m- 6). 

J13 ypaBHeHI1JI km = 0 llOJ1Y'li1M 11H)leKC <l>yKCa ffil = 6. f103TOMY BTOpOe He06XO)li1MOe YCJ10BI1e 

TecTa IleHnese BhlllOJJHeHo 11 cne)lyeT paccMoTpeTh ceMh 'lJleHOB pa3JlOlKeHI1JI (I 0) (nocne)lHI1H 'lJleH 

CO)leplK11T Ko::J<jl<jlm . .111eHT A5). ~aJJhHellw11ll aHaJJI13 npoBO)li1TCJI, KaK B np11Mepe I. 

UpuMep 3. PaccMOTp11M ypasHeHI1e 

U~z + 2uu~ +au+ bz + cz2 = 0. (20) 

flep8blU 3man. flO)lCTaBI1B B (20) O)lHO'lJleH (8), HaXO)li1M KOHCTaHThi, onpe)leJ1JIIOil.ll1e maBHhiH 

qneH pa3JJOlKeHI1JI: 

p = 1, Ao = 1. (21) 

TaK KaK p- uenoe nonolKI1TeJlhHOe 'li1CJJO, To ypasHeHI1e (20) YilOBJleTBopJieT nepsoMy Heo6xo)li1-

MOMY ycnos1110 TecTa IleHnese. 

Bmopoii 3man. Ilo)lcTaBI1B ilBY'lJJeH (16) c yqeTOM 3Ha'leHI1H (21) B se)lyll.ll1e 'lJleHhi ypasHe

HI1JI (20) ( :JTo 'lJJeHhi, CO)leplKawl1e np0113BO)lHhie ), nocne ::lJleMeHTapHhiX npeo6pa3osaHI1H nony'li1M 

Am(m + l)(m- 2)C- 3 + O(A;,) = o. 

II A. ,[(. IlomiHHH, B. <1>. 3ai1ues, A. H. )l(ypos 
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113 KBa,llpaTHOrO ypaBHeHI1JI 

km = ( m + 1) ( m - 2) = 0 

HaXO).II1M KO::Hp!jl11!.(11eHT <l>yKCa ( OTJ111'1Hb!H OT -1 ): 

ffi) = 2. 

ilOCKOJlbKY OH- UeJJbiH 11 nOJJOJKI1TeJJbHbiH, TO ypaBHeHI1e (20) Y.liOBJJeTBOplleT BTOpOMY He06XO).II1-

MOMY ycJJOBI1JO TecTa lleHJJese. 

Tpemuii 3man. Ha 3TOM 3Tane nO).ICTaBJJJieM B ypasHeHI1e pa3JJOJKeHI1e 

u = C 1 + A1 + A2~ + · · · , 
B KOTOpOM Ha).IO y'leCTb TOJlbKO Tp11 CJJaraeMbiX (.110 '!JleHa, nponOpi..I110HaJJbHOrO A2, 'ITO CJJe).lyeT 113 

BToporo 3Tana). 8 pe3yJJbTaTe 11MeeM 

~- 2 : -2A1 = 0, 

C 1 : OxA2+a=O. 
(22) 

113 nepsoro paseHCTBa (22) noJJy'II1M A1 = 0. 8Topoe paseHCTBO MOJKeT BbinOJJHJITbCJI TOJJbKO np11 

a= 0. 8 3TOM cJJy'lae 3Ha'leHI1e A2 -JJJ06oe 11 ypasHeHI1e (20) Y.liOBJJeTsopJieT TecTy lleHJJese ).IJJJI 

np0113BOJlbHbiX b 11 C. 

UpuMep 4. PaccMOTp11M ypasHeHI1e 

UU~z + (u~) 2 = 0. 

flO).ICTaBI1B CIO).Ia O).IHO'IJleH (8), HaXO).II1M ).IBa 3Ha'leHI1JI noKa3aTeJJJI: 

p= 0, 
1 

p=--. 
2 

llmToMy ypasHeHI1e (23) He Y.liOBJJeTBOpJieT TeCTy lleHJJese. 

(23) 

0611..1ee peweHI1e ypasHeHI1JI (23) ).laeTCJI ¢opMyJJoi1 u = A y' z - zo 11 11MeeT aJJre6pa11'1eCKYJO 

TO'IKY BeTBJJeHI1JI. 

10.1.6. TeeT neH/\eBe AMI CHCTeM 06biKHOBeHHbiX AH<J><J>epeH'-'Ha/\bHbiX ypaBHeHHH 

TeeT lleHJieBe MO)I(HO HeiiOJib30BaTb TaiOKe .[(JI51 aHaJIH3a eHeTeM 06biKHOBeHHbiX 

.UH«P«PepeHIJ,HaJihHhiX ypaBHeHHH. )J,JI51 eHeTeMhi, eoeT051IIJ,eli: H3 N ypaBHeHHH, 

peiiieHHe HIIJ,eTe51 B BH,Ue pa3JIO)I(eHHH Beex HeH3BeeTHbiX BeJIHqHH B p51,Ubl e 

IIOJIIOeHhiMH IIO,[(BH)I(HbiMH oeo6eHHOeT51MH 

uk = (z- zo)-Pk [Ako + Akl(z- zo) + Ak2(z- zo) 2 + · · ·], k = 1, ... , N, (24) 

r.ue Pk- IIOJIO)I(HTeJibHbie IJ,eJibie qHeJia. 06IIJ,HOeTb perneHH51 .UOJI)I(Ha o6eeneqH

BaThe51 He06XO,[(HMbiM (eOOTBeTeTBYIOIIJ,HM IIOp51.UKY eHeTeMbi) qHeJIOM IIpOH3BOJib

HbiX Ko3«P«PHIJ,HeHTOB pa3JIO)I(eHHH H eBo6o.UHhiM napaMeTpoM z0 . EeJIH MaKeH

MaJihHhie IIOp51,UKH eTapiiiHX IIpOH3BO,[(HbiX OT,UeJihHbiX ypaBHeHHH eHeTeMhl paBHbl 

n1, ... , nN, TO qHeJIO IIpOH3BOJibHbiX IIOeT051HHbiX akm B peiiieHHH (24) .[(OJI)I(HO 

6biTb paBHO n1 + · · · + nN - 1. 

3aMe4aHI-1e 2. B 1888 ro.uy C. B. KoBaJieBeKoli: y.uaJioeh npoHHTerpHpoBaTh 

ypaBHeHH51 .[(BH)I(eHH51 He.ue«PopMHpyeMOrO TBep,UOrO TeJia e 3aKpeiiJieHHOH TOqKOH 

IIO.[( ,UeHeTBHeM eHJibl T51)1(eeTH B HeH3BeeTHOM ,[(0 Hee eJiyqae. DbiJI BbiiiOJIHeH aHa

JIH3 eHeTeMbl H3 rneeTH HeJIHHeHHbiX 06biKHOBeHHbiX .UH«P«PepeHIJ,HaJibHbiX ypaB

HeHHH nepBOrO IIOp51,UKa, perneHH51 KOTOpbiX HeKaJIHeb B BH,Ue (24) IIpH N = 6. 
Ba)I(HO OTMeTHTh, qTo HeeJie,UOBaHH51 C. B. KoBaJieBeKoli: npe.urneeTBOBaJIH pa6oTaM 

II. lleHJieBe no KJiaeeH«PHKaiJ,HH o6biKHOBeHHhiX .UH«P«PepeHIJ,HaJihHhiX ypaBHeHHH 

BTOpOrO IIOp51,UKa, KOTOpbiH HeiiOJib30BaJI pa3JIO)I(eHH51 aHaJIOrHqHoro BH,Ua. I103TO

MY B JIHTepaType Hap51.UY e TepMHHOM «TeeT lleHJieBe» HHOr,Ua HeiiOJih3yeTe51 TaiOKe 

TepMHH «TeeT KoBaJieBeKoli:- lleHJieBe». 
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~ 3a()aqu u ynpa:m:HeHUR K pa:J{). 10.1 
1. flOKa3aTb, 'ITO ypaBHeHHe (7) np11 C = 0 JlHHeHHbiM npeo6pa30BaHHeM BH).Ia U = 0<1 U + fJ1, 
Z = 0<2Z + (32 np11B0).111TCJI K nepBOMY ypaBHeHHIO fleHJJeBe (1). 
2. Onpe).leJJHTb np11 KaKHX 3HaLJeHHJIX napaMeTpos a, b, c cJJe.llyJOwHe ypaBHeHHJI BToporo nopJI).IKa 
Y.liOBJJeTBOpJIIOT TecTy lleHJJese: 

a) U~z = a+ bu + cu2 , 

b) U~z- au~= bu + cu2 , 

c) u~z- au~= bu + cu3 , 

d) u~z- auu~ = bu2 + cz3 , 

e) U~z- a(u~) 2 = bu + cu2 . 

3. )J,oKa3aTb, LJTO cJJe.llyJOwHe ypaBHeHHJI cTapumx nopll.liKOB Y.liOBJJeTBOpJI!OT TecTy lleHJJese: 
a) u~~z - 6uu~ - zu~ - 2u = 0, 
b) u~~zz = 20uu~z + 10(u~) 2 - 40u3 + z, 
c) u~~zz = 10u2 u~z + 10u(u~) 2 - 6u5 - zu +a. 

4. Onpe).leJJHTb np11 KaKHX 3HaLJeHHJIX napaMeTpos a, b, c cJJe).lyJOwHe ypasHeHHJI CTapwHx nopJI.liKOB 
Y.liOBJJeTsopJI!OT TecTy lleHJJese: 

a) u~~z = u 2 +au+ bz + c, 
b) u~~z + uu~ +au~+ bu + cz = 0, 
c) u~~z = uu~ +au+ bu2 + cz, 
d) u~~zz - U~z + au2 + bu + c = 0, 
e) u~~zz + uu~z + (u~) 2 + azu~ + bu + cz2 = 0. 

5. llpoaHaJJI13HposaTb CHCTeMy ypaBHeHHH nepsoro nopJI).IKa Ha TeeT lleHJJese: 

x~ = -x + axy, y; = -y + bx2 + cy2 . 

YKa3aHue. fJJaBHbie LJJJeHbi pa3JJOlKeHHH HCKaTb B BH).Ie 

x = xo(t- to)-p, y = yo(t- to)-q, 
a 11H).IeKCbl <l>yKca- C llOMOlll,biO BblpalKeHHH 

X= xo(t- to)-p + Xm(t- to)m-p, y = Yo(t- to)-q + Ym(t- to)m-q. 
6. llpoaHaJJI13HposaTb CHCTeMy ypaBHeHHH BToporo nopJI).IKa THna XeHOHa - XeilJJeca Ha TeeT 
lleHJJese: 

x;'t = -x + axy, Y;t = -y + bx2 + cy2 . 

CM. yKa3aHHe K npHMepy 5. 

7. floKa3aTb, 'ITO nepBOe ypaBHeHHe fleHJJeBe U~z = 3u2 +z (HeKaHOHHLJeCKaJI <j:lopMa) 3KBI1BaJJeHTHO 
JlHHeHHOH CHCTeMe ypaBHeHHH C LJaCTHbiM11 np0113BO).IHbiM11 

7/Jzz = ( U + -\)7/J, 
7/J>. = 2(2-\- u)7/Jz + Uz7/J, 

r.11e 7jJ = 7/J(z, -\), u = u(z). 
YKa3aHue. 11cnoJJb30BaTb ycJJOBHe COBMeCTHOCTH ypaBHeHHH ( 7/Jzz) >. = ( 7/J>.) zz 11 ).IH<j:l<j:lepeHUH

aJJbHbie CJJe).ICTBI1JI 3TI1X ypaBHeHHH. 

® Jlumepamypa K pa30. 10.1: B. B. foJJy6es (1950), G. M. Murphy (1960), M. J. Ablowitz, 
A. Ramani, H. Segur ( 1980), A. R. Its, V. Yu. Novokshenov (1986), B. 11. fpoMaK, H. A. JlyKaweBHLJ 
(1990), A. R. Chowdhury (2000), A. )],. lloJJJIHHH, B. <1>. 3ailues (2002), H. A. Ky.llpJiwos (2004), 
B. 11. fpoMaK, A. C. 3HHLJeHKO (2004). 

10.2. PeweHHH ypaBHeHHH C LIBCTHbiMH npOH3BOAHbiMH, HMeiOUJ,He 

noABH>KHbiH noAIOC. OnHcaHHe MeTOAB 

Ilo aml.JIOriiH C 06biKHOBeHHbiMII ,UII«tJ«tJepeHI.J,IIaJibHbiMII ypaBHeHII51MII perneHII51 

ypaBHeHIIH C qacTHbiMII IIpOII3BO,[(HbiMII MO)I(HO IICKaTb B BII,[(e pa3JIO)I(eHIIH, CO

,Uep)l(aiiiiiX oco6eHHOCTh TIIrra IIO,UBII)I(HOro rromoca. IloJIO)I(eHIIe rromoca 3a.uaeTC51 

C IIOMOIIIbiO rrpOII3BOJibHOH «tJyHKI.I,IIII. 

)],1151 IIpOCTOTbl II3JIO)I(eHII51 ,UaJiee 6y,UeM paCCMaTpiiBaTb ypaBHeHII51 MaTeMaTII

qecKOH «tJII3IIKII C ,UBYM51 He3aBIICIIMbiMII rrepeMeHHbiMII X, t II 3aBIICIIMOH rrepeMeH

HOH W, KOTOpbie He 3aBIIC51T 51BHO OT X II t. 

II* 
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10.2.1. npocTeHWaH CXeMa aHai\H3a Hei\HHeHHbiX ypaBHeHHH B LlaCTHbiX 

npOH3BOAHbiX 

PerneHIIe IIII(eTC51 B OKpeCTHOCTII CIIHryn51pHOrO MHOroo6pa3II51 X - XQ ( t) = 0 B 

BII.Ue pa3JIO)I(eHII51 (M. Jimbo, M. D. Kruskal, T. Miwa, 1982): 

00 

w(x, t) = ~lp L Wm(t)em, e =X- xo(t). 
m=O 

(25) 

3,UeCb IIOKa3aTeJib p- l(eJIOe IIOJIO)I(IITeJibHOe qiiCJIO, qTO o6ecrreqiiBaeT IIOJIIOCHOH 

xapaKTep IIO.[(BII)I(HOH OC06eHHOCTII perneHII51. <l>yHKI(II51 XQ ( t) CqiiTaeTC51 IIpOII3-

BOJibHOH, a Wm 3aBIIC51T OT rrpOII3BO.[(HbiX :3TOH QJYHKI(IIII. 

Bbipa)l(eHIIe (25) rro.ucTaBJI51eTC51 B paccMaTpiisaeMoe ypasHeHIIe. CHaqana II3 

6anaHCa Be,Uyll(IIX CIIHryn51pHbiX qJieHOB OIIpe,UeJI51IOTC51 IIOKa3aTeJib p II maBHbiH 

qJieH pa3JIO)I(eHII51 UQ ( t). 3aTeM «C06IIpaiOTC51» qJieHbl IIpii O.[(IIHaKOBbiX CTerre

H51X e. flpiipaBHIIBa51 IIOJiyqeHHbie Bbipa)l(eHII51 (rrpii O,[(IIHaKOBbiX CTeiieH51X 0 
HYJIIO, rrpiiXO.U51T K ciicTeMe o6hiKHOBeHHhiX .UIIQJ<)JepeHU:IIaJihHhiX ypaBHeHIIH .UJI51 

QJYHKU:IIH Wm ( t). 
IlonyqeHHOe perneHIIe 6y.ueT o61l(IIM, ecnii B pa3JIO)I(eHIIe (25) BOH.UYT rrpoii3-

BOJihHhie QJYHKI(IIII, rrpiiqeM qiiCJIO 3TIIX QJYHKI(IIH paBHO IIOp51.UKY paCCMaTpiiBae

MOrO ypaBHeHII51. 

10.2.2. 06w,aH CXeMa aHai\H3a Hei\HHeHHbiX ypaBHeHHH B LlaCTHbiX npOH3BOAHbiX 

PerneHIIe ypaBHeHII51 B qacTHbiX IIpOII3BO,[(HbiX IIII(YT B OKpeCTHOCTII CIIHryJI51pHOrO 

MHOroo6pa3II51 e (X, t) = 0 B BII,Ue o6o61l(eHHOrO pa3JIO)I(eHII51, CIIMMeTpiiqHoro ITO 

He3aBIICIIMhiM rrepeMeHHhiM (J. Weiss, M. Tabor, G. Camevalle, 1983): 

00 

w(x, t) = _l '""'Wm(X, t)em, e = e(x, t), 
~p L 

m=O 

(26) 

r,Ue etex of- 0. 3,UeCb II ,UaJiee HII)I(HIIe IIH,UeKCbl X II t 0603HaqaiOT COOTBeTCTBYIOII(IIe 

qaCTHbie IIpOII3BO.[(Hbie; QJYHKI(II51 e (X, t) CqiiTaeTC51 IIpOII3BOJibHOH, a Wm 3aBIIC51T 

OT rrpOII3BO.[(HbiX 3TOH QJYHKI(IIII. 

Pa3JIO)I(eHIIe (25) 51BJI51eTC51 qacTHhiM cnyqaeM pa3JIO)I(eHII51 (26), Kor.ua ypaBHe

HIIe CIIHryJI51pHOrO MHOroo6pa3II51 pa3perneHO OTHOCIITeJihHO rrepeMeHHOH X. 

Tpe6osaHIIe OTCYTCTBII51 IIO.UBII)I(HbiX KpiiTIIqecKIIX ToqeK rro.upa3yMesaeT, qTo 

p- rroJIO)I(IITeJihHoe u:enoe qiicno. PerneHIIe 6y.ueT o61l(IIM, ecJIII cTerreHh QJYHK

U:IIOHaJihHoro IIpOII3BOJia B K03QJQJIII(IIeHTHbiX QJYHKI(II51X Wm (X, t) II QJYHKI(IIII 

pa3JIO)I(eHII51 e (X, t) 6y,UeT COBIIa,UaTb C IIOp51,UKOM ypaBHeHII51. 

flO,UCTaBJI5151 Bbipa)l(eHIIe (26) B ypaBHeHIIe II Bbi,UeJI5151 (a 3aTeM IIpiipaBHIIBa51 

HYJIIO) qJieHbl IIpii O,[(IIHaKOBbiX CTeiieH51X e, IIOJiyqiiM peKyppeHTHbie COOTHOII1eHII51 

.[(J151 K03QJQJIII(IIeHTOB pa3JIO)I(eHII51 

(27) 

3,UeCb km- IIOJIIIHOMbl CTerreHII n C l(eJIOqiiCJieHHbiM apryMeHTOM m BII,Ua 

km = (m + l)(m- ml)(m- m2) ... (m- mn-d, (28) 

r.ue n- rrop51.UOK paccMaTpiiBaeMoro ypaBHeHII51. 
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EcnH KOpHH IIOJIHHOMa m1, m2, ... , mn-1, HMeHyeMbie HH,UeKCaMH <l>yKca, 

HJIH pe30HaHCaMH, OKa3biBaiOTCji I.J,eJibiMH HeOTpHI.J,aTeJibHbiMH qHCJiaMH, IIpHqeM 

BbiiiOJIHeHhl YCJIOBHjl COBMeCTHOCTH 

<Pm=m = 0 
J 

(j=1,2, ... ,n-1), (29) 

TO rOBOpj{T 0 BbiiiOJIHeHHH TeCTa fleHJieBe ,[(Jljl paCCMaTpHBaeMOrO ypaBHeHHjl. 

YpaBHeHHjl, 06Jia,UaiOII.J,He yKa3aHHbiM CBOMCTBOM, qacTO OTHOCj{T K KJiaccy HHTe

rpHpyeMbiX (qTO IIO,[(TBep)I(,UaeTCji IIpHBO,[(HMOCTbiO TaKHX ypaBHeHHM K JIHHeMHbiM 

ypaBHeHHj{M BO MHOrHX H3BeCTHbiX CJiyqaj{X). 

10.2.3. 0CHOBHble 3Tanbl MCC/\eAOBaHMH He/\MHeMHbiX ypaBHeHMM Ha TeCT neH/\eBe 

KaK H B cnyqae o6hiKHOBeHHhiX .UH<P<PepeHI.J,HaJihHhiX ypaBHeHHii, ,[(Jijl HeJIHHeiiHhiX 

ypaBHeHHM MaTeMaTHqeCKOM <l>H3HKH TeCT fleHJieBe y.uo6HO IIpOBO,[(HTb IIOCJie,UOBa

TeJibHO B HeCKOJihKO 3TarroB. Ha rrepBOM H BTopoM 3Tarrax orrpe,UeJijiJOTCjl maBHhiM 

qJieH pa3JIO)I(eHHjl (25) H HH,[(eKCbl <l>yKca (:no 1103BOJijleT 6e3 rrpoBe,UeHHjl IIOJIHOrO 

06beMa BblqHcJieHHM rrpoBepHTb He06XO,[(HMbie YCJIOBHjl ,[(Jljl TeCTa fleHJieBe ). )J,Jijl 

HarJiji,[(HOCTH Ha pHC. 7 H306pa)l(eHbl OCHOBHbie 3Tallbl HCCJie,[(OBaHHjl HeJIHHeMHbiX 

ypaBHeHHM Ha TeCT fleHJieBe C IIOMOII.J,biO pa3JIO)I(eHHjl (25) HJIH (26). 

3aMe4aHI-1e. YpaBHeHHe He y.uoBJieTBOpjleT TecTy IleHJieBe rrpH BhiiiOJIHeHHH 

nro6oro H3 ycnoBHil:: p < 0, p-Hei.J,enoe, p-KOMrrneKCHoe, mj < 0, mj-Hei.J,enoe, 

ffij -KOMIIJieKCHOe (B IIOCJie,[(HHX Tpex CJiyqaj{X ,[(OCTaTOqHO O,[(HOrO 3HaqeHHjl j, 
r.uej=l, ... ,n-1). 

10.2.4. HeKOTOpble aaMeLiaHMH. YceL!eHHble paaAo>KeHMH 

MHOrOqHCJieHHbiMH HCCJie,UOBaHHj{MH ycTaHOBJieHO, qTO MHOrHe H3BeCTHbie HH

TerpHpyeMbie HeJIHHeMHbie ypaBHeHHjl MaTeMaTHqecKoii <l>H3HKH o6na.uaiOT CBOM

CTBOM fleHJieBe. DbiJIH HaM,UeHhl TaK)I(e HOBbie ypaBHeHHjl C TaKHM CBOMCTBOM. 

flpH rrepBOHaqaJibHOM rrpoBepKe BbiiiOJIHeHHjl TeCTa fleHJieBe ,[(Jljl KOHKpeTHOrO 

ypaBHeHHjl y.uo6HO IIOJib30BaTbCjl rrpOCTeil:rneil: CXeMOM, OCHOBaHHOM Ha pa3JIO)I(e

HHH (25). Ba)I(Hbie TeXHHqecKHe yrrpomeHHjl rro cpaBHeHHIO c pa3JIO)I(eHHeM (26) 
o6yCJIOBJieHbl BbiiiOJIHeHHeM paBeHCTB (wm)x = 0, ~x = 1. 

Pa3JIO)I(eHHe o6mero BH,Ua (26), rro,Upa3yMeBaiOII.J,ee 6onee rpoM03,UKHe, HO BMe

cTe C TeM 6onee HH<l>OpMaTHBHbie BbiKJia,[(KH, IIOJie3HO HCIIOJib30BaTb IIOCJie ycTa

HOBJieHHjl CBOMCTBa fleHJieBe. 3TO 1103BOJijleT Bblj{CHj{Tb MHOrHe Ba)I(Hble CBOMCTBa 

ypaBHeHHM H HX perneHHM. 

B pji,Ue cnyqaeB ,[(Jljl IIOCTpOeHHjl TOqHbiX perneHHM H IIOHCKa rrpeo6pa30Ba

HHjl oeKJiyH,Ua, JIHHeapH3YIOII.J,ero HCXO,[(HOe ypaBHeHHe, OKa3biBaeTCji IIOJie3HbiM 

HCIIOJib30BaTb yceqeHHOe pa3JIO)I(eHHe 

w=~+~+···+wp 
~p ~p-1 ' 

(30) 

KOTOpOe COOTBeTCTByeT HyJieBbiM 3HaqeHHj{M K03<l><PHI.J,HeHTOB pa3JIO)I(eHHjl Wm IIpH 

m > p B (26) (eM. IIpHMepbi 5-7 B pa3,[(. 10.3 H IIpHMep 9 B pa3,[(. 10.4). 
AHaJIH3 HCXO,UHoro HeJIHHeiiHoro ypaBHeHHjl c qacTHhiMH rrpoH3BO,UHhiMH Ha 

TeCT fleHJieBe MO)I(HO IIpOBO,[(HTb ,[(Jljl OT,UeJibHbiX KJiaCCOB ero TOqHbiX perneHHM 

(KaK rrpaBHJIO, 3TO perneHHjl THIIa 6eryii.J,eM BOJIHbl H aBTOMO,UeJibHbie perneHHjl), 

KOTOpbie OIIHCbiBaiOTCjl 06biKHOBeHHbiMH ,[(H<P<PepeHI.J,HaJibHbiMH ypaBHeHHj{MH. Ec

JIH rronyqeHHoe o6hiKHOBeHHoe .UH<P<PepeHI.J,HaJihHoe ypaBHeHHe He y.uoBJieTBOpjleT 
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Hcxo.uuoe ypaBueuue: F(x, t, w, w,, wt, w,a,, ... ) = 0 

IIepBbiH JTarr: 11Il\eM maBHbiH 'I}IeH 
pa3}JO)I(eHI1JI (26) 

B ypaBueuue IIO,UCTaBJIHel\1 w = woe-P, Wo = Wo(x, t), e = €(x, t) 

HaXO)li1M KOHCTaHiy p 
11 QJYHKI\1110 w0(:r, t) 

ECJIU p - HaTypaJihHOe qUCJIO, TO nepeXO,UUI\1 KO BTOpOMY Trauy 

HmeM 11H!leKCbi <l>yKca (pe3oHaHCbi) 

B Be.uymue qJteHbl ypaBHeHUH IIO,UCTaBJIHel\1 w = woe-p + wmem-p 

«Co611paeM» 4-'IeHbi, 
rrporropU110Ha}IbHhie Wm 

k,, rrpeaCTaB}IJieT co6orr rroni1HOM 
OTHOCI1Te}JbHO 11H)leKca m 

Pa3Jtaraei\1UOJIUHOI\1 ua 1\IHO>KUTeJIU: krn = (m + l)(m- m 1) ••• (m- mn_1) 

3aech n - rropll!lOK ypasHeH11ll, 
m 1 - pe30HaHcbi 

ECJIU BCe m, 1, ••• , m'n-l -lleJihie U HeOTpUIIaH~.JihHhie, nepeXO,UUM K TpeTheMy JTany 

IIoaCTaBmieM B ypaBHeHI1e 
pa3}JO)I(eHI1e (26) 

IlmtyqaeM peKyppeHTHbie COOTHOIUeHUH (27) ,UJIH KOJ$$HIIUeHTOB pa3JIOJI<eHUH Wm 

IIposepl!eM BbiiiOJIHeHI1e ycnos11rr (28) 

EcJIU JTU ycJtOBUH BhmmmeHhi, TO ypaBueuue y.uoBJteTBOpHeT TecTy IleuJteBe 

Puc. 7. OcHOBHhie ::narrhi TecTa IIeHnese )l}lll Heni1HeHHbiX ypaBHeHI1H MaTeMaTI1'1ecKoif QJI1311KI1 . .[l,nll 
rrpocTeiiweif cxeMbi rronaraeTCll ~ = x- xo(t), a )lnll o6meii-~ = ~(x, t). 

TeCTY lleHJieBe, TO HCXO.[(HOe ypaBHeHHe C qacTHbiMH npOH3BO.[(HbiMH TaiOKe He Y.L\0-

BJieTBOpHeT 3TOMY TecTy. EcJIH noJiyqeHHoe o6biKHOBeHHoe .L\HQJ<)JepeHl(HaJibHoe 

ypaBHeHne Y.L\OBJieTBOpHeT TecTy lleHJieBe, TO ncxo.[(Hoe ypaBHeHne c qacTHhiMH 

npoH3BO.L\HhiMH o6bJqHo Y.L\OBJieTBOpHeT 3TOMY TecTy. 

® Jlumepamypa K pa1d. 10.2: M. Jimbo, M. D. Kruskal, T. Miwa (1982), J. Weiss, M. Tabor, 
G. Camevalle (1983), J. Weiss (1983, 1984, 1985, 1986), W.-H. Steeb, N. Euler (1988), R. Conte 
(1989, 1999), R. Conte, M. Musette (1989, 1993), M. Musette (1998), A . .[1,. Tionl!HI1H, B. <D. 3aiiues 
(2002), H. A. Ky!lplllliOB (2004). 
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10.3. npHMepbl npHMeHeHHR TeCTa neH/\eBe H yceL!eHHbiX 

pa3/\0>KeHHH {1/\R aHa/\H3a He/\HHeHHbiX ypaBHeHHH 

MaTeMaTHLieCKOH <J>H3HKH 

10.3.1. YpasHeHMfl, YAOB/\eTBOPfiiOW,Me TeCTY neH/\eBe 
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B 3TOM pa1.n:ene IIccne.n:yiOTC51 HeKOTOpbie pacrrpocTpaHeHHbie HeJIIIHeHHbie ypaB

HeHII51 MaTeMaTIIqecKOH QJII3IIKII. )J,JI51 IIX aHaJIII3a CHaqana 6y.[(eT IICIIOJib30BaTbC51 

IIpOCTeHIIIa51 CXeMa IIpiiMeHeHII51 TeCTa IleHJieBe, KOTOpa51 OCHOBaHa Ha pa3JIO

)I(eHIIII (25) II3 pa3.[(. 10.2 ( CM. TaK)I(e CXeMy Ha piiC. 7 IIpii ~ = X - Xo ( t) ). 
3aTeM .[(JI51 IIOCTpOeHII51 rrpeo6pa30BaHIIH neKJiyH.[(a 6y.[(eT IIpiiMeH51TbC51 yceqeHHOe 

pa3JIO)I(eHIIe (30). 

UpuMep 5. PaCCMOTp11M ypaBHeHI1e o!Oprepca 

aw aw 82w 
at+ wax = v 8x2 . (31) 

flep6blU 3man. floacTaBI1M B ypaBHeHI1e (31) rJJaBHhiH 'IJleH pa3JlOlKeHI1JI (25), a 3aTeM o6e 'laCTI1 
nony'leHHOrD Bb!palKeHI1JI YMHOlKI1M Ha ~P+2 (np0113BeaeHI1e ~P+2Wxx aaeT BeJ111'111HY HyneBOrD 
nopJiaKa). 11MeeM 

w~~2 + pwox~~- pw5e-p = vp(p + l)wo, 

rae~= x- xo, xo = xo ( t ), wo = wo ( t ), unp11x o6o3Ha'!aeT np0113BOaHyiO not. 113 6anaHca seayll.\11X 
'IJleHOB ( COOTBeTCTBYIO!l.\11X ((OT6paChiBaHI110)) CJleBa asyx nepBbiX CJlaraeMhlX), Haxoai1M 

p = 1, wo = -2v (m = 0). (32) 

flOCKOJlhKY p - uenoe nOJ10lKI1TeJlbHOe '111CJ10, TO nepsoe Heo6xoai1MOe YCJ10BI1e TeCTa fleHJleBe 
BhinOJlHeHO. 

Bmopou 3man. ).l,nJI onpeaeneHI1JI 11HaeKcos <l>yKca (pe3oHaHcos) noacTaBI1M asyqneH 

W = -2v~-l + Wm~m-l 
B Beayll.\11e 'IJleHhl WWx 11 VWxx ypaBHeHI1JI (31). «Co6paB» 'IJleHhl np11 oai1HaKOBhiX CTeneHJIX Wm, 
nony'II1M 

v(m + l)(m- 2)wmC- 3 + · · · = 0. 

llp11paBHI1BaJI (m + l)(m- 2) HYJJIO, Haxoai1M 11HaeKc <l>yKca 

m1 = 2. 

flOCKOJlhKY OH uenhiH 11 nOJ10lKI1TeJlhHhiH, TO BTOpoe Heo6xoai1MOe ycnOBI1e TeCTa fleHnese BhinOJl
HeHO. 

Tpemuu 3man. lloaCTaBI1M pa3JJOlKeHI1e (25) (co macHo BTOpoMy :nany HYlKHO Y'II1Th!BaTh '!JleHhi 
ao HOMepa m = 2 BKJ110'111TeJlhHO) 

w = -2vC 1 + w, + w2~ + · · · 
s ypasHeHI1e 610prepca (31 ), np11seaeM noao6Hhie 'IJJeHhi, a 3aTeM np11pasHJ1eM HYJJIO Km¢¢m.111eHThi 
np11 pa3Hh!X CTeneHJIX ~· 11MeeM CI1CTeMy ypaBHeHI1H aJJJI onpeaeJJeHI1JI ¢YHKUI1H Wm: 

C 2 : 2v(w, - x~) = 0, 

~-l: OXW2=0. 
(33) 

113 BTOpOrO paBeHCTBa (33) CJleayeT, 'ITO ¢YHK!li1JI W2 = W2(t) MOlKeT 6hiTh Bhi6paHa np0113BOJlhHO. 
llo3TOMY ypaBHeHI1e 610prepca (31) yaosneTBopJieT TecTy lleHnese 11 ero perneHI1e 11MeeT Tpe6yeMhiH 
np0113BOJ1 Base ¢YHK!ll111: Xo = Xo(t), W2 = W2(t). 

113 nepBOrO paBeHCTBa (33) Haxoai1M Wo = X~ ( t ). PerneHI1e ypaBHeHI1JI (31) MOlKHO 3ani1CaTb B 
Bl1ae 

w(x, t) = - 2v + x~(t) + w2(t)[x- xo(t)] 2 + · · · , 
X- x 0 (t) 

rae Xo ( t ), W2 ( t)- np0113BOJlhHhie ¢YHKUI111. 
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Jlpeo6pa306GHUe Koy;w-XonrjJa. ).l,JJJI ).la.JibHeilwero aHa.JII13a ypaBHeHI1JI o!Oprepca (31) 11CIIOJlb-

3YeM yce'leHHoe pa3JJOlKeHI1e o6mero Bl1).1a (30) rrp11 p = 1: 

w=~+w1, (34) 
E 

r).le wo = wo(x, t), w1 = w1(x, t), ~ = ~(x, t). Tio).ICTaBI1M (34) B (31) 11 crpyrrrr11pyeM '!JJeHbi rrp11 

0).111HaKOBbiX CTeiieHJIX ~. 11MeeM 

C3wo~x(wo + 2v~x) + C 2 [wo~t- wo(wo)x + WoWl~x- 2v(wo)x~x- VWo~xx] + 

+ C 1 [ -(wo)t- Wo(wl)x - W1 (wo)x + v(wo)xx] - (wl)t- W1 (wl)x + v(wl)xx = 0, 

r).le 11H).IeKCbi x 11 t o6o3Ha'!aiOT '!aCTHbie rrp0113BO).IHbie. Tip11pasH11BaJI HYJJIO '!JJeHbi rrp11 O).II1HaKOBbiX 

CTeiieHJIX ~, IIOJ1Y411M CI1CTeMy ypaBHeHI1H 

Wo + 2v~x = 0, 
Wo~t- wo(wo)x + WoWl~x- 2v(wo)x~x- vwo~xx = 0, 

(wo)t + wo(wl)x + Wl(wo)x- v(wo)xx = 0, 
(wl)t + w1(w1)x- v(wl)xx = 0, 

r).le Y'!TeHo, 'ITO ~x ¢ 0. 
113 rrepsoro ypasHeHI1JI (35) 11MeeM 

Wo = -2v~x· 

(35) 

(36) 

ilO).ICTaBI1B 3TO Bb!palKeHI1e BO BTOpOe 11 TpeTbe ypaBHeHI1JI (35), IIOCJle HeKOTOpb!X rrpeo6pa30BaHI1H 

IIOJJY411M 

~t + Wl~x - V~xx = 0, 
(~t + Wl~x - V~xx)x = 0. 

(37) 

0'1eBI1).1HO, 'ITO eCJ111 rrepBOe ypaBHeHI1e (3 7) Y.LIOBJleTBOplleTCJI, TO BTOpOe rrepeXO).II1T B TOlK).IeCTBO. 

TIOCJle).IHee ypaBHeHI1e (35) rrpe).ICTaBJJJieT C060H ypaBHeHI1e D!Oprepca. 

TaKI1M o6pa3oM, ¢opMyJJy (34) c y'leToM (36) MOlKHO 3arr11caTb B Bl1).1e 

a 
w=-2v-ln~+wl, (38) ax 

r).le ¢YHKI..(I111 w 11 Wl Y.LIOBJleTBOpliiOT ypasHeHI1JIM o!Oprepca, a ¢YHKI..(I1JI ~ 01111CbiBaeTCJI rrepBbiM 

ypasHeHI1eM (37). Tip11113BeCTHOM pewe111111 w 1 ypasHeHI1JI 610prepca ¢opMyJJa (38) II03BOJJJieT rryTeM 

perneHI1JI rrepBOrO ypaBHeHI1JI (37) (:no ypaBHeHI1e J111HeHHO OTHOCI1TeJlbHO ~) HaXO).II1Tb ).lpyr11e 

perneHI1JI ypaBHeHI1JI (31 ). 
Y411TbiBaJI, 'ITO Wl = 0 JIBJlJieTCJI lJaCTHbiM peweHI1eM ypasHeHI1JI o!Oprepca, IIO).ICTaBI1M ero B 

(37) 11 (38). 8 pe3yJJbTaTe rrp11XO).II1M K rrpeo6pa3oBaHI110 KoyJJa- Xorr¢a 

w = -2v.h_ E , 

KOTOpOe 1103BOJ1JieT C IIOMOIIJ,biO perneHI1H J111HeHHOrO ypaBHeHI1JI TeiiJ101IpOBO).IHOCTI1 

~t = V~xx 

HaXO).II1Tb peweHI1JI HeJ111HeilHoro ypasHeHI1JI 610prepca (31 ). 

llpuMep 6. PaccMOTp11M ypasHeHI1e KopTesera- ).le <l>p113a 

aw + w aw + a3w = 0. 
at ax ax3 (39) 

Jlep6btii :Jman. Tio).ICTaBI1M B ypasHeHI1e (39) maBHbiH '!JJeH pa3JJOlKeHI1JI (25), a 3aTeM o6e '!aCTI1 

IIOJlY'IeHHOrO Bb!palKeHI1JI YMHOlKI1M Ha ~P+3 (rrp0113Be).leHI1e ~P+3Wxxx ).laeT BeJ111'111HY HyJJeBoro 

IIOpli).IKa). 11MeeM 

wbe + pwoxbe- pw6e-p- p(p + 1)(p + 2)wo = 0, 

r).le ~ = X - Xo, Xo = Xo ( t), Wo = Wo ( t). 113 6a.naHCa CTaplli11X 'IJleHOB (Y411TbiBaiOTCJI ).IBa IIOCJ1e).IHI1X 

CJJaraeMblX), HaXO).II1M 

p = 2, wo = -12 (m = 0). 
TIOCKOJlbKY p - l..(eJJOe IIOJ10lKI1TeJlbHOe '111CJ10, TO rrepsoe He06XO).II1MOe ycJJOBI1e TeCTa TieHJJeBe 

BblllOJlHeHO. 
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Bmopoii 3man. ).l,JJJI orrpep_eJJeHI1JI 11H,QeKCOB <l>yKca (pe3oHaHCOB) rrop_cTaBI1M P-BY'fJJeH 

W = -12C 2 + Wm~m- 2 
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B sep_yl.l..\11e 'fJJeHbi ypasHeHI1JI (39) (Hap_o yqecTb BTOpoe 11 TpeTbe cJJaraeMbie). 8bi,QeJJI1B 'fJJeH, 

rrporropU110HaJlbHbiH Wm, 11MeeM 

(m + l)(m- 4)(m- 6)wm~m- 5 + · · · = 0. 

Dp11pasH11BaJI MHoro'fJJeH (m + l)(m- 4)(m- 6) HYJJIO, orrpep_eJJJieM 11H,QeKCbi <l>yKca 

m1 = 4, m2 = 6. 

DocKOJlbKY 11H,QeKCbi ueJJbie 11 rroJJOlKI1TeJJbHbie, To BTopoe Heo6xop_I1Moe ycJJos11e TecTa DeHJJese 

Bb!IlOJJHeHO. 

Tpemuii 3man. Dop_cTaBI1M pa3JJOlKeHI1e (25) (co macHo BTopoMy JTarry HYlKHO Y411TbiBaTb 'fJleHbi 

,11_0 HOMepa m = 6 BKJ110411TeJlbHO) 

~ = x- xo(t) (40) 

B ypasHeHI1e (39), «co6epeM» 'fJJeHbi rrp11 O,QI1HaKOBbiX CTerreHJIX ~. a 3aTeM rrp11paBHJieM HYJJIO KOJ¢

¢11U11eHTbi rrp11 pa3Hb!X CTerreHJIX ~. flOJJY411M CI1CTeMy ypaBHeHI1H ,QJlJI orrpep_eJleHI1JI ¢YHKU11H Wm: 

~- 4 : 2w1 = 0, 

C 3 : 24w2- 24x~- wi = 0, 

~- 2 : 12w3 + W1X~ - W1 W2 = 0, 

C 1 : Oxw4+w~=O, 
1: -6W5 + w;- W3X~ + W1 W4 + W2W3 = 0, 

~: 0 X W6 + W~- 2W4X~ + W~ + 2WlW5 + 2W2W4 = 0. 

(41) 

flpOCTb!e Bbl'fi1CJleHI1JI IlOKa3b!BaiOT, 'ITO ypaBHeHI1JIM C pe30HaHCaMI1 ( OHI1 COOTBeTCTBYIOT CTerreHJIM 

~-l 11 0 TOlKp_ecTBeHHO yp_osJJeTBOpliiOTCJI. DoJTOMY ypasHeHI1e KopTesera - p_e <l>p113a (39) 
yp_osJJeTsopJieT TecTy DeHJJese. 

Pewe1111e ypasHeHI1H ( 41) rrp11BO,QI1T K cJJep_yiOI.I..\11M KOJ¢¢11u11eHTaM pa3JJOlKeHI1JI B ( 40): 

W1 = 0, W2 = X~(t), W3 = 0, W4 = W4(t), W5 = tx~(t), W6 = W5(t), 

rp_e Xo(t), W4(t), W6(t)-rrp0113BOJlbHble ¢YHKU1111. 

Yce'leHHOe pa3JIO:J/CeHue u npeo6pa3oeaHue EeK!lyHOa. ).l,JJJI ,QaJJbHeifwero aHaJJI13a 11CilOJlb3YeM 

yce'feHHOe pa3JJOlKeHI1e 061.1..\ero s11p_a (30) rrp11 p = 2: 

w= wo + ~+w2. 
~2 ~ 

(42) 

Dop_cTaBJJJIJI ( 42) B (39) 11 rrp11paBHI1BaJI HYJJIO ¢YHKU110HaJJbHbie KoJ¢¢11u11eHTbi rrp11 pa3HbiX 

CTerreHJIX ~ ( aHaJJOrH'fHO TO My, KaK JTO p_eJlaJJOCb B Ilp11Mepe 5), Ilp11XO,QI1M K rrpeo6pa30BaHI110 

EeKJJYHP-a 

W = 12(1n~)xx + W2, 

~t~x + W2~; + 4~x~xxx - 3~;x = 0, 
~xt + W2~xx + ~xxx = 0, 

(43) 

(w2)t + W2(w2)x + (w2)xxx = 0, 

KOTOpOe CBJI3b!BaeT peweHI1JI W 11 W2 ypaBHeHI1H KopTeBera- p_e <l>p113a. J1CKJ110411B W2 113 BTOpOrO 

11 TpeThero ypaBHeHI1H (43), MOlKHO Bb!BeCTI1 ypaBHeHI1e ,ll_J]JI ¢YHKU1111 ~' KOTOpOe C IlOMOI.I..\biO 

IlO,QXO,Il_lii.I..\11X rrpeo6pa30BaHI1H CBO,QI1TCJI K CI1CTeMe J111HeHHbiX ypaBHeHI1H. 

llpuMep 7. PaccMOTp11M ypasHeHI1e Kap_oMuesa- DeTs11aws11JJ11 

o ( ow ow o3w ) o2w 
ox 8t +we;;+ ox3 +a oy2 = O, 

KOTopoe rrpep_cTaBJJJieT co6oii rrp11Mep 11HTerp11pyeMoro o6o61.1..\eHI1JI ypasHeHI1JI KopTesera - p_e 

<l>p113a 6oJJbweif pa3MepHOCTI1 11 6oJJee BbiCOKoro rropllp_Ka. 
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llpoeepKa ypaeHeHUR Ha mecm lleHJleee. 8 MHOroMepHbiX cny'laJix 11CIIOJlb3yeTCJI aHanor pa3no

)J(eHI1JI (25): 

w(x, y, t) = - 1 f Wm(Y, t)C, ~ = x- xo(y, t). 
~P m=O 

(44) 

oanaHC Be).lyll.\11X CI1HrynllpHbiX lJJleHOB ).IJlJI ypasHeHI1JI Ka).IOMI..(eBa- IleTBI1a!llBI1Jll1 ).laeT TaKOH 

)J(e pe3yJlbTaT, KaK 11 B cny'lae ypasHeHI1JI KopTesera- ).le <l>p113a 

p = 2, wo = -12 (m = 0). 

8 pe3yJlbTaTe IIO).ICTaHOBKI1 pa3JlO)J(eHI1JI ( 44) B 11CXO).IHOe ypaBHeHI1e IIOJ1Y411M 

= 
Wtx + WWxx + w; + Wxxxx + awyy = L ~m-6 Em(Y, t) = 0, 

m=O 

Em(Y, t) = (m + 1)(m- 4)(m- 5)(m- 6)wm + · · · . 
811).1HO, 'ITO 11MeeTCJI Tp11 pe3oHaHca: m = 4, 5, 6. )J,nJI rrposepK11 TecTa <l>yKca- KosanescKoi1-

IleHnese 3aiii1llleM peKyppeHTHbJe COOTHO!lleHI1JI ).IJlJI rrepBbJX CeMI1 'IJleHOB pa3JlO)J(eHI1JI 

Eo= 10wo(wo+ 12) = 0 

E1 = 12wl(wo+2) = 0 

E2 = 3[2(~t+a~;+w2)wo+wi] = o 
E3 = a( W!)yy- 2( wo)t- 4a( wo)y~y- 2[awo~yy- (~t +a~;+ w2)w1 - W3Wo] = 0 

E4 = a( wo)yy- ( w!)t- 2a( W!)y~y- aw1~yy = 0 
Es = a(w!)yy = 0 

E6 = a( w2)yy + { ( w3)t + 2a( w3)y~y + aw3~yy) + 

+ 2[(~t +a~;+ W2W4 + tW~ + wswd ( wo + 12)w6l} = 0 

(m = 0), 
(m = 1), 

(m = 2), 

(m = 3), 

(m = 4), 
(m = 5), 

(m = 6). 

Tp11 IIOCJ1e).IHI1X COOTHO!lleHI1JI (KOTOpble COOTBeTCTBY!OT pe30HaHCaM) B CI1J1Y rrpe).lbi).IY!l.\11X COOTHO

llleHI1H BbJIIOJlHJI!OTCJI TO)J().IeCTBeHHO 11 He CO).Iep)J(aT W4, Ws, W6. f1ony'leHHbJH 1Ip0113BOJ1 B 'leTb!pe 

<jlyHKU1111 (~, W4, ws, W5) pe!lleHI1JI paccMaTp11saeMoro ypasHeHI1JI '!eTBepToro rropJI).IKa yKa3bJBaeT 

Ha BbJIIOJ1HeHI1e CBOHCTBa f1eHJleBe. 

YcelJeHHoe pa3!lO:J/CeHue u npeo6pa3oeaHue EeK!lyHiJa. Hcrronb30BaHI1e yce'!eHHOro pa3JlO)J(e-

HI1JI ( 42) rrp11BO).II1T K rrpeo6pa3oBaHI1!0 oeKJlYH.lla (.liJlll yrrpoll.\eHI1JI rronaraeM a = 1) 

W = 12(ln~)xx + W2, 

~t~x + 4~x~xxx - 3~;x + ~; + W2~; = 0, 
~xt + ~xxxx + ~yy - W2~xx = 0, 

(w2)tx + W2(w2)xx + (w2); + (w2)xxxx + (w2)yy = 0. 

l1CKJ1!0'111B W2 113 BTOpOrO 11 TpeTbero ypaBHeHI1H, MO)J(HO IIOJ1Y411Tb ypaBHeHI1e ).IJlJI <jlyHKI..(I111 ~, 

KOTOpOe B CBO!O O'!epe).lb II03BOJ1JieT rrepeHTI1 K pe!lleHI1!0 CI1CTeMbl Jli1HeHHbiX ypaBHeHI1H. 

10.3.2. AHa/\113 He/\HHeHHbiX CHCTeM ypaBHeHHH MaTeMaTHLieCKOH c1>H3HKH Ha TeCT 

neH/\eBe 

CwcTeMbi ypaBHeHHH c qacTHhiMH rrpoH3BO.UHhiMH TaiOKe rrone3HO rrpoBepHTh Ha 

TeCT IleHJieBe. IlpOHJIJIIOCTpHpyeM 3TO Ha KOHKpeTHOM rrpHMepe. 

UpuMep 8. PaccMoTp11M MO).IeJlbHY!O CI1CTeMy ypasHeHI1i1 

ow ow 1 8c2 o2w - + w- = ---- + v--, 
ot ox 2 ox ox2 

oc o(wc) o2c 
at + ----a;;- = X ox2 , 

(45) 

KOTOpaJI OIII1CbJBaeT KOHBeKTI1BHbiH rrepeHOC aKTI1BHOH IIp11MeCI1 B BJI3KOH )J(I1).1KOCTI1, KOr).la OHa 

OKa3bJBaeT o6paTHOe BJ111JIHI1e Ha Te'leHI1e 4epe3 ).laBJleHI1e, KBa).lpaTI1'1HO 3aBI1Cllll.\ee OT KOHI..(eHTpaU1111 

rrp11Mec11. TaKI1MI1 ypasHeHI1JIMI1 OIII1CbJBaeTCJI TaK)J(e O).IHOMepHoe Te'!eHI1e :neKTporrpoBO).IHOH 

)J(I1).1KOCTI1 B MarHI1THOM IIOJle C 60J1bllli1M MarHI1THbJM ).laBJleHI1eM. 
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llpoeepKa cucmeMbl Ha mecm lleHJleee. ITo amuwnm c pa3JJO)I(eHHeM (25) rrpep_cTaBHM HCKOMbie 

BeJJI1'111Hbl B BH,Qe 

w(x, t) = ~ f Wm(t)C, 
~P m=O 

c(x, t) = ~ f cm(t)C, ~ = x- xo(t). 
~ m=O 

113 6aJJaHCa Bep_yiiJ,HX CHHrymipHbiX 'IJJeHOB ypaBHeHHH HaXO,QHM 

p = (3 = 1, Wo = -x, c6 = X(2v- X). 

PeKyppeHTHbie COOTHOilleHHJI ,QJJJI lJJJeHOB pa3JJO)I(eHHJI 3ailHilleM B MaTp114HOM BH,Qe: 

[ -(m-2)(x+v(m-1)) (m-2)co ] [Wm] [fm-I]· 
(m- 2)co -(m- 2)mx Cm gm-I 

8eJJI1'111Hbl fm-I, gm-I 3aBHCJIT OT ¢YHK1.111H Wo, ... , Wm-I, Co, ... , Cm-I, Xo. YCJJOBHe O,QH03Ha'I

HOH pa3pellii1MOCTI1 MaTp114HOrO ypaBHeHHJI OTHOCHTeJJbHO yKa3aHHbiX CTaplliHX K03¢¢111.111eHTOB 

HapylllaeTCJI rrp11 o6paw.eHHH B HYJJb xapaKTepHCTH'!eCKoro orrpep_eJJHTeJJJI ( cJJy'laii BblpO)I(,QeHHOH 

MaTp11l.lbl ), 11 TOr,Qa 3TH K03¢¢111.111eHTbl MOryT OKa3aTbCJI rrp0113BOJlbHbiMI1. TeM CaMbiM pe30HaHCbl 

orrpep_eJJJI!OTCJI 113 ycJJOBHJI 

vx(m + 1)(m- 2) 2 (m- 2 + xlv) = 0 
11 see oKa3biBa!OTCJI ueJJbiMH rroJJO)I(HTeJJbHbiMH ( 3a HCKJJ!O'IeHHeM oco6oro pe3oHaHca m = -1) 
TOJJbKO rrp11 e,QHHH'IHOM 'IHCJJe IlpaH,QTJJJI Pr = vI x = 1. Ilp11 JTOM OP-HH pe3oHaHc m = 1- rrpocToif, 

a p_pyroif m = 2- KpaTHbiH, TaK 'ITO B HTOre BCeX pe30HaHCOB lJeTbipe. 

8biili1CaB rrepBbie Tp11 peKyppeHTHbiX COOTHOilleHHJI: 

c6 + wo(wo + 2v) = 0, wo + v = 0 

CoCI + Wo(~t +WI)= 0, WOCI + Co(~t +WI)= 0 
(wo)t = 0, (co)t = 0 

(m = 0), 
(m = 1), 
(m = 2), 

y6e)l(p_aeMCJI, 'ITO ,QJJJI pe30HaHCa m = 1 BbiilOJJHJieTCJI YCJJOBHe COBMeCTHOCTH, IlOCKOJlbKY ,QBa 

COOTHOilleHHJI rrp11 m = 1 COBrrap_a!OT B CHJJY Bbipa)l(eHHH rrp11 m = 0. KpaTHbiH pe30HaHC 

m = 2 TaK)I(e YP-OBJJeTBOplleT YCJJOBH!O COBMeCTHOCTH 6JJarop_apJI IlOCTOJIHCTBY 06011X K03¢¢111.111eHTOB 

Wo, Co. 0TC!O,Qa CJJep_yeT, 'ITO CBOHCTBO f1eHJJeBe ,QJJJI ypaBHeHHH aKTHBHOH rrpHMeCH OKa3biBaeTCJI 

BbiilOJJHeHHbiM ( rrp11 vI X = 1 ). 
Yce'leHHble pa3JIO:J/CeHUfl u npeo6pa3oeaHue EeK!lyHiJa. 11crrOJJb3YJI yce'!eHHbie pa3JJO)I(eHHJI pe-

W = ~ + WI, C = ~ + CI 
~ ~ 

MO)I(HO rroJJy'IHTb rrpeo6pa3osaHHe EeKJJYHP-a ,QJJJI ypasHeHHH aKTHBHOH rrpHMeCH ( 45): 

Wo = -V~x, co = ±v~x, 

~t +(WI =f CI)~x = V~xx, 
(wi)t + WI(Wl)x = -ci(ci)x + v(wl)xx, 
(ci)t + (wici)x = v(ci)xx· 

113 cpasHeHHJI c rrpeo6pa3osaHHeM l:ieKJJyHp_a ,QJJJI ypasHeHHJI E10prepca JJerKo BH,QeTb, 'ITO rrocJJe 

rrepexop_a B BbiilHCaHHOM rrpeo6pa30BaHI111 K pa3HOCTHbiM 11 CYMMapHbiM rrepeMeHHbiM OHH COBila,QyT. 

_neifCTBHTeJJbHO, 11Cil0Jlb30BaHHe TaKHX 3aMeH rrepeMeHHbiX B HCXO,Il_HbiX ypaBHeHHJIX rrp11 e,QHHH'IHOM 

'IHCJJe IlpaH,QTJJJI rrpHBOP-HT K nape pa3,QeJJbHbiX ypasHeHHH E10prepca: 

St + SSx = VSxx, S = W + C, 

Tt + TTx = VTxx, T = W- C, 

Ka)I(,QOe 113 KOTOpbiX CBO,QHTCJI K JlHHeHHOMY ypaBHeHH!O TeilJJOilpOBO,QHOCTH ( CM. rrpHMep 5). 

~ 3ai)a..,u u ynpa:m:nenuR K pa:Ji). 10.3 
1. f1poBeCTI1 TeCT f1eHJJeBe ,QJJJI HeJJHHeHHbiX ypaBHeHHH BTOpOrO IlOpli,QKa: 

a) Wt + WWx = GWxx + bx, 
b) Wt + WWx = GWxx + b(t), 
c) Wt + WWx = GWxx + b + CW, 
d) Wt + WWx = a(t)Wxx, 
e) Wt = Wxx + a(wx) 2 + b, 
f) Wt = (wnwx)x, 
g) Wtt = a(wwx)x. 
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2. flpOBeCTI1 TeCT fleHJJeBe ).IJJJI M0).111¢11!.\11pOBaHHOrO 11 1.111Jli1H).Ip11'1eCKOrO ( c¢ep11'1eCKOrD) ypaBHe

HI1H KopTeBera- ,11e <1>p113a: 

a) Wt + W 2Wx + Wxxx = 0, 
b) Wt + WWx + Wxxx + aC 1W = 0 

np11 a = 1/2 11 a= 1 (11CCJJe).IOBaTb TaKJKe CJJy'laH np0113BOJlbHOrO a). 

3. llposecTI1 TeeT lleHJJeBe ).IJJJI ypaBHeHI1JI fapp11- )J.11Ma: 

Wt = W 3Wxxx· 

4. flpoBeCTI1 TeCT fleHJJeBe ).IJJJI HeJJI1HeHHbiX ypaBHeHI1H TpeTbero nopll,liKa: 

a) Wt+Wxxx-a(wx) 2, 

b) Wt + Wxxx- a(wx) 3 , 

c) Wt = (w- 3wx)xx· 

5. llposecTI1 TeeT lleHJJeBe ).IJJJI ypaBHeHI1JI cTaUI10HapHoro rl1.liPO.lii1HaMI1'1ecKoro norpaHI1'1Horo 

CJJOJI: 

WyWxx- WxWyy = VWyyy + j(x). 

6. flpoBeCTI1 TeCT fleHJJeBe ).IJJJI ypaBHeHI1H oyCCI1HeCKa: 

Wtt = (wwx)x ± Wxxxx· 

7. flpoBeCTI1 TeCT fleHJJeBe ).IJJJI ypaBHeHI1JI llJITOrO nopll,liKa (OHO Olli1CbiBaeT BOJlHbl llO).I JJe).IJIHbiM 

llOKpOBOM) 

Wt + WWx + aWxxx = bWxxxxx· 
YKaJaHue. HcKaTb peweHI1JI Tl1na 6ery11.1ell BOJJHbi w = w(z), z = x- >..t. llp011HTerp11posaTb 

noJJy'leHHOe o6biKHOBeHHOe .lll1¢¢epeHUI1aJibHOe ypaBHeHI1e O).II1H pa3 no z 11 ,11a.nee nposecTI1 TeeT 

lleHJJese. 

8. flpoBeCTI1 TeCT fleHJJeBe ).IJJJI CI1CTeMbl ypaBHeHI1H ra30BOH ).111HaMI1KI1: 

np11 p(p) = apn (n = 0, 1, 2). 

Pt + (pv)x = 0, 

(pv)t + [pv 2 + p(p)]x = 0, 

9. flpoBeCTI1 TeCT fleHJJeBe ).IJJJI HeJJI1HeHHOH CI1CTeMbl ypaBHeHI1H BTOpOrO nopll,liKa: 

Ut + a1UWx = b1Uxx, 

Wt + a2WUx = b2Wxx· 

® Jlumepamypa K pa10. 10.3: M. Jimbo, M. D. Kruskal, T. Miwa (1982), J. Weiss, M. Tabor, 

G. Camevalle (1983), J. Weiss (1983), R. Conte (1989), M. Musette ( 1998), B. A. fopO.lll.IOB ( 1998, 
2000), )),. M. KJJ11MOB, B. r. 6al!).lyJJOB, B. A. fopO,lll.IOB (2001), A.)],. llOJJJIHI1H, B. <1>. 3allues (2002), 
H. A. Ky,llplllliOB (2004). 

10.4. nocTpOeHHe peweHHH He/\HHeHHbiX ypaBHeHHH, 

He YAOB/\eTBOpS:UOUJ,HX TeCTy neH/\eBe, 

C nOMOUJ,biO yceLieHHbiX pa3/\0>KeHHH 

B HeKOTOpbiX cnyqajlx yceqeHHbie pa3JIO)I(eHHjl BH.Ua (30) MO)I(HO HCIIOJih30BaTb .[(Jijl 

IIOCTpOeHHjl TOqHbiX perneHHH HeJIHHeHHbiX ypaBHeHHH MaTeMaTHqecKOH <l>H3HKH, 

KOTOphie He y.uoBJieTBOpjiJOT TecTy IleHJieBe. B 3TOM cnyqae rrapaMeTp pa3JIO)I(e

HHjl p ,[(OJI)I(eH 6hiTb l.(eJihiM IIOJIO)I(HTeJihHbiM qHCJIOM; OH OIIpe,UeJijleTCjl TOqHo 

TaKHM )l(e o6pa30M, KaK Ha rrepBOM 3Tarre IIpOBepKH ypaBHeHHjl Ha TeCT IleHJieBe. 

IlpOHJIJIIOCTpHpyeM CKa3aHHOe Ha KOHKpeTHOM IIpHMepe. 

UpuMep 9. PaccMOTp11M HeJJI1HeliHoe ypasHeHI1e .lii1¢¢Y31111 c Ky611'!eCKI1M 11CTO'IHI1KOM 

Wt = Wxx- 2w3 . (46) 

llepebtu :Jman. llo).ICTaBI1M B ypasHeHI1e (46) maBHbiH '!JJeH pa3JJOJKeHI1JI (25), a 3aTeM o6e '!aCTI1 

noJJy'leHHoro BbipalKeHI1JI YMHOJKI1M Ha ~P+2 . l1MeeM 

w~~2 + pwox~~ = p(p+ 1)wo- 2wge- 2P, 
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r.1.1e ~ = x - xo, xo = xo(t), wo = wo(t). 113 6aJiaHca CTapumx LJJJeHOB (yLJI1ThiBa!OTCJI rrepsoe 11 

rrocJJe).IHee cJJaraeMhie B rrpasoif LJaCTI1 ), HaXO.lii1M 

p = 1, wo = ±1 (m = 0). (47) 

TIOCKOJlhKY p - UeJJOe IlOJ10lKI1TeJlbHOe LJI1CJ10, TO rrepsoe He06XO).II1MOe YCJ10BI1e TeCTa lleHJJeBe 

Bh!IlOJlHeHO. 

Bmopou 3man. TIOCKOJlhKY ypaBHeHI1e 11HBap11aHTHO OTHOCI1TeJlbHO 3aMeHbl W Ha -W, ).IOCTa

TOLJHO paCCMOTpeTh IlOJ10lKI1TeJlhHOe 3HaLJeHI1e Wo B ( 47). TI03TOMY ).IJlJI orrpe).leJleHI1JI pe30HaHCOB 

W = ~-1 + Wm~m-1 
B Be).lyl!ll1e LJJleHbl Wxx 11 bw3 ypaBHeHI1JI (46). «C0611paJI» LJJleHhl, rrporrOp!l110HaJihHble Wm, 11MeeM 

(m + 1)(m- 4)wmC- 3 + · · · = 0. 

Tip11paBHI1BaJI BhipalKeHI1e (m + 1)(m- 4) HYJJ!O, HaXO.lii1M 11H).IeKc <l>yKca m 1 = 4. TiocKOJlhKY oH 

UeJlbiH 11 IlOJ10lKI1TeJlhHhiH, TO BTOpOe He06XO).II1MOe YCJ10BI1e lleHJJeBe Bh!IlOJJHeHO. 

Tpemuu Jman. Tio).lcTaBI1M pa3JJOJKeHI1e (25) (co macHo BTopoMy JTarry HYJKHO YLJI1ThiBaTh 

LJJleHbl ).10 HOMepa m = 4 BKJl!OLJI1TeJlbHO) B ypaBHeHI1e (46). MOJKHO IlOKa3aTh, LJTO YCJ10BI1e 

COBMeCTHOCTI1 (29) He Bh!IlOJlHJieTCJI, Il03TOMY paCCMaTp11BaeMOe ypaBHeHI1e He Y.liOBJleTBOplleT TeCTY 

TieHJJese. 

l1cnO!lb306aHue yce'!eHHOZO pa3!lO:J/CeHufl O!lfl noucKa mO'IHblX peuteHuu. .[l,JJJI ).laJihHeifrnero 

aHaJII13a 11CITOJlh3yeM yceLJeHHOe pa3JJOJKeHI1e o61!lero Bl1).1a (30) rrp11 p = 1 (3TO cJJe).lyeT 113 rrepsoro 

3Tarra). 8 pe3yJlhTaTe IlOJ1YLJI1M <jlopMyJJy (34). ilO).ICTaBJlJIJI (34) B ypaBHeHI1e ).111<jl<jly31111 ( 46) 11 

«C0611paJI» LJJleHbl rrp11 0).111HaKOBhiX CTerreHJIX ~' 11MeeM 

C 3 (2wo~;- 2wg) + C 2 [wo~t- 2(wo)x~x - Wo~xx - 6w6w1] + 
+ C 1 [ -(wo)t + (wo)xx- 6wowi] - (wl)t + (w1)xx- 2wf = 0. 

flp11paBHI1Ball HYJl!O LJJleHhl rrp11 0).111HaKOBh!X CTerreHJIX ~' Ilp11X0).111M K CI1CTeMe ypaBHeHI1H 

wo(~;- w6) = 0, 

Wo~t- 2(wo)x~x- Wo~xx- 6w6w1 = 0, 

-(wo)t + (wo)xx- 6wowi = 0, 

(wl)t- (w1)xx + 2wf = 0. 

113 rrepsoro ypasHeHI1JI ( 48) 11MeeM 

WO = ~x· 

(48) 

(49) 

(BTOpOe perneHI1e, OTJ111LJa!Ol!leeCJI 3HaKOM, He paCCMaTp11BaeTCJI, IlOCKOJlhKY B 11TOre Ilp11B0).111T K 

TOLJHO TaKOMY JKe pe3yJlhTaTy). ilO).ICTaBI1B (49) BO BTOpOe 11 TpeThe ypaBHeHI1JI (48) 11 COKpaTI1B Ha 

HeHyJJeBble MHOlKI1TeJ111, IlOJ1YLJI1M 

~~- 3~xx- 6w1~x = 0, 

-~xt + ~xxx- 6wi~x = 0. 
(50) 

TIOCJle).IHeMy ypaBHeHI1!0 (48), KOTOpOe COBila).laeT C 11CXO).IHhiM ypaBHeHI1eM (46), MOJKHO Y.liOBJleTBO-

p11Th, eCJ111 IlOJ10lKI1Th 

W1 = 0. (51) 

Tio).ICTaBI1B (49) 11 (51) B <jlopMyJJy (36), ).IJJJI perneHI1JI 11MeeM cJJe).ly!Ol!lee rrpe).ICTaBJJeHI1e: 

w=k 
~ ' 

(52) 

r).le <jlyHK!li1JI ~ 0Ili1ChiBaeTCJI rrepeorrpe).leJJeHHOH J111HeHHOH CI1CTeMOH ypaBHeHI1H, KOTOpaJI IlOJJyLJa

eTCJI B pe3yJlhTaTe IlO).ICTaHOBKI1 3HaLJeHI1JI (51) B (50): 

~t- 3~xx = 0, 
(53) 

-~xt + ~XXX = 0. 

flpO).II1<jl<jlepeHU11pyeM rrepBOe ypaBHeHI1e ITO X, a 3aTeM 11CKJ1!0LJI1M CMeWaHHY!O Ilp0113BO.l.IHY!O Wxt 
C IlOMOl!lh!O BTOpOro ypaBHeHI1JI. J1MeeM ~xxx = 0, OTKy).la CJle).lyeT 

~ = <p2(t)x2 + <p1(t)x + <po(t). (54) 
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.lJ.Jill onpe).leJieHI1ll ¢YHK1.111H 'f!k(t) nO).ICTaBI1M Bb!pa)l(eHI1e (54) B ypaBHeHI1ll (53). f10JIY'II1M 

r.p;x2 + r.p~x + r.p~ - 6r.p2 = 0, 

-r.p;x- r.p~ = 0. 

Ilp11paBHI1Bal! HYJIJO ¢YHK1.1110HaJibHbie K03¢¢111.111eHTbi np11 pa3HbiX CTeneHl!X x, a 3aTeM 11HTerp11pyll 

COOTBeTCTBY!Oil.ll1e ypaBHeHI1ll, 11MeeM 

(55) 

r).le Co, Cl, c2- np0113BOJibHble nOCTOl!HHble. IlO).ICTaBI1B (54) c y'leTOM (55) B ¢opMyJiy (52), 
HaXO).II1M TO'IHOe peweHI1e ypaBHeHI1ll (46): 

w = 2C2 x + C 1 

C2x2 + cl X+ 6C2t +Co 

~ 3ai>a•lU u ynpaJICHeHUR « pa3i>. 10.4 

1. IlocTp011Tb '!aCTHbie peweHI1ll nocJie).IHero ypasHeHI1ll (48) Bl1.lla w = w(x) 11 w = w(t). IlocTp011Tb 

COOTBeTCTBY!Oil.ll1e TO'IHbie peweHI1ll nepeonpe).leJieHHOH CI1CTeMbl (50), a 3aTeM nOCMOTpeTh, KaKI1e 

TO'!Hble peweHI1ll ypaBHeHI1ll ( 46) MO)I(HO nOJIY'II1Tb C nOMOil.lbiO yce'!eHHbiX npeo6pa30BaHI1H. 

2. 11cnoJih3Yll yce'leHHoe npeo6pa3oBaHI1e, nocTp011Tb TO'IHOe pewe1111e ypasHeHI1ll HhJOJJIJia -

Yai1TXe).la (Newell- Whitehead): 

Wt = Wxx + aw - bw3 . 

YKa3aHue. 11cnOJib30BaTb TY )l(e npoue.11ypy, 'ITO 11 B np11Mepe 9. Pewe1111e ypasHeHI1ll .liJill w1 

11CKaTb B Bl1).1e W! = k = COllSt. 

3. J1cnOJib3Yll yce'leHHOe npeo6pa30BaHI1e, nOCTp011Tb TO'IHOe peweHI1e ypaBHeHI1ll <1>11TU-Xb!O

HaryMo (FitzHugh- Nagumo ): 

Wt = Wxx + w(l- w)(w- a). 
YKa3aHue. 11cnOJib30BaTb TY )l(e npoue.11ypy, 'ITO 11 B np11Mepe 9. Pewe1111e ypasHeHI1ll .liJill w1 

11CKaTb B Bl1).1e W! = k = COllSt. 

4. 11cnoJih3Yll yce'leHHoe npeo6pa3oBaHI1e, noCTp011Tb TO'IHOe pewe1111e ypasHeHI1ll: 

Wt + WWx = Wxx- aw3 . 

YKa3aHue. 11cnoJib30BaTb TY )l(e npoue.11ypy, 'ITO 11 B np11Mepe 9. 

5. flOCTp011Tb TO'IHOe peweHI1e ypaBHeHI1ll <l>11wepa: 

Wt = Wxx + aw - bw2 . 

YKa3aHue. Hai1TI1 Bl1.ll yce'!eHHOro npeo6pa3osaHI1ll. IloJIO)I(I1Tb w2 = const, a TO'IHOe pewe1111e 

nepeonpe).leJieHHOH CI1CTeMbl ypaBHeHI1H ).IJ!ll ~ 11CKaTb B Bl1).1e 6eryll.leH BOJ!Hbl cneU11aJibHOrO Bl1).1a: 

~ = 1 + Cexp(kx- >..t). 

® Jlumepamypa K paJd. 10.4: H. A. Ky.llpllwos (1990a, 1990b, 1993, 2004), H. A. Ky.llpllwos, 

M. E. Cyxapes (2001). 



11. MeTOAbl o6paTHOH aaAa"'H paccefiHHfl (TeopHfl 
COJ\HTOHOB) 

llpe;wapuTeJILHble JaMeqauun. MeTO.Uhi o6paTHOH Ja.uaqu paccej{HHjl ocHoBaHbi 

Ha «Hej{BHOH» mmeapii3al(IIH ypaBHeHIIH. OcHOBHajl II.[(ejl: BMecTo ucxo.uHoro 

HeJIIIHeHHOrO ypaBHeHIIjl C HeH3BeCTHOH QJYHKl(HeH W paCCMaTpHBaeTCjl BCnO

MOraTeJibHajl nepeonpe,UeJieHHajl JIHHeHHajl CHCTeMa ypaBHeHIIH .[(Jljl (BeKTOpHOH) 

QJYHKI.(IIH <p, npiiqeM K03QJQJIIl(IIeHTbl 3TOH CIICTeMbl 3aBIICj{T OT W II npOH3BO.[(HbiX 

OT W no He3aBHCIIMbiM nepeMeHHbiM. JluHeHHajl CIICTeMa .[(Jljl <p Bbi6IIpaeTCjl TaK, 

qTo ycJIOBHe COBMeCTHOCTII ee ypaBHeHHH npHBO.[(HT K HCXO,[(HOMY HeJIHHeHHOMY 

ypaBHeHIIIO .[(Jljl QJYHKI.(IIH W. 

11.1. MeTOA, OCHOBaHHbiH Ha HCnO/\b30BBHHH nap J\aKCa 

11.1.1. OnHCaHHe MeTOAa. YC/\OBHe COBMeCTHOCTH. napbl 1\aKca 

Ey.ueM IIJyqaTh HeJIIIHeHHhie 3BOJIIOl(IIOHHhie ypaBHeHIIjl Bn.ua 

~~ = F(w), 

npaBajl qacTb KOTOpbiX F ( w) 3aBHCIIT OT QJYHKI.(IIH w II ee npoii3BO.UHhiX no x. 

(1) 

PaccMOTpnM ,UBa BcnoMoraTeJibHhiX nuHeHHhiX .uu<)J<)JepeHl(IIaJihHhiX ypaBHe

HIIjl, nepBOe H3 KOTOpbiX COOTBeTCTByeT 3a,Uaqe Ha C06CTBeHHbie 3HaqeHIIjl II CO

,Uep)I(IIT npOII3BO.[(Hhie TOJibKO no npOCTpaHCTBeHHOH nepeMeHHOH x: 

Lrp = A.rp, (2) 

a BTOpOe ypaBHeHIIe OnHCbiBaeT 3BOJIIOI.(HIO C06CTBeHHOH QJYHKI.(IIH BO BpeMeHII: 

~~ = -Mrp. (3) 

Ko3QJQJIIl(IIeHThi nuHeHHhiX .uu<)J<)JepeHl(IIaJihHhiX onepaTopoB L u M B ypaBHeHIIj{X 

(2) H (3) 3aBIICj{T OT QJYHKI.(HII W II ee npOII3BO,[(HbiX no X. 

fiOCKOJibKY CHCTeMa (2)-(3) jiBJijleTCjl nepeonpe,UeJieHHOH (TaK KaK IIMeiOTCjl 

,UBa ypaBHeHIIjl Ha O.UHY QJYHKI.(IIIO rp ), TO onepaTOpbi L II M He MoryT 6biTh npo

H3BOJihHhiMn: OHH .UOJI)I(Hbi y.uoBJieTBOpj{Tb ycnoBIIIO cOBMeCTHOCTII. 4To6bi HaHTH 

3TO ycnoBIIe, cHaqana npo.uu<)J<)JepeHl(IIpyeM (2) no t. CquTajl, qTo co6cTBeHHbie 

3HaqeHIIjl A He 3aBHCj{T OT BpeMeHH t, IIMeeM 

Ltrp + Lrpt = A.rpt. 

3aMeHjljl 3,Uech !f?t Ha npaByiO qacTh (3), nonyqiiM 

Ltrp- LMrp = ->..Mrp. 

YqiiTbiBajl .uanee cooTHOIIIeHIIjl >..Mrp = M(>..rp) II >..rp = Lrp, npuxo.uuM K ycnoBIIIO 

COBMeCTHOCTH 

Ltrp = LMrp- MLrp, 
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KOTOpOe MO)I(HO 3aiUICaTb B BH,Ue OIIepaTOpHOrO ypaBHeHHjl 

~~ =LM-ML. (4) 

rosopj{T, qTo JmHeHHbie onepaTopbi L H M [HJm JIHHeHHbie ypaBHeHHjl (2) 
H (3)] o6pa3yiOT napy JlaKCa .[(Jijl HeJIHHeHHOrO ypaBHeHHjl (1 ), eCJIH YCJIOBHe COB

MeCTHOCTH (4) cosna.uaeT c ypasHeHHeM (1). B npasoii qacTH ypasHeHHjl (4) CTOHT 

KOMMymamop onepamopoe L H M, .[(Jijl KpaTKOH 3aiiHCH KOToporo HCIIOJib3yeTCjl 

o6o3HaqeHHe [L, M] = LM - ML. 
TaKHM o6pa30M, ecnH y.uaeTCjl no.uo6paTb no.uxo.ujlrn:yiO napy JlaKca, TO aHaJIH3 

HCXO.[(HOrO HeJIHHeHHOrO ypaBHeHHjl ( 1) MO)I(HO CBeCTH K aHaJIH3Y .UBYX 6onee 

IIpOCTbiX JIHHeHHbiX ypaBHeHHH (2) H (3). 

3aMe4aHit1e. OnepaTOp M B ypasHeHHj{X (3) H (4) onpe.uenjleTCjl HeO,UH03HaqHo; 

ero MO)I(HO 3aMeHHTb IIO npaBHJiy: 

M ====? M + p(t), 

r,Ue p( t)- IIpOH3BOJibHajl «tJyHK[(Hjl. 3Ta «tJyHK[(Hjl HaXO.[(HTCji IIpH perneHHH 3a,UaqH 

KornH .[(Jijl ypasHeHHjl (1) ( CM. pa3.IJ:. 11.4.2). 

11.1.2. npMMepbl nap /\aKCa Al\fl He/\MHeMHbiX ypaBHeHMM MaTeMaTMI.IeCKOM $M3MKM 

UpuMep 1. IloKalKeM, 'ITO )lJIJI ypasHeHHJI KopTesera- )le <1>p113a 

aw + a3w - 6w aw = 0 
at ax3 ax 

napa JlaKca 3a)laeTCJI onepaTopaMH 

a2 
L = w- ax2' 

a3 a aw 
M = 4- - 6w-- 3- + p(t) ax3 ax ax ' 

KOTOphie npliBO)lJIT K JIIIHeHHhiM ypaBHeHIIJIM 

'Pxx +(.A- w)<p = 0, 
'Pt + 4<pxxx - 6W<px - 3Wx<p + p(t)<p = 0. 

3)leCh p( t)- np0113BOJihHaJI <j:lyHKUIIJI. 

HeTPYJlHO y6e)lHThCJI s cnpase)lJIIIBOCTll <j:lopMyJI 

LM(<.p) =- 4<pxxxxx + lOW<pxxx + [15Wx- p(t)]'Pxx + (12Wxx- 6w 2 )<px + 
+ [3wxxx - 3wwx + wp(t)]<p, 

ML(<.p) =- 4<pxxxxx + lOw<pxxx + [l5wx- p(t)]'Pxx + (l2Wxx- 6w 2 )'Px + 
+ [4wxxx - 9wwx + wp(t)]<p, 

r)le <.p( X, t)- np0113BOJibHaJI <j:lyHKUIIJI. 0TCIO)la CJie)lyeT 

LM(<.p)- ML(<.p) = ( -Wxxx + 6wwx)<p. 

113 (6) II (8) nOJIY'IliM 

Lt = Wt, LM- ML = -Wxxx + 6wwx. 

Ilo)lcTaBHB 3TH BhipalKeHHJI s (4), npHXOJlliM K ypasHeHHIO KopTesera-)le <1>p113a (5). 

3aMeYaHHe. IlpoueJlypa peweHHJI 3a)la'IH Kow11 )lJIJI ypasHeHHJI (5) onHCaHa s pa3)leJie 11.4. 

(5) 

(6) 

(7) 

(8) 

JlHHeHHbie ypaBHeHHjl (2) H (3) .[(Jijl BCIIOMOraTeJibHOH «tJyHK[(HH cp, o6pa3yiO

Il(He napy JlaKca, MoryT 6biTb seKTOpHbiMH (s 3TOM cnyqae JIHHeHHbie onepaTOpbi L 
H M 6y.uyT 3a,UaBaTbCjl MaTpHU:aMH). )J,pyrHMH cnosaMH, BMecTo O.UHHoqHbiX ypaB

HeHHH (2) H (3) MoryT CTOnb COOTBeTCTBYIOII(He CHCTeMbl JIHHeHHbiX ypaBHeHHH. 
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UpuMep 2. YpasHeHI1e sh-1op).IOHa 

Wxt = 4ashw 

MOJKHO npe).ICTaBI1Tb B Bl1).1e BeKTOpHOH napbl JlaKCa 

Lc.p = >-.c.p, 
'Pt = -Mc.p, 

c.p = ( ~21 ) ' L - ( 0 
r - Ox- -}wx 

r).le Ox -onepaTop .lll1¢¢epeHU11posaHI1ll no x. 

Orrpe.ueneHHe rrapbi JlaKca .UJI51 3a,UaHHoro HeJIHHeli:Horo ypasHeHH51 rrpe.ucTaB

JI51eT C060H BeCbMa CJIO:)I<HYIO 3a,Uaqy (KOTOpa51, B IIpHHI.J,HIIe, pa3peii1HMa TOJibKO 

,[(JI51 OT,UeJibHbiX ypaBHeHHH). fi03TOMY ,[(JI51 «He51BHOH» JIHHeapH3ai.J,HH ypaBHeHHH 

06hiqHo HCIIOJib3YIOT 6onee rrpOCTOH MeTO,[(, OIIHCaHHbiH ,UaJiee B pa3,U. 11.2. 

~ 3a()aqu u ynpa:m:HeHUR K pa:J{). 11.1 
1. flpoBep11Tb cnpaBe).IJ111BOCTb pe3yJlhTaTOB, np11Be).leHHbiX B np11Mepe 2. 

YKa3aHUe. flepeHTI1 OT MaTpWIHOH !lJopMbl 3ani1CI1 napbl JlaKCa K CKaJJllpHOH CI1CTeMe ypaBHeHI1H. 
)J,nll nony4eHI1ll ycnoBI1H COBMeCTHOCTI1 11CnOJlh30BaTh paBeHCTBa ( <p1) xt = ( <p1) tx 11 ( <p2) xt = ( <p2) tx, 
r).le BTOpb!e np0113BO).IHble Onpe,lleJll!IOTCll nyTeM ).111¢¢epeHU11pOBaHI1ll ypaBHeHI1H. 

2. floKa3aTb, 4TO HeJ111HeHHOe ypaBHeHI1e illpe).II1Hrepa 

. aw 8 2 w 2 
I at + Bx 2 + alwl W = 0 

MOlKeT 6hiTb npe).ICTaBJleHO B Bl1).1e BeKTOpHOH napbl JlaKCa 

Lc.p = >-.c.p, 
'Pt = -Mc.p, 

M = i (P~.- 11~; -iwx ) 
iP lwl 2 

IWx PijX2+ 1 _P 

c.p= L = (i(l+wp) :x w ) 
i(l-p) :X > 

O; = 2/(1 - p 2 ), 4epTa CBepxy 0603Ha4aeT KOMnJleKCHO COnplllKeHHYIO BeJ111411Hy. 
YKa3aHUe. flepeHTI1 OT MaTp114HOH !lJopMbl 3ani1CI1 napbl JlaKCa K CKaJJllpHOH CI1CTeMe ypaBHeHI1H. 

)J,nll nony4eHI1ll ycnoBI1H COBMeCTHOCTI1 11CnOJlh30BaTh paBeHCTBa ( <p1) xt = ( <p1) tx 11 ( <p2) xt = ( <p2) tx, 
r).le BTOpbie np0113BO).IHbie HaXO).Il!TCll nyTeM .lll1¢¢epeHU11posaHI1ll ypasHeHI1H. TpeTbl1 np0113BO).IHbie 
no X Bbi411CJlliiOTCll no ¢opMyJlaM [(<p1)x]xx 11 [(<p2)x]xx, r).le nepBbie np0113BO).IHhie (<p!)x 11 (<p2)x 
onpe,lleJll!IOTCll 113 nepBOH napbl CKaJJllpHbiX ypaBHeHI1H. 

® Jlumepamypa K pa30. 11.1: C. S. Gardner, J. M. Greene, M. D. Kruskal, R. M. Miura (1967), 
P. D. Lax (1968), B. E. 3axapos, JI. )],. <l>a).l).lees ( 1971 ), B. E. 3axapos, A. 6. illa6aT ( 1971, 1974), 
M. J. Ablowitz, D. J. Kaup, A. C. Newell, H. Segur (1973, 1974), B. E. 3axapos, C. B. MaHaKOB, 
c. n. HOBI1KOB, JI. n. lli1TaeBCKI1H ( 1980), JI. A. TaXTa).llKliH, JI. )],. <l>a).l).leeB (1986), M. A6JJOBI11..1, 
X. C11ryp (1987), P. )J,O).I.ll, )J,JK. 3iln6eK, )J,JK. 11166oH, X. Mopp11c (1988), M. J. Ablowitz, 
P. A. Clarkson ( 1991 ). 

11.2. MeTOA, MCnOJ\b3YIOW,MH YCJ\OBMe COBMeCTHOCTM CMCTeM J\MHeHHbiX 

ypaBHeHMH 

11.2.1. 06~afl CXeMa. YC/\OBHe COBMeCTHOCTH. 1\HHeHHble CHCTeMbl C ABYMH 

ypaBHeHHfiMH 

PaccMoTpHM .use cHcTeMhi JIHHeli:HbiX ypaBHeHHli:: 

12 A. )J,. IIomiHHH, B. <1>. 3ai1ues, A. H. )l(ypos 

'Px = Ac.p, 
'Pt = Bc.p, 

(9) 
(1 0) 
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r.ue r.p eCTb n-MepHbiH BeKTOp, a A II B 51BJUIIOTC51 nxn-MaTpHIIaMH. IIpaBbie qacTH 

CHCTeM (9) II (1 0) He MOryT 6biTb ITpOH3BOJibHbiMH, OHM ,[(OJI)KHbl Y.UOBJieTBOp51Tb 

YCJIOBHIO COBMeCTHOCTH. lJT06bi HaHTH 3TO YCJIOBHe, ITpO,UWp<l>epeHQHpyeM CH

CTeMbl (9) II (10) COOTBeTCTBeHHO ITO t II X, a 3aTeM HCKJIIOqHM H3 ITOJiyqeHHbiX 

COOTHOIIIeHHH CMeiiiaHHYIO ITpOH3BO.UHYIO 'Pxt· 3aMeH5151 ,UaJiee ITpOH3BO.[(Hhie 'Px 
II 'Pt ITpaBbiMH qaCT51MH (9) II (1 0), HMeeM 

At - Bx + [A, B] = 0, (11) 

r.ue [A, B] =AB-BA. 0Ka3biBaeTC51, qTo .UJI51 3a,UaHHOH MaTpHIIhi A HMeeTC51 ITpo

CTa51 .ue.uyKTHBHa51 ITPOIIe.uypa .UJI51 HaXO)I(,UeHH51 B, B pe3yJihTaTe KOTopoli: ycJIOBHe 

COBMeCTHOCTH ( 11) ITpeBpamaeTC51 B HeJIHHeHHOe 3BOJIIOIIHOHHOe ypaBHeHHe. 

)J,aJiee orpaHHqHMC51 HCCJie,UOBaHHeM qacTHOrO CJiyqa5J:, KOr,Ua BeKTOp-<l>yHK

IIH51 r.p HMeeT ,[(Be KOMITOHeHThi: r.p = ( ~~ ) . Bhi6HpaeM JIHHeHHYIO CHCTeMy ypaB-

HeHHH (9) B BH,Ue 

(cpl)x = -iAcpl + fcp2, 

(cp2)x = 9'1'1 + iAcp2, 
(12) 

r,Ue A-CITeKTpaJibHbiH ITapaMeTp, j II g-HeKOTOpbie (B 06IIIeM CJiyqae KOMITJieKC

H03HaqHbie) <l>YHKIIHH .usyx ITepeMeHHhiX x II t, i 2 = -1. CHcTeMy (1 0) .UOITOJIHHM 

HaH60Jiee o6meli: JIHHeHHOH CHCTeMOH, CO,Uep)l(aiiieH ITpOH3BO.[(Hhie ITO t: 

(cpl)t = Acp1 + Bcp2, 
(cp2)t = Ccp1 + Dcp2, 

(13) 

r.ue A, B, C, D- HeKOTOpbie <l>YHKIIHH (3aBHC51IIIHe OT ITepeMeHHhiX x, t II 

ITapaMeTpa >.), ITO,UJie)l(aiiiHe OITpe.ueJieHHIO B xo.ue aHaJIH3a. .l1,H<l><PepeHIIHPY51 

ypaBHeHH51 (12) ITO t, a ypaBHeHH51 (13)- ITO X, II ITOJiara51 ( Cf?1,2)xt = ( Cf?1,2)tx, 

ITOJiyqHM YCJIOBH51 COBMeCTHOCTH B BH,Ue 

Ax= Cf- Bg, 
Bx + 2i>.B = ft- (A- D)j, 
Cx - 2i>.C = 9t + (A- D)g, 

-Dx = Cj- Bg. 

)J,JI51 YITPOIIIeHH51 BbiKJia,UOK ITOJIO)I(HM 

D=-A. 

(14) 

B 3TOM cJiyqae ITepsoe II ITOCJie,UHee ypaBHeHH51 (14) coBITa.UyT II ocTaHyTc51 TPH 

OITpe,UeJI51IOIIIHX ypaBHeHH51: 

Ax= Cf- Bg, 
Bx + 2i>.B = ft - 2Aj, 

Cx- 2i>.C = 9t + 2Ag. 

(15) 

Tpe6yeTC51 Bbipa3HTh <l>YHKIIHH A, B, C qepe3 j, g. 06mee perneHHe CHCTeMbi (15) 
.[(JI51 ITpOH3BOJibHbiX <l>YHKIIHH j II g ITOJiyqHTb He y.uaeTC51. )J,aJiee 6y,UeM HCKaTb 

ee qacTHbie peiiieHH51 B BH,Ue KOHeqHbiX pa3JIO)I(eHHH ITO ITOJIO)I(HTeJihHbiM HJIH 

OTPHIIaTeJihHhiM cTeiTeH51M ITapaMeTpa >.. 
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11.2.2. PeweHHe onpeAeruuow,Hx ypaBHeHHH B BHAe no/\HHOMOB no cneKTpa/\bHOMY 
napaMeTpy. npHMepbl 

IlpOCTeHIIIHe pa3JIO)I(eHH51 HCKOMbiX «lJyHK[(HH, rrpHB0,[(51IIIHe K HeTpHBHaJibHOMY 

pe3yJibTaTy, HMeiOT BH,[( KBa,UpaTHqHbiX IIOJIHHOMOB ITO rrapaMeTpy ).: 

A= A2>.2 + A1>. + Ao, 

B = B2>.2 + B1>. + Bo, 

C = C2>.2 + C1>. +Co. 

(16) 

Ilo.ucTaBHM (16) B (15) H «co6epeM» qneHbi rrpH O.UHHaKOBhiX CTerreH51X >.. B 
pe3yJihTaTe rronyqwM: 

A2 (A2x- C2f + B2g) + >.(Alx- Cd +B1g) +Aox- Cof +Bog= 0, (17) 

2i>. 3 B2 +). 2 ( B2x + 2iB1 + 2A2f) + 
+A(Blx+2iBo+2Aif)+Box+2Aof-ft = 0, (18) 

-2i>.3C2 + >.2 ( C2x- 2iC1- 2A2g) + 
+>.(Clx-2iCo-2Alg)+Cox-2Aog-gt = 0. (19) 

IlpwpaBH51eM rrocne.uosaTeJihHO HYJIIO Ko34J«lJwn:weHThi rrpH O.UHHaKOBhiX cTerre

H51X >.. lh paseHCTBa HYJIIO Km«lJ«tJwu:weHTOB rrpH ). 3 HMeeM 

(20) 

IlpwpaBHHBa51 HYJIIO Km«lJ«tJwu:weHThi rrpH >.2 H yqHTbiBa51 (20), rronyqwM cooTBeT

CTBeHHO 

A2 = a = canst, B1 = iaj, C1 = iag. (21) 

IlpwpaBH51eM HYJIIO K03«lJ«lJwn:HeHT rrpH ). B (17), a 3aTeM 3aMeHHM Bl H cl 

comacHo (21). liMeeM A1x = 0, oTKy.ua A1 = a1 = canst. )J,n51 rrpocTOTbi ,UaJiee 

6y,UeM paCCMaTpHBaTb CIIe[(HaJibHbiH cnyqali: a 1 = 0 (rrpOH3BOJibHOMY 3HaqeHHIO a 1 

COOTBeTCTBYIOT 6onee 06ll1He pe3yJihTaTbi), T. e. 

(22) 

YpaBHeHH51, rronyqeHHhie H3 ( 18) H (19) rrpwpaBHHBaHHeM HYJIIO Ko34J«lJwn:weHTOB 

IIpH )., C yqeTOM (21) H (22) ,UaiOT 

(23) 

IlpHpaBHHBa51 B (17) HYJIIO K03«lJ«lJHU:HeHT IIpH ). O, IIOCJie HHTerpHpOBaHH51 HMeeM 

Ao = +afg+ao, r.ue ao-rrpoH3BOJibHa51 rrocT051HHa51. KaK H paHee, ,UJI51 rrpocTOTbi 

IIOJiaraeM ao = 0, qTO IIpHBO,[(HT K Bbipa)l(eHHIO 

Ao = +afg. (24) 

B pe3yJihTaTe ypaBHeHH51 (18) H (19) C yqeTOM (23) H (24) IIpHHHMaiOT BH,[( 

( COOTBeTCTBYIOT 3HaqeHHIO ). = 0): 

ft = -+afxx + af2g, 
1 f 2 9t = 2a9xx- a g . 

(25) 
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IlO,UCTaBHB (16), (20)-(25) B ypaBHeHHH (13), IIOJiyqHM 

('Pl)t = a(.\2 + + fg)<pl + a(i.\f- + fx)lf12, 

('P2)t = a(i.\g + +gx)'Pl- a(.\2 + + fg)'P2· 
(26) 

TaKHM o6pa30M, ,[(Be JIHHeMHhie CHCTeMhl (12) H (26) 6y.UyT COBMeCTHhl, eCJIH 

cpyHKIJ,HH f H g y.uoBneTBOpHIOT CHCTeMe c Ky6wqecKoil: HeJIHHeMHOCThiO (25). IlpH 

g = -k], a= 2i, (27) 

r,Ue k - ,UeMCTBHTeJibHaH IIOCTOHHHaH, a qepTa CBepxy 0603HaqaeT KOMIIJieKCHO

COIIpH)I(eHHYIO BeJIHqHHy, o6a ypaBHeHHH (26) nepeXO.[(HT B O.[(HO H TO )l(e HeJIHHeM

HOe ypaBHeHHe lllpe.UHHrepa 

ift = fxx + 2klf2 IJ (28) 

AHanorwqHhiM o6pa30M MO)I(HO 3a,UaTh .upyrwe IIOJIHHOMhi no .X H onpe.uenHTh 

COOTBeTCTBYIOill,He HM JIHHeMHhie CHCTeMhl, IIOpO)I(,UaiOill,He HeJIHHeMHhie 3BOJIIOIJ,H

OHHhie ypaBHeHHH. 

flpuMep 3. flO liCK peweHIIH onpe)leJIJIJOIIJ.eif CIICTeMbl ( 15) B Bll)le nOJIIIHOMOB TpeTbeH CTeneHII 

no A npiiBO)liiT K CJie)lyJOIIJ.eMy pe3yJibTaTy: 

A= a3>..3 + a2>..2 + t(a3jg + a1)>.. + ta2jg- i-ia3(fgx- gfx) + ao, 

B = ia3jA2 + (ia2f- +a3fx)>.. + iad + +ia3f2g- tadx- +a3fxx, (29) 

C = ia3g>..2 + (ia2g + +a3gx)>.. + ia1g + +ia3fi + ta2gx- i-ia3gxx, 

r)le ao, a1, a2, a3- np0113BOJibHbie nocTOJIHHbie. CooTBeTCTBYIOIIJ.IIe (29) 3BOJIIOUIIOHHbie ypasHeHIIJI 

)lJIJI <jlyHKUIIH j, g liMe lOT Bll)l 

ft + i-ia3(fxxx- 6fgfx) + +a2(fxx- 2f2g)- iadx- 2aof = 0, 

gt + i-ia3(gxxx- 6fggx)- +a2(gxx - 2fg2) - ia1gx + 2aog = 0. 
(30) 

PaCCMOTpiiM )lBa BaJKHbiX lJaCTHbiX CJiy'laJI, npiiBO)lJIIIJ.IIX K IIHTepeCHbiM HeJII!HeHHbiM ypaBHe

HIIJIM MaTeMaTII'IeCKOH <jlii311KII. 

1°. Ilpll 

ao = a1 = a2 = 0, a3 = -4i, g = 1 

BTOpOe ypaBHeHI!e (30) Y!lOBJieTBOpJieTCJI TOJK)leCTBeHHO, a nepsoe ypaBHeHI!e (30) nepeXO)liiT B 

ypasHeHHe KopTesera- )le <l>p113a 

ft + fxxx- 6ffx = 0. 

2°. Ilpll 

ao = a1 = a2 = 0, a3 = -4i, g = ±f 

o6a ypaBHeHIIJI (30) nepeXO)lJIT B O)lHO II TO JKe MO)lll<jJIIUIIpOBaHHOe ypaBHeHI!e KopTeBera - )le 

<l>p113a 

ft + fxxx =f 6f2 fx = 0. 

flpHMep 4. oy)leM IICKaTb Tenepb peweHI!e Onpe)leJIJIIOIIJ.eif CIICTeMbl (15) B Bll)le npOCTeifwero 

O)lHO'IJieHHOrO pa3JIOlKeHIIJI no OTpiiUaTeJibHbiM CTeneHJIM )..: 

A= a(x,t)>..- 1, B = b(x,t)>..- 1, C = c(x,t)>..- 1. 

8 pe3yJibTaTe npiiXO)liiM K CJie)lyiOIIJ.IIM COOTHOWeHIIJIM: 

ax= +i(fg)t, b =-tift, c = +igt. 

CooTBeTCTBYJOIIJ.IIe (32) 3BOJIJOUIIOHHhie ypasHeHIIJI !lJIJI <PYHKUIIH f, g 3anHCbiBaJOTCJI TaK: 

fxt = -4iaf, 
gxt = -4iag. 

(31) 

(32) 

(33) 
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ECJJI1 IIOJJOJKI1Tb 

a=i-icosw, b=c=i-isinw, f=-g=-+wx, (34) 

TO Tp11 COOTHOWeHI1» (32) IIp11BO)l»TC» K O)lHOMY 11 TOMY JKe ypaBHeHI110 - ypaBHeHI110 CI1HYC

rop)lOHa 

Wxt = sinw, (35) 

a )lBa ypaBHeHI1» (33) COBIIa)lyT 11 )la)lyT )ll1<jl<jlepeHI..(I1aJJbHOe CJJe)lCTBI1e ypaBHeHI1» (35): 

Wxxt = Wx COS W. 

TaKI1M o6pa30M, Jli1HeHHhie CI1CTeMhl ypaBHeHI1H (12) 11 (13), KOJ<jl<jl11U11eHTbl KOTOpbiX orrpe)leJJ»IOTC» 

<jlopMyJJaMI1 (31 ), (34) 11 D = -A, cosMeCTHhi, ecJJI1 <jlyHKU11» u YJlOBJJeTBop»eT ypasHeH11JO CI1Hyc

rop)loHa (21). 

3aMe4aHI-1e. l1Homa orrpe.[(emnoll(He ypasHeHmi (9)-( 1 0) rro amUiomn c 
(2)-(3) TaiOKe Ha3hiBaiOT rrapo:H: JlaKca. 

~ 3ai>a•lU u ynpa;m:nenu.R K pa30. 11.2 

1. BbiBeCTI1 <jlopMyJJhl (29) 11 (30) 113 CI1CTeMbl ( 15). 

2. J1CII0Jlb3Y» CI1CTeMy (30), IIOJJyqi1Tb HeJJI1HeHHOe ypaBHeHI1e llipe)li1Hrepa (28). 

3. HaHTI1 Jli1HeHHbie CI1CTeMbl Bl1)la (12) 11 (13), YCJJOBI1e COBMeCTHOCTI1 KOTOpbiX IIp11BO)li1T K 

ypaBHeHI110 sh-rop)lOHa: 

Wxt = shw. 

YKa3aHUe. PeweHI1e orrpe)leJJ»IO!l.\eH CI1CTeMbl (15) 11ll.\eTC» B Bl1)le (31 ). 

4. HaHTI1 <jlyHKI..(I111 f 11 g, )lJl» KOTOpbiX ycJJOBI1e COBMeCTHOCTI1 Jli1HeHHbiX ypaBHeHI1H 

'Pxx +(.A- w)<p = 0, 

'Pt + f'Px + g<p = 0 

)laeT ypaBHeHI1e KopTesera- )le <l>p113a: 

Wt + Wxxx - 6wwx = 0. 
YKa3aHue. YcJJOBI1e COBMeCTHOCTI1 rroJJyqi1Th, 11CXO)l» 113 paseHCTBa 'Pxxt = 'Ptxx, o6e qacTI1 

KOTOpOrO Bbfqi1CJJ»IOTC» C IIOMO!l.\biO )ll1<jl<jlepeHI..(11pOBaHI1» 11CXO)lHbiX ypaBHeHI1H. PeweHI1e Orrpe)le

JJ»IO!l.\ero ypaBHeHI1» 11CKaTb B Bl1)le 

f = fi.A + fo, g = g1.A +go, 
r)le <jlyHKU1111 !I ,o 11 g1 ,o He 3aBI1C»T OT .A. 

5. K KaKOMY ypaBHeHI110 )lJJ» <jlyHKI..(I111 W IIp11BO)li1T ycJJOBI1e COBMeCTHOCTI1 JlBYX HeJJI1HeHHbiX 

ypasHeHI1H P11KKaTI1: 

'Pt = -a.A-!ew + a.A-!e-w<p2, 

'Px = A+ Wx'P- A<p2? 

YKa3aHue. YcJJOBI1e cosMeCTHOCTI1 rroJJyqi1Th, 11CXOJl» 113 paseHCTBa 'Ptx = 'Pxt, o6e qaCTI1 

KOTOpOrO BbJqi1CJJ»IOTC» C IIOMO!l.\b!O )ll1<jl<jlepeHU11pOBaHI1» 11CXO)lHbiX ypaBHeHI1H. 

6. Harri1CaTb ycJJOBI1e COBMeCTHOCTI1 JlBYX Jli1HeHHbiX CI1CTeM ypaBHeHI1H: 

('P!)x = -iA<p! + Af'P2, 
(<p2)x = Ag<p! +iA<p2 

11 
('P!)t = A<p1 + B<p2, 

('P2)t = C<p1- A<p2. 

HaiiTI1 peweHI1e rroJJyqeHHOH CI1CTeMbi ypasHeHI1H )lJJ» <jlyHKU11H A, B, C B Bl1)le Ky611qecK11x 

IIOJJI1HOMOB rro rrapaMeTpy .A. TioJJara» )laJJee f = w- 1, g = -1, BhiBeCTI1 113 ycJJOBI1» cosMeCTHOCTI1 

ypaBHeHI1e rapp11- )J,11Ma: 

Wt = 2(w- 112 )xxx· 

® Jlumepamypa K paJO. 11.2: B. E. 3axapos, A. £. llia6aT (1971), M. J. Ablowitz, D. J. Kaup, 

A. C. Newell, H. Segur (1974), M. A6JJOB11U, X. C11ryp (1987), B. E. 3axapos, C. B. MaHaKOB, 

c. n. HOBI1KOB, Jl. n. TII1TaeBCKI1H (1980), M. J. Ablowitz, P. A. Clarkson (1991 ). 
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11.3. MeTOA, OCHOBaHHbiH Ha HCnO/\b30BBHHH /\HHeHHbiX 

HHTerpa/\bHbiX ypaBHeHHH 

11.3.1. OnHcaHHe MeTOACl 

PaCCMOTpiiM llO.[(XO.[(, npe.[(JIO)I(eHHbiM 3axapOBbiM II llla6aTOM (1974), OCHOBaHHbiM 

Ha IICllOJib30BaHIIII JIIIHeMHbiX IIHTerpaJibHbiX ypaBHeHIIM BII.[(a * 

K(x, y) = F(x, y) + 100 K(x, z)N(x; z, y) dz, y? x, (36) 

r.n:e F II N- 3a.IJ:aHHbie <l>YHKI.(IIII, a K -IICKOMaH <l>YHKI.(IIH. B Ka)I(.IJ:OM KOHKpeT

HOM cnyqae N HBHO Bbipa)l(aeTcH qepe3 F. <l>yHKl(IIII F, N, K, noMIIMO HBHO 

yKa3aHHbiX apryMeHTOB x, y, z, MoryT 3aBIICeTb II OT HeKOTOpbiX .n:ononHIITeJibHbiX 

napaMeTpOB t, )., ... flpOII3BO.[(Hbie llO 3TIIM napaMeTpaM MOryT llOHBJIHTbCH B .IJ:II<l>

<PepeHl(IIaJibHbiX ypaBHeHIIHX, KOTOpbiM y.n:oBneTBOpHIOT <l>YHKI.(IIII F II K, HO ypaB

HeHIIe (36) paCCMaTpiiBaeTCH npii <l>IIKCIIpOBaHHbiX 3HaqeHIIHX 3TIIX napaMeTpOB. 

Onpe.n:eniiM onepaTop Ax cne.n:yroll(IIM o6pa3oM: 

Axf(y) = { lxoo j(z)N(x; z, y) dz npii y? x, 
npii y < x. 

Ey.n:eM cqiiTaTb, qTo npii Ka)I(.IJ:OM KOHKpeTHOM Bbi6ope N MO)I(HO .IJ:OKa3aTb o6pa

TIIMOCTb onepaTOpa (I - Ax) II HenpepbiBHOCTb onepaTopa (I - Ax) -l, r.n:e I
e.n:IIHIIqHbiM onepaTop. 

AnropiiTM noiicKa HeJIIIHeiiHoro ypaBHeHIIH, pa3perniiMoro MeTO.IJ:OM o6paTHOM 

3a.[(aqii paCCeHHIIH, COCTOIIT II3 Tpex llOCJie.[(OBaTeJibHbiX 3TallOB, KpaTKO OlliiCaHHbiX 

HII)I(e. 

1°. KoHKpeTII3IIpyeTCH BII.IJ: IIHTerpanbHOro ypaBHeHIIH (36). )J,nH 3Toro 3a.n:aeTCH 

CBH3b Me)l(.n:y <l>YHKI.(IIHMII N II F (N Bbipa)l(aeTCH qepe3 F). 

2°. 3a.[(aiOTCH .[(Ba llO.[(XO.[(Hil(IIX JIIIHeMHbiX .IJ:II<P<PepeHl(IIaJibHbiX ( 06biKHOBeHHbiX 

IIJIII c qacTHbiMII npoii3BO.IJ:HbiMII) ypaBHeHIIH .IJ:JIH <l>YHKI.(IIII F: 

LmF = 0, m = 1, 2. (37) 

3°. <l>yHKl(IIH K CBH3aHa c F ypaBHeHIIeM (36), KOTopoe MO)I(HO 3aniicaTb B BII.IJ:e 

(I- Ax)K =F. 

)J,eMCTBYH onepaTOpaMII 1m, BXO.[(Hil(IIMII B (37), Ha ypaBHeHIIe (38), nonyqiiM 

Lm(I- Ax)K = 0, m = 1, 2. 

3TO ypaBHeHIIe MO)I(HO nepeniiCaTb B BII.[(e 

(I- Ax)(LmK) = Rm, m = 1, 2, 

(38) 

r.n:e Rm co.n:ep)I(IIT Bee HeHyJieBhie qneHbi KOMMyTaTopa [Lm, (I- Ax)]. Ilpii 3TOM 

(36) II (37) .IJ:OJI)I(Hbi 6biTb Bbi6paHbi TaKIIM o6pa30M, qTo6bi Rm MO)I(HO 6biJIO 

npe.[(CTaBIITb B BII.[(e 

Rm = (I- Ax)Mm(K), m = 1, 2, 

* TaKHe ypasHeHllll Ha3biBa!OTCll HHTerpa.nbHbiMII ypasHeHlll!MH Tllna feJib!jlaH).Ia- JleBHTaHa

Map'leHKO. 
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r.ue Mm(K)- Hemmeii:HbiH cpyHKI.J,HOHa.JI OT K. Ho orrepaTOp I- Ax o6paTHM, 

rro3TOMY cpyHKI.J,Hjl K .uom1ma y.uosneTBOpj{Tb HeJIHHeHHhiM ,UHcpcpepeHI.J,Ha.JihHhiM 

ypaBHeHHj{M 

LmK- Mm(K) = 0, m = 1,2. (39) 

Cne.uosaTeJibHO, Ka)K,UOe perneHHe JIHHeii:Horo HHTerpa.rrbHOro ypasHeHHjl (36) 
jiBJijleTCjl TaK)Ke perneHHeM HeJIHHeii:HbiX ,UHcpcpepeHI.J,Ha.JihHhiX ypaBHeHHH (39). KaK 

rrpaBHJIO, HaH60JibiiiHH HHTepec rrpe,UCTaBJijiiOT qacTHbie CJiyqaH HJIH CJie,[(CTBHjl 

O,[(HOrO H3 ypaBHeHHH (39). 

3aMe4aHit1e. OcHOBHhiMH H HaH6onee CJIO)I(HbiMH jiBJijiiOTCjl rrepBbie .usa 3Tarra 

a.JirOpHTMa. JlHHeHHbie ,UHcpcpepeHI.J,HaJibHbie ypaBHeHHjl (37) 06biqHO COOTBeTCTBy

IOT JIHHeHHOH 3a,Uaqe Ha C06CTBeHHbie 3HaqeHHjl ( rrpH m = 1) H 3a,Uaqe 06 3BOJIIOI.J,HH 

C06CTBeHHbiX cpyHKI.I,HH BO BpeMeHH (rrpH m = 2). 

flpOHJIJIIOCTpHpyeM IIpHHI.I,HIIHa.JibHbie OC06eHHOCTH OIIHCaHHOrO a.rrropHTMa Ha 

KOHKpeTHbiX IIpHMepax. 

11.3.2. KOHKpeTHble npHMepbl 

UpuMep 5. PaccMoTpiiM JJIIHeliHoe IIHTerpaJJbHOe ypasHeHIIe 

K(x, y) = F(x, y) + 1= K(x, z)F(z, y) dz, (40) 

KOTopoe rroJJy'laeTCll 113 (36) rrp11 N(x; z, y) = F(z, y). Ilo)lpa3yMesaeTCll, 'ITO ¢YHKUIIII F 11 K 
3aBIICl!T e111e OT rrapaMeTpa t (JlJJll KpaTKOCTII 3TO l!BHO He yKa3biBaeTCll). 

0TMeTJo!M pll)l TOJK)leCTB, KOTOpb!e IlOHa)l06l!TCll B )laJJbHelfrneM: 

a; 1= K(x, z)F(z, y) dz = 1= F(z, y)a; K(x, z) dz +An, (41) 

1= K(x, z)a; F(z, y) dz = (-It 1= F(z, y)a~ K(x, z) dz +En, (42) 

r)le An 11 En orrpe)leJJl!IOTCll no ¢opMyJJaM 

A1 = -K(x,x)F(x,y), An= (An-l)x- F(x,y)[a;- 1K(x,z)]z=x; 
E1 = -K(x,x)F(x,y), E2 = -K(x,x)axF(x,y) + [azK(x,z)]z=xF(x,y), 

CJJe)lCTBIIll yKa3aHHbiX TOJK)lecTs: 

A1- E1 = 0, 

A2- E2 = -2F(x,y)axK(x,x), (43) 

A3- E3 = -3axF(x, y)axK(x, x)- 3F(x, y) [(a;+ axaz)K(x, z)] z=x· 

Bse)leM orrepaTop £1 11 rroTpe6yeM, 'IT06bi ¢YHKU11ll F YJlOBJJeTsOpl!JJa JJHHeliHoMy BOJJHOBOMY 

ypaBHeHIIIO: 

L1F =(a;- a;)F(x,y) = o. 
flO)leHCTByeM orrepaTOpOM £1 Ha (40). C y'leTOM COOTHOllleHHH (41), (44) IlOJJY'IIIM 

(a;- a;)K(x, y) =(a;- a;) 1= K(x, z)F(z, y) dz = 

= 1= Kxx(x, z)F(z, y) dz- 1= K(x, z)Fyy(z, y) dz + A2. 

l1CilOJlb3Yll )laJJee COOTHOllleHIIll (42) II (43), IIMeeM 

(44) 

(a;- a;)K(x, y) = 1= F(z, y)(a; - a;)K(x, z) dz- 2F(x, y) _!!_K(x, x). (45) 
X ~ 
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BocnOJib30BaBlliiiCb onepaTOpHOH ¢opMOH 3an11c11 paccMaTpllsaeMoro ypasHeHIIJI F = (I- Ax)K, 
npe)lCTaBIIM ( 45) B Bll)le 

(I- Ax) [(a;- a;)K(x,y) + 2Kx(x,x)K(x,y)J = 0. 

0TCIO)la, c y'leTOM o6paTIIMOCTII onepaTopa (I- Ax), IIMeeM 

(a;- a;)K(x,y)- w(x)K(x,y) = 0, 

r)le ¢YHKLIIIJI w(x) onpe)leJieHa paseHCTBOM 

d 
w(x) = -2-K(x,x). 

dx 

(46) 

(47) 

IloTpe6yeM Tenepb, 'IT06bi ¢YHKLIIIJI F YJlOBJieTBOpJIJia JlpyroMy JIIIHeHHOMY ypaBHeHIIIO c 

lJaCTHbiMII np0113BO)lHbiMII: 

L2F =(at+ (ax+ ay) 3 )F = 0. 

IIO)leHCTBOBaB onepaTOpOM £2 Ha ( 40), nOJIY'IIIM 

(at+ (ax+ aynK(x, y) = (at+ (ax+ ay) 3 ) 1= K(x, z)F(z, y) dz. 

Ilpoue!lypa, aHaJIOrH'IHaJI BbiKJia)lKaM, npose)leHHbiM )lJIJI onepaTopa £ 1, )laeT 

Kt +(ax+ ay) 2 K- 3w(ax + ay)K = 0. 

(48) 

(49) 

Ha xapaKTepiiCTIIKe y = x ypasHeHIIe ( 49) nocJie Jlll¢¢epeHl.l11posaHIIJI no x c y'leTOM paseHCTBa ( 47) 
npeo6pa3yeTCJI B ypaBHeHIIe KopTesera- )le <l>p113a 

Wt - 6wwx + Wxxx = 0. (50) 

TaKIIM o6pa3oM, JII06aJI ¢YHKLIIIJI F, YJlOBJieTBopliiOLl.lall JIIIHeHHbiM ypasHeHIIJIM ( 44 ), ( 48) 11 

6biCTpo y6biBaiOlllaJI np11 x --> +oo, nopmK)laeT pellleHIIe HeJIIIHeilHoro ypasHeHIIJI (50), CBOJlll ero 

K pellleHIIIO JIIIHeHHOrO IIHTerpaJibHOrO ypaBHeHIIJI ( 40). 

llpuMep 6. PaccMOTpiiM Tenepb 6oJiee CJIOJKHOe JIIIHeilHoe IIHTerpaJibHOe ypasHeHIIe 

K(x, y) = F(x, y) + !!...1= 1= K(x, z)F(z, u)F(u, y) dz du, 
4 X X 

(51) 

r)le 0" = ± 1 (3)leCb II )laJiee lJIICJIOBble MHOlKIITeJIII Bbi611pa10TCJIII3 C006paJKeHIIH YJl06CTBa BbiKJia)lOK). 

YpaBHeHIIe (51) JIBJIJieTCJI 'laCTHbiM cJiy'laeM ypaBHeHIIJI (36) np11 

N(x; z, y) = !!...1= F(z, u)F(u, y) du. 
4 X 

IlyCTb onepaTOp £1 II COOTBeTCTBYIOlllee eMy JIIIHeHHOe Jlll¢¢epeHl.lllaJibHOe ypaBHeHIIe IIMeiOT 

Bll)l 

L1F =(ax- ay)F = 0. (52) 

PelliiiB :no ypasHeHIIe, HaXOJliiM o611111H BIIJl ¢YHKLIIIII F: 

F(x,y)=F(x;y). 

IIOCJie C)lBIIra HIIJKHero npe)leJia IIHTerpllpOBaHIIJI ypaBHeHIIe (51) MOJKeT 6b!Tb nepeniiCaHO B Bll)le 

K(x,y)=F(x;y)+: 1= 1=K(x,x+()Fex\(,+ 71 )F(x+~+y)d(dry (53) 

II Jill 

[(I- O"Ax)K](x, y) = F( x; y), 

r)le onepaTop Ax onpe)leJIJieTCJI ¢opMyJioil 

Axf(y) = + 1= 1= J(OFex \c, + 71 )F( x + ~ + Y) d( dry. 

Bse)leHIIe ¢YHKLIIIII 

r= (x+(,+z) K2(x, z) = Jo K(x, x + ()F 2 d( (54) 
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ll03BOJJl!eT 3ani1CaTb ypaBHeHI1e (51) B BI1,Qe 

K(x,y)=F(x;y)+: l:.oK2(x,x+7J)F(x+~+y)dr]. (55) 

Tio.QeHCTBOBaB Ha (55) onepaTOpOM £1 (52), Ha (54) onepaTopoM Ox + Oz 11 Y4Tll o6paTI1MOCTb 

onepaTopa I - a-Ax, noJJy'fi1M nocJJe pli.Qa BbiKJJa.QoK: 

(ax+ 8y)K2(x, y) = -2K(x, x)K(x, y), (56) 

(ax- 8y)K(x,y) = -ta-K(x,x)K2(x,y), (57) 

a .Qei1cTByll onepaTopoM Ox + Oy Ha (53), noJJy'fi1M paseHCTBO 

F' ( x; Y) =(I- a-Ax) [(ax+ 8y)K(x, y) + ; K2(x,x)K(x, y)J . (58) 

Tenepb noTpe6yeM, 'fT06bi ¢YHKL111ll F y.QOBJJeTBOpl!JJa BTOpoMy JJI1Hei1HoMy ypasHeHI110 

L2F =(at+ (ax+ 8y) 3 )F = 0. (59) 

Tio.Qei1cTBOBaB onepaTopoM £2 Ha ypaBHeHI1e (53) 11 Y411TbiBall noJJy'feHHbie scnoMoraTeJJbHbie 

Bblpa)l(eHI1ll (56)-(58), llOJJY411M OKOH'faTeJJbHO, 'ITO np11 y ) X 

[8t +(ax+ Oy) 3 ]K(x,y) = 3a-K(x,x)K(x,y)8xK(x,x) + 3a-K2(x,x)(8x + Oy)K(x,y). (60) 

EcJJI1 onpe.QeJJI1Tb w(x, t) = K(x, x; t), TO ypasHeHI1e (60) np11 y = x MO)I(HO nepen11caTb B TepM11Hax 

3aBI1CI1Moi1 nepeMeHHOH q KaK MO.D-11¢11LI11posaHHoe ypaBHeHI1e KopTesera- .Qe <l>p113a 

Wt + Wxxx - 6a-w2Wx = 0. (61) 

TaKI1M o6pa30M JJI06oe perne1111e, O.QHOBpeMeHHO y.QoBJJeTBOpli!Oll.lee .QBYM JJI1HeHHbiM .D-11¢¢epeHl.ll1-

aJJbHbiM ypaBHeHI1l!M (52) 11 (59) 11 .QOCTaTO'fHO 6biCTpO y6bJBaiOmee np11 X-> 00, nopO)I(,QaeT perne1111e 

HeJJI1HeHHOrO ypaBHeHI1ll ( 61 ), KOTOpOe onpe.QeJJlleTCll 113 Jli1HeHHOrO 11HTerpaJJbHOrO ypaBHeHI1ll (51). 

UpuMep 7. PaccMOTp11M Tenepb ypasHeHI1e Ka.QOMl.leBa- TieTBI1aWBI1JJI1: 

(wt + Wxxx- 6wwx)x + 3awyy = 0. (62) 

Mo)I(HO noKa3aTb, 'ITO JJI06al! .QOCTaTO'fHO 6biCTpo y6bJBaiOmall np11 x -> +oo ¢YHKL111ll 

F = F(x, z; y, t), y.QoBJJeTBopli!Oll.lall O.QHOBpeMeHHO .QBYM JJI1HeHHbiM .D-11¢¢epeHl.ll1aJJbHbiM ypaBHe-

Hl1l!M 
vaFy + Fxx- Fzz = 0, 

Ft + 4Fxxx + 4Fzzz = 0 
nopO)I(.QaeT perne1111e ypasHeHI1ll Ka.QOMl.leBa- TieTBI1aWBI1JJI1 ( 62) B B11.Qe 

d 
w = -2-K(x,x;y,t), 

dx 

(63) 

r,Qe K = K(x, z; y, t) -perneHI1e Jli1Hei1Horo 11HTerpaJJbHOro ypaBHeHI1ll reJJb¢aH,Qa-JleBI1TaHa

Map4eHKO 

K(x, z; y, t) + F(x, z; y, t) + 100 K(x, s; y, t)F(s, z; y, t) ds = 0. (64) 

TiepeMeHHbJe y 11 t BXO.Ql!T B Hero KaK napaMeTpbi. 

~ 3ai)a..,u u ynpa:m:nenuR K pa:Ji). 11.3 
1. Hani1CaTb Jli1HeHHbJe .D-11¢¢epeHl.ll1aJJbHbJe ypaBHeHI1ll 11 11HTerpaJJbHOe ypaBHeHI1e reJJb¢aH.Qa

JleBI1TaHa- Map4eHKO, 4epe3 perneHI1ll KOTOpblX MO)I(HO Bblpa311Tb perne1111e ypaBHeHI1ll oyCCI1HeCKa 

Wtt + (wwx)x + Wxxxx = 0. 
YKaJaHue. l1cnoJJb30BaTb pe3yJJbTaTbi np11Mepa 7. 

2. Hai1TI1 coBMeCTHoe 'faCT Hoe perne1111e .QByx JJI1HeHHbiX .D-11¢¢epeHl.ll1aJJbHbiX ypaBHeHI1H ( 44) 11 ( 48) 
3KcnoHeH!.111aJJbHOro B11.Qa F = A exp( ax + fly + I' z). 

ilOCTp011Tb COOTBeTCTBYIOll.ll1e TO'fHbJe perneHI1ll 11HTerpaJJbHOrO ypaBHeHI1ll reJJb!lJaH.Qa -JleBI1-

TaHa- Map4eHKO ( 40) 11 ypasHeHI1ll KopTesera- .Qe <l>p113a (50). 

3. Hai1TI1 coBMeCTHoe 'faCT Hoe perne1111e .QByx JJI1HeHHbiX .D-11¢¢epeHl.ll1aJJbHbiX ypaBHeHI1H ( 63) 
3KcnoHeH!.111aJJbHOro B11.Qa F = A exp( ax + fly + I' z + 6t). 

ilOCTp011Tb COOTBeTCTBYIOll.ll1e TO'fHbJe perneHI1ll 11HTerpaJJbHOrO ypaBHeHI1ll reJJb!lJaH.Qa -JleBI1-

TaHa- Map4eHKO (64) 11 ypasHeHI1ll Ka.QoMuesa- TieTBI1arnBI1JJI1 (62). 

® Jlumepamypa K pa1d. 11.3: P. D. Lax (1968), M. A6JJOBI1l.l, X. C11ryp (1987), M. J. Ablowitz, 

P. A. Clarkson ( 1991 ). 
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11.4. PeweHHe aaAaLIH KowH MeTOAOM o6paTHOH aaAaLIH 

11.4.1. npeABapMTel\bHble 3aMel.laHMH. npHMaH M o6paTHaH 3aAai.IM pacceHHMH 

PerneHIIe 3a.uaqii Kornii .um1 HeJIIIHeHHhiX ypasHeHIIH, .uonycKaiOill,IIX napy JlaKca 

(IIJIII .UpyryiO «Hej{BHYIO» JIIIHeapii3aQIIIO, CM. pa3,U. 11.3), pacna.uaeTCjJ: Ha HeCKOJib

KIIX IIOCJie,UOBaTeJibHbiX :naiiOB. )l,Ba II3 3TIIX 3TaiiOB OCHOBaHbl Ha perneHIIII IIpjJ:

MOH II o6paTHOH 3a,Uaq paccejJ:HIIjJ: .[(Jljl BCIIOMOraTeJihHbiX JIIIHeHHbiX ypaBHeHIIH. 

HmKe KpaTKO II3JiaraiOTCjJ: COOTBeTCTBYIOill,IIe pe3yJihTaTbl .[(Jljl JIIIHeHHOrO CTa[(IIO

HapHOrO ypaBHeHIIjJ: lllpe,UIIHrepa 

'P~x + [A - f (X)] cp = 0 ( -oo < x < oo). (65) 

CqiiTaeTCjJ:, qTo <l>YHKQIIjJ: f ( x) ( 3Ta <l>YHKQIIjJ: Ha3hiBaeTCjJ: nomeHlfUaJlOM) cTpeMIIT

CjJ: K HYJIIO npii x ----+ ± oo II BhiiiOJIHjJ:eTCjJ: ycJIOBIIe L: ( 1 + I xI) If ( x) I dx < oo. 
llp51Ma5l 3ada'Ja pacceRHUR. PaccMoTpiiM JIIIHeii:HyiO 3a.uaqy Ha co6cTBeHHhie 

3HaqeHIIjJ: .[(Jljl 06biKHOBeHHOrO .UII<P<PepeHQIIaJibHOrO ypaBHeHIIjJ: (65). 
Co6cTBeHHhie 3HaqeHIIjJ: MoryT 6hiTh .usyx TIIIIOB: 

n = 1, 2, ... , N 

-oo<k<oo 

(.UIICKpeTHbiH CIIeKTp), 

( HenpephiBHhiH cneKTp). 
(66) 

l13BeCTHO, qTO IIpii min j (X) < A < 0 ypaBHeHIIe ( 65) IIMeeT .[(IICKpeTHblll CIIeKTp 

C06CTBeHHbiX 3HaqeHIIH, a IIpii f (X) < 0 II A > 0 OHO IIMeeT HenpepbiBHbiH CIIeKTp. 

IlycTh An = -%~- .UIICKpeTHhie co6cTBeHHhie 3HaqeHIIjJ:, 3aHyMepoBaHHhie B 

IIOpji.[(Ke B03pacTaHIIjJ:: 

A1 < A2 < · · · < AN < 0, 
a 'Pn = 'Pn (X) - COOTBeTCTBYIOill,IIe C06CTBeHHbie <l>YHK[(IIII, KOTOpbie o6palll,aiOTCjJ: 

B HYJih npii x ----+ ±oo II KBa.upaTIIqHo cyMMIIpyeMbi. Co6cTBeHHbie <l>YHKU:IIII 

OIIpe,UeJieHbl C TOqHOCTbiO ,[(0 IIOCTOjJ:HHOrO MHO)I(IITeJijJ:. £CJIII <l>IIKCIIpOBaTb C06-

CTBeHHYIO <l>YHKU:IIIO ee aciiMIITOTIIKoii: npii oTpiiU:aTeJihHhiX x 

'Pn----+ exp(%nX) npii x----+ -oo, 

TO rJiaBHblll qJieH aCIIMIITOTIIqeCKOrO pa3JIO)I(eHIIjJ: 'Pn IIpii 60Jibii1IIX IIOJIO)I(IITeJib

HbiX X 6y,UeT IIMeTb BII.[( 

'Pn ----+ Cn exp( -%nX) npii x ----+ 00. 

Co6cTBeHHajJ: <l>YHKQIIjJ: 'Pn IIMeeT n - 1 HyJieii:, II cnpaBe.UJIIIBO paBeHCTBO 

Cn = ( -1)n-llcnl· 

(67) 

)l,JijJ: HenpepbiBHOrO CIIeKTpa A = k2 BOJIHOBajJ: <l>YHK[(IIjl cp Ha 6eCKOHeqHOCTII 

OIIpe,UeJijJ:eTCji JIIIHeHHOH KOM6IIHaQIIeH 3KCIIOHeHT exp( ±ikx) (IIOCKOJibKY f ----+ 0 
npii lxl ----+ oo). YcJIOBIIjJ: Ha 6ecKOHeqHOCTII 

cp ----+ e -ikx npii x ----+ -oo, 

cp----+ a(k)e-ikx + b(k)eikx npii x----+ oo, 
(68) 

II ypaBHeHIIe (65) II03BOJijJ:JOT O,[(H03HaqHo OIIpe,UeJIIITb <l>YHK[(IIII a(k) II b(k) 
(OTMeTIIM, qTo OHII CBjJ:3aHbl IIpOCTbiM COOTHOllieHIIeM lal 2 - lbl 2 = 1). flepBOe 
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CJiaraeMOe BO BTOpOM YCJIOBHH (68) COOTBeTCTByeT ITpOIIIe,UIIIeH BOJIHe, a BTOpOe 

CJiaraeMOe- OTpa)l(eHHOH BOJIHe. II03TOMY OTHOIIIeHHe 

(k) = b(k) 
r a(k) (69) 

Ha3biBaeTCH K03qH/JUlfUOtmOM ompa:JICeHU5l. 
CoBOKYITHOCTh BeJIHqHH 

S = {%n, Cn, r(k); n = 1, ... , N}, (70) 

cpHrypHpyiOIIIHX B Bhipa)l(eHHHX (67)-(68), Ha3biBaeTCH daHHbZMU pacceRHUR. OITpe

.ueneHHe 3THX ,UaHHbiX .[(JIH 3a,UaHHOrO ITOTeHI.J,HaJia j (X) II HBJIHeTCH I.J,eJibiO ITpHMOH 

3a,UaqH TeOpHH paCCeHHHH. )J,aHHbie paCCeHHHH ITOJIHOCTbiO OITpe,UeJIHIOT CITeKTp 3a

,UaqH Ha C06CTBeHHhie 3HaqeHHH ,[(JIH CTai.J,HOHapHOrO ypaBHeHHHillpe,UHHrepa (65). 
0TMeTHM ITOJie3Hhie cpopMyJihl 

la(k)l = (1- lr(k)l 2f\ 
(k)- 1 ~ k-ixn _ 1 !00 lnla(s)l d 

arg a - i ~ k + ixn -:;;:- s - k 8 ' 
n=l -oo 

(71) 

IT03BOJIHIOI11He ITO K03cpcpHI.I,HeHTY OTpa)l(eHHH r ( k) BOCCTaHaBJIHBaTh cpyHKI.I,HIO 

a( k). lfHTerpan B BO BTOpOH cpopMyJie (71) ITOHHMaeTCH B CMbiCJie rJiaBHOrO 

3HaqeHHH ITO KOIIIH, i%n -HYJIH aHaJIHTHqeCKOH B BepxHeH ITOJIYITJIOCKOCTH cpyHK

I.I,HH a(k) [3HaqeHHH %n cpHrypHpyiOT B aCHMIITOTHKaX (67)]. 
06pam11a51 3adal.Ja pacceRHUR. 0To6pa)l(eHHe ITOTeHI.J,HaJIOB ypaBHeHHH (65) 

B ,UaHHhie pacceHHHH (70) O,[(H03HaqHo II o6paTHMO. IIpoi.J,e,Uypa BOCCTaHOBJie

HHH f (X) ITO 3a,UaHHbiM S COCTaBJIHeT ITpe,UMeT o6paTHOH 3a,UaqH pacceHHHH. HH)I(e 

ITpHBe,UeHbl HTOrOBbie pe3yJibTaTbl HCCJie,UOBaHHH 3TOH 3a,UaqH. 

)J,JIH OITpe,UeJieHHH ITOTeHI.J,HaJia Ha,UO CHaqaJia peiiiHTb HHTerpaJibHOe ypaBHeHHe 

r eJihcpaH.ua- JleBHTaHa- MapqeHKO 

K(x, y) + <I>(x, y) + 100 
K(x, z)<I>(z, y) dz = 0, (72) 

r.ue cpyHKI.J,HH <I> ( x, y) = <I> ( x + y) OITpe.uenHeTCH qepe3 .uaHHhie pacceHHHH (70) 
cne.uyiOIIIHM o6pa3oM: 

N Joo <I>(x y) ="'"""' . c~ e-><n(x+y)+-1- r(k)eik(x+y) dk 
' ~ w'(txn) 27r ' 

n=l -oo 
a'(k) = ~~. (73) 

IIoTeHI.J,HaJI Bbipa)l(aeTCH qepe3 peiiieHHe JIHHeHHOrO ypaBHeHHH (73) ITO cpopMyJie 

d 
f(x) = -2 dx K(x, x). (74) 

0TMeTHM, qTO ITpHMaH II o6paTHaH 3a,UaqH TeOpHH paCCeHHHH 06biqHO H3yqaiOT

CH B Kypcax KBaHTOBOH MexaHHKH. Eonee ITo.upo6Hyro HHcpopMai.J,HIO o6 3THX 3a.ua

qax MO)I(HO HaRTH, HaiTpHMep, B CTaTbe 11. M. renbcpaH.ua, E. M. JleBHTaHa (1951) 
II KHHrax B. E. 3axapoBa, C. B. MaHaKoBa, C. II. HoBHKOBa, JI. II. IIHTaeBcKoro 

(1980), H. A. Ky.upHIIIOBa (2004). 
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3aL{aqa Komu = ueJinueuuoe ypaBueuue + uaqa,'lhHOe yc,'loBue 

Ilepebnt :Jman: 
pcwacM rrpl!I~-ry!O 3ai.l-a'ly pacccl!HIIll 

liepeM CTauuouapuoe ypaBueuue HJ uaphl JlaKca 

B Hero IlOiJ.CTaB}Il!CM w 
113 Ha'laiibHOfO YCIIOBIIll 

Bmopoti:Jman: IIIUCM 3aBIICIIMOCTb 

iJ.aHHbiX paCCCl!HIIll OT BpCI~-ICHII 

Paccl\laTpHBael\1 ueCTauuouapuoe ypaBueuue HJ uaphi JlaKca 

Orrpcp_cirl!CM acHI~-IIlTOTilKII pcwcmri:i 

rrp11 6o.'lhmllx :r 

HaXOL{Hl\1 HeCTauuouapuhle L{aHHhle pacceHHHH: S(t) = {xn, cn(t), r(t,k)} 

Tpemuu Jman: 
pcmacM o6paTHY!O 3ai.l-a'ly paccel!HIIll 

3auHChJBael\l HHTerpaJihHOe ypaBueuue re.'Ib<(laHL{a- JleBHTaHa- MapqeuKO 

CTpOIIM pcmCHIIC IIHTCrpa.'lbHOro 

ypaBHeHIIll 

Hcuo,'lhJYH uo,'lyqeuuoe pemeuue, uaxoL{Hl\1 pemeuue ucxoL{uou JaL{aqu Komu 

P11c. 8. OcHOBHbie :narrbi peweHIIll 3ap_a'lll Kow11 ,QJill HeJIHHeHHbiX ypasHeHIIH, p_orrycKa!OIUIIX 

IlpiiMeHeHIIe MeTO,Qa OOpaTHOH 3a,Qa'lll. 

11.4.2. PeweHHe 3aAaLIH KowH AI\R Hei\HHeHHbiX ypasHeHHH MeTOAOM o6paTHOH 
3aAaLIH 

Ha piic. 8 II3o6pmKeHa o6ll]a5! cxeMa peUieHII5! 3a.n:aqii KoUIII .IJ:JI5! HeJIIIHeMHhiX 
ypaBHeHIIM, .n:onycKaiOll]IIX npiiMeHeHIIe MeTo.n:a o6paTHOM 3a.n:aqii. CqiiTaeTc5!, qTo 
Ha npe.n:BapiiTeJihHOM 3Tane .IJ:JI5! paccMaTpiiBaeMoro ypaBHeHII5! 6hiJia nonyqeHa 
napa JlaKCa (2)-(3) IIJIII II3BeCTHO npe.[(CTaBJieHIIe ypaBHeHII5! B BII.[(e YCJIOBII5! 
COBMeCTHOCTII nepeonpe.n:eneHHOM CIICTeMhl JIIIHeMHhiX ypaBHeHIIM (9)-(1 0). 

llcnOJih3yeM oniicaHHYIO cxeMy .IJ:JI5! peUieHII5! 3a.n:aqii KoUIII B cnyqae ypaBHe
HII5! KopTeBera- .n:e <l>pii3a 

aw + a3 w - 6w aw = 0 
at ax3 ax (75) 

C HaqaJihHhiM ycJIOBIIeM 

W = j (X) npii t = 0 (-oo < x < oo). (76) 

CqiiTaeTc5!, qTo QJYHKIIII5! f ( x) < 0 II y.n:oBJieTBOp5!eT TeM )J(e ycnoBII5!M, qTo II 
llOTeHIIIIaJI B ypaBHeHIIII (65). 
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PerneHHe 3a.uaqH KornH (75), (76) pacna.uaeTCjl Ha HeCKOJihKO nocJie,UOBaTeJib

HhiX 3TaiiOB ( CM. pH C. 8), KOTOpbie HCIIOJib3YIOT npe,UCTaBJieHHe ypaBHeHHjl Kop

TeBera - .ue <l>pH3a B BH.Ue naphi JlaKca (7) H pe3yJihTaThi perneHHjl npj{MOM H 

o6paTHoii 3a.uaq paccej{HHjl. 

Ilepebru 3man. CHaqaJia paccMaTpHBaeTCjl JIHHeiiHajl 3a.uaqa Ha co6cTBeHHhie 

3HaqeHHjl- IIpj{Majl 3a,Uaqa pacCej{HHjl- .[(Jljl BCIIOMOraTeJihHOrO 06biKHOBeHHOrO 

,UHQJQJepeHI.(HaJibHOrO ypaBHeHHjl (65), KOTOpoe B03HHKaeT B pe3yJihTaTe IIO,UCTaHOB

KH HaqaJibHOrO IIpOQJHJijl (76) B nepBOe ypaBHeHHe napbl JlaKCa (7) .[(Jljl ypaBHeHHjl 

KopTeBera- .ue <l>pH3a (7 5). B pe3yJihTaTe perneHHjl 3TOM 3a.uaqH noJiyqaroT .uaHHbie 

paccej{HHjl (70). 
Bmopou 3man. IlpH t > 0 B nepBOM ypaBHeHHH (7) BMeCTO HaqaJibHOro npo

QJHJijl f (X) ,UOmKHa CTOjiTb QJYHKI.(Hjl W = W (X, t). B COOTBeTCTBYIOII.(eM HeCTai.(H

OHapHOM 3a,Uaqe C06CTBeHHbie 3HaqeHHjl ( 66) COXpaHjllOTCjl (OHM He 3aBHCn OT t, 
CM. pa3,U. 11.1.1 ), HO MeHjllOTCjl C06CTBeHHbie QJYHKI.(HH zp = zp( X, t). 

)J,Jijl HenpephiBHhiX co6cTBeHHhiX 3HaqeHHM >. > 0 acHMIITOTHKH co6cTBeHHhiX 

QJYHKI.(HM aHaJIOmqHO (68) HMeiOT BH,U: 

IIpH X ---+ 00. 

zp ---+ e -ikx 

zp---+ a(k, t)e-ikx + b(k, t)eikx 

npH x---+ -oo, 
(77) 

IlO,UCTaBHM nepByiO aCHMIITOTHKY (77) BO BTOpoe ypaBHeHHe napbl JlaKCa (7) 
H yqTeM, qTO w---+ 0 npH x---+ -oo. B pe3yJihTaTe HaXO.UHM QJYHKI.(HIO p(t): 

p(t) = -4ik3 = const. (78) 

llTo6hi OIIpe,UeJIHTb 3aBHCHMOCTH a= a(k, t) H b = b(k, t) OT BpeMeHH, paCCMOTpHM 

BTOpoe ypaBHeHHe napbi JlaKca (7), r.ue QJYHKI.(Hjl p(t) ,UaeTCjl QJOPMYJIOM (78). 
YqHTbiBajl, qTO W---+ 0 IIpH X---+ 00, IIOJiyqHM JIHHeapH30BaHHOe ypaBHeHHe 

'Pt + 4zpxxx - 4ik3 zp = 0. (79) 

IlO,UCTaBJijljl B (79) BTOpyiO aCHMIITOTHKY (77) H IIpHpaBHHBajl qJieHbl IIpH 3KCIIO

HeHTaX e -ikx H eikx, IIpHXO,UHM K JIHHeMHbiM 06hiKHOBeHHbiM ,UHQJQJepeHI.(HaJibHbiM 

ypaBHeHHj{M: 

a~ = 0, b~- 8ik3b = 0. 
lfHTerpHpyjl 3TH ypaBHeHHjl, HaXO,UHM K03QJQJHI.(HeHT OTpa)l(eHHjl 

r(k t) = b(t,k) = r(k O)e8ik3t 
' a(t,k) ' · 

(80) 

AHaJIOrHqHhiM o6pa30M onpe.ueJijiiOTCjl acHMIITOTHKH co6cTBeHHhiX QJYHKI.(HM 

.[(Jljl ,UHCKpeTHbiX C06CTBeHHbiX 3HaqeHHM IIpH k = i"Xn C HCIIOJib30BaHHeM JIHHea

pH30BaHHOrO ypaBHeHHjl (79). 
B pe3yJihTaTe npoBe,UeHHoro aHaJIH3a noJiyqaeM 3aBHCHMOCTH .uaHHhiX pacceji

HHjl OT BpeMeHH 

S(t) = {xn, Cn(t) = Cn(O)e8"~t, r(k, t) = r(k, O)e8ik3t; n = 1, ... , N}. (81) 

Tpemuu 3man. 11cnoJib3Yjl .uaHHbie paccej{HHjl (81), aHaJiomqHo (73) BBe,UeM 

QJYHKI.(HIO 

1= N 
<I>(x y· t) = _1_ r(k O)ei[8k3t+k(x+y)] dk +'"""""' Cn(O) e8x~t-xn(x+y) (82) 

' ' 2?T ' L...t ia'(ixn) ' -= n=l 
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KOTOpajl B ,UaHHOM CJiyqae ITapaMeTpiiqeCKII 3aBIICIIT OT BpeMeHII. 3Ta cpyHKIJ,IIjl 

.[(Jijl ITepsoro ypasHeHIIjl ITapbi JlaKca (7) ITPII t > 0 IIrpaeT TY )l(e caMyiO ponh, qTO 

II cpyHKIJ,IIjl (73) .[(Jljl ypaBHeHIIjl (65) [HaiTOMHIIM, qTo ypaBHeHIIe (65) COBITa,UaeT 

C ITepBbiM ypaBHeHIIeM ITapbi JlaKCa (7), B KOTOpOM cpyHKIJ,IIjl W 3aMeHeHa Ha 

HaqaJibHOe YCJIOBIIe (76)]. 
tJT06bi BOCCTaHOBIITb cpyHKIJ,IIIO w(x, t) ITO ,UaHHbiM paCCejiHIIjl (81), CHaqaJia 

Ha,UO peii1IITb JIIIHeHHOe IIHTerpaJibHOe ypaBHeHIIe [ ITOJiyqeHHOe C ITOMOIIJ,biO 3Jie

MeHTapHbiX ITepeo603HaqeHIIH II3 (72)]: 

K(x, y; t) + <P(x, y; t) + 100 K(x, z; t)<P(z, y; t) dz = 0, (83) 

B KOTOpOe BXO.[(IIT cpyHKIJ,IIjl (82). 3aTeM ITO cpopMyJie 

d 
w(x, t) = -2 dx K(x, x; t), (84) 

KOTopajl ITonyqeHa c ITOMOIIJ,hiO ITepeo6o3HaqeHIIH II3 (7 4 ), oiTpe.ueJijleTCjl perneHIIe 

3a.uaqii Kornii .[(Jijl ypaBHeHIIjl KopTeBera-.ue <l>pii3a (75)-(76). 

11.4.2. N -co/\MTOHHOe peweHMe ypasHeHMH KopTesera-Ae <l>pM3a 

IlonyqiiM TOqHoe perneHIIe ypasHeHIIjl KopTesera- .ue <l>pii3a (75) B cnyqae 

6e30Tpa)l(aTeJibHbiX ITOTeHIJ,IIaJIOB, qTO COOTBeTCTByeT HyJieBOMY K03cpcpiiU,IIeHTY 

OTpa)l(eHIIjl (69). ny,UeM IICXO,[(IITb II3 JIIIHeHHOrO IIHTerpaJibHOrO ypaBHeHIIjl (83). 
Ilonarajl r(k, 0) = 0 B (82), IIMeeM 

N 

<P(x, y; t) = L /'ne-xn(x+y)+8x~t, 
n=l 

Cn(O) 
/'n = ( ) > 0. ia' ixn 

IlO,UCTaBIIB 3TY cpyHKIJ,IIIO B (83), ITOCJie 3JieMeHTapHbiX ITpeo6pa30BaHIIH ITOJiyqiiM 

ypaBHeHIIe 

N N 100 
K(x, y; t) + L r n(t)e-xn(x+y) + L r n(t)e-XnY e-xnz K(x, z; t) dz = 0, 

n=l n=l x 

r,Ue IICITOJib30BaHO 0603HaqeHIIe 

r n(t) = l'ne8x~t. 

PerneHIIe IIHTerpaJibHOrO ypaBHeHIIjl (85) IIIIJ,eM B BII,Ue KOHeqHOH CYMMbl 

N 

K(x, y; t) = L e-xny Kn(x, t). 
n=l 

IlO,UCTaBIIB (87) B (85) II IIHTerpiipyjl, IIMeeM 

N N 
L e-XnY Kn(x, t) + L r n(t)e-xn(x+y) + 
n=l n=l 

N N 
+ L r n(t)e-XnY L Km(x, t) e-(x,+x,)x = 0. 

Xn +xm 
n=l m=l 

(85) 

(86) 

(87) 
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IlepenHCbiBa51 3TO paBeHCTBO B BH.Ue L;;=l 1/Jn(x, t)e-><nY = 0, a 3aTeM nonara51 

1/Jn(X, t) = 0, IIpHXO.[(HM K HeO,UHOpO,UHOH CHCTeMe JIHHeHHbiX anre6paHqeCKHX 

ypaBHeHHH .UJI51 onpe.ueneHH51 «PYHKU:HH K n ( x, t): 

N 

Kn(x, t) + r n(t) """' ~ e-(xn+xm)x Km(x, t) = -r n(t)e-xnx, n = 1, ... , N. 
L.....,; Xn Xm 
m=l 

(88) 
lfciiOJib3Y51 npaBHJIO KpaMepa, MO)I(HO 3aiiHCaTb peiiieHHe CHCTeMhl (88) B BH,Ue 

OTHOIIIeHH51 OIIpe,UeJIHTeJieH 

det A (n) (x, t) 
Kn(x, t) = , 

det A(x, t) 
(89) 

r.ue A-MaTpHu:a c 3JieMeHTaMH 

A ( t) s: + r n(t) e-(xn+><m)x = n,m X, = Unm Xn+Xm 
= flnm + 'In e- ( "X.n +xm )x+8x~ t' 

Xn+Xm (90) 

s: { 1 npH n = m, 
Unm = 0 npH n # m, 

a A ( n) ( x, t) - MaTpHu:a, nonyqeHHa51 H3 A 3aMeHoi1 ee n-ro CTon6u:a npaBbiMH 

qaCT51MH ypaBHeHHH (88). IlO.[(CTaBJI5151 (89) B (87), HMeeM 

N ( l 
K( . t) = L -xny det An (x, t) 

x, y, e d A( ) • et"' x, t 
n=l 

Ilonara51 .uanee y = x, npHXO.UHM K Bbipa)l(eHHIO 

N 

K(x,x;t) = det~(x,t) Le-xnxdetA(n)(x,t) = :x lndetA(x,t). 
n=l 

0TciO.ua c yqeToM «tJopMyJihi (84) HaXO.UHM peiiieHHe ypaBHeHH51 KopTeBera- .ue 

<l>pH3a (75) B CJiyqae 6e30Tpa)l(aTeJibHbiX IIOTeHQHaJIOB B BH,Ue 

82 
w(x, t) = -2 ax2 ln det A(x, t). (91) 

3Ta peiiieHHe co.uep)I(HT 2N cBo6o.UHhiX napaMeTpoB Xn, 'Yn (n = 1, ... , N) H 

Ha3hiBaeTC51 N -co!lumow-tblM peUteHueM. 

UpuMep 8. 8 'laCTHOM cny'lae N = 1 MaTpHua A(x, t) xapaKTepH3yeTcll e)lHHCTBeHHhiM 

:neMeHTOM, KOTOpb!H Orrpe)leJll!eTCll 3Ha'!eHlll!Mll n = m = 1 B (90): 

A ( t) _ 1 + ..Y_ -2xx+8x3 t 
1,1 x, - 2x e . 

IloaCTaBJJllll :no BhipaJKeHHe s (91 ), rrony'!aeM ooHocol!umoHHoe pemeHue ypasHeHHll KopTese

ra- ae <l>p113a 

1 I 
~o =-In-, 

2x 2x 
(92) 

rrpe)lCTaBJlli!OlUee co6oi1 ye)ll!HeHHY!O 6ery1Uy!O BOJJHy, )lBlllKY1UYIOCll Brrpaso C IlOCTOl!HHOH CKOpO

CTh!O V = 4x2 , KOTOpall 6hiCTpO 3aTyxaeT Ha 6eCKOHe4HOCTll. 
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.ll,JIJI N -COJII1TOHHOro peweHI1JI (91) cnpase,liJII1Bbi aCI1MnTOTI1'-IeCKI1e <!JopMyJibi 

N 2 

w(x, t) ~ -2 L ><n np11 t---> ±oo, 
n=l ch2 [xn(x- vnt) + ~;j;] 

(93) 

r,11e Vn = 4x;- CKOpOCTb n-H KOMnOHeHTbl. 113 COnOCTaBJieHI1JI <!JopMyJI (92) 11 (93) CJie,llyeT, '-ITO 
np11 6oJibiii11X speMeHax N -COJII1TOHHOe peweHI1e pacna,llaeTCJI Ha N He3aBI1CI1MbiX O.liHOCOJII1TOHHbiX 
perneHI1H, np11'-1eM COJII1T0Hbl C 60JibiiieH aMnJII1TY.liOH ,liBI1lKYTCJI C 60JibiiieH CKOpOCTbiO. 

~ 3ada'lu u ynpamnenuR K pa:Jd. 11.4 

1. HailTI1 .liBYXCOJII1TOHHOe peweHI1e ypasHeHI1JI KopTesera - ,11e <l>p113a c noM011lbiO <!JopMyJI 
(90)-(91) np11 N = 2. 

2. Bbipa311Tb nocTOJIHHbie ~;=, <IJ11ryp11py1011111e B aCI1MnTOT11Kax (93), qepe3 Xn, In ,!IJIJI .liBYXCOJII1-
TOHHOro perneHI1JI (N = 2). 

3. HaHTI1 pa3HOCTb nOCTOJIHHbiX ~;; - ~;;, KOTOpble BXO,!IJIT B aCI1MnTOTI1'-IeCK11e <!JopMyJibl (93) ,!IJIJI 
N -COJII1TOHHOro peweHI1JI. 

® Jlumepamypa K pa:JO. 11.4: C. S. Gardner, J. M. Greene, M. D. Kruskal, R. M. Miura (1967), 
P. D. Lax (1968), B. E. 3axapos, JI . .[!,. <l>a,~~.llees ( 1971 ), B. E. 3axapos, A. 6. Wa6aT ( 1971, 1974), 
M. J. Ablowitz, D. J. Kaup, A. C. Newell, H. Segur (1973, 1974), B. E. 3axapos, C. B. MaHaKOB, 
c. n. HOB11KOB, JI. n. DI1TaeBCK11H ( 1980), JI. A. TaXTa,lllKJIH, JI . .[!,. <l>a,ll,lleeB (1986), M. A6JIOB11U, 
X. C11ryp (1987), P. .ll,O.ll.ll, .ll,JK. 3ilJI6eK, .ll,JK. f1166oH, X. Mopp11c (1988), M. J. Ablowitz, 
P. A. Clarkson ( 1991 ), E. D. Belokolos, A. I. Bobenko 11 .11p. (1994), H. A. Ky.llpllwos (2004). 



12. 3aKOHbl COXpaHeHHfl H HHTerpa/\bl ABH>KeHHfl 

12.1. OcHOBHble onpeAeAeHHR H npHMepbl 

12.1.1. 06~HH BillA 3aKOHOB COXpaHeHHfl 

PaccMOTpHM ypaBHeHHe c qacTHhiMH ITpOH3BO.UHhiMH c .UBYM51 He3aBHCHMhiMH 

ITepeMeHHbiMH 

(1) 

3aKOH COXpaHeHH51 .[(JI51 :noro ypaBHeHH51 HMeeT BH.[( 

aT aX 
8t + ax = o, (2) 

T=T(x,t,w, ~:, ~~, ... ), X=X(x,t,w, ~:, ~~, ... ). (3) 

JleBa51 qacTb 3aKOHa coxpaHeHH51 (2) o6parn:aeTC51 B HYJih Ha Bcex (.uocTaToqHo 

ma,UKHx) perneHH51X ypaBHeHH51 (1). B ITpocTeii:rnHx cnyqa51x ITO.UCTaHOBKa 3aBHCH

MOCTeii: (3) B 3aKOH COXpaHeHH51 (2) ITOCJie ,UHQJQJepeHl(HpOBaHH51 H 3JieMeHTapHbiX 

ITpeo6pa30BaHHH ITpHBO,[(HT K Bbipa)l(eHHIO, KOTOpoe C TOqHOCTbiO .[(0 QJYHKl(HO

HaJibHOrO MHO)I(HTeJI51 COBITa.uaeT c ( 1 ). BenHqHHhi T H X B (2) Ha3biBaiOTC51 

COOTBeTCTBeHHO n!lOmHOCmblO H nomOKOM. 

B 3aKOHe COXpaHeHH51 (2) ITJIOTHOCTb H ITOTOK OITpe,UeJI5110TC51 HeO,UH03HaqHO, HX 

MO)I(HO 3aMeHHTh ITO ITpaBHJIY T ====} T + cp( x) X ====} X+ 'lji( t ), r.ue cp( x) H 'lji( t)
ITpOH3BOJibHhie QJYHKI.(HH, HJIH B o6IQeM cnyqae, ITO ITpaBHJIY 

a.P 
T ====} T + Bx' 

a.P 
X====} X- at' 

r.ue 1> = 1> (X, t)- ITpOH3BOJihHa51 QJYHKI.(H51 .UBYX ITepeMeHHbiX. 

)J,JI51 HeCTal(HOHapHbiX ypaBHeHHH C n ITpOCTpaHCTBeHHbiMH ITepeMeHHbiMH 

x 1 , ... , Xn 3aKOHbl COXpaHeHH51 HMeiOT BH.[( 

n 

aT + '""""' aXk = O. at L...t axk 
k=l 

YpaBHeHH51 c qacTHhiMH ITpOH3BO.UHhiMH MoryT HMeTh HeCKOJihKO (B HeKOTOpbiX 

CJiyqa5J:X 6eCKOHeqHO MHOrO) 3aKOHOB COXpaHeHH51, a MOryT H He HMeTb HX BOBCe. 

12.1.2. VIHTerpa/\bl ABH>KeHHfl 

EcnH o6rn:ee H3MeHeHHe BeJIHqHHhi X Ha HHTepBane a ::;:; x ::;:; b paBHO HYJIIO, T. e. 

BbiiiOJIH51eTC51 paBeHCTBO 

X(a) = X(b) 

13 A. )],. IIoJJliHHH, B. ct>. 3aliues, A. 11. )l(ypos 
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(o6biqHO 3TO 51BJUieTC51 CJie,UCTBHeM rpaHHqHbiX YCJIOBHH), TO HMeeT MeCTO «HHTe

rpan .[(BH)KeHH51»: 

1b T dx = canst (.UJI51 Bcex t). (4) 

)J,JI51 MHOrHX KOHKpeTHbiX ypaBHeHHH COOTHOIIleHH51 BH,Ua ( 4) HMeiOT 51CHbiH 

cpH3HqeCKHH CMbiCJI H HCIIOJib3YIOTC51 KaK .[(JI51 IIpH6JIH)KeHHOrO aHaJIHTHqeCKOrO 

pe111eHH51 COOTBeTCTBYIOU(HX 3a,Uaq, TaK H .[(JI51 KOHTpOJI51 pe3yJibTaTOB IIpHMeHeHH51 

qHCJieHHbiX MeTO.[(OB. 

12.1.3. 3aKOHbl coxpaHeHMfl HeKOTOpbiX Hei\MHeHHbiX ypaBHeHMH MaTeMaTML!eCKOH 

4>M3MKM 

UpuMep 1. YpaBHeHHe KopTesera- )le <l>p113a 

ow + o3w _ 6w ow = 0 
ot ox3 ox 

IIMeeT 6eCKOHeLJHO MHOrD 3aKOHOB COXpaHeHIIll. Ha1160Jiee npOCTble 113 HIIX Onpe)leJil!!OTCll Bb!paJKe

HIIl!MII ( IIX Ha)lO llO)lCTaBIITb B (2)]: 

1i = w, X1 = Wxx- 3w2 ; 

12 = W 2 , X2 = 2WWxx- w;- 4w3 ; 

13 = w; + 2w3 , X3 = 2WxWxxx- w;x + 6w 2Wxx- 12ww;- 9w4 ; 

14 = 3tw2 + XW, X4 = t(6wWxx- 3w; -12w3)- Wx + XWxx- 3xw2 , 

f)le HlllKHIIe IIH)leKCbl 0603Ha'-la!OT LJaCTHb!e np0113BO)lHb!e no X. 

UpuMep 2. YpasHeHHe CHHyc-ropJlOHa 

o2w 
-- -sinw=O oxot 

TaKJKe IIMeeT 6eCKOHe'-IHO MHOfO 3aKOHOB COXpaHeHIIll. flepBb!e Tpll OlliiCb!Ba!OTCll <jlopMyJiaMII 

X1=2cosw; 

12 = w;- 4w;x, x2 = 4w; cos w; 

13 = 3w~ - 12w; w;x + 16w~ Wxxx + 24w;xx, X3 = (2w; - 24w;x) COS W. 

UpuMep 3. Heo)lHOpOJlHOe ypaBHeHHe MoHJKa-AMnepa 

( o2w )2 o2w o2w 
oxoy - ox2 oy2 = F(x, y) 

r)le F(x, y) -np0113BOJibHal! <jlyHKUIIll JlBYX nepeMeHHbiX, HMeeT 3aKOH coxpaHeHIIll 

~ (ow o2w) + ~ (- ow o2w + J F(x, y) dy) = 0. ox ox oy2 oy ox oxoy 
UpuMep 4. YpaBHeHHe lllpe)lHHrepa c Ky6HLJecKoif HeJIHHeifHocTb!O 

. ow A I 12 Ln o2w t-- = uw + w w, ~w = --
~t ~x2 
u k=! u k 

(i2 = 1, W- KOMnJieKCHal! <jlyHKL(IIll )leHCTBIITeJibHbiX apryMeHTOB) np11 n ) 2 IIMeeT )lBa 3aKOHa 

coxpaHeHHll: 

(lwl 2 )t + i\l· (w\lw- w\lw)x = 0, 

(1Vwl 2 - i-lwl 4 )t + i\l· [(~w + lwl 2w)\lw- (~w + lwl 2 w)Vwlx = 0. 

3)leCb \l = ( -8 8 , ... , -8
8 ) , a LJepTa csepxy o6o3HaLJaeT KOMnneKcHo-conpl!JKeHHY!O seJIHLJHHy. 

xl Xu 

8 O)lHOMepHOM CJiyLJae, KOTOpb!H COOTBeTCTByeT n = 1, paCCMaTpiiBaeMOe ypaBHeHIIe 06Jia)laeT 

6eCKOHeLJHbiM MHOJKeCTBOM 3aKOHOB COXpaHeHIIll. 

UpuMep 5. HeJIHHeifHoe ypaBHeHHe TennonpoBOJlHOCTII c KBa)lpaTIILJHbiM IICTOLJHIIKOM 

ow o2w 2 
- =- + aw (a# 0) ot ox2 

He IIMeeT 3aKOHOB COXpaHeHIIll. 
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~ 3a()a'lu u ynpa:m:nenuR K pa:J{). 12.1 
1. llpe)lcTaBHTh o6o6111eHHoe ypasHeHHe £10prepca 

Wt + f(w)wx = aWxx 
s BH)le 3aKoHa coxpaHeHHll. 

2. HeJJHHeliHoe ypasHeHHe TenJJonposo)lHOCTll Wt = [f(w)wx]x s o6111eM cJJy'lae HMeeT )lBa 3aKoHa 
coxpaHeHHll: 

Wt + (- j(w)wx]x = 0 (TpliBllaJlhHhiH 3aKOH COXpaHeHllll), 

[(C1x + C2)w]t + [C1F(w)- (C1x + C2)f(w)wx]x = 0, F(w) = ./ f(w) dw, 

r)le C1, C2- np0113BOJlhHble nOCTOl!HHble. J1cnOJJh3Yll 3Tll pe3yJJhTaTbl, HaHTll 3aKOHhl COXpaHeHllll 
)lJlll ypasHeHllll Wt = f(w)Wxx· 
3. HaliTH 3aKOHhi coxpaHeHHll )lJlll HeJJHHeliHoro BOJJHosoro ypasHeHHll: 

Wtt = [f(w)wx]x. 
YKaJaHue. CM. 3aKOHhi coxpaHeHHll s ynpallmeHHll 2. 

4. HaliTH 3aKOHhi coxpaHeHHll )lJlll HeJJHHeliHoro ypasHeHHll TenJJonposo)lHOCTll s aHH30TponHoli 
cpe)le: 

[f(w)wx]x + [g(w)wy]y = 0. 
YKaJaHue. CM. 3aKOHhi coxpaHeHHll s ynpaJKHeHHl!X 2 11 3. 

5. HaliTH 3aKOHhi coxpaHeHHll )lJJll cJJe)lyJOlllliX o6o6111eHHH ypasHeHHll KopTesera- )le <l>pH3a: 

a) Wt + j(w)Wx = Wxxx· 
b) Wt = [f(w)wxx]x + g(w)wx, 
c) Wt = f(w)Wxxx + g(w)wx. 
YKaJaHue. 3aKOHhi coxpaHeHllll liCKaTh B Bll)le ['P( w)]t + [1)12 ( w )wxx +1)11 ( w )w~ +1)!o( w )]x = 0. 

6. HaliTH 3aKOH coxpaHeHHll )lJJll ypasHeHHll Ka.no)lJKepo 
Wxt = WWx + f(wx). 
YKaJaHue. 3aKOH coxpaHeHllllliCKaTh B Bll)le [F(wx)]t + [G(w)H(wx)]x = 0. 

7. flyCTh 3BOJliOI..IliOHHOe ypasHeHHe 

Wt = F(x, t, w, Wx, ... , w~n)) 
)lonycKaeT 3aKOH coxpaHeHHll BH)la 

[p(x, t)w]t + [<l>(x, t, w, Wx, ... , w~n- 1 ))]x = 0. 
~OKa3aTh, 'ITO ypasHeHHe 

Wt = F(x, t, w, Wx, ... , w~n)) + aw + b 
)lonycKaeT 3aKOH coxpaHeHHll 

[e-a1p(x, t)w]t + [e-a1<1>(x, t, w, Wx, ... , w~n- 1 )) + e-ate(x, t)]x = 0, 

r)le (} = -b J p(x, t) dx. 
8. Half Til 3aKOH coxpaHeHHll )lJlll ypasHeHHll 113 npHMepa 7 np11 a = a( t), b = b( x, t). 
9. flyCTh 3BOJliOI..IliOHHOe ypaBHeHlle 113 npHMepa 7 )lOnycKaeT 3aKOH COXpaHeHllll Bll)la 

[p(x, t)wk]t + [<l>(x, t, w, Wx, ... , w~n- 1 ))]x = 0. 
C<jlopMyJJHposaTh, a 3aTeM )lOKa3aTh yTsepJK)leHHe, aHaJIOrH'IHOe yTsepJK)leHHJO 113 npHMepa 7. 

® Jlumepamypa K pa10. 12.1: ~JK. YH3eM (1977), R. M. Miura, C. S. Gardner, M. D. Kruskal 
(1968), M. D. Kruskal, R. M. Miura, C. S. Gardner, N.J. Zabusky (1970), A. C. Scott, F. Y. Chu, 
D. W. McLaughlin (1973), J. L. Lamb (1974), R. K. Dodd, R. K. Bullough ( 1977), ll. OJJsep (1989), 
N. H. lbragimov (1994), S. E. Harris (1996), A. M. BliHOrpa)lOB, 11. C. KpaCIIJJhlllliK (1997). 

12.2. YpasHeHHH, AOnycKaiOw,He sapHau,HOHHYIO cJ>opMy/\HPOBKy. 
HthepOBbl CHMMeTpHH 

12.2.1. /\arpaH>totaH, ypasHeHMe 31111\epa-/\arpaH>Ka. HeTeposbt CMMMeTpMM 

Ey.ueM paccMaTpHBaTb ypasHeHHjl BToporo rropji,UKa c .UBYMjl He3aBHCHMhiMH rrepe-
MeHHbiMH 

(5) 

13* 
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KOTOpbie .[(OIIYCKaiOT BapiiaQIIOHHYIO cpopMyJIIIpOBKY 0 MIIHIIMyMe (MaKCIIMyMe) 

cpyHKIIIIOHaJia 

Z(w) = J L(x,y,w,wx,wy)dxdy. 

s 
<l>yHKQIIjl L = L(x, y, w, Wx, wy) Ha3biBaeTCjl JLazpaH:JICuaHOM. 

(6) 

lhsecTHO, qTo MIIHIIMYMY cpyHKIIIIOHana (6) oTseqaeT ypaeHeHue 3uJLepa
JI azpaH:JICa 

.!!!:___ - Dx (~) - Dy (~) = 0, aw awx awy (7) 

B KOTOpOe BXO.[(j{T OIIepaTOpbi IIOJIHOrO ,UIIcpcpepeHQIIpOBaHIIjl IIO nepeMeHHbiM X 

II y: 
a a a a 

Dx =-a +wx-a +wxx-a +wxy-a ' 
X W Wx Wy 

a a a a 
Dy =-a +wy-a +wxy-a +wyy-a . 

y W Wx Wy 

lfCXO,[(HOe ypaBHeHIIe (5) ,[(OJI)I(HO jiBJij{TbCjl CJie,UCTBIIeM ypaBHeHIIjl (7). 
CIIMMeTpiijl, KOTopajl coxpaHjleT .UIIcpcpepeHQIIaJihHYIO cpopMy 

n = L(x,y,w,wx,wy)dxdy, 

Ha3biBaeTCjl Hemepoeou cuMMempueu narpaH)I(IIaHa L. ,[(Jijl onpe.ueneHIIjl HeTepo

BhiX CIIMMeTpiiH CJie,UyeT HaHTII TOqeqHbie npeo6pa30BaHIIjl 

i:=fi(x,y,w,E), '[j=f2(x,y,w,E), iiJ=g(x,y,w,E), (8) 

KOTOpbie COXpaHjiJOT ,UIIcpcpepeHQIIaJibHYIO cpopMy: D = 0, T. e. 

Ldxdy = Ldxdy. (9) 

BhiqiicneHIIe .UIIcpcpepeHQIIaJIOB dx, dy c yqeTOM (8) .uaeT 

dx = Dxh dx, dy = Dyh dy, 

II03TOMY COOTHOIIIeHIIe (9) MO)I(HO 3aiiiiCaTb B BII,Ue 

(L- LDx!IDyh) dx dy = 0, 

qTO 3KBIIBaJieHTHO paBeHCTBY 

(10) 

IIocTaBIIM ToqeqHhiM npeo6pa3oBaHIIj{M (8) B cooTBeTCTBIIe npo.UOJI)I(eHHhiH one

paTOp 

(11) 

r.ue KOOp.UIIHaTbi nepsoro npo.uon)l(eHIIjl ( 1 II (2 onpe.ueJijiJOTCjl no cpopMynaM (7) 
II3 pa3.IJ:. 7 .1. Tor.ua II3 (1 0) o6biqHhiM o6pa30M MO)I(HO nonyqiiTh ycnosiie IIHBapii-

aHTHOCTII B BII,Ue 

X(L) + L(Dxe + Dyry) = 0. (12) 

HeTepOBbl CIIMMeTpiiii onpe,UeJijiJOTCji cpopMyJIOH (12). 
Ka)I(,UhiH onepaTop HeTeposoH: CIIMMeTpiiii X nopo)l(.uaeT 3aKOH coxpaHeHIIjl: 
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12.2.2. npMMepbl nOCTpOeHMfl 3aKOHOB COXpaHeHMfl C nOMO~biO HeTepOBbiX 

CMMMeTpMM 

UpuMep 6. PaccMoTpiiM cTaUHOHapHoe ypaBHeHHe TerworrpoBO!lHOCTII c HeJJHHeHHhiM IICTO'I-

HIIKOM 

(14) 

JTO ypaBHeHIIe )lOilYCKaeT BapllaUIIOHHYIO <jlopMyJJHpOBKY 0 MIIHIIMyMe <jlyHKUIIOHaJJa (6) C 

JJarpaH)I(IIaHOM 

L = w; + w; + 2F(w), F(w) = j f(w) dw, (15) 

B 'I eM MO)I(HO y6e)liiThC» rryTeM IlO)lCTaHOBKII Bh!pa)l(eHII» ( 15) B ypaBHeHIIe JHJJepa-JlarpaH)I(a (8). 
8 (15) C'IHTaeTc», 'ITO Bh!IlOJJHeHo ycJJOBHe F( w) ) 0. 

flO)lCTaBIIM (15) B YCJJOBIIe IIHBapllaHTHOCTII (12) C y'leTOM Bh!pa)l(eHII» (II) II <jlopMyJJ (7) 113 

pa3)leJJa 7 .I. flOCJJe COOTBeTCTBYIOIUeif rreperpyrrrrllpOBKII lJJJeHOB IlOJJY'IIIM IlOJJIIHOM ITO CTerreH»M 

rrp0113BO)lHhJX Wx II Wy: 

-~ww; -T]wW;Wy- ~wWxW; -T]wW~ + (2(w- ~x + T]y)w;- 2(7]x + ~y)WxWy + 
+ (2(w - T]y + ~x)w; + 2((x + F~w)Wx + 2((y + FT]w)Wy + 2j( + 2F(~x + T]y) = 0. (16) 

flpHpaBHIIBa» HYJJIO <jlyHKUIIOHaJJhHhJe KOJ<jl<jJIIUIIeHThl rrp11 W~, W~Wy, Wx, Wy, IIMeeM ~w = 0, 
T]w = 0, (x = 0, (y = 0. flOJTOMY 

~ = ~(x,y), 77 = ry(x,y), ( = ((w). 

flpHpaBHIIBa» B ( 16) HYJJIO KOJ<jl<jJIIUIIeHThl rrp11 !lpymx CTerreH»X rrp0113BO)lHhJX, IIMeeM 

w;: 2(w - ~x + T]y = 0, 

w;: 2(w - T]y + ~x = 0, 

WxWy: T]x + ~Y = 0, 
1: f( + F(~x + T]y) = 0. 

)J,JJ» rrp0113BOJlhHOH <jlyHKUIIII j = j ( W) 113 IlOCJle)lHero ypaBHeHII» (18) IlOJJY'IIIM 

( = 0, ~X+ T]y = 0. 

(17) 

( 18) 

(19) 

J13 rrepBOrD ypaBHeHII» ( 18) II BTOpOrO ypaBHeHII» ( 19) Ilpll YCJJOBIIII ( = 0 CJJe)lyeT ~x = 0, T]y = 0, 
IIJlll ~ = ~(y), 7] = ry(x). flO)lCTaBJJ»» JTII 3aBIICIIMOCTII B TpeThe ypaBHeHIIe (18), IIMeeM 

~ = C1y + C2, 77 = -C1x + c3, 

r)le cl' C2, c3- rrp0113BOJlhHhJe IlOCTO»HHhJe. IlOJTOMY )lJJ» rrp0113BOJlhHOH <PYHKUIIII f( w) HeTe

pOBCKIIe CIIMMeTp1111 JJarpaH)I(IIaHa ( 15) 3a)la!OTC» TpeM» orrepaTOpaMII: 

X1 = Bx 
x2 =By 
x3 = y8x- x8y 

(C2 = 1, c1 = c3 = o); 
(C3 = 1, c1 = c2 = o); 
(C1 = 1, c2 = c3 = o). 

JTII orrepaTOphl B COOTBeTCTBIIII C <jlopMyJJOH ( 13) orrpe)leJJ»IOT Tpll 3aKOHa COXpaHeHII»: 

Dx( -w; + w; + 2F) + Dy( -2wxwy) = 0 

Dx(-2wxwy) + Dy(w;- w; + 2F) = 0 

Dx ( -yw; + yw; + 2xwxWy + 2yF) + 
+ Dy ( -xw; + xw; - 2ywxWy - 2xF) = 0 

r)le <PYHKUII» F = F( w) orrpe)leJJeHa B ( 15). 

(~ = 1, 7] = ( = 0); 

(ry = 1, ~ = ( = 0); 

(~ = y, 77 = -x, ( = 0), 

(20) 

(21) 

38M8Y8HH8 1. OrrepaTOphl (20) MO)I(HO 6h!Jl0 HaHTII rryTeM IICCJJe)lOBaHII» CIIMMeTpllif IICXO)lHOrO 

)lH<jl<jlepeHUIIaJJhHOro ypaBHeHH» ( 14 ), KaK JTO 6hiJlO c)leJJaHo B rrpHMepe I 113 pa3)l. 7 .I. 
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3aMeYaHHe 2. 8 sap11a1.1110HHOH <jlopMyJmposKe ypasHeHIIll ( 15) npe,L~nonaraeTCll, LJTO F( w) ) 0. 
O;lHaKo nonyLJeHHbie 3aKOHbi coxpaHeHIIll (21) cnpase)lJJIIBbi )lJJll mo6oi1 <jlyHKLIIIII F(w). TaKall CII

Tyal.lllll TllniiLJHa II )lJlll Jlpymx ypaBHeHIIH; ,L\Jlll noJJyLJeHIIll 3aKOHOB COXpaHeHIIll 06bJLJHO ,[\OCTaTOLJHO 

Toro, LJTO paccMaTpllsaeMoe ypasHeHIIe MOlKeT 6hJTb npe)lcTaBJJeHo B <jlopMe ypasHeHIIll 3i1nepa

JlarpaHlKa (7) (sap11a1.1110HHOH <jlopMyJJIIpOBKII MOlKeT II He 6biTb). 

UpuMep 7. YpasHeHIIJO MIIHIIMaJJbHbiX nosepxHocTei1 

(1 + w;)wxx - 2WxWyWxy + (1 + w;)wyy = 0 

COOTBeTCTByeT <jlyHKl.IIIOHaJJ (6) C JJarpaHlKIIaHOM 

L = V 1 + wi + w~ . 
.[l,onycKaeMhie TOLJeLJHbie onepaTopbi 

(22) 

xl =Ox, x2 = Oy, x3 = XOx + yoy +WOw, x4 = YOx- XOy, Xs =Ow 

HaXO)lliTCll 113 YCJJOBIIll IIHBapllaHTHOCTII ( 12) C nOMOll.lbiO npOl.le)lypbl, no)lp06HO OniiCaHHOH B 

pa3,[\. 7.1.2 ( COOTBeTCTBYIOll.llle BbJKJJa)lKII npe,LIJJaraeM npOBeCTII LJIITaTeJJIO B KaLJeCTBe ynpalKHeHIIll), 

II onpe)leJlliiOT HeTepOBbl CIIMMeTp1111. l1cnOJJb3Yll <jlopMyJJy ( 13 ), nOJJYLJIIM nl!Tb 3aKOHOB COXpaHeHIIll 

,L\Jlll ypasHeHIIll (22): 

Dx ( L - Wx ::x ) + Dy ( -Wx ::y ) = 0, 

Dx (-wy oL ) + Dy (L- Wy oL ) = 0, 
8wx 8wy 

Dx ( Lx + ( w - XWx - ywy) ::x ) + Dy ( Ly + ( w - XWx - ywy) ::Y ) = 0, 

Dx (Ly + (YWx- XWy) BL ) + Dx (-Ly + (YWx- XWy) BL ) = 0, 
8wx 8wy 

~ 3ai>a•lU u ynpa;m:nenu.R K pa30. 12.2 

I. Han11caTb )lOnOJJHIITeJJbHbie (KpOMe yKa3aHHbiX B np11Mepe 6) 3aKOHbi coxpaHeHIIll )lJJll CTal.IIIO

HapHbiX ypaBHeHIIH TenJJonpOBO)lHOCTII CO CTeneHHOH II JKCnOHeHl.lllaJJbHOH HeJJIIHeHHOCTbJO: 

a) Wxx + Wyy = awk, 
b) Wxx + Wyy = aew. 

2. Han11caTb 3aKOHbi coxpaHeHIIll )lJJll HeJJIIHei1Horo BOJJHOBoro ypasHeHIIll: 

Wxx- Wtt = f(w). 
YKa3aHue. llpe)lcTaBIITb paccMaTpllsaeMoe ypasHeHIIe B Bll)le ypasHeHIIll 3i1nepa- JlarpaH

lKa (7) np11 y = t. JlarpaHlKIIaH £ IICKaTb B Bll)le CYMMbl ,L\BYX CJJaraeMbiX, O)lHO 113 KOTOpblX 

liBJJlleTCll KBa)lpaTIILJHOH <jlopMOH no np0113BO)lHbJM, a BTOpOe 3aBIICIIT TOJlbKO OT W. (8 )laHHOM CJJyLJae 

HeJJb3ll )laTh Bapllal.IIIOHHYIO <jlopMyJJIIpOBKy, HO MOlKHO C nOMOll.lbiO <jlopMyJJbl (13) nOJJYLJIITb 3aKOHbl 

coxpaHeHIIll, CM. TaKlKe 3aMeLJaHIIe 2.] 

3. Han11caTb 3aKOHbi coxpaHeHIIll )lJJll HeJJIIHei1Horo ypasHeHIIll: 

Wxy = f(w). 
PaccMoTpeTb cnyLJall: 

a) <jlyHKl.lllll j( w)- np0113BOJlbHall, 

b) f(w) = awk, 
c) f(w) = aew. 
YKa3aHue. llpe)lcTaBIITb paccMaTpllsaeMoe ypasHeHIIe B Bll)le ypasHeHIIll 3i1nepa- JlarpaH

lKa (7) np11 y = t. JlarpaHlKIIaH £ IICKaTb B Bll)le CYMMbl ,L\BYX CJJaraeMbiX, O)lHO 113 KOTOpblX 

KBa)lpaTIILJHO no np0113BO)lHbJM, a BTOpOe 3aBIICIIT TOJlbKO OT W. 



12.2. YpaeHeHUfl, oonycKa!OUJUe eapUal.fUOHHY/0 popMy!lupoeKy. Hemep06bl CUMMempuu 199 

4. HarmcaTb 3aKOHbi coxpaHeHiur LtJUI Hemmei1Horo ypasHeHI1JI: 
Wxx + J(wy)Wyy = 0. 
YKa3aHue. llpeLtcTaBI1Tb paccMaTp11BaeMoe ypasHeHI1e B B11Lte ypasHeHI1JI 3i1JJepa- JlarpaH

lKa (7). JlarpaHlK11aH £ 11CKaTb B Bl1)le CYMMbl LlBYX CJJaraeMbiX, O)lHO 113 KOTOpblX 3aBI1CI1T TOJ1bKO 
OT Wx, a BTOpOe-TOJ1bKO OT Wy. 

5. HarmcaTb LtOITOJ1HI1TeJJbHbie 3aKOHbi coxpaHeHI1JI LtJJJI HeJJI1Hei1Horo ypasHeHI1JI 113 rrp11Mepa 5: 
a) np11j(u)=auk, 
b) rrp11 f(u) = aeu. 

® Jlumepamypa K paJiJ. 12.2: A. M. Vinogradov (1984), ll. OJJsep (1989), J. A. Cavalcante, 
K. Tenenblat (1988), N.H. lbragimov (1994), A.M. BI1HorpaLtOB, 11. C. Kpaci1JJbll\11K (1997). 



BcnoMorareAbHble rAaBbl 

13. YpaBHeHHfl neHJ\eBe 
llpe)J.BapuTeJILHLie JaMeqauuH. Ilepe)J. qTemieM :noli maBhi noJie3HO npoqiiTaTh 

pa3)1.. 1 0.1.1, 1 0.1.2. HeKoTophie cBe)J.eHII}I o TecTe IleHJieBe )J.JI}I o6hiKHOBeHHhiX 

)J.IIiPiPepeHIJ,IIaJibHbiX ypaBHeHIIM npOII3BOJibHOrO IIOp}I)J.Ka II CIICTeM ypaBHeHIIM 

MO)KHO HaMTII B pa3)1.. 10.1.3, 10.1.4. 

13.1. nepBOe ypaBHeHHe neHJ\eBe 
1°. flepBOe ypaBHeHIIe fleHJieBe IIMeeT BII)J. 

II 6 2 Yzz = Y + Z. (1) 

Ero perneHII}I- O)J.H03HaqHhie IPYHKIJ,IIII OT z. 
B oKpecTHOCTII IIO)J.BII)KHOro nomoca zp perneHII}I ypaBHeHII}I ( 1) npe)J.CTaBIIMbi 

B BII)J.e p}I)J.a 

a2 = - /0 zp, a3 = -i, a4 = C, a5 = 0, a5 = 360 z~, 
r)J.e Zp II C- IIpOII3BOJibHbie IIOCTO}IHHbie; K03iPIPIIIJ,IIeHTbl an ( n ? 7) 0)1.H03HaqHo 

onpe)J.eJI}IIOTC}I qepe3 Zp II C. 
2°. B oKpecTHOCTII JII06oii iPIIKCIIpoBaHHOM TOqKII z = zo perneHIIe 3a)J.aqii Kornii 

)J.JI}I nepBoro ypaBHeHII}I IleHJieBe (1) MO)KeT 6biTb npe)J.CTaBJieHo p}I)J.OM Teiinopa 

y =A+ B(z- zo) + +(6A2 + zo)(z- zo) 2 + 
+ i(12AB + 1)(z- zo) 3 + +(6A3 + B2 + Az0 )(z- z0 )4 + · · · , 

r)J.e A II B-HaqaJibHhie )J.aHHhie 3a)J.aqii Kornii: Ylz=zo =A, Y~lz=zo =B. 
3aMeYaHII1e. AHanoriiqHhiM o6pa3oM MO)KHO npe)J.CTaBIITh perneHII}I 3a)J.aqii 

Kornii )J.JI}I BToporo II qeTBepToro ypaBHeHIIM IleHJieBe (i1.JI}I OCTaJibHbiX ypaBHeHIIM 

fleHJieBe Ha)J.O IICKJIIOqiiTb II3 paCCMOTpeHII}I HeiiO)J.BII)KHbie OC06bie TOqKII). 

3°. )J,JI}I 60JibilliiX 3HaqeHIIM lzl CIIpaBe)J.JIIIBa aCIIMIITOTIIqecKa}l ~PopMyJia: 

y"' zll2g:{tz5/4- a; 12, b), 
r)J.e &J( (; 12, b) - 3JIJIIIIITIIqecKa}l IPYHKIJ,II}I BeiieprnTpacca, KOTopa}l 3a)J.aeTC}I He}IB

HO C IIOMOIIJ,biO IIHTerpana 

( = ./· ------r:F~d~~==;=-. 
y4~3 - 12~- b' 

a, b-HeKOTOpbie KOHCTaHTbl. 
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flepBOe ypaBHeHHe fleHJieBe ( 1) HHBapHaHTHO OTHOCHTeJibHO paCT5J:)I(eHHjl rre

peMeHHbiX z = >..z, y = >.3 y, r.ue ).5 = 1. 

13.2. BTopoe ypaBHeHHe neHJ\eBe 
1°. BTopoe ypasHeHHe IleHnese HMeeT BH.U 

II 2 3 Yzz = y + zy +a. (2) 

Ero perneHHji-O.[(H03HaqHhie <l>YHKI.(HH OT z. 
B oKpecTHOCTH IIO.UBH)I(Horo rromoca Zp perneHHjl ypaBHeHHjl (2) .uorrycKaiOT 

cne.uyiOII.(He pa3JIO)I(eHHjl: 

00 

y = ~ + :L::>n(z- Zp)n, 
z- Zp n=l 

b1 = -imzp, b2 = --}(m +a), b3 = C, b4 = /2 zp(m + 3a), 

bs = 30124 [(27 + 81a2 - 2z~)m + 108a- 216Czp], 

r,Ue m = ± 1; Zp H C - IIpOH3BOJibHbie IIOCTOjiHHbie; K03<l><l>Hl.(HeHTbl bn ( n ;:?: 6) 
O.UH03HaqHo orrpe.ueJijiiOTCjl qepe3 Zp H C. 
2°. 0603HaqHM perneHHe BTOpOrO ypaBHeHHjl fleHJieBe IIpH <l>HKCHpOBaHHOM rrapa

MeTpe a CHMBOJIOM y(z, a). CrrpaBe,UJIHBO COOTHOIIIeHHe: 

y(z, -a) = -y(z, a), (3) 

a perneHHjl y(z, a) H y(z, a - 1) CBji3aHbi Me)l(.uy co6oH: rrpeo6pa3oBaHHj{MH 

EeKJiyH.ua: 

y(z, a- 1) = -y(z, a)+ 2yi(z,a) 2~ 2~2\z,a)- z' 

y(z, a)= -y(z, a- 1)- 2yi(z,a- 1) ~ 2~2\z,a- 1) + z · 

(4) 

fi03TOMY .[(Jljl H3yqeHHjl 061l.(ero perneHHjl ypaBHeHHjl (2) IIpH IIpOH3BOJibHbiX 

3HaqeHHj{X a .uocTaToqHo rrocTpOHTh ero .[(Jijl scex a H3 rronochi 0 ~ Re a < -}. 
TpH perneHHjl, oTseqaiOII.(He 3HaqeHHj{M a H a ± 1, CBj13aHhi pal.(HOHaJihHhiM 

COOTHOIIIeHHeM: 

_ (Yet-!+ Yet)(4y~ + 2zyet + 2a + 1) + (2a- 1)yet 
Yo+l - - 2(Yet-1 + Yet)(2y'/, + z) + 2a- 1 ' 

r.ue HCIIOJih30BaHo o6o3HaqeHHe Ya = y(z, a). 
PerneHHjl y ( z, a) H y ( z, -a - 1) CBj13aHhi Me)l(.uy co6oH: rrpeo6pa3oBaHHj{MH 

EeKJiyH.ua: 

y ( z, -a - 1) = y ( z, a) + --,------:------,--2-a--,-+--o1,-;------,---
2yi(z,a) + 2y2 (z,a) + z' 

2a+ 1 
y(z, a) = y(z, -a- 1) - 2yi(z, -a- 1) + 2y2 (z, -a- 1) + z · 

3°. flpH a= 0 ypaBHeHHe (2) HMeeT TpHBHaJibHOe perneHHe y = 0. 0TCIO,Ua C yqeTOM 

<PopMyn (3), (4) cne.uyeT, qTO BTopoe ypaBHeHHe IleHJieBe rrpH a = ±1, ±2, ... 
HMeeT pal.(HOHaJibHbie qaCTHbie perneHHjl: 

1 y(z, ±1) = =t=-, 
z 

( 1 3z2 ) y(z,±2)=± --;- z3+4' 
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flpH a = + ypaBHeHHe (2) HMeeT O,UHOIIapaMeTpHqeCKOe CeMeHCTBO perneHHH 

I 

( 1 ) Wz y z,2 = -----;;;-, (5) 

(3.uecb <l>YHKI.(H51 W 51BJI51eTC51 pernemteM JIHHeHHOrO ypaBHeHH51 BTOporo IIOp51,UKa 

w~z + +zw = 0.) 113 <PopMyn (3)-(5) cne.uyeT, qTo BTopoe ypaBHeHHe IleHJieBe .UJI51 

Bcex a= n+ +, r.ue n = 0, ±1, ±2, ... , HMeeT o.uHorrapaMeTpHqecKoe ceMeli:cTBO 
perneHHH, KOTOpbie Bbipa)l(aiOTC51 qepe3 <l>YHKI.(HH EecceJI51. 

13.3. TpeTbe ypaBHeHMe neHJ\eBe 
1 o. TpeThe ypaBHeHHe IleHJieBe HMeeT BH.U 

y" = (y~)2 - y~ + 2_(ay2 + (3) + IY3 + !. 
zz y y z y (6) 

EcnH rrepeli:TH K HOBOH He3aBHCHMoli: rrepeMeHHoli: no <PopMyne z = ec,, TO perneHH51 
rrpeo6pa30BaHHOrO ypaBHeHH51 6y.UyT O,[(H03HaqHbiMH <l>YHKI.(H51MH OT (. 

J1106oe perneHHe ypaBHeHH51 PHKKaTH 

1 k 2 a-k 
Yz = Y + -----,;;;;-Y + c, (7) 

r.ue k2 = /, c2 = -6, k(J + c( a- 2k) = 0, 6y.ueT TaK)I(e perneHHeM ypaBHeHH51 (6). 
II (7) , u~ , 2 1 ~ 

OJIO)I(HB B Z =/IT, y = ---,;:;;, r,Ue /1 = kc' IIOJiyqHM JIHHeHHOe ypaBHeHHe: 

II k-a I 0 UTT+~uT+U= ' 

o61l(ee perneHHe KOToporo Bbipa)l(aeTC51 qepe3 <l>YHKI.(HH Eeccen51: 

U=T2't [c1J__Q_(T)+C2Y__Q_(T)]. 
2k 2k 

2°. B p51.Ue qacTHbiX cnyqaeB ypaBHeHHe (6) MO)I(eT 6hiTb rrpoHHTerpHpoBaHo 
B KBa,UpaTypax. flepeiiHllieM ypaBHeHHe ( 6) B BH,Ue HHTerpO.UH<P<PepeHl(HaJibHbiX 
ypaBHeHHH .UBYM51 pa3JIHqHbiMH CIIOC06aMH: 

( YJ ) 2 + ( : 2 - !Y2) e2c, + 2 ( ~ - ay) ec, = 

= 2 ./ [ ( : 2 - !Y2) e2(, + ( ~ - ay) e(, J d(; (8) 

~( = ./ [ ( : 2 + !Y2 ) e2(, + ( ~ + ay) e(, J d(, z = e(,. (9) 

.l1,JI51 ypaBHeHH51 (8) rrpH a= (3 = 1 = 6 = 0 HMeeM o61l(ee perneHHe y = C1zc2. 
CKJia.UbiBa51 (8) H y.uBoeHHoe paBeHCTBO (9), rronyqHM 

( y: r + 2 ~( + ( :2 -~y2)e2(, + 2( ~ - ay )e(, = 4./ oe2( :2(3e(y d(. (10) 

BbiqHTa51 H3 (8) y.uBoeHHoe paBeHCTBO (9), HMeeM 

( ~( r -2 ~( + ( : 2 -1y2) e2c, + 2 ( ~ - ay) ec, = -4 ./ (Je2c, y2 + aec, y) d(. (11) 
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IlOJio:/KHB fJ = (3 = 0 B ypaBHeHHH (1 0) H "f = a = 0 B ypaBHeHHH (11 ), IIOCJie 

HHTerpHpOBaHHjl IIOJiyqHM: 

(12) 

(13) 

YpaBHeHHjl ( 12) H (13) HHTerpHpyiOTCjl B 3JieMeHTapHbiX <l>YHKI.(Hj{X. 3aMeHa 

y = e-Cjv IIpHBO.[(HT (12) K aBTOHOMHOMY BH.UY 

B HTore HaXO.UHM perneHHe 

2a 

y= 

z(a2 ln2 z + 2aC!nz + C 2 - !') 
1 

z( y!'Yln z +c) 

IIpH C1 = -1, (3 = fJ = 0; 

IIpH C1 = -1, a = (3 = fJ = 0; 

IIpH C1 i= -1, (3 = fJ = 0, 

C _j_ 0 K - a K - a2 - 1'(1 + cl) 2 - 1 C 
r.ue 2 I , 1 - - Cl + 1 , 2 - 4C2(1 + C!)2 , m - + 1· 

(14) 

YpaBHeHHe ( 13) npeo6pa3yeTCjl K ypaBHeHHIO ( 14) c noMOII.(hiO 3aMeHhi y = vee,. 
IlpH (3 = -a, fJ = -ry IIO,[(CTaHOBKa y = e-iw IIpHBO,[(HT ypaBHeHHe (6) K 

II 1 1 2c:t · 2 · 2 cne.uyiOII.(eMy BH.Uy: W 22 + -W2 = - sm w + ry sm w. 
z z 

13.4. lleTBepTOe ypaBHeHHe neH/\eBe 

1°. tJeTBepTOe ypaBHeHHe IleHJieBe HMeeT BH.[( 

(15) 

Ero perneHHj1-0.IJ:H03HaqHhie <l>YHKI.(HH OT z. 
B oKpecTHOCTH IIO.UBH)I(Horo noniOca Zp perneHHjl ypaBHeHHjl (15) .uonycKaiOT 

cne.uyiOII.(He pa3JIO)I(eHHjl: 

00 

y = z "::z - Zp- ~ (z~ + 2a- 4m)(z- zp) + C(z- zp) 2 + L aj(z- zp)j, 
p j=3 

r,Ue m = ±1; Zp H C- IIpOH3BOJibHbie IIOCTOjiHHbie; K03<l><PHI.(HeHTbl aj (j ;? 3) 
O.UH03HaqHo onpe.ueJijiiOTCjl qepe3 a, (3, zp, C. 

2°. EcnH BhiiiOJIHjleTCjl ycnOBHe (3 + 2(1 +am )2 = 0, r.ue m = ±1, TO Bee perneHHjl 

ypaBHeHHjl PHKKaTH 

y~ = my2 + 2mzy- 2(1 +am) 

O,[(HOBpeMeHHO jiBJijiiOTCjl peiiieHHj{MH qeTBepTOrO ypaBHeHHjl IleHJieBe ( 15). 
YpaBHeHHe (15) HHBapHaHTHO OTHOCHTeJihHO npeo6pa30BaHHjl y = Afj, Z = AZ, 

a= a:>-.2, (3 = 73, r.ue )..4 = 1. 
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3°. PerneHH51 ypaBHeHH51 (15) npH pa3JJHqHhiX 3HaqeHH51X a H (3 CB513aHbi Me)l(.uy 

co6oli: npeo6pa3oBaHH51MH EeKJiyH.ua: 

~ 1 ( I 2 2) y = - y - q - szy - sy 
2sy z ' 

1 (~I 2 ~ ~2) y = --2 _ Yz- p + szy + sy , 
sy 

q2 = -2(3, 

p2 = -2{3, 

2(3 =-(as- 1- +p)2, 4a = -2s- 2a- 3sp, 

r.ue y = y(z, a, (3), y = y(z, a, {3), s-npoH3BOJihHhiH napaMeTp. 

13.5. nRTOe ypaBHeHHe neHJ\eBe 
1°. fl51TOe ypaBHeHHe fleHJieBe HMeeT BH,U 

II = 3y- 1 ( 1 )2 _ y~ + (y- 1)2 (a + f_) + ~ + lly(y + 1) 
Yzz 2y(y- 1) Yz z z2 Y y I z y- 1 . (16) 

EcnH nepeli:TH K HOBOH He3aBHCHMOH nepeMeHHOH no cpopMyne z = eC, TO perneHH51 

npeo6pa30BaHHOrO ypaBHeHH51 6y.UyT O,UH03HaqHbiMH cpyHKl(H51MH OT (. 

PerneHH51 II51Toro ypaBHeHH51 IleHJieBe npH pa3JIHqHhiX 3HaqeHH51X onpe.ueJI51IO

Il(HX napaMeTpOB CB513aHbl COOTHOIIIeHH51MH: 

y(z,a,/3,1,6) = y(-z,a,/3,-1,6), 
1 

y(z,a,/3,1,6) = ( ) . 
y z, -/3, -a,-"(, 6 

2°. fiOJIO)I(HB Z = et B ( 16), IIOJiyqHM 

11 = 3y- 1 ( 1)2 + ( _ 1)2 (a + f_) + et + 6y(y + 1) e2t. 
Ytt 2y(y _ 1) Yt Y Y y IY y _ 1 (17) 

IlpH 1 = 6 = 0 ypaBHeHHe ( 17) nocne O.UHOKpaTHoro HHTerpHpoBaHH51 npHBO.UHTC51 

K aBTOHOMHOMY ypaBHeHHIO nepBOrO IIOp51,UKa: 

y~ = (y- 1))2ay2 + Cy- 2(3, 

KOTOpOe JierKO HHTerpHpyeTC51 B KBa,UpaTypax. 

EcnH BhiiiOJIHeHo ycnoBHe 

1=vi=2J(1+~-v'2a), 
TO JII06oe perneHHe ypaBHeHH51 PHKKaTH 

zy~ = v§ y2 + ( vi=2J z - v§-~ )y + ~ (18) 

6y.ueT TaK)I(e perneHHeM II51Toro ypaBHeHH51 IleHJieBe ( 16). YpaBHeHHe ( 18) MO)I(eT 

6hiTb IIpHBe,UeHO K BblpO)I(,UeHHOMY rHnepreoMeTpHqecKOMY ypaBHeHHIO. 

13.6. WecToe ypaBHeHHe neHJ\eBe 
1 o. lllecToe ypaBHeHHe IleHJieBe HMeeT BH.U 

II = _!_ (_!_ + _1_ + _1_) ( 1 )2 _ (_!_ + _1_ + _1_) 1 + 
Yzz 2 y y- 1 y- z Yz z z- 1 y- z Yz 

+ y(y- 1)(y- z) [ + (3_!__ + z- 1 + 6 z(z- 1)] 
z2(z- 1)2 a y2 I (y- 1)2 (y- z)2 . (19) 
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3,UeCb TOqKH Z = 0, Z = 1 H Z = 00 jiBJUIIOTCji HeiiO.[(BH:/KHbiMH JIOrapmpMHqeCKHMH 

TOqKaMH BeTBJieHHjl, 

II. IleHJieBe Harnen .usa cnyqajl HHTerpHpyeMOCTH :noro ypaBHeHHjl. IlpH 

0: = j3 = I = 0 = 0 06111ee perneHHe ypaBHeHHjl (19) HMeeT BH.U 

y = E(C1w1 + C2w2, z), 
r.ue E ( u, z) - 3JIJIHIITHqecKajl «l>YHKIIHjl, orrpe.uenjleMajl Hej{BHO c rroMOIIIhiO HHTe

rpana 

u= Y 1E d 

0 Jy(y- 1)(y- z)' 
(20) 

C rrepHO,UaMH 2w1, 2w2, KOTOpbie jiBJijiiOTCji «tJyHKQHj{MH OT Z. flpH 0: = (3 =I= 0, 
0 = -} 06111ee perneHHe ypaBHeHHjl (19) HMeeT BH.[( 

y = E(w + C1w1 + C2w2, z), 
r,Ue W- JII06oe HeTpHBHaJibHOe qacTHOe peiiieHHe JIHHeMHOrO ypaBHeHHjl 

II 2z - 1 1 1 W = 0 
Wzz - z(z- 1) Wz + 4z(z- 1) ' 

E( u, z) -3JIJIHIITHqecKajl «l>YHKIIHjl, orrpe.ueJijleMajl «tJopMynoil: (20). 
2°. Me)K.uy perneHHj{MH ypasHeHHjl (19) c pa3JIHqHhiMH rrapaMeTpaMH cy111eCTBYIOT 

TpH COOTHOIIIeHHjl: 

1 
y(z, -(3, -o:, I, o) = 1 ' 

y( --;' ao, (3, 'Y, o) 
1 

y(z, -(3, -1, o:, o) = 1- 1 ' 

y(1-z' ao, (3, 'Y, o) 
y(z, -(3, -o:, -0 + ~' -~ + ~) = y(z, oo, z(J, "f, o). 

flOCJie,UOBaTeJibHOe rrpHMeHeHHe 3THX COOTHOIIIeHHM ,UaeT 24 ypaBHeHHjl BH,Ua (19) 
C pa3JIHqHbiMH 3HaqeHHj{MH rrapaMeTpOB, CBji3aHHbie H3BeCTHbiMH rrpeo6pa30BaHH

j{MH. 

3°. Bee perneHHjl ypasHeHHjl PHKKaTH 

r.ue 

y~= ~ y2+ >..z+Jl> y+ ~ 
z(z- 1) z(z- 1) ~' 

_x = ~ - ( ao + f3 + "~ + o) 
~-~-1 

jiBJijllOTCjl TaK)Ke peiiieHHj{MH ypaBHeHHjl (19), eCJIH y'2'(;-~ #- 1 H BbiiiOJI

HjleTCjl YCJIOBHe 

2v'2"a (3f3-o:+ 1 -o) +2~ (3o:- f3- 1 +o) +4~ (f3-o:+1 -o-1) + 
+ (o: + f3 + 1 + o) 2 + 2(o:- f3- 1- 4o:f3- 2o:1- 2f3o) = o, 

r.ue .[(Jijl ~ 6epeTCjl 3HaqeHHe, KOTopoe cosrra.uaeT c ya ~-
® Jlumepamypa K ZJla6e 13: 3. JI. AHHC (1939), B. B. rony6es (1950), G. M. Murphy (1960), 
B. 11. rpoMaK, H. A. JlyKaweBH'-1 (1990), MaTeMaTH'-IeCKaJI <jJH3HKa (1998, c. 427), B. <1>. 3aM:ues, 
A. /],. IloJJJIHHH (200 I a). 



14. Ksa3HJ\HHeHHble ypasHeHHfl c LlaCTHbiMH 
npoH3BOAHbiMH nepsoro nopfiAKa 

14.1. XapaKTepMCTM"'eCKafl CMCTeMa. 06w,ee peweHMe 

14.1.1. YpasHeHMR c ABYMR He3aBMCMMbiMM nepeMeHHbiMM 

06Ill,ee KBa31IJIIIHeHHOe ypaBHeHIIe C qaCTHbiMII IIp01I3BO,ll.HbiMII nepBOrO IIOpji,ll.Ka 

C ,ll.BYMjl He3aBIICIIMbiMII nepeMeHHbiMII IIMeeT BII,ll. 

f(x, y, w) ~: + g(x, y, w) ~; = h(x, y, w) (1) 

II qaCTO BCTpeqaeTCji B pa3JIIIqHbiX IIpiiJIO)I(eHIIj{X (B MeXaHIIKe CIIJIOIIlHbiX cpe,ll., 

ra30BOH ,ll.IIHaMIIKe, rii,ll.pO,ll.IIHaMIIKe, TeOpiiii BOJIH, aKyCTIIKe, TeOpiiii tPIIJibTpaQIIII, 

TeOpiiii MaCCO- II TeiiJIOIIepeHOCa, XIIMIIqecKOH TeXHOJIOriiii II ,ll.pyriiX 06JiaCTj{X). 

Ecnii II3BeCTHhi ,ll.Ba He3aBIICIIMhiX IIHTerpana 

xapaKTepiiCTIIqeCKOH CIICTeMbl 

dx 
f(x,y,w) 

dy 

g(x,y,w) 
dw 

h(x,y,w)' 

TO 06Ill,ee pe111eHIIe ypaBHeHIIji ( 1) ,ll.aeTCji tPOPMYJIOH 

c!>(u1,u2) = 0, 

(2) 

(3) 

(4) 

r,ll.e cl>-IIp01I3BOJihHaji tPYHKQIIji ,ll.BYX apryMeHTOB. Pa3pe1111IB (4) OTHOCIITeJihHO U1 

IIJIII u2, pe111eHIIe qacTO 3aiiiiChiBaiOT B BII,ll.e 

r,ll.e cp- IIp01I3BOJibHajl tPYHKQIIji O,ll.HOrO apryMeHTa; k = 1, 2. 

UpuMep I. PaccMOTpHM ypasHeHHe 

ow ow 
-+aw- = 1. ox oy 

,LJ,sa He3aBHCI1MbiX HHTerpMa xapaKTepHCTI1'-IeCKOH CHCTeMbl 

dx dy dw 

1 aw 1 

HMeiOT BH)l 

x-w=C1, 2y-aw2 =C2. 

flo:.noMy o6wee peweHHe HCXO)lHOrO ypaBHeHHJI ( 5) )laeTCJI <j>opMyJJOH 

<I>(x- w, 2y- aw2) = 0. 

(5) 
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14.1.2. VICnOI\b30BaHMe AByxnapaMeTpMI.IeCKMX l.laCTHbiX peweHMM 

II ycTb _usyxrrapaMeTpHqecKoe qacTHOe perneHHe ypasHeHmi (1) _uaeTC51 !lJopMynoH: 

(6) 

r_ue cl li c2 - rrpOli3BOJibHbie IIOCT051HHbie. Tor_ua perneHHe ypaBHeHli51 (1), 
liMe10111ee !lJYHKI.(liOHaJibHbiH rrpOli3BOJI, MO)I(HO rrpe_ucTaBliTb B rrapaMeTpliqecKOM 

Bli):(e C IIOMOIIIbiO paBeHCTBa (6) li -UBYX ypaBHeHHH: 

r_ue F = F( C)- rrpoH3BOJibHa51 !lJYHKI.(li51. 

14.1.3. YpasHeHMH c npoM3BOI\bHbiM I.IMCI\OM He3aBMCMMbiX nepeMeHHbiX 

06111ee KBa3liJiliHeHHOe ypaBHeHHe C qaCTHbiMli IIpOli3BO):(HbiMli rrepBOrO IIOp51_uKa 

C n He3aBliCliMbiMli rrepeMeHHbiMli liMeeT Bli):( 

IIycTh H3BeCTHhi n He3aBHCliMhiX liHTerpanos 

... ' 

xapaKTepliCTliqeCKOH CliCTeMbl 

dw 
fn(Xl, ... ,Xn,w) g(x1, ... ,xn,w) · 

Tor_ua o6111ee perneHHe ypaBHeHH51 (7) _uaeTC51 !lJopMynoH: 

<I>(u1, ... , Un) = 0, 

r_ue 1> - IIpOli3BOJihHa51 !lJYHKI.(li51 n apryMeHTOB, Um 

liHTerpaJibi (8), m = 1, ... , n. 

(8) 

® Jlumepamypa K pa30. 14.1: P. KypaHT (1964), 3. KaMKe (1966), H. r. IleTpOBCKHH (1970), 
E. Zauderer (1983), D. Zwillinger ( 1989). 

14.2. 3aAal.la KowM. TeopeMa cyw,ecTBOBaHMR M eAMHCTBeHHOCTM 

14.2.1. Ase cpopMyi\MPOBKM 3aAai.IM KowM 

1°. 06o6UfeHHaR 3aoa'la Koutu. Tpe6yeTC51 HaHTli perneHHe w = w ( x, y) ypasHeHH51 

( 1 ), y_uosneTBOp51IOIIIee HaqaJihHhiM ycnoBH51M 

(9) 

r_ue ~ -rrapaMeTp (a::::;~::::; {3), a hk(~) -3a_uaHHhie !lJYHKI.(lili. 

reoMeTpliqecKa51 liHTeprrpeTal.(li51: Tpe6yeTC51 HaHTli liHTerpaJibHYIO IIOBepx

HOCTb ypaBHeHli51 (1 ), IIpOX0):(51IIIYIO qepe3 JlliHliiO (9), 3a):(aHHYIO rrapaMeTpliqecKli. 
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2°. KrzaccuiJecKa5l 3aoaiJa Koum. Tpe6yeTCjl HaH:nt perneHHe w = w ( x, y) ypaBHe

HHjl ( 1 ), y.uoBJieTBOpjiiOilJ,ee HaqaJibHOMY ycJIOBHIO 

W = cp(y) IIpH X= 0, (10) 

r.ue cp(y)- 3a,UaHHajl <l>YHKI.(Hjl. 

K.rraccHqecKyiO 3a.uaqy KornH y.uo6Ho rrpe.ucTaBHTh B BH.Ue o6o6meHHOH 3a.uaqH 

KornH, 3arrHcaB HaqaJibHOe ycJIOBHe ( 1 0) B rrapaMeTpHqecKOM BH,Ue: 

X= 0, y = ~' W = cp(~). (11) 

14.2.2. npo~eAypa peweHHH 3aAaLIH KOWH 

IIpol(e.uypa perneHHjl 3a.uaqH KornH (1 ), (9) cocTOHT H3 HeCKOJihKHX 3TarroB. 

CHaqaJia orrpe.ueJijiJOTCjl ,UBa He3aBHCHMhiX HHTerpaJia (2) xapaKTepHCTHqecKOH 

CHCTeMbl (3). 3aTeM .[(Jljl orrpe,UeJieHHjl IIOCTOj{HHbiX HHTerpHpOBaHHjl C1 H C2 B 

HHTerpaJibl (2) IIO,UCTaBJijiJOTCjl HaqaJibHbie ,UaHHbie (9): 

u1(x, y, w) = u1(hl(~), h2(~), h3(~)), 

u2(x, y, w) = u2 (hi(~), h2 (~), h3 (~) ). 

(12) 

(13) 

<l>opMyJihi ( 13) rrpe.ucTaBJijiJOT co6oH: rrapaMeTpHqecKyiO <Pop My perneHHjl 3a.uaqH 

KornH (1), (9). B HeKOTOpbiX cJiyqajlx, HCKJIJOqajl H3 (13) rrapaMeTp ~, y.uaeTCjl 

IIOJiyqHTb peiiieHHe B j{BHOM BH,Ue. 

14.2.3. TeopeMa cy~ecTBOBaHHH H eAHHCTBeHHOCTH 

IIycTh <5 0 -o6JiaCTh IIJIOCKOCTH (x, y), a <5-l(HJIHH.UpHqecKajl o6JiaCTh rrpocTpaH

CTBa (x, y, w), rroJiyqeHHajl H3 <5o .uo6aBJieHHeM Koop.UHHaThi w, rrpHqeM lwl < A1. 
II ycTb K03<l><l>Hl(HeHThi ypaBHeHHjl (1) f, g, h-HerrpepbiBHO .UH<P<PepeHl(HpyeMbie 

<l>YHKI.(HH OT X, y, W B <5, a X = h1 (~), y = h2(~), W = h3(~)- HerrpepbiBHO 

.UH<P<PepeHl(HpyeMbie <l>YHKI.(HH OT ~ .[(Jijl I~ I < A2, orrpe.ueJijiJOilJ,He KpHBYIO C B <5 

c rrpocTOH: rrpoeKl(HeH: C0 B <5 0 , H TaKHe, qTO (h~) 2 + (h;) 2 #- 0 (rnTpHx o6o3HaqaeT 

rrpoH3BO.UHYIO no 0. CqHTaeM, qTO Jh; - gh~ #- 0 Ha C. Tor.ua cymecTByeT 

rro.uo6JiaCTb <5o o6JiaCTH <5o, co.uep:a<alll,ajl Co, B KOTopoH: orrpe.ueJieHa HerrpepbiBHO 

.UH<P<PepeHl(HpyeMajl <l>YHKI.(Hjl w = w ( x, y), y.uoBJieTBOpjiiOilJ,ajl .UH<P<PepeHl(HaJih

HOMY ypaBHeHHIO (1) B <5o H HaqaJihHOMY ycJIOBHIO (9) Ha Co. 3Ta <l>YHKI.(Hjl 

orrpe,UeJijleTCjl e,UHHCTBeHHbiM o6pa30M. 

Ba:II<HO OTMeTHTb, qTo 3Ta TeopeMa HOCHT JIOKaJibHbiH xapaKTep: cylll,eCTBOBa

HHe peiiieHHjl rapaHTHpyeTCjl TOJibKO B HeKOTOpOH, ,UOCTaToqHo «y3KOH», 3apaHee 

He <l>HKCHpOBaHHOH, OKpeCTHOCTH JIHHHH C (CM. 3aMeqaHHe B KOHI.(e IIpHMepa 2). 
UpuMep 2. PaccMoTpHM 3a)la'ly Koum )lJill ypasHeHHll Xorr¢a 

ow +wow =O 
OX oy (14) 

C Ha'laJibHbiM YCJIOBHeM 

W = <p(y) IIpH X= 0. (15) 

CHa'laJia rrpe)lcTaBHM Ha'laJibHOe ycJIOBHe ( 15) B rrapaMeTpH'IeCKOM BH)le (9): 

( 16) 
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HaXO)lllM )lBa He3aBl:ICllMhiX llHTerpa.na: 

dx 
1 

dy 

w 

dw 

0 ' 
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(17) 

w=C1, y-wx=C2. (18) 

l1CITOJih3Yll HaLJaJihHhie ycJIOBllJI (16), orrpe)leJIJieM 3HaLJeHl:IJI ITOCTOJIHHhiX llHTerpllpOBaHl:IJI: 

cl = rp(~), c2 = ~· Do)lCTaBJIJIJI 3Tll Bh!pa)J(eHl:IJI B (18), ITOJIYLJllM perneHl:le 3a)laLJll Kornl:l (14), (15) 
B rrapaMeTpl:ILJeCKOM Bll)le: 

w = rp(~), 

Y = ~ + rp(~)x. 
(19) 
(20) 

XapaKTepHCTllKll (20) rrpe)lCTaBJIJIIOT co6oif rrpJIMhie JillHllll B ITJIOCKOCTll ( x, y) c ymoM HaKJio

Ha rp( ~), rrepeceKaiOlll,lle OCh y B TOLJKaX ~. Ha Ka)J()lOH xapaKTepl:ICTl:IKe <jJyHKUllll W l:IMeeT O)ll:IHaKOBOe 

3HaLJeHue, pasHoe rp(~) (Ha pa3HhiX xapaKTepHCTHKax 3HaLJeHHJI w s o6meM cJiyLJae pa3Hhie). 

Dpu rp' ( ~) > 0 pa3JillLJHhie xapaKTepHCTllKll He rrepeceKaiOTCJI, 11 ¢opMyJihi ( 19), (20) orrHChiBaiOT 

O)lH03HaLJHOe perneHl:le. 8 KaLJeCTBe IIpl:IMepa paCCMOTpllM HaLJaJihHhiH IIpO<jJllJih 

rrpu ~ :( 0, 

rrpu ~ > 0, 
(21) 

r)le W! < W2 ll E: > 0. l13 <jJopMyJI (19), (20) ITOJIYLJllM O)lH03HaLJHOe ma)lKOe perneHl:le BO BCeH 

ITOJIYITJIOCKOCTll X > 0. 8 o6JiaCTll, KOTOpyiO 3aiTOJIHJIIOT xapaKTepl:ICTllKll y = ~ + W!X (rrpll ~ :( 0), 
perneHl:le ITOCTOJIHHO: 

w = w1 rrpu yjx :( WJ. 
Dpu ~ > 0 perneHHe MO)J(HO orrpe)leJIHTh rro ¢opMyJiaM (19)-(21 ). 

DocMOTpllM, so LJTO rrepeif)leT yKa3aHHoe perneHHe B rrpe)leJihHOM 

COOTBeTCTByeT KYCOLJHO-Herrpeph!BHOMY HaLJaJihHOMY rrpo<jll:IJIIO 

( C) = { W! IIpll ~ :( 0, 
'P.., W2 rrpu ~ > 0, r)le W! < W2. 

(22) 

CJiyLJae E: ----> 0, KOTOphlH 

(23) 

)l,a.nee CLJHTaeM, LJTO ~ > 0 [ rrpu ~ :( 0 crrpase)lJIHBa ¢opMyJia (22) ]. Dpu ~ = const # 0 11 c ----> 0 
113 (21) l:IMeeM rp(~) = W2. ll03TOMY B 06JiaCTll, KOTOpyiO 3aiTOJIHJIIOT xapaKTepl:ICTllKll y = ~ + W2X 

(rrpll ~ > 0), perneHl:le ITOCTOJIHHO: 

w = w2 rrpu yjx? w2 (rrpu c----> 0). (24) 

flpll ~ ----> 0 <jJyHKUllJI tp MO)J(eT IIpllHl:IMaTh JII060e 3HaLJeHl:le Me)J()ly W! ll W2 B 3aBl:ICllMOCTll OT 

COOTHOllleHl:IH Me)J()ly JlBYMll MaJih!Mll rrapaMeTpaMll E: ll ~, IIpll 3TOM rrepBhiM CJiaraeMhiM B rrpaBOH 

LJaCTll <jJopMyJihl (20) MO)J(HO rrpeHe6peLJh. 8 pe3yJihTaTe 113 ( 19), (20) HaXO)lllM COOTBeTCTBYIOlli,YIO 

aCl:IMITTOTllKY perneHl:IJI B JIBHOM Bll)le: 

(rrpu c----> 0). (25) w = yjx rrpu 

06be)ll:IHJIJI ¢opMyJihi (22), (24) 11 (25), 
HaLJaJihHhiM yCJIOBlleM (23 ): 

rroJiyLJHM perneHHe 3a)laLJH Kornu )lJIJI ypaBHeHHJI ( 14) c 

{ 
W! IIpll y :( W!X, 

w(x, y) = yjx rrpu w1x :( y :( w2x, 
W2 IIpll y ? W2X. 

(26) 

XapaKTepl:ICTllKll ypaBHeHl:IJI (14) IIpll ycJIOBllll (23) ll 3aBl:ICllMOCTh <jJyHKUllll W OT y ITOKa3aHhl Ha 

pl:IC. 9 (r)le W! = t, W2 = 2, Xo = 1). 8 IIpllJIO)J(eHl:IJIX TaKOe perneHl:le Ha3hiBaiOT ueHTpllpOBaHHOH 

BOJIHOH pa3pe)J(eHl:IJI (eM. TaK)J(e pa3)l. 14.3). 

3aMe4aHHe. Dpu HaJillLJllll yLJaCTKa c rp' ( ~) < 0 xapaKTepHCTllKll 6yJlyT rrepeceKaThCJI B HeKo

Topoif o6JiaCTll. 8 TOLJKe rrepeceLJeHHJI JlBYX xapaKTepHCTllK, 3a)lasaeMhiX pa3JillLJHhiMll 3HaLJeHHJIMll 

rrapaMeTpa 6 ll 6, <jJyHKUllJI W COrJiaCHO rrepBOH <jJOpMyJie (2J) 6y)leT l:IMeTh )lBa pa3Hh!X 3HaLJeHl:IJI, 

KOTOphie paBHhi rp(6) 11 rp(6). DoJTOMY B o6JiaCTll rrepeceLJeHHJI xapaKTepHCTllK perneHHe 6yJleT 

MHOr03HaLJHhiM. 3TOT IIpl:IMep )leMOHCTpllpyeT JIOKaJihHOCTh TeOpeMhl Cylll,eCTBOBaHl:IJI ll e)lllHCTBeH

HOCTll. DOJiee ITO)lp06HO 3Tll BOITpOChl paCCMOTpeHhl B pa3)l. 14.3, 14.4. 

® Jlumepamypa K pa30. 14.2: P. KypaHT (1964), 3. KaMKe (1966), H. r. DeTpOBCKllH (1970), 
£. Jl. Po)J()leCTBeHCKllH, H. H. 51HeHKO (1978), S. J. Farlow ( 1982). 

14 A.):(. nomiHHH, B. <1>. 3aiiues, A. H. )!(ypoB 
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X 

w 

0 I 
I 
I 
I 
I 
I 
I 
I 

y 

w2 --f-------r.--------

0 Y1 Yo 

Y1 = wl Xo 

Y2 = w2xo 

y 

Puc. 9. XapaKTepHCTHKH 3a)la'IH Kow11 (14), ( 15) c Ha'laJihHhiM rrpo¢HJieM (23) 11 3aBHCHMOCTh 

HCKOMOH BeJIH'IHHhl W OT KOOp,ll_HHaTbl y IIpH W! = t, W2 = 2, Xo = 1. 

14.3. Ka"'eCTBeHHble oco6eHHOCTH H paapbiBHble peweHHH 

KBa3HAHHe~H~XypaBHeHH~ 

14.3.1. MOAe/\bHOe ypaBHeHMe ra30BOM AMHaMMKM 

PaccMOTpHM KBa3HJIHHei1Hoe ypasHeHHe cneQHaJihHOro BH.Ua* 

aw + f ( w) aw = 0 
ax 8y ' 

(27) 

KOTOpOe npe,UCTaBJijleT C060H 3aKOH COXpaHeHHjl KOJIHqeCTBa Belll,eCTBa (HJIH KaKOH

JIII60 .Upyroif BeJIHqHHbi) H qacTO BCTpeqaeTCjl B MeXaHHKe CIIJIOIIIHbiX cpe,U, ra30-

BOH .UHHaMHKe, rH.upo.UHHaMHKe, TeopHH BOJIH, aKycTHKe, TeopHH <l>HJibTpaU:HH H 

XHMHqecKOH TeXHOJIOrHH. 3TO ypaBHeHHe HCIIOJih3yeTCjl .[(Jljl MO,UeJIHpOBaHHjl MHO

rHX IIpOQeCCOB .UH<l><l>Y3HOHHOrO THIIa, TaKHX, KaK a,UCOp6QHj1 H XpOMaTOrpa<PHjl, 

.UBYX<l>a3Hble TeqeHHjl B IIOpHCTOH Cpe,Ue, IIaBO.[(KOBbie BOJIHbl B peKaX, .[(BH)I(eHHe 

IIOTOKOB TpaHCIIOpTa Ha YJIH[(aX, TeqeHHjl )I(H,[(KHX IIJieHOK IIO HaKJIOHHOH IIJIOCKO

CTH H ,Up. He3aBHCHMhie nepeMeHHhie X H y B ypaBHeHHH (27) 06hiqHo HrpaiOT pOJib 

BpeMeHH H IIpOCTpaHCTBeHHOH KOOp,UHHaThl, W HrpaeT pOJib IIJIOTHOCTH nepeHOCH

MOH senHqHHhi, a f ( w) - CKopocTH nepeHoca. 

14.3.2. PeweHMe aaAaLIM KowM 

PerneHHe w = w ( x, y) 3a.uaqH KornH .[(Jijl ypaBHeHHjl (2 7) c HaqanhHhiM ycnoBHeM 

W = <p(y) IIpH X = 0 (-oo < y < oo) (28) 

* YpasHeHHJI o6wero BHP-a paccMaTpHBaiOTCJI P-aJiee B pa3p_. 14.4. 
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y = ~ + F(~)x, w = <p(~), (29) 

r.ue F(~) = f('P(~)). 
PaccMOTpiiM xapaKTepiiCTIIqecKIIe rrp51Mbie y = ~ + F(~)x B IIJIOCKOCTII (y, x) 

rrpii pa3JIIIqHhiX 3HaqeHII51X rrapaMeTpa ~. HaKJIOH Ka)K,UOH II3 3TIIX rrp51MhiX orrpe

.ueJI51eTC51 3HaqeHIIeM K03QJQJIII.(IIeHTa F(~). Ha Ka)K.[(OH TaKoH: rrp51MOH IICKOMa51 

BeJIIIqiiHa rrocT051HHa II pasHa w = <p( ~). B qacTHOM cJiyqae f = a= canst paccMaT

piiBaeMoe ypaBHeHIIe 51BJI51eTC51 JIIIHeHHbiM, IIpii 3TOM peiiieHIIe (29) 3aiiiiCbiBaeTC51 

B 51BHOM BII,[(e W = <p(y - ax) II OIIIICbiBaeT 6eryll.(yiO BOJIHY C Heii3MeHHbiM rrpo

QJIIJieM. 3aBIICIIMOCTb j = j ( W) rrpiiBO.[(IIT K TIIIIIIqHOMY HeJIIIHeHHOMY 3QJQJeKTY

IICKa)KeHIIIO IIpOQJIIJI51 pacrrpOCTpaH51IOII.(eHC51 BOJIHbl. 

)J,aJiee paccMaTpiiBaeM o6JiacTh x ~ 0 II cqiiTaeM*, qTo f > 0 rrpii w > 0 II 

f:V > 0. B 3TOM cJiyqae 6oJihiiiiie 3HaqeHII51 w pacrrpocTpaH51IOTC51 6hlcTpee, qeM 

MaJibie. EcJIII HaqaJihHhiH rrpOQJIIJih rrpii scex y y.uosJieTBOp51eT ycJIOBIIIO <p1 (y) > 0, 
TO xapaKTepiiCTIIKII Ha IIJIOCKOCTII (y, X), BbiX0.[(511l.(IIe II3 TOqeK OCII y B 06JiaCTb 

X > 0, 51BJI51IOTC51 paCX0.[(511l.(IIMIIC51 IIp51MbiMII; perneHIIe Cyll.(eCTByeT II O.[(H03HaqHO 

rrpii scex x > 0. B QJII3IIKe TaKIIe perneHII51 Ha3hiBaiOT BOJIHaMII pa3pe)KeHII51. 

UpuMep 3. Ha p11c. 10 11 II ).IJUI I1J1JJIOCTpau1111 noKa3aHbi xapaKTep11CTI1KI1 11 3BOJ1101..111ll BOJJHhi 

pa3pe)J(eHI1ll ).IJlll ypaBHeHI1ll Xon¢a [np11 f(w) = w B (27)] c Ha'laJJhHhiM npo¢11neM 

4 
<.p(y) = - arctg(y- 2) + 2. 

7r 

811).1HO, 'ITO peweHI1e liBJllleTcll rna).IKI1M np11 scex x > 0. 

X w 

4 

0 4 8 y 0 4 8 y 

Puc. 10 Puc. 11 

fiOCMOTpiiM Terrepb, qTo IIpOII30H,[(eT, eCJIII ip1 (y) < 0 Ha HeKOTOpOM IIHTepBaJie 

ocii y. IlycTh y1 II y2 - ToqKII Ha 3TOM IIHTepsaJie. Ilpii y1 < y2 IIMeeM 

j(yl) > j(y2). 113 rrepBOrO COOTHOIIIeHII51 (29) CJie,UyeT, qTo xapaKTepiiCTIIKII, 

BhiXO.U511l.(IIe II3 ToqeK y1 II y2, rrepeceKyTc51 B «MOMeHT speMeHII», paBHhiH 

TaK KaK w IIMeeT pa3JIIIqHbie 3HaqeHII51 Ha 3TIIX xapaKTepiiCTIIKax, TO perneHIIe 

He MO)KeT 6hiTh HerrpephiBHO rrpo.UOJI)KeHo .UJI51 x > x*. EcJIII <p1 (y) < 0 Ha 

orpaHIIqeHHOM IIHTepBaJie, TO HaH,UeTC51 TaKOe 3HaqeHIIe Xmin = mm X*, qTo B 
Y1 ,y2 

* PaCCMOTpeHI1e 06JlaCTI1 X ,s; 0 3aMeHOH X = -X CB0).111TCll K paCCMOTpeHI110 06JlaCTI1 X ) 0. 
Cny'lai1 f < 0 3aMeHoi1 y = -y CBO).II1TCll K cny'laiO f > 0. 

14* 
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X 

YpasHeHHe XoncjJa 

4 
c Ha'!aJibHbiM npo(jmneM (30) 

2 

0 2 4 6 8 y 

Puc. 12 

06JiaCTII X > Xmin xapaKTepHCTHKH 6y.UyT nepeceKaTbCH, CM. pHC. 12. Il03TOMY 

qacTb BOJIHbl, r.ue ee IIpO<i>HJib HBJIHeTCH y6biBaiOII(eH <l>YHKl(Heif OT y, CO BpeMeHeM 

6y.ueT «OIIpOKH.[(biBaTbCH». BpeMH Haqana OIIpOKH.[(biBaHHH Xmin OIIpe,UeJIHeTCH IIO 

<PopMyne 
1 

Xmin =- :F'(~o), 

r.ue 3HaqeHHe ~o HaXO.UHTCH H3 ycnoBHH IF'(~o)l = max IF'(~)I npH F'(~) < 0. 
<l>opMaJibHOe IIpO,UOJI)J(eHHe perneHHH B 06JiaCTb X > Xmin ,UeJiaeT 3TO perneHHe 

HeO,UH03HaqHbiM. rpaHHl(a 06JiaCTH O,[(H03HaqHOCTH perneHHH B IIJIOCKOCTH (y, X) 
HBJIHeTCH OrH6aiOII(eH xapaKTepHCTHK H MO)J(eT 6biTb 3aiiHCaHa B napaMeTpHqeCKOM 

BH,Ue 

y = ~ + .F(~)x, 0 = 1 + F'(~)x. 
UpuMep 4. Ha p11c. 13 s Ka'lecTBe HmuocTpaU1111 113o6palKeHa JBOJUOUHJI ye;:umeHHoll BOJlHbi c 

Ha'laJibHbiM npocjmneM 

cp(y) = ch- 2 (y- 2) + 1, (30) 

KOTOpaJI Oni1Cb!BaeTCJI ypaBHeHJ1eM (27) C j( W) = W. 8J1,QHO, 'ITO np11 X > X min, rp_e 

Xmin = fv'3 >=:::; 1.3, np011CXO)l_I1T onpOKI1,Qb!BaHI1e BOJlHbl. 

w 
2.0 

x=O 0.5 1.0 1.5 2.0 2.5 

1.5 

0 2 4 6 y 

Puc. 13 

14.3.3. YAapHble BOI\Hbl. Yci\OBHR Ha pa3pb1Be 

B 60Jibll1HHCTBe IIpHJIO)J(eHHH, B KOTOpbiX BCTpeqaeTCH paCCMaTpHBaeMOe ypaB

HeHHe, HCKOMaH <l>YHKl(HH w(x, y) HBJIHeTCH IIJIOTHOCTbiO HeKOTOpOH cpe,Ubl H IIO 
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() s(x) y 

Puc. 14 

cBoeil: cyli(HOCTH .[(OJDKHa 6hiTb O.[(H03HaqHa. B 3THX cnyqaHx BMecTo HenpepbiBHoro 

ma.n:Koro perneHHH npHXO.[(HTCH paccMaTpHBaTb o6o6meHHOe (Hema.n:Koe) perne

HHe, OllHCbiBaiOII(ee y.n:apHyiO BOJIHy, KOTOpaH HMeeT BH.[( «CTyneHbKH». IlpH 3TOM 

MHOr03HaqHaH qaCTb BOJIHOBOrO npoqmJIH 3aMeHHeTCH HeKOTOpbiM llO.[(XO.[(HII(HM 

pa3pbiBOM, KaK noKa3aHo Ha pHc. 14. Cne.n:yeT no.n:qepKHYTb, qTo pa3pbiB MO)I(eT 

o6pa30BaTbCH npH CKOJib yrO.[(HO rJia.[(KHX QJYHKIIHHX j(w) H cp(y), BXO.[(HII(HX B 

ypaBHeHHe (27) H HaqaJibHOe ycJIOBHe (28). 
)J,anee 6y.[(eM cqHTaTb, qTo QJYHKIIHH W (X, y) TepnHT pa3pbiB Ha JIHHHH y = S (X) B 

llJIOCKOCTH ( y, X). Ilo o6e CTOpOHbl OT pa3pbiBa QJYHKIIHH W (X, y) HBJIHeTCH ma.[(KOM 

H O.[(H03HaqHoii; KaK H paHee, OHa onHCbiBaeTCH ypaBHeHHHMH (29). CKopoCTb 

pacnpOCTpaHeHHH pa3pbiBa V Bbipa)l(aeTCH qepe3 npOH3BO.[(HyiO: V = S1• IlpH 3TOM 

.[(OJI)I(HO BblllOJIHHTbCH COOTHOIIIeHHe 

V = F(w2)- F(wl) 
W2- W1 ' 

F(w) = J f(w) dw, (31) 

r,[(e HH.[(eKC 1 COOTBeTCTByeT 3HaqeHHHM BeJIHqHH nepe.[( pa3pbiBOM, a HH.[(eKC 2-
llOCJie pa3pbiBa. B npHJIO)I(eHHHX COOTHOIIIeHHe (31) npHHHTO Ha3biBaTb 3aKOHOM 

COXpaHeHHH Ha pa3pbiBe (BbiBO.[( 3TOrO COOTHOIIIeHHH .[(aH HH)I(e B pa3.[(. 14.3.4). 
HenpepbiBHaH BOJIHa OllpOKH.[(biBaeTCH H npHBO.[(HT K pa3pbiBY TOr.[(a H TOJibKO 

TOr.[(a, KOr.[(a CKOpOCTb pacnpOCTpaHeHHH j ( W) y6biBaeT C yBeJIHqeHHeM y, T. e. 

BblllOJIHHeTCH HepaBeHCTBO 

(32) 

reoMeTpHqecKHM CMbiCJI YCJIOBHM (32) 3aKJiroqaeTCH B TOM, qTo xapaKTepHCTHKH, 

BbiXO.[(HII(He H3 OCH X (3TH xapaKTepHCTHKH «Hecyn> HHQJOpMaQHIO 0 HaqaJibHbiX 

.n:aHHbiX), .[(OJI)I(Hbi nepeceKaTb JIHHHIO pa3pbiBa, eM. pHc. 15. B 3TOM cnyqae 

pa3pbiBHOe peiiieHHe 6y.[(eT YCTOMqHBbiM llO OTHOIIIeHHIO K MaJibiM B03Myli(eHHHM 

HaqaJibHOrO npOQJHJIH (T. e. COOTBeTCTBYIOII(ee peiiieHHe TaK)I(e MaJIO H3MeHHTCH). 

IlOJIO)I(eHHe TOqKH pa3pbiBa B llJIOCKOCTH (y, w) MO)I(HO onpe.[(eJIHTb reOMeT

pHqeCKH, cne.n:yH npaBHJIY YH3eMa: pa3pbiB .[(OJI)I(eH OTCeKaTb OT npOQJHJIH onpo

KH.[(biBaromeil:cH BOJIHbl 06JiaCTH C paBHbiMH llJIOII(a.[(HMH (Ha pHC. 14 3TH 06JiaCTH 

3aiiiTpHXOBaHbi). IlOJIO)I(eHHe TOqKH pa3pbiBa MO)I(HO HaRTH nyTeM peiiieHHH ypaB-

HeHHM 

s(x) = 6 + F1x, 
s(x) = 6 + F2x, 

w2F2- w1F1 = F( w2) - F( wl) + :F2 - :F1 

6-6 

(33) 
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X 

0 y 

Puc. 15 

3,UeCb W II :F OIIpe,UeJUIIOTCH KaK cpyHKIJ,IIII OT e IIO cpopMyJiaM W = VJ( e) II 

:F = f(w), cpyHKIJ,IIH F(w) BBe,UeHa B (31), a IIH.UeKChi o6o3HaqaJOT 3HaqeHIIH 

COOTBeTCTBYIOIIJ,IIX BeJIIIqiiH IIpii 6 II 6. YpaBHeHIIH (33) II03BOJIHIOT HaHTII 

3aBIICIIMOCTII S = S (X), e 1 = e 1 (X), 6 = 6 (X). MO:lKHO IIOKa3aTb, qTo II3 IIOCJie,UHero 

ypaBHeHIIH (33) CJie,UyeT ycJIOBIIe Ha pa3pbiBe (31 ). 

flpuMep 5. )J,JUI ypaBHeHI1ll Xon<jla, KOTOpoe COOTBeTCTByeT f ( W) = W B (27), YCJ10BI1e Ha CKa'IKe 

(31) c y'leTOM paseHCTBa F(w) = i-w2 3ani1ChiBaeTCll TaK: 

V = wl + w2 

2 ' 

a CI1CTeMa (33), onpe)leJlliJOIIJ,all nonolKeHI1e nonolKeHI1ll TO'IKI1 pa3phiBa, np11HI1MaeT Bl1!l 

s(x) = 6 + cp(6)x, 
s(x) = 6 + cp(6)x, 

'P(~l) + 'P(~2) = _1_1<2 cp(~) d~, 
2 ~2 - ~1 E:t 

r)le <jJyHKL111ll cp( ~) 3a)laeT HalJaJJhHhiH npO<jJI1Jlh BOJlHhl. 

Ha p11C. 16 11306palKeHO <jJopM11pOBaHI1e y!lapHOH BOJlHhl, KOTOpal! Oni1CbJBaeTCll o6o6IIJ,eHHhiM 

peweHI1eM ypaBHeHI1ll Xon¢a np11 f ( w) = w 11 o6pa3yeTCll 113 ye!li1HeHHoi1 BOJlHhi c ma)lKI1M 

Ha'laJJhHhiM npo¢11neM (30). 

w 
x=O 0.5 1.0 1.5 2.0 2.5 

2.0 

1.5 

0 2 4 6 y 

Puc. 16 

EonhiiiOe qiicno peiiieHIIH 3a.uaqii Koiiiii .UJIH ypaBHeHIIH (27), oniiCbiBaiOIIJ,IIX 

CJIIIHHIIe II pacna,U pa3pbiBOB, nepiiO.[(IIqeCKIIe BOJIHbl II .Upyriie cpii3IIqeCKIIe 3cpcpeK

Tbl, npiiBe.ueHo, HanpiiMep, B KHIIrax .[l,:lK. YII3eMa (1977), E. JI. Po:lK.uecTBeHcKoro, 

H. H. JIHeHKO ( 1978), A. r. KyJIIIKOBCKoro, E. 11. CBeiiiHIIKOBOH (1998). 
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14.3.4. lilcnO/\b30BaHHe HHTerpa/\bHbiX paBeHCTB fli\H onpeAe/\eHHH o6o6~eHHbiX 
peweHHH 

06o6II(eHHbie perneHIH!, KOTOpbie OniiCbiBaiOTC51 KycoqHo-rJia.[(KIIMII (KycoqHo

HenpepbiBHbiMII) cpyHKI.I,II51MII, cpopMaTibHO MO)I(HO BBeCTII nyTeM paCCMOTpeHII51 

CJie.[(yiOII(ero ypaBHeHII51, npe.[(CTaBJieHHOrO B IIHTerpaJibHOH cpopMe: 

- jj[w~~ +F(w)~~]dydx=O. (34) 

D 

3.n:ecb D-npoii3BOJibHbiH np51MoyroJibHIIK B nnocKOCTII (y, x ); 1/J = 1/J(x, y) -JII0-

6a51, TaK Ha3biBaeMa51 npo6rta5l ifyyHKlfU5l C HenpepbiBHbiMII nepBbiMII npOII3BO.[(HbiMII 

B D, KOTopa51 o6pall(aeTC51 B HYJib Ha rpaHIIu,e D, a cpyHKIJ,II51 F ( w) onpe.n:eneHa 

B (31 ). EcJIII w II F( w) HenpepbiBHO .D:IIcpcpepeHu,IIpyeMbi, TO ypaBHeHIIe (33) 
3KBIIBaJieHTHO IICXO.[(HOMY .[(IIcpcpepeHIJ,IIaJibHOMY ypaBHeHIIIO (27). )J,eHCTBIITeJibHO, 

ecnii YMHO)I(IITb ypasHeHIIe (27) Ha 1/J II npoiiHTerpiiposaTb no o6nacTII D, TO, 

IIHTerpiipy51 3aTeM no qacT51M, nonyqiiM (34). 06paTHO, IIHTerpiipy51 (34) no qacnM, 

IIMeeM 

j j[~: + a~~w)]1/Jdydx=O. 
D 

IlOCKOJibKY 3TO paBeHCTBO .[(OJI)I(HO BblllOJIH51TbC51 .[(JI51 JII060H npo6HOH cpyHKIJ,IIII 1/J, 
OTCIO.[(a C yqeTOM COOTHOIIIeHII51 F' ( W) = j ( W) nonyqiiM IICXO.[(HOe ypaBHeHIIe (27). 
O.n:HaKo ypasHeHIIe (34) IIMeeT 6onee rniipOKIIH KJiacc perneHIIH, nocKOJibKY .n:ony

CTIIMbie cpyHKIJ,IIII W (X, y) He 06513aTeJibHO IIMeiOT npOII3BO.[(Hbie. <l>yHKIJ,IIII W (X, y), 
y.n:osneTBOp51IOII(IIe IIHTerparrbHOMY paseHCTBY (34) .[(JI51 scex npo6HbiX cpyHKIJ,IIH 1/J, 
Ha3biBaiOTC51 o6o6II(eHHbiMII (IIJIII CJia6biMII) perneHII51MII ypaBHeHII51 (27). 

l1cnOJib30BaHIIe 0606II(eHHbiX perneHIIH y.n:o6HO .[(JI51 OniiCaHII51 pa3pbiBOB, TaK 

KaK no3BOJI51eT aBTOMaTIIqecKII nonyqaTb ycnoBII51 Ha pa3pbiBe. PaccMOTpiiM perne

HIIe ypasHeHII51 (34), HenpepbiBHO .D:IIcpcpepeHu,IIpyeMoe B .n:syx qacT51X D 1 II D2 
np51MOyrOJibHIIKa D, KOTOpoe IIMeeT KOHeqHbiH pa3pbiB nepsoro po.n:a Ha rpaHIIIJ,e r, 
pa3.[(eJI51IOII(ei1: D1 II D2. lfHTerpiipy51 B Ka)I(.[(OH II3 o6nacTei1 D1 II D2 no qacnM, 

II3 (34) nonyqiiM 

JJ[ aw + aF(w)]1/Jd dx+jj[aw + aF(w)]1/Jd dx+ ax ay y ax ay y 
Dl D2 

+ J {[w] dy- [F(w)] dx }1/J = 0, 
[' 

r.n:e [ w l = W2 - Wl II [ F ( w) l = F ( W2) - F ( wl) - CKaqKII Ha r. KpiiBOJIIIHeHHbiH 

IIHTerparr no r o6pa30BaH rpaHIIqHbiMII qJieHaMII IIHTerparroB no Dl II D2, 
B03HIIKaiOII(IIMII B pe3yJihTaTe IIHTerpiiposaHII51 no qacT51M. TaK KaK nonyqeHHoe 

paBeHCTBO .[(OJI)I(HO 6biTb cnpaBe.[(JIIIBbiM .[(JI51 BCeX npo6HbiX cpyHKIJ,IIH 1/J, OTCIO.[(a 

cne.n:yeT, qTo ypaBHeHIIe (27) cnpaBe.[(JIIIBO BHYTPII Ka)I(.[(OH II3 no.n:o6nacTei1 D1 

II D2; KpoMe Toro, .[(OJI)I(HO BblllOJIH51TbC51 paseHCTBO 

[w] dy- [F(w)] dx = 0 ( Ha JIIIHIIII r) . 

CqiiTa51, KaK II paHee, qTo JIIIHII51 pa3pbiBa oniiCbiBaeTC51 ypasHeHIIeM y = s ( x), 
nonyqaeM OTCIO.[(a ycnoBIIe Ha pa3pbiBe (31 ). 
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Cne.uyeT OTMennh, qTo ycnoBH51 (32) He cne.uyroT H3 HHTerpanbHOro paBeHCTBa 

(34), a BbiB0,[(51TC51 H3 .[(OIIOJIHHTeJibHOrO Tpe60BaHH51 YCTOHqHBOCTH peiiieHH51. 

14.3.5. 3aKOHbl coxpaHeHIUI. BH3KHe peweHHH 

YKa)l(eM 3,UeCb .upyrwe crroco6bi BBe,UeHH51 o6o6IIJ,eHHhiX perneHHH. 

1°. 06o6IIJ,eHHhie peiiieHH51 MO)I(HO BBeCTH C IIOMOIIJ,biO 3aKOHa COXpaHeHH51 

d 1Y2 
dx wdy + F(w2)- F(wl) = 0, 

Y! 
(35) 

IIpH 3aiiHCH KOTOpOrO HCIIOJib30BaHhl KpaTKHe 0603HaqeHH51: W = w(x, y), 
Wn = w(x,yn), r,Ue n = 1, 2; cpyHKIJ,H51 F(w), KaK H (31), BBO.[(HTC51 ITO cpopMyJie 

F( w) = ./ f( w) dw. PaBeHCTBO (35) cqwTaeTC51 BhiiiOJIHeHHhiM .UJI51 JII06biX y1 H Y2 

H .[(OIIYCKaeT IIpOCTYIO cpH3HqecKyiO HHTeprrpeTaiJ,HIO: CKOpOCTb H3MeHeHH51 06IIJ,ero 

KOJIHqeCTBa BeJIHqHHbl W, pacrrpe,UeJieHHOH Ha HHTepBaJie (y1 , Y2), KOMIIeHCHpyeT

C51 «IIOTOKOM» cpyHKIJ,HH F( w) qepe3 KOHIJ,hi :noro HHTepBana. 

IlycTh w - HerrpephiBHO .uwcpcpepeHu,HpyeMoe perneHHe 3aKoHa coxpaHeHH51. 

Tor.ua .uwcpcpepeHu,Hpy51 (35) rro y2, a 3aTeM rronara51 Y2 = y, rrpHXO.UHM K ypaB

HeHHIO (27). 3aKOH COXpaHeHH51 (35) y.uo6eH TeM, qTo OH ,[(OIIYCKaeT H pa3pbiBHhie 

perneHH51. HeTpy.uHo rroKa3aTb, qTo B 3TOM cnyqae .UOJI)I(HO BhiiiOJIH51ThC51 ycnoBHe 

Ha pa3pbiBe (31 ). fi03TOMY 3aKOHbl COXpaHeHH51 THIIa (35) HHOr,Ua HCIIOJib3YIOTC51 

B KaqeCTBe OCHOBbl .[(JI51 OIIpe,UeJieHH51 0606IIJ,eHHbiX peiiieHHH: CM., HarrpHMep, 

P. KypaHT (1964), )],)1(. YH3eM (1977), :0. Jl. Po)l(.uecTBeHCKHH, H. H. 51HeHKO (1978). 

2°. Bo3MO)I(eH TaK)I(e .upyroli: rro.uxo.u K orrpe.ueneHHIO o6o6IIJ,eHHhiX perneHHH, 

CB513aHHbiH C paCCMOTpeHHeM BCIIOMOraTeJibHOrO ypaBHeHH51 rrapa60JIHqeCKOrO 

THIIa 

E > 0. (36) 

IlpH 3TOM o6o6IIJ,eHHOe perneHHe 3a.uaqw Kornw (27), (28) (.UJI51 cpHHHTHoro Ha

qanhHoro rrpocpHJI51) orrpe.uen51eTC51 KaK rrpe.uen perneHH51 ypaBHeHH51 (36) c TeM 

)l(e HaqanhHhiM ycnoBHeM (28) rrpH E ----+ 0. B pa6oTax 0. A. Oneli:HHK ( 1957), 
11. M. renhcpaH.ua ( 1959) 6hiJIO IIOKa3aHO, qTo paCCMOTpeHHhie Bbiiiie orrpe.ueneHH51 

0606IIJ,eHHOrO peiiieHH51 IIpHB0,[(51T K O.[(HHaKOBbiM pe3yJibTaTaM. 

flapaMeTp E HrpaeT pOJib «B513KOCTH» (110 aHaJIOrHH C B513KOCTbiO )I(H,[(KOCTH HJIH 

ra3a), KOTOpa51 «pa3Ma3biBaeT>> pa3pbiB, ,UeJia51 HerrpepbiBHbiM rrpocpHJib HCKOMOH 

BeJIHqHHhi w. Ilo3TOMY yKa3aHHYIO KOHCTPYKIJ,HIO, ocHoBaHHYIO Ha rrpe.ueJihHOM 

rrepexo.ue rrpH E ----+ 0, Ha3hiBaiOT MeTO,[(OM Hcqe3aiOIIJ,eH B513KOCTH, a IIOJiyqeHHYIO 

rrpe.ueJihHYIO cpyHKIJ,HIO- B513KHM perneHHeM. YpaBHeHHe (3 6) rrpH MaJIOM E Hepe.u

KO HCIIOJih3yeTC51 B KaqeCTBe OCHOBbl .[(JI51 qHCJieHHOrO MO,UeJIHpOBaHH51 pa3pbiBHbiX 

peiiieHHH ypaBHeHH51 (27); B 3TOM CJiyqae HeT He06XO.[(HMOCTH CIIeiJ,HaJibHO Bbi,Ue

JI51Tb o6naCTh pa3pbiBa B qwcneHHOH cxeMe. 

UpuMep 6. ,ll,nJI ypaBHeHI1JI Xomf>a ( 14) scnoMoraTeJlbHOe ypaBHeHI1e (36) 11MeeT B11il 

aw aw 82w 
8x +way = c 8x2 ' c>O (37) 

11 JIBJJJieTCJI ypaBHeHI1eM 610prepca. 
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PeweHHe 3a.Qa'fH KowH (3 7), (28) ,QaeTCll !jlopMyJJaMH [ CM. E. Hopf (1950), )..l,JK. YH3eM (1977)]: 

1'00 y 7) [ 1 l --exp - -H(x, y, rJ) d7J 
w(x, y) = . -oo~oo x 1 2E 

. -oo exp[-~H(x,y,7J)] d7] 

(38) 

H(x, y, 77) = 1'YI cp('fJ) dry+ (y ;x7J) 2 (39) 

PaCCMOTpHM aCHMIITOTH'feCKOe IIOBe,QeHHe peweHHll (39) IIpH MaJJhiX c, KOr,Qa X, y, cp(y) 
!jlHKCHpOBaHhl. flpH E: ----> 0 OCHOBHOH BKJla,Q B HHTerpaJJhl, BXO,Ql!IIJ,He B !jlopMyJJy (38), ,QaiOT 

OKpeCTHOCTH CTai..(HOHapHbiX TO'feK !jlyHKI..(HH H. 3TH TO'fKH Orrpe,QeJll!IOTCll H3 yCJJOBHll paBeHCTBa 

HYJJIO 'faCTHoif rrpoH3BO.QHoif: H'YI = 0. 0TCIO.Qa HMeeM 

cp(7J)- y- 7) = 0. (40) 
X 

flyCTh 7) =~(X, y) -CTai..(HOHapHal! TO'!Ka, T. e. !jlyHKI..(Hll ~(X, y) Orrpe,QeJJl!eTCll Hel!BHO, KaK peweHHe 

aJJre6paH'feCKOrO (HJJH TpaHCI..(eH.QeHTHOrO) ypaBHeHHll 

cp(~)- y- E = o. 
X 

(41) 

8KJ1a,Q OKpeCTHOCTH CTai..(HOHapHOH TO'fKH 7) = ~ B HHTerpaJJ BH,Qa i: Q(7J)exP[- ;E H(77)] d7] 

rrpH c ----> 0 orrpe.QeJJlleTCll rroMOIIJ,hiO MeTo.Qa rrepesaJJa [eM. M. B. <l>e.QopiOK ( 1977, 1987), <1>. OJJsep 

(1990)] H paBeH: 

flpe.QIIOJlOlKHM CHa'faJJa, 'ITO cyiiJ,eCTByeT TOJlhKO O,QHa CTai..(HOHapHall TO'fKa ~(X, y), Y.QOBJleTBO-

pl!IOIIJ,al! ypasHeHHIO ( 41 ). Tor.Qa 

Joo Y - 71 exp [- _]:__ H(x, y, 77)] d7] c:::: Y - E 41l'E exp [ 1 H(x y c)] 
_ 00 X 2E X IH"(E)I -~ ' ,<, ' 

i: exp [- 21E H(x, y, 7J)] d7] c:::: 1:~(~)1 exp [- 21E H(x, y, ~)]. 
(42) 

0TCIO,Qa H3 !jlopMyJJhl (38) IIOJJY'fHM 

w(x, y) c:::: Y- E (rrpH c----> 0), (43) 
X 

r,Qe 7) = ~ (X, y) OIIpe.QeJllleTCll ypaBHeHHeM ( 41 ). floJJy'feHHOe aCHMIITOTH'feCKOe peweHHe MOlKHO 

rrepeiiHCaTb B rrapaMeTpH4eCKOM BH,Qe 

w = cp(~), y = ~ + cp(~)x. (44) 

8H,QHO, 'ITO OHO TO'fHOCTH COBIIa,QaeT C peweHHeM ( 19)-(20), IIOJJy'feHHhiM rryTeM peweHHll 3a,Qa'fH 

KowH (14)-(15) .QJlll ypaBHeHHll Xorr!jla; rrpH JTOM cTaUHOHapHall TO'fKa ~ = ~(x, t) cooTBeTcTByeT 

xapaKTepHCTH'feCKOH rrepeMeHHOH. 

PaHee 6h!J10 IIOKa3aHO, 'ITO B HeKOTOpb!X CJly'faliX II pH ,QOCTaTO'fHO 60JlhlliHX X !jlopMyJlhl ( 44) 
,QaiOT MHOr03Ha'fHble peweHHll H IIpHXO,QHTCll BBO,QHTh pa3pb!Bhl. 8 TO JKe BpeMl! peweHHe (38) 
ypaBHeHHll 010prepca (37) O,QH03Ha'fHO H Herrpeph!BHO ,QJlll J11060r0 X. 3TOT !jlaKT 06bliCHlleTCll TeM, 

'ITO B TaKHX CJJy'fal!X HMeeTCll Cpa3y HeCKOJlhKO CTai..(HOHapHbiX TO'feK, Y.QOBJleTBOpl!IOIIJ,HX ypaBHeHHIO 

( 41 ), H Ha,QO HeCKOJlhKO CKOppeKTHpOBaTh rrpe.Qhi.QYIIJ,HH aCHMIITOTH'feCKHH aHaJJH3. flyCTh 6 H 6-
,QBe CTaUHOHapHhie TO'fKH, Y.QOBJleTBOpliiOIIJ,He HepaBeHCTBY 6 < 6. KalK,Qall H3 HHX BHOCHT CBOH 

BKJla,Q B peweHHe, 3TOT BKJla,Q OIIpe.QeJllleTCll IIO !jlopMyJJaM (42). Y'fHTh!Ball CKa3aHHOe, H3 !jlopMyJlhl 

(38) HMeeM 

(45) 
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r).le H(~n) = H(x,y,~n). Kor).la H(6) # H(6), HaJII1'111e B 3KcnoHeHTax MaJioro 3HaMeHaTenJI c 

).lenaeT O).II1H 113 'IJleHOB npeo6na).laJO!lJ,I1M np11 c --. 0. 0TCJO).Ia cne).lyeT, 'ITO 

w ~ { y ~ f,1 np11 H(6) < H(6), 

y- f,2 np11 H(6) > H(6). 
X 

8 KaJK).IOM 113 3TI1X cny'!aes cnpase).IJII1BO peweHI1e ( 44 ), r).le n116o ~ = ~ 1, n116o ~ = 6. Ho Bbi6op 3).1eCb 

O).IH03Ha'leH: 11 6, 11 6 JIBJJJIJOTCJI ¢YHKUI1JIMI1 nepeMeHHbiX x 11 y, 3HaK pa3HOCTI1 o = H(6)- H(6) 
Onpe,lleJJJieT Bbi60p 6 11 6 B 3a).laHHOH TO'!Ke X, y. flepeXO).I OT 6 K 6 np011CX0).111T B TeX TO'!KaX, r).le 

H(6) = H(6). 

C y'leTOM (39) OTCIO).Ia 11MeeM 

r, cp(~) d~ + (y- f,1)2 = r2 cp(~) d~ + (y- f,2)2 
} 0 2x } 0 2x 

(46) 

flOCKOJlbKY 11 6, 11 6 Y.liOBJleTBOpli!OT ypaBHeHI110 ( 41 ), TO YCJ10BI1e ( 46) MOlKHO 3afii1CaTb B Bl1).1e 

(6- 6) [cp(6) + cp(6)] = 21<2 cp(~) d~. 
E1 

(47) 

To'IHO TaKoe JKe cooTHOWeHI1e nony'laeTCJI nyTeM peweHI1JI 3a).la'll1 Kow11 (14)-(15) ).IJlJI ypaBHeHI1JI 

Xon¢a (eM. np11Mep 6). 0TCJO).Ia cne).lyeT, 'ITO aCI1MnTOTI1'1eCKoe peweHI1e Y.liOBJieTBOpJieT ycnOBI110 

Ha pa3pbiBe (31 ). TaKI1M JKe o6pa30M MOJKHO noKa3aTb, ).IJlJI Hero BbinOJlHJieTCJI ycnos11e ycTOH'II1BO

cTI1 (32). 
llpoBe).leHHbiH aHaJII13 noKa3biBaeT, 'ITO peweHI1e 3a).la'll1 Kow11 ).IJlJI ypaBHeHI1JI £10prepca np11 

c --. 0 nepexO).II1T B o6o6weHHOe peweHI1e 3a).la'll1 Kow11 ).IJIJI ypasHeHI1JI Xon¢a, KOTopoe MOJKeT 

11MeTb pa3pb!Bbl. 

0TMeTHM, qTO HMeiOTCji TaiOKe HHbie CIIOC06bi BBe,UeHHjl 0606111eHHbiX perne

HHH: CM., HarrpHMep, M. G. Crandall, P.-L. Lions (1983), A. ll. Cy66oTHH (1991 ), 
A. I. Subbotin (1995), A. A. Melikyan (1998), E. II. AH.upej{HOB (1999). Eonee 

IIO,Up06HyiO HH<l>OpMaQHIO 06 0606111eHHbiX peiiieHHj{X H HX IIpHJIO)I(eHHj{X MO)I(HO 

HaHTH, HaiipHMep, B IIHTHpyeMOH B KOHQe :noro pa3,UeJia JIHTepaType ( CM. TaiOKe 

pa3,U. 14.4). 

3aMe48HII1e. B KOHKpeTHbiX 3a,Uaqax KBa3HJIHHeHHhie ypaBHeHHjl rrepBOrO IIO

pji.[(Ka qacTO jiBJijiJOTCjl CJie,UCTBHeM HHTerpaJibHbiX 3aKOHOB COXpaHeHHjl, HMeiOIIIHX 

jiCHhiH <l>H3HqecKHH CMhiCJI. B 3THX cnyqajlx o6o6111eHHbie perneHHjl Ha.uo BBO.UHTh, 

HCXO.IJ:jl H3 3THX 3aKOHOB coxpaHeHHjl: CM. HarrpHMep, ):()1(. YH3eM (1977), E. JI. Po)l(

.uecTBeHCKHH, H. H . .51HeHKO (1978). IlonyqeHHbie TaKHM rryTeM Hema,UKHe o6o6-

IIIeHHhie peiiieHHjl MoryT OTJIHqaTbCjl OT 0606111eHHbiX peiiieHHH, OIIHCaHHbiX Bbiiiie. 

14.3.6. <l>opMy/\a Xon<J>a AMI o6o6~eHHoro peweHHH 

IlpHBe,UeM Terreph o6111yiO <PopMyny .[(Jijl o6o6111eHHoro perneHHjl 3a.uaqH KornH 

(27)-(28), KOTopajl orrHChiBaeT pa3pbiBHhie perneHHjl, y.uoBJieTBOpjiJOIIIHe ycnoBHIO 

ycToJi:qHBOCTH (32). KaK H paHee, 6y.ueM cqHTaTh, qTo x ? 0 H f > 0 rrpH w > 0; 
J:V > 0. 

PaccMoTpHM <l>YHKIIHIO 

Z(s) =min{ ws- F(w) }, 
w 

r.ue F(w) = j f(w) dw. (48) 

IlOJIO)I(HM 

(49) 
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3To-HenpepbiBHa51 «iJYHKU:II51 OT rt npii «lJIIKCIIposaHHhiX x II y. Mo)I(HO IIOKa3aTh, 
qTO IIpii «lJIIKCIIpOBaHHOM X II 3a IICKJIIOqeHIIeM cqeTHOrO MHO)I(eCTBa 3HaqeHIIH y 
«lJYHK[(II51 (49) IIMeeT e.[(IIHCTBeHHbiH MIIHIIMYM IIO Tf. 0603HaqiiM IIOJIO)I(eHIIe :noro 

MIIHIIMyMa Tf = ~, r.n:e ~ = ~ (X, y). Y CToifqiiBOe o6o61[(eHHOe perneHIIe ypaBHeHII51 
(28) C HaqaJibHbiM ycJIOBIIeM (29) .n:aeTC51 «iJopMyJIOH 

w(x,y) = z(Y:~), dZ 
r.n:e Z(s) = Ts' (50) 

<l>opMyJihi (48)-(50) 6hiJIII o6ocHoBaHhi B pa6oTax E. Hopf(1950), 0. A. OneifHIIK 
(1954), P. D. Lax (1954). 

<l>yHKU:IIIO Z = Z(s), 3a.IJ:aHHYIO Bbipa)l(eHIIeM (48), MO)I(HO 3aiiiiCaTh B napa
MeTpiiqecKOM BII.[(e 

s = f(w), Z = ws- J f(w) dw. (51) 

0TciO.n:a nonyqiiM napaMeTpiiqecKoe npe.n:cTaBJieHIIe ee npoii3BO.IJ:HOH Z = Z(s): 

s = f(w), Z = w. (52) 

IlOJIO)I(eHIIe MIIHIIMyMa Tf = ~(x, y) «lJyHK[(IIII (49) HaXO.[(IITC51 II3 ycJIOBII51 Hry = 0, 
qTO IIpiiBO.[(IIT K CJie.[(yiOI[(eMy ypaBHeHIIIO .[(JI51 OIIpe.[(eJieHII51 «lJyHK[(IIII ~: 

<p(~)- z( Y: ~) = o. (53) 

)J,JI51 IIJIJIIOCTpaQIIII IICIIOJib30BaHII51 IIpiiBe.[(eHHbiX «iJopMyJI paCCMOTpiiM .[(Ba 
cnyqa51. 

1°. IlyCTb anre6paiiqeCKOe (IIJIII TpaHC[(eH.[(eHTHOe) ypaBHeHIIe (53) B HeKOTOpOH 
06JiaCTII IIJIOCKOCTII (X, y) IIMeeT e.[(IIHCTBeHHOe perneHIIe ~ = ~ (X, y). IlOJIO)I(IIM 
B paBeHCTBaX (52) S = (y- ~)jx, a 3aTeM paCCMOTpiiM IIX COBMeCTHO C ypaBHe
HIIeM (53). l1cKJIIOqa51 II3 HIIX «iJYHKU:IIII f( w) II Z, HaXO.IJ:IIM perneHIIe 3a.n:aqii B 
napaMeTpiiqecKOM BII.IJ:e (29). B 3TOM cnyqae nonyqaeTC51 ma.n:Koe (KJiacciiqecKoe) 

perneHIIe, OIIIICbiBaiOI[(ee BOJIHY pa3pe)l(eHII51. 

2°. IlycTh Teneph anre6paiiqecKoe (IIJIII TpaHcQeH.n:eHTHoe) ypaBHeHIIe (53) IIMeeT 
.[(Ba perneHII516 II 6, KOTOpbie 51BJI5110TC51 4JyHK[(II51MII nepeMeHHbiX X II y. B Ka)I(.[(OM 

II3 3TIIX cnyqaes cnpase.n:niiBO perneHIIe (29), r.n:e JIII6o ~ = 6, JIII6o ~ = 6. 
)J,JI51 Ka)I(.[(OH napbl qiiCeJI X, y Bbi6IIpaeTC51 TO perneHIIe ~n (n = 1, 2), KOTOpOe 

o6ecneqiisaeT MIIHIIMYM «iJYHKU:IIII H(x, y, ~n), 3a.n:aHHOH «iJopMynoH: (49). B 3TOM 
cnyqae Mhi nonyqaeM pa3pbiBHoe ( o6o6meHHoe) perneHIIe, oniiChiBaiOmee y.n:apHyiO 
BOJIHy. 

14.3.7. 3aAaL!a o pacnaAe npoH3BO/\bHOro paapbiBa 

PaccMoTpiiM 3a.n:aqy Kornii .IJ:JI51 ypaBHeHII51 (27) c pa3pbiBHhiM HaqanhHhiM ycnoBIIeM 

w(O ) = { W1 IIpii y < 0, 
'y W2 IIpii y > 0. 

(54) 

3Ta 3a.n:aqa Ha3biBaeTC51 3a.n:aqeif o pacna.n:e npoii3BOJihHOro pa3pbiBa. Ee KycoqHo
ma.n:Koe aBTOMO.[(eJibHOe 06061[(eHHOe perneHIIe .[(JI51 IIpOII3BOJibHOH ma.[(KOH «lJyHK
U:IIII j = j ( W) OIIIICbiBaeTC51 «iJopMyJIOH ( 3HaKII «lJyHK[(IIII j II ee IIpOII3BO.[(HOH MOryT 
6hiTb JII06hiMII): 

w(x,y) = w(~) = [~t 1 (~), ~ = yjx, (55) 
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r.ue 

~(w) = { sup{g(w) lg(w):::;: f(w), g BhmyKJia BHH3 Ha [w1, w2]} ITPH 

inf{g( w) I g( w)? f ( w), g BhmyKJia BBepx Ha [w2, w1]} ITPH 

w1 <w2; 
w2 <w1. 

(56) 
3,UeCb o6paTHajl K MOHOTOHHOH Ha HHTepmme (a, b) cpyHKIJ,HH ~( W) cpyHKIJ,Hjl 

[ ~ j-l (e) ITpH He06XO.[(HMOCTH .[(OOITpe,UeJijleTCji KOHCTaHTaMH ITO HeiTpepbiBHOCTH B 

OKpeCTHOCTjiX ±oo II Ha OTpe3KaX, COOTBeTCTBYIOIIJ,HX pa3pbiBaM ~(w). B TOqKaX, 

COOTBeTCTBYIOIIJ,HX ITpOMe)l(yTKaM ITOCTOj{HCTBa ~(w), cpyHKIJ,Hjl [~]- 1 (e) ,[(OOITpe

,UeJijleTCjl .uo HeiTpephiBHoli: ciTpaBa cpyHKIJ,HH. ToqKoli: B perneHHH (55) o6o3HaqeHa 

ITpOH3BO,[(Hajl ITO e. 
PerneHHe (55), (56) .[(Jijl ma,UKHX cpyHKIJ,HH f( w) 6bmo ITOJiyqeHo ll. M. feJib

cpaH,UOM (1959). 3TH pe3yJibTaTbl 0606IIJ,eHbl Ha CJiyqaJi: HeiTpepbiBHbiX cpyHK

IJ,HH f ( w) :0. II. AH.upej{HOBhiM (1999). 

14.3.8. 3aAal.la o pacnpocTpaHeHHH CHrHa/\a 

B 3a.uaqe o paciTpocTpaHeHHH CHrHaJia II .upyrHx cpH3HqecKHX ITPHJIO)I(eHHj{X HIIJ,YT 

perneHHe HCXO,[(HOrO ypaBHeHHjl CO CJie,UyiOIIJ,HMH YCJIOBHj{MH: 

w=wo 
w = g(x) 

ITpH X= 0 (HaqaJibHOe YCJIOBHe), 

ITPH y = 0 ( rpaHHqHoe ycJIOBHe), 
(57) 

r,Ue Wo- HeKOTOpajl KOHCTaHTa, a g( X) - 3a,UaHHajl cpyHKIJ,Hjl. PaCCMaTpHBaeTCjl 

o6JiaCTh x > 0, y > 0, r.ue ITepeMeHHajl x HrpaeT poJih BpeMeHH, a ITepeMeHHajl y
poJib ITpOCTpaHCTBeHHOH KOOp,UHHaTbi, II CqHTaeTCji, qTO j ( W) > 0. 

XapaKTepHCTHKH :HOM 3a,UaqH HaqHHaiOTCji Ha ITOJIO)I(HTeJibHOH ITOJIYOCH y II Ha 

ITOJIO)I(HTeJihHOH ITOJIYOCH X, CM. pHC. 17. Ha xapaKTepHCTHKaX, HaqHHaiOIIJ,HXCjl Ha 

X 
Jli1HI1ll pa3pbma ', 

---=------
y=~ y 

Puc. 17 

ocH y, HMeeM w = wo. Ilo3TOMY OHM ITpe.ucTaBJijiiOT co6oli: ITPj{Mhie y-aox =canst, 

r.ue ao = f ( wo). 0Tcro.ua cJie.uyeT, qTo 

w = wo ITPH y > aox. (58) 

PaCCMOTpHM TeiTepb xapaKTepHCTHKH, HaqHHaiOIIJ,HeCjl Ha OCH X, II ITpe,UITOJIO

)I(liM, qTO KaKaji-JIH60 H3 HHX HaqHHaeTCji B TOqKe X= T. PerneHHe ypaBHeHHjl (27) 
C rpaHHqHbiM ycJIOBHeM (57) MO)I(HO ITpe,UCTaBHTb B ITapaMeTpHqeCKOM BH,Ue 

(59) 
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r,Ue Q ( T) = j (g( T)). 3TO perneHIIe MO)I(HO CB513aTb C perneHHeM (29) 3a,UaqH KOII1H 

(27)-(28), eCJIH IIOJIO)I(HTb 

(60) 

3TO COOTBeTCTByeT IIpO,UOJI)I(eHIUO xapaKTepHCTHK qepe3 TOqKH y = 0, X = T 

.uo ocH y H o6o3HaqeHHIO ToqeK nepeceqeHH51 qepe3 y = ~. IlpH 3TOM 3a.uaqa o 

pacnpocTpaHeHHH cHrHaJia QJOPMYJIHpyeTC51 KaK 3a.uaqa KornH. 

Ka)I(.IJ:YIO o6JiaCTb MHOr03HaqHOCTH B perneHHH (59) cJie.uyeT 3aMeHHTh pa3pbi

BOM. flpH BbiiiOJIHeHHH YCJIOBH51 

g ( +0) > ao, r.ue ao = f ( wo), 

TaKa51 06JiaCTb B03HHKaeT MrHOBeHHO, T. K. nepBa51 xapaKTepHCTHKa y = Q( +0)x 
HaXO.[(HTC51 BIIepe,UH IIOCJie,UHeH xapaKTepHCTHKH y = a0x HeB03MYIIIeHHOH o6JiaCTH. 

B 3TOM CJiyqae pa3pbiB B03HHKaeT B HaqaJie KOOp,UHHaT, H BbiiiOJIH51eTC51 COOTHOII1e-

HHe 

G- Go= (w- wo)9- - 1 - r [G(f)- Go] df. 
X- T } 0 

(61) 

3.uech BeJIHqHHhi w, g H G 51BJI51IOTC51 QJYHKIIH51MH oT T B o6JiacTH 3a pa3pbiBOM H 

BblqHCJI5110TC51 IIO QJOpMyJiaM 

a HH,UeKC «HOJib» COOTBeTCTByeT 3HaqeHH51M 3THX BeJIHqHH nepe,U pa3pbiBOM: 

w = wo, 9o = f(wo), Go = F(wo). 
<l>opMyJihl (59) OIIHCbiBaiOT perneHHe B B03MyllleHHOH 06JiaCTH 3a pa3pbiBOM. 

PaBeHCTBO ( 61) II03BOJI51eT HaRTH BeJIHqHHY T (X) B TOqKe pa3pbiBa; IIO,[(CTaBHB 

3TY BeJIHqHHY B QJOPMYJibl (59), HaXO.[(HM KaK MeCTOHaXO)I(,[(eHHe pa3pbiBa, TaK H 

3HaqeHHe W HeiiOCpe,UCTBeHHO 3a HHM. 

ECJIH g(x) OCTaeTC51 IIOCT051HHOH H paBHOH We, TO IIpH ae > ao, r.ue ae = f(we), 
perneHHe HMeeT pa3pbiB, KOTOpbiH pacnpOCTpaH51eTC51 C IIOCT051HHOH CKOpOCTbiO H 

pa3,UeJI51eT ,[(Be O,[(HOpO,UHbie 06JiaCTH C W = We H W = Wo. 

® Jlumepamypa K paJO. 14.3: E. Hopf (1950), P. D. Lax (1954), 0. A. Onei1H11K (1957, 1959), 
11. M. fenb!paH).I (1959), F. Helfferich, G. Klein (1970), A. Jeffery (1976), ~:ll<. Yl13eM (1977), 
£. Jl. PmK).IeCTBeHCKI1M, H. H. 51HeHKO (1978), C. M. Dafermos ( 1983), r. 11. £apeH6JJaTT, B. M. EHTOB, 
B. M. PbDKI1K (1984), H. Rhee, R. Aris, N. R. Amundson (1986, 1989), A. 11. Cy66onm (1991), 
P. Bedrikovetsky ( 1993), J. Smoller (1994), A. I. Subbotin ( 1995), D. Logan (1997), A. A. Melikyan 
(1998), £. rr. AH).Ipel!HOB (1999), A. r. Kym1KOBCKI1M, H. B. IloropeJJOB, A. lO. CeMeHOB (200 I), 
B. <1>. 3aiiues, A. ~. IloJJliH11H (2003). 

14.4. 06o6w,eHHble peweHMfl KBB3MJ\MHeHHbiX ypaBHeHMH 

14.4.1. npeABapHTe/\bHble 3aMe4aHHH 

B o6111eM cJiyqae KBa3HJIHHeii:Hoe ypaBHeHHe 

~: + f(x, y, w) ~; = g(x, y, w) (62) 

MO)I(HO npe,UCTaBHTb B 3KBHBaJieHTHOM BH,Ue 

~: + :Y F(x, y, w) = G(x, y, w), (63) 
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r.ue HOBbie «lJyHKIIIIII BBe,UeHbl IIO «iJopMyJiaM ( WQ - mo6oe) 

F(x, y, w) = {w j(x, y, t) dt, 
lw0 

1w 8 
G(x, y, w) = g(x, y, w) + 8 [f(x, y, t)] dt. 

wo y 
(64) 

,[(aJiee cqiiTaeM, qTO «lJyHKIIIIII j II g HenpepbiBHO .UII«iJ«lJepeHQIIpyeMbl IIO Ka)I(,UOH 

nepeMeHHOH. 

KaK 6biJIO IIOKa3aHo Ha KOHKpeTHhiX npiiMepax B pa3.IJ:. 14.2-14.3, xapaKTepii

CTIIKII ypaBHeHII51 (62) B HeKOTOpOH 06JiaCTII MOryT nepeCeKaTbC51, qTO IIpiiBO.[(IIT 

K HeO,UH03HaqHOCTII (II «lJII3IIqecKOH HeiiHTepnpeTIIpyeMOCTII) perneHII51. Il03TOMY 

BMeCTO KJiaCciiqecKOrO HenpepbiBHOrO rJia,UKOrO perneHII51 IIpiiXO,[(IITC51 IICIIOJib30-

BaTb o6o6IIIeHHOe perneHIIe, OIIIICbiBaeMOe pa3pbiBHOH «lJyHKIIIIeH. 

Ey.ueM paccMaTpiiBaTh KJiacc «iJYHKIIIIH w(x, y) E IC, y.uoBJieTBOp51IOIIIIIX ycJio-

BII51M: 

1°. B JII060H orpaHIIqeHHOH qaCTII IIOJIYIIJIOCKOCTII X ;? 0 IIMeeTC51 KOHeqHOe qiiCJIO 

JIIIHIIH II ToqeK pa3pbiBa; BHe 3TIIX JIIIHIIH II ToqeK «lJYHKIIII51 w(x, y) HenpepbiBHO 

.UII«lJ«lJepeHQIIpyeMa IIO Ka)I(,[(OH nepeMeHHOH. 

2°. Ha JIIIHII51X pa3pbiBa y = y ( x) cyiiieCTBYIOT JieBbie w ( x, y - 0) II npaBbie 

w(x, y + 0) npe.ueJibHbie 3HaqeHII51. 

14.4.2. 06o6w,eHHoe peweHHe. Yc/\OBHH Ha pa3pb1Be H yc/\OBHH ycTOH4HBOCTH 

0606IIIeHHOe perneHIIe MO)I(HO BBeCTII CJie,UyiOIIIIIM o6pa30M. IlycTb 1/J(x, y) E C1-
HenpepbiBHa51 «lJIIHIITHa51 «lJyHKIIII51 [ o6paiiiaeTC51 B HYJib BHe KOHeqHOH qaCTII IIJIOC

KOCTII (X, y) ], IIMeiOIIIa51 HenpepbiBHbie nepBbie IIpOII3BO.[(Hbie. YMHO)I(IIM ypaBHe

HIIe ( 62) Ha 1/J (X, y) II IIpOIIHTerpiipyeM IIOJiyqeHHOe Bbipa)l(eHIIe IIO IIOJIYIIJIOCKOCTII 

f2 = {0 ::;; X < 00, -00 < y < 00 }. IlOCJie IIHTerpiipOBaHII51 IIO qaCT51M IIMeeM 

J j[w~~ +F(x,y,w) ~~ +G(x,y,w)'ljJ(x,y)J dydx+ 
n 

+ 1: w(O, y)?jJ(O, y) dy = 0. (65) 

Bbipa)l(eHIIe .UJI51 «iJYHKIIIIII F(x, y, w) npiiBe,UeHo B (64). 11HTerpaJibHOe paBeHCTBO 

(65) He CO,Uep)I(IIT IIpOII3BO.[(HbiX OT IICKOMOH «lJyHKIIIIII II He Tep51eT CMbiCJia .[(JI51 

pa3pbiBHhiX w(x, y). <l>yHKIIIIIO w(x, y) E IC 6y.ueM Ha3biBaTb o6o6IIIeHHhiM perne

HIIeM ypaBHeHII51 (62), eCJIII paBeHCTBO (65) BbiiiOJIH51eTC51 ,[(JI51 JII060H «lJIIHIITHOH 

«PYHKIIIIII 1/J(x, y) E C1. 
OcHOBHhie CBOHCTBa o6o6IIIeHHoro perneHII51: 

1°. B o6JiaCTII, r.ue perneHIIe w HenpephiBHO .UII«lJ«lJepeHQIIpyeMo, ypaBHeHII51 (62) 
II (65) 3KBIIBaJieHTHbl. 

2°. IlycTb y = y(x)-ypaBHeHIIe O,UHOH II3 JIIIHIIH pa3pbiBa «lJyHKIIIIII w(x,y). 
Tor.ua .UOJI)I(HO BhiiiOJIH51ThC51 ycJIOBIIe fiOrOHIIO, Bbipa)l(aiOIIIee CKopocTb .UBII)I(eHII51 

JIIIHIIII pa3pbiBa qepe3 napaMeTpbi perneHII51 .uo II nocJie pa3pbma: 

V = [F(x,y,w)] 
[w] 

F(x,y(x),w2(x))- F(x,y(x),w1(x)) 
w2(x)- w1(x) 

(66) 
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3,UeCb HCIIOJib30BaHbl 0603HaqeHH51 

V = y'(x), w1(x) = w(x,y(x)- 0), w2(x) = w(x,y(x) + 0) 

3°. flpH f:V (X, y, W) of. 0 YCJIOBH51 YCTOHqHBOCTH 0606111eHHOrO perneHH51 ITO OT

HOIIIeHHIO K MaJibiM B03MyllleHH51M HaqaJibHOrO IIpOQJHJI51 (HMeHHO TaKHe peiiieHH51 

QJH3HqecKH peaJIH3yeMbi) HMeiOT BH.[( 

f(x, y(x), w2(x)) ~ V ~ f(x, y(x), wl(x)). (67) 

feoMeTpHqeCKHH CMbiCJI 3THX YCJIOBHH 3aKJIIOqaeTC51 B TOM, qTO xapaKTepHCTHKH, 

BbiX0.[(51111He H3 OCH X (3TH xapaKTepHCTHKH <<Hecyn> HHQJOpMaQHIO 0 HaqaJibHbiX 

.uaHHhiX), .uomKHhi rrepeceKaTb JIHHHIO pa3pbma, CM. pHc. 15. YcJIOBH51 (67) 51BJI51IOT

c51 Ba:lKHbiMH: OHM ,[(OIIYCKaiOT CyllleCTBOBaHHe II o6ecrreqHBaiOT e,UHHCTBeHHOCTb 

o6o6111eHHoro perneHH51. 

flOJIO)I(eHH51 1111. 1° II 2° 51BJI51IOTC51 CJie,UCTBH51MH HHTerpaJibHOrO paBeHCTBa (65), 
a ycJIOBH51 II. 3° 51BJI51IOTC51 .[(OIIOJIHHTeJibHbiMH [OHM He BbiB0,[(51TC51 H3 HHTerpaJib

HOrO paBeHCTBa (65)]. flpH OTKa3e OT BbiiiOJIHeHH51 ycJIOBHH II. 3° MO)I(HO CTpOHTb 

pa3JIHqHhie perneHH51, y.uoBJieTBOp51IOIIIHe rroJIO)I(eHH51M rrrr. 1° II 2°. 
UpuMep 7. PaccMoTpiiM 3a)la4y Koum )lJlll ypasHeHIIll (14) c Ha'laJJhHhiM ycJJOBIIeM (23). 
flOJJOlKIIM 

w(x )={WI rrp11y<Vx, 
'y W2 IIpll y > V X, 

w1 +w2 
r)le V = . 

2 
(68) 

3Ta ¢YHKI..IIIll IIOCTOl!HHa CJJeBa II CIIpasa OT JliiHIIII pa3pb!Ba y = V X, Ha KOTOpOH BbiiiOJJHl!eTCll 

ycJJOBIIe norOHIIO (66) [rrocKOJlhKY 3)leCh F(x, y, w) = tw2], II YJlOBJJeTBOplleT Ha'laJJhHOMY 

YCJJOBII!O (23). f103TOMY W l!BJJl!eTCll 0606ll.leHHbiM perneHIIeM. 

Ha p11C. 18 IIOKa3aHhl JliiHIIll pa3pbiBa II xapaKTepiiCTIIKII, COOTBeTCTBY!Oll.llle perneHII!O (68). 

() 2 3 4 y 

Puc. 18 

811)lHO, 'ITO xapaKTepiiCTIIKII Bb!XO)ll!T 113 JliiHIIII pa3pb!Ba II He rrepeCeKa!OT OCb X. f103TOMY perneHIIe 

( 68) He l!BJJlleTCll YCTOH'IIIBbiM, OHO He YJlOBJJeTBOplleT YCJJOBIIl!M ( 6 7) II ¢113114eCKII He peaJJII3yeMO. 

YCTOH'IIIBOe peweHIIe )laHHOH 3a)la411 6b!Jl0 IIOCTpOeHO paHbllle II OIIIICb!BaeTCll !lJopMyJJOH (26). 

EcJIH f:V ( x, y, w) - 3HaKorrepeMeHHa51 QJYHKIIH51, TO ycJIOBH51 ycToJi:qHBOCTH 

0606111eHHOrO peiiieHH51 HeCKOJibKO YCJIO)I(H51IOTC51 II 3aiiHCbiBaiOTC51 TaK: 

F(x,y,w.)- F(x,y,w2) :<: V :<: F(x,y,w.)- F(x,y,w1) 

"""" """" ' w.- W2 w.- W! 

y = y(x), w1 < w* < w2, 

r.ue w*- JII06oe 3HaqeHHe H3 HHTepBaJia ( w1, w2). 
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14.4.3. 3aKOHbl coxpaHeHMH. BH3KMe peweHMH 

CymecTBYIOT H .n:pyrne cnoco6hi onpe.n:eneHHH o6o6meHHoro perneHHH. 

1°. IlpH G = 0 o6o6meHHhie perneHHH MO)I(HO BBeCTH c noMOII(hiO 3aKoHa coxpa-
HeHHH 

d 1Y2 --;J;i wdy + F(x,y2,w2)- F(x,y1,wl) = 0, 
Y1 

(69) 

KOTOpbiH cqnTaeTcH cnpase.n:JIHBhiM .IJ:JIH JII06hiX Yl H y2. IlpH <PopMynnpoBKe 3aKoHa 
(69) 6biJIH HCnOJih30BaHbi KpaTKHe o603HaqeHHH: w = w(x, y), Wn = w(x, Yn), 
r.n:e n = 1, 2. Mo)I(HO noKa3aTh, qTo rna.n:Kne perneHHH 3aKOHa coxpaHeHHH 

(69) y.n:osneTBOpHIOT .n:n<P<PepeHQHaJihHOMY ypasHeHHIO (33), a .IJ:JIH pa3pbiBHhiX 
peiiieHHH BblllOJIHHeTCH YCJIOBHe Ha pa3pbiBe (66). 

2°. BMeCTO ypasHeHHH (62) MO)I(HO B3HTh scnoMoraTeJibHOe ypasHeHHe BToporo 
nopH.IJ:Ka napa6onnqecKoro THna 

au ( ) au a2u ( ) ax + f X,y,u By= E ay2 + g x,y,u (E > 0), 

KOTOpOe paCCMaTpHBaeTCH C TeM )l(e HaqaJibHbiM ycJIOBHeM, qTO H ypaBHeHHe (62). 
06o6meHHOe perneHHe 3a.n:aqn Kornn .IJ:JIH ypasHeHHH (62) onpe.n:enHeTCH KaK 
npe.n:en: w(x, y) = lim u(x, y). IlonyqeHHaH TaKHM o6pa30M <l>YHKIIHH w qacTo 

c:---+0 
Ha3biBaeTCH BH3KHM perneHHeM. Ba)I(HO OTMeTHTh, qTo .IJ:JIH rnnpoKoro KJiacca 

<l>YHKIIHH f H g B ypaBHeHHH (62) onpe.n:eJieHHH BH3KOrO peiiieHHH H o6o61I(eHHOrO 
ycTOil:qnsoro perneHHH (eM. pa3.n:. 14.4.2) 3KBHBaneHTHhi. 

Onpe.n:eneHHe HenpephiBHoro (Ho Hema.n:Koro) BH3Koro o6o6meHHoro perneHHH, 
OCHOBaHHOrO Ha npo6HhiX <l>YHKIIHHX H HHTerpaJibHbiX HepaBeHCTBaX, npHBe.[(eHO 
B pa3.IJ:. 15.3. 

14.4.4. KoHcrpyKTMBHbiH MeTOA nocrpoeHMH o6o6~eHHbiX ycroi:ti.IMBbiX peweHMH 

PaccMOTpHM 3a.n:aqy Kornn .IJ:JIH KBa3HJIHHeiiHoro ypasHeHHH 

aw a ( ) ax + ay F X' y' w = 0 

C HaqaJibHbiM YCJIOBHeM 

w=cp(y) npH x=O. 

(70) 

(71) 

CqnTaeM, qTO <l>YHKIIHH F ( x, y, w) HenpephiBHO .n:n<P<PepeHQHpyeMa no seeM ap
ryMeHTaM npH X ? 0, -00 < y < 00 H JII06hiX orpaHHqeHHbiX W, H BTOpaH 

npOH3BO.IJ:HaH Fww > 0. IlycTh <l>YHKIIHH cp(y) H cp'(y) KycoqHo-HenpepbiBHhi npH 
JII06biX orpaHHqeHHbiX 3HaqeHHHX y. 

3anHIIIeM xapaKTepHCTHqecKyiO CHCTeMy .[(JIH ypaBHeHHH (70): 

y~ = Fw(x, y, w), w~ = -Fy(x, y, w), 

r.n:e Fw H Fy-qacTHhie npoH3BO.IJ:Hhie <l>YHKIIHH F no apryMeHTaM wHy. 
flycTb <l>YHKIIHH 

y(x) = Y(x, T, ~' ry), w(x) = W(x, T, ~' ry) 

(72) 

(73) 
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51BJUIIOTC51 perneHHeM CHCTeMbi (72), y.uoBneTBOp51IOIIIHM KpaeBbiM ycnoBH51M 

y(O) = ry, y(T) = ~· (74) 

3.uecb ry, ~- rrpoH3BOJihHbie qHcna, T > 0. Ey.ueM cqHTaTh, qTO Ja.uaqa (73)-(74) 
HMeeT e,UHHCTBeHHOe orpaHHqeHHOe perneHHe. 

06o6111eHHoe ycTOifqHBoe perneHHe Ja.uaqH KornH (70)-(71) orrpe.uen51eTC51 

<PopMyJiaMH 

w(x,y- 0) = W(x,x,y,~_(x,y)), 

w(x,y + 0) = W(x,x,y,~+(x,y)), 
(75) 

r,Ue qepe3 ~-(x,y) H ~+(x,y) 0603HaqeHbl COOTBeTCTBeHHO TOqHa51 HH)I(H5151 H 

TOqHa51 BepXH5151 rpaHH MHO)I(eCTBa 3HaqeHHH { ~ = ~n}, .[(JI51 KOTOpbiX <l>YHKIIH51 

I(x, y, ~) = fo\p(ry) - W(O, x, y, ry) J dry (76) 

IIpHHHMaeT HaHMeHhiiiee 3HaqeHHe IIpH <l>HKCHpOBaHHbiX 3HaqeHH51X rrepeMeHHbiX 

x, y (x > 0). EcnH <l>YHKIIH51 (76) rrpHHHMaeT HaHMeHhrnee 3HaqeHHe rrpH e,UHH

CTBeHHOM 3HaqeHHH ~ = 6, TO ~- = ~+ H <PopMyJihl (76) OIIHCbiBaiOT ma,UKOe 

KJiaccHqecKoe perneHHe. 

<t>opMyJihi (75)-(76) 6biJIH rronyqeHbi 0. A. OneiiHHK (1954), o6o6111eHHe 3THX 

pe3yJihTaToB Ha cnyqaif ypaBHeHH51 (63) 6hmo .uaHo B pa6oTe A. H. THxoHoBa, 

A. A. CaMapcKoro (1954). 3TH H .upyme KOHCTPYKTHBHhie MeTO.Uhi rrocTpoeHH51 

o6o6111eHHhiX perneHHH H3JiaraiOTC51 B KHHrax E. JI. Po)l(.uecTBeHcKoro, H. H. 51HeH

KO (1978), H. Rhee, R. Aris, N. R. Amundson (1986). 

® Jlumepamypa Kpa30. 14.4: 0. A. OneilHHK (1954, 1957, 1959), 11. M. f'enb<jlaH.Q (1959), E. Hopf 
( 1965), C. H. Kpy-a<KOB ( 1966), 6. Jl. Po)!(.QeCTBeHCKHH, H. H. 51HeHKO ( 1978), P.-L. Lions (1982), 
M.G. Crandall, P.-L. Lions (1983), H. Rhee, R. Aris, N. R. Amundson (1986, 1989), A. 11. Cy66oTHH 
(1991), A. I. Subbotin (1995), A. A. MeJJHKJIH (1996), A. A. Me1ikyan (1998), B. <1>. 3ailues, 
A. )..1,. IlOJJJIHHH (2003). 

15 A. )J,. IlomiHHH, B. <1>. 3ai1ues, A. H. )l(ypos 



15. HeJ\HHeHHble ypaeHeHHfl o6w,ero BHAa c ~o~acTHbiMH 
npoH3BOAHbiMH nepeoro nopfiAKa 

15.1. MeTOAbl peweHMfl 

15.1.1. noi\HbiH, o6w,111:t 11 oco6biH HHTerpal\bl 

06rn:ee Hemmeii:Hoe ypasHeHIIe B qacTHhiX ITpOII3BO.UHhiX ITepsoro ITOp51.UKa c .UBYM51 

He3aBIICIIMbiMII ITepeMeHHbiMII IIMeeT BII.[( 

F(x, y, w,p, q) = 0, 
aw aw 

r.ue p = ax ' q = 8y . (1) 

TaKIIe ypaBHeHII51 qacTo BCTpeqaiOTC51 B amumTIIqecKoii MexaHIIKe, sapiial(IIOHHOM 

IICqiicJieHIIII, TeOpiiii OITTIIMaJibHOrO yiTpaBJieHII51, ,UIIcpcpepeHl(IIaJibHbiX IIrpax, ,[(II

HaMIIqecKOM ITpOrpaMMIIpOBaHIIII, reOMeTpiiqecKOH OITTIIKe, ,UIIcpcpepeHl(IIaJibHOH 

reoMeTpiiii II .upyriix o6JiaCT51X. 

B 3TOM pa3,UeJie 6y.ueM paccMaTpiiBaTh ma.UKIIe perneHII51 w = w ( x, y) ypaB

HeHII51 (1 ), IIMeiOIQIIe HeiTpepbiBHhie ITpOII3BO,[(Hbie ITO 060IIM apryMeHTaM (B pa3,[(. 

15.3 6y.uyT paccMOTpeHbi Hema,UKIIe perneHII51). 

1°. flycTh II3BeCTHO qacTHOe perneHIIe ypaBHeHII51 (1 ): 

(2) 

3aBIIC51IQee OT .UBYX ITpOII3BOJibHbiX ITOCT051HHbiX cl II C2. )l,syxiTapaMeTpiiqecKOe 

CeMeHCTBO perneHIIH (2) Ha3biBaeTC51 ITOJIHbiM IIHTerpaJIOM ypaBHeHII51 ( 1 ), eCJIII B 

paccMaTpiiBaeMOH 06JiaCTII paHr MaTpiil(bl 

M = (:1 .::::.xl ~yl) (3) 
.:::::.2 .:::::.x2 ~y2 

paseH .UBYM (3TO crrpase,UJIIIBO, HaiTpiiMep, ITPII Bx1By2 - Bx2By1 #- 0). B MaTpii

l(e (3) Bn o6o3HaqaeT qacTHYIO ITpOII3BO.UHYIO ITO Cn ( n = 1, 2), Bxn - BTopyiO 

qacTHYIO ITpOII3BO.UHYIO ITO apryMeHTaM x II Cn, Byn- BTopyiO qacTHYIO ITpOII3-

BO.UHYIO ITO apryMeHTaM y II Cn. 
B p51,Ue CJiyqaeB ITOJIHbiH IIHTerpaJI y.uaeTC51 HaHTII MeTO,[(OM HeOITpe,UeJieHHbiX 

K03cpcpiil(IIeHTOB, 3a,UaB ITO.UXO.U511QIIM o6pa30M CTPYKTYPY qacTHoro perneHII51. 

UpuMep 1. PaccMoTpiiM ypasHeHIIe 

aw =a(aw)n +b. 
ax ay 

4aCTHOe peweHIIe llllleM B Bll).le cyMMbl w = Cly + c2 + C3x. llO).ICTaBHB 3TO Bb!paJKeHHe B 

ypaBHeHIIe, HaXO).IIIM CBJI3b MelK).IY K03<j:l<j:l11UIIeHTaMII cl II C3: c3 = aCi' +b. 0TCIO).Ia ITOJJY'IIIM 

rroJJHbiH IIHTerpaJJ: w = C1y + (aCi' + b)x + C2. 

flOJIHbiH IIHTerpaJI ypaBHeHII51 ( 1) qacTO 3aiTIICbiBaeTC51 B He51BHOM BII,Ue* 

(4) 

* 8 <j:lopMyJJaX (2) II ( 4) CIIMBOJJOM 3 0603Ha'leHbl pa3Hble <j:lyHKUIIII. 
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2°. 06Ill,HH HHTerpaJI ypaBHeHHjl ( 1) MO)I(HO rrpe,UCTaBHTb B rrapaMeTpHqeCKOM BH,Ue 

C IIOMOII.l,biO IIOJIHOrO HHTerpaJia (2) [HJIH (4)] H .UBYX ypaBHeHHH 

c2 = J(Cl), 
8'2 8'2 I 

ac1 + ac2 f (Cl) = o, 
(5) 

r.ue f - rrpOH3BOJibHajl «PYHK[(Hjl, a IIITpHX 0603HaqaeT rrpOH3BO.UHYIO. 06Ill,HH 

HHTerpaJI B orrpe.ueJieHHOM CMbiCJie HrpaeT poJib o6mero perneHHjl, 3aBHCjllll,ero OT 

IIpOH3BOJibHOH «PYHK[(HH (BOIIpOC 0 TOM, BCe JIM perneHHjl OH OIIHCbiBaeT, Tpe6yeT 

,[(OIIOJIHHTeJihHOrO aHaJIH3a). 

UpuMep 2. ,ll,nJI ypasHeHHJI, paccMoTpeHHoro B rrepsoM rrpHMepe, o6w,11li HHTerpan MOlKHO 
IIpe).ICTaBIITb B rrapaMeTpli'IeCKOM Bll).le C IIOMOW,biO COOTHOWeHIIH 

w = C1y + (aC~ + b)x + C2, C2 = j(C1), y + anC~- 1 x + j'(C!) = 0. 

11CKJ110'111B OTCIO).Ia c2 II rrepeo603Ha'IIIB rrapaMeTp cl '1epe3 C, Y.li06HO rrpe).ICTaBIITb o6w,Hli 
HHTerpan B 6onee HamJI).IHOli <jlopMe: 

w = Cy + (acn + b)x + f(C), 

y = -ancn-lx + j'(C). 

3°. 0co6hiH HHTerpaJI ypaBHeHHjl (1) HaXO.[(HTCjl 6e3 HCIIOJib30BaHHjl IIOJIHOrO 

HHTerpaJia rryTeM HCKJIJOqeHHjl p H q H3 CHCTeMbl Tpex ypaBHeHHH 

F = 0, Fp = 0, Fq = 0, 

r.ue rrepsoe ypaBHeHHe cosrra.uaeT c ( 1 ). 

15.1.2. MeTOA 1\arpaH>Ka-WapnH 

IlyCTb HaH,UeH O.[(HH rrepBbiH HHTerpaJI 

<I>(x, y, w,p, q) = cl (6) 

xapaKTepHCTHqeCKOH CHCTeMbl 06biKHOBeHHbiX .UH«P«PepeH[(HaJibHbiX ypaBHeHHH 

dw dp dq 
(7) 

Fy +qFw' 

r.ue 
8F F - 8F 8F 8F 8F 

Fx = ax ' Y - 8y ' F w = aw ' Fp = 8p ' Fq = 8q . 

CqHTaeM, qTo HHTerpaJI ( 6) BMecTe c ypaBHeHHeM ( 1) MO)I(HO pa3pernHTh 

OTHOCHTeJibHO IIpOH3BO.[(HbiX p, q: 

p = 'Pl (x, y, w, Cl), q = <p2(x, y, w, Cl). (8) 

IlepBOe ypaBHeHHe :HOM CHCTeMbl MO)I(HO paCCMaTpHBaTb KaK 06biKHOBeHHOe .UH«P

«PepeH[(HaJibHOe ypaBHeHHe C He3aBHCHMOH rrepeMeHHOH X H rrapaMeTpOM y. Ilo

JiyqHB 06Ill,ee perneHHe :noro ypaBHeHHjl, 3aBHCjilll,ee OT rrpOH3BOJibHOH «PYHK[(HH 

'1/J(y ), IIO,[(CTaBJijiJOT ero BO BTOpoe ypaBHeHHe. B HTOre IIpHXO,[(jiT K 06biKHOBeH

HOMY .UH«P«PepeHU:HaJihHOMY ypasHeHHIO .[(Jijl '1/J. Orrpe.ueJIHB «PYHKU:HIO '1/J(y) H rro.u

CTaBHB ee B 06Ill,ee perneHHe rrepBOrO ypaBHeHHjl (8), HaXO.[(HM IIOJIHbiH HHTerpaJI 

ypasHeHHjl (1 ). AHaJIOrHqHhiM o6pa30M perneHHe CHCTeMbi (8) MO)I(HO HaqHHaTb 

CO BTOpOrO ypaBHeHHjl, paCCMaTpHBajl ero KaK 06biKHOBeHHOe .UH«P«PepeH[(HaJibHOe 

ypaBHeHHe C He3aBHCHMOH rrepeMeHHOH y H rrapaMeTpOM X. 

15* 
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UpuMep 3. PaccMOTp11M ypa8HeHI1e 

aw aw p- q--- &' - ay · ywp2 - q = 0, r).le 

XapaKTep11CTI1'!ecKall CI1CTeMa (7) 8 ).laHHOM cJiy'!ae 11MeeT 811.11 

dx 
2ywp 

dy dw 

2ywp2 - q 

dp 

yp3 

dq 

80CIIOJ1b308a8WI1Cb 11CXO).IHbiM ypa8HeHI1eM, yrrp0111aeM 3HaMeHaTeJib TpeTbero OTHOWeHI1ll 11 IIOJiy

'!aeM 11HTerp11pyeMyiO KOM611Ha1.11110: dwj(ywp2 ) = -dpj(yp3 ). 0TCIO).Ia HaXO).II1M rrep8b!H 11HTerpa.n 

p = C1jW. Pa3pewall ero 8MeCTe C 11CXO).IHbiM ypa8HeHI1eM OTHOCI1TeJibHO p 11 q, IIOJIY'II1M CI1CTeMy 

c 
p=-', 

w 

06111ee peweHI1e rrep8oro ypa8HeHI1ll 11MeeT 811.11 w 2 = 2C1 x + 1/J(y), r).le 1/J(y)- rrp011380JibHal! 

<j:lyHK1.111ll. flO).ICTa8Jillli3TO peweHI1e 80 8TOpOrO ypa8HeHI1e CI1CTeMbl, 11MeeM 1/J' (y) = 2Cfy. flOJTOMY 

1/J(y) = Cly2 + C2. 8 11TOre IIOJIY'II1M IIOJIHbiH 11HTerpa.n 8 811).1e 

w 2 = 2C,x + Cfy 2 + C2. 

0TMeTIIM, qTo llOJIHbiM IIHTerpan ypaBHeHII51 ( 1) 51BJI51eTC51 06II(IIM peiiieHIIeM 

BnonHe IIHTerpiipyeMoro ypaBHeHII51 II<Pa<P<Pa 

dw = i.pl (x, y, w, Cl) dx + cp2(x, y, w, Cl) dy, 

r.ue i.pl II i.p2- <l>YHK[(IIII II3 CIICTeMbl (8). 

(9) 

3aMe48Hit1e 1. QqeBII.[(HbiM nepBbiM IIHTerpaJIOM xapaKTepiiCTIIqeCKOM CIICTe

Mbl (7) 51BJI51eTC51 paBeHCTBO F(x, y, w, p, q) = C, no3TOMY <l>YHKU:II51 ~!>, onpe.uen51-

IOII(a51 IIHTerpan (6), .UOJI)I(Ha 6hiTb OTJIIIqHa OT F. O.uHaKo IIcnoJib30BaHIIe oqeBII.U

Horo nepBOrO IIHTerpana ll03BOJI51eT llOHII3IITb ll0p51,UOK CIICTeMbl (7) Ha e,UIIHIIU:y. 

15.1.3. nocTpOeHMe nOI\HOrO MHTerpal\a C nOMO~biO ABYX nepBbiX MHTerpai\OB 

IlyCTb HaM,UeHbl ,[(Ba He3aBIICIIMbiX nepBbiX IIHTerpana 

.P(x,y,w,p,q) = cl, w(x, y, w,p, q) = c2 (10) 

xapaKTepiiCTIIqecKOM CIICTeMbl 06biKHOBeHHbiX .UII<P<PepeHQIIaJibHbiX ypaBHe

HIIM (7). CqiiTaeM, qTO <l>YHKU:IIII F, .P, w, onpe.ueJI51IOII(IIe ypaBHeHIIe (1) II 

IIHTerpanbi (1 0), y.uoBJieTBOp51IOT cne.uyiOII(IIM .UBYM ycnoBII51M: 

1) 
(11) 

2) 

r.ue J -51K06IIaH <l>YHKU:IIM F, .P, I]! no nepeMeHHbiM w,p, q, a[~!>, w]-CK06Ka 51Ko-

6II. B 3TOM cnyqae paBeHCTBa (1) II (1 0) npe.ucTaBJI51IOT co6oil: napaMeTpiiqecKyiO 

<Pop My npe,UCTaBJieHII51 llOJIHOrO IIHTerpana ypaBHeHII51 ( 1) (p II q paCCMaTpiiBaiOTC51 

KaK napaMeTpbi). l1cKJIIOqiiB p II q II3 (1) II (1 0), a 3aTeM pa3peiiiiiB nonyqeHHOe 

ypaBHeHIIe OTHOCIITeJibHO W, MO)I(HO llOJiyqiiTb llOJIHbiM IIHTerpan B 51BHOM BII,Ue 

w = w(x, y, C1, C2). 



UpuMep 4. PaccMOTpHM ypasHeHHe 

pq- aw = 0, 
ow ow 

rae p = a;-, q = ay · 

XapaKTepHCTWieCKal! CHCTeMa (7) B )laHHOM CJly'lae HMeeT BH)l 

dx dy dw dp dq 

q p 2pq ap aq 

flpHpaBHHBall CHa'laJJa rrepBOe 11 ITl!TOe OTHOllleHHe, a 3aTeM BTOpOe 11 'leTBepTOe, HaXO)lHM rrepBble 

HHTerpaJJbl 

q-ax=C1, p-ay=C2. 

11MeeM F = pq- aw, <I> = q - ax, \(1 = p- ax. 3TH ¢YHKUHH yaosneTsopli!OT ycnoBHliM (II). 
Pa3pernal! ypaBHeHHe 11 rrepBble HHTerpaJJbl OTHOCHTeJlbHO W, ITOJJY'lHM ITOJlHbiH HHTerpan B BH)le 

1 
w =-(ax+ C1)(ay + C2). 

a 

15.1.4. C/\yLiaH, KOrAa ypaBHeHHe He 3aBHCHT HBHO OT W 

IlyCTb HCXO,UHOe ypaBHeHHe He CO,Uep)I(HT j{BHO HCKOMOH «tJyHK[(HH, T. e. HMeeT BH,U 

F(x, y,p, q) = 0. (12) 

1°. EcnH nonyqeHo o.uHonapaMeTpHqecKoe ceMeli:cTBO perneHHH w = 3(x, y, Cl), 
y.uoBJieTBOpjiJOII(ee ycnoBHIO 3~ ¢. const, TO noJIHhiH HHTerpan .uaeTCjl Bbipa)l(eHHeM 

w = 3(x, y, Cl) + C2. 
2°. IlepBbiH HHTerpan (6) MO)I(HO HCKaTh B «tJopMe <I>(x, y, p, q) = C1, aHanomqHoli: 

ypaBHeHHIO (12). B 3TOM cnyqae xapaKTepHCTHqecKajl CHCTeMa (7) 3anHCbiBaeTCjl 

dx _ dy _ 
--

dp 

Fx 
dq 

Fy 

CooTBeTCTBYIOII(ee ypaBHeHHe Il«tJa«tJ«Pa (9) npHHHMaeT BH.U 

dw = cpl(x, y, Cl) dx + cp2(x, y, Cl) dy 

H MO)I(eT 6biTh npoHHTerpHpoBaHo B KBa.upaTypax. B pe3yJihTaTe HMeeM cne.uyiOmee 

Bbipa)l(eHHe .[(Jijl nonHoro HHTerpana: 

w = 1x cp1 (t, y, Cl) dt + 1Y cp2(xo, s, Cl) ds + C2, 
xo Yo 

(13) 

r,Ue KOHCTaHTbl Xo H YO MO)I(HO Bbi6paTb JII06biMH. 

3°. IlyCTb ypaBHeHHe (12) y.uaeTCji pa3peii1HTb OTHOCHTeJibHO p HJIH q, HanpHMep 

p= -H(x,y,q). 

Tor.ua, .UH«P«tJepeHU:HPYjl o6e qacTH no y, MO)I(HO nonyqHTh KBa3HJIHHeli:Hoe ypaB

HeHHe OTHOCHTeJibHO npOH3BO,UHOH q: 

aq a ( ) ax + ay H X' y' q = 0, 
aw 

q = ay. 

3TO ypaBHeHHe npOII(e HCXO,UHOrO, ero KaqecTBeHHbie OC06eHHOCTH H MeTO,Ubl 

perneHHjl OllHCaHbl B rJiaBe 14. 
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15.1.5. YpasHeHMe raMMI\bTOHa-fiK06M 

YpaBHeHIIe ( 1 ), pa3perneHHOe OTHOCIITeJibHO O.[(HOM II3 npOII3BO.[(HbiX: 

p+H(x,y,w,q) = 0, 
8w 8w 

r.n:e p = ax ' q = 8y ' (14) 

npiiHHTO Ha3biBaTb ypaBHeHIIeM raMIIJibTOHa- 51Ko6II, a QJYHKIIIIIO H- raMIIJib

TOHIIaHOM. YpaBHeHIIH BII.[(a (14) qaCTO BCTpeqaJOTCH B pa3JIIIqHbiX pa3.[(eJiaX 

MeXaHIIKII, TeOpiiii ynpaBJieHIIH II B .[(IIQJQJepeHQIIaJibHbiX IIrpax, r.[(e nepeMeH

HaH X 06biqHo IIrpaeT pOJib BpeMeHII, a nepeMeHHaH y - pOJib npOCTpaHCTBeH

HOM KOOp.[(IIHaTbl. YpaBHeHIIIO raMIIJibTOHa-51Ko6II (14) COOTBeTCTByeT QJYHKIIIIH 

F(x, y, w,p, q) = p + H(x, y, w, q) B ypaBHeHIIII (1). 
XapaKTepiiCTIIqecKaH CIICTeMa (7) .[(JIH ypaBHeHIIH ( 14) c yqeTOM paBeHCTBa 

p = - 1{ CBO.[(IITCH K 6onee npOCTOM CIICTeMe, COCTOHIIIeM II3 Tpex .[(IIQJQJepeHQII

aJibHbiX ypaBHeHIIM 

(15) 

KOTOpbie He 3aBIICHT OT p (B JieBOM qaCTII ypaBHeHIIM CTOHT npOII3BO.[(Hbie no 

nepeMeHHOM X). 

® Jlumepamypa K pa30. 15.1: B. B. CTerraHOB (1958), P. EeJIJIMaH (1960), P. KypaHT (1964), 
3. KaMKe ( 1966), Jl. 3. 3JihCrOJibU (1969), 11. r. lleTpOBCKI1H (1970), B. 11. ApHOJibil (1974), 
E. Zauderer (1983), J. Lewin (1994), D. Zwillinger (1989), B. <1>. 3aiiues, A. )],. lloJIJIHI1H (2003). 

15.2. 3aAa"'a KowH. TeopeMa cyw,ecTBOBaHHR 111 eAHHCTBeHHOCTH 

15.2.1. nocTaHOBKa 3aAa4M M npo'-'eAypa nocTpoeHMH peweHMH 

PaccMoTpiiM 3a.n:aqy Kornii .[(JIH ypaBHeHIIH (1) c HaqanbHbiMII ycnoBIIHMII 

r.n:e ~-napaMeTp (a::;;~::;; /3), a hk(~)-3a.[(aHHbie QJYHKIIIIII. 

PerneHIIe :noll: 3a.n:aqii ocyiiieCTBJIHeTcH B HeCKOJibKO :nanoB: 

(16) 

1°. CHaqana onpe.n:enHIOTCH .n:ononHIITeJibHbie HaqaJibHbie ycnoBIIH .[(JIH npoii3BO.[(-

HbiX: 

P =Po(~), q = qo(~). (17) 

):I:JIH :noro pernaiOT anre6paiiqecKyiO (IIJIII TpaHCQeH.[(eHTHYIO) CIICTeMy ypaBHeHIIM 

F(h1 (~), h2(~), h3(~),po, qo) = 0, 
poh~ (~) + qoh;(~)- h~(~) = 0 

(18) 
(19) 

OTHOCIITeJibHO Po II qo. YpaBHeHIIe (18) nonyqeHo B pe3yJibTaTe no.n:cTaHOBKII 

HaqaJibHbiX .n:aHHbiX (16) B IICXO.[(HOe ypaBHeHIIe (1 ). YpaBHeHIIe (19) HBJIHeT

CH CJie.[(CTBIIeM 3aBIICIIMOCTII W = W (X, y) II QJOPMYJibl .[(JIH .[(IIQJQJepeHQIIaJia 

dw = pdx + qdy, r,[(e dx, dy, dw BblqiiCJIHIOTCH no HaqaJibHbiM .[(aHHbiM (16). 

2°. PernaeTcH aBTOHOMHaH ciicTeMa ypaBHeHIIM 

dw dp dq 
--=------''-----c::-- = dT, 

Fp Fq pFp + qFq Fx + pFw Fy + qFw 

dx dy (20) 

KOTOpaH nonyqeHa II3 (7) nyTeM BBe.[(eHIIH .[(OnOJIHIITeJibHOM nepeMeHHOM T (IIrpa

IOIIIeM pOJib BpeMeHII). 
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3°. floeTOjiHHbie HHTerpHpOBaHHjl OIIpe_ueJijiJOTejl H3 HaqaJibHbiX yeJIOBHH: 

KOTOpbie nonyqeHbi o6ne):(HHeHHeM yenoBHH ( 16) H ( 17). B pe3yJihTaTe Haxo_uHM 

TPH <l>YHKI.(HH 

(22) 

KOTOpbie _uaiOT perneHHe paeeMaTpHsaeMoii 3a_uaqH KornH B napaMeTpHqeeKOM BH):(e 

(T, e -IIapaMeTpbi). 

15.2.2. TeopeMa cy~ecTsosaHIUI 11 eAHHCTBeHHOCTH 

IlyeTh <l>YHKI.(Hjl F = F(x, y, w, p, q), e IIOMOII.(hiO KOTopoii: 3a_uaeTejl ypaBHeHHe (1 ), 
):(Ba)l():(bl HenpepbiBHO -UH<P<PepeHI.(HpyeMa IIO BeeM llj{TH apryMeHTaM (B paeeMaT

pHBaeMOH o6naeTH), npHqeM F£ + Fi of. 0. IlyeTh <l>YHKI.(HH hl(e), h2(e), h3(e), 
onpe_ueJijiJOII.(He HaqaJihHbie _uaHHbie ( 16), _usa)l():(hi HenpepbiBHO -UH<P<PepeHI.(HpyeMbi 

IIO e, npHqeM (h~) 2 + (h;) 2 of. 0. CqHTaeM, qTO <l>YHKI.(HH Po(e) H qo(e), 3a_uaiOII.(He 

_uononHHTeJibHbie HaqaJihHbie yenoBHjl ( 17), y_uosneTBOpjiiOT eHeTeMe ( 18)-( 19). 
KpoMe Toro, noTpe6yeM, qTo6hi 6hmo BhiiiOJIHeHo yenoBHe 

~ = Fph~ - Fqh~ of. 0, 

B KOTOpOM <PmypHpyiOT <l>YHKI.(HH H3 (16), (17) H IIITpHXOM 0603HaqeHhl IIpOH3BO):(

Hhie IIO e. Tor_ua eyll.(eeTByeT e):(HHeTBeHHOe ):(Ba)l():(bl HenpepbiBHO -UH<P<PepeHI.(Hpy

eMOe perneHHe ypasHeHHjl ( 1 ), y_uosneTBOpjiiOII.(ee HaqaJihHhiM yenoBHj{M ( 16)-( 17). 

3aMe48HI-1e 1. 3Ta TeopeMa HOeHT JIOKaJibHbiH xapaKTep: eyll.(eeTBOBaHHe e):(HH

eTBeHHOrO ma_uKoro perneHHjl 3a_uaqH KornH rapaHTHpyeTejl JIHIIIh B HeKoTopoii: 

OKpeeTHOeTH JIHHHH, 3a_uasaeMOH HaqaJibHbiMH _uaHHbiMH (16) BMeeTe e ):(OIIOJIHH

TeJibHbiMH yeJIOBHj{MH ( 17). 

3aMe48HI-1e 2. Anre6paHqeeKajl (HJIH TpaHel.(eH):(eHTHajl) eHeTeMa (18)-(19) MO

)I(eT HMeTb HeeKOJibKO peiiieHHH (eM. IIpHMep 3 B KOHI.(e 3TOrO pa3_uena), qTO IIpHBO

):(HT K pa3JIHqHbiM ):(OIIOJIHHTeJibHbiM HaqaJibHbiM yeJIOBHj{M ):(Jljl IIpOH3BO):(HbiX ( 17). 
Ka)l(_uoe H3 3THX _uononHHTeJibHhiX yenoBHH 6y_ueT nopo)l(_uaTb esoe eo6eTBeHHOe 

perneHHe 3a_uaqH KornH (1 ), ( 16). 

3aMe4aHI-1e 3. )l,Jijl HeJIHHeHHhiX ypasHeHHH mo6anbHOe perneHHe 3a_uaqH Ko

IIIH (1 ), (16) MO)I(eT OKa3aTbejl MHOr03HaqHbiM TaK)I(e H3-3a nepeeeqeHHjl xapaK

TepHeTHK B IIJIOeKOeTH (x, y) (eM. IIpHMep 7 B pa3):(. 15.3). flo_uo6Hajl eHTyal.(Hjl 

no_upo6Ho o6ey)l(_uanaeh B pa3_u. 14.3-14.4, r_ue paeeMaTpHBaJIHeh KBa3HJIHHeiiHhie 

ypaBHeHHjl. 

15.2.3. 3aAa4H KowH fll\fl ypaBHeHHH raMHI\bTOHa-fiK06H 

HaqaJihHOe yenoBHe ):(Jijl ypasHeHHjl faMHJihTOHa- 5J.Ko6H (14) o6biqHo <PopMynH-

pyeTejl B BH):(e 

w = rp(y) npH x = L. (23) 

B _uaHHOM enyqae perneHHe 3a_uaqH KornH eBO-UHTejl K perneHHIO xapaKTepHeTHqe

eKoii eHeTeMhl (15) e HaqaJibHbiM yeJIOBHeM 

y = e, w = rp(e), q = rp'(e) npH X= L, (24) 

r_ue IIITpHX 03HaqaeT IIpOH3BO-UHYIO IIO napaMeTpy e. 
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15.2.4. npMMepbl peweHMfl 3aA(li.IM KOWM 

PaccMOTpHM KOHKpeTHbie rrpHMepbi. 

UpuMep 5. Tpe6yeTCJI HalhH peweHHe ypasHeHHJI 

ow ow 
aw = pq, rp_e p = Bx' q= By' 

yp_osJieTBOpliiO!llee Ha'laJihHOMY ycJIOBHIO 

W = f(y) 11p11 X= 0. 

3aJIHllieM Ha'laJihHOe ycJIOBHe (26) B rrapaMeTpH'IeCKOH <jJopMe: 

X= 0, y = ~' W = j(~). 

(25) 

(26) 

(27) 

CHcTeMa (18)-(19) ,QJIJI orrpep_eJieHHJI po(~) 11 qo(~) HMeeT BH,Q: af(~) = poqo, qo- J'(~) = 0. 
0TCIO,Qa HMeeM 

f(f_) I 

Po =a !'(f.) , qo = f (~). 

XapaKTepHCTH'IecKaJI cHcTeMa (20) rrp11 F = pq - aw 3aiiHChiBaeTcJI TaK: 

!!!__ = .!!!!__ = dw = dp = .!!!!__ = dr. 
q p 2pq ap aq 

Ee perneHHe p_aeTCJI <jJopMyJiaMH ( CHa'laJia HHTerpHpyiOTCJI ,QBa IIOCJie,QHHX ypaBHeHHll): 

(28) 

(29) 

cl c2 2ar c (30) w=--e + 5· 
a 

J1CJIOJib3Yll HalJaJihHbJe YCJIOBHJI (27), (28), KOTOpble ,QOJilKHhl 6b!Tb BbiiiOJIHeHbl IIpH T = 0, HaXO,QHM 

IIOCTOJIHHhJe HHTerpHpOBaHHJI 

c =a !(f.) c2 =!'(c), 
1 !'(f.) ' <, 

c - - !(f.) 
4-~ !'(f.)' 

llop_cTaBJIJIJI 3TH 3Ha'leHHJI B (30), rroJiy'IHM peweHHe 3a,Qa'IH Kow11 (25), (27) B rrapaMeTpH'IeCKOM 

BH,Qe: 

X=]_ J'(~)(ear- 1), 
a 

y = !(f.) (ear - 1) + ~ 
!'(f.) ' 

UpuMep 6. Tpe6yeTCJI Hai1TH peweHHe ypasHeHHJI 

( aw)2 (aw)2 = 2 
ox +By a, (31) 

rrpoxo,QJI!llee 4epe3 OKPYlKHOCTh 

x 2 + y2 = b2, w = 0. (32) 

Bsep_JI rrapaMeTp ~, 3arrHweM ypasHeHHe OKpylKHOCTH TaK: 

x = bsin~, y = bcos~, w = 0. (33) 

YpasHeHHJI ,QJIJI orrpep_eJieHHJI p_orroJIHHTeJihHhiX Ha'laJihHhiX ycJIOBHH ( 18), ( 19) B p_aHHOM cJiyqae 

HMeiOT BH,Q: 

po = casin~, qo = cacos~, rp_e E = ±1. (34) 

CHcTeMa (25) rrp11 F = p 2 + l - a 2 3aiiHChiBaeTcJI TaK: 

dx dy dw = _ dp = _ .!!!!__ = dr (35) 
2p 2q 2(p2 +q2 ) 0 0 ' 

Ee perneHHe p_aeTCJI <jJOpMyJiaMH ( CHalJaJia HHTerpHpyiOTCJI ,QBa IIOCJie,QHHX ypaBHeHHJI): 

P = c1, q = c2, x = 2c1r + c3, y = 2c2r + c4, w = 2(Ci + c~)r + c5. (36) 

J1CJIOJib3Yll HalJaJihHbJe YCJIOBHJI (33), (34), KOTOpble ,QOJilKHhl 6b!Tb BbiiiOJIHeHbl IIpH T = 0, HaXO,QHM 

IIOCTOJIHHhJe HHTerpHpOBaHHJI 

cl = c:asin~, c2 = c:acos~, c3 = bsin~, c4 = bcos~, c5 = 0, rp_e E = ±1. 
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llo.ncTaBJJllll 3TH 3Ha'!eHHll B (36), Haxo.nnM peweHne 3a.na'IH Kown (31), (32) B rrapaMeTpH'!eCKOM 

x=(2caT+b)sin~, y=(2caT+b)cos~, w=2a2T. 

11cKJJIO'Iall rrapaMeTpbi ~ n T, 3arrnweM peweHne B 6oJJee HarJJli.D-HOM sn.ne: 

a2 (x2 + y2 ) = (ab ± w) 2 • (37) 

reoMeTpH'IeCKall HHTeprrpeTaUHll: ¢opMyJJa (37) OIIHCbiBaeT .ll_Ba KpyrJJbiX KOHyca B IIpOCTpaHCTBe 

(x, y, W ), y KOTOpblX B OCHOBaHHH JJeJKHT OKpyJKHOCTb (32) If 06ll.(al! OCb COBIIa.naeT C OCbiO W. 

Koop.nnHaTbi sepwnH KoHycos: w = ±ab. 
BaJKHO OTMeTHTb, 'ITO peweHHe (37) liBJJl!eTCll MH0103Ha'!HOH <lJyHKUHeH. 

® Jlumepamypa K pa30. 15.2: B. B. CTerraHOB (1958), P. KypaHT (1964), 3. KaMKe (1966), 
11. r. lleTpOBCKHH ( 1970). 

15.3. 06o6w,eHHble BH3KHe peweHHH H HX npH/\O>KeHHH 

15.3.1. npeABapMTel\bHble 3aMel.laHMH 

B pa3.[(. 15.1-15.2 II3yqaniieh KJiaeeiiqeeKIIe rna.[(KIIe perneHII51 w = w(x,y), 
IIMeiOII(IIe HenpephiBHhie npoii3BO.[(Hhie no o6oiiM apryMeHTaM. O.n:HaKo B Teopiiii 
OllTIIMaJibHOrO ynpaBJieHII51, .[(IIcpcpepeHQIIaJlbHbiX IIrpax II HeKOTOpbiX .D:pyriiX npii
JIO)I(eHII51X qaeTO B03HIIKaiOT 3a.[(aqii, perneHIIeM KOTOpbiX 51BJI5110Te51 HenpepbiBHbie, 
HO Herna.[(KIIe cpyHKIIIIII: eM., HanpiiMep, A. 11. Cy66oTIIH ( 1991 ), W. H. Fleming, 
H. M. Soner (1993), A. I. Subbotin ( 1995), A. A. MeJIIIK5!H ( 1996), A. A. Me1ikyan 
(1998), M. Bardi, I. C. Dolcetta ( 1998). ):I:JI51 oniieaHII51 II noeTpoeHII51 o6o6meHHhiX 
perneHIIH TaKoro po.n:a Tpe6yiOTe51 .n:pyriie no.n:xo.[(bl. Ba)I(HO OTMeTIITh, qTo .[(JI51 
onpe.n:eneHII51 o6o6meHHhiX perneHIIH HeJIIIHeHHhiX ypaBHeHIIH o6mero BII.[(a ( 1) II 
( 14) He y.n:aeTe51 3cpcpeKTIIBHO IIellOJib30BaTb HarJI51.[(Hbie KOHeTpyKIIIIII TIIna IIHTe
rpaJibHbiX paBeHeTB II 3aKOHOB eoxpaHeHII51, KOTOpbie qaeTO BeTpeqaJOTe51 B TeOpiiii 
KBa3IIJIIIHeHHbiX ypaBHeHIIH (eM. pa3.[(. 14.3-14.4). 

0TMeTIIM, qTo HerJia.[(KOeTh perneHII51 MO)I(eT 6hiTb o6yeJIOBJieHa pa3JIIIqHbiMII 
npiiqiiHaMII: 1) nepeeeqeHIIeM xapaKTepiieTIIK B llJIOeKOeTII (X, y) (eM. .[(aJiee 
npiiMep 7), 2) Herna.n:KoeTbiO HaqaJihHOro yenoBII51, 3) Herna.n:KoeTbiO cpyHKIIIIH F 
II H, onpe.n:eJI51IOII(IIX ypaBHeHII51 (1) II (14 ). 

15.3.2. 8H3KMe peweHMH, OCHOBaHHble Ha MCnOI\b30BaHMM napa60I\MI.IeCKOfO 

ypaBHeHMH 

PerneHIIe 3a.n:aqii Kornii .[(JI51 ypaBHeHII51 ( 14) e HaqanhHhiM yenoBIIeM 

w = zp(y) npii x = 0 (38) 

MO)I(HO annpoKeiiMIIpOBaTb perneHIIeM .[(IIcpcpepeHQIIaJibHOrO ypaBHeHII51 e qaeTHbi
MII npoii3BO.[(HhiMII BToporo nop51.[(Ka napa6oniiqeeKoro TIIna 

(c > 0) (39) 

e TeM )l(e eaMbiM HaqaJibHbiM yeJIOBIIeM (38). l13BeeTHO, qTO .[(JI51 .[(OeTaTOqHO 
rniipoKoro KJiaeea cpyHKIIIIH 1{ II zp 3a.n:aqa Kornii .[(JI51 ypaBHeHII51 (39) IIMeeT 
e.[(IIHeTBeHHOe perneHIIe. B Teopiiii ypaBHeHIIH raMIIJibTOHa- 51Ko6II 3TOT cpaKT 
6hiJI IIenoJih30BaH .[(JI51 onpe.n:eneHII51 perneHII51 3a.n:aqii Kornii ( 14 ), (3 8) KaK npe.n:ena 
perneHII51 3a.n:aqii (39), (38): w(x, y) =lim u(x, y) [eM., HanpiiMep, C. H. Kpy)I(KOB 

E>-->0 

(1966, 1975), M. G. Crandall, P.-L. Lions (1983)]. 
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3Ty KOHeTpyKu:mo, oeHOBaHHYIO Ha rrpe.ueJibHOM rrepexo.ue rrpH E ____, 0, KaK 

li B TeOplili KBa3liJiliHeHHbiX ypaBHeHliH (eM. pa3,U. 14.3), Ha3biBaiOT MeTO.[(OM 

Heqe3aiOI[(eH BH3KOeTli, a rrpe,UeJihHYIO <l>YHK[(liiO- BH3KliM perneHHeM ypaBHeHliH 

raMliJibTOHa- 51K06li. 

MeTO.[( Heqe3aiOI[(eH BH3KOeTli MO)I(HO peaJili30BaTh, HaiipliMep, rryTeM qlieJieH

HOrO perneHliH 3a,Uaqli (39), (38) IIpli ,UOeTaTOqHO MaJibiX E (B 3TOM eJiyqae HeT 

He06XO.[(liMOeTli HeKaTb Oe06bie TOqKli, B KOTOpbiX HapyrnaeTeH ma,UKOeTb perne

HliH). O.uHaKo 3TOT MeTO.U oqeHh TPY.UHO HerroJih30BaTh .UJIH rroeTpoeHHH aHaJIHTH

qeeKHX peiiieHliH, TaK KaK IIpliXO,[(liTeH paeeMaTpliBaTb 6oJiee eJIO)I(HOe ypaBHeHHe 

e qaeTHbiMli IIpOli3BO,[(HbiMli BTOpOrO IIOpH,UKa. 

15.3.3. 06o6~eHHble peweHHH, OCHOBaHHble Ha np06HbiX $YHKL'-HHX H 

HepaseHCTBax 

M.G. Crandall, P.-L. Lions (1983), M.G. Crandall, L. C. Evans, P.-L. Lions (1984) 
rrpe,UJIO)I(liJili 06061[(eHHbie BH3Klie perneHliH BBO.[(liTb e IIOMOI[(biO liHTerpaJibHbiX 

HepaBeHeTB. 3TOT IIO.[(XO.[( He eBH3aH e paeeMOTpeHHeM ypaBHeHliH 6oJiee BbieOKOrO 

IIOpH,UKa li II03BOJIHeT B HeKOTOpbiX eJiyqaHX IIOJiyqaTb o6o61[(eHHOe BH3KOe perne

Hlie B aHaJiliTliqeeKOM Bli,[(e. 

Onpede!leHue. HerrpephiBHaH <l>YHKU:HH w = w ( x, y) Ha3hiBaeTeH BH3KliM pe

rneHHeM 3a.uaqH e HaqaJihHhiMli .uaHHhiMli ( 1 ), (38) B eJioe 0 ::;:; x ::;:; L, eeJIH 

BhiiiOJIHeHbi eJie.uyromHe yeJIOBliH [eM., HarrpHMep, P.-L. Lions, P. E. Souganidis 

(1985), A. A. Melikyan (1998)]: 
1°. <l>yHKU:liH w = w(x, y) y.uoBJieTBOpHeT HaqaJibHOMY yeJIOBHIO (38). 
2°. flyeTh '1/J( X, y) - JII06aH rrpo6HaH HerrpepbiBHO .UH<P<PepeHQHpyeMaH <l>YHK[(liH. 

EeJIH ( x 0 , y0 ) - TOqKa JIOKaJibHOro 3KeTpeMyMa pa3HOeTH <l>YHKU:liH 

w(x, y) - '1/J(x, y), (40) 

TO B 3TOH TOqKe .[(OJI)I(Hbl BbiiiOJIHHTbeH HepaBeHeTBa 

F(x 0
, y 0

, w0
, '1/J~, '1/J~);? 0, eeJili (x 0 , y 0 ) -TOqKa JIOKaJibHOro MliHHMyMa, 

F(x 0 , y 0 , w0 , '1/J~, '1/J~)::;:; 0, eeJili (x 0 , y 0 ) -ToqKa JIOKaJihHoro MaKeHMyMa. 

(41) 
flpOBepKe IIO,UJie)l(aT TOJibKO Te TOqKli JIOKaJibHOrO 3KeTpeMyMa, KOTOpbie HaXO.[(HT

eH BHYTPH paeeMaTpHBaeMoro eJIOH (0 < x 0 < L ). 
0TMeTliM, qTo He06H3aTeJihHO ,[(OJI)I(Ha eymeeTBOBaTb rrpo6HaH <l>YHK[(liH 

'1/J(x, y), .UJIH KOTopoH: pa3HOeTh (40) HMeeT JIOKaJihHhiH 3KeTpeMyM. O.uHaKo eeJIH 

TaKaH <l>YHK[(liH eymeeTByeT, TO .[(OJI)I(HO BbiiiOJIHHTbeH yeJIOBlie ( 41 ). 
EeJIH 3a.uaqa KornH HMeeT rJia,UKOe KJiaeeHqeeKoe perneHHe, TO OHO eoBrra.uaeT 

e BH3KliM 06061[(eHHbiM perneHHeM. 

B TeOplili OIITliMaJibHOrO yrrpaBJieHliH li .UH<P<PepeH[(liaJibHbiX Hrpax, IIOMliMO 

3a,Uaq e HaqaJibHbiMli ,UaHHbiMli, BeTpeqaJOTeH TaK)I(e 3a,Uaqli e KOHeqHbiMli ,UaH

HbiMli, B KOTOpbiX perneHHe ypaBHeHliH (1) li ( 14) lii[(eTeH B CJIOe 0 :S; X :S; L, a 

HeKOMaH BeJIHqHHa w 3a.uaeTeH Ha rrpaBOM KOHU:e eJIOH rrpH x = L. )],JIH 3TliX 1a.uaq 

B orrpe,UeJieHlili BH3KOrO peiiieHliH HepaBeHeTBa B ( 41) eJie,UyeT li3MeHliTb Ha IIpOTli

BOIIOJIO)I(Hble. 3a.uaqli e KOHeqHbiMli ,UaHHbiMli eBO.[(HTeH K 3a,UaqaM e HaqaJibHbiMli 

.uaHHhiMli rryTeM BBe,UeHHH BMeeTo x HOBOH He3aBHeHMOH rrepeMeHHOH z = L- x. 
0TMeTliM, qTO 3KBliBaJieHTHbie, HO 6oJiee eJIO)I(Hbie OIIpe,UeJieHliH BH3KliX 

MliHHMaKeHhiX perneHHH HerroJih30BaJIHeh B pa6oTax A. 11. Cy66oTHHa ( 1991 ), 
A. I. Subbotin (1995). 
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Puc. 19 

15.3.4. 1\oKa/\bHaH CTpyKl)'pa o6o6~eHHbiX BH3KHX peweHHH 

0606Il(eHHOe perneHIIe w(x, y) COCTOIIT II3 peryn51pHbiX II CIIHryn51pHbiX TOqeK. 

B HeKoTopoil: oKpecTHOCTII peryn51pHbiX ToqeK <l>YHKI.(II51 w ( x, y) 51BJI51eTC51 perne

HIIeM B KJiaCciiqecKOM CMbiCJie (TaKIIe .[(Ba)l(.[(bl HenpepbiBHO .[(II<P<PepeHI.(IIpyeMhie 

perneHII51 06Cy)l(.[(aiOTC51 B TeopeMe cyrn:eCTBOBaHII51 II e.[(IIHCTBeHHOCTII II3 pa3.[(. 

15.2). Bee Heperyn51pHbie TOqKII OTHOC51TC51 K CIIHryn51pHbiM. 

IlycTh D - HeKOTopa51 .n:ocTaToqHo MaJia51 OKpecTHOCTh CIIHryn51pHOH TOqKII 

(x*, y*). 06biqHO BCTpeqaiOTC51 CIITyal.(IIII, KOr.[(a CIIHryn51pHbie TOqKII o6pa3yiOT 

HeKOTopyiO rJia.[(KYIO KpiiBYIO r, KOTOpa51 npOXO.[(IIT qepe3 (x*, y*) II pa36IIBaeT 

o6JiaCTb D Ha .[(Be no.n:o6JiaCTII Dl II D2 (piiC. 19). flo o6e CTOpOHbl OT r 
0606Il(eHHOe perneHIIe W 3a.[(aeTC51 pa3HbiMII KJiaCCIIqeCKIIMII perneHII51MII u 1 II u2: 

w(x, y) = { u1 (x, y), 
u2(x, y), 

ecnii x, y E D1, 
ecnii x, y E D2, 

(42) 

KOTOpbie HenpepbiBHO, HO HerJia.[(KO, COnp51raiOTC51 B.[(OJib 06Il(eH rpaHIII.(bl. flpii 
aw aw 

nepeXO.[(e qepe3 r npOII3BO.[(Hbie 0606Il(eHHOrO perneHII51 Bx II By Tepn51T 

pa3pbiB. Ey.n:eM cqiiTaTh, qTo ma.[(KIIe cocTaBJI51IOII.(IIe o6o6rn:eHHoro perneHII51 

u 1 II u2 ma.n:Ko .n:oonpe.n:eneHbi BO Bceil: paccMaTpiiBaeMOH o6nacTII D. Tor.n:a 

ypaBHeHIIe KpiiBOH r, o6pa30BaHHOH CIIHryn51pHbiMII TOqKaMII, MO)I(HO 3aniiCaTb B 

BII.[(e paBeHCTBa 

g(x, y) = 0, r.n:e g(x, y) = u2(x, y)- ul(x, y). (43) 

rpa.[(IIeHT <l>YHKI.(IIII g, HanpaBJieHHbiH no HOpMaJIII K KpiiBOH r, HaXO.[(IITC51 no 

<PopMyne 

r.n:e ex II ey-HanpaBJI51IOII.(IIe BeKTOpbi B.[(OJih oceil: x II y. Bo3MO)I(Hhi .[(Ba cnyqa51. 

1°. BeKTop \7 g HanpaBJieH II3 D2 B D 1 . B 3TOM cnyqae cnpaBe.[(JIIIBhi cne.n:yiOrn:IIe 

YTBep)l(.[(eHII51, eM. A. A. Me1ikyan (1998): 
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w 

0 r X 

Puc.20 

A) 06o6rn:eHHOe perneHHe B o6nacTH D MO)I(eT 6biTh 3aiiHCaHo B BH.Ue 

w = min[u1, u2], CM. pHc. 20. 
B) He cyrn:ecTByeT ma.uKoii npo6Hoil: <l>YHKI.(HH 'lj;(x, y), TaKoii, qTo JIOKaJihHhiM 

MHHHMYM pa3HOCTH <l>YHKI.(HM ( 40) ,[(OCTHraeTC51 B CHHrymipHbiX TOqKaX, o6pa3yiO
Il(HX f. 

C) ,[(n51 o.uHonapaMeTpHqecKoro ceMeMCTBa npo6HbiX <l>YHKI.(HM 

'lj;(x, y) = .\u2(x, y) + (1 - .X)u1 (x, y), (44) 

MaKCHMYM pa3HOCTH 

max [ w ( x, y) - 'lj; ( x, y) J 
x,yED 

(45) 

.[(OCTHraeTC51 B TOqKaX X, y E f. 
3aMe4aHI-1e. ,[(mi o6o6rn:eHHoro perneHH51 THna w = min[u1, u 2] HeT Heo6xo.uH

MOCTH npOBep51Tb nepBOe HepaBeHCTBO ( 41 ); BTOpOe HepaBeHCTBO ( 41) .[(OCTaTOqHO 

npOBepHTb TOJibKO Ha O,UHOnapaMeTpHqeCKOM CeMeMCTBe npo6HbiX <l>YHKI.(HM (44). 

2°. BeKTop \l g HanpaBJieH H3 D 1 B D 2 . B 3TOM cnyqae o6o6rn:eHHoe perneHHe 

MO)I(HO npe,UCTaBHTb B BH,Ue W = max[u1, u 2] H Ha,UO npoBep51Tb JIHIIIb nepBOe 

HepaBeHCTBO (41) Ha O,UHOnapaMeTpHqeCKOM CeMeMCTBe npo6HbiX <l>YHKI.(HM (44). 

15.3.5. 06o6~eHMe Kl\aCCML!eCKOrO MeTOACl xapaKTepMCTMK 

PacCMOTpHM 3a,Uaqy KoiiiH ,[(JI51 ypaBHeHH51 raMHJibTOHa-51Ko6H 

8w ( 8w) 
ax + H X' y' 8y = 0, 

w = cp(y) npH x = L. 
(46) 

CqHTaeM, qTo <l>YHKI.(H51 H ( x, y, q) 51BJI51eTC51 BhmyKJioii no apryMeHTY q .UJI5! Bcex 

x E (0, L], y E JR, a <l>YHKI.(H51 H(x, y, q) HenpepbiBHO .UH<P<PepeHl(HpyeMa no x, y, q, 
npHqeM cyrn:ecTBYIOT BTOpbie npOH3BO.UHbie Hxy, Hxq· 

IlycTh perneHHe xapaKTepHCTHqecKoii cHcTeMhi ( 15), y.uoBJieTBOp51IOII(ee ycno

BHIO (24), HMeeT BH.[( 

y = Y(x, ~), w = W(x, ~), q = Q(x, ~). (47) 



15. 3. 0606U{eHHbte 6Jl3KUe peUieHUJl U UX npUJIO:J/CeHUJl 237 

0603HaqHM qepe3 { ~n = ~n (X, y)} MHO)KeCTBO cpyHKI.J,HH, IIOJiyqeHHbiX nyTeM 
pa3perneHH51 nepBOrO paBeHCTBa ( 4 7) OTHOCHTeJibHO napaMeTpa ~. l1H,UeKC n 
YKa3hiBaeT Ha qwcno TaKHX cpyHKI.J,Hii:. 

KJiaccHqecKHH MeTO.U xapaKTepHCTHK MO)KeT 6biTb HCIIOJib30BaH ,UJI51 IIOCTpoe

HH51 o6o6II.J,eHHOrO B513KOrO peiiieHH51 C IIOMOII.J,biO cpopMyJihl 

w(x, y) = max W(x, ~) 
~E{~n} 

(48) 

.UJI51 scex x E (0, L], y E JR. 3HaqeHHIO n = 1 cooTBeTCTByeT KJiaccwqecKoe ma.uKoe 
perneHHe. <l>opMyna ( 48) 6bma nonyqeHa S. Mirica ( 1985) H H. H. Cy66oTHHoii: 
(1991). 

15.3.6. npHMepbl BR3KHX (Her/\aAKHX} peweHHH 

HH)Ke paCCMOTpeHbl ,UBe 3a,UaqH, KOTOpbie BCTpeqaeTC51 B TeOpHH Hrp: CM. 

A. 11. Cy66oTHH (1991 ), A. I. Subbotin (1995). 
UpuMep 7. PaccMoTp11M 3a)la'ly c KOHe'IHbiMI1 )laHHbiMI1 JlJJll ypasHeHI1ll faMI1JJbTOHa- 51Ko611 

(49) 

C Ha'laJJbHbiM YCJJOBI1eM 

w = i-Y2 rrp11 x = L. (50) 

PerneHI1e 11IIJ,eTCll B o6JJaCTI1 0 :( x :( L. 
XapaKTep11CTI14eCKal! CI1CTeMa (15) )lJJll ypasHeHI1ll (49) c raMI1JJbTOHI1aHOM 1-l(x, y, w, q) = 

= ~ 11MeeT Bl1)l 

y~ = )1: q2 ' w~ =- )1 ~ q2 ' q~ = 0. (51) 

Ha'laJJbHbJe ycJJOBI1ll ITOJJY411M 113 (24) rrp11 'P( ~) = te: 
y=~, w=te, q=~ rrp11 x=L. (52) 

l1HTerp11pyll ypasHeHI1ll (51) c ycJJOBI1liMI1 (52), HaXOJli1M perneHI1e 3a)la'll1 Korn11 ( 49)-( 50): 

~(x-L) L-x 1 2 
y = ~ + ~. w = )1 + ~2 + 2~ . (53) 

Ha p11c. 21 B ITJJOCKOCTI1 (x, y) 113o6paJKeHbi xapaKTep11CTI1KI1 y(x, ~) rrp11 L = 2 )lJJll 3Ha'!eHI1H 

rrapaMeTpa ~ = 0; ±0,2; ±0,4; ... ; ±1,0. 811)lHO, 'ITO xapaKTep11CTI1KI1 rrepeceKaiOTCll. 8 )laHHOM 

I1p11Mepe MOJKHO ITOCTp011Tb JlOKaJJbHOe KJJaCCI14eCKOe perneHI1e 3a)lalJI1 ( 49), (50). 0)lHaKO ero HeJJb3ll 

IIpO)l0JllKI1Tb Ha BeCb paCCMaTp11BaeMbiH CJJOH 0 :( X :( L ( T. e. He cyiiJ,eCTByeT mo6aJJbHOrO 

KJJaCCI1'1eCKOrO perneH11ll). 06paTI1M BHI1MaHI1e Ha TO, 'ITO raMI1JlbTOHI1aH 1-{ = ~ ypaBHeHI1ll 

( 49) 11 ¢YHK1..111ll, 3a)laiOIIJ,al! HalJaJJbHOe ycJJOBI1e (50), liBJlliiOTCll 6eCKOHelJHO Jll1¢¢epeHU11pyeMbiMI1 

¢YHK1..111liMI1. 

8SJ3Koe perneHI1e 3a)la'll1 Korn11 ( 49)-( 50) 11MeeT BI1Jl 

w(x,y) = max[qy + (L-x)~- i-lJ, (54) 
qEIR 

r)le 0 :( x :( L, y- JJI06oe. Jli1HI111 ypoBHll :noM: ¢YHK1..11111 113o6paJKeHbi Ha p11c. 22. )1(11pHoil: JJI1HI1eil: 

ITOKa3aHO MHOlKeCTBO CI1HryJJllpHbJX TO'IeK, B KOTOpb!X perneHI1e He)ll1¢¢epeH1..111pyeMO. 

UpuMep 8. PaccMOTp11M 3a)la'ly c KOHe'IHbiMI1 )laHHbiMI1 )lJJll 6oJJee o6mero ypasHeHI1ll faMI1JJb

TOHa- 51K0611 

aw + 1-l( aw) = 0 
ax By 

(O:(x:(L) (55) 

c Ha'laJJbHbiM ycJJOBI1eM o6mero Bl1)la 

w = 'P(Y) rrp11 x = L. (56) 

Crrpase)lJJI1Bbi cJJe)lytOml1e )lBa yTseplKJleHI1ll: 
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~=10 

-I 

Puc. 21 Puc.22 

1°. IlycTb raMI1JlbTOHI1aH YJlOBJleTBOplleT ycnosmo Jli1IIW11Ua 

a 'P(Y)- BbiiiYKJJal! <jlyHKUI1ll. Tor)la Bli3Koe peweHI1e 3a)la'll1 (55)-( 56) 11MeeT BI1Jl 

w(x, y) =sup [qy + (L- x)7-l(q)- 'P*(q)], 
qEIR 

r)le 'P*- <jlyHKUI1ll, COIIpmKeHHal! <jlyHKUI111 'P, T. e. 

'P*(q) = sup[qx- 'P(x)]. 
xEIR 

(57) 

2°. IlycTb raMI1JlbTOHI1aH 7-l(q) liBJllleTcll BbiiiYKJlbiM 11 YJlOBJleTBoplleT ycnosmo Jli1IIW11Ua (57), a 
<jlyHKUI1ll 'P(Y)- HerrpepbiBHa. Tor)la <jlyHKUI1ll 

w(x,y) = sup['P(Y + (L- x)t)- (L- x)7-l*(t)] 
tEIR 

l!BJll!eTCll Bli3KI1M peweHI1eM 3a)lalJI1 (55)-(56). 3)leCb <jlyHKUI1ll 

7-l*(t) = sup[qt -7-l(q)] 
qEIR 

liBJllleTCll COIIplllKeHHOll <jlyHKU11ell K raMI1JlbTOHI1aHy 7-l(q). 
IlepsoHa'!aJJbHO pa3JJI1'1Hbie <jlopMynbi )lJlll o6o61.1..1eHHoro peweHI1ll ypasHeHI1ll (55) c Ha'!aJJbHbiM 

ycnos11eM rrp11 x = 0 6b1Jll1 rrony'leHbi Xorr<jloM (E. Hopf, 1965), KOTOpbiH paccMaTp11Ban o6nacTb 
x > 0. Ilo3lKe M. Bardi, L. C. Evans (1984) rroKa3anl1, 'ITO peweHI1ll Xorr<jla l!BJll!IOTCll Bli3KI1MI1 
peweHI1liMI1. 

® Jlumepamypa K paJO. 15.3: E. Hopf (1965), C. H. KpylKKOB (1966, 1975), P.-L. Lions (1982), 
M. G. Crandall, P.-L. Lions (1983), M. G. Crandall, L. C. Evans, P.-L. Lions (1984), P.-L. Lions, 
P. E. Souganidis (1985), E. N. Barron, R. Jensen (1987), H. Ishii (1988), A. 11. Cy66oTI1H (1991), 
M. G. Crandall, H. Ishii, P.-L. Lions (1992), W. H. Fleming, H. M. Soner (1993), A. I. Subbotin 
( 1995), A. A. Meni1Kl!H (1996), A. A. Melikyan (1998), M. Bardi, I. C. Dolcetta (1998), B. <1>. 3ailues, 
A. )..1,. IlOJ1l!HI1H (2003). 



16. PeweHHe HeKOTOpbiX <I>YHKU,HOHal\bHbiX ypaeHeHHH 

16.1. MeTOA AM<I><J>epeHu,MpoaaHMfl no napaMeTpy 

16.1.1. PaccMaTpHsaeMble Kl\aCCbl ypasHeHHM. OnHcaHHe MeTOAa 

Ey.n:eM paccMaTpiiBaTh QJYHKU:IIOHaJibHbie ypaBHeHII51 BII.IJ:a 

w(x,t) = B(x,t,a)w('P(x,t,a),'lj;(x,t,a)), (1) 

r.n:e X II t- He3aBIICIIMbie rrepeMeHHbie, W = w(x, t) - IICKOMa51 QJYHK[(II51, 

e = B(x, t, a), 'P = 'P(x, t, a), '1/J = '1/J(x, t, a) -3a.[(aHHbie QJYHK[(IIII, a-CB060.[(HbiM 

rrapaMeTp, KOTOpbiM MO)I(eT IIpiiHIIMaTb JII06bie 3HaqeHII51 (Ha HeKOTOpOM IIHTepBa

Jie ). Ey.n:eM cqiiTaTb, qTo rrpii qacTHOM 3HaqeHIIII a = a0 BbiiiOJIH51IOTC51 paBeHCTBa 

B(x, t, ao) = 1, 'P(x, t, ao) = x, '1/J(x, t, ao) = t, (2) 

T. e. rrpii a = a0 paccMaTpiiBaeMoe QJYHKU:IIOHaJibHoe ypaBHeHIIe ( 1) rrpeBpamaeTC51 

B TO)I(.[(eCTBO. 

Pa3JIO)I(IIM ( 1) B p51.IJ: no rrapaMeTpy a B OKpecTHOCTII ao c yqeTOM paBeHCTB (2), 
3aTeM pa3.n:eniiM rronyqeHHOe Bbipa)l(eHIIe Ha a - ao II rrepeii.n:eM K rrpe.n:eny rrpii 

a----+ ao. B pe3yJibTaTe rronyqiiM JIIIHeiiHoe ypaBHeHIIe c qacTHbiMII rrpoii3BO.IJ:HbiMII 

rrepBoro rrop51.IJ:Ka .IJ:JI51 QJYHKU:IIII w: 

'P~(x, t) ~: + '1/J~(x, t) ~~ + e~(x, t)w = 0, (3) 

r.n:e IICIIOJib30BaHbl 0603HaqeHII51 

0( ) - O<p I 'Pa x,t --a ' 
a a=ao 

'1/J~(x, t) = 881/J I ' 
a a=ao 

e~(x, t) = aae I . 
a a=ao 

)J,JI51 perneHII51 ypaBHeHII51 (3) Ha.[(O paCCMOTpeTb COOTBeTCTBYIOI[(YIO xapaKTe

piiCTIIqecKyiO CIICTeMy ypaBHeHIIM 

dx dt dw (4) 
<p~(x, t) 1/J~(x,t) e~ (x, t)w . 

IlyCTb 

(5) 

- He3aBIICIIMbie IIHTerpaJibl xapaKTepiiCTIIqecKOM CIICTeMbl (4). Tor.n:a o6mee 

perneHIIe ypaBHeHII51 (3) IIMeeT BII.[( 

U2 (X' t' w) = F ( u 1 (X' t)) ' (6) 

r.n:e F ( z) - rrpoii3BOJibHa51 QJYHKU:II51. 

lh perneHII51 ( 6) Ha.[(O Bblpa3IITb W II IIO.[(CTaBIITb ero .[(JI51 IIpOBepKII B IICXO.[(HOe 

ypaBHeHIIe ( 1) [ MOrJIII II051BIITC51 JIIIIIIHIIe perneHII51; B03MO)I(Hbl TaK)I(e CJiyqaii, 

KOr.[(a peiiieHIIe ypaBHeHII51 C qacTHbiMII IIpOII3BO.[(HbiMII (3) B0061l(e He 51BJI51eTC51 

peiiieHIIeM QJYHK[(IIOHaJibHOrO ypaBHeHII51 ( 1 ): CM . .[(aJiee IIpiiMep 3]. 
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3aMe4aHit1e 1. YpaBHeHHe (3) MO)I(HO nonyqHTh H3 (1) nyTeM .ump«PepeHIJ:Hpo

BaHHH IIO napaMeTpy a, IIOCJie qero Ha,UO IIOJIO)I(HTb a = ao. 

3aMe48Hit1e 2. BTOpOH HHTerpan (5) y.uo6HO Bbi6paTb JIHHeHHbiM OTHOCHTeJibHO 

w, T. e. u2(x, t, w) = ~(x, t)w, a «PopMyny (6) nepenwcaTb B BH.Ue, pa3perneHHOM 

OTHOCHTeJibHO W. 

16.1.2. PeweHHe KOHKpeTHbiX <I>YHK~HOHa/\bHbiX ypaBHeHHH MeTOAOM 

AH<!><!>epeH~HpOBaHHR no napaMeTpy 

flpuMep 1. ABTOMO)leJibHbJe peiiieHMll, KOTOpb!e '!aCTO BCTpe'laiOTCll B MaTeMaTM'IeCKOH <jJM3!1Ke, 

MOJKHO OITpe)leJIMTb KaK perneHMll, l:IHBapMaHTHbJe OTHOCMTeJibHO ITpeo6pa30BaHJ1ll MaCWTa6!1pOBaHMll, 

T. e. YJlOBJieTBOpliiOIIJ,Me ¢YHKUMOHaJibHOMY ypasHeHMIO: 

w(x, t) = akw(amx, ant), (7) 

r)le k, m, n- HeKOTOpb!e 3a)laHHbJe KOHCTaHTbl, a > 0- ITp0113BOJibHall ITOCTOliHHall. 

YpaBHeHMe (7) o6paiiJ,aeTCll B TOJK)leCTBO ITp11 a = 1. _nM<jJ<jJepeHUMpyll (7) ITO a, a 3aTeM ITOJiaral! 

a = 1, ITpl:IXO)ll:IM K )lM<jJ<jJepeHUl:laJibHOMY ypaBHeHMIO C 'laCTHb!Ml:l ITp0113BO)lHb!MI1 ITepBOrO ITOpll)lKa: 

aw aw 
mx- +nt- + kw = 0. (8) ax at 

TiepBbJe l:IHTerpaJibl COOTBeTCTBYIOIIJ,eH xapaKTepMCTM'IeCKOH Cl:ICTeMbl 06bJKHOBeHHbiX )lM<jJ<jJepeHUM-

aJibHbJX ypaBHeHMH 

3aiTJ1CbJBaiOTCll TaK: 

dx 
mx 

dt 

nt 
dw 

kw 

xcmfn = cl, tkfnw = c2 (n =/=- 0). 

ilOJTOMY 06IIJ,ee perneHMe ypaBHeHMll C 'laCTHb!Ml:l ITp0113BO)lHb!MI1 (8) l:!MeeT Bl:l)l 

w(x, t) = ckfn F(z), z = xcmfn, (9) 

r)le F(z)- ITp0113BOJibHal! ¢YHKUI1ll. Tipl!MOH ITposepKoil MOJKHO y6e)lMTbCll, 'ITO BbipaJKeHMe (9) 
liBJilleTCll perneHMeM paCCMaTpMBaeMoro <jJyHKUMOHaJibHOrO ypaBHeHMll (7). 

UpuMep 2. PaccMOTpMM <jJyHKUMOHaJibHOe ypasHeHMe 

(10) 

r)le k, m, j3- HeKOTOpb!e 3a)laHHbJe KOHCTaHTbl, a > 0- ITp0113BOJibHall ITOCTOliHHall. 

YpaBHeHMe (I 0) o6paiiJ,aeTCll B TOJK)leCTBO ITp11 a= 1. _nM<jJ<jJepeHUMpyll (I 0) ITO a, a 3aTeM ITOJiaral! 

a = 1, ITpl:IXO)ll:IM K )lM<jJ<jJepeHUl:laJibHOMY ypaBHeHMIO C 'laCTHb!Ml:l ITp0113BO)lHb!MI1 ITepBOrO ITOpll)lKa: 

aw aw 
mx- +/3- +kw = 0. ax at (II) 

CooTBeTCTBYIOIIJ,al! xapaKTepMCTM'IeCKal! CMCTeMa o6biKHOBeHHbiX Jll1¢¢epeHUI1aJibHbiX ypasHeHMH 

dx 
mx 

)lOITYCKaeT ITepBbJe l:IHTerpaJibJ: 

dt 

(3 

dw 

kw 

xexp(-mt/!3) = C1, wexp(kt/!3) = C2. 

TioJTOMY o6mee peweHMe ypaBHeHMll c 'laCTHbiMM ITp0113BOJlHbiMM (II) MMeeT BMJl 

w(x,t) = exp(-ktjj3)F(z), z = xexp(-mt//3), (12) 

r)le F(z)- ITp0113BOJibHal! ¢YHKUI1ll. Tipl!MOH ITposepKoil MOJKHO y6e)lMTbCll, 'ITO BbipaJKeHMe (12) 
l!BJilleTcll peweHMeM ¢YHKUMOHaJibHOro ypaBHeHMll (I 0). 

UpuMep 3. PaccMoTpMM TeiTepb ¢YHKUMOHaJibHOe ypasHeHMe 

w(x,t) = akw(x + (1- a)t, ant), 

r)le a> 0-JII060e, n-HeKOTOpall KOHCTaHTa. 

(13) 
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YpasHeHI1e (13) o6pa111aeTCll B TOJKp_ecTBO np11 a= 1. ~11¢¢epeH1..111PYll (13) no a, a 3aTeM nonaral! 

a = 1, np11XO,ll_I1M K ,ll_l1!jl!jlepeHUI1aJlhHOMY ypaBHeHI110 C 'laCTHbiMI1 np0113BO,ll_HbiMI1 nepBOrO nopll,ll_Ka: 

ow ow 
-t-+nt- + kw = 0. ox ot 

CooTBeTCTBYIOlllal! xapaKTep11CTI1'1eCKal! CI1CTeMa 

11MeeT nepBhie 11HTerpanhi: 

dx 
t 

dt 
nt 

dw 

kw 

t + nx = cl, wtkfn = c2. 
flOJTOMY 06111ee peweHI1e ypaBHeHI1ll C 'laCTHbiMI1 np0113BO,ll_HbiMI1 (14) 11MeeT Bl1,ll_ 

w(x, t) = ckfn F(nx + t), 
rp_e F(z)-npo113BOJlhHall ¢YHK1..111ll. 

(14) 

(15) 

flO,ll_CTaBI1M BbipalKeHI1e (15) B 11CXO,ll_HOe ypaBHeHI1e (13). flOCJle COKpall.leHI1ll Ha Ckjn llOJlY'111M 

F(nx + t) = F(nx + ut), u=(1-a)n+an. (16) 

0TCIOP-a np11 F( z) # const 11MeeM u = 1, 11Jll1 

(1 - a)n +an = 1. (17) 

flOCKOJlbKY paBeHCTBO (16) ,ll_OJlJKHO BbinOJlHl!TbCll ,ll_Jlll Jll06b!X a > 0, TO 11 (17) ,ll_OJlJKHO BbinOJlHl!TbCll 

,ll_Jlll Jll06hiX a > 0. 3TO MOJKeT 6hiTb TOJlhKO np11 O,ll_HOM 3Ha'leHI111: 

n=l. 

8 JTOM cny'lae peweHI1e ypaBHeHI1ll ( 13) p_aeTCll ¢opMynolf [ CM. (15) np11 n = 1]: 

w(x, t) = Ck F(x + t), 
rp_e F(z)-npo113BOJlhHall ¢YHK1..111ll. 

(18) 

ECJ111 n oF 1, TO ypaBHeHI1e (13) 11MeeT TOJlbKO BblpOJK,ll_eHHOe peweHI1e w(x, t) = CCk/n, rp_e 

C-npo113BOJlhHall nocTOliHHall [BbipOJKP-eHHOe peweHI1e cooTBeTcTByeT F = const B (16)]. 

16.2. MeTOA AH<I><J>epeHu,HposaHHH no He3aBHCHMbiM nepeMeHHbiM 

16.2.1. npeABapMTel\bHble 3aMel.laHMH 

1°. B pjl.ue cnyqaeB nyTeM .UH«P«PepeHIJ,HpoBaHJijl no He3aBHCHMhiM nepeMeHHhiM 

y.uaeTCjl HCKJUOqHTb HeKOTOpbie apryMeHTbl paCCMaTpHBaeMOrO «PYHKI.I,HOHaJibHOrO 

ypaBHeHHjl II CBeCTH ero K 06biKHOBeHHOMY .UH«P«PepeHIJ,HaJibHOMY ypaBHeHHIO. 

IlonyqeHHOe TaKHM o6pa30M perneHHe 3aTeM Ha,UO IIO,UCTaBHTb B HCXO,UHOe ypaB

HeHHe, qT06bi «y6paTb» JIHIIIHHe IIOCTOjiHHbie HHTerpHpOBaHHjl (KOTOpbie MOryT 

B03HHKHYTb H3-3a .UH«P«PepeHIJ,HpOBaHHjl). 

2°. B HeKOTOpbiX cnyqajlx npo1.1,e.uypy .UH«P«PepeHIJ,HpoBaHHjl no He3aBHCHMhiM ne

peMeHHhiM Ha.uo npoBO.UHTh B KOM6HHaiJ,HH c YMHO)I(eHHeM (.ueneHHeM) ypaBHeHHjl 

II ero .UH«P«PepeHIJ,HaJibHbiX CJie,UCTBHM Ha IIO,UXO.[(jiiiJ,He «PYHKI.I,HH. l1HOr,Ua ypaBHe

HHe HJIH ero CJie,UCTBHjl IIOJie3HO JIOrapH«ilMHpOBaTb. 

16.2.2. PeweHMe KOHKpeTHbiX 4>YHK~MOHal\bHbiX ypaBHeHMH MeTOAOM 

AMcl>cl>epeH~MpOBaHMH no He3aBMCMMbiM nepeMeHHbiM 

UpuMep 4. PaccMoTp11M ypaBHeHI1e lleKcl1p_epa (Pexider): 

f(x) + g(y) = h(x + y), 

rp_e j(x), g(y), h(z)-11CKOMhie !jlyHK1..11111. 

16 A. )J,. IIomiHHH, B. <1>. 3ai1ues, A. H. )l(ypos 

(19) 
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)J,II<jl<jlepeHUIIPYll <jlyHKL(IIOHaJlbHOe ypaBHeHIIe (19) no X II no y, npiiXO,ll_IIM K 06b!KHOBeHHOMY 

p_ll<jl<jlepeHUIIaJibHOMY ypaBHeHIIJO h~z(z) = 0, rp_e z = x + y. Ero pellleHIIeM JIBJIJieTCJI JIIIHeliHaJI 

<jlyHKL(IIJI 

h(z)=az+b. 
flO,QCTaBJIJIJI :no Bb!paJKeHIIe B ( 19), nOJIYLJIIM 

f(x) + g(y) =ax+ ay +b. 

Pa3p_eJIJIJI nepeMeHHbie, Haxop_IIM <jlyHKUIIII f 11 g: 

f(x) = ax+b+c, 
g(y) = ay- c. 

(20) 

(21) 

TaKIIM o6pa30M, pe!lleHIIe ypasHeHIIJI lleKCIIp_epa (19) p_aeTCJI <jlopMyJiaMII (20), (21 ), rp_e a, b, c

np0113BOJibHble nOCTOJIHHble. 

UpuMep 5. PaccMoTpiiM HeJIIIHeliHoe <jlyHKUIIOHaJibHOe ypasHeHIIe 

f(x + y) = f(x) + f(y) + af(x)f(y), 

KOTOpOe np11 a = -1 BCTpeLJaeTCJI B TeOp1111 BepOliTHOCTelf. 

)J,II<jl<jlepeHUIIPYll o6e LJaCTII ypaBHeHIIJI no X II y, IIMeeM 

f~'z(z) = af~(x)f~(y), 

a# 0, (22) 

(23) 

rp_e Z = X + y. flpOJIOrapll<jJMIIpyeM o6e LJaCTII ypaBHeHIIJI (23), a 3aTeM noJiyLJeHHOe paBeHCTBO 

npOp_ll<jl<jlepeHUIIpyeM no X II y. flpiiXO,ll_IIM K 06b!KHOBeHHOMY ,QII<jl<jlepeHL(IIaJlbHOMY ypaBHeHIIIO 

[1nj~'z(z)]~z=O. (24) 

11HTerp11pyJI (24) p_saJK,Qbi no nepeMeHHOM z, IIMeeM 

j~'z(z) = C1 exp(C2z), 

rp_e C1 II C2- np0113BOJibHble nOCTOJIHHble. flO,QCTaBIIB (25) B (23), nOJIYLJIIM ypaBHeHIIe 

C1 exp[C2(x + y)] = af~(x)f~(y), 

KOTOpOe p_onycKaeT pa3p_eJieHIIe nepeMeHHbiX. 11HTerp11pOBaHIIe npiiBO,ll_IIT K Bb!paJKeHIIIO 

f(x) = Aexp(C2x) + B, A= ±-1- fC:. 
c2 V 7 

(25) 

(26) 

llop_cTaBIIB (26) B IICXO,QHOe ypasHeHIIe (22), Haxop_IIM 3HaLJeHIIJI nocTOJIHHbix: A = - B = 1/ a 11 

C2 = (3- np0113BOJibHall nOCTOJIHHall. 8 pe3yJibTaTe nOJIYLJIIM IICKOMOe pellleHIIe 

f(x) = ~(e13 x -1). 
a 

16.3. PeweHMe <J>yHK~MOHBJ\bHbiX ypaBHeHMH MeTOAOM MCKJ\IOI.IeHMfl 

apryMeHTa 

16.3.1. PaccMaTpHBaeMble KJ\aCCbl ypaBHeHHH. OnHcaHHe MeTOAa 

Ey.ueM Hccne.uoBaTb «PYHKU:HOHaJihHbie ypaBHeHH51 BH.Ua (1 ). 
BMeCTO ypaBHeHH51 (1) paccMOTpHM 6onee o61[(ee BCIIOMoraTeJibHOe «l>YHKU:HO

HaJihHoe ypaBHeHHe 

(27) 

r.ue e = e (X, t)- IIpOH3BOJibHa51 «tJyHK[(H51. 

0CH06HG5l ude5l: eCJIH HaM y.uaCTC51 IIOJiyqHTb TOqHOe perneHHe ypaBHeHH51 (27), 
TO 3TO perneHHe 6y,UeT O,UHOBpeMeHHO H perneHHeM HCXO,UHOrO «tJyHK[(HOHaJibHOrO 

ypaBHeHH51 ( 1) [ TaK KaK ypaBHeHHe ( 1) COOTBeTCTByeT qacTHOMY CJiyqaiO ypaBHeHH51 

(27) IIpH e =a]. 
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fiOCKOJibKY cpyHKI.I,H51 e = e (X, t) 51BJI51eTC51 rrpOH3BOJibHOH, Bbi6epeM ee H3 

YCJIOBH51 

(28) 

r,Ue b- HeKOTOpa51 IIOCT051HHa51 ( 06biqHO y.uo6HO IIOJiaraTb b = 1 HJIH b = 0). 
Pa3peiiiHB (28) OTHOCHTeJibHO e H IIO.[(CTaBHB IIOJiyqeHHYIO 3aBHCHMOCTb e = e(x, t) 
B (27), HMeeM 

w(x, t) = B(x, t, e(x, t))<I>(cp(x, t, e(x, t))), (29) 

r,Ue HCIIOJib30BaHO 0603HaqeHHe <l> ( cp) := W ( cp, b). 
Bbipa)l(eHHe (29) 51BJI51eTC51 OCHOBOH .UJI51 rrocTpoeHH51 TOqHoro perneHH51 HC

xo.uHoro cpyHKI.J,HOHaJibHOrO ypaBHeHH51: ero Ha,UO IIO.[(CTaBHTb B (1) H Bb151CHHTb, 

,[(JI51 KaKHX cpyHKI.J,HH <l> ( cp) OHO 6y,UeT peiiieHHeM ( IIpH 3TOM MoryT II051BHTbC51 

HeKOTOpbie orpaHHqeHH51 Ha BH.[( orrpe,UeJI51IOII.J,HX cpyHKI.J,HH B, cp, 1/J ). 

3aMe48Hit1e 3. YCJIOBHe (28) COOTBeTCTByeT HCKJIIOqeHHIO BTOpOrO apryMeHTa 

(IIOCKOJibKY OH 3aMeH51eTC51 Ha KOHCTaHTY) B rrpaBOH qacTH ypaBHeHH51 (27). 

3aMe48Hit1e 4. BMeCTO YCJIOBH51 (28) cpyHKI.J,HIO e = e(x, t) MO)I(HO Bbi6HpaTb H3 

aHaJIOmqHOrO YCJIOBH51: cp(x, t, e) =b. 

16.3.2. PeweHHe KOHKpeTHbiX 4>YHK~HOHal\bHbiX ypaBHeHHH MeTOAOM HCKI\IOLieHHH 

apryMeHTa 

UpuMep 6. PaccMOTp11M <jlyHKU110HaJibHOe ypasHeHI1e (7), KOTopoe JIBJUieTCJI '!aCTHbiM cnyqaeM 

ypaBHeHI1JI (I) np11 O(x, t, a) = ak, 'f(X, t, a) =am X, '1/J(x, t, a)= ant. 
Cne.QyJI on11caHHOH B pa3.Q. 16.3 .I cxeMe, 11CnOJJb3yeM scnoMoraTeJJbHOe ypasHeHI1e 

w(x, t) = ~kw(Cx, Ct), 

r.Qe <jlyHKI..(I110 ~ COmaCHO (28) Onpe.QeJJI1M 113 YCJJOBI1JI 

Ct = 1 (b = 1). 

0TCIO.Qa HaXO.Q11M ~ = Cl/n. flO.QCTaBI1B ::ny 3aBI1CI1MOCTb B (30), 11MeeM 

w(x, t) = cklnif>(t-m/nx), 

r.Qe 11CnOJJb30BaHo o6o3Ha'leHI1e if>( 'P) = w( 'f, 1). 

(30) 

(31) 

(32) 

flpliMOH nposepKOH JJerKO ycTaHOBI1Tb, 'ITO BblpalKeHI1e (32) JIBJJJieTCJI peweHI1eM paCCMaTp11Ba

eMOrD <jlyHKI..(I10HaJlbHOrO ypaBHeHI1JI (7) .QJJJI np0113BOJlbHOH <jlyHKI..(I111 if> 11 COBna.QaeT ( C TO'lHOCTbiO 

.11-0 nepeo6o3Ha'leH11ll) c peweHI1eM (9), nony'leHHbiM MeTO.QOM .Q11<jl<jlepeHU11posaHI1JI no napaMeTpy. 

3aMe4aHHe 5. 8MeCTO 1 B npaBOH 'laCTI1 paBeHCTBa (31) MOlKHO 6biJ10 B3JITb JJ106y10 OTJ111'lHYIO 

OT HYJJJI KOHCTaHTY b; pe3yJJbTaT 6b!Jl 6bi TeM lKe CaMbiM ( C TO'lHOCTbiO .QO nepeonpe.QeJJeHI1JI 

np0113BOJlbHOH <jlyHKI..(I111 if>). 

UpuMep 7. PaccMoTp11M <jlyHKU110HaJibHOe ypasHeHI1e (I 0), KOTopoe JIBJJJieTcJI 'laCTHbiM cnyqaeM 

ypasHeHI1JI (I) np11 O(x,t,a) = ak, 'P(x,t,a) = amx, '1/J(x,t,a) = t+ ,@ina. 
Cne.QyJI on11caHHOH cxeMe, paccMoTp11M 6onee o6wee scnoMoraTeJJbHOe ypasHeHI1e 

w(x, t) = ~kw(Cx, t +,()In~). 

<l>yHKI..(I110 ~ HaH.QeM 113 YCJJOBI1JI 

t+f)ln~=O (b = 0). 

l1MeeM ~ = exp(- t / ,6). llo.QCTaBI1B ::ny 3aBI1CI1MOCTb B (33 ), nony'li1M 

w(x, t) = e-kt/f3if>(xe-mt/f3), 

(33) 

(34) 

r.Qe 11CnOJJb30BaHO 0603Ha'leHI1e if>( 'f) := w( if, 0). flpliMOH nposepKOH MOlKHO y6e.QI1TbCJI, 'ITO Bblpa

lKeHI1e (34) JIBJJJieTCJI peweHI1eM <jlyHKI..(I10HaJlbHOrO ypaBHeHI1JI (I 0) .QJJJI np0113BOJlbHOH <jlyHKI..(I111 if> 
11 COBna.QaeT C peweHI1eM ( 12), noJJy'leHHbiM MeTO.QOM .Q11<jl<jlepeHU11pOBaHI1JI no napaMeTpy. 

16* 
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UpuMep 8. PaccMOTpHM Terrepb <jlyHKUHOHaJibHOe ypasHeHHe (13), KOTopoe JIBJUieTCJI '!aCTHhiM 

CJJy'laeM ypaBHeHIIJI (I) rrp11 8(x, t, a)= ak, ip(X, t, a)= X+ (1- a)t, 1/J(x, t, a)= ant. 
Cnep_yJI orrHCaHHOH cxeMe, paccMOTpHM scrroMoraTeJJbHOe ypasHeHHe 

w(x, t) = ~kw(x + (1 - ~)t, Ct). 

rp_e <jlyHKUHJO ~ comacHo (28) orrpep_eJJHM 113 ycJJOBHJI (31 ). l1MeeM ~ 
3aBIICIIMOCTb B (35), IlOJJY'lliM 

w(x,t) = Ck/ncp(z), Z =X+ t- t(n-l)fn, 

rp_e HCITOJJb30BaHo o6o3Ha'leHHe <I>( 'P) = w( ip, 1). 

(35) 

(36) 

f1op_CTaBIIM Bb!paJKeHHe (36) B liCXO,QHOe ypaBHeHHe (13). f10CJJe COKpall.leHIIJI Ha Ckjn l!MeeM 

(37) 

f10CKOJlbKY 3TO paBeHCTBO ,QOJJJKHO BblllOJJHJITbCJI ,ll_JlJI BCeX a > 0, TO l!Me!OTCJI ,QBe B03MOJKHOCTII: 

1) 
2) 

n-n106oe, <I>= C = const; 

n = 1, <I>-nJ06aJI. 
(38) 

80 BTOpOM CJJyqae, COOTBeTCTBYIOll.leM 3Ha'leHIIIO n = 1 B <jlyHKL(liOHaJ!bHOM ypaBHeHllll (13), ero 

peiiieHHe 3allliCbiBaeTCJI TaK: 

w(x, t) = ck F(x + t), (39) 

rp_e F(z)- rrpOH3BOJJbHaJI <jlyHKUHJI, F(z) = <I>(z - 1). BHP-HO, 'ITO <jlopMyna (39) cosrrap_aeT c 

peiiieHHeM ( 18), IlOJJy'leHHbiM MeTO,QOM ,QH<jl<jlepeHUllpOBaHIIJI ITO rrapaMeTpy. 

3aMe4aHit1e 6. Pe3yJihTaTbi pernemu1 KOHKpeTHhiX «PYHKU:IIOHaJihHhiX ypaBHe

HIIH, IIOJiyqeHHbiX B pa3.[(. 16.3.2 MeTO.[(OM IICKJIIoqeHII51 apryMeHTa, COBIIa.[(aiOT C 

pe3yJihTaTaMII peiiieHII51 3TIIX ypaBHeHIIH, IIOJiyqeHHbiMII B pa3.[(. 16.1.2 MeTO.[(OM 

.D:II«!>«tJepeHU:IIpoBaHII51 110 llapaMeTpy. CJie.n:yeT OTMeTIITh o.n:HaKo, qTo 11poMe)l(yToq

Hbie pe3yJibTaTbl perneHII51 ypaBHeHII51 ( 18) 3TIIMII MeTO.[(aMII He COBIIa.[(aiOT [ cpaBHII 

«tJopMyJihl (15) II (36)]. 

3aMe4aHII1e 7. MeTo.n: IICKJIIOqeHII51 apryMeHTa 3HaqiiTeJihHO 11pome MeTo.n:a 

.D:II«tJ«tJepeHQIIpOBaHII51 110 llapaMeTpy, IIOCKOJibKY OH CB513aH TOJibKO C pa3perneHIIeM 

aJire6paiiqeCKIIX (TpaHCQeH.[(eHTHbiX) ypaBHeHIIH BII.[(a (28) OTHOCIITeJibHO ~ II He 

CB513aH C BbiBO.[(OM II perneHIIeM COOTBeTCTBYIOI[(IIX .D:II«tJ«tJepeHQIIaJibHbiX ypaBHe

HIIH c qacTHhiMII 11pOII3BO.LJ:HhiMII llepBoro 110p51.D:Ka. 

® Jlumepamypa K maGe 16: 51. Auen, )1{. .[l,oM6p (2003), A. D. Polyarrirr, A. I. Zhurov (2004, 2005). 
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