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MpeaucnoBue

Henuneitarie nuddepeHnpansaple ypaBHEHHS C YaCTHBIMU IPOU3BOAHBIMH BTOPOTO
u Ooyiee BBHICOKHUX MOPAAKOB (HETHHEHWHBbIE YpaBHEHHS MaTeMaTHUeCKOW (U3HUKH)
9aCcTO BCTPEYAIOTCS B Pa3IHYHBIX OOJACTAX MATEMaTHKH, (PH3UKH, MEXAaHUKH, XU-
MHH, OHOJIOTHH U B MHOTOYHCJICHHBIX NMPHIOKeHU X, O0Iiee perieHne HeTHHEHHBIX
ypaBHEHHI MaTEMaTHYECKOH (DU3HKH YIAETCS OTYYUTh TOJBKO B UCKITIOUHUTEIBHBIX
cinyqasx. [losTtoMy OOBIYHO MPUXOIUTCS OTPAHUYMUBATHCSH MOWCKOM U aHAIHU30M
YaCTHBIX PEIIEHHUH, KOTOPBIE MPHHATO HA3BIBATH MOYHBIMU PEULEHUAMU.

Tounsle perieHus MUPQEpEeHIMATHHBIX YPABHEHHH MaTeMaTHYeCKOW (PH3HKU
BCETa HTpald M MPOJOJDKAIOT UIpaTh OTPOMHYIO pOJIb B (DOPMHUPOBAaHUHM Mpa-
BHJIBHOTO IOHUMaHHS KaY€CTBEHHBIX OCOOEHHOCTEH MHOTHX SIBIEHHI U MPOIIECCOB
B Pa3IMYHBIX OONACTAX €CTECTBO3HAHHUA. TOUYHBIE peIleHUS HETWHEHHBIX ypaBHe-
HUH HanIAaHO IEMOHCTPHUPYIOT M MO3BOJISIOT MOHATH MEXAHU3MBI TAKUX CIIOXKHBIX
HeJHHEHHBIX 3 PEeKTOB, KaK MPOCTPAHCTBEHHAS JIOKATH3AIMS IPOIIECCOB MEPEHOCa,
MHOKECTBEHHOCTh HJTH OTCYTCTBHE CTAIIMOHAPHBIX COCTOSIHHI MPH ONPEIETEHHBIX
YCIOBHSAX, CYIIECTBOBAHHE PEXXHUMOB C 000CTpeHHeM U Jip. [IpocThie perieHus mu-
POKO HCTIONB3YIOTCS A WILTIOCTPALUH TEOPETHUYECKOTO MaTepHalla U HEKOTOPBIX
MIPUJIOKEHH B Y4EOHBIX KypcaX YHHBEPCUTETOB U TEXHUYECKHUX BY30B (II0 TEOPHH
TEIUIO- ¥ MacCOIMEPEeHOCa, THAPOTMHAMKKE, Ta30BOM JHHAMHUKE, TEOPHH BOJH, HEJTH-
HEWHOU onTHKE U 1p.).

Tounrple pemenus Tumna Oerymieli BOJTHBI U aBTOMOJENBHBIE PEIIEHUS YacTo
MPEACTABIAIOT COO0H aCHMNTOTHKH CYLIECTBEHHO 0OJiee IHUPOKUX KIIACCOB pellie-
HUH, COOTBETCTBYIOIUX APYTUM HAYAJIBHBIM H TPAHHYHBIM YCIOBHAM. YKa3aHHOE
CBOWCTBO MO3BOJISET JIENIaTh BRIBOJBI OOIIEr0 XapakTepa W MPOTHO3HPOBATh JHHA-
MHKY Pa3JIMYHBIX SBJICHHH ¥ TPOIECCOB.

Jlaxxe Te yacTHBIe TOUHBIE peneHus auddepeHInaTbHBIX YPaBHEHHH, KOTOpBIE
HE UMEIOT SCHOTO (PM3UYECKOTO CMBICIA, MOTYT OBITH MCIONB30BaHBI B KaueCTBE
OCHOBBI JUISI «TECTOBBIX)» 33Ja4 MpPU MPOBEPKE KOPPEKTHOCTH M OLIEHKE TOYHOCTH
Pa3IMYHBIX YHCICHHBIX, ACHMITOTHYECKUX U MPUOTMIKCHHBIX aHATHTHYECKHX Me-
TonoB. KpoMe TOro, HOmyckarollde TOYHBIE PEIIECHHS MOJENbHBIC YPaBHEHUS U
3aladd CIIy>)KaT OCHOBOH AN pa3pabOTKH HOBBIX YHCIEHHBIX, aCUMITOTHYECKHX
U NPUOIMKEHHBIX METO/IOB, KOTOPHIE, B CBOIO OYEPEb, MO3BOJSAIOT HUCCIEN0BAThH
yke OoJiee CIOKHBIE 33Ja4l, HE MMEIOUIHE TOYHOTO AHATHTHYECKOTO DPEIICHHUS.
TouHble METOIBI U PEIICHHS HEOOXOMHUMBI TAKKe JUIS pa3pabOTKH M COBEPIICH-
CTBOBaHHS COOTBETCTBYIOLIMX pa3leiioB KOMIBIOTEPHBIX MPOTpPaMM, NMpeIHa3Ha-
YEHHBIX IS aHATMTHYECKUX BeramciaeHuil (cucremsl MATHEMATICA, MAPLE,
CONVODE u np.)

BaXHO OTMETHTD, YTO MHOTHE YPaBHEHHS MPHUKIATHON U TEOpETHUYECKOH HHU3N-
KM, XMMHH U OHOJIOTHH COAEPIKAT SMIHPUYECKHUE MapaMeTPhl UIH 3MIHPHIECKUE
¢dyukiun. TodHbIe pemenns MOo3BOAIOT IIAHUPOBATH SKCIIEPUMEHT IS OTpeielie-
HUS 3THX MapaMEeTPOB WITH PYHKIUH ITyTeM HCKYCCTBEHHOTO CO3/IAaHHS TIOIXOIAIIHX
(TpaHUYHBIX ¥ HAYaJIbHBIX) YCIOBHM.
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[Tox TOYHBIMH pELIEHHSIMH HETHHEHHBIX YPaBHEHHH MaTeMaTH4eCKOH (H3HMKH
MOHMMAIOTCS CIIEAYIOIIHE PEIICHHS:

1. Pemenus, KOTOpbIE BBIPAXAIOTCS Yepe3 IEMEHTapHbIe (YHKIHH.

2. Pemienusi, KOTOpbIE BBIPAXKAIOTCS B BHIE KBaAparyp.*

3. Pemenus, KOTOpbIe ONMHUCHIBAIOTCA OOBIKHOBEHHBIMH AH(depeHIHaTbHBIMU
YPaBHEHHUAMH (CHCTEMaMH OOBIKHOBEHHBIX TU(QepeHIHaTbHBIX YPaBHEHUH ).

4. PemeHus, KOTOpBIE BBIPXKAIOTCS 4Yepe3 PEILCHMS JHHEHHBIX YpaBHEHHH C
YJaCTHBIMH NPOU3BOAHBIMH (JINHEHHBIX HHTETPAJIbHBIX YPAaBHEHHH).

[Tox TOYHBIMH METOJAMH PELICHHS HETHHEHHBIX YPaBHEHUH MaTeMaTHYECKOH
(bHU3MKH IOHMMAIOTCSI METO/IBI, TO3BOJIAIONIHE MOIyYaTh TOUHBIE PEIICHUS.

B kHure onucaHbsl OCHOBHBIE (KaK KIACCHYECKUE, TaK M HOBBIE) TOYHBIE METOBI
pelleHHs HEMMHEHHBIX YpaBHEHUH MaTeMaTuueckod (u3uku. OTH MeTonbl mepe-
YHCJICHbI B CBOIHOH TabiuIe.

TABJIMLIA
OCHOBHbIE TOYHbIE METO/bI PELIECHHUS HENUHEHHBIX YPaBHEHUH MaTeMaTUYeCKOi GU3NKH

Ne | HasBanue meroaa XapakrepHble 0COOEHHOCTH

1 Knaccuueckuii meton
noucKa CUMMETpuil (MeTon
rpyNnoBOro aHanusa)

OcHoBaH Ha NOUCKe nMpeoOpa3oBaHUil, KOTOPbIE OCTABAAIOT
MHBAPUAHTHBIM BUJ ypaBHEHWil. [103Bonser nonyyars
WUHBApUAHTHBLIC PCLICHUA

2 | Hexnaccuueckuit meToa
NIOMCKA CUMMETPHI

Baxxnas moaudukauus MeToaa rpynmnoBoro aHaausa
(Ho Gonee cnoxHas AN NPAKTHYECKOTO NPUMEHEHHUS).
INo3Bonser onucarb Gonee WMPOKUH KNacc pelueHui

3 | IIpamoii meron Knapkco-
Ha— Kpyckana

3anaercs o0Lias CTPYKTypa pelieHHs, B KOTOPOE BXOAAT
npou3BoJbHbIE GYHKLMU. DT GYHKUMM HEPAaBHONPABHbI,
JUISl UX ONPEAENIEHUS UCHOb3YIOT ClIeLUalbHbIe MPUEMbI

4 | Meroa auddepenumans-
HBIX CBA3EH

OcHOBaH Ha COBMECTHOM MCCJIE€IOBAHUU JaHHbIX ypaBHe-
HUH ¥ BcomoraresibHbix (60siee MPOCTbIX) YPaBHEHUI,
Ha3biBaeMbIX AU GepeHLManbHbIMU CBA3SAMU

5 | Meroa 0606wmeHHoro 3anaercs oOMi BUA PELLEHHUS, XaPAKTEPHbIH A7 IMHEH-

pasacncHua n€peMEHHbIX

HbIX ypaBHEHUH. [lns onpeneneHus UCKOMbIX (GyHKLUMI
MCIONB3YIOT Pa3Hbl€ METOABI

HEeHHbIX YpaBHEHUI mare-

6 | Meroa ¢yHKUMOHANBHOTO 3apaercs oOwwMii BUA pelleHUs C GyHKLHOHAIbHBIM
pa3aeneHus: NEPEMEHHBIX npou3BosioM. Jins onpeaeneHus UCKOMbIX GyHKUHMH
UCIMONB3YIOT METOAb! A1((HEPEHLMPOBAHUS U paclLENIeHUs
7 | Meroa obGpatHoii 3axaun OcCHOBaH Ha CNELMaIbHOM NPEACTABAECHUN YpaBHEHUS (C
paccesHus MOMOLLbIO Napbl TMHEHHBIX ONEPATOPOB) UM HA YCIIOBHU
COBMECTHOCTH JBYX JIMHEHHbIX YpaBHEHUI
8 | Tecr IlenneBe ans Henu- OcHOBaH Ha NOUCKE PELLEHUH B BUJE Pa3JIOKEHUH, UMELO-

WIHMX 0COOEHHOCTb THUNA NOABMXXHOrO nontoca. [lonoxenue

MaTH4YeCKON DU3UKH MONI0Ca 33a€TCA MPOU3BOAbHON (PyHKLKMEH

* HWurerpupoBaHue audepeHLnanbHbIX YpaBHEHUH B 3aMKHYTOH (hOpMe — 3TO NMpPEACTaBIEHUE
pewenuii auddepeHUnanbHbIX yPaBHEHUH aHaNMTHUYECKUMH (OpMyslaMH, NPH 3aNUCH KOTOPbIX HC-
NONb3YIOTCS yKa3aHHbII anpuopu Habop JAonmycTHMbIX (GYHKUMI M nepeuucieHHbld 3apaHee Habop
MaTeMaTHUYECKUX onepauuii. Peluenue Bbipaxxkaercs B BUAE KBaapaTyp, €C/IM B Ka4€CTBE AONYCTHMbIX
(byHKUMI MCNIONBL3YIOTCA 3NEMEHTApHbIE GYHKLUMH U (YHKLMM, BXOAALIME B YPAaBHEHHE, a MOA JIO-
MyCTUMbIMH ONEPaLUsIMU IOHUMAETCA KOHEYHOE MHOXECTBO apu(MeTHUECKUX onepauui, onepaumii
cynepno3uuuy (06pa3oBaHus C10XHOH (HYHKLUMM) U onepauui B3ATHs HEOMPEACAEHHOTO UHTErpana.
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3ameuanue 1. Hanbonee momynasipHBIMH METONAMH SBJISIOTCS METOIBI TPYyI-
MOBOTO aHanmM3a M OOpaTHOW 3aja4yM paccessHUs (JaHHbIE OCHOBaHBI Ha IOHCKE
KIIFOYEBBIX OB B IHTEpHETE).

3ameyaHue 2. B Teopuu Terio- u MacconepeHoca U ruapoauHaMuke™® 3¢ ex-
THUBHO pabOTalOT TOJBKO MEPBbIE MIECTh METOIOB, YKAa3aHHBIX B TabHIeE.

3ameyanune 3. MHOra 00beAMHAIOT METO TPYIIIOBOTO aHANIN3a U HEKJIacCH4e-
CKHH METOJI MOUCKA CHMMETPHH, a TakXKe METOJbI 00OOIEHHOTO U (hYHKIIMOHATh-
HOTO pa3JeNieHus NePEeMEHHBIX.

3amevanue 4. Meton Monxa, MeTon XHpOTH U APYTHE TOYHBIE METObI, HME-
IOIIHE CYILECTBEHHO OoJiee y3Kyl0 00JacTh NPUMEHHUMOCTH, B KHHI€ HE paccMaT-
PHBAIOTCSL.

H3no>xeHne METONOB COMIPOBOMXKAAETCS MHOIOYHCICHHBIMH KOHKPETHBIMHU IIPHU-
MepaMH H YNPAKHEHUAMH, HEOOXONUMBIMM JUIS JIy4IIEro yCBOGHHS MaTepHaia
¥ TOJYYEeHHUS NMPAKTHIECKUX HABHIKOB pelleHHs IuddepeHIHaTbHbIX YpaBHEHUH.
[MoMuMO HeTUHEHHBIX YpaBHEHHI BTOPOTro M 0oJiee BBICOKHX HOPAIKOB, AT HII-
JIOCTpALUH IIHPOKOH O0NacTH MPHMEHHMOCTH ONHMCAaHHBIX METOJOB B Ka4ecTBe
IPUMEPOB M YIPAKHEHHH HMHOINA HCIOJB3YIOTCA TAKKE€ HEKOTOPHIE HEIHHEHHbIE
YpaBHEHHUS IIEPBOrO NOPSIKA U JIMHEHHBIE YpaBHEHHs BTOPOro M 0oJiee BBICOKHX
MOPSAAKOB.

[Ipu oTbope nmpakTHYeCKOro MaTepuaia (IPUMEPOB U YIIPAKHEHHUI) aBTOPHI OT-
JaBajJy HauOoJbllee NPEANOYTEHUE CIIEAYIOIUM JBYM BaXKHBIM THIIAM YPaBHEHUH:

® YpaBHEHUSIM, KOTOpBIE BCTPEYAIOTCA B PA3IHUHBIX NMPHIOXKEHUAX (B TEOPUH
TEIUIO- U MAacCONEpPEeHOCca, TEOpPHH BOJH, THAPOJMHAMMKE, Ta30BOH IWHAMHKE,
TEOPHH TOPEHHS, HETHHEHHOH ONTHKE, XUMUIECKOH TEXHOJIOTUH, OHOJIOTHH U IIp.);

® ypaBHEHUSM OOILIEro BHIA, KOTOpBIE 3aBUCAT OT NPOM3BOJIBHBIX (YHKLHMI
(TOuHBIE peleHNs TaKUX YPaBHEHHH NPEACTABISAIOT 0COOBIH HHTEpEC AN TECTHPO-
BaHHS YUCICHHBIX U NPUOIMKEHHBIX METOJIOB).

JUI1 MakCUManbHOIO PacCIIMPEHHs Kpyra MOTCHIHANBHBIX YUTATEICH C pasHOH
MaTeMaTH4ecKOi MOATOTOBKOH aBTOPHI IO BO3MOXKHOCTH CTapaluch M30erath Hc-
MOJIb30BaHUA CIIEHUATBHON TepMHHONIOTHH. [103TOMY HEKOTOpBIE pe3ynbTaThl ONH-
CaHbl CXEMAaTHYECKH M YNPOIIEHHO, YEro BIOIHE AOCTATOYHO AN MX MPUMEHEHHS
B OOJBIIMHCTBE NMPHIOKEHUH. MHOTHE pa3fensl MOXKHO YUTAaTh HE3aBHCUMO JIPYT
OT Jpyra, 4To obierdaer paboTy C MaTepHaIOM.

Jlis ynoGcTBa uuTaTeneil B KHUIY BKJIIOUEHBI TAKXKE YEThIPE BCIIOMOIAaTENbHBIX
I7aBbl: 10 ypaBHEHMAM lleHneBe, Mo MeTOAaM pelleHHs KBa3HIMHEHHBIX U HENHU-
HEHHBIX YpaBHEHHMH C YaCTHBIMH NMPOM3BOJHBIMU NEPBOrO MOPSAKA, MO METOJaM
peeHus: QyHKIHOHAIBHBIX YpaBHEHHUH.

KHxura npencrasisier coboil pacIIMpeHHBIH Kypc JIEKIHA MO0 METoJaM perie-
HUS HEIMHEHHBIX YPaBHEHHH MaTeMaTH4yecKod (M3UKH M MEXaHUKH, YNTAEMBIH
crynentam Kadenpsl «lIpukiannas Mmaremaruka» MOCKOBCKOTO roCyAapCTBEHHOTO
TexHHYeckoro ynusepcurera umenu H. 3. baymana.

ABTOpBI HaIEIOTCS, YTO KHUra OyIeT MOJIE3HOH IUIi LIMPOKOTO Kpyra Hayd-
HBIX pabOOTHHKOB, IpenoaaBaTeled By30B, HH)KEHEPOB, aCIUPAaHTOB U CTYIEHTOB,
CIELHATU3UPYIOMHXCS B 00NAaCTH NMPUKIAJAHOH MaTeMaTHKH, MEXaHHMKH, (QU3UKH,

* 3pech MMeeTCs B BUAY MOUCK TOYHbIX pelienuil ypaBuenuii HaBbe — Ctokca U ypaBHeHUit
rUAPOAVMHAMHUYECKOrO MOrpaHUYHOrO CJIOs.
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TEOpPHH YNpPaBICHHA U XHMHUYECKOH TexHoigorumu. OCHOBHOH MaTepHal KHHTH H
YIPaKHEHUSI MOTYT OBITh HCIIOJIB30BaHBI I YTEHHs CIELKYpPCOB M IPOBEAEHHS
NpPaKTUYECKUX 3aHATHH 10 HeIMHEHHbIM ypaBHEHHAM MaTeMaTH4eCKOH (pH3MKH 11
CTYIEHTOB M aCIMpPaHTOB (PU3UKO-MaTeMaTHYECKUX CIIELUAIbHOCTEH yYHUBEpCHUTe-
TOB M TEXHHUYECKHX By30B. OTAeNbHBIE pa3[enbl KHUTH MOTYT ObITh BKJIIOYEHBI B
OCHOBHBIE KypPCHI 110 YPAaBHEHHAM MaTeMaTH4ecKoH (U3UKH.

Aemopul



Hekotopble 0603HaYeHUA U 3aMeyaHus

NatuHckue 6yKBbli

C1,Cy, . . .— MIPOU3BOJIbHBIE IOCTOSIHHBIE;

T, ©, 2 — UAIMHIPHIECKUE KOOPAHHATEL, 7 = \/ 22+ y2, x =7 cos ¢, y =7 sin p;

r, 0, o— chepudeckne KOOpPAMHATHL, 7 = \/x2+y2+22, © = rsinfcos y,

y =sinfsinp, z = rcos b,
t—Bpems (¢t > 0);
w—HuCcKoMas GYHKIHUA (3aBUCHMasl TIepeMeHHas );
T, Yy, 2— NPOCTPAHCTBEHHBIE MEPEMEHHBIE (I€KaPTOBHI KOOPIUHATHI);

Z1,-..,Tn— NEKAPTOBBI KOOPAHWHATHI B N-MEPHOM TPOCTPAHCTRE.

peueckue GyKBbI
A — oneparop Jlamnaca:

A o2 o?
= 92 + o B IBYMEPHOM ClIy4ae,
2 2 2
A=2 + 9 + o g TPEXMEPHOM CITydae,

Tz T 9y | 022

n 2
1o}
A= kzl o7 — B NI-MEpPHOM CiIyyYae;

4 4
AA — 6urapmoHnyeckuii oneparop, AA = 9 9

84
W+2W+6_y4_]3 JBY-
MEPHOM CJTyyae.

KpaTKMe ob6o3HaueHUnA MPOU3BOAHDbIX

YacTHble POU3BOAHBIE:

ow ow 8%w 8w 8%w 8w
Bz wy = Bt Wiz

OGBIKHOBEHHBIE MPOU3BOAHBIE QyHKUHH f = f(x):

7! — da n _ d’f m _ d°f m o _ df (n) — d"f

Wg = :W’ wwt—m, wtt—w» wwww=w,

T — dz ? Txr — d.’l?2 ? TXTx — d.’l?3 ? TXXLx — d.’l?4 ? T - dxn

npu n2=5.

Kpatkue o603HaueHua aAuddpepeHumanbHbiX onepaTopos

o o o
a:c:%, atza, aw:%§
8 8 8 8 ,
Do = 55+ Wegy & Wazg =+ Wat 5=+ 005

) P P} 8
D; = N + Wy~ + Wat 5 = + Wit 5~ +

rae Op, O, Oy — omepaTopbl auddepeHnupoBanus mo x, t, w, a D, u Dy —
OmepaTopsl MOTHOTO AU epeHIIMPOBaHHUs 110 T U t (cuuTaeTcs, 4To w = w(z,t)).
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TABJIMLA
Haubonee pacnpocTpaHeHHbIE THNbI TOYHbIX PELICHUH (Ans ypaBHEHUI
C IByMsl HE3aBUCHUMbIMY NMEPEMEHHBIMU T U t ¥ MCKOMOM (yHKLHER w)

CrpykTypa pewieHus

Ne HasBanue pelienus
(z ¥ t MOXKHO NMOMEHATL MECTAMHU)
1 Pewenye Tuna Gerywei BoaHb* w=F(z), z=az+ 6t, af #0
Pewenne ¢ anauTuBHLIM _
2 pasieneHreM NepeMeHHbIX w = (@) +¥(t)
Peluenue ¢ MylIbTHILINKATHBHBIM
3 y w = p(x)yp(t)
pasieneHreM NepeMeHHbIX
4 ABromojensHoe peieHue** w=t*F(2), z=xt’
O0600LEHHOE aBTOMOJENbHOE _ _
5 o w=¢(OF(2), 2 = 2w(t)
6 Pewenue Tuna 0606LeHHOM w= F(2), z = o(t)x + ()
Geryuueit BOJHbI - 2T
7 Peuienue ¢ 06061eHHbIM w = o1 (@)B1(E) + - + Pn(@)n(t)
pasjiefieHreM NePEMEHHbBIX e ! ¥n "
3 Pewenue ¢ GpyHKUMOHANBHBIM w=F(2), 2= @1 (@)W1(t) + -+ on(@)tn(t)

pa3neNeHreEM NEPEMEHHDBIX

* O6e nepeMeHHbIE MOTYT UIPaTh POJib MPOCTPAHCTBEHHBLIX KOOPAVHAT.
** Ynorna pewenns Buaa w = t°F(z), z = Zt°, e & = ¢ 4+ C1 u t = t + C», Tawxe Gyayt
Ha3bIBATHCS ABTOMOAENBHBIMY PELIEHHAMI.

3ameuaHus

x
1.B q)OpMYJIaX, COACpIKAIUX BBIPpAXKXCHUA THIIA C'Lf( )2 , 9aCTO HE€ OroBapHUBACTCA,

410 0 # 2. -

2. B kHure oObIYHO HE pacCMaTpuBaIOTCA IIPOCTHIC PCHICHUSA, 3aBUCAIIIHE TOJIBKO
OT OJHOM nepeMeHHoﬁ, KOTOpasi BXOAUT B HCXOTHOC YPABHCHHUEC.

3. B KHHre 4acto HCHONB3yeTCs OYEHb NpOCTas W HarIAAHas KIaCCHHKAIHS
HauboJiee paclpOCTPaHEHHBIX THIIOB TOYHBIX pELIEHHH, KOTOpas He CBA3aHa C
BHJIOM pacCMaTpUBAEMBIX YpaBHEHHH (CM. TaOIHILy).

& OTHM 3HAaKOM IIOMEUYEHBI CCHUIKH Ha JIATEPATYPHBIC HCTOYHUKH.

o¢ OTHM 3HAKOM IIOMEYEHBI 33/1a4 U YIPaKHEHHs K pa3zienaM JUli CaMOCTOSATENb-
HOI pabOThI YnTATEN.



1. Khaccudukaumua NoAyAMHEMHbIX YpaBHEHUH C YaCTHbIMHM
NPOU3BOAHLIMU BTOPOro NOpsiAKa

1.1. Tunbl ypaBHEHUW. YpaBHEHUA XapaKTEPUCTUK

P aCCMOTpUM nonymmei’moe YpPaBHCHHE C YACTHBIMH NMPOU3BOAHBIMH BTOPOIO ITO-
pAaKa ¢ AByMsI HE3aBUCHUMBIMU NEPEMCHHBIMHU

0w 0w Pw ow Ow
922 +2b($ay)m +c(x’y)8—y? _F(xayawvgaa—y)a (1)

a(z,y)

rae a, b, c—HeKoTopbie GYHKIHMH OT X H Y, IMEIOIIHE HENMPEPHIBHBIC MPOU3BOTHBIC
JIO BTOPOT'O MOPSAIKA BKIIOYUTENBHO.

Knaccudukanus nomyTHHEHHBIX YPaBHEHHUH MPOBOAUTCS aHAIOTHYHO KJIACCH-
(buKkanuu TUHEHHBIX ypaBHEHHIl; NMpoLeaypa NMPUBEIEHHS TaKUX YPaBHEHUH K Ka-
HOHHYECKOMY BUIY ONpPEAEIAETCS TONBKO JIEBOM YacThIO YpaBHEHHUS.

Ypasuenwue (1) B Touke (z, y) NPUHAAIEKUT K

napaboIuyecKomy muny, ecmn b2 — ac = 0;
2unepboIuNecKkomy muny, ecmn b2 —ac > 0;
INAUNIMUYECKOMY HMUNY, ecmn b? — ac < 0.

Jns Toro, uroObl mpuBecTH ypaBHeHHE (1) K KaHOHHYECKOMY BHIY, Hauo
3ammcaTh ypaBHEHHE XapaKTEPUCTHK

ady? — 2bdxdy + cdz® =0,

KOTOpO€E pacmagaercs Ha JBa YPaBHEHHS:
ady — (b+ Vb? —ac)dz =0, )
ady — (b—Vb? —ac)dz =0, 3)
¥ HaliTh UX OOIIMEe MHTErpabl.

1.2. KaHOHMYeCKUi BUA ypaBHEeHUU napabonanueckoro tuna
b2 —ac=0)

YpaBHeHus (2) u (3) B 5TOM Cciiyyae COBMAAAOT H UMEIOT OJUH OOIIUH HHTETrpa
(,D($, y) =C.

Iepexoas oT z, ¥ K HOBBIM HE3aBUCHUMBIM MEPEMEHHBIM &, 7) IO GopMyiaMm

E=o(x,y), n=n(zy),
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rae ) = n(z,y) — mobas nBaxasl auddepeHuEpyemas GyHKUHUS, YIOBIETBOPSIO-
D(&,m)

D(z,y)
npuBeneM ypaBHeHHE (1) K KAHOHHYECKOMY BUAY

I1asi yCJIOBUIO HEBBIPOKAEHHOCTH IKOOMaHa B paccMarpHuBaeMoi o0JacTy,

ow ow Ow ) @)

—F ( w, 2w 0w

ang 1 57777 ) 6€ }) 67]
B xauectBe QyHKIMH 1) MOXHO BBIOpATh 7) = T WIH 1] = ¥.
BumHo, uTto nmpeoOpa3oBaHHOE ypaBHEHHE (4) MMEET TOJBKO OJUH WIEH CO

crapmeﬁ l'IpOI/I3BOJ]HOf;1 (B YaCTHOM CJIiy4ae F; 1 = W¢ OHO COBIIAMACT C JIMHEHHBIM
YpPaBHCHHUEM Tel'IJ'IOHpOBO,Z[HOCTI/I).

3ameuyaHune. B BeIpoXIE€HHOM cilydae, koraa GpyHkuus F) He 3aBHCHT OT MPOU3-
BOJIHOH w¢, ypaBHeHHE (4) MpeACTaBiIseT cO00M 0OBIKHOBEHHOE qubdepeHnnas-
HOE YpaBHEHHE OTHOCHUTENBHO NIEPEMEHHOH 1), B KOTOPOM & UTPaeT poJjib napameTpa.

1.3. KaHOHMuYeCKUih BUA YpaBHEHUW runepbonnyecKoro Tuna
(b2 —ac>0)
OOmme uHTErpasl
pz,y) =Cr,  Y(z,y) =Co

ypaBHeHHi (2) u (3) SBIAIOTCSA BEMIECTBEHHBIMH U PA3TUYHBIMH. OHH ONPENCITSIIOT
JBa pa3IMYHBIX CEMEHCTBA BEIECTBEHHBIX XapaKTEPUCTHK.
Iepexons oT x, y K HOBBIM HE3aBUCHMBIM IIEPEMEHHBIM &, 7 IO HOpMyIaM
§=¢(z,y), n=1¢(y),
npuBeneM ypaBHeHue (1) Kk KaHOHHUYECKOMY BUAY (miepBas KaHOHHUYecKas Gopma)

’w dw Ow
m—Fa(ﬁ,n,w,G—é,W).

[IpeoGpazoBanue
E=t+z, n=t—=z

NPHUBOHUT MOJYYSHHOE YPABHEHHE K IPYrOMY KAHOHHYECKOMY BHIY (BTOpas KaHO-
HUYeckas Gopma)

8%w 8w

— = Fg(t,z,w

ow Ow )
ot? 022 ’

Tt 0z

rae I3 = 4F,. B gactHoM ciiydae F3 = 0 5TO ypaBHEHHE COBMANAET C JTHHEHHBIM
ypaBHEHHEM KOJIeOaHHI CTPYHEI.

1.4. KaHOHWuYECKUI BMA YpaBHEHMI anunTiueckoro tMna (b2 —ac < 0)

OO6mue uHTerpansl ypaBHeHud (2) u (3) B 5TOM ciiy4ae SIBISIOTCS KOMIUIEKCHO
COIPSKEHHBIMH H OIPENETISAIOT 1Ba CeMEHCTBA MHUMBIX XapaKTEPHCTHK.
[Tyctes oOwmuii nHTETpaN ypaBHEHHS (2) UMEET BUA

SO(«T,y) + Z?,[J(.T,y) = C? i2 = _1’

rae p(z,y) u ¥ (z,y) — BelmecTBeHHbIe HYHKLHUH.



1.4. Kanonuueckuii 6uo ypasHerutl 311unmu4eckoz0 muna 17

Ilepexons OT x, Yy K HOBBIM HE3aBUCHMBIM IIEPEMEHHBIM &, 1) 10 HopMyIaMm

E=o(z,y), n=y(y),
npuBeneM ypaBHeHHE (1) K KAHOHUUECKOMY BUAY

ow Pw ow Ow
8—§2+6_172 = F4(§’77,w78—§,m)~

B uactHOM ciyuae Fy = 0 3T0 ypaBHEHHeE coBIajaeT ¢ ypaBHeHHeM Jlamaca.

o0 3adauu u ynpasxcnenus Kk 2nage 1

1. Ilpu xakux 3HaYEHUSX OMpPEAEAIOLMX KO3PPUUMEHTOB ypaBHEHIE
01Wzz + Q2Way + A3 Wyy + brwz + bawy = f(w)
NPUBOIUTCS K OOBIKHOBEHHOMY MG hepeHLaIbHOMY YPaBHEHHIO
wge + kwg = f(w)?
2. KakuM ycnoBUsAM AODKHBI YIOBIETBOPATh QYHKUOHAIbHBIE KO3(GULUEHTb ypaBHEHUSA
f1(@) ez + f2(B)Way + f3(@)wyy + 91(2)wz + g2(z)wy = (W),
4TOOBI OHO MPUBOAMIOCH K OObIKHOBEHHOMY I¥iphepeHLnanbHOMY YpaBHEHHUIO BUIA:
a) wge = ®(w),
b) wge + awg = (w),
©) hi(&wge + ha(&)wg = ®(w)?
Vkasanue. IlpeoGpasosanne uckats B Bune & =y + [ o(z)dz, n =y + [ ¢(z) dz.

3. KaxuM ycnoBUsM A0JDKHBI YIOBIETBOPATh (YHKLMOHANbHbBIE KOI(D(ULUUEHTH! ypaBHEHUs
f1(@)wee + f2(T)Way + f3()wyy + 91(T)wz + g2(T)wy = (W),

4TOObI OHO MPUBOAMIOCH K KAHOHUYECKOMY BUIY:
a) wen = ®(w),
b) wee + Wy = B(w)?

@ Jlumepamypa k 2nage 1: B. M. babuu, M. b. Kanunesny, C. I'. Muxaun, I'. M. Hatancoun (1964),
A. H. TuxoHoB, A. A. Camapckuii (1972), B. C. Bnagumupos (1985), A. J. [Tonauun (2001 a).

2 A. 1. llonsnuH, B. ®. 3aiiues, A. U. Xypos



2. NpeobpasoBaHUA ypaBHEHUH MaTEMATUUECKOW PU3UKH
2.1. TouyeuHble npeobpasoBaHusA

[lycTs z, y — He3aBUCHUMblE NepeMeHHble, a w = w(zT,y) — QYHKIMA 3THX
TNEPEMECHHBIX. B 06].ueM cjIydya€ TOUCYHOC l'IpeO6paBOBaHI/Ie 3a4acTcCA (I)OpMyJ'IaMI/I
—X(fﬂ?,u)> y=Y(§>77>U), w=W(§>77»U), (l)

rae &, 1) — HOBbIe He3aBHCHMBbIE NepeMeHHble, u = u(&,7) — HOBas 3aBHCHMAs
nepemenHas, X, Y, W —HekoTopbie (3a1aHHbIE MM HCKOMEIE) QYHKLIUH.
ToueuHsle npeoOpa30BaHusl HE TONBKO COXPAHSIOT MOPSAOK YPaBHEHHS, K KO-
TOPOMY OHH IPHUMEHSIOTCS, HO H HE U3MEHSIOT PAJAHKAIBHO CTPYKTYpY YpaBHEHHS,
TaK KaK CTapIIie [IPON3BOJHbIE HOBBIX IIEPEMEHHBIX JIMHEHHO 3aBUCAT OT CTapIIHX
IPOM3BOJHBIX UCXOAHBIX IIEPEMEHHBIX.
[Ipeo6pazoBanue (1) o6paTumo, eciu
X X  9X
o dy ow
oY oY Y
or oy ow 7é 0.
oW oW W
or oy ow
B obuieM ciaydae ypaBHEHHE BTOPOTO HOpAAKa C IByMs HE3aBHCHMBIMH Iepe-
MEHHBIMH

ow ow w w w\ _
F(wayfwawaa_ya az2 ] Bway’ ayz ) —0 (2)
C HOMOIIBIO OOPAaTHUMOrO TOYEYHOTo npeodpa3zoBanus (1) nmpuBoaUTCS K BULY

du du 0u Ou Pu) _
G(&nu " D¢ I’ 0¢2 Beom o :)=o. @

Ecmu u = u(&, n) — Hexotopoe peutenue ypaBHenus (3), To hopmyisi (1) onpene-
JSIOT COOTBETCTBYIOIIEE pellleHHe ypaBHEHHUs (2) B MapaMeTpHUECKOM BHIE.
[pocreiimne npeobpa3oBaHNs HE3aBUCHMBIX IEPEMEHHBIX HMEIOT BH:

E=x—1x9, N=y—yo (npeobpazoBaHue caBura),
¢ =kx, n = koy (mpeo6pa3oBaHue MacIITAOUPOBAHHS ).

[lepBoe mpeoOpa3oBaHHE COOTBETCTBYET NEPEHOCY Hadaga KOOPAMHAT B TOYKY
(z0,Y0), @ BTOpPO€ — M3MEHEHHIO MAacIITa00B (CKATHIO MJIM PACTSHKEHHIO) BIOJb
ocelt x u .

TodeuHsie mpeoOpa3oBaHUs UCTIONIB3YIOTCA IUISl YIPOUICHUS YPaBHEHHH U MPH-
BeICHHS UX K U3BECTHHIM. IHOTIa OHU MO3BOJISAIOT CBECTH HENMHEHHbBIE YpaBHEHHS
K JIMHEHHBIM.

IIpumep 1. HenuneiiHoe ypaBHeHue
ow 0 (wm dw

20 = ag (W) + [ (1) + 9(0)] S + h(t)w



C MOMOLIBK TOYECYHHOI'O anOﬁpaSOBaHI/lﬂ
w(z,t) = u(z, 1) H(E), z=2F(t)+ / JOF()dt, 7= / F2(H)H™ ) dt,

rae ynkuuu F' u H onpeaenstorcs popmynamu

F(t) = exp [ / 10 dt], H(t) = exp [ / h(t) dt],
npuBoauTCs K 6onee MpocToMy ypaBHEHMIO
ou 15] ( m 6u>
— u o — .
or Oz Oz
[Ipumep 2. Henuneiinoe ypaBHeHUE

Sw 2w Ow \ 2
— — t
a2 +a(8a:) + (1)
3aMeHo u = exp(aw) NPUBOAUTCA K JUHENHOMY ypaBHeHUI0 Ans dyHkuun u = u(z, t):
ou 8%y
v 24 t)u.
o = a2 Tof(@tu

o8 3adauu u ynpaxcuenus K paso. 2.1
1. Haiiti npeoGpasoBanue, NpUBOAsILEE yPaBHEHUE TEIIONPOBOAHOCTH C HENMHENHBIM UCTOYHMKOM
Wt = QWzz + bw™ K KAHOHMYECKOMY BULY Ur = Ugzg + u™.
2. Haiitu npeo6pa3oBanue, npuBoasiee ypaBHeHue broprepca w;+awwz =bwzz kK KAHOHUYECKOMY
BUAY Ur + UU; = Uzz.
3. Haiitu npeoGpa3soBaHue, npuBoasinee ypaBHenue Byccunecka wyr + a(wwsz)z + bWzzez = 0 K
KaHOHMYECKOMY BUAY Urr + (Uz)z + Uzzzz = 0.
4. Haiitu ToueuyHble npeoOpa3oBaHysl, MPUBOASILCE HENMHEHHbBIE YpaBHEHNUs

a) Wi = Wzz + a'UJg,Q

b) wi = Wz + awwm,2

C) Wy = Wiz + f(w)wi
K JTMHEMHOMY ypaBHEHUIO TEIUIONPOBOAHOCTH Ut = Uzsz.-

Vkasanue. IlpeoGpasoBanus uiytcs B Buge u = F(w).
5. Haiftu ToueuHoe npeobpa3oBaHye, NPUBOAALIEE YPABHEHUE Wy = Wz + aw lnw + f(t) k Gonee
MPOCTOMY YPaBHEHHIO U¢ = Uzz + aulnu.

Vkaszanue. IlpeoOpa3soBanue viercs B Buae w = (t)u, rae u = u(x, t).
6. Haiitu Toueusoe npeobpa3oBanue, NPUBOAALIEE yPaBHEHIE w; = Wzz + a(wz)? + f(t) k Gonee
IPOCTOMY YPaBHEHUIO Ut = Uzg + a(Uz)”.

Vkaszanue. IlpeoOpa3oBanue vwetcs B Buae w = ¢(t) + u, rae u = u(zx, t).
7. Haiitu ToueuHoe npeoGpa3oBaHye, NPUBOASILEE YPABHEHUE Wi = Wez + a{wz)™ + bw + f(t)
Goniee POCTOMY YPABHEHUIO Ut = Ugz + alug)™ + bu.

Vkaszanue. IlpeoGpasoBanue uiercs B Buae w = ¢(t) + u, rae u = u(z, t).
8. IloxasaTh, 4TO ypaBHeHue MoHxxa — Amnepa wgy = WzzWyy VHBAapHAHTHO OTHOCHUTENLHO
npeoOpa3oBaHus

T=aix+bhy+c, y=ax+by+c, w=kw+azx+by+cs
(T. €. IPUBOANTCS K YPaBHEHUIO TaKOIo K€ BUAA).
9. Haiitu npeobpa3oBaHue Buaa
t=f(t), T=g(t)r, ©=~h(t)w+pt)z,

CBAI3bIBAIOILCE LULTHHAPHYECKoe ypaBHeHue Kopresera— ne dpusa

- - . w
W; = Wizz + 6WW: — —=
2t
U oObluHOe ypaBHeHue Kopresera— ne ®pusa
Wt = Wgzz + 6wWwy.

@ Jlumepamypa k pa3o. 2.1: A. J1. Ilonauun, B. ®. 3aiiues (2002), A. D. Polyanin, V. F. Zaitsev
(2004).

2%
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2.2. NpeobpasoBaHue roporpada

Jnis ynpouenus HeNMUHEHHBIX YPaBHEHUH U CHCTEM ypaBHEHHH C YaCTHBIMH IpO-
M3BOJHBIMH MHOTJIA UCIOJIb3yeTCs mpeodpa3oBaHue rogorpada.

2241, CI\Y'-Iaﬁ, Koraa oAHa U3 He3aBUCUMbIX NepeMEeHHbIX NPUHUMAaETCA 3a UCKOMYIO
BEAUYUHY

s ypaBHEHHS ¢ IBYMS HE3aBUCHMBIMHU MIEPEMEHHBIMH X, t © HICKOMOW (QyHKIHEH
w = w(zx, t) npeobpasoBanue rogorpada 3aKIFOIaeTCs B TOM, YTO PEILICHHE HIIETCS
B HCABHOM BHEC (.T U t MOKHO IIOMEHSTDH MeCTaMI’[)Z

z = z(t, w), 4

T. €. { ¥ w NPHHUMAIOTCS 32 HE3aBHCHMBIE NEPEMEHHBIE, a T — 3a 3aBHCHMYIO
nepeMeHHyto. [IpeoOpazoBanue rogorpada (4) He MEHSET MOPAAOK YpaBHEHHS U
SBJISIETCSl YaCTHBIM CIIyYaeM TOUEYHOTO NpeoOpa3oBaHHUs (€ro MOXHO 3alHcaTth B

SKBHBAJICHTHOM BHJE: Z = W, t = ¢, w = ).

IIpumep 3. PaccmoTpuM HenuHeiiHOE ypaBHEHUE BTOPOro Mopsjaka
ow [ dw \? &%w
(=) =a=—. 5
ot ( oz ) e (%)

Hiem peienve B HesBHOM Buae. AubdepeHuupys Boipaxenue (4) no o6erM nepeMeHHbIM Kak
HEsIBHYIO PYHKLUIIO ¢ yyeTom 3aBucuMocTd w = w(z,t), noay4um:

1 =z,ws (nuddepenunposanue no ),
0=zyws + a2 (nuddepenunposanye no t),
0 =ZTyuw wi + Twwzr (AubdepeHunposanue no T ABAXKAILI),

rae€ MHACKCbI CHU3Y 0603HayaT COOTBETCTBYIOLIME YACTHBIC MPOU3BOAHBIC. N3 3Trx cooTHOLEHUH
BbIpa3UM «CTapbIC» NPOU3BOAHLIC YEPE3 «KHOBLIE»:

1 z wiz [
— — t — TTww ww
wZ —_—y wt —_7 wII —_—— —_3
Loy Loy Ty Ty

INoacrasuB 311 BhIpaxkeHUs B (5), NPUXOAUM K NUHEHHOMY YPaBHEHUIO TEMJIONPOBOAHOCTH
oz 8%z
ot %awr
ot ow

2.2.2. UcnoAb3oBaHWe 3KBUBaA€HTHOW CUCTEMbl ypaBHEHUM

JUist cHCTEMBbI NBYX YPaBHEHHH C IBYMs HE3aBHCHMBIMH MEPEMEHHBIMH I, Y H
3aBHCHMBIMH TIEpEeMEHHBIMH W = w(Z,y), v = v(z,y) npeodpasoBaHue rogorpada
3aKJII0YaETCs B TOM, YTO W M U NPUHHAMAIOTCS 32 HE3aBHCHMBIE TIEPEMEHHBIE, a T
M Y — 3a 3aBHCHMBbIE TIEPEMEHHBIE, T. €. HIIYTCA (yHKIUH

T = x(wa 'U), y = y(w,v). (6)

[IpeoGpazoBanue romorpada NMpUMEHSETCS B ra3oBOH OHUHAMHKE W B TEOPHH
CTpYH IUIA NTHHEAapH3aLUH COOTBETCTBYIOLIMX YPAaBHEHUH M pelIeHHS HEKOTOPBIX
KpaeBbIX 3a7ad.

Jlis uccienoBaHus OTAENBHBIX YPaBHEHUH MHOIAA ObIBAacT MOJIE3HO NEPEHTH K
SKBUBAJIEHTHOW CHCTEME YpaBHEHHIA, a 3aTeM cIeaTh npeodpasoBaHue rogorpada.
[MponmtrocTpupyeM Cka3aHHOE Ha MpUMepax KOHKPETHBIX HETTHHEHHBIX YpaBHEHHUH.
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IIpumep 4. CrauronapHoe ypaBHeHue XoxinoBa — 3abomouxol (BCTpedaeTcs B aKyCTHUKE M B
HEJIMHEHHOH MeXaHUKe)

w I?] dw
Tt T (wg) =0 )
TPEACTAaBMM B BUJE CHCTEMbI YPAaBHEHMI
ou_on _ow_ v ®
ox ay’ Ay oz’

Hcnonb3yem npeobpaszoBanue roporpada (6): NpuMeM w U v 3a HE3aBUCUMBbIE NIEPEMEHHbBIC, 4 T U Y —
3a 3aBMCHMbIe nepeMeHHbie. JuddepeHunpys kaxaoe BbipaxeHde (6) no x v mo y (Kak CIOXKHbIE
GYHKUMM) M UCKJTIOYast U3 TOJYYEHHbIX COOTHOLIEHUH YaCTHbIEC IPOU3BOAHBIC Loy, Lvy Y, Yu, AMEEM:

Oz 1% fz 10w Oy Lo oy 10w . ;_Owon Oowd
ow  J oy w J 9y dw  Jox' v J dx’ T 9xr 8y By Oz
)
HMcknrouas u3 (8) ¢ nomolpto (9) Npou3BOAHBIE Wz, Wy, Vz, Uy, IPUXOAUM K CHCTEME
dy _ Oz or _ Oy
v ow’ awé)v T ow’ (10)

INounenHo npoauddepeHLMpyeM nepBoe ypaBHEHHE N0 W, @ BTOPOE— 110 ¥, U UCKJIOYHM CMELLaHHYI0
[POU3BOAHYIO Yy B pesyasrate ansa pyuxkuuu x = z(w,v) N0ay4duM JUHEHHOE ypaBHEHUE

9%z 9z
~— = =0. 11
02 + aw ) 0 (11
AHanornuibiM obpasom u3 cucrembl (10) ana ¢ynkuuu y = y(w,v) umeem apyroe nuHeiiHoe
YPaBHEHHUE:
9%y e} 1 oy
— (— =) =0 12
8v2+8w(aw 8w> 0 (12)

B3sB HekoTopoe yacTHoe peutenue & = x(w, v) ypaBHenus (11) u noacrasus ero B cuctemy (10),
IIPOCTBIM MHTErPUPOBAHMEM MOXHO HaliTn y = y(w, v). UcknounB U3 paBeHcTB (8) nepeMeHHy:o v,
[OJy4HdM TOYHOE pelieHue w = w(z,y) HenuHelHoro ypasuenus (7).

3amevaHue. YpaBHenue (11) npu nNpou3BONBLHOM @ MMEET NMPOCTOE YACTHOE PELLIECHUE

z = Crwv + Cow + C3v + Cy, (13)

rae C1, Cy, C3, Cy — npousBoabHbie nocTosiHHbie. [loacraBus ero B cucremy (10), monyuum
% — Chv+ Cs, g—i — —a(Ciw + Ca)w. (14)
Wnterpupys nepsoe ypasnenne (14), naxomum y = +Cs v 4+ C2v + o(w). [loacTaBus 310 pelenye

Bo BTOpoe ypasHeuue (14), onpenensiem dyHkumio ¢(w). B pesynbrate nonyunm

y= %Cva + Cov — %aClw3 — %anw2 + Cs. (15)
®opmynsl (13) u (15) onpeaensoT TouHOE pelueHue ypaBHeHus (7) B napameTpuueckoii popme (v—

napametp).
AHanoruyHbiM 06pa3oM MOXHO MOCTPOMTb U APYrHe TOUHbIE pelleHus ypaBHeHus (7).

IIpumep 5. Paccmotpum ypaBHenue bopHa— Uudenbaa
N I
ot Oz? dx 8t Ozdt Oz at?

KOTOpO€ HUCIONL3YETCA B HEJMHEHHOM QNIEKTPOAHHAMHUKE (B TECOpHUH l'lOJ'lﬂ).
l'lyTeM BBCACHUSA HOBbIX NEPEMEHHbIX

=0, (16)

E=xz—-t, n=x+t, uzg—?, U:?)_:
ypaBHeHHE (16) MOXKHO 3amucaTh B BUJE SKBUBAJICHTHOH CHCTEMbI ypaBHEHMI
ou v
ER

5 Ou ou
% 14 2u) ™
v 2% 1+ u1))817 +u

200

an =0.
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IpeobpasoBanue rogorpada (u, v NPUHUMAIOTCA 32 HE3aBUCUMbIE NEPEMEHHbIE, a £, 1) — 3a 3aBUCH-
MbIE EPEMEHHbIE) MPUBOAUT K JIMHEHHOH cucreme

o _ on _
811 ou
(17
v’ 817 +(1 +2uv)— +u2% =0,
du
a NoCJIe UCKITIOUEHHUS ) — K HMHCMHOMy YPaBHEHUIO BTOPOTO MOpAAKA
2 0%¢ ¢ 02 8%¢ 3 o
_— 1+2 2u 20— = 0.
uo +(+uv)88v+ 8+ 8+ B 0

Cuuras, YTO UCKOMbIC PELICHHUS HAXOAATCHA B runepOonuyeckoid o6nacTd, 3anuiieM YpaBHEHUE
XapaKTepUCTHK (CM. MaBy 1):

u? dv® — (1 4 2uv) dudv + v* du® = 0.
Unterpans 3Toro ypasHenus umeiot sua r = Ci, s = Ca, e

= V1+duv -1 5= V1+duv -1 (18)
- 2v ’ - 2u '
Iepexoas B (17) k HOBbIM nepeMenHbIM (18), nomyunm
208 o _ 0,
or or (19)
% + 52 @ = 0
ds ds '
HCk104nB NepeMEHHYI0 1), IPUXOAMM K NPOCTEHIIEMY YPaBHEHUIO
o%¢
=0,
Ords

OOLLMM pEIIeHHEM KOTOPOro SIBISETCS CyMMa JBYX NPOM3BOJbHBIX GYHKLUMH pasHbIX apryMEHTOB.
®dyHkuus 7 onpenenserca u3 cucremsl (19).

o8 3adauu u ynpaxycuenua K paso. 2.2

1. Ucnonb3ys npeoGpasoBanue rogorpada, HaTH o0LIKe pelieHUs MOJCAbHbIX YPaBHEHUH ra3oBoii
JAUHAMMKHU:

a) wi +aww, =0,

b) w: + f(w)we =0.

Vkazanue. Vicnons3oBath npeoGpa3zoBanue rogorpada, onicaHHoe B npumepe 3.
2. IlpeoGpa3oBarh HENMHEHHOE YpaBHEHME BTOPOrO MOpPsiaAKa

Ow [ 0w 2
S (a) =1
B JIMHEIHOE ypaBHEHHE.

Vkazanue. Vicnons3oBatb npeobpaszoBanye roaorpada, onvcaHHoe B npumepe 3.
3. Haiitu Bua dyskumn f(u), as koropol npeoGpasoBaHue roporpada OCTaBiseT MHBAPMAHTHBIM

YpaBHEHUE
20— p(22) Ow
ot ‘\ox/) 8z2°
4. l'lpeo6pa303a'rb HEJMHENHOE BOJHOBOE ypaBHCHMC
82w 15] ow
= e 5]

K JITHEHHOMY ypaBHEHMIO.
Vkazanue. Ucnonb3oBath npeobpazoBanue rogorpada u3 npumepa 4, B KOTOPOM Hajo cienath
nepeobo3HaueHuss £ — t, y — .

5. IlpeoOpa3oBaTh HENMHEHHOE YpaBHEHHE TEMIONPOBOAHOCTH B aHU30TPONMHOH cpene
7] ow 7] ow
B2 [0 5|+ 5y lsw 5] =0
K JITHEHHOMY ypaBHEHMIO.

Vkazanue. IlepeiiTu Kk cucTeMe ypaBHEHHi, a 3aTeM MCNONb30BaTh NpeoOpa3oBaHue ronorpada,
Kak B npumepe 4.
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6. [Ipeobpa3oBaTh HENMHENHYIO CUCTEMY yPaBHEHUH
9, dev) _
ot ox '
opv) | Apv? +p(p) _
ot oz o
ONUCHIBAOLLYI0 OAHOMEPHbLIC amla6a'mqec1me TEYCHUA HACAJIBHOrO rasa, K JNIMHEMHOH cHcTeME.
31€Ch U U p — HEU3BECTHBIE BEAWuMHbL, a2 p — p(p) — 3anaHHas (yHKuMs (A48 HACAIBHOTO
nonurponuueckoro raza p = Ap”).
Vkasanue. TIpUHATb ¥ U p 33 HE3ABUCUMBIE NIEPEMEHHDIE, & T U £ — 33 3aBUCUMBIE NIEPEMEHHDIE.

7. IIpeobpa3oBarb HENUHEIHHYIO CUCTEMY a30JMHAMUUYECKOrO THNA
w ow v v
w,v)— w,v)— w, V) — w,v)— =0
fl(y)ax_'_f?(9)8y+f3(7)8m+f4(9)6y )
w w v v
w,v)— w, V) — w,v)— w,v)— =0
gl( ) )3I +92( ) )3y +g3( ) )(992 +g4( ) )3y
B JIMHEIHYI0 cUCTEMY.
Vkaszanue. IlpuHsiB w ¥ v 3a HE3aBUCHUMbIC NEPEMEHHBIE, @ T U Y — 32 3aBUCHMbIE NIEPEMEHHBIE,
UCMOJBL30BaTh opmynsl (9).
8. Ucnonb3ys mpeobpazosanue romorpada (cMm. npumep 3), Haiitu obluee peLieHHe HENUHEHHOro
YPaBHEHUS WzWzt — WtWzz = 0.

@ Jumepamypa k pazo. 2.2: H. E. Kouun, U. A. Kubens, H. B. Poze (1963), x. Yuzem (1977,
crp. 588-590), B. JI. Poxaecrsenckuii, H. H. Snenxo (1978, crp. 33-34), I. I. Uepuniii (1988,
ctp. 253-269), P. Kypaur (1964, crp. 426), D. Zwillinger (1989), P. A. Clarkson, A. S. Fokas,
M. J. Ablowitz (1989), B. ®. 3aiiues, A. [. [Toasuun (2001 b), A. . INonsuun, B. ®. 3aiiues (2002),
A. D. Polyanin, V. F. Zaitsev (2004).

2.3. KoHTtakTHble npeobpa3oBaHus. Npeobpa3oBaHusa NAexaHapa U
Aunepa

2.3.1. O6wuit BUA KOHTAKTHbIX NpeobpasoBaHUH

Bynem paccmarpuBath QyHKIMH IBYyX HepeMeHHBIX w = w(z,y). OOMWUM CBOIi-
CTBOM KOHTAKTHBIX IPEOOpa3OBaHHUH SBIAETCS 3aBHCUMOCTh HCXOJHBIX IEpPEMEH-
HBIX OT HOBBIX NMEPEMEHHBIX M UX MEPBBIX MPOU3BOIHBIX:

xZX(gvnvuvg_’gvg_z)v y=Y(§,77,U,g—Z,g—Z), wzw(éan,uag_/gag_z)~
(20)
Oyuknu X, Y, W He ABIAIOTCA NPOU3BOJILHBIMU: OHH BBIOMPAIOTCS TaK, YTOOEI
HIepBbIe NPOU3BOJIHBIE HCXOMHBIX MEPEMEHHBIX TAKKE 3aBUCENTH TOJIBKO OT IPeoo-
Pa30BaHHBIX MEPEMEHHBIX U UX MPOM3BOIHBIX HE BHIIIE NEPBOTO MOPSAAKA:

ow du Ou ow du Ou
W_U(g’n’u’a—.f’a_n)7 3—y_v(§7777u73_£’3—7]) (21)
KonrtaktHeie mpeoOpasoBanus (20)-(21) He MOBBIIAIOT MOpAAKA YPaBHEHWH, K
KOTOPBIM OHH NMPUMEHSIOTCA.

B obuieMm ciaydae ypaBHEeHHE BTOPOTO MOpSAAKA C ABYMS HE3aBHCHMBIMH Iepe-
MEHHBIMH

F(a: w@_w Ow Pw 0w 6210)_0
YW B dy ' 9z2’ Bxdy’ dy2 /)
C IOMOIIBIO KOHTAKTHOTO npeoOpazoBanus (20)—(21) mpuBoauTCs K BHIY

ou Ou O’u Pu Pu\
G(£7n7u78_£76_n) 862 ) 8€8ﬂ’ 67]2) _0‘ (23)

(22)
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Wnorna ypasHenue (23) ObiBaeT mpoiue, 4eMm ypaBHenue (22). Ecnu u = u(€,n) —
HEKOTOpOe pemieHue ypaBHeHHA (23), To Gopmyisl (20) onpenensroT COOTBETCTBY-
Iolllee penieHde ypaBHeHHA (22) B IapaMeTpUIECKOM BHUJIE.

INokaxxeM, kak HaWTH pyHkuu U u V' B (21) 1 cOOTHOLIEHHS, KOTOPbIM AOKHBI YAOBIETBOPATD
bynxunn X, Y, W B (20). IIpoanddepenuurpyem no npasuny auddepeHunpoBaHUs HESBHBIX
ObyHkumil nepsoe u Bropoe Bbipaxenus (20) mo x u y, yuurbiBas, uro u = u(&,n). B pesynsrare
MONYYUM YETHIPE COOTHOLLEHHS:

oxX | 0X . 0X . X\ ¢ oX  ox . X \ong _
<8§+ u Pty Pt g P >8a: (an+auq+aq’3+aq >8a: ’

i)' ay i)' i)' o€ i)' i)' ) an
( + p+ p5+aqp">ax+(an+ q+8pqs+ q>8m 0,

(24)
X = 80X 80X 80X 13 ( 80X 80X 80X )an
R +— +— a5\ T o +— + —L =0,
( 2 P 23 >8y on q %t 571 ) 5,
8y  ay ay ay o¢ )4 )4 )4 an
= 4= = Jaflit = == 42 Pl it =1
<8€+ P+ p+ )ay+<3n+auq+apq+aqq">ay ,

_ Ou __ Ou _ .
rI€ UCNOJIb30BaHbl KPAaTKHE 0003HAUEHUS P = 56 4= 5y (pn = q¢); MHAEKCBHI € U 7) COOTBETCTBYIOT
4acTHbIM npou3BoaHbiM. [lepBas napa pasencts (24) mpeacraBaser co0oOil cuUCTEMY AMHEHHBIX
anreGpanyecKuX ypaBHEHWH OTHOCHTENbHO 25, 2L Bropas — OTHOCHTENLHO %, %Z—. Pewmus

x> Oz’
9TH CHCTEMBbI, MOXXHO HaiTH NPOU3BOAHbIC —§— = A, —’L = B, 75— C, %;L = D, a 3arem,
npoanddepeHLIMPOBaB TPETbE COOTHOLLEHHE (20) N0 T U Y, MOXHO BbIPa3uTb BeNUuUHbl U = g—‘:,
V= %—‘; 4yepe3 HOBbIE NEPEMEHHbIE:
ow ow ow ow 8W 8W ow
U=A —+— —_— — —+ — —
( o€ 5, Pt 6pps+ n>+ ( 5.0t ‘16"' qqn>,
ow ow ow ow ow 8W ow
V=Cl—+— —_— —_— —+ — —_— .
(8§+6up+ 6pP€+ n)"‘ ( 7’+ q+ 45"‘ q%)

l'lpn 3TOM CJIEAYIOLIUE U3 (21) YCNOBUA — OTCYTCTBHUE 3aBUCUMOCTH OT BTOPbLIX ITPOU3BOAHBIX
U 8V BU vV BU BV B
De De D, Dy, q, q,

—3aJal0T JONONHUTENbHbIE COOTHOLIEHUS Mexay GyHkuusamu X, Y, W.

3ameyaHne. BaxHO OTMETUTBH, UTO KOHTaKTHBIE PEOOPa30BaHUS OIPEAEIISIOT-
Cs1 HE3aBHCUMO OT BHJa KOHKPETHBIX YpaBHEHHH.

2.3.2. Mpeobpa3zoBaHue AexaHapa

BaxHbpIM 4aCTHBIM CJIy4a€M KOHTAKTHBIX npeo6pa3013aHmVl ABJIACTCA npeo6pa3ona-
HHC Hemarmpa, KOTOpO€ onpeacinaeTCss COOTHOIICHUAMHU

_ _ Ou _ Ou
w(z,y) +u(&,n) = € +yn, T= e YT g (25)

rae u— HOBas 3aBUCHMas MEepEeMEHHas, a & M 1) — HOBBIE HE3aBUCUMBIE MEPEMEH-
HBIE.

U3 dhopmyn (25) noaydum nepBbie MPOU3BOAHEIE (MCIOIB3YIOTCS BA CAESICTBHI
MEPBOTO PABEHCTBA, MOJY4YEHHbIE MyTeM ero MudGEepeHUPOBaHUS 10 T U Yy, C
Y4ETOM JIBYX OPYTHX COOTHOIIEHUH):

ow ow
W—ﬁ» E—U- (26)
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C nomomsio popmyn (25)—(26) HaxoauM BTOpbIE MPOU3BOIHEIE:

w %u &*w w %u w J82u

FrCa ‘]an2’ 9zdy  Oydz _‘]agan’ a2 9z
rae
J—= w 62w_(62w )2 1 _ u 62u_(02u )2
T 0z? 9y? dzdy ) * T 0E on? 0¢0n

B o0mem ciyuae ypaBHEHHE BTOPOTO MOPSAKA C ABYMS HE3aBUCHMBIMH Iepe-
MEHHBIMU

F(a: w@_w Ow. Pw 0w 62w)_0
YW B Oy ' 9z2’ Bxdy’ Ay2 /)
¢ moMoIsio npeodpasoBanus Jlexanapa (25) (npu J # 0) npuBOaUTCS K BHIY

du Ou ,0u du %u %u Pu\
P e g b+ ot —ugm I g —J o T2 ) =0 (28)

27

Wnorna ypaBuenue (28) OviBaeT mpoine, yem ypaBHenue (27).
[Mycts u = u(&, n) — HekoTopoe pemenue ypasuerus (28). Torna hopmysbl

ou _ Ou

_ +0u ou .
w—fa—£+778—n u(é,m), $—8—€, y—a—n

ONPENENSAIOT COOTBETCTBYIOIIEE pEIIEHHE ypaBHEHHS (27) B IapaMeTPHYECKOM
BHIC.
3ameuanue. Mcnonbs3oBanne npeoGpasoBanus JlexaHapa MOXET MPHUBECTH K
TNOTEPE PENIEHHH, YIOBIETBOPAIOIHX YCiIoBHio J = 0.
Mpumep 6. YpaBHEHHE CTALMOHAPHOIO TPAHC3BYKOBOTO ra30BOr0 NMOTOKA
ow 2w  Pw
a— =0
Oz Ox2 oy?

npeobpasoBanuem Jlexanapa (25) cBOAUTCS K AMHEHHOMY YPaBHEHMIO C NepeMEeHHbIMH KO3 buLm-
€HTaMu

8%u 4 8%u

oz T =

a&

2.3.3. Mpeobpa3zoBaHue Jitnepa
[IpeobpazoBanue Diinepa ABAAETCS YACTHHIM CIIydyaeM KOHTaKTHBIX MpeoOpa3oBa-
Huit. OHO onpenenseTcs COOTHOIEHHUIMH

w(z,y) +u(é,n) = z€, ng—z, y=1. (29)

U3 dpopmyn (29) (Mcnonb3yroTCs Ba CIEIACTBUS MEPBOTO PaBEHCTBA, MOTyYECHHBIE
nyTeM ero nuddepeHpoBaHus MO X M Y, C YI€TOM IPYTHX COOTHOLICHHUH) MOXHO

IOJIYYHUTB:
ow _  Ou

ow
Ow _e Ow __Ou 30
JInbbepeHIupys 5TH BEIPAKEHHS 110 Z U 1/, HAXOJIHM BTOPHIE NPOH3BOIHBIC
1 Ugn ugn — UggUny
Wop = ) Wy = — gy = Men = UecUm 31)
uge | v uge © %Y Ugg

HwxHue uHIEKCH 0003HAYAIOT COOTBETCTBYIOIIHUEC YaCTHBIC ITPOU3BOAHBIC.
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IIpeobpazosanue Jitnepa (29)—(31) ucnmonblyercs A pelIeHUs (JIUHeapHu3a-
I[MH) HEKOTOPBIX HEIMHEHHBIX YPaBHEHHH C YaCTHBIMH NIPOH3BOJAHBIMH.

B o0mem citydae ypaBHEHHE BTOPOTO MOPSAAKA C ABYMS HE3aBUCHMBIMH IIepe-
MEHHBIMU

ow dw w w w) _
F('r7y7w7 0_5177%7 ox? ) 8x6y7 6y2 ) _0 (32)
¢ momonipio npeobpasopanus Jiinepa (29) NpUBOAUTCSA K BUAY
Ly, L e M) _
F(“gﬂ?»ﬁug u7§7 Unp, Uee ) Uee ) Uee =0. (33)

Wnorna ypaBuenue (33) OviBaeT mpoine, yem ypaBHenue (32).

[ycte u = u(£,n) — HekoTopoe pemenue ypaBHenus (33). Toraa dopmymnsl
(29) onpenensoOT COOTBETCTBYIONIEE pelieHne ypaBHeHHS (32) B mapaMeTpUIecKOM
BUJIE.

IIpumep 7. HenuneliHoe ypaBHeHue

w 8w

By Oz2

npeobpasoBanuem Oinepa (29)—(31) npuBoaAMTCS K JMHEHHOMY YPaBHEHMIO TEIUIONPOBOAHOCTH!
Ou &u

ERTE

+a=0

IIpumep 8. HenuneiiHoe ypaBHeHue
Pw 2v 0w
8zdy Oy Ox2
TaKXKe NuHeapusyercs npeobpazoBanuem Jiinepa (29)—(31):
Ou _  ou
8o~ on’

HHTerpupys, HaxoauM obLuee peleHre NoCaeAHero ypaBHeHHs

u=f(&) + g(n)e®, 35)

rae f(&) u g(n) — npoussonbubie GyHKUMH.
HUcnons3ys ¢dopmynbt (29) u (35), nonyuyum oOliee pelleHWe WCXOAHOro ypaBHeHus (34) B
napameTpu4ecKoM BUAE:

(34)

w=a€ — f(£) - g(y)e*,
T = fe(€) + ag(y)e®.

o8 3adauu u ynpasxcrenusa K pa3o. 2.3

1. HenuneliHoe ypaBHeHue
&w a Ow Pw
ox? ox 8y?

CBECTHU K JIMHEH{HOMY ypaBHEHMIO.
Vka3zanue. Ucnonb3oBarb npeobpaszoBanue Jlexxanapa.

2. YpaBHEHUE MMHUMAJIbHBIX MOBEPXHOCTEH (OnMMChbIBalOllEe, HaNpUMep, GOPMy MbLIbHOI MIIEHKH,
OrpaHUYCHHOI 3aJaHHbIM KOHTYPOM)
[1 4 (8w )2] o%w ow dw O%w [1 (8w )2] Pw 0
Ay ox? Ox Oy O0zxz0y oz ay?
CBECTHU K JIMHEH{HOMY ypaBHEHMIO.
Vka3zanue. Ucnonb3oBarb npeobpaszoBanue Jlexxanapa.



3. Vpasueuue bopna— Undenbaa
dw \21 &%w dw dw Ow dw \21 &%w
- (T e 2o e 1 (B) 5 =

CBECTH K NMHEHHOMY YPaBHEHHIO.
Vka3zanue. Ucnonb3oBars npeobpaszosanue Jlexxanapa.

4. HenuneliHoe ypaBHEeHUE
f(Bw 8w)82w (8w Bw) &w h(é)w Bw)é)zw .
oz’ Oy ) Ox? 9 oz’ 9y ) dxdy oz’ By /) oy:
CBECTH K JMHEHHOMY YPaBHEHHUIO.
Vkazanue. cnonb3oBath npeobpaszoBanye Jlexanapa.

ow 0w = (5 22)
oy o2z 1\Y' 52

5. HenuneiiHoe ypaBHEeHUE

CBECTH K JIMHEHHOMY YPaBHEHHIO.
Vkazanue. Ucnonb3oBars npeobpa3oBanue Diinepa.

6. Henuneiinoe ypaBHeHue
Pw dw\ dw 8w
ay =1 (1 50) 5 5
CBECTH K JMHEHHOMY YPaBHEHHUIO.
Vkazanue. icnonb3oBath npeobpa3oBanue Jiinepa.

7. Ans GyHKumii MHOruX nepemeHHbix w = w(x1,...,&,) npeobpasoBanue Jlexanapa 3anaercs
COOTHOLUCHUSAMMU:
21 = X1, ..., Th-1=Xg-1,
2)i% 2)i%

Tk = —— Tp = ——,
T ex, 7 T T ax,,

= ow
w(x) =) Xegm = W(X),
1=k K

rie x = {z1,...,2n} 1 X = {Xi1,...,Xn}. Haiitu obparHoe npeoGpa3soBaHHE U YaCTHbIC
npou3BoaHbIe QyHKUMU W N0 Ty OpU M =1,...,k — 1.

@ Jlumepamypa K pa3o. 2.3: M. I'. Kypenckuii (1934), 3. Kamke (1966), H. X. H6parumos (1983),
N. H. Ibragimov (1994), A. [1. [lonsauun, B. ®. 3aiiues (2002), A. D. Polyanin, V. F. Zaitsev (2004).
2.4. MNpeobpasoBaHua beknyHaa

2.4.1. NpeobpasoBaHua beknyHpa AAA ypaBHEHWH BTOPOro Nopsinka
[ycts w = w(z, y) — peluieHre ypaBHEHUSA

ow Ow Ow w w) _
Fl (mayaw7%a8_ya 9x2 ' 8x8y’ 8y2 ) _07 (36)
a u = u(&,n) —pelieHne ypaBHEHUs
ou Ou Ou Ou u\ _
FQ(x,y,U,%»a—y, 922 6m8y’ ayg) =0. (37)
l'oBopsT, uto ypaBuenus (36) u (37) cBsa3ansl npeobpasoBanueM beknyHna
ow Ow Ou Ou
q)l (xvva, A a2 W 5 _) = 0’
or ' Oy or’ Oy (38)

@(3; wf’_wa_wuf’_uﬁ_U)_o
2 7y7 78x78y7 78x78y ]
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eciu u3 coBMectHocTd napsel (36) u (38) cnenyer ypaBaenue (37), a B3 COBMECTHO-
ctu naps! (37) u (38) cnenyer (36). Ecnu anst HEKOTOPOTO KOHKPETHOTO PEIIEHUS
u = u(&,n) ypasuenus (37) ynaercs paspeumuTs ypaBHeHus (38) OTHOCHTENBEHO
w = w(z,y), T0 byHkuus w = w(z,y) Oyner pemwenuem ypasuenus (36). CooTHo-
menus (38) Ha3pIBaIOT TakkKe MU DEPEHITHATEHBIMU CBI35IMH.

[peobpa3oBanus bexnyHna MOTyT COXpaHATh HHBAPHAHTHBIM BUI YpaBHEHHS ™
(3TO maeT BO3MOXHOCTDb «Pa3MHOXKATh) PELICHUS) UITH CBA3BIBATEH PEILICHUS PA3HBIX
ypaBHEHHUi (3TO MO3BOJIAET M3 PELICHUH OJHOTO YPaBHEHHUS IONy4YaThb PEIICHHS
JIPYToro).

IIpumep 9. Ilokaxem, uro ypaBHeHue broprepca

dw dw | Sw
T 39
ot Or Oz? (39)
CBA3aHO C JIMHEHHbIM YPaBHEHUEM TEIJIONPOBOAHOCTH
ou d%u
ks @0
npeobpasoBanuem bexnynna
ou 1
— — —uw =0,
Ox 2 (1)
ou 1 o) _ o
a2 9z

JelicTBurensHo, uckntodas u3 (41) w, npuxoaum x ypasHeHuro (40).

OGparHo: nyctb u(x,t) — HeHyaeBoe pelueHue ypaBHenus TennonposoaHoctd (40). Pasnenus
(40) Ha ¥ W BBLIYMCJIMB YaCTHbIC MPOMU3BOAHBIC NO T OT OOEUX YaCTel MOAYYEHHOrO BbIPAXEHMS, C
yuerom paBeHcTBa (u:/u)z = (uz/u): umeem

(). = (%)
u t u T
INoacraBuM crofa CAeACTBUS NMEPBOro cooTHoueHus (41) (cM. NepByo M MoOCHenHIOW (GopMynbl B
LIENIOYKE PAaBEHCTB):
2

u w u u w u

2z D zT (_x> = = Zzz

U 2 U U 2 U

B pe3yasrare npuxoaum K ypasHeHuto Broprepca (39).

w, 1 2
= - —w .
2+4

Mpumep 10. INokaxem, uro ypaBHeHue JlnyBunns

2w Aw
- — = 42
dzrdy “42)
CBA3aHO C JIMHEWHBIM BOJHOBbIM ypaBHEHUEM
8%u
= 43
ozdy 3)
npeobpasoBanuem bexnynna
Oox Ox A 2 (44)
Ou Bw__lex [IA(w—u)]
Ay 8y ~  k P 2 ’

rae k # 0— npou3BosibHAS NOCTOSIHHASL.
[TpoauddepeHunpyem nepsoe cooTHoweHue (44) no y, a BTopoe — 10 &. YUUTbIBas paBEHCTBa
Uyz = Uzy U Wyz = Wzy U UCKIIIOYAS KOMOMHALIMH NEPBbIX MPOU3BOJAHBIX C NOMOLLbIO (44), uMeeM
8%u 2w 1 du | Ow
- =kex [—/\w+u](—+—)=—ex Aw
ozdy  Ozdy Pl oA N5y ™ 3 pAw),

d%u 2w A 1 Ou dw
e el (2 - 2) oo
Ozdy + Ozdy 2k exp[Q (w=u) oz oz exp(Aw)

(45)

* B takux ciyyasx MX Ha3blBalOT aBTOnpeoOpasoBaHusmu bexnynaa.
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CknaabiBas paBeHcTBa (45), nonyuum nuueiiHoe ypaBHenue (43). Bbluuras M3 nepBoro paBeHCTBa
BTOPOE, MPUXOAUM K HENUHEHHOMY ypaBHEHUIO (42).

3ameyaHne 1. BaxHo OTMETHUTB, YTO, B OTIIHYHUEC OT KOHTAKTHBIX npeo6pa30-
BaHU#, npeobpa3oBanus bexnyHaa onpenensroTcs BUAOM KOHKPETHBIX YPaBHEHUH
(npeoOpazoBanue beknyHaa CyniecTByeT He BCEraa).

3ameyanue 2. JIns IBYX 3BOJIOLMOHHBIX YPAaBHEHHH 7N-IO MOPSAIKA BHAA

w _p (m w, o 6”w)
ot 1 P B T g )0
2y 2, )
T i R A
npeoOpazoBanue bexinynna yacro umyt B popme nuddpepeHIHaIBLHON CBAZU
Ow omw Ou oy
@(x,w,ﬁ,...,ax—m, ,%,...,W)ZO,

cozieprkalieil MPOU3BOIHbIE TONBKO [0 OJHOH MEPEeMEHHOH = (BTOpas nepeMeHHast ¢
BXOJMT HESABHO 4epe3 (QpyHKUUHM w, u). DTa CBA3b MOXKET PAacCCMATPHUBATHCA Kak
OOBIKHOBEHHOE au(depeHIHnaTbHOEe YpaBHEHHE OTHOCHTENIBHO OIHOH U3 3aBHCH-
MBIX [IEPEMEHHBIX.

2.4.2. NMpeobpa3zoBaHua beknyHAQ, OCHOBaHHbI€ HA 3aKOHAaX COXpaHeHHUA

bynem cumrars, 4ro audQeEpeHIMAIFHOE ypaBHEHHE MOXET OBITh 3alHCaHO B
¢dbopmMe 3aKOHa COXpPaHEHHUS:

2 F(w g, 2 ]+ o [ew g, 2e )] =0 w6

[Ipeobpazoranue bexnynna (mpeoOpa3oBaHue MO PELUICHHIO)

dz = F(w, wg,wy,...)dy — G(w, wg, wy, ...)dz, dn=dy (47)
_ 0Oz 0z 0z _ 0z _
omnpenesseT mepexof OT £ M Yy K HOBBIM HE3aBUCHMBIM MEPEMEHHBIM 2z H 7) HO

HPaBUITY
o __g? o _ 0 [ p9
@ S e
3neck MCNONb30BaHa Kparkas 3amuchk Gynkuwmit F' u G u3 (46). [IpeoOpa3oBanue
(47) coxpaHseT MOPSIOK pacCMaTpPUBAEMOTO YPaBHEHHMS.

3ameuaHue. Hepenko BcTpedaroTcs rmpeoOpa3oBaHus MO penieHuto (47), qomos-
HEHHbIE MPe0oOpa3oBaHUEM UCKOMO# BETHUYHMHBI BHAa U = @(w).
[Ipumep 11. PaccMoTpuM HenUHENHHOE YpaBHEHHE TEMIONPOBOJHOCTH
ow 1o}
S = w5
KOTOpOE SIBIAETCS YaCTHbIM CilyyaeMm ypaBHeHus (46) npu y = t, F' = f(w)we, G = —w.
IIpeobpazoBanue no peuieHuo (47) B AaHHOM ClIy4ae UMEET BUJ
dz = wdz + [f(w)w:] dt, dn=dt. (49)
OHO ompenensieT NePexoa OT X, Y K HOBbIM HE3aBUCHMbIM [EPEMEHHBIM 2, 1) 110 NPaBUIY
1} o 1} o

o
2 =~ Yo = gy THWwlo

(48)
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Ilpumenss npeobpasoBaHue (49) x ypaBHeHHIO (48), monyunm

o = 5]

INoacranoska w = 1/u npuBoaut (50) k ypaBHeHuto Buaa (48):

o = w e ()5

(50)

B uactHoM cnyuae f(w) = aw™? Henuueiinoe ypapHenue (48) npeo6pasopanuem (49) nepeso-

JIUTCA B JUHEIHOE YPaBHECHHE Un = AUzz.

o8 3aoauu u ynpayxcuenun K paso. 2.4

1. l'lon(a3a'r1>, YTO HEJIMHEHHOE YPaBHCHUE TEIIONPOBOAHOCTU C IKCNIOHCHUHAJIbHBIM HCTOYHHUKOM

Wez + Wyy = aeﬁw

CBs3aHO ¢ ypaBHeHueM Jlannaca
Uzz + Uyy = 0
(nuHeliHoe ypaBHeHHE) npeoOpa3oBaHueM bexnyHna
1 1 1/2 13 :
Ug + 5 Bwy = (—a,B) exp(; )smu,
1 _ (1 1/2 13
Uy — 5wz = (7aB) " exp(38
Ykaszanue. VIcnonb3oBaTh YCNOBHS Uzy = Uyz H Way = Wyz.

w) cos u.

2. IlokasaTb, YTO ABa ypaBHEHUs cuHyc-I'opaoHa:
Wey =SINW MU Ugy =SINU
cBsA3aHbl aBTOnpeoOpasoBaHueM bexnyHna
Uy = Wz + 2l~csm[ (w+ )],
uy = —wy — 2k~ sin[ 3 (w — w)],
rae k # 0— npou3Bo/IbHAS NOCTOSIHHASL.
Vkazanue. VIcionb3oBaTh YCIOBUA Uzy = Uyz U Wry = Wyz.

3. IlokazaTb, YTO ypaBHEHUA
Wzz + Wyy =shwchw,

Uzz + Uyy = SINUCOS U
cBsA3aHbl npeoOpasoBaHueM bexnynna
Uz + Wy = sinuchw,
Uy — Wy = cOSushw.
Ykazanue. Yicnionb3oBaTh YCAOBHS Uzy = Uyz H Way = Wyz.
4. Ilokasats, uto ypaBHeHHe KopreBera— ne ®pusa
wt + bwwe + Wrez =0
1 MomduLpoBaHHoe ypaBHeHue KopreBera— ne ®dpusa
Ut — 6u Uy + Ugzs =0
cBsA3aHbl npeoOpasoBaHueM bexnynna
ur = e(w+u?), e==I,
Ut = EWzz — 2(UW)z.
5. IlokazaTb, YyTO HenauHeiHoe ypaBHeHue llpeaunrepa
iwe + Was + || w = 0,
e w — KOMIIEeKCHass (yHKUMS ACHCTBUTE/NbHBIX MEpeMEeHHbIX T M t (12 =
OTHOCHUTENbHO Mpeobpa3oBanus bexnynna
Wy — 17)1 = iafl - %’L’f2g1,
we — W = 391 (wz + We) —age + Lifi (|41 + 1 f2]7).
3nech NPHHATH 0003HAYEHUS

fizw-0, h=wt+®, g=ib-2Aa1)"" g =iah-1ha),

rae a v b— npousBobHbIE ACHCTBUTENbHBIE OCTOSHHbIE, € = +1.

—1), MHBapHaHTHO
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6. Ceectu ypaBHeHue Kanomxkepo
Wyt = WWzg + f(wa:)
K OObIKHOBEHHOMY AM(dEpeHLMaNbHOMY YPaBHEHHIO; HANTH 00lLuee pelieHHe UCXOAHOTO YPaBHEHUs
s f(wg) = a.
Vkaszanue. Yicnonb3oBats npeoOpa3oBaHye MO PELICHUIO, UCXOAA U3 3aKOHA COXPaHEHHUS

De[®(wz)] + De[-w®(w:)] = 0,

o 15] Cud
roe Dy = a0 D, = e ®(u) =exp[ %]

7. CBecTu HenMHEHHOE YpaBHEHUE TPETbEro NMopsaka

K YPAaBHEHUIO aHAJIOTMYHOrO BUAA U ONPEAEUTD, Ms Kakoi GyHkunu f(w) nonydyeHHoe ypaBHEHHE
OyAeT NUHEHHBIM.
Vkaszanue. Yicnonb3oBath npeoOpa3oBaHUe MO PEILIECHUIO

dz =wdz + [f(w)wz] dt, dnp=dt
¢ mocnenywwei 3ameHoit w = 1/u.
8. IlokazaTb, YTO HEAMHEHHOE ypaBHEHHE
wee + we = a(w” we)x
npeoGpa3oBaHKeEM MO PELICHUIO
r=t+In|w|, dz=aw w.dt+ (w+w)de, w=1/w (dz=zdt+ z; dz)
NPMBOAMTCS K JIMHENHOMY TenerpadbHOMy YpaBHEHHIO

Urr + Ur = QU2

@ Jlumepamypa K pa3o. 2.4: G. L. Lamb (1974), R. M. Miura (1976), A. S. Fokas, R. L. Anderson
(1979), A. S. Fokas, B. Fuchssteiner (1981), C. Rogers, W. F. Shadwick (1982), P. bynnag, ®. Koapu
(1983, crp. 24-28), H. X. Ubparumos (1983, crp. 151-154), C. Rogers, T. Ruggeri (1985), J. Weiss
(1986), M. Abnosuu, X. Curyp (1987, crp. 179-181), C. Rogers, W. F. Ames (1989), A. D. Polyanin,
V. F. Zaitsev (2004).

2.5. AvddepeHumnanbHbie NOACTAHOBKHU

[Momumo mpeobpazoBanuil bexnyHna, B MaTeMaTH4eckol (H3UKE HCHONB3YIOTCA
Take TuddepeHnuanbHble TOACTaHOBKY. s ypaBHEeHHH BTOPOTO MopsAaka aud-
(hepeHnMaNbHbIE TOJCTAHOBKU OOBIYHO UMEIOT BHI

ou Ou
w = \I!(a:,y,u, e 6—y)
JluddepenmanbHas MOACTaHOBKA IMOBBHINIAET MOPANOK YpaBHEHHS (€CTH OHA
MOZICTAaBIIAETCA B YPaBHEHHE [UIS W) M MO3BOJIAET C IMOMOLIBIO PELIEHHH OXHOTO
YPaBHEHHS TONy4aTh pemeHus Apyroro. CBs3b MEXIy PEIICHHUSIMH 3THUX YpaBHe-
HU#, BooOIIe roBops, HeoOpaTUMa W HOCHUT OJHOCTOpOHHHH Xxapaktep. Hdudde-
pEHIMAIBHbBIE MTOJCTAaHOBKH MOTYT OBITH CIEACTBHEM NpeobOpa3zoBaHus bexityHna
(xotTs 310 M HeoOA3aTenbHO). JuddepeHnuansHas MOACTAHOBKA MOXKET MOHMKATh
HOPSIOK ypaBHEHH (KOTZIa B KaU€CTBE HCXOIHOTO MPHUHUMAETCS YPaBHEHHE [UIS U).
B o6mem cnydae nuddhepeHnmanbHbIE MOICTAHOBKH OIPENSISIOTCS GOpMyaaMu
(20), tne pynxuuu X, Y, W MoryT 3amaBaTbcsi IPOU3BOJIBHO.
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IIpumep 12. PaccmoTpum ypaBHeHue broprepca

ow ow d%w

o Ve T N

IepBoe coorHoweHue (41) MOXxHO 3anucarh kKak AU depeHLMaNbHYI0 OACTaHOBKY (Mpeodpa3o-
Banue Xonda— Koyna)

2
w= Yo (52)
u
MNoacrasnss (52) B (51), nonyuuM ypaBHEHUE
AT _ U, 22Uy, _ 2U Uy,
u w2 u u?2

KOTOpOE€ MOXKHO NpeoOpa3oBaTh K CleyloLEeMy BULY:

alu (5 -5l =o

Taxum 06pa3oM, BCAKOE pELLEHHE JMHEHHOrO ypaBHEHHS TEMJIONPOBOJHOCTH

ou 9%u _

at  dx?
¢dopmynoit (52) nepeBoaurcs B peiiende ypaBHenus Broprepca (51). O6parHoe HeBepHO: pelueHue
ypaBHenus (51) nopoxxaaer, Booble roBops, pelieHue 6osee 001Ero ypaBHEHUs

ou d%u
ot Bz = f(t)u,

rae f(t) — uexoropas ¢yHkuus t.

IIpumep 13. YpaBHeHHE CTALMOHAPHOTO JAMHHAPHOrO IMAPOJMHAMHYECKOrO MOrPaHHUYHOrO
CJI051 Ha IJIOCKOH MJIACTUHE UMEET BUJ

ow 8w dw w _V83w
dy 0z0y dx Oy? oy3’
rae w — QyHKLUMS TOKA, T M Y — COOTBETCTBEHHO NPOAOJbHAs W MOMNEPEYHas KOOPAMHATbI, L —

KHHEMaTH4ecKas BSI3KOCTb XHUAKOCTH.
[peo6pa3zoBanne Museca (auddepeHumransHas nNOACTaHOBKA)

(33)

p)
E=x, n=w, u(n) = %, e w=w(z,y), (54

NOHMXKAET NOPAAOK ypaBHEeHUs (53) ¥ MPUBOAUT ero k Gosiee NpOCTOMY HENMHEHHOMY YpaBHEHUIO
TEMJI0NpPOBOJHOCTH

ou 8 [ Ou
ou _ 9 (2% 55
€~ “on (“ an ) (33)
Ipu BbiBoae ypaBHeHus (55) ucnonb3oBanuch GopMysbl N BbIYHUCACHHS NPOU3BOAHbBIX:
o o 15] o ow 0 ow 82w ou
__u_’ —_— T — - —:u, —:u—’
Ay o’ Oz o€ dx On’ Oy y? n
ow Pw _ ow Pw _ Ou  Pw ul (w2
8y 8zdy Oz 2 Ot dyd3 om\ on/’

o8 3aoauu u ynpaxycuenus K paso. 2.5

1. Ioxka3ars, urto npeobpasoBanue Muypbl (auddepeHuransHas NoACTaHOBKA) NMEPEBOAUT Jir0O0e
pelieHue MoauduurpoBaHHoro ypasHenus Kopresera— ne ®pusa

wi — 6w ws + Wezz = 0
B pelueHue ypaBHenust Kopresera— ne ®pusa
Ut + 6uuy + Ugzz = 0.

Vkasanue. Hano 1okasaTb TOKAECTBO Ut + 6Uus + Uzzz = (Oz + 2w) (wi — 6w we + Wazz).
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2. Haiitu olluee pelieHne ypaBHEHHs
WyWay — WeWyy = f(T).
Vkaszanue. Ycnonb3oBath npeobpazosanue Muszeca (54).

3. Onpeaenutb BUJ HEIMHEHHOrO ypaBHEHUs BTOPOTO NOPsiAKa, K KOTOPOMY NPUBOAUTCS ypaBHEHUE
rUAPOJMHAMMYECKOr0 MOrpaHUYHOro cios (53) ¢ nomoubto npeobpazosanus Kpokko:

g =z, C = Wy, ‘I’(ﬁaC) = Wyy, rme w = w(l'?y)

@ Jlumepamypa k pa3o. 2.5: R. M. Miura (1976), JI. I. Jloiusxckuit (1973, crp. 522-523),
A. D. Polyanin, V. F. Zaitsev (2004).

3 A. J1. lNonsaunun, B. ®. 3aiiues, A. U. XKypos



3. PeweHusa Tuna 6erywen BOAHbI U aBTOMOAEAbHbIE
peweHus. Metop nopobus

3.1. MpeaBapuUTenbHble 3aMeUYaHUA

1 mOCTpOeHHs TOUHBIX PEeIeHHH HETHHEHHBIX YpaBHEHHI MaTeMaTHIecKon (u-
3MKH pa3paboTaH psll METOIOB, OCHOBAaHHBIX Ha IEpPEeXoje K HOBBIM IEPEMEHHBIM
(3aBHCHUMBIM U HE3aBHCHUMBIM). [Ipy 3TOM OOBIYHO CTaBHTCS LI€Ih: HAWTH HOBEIE
MEpEMEHHBIE, YHCIO KOTOPBIX MEHBIE, YEM YHCIO MCXOAHBIX NepeMeHHBIX. [le-
PEX0oA K TaKkUM IIepeMEHHBIM NPUBOJHUT K OoJjiee NPOCTHIM ypaBHEHUsAM. B gact-
HOCTH, IIOMCK TOYHBIX PEIIECHUH YpaBHEHHH C YaCTHBIMH IIPOM3BOIHBIMH C IBYyMS
HE3aBUCUMBIMH NEPEMEHHBIMH CBOAUTCS K HCCIEIOBAHUIO OOBIKHOBEHHBIX AUG-
(hepeHIHATBHBIX YPaBHEHUH (MM CHUCTEM TAaKHX YypaBHEHHH). EcrecTBeHHO, mpu
yKa3aHHOH PEAYKIHH pelIeHUs OOBIKHOBEHHBIX NH(¢epeHINANbHBIX ypaBHEHUH
JAI0T HEe BCE PELICHUS] HCXOJHOIO YPaBHEHHS C YaCTHBIMU IIPOM3BOIAHBIMH, a JHIIb
KJIacc peleHuil, 00nafaromx HEeKOTOPBIMH CIIELUAIBHBIMU CBOHCTBAMH.

Haunbonee mpocThIMH KJIaCCaMH TOYHBIX PELIEHHH, KOTOPHIE OIHCHIBAIOTCS
OOBIKHOBEHHBIMH AH((epeHIHATLHBIME YPAaBHEHISIMH, SIBISIFOTCS PELICHUS THIA
Oerymieii BOMHBI M aBTOMOZENbHEIE pemeHus. CyliecTBOBaHHE STHX pELICHHH
00BI9HO (HO He Bceraa) 0O0yCIOBICHO HHBAPHAHTHOCTBIO PACCMAaTPUBAEMBIX ypaB-
HEHHH OTHOCHTENBHO NpeoOpa30oBaHuil CABUra U PACTIKEHUA-CKATHS.

Pemienus Tumna Geryieii BOJIHBI H aBTOMO/IENIBHBIE PELICHHUS 9aCTO BCTPEYAIOTCS
B Pa3IHYHBIX NPHIOXEHUAX. Hike paccMOTpeHB! XapaKTepHble 0COOEHHOCTH ATHX
pemenuii. CyuTaercs,, 94T0 MCKOMas BEIHYHHA W 3aBUCHUT OT ABYX NEPEMEHHBIX:
z 4 t, rae t UrpaeT pojb BPEMEHH, a T — POJIb IPOCTPAHCTBEHHOH KOOPIHHATHI.

3.2. PeweHun tvna 6erywien BOAHbI

3.2.1. 06wwuit BUA pelueHUi Tuna 6erywei BoAHbI

Pewenuamu muna 6ezyweii 601Hbl HA3BIBAIOTCS PELLIEHUS BUAA
w(z,t) = W(z), z=kx—\t, (1)

I7le BeMYnHa A/ k UrpaeT posib CKOPOCTH PAaCIPOCTPAHEHHS BOIHBI (A MOXeT ObITh
mo00ro 3Haka, 3HaueHHe A = () OTBeYaeT CTAlMOHAPHOMY PELICHHIO, a 3HaYEHUE
k = 0 — mpoCTpaHCTBEHHO-OAHOPOAHOMY pelleHuto). Pemenus Tuma Oeryuiei
BOJIHBI XapaKTEPU3YIOTCH TeM, YTO MPO(HIN 3THX PENICHWH B pa3Hble MOMEHTHI
BpEMEHU™ MOTyYaAOTCS APYT U3 Ipyra npeoOpa3oBaHHUEM CIABHTa U MOXXHO BBECTH
JIBHOKYIIYIOCS C MTOCTOSTHHOH CKOPOCTBIO IEKAPTOBY CUCTEMY KOOPAHHAT, B KOTOPOM
npo(HITbh UCKOMOH BEIMIHHBI OyneT craruoHapHbiM. [Ipu £ > 0, A > 0 BomHa (1)
JIBIDKETCS BIOJB OCH X BIPAaBO (B CTOPOHY YBEUYEHHS 3HAYCHHUH ).

* TepMuH pewenue muna Gezywjeil 601HbI UCTIONL3YETCA TAKXKE B Cy4asX, KOLAa nepemeHHas t
UrpaeT pojb MPOCTPAHCTBEHHON KOOPAMHATHI.
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[Mouck pemennii Thma Oerymeid BOTHBI MPOBOIUTCS MPSIMOHN IMOJCTAHOBKOM
BoIpakenus (1) B HCXOHOE YPAaBHEHHE C YYETOM PABEHCTB wy = kW', wy = — AW’
U T. 1. (UTpux 0003HAYAET MPOU3BOJIHYIO MO Z2).

Pemienus tuma Oerymiei BOJIHBI OMYCKAalOT YpaBHEHUS, KOTOPBIE HE 3aBHCAT
SIBHO OT HE3aBHCHUMEBIX IIEPEMEHHBIX:

ow ow 0w O*w w
F(“”W’W’ 922 dzdt’ 08 ) =0 )

Moncrasnsas (1) B (2), moaydyuM aBTOHOMHOE OOBIKHOBeHHOE Nu(depeHInaIbHOe
ypaBHeHHe OTHOCUTENbHO QyHKimu W (2):

E(W, kW', =AW’ E2W", kAW, X2W", ...) =0,

rae k ¥ A — NMpOU3BOJIbHBIE MOCTOSIHHBIE.
Ipumep 1. HenuHeiiHoe ypaBHEHHE TEMIONPOBOAHOCTH
ow 1} ow
_—— w)——- 3
ot Ox [f( ) Ox ] )
nponyckaer peweHue tuna Geryweit Bonubl. Iloactasus (1) B (3), mpuxoauMm Kk OOBIKHOBEHHOMY
I bepeHLHanbHOMY YPaBHEHHIO

E[f(W)W'] + W' = 0.

I/IHTCI‘pMpyﬂ JABaXAbl, NNOJIYUYUM €ro p€uieHue€ B HEABHOM BUEC
w2 [ Sw)aw

AW + Cy

rae C1 u Cy — npou3BONbHbBIE MOCTOSHHBIE.

=—2z2+4+0C,,

[Ipumep 2. PaccMoTpuM oaHOpOAHOE ypaBHeHHE Monxa — Amnepa

( w )2 _ Pw w

Ozdt dz? ot2?

IMoacrasus B Hero BbipaxceHue (1), nonyunm Toxaectso. [Toatomy ypaBuenue (4) umeer pelieHue
w = W(kx — At),

rae W (z) — npoussonbHas ¢yHkuus, k, A— NPOU3BOJIbHbIE MOCTOSHHbIE.
4 b

=0. )

Ipumep 3. Cucrema HENMHEHHBIX YPaBHEHUH MacCoO- M TEIJIONEPEHOCA MPU HATUYUU OOBEMHbBIX

XMMMYECKUX peaKuuii
ou 8%,

v ZGW-Ff(U,w),
ow w
e = Pggr Folww)

JIONYCKAET TOYHOE PELIEHUE TUMa GEryuei BOHbI
u=u(z), w=w(z), z=kr—A,
rae GyHkuud u(z) U w(z) ONUCHIBAIOTCA CUCTEMON OBBLIKHOBEHHBIX AubdepeHnanbHbIX ypaBHEHUH
ak®ull, + M, + f(u,w) =0,
bk wl, + \wl + g(u,w) = 0.

3.2.2. UHBapUAHTHOCTb YypaBHEHUH OTHOCUTEALHO Npeobpa3oBaHUi CABUra

BakHO OTMETHTH, YTO ypaBHEHUs BHUIA (2) UHBAPHAHTHHI (T. €. COXPAHIIOT BHI)
OTHOCHTEIBHO NPeoOpa3oBaHuil CABUra 10 HE3aBHCUMBIM [IEPEMEHHBIM:

=% +Cy, t=1t+Cy, 5)

3*
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rae C1 u Co — NpOU3BOJBHEIE MOCTOSIHHBIE. CBOWCTBO HHBAPHAHTHOCTH KOHKPET-
HBIX YPaBHEHUH OTHOCHUTENBHO MpeoOpa3oBaHuii caBura (5) Hepa3pheIBHO CBSA3aHO C
CYIIECTBOBAaHHEM y 3THUX yYpaBHEHHI pPEUICHHH THMA Oerymieil BONHBI (U3 MEPBOTO
CeIyeT BTOPOE).

Pemienns Tuna Oerymied BOJIHBI SBISIFOTCSA NPOCTEHIINMH UHBAPUAHMHBIMU
pewenHuamu, T. €. PelieHHsIMH, KOTOPBIE OOYCIIOBIEHBI CIIOCOOHOCTRIO YpaBHEHUH
OBITH WHBapUAHTHBIMH OTHOCHUTENILHO HEKOTOPHIX MpeoOpa3oBaHMil (CoxepKaIuX
MIPOU3BOJIbHBIE TIOCTOSIHHBIE).

3ameuaHune. YcrmoBHe MHBApHAHTHOCTH YPABHEHUS OTHOCHTENBHO NMpeoOpa3o-
BaHUH (5) He ABIAETCS HEOOXOIMMBIM YCIOBHEM JUIA CYILECTBOBAHMS DEIICHHUH
tuna Oeryumi BoiHBL [IpsMoil mpoBepkoH MOXHO YOEIUTHCS, YTO ypaBHEHHE
BTOPOTO MOPSIKA

F(w, W, Wi, LWz + LW, Wag, Wty Wity TWrg + tWet,

LWyt + twtt, .17211);6;6 + 2$tht + tzwtt, TWt Wy + thwtt) =0

HE JIOMYCKaeT npeodpa3oBaHuii BUAa (5), HO HIMEET TOYHOE PEllieHHe TUIa Oeryiei
BOJIHHI (1), KOTOpOE OMUCHIBAETCS OOBIKHOBEHHBIM UG depeHIHATBHBIM YpaBHEHHU-
eM

F(W kW', =AW’ W EPW kAW W kW = X2W, 22 W —kAzW") = 0.

3.2.3. dyHKuMOHaNbHOE YpaBHEHHUe, 3aaalollee pelneHus Tuna 6erywen BoAHDI

[ToxakeM, 4TO pemIeHus TUMa Oeryuiel BOJHBI MOXKHO ONPENETUTh KaK PEeIICHUS
(GYHKIIMOHAIBHOTO YpaBHEHHS

w(z,t) = w(x + CA\ t+ Ck), 6)

rae k ¥ A — HeKOoTopble MOCTOsHHbIE, C' — MPOM3BOJbHAS MOCTOSIHHAS. YpaBHe-
Hue (6) 03Ha4aeT, YTO HCKOMasi QDYHKIHS He MEHSAETCS MPH OJHOBPEMEHHOM yBEIH-
YeHHH 000X apryMEHTOB Ha MPOMOPUHOHANbHbIE BenuduHbl (C' — Ko3hPULHeHT
MIPONOPIHUOHATBHOCTH).

JeiicTButensHo, nuddepennupys ypasaenue (6) mo C, a 3atem nonaras C = 0,
NpUXOAUM K auddepeHHaTbHOMY YPAaBHEHHIO C YaCTHBIMH MPOU3BOJHBIMH Iep-
BOTO TOpSAKa

dw ow

OO01ee penieHHe 3TOr0 YPaBHEHHUS CTPOMTCA METOJOM XapaKTEPUCTHK U HMEET
Buz (1), 9T0o ¥ TPeOOBAIOCH OKA3ATH.

o8 3adauu u ynpasxcrenusa K pa3o. 3.2
1. Haiitu pewenne Tuna 6eryuieil Bondbl ypaBuenus broprepca: wy + wwz = awgy.

2. Haiitu pewenus tvna Gerylueil BOJHbl HEJMHEHHbIX YPAaBHEHUI TEMIONPOBOJHOCTH:

a) wy = (Wwg)e,

b) wi + aw, = (Wwz )z,

¢) wr = (wwg)e + a.
3. Haiitu ofuiee pelueHue NMHEHHOr0 ypaBHEHUS Wit = Wgg MYTEM NOCTPOECHHUS TOYHBIX PELUCHUH
TUna Geryuiel BOJHbI.

Vkazanue. Mcnonb3oBaTh NPUHUMI CyNEPNO3ULUMY PELLEHUI A TMHEHHbIX YPaBHEHUMH.
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4. Haiitu pewienus tuna Geryuiei BOJHbI HETMHEHHbBIX BOJHOBBIX YPaBHEHUI:
a) wi = (WWe)e,
b) we = [f(w)wz]s.
5. Haiitu pelienus tuna Geryiieid BOJHbI HEJMHEHHBIX yPaBHEHUH:
a) we = [f(wa:)]a:,
b) wee = [f(ws)la-
6. INokasaTb, YTO CreayOLIME YPABHEHUS HE UMEIOT PELICHUI Thna Oerylueit BOnHbL:
a) wr = (Wwg)e +zz:,2
b) w = (Wwg)g + t°.

7. Haiitu peluenue 3agauu Ans HENMHEHHOrO ypaBHEHMs TEIONPOBOAHOCTH wi = a{w"wg)z C
HAYANIbHBIM U TPAHUYHBIM YCJIOBUSIMU

w=0 mpu t=0 (z>0), w=kt"" npu =0 (¢t>0).
Ykaszanue. Pemenne umercs B Buae
e A VN
8. Haiitu Tounble pewenus tuna Geryuiel BonHbl ypasHeHuss bopua— Hudenbaa
(1 — w})wae + 2wewiwae — (14 wh)wee = 0.
3ameyaHve. DTO ypaBHEHUE UCNONb3YETCs B HEIMHEWHOI 2neKTpoAuHaMuKe (B TEOPUM MOf).

9. Iloka3arsb, uto ypaBHenue Kopresera— ne ®@pusa w; + wrze — 6ww, = 0 umeer caenyiouice
pelieHye TMna Oeryluei BOHbI:

A
 2ch? [%\/X(z — zo)] ’

rae zo U A > 0— npou3BOIbHbBIE OCTOSHHBIE.

w = z=x — M\,

10. Haiiti pewexne tvna Geryueii Boaubl ypaBHenus Byccunecka: wie + a(wwz )z + bwezez = 0.

3.3. ABTOMOA€EAnbHbIe pelueHuA. Metoa nopobus

3.3.1. 06wt BUA aBTOMOAEAbHbIX pelueHUiH. Metoa nopobus

AemomoodenbHbimy Ha3BIBAIOTCS PELICHUS BUA
w(z,t) =t°U(), ¢=at (7)

[Tpoduu 3THX pemeHui B pa3Hble MOMEHTHI BPEMEHH MOIYYaloTCs PYT U3 Ipyra
npeobpazosanuamu nodobus (Mpeodpa3oBaHUSAMH THIIA PACTSIKEHHS WIH CKATHSA).

ABTOMOJIENTEHBIE PELICHUS] CYIIECTBYIOT, €CJIM PACTSDKEHHE HE3aBHCHMBIX U
3aBUCHMOM MEPEMEHHBIX 10 MPAaBUILY

t=Ct, z=CFz, w=C™w,
C > 0—Hp0PI3BOJII>HaiI IMOCTOsAHHAI,

®)

IPU COOTBETCTBYIOIIEM BBIOOpE Kk U M SKBHBAIEHTHO TOXKAECTBEHHOMY IpeoOpa-
30BaHHIO, T. €. HCXOJHOE YPABHEHUE

F(xvt,wvwr,wtvwrrawmtthtv'H) =0 (9)
B pe3ynbTaTe NpeoOpa3oBanus (8) MEPEXOAHT B TOYHO TAaKOE K€ YPAaBHEHHE

F(j,t,ﬂ],ﬂ]j,wf,@jj,@if,w'{,...) — 0 (10)
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3necy Gynkuus F' 1a ke camas, 4To U B ypaBHeHuH (9); npu 3ToMm ypaBHeHue (9)
He 3aBUCHT OT napamerpa C.

Haiinem cBs3p MeXay mapamerpamH «, ( B pemenud (7) U mapamerpamu k, m
B npeoOpa3oBaHuu pacTsokeHusa-cxarus (8). Ilycts

w = ®(x,t) )]
— pewenne ypasaenus (9). Torna pyHkuus
w = ®(z,1) (12)

Oyner pemenueM ypaBHeHus (10).
VYuuteiBas SBHEIH BUI pemenus (7), u3 (12) nomydum

w = U (zt°). (13)
BosBpamasce B (13) k HCXOIHBIM NEPEMEHHBIM ¢ MOMONIbIO (8), nMeeM
w = C™" U (C™FPtf). (14)

Ora QyHKIHUA, N0 MOCTPOCHHIO, YIOBIETBOPSAET ypaBHEHHIO (9), T. €. ABIAETCSA €ro
pemwenueM. IlorpeGyem, urods pemenue (14) coBnano ¢ (7) (1. €. 4T0OHI yCIOBHE
€IMHCTBEHHOCTH PELIEHHs BBIIOIHIOCH VIS JIIOOBIX 3HaYeHuH napamerpa C # 0).
JIIs 3TOro Hamo MOJOXKHTH

a=m, [=-—k. (15)

Ha npakTHke MOMCK aBTOMOMENBHBIX PEIICHUH NMPOBOIUTCS MO MOTYYCHHOMY
BHIIIIE KPUTEPHUIO CYIIECTBOBaHHSA: ecid k U m B (8) HaliieHbl, TO aBTOMOJETIbHEIE
nepeMeHHble UMeroT Bua (7) ¢ mapamerpamu (15).

Mertox OCTPOEHHUS aBTOMOIENILHBIX PEIIEHHH, OCHOBAHHBIN HA HCIIOIB30BaHUH
npeoOpa3oBaHUi PACTHKEHUA-CoKATHS THIIA (8), HOCHT Ha3BaHUE Memo0a no0odus.
Ba)xHO OTMETHUTH, YTO 3TH PEOOPA30BAHUS COAEPIKAT CBOOOAHBIH (IIPOH3BOJILHBIH)
napametp C.

Jlnsa HarmsamHOCTH Ha pHC. 1 M300pakeHbl OCHOBHBIE ATAIbl IOCTPOSHHUS aBTO-
MOJENBHBIX PEHIeHHUH.

3.3.2. Mprmepbl aBTOMOAEAbHbIX PELUeHH YpaBHEHHWH MaTeMaTUHYECKON GUINKU U
MeXaHUKH

[pumep 4. PaccMOTpUM ypaBHEHUE TEMIOMPOBOAHOCTH C HEIMHEHHBIM UCTOYHMKOM CTENEHHOro
TUNa

Sw &w

—=a

at Oz2

PactsnxeHue nepemennsix no gopmynam (8) npeobpasyer ypasuenue (16) k cneayroiiemy Buay:

+ bw™. (16)

— 2 -
-1 ow -2 o9%w _
m —_— = aCm k—_2 + menwn.

ot oz
INpupaBHuBanue creneHeil C 1aeT cCHCTEMY JHMHEIHbIX anrebpanuyeckux ypaBHEHUH 105 ONpeAeneHus
MOCTOSHHBIX kK U m:

m—1=m— 2k =mn,

L L _ 1

KOTOpasi UMEET EMHCTBEHHOE pellenue: k= 5, m = 1.

dopmyast (7) u (15), HaxoAUM aBTOMOAENBHBIE MEPEMEHHbIE

w=tYEMUEQ), ¢=at"V2

YuurbiBas 3T PaBE€HCTBA U UCIIOJIL3YA
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C Hcxoanoe ypasuenne: F(z, t, w, w,, W, W, ., W, Wy ..) =0 ]

Jenaem npeodpazoBaHue
pacTsKeHUs/CKaTHs

E Moxcrasasem B ypasuenne t=Ci, z = C*z, w=C"w ]

3pecs C
v k m m — HekoTOpBIE YHCIA

C IMoxonpaem k u m, TaKk 4TOOBI YpaBHEHHE COXPAHUTIO BH j

T. €. TIOYYUM ypaBHCHHE

v F(z, t, w0, w5, W, Wzz, Wz, Wiz, ...) =0

EABTOMOﬂeﬂbﬂoe pemenne umeer Bua: w(x,t) =t U(C), (= :ct_kj

Ioacrasasiem
B HCXOIHOE YpaBHEHHE

@Jlﬂ U(¢) nonyunm o0bIkHOBeHHOEe TH(depeHnaIbHOe ypaBﬂelma

Puc. 1. Ilpocreiimas cxema NocTpOEHUs! aBTOMOJE/bHbIX PELIEHUH, KOTOPas 4aCTO UCNOb3YyeTCs Ha
NPaKTHKE.

INoacranss ux B (16), mpuxoauM k o6bIKkHOBEHHOMY N depeHLHanbHOMY YPaBHEHHIO IS Onpeae-
aenus dynkuuu U (Q):

=0.
[Ipumep 5. PaccMoTpuM HenuHENHHOE ypaBHEHHE
&%w 8 dw
= — 17
a2 Yor (“’ oz > (an

KOTOpPOE BCTPEYAeTCs B 334a4axX BOJHOBOM W ra30BOM AWHAMMKH.
[Noncrasug (8) B (17), noayunum

om=2 & _ gmmtm=sk O (m"a_“’> .
o2 ox ox
IpupaBHuBanue crenedeii C' naeT OAHO JMHEHHOe ypaBHeHHe: m — 2 = mn + m — 2k. Orcioaa
umeeM: k = %mn + 1, rne m MoxeT 6bITh BoIOpaHO MPOW3BONbLHO. Mcnonb3ys nanee hopmyast (7)
u (15), HaxoAUM aBTOMOJENIbHbIE NEPEMEHHBIE!
w=t"UK), (= ot~ T ' m—moGoe.

IoncraBue ux B (17), MOXHO MONY4YHTb OOLIKHOBEHHOE zmcbcbepeuunanbuoe ypaBHeHue s pyHk-
uuu U(Q).

B Ta0n. 1 mpuBeAeHBI Apyrue MpUMeEphl aBTOMOIETBHBIX PEIICHHH HETHHEHHBIX
YpaBHEHHI MaTeMaTHYECKOH (DU3UKH.

OnucaHHubIi METOA IOCTPOCHHUA aBTOMOACIBHBIX pCIJ.ICHI/Iﬁ IPUMEHUM TAKXKE K
CHCTEMaM ypaBHEHHUI ¢ YaCTHBIMH NPOU3BOAHBIMU. [IpomutocTpupyeM cka3zaHHOE
Ha KOHKPETHOM IIPpUMEDPE.

IIpumep 6. PaccMoTpuM cucTeMy ypaBHEHMH CTalMOHApHOIO JaMHHAPHOrO TMAPOAMHAMHYE-
CKOT'O MOrPaHHYHOrO CJIOS Ha MIOCKOH NMnacTUHE:

uﬂ + vﬂ ] V_82'U/
oz 8y~ oy?’

(18)
ou 4 v —o.
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TABJIMLA 1
Hexoropble HenMHENHHbIE YPaBHEHHUS MAaTeMaTH4eCKOi
¢bu3uKM, JOMyCcKaloIKUe aBTOMOACIbHbIE PELEHUS

VpaBHeHHe HazBanue ypaBHeHHs Bun perenns Onpenensroliee ypaBHEHHE
HecraunonapHoe
7] 7] ?]
_w:_[f(w)_w] ypaBHEHHE w=w(z), z=zt~1/2| [f(w)w]'+Fzw'=0
ot Oz oz TETUIONPOBOJHOCTH
dw 9 ( Bw) b Ypasuenne w=tPu(z), z=xt9, | a(uu') —qzu'+
w® | tennonposoanoctn _ 1 k—n—1 &
o 8:': oz ¢ HCTOUHHUKOM P=1"% 95 30-m) +bu®—pu=0
dw _ &_H, ow YpasnenHe w=t"1/%u(2), au+buu/+ L zu'+ Lu=0
ot dz? 3 Broprepca z=xt~1/2 2 2
[MoteHuuansHoE
2 2
8_w206_1§+b(8_w) ypaBHEHHE w=w(z), z=xt~1/2 aw“+b(w’)2+%zw’=0
ot Oz Oz Broprepca
YpaBHeHue w=tPu(z), z=2t4,
k 52
B_w:a(é)_w) 6_1;} HENMHENHOM pz_%’ a(u) k" = qzu/+pu
ot ox/ Oz ¢dunbTpanun q— moboe
VpaBHeHHe
2 P —41/2
8w ( ) 8w HENMHENHOM w=t 11(2)’ 2f(u)u"’"+zu' —u=0
oz / dx? unbTpauuu z=xt=1/
92
w 0 BonHoBoe _ _ N e
7_8_[ ] ypaBHeHHe w=w(z), 2=/t (ZPw') =[f(w)w']
2w 8%w YpaBHeHHe = (14 2H)u" - 2(lf"':)zu'+
e + P07 = aw™ TEMIONPOBOAHOCTH w=x1-nu(z), 2(14m)
z v C HCTOYHUKOM z=y/z +ﬁ7u au™=0
92 Sw 92 VpaBHeHHe _ n—3k—2 w4 kL z2u
—1;} oo —1: = TPaHC3BYKOBOTO w=r u(e), | F R
oz 9y By TeueHns rasa z=z%, k—moboe —5kzu'+3(3k+2)u=0
VpaBHeHHe
3w p _4—2/3
8_w 8_+b ow KopreBera— w=t u(z), au""+buu’+ %zu’—f— %u:O
ot Ox3 8.13 ne (I)puga z =$t_1/3
— A
ow 8w dw 2w 8w YpaBHeHue w=z +>1\u(z), @A+ 1) (') = (A 1)uu”
— =a—— [OrPaHHU4HOTO z2=aMy, "
3 _
dy dxdy Ox 8y Ay cnos X mroBoe =au
Cnenaem B (18) pacTshkeHHe HE3aBUCHMbBIX M 3aBUCUMBbIX NEPEMEHHbIX 110 MPaBUIY
z=Cz, y=C*§ uw=C™a, v=C"b. (19)
VMHOXUB MONYyYESHHbIE YPABHEHHUs HA NOAXOASIINE MOCTOSHHbIE MHOXHUTENH, HMEEM
3u L ormktl 31} — o-m-2k+, 32_17 ,
8 oy 9y 20
ou k41 OO (20)
C'n m—k+ =0.

Erl 8y

Iorpebyem, uToObl BUA ypaBHeHUH mNpeoOpa3oBaHHOI cucTembl (20) coBmam ¢ BUAOM YpaBHe-
HUH ucxoaHoH cucrembl (18). OTo ycnoBue naer ABa JNMHEHHBIX anreOpaMvyecKMX YpaBHEHHS:
n—m—k+1=0, —2k —m + 1 = 0. Pa3peluB UX OTHOCUTENBHO 1M U 7, IONY4YUM

=1-2k, n=-k,

@n
rae nokasareib k MOXeT ObiTb BbIOpaH MPOW3BOJILHO. JI1si MOCTPOEHUS! aBTOMOJENILHOTO PELIEHUs
MCII0JIb3yEeM CXEMY Ha pHC. |, B KOTOPOH AJis onpeaeneHus Buaa GYHKUMHI U U v HAI0 COOTBETCTBEHHO
nepeodo3Ha4YUuTh & — Y, t — &, W — U (A% KOMIOHEHTBl U) U & — Y, t — &, w — v, m — n (s
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KOMIIOHEHTHI v). B pe3ynsrare umeem

u(z,y) =2' U, v(z,y) =27V, (=yrh (22)
rae k — npousBonbHas nocrosHHas. Iloacrasus (22) B ucxoanyto cucremy (18), monyuum cucremy
00bIKHOBEHHbIX AnbdepeHumanshbix ypasuenuii ans dynkuuii U = U(C), V = V(¢):

U[(1=2k)U — kCU¢] + VU = vU,
(1—2k)U — kU, + V{ = 0.

3.3.3. bonee 061Hi4 NOAXOA, OCHOBAHHDbIN Ha peleHUU GyHKLUUOHAAbHOIO
ypaBHeHUA
ANTOPUTM NMOCTPOEHHS aBTOMOJIENBHOTO PEIIeHHs, ONMMCAaHHBIN B pa3n. 3.3.1, Obln
OCHOBaH Ha SIBHOM IPEACTaBIEHUH 3TOTO pemeHus B Buae (7). OQHako CyImecTByeT
Gonee OOIIMIA TOIXO, TO3BOJISAIOIINI BEIBECTH 3aBUCHMOCTH (7) HEMOCPEICTBEHHO
U3 YCIIOBHS MHBAPHAHTHOCTH ypaBHEeHHS (9) OTHOCHTENBHO NpeobpazoBanus (8).
JeiicTBuTtenbHO, OyneM cuMTaTh, 4TO ypaBHeHHE (9) B pe3ynbrare mpeodpaso-
BaHus (8) mepexoauT B ToyHO Takoe e ypasHenue (10). [lycte (11) — pemenue
ypaBaenus (9). Torna ¢dynkmus (12) 6yner pemenuem ypasaenus (10). Bo3spamia-
schb B (12) K UCXOHBIM MEpeMeHHBIM (8), HMeeM

w=C"®(C *z,C7't). (23)

Jrta QyHKIUSA, IO MOCTPOCHUIO, YIOBIETBOPAET ypaBHEHHIO (9), T. €. ABIAETCA €ro
pemwenueM. [lorpebyem, urobs! pemenue (23) cosnaino ¢ (11) (T. e. 4T0OHI ycnOBHE
€IMHCTBEHHOCTH PENIEHHS BBIMOIHAIOCH s TI00bIX 3HaYeHuit mapamerpa C # 0).
B pesynbrare npuxoauM K GyHKIHOHAIEHOMY YPaBHEHHUIO

d(z,t) = C™®(C~*z,C711). (24)

IMpu C = 1 ypaBuenue (24) obpainaercs B TOXAeCTBO. Pasmoxkum (24) B psn
no nmapameTrpy C' B okpecTHOCTH 3HadeHHs C' = 1, 3aTeM NOAENHUM MOJyYeHHOE
soipakenne Ha (C' — 1) u mepeiinem kx npenemy mpu C — 1. B pesymsrare
[OJIyYHMM JIMHEHHOE YpaBHEHUE C YaCTHBIMH NPOU3BOAHBIMH IEPBOTO IOPSIKA IS

¢bysakunu &:

08 | , 08 B

3anuireM COOTBETCTBYIOIIYIO XapaKTEPUCTHUECKYIO CHCTEMY OOBIKHOBEHHBIX TH-

(epeHUMANBHBIX YpaBHEeHHH (cM. paza. 14.1.1):

 de
m®

kx

dx ﬁ
T t

Haxonum ee IMEPBBIC HHTCIPAJIBI:
.Tt_k = Al, t"e = AQ,

rae A1, Ao —npou3BoIbHBIE MOCTOSHHBIE. O0Iee peleHre YPAaBHEHHUS C YaCTHbI-
MH npou3BoaHbIMH (25) mmercs B Bune As = U(A;), rne U(A) — npousBonbHas
¢byHkuus (cMm. pasan. 14.1.1). B pesynbrate monydynM penieHde (QyHKIHMOHAIBHOTO
ypaBHeHus (24):

O(z,t) =t"U(), (=at" (26)

[Noncrasus (26) B (11), npuxoauM K aBTOMOAENBHOMY penieHuto (7) ¢ mapamer-
pamu (15).
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3.3.4. HekoTopble 3ameyaHus

3ameuanue 1. IIpu o =0 aBTOMOAETBHBIE pemeHus (7) BCTpedyaroTcs B 3aadax
C MPOCTEHIUMH HaYaNbHBIMU U IPAaHUYHBIMH YCIOBUAMHU:!

w=w; mpu t=0 (xz>0), w=wy mpu z=0 (t>0),

TAC w1 U W — HEKOTOPHIC KOHCTAHTHI.

3ameuaHnue 2. YcioBue CymiecTBOBaHUS NpeoOpazoBaHus (8), COXpaHSIOLIETO
BHJ pacCMaTpUBAEMOTO YPaBHEHHS, SBISAETCS NOCTATOYHBIM IJIS CYLIECTBOBAHHS
aBTOMOJETBHOTO pemeHus. OIHAKO 3TO YCIOBHE HE SBISIETCS HEOOXOIMMBIM:
CYIIECTBYIOT YPaBHEHHS, KOTOPBIE HE JOMYCKAWT MpeoOpa3zoBanuii Buaa (8), HO
UMEIOT aBTOMOJIENbHBIE PEIICHUS.

Hanpumep, ypaBHeHue

o ZY b0 (g2 4 af?) f(w)
Ox? ot?
UMeeT aBTOMOJENBHOE pelIeHHUe
w=w(z), z=xt = w’'— f(w)=0,

HO He Jomyckaet npeobOpa3oBanuii Buaa (8). B ykazaHHOM ypaBHEHHH a U b MOTYT
OBITH MPOU3BONBHBIMH (PYHKLIUSIMHU apTYMEHTOB T, t, W, Wy, Wi, Wyg, - - -
Bonee mmpoxkuii kiiacc ypaBHEHUH

F( arwy + biw™  acwl, + bowd,  aswer + bswee ) 0
Taith + bz 7 ast?? + bax2 1 azw? + bsw? ’

rae ay 4 by — Npou3BOJbHBIE QYHKUMH apryMeHTOB Z, t, W, Wy, ..., TAKXKE HE
momyckaer npeobpasoBanuii Buaa (8), HO MMeeT aBTOMOJENbHBIE PEIIEHHUs BHAA
w = w(z), z = zt.

3ameuaHnue 3. PemeHus Tuma Oerymieid BOJHBI TECHO CBS3aHBI C aBTOMOMEIh-
HBIMHU pemeHusMH. JleificTBurenbHo, moaoxuB B (1)

t=In7, z=Iny,
TOJTy4UM TIpelCTaBIeHue Oeryiieil BOIHBI B aBTOMOJIETEHOM BHIE
w=W(k ln(yT_)‘/k)) = U(yr=Mky,
rre U(z) = W(klnz).

o8 3adauu u ynpasxcrenusa K pa3o. 3.3

1. HaifTu aBTOMOAENbHBIE PELIEHUS HENMHENHBIX YPABHEHUH TEIUIONPOBOAHOCTH:
a) w: = a(wwz)g,
b) w: = a(w wz)s,
c) we = a(e¥wz)e.
2. HaiiTu aBTOMOJIENbHBIE PEILEHUA HENUHEHHBIX YPABHEHUI TEMLIONPOBOJHOCTH C MCTOYHUKOM:
a) wy =az "(z"wwg)s + b,
b) wi = az” " (z"wFw,). + bw™,
¢) wt = a(z"we)e + bw*,
d) wi = a(w™w;). + bz*.
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3. Haiitu aBTOMOAENbHOE pellieHue 3aauu o AMd(py3HOHHOM NOTPaHHYHOM CJIO€ Ha MJIOCKOH Mia-
CTHHE, KOTOpas OMUCHIBACTCS YPaBHEHUEM
—-1/2 2,.-3/2
dayz ™ ?w, + ay’z 73 P wy = wyy
¥ TPaH{YHBIMH YCIOBHAMH
w=w; opu £ =0, w=ws opu y =0, w — w; Opu y — +oo.
4. HaiiTu aBTOMOJENBHOE peEllieHHE OOOOLLEHHOrO YPaBHEHHS TEIUIOBOIO MOrPaHUYHOro cnos (B
4aCTHOCTH, OHO OMKCBIBAET TEIIOOOMEH MUIOCKOH MIACTHHBI C OOTEKAIOLICH €€ KHAKOCTHIO)
f(y)8w+1 (y)@w_@Qw
vz / 8z VT g vz / 8y oy?’
YAOBAETBOPSIOILEE IPAHUYHBIM YCJIOBHSAM M3 MPEIbIAYLLEro NPUMEpa.
5. HaiiTu pellieHue HENMHEHHOTO YpaBHEHHs TEIIONPOBOJHOCTH
wy = a(w" We)z,
YAOBAETBOPSIOLIEE HAYAAbHBIM U IPaHHYHBIM YCIOBHSM:
a) w=2 nmpu t=0 (x>0), w=1 1pu z=
b) w=0 mpu t=0 (x>0), w=t 10pu =
¢) w=0 mpu t=0 (£>0), w=>b* mpu =0 (¢t>0).
6. HaiiTu pelieHde 3ajaud O TEIUIOBOM B3pbIBE, KOTOPas OMNMCHIBAETCHA HEIWHEHHBIM ypaBHEHHEM
TEMIONPOBOAHOCTH Wi = a{w™ Wz )z, HAYAIbHBIM U FPAHUYHBIM YCIOBUSIMH

w=0 npu t=0 (z>0), w—0 mpu z— oo (t>0),

a TAKKE YCIOBUEM COXPAHEHHS SHEPTHU
gecl

/ w(z,t)dz = Ep > 0.
J—o0

7. Haiitu aBTOMOnENbHOE pellieHre 00001eHHOro ypaBHeHus broprepca:
wi + oW Wy = bwzz.
8. Haiitu aBTOMOJE/IbHbBIE PEIlIEHUS HENUHEHHBIX BOJIHOBBIX ypaBHEHUH:
a) wy = a(wwz)z + b,
b) wi = a(w wz)x + bwk,
¢) wi = a(eMwy),.
9. HaiiTu aBTOMOAENBHbBIE PEIIEHHS HENMHEHHBIX YpaBHEHHI:
a) wr = f(wxa:),
b) Wit = [f('wz)]z,
C) Wit = f('w“;).
10. HaiiTu aBTOMOAENBHbBIE PEIlIEHUs OAHOPOAHOTO U HEOAHOPOAHBIX ypaBHeHUH MoHxa— Amnepa:
a) ’w?cy = WzzWyy,
b) wl, = weowWyy + az™,
c) wgy = WzoWyy + ayz™.
11. Haiitu aBTOMOAENBHbBIE pellieHus ypaBHeHuUil Tuna Kopresera— ae dpusa:
a) Wy + Wear + aww, + bt w =0,
b) wi + Wrze + awW"w; =0,
C) Wt~ Wrzz +a(wz)” =0.
12. HaiiTu aBTOMOAEABHOE pellieHHe ypaBHeHUs Byccunecka:
Wit + a(wwz)z + bwzzze = 0.

13. CBecty cucTeMy ypaBHEHMii MMAPOAMHAMUYECKOro morpaHuyHoro cnos (18) x onHomy ypaBHe-
_ Ow — w
HHIO NyTEM BBEICHHA (QYHKLUMM TOKA w MO GopMynaMm u = 3o, v = — -5, @ 3aTeM MOCTPOUTH

ABTOMOJIENbHOE PEILEHUE MOIYy4EHHOIO YPaBHEHMUA.

14. Haiitu aBTOMOJENbHOE pEllleHHE ypaBHEHMH I'MAPOAMHAMMYECKOro morpaHu4Horo cnos (18) c
IPaHHYHBIMH YCJIOBHSAMH

u=v=0 npu y=0, u=Up mpu =0, u— Uy mpu y — oo.

Vkazanue. J1ocTaTOUHO CBECTH 3aJayy K cUCTEME OObIKHOBEHHbIX MU (hEepeHLHaNbHbIX ypaBHe-
HMil C COOTBETCTBYIOIMMH IPAHUYHBIMH YCIOBHSAMH.
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15. Haiitu aBTOMOAENBHOE pellleHHE 3a4a4yd O JJAMHHAPHOM TEYEHWM CTPYH, KOTOpasi ONMCHIBAETCS
YPaBHEHUSMH TMAPOJAUHAMUUYECKOrO MOrpaHU4YHOro cios (18), rpaHUUHBIMU YCIOBUAMU
uy =0 nmpu y=0, v=0 nmpu y=0, u—0 npu y— oo,
Y MHTErpajibHbIM yCI0BHEM
/Ooou2dy:A, A = const .

16. OnpeaenuTtb, NpU KakKUX 3HAUCHUAX NAPAMETPOB N, M, Kk, p peakUHOHHO-ANd}Y3UOHHAs cucTeMa
YpaBHEHUH
Ut — Q1Uzz = D" w™,
Wy — A2Wee = bouFw?
JIONYCKaeT aBTOMO/IEbHOE PElLieHHE.
17. HaiiTu o6muii Bua npaBoi yacTH ypaBHEHUH
a) Wt — Wez = F(I, t,'lU),
b) wi — wrr = F(w,ws),
¢) wt — (Wws)z = F(z,t,w),
d) wy — wze = F(x,t, w),
e) wiy — Wrr = F(w,ws),
KOTOPBIE JI0MYCKAIOT aBTOMO/EbHbIE PEILICHUS.
Vkaszanue. Vcnons3ys npeoOpazoBanusi Buaa (8), nmoayuutb GyHKLUMOHANBLHOE YpaBHEHUE ANS
onpenenenus GpyHkuun F. Pemmts 310 ypaBHEHHE ¢ MOMOLIbI0 MeToaa auddepeHunpoBaHus aHano-
FMYHO TOMY, KaK 3TO Aeaanoch B pasa. 3.3.3.

18. Haiitu oOwuii Bua npaBbIx yacTel peakLHOHHO-AU(dY3MOHHONH CHCTEMBI ypaBHEHUI
Ut — AUze = f(u,w),
wt — bwzz = g(u,w),

KOTOpast JONMYCKaeT aBTOMOJE/bHbIE PEILICHUS.

3.4. YpaBHEeHUs,, UHBapUaHTHble OTHOCUTEABHO KOMOUHaLMK
npeo6pa3oBaHUit CABUra U pacTAXEHUSA, U UX PELLUEHUSA

3.4.1. 9KcnOHEeHUuManbHO-aBTOMOAEAbHbIE (NpeAenbHble) pelueHUs

DKCNOHEHYUAbHO-ABMOMOOCTIbHbIMU PeUleHUAMU HA3BIBAIOTCS PELIEHHs BHIA
_ ot _ Bt
w(z,t) = eV (), &=axe™. (27)

OKCHOHEHUHATBEHO-aBTOMO/IE/IbHBIE PELIEHHS CYIIECTBYIOT, €CIIH PacCMaTpUBa-
eMoe ypaBHeHHE (9) HHBapHaHTHO OTHOCHUTEIBHO IMpeoOpa30oBaHUsL

t=t+1InC, z=CFz, w=C™w, (28)

rne C' > 0 — npou3BONbHAs MOCTOSIHHAA, MpHU HEKOTOphix k u m. IIpeobpaso-
BaHue (28) mpencrapnser coboil koMOWHaAIMIO MpeoOpa3oBaHMsS CABHra mo t C
npeoOpa3oBaHUSAMH TUIA PACTSDKEHUA-CKATHSA N0 Z M w. BaXkKHO MOAYEPKHYTH, YTO
9TH NpeoOpa3oBaHus COAepKaT MPOU3BOIBHEINA mapamerp C, a paccMaTpuBaeMoe
ypaBHEHHE HE 3aBHCUT OT mapamerpa C.

Haiinem cBs3p Mexnay mapaMeTpamMu «, [ B pemieHud (27) U mapaMeTpamMu
k, m B nmpeobpa3zoBanuu casura-pactsokerus (28). [lycts w = ®(x, t) — pemienne
ypasuenus (9). Torna dynkuus w = P(z,t) Gymer pemenuem ypasuenus (10).
Y4auteiBas SIBHBIN BUA pemeHus (27), Noaydum

w = eV (ze).
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TABJIMLIA 2
WHBapuaHTHbIE pelleHus, NOUCK KOTOPLIX OCHOBaH Ha MCMOJb30BaHMH KOMOWHALMI
npeobpasoBanuii casura u pactsxenus (C, C1, Ca — npou3BOIbHBIE NOCTOSHHbIC)

Ne Bun petenuii WuBapuanTHbie npeobpazoBanus |Cesa3b Mexay kodbduuueHtamu
1| w=U(2), z=az+By t=t+Ci1, z=2+C> an ﬁ;;gg:f,i?:wm

2| w=tU(z), z=xat? t=Ct, z=C*z, w=C™w a=m, f=-k

3| w=e*'U(2), z=ze’* |t=t+InC, z=C*z, w=C"w a=m, B=-k

4 lw=tU(z), z=z+Blnt|t=Ct, t=z2+kInC, w=C™w a=m, B=-k

Bo3Bpammasce K HCXOOHBIM IEPEMEHHBIM C MIOMOIIEIO (28), uMeeM
w = Cm_aeatV(C_k_'Bme'Bt).

[Totpebyem, uroObl naHHOE perieHue copnaio ¢ (27) (T. e. YTOOBI yCcIOBHE €HH-
CTBEHHOCTH PEIIECHHS BBIOIHIOCH VIS JIIOOBIX 3HaueHui napamerpa C' # 0). s
3TOTrO HaJ0 MOJOXHUTh

a=m, [=-k. (29)

Ha mpaxTuke nmoMcK 3KCNOHEHLIHATBHO-aBTOMOIETBHBIX PEIICHUIH MPOBOIUTCS
MO MOJYYEHHOMY BHIIIE KPUTEPHIO CYIIECTBOBAHUS: €ClM k U m B (28) HalaeHsI,
TO HOBBIE NIEpEMEHHbIE UMEIOT BUA (27) ¢ mapamerpamu (29).

3ameuaHnue. Pemienus Buna (27) HHOTIA HA3BIBAIOT TAKKE NPeOebHbIMU A8MO-
MOOENbHbIMU PEUEHUAMU.

Ipumep 7. Ilokaxem, YTO HENUHEIHOE YPaBHEHUE TEIUIONPOBOAHOCTH
ow 14] n Ow
—_— =a—|w —
ot oz oz
JIONYCKAaeT IKCNOHeHUManbHo-aBToMoAensHoe pelenue. [loacrasus (28) B (30), nonyuaem
om Ow _ acmn+m—2k 0 (ﬂ}n 671’)
ot oz oz
IpupaBHuBanue creneneii C' 1aer 0AHO nuHeiHOe ypaBHeHue: m = mn + m — 2k. Orciona umeem:
k= %mn, rae m—nawoboe uucno. Mcnonssys aanee popmyinst (27) v (29) u nonaras 6e3 orpaHuueHus
obwHocT M = 2 (3TO KBUBAJICHTHO ONMEpaLMK MaclITabMpOBaHMs MO BPEMEHH t), HAXOAMM HOBbIE
NEPEMEHHbIE

(30)

w=e'V(€), (=ze ™. 3D
Ioacraenss ux B (30), nonyunum oGbikHOBeHHOE AU depeHumanbHoe ypaBuenue ans dyukunu V(€):
a(V"V{)e + néV{ —2V = 0.

Ipumep 8. Hcnonb3ys onucaHHbI METOA, MOXHO MOKa3aThb, 4TO ypaBHeHue (17) Taioxe umeer
9KCMOHEHLMAIbHO-aBTOMOIE/IbHOE peliieHure Buaa (31).

3.4.2. UHBapHaHTHbIE peLueHUA

Jns HarmsgHOCTH B Tabn. 2 coOpaHbl MHBapHAHTHBIE PEILEHHS, MOHCK KOTOPBIX
OCHOBaH Ha HCIIOJIb30BaHUU KOMOWHALUi MpeoOpa3oBaHUil COBUra M PacTsHKEHHS
[I0 HE3aBUCHMbIM IEPEMEHHBIM M NpeoOpa3oBaHHM pPACTSHKEHUSA 10 3aBUCHMOM
nepeMeHHOH. [loMumMo permenuii Tuna 6eryniei BOJHBI, aBTOMOIENBHBIX PEIICHUH U
9KCMOHEHIHAIbHO-aBTOMOIEIbHBIX PEIICHHUH, PACCMOTPEHHbIX paHee, B IIOCIEAHEH
CTpPOKE OIMHCAHO €Ille OJHO HMHBapHaHTHoe pemieHue. [Ipoummroctpupyem crnocod
€ro MOCTPOEHHUS Ha KOHKPETHOM IIpHMeEpe.
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IIpumep 9. INokaxem, yTo HenuHeliHOE ypaBHeHue TennonposoaHoctu (30) nonyckaer peleHue,
yKa3aHHOE B YeTBEpPTOH cTpoke B Tabn. 2. [ing sToro caenaem npeodpasoBaHue

t=Ct, z=Z+klnC, w=C"w.

B pesyabrare nony4um
Cm—la_'l? — aCmn+mi(wn ow > .

ot oz oz
IpupaBHuBanue creneHeil C' aaet OAHO NUHEHHOE ypaBHeHue: m — 1 = mn + m. OTcroaa HaxoauMm:
m = —1/n, a k—mo6oe uucno. [losromy (cMm. yerBepryto cTpoky B Tabn. 2) ypasHenue (30) umeer
MHBApUAHTHOE pElliCHUE BUAA
w= t_l/"U(z), z=1z+ BInt, e 3— moboe. (32)

Ioacrasnsas (32) B (30), npuxoAUM K aBTOHOMHOMY OObIKHOBEHHOMY AubdepeHuranbHOMy ypaBHe-
HUIO

1
a(U™U,), — BU.L + —U=o.
l'IaCTHOMy 3HA4YCHUIKO ,3 =0 COOTBETCTBYET PCILICHUE C pa3ACNAIOLIMMHUCA NEPEMEHHBIMU B BUAE€ CYMMbI
(GyHKUUMI pa3HbIX apryMEHTOB.

PaccMoTpennsie B pasa. 3.2—-3.4 KOHKpETHBIE IPUMEPHI HAIISAHO MOKAa3bIBAIOT,
YTO MOCTPOEHHE TOYHBIX PEIICHHH IMyTeM MOHMKEHHUS Pa3MEpHOCTH ypaBHEHHI
C YaCTHBIMH TNPOW3BOIHBIMH JOCTHUTAETCs, KOTAa pacCMaTpHUBacMbie ypaBHEHHS
WHBApHAHTHBI OTHOCUTEIFHO HEKOTOPBIX MPeoOpa3oBaHuid (CONEPKAIIMX ONUH HITH
HECKOJIBKO IPOM3BOJILHBEIX IIApaMeTPOB) WM, IPYTHMHU CIOBaMH, 00JIafaloT onpe-
neneHHou cumMerpueii. [lanee B maBe 7 OyneTr omucaH OOLIHI METOJ HCCIIENO-
BaHHUA CUMMETpH AU depeHIHATBHBIX YPaBHEHHH (METO TPYIIIIOBOTO aHAIH3a),
KOTOPBIH MO3BOJIAET PETyIAPHBIM 00pa3oM MOydarh MONOOHBIE M OoJiee CIOXKHbIE
WHBApHAHTHBIC PEILCHMUS.

o8 3aoauu u ynpaxycuenus K paso. 3.4

1. Haiitu NpeaeIbHOE aBTOMOACIIbLHOE PEILICHUE HEJUMHEHHOro YpaBHEHHUA TEIUIONPOBOAHOCTH
_ n
wt = (W wz)z,
YAOBJIETBOPAOLICE YCIOBUAM

w—0 mpu t — —co (xz>0), w=ae’

mpu £ =0 (t> —o0).
2. Ha¥iTu npeaenbHOE aBTOMOJENBHOE PEILIEHUE HETMHEHHOrO YPABHEHHS Wi = AWy Wxy.

3. Haiitu npeaenbHble aBTOMOAENbHbBIE PELIEHHS HENUHEHHBIX BOJNHOBBIX YPaBHEHHMH:
a) Wit = (wwz)z,
b) wi = a(wwz),.
4. Haiitu npesnenbHOe aBTOMOAENBHOE pellieHHe ypaBHEeHUs MoHxa— Amnepa: wzy = WeeWyy.
5. Csectu cucTteMy ypaBHEHUI MMAPOAMHAMHYECKOTO NorpaHuyHoro cios (18) k onHoMy ypaBHEHUIO
_ Ow __ bw
MyTeM BBEACHUs YHKLMHU TOKa w Mo GopMynam u = 5y > U=~ "G5 »a3aTeM [I0CTPOMTb PEaCbHOE
aBTOMOJIENIbHOE PELLICHHE MOJy4EHHOrO yPaBHEHHS.

6. Haiitu npenenbHOe aBTOMOJEIBLHOE PEIIEHHE YPAaBHEHMH IHAPOAWHAMUYECKOrO MOrPaHHYHOro
cnos (18).

7. Iloka3aTb, YTO IKCHOHEHLUMANbHO-aBTOMOJE/ILHBIE PEIICHUS MOXHO OMPEACIUTb KaK peIleHUs,
yAOBAETBOpstOIME HYHKLUHOHAILHOMY YPaBHEHHIO:

w(z,t) = C™w(C *z,t —InC),
rae koHcrautsl C, k, m Te xe camble, 4TO U B npeobpaszoBanuu (28).

8. PeumuTh GYHKUHOHANLHOE YPaBHEHHE, MPUBEACHHOE B MPEAbIAYLIEM NPUMEpE.
Vkazanue. llponnddepenunposats pyHkLMOHANLHOE YpaBHeHue no C, a 3arem nonoxuts C =1,
INonyuyeHHOE ypaBHEHHME C YACTHBIMHM MMPOU3BOJHBIMU PELINTh METOJOM XapaKTEPUCTHK.

9. Onpeaenutsb, KakoMy (yHKLMOHAILHOMY YPaBHEHHIO JOKHO YAOBIETBOPATH NOCNEAHEE HHBAPH-
aHTHOe pelieHye u3 Taba. 2. Permrb 310 yHKLMOHANBHOE YPaBHEHHE.
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10. Haiiti o6wmii Bua dynkuuii f(w, wz), AN KOTOPBIX ypaBHEHHUs
a) wy = f(w, ws)Wzs,
b) wi = f(w, ws)wes,

JIONYCKAIOT NMpPEAE/IbHbIE aBTOMOAENbHbIE PELICHMUS.

3.5. 0606LEHHO-aBTOMOAEAbHbIE PeLUeHUSA

O06001IEHHO-aBTOMO/IETBHEIE PEIICHUS HMEIOT BH/T

w(z,t) = p(t)u(z), 2= p(t)z. (33)

®opmyna (33) Brimroyaer B ce0s, KaKk YacTHBIE CIydaW, PacCMOTPEHHBIE paHee
aBTOMOJIETBHBIE U SKCIIOHEHIIHAILHO-aBTOMOAENbHEBIE penenus (7) u (27).

[Mpouenypa moucka 0600IIEHHO-aBTOMOJENBHBIX PELICHHIH COCTOUT B CIEAYIO-
IIeM: Tocye MOJCTAHOBKU BhIpakeHHs (33) B paccMarpuBaeMoe ypaBHEHHE (PyHK-
1uH ¢(t) u Y (t) BRIOHpAIOTCA TaKUM 00pa3oM, 4TOOBI GYHKLHS u(2) YAOBIETBOpPSIA
OJIHOMY OOBIKHOBEHHOMY MH(PEPEHIIMATEHOMY YPaBHEHHIO.

Ipumep 10. Miem peiienve HenuHeHoro ypaBHeHus tennonposoaHoctd (30) B Buge (33).
Hcnonb3ys (33) u yuursiBas cBsi3b & = z/1)(t), HAXOAUM NPOU3BOAHBIE:

o
P

Moncrasus ux B (30), nocae neaeHus Ha } NONy4UM

we = Qyu+ piru, = Qiu + 2ul, we = gy, (Wrws)e = 1" (W ul)l.

/ 2 n+1

oY g P n, I\

ut+ S tzu, = ——(u"uy);. (34)
pi P

YroObl 3TO COOTHOILEHHE NPEACTaBIIO COOOH OOBIKHOBEHHOE Au(depeHUHanbHOE YpaBHEHUE

ans u(z), HANO MPUPABHATH QYHKUMOHANbHbIE KO3hdULMENTH Npu zu, U (u™u,)’, NOCTOSAHHBLIM

BC€JIMYUHAM!
2 2 n+1
Y a P — b

Er )
Ilpu arom dyHkums u(z) GyAeT OnUCHIBATLCS ypaBHEHHEM
u+ azu, = b(u™u’),.
U3 nepBoro ypasHenus (35) Haxonaum
P =Cry, (36)

rae C, — npou3sBonbHas nocrosHHas. I1oAcTaBnss nonyuyeHHOE BbIpaXXEHHE BO BTOPOE ypaBHEHME
(35) v uHTErpUpYS, MMEEM

2

&t+C’2:— ! 072" npu a# -,
b 2a+n 2 (37)
2

%t+02=ln|90|, npu a:—%,

rae Cy — npousBosbHas nocrosiHHas. M3 (36)—(37), B yuacTHOCTH, HMeeM

R S __a 1
t)=t Zat t) =t ot Ci=1, Co=0, b=— :
90() arn, ¢() aTm  npu 1 ) 2 07 Qa+n’

o(t) = €™, P(t)y=e ™ mpu Cy =1, Co=0, b= %

3pech nepsas napa dyHkumit ¢(t) u 1 (t) cooTBETCTByET aBTOMOAENLHOMY pellleHuto (a # —n/2—
060€), a BTOpas napa— 3KCHOHEHLUMANbHO-aBTOMO/IC/ILHOMY PEIICHUIO.
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o6 3adauu u ynpaxcnenus Kk paso. 3.5

1. Haiitu 060611€HHO-aBTOMOAENbHOE pelleHHe ypaBHEHHs N1(pdYy3HMOHHOro MOrpaHU4HOro Ciost
(onucbiBaeT MacCOOOMEH Kameib U My3bIPeil C MOTOKOM):

ow ow w
f(ﬂJ)E + g(x)y% = o

Vkasanue. Peluenne uwercs B Buge w = w(z), z = yo(x).

2. Haiitn 0600611eHHO-aBTOMOJEIbHOE pElleHHe ypaBHEHUs AUG(Y3HOHHOr0 MOrPaHHYHOro CJOs
(onucbiBaeT MacCOOOMEH TBEPABIX YACTHL C NOTOKOM):
ow w

fz)y y W

Vkaszanue. Pewienue uwercs B Buge w = w(z), z = yp(x).

8w
n—1 +g()n

@ Jlumepamypa k znage 3: I'. U. bapen6narr (1952, 1978), JI. U. Cenos (1972), W. F. Ames (1972),
JI. I. Jloitusnckuii (1973), I'. lnuxtuur (1974), G. W. Bluman, J. D. Cole (1974), L. Dresner (1983),
B. I1. Macnos, B. I. Jlauunos, K. A. Bonocos (1987), D. Zwillinger (1989), A. 1. Iloasnus, B. ©.
3aiiues (2002), A. [. [Nonaxun (2004).



4. Metop 0606WEeHHOro paspeneHUa NnepemMeHHbIX
4.1. BeepeHue

4.1.1. PelleHUA C MyALTUNAWKATUBHbIM U aAAMTUBHLIM pasAeAeHUEM NepeMeHHbIX

Meron pa3neneHus NEpPeMEHHBIX SBISAETCS CaMbIM pPaclpOCTPAaHEHHBIM METOAOM
pelLIeHns TNHEHHBIX YpaBHeHUH MaTeMaTtudeckod gusuku. [ns ypaBHEHHi ¢ OBy-
M5l HE3aBHCHUMBIMH NEPEMEHHBIMH & W t M HCKOMOH (yHKIMEH w 3TOT METOA
0a3upyeTcs Ha NOUCKE TOYHBIX PELICHHMH B BHIE NPOM3BENCHUSA QYHKIMH pa3HBIX

apryMEHTOB:
w(z,t) = p(z)y(t). (1)

HnTterpupopanne OTAENBbHBIX KJIACCOB HENUHEHHBIX YPaBHEHUH C YaCTHBIMH IIPOH3-
BOJHBIMH NEPBOTO MOPSIKa OCHOBAHO HA NMOUCKE TOYHBIX PEHICHUH B BHAE CyMMBbI
($yHKUHMI pa3HBIX apTyMEHTOB:

w(z,t) = o(z) + (). 2)

HexoTopble HenMHEHHBIE ypaBHEHHUS MaTeMaTH4ecKoi (pU3KKH BTOpOro U Goee
BBICOKHX TIOPSJIKOB TaKXKe MMEKT TouHble pemenus Buna (1) mwim (2). [logoOHble
peleHus OyeM Ha3bIBaTh COOTBETCTBEHHO PEUEHUAMU C MYTbIMUNIUKATNUBHBIM T
A0OUMUBHBIM PA30ENIeHUEM NEPEMEHHBIX.

@ Jlumepamypa k pa3od. 4.1.1: O. Kamke (1966), A. H. TuxonoB, A. A. Camapckuii (1972),
A. I1. Mapxkees (1990), A. 1. [lonsuuu (2001 a), B. ®. 3aiiues, A. J. [Monsuuu (2003).

4.1.2. MpocTerwmne cAyyau pa3peneHUA nepeMeHHbIX B HeAUHEMHbIX YpaBHEeHHUAX

B otnenpHBIX ClIy4dasx pasacjICHUE ICPEMEHHBIX B HEJIMHEHHBIX YpaBHCHHAX TPOBO-
JUTCS T10 TOH XKe CXEMEC, UTO H B JIMHEHHBIX YpPaBHCHHAX. TouHoe PEIICHHUE HIIETCA
B BHJI€ NPOM3BEINCHUS WIH CyMMbl QpyHKIMH pa3HbIX aprymeHToB. [loncraBus (1)
wik (2) B paccMaTpuBaeMOe ypaBHEHHE M [ejiasi JIEMEHTapHble anreOpanyeckue
onepanyy, NMPHUXOAAT K PaBEHCTBY IBYX BBIP@XEHHH (V11 ypaBHEHHH C IByMS
HepeMeHHbIMI/I), 3aBHCALINUX OT pa3HbIX apryMEHTOB. Takas CUTyalisd BO3MOXXHa
TOJIBKO B TOM CJIy4a€, KOrga KaxXJa0¢€ U3 yKasaHHbIX Bpra)l(eHI/Iﬁ paBHO OJIHOM U TOM
’Ke MOCTOSHHOM BenuunHe. B PE3YJIbTATE NOJIYy4YaroT OOBIKHOBEHHbBIE zu/l(bq)epeﬁun-
AJIbHBIC YPABHECHUA 1JI1 UCKOMBIX BCJIUYHH.

IIpounmocTpupyeM cka3aHHOE Ha KOHKPETHBIX NMpHMeEpax.

Mpumep 1. YpaBHeHHe TEMIONPOBOAHOCTH CO CTENEHHOH HENHHEHHOCTbIO
Sw _ ai( k 8_“’) 3)
at ox ox
HMMeET TOYHOE pellleHHe B BUJE Npou3BeAeHHs (yHKuUMi pasHblx aprymenToB. IloacraBus (1) B
ypaBHeHHe (3), NPUXOAMM K BbIPAXKEHHIO

e = ap* ("L ).
Pa3nenss nepemMeHHble MyTeM JejeHUs: 00eUX yacTed Ha <p1,[1k+1, MOJIyYHM
v _ aletel)s

Phtl ®

4 A. 1. Mlonsuun, B. @. 3aiiues, A. HU. Xypos
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JleBas uyactbh 3TOrO PaBE€HCTBA 3aBUCHUT TOJILKO OT l'leCMCHHOi:l t, a npasasi — TOJILKO OT X. 210
BO3MOXXHO JIMIIIb NPU BbINOJHCHUU yCJ'lOBl/lﬁ

/ ko)
e =c etk g, @
rae C — npousBosbHas NocTosiHHas. PeminB oObikHOBeHHble nuddepeHunansHble ypaBHeHus (4),
nony4um perieHue Buaa (1) ypasuenus (3).

[Tpouenypa nocTpoeHus pELIEHUs € pa3AeNsAiolMMHC nepeMeHHbIMU Buna (1) HemuHelHoro
ypaBHeHus (3) MONHOCTbIO aHAJIOTHYHA MPOLEAYPE, UCMONb3YEMOI /Ul PEIIeHUs IMHEHHbIX ypaB-
HEHHUi, B yacTHocTH, M1l ypaBHenus (3) npu k = 0. Cay4au peleHuii ¢ NOJOOHBIM pa3jeneHUeM
NEPEMEHHBIX OyIeM Ha3bIBaTb NPOCHEUUUMU.

[Ipumep 2. BonHoBOE ypaBHEHHE C 3KCMOHEHLMANLHOH HEIMHEHHOCTbIO

82w o Aw Ow )
_ 8 ([ wdw 5
a2 %oz (e oz )

HMEET TOYHOE pellieHUE B BUAE CyMMbl (QyHKLMIT pasHbIX aprymeHToB. [loacraBum Bbipaxkenue (2) B
ypasuenue (5). [locne nenenns obeux yacteit Ha e NPUXOAMM K PABEHCTBY

- " A 7 \/
e u}'wtt = a(e™?¢z)z,

JIEBas 4aCcTb KOTOPOro 3aBUCHUT TOJILKO OT ﬂCpCMCHHOﬁ t,a npaBasi — TOJIbKO OT ZX. OTO BO3MOXHO
JIMIIb NPU BbINOJHECHUU yCJ'lOBl/lﬁ

e MY =0, a(ey)), =C, (6)

rae C — npousBobHas MOCTOsiHHAsA. Perme o6bikHOBeHHble auddepeHumansuble ypaBHeHus (6),
MOIY4UM pelileHre ypaBHeHus (5) Buaa (2).

Ilpumep 3. YpaBHEHHE TEIJIONPOBOAHOCTH B aHU3OTPOMHON Cpelle C UCTOUHUKOM Jorapudmu-
4ECKOro Tumna

17} ow 1} Sw
— — — — = 1 7
oz [f(x) oz ] + Ay [g(y) 8y] awinw ™
MMEET TOYHOE pellieHHe B BUJE NMPOU3BeAcHUs GYHKLMI pasHbIX apryMEHTOB
w = ¢(z)Y(y). ®)

IoncraBum Bblpaxkenue (8) B ypaBHenue (7). Ilocne neneHuss Ha @i W NepeHOca OTAENbHBIX
CllaraéMbIX B pa3HbI€ YaCTH MOJTYYEHHOTO PaBEHCTBA, MOJyYHM

%[f(w)%]; —alngp = —%[g(y)%];, +alny.

JleBast yacTb 3TOro BbIPaXXCHHS 3aBHCHUT TOJIBKO OT MEPEMEHHOH I, a MpaBasg — TOJbKO OT Y.
IlpyipaBHMBasi MX MOCTOSIHHOH BEJMYMHE, MOXHO MOJIYYHTb OObIKHOBEHHbIE AU depeHLnanbHbIE

ypaBHeHus aas dyHkwit o(z) u P(y).

o8 3aoauu u ynpaxycuenun K paso. 4.1.2

1. HaiiTu peleHus ¢ aalMTUBHbIM Pa3/i€J€HUEM NEPEMEHHbIX CIEAYIOLIUX YPAaBHEHUH:
a) f(e)wi + g(y)wy = hi(z) + h2(y),
b) f(z)wz + g(y)wy" = aw,

o) [f(z)wz]e + [9(y)wy]y =0,

d) [f(z)wz]e + [9(y)wyly = aw,
€) wr = awzz +b(wz)® + ¢,

) we = [f(2)ws]s + a(wz)? + bw,
g) wi = a(e*wy)z + be?,

h) w: = a(wzz)F,

l) W = a(e*“’wz)z + ba

j) wee + aws = b(eMwz)z,

K) wet = a(eMwz)z + be?,

) wit = Wrzs + f(wz) + aw.



4.1. Beedenue 51

2. HaiiTi peuienus ¢ MybTHILIMKATHBHBIM Pa3/€EHHEM NEPEMEHHBIX CIENYIOUINX YPABHEHUH:
a) w = a(wwg)z + bw,
b) wi = a(ww:)s + bw?,
¢) wt = a(w wz)s + bw,
d) we = a(w™wg) + bw™ 't + cw,
e) wi = a(WWz)a,
f) wu = a(wwz)e + bw,
g) wy = a(wwg)s + bw
h) we = a(w™wz)e + bw™ + cw.
i) wer = a(w™we). + bw™H.

n+1
2

@ Jlumepamypa k pa3o. 4.1.2: JI. B. OscannukoB (1959), D. Zwillinger (1989), B. ®. 3aiiues,
A. 1. Nonsxux (1996), A. [1. [onsxuy, B. ®. 3aiiues (2002).

4.1.3. MpUmepbl HETPUBUANLHOIO Pa3AENEHUA NEPEMEHHBIX B HEAMHEWHbIX
ypaBHEHHUAX

Bo mHoOrmx CliydasX pasAcJICHHE INEPEMEHHBIX B HEJTMHEHHBIX YpaBHEHHUAX IIPO-
HCXOOUT UHA4YC, YEM B JIMHEHHBIX YPaBHCHHUAX. HpOI/IJIJIIOCTpI/IpyeM CKa3aHHOC Ha
KOHKPETHBIX ITpUMEpPax.

IIpumep 4. PaccMoTpuM ypaBHEHHE C KyOUUECKOH HENUHEHHOCTbIO
dw 8w Ow \2
T =105 +u(Gy) —ov' ©)

rae f(t) — npousBonbHas GyHKUMS.
Hiem TouHbie pelieHus B BUae npousBeacHus ¢yHkuuii pasubix aprymentos. [loacrasum (1) B
(9) u nonenum 06e yactu nonyueHHoro paseHcTBa Ha f(t)y(z)yY(t). B pesyasrate umeem

Y Sy Vo 0
o o T [(pz)” — ap’]. (10)

B o61iem ciydae faHHOE BbIpaXKEHHE HENb3s MPEACTaBUTH B BUAE CyMMbl (DYHKLHI pa3HbIX apryMeH-
TOB. DTO, O/HAKO, HE 03HAYAEeT, UTO ypaBHeHUE (9) He umeeT pewieHuii Buaa (1).

1°. Ilpamoii mpoBepkol MOXKHO yOeauTbes, 4TO (GyHKUMOHANBHO-AMbdEpPEeHUHANbHOE ypaBHEHHE
(10) npu a > 0 umeer pelieHue

#() = Cexp(av/a), $(t)=exp[a [ f(t)dt], (1)
rae C— npousBonbHas nocrosHHas. Pewenue (11) ans ¢ obpawiaer B Hyb BbIpaKEHHE B KBaAPATHbIX
ckobkax B (10), 4To MO3BOASET Pa3NEAUTh NEPEMEHHBIE.

2°. Umeercs Gonee obuiee pewende GyHKuuMoHansHO-auddbepeHumanbaoro ypasuenus (10) npu

a>0:
¢(z) = Crexp(zv/a) + Crexp(—zva),
9(t) = ¢ (Cs +8a01Gy [ 2F dt)_l/ * F=a [ 5w,

rne C1, Ca, Cs — npousBonbHbie nocTosHHble. OyHKUMS @ = (z) TakoBa, 4To 06e KOMOMHALMH
BeNMYMH B ypaBHeHUU (10), koTOpble 3aBUCAT OT &, OAHOBPEMEHHO OyAyT paBHbI HEKOTOPbIM
MOCTOSHHBIM:

@l /o = const, (p,)* — ap® = const.

DTO 0OCTOATENBCTBO M MO3BOJSAET PasiAeNuTh nepeMeHHbie. Ormerum, uro ¢yukuus ¥ = P(t)
YIOBNETBOPAET ypaBHeHUI0 Bepuynn o, = af(t)y — 4aC1Corp®.

3°. Umeerca apyroe peledue GpyHKuMOHaNbHO-aMpdepeHmanbHoro ypasHedus (10) npu a < 0:
¢(z) = Cysin(zv/—=a) + Ca cos(zv/—a),
-1/2 .
() = e* [Ca +2a(CF + C3) / eFat) ", F=a / 7(8) dt,

4%



52 METO/l OBOBILIEHHOTO PA3/EJIEHUS NEPEMEHHBIX

rae C1, Ca, Cs — npousBonbHble NocTosHHbe. OyHKUMS @ = (z) TakoBa, 4To 06 KOMOMHALMH
BeqMuMH B ypaBHeHuu (10), 3aBucsawme ot x, OyayT paBHbl KOHCTaHTaM. OTMETHM, UTO (YHKLMS
b = 1)(t) onuceIBaeTca ypasHenuem Bepuyann ¥ = af(t)y — a(CE + C2)y°.
[Ipumep 5. PaccMOTpUM ypaBHEHHE TPETLETO MOPsAAKA C KBaAPAaTUYHOH HENUHEHHOCTbIO
2 2 3 3
Ow 9w a@_w8w=b8w+c¢9w. (12)
dy Ox2 oz 0Oy? Ox3 ay3

Bynem uckaTh TouHble pelieHus ypaBHeHMs (12) ¢ paszaensrolyMucs NEPEMEHHBIMU B BUAE
CyMMbI (pyHKLMH pa3HbIX apryMEHTOB

w = f(z) +9(y). (13)
INoacrasue (13) B (12), umeem
g;fa/:/z + afa/:g;/y = bfa/:/;a: + cygljlzljy- (14)

JlaHHO€ BbIpa)KE€HME HENb3sl NPEACTaBUTb B BUAE CyMMbl JBYyX (YHKLHMH pasHbIX apryMEHTOB.
HerpynHo noragatbes, 4to ¢yHKuMoHanbHO-aMbdepeHuanbHoMy ypaBHeHH o (14) MoxHO yno-
BJIETBOPHTb:

e gy, =C1 = g(y)=Ciy+C2, f(z)=Csexp(Ciz/b)+ Csz (nepsbiii cayuaii),
ecmu fio=C1 = f(z)=Ciz+ Ca, g(y) = Csexp(aCiy/c)+ Cay (BTOpOIi Cayuaii),

rae Cy, C, C3, C4 — Npou3BONbHBIE NOCTOSHHbIE. B yKa3aHHbIX Cly4asx JBa 4jeHa U3 4eTbIpex
B (14) oOpalatorcst B Hy/b, YTO MO3BOJNSET PA3JENUTb NEPEMEHHbIE.
YpasueHue (12) umeer taioke 6onee cloxHOEe TOUHOE pelueHue Buaa (13):

w=Cre ¥ 4+ %a: + Cae™ — abAy + Cs,

rae Ci, Ca, C3, A — npou3BOibHbIE MOCTOSHHbIE. MexaHu3M pasaeneHus 34eCh MHOM: 00a Henau-
HElHbIX uneHa B neBoi 4actu (14) coaepxar oaMHAKOBblE MO aOCOMOTHON BeAUYMHE, HO pasHbIEe M0
3HAKY C/laraemble, KOTOPbIE HEJb3sl NPEACTaBUTh B BUJE CyMMbl QYHKLMI pa3sHbIx aprymeHToB. [lpu
C/IOXEHUU HENMHEHHbIX 4CHOB yKa3aHHbIE CllaraéMble COKpALIalTCs, YTO B MTOr€ U MPUBOIMT K
Pa3AeNeHUI0 NEPEMEHHbBIX:

9yfix = C1C2a’ X% — C1b(a))’e” "
afzgyy = —C1C2a2 N3N 4 ChedBeM

Gyfez + afegyy = —Cib(aX)’e™*** + CocA®e™Y = bfi7, + cgyyy

IIpumep 6. PaccMOTpuM ypaBHEHHE BTOPOro MOpAAKa ¢ KyOMYECKOH HETMHEHHOCTbIO

2w 2w dw \ 2 dw \ 2 9
1 2( )—2 (—) —2 (—): 1-w?). 15
(1+w) 8z2+8y2 w( o w oy aw(l — w?) (15)
Hiem TouHoe pelueHre ypaBHeHus (15) ¢ pazaensommMucs nepeMeHHbIMU B BUJIE TPOM3BEACHUS
(GyHKUUMI pa3HbIX apryMEHTOB
w = f(z)g(y)- (16)
INoacraus (16) B (15), monyyum cooTHOLIEHHE
(L+ 9" (oS + fay,) = 209le>(f2) + [ (9y)") = afa(1 = f°9), (17)

KOTOPOE HEJNb3sl NMPEACTaBUTh B BUIE CyMMbl ABYX (GYHKLMH pa3HbIX aprymeHToB. Tem He MeHee
ypaBHenue (15) umeer pewenus Buaa (16). Ilpamoii npoBepkoii MOXHO yOemuThCs, YTO (GyHKLUMH
f = f(z) u g = g(y), yroBneTBopsOIMEe HENMHEHHBIM OOLIKHOBEHHBIM AU (hepeHLMaNbHbIM
YPaBHEHUSIM
/N2 4 2
(fe)"=Af"+Bf* +C,
1\2 4 2
(9,)" =Cg" +(a— B)g" + A,
rae A, B, C'— npou3BojbHble NOCTOSIHHBIE, 00paAOT PyHKUHOHATLHO-AU(depeHManbHOe ypaB-

nenne (17) B TOXAECTBO [Haf0 MCMONbL30BaTh CleACTBUsA ypaHewwii (18): fi. = 2A4f% + Bf,
gyy = 2Cg° + (a — B)g].

(18)
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3ameuaHue. Ypasuenue (15) 3amenoit u = 4arctgw CBOAMTCA K HEAMHEHHOMY YpPaBHEHHIO
TEMJIONPOBOAHOCTH C UCTOYHUKOM CUHYCOUAAILHOIO BMAA Au = asinu.

PaccMoTpeHHBIE IPUMEPHI HILTIOCTPHPYIOT HEKOTOPBIE OCOOEHHOCTH pELICHUH
C pazneneHueM nepeMeHHbIX. B paszn. 4.2-4.4 6ynyT omucaHbl JOCTAaTOYHO OOIIHE
METO/IBI MOCTPOCHHUS TAKHUX U 00JIee CIIOKHBIX PELICHUH HEIMHEWHBIX YPaBHEHHUH C
YaCTHBIMU NPOU3BOJHBIMH.

@ Jlumepamypa k pa3zo. 4.1.3: R. Steuerwald (1936), B. ®. 3aiiues, A. . [lonsuun (1996),
A. J1. lNonsuun, B. ®@. 3aiiues (2002).

4.2, CTpyKTypa pelueHui ¢ 0606LEeHHbIM paspeneHUEM NepeMEHHbIX

4.2.1. O6wuit BUA pewieHUin. PaccmatpuBaemble KAACCbl HeAUHEMHBIX YypaBHEeHHUH

Jns mpOCTOTHI M3IIOXKEHUS] OTPAHHYMMCS 3/1€Ch ONHMCAHHUEM CydYas ypaBHEHHH
MaTeMaTHYECKOH (DH3HMKHU C IBYMS HE3aBHCUMBIMHU MEPEMEHHBIMH X, i U 3aBUCUMO
HepeMeHHOHN w (0JJHA M3 HE3aBHCHUMBIX IEPEMEHHBIX MOXKET HIPaTh POJIb BPEMEHH).

JluHeliHbIe ypaBHEHHS MaTeMaTHIECKOH (PU3UKH ¢ pa3aensioUMHCS TepeMeH-
HBIMH JIOITyCKAIOT TOYHBIE PELICHHUS B BHIE CYMMBI

w(z,y) = e1(x)Y1(y) + p2(x)P2(y) + - + n(T)Pn(y), (19)

e w; = v;(z);(y) —coorBercTByIOMMe YacTHbIe pemenus. [Ipu aToM dyHKIHMH
vi(z), xak 1 pyHKIMH 1);(y), OPH pa3HBIX 3HAYEHHAX i HE CBSA3aHbI APYT C APYTOM.

MHor1e HeTHHEHbIE YPABHEHHS C YACTHBIMH MPOU3BOJHBIMHU C KBaIPATHYHBI-
MH ¥ CTETICHHBIMH HETHHEHHOCTSMH BHAA

fi(@)g1 () [w] + fo(2)g2(y) o w] + - + fin(2)gm (y)ILn[w] =0,  (20)

rae II;[w] — mubdepenunansrupie GopMsl, MpeacTaBIsOLKE CO00H NPOU3BEICHHUS
LENBIX HEOTPHLATENBHBIX CTereHed (YHKIHH w W ee YaCTHBIX IPOU3BOJHBIX
Opw, Oyw, OpzW, OpyW, OyyW, OrgzW, ..., TAKKE UMEIOT TOYHBIC PEIICHHS BH-
na (19). Takue pemieHus OyneM Ha3bIBATh peuteHUsMU C 0000UleHHbIM pa30eNeHuem
nepemennvix. [ HENUHEHHBIX YpPaBHEHUH, B OTIHYHE OT JIMHEHHBIX, (PYHKIUU
©i(z) npu pasnMYHBIX 3HAYEHHSX ¢ OOBIYHO CBSI3aHBI APYT C APYroM [ ¢ (yHK-
wisamu ;(y)]. B obmem ciydae dpyskumn o;(x) u 1;(y) 3apaHee He H3BECTHEI
U TMOJUICKAT ONpPENENICHHIO B XOle HCCIeNOBaHHs. [IpUMephl TOYHBIX peLICHUI
HEJIMHEHHBIX ypaBHeHuH Buaa (19) mnsa Hanbonee mpocThiX ciiydaeB n = 1 un = 2
(nmpu 1 = w9 = 1) paccMoTpens! B pazn. 4.1.2 u 4.1.3.

OtmMeruM, 4To HanboJIee YacTO BCTPEYAeTCs pelieHHe ¢ 0000IEHHBIM pa3aee-
HHEM MEPEMEHHBIX CIIEIHATBHOTO BHIA

w(z,y) = e(@)P(y) + x(z)

(B mpaBoif YacTH HE3aBUCHMBIE NIEpPEMEHHbIE MOXHO IOMEHATh MecTaMH). B gacr-
HOM ciyqae x(x) = 0 3To pelIeHHe MEPEXOUT B PELICHHE C MYIBTHILIHKATHBHBIM
pa3ielieHHeM MEepeMeHHBIX, a B ciy4ae p(zr) = 1— B pelieHHe C aJAUTHBHBIM
pa3neneHueM NMepeMEHHBIX.

3ameyanue 1. Bripakenus Buaa (19) yacto HCIOIB3YIOTCS B IPUKIATHOM H BBI-
YHUCIUTENFHON MaTeMaTHKe [UIS HOCTPOEHHS MPHONIMKEHHBIX pemeHnid muddepen-
IHAJBHBIX YpaBHEHUH MeTo oM ["aepkuHa (4 ero pasnHuHBIMH MOIH(PHKAMAMH).

3amevanue 2. Pemenus Buna (19) MOryT HOIMyCKaTh TakXKe YpaBHEHHUS, HMEIO-
e ominyHble oT (20) HenmuHelHOCTH (cM. mpuMep 15 u3 pasn. 4.5).
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4.2.2. 06wk BUA GYHKUMOHAAbHO-AUPPEpeHUManbHbIX YpaBHEHUN

B o0mem citygae nocie noactaHoBkH BelpaxkeHus (19) B nuddepeHnnansHoe ypas-
Henue (20) ans onpenenenus GyHKmi p;(x) u 1;(y) HoTydUM PYHKIHOHATBHO-
muddepeHIanTsHOe YpaBHEHHE

O (X)U1(Y) + Po(X)To(Y) + -+ - + Pp(X)Ti(Y) =0, 2D

rae ¢pynkuponans! O ;(X) u ¥;(Y') 3aBUCAT COOTBETCTBEHHO OT NEPEMEHHBIX T H Y

) u
(35 i (2,010, 91, - Py o, ). (22)

( (y’d}l Qpl’d} ~~~7¢n,¢;u Z)

3nmeck I HAaDIATHOCTH (GOPMYIBI BBIIHCAHBI IS CIIydash YpaBHEHHS BTOPOTO
nopsanka (20); ans ypaBHEHH CTapIIUX MOPSAKOB B mpaBble yactu dopmyn (22)
BOMIyT COOTBETCTBYIOIME CTAapLINE IPOU3BOAHBIE QYHKIMH ; 1 1);.

Hanee B pazn. 4.4, 4.5 6yayT onucaHsl ABa OOIMIKUX METOAA peleHus QPyHKIHO-
HaJbHO-IU(depeHIHaTBHEIX ypaBHeHuH Buna (21), (22). Kpome toro, B pa3a. 4.3,
4.6 6ynyT pacCMOTpEHbI JBa CHELHATBHBIX METOJA, He 00JaJalomuX OOIHOCTBIO
(IpH UCTIONB30BAaHUH 3THX METONOB MEHbIIE 00bEM BBIYUCIICHUH).

3ameuanue. B otnnune oT OOBIKHOBEHHBIX MU (EPEHIIHATEHBIX YPaBHEHHH, B
ypaBHeH#He (21)—(22) BXOAAT HECKONBKO (PYHKIUH (M UX MIPOHU3BOAHBIX ), 3aBUCAIIUX
OT pa3HBIX apryYMEHTOB.

@ Jumepamypa k pazo. 4.2: C. C. Turos (1988), B. A. 'anaktuonos, C. A. [locawxkos (1989,
1994), V. A. Galaktionov (1995), A. [. [lonsnun, B. ®@. 3aiiues (2002).

4.3. YnpouweHHasa cxema NoCTPOEHUA TOUHbIX pelleHUi, OCHOBaHHas
Ha anpUMOPHOM 3aAaHWU OAHOW CUCTEMbI KOOPAWHATHLIX GYHKLMWH

4.3.1. OnucaHue ynpoLLeHHO! cxeMbl NOCTPOEHHUA TOYHbIX pelueHUin

Ji mOCTpOEHHsI TOYHBIX penieHuil ypaBHeHui Buzaa (20) ¢ KBagpaTHYHOH HIIH
CTEMEeHHOM HEMHEIHHOCTRIO, KOTOPbIe HE 3aBUCAT SIBHO OT x (T. €. Bce f; = const),
MOYKHO MCHOJIB30BaTh CIEAYIOIIMI YIPOLIEHHBIH moaxon. Pemenus umem B BHIeE
KoHeyHbIX cyMM (19). [Ipeamonoxum, 9To cHcTeMa KOOPAHHATHBIX GYHKIHI ©;(T)
OINHUCHIBACTCS JTHHEHHBIMU AU depeHIHanbHBIMU YPAaBHEHHAMH C NOCTOSHHBIMU
ko3¢ duuuenramu. Hanbonee pacnpocTpaHeHHBIE PEIICHUS TAKUX YPaBHEHUH HMe-
10T BUJ

pi(z) =a', @i(z) =N, i(a) =sin(auz), @i(z) = cos(Biz).  (23)

Koneunsie HabOps! 3TUX QyHKUMH (B pa3IHYHBIX KOMOMHAIMAX) MOYKHO HCIIOJIb-
30BaTh IS MIOMCKA TOYHBIX PEUICHHH ¢ 0000IIEHHBIM pa3/ieleHHEeM MEPEMEHHBIX
Buna (19), rae \;, «;, (; paccMaTpHUBarOTCA Kak cBOOOIHBIE MapamMeTphl. Bropas cu-
crema GQyHKIMH ¢;(y) OMpeneNnseTcs MyTeM PelieHHs COOTBETCTBYIOIIMX HETHHEH-
HBIX YpaBHEHMH, OIy4YaeMbIX IOJCTAHOBKOH BhIpaxkeHHUs (19) B paccmaTrpuBaemoe
ypaBHEHHE.

VYka3aHHBIH MOAXOA HE MMEET TOW OOIIHOCTH, KOTOpPOW OO0NagaroT METOFI,
onucaHHele namnee B pasn. 4.4 m 4.5. OpHako SBHOE 3aJaHHE OJHON CHCTEMBI
KOOPIAMHATHBIX QYHKIMI ©;(Z) pPe3Ko ympomaeT mpouenypy MOCTPOSHHUsS TOUHBIX
pemeHuil [mpu 3TOM oTHenbHBle pemieHHs Buaa (19) Moryr OBITH MOTEPSHBI].
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BaxHO OTMETHTh, YTO U3BECTHBIE K HACTOALIEMY BPEMEHH TOYHBIE peleHus (C
0000IIEHHBIM pa3eieHHEM EPEMEHHBIX) YPABHEHHH ¢ YaCTHHIMH MPOU3BOHBIMHU
C KBaJIpaTHYHOH HETHHEHHOCTHIO B MOJABIAIONIEM OONBIIMHCTBE 33IAIOTCS KOOP-
JMUHATHBIMHA QyHKUHAMHA BHAA (23) (0ObIgHO NpHU 1 = 2).

4.3.2. Mpumepbl NOCTPOEHHUA peLIeHUH HeAWHEeMHbIX YpaBHEHUH CTapLUMX NOPAAKOB

PaccMoTpuM KOHKpETHBIE MPUMEPHI UCHOIB30BAHUS YIPOIIEHHONW CXEMBI IOCTPO-
€HHUS TOYHBIX PEIIeHHH C OOOOLICHHBIM Pa3/ICICHHEM MEPEMEHHBIX HETHHEHHBIX
YPaBHEHUI CTapHINX MOPSIKOB.

IIpumep 7. YpaBHEHHS JaMMHApHOIO MOrPaHMYHOrO €10 Ha MJIOCKOH MNAcTHHE CBOAATCA K
OJHOMY HENUWHEHHOMY YpaBHEHMIO TpeTbero nopsaka st gynkuuu toka (J1. I. JlodusHckuii 1973,
I. Unuxtuur 1974):

ow 0w _ Ow ’w y Bw
dy Oxdy oz oy2 ~  8y3
Hinem TouHOE pelleHHe 3TOro ypaBHeHHs ¢ 0000IEHHBIM pa3aeNeHHEM NEPEMEHHbIX BUAA
w(z,y) = z(y) +6(v), (25)
KOTOpOE OTBEuaeT NMpocTeHlnM ¢yHkuusM ¢1(z) = z, p2(x) = 1 npu n = 2 B dopmyne (19).
INoacrasus (25) B (24), nocne neperpynnupoBKH Y1EHOB HMEEM
’\2 " " ! p! i 111
2[(Py)” — Yy — vibyyyl + [y 0y — POy — vy, = 0.
YT006bl YIOBAETBOPUTL TOMY PABEHCTBY NpPH HOObIX 3HAUEHHUAX T, HAJ0 NPUPABHATb HyM0 00a BbIpa-
JKEHUs B KBaJpaTHbIX ckoOkax. B pe3ynbrare nony4yum cucteMy OObIKHOBEHHBIX AU((EpEHLIMANbHbBIX
ypaBHeHuii ans onpenenexus GyHkuni ¥ = ¥ (y) u 0 = 0(y):
2
(¥y)” = Yy — vy =0,
! nt /! /11
Pyby — POyy — vlyyy = 0.
Ora cucTeMa UMEET, HalpUMEp, TOUHOE pelleHHe
6v C. C.
Y= , 0=—2—+ s
y+C y+C (y+Ch)
rae Ci, Ca, C3, Cy — NpoU3BOJIbHBIE NOCTOSIHHBIE.

(24)

+ Cy,

IIpumep 8. PaccMoTpuM HenuHelHOE ypaBHEHUE 1-TO MOPsIKa
ow 8w w 8w "w
- — 5 =f(@) ;
Oy Ozdy dr Oy yn

rae f(x)—npoussonbHas ¢pyHkums. B uacrHom cnyuae n = 3, f(x) = v = const oHO coBnaaaer ¢
YPaBHEHHUEM NOrpaHU4HOro cios (24).
Hiem TouHoe pelueHue ypaBHeHus (26) ¢ 060611eHHbIM pa3AeneHHeM NePEMEHHbIX BHAa

w(z,y) = p(z)e*? +6(z), 7)

xoTopoe oTBeuaer dyukuuam 11 (y) = e ¥, 2 (y) = 1 B hopmyne (19). Iloacrasus (27) B (26), nocne
3/IEMEHTAPHBIX anrebpaudeckux AEHCTBUM Noaydum

NeMold, + A" f(z)] = 0.

OTOMY PaBEHCTBY MOXKHO YOBIETBOPUTD NPU

(26)

O(z) = —A""2 / f(@)dz + C, (x)—nponssonbHas dyHKUMS, (28)

rae C — npousBonbHas nocrosHHas. (Jpyroit cayuaid, koraa ¢ = 0, 1 — n1060e, MaJlOMHTEpECeH. )
®opmyisl (27)—(28) onucbIBalOT TOYHOE pelieHHe ypaBHeHus (26):

w(z,y) = p(x)e™? — A"72 / f(x)dz + C, (29)

colepalliee Npou3BOJIbHYI0 GYHKUMIO () U ABE NPOU3BOJbHBIE NOCTOsHHbIE C M .
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Ipumep 9. PaccMOTPUM HENMHENHOE YPABHEHUE 1-TO MOPAAKA
&%w dw \2 %w nw
) —w— = f(t)——,
ozt ( oz ) woer — IO
rae f(t) — npoussonbHas GyHkuus. B yactHom cnyyae n = 3 u f(t) = const oHO BcTpeuaetcs B

ruapoarHamuxe (cm., Hanpumep, A. J1. [lonsuun, B. @. 3aiiues, 2002).
Hiem TouHoe pewenye ypaBHenus (30) Buna

w = p(t)e™ +P(t). 31

(30)

INonacrasue (31) B (30), umeem
oy — Apyp = A" ().
Brlpasum otcroaa ¢ u noactaBum B (31). B pesyabrate nonydyum peuienue ypaBHenus (30):

_ o, L og(t) n—2
w = p(t)e +XW—)\ f(t),

rae ¢(t) — npon3sBonbHas GYHKLMS, A— NPOU3BOJIbHASK [IOCTOSHHASL.

o0 3adauu u ynpaxcnenus k paso. 4.3

1. Haiitu pemenue ¢ 0600IEHHBIM pa3A€NeHUEM NEPEMEHHBIX HEIMHEHHOro ypaBHEHMs NEPBOrO
nopsaka:

wz = yF(z,wy) + Gz, wy).

Vkaszanue. Pewenue uckats B Buae w = o(x)y + ¥(x).
2. Haiitu peiienue ¢ 0OOOLICHHBIM pa3/ie/IeHUEM MEPEMEHHBIX HEIMHEHHOro YpaBHEHHS MEPBOro
nopsaka:

we = w) — aw’ + f(2)w.

Vkazanue. Pemenue uckate B Buae w = @(z) + p(x)e V.

3. Haiitu pewieHus ¢ 0600IIEHHBIM pa3aeneHueM NePEMEHHbIX HENMHEHHbIX YpaBHEHHMI Temnonpo-
BOJHOCTH:

a) wy = a(wwsz)z,

b) wt = a(wwz)z + b,

¢) w: = a(wwz)z + bw.

Viasanue. Pemenus uckats B Bune w = f(t)x + g(t) m w = f(t)z? + g(t)z + h(t).
4. Haiitu peweHus ¢ 0000IEHHBIM pa3AeNeHUEM NEPEMEHHBIX HEIUHEHHbIX YpaBHEHHI KOHBEKTHB-
HOM TENI0NpOBOJHOCTH:

a) wy = a(wwz)z + bwg,

b) w: = a(wwg)z + bws + cw + k.

Viazanue. Pemenns uckats B Buae w = f(t)x + g(t) n w = f(t)z? + g(t)x + k().
5. Haiitu peiienns ¢ 06001LEHHbIM pa3feNeHUeM MEPEMEHHbIX HENMHEHHbIX ypaBHEHUH Tenionpo-
BOJHOCTH (3Hau€HHE 1 = 1 COOTBETCTBYET PELICHUIO C OCEBOH CUMMETPHEH, a N = 2 — PELLEHHUIO C
UEHTPAILHOH CHMMETPHEN):

a) wt =az "(z"wwe)z,

b) wy = az” (2" wwz)e + b,

¢) wt = az (2 "wwg)s + bw.

Viasanue. Pemenus uckath B Bune w = f(t)z> + g(t).
6. HaiiTu pewienne ¢ 06001EHHBIM pa3/ieIeHUEM IEPEMEHHBIX HEIMHEHHOro ypaBHEHHs

We = aWzp + bw? + cw + s.

Vikazauue. Pemenue vckats B Bune w = f(t)z> + g(t)z + h(t).

7. Haiitu pewenus ¢ 06001EHHbIM pa3/Ie/IeHHEM NEPEMEHHBIX JIMHEHHOr0 YpaBHEHHUS
we + f(t)z " we = awas.
Vkazanue. Pelnenus uckatb B BUae
a) w=2z>+ (1),
b) w=2z'+ )z’ +¥(t),
¢) w=2z"+ pan—2()x°" >+ - + a(t)z> + o(t).
8. [lpu kaKoM 3HaYeHHM NapaMeTpa @ HEJUHEHHOe ypaBHEHHE
Wy = WWeg + aw? + b
MMeeT pellenne ¢ 06oBIIEHHBIM pasaeneHieM nepemenHbix Buaa w = f(t)z>+g(t)z>+h(t)z+p(t)?
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9. Haiitu pelenus ¢ 0606L1EHHBIM Pa3AEIEHHEM NEPEMEHHbBIX HEIMHEHHOrO ypaBHEHHS
W = Wz + wz + aw?.
VYkaszanue. Pemenus uckatb B BUjE
a) w=f(t)+g(t)e,
b) w=7(t) + g(t)sh(ra),
©) w= f(t) +g(t) ch(Az),
d) w= f(t) + g(t)sin(Azx + C).
10. Haiitu pewenus ¢ 000OLEHHBIM pPa3JeNEeHUEM NEPEMEHHBIX HEOAHOPOAHOrO ypaBHeHMs MoH-
’xa— Amnepa:
W2y = WeaWyy + f(T).
Viazanue. Pewenns uckats B Buae w = o(x)y + (z) n w = p(x)y® + (z)y + x(z).
11. Haiitu pewenus ¢ o600LIEHHBIM Pa3fAENeHUEM NMEPEMEHHbIX HEOJHOPOAHOrOo ypaBHeHUs MoH-
’ka— Amnepa:
Wiy = Wezwyy + f(z)y
Vkasanue. Pewenns uckars B Buae w = ¢(z)y™ + ¥(z).

k

12. Haiitu peluenus ¢ 06001UEHHBIM Pa3AENEHHEM NEPEMEHHBIX YPaBHEHHUs CTalMOHAPHOTO TPAHC-
3BYKOBOT'O ra3oBOro MoTOKa:

AWz Wz + Wyy = 0.

Vkazanue. Pelienus uckarb B BUae

a) w=f(y)z™ +9(v),

3/2 3

b) w=f(y) +9(v)a>? + hiy)a®,

©) w=f(y)+9z+h(y)z” + p(y)z
13. Haiitu pelenue ¢ 0600LIEHHBIM pa3/IeICHUEM NEPEMEHHBIX YPaBHEHMsI CTALlMOHAPHOTO Morpa-
HUYHOTO CJI0S C FPaJMEHTOM AaBJICHHUA:

WyWay — Wayy = Viyyy + ae’”

Vkasanue. Pewenue uckats B Buge w = f(z)e’Y + g(z)e™ Y + Az + By + C.
14. Haiitu peueHus ¢ 060011€HHbIM Pa3AENEHHEM EPEMEHHBIX YPaBHEHUs ABMIKEHUS BA3KOH XUA-
koctu (cneacrsue ypaBHenuit HaBbe — Ctokca, w — pyHkuus TOkKa):

wy(Aw)e — wz(Aw)y = VAAw, e Aw = Wzz + Wyy-

Vkaszanue. Pewienus uckath B BUaE

a) w= f(z)y+ g(x),

b) w= f(z)e* +g(z)
(B 3THX popMynax HE3aBUCUMBIE MEPEMEHHBIE T U Y MOMKHO NMOMEHATb MECTAMH).

@ Jumepamypa k pazo. 4.3: B. A. Ianakruonos, C. A. Ilocawkos (1989), A. [. [Nonsnuu
(2001 b, ¢), A. . INonauuu, A. U. XKypos (2002), A. [. [TonsHun, B. @. 3aiiues (2002), A. D. Polyanin
(2002), B. ®@. 3aiiues, A. J1. [Tonauun (2003), A. D. Polyanin, V. F. Zaitsev (2004).

4.4. PeweHne PpyHKUMOHaNbHO-AUPPEepEeHLMANbHBIX YpaBHEHUN
METoAOM AU PepeHLUpoBaHUA
4.4.1. OnucaHue metopa AMpdepeHuMpoBaHUA

[pouenypa pemenus GpyHKIHOHATHEHO-TH(PepeHIMaTbHBIX YpaBHeHUI BUaa (21)—
(22) cocTouT U3 Tpex mocaeaoBaTeNbHBIX ITAIOB.

1°. Ilpenmonoxum, uro ¥y, # 0. [lonenum ypaBHenue (21) Ha U, u npoxuddepen-
upyeM 1o y. B pe3ynbrare moay4uMm ypaBHEHHE TaKOro k€ BHIA, HO C MEHBIIUM
YHCJIOM WICHOB:

51(X)‘§1(Y) + &)2(X)‘iz(3:) +o o B (X) T (V) =
Pj(X) = @j(X), T;(Y)=[T;(Y)/Tk(Y)],,
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[ToBTOpHM aHANOTHYHYIO Tpouenypy emwe (k — 3) pas. B urore mpuxoaum K
JIByWICHHOMY YPaBHEHHIO C Pa3IENAIOIUMHUCS IIEPEMEHHBIMU

01 (X)T1(Y) + D2(X)Ta(Y) = 0. (32)

Tenepb HafO pacCMOTPETh ABE CUTYalHH.

Hesvipooicoennniii cayuai: |®1(X)| + |P2(X)| £ 0, | 1(Y)| + |T2(Y)| £ O.
Torna pemenus ypaBHeHHs (32) onpenenstorcsi U3 OObIKHOBEHHBIX IU(depeHIH-
AJIBHBIX YPABHEHUH:

B1(X) +CBy(X) =0, CU(Y)—Ty(Y) =0,

rae C'—npousBosibHas noctosiHHas. [IpenensHoMy cirydaro C' = 00 COOTBETCTBYIOT
ypaBuenus 5 = 0, ¥; = 0.
Hea eviposrcoennvlx cayuas:

P(X)=0, B(X)=0 = U;,(Y)— mobre;
T(Y)=0, Uy(Y)=0 = & 9(X)—mobsle.

2°. TNosydeHHbBIE PENICHUS NBYYWIEHHOTO ypaBHeHHS (32) HalO0 MOJACTaBHUThH B HC-
xoaHoe (yHKIHOHANbHO-Tu(depeHnansHoe ypaBHeHHe (21)—(22), uroOs yOpaTh
«JIUIIHHE» NOCTOSHHbIC HHTETPUPOBAHHS [OHM IOSABISIOTCS H3-3a TOTO, YTO ypaB-
Henue (32) momyueHo u3 (21) nyrem nuddepeHupoBaHus].

3°. Cnyuait ¥;, = 0 Hamo paccMOTpeTh OTHETBHO (MOCKOJBKY YpaBHEHHE Ha
HepBOM 3Tane Aenunock Ha Wy). AHAJOTMYHO CleAyeT HCCIeNOoBaTh BCE APYrue
CIIy4aH TOXIECTBEHHOTO 00paIieHus B Hyllb (yHKIIMOHAIOB, HAa KOTOPBIE NETHIINCH
IPOMEXyTO4YHbIe QyHKIHOHANBHO-IH(epeHIHaNbHbIE YPAaBHEHHS.

3amevanue 1. OynkumonansHO-TM(PepeHmanbHoe ypaBHeHue (21)-(22) mo-
XKET He UMETh PEIleHHUH.

3ameyaHue 2. Ha kaxI0M 3Tane 4MCIIO WIEHOB pacCMaTpHBaeMoro ¢yHKIHO-
HaJIbHO-AU((PEpEeHIHATBEHOTO YPaBHEHHS MOXHO IOHMXKATh IMyTeM auddepeHnn-
pOBaHHUS Kak IO NEPEMEHHOH y, Tak M 1o nepeMeHHod z. Ha mepBom srare,
HanpuMep, MOXHO MPEANONI0KUTh, uTo ) # 0. [lomenus ypasHenue (21) Ha @ u
npoaudepeHIUpPOBaB 10 , MOJIYYHUM YpaBHEHHE TaKOTO e BHIA, HO C MEHBIINM
YHCIIOM YJICHOB.

4.4.2. Mpumepbl NOCTPOSHUA PelLeHHit ¢ 0606LEeHHbIM pasAeneHUeM NepemMeHHbIX

Hyxe JaHbl KOHKPETHBIC NPHUMEPBI UCIIOJIB30BAHUA OIMMMCAHHOIO METOOA IJIA IIO-
CTPOEHHS TOYHBIX PEIICHHI HETMHEHHBIX YPaBHEHHI ¢ 000OUIEHHBIM pa3ieieHUEM
TNEPEMCHHBIX.

Mpumep 10. PaccMoTpuM HenuHEHOE ypaBHEHHE 11-TO NOpsAKa
ow 8w ow 8w mw
oy a0y ow ogr 1B gy

rae f(x) — npoussonbHas ¢yHkuus. B yactHom ciyyae n = 3, f(z) = const oHo coBmapaer ¢

YPaBHEHUEM CTaLlMOHAPHOTO MOrPAHUYHOTrO CJ0S Ha MOCKOI MaacTuHe A QYHKLUH TOKa.
Hiiem TouHoe pewienue ypasHenus (33) ¢ 00001LEHHBIM pa3aeieHHEM NEPEMEHHBIX BUAA

w(z,y) = p(x)Y(y) + x(=). (34)

(33)
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Ioacraug (34) B (33) 1 cokpaTuB Ha @, Mony4yuM yHKUHOHANbHO-AUbbEPEeHIHaNbHOE YpaBHEHHE

OLl(¥)” = Pei] — Xediy = f(@)e". (35)

Iogenum obe uactu ypasuenus (35) va f = f(x), 3arem npoanddepeHuupyem no x. B pesynsrare
nMeeM

(e Del(W))? = i) = O/ )iy = 0. (36)

Hesviposcoennviii cnyuaii. Paznenss B (36) nepeMeHHble, NONyYUM

(Xz/)z = C1(¥z/ )z
(¥y)? — Py, — Crthyy = 0.

HHTerpupys, NpUxoAUM K CIECAYIOLIMM BbIPAXKECHHUSM:
U(y) = Cae™ = 1, pla)—moGar, x(2) = Cap(@) + Cz [ f@)da+Ca, ()

rae C1, Ca, Cs, C4, A\—noctosiHdble uHterpupoBanus. [loacrasus (37) B (35), HaxXoauM CBsI3b MEXAY
xoHcTaHTamu: Co = — A"~ 2. YuuThiBas ckasaHHoe, a Tawke hopmyasl (34) u (37), B utore umeem
pewenue ypaBHenus (33) Bupa (34):

w(z,y) = p@)e™ - X" [ f@)do+C,

rae ¢(z) — npoussonbHas ¢yHkuus, C, A— npousBonbHble nocrosHHbie (C' = Cz, Cy = 1).
Buiposwcoennuiii cayyaii. 3 ypaBhHenus (36) umeem

(#2/N)z=0, (xz/fle =0, w(y)—mobas. (38)
HHTerpupys nBaxkabl nepBbie ABa ypaBHeHus (38), moaydum
#(@)=Ci [ f@)dz+Ca, x(2)=Ca [ f@)do+Ca, (39)

rae Ci, Ca, C3, Cy — Npou3BOJIbHBIE NOCTOSIHHBIE.
INoactaBus Belpaxkenus (39) B (35), npuxoauM k 0ObIKHOBEHHOMY AMGdEpEeHLanbHOMY YpaBHe-
HUIO 15 onpeaeneHust dyHkuuu ¥ = ¥(y):
Cr(¥})” = (Crip + Ca)yy = 9y (40)
®opmynsl (34), (39) u ypaBHenue (40) onuchIBalOT TOYHOE pelieHue ypaBHeHus (33).

[Ipumep 11. [IBymepHble CTallMOHAPHbIEC YPAaBHEHUS JABUXKEHHS BA3KOH HECXKMMAEMOMN XKUAKOCTH
CBOAATCSA K OJHOMY HENMHEHHOMY YpaBHEHHIO 4YeTBepToro nopsaka ais ¢ynkuuu toka (JI. I. Jloi-
UsAHCKUH, 1973):

ow 9 ow 9 %w %w

B_yE(Aw) - Ea—y(Aw) =vAAw, Aw= 502 o2 41)
ByneM uckaTbh TOUHbIE pelleHus ypaBHeHus (41) ¢ pa3aensolMMucs NepeMeHHbIMH B1aa
w = () +P(y). (42)
INoncrasus (42) B (41), umeem
VyPaen = Palyyy = Vazae + Viyyyy. 43)
Ipoanddepenunpyem obe yactu (43) no x u y. B pesynsrare nonyuum
VyyPrzzs — PozPyyyy = 0. (44)

Hesbipoxcoennnii cnyuaii. Tipu @lhy # 0 u Q,bgy #Z 0, pasaenss B (44) nepeMeHHbIE, IPUXOAUM K
AUHEHHbIM OOLIKHOBEHHBIM AMbdepeHLanbHbIM YPaBHEHHAM C MOCTOSIHHBIMKU K0dGbduLMeHTaMH

90/;;/:: = C‘p/z/zy (45)
1" 1"
Yyyyy = Cyy, (46)

KOTOpbIE MMEIOT PELIEHHS Pa3JHYHOTO BUAA B 3aBUCMMOCTH OT BEJHUYMHbI KOHCTaHTbI HHTETPHPOBa-
nus C.
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1°. Pewenue ypasHenuit (45), (46) npu C = 0:
o(x) = A + Asz + Azz® + Agz®,
¥(y) = Bi+ Bay + Bay’ + Bay’,

rae Ak, B — npousBonbHble nocrosHusie (k= 1,2, 3,4). [loncrasus (47) B (43), HaX0AUM 3HAUCHHS
MOCTOSHHBIX:

(47)

Ay =By =0, A,,B,—mobbe (n=1,2,3);

A =0, By — moGbie (k=1,2,3,4);

By =0, Ay — mobbie (k=1,2,3,4).
[NepBble nBa HAOOpPa MOCTOSHHBIX OMPEAESAIOT ABa U3BECTHBIX MOJIMHOMUANbHBIX PELICHHUS YPAaBHEHUS
(41) BTOPO#i U TpeThbel CTENEHN OTHOCUTENLHO He3aBUcUMbIX nepemeHHbIx (J1. I. JlokusaHckuid, 1973):

w = Ciz” + Cox + Cay” + Cay + Cs,
w = C1y® + Coy® + Cay + Cu,
rae C1, ..., Cs — npou3BONbHbIE MOCTOSHHBIE.
2°. Pewenue ypasHeHuii (45), (46) nmpu C = A% > 0:
p(z) = A1 + Asx + Aze™ + A4€_)‘Z,
¥(y) = By + Bay + Bze™ + Bye M.
Ioacrasum (48) B (43). [locne cokpaiieHus Ha X u NpUBEJCHUA MOJOOHBIX YJEHOB MOJYyYHM
As(UA — Ba)e* + Ag(vA + B2)e ™ + Ba(vA + A2)e™ + By(vA — Az)e Y = 0.
INpupaBHuBas K0O3(PUUMEHTHI PU IKCIOHEHTAX HYJIO0, HAXOJUM 3HAYE€HUs OCTOSHHBIX:
A3 =A4=B3=0, As =vA (cayuaii 1),
A3 =B3 =0, Ao =vA, Bo = —v\  (cayuaii 2),
A3 =By =0, Ay = —vA, B = —v\ (ciyuaii 3).

(OcranbHble NOCTOAHHbIE MOTYT NPMHUMATh NPOM3BOJILHBIE 3HA4Y€HHUs.) YKa3aHHbIE HabOpbl NOCTO-
SIHHbIX ONPEAENSAOT TPU pelueHus ypaBHeHus (41) Buna (42):

w=Cre Y + Coy + Cs + vz,
w=Cre *® + vAz + Cae ™ — vAy + Cs,
w=Cre ™ — vz + Cae™Y — vAy + Cs,
rae Ci, Ca, C3, A— npoU3BOJbHbIE MOCTOSHHbIE.
3°. Peuwenue ypasuenuii (45), (46) npu C = —A? < 0:
o(z) = A1 + Asx + Az cos(Az) + Assin(Az),
¥(y) = B1 + Bay + Bz cos(Ay) + Bssin(Ay).
INoacraHoBka BbipaxceHui (49) B (43) He NaeT HOBBLIX ACHCTBUTEIbHBIX PEILEHHI.

(48)

(49)

Boipooicdennsie cyuau. B cnyvasx ¢, =0u zp;’y = 0 ypaBHeHue (44) obOpaiaercs B TOXACCTBO
COOTBETCTBEHHO Ans 1060 dyHkumn ¢ = P(y) 1 moGoi dyHkunn ¢ = @(x). ITH cayyad Hano
paccMaTpuBath oTaenbHo. Hanmpumep, npu o), = 0 umeem @(x) = Ax + B, e A, B— mo6ble.

111 1111

[oacraBue 31y dyHKuUMIO B (43), NPUXOAUM K ypaBHEHUIO — Ay, = vy ... Ero obiuee pewienue

omucuiBaeTcs popmynoii Y(y) = C1 exp(—Ay/v) + Cay® + Cay + C4. B utore umeem ele oaHo
peuiedue ypaBHeHus (41) Buna (42):

w=Cre M +Coy’ + Cay+Ca+viz  (A=vA, B=0),
KOTOPOE C MOMOILIBIO IPYNIOBOro aHanusa Obu10 noayueHo B. B. Ilyxnauesbim (1960).
Ipumep 12. PaccMOTpUM HENMHENHOE ypaBHEHHE BTOPOro NOPAAKA NapaboauyecKoro Tumna

dw 82w dw \ 2
G =gy +b(Ge) e (30)

Hiem Tounble peuieHus ypaBHeHus (50) ¢ pa3aensiolMMucs EPEMEHHBIMY BUAA

w = o(t) +9(t)0(x). €)Y}
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INoacraus (51) B (50), mocne anemMeHTapHbIX Npeobpa3oBaHuii MMeeM
pp — e+ 90 = appdly + ¢*[adb;; + b(62)°)- (52)
INogenum 06e YacTH 3TOro BbIpaxeHHs Ha 1>, a 3aTeM npoauddepenLupyem no ¢ u . B pesyasrate
MONy4UM
W1 /9")i0z = alp /)10 e
Pa3nenss nepemMeHHbie, MPUXOAUM K OObIKHOBEHHbIM QuddepeHunanbHbiM ypaBHeHusaM (K — npo-
W3BO/IbHAsI OCTOSIHHAS)

Oz = K6z, (53)
(Wi/9"): = aK (p/9);- (54)
Obuee pewenye ypaBHenus (53) naercsa popmynamu
Az + Asx + As npu K =0,
0 =14 A1 + Ase™ " + As mpu K =A% >0, (55)
Ay sin(Az) + Ascos(Ax) + A3 mpn K = —)\? <0,

rae A1, A, A3 — mpou3BoAbHbIE NOCTOsHHblE. MHTerpupys ypaBHenue (54), Haxomum (B —
NPOU3BOJIbHAS MOCTOAHHASA):
B

p(t) —mobas, P = "GA

npu K =0,
L (56)
P(t)—mobas, ¢ = By + WK npu K # 0.

INoacraBuB pewenus (55) u (56) B (52), MOXKHO «yOpaTh» AULIHKE KOHCTAHTbI U ONIPEAEAUTh QYHKLHH
¢ 4 1. B urore nonyuum:

1°. Pewenue npu a # —b, a # —2b:

a 2
- 02(&—12:))(,‘,+ Ch) + Cs(t +Cy) " ot — #ﬁﬂq) (ma K = 0),
rae C1, Cy, C3 — npou3BObHbIE MOCTOSHHbIE.
2°. Pewenue npu b = —a:
w= a—;@% + (Are’ + Are ) (s K = X" > 0),
rae oynkuus P = (t) ompeaensieTcs U3 aBTOHOMHOTO OOBIKHOBEHHOro auddepeHuuanbHOro
ypaBHeHusl

2 2 27 z
Zi = ach? + 4a’ AT A 1 Az, = €7,

pelleHe KOTOPOro MOXKHO NPEACTaBUTb B HEABHOI ¢opme. B yacTHbix cayyasx A; =0 uau A2 =0

umeem P = C1 exp (4 acA’t® + Cat).

3°. Pewenue npu b = —a:
/
= —&% +[Arsin(Az) + Ascos(Az)]  (ana K = A% < 0).
rae oynkuus P = (t) ompeaensieTcs U3 aBTOHOMHOTO OOBIKHOBEHHOro auddepeHuuanbHOro
ypaBHeHusl

1 2, 2,4/ 42 2y 27 z
Zy = —acA” +a" X' (Al + A3)e”™”, P =e“,
PELIEHHE KOTOPOTO MOXHO NPEACTABHTL B HEABHOM (opme.

3ameuanve. Ctpyktypy peiueHuil ypaBHeHus (50) apyrum meroaom onucan V. A. Galaktionov
(1995).

o0 3aoauu u ynpaxcnenus k paso. 4.4

1. Haiitu pewenus ¢ o0OOILEHHbIM Pa3AENEHUEM NEPEMEHHbBIX HEIMHEHHBIX ypaBHEHUH NEpBOro
nopsjka:

a) w; = aw, + bwwy + f(z),

b) we = awy + f(z)w.

Vkazanue. Pewenus uckats B Buae w = () + ¥(x)0(y).
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2. Haiitu pewienns ¢ 06001UEHHBIM Pa3AeieHUEM NEPEMEHHBIX HENMHEHHBIX YPaBHEHUH Temionpo-
BOJHOCTH:

a) w: = a(wwg)g,

b) wr = a(wwg)z +b.

Vkasanue. Pewenns uckars B Buae w = f()6(z) + g(¢).
3. Haiitu pewenue ¢ 06001EHHBIM pa3AeIeHUEM IEPEMEHHBIX HEAMHEHHOrO ypaBHEHHs KOHBEKTHB-
HOM TENJ0NpPOBOJHOCTH:

w = a(wwz)z + bwg.

Vkasanue. Pewenne uckarb B Buge w = f(t)0(z) + g(t).
4. Haiitu pewenye ¢ 06061EHHBIM Pa3/eJeHUEM NEPEMEHHBIX HEIMHEHHOrO BOJIHOBOIO YPaBHEHUS:

wit = a(Wwg)z.

Vkazanue. Pewenne uckars B Buae w = f(t)0(z) + g(t).
5. Haiitu peweHnst ¢ 000OGIIEHHBIM Pa3AeieHHEeM NEPEMEHHBIX YPAaBHEHHUS MOrPAHUYHOTO COs C
rPaAMEHTOM AABJIEHHUS:

WyWey — Welyy = VWyyy + f(T).

Vkazanue. Pewenns uckats B Buae w = p(z)¥(y) + x(x).
6. Haiitu pewenns ¢ 060GLICHHBIM pa3AeieHHEM MEPEMEHHBIX HEJIUHEMHbIX YPaBHEHHH TPEThEro
nopAaKa:

a) Wet + w:% — WWgxg = f(t)wxa:x,

b) w: + awwsz + bwge = 0.

Vkazanue. Pewenns uckats B Bune w = o(t)0(x) + ().
7. Haiitu peuienus ¢ 06001EHHBIM Pa3aeNeHUEM NEPEMEHHBIX HEMHEHHBIX yPaBHEHHH:

a) w; = aexp(Awzz),

b) wi = aexp(Awzz).

Vkazanue. Pewenus uckars B Buae w = f(x)0(t) + g(x) (0obe wactn ypaBHeHu# Hano
npoJsIorapupM1UpoBaTh).

@ Jlumepamypa k pazo. 4.4: A. J1. llonauun, A. . XKypos (2002), A. . [lonsuun, B. ®. 3aiiues
(2002), B. ®@. 3aiiues, A. /1. [Tonsxuun (2003), A. D. Polyanin, V. F. Zaitsev (2004).

4.5. PeweHne PpyHKUMOHaNbHO-pUPPepeHLMANbHBIX YPpaBHEHUN
METOAOM pacLUuenneHUs

4.5.1. MNMpeapBaputenbHble 3aMmevaHua. OnucaHue MeToaa pacluenneHUn

[1pu yMEHBIIEHUH YHCIa YWICHOB QYHKIIHOHANBHO-TH(depeHIHaTbHOrO YpaBHEHUS
(21)-(22) ¢ nomoupio mupHepeHIUPOBAHHUS BO3HUKAIOT <JIHIIHHE)» MOCTOSHHEIE
HMHTErPUPOBAHUS, KOTOpBIE HA0 yOUpaTh HA 3aKIIIOYNTENBHOM dTamne. Kpome Toro,
HOPSAIOK IOJyYEHHOTO YPaBHEHHS MOXET OBITh BBIIIE MOpSAAKAa HCXOAHOro. Yro-
OBl U30eXaTh 3TUX TPYAHOCTEH, pelieHHe (QyHKUHOHATBHO-AU(DdepeHIHaTbHOTO
ypaBHEHHS YIOOHO CBECTH K IOCIENOBATEILHOMY PELIEHHIO OMIMHEHHOro (yHK-
LHOHAJIBFHOTO YPAaBHEHUS CTAHAAPTHOTO BUJIA U PEILIEHHIO CHCTEMBI OOBIKHOBEHHBIX
middepeHHanbHbIX YpaBHEHUH (T. €. MCXOIHAs 3ajada paclielurieTcs Ha IBe
Gonee mpocTele 3aga4u). Hipke 1aHO KpaTkoe ONMHCAaHHE OCHOBHBIX 3TalloB 3TOrO
METo/a.

1°. Ha mepBoM 3Tare paccMOTpUM ypaBHeHHe (21) kak OWTHHEHHOe QYHKITHOHATb-
HOe ypaBHEHHE, 3aBHCsIIee OT ABYX mepeMeHHbx X u Y, roe @, = &,(X) u
U, = ¥, (Y)—uckomsre Benmuuunsl (n = 1,... k).

MoxHo noka3ars (Hanpumep, myTeM Tu(pdepeHIpPOBaHUS [0 CXEME, OIHCaH-
HOW B pa3n. 4.4, COBMECTHO C MHAYKLHEH), 4TO OMIMHEHHOMY (QYHKLHOHAIBHO-
My ypaBHEHHIO (21) MOXXHO yIOBIETBOPUTH TOJBKO B CIy4ae, KOrJa BETHYHHEI
&, =b,(X) (n=1,...,k) cBI3aHbI TUHEHHbIMH 3aBHCHMOCTSAMH. Y YUTHIBasK ITO
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00CTOATENBCTBO, HETPYAHO MOKA3aTh, YTO OMIMHEHHOE (YHKIMOHATBPHOE ypaBHe-
Hue (21) umeer (k — 1) pasnuyHBIX peLICHHIA:

®i(X) = Ci1Prm11(X) + Ci2Pmy2(X) + -+ + Ci pomPr(X),
Vg (V) = —C1 ;01 (Y) — Co j¥a(Y) — - — Crp j ¥ (Y), (57)
i=1,....m; j=1,....k—m; m=12,...;k—1;

rae C; ; — npousBonbHele nocrosuable. Oyrkimn $p,11(X), ..., (X)), ¥ (Y),

., ¥ (Y), crosimgpe B mpaBbix 4acTsax paBeHCTB (57), 3aar0OTCS MPOU3BOJBHO.
Bunno, uto npu ¢ukcupoBanHoM m pertenne (57) comepxutr m(k — m) npous-
BOJIBHBIX TIOCTOSIHHBIX.

2°. Ha BTOpOM J3Tame mnocnefoBaTelbHO MoacTaBiseM (ynkuumonansl @;(X) u
U,(Y') u3 (22) Bo Bce pemienns (57). B pe3ynsraTe momydyaeM CHCTEMBI OOBIKHOBEH-
HBIX THOdEepeHIHATHBIX YPaBHEHUH* [UIS OTIPENeIeH s HCKOMBIX (yHKIMH ¢p ()
u g(y). Pemras 5Tu cuCTeMBI, HAXOMUM pEIIEHHS ¢ 00OONICHHBIM pa3/ielIeHHEM
nepeMeHHbIX BUaa (19).

3ameuanune 1. BaxHO MOMYEPKHYTh, YTO HCHONB3yeMOE B METOJE pacluere-
HUs OunnHelHoe QyHKUHMOHANbHOE ypaBHeHHE (21) mpu QUKCHPOBAaHHOM K SIBIISI-
€TCs OJHHM M TE€M JK€ JUIA Pa3HBIX KJIAaCCOB MCXOIHBIX HEJIMHEHHBIX ypaBHEHHH
MaTeMaTH4eCKOH (PU3UKH.

3ameuvanve 2. [lpu bukcuposanuom m peurenue (57) comepxut m(k—m) npo-
M3BOJIBHBIX NOCTOSHHBIX C; ;. [IpH 3a1anHOM k HauOOJIbIIIEE YHCIO NPOM3BOIBHBIX
IIOCTOSIHHBIX UMEIOT CIIENYIOIIHE PEIICHHS:
Homep pewenuss  Yucno npousgonvhuix nocmosnuulx  Ycnosus na k
m = %k %kQ k —deTHOE YHnCIIo,

m=+(k+1) %(k2 -1) k — HeveTHOe YHCIIO.

HMeHHO 3TH pemieHus OHIHHEHHOro (pyHKLUHMOHATIHHOTO YpaBHEHHS YaIlle BCETO
NPUBOMAT K HETPUBUATBHBIM PEIICHHUAM C 0000IIEHHBIM pa3eJIeHHEM MePEMEHHBIX
B HENTMHEHHBIX YPaBHEHHUSAX C YACTHBIMH MPOU3BOIHBIMH.

3ameuanue 3. bunuHeiitHoe QyHKIIMOHANBHOE yYpaBHEHHE (21) ¥ ero pemeHus
(57) urparot BaXXHYIO pOJib B MeTOJ¢ (YHKIIMOHAILHOTO Pa3IEICHUs IEPEMEHHBIX
(cM. rmaBy 5).

ﬂﬂﬂ HariIaAHOCTH Ha pHC. 2 I/I306pa)KCHLI OCHOBHBIC 3Talbl MOCTPOCHUA peUIC-
HHH ¢ 0000IIEeHHBIM Ppa3saciI€HuEM NEPEMEHHBIX METOAOM paACILICIIIICHHUS.

4.5.2. PeweHUa NpocTeHiluX GYHKLUUOHAAbHBbIX YPABHEHUI U UX NPUMEHEeHHe

[IpuBeneM peleHuss HECKOIBKHUX NMPOCTEHNX (yHKIMOHATBHBIX YpaBHEHHH BHIA
(21), xoTOpBIe NOHANOOATCA Aajnee A PEIICHHsS KOHKPETHBIX HEJIMHEWHBIX ypaB-
HEHHUH ¢ YaCTHBIMH NPOH3BOAHBIMH.

1°. OyHKIHOHATBEHOE YpaBHEHHE

O U + Py + P3¥3 =0 (58)

* OObIUHO 3TH CUCTEMbI ABISIOTCH NEPEONPEACAECHHBIMU.
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[ Hcxoanoe ypasnenue: F(z, y, w, w,, w,, w,,, W,,, W, ..)=0 j

HeM peiieHue ¢ 00001EHHBIM
pasjesieHHeM NepeMEeHHBIX

[ 3agaem Bua pewennn: w = @ ()Y (y) + ... + ¢, ()Y, (y) ]

-

IMoncranseM B YpaBHEHHE

<

E [puxoanm Kk pyHKUHOHATbHO-THPepeHIHATHLHOMY YPABHEHHIO j

Hcnone3yem npoueaypy paciieniieHus

<

E]onyqaemz (i) pynxunonajibHoe ypaBHeHHe H (ii) onpegenniomyio cucremy O)J,)D

PaccmarprBaeM ypaBHenue (i)

<

[ Pewaem ¢pynkunonanbnoe ypasuenue: ,(z)¥,(y) +...+ @, (x)¥ (=0 j

Oyuxkumn @, , ¥ (1 <m < k)
nojacTaBIsieM B cucteMy (il)

E’emaeM ONpeNeNAIIIYI0 CHCTEMY 00BIKHOBEHHBIX TH((epeHIHANBHBIX ypaBHeHma

Haxonum Qynkumu ¢, (), 1, (y)

-

E’lonyqaem pelleHHe HCXOHOTO YPABHEHHS ¢ 00001IEHHBIM pa3je/ieHHeM nepememma

Puc. 2. Obwas cxema NOCTPOSHUs PElleHUI ¢ 00OOILEHHBIM pa3/ie/IeHHEM NEPEMEHHBIX METOAOM
pacienaenus. Mcnons3opano coxpaierne: O1Y — o6bikHOBeHHbIE AndbepeHHanbHble ypaBHEHHU L.

rae Bce $; — QyHKIMM OHOTO U TOTO XK€ apryMeHTa, a Bce W; — QyHKIHH Apyroro
apryMeHTa, MMeeT /IBa PeILeHHUs:

D) = A1P3, Py = AP3, V3=-A41T; — Ay¥y;

Uy =A103, Uy =A¥3, P3=—-A4;9 — APy, (59)

rae Aj, As — NpoOU3BOJBHBIE MOCTOSHHbIE. DYHKIMU B MPaBBIX YacTAX PABEHCTB
(59) cuuTaroTcs Mpou3BOIBHBEIMU. B mepBoM perieHuu cnenaHsl nepeo0o3HaYeHHs:
Ay =C11, A2 = Cy1, a BO BTOpOM pelieHnH — nepeobosnadenus: A; = —1/C o,
Ay = C1,1/C1 2 [cpaBuu ¢ pemenusmu (57) mpu k = 3].

2°. OYHKUHOHATHHOE YpaBHEHHE
Q10 + ®9Wy + P3U3 4 &40y = 0, (60)

rne Bce ; — dbyHKmM 0qHOTO M TOTO Ke apryMeHTa, a Bce U; — pyHkuuu npyroro
apryMeHTa, MMeeT pelleHue
Q1 = A1P5 + APy, Do = A3P3 + AyPy, ©1)
U3 =AU — A3y, Wy =—A3¥; — Ag¥y,
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3aBHUCAIIEE OT YETHIPEX NMPOU3BOJIBHBIX NOCTOSHHBIX A, [cM. pemenue (57) npu
k=4, m=2,C11=A41,Ci2= A Cy1 = A3, Cy o = Ay]. DyHKIHH B IPABBIX
9acTsaX paBeHCTB (61) CUUTAIOTCS MPOU3BOIBHBIMH.

VYpaBuenue (60) mMeeT TakKe ABa IPYTHX PpEIEHMS, 3aBUCAIIMX OT TPEX
HPOU3BOJIBHBIX MOCTOSHHBIX:

01 =410y, Po=A2Dy, P3=A3%4, Vy=-A1V;— AV A3V3;
Uy =AUy, Uo=A0y, U3=A30y, &4=—-A4;9)— APy A3P3.

B nepBom pemennn caenansl nepeobosnadenus: Ay = Cy 1, Ay =C 1, A3 =C3,

(62)

a BO BTOpOM pelleHHH — nepeobosHadenus: A; = —1/Ch3, A2 = C11/Ci3,
Az = C12/C13.
3°. Pemenus GpyHKIHOHAIBHOTO YPaBHEHHS

Q10 + DoUs + P3W3 + &4 Uy + 505 = 0, (63)

MOXHO Haiitu no gopmynam (57) npu k = 5. [lokaxkeMm npocToi criocod nonydeHus
pelIeHni, KOTOPBIH yIOOHO HCIIOJIB30BaTh HA MPAKTUKE, HCXOMS HEMOCPEACTBEHHO
u3 ypaBHeHus (63). Bynem cunrath, uto QyHKIHMOHANBHBIE K03¢duUImeHTs @1, $o,
&3 aBnsroTCA TUHEHHBIME KOMOUHAIUAMH K03 durmenToB @4 u Ps:

D) = A1®4 + B1Ps5, Py = APy + Boy®5, &3=A3P,+ B3P5, (64)

rne A,, B, — npou3BoibHbie nocrosiubie. [ToncraBuM Boipakenus (64) B (63) u
co0epeM 4ieHbl, nponopuuoHansHeie 4 u Px:

(Al\I’l + AsUsy + AgUg + Uy) Py + (Bl\I’l + BoWy + B3Ws + Us)P5 = 0.
[IpupaBHUBas BHIPAKEHUS B CKOOKAX HYJIIO, TIOJTyIHM

Uy =—-A10 — AUy — A3¥3,
Us = —B,U; — ByUy — ByUs.

Qopmynsr (64), (65) maror ogHO M3 pemieHud ypaBHeHHA (63). AHANOTHYHBIM
00pa3oM HAXOIATCS U JPYTHE PEILCHHUS.

Ipumep 13. PaccmoTpum HenuHeliHOe ypaBHEHHE runepbonNnueckoro TMna

0 =0l (w2 + fw + o) (66)

a_

ot? Oz

rae f(t) u g(t) — npousBonbHble GyHKUMMU.
Hiem peuieHue 3Toro ypaBHeHusi ¢ 0000LLEHHBIM pa3ieIcHUEM NEPEMEHHBIX BUAA

w(z,t) = @(@)Y(t) + x(1). (67)
IMoacrasus (67) B (66), nocae 3neMeHTapHbIX ONepauui NONy4uM
a’ () + axpiz + (f — Yo+ fx+9— Xt = 0.
3TO ypaBHEHHE MOXKHO NPEACTaBUTH B BUAE GYHKLMOHANBHOrO ypaBHenus (60), rae

(65)

P1 = (ppi)es P2 =ie, Ba=¢, =1,

Ui=ay’,  Va=ayx, ¥s=fP-o, Va=fx+g- X
INoacrasus B pewenue (61) BoipaxeHus (68), noayunuM nepeonpeaeneHHy0 CHCTeMY 0ObIKHOBEHHBIX
andodepeHUManbHbIX ypaBHEeHuUit ans onpeneneHus Gyukumii ¢ = ¢(x), ¥ = ¥(t), x = x(t):

(ppr)y = A1+ As, @ = Asp + Au,
[ — e = —Ar1ay® — Asahx, fx+g— xts = —A2a9® — Asayx.

(68)

(69)

5 A. 1. llonsaxun, B. ®. 3aiiues, A. U. XKypos
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Ilepsble nBa ypaBHEHUs (69) COBMECTHBI TOAbKO NPH

A1 = 6B, A= B% —4ByB2, A3 =0, A4=2B:, (70)
rae By, B1, Ba — npou3BOJIbHbIE NOCTOSIHHBIE, U UMEIOT B 3TOM Clly4ae pelleHHe
@(x) = Bex® + Biz + Bo. 71

INoacraBuB BblpakeHus st koddduuuentos (70) B aBa mocnemHux ypaBHeHus (69), nomyuum
cucremy Aas onpeaeneHus GyHkumii ¥ (t) u x(t):

i = 6aB2y)” + f (1),

Xit = [2aBav + f(t)]x + a(B — 4BoB2)y” + g(t).

®Dopmyansl (67), (71) u cucrema (72) onpenensior TOUHOE pelleHue ypaBHeHus (66) ¢ 0606LeH-

HbIM pa3sjieneHueM nepemeHHbix. IlepBoe ypaBHeHue (72) pellaeTcss HEe3aBUCHMO; OHO JIMHEHHO B
cay4yae By = 0 u unterpupyercs B kBaaparypax npu f(t) = const. Bropoe ypaBuenue (72) nuHeiiHo
OTHOCHTENBHO X (TIPU U3BECTHOM ).

Ipu ¢ # 0, ¢ #Z 0, x Z 0 1 npousBoabHLIX f M g ypaBHEeHHE (66) HE HMEET APYTUX peLIeHUH
Buaa (67).

3ameuanve. MoxHo mnokasatbh (V. A. Galaktionov, 1995), uto ypaBHeHue (66) umeer Gonee
ofuiee pelieHre Buaa

w(z,y) = e1(@)h1(t) + p2(2)ta(t) + ¥3(t),  pi(z) =27, @a(a) =, (73)
rae Gyskunm 1, =1, (t) onpenenstoTcs u3 0ObIKHOBEHHBIX AU hepeHIMaNbHbIX YPaBHEHU  (IUTPUXH
0003Ha4al0T NPOU3BOAHBIE MO t)

Y = 6ayi + f(t)r,
Yy = [6ahr + f(t)]e, (74)
V5 = [2ah1 + f(£)s + ah + g(t).

Btopoe ypaBHenue (74) vmeeT yacTHoe pelleHue i = ;. [loaTomy ero obuee pelieHHe MOMKHO
3anucats B Buae (B. @. 3aiiues, A. J1. [lonsuun, 2001 a)

(72)

d
P2 = C191 + Cotn —2 .
h

Yacraomy cnyuaio Cy = 0 OTBeuaer pellieHue, nojy4YeHHoe B npumepe 4.

IIpumep 14. PaccMOTpUM HeNMHEHHOE ypaBHEHHE TPETHErO MOpsAAKa

8w dw \? 3w Bw
—_— — ) W =V—F 75
dzot ( oz ) 922 028 (75)
KOTOpOE BCTPEYaeTCs B 'MIPOAUHAMHUKE.
Hiem TouHble peuieHus ypaBHenus (75) Buna
w = p(t)0(z) + P(1). (76)

Ioncrasus (76) B (75), umeem
310 QyHKUHMOHANLHO-AU((EPEHIMAaNbHOE YPABHEHHE MOXHO CBECTH K (DYHKLMOHAIBbHOMY ypaBHE-
Huto (60), MONOKUB
® 29027 q>2=<P7/Ja '1)3:4‘02, <I)4:V<p9
V=0, Vo=-00, ¥s=(0)"-007:, Vi= -0,

INoacraBuB 3TH BblpaxkeHus B (61), nonyyum cucreMy OObIKHOBEHHbIX M depeHLManbHbIX ypaBHe-
Hul

(77

/ 2 2
= A1p” + Asvgp, oY = Asp” + Agvyp,
/N2 /! / /1 111 7 s
(01) - 0011 = _Aloa: + A30117 0111 = A20z - A4011
Mo>XHO NOKa3aTh, YTO ABA NMOCAEAHUX ypaBHEHHs (78) UMEIOT COBMECTHbIE PELLEHHUS TONbKO MpH
AMHEHHO# cBA3M Mexay dyHkuuei 6 U ee MPOU3BOAHOM:

0, = B16 + Bo. (79)

(78)
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Llects nocrosiuubix By, Ba, A1, A, As, A4 NOMKHBI yAOBIETBOPATh TPEM YCIOBHUSM:

Bi(A1 + B: — A3B;) =0,
B3(A1 + B2 — AsB1) =0, (80)
B% + A4B; — A2 =0.

Hnterpupys ypaBHeHue (79), noayuum

By
0 — { Bs exp(Biz) — B, npu B; # 0, @1)
Byz + Bs npu By =0,
rae Bz — npou3BonbHas NOCTOsHHAsL.
U3 nepBbix AByx ypaBHeHuH (78) HaxomuM GYHKUMM @ U P:
Ayv
npu Az #0,
o= Cexpg—Awt) - A o ¥ = Asp + Agv, (82)
_—A1t+C npu Az =0,

rae C' — npou3BOsbHAs MOCTOSIHHAS.
dopmynsl (81), (82) u cooTHoweHus (80) NO3BONAIOT HAWTH ClEAYIOLLME PELICHUS YPaBHEHUS
(75) Buna (76):

_z+C . . A
w = 1+ Cy +Cs npu As = B; =0, By = —Aj;
Cre ™ +1
N+ CQ + v npu Ao 0, B, 4, Bs A A3A4,
w = Cle_)‘(z+ﬁl’t) -+ l/()\ -+ ,3) npy Al = A3 = By = 0, Ay = B% =+ A4Bl;
_ uﬁ+Cle_“ _ _ p2
w—m+u()\—ﬁ) npu A; = A3B1 — Ba, Ay = By + A4Bs,

rae C1, Ca, Cs, 3, A— nNpou3BoJbHbIE NOCTOSHHBIE (MX MOXHO BbIpa3uTh uepe3 Ak, By).
HccnepoBanue BTOPOro BBIPOXXAEHHOro pelieHus (62) ¢yHkunoHanbHoro ypasHeHus (60) c
yuetom (77) NpUBOAMT K ABYM peuieHusm auddepenumuansHoro ypaBHenus (75):

T

w=t+c+w®,
_ -z _ ‘PI (t)
w = @(t)e —/\;(t) + U,

rae o(t) u ¥ (t) — npoussonbhbie GpyHkuur, C, A— NPOU3BONBLHBIE IOCTOSHHbIE.

IIpumep 15. PaccMoTprM ypaBHEHHE C IKCIIOHEHLMANbHON HENMHEHHOCTBIO MO CTapilel Npous-
BOJIHOM:

w = f(x) exp(awszz). (83)
MU.[CM TOYHBIC PELICHUA BUAA
w = ¢(z) + P(z)0(t). (84)

Ioacrasum (84) B (83), noaennm 06e YacTH NOJYYSHHOTO BbIpaxxeHus Ha f(x), a 3aTem nponorapud-
mupyem. Cuutas ¢/ f > 0, nocie sneMeHTapHbIX NpeoOpa3oBaHuil HMeeM

a‘p/z/a: - ln('lvb/f) + a(ng —In 0;. =0. (85)
310 pyHKUHOHANLHO-AUEepeHLIMaNBHOE YpaBHEHUE MOXHO 3anucath B Buae (58), Moaoxus
O = apu, —In(W/f), ®2=1u,, ®3=1, V1 =1, ¥,=ah, ¥3=—Ind,.

INoacTaBuB 3TH BbIpaXKeHHs B nepBoe peiieHue (59), npuxoauM k 0ObIKHOBEHHbIM AuddepeHanb-
HbIM YpaBHEHUAM

®1 = apy, —In(y/f) = A1, ¥, = A2, Inb = A, + Azaf.

5%



68 METO/] OBOBILEHHOTO PA3JEJIEHUS] NEPEMEHHBIX

Wurerpupys, umeem

¥(&)
f(&)

b(z) = %AQwQ +Ciz+ Co, (86)

o(z) = %Ale 4 Csz+Ci+ %/ (z - &)In &) ge,
z9

o(t) = — (Cs — Azae™t).

®opmynsl (84), (86) omychIBaOT TOUHOE pelleHHe ypaBHeHus (83).

o8 3aoauu u ynpaxycuenus K paso. 4.5

1. HaiitTu pewenus ¢ o600LIEHHBIM pa3ieneHUEM NEPEMEHHbIX HENHMHEHHbIX YPaBHEHMH Temno- u
MaccolnepeHoca:

a) wy = a(wwsz)z,

b) wi = a(wwz)z + b,

¢) wt = a(wwz)s + bw,

d) w: = a(wws)s + bw?,

e) wt = a(wwg)z + bwz.

Vkazanue. Pewenus uckats B Buae w = f(t)0(z) + g(t).

2. Haiitu peuienus ¢ 06001LEHHBIM pa3IeICHUEM NEPEMEHHbIX HEIMHEHHbIX BOJHOBbIX YPaBHEHHI:
a) wy = a(wwsz)sz,
b) wiy = a(wwz)z + b,
¢) wy = a(wwz)s + bw,
d) wee = a(wwz)s + bw?,
e) wy + awy = b(wwsz)z.
Vkazanue. Pewenus uckats B Buae w = f(t)0(z) + g(t).

3. Haiitu peuenus ¢ 0600IEHHBIM Pa3eICHUEM NMEPEMEHHBIX HEIMHEHHOTO YPaBHEHHS! TPETHETO
nopsaka:
2
Wzt + Wy — WWzx = f(t)wza:z,
Vkasanue. Pewenns uckarb B Buae w = ¢(t)0(z) + ¥(t).

4. Haiitu pewienus ¢ OGOOILEHHbIM pa3fENeHHEM MNEPEMEHHbIX YPaBHEHHI MOrPaHUYHOrO ClOs
CTEMEHHOM KUAKOCTH:
J— n
) WyWazy — Walyy = a(Wyy) " Wyyy,
J— n
b) wywazy — Wawyy = a(wyy)" wyyy + f(2).
Vkasanue. Pewenus uckatb B Buae w = p(z)¥(y) + x(x).

5. Haiitu pewieHus ¢ alaAMTUBHBIM Pa3Je/€HHEM NMEPEMEHHbIX HEJMHEHHbIX YpaBHEHUI 4eTBEPTOro
nops/Ka, KOTOpble BCTPEYAIOTCs B THAPOJHHAMHUKE BA3KOH HEC)KMMAEMOM XKHMAKOCTH:

a) wy(Aw)s — wz(Aw)y = vAAw,

b) wy(Aw): — we(Aw)y = vAAw + f(y),
e Aw = Wzz + Wyy.

6. HaiiTu peuienus ¢ 06001IEHHBIM pa3aeNeHUEM NEPEMEHHBIX HEMUHEHHBIX ypaBHEHHH:

a) we = aexp|f(z)wzsl,

b) w; = aexp[f(t)wzz]-

Vkazanue. Pewenus uckath B Bune w = @(x)0(t) + (z) (obe uyactu ypaBHeHMH Hano
nponorapupmMupoBars).

@ JIumepamypa k pa3o. 4.5: E. P. PozennopH (1984), A. J. Ilonauun (2001 c), A. [. I[lonsauun,
A. U. XKypos (2002), A. J. [Nonsuun, B. @. 3aiiues (2002), B. ®. 3aiiues, A. J. [Nonsuun (2003),
A. D. Polyanin, V. F. Zaitsev (2004).
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4.6. Metop TutoBa—IlanaktMmoHoBa

4.6.1. OnucaHue metopa. MoanpocTpaHcTBa, MHBApPUaAHTHbLIE OTHOCUTEABHO
HeAMHEWHOro oneparopa

P ACCMOTPUM 3BOJIIOITHOHHOC YPABHCHHE

ow

— = Flw 87
rae F'|w]— HemuHelHsli nuddepeHIranbpHbli onepaTop BUIa

_ ow " w
F[w]:F(w,E,...,W). (88)
OnpepeneHune. KoneuHoMepHOe THHEHHOE NOINPOCTPAHCTBO

3JIEMEHTaMH KOTOPOTO SBJISIOTCS BCEBO3MOXKHBIE THHEHHBIE KOMOMHALMH JIMHEHHO-
HE3aBUCHUMBIX OGYHKIMEH ¢1(z),..., ¢k (x), Ha3bIBaeTCS HHBAPUAHTHBIM OTHOCH-

TenbHO oneparopa F', ecnu F <] C ). DTO 03HAYaeT, YTO CYIIECTBYIOT QYHKIHH
fi,.-., fr, TaKHE YTO

k k
FSCinto)| = L G G0 ©00)
i=1 i=1

JUTSL TPOU3BOJBHBIX TOCTOAHHBIX C1, . .., C.

[Tycts nuHEHHOE MoANpOCTpaHCTBO (89) MHBapHAHTHO OTHOCHUTEIBHO ONEpa-
topa F'. Torma ypaBHenue (87) umeer pemieHHS ¢ OOOOIIEHHBIM pPa3IEIEHHEM
MEepEeMEHHBIX BHIA

k
w(z,t) =Y $i(t)pi(z), (91)
i=1
rae GdyHkuun ¥y (t), . .., Y (t) ONUCHIBAIOTCS aBTOHOMHOM CHCTEMOi OOBIKHOBEH-
HBIX UG depeHInaTBHBIX YPaBHEHUH
v = fi(Y1, - ), i=1,...,k. (92)

3nech mWITpUX 0003HAYAET MPOU3BOIHYIO 11O t.

Crnenyronuii mpuMep HUTIOCTPUPYET OMHUCAHHBIA METO MOCTPOEHHS PEIICHH I
¢ 00OOIIEHHBIM pa3eeHUEM IEPEMEHHBIX.

IIpumep 16. PaccmorpuMm HenuHelHOe NapabonuyecKoe ypaBHEHUE

2
%—l: :ag;; + (?)_:)2 + kw® + bw + c. (93)

IMoxaxem, uto npu k > 0 nuddepenumansusii oneparop Flw] = awye + (wz)? + kw? +bw+c
(onpenensiiolwMii NpaByl0 4acTb YPAaBHEHHMs) MMEET AByMEPHOE WHBAPUAHTHOE MOANPOCTPAHCTBO
<> = {1,cos(zvk ) }. leiicBurentto, 115 npoussonbbix Cy u Cy CNPaBEMIHBO PaBEHCTBO

F[C1 + Cacos(zvk)] = k(CT + C3) + bC1 + ¢ + C2(2kC1 — ak + b) cos(zVk).
INostomy ypaBHeHue (93) monyckaer pewieHue ¢ 0000IEHHBIM pa3AeaeHUEM IEPEMEHHBIX BUAA
w(z, 1) = Y1 (t) + 9a(t) cos(azVk), (94)

rae GyHkumnn 11 (t) u 12 (t) onUCHIBAIOTCA aBTOHOMHOM CHCTEMOH OBBIKHOBEHHBIX AudbepeHunans-
HbIX YpPaBHEHUI

Y = k(Y7 +¥3) + by + ¢,

, 95)
s = Yo (ki — ak +b).
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3amevanue 1. [lpu k> 0 nuddeperunanbHblii oneparop Fw] uMeeT TpexMepHOe HMHBAPMAHTHOE
noanpoctpancrso L3 = {1,sin(zvk ), cos(zvk)}.

3amevanue 2. Tlpu k < 0 auddeperunanbublii oneparop F[w] umeer TpexMepHOe MHBAPUAHTHOE
noanpoctpatcteo £3 = {1,sh(zvk),ch(zVvk)}.

3amevanue 3. Bonee obwee ypashenue (93), rae a = a(t), b = b(t), ¢ = ¢(t) — npousBonbHbIe
byHkuuu W k = const < 0, Takxe UMEET pelleHHe ¢ O0OOOLIEHHBIM pa3lencHUEeM MEePEMEHHbIX
Buna (94), roe dyHkumn ¥1(t) W Y2(t) ONMCHIBAIOTCS ABTOHOMHOM CUCTEMOM OGBIKHOBEHHbIX
I depeHunanbHbIX ypaBHeHuii (95).
4.6.2. Hekotopbie 0606LeHUA

AnanornysbiM 00pa3oM paccMarpuBaercs Oosee odliee ypaBHEHHE BHIA
Li[w] = Lo[U], U = Flw], (96)

rae Ly [w] u Ly[U]— nuneiinsie nuddepeHnpanbpHpie onepaTops! Mo nepeMeHHoi ¢
BHzIA

Liw] = Zal )L, LyU] = Zb sl 97)

a F|w]— HenuHeiHbIi ,umpcpepeﬂunanbnmﬁ oneparop Nno NepeMeHHon x

o ow O"w
F[w]:F(t,w,%,...,W) (98)

KOTOPBIH MOXET 3aBHUCETh MapaMeTpHYeCcKuM 00pa3oM OT t.
Ilycte nuHEHHOEe MOANPOCTPaHCTBO (89) MHBAPHAHTHO OTHOCHTEIBHO OIEpa-

Topa F, T. €. Ui MPOU3BOJIBHBIX MOCTOSHHBIX (', . . ., C UMEET MECTO PaBEeHCTBO
k k
F [Z CiSOi(x)] = filt,C1,...,Cr)pi(3). 99)
Torna ypaBHenue (96) uMeeT pemienus ¢ 0000IMIEHHBIM pa3fAeIeHHEM IEPEMEHHBIX
Buna (91), rne pyukumu 11 (t), . . . , ¥ (t) ONHUCHIBAIOTCS CHCTEMOI OOBIKHOBEHHBIX
b bepeHIHaTbHBIX ypaBHEHHHA
L [$i(t)] = La[fit,n, . 9k)],  i=1,... .k (100)

IIpumep 17. PaccmoTpum ypaBHEHUE

w 8w
N
KoTopoe npu az(t) = k2, a1(t) = k1 /t ucnons3yercs Anst ONMCaHUA TPAHC3BYKOBbIX [A30BbIX TEYEHUH
(t vrpaer ponb NPOCTPAHCTBEHHOI NEPEMEHHOI).

Vpasneuue (101) aBnsiercst YacTHbIM ciyyaem ypasHeHus (96), rae L [w] = az(t)wye + a1 (t)wy,
Ly[U]=U, Flw] = wzWzz. MOXHO NOKa3aTh, YTO HEAMHENHbIH Auddeperunanbublii oneparop Fw]
JIONyCKaeT TPEXMEPHOE MHBApHAHTHOE NmoanpocTpancTeo 3 = {1,2%/2, 2%}, Mosromy ypasuenue
(101) umeer pewenus ¢ 06001EHHBIM pa3AeNeHHEM NEPEMEHHbIX BHAA

w(@,t) = 1(8) + ()2 + s(D)2,
rae ¢yukunn P (t), P2(t), ¥Ps(t) onucbiarorcs cucremoll oObIKHOBEHHbIX AnddepeHLHanbHbIX
YpaBHEHUI

o2 o
aQ(t)—at’;" + al(t)a—’“t" = (101)

as(t)y1 + ar ()W) = S93,
az () + a1 (t)vs = 2eharfs,
as(t)Py + ax (t)ys = 18¢3.
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~ Bameuanne. Onepatop F'[w] A0nycKaeT Take YETHIPEXMEPHOE MHBAPHAHTHOE OANPOCTPAHCTBO
Y4 ={1,z,2%, 2>}, KOTOPOMY COOTBETCTBYET pellieHHE C OGOBIIEHHBIM PA3/IENEHUEM IEPEMEHHBIX
BUAA

w(z,t) = ¥1(t) + Y2 (t)x + Y3(t)a” + va(t)2®.

Cwm. taxxe npumep 18 npu ao(t) =0, k=1,n = 2.

IIpumep 18. Paccmorpum Gonee obliuee ypaBHEHUE 72-TO MOPAIKA
9w
o2

az(t)

k Agn
8w) 9" w (102)

ow
5" +ao(tyw = (5 .
a5 talw=_{3") G
Henuneiinbiii oneparop Flw] = (wx)kwgn) JIONYCKaeT AByMEPHOE MHBAPUAHTHOE MOANPOCTPAH-
crBo L5 = {1, p(x)}, rae dyHxuns ¢(z) onucsiBaeTcs OOBIKHOBEHHBIM AMddepeHLranbHbIM ypas-
HEHUEM (<p;)k<p;") = . [loaromy ypaBHenue (102) umeer peieHust ¢ 0600IIEHHBIM pa3aeneHUEM

l'lepeMeHHblx BUAA
w(z,t) = P1(t) + P2 ()p(),
rae GyHkuuy 11 (t) v 12 (t) ONMMCHIBAIOTCA AByMS HE3aBMCHMBIMU OOBLIKHOBEHHBIMH Au(depeHInans-
HbIMH ypaBHeHMﬂMl/l
a2 (t)1 + a1 (H)Y1 + ao(t)yhr =0,
ax(t)y5 + a1 ()W + ao(t)e = w5t

MHoro apyrux mpuMepoB MOJOGHOTO POJa, a TAKXKE HEKOTOPBIE ACTATH3ALMY U
060061LICHNS OIHUCHIBAEMOT0 METO/Ia, MOXXHO HAMTH B LIUTHPYEMOM HIDKE IUTEpaTy-
pe. OCHOBHBIE TPYIHOCTH, BO3HHKAIOIME NPH MCHOIb30BaHMK MeTona TuroBa —
["aJIakTHOHOBA IS IIOCTPOEHHS TOYHBIX PELICHHI KOHKPETHBIX YPaBHEHHUH, COCTOAT
B OTHICKAHWH JIMHEHHBIX MOANPOCTPAHCTB, HHBAPHAHTHBIX OTHOCHTEIBHO 33 1aHHO-
ro HenuHeiHoro oneparopa. Kpome Toro, HCXoqHOE ypaBHEHHE MOXET OTIUYATHCS
OT ypaBHEHHMI PaCCMAaTPHUBAEMOro THIA (HEe BCEra MOXHO BBIACTUTD IOAXOJSIIMIA
HeNUHeH bl onepartop F|w]).

o8 3aoauu u ynpaxycuenus K paso. 4.6

1. [lokasarb, 4TO HENMHENHbIH AMbbEPEHLMATBLHBIN OnepaTop

Flw] = (a1wz + 2w + az)wzz + asw; + aswz + asw + a7
JIOTYCKAeT TPEXMEPHOE JMHeiHOe MHBApHAHTHOE moanpocTpaHcTeo 3 = {1,z,z?}. Mcnonbsys
3TO OB6CTOATENBLCTBO, HAWTH PELIEHHS ¢ 0GOGLIEHHBIM Pa3ENIEHUEM NIEPEMEHHDBIX HENMHENHBIX ypaB-
HEHMIA:

a) Wi = AWWgq,

b) w: = awwgyz + b,

C) Wt = QWWzge + bw,

d) w: = awwgy + bws,

e) wy = a(Wwwz)az,

f) wy = a(wwz)z + b,

g) wt = a(wwg)yz + bw,

h) w; = a(wwz)s + bwy,

1) wit = QWWgs,

J) wu = a(wwg)sz,

k) wi = awwzz + b,

) wi = a(wwy)z +b.

2. Ilpu Kakux ycnoBusix HenuHeiHbiii anddepeHumansHbiii oneparop

Flw] = (a1wz + 2w + a3)wze + aaw} + aswz + asw’ + arw + as
JIONYCKaeT HHBApUAHTHbIE JHHEHHbIE NOANPOCTPAHCTBA

a) L ={1,e*},

b) <5 = {1,sh(A\z),ch(Az)},

c) <5 = {1,sin(\z),cos(\z)}?
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3. Haiitu pewenus ¢ 060611EHHBIM pa3feNeHUEM NEPEMEHHbIX HENMHEHHbIX YPaBHEHHI:
a) wi = Wee + aw? + bw?,
b) wi = wwzz + bw’ + ¢,
€) W= Wwzz + bWl + ¢,
d) w: = (wwz)z + aw® +b.
Vkaszanue. Bocronb3oBaTbCsl pe3y/abTaTaMy PELLEHHs NMPEAbIAYLIEH 3aaa4H.
4. Ilpu xakux ycnoBusx HeIMHEHHbIH AubdepeHLanbHbli onepatop
Flw] = a1w2; + asweWer + G3wwer + aaw? + aswwz + asw?® + arw, + asw + ag
AOMYCKAET MHBAPHAHTHEIC JIMHEWHbIE MOANPOCTPAHCTBA
a) <5 ={l,z,2°},
b) Za={1,z,2° 23},
c) Zs =11, mm2 z% 2},

d)y &> ={1,e*},

e) Zs3={1,sh(Azx),ch(Az)},

f) <5 = {1,sin(\x),cos(\z)},
g) <3 ={1,ch(\z),ch(2\z)},
h) &5 = {1,cos(\z),cos(2Ax)},

) Zs=1{1,f(2)})?
5. Haiitu peuienus ¢ 06001IEHHBIM pa3aeNeHUEM NEPEMEHHBIX HEMUHEHHBIX yPaBHEHHH:

a) w; = awi,,

b) wi = aw?, + b,

¢) w = wly + w?,

d) w = wwez — 2wk + Sw’

Vkaszanue. Bocronb3oBaTbCsl pe3y/abTaTaMy pELEHHs NMPEAbIAYLIEeH 3aaa4u U3 NyHKTOB c), d), f)
u h).
6. Haiitu peiienns ¢ 0600LIEHHBIM pa3/ieleHeM NEPEMEHHbIX YPaBHEHUI ¢ KyOUUeckoi HenuHen-
HOCTBIO:

a) w = 27.027.011 - wwﬁ,

b) we = 2w Wz, — wwl + a.

Viazanue. TlokasaTh, 4To HenMHEHHbIH onepatop F|w] = 2w?w,, —ww? nonyckaer TpexmepHoe
NUHeliHOE HHBAPUAHTHOE MOANpPOCTpaHcTBO Z3 = {1,z, 2%}

@ Jlumepamypa k pa3o. 4.6: C. C. Turos (1988), B. A. I'anaktuonos, C. A. Ilocaikos (1994),
V. A. Galaktionov (1995), V. A. Galaktionov, S. A. Posashkov, S. R. Svirshchevskii (1995),
S. R. Svirshchevskii (1995, 1996), A. D. Polyanin, V. F. Zaitsev (2004).



5. Metoa PYHKUMOHANBHOIO paspeneHUs NepeMeHHbIX

5.1. CTpyKTtypa pewweHuir ¢ GyHKUMOHAAbHbIM pa3peneHuem
nepemMeHHbIX

Henuneiinsle ypaBHeHHs, MOAyYeHHBIe 3aMeHOM w = F'(2z) U3 THHEHWHBIX ypaB-
HEHHUH MaTeMaTH4ecKod (QU3UKH C pa3elsSIoIUMHUCS NEPEMEHHBIMH IS (YHKIIH
z = z(z,y), OyayT UMETh TOYHBIE PEIICHUS BUIA

w(e,y) = F(2), e 2= Y om(@)m(y). M
m=1

MHorue HelWHEWHBIE YpaBHEHUS C YAaCTHBIMH IMPOM3BOJHBIMH, KOTOpHIE HE
CBOJIATCS K JIMHEHHBIM, Takke HMEIOT TouHble pemieHus Buaa (1). Takue pemeHus
OynieM Ha3BIBaTh peuleHusmMu ¢ QPYHKYUOHANbHbIM pa3oeieHuem nepemennvix. B 00-
weM ciydae QYHKUHA @, (), ¥m(y), F'(2z) B (1) 3apanee He H3BECTHBI U HOUIEKAT
OTIPE/ICIICHHUIO.

Ocnosnas udes: maddepeHIHaTEHO-(QYHKIIHOHAIBHOE YPaBHEHUE, IMOYYEH-
HO€ B pe3yibTaTe NOICTAaHOBKM BeIpakeHHs (1) B paccmaTrpuBaeMoe ypaBHEHHE
C YaCTHBIMH NPOMU3BOJHBIMH, HAJ0 TNPHUBECTH K CTAaHIAPTHOMY OWIMHEHHOMY
¢dyHKIMOHANEHOMY ypaBHeHHIO (21) u3 pasn. 4.2.2 [wim k auddepeHImambHO-
($yHKUHOHATLHOMY ypaBHeHHIo Buaa (21)—(22) u3 pasn. 4.2.2].

3ameuanve 1. [lpu QYHKUHMOHATLHOM pa3sieleHHH MEPEMEHHBIX IOUCK pelle-
Huit mpocreiiero Buga w = F(p(z) + ¥(y)) u w = F(p(z)yY(y)) npu-
BOAUT K OJMHAKOBBIM pE3yJbTaTaM, MOCKOJNBKY CHPABEIJIMBO IIPEACTABICHHE
Flp(x)d(y)) = Filei(z) + ¢1(y)), e Fi(z) = F(e*), ¢i(z) = Inp(z),
P1(y) = Iny(y).

3ameyanue 2. [Ipu NoCTpoeHHH pelleHui ¢ (YHKIHMOHAIBHOM pa3ieieHHEM
nepemennbix Buna w = F'(p(x) 4+ 1(y)) cuuraercs, ato ¢ # const u 1) # const.

3ameuanue 3. Oyukuus F'(z) MOXKET ONMHUCHIBATHCS KaK OIHHM OOBIKHOBEHHBIM
1 depeHIanbHBIM ypaBHEHHEM, TaK H NIEPEONPENeIeHHON CUCTEMOH ypaBHEHHH
(ipu aHaNM3e HAaJO0 YYHTHIBATh 00€ 3TH BO3MOXXHOCTH).

5.2. PeweHua ¢ pyHKUMOHANbHbIM pa3peneHUeM nepeMeHHbIX
cneunanbHOro Buaa

5.2.1. PeweHun Tuna 0606wweHHON 6eryweit BonHbl. Mpumepbl

s ynpomenus ananu3a HekoTopele ¢yHKIMH B (1) MOXKHO 3a1aBaTh anmpHOPHO,
a JIpyrde OompenensiTh B NpoLEcCce pelleHHs. Takue pemeHus OyaeM Ha3bIBaTh
peueHuamu ¢ QYHKYUOHATbHBIM PA30eleHUeM NePEMEHHBIX CReYUATbHO20 8UOd.
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Hwmxe ykazansl Hanbouiee IpoCThIe peleHus ¢ QyHKIHOHAIBHBIM pa3ieIeHHEM
IIEPEMEHHBIX CIENHATBHOIO BUIA (T U Y MOXKHO IOMEHATh MECTaMH):

w= F(z), z=1n (y)$+¢2(y) (apryMeHT 2z NUHEeH Mo T);
w= F(z), z=1n (y)$2+¢2(y) (aprymeHT 2z KBaJ(paTHUeH IO I);
w= F(z), z=1 (y)e)‘m—l—d)g(y) (aprymMeHT z COAEpXHUT IKCNIOHEHUMANbHYI0 YHKLMIO T).

[TepBoe pemienue OyaeM Ha3bIBaTh PEICHHEM THIIA 00OOIIEHHON OeryIel BOJIHBL.
B nocrnenneii gopMyse BMecTo e** MOTYT CTOATH Takke (yHkmuu ch(az + b),
sh(az + b), sin(ax + b).

[Tocne moAcTaHOBKH JTI000T0 M3 yKa3aHHBIX BBIPR)XEHHMH B paccMaTpuUBaeMoe
ypaBHEHHE HAJ0 MCKIIOUUTh % C NOMOIIBIO BBIpaKeHHs AN z. B pesynbrare
NonyYuM (GyHKIHOHATBHO-IH(GEPEHIMAIbHOE YPABHEHUE C ABYMS apryMEeHTaMH
y U z. Ero pemeHue B psane CIy4aeB MOXHO HONY4YUTb NpPH MOMOIIH METOMIOB,
OIMCaHHBIX B IIaBe 4.

Jns HarsgHOCTH 00mias cXxeMa TOCTPOSHHS pEeHIeHWHd Tuma 0000IeHHOH
Oeryuiell BOJIHBI [UI SBOJIIOIHOHHBIX YpaBHEHHH HM300paxkeHa Ha pHC. 3.

C Hcxoauoe ypasuenne: w, = H(t, w, wy, W,y ey w” J

HMem pelnenue B Buae 0000ILEHHON

v oery1ueit BOJIHBI

E IoacTapasiem B ypasHenue w = F(2), riue z = p(t)x + (1) j

3aMeHsieM & Ha (2 — )¢

(Honyqaem (yHKUMOHAIBHO- 1N PepeHIHaIbBHOE YPABHEHHE C ABYMS apryMeHTaMa

Vcnonb3yeM npoueaypy pacLiernIeHus

<

E’IonyqaeM: (i) pynxumonaabHoe ypapHenue H (ii) onpeensioumyio cuctemy O,Zlba

PaccMarpuBaeM ypaBHeHHe (i)

<

[ Pewraem gynkunonajabHoe ypasHenne: P,(2)¥ (1) +...+ ®.(2)¥, (1) =0 j

Oynxunn @, , W (1 <m < k)
NOACTaBIIsIEM B CHCTeMY (i)

E’emaeM ONpeyelITIONIYI0 CUCTeMY OObIKHOBEHHBIX M pdepeHunaIbHBIX ypaBHeHuﬁj

Haxoaum dynxumu o, ¢, F

(—

El'lonyqaeM pelleHHe HCX0HOI0 YPaBHEeHHs B BHjle 000011eHHOI1 Geryiei BOJIHLD

Puc. 3. Anroput™ nocTpoeHus pelieHui Tuna o600iieHHON Geryuieil BOMHBI A1l 9BOJIOLMOHHBIX
ypaBHeHuH. Mcnonb3oBaHo cokpainenue: OJ1Y — oObikHOBeHHbIE AupdepeHManbHble ypaBHEHHS.
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3ameuanve 1. Anropurt™, M300paKE€HHBIA HAa pHUC. 3, MOXKET HCIOJB30BaTHCS
TaKKe I TIOCTPOEHHMS] TOYHBIX peleHuii 6onee obmero Buma* w = o(t)F(z) +
+p1(t)x+1e(t), toe z = 1 (t)z+1)2(t). [Ipumep NOXOOGHOTO penIeHHs PACCMOTPEH
nanee B pasn. 6.3 (mpumep 6).

3ameuanue 2. Pemenne ¢ 0000LMIEHHBIM pa3leNeHHeM NEepeMEHHBIX (CM. Iia-

By 4) sIBIsieTCs penteHneM ¢ (pyHKIMOHAIBHBIM pa3eleHreM epeMEeHHBIX YaCTHO-
ro BHZa, COOTBETCTBYIOLUM ciydaio F'(z) = z.

PaccMoTpHuM npHMeps! HETMHEHHBIX YPaBHEHHUH, OMYCKAIOIUX TOYHBIE pele-
HUA C QYHKIMOHAIBHBIM pa3eleHHEM NEPEeMEHHBIX JaCTHOrO BHJA, KOTHAA CIIOX-
HBIH apryMeHT 2 TMHEEH UM KBaJpaTHUYCH MO0 OJHOH U3 HE3aBUCHMBIX IEPEMEHHBIX.

[Ipumep 1. PaccMOTpUM HECTaLOHApHOE YPaBHEHUE TEIIONPOBOAHOCTH € HEIMHEHHBIM HCTOU-
HUKOM )
ow o*w
-— = + F(w). 2
o = a2 TTW) @)
Hiuem TouHble pelieHus ypaBHeHUs (2) ¢ GyHKUHOHAIbHBIM Pa3leIeHHEM NEPEMEHHBIX CNELH-
aJlbHOTO BUJA

w=w(z), z=¢)z+P(). ©)
TpeOyercs HaiiTi Gynxunu w(z), ¢(t), ¥(t) v npasyto yacts ypasHeHus F(w).
oacrasus shipakenue (3) B (2) M NOAEAHUB HA W), UMEEM
1"
f
pla+ o = p? ez 4 TW)

!
wZ wz

(C)
Bbipasum B (3) z uepe3 z u moacraBum ero B (4). B pesynsrare mpuxoauM K (pyHKLHMOHaIbHO-
nudbepeHunanbHOMY yPaBHEHHIO C JBYMs [IEPEMEHHBIMM ¢ U 2:
! w// f w
SR A L N AC) R
® @ w), w),

KOTOpPOE MOXHO paccMaTrpuBaTh kKak ¢yHkLMoHanbHoe ypaBHenue (60) u3 pasn. 4.5, rae
¢, =—1/12+%<P2, @2:_%, B3 =%,  By=1,

W g Fw)

¥, = 1, Yy = z, ‘1/3 = y
wZ

IoncraBnss 3TH BblpaxkeHus B ¢opmynsl (61) u3 pasn. 4.5, MONy4UM CUCTEMY OOBLIKHOBEHHBIX
nudbepeHunanbHbIX ypaBHEHHU

/
Ui+ Lpl= g’y L=y A
1 (5)
Mot oAy — sz, T = py Az,
wZ wz

rae Ai, A2, As, A4 — npOU3BONBHBIE MOCTOSHHbIE.
Cnyuaii 1. Tlpu A4 # 0 pewienue cucrems! (5) HMEET BUA

—1/2

A

-+ 244t 3
p(t) = <Cle A, > ,

B(t) = —lt) [Al [ewarra [ 2 +Cz], ©

»(t)
w(z) = C’s/exp(—%AszQ - Alz) dz + Cy,
F(w) = —Cs(Asz + Az) exp(— L Asz” — Aiz),

* Yka3zaHHOE pellleHHe CONCPKHUT B cebe, KaKk YaCTHbIE Clyyal, BCe Haubonee pacnpocTpaHeHHbIE
pelueHUs: peleHus Tuna Geryluel BoJHbl, aBTOMOAENbHbBIE pelleHHs, 0000IEHHbIE aBTOMOEbHbIE
PELLCHHS, PELIEHUS C aJJMTHBHbBIM M MYIbTUIJIMKATUBHBIM Da3JC€HHEM NEPEMEHHBIX (a TaioKe
MHOTME WHBAapDUAHTHBIC PELIECHUS).
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e Cq, Ca, C3, C4 — npou3BONbHBIE NMOCTOAHHbIE. 3aBucumocTh F = F(w) 3amaercs AByMA
[OCNEIHUMHU BbIPOXEHUAMM B MapamMeTpuueckoM Buae (z urpaer ponb nmapamerpa). Ilpu Az # 0
¢byHkumio uerounnka F(w) B (6) MOXKHO BbIpasuTh 4epe3 dieMeHTapHble GYHKUMM M GYHKUMIO,
00paTHYI0 MHTErpajny BEPOSTHOCTEH.

B uactHom ciyuae A3 = Cy =0, A; = —1, C3 = 1 PyHKUHIO HCTOYHHMKA MOXKHO NMPEACTABUTH
B ABHOM BHJE:

F(w) = —w(Aglnw + A»). (7)

Pewienue ypaBHeHus (2) B 3TOM Clly4ae MOXHO MOJIyYHTb TaKXkKe C NMOMOILbIO IPYNIOBOrO aHanu3a
(B. A. lopoanuusiz, 1982).

Cnyuaii 2. Ilpu A4 = 0 pewienus nepBbIX ABYX ypaBHEHUH (5) MMEIOT BUI

— 1 — Al A2

a PELLEHHUsI OCTabHbIX YPaBHEHHUH OMUCHIBAIOTCS ABYMs nocaeaHnumu dopmynamu (6) npu As = 0.

Gy
J2Ast+C, A; 34,

[Ipumep 2. Paccmorpum Gonee obluee ypaBHEHUE
dw &w dw
el a(t) o2 + b(t)g + ¢(t) F(w).

colepkalliee Ipou3BoIbHbIEe GyHKumK a(t), b(t), c(t).
Pewenus umem B Buae (3). B atom cinyuyae B cucreme (5) M3MEHATCA TOJBLKO MEpBbiE JBa
ypaBHeHus1, a GyHkunn w(z) u F(w) OyayT onmuchIBaThes ABYMs mociaeaHumu dopmynamu (6).

[Ipumep 3. Henunelinoe ypaBHEeHHE TEMIONPOBOAHOCTH
ow 7] ow
ot oz [5w) Bz |+ 7w
Taloke MMeeT peweHus Buia (3). MckoMble BenMuMHBI OMMCBIBAIOTCA cUCTEMOH (5), B KOTOpO#
wy, Hano 3amenntsh Ha [G(w)w,],. Oynxumn ¢(t) u ¥(t) onpenensoTcs AByMs mepBbMH (oOp-
Mmynamu B (6). OnHa u3 aByx ¢yskumit G(w) uwam F(w) Moxer ObITh 3aaHa MPOM3BOJILHO, a
Apyras HaxoAuTCs B npouecce pelieHus. B uactHom cnyyae F(w) = const MOXHO NOy4uTb
G(w) = C1*F¥ + (Cow + C3)er™.

IIpumep 4. AHanoruuHsIM 00pa3oOM PacCMaTPUBACTCS HEJIMHENHHOE YPaBHEHHUE 72-TO NOPSAAKA
ow O"w
— = + F(w).
ot ox™ (w)

Kaxk u panee, peinenus uutytcs B Buae (3). B 31om ciyuae B cucteme (5) Benuuuubl @ 1 wh,

HaJl0 3aMEHUTb COOTBETCTBEHHO Ha " U w™. B uactHocTH, npu Az = 0, IOMHMO ypaBHEHHS C
JorapupmMu4eckoii HeMMHEHHOCTbIO BUAa (7), NOAYYUM U APYTHE YPaBHEHUS.

[Ipumep 5. [lna HeNMHEHHOrO YPaBHEHHA 1-TO MOPALKA

n
ow _6w+]_.(w)8_w’
ox

8t~ fzn
NNOUCK TOYHOI'o pE€lICHUS BHAA (3) NPUBOAUT K CJ]C,Z[lel.I.lCﬁ CUCTEME ypaBHCHMﬁ JUIs onpeaciaeHus
dymiunit (1), ¥(t), w(z), F(w):

!
—; + %902 =A1p" + Asp, — % = Asp" + Asp,
)
uz)’ = —A1 - Agz, f(w) = —A2 - A4Z,

rae Ai, Az, As, A4 — npPOU3BONbHbBIE MOCTOSHHbIE.
[pu n = 3, nonoxuB Az =0 u A; > 0, B yactHoctu nony4um F(w) = —As — A4 arcsin(kw).

IIpumep 6. MoxHO HcKaTh peleHUsl ypaBHEHHs (2) ¢ KBapaTH4HON 3aBUCUMOCTbBIO CII0XHOIO
aprymeHra o x:
2
w=w(z), z=¢{)z" +P(t). ®)
INoncraBuM 310 BbipaxkeHUe B (2). B pesynbraTe NpUXOAMM K YPaBHEHHIO, KOTOPOE COAEPHKHUT Y/IEHbI
¢ 22 (M He CONEPXHT UNEHOB, JMHEHbLIX MO ). MCKIIOUMB M3 MOAYYEHHOrO YpaBHEHUS T2 C
nomouibio (8), umeem
/ 1 1"
/ 'l,b / % w w F(w
R e Ad
® ® w}, wy wy,

0.
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Jns pewenus 3toro GyHKuHOHaNbHO-AMbGEPEHLHANbHOrO ypaBHEHHs C AByMsl apryMEHTaMH NpH-
MEHHUM METOJ paclieluieHHus, ONMUCaHHbIi B pasa. 4.5. MoxHO moka3aTh, YTO ypaBHeHue (2) ¢
norapvdmudeckoil HenuHeitHocTbio (7) MMeeT pewieHue Buaa (8).

Ipumep 7. PaccMOTpUM HelMHEHHOE ypaBHEHUE m-ro nopsaka

dw O%w ow 2w (@) 82w \"~1 omw
dy Ozxdy ozr dy> ( y? ) oym™ '
KOTOpOE B 4acTHOM ciy4ae f(x) = const, m =3 onucsIBaeT NOrpaHUYHBIN C/10# CTENeHHOM KUAKOCTH
Ha MJIOCKOH mnacTuHe (w — QYHKLMA TOKAa, £ M Y — NPOAOJbHAs U MONEpeYHasi KOOPAUHATHI, 71 —
pEONOrnyecKuii napaMerp; 3HaueHue 72 = 1 COOTBETCTBYET HbIOTOHOBCKOH KHKOCTH).
Ilouck ToyHOroO peleHus BUAA

w=w(z), z=¢@)y+P()

2n+m—3(wlzlz)n— 1, .(m)

PHBOAHT K paBeHcTBY @) (w))? = f(x)p w; ', KOTOPOE HE 3aBUCHUT OT HYHKLMH .

Pasnensis nepeMeHHbIE W MHTErpUpPYs, NOAY4YUM

- [/ f(z)dz + C] m, (x) — npousBobHa,

a dyHkuns w = w(z) onpenenseTcs myTeM peleHus OObIKHOBEHHOrO A pepeHHaNbHOro ypaBHe-
mas (w?)? = (4 — 2n — m)(w?,)* twi™.

IIpumep 8. PaccmoTpuMm ypaBHEHHE

o tlw
_— . 9
ooy (w) ©)

Hem peuieHue ¢ GyHKLHOHANBHBIM pa3aeieHUEM NEPEMEHHbBIX CIIELMANBLHOrO BUAA
w=w(z), z=e@)z+Y(Q) (10)
IoacraBum (10) B (9), a 3aTeM MCKAIOMHUM X C MOMOLUBIO BbIpakeHWs ans z. B pesyabrate mocne
penenus na w" Y u neperpyninypoBKH 4YEHOB MOAy4YuM GyHKLUHOHANLHO-AUbdepeHuanbHoe
YPaBHEHUE C ABYMS apryMEHTaMHU:
(n)
- - w w
"M, — " gl + " lcp;,<z+n S ) - {i+)1) —0. an
wy wy

OHO CBOAMTCS K TPEXYIECHHOMY OMiIMHEHHOMY (YHKUHOHAIBHOMY YPaBHEHHIO, KOTOPOE MMEET JBa
peieHus (cM. pasa. 4.5). B cooTBEeTCTBUM € 3THM PacCMOTPHUM JBa Cliy4das.

1°. B nepBomM ciyuae BhIpaXEHHE B KPYIIIbIX CKOOKax M MOCNeaHIo apobb B (11) npupaBHUBaeM K
KOHCTaHTaM. B pesynbrare mocie anemeHTapHblx NpeoOpa3oBaHUi MOAYYUM

(z — W™ 4+ nw(™ =0,
Cow{™V — f(w) =0,
(pn,w; _ (pn—l,w(p; +C1<Pn_l(P;, —Cz — 0,

rae C; u Cy — npousBosbHble noctosHHbIe. [lonaras C; = 0 (3TO COOTBETCTBYET CABMIY MO Z M
nepeo0o3HaueHUI0 GYHKLHHU 1)) U UHTETPUPYS, UMEEM

w=Aln|z|+ Bn_12""' 4+ -+ Biz+ By,
f(w) = ACon!(-1)"z" "1,

V) = Coply) [ S+ Copta),

rae A, Bp,, Cs — NpOM3BOJbHbIE NIOCTOSIHHBIE, <p(y)—npou3Boanaa byHKUMS.

Ilepeble aBe dopmyasl B (12) nawoT mapamerpuyeckoe npeacrasiaende aas ¢oynkuud f(w). B
4acTHOM cay4ae npu B,_1 = --- = By = 0 nocne UCKII04EHUs 2 NPUXOAMM K IKCIOHEHLMANbHOM
3aBUCUMOCTH

(12)

fw) =ae®™,  a=ACm! (-1)*, B=—-(n+1)/A
B cuny (12) coorBercTByOLIEE pelieHHe ypaBHeHuUs (9) OyneT uMeTh GpyHKLMOHAILHBIH NPOU3BOI.
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2°. Bo Bropom cinyuae (11) pacnanaercs Ha TpU OObIKHOBEHHBIX T (EPEHUNANBHBIX YPABHEHUS:

n

"oy = G,
Yy — " ey = Co, (13)
(Crz 4 Co)w ™ + Crnwl™ — f(w) =0,
rne Cl Hu Cz—l'lpOl/l?.BOJ]beIC ocTossHHble. Pelnenus JABYX NEPBbLIX ypaBHCHHﬁ HUMEKOT BU
S
Cl

Otu bopmyasl BMecTe ¢ nocaeaHuM ypasHenuem (13) maior aBromoaensHoe pewenue suaa (10).

o= (Cint + Cs)Y™, = Cy(Cint + C3)/™ —

o0 3adauu u ynpasxcrenusa K pa3o. 5.2.1
Huoice pynkyuu f, g, h nooneacam onpedenenuro.

1. Haiitu peienus ¢ pyHKUMOHAIbLHBIM Pa3A€NEHUEM IEPEMEHHDIX CIIELMAILHOTO BU/IA HENUHEHHOTO
YPaBHEHHsI NEPBOrO MOPsIKA:

w = f(w)wz + g(w).

Vkasanue. Pelnenus uckarb B BUae

a) w=w(z), z=¢p(t)r+Y(t),

b) w=w(z), z=p(x)t+Y(z).
2. Halitu pewenus ¢ GyHKUMOHANBbHBIM Pa3eIeHUEM EPEMEHHBIX CNIELIHANbHOIO BUA HEIMHEIHOrO
YPaBHEHHsI NEPBOTO NOPsAAKA:

_ 2

wy = f(w)wz + g(w).

VYkaszanue. Pemenus vckatb B BUje

a) w=w(z), 2= @)z + (1),

b) w=w(z), z=p(t)z?+ P(t).
3. Iloapo6HO paccMOTPETb M NPOAENATh BCE HEOOXOAMMbIE BbIKJIAAKM B NpUMEpax 2-5.

4. Haiitu pewenue tuna o6o01eHHol Geryleii BonHbl HETMHEWHbIX YPaBHEHUH:
a) w = [f(w)we]e + g(w)ws,
b) we = [f(w)we]zs + g(w)wz + h(w).
Vkaszanue. Pewenus uckarb B Buae w = w(z), rae z = @(t)x + ¥(t).
5. Haiitu pewuenue Tuna 060061eHHO# Geryieil BOMHbI HEMMHEHHOro ypaBHEeHHs TENIONPOBOAHOCTH:
wy = [f(w)w]z + g(w).
Vkasanue. Pewenne uckarb B Buge w = w(z), rae z = p(t)z + ¥(t).
6. Haiitu pewienus tuna 060061eHHOl Geryiueii BoaHbl HEMMHEHHBIX yPaBHEHUH TPETHEro NOpsAKa:
a) wt = f(w)Wzzz +g(w),
b) wy = f(w)wa:xa: + g(w)wz,
©) we = [f(w)wzz]z + g(w),
d) we = [f(w)wes]e + g(w)ws.
7. Haiitu pelienus ¢ pyHKLHOHANBHBIM Pa3IeEHHEM NEPEMEHHbBIX CNIELMANBHOrO BUJAa HETMHEHHBIX
YPaBHEHUH TEMIONPOBOAHOCTH:
a) wy = [f(w)wz]s + g(w),
b) w =27 "[2" f(w)wz]z +g(w),
C) Wi = QWgz + bzwe + f(w).
Viazauue. Pewenus uckats B uae w = w(z), rae z = p(t)x? + ¥ (t).

@ Jumepamypa k pazd. 5.2.1: A. JI. Ilonanun, A. U. XKypos (1998, 2002), A. A. IlonsaHu~,
B. ®@. 3aiiues (2002), A. D. Polyanin (2002), A. D. Polyanin, V. F. Zaitsev (2004).

5.2.2. PeweHHe nyTeM CBeA€HUS K YyPpaBHEHUAIM C KBaApPaTUUHOW HEAMHEWHOCTbIO

B psane cnydaeB mouck pemieHus B Buie (1) ymaercs mpoBecTH B JABa dTana.
CHauvana uniercs npeoOpa3oBaHue, CBOIIEE HCXOJHOE YPAaBHEHHE K YPABHEHHIO C
KBaJIpaTUYHOM (MHOTA CTENeHHOMH) HEMMHERHOCTBI0. 3aTeM pellieH e MOTyYeHHOTO
yPaBHEHHS HILETCS METOAaMH, ONHCAHHBIMHU B pa3n. 4.3-4.6.



5.2. Pewienus ¢ (pyHKYUOHANbHBIM PA30ENEHUEM NEPEMEHHBIX CREYUANbHOZ0 8UOd 79

YpaBHCHI/I}I C KBa,upaquOﬁ HEJIMHEHHOCTHIO MHOIIA YAA€TCA NOJYYUTH C IIO-
MOIILIO MOJICTAHOBOK BUJA w = F (Z ) Haunbonee pacripOCTpaHEHHBIC NMOACTAHOBKH
HUMCIOT BU:

w= 2" (oISt ypaBHEHHIA CO CTEMEHHON HETHHEHHOCTBIO),
w= Alnz (ans ypaBHEHHl C SKCIOHEHIIHATHHON HETUHEHHOCTHIO),
w = e (n1st ypaBHeHHi ¢ TOrapupMUYECKO# HETMHEHHOCTHIO),

rae A— NOCTOSHHAs, MOAIeKallas ONpeAeIeHHI0. YKa3aHHbIA MOAX0 ] SKBUBAJICH-
TEeH anpuOpHOMY 3aiaHui0 BuAa QyHkuuu F'(z) B BepaxeHuu (1).

Ipumep 9. HenuueiiHoe ypaBHEeHHE TENIONPOBOAHOCTH C HCTOYHUKOM Jorapudmudeckoro Tuna

ow _ a 3w

ot Oz?

3aMeHol w = e CBOUTCA K YPaBHEHHUIO C KBaLlpaTl/l"lHOi’ll HEJIMHEHHOCTBIO

oz 92z oz 2
B~ Yo “(a) + )z,

+ f(H)wlnw

KOTOpOE J0MYCKaeT TOYHOE pellieHUe ¢ 0000LIECHHbIM pa3/ieJeHHEM NEPEMEHHBIX BUAA

z = 1(x)P1(t) + p2(x)2(t) + P3(t),

e pi(z) = z%, p2(x) = x, a byHkuun tx(t) ONMCHIBAIOTCS COOTBETCTBYIOLIEH CHCTEMOI
OObIKHOBEHHbIX M(pdepeHLMaNbHbIX YPaBHEHHUI.

MHoOro HenHHEHHBIX YPaBHEHHH Pa3IHMYHOTO THUIIA, CBOASAIIMXCS C MOMOIIBIO
NOAXOMAIIMX NMpeoOpa3oBaHUil K ypaBHEHMSAM C KBAJPAaTHUYHOH HEITMHEHHOCTBHIO,
OIHCaHO B IUTHUPYEMOH HUXKE JIUTEpaType.

o8 3aoauu u ynpaxycnenus K paso. 5.2.2

1. Haiitu pewenns ¢ GyHKUHOHANbHBIM pa3JeNEeHUEM NEPEMEHHBIX YPABHEHHI TENIONPOBOAHOCTH
CO CTENEeHHOH HEIMHEHHOCThIO:
1—
a) we = (wsz)z + aw k,
b) wi = (wrws)s + aw + bw' 7k,

— (oK 14k 1-k
¢) wy=(wWwg)e+aw T +b+cw ",
Vka3zanue. PaccmaTpuBaeMble ypaBHEHHUS 3aMEHON U = w

HEJIMHEHHOCTBIO.

k CBECTH K YPABHCHUSAM C KBaLlpaTl/l"lHOFl

2. Halitu pelenus ¢ pyHKLMOHaNbHBIM Pa3AENIeHHEM NIEPEMEHHBIX YPABHEHUH TEIIONPOBOAHOCTH C
norapupmMuyecKoil HETMHEHHOCThIO:

a) Wi = Wer +awlnw+b,

b) Wy = Wry + awW 1112 w,

¢) wi = Wz +awln®w+ bwlnw + cw.

Vkaszanue. PaccmatpuBaeMble ypaBHEHHs 3aMEHOM W = e CBECTH K yPaBHEHUSM C KBaJAPAaTHYHOIM
HEJMHEHHOCTBIO.

3. Haiitu pewmenus ¢ GpyHKUMOHANBbHBIM Pa3eaeHUEM NEPEMEHHBIX YPAaBHEHHUI TEMIONPOBOJHOCTH C
9KCMOHEHLHAIbHON HENMHEHHOCTbIO:

a) wi = (eMwy). + a,

b) wi = (e*wz)s + a+ be™ Y,

¢) w = (eMwz)s +ae*” +b+ce M.

VYkaszanue. PaccmaTtpuBaemble ypaBHEHHs 3aMEHON u = e
HOW HEJIMHEHHOCTBIO.

Aw CBECTH K YpaBHEHHUAM C KBaJapaTuy-

@ Jumepamypa k pa3o. 5.2.2: B. A. Ianaxtuonos, C. A. Ilocawkos (1989, 1994), V. A. Galak-
tionov (1995), V. A. Galaktionov, S. A. Posashkov, S. R. Svirshchevskii (1995), A. D. Polyanin,
V. F. Zaitsev (2004).
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5.3. Metoa anddepeHumpoBaHua

5.3.1. OcHOBHblIe UAeH MeToAA. PeAyKUMA K ypaBHEHHUIO CTaHAAPTHOrO BUAA

B ofmem cnyuyae mnoiacraHoBka BhlpakeHHs (1) B paccMaTpuBaeMoe HeNH-
HEWHOE ypaBHEHHE C YaCTHBIMH IPOH3BOJHBIMHM IPUBOIUT K (YHKIHOHAILHO-
IuddepeHIaIbHOMY YPaBHEHUIO C TpeMs apryMeHTaMHM (IepBble 1Ba apryMeH-
Ta— T U Yy — OOBIYHBIE, @ TPETUH apryMeHT — 2z — CIOXHEIH). Bo MHOrmx
Cllydasx IMOJIyYeHHOE YpaBHEHHE MeTonoM IuddepeHIMpOBaHHS YAAETCA CBECTH
K QYHKIHOHATBHO-TUPPEepeHIHATFHOMY YPAaBHEHHIO CTAHAAPTHOTO BHIA C IBYMS
apryMeHTamMu (MCKJIIOYaercs MepeMEeHHas T WM y). s pelneHus ypaBHEHHS C
JIBYMSI apryMEHTaMH HUCMOIB3YIOTCS METO/bI, ONUCAHHBIE B pa3a. 4.3—-4.6.

5.3.2. MpumMepbl NOCTPOEHHUA peLleHHH ¢ GYHKUMOHAAbHBIM pa3peneHHeM
nepemMeHHbIX
PaccMOTpuM KOHKpETHBIE NPUMEPHI HCHOIB30BaHHUA MeTona nuddepeHIpoBaHus
JUISL TIOCTPOEHUS TOYHBIX PELIEHHH HETHHEHHBIX ypaBHEHHH C (YHKIHOHATBHBIM
Pa3saciICHUEM IEPEMECHHBIX.
IIpumep 10. PaccmoTpuM HenuHEHHOE ypaBHEHHE TEMJIONPOBOIHOCTH

ow o [f(w) 8w].

- - = adl 14
ot or or (14)

Hiem TouHble pelueHus Buaa
w=w(z), z=¢()+Y(t) (15)
Moacraeum (15) B (14). Iocne nenenus Ha w, noayuyum QyHKUMOHANbHO-AUD(EPEHLUATLHOE

ypaBHEHHE C TPEMsl EPEMEHHBIMU
Wi = i F(w) + (92)" H(2), (16)

rae
w! ,

H(z)=f(w)ﬁ+}'z(w), w = w(z). (17)

Juddeperunpys (16) no x, umeem
PleeF(w) + 0opialFL(w) + 2H(2)] + (¢4) HL = 0. (18)

310 dyHKUMOHANbHO-AM (D hEPEHLIMAIBHOE YPaBHEHHE C ABYMS NEPEMEHHBIMU MOXKHO pacCcMaTpHBaTh
Kak (yHKLMOHanbHOe ypaBHeHue (58) u3 pasa. 4.5, KOTOpoe UMEET iBa pa3IMuHbIX peieHus. [loatomy
HaJl0 PacCMOTPETb JBA Clyuas.

Cayuaii 1. Pewenns ¢dynxunoHanbHo-auddepeHunanbHoro ypasuenus (18) onmpeaenstorcs us
CHCTEMbI OOBIKHOBEHHbBIX AU (hEPEHLNANIBbHBIX YPaBHEHUIH

F.+2H =2A\F, H,=AF,
Prre + 2410000, + As(¢})* =0,
rae A1 v Az — NpPOU3BOJIBHBIE MOCTOSHHBIE.
IepBbie ABa ypaBHeHus (19) nuHENHBI U HE 3aBUCAT OT TPEThEro ypaBHeHus. Mx obluee pelenue
MMEET BUJL
e1%(B1e** 4 Bae™*?) npu AZ>2A4,,
F={ e**(Bi1+ Bsz) npu A}=24, H=AF-3F. k=4/|A}-24,]
e1?[B; sin(kz)+ Bacos(kz)] npu A?<2A,,

(19)

(20)
INoacraBum Bblpaxenue ans H u3 (20) B (17). [lonyuum anddepenunansHoe ypaBHeHHE ANs
onpeaenenuns GpyHxkumn w = w(z). B pe3ynbrare MHTErpUPOBaHUS HMEEM

w=C1/6A12|7(z)|_3/2d2+02, @n
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rae C1 u Cy —npousBonbHble noctosHHbie. @opmyna (20) ana F BMecte ¢ BbipaxenueM (21) 3apator
3aBucumoctb F = F(w) B mapameTpuueckoil Gpopme.
Paccmotpum noapoGHee cayuail A2 = 0u Ay # 0 (k= |A1]). U3 dopmyn (20) 1 (21) nonyuum

F(z) = Bie®* + By, H = A B,

_ _ (22)
w(z) = C3(B1 + Bae >*17)7Y2 4 0y (C1 = A1B:Cs).
Hcknroyas z, umeem
B,C3
= , 23

Ilepebiii uHTerpan nocneasero ypapuenus (19) npu Az = 0 umeer Bua ¢y, + A1 (p,)? = const, a
ero obluee peleHre OMUCHIBAETCs HopMynamu

1 D 1
<p(w) 2A1 n[ D1 ShQ(A1VD2I+D3) ] P v 22
o(z) = — LI DY ! mpu D1 >0, D2 <0; (24
24, D, cos?(A,\/—D,yz+ D)
1 D 1
——_ In|l-Z=2 D, <0, Dy >0
¢(z) 24, n[ D, ch?(A,/Dyz+ D3) ] e < B2 20

rae D1, D2, D3 —nocTosHHble HHTErpupoBaHus. Bo Bcex Tpex ciyuyasx BbINOIHAIOTCS COOTHOILEHHUS
(¢h) = D1e™>M1% 4 Dy, lf, = —A1Die M%), (25)
INoactaBum BelpaxkeHus (22) u (25) B ucxonHoe QyHkLUMOHaNbHO-IU(dEPEHIMaTIbLHOE YpaBHe-
uue (16). YuutbiBas Bua nepemerHoi z (15), nonyuum ypaBHenue aas GyHkuuu 1 = (t):
Yy = —A1B1 D11 + A1 By Ds.

Hurerpupys, HaxoauM pelleHre
D
w(t) = = 2Dy

——1In 26
2A,  D,exp(—24}B,Dyt) + B, D, ’ (26)

rae D4 — npou3BonbHas NOCTOSHHAS.

Dopmyansl (15), (22) (nns w), (24), (26) onpepensioT TpH pelleHUs HeNMHEHHOro ypaBHeHus (14)
¢ pynxumert F(w) Buaa (23) [HanOMHHM, YTO 3TH PELIEHHUs COOTBETCTBYIOT YaCTHOMY ciyyaro Az =0
B (20) u (21)].

Cnyuaii 2. Pewenus ¢yHkunoHanbHo-audpdepeHunansHoro ypaBHenus (18) ompenenstorcs us
CHCTEMbI OObIKHOBEHHbIX A depeHLManbHbIX YpaBHEHHU

e = A1(95)°,  Phpis = Aa(ph)®,

) ) 27
AF+ Ay(F,+2H)+ H, =0.
IepBbie nBa ypaBHEHHs (27) COBMECTHbBI B ABYX Cly4asx:
A1 =A4A,=0 = ¢(z)=Biz+ Bs,
28)

1
Ay =243 = ¢(z) = ———In|Biz + Ba|.
2

IlepBoe pelieHue B (28) B KOHEYHOM MTOre NMPUBOAMT K pPELlEHUIO ypaBHeHus (14) tuna Oerywieit
BoHbl w = w(B1z + Bat), a BTOpOE pelleHHe — K aBTOMOAEAbHOMY PELICHHIO Biaa w = Ww(x%/t).
B stux cnyuasx ¢pyHxuus F(w) B ypaBHeuuu (14) npousBonbHa.

3ameuanue. bonee O6l.].lCC HeJMHelHoe YpaBHEHHUE TEIUIONPOBOAHOCTH

TaKKe umeet peuienue Buaa (15). Jns uckombix dyHkumii () 1 ¥ (t) npuxoanm K GpyHKUHOHANILHO-
anddepeHLanbHOMY YPaBHEHHUIO C TPeMsl He3aBHCHUMBIMH [IEPEMEHHbBIMH

Ui = i F(w) + (¢7) H(2) + G(w) /w,

6 A. Jl. [lonsaxun, B. ®. aiiues, A. 1. XKypos
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rae dyHkuus H(z) onpepensercs no dopmyne (17). QuddepeHunpys nocneaHee paBeHCTBO MO I,
HOJYYUM

111

Ol F(w) + Qe @ia | Falw) 4+ 2H(2)] + (05) > HL + 04 [G(w) /wh], = 0.

310 GyHKUMOHANBHO-AUGDEPEHLMANLHOE YPAaBHEHUE C AByMs HE3aBUCUMbBIMU MEPEMEHHBIMU MOX-
HO TPAaKTOBaTh Kak OWIMHEHHOE (yHKUMOHAnbHOE ypaBHeHue (60) u3 pasa. 4.5 ¢ &1 = .,

®s = @orar B3 = (¢;)°, Ba = ¢}
[Ipumep 11. PaccmoTpum HenuHeliHoe ypaBHeHue Knelina—I'oprona

?w ?w

Hiem TouHble pelueHus B BUAE
w=w(z), z=p@)+Y(). (30)
Ioacraus BoipaxeHue (30) B (29), nonyuum
bit — Prx + (WD — (02)"] 9(2) = h(2), 31
rae
9(2) = wi/wl, h(z) = F(w(2))/w. (32)

[poauddepenunposas ypasHenue (31) cHayana 1o ¢, a 3aTeM 10 T ¥ Pa3NENUB HA ;) , UMEEM
2 — ra) g% + [(W1)7 — (¢2)°] g% = hL..
Uckniouas gy — @l U3 3TOr0 ypaBHeHHs ¢ nomolnpio (31), nony-mm
[(¥0) = (#2)°] (9% — 299%) = R, — 2g.h. (33)

3TO paBEHCTBO MOXET BbIMNOJHATLCA TOJILKO B ABYX Clyyasx:

1) g..—299.=0, h7.—2g:h=0;

2) (¥1)°=AY+B, (¢-)°=—-Ap+B-C, hl.—2¢.h=(Az+C)(g7.—299%),
rae A, B, C— npou3BoabHble NOCTOSIHHbBIE. PacCMOTPUM 3TH Cllyyau MO MOPAAKY.

(34

Cnyuaii 1. Iepsble aBa ypaBHenus (34) no3sonsot Haiiti g(z) u h(z). UnTerpupys, u3 nepsoro
ypaBHeHus umeeM g, = g> + const. MuTerpupys nanee, nonyuum

g=k, (35a)
g=-1/(z+C), (35b)
g = —kth(kz + C1), (35¢)
g = —kcth(kz + C1), (35d)
g = ktglkz + C1), (35¢)

rae Ci u k— npou3BOJIbHbIE NOCTOSHHBIE.
Bropoe ypasuenue (34) umeer uyactHoe pewenue h = g(z). Iloaromy ero obiiee pewieHue
onpeaensercs no ¢opmyne (B. ®. 3aiiues, A. J. [Tonsxun, 2001 a)

dz
h = Cag(2z) + Csg(= /—, (36)
(2)+ Cogla) [ e
rae Co U C3 — NPOU3BOJbHBIE MOCTOSHHbIE.

U3 cootHowenuit (32) onpenenstoress Gpyuxunu w(z) u F(w) B BUge

w(z) = By / G(2)dz + Bs, F(w) = Bih(2)G(2), me G(z) = exp [ / 9(2) dz], 37)

B1 v By —npou3BonbHble NOCTOAHHbIE (PyHKuUMs F 3a/laHa B NapaMeTpUyeckoi popme).
HUccnenyem noapobuee cny4vaii (35b). Cornacto (36) Haxoaum

A
h=A C1)? 2 3
1(z+ 1)+z+cl, (38)
rne A, = —Cs/3, As = —C> —mo6ble. [loacrasnss Buipaxenus (35b) u (38) B (37), nonyuum

Ay By

w=B11n|z+C'1|+Bg, F = AIBI(Z_'_CI)—FW
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TABJIMLA 3
HenuHeliHble ypaBHEHUS Wit — Wzy = JF (W), AONYCKAIOLIME TOYHBIE PELLEHHUS C
GbyHKUMOHANLHBIM pa3jeNeHueM [epeMeHHbIX Buaa w = w(z), rae z = o(x) + ¥(t)

Ne INpaBas 4acth ypaBHeHus F(w) Pewenne w(z) YpasHenus 1s (t) u o(x)

W)2=Cre” ¥ +ayp—Latb+A,
(¢p)?=Che % —ap+Fa+A

(¥1)? =2ap + AY> + C 9+ Gy,
(05)? = =209+ Ap® — Cyp+Cy+b
W) =Cre?¥ 4+ Coe W+ b+ a+ A,
()2 = —Cye?® — cle-%’ —bp+ A
(W)= C1e?¥ + Coe™ ¥ — by +a+ A,
(0= 02e2W+01e'2*°+ab<p+A

1 aw In w+ bw e?

2 ae® +be~ 2w In |z|

3 asinw+b(sinwlntg%+23in%) 4arctg e®

4 ashw+b(shwlnth%+2sh%) 21n|cth§’

()2 =C, sin 29+ Cycos 2+ obip+a+ A,

w z
5 |ashw+2b(shwarctge®/2+ch — 21n|t —|
( & 2) ’ €3 (¢h)2 = —C, sin 2+ Cycos 2 — abp+ A

O6o3nauenus: A, C, Cy — NPOU3BOIBHBIE NOCTOAHHbIC; 0 =1 npu 2 >0, 0 = —1 npu 2 <0

Hcknroyas U3 3TUX COOTHOLLEHUH z, HAXOAUM sIBHbII BUA MPaBOW yacTu ypaBHeHuUs (29):
-2 w— B
F(w) = AiBie" + AsBie™ ™, e u= TQ (39)
1
Jns Harnsadoctu aanee nonaraem C; = 0, By = 1, B2 = 0 v BBeaeM o6o3HayeHus A; = a, Az = b.
Takum o6pa3om, umMeeM

w(z) =Inlz|, F(w)=ae* +be*, g(z)=-1/z, h(z)=az’+b/z (40)
Ocranocs onpenenuts GyHkuuu ¥ (t) u @(x). [loacraBum Buipaxenus (40) B GpyHKUMOHANIBLHO-

nddepeHunanbHoe ypaBHenue (31). YuurbiBas 3aBucumoctb (30), mocne anemMeHTapHbIX npeobpa-
30BaHUi NONYyYUM

i — (¥0)° = 0y’ = ] = [pfap = (£5)” + ap’] + (¥1t — 309 ) — (s +3ap®) = 0. (41)
Juddeperunpys (41) no ¢ v x, NPUXOAMM K YPaBHEHHIO C Pa3AeNsAOLIMMUCS NEPEMEHHbIMU*
(Whir — Baypy) @y — (Prze + Bapy )i =0,
pELLEHHE KOTOPOro ONMCHIBAETCS aBTOHOMHBIMM OOBLIKHOBEHHbIMH AM(depeHLanbHbIMH YPaBHEHHU-

AMH 111 / /
Yy — ba)y = Ay,
111

Prea + 6000y = Apg,
rae A — xoHcraHnra pasaenenus. Kaxaoe u3 aTux ypaBHEHUH MOXHO /1Ba pa3a NPOMHTErPUPOBATD:
(11)° = 2a9® + AY® + Crep + Co,
(%) = —2a¢° + Ap® + Csp + Cu,
rae Ci, Cs, Cs, Cy — npou3sBonbHble noctosHHble. Mckirouas ¢ nomoubio (42) nmpou3BoaHble U3
ypaBHeHus (41), Haxonum cBs3u Mexay koHcraHtamu: Cs = —Cp, Cy = C + b. Takum o6pasom,

byHkunn (t) v ©(x) ONUCHIBAIOTCA aBTOHOMHBIMM YPaBHEHUSIMM [1EPBOrO MOpAAKa C KyOHYecKoi
HEJIMHEHHOCTbIO

42)

(¥1)? = 2ap° + AY® + Cr9p + Cs,
(0h)? = —2a¢® + Ap® — Cro+ Ca + b.
PeuieHus 3TUX ypaBHEHHH BbIPAXaIOTCs Yepe3 dIMOTHYECKUE DYHKLHH.

Jns ocranbHbIX caydaeB B (35) ucciaenoBaHue MPOBOAMTCS aHANOTMYHbIM 0Opa3oM. Pesynbrarsl
aHanu3a s cay4daeB (35a)—(35e) cBeaeHb! B UTOroBO#t Tabu. 3.

* Jins pelieHus ypaBHeHUs (41) npolue BCero MCMOAb30BaTh PE3y/bTaThl PeLieHHs (YHKLMOHATb-
Horo ypaBHeHus (60) u3 pasa. 4.5 [cM. dopmyasl (61)—(62)].

6*
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TABJIMLA 4
HenuueiiHble ypaBHEHH Wer + Wyy = F(w), AOMYCKAIOLME TOYHBIEC PELICHUS
¢ byHKUMOHANBHBIM Pa3feneHHeM NepeMeHHbIX BUaa w = w(z), rae z = o(z) + P (y)

Ne INpasas uactk ypaBHenus & (w) Pewenne w(z) YpasHenus ps o(z) u P(y)
()2 =Cre™??+ap—ta+b+A,
1 awInw+bw e? 19 o 1
() =Cse Y4ay— za—A

(‘P;)Q =2ap>+ Ap®+ Crp+Cy,
(¥})? =2a9® — AY*+ C19p— Cy—b
(#7)? =C1e*? +Cpe™ P +bp+a+ A,
(W)? =Coe®™ +Cre™ ¥ +byp— A

2 ae¥ + be~ 2w In |z|

3 asinw+b(sinwlntg%+28in %) 4 arctg e®

(¢h)2=C1e*P 4+ Coe™ 2P —abp+a+ A,

w w z
4| ashw+b(shwlnth —+2sh — 21n|cth —
( 4 2) ’ 2| (¥})? = —Cye®™ = Cre™ ¥ —aby— A

(¢%)?=C, sin 2+ Cyco8 2+ obp +a+ A,

w z
5 |ashw+2b(shwarctg e®/2+ch — 2ln|tg —
( & z) |g2‘ (¥1)? = Cy sin 29— Cy cos 2+ obp — A

O6o3Hauenus: A, C;, C', — Npou3BONbHbIE NOCTOSAHHbIE; 0 =1 npu 2 >0, 0 = —1 npu 2 <0

Cayuaii 2. Unterpupys nepBble 1Ba ypaBHeHus (34) (11s Broporo cayuas), MMeeM ABa peLieHUs:

¥ =+VBt+ D, o=+VB—Ct+ D npu A= 0;
1 > B 1 s B-C ) (43)

rae D1 v Dy — npousBosbHble nOocTosiHHble. B oboux cnyuasx ¢yskuus F(w) B ypaBHeHuu (29)
sBnsercss npousBonbHOW. IlepBoe pewenue (43) COOTBETCTBYET pELICHHMIO THMA Oeryuieil BONHbBI
w = w(kz + At), a BTOPoe NPUBOAMT K pelueHHIo Buaa w = w(z> — t2).
Ipumep 12. Henunelinoe ypaBHeHue TennonpoBoaHocTH (nuddysum)
Pw | dw
ox? y?
MCCIENYETCs TOYHO TaK JKe, Kak M HeauHelHoe ypaBHeHue Kneiina — 'opnona (cMm. mpumep 11).

OCHOBHbIE pe3ynbTaThl MPUBEACHB! B UTOrOBOH Tabil. 4 [omylueHbl pelneHue THna Geryuieil BOJHbI
w = w(kx + \t) u pewenne Buna w = w(z> + y?), koropsle nmerorcs ans moboit F(w)].

= F(w)

o8 3aodauu u ynpasxcuenusn K paso. 5.3

1. Haiitu peluenus ¢ GyHKUMOHANBHBIM Pa3AENECHUEM IEPEMEHHBIX HEIMHEIHBIX YPaBHEHUI IEPBOro
nopsjka:

a) wy = f(w)wg +g(w),

b) we = f(w)ws + g(w),

©) wi = f(w)wz +g(w).

Vkazanue. Pewenus uckatb B Buae w = w(z), z = ¢(x) + ¥(t).
2. Haiitu pewenus ¢ GpyHKUMOHANbHBIM Pa3eICHUEM NEPEMEHHbBIX HEIMHEHHBIX YPAaBHEHUIT TEIIO-
NPOBOAHOCTH:

) wi = [f(w)wz]z + g(w),

b) ws = [f(w)wz]z + g(w)w..

Vkasanue. Pewenns uckats B Buge w = w(z), z = @(x) + 1(t) (ans nepBoro ypaBHeHUs CM.
TaKXKe 3aMeyaHue B KoHLe npumepa 10).

3. Haiitu pewenus ¢ GpyHKUMOHAIbHLIM Pa3AENEeHUEM NEPEMEHHbIX HETMHEHHbIX yPaBHEHUH TeMo-
NPOBOAHOCTH:

a) wy =2z "[z" f(w)we]e,

b) wy =z "[z" f(w)wz]s + g(w).

Vkazanue. Pewenus uckats B Buae w = w(z), z = p(x) + ¥(t).
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4. Haiitu pewienus ¢ GpyHKUMOHANbHBIM Pa3/eeHUEM MEPEMEHHBIX HENMHEHHbIX YpaBHEHHWil mapa-
Gonnueckoro Tvna:

a) wy = [f(w)wz]z,

b) w: = [f(w)wr]: + g(w).

Vkasanue. Pewenns uckarb B Buae w = w(z), z = ¢(x) + ¥(t).
5. Haiitu pewenus ¢ GyHKUHOHATIBHBIM Pa3AeieHUEM NEPEMEHHbIX HENMHEHHBIX YPABHEHUI runep-
Gonnueckoro Tvna:

a) way = f(w),

b) wey = wewy f(w),

©) Wiy = wy f(w),

Vkasanue. Pewenns uckarb B Buae w = w(z), z = ¢(z) + ¥ (y).

@ Jlumepamypa k pa3d. 5.3: A. M. Grundland, E. Infeld (1992), J. Miller (Jr.), L. A. Rubel
(1993), R. Z. Zhdanov (1994), B. K. Auapees, O. B. Kanuos, B. B. [lyxHaues, A. A. PoauoHos
(1994), P. W. Doyle, P. J. Vassiliou (1998), P. G. Estévez, C. Qu, S. Zhang (2002), A. [. [TonsiHuH,
B. @. 3aiiues (2002), A. D. Polyanin, V. F. Zaitsev (2004).

5.4. Metoa pacwenneHus. PeayKkuua K yHKUMOHAAbHOMY
ypaBHEHUIO C ABYMSA NepeMeHHbIMH

5.4.1. Metoa pacwenneHuA. Peaykuua K GyHKLMOHAALHOMY YpaBHEHUIO
CTaHAQpPTHOrO BMAQ

O6u1as nmponenypa NOCTPOEHHUS TOUHBIX PELIeHUH ¢ QYHKIHOHAIBHBIM pa3eeHH-
€M IepEeMEHHBIX, OCHOBAaHHAs HAa METOJAE PAaCILICIICHHS, COCTOUT U3 HECKOJIbKHX
9TaNoOB, KPaTKO OIHCAHHBIX HUXKE.

1°. Beipaxxenue (1) moacraBisercs B pacCMaTpHBaeMOe HEIUHEHHOE YpaBHe-
HHE C YacTHHIMH NPOU3BOIAHBIMH. B pesynbrate momydaercs (yHKIHOHAIBHO-
muddepeHIanbHOe ypaBHEHHE C TpeMs apryMeHTaMH (TIepBbIe Ba apryMeHTa —
Z U Yy — OOBIYHBIE, @ TPETHH apryMEHT — z — CJIOXKHBIHN).

2°. OyHKUMOHATBHO-THGGEPEHIMATFHOE YPaBHEHHE C TIOMOIIBIO JIEMEHTAPHBIX
i depeHIHaNbHBIX NOACTAHOBOK (OCHOBAHHBIX Ha BBHIJETICHHH BEIHUYUH, COIEp-
JKaIUX HCKOMBbIE (PYHKIMH M HMX NPOU3BOIHBIE OJHOTO apryMeHTa) CBOAUTCA K
9UCTO QYHKIHMOHAIBHOMY YPaBHEHHIO C TPEMS apryMEHTaMH I, Y, Z.

3°. DYyHKUMOHAIBHOE YpaBHEHHE C TpeMs apryMEHTaMH MeToIoM IuddepeHIH-
POBaHHA CBOIOMUTCS K (YHKIMOHAIBHOMY YPaBHEHHIO CTAHIAPTHOTO BHAA C IBYMS
apryMeHTaMH (HCKJIIOYAeTCs MEepPEeMEHHas T MM y), KOTOPOEe pacCMaTpHBANIOCh B
pa3n. 4.2.

4°. Crpourcs pemieHne (yHKIHOHAIBHOTO YPaBHEHHS C IBYMs apryMEHTaMH H3
1. 3° (McnoNb3yIOTCS GOPMYIIBI, IPHBEAEHHBIE B pa3f. 4.5).

5°. IlonyueHHoe B m. 4° pelieHHe BMeCTe C HCIOJB30BaHHBIMH B 1. 2° mudde-
PEHIMAITBHBIMU MTOJCTAHOBKAMH 00pa3yeT cHcTeMy (OOBIYHO MepeoInpeieIeHHYIO)
OOBIKHOBEHHBIX AU depeHIHanbHBIX ypaBHeHHH. CTPOUTCS pEIeHHe 3TOH CHCTe-
MBI.

6°. Pemenue cucteMsl M3 M. 5° HOACTAaBIAETCA B HCXOMHOE (YHKIHOHAIBHO-
middepeHanbHOE YpaBHEHHE U3 I1. 1°. B pe3yrbrare onpenensoTcs CBI3H MEXIY
NOCTOSIHHBIMH MHTETPUPOBAHHS U HAXOIATCS BCE MCKOMBIEC BETUYHHEI.

7°. OTHENBbHO PacCMATPUBAIOTCS BO3MOJKHBIE BBIPOXKIEHHBIE CIIydaH (BO3HHKAIO-
IIMe NPU HapyIIeHUH UCMOIB30BAHHBIX MPH PELICHUH NPEANIOIOXKEHUH ).
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3amevaHne. Haunbonee clioxHOH sBISETCA TpEThA CTaauA, KOTOPYIO HE BCEraa
YAACTCA pCaJIn30BaTh.

Meton pacuierieHus CBOIMT pemieHue (GyHKIHOHATbHO-IU(depeHInaIpHOro
YPaBHEHHUS C TPEMS apTyMEHTaMH K PEIIEHHIO YHCTO (PyHKIHMOHATBHOTO YPaBHEHUS
C TpeMs apryMeHTaMH (IIyTe€M €ro CBEICHHS K CTaHIAPTHOMY (YHKIHOHAIBHOMY
YPaBHEHHUIO C ABYMS apryMEHTaMH) U PEIICHHIO CHCTEMBI OOBIKHOBEHHBIX TUdde-
pEHIMAIbHBIX YPaBHEHHH, T. €. HCXOJHAs 33/1a4a PachagaeTcss Ha HECKOIBKO Oomnee
npocThIX 3axa4. [IpuMepsr nocTpoeHHs peleHni ¢ QyHKIHOHATBHBIM pa3eeHHeM
IIEPEMEHHBIX METOJIOM PaCUICIUIEHHS PACCMOTpPEHBI B pasm. 5.5.

5.4.2. OyHKUMOHAAbHbIE YPaBHEHUA C TPEMA apryMeHTaMu cneuyManbHOro BUAQ

IloacranoBka BBIPDAXXCHUSA

w=F(z), z=p(@)+¢(y)

B HEIMHEHHbIe YPABHEHUS C YACTHBIMHU NMPOM3BOAHBIMH BO MHOTHX CIIy4asiX PUBO-
IHT K QYHKIHOHANBHO- U} depeHInaIbHbIM YPaBHEHUSM BUIA

D1 (2)¥1(y, 2) + Po(2)Pa(y, 2) + - - - + Pu(z) Vi(y, 2) +
+ Wrt1(y,2) + Viya(y,2) + -+ Un(y,2) =0, (44

rae ¢pynximonans! ®;(x) n U;(y, z) 3aBHCAT COOTBETCTBEHHO OT NEPEMEHHBIX T H
Y, 2t

(I)](x) = (I)] (QT»SO, QOQ:,SOZQ: ’ \Ijj(y, Z) = \IJ] (y»T/)»T/);,T/JZy»F, F;,Fé;) (45)

([laHHBIE BBIpaXXKEHHS COOTBETCTBYIOT YPAaBHEHHIO BTOPOTO MOPAAKA.).

Pemienne ypaBHenus (44) nemecooOpa3Ho MCKaTh METOAOM paciueruieHus. Ha
nepBoM dTarie OyaeM paccMaTpuBath (44) Kak YUCTO QYHKIIHOHATIBHOE YpaBHEHHUE,
0e3 ydera 3aBucumocrteii (45). [Ipexnonoxum, yro ¥ # 0. [logenum ypaBHeHHE
(44) va ¥ n nponuddepeHuupyeM 1o y. B pesynprare Noay4uM ypaBHEHHE TAKOTO
e BHJa, HO C MEHBIIMM YHCJIOM WIEHOB, colepxamux GyHKmmu D,

B (2) U (3, 2) + -+ B (@)U (3, 2) + U (g, 2) + -+ P (y,2) =0, (46)

@ 2 (En) |y 0 (Em)
roe ¥, 30 0, + Yy 22\, ) [Ipomomkast aHAJIOTHYHYIO MPOLENYpPY, B

HUTOT€ MOXHO INOJIYYHUTh YPAaBHCHHUE, HE 3aBUCAIECC ABHO OT I':

\Ijlgilfl-i-ll)(y7 Z) +oot \Ijgzk-i-l)(y? Z) =0, (47)

(k) (k)
k+1)_6<\11m> /6<\I/m>
rae Ul =—| 25|+, — )
m dy ‘I,gck) Y oz \I,gck)
VpaBHeHue (47) MOKHO pacCCMaTpUBAaTh KaK ypaBHEHHE C IByMS HE3aBHCHMbBIMH
niepeMeHHBIMH y ¥ 2. Ecin \Ilgfﬂ)(y, 2) =Qm(y)Rm(z) mascex m=k+1,...,n,

TO JUIA pelieHusl ypaBHEHHUs (47) MOXKHO HCIIOJIB30BaTh pe3yasTaTel pas. 4.2-4.5.

@ Jlumepamypa k pa3o. 5.4: A. J|. Ilonauux, B. ®. 3aiiues (2002), A. D. Polyanin (2002),
A. D. Polyanin, V. F. Zaitsev (2004).
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5.5. PelueHUA HEKOTOPbIX HEAMHEWHDbIX PYHKLMOHAABHbIX YPABHEHUW U
MX NPUNOXKEHUA B MaTeMaTUUeCKOU PU3uke

B sTOM paznene uccnenyroTcs HEKOTOphle (pYHKIHMOHATIBHBIE YPABHEHHUS C TPEMS
apryMeHTaMH, KOTOpHIE Yallle BCETO BCTPEYAIOTCSA NpH (YHKIHMOHAIBHOM pasje-
JICHHH NEPEMEHHBIX B HEIMHEHHBIX YPaBHEHHSAX MaTEMaTHYeCKOH (GH3HMKU. DTH
Pe3yIbTaThl HCIOJIB30BAHBI JUTS TIOCTPOCHHUS TOYHBIX PEIICHUH HEKOTOPBIX KIIaCCOB
HEJIMHEHHBIX YPaBHEHHH TEIUIONPOBOAHOCTH M TEOPHHU BOJIH.

5.5.1. dyHkumMoHanbHoe ypasHenue f(xz) + g(y) = Q(z), e z = p(x) + Y (y)
3meck omna u3 nByx GyHkumi f(x) u o(x) 3amaercs, a apyras MIUETCS; OfHA W3
nByx ¢yukumit g(y) u ¢ (y) 3amaercs, a apyras uiercs; GyHkuus (Q(z) uuiercs*.

Juddepenumpys ypaBHeHune mo x u no y, monyuum @, = 0. [loatomy ero
pelleHHe UMEET BHJI

f(z) = Ap(z) + B, g(y) = AY(y) —-B+C, Q2) =Az+C,  (48)

rne A, B, C'— npou3BoJIbHbIE TIOCTOSTHHBIE.

5.5.2. dyHkumoHanbHoe ypasHenue f(t) + g(x) +h(z)Q(z) + R(z) =0, me
z=¢(x)+ (1)
JubdepeHnypys ypaBHEHHE N0 X, IPHXOIUM K YPaBHEHHIO C IBYMs HE3aBHCHMBI-
MH apryMEHTaMH
9z + haQ + hpp Q' + W R, = 0. (49)
Takue ypaBHeHHs paccMaTpuBanmuch B pa3n. 4.3-4.6. IloaToMy HMeEOT MecTo

COOTHOUIEHHS [MX MOXHO NOJYYHTh TOcie nepeoboszHaueHmii u3 dopmyn (60)
u (61), npuBeneHHBIX B pa3a. 4.5]:

9y = Arhgl, + Arg,
h; = Aghgoéc + A430/x,
Q, = —A; — A3Q,
R, = —Ay — A4Q,
roe Ay, Ao, A3, Ay—ipou3BOIBHEIC NOcTOSHABIE. IHTerpupoBanue cuctemsl (50)
U TMOJCTAHOBKA MOJIyYEHHBIX PELICHHH B MCXOAHOE (YHKIHOHATBHOE ypaBHEHHE
JIaeT MpUBEJEHHBIE HIDKE PE3yIbTaThl.
Cnyuau 1. Pemenue GyHKIHOHAIBFHOTO YPaBHEHHS, COOTBETCTBYIOLIEE 3HAUeE-
uuio Az = 0 B (50):
f=-3A1A" + (A1 By + Ay + A4Bs)yp — By — By B3 — B,
9=3A1440" + (A1B1 + A3)p + By,
h = Asp + By, (1)
Q = —Alz + Bg,
R= %A1A422 — (A2 + A4Bs)z + By,

(50)

e p = p(x) u Y = 1(t) — npousBonbHble GyHKUNH, Ay, By — OPOH3BONBHbIC
IOCTOSHHBIE.

* B n0400HbBIX yPaBHEHHUSX CO CJ0XKHbBIM aPIYMEHTOM CUUTAETCs, YTO () 7 const u 1(y) # const.
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Cnyuaii 2. Pemienue (GYHKIMOHAIBHOTO YpaBHEHHS, COOTBETCTBYIOLIEE 3HAYE-
muro Az # 0 B (50):

_ Al A 1A
f=—BiBse A3¢+(A 1 4)’/’ By — By — A24,
9= AA—fleAl*‘p + (A A1A4 )go + Bs,
h = Byels® — ﬁ_ (52)
—Agz Ax
Q B?)e 3 A37
R= %e_‘%z + ( AAA" - Ag)z + Bu,
3 3

rae ¢ = @(x) u ¢ = (t) — npousBonbHbie GyHKIMH, A, By — NpOU3BOIbHEIE
NIOCTOSIHHBIE.
Cryuati 3. DYHKUMOHATBLHOE YPABHEHHE MMEET TAKKE BHIPOKIEHHOE PELIEHUE

f=A1Y+B, g=Ai1p+By, h=Ay, R=-A12—AQ— B, —B,, (53a)

rae ¢ = p(x), ¥ = Y(t), Q@ = Q(z) —npousBonbHbie pyHkuuu, Ay, As, By, Bo—
NPOU3BOJIbHBIE NIOCTOSHHbIE, M BRIPOXKIEHHOE PEIeHHEe

f=A1Y+B1, g=A1p+Ash+By, Q=—-Ay, R=—-A1z—B;—By, (53b)

rae ¢ = (), ¥ = P(t), h = h(zx) — npousBonbHbie pyHkimu, Ay, Ay, B,
By — npousBoabsHBIE MOCTOSHHBIE. BEIposkaennsie pemenus (53a) u (53b) MoxHO
MOJTYYUTh U3 HCXOTHOTO YpaBHEHHS U ero ciieacTBus (49) ¢ momonisio Gopmy (62)
u3 pasn. 4.5.

[Ipumep 13. PaccMOTpUM HECTaLMOHAPHOE YPAaBHEHUE TEIIONPOBOJHOCTU C HEIMHEHHBIM MC-

TOYHUKOM
ow %w

ot = a2 + F(w). (54

Hinem TouHble pelieHus Buaa
w=w(z), z=¢()+p). (5%)
Moacrasum (55) B (54). Iocne neneuus Ha w, NoayuuMm QyHKUMOHANbHO-AU((EPEHLMANLHOE
ypaBHEHHe
1
f
V= ol () e T,
wl z
IpencraBum ero B Buae GyHKLHOHAILHOTO ypaBHEeHus 5.5.2, rae
FO) = —v1, g(z) = ¢iar h@) = ()% Q2) =wi./wi, R(2)= f(w(z))/w.. (56)
Hcnonb3yem peluenust ypaBHeHus 5.5.2. IloacraBuB Belpaxkenus (56) nas g u h B (51)—(53),

[0J1y4UM [EPEONpPENEIeHHbIE CUCTEMbI YPABHEHHUI s onpeaeneHus GyHkuuu @ = ().
Cayuaii 1. Cucrema

P = %A1A4§02 + (A1B1 + A2)p + Bo,
(‘P;)Q = Asp + Bi,

nonydyeHHas u3 (51) u coorsercrsytowas 3HadeHuo Az = 0 B (50), UMeeT COBMECTHOE pELICHHE B
CIIENYIOIMX CAyYasX:

o =Ciz+Cy npu As = —A1C¥, Ay =By =0, B, = C},
p=142" +Cia+C> npu A1 = A =0, Bi =C} — A4C>, By = L Aq,

rae Ci u Cy — npou3BO/IbHbIE MOCTOSIHHBIE,

(57)
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[lepeoe pewenne (57) npu A1 # 0 COOTBETCTBYyeT npaBoil 4yactu ypasHeus (54), xoropas
COAEPXKHUT QYHKLIHMIO, OOPaTHYIO K HHTErpasly BEPOATHOCTEH [BUA NPaBOi YaCTH ONpPEEsIeTCs U3 ABYX
nocaeanux coorHouenui (51) u (56) nns @ u R]. Bropoe peuienue (57) cOOTBETCTBYET NpaBoii yacTu
ypaBHeuust (54) supa F(w) = k1w In w+ kow. B 06oux cnydasx nepsoe coorHowenue (51) ¢ yuerom
paBeHCTBa f = —1); MpeAcTaBaseT coboil NMMHEHOE ypaBHEHHE MEPBOro MOPSAKA C MOCTOAHHBIMH
ko3¢ duLEeHTaMH, PELIEHHEM KOTOPOro SBISETCA CyMMa SKCIIOHEHLMAIbHOW (GYHKLIMM U KOHCTAHTbI.

Cayuaii 2. Cucrema

AB; a AA
11
ol = L2101 Ase | (A2 - 1_4)¢+BQ,
Az Az
IN2 Azyp A4
(¢z)” = B1e™3%¥ — A
3
nony4ennas u3 (52) u coorBercreyomas Az # 0 B (50), ©MeeT COBMECTHOE pelIeHHE B CISAYIOIHMX
ciydasx:

p==+/ —A4/A31L’+Cl npu A2=A1A4/A3, Bi1=B>=0,
<p=—Ailn z|+C1 npn Ay=1A3}, Ay=As=B,=0, By=443% "1,
3

2

Q0=—A—3ln|COS(%\/A3A4ZL’+C1)|+C2 npu A1=%A§, A2=%A3A4, B2=0, A3A4>0,
2

<p=—A—31n|Sh(%\/—A3A4:L’+Cl)|+CQ npu A1=%A§, A2=%A3A4, B2=0, A3A4<0,

<p=—Ailn|Ch(%\/—A3A4:L’+Cl)|+CQ npu A1=%A§, A2=%A3A4, B2=0, A3A4<0,
3

rae C; u C — npou3BOJIbHBIE NMOCTOSHHbIE. DTH PEILEHHA COOTBETCTBYIOT NpPABOH 4acTH ypaBHe-
Hus (54), 3anaBaeMoii B mapamMeTpu4eckoii popme.

Cayuaii 3. BrlpoxaeHHbIM peiieHdsM ¢(yHKuMoHanbHoro ypasHeHus (53a) u (53b) coorser-
CTBYIOT PELICHHs] HEIMHEHHOrO ypaBHEHHs TEMIONPOBOAHOCTH (54) Tuna Oeryiueii BoaHbl [yHkuus
F(w)—npon3BonbHa] W pelleHus N1HeiHoro ypasHenus (54) ¢ ucrounukom Buaa F(w) = kiw+ks.

3ameyaHne. MOXHO HCKaThb Oonee CNOXKHbIE pelleHHs ypaBHeHUs (54) ¢ (yHKUMOHANbHBIM
pasjefeHHeM BHAA
w=w(z), z=¢¢)+y(t), {=z+at
INoacraHoBKa 3THX BbIpaXKeHUil B ypaBHeHUE (54) TakxKe NPHUBOAUT K (YHKLIMOHAILHOMY YPaBHEHUIO
5.5.2, B KOTOPOM & Hajl0 NepeobO3HAUUTb Ha & U NOJOKHUTb

F6) = v, 9(&) = i —apl, hE) = (¢)’, Q(2) =wl./wl, R(2)= f(w(z))/w.
JanbHeinas npouesypa NOCTPOEHHUS pELICHU NPOBOAUTCA TakK Xke, kKak B npumepe 13.
IMpumep 14. AunanoruyHsiM 06pa3oM paccmarpuBaeTcs Gosee oblliee ypaBHEeHHE

ow w Sw
el a(z) 57 + b(w)g + F(w), (58)
KOTOpOE BCTPEYaeTCs B 33Jauax KOHBEKTUBHOIO TEIJIO- U MaccooOMeHa (a = const, b = const), B
3a1a4ax TEMUIONEPEHOCA B @HU30TPOMHbIX cpeaax (b = ay,), B NPOCTPAHCTBEHHbIX 33/1a4ax TEMIONpPO-
BOJHOCTH C OCEBOM W LEHTpalbHON cummerpueii (a = const, b = const /z).
INouck TouHbIx pelneHuit ypaBHenus (58) Buaa (55) npuBoauT K GyHKUMOHAILHOMY YPaBHEHHIO

5.5.2, rae
() ==, 9(x) = a(@)pz + b(z) @ (),
h(z) = a(x)(¢:)?, Q2) = wl./wl, R(z)= f(w(z))/w;.

INoacrasnss oty BolpaxkeHus B (51)—(53), nomyuyum cucrembl 0ObIKHOBEHHBIX IudepeHunanbHbIX
YPaBHEHUI JUIsl ONpeNeNeHHs HCKOMbBIX BEJIUUMH.

3amevanne. B npumepax 13-14 mocTpoeHHe TOYHBIX pEIIEHHH pa3IMYHBIX
ypaBHEHUI MaTeMaTH4ecKOW (M3MKH CBOAMIOCH K OJHOMY U TOMY e (yHKLH-
OHAJIPHOMY YPaBHEHHIO. DTO HAIVIAIHO IEMOHCTPHPYET IOJE3HOCTh BBHIICTICHHS
¥ HE3aBHCHUMOTO PacCMOTPEHUS OTIENbHBIX (YHKIHMOHAIBHBIX YpaBHEHHH (M Lie-
71eco00pa3HOCTh Pa3pabOTKU METONOB pEeIIeHUS (YHKUHOHAIBHBIX YpaBHEHHH CO
CIIOXHBIM apIyMEHTOM).
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5.5.3. dyHkuuoHanbHoe ypasHenue f(t) +g(x)Q(z) + h(x)R(z) =0, rae
z=p(z)+ (1)

Huddepenmpyem ypapaenue no x. [lonyuum pynkumnonansHo-auddepeHunansb-
HO€ ypaBHEHHE C IBYMS NEPEMEHHBIMH T U Z:

9:Q + 99, Q, + hy R+ hy R, =0, (59)

KOTOpPO€ C TOYHOCTBIO 10 OYEBHAHBIX NEpe00O3HAaYCHUH COBMANAET C YpaBHEHU-
em (60) u3 pasn. 4.5.

Heswipooicoennsiti cryuau. Pemenne ypaBHeHus (59) MOXHO MOTYYUTH C IIOMO-
mpio opmyi (61) u3 pasa. 4.5. B pe3ynbrare npuxoauM K CHCTEME OOBIKHOBEHHBIX
muddepeHHanbHbIX ypaBHEHUH

h, = (Asg + Ash)¢l,

Q.= —A1Q - AR, (0
R, = —A3Q — A4R,
roe Aj, Ao, A3, Ay — IPOU3BOJBHBIC MOCTOSHHEIE.
Pemenue cuctemsr (60) uMmeeT BUIT
9(z) = Ay B1€"% + Ay Byet2?,
h(z) = (k1 — A1) B1"19 + (ky — A1) Boe®2?, 61)

Q(z) = A3Bse ™% + A3Bye %27,
R(Z) = (kl — Al)B36_klz + (kQ — Al)B4e_k22,

rne B, By, Bs, B4— NpoU3BOJIbHBIE TOCTOSIHHBIC, a k1 U ko — KOPHH KBaAPATHOTO
ypaBHEHHUS
(k—Ay)(k— Ay) — A2 A3 = 0. (62)

B BBIPOXKIEHHOM Ciydae TipH ki = ky dnensl €¥2¥ u e~%27 B (61) Hamo 3aMeHHTSH
COOTBETCTBEHHO Ha pek1¥ u ze %17, B ciiydae 9HCTO MHMMBIX HITH KOMILTEKCHBIX
KOpHe# ypaBHeHHS (62) B pemienud (61) HamO BHIIENHUTH ACHCTBHUTEIBHYIO (HITH
MHHUMYIO0) 4acTb.

IoncraBuB (61) B ucxomHoe (YHKUMOHAIBHOE ypaBHEHHE 5.5.3, MOIydYuM
YCTIOBHUS, KOTOPHIM JOJKHBI YIOBIETBOPATH CBOOOIHBIE KO3 (PUIIMEHTEI, H HaliieM

obyukumio f(t):
By=B;=0 — f(t)=[A2A3+(kl—Al)Q]BlBge_klw,
Bi=B3=0 = f(t):[A2A3+(kQ—Al)Q]BQB4€_k2w,

A1=0 — f(t) = (A2A3 + k%)BlBge_klw + (A2A3 + k%)BQB46_k2¢.
(63)
B pewenus (61), (63) Bxoast npousBoibHbie QyHKUHH @ = o(z) 1 ¢ = Y(t).
Buipooicoennwiii cnyuari. DyHKIMOHAIBHOE YpaBHEHHE 5.5.3 MMeeT Takke BbI-
PO’KICHHOE pEIICHUE

f=B1Bye™¥, g=AyBie M? h=BeM? R=_ByeM?* - A,Q,
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e ¢ = ¢(x), Y = (t), Q = Q(z) —npoussonsHbie GpyHkuuu, Ay, As, By, Bo—
NPOM3BOJILHBIE IOCTOSHHBIE, U BHIPOXKIEHHOE PEIIEHHE

f=B1Bye™¥, h=—Bje % - Ayg, Q= AyBye™? R = Bye'r?

rme ¢ = p(z), ¥ = Y(t), g = g(z) — npousBonsHbie pyHkuuu, A;, Ay, Bi,
By — npou3BobHBIE MOCTOSHHBIE. BRIPOXKACHHBIE pEIEHHS MOXXHO TOJYYHThH U3
HCXOJTHOTO ypaBHEHHS U ero cieacTrus (59) ¢ momorpio Gopmyn (62) u3 pasa. 4.5.

[Ipumep 15. [Ina HenuHEeHHOro ypaBHEHMs NEPBOro MOPsAKa

20— Fw)(22) + o)

MOMCK TOYHBIX pelieHuit Buaa (55) npuBOAMT K GYHKLMOHANbHOMY ypaBHeHMIO 5.5.3, rae
F() = =ul, g(2) = (£5)", h(z) =G(2), Q2)=F(w)uwi, R(z)=1/wl, w=uw(2).

Ipumep 16. [Ina HenuHelHoro ypaBHeHMsi TtemnonpoBoaHoctd (14) [cm. mpumep 10 u3
pasa. 5.3.2] nouck TOYHbIX pewennii Buaa w = w(z), z = ¢(x) + 1 (t) npuBoAUT K GYHKLHOHANLHO-
b depeHunanbHOMY ypaBHeHUIO (16), koTopoe npuBOANTCS K GYHKUMOHANBHOMY YPaBHEHHIO 5.5.3,
€C/U MONOXKUTD

’ ” \2 [F(w)wl],
f(t) = _wta g(x) = Pzx> h(x) = (903:) ) Q(Z) = .7:('111), R(Z) = T“a w = ’U.)(Z)

z

5.5.4. dyHKUMOHaANbHOE YpaBHEeHHe

f(x)+9(y)+h(z) P(2)+s(y)Q(2)+ R(2) =0, me z=¢(z)+1(y)
Huddepenmmpyem ypaBHenue no y. [lomyueHHOe BhIpaKeHHE NEUM Ha v,/J?’JP; U
middepenmpyemM no y. B pesynprare mpuxoauM K YpaBHEHHIO C ABYMS apry-
MEHTaMH Y U z, KOTOPOE paccMaTpUBAJIOCh B IaBe 4 [cM. ypaBHeHue (21) u ero
pewenus (57)].

Ipumep 17. PaccMOTpUM CTalMOHAapHOE YpaBHEHHE TENJIONPOBOAHOCTH B HEOJAHOPOAHOH aHM-
30TPOMHOM CPe/ie C HENUHEHHBIM HCTOYHHKOM

8% [a(m)g—:] n 8% [b(y)i—j] = F(w). (64)

[louck TouHbIX pewieHuil ypaBHenus (64) Bupa w = w(z), rae z = ¢(x) + ¥ (y), npuBoaur k
(yHKUMOHAaNbHOMY ypaBHEHMIO 5.5.4, rae

f1(x) = a(@)el, + ab(2)ph,  f2(y) = b(y)dyy + by W)y,  g1(z) = a(z)(h)?,
92(y) = b(y) W), P(2)=Q(z) = wl./wl, R(2)=-F(w)/wl, w=uw(z).

He npoBoas nonHoro aHanuza ypasHeHus (64), orpaHH4UMCs 3€Ch H3YUEHUEM PeLIEHHUi ¢ 060011eH-
HbIM Pa3/e/IeHUEM NEPEMEHHBIX, KOTOPbIE CYLIECTBYIOT IIPU POM3BOJILHON npaBoil yactu F(w).
Caenas 3ameny z = (2, niem pewenus ypasHenus (64) suna

w=w((), ¢ =@ +9©). (65)
Y4uTbiBas COOTHOLLEHUS % = (gé” u ?)_Z = ;bé’ , u3 (64) nony4um
(e + (i) e + [ale)? + b)) % = Flu), Flu) = Fw(©): (60)

Jlns pa3peliuMocTy 3TOro (GyHKLMOHANBLHOTO YPaBHEHHS NOTPeOyeM, UTOObI BbIPDAXXEHUS B KBaApaT-
HbIX CKOOKax 6Gbu1n GyHKLUMSAMH OT (:

(agh)s + (by)y = M(Q), aleh)® +b(yy)” = N(C).
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IpoanddepeHLpoBaB NEPBOE U3 STHX PABSHCTB I10 T U N0 Y, IPUXOANM K ypaBHenuto (M{ /()¢ =0,

o6uee petenue kotoporo umeer Bux M(¢) = C1¢? 4 Cs. Ananornuno naxomum N (¢) = C3¢%+Cy.
3necy C1, C2, C3, C4 — npousBojbHbIE NOCTOAHHBIE. B nTore nonyunum

(ap2)e + (04,), = Cr(p+ ) + Co, aleh)” +b(8)” = Cs(w +9) + Ca.
PazneneHue nepeMeHHbIX IPUBOAMT K CUCTEME OObIKHOBEHHBIX AH(dEpeHUHaNbHbIX YPaBHEHUH ANs
HaxoxaeHus pyHkumit (), a(z), ¥(y), b(y):

(apy)s — Crp— Ca=k1, (b)), — Crvp = —ku,
a(pz)? = Cap—Ca=ks,  b(¥)” — Cap = —k»
Ota cucTema Bceraa MHTErpupyeTcs B KBafpaTypax U MOXeET ObITh npeoOpa3oBaHa K BULY
(Csp + Ca + k2)glze + (Crp+ Co + k1 — C)(2)* =0,
(Catp — k)W + (Crop — k1 — Cs)(¥y)” = 0;
a = (Csp+ Cis+ k2)(%) 7,
b= (Csp — ko) ()7,
rA€ ypaBHEHUA N (byHKl.lMﬁ %2 1,[) HE 3aBUCAT OT a U b U MOryT pellaTtbCsa HE3aBUCHUMO. He npoBoas

MOJIHOTO UCCNIEI0BAaHUS CUCTEMbI (67), OTMETHM MPOCTOH YaCTHBIH Cllydaii, Korna OHa HHTErpUpyeTCs
B SIBHOM BH/JE.

Ipu C4

(67)

202=C4=k1=k2=0,Cg=C’7é0umeeM
Ce™vY

b(y) = Ge*?, V) = S

p(z) = )
ap?

rae a, (3, 4, V — NpOU3BONbHbIE MOCTOsHHbIE. [IoACTaBUB 3TH BblpaxkeHus B (66) U yuuTbIBas BHUA
nepemeHHOH ¢ (65), nomy4uM ypaBHEHHE Ans ¢y|-u(uun w(¢):

1
wye — ?w —f(w)

a(z) = ae"”

Cucrema (67) uMeeT TaKKe APYrde pPELICHHS, NPUBOASLIME K PasAUYHbIM BBIPOXEHUAM ISt
bynkumii a(x) u b(y). B tabn. 5 ykasausl ciyyau, Koraa 3Td GYHKUHH MOTYT ObITb BbIPaXeHbl B
SIBHOM BuJie (OMYILEHO pelleHHe Tvna Oeryllel BolHbI, COOTBETCTBYMOLIEEe a = const, b = const).

B o61iem ciyyae pewienue cucremsl (66) npuBoauT K dyHkuusam a(x) v b(y), KOTopble 3aNMChIBAIOTCS
B NApaMETPUUECKOI1 popMme.

TABJIMLA 5
Peiuennus ¢ 0606LIEHHbIM pa3feneHueM nepemerbx Buaa w = w((), rae ¢2 = o(z) + ¥(y), ana
yPaBHEHHIi TEIUIONPOBOAHOCTH B HEOJHOPOJHON AHW3OTPOIHON CPENE C HEIMHEHHBIM MCTOYHHKOM
[POM3BOJILHOTO BHAA

VYpaBHEHHE TENIONPOBOJHOCTH Oynkunn o(x) u P(y) Vpasuenue anst w=w(¢)
8/ ,0wy\ 0/ 0w Cz2—m cy*=k |, 4-nk 1 , 4
— — J+= — ) =F = = =—F
52 (0" 55 ) * By (5w By )=Fw) |¢ ae=n Y= aeome [t e e ™)
1} Sw 1} ow c _ C 1 4
ﬂ(aew%)J“a_y(ﬁeuya_y) =F(w) (p:a_,u?e K ¢—W6 vy w,C,C_Zw,C=E}-(w)
b} dwy 9 dw C Cy?~k k1
—(aer* =)+ —(By*—)=F Y R i S e
02 0 52 ) Ty V' 5, ) =T o a2 Ve | YetaRc T T
17} 50w 17} 20wy _ _ VpasHeHue (66), 06a BbIpaXkeHHs B
oz ( E) + dy (’8 B_y) =7 (w) p=pln |z}, p=viny] KBaJ[PAaTHBIX CKOOKaX — KOHCTaHThI
3w 8 20wy _ _ VYpaBHeHue (66), 06a BbIpaKeHHS B
9z2 ' By ( 8_y) =7 (w) p=pz, p=vinlyl KBaJPaTHBIX CKOOKAaX — KOHCTAaHTBI

O6o3unauenus: C, o, (3, i, v, n, k— csoboansie napamerpbl (C#0, u#0, v#0, n#2, k#2)
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o8 3aoauu u ynpaxycuenus K paso. 5.5

1. Pewursb Cl)yHKl.lMOHaJ]beIC YpaBHEHHUA:
a) f(z+y)=f(z)+ f(y) —af(2)f(v),
b) f(z)g(y) = h(z +y),
o) f(z)g9(y) + h(y) = f(z+y),
d) f(2)g(y) = h(p(x) +b(y)),
e) f(z)+g(y) = h(p(x)¥(y)),
rae f(x), g(y), h(z) —uckomsie byHkuun.
Vkaszanue. Vicnonb3oBars MeTon auddepeHuMpoBanus U pe3yabTaTsl pasaena 5.5.

B ynpasicnenusax 2-8 pynxyuu f u g noonescam onpedenenuro.

2. Haiitu pelueHus ¢ GpyHKUMOHANbHBIM Pa3ie]eHHEM NEPEMEHHbIX HENMHEHHBIX YPaBHEHHH 1epBOro
nopsaka:

a) we = f(w)wz + g(w),

b) w; = f(w)w: +g(w),

) wi = f(wyw + g(w).

Vkazanue. Pewenus uckats B Buae w = w(z), z = p(x) + ¥(t).
3. Haiitu pelueHns ¢ GyHKUMOHANBHBIM Pa3/ieNeHHEM NEPEMEHHbIX HEIMHEHHbIX yPaBHEHHUH Temo-
IPOBO/IHOCTH:

a) wi = [f(w)wz]s + g(w),

b) w = [f(w)wz]s + g(w)ws.

Vkazanue. Pewenus uckatb B Buae w = w(z), z = ¢(x) + ¥(t).
4. Haiity pelueHns ¢ QyHKUMOHANIbHBIM Pa3/eNCHHEM NEPEMEHHbIX HEIMHEHHbIX yPaBHEHHUI Temo-
IPOBO/IHOCTH:

a) wi = [f(z)we]z + g(w),

b) wi = aWez + bz"wz + f(w), n=1,0, —1.

Vkazanue. ITM ypaBHEHUs ABIAIOTCA YAaCTHBIMHU ClyyasMu ypaBHeHus (58).
5. Haiitu pelwenus ¢ GyHKUHOHANBLHBIM Pa3JeleHHeM NEPEMEHHBIX HEAWHEMHbIX YPaBHEHUH Tero-
IPOBO/IHOCTH:

a) wy =z "[z" f(w)wzls,

b) wy =z "z" f(w)we]z + g(w).

Vkazanue. Pewenus uckatb B Buae w = w(z), z = ¢(x) + ¥(t).
6. Haiitu pewenus ¢ GyHKUHOHANBHBIM Pa3/IeICHUEM NEPEMEHHbIX HEIMHEHHbIX YPaBHEHUMH:

a) w = [f(w)w]z +g(w).

b) wy =z "z" f(w)we]s + g(w).

Vkazanue. Pewenus uckatb B Buae w = w(z), z = ¢(x) + ¥(t).
7. Haiitu pewieHns ¢ GyHKUMOHAIBHBIM Pa3AeieHUEeM NEPEMEHHbIX HEJIMHEHHOro BOJIHOBOrO YpaB-
HeHus wge = f(w).

VYkaszanue. PemieHus uckarb B BUJIE:

w=w(z), z=p(z)+ (),
a 3aTeM HCIONb30BaTh PE3Y/ILTAThl pelieHus GYHKUMOHANLHOrO ypaBHeHus d) U3 nepBoro ynpaxHe-
HUSL

8. Haiitu pelueHns ¢ QyHKUMOHAILHBIM Pa3/IEJEHUEM IEPEMEHHBIX HENMHEHHOTO yPABHEHUS TPEThE-
ro nopsaxa:

Wrzt = f(w).

Vkasanue. Pewenus uckarb B Buae w = w(z), z = ¢(x) + ¥ (t). [lonyyennoe pyHKuMoHanbHO-
nupdepeHuanbHOE ypaBHEHHE CBECTH K QYHKLMOHAILHOMY YpaBHEHHUIO 5.5.3.

@ Jlumepamypa K paso. 5.5: B. ®. 3aiiues, A. 1. [Toasuun (1996), A. 1. [lonauux, A. U. XKypos
(1998), A. [. Ilonsuun, B. @. 3aiiues (2002), A. D. Polyanin, V. F. Zaitsev (2004).



6. Mpamoun metop KnapkcoHa—Kpyckana
6.1. MoK1CK TOYHDbIX peleHUH cneuuanbHoOro BMAQ

6.1.1. YnpouweHHasa cxema. MIpumepbl NOCTPOEHHUA TOUHBIX pelueHUH

[Ipexxne yem mepeiitu k onucanuto Meroma Kmapkcona — Kpyckanma B ob6mem
Cllydae, pacCCMOTPHM CHAYala YIPOLICHHYIO CXEMY.

OcHOBHas uzest MeTo/ia: B CIydyae ypaBHEHHs C HCKOMO# GyHKIme# w = w(z, t)
TOYHOE pEIIEHUE MIIETCS B BUIE

w = f(t)u(z) + g(x,t), z = go(t)x + Q/J(t) (1)

Oyuxuun f(t), g(z,t), ¢(t), ¥(t) HaxoasTCA B Mpolecce pelleHHs; OHH BHIOH-
paroTcsi TakuM 00pa3oM, 4ToObl B UTOTe (YHKUMS u(z) YOOBIETBOpSIA OJHOMY
OOBIKHOBEHHOMY IH(QepeHINaTPHOMY YPaBHEHUIO.

Hmxe paccMaTpHBalOTCs KOHKPETHBIE IPUMEPHI TOCTPOEHHSI TOYHBIX PELICHHH

HeJNUHEHHBIX ypaBHeHui Buaa (1).
IIpumep 1. Paccmorpum ypaBHenue Kopresera— ne ®@pusa
Sw Bw Sw
2 = - 2
ot Yo T )
TouHoe pewienue uuiem B Buae (1). [loacrasus (1) B (2), umeem

3 m

afe’ull, +bf puul + f(bge — ¢rx — Yi)ul + (bfge — fI)u+ agrax +bgge — gt = 0. (3)

I[pupapuuBas B (3) GyHKLUHOHANBHBIE MHOXUTEN NIPH Uy, U UL, NOTYYUM

f=¢. @)
[IpupaBHuBas nanee GYHKUHOHANBHBIH MHOXHTENb NPH U, HYJII0, UMEEM
1
g= b—(SO;.I"‘%b;)' ®)
@

IMoacrasnss Boipaxenus (4) u (5) B (3), NPUXOAHUM K PABEHCTBY
1
7 (auz, + but) — plut o5 (20 = wpu)a + 2o — puu] = 0.

z—
TMoaenuM BCE UIEHBI HA (0°, @ 3aTEM UCKIIOMUM I C IOMOLIBIO PABEHCTBA T = —7’0 IMonyuum
©

— 1 _
aull, + bun, — o™ pru+ — o™ (2] — ppu)z + ©
1 _
+ 50 (PP — @i + 2000 — 20p7) = 0.

IMorpebyem, uToObI GYHKLUMOHANBHBIA KOIPGULUUEHT NPU U U MOCACAHUN 4sieH ObLIM KOHCTAHTAMHU:

el =—A, 0 (Yo — O Pu + 20000 — 2p;) = B,

rie A 1 B — npou3BOnbHbIE NOCTOSHHbIE. B pe3ynbraTe NpUXOAMM K cucTeMe OOBIKHOBEHHbBIX
nuddepeHLnanbHbIX YpaBHEHUI s onpenencHus GyHKuui ¢ u 1:

Pt = _A<P4»

@)
Yt + 2A0%0; — 2A%0%) = —By®.
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31ech NPy 3aMHCH BTOPOTO YPABHEHHS YUTEHO NEPBOE YPABHEHHE M €r0 CASACTBUE: (¢t = —4Ap> ;=
=4A%p".
Ucnons3ys (6) u (7), nonyuum ypasHeHue anst GyHkumu u(z):

242 B
—2+ =0 8)

Ilpu A # 0 obGuiee pelenue ypaBHenuit (7) umeeT BUa
o(t) = (3At + C1)7V/2,
P(t) = C2(8At + C1)*/ + C3(BAt + C1) /3 +

aull, + buu, — Au —

B )]
242"

rae Ci, Ca, C3 — npou3BOJbHbIE MOCTOSHHbIE.
Dopmyast (1), (4), (5), (9) BmMecTe ¢ ypaBHeHHeM (8) ONUCHIBAIOT TOYHOE PEILEHUE ypaBHEHMs
Koptesera— ne ®pusa (2).

IIpumep 2. PaccmoTpuMm ypaBHeHHe ByccuHecka

9%w 17} Sw w

Kak v B mepBom npumepe, pewende uiiem B Buge (1), rae bdyukunu f(t), g(x,t), ¢(t), ¥(t)
6ynyT onpenenstbcs B npouecce pewenus. [loacrasus (1) B (10), umeem

4 1

afe’u + P’ + f(2 + g’ + 20" (W) + (Fzee + 2f o0 + 2feze)u’ +
+ (fgzz + fr)u + gee + 9gzz + g5 +agl? = 0. (11)

"

IpupaBHuBas ¢yHKUMOHAILHBIE MHOXUTENM npu v’ U uu”’, nonyuum

f=¢ (12)
IpupaBHKBas GyHKUMOHALHBIN MHOXUTENL NpH U’ HymO, ¢ yuetom (12) umeem
1
9=z lela+v0)" (13)

INoacraBnss Beipakenus (12) u (13) B (11), npuxoauM Kk paBeHCTBY

"

+uu” + UIQ) + <,02($<Ptt + Pee)u’ + 20ppu —
— [¢72 (P +1)*],, + 60~ 0t (pez + 1) = 0.

BbinonHum aBykpatHoe I ¢depeHUMpOBaHHE BbIPAXEHUS B KBaJpaTHbIX CKOOKax, a 3aTeM

¢°(au

z
NnoACaUM BCE YICHBI Ha 4,06. HCcKnto4uB T ¢ NOMOILLBIO PaBE€HCTBa T =

, NOJy4YHUM

nn

av”” +ur” + (W) 4 7% (perz + Ui — You)u' + 20 P pru+ - = 0. (14)

[otpebyem, 4ToGbl GyHKUHOHABHBIH KOd(hOULKEHT npu v’ ObL1 QyHKUHMEHR ORHOI NeEpeMeHHO 2,
T. €.

@7 (prez + P — o) = ¢ prz+ 0 (P — Yopu) = Az + B,
rae A v B— npou3BonbHble NocTosHHble. OTCIOAA NOIYYMM CHCTEMY OOBIKHOBEHHBIX AHddepeHLu-
albHBIX ypaBHEHUI s onpeaenenus GyHKUMH @ U h:

o1 = Ap®,
P = (AY + B)g".

Hckmounm B (14) BTOpBIE M TPETHH NMPOU3BOAHBIE (YHKLUMH M ). B uTore nmpuxomuM k oObIKHO-
BeHHOMY AnbdepeHuHansHOMY YpaBHEHHIO 1st GyHKUMH u(z):

au”” +uu” 4+ (W) + (Az + B)u' + 24u — 2(Az + B)® = 0. (16)

(15)

Dopmyasl (1), (12), (13) BmecTe ¢ ypaBHenusamu (15)-(16) onucbiBaloT TOYHOE peLIeHHe ypaBHe-
Hus Byccunecka (10).
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6.1.2. Mpoueaypa NOCTPOEHHUA TOUHBIX PELLEHWH CNeLUManbHOro BUAA

1°. OcHoBHas uaes MeToa: B Clly4ae ypaBHEHHs C HCKOMO# QyHKumer w = w(z, t)
TOYHOE PEIICHHE UIIETCS B BHJC

w(z,t) = f(z,t)u(z) + g(z,t), z=z(z,t). (17)

3mecs dyukumu f(z,t), g(z,t), z(z,t) HOMKHBI ONPENEISATHCA B IPOLECCE PELICHHUS
TakuM 00pa3oM, 4To0bI B uTOre I GYHKUKH 1 (2) OBLIO MOMYyYEeHO OJHO OOBIKHO-
BeHHOE MU EepEeHIMAIEHOE YpaBHEHHE.

BaXHO OTMETHTB, YTO CBA3b MeXAy QYHKIMAMH w U u B dopmynax (1) u (17)
JTUHEHHa.

2°. IloncraBuB BeIpaxkeHHe (17) B paccMaTpuBaeMoe HETHHEHHOE YpaBHEHHE B
YaCTHBIX MPOHU3BOIHBIX C KBAJPATHYHOM WIIH CTENIEHHOW HETMHEHHOCTHIO, MOTyda-
eM

Oy (x, )1 [u] + Po(z, t)Ia[u] + - - - + B (z, t)I )y [u] = 0. (18)

3meck IIx[u] — mubdepenunansusie hopmel, mpeacTaBIsioNe U3 ceds mMpou3Be-
JIeHHs] HEOTPULATENBHBIX LENbIX CTENeHeH QYHKUNH U M €€ NPOU3BOIHBIX U, Ul ,
U T. 1., a &(x,t) 3aBucar or dyukumii f(z,t), g(z,t), z(z,t) 1 UX YaCTHBIX MpO-
M3BOJHBIX 10 z H t. [Iycts mubdepenunansuas dopma I1; [u] conepxur crapuryro
npousBoaHyo no z. Torma ¢ynkums ®;(x,t) ucnomp3yercs Kak HOPMHPYIOLIHH
MHOJKHUTEJb. DTO 03HAYaeT, YTO JAOJDKHBI BBIIOIHATHCS COOTHOLIECHHS:

By(z,t) = Dp(2)®1 (2, ), k=1,...,m, (19)

rae ['y(z) —HekoToprie dyHKumH, nomtekamue onpenenenuro; ['1(z) = 1.

3°. Ha mpakTHKe JUIst yIPOLIEHHUs BEIKIIAIOK TIPH OTIpeeNeHuH [, g, 2, u, [’y MOXHO

BOCIIOJIB30BATHCS CIEAYIOMMMH CBOHCTBAMU:

a) ecnu f = f(x,t) umeer Bun f = fo(z,t)2(z), To MOXKHO cuutats 2 = 1 [310
cootBercTByeT 3amene u(z) — u(z)/Q(2)];

b) ecu g = g(z,t) umeer Bun g = go(z,t) + f(z,t)2(2), TO MOXKHO MOTOKHUTE
Q = 0 [310 cootBetcTBYET 3amene u(z) — u(z) — Q(z)];

c)ecmu z = z(x,t) 3amaercs HESBHO anreOpadyecKUM YpaBHEHHEM BHIA
Q(z) = h(z,y), roe Q(z) — mobas obparuMas GYHKLUHSI, TO MOXHO B3STh
Q(z) = z [oT0 cooTBeTCTBYET 3aMeHe z — )~ 1(2)].

4°. Tlocne onpenmenenus ¢yukumit ['y(z), moacrasus Beipaxenus (19) B (18),
HOJIy4uM OOBIKHOBEHHOE U depeHnHanbHOe ypaBHeHHE I QyHKIMHA u(2):

ITh [u] + Ta(2)Ig[u] + - - - 4+ T (2) Ly [u] = 0. (20)

[pouITIOCTPHPYEM XapakTepHble 0OCOOEHHOCTH NpuMeHeHus MeTona Kiapkco-
Ha— Kpyckana Ha KOHKPETHOM MPUMEPE.

IMpumep 3. Uiem pewenune ypaBuenus byccunecka (10) B Buae (17). Mmeem

afzeu"" 4+ a(6f22 200 + 4fez)u" + fP22uu” + - = 0. n
3/16Ch BBIMMCAHBI TOJLKO TPU MEPBbIX 4JIEHA W ONYILEHBI APTYMEHTHI y GyHKUMH f U z. OyHKUMO-
HanbHble ko3hduunents! npu v’’’ 1 wu’’ gomxHb yaosneTsopats ycnosuio [em. (19)]:
2 2 4
f Zx = afzIF3(z)y

rae '3 (z) — dynxums, noanexawas onpeaenenuo. Toraa, BOCOb30BaBIIKCH CBOMCTBOM a) U3 1. 3°,

BbIOMpaeM
f=2, Ts(z)=1/a. 22)
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"

Ananoruuno dpyHkuHOHaNbHbIE Ko3hdULMenTH TpH U 1 U’ NOMKHBI yNOBAETBOPATHL YCIOBHIO

6f 22220 +4foz; = f22T2(2), (23)
rae I'2(z) —noBas dyHkums, noanexaias onpeaeneuuto. Toraa ¢ yuerom (22) umeem
14222 /22 = [a2(2)2z.
Hurerpupys no x, nonyuyum
1

Inz, =1(z) +Inp(t), I(z)= m /Fg(z)dz,

rae ¢(t) — npousBoabHas GyHKuMA. [IOBTOPHOE HHTErPUPOBAHHE MPUBOAUT K BHIPAXKEHHUIO
/ 1) dz = Bty + (1),

rae 1,7}(:‘,) — npousBonbHas ¢yHkuus. Cnesa CTOUT ByHKLMSA 2, @ CAEA0BATENbHO, BOCIONb30BABLINCH
cBOMCTBOM C) U3 1. 3°(¢), umMeem
z=xp(t) + (1), 24
rae dynkunn (t) u (t) noanexar onpeaeneHuo.
U3 popmyn (22)—(24) caenyer, uto
2
f=¢(t), Ta(z)=0. 25)
IoacrasBus BelpaxkeHus (24) u (25) B (17), nonyuum pewenue B Buae (1), rae byukuus f
naercs opmynoit (12). Orciopa cneayer, YTO MCNONb30BaHHWE OOLIErO MOAXOAA, OCHOBAHHOIO Ha
npeAcTaBaeHuH pelieHus B Buae (17) B KOHEYHOM UTOre NPUBOAMT K TOYHO TAKOMY )K€ Pe3yJbTary,
4TO W UCnonb30BaHue Gosee npocroil dhopmyast (1).
3ameyaHune 1. AHaIOrHYHBEIM 00Pa30M MOXKHO MOKA3aTh, YTO MOCTPOECHHE TOY-
HOTro pemieHus ypaBHeHus KopreBera— ne @pusa (2) Ha ocHoBe dopmyn (1) u (17)
IMPUBOAUT K OJUHAKOBBIM PE3YyJIbTaTaM.

3ameyaHue 2. PaccMoTpeHHBIE NMPHUMEpHl HAITSAHO IMOKA3BIBAIOT, YTO IEPBO-
Ha4aJbHBIA aHAIN3 KOHKPETHHIX YpaBHEHHUH 1e1ecoo0pa3Ho NPOBOAUTE UCXOAS H3
6onee npocroii popmyinsl (1).

o8 3adauu u ynpadcnenus K paso. 6.1
1. Haiitu Tounble pewenus Buna (1) ypaBuenus broprepca: wi + ww, = awgs.

2. Haiitu Tounble pewenus Buaa (1) cneayoomux ypaBHEHU:
a) wt + WWz = AWzzea,
b) wy + wwz = awl™.

3. Onpenenutb, NpY KakuxX 3Ha4E€HUAX napamerpa a ypasHenue ®Puru-Xbio — Harymo (FitzHugh —
Nagumo)

Wt = Wez + 'lU(l — ’UJ)('I.U — a)
jonyckaer TouHble pewenus Buga (17) nmpu g(x,t) = O (pewenus tuna Oerywieid BONHBI He
paccmarpuBarhb).

@ JIumepamypa k pa3o. 6.1: P. A. Clarkson, M. D. Kruskal (1989), M. C. Nucci, P. A. Clarkson
(1992), A. D. Polyanin, V. F. Zaitsev (2004).

6.2. MoK1cK TOUHbIX pelleHUn obero Buaa

6.2.1. O61uMit BUA peLlueHHUi

OcHOBHast ujest METOfa: B ClyYae ypaBHEHHS C MCKOMOWM QyHKimel w = w(z,t)
TOYHOC PCIICHUE UILECTCA B BUIC

w(z,t) = F(z,t,u(z)), z=z2(z,t). (26)

7 A. 1. llonsuun, B. ®. 3aiiues, A. U. XKypos
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®Oyukunn F(x,t,u), z(z,t) DOMKHBI BHIOUpAThCS Tak, 4T00bI Wist GyHKuuH u(z) B
KOHEYHOM HTOTE MOJYYHUTh OJHO OOBIKHOBEHHOE AU((epeHIHaTbHOEe YpaBHEHHE.
B ormuume ot dopmyn (1) u (17), cBa3p Mexny GyHKIHAMH w U u B (26) MOXKeT
OBITH HENMHEHHOM.

[MpoumtrocTprpyeM XapakTepHbie 0COOEHHOCTH NpuMeHeHus Merona Kirapkco-
Ha— Kpyckana ais moucka TOYHBIX pelieHuit B Buse (26).

6.2.2. MpumMepbl NOCTPOEHHUA TOUHBIX peLieHUit meTopom KanapkcoHa—Kpyckana

Ipumep 4. Paccmorpum onsrb ypaBHenue Byccunecka (10).
IMoacrasus (26) B (10), umeem

4 2

aFzau"" + 4aFuzou'v" + a(4Fpuzs + 6Fyz2ze: )t + -+ = 0. 27
3nech BLIMMCAHBI TOJLKO TPH IVIABHBIX YJEHA M OMYILIEHb apryMeHThl y byHkuuit F' u z. Jlaa Toro
uTo6bI (27) MPUBOAMIOCH K OGLIKHOBEHHOMY AubdepeHUNanIbHOMY YpaBHEHHIO Julst u = u(z), OTHO-
eHus GyHKLUMOHANBHBIX kKodhduumenTos npu w'v’”, u'”’, ... K byHKUMOHATLHOMY KOI(DPULIHEHTY

npu crapiueii npoussoaHoi u””’ nomKHbI ObITh GYHKUMAMY 2 M U, T. €.

4aFuuj;l — FQ(Z, u)’ a(4FIu22 + 65’(]«22211) — F3(z, u),
aF, z; aF, 2z}
H3 nepBoro paBeHCTBa UMEEM
Fuu/Fu =Ta(z,u).
HHrerpupys ABaX«Aabl MO U, NONYYUM
F(z,t,u) = f(z,t)0(z,u) + g(z, 1), (28)

rae f(x,t) u g(x,t) — npousBonbHbie GYHKLMU ABYX apryMeHToB, O = / exp( / Iy du) du.

[onaras B (28) O(z,u(z)) = U(z) u ucnons3ys npeacraeienue (26), NPUXOAUM K PELUCHHIO,
KOTOpPOE C TOYHOCTbIO A0 nepeobo3Hauenuii conanaer ¢ (17). [Tostomy Besikuii pas, koraa vuyrces
pewenus ypaBHenust byccunecka (10) ¢ momouibio obuero npeacrapiaeHus (26), Mbl €CTECTBEHHBIM
00pa3oM NMPUXOAUM K ClieLuanbHoMy Buay pewenus (17).

Ipumep S. Paccmorpum ypasuenue I'appu luma (Harry Dym)

ow 8 1
ra + 2%% =0. 29)

Bynem uckatb TouHble peieHus B Buae (26). [loacraBnss 310 BbIpaXx€HHE B ypaBHEHUE, NOOYUUM

—FPR R 4 (<3F 2 Py + 2F P F) 22 - = 0.
OtHowenve GyHKUMOHANLHBIX kK03(duurenToB npu u'u’” u u”’ nomxHo 6bITH GyHKUMEN 2 U U, T. €.
F, 9 F,
R AT I VY
N
JIBYKpaTHOE WHTETPUPOBAHUE JAET
F7%(2,t,u) = f(2,6)0(z,u) + g(z,1), (30)

rne f(z,t) u g(z,t) — npousBonbHble GYHKLMM AByX aprymeHTos, © = — /exp(% /I"du) du.

U3 dopmyn (26), (30) cneayer, 4TO AOCTATOYHO UCKATh PELLEHHUS YPaBHEHUS I appu [luma (29) B Buae

w % (z,t) = f(z,)U(2) + g(z,t), z=z(z,t).

@ Jlumepamypa k pa3o. 6.2: P. A. Clarkson, M. D. Kruskal (1989), D. Levi, P. Winternitz (1989),
P. Olver (1994).
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6.3. Hexotopblie moaudpukauum U 0606wWweHus

6.3.1. KombuHauua metopoB KnapkcoHa— Kpyckana U 0606LweHHOro paspeneHus
nepemMeHHbIX

1°. Ipu ucnonp30BaHMK pa3mTUYHBIX Momubukauuid Metona Kimapkcona — Kpyc-
Kana, OCHOBaHHbIX Ha ¢opmynax (1), (17), (26), dyHkimsa v = u(z) HAXOmUTCS B
[PUBUIETHPOBAHHOM IOJIOKEHHH, IOCKOIBKY OCTalIbHBIE ()YHKLUH HA/I0 BEIOUPATH
Tak, 9To0bl s u(z) OBLUIO MONYYEHO O00HO 0ObIKHOGEHHOe Oupgeperyuarvroe
ypaeHenue. OQHAKO B psfie CIIydaeB LEIeCOOOPa3HO HCIONb30BaTh ITH METOMABI B
COYETaHHU C METOAaMHU 0000IEHHOr0 U (QYHKLMOHAIBHOTO pa3ieieHus epeMeH-
HBIX, KOTZIa BCe OMpenersomue GyHKIUH CUUTAIOTCS paBHONpaBHbIMU. [Ipu 3TOM
ObyHkuus u(z) GyaeT OMUCHIBATHCS MEPEONIPENSICHHOM cCUcmemol ypagHeHui.

2°. TouHble pelleHHs HETMHEHHBIX YPaBHEHUH B YaCTHBIX NMPOHM3BOAHBIX C KBaj-
paTHYHOM WM CTeNmeHHOH HEeMMHEWHOCThIO MOXHO Hckate B BHae (1), rme
g(z,t) = g1(t)x+ go(t). Moacrasus (1) B paccMaTpuBaeMoe ypaBHEHHE, 3aMEHUM T
BhIpaXEHHEM = = [z — 9(t)]/¢(t). B pesynsrate monydum (yHKIHOHAIBHO-
mupdepeHIanbHOe ypaBHEHHE C OByMs apryMeHTamu t W z. Ero pemenue B
psne cIy4aeB MOXHO MOJYYUTh METOAaMH AUG(EpPEHIMPOBAHUS M PACIICIUICHHS,
ONMMCaHHBIMU B pasnenax 4.2—4.4.
Ipumep 6. PaccMOTpUM ypaBHEHHE OCECUMMETPUYHOIO CTaLMOHApPHOrO JIAMMHApHOrO IMApPO-
JAUHAMHUYCCKOro norpaHcios
dw Pw  dw dw aa( 9w
dy 0zdy Oz Oy? Ay y?

) + F(z), @31
[/I€ £ — KOOpAMHATA, OTCYUTHIBAEMAs B/OJb OCU CUMMETPHH; Y = irQ r—paauanbHas KOOpJAMHATa;
(byHKUMS TOKa W CBA3aHA C MPOAONLHON M MONEpeuHOH KOMl'lOHCHTaMH CKOPOCTH JXMAKOCTH U M U NO
— 2 Ow — _ 1 ow
dopmynam u = =FL nv = TS
Pewenue ypaBuenus (31) mueM B Busie (MHOXUTENb a Gepercs ans ynoocTsa)

w(z,y) = af(@)u(z) + ag(z), z=p()y+Y(2). (32)

IloacraBuM 3TO Bbipaxc€HUE B MCXOAHOE ypaBHeHue (31) M HCKIIOUMM Yy C NOMOILBIO PaBEHCTBA
o(z)y = z — (x). Hocne aenenns Ha a®@? f npuxoanuM K GyHKUMOHANLHO-AU(dEPEHLHANBHOMY
YPaBHEHUIO C ABYMsA apryMeHTamu Buaa (21)-(22) us pasza. 4.2.2, rae k = 6:

’
A €5

Hcnonb3yem ynpolieHHyo CXeMy MOCTPOSHUSA TOUHBIX pewieHuit. Bynem cuntarb, 4to dyHKUM-

OHanbHbIe KOOQhUUMEHTH! IpH uu’,, u?,, (ul)?, 1 ABAAIOTCA MMHEHHBIMM KOMOHHALMAMY K03 dH-
UMEHTOB 1 U ), CTOAIMX COOTBETCTBEHHO MpPH CTapiuux uneHax (zu,,)5 u uy,,. Umeem

fr = A1+ By,
gr = A2 + Boy,
—(fp)z/e = Az + Bsy,
F/(a®f¢*) = Aa+ Ba,

rae Ay, By — npoussonbhbie nocrosHubie. [loacraBum Boipaxenus (34) B (33) u cobepem uneHsl,
NPONOPLHOHAJIbHBIE ) (CuuTaeM, uTo ¥ 7# const). [IpupaBHuBas HYHKUHOHAIBHBIH MHOXHTEND MIPU
HYJII0, NOJYYUM NEPEONPEACNCHHYIO CUCTEMY

(34)

(zuzz)z + Aluuzz + AQuzz + AS(uz) + Ay = 0, (35)
—ull, + Biuul, + Boull, + Ba(u.)? + B4 = 0. (36)

Cayuaii 1. Ilonoxum
A1 = A3 = A4 = 0, A2 = —Nn. (37)

T
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B aTom cayuae peuieHue ypaBHeHus (35) umeeT BUJ
_G
n(n+1)
rae Ci, Ca, C3 — nocrosiHble uHTerpupoBadusi. Pewenue (38) ypaBuenus (35) sBnsercs: OaAHOBpe-
MEHHO M pellleHHeM ypaBHEeHUs (36) TONbKO MpPH BbINOJHEHUH YCIOBHUIii
n=-2 B =Bs, Ci=-4/B;, Cs=—-By/B1, Cs=—By/B. (39)
INoacraBum koadduuments! (37), (39) B cucremy (34). Murerpupys, noayuum
C
g(x) =2z - Csf, o= f—;’
rae f = f(x)—npousBonbHas GyHKuMS.
®Dopmyansl (32), (38), (40) naioT TOUHOE peleHHE YPABHEHUS! OCECUMMETPUUYHOTO MOrPaHUYHOrO
cnos (31).
Cnyuau 2. Ilpu

u(z) = 2" 4 Coz + Cs, (38)

v=-Stpn Fe-@ocy s, a

Bi=B3s=Bs4=0, Ba=-)\, A2=0, As3=—A;, A4=/\2/A1 41)
COBMeECTHOE pelueHue cucremsl (35), (36) umeer Bun
u(z) = Ai(cle—*z Az 3). “2)
1
Pewenue cuctemsl (34) ¢ xoabduuuentamu (41) onucviBaetcs hpopmynamu
1 ’ (O,CSA)2
f=A11L'+C2, Y= C37 ¢'= _ng7 F= T(A1$+C2), (43)

1
rae C1, C2, Cs — NpOU3BONIbHBIE NOCTOsIHHBIE, @ g = g () — mpou3BoabHAsA QYHKUMSL.
®Dopmyansl (32), (42), (43) naroT TouHOE pelieHde ypaBHeHUs: norpadudHoro caos (31).
INpumep 7. PaccMOTpUM ypaBHeHHE C KyOHYECKOH HENTMHEHHOCTBIO
ow _ O%w
at z?
Pewenus uumem B Buae

+bsw® + bow® + biw +bo, bz #O0. (44)

w(z,t) = f(z,ulz) + A,z = z(x,1), (45)
rae dyukunu f = f(z,t), z=z(z,t), u = u(z) ¥ koHCcTaHTa A noanexar onpeaenenuto. [loacrasnss
(45) B paccMaTpuBacMO€ YpaBHEHUE, UMEEM

afzzu’ + (afzze + 20fozz — fa)u’ +b3fu® + (3bsAS” + baf*)u” +
+ (363N f + 2bo A f + b f + afee — fe)u + baA® + 52X + bid + bo = 0.
W3 nepeonpenencHHO# cucTemMbl 06bIKHOBEHHBIX AubdepeHnanbHbIX ypaBHEHUH, KOTOpas AB-
ASIETCA CAEACTBHEM YCIOBHiT nponopionansHocTd dynkumit: (i) u”, wa’, u® u (i) v/, u?, nonyunm
u(z) =1/z, 47
/i€ IOCTOSHHbIH MHOXHMTENb B3AT PaBHBIM €AMHULE [3TOT MHOXHTEIb MOXHO YuecTb Npu Bbibope f,
nockoabKy B popmyny (45) dyHkunu u u f Bxoaar B Buae npousBencHus). Iloncraum (47) B (46) u

HPEACTAaBUM [10JyYEHHOE BLIPAXKEHHE B BUAE KOHEYHOTO Pa30oKEeHHs [0 OTPULIATENbHBIM CTENCHSM 2.
INpupaBHHBas HYMIO BYHKUMOHATLHBIH KOI(GMHIMEHT npy 2z~ 2, HMeem

[ = Bz, (48)
rae 53— KopeHb KBaapaTHOro ypaBHenns bs (> + 2a = 0, T. e.
B =++v—-2a/bs. (49)

IlpupaBHuBas HymO0 GYHKUHOHAIbHBIE KOIPGULMEHTH! NPU OCTANLHBIX CTENEHAX 2, C YUETOM 3aBU-
cuMocTH (48) nonyuum

(46)

2t — 3022z + (Bb2 + 38bsA\)z; =0 (cnesa crout koddbduumeHT mpu 2 2),
Zet — @Zzzz — (b1 + 2Ab2 + 3b32%)z; =0 (cnema crout koadduument mpu z 1), (50)
bsA® + baA + b A +bo =0  (cnea crout kodpduument npu z°).
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3aech ABa MEPBbIX JIMHEHHbIX YPABHEHHS C YACTHBIMU NPOU3BOAHBIMU 0OPA3yIOT NEPEONPEACICHHYIO
cucremy st GyHkuuu z(x,t), a mociaeaHee KyOMUECKOE YPaBHEHME CIYXKMT JUIsl ONpPEAe/eHHUs
MOCTOSHHOM .

Cob6upas dpopmyast (45), (47), (48), 3anuiiem peuieHue ypasHeHus (44) B Buae

_ B oz
Tz oz

[Tycts B— n106oe u3 yucen (49), a A— kopenb nocaeaxero (kyouueckoro) ypasHenus (50). U3
JByX NEpBbIX ypaBHeHUii (50) MOXXHO NOJIY4UTb

w(z,t) + A (51

2t + P12z0 + P22z = 0,
Zrzz + 122z + Q222 = 0,

rne
P = —3a, p2 = Bbz + 38)\bs,
b, + 367bg 3bgA% + 2b,\ + b,
q1 = — B y 2= — .
a 2a

Bo3MOXXHBI YeTbIpe Ciyuas.
1. Ipu g2 # 0 u g7 # 4q> umeem

2(x,t) = Crexp(krz + s1t) + Cs exp(kax + s2t) + Ca,
kn:_%qli%\/q%_élq?a Sn:—kipl_knp%

rae C1, Ca, C3 — npou3BOJbHbIE MOCTOsIHHbIE; 1L = 1, 2.
2. Ilpu g2 # 0 u g7 = 4q> umeem

z(z,t) = Crexp(kx + s1t) + Ca(kz + s2t) exp(kx + s1t) + Cs,
k=-%taq, si=-ipai+ipa, s2=-ind + i
3. Ilpu g2 = 0 1 q1 7# 0 umeem
z(z,t) = Ci(z — p2t) + Crexp[—q1z + @1 (p2 — P11 )t] + Cs.
4. Ilpu g2 = 1 = 0 umeem
2(z,t) = Ci(x — pat)? + Co(x — pat) — 2Cip1t + Cs.

6.3.2. MocTpoeHHe TOYHBIX PelleHHi ypaBHEHHUH ¢ TpeMA U 6onee He3aBUCUMBIMM
nepemMeHHbIMH

[Ipu mOCTPOEHWHM TOYHBIX pEIIEHHI HEITMHEHHBIX ypaBHEHWH ¢ TpeMs u 00-
Jiee HEe3aBUCHMBIMH NEPEMEHHBIMH HHOTZA Ha MPOMEXKYTOUHBIX 3Tanax BO3HHKA-
10T QYHKIHOHATBHO-TU(PepeHIHaTbHbIE YPAaBHEHUS, KOTOPbIE PaCCMATPUBAIOTCS
pa3n. 4.2-4.5.

IIpumep 8. PaccMOTpUM HenuHEHHOE HECTALMOHAPHOE YPaBHEHHE TENJIONPOBOAHOCTH, aHU30-
TPOMHOE 10 OJHOMY M3 HanpaBICHHIA:

2w 2w a dw
gY _lv 2 gu. 2
a2~ "oz T oy [(bw+c) oy ] (52)
PCI.LICHl/lC HLIEM B BUAC
w=U(2)+ f(z,t), z=y+g(z,t). (53)

INoacrasus (53) B ypaBHeHue (52), umeem
[(bU + ag2 — g; +bf + UL, + (agez — ge)Us + afeec — fer = 0.
Iycts byHxumu f v g yAOBAETBOPAIOT NEPEONPEACICHHON CUCTEME YpaBHEHU
afze — fre = Ch, (54)
agzz — gt = Co, (55)
ag: — g; +bf = Cs, (56)
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rne C1, Cz, C3 — npousBoabHble nocrosHubie. Torna ¢ynkuus U(z) onuchiBaeTCs aBTOHOMHbBIM
OObIKHOBEHHbIM AU (EPEeHLaNbHbIM YPaBHEHUEM

[(bU + c+ C3)U.], + C2U, + C1 = 0. (57)
OO0wwue peweHus ypaBHeHui (54)—(55) umerot Bua:

f=1(&) + i (n) - Ot
9=92(8) +a(n) — $Cot”,
E=z+tva, n=z-t/a,
INoacraByM 3TH BhIpaXkeHUs B ypaBHEHUE (56), a 3aTeM UCKJIIOUUM ¢ C TOMOLLbLIO GOpMynbl ¢ = i\_/? .
a
INocne HecnoxHbIX Npeobpa3oBaHuii MoayuuM (yHKUMOHANbHO-AU(dEPEHIMANbLHOE YPaBHEHHE C
JIByMsl apryMeHTaMH

bip1 (€) + Cobiph(€) — k€2 — Ca + bapr (1) + Camih(n) — kn® +
+ ¥5(n)[4aps(€) — Co€] + n[2kE — Caypn(€)] =0, (58)

rae
j— 1 2
k= - (bC +203).

VYpaBHeHue (58) MOXKHO pELIMTh METOAOM pAacLIENEHHUs, ONMMCaHHbIM B pa3j. 5.4. Mcnonbsys
YNPOLIEHHYIO CXEMY, TOJ0XUM

b1 (€) + Cakpa(€) — kE® — Cs = Ay,
4apy(€) — Caf = As, (59)
2k€ — Cagh(€) = As,
rae Ai, Ag, As HEKOTopbie NocTosiHHbie. COBMECTHOE pelieHHe CUCTeMbI (59) umeeT BUI

Cc3 BC. A, +C,
pr) = -2 - 24 L3
8ab b b (60)

Cy .2
p2(§) = =€+ B¢
8a
W COOTBETCTBYET CJAEAYIOLUMM 3HAYEHUAM MOCTOSHHbIX:

A1 —moboe, A =4aB, As=—-BC;, B—awboe,

2 c? 61
a=-22 Gy Cs—miobre, k=2 6
b 8a
U3 paseHcTB (58) u (59) nonyuum ypaBHeHHE, CBA3bIBaIOLIEE ABE QYHKUMH Y1 U YP2:
Av + b1 (1) + Carpdiy(n) — kn” + Axiy () + Asn = 0. (62)

Yuursias (61), orcrona umeem

Yi(n) = ——(CQn+4aB)1,b2(n)+ (0277 + BCan — A1>

12(n) — npousBonbHas GyHKLMS.
B urore Haxoaum Q)yHKuuu, onpeaensoue pewenue (53):

3 02 2@ BC, c
flz,t) = 2\/_b xt + t? ) — = t4 ==

9(@,1) = <2 (a? +2\/Ea:t—3at )+B(w+\/5t)+¢'2(7l)~

- 5(Con + 4aB)h(n),

3ameuaHue. B yactHoM cayuae a =1, b <0, ¢ > 0 ypaBHeHHe (52) OnuChIBaET NPOCTPAHCTBEHHbIE
OKOJIO3BYKOBbIE T€YECHUS uaeanbHoro noaurponHoro rasa (C. . INoxoxaes, 1989).



6.3. Hexomopsie moougpuxayuu u 06061uyenus 103

o8 3adauu u ynpasxcnenus K paso. 6.3

1. MNokasatb, uto cucrema (35)(36) umeer Tawke peinenue Buna u(z) = C12°> + Caz + Cs, rae
nocrosiiubie C1, C2, Cs cBsi3anbl ¢ Ay, By [locTpouts cooTBeTCTBYyOLIEE pelienne ypaBierus (31).

2. Haiitu TOuHbIE pElIEHHs YPaBHEHUS C KBAaJAPATUUHON HENUHEHHOCTbIO:
wi 4+ cWwz = aweg + bow® + biw + bo, by # 0.
3. HaiiTu TOuHbIE pElIEHUs YPaBHEHUS C KyOMUeCKOH HENMHEHHOCTbIO:
wt + CWWz = aWzz + bsw® + baw? + biw + bo, bs # 0.

@ Jlumepamypa k pa3zo. 6.3: G. 1. Burde (1994, 1995), M. C. Nucci, P. A. Clarkson (1992),
H. A. Kynpsiuos (1993), A. D. Polyanin, V. F. Zaitsev (2004).



7. Knaccuueckuu MeToa UCCAEAOBAHUA CUMMETPUH
AMpPepeHuManbHbIX ypaBHEHUH

IIpenBapuTeabHble 3aMeuanusi. Knaccuueckuii MeToq UCCIEAOBAHUS CUMMETPUIHA
muddepeHHaTbHbIX YPAaBHEHHIT* ¢ MOMOILIBIO PETYISIPHOM MPOLEeNypHl MO3BOISAET
HaWTH:

(i) mpeobpa3zoBaHHs, OTHOCHTENHHO KOTOPHIX ypaBHEHHE WHBapUAHTHO (IMIpH
TakuxX NpeoOpa3oBaHUAX JaHHOE YPaBHEHHE MEPEXOIUT B TOUHO TAKOE )K€ YpaBHe-
HHE),

(i1) HOBBIE MepeMeHHbIE (KaK HE3aBHCHMBIE, TaK M 3aBHCHMBIE), IIPH NIEPEXoie
K KOTOpPBIM YPaBHEHHE CYLIECTBEHHO YIPOIIAETCS.

VYkazaHHble B MyHKTe (1) mpeoOpazoBaHus NEPEBOIAT PELIEHHE YPABHEHUS B TO
K€ CaMO€ HITH APYTOe pelieHHe 3TOro K€ ypaBHeHUs. B nmepBoM cirydae Mbl HMeeM
MHBApHAHTHOE peIleHHE, KOTOPOE MOXHO HaHTH, peNyLUPYs HCXOIHOE YpaBHEHHE
K HOBBIM IIEPEMEHHBIM, YHCJIO KOTOPBIX MEHbIIE, YeM HCXOAHBIX. Bo BTOpoM —
HEMHBapUAHTHBIE PEHIEHUS MOTYT OBITh «Pa3MHOKEHBD) 10 CEMEMCTBA PEIICHHH.

3amevanue 1. B onpeneneHHOM CMBICIE KIACCHYECKHH METOA HCCIEeIOBaHHSA
cummeTpuil nuddepeHHanbHEIX YpaBHEHHI MOXXHO PacCMaTpUBaTh Kak Cylle-
cTBeHHOEe 000011eHHe MeTo1a MOI00us, OIMCAHHOTO B IIaBe 3.

3ameuanwue 2. B pa3n. 7.1-7.3 naHo omucaHue KJIaCCHYECKOTO METO/A B HETpa-
JUIIMOHHOM W3JI0KEHHH C MHHUMAIBHBIM HCIOIB30BAaHHEM CHENHAIBHON («TpyI-
MOBO») TEPMUHOJIOTHH. Takoi moaxoa obserdaer paboTy ¢ MaTEpHAIOM H MO3TO-
My MpPEINOUYTHTENbHEE PH HAYaJbHOM O3HAKOMJIEHHH ¢ mpeameTroM. B pazx. 7.4
Oyner naHo OOBSCHEHHE NMPOUCXOXKIAEHUS PACIPOCTPAHEHHOTO TEPMHUHA «TPYMIO-
BOH aHaIM3».

7.1. OpHonapameTpuyeckue npeobpa3oBaHUA U UX AOKaAbHblIe
CBOMCTBaA

7.1.1. OpHonapameTpuueckue npeobpasoBaHua. UHPUHUTE3UMANABHBIW onepaTop
Bynem paccmarpuBate 0OpaTHMbIe IpeoOpa3oBaHus BUIA

I

= Qol(xvva’ 5)7 '1_:|€=0 =,
3}=g02(x,y,'w,€), Z_/|e:0 =Y, (1)
wzlb(x,y,w»ff), 'lDlE:O =w,
rae @1, Y2, Y — OOCTaTOYHO TIaAKHe (QYHKLIHH CBOHMX apryMEHTOB, £ — Bellle-
CTBeHHBIH mapamMetp. Cuutaercs, 4to npeodpazoBanus (1) obnamaroT rpynnoBbIM
CBOMCTBOM:

z=¢1(Z,9,w,8) = p1(z, 9, w,€ + ),
Y= p2(Z,9,0,8) = pa(z,y,w,€ + &),
17’=¢(fl_/ws)— (x,y,w,s—!—e),

* Jlpyroe Ha3BaHME 3TOr0 METOAA — KJACCUYECKHMIl METOJ IPYNIoBOro aHanusa auddepeHumans-
HbIX YPaBHEHUH.
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T. €. IOCeI0BaTeNIbHOE NPUMEHEHHE ABYX NpeoOpa3oBanuii Buaa (1) ¢ napamerpa-
MH £ U € 9KBUBAICHTHO OJJHOMY IIpe00pa30BaHHUIO TOTO Xe BHJA C IapaMeTpOM £+-€.
B wacTHOM ciyuae npeoOpazoBaHMii Ha MIOCKOCTH PyHKIUHU 1 U 2 B (1) He
3aBUCAT OT w U ¢ = w (T. €. W = w).
Pasnoxxenue cootHomenuit (1) ans £ u w B psan Telnopa no mapamerpy € B
OKPECTHOCTH TOYKH € = ( maer

I~z+ef(z,y,w), yryten(,y,w), ©~w+el(zyw), (2

rae

8(,01 6902 8'1,0
z,Y,w) = z,Y,w) = x =
§ayw) ==, n@yw) == L0 Cyw) = 5o
Bekrop (£,7,() sBIseTCS KacaTeqbHBIM BEKTOPOM B TOuke (z,y,w) K KPHBOWH,
OIIHCHIBAEMOM cooTHOIEeHUsAMH (1).

JIunennpIi ;:[n(pcbepeﬂunanbnmﬁ omneparop MepBOro MopsaKa

0
X = &(2,y,w) e + (2., w) - , Ho@yw) 5, 3)
COOTBETCTBYIOIIHI OECKOHEYHO MaIOMY npeo6pa3013aﬂmo (2), HaszeiBaetrcsa uHDU-

HUTE3UMAJIBHBIM OII€PATOPOM.

Teopema Nu. Ilycte u3BecTHBI KOOpmMHATHI &(x,y,w), n(z,y,w), ((x,y,2)
uHpuHUTE3UMaANIEHOTO onepaTopa (3). Torma nmpeobpazoBanue (1) MOKXHO HOJIHO-
CTBIO BOCCTaHOBHTb ITyTEM pelIeHHs ypaBHeHuU# JIu

dd(psl = &(p1, 02, 9), dd(p; = 1(e1,92,9), fl_ Cler, 02, 9)

C HA4YaJIbHBIMH YCJ'IOBI/U[MI/I
Pile=0 =2, @2le=0 =Y, Yle=o = w.

7.1.2. UuBapuaHT onepartopa. lpeobpasoBaHUA HA NAOCKOCTH

WuBapuantom mpeobpasosanus (1) HazeiBaercs dyukuus I(z,y, w), yIOBIETBOPS-
I01ast YCIOBHIO
I(z,y,w) = I(z,y,w).
PaznoxxuB mo mamoMy mapamerpy €, pa3aeluM IOJNYYEHHOE BBIpAXKEHHE HA €, a
3areM mnepelneM K npeneny npu € — 0. B pe3ynbrare uMeeM TUHEHHOE YpaBHEHHE
C YaCTHBIMH MPOU3BOIHBIMU 1A [:
oI oI
XI:‘S(x,y,w)%‘i‘ﬂ(x,y, )—+C($ Yy, w ) dw =0. (4)
Hneapuanmom onepamopa (3) nasviBaercs ¢yukuus [ (z,y, w), yAOBIETBOPS-
on1as ypaBHeHHIO (4).
3anuiieM COOTBETCTBYIOIIYIO YPABHEHHIO C YaCTHBIMH MPOU3BOIHBIMU (4) Xa-
PaKTEPUCTHYECKYIO CHCTEMY OOBIKHOBEHHBIX AH(QepeHIHaTbHBIX YPABHEHHH (CM.

pa3n. 14.1.3):

dx _ dy _ dw ) (5)

&(z,y,w) n(z,y, w) ¢(z,y, w)
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TABJIMLA 6
OpaHonapameTpuieckue npeobpa3oBaHUs Ha MIOCKOCTH
Ha3Banue IIpeobpa3oBanue Oneparop HuBapuant
IlepeHoc no ocu x T=x4+e, Y=y X:% L=y
IepeHoc BAOIbL MPAMON _ _ g g
az+by=0 T=zx+be, y=y—ace P aay Li=az+by
T=1xcose+ysing, _. 0 9 2, 2
Bpawenne J=1ycose—zxsine X_yax gcay h=2"+y
Z=xzche+yshe, X — o 9 s
Ipeobpaszosanue Jlopenua G—ychetzshe =y P +x oy L=y’-=x
Ipeobpazosanue ["anunes T=xz+ey, Y=y X= y&%: L=y
9 9
OJHOPOAHOE PaCTsHKEHHE T=uze®, y=ye° X=z o + Yoo L=y/z
9 7]
Heonunopoauoe pacrskeHne z=zxe®, j=ye’* X=az F by% I =y|®z]~°

HYCTB (I)yHK].[I/IOHaJ'IBHO HE3aBUCHUMBIC UHTETPAJIbI 3TOH CHCTEMBI HMEIOT BHJI
Il($,y,w) - Cl) 12(37,,%711) - C?) (6)

rae C; u Cy — NpoHu3BONbHBIE TOCTOsAHHBIE. Torna obiee peneHne ypaBHenus (4)
omuckIBaeTcss GopmyInoi
I =Y(I, 1), (7

rae (I, ) — npousBonbHas QyHKIMs ABYX aprymentoB, I; = [(z,y,w) u
I, = Iz, y,w).

Cka3aHHOe O3HadaeT, 4uTo oneparop (3) uMeeT nBa PyHKUHOHATHHO HE3aBHCH-
MbIx uHBapuanTa I u I u mobas byskuus =(z, y, w), HHBAPHAHTHAS OTHOCHTEb-
HO omeparopa (3), MoxeT ObITh 3amicaHa B BUA€ QYHKLHUH STHX HHBAPHAHTOB.

B Tabu. 6 yka3zansl HanOojee pacpOCTpaHEHHBIE Pe0OPa30BaHMs Ha IIOCKO-
CTH M COOTBETCTBYIOLIME MM Omeparopsl (3) U MHBAapHAHTHI (YKa3bIBAETCS TOJIBKO
OIIMH MHBApHaHT, TaK KaK BTOPOH HHBApHAaHT Be3J€ ONUH M TOT Xxe: [o = w).

7.1.3. ®opmyAabl AN BIYMCAEHUA NPOU3BOAHBbIX. KOOpAWHATLI NepBOro U BTOPOro
NPOAONKEHUH

[NepBrie MpOU3BOAHBIE NPH MEpEX0ae K HOBBIM HepeMeHHBIM (1) mpeobpasyrorcs

CIIEYIOIHIM 00pa3oM:
on
oz

ow

ow ow
—%4‘5(1» 6—g—a—y+5§2~ t))

31ech KOOPIHHATHI MIEPBOTO MPOJODKEHUS 1 M (2 ONpPEAeNAoTCs o hopMyIaMm

€1 = D(¢) —we Dz () _wyDa:(n) = (et (Cw_fr)wx_nxwy_gwwg_nwwxwyv

G2 = Dy(() - wny(é) - wyDy(n) = Cy - fywx + (gw - ny)wy - f’wwmwy - wa%g)
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rne D, u Dy—OHepaTOpLI noJHOTO AuddepeHInpOoBaHHS 10 NIEPEMEHHBIM T H Y:

_ 8 0
D=8+ o 6+w 9 4.
Yy Ay Wy —=— 6 zy 3 vy 3wy
INokaxeM cnpaBeIMBOCTbL NepBoii popmynsbl (8). O4eBUAHO, YTO
Wr = WzTz + WylYz, Wy = Wzly + WylYy- (11)

JunddepeHunpys BoipaxkeHus (2) no & ¥ y ¥ oTOpacbiBas YieHbl BTOPOro U 60nee BLICOKUX MOPALKOB
0 £, HMEEM

Tz =14+eDzE, Ty =-¢eDy&,
Yz = €Dz, Yy =1+ eDyn, (12)
Wy = we +€Dz(, Wy = wy +eDy(.
Jlnst BIYMCACHHUS W UCKIIOUUM Wy U3 paBeHCTB (11), a 3aTeM 3aMEHUM NPOHU3BOAHBIE Ty, Ty, Yz,
Yy, Wz, Wy COOTBETCTBYIOLIMMH BbIpakeHHsAMH U3 (12). B pesyabrare nonyuum

w, + (D¢ +w,Dyn — w,Dyn) + €%(D,¢(Dyn — D,1D, ()

ﬂ)— =

Pasnaras B psaa no €, umMeem
Wg ~ W +€C, €1 = Dz —weDz€ — wyDen,

4yTO U TpebOBaNOCH OKa3aTh. AHAJIOTMYHbIM 00pPa3oM BbluucaseTcs (a.

BTopsle npou3BOaHBIE IPU NEPEX0/ie K HOBBIM NepeMeHHbIM (1) mpeobpasyroTces
CIIEAYIOIUM 00pa3oM:

v _ 8w 9w o’w ’w | w

2
972 Ox2 +eQu, 9507 = Bzdy + ez, e o + &(a0. (13)

371eCh KOOPAMHATEI BTOPBIX MPOJOILKEHMH (;; HaxoaTcs no Gopmynam

C11 = Dy(G1) — wzz Do (&) — way Dz (n),
G2 = Dy(gl) Wz y(f) Wry y(n)
Co2 = Dy(ﬁ?) w:cy ( ) wyy ( )

KOTOPBIE B Pa3BEPHYTOM BUE 3AIIMCBIBAIOTCA TaK:

€11 = Cez+ (2Cwz — {a:a:)wx — NzzWy + (Cww— 2§wx)w3; - 277wa:wxwy -
- fwww nwww wy + (Cw 28, — 3wy — nwwy)w:c:c - 2("7::: + nww:c)wa:y»
€12 = Cay+ (Cuy — Eay) Wi + (Cuwa — Nay) Wy — gwng -
- (wa —&wz— nwy) WrWy — nwxwg - §www92:wy - nwwwa:wz -
- (gy + §wwy)wxac +(Cw—&— Ny — 2§ Wse — 277wwy)w:cy S UPSE nwwx)wyya
Co2 = Cyy—EyyWa + (2Cwy — Tyy) Wy — 2&wywrwy + (Cuw — any)wg -
fwwwacwy nwww (gy + fwwy)wacy + (Cw— 21y — EwWe — 377wwy)wyy~

(14)
DopmMynsl IS KOOpAMHAT MEPBOTO U BTOpOro npoxaoipkenui (9) u (14) nona-
no0sTes nanee Ui aHanu3a U depeHnHanbHEIX YPaBHEHHH.
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7.2. CUMMeETpUM HEAUHENHbIX YPaBHEHUW BTOPOro nopsipka. Ychosue
WHBaApPUaAHTHOCTH

7.2.1. YcnoBue uHBapuaHTHOCTU. Mpoueaypa paclienneHUs no NPOU3BOAHBIM

Bynem paccmarpuBate nuddepeHHanbHble YpaBHEHUS B YacTHBIX MPOU3BOIHBIX
BTOPOI'O NOPSJIKA C AByMS HE3aBUCHMBIMHU NE€PEMEHHBIMH

ow dw w w w) _
F(Jf»y»ubg»a—y» 512’ 33:8?;7 8y2 ) _0 (15)
[Ipouenypa moucka cummerpui® ypaBHeHus (15) mpoBOAMTICS B HECKOIBKO
stanoB. Ha nepBom sTane norpeOyeM, yToOb! ypaBHeHue (15) Obl10 HHBapUAHTHBEIM
(1. €. COXpaHsIO BUA) OTHOCHUTENBHO NpeoOpa3osanuii (1), T. €.
__ _ 9w ow 0w 0w w\ _
F( Y5z By’ 9z * 930y’ 85 ) =0 (16)
Paznoxxum 310 BBIpa)kKeHHE B psif NpH € — ( ¢ y4eTOM paBeHCTBa HYJIIO ITIABHOTO

uiieHa pasznoxkenus (15). Mcnonszys dopmynst (2), (8), (13) u ynepxuBas 4aeHbBI
MEPBOTO MOPSAIKA MAIOCTH MO €, MOJYIUM

= 0. (17)

2 2 2
}2(F(x,y,w, ow Ow Hw 0w 8w)

Oz’ By’ 0z’ Ozdy’ Oy?

3mech BBEIEHO KpaTKOC 0003HaYCHHE:
L OF
P63 tn ¢+ g+ g

F OF oF
+ §11 Jo T C12 Duny + (22 Dy (18)

I7ie KOOpAHHATBl NMEPBOTO H BTOPOTrO NPOJOKEHHH (; M (;j ONPENENsIoTCs IO
tdhopmynam (9) u (14). CootHommenue (17) Ha3pIBaeTCsA YCIOBHEM HHBAPHAHTHOCTH,
a omeparop )2(—BTOpLIM MpoJoKeHHeM omneparopa (3).

&w &%w
Ha BtopoMm 3tame B (17) uckirouaeTcs MpoOM3BOIHAS o (wmn 55) ¢ mo-

Momsio ypaBHenus (15). Ilocne 3Toro JieBas 4acTh MOJTYYSHHOTO PABEHCTBA 3a-
IMACBIBACTCA KaK IMOJIMHOM II0 «HE3aBUCHUMBIM INEPEMCHHBIM) — BCCBO3MOXHBIM
MPOU3BCACHUAM IPOU3BOJHBIX (B JaHHOM CJIy4a€ NMPOU3BCACHHUA COACPIKUT Pa3HbIC
CTENEHH Wy, Wy, Wry, Wry):

Z Ak1k2k3k4 ('w:c)kl (wy)kz (w:c:c)k3 (wa:y)k4 =0, (19)

rae QyHKUMOHANbHBIE KOOQHUuHEHTs Ay £,k k, 3ABHCAT TOIBKO OT T, Y, w,&, 1,
U NpOoU3BOAHBIX GyHKUMH &,7,(, H HE 3aBHCAT OT MPOU3BONHBIX w. PaBeHCTBO
(19) Oymer BHIMONHATHCS, ecnu Bce Ay (koksk, = 0. Takum o0Opa3oM, ycrioBue
HMHBAPHAHTHOCTH PACLIETIISIETCS IO NEepeoNpeaeIeHHON ONpPeaesIomeH CHCTEMBI,
KOTOpasi NOJy4aeTcs NPUPAaBHUBAHHUEM HYNIIO (GYHKIHOHANBHBIX KOA(Q(HUIMEHTOB
IIPU Pa3IUYHBIX POU3BEACHHUAX CTEIECHEH OCTaBIIMXCS MPOHU3BOAHBIX (HAIIOMHHUM,
9TO UCKOMBIE QYHKIMH &, 77, ¢ HE 3ABUCAT OT NMPOU3BOIHBIX Wy, Wy, Wez, Wey)-

Ha Tperbem aTare pernaercs onpeaessionas CHCTeMa H HaX0AATCs 10Ty CTUMBIE
koopauHarel &, 7, ( oneparopa (3).

* CvMMMeTpHH ypaBHEHUs — NPeoOpa30BaHUs, COXPAHSIOLLUE €ro BUA.



7.2. Cummempuu HeIUHEUHbIX YPAGHEHUIl 6MOPO20 NOPAOKA. YCaoeue UHBaAPUAHMHOCHU 109

3ameuanune 1. BaxxHO OTMETHTH, YTO M (PYHKUHOHATBHBIE KO3((HULHEHTHI
Ak, kykyk,» A OTIPENENAIOMAs CHCTEMA JIMHEHHBI OTHOCUTENBHO MCKOMBIX BEIMYHMH

£, ¢
3ameuanue 2. WuBapuanT I, ABasonmiics pemeHueM ypaBHeHus (4), yaosie-
TBOPSET TAaKXKe YPaBHEHHIO }2(1 =0.

[IpommiocTpupyeM nponenypy Noucka CHMMeTpuil muddhepeHranbHBIX ypaB-
HEHUH Ha KOHKPETHBIX NIPUMEPaX.

7.2.2. Mpumepbl NOUCKa CUMMETPUA HEAMHEMHbIX YpaBHEHUH MaTeMaTUUECKOM
$U3UKH

IIpumep 1. PaccMoTpuM AByMEpHOE CTAaLMOHAPHOE YPaBHEHHE TEMJONPOBOJHOCTH C HENUHEH-
HbIM UCTOYHUKOM o2 92
w w
S+ g = 1), (20)
KOTOpOE COOTBETCTBYET JIeBOH 4acTH F' = wg; + wyy — f(w) ypaBHenus (15).

Jonyckaembiii uHbuHUTE3UManbHbIH oneparop X Oyaem uckarh B Buae (4), rae KOOpAMHa-
™ £ = &(z,y,w), n = n(z,y,w), { = {(z,y,w) NOKa HEU3BECTHbHI U MNONJIENKAT ONpeneie-
HUIO B XOA€ NOcheayollero aHanusa. Yciosue uHBapuantHoctd (17)—-(18) ¢ yuerom 3aBucumocTH
F = wz; + wyy — f(w) 3anucbiBaercs Tak:

Ca2 + C11 — ¢f'(w) = 0.

IloacTaBuB CloAa BbIPAXEHUS AN KOOPAMHAT BTOPOro NMpOAOMKEHHs (14) M 3aMEHHMB 3aTEM Wyy
Ha f(w) — wez [cneacrBue ypaBHenus (20)], umeem

=280 WeWoz + 2N WyWez — 2NwWaWey — 280 WyWay — 2(§e — My) Wee — 2(&y + Me)Way —
- ﬁwwwz - nwwwiwy - ﬁwwwxwz - nwwwz + (Cww — 2€zw)wa2c - 2(§yw + nzw)wzwy +
+ (Cww — 2nyw)w3 + (2w — oz — Eyy — féw)wz + (ZCyw — Nzz — Tlyy — 3f77w)wy +
+ Coz + Cyy + f(Cw — 2my) — ¢ =0,

rae f = f(w) u f' = df /dw. llpupaBusiem Hymo0 ko3GULMEHTI PU BCEX KOMOMHALIMAX IPOU3BOA-
Hbix. [lonydnm cnenyrouyio cucremy:

WrWzz: 'Ew = Oy
WyWez: Nw =0,

Wyy: e —1my =0,
Way: & +n: =0,
2
- ww — 2&we = Oa
wei G B 1)
Wz Wy: Nwz + &wy = 0,
Wy 2Cwe — Exx — Eyy — Ewf(w) =0,
wz: Cww — 2wy =0,
Wy: 26wy — Moo — Myy — 3w f(w) =0,
1: Czz + Cyy — fl(w)C + f(w)(Cw — 27my) = 0.

3necy B nepBoM cTonbLe yka3zaHbl KOMOMHALMH MPOU3BOJAHBIX, BO BTOPOM — COOTBETCTBYIOLIUE KO-
3P GULHUEHTDI; IPU Wy Wry, Wz Way, Wy, w? Wy, wzwz, wZ 3TH K03(pPULMEHTbI NyONUPYIOT MPUBEACH-
HbI€ B CUCTEME YpaBHEHUs WM MX AubdepeHuranbHble CASACTBHS, U NOTOMY ONYLLEHbI. YUHUTbIBas
CJIECTBYS NEPBOro, BTOPOro U MATOro ypaBHeHwuii (21), umeem

£=¢&y), n=nz,y), ¢=alz,y)w+b(z,y). (22
W3 yerBepTOro u mATOro ypasHeHui cucrems! (21) noayuum
§oz + &y =0, Tz +1yy =0. (23)

INoacraBuM BbipaxkeHus (22) B ceabMOE U AEBATOE ypaBHeHMs (21), a 3aTeM UCNONb3yeM PaBEHCTBA
(23). UmeeM a; = ay = 0, oTkyna cnenyer

a(z,y) = a = const . 24)
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Cucrema (21) ¢ yyerom cooTHowenuit (22), (24) npuHuMaeT BUA:
€z —my =0,
&y + 1z =0, (25)
bex + byy — awf'(w) — bf' (w) + f(w)(a — 2ny) = 0.

Jns npousBonbHoOi hyHkunu f, oueBuaHo, a =b=mny =0, Torna{ = C1y+Cq,n=—C12+C3,(=0.

Ilonaras nocnenoBaTenbHO OIHY M3 KOHCTaHT paBHOﬁ C€AUHHULIE, 2 OCTAJIbHbIE — HYJII0, HAXOAUM, YTO
HCXOAHOE€ YPAaBHEHUE NOMYCKACT TPU Pa3jIMYHbLIX Omne€paropa:

X1 =0; (C2 =1, C, =Cs=0)
Xy =0y (Cs =1, C, =Cs=0); (26)
ngyaz—acé)y (Cl Zl, 02203:0).
Ilepsble aBa onepaTtopa COOTBETCTBYIOT EPEHOCAM BJOJb OCEH T M Y, TPETUH — BPaLECHUIO.
PaccmoTpum noapobHee TpeTbe ypaBHeHHE cucTeMbl (25). Ecnu BbINoaHAETCS paBEeHCTBO

(aw +b) f(w) — f(w)(a — 2ny) =0, @7
TO MOTYT CYLIECTBOBAaTb APYTME€ PELICHHs cUCTeMbl (25), MPUBOAALIME K OMEpaTopaM, OTAHYHBIM
ot (26). Hano uccnenosatb aBa cayyas: a # 0 u a = 0.

Cnyuyaii 1. Pewas ypaBHeHue (27) npu a # 0, nomyuum
2
fw) =Claw + b)l_«_:',
rae y =1, = const, b= const. [loatomy npu f(w)= wk ypaBHenue (20) apomyckaeT JONONHUTENbHbIN
oneparop
2
X4 =20 + ?Jay + mwaw,

3a1al0LIKI HEPaBHOMEPHOE PaCTsKEHHUE.
Cayuaii 2. Ilpy a = 0 pelieHre UMeeT BUI
f(w) = Ce™,

rne A = const. Torna b = —2n,/\, a byHkuMM £ W 7) yNOBNETBOPSIIOT ABYM I[EPBbIM YpaB-
HeHusM (25), koropble coBnajawT ¢ ycaoBuamu Ko — Pumana mns aHanurvueckux (yHKuMid.
OTHUM yCIOBUAM YAOBNETBOPAIOT ACHCTBUTENbHAS M MHUMAs YacTH Jto0oi aHanuTH4eckoi dyHKumun
®(2) = &(z,y) + in(x,y) KOMIIEKCHON NepeMeHHo z = x + iy. B yactHoctu, npu b = const u
f(w) = e¥ nonyckaercs AONONHUTENbHBIN ONEpaTop

X4 = a:@x + y6y — 28w,
KOTOpbIH COOTBETCTBYET PACTSXEHHIO MO T U Y C OAHOBPEMEHHBIM CABHIOM IO W.
[Ipumep 2. PaccMOTpUM HenMHENHHOE YPaBHEHHE HECTALUMOHAPHOMN TEMIONPOBOJHOCTH
ow 7] ow
20 [ 2]
ot oz oz
B naHHOM ciyyae B ycnoBuM MHBapuaHTHOCTH (17)—(18) Hano nonoxutb
2
y=t, F=w— f(wwes — f(wwg, C12=C2=0
U MCNOJb30BaTh BelpaxkeHUs (9) u (14) ans kOOpAMHAT NEPBOrO U BTOPOro MpoAoDKeHHi 1, (2 M (11
npy y = t. 3aMEHHUB 3aTeM B MOJYYCHHOM BBIPa)XKEHHH W Ha MpPaBylO 4acTb ypaBHeHHMs (28), mpu-
PaBHAEM HYII0 KO3P(ULHMEHTbI NPHU pa3HbIX KOMOMHALMAX OCTABLIMXCS NMPOU3BOAHBIX. B pesynbrare
NPHXOAMUM K CHCTEME YPaBHEHHUIA:
Wowzz: 2 (W) [waf(w) +Eul + f'(w)n= = 0,
! 2
Wzz: Cf(w) = f(w)nzz — f(w) (26 —me) =0,

wrwze:  f(w)nw =0,

(28)

Wat: f(w)ne: =0,

wii fl(w)nw+f(w)7)ww =0,

w: 2[f' (W)]*nz + f (w)éww+ f'(w)éw+2f (w) f'(w) s = 0,

wg? FW)Cww+ 7 (w)¢ = 2f (w)€wz — f'(w) (262 —me) + f'(w)Cw — f(w) f'(w) N = 0,
We: 2f (W) Cuwz+2f (w)¢z — f(w)ézz+E =0,

1: Ge— f(w)Cm =0.
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3nech B IepBOM CTONOLE yKa3aHbl KOMOMHALMKM NPOU3BOAHbIX, BO BTOPOM CTO0LIE — COOTBETCTBYIO-
LIME YPaBHEHUs (MPUBOASATCS C TOUHOCTbIO O MOCTOSHHOTO MHOXKHUTEJIS); OMYILEHbI TOXKAECTBEHHbIE
BbIpaXeHHs U audbepeHunanbibie cneactus. Tak kak f(w) Z 0, TO M3 TPETbEro M YETBEPTOro
yPaBHEHHIi cucTeMbl caeayer, 4to 1) = 7)(t). Toraa u3 nepBoro ¥ BTOPOro ypaBHEHUs UMEEM

f(w)(2¢; =)
f'(w) '

C Yy4€TOM HaliICHHbIX COOTHOILLIEHUH CUCTEMY MOXHO 3anucaTth B BUAC!

71" = £ + (£ )2 = m) =0,
FArF" = 7(F)les — (£)6 =0,
2f'£a:za: - 2§zt + Nit = 0
(ypaBHEHHsI COXpaLLEHbl Ha OOLIHE MHOKMTENH, 3aBEIOMO HE PaBHbIE HyM0). B o6wem ciydae, npu
npou3BonbHON GyHKUMM f, U3 NepBoro ypaBHeHus caeayet 2§, — 1; = 0, u3 Broporo—&; = 0. U3
TpeTbero ypaBHeHus nonyuum £ = Cy + Caz, Torna n = 2C2t + Cs. [loaToMy npy Npou3BOAbHOH
¢byukuuu f ypaBHeHue (28) pomyckaer Tpu oneparopa:
X1:81 (Clzl, 0220320);
Xo =04 (C3=1,Cr=C>2=0);
X3 = 2t0: + 0, (CQ =1, Ci=Cs = 0).

£=¢&(=,t), (=

JleiicTBys aHaJOrM4YHO, MOXHO MOKAa3aTb, YTO AJs CJACAYIOLMX CeUHalbHbIX BUA0OB QyHKLMH f
TOSABAAIOTCA AOMONHUTELHBIE ONEPaTOPbI:

1. f=e": Xq=2z0;+20,.

2. f=wk kE#0,-4/3: X4 = kzd; + 2wd,.

3. f=w Y3 X4=228; — 3wy, Xs=z°0; — 3zwdy.

[Ipumep 3. PaccMoTpuM Tenepb HENMHEHHOE BOJHOBOE ypaBHEHHE
3w b} dw
- = — . 2
o2 oz [f (w) 8:::] (29)
B ycnoBuu vnBapuantHoctH (17)—(18) Hamo monoxuth
y=t, F=wu— f(wwe — f(ww:, (=C2=0

¥ Mcnonb30BaTh BbipaxceHus (9) u (14) ans KOOpAHHAT NEPBOTO M BTOPOro NpoAomKeHuit €1 u (11, (22
npy y = t. 3aMEHUB B MOJy4EHHOM BbIPRXEHUH W;i¢ HA MPaBYIO YacTb ypaBHEeHHs (29), npupaBHieM
Hy/M0 K03(hQULMEHTb! MPY Pa3HbIX KOMOMHALMAX OCTABLUMXCS MPOM3BOAHBIX. IIpuxoauM k cucreme
YPaBHEHUi (OMyILEHbl TOXAECCTBEHHbIE BbIPAXKEHUS U AU dEepeHLHaNbHbIE CAEACTBUSA):

WrWrz: f(’UJ)Ew =0,
WtWzzx: f(w)"hv =0,

Wag: f(w)+2f(w)(ne — &) =0,

Wzt: flw)nz — & =0,

'UJz: fl(w)fw + f(w)éww =0,

w?cwﬁ F(W)nww — f/(w)"lw =0,

w?c: F(w)Cuww + f/(w)Cw + f//(w)C = 2f(w)éwz — 2f/(w)(§z —n) =0,
Wz We: 21" (w)ne + 2f (W) Nwz — 26wt = 0,

Wz 2f/(w)<£ = f(w)€za + 2f (W)Cuwz + &t = 0,

wt21 Cww — 2nwt = 0,

We: Fw)nNzz + 2wt — nee =0,

1: Gt — f(’w)sz =0.

Tax xak f(w) # const, To M3 mepBbiX AByX ypaBHenuil Haxomum & = &(z,t), n = n(z,t).
[lo3TOMYy AECATOE YPABHEHHE CUCTEMbl NPUHUMAET BUA Cuwyw = 0 M NPUBOAMT K BBIPAKEHHIO
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¢ = a(z,t)w + b(z, t). B pe3ynsrare OT CHCTEMbI OCTAIOTCA yPaBHEHU

wf'(w)a(z,y) + f'(w)b(z,y) + 2f(w)(n: — &) =0,

f(w)alz,y) +wf’(wa(z,y) + ' (w)b(z,y) — 2f (w)(& — m) =0,
2f' (w)(asw + bs) = f(w)éez + 2f(w)as =0,

2at — Mt = 0,

aw + by — f(w)(auw + b;”;) =0.

B cayuae npou3ssoabHo# dyHkunu f(w) nonyuum a =b =0, i =0, £, — n¢ = 0. UuTerpuposanue
JlaeT TpU onepaTopa:
X1 = 6,;, XQ = 6,:, X3 = wc% + t@t.

JleiicTBys aHaJIOrM4YHO, MOXXHO MOKAa3aTh, YTO AJs CJACAYIOLIMX CeUHalbHbIX BUAOB QyHKLMH f
TNOSBJIAIOTCS AONOJHUTENbHBIE ONEPATOPbI:

1. f=e": Xq=2z0;+20,.

2. f=wk k#0,-4/3,—4: X4 = kaxd, + 2wd,.

3. f=w%3 X4=2z0; — 3wy, Xs5=120; — 3zwdy,.

4, f=wt X4=2z0; —why, Xs=1t0;+ twdy.

HaiinenHsle ¢ IOMONIBIO YKa3aHHOH MPOIEAYPHl CUMMETpUH auddepeHmas-
HBIX YpaBHEHHH MO3BOJIAIOT MONYYaTh UX TOYHBIE PELICHUS (CM. CIEAYIOUIMHA pas-

Jie).

o8 3aoauu u ynpaxycuenus K paso. 7.2

1. Haiitu nonyctumble MHGUHMTE3UMANbHBIE ONEPAaTOpbl M WHBapHaHTHl ypaBHeHUs Broprepca u
NOTEHLMAIbHOrO ypaBHeHuUs Broprepca:
a) Wi+ WWr = aWgy,
b) w: + awg = bwzz.
2. Haiitu nonycrumble MHGMHUTE3MMAbHbIE ONEPAaTOPbl U WHBApHAaHThl OOOOIIEHHOrO YpaBHEHUS
broprepca:
wt + f(w)wz = awz,.
IpoBecTy KiacCUPUKALMIO CUMMETPU ypaBHeHus ans Beex f(w).
3. Haiitu nonycrumble HHOUHUTE3UMaNbHbIE ONEPAaTOPbl U MHBAPUAHTbI HECTALIMOHAPHBIX YPaBHEHHUH
TEIUIONPOBOAHOCTH C HEJAMHEHHBIM UCTOUHUKOM:
a) w = a(wwz)s + bw,
b) w: = a(wws)s + bw?,
C) wi = aWez + f(w).
IlpoBecTH knaccubUKaLMIO CUMMETPHI OCAEAHEro ypaBHeHUs Ans Beex f(w).
4. Haiitu nonycrumble HHOMHHTE3UMAbHbIE ONEPATOPbl H MHBAPUAHTbI HEIMHEHHBIX yPaBHEHHH:
a) W = Wep + a(wz)?,
b) w¢ = Wiz + aw(wz)®.
5. Haiitu nonycrumble MHPUHHTE3MManbHbIE ONEPATOPbl M WHBAPUAHThl HEJIMHEHHOrO BOJHOBOTO
YPaBHEHUS:
wze = f(w).
IpoBecTy KiacCUPUKALMIO CUMMETPU ypaBHeHus ans Beex f(w).
6. IloxasaTb, 4TO ypaBHEHHE OKOJ03BYKOBOIO TEUYCHHs rasa

Wy Wzg + Wyy =0
JI0MYCKAET OMNEPATOPbI
X1=0:, Xo=0y, Xs=0uw, X4=y0w, Xs5=u1z0;+ 3w, Xe=ydy— 2wy,
¥ HalTH COOTBETCTBYIOLINE MHBAPUAHTBI.

7. Haiitu nonyctumble HHPHHUTE3UMANLHBIE ONIEPATOPHI M HHBAPHAHTHI YPABHEHHS ABHKEHUS HEMU-
HEHHOMN BS3KO-IJIAaCTUYECKOH Cpeabl:

wy = f(wg)Wez.
IpoBecTy KnaccUPUKALKMIO CHMMETPUH ypaBHeHus s Beex f(u).
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8. Haiitu nonycrumble WHGUHHTE3MMANbHBIE ONEPATOPLI U MHBAPMAHTBI HEJMHEHHOro ypaBHEHUs
Teopuu unbTpanuu:

we = [f(wz)wzle.
IpoBecTy KnacCcHPUKALMIO CHMMETPU ypaBHeHus ans Beex f(u).

9. Haiitu nonycrumbie MHPUHUTE3UMANBbHBIE ONIEPATOPLI M HHBAPUAHTHI HENUHEHHOTO TenerpagHoro
ypaBHEHHUsL:

wie + f(w)we = awWgz.
IlpoBecTn knaccubukaumio CUMMETPUI ypaBHeHus aas Beex f(w).
10. Haiitu nonyctumble HHPUHHTE3UMANbHbBIE ONMEPATOPbl U MHBAPUAHTHI YPABHEHUS HENHHEHHOrO
YPaBHEHUs! TEIIONPOBOAHOCTY B @aHU3OTPOMNHBIX CPEAAX:

[f(@)wz]e + [9(¥)wy]y = h(w).
[posecty knaccudukaumoo cuMmeTpuil ypasHenus st Bcex f(x) u g(y) npu npoussonbHoil h(w).
Vkasanue. KoopauHarsl A0MyCTHMOrO oneparopa uckars B Bune £ = £(z,y), n =n(z,y), ¢ =0.

11. Haiitu ponycrumble HHPUHUTE3UMANBHBIE ONEPATOPbI M MHBApUAHTHI ypaBHeHus Kanomxepo:

IlpoBecTn knaccubukaumio CUMMETpU ypaBHeHus ans Beex f(u).

12. Haiitn nonycrumble HHOUHUTE3UMANbHBIE ONEPAaTOPbl U UHBAPUAHTbI HENUHEHHOIO YpaBHEHHUA:
Wit = f(wa:x)

IIpoBecTn knaccubukawmio CUMMETpU ypaBHeHus ans Beex f(u).

13. Haiitu nonycriMble MHOUHUTE3UMAIbHbIE ONEPATOPbl U HHBAPUAHTBI YPABHEHUS! MUHUMAJbHbIX
NIOBEPXHOCTEH:

(1 4+ w))wee — 2wWeWyWay + (1 + w3 )wyy = 0.
14. Haiitu nonycruMble UHGUHUTE3UMANbHbIE ONMEPATOPbl M MHBApPUAHTH ypaBHeHuss Bbopua —
Undenbaa:

(1 — wHwez + 2wrwiwz: — (1 + w)wi = 0.
15. Haiitu nonycrumble HHOUHUTE3UMAJIbHbIE ONEPATOPbI U MHBAPUAHTHI HEOAHOPOJHBIX YPaBHEHUH
Momxa— Amnepa:

a) wiy — WzzWyy = f(=),

b) wiy — WrzWyy = yf(x)»

©) Wiy — Weawyy =y f(),

d) wiy — WazWyy = €Y f(2).
IpoBecTy KnacCcHPUKALMIO CHMMETPU ypaBHeHus ans Beex f(x).

7.3. Ucnonb3oBaHWe CUMMETPUI YPaBHEHHUA AAA NMOUCKA TOUHBIX
pelweHuit. UHBapuaHTHbIE pelueHus

7.3.1. Ucnonb3oBaHHE CUMMETPUH YPAaBHEHHUA AAA MOCTPOEHUA
OAHONMapamMeTpUUEeCKHUX pelueHUi

HyCTL HU3BCCTHO YaCTHOC PCIICHUEC

w = g(z,y) (30)

uccienyeMoro ypasaeHus. [lokaxkeM, 4To 1r00as CHMMETpHUsl YpaBHEHHS, 3a/1aBa-
emas mpeobpazoBanueM Buaa (1), MOpOXIaeT OJHONAPAMETPUYECKOE CEMEHCTBO
peleHui (3a UCKITIOUEHHEM CITYYaeB, KOT/Ia pellieHHe o JSHCTBHEM 3TOTOo Mpeod-
pa3oBaHUs MEPEXOTUT caMo B ceds, cM. pasn. 7.3.2).

JlelicTBUTENEHO, TOCKONBKY ypaBHeHHE (15) mocne mepexoia K HOBBIM Tepe-
MeHHBIM (1) npuHUMaeT Takoii xe Bun (16), To npeoGpazoBanHoe ypaBHeHue (16)
HMEET pellIeHNe

w = g(Z,7). (31
Bosepamasice B (31) k crapeiM nepeMeHHBIM 110 ¢popmyiam (1), moayduM omHoma-
paMeTpUYECKOe PEIIeHHE UCXOIHOTO ypaBHEHHS (15).

8 A. Jl. [lonsaHun, B. ®. 3aiiues, A. U. XKypos
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Ipumep 4. [IByMepHOE ypaBHEHUE TENIONPOBOAHOCTH C IKCNOHEHLUHATIBHBIM HCTOYHUKOM

2w 02w w
-z T a7 ¢ (32)
JIONYCKaeT OHOMEPHOE peLIeHHE
2
w=In = 33)

YpasHenue (32) ponyckaer oneparop X3 =y, —xdy (cM. npumep 1), KOTOPbIH 3aaaeT BpaleHue
Ha nuockoctu. COOTBETCTBYIOLME Npeobpa3oBanue npuBeaeHo B Tabn. 6. 3amenss x B (33) Ha T (u3
Tabn. 6), MoNyyMM OJHOMApaMETPHUUECKOE pelieHue ypaBHenus (32):
2
w=ln—"——+———
(zcose + ysine)?

rae € — cBOOOAHBIN mapamerp.

7.3.2. Mpoueaypa NOCTPOEHUA UHBAPUAHTHBIX PELLUEHUN

Pemenne (30) ypaBHenus (15) Ha3pIBaeTCsl HHBapUAHTHBIM OTHOCHTENBHO IMpeod-
pazoBanus (1), ecnu oHO coBmagaer ¢ penieHueM (31), B KOTOPOM HAO BEPHYTHCS
K cTapbiM nepeMeHHbIM 1o Gopmynam (1). CkazaHHOe 03HA4YaeT, UTO MHBAPHAHT-
HOE pelIeHHe MOJ ACHCTBUEM JAaHHOTO NMpeoOpa3oBaHMsA NEPEXOIUT CaMo B ceOs.
OCHOBHEBI€E 3Tanbl NOCTPOCHHUS HHBAPUAHTHBIX PEIICHUH OMMCAHbI HHXKE.
VHBapuaHTHEBIe pemieHus ypaBHeHHUs (15) uineM B HESSBHOM BUIE

I('Tvy7w) =0,

noatomy I(Z, y, w) = 0. Haxomaum onHONmapaMeTpuueckoe npeoOpa3oBaHue ¢ onepa-
TOpoM (3), KOOPAUHATHI KOTOPOTO OMPENENAIOTCSA U3 YCIOBUS HHBapHaHTHOCTH (17)
C TIOMOIIBIO TIPOLEAYPHI, OMMCAaHHOW B pa3a. 7.2. HaxoauM aBa GyHKIHOHATBHO-
HE3aBHCHUMBIX HHTerpaja (6) XapaKkTepHCTHUECKOH CHCTEMBI OOBIKHOBEHHBIX IU-
(hepeHIHABHBIX ypaBHEeHUH (5). O0Iee pelieHHe ypaBHEHHS ¢ YaCTHBIMH MPOU3-
BOIHBIMH (4) onpexnenseM no gopmyine (7). 3arem monaraem B 31oi popmyie I =0
U pa3pelaeM NOJIy4eHHOe PaBEHCTBO OTHOCHTENILHO HHBapHaHTa Io. B pesynsrate
HMeeM

I, = o(I), (34)

roe pyukmun I, = [(z,y,w) u Iy = Is(x,y,w) u3BecTHbL* a QyHkuus P
mouTexkuT onpeneneHuro. CooTHomenue (34) ABIIETCA OCHOBOW I MOCTPOSHHUS
MHBapHUAHTHOTO peIeHus: paspemas (34) OTHOCHUTENBPHO w M MOACTABIAA IOIY-
YEHHYIO 3aBUCHMOCTH B (15), mpuxoanM Kk 0ObIKHOBEHHOMY UG GEpeHITHATEHOMY
ypaBHeHUIO i1 QyHKUUU P.

ITpumep 5. Xopowo U3BECTHBIM U OU€Hb BaXKHBIM YACTHBIM C1y4yaeM WHBApUAHTHBIX PELUCHUI

SIBNSAIOTCS aBTOMOJEINbHBIE pelleHus (CM. pa3l. 3.3), KOTOpble OCHOBaHbI HAa NPe0OPa30BaHUAX PacTs-
sxeHus. COOTBETCTBYIOLUMI HHOUHUTE3UMANIbHBIH ONEPaTop U €ro MHBAPUAHTbI UMEIOT BUJ

9 9 9 b a
= RS b R RS I = a I =
X=avostbyo-+ewan v=yl%z77 Lo = [w|ffe

|—C

[oacraenss unBapuautsl B dopmyny (34), umeem |w|®|z|™¢ = 'I>(|y|“|x|_b). Paspewus sto
PABEHCTBO OTHOCUTENBLHO W, MOJYYUM BHJ NCKOMOTO PELIEHHUS
w = [2[ W (y|z| "),

rae ¥ (z) —uckomas pyHKums.

* OObIuHO B KauecTBe I; BLIOMPAIOT MHBAPUAHT, KOTOPbI HE 3aBUCUT OT W.
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Jis HarnmsAgHOCTH o0mias cXeMa NOCTPOSHHS WHBAPHAHTHBIX DPEIICHWH JUIs
SBOJIOLIMOHHBIX YPaBHEHH BTOPOTO MOpsaka u3oOpaxkeHa Ha puc. 4. Ha pucys-
K€ ONYIIEHO YpaBHEHHE IEPBOTO MOPSIKA C YAaCTHBIMH NPOU3BOIHBIMH (4) mis
omnpeneNieHus] HHBAPHUAHTOB WHPHHUTE3UMAIBHOTO ONepaTopa (IIOCKOIBKY MOXKHO
Cpa3y MeperTH K COOTBETCTBYIONICH XapaKTEPUCTUIECKOW CHCTEME OOBIKHOBEHHBIX
IubbepeHIIaTbHBIX ypaBHEHHI).

[ Hcxognoe ypasuenne: w, = H(z, t, w, w,, w,,) j

3anuchiBaeM YCJIOBUEC UHBAPUAHTHOCTH

E Hoayunm: Cz=§Hz""’7Ht+CHw+C1Hw,,+C11HwM j

3amensieM w; Ha H

NS

[ PacmensieM 110 pa3sHeIM KOMOHHALHAM HPOH3BOIHBIX Wy, W, , Wy, j

HOJIY‘-I&CM ONnpeaCaAOIYIO CUCTEMY

N/

[PemaeM olpeesOUyIo (11epeolipeesieHHY0) cuctemy YpUIl pas &, 0, Cj

HaxonnM dyHxunu &, 7, ¢

[ 3auncoiBaeM xapakrepucruueckyro cucremy OY: dz/€ = dtin= dw/{ j

PelaeM XxapaKkTepHCTHYECKYIO CHCTEMY

N\

[ HaxoauMm nepBsie uuterpaast: Iy (z, t, w) = Cy n Li(z, t, w) = C, j

VHBapuaHTHOE pelleHue
uueM B Buae 1, =®O(1,)

[ U3 ncxoanoro ypaBHenns noaydaem OAY gas pyukunun & = &(I)) j

Puc. 4. AnroputM nocTpoe€HHs] MHBAPUAHTHBIX PELUCHUH 1A BOJIIOLMOHHBIX YPaBHEHMIl BTOpOro
nopsiaka. Mcnons3oBansl kpatkue o6osHauenus: OJ1Y — obGbikHOBEHHbIE AU bepeHLnanbHbIe ypaB-
HeHust, YpUIl— ypaBHeHus ¢ yacTHbIMU npousBoaHbiMu; £ =£(z, t, w), n=n(z,t,w), (={(z,t, w);
€1, €2, (11 — KOOpAMHATHI NPOAOIKEHHOrO OMNEpaTopa, KOTOpble ompeaenstores no dopmynam (9)
u(l4) npuy =t.

7.3.3. Npumepbl NOCTPOEHUA UHBAPHUAHTHLIX PELIEHHH HEAUHEHHDbIX YyPaBHEHHH

Mpumep 6. PaccmMOTpUM ONSTH CTALMOHAPHOE YPAaBHEHHE TEIUIONPOBOAHOCTH C HENMHEHHBIM
HCTOYHHKOM:
o%w N 0w = f(w)
ox? Ay? '

k xorna ypaBHeHHE [OMYCKAET AONMONHMTEIbHBI omeparop (cM.

1°. Uccnenyem cnyuaih f = w
npumep 1):
2
X4 = a:c% + yc'?y + mwc’?w

8*
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YroOb! HaliTM MHBapUAHTHI 3TOTO OMEPATOpa, HAlO PacCMOTPETh JMHEHHOE ypaBHEHHE B HaCTHbBIX
MPOU3BOAHBIX nepBoro nopsaka X4l = 0, KOTOpOE B pa3BepHYTOil (HOpPME 3aMUCHIBACTCS TaK:
8[ oI 2 81
CoOTBETCTBYIOILAs EMY XapaKTEPUCTHYECKash CUCTEMA 06bIl(HOBCHHl>IX i depeHunanbHbIX ypaBHe-
HUH
dr _dy 1-k dw
z oy 2 w
HUMEET MEPBbIE HHTETPaJIbI
y/z=C1, 27/ F D=0,
rae Ci, Cy — npousBoabHble NOCTOsAHHbIE. [loaTOMY MHBapuaHtamu onepatopa X4 SBIAIOTCH
dynxwan I} = y/x u I, = 22/ =Dy,
[Monaras I» = ®(I;) v Bblpaxkas w, HAXOAUM BUJ HHBAPUAHTHOTO (ABTOMOJENLHOTO) PEILEHHUS

w=z Y*Ve(y/z), (35)
rae dyHkuus ®(z) moanexur onpeaencHUIo B XoAe AanbHeiiwero aHanusa. [loacrasass (35) B uc-
xonHoe ypaBHeHue (20), nonyyum oOblkHOBEHHOE AuddepeHLHanbsHOe ypaBHEHHE BTOPOro Nopsaka,
onpenensoulee AByXNapaMeTpPHYECKOe CEMEHCTBO peLlIeHUH

(k—1)2(z2 +1)®7, +2(k* — 1)2®, +2(k + 1)® — (k — 1)?@* =0,
rae z =y/xz. Ero obluee pewenre MoxeT GbITh HaliieHO B KBaapatypax (B napameTpuyeckoil popme):
z = tg Q, 2 dr
_ rae =(k" -1 + As,
{‘P =7(tg’Q+ 1)/, @=( ) 2k -2 4kt D2t A,
A1, A2 — npou3BONbHBIE MOCTOSHHbIE, T — MapaMerp.

2°. WuBapuaHtamu oneparopa X3 AJs pacCMarpvBaeMOro HEIMHEHHOro ypaBHEHHs TEMJIOHNPOBOA-
Hoctu aBamores u = 2 +y> u w. HoacraHoska w = w(u), u = 2> 43> NPUBOAUT K OBBIKHOBEHHOMY
avbdepeHunanbHOMY YpaBHEHHIO, ONMCHIBAIOLIEMY PELLEHHS UCXOJHOIO YpaBHEHUs, HHBApHaHTHbIC
OTHOCHUTENbHO BpaLLEHUs

uwy, +wy, = i f(w).
3ameuaHue. B mpunoeHuAX 0OLIMHO B KAUECTBE HHBAPMAHTA BMECTO U = I° + 3> HCIONb3YIOT
nonspHbIi paguyc r = /x? + 32
Ipumep 7. PaccMOTpuM HeNMHEHHOE ypaBHEHHE HECTALMOHAPHON TennonpoBoaHOCTH (28).
1°. Ilpu npousBonbHol ¢yHkunn f(w) ypaBHeHHe QomyckKaer oneparop (CM. npumep 2)
X3 = 2t8t + 336,;.

VHBapuaHTbl HaxXoAsATCSd W3 JMHEHHOrO ypaBHEHHS B YacCTHbIX NPOM3BOAHBIX MEPBOrO MOPSAKa
X3l = 0, koTopoe B pa3BEpHYTO# ¢opme 3amUCbIBAETCS TaK:

2t—+ —+0—_0

CoOTBETCTBYIOILAs EMY XapaKTEPUCTHYECKash CUCTEMA 06bIl(HOBCHHl>IX i depeHunanbHbIX ypaBHe-
HUi

dr _ dt _ dw

2t 0
MMEET NEPBbIE MHTErPabl

xt~1/? =C1, w=0Cy,
rae C1, C2 — npousBOnbHblE MOCTOsHHbIE. [lo3TOMY MHBapuaHTamu oneparopa Xs SBISAIOTCS
dysxunn I = 2t™2u I, = w.
[onaras I, = ®(I;), noay4yum

w=®(), z=axt""? (36)

rae ¢yskuus P(z) noanex)uT onpenencHUIo B Xoae AanbHewero aHanusa. [loacrasnsis (36) B
HCXOJHOE ypaBHEHHeE (28), MPUXOAUM K OObIKHOBEHHOMY AU depeHansHOMy YPaBHEHHIO BTOPOro
nopsaka

2a[f(2)®2]; + 29, =0,

KOTOPOE ONMHMCHIBAET HHBAPHAHTHOE (aBTOMOJAENBHOE) PEILEHHUE.
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TABJIMLA 7
JlonycTiMble onepaTopbl, HHBapHaHTbl U CTPYKTYpa pELLEHHUH
HENMHEHHOro ypaBHEHUs HecTalMOHapHOi TeronpoBoaHocTu (28)

@Oynxums f(w) Onepatopbl HHBapHaHThI Bun pewenus
X1 =20y, L=t Lh=w, w = w(t) = const,
IpoussonbHas Xo=0, L=z, Ir=w, w=w(z),
X3 =2t + 20, L=2%t, L=w w=w(z), z=z%t
e¥ X4=20:+20y L=t I=w-2ln|z| w=21In|z|+6(t)
wh (k#0,-%) | X4=k20:+2w0w Li=t, Iy=wlz|"*? w = |z|¥/26(t)
—4/3 X4=220; — 3w0u, I =t, 12=ww2/3, w=a:_2/30(t),
w Y 2 3 -3
Xs=1"0r — 3zwdy L=t ILh=wx w==zx e(t)

2°. Uccnenyem cayuaii f(w) = w*, xorna ypaBHenne nonyckaer onepatop

X4 = kxdz + 2wd,, .
WHBapuaHTbl OMUCHLIBAIOTCS JIMHEHHBIM YPaBHEHMEM B YaCTHbIX NPOM3BOAHBIX NEPBOro MOpsaka
X4I = 0, xoTopoe B pa3BepHYTOH (opMe 3aNHUCHIBAETCS TAK:
oI oI oI
0— +kr— +2w—=0.
ot Ox ow

CoOTBETCTBYIOILAs EMY XapaKTEPUCTHUYECKash CCTEMA OObIKHOBEHHBIX MU hepeHIMaNbHbIX ypaBHe-

HUH
dt  dr _ dw

0 kr 2w
MMEET NEPBbIE HHTETPAIb
t= C], a:_2/kw = Cz,
rne Ci, C2 — npou3BoabHblE MOCTOAHHbIE. [lodTOMY MHBapuaHtamu oneparopa X4 ABIAKOTCA
dynkwn I =t u Iy = 2~ k.
Monaras I» = 6(I1) 1 paspewas 3T0 paBEHCTBO OTHOCHTENBHO W, HAXOAMM:

w = z¥*0(t), 37

rae GyHxkuus 6(t) NOANEXKMT ONPENeNeHMI0 B XOAe AanbHeluero ananusa. Iloacraenss (37) B
UCXOJHOE ypaBHeHHe (28), npuxoauM k oObIKkHOBEHHOMY MM dhepeHnanbHOMY YPaBHEHHUIO NEPBOro
nopsaka

2k6, = 2a(k + 2)6* .

HHrerpupys, nonyuum

’

0(t) = [A - wt]_l/k

rae A — npou3sBosibHAA NOCTOsHHAs. TakuM 0Gpa3oM, MHBAPUAHTHOE OTHOCHUTENBHO PACTSIKEHUS
pewieHue ypasHenus (28) npu f(w) = w* umeer Bux
2a(k +2) t] —1/k
. .
B tabn. 7 npuBeaeHa utorosas knaccupuxaluus ciMMmeTpuii ypaBHeHus (28) (cM. npumeps! 2 u 7).

w(z,t) = z¥/* [A

[Ipumep 8. PaccMoTpuM HenuHelHOe BONHOBOE ypaBHeHUE (29).
310 ypaBHeHUE NpU Mpou3BOIbLHON GyHkuuu f(w) nonyckaer oneparop (cm. npumep 3):

X3 = t@t + 11?61
I/IHBapl/laHTbI HaxoaAaTCsa M3 JIMHEHHOro YpaBHCHHA B 4YaCTHbIX NPOU3BOAHBLIX INEPBOro nopsaaxka
X3l =0, KOTOpO€ B pa3BepHy’roﬁ CbOpMC 3alHCbLIBACTCA TaK:
oI

0 =0.

oI oI
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TABJIMLIA 8

JlonycTiMble OnepaTopbl, HHBapUAHTbI U CTPYKTYypa
PELUEHUH HENMHEHHOro BOJHOBOrO ypaBHeHUA (29)

®ynkums f(w) Oneparopsl UnBapuanTsl Bun pewenus
X1=20,, L=t Ih=w, w=w(t),
[poussonbHas Xo =0y, L=z, Ih=w, w=w(x),
X3=t0s+20: L=z/t, h=w w=w(z), z=z/t
ev X4=128;+ 204 L=t L=w-2n|z| | w=2In|z|+6(t)
w* (k#0,—5,-4) | Xa=kzd:+2wdy L=t, Ly=w|zx|™*? w=|z|*/%0(t)
—4/3 X4:2x61—3w6w, ]1=t, 12=w332/3, w=w_2/39(t),
w X5 =220, — 3zwdy L=t I,=wz® w=x"30(t)
_a X4=220; — WO, L=t, Ly=wlz|"? w=|z|7?0(t),
w X5 = t20; + twdh L=z, L=w/t w=1t6(z)

CoO0TBETCTBYIOLAs EMY XapaKTEPUCTHYECKash cucTeMa OObIKHOBEHHBIX avpdepeHnanbHbIX ypaBHe-
HUl
dr _ dt _ dw

z t 0
JIOMYCKAET MEPBbIE UHTErpalbl

zt™! = C,
rae C1, C2 — mpou3BonbHble MOCTOsHHbIE. [losTOMy MHBapuaHtamu omeparopa Xs ABASIOTCA
dynkuun I, =zt u Ir = w.

MNonaras I» = ®(1), umeem

w=CQ,

w=3a(y), y=at"l. (38)

®yukuio ®(y) Haiinem, noacraenss (38) B ucxoaHoe ypasHeHue (29). B pesyasrare nonyuum
00bIKHOBEHHOE AM(depeHLanbHOE ypaBHEHUE

19/ 1 \/
[f(q’)q)y]y = (yq)y)ya
onpeaensolee HHBapUaHTHOE (aBTOMOAENbHOE) peleHue. [locneanee ypaBHEHHE UMEET OUEBUAHBIN

nepsbiil unrerpan: f(®)®;, = y®y, + C.
B tabn. 8 npuBeaeHa urorosas knaccupukauus cummerpuil ypasieHus (29) (cm. npumeps! 3 u 8).

7.3.4. PelueHusn, nopoxaaemMbie AMHEMHbIMU KOMOWHaALUAMMU AONYCKAaeMbIX
oneparopos

Ecnm uccnenyemoe ypaBHeHHe momyckaeT /N omepaTtopoB, TO MBI IOIy4aeM, CO-
OTBETCTBEHHO, N pa3IH4YHBIX WHBapHaHTHBIX pemeHuidl. OIHAKo, paccMaTpHUBas
OTepaTopsl B OTAETBEHOCTH, MOKHO «IOTEPATH» PEleHHs, HHBApUAHTHBIE OTHOCH-
TENbHO WX JTHHEHHOW CYNepIO3UIMH, KOTOPBIE MOTYT UMETh CYHIECTBEHHO HHOH
Bun. UToOBl HAaWTH BCE THUIBI MHBAPHAHTHBIX PEIEHH, HaJO HCCIENOBaTh BCE
BO3MO>XXHBIE JIMHEHHbIE KOMOHMHAIIMH OITyCKaEMBIX OIIEpaToOpOB.

IMpumep 9. PaccMOTpUM ONATh HENMHEHHOE YPAaBHEHWE HECTALUMOHAPHOW TEMIONPOBOAHO-
ctu (28).

1°. Dro ypaBHeHue Aas npou3BonbHOH f(w) momyckaer Tpu oneparopa (cm. Taba. 7):
X] :8t, X2 :675, X3:2t8t—|-:1?6¢
CoOTBETCTBYIOILME UM MHBAPUAHTHBIE PELIEHUST UMEIOT BUJL:

w=F(z), w=F(t), w=F(z/t).
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OnHako nepeGop BO3MOMKHbBIX TMHEHHBIX KOMOMHALMH JaeT ele onepaTop
X1,2=X1+aXs =0+ alx, (39

rae a # 0 — npousBonbHas NOCTOAHHAA. VIHBapHaHTHOE OTHOCUTENBHO 3TOrO ONEPATOpa PELICHHE
3aMKCbIBACTCS TaK:

w = F(z — at). (40)
BuaHo, yto pelueHue takoro tuna (Oeryiuas BojHA) HE COACPKMTCS B MHBAPMAHTHbIX PELUCHUSX,
COOTBETCTBYIOLLMX «YUCTHIM» onepatopam X1, X2, X3.

2°. Ecan f(w) = e, TO K yKa3aHHbIM BblIIE TPEM ONepaTopam NOOABIAETCS YETBEPTHIH onepaTop
X4 = 20z + 20y, (cM. Tabn. 7). B aToM cayuae nuHelHas KOMOHHALMS

X34 = X3+ aXs =2t + (a+ 1)x0z + 220w

Ja€T UHBAPUAHTHOC PELICHUE

_a+l
w=F(¢)+alnt, &=at 2 ,

rae ¢yukuns F = F(€) ynoBnetBopsieT 06bIKHOBEHHOMY AubdepeHUHaNbHOMY YPaBHEHHUIO
("F)e + La+1)EF = a.
3°. Ecnn f(w) = w® (k # 0,—4/3), To k ykasaHHbIM B 1. 1° Tpem oneparopam n06aBmseTcs
ueTBepTblil oneparop X4 = kxd; + 2wy, U IMHeHHas koMOUHALMS
X34 = X3+ aXs = 2t0; + (ak + 1)20z + 2awdy,
MOpOXJaeT HHBapUaHTHOE (aBTOMOJENLHOE) pELleHHE

ak+1

w=t*F(), (=at" "2 ,
rae dyukuns F' = F(C) ynoenerBopser oObIKHOBEHHOMY AM(GbepeHLHanbHOMY YPaBHEHHIO
(F*FD)t + L (ak + 1)CF, = aF.
IpuseneHnsie B nn. 1°~3° WHBapUaHTHBIE pELEHHS HE COAEpXaTcsa B Tabn. 7. DTO HAIAAHO

JIEMOHCTPUPYET HEOOXOAMMOCTb PACCMOTPEHHS PEILEHHH, NOPOXAAEMbIX IMHEHHBIMH KOMOUHALIMAMH
JOMyCKaeMbIX OIEPaTOPOB.

Ipumep 10. PaccmoTpum Tenepb HenMHEHHOE BOJHOBOE ypaBHeHHUE (29).
1°. Dro ypaBHeHue s Npou3BoibHOH f(w) momyckaer Tpu oneparopa (cm. Taba. 8):
X) =0, Xo=20.;, X3=1t0+ x0:,
a COOTBETCTBYIOLIME UM UHBAapHAHTHbLIE PELIEHUS UMEIOT BUA:
w=F(z), w=F(), w=F(z/t).
INepe6op BO3MOXHBIX TMHEHHbIX KOMOMHALW faeT ewie oneparop (39). MHBapHaHTHOE OTHOCUTENLHO

3TOro oneparopa pelieHue Tuna oeryuieit BonHbl umeeT Bua (40) U He COAEPXKUTCSA B MHBApPHAHTHbBIX
PELLEHHSAX, COOTBETCTBYIOLIMX «4UCTHIM» onepatopam X1, Xo, X3.

2°. Ecan f(w) = e, TO K yKa3aHHbIM BblIIE TPEM ONepaTopam NOOABIAETCS YETBEPTHIH onepaTop
X4 = 20z + 20y, (cM. Tabn. 8). B aToM cayuae nuHelHas KOMOHHALMS

X34 =Xs+aXs =1t + (a+ 1)xd: + 2a0y

(a # 0— npou3BobHAs [OCTOSHHAs) AAET MHBapMAaHTHOE pelLleHHe

w=F()+2alnt, £=xt""",
rae dyukuns F = F(£) ynoenerBopsieT 0GbIKHOBEHHOMY AH(hepeHUranbHOMY YPaBHEHHIO

(e"F{)e = (a+1)’€Ff + (a+ 1)(a + 2)EF, — 2a.
3°. Ecmu f(w) = w® (k #0,—4/3, —4), T0 nosBasiercs ueTBepThIii onepatop X4 = kxd; + 2wdy,
M MHelHas KOMOUHaLKS
X34 = X3+ aXy =10 + (ak + 1)20; + 2awd,,
JIaeT MHBapHaHTHOE (AaBTOMOJENBLHOE) PEICHHE
w=t"F((), (= otk
rae dyukuns F' = F(C) ynoenerBopser oObIKHOBEHHOMY AM(GbepeHLHanbHOMY YPaBHEHHIO
(FFF), = (ak +1)°C°Fl, + (ak + 1)(ak + 2 — 4a)¢F{ + 2a(2a — 1)F.
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o8 3adauu u ynpascnenus K paso. 7.3

1. Haiitu unBapuaHTHbIE pelleHUs YPaBHEHUH Napabonn4yecKoro Tuna (3BOMOLMOHHBIX YPaBHEHUH):

a) Wi+ WWr = QWgq,

b) wi = wer + a(ws)?,

¢) Wi = Wer + aw(wy)?,

d) wr = a(wwz)z + bw,

e) w = a(wwy)s + bw?,

f) we + f(w)wz = awse,

8) w¢ = awss + f(w),

h) w = f(wz)wzz,

) we = [f(we)we]z.

Vkazanue. Bocnonb3oBaTbCsl pe3yabTaTaMy NPEALLECTBYIOLIErO aHalu3a CUMMETPHH YKa3aHHBIX
ypaBHEHUI (CM. 3a/1a4M U YNpaXKHEHHUs K pasa. 7.2).

2. HaiiTn MHBapUaHTHbIE PELEHUS YPaBHEHUM:

a) Tws + Yywy = awzs + f(w),

b) Twz + Ywy = War + wyy + f(w).
Iloxa3zarb, 4To ypaBHeHHe b) MMeeT HeMHBApUaHTHOE pelueHne Tvna Geryuieii Bonusl w = w(z), rae
z=kix+koy, k1 1 ko —npou3BosIbHbIE MOCTOSHHbIE (CYLIECTBOBAHUE TAKOTO PELLIEHUS IPOBEPAETCS
HENOCPEACTBEHHO! MOACTAaHOBKOH €ro B ypaBHEHMUE).
3. Haiitu nHBapUaHTHbIE PELIEHUS CAEAYIOIMX YPaBHEHUM:

2) WrWze + Wyy =0,

b) wi + fw)ws = awsza,

©) wgr = f(w),

d) Wet = Wz + f(w:c),

C) Wit = f(wxa:),

f) (14 w))wee — 2WeWyWay + (1 + w2)wyy =0,

g) (1 — w))warz + 2wewiwe: — (1 + w)wy =0,

h) wgy — WrzWyy = f().

Vkaszanue. Bocnonb3oBaTbCsl pe3ynbraTaMy NPELLECTBYIOILIETO aHaaM3a CHMMETPHH yKa3aHHbIX
YpaBHEHMI (CM. 3a/1a4M U YIPaKHEHHUS K pa3aeny 7.2).

7.4. Hekotopble 0606LieHUA. YpaBHEHUA CTapLUUX NOPAAKOB

7.4.1. OpHonapameTpUueckue rpynnbl Au ToueuHbix npeobpasosaHuii. feHepaTtop
rpynnbi

B aToM pasnene Oynem paccMaTpuBaTh (GYHKIIHHU, 3aBUCALIHE OT 71+ 1 MepeMeHHBIX:
Z1,...,Tn,w. BBenem kpatkoe obo3HadeHue: & = (Z1,...,Ty).
MHOXeCTBO 0OpaTHMBIX MpeoOpa3OBaHUil BHIA

T. = {g_fi = i@ w,e), Filemo =, (1)
w = ¢($,w,€), w|€=0 =w,
rae @;, ¥ — DOCTaTOYHO INMankue QYHKIHH CBOMX apryMeHToB (i = 1,...,m), a

€ — BEIIECTBEHHBIN IapaMeTp, Ha3bIBAaeTCsl OJHONAPaMETPHYECKOH HENpEephIBHOM
TOYEYHOH rpymnmnoi nmpeodpazoBanuil G, eClM A JNIOOBIX €] U €2 BBHINOTHACTCS
coornomenune T, o T, = T¢ 4., T. € MOCIENOBATENbHOE MPUMEHEHHE IBYX
npeoOpa3oBanuil Buaa (1) c mapameTpaMu €1 U £2 SKBUBAJICHTHO OJHOMY Ipeobpa-
30BaHHUIO TOTO XK€ BHMA C MAPAMETPOM €1 + £2.

Jlanee OyxyT paccMaTpUBaThCs JOKAIBHBIE OJHONApPaMETPUUECKHE HENPEPHIB-
HBle rpymnisl JIu TogedHbIX npeobpa3oBaHuil (KpaTKO — TOYEYHBIE IPYIIIBI), COOT-
BETCTBYIONIHE OECKOHEYHO MaioMy npeoOpaszoBanuio (41) npu € — 0. Pazmoxxenue
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cootHomenu# (41) s T; U w B pan Teknopa no napaMeTpy € B OKPECTHOCTH TOYKH
e = 0 maer

Z; 2.171;+€§i(.17,’U)), Ejzw+sg(a:,w), (42)
i ( ( )
' Oz, w,€) _ OY(z,w,e
él(wi) - e &_:0’ C(x’w) - Oe €=0‘
Jluneiinbnii nuddepeHnnaNbHbIN ONepaTop MEPBOTO MOPSAKA
. o o

COOTBETCTBYIOIINH OECKOHEYHO MajaoMy npeoOpazoBaHuio (42), Ha3bIBAeTCS TeHe-
paTopoM rpymnnsl (WIH HHOHUHUTE3UMAIBHBIM OIIEPaTOPOM, HIIH ONIEPAaTOPOM IPyII-
mel). B dpopmyie (43) o MHAEKCY ¢ BeleTCS CYMMHPOBaHHE.

Teopema . Ilycte u3BecTHBI KOOpAUHATEI &; (X, w), (z, w) reHepaTopa rpym-
el (43). Torma oHOMAapaMeTPHYECKYIO TPy nMpeoOpa3zoBanuii (41) MOXHO MOJI-
HOCTBIO BOCCTaHOBHTH IIyT€M pelleHus ypaBHeHuH JIn

ddil = gi(@, d))? ili_zf = C(SO’ d))

C Ha4YaJIbHBIMH YCJIOBHAMH

"2 |5=0 = Ty, "pls:O = w.
[Npwu 3anucu ypaBHeHuit JIu HCIIONB30BaHO KpaTkoe 0603HaUeHHe: = (1, . .., Pp).

3amevanue. lMcnonb3oBaHue NOHATHUSA TOKATBHON OJHOIAPAMETPHUYECKOH IpyTI-
OBl TOYEYHBIX NMPeoOpa3oBaHMil MOCIYKWIO OCHOBOW Ui BBEAEHHS H IIHPOKO-
ro paclupoCTpaHeHHs TEPMUHOB «TPYNIIOBON aHanu3 nuddepeHIHaIbHbIX YpaB-
HEHHIH», «TPYNIOBBIE METOABDY M JAp. (BMECTO HCIONb3YEMOIO B JAaHHOH KHHIe
TEPMHUHA «METOJ UCCIENOBAaHUS CUMMETpUH nuddepeHIanbHbIX YPaBHEHHIH» ).

7.4.2. UuBapuaHThbl rpynnbl. AOKaAbHble Npeobpa3oBaHUA NPOU3BOAHBIX

YHUBepCcaTbHBIM HHBAPHAHTOM (KpaTKO— MHBAapHAHTOM) rpymnnsl (41) u onepaTopa
(43) naseiBaercs pyukuws I (x, w), ynosnerBopsitomas ycnosuwo I(z, w)=1(x,w).
PaznoxxeHne mo MajaoMy nmapamerpy £ NPUBOIUT K JINHEHHOMY YPaBHEHHIO C 4acT-
HBIMH [IPOM3BOIHBIMHU 1 [
XI = &(a:,w)g—ai + ¢ w) 2L =0, (44)

W3 Teopuu ypaBHEHHH C YACTHBIMH NIPOHM3BOIHBIMH IIEPBOTO MOPSAKA CIEAYET, YTO
rpynna (41) u onepatop (43) uMeroT n PyHKIIMOHATBHO HE3aBUCUMBIX YHHBEPCAIb-
HBIX HHBApPUAHTOB. DTO, B CBOIO OYepe/ib, O3HAYALT, YTO Beskas pyukims F(z, w),
VMHBapHaHTHAsl OTHOCHTENBHO rpynmsl (41), MoeT OBITE 3anucana B BUae GyHKINH
1 MHBapHAHTOB.

[IpousBoaHbIe NpH Nepexoae K HOBBHIM NepeMeHHbIM (41) npeoOpasyrorcs cie-
JYFOIUM 00pa3oM:

82'&7 62'11} 63/&7 63’UJ
65:18@-7 N 8371611:] +€C”’ 65%6@]65% - 6&316371611% +8Cl]k’
(45)

ow ow
5z, ~ Bw, T
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31eck KOOPAMHATHI MEPBHIX TPEX MPOMOKEHMH (;, (ij, (ijr OMPENENAIOTCA IO

thopmynam
Gi= Dz(() - psDi(fs),
Gij = Dj(G) — qisD;(&s), (46)
Gijk = Di(Gij) — TijsDr(&s),
re Mo MHAEKCY S BEAETCS CyMMHPOBaHHE U MCIONb30BaHbI KPaTKHe 0003HAUYSHUSA
JUTSL YACTHBIX MPOM3BOIHBIX

._O_w o *w R w
pi= 6:1:1’ %ij = 8z,0x, "’ ik = 0x,0x,0xy ’
o o
Dl= 6 +pla +q'L]a +r7,]kaqk +"'7

D; — oneparop nonHoro nuddepeHInpoBaHus N0 MEPEMEHHON ;.
7.4.3. YcnoBre uHBapuaHTHoCTH. lpoueaypa pacuenneHus. UHBapHaHTHbIE
pelueHuUsA

Bynem paccmarpuBate nuddepeHHanbHble YpaBHEHUS B YacTHBIX MPOU3BOIHBIX
HOpPSAKA M C 7 HE3aBUCHMBIMHU [IEPEMEHHBIMH

ow 0w Pw .
F(x’w’ Oz, 8z,0z,  Oz,0z,0xy " ) =0, (47)

rne i, 5,k=1,...,n

I'pynmnoBoii aHanu3 ypaBHeHus (47) MpOBOOWTCS B HECKONBKO 3TamoB. Ha
[IEpBOM 3Tarie noTpedyem, 4ToObl ypaBHeHHE (47) OBLIIO0 HHBApHAHTHBIM (COXPaHSIIO
BHJ) OTHOCHTENILHO MpeoOpa3oBanuii (41), T. e.

ow  Ow ’*w ) —0
> 0z, 07,07, 0%,0%,0%r ’
Pa3moxum 310 BBIPAXXCHHUEC B AN IIPpH € — Oc Y4€TOM pAaBCHCTBA HYIIIO INTABHOI'O

uyneHa pasnoxenus (47). Ucnonszys dopmynsr (41), (45) u ynepxuBasi 4iaeHbI
IIEPBOTO MOPAAKA MAIOCTH IO €, MOIYyYUM

F(a‘:,ﬁ; (48)

ow  dw Bw _
F (x Y Bz 0z,0x,’ 01,01,0x) " ) ’F—O =0 “49)

31ech BBEIEHO KpaTKoe 0003HaYEeHHE:

OF OF
+ Gijik +---, (50)

awx,x_,xk

XF gia +C6_+C16 +C1]6

re KOOpAHHATHI EPBBIX TPeX npononxceﬂnﬁ Q, Cij, Gijk OTPENENSIOTCS MO HOpMY-
nam (45), a Mo MOBTOPSAIOUIUMCS HHAEKCAM BeaeTcs cymMmmupoBanue. COOTHOLICHHE
(49) Ha3pIBaeTCs YCIOBHEM HHBAPHAHTHOCTH, a ONEPaTop X — m pa3 nponoJ-
JKEHHBIM TeHepaTopoM rpymmel; B Gopmyny (50) TOC/EHAMH BXOJAT YaCTHBIC
MPOU3BOAHEIE OT F' 1O BCEM MPOHM3BOJHBIM MOPSAIKA 711 OT wW.

Ha Bropom 3tame B (49) HCKITIO9aeTCsl O/1HA U3 CTAPIIUX MPOU3BOIHBIX MOPSI-
Ka m ¢ nmoMo1bio ypasHeHus (47). [locne sToro momyueHHOE paBEHCTBO 3alTUCHIBA-
€TCS KaK MOJMHOM IO «HE3aBUCHMBIM IEPEMEHHBIM» — BCEBO3MOKHBIM KOMOHHA-
I[USAM OCTABIIMXCS MPOU3BOHBIX, MPEACTABIAIONIMM COO0H MPOU3BENCHUS Pa3IHy-
HBIX CTENEHEH BEIHYHH Wy, Wy, Wrg, Wry, - .. LlOCIE 3TOro Bee KO3()OHUIMEHTEI
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MOTMHOMA (OHH 3aBHCAT TOJIBKO OT T, w, &;, ( U HE 3aBHCAT OT MPOU3BOIHBIX W)
NPUPAaBHUBAIOT HYIO. B pe3ynbrare yclnoBHe WHBApPHAHTHOCTH PACHICTUISETCS N0
MepeonpeaeNeHHOM IMHEHHON ONPENENSIONIe CUCTEMEI.

Ha TpeTbeM aTare pemaeTcs onpeaessomas CHCTEMa H HAXOIATCS IOy CTUMBIE
KOOpIMHATEHI &;, ( TeHepaTopa rpymms (42).

Jis ypaBHEHUI m-ro MOpsAAKa ¢ AByMS HE3aBHCHMBIMH NEPEMEHHBIMH WHBA-
PHAHTHEIC PELICHUS BBOAATCS TAaKUM e 00pa3oM, YTO U [UIS YpaBHEHHH BTOPOTO
nopszaka. B aToMm ciayvae npouenypa HOCTpOSHUS HHBAPUAHTHIX PEIIECHHH (IpU U3-
BECTHBIX KOOpAMHATaX FeHepaTopa rPYyIiibl) HOJHOCTHIO COBMAIAET C MPOLENypOH,
MOJPOOHO OMHMCaHHOM B pasn. 7.3.

o8 3adauu u ynpasxcrenusa K pa3o. 7.4

1. Haiitu nonyctumble MHQUHUTE3UMaNbHbBIE ONEPaTOPbl ¥ WHBApUAHTHbIE DPELICHUS YPaBHEHUSA
Kopresera— ne ®pusa:

W + Wezz — bwwe = 0.
2. Haiitu ponyctumsle HHOUHUTE3UMANbHbIE ONEPATOPbl ¥ MHBAPUAHTHbIE PELICHUS MOAMGHULMPO-
BaHHOro ypasHeHus Kopresera— ne ®pusa:

Wt + Wazz — 6w?w, = 0.
3. Haiftu nponycrumsle MHGUHUTE3UMaIbHbIE ONEPATOPbI U HHBAPHUAHTHbIE PELICHUS yPaBHEHUH THUNA
Kopresera— ne ®pusa:

a) Wi+ Weee + awwe + bt~ w =0,

b) wt + Waer + aw; =0,

C) Wi+ Wrzz + awg =0.
4. Haiitu ponycrumble MHGUHUTE3UMANbHBIE ONEPATOpPbl ¥ UHBAPUAHTHbIE pelleHus 06001eHHOro
ypaBHeHus Kopresera— ne ®pusa:
IlpoBectn knaccubukaurio cuMMeTpuil ypasHeHus aas Beex f(w).
5. Haiitu ponycrumble HHGUHUTE3UMANbHbIE ONEPATOpbl M MHBAPUAHTHbIE PELICHHUSA ypPaBHEHUS,
KOTOpPOE BCTPEYAETCS B UAPOAVHAMUKE BA3KOM JKUIKOCTH:

Wyt + wg — WWzxx = VWrrx-
6. Haiitu nonycrumble HHGUHUTE3UMANbHbIE ONEPAaTOpbl M HHBAPUAHTHbIE PELICHHUSA ypPaBHEHUS,
KOTOpPOE BCTPEYAETCS B UAPOAVHAMUKE BA3KOM JKUIKOCTH:

Wt + W2 — WWarz = VWazz + f(1).
[posectu knaccudukawyo cumMmmeTpuil ypasaenus st seex f(t).

7. Haiftu ponycrumbie WHOUHUTE3UMANbHbIE OMEPATOPbl M MHBApPUAHTHBIC PELICHUS YpaBHEHUs
CTaUMOHAPHOrO Ge3rpajyeHTHOr0 r’UAPOANHAMUYECKOrO NOrPAHUMYHOrO CJIOS:

WyWry — WrlWyy = Wyyy-
8. Halitu nonycrumsie uHpUHUTE3MMAbHBIE ONMEPaTOPbl M WHBAPUAHTHLIE PELICHUS ypaBHEHUs
CTaUHOHAPHOIO rPAJMEHTHOr0 MMAPOAUHAMUYECKOrO OrPAHIYHOrO CIIOA:

WyWay — WaWyy = Wyyy + f(2).
IlpoBectn knaccudukawuio cummeTpuil ypasHeHus ans seex f(z).

7.5. CUMMeETpUM CUCTEM YPaBHEHUN MaTeMaTUUECKON PU3UKU

7.5.1. OCHOBHble COOTHOLUEHUSA, HCNOAb3YyeMble NPU aHaAu3e CUMMETPUH CUCTEM
ypaBHEHUMH

AHanu3 cuMMeTpHii (TpynIoBOH aHAIN3) CHCTEM YPaBHEHHH C YaCTHBIMH IPOM3-
BOJHBIMH OTJIMYAETCS OT aHAIHM3a ONMHOYHBIX YPaBHEHUH TOJIBKO TEM, YTO B OIepa-
Tope (3) ¥ ero NpoIODKEHUSIX HEOOXOMMO YIECTh BCE 3aBHCHUMbIE U HE3aBUCHMBIE
nepeMenHble. Hike mpuBeneHsl none3Hsie GOpMyibl, KOTOpble Haubojee 4acTo
UCMONB3YIOTCSA HA MPaKTHKE MPU aHAIW3€ CUMMETPHI CHCTEM YpaBHEHHH.
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Jlns cucteM, COCTOSIMX M3 IBYX YPaBHEHHH C JBYMsS HE3aBUCHMBIMH IIepe-
MEHHBIMH T, Yy ¥ HCKOMBIMH BeNMHYMHaMH u = u(z,y), v = v(z,y), JOMyCTUMBIH
OlepaTop MUIETCS B BUIEC

0 o}
X = ff(x,y,uﬂ’)% +77(37»y»uvv)6—y + (ZIZ Y, u, ’U) +X(x Y, u, 'U) (51)

B ofmem ciygae BTOpoe nponaoibkeHue omeparopa (51) Ha «He3aBHCHMBIE
NIEPEMEHHBIE» Uy, Uy, Uz, Uy U Ugz, Ugy, Uyy, Vzz, Vzy, Uyy 3ATUCBIBACTCS TaK:

) P P P) P
X = %"‘776—?;"‘(%"‘96%4‘(16“ +€2W+X1W+X2 +

2

0 0 15) 0 3
+§116M+C126 y+<226yy+X”6u+X126 + X225, - (52)

KoopaunaThl nepBoro mpoaoKeHHs BEIYHUCIAIOTCSA N0 (HOpMysIaM, aHAJIOTHYHBIM
tdbopmynam (9) u3 pasn. 7.1.2:

G = Dr(g) _urDz(f) —UyDa:(U)» X1 = Da:(X) _'Ua:Dr(g) —vny(ﬂ), (53)
G2 = Dy(() _ua:Dy(g) _uyDy(n)’ X2 = Dy(X) —vny(f) _vyDy(n)»

a KOOPIHMHATHI BTOPOTO MPOJOJKEHU — IO (hopMyliaMm

C11= Dz (C1) —uzaD (g)_uzyDz(n)» X11 :Da:(Xl)_UmDa:(f)_vryDr(n)’
Ci2=D (gl)_umm y(f)_uryDy(n)a X12:Dy(Xl)_'Ua:a:Dy(g)_'Ua:yDy(n)»
Go2= (@) Ugy D ({) —unyy(n), X22 = Dy(XZ) _’Ua:yDy(f) _Unyy(n()§4

rme D, u D, — omepaTopbl NmoaHOro nud@epeHuUpoBaHUs MO0 HE3aBUCHMBIM
IIEPEMEHHBIM:

o
Da:: +U:ca +Ua:a +ua:a:6 +ua:ya +Ua:a:a +Ua:y6 +---,

B d d d d
D, = 6_y —H@E —|—vy% + Ugy s + uyy Buy + Ugy o + vyy 9o, + .-

Ilpn ananuse cUMMETpHUH CHCTEM YpaBHEHUH C YacTHBIMH NPOHM3BOJHBIMHU
Tpedyercst, 4ToOBI KaXI0€ YPaBHEHHE pacCMaTpPHBAaEMOM CHUCTEMBI YOBIETBOPSIO
YCIOBHIO HHBApHAHTHOCTH, KOTOPOE 33a€TCs NMPOJOIKEHHBIM oneparopoM (52).

7.5.2. CUMMeTPUU YpaBHEHHI CTALLMOHAPHOrO NTMAPOAMHAMMUECKOTO NOrPaHUUYHOro
cron

HpOI/IJ'IJI}OCTpI/IpyCM TCXHUKY aHaIn3a CI/IMMeTpI/Iﬁ HEJIMHEHHBIX CUCTEM ypaBHCHI/Iﬁ
C YaCTHBIMHU MPOU3BOTHBIMHU C mOMoNIbi0 Gopmyir (51)—(54) Ha KOHKPETHOM NpHU-
MEpPE.
[Ipumep 11. PaccmoTpuM cucTeMy ypaBHEHUI CTALMOHAPHOIO rMAPOAMHAMUYECKOrO NOrpaHuy-
HOT'O CJ104
uug + vy + f(T) = uyy, (55)
Uz + vy = 0.

Onpedensowue coomnouwerus 01 KOOPOUHam donycmumozo onepamopa. bynem nckarb onepa-
TOp, AomycKaemslil cucremoii (55), B Buae (51). Bropoe nponomxeHue oneparopa (51) onucviBaercs
¢dbopmynoii (52), B KOTOPOIi cieayeT NONOXKUTh

x1=0, ¢1=¢C2=0, x11=x12=x22=0. (56a)
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(3nech yuTeHO, YTO B MCCIEAYEMYK CHCTEMY BXOIAT TOJNLKO MPOM3BOAHBIE Uz, Uy, Uy H Uyy.)
HeHyneBble kOOpAMHATHI MPOAOKEHHOro oneparopa (52) Belyucastorcs no popmynam (53) u (54):
C1 = Ca+ Cutr + Gz — Uz (€x + Eutlz + Euvz) — Uy(T + Mtz +Tovz),
G2 = Cy+ Cutty + Covy — Ua(Ey + Eutty + Euy) — Uy (Ny + Nty +M00y),
X2 = Xy + Xuly + XoVy — Vo (€y + Eutty +Euy) — Vy(Ny + ity +10vy),
C22 = Cyy+2Cuyvy + Cﬂuv("uy)2 +[2Cuy — Myy + 2(Cuv — Muy) vy — nvv(vy)2]uy - (56b)
— [Eyy =+ 2(Euy + Euvy) Uy + 280 vy + fuu(“y)2 + fvv(vy)z]ur +
= (Cuu— 2Muy — 2Muvvy) (uy)2 - nuu(uy)3 —2(&y+ Euuy + Eovy) Uay —
=27y — Cu— Co+ (§u+Ev)ua + (30u + M0 ) uy + 200Uy Juyy.

INopeiicTByeM npoaomxeHHbIM onepatopoM (52) ¢ yuetom (56a), (56b) Ha cuctemy (55). Ucknro-
4EeH}E B MOJNYYEHHBIX BBIPAKEHUAX MPOM3BOMHBIX Uyy U Uy C HOMOLUBIO COOTBETCTBEHHO MEPBOro U
BTOPOro ypaBHEHUI cucTeMsl (55) aaetT aBa ycnoBus MHBapUaHTHOCTU. [locne npuBeneHus noaoOHbIX
4JIEHOB U MEPErpynnupOBKY ClaraeMbix MPUXOAUM K OMpPENENsIOUM YPaBHEHUAM:

[—3&vusz + (28u — Mw)uy + 28y + Coluzy + &wui = (260 — nvv)“iuy +

+ (Euu — 277uu)“zuz, + nuuug + (v€y — 2uny — Cuu — 2§yv)“i +

+ (2Cuw + 2unu — 2Myy — Uy + 26yu) Uty + (20N + 20y — Cuu)uz -
— Uy Uz Vs — UNuUyVs + (—VEy — V¢ — Uz — 2fn + 2uny + féu +
+ ¢+ 2¢yw + &y )uz + (VM — une + 3w — 2¢yu + X + Nyy)uy +

+ uCovz + f2€ — Cyy +ule + v¢y — fCu+2fny =0 (nepsoe ypasnenue),
—(&u + nv)ui + (Cu = Xo + My — &)Uz — (Mo + Eu)uyvz + Covz +
F(Xu—Ne — &)Uy +(z+ Xy =0 (emopoe ypaenenue).

Pacuwennenue stux ypaBHCHl/Iﬁ o «HE3aBUCUMBIM NEPEMEHHLIM» NPHUBOAUT K NBYM NEPEONPEACIEH-

HbIM CUCTEMAM, KOTOPbLIC NPUBEACHBI HUXE U NOJDKHBI BbINOJHATHCA OAHOBPEMECHHO.

Iepeas cucmema:

Uz Uzy: 3¢, =0,
UyUzy: 26y — My =0,
Uzy: 26y + G =0,

ud: €vw = 0,

uiuy: 28y — Mo = 0,

u,ui: Euw — 2Nuy =0,
uz: Nuu = 0,
ug: v€y — 2uny — Cuv — 2630 =0,

Uz ly: 2Cuv + 2uny — 21yy — UMy + 2840 =0,
up: 20ny + 20yu — Cuu = 0,

Ug Vg ué, =0,

Uy Vg uny =0,
Ug: Eyy — €y — vCv — uz — 2fmu + 2uny + flu + (+ 2(y0 =0,
Uy: Nyy + Uy — Nz + 3fu — 2¢yu + X =0,
Vgt uly =0,

1: [z — Cyy + ulz + 08y — fCu +2fmy = 0.
Bmopas cucmema:

“azc: Eutnw =0,

Uy Uz v + ~£u = 07
Uz Cu—Xxv+tmy—& =0,

Xu — Nz — & =0,
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Vg G =0,
B nepeoii cucreme u3 11-ro u 12-ro ypasHenuii cnepyer, uro & = &(z,y,u), n = n(z,y,u),
OTKyZa C y4eTOM BTOpPOro ypasHeHus umeeMm £ = £(x,y). [Janee, u3 15-ro ypaBHEHUs CIEAYET, YTO
¢ = ¢(z,y,u), uto ¢ y4yeroM Tperbero ypasHenus paetr & = &(x). Ilpu atom ypasHeHus 1, 46
YAOBJETBOPAIOTCS TOXAECTBeHHO. HakoHew, u3 9-ro ypaBHeHus caenyet 7, = 0, noaromy n = n(x,y)
(7-e ypaBHeHUE NP 3TOM YIOBJIETBOPSETCS TOXKIAECTBEHHO). TakuM oOpasom, UMeeM

§=¢&(x), n=n(=zy), ¢(={(z,y,u), (57
U OCTaBIUMECS YPaBHEHUA MEPBOM CUCTEMbI 3aMUCHIBAIOTCA TaK:
'U,ZZ Cuu =0,
Uz:  —uéy + 2uny +¢ =0,
Uyt Myy + Uy — une — 2¢yu + X =0,
1: fa/cg_ny‘i‘“Cz-FUCy_fCu'i‘?f"?y:0'

Bo BTOpoit cucreme B cuny (57) TOXKIECTBEHHO BbIMOJHAIOTCSA ypaBHeHuUs 1, 2, 5, a octaibHble
NPUHUMAIOT BUA:

(58)

Uzt Cu—Xvt+ 7y — & =0,
Uy:  Xu—7Mz =0, (59)
1: 4+ xy=0.
U3 nepeoro ypasuenus (58) caeayer, urto ( = (i(z,y)u + (o(x,y). [loacraHoBka 3TOroO

BbIPaXKEHHs BO BTOpOE ypaBHeHue (58) U pacluernieHue no nepemeHHoi u aaer (o = 0. AHanoruuHas
npoueaypa C 4eTBepThiM ypaBHeHMeM (58) mo3Boaser Haditu (1 = Cy = const, T. e.

¢ =Ciu. (60)
YuuTbiBas 3Ty 3aBUCHMOCTb, 13 BTOpOro ypaBHeHus (58) u nocaenHero ypaBHeHus (59) umeem
1= 5 —Ci)y+h(x), x=x(z,uv), 61)

rae h = h(z) — npousBonbHas ¢yHkums. [loacraHoBka BoipaxkeHuit (60), (61) B TpeTbe u ueTBepTOE
ypaBHeHus cucteMsl (58) U Bropoe ypaBHeHUe cucTeMbl (59) MpUBOAUT K ciaenywoulei cucreme U3
Tpex ypaBHeHui:

X = g &ayu+ hyu — 5 (& — C),

fz€+ f(& —2C1) =0, (62)

Xu — Nz = 0.
(IlepBoe ypaBHeHUe (59) coBmasaer ¢ nepBbIM ypaBHeHUeM (62), npoauddepeHuUpoBaHHbIM 10 V.)

Tak kak x He 3aBUCHT OT ¥, TO U3 NEPBOro ypapHeHus (62) umeem £ = 0, T. €.
£ =Cox+Cs.

INoacTaBuM 3TO BbIpa)K€HUE B MEPBOE M MOCICAHEE YpPaBHEHUS cUCTEMbI (62) U yuTeM 3aBUCUMOCTH
(60) u (61). Ilepeob03HAYMB KOHCTAHThI, HAXOAMM KOOpAMHATHI oneparopa (51):

€=C1 4 (C2+2C3)z, n=Cay+h(z), (=Cau, x=-Csv+h'(z)u. (63)
K stum ¢popmynam Hano no6aBUTH yCaoBUE
[C1 + (CQ + 203)112] f'(a:) = (CQ — 203)f(ilt), (64)
KOTOpOE SIBIISIETCS CIEACTBMEM BTOPOro ypaBHeHUs (62) u copepxur GyHkumo f(z) U NOCTOSHHbIE
unTerpuposanus Ch,.

Cummempuu ypasHeHuti 2UOPOOUHAMULECKO20 NOSpanHuyHozo cros. Vicnonssys (64), npoBeaem
knaccurKaLMio CUMMETPUIL CHCTEMbI ypaBHEHMUI norpaHuyHoro cios (55) ans Beex f(x).

1°. YtoObl ynoBnetBoputh ycnosuto (64) mpu npoussBoibHOM ¢GyHkuuu f(x), HagO MONOXKUTDH
C1 = C2 = C3 = 0. Noncrasnss 311 3Ha4eHus B (63), Haxoaum koopauHathl £ = ¢ = 0, n = h(z),
X = h’(z)u, KOTOpble OMPeNENsIOT AOMYCTUMBINA ONepaTop:

Xo = h(z)0y + k' (z)ud,. (65)
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TABJIMLA 9
CuMMeTpUU CUCTEMbI ypaBHEHUI TMAPOAMHAMUUYECKOro norpaHuyHoro ciog (55), a = const
Oysxuus f(x) Oneparop WnBapuant 1 | UuBapuanr 2 | UHBapuaHT 3
[IpousBonbHas Xo=h(z)0y+ h'(z)udy z u v—(In h)zyu
X1=0; y u v
0 Xo=1x0;+ud, y u/x v
X3 =220+ y0y— vy ya:_l/2 u %
X1=0; y u v
a
Xo =420+ y0y+2ud, — v, yz /4 uz”/? z*y
ae® X1 =220z — yOy+ 2ud, — v, yz'/? u/z /%
X1=420;— (n—1)ydy+ n-1 _
n n—-1 _ntl l1—-n
az™, n#0 +2(n+1)udu+ (n—1)vd, yr~ 4 2w T 4w

2°. Ipu f(z) = 0 ycnosue (64) BbINONHSAETCA TOXKAECTBEHHO npu MoObix Cp, U ¢ yuetoM (63) naer
TPH OnepaTopa:
X1 =0; (Ci=1,Ca=C3=0, h=0);
Xo =20, + udy (Cz =1,C1=Cs=0, h=0); (66)
X3=21L‘8x+yay—’06v (C3=1, Cl=CQ=O, h=0),
K KOTOpPbIM Hao n106aButh oneparop (65) (3ToT oneparop AobGaBuseTcs U BO BCEX APYTUX Cay4asx).
3°. Ilpu f(z) = 1 u3 ycnosus (64) nonyunm Co = 2C3. B atom cnyuae, nomumo oneparopa (65),
Jomyckatores nBa oneparopa: X1, 2X» + X3, rae X, onpenenstorcs popmynamu (66).
4°. Ilpu f(x) = £e® us ycnosus (64) Haxoaum C; = —4C3, Cz = —2C'3, 4TO COOTBETCTBYET OAHOMY
oneparopy 4X1 + 2Xs — X3.

5° Ipu f(z) = 2™ (n # 0) umeem C, = 0, Cy =

2(71 + 1)X2 — (n — 1)X3.
Hrorossle pe3ynbraThl KnacCU(pUKalUY CUMMETPUI CUCTEMbI ypaBHEHUI norpaHUYHOro cios (55)
Y COOTBETCTBYIOLLVIE MHBAPUAHTHI IPEACTaBneHb! B Tabn. 9. MHBapuaHTh! I, onpenenstoTcs NepBbIMU
UHTerpajaMy XxapaKTepUCTHYECKOll CUCTEMbl OObIKHOBEHHBIX AubdepeHunanbHbIX ypaBHEHUH
dr dy du _ dv

3 7 ¢ x’
COOTBETCTBYIOLIEH NMHEIIHOMY ypaBHEHHIO C YaCTHbIMU NPOU3BOAHBIMU nepBoro nopsaka X I = 0.
3ameuanve 1. [lepBblit UHBapUaHT BLIOMpACS NUHEMHBIM MO NEPEMEHHOM y (KOraa 3TO MOXHO
6bLI0 cenarb). DTO YNpoILAeT BLIKIAAKY, NMOCKOAbKY B ypaBHEHMs BXOAUT CTapiuas MpOU3BOAHAs
N0 Yy, a MOPAAOK MPOM3BOAHLIX MO = MeHbule. HanoMHUM, YyTO BMeCTO MHBapuaHTOB [, MOXHO
ucnons3osarb Fy,(I,,), rae dynkunu F, BbiGuparoTcs u3 coobpaxeHuil yrobeTsa.

_2(1+n)

(1 — n) , 4TO Aa€T OAUH oneparop

3ameuvaHue 2. Cummerpus Xo COOTBETCTBYET WMHBAapHaHTHOCTU CHCTEeMbl ypaBHeHUi (55) mo
OTHOLIEHHUIO K Npeo6pa3oBaHuI0

z=2, y=g+h(z), u=14, v=9v-hlu,
rae h = h(z)— npousBonbHas GyHKUMS.

Tounvle peuienus ypasreHuil 2uOPOOUHAMULECKO20 ROZPAHUYH020 clos. TOYHbIE PEIleHNs ULy TCs
B BUJE
I, = Q(Il)a 13 = ‘I/(Il)a (67)
rae I, —uHBapuaHThl, a pyHkuuu ® u ¥ onpenensoTca U3 CUCTEMbl OOLIKHOBEHHbIX nuddepeHLu-
aNbHBIX ypaBHEHHI, KOTOpas MOJy4yaeTcs B pe3y/bTare MOACTAHOBKU BbIpaxkeHUi (67) B UCXOQHYIO
cucreMy ypaBHeHU# (55).
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1°. ns npousBonbHOi GyHKuMK f(x) TOUHOE pelleHye viuem B Buae (CM. EpBYI0 CTPOKY B Tabu. 9)
u=&(z), v=(nh),yu+ ¥(z). (68)
INoncraBue Bblpaxkenus (68) B (55), mpuxoaum Kk cucteme OOBIKHOBEHHBIX AM(depeHuranbHbIX
yPaBHEHHI, KoTOpas Jerko uHrerpupyercs. Mmeem
1/2 C
8(z) = +[C - 2./ f@yaz] ", h@) = e

rae C1, Co — npousBonbHble noctosHHbIE. Peienue (68)-(69) cooTBETCTBYET HEBA3KOMY TEUEHUIO
KUAKOCTU, MOCKOJIbKY Uyy = 0.

¥ (z) — npousBonbHas yHkums, (69)

2°. Ilpu f(z) = 0 uHBapuaHTHI NepBOro oneparopa B Tabn. 9 NalOT OAHOMEPHOE PELLCHUE, KOTOPOe
He 3aBUCHT OT koopauHath! x. [loncrasus u = u(y), v =v(y) B cucremy (55) 1 UHTErpUpys, NONYYIM

u=0Cy exp(Cly) +Cs, v=0_C, ecin Cq # 0;
u = Cay + Cs, v =0, ecau Cp = 0.
[pu f(z) = 0 uHBapMaHTHI BTOPOro oneparopa B Tabi. 9 COOTBETCTBYIOT PELICHUIO BUAA
u=zp(y), v=vY@), (70)
rae dyakumn ¢(y) 1 ¥ (y) OnUCHIBAIOTCS CUCTEMON OOLIKHOBEHHBIX AnddepeHUunanbHbIX YpaBHEHUI
2
¢+ bpy = Py,
¢+, =0,
KOTOpas BOSHUKAET B PE3ybTaTe MOACTAHOBKM BhipaxeHuii (70) B ucxoaHywo cuctemy (55).
Ipu f(x) = 0 uHBapuaHTHI TpeTbero omeparopa (cM. Tabn. 9) NPUBOAAT K aBTOMOAEILHOMY
PpELIEHHIO
u= U(Q), v = a:_l/QV(e), 0= y$_1/2,
rae ¢oyuxuuu U(0) u V (0) onpenensitorcs U3 cucteMbl OObIKHOBEHHBIX A depeHUnaNbHbIX ypaBHe-
HUU
—L1o0UU; + VUy = Ug,
—LoU,+Vy =0.
3°. AHanoruyHeIM o0pa3’oM CTPOSATCS TOYHble pelleHus W Aas Apyrux ¢yHkuwmit f(z), koropble
npyBeAeHb! B TabM. 9.

o8 3aodauu u ynpaxycuenus K paso. 7.5

1. Haiiti MHBapUaHTHbIE PELIEHUA CHUCTEMbl YPaBHEHHUI CTAUMOHAPHOrO THMAPOAMHAMMYECKOrO Mo-
rpaHu4Horo cios (55) B cnyyasx:

a) f(z) =a,
b) f(z) = ae”,
¢) f(z)=az™

Vkaszanue. Bocrionb30BaThCsl pe3yabTaTaMy KilacCupUKaLiy CHMMETPUT AaHHO CUCTEMBI, KOTO-
pble mpuBeaeHs! B Taba. 9.

2. Haiitu nonyctumsle onepaTopbl ¥ MHBAPUAHTHbIE PEILIEHUS CUCTEMbl YPaBHEHHUI YCTaHOBUBILETOCS
OKOJI03BYKOBOTO TEYEHM rasa

Uy = Vg, Uy = —UlUg.
3. Haiitu nonmycTumble onepaTtopbl M MHBapUAHTHbIE PELICHUS HENUHEHHOW cHUCTeMbl ypaBHEHMI
OJHOMEPHBIX ANMHHOBOJHOBBIX KOJNE€OaHUH yNpyroro CTepxHs

U —vr =0, vr=—f(u)ug.
IpoBecty knaccudukauimo CUMMETPUil CUCTeMbl ypaBHeHU nis Beex f(u).
4. Haiitu ponyctiMble omepaTopbl U MHBapUaHTHbIE PELICHUs CHCTEMbl YpaBHEHUI OAHOMEPHOIrO
M33HTPONMYECKOro ABMXKEHHUS MJEanbHOro rasa

pt+ (pu)z =0, ut+ uus + f(p)pz = 0.
IpoBecTy KnaccuUKaLMI0 CUMMETPUIA CUCTEeMbI YpaBHeHuH st Beex f(p).
5. Haiitu pomyctumble onepaTopbl U MHBapUaHTHbIE PELIECHUS CUCTEMbl YpPaBHEHMUM JBYMEpHOro
YCTaHOBUBLIErOCs TEYEHUs UACATbHON HEC)KUMAEMON KUAKOCTU

Uy + VUy = —Pz, UVUz + VVy = —Py, Uz + vy = 0.
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3ameuaHue. PaccmarpuBaemas cucreMa MOXeET ObITh CBEJEHA K CHUCTEME M3 AByX ypaBHEHMUi
MyTeM UCKIoYeH s aaBaeHus p. Ecau 3areM BBecTH GyHKLUIO TOKA ) 110 popMynaM u =y, V= —x,
TO MOJyYCHHas CUCTEMa [PUBOAUTCS K ONHOMY YPaBHEHMUIO.

6. Halitu nonycrumble onepaTopbl U WHBapHAaHTHbIE PELLECHNS CHUCTEM ypaBHEHUIA:
Q) ur = gz +ut flu/w), we = uTg(u/w);
b) ur = Uzz + uF f(u/w), we + aw, = u™g(u/w).
Iposectu knaccudukawuo cummerpuit cucrem ans seex f(z), g(z).
7. Haiiti nonycrumble oneparopsl ¥ MHBapUMaHTHbIE PELICHUS CUCTEMbl ypaBHEHUN Macco- U TEIjo-
nepeHoca ¢ 06bEMHbIMI XUMUYECKUMY PEaKLUSAMU:
U = QUzz + uF fWmW™), wy = bwzr + uPg(u"w™)
IlpoBectn knaccubukauyio CUMMETpUil cucTeMbl ypaBHeHuit ans Beex f(z), g(z).

@ JIumepamypa k znaee 7: J1. B. OpcannukoB (1959, 1962, 1978), 10. H. IlaBnosckuii (1961),
G. W. Bluman, J. D. Cole (1974), J. M. Hill (1982, 1992), H. X. U6parumos (1983), b. /I. AunuH,
B. O. Buirees, C. U. Cenawos (1985), D. H. Sattinger, O. L. Weaver (1986), I1. Oasep (1989),
B. U. ®ymny, B. M. lrenens, H. K. Cepos (1989), G. W. Bluman, S. Kumei (1989), H. Stephani
(1989), N. H. Ibragimov (1994, 1995), B. K. Anapees, O. B. Kanuos, B. B. [lyxnaues, A. A. Ponuonos
(1994), G. Gaeta (1994), A. M. Bunorpapos, U. C. Kpacunbumk (1997), G. Baumann (2000),
I. I1. KupsixoB, C. U. Cenawos, A. H. SIxxHo (2001), D. M. Klimov, V. Ph. Zhuravlev (2002),
A. D. Polyanin, V. F. Zaitsev (2004), A. [. Iloasuun (2004), B. U. Jlarvo, C. B. Cnuuax,
B. U. Crornuii (2004).



8. Heknaccuueckuu MeToA UCCAEAOBAHUA CUMMETPUH
AMpdepeHuManbHbIX ypaBHEHUN™

8.1. OnucaHue meToaa. YCAOBME UHBapPUAHTHON NOBEPXHOCTU

By;[eM paccMaTrpuBaTh YPaAaBHCHHUEC BTOPOIO MOpsaKa ¢ AByMsi HC3AaBUCUMBIMH NEPEC-
MCHHBIMH

F(z,y,w, 20, 00 S0 Tv Tuw) _y, M
oz’ Oy’ 0x2’ Ox0y’ Oy?

Pe3ynpTaThl KJIACCHYECKOTO METOJA HCCIEHOBAHUSA CHMMETpuil maubdepeHim-
QIBHBIX YpaBHEHHH (CM. TNIaBy 7) MOXKHO CYIIECTBEHHO PAaCIIHPHTbh, €CIIH BMECTO
IMOHUCKa HWHBAPDHUAHTOB OOMYCTUMOIO I/IH(I)I/IHI/ITC?)I/IM&TILHOFO oreparopa X IIyTEM
peUICHUA XapaKTepI/ICTH‘ICCKOﬁ CUCTEMBI ypaBHeHHﬁ

dx dy dw

fmpw  n@yw @y w)

3a4aTh COOTBETCTBYIOLIEEC YCIOBHUE PIHBapPIaHTHOf/'I IOBEPXHOCTHU
ow ow
g('rvva)ﬁ +77($,y,w)3—y = C('Tvy7w) (2)

Ypasuenue (1) u ycnoBue (2) TOMOHSAIOTCSA YCIOBHEM HHBAPHAHTHOCTH

2 2 2
)2(F(x,y,w ow Ow Hw 0w 8w)

> Oz By’ Oz ' Bzdy’ Oy? =0, &)

F=0

KOTOpOe€ coBIafaer ¢ ypasHenueM (17) u3 pazn. 7.2.1.

JUIs mMOCTpPOEHUS TOYHBIX PELICHUH HMCXOAHOro ypaBHEeHHs (1) Hcmonb3yloTcs
Bce TpH ypaBHeHHS (1)—(3). BaxkHO OTMETHTH, YTO B JAHHOM CiIy4ae MOTyYeHHBIE
B pe3yJIbTaTe NPOLEAYPH] PACIICIUIEHHS ONPEACTIAIONNE YPAaBHEHUS I HEU3BECT-
HbIx pyukmmi &(z, y, w), n(z,y, w), {(z,y, w) Oyayt HenuHeitHpiMu. CHMMETPHH,
3ajaBaeMble MHBAapUAHTHOH NOBEPXHOCTHIO (2), HA3bIBAIOTCA HEKIACCHYECKHUMH
CHMMETPHUSIMH.

Jlis HansgHOCTH 00IIas cxeMa IOCTPOEHHS TOUHBIX PEIIeHHH HEKIaCCHIECKUM
METOJOM Ha OCHOBE YCIOBHMS HWHBAapHAHTHOH IOBEPXHOCTU IS 3BONIOLIMOHHBIX
ypaBHEHHUH BTOPOTo NopsaKa H300pakeHa Ha pHC. S.

3ameyaHne. [loMuMoO anropuTMa, MOKa3aHHOTO Ha PHUC. 5, BMECTO PELICHUS
XaPAKTEPUCTHUECKOH CHUCTEMBI OOBIKHOBEHHBIX MH(PPEPEHIHATHHBIX YPAaBHEHHH
HHOTJIA TIOCTIe OTpeeNieHus kKoopauHar &, n, ¢ u3 ypaBHeHwuii (1)—(2) uckimouaercs
NIPOM3BOAHAA W¢, A 3aTEM peEIIaeTCd NOIYYEHHOE ypaBHEHHE (KOTOpPOE MOXXHO
paccMaTpuBaTh Kak OOBIKHOBEHHOE NH(QepeHIHaT HOS YPAaBHEHHE OTHOCHTEb-
HO T C mapaMmeTpoM t). YKa3aHHBIH MOAXOA HCIONB3YeTCs Naiee B mpumepe 1,
m. 4°.

* [lepen uTeHUEM 3TOI riaBbl HANO MPOYUTATH INaBy 7.
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()

Hcxoanoe ypasnenne: w, = H(z, t, w, w,, w, ) (IB

! ! VYenosue HHBapHaHTHOﬁ TIOBCPXHOCTH

3anucbiBaeM cooTBeTCTBYIOIIee KBasHaHHeiiHoe YpUII 1-ro nopsiaka: {w, + nw,= ¢ (23

BrruncrisieM KOOpIuHaThI
TIPOIODKEHHOTO OnlepaTopa

Yciaosue unsapuantnoctn: (,=§H, +nH,+(H, +(H,, +(,H, (@

(o)

U3 (1)—(3) uckmouaem
v TIPOM3BOMHBIC Wy KW,

N\ ()

Iosy4eHHoOe BhIpaXKeHHe pacilelisieM IO CTeNeHAM OCTaBLIelcs IPOU3BOIHOM wz]

! ! anXO}IHM K OﬂpCZ[C!IﬂlOU.ICﬁ CHCTEME

C Pemiaem onpejessionyto cucremy YpUll aas &, n, ¢ (00b14Ho nosarait 1 = 1) J

{} Haxomum pynxuuu &, n, ¢

[Xapaxrepncnwecxaﬂ cuctema ON1Y, coorBercTBYOmasn (2): dx/€ = dt/n=dw/{ j

Pemaem XapaKTCPUCTHUCCKYIO CUCTCMY

\Z

[ Haxoaum nepBsbie unterpadast: I, (z, t, w)y= Cy u L(z, t, w)=C, j

VInBapHaHTHOE pelleHHe

v nmeMm B Bune I, = d(1))
[ U3 ncxoaHoro ypaBHenus nosaydaem ONY pasa pynxuuu € = ®(1)) j

Puc. 5. Anroput™M NnOCTpOEHHMs TOYHBIX pPEIIEHMH HEKIACCUUECKMM METOAOM /IS 3BOJIIOLMOHHBIX
ypaBHeHuii Broporo nopsxa. Micnons3oBans! cokpawenus: OY — o6vikHoBeHHbIE QU depeHuranb-
Hble ypaBHeHUs, YpUIl — ypaBHEHMs C YaCTHBIMM NPOU3BOJHBIMH.

8.2. KOHKpeTHble npumepbl: ypaBHeHUe dutu-Xbio —Harymo 1
HeAMHEWHOEe BOAHOBOE ypaBHEHUe

IIpumep 1. Paccmorpum ypaeruenue @uru-Xsio — Harymo (FitzZHugh — Nagumo):

ow _ 2w

at 8z2

KOTOpOE COOTBETCTBYET NeBoi uacti F' = wz; — wy + w(l — w)(w — a) ypaerenus (1).

Ecmu n # 0, To 6e3 orpaHuueHHs] OOIHOCTH B YCMTOBUM MHBApPUAaHTHOW NMOBEPXHOCTH MOXHO
nonoxuThk 7 = 1. B pe3ynsrare umeem

+w(l — w)(w — a), )

ow ow
E“’“g(xytyw)g —C(a:,t,w) (5)
l/ICl'lO!Ib3yﬂ KJIaCCUUECKUH aJITOPUTM (CM. pasa. 7.2. l), l'lOZ[CﬁCTByCM NpOAODKEHHBIM ON€paTOpoM
)2( = gax + nat + Caw + Claw‘,,: + CQawL + Cllaw‘,::,, + Cl?aw‘,:,, + C228w“, (6)

g%
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Ha ypasHenue (4). Yuuteisas papencTsa Oy = 0t = Ow, = Ou,, = Ow,, = 0 (nockonbKy ypaBHeHUe
HE 3aBUCHT ABHO OT T, t, Wz, Wxt, Wit), NOTYIHM yCIOBME HHBAPDMAHTHOCTH B BUIE

¢ = (3w’ — 2(a+ 1)w+a] + Cu1.
INoncraBnas cioga BelpaxkeHss (9) u (14) u3 pasa. 7.1.3 114 KOOpAMHAT NEpPBOro M BTOPOro
npoxomkeHuit (2 U 11 npu y =t un = 1, umeem
Gt — E4wz + Cwowe — Ewwzwe = ([—3w” + 2(a + )w — a] +
+ oz + (2w — Exa)we + (Cuw — o)W — Ewwwz + (Co — 2o — Hwwe)wez. (1)
BripasuM MpOM3BOIHBIE Wi U Wz C NOMOILEIO (4)—(5) Uepe3 ocTaNbHEIE BETUYUHEL:
we=( — €Wz, Waz =(—&wz —w(l—w)(w-a) ®)

IToncTaBUB 3TH 3aBUCHMOCTH B YCIOBHE UHBAapHaHTHOCTH (7), NPUXOIUM K KyOUYECKOMY MOIHHOMY
OTHOCHMTENBHO OCTaBLIEHC «HE3aBUCHMOI» NPOM3BOIHOH W . [IpupaBHMBaHHE HYMIO QyHKLHOHANB-
HBIX kK03()(ULUMEHTOB NP Pa3IUYHBIX CTEMEHAX TOro MOJMHOMA JAET ONpEAEAIOLLYI0 CHCTEMY

'UJi: Eww =0,
Wl Cuw — 2(€we — E€w) =0,
Wz 20wz — 26wC — 3w(w — a)(w — 1)€y — €zz + 286, + & =0,
1 G — Cax +262¢ + (262 — Cw)w(w — a)(w — 1) + [Bw’ — 2(a + D)w + a]¢ = 0,

COCTOSILIYIO BCEro W3 YeTHIPEX YpaBHEHHIA.
Ananu3z cuctemsl (9) MPUBOIMT K Pa3IMYHBIM PEIICHHAM B 3aBUCHMOCTH OT 3Ha4€HHMs MapameT-
pa a.

®

1°. Ilycts a = —1. B atoM ciyuae ypaBHeHue (4) npuBoauTCs K ypaBHenuto Horoanna— Yaitxena

(Newell — Whitehead)
3

Wt = Wzz + W — W™ .
Beruucrnenye koopAavHaT 1aet
€ = a(w7t)7 n= 17 C = —azw,
rae ¢yHkuus oz, t) yIoBIETBOPAET CHCTEME

a; — 3azz + 200, =0,

) (10)
Ozt — Qzzz + 20 + 20, =0,
a COOTBETCTBYIOLIEE YCIOBHE MHBAPHAHTHON MOBEPXHOCTH HMEET BUI
Wi + awy = —azw. (1m

Wwem craunonapHoe yacTHoe peluende ypasaenui (10) B Bune o = a(z). [Iponuddepenunpyem
nepeoe ypaBHeHHe (10) no z, a 3aTeM HCKITIOUHM U3 MOTYYEHHOIO BHIPAXXEHUS TPETHIO NPOH3BOIHYIO
¢ nomouiplo Broporo ypaBHeHus (10). B pesynsrate NpMXoaMM K YpaBHEHHIO BTOPOro MOpsIKa.
Hckmouns U3 HEro BTOPY0 MPOU3BOIHYIO € NOMOLLBIO nepBoro ypasHenus (10), mocne anemMeHTapHBIX
npeoOpa3oBaHUil NOTyIUM

(60l — 20° 4+ 9)al, = 0. (12)
IpupaBHuBas B (12) BeIpakeHHEe B CKOOKaxX HYN0, HMEEM YpaBHEHME NEPBOro MopsKa ¢ pa3iensio-
LIMMHCS nepeMeHHBIMH. Ero obuiee pemenre MOXXHO 3anucaTth B BUIE

_ 3 Aexp(V2z) + B _ 3 Aexp(%a:)—l—Bexp(—%x) (13)
V2 Aexp(v2z) - B V2 Aexp(%a:) —Bexp(—%:c) ’
rie A u B — npou3BOJIbHEIE OCTOSHHBIE.
Cooreerctryowas (11) xapakrepucTuueckas CUCTEMa YpaBHEHHIA
1 a olfw

JONMYCKaeT NnepBbI€ HHTErpalbl:

t+ 2 In|Aexp(~2 ) + Bexp(-L z) = C1, aw=Cs, (15)
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rae C1 u Cs — npousBonbHele noctosanusie. Bmecto C1 u Ca ymo6HO B3ath C = exp(%Cl) 7

vckarth perienue B Bune Cy = —%51 F(C1). Noncrasus crona seipaxenus (13) u (15), nomyuanm
CTPYKTYPY DEILEHHUS B BUIE

w(z,t) = {Aexp[L(V2z + 3t)] — Bexp[+(—V2z + 3t)] } F(2),
z = Aexp[+(V2z +3t)] + Bexp[L(—v2z + 3t)].
IMoxcrasus (16) B MCXOMHOE YpaBHEHME, HAXOAUM ypaBHeHHe s onpenenenus Gynkunu F(z):
F!' =9oF3. (17)

Perienye 3Toro ypaBHeHHMs BblpaxkaeTcsi uepe3 dnumuntuyeckue ¢yHkuuM. Ilockonbky ypaBHeHHE
(17) aBTOHOMHO, TO B BBIpRXEHHE s NEpeMEHHOH z = z(x,t) MOXHO HOGABUTH MPOU3BONBHYIO
aJUIMTHBHYIO NOCTOSHHYIO.

(16)

3ameuaHune. Bripoxaennomy cnydaro o, = 0 B (12) COOTBETCTBYeT pellieHue Tvma Geryuweii
BOJTHBIL.

2°. Ilycte a = 1/2. Briuncenne KoOpaMHAT JaeT
E=ax,t), =1, (=-a(w-7), (18)
rae ¢yHkuus oz, t) yI0BIETBOPAET CUCTEME
oy — 3azz + 200, =0,
20zt — 2Qz00 + 40!3 + az = 0.

Huiem crauMonaproe pemiende « = a(x) 3THX ypaBHEHWH MyTEM MOCIEN0BATENBHOO HCKITHOUEHHA
CTapIIMX NPOM3BOAHBIX (Mpoueaypa onucana B 1. 1°). B pesynesrare umeem

! 2 !
(az - %a + %)az =0.
INpupaBHKBas BhIpaXXEHME B KPYIJIBIX CKOOKaxX HYMIO W pellas nmonydeHHoe obGbikHOBeHHOE audde-
pEHLMANBHOE YpaBHEHHE, HAXOIUM

o 3 Aexp(F5)+B B 3 Aexp(335) + Bexp(—5%5)
22 Aexp(%) - B 22 Aexp(%ﬂ) — Bexp(— 2%) ’

rie A u B— npousBonbHble nocrosuuble. CooTBeTCTBYIOIWAs ypaBHeHHo (5) ¢ koopauHaramu (18)
XapakrtepucTuieckas cucrema (14) momyckaer nepBele MHTErpaibl

t+ % ln|Aexp(% T) + Bexp(—%mﬂ =C1, afw-3)=0C,

rae C1 u C — npou3BoibHbIe NOCTOsIHHEBIE. [Ipouenypa, aHanoruyHas OnMCaHHoM B 1. 1°, mpuBOIMT
K TOUHOMY PELIEHHIO:

w(z,t) = 4 + {Aexp[+(2v2z + 3t)] — Bexp[+(—2V2z + 3t)] } F(2),
z= Aexp[+(2v2z +3t)] + Bexp[L(-2V2z + 3t)],

rae ¢ynkuns F(z) ymoBnersopsieT 0ObIKHOBEHHOMY AH(GEPEHUMANIEHOMY YPaBHEHHIO

Fl, =8F°.
3°. Ilycts a = 2. Boruncnenve KoopauHaT qaet
E=oa(z,t), n=1, (=-az(w-1), (19)

rne gynkuus oz, t) ynosnersopsier cucteme (10). Ee craunonapHoe pemenue onpenensercs ¢Gpop-
mynoii (13). CooTBeTcTBYIOILYI0 ypaBHEHHIO (5) ¢ koopAuHaTaMH (19) XxapakTepHCTHUECKYIO CUCTEMY
MOXXHO MOTy4YHTH U3 (14), ecu BMeCTO w NoACTaBUTh w — 1. Pemenne paccMaTpuBaeMoro ypaBHEHHs
HUMEET BUII

w(z,t) =1+ {Aexp[+(V2z + 3t)] — Bexp[L(—V2z + 3t)] } F(2),
z = Aexp[+(V2z + 3t)] + Bexp[+(—V2z + 3t)],

me A v B — npousBonbHble NOCTOsHHBIE, a QyHKuMas F = F(z) onuceiBaeTcs aBTOHOMHBIM
OOBIKHOBEHHBIM AU EepeHUMANBHEIM ypaBHeHHEM (17).
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40. nyCTb a — MNPOU3BO/IbHAsA NOCTOSAHHAA. Brruucnenue KOOpJAMHAT AaeT
¢=LBuw-a-1), n=1, (=-3ww-a)(w-1)

a COOTBETCTBYIOLLEE YCIOBYE UHBAPUAHTHOMN MOBEPXHOCTH UMEET BUI

wi + %(311/ —a-1Nw: + 2w(w—a)(w-1)=0. (20)
Hckmouas w; u3 (4) v (20), nonyyaem ypaBHEeHHE
Wae = Y2 (a+1 - 3w)ws — Lw(w - a)(w - 1), (21

KOTOPOE C MOMOLIBIO MOJACTaHOBKH w = v/2 (In ), CBOAMTCA K JTMHEHHOMY YPaBHEHHIO TPETHErO
MOpsiIKa C NOCTOSHHBIMH KO3 dULHEHTaMH
2@1:1 - \/5(1 + a)‘Pa:z +apr = 0.

Ero 06 = V2 vz

ro obuuee pewterue umeet BUuA @ = 1 (t) exp (%2 az) + 12 (t) exp (%2 x) +93(t) u naer pemenue
ypaBHeHus (21):

w(z,t) = ay, () exp(@aa:) + y(t) exp(%x)
’ - y
¥y () exp(%ax) + 9y (2) exp(%x) + 3(t)

e bynkun ¢, (t), 1=1, 2, 3 naxoxarcs noactanoskoi B (20). B utore nonyuum penieHre UCXOIHOTO
ypaBHeHHs (4):

aC; exp [%(\/iaa: +a?t)] + Cyexp [%(\/51 +1)]
C, exp [%(ﬁax + a2t)] + Cyexp [%(\/Qa: +1t)] + Cyexp(at) ’

rae Ci, Ca, C3 — npou3BONbHBIE MOCTOSHHBIE.

w(z,t) = (22)

5°. IlycTh a— NpOM3BOJIbHAS NOCTOSIHHAs. Bo3amoskeH Taxoke BTOpOii Habop KOOpAMHAT:
(=—FBuw-a-1), n=1, (=-fww-a(w-1),

KOTOPBIN OT/IMYAeTCa 3HakoM £ OT Habopa B m. 4°. 3amMeHOM & = —Z pacCMaTpMBaEMOE ypaBHEHHE
BMECTE C COOTBETCTBYIOLIMM YCIIOBMEM WHBAPUAHTHOM MOBEPXHOCTH CBOIATCA K YPaBHEHHIO W
YCJIOBUIO HHBAPMAHTHOM MOBEPXHOCTH 3 M. 4°. COOTBETCTBYIOLIEE PEIIEHHE MOMYYAETCsl U3 NPaBOH
yacti ¢opmyrnsl (22) 3aMeHOH & Ha —x.

6°. Ilycth a— npou3BonkHas nocrosuHas U 7 = 0. Belukcienre KoopaMHaT AaeT
£€=1, n=0, ¢(=((z,tw),
rae ¢ yIOBJIETBOPAET YPaBHEHHIO
2¢Cew + ¢ Cuww + Coz + w(w — a)(w — 1)Cw — G — [Bw® —2(a+ Dw+al¢ =0,  (23)
a COOTBETCTBYIOLIEE YCITOBHE HHBADUAHTHON MOBEPXHOCTH UMEET BUX
we = (. (24
Hckmouas wy M Wz U3 (4) 1 (24), nonyuum
w = (Cw + (o — w(w — a)(w — 1). (25)

Ecnu MBI MMeeM peliieHHs ypaBHeHHUS (23), MBI MOXEM NTPOMHTErpUpOBaTh ypaBHeHHE (24) U NOTY4UTH
TOYHBIE PELIEHHs UCXOJHOro ypaBHeHHd (4).

3amevaHue. U3 paccMOTpeHHOro npuMepa BHUIHO, YTO MCHOJB30BAaHUE YCIOBHUS MHBapUAHTHOM
MOBEPXHOCTH (2) CyLIECTBEHHO YBENIWUYMBACT MPOW3BON B ONpEeAeNeHUM koopauHar &, 7, ¢ Mo
CPaBHEHHIO C KIaCCHUECKOH CXeMoii, onucaHHOH B rmaBe 7. DTO NMPOMUCXOIMT HM3-3a TOro, 4YTO
B KJIACCHUECKOIl CXeMe pacLICMIEeHHE YCJIOBUS WHBAapUAHTHOCTU MPOMU3BOAMTCS Cpasy MO JBYM
MPOU3BOAHBIM W; M Wgzz, KOTOPHIE CUMTAKOTCS HE3aBUCUMBIMM BEIMYMHAMM (CM. mpumep 2 B
rnaBe 7). B Heknmaccuueckoil cxeme MPOM3BOTHBIE Wy M Wz CBA3aHBI BTOPBIM COOTHOIIeHHeM (8)
U pacluenyieHie NPOU3BOIMTCS TONBKO MO OAHOM Mpou3BOIHON w,. [103TOMY B Knaccuueckol cxeme
omnpenensoLIas CHCTeMa COCTOMT U3 GONBILIEro Yuca ypaBHEHHH, Hak/IaAbIBalOLIMX JONOJIHUTENbHBIE
OrpaHUYCHHUS Ha MCKOMBIE BENMUYMHBI (IO CPaBHEHHIO C HeksIaccuueckod cxemoii). B wactHOCTH,
KJaccHyecKas CXema He MO3BOJAET MONYYUTh pelieHus ypaBHeHHs (5), pacCMOTpEHHBIE BEHILIE B
nn. 1°-5°.
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IIpumep 2. PaccMOTpUM HeNUHEHHOE BONHOBOE ypaBHEHHE
2w w w
at? ox?’
KOTOpPOE COOTBETCTBYET JIEBOM HacTH F' = wyt — wwz, ypaBHEeHuUs (1).
IIpucoenHUM K HeMy YCIOBHE WHBapHaHTHOH MOBepXHOCTH (5). YciIoBHE WHBapHaHTHOCTH
MOJYy4UM, NOAEHCTBOBAB MPOJIOKEHHBIM oneparopoM (6) Ha ypaBHeHUE (26). YuuTHIBas paBeHCTBa
Oz = 0t = Ow,, = Ow, = Ow,, = 0 (MOCKONBKY ypaBHEHHE HE 3aBUCHT ABHO OT I, t, Wz, Wi, Wxt) U
7 = 1, NOIyYUM yCIOBHE HHBapHMAaHTHOCTH B BHIE
(22 = (Wez + w1
INoxcrasnss croga Belpaxkenus (14) u3 pasa. 7.1.3 mw1a koopaMHAT BTOPOro npoaomxeHus (11 v (22
npu y =t un =1, umeem
2 2
Cet — &t Wz +2Cuwt Wt — 28wt Wr Wt + Cww Wi — Eww Wz wi —2(&+EwWe)Wat + (Cw — EwWa ) wis =
- 2 3
= (W tw [Crz +(2Cwz — &xo)Wz + (Cww — 28wz )Wz — EwwWy + (Cw — 262 — 3§wwz)w21] - 27
U3 ycrnoBus MHBapHaHTHOH MOBEPXHOCTH (5) M ypaBHEeHHs (26) HAXOIUM BBIPAXXECHHS Il NPOU3BOI-
HBIX MO ¢ U CMEILaHHOH NPOU3BOIHOM:

(26)

we = C - ng, Wit = WWgxx, Wzt = Ca: - g:wx - £w137 (28)
rie nocnegHss ¢opMysa noigydyeHa nyteM audgepeHUUpoBanus neproii popmynsl no z. [loacraBus
Wi, Wi, Wet U3 (28) B (27), NOJyUHM NONHHOM OTHOCHUTENBHO JBYX «HE3aBHCHMBIX» MPOM3BOIHBIX
Wg U Wzz. [IpupaBHUBaHKE HYTIO QYHKLHMOHANBHBIX KO3((PUUMEHTOB 3TOTO MOJMHOMA JaeT Onpesae-
JSIOLLYI0 CUCTEMY
Wewzz: (€2 — w)€w =0,

Wzt 288 + 2wéz + 266¢ — (=0,
wi: ('52 — w)éww =0,
wii (6% = w)Cww + 26wt + 266w — 266ebu + 2wus =0,
Wzt Eae+ 26 Gt + 28wt + 26CCuww + Ewwl® — 26465 — 2626w — 266w o+ 2wz — Wz = 0,
L Gt 4 2(Cut + P Cuw — 26eCa — 26w (e — Wz = 0.
W3 nepBoro ypaBHEHHs CUCTEMBI CIETYIOT JBE BO3MOXKHOCTH:
1) €=¢,b); (29)
2) £=Vuw. (30)
PaccMoTpuM ux no nopsaxy.

1°. TpeTbe ypaBHEHHE CHCTEMBI A ciydas (29) yAOBIETBOPAETCA TOXIECTBEHHO, a W3 BTOPOrO
cremnyer
¢ = 2wé; + 2€6:. €)))
YerBepToe ypaBHEHHE cUCTeMBI B cuiy (29) u (31) yaoBnerBopsercs ToxxaectBeHHo. [loxcTaHoBka
¢bynkuuii (29) u (31) B nATOE M IIECTOE YPAaBHEHHS ONPENENAIOLIEH CUCTEMBI TAeT /IBa PEILECHHS:
E=at+ 8, ¢(=2alat+ 3) (uepsoe peuenue); 32)
E=az+ B, (=20w (BTOpOE peuienue);

re & U (3— NpOU3BOJIBHBIE TOCTOSHHEIE.
Ilepsoe pewenue. XapakTepyucTHueckas CUCTEMa OOBIKHOBEHHBIX MHbdepeHLnanbHbIX ypaBHe-
HMi1, COOTBETCTBYIOILas NepBoMy peulenuto (32) mpy a = 2 u § = 0, umeer BUI
dt  dr  dw
1 2t 8t
Haxomum nepseie unterpansi: Cp = ¢ — t2, Cy = w — 4t%. Mcnons3ys cxeMmy, 306paxeHHy0 Ha
puc. 5, pemenye HineM B Buae w — 4t> = &(z — t?). [oxcrasnas B (26)

w=<I>(z)+4t2, z=a:—t2, (33)
HOJTyYHM aBTOHOMHOE O6OBIKHOBeHHOE nubdepenuuansioe ypaBaenue s dyHkunn & = &(z):
P, + 28, = 8.
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OHO 1erko MHTErpUpyeTCs, NOCKOIBbKY M0C/Ie MOHWKXEHHS NOPSKa NePEeXOIUT B YpPaBHEHHE C pasjie-
JIAIOIUMHUCS NEpEMEHHBIMU. B pe3yneraTe MoxHO HaliTu TOUHOE penienue Buaa (33) ypaBHenus (26).

Bmopoe pewenue. XapaktepucTuieckas cuctema oOBIKHOBEHHBIX AU hepeHIHanbHbIX ypaBHe-
HMH, COOTBETCTBYIOWAs BTOpoMy petiennto (32) npu o = 1 u 3 = 0, umeer Buxg

d _do_dw
1 oz 2w’
Onpeniensiem neperie uuterpanst: C1 = In |z| — t, C2 = w/x?. Ucnomssys cxemy, U306pakeHHy0
Ha puc. 5, pemenue Hiem B Buae w/x> = ®(In |z| — t). [oacrapnas & (26)

w=2"®(z), z=In|z|—t,
MOJTYYHUM aBTOHOMHOE OOBIKHOBEHHOE qu(depeHLianbHOe ypaBHEHHE
(® —1)®7, 4+ 383, 4 28 =0,
KOTOPOE JIOMYCKAEeT MOHMKEHUE TIOPAKA CTaHAapTHOM noxctanoskoi U(®) = @,

2°. Bropoii cnyyait (30) mpuBoaMT K TpuBHanbHOMY pemieHuto ¢ = 0 (3T0 cremyer U3 YeTBEpTOro
YPaBHEHHs ONpeeNAoLeii CHCTEMBI), U3 KOTOPOro CleAyeT OYEBHIHOE PEIeHHEe W = const.

o8 3aoauu u ynpaxycnenus K znage 8

1. Mcnone3ys HekmaccCUIeCKMH METOI MCCIEI0BaHHS CHMMETPUIA, HAHTH TOUHBIE PEIEHHS yPaBHEHHS
TENIIONPOBOIHOCTH C KYOUUECKUM MCTOUHUKOM:

Wt = Wez — AW,
2. Hcnomp3ys HEKJIACCUUECKUH METOA UCCIEIOBaHUA CUMMETPUI, HATH TOUHBIC PELICHUS HEITMHEH-
HOTO YpaBHEHHUs TEIIONPOBOJIHOCTH BUIA

W = Wgz — QW — W".
3. B mpumepe | (0. 1°) moctpouts obuiee pemienue aByx ypasaenuid (10) B Bume Geryiueil BONHBI
a = a(x — At). Haiitu coorBercTByIOLIEEe TOUHOE pelleHue ypaBHenus Hproonna — Vaiitxena
(Newell — Whitehead)

Wy = Wep +w — wP
4. Mcnone3ys HEKIacCHUYECKMH METOJ MCCIEIOBaHHA CHMMETPHIl, NMOCTPOMTH TOUHBIE PEHIEHHS
HEJIUMHEHHBIX ypaBHEHHUMH:

a) w = a(wwsz)z + bw,

b) w: = a(wws)s + bw?,

¢) wy = a(wwsz)sz,

d) wze=f (w)’

€) Wz +wyy = f(w),

f) zwe + ywy = Wez + wyy + f(w),

h) wrwze + wyy = 0.
INonyueHnsle pe3ynbTaThl CPaBHUTE C COOTBETCTBYIOLIMMU PE3YNBTaTaMH UCIONB30BAaHUS KJIacCHUe-
CKOT0 METO/Ia IpyNIoBOro aHaausa (CM. rnaey 7).

@ Jumepamypa k 2nage 8: G. W. Bluman, J. D. Cole (1969), P. J. Olver, Ph. Rosenau (1987),
D. Levi, P. Winternitz (1989), M. C. Nucci, P. A. Clarkson (1992), P. A. Clarkson, E. L. Mansfield
(1994), P. A. Clarkson (1995), P. A. Clarkson, D. K. Ludlow, T. J. Priestley (1997), A. D. Polyanin,
V. F. Zaitsev (2004).



9. Metoa aMdpepeHLUanbHbIX CBA3EH
9.1. OnucaHue meToaa

9.1.1. MpeaBaputeAbHble 3amMmevaHus. MpocTteruuit npumep

B pa3n. 4.1.2 u 4.4.2 paccMaTpuBaIiCh NPUMEPHI TOYHBIX PEIICHUI HETHHEHHBIX
YPaBHEHHI C aJINTHBHBIM pa3/ielieHIEeM NIEPEMEHHBIX BHIA

w(z,y) = ¢(x) + P(y). )]

Ha HauaneHO# cramuu GyHKumH ¢(x) ¥ 1(y) CUMTAIOTCS MPOU3BOIBHBIMH; OHH
HOJUTEKAT ONPEETeHHIO B XO/€ JaJbHEHIIero aHaIH3a.
Huddepenmpys Beipaxenue (1) mo y, Noaydum

ow _ ot
oy f(y) (f= wy) (2)
OO6patHo, u3 (2) cnenyer npeacTaBieHue pemieHus B Bume (1).
Juddepennupys ganee (2) no x, nMeeM

8w

ozdy - 3)

O6patHo, u3 (3) cnenyer npeacrasieHue pemeHus B sune (1).

Taxum o0pa3oM 3amady o MOMCKE TOYHBIX pelieHui Buaa (1) ans KOHKpeTHOTo
IuddepeHIanbHOr0 YpaBHEHHS C YaCTHBIMU IIPOM3BOJHBIMH MOXHO 3aMEHHTh
9KBUBAJCHTHOH 3afadeli O IOUCKE TOYHBIX PEIEHHH NAaHHOTO YpaBHEHUS, YAOBIIE-
TBOPSAIOIIUX JONOTHUTENEHOMY yciaoBHio (2) wiu (3). [logoOHbIe NOMOTHUTENEHBIE
YCJIOBHS, 3alIMCaHHbIE B BUAE OJHOTO HJIM HECKOIBKHX NH(depeHHanbHbIX ypas-
HeHMii, OyJeM Ha3biBaTh Jugdgepenyuanvhuvimu césazamu. [opsnox nudpdepeHuu-
AIBHOW CBSI3M ONpEAENIeTCS MOPSAAKOM CTapIleil MPOHU3BOIHON: HAalpUMep, Mops-
Jok muddepeHHaTbHOM CBA3M (2) paBeH equHMLE, a MOPANOoK quddepeHnraIsHONH
cBs3u (3) — ABYM.

[Ipexxne yem nepelTi k o0LEeMy onucaHHI0 MeToja nuddepeHHanbHbIX CBS-
3eH, NpPOJEMOHCTPHPYEM €ro XapaKTepHble OCOOEHHOCTH Ha IIPOCTOM NPHMEPE.

[Ipumep 1. PaccMOTpUM HeNWHENHOE ypaBHEHUE TPETHEro MopsIKa

ow 0w PRl ’w b83w @
dy Oxzdy oz Oy? o3’
KOTOpOE Mpu a = —1 BCTpPEUaeTcsi B TEOPUM TMIPOIMHAMHUYECKOrO MOrPAHUTHOrO CIIOs.

Byaem uckath pelienus ypaBHeHUs (4), yIOBIeTBOpsAOLIME JIMHEHHOH quddepeHunansHOi cBA3U
NEPBOro MopsaKa:

ow

oz~ PW): )
3nech byHkuus ¢(y), BooGlLE roBops, He MOXKET OBITh NPOM3BOJIBHOM, OHA JOMKHA YIOBIETBOPATH
YCJIOBUIKO COBMECTHOCTH ypaBHEHHUi (4) u (5). YcrnoBue COBMECTHOCTH NpeACTaBNseT coboii mubde-
peHLMaNbHOe ypaBHeHue i onpenenenus ¢(y) v sBiseTcs CrleacTBUeM ypasHeHuit (4) u (5) u ux

muddepeHUHanbHBIX CISICTBUI.



138 METO/ JU®PEPEHIIMAJBHEIX CBA3EN

[TocnenoBatensHo quddepeHunpys (5) no pa3HbIM NEPEMEHHBIM, BBIUMCIMM MPOU3BOIHbIE
/ 1 1"
Wez =0, wzy = Py, Wrzy = 0, Wayy = Pyyr Wryyy = Pyyy- (6)
Jucddepenuunpys (4) no x, umeem
2
Wiy + WyWrry + QWrzWyy + QW Wayy = bWryyy. )
Moncrasnsas B (7) npousBogusie ¢pyHkunu w u3 (5) u (6), noxyuum oObikHOBeHHOE AuddepeHunans-
HOE YpaBHEHHE TPETBETO MOpsIKa AMd p:
1\2 11 "
(py)” + appyy = bpyyy, ®)
KOTOpOE MpecTaBiseT coboil yclIoBHE COBMECTHOCTH ypaBHEHUi (4) u (5).
J1)1s moCTpOeHUs TOUHOrO pelleHus NPoUHTerpupyeM ypasaenue (5). Umeem

w = p(y)z + P(y). )

®ynkuuio ¥ (y) Haiizem, noacrasus (9) B (4) ¢ yuerom cootHowenus (8). B pesynsrate npuxomum k
OOBIKHOBEHHOMY T ((hEepeHLHaNBHOMY YPaBHEHUIO:

Pyty + apyy = by, (10)
B urore umeem TouHoe pemienue Buaa (9), rae dyHkunu @ u ¢ onuckiBarorcs ypasHeHusmu (8) u (10).

3ameyaHve 1. [laHHOE pelIeHHE MpOLIE NOMYYUTH NPSAMOI MNOICTAHOBKOH BbIpaxkeHus (9) B
UCXOIHOE ypaBHeHue (4).

3ameuanme 2. [lonyveHHble pe3ynbTaThl PACIIPOCTPAHAIOTCS Ha Gonee oOwMil Cliyuali, Korza B
ypaBHeHue (4) BxoasaT npoussoibhsie GyHkunu a = a(y) u b = b(y).
9.1.2. O6wee onucaHue metToaa AMdPepeHUUanbHbIX CBA3EH

[Iponenypa MOCTPOECHUS TOYHBIX PEIICHUH HEIWHEHHBIX YpaBHEHHH MaTeMaTHye-
CKOM (H3HMKH MeTOIOM MU HepeHITHATBHBIX CBA3€H COCTOUT U3 HECKOJIBKHX IOCIIe-
JIOBATENIBHBIX ATAIOB, KPATKO ONUCAHHBIX HHXKE.

1°. B o0memM cityyae BBIIEIEHHE YaCTHBIX PEIICHHH YpaBHEHHUS

F(x wc’?_w Ow Pw  w w )_0
7y7 )axvay,ax276x8y76y27“‘ -

)

OCYIIECTBIISAETCS IMyTEM NPHUCOEAUHEHHUS K HEMY NOMONHUTENbHOU nuddepeHuu-
AILHOH CBA3H

G(x w@_w ow Pw  Pw  w )_0
Y "Oz ' By Oz Bzdy Ay ') T

(12)

Bun nuddepenuunansHoi cBsa3u (12) MoxeT 3a1aBaThCs:

® 13 alpHOPHBIX COOOpakeHHH (OHa, HAallpUMep, MOXET HPEACTaBIATH COOOM
pa3pelumMoe ypaBHEHHE);

® HCXOMS U3 HEKOTOPBIX CBOMCTB pacCMaTPHUBAEMOT0 YpaBHEHUS (HalpuMep, ero
CHMMETPHUH MM 3aKOHOB COXPAHEHUS).

2°. TlomyueHHas: TakuM oOpa3zoM mepeomnpenenenHas cucrema (11)—(12) B obmem
cllydae HyXIaeTcs B HCCIIeIOBaHUHM Ha COBMeCTHOCTE. [Ipu 3amanun muddepeHiu-
anbHOM cBs3u (12) U3 anpHOpHBIX COOOpaKEHHUI OHA TOMHKHA UMETh TOCTATOYHBIH
(yHKUHMOHAIBHBIN MTPOU3BOI (T. €. BKIIOYATh B ce0s1 MPOU3BOJIEHBIE ONPEETISIOIIHE
¢yukun). B pesynerate ananuza cucremsl (11)—(12) Ha COBMECTHOCTH TOJIKHBI
OBITH MOJYYEHB! YCIOBUS, KOHKPETU3HPYIOILUE BH]I ONPENEIAIONMX GYHKIMHA. JTH
YCIOBHSA (YC06UA CO8MECMHOCHU) 3AIIUCHIBAIOTCS B BU/IE CHCTEMBI OOBIKHOBEHHBIX
middepeHnanbHbIX YpaBHEHUH (MIIM CUCTEMBI YpPaBHEHHUH ¢ YaCTHBIMHU IPOU3BOJI-
HBIMH).
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B mpocreiimmx ciydasx* uccieqoBaHHEe Ha COBMECTHOCTBH NPOBOIMTCS IIyTEM
muddepenuposanus ypasaenuit (11) u (12) mo  u y (Hamnexamee 4uciao pas)
¥ HCKJIIOYEHHS U3 MOIYUYCHHBIX TaKUM 00pa3oM auepeHIHanbHBIX CIEACTBHA H
ypaBaenwuii (11)—(12) crapmux npousBoaHsix (cM. mpumeps! | u 3). B pesynsrate
HOPUXOIAT K ypPaBHEHHUIO, KOTOPOE COIEPKHUT CTENEHH MIIAaIIIUX HNPOH3BOIHBIX.
[IpupaBHUBaHUE HYIIO KOI(GQHUIHEHTOB NIPU BCEX CTENEHSIX NMPOU3BOAHBIX M JAET
YCIIOBHS COBMECTHOCTH, KOTOPHIE CBSI3BIBAIOT (PYyHKIHOHATBbHBIE KO3()(GHLIHUEHTHI
ypaBHenwmii (11) u (12).
3°. Pemaerca monyueHHas B m. 2° cucrema nuddepeHIHaIbHbIX YpaBHEHUH IS
onpenensomux GyHKIMHA. 3aTeM 5TH (YHKIUH HOACTABIAIOTCA B U depeHIHab-

Hy10 cBs3b (12). B pe3ynsraTe npuxoaar K ypaBHEHHIO
ow Ow &w w 0w .
g(xayawvw’a_ya oz2 8xay, (?y? ,) —0 (13)

Huddepenmansayro cBs3b (13), KOTOpas COBMECTHA C paCCMAaTPHBAEMBIM YPaBHE-
HueM (11), HA3BIBAIOT UHEAPUAHMHBIM MHO2000pa3zuem A ypaBHeHus (11).

4°. Hano wHaiitu obmee pemenue: (i) ypasaenus (13) wim (ii) kakoro-imubo cuen-
crBus ypasuenuit (11) m (13). IlonydenHoe pemenue Oyner BKIIOYATH B ceOs
HEKOTOpbIe MPOU3BONIbHbIE QYHKIHH {0y, } (3TH GYHKUMH MOTYT 3aBHCETh KakK OT
Z, Y, TaKk 4 0T w). OTMETHM, YTO B psfie CIIy4aeB BMECTO OOIIEr0 peleHus] MOXXHO
HCTOJIB30BAaTh YAaCTHBIC pelIeHUs ypaBHEeHUs (13) WK ero ciaencTBHiA.

5°. Pemenue, monay4eHHoe B 1. 4°, HAIO MOJCTaBUTH B UCXOIHOE ypaBHeHHE (11).
B pe3ynbrate mpuxomar K GpyHKIHOHAIBHO-AHG(EPEHIMATEHOMY YPaBHEHHIO, 3
KOTOpOro Hamo Haith byukumu {p,, }. [locae onpenenenust {p,,} Ux Hago MmoA-
CTaBUTh B pemieHHe u3 m. 4°. B HTOre moay4uM TOYHOE pEIEHHE HCXOIHOTO
ypaBHeHus (11).

3ameyanue 1. IIpu HeynauHOM BBIOOpe M depeHIHanbHON CBI3H YpaBHEHHS
(11) u (12) MoryT OKa3aThCs HECOBMECTHBIMH (HE MMEIOIIUMH OOIMIMX PELISHUH).

3ameuanue 2. Bmecto 01HOI MOTYT OBITH HECKONBKO NU(depeHIIHaTBHBIX CBS-
3eit Buza (12).

3ameyanue 3. Ha mocnennux Tpex sTamax Merona aAuddepeHInaIbHBIX CBI3eH
IPUXOIUTCS pelaTh pa3lIuYHbIe YpaBHEHHs (CHCTEMBI ypaBHeHuH). Eciu xoTs Obl
Ha OJTHOM M3 3THX JTaIlOB pELIEHHE MOIYIHUTh HE YIAeTCs, TO HE YIaeTcs IIOCTPOUTh
U TOYHOE pPEIIeHHE HCXOMHOTO YPABHEHHUS.

Jnst Gonplied HarIAAHOCTH O0IIas cxema MpUMeHeHus Metona auddepeHiu-
ANBHBIX CBSA3€H M300paXkeHa Ha puc. 6.

o8 3adauu u ynpaxrcnenun k pazo. 9.1

1. Haiitu auddeperumanbHbie CBA3M NEPBOTO U BTOPOro MOPSIKOB, SKBUBAJICHTHBIE 3a/laHUIO pellle-
HMA B ABHOM BUAE (YHKUUHU 0 U 1) CIMTAIOTCA NPOU3BOJIBHBIMH):

a) w=p(x)y+Y(z),

b) w=p(z)y +¥(v),

* B o6Liem ciydae Hamo UCHOIb30BaTh METOIbI UCCIIEN0BAHUS NEPEONpPEaeICHHBIX CUCTEM, OCHO-
BanHble: (i) Ha anroputme Kaprana unu (ii) Ha anroputme XKane — Cnencepa — Kypanumu (Janet—
Spenser— Kuranishi). Onucanue 3THX aaropuTMoB U Apyrue CBEICHUs 0 TEOPUU NEPEONPENEICHHBIX
CHCTEM MOXHO HaiiTu, Hanpumep, B paborax M. Kuranishi (1967), J. F. Pommaret (1978), A. ®@. Cu-
mopoga, B. I1. lllaneera, H. H. SInenko (1984).
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[ Hcxognoe ypaBHenue: F(x, y, w, W, Wy, Wyyy Wiy, Wyy, o) =0 j

! ! Jo6aBmsieM qpyroe ypaBHEeHHE

E Hdudpepenunanbuasn cease: G(T, Y, w, Wy, Wy, Weyy Wry, Wyy, ) =0 j

Ananmn3 ypaBHeHHf/i Ha COBMCCTHOCTB

N\

[ Haxoaum yc;10Bus coBMecTHOCTH ypaBHeHud F=0 u G=0 j

INomyuaem ypaBHEHUS
v 1T onpeaensiomux GyHkui

()

Pemraem ypaBHeHust JU1s1 onpeJeasilOIMX pyHKUMH j

ToncrapnseM 311 GyHKIHH
v B nuddepeHInanbHyIo CBA3b

(=)

Haxoaum HHBApPHAHTHOE MHOTo00pasue: g(T, Y, W, Wy, Wy, Wyyy Weys Wyys «) =B

! ! Pemiaem ypaBaenne g =0

E MMoay4yeHHoe pelieHue™ NOjJACTABIsIEM B HCXOHOE YPABHEHHE j
OnpenenseM HeH3BeCTHbIC QYHKIHN
1 TIOCTOSHHBIC

[ HaxoguM TouHoe pelleHHe HCXOHOI0 YPABHEHH A j

Puc. 6. Anroput™ nocTpoeHHs TOYHBIX pelleHHH MeToIoM qudepeHLHaNbHBIX CBA3CH.

0 w=g(y)z’ +9(y),

d) w=p@)y" +P(z),

e) w=zp(y) + yp(x),

f) w=op()+¥(@+y),

g w=¢(+y)+y(@-y),

h) w=gp(x+y)+y(z+ay).

Vkazanue. Hago MCKIIOUUTH ONHY MM BE QYHKLUMH © M %) M3 HCXOJHOIO BBIPAXKEHHS M €ro
mubbepeHUHaNbHBIX CIEACTBUH.

2. Haiitu nuddeperumanbHple CBI3M BTOPOro MOpAAKA, SKBUBAJIECHTHBIC 33IaHUIO PEIICHUS B HEAB-
HOM BHJIE:

B [ pw)dw=1y() +ay,
b) [ f(w)dw = p() + $(w).
@ Jumepamypa K pa3o. 9.1: H. H. Slnenxo (1964), A. ®. Cunopos, B. I1. lllanees, H. H. SInerxo

(1984), B. K. Aunpees, O. B. Kanuos, B. B. Ilyxnaues, A. A. Pomuonos (1994), A. D. Polyanin,
V. F. Zaitsev (2004).

* 3710 penreHre 0OBIYHO COEPKUT HEKOTOPHIE NPOM3BONBHBIE (GYHKLIMM U NOCTOSHHBIE.
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9.2. AuddepeHunanbHble CBA3U NEPBOro NOpPAAKa

9.2.1. 9BOAIOLUOHHBbIE YPaBHEHUA BTOPOro NopAAKa

PaccmoTpuM o011iee 3BOIOLIMOHHOE YpPaBHEHHE BTOPOIO MOPSAKA B Pa3peIleHHOM
OTHOCHMTENBHO CTapIied MpOU3BOIHON BHIE

Ow 6w Ow
2y = F(ztw 22,00 (14)
JomoyHuM ero auddepeHnuanbHOH CBI3bI0 MEPBOTO MOPSAIKA
ow Ow
o —g(a:,t,w, W)' (15)

VYcnoBHEe COBMECTHOCTH 3THX YPAaBHEHHH ONpeNeseTcs MyTeM OTHOKPAaTHOTO
middepenmpoanms (14) no ¢ u aBykpataoro nuddepenmmposanus (15) mo x ¢
HOCIIeYIOIUM NPUPABHUBAHUEM ITOIYYEHHBIX TPETHHX NMPOU3BOIHBIX Wyyt:

D;F = DZg. (16)
3necy D; u D, — onepaTtops! moyiHOro nudhepeHuupoOBaHus mo ¢t u x:
Dt: +wt6 +wggta +wtt68
O 3 P a7
r = % + wx% + wa:a:_awJD + w:cta_wt

YacTHBIE POU3BOJHBIC Wi, Wy, Wy, Wy B (17) NOIKHBI OBITH BRIPAXKEHBI Yepe3
z, t, w, wy ¢ momompio (14) u (15) u ux nuddepeHnmanbHEIX ciencreuid. B
pe3yibTaTe UMeeM

wi=G, Wg=F, wgy=D :cg_6g+ :c +~7:

oG oG 6g aang g\ og (18
wtt=Dtg=E+g%+w a +g +( +w x +.7: )

xt 0w, Owy

Owz

B BelpaxkeHnu 1 F B cuiny (15) mpou3BogHYyIO w; HAO 3aMEHHUTH Ha G.

[Ipumep 2. Bbiaenum u3 knacca HENMHEHHBIX YPAaBHEHUH TEMIONPOBOJHOCTU C UCTOUHUKOM

ow o ow
- - = it 1
= ) 5] + 9(w) (19)
ypaBHEHUsl, KOTOpble 001aAal0T MHBAPUAHTHBIMU MHOr00Opa3usMH NPOCTEHIIEro BUaa
ow
— . 20
p w(w) (20)

VYpaBuenus (19) u (20) apasorca yacTHbiMu cnydasmu (14) u (15) npu

w, = flw)wg — g(w) _ p(w) = g(w) - f'(w)w]
F=—t z = L, G=¢(w).
() () #t)
Oyukuun f(w), g(w), ¢(w) 3apaHee He U3BECTHBL M MOANEKAT ONPEACICHUIO B IPOLECCE aHANM3A.

ITo dopmynam (18) u (17) Haiinem yacTHble NPOM3BOAHBIE M ONEPATOPbI MONHOro AnddepeHuu-
pOBaHU:

W =@, Wez=F, Wet=¢ Wz, wet =4,
P) o ., @ , 8 P) P) P) ,
Di= 2 4o 2 B W 9
tT op TPy T g TP G De T gp tueg o T T g e
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INoacraBum Boipaxkenus s D, v Dy B ycnoue coBmectHocTH (16). [locne HEKOTOPBIX BbIYMCIEHHUH

NONy4YUuM
o)1 2, v—g PErAY
f [ wy + - =0.
N e G
YrtoObl yAOBAETBOPUTH 3TOMY PABEHCTBY Ul JHOOBIX Wz, HAO MOJOKUTh
(fw)’]' 0-g (w—g>'
_— = 0, _— — == O. 21
[ 7 A @n

Heevipoocdennwuii cayuaii. Cunras byHkuuio f = f(w) 3anaHHoM, nony4yuM Tpexnapamerpuye-
ckoe pewienue ypaBHenui (21) orHocurenbio dyukumii g = g(w) u p(w):

o) = 2L ([ raues), oty =2( [ rau+s), @)

rae a, b, c— npou3BoabHbIE MOCTOSHHBIE.
MNoacrasum p(w) u3 (22) B ypaBuenue (20). UHTerpupys, nony4um

/ fdw = 6(x)e* — b. (23)

Jubdepenuupys (23) no = u t, umeem w; = ae**0/f, w, = e*'0,/f. [loACTaBUB 3TH BHIPAKEHHS
B (19) c yuetom (22), npuxoauM K ypaBHeHHto 0o, + c = 0, obluee pelieHre KOTOPOro UMEET BUA

Cisin(zv/c) + Cacos(zy/c)  mpu ¢ >0,
6 = q Cish(zv/=c) + Cach(zy/=c) mpu ¢ <0, 24
Crz + C2 npu ¢ =0,
rae C1 u Cy — npousBonbHble nocrosHHble. Popmyabl (23)-(24) onuchIBalOT TOYHbIE pelleHus (B
HesBHOW ¢opme) ypaBHeHus (19) ans npoussonbHod dynkumu f(w) u dyskunu g(w), 3apaHHOR
dopmynoii (22).
Buiposwcoennuiii cayyaii. Umeercs Taioke AByxnapameTpyueckoe pelieHde ypaBHeHuit (21) otHo-
cutenbHo GyHkumii g = g(w) u p(w) (kak u paHee, f CYNTAETCS NPOU3BOJILHOM):

g(w) = % te  pw) = %

rae b U ¢— npou3BONbHbIE NOCTOsHHBIE. Ero MoxHO monyuurs u3 (22), nepeo6ossauus b — b/a,
¢ — ac/b v yctpemuB a K Hymo. [locne HECHOKHBIX BbIYMCJCHMI MOJYYMM COOTBETCTBYOLUEE
pelieHue ypaBHeHus (19) B HesBHOH opme

/fdw:bt—%cx2+01w+C2.

[TpoaeMoHCTpHpyEeM Ha KOHKPETHBIX NPUMEPAxX, KaK MOXKHO MPOBOAUTH BBIYHC-
neHus, He npuderas x odbuwm dopmynam (16)—(18).

[Ipumep 3. PaccMoTpuM 3ajady OTbICKAHHS HEIMHEHHBIX ypaBHEHMH BTOPOro mopsaka

ow ?w w
_— — _— 2
5 = agz TN+ fo(w), (25)
001aal01IMX HHBapUaHTHBIMH MHOT000pa3susMH NEPBOro nopsiaxKa BUAA
ow ow
0 = u(w) 22 + go(w) 26)

YpaBHenus (25) u (26) saBnsitorcs yacTHbiMU cayyasmu (14) u (15) npu F = we — f1 (w)wz — fo(w)
u G = gi(w)wz + go(w). Oyukumu f1(w), fo(w), g1(w), go(w) 3apanee He U3BECTHBI U NOAJIENKAT
ONpPEENEHHIO B [IPOLIECCE aHaIu3a.

CHauana BbIYMCAMM Npou3BoAHble. [IpupaBHuBas npasble yactu (25) u (26), umeem

Wez = hiwz +ho, e h1=g1— fi, ho=go— fo. 27
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3neck v panee onyckaercs aprymedt ¢dyHkuuit fi, fo, g1, 9o, h1, ho. Auddepenunpys (26) na pasa
[0 & M UCHOJb3Ys BblpakeHue (27) sl Wzz, HAXOAMM CMELIAHHbIE NPOU3BOAHbBIC
2 2
Wot = g1Wzz + G1W; + Jows = g1w; + (911 + go)wz + g1ho,

waze = g1 w3 + (911 + 3g1h1 + go)wr + (g1ho + 3g1ho + g1hi + goh1)ws + (g1h1 + go)ho,

(28)
rae Wrpux o0o3HaYaeT npou3BoAHy0 no w. Juddepenuupys (27) no ¢ u ucnonb3ys BoipaxeHus (26)
v (28) a0 wy M Wwge, UMEEM

Weet = hawze + hiwews + howe =
= (g1h} + gih1)wl + (g1h] + goh1 + goht + g1ho)ws + grhohs + gohy.  (29)

IlpupaBHsieM Tenepb TPETbH MPOU3BOAHBIE Wzz: M3 (28) M (29) M «cobepem» uieHbl Npu
OJMHAKOBBIX CTENEHAX Wz. B pe3ynbrare Nosy4uMm yClOBHE MHBAPHAHTHOCTU B BUAE

giwi + (29171 + go)ws + (3g1ho — goht)w= + goho — goho = 0. (30)
VYenosue (30) Gyaer BbIMOAHATLCSA, €CJIM NPUPABHATb HYNIO KOI(QGULIMEHTbI IPU BCEX CTEMEHIX Wg!
9/ =0, 2gih1+g5 =0, 3giho—gohi =0, goho — goho = 0.
Pewenune aToil cucteMsl 0GLIKHOBEHHBIX M depeHuManbHbIX YpaBHEHUH onycbIBaeTcs hopMynamu:
g1 =Ciw+Cs,  go=—CiCsw® — C1Csw’ + Csw + Cs,
h1 =3C1Csw + Cy,  ho = Csgo,

rae Ci1, ..., C¢ — npousBonbHble MocTosHHble. Mcnonb3ys pasenctsa (27) ans hi, ho v (31),
ompenensieM UCKoMmble GyHKLMH, BXxoAsLIMe B ypaBHeHus (25) u (26):

f1('w) = Cl(l — 3C3)w+ Cy — Cy,
fo(w) = (~C7Csw® — C1Csw® + Csw + Ce)(1 — Cs), (32)
gl(w) =Ciw+ Cs, go(w) = —C%C’g’uf3 —Clc4w2+05w+06.

(€)))

PaccmoTtpum noapoOHee oauH 4YacTHblit cay4aii. [lonoxum B (32):
Ci=-k, Cy=Cs4=0, C3=-1/k, Cs=ak, Cs=bk,

rae a, b, k— npousBonabHble nocrosHusle (k # 0). CooTBeTcTBY!OLIEE YpaBHEHHE (25) U MHBapHaHTHOE
MHoroo6pasue (26) UMeIOT BUX

Wy = Waz — (k + 3)wws + (k+ 1)(w® + aw +b), (33)

wy = —kwwz + k(w® + aw + b). (34)
Ob1iee pelieHre KBa3HIMHEHHOro ypaBHeHus nepBoro nopsaxa (34) 3anuceiBaetcs B HesIBHOH (hopme
1 coaepxut uhrerpan I(w) = / w(w® + aw + b) "' dw u ero obpawmenne. CTONb COKHBIH BHA

JleflaeT €ro HeyJOOHBIM JUIsl TOCTPOEHHS TOUHBIX peLUeHUH ypaBHeHHUs (33).
B nanHom cnydae BmecTo (34) MOXHO MCHOb30BaTh ciaeacTBue ypaBHenuid (33) u (34), nony-
YEHHOE MYTEM HCKJIIOUEHHUS NIPOM3BOJHOM MO t:

Wz = 3WWe — W — aw — b. (35)

310 00bIKHOBEHHOE AU PEpEHLUMANbHOE ypaBHEHHE COOTBETCTBYET MOACTaHOBKE BblpaxkeHuit (31)
ans hy v ho B (27). 3amena w = —U, /U npeobpasyer (35) k AMHEHHOMY YpaBHEHHMIO TPETHEro
NOPSAAKA C MOCTOSHHBIMU KO3 dULHEHTaMH

peLIeHHs KOTOPOrO ONPEAEIOTC KOPHAMH KyGuueckoro ypasuenns A° + al — b = 0. B uacrnoctH,
€CAM BCE KOPHU A, AEHCTBUTENbHBI, TO 00LIMe pelieHus ypaBHeHuii (35) u (36) onpenensoTcs no
¢bopmynam

w=-U;/U, U =ri(t)exp(Aiz)+ r2(t) exp(A2z) + r3(t) exp(Asx). 37

@yHKUMK Ty (t) HAXOAATCS MyTeM MOACTAHOBKM BbipaxkeHus (37) B ypasHenue (33) [uau B ypaBHe-
nue (34)].
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Otmetum, uto Gonee noapobHO ypaBHeHue (33) uccnenoBaHo APYrMM METOAOM B pasi. 6.3 (cm.
npumep 7 nipu bo = 0).

Ipumep 4. PaccMOTpUM HenuHEHHOE ypaBHEHHE TENIONPOBOAHOCTH

dw ?w w2 9
e - . 38
ot 0z° (8:::) tw (38)
3anaaum aubdepeHUHaNbHYIO CBA3h TIEPBOrO NMOPS/KA:
ow
= = t 39
5.~ P&, (39

rie ¢ — HekoTopas (IoKa NPOU3BOIbHAA) GYHKLMS CBOMX apryMeHToB. Toraa HCXOQHOE ypaBHEHHE
(38) moxHO 3anmucarh B caenyrouei hopme:
ow _ Odp
ot oz
Haiinem ycnoBue coBmectHocTH cootHouenuit (39) u (40). Jns sroro npoauddeperumnpyem (39)
no t, a (40)—no x, a 3aTeM MCKIIOYMM M3 MONYYCHHbIX BbIPAXKEHUH CMELIAHHYIO NPOU3BOAHYIO C
YUETOM PaBEHCTBA Wz¢ = Wiz. 3aMEHUB corlacHo (39) npou3BOAHYIO Wy HA , UIMEEM

+¢? +w’. (40)

Pt = Paz + 200 + 2wep.
BeIpa3sum orcrona w:
Pt — Prx — 2‘p‘px . (41)
2¢

Ioacrasus (41) B (39) u (40), noayunmM nepeonpeAcneHHY0 CUCTEMY ypaBHEHUH

i(‘pt_(Pzz_z‘p‘pz ) =

or 20 ’
9 <pt—<pm—2wx)_ 2 (wt—wn—&p%)?
ot ( 2¢ Spetet 2¢ ’
PeieHue nepBoro ypaBHeHus (42) UleM METOIOM pa3/ie/ieHUsl IEPEMEHHBIX B BUJE NPOU3BEAC-

HUsl PYHKLUMI pasHbIX apryMeHToB ¢(,t) = 1(t)0(z). DnemeHTapHble BHIKNAAKH NOKa3bIBAIOT, YTO
NEPBOMY YpaBHEHUIO (42) ynosnerBopsieT GyHKLMs

p(z,t) = Y(t)sin(z + C), (43)
rae (t) — npousBonbHas GyHkuus, C — npou3sBoibHas nocrosHHas. [loacrasnss Beipaxenue (43)
BO BTOPOE ypaBHEHHE (42), IPUXOAMM K YPABHEHUIO Ui onpeaencHus dynkuuu (t):
. . 2
d(yv+9y Y+ 2
— = 44
(5 ) = (50) o )
(Touka 0603HauaeT NPOU3BOAHYIO 1O t). Ecnu pelenre aBToHOMHOro 0ObIKHOBEHHOro audepeHun-

aIbHOTO YpaBHEHHA BTOPOro nopsaxa (44) nonyyeHo, TO pelieHHe UCXOAHOro ypaBHeHus (38) moxer
ObITb HaiieHo mo popmyne

w =

(42)

P+
2y

KOTOpasi MONy4yaeTcsi NyTeM MOACTAaHOBKU BbipaxkeHus (43) B (41).

w(z,t) = — Y cos(z + C),

3ameyanue 1. B obmem citydae s 3ananHol GpyHKIMH F yCIOBHE COBMECTHO-
ctu (16) npencrariser coOOH HETMHEHHOE YPAaBHEHUE C YACTHBIMH NMPOU3BOIHBIMHU
s GyHKIMH G, KOTOpOe UMeeT OECKOHEYHOE MHOXECTBO pelleHHid (TeopemMa o
JIOKaTBHOM CYLIECTBOBaHHM pemeHuil). [103ToMy ypaBHEHHE C YaCTHBIMH MPOHU3-
BOJHBIMH BTOPOTO mopszaka (14) momyckaer OECKOHEYHOE MHOXKECTBO COBMECTHBIX
b hepeHIHATBHBIX CBA3eH nepBoro mopsaaka (15).

3ameyanune 2. B obmeM ciaydae pemieHHe ypaBHEHHS C YaCTHBIMH IPOU3BOI-
HBIMH TIepBOro nmopsaka (15) cBoAUTCS K pEIIeHHI0 CUCTEMBI OOBIKHOBEHHBIX UG-
(bepeHmaNbHbIX ypaBHeHui [cM. J. Kamke (1966) u B. @. 3aiines, A. J1. [lonsauun
(2003)].
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3ameuanue 3. Bmecro nuddepenuuanbHoii cBsa3u nepeoro nopsaka (15) B psaae
cly4aeB ynoOHee HCIOIB30BaTh MU depeHnnanbHy0 CBA3b BTOPOTO MOPsAKa, KO-
TOpasi BO3HUKAET B pe3y/bTaTe UCKIIIOYEHHS MPOU3BOIHON 110 BPEMEHH U3 YpaBHe-
Huii (14) u (15). Ilonyuennas nmuddepeHmanbHas CBI3b MOXKET pacCMaTpPUBAThLCS
Kak 0OBIKHOBEHHOE AU depeHIHAIEHOE YpaBHEHHE BTOPOTO MOPAIKA OTHOCHTENb-
HO MEepEMEHHOH x ¢ mapaMmeTrpoM ¢ (cM. paza. 9.3.1).

9.2.2. Mnepboanyeckre ypaBHeHUA BTOPOro NOopsaKa

AHanornyHbIM 00pa3oM paccMaTpUBAETCs THIEPOOINYECKOE YPAaBHEHHE BTOPOTO
HOpSAIKa BUAA

Pw ow Ow
dzot 'F('l7 tw, oz ’W) (43)
JonosHeHHOe nuddepeHnansHON cBa3bio nepBoro nopsaka (15). Cuuraem, yro

Gu, # 0.

VYcoBre COBMECTHOCTH YPaBHEHHI OMpeNeseTcs MyTeM OJHOKpPATHOro mub-
(dbepenuupoBanus (45) no ¢t u aBykparHoro quddepenuuponanus (15) mo t u no z
C MOCJIEAYIONIMM MPUPABHUBAHUEM MOITYYCHHBIX TPETHUX MPOU3BOHBIX Wyt

D.F = D.[D;G]. (46)

3necs D; u D, — oneparopsl nonHoro auddepenuupoBanus (17), B KOTOpBIX
YaCTHBIE MPOM3BOIHBIE Wy, Wgg, Wrt, Wyt AOIDKHBI OBITH BBIPR)XXEHBI 4epes z, ¢,
w, Wy ¢ HoMompio (45) u (15) un nx muddepeHMaNbHBIX CIEACTBHMA.

[TokaxkeM, Kak BBIYHMCIAIOTCS BTOpBIE NIpou3BoaHble. [Ipomuddepeniupyem
(15) mo x ¥ 3aMeHUM CMELIaHHYIO MPOU3BOAHYIO MpaBoil yacTeio (45). Haxomum
BBIPaKEHHE IJI BTOPOH NPOU3BOAHOM IO !

g g oG ( ow  Jw ( 8w) 4
3)1eCL U Jajnee YYUTHIBAaETCSA, YTO C MOMOIUBIO (15) mpow3BOAHYyIO MO t MOMKHO
BBIPA3UTh Yepe3 NMpou3BoaHy0 no z. Juddepeniupys ganee (15) mo ¢, umeem

2
) =

82 39 39 39 _ GQ 39 oG Pw _ ( 6w)
(48)

3amenss B (17) IpOU3BOAHBIE Wy, Wyt, Wyy, Wy UX BEIpXKEHUIMH U3 (15), (45),
(47), (48), naxoaum omneparopsl nonaHoro nuddepeniuposanus Dy u D,, koTopeie
JIOJDKHBI UCTIONB30BATHCS B YCIOBUH COBMECTHOCTH (46).

IIpumep 5. PaccMoTpuM HenMHENHHOE ypaBHEHHE

&w
= f(w). (49)
Jlononuum (49) kBazununeiiHoi auddepenyansHol CBA3bIO BUAA
ow
e = ¢(t)g(w). (50)

JuddepeHuupys (49) no x M 3ameHss 3aTEM NEPBYIO NMPOU3BOAHYIO MO & MpPaBOi 4acTblO
pasenctsa (50), umeem

Wazt = ¢gfu- (5D

Juddeperunpys nanee (50) no x u ¢, NOAY4YMM BA COOTHOLLEHHS:
Wer = PIuWe = 97 9Gu, (52)
Wet = P19 + PGuwe. (53)

10 A. J. lNonsHun, B. ®. 3aiines, A. U. XKypos



146 METO[] JU®OEPEHIMAIBHBIX CBS3EN

Hcknrouus B (53) cMellaHHy0 MPOW3BOAHYIO C MOMOLIBIO ypaBHeHus (49), Haiiiem NepByro Mpous-
BOJIHYIO 1O ¢:

— !
w = L =29 (54)
PIw
Juddepenuupys (52) no t v 3ameHss w; npaBoii yactbio (54), umeeM
o
Wezt = 2001990 + ¢ (990)wwe = 200,994 + P(9G%)w fg#. (55)
w

IlpupaBHuBas Tenepb TpeTbu Npou3BoAHble (51) u (55), nocne cokpallleHus Ha ¢ U AJIEMEHTAPHBIX
npeoOpa3oBaHuii MPUXOAUM K ONPEESIOIEMY YPaBHEHUIO

¢:91(9%)° = 99wl = 99 fir — F(99w)w (56)
KOTOPOE€ UMEET ABa Pa3iHUYHbIX PELLCHUs.
Pewenue 1. YpaneHue (56) yl0BIETBOPAETCS TOXAECTBEHHO A5 1060 GyHkuuu @ = (1),
€CIIM MONOXKUTb
(9w)” = 99unw = 0,
99wfu = f(99u)w =0.
O61ee pelieHye 3Toi CUCTEMbl YPaBHEHUI MMEET BUJ

f(w) = ae™, g(w) = be™*/?, 7
rae a, b, A—ﬂp0H3BO.ﬂbele IIOCTOSAHHBIC. ﬂ.ﬂﬂ ﬂpOCTOTbl BbLIKJIaAOK Aance 6yﬂeM rnoJjarathb
a=b=1, A=-2. (58)

INoacrasum dynkumio g(w), 3anaunyio dopmynamu (57)-(58), B auddepenumanbuyo cessb (50).
UHTErpupys nony4eHHOe ypaBHEHHE, UMEEM

w = In[p(t)x + P(t)], (59)
rae 9(t) — npousBonbHas byHkuus. [loacrasnss (59) B ypasHenue (49) c¢ npaBoil uyactbio (57)—
(58), mpuxonuM K JIMHEHHOMY OObIKHOBEHHOMY A (bepeHLHaNbHOMY YPAaBHEHHIO JUlsl ONIPEAEIICHUs
bynkunu P(t):
Y — by = 1.

O61ee peleHye 3TOro YpaBHEHUs AaeTcst popmyno

dt
t) = Co(t) — p(t) | —— 60
wlt) = Col®) — o) [ 5 (60)
rae C — npou3BOJIbHASL IOCTOSIHHAS.
Takum 06pa30M, TOUHOE PELICHHE HETMHEMHOTO YPABHEHHA Wyt = € 2% ONpeAensAeTCa BhIpae-
Husimu (59)—-(60), rae o(t) — npoussosabHas GyHKUMS.
Pewenue 2. Bropoe pelieHue 3a1aercs JIMHEHHOH 3aBUCHMOCTbIO
o(t) = at + b, (61)
rae a ¥ b— npousBoibHbIE NOCTOsAHHBIE. B 3TOM cinyyae ¢ynkumun f(w) W g(w) cBs3aHbl OOHUM
cooTHolleHUeM (56) mpu ¢y = a. Uurerpuposanue ypasHenus (50) npu ycnosuu (61) nossonser
HaWTU CTPYKTYpY PELUEHUS B BUAE
w=w(z), z=(at+b)x+Y(t), (62)
rae (t) — npoussonbHas ¢yHkuus. [loacTaBUM 3Ty 3aBMCHMOCTb B HCXOAHOE ypaBHenue (49), a
3aTeM 3aMEHUM & Ha 2z ¢ nomouibto (62). B pesynsrare nonyuum
[az + (at + b)y; — aplwy, + aw) = f(w). (63)
Jns Toro uytoObl 3TO BbIpaXEHHE ObUIO OOBLIKHOBEHHbIM AW(dEepeHUHanbHBIM ypaBHEHHEM JUlsl
byHkunn w = w(z), HAAO MONOKHUTD
(at + b)Yt — ayp = const .
Unrerpupys, onpenensem ¢yHkuuio ¥ (t):
P(t) =ct +d, (64)
rA€ ¢ ¥ d — NPOU3BOJIbHBIE NMOCTOSHHBIE.
@opmynsl (62) 1 (64) onpeaensioT pelnesre ypaBHeHus (49) s npousBonbHOH dyHkuuy f(w).
Ilpu stom ¢yHkuuMsa w(z) onuceiBaeTcs ypaBHeHHeM (63) mpu ycaoBuu (64). YacTHomy ciyuaro

a = d =0 COOTBETCTBYET pellieHHe THNa Oeryie BoaHbl, a cayyar b = ¢ = d = 0—aBTomMoaensHoe
pelleHue.
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9.2.3. YpaBHeHUA BTOpPOro nopsaka o6uero Buaa
PaccMoTpuM runepOonnueckoe ypaBHEHHE BTOPOTO MOPSA/IKa OOIIero BUAa

f('rvt7w7wx7wtawmmvthawtt) = 0 (65)
BMECTE C ﬂHq)(bepeHuHaﬂbHOﬁ CBA3BI0 MIEPBOTO MOpSOKaA
G(x,t,w, wy,wy) = 0. (66)

INocnenoBatensHo nuddepeHuupyem ypaBHeHus (45) u (46) mo obeum mepe-
MEHHBIM JUTS ONy4YeHUs auddepeHIMANbHBIX CIEACTBHI, CONEpKAIUX BTOPbIC H
TpeThH NpOou3BoAHBIE. MeeM

Dm]: = 0, th = 0, ng = 0, Dtg = 0’

Dr[Drg] =0, Dr[Dtg] =0, Dt[Dtg] =0.

YcnoBue coBMecTHOCTH s (65) u (66) MOXKHO HAHTH MTyTEM HCKIIIOYEHHS U3 Jie-

BATH ypaBHeHHH (65)—(67) NPOU3BOAHBIX Wy, Wyy, Wrt, Wity Wrrrs Warts Wrtt, Wett-
B pe3ynbprare mosyduM BeIpaXEHUE BUIA

H(z,t, w, w,) = 0. (68)

Ecnu nesas yacte (68) mpencraBnser coOOH MOJMHOM OTHOCHTENBHO Wy, TO IS
MOJTyYEHUS] YCIOBUH COBMECTHOCTH HAJ0 MPHUPABHATH HYIIO (YHKIHOHATHHBIE
K03 GHUIHUEHTH 3TOTO MOJMHOMA.

(67)

o8 3aoauu u ynpaxycuenun K paso. 9.2

1. ITocTpOUTh TOUHBIE PELLIEHUS HENWHEHHOro ypaBHEHHS TENJIONPOBOAHOCTH C HCTOUHHKOM

we = [f(w)wz ]z + g(w),
ucnonb3ys AuddepeHuManbHbIE CBA3M NEPBOro NOpsKa:

a) wy = ¢(t)g(w),

b) we = ¢(z)g(w),

) we = p(t)g(w).
2. PaccMoTpeTh 3aauy OTbICKaHUsI HEJMHEHHbIX YpaBHEHUI

wt = f(w)wzz + glw)we,
0051a1al01IMX HHBAPUAHTHBIMM MHOTr000pa3susMy NMEPBOro MopsKa:

a) wr = p(w),

b) we = p(t)Y(w),

©) w = p(w)ws + P(w).
HaliTi cOOTBETCTBYIOLME TOYHbBIE PELLCHHUS.
3. Haiitu TouHble pelueHUs] HEIMHEHHBIX YpaBHEHUIA:

a) W = Wep + (wr)? + aw® 4+ bw + ¢,

b) w: = wwgzz + aw’® + bw+c,

¢) wr = (wwg)s + aw® +bw +c
¢ nomolupto AuddepeHuManbHOM cBA3u nepsoro nopsiaka wy = f(x)g(t).

Vkaszanue. [1ns npoBepkU pe3yabTaTOB UCCAECAOBAHUSA YPaBHEHUS a) CM. IpuMep 4 (IpUBEICHHbIE
TaM pacCy’AEHUs UCIONb30BaTh AJs aHaNM3a ABYX APYTMX YpaBHEHHIT).
4. PaccMoTpeTh 3ajady OTHICKAaHHMsl HENMHEHHBIX ypaBHEHUH wz¢ = f(w), 06nanarowux HHBapHaHT-
HBIMH MHOr000pa3usMu nepBoro nopsiaka wi = g(w)w,. HaliTh COOTBETCTBYIOLIME TOUHBIE PELIEHUS.
5. PaccMmoTpeTh 3aja4y OTHICKAHUS HENUHEHHBIX ypaBHEHHH wg: = f(w), 00naalommx UHBapUaHT-
HBIMM MHOrooGpasusimMu nepsoro nopsiaka wiw; = g(w). [lokasars, uro onpeaenstowme GyHKUUM
JIOJDKHBI YOBJIETBOPSATH YPAaBHEHUIO

99" = (g") —2fg+3fg —2f> =0.
HOCTpOMTb COOTBeTCTBleU.lHe TOYHbIE pel.l.leHl/lﬂ.

@ Jumepamypa k pazo. 9.2: A. ®. Cupnopos, B. I1. Lllanees, H. H. Alnenko (1984), V. A. Galaktio-
nov (1994), P. J. Olver (1994), B. K. Auapees, O. B. Kanuos, B. B. [lyxnaues, A. A. Poauonos (1994),
P. J. Olver, E. M. Vorob’ev (1996), E. M. Vorob’ev (1996), A. D. Polyanin, V. F. Zaitsev (2004).

10*
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9.3. AuddepeHuManbHbIE CBA3U BTOPOro U CTapLUMUX NOPAAKOB

9.3.1. AuddepeHumancHbie CBA3U BTOPOro NOpaaKa AAA 3BOAIOLIMOHHbLIX YPaBHEHHA

1°. Ilpu ucnons3oBaHuU AHbQEpPEHIHATBHBIX CBI3eH BTOPOro U 0oyiee BBICOKHX
HOPSIKOB IJIS IOCTPOSHHS TOYHBIX PELICHHH HETMHEHHBIX YPaBHEHHH C YACTHBIMH
IPOH3BOIHBIMH HAJ0, BOOOILE TOBOPS, YMETh CTPOUTH TOYHBIE PELICHUS STHX AUd-
(hepeHIHANBHBIX CBA3ei. B o0meM ciaydae 310 BechMa mpoOneMaTuuHo. [losTomy
JUISL SBOJIFOLIMOHHBIX YPaBHEHHH OOBIYHO MCHONB3YIOT AUG¢epeHIHaTbHBIE CBI3H
CTIELMAIBHOTO BHJA, B KOTOPHIE BXOIAT NPOU3BOIHBIE TOJIBKO MO OJHOH IepeMeH-
HOW z (T. €. GaKTHYECKH pacCMaTpUBAIOTCA OOBIKHOBEHHbIE AuddepeHnranpHbIe
YPaBHEHHUS BTOPOTO MOpPsAKa OTHOCHTENBHO T, B KOTOpBIE Apyras He3aBHCHMas
nepeMeHHas ¢ BXOAUT HESIBHO WM ITapaMeTPHYECKUM 00pa3oM; OT ¢ OyIyT 3aBHCETh
HOCTOSIHHBIE HHTETPUPOBAHHUA).
3amady 0 COBMECTHOCTH JBOIOLHOHHOTO YPaBHEHHUS BTOPOTO MOPAIKA
ow

N ow  &w
W —fl (xatvw,%7w) (69)

¢ muddepeHITHATEHON CBA3bI0 aHAIOTHYHOTO BHIA

ow dw 82w)

5t (70)

> Bz ' Oz

Fo (J:, t,w

MOYKHO CBECTH K 3ajaue ¢ quddepeHIHanbHON CBA3bI0 MEPBOTO NOPSIIKA, KOTOpas
paccMmarpuBaercs B pa3n. 9.2. Jlns 3TOro Hajo CHavajla UCKIIOYHUTh U3 YPaBHEHUIA
BTOPYIO MIPOU3BOJHYIO Wy . 3aTEM HOITYYEHHOE TAKHM 00pa3oM ypaBHEHHE NIEPBOTO

nopsaKa
dw Ow
@(x,t,w, W, W) = 0
HAJI0 MCCIEeNOBAaTh BMECTE C MCXOAHBIM ypaBHeHHeM (69) [wu ucxoaHou audde-
peHManbHOH cBa3bio (70)].

2°. Tuddepenuuansayo cBa3b (70) ans ypaBHeHus (69) ynoOHO 3aMEHHUTE SKBHUBA-
JeHTHOH muddepeHnnanbHON CBI3bI0, KOTOpas MOIydYaeTcs MyTeM HCKIIOUCHUS Wy
u3 (70) c nomomsto (69). B pesynbrare monyuaercs nuddepeHiansHas CBA3b BUIa

Ow 62w) _

’ 8z ' Ox2

\\J (x, t,w ,
KOTOPYIO MOXKHO pacCMaTpHBaTh Kak OOBIKHOBEHHOE MH(depeHIatbHOe ypaBHe-
HHE 110 NEPEMEHHOH T C mapaMeTpoM t (MMEeHHO O I GepeHIHaNIbHBIX CBA3IX
TaKoro BHja FOBOPHUTCS B II. 1°).

9.3.2. Mpumepbl UCNOAb30BaHUA AUddEepeHUMANbHBIX CBA3EN AN NOCTPOEHUA
TOUHBIX peLIeHUH

Ipumep 6. Boiaenum U3 knacca HENMHEHHbIX YPaBHEHUH TENIONPOBOAHOCTH C HCTOYHUKOM

ow o ow

—_— T — —_— l

ot oz [fl(w) oz ] + f2(w) D
yPaBHEHUs, KOTOPble 061aJaI0T MHBAPHAHTHLIMM MHOTOOGPA3UAMH BUAA

8%w ow \?

g _ - . 72

70— @) (22) + o) 1)

®Oyukunn fo(w), fi(w), g2(w), g1(w) noanexar onpeaeneHuUI0 B NPOLECCE aHANU3A.
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HUcknrouas u3 (71) u (72) BTOpyto MPOU3BOAHYIO, HMEEM

20— () (22) +wtw), 73)

rJi€ UCMOJb30BaHbl 0003HAUYEHUA

p(w) = fi(w)gi(w) + fi(w), p(w) = fi(w)gz(w) + fa(w). (74)
YcaoBue HHBapUaHTHOCTH MHOTr0o0pa3us (72) No OTHOLIEHHIO K ypaBHeHHU10 (71) nonyuum nytem
nupdepeHunpoanus (72) mo t:
Wezt = 201WaWet + G1Wowe + gows.

B 3TOM paBeHCTBE Haj0 HCKIIOYUTb NPOU3BOAHBIE Wxzt, Wzt, Wt C NIOMOLLbIO ypaBHEeHUH (72) u (73)
U ux auddepeHumanbHbIX caeacTBui. B pesynbrare umeem

(2091 +3¢'q1+0g1+¢" wz +(4pg192+5¢ g2+ 05 — 19— gi 9" Jwi+20g5+g2—1gs =0.
(75)
Janee G6ynem cuutathb, uto g2 # 0. IIpupaBHuBas B (75) k Hyn0 K0I(GULUMEHTBI MPU Pa3AUUHBIX
CTENEHSX Wz, MIPUXOAUM K TPEM ypPaBHEHMAM, KOTOpble yR00HO 3anucaTh B Gopme
(" +eg1) +201(¢" + pg1) =0,
4g2(¢" + 1) + (g2 — Yg1)' + 9" =0, (76)
p=—5®/g)"

[lepBOMY YDaBHEHMIO MOXHO YIOBJETBOPHTB, €CIM MONOXHTh ¢ + g1 = 0. CooTBeTcTBYyHOIIEE
4YacTHOE pelleHue cucteMsbl (76) uMeeT BUA:

=Ly u= P Yo . T B 77)
Y= 2/”‘7 = K92, g1 = /J," g2 = 1 \/||
rae p = p(w)— npou3sBonbHas GyHKLMS. Y4UTbIBas cOOTHOWEHHUS (74), Hax0auM Cl)yHKLll/lOHaJ'leblC
k03¢ HLMEHTH UcXOAHOrO ypaBHeHus (71) U MHBapHaHTHOro MHOXecTBa (72):
1 744 1
fl 3__w ,LL, f2=(1u'_f1)g27 g1=_77 g2 = 2Cl+ \/| | (78)
VpaBuenue (72) ¢ yuerom (78) nomyckaeT NepBblii MHTErpa:

= [4C1p +4Co/[u] + 201 ()] — ,)2 , (79

rae o(t) — npouseonbHas dyHxuua. Mckmounm w? B (73) ¢ nomoumpto (79) u noactasum yHKiMU
@ u Y u3 (77). Ilpuxoaum K ypaBHEHHIO
pwe = —Ca/|pu| — o1 (). (80)

PaccmoTpum noapoGHo yacTHbli cny4dait Ca = C3 = 0. Uurterpupys ypasuenue (80) ¢ yuerom
PaBEHCTBA 4y = ' we, MONY4UM
n=—o(t)+6(x), 81
rne 6(z) — npousBonbuas ¢yukuus. [loacrasum (81) B (79) u yuTem paBeHCTBO u; = p'ws. B
pe3yabTaTe UMeeM
62 — 4C160 = 204 — 4C1 0.

IpypaBHUBas 00€ 4aCTH 3TOr0 PAaBEHCTBA HYNIKO M MHTErpUpys MONy4YeHHbIE 0ObIKHOBEHHbIE Aubde-
pEHLMaIbHbIE YPaBHEHHUS, HAX0AUMM GYHKLMM B paBoi yactu dopmyis! (81):

o(t) = Aexp(2Cit), 6(z) = Ci(z + B)?, (82)

rie A u B — npou3BojbHble MOCTOsHHbIE. TakuMm 00pa3oM, ToyHoe pelueHue ypaBHeHus (71) c
byuxuuamu f1 u fo u3 (78) npu Cy = Cs = 0 3anucbIBacTCs B HEABHOM BHJE:

w(w) = —Aexp(2C1t) + C1(z + B).

B peliesnu v onpeaensiowux Beipaxenunx (78) dyHkumns p(w) 3anaetcs npoU3BOILHO.
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INpumep 7. PaccmoTpuM 3anady 06 OnpeaeneHH HEIMHEHHbIX YpaBHEHHIl BTOPOro mopsiaka

dw &%w dw
e _fQ(w)W_'_fl(w)g'i_fo(w)a (83)
0612/1a101MX MHBAPUAHTHLIMU MHOTOOODPA3UAMH BUAA
&%w dw
= -— . 84
oz = 91(w) 5=+ go(w) (84)

AHanu3 COBMECTHOCTH 3THX YPaBHEHUH NPUBOAMT K CICAYIOLUUM 3aBUCUMOCTSAM /Ul ONpEAens-
I01IUX (YHKLIMA:
f2(w) — npoussonbHas dyHkuus,
N (w) =Ciw+Cy — (301037.0 + C4)f2(w),
fo(w) = (—C7C3w® — C1Csw® + Csw + Cs)[1 — Cs fa(w)], (85)
g91(w) = 3C1Csw + C4,
go(w) = Cs(—CIQC;?,wS — ClC4w2 + Csw + Ce.),
rae Ci, ..., Ce — NpOU3BOJIbHbBIE IOCTOSHHBIE.

VYpasHenue (84) Moxer ObITh MPOMHTErPUPOBAHO NMPU HEKOTOPBIX 3HAYEHMAX NOCTOSHHBIX Ch,
3apaouux ¢yHkuuu (85). [Ans sroro Hago conocraButh ypaBHenus (84) u (35). [locrpoenue coot-
BETCTBYIOLLMX TOUHBIX PELICHWH, KaK ¥ BbIBOJA ONpPEACAIOLMX COOTHOWEHUH (85), npeaocrasnsem
YUTATECIO B KAaYE€CTBE ynpaxmeuuifi.

B pa3zn. 9.4 mpusenens! npumepsl aud@epeHIHaNbHbIX CBA3€H BTOPOTO H
TPETHETO NMOPAAKOB, HCIOJIB30BAHHUE KOTOPBIX 3KBHBAJICHTHO NPAMOMY 3aJaHHUIO
HauboJjiee pacupoCTPaHEHHBIX (OPM TOUHBIX PEIICHHH.

OtmeruM, uto nuddepeHInaTbHBIE CBA3U TPETHETO U 00JIee BRICOKUX MOPSIKOB
PE€OKO HCHOJIB3YHOTCA, MNOCKOJIBKY MNPHBOIAT K OOIBILINM BBIKJIaKaM H BECbMa
CJIOXHBIM YPAaBHCHUAM (‘-IaCTO Oonee CJIOJKHBIM, YEM I/ICXOI[HLIC).

o8 3adauu u ynpaxcnenun K pazo. 9.3

1. INocTpouTb TOYHBIE PELICHUS HENUHEHHOrO ypaBHEHUs TennonpoBoaHocTH (71), ucnonb3ys aud-
tepeHunanbHyo cBa3b Broporo nopsaxa (72) npu g2 = 0.
Vkasanue. Ilonoxurb B (75) g2 = 0, a 3areM nokasarb, 4To O0LIEe peLIEHUE NMEPBbIX ABYX
ypaBHenwuii (76) umeer BUg
"
p=Cil +Copptl, =" 4 Gt g -,
W W W
rae 4 = p(w) — nponssonbHas GyHkums, Cp, — NPOM3BOJIbHBIE NOCTOsIHHbIE. [lanee HCnonb30BaTh
TaKue Xe pacCykJeHHs, KaKk B npumMepe 5.

2. IlocTpouTh TOYHBIE PELLEHHMS HEMMHEHHOro ypaBHeHus tennonposoasoctu (71), ucnonssys aud-
(epeHuManbHy0 CBA3b BTOpOro nopsaka (72) u pewenue cucrems! (76) npu ¢ = 0.
Vkazanue. J1ns KOHTPONIA PE3yNbTaTOB MCNOJb30BATh PELICHUE, ONY4YEHHOE B MpumMepe 2.

3. IlocTpouTb TOUHBIE PELLIEHUS] HETMHEHHOrO YPaBHEHUS TEIUIONPOBOAHOCTY C KBaApaTUYHON Henu-
HEHHOCTbIO

we = [(a1w + ao)we]z + baw® + brw + bo,
MCNO0Jb3ys AnddepeHUHaNbHYIO CBA3b BTOPOro MOPAAKA Wgz = @(T)ws.

@ Jumepamypa k pazo. 9.3: A. ®. Cupnopos, B. I1. Lllanees, H. H. SAluenko (1984), V. A. Galaktio-
nov (1994), B. K. Auapees, O. B. Kanuos, B. B. [lyxuaues, A. A. Poauonos (1994), A. D. Polyanin,
V. F. Zaitsev (2004).

9.4. Ucnonb3oBaHUE HECKOABKUX AU depeHLManbHbIX CBA3EH

Kak ykaspiBasmock B 3amedyanuu 2 u3 pasg. 9.1 (cMm. tarke pazn. 9.5.3), Bmecto
OJTHOW MOTYT 33JlaBaThCs Cpa3y HECKOIBKO nubdepeHnanbHbIX cBsa3ei suaa (12).
B obmiem cinydae nuddepeHnnanbHbIe CBA3M TOKHBI UCCIIEAOBAaThCS HA COBMECT-
HOCTb. [IponnmrocTpupyem ckazaHHOE Ha KOHKPETHOM IpUMeEpe.
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l'lplmep 8. PaCCMOTpMM HEJIMHEeHoe YPaBHEHHUE TCIJIONPOBOAHOCTH C HCTOYHHUKOM

ow e} ow
% = om [f(w)g] + g(w). (86)
3amaaum aBe aupdepeHIHanbHbIe CBA3H NEPBOTo MOPAAKa:
20— (b w),
ot
5 (87)
2 = (a1, w)
8:(; vy ?

T€ ¢ U 1) — HEeKOTOpbIe (I10Ka NPOU3BOJIbHbIE) PYHKLHH CBOMX apryMEHTOB.

CHayana HailiaeM ycioBue COBMECTHOCTU AudepeHLanbubix cBsaseit (87). Ans storo npoaud-
¢depeHuMpyeM nepBoe cooTHolueHue (87) nmo x, BTopoe — no ¢, a 3aTeM 3aMEHUM B IOJy4YEHHbIX
BbIPO)XEHHUSX NEPBble MPOU3BOAHbIE MpaBbIMU YacTamu (87). meem

Wiz = Pz + PuWs = Pz + YPw,
Wet = Yt + Yuws = Yt + Y.
IpupaBHUBast Wiy = Wgt, HAXOAUM YCJIOBUE COBMECTHOCTH

Yz + PPuw — Pt — Py, = 0. (88)
INoactaBum Teneps (87) B ucxonHoe ypaBHenue (86). [lonyuum
o= +vu)f +9°f +g. (89)

HckmounB yHKuUHMIO ¢ B ycnoBUH coBMecTHOCTH (88) ¢ momouibto (89), ¢ yuerom (87) npuxomum k
CNEAYIOILEMY YPaBHEHUIO [Uls OnpeneaeHus GyHKUuu :
Y = Yz + 20w + 9 Yww) f + 39z + 20"Pu) S + 07+ g — gihu. (90)

VYpasHenue (90) coaepkUT TPH HE3aBUCHMBbIE NEPEMEHHbIE T, t, W W BbINIAAUT CJOXKHEE, YeM
HCXOJHOE ypaBHEHHE (86), KOTOPOE COAEPKUT TONBKO JBE HE3aBHUCUMbIE NMepeMeHHble x, t. OaHako
HaJIM4YMe «IMILHE» MepeMeHHol w JaeT Gonee WHPOKUH BbIOOp PELIEHHUH, KOTOPbIE MOXHO MCKaTb,
3anaBasg CTPYKTYpy ¢yHkuuu . Huxe Oyaer mokaszaHo, Kak MOXHO HaliTH ABa Kjiacca peLICHUi
HEJIMHEHHOr0 YpaBHEHHUs TENJIONPOBOAHOCTH ¢ UCTOYHUKOM (86), ucxons u3 ypaBHeHus (90).

Cayuaii 1. CHauana MieM yacTHble peleHus ypaBHeHus (90), KOTOpble HE 3aBUCAT OT I, B BUAE
NpOU3BEAEHHS (QYHKLMH pa3HbIX apryMEHTOB

P = a(t)h(w). 1)
®opmyna (91) 3anaer cTpykTypy pewienus, rae dyHkunu a(t) u h(w) noxa HEU3BECTHBI U MOANEKAT
OMpE/IeNICHHIO B X0/e AanbHeHero aHanu3a. [loacraenas (91) B (90), nomyuum (Touka ob6o3Hauaer
NPOU3BOAHYIO MO t):

a(t) = o (Oh(w) (f(w)h(w))" + a(t)h(w)(9(w)/A(w))"

3TO ypaBHEHHE MMEET HETPUBUANILHOE PELLEHHE, EC/IM HMEIOT MECTO PaBEHCTBA
"
h(w)(f(w)h(w))" = A,

h(w)(9(w)/h(w))" = B,

rae A, B — npou3BosbHble MOCTOSHHbIEC. YpaBHEeHUs (92) coaepkaT TP HEM3BECTHbIX (GYHKLMH;
3aaaBas OfHY U3 HUX (J1:00YI0), MOXKHO HaHTH ABE ApYTHE.

®ynkuus (91) nopoxaaer peuieHHe UCxoaHoro ypaBHeHus (86). CornacHo BTOPOMY YpaBHEHHIO
(87), aTO pellieHHe MOXKHO 3anucaTh B HEBHOM BUAC

/ S~ alt)e -+ A1), (©93)

rae GyHkuMs o = «(t) yaoBneTBOpseT ypaBHeHHIO BepHyanu

92)

&= Ad® + Ba,

KOTOpOE JIErKo MHTerpupyetca. ®ynkuus G(t) onpenensercs u3 0GbIKHOBEHHOTO AuddepeHHanIbHO-
ro ypaBHEHMs, KOTOPOE MOXHO MOJyYUTh MOACTAHOBKOI pelieHus (93) B ucxonHoe ypaBHeHue (86).
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Cuuras dyHkuuio h = h(w) 3a1aHHOM (€€ MOXKHO 3aaTh NPOU3BOJILHO), IPOHHTErPUPYEM ypaB-
HEHUs (92). B pesynbrare HaxoauM BuA QyHKLMIL, onpenensoux paccMarpupaemMoe ypasieHue (86):

fw) = /Q(w Jdw+ "2 g(w) = h(w)[BQ(w) + Cs], Q(w):/%,

Ciw+C,y
Chw)
rne C1, Cz, C'3 — NpOU3BONbHbBIE OCTOSIHHBIE.

Cayuaii 2. Tenepb uiieM yacTHble pelieHUs ypaBHeHus (90), KOTOpble He 3aBMCAT OT t, B BUAE
npousBeacHUs QYHKUHMI pa3HbIX apryMEHTOB

¥ = 0(z)p(w). 94
Ioacrasus (94) B (90), nocne neperpynnupoBKH YWIEHOB HMEEM
0/l fp + 00 p(2f Pl + 3fup) + 6°P* (fP)uw + 6(pgts — Plug) = 0. (95)

INonoGHble byHKLMOHANBLHO-AUGdEPEHLaNbHbIE YPaBHEHUS! NOAPOOHO paccMaTpHBaIUCh B I7ase 4.
Pewienus ypaBHenus (95) (MX HECKONbKO) MOXHO MOJIYYHTb METOJOM PAacCLUENIEHHs, HCIONb3ys
pe3yabrathl pa3n. 4.5 [cM. pyHkuMoHanbHOe ypaBHeHue (60) u ero pewmenus (61)—(62)].

He npoBoas nonHoro aHanu3a ypaBHeHus (95), ykaxeM 34eCh OTHO €ro TOYHOE pPELICHUE:

0(2) =z, fw)="2Fb  g(w)=—3(aw+b) - 2p(w) /

p(w) ’
rne p = p(w) — npousBosbHas GyHKuMA, a, b— npousBonbHble nocrosHHble. [loacrasum (94) Bo

BTOpPY10 AuddepeHuranbHy o cBasb (87), a 3areM yurem 3aBucumoctsb O(x) = x [em. (96)]. [lonyuum
wz = zp(w). UHTErpupys 3TO PaBEHCTBO, UMEEM

/ A L), o7

p(w) 2

(aw + bYp, (w) duo
p*(w) ’

(96)

Hubdeperunpys (97) mo ¢t W yuurbiBas BuA nepBoit auddepeHuuansHoi cesazu (87), Haxoaum
byuxuuio ¢ = £;p(w). [oacrasus Bhipaxenus ans @ U 1 B (89) u yunrsisas 3aBucumoctu (96)—(97),
nonyyuM JuHedHoe audbdepeHunansHoe ypasHenue aas ¢ynkuuu &(t). Ero pewieHde npuBoauT K
3KCHNOHEHLHAAbHOH 3aBUCUMOCTH
£(t) = Ce™™", (98)

rae C'—npou3BonbHas MOCTOSHHAS.

®Dopmyansl (97)-(98) naror peuieHre B HessBHO#M hopMe HENHHEHHOro YpaBHEHHUs TENI0NPOBOJHO-
cru (86), onpenensowue Gy koroporo f(w) u g(w) 3anarorcs Bbipaxenusmu (96), rae p(w) —
npou3BosibHasg QYHKLMS.

3ameuvaHune. Hexmnaccuueckuil METOI HCCIIENOBAaHUSA CUMMETpUi nuddepeHmu-
albHBIX YPaBHEHHH CBOAMTCA K aHAIM3y ypaBHEHMH C NMOMOLIBIO ABYX Xudde-
PEHIMAIBHBIX CBS3€H, OJHa M3 KOTOPBIX NEPBOrO MOpPSIKA, a MOPSIOK BTOPOH
onpenenseTcs MOPIIKOM pacCMaTpPUBaeMOro ypaBHeHHS (cM. pa3a. 9.5.3).

o8 3aoauu u ynpaxycuenun K paso. 9.4

1. Haiitn 4actHoe pewenue $yHKUMOHANLHO-AUdbEpeHUHanbHOro ypasHenus (95) npu 6 = 1/x.
IMocTpouTh COOTBETCTBYIOLEE TOYHOE PELICHUE HEIMHEHHOro YpaBHEHUs TEMonpoBoaHocTH (86).

2. ITocrpouts Bece peeHus byHKUMOHanbHO-AubdepeHLanbHoro ypasuenus (95) 1 HalTH cooTBeT-
CTBYIOLLME TOYHBIEC pellieHUs: ypaBHeHUs (86).

Vkazanue. [Ins pewenus ypasHeHus (95) ucnonb3oBaTh METOA paclUENEHHs, U3I0XKEHHbIH B
pas3a. 4.5.

3. Haiitu TouHsle pewienus o6o0eHHoro ypasHenus broprepca
= f(W)wzz + g(w)wa
¢ MOMOLIbIO ABYX nuddepeHumanbHbix cszei (87).

@ JIumepamypa k pazo. 9.4: P. ). Olver, E. M. Vorob’ev (1996).
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TABJIMLIA 10
JluddepeHunanbHble CBA3M BTOPOro MOPska, COOTBETCTBYIOLLUE
HEKOTODPBIM K/IacCaM TOUHBIX PELICHUH, 3a/laBaEMbIX B SIBHOM BHJE

Ne Tun peluexuii Crpykrypa pelueHuii JuddeperunanbHbie cBa3n
Peluenue ¢ anauMTuBHBIM _ _
1 Pa3qENEHHEM IEPEMEHHBIX w=p(z)+9(y) Way =0
Pellienne ¢ My/IbTHIIMKAaTHBHBIM
2 y w=p(2)P(y) Wizy = Wy =0

Pa3sa€neHueEM NEPEMEHHLIX

Pewenue ¢ 06001EHHBIM

3 pasjieleHHeM NEPEMEHHBIX w=p(z)y”* +¥(x)y+ x(z) wyy— f(z)=0

Pewenue ¢ 06001EHHBIM Wyy — f(y)wy =0

4 pa3feNeHueM NMEPEMEHHbBIX w=p(@)(y)+x(@) Way— g(T)wy=0
Pelienne ¢ gpyHKuUMOHANbHBIM _ _ 2

3 pa3zeneHueM NMepeMeHHbIX w=f(2), 2=p(@)y+9(2) wyy — g(w)w, =0
Pewmenue ¢ GyHKUMOHANBHBIM

6 by w= f(2), z=¢(z)+¢(y) WWay — g(w)wewy =0

pa3aeneHuem NneEpeEMEHHbIX

9.5. CBA3b MeXxay MeToaoM AuddepeHUUanbHbIX CBA3EU U APYTUMMU
MeToAaMHM

Meron nuddepeHIMaNbHBIX CBA3€EH SABISETCS OJHUM M3 Hanboiiee OOIIIX METOIOB
IOCTPOEHHUS TOYHBIX PEIICHUH HEMTUHEHHBIX YPaBHEHHH C YAaCTHBHIMHU IIPOU3BOIHBI-
MH. MHOTHE ApYyrue METOAbl MOKHO CYHTATh €r0 YaCTHBIMHU CIydasMu™®.

9.5.1. 0606weHHoe U GYHKLMOHAABHOE pa3peneHUe NepeMeHHbIX U
AuddepeHuManbHblie CBA3U

B 1ab6n. 10 npuBenensl npumeps! nuddepeHHanbHbIX CBA3€H BTOPOTO MOpPSIKa,
HCIIOJIb30BaHUE KOTOPHIX SKBHBAJIEHTHO MPSIMOMY 3aJaHUI0 HanOoee pacipocTpa-
HEHHBIX ()OpM TOYHBIX pEIICHHH, HCIOJIB3YEMBIX NPH Pa3lelieHHH MEPEMEHHBIX.
Jns pemieHudi ¢ QyHKIMOHATIBHBIM pa3feieHUEM IIepEMEHHBIX (CM. CTPOKH S u 6)
(GYHKIMIO g MOJKHO BBIPa3uTh 4yepes f.

B 1ab6n. 11 npuBenensr npumeps! auddhepeHIHaNTbHBIX CBA3EH TPETHETO MOPS-
Ka, HCTONb30BaHUE KOTOPHIX SKBHUBAJICHTHO MPSAMOMY 3aJlaHHIO HauOolee pacrpo-
CTpaHeHHBIX (OPM TOYHBIX pelIeHHH ¢ 00OOMIEHHBIM H (YHKIHMOHAIBHBEIM pa3je-
JICHUEM NEPEMEHHBIX.

B o0mem ciydae MOMCK pelieHus ¢ 0000IIEHHbIM pa3feieHHEM MEPEMEHHBIX
Buta w(z,y) = @1(z)Y1(y) + p2(2)P2(y) + - + pn(T)n(y) oxBuBanEHTEH
3amanuo auddepeHranbHON CBA3M MOPIIKa 2.

Jia ykazaHHbIX B Ta0n. 10 u 11 THIOB pemieHui npennovYTUTENbHEE HCIOb-
30BaTh METOIB! 0000IIEHHOTO U (PYHKIIMOHATIBHOTO Pa3feieHus IEPEMEHHBIX, IO~
CKOJIBKY OHH COAEPKaT MEHBILE 3TAOB, CBI3aHHBIX C PEIICHUEM NPOMEXYTOUHBIX
middepenmansHbIX ypaBHeHui. Kpome toro, Meton nuddepeHIHaIbHBIX CBI3EH

* OCHOBHast TPYAHOCTb Ul MPAKTHYECKOrO MCNOJIb30BAHUA METOAA AMGdEpeHLHanbHbIX CBA3EH
COCTOMT B €ro OoueHb o0Lliell GpOpMYAHPOBKE M HEOOXOAMMOCTH NMpPU PACCMOTPEHUM KOHKPETHBIX
KJ1acCOB ypaBHEHMH BbIOMpaTh noaxoasiuue maudoepenumanbble cBasu. [loatomy ans nocrpoenus
TOUHbIX PELUEHHI1 HENMMHEHHbIX YPaBHEHMIl 4acTO MPEANOYTHTENbHEE UCI0b30BaTh Oonee NpocThie
(HO MeHee 00LIME) METOABL.
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TABJIMLA 11
JuddepeHunanbHble CBA3M TPETHETO NMOPSAKA, COOTBETCTBYIOLLIE
HEKOTODPBIM K/IaCCaM TOUHBIX PELUCHUH, 3a/laBaEMbIX B SIBHOM BHJE

Tun pewenuit CrTpyKTypa pelieHuit JuddepeHunanbHble cBI3U
Pewnenune ¢ 060611eHHbIM _ 2 _
pasjieneHueM NepeMeHHbIX w=p(@)y"+ @)y +x(2) Wyyy =0
Pewuenue ¢ 06061EeHHbIM
- w=p(x)P(y) +x(z) WyWayy — WayWyy =0

pa3n€neHueM nEpeMEHHbIX

Wy(WeWyyy — WyWayy) =
= 2Wyy (WaWyy — WyWay)

Pewenue ¢ pyHKLHOHANIBHBIM
pasneneHueM NepeMEHHBIX

w= f(p(@)y+i(x))

Pewenue ¢ pyHKLHOHANIBHBIM WrWyWryy — WyWrzy =

pa3ncieHUueEM NneEpPEMEHHBIX

w=f(p(x)+9(y))

2 2
= Way (WrWyy — WyWas)

MAJIOTIPUTOJCH Ml MMOCTPOCHUS TOYHBIX PEHICHHH ypaBHEHHUH CTapIIuXx (IIpou3-
BOJIBHBIX ) TIOPSIIKOB.

9.5.2. Mpamoit metop KnapkcoHa—HKpyckana U meToa AMddepeHUManbHbIX CBA3EH
PaccMOTpHM NOHMCK TOUHOTO PELICHHUS B BHIE

w(z,t) = F(x,t, u(z)), z = z(z,t), (99)

rae F(z,t,u) u z(z,t) DOMKHBI BBHIOMPATBCS TaK, 4ToOBI MIs QyHKUMHM u(z) B
KOHEYHOM MTOTe INOIYYHUTh OJHO OOBIKHOBEHHOE NU(QepeHIaIbHOe ypaBHEHHE
(cMm. pazn. 6.2).

[TokaxxeM, YTO HCHOIB30BAaHHE CTPYKTYPHI perieHus (99) S5KBHBaJICHTHO IMTOMCKY
PELIEHHUS C IOMOILBIO KBa3HIMHEHHOH nuddepeHnanbHOM CBA3U EPBOro NOpsaKa

o o
E(x,t) S +n(z,t) 5= = ((x,t, ). (100)
ﬂeﬁCTBHTeHLHO, NEpBLIC I/IHTeraJILI XapaKTepI/ICTH‘IeCKOﬁ CHUCTEMBI 06]>IKHO-

BEHHBIX MU} (EpeHIHATBHBIX YPaBHEHUH

dt dz dw

€0 nmt)  (@tw)

HUMEIOT BUI
z2(z,t) = C1, p(z,t,w) = Cy, (101)

rae Cq u Cy— NpOU3BOILHBIE MOCTOSIHHBIE. [103TOMY 001Iee peleHe ypaBHEHHS
(100) 3amuceiBaeTCs Tak:
go(x,t,w) =U(Z(£L’,t)), (102)

rae u(z) — npoussonbHas GyHkuus. Paspemms (102) OTHOCHTENBHO w, MOIYYUM
IpeAcTaBlIeHHuE penieHus B Buae (99).

9.5.3. MeToAbl rpyNnNoBOro aHaAnu3a U MeToa AMpPepeHUHanbHbIX CBA3eH

Krnaccuueckuil ¥ HeKTacCHYECKHH METOJIBI UCCIEeNOBaHUA CHMMeTpuil muddepen-
HUANBHBIX YPaBHEHHH (KJIAaCCHUYECKUH W HEKJIACCHYECKUH METOABl TPYNIOBOTO
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aHaNK3a) MOXKHO NepeOopMyIHpOBaTh B TEPMHHAX MeToja IupdepeHnuanbHbIX
cBs3edl. [lokaxkeM 3TO Ha MpUMepe ypaBHEHHUS BTOPOTO MOpsAAKa oOIIero Buaa

w dw Pw Pw w) _
F(xvvaagva_yv H12 ) 8w6y’ ayQ ) _0 (103)
Jononaum ypasaenue (103) neyms nuddepeHINATEHBIME CBA3SMHU:
w
— 4+ n=—=
5 NG =G (104)
6F oF oOF oF oF oOF
= 4=+ + + - + =
o My Toaw Tga TG D, i1 6 C12 25, =0, (105)

e § = é(xvva)’ n= U(x,y,w), ¢ = g(xvva)_HCKOMLIe q)YHKI.II/II/I, a Koop-
JUHATHI TIEPBOTO M BTOPOTO MPOJIOIKEHUH (; M (;; ONpPENENsIIoTca o GhopMyaam
(9) u (14) u3 pa3n. 7.1. JuddepenmuansHas cBa3b (105) coBmagaer ¢ ycioBHemM
MHBapHaHTHOCTH ypaBHeHus (103), cm. (17) u3 pazn. 7.2.

3ameuaHune. Meron mocTpoeHUs TOYHBIX pemeHui ypasHeHus (103), ocHoBan-
HBII Ha YpaBHEHHHU C YaCTHBIMH IPOU3BOAHBIMH NepBoro nopsaka (104) u ycnosuu
uHBapHaHTHOCTH (105), COOTBETCTBYET HEKIIACCHYECKOMY METOIY HCCICAOBaHHUS
cUMMeTpHil nuddepeHIHaNbHBIX YpaBHeHUH (cM. pazn. 8.1).

[Ipu ucnons30BaHMH KIACCHUECKOH CXEMBI IPYIIIOBOTO aHAIH3a CHavajla pac-
cMmarpuBaioTcs aBa ypaBHeHus: (103) u (105). U3 3Tux ypaBHEHMIA HCKIIIOYaeTCs O
Ha U3 CTApUIMX NPOU3BOJHBIX, HAPUMED, Wy, @ OCTAIBHBIE MPOU3BOJHBIE (W, Wy,
Wz, Wyy) CIATAKOTCA «HE3ABHCHMBIMHY. [10y4eHHOE BRIpaXKEHUE PACHIEIUIAETCS
IO CTENEHAM «HE3aBUCHMBIX» MPOU3BOIHBIX (CM. pa3a. 7.2). B pesynsrare npuxo-
JAT K [EPEeONpeeNIeHHOH CUCTeMe YPaBHEHHH U HaXOIAT U3 Hee GyHKuuH &, 1, C.
3areM 3TH GYHKIUH IOICTABIISIFOTCS B KBa3UJIMHEHHOE YpaBHEHHE MIEPBOTO MOPSAKA
(104), pelieHHe KOTOPOTO MO3BOJIAET OMPEACTUTh OOLIHIA BHA pelieHHs (B 3TOM
PELICHUH COAEPKUTCA (PYHKIMOHATIBHBIHA IPON3BONI). Jlanee ¢ MOMOIIbIO yPaBHEHHS
(103) yrouHsieTcs BU peLIeHHS, IOJIYIEHHOTO Ha MPEAbIIYIIEM dTarle.

Knaccuueckas cxemMa MOXET MPHUBECTH K IIOTEpEe pEIIEHHH, INOCKONbKY Ha
[EpBOM 3Talle MPH PaCIICIUIEHUH NPEAINOIaraeTcs, YTo MePBBIe MPOU3BOIHBIE Wy
U W, SBJIAIOTCA HE3aBUCHMBIMH, B TO BPeMsA KaK B culy ypaBHeHus (104) atm
[POHM3BOIHEIE CBA3aHBI THHEHHBIM COOTHOILIEHHEM.

o8 3aodauu u ynpaxcnenun K pazo. 9.5

1. Haiitu auddepeHumnanbHbie CBI3M BTOPOro NMOpsAAKa, IKBUBAJICHTHbIE 33laHUI0 CTPYKTYpbI pelle-
HUA B ceaytowem Buae (f U g — Npou3BObHbIE GYHKUMU COOTBETCTBYIOLIETO apTyMEHTA):

a) w=f(zr+1t)+g(z—1)

b) w= f(z+ at) + g(z + bt);

c) w= f(z+ at)g(xz + bt).

Vkazanue. Ilyrem muddepeHUMpPOBaHUS PACCMATPUBAEMOTO BLIPAXKEHHSA U €O CEACTBUI UCKITIO-
YUTb NPOU3BOJILHBIE (PYHKLUH.

2. Haiitn nuddepeHunanbHble CBA3M TPETHLETO MOPAAKA, SIKBUBAJICHTHBIC 3aaHUI0 CTPYKTYPbI pelLile-
Hus B cneaytowem Buae (f, g, h— npousBosbHbie PyHKUMH COOTBETCTBYIOLIErO apryMEHTa):
B w=f(+0)+g(o— 1)+ hla);
b) w= f(z + at)g(z + bt) + h(t);
c) w= f(z)+h(t), z=z+ g(t);
d) w= f(2) + h(t), z = zg(t);
) w= f(z), z=a’g(t) +h(t);
f) w= f(t)9(2), z =z + h(t);
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g w = f(t)g(2), z = zh(t).
Vkazanue. Ilyrem nuddepeHuMpoBaHus paccMaTPUBAEMOrO BLIPAXKEHHUS M €ro CIEACTBUI HCKITIO-
YUTb MPOU3BOJIbHBIE YHKLMH.

3. Haiitu nuddepenunansuyio cBsa3b nepsoro nopsiaka Buaa (100), 5kBUBaICHTHYIO 3aaHUIO CTPYK-
TypbI pelenus B cieaywowem Buae (f, g, h— npon3BosbHble QYHKUHH COOTBETCTBYIOLIErO apryMeH-
Ta):

a) w = f(t)g(2), z =z + h(t);

b) w = f(2), z = zg(t) + h(t);

©) w=f(2)+g(z), z=zg(t).

Vkaszanue. PaccMOTpeTb COOTBETCTBYIOLLYIO XapaKTEPUCTHYECKYO CUCTEMY YpaBHEHHUI U uccne-
JIOBaTb BUJI €€ NEPBbIX UHTETPAJIOB.

@ Jlumepamypa k pazo. 9.5: C. B. Menewko (1983), P. J. Olver (1994), B. K. Anapees, O. B. Kan-
uos, B. B. [lyxunaues, A. A. Poanounos (1994), A. D. Polyanin, V. F. Zaitsev (2004).



10. Tect NeHAeBe AN HEAMHEWHDbIX YPaBHEHUH
MaTeMaTUYeCKOU PU3UKH

10.1. NMoaBWXHble 0CO6EHHOCTU pelueHU 06bIKHOBEHHbIX
AuddepeHUnanbHbIX ypaBHEHUM

10.1.1. Mpumepbl pelleHUH, UMeIOLUX NOABUKHbIE 0COBEHHOCTH

B3aumocBsa3p Buaa 0OBIKHOBEHHBIX IH(QepeHIHaIbHbIX YPaBHEHHH ¢ 0COOeHHO-
CTSMH HMX pelIeHHiH Oblia BeIABIEHA Oojee cra jeT Hazaa. OCcoOEHHOCTH peleHui
JTHMHEHHBIX OOBIKHOBEHHBIX AU((epeHInaIbHbIX YpaBHEHHH TOUHO COOTBETCTBYIOT
0cOOEHHOCTAM KO3 (PHIIHEHTOB ypaBHEHHUH. [10CKOIbKY HX MOJIOXKEHHE HE MEHseT-
Cs1 C H3MEHEHHEM ITOCTOSIHHBIX HHTETPHPOBAaHMSA, TO Takue 0COOCHHOCTH HMEHYIOT
HeTOABWXHBIMH. B ciydae HenMHEHHBIX ypaBHEHHMH IOSBIISIOTCS TAKXe HOJBHX-
HbIEe OCOOCHHOCTH PELICHHH, TOJOXKEHHE KOTOPBIX 3aBUCHT OT HayaJbHbBIX YCIOBHH
(OT MOCTOSTHHBIX MHTETPHPOBAHUS).

Hmxe npuBeneHs! mpocTredinine MpuUMephl HEIHHEHHBIX OOBIKHOBEHHBIX IHU(D-
(epeHIManbHBIX YpaBHEHHH IIepBOro IOpsIKa U HMX pEIleHHH C INOJBHXHBIMHU
0COOEHHOCTSAMH.

VYpaenenue Pewenue Tun ocobennocmu peutenus

ul, = —u? u=1/(z — 2g) HO/IBHIKHBIH TOJIOC

u, =1/u u=2yz—z anreGpanyeckas TOUKa BETBIECHHS
u,=e ¥ u=1In(z — 2p) norapupMuUecKas TOYKa BETBICHHUS
u, = —uln®’u  u=-exp[l/(z — )] cymecTBeHHO OCOBas TouKa

Anrebpanveckie TOYKH BETBIEHHUS, JOTapU(PMHIECKHE TOYKH BETBIECHUS U CyLIe-
CTBEHHO 0COOBIE TOYKH PELICHHH HA3BIBAIOTCS KPUMUUECKUMU 0COObIMU MOUKAMU
(mpu 00X0€ BOKPYT 3THX TOYEK B KOMIUIEKCHOM IUIOCKOCTH 2 3HayeHHe (QYHKIHH
u(z) MeHsieTcs).

10.1.2. Pe3yAbTathl KAacCUPUKALMU HEAUHEHHDBIX YpaBHEHUW NepBoro U BTOPOro
NOpAAKOB

1°. B 1884 rony JI. ®ykc (L. Fuchs) moka3an, 4Tto HeluMHeHHble OOBIKHOBEHHBIE

muddepeHiagbHble YpaBHEHHS [IEPBOTO MOPAIKa

ul, = R(z,u)

C pallMOHATBLHOH 110 BTOPOMY M aHAJHTHUECKOH II0 MEepBOMY apryMeHTY (yHKIH-
eil R obnamaror pemeHHsIMH Oe3 MOIBMKHBIX KPHTHUECKHX OCOOBIX TOYeK (T. e.
TOJBKO C MOABHXXHBIMH IOJIOCAMH) JIHIIb B clydae oOIero ypaBHeHHs Pukkatu
ul, = Ag(2) + Ay (2)u + Az (2)u?.

2°. Knaccudukanys (Ha KOMIUIEKCHOH ITIOCKOCTH) OOBIKHOBEHHBIX IU(QepeHIH-
aJIBHBIX YPaBHEHHH BTOPOTO MOpPsIKa BHIA

ul, = R(z,u,u,),
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rne R = R(z,u,w)— QyHKUMs palMOHANbHAS 110 U ¥ W W aHATMTHYECKas 10 2,
o6bu1a mposenena 1. [Nennese (P. Painlevé, 1900) u b. 'am6we (B. Gambier, 1910).
OHH noKa3alii, 4TO BCE ypaBHEHHS JaHHOTO BHUJA, PEIICHHS KOTOPHIX HE UMEIOT
MOIBUKHBIX KPUTHIECKHUX TOUEK (JOMYCTUMBIMU CIMUTAIOTCS HEMOIBHXHBIE 0COObIE
TOYKH U MOJABIKHBIE MONIOCH) cBOIATCA K S0 xitaccam ypaBHenuit. U3 Hux 44 knac-
ca MHTETPUPYIOTCA B KBaApaTypax WIH JOMYCKAIOT MOHMKeHHEe mopsaka. Ocrais-
HBIE 6 KJIaCCOB SIBIISIOTCS HEMPUBOJUMEIMHU, X HA3BIBAKOT ypasnenuamu Ilennese (a
HX pEelIeHUS — TPAHCUEHACHTHBIMU (QyHKIMAMHU [leHmeBe Wi TpaHCUEHICHTAMHU
[ennese).

10.1.3. YpaBHeHuA MeHneBe
1°. Ilepsoe ypasnenue Ilennege (B KaHOHUYECKOUH GOpPME) UMEET BUL

ul, = 6u? + 2. (1)
B OKpecTHOCTH MOABMKHOTO MOJIOCA Z) €r0 PelIeHHs MPeICTaBUMBbI B BHJE ps/a

_ 1 = _\m
“—ermZ::Qam(z 20)™, )

1 1 1 .2
GQZ—ﬁZO, a3:_€’ a4:C’ a’5:07 G’GZW207

rae 2o 1 C'—IIPOU3BONIBHBIE IIOCTOSHHbIE; KOIGGHUIHUEHTHI 4y, (M > 7) OJJHO3HAYHO
onpenensoTces depes 2o u C.

2°. Bmopoe ypaenenue Ilennese (B xkaHoHHYeCKoH QopMe) UMeeT BHI
u! =20+ zu+ o (3)
zZ °

B OKpecTHOCTH MOIBMXXHOTO MONIOCA 2( €r0 PEIICHHS NOMYCKAIOT CIIEAYIOIIHe
Pa3IOKEHHUS:

o0
u=—F_ 4 Z b (2 — 20)™,
m=1

z— 20

1 1 1 @
b = —gkzo, by = _Z(k+ @), b3=0C, by= 7_220(k+ 3a),

bs = 37 [(27 + 812 — 223)k + 108 — 216C ],

rae k = £1; zp u C'— npou3BOJBbHEIE MOCTOSHHBIE; KO3QPULIHUEHTHI by, (M > 6)
OJTHO3HAYHO OMPEENAOTCS uepe3 zg u C.

3°. OcranpHble YeThipe ypaBHEeHHUs [IeHeBe UMEIOT KBaIPATHYHYIO HETHHEHHOCTD
OTHOCHTEJBHO MEPBOI MPOU3BOIHOMN U 311€Ch HE MPUBOAATCA. OTMETHM, UTO pellie-
HHUE YeTBEPTOro ypaBHeHHS [IeHIeBe HMEET OABMKHBII TOTIOC, 3 PEIICHUS TPEThe-
ro, NATOrO U MIECTOro ypaBHeHUH [leHieBe MMEIOT HEMOIBMXXHBIE TorapudMude-
CKHe ToukH BeTBIIeHHA. bosee noapobHyto uadopmanmio 06 ypaHeHusx [lennese
MOXXHO HaWTH Janee B riaBe 13 u B mureparype, HUTHpyeMoil B koHIEe pa3d. 10.1.

4°. Oo6wikHOBeHHOE M depeHuanpHoe ypaBHeHHe (JTF000T0 MOPSIIKa) HA3bIBACTCS
ypaBHeHHeM Tuna [leHneBe, eciiu ero peleHHus He MMEIOT NOABHXHBIX KPHUTHYE-
CKUX 0COOBIX TOUeK. O TaKMX YpaBHEHHAX TOBOPAT, YTO OHU OOJIAIAIOT CBOHCTBOM
[lennese.
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10.1.4. Tect MeHneBe prA 06bIKHOBEHHbIX AU PepeHLUarbHbIX ypaBHEHUH
PaccmoTrpum oOpikHOBeHHOE nuddepeHnHanbHOe ypaBHEHHE 1t-TO OPSIKA:

u) = F(z,u,4d, .., uP7Y), ul = du (5)

Tect [lenneBe 0CHOBaH Ha MOKMCKE pelleHHUs ypaBHEHHS (5) B BUE Pa3IOKEHHUS,
UMEIOIET0 0COOCHHOCTD THIA MOABMXXHOTO TTOJIIOCA!

o0
1 m
u(z) = —— > Am(z — 20)™, (6)
(z — z0)P
m=0
rne zo — Jiroboe, p — Lenoe MOJIOKHUTENbHOEe Yucio. Pemenue (6) MOMKHO OBITH
00mmuM, modToMy K0dhduLHeHTsl pa3noxeHus A,, TODKHBI conepxars (n — 1)
IIPOM3BOJIBHBIX IIOCTOSHHBIX (B 9TOM CIy4yae C y4eTOM IPOU3BOILHOCTH z( PELICHHE
B COOTBETCTBHH C IOPSIKOM ypaBHEHHS OyIeT 3aBUCETH OT 12 IPOU3BOJIBHBIX IIOCTO-
aHHBIX). Eciu pemenuit Buga (6) HECKOIBKO, TO BCE OHU JOJDKHBI YIOBIETBOPATH
yKa3aHHBIM TPeOOBaHHUSM.
IIpumep 1. XapakTepHble 0COOEHHOCTH HCMONL30BaHUs TecTa [leHneBe nmpowsuocTpupyeM Ha
NpUMEPE HENUHEHHOrO OOBLIKHOBEHHOro A depeHanbLHOro ypaBHEHUs: BTOPOro NMopsaka
ul, =u® + au+ bz + c2°. 7
Jlns ompenenceHus AaBHOrO 4ieHa pasfoxeHus (6), KOTOpbI XapakTepu3yercs MokKasaTeneM
crenenu p v koddduuneHTom Ao, noacraBuM B ypaBHeHue (7) OAHOUNEH

A
uzé—ga 522_209 (8)
a 3aTeM NONYYCHHOE BhIPAXKEHME YMHOXMM Ha EPT2 (mpomssenenme £PT2u., naer Benmumny
HyneBoro nopsaka). meem
p(p+1)Ao = ASE* P + Aoa” + b(€ + 20)67% + c(€ + 20) 67+, ©

Ipu £ — 0 (p > 0) B NpaBoii YaCTH HEHYNEBOH BK/NAA MOXKET AaTh TONbKO MEPBbI unen AZE27P.
Jnst Toro 4ro6bl oH GbUT paBeH KOHCTaHTE, HAA0 NONOXKUTb p = 2. B aToM cnyyae u3 (9) npu £ — 0
HaxoauMm Ag = 6. Takum 00pa3om, maBHbIA WieH pa3nokeHus onpeaensercs popmynoii (8) npu

p= 2, Ao =6.
YuursiBas ckaszaHHoe, pewieHue ypaBHeHus (7) uiieM B BUAE Pa3noKeHHs
U=66"2 4+ A7 + Ag + A€ + AsE® + AsE® + Ast + - - (10

Ioacrasum (10) B (7), «cobepem» uneHbl MPU OAMHAKOBBLIX CTENEHsAX &, a 3aTEM HPUPABHAEM HYIIO0
k03¢ duumeHTs! mpu crenensx . Umeem cucremy anrebpanyeckux ypaBHEHU As onpeaeaeHus Ap

€73 104, =0,
£7% 12454+ Al +6a =0,
€' 1243424145 + A1a =0,
1: 1044+ 24, A3 + A3 + Asa + bzo + cz5 = 0,
& 6As +2A1A4 +2A5A3 + Asa+2czo + b= 0,
€% 0x As+ 24145 + 2A2A4 + A% + Asa+c=0.

3nech B I€PBOM CTONIOLE YKa3aHbl CTENEHHU &, NPH KOTOPBIX CTOAT COOTBETCTBYIOLLME KOI(DDULIMEHTI,
npuBEACHHbIE BO BTOpOM croabue. M3 nepsbix nsaru ypasuenuit (11) nonyunm

A1 = 0, A2 = —%a, A3 = 0, A4 = ILO(%CLQ - bZO - CZ(Q)), A5 = —%b— %CZo. (12)
IloacraBuB 3TH 3HaueHus B nocneaHee ypasHenue (11), umeem
0x Aeg+c=0. (13)
Orcroaa B 3aBUCHMOCTH OT NapaMeTpa ¢ MOTYT UMETb MECTO JBE AJIbTEPHATHBHBIE BO3MOXCHOCTH.

)
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1°. Ilpu ¢ = 0 paseHcrBo (13) BbINONHSETC TOXKAECTBEHHO Aisi moboro Ag. B arom cinyuae
ypaBHenue (7) ynoenerBopsieT tecty [lennese, a ero pelieHue MOXET ObITh NPEACTABJACHO B BUAE
paznoxenus (10), KOTOPOE COAEPXKUT ABE MPOU3BOJbHBIE MOCTOSHHbIE 2o U Ag; MPU 3TOM NEPBbIC
natb koaduunenToB onpenenstorcs no dopmynam (12), a koabduunentsr A7, As, ... MOryT ObITH
OnpeaeseHbl N0CNeN0BATENbHO U3 PEKYPPEHTHbBIX COOTHOLIEHHUH (KOTOpBIE 34€Ch HE MPUBOASATCS).

2°. Ilpu ¢ # 0 paBencTBo (13) HE BLIMONHAETCA HU MPH KaKUX 3HaueHusx Ae. Ypasnenue (7) B 3TOM
Cllydyae He UMeeT pelueHuii Buaa (6) u, cneaoBarenbHo, He yaoBaeTBopsieT tecty [lennese.

3ameuanue 1. UneHsl ypaBHEHHS, KOTOPbIE ONPENETIOT KO3hGUIHEHTH p 1 Ag
IJIaBHOTO WiIeHa pa3noxkeHus (8), Ha3bIBaloTCs 6edywumu. B ypaBHenuu (7) Takumu
uTeHaMH ABIAIOTCS UL, U u?,

10.1.5. Hekotopbie 3ameuaHun o tecte lNeHneBe. UHAeKCHl Dykca. Mpumephl

B o6mem ciyvae, kak u B ipuMepe 1, peKyppeHTHbIE COOTHOLIICHHUS IS OTpeelie-
HUS KO3(Q(QHUIIUEHTOB pa3I0oKeHUS HMEIOT BHI

kmAm:(I)m(AmAl»---,Am—l)» m = 1,2,... (14)

YT0OB!I MOMYYHUTH NMPOM3BONBHYIO MOCTOSHHYIO A,,, YYHUTBIBAEM, YTO B PEIICHUH
JOJDKHBL OTHOBPEMEHHO BBIIOIHATHCS PaBEHCTBA:

km =0, ®n(Ao,Ar,..., Ap_1) =0. (15)

B npumepe 1 s mpoBepku BeINONHEeHUs Tecta llenneBe moTpeboBanock pac-
CMOTpETH NEpPBBIE CEMBb WIEHOB Pa3JIOXKEHHUs, YTO OBUIO CONPSIKEHO C JAOCTATOYHO
00JBIINM 00BEMOM BBIKIANOK. [IpH 3TOM 3apaHee He ObLIO W3BECTHO, CKOJIBKO HAJI0
B3STh WIECHOB JUIS aHaiu3a. [ NpakTUKH MOJIe3HO 3HATh 3apaHee (0e3 mpoBeIeHUs
MOJTHOTO 00BEMa BBIYHCIIEHUH), CKOJIBKO HaXo OpaTh YJIEHOB pasiokeHHus (6), a
TaKke CKONBKO K03 HHUIMEHTOB A, ¥ KaKkue U3 HUX MOTYT OBITh MPOU3BOJIBHBIMH.
Jns Toro 4roOBl OTBETHTH HAa STH BOIPOCHL, HAalO YMETh BBIYMCIIATH YHUCIOBOH
MHOXHUTENb Ky, B hopmynax (14).

W3 pesynwsraTroB aHanm3a npumepa 1 ciexyer, 4YTO MHOXHUTENH Kk, NpU KO-
spdunuentax A,, [cM. mepBbie 4ieHbl BO BTOpoM ctoudue (11)] onpenenstorcs
TOJIKO BEAYIIMMH WiIeHaMHU ypaBHEHUS (7). AHAIOTMYHAs CUTYAIHsl UMEET MECTO
U B Ciy4yae oOmiero ypaBHEHHs n-ro mopsaka (5). Y4uTeBas, 4To JeBas 4acTh
paBeHCTB (14) nuHelHA OTHOCHTENBHO A,,, a paBas He 3aBHCHT OT A, MHOXH-
TeNU Ky, MOXKHO HaHTH IyTEeM MOJCTaHOBKH JBYWICHA

u=Al P+ ARE" P, {=2—2 (16)

B Beayluue 4wieHsl ypaBHeHHs (5). CoOpaB 4iieHbl, MPONOPLUHOHATbHBIE CTENEHIM
A, TOTYYIUM

Amkn&T+0(A2) =0, g>m-—n—p, (17)

rne Ky, — MCKOMBIH MHOXHTENb, BXOJSAIIMHA B JIEBYIO 4acTh (14). M0OXHO mOKa3aTh,
4T0 k), ABISETCA MOJNMHOMOM n-H cTeneHu (n — nopsanok auddepeHnnansHOro
YPaBHEHHS) OTHOCHUTENIBHO LENTOYUCIEHHOTO HHAEKCA M.

Em = byym™ 4 bp_1m™ L 4+ -+ 4 bym + by. (18)

VYpaBHeHnue k,, = 0 Bceraa umeer KOpeHs m = 1 (KOTOpBI OTBeYaeT MPOU3BOIBHO-
CTH BBIOODA Z(), @ OCTAIbHBIE KOPHHU 3TOT0 YPaBHEHHS ONPENCTAIOT uHOekcol DyKca
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(MHOTIA HA3BIBAEMEIC PE3OHAHCAMU)—HOMEPA M1, . . . , M, —1 K03DdHUIHEeHTOB A ),y
B pa3nokeHuH (6), KOTOpBIE MOTYT OBITH MPOU3BOIHHBIMH.

Ha npakruke tect [lenneBe ynoOHO MpOBOAUTE MOCIENAOBATENLHO B TPH 3Tara.

Iepgwiii sman. CHadana onpeaensercs IMaBHbIH WieH pa3aoxeHus (6), KOTOpbIiA
XapakTepHu3yercs IMokaszaTeneM creneHH p U kodduumentom Ay. Jns storo B
ypaBHeHHe (5) moacramnsercs omHowieH (8), a 3areM 00€ YacTH MOTy4YEHHOTO
BBIPOKEHHS YMHOXalTCs Ha £PT™. B pesysnsrate B J€BOM 4acTH OymeT CTOSThH
KOHCTaHTa. 3Ha4eHHe p BHIOMpaeTcs Tak, YTOOBI MpelNensHOe 3HAYeHHE IMPaBOM
gactu npu £ — 0 Tarke OBUIO paBHO KOHCTaHTe (OTJIMYHOHW OT Hyns). [locie
3TOrO NpUpaBHHBAaHUE JIeBOH M mpaBod (mpu & — () yacTell MO3BONSAET HAUTH
ko3¢ dunueHT Ay.

Ecnu Bce monyyeHHbIE Ha IEPBOM ATalle 3HAYCHUS p— LEJIbIE U NTOJIOXKHUTENbHbIE
(310 MepBoe HeoOxoauMoe ycinoBue s Tecta Ilennese), To ananu3 ypaBHeHus (5)
MOXeT OBITh MpoAoibKeH. Eciau XoTs Obl ONHO 3HAYEHHE P — HELENIoe HIH KOM-
IUIEKCHOE, TO PacCMaTpUBAaeMOe YpaBHEHHE He yIOBIETBOpseT TecTy [leHnese.

Bmopoii sman. Ha 3tom 3tane omnpenenstorcs uHaekcel Oykca. [ns aroro B
BeAyIHe WieHsl noacrasiasercs (16) u onpenensercs MHOXHUTENIb Ky, BXOJAILHUH B
JeByIo YacTh cooTHomeHui (14). Bropoe neodxoammoe ycinoBue s tecra [lene-
Be: ypaBHEHHE k,;, = 0 JOIDKHO UMETh 1 — 1 Pa3IUYHBIX LENBIX HEOTPULIIATENBHBIX
KOpHEH, T. €. JOJDKHO UMETh MECTO IpEICTaB/ICHHE

km=(m4+1)(m—mq)...(m—mpy_1), 0<m <mg <---<myp_1, (19)

e mj — Ienble Yucaa. ECm 3T0 yClIOBHE BHINOIHEHO, TO MEPEXOAAT K TPETBEMY
JTamny.

Ecmu ypaBHeHue k,, = (0 uMeer Helelble, OTpULATEIbHBIC IIeibie (KpoMe
m = —1) WK KOMIUIEKCHBIE KOPHHU, TO paCCMAaTPHBAEMOE YPaBHEHHE HE YIOBIIE-
TBOpseT TecTy [leHneBe u Ha 3TOM aHATU3 3aKAaHUYHUBAETCA.

Tpemuii sman. Ha 3TOoM »3Tame npoBepsSETCS OMHOBPEMEHHOE BBIOJHEHHE
ycnoBuii (15) 1 mocnenoBaTeNbHO BEIYUCIAIOTCA KOIDPUIHEHTHI pa3ioxeHus A,
IO 3HAYEHUs M = M,_1 BKIIOYHTENBHO. Ecim mpu kakoM-To m; < mgp_g
ycnoBue (15) He BBHIOIHAETCS, TO YpaBHEHHE HE yOOBIETBOPSET TecTy [leHnese.

Mpumep 2. Haiinem unnexcel @ykca ans ypaBuenus (7) u3 npumepa 1.

[Moacrasnsas asyunex (16) npu p=2, Ao =6 B Beaywue uneus! ypasuenus (7) (CooTBeTCTBYIOIECE
«YKOPOUEHHOE» YPABHEHME HMEET BUA U, = 1), HAXOAHUM UCKOMBIH COMHOXUTEb:

km =m?—5m — 6 = (m+1)(m — 6).

U3 ypaBHenus kn, = 0 nomyuum unaekc ®ykca m; = 6. [loaromy Bropoe HeoOXoauMoe ycnoBue
Tecra [leHneBe BBIMONHEHO U CIEAYET PAaCCMOTPETb CEMb WieHOB pasnoxenus (10) (nocneanuii unex
coaepxut kodapobuuuent Ag). JanbHeHunid aHanu3 NpoBOAUTCS, Kak B nmpumepe 1.

IIpumep 3. PaccmoTpum ypaBHEeHUE
Uy, + 2uu’, + au + bz + 2 =0. (20)

Iepewiti sman. MNoacrasus B (20) oaHouneH (8), HAXOAUM KOHCTAHTbI, ONMPEACAAIOLINE [IaBHbIH
4EH Pa3noKEHUs:
p=1 Ao=1. 21
Tak KaK p— Lenoe NOJOKHUTEIBHOE YUCNO, TO ypaBHeHue (20) yaoBneTBOPAET MepBOMY HEOOXOAH-
MoMy ycaoBuio Tecra [lennese.
Bmopoii sman. IloncraBuB nByuneH (16) ¢ yuerom 3Hauenuit (21) B Beayluue 4ieHbl ypaBHe-
Hus (20) (370 uneHsl, coaepiKalye NPOM3BOAHbIE), MOCIE IAEMEHTAPHbIX MPeoOpa3oBaHUil NOMYHHUM

Am(m~+1)(m —2)e™ % + O(AZ) = 0.

11 A. . Nonsxun, B. ®. 3aiines, A. U. XKypos
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U3 KBafpaTHOro ypaBHEHHsI
km=(m+1)(m-2)=0
Haxoaum kodbduuuent Oykca (0TaAM4HBIA oT —1):
my = 2.

ITockonbKy OH— LeNblii U MONOXKUTENbHbIH, TO YpaBHeHUe (20) yaOBIETBOPAET BTOPOMY HEOOXOAM-
MoMy ycnoBulo Tecta [lennese.
Tpemuii 5man. Ha 3TOM 3Tane noAcTaBIseM B ypaBHEHUE Pa3OKEHUE

u=€"+ A1+ Al + -,

B KOTOPOM HaJ0 YY€CTb TOJILKO TPH CllaraeMbIx (10 wieHa, NponopLUHoHanbHoro Az, 4To cneayer u3s
BTOpOro srana). B pesynsrare umeem

€% —24, =0,
€' 0xAs+a=0.

U3 nepsoro pasenctsa (22) monyunm A; = 0. Bropoe paBeHCTBO MOXET BBINONHATLCS TOJbKO MNpPH
a = 0. B atom ciyuae 3Hauenue As — moboe u ypasuenue (20) ynosnersopsier tecty I[lennese ans
NPOU3BOJILHBIX b U c.

(22)

IIpumep 4. PaccmoTpum ypaBHEHHE
uuf; + (u})* = 0. (23)
INoacrasue crona ogHouneH (8), HAXOAUM /Ba 3HAUEHUs NOKa3aTeNs:
1
p=0, p=-5.

INostomy ypaBHenue (23) ne ynosnersopsier tecry I[lennese.
O6uiee pewenue ypasHenus (23) naercs opmynoit ©u = Ay/z — zo U umeer anreGpanyueckyio
TOYKY BETBJICHHS.

10.1.6. Tect MeHneBe ArA cUcTEM 0ObIKHOBEHHbIX AU depeHUHaNbHbIX YypaBHEHUH

Tect IlenneBe MOXHO HCIOIB30BATh TAIOKE AJIS aHAIM3a CUCTEM OOBIKHOBEHHBIX
mubdepeHanbHBIX ypaBHeHud. Jns cucremsl, cocrosmeii u3 N ypaBHeHHH,
pELICHHEe MIIETCS B BHIE PA3lI0KEHHH BCEX HEHM3BECTHBIX BEJIMYHMH B DAIBI C
HOJIOCHBIMH MOJBM>KHBIMH OCOOEHHOCTSIMH

uk:(z—zo)_pk[Ako+Ak1(z—zo)+Ak2(z—zo)2+---], k=1,...,N, (24)

TIe Py — MOJIOKUTENbHEIE eble gucaa. OOMHOCTh pelieHus JOJDKHA 00ecTeyn-
BaThCSA HEOOXOAMMBIM (COOTBETCTBYIOIIUM MOPAAKY CHCTEMBI) YHUCIIOM TPOU3BOJIb-
HBIX K03} (UIIMEHTOB pa3loXEeHUH u CBOOOOHBIM MapamMeTpoM zy. Ecmu makcu-
MaJIbHEIE TOPSIKUA CTAPIIMX TMPOU3BOIHBIX OTACITBHBIX YPABHEHUH CHCTEMBI PABHBI
Ny, ..., NN, TO YHACIO MPOU3BOJIBHBIX MOCTOSHHBIX Ak, B peIIeHUH (24) TOMHKHO
OBITH paBHO ] + --- +ny — 1.

3ameuanue 2. B 1888 rony C. B. KoBaneBckodl ynaaocs NMpOMHTErPHPOBATH
YpaBHEHHUS ABHXEHHUS Heae(QopMHUpPyEeMOro TBEpAOro Teja ¢ 3aKpeIIeHHOH TOYKOH
O] IEHICTBHEM CHJIBI TSDKECTH B HEHM3BECTHOM JI0 Hee Ciiydyae. bbll BHINONHEH aHa-
JIM3 CHCTEMbI U3 IIECTH HEIMHEHHBIX OOBIKHOBEHHBIX IU(depeHIHaNbHbIX ypaB-
HEHHH MEpBOro MOpsAAKa, PELIeHUs KOTOPHIX HCKanuch B Buzae (24) mpu N = 6.
Baxxno ormeruts, uro uccnenosanus C. B. Kopanesckoii npenmecrsoBanu paboram
I1. Ilennese no xnaccuukauyu OOBIKHOBEHHBIX NUbdEepeHIHATBHBIX ypaBHEHUH
BTOPOTO MOPsAKa, KOTOPBIH HCIOIB30BAJl Pa3IoKeHHUs aHaJIorHyHoro Bua. [losto-
My B JIHUTEpaType Hapsly ¢ TEpMHHOM «TecT [IeHneBe» HHOTIa HCIONb3YeTCs TakxKe
TepMuH «TecT KoBanesckol — Ilennese».
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o8 3adauu u ynpaxycnenus K pazo. 10.1
1. Iloka3arb, uto ypaBHeHue (7) mpu ¢ = 0 nuHelHbIM npeoOpasoBaHueM BuAa u = an® + (1,
z = asZ + (2 npuBoaMTCA K nepsoMy ypasHeuuto [lennese (1).
2. OnpeaenuTb MPU KakUX 3HaYEHUsAX NapamMeTpoB a, b, ¢ cneayole ypaBHEHUs: BTOPOro Nopsiaka
ynosnetBopsaoT Tecty IleHnese:

a) ul, =a+bu+ cu?,

b) u’, — aul, = bu + cu?,

c) u’, —aul, = bu+ cub,

d) u?, — awu, = bu® + ¢z,

e) u’, —a(ul)? = bu+ cu’.
3. Jlokasatb, YTO ClEAYyIOLME YPAaBHEHUS CTApLUMX NOPSAAKOB yAOBNETBOPsOT Tecty Ilennese:

a) ul., —6uu, —zu, —2u=0,

b) ., = 20uu’, +10(ul)? — 40u® + 2,

c) ull,, = 10uu, + 10u(ul)? — 6u® — zu + a.
4. Onpenenutb Npy KakMX 3HAYCHHUAX NApaMETPOB a, b, ¢ cnepyloLye ypaBHEHHS CTapLIKX OPAAKOB
ynosneTBopstoT Tecty [lennese:

a) v, =ul+au+bz+e

b) u)., +uu, +au, +bu+cz =0,

¢) ul, =wul, + au+ bu® + cz,

dy v/, —ul, +au +bu+c=0,

e) ull,, +uul, + (ul)? +azu, +bu+cz? =0.
5. IlpoaHanu3upoBaTh CUCTEMY YpaBHEHUI nepBoro nopsaka Ha tect Ilennese:

z, =-z+azy, yi=-y+bz’+cy’.
VYkazanue. I'naBHble uieHbl Pa3a0XXEeHUH UCKAThb B BUIE
z=zo(t —to)” ", y=yo(t—to) ",
a uHaekchl Gykca— ¢ NOMOLIBIO BHIPAXKEHUI
z=wo(t —to) P+ am(t —t0)" 7", y=yo(t —to) ? +ym(t —to)" 7.
6. I[IpoaHanu3upoBaTh CUCTEMY ypaBHEHMH BTOpOro mnopsaka tvna XeHoHa — Xeilneca Ha TecT
[lennese: B , , ,
Ty = —x +ary, Yp=-y+bx"+cy’.
CM. yka3zaHue K npumepy 5.
7. Ioxasatk, uTo nepBoe ypasHeuue Ileunese v, =3u’+2z (Hekanouuueckas popMa) IKBUBANCHTHO
JMHEIHOM cucTeMe YpaBHEHUH C YaCTHBIMHM NPOM3BOJAHBIMU
T/Jzz = (u + )‘)wy
Ya = 202X — w): + uzyh,

e ¥ = ¥(z,N), u = u(z).

Vkasanue. Ucnonb3oBath ycnoBue COBMECTHOCTH ypaBHeHui (1.2)x = (¥x).. u anddepenun-
anbHbIE CIEACTBUA STUX YPaBHEHHH.

@ Jlumepamypa k pazd. 10.1: B. B. I'ony6es (1950), G. M. Murphy (1960), M. J. Ablowitz,
A. Ramani, H. Segur (1980), A. R. Its, V. Yu. Novokshenov (1986), B. U. I'pomak, H. A. Jlykamesuu
(1990), A. R. Chowdhury (2000), A. . ITonsuun, B. ®. 3aiiues (2002), H. A. Kyapswos (2004),
B. U. I'pomak, A. C. 3unueHko (2004).

10.2. PelieHUs ypaBHEHUW C YACTHbIMU NPOU3BOAHBIMM, UMeEIOLLUE
NOABWXHbIW NoAloc. OnucaHue metoaa

[To ananoruu ¢ OOBIKHOBEHHBIMH MH((EpEeHIHATLHBIMH YPABHEHUSIMH PELICHUS
YPaBHEHHUH C YaCTHBIMH IPOM3BOAHBIMH MOXXHO HCKaTh B BHIE pa3lIOKEHHH, CO-
JepKalux 0COOCHHOCTh THIIA OABIXXHOTO nostroca. [lonokeHue nosoca 3a1aercs
C TIOMOIIBIO MPOU3BOIBHON (QYHKIUH.

JIns mpOCTOTHI M3JIOXKEHHUS fanee OyfeM paccMaTpUBaTh YPABHEHUS MaTeMaTH-
4ecKOH (U3HMKH C IBYMS HE3aBUCUMBIMH IIEPEMEHHBIMH X, ¢ ¥ 3aBUCHMOM IIepeMEH-
HOH w, KOTOpBIE HE 3aBHCAT SBHO OT I H t.

11*
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10.2.1. MpocTtenwan cxema aHaAu3a HEeAMHEMHbIX YpaBHEHUH B YACTHbIX
NPOU3BOAHbBIX

Pemienne uieTcss B OKPECTHOCTH CHHTYISIPHOrO MHOrooOpasus x — zo(t) = 0 B
Buze paznoxxkenus (M. Jimbo, M. D. Kruskal, T. Miwa, 1982):

we,t) = g > wm(E", &=z —zo(t). (25)
m=0

3nech NoKazaTeb p— LEN0e MOI0KUTENbHOE YHUCIIO, 9YTO 00ECIIeYHBaeT NOIIOCHOM
XapakTep MOABIXHOM ocoOeHHOCTH peuteHus. DyHKuus xo(t) CYHTAETCS NPOM3-
BOJIBHOH, @ Wy, 3aBUCAT OT MPOMU3BOAHBIX 3TOH (PyHKIMH.

Beipaxkenue (25) noacraBinsercs B paccMarpuBaeMoe ypaBHeHHe. CHagana u3
OanaHca BeQyIIMX CHHIYJSAPHBIX WICHOB ONPEAEIAIOTCS NOKa3aTelb p U INIaBHBIH
4iIeH pasnoxeHus ug(t). 3aTeM «cOOMpAOTCs» YiIEHbl NPH OJMHAKOBBIX CTEIle-
HAx . [lpupaBHUBas NONTy4YeHHblE BbIpRXXEHUA (NPH OOWHAKOBBIX CTENEHAX &)
HYJIO, IPUXOJAT K CHCTEME OOBIKHOBEHHBIX AU (EepEeHIHATBHBIX YPaBHEHUH IS
byHKIHH Wy, (1).

[lonyuenHoe pemeHue OyneT oOmUM, eClid B paznoxeHue (25) BoiayT npous-
BOJIbHBIE (DYHKIHH, IPUYEM YHCIIO 3TUX QYHKLIHUH PaBHO MOPSIKY paccMaTpHBae-
MOTO ypaBHEHHS.

10.2.2. O6wan cxema aHaAu3a HEAUHEHHbIX YPaBHEHUH B YACTHbIX MPOU3BOAHDIX

Pelienne ypaBHeHHs B YaCTHBIX POM3BOIHBIX HIIYT B OKPECTHOCTH CHHIYJIIPHOTO
MHOroo6pasus &(x,t) = 0 B Bume 0000MIEHHOrO Pa3IoXXeHHs,, CHMMETPHUYHOTO 110
He3aBUCHUMBIM nepeMeHHbIM (J. Weiss, M. Tabor, G. Carnevalle, 1983):

w(e,t) = 2 D wn(@, 0", & =&(,0), (26)
m=0

rae &:£; # 0. 3nech U nanee HIKHUE HHAEKCH & M ¢ 0003HaYal0T COOTBETCTBYIOIINE
YacTHbIE MPOU3BOAHbIE; QyHKUHs &(x,t) CUMTACTCS MPOU3BOJIBHOM, @ Wy, 3aBUCAT
OT NPOU3BOJIHBIX ITOH (YHKLHUH.

Paznoxxenue (25) sBIsIETCS YaCTHBIM CIIydaeM pasiioskeHus (26), Koraa ypaBHe-
HHE CHHTYJSIPHOTO MHOTOOOpa3us pa3penieH0 OTHOCHTENILHO EPEMEHHON T .

TpeOoBaHue OTCYTCTBHS MOJBM)KHBIX KPUTHYECKHX TOUEK MOAPA3yMEBAET, YTO
p — MOJIOXKHUTENbHOE 1en0e uucio. Pemenue Oyner oOIHM, €ClIU CTENEHb (QyHK-
[MOHATILHOTO TPOM3BONA B KOIPHUUHEHTHBIX (PYHKUMAX W, (z,t) U QyHKIHH
pasnoxenus &(x,t) Oyaer coBmaaaTh ¢ MOPAAKOM YPaBHEHHS.

[Moncraenss BeipakeHue (26) B ypaBHEHHE W BhIIENAA (2 3aTeM NpPHUPaBHHUBAS
HYJTIO) WIEHBI [IPH OAMHAKOBBIX CTENEHAX &, MOJIyYUM PEeKypPEHTHBIE COOTHOIICHHS
Ui K03 OUIIMEHTOB Pa3IOKEeHUS

kmwm = @m(wo,wl,...,wm_l,ﬁt,gm,...). (27)
3nech ky,, — MOJTHHOMBI CTENEHH 1n C UEIOYUCIIEHHBIM apryMEHTOM M BHIA
km = (m+1)(m—mi)(m —mg)...(m —mu_1), (28)

rae n— MOPsAIOK PaCCMaTPHBAEMOTO YPaBHEHHS.
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Ecnu kopHu monmwHOMa mi,me,...,My_1, UMEHyeMble HHIACKcamMu Dykca,
WM PE30HAHCAMH, OKAa3bIBAIOTCSA LETBIMH HEOTPULUATENLHBIMH YHCIAMH, PHYEM
BBIMOJTHEHBI YCIIOBHSI COBMECTHOCTH

B, =0 (j=1,2,...,n—1), (29)

TO TOBOPAT O BBINOJHEHHH TecTa [leHieBe Ui pacCMaTpHBAaEMOrO YpaBHEHHS.
YpaBHeHHs, 00TafarOMIKe yKa3aHHBIM CBOWCTBOM, 4acTO OTHOCST K KJIACCy HHTE-
TPHPYEMBIX (YTO ITOATBEPKAAETCS MIPUBOAMMOCTHIO TAKHX YPAaBHEHHH K JIMHEHHBIM
YPaBHEHHSAM BO MHOTHX H3BECTHBIX CIIy4asXx).

10.2.3. OcHOBHble 3Tanbl UCCAEAOBAHUA HEAMHEHHbIX YypaBHEHUH Ha TecT lMeHneBe

Kak u B cityyae 00BIKHOBEHHBIX AU GepEeHIHATBLHBIX YPAaBHEHHUMH, I HETHHEHHBIX
ypaBHeHHUI MaTeMaTnueckoi ¢pusuku tect [leHnese yno6HO MpoBOAUTE MOCIEN0BA-
TENBHO B HECKOJIBKO 3TanoB. Ha nepBoM 1 BTOPOM 3Tamax ONpeaessitoTcs IIaBHBIH
uiieH pasnoxenus (25) u uaaekcsl Dykca (3To MO3BOJAET O€3 MPOBEACHUS TOJTHOTO
o0beMa BHIYHCIICHUH NPOBEPUTH HEOOX0AUMEIE ycinoBUs ais Tecta [lennese). s
HarIAHOCTH Ha PHC. 7 U300paKeHbI OCHOBHEIE 3Tallbl HCCIICAOBAHUS HETHHEHHBIX
ypaBHeHHi Ha TecT [leHneBe ¢ moMombio pasioxenus (25) wm (26).

3amevaHue. YpaBHEHUE HE YAOBJIETBOPSET TeCTy [leHneBe MpH BHIMOJHEHUH
moboro u3 ycnosuit: p < 0, p— Henenoe, p—KOMIUIEKCHOe, mj < 0, m ;— Henenoe,
M j — KOMIIJIEKCHOE (B MOCJIEIHHX TPEX CIIydasx AOCTaTOYHO OJHOTO 3HAYEHHS j,
rmej=1,...,n—1).

10.2.4. Hekotopble 3amMeuyaHUA. YceueHHble Pa3noXeHHUs

MHOrouuCIeHHBIMU HCCIIEAOBAHUAMH YCTAHOBJIEHO, YTO MHOTHME H3BECTHBIE HH-
TerpupyeMble HEJIMHEHHbIE YPABHEHHS MaTeMaTH4ecKoH ¢H3HKH 001anaoT CBOH-
ctBoM IlenneBe. briny HaleHB! TakXke HOBBIE YPABHEHHS C TAKHMM CBOMCTBOM.

[Ipu nepBoHaYaIbHON NMPOBEPKE BHINOIHEHHS TecTa [1eHneBe 11 KOHKPETHOTO
ypaBHEHHS YIOOHO MOJB30BATHCS MPOCTEHINEH CXeMOH, OCHOBAaHHOH Ha pa3ioxke-
HUH (25). BaxxHble TEXHHYECKHE YNPOIIEHHS M0 CPABHEHUIO C pa3siokeHueM (26)
00yCIIOBIIEHBI BBIIOJIHEHHEM PAaBEHCTB (W, ), = 0, & = 1.

Paznoxenne obmiero Buaa (26), moapasymMenatoniee 60iee TpOMO3IKHE, HO BMe-
cTe ¢ TeM Oosee MHYOPMATHBHBIE BBIKJIAAKH, TIOJIE3HO HCIIOIB30BATh MOCIE yCTa-
HOBJIeHHUs cBo¥icTBa [leHneBe. JTO MO3BOJISIET BBIICHATH MHOTHE Ba)XKHBIE CBOHCTBA
YPaBHEHHUH U HX PEIICHHUH.

B psane ciydaeB Ui NOCTPOEHHS TOYHBIX pEIICHMH M MOMCKA NpeoOpas3oBa-
Hus bexnyHna, TMHEapU3YIOIIET0 UCXOAHOE YPAaBHEHHE, OKa3bIBA€TCs IOJE3HBIM
HCIIOJIB30BATh YCEUEHHOE PA3IOKEHUE

wo wn
KOTOpPOE€ COOTBETCTBYET HYJIEBBIM 3HAYECHUAM KO3()PUIHEHTOB Pa3IOKEHHS Wy, TIPH
m > p B (26) (cMm. mpumepst 5—7 B pasza. 10.3 u npumep 9 B pasn. 10.4).

AHaTU3 UCXOAHOTO HETHHEHHOTO YpaBHEHHS C YaCTHBIMH MPOW3BOJHBIMH HA
tect [leHIeBe MOXKHO MPOBOIUTH JUIA OTACTBHBIX KJIACCOB €r0 TOYHBIX PELICHUM
(KaK MpaBWIIO, 3TO PELICHUS THMA Oeryiied BOJNHBI U aBTOMOJCIBHEBIC PEIICHHUS),
KOTOpBIE OMUCHIBAIOTCS OOBIKHOBEHHBIMH M dhepeHInaTbHbIMU YpaBHeHHAMHE. Ec-
JI¥ TOJTyYeHHOE OOBIKHOBeHHOE M dhepeHIHaTbHOe YPaBHEHHE HE YAOBIETBOPSET

ot (30)
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HUcxonnoe ypasuenune: F(z, t, w, w,, w,, w,,,..) =0

TIlepBblif oTan: HINEeM IIaBHBIH WIeH
pasnoxeHus (26)

B ypaBuenue noacrapasiem w = wol *, wy = wy(z, t), £ =E(z, )

HaxonuM KOHCTaHTY p

v U dyHKIH0 wo(r, 1)

Eciuu P — HaATypaJIbHOEC YHCJ10, TO HHIEPEXOAHUM KO BTOPOMY 3TalLy

HMem nnaexcsl dykca (pe3oHaHCH)

NS

B Beayuiue wieHbl ypaBHeHus noacrasisem w = wof F + w,, "7

«Cobupaem» 4YJIeHBI,
v TPONOPUHOHANBHBIE ),

B pesyabrare nonyunm: k,, w, 9+ ...

/S O U U

k,. IpeacTaBaseT co0O0H MOIHHOM
v OTHOCUTENBHO UHACKCA M

Y (YN (N (N (Y [

Pa3znaraem mojiuHoM Ha mHOkuTenn: k,, = (m +1)(m —my) .. (m—m,_) j

3nech n — NMOPAAOK YpaBHEHHS,
M, — PE3OHAHCHI

@CJIH BCE 7101y ...y TM,,_| — HeJIbIe H HEOTPHIATEIbHBIE, IIEPEXOAUM K TPEThbeMy 3Tana

IToacraBngeM B ypaBHEeHHE
pazaoxkenue (26)

Elonyqaem peKyppeHTHbIe cooTHOLeHns (27) Wist KoIGPHUINEHTOB Pa3IoKeH s wa

! ! TIpoBepsieM BHIMOIHEHHE yCIOBHIT (28)

[ Ecim > YC/10BHs BbINIOJIHEHBI, TO YPABHEHHE YAOBJICTBOPHAET TECTY IlenneBe ]

Puc. 7. OcHoBHble 3Tansl TecTa [IeHnese ans HEMMHEHHbIX ypaBHEHHH MaTeMaTHdeckol pusuku. [ns
npocreiiiieii cxemsl nonaraercs £ = & — xo(t), a ans obweil —& = £(x, t).

tecty IleHneBe, To HCXOOHOE YpaBHEHUE C YACTHBIMHU NPOU3BOIHBIMHU TAKOKE HE yIO-
BJIETBOpsiET 3TOMYy TecTy. Ecnu momydeHHoe oObIKHOBeHHOE mu(depeHImanbHoe
ypaBHEHHE yHOBIETBOpsET TecTy [leHneBe, TO HCXOMHOE ypaBHEHHE C YaCTHBIMH
IPOHM3BOIHBIMU OOBIYHO YAOBJIETBOPSET 3TOMY TECTY.

@ Jlumepamypa k pa3o. 10.2: M. Jimbo, M. D. Kruskal, T. Miwa (1982), J. Weiss, M. Tabor,
G. Carmnevalle (1983), J. Weiss (1983, 1984, 1985, 1986), W.-H. Steeb, N. Euler (1988), R. Conte
(1989, 1999), R. Conte, M. Musette (1989, 1993), M. Musette (1998), A. [. [Tonsxun, B. ®. 3aiiues
(2002), H. A. Kynpsios (2004).
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10.3. Mpumepbl npuMeHeHUun Tecta lNeHneBe U yCeUueHHbIX
pa3snoXXeHUH AN aHaAu3a HEAMHEWHbIX YpaBHEeHUH
MaTtemMmaTUuecKou GU3UKH

10.3.1. YpaBHeHuA, yaoBreTBOpAlowMe tecty NMeHneBe

B aTOM paznene uccnenyoTcs HEKOTOPHIE PaclpOCTpaHEeHHbIE HEMHEHHEBIE ypaB-
HEeHUs MaTeMaTHdeckoi ¢pu3uku. s uX aHanu3a cHavana OyIeT HCIOIb30BaThCA
npocreiimas cxemMa nmpuMeHeHHs Tecta [leHneBe, KOTOpas OCHOBaHa Ha pa3io-
xenun (25) u3 pasg. 10.2 (cm. Takke cxemy Ha puc. 7 npu & = x — xo(t)).
3areM a1 MOCTPOEHUS MpeoOpa3oBaHuii bexryHna OyneT npuMeHIThCS YCEYEHHOE
paznoxenue (30).

IIpumep 5. Paccmorpum ypaBHenue broprepca

ow ow O%w
— 4t w—=v . 31
ot Oz Ox? Gh
Iepewiti sman. [loacraBum B ypaBHenue (31) masHblit unen pasnoxenus (25), a 3atem obe yacTu
TONYYEHHOrO BhIpakeHus yMHoxuM Ha EPF2 (npoussenenne &P12w,, naeT BENMUMHY HYNEBOTO

nopsiaka). Umeem

7 #2 / 21—
wo&” + pwozo€ — pwoé” ~F = vp(p + 1)wo,
rae £ =x — xo, To = Zo(t), wo = wo(t), WTpux 0603HaUaeT NPOM3BOAHYIO No t. U3 Gananca Beayumx
41eHOB (COOTBETCTBYIOLIUX «OTOPACHIBAHUIO» ClEBA ABYX MEPBbIX CAAraéMbIX), HAXOAUM
p=1, wo=-2v (m=0). (32)

INockonbKy p — LENOe MOJOXKUTENbHOE YMCI0, TO MEpBOe Heobxoammoe ycnaoBue Tecta [lennese
BbIMOJIHEHO.
Bmopoii sman. 1ns onpeaenenus nuaekcos dykca (pe30HaHCOB) MOACTABUM ABYYJIEH

w=—2E " 4 wpt™ !

B BEAYLIME YIEHBl WW; U VWg, ypaBHEHUs (31). «CoOpaBy» 4neHbl NpU OAUHAKOBBIX CTENEHAX Wm,
noay4Yum
v(m+1)(m — w3+ ... =0.
Ipupasuusas (m + 1)(m — 2) Hymo, Haxoaum unaekc Pykca
my = 2.

IlockonbKy OH LENbIi M MONOKHUTENbHBIH, TO BTOpOe HE0OX0AMMOe ycaoBue Tecta [lenneBe BbInoa-
HEHO.

Tpemuii sman. IloacraBum pasnoxeHue (25) (COracHO BTOPOMY 3Tamy HY)XKHO YUUTHIBATh UJICHBI
JI0 HOMepa M = 2 BKJIIOYUTENBHO)

w=—2wE" 4w +wb + -

B ypaBHeHue Broprepca (31), npuBenem nono6Hble 4aeHbI, a 3aTEM NPUPABHIEM HYIO K03bhULMEHTbI
npy pasHbix crenensix €. MmeeM cucreMy ypaBHeHUH st onpeaeneHus QyHKUMH W, :

€% 2w(w —xp) =0,
€1 0xwe=0.
U3 Broporo pasencrsa (33) cneayer, uto ¢yHkuus we = w2 (t) MOXKET ObITH BBIGPaHa NPOU3BOJILHO.
Iostomy ypaBHenue Broprepca (31) ynosnersopsier Tecty [lenneBe u ero peleHue umeer Tpedyemblii
npou3Bon B ase QyHkuuM: To = To(t), we = wa(t).

U3 nepsoro paseHcTsa (33) Haxoaum wo = xq(t). Pemenue ypapuenus (31) MoxHO 3anucath B
BUJIE

(33)

w(a,0) = =2 (0 + wn(0)e — (O +

rae o(t), wa(t) — npoussonbHbie GyHKUMH.
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IIpeobpasoeanue Koyra— Xongha. ins nanbHeiiero aHanu3sa ypasHenus broprepca (31) ucnons-
3yeM yceueHHoe pasznoxeHue obiero suaa (30) npu p = 1:

w=%+w1, (34)

rne wo = wo(x,t), w1 = wi(x,t), £ = &(x,t). loacrasum (34) B (31) u crpynnupyem 4ieHsl Npu
onMHAKOBbIX cTeneHax £. Umeem

€ 2 woks (wo + 20€;) + €72 [wobe — wo(wo)e + wowr€s — 2v(wo)ebs — VWobaz] +
+ € [=(wo)t — wo(w1)z — w1(wo)z + V(Wo)zz] — (w1)e — wi(wi)e + v(wi)zz =0,

i€ HHAEKCHI & U £ 0003HA4al0T YaCTHbIE MPOU3BOAHbIE. [IpUpaBHMBas HY/MIO YiEHbI IPY OAMHAKOBBIX
CTeneHsx &, NoJy4uM CUCTEMY YPaBHEHHUH

wo + 2v€, =0,
'UJOEt - 'UJO('UJO)I + wOwlgz - 2V(w0)z£z - V'wogza: = 07 (35)
(wo)t + wo(w1)z + wi(wo)e — v(wo)zz =0,
(w1)e + w1 (w1)z — v(wi1)zz =0,
T YuTeHo, u4to &, Z 0.
W3 nepBoro ypaBHenus (35) umeem
wo = —2vé,. (36)

INoacTaBuB 3TO BbIpAXKEHHE BO BTOPOE U TPEThE ypaBHEHU (35), Mocne HEKOTOPLIX Npeobpa3oBaHuii
Noay4YuM
Et + wlgz - VEI:: = 0,
(§t + lez - V'Ea:z)z =0.
OueBHIHO, 4TO €ciu nepBoe ypaBHeHue (37) yNOBAETBOPSETCS, TO BTOPOE MNEPEXOAUT B TOXAECTBO.
INocaennee ypaBHenue (35) npencrasasier coboii ypaBHeHue Broprepca.
Takum ob6pazom, popmyny (34) ¢ yyerom (36) MOXKHO 3anucaTh B BUAE

37

w = —2uiln€+w1, (38)
oz

rae GyHKUMH W M w; YAOBNETBOPSIOT ypaBHeHUsAM bioprepca, a ¢yHkuus & onucbIBaeTcs NepBbIM
ypaBHenueMm (37). [Ipu ussectHoM pelneHuy w; ypaBHeHus broprepca ¢popmyna (38) nossonster mytem
peuieHus nepBoro ypaBHeHus (37) (3TO ypaBHEHHE AMHEHHO OTHOCUTENBHO &) HAXOAUTh Apyrue
pelieHus ypaBHenus (31).

VYuutbiBasd, yTo wi = 0 fABAAETCA YaCTHBIM pELIEHHEM ypaBHeHus Broprepca, nmoacraBuM ero B
(37) u (38). B pe3yabrate npuxoaum k npeobpazosanuto Koyna— Xonda

w = —21/5—’,
3
KOTOPO€E MO3BOJISIET C MOMOLbIO PElEHUH JUHEHHOro ypaBHEHHs TEIIONPOBOAHOCTH
& = V€za

HaXOAWTb pellieHUs HenuHelHoro ypaBHeHus Broprepca (31).
IIpumep 6. Paccmotpum ypaBHeHue KopreBera— ne ®@pusa

dw ow | Bw
—tw—+ =0. 39
ot Or oz3 (39)
Ilepesviii sman. [loacraBum B ypaBHeHue (39) maBHbIH 4ieH pasnoxenus (25), a 3aTeM 06e yacTH
IO/Iy4EHHOr0 BhIpaXeHHs yMHOXUM Ha £PT2 (npoussenenue £PT3w,,, maerT BenuumHy HyneBoro

nopsaaka). Umeem

143 142 2,.2-p _
wo€” + pwozod” — pwod” P — p(p+ 1)(p + 2)wo =0,
rae £ = x — xo, To = To(t), wo = wo(t). U3 Gananca crapuinx 4ieHOB (yYUTHIBAIOTCA ABA MOCAEAHUX
C/1araembix), HAXOAUM
p=2, wo=-12 (m=0).
[1OCKONbKY P — LIENOE MONOKHMTENBHOE YHMCII0, TO MEPBOE HEOOXOAMMOE ycioBHE TecTa [leHnese
BbINOJIHEHO.
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Bmopoii saman. ina onpenenenus unaexcoB dykca (pe30HaHCOB) NOACTaBUM JABY4IEH
-2 -2
w=—126"" 4+ wnt™

B BeayllMe uiaeHbl ypaBHeHus (39) (Hamo ydyecTb BTOPOE M TpeTbe ciaraemble). Bblnenus une,
NPONOPLUMOHAILHBIN Wiy, UMEEM

(m41)(m —4)(m — 6)wn™ ° +--- = 0.
IpupasnuBas MHorouned (m + 1)(m — 4)(m — 6) nyato, onpeaensem uxaexcel dykca
mi = 4, ma = 6.

INockonbKy MHAEKCHI LiEable U MOJOXKUTENbHbIE, TO BTOpOe HeoOxoaumoe yciaoBue Tecta [lennese
BbINOJIHEHO.

Tpemuii sman. IloactaBum pasnoxeHue (25) (COrIacCHO BTOPOMY 3Talny Hy»KHO YUUTbIBATh UIEHbI
10 HoMepa m = 6 BKJIIOYMTENILHO)

w=—126"7 4+ w1 4+ wo + waf + waf’ + ws& +wet' +---, =z —x0(t) (40)

B ypaBHeHue (39), «cobepem» uneHbl IPY OAMHAKOBBIX CTEMEHAX £, a 3aTeM NPUPaBHAEM HYIIO K0d-
(uLMEHTD] U pasHbIx creneHsx €. [loayuuM cucteMy ypaBHEHMH A onpeaeneHus QYHKUMA W :

£ 2w, =0,

€73 24w, — 24zh — wi =0,
€72 12wz 4+ wizh — wiwe =0,
£ Oxwi+wl =0,

! !
—6ws + wy — w3xTg + wrws + waws =0,

(41

& 0 X we + wh — 2wazh + wr + 2wiws + 2waws = 0.

IIpocTble BbIYMCAEHHS NOKA3bIBAIOT, YTO YPABHEHUSM C PE30HAHCAMHU (OHU COOTBETCTBYIOT CTENEHAM
&1 u £) tompmectenHo ymoenerBopsiotcs. IlosTomy ypaBuenne Kopreera — ne ®pusa (39)
ynosnetBopsieT Tecty Ilennese.

Pewenue ypaBueHuii (41) npuBoauT x caeayromum koddduuuedtam pasnoxenus B (40):

wy =0, wy=z0(t), ws=0, ws=wa(t), ws =+z5(t), we=we(t),

rae zo(t), wa(t), we(t) — npon3BoabHbIE GYHKLHH.
Yceuennoe pasnoscenue u npeobpasosanue Bexaynoa. Jing nanbHelLIEro aHaausa MCMONb3yeM
yceueHHoe pasnoxeHue obwero Buaa (30) npu p = 2:
w w
w=—2 4+ —+ +ws. (42)
3 3
INoacrasnsas (42) B (39) u npupaBHuBas HynO (yHKUMOHANbHblE KO3(GULUMEHTbl NMPU pPa3HbIX
creneHax £ (QHaJOTMYHO TOMY, KaK 3TO A€najoch B NpUMepe S5), NPUXOAUM K NpeoOpa3oBaHHIO
Bexnynna
w=12(In&)zz + wo,
2 2
€t€z + w2€z + 453:{1:1 - 3£a:z = 07
§zt + w2§za: + Ea:za: = 07
(w2)t + 'UJ2('UJ2)I + ('UJ?)za:z = 0,
KOTOpOE CBA3bIBAET PELIEHMs W U w2 ypaBHeHUH KopreBera— ne ®pusa. Mcknouu wa U3 BTOPOro

U TPETbEro ypaBHEHHI (43), MOXXHO BBLIBECTH ypaBHEHHE AN (QyHKUMH &, KOTOPOE C NMOMOILLbIO
NOAXOAAIMX NPeoOpa3oBaHUii CBOAUTCS K CHCTEME JIMHEHHbIX YPaBHEHUIA.

43)

IIpumep 7. Paccmotpum ypaBHeHue Kanomuera— [leTBualiBuiau

3 (8w dw 83w> 8w _o,

— N\t w——+ - a——s
oz \ Ot oz oz3 oy?
KOTOpOE MpeACTaBiIseT coboil nmpumep MHTerpupyemoro oGobuienus ypaBHenus Kopresera — e
®pusa Gonbliel pa3MEPHOCTH U 60j1ee BLICOKOrO MOPSAKA.
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[Iposepra ypasnenus na mecm [lennege. B MHOrOMEpHbBIX Ciy4dasx MCIONb3YETCs aHaJIOr pasio-
xenus (25):

Wz vt = 5 O wn@.0E", €= - zo(u.0). (44)
m=0

banaHc BeayLMX CHHIYASPHBIX 4eHOB Ans ypaBHeHHs Kapomuesa— IlerBuaiuBuam naer taxoi
JKe pe3ysbTarT, Kak M B ciiydyae ypaBHeHus Kopresera— ae ®pusa

p=2 w=-12 (m=0).

B pe3ynbrare noacraHoBku pasnoxkenus (44) B UCXOAHOE ypaBHEHHE MONYYUM

oo
Wiz + WWer + ’U.)g + Wrzze + QWyy = Z gm_GEm(:% t) =0,
m=0

Em(y,t) = (m+1)(m — 4)(m = 5)(m — 6)wm + - -

BunHo, uro umeercs Tpu pezoHanca: m =4, 5, 6. [lns nposepku Tecta @ykca— Kosanesckoi —
Iennese 3anuiIeM peKyppeHTHbIE COOTHOLLEHHS JUIsl NIEPBbIX CEMU YJICHOB Pa3oXKEHHS

Eo = 10wo(wo+12) =0
Ei =12wi(wo+2) =0
E» = 3[2(& + a&) + w2)wo + wi] = 0
E3 = a(w1)yy — 2(wo): — 4a(wo)y€y — 2[awolyy — (&t + 0532, + w2)wi — wawo] = 0
Es = a(wo)yy — (w1)¢ — 2a(w1)yéy — awi€yy =0
Es =a(wi)yy =0
Ees = a(wQ)yy + {(w3)t + 2a(w3)y€y + awayy) +
+2[(&¢ + a&) + waws + Twj + wswr + (wo+12)we]} =0 (m = 6).

Tpu nocnexHUX COOTHOLIEHHS (KOTOPbIE COOTBETCTBYIOT PE30HAHCAM) B CHIIY MPEABIAYIHX COOTHO-
LIEHUH BBINOJHSAIOTCS TOXAECTBEHHO M HE COAEPXKAT Wa, Ws, We. [10NyuyeHHBIH NPOHU3BOA B YEThIpE
byHkumu (€, wa, ws, We) PELICHUS PACCMaTPUBAEMOr0 YPaBHEHHMsl YETBEPTOrO NMOPSAKA yKa3bIBacT
Ha BblNONHEHUe cBoicTBa [lennese.

Yceuennoe pasznodcenue u npeobpasosanue bexnynoa. Wcnons3oBaHue yceuEeHHOro pasioxe-
Hud (42) npuBoAMT K npeobpa3oBanuio bexnynna (ans ynpouienus nonaraem a = 1)

w=12(In &)z + wa,

Eibr + 4ooze — 32, + & + w2kl =0,

gzt + gzxa:x + gyy - w2£xa: = Oa

(w2)tz + wa(w2)zz + (wz)i + (w2)zzze + (W2)yy = 0.

HcknouuB wz U3 BTOPOrO M TPETbEro0 YPaBHEHMH, MOXHO MOJYYMTb YpaBHEHHE Ans GyHKuuM &,
KOTOpOE B CBOIO OuUepeb MO3BOMSAET NEPEHTH K PEIICHUIO CHCTEMbl TMHEHHBIX YPaBHEHHUI.

3 3
([l

~

3
I

3 3
o

A/\g\/\/\/\
I
G W N = O

10.3.2. AHaAM3 HEAMHEHWHDbIX CUCTEM YPaBHEHUH MaTeMaTUueCcKo GU3UKHU Ha TecT
MeHneBe

CucreMbl ypaBHEHHUH C YaCTHBIMH MPOU3BOJHBIMH TAKKe IMMOJIE3HO MPOBEPATH HA
tect [lennese. [IponnmocTpupyem 3T0 Ha KOHKPETHOM MPHMEDE.

IIpumep 8. PaccMoTpuM MOJEIbHYIO CUCTEMY YpaBHEHUH

ow ow 1 8c? ?w

— tw—=—-——4v—,

ot Ox 2 Oz Ox? (45)
dc d(we) 8%

ot ox  Xoz2
KOTOpaﬂ ONUCLIBAET KOHBEKTHBHbBIH ﬂCpCHOC aKTHBHOﬁ ﬂp“MCCl’l B Bﬂ3K0l71 XKHUJAKOCTH, KOrjaa oHa
OKa3bIBACT 06paTHOC BJIUAHUE HA TCUCHUEC '-lepe3 JIaBJICHUEC, KBaﬂpaTH'{HO 3aBUcCALlEC OT KOH].[CHTpa].ll/ll/l
ﬂp“MCCI’l. TaKHM” ypaBHCHHﬂMH OINUCBLIBACTCA TaAKXE Oﬂ,HOMCpHOC TCUYCHUC 3J]CKTp0npOBO,£lHOFl
XHUAKOCTH B MAarHuTHOM 1NOJE C 60J'lb].|.ll/lM MArdiuTHbIM JAaBJICHUEM.
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IIposepka cucmemvl na mecm Ilennese. I1o ananoruu ¢ pasnoxenuem (25) NpeaCcTaBUM UCKOMbIE
BEJIMYMHbI B BUJIE

wiz, )= 2 D wn(OF", @)= g D en(DE", €=~ zo(t)
m=0 m=0

U3 Gananca BeayLMX CHHTYJISPHBIX UICHOB YPaBHEHUI HaXOAUM

2
p=/8=1) Wo = —X, CO=X(2V_X)'
PCKyppCHTHblC COOTHOLICHMA IJ1 4JICHOB PAa3jI0KCHHUA 3alMILIEM B MAaTPUYHOM BHUAC:

[—(m —2)(x+v(m-1)) (m-2)co ] [’wm] _ [fm—l]

(m —2)co —(m —2)mx T lgm-1 |
Benuuunbl frm_1,gm—1 3aBUCAT OT QYHKUHH Wo, . .., Wm—1,C0, - -.,Cm—1,Z0. YCIOBHE OJHO3HAY-
HOW Pa3pelIMMOCTH MaTPUYHOTO YPAaBHEHMs OTHOCHTENbHO YKA3aHHBIX CTapiiux kodhduuueHToB
HapyliaeTcs npu OoOpAILEHHH B Hylb XapaKTEPHCTHYECKOTO ONpeaenutens (Ciy4yail BbIPOXKACHHOM
MAaTpPHLbL), U TOrAA 3TH KO3(MGULMEHTbI MOTYT OKa3aThCs NPOM3BOIbHBIMU. TeM CaMbIM PE30HAHChI
ONPEACNSIOTCS U3 YCIO0BUs

Cm

vx(m+1)(m—2)>(m -2+ x/v) =0
M BCE OKa3blBAIOTCH LIENbIMU MONOKHUTENbHBIMU (33 MCKJINOYEHHEM 0co0Oro pesoHaHca m = —1)
TOJILKO NpH eauHUyHOM uncie [pauatis Pr = v/x = 1. [Ipu 3ToM oauH pe3oHanc m = 1—npocroii,
a Ipyroil m = 2— KpaTHbIii, TaK 4TO B UTOrE BCEX PE3OHAHCOB YEThIpE.
BbInucap nepBbie TPU PEKYPPEHTHBIX COOTHOLLEHUS:

g +wo(wo+20) =0, wo+v=0 (m =0),

coc1 + wo(€r +w1) =0, woer +co(&e +w1) =0 (m=1),

(wo) =0, (co)e =0 (m=2),
yGexaemMcs, YTO ]I PE30HaHCa m = 1 BHINONHAETCA YCIOBME COBMECTHOCTM, MOCKOJbLKY JBa
COOTHOIEHUS Npu m = 1 coBnamawT B cuiy BbipaxeHuil mpu m = 0. Kparubiii pesonanc

m = 2 TaloKe YIOBIETBOPSET YCIOBUIO COBMECTHOCTH 01aroaps nocTosHCTBY 060ux k03(dHLEeHTOB
wo, ¢co. OTcrona cnenyer, uro cBoiicTBo IleHneBe N ypaBHEHUH aKTHUBHOH NPUMECH OKa3blBacTCs
BBINOJIHEHHBbIM (pu v/ x = 1).
Yceuennvie paznoscenus u npeobpaszoeanue Bexnynoa. cnonb3ys ycedeHHbIE pa3noxeHHs pe-
IIeHU Buaa
w=ﬂ+w1, c:c—°+c1
£ 3

MOXCHO NOAY4YHTb npeobpa3oBanue bexnyHaa ans ypaBHeHUH akTUBHO#H mpumecH (45):

wo = —v€s, o= Fv&s,
&+ (w1 F a)ée = Véaz,
(w1)e + w1 (wi)z = —ci(er)e + v(wi)za,

(c1)t + (wier)z = v(c1)za-
U3 cpaBHeHus ¢ npeobpazoBaHueM beknyHna mns ypaBHeHus broprepca serko BUAETb, YTO mocie
NEPEXoaa B BHIMMCAHHOM NPEOOPa30BaHUH K PAa3HOCTHBIM H CYMMAapHbIM NEPEMEHHbIM OHU COBMAAYT.
JleHCcTBHTENLHO, HCTIONb30BAHHE TAKMX 3aMEH NIEPEMEHHBIX B HCXOAHBIX YPABHEHUAX NPH €AMHHYHOM
yucne [Ipanarns mpuBOAMT k nape pasAcibHbIX yYpaBHEHUil Broprepca:

St + SSz = VSzz, S=W-c,
re+ Ty = Urzg, T=W—C,
Ka)/10€ U3 KOTOPbIX CBOAUTCA K JIMHEHHOMY YpaBHEHUIO TEIUIONPOBOAHOCTH (CM. mpumep 5).

o8 3aodauu u ynpasxcnenus K paso. 10.3

1. Ilposectu Tect Ilennese s HEAMHEHHbIX ypaBHEHUH BTOPOro nopsaka:
a) w: + wwz = aWgg + bz,
b) wi + wwe = awgz + b(t),
¢) wt+ wwz = awgg + b+ cw,
d) wt +wwy = a(t)wgs,
€) wi = Wee + a(wz)® + b,
f) w: = (W wz)a,
2) wi = a(wwg)e.
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2. IIposectu Tect IlenneBe ans MOAM(PUUMPOBAHHOrO M LMAMHAPHUECKOro (chepuueckoro) ypaBHe-
Huii Kopresera— ae ®pusa:

a) wi + w'we + Weze = 0,

b) wi + wwy + Weze +at " w =0
npu a = 1/2 u a = 1 (uccnenoBarhb TaKxke Ciay4ai IPOU3BOIBLHOTO a).
3. IIposectu Tect Ilennese ans ypasHenus I'appy — [uma:

Wt = W Wers.
4. Ilposectu Tect Ilennese A1 HENMHEHHBIX YpPaBHEHUH TPETHEro MopsakKa:

a) Wt + Weze — a(wz)Qa

b) Wt + Wrzz — a(wz)s,

¢) wr = (w 3wz ) sz
S. Ilpoeectu Tect Ilennese ans ypaBHEHMA CTAUMOHAPHOIO TMAPOAMHAMUYECKOTO NOrPaHUYHOrO
cnost:

WyWee — Walyy = VWyyy + f(2).

6. IIposectu Tect [lennese ana ypaBHenuii Byccunecka:

Wit = (w'wz)z + Wezza.

7. Ipoeectu Tect [lenneBe Ans ypaBHEHHUS MATOro NOpsAAkKa (OHO OMUCHIBAET BOJHBI MOJ JICASHBIM
IIOKPOBOM)

W + WWg + QWrzz = DWerrrz.

Vkasanue. Vckarp peluenns tuna Gerywei BoaHsl w = w(z), z = & — At. [Ipounrerpuposars
nosny4yeHHoe oObIKHOBEHHOE N depeHLHanbHOe YPaBHEHHE OMH pa3 MO Z U Jajee MPOBECTH TECT
Ilennese.

8. IIposectu Tect [lennese ang cucTeMsl ypaBHEHUH ra30BOH AMHAMMKU:
pt + (pv)z =0,
(pv)e + [p° + p(p)]z = 0,
npu p(p) = ap” (n =0, 1, 2).
9. INposectu Tect [lenneBe A HENMMHEHHON CUCTEMbI YPaBHEHUI BTOPOro MOpsAKa:
Ut + a1uwy = biugs,
wt + 2wz = boWgsz.
@ Jumepamypa k pa3o. 10.3: M. Jimbo, M. D. Kruskal, T. Miwa (1982), J. Weiss, M. Tabor,
G. Carnevalle (1983), J. Weiss (1983), R. Conte (1989), M. Musette (1998), B. A. I'opoauos (1998,

2000), 4. M. Knumos, B. I'. Baiinynos, B. A. I'opoauos (2001), A. . [Tonsxun, B. ®. 3aiiues (2002),
H. A. Kynpsios (2004).

10.4. MocTpoeHue peleHUuin HeAMHEUHbIX YPaBHEHUH,
He ypoBAeTBOpsAlowWwMX Tecty lNMeHneBe,
C MOMOLLbLIO YCEUEHHbIX PA3A0XKEHUM

B HexoTophIX ciydasx ycedeHHble pa3inoxeHus Buaa (30) MOXXHO HCIIONB30BaTh IS
HOCTPOEHUS TOUHBIX PELICHUH HEIHHEHHBIX YpaBHEHUH MaTeMaTH4ecKoi (QU3UKH,
KOTOpBIE HE yIOBIETBOP:AIOT TecTy [lennese. B 3ToM ciydyae mapamerp pasnoxe-
HHUS p NOJDKEH OBITH LETBIM IIOJIOKHTENBHBIM YHCIIOM; OH OINpPENeNseTcs TOYHO
TaKuM ke 00pa3oM, Kak Ha IIEPBOM JTale NMPOBEPKH ypaBHEHUs Ha TecT lleHnese.
[TponmttocTpupyeM cka3aHHOE Ha KOHKPETHOM IPHMEDE.

IIpumep 9. Paccmorpum HenuHeliHOe ypaBHeHne Auddy3uu ¢ KyOUUECKUM HCTOYHHKOM
Wy = Wey — 20°. (46)

Ilepewiii sman. [loncraBum B ypaBHeHue (46) rmaBHbli uneH pasnoxeHus (25), a 3arem o6e yactu
TO/Iy4EHHOTrO BbIpaXeHHsa yMHOKHM Ha EPH2. meem

wo€? + pwozo€ = p(p + 1)wo — 2wie> 2P,
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e £ = x — To, To = To(t), wo = wo(t). U3 Gananca cTapuux 41eHOB (YYUTHIBAIOTCS NMEPBOE U
[OC/eIHEe cnaraemble B IPaBOH 4acTH), HAXOAUM

p=1 wo==1 (m =0). @7

HOCKOJ'Ibe P — UeJ0€ MNOJIOXKUTEIBHOE 4YUCJIO0, TO IEPBOEC HeoOX0AuMOEe YyCI0OBHE TECTa Ilennere
BbIIMOJIHECHO.

Bmopoﬁ aman. HOCKOJ'Ibe YPaBHEHHUE UHBAPHAHTHO OTHOCHUTEJILHO 3aMEHbl W Ha —w, AOCTa-
TOYHO pPACCMOTPETb MOJIOXKUTEIbHOC 3HAYEHUE Wo B (47) HO3TOMy AJ1d onpeACC€HUA PE€30HAHCOB
NnoACTaBUM ABYYJICH

w = E_l +wm§m—1

B BEAYILHE UNeHb Woy H bw® ypaBHeHns (46). «CoBMpas» 4eHbl, MPONOPLUHOHATLHBIE W, HMEEM
(m4+1)(m—Dwne™ 3 +...=0.

IpupasnuBas Beipaxenue (m + 1)(m — 4) Hynio, Haxogum unaexc Oykca my = 4. [lockonbky oH
LeNbIi U MON0XKUTENbHBIH, TO BTOPOE HeoOXoauMoe ycnoBue [leHneBe BbINOIHEHO.

Tpemuii 3man. IloacraBuM pasnoxeHue (25) (CornacHo BTOPOMY 3Tally HY)XXHO YYMTHIBaTb
4ieHbl JO HOMepa m = 4 BKJIIOUMTEIbHO) B ypaBHeHue (46). MoxHO noka3aTh, YTO YCJIOBHE
COBMECTHOCTH (29) He BbINMONHSAETCA, I0OITOMY PACCMAaTPHBAEMOE YPaBHEHUE HE YAOBIETBOPSET TECTY
Ilennese.

Hcnonvsoeanue yceueHHO20 pasnodceHus ONA NOUCKA MOYHbIX pewlenui. Jlns nanbHeiliero
aHanM3a MCNONb3yeM ycedeHHoe pasnoxkeHue obuiero Buaa (30) npu p = 1 (310 CaeayeT U3 nepBoro
stana). B pesynsrate monyuum dopmyny (34). IloncraBnss (34) B ypaBHeHnue nuddysuu (46) u
«cobypas» 4ieHbl NPY OAMHAKOBBIX CTENEHAX &, UMeeM

€% (2wo2 — 2w) + €77 [wokt — 2(wo)ebz — Wokzz — bwowr ]+
+ 5_1 [_(wo)t + (wO)za: - 67.007.0%] - (wl)t + (wl)zz - 27-11:13 =0.
[pupaBHUBas HyNO YNEHbI NIPU OJUHAKOBBIX CTEHEHAX &, MPUXOAUM K CUCTEME YpaBHEHHUI
wo(ﬁz - 'UJg) = 09

wokt — 2(wo)o€s — Wobzz — bwywy = 0,

2 (48)
—(wo)t + (wo)zz — 6bwowy = 0,
(w1)t — (w1)zz + 27.0? =0.
U3 nepporo ypaBHeHus (48) umeem
wo = &z (49)

(BTOpOE pelleHHe, OTAMYAIOLIEECs 3HAKOM, HE PaccMaTpUBAeTCs, NMOCKOJbKY B UTOre NMPUBOAMT K
TOYHO TakoMy ke pe3ynbraty). [loacraBus (49) Bo BTOpoe M TpeTbe ypaBHeHMs (48) U COKpaTUB Ha
HEHY/IEBbIE MHOXKHTENH, MONYYUM

gt - 3€zz - 6w1€z = 07
—&at + Exna — 6w%€z =0.

INocnenHemy ypaBHeHHIO (48), KOTOPOE COBMAJAET C UCXOAHbIM ypaBHEHHEM (46), MOXKHO YAOBIETBO-
PMTb, €CIIH MOJ0XKHUTh

(50)

w; = 0. (51)
[Toacrasus (49) u (51) B popmyny (36), [ns peleHrs UMEEM CleLyIOLIee PeJCTaBNeHHE:
3
w= & 52
¢ (52)

rae ¢GyHkuus & OnuchIBaeTCs NepeonpeNeaeHHON IMHEHHON CUCTeMOii ypaBHEeHH, koTopas noay4va-
€TCs B pe3ynbTaTe NOACTaHOBKU 3HaueHus (51) B (50):

{t - 3{1: = 07
_gzt + §za:z =0.

IpoanddepeHupyem nepsoe ypaBHEHHE 1O T, @ 3aTEM UCKIIOUMM CMELIAHHYIO NPOU3BOAHYIO Wt
C TMOMOLLBIO BTOPOro ypaBHeHUs. MiMeeM &z = 0, oTkyna cneayer

£=pa(t)z” + 1(t)z + wo(t). (54)

(53)



174 TECT IIEHJIEBE [AJ11 HEJIMHEMHBIX YPABHEHUI MATEMATHYECKOHN ®U3UKHU

Jns onpenenenus GyHkumii o (t) noacrasum Boipaxkenue (54) B ypasuenus (53). [lonyunm
@r3” + P17 + g — 6p2 = 0,
—pax — ¢ = 0.

IlpupaBHuBas Hy;110 GyHKLMOHaIbHBIE KOI(DOULMEHTHI IPH Pa3HbIX CTENEHSAX I, @ 3aTEM HHTErpUpPYs
COOTBETCTBYIOILME YPABHEHHS, UMEEM

p2=C2 ¢1=C1, @o=6Cat+ Co, (55)

rae Co, C1, Cy — npousBonbHble nocrosiuuble. [loncraBuB (54) ¢ yuyerom (55) B dopmyay (52),
HaXO0[HUM TOYHOE pelleHue ypaBHeHHus (46):
w= 2C,x + C;
T Cox2 +Cz+6C,t+Cy

o6 3aoauu u ynpaxcnenus k pazo. 10.4

1. TlocTpoUTH YacTHbIE peleHHUs TOCIeHEro ypaBHeHus (48) Buaa w = w(x) u w = w(t). [loctpouts
COOTBETCTBYIOLIME TOYHbIE pelleHus nepeonpeneneHHol cuctemsl (50), a 3aTeM NOCMOTpeTh, kakue
TOYHbIE PELIEHUs] ypaBHEHHUS (46) MOXHO MOJYYHTb C HOMOLLBIO YCEYEHHbIX NPeoOpa3oBaHuii.

2. Mcnonb3ys yceueHHOe npeoOpa3oBaHue, NMOCTPOUTH TOYHOE pelleHue ypaBHeHust Hbrosnna —
Yaiitxena (Newell — Whitehead):

Wt = Wer + aw — bw?.

Vkasanue. Ucnonb3oBath Ty e MPOUEAYpPY, YTO U B mpumepe 9. Pewenne ypaBHenus ais wi
UCKaTh B BUAE w1 = k = const.

3. Hcnonb3ys yceueHHoe mpeoOpa3oBaHue, NOCTPOUTh TOYHOE peuleHue ypaBHeHuss Duru-Xbio —
Harymo (FitzHugh— Nagumo):

wy = Wzz + w(l — w)(w — a).

Vkasanue. Ucnonb3oBaTh Ty e NMPoLEAypy, YTO ¥ B npumepe 9. Peienue ypaBHenus s wi
uckatb B BUAE w1 = k = const.

4. Mcnone3ys yceuyeHHoe npeobpa3oBaHHe, NOCTPOUTh TOYHOE PELEHHE YPaBHEHUs:
Wt + WWwy = Wey — aw?.
VYkaszanue. Yicnonb3oBath Ty ke NPOLERYPY, YTO U B mpumepe 9.

5. IlocTpouTth TOYHOE pelieHue ypaBHeHus duiuepa:

Wi = Waz + aw — bw?.

Vkazanue. HaliTn Bun yceuenHoro npeoOpasoBaHus. [lonoxurs w2 = const, a TOYHOE pelueHue
Nepeonpeie/IeHHOH CUCTeMbl YpaBHEHHH A £ UCKaTb B BuAE Oerylueil BOJNHbI CELMalbHOrO BUJA:
& =1+ Cexp(kz — At).

@ Jlumepamypa k pazo. 10.4: H. A. Kynpswos (19904, 19905, 1993, 2004), H. A. Kynpsuwos,
M. b. Cyxapes (2001).



11. Metoabl o6paTHOM 3apaumu pacceaHUA (Teopusa
COAUTOHOB)

IlpenBapuTenbHble 3aMevyaHust. MeTo s 00paTHOH 3aa4y PacCesHUS OCHOBAHBI
Ha «HESIBHOW» JMHeapu3aluH ypaBHeHHil. OCHOBHas Hpaes: BMECTO HCXOIJHOTO
HETMHEHHOTO YpaBHEHHs C HEM3BECTHOH (YHKIMEH w paccMaTpHUBaeTcs BCIO-
MoraTeNnbHas NepeonpeeieHHas IMHeHHas CUCTeMa YpaBHEHUH Ui (BEKTOPHOM)
GyHKIMH o, TpudeM KOG (UITHEHTHI 3TOH CHCTEMBI 3aBUCAT OT W U MPOU3BOIHBIX
OT W IO HE3aBUCHUMBIM IEepeMEHHBIM. JIMHeHHas cucTeMa JUIi o BBIOMpaeTcs Tak,
YTO yCJIOBHE COBMECTHOCTH €€ YpaBHEHHH NPUBOIUT K MCXOJHOMY HETUHEHHOMY
YPaBHEHUIO AT QYHKIUH W.

11.1. Metop, OCHOBaHHbIW HA UCNOAb30BaHUM nap Aakca

11.1.1. OnucaHue metoaa. YenoBue coBMecTHOCTH. Mapbl Aakca
bynem uzy4are HelUHEHHBIE SBOTIOLMOHHBIE YPAaBHEHUS BHIA

ow
— =F(w 1
W~ F(w), ()
npaBast 4acTh KOTOPBIX F(w) 3aBUCHT OT GYHKUHMK w U €€ POU3BOIAHBIX MO T.
PaccMOTpUM JBa BCIIOMOTATENbHBIX JHHEHHBIX IU(G(EPEHIUATBHBIX YpaBHe-
HU, HepBOC U3 KOTOp])IX COOTBCTCTByeT 3a1a4e Ha CO6CTBCHHBI€ 3HAYCHUA H CO-

JEPXHUT NPOU3BOJHBIE TOJIBKO MO MPOCTPAHCTBEHHOH NEPEMEHHOH T:

Ly = Ay, ()

a BTOPOC YpaBHCHHUE OMHUCBHIBACT 3BOJIIOLUIO COOCTBEHHOM q)YHKI.II/II/I BO BpEMCHHU:

g_f — M. 3)
Koa¢duuuments! nuneitneix quddepeHmansHeix oneparopos L u M B ypaBHeHHX
(2) u (3) 3aBHCAT OT QYHKIUH W U €€ MPOU3BOJHBIX 10 I.

INockonbky cucrema (2)—(3) sBIseTCS MepeonpeneaeHHONH (Tak Kak HMEIOTCS
JIBA YpaBHEHHUS HA ONHY QYHKIHIO (), TO onepaTtopsl L u M He MoryT OBITH mpo-
U3BOJILHBIMH: OHH JIOJDKHBI YIOBJIETBOPATH YCIOBHIO COBMECTHOCTH. UTOOBI HAlTH
3TO yCIIOBHE, cHadana npoxuddepeniupyem (2) mo t. Cuuras, yT0 cOOCTBEHHbBIE
3HAYEHHS A\ HE 3aBHCAT OT BPEMEHH ¢, HMeeM

Lip + Lt = Az
3aMeHss 31eCh ; Ha MPaBYIo 9acTh (3), MOIy4YuM
Lip — LMy = —AMep.

VuauteiBas nanee cootHomeHuss AMp = M(Ap) u A = L, npuxoaum K yCIOBHIO
COBMECTHOCTH
Lip = LMy — MLy,
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KOTOPO€ MOXHO 3arucaTb B BUAC ONCPATOPHOr0 YpaBHCHHUSA

9L _ M — ML. &)
ot
loBopar, uro nuHeliHble oneparopsl L m M [wnu yuHelHbBle ypaBHEeHHA (2)
u (3)] obOpazytot napy Jlaxca nis HeMMHEHHOTO ypaBHEeHHUs (1), €ClTH YCIIOBHE COB-
MecTtHOCTH (4) coBmanaer ¢ ypaBHeHueM (1). B mpaBoii yactu ypaBHeHus (4) cTout
Kommymamop onepamopoé L 1 M, s KpaTKOH 3amucH KOTOPOTO UCTONB3YeTCs
o6o3nauenue [L, M] = LM — ML.
Taxum 006pa3zom, ecitu ynaeTcs nogoopars Noaxoaayo napy Jlakca, To aHamu3
HCXOIHOTO HENTHHEHHOTro ypaBHeHHs (1) MOXHO CBECTH K aHATU3y IBYX Oomee
MPOCTHIX JIMHEHHBIX ypaBHeHuH (2) u (3).

3ameuanune. Omnepatop M B ypaBHenusx (3) u (4) onpenensercss HEOJHO3HAYHO;
€ro MOYKHO 3aMEHHUTH I10 TPABUITY:
M = M + p(?),

rae p(t) — npousBosbHas GyHKIMs. I1a GYHKUMS HAXOAUTCS NPH PEILCHUH 3a1a4H
Komn nns ypasuenus (1) (cm. pasn. 11.4.2).

11.1.2. Mpumepsbl nap Nakca AN HEAMHEWHbIX YpaBHEeHUH MaTeMaTHYECKOU PU3UKH
[Ipumep 1. Ilokaxem, uro ana ypasHenus Kopresera— ae dpusa
ow Bw ow

ra + prca 6w—8x =0 (5)
napa Jlakca 3anaercs onepaTopamu
0?2 o3 o dw
L=w—-——, M=4——Ff —6w— —3— t 6
YT a2 Oz bw Oz 3 Oz + (), ©

KOTOpbIE NPUBOAAT K JIMHEHHbIM YPaBHEHUAM

Pz + ()‘ - w)cp = 07 (7)
@t + 4pcze — bwpz — 3wz + p(t)p = 0.

3pech p(t) — npoussonbHas GyHKuusL.
HerpynHo yb6eanTbcs B cipaBeasIMBOCTH (hopmyn
LM(9) = — 4@rzzzz + 10Wpeee + [15we — p(t)]pzz + (12wee — 6w*) 0z +
+ [Bwezz — 3wwz + wp(t)]e,
ML(p) = — 4¢zezzz + 10WPses + [15ws — p(t)]pes + (12wez — 6w )z +
+ [AWeze — Ywwe + wp(t)]e,
rae ¢(x,t) — npoussonbHas ¢yHkums. Otcrona ciaexyer
LM(p) — ML(p) = (—Wzee + 6wwa)ep. ®)
U3 (6) u (8) nonyuum
L: =wy, LM — ML = —wzz; + 6ww,.
IoacraBuB 311 BhIpaXkeHUs B (4), npuxoauM K ypaBHeHnuio Kopresera— ne ®pusa (5).

3ameuvanue. [lpouenypa pewenns 3agauu Kowm ans ypasuenus (5) onucana B pasaene 11.4.

Jluneiinpie ypaBuenus (2) u (3) mwis BcnoMorarenbHOH GyHKINHN ¢, 06pa3yro-
mue napy Jlakca, MOryT ObITh BEKTOPHBIMH (B 3TOM CiIydae JHHEHHbIEe onepaTopsl L
u M OynyT 3agaBaTbcs MaTpuiamu). JIpyruMu CIIOBaMH, BMECTO OJJMTHOYHBIX YpaB-
HeHu# (2) u (3) MOTYT CTOATH COOTBETCTBYIOIIHME CHCTEMBI JIMHEHHBIX YPaBHEHHH.
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IIpumep 2. Ypasueuue sh-I'opaona
Wee = 4ashw
MOXCHO NPEACTaBUTb B BHJE BEKTOPHOMH napsl Jlakca

rac

1 0 Oz + Swe af 0 e¥
("2 (CPQ), <ax—%w1- O ’ B e—w 0 ’

rae 8; — oneparop audhepeHuMpoBaHus mo .

Omnpenenenne naps! Jlakca 1 3aJaHHOTO HETMHEHHOTO YPaBHEHHS NPEICTaB-
aseT cobOf BechbMa CIIOXKHYIO 3a/aqy (KOTopas, B NPHHIHIE, pa3peliuMa TOJIbKO
JUIS OTACTBHBIX ypaBHeHHUH). [10aTOMYy IS «HESBHOW» JMHEapU3alMU ypaBHEHHUH
OOBIYHO HCMONB3YIOT 0OJiee MPOCTOM METOM, ONMCAaHHBIN Janee B paszn. 11.2.

o8 3aoauu u ynpaxcuenun K paso. 11.1
1. IIpoBepuTh CNpaBeUIMBOCTb PE3Y/LTATOB, IPUBEACHHBIX B MpUMeEpE 2.

Vkasanue. Ilepeiitn ot MaTpuuHoit Gopmsl 3anucy napsl Jlakca K cxansipHOW cucTeMe ypaBHEHUH.
Jnsi nonyveHus yCaoBUil COBMECTHOCTH UCMONB30BaTh PaBeHCTBA (1)t = (01)tz ¥ (¢2) 2t = (¥2)tz,
/i€ BTOPbIE MPOU3BOJHBIE ONPEACNAOTCA NyTeM A depeHIHpOBaHUs YPaBHEHUH.

2. IlokasaTb, yTO HeaMHeiiHoe ypaBHeHue Llpeaunrepa

iaw + — Ow + ajw|*w =0
ot e

MOXET ObITb MPECTaBACHO B BUAE BEKTOpHOH napb! Jlakca

Ly = Agp,

pr = —Mo,
rae

, _ % _ Jwl® =
P2 w i(1-p)Z Wy pW"‘ le

a = 2/(1 — p?), uepra cBepXy 0603HAYAET KOMILIEKCHO COMPSIKEHHYHO BETUUUHY.

Vkasanue. Ilepeiitn ot MaTpuuHoit Gopmsl 3anucy napsl Jlakca K cxansipHOW cucTeMe ypaBHEHUH.
Jnsi nonyveHus yCaoBUil COBMECTHOCTH UCMONb30BaTh PaBeHCTBA (1) 2t = (01)tz ¥ (92) 2t = (¥2)tzs
/i€ BTOpble NPOU3BO/IHbIE HAXOAATCS NyTeM AnddepeHLpoBaHus ypaBHeHHit. TpeTby NPOU3BOAHBIC
no z Bbruucasiores no popmynam [(©1)e]ez ¥ [(¢2)z]ze, rae nepsbie mpoussoausie (¢1)z U (¢2)z
ONpEAENSAIOTCA U3 NEPBOi Napbl CKAISIPHBIX yPaBHEHHIA.

@ Jlumepamypa k pa3zo. 11.1: C. S. Gardner, J. M. Greene, M. D. Kruskal, R. M. Miura (1967),
P. D. Lax (1968), B. E. 3axapos, JI. [I. ®aanees (1971), B. E. 3axapos, A. b. Llla6ar (1971, 1974),
M. J. Ablowitz, D. J. Kaup, A. C. Newell, H. Segur (1973, 1974), B. E. 3axapos, C. B. Maunaxos,
C. I1. HoBuxkog, JI. I1. [Turaesckuii (1980), JI. A. Taxramxsan, JI. 1. ®axnees (1986), M. Abnosul,
X. Curyp (1987), P. Joan, dx. Dinbek, dx. I'm66on, X. Moppuc (1988), M. J. Ablowitz,
P. A. Clarkson (1991).

11.2. MeTtoA, UCNOAB3YIOLUIKA YCAOBHE COBMECTHOCTU CUCTEM AMHEMHbIX
ypaBHEHUH

11.2.1. O6wan cxema. YcrnoBUe COBMECTHOCTH. AMHEHHbIe CUCTEMbI C ABYMA
ypaBHEHUAMMU

PaccMoTpuM 1Be CUCTEMBI TMHEHHBIX YpaBHEHUI:

¢t = By, (10)

12 A. 1. lNonsaHun, B. ®. 3aiines, A. U. XKypos
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e ¢ €CTh N-MEpHBIH BekTOp, a A u B sBiusioTcsa nxn-matpunamu. [IpaBsie yactu
cucreM (9) u (10) He MOTyT OBITH MPOU3BOJILHBIMH, OHH JOJDKHBI YIOBIETBOPATH
YCIOBHIO COBMECTHOCTH. UTOOBI HalTH 3TO yciloBHe, mpoauddepeHIupyeM CH-
crembl (9) u (10) COOTBETCTBEHHO MO ¢ ¥ X, & 3aT€M HCKIIOUHAM U3 MOJYYEHHBIX
COOTHOIICHUH CMEIIaHHYIO MPOU3BOIHYIO (Oy;. 3aMEHSAS Jajiee MPOU3BOIHBIE (Vg
U ; npaBeIMH yacTamu (9) u (10), umeem

Ay — By +[A,B] =0, (11)

rre [A, B] = AB — BA. Oka3sbiBaercs, 4T0 115 33JaHHOM MaTpULBI A HMeeTCs po-
CTasi NelAyKTUBHAs MpoLEaypa Ui HaXxoxIeHus B, B pe3ynbrate KOTOpO# ycinoBue
coBMmecTHOCTH (11) mpeBparaercs B HETUHEHHOE 3BONIOIHOHHOE YPaBHEHUE.

Jlanee orpaHHYMMCS UCCIIEOBAaHHEM YaCTHOTO CIydas, KOrma BeKTOp-(YHK-
LU (0 UMEET JBE KOMIIOHEHTHL: (p = (gl ) BriOupaeM TMHEHHYIO CUCTEMY ypaB-

2
HeHul (9) B BUIC
(p2)2 = g1 + iAp2,

r7ie A— CIIEKTpaIbHbIH napameTp, f U g— HEKOTOpsIe (B 00IIeM Cliydae KOMILIEKC-
HO3Ha4HbIe) QYHKIHH JBYX IEPEMEHHbIX z U t, i2 = —1. Cucremy (10) nomomaum
HauboJiee O0MIeH TIMHEHHON CUCTEMOI, Co/ieprKamiel MPOU3BOIHbIE MO ¢:

(p1)t = Ap1 + Bog,

13
(p2)t = Co1 + Do, (13)

rne A, B, C, D — Hexoropble (QyHKUMH (3aBHUCAIIME OT NEPEMEHHBIX I, ¢ U
nmapaMerpa ), HOMIEXKAIIHe ONIpeNeNeHHI0 B Xoje aHanm3a. luddepeHumpys
ypaBHenus (12) mo ¢, a ypaBHenus (13) —no z, u nonaras (¢12)zt = (©1,2)tzs
HOJYYHM YCJIOBHUS COBMECTHOCTH B BHJIE

Aa::Cf_Bg7
B, +2iAB = fy — (A— D)f, (14)
Cy—2iNC =g+ (A—D)g,
—D, =Cf — Bg.

IlJ'IS[ YIPOIICHHA BBIKIIAOK IMOJIOXKHUM
D =-A.

B 3toMm crmydae nepBoe u nocienHee ypaBHenus (14) cOBmaayT U OCTaHYTCA TPH
ONPENENSIONINX YPAaBHEHUS:

Aa: = Cf - Bg?
B, +2\B = f, — 24f, (15)
Cy — 2NC = g, + 2Ag.

Tpebyercs Boipasute pyHkuuu A, B, C' gepes f, g. Obmiee pemenue cucremsl (15)
JUISL IPOU3BOJNBHBIX GyHKIUMHA f M g momy4uTs He ymaercs. [lanee OyneM HCKaTh
€€ YaCTHBIE PEIIeHHS B BHJIE KOHEUHBIX PA3NOKEHHH IO MOJIOKUTEIBHBIM HIIH
OTpHLIATETBHBIM CTETICHIM IapaMeTpa A.
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11.2.2. PeweHue onpepeniiowmux ypaBHeHU B BUAE NOAMHOMOB NO CNeKTpaAbHOMY
napameTtpy. Mpumepbl

[Ipocreiimme paznoxxeHUs MCKOMBIX (QYHKUWH, MPUBOAAIINE K HETPHBHAIHEHOMY
PE3YJIBTAaTy, HMCIOT BHA KBAAPATHYHBIX IMOJJHMHOMOB IO MapaMETpy A
A= AQ/\2 + A1\ + Ao,
B = By)\? + Bi\ + By, (16)
C = Cy\? + C1 )\ + Co.

[loncraBum (16) B (15) M «cobGepem» uileHBI NMPH OAMHAKOBHIX CTeMeHIX A. B
pe3yJIbTaTe MONYIHUM:

N (Agz — Cof + B2g) + A(A1e — C1 f + Big) + Age — Cof + Bog =0, (17)
2iA\3 By + \?(Bag +2iB1 +2As f) +
+A(Biz+2iBy+2A1 )+ Boz +2A0f — ft =0, (18)
—2iX3Cy + X2(Cay — 2iC1 —2A459) +
+A(C1z —2iCy—2A19) + Cor — 2409 —g: = 0. (19)

[pupaBHsieM MOCIENOBAaTENBHO HYIIO KO3((UIMEHTH NPH OJWHAKOBBIX CTEIle-
Hax \. M3 paBeHCTBa Hymo K03(hHIHMEHTOB NpH \> HMeeM

By = Cy = 0. (20)

I[pupaBHuBas Hymo kodQduuuenTs 1pH \> ¥ yunThiBas (20), MOTYyIHM COOTBET-
CTBEHHO
Ay =a=const, Bj=iaf, (1 =iag. 2D

[IpupaBusem Hymo kodbduuueHt npu A B (17), a 3arem 3amenum B; u C)
cornacHo (21). Umeem Ay, = 0, otkyma A; = a; = const. J[ns mpocToTs nanee
OyIeM paccMaTpUBaTh CHICLHANBHEIN ciy4dail a1 = 0 (MPOM3BOIBHOMY 3HAYEHHIO G
COOTBETCTBYIOT OoJiee O0LIHE pe3yabTaThl), T. €.

Ay =0. (22)

VYpaBHeHus, nonydeHssie u3 (18) u (19) npupaBHuBaHHEM HyIIO KO3(Q(HUIIHEHTOB
mpu A, ¢ yaerom (21) u (22) narot

By = —5afs, Co= 5ags. (23)
Ipupasuusas B (17) Hymo koddduuuent npu \°, mocie HHTErpHpOBaHUS HMEEM

Ay = %a fg+ag, Tne ag— npousBoabHas nocrosHHas. Kak u paHee, 11t IpOCTOTHI
nonaraeM g = 0, YTO NMPUBOJMUT K BBIPAKECHHUIO

Ay = Fafg. (24)

B pesynprate ypaBHenus (18) u (19) c yuerom (23) u (24) npUHHMAIOT BHI
(cootBeTcTBYIOT 3HaYeHHIO A = 0):

ft= _%afa:m + af29,

(25)
gt = %ag:c:c - afg2'
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[Toncrasus (16), (20)—(25) B ypaBHenus (13), nonyyum

(p1)e = a(X* + S f9)p1 + a(iNf — 5 fa) 2,
(02) = a(irg + $92)p1 — a(A* + 5 f9) 2.

Takxum o0pa3om, nBe nuHeiHble cucTteMsbl (12) u (26) OyayT COBMECTHBI, €CITH
¢byHkUMYU f ¥ g YOOBIETBOPSIOT CUCTEME C KyOU4ecKo# HenmuHeiHoCThIo (25). [pu

g=—kf, a=2i (27)

rae k — meiicTBUTENbHAS MOCTOSHHAS, a YyepTa CBepXy 0003HauaeT KOMIUIEKCHO-
COTIPSKEHHYIO BETHYUHY, 00a ypaBHeHUs (26) NepexoaaT B OJHO U TO Ke HETHHEH-
Hoe ypaBHeHHe LlIpeaunrepa

ife = foa +2KIFIf (FF=fP). (28)

AHaNOrHYHBIM 00pa30M MOXKHO 33/1aTh APYTHE MOJUHOMBI MO A M ONpPEAEITHTh
COOTBETCTBYIOLINE UM JIMHEHHBIE CHCTEMBI, TOPOXKJAIOLINE HETHHEHHbIC YBOTIOLHU-
OHHBIE YpaBHEHHUS.

Ipumep 3. INouck pewenuii onpeaenstoleii cuctems! (15) B BUe MONMHOMOB TPEThEH CTENEHU
M0 A\ NPUBOJMT K CJIEAYIOLIEMY PE3YabTaTy:

A=a3)’ +a2)’ + $(asfg + a1)A + Fazfg — Lias(fg: — gfz) + ao,
B =iasfA’ + (ia2f — Lasfe)\ +iarf + Liasf’g — Tasfs — Lasfee, (29)
C = iazg\’ + (ia2g + +asge) X +ia1g + Yiasfg® + La2g: — Tiazges,

(26)

e ao, a1, a2, a3 — MNPOU3BOJbHbIE NOCTOsIHHbIE. COoOTBETCTBYIOLIHME (29) IBOIIOLMOHHBIE YPaBHEHUS
anst GyHkuui f, g MMeroT BUA

ft + %2’03(_][1:1 - 6fgfz) + %0'2(][12 - 2f2g) - Z‘alfa: - 2aof = 0,
gt + Lias(grez — 6£992) — +a2(gax — 2fg°) — ia1gz + 2a0g = 0.

PaccMOTpuM [1Ba Ba)KHBIX YaCTHBIX Ciyuas, IPUBOJALUMX K UHTEPECHBIM HEJIMHEHHbIM ypaBHe-
HUSIM MaTeMaTH4eCKON (QU3UKU.

1°. Ilpu

(30)

ap=a1=a2=0, az=—-4, g=1
BTopoe ypaBHeHue (30) yaOBAETBOPSETCS TOXKAECTBEHHO, a nepsoe ypasHeHue (30) nepexoaut B
ypaBHeHue Kopresera— ne ®pusa
2°. Ilpu

ao=a1=a=0, az=-4i, g==xf
06a ypaBHenus (30) nepexoasr B OAHO M TO e MoaubuUMpOBaHHOe ypaBHeHue Kopreeera — ne
®pusa

ft + fza:z + 6f2fz =0.

IIpumep 4. Bynem uckaTb Tenepsb pelieHue onpeaensowei cucremsl (15) B Buae npocreiiiiero
OJHOYWIEHHOT'O Pa3/I0XKEHUS MO OTPHLATE/IbHBIM CTENEHIM A:

A=a(z,t)A™", B=bz,t)A\™", C=c(z,t)A7". (31)
B pe3ynbrare NpUMXOANUM K CIEAYIOLIMM COOTHOLUEHUAM:
az = +i(fg)e, b=—-Lifs, c= Ltig. (32)
CoorBercrytouiye (32) 5BONIOLMOHHbIE YpaBHEHUA Ml GyHKUMi f, g 3anKCbIBAIOTCA TaK:
fat iaf, 33)

gzt = —4iag.
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Ecnu nonoxurs

a=+icosw, b=c= Ltisinw, f=-g=-Fuws, (34)
TO TPU COOTHOWIEHHS (32) NPUBOAATCA K OJAHOMY W TOMY K€ YPaBHEHUIO — YDaBHEHHIO CHHYC-
I'opnona

Wet = Sinw, (35)
a asa ypasHeHus (33) coBnanyT v nanyt auddepeHuuansHoe cneacrsue ypasHeHus (35):
Wezt = Wz COS W.

Taxum o6pa3om, 1MHelHbIe cucTeMbl ypaBHeHuUH (12) v (13), k03 dHLUMEHTBI KOTOPbIX ONPEAENAOTCA
¢dopmynamu (31), (34) u D = — A, COBMECTHBI, €Ci (PYHKUMUS U YAOBJIECTBOPSET YPABHEHUIO CHHYC-
I'opnona (21).

3ameuvanune. MHorna ompenensiomue ypaBHeHus (9)—(10) mo anamoruum c
(2)-(3) Taxxe Ha3pIBaKOT mapoii Jlakca.

o8 3aodauu u ynpaxcnenun K pazo. 11.2
1. BeiBectu dpopmynsl (29) u (30) u3 cucrems! (15).
2. Ucnonb3ys cucremy (30), nomyuuth HenuHelHoe ypaBHenue lllpeauurepa (28).

3. Haiitu nuneiinbie cucrembl Buaa (12) u (13), ycnoBue COBMECTHOCTH KOTOPbIX MPUBOAMUT K
ypaBHeHu1o sh-I'opaoHa:

wg¢ = shw.

Vkaszanue. Pewenue onpenenstoweid cucremst (15) nwmercs B Bune (31).

4. Haiitu dyHkunu f ¥ g, A0 KOTOPBIX YCIOBHE COBMECTHOCTH JMHEMHbIX YpaBHEHUH

$ze + (A —w)p =0,
et + foe+9p=0

naet ypaBHenue Kopresera— ne ®pusa:

Wt + Wrze — Bwwy = 0.

VYkasanue. YcnoBue COBMECTHOCTH MOJIyYMUTb, UCXOAS U3 PABEHCTBA Yrzt = Pirz, 00€ UACTH
KOTOPOr0 BBIYMCISIOTCA C MOMOILbI0 A depeHurpoBaHns HCXONHBIX ypaBHeHHUil. Peienue onpene-
JIAOLEro ypaBHCHl/lﬂ HUCKATb B BUC

f=HX+ fo,9=ag A+ go,
rae GyHkuMu f1,0 M g1,0 HE 3aBUCAT OT A.

5. K xakoMy ypaBHEHHI0 s (PYHKLMHM w NPUBOAMT YCJIOBME COBMECTHOCTH JBYX HENMHEHHbIX

ypaBHeHui# Puxkaru:
i = —aX"le” 4 arTTe TV,
0z = A+ wep — Ap°?

Vkasanue. YcnoBHE COBMECTHOCTH MNOJIYYUTb, MCXOAS W3 PaBEHCTBA Ytz = (Pgt, 00€ 4acTH
KOTOPOTO BbIUUCIAIOTCS C NOMOLIBbIO AU (HEPEHLIMPOBAHUS UCXOAHBIX YPaBHEHUIA.

6. Hanucarb YCJI0BHE COBMECTHOCTH NABYX JIMHEHHBIX CUCTEM ypaBHCHMﬁI

(p1)e = —idpr + Af2, (1)t = Apr + Ben,

(p2)z = Agp1 + idp2 (p2): = Cop1 — Aws.
Haiitu pelenue nojy4eHHOH cucTembl ypaBHeHud ans yukuuii A, B, C B Buge KyOMUeCkux
NOJIMHOMOB 110 NapaMeTpy )\ Ilonaras jajee f =w-— 1, ag= —1, BbIBECTH U3 YCJIOBHSA COBMECTHOCTH

ypaBHenue ['appu — luma:
we = 2w V) 1z

@ JIumepamypa k pa3o. 11.2: B. E. 3axapos, A. b. lllabar (1971), M. J. Ablowitz, D. J. Kaup,
A. C. Newell, H. Segur (1974), M. A6nosuy, X. Curyp (1987), B. E. 3axapos, C. B. Manaxkos,
C. I1. HoBuxos, JI. I1. Iluraesckuii (1980), M. J. Ablowitz, P. A. Clarkson (1991).
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11.3. Metop, OCHOBaHHbIW HA UCNOAB30BaHUU AMHEWHbIX
MHTErpanbHbiX YpaBHEHUH

11.3.1. OnucaHue meToaa

PaccMmoTpuM noaxon, mpemiosxkeHHbii 3axaposeiM 1 [1labaTom (1974), ocHOBaHHBIH
Ha HUCTIOJB30BAaHUM JTUHEHHBIX HHTETPATBHBIX YpaBHEHUH BUIa*

K(z) = Fle) + [ K@ )N sy ds ysa  (6)

roe F' u N —3anannsle pyHkimu, a K —uckomas pyHkums. B kakpom KOoHKpeT-

HOM ciny4yae N sBHO BeIpaxkaercs depe3 F. Oynkuum F, N, K, NOMHMO SIBHO

yKa3aHHBIX apryMEHTOB I, Y, 2, MOTYT 3aBHCETh M OT HEKOTOPBIX JOIMOIHHTEIBHBIX

apaMeTpoB t, J, . . . [Ipou3BoaHEIE IO TUM MTapaMeTpaM MOTYT MOSBIATHCS B UG-

(epeHIHaNbHBIX YPaBHEHHUAX, KOTOPBIM YIOBJIETBOPAIOT GyHKIMHU F' u K, HO ypas-

HeHue (36) paccMarpuBaeTcs MpHu (PUKCHPOBAHHBIX 3HAYEHHUAX STHX IapaMeETPOB.
Onpenenum oneparop A, cieayromum obpazom:

Arf(y) = {gw F(2)N (3 2,y) dz >

Bynem cuuTaTh, 9TO HpH KXIOM KOHKPETHOM BbIOOpe N MOXHO I0Ka3ath 00pa-
tuMocTh onepatopa (I — A,) u HempepriBHOCTS omepatopa (I — A;)~!, tne I —
E€OVMHUYHBIN OmepaTop.

ANTOpUTM MOKCKA HENHHEHHOTO YpaBHEHHsI, Pa3pEIIHMOr0 METOZIOM O0paTHOM
3a/1a4¥ paccestHysl, COCTOUT U3 TPEX MOCIIEA0BATEIbHbIX 3TAIOB, KPATKO ONUCAHHBIX
HIUKE.

1°. Konkperusupyercs BHI HHTErpaiabHOro ypaBHeHus (36). s storo 3amaercs
cBs3b Mexny Qyukumsamu N u F' (N Beipaxaercs yepes F).

2°. 3aparoTcs Ba NOAXOISIINX JIMHEHHBIX AU (epeHIHATBHBIX (OOBIKHOBEHHBIX
WY C YaCTHBIMH IPOU3BOJHBIMH) ypaBHEHUS Ui QyHKIuK F':

LpF=0 m=1,2. 37
3°. ®dynkuusa K ceazana ¢ F' ypasHenueM (36), KOTOpOe MOXKHO 3alTHUCATh B BUIE
I-A,)K=F. (38)

[HeilictByst onepatopamu L,,, Bxoasmumu B (37), Ha ypaBHeHHE (38), HOTyIHM
LpnI-A)K=0, m=1,2.
3TO ypaBHEHHE MOXXHO IIEpeNHcaTh B BHIE
(I-A)(L,K)=R,,, m=1,2

rae R,, comepxur Bce HeHyneBble WieHbl kKoMMyTaTopa [Ly,, (I — A, )]. IIpu sTOM
(36) u (37) momxkHBI OBITH BHIOpPaHBI TakuM OOpazoM, uToOwBl R, MoxHO ObLIO
NPEACTaBUTh B BHIE

Ryp=(0—-Ay)Mn(K), m=1,2,

* Takue ypaBHEHHS Ha3bIBalOTCH MHTErPANbHbIMU ypaBHeHusAMM Tuna [enbpanna — JleBurana —
Mapuenko.
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rae M,,(K) — nenuneitnsiii ¢pyukiponan or K. Ho oneparop I — A, oGparum,
nostoMy ¢yHkius K IODKHA yHOBIETBOPATH HENMHEHHBIM MU GepeHIHAIEHBIM
ypaBHEHHUAM

LK —-My,(K)=0, m=1,2. (39)

CrnenoBaTenpHO, KKAOE pelIeHHE JHHEHHOrO HMHTErpalbHOro ypaBHeHus (36)
ABJISIETCS TAIOKE PEeLIeHHeM HelMHHEHHbIX muddepeHnmanbHeIX ypaBaeHni (39). Kak
[PaBWIO, HAHOONBIIHHA HMHTEPEC MPENCTABIAIOT YAaCTHBIE CIIyYad WM CIIEACTBHA
onHOTO U3 ypaBHeHHil (39).

3ameyanne. OCHOBHBIMH M HanOoJIee CIOXXHBIMH SBIISIOTCS MEPBBIE J(Ba 3Tana
anroputma. Jluneitasie nupdepenunanbabie ypaBHeHUS (37) OOBIYHO COOTBETCTBY-
IOT INHEHHOM 3a1aue Ha cCOOCTBEHHBIE 3HaUeHUS (TpH m = 1) U 3a1ade 00 3BOIIOLUU
coOCTBeHHBIX (QYHKIHUI BO BpeMeHH (IpH m = 2).

[poummocTpupyeM NPUHIMIHATEHBIE 0COOEHHOCTH OMUCAHHOTO aIrOpUTMa Ha
KOHKPETHBIX TpUMEpPaXx.

11.3.2. KOHKpeTHble NPpUMeEpbI

[Ipumep 5. PaccMoTpuM NMHEHOE HHTErpalbHOE YPaBHEHUE
oo
K@) = Fa)+ [ K@ 2Py ds (40)
T

koropoe nony4aercs u3 (36) npu N(z;z,y) = F(z,y). [lonpasymesaercs, uro oynkuun F u K
3aBUCAT €LIE OT NapameTpa ¢ (A KPaTKOCTH 3TO ABHO HE YKa3bIBAETCH).
OTMETUM PAl TOXKAECTB, KOTOPBIE NOHANO0ATC B JalbHENILEM:

62/ K(ac,z)F(z,y)dz:/ F(z,9)07 K (z,2) dz + An, 41

/ " K(@, )00 Fz,y) dz = (~1)" / " F(z,y)07K (2, 2) dz + B, 42)

rae A, u B, onpenensitorcs no gopmynam
Ay = _K(x9a:)F(x9y)a Ap = (An-1)z — F(xay)[aa?_lK(x9z)]Z:I;
B, = -K(z,z)F(z,y), B:=—K(z,2)0:F(z,y) + [0.K(z, 2)|.= F(z,y), ...
Crnencraus yKa3aHHbIX TOXIECTB:
A1 — B, =0,
AQ—B2=—2F($,y)6zK($,$), (43)
A3z — By = —30;F(z,y)0:K(z,z) — 3F(x,y) [(63 + 8162)K(m,z)]

z=z"

BBeaem oneparop L; u norpebyem, 4toObl pyHkums F' ynoBaeTBOpsana JUHEHHOMY BOJHOBOMY
YPaBHEHUIO:

LiF = (8; - 8;)F(z,y) = 0. (44)
IogaeiictByem oneparopom L Ha (40). C yuerom coorHouenuit (41), (44) nonyunum

(02 - 8 K(w,0) = (02 - 3)) [ K(x, ) (2,0) dz =
- / Kao(z, 2)F(2,y) dz — / K(z,2)Fyy(,y) dz + As.
Hcnonb3ys nanee cootHoweHus (42) u (43), umeem

(02 - K (z,y) = / " F(z,9)(02 - 09K (z,2)dz — 2F(z,y) L K(z,2).  (45)

z dx
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Bocnonp3oBaBiuncs onepatopHoil Gpopmoii 3anucu paccmatpuBaemoro ypasHenns F = (I — A;) K,
npencrasum (45) B Bune

(1- A2)[(82 - ) K(,9) + 2Kx(2,2)K(2,9)| =
Orciona, ¢ yderom obpatumoctu oneparopa (I — Az), umeem

rae GpyHkumus w(x) onpeaeneHa paBeHCTBOM
d
- 2%k . 47
w(z) - K(z2) 47

INorpebyem Ttenepb, 4ToObl QyHKUMA F ynOBNETBOpANa APYroMy JHMHEHHOMY YpPaBHEHHIO C
YaCTHBIMH MPOU3BOAHBIMH:
LoF = (8: + (8 + 8,)¥)F = 0. (48)

INopeiictBoBaB onepatopom Lo Ha (40), nony4yum
(00 + (02 +0))K (w,9) = @1+ (0:+8,)°) [ K(a,2)F(zy0) dz

Ipouenypa, aHanoruyHas BblKJIaJKaM, NPOBEACHHbIM Ui onepatopa L, naer
Ki+ (8: + 8y)°K — 3w(dz + 8,)K = 0. (49)
Ha xapakrepucruke y = x ypaBHeHue (49) nocne nudpdepeHunpoBaHus no T ¢ yuerom paBeHcTsa (47)
npeobpa3syercs B ypaBHeHue KopreBera— ne ®pusa
— 6wwz + Wgzz = 0. (50)

Takum obpazoM, mobas QyHkuus F', ynoBneTBopsmollas JMHEHHbIM ypaBHEHUsM (44), (48) u
6bIcTpO yObIBalOLWas Npu £ — +00, NOPOXKAAET pellieHHe HenuHelHHoro ypaBHeHnus (50), cBoas ero
K PELUEHUIO TUHEIHOrO UHTErpabHOro ypaBHeHus (40).

Ipumep 6. PaccmoTpuM Tenepb Gonee CI0XHOE JMHEHHOE HHTErPaIbHOE YpaBHEHHE

K(z,y) = F(z,y) + / / K(z,2)F(z,u)F(u,y)dz du, (62))

rae o = =1 (3nech U Aanee YUCI0BbIE MHOXKUTENM BEIOHPAIOTCA U3 COOOpaXKeHUH yN00CTBa BbIK/IA0K).
VpaBHeHue (51) aBngercs 4acTHbIM cnydaeM ypaBHeHus (36) npu

N(z; z,y) = % /oo F(z,u)F(u,y)du.

[lyctb oneparop L1 u coOTBETCTByIOLIEE €My JHHElHOE AnddepeHuanbHOe YpaBHEHHE HMEIOT
BUA
L\F =(0; — 8y)F =0. (52)
PewuB 3T0 ypaBHeHue, Haxoaum obwumii BUA GyHkuuu F:
z+y
F(z,y) :F( 3 )
Ilocae caBUra HWXKHETO MpeAeaa UHTErpupoBaHus ypaBHeHHe (51) MOXeET ObITh MepenucaHo B BUAS

K(a:,y):F(x;y> // K(xm+C)F(2z+(+n>F(1+;’+y>dCdn (53)

WJIH

(- A K](@,y) = F(F52),

rae oneparop A, onpeaensercs dhopmynoit

Ay =5 [T [ rop(BEE) (S g,

Beeaenue ¢yHkunu

Ka(z,2) = /Ooo K(z,x+ c)F(&) ¢ (54)
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T03BOJIAET 3anucath ypasHeuue (51) B Buae
_ z+y o e z+nty
K(z,y) = F( 3 ) + 1 /0 Ko(z,z + n)F(—2 ) dn. (55)

IloaeiicrBoBa Ha (55) oneparopom L; (52), Ha (54) oneparopom O + O, M yuts 06paTMMOCTb
oneparopa I — oA, nonyuum nocne psaa BbIKIAJOK:

(0z + 0y)Ka(z,y) = —2K(z,2)K (z,y), (56)
(0 — 8y)K(z,y) = —+0K(z,z)Ka(z,y), (57)
a aeiicTBys oneparopoM 9, + Oy Ha (53), noay4UM PaBEHCTBO
.F(r;y)=(I—0Aﬁ[wx+awkmuw4~%K4@xﬂ«xwﬂ. (58)
Tenepsb notpebyem, utobbl GyHkUMA I ya0BAETBOPSANa BTOPOMY JHHEHHOMY yPaBHEHUIO
LoF = (8 + (02 + 8y)*)F = 0. (59)

IopeiictBoBaB onepatopoM Lz Ha ypaBHeHue (53) W yuuTbIBas NOJYYEHHbIE BCIIOMOraTebHbIE
BoIpaxkenus (56)—(58), monyyum OKOHYATENLHO, YTO NMPH Y = &

[0: + (82 + 0y)| K (x,v) = 30K (z,z) K (z,y)0: K (¢, ) + 30 K*(z,2)(8z + 8y) K (z,y). (60)
Ecnu onpenenuts w(z, t) = K (z, z; t), To ypaBHeHue (60) np1 y = £ MOXKHO Nepen1carh B TEPMUHAX
3aBUCUMOIi nepeMeHHOH ¢ kak moauduupoBanHoe ypaBHeHue Kopresera— ne ®pusa

Wi + Weze — 60w wy = 0. 61)
Taxum o6pa3om Jr000e pelieHre, ONHOBPEMEHHO YAOBIETBOPAIOLIEE ABYM JIMHEHHbIM AU depeHLu-

anbHbIM ypaBHeHUsM (52) 1 (59) 1 1ocTaTouHO ObICTPO yObIBatOLLEE P T — 0O, IOPOXKAAET PELICHUE
HEJIMHEHHOro ypaBHeHHUs (61), KOTOpOE OnpeaenseTcs U3 JIMHEHHOro HHTErpalbHOro ypaBHeHus (51).

[Ipumep 7. Paccmorpum Tenepb ypaBHeHue Kanomuesa — [leTBuaiuBuy:
(Wi + Wazz — BwWwz)z + 3awyy = 0. (62)

MoxHO mnoka3arb, 4TO Jt00as AOCTATOYHO ObICTpO yObIBalowas nNpu T — oo QyHKuus
F = F(x, z;y,t), ylOBIETBOPAIOLIAs OAHOBPEMEHHO ABYM JIMHEHHBIM AU(bEepeHLHanbHbIM ypaBHe-

HUSAM
VaFy+ Fpy — F,, =0,
Ft +4Fzza: +4Fzzz =0
nopoxkaaer peuieHue ypaBHeHus Kanomuesa— [lerBuaiuBunu (62) B BHAE

(63)

d
w=-2—K sy, t
d./r (x9m7 y? )7

e K = K(z, z; y, t) — peluesne JMHENHOro MHTerpaibHoro ypasHenus enbganna— JleBurana—
Mapuenko

oo
K(z,zy,t) + F(z, 2 y,t) +/ K(z,s;9,t)F(s, z;y,t) ds = 0. (64)
x
IlepemeHHble Y M ¢ BXOAAT B HEFO KaK apamMeTphbl.

o8 3aoauu u ynpaxycuenus K paso. 11.3

1. Hanucarb nuHelinble auddepeHunanbHble ypaBHEHHS W HHTErpaibHOe ypaBHeHue ['enbdanna —
JleBuTaHa— MapyeHKo, Yepe3 pelleH s KOTOPbIX MOXHO BbIpa3HTh pelieHue ypaBHeHus Byccunecka

Wyt + (wwz)x + Wzzzz = 0.
Vkaszanue. Ucnonb3oBath pe3ynbTaThl Npumepa 7.

2. HaiiTi cOBMECTHOE YaCTHOE pELICHUE ABYX JHHEIHbIX nuddepeHuransHbix ypaBHeHUH (44) u (48)
3KCHoOHeHuuanbHoro Buaa F = Aexp(azx + By + vz).

ITocTpouTb COOTBETCTBYIOLLME TOUHbIE PELIEHUS] UHTErpaibHOro ypaBHenus I'enbdanna— Jleu-
tana— Mapuenko (40) u ypaBHeHnus Kopresera— ne ®@pusa (50).

3. Haiitu coBMeCTHOE 4acTHOE pELICHUE ABYX JHUHEHHbIX AudepeHLnanbHbIX ypaBHeHuH (63)
3KCHOHeHuuanbHoro Buaa F = Aexp(az + By + vz + 6t).

IlocTpouTh COOTBETCTBYIOLIME TOUHBIE PELLIEHUS UHTErPaibHOrO ypaBHeHus [enbdanna— Jlepu-
TaHa— MapueHko (64) u ypaBHenus Kanomuesa— IlerBuamBuiu (62).

@ Jlumepamypa «k paso. 11.3: P. D. Lax (1968), M. A6nosuu, X. Curyp (1987), M. J. Ablowitz,
P. A. Clarkson (1991).



186 METO/{bl OBPATHON 3AJJAYM PACCESIHUS (TEOPUSI COJIUTOHOB)

11.4. PeweHue 3apauv Kowm meropom obpaTHoi 3apauv

11.4.1. MpepBapuTenbHble 3ameyaHus. Mpaman u obpaTHan 3apauu pacceaHUs

Pemenne 3anaun Komu nis HeIMHEHHBIX ypaBHEHUH, nonmyckarommx napy Jlakca
(MTu IpYTYIO «HESBHYIO» TUHEapH3aIuio, cM. pa3a. 11.3), pacnagaercs Ha HECKOIb-
KHX IIOCJICOBATENbHBIX 3TANOB. [[Ba U3 3TUX 3TanoB OCHOBAHbI HA PEIIEHHH IIps-
MOH M OOpaTHOMH 3amad paccesHHs IUIS BCIIOMOTATENbHBIX JIMHEHHBIX YpaBHEHHH.
Hmke kpaTko M3/1araloTcs COOTBETCTBYIOIIME Pe3yAbTaThl U1 THHEHHOTO CTaIHo-
HapHoro ypasHeHus lllpenunrepa

Pre + A= f(@)]p=0 (—o0<z <o) (65)

Cunraercs, uto QpyHkuus f(x) (3Ta QYHKUMS HA3BIBAETCS HOMEHYUALOM) CTPEMHUT-
o0
Csl K HYJIIO TIPH & — $00 W BBIMOIHSIETCS YCIOBHE / I+ |z)|f(z)| dx < 0.
J—00

Ipamas 3a0aua paccesnus. PaccMOTpuM JTMHEHHYIO 3a/iady Ha COOCTBEHHBIE
3HAYeHHUs U1 OOBIKHOBEHHOTO MuddepeHmansHoro ypasueHus (65).
CoOcTBeHHBIE 3HAYEHHSI MOTYT OBITH JIBYX THIIOB:
Ap = —%i, n=1,2,..., N (IucCKpeTHbIi CIIeKTp),

A=k? —00< k< oo (HempepbIBHBIHA CIEKTP). (66)
U3BecTHO, uTo mpu min f(z) < A < 0 ypaBHeHue (65) UMeeT TUCKPETHBIH CIIEKTp
COOCTBEHHBIX 3Ha4YeHHH, a pH f(x) < 0 U A > 0 OHO UMeeT HeNpePhIBHbIH CIIEKTP.
Ilycts A\, = —x; — OUCKpETHBIE COOCTBEHHBIC 3HAYEHMsI, 3aHYMEPOBAHHEBIE B
HOpSAKE BO3PACTAHHUS:
Al <A< < AN <0,

a pn, = Yp(x) —cooTBeTCTBYIONIME COOCTBEHHBIE (QYHKIHH, KOTOPbIE 00paIanTcsa
B HyIb NPH & — 00 M KBagpaTH4YHO cyMMHupyeMbl. CoOCTBEHHbIE (GYHKIHU
OIIpE/IeNIEHbI ¢ TOYHOCTBHIO 10 MOCTOSTHHOTO MHOXuTena. Ecnu ¢ukcuposars co6-
CTBEHHYIO (DYHKLUIO €€ aCHMNTOTHKOH MPU OTPUIATENBHBIX T

©n — exp(xpr) mpH T — —00,

TO TJIABHBIN WIEH aCHMITOTHYECKOTO PA3NIOKEHHS oy, MPH OOJBIINX MONOXHUTENb-
HBIX T OyJeT UMETh BUJ

©n — cpexp(—xpz) mpH T — oo. (67)

CobcTBeHHas QYHKIUS ©, HMEET n — 1 HyJeH, H CIpaBeUINBO PAaBEHCTBO

_ n—1
n = (=1)""enl.
JIs HempephIBHOTO cHekTpa A = k2 BonHOBas (GYHKIMA  Ha GECKOHEUHOCTH
onpenesieTcs IMHeHHON KoMOuHanueil skcnoneHT exp(+ikx) (mockoneky f — 0
npu |z| — 00). YcnoBus Ha GeCKOHEYHOCTH

o — etk 0py T — —00,

) . 68
© — a(k)e™*® £ b(k)e*™ npu z — oo, (68)

¥ ypaBHeHue (65) MO3BOJAIOT OOHO3HAYHO ompenenuts QyHkuuu a(k) u b(k)
(OTMETHM, YTO OHHM CBS3aHBl MPOCTBHIM coOTHomeHHeM |a|? — |b|? = 1). Tlepsoe
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cllaraeMoe BO BTOPOM YCJIOBHH (68) COOTBETCTBYeT IpOLIEANIEH BOJIHE, a BTOPOE
claraeMoe — OTpaxeHHOH BousiHe. [loaToMy oTHOIIEHHE

r(k) =

b(k)
69
(k) (69)
HA3bIBACTCH KOIDDUYUESHMOM OMPAXHCEHUSL.

COBOKYIMHOCTh BETUYUH

S = {sn, cn, r(k); n=1,...,N}, (70)

¢urypupyromux B BeIpaxeHuax (67)—(68), Ha3pIBaeTcs danubimu paccesnus. Onpe-

IeNIeHHe ITUX JAHHBIX IS 33JaHHOTO moTeHmana f(z) u ABISETCS LeIbio MPAMOi

3a1a4i TEOPUH paccesHusA. [laHHbIe pacCesHUS MOIHOCTHIO ONPEETISIOT CIIEKTp 3a-

Jla4¥ Ha COOCTBEHHBIE 3HAYCHHUS IS CTAllHOHAPHOTO ypaBHeHus [lIpenunrepa (65).
OtMeTuM nonesHsie GOpMyIIBL

la(k)| = (1= [r(k)?) 7",
N

arg a(k) = 1 k—ixn 1 * In |a(s)] ds (71)
EaR) =+ ki 7 ) sk

n=
no3Bossione N0 koddouuueHty orpaxeHus (k) BOCCTaHABIMBATh (DYHKIHIO
a(k). Wurerpan B Bo BTOpOii ¢opmyine (71) moHHMAaeTcs B CMBICIE IIABHOTO
3HaueHus mo Koy, ix, — HyIH aHATUTHIECKOH B BEPXHEH MOTYILUIOCKOCTH QYHK-
wun a(k) [3HaveHus »,, GUrypUpYIOT B acUMITOTHKaX (67)].

Obpamuas 3a0aua paccesanus. OToOpakeHHE TOTEHIMAIOB ypaBHEHHS (65)
B maHHbie paccesHus (70) omHo3HauHO W oOpatumo. [Iponenypa BoccTaHOBIE-
Hus f(x) Mo 3amaHHBIM S COCTaBIIAET MpeAMeT 00paTHOl 3ana4du paccesHus. Huxke
NPUBEICHBI HTOTOBBIE PE3YIBTATHl UCCIENOBAHUS 3TOM 33a1a9H.

s onpeneneHus MOTEHIMANA HaJ0 CHAYalla PeIHTh HHTErPaTbHOE YpaBHEHHE
lenbpanna— JleBurana — MapueHKo

K(z,y)+8(z,9) + [ " K(2,2)8(z,y) dz = 0, (72)

rne dynkuus ®(z,y) = ®(x + y) onpenensercs yepe3 naHHsie paccesuus (70)
CIIEYIOIIUM 00pa3oM:

N 00 )
@(m,y)zzia,c—"e-“n(“ybrL / r(k)e* @) gk, a'(k):;l—z. (73)

= (i%n) 2 J_ o

[oTeHuan BrpaXkaeTcs Yyepe3 pelieHre THHeHHoro ypaBHeHus (73) no gopmye
f(z) = —2%1{(%@. (74)

OtMmeTuM, uTO NpsMas ¥ o0paTHas 3a1a4y TEOPHHU PACCESTHHUS OOBIYHO U3YJAIOT-
s B Kypcax KBaHTOBOH MexaHuku. bonee moapoOHyio nHbopmManuio 06 3Tux 3a1a-
yax MOXXHO Haiitw, Hanpumep, B ctatbe U. M. 'ensdanna, b. M. Jlesurana (1951)
u kaurax B. E. 3axaposa, C. B. Manakosa, C. I1. Houkoga, JI. I1. [TutaeBckoro
(1980), H. A. Kynpsiosa (2004).
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3agauya Komu = He/imHeliHoe YpPaBHeHHe + HAYa/IbLHOE YC/10BHE

Ilepsbiii sman:
pClLIACM NMPAMYIO 3a/1a4y paccCaHus

Bepem craunonapHoe ypaBHeHHe H3 napoi Jlakca

B Hero noacrasisicM w
v W3 HAYaJIbHOTO YCIOBUS

Ounpenensiem crauMoHapHbie JaHHbIe paccessnus: S = {x,, c,, r(k)}

Bmopoti sman: niicM 3aBUCUMOCTD
v JAAHHBIX pacCCAHUA OT BPCMCHHU

PaccmarpuBaem HecTallMOHAPHOE YPaBHeHHe H3 naphl Jlakca

N N A

OnpeacnsicM aCUMITOTHKM PCLICHHWH

v npu OOIBIINX T

Haxoanm HecTauMoHapHble JaHHbIe pacceanusn: S(t) = {x,, c,(1), r(t,k)} J

Tpemuit sman:
pciiacM o0paTHYIO 3a1a4y paccesHus

3auncoiBaem nHTerpajibHoe ypapHenne Feabdanaa — JleBurana — Mapqemcoj

CTpouM PCUICHUC HHTCIPaIbHOTO
ypaBHEHUS

[ "CllOJ’lb’jyﬂ HOJTYYCHHOC PCIICHHE, HAX0AHM pEUHICHHE HcxoaHoM 3axayn Komn j

N (N (Y () ()

()

Puc. 8. OcHoBHble dTambl peuieHus 3axadv Kowv i HENMHEHHbIX ypaBHEHMH, AOMYCKAaIOLIUX
NpYUMEHEHHE METoAa OOpaTHOM 3aaauu.

11.4.2. PeweHue 3apauu Kowu AnA HeAMHEWHbIX YpaBHEHUWH MeToAOM o6paTHOM
3apauu

Ha puc. 8 u3zo0paxena oOmas cxeMa penieHus 3anadu Komm s HETHMHEHHBIX
ypaBHEHHUI, TOMyCKaOMMX IPUMEHEHHE MeToa 00paTHOH 3anaun. CuuTaercs, 4ro
Ha NpeJBapUTENbHOM JTalle A paccMaTpUBaeMOIo ypaBHEHMs OblLla IONIydeHa
mapa Jlakca (2)—(3) wiM U3BECTHO NpEACTABICHHWE YPABHEHUS B BHIE YCIOBHS
COBMECTHOCTH MEPEONPENETICHHON CHCTeMBI IMHEHHBIX ypaBHeHu# (9)—(10).

Hcnonp3yeM onMcaHHyIO cXeMy Ul pemieHus 3anadu Komu B ciryuae ypaBHe-
Hus Kopresera— ne ®pusa

Ow Bw ow
C HaYaJIbHBIM yCIIOBUEM
w=f(z) mpu t=0 (—oo0 <z < 00). (76)

Cunraercs, uro ¢yukmus f(z) < 0 U yIOBIETBOPAET TEM K€ YCIOBHSIM, YTO U
MOTEHI[HAT B YpaBHEHUH (65).
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Pemienune 3amaun Kommm (75), (76) pacnagaercs Ha HECKOJBKO MOCIENOBATENb-
HBIX 3TanoB (cM. puc. 8), KOTOpbIE HCIOJB3YIOT MpeacTaBieHHe ypaBHeHHs Kop-
TeBera — e @pusza B Bune napel Jlakca (7) U pe3yasTaThl pelieHHs HPAMOU H
00paTHO# 3a1a4 pacCesHuUs.

Ilepesviti sman. CHavana pacCMaTpUBAaeTCs JIMHEHHAs 3a/laya Ha COOCTBEHHBIE
3HAYEHHUS — MpAMas 33/1a4a pacCestHUs — IS BCIOMOTaTeIbHOTO OOBIKHOBEHHOTO
middepenmansHOrO ypaBHeHHS (65), KOTOPOE BOSHUKAET B pe3yiIbTaTe NOICTaHOB-
KH HauanbHOro npoduis (76) B nepBoe ypaBHeHue napsl Jlakca (7) s ypaBHEHUS
Kopresera— ne ®pwu3za (75). B pe3ynbrare pereHus 3T0i 3a1a41 MONYYai0T JaHHBIE
paccesinus (70).

Bmopoii sman. Ilpu t > 0 B nepBoM ypaBHeHuH (7) BMECTO Ha4aJIbHOTO IpO-
¢buns f(z) nomkna crosats GyHkms w = w(z,t). B cOOTBETCTByIOMIEH HecTALH-
OHApHOU 3a7a4e COOCTBEHHBIC 3HA4YEHUs (66) COXpaHAIOTCH (OHHM HE 3aBHCAT OT i,
cM. pasn. 11.1.1), HO MeHsFOTCS coGCTBeHHbIE QYHKUUM = (T, ).

Jlnst HenmpephIBHBIX COOCTBEHHBIX 3HaYeHHH A > () aCHMITOTHKH COOCTBEHHBIX
¢byHKIMi ananornyHo (68) UMEIOT BUI:

@ — e e npy T — —00,
© — a(k,t)e”* £ b(k,t)e*® mpn z — oco.

INoxcraBumM mepeyro acuMntoTuky (77) Bo BTOpoe ypaBHeHue mapsl Jlakca (7)
U yutem, 4t0 w — 0 mpu z — —oo. B pesynbrare Haxogum QyHKuuIO p(t):

p(t) = —4ik3 = const . (78)
Yro6b1 onpenenuts 3aBucumoctu a = a(k, t) u b= b(k,t) or BpeMeHH, pacCMOTPUM
BTOpOe ypaBHenue mapsl Jlakca (7), rme ¢ynkims p(t) maercs dopmynoii (78).
VuaureiBas, 4t0 w — 0 OpU T — 00, MOJYYHM JIHHEAPU30BAHHOE YPaBHEHHE

Pt + 490929393 - 4ik380 =0. (79)
[oncrasnsas B (79) Bropyro acuMnTOTHKY (77) ¥ IIpUPABHUBAs WIEHBI IIPH 3KCIIO-

HeHTax e~ *% y **% puxoauM K THHEHHBIM OGBIKHOBEHHBIM IH(B(hEPEHIHATEHEIM
YPaBHEHHSIM:

(77)

a, =0, b, —8ik*=0.
WHTerpHpys 3TH ypaBHEHHUs, HAXOJUM KOI()GHIMEHT OTpaKeHUs
b(t, k 3
r(k,t) = 28K — o (k 0)eBikt (80)
a(t k)

AHaJOr4HbIM 00pa3oM ONPENEIIOTCA ACHMITOTHKH COOCTBEHHBIX (YHKIMI
IJIS UCKPETHBIX COOCTBEHHBIX 3HAYEHHH NPH k = ix, C MCIONB30BAHHEM JIHHEa-
PH30BaHHOTO ypaBHEHHS (79).

B pe3ynbraTe NpoBEACHHOTO aHANIH3a IMOJIYYaeM 3aBHCHMMOCTH JaHHBIX pacces-
HHS OT BPEMEHH

S(t) = {%n, cn(t) = cn(0)e¥L, r(k,t) = r(k,0)¥*°t: n=1,... . N}. (81)
Tpemuii sman. Ucnone3ys nanusle paccesHus (81), ananoruuno (73) BBemeMm
(byHKIHIO

o0
@(J;,y;t):L/ r(k,0)é’ i[8k3t+k(z+y)] dk+z _en(0) S t—nn (2+y) . (82)

2 J_ o ia! (i)
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KOTOpasi B JAaHHOM CJly4ae MapaMeTPHUYECKH 3aBUCHUT OT BPEMEHH. JTa (QyHKIHUSA
JUIs iepBoro ypasHeHus napsl Jlakca (7) npu ¢ > 0 urpaer Ty e caMmyio poib, 4TO
U ¢ynkus (73) mns ypaBHeHus (65) [HamoMHUM, 4TO ypaBHEeHHe (65) coBmazaer
C mepBbIM ypaBHeHHeM mapel Jlakca (7), B xoTopoM (yHKIMS w 3aMeHEHa Ha
HadaJibHOe ycnoBue (76)].

Uro6sl BoccTaHOBHUTH GyHKIMIO w(z,t) Mo maHHBIM paccesHus (81), cHavana
HaJ0 PEeUINTh JTHHEHHOE HHTETPAIbHOE YPaBHEHHE [ITOIyYEHHOE C MOMOIIBIO JJIe-
MEHTapHBIX TepeoOo3HaYeHui u3 (72)]:

(e 9)
K(z,y;t) + ®(z,y; 1) +/ K(z,21)®(z,y;t)dz = 0, (83)
x
B KoTopoe Bxoaut Gpyukuus (82). 3atem no popmyie
w(z,t) = ~2-L K (x, 2;1), (84)

KOTOpas TMOJIydeHa ¢ MOMOIIEIO niepeo0o3HaueHui u3 (74), OnmpenenseTcs peleHue
3anaun Ko ans ypaBHenus Kopresera— ne @pwusa (75)—(76).

11.4.2. N-coAMTOHHOe pelueHHe ypaBHeHUs KopTeBera—ae ®pusa

[lomyunm TOouHOEe pemeHue ypaBHeHus Kopresera — ne @pmza (75) B cimyuae

0e30TpakaTeNbHbIX MOTEHIMAIOB, YTO COOTBETCTBYET HYJIEBOMY KOX(QQHUIHEHTY

otpaxkeHus (69). ByneM HCXOAUTH U3 IMHEHHOTO MHTETPATHHOTO ypaBHEHUS (83).
[omnaras r(k,0) = 0 B (82), umeem

®(z,y;t) = Z’Y el el g

ia’ (i%n)

[loncraBus 31y (byHKumo B (83), mocie seMeHTapHBIX NPeoOpPa3oBaHUH MOIYIHM
ypaBHEHHE

N N

o0
K(z,y;t) + Z T, (t)e *n (@) 4 Z Fn(t)e_“ny/ e *K(x,z;t)dz =0,
n=1 n=1 z
(85)
rae UCIOJIb30BaHO 0003HAYEHHE

Tn(t) = Yot (86)

Pemenne uHTErpanbHOTO ypaBHEHUs (85) HIlleM B BHIE KOHEYHOW CYMMBI
K(z,y;t) Z e ™YK, (z,t). (87)

[loncrasus (87) B (85) u uHTErpHpPYS, UMEEM

N N
D€ K (w,t) + 3 Ta(t)e ) 4

= (g )@

N N
+ D Ta(t)e ™Y Y Km(z,t) S ——"— =0
n=1 m=1
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IlepenuceiBas 3TO paBEHCTBO B BHUIC Zf:;l Y (z,t)e” Y = 0, a 3aTem nonaras
p(z,t) = 0, NPUXOAUM K HEOIAHOPOAHOM CHCTEME IHMHEHHBIX anre0pandecKux
ypaBHeHuil it onpenenexus Gpynxumit K, (z,t):

Ko (z,t) 4+ Tn( Z " ﬂm Cntm)T ) (2,t) = —Cp(t)e ™%, n=1,...,N.

(88)
Hcnonw3ys mpaswmo Kpamepa, MOXKHO 3amucaTh perieHHe cucteMbl (88) B BHIe
OTHOLIEHUS ONpeaeIuTeneit

det A™ (z,¢
Kn(z,t) = fletTaEmt))’ 89)
rae A — MmarpHIa ¢ dIeMEHTaMH
Apm(x,t) = dpm + T(:me (Rt )z _
— (% +%p,)z+8 Izt

= B e U T, (90)

S { 1 npun=m,

0 mpun # m,

a AW (z,t) — marpuna, momyuenHas u3 A 3aMeHoOi ee n-ro CTONOLA MPABBIMH
gactamu ypaBHenuii (88). [loncrasnsas (89) B (87), umeem

N
—x_y det A (z, )
. _ %ny I
K(z,y;t) = Ze det A(z,t)

[Monaras nanee y = T, NPHXOJUM K BBIPAXKEHHIO
1 Al Ie}
. — —%XpT (’I’l) -
K(z,z;t) = ERNCR) Zle det A" (x,t) e Indet A(z, t).
n=

Orcronma ¢ yuetoM opmynsl (84) HaxonuM pernieHne ypaBHeHus Kopresera — ne
@pu3a (75) B ciydyae 6e30TpakaTeNbHBIX MOTSHIHAIOB B BH/C

w(z,t) = — (z,t). 91)

Orta pemenue coaepx T 2N CBOOOAHBIX MapaMeTpoB %,, ¥, (n = 1,...,N) u
Ha3wIBaeTCA N -CONUMOHHBIM peuternuem.

INpumep 8. B uacthom caysae N = 1 marpuua A(z,t) xapakrepusyercs €AWHCTBEHHBIM

2JIEMEHTOM, KOTOpbIH onpeaensercs 3HayeHusMu n = m = 1 B (90):
—2uz+8:3t
A1,1($,t) =1 =+ 216 ot 8x .
¥

[NoacraBnss 310 Bhipaxkenue B (91), nonyuaem odnocorumonHoe peuwienue ypasienus Koprese-
ra— e Ppusa
222 1
2 2 ’ €0 =—1In la
ch?[x(z — 4%2t) + &) 2% 2%
npeacTapisoLlee coboil yeAMHEHHY10 Oerylyto BOJHY, ABUXKYLLYIOCS BIPaBO C MOCTOSHHOH CKOpO-
cThi0 v = 4%%, KOTOpas BHICTPO 3aTyXAET Ha GECKOHEYHOCTH.

w(z,t) = — (92)
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Jns N-conuroHHoro pewenus (91) cnpaBeuinBbl aCHMOTOTHYECKUE HOPMYIIbI

N 9
b3

)~ =2 E n t — oo, 93

w(a: ) Ch2 [%n(m _ 'Unt) + £7jl:] np" ( )

n=1

rae vn, = 4x2 — cxopocTb n-if KomnonenTsl. U3 conocraBnenus opmyn (92) u (93) creayer, uto
npx 6onbLKX BpeMeHax [N -COMTOHHOE pelleHHe pacnaaaeTcs Ha N He3aBHCHMBbIX OJHOCOJIMTOHHBIX
peLieHuii, MpUYeM CONMUTOHBI C GOJIbLIEH aMIUTMTYAOH ABHXKYTCS C GONbLUEH CKOPOCTHIO.

o8 3aoauu u ynpasxcuenus K paso. 11.4

1. Haiitu nByxconurtoHHoe pewende ypaBueHuss Kopresera — ne ®pusa ¢ nomowpio Gopmyn
(90)-(91) mpu N = 2.

2. BbIpa3uTtbh NOCTOSIHHbIE £z, ¢urypupyromwme B acumnrorukax (93), uepes %n, Yn A8 ABYXCONHU-
ToHHOrO pewenus (N = 2).

3. HaiiTu pasHocTh MOCTOAHHBIX £ — &, KOTOpbIE BXOAAT B aCMMNTOTHYeCKUe (opmyasl (93) ana
N-ConMTOHHOrO pelieHus.

@ Jlumepamypa k pa3o. 11.4: C. S. Gardner, J. M. Greene, M. D. Kruskal, R. M. Miura (1967),
P. D. Lax (1968), B. E. 3axapos, JI. [I. ®anaees (1971), B. E. 3axapos, A. b. lllabat (1971, 1974),
M. J. Ablowitz, D. J. Kaup, A. C. Newell, H. Segur (1973, 1974), B. E. 3axapos, C. B. Maunaxos,
C. I1. HoBuxog, JI. I1. [lutaesckuii (1980), JI. A. TaxtamxsH, JI. 1. ®anaees (1986), M. Abnosuu,
X. Curyp (1987), P. Hdoan, Hdx. Dinbek, Hdx. I'm66on, X. Moppuc (1988), M. J. Ablowitz,
P. A. Clarkson (1991), E. D. Belokolos, A. 1. Bobenko u ap. (1994), H. A. Kyapswos (2004).



12. 3aKOHbl COXpaHEeHUA U UHTEerpanbl ABUWKEHUA
12.1. OcHOBHbIE ONpeAeAeHUA U NPUMeEpDI

12.1.1. O6wuit BUA 3aKOHOB COXpaHEHUA

PaCCMOTpI/IM YpaBHCHHUE C YaCTHBIMH NPOU3BOAHBIMH C ABYMSA HE3aBHCHMBIMH
NEPEMCHHBIMH

2 2 2
F(x,t,w ow Ow 0w 0w Ow ):0. (1)

Y ox’ Ot O0x2’ Ozxot’ O0x2’
3akoH COXpAaHCHHU UIA 3TOT0 YPABHEHUA UMECT BHI

or 0X
o " or

=0, (2)

rae
ow Ow ow Ow

T:T(a:tw—— e ) 3

e 78x’6t 8x76t’ ()

JleBas yacTp 3ak0oHa coxpaHeHus (2) oOpaiaercs B HyJIb Ha BCeX (IOCTaTOYHO
[IAfKKX) pelleHusX ypaBHeHus (1). B mpocreimmx ciydasx moacTaHOBKa 3aBHCH-
Mocreii (3) B 3akoH coxpaHeHus (2) nocie nuddepeHIHpOBAHUSI U FIEMEHTAPHBIX
npeoOpa3oBaHUil MPUBOAUT K BBIPAXKEHHIO, KOTOPOE C TOYHOCTHIO OO0 (YHKIHO-
HanpHOTrO MHOXWHTENs coBnamaeT ¢ (1). Bemuuunsr T u X B (2) Ha3wpIBarOTCH
COOTBETCTBEHHO MJIOMHOCMbIO U NOMOKOM.

B 3akoHe coxpaHeHHs (2) IUIOTHOCTB M MOTOK ONPEAENIAIOTCS HEOTHO3HAYHO, HX
MO>KHO 3aMeHHUTh 1o npasuny I’ = T+ ¢(z) X = X +(t), rae (z) n () —
IPOH3BOJIbHBIE QYHKIUH, HIH B OOLIEM Cydae, O MPaBUILy

P

o® 7]

,...), X:X(m,t,w,

rae & = ®(z,t)—npousBonbHas QyHKIHA ABYX NEpPEMEHHBIX.
JUis HecTalMOHAPHBIX YpPaBHEHHH C 7 MPOCTPAHCTBEHHBIMH NE€PEMEHHBIMH

Z1,...,ZTy 3AKOHBI COXpPAaHEHUS UMEIOT BH]
| N~ 8X
+) £ =0
ot Oz
k=1

YpaBHeHym C 4YaCTHBIMH NPOU3BOAHBIMH MOTYT HMETH HECKOJIBKO (B HEKOTOPBIX
ciiy4dasax OeCKOHEYHO MHOFO) 3aKOHOB COXpaHEHHUA, a MOI'YT H HC HMETh UX BOBCEC.

12.1.2. UHTerpanbl ABUXEHUA

Ecnu obmee u3MeHeHnne BenuuuHbl X Ha HHTEpBaNe ¢ < = < b paBHO HyIIIO, T. €.
BBITIOJIHAETCS| PaBEHCTBO
X(a) = X(b)

13 A. J1. lNonsaxun, B. ®. 3aiines, A. U. XKypos
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(06LI‘IHO 9TO ABJACTCA CIEACTBUEM I'DAHUYHBIX YCHOBHﬁ), TO UMECT MCCTO «HMHTC-
Tpajl ABHXXCHUS):

b
/ Tdx = const  (nus Beex t). “4)
a

Jlns MHOTHX KOHKDETHBIX yYpaBHEHHH COOTHOIIEHHS BHAA (4) MMEIOT SCHBIH
(GU3HYECKUIA CMBICI U HCTIONB3YIOTCA KaK VIS NMPHOIMKEHHOTO aHATUTHYECKOTO
PEILEeHHUs COOTBETCTBYIOIIMX 3a/1a4, TaK M IS KOHTPOJIS PEe3yIbTaTOB NIPUMEHEHHS
YHCIICHHBIX METOJOB.

12.1.3. 3aKoHbl COXpaHEHUSi HEKOTOPbIX HEAUHEHHbIX YypaBHEHUW MaTeMaTUUeCKOn

$U3UKH
[Ipumep 1. YpaBuenue Kopresera— ae ®pusa
dw | BPw dw
gu —Bw— =0
T

vMeeT GECKOHEYHO MHOrO 3aKOHOB coxpaHeHus. Hanbonee npocTbie W3 HUX ONPENessoTCs BbIpaxe-
HUSAMU [MX Hajxo moAacrasuTh B (2)]:
1 = w, X1 = Wz — 3w2;
P 2 2 3
Ty = w”, Xo = 2WwWee — wy — 4w,
P 2 3 2 2 2 4
13 = wy +2w”, X3 =2WgWzzz — Wiz + 6W Wz — 120wy — YW,
o 2 2 3 2
Ty = 3tw” + 2w, X4 =t(6wwss — 3wy — 120°) — Wz + Twzz — 3zW",
[ie HWKHUE WHAEKCHI 0003HAYalOT YacTHbIE POM3BOJHBIE MO .
[Ipumep 2. YpaBHeHue cuHyc-I'opioHa

Ow —sinw =10
ozt
TaKKe UMEET OECKOHEYHO MHOrO 3aKOHOB COXpaHeHusi. [lepBble Tpu OMUCHIBAOTCH (hopMynamu
1 :wg, X1 =2cosw;
1y = wi - 4wiz, Xy = 4wi COoS w;

T3 = 3wd — 1202w2, + 16w werr + 24w2,,, X3 = (2w — 24w?,) cos w.
[Ipumep 3. HeoaHopoaHoe ypaBHenue MoHxa — Amnepa
2w \® 8w sw
_ = F(z,
( Oxdy > ox?2 Oy? (@)
rne F(z,y) — npousBonbHas GyHKLMS AByX NEPEMEHHbIX, HMEET 3aKOH COXPaHEHMs

15] dw 2w 15] ow H%w
E(E oy ) + a—y(‘a 920y +/F(x’y)dy> =0

Ipumep 4. Vpauenue lllpeaunrepa ¢ kyGuueckoii HENUHEHHOCTbIO

n
) 2 8w
i— = Aw + |w| w, Aw:i .
ot oz,
k=1
(i = 1, w— KoMniexcHas BYHKUMS ACHCTBUTENBHBIX APIYMEHTOB) MPH 7 3> 2 UMEET 1Ba 3aKOHA
COXPaHEHUS:

(lwl*), + iV - (@Vw — wVw) =0,
(|Vw|* - %|w|4)t +iV - [(Aw + |w]*w) VD — (A + |w|2ﬁ;)Vw]z =0.
nec V = (52—, -, —2—), a uepra cBepxy 0603HAYAET KOMILIEKCHO-CONPSKEHHYIO BENHUMHY.

B oaHOMepHOM cilyyae, KOTOPbIH COOTBETCTBYET 1 = 1, paccmaTpuBaeMoe ypaBHeHue obnamaer
6eCKOHEUHbIM MHOXXECTBOM 3aKOHOB COXPaHEHMS.

[Ipumep 5. Henunelinoe ypaBHEHME TEMIONPOBOJHOCTH C KBaAPATHYHBIM UCTOYHUKOM
ow &%w 2
— = — +aw a#0
ot Oz2 (a#0)
HE MMEET 3aKOHOB COXPaHEHMS.
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o8 3aoauu u ynpadxcnenus K paso. 12.1
1. IIpeacrasuts 06001EHHOE ypaBHeHue Broprepca
we + f(w)we = AW
B BU/IE 3aKOHA COXPAHEHHUS.
2. HenuHeiinoe ypasHenue tennonposogHoct wy = [f(w)wz]: B obwem cnyuae umeer aABa 3aKoHa
COXPaHEeHUA:

wt + [~ f(w)wz]e =0  (TpMBHANbHBIA 3aKOH COXpaHEHHs ),
[(C1a + Ca)ul: + [C1F(w) = (Caz + Co)f(whwale =0, Flw) = [ f(w)dw,

rae C1, Ca — npou3BosbHbIE NOCTOSHHbIE. MIcnonb3ys 3TH pe3yabTaThl, HATH 3aKOHbI COXPaHEHUS
Ans ypaBHenus wy = f(w)wzs.
3. HaiiTu 3aKkoHbI cOXpaHeHUs Ul HEIMHEHHOrO BOJHOBOIO ypaBHEHUS:

wer = [f(w)we]e.

VYkazanue. CM. 3aKOHbI COXPaHEHUS B YNPAXKHEHHH 2.
4. HaiiTu 3aKoHbI COXpaHEHUsA A HENUHEHHOrO YPaBHEHUS TEIUIONPOBOAHOCTU B aHW3OTPOMHOH
cpeae:

[f (w)wz]e + [g(w)wy]y = 0.

Vkazanue. CM. 3aKOHBI COXpPaHEHHUS B yNPaXKHEHUsX 2 U 3.
5. Haiitu 3aKoHbl coxpaHeHus Aas ciaeayromux o6o6wmeHuii ypasuedus Kopresera— ne ®@pusa:

a) wt + f(w)wz = Waea.

b) we = [f(w)wzz]z + g(w)wa,

¢) wr = f(W)Weze + g(W)Wy.

Viasanue. 3axoubl coxpanenus uckath B Buze [o(w)]e + [z (w)wez + 11 (w) w2 +1bo(w)]e = 0.
6. Haiitu 3akoH coxpaHeHus a5 ypaBHeHus Kanomxepo

Wzt = wwz + f(we).

Vkaszanue. 3akoH coxpaneHus uckatb B Buae [F(wz)]: + [G(w)H (we)]z = 0.
7. IlycTb 3BONIOLMOHHOE ypaBHEHHE

we = F(z, t,w, we, . .., ws™
JIONYCKAET 3aKOH COXPAHEHUs BHAA

-1

Ip(z, t)w]: + [®(z, t, w, e, . .., w" ))]x =0.
Jlokasarb, 4TO ypaBHEHHE

we = F(z, t,w, we, ..., wS™) + aw + b
JIOMYCKAET 3aKOH COXPAHEHUs

- - -1 -

[e=%p(x, t)w)s + [e" @ (z, t, w, wa, .. ., w" Nte *t9(z,t)]: = 0,
rae 6 = —b [ p(z, t) dz.
8. HaiiTu 3akoH coxpaHeHus Ans ypaBHeHus w3 npumepa 7 npu a = a(t), b = b(z, t).
9. IlycTb 2BOMIOLMOHHOE YpaBHEHHE U3 NpUMepa 7 JOMYCKAeT 3aKOH COXPaHEHHUs BUJA

-1

[p(z, )yw*]; + [@(z, t, w, wg, . .., w" )] = 0.

CdopmynupoBars, a 3aT€M A0Ka3aTh YTBEPHKACHHUE, aHANOIHYHOE YTBEPXKACHUIO U3 npumepa 7.

@ Jumepamypa k pazo. 12.1: x. Yuzem (1977), R. M. Miura, C. S. Gardner, M. D. Kruskal
(1968), M. D. Kruskal, R. M. Miura, C. S. Gardner, N. J. Zabusky (1970), A. C. Scott, F. Y. Chu,
D. W. McLaughlin (1973), J. L. Lamb (1974), R. K. Dodd, R. K. Bullough (1977), I1. Ongep (1989),
N. H. Ibragimov (1994), S. E. Harris (1996), A. M. Bunorpaaos, U. C. Kpacunbsiux (1997).

12.2. YpaBHeHuUA, ponNyCKalowWwuWe BapuaLuOHHYIO GOPMYAUPOBKY.
HéTtepoBbl cMMMeETpUU
12.2.1. AarpaHxuaH, ypaBHeHUe diinepa—AarpaHxa. HETepoBbl CHMMETPUH

Bynem paccMaTpuBaTh ypaBHEHHS BTOPOTO MOPSAKA C IByMs HE3aBHCUMBIMH IIepe-
MEHHBIMU

)

F(a: wc’?_wc’?_w Pw 0w 82w>_0
Y > 9x’ By’ Oz’ dzdy’ Oz )

13*
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KOTOpBIE JOIYCKAalOT BapHAIMOHHYIO (POpMYTHpPOBKY O MHHHMyMe (MAaKCHMYME)
¢dbyHKIOHANA

Z(w) = /L(Jz,y,w,wx,wy)dmdy. 6)
S

Qynkuus L = L(z, y, w, Wy, wy) HA3BIBACTCS I1ASPAHICUAHOM.
H3BecTHO, uT0 MUHUMYMY (YHKLIHOHaNA (6) OTBeuYaeT ypasHenue Jiliepa —

Jazpanica @_D("’_L)—D(M)_O (7)
0 2\ uw, Y\ow, / 7

B KOTOPOE BXOMAAT ONEpaTOPHI MOJHOro IupdepeHuupoBaHus M0 MEPEMEHHBIM T
uy:

0 0 0 9
Da:=6 +wr6 +wrra +wryawy,

0 0 9
Dy— —I—wya —l—wrya + wyy Buy

Hcxonnoe ypaBHeHHUE (5) HOMHKHO SBIATHCA CISACTBUEM ypaBHEHHS (7).
Cummerpus, koTopas coxpanser auddepeHnnansayo hopmy

Q = L(J?,y,w»w:c,wy) d$dy’

HAa3bIBACTCS HEMeposoll cummempueli Narpawxkuanda L. [lnsa onpeneneHus HETEpo-
BBIX CHMMETPHH ClIelyeT HalTH TO4edHble Mpeobpa3oBaHus

= filz,y,w,e), §=folz,y,we), w=gzywe), ®)
KOTOPHIE COXPaHAIT auddepernuansayio Gopmy: Q = Q, 1. e.
Ldzdy = Ldzdy. %)

Brraucnenue nuddepennuanos dz, dy ¢ yuerom (8) maer
dz = D, fidz, dy= Dyfody,
MO3TOMY COoOTHOHIeHHE (9) MOXKHO 3amUCcaTh B BUIE
(L— EDxleny) drdy =0,
YTO SKBHUBAJICHTHO PABEHCTBY
L—EDl,ley 2 = 0. (10)

[NocraBuM TOYEYHBIM NpeoOpa3oBaHUsAM (8) B COOTBETCTBHE MPOIOJIKESHHBIH OTIe-
parop
X =80, + 10y + (O + (100, +C26wy, an

rJie KOOPAMHATEI NEPBOTO MPONOKEHUA (1 U (o ompenensorcs no ¢popmynam (7)
u3 pa3zn. 7.1. Torna u3 (10) oOBIYHEIM 0OPa30M MOKHO MOJIYYHTE YCIOBUE HHBAPH-
AQHTHOCTH B BHUJIE

X (L) + L(Dy¢ + Dyn) = 0. (12)

Héreposrl cummeTpuu onpenenstorcs dopmynoi (12).
Kaxnpiii oneparop HETEPOBOH CUMMETPUH X MOPOXKIAET 3aKOH COXPAHEHHUS:

(6L (¢ = €wa =) ) + 4 (WL -+ (¢ — wa =) 1) = 0. (13)
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12.2.2. Mpumepbl NOCTPOEHUA 3aKOHOB COXPaHEeHUA C NMOMOLLbIO HETEPOBLIX
CUMMETPHIA

IIpumep 6. PaccMOTpUM CTaLlMOHAPHOE YPAaBHEHHE TEIUIONPOBOAHOCTH C HEIMHEHHBIM HCTOY-
HHKOM
Pw | dw
— + — — f(w) =0. 14
5o+ g~ @) (14

OTO ypaBHEHHE AOMYCKAET BapHALMOHHYIO (OPMYIMPOBKY O MHHUMyMe (yHKuMoHana (6) c
JarpaH)KuaHoM

L=w?+u’+2F(w), Flw)= / F(w) duw, (15)

B 4E€M MOXXHO YOEAUTHLCS MyTEM NOACTaHOBKH BbipaxkeHus (15) B ypaBHenue Diinepa— Jlarpanixa (8).
B (15) cuuraercs, uro BbinonHeHo ycnosue F(w) = 0.

Ioacrasum (15) B ycnosue uxHBapuanTHocTd (12) ¢ yuerom Bblpaxkenus (11) u dopmyn (7) u3
paznena 7.1. [locne cooTBeTcTBYMOLIEH NEPErpyNNUPOBKY Y1E€HOB MOAYYUM MOJHHOM HO CTENEHSM
NPOU3BOAHBIX Wz U Wy:

—€ww§ - nwwiwy - gwwxwz - nwwg + (2Cw — & + ny)wi —2(n: + gy)wtwy +

+ (26w — My *+ €Wy + 2Cx + Féwws +2(Gy + Fw)wy +2f¢ +2F (€ +my) =0. (16)
IpupaBHiBas HYMO (YHKUHOHATLHbIE KOIDGULUHEHTH IpH WS, wzwy, Wg, Wy, UMEEM &y = 0,
Nw =0, (z =0, {y = 0. Iloaromy

E=¢&(z,y), n=nzy), (=, (w). (17)

IpupaBHuBas B (16) Hymo ko3¢ dULHMEHTb! IPU APYTHX CTENEHSX NMPOU3BOJHBIX, HMEEM

Wyt 2Cw — &+ 1y =0,
w’y: QCw—ny"‘fz:O, (18)
WeWy: Mo+ & =0,
L fC+ F(&: +my) =0.
Jns npousBonbHOi dyHkunn f = f(w) u3 nocneanero ypasHenus (18) noayuum
(=0, &+mn=0. (19)

U3 nepeoro ypaBHeHus (18) u Broporo ypaBHenus (19) npu ycnosuu ¢ = 0 caenyer &z = 0,y = 0,
um € = £(y), n = n(z). [loacTaBnss 3TH 3aBUCUMOCTH B TpeTbe ypaBHeHue (18), umeem

E=Ciy+Cy, n=-Ciz+Cs,

rne C1, Ca, C3 — npou3BojibHbIe NOCTOAHHbIE. [loaToMy Ans npoussonbHON GyHkunu f(w) HETe-
POBCKHE CUMMETpUHU Jlarparxuana (15) 3anaiorcsa Tpems oneparopamu:

X1=8x (CQ=1, Cl=C3=0);
Xy =0y (Cs=1, C1 =Cy=0); (20)
X3 = y@z —wc’)y (Cl = 1, C2 = C3 = 0)
31U oneparopbl B COOTBETCTBUU C popmynoi (13) onpenensior Tpy 3akoHa COXPAHEHUS:

Do (—w; +wy + 2F) + Dy(=2wzwy) = 0 €=1,n=C=0)

Dq(~2wzwy) + Dy(w; — wy +2F) =0 (m=1,£=¢=0);

D, (—ng + ywz + 2zwewy + 2yF) +

+ Dy(—a:wi + xwz —2ywewy —2zF) =0  (§=y, n= -z, (=0),

@n

rae ¢yukuus F = F(w) onpepenena B (15).

3ameyanue 1. Oneparopb! (20) MOXXHO Obl10 HATH MyTEM HCCIEAOBAHUS CHMMETPUI HCXOLHOTO
nupdepeHunanbHoro ypasHenus (14), kak 3to 610 caenaHo B npumepe 1 u3 pasa. 7.1.
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3amevanue 2. B BapuauuoHHol Gopmynrposke ypaBHeHus (15) npeanonaraercs, uro F'(w) > 0.
OaHako mosmyyeHHbIe 3aKOHbI coxpaHeHus (21) cnpaBeanusbl ais mo6oil Gpyukunu F(w). Takas cu-
Tyalus TUIUYHA U A1 JPYTUX YPaBHEHHMH; 11 M01y4YEHHs 3aKOHOB COXPaHEHHs 0ObIYHO AOCTATOYHO
TOrO, YTO PaCCMaTPUBAEMOE YPaBHEHHE MOXET ObITb NPEACTAaBIECHO B opMe ypaBHEHUs Dinepa —
Jlarpanxa (7) (BapuauroHHON GOPMYAUPOBKH MOXET U HE ObITb).

[Ipumep 7. YpaBHEHHIO MMHUMAa/bHbIX OBEPXHOCTEH
1+ wZ)wm — 2w WyWay + (14 w2)wyy =0 (22)

COOTBETCTBYET (PyHKLMOHAN (6) ¢ narpaH)xuaHoM

L=/1+w2+wi.
JlonyckaeMble TOUEUHbIE ONEPATOPLI

X1 =0z, Xo=0y, X3=2z0;4+ydy+ wly, Xi=y0z— 20y, Xs5=0u

HaxoJATCs U3 yCNOBUS MHBapuaHTHOCTH (12) ¢ momolublo mpouenypsl, MOAPOOHO OMUCAHHOW B
pasa. 7.1.2 (COOTBETCTBYIOIME BbIKNAAKH [PEANAraéM NPOBECTH YUTATENIO B KAUYECTBE YIIPaXKHEHU),
U OMpPEAENAIOT HETEPOBL! cUMMeTpuU. Mcenonb3ys gopmyny (13), nonyunum nath 3aKOHOB COXPAHEHUs
Juis ypaBHeHus (22):

X;: DI(L—wI oL >+Dy(—wz oL > —o,

dw, Oow,

Xo: D, (—wy;—ui> + Dy (L — Wy ;jy > =0,

X D, (Lac + (- zws — yuy) 6‘1’2 ) + D, (Ly + (w — 2w, — ywy) :jy ) =0,
Xs: D, (Ly + (ywz — Twy) 38"‘2: > + D, (—Ly + (ywz — zwy) ;wLy > =0,

Xs: Dy —2= >+D(—wy ):0

o8 3aodauu u ynpaxycuenus K paso. 12.2

1. Hanucath nononHuTenbHble (KpOME yKa3aHHBIX B NMpUMeEpe 6) 3aKOHbI COXPaHEHHS A CTaLHO-
HapHbIX YpaBHEHMH TEMIONPOBOJHOCTH CO CTEHEHHOM M SKCMOHEHUUANbHONH HENMHEHHOCTbIO:

) Wiz + Wyy = awk,

b) wex + wyy = ae”.

2. Hanucarb 3aKOHBI COXpaHEHUs A HEJIUHEHHOro BOJHOBOTO YPaBHEHHA:

Wze — Wit = f(w).

Vkazanue. TlpeacraButh paccMaTpuBaeMOE€ YpPaBHEHHE B BUAE YypaBHeHUs Oiinepa — Jlarpau-
xa (7) npu y = t. Jlarpanxuan L vckaTb B BHAE CYMMbl JBYX CJaraeMblX, OJHO M3 KOTOPbIX
SIBNSIETCS KBaApaTU4HON (OpMOIi MO MPOM3BOAHBIM, & BTOPOE 3aBUCUT TOJILKO OT w. [B nanHOM ciyyae
HENb3s 1aTh BapUaLMOHHYI0 (OPMYIUPOBKY, HO MOXHO C HOMOLIbIO opmyisl (13) nony4uTh 3aKOHBI
COXpaHEHMsl, CM. TaKxke 3amedaHue 2.]

3. Hanucarb 3aKOHbI COXpaHEHHs /U1 HEIMHEHHOTO ypaBHEHHS:

Way = f(w).
Paccmorperts cayuau:

a) ¢yukumns f(w)— npousBonbHAS,

b) f(w) = aw",

¢) f(w)=ae".

Vkazanue. TlpeacraButh paccMaTpuBaeMOE€ YpPaBHEHHE B BUAE YypaBHeHUs Oiinepa — Jlarpau-
xa (7) npu y = t. Jlarpanxuan L vckaTb B BHAE CYMMbl JBYX CJaraeMblX, OJHO M3 KOTOPbIX
KBaJIPaTH4YHO NO NPOU3BOAHLIM, & BTOPOE 3aBUCHT TOJILKO OT W.
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4. Hanucarb 3aKOHBI COXpaHCHHUA N1 HEJIMHEHHOro YPaBHEHHS:

Wze + f(wy)wyy = 0.

Vkazanue. TlpeacraButh paccMaTpuBaeMOE€ YpaBHEHHE B BUIE ypaBHeHus Oiinepa — Jlarpan-
xa (7). Jlarpamxuan L uckaTb B BUIE CYMMBI JBYX CaraeMbIX, OJAHO M3 KOTOPBIX 3aBUCHUT TOJbKO
OT Wz, @ BTOPOE — TOJIbKO OT Wy.

5. Hanucatb 1ONonHUTENbHbIE 3aKOHBI COXPAHEHUs Ul HEJJMHEHHOro YpaBHEHUs U3 npumepa S:
a) npu f(u) = au®,
b) mpu f(u) = ae®.

@ Jlumepamypa k pazo. 12.2: A. M. Vinogradov (1984), Il1. Onsep (1989), J. A. Cavalcante,
K. Tenenblat (1988), N. H. Ibragimov (1994), A. M. Bunorpanos, 1. C. Kpacuabuuk (1997).



BcnomoratenbHble rAnaBbl

13. YpaBHeHun lNeHneBe

IIpenBapuTensHble 3aMeuaHus. [lepen yTeHHeM 3TO# IIaBbI MOJE3HO MPOYUTATH
pa3n. 10.1.1, 10.1.2. Hexoropsie cBenenus o tecte IleHneBe A OOBIKHOBEHHBIX
middepeHHaTbHbIX ypaBHEHUI NMPOU3BOJILHOTO MOPSIKA U CHCTEM ypaBHEHHIA
MOJXHO HailTu B pasa. 10.1.3, 10.1.4.

13.1. NepBoe ypaBHeHUe leHNeBe
1°. IlepBoe ypaBHeHue [leHnaeBe uMeeT BUI

yr, =6y’ + 2. (1)
Ero pemenus — oqHO3Ha4HbIE PYHKLHH OT 2.
B OKpeCcTHOCTH MOJABHKHOTO IIOJIIOCA z, PELIEHHs ypaBHEeHHs (1) MpeacTaBuMBI
B BHJEC pﬂ,[[a

1
PR K o PR

zZ—2z
») n=2
__1 __1 _ _ _ 1 .2
a2 = — 70 *p> a3 = — %> a4 = C’ as = 07 ag = sz7
rae zp ¥ C'— NpoHu3BOIbHbIE NOCTOSHHBIE; KOI(QGUIUEHTHI ay, (1 > 7) 0OAHO3HAYHO
onpeensroTcs yepes zp u C.

2°. B okpectHOCTH J1I000H QPUKCHPOBAHHON TOYKH z = Zz( penieHde 3anadd Koiu
17151 epBoro ypaBHeHus [lennese (1) MoxeT ObITh NpencTaBieHo psaaoM Teinopa

y=A+ B(Z — Zo) + %(6142 + Zo)(z — 20)2 +
+ §(124AB +1)(z — 20)* + 5 (64° + B> + Az) (2 — z20)* + -+,
rie A v B— HavanbHble naHHble 3a1aun Komm: y|.—. = A, y,|.—., = B.

3ameyaHne. AHaJOTHYHBIM 00pa3oM MOXKHO NPEICTaBUTh pELICHUs 3a]auu
Koy 1 BTOpOro u 4eTBepToro ypaBHeHHi IleHnieBe (Ui OCTaIbHBIX YpaBHEHHUH
[enneBe Hafo0 UCKITIOUUTH U3 PACCMOTPEHHS HETIOBHXKHbIE 0COOBIE TOUKH).

3°. Jlns GOMbIIMX 3HAYEHMH |z| cipaBenMBa acCMMNTOTHYECKAs GopMyIa:
1/2, (4. 5/4 _ .
y ~ 2/ p(gz/ —a; 12, b),

rae p((; 12, b)—annuntuueckas ¢pyHkuus Beiiepuirpacca, koTopas 3aaeTcs HesiB-
HO C HOMOILBIO HHTETpaja

(= | s

a, b—HeKOTOpre KOHCTaHTBI.
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IepBoe ypasHenue Ilennese (1) HHBAPHAHTHO OTHOCHTETBHO PACTKEHHS Ie-
peMeHHBIX z = AZ, y = 37, tne \° = 1.

13.2. Bropoe ypaBHeHue leHneBe
1°. Bropoe ypaBnenue [leHieBe umMeeT BUA

Y, =23 + 2y + o (2)
Ero perenus — oHO3HaYHbIe (YHKIHH OT Z.

B OKpecTHOCTH MOJBHIXHOTO MONIOCA 2, PENIEHHS ypaBHEHHUA (2) JOMyCKalOT
CIENyIOIHe Pa3IOKEHU:

o0
Y= m +an(z—2p)n,

zZ—2p
n=1

by = —%mzp, bo=—F(m+a), by=C, by ==2,(m+ 3a),

bs = =57 [(27 + 81a® — 223)m + 108a — 216Cz; ],
rne m = £1; z, u C'— Npou3BOIbLHBIE MOCTOSHHBIE; KO3QPUIUEHTEI b, (. > 6)
OJIHO3HAYHO ONpEENAI0TCS yepes zp u C.

2°. O0603HauNM pelIeHHe BTOPOro ypaBHeHHs [leHneBe npu GUKCHPOBaHHOM Iapa-
MeTpe o CHMBOJIOM Y(z, ). CripaBeUTHBO COOTHOIIECHHE:

y(z7 —Ol) = _y(zva)a (3)
a pemwenus y(z,a) U y(z,a — 1) cBsA3aHbl Mexay coboii mpeoOpa3oBaHUSIMH
bexnynna:

_ 20 — 1
y(z,a —1) = —y(z,0) + 2y.(z,a) = 2y%(z,0) — 2’
20— 1 @

y(z ) =—y(za—1) - 2L (z, 00— 1)+ 20%(z, 0 — 1) + 2

[MosToMy mns M3ydeHHs: OOWIETO pelieHHs ypaBHEHHsS (2) IpHU HPOU3BONBHBIX
3HAYEHHAX ¢ JOCTaTOYHO MOCTPOUTH €ro s Beex o u3 mosockl 0 < Rea < %

Tpu pemienus, oTBeqaroNe 3HAYEHUAM o U « £ 1, CBA3aHBl PaLMOHATBHBIM
COOTHOIIICHUEM:

_ (Ya—1 + Ya) 4y + 22ya + 20+ 1) + (2a — 1)ya
2(Ya-1 +Ya) (292 + 2) + 22 - 1 ’
rJle UCIOJIb30BaHO 0003HaYeHHE Yy = Y(2, ).

Pemrenus y(z,a) u y(z, —a — 1) cBsi3aHbl Mexay coboi npeoOpa3oBaHUAMH
bexnynna:

Yat+1 =

B 20+ 1
yz—a—1) =ylze)+ o o G a e
y(z,0) = y(zs—a — 1) — o

20L(z,—a— 1)+ 2y2(z,—a— 1)+ 2
3°. Ipu a =0 ypaBHeHwue (2) umMeeT TpuBHanbHOE petienue y = 0. Orcrona ¢ yaerom

¢dopmyn (3), (4) cienyer, uro Bropoe ypaBHeHue [lennese mpu o = £1, +2, ...
UMeeT palMOHANbHbIC YaCTHBIC PELICHHS:

2
gz 1) =F 1, g2 =+(1 -2,

z 23+ 4
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Ilpn a = % ypaBHeHHE (2) HMEET OAHOMApaMETPHIECKOE CEMEHCTBO PEIICHUH

!

y(z,%)z—lf;’ e w:\/_[ClJl/:s(‘/_ 3/2)+C2Y1/3(\/_ 3/2)] %)

(3neck GpyHKUHUA w ABAAETCA PEIICHHEM THHEHHOTO YPaBHEHHUS BTOPOTO MOpSAAKA
wl, + %zw =0.) U3 dopmyn (3)—(5) cnenyer, uto BTOpOe ypaBHeHue [leHnee s
BCeX o =N+ %, rnen =0, £1, +2, ..., UMeeT OgHONaAPaMETPUUECKOE CEMEHCTBO
pelleH i, KOTOpBIE BBIpaXarTcs uepe3 dhyHkuuu beccens.

13.3. Tpetbe ypaBHeHHe leHneBe
1°. Tperwe ypaBHeHnue [leHneBe umeeT BUI

o W)y 1, 9 3.0
Ver= - — -y TS+ B) +y” + (6)

Ecnu nepeiTi K HOBO# He3aBHCHMO# IEpEMEHHOM 110 GopMyIie 2 = €S, TO peleHHS
peoOpa30BaHHOTO YpaBHEHHUS OyoyT OJHO3HAYHBIMH (QYHKIHAMH OT (.
JIrob6oe pemienue ypaBHeHus Pukkatu

(7

rne k2 =+, ¢ =0, kB+ c(a 2k:) 0, 6y;[eT TAKOKE pPElICHUEM ypaBHEHHS (6).

[Monoxus B (7) z = A1, y = k ,rae A2 = klc , TIOJIyYUM JINHEHHOE ypaBHEHUE:
wp + S+ u =0,

o0l1iee peleHne KOTOPOro BhipaxkaeTcs yepes GyHkuuu Beccens:
e
u=rT2k [ClJl(T) +CQYL(T)].
2k 2k

2°. B psme 4acTHBIX ClydaeB ypaBHeHHE (6) MOXET OBITH MPOUHTETPHPOBAHO
B KkBazpatypax. [lepenumeM ypaBHeHue (6) B BHIE HHTErpOIuddepEeHITHATBEHBIX
ypaBHEHHIA IByMS Pa3THYHBIMH CITOCOOAMHU:

(5 ()53
f[(g e (i o
Z_Z:/[(% +fyy2)e2c+ (g—l—ay)ec] dg, z = €. 9)

Jlns ypaBHenus (8) npu o = = v = § = 0 umeem obmee pemenne y = C 22
CknaneiBas (8) U yOIBOEHHOE paBeHCTBO (9), momydum

(Y 03 () wo( e =425 o

Brrauras us (8) YOBOEHHOE PaBEHCTBO (9), uMeeM

() 224 (=) w2 —e)ef =~ [ 0¥y vackyyac. an
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Monoxus § = B = 0 B ypaBHenuu (10) u v = o = 0 B ypaBHenuu (11), mocne
HHTETPUPOBAHUS TIONTYUHM:

’ 2 /
(L) + 25 —2ayef — yye = O, (12)
/ 2 !
(ﬂ) _2&+%e2c+£66202, (13)
Y Y Y Y

Vpasuenus (12) u (13) uHTErpHUpYIOTCA B 3JIEMEHTapHBIX (QYHKUHUAX. 3aMeHa
y = e~%/v npusoauT (12) K aBBTOHOMHOMY BHITY

(02)2 = 2av + v+ (1 + C1)v2. (14)

B urore Haxoaum pemieHue

20
mpu C1=-1, =6 =0;
2(a?In® 2+ 2aCInz + C? — 4) p ! p ?

1
y= z(ﬁlnz+C)

m—1

z p— pE—
G TR TR, mpu Cy # -1, B=46=0,

mpu Chy=—-1, a=0=4§=0;

_ o« _ad—y(1+Ch) 2 _
VYpasnenwe (13) npeobpasyercs k ypaBHEHHIO (14) ¢ MOMOIIBIO 3aMEHBI i = veS.
Ipu 8 = —a, § = —+ noxacraHoBka y = e~ ' MPUBOAMT ypaBHeHHe (6) K

1 2 . .
CIeNyIoUeMy BUIY: W, + ;wg = TO‘ sinw + 2y sin 2w.

13.4. YetBepToe ypaBHeHue leHneBe
1°. YerBepToe ypaBHeHue [leHneBe uMeeT BHI
1\2
Y, = (%;)+3y3+4zy2+2(z2—a)y+£. (15)
Y 2 Y
Ero pemienns — oHO3HauHBlE (YHKIUH OT 2.

B OKpecTHOCTH MOJBUXHOTO MOJIOCA 2, PELICHUA ypaBHEHHUS (15) momyckaioT
CIENyIOIHe Pa3IOKEHU:

oo

y=—— — 2, — %(zg +2a —4m)(z — zp) + C(z — 2p)? +Za]~(z - 2),

z—2zp

J=3

rae m = *1; 2, 1 C'— NPOH3BOIBLHBIE NOCTOSHHBIE; KOYPOHUIMEHTHI a; (j = 3)
OJIHO3HA4YHO ONpENENAI0TCA Yepes «, [, zp, C.

2°. Ecnu Bemonnsercs ycnobue 3+ 2(1+am)? =0, rae m = %1, To Bce pemenus
ypaBHeHus Pukkatu

Y, = my® 4 2mzy — 2(1 4+ am)
OZIHOBPEMEHHO SIBIIAIOTCS PEIICHUSIMH YeTBepToro ypasuenus [lennese (15).

Vpasnenue (15) ”HBapHAHTHO OTHOCHTEIBHO MPEOOPa30OBaHUA Y = \Y, 2 = AZ,
a=a),[F=/0,tme \=1.
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3°. Pemenus ypaBHeHus (15) npu pa3inu4HBIX 3HAYEHUSAX « U 3 CBSI3aHBI MEXIY
co0oii npeoOpazoBanusaMu bexnyHna:

1
5o (Y — 4 — 252y — sy), > =28,

Sy
— 2 - — 5
2sy — (., —p+2s2h+s77), p 2,
28=—(as—1—Lp)®, 4o =—25—2a—3sp,

Y=

y:

e y = y(z,a, B), § = §(2, &, B), S— IPOH3BOIILHBIN TTAPaMeTp.

13.5. MNaroe ypaBHeHue leHAeBe
1°. MsToe ypaBueHue [leHeBe UMEET BUI

3y—1 2 A -1)2 Ié; Sy(y+1
V= o @) = 2 O (ay 4 D) g2y BOED ()

Ecru nepeifTi K HOBO# HE3aBHCHMOH TIepeMeHHO# 1o hopMyre z = €S, TO pemeHus
peoOpa30BaHHOTO YpaBHEHHUS OyoyT OJHO3HAYHBIMH (QYHKIHAMH OT (.

Pemenus naroro ypaBHenus [leHiieBe Npu pa3iUYHBIX 3HAYCHUSIX OHPEAEIISIO-
[IMX MapaMeTPOB CBA3aHBI COOTHOIIECHHUSIMHU:

y(2, 2, 8,7,0) = y(—=2,,8,—7,9),

1

y(z7a7ﬁ7’776) = y(z’_ﬂ7_a’_7’6) ‘
2°. Tonoxus z = €' B (16), moNy4nm
n_ 3y—1 2 12 ﬁ) 5y(y+1) 2t
ytt_m(yt) +(@y—1) (ay—i— ” +yyet + —1 ¢ - (17)

[pu v = § = 0 ypaBHenue (17) mociie OAHOKPATHOTO HHTETPUPOBAHUS TIPHBOIUTCS
K aBTOHOMHOMY YPaBHEHHIO IIEPBOTO MOPSIKA:

v = (y — 1)v/2ay? + Cy — 28,

KOTOPOE JIETKO MHTETPUPYETCS B KBaJpaTypax.
Ecnu BEINOMHEHO yCIOBUE

= V=26 (1+/—-28—V2a),
TO JIF000€E pelieHne ypaBHeHUs1 PukkaTu
=V2ay?+ (V=202 — V2a — /=28y + /—28 (18)

OyneT Tarke perieHueM naroro ypasHenus [lennese (16). Ypasuenue (18) Moxer
OBITH MPHUBENIEHO K BHIPOXKICHHOMY THIIEPTEOMETPHUECKOMY YPaBHEHHIO.

13.6. Llectoe ypaBHeHHe leHneBe
1°. Illecroe ypaBHeHue [leHeBe UMEET BUA

no_1(1 1 1 2 (1 1 1\,
yzz_Z(y+y—1+y—z)(yz) (Z+Z_1 y—z)yz+

y(ly— Dy —2) z z-1 z(z —1)
e [awy_?w(y_l)z +5(y_z)2]. (19)
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3neck ToukH z =0, 2 = 1 ¥ z = 00 ABJIAIOTCS HEMOBHXHBIMH JIOTapUPMUIECKUMH
TOYKAMH BETBIICHHUS.
I1. IlenneBe Hamen nBa Ciy4as HHTETPUPYEMOCTH 3TOro ypaBHeHus. Ilpu
a = =~ =4§ =0 obuiee pemenue ypapuenus (19) umeer BUI
y = E(Crw1 + Cowz, 2),
rae F(u, z) —snaunrudeckas QyHKUus, onpeaenseMas HEsIBHO C MOMOLIBIO HHTe-

rpana
2 d
w— / v (20)
0 yly—1)(y —2)

C MIEPUOIAMH 2w1, 2wy, KOTOPbIE ABIAIOTCA QYHKIMAMH OT 2. [Ipp o = =y =0,
6= % obmee pemenue ypaBHeHus (19) umeer Bug
y = E(w + Ciw + Cowz, 2),

rae w—Jiio00e HETPUBUAIBHOE YaCTHOE PEIIeHHE THHEHHOTO YpaBHEHHS

" 2z2—-1 1

Wy, — —F——W, + ———

2z 2(z—-1) F + 42(2 — 1)
E(u, z) —snmuntudeckas GyHKiws, onpenensemas Gopmyoii (20).
2°. Mexny pelieHussMH ypaBHeHUS (19) ¢ pa3THYHBIMH NapaMeTPaMH CYILIECTBYIOT
TPH COOTHOILEHHUS:

w =0,

1
TE

1
y(z’ _ﬁv -, &, 5) =1- 1 )
y(]__’ Q, ﬂa Y 5)
-z
1 1 z
z, =B, —a, =0+ —, — 5) =

vz =B o =t 3 14 ) = e
[locnenoBarensHOE NPUMEHEHHE STHX COOTHOIIEHUH naeT 24 ypaBHeHus Buna (19)
C Pa3IHYHBIMH 3HAUYCHHUSMH NIapaMeTPOB, CBA3aHHbIE H3BECTHBHIMU IIPE0OPa30BaHU-
SIMH.

3°. Bce pemenus ypaBHeHus Pukkatu

y(z’ _ﬁv —a, v, 5) =

i

’_ V2a 2 Az+p v -=208
yz_z(z—l)y +z(z—1)y+ z—1"
rae
\— V2a - (a+B+v+9) _ V=28-(a+B-7v-9)
V2a-v-23-1 . V2a-v=-23-1

SBJISIOTCS TAlOKe peleHusMu ypasHenus (19), ecnmu v2a — y/—25 # 1 u BeINON-
HACTCS yCIOBUE

2V20 (38— a+v—08)4+2/ 28 (3a—B—v+8)+4y/—af (B—a+y—0—1)+
+(a+B4+7+0)%+2(a—B—v—4af — 2ay — 266) =0,

rae ans \/—af3 Gepercs 3HaYEHHE, KOTOPOE COBMAMAET ¢ v/ay/—p.

@ Jlumepamypa k 2naee 13: 2. JI. Atnc (1939), B. B. I'ony6es (1950), G. M. Murphy (1960),
B. U. I'pomak, H. A. Jlykawesuu (1990), Maremaruueckas ¢usuka (1998, c. 427), B. @. 3aiiues,
A. . Nonsxun (2001 a).



14. KBasuAMHEHble ypaBHEHUSA C YacCTHbIMMU
NPOU3BOAHBIMU NEPBOro NOpsAAKa

14.1. Xapakrepuctuueckan cuctema. Obuiee peweHue

14.1.1. YpaBHEeHHUA ¢ ABYMA HE3aBUCUMbIMHU NEPEeMEHHbIMHU

OO0mee KBasHIHHEHHOE YpaBHEHHE C YaCTHBIMH IPOHU3BOJHBIMH NIEPBOTO MOPAIAKA
C IByMs HE3aBHCHUMBIMH INEPEMECHHBIMH HMECT BHI

ow ow
f(xvva)g-'_g(waya'w)a—y _h(xayaw) (1)

M 4acTO BCTpeyaeTcs B PassIMUHBIX NPHIOKEHHIX (B MEXaHHKE CIUIOLIHBIX Cpel,

ra3oBOH AMHAMHKe, THIPOIHHAMHKE, TEOPHH BOJIH, aKyCTHKE, TEOPHH (PUIBTpaLIUH,

TEOPHH MAacCo- U TEIUIONEPEHOCa, XUMHYECKOH TEXHOJIOTHH U APYTHX 00JIacTAX).
Ecnu n3BecTHbI 1Ba HE3aBHCUMBIX HHTETpaa

ul(xvva) = Cl» Uz(x,y,w) =Cs (2)
XapaKTepI/ICTI/IlIeCKOﬁ CHUCTEMBbI

f(m?y’ w) - g(m?y?w) - h(x’y?w) ’

dz dy dw 3)

TO obmiee pemeHue ypasHenus (1) naercs dhopmymnoun
®(u1,u2) =0, “4)

rae & —npousBosibHas pyHKIMA IBYX apryMeHTOB. Paspemus (4) OTHOCHTETIBHO U]
WIH U2, PEIIEHHE YacTO 3allUCHIBAIOT B BUAE

u = ®(uz_),

rae ® — npou3BosbHas GYHKIMSA OJHOTO apryMeHTa; k = 1, 2.

Ilpumep 1. PaccmoTpum ypaBHeHUE

— t+aw— =1. %)

UMEIOT BUJL
2
z—w=C, 2y—aw =Cs.

IMosTomy obuiee pelieHre UCXOAHOTO ypaBHEHUs (5) maercs popmynoit

®(z — w, 2y — aw’®) = 0.
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14.1.2. UcnoAb3oBaHUE ABYXNapaMeTPUUECKUX YACTHbIX pelueHUn

[lycTh AByXTapaMeTPHIECKOE YaCTHOE peleHne ypaBHeHus (1) maercs popmymnoi
E(xvvaa CI,CQ) = 0’ (6)

rae C7 u Cy — MpOUW3BOJBHBIC MOCTOSHHBIE. Toraa pemenue ypaHeHus (1),
uMeroniee GyHKIMOHABHBIA MPOU3BOJI, MOKHO MPEICTABUTh B MapaMETPHIECKOM
BHJIE C IOMOIIBIO paBeHCTBA (6) ¥ ABYX YpPaBHEHHI:

Co = F(Ch),
9= | 92 dF(Cy)

oCh + 0C, dCh

=0,
rae F' = F(C') —npousBonbHast GYHKIHA.

14.1.3. YpaBHEHUA C NPOU3BOAbHbIM YUCAOM HE3ABUCUMbIX NEPEMEHHDbIX

OOmiee KBa3HIHHEHHOE YpPaBHCHHUE C YaCTHBIMHU NPOU3BOAHBIMU NEPBOI'0 MOPAAKA
C M HE3aBUCHMBIMH NIEPEMEHHBIMH UMECT BHI

ow

Ow
f1($1,...,.rn,’l,U) e +"'+fn('r17""$n’w)W :g($1""’$n7w)' (7)
n
HYCTB H3BECTHBI @ HE3ABUCUMBIX HHTCTPAJIOB
ur(x1, ... xp,w) =C1, ooy Up(T1,...,Zp,w) = Cy 8)

xapaKTemenquKoﬁ CHUCTCMBI

dxi dxn dw

filzi, ..., 20, w) fa(m, ..., Tn, w) g(z1, ..., Tn,w)
Torga oOmiee pemenue ypaBHeHus (7) naerca Gopmyoi
(I)(U,l, ‘e ,un) = 0,

rae & — mpousBojibHAsS (QYHKIMA N APTYMEHTOB, Uy, = U (T1,...,Tn, W) —
uHTerpansl (8), m =1,...,n.

@ Jlumepamypa k pa3o. 14.1: P. Kypanr (1964), O. Kamke (1966), WU. I Ilerposckuit (1970),
E. Zauderer (1983), D. Zwillinger (1989).

14.2. 3apaua Kowu. Teopema cywiectBOBaHUAA U €AUHCTBEHHOCTH

14.2.1. ABe $opmyAMPOBKHU 3apauu Kowu

1°. O6obwennas 3aoaua Kowu. Tpebyercs HalTH pemienune w = w(x, y) ypaBHEHUSA
(1), ynoBnerBopsomiee Ha4allbHbIM YCIOBUSAM

«T:hl(g)’ y:h2(§)’ w:h3(§)’ &)

rae £ —mapamerp (o < € < ), a hi(§) —3anansbie QyHKIMH.
leomerpuueckas wWHTEpHpeTanus: TpeOyeTcs HAWTH HHTErPAIbHYI0 TOBEPX-
HOCTb ypaBHeHH (1), mpoxoasmIyto yepe3 JIHHUIO (9), 3a1aHHY0 MapaMeTPHUIECKH.
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2°. Knaccuueckas 3a0aua Kowu. Tpebyercs HaiiT peieHue w = w(x,y) ypaBHe-
Hus (1), yooBneTBOpsIOniee HaYaIbHOMY YCIIOBHIO

w=p(y) npu z=0, (10)

rae p(y) —3anaHHas GyHKIHs.
Knaccuueckyro 3amauy Konmm ynoOHO npeacTaBuTh B BHE 0000IICHHOM 331a4u
Komrn, 3anucas HayanpHoe ycnoBue (10) B mapaMeTpuveckoM BUJE:

=0, y=¢& w= (). (11)

14.2.2. Mpoueaypa peweHUa 3apaun Kowwu

[Ipouenypa pemenus 3amaun Komm (1), (9) cocroMT M3 HECKOJNBKHX 3TAaloOB.
CHavana ompenensioTcs IOBa HE3aBHCHMBIX HHTerpana (2) xXapaKTepHCTHYECKOM
cucrems! (3). 3aTeM Ui ONpefeNeHus MOCTOSHHbIX uHTerpupoBanus C1 u Co B
HHTETpab (2) MOACTABIAIOTCS HaYaIbHBIE JaHHbIE (9):

ul(h'l(é)vh?({)’h:f(é)) = Cl’ u?(hl(g)ahQ(é)vh’?)({)) = CQ‘ (12)
Uckmouas u3 (2) u (12) mocrosinusie C1 U Co, uMeeM

U1($, Y, w) = ul(hl (5)’ h2(£)7 h3(§))7

ug (2, y, w) = uz(h1(§), h2(€), h3(£)).

®opmyinsl (13) npencraBisaior cobol mapaMeTpudecKkyro GOpMYy peIieHHS 3aJadu
Komru (1), (9). B HexoTophix ciydasx, uckimrodas u3 (13) mapamerp £, ymaercs
NOJY4YUTH PEIIECHHE B IBHOM BUJE.

(13)

14.2.3. Teopema cyw,eCTBOBAHUA U EAUHCTBEHHOCTH

[Tycts &y —00aacThb MWIOCKOCTH (I, Y), a & — WHIHHAPHYIECKas 001aCTh NPOCTPaH-
crBa (z,y,w), Noly4eHHas u3 &, 100aBIeHHEM KOOPIAUHATHI w, HpHdeM |w| < Aj.
ycte ko3 Punuents! ypasuenus (1) f, g, h— HenpepbiBHO aubdepeHIHpyeMble
byukmmn ot z, y, w B &, a £ = h1(§), y = ha(§), w = h3(§) — HenpepsIBHO
nuddepennupyemsre Gyrkuun ot & s |€| < Ag, onpenenstomupe kpusyo C B &
¢ npocToii npoekimeit Co B &g, u Takue, 4o (h))? + (h})? # 0 (mTpux 0603Ha4aeT
npousBoanyo 1o £). Cunraem, uro fhh, — gh] # 0 wa C. Torma cymecrByer
nono6nacte &, obnactu B, conepxaias Cp, B KOTOPOii ONpeiesieHa HEMpepbIBHO
mudbepenppyemas ynkuus w = w(x,y), yropaersopstomas quddepeHnnans-
HOMy ypaBHeHHIO (1) B & u HavanpHOMy ycioBuio (9) Ha Cjy. Ora QyHKIUA
OTIpeNieNsieTCs] €AMHCTBEHHBIM 00pa3oM.

BaxHO OTMETHTH, YTO 3Ta TeOpeMa HOCHUT JIOKAIBLHBIH XapakTep: CyLIeCTBOBa-
HHE pEelIeHHUs rapaHTUPYETCsl TOIBKO B HEKOTOPOH, JOCTaTOYHO «Yy3KOi», 3apaHee

He (uxcupoBaHHOH, OKpecTHOCTH JIMHUU C (CM. 3aMeYaHHe B KOHIIE IpuMepa 2).
Ipumep 2. Paccmorpum 3anauy Kowu ans ypaBHenus Xonda
ow ow
v = =0 14
oz tw Ay (14)
C HayaJlbHbIM YCJIOBHEM
w=¢(y) npu z=0. (15)
CHauana npeAcTaBuM HauanbHoe ycnosue (15) B mapamerprueckom Buae (9):

=0, y=¢ w=ep(). (16)
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Pelas xapakTepuCTH4ECKYI0 CHCTEMY

o _dy _ dw (17)
HaxoJuM /1Ba HE3aBUCHMBbIX UHTErpaja:
w==C, y—wz=Cs. (18)

Ucnonb3ys HauanbHble ycnoBus (16), onpeaensieM 3HaYEHUs IOCTOSHHBIX MHTErPUPOBAHMU:
C1 = (&), Co = £ Noncrasassa 51U BeipaxeHus B (18), nonyuum peluenve 3anaunt Kowwn (14), (15)
B [IapaMETPUUYECKOM BUIE:

w=¢(§), 19)
y=¢&+p(é)z. (20
Xapaxrepuctuxu (20) mpeacTaBnsAioT coOOM MpAMbIC JMHUU B IUIOCKOCTH (Z,y) C yIJIOM Hakio-
Ha ¢(€), nepecexarouiye ocb y B Toukax &. Ha kaxnoit xapakrepucriike GpyHKUMS w UMEET OANHAKOBOE
3HaueHue, paBHoe (&) (Ha pasHbIX XapaKTEePUCTUKAaX 3HAYEHMs w B OOLUEM Cilyyae pasHbIe).
Ipu ¢’ (&) > 0 pasnuuHble XapaKTEPUCTUKY He NiepecekatoTcs, U popmyns (19), (20) onuchisaroT
OJHO3Ha4YHOE pelleHue. B kauecTBe mpumepa paccMOTPUM HayanbHbIN Npoduib

w1 npu £ <0,
p(§) = { ngz Izwl mpu £ > 0, (21)

rie wy < we u € > 0. U3 popmyn (19), (20) monyuum oxHO3HA4YHOE IMAAKOE pELICHHE BO BCE
nonymiockoctd x > 0. B obnactu, koTopyro 3alonHAT xapakTepuctikul y = £ + wix (1pu € < 0),
pelleHIe TIOCTOSHHO:
w=w1 npu y/z < w. (22)
Ipu € > 0 pelieHre MOXXHO ONpenenuTb 1o gopmynam (19)—(21).
[TocMoTpyM, BO 4TO NeEpelleT yka3aHHOE pelleHHe B IPEAeHbHOM ciydae € — 0, KOTOpbIif
COOTBETCTBYET KyCOUHO-HETIPEPbIBHOMY HauanbHOMY Npoduito
_ Jw mpm £<0,
(&) = {w2 mpu £5 0, Me wi<uw 23)
[Hanee cuuraem, uto £ > 0 [mpu £ < 0 cnpaseanusa ¢popmyna (22)]. Ilpu € = const 0 ue — 0
u3 (21) umeem p(£) = ws. [loaToMy B 06/1aCTH, KOTOPYIO 3AIIONHSIOT XaPAKTEPUCTHKY Y = & + waX
(npu € > 0), peleHUe IOCTOSHHO:
w=wy; npu y/zx>ws (npue — 0). (24)
Ilpu £ — 0 dyHKUUA ¢ MOXKET NPUHMMATb J1000E 3HAYE€HUE MEXAYy Wi U W2 B 3aBUCHMOCTH OT
COOTHOLUEHUI MeXAy ABYMs MajibIMHM IapameTpaMy € ¥ &, TIpU 3TOM IIEPBbIM ClaraéMbiM B IIpaBoit

vactil ¢opmyabl (20) MoxxHO mpeHeOpeub. B pesyasrare u3 (19), (20) HaXoAMM COOTBETCTBYIOLLYIO
aCUMITOTUKY PeLIEHUs B IBHOM BHUJIE:

w=y/xz mpu w <y/x<w: (mpue — 0). 25)

O6benunsas ¢opmynsl (22), (24) u (25), nmonyuum pewenve 3axayu Kowmwu ans ypasHenus (14) c
HavanbHbIM ycioBuem (23):

wp IOpu Yy < wiz,

w(z,y) = {y/w mpu w1z < Y < Wwak, (26)
w2 INIpU Y = W2Z.

Xapakrepuctukyl ypasHeHus (14) npu ycnosuu (23) 1 3aBUCUMOCTb QYHKLUUM w OT Yy I[IOKa3aHbl Ha

puc. 9 (rae w1 = %, wy = 2, o = 1). B npunoxxeHusx Takoe pelieHNe Ha3blBalOT LECHTPUPOBaHHOM

BOJIHOM paspexeHus (cM. Takxe pasa. 14.3).

3ameuanve. Ipu Hanuuum yuactka ¢ ¢ (£) < 0 xapakTepuCTHKU OyAyT TEPECEKAThCS B HEKO-
TOpoii obaactu. B Touke mepeceueHus ABYX XapaKTEpUCTHK, 3aAaBacMbIX Pa3iUYHbIMU 3HAYEHUAMHU
napametpa &1 U €2, GyHKUMA w cornacHo nepBoit popmyne (21) Gyner uMeTh ABa pa3HbIX 3HAYEHUS,
kotopble paBHbl p(£1) 1 p(£2). [loaToOMy B 00NacTU MepeceyeHus: XapakTepUCTHK pelueHue Gyaer
MHOTO3HauHbIM. DTOT IIPUMEP AEMOHCTPHPYET JIOKaNbHOCTb TEOPEMBI CYILECTBOBAHMUS U €AMHCTBEH-
HocTtU. Bonee noapoOHO 3TH BOIPOCH! pacCMOTpeHH! B pa3a. 14.3, 14.4.

@ Jlumepamypa k pa3o. 14.2: P. Kypanr (1964), O3. Kamke (1966), WU. I Ilerposckuit (1970),
b. JI. Poxxaectenckuit, H. H. fluenko (1978), S. J. Farlow (1982).

14 A. J1. Nonsaxun, B. ®. 3aiiues, A. U. XKypos
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X

Y1=wi Xy

Ya=wyXy

y

Puc. 9. Xapakrepucruxku 3amauu Kowwn (14), (15) ¢ HavanbHbIM npodunem (23) U 3aBUCHMOCTb
HCKOMO#H BENUYMHbBI W OT KOOPAMHATHI Y MPH W1 = % we =2, xo = 1.

14.3. KauecTtBeHHble 0COOEHHOCTU U pa3pbiBHbIE peLleHUA
KBa3WAMHEWHbIX YpaBHEHUH

14.3.1. MoaenbHOe ypaBHEHWe ra3oBoi AMHAMUKH

PaccMoTpuM KBa3uIMHEHHOE YpaBHEHHE CIENMATbHOTO BUaa™
ow ow
Dz + f(w)a—y =0, (27)

KOTOPOE MPEACTABIAET COOOH 3aKOH COXPaHEHHS KOJIMUECTBA BEIECTBA (MIIH KaKOH-
00 Ipyrod BETHYUHBI) M YacTO BCTPEYAETCS B MEXaHHKE CIUIOIIHBIX Cpell, ra3o-
BOW ITMHAMHUKE, THAPOAMHAMHKE, TEOPHU BOJH, aKyCTHKE, TEOPUH (GHUIBTPALIUU H
XMMHYECKOH TEXHOJIOTHH. JTO ypaBHEHHUE UCIIONIB3YETCS I MOAETHPOBAHHS MHO-
IHX npoueccoB nudpdy3HOHHOro THIA, TAaKHX, KaK aacopOuus M xpomatorpadwus,
nByx(a3zHble TeYeHUS B MOPHUCTOH Cpelie, aBOAKOBBIC BOJHBI B PEKaX, ABH)KCHHE
IIOTOKOB TPAHCIOPTA HA YJIMIAX, TEUCHUS KUAKHX IUICHOK 110 HAaKIOHHOH INIOCKO-
ctd 1 Ap. He3aBucuMele nepeMeHHBIE & M y B YpaBHEHHH (27) 0OBIYHO HUTPAIOT POIh
BpPEMEHH U MIPOCTPAHCTBEHHON KOOPAMHATEHI, W UIPAeT POJIb IUIOTHOCTH MEPEHOCH-
MO¥ BeNHYHHBL, @ f(w)— CKOPOCTH MepeHoca.

14.3.2. PeweHue 3apauu Kowu

Pemrenne w = w(z,y) 3anaun Komw mis ypasHeHus (27) ¢ HaYaabHBIM yCIOBHEM

w=¢(y) mpu z=0 (—oc0<y< ) (28)

* VYpaBHeHUs 00lIEro BUAa pacCMaTPUBAIOTCA Aanee B pasa. 14.4.
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MO’KHO TIPEJICTABHThL B MapaMETPHYECKOM BHJIE
e F(€) = f(p(€)).

Paccmotpum xapakrepuctudeckue npsmeie y = & + F(£)z B miockoctu (y, )
IIpY pa3jIMYHBIX 3HAUCHMAX Napamerpa &. HakioH Kakno# M3 3THUX NpsMBIX ompe-
nensiercsi 3HaueHueM koddduumenta F(£). Ha xaxnol Takod mpsAMoi HCKoMas
BeJIMYKHA MOCTOSIHHA U paBHA w = p(&). B yacTHOM ciiyyae f = a = const paccmar-
pHBaeMOe ypaBHEHHE SBIISIETCS JTHHEHHBIM, IPU 3TOM pemieHue (29) 3amuchBaercs
B SIBHOM BHJIe W = (Y — ar) U ONMKMCHIBAeT OEryLIyIO0 BOJIHY C HEM3MEHHBIM MPO-
¢uem. 3aBucuMoCTh f = f(w) NPUBOAUT K THIIHYHOMY HENHHEHHOMY I dekTy —
HCKaKEHHIO MPOGUIIS PacHpOCTPAHSIIOIIEHCS BOIHEL

Hanee paccmarpuBaeMm obiacte z > 0 u cuutaem™, yro f > O nmpu w > 0 u
fl, > 0. B aToM ciy4yae Gonbline 3HAYCHHsI W PACIpPOCTPAHSIOTCA ObICTpee, YeM
manble. Ecin HauaneHelii poGuIIb NIPU BCEX y YAOBIETBOPAET YCiIoBHio ¢ (y) > 0,
TO XapaKTEePUCTUKH Ha IUIOCKOCTH (Y, ), BHIXOALIME U3 TOYEK OCH Yy B 001acTh
z > 0, ABJIAIOTCS PAaCXOASALIMMUCS IPAMBIMH; PEILEHHE CYLIECTBYET H OQHO3HAYHO
npu Beex z > 0. B ¢usuke Takue pemieHus Ha3bIBalOT BOJTHAMU Pa3peKeHHUS.

IMpumep 3. Ha puc. 10 u 11 ans wunocTpauuu nokasaHbl XapaKTEPUCTUKU Y IBOJIIOLMS BOJIHBI
paspexenus ans ypasHenus Xonda [npu f(w) = w B (27)] ¢ HauanbHbIM npodunem

4
¢(y) = —arctg(y —2) + 2.

ks
BuaHo, 4To peleHue aBageTcsa MaikuM npu scex £ > 0.

0 4 8 y

Puc. 10 Puc. 11

[locMOTpUM Temepsk, 9To NpOU30MzeT, eciu ¢ (y) < 0 Ha HEKOTOPOM HHTEpBAIE
ocu y. Ilycth y; W y2 — TOYKM Ha >ToM wuHTepBaie. [lpu y; < yo UMeeM
f(y1) > f(y2). U3 mepBoro coorHomenus (29) cieayer, 4To XapaKTEPUCTHKH,
BBIXOZALIME W3 TOYEK Y1 M Yo, TIEPECEKYTCA B «KMOMEHT BPEMEHMY», PABHbIN

= % — _
L= Ty — fwm) . €W o(y1), wa = p(y2).

Tak Kak w HMeEeT pa3lMYHble 3HAYEHHS Ha 3THX XapaKTEPUCTHKAX, TO PEIIEHHE
He MOXeT OBbITh HEMpPEPHIBHO MPOAOIKEHO s T > Z,. Ecmu ¢'(y) < 0 Ha

OTPAaHUYCHHOM HHTEPBAJE, TO HAWIETCA TAaKO€ 3HAUYEHUE Tpni, = IMin T, 4TO B
Y1,Y2

* Paccmorpenue obnactu x < 0 3aMeHOI £ = —T CBOAMTCS K paccMOTpeHuto obnactu = = 0.
Cnyuaii f < 0 3ameHoii y = —y cBoauTcs k cnyyaw f > 0.

14*
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X
Vpasuenune Xonda
4 ¢ HayanbHbBIM npoduaem (30)
£E=0,05 1,0
2 -
0 2 4 6 8 v

Puc. 12

00JIaCTH T > Tpin XapaKTEpUCTHUKU OyayT mepecekarsbcs, cM. puc. 12. I[loaromy
9acTh BOJIHBI, TI€ €¢ MpOQHIIb SBISeTCA YObIBatoUIeH GyHKIMEH OT Y, CO BpeMeHEM
OyIeT «ONpOKUABIBATECS». BpeMs Hadana ONpOKHIBIBAHHUS Zpnin ONPEIEIAETCS MO
dbopmyne

1

Tmin = _—]_-,(50) »
rae 3HadeHue & Haxomurcs u3 yenosus | F'(&p)| = max |[F'(€)| mpu F'(€) < 0.
dopmanbHOE TPOJIOJDKEHHE PEIICHUS B 00JACTh & > Tpyin JETAET 3TO pElIeHHE
HEOJHO3HAYHBIM. ['paHuia 06IacTH OXHO3HAYHOCTH PEIICHHs B MIOCKOCTH (Y, T)
SABJISACTCA om6a101uei’1 XapaKTEPUCTUK U MOXKET OBITH 3amIKcaHa B napaMeTpuiICCKOM
BHOC
y=&+F(z, 0=1+F(&)z.

IIpumep 4. Ha puc. 13 B xauecTBe WIIOCTPALMHY U300paXKeHa IBOJIIOLUSA YEAUHEHHON BOJIHBI C

HayanbHbIM nMpodunem
py) =ch*(y - 2) +1, (30)

KOTOpasi onuchiBaercsi ypasHenuem (27) ¢ f(w) = w. BuaHo, uro mpu Z > ZTmin, A€
Tmin = %\/5 ~ 1.3, NpOMCXOAUT ONPOKUJBIBAHUE BOJIHBI.

W x=0 05 10 15 20 25

2.0 1

1.5 —>

l

Puc. 13

14.3.3. YaapHble BOAHbI. YCAOBUSA Ha pa3pbiBe

B OonpmIMHCTBE MPUIOKEHUH, B KOTOPBIX BCTPEYAETCS PacCMaTpUBAacMOE ypaB-
HeHue, uckoMasi GyHKuus w(x,y) SBISETCS IUIOTHOCTHIO HEKOTOPO# Cpenbl U Mo
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w

—>

]
0 s(x) y

Puc. 14

CBOEH CYLIHOCTH HOJKHA OBITh OHO3HAYHA. B 3THX ClTy4asx BMECTO HEMPEPHIBHOTO
[JIQJIKOTO PeUIeHHs] MPUXOTUTCS PacCMaTpUBaTh 000OLIEHHOE (HErNIagKoe) pelie-
HHUe, ONMCHIBAOIIEE YAAPHYIO BOJIHY, KOTOPas MMeeT BHI «CTyIeHbKI». [Ipu 3Tom
MHOTO3HaYHasl 4acTh BOJHOBOrO MPOGHIS 3aMEHSAETCS HEKOTOPBIM ITOJXOJSLIMM
pa3pbIBOM, Kak Moka3zano Ha puc. 14. Crenyer mOAYEpKHYTh, YTO Pa3phbiB MOKET
00pa3oBaThCs MPH CKOJb yroguo raafkux Qyukmusax f(w) u p(y), BXOAAUX B
ypaBHeHHe (27) u HavanpHOE ycimoBue (28).

Janee Oynem cauTaTh, uTO QYHKIMS w(T, y) TEPNUT pa3phiB HA THHUH y = S(T) B
miockoctH (y, x). [To 06e cropoHs! oT pa3peiBa GyHKuus w(z, y) ABISIETCS ITaKOM
M OJHO3HAYHOW; KaKk M paHee, OHa omuchiBaeTcs ypaBHeHUsMH (29). CxopocTs
pacnpocTpaHeHus pa3pbisa V' BeIpaxkaeTcs depes npousBoanyto: V = s, [Ipu sTom
JIOJDKHO BBIMOJHATHCS COOTHOLIEHHE

w2 — W1

v = L) = Flw) = gy — / f(w) dw, 31)

rae uHAeKC 1 COOTBETCTBYET 3HAYEHHUSM BETUYHMH MEpeN pa3pbIBOM, a MHIEKC 2 —
mocne paspeiBa. B npunoxenusx cootHomeHue (31) NpUHATO Ha3bIBaTh 3aKOHOM
COXpaHEHUS Ha pa3pbiBe (BBIBOJ 3TOTO COOTHOILEHUS AaH HIKE B pa3nd. 14.3.4).

HenpepriBHas BOJIHA ONMPOKUABIBAETCS U MPUBOIUT K Pa3phIBY TOLAA U TOJIBKO
TOrZa, KOra CKOpOCTh pacmpocTpaHenus f(w) yObIBaeT ¢ yBeaW4eHHEM y, T. €.
BBITIOJTHAETCS HEPABEHCTBO

flwa) <V < f(un). (32)

FeoMeTprueckuii cMbIca yciioBuid (32) 3aKIIO4aeTcss B TOM, YTO XapaKTEPHUCTHKH,
BBIXOJIAIIME U3 OCH = (3T XaPaKTEPHUCTHKH «HECYT» HH(POPMALHUIO O HAYATBHBIX
JNAHHBIX), JOJDKHBI NEpeceKkaTh JIMHUIO pa3phiBa, cM. puc. 15. B stom ciyuae
pa3peIBHOE penieHue OyaeT YCTOWYUBBIM MO OTHOIIEHHIO K MajJbIM BO3MYIIEHHSIM
HAYaJIbHOTO NPOGHIA (T. €. COOTBETCTBYIOIIEE PEIIEHHE TAKXKE MaIO U3MEHUTCH).

[Too)keHHe TOYKH pa3pbiBa B IUIOCKOCTH (Y, W) MOXHO ONpPEAETHTH reoMeT-
pPHUYECKH, CIIEeNys MPaBHIy YH3eMa: pa3phbIB JOJDKEH OTCEKaTh OT MpOQHis ompo-
KHIBIBAIOLIEHCS BOJHBI OOJIACTH C paBHBIMH IUIOMANAMHU (Ha puc. 14 3TH obnactu
3amTpuxoBanbl). [10J10)keHHE TOYKH pa3phiBa MOXKHO HAWTH MyTEM PENICHUS ypaB-
HEHHI

s(z) = & + Fiz,

s(z) = &2 + For, (33)

F2—F1 &
woFo — w1 F1 :F(wQ)—F(w1)+m/ wdE.
1
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x
JINHWA pa3peiBa _
XapaKTECPUCTHKH
A\
|
i
XapaKTEPUCTHKH

0 y
Puc. 15

3mece w u F onpenendorcs kKak ¢yHkumm ot £ mo ¢dopmynam w = (&) u
F = f(w), dyskuus F(w) BBemena B (31), a uHAEKCH 0003HAYAIOT 3HAYCHHUS
COOTBETCTBYIOIIUX BENWYHH NpH & U &r. YpaBHeHUs (33) mMO3BONAIOT HAWTH
3aBHCHMOCTH S = 5(), &1 = &1(x), &2 = &2(x). MOXKHO MOKa3aTh, 4TO U3 MOCIEAHETO
ypaBHeHus (33) cnenyer ycinoBue Ha paspeie (31).
INpumep 5. [lns ypasHenus Xonda, koropoe coorercrayet f(w) =w B (27), yca0BHE Ha CKa4YKe

(31) ¢ yuyerom pasencrsa F(w) = %wQ 3aMUChIBAETCA TaK:
wy + wy
—
a cucrema (33), onpeaensoLas MoNOKEHHE NMOJ0XKEHUS TOYKHY Pa3pbiBa, NPUHUMAET BUJ

s(z) =& + (&),

s(z) = & + (&),

ele) +ole) 1 &
3 ~&-e /{1 p(§) ¢,

rae GyHkums () 3apaer HayanbHbIH NPOGUIbL BOJIHBL

Ha puc. 16 usobpaxeHo $hopMupoBaHHE yLapHOH BOJHbI, KOTOpas OMMCBHIBAETCS 0GOOILIEHHBIM
pewiendem ypasHenuss Xonda npu f(w) = w u obpasyercs U3 YEAWHEHHOH BOJIHBL C [VIAAKUM
HayanbHbeIM npodunem (30).

V=

W x=0 05 10 15 20 25
2.0

1.5 1 —>

l

Puc. 16

Bonpmoe yncno pemenuit 3anaun Komu mis ypapHeHus (27), ONMHCHIBAOIINX
CIIMSHHE U Pacnaj pa3phlBOB, NEPHOAUIECCKUE BOJIHBI M ApyIrue pusndeckue ¢ dex-
THI, IPUBE/ICHO, HaNIpuMep, B kaurax Jix. Yuzema (1977), b. JI. PoxxnecTBeHcKoro,
H. H. SIuenxo (1978), A. I'. Kymukosckoro, E. U. CeemrnukoBoit (1998).
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14.3.4. Ucnonb3oBaHUE UHTErPaAbHbIX PaBEHCTB AA onpeaeneHUA 06061eHHbIX
pelieHum

OO0O0O01IeHHBIE pENIEHHS, KOTOPHIE OIMHUCBHIBAIOTCH KYCOYHO-TIAIKUMH (KYCOYHO-

HENpPEePHIBHBIMU) (QYHKIUAMH, (OPMATBEHO MOXXHO BBECTH IMYTEM PacCMOTPEHHUS

CIIEYIOLIETO ypaBHEHHS, PEICTABIEHHOTO B HHTErpaIbHON hopme:

—//[wg—i}+ w) 32| dyde = 0. (34)
D

3meck D — npOU3BONBHEIA MPAMOYTONBHUK B IIIOCKOCTH (Y, ); ¥ = ¢(x, y) —mo-
0as1, TaK Ha3BIBaeMasi npoOHAs QyHKYUsA C HETIPEPHIBHBIMH IIEPBBIMH IPOU3BOTHEIMH
B D, kotopast obpamiaercst B Hy1b Ha rpanuue D, a ¢ynkius F'(w) ompenenena
B (31). Ecniu w u F(w) HenpepoiBHO auddepeHuupyemsl, T0 ypaBaenue (33)
SKBHUBAJIEHTHO UCXONHOMY nuddepeHunanbHOMy ypaBHeHuIo (27). JledcTBUTENBHO,
€CIIH YMHOXHWThH ypaBHeHHE (27) Ha ) U NMPOMHTErpHUpOBaTh Mo obmactu D, TO,
MHTETpUPYA 3aTeM 1O 9acTsM, noiayduM (34). OOpartHo, naTeTpHpY (34) 1O YacTsaMm,

HMEEM
Ow 6F(w _
[+ 252l —o
D

[MockonbpKy 3TO paBEHCTBO JOJKHO BBINOIHATHCA A TF000H poOHOH QyHKINH 1,
oTcroza ¢ yueroM cootHomenus F’ (w) = f(w) nonyuum ucxoanoe ypasuenue (27).
Onnaxo ypasHenue (34) umeer Oojee MUPOKUIN KIacC pEIIeHUH, TOCKOJIBKY JOIY-
cTuMble QYHKIHMH w(T, y) He 0083aTeIBHO UMEIOT Mpou3BoAHbIe. DyHKIMH w(Z, Y),
YIOBJIETBOPSIOIINE HHTETPATHFHOMY paBeHCTBY (34) 1is Bcex NMpoOHBIX GyHKIHMH 1,
Ha3bIBAOTCSA 000OIIEHHBIMH (HITH CTA0BIMH) PEIICHUSIMH YpaBHEHHUs (27).

Hcnonb3oBanue 000OIIEHHBIX PEIEHUH yIOOHO U ONHCAHUA Pa3pBIBOB, TaK
KakK I03BOJIIET aBTOMAaTHYECKH NOJIy4aTh YCIOBHA Ha pa3peiBe. PaccMoTpum pertre-
Hue ypaBHeHus (34), HenpeprsiBHO muddepenuupyemoe B nByx yactax Dy u Do
HpsSIMOYTOJIBFHUKA [, KOTOpOe UMeeT KOHEUHBIH pa3phIB [epBOro poaa Ha rpanuue [,
pasnenstomei D1 u Dy. UHTErpupys B Kaxkaoi u3 odonacredi Dy u Doy mo yactsaM,
u3 (34) nmomyuum

J 122 + 2202 e+ [ [[22 + 222 payar s
D, 5,

T / {[w]dy — [F(w)]dz} =0,
N

rre [w] = we — w; ¥ [F(w)] = F(ws) — F(w;)—ckauku Ha I'. KpuBonuueiHbli
uHTerpan mo I' oOpa3oBaH TIpaHMYHBIMH WIeHaMH HHTerpaioB mo Dj u Do,
BO3HHKAIONIMMH B pe3yJIbTaTe MHTETPUPOBAHMS MO YacTAM. Tak KakK MONydYeHHOe
PaBEHCTBO IODKHO OBITH CIIPaBEUIMBBIM IS BCEX NMPOOHBIX QyHKLUI 1), OTCIONa
ClIeyeT, uTO ypaBHeHHe (27) CIpaBeUIMBO BHYTPU KXAOH W3 momobmacreit Dj
u Dy; KpoMe TOro, TOJDKHO BBIIOJIHATHCS PABEHCTBO

[w]dy — [F(w)]de =0  (na muauu ).

Cuuras, Kak U paHee, YTO JIMHHS pa3pbiBa OMHUCHIBAETCA ypaBHEHHeM y = S(x),
MOJTy4aeM OTCIOZa YCIIOBHE Ha paspeie (31).
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Crnenyer OTMETUTH, YTO YCIOBUA (32) HE CIEAYIOT U3 HHTETPAIbHOTO PABEHCTBA
(34), a BEIBOAATCS U3 NOTOJIHUTEIHHOTO TPEOOBAaHUS YCTOHYUBOCTH PEIICHUS.

14.3.5. 3akoHbl coxpaHeHus. Baskue peweHusn
YKakeM 3/1eCh OpyTHE COCOOBI BBEIEHHS 00OOIIEHHBIX PENICHUH.

1°. O600meHHbIE peleHHs MO’KHO BBECTH C IIOMOIIBIO 3aKOHA COXPaHEHHUS
d [*
%/ wdy + F(wy) — F(wy) =0, (35)
Y1

NpH 3alUCH KOTOPOrO HCIOJNB30BaHBl KpaTkHe obo3HaveHus: w = w(z,y),
wp, = w(x,yy), rae n = 1, 2; dbynkuus F(w), kak u (31), BBoguTcst mo opmye

F(w) = / f(w) dw. PaBercTBO (35) cuMTaeTCs BBIMOIHEHHBIM JUTS THOOBIX Y1 U Yo

H JIONYCKAeT MPOCTYIO (H3HYECKYIO HHTEPIPETALHIO: CKOPOCTh H3MEHEHHS 06IIero
KOJIMYECTBA BEJIMIMHBI W, PaCIpeIeleHHON Ha HHTepBae (Y1, Y2), KOMIICHCHPYET-
cst «moTokom» hyHKuuK F'(w) depe3 KOHIBI TOr0 MHTEpBaa.

[Tyctes w — HenpepelBHO AudepeHIupyeMoe pelieHne 3aKOHa COXPaHEeHHMS.
Torma muddepennupys (35) mo yo, a 3aTeM mojaras ys = Yy, IPUXOAUM K ypaB-
HeHuio (27). 3akoH coxpaneHus (35) ynoOeH TeM, 4TO OH JOMYCKAeT U Pa3phIBHBIE
pemnenus. HeTpyaHO 1mokasaTs, YTO B 3TOM CIIydae JOJDKHO BBIIOJIHATHCS YCIOBHE
Ha paspeie (31). [loaTromy 3akoHBI coxpaHenus Tuna (35) MHOTOA MCIOIB3YIOTCS
B KaueCTBE OCHOBBI JUI OMNpeNeneHHs OOOOIICHHBIX pELIEHHH: CM., HalpHMep,
P. Kypanrt (1964), Ix. Yuzem (1977), b. JI. PoxnectBenckuii, H. H. SInenxo (1978).

2°. B0o3MOXeH Taioke APYrod MOAXOA K OIpEeNeNCHHI0 OOOOLIEHHBIX DPEILCHHMH,
CBSI3aHHBIH C PAacCMOTPEHHEM BCIOMOTaTEIbHOTO YPaBHEHHS NapaboIHMYecKoro

THIIa

ow ow _ dw

[Ipu sToM 06oOmenHoe pemenue 3amauu Komm (27), (28) (ans ¢uHHTHOTO Ha-
JaTpHOTO TPOQUIS) ONpenenseTcs Kak mpeaen pelieHus ypaBHenus (36) ¢ tem
K€ Ha4aabHBIM ycioBueM (28) mpu € — 0. B paborax O. A. Omneiinuk (1957),
U. M. I'enbdanpa (1959) 6su10 MOKa3aHO, YTO PACCMOTPEHHBIE BHILIE OIPECICHHS
0000IIEHHOTO PEICHHs PUBOAT K OJMHAKOBBIM PE3yIbTaTaM.

[MapameTp £ Urpaer poib «BA3KOCTH» (IO AHANOTHH C BI3KOCTBIO KHUIKOCTH HITH
raza), KOTopasi «pa3Ma3bIBaeT» pa3pbIB, Jeflasi HEeNpepbIBHEIM NMPO(QHUIL HCKOMOH
BeJIMYMHE! w. [103TOMY yKa3zaHHYI0 KOHCTPYKLHIO, OCHOBAaHHYIO Ha HpPEAETbHOM
nepexoze npu € — 0, Ha3pIBAIOT METOAOM HCUE3AIOIIEH BA3KOCTH, a MOIYyYEHHYIO
HpenenbHYI0 QYHKIHIO — BA3KHM pelieHHeM. Y paBHeHue (36) IpH ManoM € Hepell-
KO HCIIOJIb3YETCS B KAUYECTBE OCHOBBI JIJIS1 YUCIEHHOTO MOAETHPOBAHHS Pa3pPBIBHBIX
pewieHuit ypasHeHus (27); B 3TOM CiIy4ae HET HEOOXOAMMOCTH CIELHANBHO BEHIE-
JATH O0NACTH pa3phiBa B YHUCIIEHHOW CXeMe.

Ipumep 6. [nsa ypaBHenus Xonda (14) BcnomorarensHoe ypaBHenue (36) umeer BUI

dw dw %w
E ’UJa—y = Ew, e>0 (37)

u sBAseTCA ypaBHeHueM Broprepca.
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Pewenue 3apaun Kown (37), (28) naercs dopmynamu [cm. E. Hopf (1950), Jx. Yuzem (1977)]:

/_o:o -1 - U exv[——H(x Y, n)] dn

(38)

( ) ): 5
ey ‘/_mexp[—gH(w,y,n)] dn

rac

H(ar,y,n)=/0 ¢(n)dn+% (39

PaccmotpuM acumnroTvyeckoe noBeaeHde pewieHus (39) npu manbix e, korma ., y, @(y)
¢uxcupoBanbl. IIpy € — 0 ocHOBHOH Bk1aa B WHTErpansl, Bxoasiwe B ¢opmyny (38), nawor
OKPECTHOCTH CTaLMOHApHBIX TOYeK GyHKuMH H. DTH TOYKM ONMPEAENSIOTCS M3 YCJIOBHS PaBEHCTBA
HYJ110 4acTHOH npousBoaHoii: H, = 0. Orciona umeem

y—n _
¢(n) - ——=0. (40)
Iyctb n = &(x, y) — craunoHapHas To4Ka, T. €. pyHkums £(x, y) onpeaensercs HesIBHO, KaK pelueH1e
anreOpanyeckoro (WM TPaHCLEHACHTHOr0) YPaBHEHHUS

w(e) - Lt =0, @1)
BKJ'IaLl OKpCCTHOCTM CTal.ll'lOHapHOi:l TOYKH T] = E B MHTCFpaJ'l BHUaa
*° 1
/ Q(n) exp [_EH (n)] dn

npu € — 0 onpeaensercs nNoMolB0 MeToaa nepesana [cm. M. B. ®@enoprok (1977, 1987), ®@. Onsep
(1990)] u paBen:

QO ey e[~ H ).

[peanonoxum cHavana, YTo CyLIECTBYET TOJIBKO OJHA CTauuoHapHas Touka &(x,y), YAOBIEeTBO-
psoiuas ypasHenuto (41). Torna

/: Y1 exp[- LBy dnx 226 [ e[ Ly,

z = V@) W)
< 1 1
/_mexp[—gH(w,y,n)] dn ~ |H,,(€)| exp[—gH(x Y, 5)]
Orciona u3 popmyas! (38) nonyuum
wia,y) ==L (mpue - 0), @)

rae 1 = £(x,y) onpenensercs ypaBHeHueM (41). IlonyyeHHOE aCUMIITOTHYECKOE PEILEHHE MOXHO
nepenucarb B NapaMeTPUYECKOM BHAE

w=¢€), y=E&+p(@)a. (44)
BuaHo, 4To oHO TOuHOCTH coBnajaet ¢ peweHueM (19)—(20), mony4yeHHbIM NMyTEM peLUEHHs 3a/auu
Kown (14)—(15) nns ypasHenus Xonda; npu 5ToM crauMoHapHas touka & = £(x,t) coOTBeTCTBYET
XapaKTepUCTHYECKOH NEPEMEHHOI.

Panee GbL10 Moka3aHo, YTO B HEKOTOPBIX Cly4asx NP JOCTATOUHO Gonbluiux x ¢opmynsl (44)
JIal0T MHOTO3HA4HbIE PELIEHHUS M NPUXOAMTCA BBOAMTH pa3pbiBbl. B To xe Bpems pewienue (38)
ypaBHeHus broprepca (37) onHO3HAYHO W HEMPEPBIBHO Ui JIOO0Oro . DTOT PakT OOBACHAETCS TEM,
4TO B TAKUX CJy4asix HMEETCS Cpa3y HECKONBKO CTAL(MOHAPHBIX TOUEK, YIOBIECTBOPSIOILMX YPABHEHHIO
(41), 1 HapRO HECKONBKO CKOPPEKTHPOBATH NPEABLAYIIMI acumnToTHyeckui ananus. Ilycts &1 u £, —
JIBE CTAalMOHApHbIE TOUKH, YAOBIETBOPAIOLIME HEpPaBEHCTBY &1 < £2. Kaxnas W3 HMX BHOCHUT CBOM
BKJIaJl B PELIEHUE, ITOT BKJIAA onpeaensercs no gpopmynam (42). YuursiBas ckasaHHOE, U3 (HOPMYIIbl
(38) umeem

{(v = &)/a} /(€)1 /26~ 16/
H" —1/2¢—H(&1)/(2¢) 4 |H" —1/2¢—H(£2)/(2¢)
7))l (&)l
{(v = &)/a} |[H" (&)|/2e~ Hi2)/ 0
H" —1/2¢—H(&1)/(2¢) 4 |H" —1/2¢—H(&2)/(2¢) ’
7€) +1H(&)]

w +

(45)
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e H(¢,) = H(z,y,&n). Korna H(&) # H(&2), Hanvune B 3KCNIOHEHTaX MajlOro 3HamMeHaTens £
JENaeT OAMH U3 uieHoB npeobnaarowmm npu € — 0. OTcroaa cneayer, uto

y;_gl npu H(&,) < H(&2),
y;—& npu H(&,) > H(&2).

w X~

B xax10M u3 3TuX Ciyuaes cnpaBeanuso pewenue (44), rae aubo £ = &1, aubo £ = &». Ho BEIGOp 3a€CH
OHO3HAueH: U €1, U &2 ABNAOTCA GYHKLMAMY NIEPEMEHHBIX T U Y, 3Hak pasHocTd 0 = H (&1) — H(&2)
onpenenser BbI6Op €1 U €2 B 3a1aHHOl Touke &, y. [lepexon oT €1 Kk £2 MPOUCXOAMT B TEX TOUKAX, IA€

H(&) = H(&).

C yuerom (39) orcrona umeem

3 2 13 2
eaEs W (% e e )
| @ e+ Lo < [T @ ae s L8 46)

Mockonbky u €1, ¥ 2 yAOBIETBOPAIOT ypaBHEeHUIO (41), To ycnosue (46) MOXHO 3anucaTh B BUAE

&2 o
(& — &) [0(&) + p(€)] =2 / () dE. @7)

&1

TouHO Takoe K€ COOTHOLIEHHE MOoNy4yaeTcss myTeM pelenus 3anauu Kowwm (14)—(15) ans ypaBHenus
Xonda (cm. npumep 6). Orcroaa cneayer, YTO ACUMITOTUYECKOE PELLEHUE YAOBNETBOPAET YCIOBUIO
Ha paspbie (31). Takum ke 00pa30M MOXHO MOKAa3aTh, s HErO BBIMOJHACTCSA YCJIOBUE YCTOWYHBO-
ctu (32).

IIpoBeacHHBI aHanu3 MOKa3bIBAET, YTO peuleHue 3agauu Kowwu ans ypaBHenus Broprepca mpu
€ — 0 nepexoaut B 00600LeHHOe pelieHne 3anaun Kown ans ypasuenus Xomnga, KOTOpOE MOXET
UMETb Pa3pbIBbIL.

OTMEeTHM, YTO UMEIOTCS TaKXKe HHBIE COCOOBI BBEACHHUS OOOOIIEHHBIX perie-
Huit: cM., HanpuMmep, M. G. Crandall, P.-L. Lions (1983), A. U. Cy66otun (1991),
A. 1. Subbotin (1995), A. A. Melikyan (1998), b. II. Auapestor (1999). bonee
moIpoOHYI0 HH(pOpMAIHUIO 00 00OOIEHHBIX PENICHUSX M UX MPUIOKEHUSIX MOXHO
HalTH, HanpuUMep, B UTHPYEMOH B KOHIIE 3TOTO pa3jiena JuTepaType (CM. Takxke
pa3n. 14.4).

3ameyaHne. B KOHKpETHBIX 3a/jadyax KBa3WIMHEHHBbIE ypaBHEHHS NEpPBOrO IO-
PAIKa YacTo SBJISIOTCS CIEICTBHEM HHTETPAIbHBIX 3aKOHOB COXPaHEHHUS, HIMEIOIIHX
scHBIN pu3ngeckuii cMpict. B 3TuX ciydasx 0o00OIIEHHbIE PEIIEHHS HAl0 BBOIMTH,
HCXOJIS M3 3THX 3aKOHOB COXpaHeHHs: cM. HanpuMmep, [[x. Yuzem (1977), b. JI. Pox-
necreenckuii, H. H. flnenxo (1978). [lomyueHHsle TakuM NmyTeM Hernaakue 0000-
[IEHHBIE PEIICHUS MOTYT OTIHYAThCS OT 000OIIEHHBIX pellIeHUH, OUCAHHBIX BHIIIE.

14.3.6. ®opmynaa Xonda ana 0606LEHHOr0 pelueHUun

[Mpusenem Teneps obmywo ¢opmyny mis obobmeHHOro pemeHus 3amadn Komm
(27)—(28), koTOpasi OMMCHIBAECT Pa3pPBIBHBIC PENICHUS, YIOBIETBOPIIOIIUE YCIOBHIO
ycroituuBoctu (32). Kak u panee, Oynem cuutarh, 910 = > 0 u f > 0 mpu w > 0;
fo > 0.

PaccMoTpuM yHKLHIO

Z(s) = nii}n{ws —F(w)}, mme F(w)= /f(w) dw. (48)

ITonoxum .
iz = [ o dn+az(22). (49)
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310 — HenpepbIBHAS GyHKLUS OT 7) IPH GUKCUPOBAHHBIX T H Y. MOXXHO MOKa3aTh,
9TO IpH GUKCHPOBAHHOM T M 32 UCKIIIOYEHHEM CUYETHOTO MHOXKECTBA 3HAUCHHH y
¢yskuus (49) uMeeT eAMHCTBEHHBIH MUHHMYM 10 7). OG03HAYUM MOJIOKEHHE ITOTO
muanMyMa 1) = &, tae £ = £(z,y). YcroitunBoe 006001UIEHHOE pellieHe YPaBHEHHS
(28) ¢ HayanpHBEIM yciioBHeM (29) naercs Gopmynon

w(z,y) = z(yT‘g) e Z(s) = 2. (50)

®dopmynsl (48)—(50) ObuT 060cHOBaHEI B pabotax E. Hopf (1950), O. A. Oneitnuk
(1954), P. D. Lax (1954).

Oyukimo Z = Z(s), 3aAaHHYI0 BbIpakeHHeM (48), MOXHO 3amicarh B mapa-
METPHUYECKOM BHIE

s=f(w), Z= ws—/f(w)dw. (51)
OTcrona nonyYnM MapaMeTpuIeckoe npeCTaBleHue ee Npou3BoaHON Z = Z(s):
s=f(w), Z=w. (52)

Ionoxenne muaumyMa 1) = &(z, y) dyskuun (49) Haxoaures u3 ycnosus H, = 0,
YTO NMPHUBOJHT K CIEAYIONIEMY YPaBHEHHUIO I ONpeaenaeHus GyHKuun &:

w(6) — 2(L=5) =0, (53)

JUIs WUTIOCTpalMK MCHOJIB30BaHUs HPUBENEHHBIX (GOpMyT paccCMOTpHUM [Ba
cirydas.

1°. Mycre anrebpandeckoe (WM TPAHCUEHACHTHOE) ypaBHeHHE (53) B HEKOTOPOU
00nacTu miockocTH (z, y) UMeeT eAUHCTBeHHOe peienue & = &(z,y). [lonoxum
B paBeHcTBax (52) s = (y — &)/x, a 3aTeM pacCMOTPHM HX COBMECTHO C ypaBHe-
HueM (53). Uckmovast u3 Hux GyHkimu f(w) u Z, HAXOMMM peIleHHe 3a[adu B
napameTpudeckoM Buze (29). B sToM ciyuae monmydaeTcs raakoe (KIACCHYECKOe)
pellIeHNe, ONHCHIBAIONIEE BOJHY Pa3pEeXKECHUS.

2°. Ilyctb Teneppb anrebpandeckoe (MM TPAaHCLEHAEHTHOE) ypaBHeHHUe (53) uMeer
IBa pemeHus &1 ¥ €2, KOTOPBIE ABIAIOTC QYHKIHSIMHU EpEMEHHBIX T U y. B kaxxnom
M3 OTHX CIIy4aeB crpaBeinBo pemenue (29), roe nmubo & = &, mubo & = &o.
Jns xaxnoi mapel umcen x, y BbiOuMpaercs To pemenue &, (n = 1, 2), koTopoe
obGecnieunBaer MmuHuMyM dyukuun H (z,y, &,), 3anannoi gopmymnoii (49). B satom
Cllydae MBI IOJTy4aeM pa3peIBHOE (0000IIeHHOE) pellieHHe, ONUCHIBAIOIIEE YIAPHYIO
BOJIHY.

14.3.7. 3apaua o pacnaae NpoM3BOALHOrO paspbiBa
Paccmotpum 3anauy Komm niist ypaBHeHus (27) ¢ pa3pbIBHBIM Ha4aIbHBIM yCIOBHEM
_ fw; mpu y <0,
w(0,y) = {wg mpu y > 0. (54)

Ota 3amada Ha3bIBaeTCA 3a7adei O pacraje MpOM3BOIBHOTO pasphiBa. Ee kycouHo-
[TaJKOe aBTOMOJIENbHOE 0000IIEHHOE PEIeHHE I IPOU3BOIBHON IIafkoi GyHK-
mun f = f(w) onuceiBaercs GopmyIoii (3HaKU GyHKINH f U ee HPOM3BOIHOM MOTYT

OBITDH JTFOOBIMH): )
w(z,y) = w(€) = [§7E), E=y/z, (55)
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rae

F(w) = sup{g(w) | g(w) < f(w), g BeImykia BHU3 HA [w1, w]} mpH wi <wg;
W= inf{g(w)|g(w) > f(w), ¢ BeImyKNa BBepX Ha [wo,w1]} OpH wo <w;.
(56)

3meck oOpaTHas K MOHOTOHHOM Ha uHTepBaie (a,b) byukimu P(w) GyHKUUS
[B] 1 (&) npu HEOGXOAMMOCTH JOOTIPEENSETCS KOHCTAHTAMH MO HEMPEPLIBHOCTH B
OKPECTHOCTSIX +00 M Ha OTPe3Kax, COOTBETCTBYIONIMX pa3pbiBam P(w). B Toukax,
COOTBETCTBYIOIIMX TPOMEXYTKaM MOCTosHCTBA B (w), bynkims [B]~1(£) noonpe-
JIeNIAeTCs 10 HEeMpephIBHOH cripaBa ¢yHKIuH. Toukoi B perieHud (55) o0o3HaueHa
HOPOHM3BOIHAS MO &.

Pewenue (55), (56) mns rmankux ¢yskuuii f(w) 6suto nomydeno U. M. enp-
tdanmgom (1959). 3tu pesynbratel 00OOIIEHBI HA Cly4yail HENpepHIBHBIX (PYHK-
muit f(w) B. [1. AuapesiHoBeM (1999).

14.3.8. 3apaua o pacnpocTpaHeHHWU CUrHana

B 3amaue 0 pacnpoCTpaHEHUH CHUTHATA U OPYTHX (PU3HUECKUX MPUIOKEHUSIX HITYT
pellIeHre UCXOTHOTO YPAaBHEHHS CO CIEAYIOUIMMH YCIOBUSIMHU:

w=wp npu z =0 (HaYaIBHOE yCIOBHE),

w=g(x) nmpu y =0 (rpaHUYHOE YCIOBHE), 7)

Ie wo — HEKOTOpas KOHCTaHTa, a ¢g(x) — 3amanHas ¢yHkuus. Paccmartpusaercs
obnacts z > 0, y > 0, roe mepeMeHHas T UTPAeT POJIb BPEMEHH, a IIEPEMEHHAs § —
POJIb HPOCTPAHCTBEHHOM KOOPAUHATHI, U cuuTaercs, 9to f(w) > 0.
XapaKkTepUCTHKH 3TOH 3a1a4y HAYMHAIOTCS Ha IOJIOKHUTEIBHOH ITOIyOCH Y U Ha
HOJIOKUTENBHOM NOTYyOoCcH x, cM. puc. 17. Ha xapakTepHcTHKaxX, HAUNHAIOIUXCS Ha

x
JMHUA Pa3phIBa .
o~~~ h
%50 XapaKTEPUCTHKH
[ RSN
2 ! AN
xX=1 ! N
- - -
-
-
- - - _ - - -1
P g - - — —
- - - - - - - - -
y= E_, 0 w=w, A%
Puc. 17

OCH Y, UMeeM w = wy. [103TOMY OHH NPEACTABIAIOT COOOM NMpPAMBIE § — AT = const,
rae ag = f(wp). OTcrona crienyer, 4to
w=wy TOpH Y > aQoZ. (58)

PaccMoTpuM Teneph XapaKTepUCTUKH, HAUMHAIOMIMECS HA OCH I, M MPEIIOJIOo-
JKUM, YTO KaKas-TM00 U3 HUX HaYMHAETCA B TOUKe T = 7. Pemenue ypaBHenus (27)
C TPaHHYHBIM yCIOBHEM (57) MOXKHO NPENCTaBUTH B IAPAMETPUYECKOM BHIIE

y=6(n)(z—-1), w=g(), (59)
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e G(7) = f(g(r)). D10 pemenne MOXHO cBsi3aTh C pemenneM (29) 3axaun Komm
(27)—(28), ecu OIOXKHUTD

£=—-1G(r), @) =g(1), F(&)=G(r) (60)

3TO COOTBETCTBYET NMPOAODKECHHIO XapaKTEPUCTHUK depe3 Touku y = 0,z = 7
IO OCH Yy W 00O3HAYEeHHUIO TOueK nepecedeHus udepe3 y = &. [lpu 3TOM 3amaga o
pacmpoCcTpaHeHHH curHaia Gopmymupyercs kak 3amaya Komrw.

Kaxxnyro 061acTh MHOTO3HaYHOCTH B pemieHuH (59) cienyer 3aMeHHUTh pa3phl-
BOM. [IpH BHINOJTHEHHHU YCIIOBHS

G(+0) > ag, rme ag = f(wo),

Takasi 00JacTh BO3HHKAeT MTHOBEHHO, T. K. mepBas xapakrepuctuka y = G(+0)z
HAXOIUTCS BIIEPEAU NOCIeTHEH XapaKTePUCTHKH Y = 4o HEBO3MYIIIEHHOH 00JIaCTH.
B 3TOM ciydae pa3pbiB BOSHHKAET B Ha4ayle KOOPJHHAT, U BHIMOJTHAETCS COOTHOLIE-
HHE

-

G—Go=(w—wy)G — acir / [G(?)—Go] dT. (61)
0

3nech BemuunHbl w, G U G ABIAIOTCS QYHKIUSAMH OT 7 B 00JIACTH 3@ Pa3pBIBOM M

BBIUHCIISIOTCSA 10 hopMyiam

w=g(1), G=Ff(9(r), G=F(g(r)),

a HHJEKC «HOJbY» COOTBETCTBYET 3HAUCHMSAM OTHX BEIUYUH Iepe] pPa3phIBOM:
w = wo, Go = f(wo), Go = F(wp).

®Dopmynsl (59) onuCHIBAIOT pellieHHe B BO3MYILIEHHOH 001acTH 3a pa3phIBOM.
PaBenctBo (61) mo3BonisieT HaiiTH BequuuHy 7(Z) B TOYKE pa3phiBa; IMOICTABUB
3Ty Beqn4uHy B Gopmynsl (59), HaXoauM Kak MECTOHAXOXKIEHHE pa3pbiBa, TaK H
3HAYEHHE W HEMOCPEICTBEHHO 32 HHUM.

Ecnu g(z) ocraercst HOCTOSHHON U PaBHOM W, TO MPH a¢ > ag, rae ac = f(we),
pelLIeHHe HMeeT pa3pbiB, KOTOPBIH PacpOCTPaHAETCSA C MOCTOSHHOM CKOPOCTBIO H
paszenseT ABe OTHOPOIHBIE OOJACTH C W = We U W = Wy.

@ Jumepamypa k pazd. 14.3: E. Hopf (1950), P. D. Lax (1954), O. A. Oneiinux (1957, 1959),
U. M. Teavann (1959), F. Helfferich, G. Klein (1970), A. Jeffery (1976), dx. Yuzem (1977),
B. JI. Poxxaecreenckuit, H. H. Slnenxo (1978), C. M. Dafermos (1983), I'. 1. Bapen6naarr, B. M. Enros,
B. M. Pooxux (1984), H. Rhee, R. Aris, N. R. Amundson (1986, 1989), A. 1. Cy66otun (1991),
P. Bedrikovetsky (1993), J. Smoller (1994), A. 1. Subbotin (1995), D. Logan (1997), A. A. Melikyan
(1998), b. I1. AuapesHos (1999), A. I'. Kynukosckuii, H. B. Iloropenos, A. }0. Cemenos (2001),
B. @. 3aiiues, A. [. [lonsauux (2003).

14.4. 06006WEHHbIEe pelueHUA KBa3UAMHEeNHbIX YpaBHEHUH

14.4.1. NpepBapuTenbHble 3aMeyYaHUA
B o6miem cnyvae KBa3HIMHEHHOE YpaBHEHUE

Ow ow

W""f(xvva)@—y _g(xay,w) (62)
MOXHO NPEACTAaBUTH B SKBHUBAJICHTHOM BHIC

%0+ 2 F(z,y,w) = Glz,y,w), (63)

3 oy
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rzie HOBBIE (QYHKITUH BBEAEHHI O GopmynaMm (wy — roboe)

Fagw) = [ fetd Oy =gope) + [ 2 [fo]d

Wo Wo
(64)
Janee cuutaeM, 4to GyHKUMH f U g HempephIBHO AuddepeHIHpyeMsl 0 KaxI0H
[IEPEMEHHOH.

Kak OpU10 MOKa3aHO Ha KOHKPETHBIX NpuMepax B paza. 14.2-14.3, xapakrepu-
CTHKH ypaBHEHHS (62) B HEKOTOpOH 00IacCTH MOTYT MEepECceKaThbCs, YTO MPUBOIUT
K HEOIHO3HAYHOCTH (M (HU3HYECKOH HEHHTEPNpEeTHpYeMOcTH) penieHus. [lostomy
BMECTO KJIACCHUECKOTO HENPEPHIBHOTO INIAIKOTO PELICHUS MPUXOIUTCS HUCIIOIB30-
BaTh 000OLICHHOE PELICHUE, ONHCHIBAEMOE Pa3pBIBHON (DyHKLHEH.

Bynem paccmarpuBath kinacc GyHkimil w(z,y) € K, yIOBIETBOPAIOUIMX YCIIO-
BUSIM:

1°. B mr000# OrpaHUYEeHHON YaCTH MOJIYIUIOCKOCTH Z > () MIMEeTCst KOHEYHOE YUCTIO
JMHUA ¥ TOYEK pa3phiBa; BHE 3THX JIHHUI U TOUYeK QYHKUUS w(z,y) HEMPEephIBHO
middepenHppyemMa o KaxxI0H MEPEMEHHOM.

2°. Ha nuuumsx paspeiBa y = y(x) cymecrByior seble w(z,y — 0) u npasbie
w(z,y + 0) npenensHble 3HAYCHUS.

14.4.2. 0606weHHOe pelieHUe. YCAOBUA Ha pa3pbiBe U YCAOBUA YCTOMUUBOCTU

OGo0LIeHHOE peleH e MOXKHO BBECTH citeaytomum obpasom. [lycrs i(z, y) € Cr —
HernpepbiBHas GUHUTHAS QyHKIUS [0OpamaeTcss B HyIb BHE KOHEUHOH 4acTH ILIOC-
KocTH (z,y)], IMeroIas HenpepbIBHBIE MepPBble MPOM3BOAHbBIE. YMHOXKHM ypaBHe-
Hue (62) Ha ¢(x, y) ¥ IPOMHTErPUPYEM MOTYYSHHOE BRIPAXKEHHE IO MOIYILIOCKOCTH
Q={0<z <00, —00 <y < oo} [locine HHTETPUPOBAHHUS 10 YACTIM UMEEM

// [wg—f " F(x’y’w)g_z + G(x,y,w)zﬁ(x,y)] dy dz +
Q

+/ww®wwmwwy=& 63)

—0o0

Beipaxenue st pyukiuu F'(z, y, w) npuseneHo B (64). UHTerpaisHoe paBeHCTBO
(65) HE comepXUT NMPOM3BOAHBIX OT MCKOMOH (YHKIMH M HE TepseT CMbICIA A
pa3peBHBIX w(z,y). PyHKumo w(z,y) € K OyaeM Ha3piBaTh 000OIEHHBIM pelie-
HHEM ypaBHEHHs (62), ecnu paBeHCTBO (65) BBHINOTHAETCA Ui JIO00H GUHHUTHOM
oyukuun Y(z,y) € Cy.

OcHOBHBIE CBOHCTBa 0000IIEHHOTO PEIICHHS:

1°. B obnacty, rae pemeHne w HenpepslBHO auddepeHnnpyeMo, ypapaeHus (62)
U (65) SKBUBaJICHTHBI.

2°. Mycty y = y(x) — ypaBHeHHe OXHOW W3 THHHI paspbiBa QyHKUHH w(T,Y).
Torza TOKHO BBIMOMHATHCS yCiioBHe [FOrOHHO, BBIpaXKaromiee CKOPOCTh IBHKSHHSI
JIMHUM Pa3pbiBa Yepe3 MapaMeTpsl PeLIeHHs 10 U MOCie pa3phiBa:

V= [F(z,y, w)] — F(x»y(x)»WQ(x)) - F(x»y(x)vwl(x)) ) (66)

[w] - w2 (z) — wi(z)
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31ech HCMOIB30BaHbI 0003HAUYECHHS
V=9(z), wi(z)= w(m,y(a:) — 0), wy(z) = w(m,y(a:) + 0)

3°. Ipu f),(z,y,w) # 0 ycnoBus yCTOWIUBOCTH OGOOIIEHHOTO PEIIEHHS MO OT-
HOLIEHUIO K MAJIBIM BO3MYIIEHUSIM HAa4YaJILHOTO NPOQHIII (MMEHHO TaKue PEIICHHS
(bu3MYECKH pean3yeMbl) UMEIOT BUI

f@,y(@), wa(2)) <V < f(2,y(2), wi(z)). (67)

['eoMeTpuUeCKUil CMBICI 3THX YCIOBHH 3aKJII0Y9aeTCs B TOM, YTO XapaKTEPUCTHKH,
BBIXOJIIIME M3 OCH X (3TH XapaKTEPUCTHKU «HECYT» MH(POPMALUIO O HaYaJbHBIX
JIAaHHBIX ), JOJDKHBI MEPEeCeKaTh JTUHHUIO pa3phiBa, cM. puc. 15. YenoBus (67) aBistot-
Csl BAXKHBIMH: OHH JIONTyCKAaIOT CYILECTBOBAHHE M OOECHEYMBAIOT €AUHCTBEHHOCTH
0000IIEHHOTO peIIeHHS.

[Monoxenus ni. 1° u 2° ABNAIOTCS CASACTBUAMH HHTErPATLHOTO paBeHCTBA (65),
a yCIOBHA M. 3° ABISAIOTCS JONOJHUTEIBHBIMH [OHH HE BBIBOIATCS M3 HHTETPAJIb-
Horo paBeHcTBa (65)]. IIpu 0TKa3e OT BHINOJTHEHHS YCIOBHH 1. 3° MOXXHO CTPOUTH
Pa3iIndHBIE PELIEHHS, YIOBIETBOPSIOIINE MONOXKEHMSAM mil. 1° u 2°.

Ipumep 7. Paccmorpum 3anauy Kowu ans ypaBhenus (14) ¢ HauanbHbIM ycnoBuem (23).
INonoxum

(68)

_ _Jw mpuy< Ve, _wy w,
w(z,y) = {wz npuy > Ve, rae V= 2

Orta QyHKUMA TTOCTOSIHHA CleBa M CIIpaBa OT JMHUM pa3pbiBa y = V', Ha KOTOPOH BBINOIHAETCS
ycnosue [oronno (66) [mockonbky 3nech F(z,y,w) = %wQ], U yJIOBJETBOPAET HAYaJILHOMY
ycnouto (23). [lostomy W sBnsiercst 0600ILEHHBIM PELIEHHEM.

Ha puc. 18 mokaszanbl nuHUA pa3pblBa M XapaKTEPUCTHKH, COOTBETCTBYMOLME pelieHuio (68).

X
3 /
w, =0.

2

0 1

Puc. 18

BuaHoO, 4TO XapakTEPUCTHKHU BBIXOAAT U3 IMHUM Pa3pbiBa U HE TepecekatoT ock . [loaromy pelueHue
(68) He sBNAETCA YCTOHYMBBIM, OHO HE YNOBNETBOPSET yCnoBUAM (67) U (HU3UYECKH HE Peaau3yemo.
VYcroitunBoe pelieHue AaHHOW 3axa4u OGbLIO OCTPOEHO PaHblle U ONHUChIBaeTcs hopmynoi (26).
Ecmu f] (z,y,w) — 3HakonepeMeHHass (yHKUHS, TO YCIOBHSA YCTOWYHBOCTH
0000IIEHHOTO peIIEHHs] HECKOIBKO YCIIOKHSIOTCS U 3alIHCHIBAIOTCS TaK:

F(a:,y,w*) —F(I,y,’lUQ) <V F(a:,y,w*) - F(xayawl)
Wa — w2 =0 Wi — W1 ’

y:y($)7 w1 < Wy < W2,

rae w, — ar0oe 3HavYeHue u3 uHTepBana (wi, wy).
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14.4.3. 3akoHbl coxpaHeHUA. BAskue pelueHun
CymiecTBYIOT U IpyTHE CIOCOOBI onpeaenaeHus 0000IEHHOTO PEIeHUS.

1°. IIpu G = 0 0600UICHHbIE PEICHUS MOXKHO BBECTH C MOMOILBIO 3aKOHA COXpa-
HCHUA

d Ya
E/ wdy—i_F(xvaan)_F(xvylawl):07 (69)
Y1

KOTOPBIH CUUTAETCS CIIPABEUTUBBIM IS TIOOBIX Y1 U Yo. [Ipu hopMyIHpOBKE 3aKOHA
(69) 6buTH ¥McMONB30BaHBI KpaTkue obo3HaveHus: w = w(z,y), wy, = w(z,Yn),
rie n = 1, 2. MOXHO MOKa3aTh, YTO TIJIAJKHE PEIICHUS 3aKOHA COXPAHEHHS
(69) ynosnerBopsror auddepeHunanbHOMy ypaBHeHHIO (33), a s pa3phIBHBIX
pelIeHHI BHIMOHAETCS YCIOBHE Ha pa3pbiBe (66).

2°. Bmecto ypaBHeHHs (62) MOXXHO B3STh BCIIOMOTATENEHOE YPAaBHEHHE BTOPOTO
HopsaKa napaboau4ecKoro TUma

%u
A (€ >0),

ou ou
%""f(xvyvu)a_y =€

KOTOPO€ PacCMaTpHBAETCS C TEM K€ Ha4alIbHBIM YCIOBHEM, YTO U ypaBHeHHE (62).

O6o0mwennoe pemenue 3amaun Komm ans ypaBHeHus (62) ompenensercss Kak

npenen: w(z,y) = liné u(z,y). [NonyueHHass TakuM 0Opa3oM (QYHKLHS w YacTO
E—

Ha3BIBACTCS BSA3KHM pelleHHeM. BaKHO OTMETHTB, YTO Ui IIMPOKOTO Kiacca
¢byHkuui f 1 g B ypaBHeHHH (62) onpeneneHus BI3KOTO peleHHs 1 0000IEeHHOTo
YCTOMYUBOTO pemieHus (cM. paza. 14.4.2) SKBUBaJICHTHEI.

OrnpenenieHue HEMPEPHIBHOTO (HO HETIIAJKOTO) BA3KOTO 0000IIEHHOTO pENIeHHs,
OCHOBaHHOTO Ha IPOOHBIX (YHKIHUAX M HHTETPAIBHBIX HEPAaBEHCTBAX, PHBEICHO
B pasn. 15.3.

14.4.4. KOHCTPYKTUBHbIW METOA NOCTPOEHUA 06061EeHHbIX YCTOMUUBBIX pelueHUir

P ACCMOTPHUM 3a1avy Koy nns kBa3uiaIuHEHHOTO YpaBHCHHA
dw 7] o
C Ha4YaJIbHBIM YCJIOBUEM

w=p(y) npu z=0. (71)

Cunraem, uro ¢ynkuus F(z,y,w) HenpepsiBHO nuddepeHmupyeMa mo BCeM ap-
rymertaM npu = > 0, —00 < y < 00 M JIIOOBIX OIPaHUYEHHBIX W, U BTOPAs
npousBoaHas Fy,, > 0. [lycts yukunn p(y) u ¢ (y) KyCOYHO-HENPEPHIBHBI NPH
TFOOBIX OTPAaHUYEHHBIX 3HAYCHHSAX Y.

3anumeM XapakTepUCTHYECKYIO cucteMy 1 ypaBHenus (70):

Yo = Ful@,y,w), w, =—Fy(z,y,w), (72)

rne Fy, u Fy —4acTHele MpOU3BOAHBIE QYHKIMHU F' 110 apryMEHTaM w H ¥.
[lycts pyHKIINH

y(z) =Y (z,7,&n), w(z)=W(z,7,&n) (73)
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SBIISIOTCS PELICHUEM CHUCTEMBI (72), yIOBIETBOPSIONIMM KPAaeBbIM YCIOBHIM

y(0)=n, y(r)=¢. (74)

3neck 1, £ — npou3BoOIbHbIE yucaa, 7 > 0. Bynem cuurath, yro 3anma4a (73)-(74)
HUMeeT eIMHCTBEHHOE OTPAaHHYCHHOE PELICHHUE.
O6o0menHoe ycroiumBoe pemenne 3amaun Komm (70)—(71) ompenensercs
¢dbopmynamu
'LU(x, Y- 0) = W(:IZ, z,y,&- (x, y))v
'll)(x, Y+ 0) = W(.’II, z,Y, §+($, y))v

rae uepe3 £_(z,y) u &4 (z,y) 06O3HAYEHBI COOTBETCTBEHHO TOYHAS HIDKHSAS M
TOYHAs BEPXHsIA TPaHH MHOXECTBa 3HadeHu# {£ = &, }, 11 KOTOphIX GYHKIHSA

(75)

¢
I(a:,y,ﬁ):/o [e(n) = W(0,z,y,m)] dn (76)

IPUHUMAaeT HauMEHbIllee 3HaUYeHHEe NPH (PUKCHPOBAHHBIX 3HAYCHUAX MEPEMEHHBIX
z,y (x > 0). Ecnmu pynkius (76) npuHUMaeT HaWMeHbIlee 3HAYCHHE MPH EIUH-
CTBEHHOM 3HadeHHH & = &;, T0 &- = &4 u popmynsl (76) ONUCHIBAIOT IMIAAKOE
KJIaCCHYECKOE pELIeHHE.

®Dopmynesl (75)-(76) 6pun monyuensr O. A. Oneitauk (1954), 0600menue 3Tux
pe3ynapTaToOB Ha ciydail ypaBHeHus (63) Obuto maHo B pabore A. H. TuxoHOBa,
A. A. Camapckoro (1954). Otu u apyrue KOHCTPYKTHBHBIE METOIBI NOCTPOEHHUS
00001IeHHBIX peneHni u3nararorcs B kuurax b. JI. PoxxaecrBenckoro, H. H. SlHeH-
ko (1978), H. Rhee, R. Aris, N. R. Amundson (1986).

@ Jlumepamypa K pa3zo. 14.4: O. A. Oneiinunx (1954, 1957, 1959), U. M. T'enbdann (1959), E. Hopf
(1965), C. H. Kpyxkos (1966), b. JI. Poxnecrsenckuii, H. H. fluenko (1978), P.-L. Lions (1982),
M. G. Crandall, P.-L. Lions (1983), H. Rhee, R. Aris, N. R. Amundson (1986, 1989), A. 1. Cy66otun
(1991), A. 1. Subbotin (1995), A. A. Menuksan (1996), A. A. Melikyan (1998), B. ®. 3aiiues,
A. . [Tonsuun (2003).

15 A. J1. lNonsHun, B. ®. 3aiines, A. U. XKypos



15. HeAnMHeHlHble ypaBHEHUA o6Lero BUAA € YaCTHbIMU
NPOX3BOAHbBIMUW NEPBOro NOpsAAKa

15.1. MetoAb! pelueHuUn

15.1.1. MoAHbIK, 06WUNA U 0COObIM UHTErpanbl
O01ee HeTMHEIHOE YpaBHEHHE B YAaCTHBIX MPOU3BOJHEBIX MIEPBOTO MOPSAAKA C ABYMS
HE3aBUCHMBIMH [IEPEMEHHBIMH UMEET BH]I

14} 14}
F(J?,y,w»P»Q) = 0’ rme p= %, q = a—Z (l)

Takue ypaBHEHHS 4acTO BCTPEYAIOTCS B AHAJTMTUIECKON MEXaHHUKe, BApUALlHOHHOM
UCYHCIICHUH, TEOPHU ONTHMAJIBHOTO yNpaBlIeHHs, AU epeHIHaTbHbIX Urpax, Ad-
HAMHYECKOM IPOrPaAMMHPOBAHUH, T€OMETPUUECKONH onTHKe, M epeHIaIbHON
TeOMETPHHU U APYTHX O0IACTAX.

B stom pasnene GymeM paccMatpHBarh IVIajKue pemreHus w = w(x,y) ypas-
HeHus (1), uMeromue HenpepsIBHBIE MPOU3BOAHBIE IO 000MM apryMeHTaMm (B pasm.
15.3 GynyT paccCMOTpEHBI HETJIAAKHE PELIeHHUs).

1°. IlycTh U3BECTHO YacTHOE pelieHHe ypaBHeHus (1):
w = E(%y»Cl,CQ)» (2)

3aBHCAIIEE OT IBYX NMPOU3BONBHBIX MOCTOSHHBIX C M Cy. JIByXmapameTpudeckoe
CEMENCTBO pelleHuil (2) Ha3bIBaeTCs MOJIHBIM MHTErpaioMm ypaBHeHus (1), ecnu B
paccMaTpuBaeMoi 00IacTH paHT MaTpPHUIIBI

M — <:1 Szl :y1> 3)

E2 Zz2 Ey2

paBeH JBYM (3TO CNIPaBeIMBO, HANPUMED, NPH E;1 s — Ez05,1 # 0). B marpu-
e (3) Z, obo3HauaeT yacTHyIo npousBoanyio no C, (n = 1, 2), E,, — BTOpYIO
YacTHYIO NMPOU3BOAHYIO 1O aprymentaMm z u Cp, Ey, — BTOPYIO YaCTHYIO POH3-
BOJHYIO 1O apryMeHnTam y u C,.
B psine cny4aeB MOSHBIA HHTErpan yAaeTcs HaHTH METOJOM HEONpeNeNeHHBIX
K03 GHUIHEHTOB, 3a1aB HOAXOISALUIHM 00pa3oM CTPYKTYpY YaCTHOTO PEIIEHHS.
[Ipumep 1. PaccMoTpum ypaBHeHue
B_w = a(@_’w)"‘ +b.
ox Ay

YacrHoe pewienue uwem B Buae cymmbl w = Ci1y + Cz + Csx. [loacraBus 310 BbIpaxKeHue B
ypaBHEHHUE, HAXOAUM CBA3b Mexay kodpduuuentamu C1 u Cs: Cs = aCT + b. Orcrona nonyuum
noanslii unrerpan: w = C1y + (aCY + b)z + Ca.

[NosHbIi HTErpan ypaBHeHHs (1) 9acTo 3amuchiBaeTCsl B HESIBHOM Bue™

E(xvvaa CI,CQ) =0. (4)

* B dopmynax (2) u (4) cumBonom = 0003HauUEHbI pa3Hble YHKLHH.
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2°. O6wwmit uaTerpan ypaBHeHus (1) MOXKHO NPEACTABUTE B MAPaMETPHYECKOM BHIC
C MOMOIIBIO NONHOTO UHTerpana (2) [unu (4)] u nByx ypaBHEHUH

CQ = f(Cl)a (5)
0= O L
a0, T a0, f(cy =0,

rae f — mpou3sBoibHas (QYHKUOUS, a IITPUX 0003HAYaeT NMPOM3BOAHYIO. OOIIuii
HHTETPAJI B ONPEAEIICHHOM CMBICIIE UTPAET POJIb OOLIErO PEIICHHUS, 3aBUCAIIETO OT
IPOU3BOJIBHON (QPYHKIHH (BOIIPOC O TOM, BCE JIM PEIICHUS OH ONMCHIBAET, TpeOyeT
JIOTIOJTHUTEIBHOTO aHATH3a).

Ipumep 2. [Ina ypaBHEHHS, PACCMOTPEHHOrO B IIEPBOM IIpUMEpe, OOLIMII UHTErpan MOXKHO
NpEeACTaBUTh B ITAPAMETPHYECKOM BHAE C TIOMOLIBIO COOTHOLIEHHH

w=Ciy+ (aCt +b)z+C2,  Co= f(C1), y+anCi 'z+ f(C1)=0.

Uckmouns orciona Cp u nepeobosxauuB mapamerp Ci yepe3 C, yao6HO NpeaAcTaBUTb OOLMi
MHTErpan B 6onee HarnsAHOH ¢opme:

w=Cy+ (aC™ + b)z + f(C),
y=—anC" 'z + f'(C).

3°. OcoObiii uHTErpan ypaBHeHus (1) HaxomuTcs 0€3 HMCMOJNB30BaHHUS IOJHOTO
HHTErpaja MyTeM MCKIIOYEHHS P M ¢ U3 CUCTEMBI TPEX YpaBHEHMIH

F=0, F,=0, F,=0

rie nepBoe ypaBHeHHe coBnanaer ¢ (1).

15.1.2. Metoa Aarpanxa— LLlapnu
[lycTes HalifieH OMH MEpBbIN HHTErpan

®(z,y,w,p,q) = C1 (6)
XapaKTEPUCTHYECKOW CHCTEMBI OOBIKHOBEHHBIX AU (hepeHIHATBHBIX YPABHEHHIH
de _ dy _ dw _ _ dp _ _ dq 7 7
F, Fy pFp + qFy Fr +pFy Fy+qFy
rac
Fa=35, =50, Fu=go, B=35, Fi= 3

Cunrtaem, 4yro uHTerpan (6) BMecTe Cc ypaBHeHHEM (1) MOXHO pa3pemmuTh
OTHOCHUTEIBHO NPOU3BOIHBIX P, ¢

P=801($,y,w701), q=802($,y,w»01)~ (8)

[TepBoe ypaBHEHHE 3TOH CHCTEMBI MOXKHO PacCMaTpUBAaTh Kak OOBIKHOBEHHOE IU-
(epeHIMaNbEHOE YpaBHEHHE C HE3aBUCHMOM MEpeMEeHHOH x M mapamerpoM y. Ilo-
JIy4uB oO0Ilee PEeLICHHUE 3TOr0 YPaBHEHHMS, 3aBHUCAILEE OT MPOU3BOJIBHOHN (QyHKLUHU
¥ (y), MOACTAaBIAOT €ro BO BTOPOE ypaBHEeHHE. B uTore mpuxonst k 0ObIKHOBEH-
HoMy b depeHnansHOMy ypaBHeHuIo wist ¢. Onpenenus GpyHkumio ¢(y) u noa-
CTaBUB ee B o0lee peleHue NepBoro ypaBHeHHs (8), HaX0IUM IOJTHBIH HHTETpal
ypaBHeHHUs (1). AHaNTOTHYHBIM O00pa3oM pemieHHe CHUCTEMBI (8) MOXKHO HAaYMHAThH
CO BTOPOTO YpaBHEHHUSI, pacCCMaTPHBasi €r0 Kak OOBIKHOBEHHOE MH(depeHmanbHoe
ypaBHEHHE C HE3aBUCHMOMW NMEPEMEHHOH Y U MapaMeTpoM Z.

15*
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IIpumep 3. PaccmoTpum ypaBHEeHUE

9 ow ow
ywp- —q¢=0, rme p=—_—,q=——.
ox Jy
Xapakrepuctuueckas cucrema (7) B JaHHOM Clly4ae MMEET BUA
dx __dy_ dw . dp _ dq
2ywp 1 2ywp®—g¢ yp3 wp? +yp?q
Bocnonb30BaBLIMCh UCXOAHBIM YPaBHEHHEM, YIpOLIaeM 3HAMEHATENI TPETLErO OTHOLIEHHA U TIony-
yaem uHTErpUpyeMyto kombunatmio: dw/ (ywp®) = —dp/(yp®). Otciona naxoaum nepebiii uHTErpan
p = C1/w. Pa3spelas ero BMECTe ¢ MCXOAHbIM YPAaBHEHHEM OTHOCUTEILHO P U ¢, TIOJY4UM CHCTEMY
C Cy
p = _1, q = ;'
w w
OGuiee pelieHne MEpBOro ypaBHenus umeet Bua w’ = 2C)z + P(y), rae Y(y )—npomBoanaﬂ

byHkLMs. HOﬂCTaBﬂﬂﬂ 3TO pelleHHe BO BTOPOro ypaBHeHUe cucTeMbl, uMeeM 3’ (y) = 2C1y. [losTomy
(y) = C2y® + Cs. B utore nonyunm MoAHbI MHTErpan B BUAE

=2C1z + Ciy® + Co.

OTMeTuM, 9TO HOJNHBIA MHTErpai ypaBHeHHS (1) sBIsSeTCS OOIIMM pelieHHEM
BIIOJIHE MHTerpupyeMoro ypaBHenus [Idadda

dw = gol(x,y,w,Cl)dx + SOQ(xay,val)dyv (9)

rIe @1 4 @9 — QYHKUHUU U3 CUCTEMHI (8).

3ameuanune 1. O4eBUAHBIM MEPBHIM HHTETPATOM XapaKTEPUCTUUECKOH CHCTeE-
mel (7) sBsiercs paBeHctBo F'(z,y, w, p, q) = C, nosromy dyukuus P, onpenens-
roras uHTerpai (6), 1omkHa ObITh OTIIHYHA OT F'. OTHAKO UCIOIb30BAHUE OYECBHI-
HOTO MEPBOTO MHTETpana MO3BOJSIET HOHU3UTH MOPSAOK CHCTeMSBI (7) Ha eIUHUILY.

15.1.3. MocTpoeHne NOAHOrO UHTErpana ¢ NOMOLUbIO ABYX NepBbiX HHTErPanoB

HYCTL HaﬁﬂeHLI JABa HE3ABUCHUMBIX IIEPBBIX HHTCTPAJIA
(I)(xayavavq) :CIa \I'(xayavavq) :CQ (10)

XapaKTEPUCTHYECKOH CHUCTEMBI OOBIKHOBEHHBIX AH((epeHIHaNbHBIX YypaBHe-
Huil (7). Cumraem, uro ¢pynkumu F, &, U, ompenemsromue ypaBHeHue (1) u
uHTerpaisl (10), yIOBIETBOPAIOT CICAYIONIMM JBYM YCIOBHUSIM:

F<I>\I/)

) J= O(w,p,q) #0, (an
_|®p PPy |, | P Py+qPu | _

2) [‘I’"I’]—’\I/p U, + pl,, +’\11 U, +qUy | = O

rae J —sxobuan opyHkumit F, @, U no nepeMeHHbIM w, p, ¢, a [®, U] — ckobka Sxo-
6u. B atom ciayuae pasenctsa (1) u (10) mpencrapBiasiorT co00H mapaMeTpHUECKyro
(hopmy mpencrapaeHus MOTHOTO HHTErpana ypasHeHus (1) (p u g paccMaTpuBaroTCs
kak mapamerpsl). Mckmiouus p u g u3 (1) u (10), a 3aTeM pa3pemuB NoaydeHHOE
ypaBHEHHE OTHOCHTEIBHO W, MOXXHO IOJYYHTH IOJHBIH UHTErpajl B SBHOM BHIE
w = w(z,y,Ch, Ca).



IIpumep 4. PaccmoTpum ypaBHEHUE

_aw—o rae _8—11} _8_10
Pq - Y p_ax)q_ay

Xapaxrepuctuueckas cucrema (7) B JaHHOM Cllydae UMEET BUA
dc _dy dw _ dp _ dg
¢ p  2q ap aq
HpupaBHldBaﬂ CHayajia HepBOe U IATOC OTHOLUCHUE, a 3aTEM BTOpOe u '{CTBepToe, Haxoaum l'IepBbIe
MHTErpaJIbl

q—ax = Ci, p—ay = Cs.

HUmeem F = pg — aw, ® = ¢ — ax, ¥ = p — ax. Otu pyHkuuu ynosnerBopstor ycaosuam (11).
Paspeluas ypaBHeHHE U MEpBbIE MHTErPabl OTHOCUTENBHO W, MIONYYUM IIOHbIH HHTErpan B BUAE

w= %(ax + C1)(ay + Cs).

15.1.4. CayyaH, Koraa ypaBHeHHWe He 3aBUCHUT ABHO OT W
[lycTh uCXOQHOE YpaBHEHHE HE COEPKUT IBHO HCKOMOW QYHKIHH, T. €. UMEET BUL

F(z,y,p,q) =0. (12)

1°. Ecnu nomy4eHo OZIHONAPAMETPHIECKOE ceMeicTBO pemtenuit w = =(z,y, C1),
YIOBJIETBOPSIOIIEE YCIOBUIO = Z CONSt, TO MOJHBIA HHTETpall JaeTCs BHIpAKEHUEM
w = E(z,y,C1) + Cs.

2°. Ilepssiit uaTErpa (6) MoxHO uckath B popme ®(z,y, p, ¢) = C}, aHATOrHIHON

ypaBHeHuio (12). B atom ciny4yae xapakrepucTiueckas cucreMa (7) 3amuchiBaeTcs

TaK:
de _dy _ _dp _ _dg

F,  F, F, F,
CootsercrBytomee ypapaenue [1padda (9) npuaumaer Bua
dw = 801(37»% Cl) dz + 802(37»% Cl) dy

¥ MO>XXET OBITh IPOMHTETPUPOBAHO B KBaApaTypax. B pe3ynbrare nmeem cnenyroiee
BBIp2)XE€HHE I TOJHOTO MHTErpaa:

x Y
w=/ sol(t,y,01>dt+/ a(w0,5,C1) ds + C, (13)

Lo Yo
r7ie KOHCTaHTHI T( U Yo MOXKHO BBIOPATh JTFOOBIMH.

3°. Ilycts ypaBHeHue (12) ymaercs pa3pelIuTs OTHOCHTEIHHO P HIIH ¢, HAalpuMep

p= _H('rvy7Q)
Torna, muddepenupys obe 4acTu 1Mo y, MOXKHO HOTYYHUTH KBa3HIHHEHHOE ypaB-
HEHHE OTHOCHTEIBHO NPOU3BOAHOH g:
og 4 0 - = ow
%"‘a—y"'{(%y,@—o’ 1= 5,

JTO ypaBHEHHE MpOILE HCXOIHOTO, €r0 KaueCTBEHHBIE OCOOEHHOCTH U METOMEI
pelIeHNs ONMCaHkbl B rnase 14.
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15.1.5. YpaBHeHHe MamunstoHa—fAKo6uU
YpasHenue (1), pa3penieHHOE OTHOCUTEIBHO OJTHOH M3 MPOU3BOIHBIX:

N _ ow _ ow
p+H($»y»W,Q) - 07 rme p= W’ q= 8—y’ (14)

IPUHATO Ha3bIBaTh ypaBHeHUEM [ amuibTroHa — SK00H, a GyHKIMIO H — raMiib-
TOHHAHOM. YpaBHeHHs Buaa (14) yacTto BCTpEYalOTCS B Pa3IHMYHBIX pa3fenax
MEXaHHUKH, TEOPHH YIpaBieHUs U B IuddepeHIManbHbIX HIpax, IIe NepeMeH-
Has = OOBIYHO HIpaeT poJib BPEMEHH, a IepeMEeHHas Yy — pOJib IMPOCTPAHCTBEH-
HOW KoopAMHATHL. YpaBHeHHIO ['aMmiibToHa — S1k00H (14) cOOTBETCTBYET QYHKIHA
F($’ Y, w,p, Q) =D + H(.T, Y, w, q) B ypaBHCHUHU (1)

Xapakrepuctuueckas cucrema (7) mns ypasHenus (14) c yueToM paBeHCTBa

p = —H cBoauTcs K Goyee MPOCTO CHCTeMe, COCTOsIeH U3 Tpex auddepeHim-
QIBHBIX YpaBHEHHI
Y, =Hg, wy=qHq—H, ¢,=—qHy,—Hy, (15)

KOTOpbIe HE 3aBHCAT OT p (B JIEBOH YaCTH YpaBHEHHMH CTOST MPOHM3BOIHBIE IO
MEpPEMEHHOH T ).

@ Jlumepamypa k pazd. 15.1: B. B. Crenanos (1958), P. bennman (1960), P. Kypaur (1964),
3. Kamke (1966), JI. D. Dabcronsy (1969), U. I. Ilerposckuii (1970), B. U. Apuonsa (1974),
E. Zauderer (1983), J. Lewin (1994), D. Zwillinger (1989), B. ®. 3aiiues, A. /1. [Toasxun (2003).

15.2. 3apaua Kowu. Teopema CyliecTBOBaHUA U €AUHCTBEHHOCTH

15.2.1. MocraHOBKa 3apayuu U NpoueAypa NOCTPOEHUA pelueHUn
PaccmoTtpum 3anauy Ko ayis ypaBHeHus (1) ¢ HauanbHBIMH YCIIOBUSMH

Jj:hl(&)’ y:h2(§)’ w:h3(§)’ (16)

rae £ —mapamerp (a < € < (), a hi(§) —3anansbie QyHKIMH.
Pelenue 3T0ii 3a1a4¥ OCYIIECTBIAETCA B HECKOJIBKO ITAlOB:

1°. Cuavaina ONpEACIAIOTCA JONOJTHHUTEIBHBIC HAYAJIbHBIC YCIIOBUA JIA IPOU3BOI-

HBIX:
p=po(§), ¢=ql) (17)

Juis aTOrO pemarot anredpandeckyro (WM TPaHCICHICHTHYIO) CHCTEMY YPaBHEHHH
F(hl(g),h2(§)»h3(§)»PO,QO) =0’ (18)

pohi(€) + qoha(€) — h5(€) =0 (19)

OTHOCHTENBHO Py M qo. YpaBHenue (18) moiydyeHO B pe3ynabraTe MOACTAHOBKH
HavaJbHBIX JaHHBIX (16) B ucxomHoe ypaBHenue (1). YpaBHenme (19) sBuser-
cs crencteueM 3aBucumoctH w = w(xz,y) u dopmymsl s auddepenimana
dw = pdz + qdy, tne dz, dy, dw BHIYUCIAIOTCA MO HAYAIBHBIM JaHHBIM (16).

2°. Pemraercs aBTOHOMHAsl CHCTEMa YpaBHEHHH

dr _ dy _ dw _ dp dq

F, F, pF,+qF,  F.+pF,  F,+qFu,

= dr, (20)

KOTOpas moyrydeHa u3 (7) myTeM BBEACHHUS JOMOHUTENLHON MEPEeMEeHHOM T (Mrpa-
IOLIEH POJIb BpEMEHH).
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3°. IlocrosHHEBIE HHTEIpUPOBAHUA ONPEACIAIOTCA U3 HAYaJIbHBIX YCHOBHﬁi

rz=hi(§), y=h2(), w=h3(§), p=po(§), g=q(§) mnpu 7=0, (21)

KOTOpbIe MONXy4YeHbl o0benuHenneM ycinosuii (16) u (17). B pesynsrare Haxoaum

TpH QYHKIHU
'T:$(T’€)7 y:y(’r’g)v w:’w(T,f), (22)

KOTOpBIE JAIOT pEeIIeHHEe paccMaTpuBaeMoi 3anayu Ko B napaMeTpu4eckoM BHIE
(1, £ —mapamerpsl).

15.2.2. Teopema CywW,eCTBOBAHUA U €AUHCTBEHHOCTH

[ycts pyukuus F'= F(x,y, w, p, q), C TOMOIIBIO KOTOPOii 3axaercs ypasHeHue (1),
JOBaKABI HENPEPHIBHO Au(depeHIrpyeMa 0 BCEM IIITH apryMeHTaM (B paccMar-
puBaeMoii 001acTH), IpHIeM Fg + Fq2 # 0. Hycte dyukmuu hy (), ha(§), hs(€),
onpeaensIomye HauanbHble JaHHble (16), 1Bax1bI HeNPEPHIBHO UG GEPEHITPYEMBI
no &, mpuaem (h))? + (h})? # 0. Cuutaem, uto dynkuuu po(€) u qo(€), 3anaromue
JIOTIOJIHUTENbHBIE HauanbHble ycinoBus (17), ymommerBopsior cucreme (18)—(19).
Kpome Toro, morpeGyem, 4T0OBI OBIIIO BHIIOJIHEHO YCIOBHE

A = Fyhl — Fyhly #0,

B KOTOpoM ¢urypupyot ¢pyHkims u3 (16), (17) u mrpuxom 0003Hau€HBI IPOU3BO/I-
Hele 10 €. Torzma cymecTByeT eqUHCTBEHHOE ABaX Bl HETIPEPHIBHO AubdepeHnupy-
eMoe perieHre ypaBHeHus (1), yaoBiaeTBopsromee HayanbHbIM yeraoBusaM (16)—(17).

3ameuaHnue 1. Dta TeopemMa HOCHT JIOKATBHEIN XapaKTep: CyIIECTBOBAaHHE €THH-
CTBEHHOTO TJIAJKOTO pemieHus 3amadu Kommm rapaHTHpyeTcs JIMIb B HEKOTOPOH
OKPECTHOCTH JIMHUH, 33/1aBAeMOM HaYadbHBIMU JaHHEIMHU (16) BMecTe ¢ HOTMOJHH-
TeNbHBIMH ycnoBusAMH (17).

3ameuaHnue 2. AnreOpaudeckas (MM TpaHcueHAeHTHas) cucrema (18)—(19) mo-
JKET UIMETh HECKOJILKO PEeIlieHHH (CM. mpuMep 3 B KOHIIE 3TOTO pa3elia), 4TO MPHUBO-
JIMT K Pa3IMYHBIM JOTIOJIHUTEIBHBIM HaYaIbHBIM YCIIOBHSAM JUTS MPOU3BOAHBIX (17).
Kaxxnoe U3 3THX JONOJTHUTENBHBIX YCIOBHI OyaeT MOpOXIaTh CBOE COOCTBEHHOE
pemenue 3aaaun Koo (1), (16).

3ameuanwue 3. [l HeMWHEHHBIX ypaBHeHHH riiobanpHOE pemeHue 3anaun Ko-
mw (1), (16) MoXeT OKa3aTbCs MHOTO3HAYHBIM TaKXKE M3-332 MEepEeceueHHs Xapak-
TEPUCTHK B TIOCKOCTH (z,y) (cM. mpumep 7 B pasa. 15.3). [logoGHas curyarms
noapoOHO obcyxaanacek B pasn. 14.3—14.4, roe paccMaTpUBalIHCh KBa3HIHHEHHEIE
ypaBHEHUS.

15.2.3. 3apauu Kowwu pna ypaBHeHUA FamuabToHa— AKO6U

Hauansnoe ycioBue s ypasHenus ['amunsrona— Sko6u (14) o6srano dopmynu-
pyercs B BHJE
w=(y) npu x=L. (23)

B nanHOM ciiydae pemenue 3anadu Komm cBOAMTCS K pELIEHHIO XapaKTepHCTHYE-
cKo# cucteMslI (15) ¢ HaYaIBHBIM YCIIOBHEM

y=¢& w=¢&), q=¢'(¢) mpn z=1L, (24)

e MTPUX 03HAYaeT MPOM3BOJAHYIO TIO mapamerpy &.
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15.2.4. Mpumepbl pewieHUA 3apaun Kowu
PaccMOTpHUM KOHKpETHBIE IPUMEDHI.

IIpumep S. TpeOyercs HaliTu pelieHNe ypaBHEHUS

Sw Sw
aw=pg, e p=-—o—, q= o, (25)
z Ay
YAOBNETBOPAIOLIEE HA4aIbHOMY YCI0BUIO
w= f(y) mpu z =0. (26)
3anuiuem HayanbHOe ycioBHe (26) B apameTpuyeckoil popme:
=0, y=¢ w=f(¢). @7

Cucrema (18)—(19) nns onpenenenus po(€) u qo(€) umeer sun: af(£) = pogo, go — f'(€) = 0.
Orcrona umeem 56

e ©T f(©). (28)

Xapaxrepuctuueckas cucrema (20) npu F' = pg — aw 3amnuchBaeTcs Tak:

Po=a

dz _ dy _

d_w=d_p=d_q=d7-. (29)
q j2 2pq ap agq

Ee pewienue naercs ¢opmynamu (CHayana UHTETPUPYOTCS JBa IIOCJAENHUX ypaBHEHUS):
. Cy ar C C,Cy 2ar
p=C1e"", qg=C2"", =2 4+Cs, y=-—Le"+Csy, w= 2226 4C5. (30)
a a a

Hcnonb3ys HauanbHble ycaoBus (27), (28), koTopble A0MKHbBI ObITh BbINOMHEHb! NpU T = 0, HaX0AMM
NIOCTOSIHHbIE MHTErpUPOBaHUs

_f© o __f©® _._ 1 _
Cl_af/(f), CQ—f(E)a Cs = a ! Cy=¢ f/(f), Cs =0.
INoacrasnsas 11 3HaueHus B (30), monyuyum pewenue 3anadu Koww (25), (27) B napamerpryeckom
BUAE:

r=Lr@@E 1), y=T -1+ w= e

G
IIpumep 6. TpeOyercs HaliTu pelieHNe ypaBHEHUS
ow 2 ow 2 2
== =) = 1
(89:) +(8y) @ G0
NIPOXOAALLEE YePe3 OKPYKHOCTD
2+ =b>, w=0. (32)
BBeas napamerp &, 3anuiieM ypaBHEHHE OKPYXHOCTH Tak:
x=bsiné, y=bcosg, w=0. 33)

VpaBHEHUs Ul ONPEAENEHUs NOTOMHUTENbHbIX HauyanbHbIXx ycioBuit (18), (19) B naHHOM ciydae
UMEIOT BUJ:

pg + qg = a2, pocos& —sinéqo = 0.
Otcioaa oay4um

po = €asin&, qo = ecacosé, rae € = 1. (34)

Cucrema (25) mpu F = p® + ¢° — o 3anucbiBaetca Tak:
ﬂ=ﬂ=d7w=_d_p=_d_q=d7_’ (35)
2p  2¢  2(p?+q?) 0 0

Ee pewenue naercs ¢hopmynamu (CHauana MHTErpUPYIOTCS JBa [IOCAEAHUX ypaBHEHUs):
p=C1, q=Cs, z=2C17+Cs, y=201+Cs, w=2(Ci+CHT+Cs. (36)

Hcnonb3ys HauanbHble ycnoBus (33), (34), koTopble A0MKHbBI ObITh BbINOMHEHb! NpU T = 0, HAX0MMM
NIOCTOSIHHbIE MHTErpUPOBaHUs

Ci =ceasing, Cy =cacos§, C3=bsing, Cy=bcosg¢, Cs5=0, rie € = +1.
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INoacrasnsas 3tu 3HayeHus B (36), Haxoaum pewenve 3anauu Koww (31), (32) B napamerpuueckom
BUAE:
& = (2car 4+ b)siné, y= (2ear +b)cos¢, w=2a’r.

Uckmouas napameTpsl £ ¥ 7, 3aIMLIEM PELIEHHE B GOJIEE HATISAHOM BULE:
a2 +y°) = (ab £ w)”. 37

I'eomerprueckas uHTepnperauus: ¢opmyna (37) onucbiBaeT ABa KPYIIbIX KOHYCa B IIPOCTPAHCTBE
(z, y, w), Y KOTOPHIX B OCHOBAaHWM JIEXUT OKPYXHOCTb (32) 1 06lias OCb COBMNAAaET C OCbIO W.
KoopavHats! BepluH kOHYycOB: w = *ab.

BaxkHo ormeruTh, uTo peuieHue (37) sABaseTcs MHOro3Ha4yHoH ¢yHkuuei.

@ Jlumepamypa k pazd. 15.2: B. B. Crenanos (1958), P. Kypaur (1964), 3. Kamke (1966),
U. I'. Tlerposckuii (1970).

15.3. 0606LEeHHbIe BA3KUE pPeLUeHUs U UX NPUNOXKEHUA

15.3.1. MpeaBapuUTenbHble 3amMeyaHUA

B pasn. 15.1-15.2 u3ywamuck KiaccH4eckde riafkue pemenus w = w(x,y),
HMEIOLINE HEllPEephIBHbIE IPOH3BOAHbIE IO 000MM aprymeHTaM. OIHAaKO B TEOPHH
ONITHMAJILHOTO YIpaBiIeHuUs, TuddepeHInaIbHbIX UTPaX U HEKOTOPBIX IPYTHX MPH-
JIO>)KEHHAX YaCTO BO3HHUKAIOT 33/1a4H, PEIICHHEM KOTOPBIX SBJISIOTCS HENPEPHIBHBIE,
HO Hertankue QyHKuuu: cM., Hanpumep, A. U. Cy66otun (1991), W. H. Fleming,
H. M. Soner (1993), A. L. Subbotin (1995), A. A. Menuxksu (1996), A. A. Melikyan
(1998), M. Bardi, 1. C. Dolcetta (1998). /lns onucanus u mocTpoeHus 0000IMIEHHBIX
pelIeHnii Takoro popa TpeOyloTCS ApPYrHe MOAXOAbl. BakHO OTMETHTH, YTO I
onpeneneHus 00OOIIEHHBIX pPelIeHNd HEMHHEHHBIX ypaBHEeHU# obmiero Buaa (1) u
(14) ue ynaercs 3¢ deKTHBHO MCMONB30BATh HANIAAHBIE KOHCTPYKIIUU THUIA UHTE-
TpaILHBIX PABEHCTB U 3aKOHOB COXPAHEHHs, KOTOPBIE YaCTO BCTPEUAIOTCS B TEOPUH
KBa3WJIMHEHHBIX ypaBHEHHH (cM. pa3n. 14.3-14.4).

OTMeTHM, Y4TO HENIAAKOCTh PELIEHUS MOXXET OBITH 00yCIOBJIEHA pa3IUYHBIMU
npHYHHaMH: 1) mepecedeHHeM XapaKTEepUCTHK B IUIOCKOCTH (z,y) (cM. nmaiee
npumMep 7), 2) HETIAAKOCTHIO HAYaJIBHOTO YCIOBHUSA, 3) HETAAKOCThI0 QyHKIMH F'
u ‘H, onpenenstouux ypaBuenus (1) u (14).

15.3.2. BAsKWe pelieHUs, OCHOBaHHble Ha UCNOAb30BaHWK Napaboanueckoro
ypaBHEeHUA
Pemenne 3anaun Komu amst ypapHeHus (14) ¢ HayaJIbHBIM yCIOBHEM

w=¢(y) mpu =0 (38)
MOYKHO alMpOKCHMHUPOBATh peleHneM IuddepeHnanbHOro ypaBHEHHS ¢ YaCcTHEI-
MH IPOHU3BOAHBIMH BTOPOTO MOPSAAKa NapaboIHYecKOro TUIa
Ou Ou %u
— +Hlz,y,u,—— ) =¢ e>0 39
8 51? + 7y7 ) ay 8y2 ( ) ( )
C TEM € caMblM HayaiabHbIM ycioBueM (38). M3BecTHO, YTO IUIS AOCTATOYHO
IMpOKoro kimacca QyHKmud H U ¢ 3amasa Komm mis ypasBaeHus (39) umeer
€IMHCTBEHHOE pelieHne. B Teopuu ypaBHeHmii ['amuneroHa — ko0 310T Qakt

OBLT HCMIOJB30BAH IS ONpeeneHus perenus 3anaun Komwu (14), (38) kak npenena
petrenus 3amaqu (39), (38): w(z,y) = lir% u(z,y) [cm., nanpumep, C. H. Kpyxkos
E—

(1966, 1975), M. G. Crandall, P.-L. Lions (1983)].
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DTy KOHCTPYKILIHMIO, OCHOBAaHHYIO Ha TNpeNeNnbHOM mepexone mpu € — 0, kak
U B TEOPHUH KBAa3WIMHEHHBIX YypaBHEHHH (CM. pa3a. 14.3), Ha3pIBaIOT METOAOM
HCUE3AIOIIEH BA3KOCTH, a MPENeNbHYI0 (PYHKIHIO — BA3KHM PEIICHHEM ypPaBHEHHS
amunprona — Sko6u.

Merton ucUe3aroNel BIA3KOCTH MOKHO pPealn30BaTh, HAPUMeEP, IYTeM YHCIIeH-
Horo pemenus 3agauu (39), (38) mpu HOCTaTOYHO MANBIX £ (B 3TOM Cly4yae HET
HEOOXOIUMOCTH UCKATh 0COOBIE TOYKH, B KOTOPBIX HApyIIaeTcs IIAJAKOCTh pellie-
Hus1). OHAKO 3TOT METO OYEHb TPYAHO HCIOJIB30BATh AJIS MOCTPOEHUS aHATHTHU-
YeCKHX pEIleHHH, TaK KaK MPUXOJUTCS paccMaTpUBaTh OoJiee CIIOKHOE YpaBHEHHE
C YaCTHBIMH NIPOU3BOIHBIMH BTOPOTO MOPSAKA.

15.3.3. 060611€eHHbIEe peLieHUs, OCHOBaHHble Ha NPOOGHbLIX GYHKLUUAX U
HepaBeHcTBax

M. G. Crandall, P.-L. Lions (1983), M. G. Crandall, L. C. Evans, P.-L. Lions (1984)

MIPEUIOKUIN 0000IIEHHBIE BA3KHE PEIIEHUS BBOAUTH C MOMOIIBIO MHTETPAIbHBIX

HEPaBEHCTB. JTOT MOJIXO/ HE CBA3aH C PACCMOTPEHHEM ypaBHEHHI O0Jiee BBICOKOTO

HOPSIIKA U MO3BOJISIET B HEKOTOPBIX CIyYasX MOIyYaTh 000OMIEHHOE BSA3KOE pellie-

HHE B aHATUTHYECKOM BHJIC.

Onpeoenenue. HenpeproiBHas ¢yHkuus w = w(x,y) HA3bIBAeTCS BS3KHM pe-
IIeHHeM 3a1auu ¢ HavanbHbiMH naHHBIMH (1), (38) B cnoe 0 < z < L, ecnu
BBINOJTHEHBI CIEAyIoNmMe ycinoBus [cM., Hanpumep, P.-L. Lions, P. E. Souganidis
(1985), A. A. Melikyan (1998)]:

1°. ®ynkuus w = w(z,y) yAOBIETBOPSET HAYATBHOMY YCIOBHIO (38).

2°. Ilycrp (z, y) — nrobast npoOHast HempepbiBHO auddepeHIHpyemas GYHKIHS.
Ecmu (2°,y°) — TOYKa JIOKATHHOTO 3KCTPEMyMa Pa3HOCTH (YHKIHI

’lU(.Z’, y) - 1/’(% y)v (40)
TO B 3TOH TOYKE JOJDKHBI BBITTOJTHATBCSI HEPABCHCTBA

F(x°, y°,w Py, @b;) >0, ecmu (z°,y°) —TOUYKA JTOKATBHOrO MHHHMYMa,

F(x°,y° w®, 45, 4,) <O, ecmn (z°,y°) —ToUKa JOKATHHOTO MAKCHMYMA.
(41)
[IpoBepke MOUIEXAT TONHKO T€ TOYKH JIOKATHHOTO SKCTPEMYMa, KOTOpbIe HaXOIAT-
csl BHYTpH paccMarpuBaemoro cios (0 < z° < L).

OTrMeTuM, 4YTO HeoOA3aTeNbHO MOJDKHA CYIIECTBOBaTh NpoOHas ¢yHKuIus
¥(x,y), aas koTopoit pasHocth (40) uMeeT JTOKaIbHBIH 3KCcTpeMyM. OIHAKO eCin
Takas QYHKUHUS CYIIECTBYET, TO JOJDKHO BBEIIOJIHATHCA yciioBue (41).

Ecnu 3amaua Komm uMmeeT riaakoe KJIACCHYECKOE pelIeHHe, TO OHO COBIANaeT
C BA3KHM 00OOILEHHBIM pPEILICHHEM.

B Teopuu ontHMansHOTO ympaBieHHS U AU epeHIHATBHBIX UrpaX, MOMUMO
3a7a4 ¢ HayaJIbHBIMH JaHHBIMH, BCTPEUYAIOTCS TAKKE 33a9d C KOHEYHBIMH NaH-
HBIMH, B KOTOpBIX pemieHue ypaBHeHU# (1) u (14) umerca B cnoe 0 < z < L, a
MCKOMasl BEIMYMHA W 3a/1aeTCs HA MPaBOM KOHIE clios pu = = L. Jlns 3THX 3a1a4
B OIpEIETICHUH BSA3KOTO PEIIeHNs HepaBeHCTBa B (41) cienyeT H3MEHUTh Ha IPOTH-
BOIIOJIOXKHBIE. 3a7a4l ¢ KOHEYHBIMU JaHHBIMHU CBOIATCS K 33/1a4aM C HadaJbHBIMHU
JAHHBIMHU IIyTE€M BBEJCHHS BMECTO T HOBOH HE3aBUCHMOH IEpeMeHHOH 2z = L — x.

OTMeTHM, 4YTO SKBHBAICHTHBIE, HO 0OJee CIOXHBIE ONpENeTeHHS BI3KUX
MHHHMAaKCHBIX pELIeHHH Hcmons30Baluch B paborax A. U. Cyb66ortuna (1991),
A. 1. Subbotin (1995).
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u; = u(x,y)

Puc. 19

15.3.4. NokanbHafA CTpPyKTypa 0606LEeHHbIX BASKMX pelUeHUH

OGo6uienHoe pentenne w(x,y) COCTOMT U3 PETYISAPHBIX M CHHIYISPHBIX TOYEK.
B HEKOTOpO# OKPECTHOCTH perysaspHbIX Touek (GyHKmsA w(x,y) ABIAETCS pele-
HHEM B KJIACCHYECKOM CMBICIIE (TaKHe BBl HEMPEPBIBHO MU HEpEHIUPYEMbIe
pelieHus 00CYXKIAIOTCI B TEOpeMe CYLIECTBOBAHHS U E€IMHCTBEHHOCTH U3 pasll.
15.2). Bce HeperynsipHble TOYKH OTHOCATCS K CHHTYJISIPHBIM.

[lycte D — HekoTOpas AOCTaTOYHO Majas OKPECTHOCTh CHHIYJISPHOH TOUYKH
(Z4,Yx). OOBIYHO BCTPEYAIOTCS CHUTYALMH, KOT[a CHHIYJSAPHBIE TOYKH 0OpasyroT
HEKOTOPYIO INIaAKyIo KpHBYIO I', KOTOpas mpoxXomut uepe3 (Z.,y.) M pa3buBaer
obmacte D Ha nBe momobmactm Dy u Dy (puc. 19). Ilo obe croponsl ot I'
0000IIEHHOE pEeIleHHEe W 3aaeTCs Pa3HBIMH KIACCHYECKUMH PEILCHUSAMH U] H Ug'

_ Jui(z,y), ecmm z,y € Dy,
w(x,:l/) = {uz(x,y), ecmu T,y € Do, 42)

KOTOPBIE€ HENMPEPBIBHO, HO HETIAAKO, CONPATrarOTCsa BAOJIb 06meﬁ T'paHULbI. le/[

ow ow
nepexone 4epe3 [' mpousBomHble O0OOIIEHHOTO pEIICHHS o 1 5y Tepmar

pazpeiB. ByneMm cumrtaTth, YTO TNIAJKHE COCTABIAIOLIME OOOOIIEHHOTO pEIeHUS
u] M up TIAAKO JIOOTpeneNneHbl BO Bcell paccmarpuBaeMoid obmactu D. Torma
ypaBHeHHe KpuBoH I', 00pa30BaHHON CHHTYIAPHBIMH TOYKAMH, MOXHO 3allUCaTh B
BHUJIE PaBEHCTBA

g(z,y) =0, e g(z,y) = uz(z,y) —ui(z,y). (43)
'paguenT QyHKUMH g, HampaBlIeHHBIH MO HOpManu K KpuBo# I, Haxomurcs mo
dbopmyne

_ 8'U,n _ 6“71

vy = (p2 —Pl)ea: + (QQ - QI)ey, Dn = 9z’ dn = dy )

e €; U €, — HallpaBJIAIOIHE BECKTOPBI BIOJIb ocell T U Y. Bo3mosxHBI nBa Cliy4das.

1°. Bekrop Vg Hanpasnen u3 Dy B D;. B 3TOM ciiydae crnipaBeUIUBEI CIEAYIOIINE
yTBepxkaeHus, cM. A. A. Melikyan (1998):
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w i
u; P

BA3KOE PECIICHHE

w = min[u,,u,]

|
|
|
|
|
|
|
|
|
|
|
~ - - :
|
|
|
|
|
|
|
|
|
|
1

i
I
I
]
i
I
I
I
I
I
I

I

D, X

Puc. 20

A) O06oOmenHoe pemienue B oOmactd D MoxeT OBITH 3alHMCaHO B BHIC
w = minfu, ug], cm. puc. 20.

B) He cymectByet riaaxoii npo6Hoit pyHKuu (1, y), TAKOH, 4TO JOKAIbHBIH
MHHHMYM pa3HOCTH ¢yHKIui (40) mocTHraercs B CHHTYJIIPHBIX TOYKaX, 00pasyro-
mux I

C) [Ina omHOMapaMeTpUIECcKOro ceMeicTBa MPOOHBIX (HYHKITHH

MaKCUMYM Pa3HOCTH

xI"Ill/{é,)B [w(z,y) — ¥(z,y)] (45)

JOCTHUTIaeTCA B TOYKAX L,y € I.

3amevanve. [ 0600IMEHHOTO peIeHus THa w = min|u;, ug] HET He0OXoau-
MOCTH MIPOBEPATH MepBoe HepaBeHCTBO (41); BTopoe HepaBeHCTBO (41) nocrarouno
MPOBEPHUTH TOJILKO Ha OJHOMAPAMETPUIECKOM CEMENCTBE MPOOHBIX QYHKUUH (44).

2°. Bektop Vg nHanpasneH u3 D; B Ds. B 3T0M ciiydae 0000mmeHHOE pelieHHe
MOJXKHO NPEICTAaBHUTh B BUAE W = max[uj, U] M HaJO MPOBEPSATH JIHILL IEPBOE
HEepaBeHCTRO (41) Ha OHOMApaMETPHUECKOM CeMeicTBe NMPOOHBIX QyHKImi (44).

15.3.5. 060611eHHe KnacCHUECKOro MeToAa XapaKTepPUCTHK
Paccmotpum 3anauy Kommwm ms ypaBHenus ['amuinbroHa — SKoOu

Ow ow\
oz +H($ay, E)—y) =0,

w=p(y) npu x = L.

(46)

Cunraewm, uto ¢pyukuus H(zx,y,q) sABAsSETCA BBIMYKIONH MO apryMEeHTY ¢ IS BCEX
z€(0,L], y R, a pynkuust H(z, y, q) HenpepbiBHO auddepenimpyema o , y, g,
NpHYEM CYLIECTBYIOT BTOPBIE NPOM3BOAHBIE H yyy, Hoyg.

[TycTh penieHue xapakTepUCTHIECKOH cucTeMBI (15), ynoBieTBopsmoniee ycio-
BHUIO (24), UMeeT BT

y=Y(z,§), w=W(f), ¢=Q(/¢). (47)
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O6o3nauum gepe3 {&, = &,(x,y)} MHOXKECTBO (QYHKIMIA, HOIYYSHHBIX MyTEM
paspeuienus nepBoro paseHcTBa (47) oTHocuTensHO mapamerpa &. MHaekc n
yKa3bIBaeT Ha YUCIO TAKHUX (QyHKLUI.

Knaccuaeckuit METO XapaKTEpHCTHK MOXKET OBITh UCIOIB30BAaH I MOCTpOE-
HHUS 000OLICHHOTO BA3KOTO PEIIEHHS C MOMOIIBI0 HOPMYIIEI

w(z,y) = ggl{%x}W(m,f) (48)

nns Beex z € (0, L], y € R. 3nauenuto n = 1 COOTBETCTBYET KJIACCHYECKOE TIAIKOE
pemenne. @opmyna (48) 6buta nonyuena S. Mirica (1985) u H. H. Cy66oTunoit
(1991).

15.3.6. Mpumepbl BA3KUX (HErAaAKKX) pelueHUur

Hwxe paccMOTpeHB! OBe 3aiadd, KOTOpBIE BCTPEYAeTCA B TEOPUH WIP: CM.
A. U. Cy66otun (1991), A. 1. Subbotin (1995).

Ipumep 7. PaccmoTpuMm 3ajauy ¢ KOHEYHBIMU JAaHHBIMU AN ypaBHeHus ['amunbrona — Sxobu

ow ow \ 2

ow . h (—) =0 49

ox + + dy (49)
C HAuaNbHLIM YCIOBHEM

w=21y> mpu z=L. (50)

Pewmenue muercsa B obnactu 0 < « < L.
Xapaxrepucruueckas cucrema (15) ansa ypasnenus (49) c¢ ramunsronuasom H(z,y,w,q) =

= /T + ¢2 umeer Bun
’ q ’ 1 ’
= w., = S = O. 51
HauanbHbie ycnosus monyuum u3 (24) npu ¢(§) = %52:
y=¢& w=3€, ¢=¢ mpn z=L (52)
Wnrerpupys ypasuenus (51) ¢ ycnosusimu (52), Haxoaum peenue 3anaqu Koww (49)—(50):
&z —L) L-z 1.2
VS ave TR T e T e
Ha puc. 21 B mnockoctu (z,y) uzobpaxens! xapakrepuctuky y(x,£) npu L = 2 ans 3HadeHuit
napamerpa £ = 0;£0,2;+0,4;...;+1,0. BuaHo, 4TO XapakTepUCTUKHU Nepecekaorcs. B naHHOM

NpYMepe MOXHO ITOCTPOUTH JOKaNbHOE Kiaccuieckoe peuenye 3anaqu (49), (50). Oaxaxo ero Heab3s
MPONOKUTh Ha BeCb paccMatpuBaembiii cinoif 0 < & < L (T. e. HE CyleCTBYeT 00anbHOro
KJaccHuecKoro peiuenus). OGpaTiM BHIMAaHKE HA TO, YTO ramunsToHuad H = /1 + ¢ ypaBHeHus
(49) u byHxuus, 3anarowmas HadansHoe ycaosue (50), aBastorcs 6eckoHeyHo AubdepeHLpyeMbIMU
byHKUMAMY.

Bs3koe pewenue 3apadu Kowu (49)—(50) umeer Bun

w(z,y) = I;lgngc[qy +(L-2)V1+¢ - 1%, (54)

rae 0 < x < L, y—mo6oe. JIuHuM ypoBHA 3T0# yHKUMM H3006paxkeHbl Ha puc. 22. XXupHoit aunuei
[I0Ka3aHO MHOXXECTBO CHHTYISPHBIX TOYEK, B KOTOPbIX pelieHue HeauddepeHUHpYeMO.

IIpumep 8. Paccmorpum 3aaauy ¢ KOHEUHbIMU AaHHBIMU Ans Oonee obwero ypasHeHus [amunb-
TOHa — SK0bH

ow ow
o —l—'H( By) 0 0z L) (55)
C HayaubHbIM YC/IOBYEM 00Llero Buaa
w=¢(y) npu x = L. (56)

CnpaBeanuBbI CAEAYIOILYE ABA YTBEPKACHUS:
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. 2,8 1,0 0,6
g=10 1’ 0.4
w =
0

-1 }

0 1
Puc. 21 Puc. 22
1°. IlycTh raMUIbLTOHMAH YAOBJNETBOPAET YCAOBUKO JlMmuunua
[H(q2) — H(q)| < Blg2 — @1  ana mobuix q1,g2 € R, (57)
(y) — Boimyknas ¢pyskums. Torna Bsskoe pewenue 3apaun (55)—(56) umeer Bua
w(z,y) = =sup lay + (L - 2)H(q) - ¢"(@)],

rae " — dyHKuMs, conpshkeHHas GYHKUMU @, T. €.

©*(q) = sup[qw - ¢(z)].

2°. Ilyctb ramuistoHuan H(q) sBaseTCs BBIIYK/IBIM M YNOBAETBOpseT yciaoBuo Jlumuuua (57), a
dbyHkuus p(y) — HenpepsiBHa. Torna byHKuus

w(z,y) = sup [o(y + (L —2)t) — (L — z)H"(t)]

SIBNSETCS BA3KUM peleHueM 3aaadu (55)—(56). 3necy pyHKUMS
H"(t) = sup[gt — H(q)]
gq€R

SIBASETCS CONPshKeHHOM (yHKuMelt k ramunsroHuany H(q).

[NepBoHaYansHO pasnuuHbie GopmMybl Aas 0600LIEHHOrO pelleHys ypaBHeHus (55) ¢ HayanbHbIM
ycnoBueM npu x = 0 Obliu nonydens! Xondom (E. Hopf, 1965), xotopslit paccmarpuBan o6nactb
z > 0. [To3xe M. Bardi, L. C. Evans (1984) nokasany, uyro pewenus Xomnda sBAAIOTCA BA3KHMU
PELLECHUAMY.

@ JIumepamypa k pa3o. 15.3: E. Hopf (1965), C. H. KpyxkoB (1966, 1975), P.-L. Lions (1982),
M. G. Crandall, P.-L. Lions (1983), M. G. Crandall, L. C. Evans, P.-L. Lions (1984), P.-L. Lions,
P. E. Souganidis (1985), E. N. Barron, R. Jensen (1987), H. Ishii (1988), A. U. Cy66otun (1991),
M. G. Crandall, H. Ishii, P.-L. Lions (1992), W. H. Fleming, H. M. Soner (1993), A. 1. Subbotin
(1995), A. A. MenuksH (1996), A. A. Melikyan (1998), M. Bardi, . C. Dolcetta (1998), B. ®. 3aiiues,
A. J1. Nonsuun (2003).



16. PewweHne HEeKOTOpPbIX PYHKUUOHANBHbIX YPAaBHEHUH
16.1. Mertoa anddepeHuMpoBaHUA NO NnapameTpy

16.1.1. PaccmaTpuBaemMbie Knaccbl ypaBHeHUH. OnucaHue meropa
Bynem paccMaTpuBaTh QYHKIIMOHAIBHEIE YPABHEHHS BHIA

w(z,t) = 0($,t,a)w(tp(a:,t,a),v,b(x,t,a)), @))

rie W t — He3aBHCHMbIE NepeMeHHble, w = w(x,t) — uckoMas (yHKUHs,
0=0(x,t,a), p=p(z,t,a), Y =1(x,t,a)—3ananHpie GYHKUHH, @ — CBOOOIHBII
napamerp, KOTOPbIi MOXKET NPHHUMATD JIFO0bIe 3HaueHHs (Ha HEKOTOPOM HHTEPBa-
ne). ByaeM cumMTarh, 4TO MPU YACTHOM 3HAYEHHH @ = Q( BBINOJHSIOTCS PABEHCTBA

0(.T,t,a0) = ]-7 (p($’t7a0) =z, ¢($’t7a0) =1t, (2)

T. €. IPU @ = @y paccMarpuBaeMoe PyHKIHOHATBHOE YpaBHeHue (1) mpeBparmaercs
B TOXKIECTBO.

Paznoxwum (1) B psia mo mapamMeTpy a B OKPECTHOCTH a C YUETOM PaBEHCTB (2),
3aTeM pa3felnuM NOIy4YEHHOE BBIPAXEHHE HAa ¢ — Gp U IepeiiieM K mpeneiy npu
a — ap. B pesynbrare nosyuum nuHEHHOE ypaBHEHUE C YACTHBIMH NIPOU3BOIHBIMH
HEepBOTrO MOpSAKA JUIS (bymculm w:

Soa(x t) + wa( t) + 90('17 t)w - (3)
A€ UCIIOJb30BAaHbI 00o03HaueHus

° o 0 ° 00
oz t) = 22| (et = 22 6wty = L

da a=ag, aa a=ag, da a=ag

Jns peuieHus ypaBHeHHUS (3) HaZO0 PacCMOTPETH COOTBETCTBYIOLIYIO XapaKTe-
PUCTHYECKYIO CUCTEMY YpaBHEHUH

de dt . dw
ee(z,t)  Pelz,t) 6z w @
[lycte
uy(z,t) = C1, ug(z,t,w) = Cy (%)

— HE3aBUCHMBbIE MHTErpaibl XapakTtepucTudeckod cucremsl (4). Torma olmee
peweHne ypaBHeHus (3) uMeeT BUL

UQ($,t,’lU) = F(ul(xvt)), (6)

rae F'(z) — npousBosbHas GyHKIHMSL.

U3 pemenus (6) Hamo BHIPa3UTh w M MOJCTaBUTH €T0 IS MPOBEPKH B HCXOIAHOE
ypaBHeHHe (1) [MOIIM NOSBHTCS JIMIIHHME DPEILCHHS; BO3MOXHBI TAKOKE CIIydaH,
KOT/Ia pellieHHe YpaBHEHHs C YaCTHBIMH NMPOHM3BOAHBIMHU (3) BOOOIE HE SABIAETCS
pemeHneM QyHKIHOHAIBEHOTO ypaBHeHHs (1): cM. naee npumep 3].
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3ameuanue 1. YpaBuenue (3) moxxHo nonxyuuts u3 (1) myrem nuddepenupo-
BaHHUA 10 IapaMeTpy a, MOCIIE Yero Halo MOJIOKHUTh a = ag.

3ameuanwue 2. Bropoii uaterpan (5) ynoOHO BbIOpaTh THHEHHBIM OTHOCUTEIBHO
w, T. e. ug(x,t,w) = &(z,t)w, a popmyny (6) nepenucars B BUAE, pa3peuIeHHOM
OTHOCHUTEIBHO W.

16.1.2. PeweHHe KOHKPETHbIX GYHKUHMOHANbHbIX YDAaBHEHUH METOAOM
AuddepeHUUMpoBaHUA NO NapameTpy

IIpumep 1. ABTOMOAENbHBIE PELIEHNS, KOTOPbIE YaCTO BCTPEYAIOTCS B MaTeMaTU4eckolt usuke,
MOXHO OIIPEAENHTb KaK PELEHNs, UHBapUaHTHbIE OTHOCUTENbHO NIpe0Opa3oBaHUs MacluTabXpOBaHMUs,
T. €. yOBJIETBOpAOILE HYHKUMOHANbHOMY YPaBHEHHIO!

w(z,t) = a*w(a™z,a™), @)

rae k, m, n— HEKOTOpblE 3a/laHHble KOHCTAaHTHI, @ > 0 — IIpou3BOAbHAs OCTOSHHA.
VYpaszenue (7) obpawaercs B Toxaecto npu a = 1. luddeperuupys (7) no a, a 3arem nosaras
a =1, npuxoauM k auddepeHUraNIbLHOMY YPaBHEHHUIO C YACTHBIMYU MIPOM3BOAHBIMY [IEPBOrO NOPsAKa:

Sw ow

INepBble MHTErpaIbl COOTBETCTBYIOILEH XapaKTEpUCTUYECKON CUCTEMbI 0ObIKHOBEHHBIX nuddepeHuy-
anbHbIX YpaBHEHUN
dr _ dt _  dw
mr nt  kw
3alUCbIBAIOTCA TaK:
at™™m=C1, tMw=Cy (n#0).

IMosTomy obuiee pelieHrEe ypaBHEHUS C YaCTHbIMY IPOM3BOAHBIMY (8) UMEET BUI
wz,t) =t ""F(z), z=azt"™", 9

rne F(z) — npoussonbHas ¢byHkuums. [Ipsmoii mpoBepkoll MOXHO yGeauThCs, uTO BbipaxkeHue (9)
SIBNISIETCS PELICHUEM paccMaTpuBaeMoro GyHKUUOHaNbLHOro ypasHeHus (7).

IIpumep 2. PaccmoTpum ¢pyHKUMOHANBHOE ypaBHEHUE
w(z,t) = a*w(a™z,t + Blna), (10)

rae k, m, 3— HexoTopble 3aaHHbIE KOHCTaHTbI, @ > (0 — IPOU3BOJbHAs [TOCTOSHHAS.
Vpasuenue (10) obpawaercs B Toxkaectso npu a = 1. Auddepenuupys (10) no a, a 3arem nonaras
a =1, npuxoaum x audepeHLIanbHOMY YPaBHEHHUIO C YaCTHBIMU IIPOU3BOAHBIMU NIEPBOrO NOPSKA:

mazg—:+,386—l:+kw=0. (11)
CoOTBeTCTBYI0L11As XapaKTEePUCTHYECKash CUCTeMa OObIKHOBEHHBIX A depeHLnanbHbIX ypaBHEHUH
dr _dt _  dw
mz B kw

JIOTIyCKaeT IIepBble MHTErpajibl:
zexp(—mt/B) = C1, wexp(kt/B) = Cs.
IosTomy ofuiee pelieHUE ypaBHEHUS C YAaCTHbIMU Npou3BoaHbMU (11) umeeT BUI
w(z,t) = exp(—kt/B)F(z), z=zexp(—mt/f), (12)

rne F(z) — npoussonbHas ¢yHkums. [IpsimMoli nposepkoit MoxHO y6eautbes, uto Bhpaxenue (12)
SBNAETCS pelleHreM GyHKUoHanbHoro ypasHenus (10).

[Ipumep 3. PaccmoTpum Tenepb GyHKUMOHANLHOE ypaBHEHUE
w(z,t) = akw(a: + (1 - a)t, a™t), (13)

rae a > 0—nroboe, n— HEeKoTOpas KOHCTAHTa.
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VYpasuenue (13) obpawaercs B Toxaectso npu a = 1. luddeperunpys (13) no a, a 3atrem nonaras
a =1, npuxoaum k auddepeHUanbHOMy YPaBHEHHIO € YaCTHBIMU NPOM3BOJHBIMH NEPBOrO NOPsAKA:

—tg—: —l—nt%—l: +kw = 0. (14)
CooTBeTCTBYIOIAs XapaKTEPUCTUYECKas CUCTEMA
de _dt _  dw
Tt m . kw

HMMEET NEPBbIE UHTErPanbl:
t+nz=C, wtt"=Cs.
IMosTomy ofuiee pelieHre ypaBHEHUS C YAaCTHbIMM npou3BoaHbiMuU (14) umeer Bug
w(z,t) =t " F(ne +t), (15)

rae F(z) — npoussonbas ¢yHkums.
Ioacrasum Boipaxcenue (15) B ucxonHoe ypasuenue (13). [locne cokpawenus Ha t™

Fnz+t)=F(nz+ot), o=(1-an+a". (16)

k/™ nonyuum

Orcrona npu F'(z) # const umeem o = 1, um
(I1-an+a™=1. 17

IMockonbky paBeHCTBO (16) NOMKHO BhIMOAHATBLCA 11st 0ObIX @ > 0, To 1 (17) A0MKHO BBLIMONAHATHCS
Uit moObix a > 0. DT0 MOXKET ObITb TOJBKO NPH OJAHOM 3HAUEHUU:

n=1.
B sTom cnyuae pewienue ypasuenus (13) naerca popmynoit [em. (15) npu n = 1]:
w(z,t) =t *F(z+1), (18)

rae F'(z) —npousBonbHas GyHKuus.

Ecau n # 1, to ypaBuenue (13) umeer TonbkO BbIpOXAEHHOE pewienue w(z,t) = Ct™F/™ e
C — npou3BoJIbHAA NOCTOSIHHAS [BLIPOXK/AEHHOE pelueHue coorBercTByetr F' = const B (16)].

16.2. MeToa AMdpdpepeHUUpPOBaHUA NO HE3ABUCMMbIM NepeMeHHbIM

16.2.1. MpeaBapUTeAbHble 3aMeyYaHUA

1°. B pane cnydaeB myteM nuddepeHIupoBaHHs MO HE3aBHCUMBIM NEPEMEHHBIM
yIaeTcs UCKIIOYUTH HEKOTOPBIE apI'yMEHTBI PaCCMaTpUBAEMOTro ()YHKIIMOHAIBHOTO
YPaBHEHHUS M CBECTH €ro K OOBIKHOBEHHOMY nH(pdepeHIHaIsHOMY ypaBHEHHIO.
[Mony4yeHHoe TakuM 00pa3oM peLIeHHe 3aTeM Halo NOICTaBHTH B HCXOJHOE ypaB-
HEHHe, 4TOOBl «yOpaTh» JIMIIHHE MOCTOSHHBIE WHTETPUPOBAaHHS (KOTOPHIE MOTYT
BO3HUKHYThH U3-3a AuddepeHunpoBanus).

2°. B HEKOTOpHIX clydasx npouenypy AuddepeHIupoBaHUs M0 HE3ABUCHMBIM ITe-
PEMEHHBIM HaJI0 MPOBOIUTH B KOMOMHAIIMU C YMHOXKEHHEM (IETICHHEM) YPaBHEHHS
U ero nuddepeHIHaNbHBIX CIEACTBHHA Ha moaxonsimue ¢pyHkuun. MHorna ypaBHe-
HHE HJIH €ro CIEICTBUS NOJIE3HO JOrapupMHpPOBaTh.

16.2.2. PewwleHHe KOHKPETHbIX GYHKUUOHANBHbIX YDAaBHEHWH METOAOM
AnddepeHUUpoBaHUA NO HE3ABUCUMbIM NepeMeHHbIM

Ipumep 4. Paccmorpum ypasuenue Ilexcunepa (Pexider):

f(@) +9(y) = h(z +y), (19)
rae f(x), g(y), h(z) —uckomsie byHkuun.

16 A. J1. lNonsHun, B. ®. 3aiines, A. U. XKypos
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Jdudbdepenunpys pynkuronansuoe ypasuenue (19) no x u no y, npuxoanM K 0ObIKHOBEHHOMY
aubdepenumuansiomy ypasuennto h,,(z) = 0, rne z = x + y. Ero pelenuem sBnseTcs nuueiinas
byHKuMs

h(z) =az+b. (20)

INoacraBnss 310 Belpaxxenue B (19), nonyuum
f(x)+g(y) =azx+ay+b.
Pa3znenss nepemenHble, HaxoauM GyHkuuu f U g:
fl@)=ax+b+e,
9(y) = ay —c.

Takum obpa3om, peweHue ypaBHeHnus [lexcuaepa (19) naerca dopmynamu (20), (21), rae a, b, c—
[POU3BOJIbHbIE NOCTOSHHbIE.

@n

[Ipumep 5. PaccmoTpuMm HenuHelHOe GYHKUMOHANBHOE YpaBHEHUE

fle+y)=f@)+ fly) +af(@)f(y), a#0, (22
KOTOpOe npu @ = —1 BCTpevaercs B TEOPUM BEPOATHOCTEH.
JuddepeHunpys obe yacTH ypaBHEHUS O T U Y, UMEEM
fio(2) = afe(2) £y (y), (23)

rae z = = + y. Ilponorapudmupyem obe uactu ypaBHenus (23), a 3aTeM NOJSY4YEHHOE PABEHCTBO
npoauddeperuupyem no = u y. [Ipuxoanm x 06bikHOBEHHOMY AHbdEPEHLMANBHOMY YPaBHEHUIO

[In f.(2)]2. = 0. (24
Wurerpupys (24) nsaxcasl 0 NEPEMEHHON 2, UMEEM
f22(2) = Crexp(Caz), (25)

rae C1 u Cy — npoussonbHble noctosuHble. [loacrasus (25) B (23), nonyuum ypaBHeHue

Ch exp[Ca(x + v)] = afe(z) fy(y),
KOTOPOE /I0NYCKAET pa3ieneHue nepeMeHHbIX. UHTerpupoBaHue npuBOAUT K BbIPAXKEHHIO

f(z) = Aexp(Coz) + B, A=+ ,/CL (26)
C, a
[oacrasu (26) B ucxoaHoe ypaBHeHue (22), HAXOAUM 3HAuECHMs MOCTOsAHHbIX: A = —B = 1/a u

Cy = — npou3BosbHas NOCTOAHHAsA. B pe3ynbraTe NonyuyMM MCKOMOE pelieHue

flz) = l(eﬁjc -1).

a

16.3. PelweHne GyHKUMOHANAbHbIX ypAaBHEHUA METOAOM UCKAIOYEHUSA
aprymeHra

16.3.1. PaccmaTtpuBaemblie KAAcChl ypaBHeHUWH. OnucaHue meTopa

Bynem uccrnenosats ¢GyHKIMOHANBHEBIE YpaBHeHUS Buaa (1).
BwMmecto ypaBuenus (1) paccmorpum Ooinee olree BcrioMorarenbHoe GyHKIHO-
HaJIbHOE ypaBHEHHE

w(z,t) = 0(z,t,&)w(p(z, t,£),¥(z,t,¢)), (27)

rae & = &(z, t) — npousBosbHas GpyHKIHSA.

OcHogHas udes: eCIM HaM YAACTCS MOIYYHTh TOYHOE pelieHue ypaBHeHus (27),
TO 3TO peleHue OyaeT OAHOBPEMEHHO U PEIIEHHEM HCXOJHOI0 (YHKIHOHAIBHOIO
ypaBHeHwus (1) [Tak kak ypaBHeHuUe (1) COOTBETCTBYET YaCTHOMY CIy4YarO YPaBHEHUS

(27) npu &£ = a].
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[Mockonbky ¢yHkuus & = &(z,t) sBIAETCS NMPOHM3BONBHOM, BhIOEpeM ee u3

YCJIOBHL
Y(z,t,8) =, (28)

rae b — HekoTopas nocTosiHHas (00bIYHO ynoOHO nonaratk b = 1 wom b = 0).
Pazpeums (28) oTHOCHTENBHO £ ¥ MIOJCTABHB MONYYIEHHYIO 3aBHCHUMOCTD & = £(, 1)

B (27), umeeMm
w(z,t) = 0(x,1,&(x, 1)) @(p(z, t,§(2, 1)), (29)

I7le MCroNnb30BaHo o6o3HadeHue P (p) = w(yp, b).

Bripaxxenue (29) sBiseTcss OCHOBOH IJISI MOCTPOEHHS TOYHOTO PELICHHS HC-
XOIHOTO ()YHKI[HOHAIBHOTO YPaBHEHHMS: €ro HaJao MOACTAaBUTH B (1) U BBICHUTS,
s kakux ¢QyHkuuii ®(p) ono Oymer perreHneM (MPH 3TOM MOTYT MOSIBHUTHCS
HEKOTOpbIe OTpaHUyYeHHs Ha BUI onpenesomux GyHkuui 6, o, ¢).

3ameuanwue 3. Ycnosue (28) COOTBETCTBYET UCKIIOYEHHIO BTOPOTO apryMEHTa
(TOCKONBKY OH 3aMEHSIETCS Ha KOHCTaHTY) B MPaBOW 4acTu ypaBHeHHUs (27).

3ameuanve 4. Bmecro ycnosus (28) dyukimio & = £(z, t) MOXHO BHIOHpATH U3
AHAJIOTMYHOTO ycnoBus: ¢(z,t,&) = b.

16.3.2. PewieHHe KOHKPETHbIX PYHKLMOHAAbHbIX YDaBHEHUH METOAOM UCKAIOUEHUSA
aprymeHTa

Ipumep 6. PaccmoTpuM ¢yHKLUMOHANLHOE YpaBHEHHE (7), KOTOPOE SBAAETCA YAaCTHBIM Clly4aem
ypasuenus (1) npu 6(z,t,a) = o, o(z,t,a) = a™z, Y(z,t,a) = a™t.
Cnenys onucaHHOH B pa3a. 16.3.1 cxeme, ucnonab3yem BCIIOMOraTeNbHOE YpaBHEHHE

w(z,t) = 'w(E™ e, "), (30)
rae byskuuio € cornacHo (28) onpeaenum u3 ycaoBus
£'t=1 (b=1). (€2))
Orcrona naxomum € = t~ /™ MoacraBue 5ty 3aBucumocTsb B (30), uMeem
w(z,t) =t "™/ z), 32)

e Ucnonb3oBaHo obosHavenue P(p) = w(p, 1).

IpsiMoii MPOBEPKOIi JIErKO YCTaHOBUTb, YTO BbipaxkeHHe (32) ABASETCSA pELIEHUEM pacCMaTpUBa-
eMoro (GyHKLMOHaNbHOro ypaBHeHus (7) aust mpou3BoabHoi ¢yHkuun ® u coBnasaer (C TOUHOCTbIO
[0 nepeo0o3HaYeHus) ¢ peleHueM (9), nonyyeHHbIM METOAOM AU depeHIMPOBaHUS 0 NAPAMETPY.

3ameuanve 5. Bmecro 1 B npaBoii yactu paBeHcTBa (31) MOXXHO 6ObL10 B3ATh N100YH0 OTAMYHYIO
OT Hyns KOHCTaHTy b; pe3ynbrar Obln Obl TeM e cambiM (C TOYHOCTbIO A0 NEpeonpeacneHHs
npou3BosibHOH (yHkuuu P).

IIpumep 7. Paccmorpum dyHkuuoHanbHoe ypaBHeHue (10), koTopoe sABAsSeTCs YaCTHBIM ClydaeM
ypasuenns (1) npu 6(z,t,a) = a*, p(z,t,a) = a™x, ¥(z,t,a) = t + Blna.
Cnenys onucaHHOW CxeMme, pacCMOTpUM OoJiee oOLiee BCIOMOraTe/bHOE YpaBHEHUE

w(z,t) = Ew(E™e, t + Blne). (33)
Dynkuuio € HaliieM U3 ycnosus
t+08né=0 (b=0).
Umeem € = exp(—t/(3). [loacrasus oty 3aBucumoctsb B (33), noayuum
w(z,t) = e */PP(ze ™P), (34)

rae ucnonb3oBaHo obosnaueHue P(¢) = w(yp,0). [Ipsamoii npoBepkoit MOXKHO yOEAUTHCS, YTO BbIpa-
sxenue (34) asasercs pewieHnem ¢yHkuuonansHoro ypasHenus (10) ans npousBonbHol ¢yHkuun @
W coBnajaer ¢ pewenueM (12), nonyueHHbIM MeToAOM A dEpeHUUPOBaHUS N0 NapaMeTpy.

16*
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IIpumep 8. Paccmorpum teneps ¢yHkunoHanbHOe ypaBHeHue (13), KoTopoe sBAsSeTCs 4YacTHbIM
cnyuaem ypasuenus (1) npu 6(z,t,a) = o, ¢(z,t,a) = z + (1 — a)t, ¥(z,t,a) = a™t.
Cnenys onucaHHOW CXeMe, pacCCMOTPUM BCHOMOTaTe/bHOE ypaBHEHHUE

w(z,t) = Fw(z + (1 - &), €™). (35)

rae dyskwmio € cornacko (28) ompeaenum u3 ycaosus (31). Umeem & = ¢t~/™. Iloacrasus sty
3aBUCUMOCTD B (35), monyuum

w(z,t) =t ""®(2), z=az+t—t"7/", (36)

e ucnonb3oBaHo obosHaueHue ®(p) = w(yp,1).
IoacraBum BbipaxkeHue (36) B ucxoaHoe ypasHenue (13). [locne cokpaluenus Ha t~*/™ umeem
S(z+t—t"VM) =@(z+ (1 —a+a)t—a* I/, 37
ITockosbKy 3TO PaBEHCTBO JOMXKHO BBIMONHATLCS Uit BCeX a > 0, TO UMEIOTCS [BE BO3MOXHOCTH:
1) n—mwoboe, ® = C = const; (38)
2) n=1, P — nobas.

Bo BTOpOM Ciyuae, COOTBETCTBYIOIIEM 3HaYeHHI0 7 = 1 B dyHKuMOHanbHOM ypaBHenuu (13), ero
pElLIEHHE 3aNUChIBAETCS TaK:

w(z,t) =t *F(z +1t), (39)

rne F(z) — npoussonbuas oyHkuus, F(z) = ®(z — 1). Buano, uro dopmyna (39) cosnapaer c
pewieHueM (18), nonyueHHbIM MeToaOM AUddEpEeHIMPOBaHUS 110 TApaMETPYy.

3ameuaHnue 6. Pe3ynbraThl pemeHHss KOHKPETHBIX (DYHKIIMOHAIBHBIX ypaBHe-
HHM, TIONyYeHHBIX B pa3a. 16.3.2 METOIOM HCKITIOUEHHS apryMeHTa, COBIANAIOT C
pe3ylibTaTaMH PELICHUs 3TUX YpaBHEHHUH, MOMYyYEeHHBIMH B pasd. 16.1.2 meTomom
middepenmpopanms no napametpy. Crenyer OTMETUTH OJTHAKO, YTO MPOMEXYTOU-
HBIE PE3yABTATHI peleHus ypaBHeHus (18) sTumMu MeToaaMu He COBNANAIOT [CpaBHU
tdhopmynst (15) u (36)].

3amevanue 7. MeTon HCKIIOYEHHS apryMeHTa 3HAYMTENBHO NpOINE METOAa
IubbepeHIIPOBaHHA IO TAPAMETPY, TOCKOJIBKY OH CBA3aH TOJBKO C pa3peIIeHueM
anrebpanyeckux (TPaHCUEHAEHTHBIX) ypaBHEeHUH Buaa (28) OTHOCHTENBHO £ U He
CBSI3aH C BBIBOJIOM M pEIIEHHEM COOTBETCTBYIOIMX AuddepeHnnanpHbIX ypaBHe-
HHUH C YaCTHBIMH IIPOU3BOAHBIMHU IIEPBOTO MOPSAKA.

@ JIumepamypa k 2nage 16: 51. Auen, XX. Jom6p (2003), A. D. Polyanin, A. 1. Zhurov (2004, 2005).
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