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[MpeancnoBue

TH 3aMeTKH NOABHHCH KaK PesyJibTar Kypca «[1eACTBUTEbHBIA H p-aau-
YeCKHH aHaJu3», KOTopbiii Obl1 NpounTaH aBTOPOM MO nporpamve MASS B
ocenHeM cemectpe 2000 r. Bbi6op TeMbl 61 06YCJIOBJIEH KaK BHyTPEHHe# Kpa-
COTOH NpelMeTa p-aJH4yecKoro aHajiu3a, He BMOJIHe OGBIYHOrO I CTYAEHTOB
MJIafIIKWX KYpCOB, TakK ¥ BO3MOXKHOCTbIO CPABHHTb 3TOT NpeaMeT ¢ GoJiee 3Ha-
KOMBIM HM BeLIeCTBEHHbIM aHaJIOrOM.

Y 3Toro noaxofia ecTb HeCKOJIbKO MeNaroruyeckux npeuMyulects. M peit-
CTBHTENIbHbBIE, H P-afiMueckHe YHCA NOMYYaIOTCsl H3 PALIHON “IbHBIX NIPH MOMO-
LM NpOLefypbl NOJ Ha3BaHHEM MOMNOJIHeHHe (KOTOpas MOXeT ObiTb MpHMeHeHa
K JII060MY MeTpHYeCKOMY NPOCTPAHCTBY), €C/IH HCMO/b30BaTb Pa3jiHyHble pac-
CTOSIHMA Ha MHOXECTBE PalHOHA/bHBIX YHces: 0ObluHOEe eBKJIHIOBO paccTosi-
HHe 1151 JeACTBHTEJbHbIX YHCeJl H HOBOE p-alHuecKoe IJI p-afuyecKuX, Ms
TNPOM3BOJILHOTO MPOCTOro yhcaa p. ToT (akT, 4To p-ajuyeckoe pacCTOsiHHe
YIOBJIETBOPSieT «CHJIbHOMY HepaBeHCTBY TPeyroJIbHHKa», SIBASETCS MPUUHHON
MHOTHX YIHBHTEJIbHbIX CBOMCTB p -afiHueCKHX YHCeJl, a TaKXKe NPUBOIHUT K HHTe-
PECHBIM OTJIMYHSIM OT KJIACCHYECKOTO BellleCTBEHHOTrO aHa/u3a, Mofo6GHO ToMy
KaK OTpHlaHWe naToro nocrysnara EBkania o napanienbHbiX NpsiMbiX MpHBO-
JIUT K HeeBKAHNOBO#H reoMeTprn. C ApYroil CTOPOHBI, MOXOXKHMH OKa3blBalOTCH
YTBEpXKIEHHUs!, He 3aBUCSALLUHE OT «CHJIbHOTO HEPABEHCTBA TPEyroJibHHKa», H B
3THX CJydasix OIHO M TO JKe [0Ka3aTeJbCTBO PaGoTaeT W sl BellleCTBEHHO-
ro, ¥ N7 p-afHuecKoro ciydas. AHaJM3 OT/IHUHH NOMOraeT CTyaeHTaM Jyyilie
NOHATb J0Ka3aTeIbCTBa B 060HX Ciy4asX.

XoTs MaTepuaJ 3THX 3aMeTOK ONHMCHIBaeTCs B HECKO/IbKHX KaK KJaacCHue-
CKHMX, Tak M HellaBHMX pabotax [1, 2, 4, 5, 6, 7, 8, 10], B HHX OH HJIH ocTaeTcs
Ha CPaBHMTEJILHO 3/IEMEHTapPHOM ypOBHe ¢ GOJIbIIHM aKLEHTOM Ha TeOpeTHKO-
YMCJIOBBIX acreKTaX, WM JOBOJbHO GBLICTPO BHIXOAMT Ha YPOBEHb, CJMIUKOM
CJIOXKHBIN 151 CTYAEHTOB MJafLINX KypcoB. Mo# coGCTBEHHbIA BKJaJ COCTOR
B 0T6Ope NOAXOAsALLEro MaTepHasa, B YNpOLIEHHH HEKOTOPbIX OKA3aTe/IbCTB H
H3JI0XKEHHH UX B NMOAXOASLUEM KOHTEKCTE.

1 TakKe BKJIOYMJIA B 3TOT KYPC HECKOJbKO TeM M3 BelleCTBEHHOr0 aHa-
JIH3a W 3JIeMeHTapHOIl TOMOJIOTHH, KOTOpble OGbIYHO He H3Y4aloTCsl CTYAEHTaMH
(BnoJsiHe HecBsi3Hble MPOCTPAHCTBA M KAHTOPOBbI MHOXECTBA, TOYKH paspbi-
Ba oTo6paxkeHHil U TeopeMy B3pa 0 KaTeropH, CIOPbLEKTHBHOCTb H30OMETPHIl
KOMMAKTHBIX METPHYECKHX MPOCTPAHCTB). DTH TeMbl MOMOT/IH CTYAEHTaM Jyu-
1lle TIOHATh BelECTBEHHBIIl aHa/MH3 H CBA3aTb BeLUECTBEHHbIN H p-afMuecKHii
KoHTeKcT. CTanapTHOE OMHCAHHe 3THX TeM MOXKHO HaiiTH B Kuure [9]. OcHos-
Hble TIOHATHS anre6pbl 06CYXKIAIOTCA OUeHb KPaTKO, H YHTaTesb OTChLIAETCA K
No6oMy CTaHZapTHOMY yueGHHKY no aGcTpaKTHOH anrebpe, HanphMep K [3].
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Kypc conpoBoxaasncsi 3HauuTesIbHBIM KOJIHUECTBOM 3ajay s CaMOCTOSI-
TEJIbHOTO pellleHHs! (C aKLIEHTOM Ha J0Ka3aTeJIbCTBa), KOTOpble NPHCYTCTBYIOT H
B 3THX 3aMeTKaX. B 4aCTHOCTH, HeKOTOpble YacTH 10Ka3aTeJILCTB H3 OCHOBHOTO
TEKCTa OCTaBJIAIIOTCA B KauyecTBe ynpaxKHeHHWH. XOT 3TH ynpa)KHeHHs MOTYT
3aTpyIHHTb HenpepbiBHOe UYTeHHe, OHH NOMOraloT CTYAeHTaM TIyy6XKe MNOHSATDb
TNpeAMeT H AeNaloT 3TH 3aMETKH BIOJIHE MOAXOASALLHMH Il CAMOCTOSITENIbHOTO
H3yYeHHs.

IMomuMo peltenHs 3apau CTyfeHTaM ObWIO NMPELIOKEHO cleaTh AOKAA-
Ibl Ha OONOJIHHTeJbHble TeMbl. Jloknanbl, HeKOTOpble H3 KOTOpbIX ObMIH Ha
ZIOBOJILHO BbICOKOM YpPOBHe, BKJloyanH chepylolie: «KoHeuHble paciiHpeHHs
P-alHyeCKHX YHCeNl H p-alMyecKHe OKPYXHOCTH»; «H30MeTpHH Ha MHoXe-
CTBe UeJbIX p-aHuyecKHX YHCeJN»; « p-alMuecKHii cosleHoua»; «X -amHuecKas
HOpMa Ha NpocTpaHCTBE CTeNeHHbIX psnoB»; «PyHKLMsA Curiym»; «Pazbuenus
Ha TpeyroJibHHKH paBHO# MJowanH»; « EBKIHAOBB MOJENH MHOXKeCTBA LEJIbIX
p-annyeckux unced»; «Iloctpoenue rpaguueckoi monenu kpueoii [leano ¢ no-
MOLbIO KAHTOPOBa MHOXKECTBa»; « MoAH(HIHPOBaHHbI/i rapMOHHUYECKHH pALY;
«O nuaroHaJbHbIX KyGHUECKHX YPaBHEHHSAX».



Ihasa 1

Apugmemura
p-aduuecKkux wucen

Lleab nepBo#i yacTH 3THX JieKLHii — BBECTH M1aBHbli 06beKT: nose p-adu-
ueckux wuces Qp, onpeneseHHoe AR KaXzaoro NpocToro Yueaa p.

Tak xe Kak u noJe fefictBuTenbHbIX yHcesn R, nose Q, MoxeT GbiTh no-
CTpOEHO H3 MoJifl pauroHa/bHbIX ukcen Q Kak nonoanenue No HeKOTOPO#H
HopMe. DTa HOpMa 3aBHCHT OT MPOCTOrO YHCAA P W KapAHHANbHO OTJHYaeTCH
OT CTaHZApTHOH €BKJIHAOBOH HOPMbI, KOTOpasi HCMOJb3yeTcs A1 onpeneseHHs
mHoxecTBa R. OpHako B 06OMX cilydasix pe3yJbTaToM MOMOJHEHHA SABJSETCS
Hopmuposannoe nose (R v Qp); 3To oblLiee NOHATHe HETaNbHO H3yuaeTcs
B §2. Ho cHauana (§ 1) Mbl HanomKHaeM, uTo npencTaBiser co6oii npolenypa
NonoJiHeHHst B Goslee 3HaKOMOM cJlyuae HeHCTBHTeNbHbIX uncea (oT Q k R),
 TOILKO NMOTOM NepexoauM K 0606LIeHHI0 Ha NPOM3BOJIbHbIE HOPMHPOBaAHHbIE
noas (§3).

[locsie 3THX NpeaBapHTe/bHBIX 3aMeyaHKii Mbi NePEXONHM K LIEHTpaJibHOMY
pasneny 4acth 1 (§4), rae crpontes nose Q,.

B §§5—8 paccmarpuBatoTcs anreGpanueckie M CTPyKTypHble CBOWMCTBa
p-annyeckux yucen. TaM, a Takke H B nocJjeaylolyx 4acTsx, Mol 6yneM no-
cTofiHHO cpaBHHBaTb Q, H R, nonuepkHBas Kak HX CXOIACTBA, TaK H pasfHuMs.
Hakoneu, B §§9, 10 o6¢cyxxpatoTca A0NOJNHUTENbHbIE BONPOCHI, HAaNpsiMylo He
CBSi3aHHble C OCHOBHBIM COZiepXaHKeM Kypca.

§1. OT Q k R; noHATHe NonoJiHeHHA

HeficTBHTeNbHBIE YHCAA (HX MHOXeCTBO o6o3Hauaerc R), noJsyyarorcs u3
PalMOHAIbHBIX C NMOMOLLBIO NpoLeLypbl, KOTOPas HA3bIBAETCH NONOAHEHUEM.
DTy npouexypy MOXHO NPHMEHHTb K JI0GOMY Mempu4ecKkomy npocmpan-
cmey, T.e. npoctpaHcTBy M ¢ dyHkuuei pacctonnua d. HanoMHuM, uto dyHK-
umn

d:MxM-—>R,

onpefejieHHass Ha MHOXKeCTBe BCeX YMOPSAOYEHHBIX map (x, y) 3/neMeHTOB
HenycToro MHoXecTBa M, HasblBaeTCs paccmosHuem, ecii OHa o6sanaer
CJlelylollIMMH TPeMsi CBOHCTBaMH:

1) d(x, y) > 0; d(x, y) = 0 Torga W ToAbLKO Torna, Koria x = y;

2) d(x, y) = d(y, x) nas MO6LIX X, y € M,

3) d(x, y) < d(x, 2) + d(z, y) n1s MO6LIX X, y, 2 € M.



IMocnenoBaTenbHOCTb {r,} TOYEK METpHYECKOro NpocTpaHcTBa M Ha3biBa-
eTcs nocaedosamervrocmoro Kowu, ecan gs ao6oro € > 0 cyliecTByeT Ta-
Koe HaTypasbHoe uncio N, uto ecau n, m > N, 10 d(rn, rm) < €. Ecan nobas
nocsenoBarenbHoctb Kown u3 M nmeet npeaen B M, To M HasbiBaercs noa-
Holm Mempuueckum npocmparncmsonm. Ecan npoctpaictBo M He noJiHoe, To
CylLlecTBYeT Takoe MeTpHuecKoe NpocTpaHcTBo M, uto

1) M noaxoe;

2) M cozep>HT NoIMHOXecTBo Mo, H3OMeTpHUHOe NpoCTpaHCTBY M;

3) My Bciony nioTHo B M (T.e. Kaxaan Touka 3 M sBsieTcs npeebHON
TOYKO#H MHOMecTBa Mp).

JI0Ka3aTebCTBO NpeCTaBser co6oit ABHYIO KOHCTPYKLIHMIO NonoHenHs M.
Ero afieMeHTbl — 3T0 KJlacchi 9KBHBaJIEHTHOCTH MocJenoBaTenbHocTelt Kotun
H3 M (mBe nocnenoBatenabHoctH KowH x, H y, Ha3blBalOTCHA IKBUBAAEHMI-
Hotmu, ecan d(x,, yn) — 0). Ioopo6GHoCTH npHBeleHbl HHXKe B TeopeMe 3.4,
roe paccMaTpPHBAEeTCs YacCTHbIf Cjyyall MeTPHYECKHX MPOCTPaHCTB, Ha3biBae-
MbIX HOPMUPOBAHHHIMU NOAAMU, BKIOYAKOILHH Q.

Hnas M = Q Mbl HMeeM 06bluHOE €BKJIHMOOBO PacCTOsIHHE MeXiy palHo-
HaJbHBIMH YHCJIaMH:

d(r, r2) = |y — r|. (L.1)

3ameTuM, UTO 3TO pacCTOsHHE «MOJyyaeTCs» H3 eBKJAHOOBOH HOpMbl Ha Q,
KOTOpasi MpeacTaBsieT cO60i abCOAOMHYI0 BeAu Uy U ABIAAETCA OObIYHBIM
PaccTOSIHHEM Ha «UHCJIOBOH OCH».

Jlpyroe onucaHne nonosteHns MHoxecTBa Q, npuBoadilee K R, 6onee u3-
BECTHOe H He TaKoe abCTpaKTHOE, OCHOBbIBAaeTCA Ha 6eCKOHEUHbIX JECATHUHbIX
Ipobsx. PaunoHasbHble unc/la XapaKTepH3yIOTCS TeM, UTO HX NpeicTaBJeHHs B
BHIe 6GeCKOHeYHO! NeCATHYHOI OPO6H ABJAIOTCA NepHOOHYECKHMH (YnpaxHe-
Hue 1). C mpyroii cTopoHbl, Jio6as GeckoHeyHas! leciITHYHaA ApoOb npencTaB-
JIleT HEeKOTOpYIO TOUKY Ha «uHcJoBo# ocH». TakuM o6GpasoM, yIoGHO OTOX-
LIeCTBHTb OelicmeumenbHole 4UCAQ ¢ 6eCKOHEeUHbIMH NECATHYHBIMH APOOAMH.
Kaxxpoe nosioxuTeIbHoe IeHCTBHTENbHOE YHCJIO @ MOXKeT ObITb 3anHcaHo Kak
IecsiTHYHas ApobOb

[e o]
a=>alo* (1.2)
k=m

TZe m — HeKOTOpoe LeJIoe YHCIO H KO3 HLHEHTH Wiy yudpol a, NPUHHHMAOT
3HaueHHun
0,1,2,3,4,56,7,8,9.

DT0 npencTaBieHHe eNMHCTBEHHO BCeraa, Kpome cJyuasi, korza ap =0 mis
BCeX & > n, B 3TOM CJlyyae Y YHCJia @ eCTb Jpyroe NpeicTaBJeHue: a, =a, — 1,
a,=9mak>nna,=apana k<n.
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Hecnoxuo NOCTPOHTDH NOCJIEA0BATEJIbHOCTb Kowun, COCTOsALLYI0 H3 palHo-
HaJIbHbIX YHCE&J H HEe HMeEIoLLYIO npeaesna B QI

0,1, 0,1011, 0,10110111, 0,1011011101111,

C npyrofi cTOpOHBI, KaXKbiii KJacC 3KBHBAJEHTHOCTH MoCJ/edoBaTeNbHOCTeH
KoluH, cocTOSALMX H3 palHOHAJIbHBIX YHCEJl, COAEPXKHT B KauecTBe NpeicTaBH-
TesI NpeACTaBHTeNs, NOC/AeN0BaTeJbHOCTb YaCTHYHBIX CyMM psida BHaa (1.2),
npenesioM KoTopo# siBJsieTcs GecKoHeyHasi AecATHYHas apo6b (ynpaxkHenue 2),
npHYEM 3TO XKe BepHO Ans Jo6oH nocJienoBaTesibHocTH Kol GecKOHeUHbIX
DecATHUHbIX ApoGed. HIHBIMH c/lOBaMH, MHOXECTBO HEACTBHTEJIbHBIX UHCeJ
NOJIHO OTHOCHTEJIbHO eBKJHIOBA PacCTOsiHUA (ynpaxkHeHue 3), H MOCTpPOeHHe
NefCTBHTEJbHBIX YHCe C MOMOLIbI0 GeCKOHEeUHbIX HeCSATHYHbIX ApobeH 3K-
BHBaJIeHTHO Npouexype NONOJHEHHS! OTHOCHTEJNbHO eBKJHMAOBAa PacCTOSHHA.
NpenctaBneHne (1.2) MoxHO 0606WMTD Ha npedcmasieHus 6ecKOHedHOLMU
O0pobamu no ocHoOBaKWiO g, Tae g — NPOM3BOJbHOE HaTypaJibHOe UHCJIO,
6oJibllilee WIH paBHOe 2; TaKHM 06pa3oMm,

o 0]
a= Z arg™",
k=m
rae ko3¢ HUHEHTDl a, NPHHUMAIOT 3HaueHHs W3 MHoXecTsa {0, 1, ..., g — 1}.
3ameTHM, UTO NoKasaTeJH —k YMeHbLIAIOTCS H CTPEMATCA K —oo.

[TpakTHuecKH nonoJiHeHHe 4aCTO CTPOUTCH C MOMOLIbIO cledyloliell KOH-
CTPYKLHH.

Teopema 1.1. [Tycme M — noanoe mempuueckoe npocmparcmeo u X —
nodmuoxmecmeo 8 M. Toeda X nosHo 8 mom u moavko 8 mom cay4ae,
Ko020a ono 3amkHymo 8 M. B wacmuocmu, samoikanue noomnoxcecmsa X
8 M moxcno paccmampusame Kax nonoanenue nodmuoxcecmsa X.

NMpumep 1.2. IMononHenne uHTepBana (a, b) oTHOCHTENbHO OOLIYHOTO €B-
KNHIOBa pacCTOHHA ecTb OTpe3ok [a, b], 3aMblkanHe uHTepBana (a, b) B R.

Ipyrue npuMepbl npeacTaBieHbl B ypaXXHeHHH 4.

YnpaxHeHus

1. JloKaXHTe, UTO YHCJIO PaLMOHAJIbHO TOTAA H TOJIBKO TOrAa, KOraa npe-
cTaBasolas ero 6ecKkoHeyHasi JeciTHUHasi OpoOb siBJSETCA NepHOAHYEeCKOH.
.2. Jlokaxknte, uto mis 060 nocaenoBaTesibHOCTH KolH paunoHaibHbIX
YyHCesl OTHOCHTENIbHO €BKJHIOBA PacCTOSIHHA CyLIeCTBYeT SKBHBaJIeHTHas eH
NocJIelOBaTe/IbHOCTb YaCTHUHBIX CyMM psifia BHaa (1.2).

3. HUcnoab3ys npenctab/ieHte NefCTBHTEbHBIX YHCEN B BHAE GECKOHEUHBIX
NeCATHYHBIX Apo6eii, JOKaXKHTe, YTO MHOXKECTBO AEACTBHTEJbHbIX YHCEJ NoJi-
HO OTHOCHTEJ/IbHO €BKJIMAOBA PAcCTOsHHS, T. €.UTo Jo6as Noc/iefloBaTeNbHOCTb
Koium, cocTosilias H3 NeCTBHTE/bHBIX UHCEJ, HMeeT NpeaeJ.
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4. [Tlokaxure, uTo cjefylolllie MeTpPHUECKHe MPOCTPaHCTBa He ABJAIOTCA
NOJIHBIMH, H NOCTPOIiTE HX NONOJHEHHA:

1) R c paccrosnuem d(x, y) = |arctgx — arctgy|;

2) R c pacctosiHuem d(x, y) = |e* — éY|.

5. JlokaxuTe, UTO MeTpHYeCKOe NMPOCTPAHCTBO MOJIHO TOTAA H TOJBKO TO-
raa, Korna no6as noc/enoBaTesbHOCTb BJAOXKEHHBIX 3aMKHYTbIX 1uapoB {B,},
B) D By D B3 D ..., panuycbl KOTOpbIX CTPeMATCS K HYJIO, HMeeT eHHCTBEH-
Hyl0 06l11yI0 TOUKY.

§ 2. HopmupoBaHHble noas

PauuoHanbHble H AeficTBHTE/IbHbBIE YHC/IA ABJAIOTC OCHOBHBIMH NpHMepa-
MM anreGpanueckoii CTpyKTypbl NMoJ Ha3BaHHeM noJe. floae F — 310 MHOXe-
CTBO C IBYyMsl GHHapHbIMH OMepaLHsaMH, KOTopble 0GBIUHO Ha3LIBAIOTCA CAONCE-
HUEeM U YMHONCEHUeM U KOTOpble YIOB/EeTBOPAIOT OCHOBHBIM CBOHCTBAM 3THX
onepaumii nas unces. MmenHo,

1) a+ b=>b+ a arsa mobuix a, b € F (KOMMYTaTHBHOCTb CJIOXEHHS);

2) a+ (b +c)=(a+b) +c naa aobuix a, b, c € F (accouHaTHBHOCTb
CJIOXKEHHS);

3) cyulectByer Takol 3ajnemeHt 0 € F, uto 0 4+ a = a ana aoboro a € F
(cywiecTBOBaHHe HyJs);

4) nas mo6oro afeMenta a € F cyuiecTByeT Takol 3/eMeHT —a € F, uto
a + (—a) = 0 (cywecTBoBaHHe 06PaTHOTO MO CJIOXKEHHIO);

5)a-b=>-a nna noboix a, b € F (KOMMyTaTHBHOCTb YMHOX€EHHS);

6)a-(b-c)=(a-b)-c nra noboix a, b, ¢ € F (accouyaTiBHOCTb YMHO-
JKeHHA);

7) cyuecTByeT TaKoii asieMeHT | € F, uto | - a = a nns noboro a € F* =
= F \ 0 (cyLiecTBOBaHHE €IHHHLbI);

8) nna noboro sneMenta @ € F* cyllecTsyeT Takoii ajement a~! € FX,
yto a - a~! = | (cyuwecTBoBaHHe 06PaTHOrO NO YMHOXKEHHIO);

Na-(b+c)=a-b+a-c nrgamobbix a, b, ¢ € F (AHCTPHOYTHBHOCTD);

10) 0 #£ 1.

Anre6panueckasi CTpyKTypa ¢ onHOH GHHapHoOii onepalHeii, YIOBJIETBO-
psiolueii cBofictBam 1)—4), HasbiBaeTca abeaegold (uauw KOMMYMamueHo)
epynnoi. COOTBETCTBEHHO MHOXeCTBO F ¢ onepalei C/loXKeHHs1 Ha3biBaeTcs
addumusroi epynnoi nons F, a MHOXecTBO F* ¢ onepauuell yMHOXeHHs
Ha3blBaeTCca mysbmunaiukamusnod epynnod nons F. BaxXHbiM CBOHCTBOM
noas SIBNIAIETCA TO, UTO OHO He COHNEPXKHT Oeaumeneid Hyas, T.e. TaKHX Je-
MeHTOB a, b € F*, uto a - b = 0 (cM. ynpaxuenue 6).

Onpeneaenne 2.1. Ilycts F sBasierca nosem. Hopmoid Ha F Hasbi-
BaeTcs OToOGpa)keHHe W3 F BO MHOXXECTBO HeOTPHUATEJIbHbIX IefiCTBHTENb-
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HBIX YHceJl, KoTopoe 06o3Hauaercs ||-|| ¥ ynoBneTBopsieT ciedylolM CBO#-
CTBaM:

1) ||x|| = O Toraa u TosnbKo Toraa, koraa x = 0;

2) |lxyll = llxlllly|l 25 moGuix x, y € F;

3) ||x + gl < x|l + llyl| mns mobuix x, y € F (repasencmso mpeyzoav-
Huka).

Hopwma HasviBaetcs mpusuaasnoi, ecan ||0]| =0 u ||x|| = 1 mns Bcex x #0.

3amernM, uto aas awboro n € N Mbl HMeeM

n l=14+...+1€F.
N e’
n
Mbi 6yneM 0603HauaTb 3TOT JIeMEHT TEM XK€ CaMbiM CHMBOJIOM 71, UTO H CO-

OTBETCTBYIOLIEE HaTypaJibHOe YUHCJIO.
NMpennoxenne 2.2. [aa aoboix x, y € F cnpasedaussl caedyrowjue

ymeepodenus:
a) [ =I-1l=1
b) llxll = ll-x|;

o) llx £ yll > lllxll = Nglll;

d) |lx = yll < |lx|| + lyll;

e) llx/yll = lixll/llyl;

D lln|| < n 0aa awoboeco n € N.

JdokasaTeabcTBoO.

a) Mui umeem ||1]| = [I(£1) - (D]l = | £1]|2 = |£1]| = 1.

b) Mei umeem || — x| =I(=1) x|=1 |||

C) YTBepxlIeHHe cJenyeT U3 N.b) H HepaBeHCTBa TPeyroibHHKa 1l HOPMbI
(cm. Ynpaxnenue 7).

d) YTBepaeHue caemyeT H3 n.b) v HepaBeHCTBa TpeyrobHHKa.

€) YTBepxIeHHe cielyeT U3 N.a) H CBOHACTBaA 2) HOPMBI.

f) YTBepKaeHHe ciieflyeT No HHOYKUKH M3 N.a) H HEPaBEeHCTBA TPeyroJbHH-
Ka. O

Myctb d(x, y) = ||x — y||. U3 onpenenenns 2.1 n npenioxeHus 2.2 Hemen-
JIEHHO cJenyeT, uTo d fBJAAeTCA (pyHKUHeH pacCTOSIHHA;, B CaMoOM Jejle, H3
cBoiictBa 1) onpenenenns 2.1 caenyer, uto d(x, y) = 0 Torma 1 ToabKO ToOrAa,
KOTa X = y, CHMMETPHUYHOCTb CJieflyeT H3 yTBepXaeHHs 2.2 b), a HepaBeHCTBO
TpeyrosnbHHKa K3 yTBepxkaehus 2.2 d). B Tako#i cuTyauun Mol 6yneM roeo-
PHTb, UTO paccTosiHne UHOYYuposarno Hopmoi ||-||, n Gynem paccmarpusathb
(F, |I-1]) kak MeTpuuecKoe NpOCTPaHCTBO.

Onpeaenenne 2.3. loBopAT, UTO NOC/I€A0BATENBHOCTD {,} 3/1EMEHTOB H3 F

1) oepanuuena, ecan cywectsyet Takas konctauta C > 0, uto

lla-]l < C mns noboro n;
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2) asraemca 6ecKOHEeUHO MAAOL, eCNH
Jlim |jaq|| =0

T.e. s mo6oro € > 0 cywectByer Takoe N, uto aas Bcex 2 > N BbiNoJHAETCS
HepaBeHCTBO ||a.|| < €;
3) sBasercs nocaedogameavrocmoio Kowu, ecan

lim |la, — am|| =0,
nm—oo

T.e. 1as Jo6oro € > 0 cywecrByer Takoe N, uro ais Bcex n, m > N Bbinos-
HAETCH HepABEHCTBO ||a, — am| < &;
4) cxodumcsa x a € F (Mbl nuwem a = lim a,), ecau
. n—oo

lim ||la, —a] =0,
n—oo

T.e. s mo6oro € > 0 cywectByeT Takoe N, uto Asi Bcex n > N BbinoJiHsercs
HepaBeHCTBO ||la, — af| <e.

W3 onpenenenns caenyert, uto J06asn GecKOHEYHO Majas Noc/enoBaTeb-
HOCTb cXoauTcA K 0, a U3 HepaBeHCTBA TPEYTOIbHUKA CJieflyeT, YTo nio6asi CXo-
IALI@sACs NOC/eN0BaTebHOCTD ABAAETCS nocaenoBaresbHocTbio Kowu: nyctsb

lim a, = a, Torna
n—oo

lan — amll = llas — a + a — anl|| <||a,,——a||+||a—a,,,||<§+§=
ans n,m > N, roe N Bbi6paH H3 onpefienelus npenena aas €/2. B uactHo-
CTH, Kaxaas GecKOHeYHO MaJsias MocCJ/eoBaTebHOCTL SABJSETCH NocJjenoBa-
TenbHocTbio Ko, CBoficTBa, NpHBeeHHble HHXKe, N0Ka3biBalOTCA TAKHMH XKe
CTaHAAPTHBIMH PacCyXXIEHHSMH.

1. Kaxnas nocaenoBatesbHocTs Koiwn orpaHHuena.

2. Iyctb {a,} — nocaenoBatenvHocTs Koww v {n;, no, ...} — Bo3pacTato-
11asi nocJeNoBaTeJbHOCTb HaTypa/bHbiX unces. Ecan noanociienoBaTtesbHOCTb
Qpn,, Ap,, ... OECKOHEYHO Maslafi, TO H caMa nocJieoBaTebHOCTb {a,} Gecko-
HeuyHo MaJa.

3. Ecam {a,} n {b,} — GeckoHeuHo Masble NOCJENOBATEJILHOCTH, TOTAa
nocJiefoBaTeIbHOCTL {a, + b,} Takke GeckoHeuHo Masa. Ecan nocnenosa-
TesIbHOCTb {a,} 6eCKOHeUHO Mana, a {b,} orpaHnueHa, To NOC/AEI0BATENBHOCTD
{a,b,} 6eckoHeuHo Mana.

Curelnyiouiee NpocToe YTBepXKIeHHe YacTo GbIBaeT Noje3Ho.

Mpeanoxenne 2.4. Hepasencmso ||x|| <1 svinoansemca moeda u
moabko moeda, Koeoa hm x"=0.

JokasaTenbCTB o l'ch‘rb llx|| < 1. Tak kak [|x"|| = ||x||", Mbl noayuaem

e
Jim ") =0
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T.e. lim x" = 0. HaoGopor, ecau ||x|| = 1, To a1 BceX NONOXKHTENbHBIX 7
n—oo
umeeM ||x"|| > 1 u, Takum o6pasom, 0 # lim x". O
n—oo
Onpepnenenune 2.5. Bynem roBopHtb, uto ABe MeTpHKH d) H dp Ha F 3k-
susarenmHbl, v No6as NocjeJoBaTe/IbHOCTb SIBJsSeTCs NOC/AeN0BaTeNbHO-

ctbio Ko B METpPHKe d| B TOM H TOJIbKO B TOM cCJlyuyae, KOoraa oHa siBisieTcsi
nociegoBaresibHocTblo Kown B MeTpHKe d2. B)'lleM FOBOPHTDb, 4YTO AB€ HOPMbI

-1l v I+ )l2 sxkBuBanentHbt (||« ||y ~ || - l2), €/ OHH HHAYUHPYIOT SKBHBaNEHT-
Hble MeTPHKH.
NMpennoxenne 2.6. [Tycmo ||-||; « ||-|lo — dse nHopmor na noae F. [rs

moezo, 4mobol. 3mu HOPMbL Gbial IKBUBANEHMHbL Heobxo0umo u docma-
MOYHO CYWeCmeosanue makozco NOAOHCUMEAbHO20 OelcmBumeabHO20
yucaa o, 4mo

IIxll2 = x|t Oas aw0boeco x € F 2.1

HokasateabctBo. [lycts ||-||; ~ |- ||2. Ecan Hopma || ||) TpuBHaAbHa,
TO COTIACHO ynpaXKHeHHI0 9 HopMa || - ||2 Takxe TpHBHa/NbHA H CJIeIOBATENbHO,
paBeHCTBO (2.1) BbINOJIHEHO AR JIOGOTO .

Ecau HopMa || - ||| HeTpHBHaAbHA, TO MOXHO BbIGpaTh Tako# s/eMeHT a € F,
uto ||a]|; # 1. 3amenss, ecan Hano, a Ha 1/a, MoXHO cuuTtath, uTo |la||; < 1.

TTonoxxum
_ log|lallz

log lall*
Tak Kak HOpMbl 3KBHBaJIeHTHbI, H3 ynpaxHeHus 10 cnemyet, uto [lafls < 1,
3HayuT, 06a Jiorapudma oTpuLartenthbl U a > 0.
[MokaxeM, yTO YHC/IO o ynoBjaeTBOpseT ycioBHio (2.1). PaccMoTpuM cHa-

yana Takoi x € F, uto ||x||; < 1; cayuau ||x]|; > 1 u ||lx||; =1 6yayT cnenoBathb
13 ynpaxkHeHus 10. PaccMoTpuM MHOXKeCTBO
S={r=m/n:m,n €N, |x||]{ < |lall:}- (2.2)
m

Ins mo6oro r € S umeem || x||T < |la|l7, nostomy ;—n | < 1. Torza u3 ynpax-
Heust 10 nosnyyaem

xm

a_" 0 <1,
nostomy ||lx || < |lal| u ||lx]I5 < llallo. TTomensnB mectamu ||-|I; 4 ||-||2 # no-

BTOPHB TO XK€ CaMoe pacCyX<iieHHe, Mbl BHIHM, 4TO
S={r=m/n:m,n €N, |lx|i3 < llaliz}- (23)

Jlorapudmupys, MoXHO nepenHcarb ycaoBHs (2.2) W (2.3) caemylownm o6pa-

30M:
|0g "aII' r |0g "a"2 (2 4)
log ||x[l:” log ||x|l2”
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Tak Kak Bce JlorapH(Mbl, NPUCYTCTBYIOLLHE B 3THX (OpMYyJiax, OTpHLATENbHBI.
Ho Toraa mbl nosnyuaem

logllall _ log lalls

loglixfly — loglxfl2’
NOTOMY YTO B NMPOTHBHOM CJ/lyyae MeXIy 3THMH IBYMsl YHCJIaMH Hallioch Gbl
KaKoe-TO pallMOHaNbHOE YHCJIO 7 H Gblo Gbl BHIMOJIHEHO TOMBKO OJHO H3 YCJ10-
BHi1 (2.4). Takum o6pa3som,

loglixllz _ logllalls _
loglxlly  loglall,
YTO W TpeGOBaNOCh J0Ka3arh. O

Tenepb Mbl onHiuem Bce HOpMbI Ha QQ, 3KBHBasNeHTHbIE aGCOJIIOTHOMY 3Ha-
YeHHIO |- |.

Mpennoxenne 2.7. Pynxyus ||x|| =|x|*, o >0, s812emca nopmoii ha Q
moeoda u moabko moeoa, koeda o < 1. B amom cayuae ona 3ksusarenmna
Hopae |-|.

HokasatenbctBo. [Tycts o < 1. lepBbie nBa cBoficTBa HOpMbI Oue-
BHIHBI, NO3TOMY HY>KHO NPOBEPHTb TOJILKO HepaBeHCTBO TpeyroJibHHKa. [1pen-
nonoxum, uto |y| < |x|. Torna

y

b+ g1 < (i + ly® = e (1 + ) <

<Jel (1 + ) < prte (1 4+ ) = 1o + pr
[lepBoe HepaBeHCTBO cJienyeT H3 TOro, uto {* < £, ecsii ¢t > 1, a Bropoe — H3
Toro, uto {* > f,ecan 0 <t < 1.
C npyroii cTopoHbl, eciH o > 1, To HepaBeHCTBO TpeyroJibHHKa He BbINOJI-
HsieTcs: Hanpumep, |1 + 1|* =2* > |1|* + |1|* = 2. O
Onpenenenne 2.8. Hopma HasbiBaercsi Heapxumedosod, eciiv 1 Bcex
X W Y BbINOJHEHO HEPABEHCTBO

llx + gll < max(llx|l, lgll)-

3amevanue 2.9. OueBHAHO, UTO M3 HeapXHMeIOBa CBOICTBa HOPMbI cjle-
ZlyeT HepaBeHCTBO TPeyroJibHHKa. Mbi 6ylieM Ha3blBaTb 3TO CBOMCTBO CUALHOIM
Hepasencmeom mpeyeorbHUKA.

PaccTosiHne, unayuHpoBaHHOe HeapXHMeIOBOW HOpPMOH, Ha3biBaeTcs Yab-
mpamempuxoi. BMecTo HepaBeHCTBa TpeyroJibHHKa ISt 0ObIMHOA (yHKUHH
paccTosiHuA

d(x, 2) < d(x, y) +d(y, 2),

BBINOJIHAETCA CHABHOE HEPaBEHCTBO TPeyroJbHHKA
d(x, 2) < max(d(x, y), d(y, 2)).
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CooTBeTCTBYIOILIHE MeTpHYECKHe NPOCTPaHCTBA Ha3bIBAIOTCA yabmpamempu-
YeCKUMU NPOCMpPaHCmMeamy.

Crelnyowas TeopeMa JaeT Heo6X0AHMOe H J0CTaTOUHOE YCJIOBHE TOr0, 4TO-
6bl HopMa 6blla HeapXHMenOBOH.

NMpennoxenne 2.10. Caedyoujue ymseepioeHus IK8UBALCHMHYL

a) Hopma ||-|| Heapxumedosa;

b) ||n|| < 1 944 amobozco yeroeo wucaa n.

HokasatenbcTBoO. a) = b). JlokaxkeM 3TO N0 HHAYKUHH.

baza undyxyuu. OuesngHo, uto ||1|| =1< 1.

Ulae undyxyuu. Tlycts ||k|| < 1 nas Bcex k € {1, ..., n — 1}; nokaxem,
uto ||n|| < 1.

3amertum, uto ||n|| = |l(n — 1) + 1| < max{||n — 1], 1} = 1.

N3 HepaBeHcTBa ||1|| =1< 1 ¥ npeanosoxeHus HHIYKUMH MoJyuaeMm
|In]| < 1 nas Bcex n € N. Tak Kak || — n|| = ||n||, MbI 3aKniouaem, yro ||n|| < 1
Lis Bcex n € Z.

b) = a). Umeem

n
_ — ny\ _k, n—k
e+ gll" = llex + 9)°ll = ”g(k)x v

n
n -
<[ ()[n=ntngir—* <
k=0
n

<D0 Ml lgl™=* < (r + DImax(llxll, )"

k=0
l']oaTomy ANs Ka)KIoro HaTypaJibHOro 4ucJjia 7 BbiNOJIHAETCA HepaBeHCTBO

Ilx + yll < Vn + Tmax(llx]l, lyl)-

Yetpemasis n k oo, nojyyaem

llx + gl < max([lx]l, llgl)-
3zech Mbl MOJIb30BAHCH TEM, YTO (: — LleJ10€ YHCJIO0, H XOPOLIO H3BECTHBIM
npezneyiomM
lim Vn+1=1. O
n—oo

3T0 yTBepXKAeHHe NOMOTaeT OGBACHHTb PasHHLY MeXIy apXHMeIOBbIMH
H HeapXuMeIoBbIMH HopMaMH. Ero mMoxHo nepecdopmysnpoBath cieayiouium
06pa3oM: HopMma siBJIsieTCs apXHMeIOBOf, ec/iH oHa obJanaet cgoticmaom Ap-
xumeoa: 0 dannoix x, y € F, x # 0, cywgecmsyem makoe namyparoroe
yucao n, umo ||nx| > |ly|l.

Jlerko BHzeTb, 4TO CBOIHCTBO ApXHMeZla IKBHBAJIEHTHO CYLLIECTBOBaHHIO Lie-
JIbIX YHCeJl, HMeIOLHX CKOJlb YrofHO GOJiblIylo HOpMY:

sup{||n||: n € Z} = +oo. (2.5)
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Mul ocTaB/IsieM YHTaTENI0 NPOBEPHTD, YTO HOPMa apXHMenoBa (T.e. He ABJAsET-
Cfl HeapXHMe[IOBOH) TOrZa H TOJIbKO TOTa, KOTAA BbINOJHsAETCA YcoBHe (2.5)
(ynpaxkHeHue 11).
HeapxnmenoBo cBOMCTBO HMeeT W IpyrHe yaAHBHTENbHbIE CJEICTBHS.
Mpennoxenne 2.11. Ecau asemenmet a u x Heapxumedosa noass F yoo-
saemsopatom Hepaserncmsy ||x — al|| < ||a||, mo ||x|| = |la]|-
JokasateanbctBo. ComMacHo CHIbLHOMY HepaBeHCTBY TPeYyroJibHHKa

lixll = llx — a + a|| < max(|lx — al, lla]l) = ||a]|.
C npyro#i CTOROHHI,
lall = lla — x + x|| < max(|}x — al|, [lx[).

Ecan 6bi BhinosIHANOCH HepaBeHCTBO ||x — a| > ||x]|, To noayunsocs Gbl, yto
lall < llx — a]l, a 3to npoTHBopeuut ycaoBuio. 3Hauut, ||x — a| < ||x||
lla|| < ||x]l. ToaTomy ||x|| = ||la||, uTo u 3aBepiuaer noKazaTenbcTBO. O

DTo yTBepXKIeHHe MOXHO CHOPMYJHPOBATL B reOMETPHYECKHX TePMHHaxX
c/ieflylouiMM o6pa3oM: A1060i mpeyeorbHUK 8 YAbIMPAMEmpPU4ecKom npo-
cmpancmee A6AAemca pasHobedpeHHbIM, npuiem OAUHA OCHOBAHUA He
npegocxodum Oaur 60K08bLX CMOPOH.

Jloka3aTeJbCTBO CJleyIoILero YIHBHTEIbHOTO CBOMCTBA Mbl OCTaBJISIEM YH-
TaTeso (ynpaxkHehue 12).

Mpeanoxenne 2.12. Ecau nopma ||-|| #a nose F neapxumedosa, mo
mobas mouka 3amkrymoeo wapa B(a, ry ={x: ||x — a|| < r} 8 F asrsemca
€20 YeHmpom.

3aBepiuan 3ToT naparpad, NOKaXeM, YTO apXMMeIOBa M HeapXMMeIOBa
HOPMbI He MOTYT GbITh KBHBaJIEHTHBI.

Mpepnoxenue 2.13. e aksusarenmuoie nopmot (||| ~ |- |2) #Ha no-
ae F aubo obe apxumedossl, aubo obe neapxumedossl.

HoxkasateanbcTso. M3 ynpaxuenus 10 caenyer, uto ecau || - ||y ~ |- ||2,
TO AAs Jto60ro uesoro n umeeM ||n|; > 1 Toraa 1 TosbKo TOrAA, Korza ||nj|z > 1.
Orciona 1 u3 npentoxenus 2.10 caenyer, uto 1460 06e HOPMbI HeapXHMELOBbI,
1160 06e apXxHMenoBbl. O

YnpaxneHus

6. TokaxkuTe, uTo MoJie He CONEPXKHT EUTENeH HY s
7. Mcnonb3ys HepaBeHCTBO TpeyroJibHHKa 41 HOpMbI Ha noJie F (n.3 onpe-
nenenus 2.1), nokaxure, 4to

[l = llgl] < e + yll - 29 mo6eix x, y € F.
8. HOKa)KHTe, yTo B Jlo6oM HOPMHPOBAHHOM noJie BbINOJIHAKOTCA ClleAylo-
lliHe yTBePXKAEHHS:
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1) kaxxnas nocsenoBaresbHocTh Kouwin orpannuena;

2) nycrtb {a,} — nocnenosareabHocts Koww u {n;, ng, ...} — Bo3pacra-
10111351 NOCJ/e0BaTEIbHOCTb HATypa/lbHbIX UMCeJl, TOTAA eCJH MOANOoCJ/en0Ba-
TEJILHOCTb Qp,, Apy, 6eCKOHeYHO MaJiasi, TO M caMa MoCJ/eoBaTeNbHOCTb
{a,} 6eckoHeuHo Mana;

3) ecan nocaenoBatesnibHocTH {a,} u {b,} 6eckoHeuHo MaJbl, TO K MocJe-
JoBaTesIbHOCTb {a, * b,} GecKOHeuHO MaJia: ec/ii NoCJ/efoBaTeNbHOCTb {a,}
6ecKoHeuHO MaJia, a nocJieoBaTeNIbHOCTDL {b,} orpaHuueHa, To NocnenoBaTe/Nb-
HocTb {a,b,} GeckoHeuHo Mana.

9. lokaxwure, uto eca ||-||; ~ ||-||]o v Hopma ||-||; TpuBHaAbHA, TO HOpMa
|- l|l2 Takke TpuBHaANLHA.
10. Mokaxwure, uto ecau ||+ ||y ~ ||-|l2, 1o ||x||; < | Toraa u TonbKo Torxa,

korza ||x|l2 < I; ||x||; > 1 Toraa u Tonbko Torna, Korza x|l > 1, u x| =
TOTa W TOJBbKO Toraa, Korza ||x|le =
11. [lokaxure, uto HopMa ||- || apxumenoBa Toraa 1 ToJbKO TOrAa, Korza

sup{||n|:n € Z} =

12. Jlokaxure, uto ecu HopMa ||-|| Ha none F neapxumenosa, To Jio6as
TOYKa 3aMKHYTOro 1l1apa B(a r)={x:||x — a|| < r} B F sBAsieTcs ero LeHTpoM
(v TO XKe camoe win oTKpbiTOro wapa B(a, r) = {x:||x — a|| < r}).

13. Ilokaxute, 4to ecau HopMa ||-|| HeapxumenoBa, To |- ||* Takxke Heap-
XHMenoBa HopMa sl Jioboro a > 0. (CpaBuuTe c npemjiokeHuem 2.7 pas
€BKJIM0Ba a6GCOMIOTHOTO 3HaYeHHn Ha Q.)

§ 3. MocTpoeHne nonoJHeHNs HOPMHPOBAHHOTO MOJSA

B s1oM naparpade Mbl, HcXoas H3 MPOH3BOJBHOTO HOPMHPOBaHHOTO MO-
a5 F (He 06si3aTeIbHO NOJHOTO 1o ero HopMe || - i|), nocTponm apyroe nose F,
conepxaluee F, u cHa6auM ero HopMo# (MHLyUHpOBaHHO HOpMoii ||-|| Ha F)
TaKuM 06pa3oM, 4To Mosie F GyleT n0AHbLM HOPMHPOBAHHBIM MOJIEM.

Kak Mmbl yxe Buzgeau (§ 1), B ciiyyae paunoHasibHbIX uKces ¢ 0ObluHOH (eB-
KJIH0BOI) HOPMO# npollelypa NONOJHEHHA NPHBOONT K NOJIO NefCTBHTE/bHBIX
yncen R. Ty xe camylo npouenypy Mbl nosxe (cM. §4) npuMeHuMm K mo-
o Q, cHa6GXeHHOMY COBeplLUeHHO ApYrofl HOpPMOH, H B pe3yJbTaTe NOJYyuHM
p-annyeckve uyucaa. [naBHylo poab B npolienype MonoJiHeHHst 6ynyT urpaTh
nocsenoBaresbHOCTH Kolliu: HMeHHO KJaccChl 3KBHBaJIEHTHBIX NMOCJ/e10BaTe/b-
HocTe#t Kown 6ynyT o6bsBieHbl aeMentamu noas F. [o3ToMy Mbl HauHeM c
o6cyIeHHn nocjeoBaTesbHocTeR KoLK, COCTOAILHX H3 3/1€MEHTOB NpOU3-
BOJILHOrO HOPMHpOBaHHOTO noJas F.

IMocnenoBatenbHocTH Kown MOXKHO cK/agbiBaTh, BbIYHTATb H NepeMHO-
XaTb (ynpaxkHeHue 14), No3TOMy MHOXeCTBO BceX MNOCJeNOBaTeNbHOCTEl
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Kown B (F, ||-|)), o6osHauaemoe {F}, aBasieTcAi KOMMYTaTHBHBIM KOJIBLOM.
ENMHHYHBIM 3/1eMEHTOM NO CJAOXKEHHIO ABJSETCA NOC/eN0BaTeNbHOCTb

0=1{0,0,0,...},
a €1HHHYHbIM 3JIEeMEHTOM NOo YMHO)KCHHIO ABJIAETCA NOCJIeAOBATEJNbHOCTb
T={1,1,1,..).

SlcHo, uTo MHOXKecTBO {F} He siBAIsieTCSA NOJIeM, TaK KakK OHO COLIePXKHT LeJIHTeH
HyAst:
{1,0,0,...}{0,1,0,0, ...} =0.

Jlna kaxnoro a € F nocaenoBare/bHOCTb
a=1{a,a,a...}

nexut B {F}. CnenoBatenbHo, {F} conepKHuT noakoabLo, H3oMopdHoe nodto F.
PaccmoTpuM MHOXecTBo P Bcex GecKOHeYHO MaJibix noc/iefoBaTesbHOCTed.
OueBuaHo, uto P sBAsieTc MOAMHOXKeCTBOM MHoXecTBa {F}. Boaee Toro, P
fBAseTca udeasom B {F} (T.e. TaKHM NOOKOJBLOM, UTO 15 BceX p € P u s
Bcex a € F BbINoJIHeHO BKAueHHe ap € P). B caMoMm nene, ecsin nociienoBa-
TeJbHOCTH {a,} W {b,} nexar B P, To ki nocienoBaTeabHOCTb {a, + b,} Takxke
aexut B P. U ecan nocnenoBatesnbHocTb {a,} feXutT B P, a nocjenosaresb-
HocTb {b,} orpaHnueHa (B 4aCTHOCTH, SIBJISETCS NoC/enoBaTe/bHOCTbI0 Koun),
T0 {anbn} TakxKe Aexut B P (ynpaxkHenue 8 (3)).

Monoxum F = {F}/P. JneMenTaMi 3TOTO MHOXeCTBa ABJAITCA KAACChl
3KBHBAJIEHTHBIX NnocenoBatenbHocTell Koww u3 (F, || -||), npuuem ase nocae-
JIOBaTEJbHOCTH IKBUBAACHMIHbL, €CIH HX Pa3HOCTb eCTb GeCKOHeuHo Masas
noc/lefoBaTeNbHOCTb. 3aMETHM, YTO NOCTOSIHHbIE MOC/eN0BaTENbHOCTH

a={a,a,a,...}

rie a € F, npHHainexat pasHbiM KaaccaM B F 1is pasHbix a. Bynem o603na-
yaTb KJlacc, ColieprKalliii NocjieloBaTeIbLHOCTD {a,}, uepes (a,); (a,) aBasercs
3MeMeHTOM MHOXecTBa F. Bynem paccMatpuBath F Kak NOIMHOMECTBO MHO-
xectBa F, otoxaectsass a € F ¢ (@) € F.

Teopema 3.1. Mroacecmso F asasemca nosen.

JNoka3aTeabcTso. Onpenennm onepawyn Ha F caenyiouum o6pasom:
ecan {a,} €A, a{b,} €B,T0 A+ B=(a,+ b,) w AB = (a, - b,). U3 ynpax-
HeHHn 15 caedyer, uTo 3TH oMepaLli He 3aBHCAT OT BbIGOpa NMpeacTaBHTEEN.
Jlerko nNpoBepHTb, YTO MHOXECTBO F ¢ TaKMMH onepalHaAMH ABIAETCA KOMMY-
TaTHBHBIM KOJIbLIOM C €IHHHYHbIM 3/IeMEHTOM NO ciioxeHHo (0) H eNHHHUHBIM
3eMeHTOM 1o yMHoxeHnio (1). [lokaxem, uto F aBnserca nonem. Iycts A —
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KJ1acC SKBHBAJIHTHOCTH H3 F, OT/IMUHBIA oT HyJeBoro Knacca (0) = P. Iyctb
Takxe {a,} — no6an nocaenosarenpHoctb Kown n3 A. Tak kak nocsenosa-
TEJIbHOCTD {@,} He sABJAseTC GeCKOHEYUHO Maoii, HalaYTCA TaKHe NOJIOXKHTEb-
Hble yHcaia ¢ U N, uto

llar]l > ¢ ms moGoro n > N.
PaccmoTpum nocnenoBatesnbHocTb {a}, onpenenextyio dopmyoi

*_{O, el <ngN -1,

a,

1/a,, ecann>N.
Mbl yTBepXXnaeM, UTO 3Ta NOCJELOBaTENbHOCTb ABJSETCS .i0CJ1eA0BaTebHO-
ctbio Kouwn. JlefictBuTenbHoO, ecad n, m > N, 1o

1
Qn

am — a -
— “ m n" <c 2"am—‘an",

~ lanll llaall

OTCloa H BbiTeKaeT HyXHoe HaM YyTBepxleHHe, TaK Kak {a,} saBJseTcA no-
caefoBateabHOCThI0 Kok, O603HaunM Kiaace 3KBHBaJeHTHOCTH, COle pKalLHi
nocnenosatenbHocTs {ak}, uepes A~!. Torna
{anHa;}=1{0,...,0, 1,1, 1...},
N e’
N-1

1
0< llaf, - azll = || -

npHueM pa3HOCTb MocJsefoBaTebHOCTH Kok B npaBoi yactH W | ecTb Gec-
KOHeuHo MaJiasi MocJeloBaTeIbHOCTb

{-1,...,-1,0,0,0...}.
| A—
N-1

Takum o6pasom, AA~! = (1), uto nokasbiBaer, uTOo F spnsietcs nosem. 0O
Tenepsb Mbl npono/kum Hopmy ||-|| ¢ F na F.
Onpenenenue 3.2. [Ins no6oro A € F nosoxnum

JAll = lim |la,],

roe {a,} — Mmo6as nocnenoBarenbHocTh Kown us A.

s toro yto6bl Y6eauThCs B TOM, UTO 3Ta HOpMa onpefieieHa KOPPEKTHO,
Mbl JIO/DKHBI NOKa3aThb, YTO 3TOT Npefiesl CyLIeCTBYeT H He 3aBHCHT OT BbiGopa
nocnenoBaresbHocTH Kowuw {a,} u3 A. U3 ynpaxHeHus 7 umeem

[lanll = llamll| < llan — anmll,

OTKyIla CJieflyeT, YTO NOCJ/eJOBaTe/IbHOCTb AefCTBHTeNbHBIX uHced {||la,||} aB-
JIeTCA NOC/IeNoBaTebHOCTbIO KoM OTHOCHTENIbHO aGCOMIOTHOTO 3HaueHHs.
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Tak Kak MHOXeCTBO JefCTBUTE/bHBIX ykces R nosHo, npenes, onpenesiowuii
HopMy || - ||, cywectyer. BosbMeM apyryio nocsenoBartenbHocTb {a,} € A. U3
TOTO XK€ CaMOTO HepaBeHCTBa HMeeM

0< fim [laall — llal| < lim flas — aj]l =0,

orciona lim |la,|| = lim |a}].
n—oo n—o0

NMpeanoxenne 3.3. Gynxyua ||-|| asrsemca nopmoii na F.

HNoka3sateabcTBo. HyxHo npoBeputh TpH cBoficTBa H3 oOnpeneJe-
Hua 2.1. . )

1) Ecau A = (0), Torma noc/ienosatenbHocth {a,} GeckoHeuHo Maia H
||A]l = 0. Ecaun xe A # (0), To HaiinyTcs TaKne MOJOKHTENbHbE YHCAA C H
N, uto s Bcex n > N umeeM ||aq]| = ¢ > 0. Otciona ||A|| > 0.

2) o cBoficTBaM BelleCTBEHHBIX NpeesoB

IABI = lim llaaball = lim llaalllball = lim la| lim [loa]l = [ANBI.

3) Ananornuto nosyuyaem ||A + B|| < ||A|| + ||1B]|. O

Tenepb Mbl MOXeM ONpeneHTb OrpaHHyeHHbie U GECKOHeYHO MaJbie Mo-
C/lefIoBaTeNILHOCTH, a TaKxke MocJenoBatedbHoctH Kou no Hopme ||-|| B F.

Teopema 3.4. [Toae F noano no nopme ||-||, u F asanemcs scody naiom-
HOLM NOOMHONECmEom mHONcecmea F.

HokasatenbcTBo. JlokaxkeM cHauana BTopoe yrBepxkaeHue. ITycTb
A €F u {an}— nocnenopatenshocts Koun snementos nons F, npencrasasio-
was A. [1ns Kaxaoro ¢pHKCHPOBAHHOTO HAaTyPasibHOrO YHCJIA 1 paCCMOTPHM Mo-
CTOSIHHYIO NOC/IEl0BATeNbHOCTD d,. Torna noc/efoBaTelbHOCTb {@m — A}
npencrasaser A — (@,). U3 toro, uto {a,} AaBAseTcs Noc/en0BaTeJbHOCTHIO
Kouu, nonyuaem

”l_lfgo A = (@)l = “'rl‘i_"}m llam — aall =0. @.1)

370 NOKa3bIBaET, YTO MHOXeCTBO F Bciomy niioTHo B F. Tenepb npeanonoxum,
uto {A,} ={A;, Ao, ...} —nocnenosarenbHoctb Koiun snemenros noss F. Tak
Kak F Bciony niiotHo B F, nas kaxnoro A, cyuiecTByeT TaKoOH 3JeMeHT a, € F,
4TO

lAx — (@)l < % (3.2)

Toraa nocsnenosatenbHocTb {A, — (a,)} 6ecKoHeUHO Masa M, CJIe[0BaTe/bHO,
saBAgeTCA nocJenopatenbHocTbio Koiv B F. MiMeem

{(dn)} = {An} —{An - (t_l,,)},
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orciona {(@,)} — nocnenosatenbHocts Koww B F, HO TaK Kak Bce ee 3/1eMeHThI
npuHamiexar nodio F, To W caMa nocsiefoBartesbHOCTb {a,} fABASETCA MOC/e-
noBareabHocTblo Ko B F O6Go3HauWM Ksacc SKBHBaJNEHTHOCTH, COLepXKa-
wwmi {a,}, yepes A (B Hawnx o6o3Hauennsx (a,) € F). U3 cootHowenni (3.1)
u (3.2) cnenyer, uto nocnenosatenbhoctd {A — (@,)} v {A, — ()} B F Gec-
KOHEYHO MaJbl, a 3HaUHT, H HX Pa3HOCTb

{A — An} ={A — (@n)} - {An — (@)}

ecTb 6eCKOHeYHOo MaJian nocJieA0BaTeJIbHOCTDb 3JIEMEHTOB TMNoJA F OTClOIla Bbl-
TeKaeT, UTo

lim ||4 — Aq|| =0,

n—oo

HO 3TO B TOYHOCTH O3HauaerT, uto A = lim A,. O
n—oo

Npeanoxenne 3.5. Apugpmemuueckue onepayuu npodosxcawomcs c F
Ha F no nenpepeigsrnocmu, m.e. ecau

A= lim @), B = lim (b,),
n—oo n—oo

mo
A+ B = lim (@, +b,), A B= lim (@ - bn).
n—oo n—oo

Hoka3atenbcrtBo. CM. ynpaxHerne 16. O

YnpaxHenus

14. lokaxure, uto ecau {a,} u {b,} — nocaenoparenvHocti Koiu, T0
noc/ieloBaTeNbHOCTH {a, + ba}, {@n — bn} ¥ {anb,} TakxKe saBAsIOTCA Noche-
noBaTeabHocTAMH Kouun.

15. [lokaxute, uto eci {a,} ~ {a,} v {b,} ~ {b},} — aBe napul 3kBHBaEHT-
HbIX nocJienoBatenbHoctel Kow, To {a, £ b,} ~{a; £ b,} v {as- b} ~{a}-b}}.

16. Ilokaxkute npemtoxenue 3.5.

§ 4. lNMone p-apnueckunx uncea Q,

AGcoa0THas BeHYHHA |- | ABASETCA OCHOBHBIM NPHMEpPOM HOPMbI Ha noJe
paunoHanbHbIx uncen Q. MhayunpoBaHHas elo MeTpHKa d(x, y) = |x — y| — 310
06bIYHOE eBKJIHIOBO pacCTOsIHHE Ha YHCJI0BOH NPAMOH, H, KaK 6bl10 06 bsicHeH0
B § 1, pesysibTaToM NONoJIHEHHA N0 3TOH HOPMe ABJAETCS NoJie NeACTBHTENbHbIX
yncen R.

Bo3sHukaeT caenyowuii Bonpoc: AeHCTBHTENbHO JIH €BKJIHIOBO paccCTosi-
HHe MeXIy PalHOHAaJbHBIMH UHCJIaMH fBJSieTCS HaHboJlee «eCTeCTBEHHbIM»?
CyLuecTByeT Jii Ipyro#i cnoco6 onucarb «6JAU30CTb» MeXIY palHOHaJIbHbBIMH
yrcsaaMu? OKa3blBaeTcs, YTO OTBET Ha 3TOT BOMPOC NOJIOXKHTENbHbIMN.
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HoBbifi cnoco6 H3MepeHHs pacCTOSHHA MeX]Iy PalHOHaJbHbIMH YHCJaMH
BO3HHKaeT H3 caefylolleli «apH(pMeTHUeCKOH» KOHCTPYKLIHH.

IMyctb p € N — npousBosbHoe npoctoe uucno. Onpenenum otobpaxe-
HHe |- |, Ha Q caenylowrmM o6Gpasom:

1
——, e x #0,
lx]p = pooe* * @.1)
0, ecyH x =0,
rie
ord. x = {\Hando.nbluaﬂ CcTeneHb YHcAa p, KOTOpasi IeJHT X, ecli X € Z,
P Lordpa —ord, b, ecnin x =a/b,a,b€Z, b #0.

3ameuanus. 1. 3ameTHM, uto GYHKUHA |-|, MOXeT NPHHHMaTb TOJBLKO
«IMCKPeTHOe» MHOXKeCTBO 3HaueHHil, a umeHHo {p", n € Z} U {0}.

2. Ecin a,b €N, To a=b (mod p") Torma u ToNbKO TOrma, Koraa
la —b], < 1/p"

Mpennoxenne 4.1. Omobpaxcenue |-|, asrsemcs Heapxumedosoi
Hopmoi Ha Q.

HNoka3zatenbctBo. Csoficteo 1) H3 onpeneneHust 2.1 oueBHOHO, a
CBOHCTBO 2) cJjiellyeT H3 paBeHCTBa

ord,(xy) = ord,(x) + ordp(y).
ITposepum cBoficTBo 3). Ecan x =0 nan y =0, To cBoiicTBO 3) oueBHIHO,
No3ToMy NpeanooXum, uto x, y # 0. [yctb x = a/b n y = c¢/d. Torna nmeem

ad + bc
bd
ord, (x +y) = ord,(ad + bc) — ord, (bd) > min(ord,(ad), ord,(bc)) —ord, b —
—ord, d = min(ord, a — ord, b, ord, ¢ — ord, d) = min(ord, x, ord, y).

x+y=

Takum o6Gpasom,

] —ord —ord
lx +ylp = PO Y < max(p™ e, pT oY) =

= max(|x|p, |9]p) < |x|p + 19lp-

3aMeTHM, YTO NONYTHO Mbl IOKA3aJjH, 4TO HOpMa |- |, HeapxHMeloBa. O
3ameuanus. 1. [Tosnxee Mbl yBHIaHM, uTO noJse Q He nosiHO no HopMe |- |p.
2. Hopma |:|,, He 3KkBHBaJleHTHa HopMe |-|p,, €CAIH p; H pg — pa3iny-
Hble MPOCTble YHCAa (AeHCTBHTENbHO, A5 NOC/AEN0BATENbHOCTH X, = (P1/ P2)"
HMeeM |X,|p, — 0, HO |X4|p, — 00).
Tenepb Mbl rOTOBbI ONpeNENHTb OCHOBHOI OGBEKT 3TOM KHHIH. 3aduKcHpy-
eM npocToe yncao p. Onpenennm Q, Kak nonoJiHeHxe nons Q no p-anHueckon
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HopMe |-|,, onpenenenHoi cooTHoleHHeM (4.1). B cooTBeTcTBHH C onpenene-
HHeM 3.2, p-amnueckas Hopma npogo/xaercs Ha Qp, H (Qp, |-|,) ABAsETCA
NOJIHLIM HOPMHPOBaHHbIM NoJieM. Bynem HasbiBath Q, nosem p-aduueckux
wuces. dnementamu noss Qp ABAKIOTCA Kaacchl SKBHBAJIEHTHbIX NOC/eN0Ba-
TesibHocTel KoM palHOHaNbHBIX YHCENl OTHOCHTENIbHO p-afHueckKoi HOPMBI.
Panee 6b110 nokasano, uto Q MoXHO OTOXAeCTBHTD ¢ noanoJjiem Q,, cocros-
1LMM H3 KJ1aCCOB 3KBHBAJIEHTHOCTH, COLEPXKALLHX NOCTOSAHHbIE NOC/efoBaTe b=
HoctH Ko,

Ilas npousBosbHOro a € Q, Bo3bMeM nocsenoBaTenbHocTh Kown {a,},
npencrasasioutyto a. Toraa no onpenenenuio

lalp = lim |al,.

Takum 06pa3oM, MHOXKeCTBO 3HaueHHii oToGpaxkeHHs |-|, Ha Q, coBnazaet ¢
MHOXeCTBOM 3HaueHuii oTo6paxeHns |- |, Ha Q, a umento ¢ {p", n € Z} U {0}.
370 coBceM He MoXoXe Ha NoBefeHHe aGCOJIOTHON BEeJHUHHbLI, KOTOpas npH
npopo/keHnn ¢ Q Ha R npHHHMaeT Bce HeOTpHUATesbHblE NECTBHTEJbHbIE
3HaueHus. Bosee Toro, ecan |a|, # 0, To nocnenoBartebHOCTb HOPM {|a@n|p}
HOMxeHa CTaGHIH3HPOBATHCA, €C/IH /1 AOCTAaTOUHO BEJIHKO!

B kaxmoM Kjacce 3KBHBaJIeHTHbIX MocJiefioBaTesibHocTelt Kowu, onpene-
JISIOLIEM HEKOT2Pbll 3/1eMeHT noas Qp, CONepXKHTCA eNHHCTBEHHYH KAHOHU-
yeckuil npeactaBuTenb. [ns Toro uto6bi €ro NOCTPOHTb, HaM noTpeGyercs
ciefyolas Jemma.

Jlemma 4.2. Ecau x € Q u |x|, < 1, mo daa aobozo i cywecmeyem ma-
Koe yeaoe 4ucao a € Z, 4mo |a — x|, < p~. Yucao a moxcro selbpame npu-
naonexcawum muoxcecmsy {0, 1,2, ..., p' — 1}, npuuem uz 3mozo mro-
Jcecmsa OHO 8blbupaemcsa eQuHcmeeHHolM 06PA30OM.

Hokaszateabctso. [lyctb x = a/b, roe a v b B3anmHo npocTbl (060-
3Hauaetcs (a, b) = 1). Tak Kak |x|, < 1, uncsio p He nenuT b; cnenoBaTesbHO,
b u p' B3aumuo npocthl. [103TOMY CylLECTBYIOT TaKKe LieJible YHCa M U 1, 4TO
mb + np' = 1. TTonoxum o« = am. Torna

Joe = x1, = lam — a/bl, = la/blolmb — 1], <
< Imb =11, = |npfly = Inl,(1/P) < 1/p/

HakoHel, Hcnosib3ysi CHbHOE HepaBeHCTBO TPEYroJibHHKa, K LLeJIOMY o MOXKHO
NpHGaBHTb YHCJIO, KpaTHoe p', uToObl MOJyUHTDb LieJioe ukco Mexay 0 u p',
NS KOTOPOTO MO-MpexHeMy |a — x|, < p~*. O
Teopema 4.3. Kaxcowii kaacc sxsusasrenmuocmu a € Qp, yoossemso-
paowuii Hepagencmsy lalp, < 1, codepacum posro 00ny makyio nocae-
dosameasrocmo Kowu {a;}, umo
Na;€Z 0<a;<p'omi=1,2,
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2) a; =a;jy, (mod p') dnai=1,2,

HokasateabcTtBo. [lycts {b;} — nocnenosarenbHocts Kown. Mbi xo-
THM HaiTH SKBHBAJIEHTHYIO eil MOCJIef0BaTeNbHOCTb {a;}, YIOBJETBOPAIOLLYIO
ycnosuaMm 1) u 2). Ias kaxnoro j =1, 2, BbibepeM Takoe HaTtypaJjibHoe
yucao N(j), uro

|bi = bir|p, < p~7 mas mo6bix i, i’ > N(j).

3ametnm, uTO nocJenoBatenbHOCTb N(j) MOXKHO BbIGpPaTh CTPOro BO3pacTaio-
1weit, nosatomy N(j) > j.

Ilanee 3ametum, uto |b;|, < 1, ecam i > N(1), Tak kak ans Beex i’ > N(1)
BbIMOJIHAIOTCS HepaBeHCTBa

|6ilp < max(|bir|p, 1bi — bir|p) < max(|bi|p, 1/p),
nosToMy
|birlp — lalp <1 npui’ — oo.

TMpumensia nemMy 4.2, MOXHO HaiiTH uesble uicaa a;, 0 < a; < p/ Takue, uto
1
laj = buiplp < ;-
TMokaxem, uto a; = a4 (mod pf) u (b;) ~ (a;).

CHavana JoKaxxeM nepBoe yTBepKIeHHe:

laj+1 — ajlp = laj+1 — bng+1y + b+ — by — (@ = byvp)lp <
< max(|aj+1 — bng+nlps 1baG+1) = bnylps 1@ = bylp) <
< max(1/p™*!, 1/p1, 1/p7) = 1/p,

nosToMy a; = a;4+ (mod p/).
Uro6bl f0Ka3aThb BTOpPOe yTBepxeHHe, BO3bMeM MPOH3BOJbHOE j; TOTAA
s i 2> N(j) umeem

lai — bi|p = lai — a;j + aj — by — (bi — bwgj)lp <
<max(|a; —ajlp, |a; —bnjlp, |bi —bniplp) <max(l/p’, 1/p!, 1/pl)=1/p’.

CaiefioBaTesibHO,
|ai — bil, = 0 npui— oo.

Tenepb mokaxkem eguHcTBeHHOCTb. [ycThb {a}} — npyras nocnenoBaresnbHOCTb,
YIOBJIETBOPSIOLIAs YCAOBHAM TeOPeMbl, HO a;, # aj s HekoToporo ip. Torna
a;, # afo (mod p'0), Tak Kak a;, H a;, 3aknaioueHbl Mexxny O u p'. Torma us
YCNIOBHSA 2) CJieflyeT, YTo As i > iy BbIMOJHSIOTCA COOTHOLUEHHS

a; = a;, # aj, = aj (mod p®),
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T.€. a; # a} (mod p‘). Ho 3To B TOYHOCTH O3HauaeT, uTo
' 1 .
lai — ailp > oo B amo6oro i > ip,

OTKyla BbiTeKaeT, uTo (a;) 7% (ai). O
Ecan a € Qp v |al, < 1, To unteHbl @; noc/iefoBaTeNbHOCTH H3 Npe/blaylled
TeopeMbl yI0OHO 3aMHCBHIBaTh CJelylolHM o6pa3oMm:

ai=do+dyp + +dioyp'7t,

rie Bce d; ABNAIOTCS LEALIMH YHcaMH U3 MHoxecTBa {0, 1, ..., p — 1}. Hawe
ycJioBHe 2) B TOYHOCTH O3Hauaer, uTo

aipi=do+dip+...+disy p'~t + dip',

NpHYeM « p-afiHueckre uHdpbi» oT do 10 d;—) ABASAIOTCS TEMH Xe CaMbiMH, 4TO
H 1js a;. Takum o6pa3oM, a npeacTaB/iseTcs CXOAALHMCA (N0 p-anHYeCcKo#

HopMe, pasyMeeTcsl) psilOM
oo
a= Z d,p",

n=0
KOTOPbIH MOXHO paccMaTpHBaTb KaK YMCJIO, 3anHcaHHOe 10 OCHOBAHHIO p H
6ecKoHeuHO npoaoJKalolleecs BJeBO, HJH colepXKalllee 6eCKOHEYHO MHOro
p-agvuecknx undp. B nanpheiieM Mb 6ynem 3anHcbiBaTh

a =...d,,...d2d1do

M HasblBaTb 3Ty 3aNHChb KAHOHUYECKUM p-A0UHeCKUM DA3A0NHCeHUeM WIH
KanoHu4eckold ¢opmol yncaa a.

Ecan |a|, > 1, TO Mbl MOXKEM JOMHOXKHTb @ Ha HEKOTOPYIO CTeNeHb YHCa p
(MMeHHO, Ha p™ = |a|,) H NoNyuHTL p-amnueckoe uucio a’ = ap™, Kotopoe
yXe yloBJieTBOpsieT HepaBeHCTBY |a’|, < 1.

Torna MoxHoO 3anucathb

o0
a= Y d.p", (4.2)
n=-m
npuueM d_, #0 n b; €{0,1,2,..., p — 1}. Tem cambiM Mbl npeCTaBHJH

JaHHOe p-aQHyeCKoe UYHCJIO a B BHIE IlpOﬁH Nno OCHOBaAHHIO p, conep)Kameﬁ
6eCKOHEYHO MHOTO p-afHyecKHX UHdp nepes 3ansaToll H KOHeUHOe YHCJIO LHpp
nocJie Hee:

a=...d,,...d2d|do,d_....d_,,,; (43)

3TO NPeACTaBJIeHHE Ha3bIBaeTCsl KAHOHUUECKUM D-A0UHEeCKUM PA3AONHCEHU-
eM uncaa a.

OueBHAHO, YTO HOPMa p-aJHUECKOro YHCJ/a ONpelelIseTcsl HHAEKCOM nep-
BOTO HeHyJsieBoro Kod¢duunenTa B ero KaHOHHYECKOM pasinoxeHuu. Bosee
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TOro, nOPAO0OK, onpelelieHHblii B Havale §4 A pauHOHANbHBIX YHCEJ, MOXK-
HO NpOLOJDKHTb Ha BCe p-afMyecKHe YHC/a: 1A uucaa a H3 (4.3) HMeeM
ord,(x) = —m u |a|, = p~ %@ = pm

3ameuanue 4.4. EQHHCTBEHHOCTb NpeacTaBJenHs, KOTOPYIO FrapaHTHpyeT
TeopeMa 4.3, OTCYTCTBYeT B c/iyuae NpeacTaBJieHHsl YHCes GeCKOHeUHbIMH Ipo-
65IMH N0 OCHOBaHHIO g, O KOTOPOM 11a peub B § 1, Hanpumep

1,0000...=10,9999...

B p-annueckoM ciyyae He GbiBaeT TaKHX MCKJIOUHTENbHBIX cHTyauuid. Ecan
IBa p-afHYeCRHX Pa3/ioXKeHHs CXOLATCA K ONHOMY H TOMY XKe p-aIHueCKoMy
YHCJly, TO OHH COBMANAIoT, T.€. BCe HX LHGPbI COBNAAAIOT.

Onpenenenne 4.5. Lleaoim p-aduvecKkum 4ucaom, Has3biBaeTcsi TaKoe
uHC0 a € Qp, UTO ero KaHOHHYECKOe pa3fiodKeHHe CONEPXKHT TOJbKO HEOTPH-
uaTesibHble CTENeHH YHcaa p.

MHOXeCTBO LlesIbiX p-anHyecKHX YHces 06o3HavaeTcs Zp:

e o)
Ly = Zai p
i=0
Jlerko BHmethb (ynpaxHenne 18), uto Z, = {a € Qp:|a|, < 1}.

Teopema 4.6. Kaxcdasa 6Geckoneunas nocaedosamenbsHOCMb Yeavix
p-adu4ecKkux wucea codepicum cxo0aujyocs noonociedo8amersHoCme.

IlokasaTteabctno. Hanomuum, uto nodnocaedosamenorocmo {x,,}
noc/eoBaTeNbHOCTH {X,} 3amaeTrcs Takol Moc/eNoBaTeJbHOCTbIO HaTypaJib-
HbIX uncen {ng}, uto n; <ng <ng <...

[lycTb {x} — nocnenosatesbHOCTL 3/1eMeHTOB Z,. 3anHiuieM KaHOHHYe-
CKOe pa3JioXeHHe KaXIoro uieHa x = ...a%a%ak. Tak kak undpsl af moryr
NpHHHMATb TOJILKO KOHEUHOE YHCJIO 3HaueHuH (MMenHo, 0, 1, ..., p — 1), Mox-
HO HaiiTH Takoe bg € {0, 1, ..., p — 1} ¥ TaKyio GecKoHeuHylo MoANoC/Ae10Ba-
TeJILHOCTb {X0r} NOCNENOBATENLHOCTH {Xp}, uTO NepBan UHdpa BCeX YHCE Xop
paBHa bg. TouHo Tak xe Haxonum by € {0, 1, ..., p — 1} v noanocaenoBateb-
HOCTb {X} MOCJIENOBaTENLHOCTH {X(p}, AN KOTOPO# AiBe NepBbie UHPbI Bcerna
paBHbl b bg. [1ponomkan 3Ty npouenypy, Mbl NOJMy4HM TaKylo NocCJleLoBaTeNlb-

HocTb bg, by, bo, H TaKylo NocJ/ief0BaTEeNbHOCTb NOCJeN0BaTENbHOCTEH
xOO. xOI, x02v sy x081
X10, X11, X12, .., X]s,
X20, X21, X22, ..., X9,

YTO KaXkaasi NocJieoBaTeNIbHOCTb fBJSETCH MOANOC/eN0BaTeNbHOCTbIO Npe-
IOblylled W KaXKablli 3JeMeHT n-H CTPOKH OKaHuMBaeTcsi Ha b,...b bo. Has
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Kaxxporo j =0, 1, HMeeM

Xjj € {xjmnjs Xj=1j41s -}
Takum 06Gpa3oM, QHaroHajbHas NMOCJNENOBATENbHOCTb Xgg, X||, fABAseTCA
NOANOC/IeJOBATENbHOCTBIO HCXOAHOI MOCJEN0BAaTeNbHOCTH H, OYEBHIHO, CXO-
IMTCA K ... b3bab, bo. O

3ameuanue 4.7. DTOT pe3ysbTaT MOXKHO PaCIUHPHTL Ha OrpaHHYeHHble
nocJeloBaTeJbHOCTH (CM. ynpa)kHeHHe 22). DTta Teopema BepHa W 41a orpa-
HHYEHHBIX ToCJefoBaTeIbHOCTeN NeHCTBHTeNbHBIX uHces. [1oMHHTe JiH Bbl,
Kak oHa Joka3biBaeTcs? [TonpoGyiiTe NOKa3aThb 3Ty TeopeMy aHaJOrHYHBIM
06pa3oM As MNOC/eNOBaTeNbHOCTH BelllecTBeHHbIX yHcen 0 < x, < 1, Hc-
noJb3ysl NpeacTaB/eHHe YHCeNl X, B BHIe GECKOHEUHBbIX NECATHYHbIX ApoGeii.

YnpaxHenus

17. Kakosa MowHocTh MHOXecTBa Z,? OTBeT o6ocHyiiTe.

18. okaxwute, uto Z, = {a € Q,:|al, < 1}.

19. Haiigute p-aguueckre HOpMbI U p-auuecKue pas/ioxKeHHs CJedylolnxX
yHces:

1) 15, -1, =3 B Qs;

2) 6! B Qs;

3) 1/3! B Q3.

20. Haiigure p-annueckoe paanoxeHue yncaa 1/p. Cuenaiite To Xe camoe
a5 ukcaa 1/p*.

21. Hanpure p-anvueckoe pasnoxenue uyucna 1/2, ecau p — npocrtoe
HeyeTHoe YHCJIO.

22. JlokaxkuTe, 4TO KaXKfiasi orpaHH4eHHas NoCJ/e0BaTebHOCTb 3JIeMeHTOB
noas Q, CONEPXHT CXOAALLYIOCA NOANOC/e0BaTeIbHOCTD.

§ 5. Apudmernueckune onepaunu B Q,

OTMeTHM, YTO p-alHuecKoe pasJioXKeHHe MNO3BOJISET HaM NPOH3BOAHTb
apHdMeTHUeCKHe onepauMH Haj 3JeMeHTamH noas Q,, nono6Ho ToMy Kak
370 6b10 B cayyae R. Bosee Toro, Bckope Mbl YBHOHM, YTO NpPOH3BOAHTDH
apudMeTHYECKHe oMepauMH Hajl s/eMeHTaMH noas Q, Haxe Jierue, yeM Haj
IeHCTBHTENbHLIMH yHcaamu! [Tonoxum

o0

a= Z a,p", b= i b.p",
n=-—m

n=-—m

roe ap, u b, — p-agnueckre uudpbl, npHueM a_, # 0, Ho, BO3MOXKHO, oaHa
HJIH HECKONIbKO NepBbiX UHP b_m, b_m41,  paBhbl 0. Torna npaBas yacTb
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paBeHCTBa

atb= > (an+ba)p"

n=-m

fIBJIAETCA CXOAALUMMCS PAIOM; OLHaKO OH, BooGlue roBops, He Gyner KaHo-
HHueckoi ¢opmoi (4.2). IpHBeneHHe K KaHOHHUECKOMY BHIy, ONMHCAHHOMY
B TeopeMe 4.3, COOTBeTCTBYeT OGbIYHOM NpoLeaype CNOXKEHHS (HH BHIYUHTAHHA)
«CTOJIGHKOM», KOTOPYIO Halo NPHMEHHTb K P -aJHYeCKHM YHCJ/laM, 3aMHCaHHbIM
B BHzle (4.3), npHueM 31ecb, KaK H B cjlydae JeCATHUHBIX ApoGeil, HCNob3yeTcs
CHcTeMa nepeHoca B cocelHHH pa3psil.

YTo6bl NPOHJIIOCTPHPOBATL AJITOPHTM CJIOXKEHHsl, HalfileM KaHOHHYecKoe

p-anvueckoe pasjioxeHHe uucaa —1 B Q,. Mimeem 1 =...00001. ITyctb unc-
JIO @ = ...Qa3a2a)|ay YIOBJETBOpsieT cooTHoweHHo 1 + a =0 (torma a = -1).
Hauunnasn cnpaBa, nmeem 1 + a9 =0, Ho, Tak Kak ag € {0, 1, ..., p — 1}, enun-

CTBeHHbIH cNoco6 AOCTHYL TpebyeMOro COCTOHT B TOM, YTOObl HaHTH ag H3
cooTHolleHHs | + ap = p, a 3aTeM nepeHeCcTH elHHHLYY BJeBo. TakHM 06pa3oM
ag = p — 1. [1pononxkas 3ty npouenypy, Mbl BHIHM, UTO BCe 4, paBHbl p — |,
T.e.

—“l=...(p=D(p-=D(p-1).

YMHOXeHHe BBINOJIHAETCH NOXOXHM o6pa3oM. IlycTb 3anaHbl KaHOHHYeCKHe
pas3yioXKeHHs uHcea a H b:

o0 oo
a= Y a,p", b= b.p"
n=-m n=-k
IMepemMHOoXas psapl H NMPHBOAA MOAOGHbIE YsieHbl, TIoJyYyaeMm

(o <]

ab = Z upp”,

n=-m-—k

rae
U_m—t = AQ_mb_4,

U_mebt] = Qemytb_p + A_mb_p4),

CHoBa 3ToT psil, BooGlLie roBopsl, He ABJAseTCS KaHOHHUeCKOH (opMoii, Ho Me-
Tol TeopeMbl 4.3 N03BOJIsIeT HaM MPHBECTH ero K KaHOHHYeCKOMY BHAy. JTO
COOTBeTCTBYET 0OLIYHON Npolefilype YMHOXEHHA <CTOJIOHKOM», KOTOPYIO Halo
TIPHMEHHTb K p-alHYeCKHM YHCJaM, 3alHCaHHbIM B BHae (4.3).

Yrto6bl MPOHJJIIOCTPHPOBATH JeJIeHHe, TPEANOJIOXKHM, UTO JaHbl Ba YKC/a
a, b € Qp, npHuem b # 0. He Tepsn 0oGLIHOCTH, MOXXHO NPEANONIONKHTb, YTO
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beZpy b=...bab by, npruem by # 0. IlycTb p-annueckoe unciO @ HMeeT
BHI
a=...aza2a,a0,a_)...a_¢.

Tak Kak by # 0 ¥ Kosiblo BblueToB Z/pZ sBAsieTcs NojeM Als NpOoCTOro Ync-
Ja p, Bceraa MOXHO HaiTh Takoe c_; € {0, 1, ..., p — 1}, uto c_rbo = a_;
(mod p). Tpononxan oGbluHyI0 Npollenypy AeJieHHs (nepeHocs, ecaH Hano, |
BJIEBO), Mbl NMOJlyYHM uacTHoe a/b B KaHOHHUYeCKOH opMme.

M3 cka3aHHOTO Bbillle BBITEKAET, UTO €CJIH @ = ... a2a)d¢ — Lieloe p-aiu-
yecKoe YHCIo, NpHueM ap # 0, To o6paTHOE NO YMHOXKEHHIO YHC0 1/a Takxke
AIBAETCA LeMbIM p-aanyecknuM! (XoTa 3To CBOHCTBO LeAbIX p-alHuecKHX YH-
ceJl, Ha NepBblii B3rJAl, MOXET NOKa3aTbCA yAWBHTENIbHbIM, OHO OKa3blBaeTcs
ZIOBOJIbHO YAOOHBIM.)

C npyro# CTOpoHbI, H3 TOTO, UTO

(o]
D Zazpi=aop+a|p2+ #1+0p+0p%+

i=0
cJleflyeT, UTO p He HMeeT 06pPaTHOro No yMHOXeHHI0 B Z ), (pa3ymeercs, p HMeeT
ob6paTHbiit sjiemMeHT B Q, (ynpaxHenne 20)). [Toxoxue paccyxnenns nokasni-
BalOT, UTO LleJloe p-aanyeckoe YHCJO0, y KoToporo nepBas uHdpa ap pasHa 0,
He HMeeT O6GpaTHOTO NO YMHOXeHHIO B Zy. Pe3iomupyem BblllleckasaHHoe B
ClleflylolieM NpemioXKeHHH.

Npennoxenne 5.1. Lleaoe p-aduueckoe wucao

a=...a1a0€Z,

umeem obpamnoe no ymuoxcenuio 8 L, moaoa u morvko moada, Koz2oa

ap 95 0.
OGo3Hauum rpynny oGpaTHMbIX 3JeMeHTOB Koabua Z, yepe3 Zj . Torna

oo
z, = Za,—p‘:ao;éo .
i=]
dta rpynna Takke HasblBaeTCsi rpynnoii p-aduueckux edunuy. Cornacho
ynpaxHeHH1o 23

Chenylouiee yTBepXKieHHe HeEMeLJIEHHO CllellyeT U3 onpelesieHHs p-afHuyecKoi
HOPMBI H ynpaxkHeHHs 23.

Npeanoxenne 5.2. [Tycmov x — p-aduueckoe 4ucao, umenouee Hop-
my p~". Toeda uucaro x moxem Goimob 3anucano 8 sude npoussedenus
x = p"u, 20e u € Zj.

28



3ameTHM, uTo apHdMeTHUECKHe onepallkk B Q, pacluHpAIOT 0GbluHbIe One-
pauyH Hal HaTypaJibHBIMH YHCJ1aMH (3aMHCaHHBIMH NO OCHOBaHHIO p). 3HaKo-
Mble HaM aJirOPHTMbl NPOCTO HEOTPAHHUEHHO MPOAOKAIOTCS.

Bot HeckonbKo npHMepoB apHdMeTHUeCKHX onepauHii B Q7:

...263 x ...154 = ...455;
...30,2 —...56,4 =...40,5;
...421:...153 =...615.

\ YnpaxueHus
23. lokaxnre, uro Zy; = {x € Z,:|x|, = 1}.
24. Tlyctb uncno a € Q, HMeeT KaHOHHUECKOe p-aliHyecKoe pas/ioXeHHe

..Qp...Q2a1Q00,0-)...0_p.

Kakoe kaHOHHUeCcKoe pasyioxeHHe HMeeT YHcJIo —a?

25. Llenbie uncaa 2, 3, 4 o6pathmbl B Zs. Halinure 5-agnueckne pasio-
XKeHHs o6paTHbIX K HuM. Haiinute pasnoxenue uncaa 1/3 B Z;.

26. Haiinure 4 undpbl KaHOHHYECKHX Pa3JOKeHHH CJEAYIOWHX p-afHue-
CKHX YHCeJ:

1)...1246 x ...6003 B Q7;

2) 1:...1323 B Qs;

3) 900 — ...312,3 B Qy;

27. Haiinnre p-agnueckyto HopMy ukcnaa (p")!.

28*. Haiinute p-amnueckyioo HopMy uHcaa nl.

§ 6. p-apnueckoe pasjoxeHnne pauHOHAbHBIX YHCE

Kax<noe uesioe paunoHaibHOe UHCJIO ABJAETCA TAKXKe LM P -alH4eCKHM
YyHc/OM (NPOCTO 3amMILKHTE ero B CHCTeMe MO OCHOBaHHIO p). OmHako uedble
p-afiHyecKHe YHC/Ia eCTb H Cpelli palHOHaJbHbIX ApoGeii! Mbl BumeaH, 4to

e .
~l=(p -1 r,
i=0
no3TOMYy
oo
i 1 1
Yop=r— —=..111],
= 1-p’ 1-p

a 3TO YHCJIO SIBJISIeTCHl 3JieMeHTOM KoJiblla Z,. 3aMeTHM, YTO p-aaHuecKoe
pasJioXkeHHe 3TOTO LeJIOro p-alHuecKoro uKciaa 6eckoHeuHo! YnpaxHenue 31
COIePXKHT Heo6XoaHWMOe H NOCTaTOYHOE YCJIOBHE KOHEUHOCTH p-aJH4yecKoro
passioxKeHHs.
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Caepyouias TeopeMa MoKasbiBaeT, 4To Cpelld BCeX KaHOHHUYECKHX p-afH-
YeCKHX Pa3jioxKeHHH MOXKHO BbIIENHTb Pa3jioXKeHHs! paLHOHANbHBIX YHCE TOY-
HO TaKHM JKe CNocoGOM, KaK Mbl BbiZie/IfieM pa3/ioXKeHHS paLHOHANbHBIX YKHce
CpelH BceX AeCATHUHBIX Pa3JioXKeHHii BellleCTBEHHbIX YHCe.

Teopema 6.1. Kanonuueckoe p-aduueckoe pasrosxcerue (4.3) nped-
cmasasem payloHAAbHOe HUCA0 mo2da u moabKo mozda, Koe0a OHO ¢
HeKomopo20 MOMEHMA ABAREMCA NEPUOOULECKUM BAEBO.

Hoka3zatenbcTBo. [Ipeanonoxum, 4To KaHoHHYeCKOe p-afHyecKoe
pas/ioKeHHe, HauHHasi C HEKOTOpPOTO MOMEHTa, SIBJSeTCA NepHOLHYECKHM.
YMHoxasn (ecau Hao) NaHHOe p-afiMueckKoe YHCJO X Ha HEKOTOPYIO CTeneHb
YHC/Ia P H BbIYHTAs paLHOHANbHOE YHCJIO, MOXKHO CUHMTaTh, 4TO X € Zp H Xg
MMeeT NMepHoaHYeCKOoe pa3fioXKeHHe BHIa

x=xo4+xp+x20>+ +xp1 07 + x0p* + x) p*F!

Yucaoa=xo + x1p + xop? + 4 xpoy p"" SIBJIAETCA LIEJIbIM paLHOHasb-
HbIM, H NO3TOMY X MOX>XHO NMpeACTaBHTb B BHIeE

1
a(l+pk+p2k+...)=al__pk.

CJ/Ie[10BATEbHO, YHCJIO X SABASETCS PaLHOHAJbHBIM.
OG6paTHO, NpeanoNokKuM, UTo
a i
3= Zx; p'E€Zp.
i20

MOXHO CYMTaTb, YTO YHC/IAa @ H b FABMAIOTCA LEJbIMH B3aHMHO NMPOCTHIMH H
uto b He neMHTCA Ha p. 3anuueM p-aanyeckoe pasioxenwe uucna a/b:

a -

5 =% +xp +x0%+  + X p" +

¥ MONIOXKM A, = Xo + X1 p + )czp2 4+ + x,,_lp"“, 0<A, <p" -1 Tak
Kak A, fBJIfeTCA Ue/bIM PaUHOHaNbHBIM YHCJIOM,
nln

b ’
npuuem r, — uesoe uucio. Torna r, = (a — A,b)/p" n uimeer MecTo Cllenylolas
OlleHKa:

%=An+p

a—(p"—1b a

T <rp < F
Ecan n gocratouHo Besnko, To —b < r, < 0, a 370 03Hauaer, 4To r, NpHHHMaET
TOJIbKO KOHeYHOe YMCJ/I0 3HaueHui. Terepb Mbl MOXKeM 3anHcatb

x=A, + pn%l =An+l + Pn“% =Ap +ann + p"“%.
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OTcloga BbiTeKaer, 4To r, = Xpb + prpy) 1ns Beex n. Tak Kak r, npHHHMaeT
TOJILKO KOHeYHoe KOJIHYeCTBO 3HaueHHi, CYLIeCTBYIOT TaKOH HHIAEKC m 1 TaKoe
HaTypaJjibHOe YHCAo P, 4TO rpy = rpmyp; OTCIOAA

Xmb + Prmy1 = Xm4Pb + Prmypi1, (6.1)

no3ToMy
(Xm — Xm+P)b = P(rmeps1 = Tms1)-

Tak Kak (b, p) = 1, uicno p HENHT Xy — Xmyp. HO U Xy, U Xmyp ABASAIOTCA
uudpamu 13 mHoxectsa {0, 1, ..., p — 1}, nostoMy x, = Xp4p. Ecan noa-
CTaBHTb 3TO pageHcTBO B (6.1), TO MbI YBHAMM, UTO rpy) = Fm4p4). [1OBTOPHB
BbILLIEH3JIOXKEHHOe paccyXleHHe, NOJYUHM, UTo

rn=1"rn4p WU Xp=Xppp (n=m).

TakhM 06pa3oM, He TOJILKO NOCJeNOBaTeJbHOCTb UH(P X,, HO H NocsenoBa-
TEJIbHOCTb UHCJIHTeNIeli r, HMeeT NepHol AJHHbI P, ecain n > m. ]

BosHnkaeT Tako#i Bonpoc: MOXHO JIH N0 p-aOH4yecKoMy pasJioXKeHHI0 pa-
LIHOHAJILHOTO YHCAa onpefesuTh ero 3Hak? OTBeT Ha 3TOT BOMPOC NOJNOXH-
TeJIbHbIA, H OH JaH B ynpakHeHHH 30.

YnpaxHenus

29. Ilokaxkute, 4to

1)Z, N Q={a/b € Q: p 10},

2)Z; NQ={a/b € Q:ptab}).

30*. Ilyctb r € Q. IlokaxuTe, UTo CylleCTByeT Takoe YHcJo Rk > 1, uto
p-alHuecKoe pasjioXeHHe uucia rp* Moxer GbiTb NpeiNCTaBJeHO B BHIE
...aaaaab, roe dparMeHTbl a U b comepxar 0OOHHAKOBOE KOJIHYECTBO LHP.
Hokaxwure, uto HepaBeHcTBO 7 > 0 3KBHBaJIeHTHO HepaBeHCTBY b > a B 06blu-
HOM cMbicJle (KaK [1s LeJIbIX YHCEJ], 3aNHCaHHbIX B CHCTEMe N0 OCHOBAHHIO p).

31. [Tokaxute, 4T0 p-aquueckoe pasjioxeHHe uhcia a € Q, obpbiBaeTcs
(1.e. a; = 0 nnd Bcex i, HaunHas ¢ HekoToporo N) Toraa H ToJbKO Toraa, Koraa
a SIBJSIETCS NOAOHCUMEAbHOLM PALLHOHAJIbHBIM YHCJIOM, 3HaMeHaTeJslb KOTOpOro
AIB/INETCA CTeNeHblo YHcaa p.

§7. Jlemma lensens u cpaBHeHus

[Monpo6yem H3Beub v/6 B Q5; 5T0 03HauaeT, YTO Mbl XOTHM HaiiTH TaKylo
nocJieioBaTe/bHOCTb S-aaHueckHx uudp aop, a), as, ..., 0 < a; < 4, uro

(@+ax5+ay x5 +...)2=14+1x5. (7.1)
U3 (7.1) nonyuaem a% =1 (mod 5), otkyna ap = | nau 4. Ecavap =1, 1o

20, x5=1x5 (mod5%) = 2a,=1 (Mmod5) = a, =3.
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Ha caenyioulem ware nmMeem
1+ 1x5=(1+4+3x5+asx5)2=1+1x5+2as x5 (mod 5%,

OTKyZa cJienyert, uto 2as = 0 (mod 5) u, Takum o6pasom, az = 0.
Hrak, Mbl nosiyuaem psin

a=1+3x5+0x5%+

rie BCe @;, HauHHaA ¢ aj, onpeaejeHbl OJHO3HAYHO.
Ecan mbl Bo3bMeM ag = 4, TO noJiyunM pellette

—a=4+1x54+4x5+0x5+...

C npyroii CTOpOHBI, HecJiOXKHO ybemnutbcsi B ToM, uTo B Q5 cyulecTBy-
I0T YHCJIa, H3 KOTOPBIX HEBO3MOXKHO M3BJleub KBalpaTHblAi KopeHb (HanpuMep,
241 x9).

M3noXeHHbIf Bbillle METON pelleHHs ypaBHeHHil (TakuXx Kak x2 — 6 =0
B Q5) MOXHO 06OOIIMTL C NOMOLIBIO OYeHb BAaXKHOTO YTBepXKIeHHs, KOTopoe
Ha3biBaeTcs «jeMmol [eHsensn».

O6061asn 3ameuaHue 2, npefwecTByiollee npeaioxetuio 4.1, 6ynem roeo-
pHTb, uTo uicna a H b € Q, cpasrumel no Moxyno p”, v 3anHcHBaTh

a=b (mod p"),

ecam |a — bl, < 1/p".
Teopema 7.1 (nemma Tensens). lTycmo F(x) =co+ c1x +  + cpx" —
MHO204NCH C Yeabimu p-aduuecKkumu Kodgppuyuenmanu. fTycmeo

F'(x) =c¢; + 2cox + 3cax?2 +  + ncax™™!

— npou3sodHas muozousena F(x). lpednoroxum, umo p-aduueckoe
4ucao ag yoosaemsopsem cpasneruio F(ap) =0 (mod p), npuuen F'(ag) #
# 0 (mod p). Toeda cywecmeyem edurcmeennoe yeaoe p-aduvecKoe Huc-
A0 a, makoe umo F(ag) = 0 u a = ap (mod p).

JdokasaTeabcTso. loka3aTeJbCTBO CyLLIECTBOBAHHS YHC/AA @ COCTOMT
B NOCTPOEHHH KAHOHMYECKOTO p-aJHyecKoro pasvioxeHus a = bg + byp +
+byp? + no HHOyKuuu. Ha k-M 1ware HHOyKUMH, HCNOMBb3Ysl p-aiuue-
cKylo Momu¢uKkauuio Meroga HbloToHa (cM. 3aMeuaHde cpasy nocJie 3Toro
IOKa3aTe/bCTBa), Mbl NMOJyuHM k-e NpHOJAHXKEHHe YHCJa a, UMelollee BHI
ar = bo + ... + bpp*. Kaxnoe a, 6ymer kopHeM MHoroujeHa F(x) ToJbKO
«no mogymo p*+l» (1.e. F(az) = 0 (mod p**')). B npenene npu & — 0o bl
NOJIYYHM YHCJIO @, KOTOopoe GYeT «HACTOALIHM» KOPHEM MHoroujieHa F.
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Boaniee TouHo, noKa)keM uHAyKUHeil No k clenylolllee yTBepXKaeHHe:
S(k): cywyecmeyem makoe yeroe p-aduueckoe 4ucao suoa

ar=bo+byp+ +bpp*
(yugppor b; aexcam 6 mnoxcecmse {0, 1, ..., p — 1} 0ra scex i), umo
F(ar) =0 (mod p**') w ap=ag (mod p).

Basa nHaykuuy oueBHaHa: Bo3bMeM by paBHbIM NepBoii p-aanueckoi unudpe
yucaa dp, Toraa nosydyuM ap = o U F(ap) =0 (mod p).

Tenepb Bb|I0/HHM LAr HHOYKUKH, T.e. JOKaxeM, uto U3 S(k — 1) caeny-
et S(k). [lns 3TOro NoMOXKHM Qg = ak_ + be p*, rie undpa by (Noka Henspect-
Has) ynoeJetBopsieT HepaBeHCTBY 0 < b, < p. Pacnuwem F(ag), urHopupys
cnaraeMble, KpaThbie p*+!:

F(ar) = Flag-1 + bep*) = Y ci(ar—1 + bep*) =
i=0

n
= Zc;(a‘},_, + iak~\ by p* + cnaraembie, kpathble p**!) =
i=0

= Flag-1) + bap*F'(ar—1) (mod p*+").

Tak Kak no npeanofioxexHio HHayKunk F(ag—)) =0 (mod p*), Bbipaxenne ans
F(ar) MOXHO nepenucaTb B Bule

F(ar) = axp* + bep*F'(ar-1) (mod p**')

155 HekoToporo uedqoro a € {0, 1, ..., p — 1}. Takum o6pa3oM, Mbl nosiyuaem
cJlefiyiolliee ypaBHeHHe LIS HeH3BeCTHOH UHdPHI by:

a + bpF'(ak—1) =0 (mod p),

KOTopoe Jierko pewiaetcst npu ycaosuu F'(a,—;) Z0 (mod p). Ho 3710 ycnosue,
KOHEYHO Ke, BbINOJIHEHO, TaK KaK Q) = dp (mod p), H no3ToMy

F'(ar-1) = F'(@) #0 (mod p).
Pasnenus Ha F'(ak—;), Mbl HaxonuM TpeGyemyio uHdpy bp:
.
by = F'(ak-1) (mod p),

LNl KOTOPO#t BbINONHeHO cpaBHeHue F(ag) = 0 (mod p*+!). Tem cambim, war
HHIYKLHH 3aBepllieH.
Tenepb noJsioxum

a=bo+bp+bp*+
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3amernM, uto F(a) = 0, Tak Kak ans Bcex k umeeM
F(a) = F(ay) =0 (mod p**").

EnouHCcTBEHHOCTb YHC/Na @ BbiTeKaeT H3 eIHHCTBEHHOCTH NOCJeNO0BaTe/bHO-
cth {ag}. O

3ameuanue 7.2. B Merome HbloToHa 4nsi BellleCTBEHHOro cJiyuasi, ecsii
f'(an—1) # 0, Mbl BbIGHpaeM

i(an—l)

,'(an—l)'

[TonpaBouHbIfi u/leH oueHb NOX0X Ha «NONPaBOYHBIH ujleH» 13 10Ka3aTelbCTBA
JeMMbl TeH3ens:

Qpn =Qp—) —

n_ _ o p" _ Fl(an—) (mod pn+l)
F'(an—l) F'(an—l) ’

OpmHako nieMMma TeH3esisi B HEKOTOPOM cMbicjle Jiyuule, ueM meTon HbloToHa B
BelLleCTBEHHOM CJlyuae: B p-allHuecKOM cJiyuyae CXOOHMOCTb K KOPHIO MHOTO-
ujieHa rapaHTHpyeTCsl yHHBepCa/lbHbIM YCJAOBHEM Ha HauajlbHoe NpHOJHXKeHHe
@, NpHYEM BHJI 3TOTO YCJIOBHSA He 3aBHCHT OT MHOTOUJIeHa. B BeliecTBerHOM Xe
cayuae Meron HbloToHa cxoauTces, eciv HayasbHoe NpHOJIKeHHe JOCTaTOuHO
6JIH3KO K HCKOMOMY KOpHIO, @ 3TO yCJIOBHe 3aBHCHT OT MHoroujeHa. Hanpu-
mep, ec f(x) = x3 — x w ag = 1/V/5, To nonyuntes a, = —1/v5, ag = 1/v5
M T. L

HanomHum, uto B TeopeMe 4.3 KaHOHHUECKOe pa3JioXKeHHe p-adHyYecKoro
yucsa NoJlyyaeTcsi W3 MOCJeNOBaTeNbHOCTH cpaBHeHul. Jlemma [en3ens non-
TBEpK/AaeT 3Ty cBA3b. CJelyollas TeopeMa AeslaeT CBA3b MEXAY p-adHuecKn-
MH YHCJIaMH H CpaBHEeHHAMH elle 6oJiee OYEBHIHON.

Teopema 7.3. Mroeounen ¢ yeavimu Kod3gppuyuenmanu umeem KopeHo
8 L, mozda u moavko moeda, k020a OH umeem YeAOHUCLEHHbLE KOPEHb
no modyao p* dan amobozo k > 1.

HokaszateabcTBo. [lycTb F(X) — MHOrou/IeH C LIEJIOYHCEHHBIMH KO-
s¢prumnentamu. Ilyctb a € Z, ABAsieTCs KOPHEM 3TOr0 MHOroOuJieHa, T.e.

F(a) = 0. (7.2)

bnp

[To Teopeme 4.3 cyuecTByeT Takas MOCJeENOBAaTENbHOCTb LEJBIX YHCE]
{a), ag, ..., as, ...}, uto

a=ap (mod p*) (ap=bo+b1p +bop?+  + by p*Y).
Torna u3 cootHowenwit F(a,) = F(a) (mod p*) u F(a) = 0 caenyer, uto

F(ax) =0 (mod p*). (7.3)
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O6patHo, NpeanosioXHM, 4To cpaBHeHHe (7.3) uMeeT LEIOYHC/IEHHOE pe-
1eHHe a, aas Jio6oro k > 1. CornacHo teopeme 4.6 nocsienoBaTeNbHOCTb {ag}
COZIEPXKHT CXOAAILLYIOCA NOANOC/eN0BaTeNbHOCTb {ak, }, lim ag, = a. [Tokaxewm,

1—00

4TO a AB/sETCA pellleHHeM ypaBHeHHs (7.2). IleficTBHTENIbHO, TaK KaK MHOro-
usieH IBJSIETCA HenpepbiBHOH (yHKLUMef, HMeeM

F(a) = ‘Ergo F(ag,)

(3necb Mbl Nosib3yeMcsl TeM, UTO Npefiesl CyMMbl paBeH CyMMe NpelesioB H npe-
Iie1 IpoH3Be/leHHsl paBeH NPOH3BelleHHIO NpelesoB, T.e. NpeioXeHHeM 3.5).
C npyroii cTOpOHBI,

F(ay,) =0 (mod p¥).

Takum o6pasom, lim F(a,) =0wu F(a) =0. O
-

l'lpaK'rmleCKo‘e co.rcl)encmue TeopeMbl 7.3 cocToHT B caenytouieM. Ecan MHo-
rouJieH ¢ LeJbIMH KO3¢(dHLIHEeHTaMH He HMeeT KOpHel 1Mo MOAYJIO p, TO OH He
HMeeT KopHe# H B Zp. OGbluHO GbiBaeT HeCJ0XKHO HaHTH KOPHH N0 MOayJio p,
ecJH OHH ecTb. Ecain KopeHb Mo Moay/io p He ABJISIETCSA KOPHEM NPOH3BOAHON
no Mozynio p, To No JieMMe eH3enn MOXHO HalTH KOpeHb B Zp.

Bropoe ycnosue (F’(Go) =0 (mod p)) Teopembl 7.1 cyuiecTBeHHO (CM.
ynpaxHeHue 32).

ByneM HasbiBaTb Lies10e pauHoOHasbHOE YHCIO a, He Jesisillieecs Ha p, k8aod-
PAMUYHOIM BbLHEMOM NO MOOYAIO P, €CIIH CPaBHeHHe

x2=a (mod p)

HMeeT pelueHHe cpend uncen {1, 2, ..., p — 1}. B npotHBHOM cayuae a Ha3bi-
BaeTCA K8AOPAMUYHbIM HEBLLHEMOM.

NMpennoxenne 7.4. Lleaoe payuornarvroe 4ucao a, He deaswyeecs Ha p,
umeem 8 Z, (p # 2) ksadpammuoii KOpeHs moeoa u moasbko moeda, Ko-
20a a asanemca K8aopamu4HolM 8bl4emom no Mooyl p.

Nokasateabctso. [lycts P(x) = x? — a, Torna P'(x) = 2x. Ecan a—
KBaJpaTHYHbIA BbIYeT, TO

a= ag (mod p)

ns Hekotoporo ag € {1, 2, ..., p — 1}. 3nauut, P(ap) =0 (mod p). Ho
P'(ag) = 2a90 #0 (mod p),

Tak Kak (@, p) = 1. CnenoBaTtesnibHo, no Jemme [eH3ens cyllecTByeT pelie-
HHe, npHHaanexallee Z,. O6paTHO, ec/iH @ — KBaJpaTHUHbIH HeBblyeT, TO NO
TeopeMe 7.3 MHorousieH P(x) He HMeeT KOpHe# B Zp. O

Hanpumep, v—1 B Zs cyuiecTsyeT, Tak KaK uucio —1 + 5 = 4 ssasercs
KBaJ[paTHUHBIM BbIYETOM MO MOZYyJI0 5; B TO Xe camoe BpeMsi v —1 B Z3 He
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CyLUECTBYeT, TaK KaK uicio —1 + 3 = 2 saBsserca KBagpaTHYHLIM HEBbIYETOM
no MonyJao 3.
Beisichure, cylectByer JH \/p B Zp?

¥YnpaxHenus

32. IlpuBennTe NpHMep MHOTOUJIEHA C LeJbIMH KO3 PHLIHEHTaMH, KOTOPbIH
HMeeT KOpeHb 1o MOLYJIo 2, HO He HMeeT KopHeii B Zs.
33. IlokaxkuTe, uTo €c/iH p # 2, TO p-anuueckas eaMHHLA

u=co+cp+cop’+

AIBJIAETCA KBANpaTOM B Z, TOrAa H TOJIbKO TOTAa, KOria Co ABJseTCs KBajlpa-
THYHBIM BbIYETOM MO MOIYJIO p.

34. Jlokaxure, uto ypaBHehHe x> — 1 = 0 umeer pewenne a # 1 B Z7, H
HaluTe Tpu nepBble UH(PLI €ro KAHOHHYECKOTO Pa3JOXKEeHHs.

35. JlokaxHute, uto ypaBHehHe x> — 1 = 0 He uMeeT pelueuit a # 1 B Q7.
Bb! nosKHbI 06BACHHTD, NOYEMY TaKHe KOPHH U3 |, ecaid 6bl OHH GblH, LOJKHbI
6blH 6bl NeXaTb B Z7, a He npocto B Q7!

§ 8. Aire6panueckne cBOHCTBA LeAbIX p-aAH4YeCKHUX YHCE

Mbl yxe BUIEJH, UTO Le/ble p-afHyecKHe YHC/ia BO MHOTOM OTJIHYAIOTCS
OT OGBIUHBIX LIEJIBIX UMCEJ H3 MHOXKEeCTBa Z. 31ech Mbl YBHAMM, 4TO ajreGpau-
yecKHe CBOWCTBA YHceN U3 Z, He XyXe, a MOXeT GbiTb, laXke 4eM-ToO H JIyuLle,
yeM CBOMCTBA OGbIUHBIX LieJIbiX uHcesi. OGbluHble Lesble YHca 06pasyloT KoM-
MymamueHoe KOAbYO, T.e. 3TO MHOXKECTBO C JIBYMsSI GHHapHbIMH OfepaLHsiMH,
KOTOpbi€ Ha3bIBalOTCS, KaK H B cjiydyae NnoJisl, CIOXKeHHeM U YMHOXKeHHEeM, NpH-
yeM 3TH OnepauyH YJOBJETBOPAIOT cBoHcTBaM 1)—6) u 9) u3 onpenenenus
noas (§2). KommyrariBHoe KoJiblo 6e3 nesiuresieil Hysisi Ha3biBaeTcsi 004a-
CMbI0 YeAOCMHOCMmU.

HenycToe noamHoxecTBo / Kosbla R Ha3biBaeTcst #0eaioM, ecii OHO B~
JsieTcs NOArpynmnoi B R no cJoXKeHHI0 U 1if Jo6bix X € [ v r € R BbinoJHsercs
BKJIloUeHHe r - x € /.

Hanpumep, MHOXKeCTBO mZ BceX LEJbIX YHCEJ, AeJNSALUMXCS Ha 1aHHOe YHC-
Jlo m, AABAsIeTCS HaeaJioM Kosbla Z.

Wpnean Ha3biBaeTCsi MAKCUMAAbHOIM, €CIH OH He COIEPXHTCA HH B Ka-
KOM JpyroM co6CTBeHHOM Hieasie. B npuMepe, npuBeseHHOM Bblllle, Haean mZ
MaKcHMaJieH Tora H TOJIbKO TOraa, KOrjaa m siBJSeTCA NPOCTbIM YHCJIOM.

Hnean I C R HasbiBaercs eaasHoim, eciv [ = rR = (r) aas Hekotoporo
reR.

Ilnst konbua R W naeana I C R moxHo ornpenesutb dpakrop R/I Kak MHo-
XKeCTBO CMeXHLIX KJIacCoB C OnepalHsMH CJOXEHHS H YMHOXKeHHs, KOTopble
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OMNpeieNfAloTCA ecTecTBeHHbIM 00pa3oMm. Ecin R — KoMMyTaTHBHOE KOJIbLO C
elHHHUel, To R// sBAsieTcs nosieM Toraa W TOJMbKO Toraa, Koraa uaean /
makcumaneH. Hanpumep, Z/pZ — 310 nose BhIYeTOB NO MOAYJIO p, KOTO-
poe fABJIfIeTCA eANHCTBEHHbIM noJieM H3 p 3JjeMenToB. [lns Gosee noapo6HOro
o3HakomJeHus cM. [3], §3.5.

Mpeanoxenne 8.1. Koavyo Z, sersemcs obracmoio yerocmuocmu.

HokasateabcTBO. ITO BbITEKAET H3 TOTO, YTO Zp COAEPHKHTCH B MHO-
xectBe Q,, KoTOpOe fABJISIETCA TNOJIEM H NO3TOMY He COLEPXKHT leJuTeJedt
HyA8. O

Mycts Fp = Z/ pZ — xoHeuroe nose u3 p saementoB. OToGpaxeHne

o0
a= Za,-p‘ — ag (mod p)
i=0

onpenesisieT roMOMOp(dH3M KoJell, KOTOpblii Ha3blBaeTcs npusederuem mod p.
3T0T roMoMOp(pH3M CIOPBHEKTHBEH, H €ro sapo HMeeT BHI

[e o) oo
{a€Zpap=0}= Za;p‘ = pZaH..p‘ = pZp.

i=] i=0

Tak kak ¢akrop saBaseTcs nosem, aapo pZ, o6pa3yeT MakKCHMabHBIH Hieal
B KoJible Zp.
Caeacrsue 8.2. Koaoyo Z, codepaicum eOUHCMBERHOLE MAKCUMANLHOLL
udean, @ UMEHHO
—_ X
PLp,=Zp\Z,.

HokaszateabcTtBo. [Tyctb / — apyroi MakcHMasbHbIi HAeas. Tak Kak
naean pZ, Takxe MakcHMalbHbi, / 0683aH coliepxaTb KakoH-To 3JieMeHT a
U3 ero J0ONOJIHEHHA, a € Z,’,‘. Tak kak / sBnsiercsi upeasiom, l =a-a~' el n
torna | = Zp. a

Mpennoxenne 8.3. Koaoyo Z, aeanemcs 062acmoio 2ra8HHLX UOLANOS.
Boaee mouno, ece udearw koavya Z, erasnoie: {0} u p*Z, 013 scex k € N.

Hokasateabctbo. [lycrs / # {0} —kakoi-To upean B Z, n0#a €l —
3JIeMeHT, MMeIOILHH MaKCHMa/lbHYI0 HOPMY (TaKol 3JieMeHT CyLlecTByeT, Tak
KaK HopMa NpHHUMaeT AHCKpeTHOe MHOXecTBo 3Hauenuit). ITycts |a|, = p~*
ans Hekortoporo k € N. Tornaa =¢ p*, roie € ABNsieTCA p-aquyecKol eIMHHLIEH.
Chnepnosarenbho, p¥ =e~'a C I, a 3naunrt, (p*) = p*Z, C I. Hao6opor, nis
Jo6oro b € I mbl umeeM |b|, = p~® < p~*. Ho Toraa Mbl MoXeM Hanucatb

b= pwel = pkpw—ke/ e kap.
Takum o6pasoM, I C p*Z,, u, 3naunr, | = p*Z,. O
P P
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B §7 B kauecTBe npusoxeHHs JieMMbl [eH3e/1 Mbl pacCMOTpeJIH CyLLeCTBO-
BaHHe KBaJpaTHbIX KopHed B Q,. IlpyruM npHMeHeHHeM 3TOro yTBepKieHHs
IBJIIETCA BOMPOC O NPHMHTHBHBIX KOPHAX H3 eOHHHLb B Qp.

Hanomuum, uto saemeHT noss { Ha3biBaeTCs KOpHeM cmenenyu m u3 eou-
Huyst, ecni {™ = 1, Takoli KopeHb Ha3blBaeTCs npumMumusHoim, ecan L # 1
mald<n<m.

NMpennoxenne 8.4. [as 106020 npocmoeo 4ucaa p u amo0boeo namy-
PAAbHOO Hucaa m, 83AUMHO npocmoeo ¢ p, 8 Q, cywecmeyem npumu-
MuBHOLE KOpeHs cmenenu m u3 eOUHUYbL M020a. & MOALKO moeda, Ko2oa
m|(p — 1). Bamonu cayuae kaxdoii kopens cmenenu m u3 eOuHUYbL A6-
asemcs makace Kophem cmenenu (p — 1). Bce kopru cmenenu (p — 1)
u3 edunuyor 06pasyom yuxuueckyo nodepynny 8 L, nopadka (p — 1).

HoxasateabctBo. [lyctb m | (p — 1); Torna p — | = km pns Heko-
Toporo k > 1, W, 3HauMT, KaXKablii KOpeHb CTeneHH m H3 | ABJsAeTCA TaKxKe H
KopHeM cTeneHH (p — 1). [Nonoxum

fy=xP"" =1, F@)=(p—xP2

BosbmeM npoH3BoJIbHOE HaTypalbHOE YHCII0 Xo € Zj; U3 oTpeska 1 <xo< p—1.
Torna

f(xo))=0 (mod p) u ['(xo0) #0 (mod p),

TaK KaK |f'(xo)] = 1. CnenoBaTenibHO, MOXXHO NPHMEHHTH JieMMy [eH3ens H no-
JIyYHTb B TOUHOCTH (p — 1) pelieHne, KOTOpbIe ABJSAIOTCA KOPHAMH H3 | cTeneHH
(p — 1). [NepBble uHDPHI 3THX KOPHeli paBHbI, COOTBETCTBEHHO, 1, 2, ..., p—1.
O6paTHo, ecan o € Q, — Kako#i-To KopeHb H3 | cTenenn m, o™ =1, 7o |a|p, =1,
T.e. & € Zp. IycTb nepBas undpa uncna o paBHa ag. Toraa af' = 1 (mod p),
M, 3HauuT, m neaut p — 1, roe p — | — nopsinok rpynnsl (Z/pZ)*. Tak kak
MHOTOUJIeH ¢ Ko3(p(hHUHEHTaMH B NoJie He MOXET HMeTb KopHeii GoJblie, ueM
ero crenenb ([3], Lemma 5.3.2), mHorousien xP~! — | He MoxceT uMeTb Gosbile
(p — 1) KopHsi, H Bce ero KOpHH sIBASIIOTCA KOPHAMH H3 1. SIcHo, uTo KopHH
13 1 o6pa3yloT rpynny no yMHoxeHuto. HakoHel, Tak Kak KoHeuHasi noArpynna
MYJIbLTHIVIMKAaTHBHOI rpynmbl noss uukanueckas ([3], Lemma 7.1.6), rpynna
KopHe#i U3 | cTeneHH (p — 1) ABAfeTCA LUMKNHYECKOH NOArpynmod nopsaka
(p—18BZj. O

Jlna HaxoXIOeHHA KOpHeH H3 eHHHLBI cTeneHH p jemMa [eH3ens HenpH-
MeHHMa (moyeMy?), Mbl BepHeMcsl K 3TOMy Bonpocy no3dxe (Teopema 18.9).

KopHu n3 emuHHUbl cTeneHH (p — 1) TecHO CBfA3aHbl C TaK Ha3blBaeMOW
pynkyued cuenym sgn,(x), KoTopas onpelenseTcs B Clelylolel Teopeme.

Teopema 8.5. [las a06020 x € Z, cywjecmsyem npedes nll'ngo x*". 3mom

npedea o6o3nauaemcs sgn,(x) u obradaem caedyouumu ceolicmeamu:
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a) sgn,(x) 3asucum moavko om nepeod yugpol Xo KAHOHUHECKO2O
p-adu4ecko20 pasnoierus Hucaa x;

b) sgn,(xy) = sgn,(x) - sgn,(y);

c) sgn p(x) =0, ecau xo =0, u asanemeca kopnen u3 | cmenenu (p — 1),
ecau xg # 0.

Hokasateabctso. Ilyets xp €{1, 2, ..., p — 1}. CHauana Mbl noka-
JKeM, uTo nocJenoBatesbhocTb {x§ } cxommres. [To Teopeme Diinepa

xg"’"’ =1 (mod p"),

A
roe ¢ — dyHkums dfsiepa: A8 HaTypajibHOTO YHCJIA M 3HaueHHe ¢(m) paBHO
KOJIHYECTBY YHCeJl, MEHbLUIKX /7 W B3aHMHO NPOCTbIX ¢ HUM. Tak Kak yucio p —
npocroe, meeM @(p") = p" — p"~!. Toraa

p'—p"~
X0

‘=1 (mod p"), xé’n Ex(‘;’"_l (mod p"),

H, Cle[OBaTeNbHO,
. pn pn—l 1
lXg =%y lp < o

n
Tak kak 1/p" — 0 npu n — 0o, noc/enoBaTeJbHOCTb {x§ } ABAAeTCS noce-
noBateibHOCTbI0 Koln H, NocKosibKy MpocTpaHCTBO Zp NOJMHO, CXOAHTCH K
HeKoTopoMy npefeny B.Zp,, KOTOPbifi Mbl 0603HaYHM

n
sgn, (xo) = lim x§

OuesnaHo, uTo 3TOT Npenen cyluecTByeT ans Xo = 0, nosTomy dyHKums sgn , (x)
onpezesnena uisi Beex xo € {0, 1, 2, ..., p — 1} n sgn,(0) = 0. llanee mui no-
Ka)keM, UTO 3TOT NpeJeJ! CYLLeCTByeT sl Bcex X € Zp H ONpefessieTcs neppoi
undpoit xp ukcna x. [as 3Toro HaM NOHaNOGHTCA cJeaylolas JeMma.
Jlemma 8.6. [Tycmo x € Z,, npuuen nepsas yugpa wucia x pasxa x.
Tozda seinoaneno nepasencmso |xP — x§|, < p~'|x — xolp-
Nokaszateabctso. [ycts x = xo + a, npuuem |a|, < p~!. Toraa

14 -1 14 -2 2 P
x”—xé’:( )x” a+(2)x6" o + +(p)a”=

| ==z (D)™ + (5)Pa+... + (Z)a”").

Tak kak |(’f)x§"ai"'| < p~! ana j > 1, npumensia CHIbHOE HepaBEHCTBO
TpeyroJibHHKa, NnoJyyaeM

[x? — x§1p < p~'|x = X0l o
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ITpumeHss noka3aHHyl0 JeMMy, NoJyyaeM

n—|

n -1 -
WP —xf o < p7'T =k < <P = xolp,

. n . n
OTKyZa cjieflyeT, uto npefea lim xP° cywectyer v paBhsercs lim x§ Ta-
n—oo n—oo
KHM 06pa3oM, Mbl ONpefeuiH Sgn ,(x) s BeeX X € Zp, 10Ka3aB TeM CaMbiM
yTBepXKlleHHe a). YTBepxkieHHe b) BhiTeKaeT U3 CBOACTBA NpeeJioB:

lim (xy)”" = lim (x*")(y”") = lim x?" lim y*"
n—oo n—oo n—oo n—oo

Ocrasnoch nokasatb, uto ecam xg € {1, 2, ..., p — 1}, To sgn,(xo) siBAsieTcs
KopHeM u3 | ctenenu (p — 1). Mcnosb3ys yrBepxxieHue b) u Manylo Teopemy
depma (koTopas siBAseTCs YACTHLIM cJlyyaeM TeopeMbl Jiisiepa npu n = p),
nosyyaem

sgnh~! (xo) = sgn,, (x5 ') = sgn (1) = 1.

Taknm 06pa3om, 3HaueHHst GYHKLHH SN, (x) ABASIOTCA PELeHHSIMH ypaBHeHHs
y? —y =0. Tak kak Q, — nose, 370 ypaBHeHHe He MOXeT HMeTb B Qp, a
3HAuHT, H B Zp, Gosblle p peutenit. CiiefoBaTeNbHO, 3HaYeHHAMH (DYHKUHH
CHTHYM MCYepIbIBAIOTCA BCE PELIeHHs 3TOrO ypaBHEHHS. ]

§ 9. MeTpHKH 1 HOpMblI Ha MHOXXECTBE palMOHANbHbIX
yncea. Teopema OcTpoBckoro

Kak Mbl yxe BuOen, Ha nose Q MOXHO BBeCTH cJjelylollHe HOPMBbI:
BO-TIEPBbIX, p-alHYeCcKyl0 HOPMY |-|, Il KaXIOro NpocToro uucaa p, Bo-
BTOpPBIX, OGbIYHYI0 aGCOMIIOTHYIO BeJIHUHMHY |-| (KOTopasi HHorna o6o3HauaeTtcs
|*|oos YAOOHO CuHTaTh, uTO p = 0O ABJseTC GECKOHEUHO GOJILLIMM NPOCTHIM
yncaioM). 31ech Mbl MOKaXkeM, uTo Ha Q He CyLIeCTBYeT ApyrHX HOPM H, caeno-
BaTeJIbHO, €IMHCTBEHHO BO3MOXCHBIMH NONOJNHeHHsIMH Noas Q sBasTCA noas
Qp ans Beex npocthix p H R = Q.

Teopema 9.1 (teopema OctpoBckoro). Bcakasa nempusuasvHas Hop-
ma ||-|| na Q sxkeusasenmna Hopme |-|, 028 HeKOmOPO2O npocmoeo wuc-
AQ p uaw p = 00.

Hoka3aTteabcrso. [IpemnonoxuM cHauana, uto HopMma |- || apxume-
IOBa, T.e. CYLIEeCTBYeT Takoe HaTypaJbHoe 4ucJio 1, uto ||n|| > 1, u 0603HaunM
yepe3 79 MHHHMMAaJIbHOEe YHCJO 7, YLOBJeTBOpsiollee 3ToMy ycioBHio. Torna
inoll = n§ nns HekOTOPOro NOJMOXKHTENLHOTO NEHCTBHTENLHOTO YHCA .

3anuuieM NpoK3BoJbHOE HAaTYpPaJIbHOE YHCJIO 11 B CHCTEMe C OCHOBaHHEM iy,
T.e. B BHIE

n=ao+a|no+a2n3+...+asn3,
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rie0<a;<ng, i=0,...5s nas #0. Torna
lnll < liaoll + llainoll + llazndll +  + llasngll =
= llaoll + llailln§ + llazllnd* +  + llas|Ing®

Tak Kak Bce uubpbl a; CTporo MeHblue rp, HMeeM (COrIacCHO BbIGOpY rig)
llai]l < 1. CnenoBaresbHo,

Inll < 1+ ng +nd*+ ... +ni* <

o0 n
—92 _ 1\
ng*(1 + ng® + ny °‘+...+n0“‘)<n“(§ (“—3))

i=0

A

notoMy uTo n > ng. BuipaxceHHe B ckoGKaXx sIBieTC KOHCTAaHTOM, He 3aBHCs-
wwe# ot n; o6o3HaunM ee C. Takum o6pa3som,

In]l < Cn* pns Bcex n =1, 2,
Ecan npuMeHnTb 3T0 e paccyxnente K nV BMecto n, To nonyuum
2"l < €' = || < VCn®.
3actukcHpoBaB n ¥ nepeiins K npeaeay npy N — 00, NoJyunm
linll < n®. O.n
-JlokaxkeMm Terepb o6paTHoe HepaBeHCcTBO. CHauana 3aMeTHM, 4TO

S*'>n>nd.

Tak kak
aSH% = gt = ln + n$* = al| < |ln)l + |nt! — nl,
HMmeem
1
||n|| "no+|" "ns+l n|| > ngs+ Jo (nf)"" - n)%,
MOTOMY 4TO
gt = n|| < (15 — )%,

KaK Obu10 10Ka3aHo Bbllle. Takum 06pasoM, Tak Kak n > ng,

1 \*
"n" > ng+l)u. (ns+l na)a — n(()s+l)a[l _ (l _ n_o) ] — C/nas+l)u > C'n*
IR HEKOTOPOH MOJIOXKHTEJIbHON KOHCTaHThl C’, He 3aBHCsLLEH OT n.
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Kak u Bbiule, npuMenum 310 HepaBeHcTBo k n" W3saekan kopehb N-ii
CTeNeHH H Nnepexofs K npepeny npu N — oo, nosyyaem

lInll > n®. (9.2)

U3 HepaBetcts (9.1) u (9.2) caenyer, uto ||n|| = n* mns Bcex n € N. Tlpume-
HAR CBOWCTBO 2) M3 onpeaeieHHsl HOPMbI, Mbl BUIMM, uTo ||x|| = |x|*. Hakonew,
npesnoxente 2.6 no3BoJsieT HaM 3aKJIOUHTD, YTO IaHHAA HOpMa SKBHBAJIEHTHA
a6CoNIOTHOI BesIHuHHe |- |.

Tenepb npeanosnoxuM, 4to HopMma || - || HeapxumenoBa, T.e. ||| < 1 ans Beex
HaTypaJbHbIX uhces n. Tak Kak Mbl NPeANnoNOXHH, 4To HopMa |- || HeTpHBH-
a/lbHa, MOXXHO HaHTH UHCJIO Mg, KOTOPOe SIBAIETCA MHHHMAaJbHbIM CpellH Bcex
HaTypaJIbHbIX YHceJl, YIOBJIETBOPSAIOWNX HepaBeHCTBY ||n|| < 1. 3ameTnm, uto
3TO YHCJO 7y 00513aHO ObITb NPOCTHIM, TaK KakK ecjaH 6bl OHO Gbl1o npen-
CTaBHMO B BHIE Mg = NNy, Te Ny, ng < fg, TO BbINOJHANOCH Gbl PaBEHCTBO
[ln1]l = |In2]l = 1 v noatomy Mbl nostyuuan 6ui ||ngl| = ||ny||||n2]| = 1. O603Ha-
YHM 3TO NPOCTOE YHCJIO ng Yepe3 p.

IMokaxkeM, uTo ecan n He Heantcs Ha p, To ||n|| = 1. Pasnenum n Ha p ¢
ocratkoM: n=rp + s, rae 0 < s < p. I3 MHHHMabHOCTH YKC/Ia p BbITeKaer,
uto ||s]| = 1. Mbl uMeem Takxe ||rp|| < 1, Tak Kak ||p]| < | (no BeiIGOpy p) H
II7]l < 1 (13 HeapxumenoBocTH HopMbl || - ||). CrenoBarenbHo,

lin — sl < lIsll,

¥ ¥3 npemioxeHus 2.11 Mbl noayuaem, uto ||n|| = ||s|| = 1. HakoHew, ans nau-
HOro 12 € Z MOXHo 3anucaTb n = p’n’, rae p He geaut n’ OTcloma

Inll = Npl° 2"l = eI

Mycts p = || pll < 1. Toraa p = (1/p)* anst HeKOTOPOTO MONOXKHTENLHOTO Aefi-
cTBHTe/IbHOrO uhcaa o. TakuM o6pasom,

llnll = |nl5.

Tenepb sierko nokasaTb (BOCNOJ/b30BaBLIHCH CBOMCTBOM 2) H3 onpeneJieHHs
HOPMbI), UTO TO XK€ caMoe COOTHOLIeHHe GyIeT BbINOJHEHO, eCiH BMECTO N
NOACTaBHTb NPOH3BOJIbHOE HeHyJeBoe palHoHajibHoe uHciao x. IlpuMeHuB
npennoxenre 2.6, nonyunm ||-|| ~|-|,, ueM 3aBepinaeTcs N0Ka3aTe]bCTBO
TeopeMbl. O

Mpennoxenne 9.2 (hopmyna npoussenenns). Mycmo Q% =Q\ {0}. Toeda
025 06020 x € Q* gvinoansemcs pageHcmeso

H lxlp =1,

p<o©
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20e npouseedenue bepemcsa no scem npocmoim wuciam 8 N, sxaouasn
«npocmoe 4ucaro Ha 6ecKoHewHoOCmuU».

Ioka3zaTteabcTtso. [JocratouHo n0Ka3atb 3Ty Gopmyay B cayuae, Ko-
ria x siBJISieTCA HaTypaJibHbIM YHCJIOM, NS OCTaJIbHBIX YHCeJ OHa GyaeT ceno-
BaTb H3 MyJILTHIJIHKaTHBHOCTH HOpMbI. MTak, nyctb x = pi' - p3? - - - pp*. Torna
|xlg =1, ecan g # pi, |x|p,=p  mnai=1,..., knlx|=pf" pst--- ppt.
YTBepxaeHHe NOKa3aHo. O

Sta dopMyaa ycTaHaBIMBaeT COOTHOLUEHHe MeXay HopMamu Ha Q. Ha-
npHMep, ec/iH Mbl 3HaeM 3HaueHHsi BceX HOpM, KpoMe OHOM, To 3Ta ¢opmysa
no3BoJisieT HaM BOCCTaHOBHTb 3HaueHHe HEM3BECTHOI HOPMbI. TO OKa3biBaeTCs
OUeHb BaXKHbIM B NPHJIOXKEHHAX K ajirebOpaHueckoi reoOMeTpHH.

[TpennonoxuM, 4To Mbl XOTHM HaliTH KopeHb MHorousieHa B Q. OueBnaHo,
YTO ecJii 3TOT MHOrouJieH HMeeT Kophu B QQ, To OH MMeeT KopHH B R 1 Bo
Bcex nodiax Q,. OTciona MOXHO 3aKJIIOUHTB, UTO €CJIH IS HEKOTOPOTO P < 00
MHOTOU/IeH He HMeeT KOopHeH B Qp, TO 3TOT MHOrouJieH He HMeeT KOpHeH H
B Q (3mecb «oo-auuecKHX» CHOBa O3HauaeT «BelleCTBeHHbli»). O6partHoe
yTBepKIeHHe npeicTaBasiercsi 6oJiee HHTepPeCHBIM, HO BepHO JIH OoHO? Ecau
MHOTOUJIeH MMeeT p-afiHuecKHe KOPHH 1A BCeX P, BKJIOUas 0o, TO HMeeT JIH OH
XoTs 6bl ONHH palMOHa/bHbIA KopeHb? Bot npocrtoii npumep, koraa o6patHoe
yTBepXKIeHHe BEPHO.

NMpennoxenne 9.3. Yucao x € Q asarsemcsa ksadpamom 8 Q moeda u
moAbKO moz2oa, K020a OHO asasemcs keadpamom 6 Kaxdom nore Qp,
p < oo.

HokasarteabcTBo. Insa aoboro x € Q* nmeem

x= H pordex)
p<oo

Ecau uncno x sBasietcs kBaapatoM B R, To oHo nosoxkutensHo. B Q, Mox-
Ho Hankcatb ¥ = p°*®y, rne u € ZX (npeanoxenne 5.2). Ecan x siBasercs
kBazpatoM B Qp, To Nopsinok ord, (x) LomkeH GbiTh YeTHbIM H 4 = v 1A HeKo-
TOpO# p-annyeckoi eanHuubl v € Z7. Ecau Mbi nepenuiuem Haue HcxonHoe
pasiioxeHHe, TO YBHAHM, UTO X SIBJSIeTCA NOJIHBIM KBaapaToM B Q. O

JlokasaHHbIfi pe3y/nbTaT eCcTb NposiBJieHHe TaK HasblBaeMOro npuryuna
«OMm A0KAAbHO20 K 2106aabHOMY», KOTOPHIA yTBEPKAAET, UTO CYLIeCTBOBA-
HHe pellleHn# anodaHToBa ypaBHeHHs B Q (r106aibHBIX peLleHnit) MoXKeT GbiTh
YCTaHOBJIEHO TyTeM H3YUeHHS 15l KaXXI0ro p < oo perueHu# B Q, (IoKanbHbIX
peiennit). K coxxasieHH10, 3TOT NPHHUHN He ABJINETCA YHHBEpPCaJbHBIM, XOTA
OH MpPHMEHUM B HEKOTOPBIX BaXKHBIX CJyyasiX, HanpuMmep LIS KBaApaTHUHBIX
(opM OT HECKOJIbKHX NepeMeHHbIX (TeopeMa MunKoBcKoro—Xacce).
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Ynpaxhenus

36. 1ea noas F u K Ha3biBalOTCS U30MOPGHOIMU, €CIU CYLIECTBYET TaKoe
oto6paxenne ¢: F — K, uto

@(a + b) = ¢(a) + @(b), @(a - b) = ¢(a) - ¢(b).

1) Iokaxmure, uto noas Q, 1 R HensomopdHbI.
2*) Jloxaxurte, 4To eciH p # g — ABa NPOCTbIX Yucaa, To noas Q, u Qg
HeH30MOpP(HBI.
37. Tycms p # 2 — npoctoe uncno. O6osnaunm (Q))? = {a®:a € QX).
2
Jlokaxwrte, uto dakroprpynna Q, /(Q;,‘) HMeeT NOPALOK 4, H yKaXKuTe npe-
CTaBHTEJIA 1A KaXKAOI0 CMEXHOro Kjacca.

§ 10. Orcrynaenne: uro Takoe Qg, ecan uncao g
He npocrtoe?

Ins Toro uto6bl ellle pa3 OLEHHTb KPacoTy p-alMyecKHX uyucel, JaBaiite
NOCMOTPHM, UYTO NOJIYYHTCSl, eC/lH BMeCTO NMPOCTOro YHC/IAa p B3ATb COCTaB-
Hoe uHcJO g. UToObl BOCTONB30BaThCA N5 ONpelesieHHs HOpMbl |-|g dop-
MyJ0#i (4.1), HyXHO GoJiee aKKypaTHO ONpeleNHTb Ofdg(x), eciH X — pauuo-
HasbHoe uncsio. Ecam x € Z, 1o ordg(x) onpenensercs, Kak H B clyyae npo-
CTOrO UKcJa, KaK MaKCHMaJibHas cTeneHb YHcia g, Kotopas aeaut x. Ecan xe
x = a/b, To onpenenenne nopsiaka ord ,(x) oTaMyaercs ot caydan g = p. Ham
norpebyercs cielylollas JiemMma.

Jlemma 10.1. [Tycme x = a/b, a, b € N. (a, b) = 1. Toeoa cywecmsyrom
eduHCcmBenHOe maKoe yeaoe HUCA0 U U maxkas napa yeavx wuceaa' u b’,
umo a/b = g'd’/b’, gta' u (a',b)= (g, b')=1.

Hoka3zatenbctBo. Ecim gfan (g, b) =1, To, oueBnaHo, MoXHo no-
Joxutb v = 0.

Ecau g | a, o603HaunM uepe3 g® (¢ > 1) MakchMaJibHylo cTeneHb YHC-
Jna g, kotopas geaut a. Ilonoxum a’' =ag=® u b’ =0b, Torna gta' u
(@', b') = (g, b') = 1. Kpome Toro, umeem

’
s-of
H OCTaeTcs NoJoXuTb v = ¢ > 0.

Tenepb npeanosioxum, uto gta u (g, b) > 1. Toraa b MoxHo npeacraBuTh
B Bue b = b b2 (b), be > 0), npHueM Bce NPOCTble COMHOXHTENH yKuchaa b) ne-
JaaT g u (be, @) = 1. AHaJOrHUHO g MOXXHO NMpeACTaBHTb B BHIEe & = &) g2
(g1, g2 > 0), Tak 4TO BCce MPOCTble COMHOXMHTENH UHCJA g AedaT by, Ho
(g2, b)) = (g2, b) = 1. CyuiecTByeT MHHHMaJIbHOE HaTypaJibHoe YHcao ¢ Ans
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kotoporo b, | g¥ u, 3uauur, b, | g;". Torza B nNpaBoii 4aCTH paBeHCTBa

¢£_g_i°g_§'

b~ b b

yacTHoe g‘,"/b. AIBJISETCA LeIbIM YHCA0M. Takum o6pa3oM, ecii NOJIOKHTD

¢
a = %‘-g‘;a Hob' = by,
1

TO NOJIyYHM
\a _ al
E=g (I'F' gfalv (a” b’)=(g, b,)=]’

H 0CTaeTCcA MOJOXHTb v = —¢ < 0. O

Tenepb ecau x = a/b, To onpenennm ordg(x) Kak Lenoe YHCAO U H3 JieM-
Mbl 10.1 1 onpenennm coorserctBylollyio HopMmy |a/blg = g=¢ Onnako sTa
HOPMa He SIBJISIETCS MYJIbTHNJIHKAaTHBHOM, T. €. He yNOBJeTBOpSieT CBONCTBY 2)
u3 onpenenenus 2.1. Hanpumep,

| =102 || =102 RIS I W T BT R
[0 =19 5l =10 %o |35 5], = 7m0, = 10° < 10" 10"

Ho koHeuHo, ec/in g = p sBJAsIeTC MPOCTbIM YHCJIOM, TO 3TO OfpeneJeHHe
COBNajiaeT ¢ onpenejeHHeM 4.1.
Boo6uie rosops,
lablg < lalglble, (10.1)

no3ToMy oToGpakeHHe |- |g ABAAETCA He HOPMON, a Tak HasbiBaeMo# ncesdo-
Hopmot (cM. ynpaxHenHe 38). Tem He Mehee, pyHKunsa d(x, y) = |x — y|,
AIBNSIETCS METPHKOM, H MOXKHO paccMOTpeThb nonosHeHHe noss Q no 3Toi Met-
pHKe. B pesysbTate nonoJsiHeHHs noJyyaetcs Koabuo Qg, KoTOpoe, ecin uHc-
JIO g cOCTaBHOe, He fIB/sieTCS NnoJieM (CM. ynpaxkHeHHe 39).

Chenyloulas Teopema npHHamIeXHuT [ensedio.

Teopema 10.2. Ecau wucao g = pyps... pr A615emca npousgedenuem
pasauuneix npocmoix wucea, mo koavyo Qg usomoppro npamoi cymme
p-aduueckux nosei: Qg =Qp, @ ... ® Qp,.

HdokasaTeanbcTBo. Mbl NOCTPOHM COOTBETCTBYIOLUHA H30MOpGH3IM B
cnyyae g = 10, p; =2, pe = 5, HO 3Ta KOHCTPYKUHA 6e3 3aTpylnHeHHii Mepe-
HOCHTCA Ha o6lLHH cayyai.

PaccmoTpuMm nocsienoBaresibHocTh KoM palHOHaJIbHBIX YHCE OTHOCH-
TesbHO |- |)p. OHa onpenenser 10-agnyeckoe 4yncsI0

(10)

A= lim a,,
n—oo
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M M3 cylwecTBoBaHus 10-agnuecKoro npenesia BbiTeKaeT CyliecTBOBaHHe 2-
a1MuecKoro U 5-afiHuecKoro nNpeesioB, KOTopble Mbl 0603HAYHM
2 (5)
A2= lim an, A5= lim Qn
n—oo n—oo
coorBerTcTBeHHO. OGpaTHO, OYEBHIHO, UTO M3 CYLIECTBOBaHHA mpenejoB Ao
1 As, OuUeBHIHO, BbiTEKaeT CyllecTBoBaHHe npenena A. Jlerko BHaeTb, 4To k-
pbl uncen Ag n As He 3aBucAT oT Boi6opa nocenoBatedbHocTH Ko {a,}, ¢
NOMOLLbIO KOTOPO#i onpenessaoch 4ucio A.
B uactHocTH, ms A € Q)p cylllecTByeT KaHOHHUECKOe pa3JjioXKeHHe

A=) b,10". (10.2)
n=—f
Yro6bl HaliTH undpbl uncen Ag 1 As, 3anmilem
(e °] (oo} [o <] [>e]
Ag= ) (ba5"2"= D ca2", As= ) (295" = ) da2",
n=-—f n=—f n=—f n=-—f

rae Ko3hHLHEHTD ¢, H d, COOTBETCTBYIOLLMX KAHOHHYECKHX Pa3fioXKeHHI no-
JlyyaloTcs NpHBeleHHeM K KaHOHHYeckoMy Buy (teopema 4.3). Mtak, nmeeMm
A = (Ag, As), ¥ U3 NpaBKJ CJIOXKEHHS, BbIUHTAHHA H YMHOXEHHS g-aJHUeCKHX
M p-ajH4YeCKHX NpelesoB MOXHO MOJNYYHTb Ccjedylollee yTBepXKIeHHe: eCiH
B = (B,, By) — npyroe 10-anuueckoe uncio (By € Qo 1 Bs € Qs), Torna

A+xB=(As+ By, As + Bs) u AB = (A28, AsBs).

OGpaTHo, NycTb AaHbl MPoH3BoJbHbIE uncaa Ao € Qg 1 As € Q5. [Tokaxewm,
YTO CylIecTBYeT eHHCTBeHHoe Takoe uHcao A € Q)o, uto A = (A, As). [lna
Kaxkgoro p = 2, 5 nycrb {a!?’} — takas nocJenoBatenbHOCTb palHOHa/bHBIX
YHCeJ, YTo

I H )
A, = lim a!? no Hopwme |-|,.

n—oo

Boo6lle roBopsi, nocJefoBaTeabHocTh {a')} He 06f13aHa CXOOHTLCS MO HOP-

Me |-|q, ecn p # g, ¥ Daxe MOXeT He ObiTb OrpaHHYEHHOH NO 3TOH HopMe.
Yr06bl NpeononeTh 3Ty TPYAHOCTb, PACCMOTPHM NOCJIE0BATENbHOCTH

n n
@5 e _2

" S EyE O —mye
Jlerko BHaeTb, 4TO

, ecmp=4q,

lim e® =3 no Hopme |-|,, roe 8,, =
n pq pme |-|q pq 0, ecnm p#q.

n—o0
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Otclona BbITEKaeT, YTO CylIeCTByeT TaKas GeckoHeuHas MOANOC/eNoBaTeb-
woctb el?, uto

@ A ecqiMi p =g
N P ’
lim a{Pel?) = {

n—oo 0, ecqu p # 4.
3Hauur,
Y 1®e® _ (4 Y 26,6 A
lim a'“el* = 0) n lim a¥e® = (0, .
Moo R Crn ( 2, ) nno 1 Cr (0 5)
Hakonell, 3aMeuaem, 4To nocJiefoBaTeNbHOCTb @, = aﬁ?’eﬁf’ + a$,5)e§f) CXOOHTCS
K (A2, As) = A. O

Ynpaxnenus

38. IlokaxcuTe, UTO €C/IH YHCJIO g COCTaBHOe, TO GYHKUHA |-|g ABAseTCA
TCeBOOHOPMO, T. €. OHa yOBJeTBOpseT cBoiicTBaM 1) u 3) U3 onpenesienns 2.1,
a Takxe HepaBencty (10.1).

39. [lokaxnure, uto Q)¢ He ABJASIETCH NOJeM, NpedbABHB NEJHTENH HYAA.

40*. PaccMOTpHM cJlenyiolLylo NOCJiefOBaTe/IbHOCTb HaTypaJibHbIX UHCe:

6, 76, 376, 9376, 109376. ..

1) Iokaxute, 4To 3Ty NOCJENOBATENbHOCTb MOXHO NPOLOIKHTL OIHO-
3HAYHO TaKHM 06pa3oM, 4To6bl Mosyunth 10-annueckoe uncso a = ... 109376,
yIOBJIeTBOpAIOLLee ypaBHeHHIo o = .

2) IlokaxuTe, uTo ypaBHeHHe x2 = x uMeeT B Z)o 4eThblpe KOPHS, a HMEHHO
0,1, aup.

3) Haiioure nepsble 6 undp yncaa B.

4) okaxure, uto Zjg =~ Zs & Zo (NnpsMoe NpoH3BeLeHHe Ipynn).

41. [TokaxuTe, uto Ha Q, He CyLUeCTBYeT OMHOWeEHUA nopadKa >, yIo-
BJIETBOPAIOLLEr0 CJeNyIOIHM CBOHCTBaM:

1) ecnin x >y, 10 2 + x > z + y nnd a6Goro z;

2 ecan x >0uy >0, 10 xy >0;

3) ecan x, > 0 u cyliecTByeT npenen nllongo Xp=x,70x 20.
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[hasa 2

Tonoaoeus npocmpancmea Q,
8 cpasHeruu ¢ monoaoeuetd R

§ 11. OcHoBHble TONOJIOrMYEeCKHe CBOMCTBA

[one p-amnueckux yuces Bo MHOTOM MOXOXe Ha roJe JeHCTBHTEbHbIX
YKCeJl: OHO ABASIETCS HOPMHPOBAHHBIM NOJIEM, NIOJIHBIM MO METPHKe, NOPOXKAEH-
Holl p-aanyeckofi Hopmoii (TeopeMa 3.4). M1 nose R, u none Q, asasiorcs
nonoJsiHeHHsIMH mpoctpaHcTBa Q, 0o6a comepxar Q B kauectse BClody MJIOT-
HOTO TMOAMHOXECTBa H NMO3TOMY ABJAAIOTCA cenapabesbHbIMH NPOCTPAHCTBAMH.
[Mone R 210KaAbHO KOMNAKMHO, T.e. KaXKAasA TOYKA COLEPHKHTCA B HEKOTO-
poit KOMNaKTHOH OKPECTHOCTH; TO XKe CaMoe, KaK Mbl CKOPO YBHIMM, BEPHO H
s Qp (teopema 11.9).

Chauvana paccMotpuM R 1 Q, ¢ TOUKM 3peHHs TeOPHH MeTpPHUeCKHX npo-
ctpaHctB. OTkpbiThifi Wap B(a, r) B R — 310 OTKpBITHIA HHTepBal |x — a| < r.
OTKpbiTHIf Wap paauyca r € Rt ¢ ueHTpoM B Touke a € M MOXHO onpeennTh
aas no6oro MeTpHueckoro npoctpaHctsa (M, d) cnemytowm o6pasom:

B(a, r)={x € M:d(a, x) < r}.
B npocTpaHcTBe Qp OTKpHITBIMH IIapaMH ABAAIOTCA CJeylollHe MHOXeCTBa:
B(a,r)={x € Qp:|x —al, <1},
H, TaK KaK p-aiuyeckas HopMa NpHHHMAET JHCKPeTHOe MHOXECTBO 3HaueHHii
{0, p"; n € Z}, MoXHO paccMaTpHBaTh TOJbKO lapbl pafHycoB r = p*, n € Z.

HanomHum, uto noaMHoxecTBo A MeTpHUeCcKOro npoctpaicTBa M HasbiBa-
eTCSl OMKpbLMbIM, €ClIH IS JI060# TOUKH X € A cylectsyeT wap B(a, r) C A,
conepxauinii x. MHoxecTBo A C M Ha3blBaeTCs 3aMKHYMbIM, €ClH ero 10-
nonHeHne M \ A oTkpbiTo.

[ycts G 0603HayaeT ceMelicTBO BCeX OTKPBITBIX MOAMHOXECTB NPOCTpaH-
cTtBa M, a F o603Hauaer ceMeHCTBO BCeX 3aMKHYTbIX NMOJAMHOXECTB NpoCTpaH-
ctBa M. Tlo onpenenennio Kaxapifi 3jeMeHT ceMelictBa F sBJsieTcs IONOJ-
HeHHeM eIMHCTBEHHOro 3JieMeHTa ceMeiicTBa G H Hao6opoT. OTKpbIThe H 3a-
MKHYTble MHOXXeCTBa 06J1alaloT CJiellylOLHMH CBOHCTBaMH.

NMpennoxenune 11.1. 1) Ecau C C G — npou3sorvueili Habop omxpol-
mowx muoxcecms, mo |J G npunadrenmcum G. Ecau Gy, ..., G, € G—npo-

Gec n
U380AbHbLL KOHEUHbLE Habop omKkpoimolx MHoxcecms, mo (| G; npunad-

i=l

aexcum G.



2) Ecau C C F — npou3sorvhoili HA6Op 3aMKHYMbLX MHOXNCECMS, MO

(N F npunaoaescum F. Ecau Fy, ..., Fs € F — npou3eosvroiii KoHe4wHoL
FeC

n
Habop 3amknymoix mrosxcecms, mo |J Fi; npunadsexcum F.

IlokasaTebcTBO MBI OCTaBJIfEM llH'll‘g'll‘eJllO (ynpaxkneHnue 42).

HTak, ceMeiicTBO G 3aMKHYTO OTHOCHTEJIBHO NPOH3BOJIbHBIX 06'beJHHEHHA H
KOHeUHbIX NepeceyeHHi, a ceMeficTBO JF 3aMKHYTO OTHOCHTE/IbHO MPOH3BOJIb-
HBIX NepeceueHHH H KOHeuHblX o6benHHeHHH. CeMeficTBO G OTKpPHITBIX NOA-
MHOXKECTB MeTPHUeCKOro NpoCTpaHCTBa onpenenser monoaozuto. Tlonsatus
OKPEeCTHOCTH, NpefieJia, CXOAHMMOCTH, HENPEPbIBHOCTH H T. . MOXKHO ONpeleJHTh
B TePMHHaX TOMOJIOTHH Ge3 NpHBJeYeHHsl MeTPHKH. B neficTBHTENBHOCTH NOHSA-
THe TOMOJIOTHH ABJIsieTcs GoJiee OGLLMM H OCHOBBIBaeTCsi TOJIbKO Ha CBOMCTBAX
13 npemioxenus 11.1 (ellle, KoHeuHo, NpeamnoJaraeTcs, YTo BCce NPOCTPAHCTBO
M MycTOe MHOXeCTBO OTKPHITH). BooGLue roBops, TonosiorHueckse npoctpaH-
CTBa MOTyT ObITb BeCbMa «NaTOJOTHUECKHMH» H JIOBOJIBHO CHJIbHO OTJIHYaThbCA
OT NPOCTPAHCTB, B KOTOPbIX TOMOJIOTHS MOPOXKAeHa MEeTPHKOI.

Ecan M — tonosnorvueckoe npoctpanctso H X C M, To X MOXHO npeBpa-
THTb B TOMOJIOTHYECKOE NPOCTPAHCTBO, 3a1aB Ha HeM UHOYYUPOBAHHYIO MO~
noaoeuto, o6bABJAA NepeceueHHsl OTKPBITbIX MOAMHOXKECTB NpocTpaHcTBa M
¢ X OTKpbITHIMH MHOXecTBaMH B X. B ciyyae MeTpHueckoro npocrpaHcTsa
HHIYLHPOBaHHAs TOMOJIOTHA MOJIy4aeTCsi OorpaHHYeHHeM METPHKH NpocTpaH-
ctBa M Ha X.

BosBpauiasicb k p-anHueckuM uucsaM, paccMoTphM cepy B Qp:

S@,r)={xeQplx—al,=r}

CJlefylolIHii BaXKHbI pe3yJbTaT KaXkeTcsl YAHBHTEbHbIM.

NMpennoxenne 11.2. Cehepa S(a, r) asasemca omkpoimuim MHOXNCE-
cmeom 8 Qp.

HokasateabcTBo. [lyctb x € S(a, r), € < r. [lokaxem, uto B(x, €) C
C S(a, r). Mycts y € B(x, ). Torma |x — y|p, < |x —al, =r u cornacho
npenioxennio 2.11 |y — al, = |x — a|, = r, a 370 B TOYHOCTH O3HAYAET, UTO
y € S(a, r). (]

1ot aKT KaxeTcs NOBOJBHO CTPaHHBIM, Tak Kak B R” (B uacTHocTH, B R)
cdepbl, KOHEUHO, He SIBAISIIOTCS OTKPBITHIMH MHOXecTBamu! [lasajite nocmot-
PHM, 4TO CJleflyeT H3 3TOro CTPaHHOrO CBOWCTBA.

Mpennoxenne 11.3. llapo 8 Q, a62210mca 00HOBPEMEHHO OMKDbI-
MolMu U 3AMKHYMBIMU MHONCECTBAMU.

Joka3zaTesabcTBO. B 1060M MeTpHueckoM npocTpaHCTBe J06o# Lap
B(a, r) aBasieTcsl OTKPHITHIM MHOXKECTBOM, TaK Kak Ka)knasi Touka x € B(a, r)
conepxuTca B Wwape B(a, r), koTopblii conepxurcs B B(a, r). Yto6bl fokasaTb

4* p-amucciuit ananis 49



3aMKHYTOCTb Wapa B(a, r), nokaxeMm, uto ero A0ONoJHEHHe
C={xeQulx—al,>r}

otkpbito. Ho C = S(a, r) U D, rae
D={xeQ,lx—alp,>r}

MtoxectBo D OTKpBITO (3T0 BepHO LIS NI060r0 METPHUECKOr0 NPOCTPAHCTBA).
B camom nene, nyctb y € D. Torna |y — al, = ry > r. Mbl yTBepxnaem, uto
OTKpHITHIf Wwap B(y, r; — r) uennkoM aexur B D. [leficTBHTENBHO, €CH Gbl 3TO
6bII0 HeBepHO, TO Hallach Gbl Takas Touka x € B(y, ry —r) uto |x —a|, < r.
Ho rorna

n=ly-alp=la-x+x—ylp<la—xlp,+lx—ylp<r+rn-r=r,

yTO HeBO3MOXKHO. Tenephb yTBepKIeHHe ciiefyeT H3 TOTO, YTO OGbefHHEeHHe ABYX
OTKPBITbIX MHOXKECTB SIBJIA€TCH OTKPbITHIM. O

HanoMHuMm, uto Touka x € M Ha3biBaeTcs epAHUYHOL MOYKOL MHOXKECTBA
A C M, ecny n1060¥ OTKPHITHIN AP C LIEHTPOM B TOUKE X COAEPXKHT KaK TOYKH,
NpHHaaNeXalllke, TaK H TOUKH, He NpHHapnexallne A. MHoxecTtBo A sBasercs
3aMKHYTBbIM TOTAa H TOJIBKO TOTAA, KOrJa OHO COAEPXKHT BCe CBOW IpaHHuHble
ToukH. M3 3Toro onpenenenns caenyer, uto B Q, coepa S(a, r) ne aBasn-
eTC A rpaHuueil oTkpoitoro wapa B(a, r)! Bonee Toro, H3 npemnioxenuns 11.3
HeMelJleHHO cJyiepyeT, uto B(a, r) He uMeer rpanHubl BoBce! M KoHeuHo, 3a-
MKHYTbIH 11ap

B(a, p") = {x € Qpi|x — al, < p"} =
= {r € Qu:lx — al, < p™'} = Bla, p™*') (1L1)

He fIBJIfeTCA 3aMblKaHHeM OTKpbITOro apa B(a, p")!

Tarxe u3 cootnowenus (11.1) cnenyer, uto BCe yTBepXKAeHHs, KOTOpbIE Mbl
I0Ka3aJH LAfl OTKPHITBIX 11apOB, BepPHbl H 15 3aMKHYTbIX Wapos B Q.

Bot ewe oano napanokcanbHoe cBoiicTBo wapoB B Q,. Xota 310 yTBep-.
XKIeHHe NpepJiarasoch B KauecTBe ynpaxKHeHHs 12, 1jis NOJHOTH H3/OXKeHHs
NpHBeZieM ero 10Ka3aTesbCTBO.

NMpepnoxenne 11.4. Ecau b € B(a, r), mo B(b, r) = B(a, r), unoitmu cro-
s8amu, Kax0as mo4Ka wapa A6Asemcs ez0 YeHMmpom.

HokasateabctBo. [lyctb x € B(b, r). [o Hawemy npeanonoxxenuio

la—blp<r, |b-x|p<r
[TpuMeHnn cHabHOE HepaBeHCTBO TPeYroJibHHKa, NoJyyaeM

la — x|p = (@ —b) + (b = x)l, < max(la - blp, b - x|p) <r,
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cnenoBatenbHo, B(b, r) C B(a, r). Tak kak ycnosue b € B(a, r) 3KBHBaJeHTHO
ycJioBHIo a € B(b, r) (06a oun 3anucbiBaloTcsl B Buge |a — b, < r), TouHO Tak
xe noayuaeM B(a, r) C B(b, r), uTo OKOHUATEeJILHO JOKa3biBaeT COBNajeHHe
3THX JIBYX 11apOB. O
Bort ee oaxo cBoicTBO wapos B Q.
Mpeanoxenune 11.5. [sa wapa 8 Q, umerom Henycmoe nepeceuerue
moeda u moAabko moeda, K020a 00U U3 HUX cOOepACUmCs 8 Opyeom, m.e.

B(a, r) N B(b, s) # @ = B(a, r) C B(b, s) uau B(a, r) D B(b, s).

HokasateabctBo. [Ipennonoxum, uto r < s u y € B(a, r) N B(b, s).
Torna u3 npegnoxenus 11.4 umeem B(a, r) = B(y, r) n B(b, s) = B(y, s). Ho
B(y, r) C B(y, s), oTkyna cnenyer TpeGyeMoe BKJIOUEHHE. O

Mpepnoxenne 11.6. Cdhepa S(a, r) asrnemca o0HOBpemeHHO OMKPbL~
MbM U 3AMKHYMbIM MHONECMBOM.

Hoka3zaTenbcTBo. Mbl yxe 3HaeM (npegnoxenve 11.2), uTo MHOXe-
ctBO S(a, r) otkpuito. KpoMe Toro, MHOXecTBO B(a, r) 3aMKHYTO, M, TaK KaK
MHoXecTBO B(a, r) oTKpbITO, ero nonoJiHente {x € Qp: |x — a|, > r} 3amkny-
t0. Ho cdepa S(a, r) ABnseTcs nepeceueHHeM 3THX IBYX 3aMKHYTbIX MHOXECTB
¥ NMO3TOMY 3aMKHyTa. 3aMeTHM, 4TO 3TO J0Ka3aTeJbCTBO 3aMKHYTOCTH cdepbl
pabotaeT Bo BceX MeTpHUYECKHX MPOCTPaHCTBaX.

MHoxecTBo Bcex 11apoB B R HecueTHO, Tak KaK HeCYeTHO MHOXECTBO BceX
NOJIOXKHTENIbHBIX AeHCTBHTENIbHBIX uHces (TeopeMa KaHTopa); To ke camoe Bep-
HO JJI8 MHOXECTBAa LEHTPOB @ H IJISi MHOXECTBAa PalHyCOB p, MO3TOMY, TeM
6oJiee, 3TO BepHO JJIs1 MHOXecTBa BceX 1apoB B(a, p). OnHako ai1s MHOXe-
cTBa wapos B Q, cnpaBeaJiHB COBEpPLIEHHO NPOTHBONOJIOXKHBIA pe3yJibTaT.

Mpeanoxenune 11.7. Mroxecmso ecex wapos 8 Q, cuemno.

HokasaTenbcTBo. 3anuiieM ueHTp wapa B(a, p~°) B KaHOHHYECKOM

BHOE
o0
a= E a,p"
n=-m
H NMOJIOXKHM s
n
ap = E anp-.
n=-m

SIcHO, uTO ag AB/MRAETCA PALHOHAJIBbHBIM UYHCJIOM H |@ — ag| < p~%, T.e. ag €
€ B(a, p~*). Torna coraacHo npenjioxeHnuio 11.4 Mbl nosyuaem

B(ao, p~°) = B(a, p~°).

Takum 06pa3oM, Kak LIEHTpbl, TaK H pafxycbl 06pa3ylOT cueTHble MHOXECTBA.
CiienoBaTesibHO, MHOXeCTBO BceX nap (do, S) CUETHO, YTO W 10Ka3biBaeT cyeT-
HOCTb MHOXKeCTBa Bcex 11apoB B Q. O
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B o6o3Hauenusx §5 numeem
Z, = B(0, 1) = B(0, p)

ZX=50,1)=(1+ pZy) U2+ pZ,) U...U((p = 1) + pZ,).

CxeMaTHUHO 3TO M306paxeHo Ha phcyhke ans p = 5. Coepa Zg spasercs
o6beaHHeHHeM YeTblpeX OTKPITHIX LIAPOB, YTO HAXOAHTCA B NOJIHOM COTJIaCHH C
npenioxenuem 11.2. LlentpanbHbiii wwap npencrapJsieT co60i MaKCHMaNbHbiH
unean 5Zs B Koable Zs.

(9
©CQQ
o
Q Q (9]
0Q0) 000 (OO0

Qo (0)
(©O0
(@)

(@)

Q (] (9
OO0 (0O0) (OO0
Q o) (0)

O
(0]

Onpenenenne 11.8. MHoXecTBO K B MeTpHUeCKOM NpPOCTPaHCTBe Ha3bl-
BaeTCs CEeKBEHYUANLHO KOMNAKMHbIM, €ClH KaXKaas 6ecKoHeyHas nocJeno-
BaTeJIbHOCTb ToueK W3 K CONepXKHT NMoAnocC/ieloBaTebHOCTb, CXOAALLYIOCA K
Touke n3 K.

CornacHo Teopeme lefiie—DBopens sl MeTpHueCKHX NpPOCTPAHCTB 3TO
ycJloBHe 3KBHBaJleHTHO komnakmuocmu. (Hanomuum, uto MHOoXKecTBO K Ha-
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3bIBAaeTCA KOMNAKMHOIM, €C/H Jlo60e OTKpbIToe NOKpbiTHe MHOXecTBa K
COMlePXKHT KOHeuHOe NOAMOKPbITHE.)

Kak Mmbl yxe Buenu (teopema 4.6), npocTpatctBo Z, CeKBeHUHAIbHO KOM-
naktHo. TakuM 06pa3oM, NPOCTPAHCTBO Zp, KOMNAKTHO, H COTJIaCHO ynpaXKHe-
HHIO 22 OTclofa cleflyeT KOMNaKTHOCTb Jio6Goro wapa B Q,. Mbl nonyuaem
clieflylollnii pe3yJbTar.

Teopema 11.9. [Ipocmpancmeo Q, 210KaA6HO KOMNAKMHO.

Bort elue oaHO N0OBOJILHO HeoXKHAaHHOE yTBepXKIeHHe.

Mpennoxenune 11.10. [TIpocmpancmeo Z, noano.

HoxasaTtenbcTBo. Tak Kak /06as NMOCAENOBATENLHOCTD Koun sne-
MEHTOB NpocTpaHcTBa Z, COAEPMKHT NOANOCAENOBATENbHOCTb, CXOAALLYIOCH K
HEKOTOPOMY 3J1eMeHTy npocTpaHcTBa Zp, KOTOpbIA Mbl 0603HaunM a, H cama
NoCJIeI0BAaTEILHOCTb JOJ/KHA CXOOHTHCA K TOMY XKe 3JIeMeHTY @, UTO H JoKa-

3blBaeT NOJIHOTY NpocTpaHcTBa Zp. O
Teopema 11.11. Mroaecmso N naomno 6 Z,.
HokxasateabctBo. [lycth x =...a2a a9 € Z,. Hns xaxnoro n € N
MOJIOXKHM

n
Xn=...00apap_;...a0 = Za;pi.
i=0
Torma x, € Nu |x — x,] < p~", oTKyna BbiTeKkaer TpeGyeMoe yTBepxieHue. O]

Onpepneaenne 11.12. Tonosornueckoe npoctpaHcTBo X Ha3sblBaeTcs
HeCBA3HbIM, eCIIH €r0 MOXKHO NPeICTaBHTb B BH/e 0ObelHHeHHR IBYX Henepe-
CeKaIOLLHXCA HeMyCThIX OTKPHITbIX MHOXKeCTB. B npoTHBHOM cilyuae npocTpas-
cTBO X Ha3blBaeTCs CBAZHOLIM.

[ToamHOXecTBO NpocTpaHcTBa X Ha3biBaeTCA C8A3HbIM, €CJIH OHO ABJSAETCH
CBSI3HBIM NPOCTPaHCTBOM B HHIYLUHPOBaHHOH TOMOJIOTHH.

[TpocTpancTBo X Ha3blBaeTCs 8104HE HECBA3HLIM, €CIIH BCe €ro CBA3HbIE
TIOAIMHOXXECTBA HCYEepNbIBAIOTCSA MYCTbIM MHOXECTBOM H OJHOTOYEUYHbIMH MHO-
XectBamu {a} (a € X).

NMpumep 11.13. Jlo6o# uHTepBan B R cBs3eH, T.e. He MOXKeT ObITb npen-
CTaBjieH B BHAe OObeIHHEHHs! IBYX HeMyCTbIX HerepeceKalollMXcs OTKPbITO-
3aMKHYTBIX MHOXECTB.

Teopema 11.14. [Ipocmpancmeo Q, 8noane necsa3Ho.

Hokasateabctso. Ina kaxnoro a € Q, v n € N mMHoXecTBO

Un@) = {x € Qpilx —alp < p~"} = {x € Qpi | — al, < p~™*)

fAIB/INeTCA OTKPLITOH H 3aMKHYTOI OKPeCTHOCTbIO ToukH a. [lycTb a € A, npuuem
A # {a}. Torna cyuiectyet Takoe n € N, uto Up(a) N A # A. Takum o6pasom,

A= (Un(@ NA)U (Qp \ Un(a) N A),
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roe MHoxecTBO Upn(a) u ero mononnenne Qp \ U,(a) OTKpbITH H HemycThbl;
oTciofa cieyet, uTo A He MOXeT GbiTb CBA3HBIM. O

BepHemcs k myabTHnAnkaTHBHOH rpynne Q noas Qp. Mul yxe BHpeau
(ynpaxnenue 37), uto ecm p # 2, To dpakroprpynna Q5 /(Q )2 uiMeeT NOPSAOK
4 n usomopdHa rpynne Z/2Z & Z/2Z. las p = 2 dakroprpynna Qy /(Qy)?
HsomopdHa rpynne Z/2Z & Z/2Z & Z/2Z & Z/27Z, npnyeM B KauecTBe MHO-
XKeCTBa NnpelcTaBHTeNel MOXHO B3ATb {+1, £5, +£2, +10}.

Teopema 11:15. [Todzpynna (Q, )% epynnot Q) neasemca omkpoimoim
nodmnoxcecmeon 8 Q.

HdokasaTenbcTBo. HanomHuM, uto p-agnueckoe uncio x # O faBas-
eTcs KBapaTOM TOTMIa H TO/IbKO TOrIa, Korna x = p2*u? nns HeKoTophIx n € Z
W u€ZX Tycts x € (QX) u y €Q, BHOPaHbI Tak, uTo |x — Y|, < p=2°.
Torna no cBoficTBy paBHOGenpeHHOro TpeyroJibHHKa (cM. npemioxenue 2.11)
umeeM |y|, = |x|, = p~2", u, 3Haunt, y = p**v 1A HeKoTOpOrO U € Zj . Otcro-
za nonyvaeM |y — x|, = p~2*|v — u?|, < p~2*, cnenosatenbHo, |v — u?| < 1.
[NocsienHee HepaBeHCTBO O3HauaeT, YTO NepBble UHPPLI 3THX OBYX p-aduue-
CKHX eIHHHL coBnajaoT. Ho Toraa n3 semmbl Iensesn ciemyer, uto v TaKxe
ABJIRETCA KBaAPaToM B Zp, U nosToMy y € (Q, )2. a

Ynpaxhenus
42, Tokaxute npemioxende 11.1.

§ 12. KauTopoBO MHOXeCTBO

3ror naparpaQ) NOoCBALLEH B OCHOBHOM BOMNpPOCaM BelLLeCTBEHHOro aHaJiH3a.
[Monoxxum | 9
Co=1=10.11,Cr =0, 5] u[5.1].

c=[o.g]ufz 5[zl [51]

MtuoxectBo C, fiBasiercsi o6benHHeHHeM 27 OTpe3KOB, KaXIpifi H3 KOTOPbIX
umeet nanHy 3~". Kpome Toro, nmeloT mMecto Brouehnst Co D C) O Cy D
Bce MHoxecTBa C,, 3aMKHYTBI, NO3TOMY MHOXeCTBO

(o]
C=()Cn#@
n=0
AIBJIIETCA 3aMKHYTbIM NOIMHOXXECTBOM €HHHYHOrO oTpe3Ka /.
PaccmoTpuM npencTaBiieHHe NefiCTBHTENbHBIX uHces H3 oTpeska | = [0, 1]
B BHZe GecKOHeuHbIX fpo6eii N0 0OCHOBaHHIO 3. 3aMeTHM, UTO KOHLEBble TOUKH
OTPE3KOB, H3 KOTOPBIX cOCTOHT C,, HMEIOT [Ba TaKHX Pa3jIOXKEHHs, Hanpumep,

g = 0,02 =0,012222. .., 3;- =0,1 =0,022222. ..
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NpHYEM OJIHO M3 HHX He colepXHT undpy 1. Buibpas pa3/ioxeHns KOHLEBBIX
TOYeK TaKHM 06pa3oM, uToObl OHH He colepX<ajH e[HHHLL, 3aMedaeM, YTo pas-
JoXKeHHe Jito6oi Touku U3 C B TPOHUHYI0 ApoGb COLEPXKHT TosbKo ukdpbl 0
H 2, NOTOMY 4TO OcTajibHble TOYKH H3 C pacK/aibiBaloTCsl B TPOHUHYIO Apo6b
e[IMHCTBEHHbIM 06pa30M, NpHYEM NO MOCTPOEHHIO HX Pa3JioXKeHHS He colepaaT
e[IHHHLL

O6partHo, Kaxknas TouKa H3 /, pa3fioxKeHHe KOTOPO# COJIEPXKHT TONbKO HYJIH
¥ ABOMKH, MPHHALJIEKHT NepeceyeHnio Bcex MHOXKecTB C,: ecsiv nepBas Lng-
pa — HyJb, TO TOuKa NpHHagneXHT otpesky [0, 0,02222...], ecan xe nepsas
uvdpa —maoﬁ\Ka. TO TOYKa MpHHaIeXHT oTpe3ky [0,2, 0,2222...], TouHo Tak
e BTopas LMdpa onpenessieT, KakoMy OTpe3Ky (1eBOMY HJH NIPaBOMY) H3 MHO-
xectBa Co NPHHALIEKHT HaLla ToYKa W T. 4.

CyMMupys cKasaHHOe Bblille, NoJlyuaeM cjedylollyii pe3yabTaT

NMpeanoxenne 12.1. Tpouurnoe kanmoposo muoxecmso C cocmoum
u3 ecex mouex ompeska |, komopoie moeym 6eims npedcmasaenol 8 sude
mpouuroi dpobu ¢ nomowero yugpp 0 u 2.

JloKa3aTesbCTBO CJlefyloLIero YTBepXKAEHHA HIIIOCTPHPYET OUeHb BaXKHbIN
MeTO[ B 3JleMeHTapHOl TeopHH GECKOHEUHBIX MHOXKECTB, TaK Ha3biBaeMbli A1a-
roHanbHbIf npouecc Kantopa.

Npennoxenne 12.2. Kanmoposo mrozxccmeo C HecuemHo.

HNokasaTenbcTBO. JT0 cielyeT W3 KaHTOPOBCKOrO AHAroHajbHOro
npouecca. [Tyctb MHOXecTBo C CcYeTHO, TOTa 3aHyMepyeM ero TOYKH H pas-
JIOXKHM HX B TPOHYHYIO 1poGb:

X\ =O,a“a|2..., X9 =0,a2.a22...,

Paccmorpum Touky ¢ = 0,c1C2..., KOTopas CTPOMTCA CJefylOLHM 06pa3oM:
¢ ={0, 2} \ a;;, co ={0, 2} \ age u T. 4. Toraa no npegnoxensnto 12.1 ¢ npu-
HazeXXHT MHoXecTBy C, HO He COBMajaeT HU C ONHOM.TOUKON (X|, X, ...) H3
Haiero cnucka. Htak, Mbl noJyunsin npoTHBopeuse. O

3ameuanune 12.3. B Haileii WTepauHoHHOM Npouenype MOCTPOEHH MHO-
KectBa C Ha KaxKIOM Luare Mbl BbIKHAbIBaeM CPENHIOI TPeTb H3 KaXXIoro
octaiouterocs otpeska. [1o 3Tofi npuurHe C yacTo Ha3blBalOT TPOHUHBIM KaHTO-
POBbIM MHOXXECTBOM. DTy KOHCTPYKLIHIO MOXXHO MOIAM(HUHPOBaTb, BbIGpachl-
Basl, CKaXkeM, O/IHy UeTBEpTyIO, HJIH OJHY [ECATYIO, HJH ellle KaKylo-To 4acTb
ocCTaloluXcs OTpe3KoB. TakHM 06pa3oM MOXKHO NMOCTPOHTb MHOXECTBA C JO-
BOJIbHO NapafioKCalbHLIMH CBOHCTBAMH, CM. ynpaxkHeHHe S1.

Onpenenenne 12.4. MHOXeCTBO Ha3bIBaeTCA COBEPULEHHbIM, €CJIH OHO
3aMKHYTO H He COIEpPXKHT H30JHPOBAHHBIX TOYEK.

Npennoxenne 12.5. Kaumoposo mnoxrcecmso C cosepuieHHO.
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HokazaTtenbcTBo. [lycth x € C 1 S — NpoH3BONLHBIN HHTepBal, CO-
o0
nepxawmii x. Tak Kak x € () C,, Mbl noayuaeMm, uro x € C,. Ilycrs I, —

oTpe3okK, BxomsLuii B Cp, Koq'apbm cozepxHT x. [lns nocratouHo 6onbluoro n
umeeM [, C S. TlycTb x, — KOHUeBas Touka oTpeska /,, npuuem x, # x. Ilo
noctpoenuio MHoXecTBa C Mbl HMeeM X, € C 1 x, € S. Takum o6pa3soM, noGoi
MHTepBaa S, colepKalluuil TOUKY X, COLEpPXKHT H ApyrHe TOUKH 3 C, nostomy
MHoXecTBO C coBepllieHHO. O

Ianee Mbl yBHINM, UTO KaHTOPOBO MHOXECTBO SIBJISI€TCS FeOMeTPHYECKOM
MOJIENIbI0 MHOXKECTBA LIEJIbIX p-afHUecKHX UHces Ais JIIo6Oro NpocToro Ykc-
aa p. Ho cHauana HanoMHHM HeKoTopble OrpefielieHHsl, CBA3aHHble ¢ Henpe-
PbIBHBIMH OTOGpa)KeHHsIMH METPHUECKHX NPOCTPAHCTB.

Onpenenenue 12.6. ITycts (X, d) u (Y, p) — Ba MeTpHUECKHX NpOCTpaH-
ctBa. Torna oto6paxenne f: X — Y HasbiBaercs

1) HenpepbigrbiM, eCIM IS KaXAOTO OTKpbITOro noaMHoxectBa V C Y
ero npoo6pa3s f~!(V) sBaseTcs OTKPHITHIM MHOXeECTBOM B X ;

2) omkpoimoim, ecin Aas aboro oTkpeitoro MHoXectBa U C X ero o6pas
f(U) otkpoiT B Y;

3) eomeomopghuamom, ecnn oHO HenpepbiBHO H GHEKTHBHO, NpHYeM 06-
paTHoe oToGpaXkeHHe TaKXKe HenpepbiBHO;

4) HenpepolBHUIM 8 MOUKe X, eCliH A J1060#H okpecTHOCTH A ToukH f(x)
B Y ee npoo6pas f~!(A) comnepHT OKPeCTHOCTb TOUKH X;

5) pasromepHO HenpepuiBHIM, eCiH 1js Kaxaoro € > 0 cyulecTsyer Ta-
koe 8 > 0, uto p(f(x1), f(x2)) <, ecan d(x), x2) <3.

Teopema 12.7. Muoxecmso yeavix 2-aduueckux uucea Zg eomeo-
mopghHo kanmoposy mHoxecmsy C.

Hoka3sateabcTBo. PaccMoTpum otobpaxenue ¢:Zy — C,

Z (152" 'ib Z 3‘—(:_"

i=0 i=0
MokaxeMm, uto ¢ siBasieTcs romeomopcHaMoM. CHauasa 3aMeTHM, YTO H3 elHH-
CTBEHHOCTH NPEACTaBJIeHH! 3JleMeHTOB MHOXeCTB Zg W C BbiTeKaeT GHeKTHB-
HOCTb OTOGpaXkeHHs ¢.

Ecan |x; — x| < 1/3V, 70 uMcna x| ¥ xp npHHamneXaT OOHOMY H ToMY
e WIH COCeIHHM OTpe3KaM, KOTopble 06pa3yloTcsi NpH pa36GHeHHH oTpeska /
Ha 3V paBnbix yacteit. Ho Tak kak oTpesku, o6pasyiouire Cy, He HMeIOT 06LIHX
KOHLIOB, YHCJIa X) H X2 JIeXaT B OHOM H TOH >Ke KoMMnoHeHTe /y MHOXecTBa Cy,
¥ No3ToMy HX nepsble N un¢p coBnaznaiort.

OG6paTHo, ecain nepsrie N undp ukcen x;, x2 € C cOBNanaloT, TO 3TH YHCAA
JieXaT B OHOM W TOM e KoMnoHeHTe /y MHOXecTBa Cy. C Apyrofi cTopoHbl,
nepsble N uncp 2-aqHueCcKHX YHCeJ Y| H Yo COBMAJAIOT TOTAA H TOJIbKO TOTAA,
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Koraa |y, — yol2 < 1/2V. U3 toro, uto 1/2V u 1/3" crpemsrcs k 0 npu N — oo,
caienyet, uto oto6paxenus ¢ W ¢! HenpepbiBHbI. O

CaenctBue 12.8. Kanmoposo mroxcecmso C 8noine Hec8A3HO.

HokasateabcTBo. M3 npemnoxennn 11.14 cinemyer, uto npocTpaH-
cTBO Zp BnojHe HecBa3Ho. [losTomy no Teopeme 12.7 3To ke BepHO H
ans C. O

Onpenenenne 12.9. Moamuoxectso A C X Ha3biBaeTcs 8C100Y NAOMHbLM
B X, ecin ero 3amblkanne A coBnagaer ¢ X, [ToonmHoxectBo A C X Ha3biBaeTcs
Huzde He naomuoim B X, ecin MHoXectBo X \ A Bciony nJoTHO B X.

W3 cnencrun 12.8 BbiTeKaeT, 4TO KAHTOPOBO MHOXECTBO He COIEPXKHT HH-
KaKOro HHTepBana (Iisi 3aMKHYTOTO MHOXECTBA 5TO SKBHBAJEHTHO CBOWCTBY
6bITh HHIZE He NJIOTHBLIM).

Tenepb paccmotpum Z . CyliiecTByeT MHOXKECTBO THNA KaHTOPOBCKOTO, Fo-
MeoMOpdHOe MHOXeCTBY Z,: 3TO MHOXKECTBO BCeX NEHCTBHTENIbHBIX UHCEJ H3
otpeska / = [0, 1], pasnoxeHuss KoTopbix Mo ocHoBaHuio 2p — 1 comepxar
TO/IbKO YeTHble LUN(DPLL. ITO MHOXKECTBO CTPOMTCS NMPH NMOMOLLH NpoLenypbl,
KOTOpas NoXoxka Ha Npouesypy NOCTPOEHHsI TPOHYHOTO KaHTOPOBA MHOXKECTBA.
Yro6bl nonyunts Cj, pasgeanm / Ha 2p — | paBHbIX yacTell W yaluM Kax-
Dbl BTOPOH HHTepBaJ. Jlerko BHaeThb, uTo C; CONEPXHT Te H TONbKO Te TOUKH
u3 [, Kotopble MOryT GbiTb 3anHcaHbl B BHAe Opo6GH Mo ocHOBaHHIO 2p — |
0,a1az..., npuueM a; yetHo. [ToBTOpPASA Ty XKe caMylo Npouenypy AIsi KaXaoro
H3 0Tpe3KoB, cocTaBsoWHX C|, Mbl NOJYYHM 3aMKHYToe MHOXecTBO C2, KO-
TOPO® COCTOHT H3 TOUEK C UETHbIMH BYMA NepBbIMH undpamu a; u ag, ¥ Tak
nanee. [Nepeceuenne CP = (] C, sBASETCS MHOXECTBOM THNA KaHTOPOBCKOTO,

n=0
KOTOpO€ HeCYe€THO H COBEPLLEHHO. OT06pa)KeHHe

[e.<] (o]
PILTEDYD %
i=0 =@
H3 Z, B CP sBnsercs romeoMopH3MOM, UTO MOXKHO JOKa3aTb NPHMePHO TaK
Ke, KaK H TeopeMy 12.7. MHoxXecTBO Zs CXeMaTHYHO H300paXkeHO Ha c.52.

Bounee Toro, npoctpanctBa Zy 4 Zp 415 J1060ro NpocToro 4kcsa p romeo-
mop¢Hbl. UTo6bl 3T0 I0Ka3aTb, JOCTAaTOUHO NOCTPOHTb FOMEOMOPMH3M MeXIY
IBYMSAl KaHTOpoBbIMH MHOXKecTBaMH CP 1 C. Ho, kak uacto GbiBaeT B MaTeMa-
THKe, 06006LLeHHA aenaloT 3afauy npotiue. [TostoMy Mbl oka)keM 6oJiee 06LIHH
¢akT (Teopemy 12.12), a ans 3TOro HaM NOHanoGATCA ABeE JIEMMbI.

Jlemma 12.10. [Tycme A C R — omkpemoe mHoxcecmso. Toeda A as-
asemca 06veOunenuem He 60aee yem CHemHoOl COBOKYNHOCMU NONAPHO
HenepeceKalOWuxca uHMepeanos.

Hoxa3ateabcTtso. Kak cnenyer u3s [9], Teopema 2.47, cBA3HbIMH KOM-
NOHEHTaMH MHOXecTBa A fBAAIOTCA HHTepBasbl. 3aTeM, KaK 3TO YacTo nesla-
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eTCsl B aHaJiu3e, Mbl BOCNOJIb3yeMCs TeM, uTo MHoxKecTo Q Bcrogy notHo B R:
KaXk[as CBsi3Hasi KOMIOHEHTa MHOXeCTBa A CONEPXHT PaLHOHAJbHYIO TOUKY,
H, TaK KaK MHOXXeCTBO PaLMOHAJIbHbIX YHCEJ CYETHO H KOMMOHEHTbl MHOXe-
cTBa A He mepeceKaloTcs, MHOXKECTBO CBA3HbIX KOMIOHEHT MHOXecTBa A He
60Jiee ueM CYETHO. O

Jlemma 12.11. lTycme f: A — B — MOHOMOKHOE 83aUMHO OOHO3HAYHOE
ombpaxcerue 08yx 3amkHymeotx noomnoxcecms R. Toeda f — comeomop-
dusnm.

IloxasaTeabcTBo. 3aMeTum, uto f~! Takxke aBAseTc 6HeKuHeil, No-
3TOMy IOCTaTOYHO [0Ka3aThb HenpepbiBHOCTb MOHOTOHHOM GHeKUMH (KoTopas
o6s3aTesibHO GyneT ctporo MoHoTonHo#). IlycTh ¢ € A — npenesibHas Touka
mHoxecTBa A. Tak Kak A 3aMKHYTO, CyllecTBYeT Takas MOHOTOHHasi mocJje-
LOBaTEJIbHOCTb ToYek H3 A (ee 6e3 noTepH OGLIHOCTH MOXHO CUMTaTb CTPO-
ro Bo3pacraioliet), uto nll’ngo x, = x. Torma {f(x,)} — cTporo Bo3pacraloiias

nocJieoBaTeNbHOCTb TOUEK M3 MHOXKecTBa B Takas, uto f(x,) < x. Tak kak
MHOXecTBO B 3amknyto lim f(x,) = L € B, f(x,) < L n, 3saunt, L < f(x).
n—oo

Ecau npennonoxutb, uto L < f(x), To nonyuutes, uto f~'(L) < x, u 3HauuT

HalileTcs TaKoe X, H3 Hallell NocjiefoBaTeJbHOCTH, M KoToporo f(x,) > L.

A 3T0 NpoTHBOpEUHT NoKa3aHHOMy Bbiiue. 3Hauut, lim f(x,) = f(x). O
n—oo

Teopema 12.12. JI1060e komnakmuoe coseputeHHoe 8noaHe Hec8A3H0e
noomnoxmecmso A C R eomeomopghro kanmoposy muoxcecmsy C.

Hoka3aTeabcTso. U3 KoMNakTHOCTH MHOXecTBa A cJleflyeT ero orpa-
HHUEHHOCTb; H3 TOr0, 4TO A BNOJIH: HECBA3HO, MOXKHO 3aKJIIOUHTb, UTO A HHUrIe
He TJIOTHO (M NO3TOMY He COIEepPXHT HHKaKoro WHTepBaja). [lyctb m = infA
(TouHast HHXKHAA rpaHb) H M = sup A (TouHas BepXHsA rpaHb). Mbl HOCTpOHM
TaKoe CTPOro MoOHOTOHHOe oto6GpaxeHune F:[m, M] — [0, 1], uto F(A) =C.
Mmuoxectso [m, M] \ A sBaseTca o6beanHeHHeM He GoJlee YeM CUETHOM CO-
BOKYNHOCTH NMONAapHO HenepeceKalolMXC HHTepBaJoB, He HMEIOLIHX OGLHX
KOHLIOB. 3TO MHOXECTBO HHTEpPBaJIOB He MOXET GbiTb KOHEUHbIM, TaK KakK A
Hurge He nmaoTHo. O6GO3HAaUHM 3TO cyeTHOe MHOXKeCTBO HHTepBaJioB uepe3 Z.

Ceiiyac Mbl NOCTPOHM GHEKLIHIO MeXIy MHOXKecTBOM Z H MHOXXEeCTBOM HH-
TEpBaJIOB, KOTOpble 06pa3yloT JONoJiHeHHe KaHTopoBa MHoxecTBa C 10 OT-
peska [0, 1]. Bo3bMeM ollHH H3 HHTEPBaJIOB, HMEIOLLIMX MaKCHMAJIbHYIO JJIHHY
(MX 4HCJI0 KOHEUHO); 0603HaunM ero uepe3 /). Onpenenum F Ha nHTepBadse /,
KaK Bo3pacTaiollee JiHHeliHoe oToGpa)keHHe, 06pa3 KOTOPOro eCTb HHTepBal
(1/3, 2/3). PaccmoTpuM nuTepBanbi Io) H 92, HMeloLLIHe MaKCHMaJbHbE IHHBI
H pacrnoJjioyXeHHble COOTBETCTBEHHO cJieBa H cnpaBa oT HHTepBajia /). OTo6-
pasMM MX JuHeiHO Ha WHTepBaabl (1/9, 2/9) u (7/9, 8/9) cooTsercTBeHHO
H T. 1. I[pomonmxas 3Ty npouenypy, Mbl NOJiyYHM CTPOFO MOHOTOHHOE B3aHMHO
0IHO3HauHoe oToGpaxeHue [m, M]\ A — [0, 1]\ C. Yto6ul B 3TOM y6ennThb-
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€51, 3aMeTHM, 4TO MaKCHMaJlbHble JJIHHBI HHTePBaJIOB, BbIGHPaeMblX Ha KaXIoM
ware, y6bIBaloT, M, TaK Kak IJIA Kaxauoro uHtepsana | C [m, M] \ A cyuwe-
CTBYeT TOJIbKO KOHEeYHOoe KOJHYeCTBO WHTepBaJioB B [m, M] \ A, anuHbl KO-
TOpBIX MpeBocxoasT |/|, paHO MM MO3AHO MBI fofeM A0 Jio6Oro WHTepBasa
u3 Z. Mrak, Mbl noctpousn GHeKUHMIO MeXMIy MHOXeCTBOM HHTepBajoB I B
[m, M]\ A u mHoXecTBOM Hx o6pasoB B [0, 1]\ C npu oToGpaxenuu F,
npHYeM 3Ta GHeKLIHA COXpaHSET NOPSANOK CJef0BaHHA HHTePBAJIOB, T. €. HHTep-
Basl A pacnoJioxeH JieBee HHTepBasia B Torna M ToJbKo Toraa, KOriia KHTep-
Ban F(A) pacnoJioxeH JieBee HHTepBana F(B). Takum o6pa3oM, oTo6GpaxceHHe
F:[m, M]\ A - [0, 1]\ C B3aumHO oaHO3HauHO. ATO OTOGpaXkeHHe MO Mo-
CTPOEHHIO CTPOTO MOHOTOHHO Ha KaXXIOM HHTepBaJjie H3 Z, H €CJIH TOUKH X H Y
(¥ < y) npHHamexat pa3HbIM HHTepBaJsaM, To F(x) < F(y), Tak Kak oToGpaxe-
HHe F coxpaHsieT mopsiok ciefoBaHust HHTepBanoB. OToGpaxceHne F MOXHO
NPOJOJIKHTb MO HeMpepbIBHOCTH Ha MHOXECTBO £ KOHLEBBIX TOUEK BbIKHHYTBIX
uHTepBanoB. [ToayunBiieecsi oTo6paxkeHHe cHoBa GyaeT Bo3pacTaioumM. Ias
KaXKoH TOUKH a@ € A pacCMOTPHM MHOXKeCTBO

Lo={xeEx<a}

H noaoxuM F(a) = sup{f(x); x € L,}. Tak kak a = sup(L,) u obyHkuus F
MOHOTOHHO Bo3pacraeT Ha ([m, M] \ A) U E, oTo6paxeHHe F nponosmxkaercs
Ha Becb OTpe3oK [m, M] no MoHoTOHHO Bo3pactalotueii dyHkuHH. OrpaHHuH-
Basi F Ha A u npuMess Jemmy 12.11, nonyyaem tpebGyembiii romeomoppusm
mexay A u C. O

Caeacrue 12.13. [Ipocmpancmea Zy u Z, eomeomop@rot.

Bot ewwe omHo 3aMeuaTe/ibHOe NpHMeHeHHe Pe3y/bLTaTOB, H3JIOXEHHBIX
BbliLIe.

Teopema 12.14. Cywjecmsyem Henpepoi8Hoe omobpacenue eOunud-
Ho20 ompeska | na edunuunoii keadpam I2.

JokaszaTeabctso'. PaccMoTpum oto6paxenne f:C — C2, onucannoe
B ynpakHeHHu 47. ITo oToGpakeHHe sBJIAETCA roMeoMopdH3MOM, cjieloBa-
TeJIbHO, OHO HenpepbiBHO. [lycth g:C — | — KoMno3Huus roMeoMopdH3ama
mexpy C u Zy u oToGpax<eHus, onucaHHoro B ynpaxkHeHuu 45. Oto6-
paxeHHe g TakKe HenpepblBHO. [leKapToB KBaipaT 3TOro OTOGpa)keHHs
g x g: C% — |? apnsieTcsi HenpepbiBHbIM CIOPbEKTHBHLIM oToGpaXkeHHeM. Toraa
MbI NoJlyuaeM HenpepbiBHoe oToGpaxkeHue (g x g) o f: C — I? KaHTOpoBa MHO-
xecTBa C Ha enuHuuHblil kBagpar /2. Tak kak C C /, 370 0To6paxeHHe MOXHO
NPOLO/IKHTD N0 JIMHEAHOCTH Ha HHTepBaJibl, KOTOpble COCTaBAAIOT JOMOJHEHHe
mHoxectBa C. [TosyueHHoe oToGpaxeHHe oTpeska / Ha Ksaapart /2 siBsetcs
HCKOMbIM. a

1371a koncTpykums npunamnexut A. LLnngannuy.
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[TocTpoeHHoe oToGpakeHHe ABJsiETCA Pa3HOBHOHOCTbIO TaK Ha3biBaeMO¥
xpusoii Ileano, xoTopasi OObIUHO CTPOHTCA NyTeM HTepalmii.

Ynpaxuenus

43. Nokaxxute, uTo 0TOOpaX<eHHe HenpepbiBHO TOrA H TONLKO TOTAa, KOTAa
OHO HenpepbiBHO B KaXIoH TOUYKe.

44. JloxaxHTe, 4TO HenpepbiBHbIA 06pa3 CBA3HOrO MHOXeCTBa CBsA3eH.

45.. PaccmoTpum otobpaxeHnHe ¢: Q, — R, KoTopoe conocTasJisieT Kaxano-
MY p-aIH4yecKOMy YHCJy IefiCTBHTEbHOE YHCJIO, 3aIHCaHHOE 110 OCHOBAHHIO p,
cieflyloluM o6pa3om:

.o bobibo,b_1b_g...b_p— b_p...b_ob_,bob\bs...

1) oxaxxHTe, uTo ¢ AIBASIETCA HenpepbiBHbIM OTOGpaxkeHHeM Q, Ha MHo-
KectBo Ry Bcex HeOTpHUATE/BHBIX NeHCTBHTENbHbIX UHCE.

2) IlokaxHure, uto ¢ otobpaxaeT Z, Ha orpesok [0, 1].

3) Hokaxure, uto oToOpaXKeHHe ¢ He B3aHMHO OJIHO3HAYHO.

46. Paccmotpum oToGpaxkente f:/ — I2 enunnuHoro oTpeska / Ha eHHHY-
Hblit KBazpaT /2 = [ x I, onpeneneHHoe cJleyloMM 06pa3om:

(0,x1x9x3x4...) — (0,x1x3x5... 0,xX0x4%p...)

(uto6bl onpenesHTb 3To oToOpaXKeHHe KOPPEKTHO, Mbl 3anpelllaeM «XBOCT»,
COCTOSAILIMI H3 OOHHX HeBATOK). [loKaXxknTe, 4To 3TO OTOOpaXKeHHe He sABAseTCA
HenpepbIBHbIM.

47. PaccmotpuM oto6paxcenne f: C — C2 kanTopoBa MHoXecTBa C Ha ero
NleKapToB KBafpaT, onpefesieHHoe cJlelyloliiM o0pa3oM:

(0,x1x9x3x4...) — (0,x1x3%5..., 0,x9x4x5...).

Hokaxure, uto f — romeomopdHsm.

48. Tlyctb manbl IBa CUETHBIX BCIOAY NJIOTHBIX NoaMHoXecTBa A U B enu-
HuuHoro uutepBana (0, 1). IlocTpoiiTe MOHOTOHHO Bo3pacTaiolllee oToGpaXKe-
wue ¢: (0, 1) — (O, 1), nepeponsiee A B B. BuiBenure orciona, uto NoamMHo-
xectBa A H B romeomMopdHbI.

49% Tlyctb A=QnN [0, 1] u B=QnN (0, 1). Hokaxure, uto A u B ro-
MeoMOp(HBI.

50*, CywwecTByeT JiH HenycToe coBeplIeHHOe NnoaMHoxecTBo B R, KoTopoe
He COEPXHT paLHOHAJIBHBIX YHCcen?

51*. MonndbHuHpy#iiTe KOHCTPYKLHIO KaHTOpoBa MHOXKecTBa C TakHM o6pa-
30M, UTOGbI NOJYYHTb MHOXECTBO MOJIOXKHTENbHOIl Mepbl, FOMeOMOphHOE MHO-
xectBy C, T.e. Takoe NoAMHoXecTBO oTpe3Ka [0, 1] THNa KaHTopoBa MHOXe-
CTBa, YTOGbl CyMMa AJHH HHTEpBaJIOB ero NOMNOJHeHHs! Oblia CTpOro MeHbiue 1.
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Ihasa 3

Mamemamuueckuii anarus s Q,

§ 13. MocaenoBaTesbHOCTH H PAIbI

B stom naparpade Mbl paccMOTPHM OCHOBHbie CBOWCTBA, CBSI3aHHbIe CO
CXOHMOCTbIO MocJIeoBaTebHOCTe! H psinioB B Q,. Mbl yXke oTMeyanH 0CHOB-
HOH pe3ynbTatr: Q, AB/AETCA MOJHBLIM METPHYECKHM NPOCTPAHCTBOM, NMO3TO-
My mobasn nocnenoBarenbHocTh Kowmn cxommtes. [Nocaenosarenshoctd Kown
MOXKHO OXapaKTepH30BaTb CJielylolHM 06pa3oM.

Teopema 13.1. [locaedosamenrsiocmo {a,} 3remenmos npocmpan-
cmea Q, asasemca nocaedosamervrnocmoio Kowu u, makum obpa3om,
cxodumca moeda u moabko moeda, Koeda

lim |@pqy) — anlp =0. 13.1
n_lf[.‘ol n+1 nlp (13.1)
HokasateanbcTtBo. Ecau {a,} — nocnenoBarenbHocts Kouuu, To

mllgloo |am — anlp =0.
n—oo

B uactHocTH, ecan nonoxuts m = n + 1, To nonyuum (13.1). 3to BepHo Ans
nocsenoBaresbHocTel Koy B J1l060M MeTpHYECKOM NPOCTpaHCTBe.

O6patHoe yTBepxzehHe B R, KoHeuHo, HeBepHo (npuBenuTe npumep). On-
HaKo B YJIbTpaMeTPHUYeCKHX NPOCTpaHCTBaX OHO BepHo. B camom mene, nycTb
BbinoJsiHeHo ycJioBue (13.1). 3o o3Hauaer, yto aas Jio6oro € > 0 cylecTByer
Takoe HaTtypaJjbHoe uncyo N, uto mns Jio6oro n > N BbiNoJHsieTCA HepaBeH-
CTBO

|@n+1 — anlp <e.

Bo3bMeM Jio6ble m > n > N 4, NpHMeHSAS K BbIPaXEHHIO |@, — aq|p cHAbHOE
HepaBeHCTBO TPEYroJIbHHKA, MOJY4HM

|am—an|p=|am—am—l +am-1 — am-2 + —an|p<
< max('“m - am—l'p» |am—l - am—2|p» ceey |an+l - anlp) <eE,

yTO M TpeGOBaNOCh 10KAa3arh. O



(e}
Tenepb paccmoTpum psn Zl a; B Q,. Bynem roBopHTb, uTo paa cxodumcs,
= n
€CJIH NOCJ/Ie[I0BaTeIbHOCTb €ro YaCTHYHbIX CyMM S, = ) a; cxomutcs B Qp,
i=]

o0
YTO pAAL cx00UMCa abCOMOMHO, €CIH CXOANTCS BelLeCTBEHHbIH pan Y |ail,.
i=l

Kak 1 B ciiyuae R, H3 HepaBeHCTBa TpeyrosibHHKa cJieflyeT, 4to aGcosioTHo
CXONALUKACA PAL CXOAMTCS.

Mpennoxenne 13.2. Ecau pad Y |ai|, cxodumcsa 8 R, mo pad ) a;
cxodumcs 8 Qp.

HNokaszateabcTBo. Tak Kak pan Y. |ai|, cxomurcs, nocjenosaresb-
HOCTb €r0 YaCTHYHbIX CYMM siB/sieTCl MocJenoBateabHocTbio Kow, T.e. o
Jo6oro € > 0 cyliecTByeT Takoe HaTypasbHoe ucio N, uto ans Bcex n, m,

YLOB/ETBOPAIOLLHX HepaBeHCTBY m > n > N, BbINOJIHAETCS HepaBeHCTBO
m

> lailp <.

i=n+1
anMeHﬂﬂ HepaBeHCTBO TpeyroJibHHKa, noJjiyuiaeM

m m
ISm = Salo=|D_ aif <Y lailp <e,
i=n+l lp i=n+l
OTKyna CJieflyeT, YTo MocJefoBaTesNbHOCTb {S,} fABAAETCA NMOCJen0BaTENbHO-
ctbio Ko, v nostomy psaan Eai CXOJIMTCA B Q,,. O

Kak 06b1uHO, Mbl OXHzaeM, uTo B Q, Zena co CXOAHMOCTbIO PAlOB 06-
CTOAT Jiyule. M neficTBHTENbHO, CleyIOWMi pe3y/bTaT ABJsEeTCA CJeACTBHEM
Teopemsbi 13.1.

o0
MNpeanoxenne 13.3. Pad 3 a, (a, € Q) cxodumcs 8 Q, mozda u

n=I\
moabko moeda, koeda lim a, =0, 8 amom cayuae
n—o0

o0
Za,, < max |anlp-
n=] P

Hoka3aTeabcTBo. CXooMMOCTb paccMaTpHBaemoro psa 3KkBHBaJIeHT-
n

Ha CXOIMMOCTH NOC/eNOBAaTeJbHOCTH €ro YacTHUHbIX cyMM S, = > a;. Ho
i=]
an = Spy1 — Sp. [oaToMmy u3 Teopemsl 13.1 caenyer, uto {a,} cTpemutcs K 0
o0

TOrZJa H TOJIbKO Torna, Koraa psi E Qp CXOOHTCA.
n=|

o0 [eo}

Tenepb npeanoJioxum, uto pan Y, a, cxogures. Ecan Y a, =0, To noka-
n=] n=1

3biBaTh Heyero. EcJiv ke 3T0 He Tak, T0, NOCKOALKY a, — 0, U3 ynpaxkHenun 52
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cJieflyeT, YTo CyllecTByeT HaTypajbHoe unciio N, yIoBJieTBOpsIOLLee YCHOBHAM

oo N
Saf =Y e

n=I p n=I| p
H, C/le[IoBaTesIbHO, HCTOJb3ys npegnoxetnne 2.11, nonyuaem
max{|a,|p; 1 < n < N} = max|a,|,.
n
M3 cunbHoro HepaBeHCTBa TpeyrosibHHKa HMeeM
Y

N
2

n=|

< max{|anlp; | Sn <N} = max |@nlps
3

4To M TpeboBasioch NoKa3aTb. a
AxanoruuHoe ytBepxaeHue ans R negepno. HanGonee u3BecTHbI NpH-
Mep pacXolsiLerocsi BeleCTBEHHOro psfa ¢ OOLIMM YjleHOM, CTpeMsLIMMCSA K

o 1
HyJ10, — rapMOHHYeCKH# psax . e BnpoueM, cyuiecTByloT H 6oJiee TOHKHe

1 1
NpUMepbl, cKaxkeM,') (;) Innum 3 rt
p npocroe

o0
Onpenenenne 13.4. Pan 3 a, cxonutcs 6e3ycaosro, ecan pjis nio6ok
n=0

o0
NepecTaHOBKH €ro WIEHOB a, — a,, Pl Y a, TaKKe CXOIMTCA.
n=0
OueBHaHO, YTO H3 6€3yC/0BHOM CXOOMMOCTH BbiTeKaeT OOblYHAs CXOMOH-

moctb. OnHako B Q, BepHo H o6paTHoe.
o0
Teopema 13.5. Ecau pad > a, cxo0umcs, mo on cxo0umcs b6e3ycaos-

HO U €20 CyMMa He 3a8ucum om nepecmanoB8Ku 4AeHO8.

Noka3ateabcTBo. [lycTh € > 0 — npoH3BoJbHOE MOJIOXKHTEJIbHOE
nefictBuTesnbHoe uneao. TlycTb Takke N — Takoe HaTypaJibHOe YHCJIO, YTO A1s
Bcex n > N BbiNoJIHEHbl HepaBeHCTBA |ax|p < €, |ap|p, < en

(=) N
Y an-) aa| <e (13.2)

n=| n=] p

N N

[Monoxum S = Y a,, S’ = Y a), v 0603HaunM yepe3 S) H S|.COOTBETCTBEHHO
n=] n=|\

CYMMY BCeX UJIEHOB U3 S, LISl KOTOPBIX |@q|p > €, H CyMMy BceX u/ieHoB H3 S',

ANs KoTopbix |ay|p, > €. SlcHo, uto S| M S| comepxaT OIHH H Te XKe uYJjieHbl,
nostomy S; = S}. CymMa S oTaMyaercs oT CyMMBl S ujieHaMH, yIOBJieTBOPSA-
IOLUHMH HePaBeHCTBY |an|, < €, H TOUHO TaK ke S’ OT/IHYaeTCA OT S| ujleHaMH,
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YIOBETBOPAIOILWMH HepaBeHCTBY |a;|, < €. Takum obpasom, |S — S|, <eH
S’ — 81|, <¢, nostomy |S — §’|, < e. ConocraBasia 3TH pesyabtaThi ¢ (13.2),
1lp y p pesy.

noJsiyyaem
00 N
E a, — E a,| <e.

n=1 n=| p

o0
Tak kak € — 0 u N — 00, Mbl BUIHM, UTO P Y @, CXOOMTCA H
n=|

[e ) [e o]
D an=)_a,
n=| n=|
4TO H TpeboBaNoCh JOKa3aThb. O
B BelliecTBEHHOM cJ/lyuae CHTyaluHs cOBepllueHHO HHasn. TaM nepectaHoB-
Ka YIEHOB psfla MOXeT H3MeHHTb CYMMY H Nax<e CleJlaTb PAll PaCXOAALIMMCS.
Onnako nepecTaHOBKH W/JEHOB HH Ha YTO He BJHSIOT, eC/H psij cXoauTcs ab-
COJIIOTHO (no TeopeMe JlHpHXJe; MOMHHTE JIH Bbl, KaK OHa HOKa3blBaercs?).
Teopema 13.5 kaxerca ellle Goslee yAMBHTEIbHOM, TaK KaK cJjefyloliiee yTBep-
XKIletiHe BEHO He TOJIbKO B BeLLeCTBEHHOM, HO H B p-allHuecKoM cayyae.
Teopema 13.6. B npocmpancmee Q, cyuecmeyem pad . a,, komo-

n=|\
polil cxodumcs, HO He cxo0umca abcoromHo.

HokazaTteabcTBo. PaccMoTpuM caenylowwunii psig, cocTaBieHHbIH M3
noBTopsioWMXCs UeHoB: 1; p mosTopsietcs p pas; p? nosTopsieTca p? pas;
H 7.1, OueBHAHO, YTO UJieHbl 3TOro psifa cTpeMsiTcs K 0, N03TOMY OH CXOIMTCA.
Onnako

dlaalp=1+p-p7'+p* p24... =00,
n=1
YTO H YTBepXJaJsoch. O
Caenylolmii pe3ybTaT CBsi3aH ¢ nepecTaHOBKOH NMOpSiAKa CyMMHPOBaHHA
B IBOHHbBIX pslax, 10BOJbHO TOHKHM BOMNpPOCOM B BelLleCTBEHHOM cJlyuae.
Teopema 13.7. Paccmompum makue p-aduueckue wucaa bij, i, j =
=1,2,..., umo 0an moboeo € > 0 cyujecmsyem HamyparbHoe HuCAO
N = N(g), 021 komopoeo
max(i, j) 2 N = |bij| <e.
Toeda 06a pada
> (E bff) D> (Z bu)
’ i i i
CXOO0RAMCA U UX CYMMbL PABHOL.
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Hokasateabctso. [To npemnoxennio 13.3 BHyTpeHHHe panbl Y bij H
i
3" bij cxonATca (nepBbifi — 4M1A Bcex i, BTopoit — ais Beex j). Kpome Toro,

[}
s Bcex i > N nmeem
’Z bij| < max|bij|p <e,
: !
! P
¥ TOYHO TaK XKe 15 Bcex j > N nMeeM

Zbii <e€E.
' p

Ortcioza cyiefiyeT CXOAMMOCTb 060HX IBOMHbLIX psafoB. UTo6bl N0Ka3aTh paBeH-
CTBO MX CYMM, HanuiieM

i ibii —i ib;i =ZN: i bij | + i ib:/ <e,

i=l \j=1 i=1 \j=] p i=1 \j=N+1 i=N+1 \j=I p

YTO MOXKET BBIMOJHATLCA AASA JI060ro € JIHIIL B TOM CJiyyae, KOrAa CyMMbl
060HX pALOB paBHBHI. O

[To cyTH, 37O elue ooHH BapHaHT pesysibTaTa O NepecTaHOBKax WJeHOB B
pAnax.

Ynpaxnenus
52. Ilycts lim a, = a B Q,. Ilokaxure, uto an6o lim |a,|, = 0, 6o
n—oo n—oo
CYLLeCTBYeT Takoe HaTypaJibHoe uHcsio N, uto |a|, = |a|, ansa Bcex n > N.
n o

53. [lokaxuTe, 4TO NOCJIENOBATEAbHOCTb @, = 2% cxomutes B Q3, H HafinuTe
ee npepgei.

54 («rapMoHHYecKasi» NoCJ/eN0BaTeNbHOCTD).

1) Tokaxure, uto nocaenoBareabHocts 1, 1/2, 1/3,  He umeer npenena
B Qp, HO COLEPXKHT CXONALLYIOCA NOANOC/e0BaTeNbHOCTD.

2*) Jlokaxmure, 4To Mgoomecmo {1,1/2,1/3,...} nnotHo B {x€Q,:|x|,>1}.

55. lokaxute, uto ) n!-n=—18 Q, ana moboro p.

n=1
56. Hcriosib3ys HieH npeablaylLero ynpaxHeHHsi, J0KaxHre, 4to B Q, aan

Jaw6oro NpoCTOro 4ucja p HMEKT MECTO paBeHCTBa

Y+ =2 > At (n+ 1) =26

n=| n=1

5* p-anuucckuii aHamu3 65



§ 14. p-annueckue crenexHbie psibl

(DOpMa/leblM cmenexHHum pﬂaOM Ha3biBaeTCs Bblpa>keHue BHAA

oo
f(x) = Z anX”,
n=0
rae a, € Qp, a X — nepeMennas. MHOXeCTBO BceX CTeneHHbIX psnoB OT X ¢
Ko3pdHuneHTaMH B KoJiblie R o6o3Hauaerca R X], a MHOXecTBO MHOrou1IeHOB
uepe3 R[X].
Ilns nanublx x € Qp v f Eoon [[X]] MoxHO paccMoTpeTb COOTBETCTBYIOLLIHI
uKcoBO# pax f(x), paBhblit Y a,x". Kak Mbl yXKe 3HaeM, OH CXOOMTCA TOTHa

n=0
H TOJIbKO TOTJa, Koraa |a,x"|, — 0.

Kak u B apxuMeznoBOM ciiyuae (cTeneHHble psnbl ¢ KosgduuneHtamu B R
wiu C), onpenennm «paamyc CXOAMMOCTH»

limsup |a,|/
Hanomuum, uto BepxHHM npenesioM lim sup nocsiefoBaTeIbHOCTH Ha3blBaeTcs
TOYHas BepPXHss TpaHb (Sup) MHOXeCTBa ee Mpene/ibHbIX Touek. TakuM o6Gpa-
30M, B ciyyae 0 < r < oo s mo6oro C > 1/r cywecTByeT TOJIbKO KOHeuHoe
KOJIHYECTBO YHCeJ |a,,| g, 6oabumnx C. Caenylouee yTBepxieHHe onpaBabiBa-
€T TePMHH «PaiHyC CXOLHMOCTH».
Npenpnoxenne 14.1. [Tpednoroxcum, umo 0 < r < 0o. Toeda pao

(o o]
5 aue
n=0

cxodumcs, ecau |x|, < r, u pacxooumcs, ecau |x|, > r.
HNoka3sateabctso. [lycts chavana |x|, < r. [Tonoxum |x|, = (1 —¢)r.
Torza
lanx"l = (rlaal/")"(1 = ©)".

Tak Kak cyllecTByeT TOJNbKO KOHEUHO€ KOJIHUECTBO TaKMX 1, uTO |a,,|l/ "
> T )
r—(1/2)er

. n . (1 -¢)r "_ | i
Aim_ |anx l"shm((l —t-:/2)r) ..'l.".!o(l—eﬂ) =0.

AnanornuHo, ecs |x|, > r,’to 3anuwem |x|, = (1 + €)r. Torza

|anx"], = (rlaa]¥Y™)"(1 + €)"

HMeeEM
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Tak Kak cyluecTByeT TOJNbKO KOHeUHOe KOJMYECTBO TaKHX 11, 4TO |a,,|'/"

> m, HMeeM
. n . (1 +¢)r \" l14+¢\"
limsup anx"], 2"m((l +e/2)r) = Jim (75 /2) #0. =

UTo NpoHCXOAHUT Ha «rpaHHLe» |x|, = r? B apxumenosom cayuae (R nau C)
noBeJieHHe CTeNEHHOro psAfa Ha IpaHHLe HHTepBaJa WJH Kpyra CXOOHMOCTH
MoXeT GbiTb [NOBOJIbHO c/oXHbIM. Hanpumep, pamHyc CXOLHMOCTH 0GbIYHO-
ro JorapHMHyeckoro cTenenHoro psaaa In(l + x) = E( l)""‘I paBeH 1.

n=|
Ecan |x| =1, To npu x = —1 pan pacxomurtcs, a npH x = 1 — cxoautcs (He

a6CoIOTHO).

B HeapxuMe#oBOM cijlyuae NoBeleHHe CTeNEHHOTO psila BO BCeX TOYKax
|x|p = r onMHakoBO, MOTOMY YTO psl CXOOMTCA TOrAA W TOJBKO TOrAa, KO-
raa |a,x"|, — 0, a 310 yc/oBHe 3aBHCHT TOJIbKO OT HOPMbI |X|,, HO He oT
KOHKPETHOTO 3HaueHHs X.

PaccMoTpHM TOT e camblii npuMep E( l)""'I . Mbl umeeMm
n=]

_ ordyn : I/n _
lanlp = p*" n nll'"goladp =1
(ynpaxkHeHue 57). DToT pal cxoAuTCs NpH |x|, < 1 v pacxomntes npH |x|, > 1.
Ecan xe |x|, = 1, 10 |a,x"|, = p® " > 1, n nostoMy 1R BCeX TakMX X psid

pacXomuTCA.
Jlemma 14.2. Jlwo6oi pad f(X) € Z,[[X]} cxodumcs 6 {x € Qp:|x|, < 1}.
o0

HoxkazateabctBo. [lycts |x|, <1 u f(x) = > a,x". Tak kak wis

n=0
mo6oro n > 0 BHNOAHsAETCA HePaBeHCTBO |an|, < 1, uMeeM |a,x"|, < |x|f — 0
npu n — 00, OTKYAA@ H CJleflyeT CXOOHMOCTb psja. O
NMpumep 14.3. 3adukcupyem HekoTopoe a € Z,. onoxum

falX) = i(z)x" € Z,[IX].

n=0

3nech

(a)=a(a—l)...(a—n+l) nofaX) = (1 + X)2.

n n!

Jlemma 14.4. Ecaua €Zp un >0, mo( )GZ,,.
HoxasaTteabcTBo. [Ina kaxnoro n > Opaccmm'puM

Py = XX = 1)..;l§x —n+1) o).
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Kak u so6ofi MHorousieH, P, onpenessier HenpepbiBHoe oToGpaxenne Qp —
m
— Qp. Ecin m, n — HatypasbHble yncaa, (n) € N, 1o n1s a € N umeem

Pa(a) = (Z) eN.

Takum o6pasoM, HempepbiBHast ¢yHKuust P, oto6paxaer N B N. Toraa no
HemnpepbIBHOCTH OHa MepeBOAHT 3aMblkaHHe MHOXecTBa N B 3aMblkaHHe MHO-
xectsa N. Ho no teopeme 11.11 MHoxectBo N nnotHo B Zp; 3T0 03Hauaer,
uto P, oTo6paxaer Z, B Z,. a

3ameuanne 14.5. Hec/10)kHO NoKasaTh HeMocpeaCTBEHHO, UTO ecin m € Z,

m
TO (n ) € Z. Kak 3710 caenatb?

Crienyoluii pesysibTaT oueHb MOXOX Ha COOTBETCTBYlOLLee yTBepXKAeHHe
H3 BellleCTBEHHOr0 aHaju3a.

Jlemma 14.6. ITycmeo f(x) = ayx", a, € Qp, — p-aduueckuii cmenen-
Holl pAad, 06aacmelo CX00UMOCMU KOMOPO2O ABAREMCA OMKPLMbL U 3a-
mrxnymoud wap D C Qp. Tozda f:D — Q, asasemca nenpepoisHoi Gynk-
yueid Ha D.

Joka3aTesnbcTBo. Mbl noKaxeM, 4To QyHKUHS f HelpepbiBHA B KaX-
Io# Touke x € D, x # 0, a cayuait x = 0 octaBUM uHTaTeNto (ynpaxkHenue 59).
Ilycts |x — x'|, < 8, roe 8 < |x|, Gyner BbiGpano nosxe. Torna |x|, = |x'[,
o CBOMCTBY paBHOGEAPEHHOro TpeyrosibHHKa. Mbl HMeeM

(s <]

|F(x) = F")]p = |D_(@nx" = anx"™)| < max|aqx" — anx"|p =
n=0 p

= max(|aalp(x — ¥V + 22+ + 17,
n

Ho

"o < max e, = ey

|xn—l +x”‘2x'+ +x
1<ign

Takum o6pasom,
- )
17(x) = £} < max(lx = ¥'lplanllxly™) < for= max(aslplel3).
Tak kak uucna |a,x"|, orpannueHb npu n — oo, nonyyaem |f(x) — f(x')|, <e

IS NIOAXOAsALIEro J.
TMpeanoxenune 14.7. Paduyc cxodumocmu cmenenno2o pada

fX) =" a.X" € Q,[IX]

n=0
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cosnadaem ¢ paduycom cxo0umocmu e2o npou3sooHoL

Df(X)=">_na,X"',
n=1

m.e. r; = rp;j.
HNokasateabcrpo. [las moboro n € N umeem |n|, < 1. Torna

rof = limsup |na,|}/"~" = limsup |na,|}/" = limsup |a,|}/" = r;,
n—oo n—oo n—oo
4TO H TPe6GoBaNOCh N0Ka3aTh. O

\,
Chnenylowi npHMep nokasbiBaeT, YTO MOBeleHHe CTeNEHHOro psala Ha
rpaHHlle MOXKEeT OTJIHYaThbCA OT NMoBeleHHs ero npoxsBoiHoi. CreneHHo# pan

(e
f(X) =3 XP" umeer pammyc cXONHMOCTH, paBHbIii 1, W pacxomuTcsi np
n=0

e ]
|x|, =1, B To Bpems Kak ero npoussomHas Df(X) = > p"XP"=1 cxomutesn
n=1

o0
ans |x|p, =1 (Tak Kak pag Y, p" cxomurcs).
n=]

YnpaxHenus
57. Llokaxute, uto lim p°de#/n = |,
58. Ilyctb e
[ o]
fX) =Y a.X" € Q,[IX]
n=0

— cTeneHHo# pag u r = 1/limsup |a,,|;,/ ". IlokaxuTe, uto ecan r = 0, To f(x)
CXOZIMTCA TOTAA H TOJIbKO TOTAa, Koraa x = 0, a ecsin r = 00, To f(x) cxoautes

ans Beex x € Qp.
00
59. JlokaxkuTe HempepbiBHOCTb CTeMeHHOro paga f(x) = > a,x", umelo-
n=0
LLIEro NOJIOXKHTEJIbHBIA pagHyc CXOAHMOCTH, B Touke x = 0.

60. Hokaxwre, 4TO s
n— S,

N=2"2n

ord,(n!) 1

roe S,, — CyMMa LlHq)p YHcaa n, 3anHCaHHOro no oCHoBaHHIO p.

§ 15. HekoTopble aaemeHTapHble PyHKUHH

§ 15.1. p-apnuecknit aorapudm. PaccMOTpHM chenyloluii cTeneHHOM
pan - .
= _qyr 2

log(1 + X) =) (-1)" —. (15.1)

n=|
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Tak kak Bce Ko3(hdHLUHEHTH 3TOrO psina ABJAAIOTCA PALMOHAbHBLIMH UHCJAMH,
cam psan npHHamnexut Koably Q[X]. Kak Mbl y)xe BHIenH, cooTBeTcTBYIO-
KA creneHHo# pan B Qp, KoTopbiit Mbl GyneM o6o3Hauath Inp (1 + x), uto6bl
He nyTaTh C JorapHhMoM NO OCHOBAHHIO P, H Ha3biBaTb p-aAduuecKum 102a-
pugmom, cxonutes npH |x|, < 1. (Mbl coxpanum o6o3uauenne log(l + x) as
COOTBETCTBYIOLLIETO YHCJIOBOTrO cTeneHHoro psna B R.)

AHanornuHo, onpenesinM pan

= arl (X = 1)"
Inp(x) = (~1)"+=——,

n=1

KOTOpbIf cxomuTecA npi x E B={x € Zp:|x — 1|, < 1} =1 + pZ,.
Teopema 15.1. p-aduueckuii rozapugm yoosiemsopsaem OCHOBHOMY
csoiicmsy

Inp(xy) = Inp(x) + Iny(y).
HokasaTeabcTBo. Clenyollee TOXAeCTBO:
log(l1+X)+log(l +Y)—log(l+X+Y+X"N=0 (15.2)

BbINOJIHEHO A1 (POPMaNbHBIX CTeNeHHbIX pALoB. MOXHO NpoBepHTDb Hemocpen-
CTBEHHO (Pa3/IOXKHB B psiibl H MeperpynnupoBaB YjeHbl), YTO Bce KO3(dH-
LHeHTbl MoJiyvalolerocsi B pesyasrate psfa paBHbi 0. OnHako MOXHO 3TO
npoBepuTb H no-apyromy. 3ametum, uto psan (15.1) onpenenser BelnecrBeH-
HbIA JlorapHdM, KOTOpbIi yaoBJeTBOpsieT cooTHoweHHIo (15.2). 3To o3Hayaer,
yTo psAA, CTOAILUMI B JeBOW uacTH paBeHcTBa (15.2), ob6pawaercs B 0 win
BCeX NeHCTBHTeNbHbIX yHcesq X H Y u3 uHTepBana (—1, 1). Tlostomy nocse
NpHBeLleHHs1 MOJOGHbIX WJIEHOB (KOTOpOe He BJIHSeT Ha CXOAHMOCTb H CyMMy
COOTBETCTBYIOLLIETO BelleCTBEHHOro psila, TaK KaK OH CXOAHTCA aBCoMoTHO)
JieBas 4acTb 3aNHChiBaeTcsl B BHAE Y CnmX"Y™ H BCE Cpm paBHbl 0. BosbMem
nobule o, B € pZy, Torna a + B + aff € pZ, 1 To XKe caMoe MOXHO CKa3aTh
npo
Ing(1 + o) + Iny(1 4+ B) — Iny (1 + a)(1 + B).

Tak kak Bce paccmaTpHBaeMble psbl CXONATCS, MOXHO, MPHMEHSA Teo-

pemy 13.7, meperpynnupoBaTb WieHbl H MNepenucaTb JIeBYIO uYacTb B BHJE
> cnma"B™, NpHYEM BCE Cnm paBHbl 0, OTKYNa H BbiTekaeT TpeGyemoe yrBep-

XaeHHe. O
§ 15.2. p-anuueckan skcnonenta. Terepb pacCMOTPHM CTemeHHOMH pAx
o0
Xll
exp(X) =) 7.
n=0
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CooTBeTCTBYIOLIMI BellleCTBEHHbIH CTeNeHHON psl cxoaHuTcs Beioay. PaccMor-
pHM 3TOT cTeneHHol pal B Qp; o Ha3biBaeTcs p-aduuecKkoil IKCNOHenmoi
n obo3Hauaercsi exp,(x). CJelyowas TeopemMa MOXeT CHauaja NokasaTbcs
CTpaHHo#.

Teopema 15.2. p-aduueckasn akcnonenma exp,(x) cxodumca 8 kpy-
2e Dp ={x € Qp:|x|p < rp}, 20e rp, = p~'/P=V u pacxodumca 6o ecex
ocmaavHoix mouxax Qp.

Hoxasateabctso. CHauana HaliieM paHyc CXOAHMOCTH rp 3TOTO CTe-
nexHoro psga no ¢opmyae (14.1). B nanHom cayuyae a, = 1/n!. Hicnoabays
ynpaxtseHue 60, nonyuaem

3 dopmyabi

rp=———
P lim sup |aa| /"

(HCI‘IOJIB3yﬂ TO, YTO rp AABJAETCA CTENeHblo YHCA p) noJjiyyaeM COOTHOLUEHHE

IR T 1 IR T n—S, _ 1
ord, rp = llmmf; ordpa, = Ilmmf( 7z(p——l)) ==
(nocnenHee paBeHCTBO BHINOJHEHO, TaK Kak
hm(—n_&)=—l+Hm§ﬁ=—u
n—o0 n n—oo 1N

u Toraa rp, = p~'/P=1. Tenepb nocMotpum, uto 6yner npu |x|, = p~/P=D,
T.e. ord,(x) = 1/(p — 1). MoxHo HanucaTb
_n-— Sa n Sn

p=1 T p-1-p-T

ordy(a,x") =

Ecann=p™, 10S, =14 ordp(apmxp'") =1/(p — 1), nostomy
i lanely £0 sl = p~0,

H AL pacxommTcs npu x|, = p~/(P-D, m]
* 3ameuanue 15.3. Ecan p =2, To paamyc cxoaumocTH paset 1/2, nostomy
eXpo(x) cxomuTcs B 4Zo.

Ecau p > 2, To panuyc cxonumocTd paen p='/(P=D_ QOpuako p-anuueckas
HOpMa He MOXKeT NPHHHMaTh TaKoe 3HaueHHe, M Tak Kak 1/p < p~V/(P=D < |,
psin exp,(x) cxoautcs B pZp.

Mpeanoxenue 15.4. Ecau mouku x u y npunadaexcam obracmu cxo-
Oumocmu D, p-aduueckod akcnoxenmeol, mo exp,(x +y) =exp ,(x) exp,(y).
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HokasatenbcTBo. Tak Kak 370 BepHO 1A (hOPMaJbHBIX CTeNeHHbIX psi-
OB, TO JI0Ka3aTeJbCTBO aHAJIOTHYHO JI0Ka3aTeNbCTBY npemioxkenus 15.1. O
Mpennoxenue 15.5. Ecau x € Dy = {|x|, < p~"/*=N}, mo

lexp,(x) — 1], < 1,
m.e. exp,(x) npunadaexcum obaacmu onpedeserusn pynkyuu Iny(x) u
Inp(exp, (x)) = x. (15.3)

Haobopom, ecau x € Dy, mo

S
[Inp(1 +x)|p, < p !

exp,(Inp(l +x)) =1+ x. (15.4)

HokasateabcTBo. CooTHowenns (15.3) u (15.4) caenyor u3 coot-
BETCTBYIOILUX COOTHOLLIEHHH A5 HOpMaJIbHBIX CTeMeHHBIX PSLOB, NO3TOMY 10-
CTaTOYHO NPOBEPHTDb, YTO BCE paccMaTpHBaeMbie pslbl CXOOATCA.

Ecan x € Dy, To psin exp,(x) cxoautes H no npeioxetuio 13.3

xll
lexp,(x) — 1], < m’?xlmlp.

Hcnonb3ys pesysbratr ynpakHenus 60, mosnydaem

xll

n!

n n

< p—ﬁpordp(”!) < p_p—l pr1 =1.
p

TMostomy |exp,(x) — 1|, < I, KaK H yTBepxKIaIOCh.

Yro6bl 10Ka3aTh BTOPYIO 4acTb, HANlO OLEHHTb ord,(n).

Jlemma 15.6. Cnpasedauso pasencmso ord,(n) — %l < p_—_l]

HoxasateabcTBo AeMMb. Jaan=1un =,;7 MMeeM paBeHCTBO.
Ecan 1 < n < p, 10 ordp(n) = 0 u uMeeT MecTo cTporoe HepaBeHcTBO. [lns
p > n HMeeT MeCTO cJefylollasi olleHKa cBepXy Wis ord,(n) (cp. ynpaxHe-

HHe 57 Bbillie):

ord,(n) < IIT()E—Z'
Torza n—1 n-—1 logn
rEa i ordy(n) > o —1  Togp (15.5)
[Tonoxxum i £ 1 log x
p—1 logp



Mbl umeeM f(p) =0 u f'(x) > 0 gas x > p. ATo o3HayaeT, uTo QyHKumus f
BO3pacTaer, B YaCTHOCTH, NPH 1 > p ¥MeeT MeCTO HePaBEeHCTBO

n—1 logn
p—1 logp

’

comnocTaBJiss 370 HepaBeHCTBO ¢ (15.5), nonyyaem TpeGyemoe yrBepkaerne. [J
IMyctb cHoBa x € Dp. Torna

n
lIny(1 + x)|, < max | %
n

[Mpumenss nemmy, noayyaem

n 1

n
< p_ﬁpordp(n) < p p—l’

nlp

otkyza |Iny(1 + x)|, < p~ 7-T. 0O

Npumep 15.7. Iycts p = 2. Torna —1 € {x € Zy: |x — l|o < 1}, Tak Kak
| =1 =12 =1/2 < 1. Takum o6pa3om, 2-aauueckuii norapucdm Ing(—1) MoXKHO
BBIYHCJIHTb C MOMOLIbIO CTENeHHOro psaaa

2 3
(-1 =lnp(1 ~2) = —(24+ S+ 2+ ).

C npyroii CTOPOHBI, HMeeM
0 =Ing(l) = Ing(—1) + Ing(—1) = 2Ing(-1),

oTkyza Ing(—1) = 0. 370 03HauaeT, YTO NpH 1 — 0O CyMMa

22 2 2"
2+ s+ 5 +...+ =
2+ S+t
CTaHOBHTCs Bce OaiHKe M 6aHxKe (no 2-aauyeckoit HopMe) k 0, T. e. nesuTcs Ha
CKOJIb YrofHO GoJibliHe CTeneHH NBOMKH, €C/iH n JOCTaToOYHO BesiKo. Bosee
TOYHO, AN KaXKIoro M cyluecTByeT Takoe 1, 4TO

+ +=).

2o o)

M 2
2|@+—+
2
MO)KeTe JIH Bbl OLIEHHUTDb MaKCHMaJleyIO CcTeneHb IlBOl‘r'lKH, KOTOpaﬂ JEJIUT

22 23

2 Z,
+SHF+ + 5
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§ 16. MoXHo aM p-aanuecKHil cTeneHHOH psaa npoaon-
XHUTb aHAJIUTHYECKH?

[peanonioxum, uto Ham HaHa (PYHKUHS, 3aJaHHAs CTeNeHHbIM pSLOM B
HeKOTOpoM Kpyre. MoXHO JiH 3Ty (pyHKLHIO «eCTeCTBeHHbIM» 06pa3oM npo-
NOJ/KHTb Ha 60JbIlylo 061acThb? B BelllecTBeHHOM C/lydae OTBET yTBEpAHTEb-
HbIit: Jaxke HeCMOTpSA Ha To, 4To cTeneHHol psal log(x + 1) pacxomutes npu
x > |, cywectByeT GeckoHeuHo raanKas ¢yHKuUHA log, onpenenenHan ana Beex
NOJNIOXKHTENbHbIX YHces. Cnoco6 npofosKeHHs B COCTOMT B CJ/ieflylollleM: Mbl
BbIOHpaeM BHYTPH Kpyra CXOAHMOCTH HeKOTOpYIO TOYKY &, HaXOAHM CTeneHHoe
pasnoxkeHne HalleH (pyHKLHH B 3TOH TOUKe H TAKHM 06pa3oM NpOJOJIKaeM Ha-
wy (yHKUHIO B KPYr CXOAHMOCTH HOBoro psga. K coxasnenuio, 3TOoT MeTOA B
cnyyae Q, He pa6otaer.

lMpennoxenne 16.1. [Tycmeo

fX) =" a.X" € Q,X],

n=0

u nycme o € D, 2de D — kpye cxodumocmu psaoda f. [rs m > 0 noroxmum

bm = i(;)ana"‘”', (16.1)

n=m

[o o]
gX)=>_ bm(X — )™ (16.2)
m=0
Toeda
1) pad (16.1) cxodumcsa dra ecex m, nosmomy b, Koppekmno onpe-
deaeno 01 Kaxcdoeo m;
2) kpye cxodumocmu pada g(X) cosnadaem c D;
3) gA\) = f(\) 0a1 8cex A € D.
IJoka3zaTenbCTBO.
Tak kak o € D, aasi KaXa0ro m nMeem

n n—m < n—m -m n 0,
ana ana p = %p " 1an" [p
m p

n
NnoTOMY uTO (m) € Z. 3naunr pan f(x) cxoaurcs B Touke o. TeM cambiM yTBep-

XIeHue 1) nokasaHo.
Teneps, ecan A € D, T0

=Y a0 ot =3 > (1)an "0 - " (16.3)

n=0 n=0 m<gn
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[TocnenHee passioxeHHe oueHb NMOXOXKe Ha YaCTHYHYIO CyMMY psiza g(x), Ha-
10 TOJIbKO NOMeHATb NOpsaoK CYMMHpOBaHHsA. UTo6bl 060CHOBaTh 3aKOHHOCTD
CMeHbl Nopsiilka CyMMHPOBaHHs, NMOKaXXeM, YTO 3TOT ABOHHOH psl CXOOHTCH
«paBHOMepHO». CHauana clienaeM Tak, YToObl 06a HHAeKca NpHHHMaNH Gec-
KOHeYHOe KOJIM4eCTBO 3HaueHHi.
[Tonoxum
n .
( )a,,a" TN —a)™, ecaum<n,
pn‘m = m

0, ecld m > n.

Mbl XOTHM NOKa3aTb, 4TO By » — 0 paBHOMEPHO OTHOCHTELHO 060HX HHIEKCOB,
T.€. Mbl XOTHM HafiTH Takoe uncsio N, uro ecit m >N uan n> N, 10 |Bma|p <.
FMeet MecTo ciiefylomas oueHKa:

Bralp = | (1) w00 = )| < fano™" (e = 1),

MoxxHo HaliTH Takylo TouKy ry € D, uto r =|r|, > max(|a|,, [A|p). (Bosbmem,
HanpHMep, r; = a WK rj = A B 3aBUCHMOCTH OT TOTO, KaKoe M3 YHces o H A
umeeT 60abuIyio HopMy.) Toraa no noctpoennio ||y < 7™, u

A = a|p™™ < max(lalp, [\p)"™" < r"=m
no HOCTPOCHHIO H Heapx“MeﬂOBy CBOl‘:lCTBy HOprl; "03TOMy
|ﬁn.m|p < |anan—m()\ - a)mlp < |an|p"n.

TpHyeM NocJiefiHee BbipaxkeHHe cTpeMuTcs K 0, Koraia n — 0o He3aBHCHMO OT m,
T.e.
Ve>03IN:Van >N |Bualp <e,

a 3TO NOJMIOBHHA HYXHOTo HaM yTBepxfieHus. anee, eciu m > N, 10
mbon2m=>n>N = |Bmalp, <,
an6o n < m =>PBmy =0, NOITOMY |Bmalp =0<e.

Tenepb Mbl MOXeM NpHMeHHTb TeopeMy 13.7 H MOMeHATL NOPSAOK CyMMHpO-
BatlHs B cooTHoleHHH (16.3):

0= 3 3 () ana="0 - " = 3 o =

n=0m<n n=0 m=0
0 oo o oo
=3 Bam =33 (1 )ana" " - &)™ = g
m
m=0 n=0 m=0n=m
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Mb! B35 npon3BosbHOe A € D 1 Nostyunau, uTo psill g CXOOMTCA B TOUKe A,
no3ToMy g cxomutcsi Bo BceM Kpyre D. 3amernM, uto [ H g yuacTByioT B
3THX paccyIeHHsX CHMMETPHUHO, NO3TOMY MOXHO, HauaB C g, NOCTPOHTD [.
Ortciona caenyer, YTo pAn f CXOAMTCA TOTAa e, KOTAa CXOOMTCA g, 4TO H
Tpe6oBa/och 10Ka3aThb. O

Htak, HaM He ynaetcs npomo/kuTh (YHKLHIO, 3alaHHYIO p-adHuyecKuM
CTeNeHHbIM PALOM, TaK, KaK 3TO [ie1aloT B BellleCTBEHHOM cJiyuae. Bosnuka-
eT BONpoc: MPOAO/KeHHe KaKOTo poAa Mbl XOTHM MoslyunTh? B BelnectserHom
cnyyae GpyHKUHsl HAa3bIBaeTCs aHAJUTHUECKON, eCJIH OHa OnpefiesIseTcs CTeneH-
HbIM PSIIOM B HEKOTOPOH OKPECTHOCTH KaXKHIoi TOUKH CBOeH 006JacTH onpene-
Jenns. PaccMotpuM dyhkumio, onpenenektyio B Z, W paBhyto | na pZ, n 0
Ha Z, \ pZ, = Zj;. Tak Kkak 062 3TH MHOXeCTBa OTKPbIThI, Halla (GyHKLHA f
MOXeT ObiTb 3anmHcaHa B BHIE CTeNMeHHOro psfa (KOHCTaHTbl) B HEKOTOPOH
OKPeCTHOCTH KaXXIOH TOYKH M3 Zp, HO 3Ta (yHKLHA COBCEM He MOXoXa Ha
«aHanuTHueckyto»! [To3ToMy nepen TeM Kak CTaBHTb BONpOC 06 aHalHTHYe-
CKOM NPOJOJ/KEHHH, HyXKHO NPaBH/ILHO ONpeesIUTb aHaJHTHYECKYI0 (yHKUHIO.

§ 17. Hyan p-apnuecknx cTeneHHbIX paaoB
B caenyioweii Teopeme peub et o GpyHKumaAX f:Z, — Q,p, 3anaHHbIX CTe-
(e

neHHbiMH pagamu f(X) = > a,X", Kotopble cxomarca A Beex x € Z,. Ta-
n=0
KHe (YHKUHH XapaKTepH3yIOTCA TeM, YTO COOTBETCTBYIOLIMA PAL CXOOMTCA As

lx]p =1, T.e.
lim a, =0.

n—o0

Teopema 17.1 (teopema Lltpaccmana). ITycmeo

oo
fX) =" anX" € Qp[X]
n=0
— HeHyaesol cmeneHHoU pad (m.e. He 8ce e20 KO3 puyuenmor pagHol
Hyn0). [Tpednoroxcum, umo nlim a, =0 u moeda pad f(x) cxodumcea npu
—00

scex x € L. IlTycmo N — namypanaornoe uwucao, komopoe onpedersemca
caedyrouum o6pason:

1) lawlp = max aal,,

2) |aalp <lan|p npun>N.Toz0a pynkyus [-Z, — Q, umeem ne 60ree
N nyaeit.

3ameuanue 17.2. Tak kak a, — 0, HopMma |a,|, NpHHHMaeT MaKcHManbHoe
3HaueHHe Ha KOHEUHOM MHOXKEeCTBe HHIEKCOB 11y, No, ..., Ng; Toraa N = n,, roe
Ny — MaKCHMaJbHBIH H3 HHIEKCOB YHCEJ Q,, HMEIOLLHX MaKCHMaJbHYI0 HOpPMY.

Hoka3zateabcTtBo Teopembl 17.1. JlokaszaTeqbCTBO MPOBOAMTCA
HHOYKuueil no N.
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basa undyxyuu. INpu N = 0 Hawe npeanosioxxeHue o3Hauaer, uto |ag|, >
> |an|p ans Bcex n > 0. Mbl XOTHM [OKa3ath, uTo f(x) He UMeeT HyJeil B Zp.
Ecau
0=f(x)=ao+ aix + agx®+ ...,

TO
laolp = |a1x + asx? + ...| < max|an,x"|, < max|an|, < |aolp,
n21 n2\

M TeM CaMblM Mbl NOJYYHJIH NPOTHBOpEUHE.

llae undykyuu. B sBHOM BHZe BBIIEHM MHOXHTEJb, COOTBETCTBYIOLIHNA
OIHOMY M3 HyJleH, H TIOKaXeM, YTO YaCTHOe TaKxKe SIBSETCS CTEleHHbIM PSIOM,
st KoToporo uucio N ctporo menbiue. [Tpegnonoxum, uto

|aN|,,=m,.:1x|a,,|p H |a.| <l|an|lp, mmn>N,

v nyctb f(a) =0 ans HekoToporo o € Z,. BozbMeM npon3BoJibHOE YHCJIO
x €Zp. Torna

ad oo n—I
f(x) = f(x) - f(a) = Zan(x" _ n) — (X _ a)zzanxian—l—i.
n=| n=1 j=0

[To Teopeme 13.7 MOXHO MOMeHATb MOPANOK CYyMMHPOBaHHSA: noJjaras k =
=n — j — 1, nonyyaem

[o o] [e <]
fo)=(x —)Y bjxi = (x —0)gi(x), e b; =) ajrieat.
=0 k=0

Mbi uMeeM
|bjlp, < max|ajyi4elp < lan|, mns Bcex j ot 0 o oo,
Tak Kak 3/JeMeHT ay HMeeT MakchMaJibHyio Hopmy. [anee,
lbn—1lp = lan + ansie + an420® +...|p = an]ps
Hecau j > N, 10
lbilp < maxia;+e+ilp < max, lajlp < lanl.

HrakK, snemeHT by_) HMeeT MaKCHMaJbHYIO HOPMY, a HOpPMbl BCeX nocJiey-
IOIIMX 3/ieMeHTOB cTporo MeHbuie. [IpuMeHss K QyHKUHH g MPeArnoJioXeHHe
HHAYKLHH, NOJyYaeM, YTO KOJIHYECTBO HyJieit 3Toi (YHKLHH He NPeBOCXOAHT
N — 1, no3ToMy MaKcHMaJlbHO BO3MOXHOE KOJIHUeCTBO HyJielt GyHKUHH f paB-
Ho N, a umeHHo, N — | Hyneil GpyHKUHH g) H a.
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Teopema LlITpaccMaHa HMeeT HECKOJILKO CJEACTBHH.

Caeacreue 17.3. [Tycmo [(X) =" a, X" — cmenennoii psad, cxodawuii-
ca 8 Lp. ITycmo make ay, ag, ..., oy — 8c€ Hysw pynxyuu f(X) 8 Z,.
Toeda cywecmsyem cmenenHol pad g(x), cxodawuica 8 Zy, HO He ume-
owutl mam Hyseid u maxkoi, 4mo

0 = (X = ) ... (X = o) @UX):

HNoxkasaTtenbcTBo. Kak H npu nokasateibcTse Teopembl 17.1, MoxHO
Hamucarb

fX) =X — o) g1 (X),

npuuem pan g (X) cxoautes B Z, 1 uMeeT TaM He Gosee m — | nyaeit. [ponon-
Xasl 3TOT npolecc, Mbl BbIASJIHM Bce m Hydell H noayunM g,(X) = g(X). O

Caencteue 17.4. [Tycme f(X) =3 a,X" — cmenennod pad, cxo0auui-
ca 8 p™Ly, 021 Hekomopozo m € Z. Tozoa f(X) umeem 6 p™Z, Kore4Hoe
4ucao Hyaeti. IMo 4ucao He npesocxodum wucra N, komopoe onpedens-
emcs u3 COOMHOWeHuU

™ ayl, = max|p™ail, u |p™anl, <|p™anl, Oazn>N.

HokasateabcTBo. [Tonoxum g(X) = f(p™X) = a,p™X". Tak Kak
pan f cxommten B p"Zp, pan g cXxonutca B Zp. Tenepb yTBepKieHHe BbiTeKaeT
u3 Teopembl 17.1. O

(e
Mpumep 17.5. Myctb f(X) = > p"X". Haitnem o6aactsb cxoanmoctH f(X)
=0
H KosiuecTBO HyJell. Pamuyc cx'(')mrmocm Bbluncasiercs no ¢dopmyde (14.1),
rae |aa|p = |p"|p = p~": r = p. llpu |x|, = p umeem
|p"x"|p, = |p"|p|x|'; =ptr=1,

a 3To BblpaxkeHHe He cTpeMuTcs K 0. Takum o6pa3oMm, pif CXOAMTCA NpH

{lxlp < P} ={lx|, < 1} =Z,.

MocaenoBarensHocTs |p®|, = p~" y6biBaer, noatomy snement p® = 1 umeer
MaKcHMainbHylo HopMy. HenocpencrBenHoe npuMeHeHsia teopemy IllTpaccma-
Ha, Mbl noslyyaeMm, yto N = 0, T.e. cteneHHoii pan f(X) He uMeer HyJleil B cBoel
obnacth cxonuMocTH. KoHeuHo, 3TO MOXHO ObWIO YBHIETb W HampsiMylo, Tak
KaK B 06/1aCTH CXOAMMOCTH HMeeT MecTo o6bluHasi popMysia cyMMbl GeCKOoHey-
HO# reomeTpuyeckoii nporpecchu u f(X) = (1 — pX)~'.

Caeactsue 17.6. Paccmompum 08a p-aduueckux cmenennolx pada

) =3 aX"  g(X)=3_ buX",

n>0 n>0
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cxo0awuxcs 8 p"Z,. Ecau cywecmsyem 6eCKOHE4HO MHO20 MAKUX Yucen
o € p™"ZLp, umo f(a) = g(a), mo a, = b, 021 8cex n > 0.

Hoka3zartenbcto. [Ipumennm caencrsue 17.4 K pasHoctu f(X) — g(X).
Ona nMeeT 6eCKOHeUHO MHOTO HyJell B p™Z, v N03TOMY MpeiCTaBAseTcs Hy-
JieBbiM psinoM. TakuMm o6pa3oM, Bce KoadduumenTsl panoB f(X) u g(X) paBHbi,
T.e. @, = b, nns scex n > 0. O

OTo CBONCTBO aHAJIOTHYHO COOTBETCTBYIOLMM CBOHCTBAM CTeNeHHbIX PIoB
C BelleCTBEHHBIMH MJIH KOMMNJIEKCHBIMH KO3 dHLHEeHTaMH.

Caeacreue 17.7. [Tycme cmenennoii pad f(X) = > a,X" cxodumca

n>0
8 p"ZL,. Ectu ¢pynkyus f(x) nepuoduueckas, m.e. Zywecmeyem ma-
Kaa koncmanwma t© € p™Z,, umo f(x + 1) = f(x) 0ra 6cex x € p™Z,, mo
f(X) = const.

Hoxa3saTtenbcTBo. Jlerko Bugerb, uto dyHkuus f(x) — f(0) paBHa Hy-
JI0 B To4Kax BHaa tn ais Beex n € Z. Tak kak t € p"Z,, a p™Z, aBnsercs
upeanoM, 1o nt € p™Z,. Takum o6pa3om, dynkuus f(x) — f(0) umeer Gec-
KOHeYHO MHOro Hyne#t B p™Z,, otkyna caenyet, uto f(X) — f(0) =0, T.e.
f(X) = const. O

ITOT pe3ynbTaT HeBepeH B KJACCHYECKOM CJlyyae, KOTAA (YHKLUHMH CHHYC
¥ KOCHHYC SIBASIIOTCS NMEepHOAHYECKHMH H «LEJbIMH», T.€e. 3a[aloTcsl CTeneH-
HbIMH pSIIaMH, CXOAALMMHCS BO BceX Toukax. [IpHUHHON pa3anuus saBasercs,
KOHEUHO, TOo o6CToATeNbCTBO, UTO B ciayyae R wan C, ecau t— nepHopg, To
BCE TOYKH BHOA NT He MOTYT NMpHHaAJeXkKaTb OrpaHHYEHHOMY HHTepBajly WM
Kpyry.

Cnencreue 17.8. lTycme f(X) = Y a,X" — p-aduueckuii cmenenHol

n>0
PAO, KOMOPULL ABNAEMCA YEAbIM, m.e. cxodumcs npu scex x € Qp. Tozoa
dynkyus f(x) umeem ne 6oree uem cuemuoe mHoxcecmso Hyreid. boaee
moeo, ecau MHOx¥cecmeo Hyreild 6ecKOHe4HO, Mo OHO obpa3yem makxyio
nocaedosamesbHocmo {2,}, 4mo |2,|, — 00 npu n — oo.

Joka3zaTesibcTBo. MHOXECTBO HyJiell B KaXK1IOM OrpaHHYeHHOM Kpy-
re p™Zp, m € Z, KOHeuHo. O

YnpaxHenus

61. Ucnonb3ys Teopemy LLITpaccmana, nokaxure, 4to NpH p # 2 paBeHCTBO
Iny(x) = O BbINOMIHAETCA TOrAA H ToJIbKO Toraa, korna x = 1. Ilokaxute, uto
npH p = 2 paBeHcTBO Iny(x) = 0 BbINOJHAETCA TOrAa U TOJMLKO TOTAA, KOraa
x ==+l

62. Haiinure o6aacTb CXOAUMOCTH M CKaXHMTe BCe, YTO MOXeTe, 0 HyJsX
ClellylolHX p-aAMYecKHX CTeMeHHbIX PSILOB:

)Y p X",

2) SntX".

79



63. C noMoLIbIO CTeMeHHbIX PAOB OnpeesHTe p-aJHyeckHe aHaJloTH CH-
Hyca H KOCHHyca H Haiigute WX o6GnactH cxomumocTH. [Tokaxute, uto eciu
p =1 (mod 4), To cywectyer Takoe i € Qp, uto i2 = —1 H L1 BCex X H3
o6Luel 06,1aCTH CXOOHMOCTH BBINOJHAETCA cJlefylollee KjaccHueckoe COOTHO-
LIeHHe:

exp,(ix) = cosp(x) + i sinp(x).

§ 18. JlanbHeitlune cBoiicTBa p-aAHYeCKHUX IKCMOHEHT
u JorapudmoB

PaccMoTpHM 06/1acTh CX0QMMOCTH psilla eXp ,, KOTOpasi HMeeT BHJL

.
Dy={x€Zylxlp<p P}

Kak mbi yxe sunenn B § 15, ecnm p # 2, To Dp = pZp v Dp = 4Z3. Otobpa-
KeHHn
exp,iDp—=>1+Dp, u Inp:1+Dp— D,y

B3aUMHO oOpaTHbI (npemioxenne 15.5). OcHoBHble CBOMCTBA 3KCNOHEHLHAb-
HO# H JiorapudMHUecKoil GYHKLHI MOXKHO cOpMY/NHPOBaTh Ha si3blKe TEOPHH
rpynn cJjenyolmm o6pasom.
MNMpepnoxenune 18.1. Pynxkyua p-aduueckuii roecapugpm onpedessem
u3omopgpusm epynn
Ing:1 4+ Dy — Dy,

ede | + D, paccmampusaemca Kak epynna no ymuoxcenuro, a D, — kax
epynna no CA0xCeHuo;, obpamuoim u3omopdusmom asasemcsa omobpa-
AHenue exp,.

Hokasatenbctso. CHauana npoBepuM, uto 1 + D, sBasieTcs MyJb-
THIJINKaTHBHOM NOArpynno rpynnsl Z,. 7o BbiTeKaeT U3 toro, uto D, apas-
ercs nieanoM B Zp: eci x, y € Dp, 70 x + y + xy € Zp w, cleoBaTeJbHO,
(1 + x)(1 + y) € 1 + D,. OcraBwancs 4acTb ABJAETCA NPAMbIM CJieCTBHEM
npemsioxenus 15.5. (]

Cnaencrsue 18.2. Mysomunaukamusnas epynna | + D, ne umeem kpy-
ueHus, m.e. He cyujecmeyem maxoeo uucsa x € 1 + Dp, x # 1, umo x™ =1
045 HEKOMOPO20 HaAmMYpParbHO20 HUCAQ M.

INoka3aTteabcTBo. AuuThBHas rpynna D, He HMeeT KpyueHHs, Tak
KaK B nosie Q, u3 cootHowenns my = 0 cnenyer, uto y =0, OTKyZa H BbiTekaeT
TpeGyeMoe yTBepXKleHHe. O

3ameuanusn. 1. Ileppoe yTBepxxaenne o3Hauaet, uto ¢yHkuus In, onpe-
ZensieT B3aHMHO OJIHO3HayHOe COOTBeTCTBHe Mexkay rpynnamu 1 4+ D, u Dy,
npuueM o6pas npou3sBeneHNs paBeH cymMe o6pa3oB. B yacTHocTH, oTo6Gpaxe-
HHe In, MHDBEKTHBHO, T.e. He cyllecTByeT ABYyX uHcea B 1 + Dp, y KoTopbix
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3HaueHHs In, 6bli 6bl paBHbL. 3ameTuM, uto | + D, sBAsieTCs MaKCHMaJb-
HbIM Kpyrom, B KOTOpoM oTobGpaxceHHe In, HHBekTHBHO. IleficTBUTE/BHO, AAS
P # 2 mHoxectBo | + D, siBAsieTcs 06/1aCTbI0 CXOAHMOCTH (YHKUMH Inp, no-
3TOMY HOCTaTOYHO paccMoTperTb chydait p = 2. Kak Mbl yxe Buaenu (npu-
mep 15.7), |—1 — 1|2 = 1/2, noatomy uncsio —1 JexHT B MHOXKecTBe | + 2Zo,
sBAfOIEMC objacTblo onpefeseHHs QYHKUMH Ing, HO He JIEXHT B MHOXe-
ctBe | + Dy =1 + 4Zy, sBnsitolieMcs o6aacTblo onpenesneHHs: GyHKUHH eXpy.
C npyroii ctopoHbl, Ing(1) = Ing(—1) = 0, no3ToMy, Kak TONIbKO Mbl OKHIaeM
1 + Do, HHbeKTHBHOCTb Mpomnanaert.

2. I7oT H3oMOpdhH3M aHANOTHYEH TOMY, KOTOPbfi HMeeT MecTO B Bellle-
CTBEHHOM cJly4ae, Koria log H exp onpenensioT B3aHMHO o6paTHble H30MOP(HH3-
Mbl MeXJy FpYMmoil MOJIOXKHTENbHBIX AeHCTBHTE/bHBIX YHCEJ N0 YMHOXEHHIO H
rpynrnoi BceX AeHCTBHTENbHbIX YHCEJ MO CJOXKEHHIO.

Ho oka3biBaeTcsi, H 3TO 0COGEHHO HHTEPECHO, YTO SKCMOHEHTa siBJseTCs
n3oMmetpHeii! Uto6bl 3T0 I0Ka3aTh, HaM MOHaNOOUTCA cJefylolliee Mpeaioxe-
HHe.

Mpennoxenne 18.3. [ra awbozo x € D, umerom mecmo credyroujue
COOMHOUEHUSA:

l) |expp(x)lp = l;

2) [Inp(1 + X)|p = |x|p;

3) |1 = exp, (x)], = Ixl,.

HokasateabcrtBo. Ilna moboro HaTypajbHOro uucia n > 1 nmeem
Sn > 1 (cymma p-aanueckux umpp yucna n). Torna

- S n-1
N = ng
ordp(n!) = T S,-T
S
C npyroii ctopoHbl, ord,(n) < ordy(n!). Ilycte rp = p P=! — panuyc kpy-
ra D,. Torna
8=l
Inlp > Inll, > p~ 7T =rp”!
1 F] < (o)™
il BEP S 1 B G ied I
<lml < (52) e <y <

npun>=2u0<|x|, <rp.
CBoiicTBO paBHOGEpeHHOTO TpeyroJibHHKa (npeanoxelue 2.11) MoxHo ne-
pecdopMynpoBaTh CllefyolliM 06pa3oM:

lalp > 1blp = la + blp, =lal, (nobexdaem cunvrediuuil)

MoXHo HamHcaTb o

exp,(x) =1+x + Zx—'
n=2
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Tak kak

oo n
Hp=1 n x+Z% <1,

n=2 P

HMeeM |exp,(x)|p = 1. AHanornuno nonyyaem

[Inp(1 +x)p = |xlp n |1 —exp,(x)], = |x|p,

yTO H TpeboBaJjoCh OKa3aTh. O
3ameuanue 18.4. [TonyTHo Mbl nonyynsH GoJlee KOPOTKOe HOKA3aTeNbCTBO
OLeHOK M3 npepnoxenus 15.5.
Caencrsue 18.5. Omobpasxenus

exp,:Dp = 1+Dp u Ing:l+Dp— Dy

ABARIOMCA USOMEMPUAMU.
HNokasateabctBo. [lycts x, y € D,. Torna

|exp,(x) — exp,(y)lp, = |exp, (9ol exp,(x — y) — 1], =
= |exp,(x — y) = lp = |x = ylp,

OTKYyHa CJlelyeT H30MeTPHUHOCTb 3KCmoHeHTbl. Tak Kak exp,(Iny(1 + x)) =
=1 + x, umeeM

[Inp(1 4+ x) —Iny(1 + )|, = (1 + %) = (1 +9), = |x — ylp,

OTKyZla cJieflyeT H30MEeTPHYHOCTb JiorapHdMa. O

B 3aBepienne storo naparpaca nokaxem, uto exp,(x) H In,(x) ynosse-
TBOPSAIOT TeM XKe caMbiM AH(depeHUHaNbHbIM YPaBHEHHSIM, YTO H HX Belie-
CTBeHHble aHaJlorH:

exp,(x) = exp,(x) u Inj(x) = )l‘
B COOTBETCTBYIOLUHX 06/aCTAX CXOAUMOCTH.
CHauana HanoMHHM ofpefesieHHe NPOU3BOIHOM (B KOHTeKCTe p-anHyec-
KOro aHa/u3a).
Onpenenenne 18.6. Iycts X C Q,, a € X — npenenibHas Touka MHOXe-
ctBa X. ®Pynkuns f:X — Q, Hasviaetcs dugppepenyupyemoi 8 mouke a,
ec/i cyliecTByeT npousBoHas f'(a) dyHKUuH f B Touke a, paBHas

tim 1) = 1@

x—a X —a

®yukuns f: X — Q, nasbiBaetca dugpdpeperyupyemoi na mnoxcecmse X,
ecau f'(a) cywecTByer B KaXoit Touke a € X.
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3ameTHM, 4TO ompesesieHHe TMPOU3BOAHON MMeeT CMbica, Tak Kak Q, sB-
JifieTcsi HOPMHPOBaHHbIM MoJjieM. [Tpon3BoaHas obJafaeT CJAENYIOUHMMH CTaH-
NapTHLIMH CBOIHCTBaMH.

1. Xopoliuo H3secTHbIe NpaBHia auddepeHLpoBaHHs CYMMBI, NPOH3Bene-
HHS, YaCTHOTO H KOMIMO3HLIMH NepeHocATCs 6e3 KaKHX-J]PLﬁO 3aTpyLHeHHH.

2. Kak ciienctBHe, Npon3BoaHas MHorousiea P(x) = Y aix! pasHa P'(x) =
i=0

n .
=Y ia; kil

i=l

3. PaunoHanbHble yHKUMH (YacTHOe ABYX MHOrou/eHOB) AHddepeHUHpy-
eMbl.

4. [lncdepenurpyembie GyHKLHH HenpepbiBHbI. -
Mui yxe nokasanu (cM. npemoxende 14.7), uto ecan f(X) = Y a, X" —
n=0

o0

cTeneHHoR psiz, To ero popmanbHas npoussonnas Df(X) = 3 na,X"~! umeer
n=1

TOT Ke CaMblil paHyc CXOLHMMOCTH, 4TO H cam psin. Kak H B BelleCTBEHHOM

MM KOMIJIEKCHOM cJlyuae, opMasibHblii cTenenHoit paa Df(X) npencrasaser
npou3BofHyIo f'(x) B 06/acTH CXOAUMOCTH.
Mpennoxenne 18.7. Paccmompum cmenennoii pad

fX) =" a.X" € Q,[XI,

n=0
00 -
u npednoaoscum, 4mo pad f(x) = 3. a,x" cxodumca 8 omKkpoimom wape

=0
U C Qp. Toeda ¢pynkyus f(x) dudr;tﬁepenuupyema 8 U uodaa scex x el
B8bLNOAHACMCA PABEHCMBO

F(x) = Zna,.x"".
n=1

Boaee moeo, pyrryua f(x) umeem 8 U npouzsodnvie 8cex nopadkos, Ko-
mopeie packaadviéaromcsn 8 padsl caedyouum o6pasom.

[ o]
f(k)(x) = k!Z(Z)anxn—k
n=k
Koagppuyuenmor ucxodnoco cmenenHo2o0 pada MONCHO BbLLUCAUML NO
caedyougum Hopmyranm:
a4y = [*(0)
k=R
Tenepb Mbl MOXKeM BLIYHCAHTb NPOH3BOIHbIE (YHKLHI exp, H Iny, ¢ nomo-
LWbIO Pa3/oXKeHHI1 B CTeneHHble Psijbl.
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Mpennoxenne 18.8. 1. Pynkyus exp, duppepenyupyena 6 Dy u

exp),(x) = exp,,(x).

2. ®ynkyusa In, dugpgpepenyupyema 8 1 + pZ, u
1
Il'l,p(X) = ;

JlokasaTeabcTBo. JelicTBUTeNbHO,

exp,,(x) = Z Z n = exp, (x).

n=]

Ananornuto
- - 1
9 = Y1y ZETI T SRyt gyt < L
n=| n=|
KakK H yTBepXXaaJochb. O

Tenepb ¢ NoMolblo p-aaHuecKHX JiorapH¢pMOB onpenesHM, KakHe NPHMH-
THBHble KOPHH H3 e[MHHLbI CTENeHH P MOXHO H3BJleub B Zp.

Teopema 18.9. [Tpumumusneie Kopru u3 eduruybl cmenenu p" He npu-
radaexcam Qp, 3a uCKAIOUEHUEM CAYUAA p= 2,an=1.

Nlokazateabctro. [ycts p#£2nx? =1. Torna |x|,, =1,T.e.xEZp,
W nepBas UHpa Xo YHCAA X yIOBAETBOpsieT cpaBHenHio xj =1 (mod p). Oxn-
HaKo NOPSLOK KaXKAOTo 3JieMeHTa MyJbTHIJIHKaTHBHOH prl'll'lbl (Z/pZ)* non-
XKeH JeJnTb NOpANOK caMoli rpynnsl, T.e. uncio (p — 1). Otcioga caenyer, uto
xo=1nx €l + pZ, W3 nnbextHBHOCTH DyHKUHH In, (npesnoxenne 18.1)
CNIeflyeT, UTO e[IHHCTBEHHbIM KODHEM ypaBHeHHs Ingy(x) =0 aBaserca x = 1.
Tak Kak x”" = 1, nonyuaem

0 =Iny(1) =Iny(x”") = p"In,(x), 3naunr, Iny(x) =0

otkyna x = I.

OnHako B cayuae p = 2 umeeM Ing(—1) = Ing(1) = 0 (cM. npumep 15.7), n
aHaJlorHuHble pacCyXaeHHsl 0Ka3biBaIoT, YTo, XOTA X = — | ABNINAETCA HeTPHBH-
a/bHBIM KBagpaTHbIM KopHeM H3 | B Q, B Q2 He cyluecTByeT HeTPHBHAJIbHBIX
KOpHe# M3 eIHHHLbI cTeneHH 2" npu n > 1. O
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Ihasa 4

p-aduueckue pyHKyuu

§ 19. JlokanabHo nocrositHbie GpyHKUNH

B 3aki/touHTeIbHOM YacTH HaLIMX JIeKUMIA Mbl H3YYHM p-adHyecKHe ¢yHK-
UMH p-afHueckoro nepemenHoro. Hanomuum onpenenenne 12.6 nns cayuas
X=2Z,,Y =Qp, ecnu 1Ba NoceHHX NPOCTPAHCTBA CHAGXKeEHbI P -alHYeCKoM
METPHKOH.

Onpenenenne 19.1. Gyukunsa f:Z, — Q, HasbiBaeTc HenpepoleHol 8
mouke a € Z,, ecin ais aoboro € > 0 cyulectByer Takoe § > 0, uto ais
no6oro x € Zp, ynosJeTBOPAIOILEro HepaBeHCTBY |x — al, < 3, BbINO/MHEHO
HepaBeHcTBO | f(x) — f(a)|p, <e.

Dynkums f:Z, — Qp Ha3biBaeTCA HenpepuisHO, ecii OHa HerpepbiBHA B
KaXno# Touke a € Zp.

Dyuxuna f:Z, — Q, Ha3biBaeTCA PABHOMEPHO HenpepoleHOL, eci AIA
ao6oro € > 0 cywecrsyet Takoe 8 > 0, uto ans Mo6LIX X, Y € Zp, YIOBAETBO-
PAIOLLHX HepaBeHCTBY |x — y|, < 8, BbinoNHeHo HepaBeHCTBoO | f(x) — f(y)|, <.

Mpumep 19.2. Tak Kak NpocTpaHCTBO Z, BNOJIHE HECBA3HO, XAPAKMepu-
cmuueckas ¢pynkyua moboro wapa U € Z,, nMeiolan BHIL

1, ecnuxeU,

Suln) = {O, ecii x €Z, \ U

HenpepbiBHa. DTO OYeBHIHO, TaK KakK caMm wap U u ero nonosnenve Z, \ U
SIBJIAIOTCS OTKPHITBIMH MHOMECTBaMH.

ST0 NoHATHe MOXXHO OGOGLUHTD CJefylolHM 06pasoM.

Onpenenenne 19.3. ®yukuns f:Z, — Q, Ha3biBaeTCA AOKAALHO NOCMO-
AHHOU, eciH LIl KaXaoro x € Z, cylecTByeT Takasi oKpecTHocTb Uy 3 x
(HanpuMep, wWap ¢ LEHTPOM B ToYKe X paguyca p~™ nis Hekotoporo m € N,
{y € Zy:|x — ylp < p~™}), uto dyHKUMs f mocTosiHHa B Uj.

3ameuanue 19.4. JIokanbHO MOCTOAHHBIMH (GYHKUHAMH Ha R WaH Ha HH-
TepBaJie (H/IH Ha JIIOGOM CBA3HOM NPOCTPaAHCTBE) ABJAIOTCA KOHCTAHTbI H TOJb-
KO OHH.

Npennoxenue 19.5. Jokarvro nocmosannsie dynkyuu HenpepoleHoL.

JdokasaTesnbcTBo. OueBHIHO H3 ONpeleieHHs. O

Caenyloliee yTBepxeHHe BbiTeKaeT H3 KOMNaKTHOCTH NpOCTpaucTBa Zp
(Teopema 4.6).



Mpeanoxenne 19.6. Tycmo [ Z, — Q, — A0KAAbHO nOCMOAHHAA
pynryus. Toeda Z, moxHo npedcmasume 8 sude KOHe4H020 06vedure-

Hus
k
ZP = U Uxi
i=|
MaKux nonapHo HenepeceKkauwuxca wapos, ¥mo dynkyua f nocmoanna
8 KaxiO0oM u3 amux wapos. B wacmuocmu, mroxcecmso {f(x): x € Z,} scex
3Havenull pynkyuu f cocmoum u3 KOHEHHO20 HUCAA IAEMEHMOS.
IlokasaTeabcTBo. PaccMoTpuM MHOXecTBO Beex wapoB Uy H3 onpe-
ZieJIeHHs JIOKaJIbHO MOCTOAHHOM (pyHKUHMH. Bee TakHe wwapbl 06pasytoT oTKpbl-
TOe NMOKpbITHe npocTpaHcTBa Zy. Tak Kak mpocTpaHcTBO Z, KOMNAKTHO, 3TO
MOKPLITHE CONEPXKHT KOoHeuHoe moanokpuithe Uy, ..., Uy,. Hanomuum, uro
IIBa 11apa B yJbTpaMeTpHYeCKOM NPOCTpaHCTBe JIHG0 He NepeceKaloTcs, JHG0
OZIMH COLEPXKHTCH B IPYroM, NO3TOMY, €C/H YAaJHTh LUaphbl, cCOfepKalllecs B
IpYrHX Llapax, NoJy4HTCs NOKPbITHe NpoCTpaHcTBa Z, NONapHO He Nepeceka-
IOLUHMHCSA LapaMH. O
Caencteue 19.7. Jwobas aokarbHo nocmosanHas ¢ynkyus, onpede-
AeHHan Ha Ly, pAaBHOMEPHO HenpepuieHa.
Hokasateabctbo. [lyctb p~™ —panuyc wapa Uy, i = 1,2, ..., k,
nm= m‘;a]x m;. [Tokaxkem, uto 8 = p~™ ABAsETCS HCKOMBIM A1 Jito6oro € > 0.

B camom nene, myctb |x — y|, < p~™. Tak kak x € Uy, L1A HeKoTOpOrO i H
KaXKlasl TOUKa lapa ABJSIeTCH ero LeHTPOM, MOXKHO CUHTaTh, 4To X = x;. Torna
lxi —ylp < pP~™ < p™™, T.e. f(y) = f(xi) = f(x). O

MHoxecTBo Z, cONepXHT NoAMHOXKecTBO N HaTypasibHbiX YHCeJl H noa-
MHOXeCTBO Z LeJIbiX UHCeJl, KOTopble MJIOTHL B Zp (Teopema 11.11), nostomy
HHorza Mbl GyneM paccMmatpuBaThb ¢yHKuUHH H3 N B Qp, H3 Z B Q, H, BoOGLue,
W3 E — Qp, rne E CZp.

Onpenenenne 19.8. I[Tycts E — noaMHoxecTBO NpocTpancTsa Zp, He 061~
3aTesIbHo KoMnakTtHoe. ®yHkums f: E — Q, Ha3biBaeTcs KYCOUHO NOCMOAH-
Hoi Ha E, ecyin cyliecTByeT Takoe HaTypaJsibHOe YHCJIO £, UTO

f(x) = f(xo) nns BCex Takux x, xo € E, uto |x — xo|, < p~*

Haunmenbluee nenoe unco ¢, A1 KOTOPOro BbINOJIHEHO 3TO YCJIOBHe, Ha3biBa-
eTcs nopadkom GyHKuMH f.

M3 onpenenenns acHo, 4mMo KYcowHO NOCMOARKAA hYHKYU pasHomep-
HO HenpepolBHA U AOKAALHO NOCMOAHKA Ha E.

Jlna Kaxnoro HaTypaJibHOro yHcJia ¢ nocTpouM pasbHeHHe MHOXecTBa E
caenylolwnm obpasom. [Monoxum Ny ={0, 1,2, ..., p* — 1}. lna kaxnoro
X € Zp HanHleM KaHOHHYeCKoe pa3jioxeHHe

x=xo+xp+ +x_p'”'+
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H NOJIOXKUM
Ne=xo+xip+ +xp'~! (19.1)

Torna Ny e N u
lx = Nelp < p~* (19.2)

Ins kaxnoro N € N; nonoxum
EINy=ENUN,t), roeUNN,t)y={x€Zy|x —N|,<p~' <p~ it}

Mbl yxe BHIENH, UTO KaX[Oe YHCNO X € Z, NPHHALIENKHT HEKOTOPOMY Lua-
py UN, t), u, tak Kak mia ao6bix N, M € N; BbinosHeHo HepaBeHCTBO
IN = M|, > p~', wapw U(N, ) nonapho He nepecexatotcsi. Takum o6pasom,
nojiyyaem paz6ueHHe MHoxecTtBa E:

p'—1

E= U EN). (19.3)
N=0

Tenepb Mbl MOXeM HOKa3aTb CJeAYIOLLYO JOBOJbHO HEOXHIAHHYIO TeopeMmy.

Teopema 19.9. JTiob6as kycouno nocmosnnas pynxyus na N uru Z,
asasemca nepuoduueckol.

HokasateabctBo. [lycts £ =N nan Zy, v nycts f:E — Qp — Ky-
COYHO MOCTOsIHHasA (PyHKUMS Mopsifika f. PaccMOTpHM onucaHHOe Bbiille pa3-
6uenne (19.3) MHoxecTBa E. Ecan x, y € E(N), To, npuMeHss CHIbHOe Hepa-
BEHCTBO TPeyroabHuKa, iMeeM |x — y|p, =|(x — N) + (N — y)|, < p~', caieno-
BaTesibHO, f(x) = f(y). 3ameTnm, uto ecain x € E(N), 10 x + p' € E(N). Takum
o6pa3oM,

f(x + p') = f(x) ans Bcex x € E,

T.e. QyHKUHs [ ABASETCA NepHOAHYECKOR. O

B BelecTBeHHOM aHa/M3e ecTb TeopeMa, KOTOpas yTBepXKIaeT, UTO BCAKas
(yHKuHA, HenpepbiBHasi Ha OTpe3Ke, MOXeT ObITb PaBHOMEPHO NPHOJHXKEHa ¢
N1060# TOUHOCTBIO KYCOYHO NOCTOSIHHON (yHKLUHeA. AHa/OrHYHbIA pe3ysbTaT
HMeeT MeCTO H I p-afiueckKux ¢pyHKuuA. 31ech fAaxe eCTb AOMOJHHTENbHOE
NPEeHUMYLLECTBO: B P-alHUECKOM CJlyuyae KyCOUHO NOCTOsIHHbIE (DYHKLHH Henpe-
PbIBHBbI.

Teopema 19.10. [Tycmo E =N uau Z,. Pynkyus f: E — Q, pasnomepro
Henpepbiera Ha E moeda u moavko moeda, koeda 0aa kaxdozo nHamy-
PAAbHO2O 4HucAa S CYWecmeyrom maxkoe HamypasbrHoe 4ucao t = t(s) u
makaa Kycouno nocmosannas ¢ynkyua S:E — Q, nopadka ne souwe ¢,
4mo

|f(x) = S(x)|p < p~° 0aa ao0boco x € E. (19.4)
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IokasaTtenbcTBso. [IpeanonoxuM, uto pyHkuHH f u S ynoeaersopsioT
HepaBeHcTBY (19.4). Ecan xo ynoBnerBopsieT HepaBeHCTBY

lx — xolp < p7,

TO
S(x) = S(x0), |f(x) —Sx)|p, < p~5,  |f(x0) = Sxo)|, < p~°,
H TOoraa

|F(x) = F(xo0)lp = I(F(x) — S(x)) — (f(x0) — S(xo)lp < P~°,

OTKyZla cJjieflyeT paBHOMepHas HenpepbiBHOCTb GYHKUHH f.

O6paTtHo, NpeanonoxuM, uto ¢yHkuua f paBHOMepHO HenpepbiBHa Ha E.
Torna pns mo6oro HaTypanbHOrO YKC/A S CYLIECTBYeT TaKoe HaTypasibHoe YHC-
Jo t = t(s), uto

1f(x) = flxo)|p < p~5, ecamx, xo€En|x—xo|, < p~* (19.5)
Onpenennm dynkunio S: E — Q, cnenyiowum o6pasom:
S(x) = f(Ny), ecmnx€kE,

rae uncdo N, onpenensiercs cootHoueHneM (19.1). Torna S aBasercs KycouHo
nocTosiHHON (yHKuHeH nopsiika He Bbiwle . M3 HepaBeHer (19.2) u (19.5)
HMeeM

|F(x) = SM@)p = 1f(x) = F(N:)lp < p°,
YyTO H TpeboBaJOCh NOKa3aTh. O

Ynpaxuenus

B NepBbIX TpeEX 3ajayax npeanoJaraercs, YTo YHCJIO X ABJAAETCS 3JIEMEHTOM
KoJibla Zp H 3almHCaHO B KAHOHHYE€CKOM BHIE

x=xo+x|p+x2p2+...,

rie K03 QHLHEHTH X, ABAAIOTCA p-anuueckumH undpamu 0, 1,2, ..., p — 1.
64. Onpenenure, ABAAIOTCA JH chaefyloliHe QYHKLHH paBHOMEPHO Hempe-
pbiBHBIMH Ha N HH HenpepbiBHbLIMH Ha Zp:
1) f(x) = xo + x1x2;
2) f(x) = P(xo, x1, x3), rie P — MHoOrousieH ¢ Ko3(dHuHeHTamMH B Zp;

3) f(x) = {

1, ecqn xg =0,
x/x0, ecau xg# 0.
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65. SlBastoTcs M KakHe-TO YHKUHMH H3 ynpaXKHeHHsi 64 J0KalbHO NOCTO-
SHHBIMH HJIH KyCOYHO mocTositHHBIMH? OTBeT o6ocHyiiTe.
o0 00
66. Kaxue u3 cnemyiounx aByx ¢yHkuuii f(x) = > x,; f(x) = > x,n!
n=0

n=0
HernpepbIBHbI? JIOKaJbHO NOCTOSAAHHBI Ha N?

67. Iyctb dyuxkuusa f:Z, — Q, onpenensiercs clenyloliumM o6pa3oMm:

f) = {0, ecan x =0,
~ L 1/Ix]p, ecam x #0.

siBnsieTcs i yHKUMA f HenpepbiBHON? JIOKANbHO MOCTOSAHHON Ha Z,?

§ 20. HenpepbiBHble 1 paBHOMEPHO HenpepbiBHbIE
byHkuun

[Mycts E C Z, 1 x9 € E — npenenbHasn Touka MHoXKecTBa E. lepeuncaum
HeKoTopble CBOMCTBA (GYHKLHH, HenpepbIBHbIX Ha E.

Teopema 20.1. [Tycmo [:E — Qp, g:E — Qp.

1) @ynkyus f nenpepvisna 8 mouke xo € E moeda u moavko moeoa,
Kozda 0Oan amoboli makoi nocredosamesvhocmu {x,}, umo lim x, = xo,
BHLNOAHACMCA PABEHCMEO e

Jim_ f(xa) = fiso).

2) Ecau ¢pynkyuu f u g nHenpepoisro 8 mouke xg € E, mo dyunxyuu
f+ g, [—gu fg makwe nenpepoisror 8 amoii mouxe. Ecau, kpome moeo,
g(x0) # 0, mo pynxyus /g maxace HenpepoBHa 8 MOUuKe X.

JloKa3aTenbCTBO, TOUHO TaKoe XKe, KaK M B BelleCTBEHHOM cJyyae, Mbl
OCTaBJisileM uHTaTesl0. Tenepb NpHBeNEeM HeCKONbKO MpPHMEPOB pa3pbiBHbIX
dyHKuM#.

Mpumep 20.2. IMycTb pyHkuns f:N — Q, onpenensiercs caenyioued dop-
MyJIOH:

1
x—c’

f(x) =

rae ¢ € Z,. Ecau ¢ € N, To 3HaMeHaTenb He o6paluaercs B HyJb Ha N u no
TeopeMe 20.1 ¢yukuus f HenpepbiBHa Ha N (Ho He paBHOMepHO HenpepbiB-
Ha — MOXKeTe JiH Bbl 3T0 A0Ka3aTb?). OaHako ¢yHKuHs f He orpaHHyeHa Ha N.
JleAcTBHTENIbHO, TaK KaK ¢ SIBJISETCA LebiM p-aHueCKHM YHCJIOM, CYIIeCTBy-
10T TaKHe HaTypaJibHble YHCJIA X, YTO HOpPMa |x — €|, CKOJIb YTOIHO Maja, H
nostoMy Hopma |f(x)|, ckoab yrogHo Beauka. Ecau ¢ € N, To dyHkuus f pas-
pbIBHa B TOUKe C.
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NMpumep 20.3. Cnenylolne npuMepbl HCNOJb3YIOT crielHbHKY p-aianye-
CKMX YHCeJ M, Ha NepBbiii B3MJAL, He NOX0XH Ha NpHMepbl U3 BeLEeCTBEHHOTO
aHanusa. OnHako, okKa3biBaercsl, BelLleCTBEHHble aHaNOTH y 3THX NpPHMeEpPOoB
BCe-TaKH ecTb. Mbl BepHeMcsl K 3ToMy Bonpocy B §21. PaccMmortpHM Takyio
6ecKOHEYHO MaJlylo NOC/eNOBaTeNbHOCTb LieJIbIX P -afHYeCKHX uHcen {a,}, uto
a, #0 ana Bcex n. Ilo 3To# nocsenoBarTesIbHOCTH NOCTPOHM JBe (DYHKLMH
f1:Zp = Qp v fo:Zp — Qp caenylowinm o6pasom:

ay, ecaH x €N,
0, ecaux ¢N (Ho x €Zp),
a,, ecan x €N,
1, ecanx &N (Ho x € Zp).

fi(x) ={

fo(x) = {

O6e ¢yHkunu f) v fo paspbiBHb B Toukax u3 N. UToGbl B 3TOM yGeauTbcs,
BO3bMeM MpOH3BoJIbHOE uncso x € N, torma lim (x + p")=x u
n—oo

lim fi(x + p") = lim a,4p» =0,
n—oo n—oo

TaK KaK BTOpas NnocJieloBaTeJIbHOCTD SIBJieTCs NOANOC/eJOBaTeIbHOCTbIO 6ec-
KOHeuHo Maso# nocsenoBatesnbHocTH. OnmHako fi(x) = a, # 0, v aHanornuHoe
yTBepKIAeHHe BepHO 1is fo.

Ilokaxcem, uto pyHKuHa f) HenpepbiBHa BO Bcex Toukax X € Z, \ N. B ca-
MOM Jiele, BO3bMeM JIi06Yyl0 NOCAENORATeIbHOCTb X, — X, W NycTb {X, } —
nozanocnenosatesbHOCTb, conepxainascs B N. Toraa a,, — 0, kak noanocne-
J0BaTeILHOCTb GeCKOHEUHO MaJjiofl NoCJeloBaTebHOCTH, H, CJeNOBaTelbHO,
fi(xa) — 0.

®ynkunsa fo paspbiBHa BO BCeX TOuKaX MHOXecTBa Z,. [leficTBHTebHO,
ecin x € Zp \ N, Bo3bMeM TaKylo NocJieloBaTeNbHOCTb {X,}, COCTOALLYIO M3
HaTypaJbHbIX uHces, uto X, — x. Torma fe(x,) — 0, Ho fo(x) =1 # 0.

Tak Kak MHOXecTBO Z, KOMNaKTHO, HMeeT MeCTo CJjelyiollasi Teopema
(cp. [9], Teopema 4.19).

Teopema 20.4. Kawmoan ¢pynkyus [:Z, — Qp, nenpepoisnas na Zp,
PABHOMEDHO HenpepuieHa U 02paHudeHa.

IlokaxkeM Tenepb cJieflyioliyl0 BaxKHylo TeopeMy. Mbl BOCTOJIb3yeMcs €lo B
cayuae E = N (torna 3ambikanue E coBnazaer ¢ ZLp).

Teopema 20.5. [Tycmo E — nodmnoxcecmso mnoxecmea Z,, a E —
e2o 3amoikanue. ITycmo pynkyus fE — Qp pasHomepno nenpepoisra
Ha E. Toeda cywecmeyem eduncmeennasn ¢pynkyus F.E — Q,, pasno-
MepHO HenpepusHaa u ozpanudennas na E u makas, umo

F(x) = f(x), ecau x € E.
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HNokaszateabctso. [ycts X € E. Torna B E cyliecTByeT Takas nocJe-
JIOBaTeJILHOCTb {X,}, 4TO

xp — X npun— oo. (20.1)

(MpencraBaser nHrepec Toabko cayyait X € E.) Tak kak ¢yHKumus f paBHo-
MepHO HenpepbiBHa Ha E, mns /n060ro HaTypa/bHOTO YHCJA S CYLIECTByeT
Ipyroe HaTypajdbHoe 4ucao ¢ = {(S), ANA KOTOPOro BbINOJIHSETCS HepaBeH-
ctBo (19.5). CornacHo cootHotueHnto (20.1) cywecTByeT Takoe HaTypajibHoe
uncao N = N(¢), uto

|Xa = X|p < p~' npun>=N.
Torma mns n, m > N nmeem

Ixm - xalp =|(xm — X) — (xn — X)Ip < p_'
1 13 (19.5) moayuaem
|f(xm) — f(xn)lp <p~F

310 03HauaeT, uto {f(x,)} — p-annueckas nocaegoBatenbHoCTb Koiun. [yctsb
L= lim f(x,) — ee npenen.
n—00
Jlerko BHzeTb, UTO 3TOT Npenes He 3aBHCHT OT BLIGOPa NOCJIe[0BaTebHOCTH
Xn — X. IleficTBuTe/IbHO, MyCTb {X,} — Apyras noc/e1oBaTe/lbHOCTb H X), — X.
Torza nocaenoBaTesbHOCTb {x, — X/} GeCKOHEUHO MaJia H, Tak KaK ¢yHKuus f

PaBHOMEPHO HernpepblBHa, NocsenoBateabHocTh {f(x,) — f(x})} Takke 6ecko-
HeYyHO MaJia; HO OTCIofa CJiefyeT, YTo

L= lim f(x}).
n—oo
Taknm o6pasoM, dyHkuus F:E — Q,, 3ananHas popmyoi
F(X) = lim f(xn)
n—oo
npu X € En X = lim x,, x, € E, onpenefiena KoppeKTHo.
n—0o0

TMokaxkeM, uTo ¢yHkuns F paBHOMepHO HenpepbiBHa Ha E. Ilycth napa
Touek X H Xo u3 E ynosnerBopser HepaBeHCTBY |X — Xo|, < p~' BuiGepem
B E TOuKH X W Xy TaK, 4TOObl BHIMOJIHANHCD HepaBeHCTBa

lx — X]p < _', lxo — Xolp < P_l.
[f(x) = FX)]p < p~°, | f(x0) — F(Xo)lp < p~°
Torna
lx — xolp = 1(x — X) + (X — Xo) — (xo — Xo)|, < P,
1 u3 (19.5) nmeem |f(x) — f(xo)|, < p~*. Takum oGpasom,

|F(X) = F(Xo)lp = | — (f(x) = F(X)) + (f(x) = [(x0)) + (f(x0) — F(Xo))|p < P,

TeM CaMbiM, paBHOMepHas HenpepuiBHOCTb F Ha E nokasaHa.
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JlokaXkeM, HaKoHell, uTo ¢yHKuus F orpannuena Ha E. [leficTBHTebHO,
B NMPOTHBHOM CJlyuae Halacbh Gbl Takas 6eCKOHeuHasl MCCJ/ef0BaTeNbHOCTD
{X,} C E, uto
n—oo

Tak Kak E, a 3HauuT, H E, ABNAIOTCA NOAMHOXECTBAMH KOMMaKTHOTO MHO-
xKecTBa Zp, HafileTca Takas noanocjenoBateabHocTb {X,,}, uTo cylecTsyer
npenen
Xo= lim X, .
n—oo

TMockoJbKy Bce unekibl 3TOM NOANOC/EN0BaTeNLHOCTH NpHHaLexaT E, a MHo-
xectBo E 3amknyto, Xg € E. Kak Mbl yxe 3HaeM, GyHKkuus F paBHOMepHO
HenpepbiBHa Ha E, a 3HauuT, U HenpepbiBHa B Touke Xo. OTclona noayyaem

Jim F(X,,) = F(Xo),

yTO NpoTHBOpEUHT ycsoBHio (20.2).

YTo6bl NOKa3aTh €IHHCTBEHHOCTb (PyHKUMH F, NpednosoxuM, 4To cylue-
cTByer apyras ¢yHkuus F* ¢ temu xe cBoiictBamH. Torna pasHocts F — F*
paBHOMEpHO HefpepbiBHa Ha E W ToxecTBeHHO paBHa Hymo Ha E. Tak kak
MHOXecTBO E nnoTHo B E, no HenpepbiBHOCTH dynKuns F — F* Takxke ToX-
JIeCTBEHHO paBHa HyJiio Ha E. O

§21. Touku pa3pbiBa n Teopema bapa o kareropuu

®yukuns f; u3 npumepa 20.3 uMeer GAM3KHI aHasor B BeleCTBEHHOM
aHanu3se, 3TO TaK Ha3biBaeMas ¢yukyua Pumana r:R — R, kotopas onpe-
IeJisieTcsl cielylolluM o6pa3oMm:

x) 1/q, ecau umco x paumoHadbHoe, x = p/q, (p, q) =1,
rix) = '
0, €CJIH YHCJIO X HppaLHOHa/MbHOe.

OTa (yHKuHA HenpepbiBHa BO BCeX HPpPaALHOHAJbHBIX TOUKAaX H pa3pblBHA BO
BCeX pauxoHa/bHbIX. PyHKUHSA fo H3 npumepa 20.3 TakxKe HMeeT NeHCTBHTENb-
HbI aHaJlor (cM. ynpaxkHeHHe 68) — ¢yHKuUMIO, pa3pbiBHYI0 BO BCeX TOYKaXx
mHoxectBa R. JIpyruM nprMepom ¢yHKUHH, pa3pbiBHON BO BCeX TOUKAX MHO-
KectBa R, ABJAETCA XapaKTepHCTHYECKas MHOXECTBAa PAalMOHaJbHLIX YKces
W @pyukyus Jupuxae:

( ) 1, ecau uncno x pauHoHaJibHOe,
X) =
XQ 0, €CJIH YHCJI0O X HppalUHOHaJIbHOE.

BosHHKaeT ecTecTBeHHbI/i BOMPOC: CYLIeCTBYeT JiH BellecTBeHHast (yHK-
UMA, pa3pbiBHas BO BCeX HPPAlLMOHa/bHBIX TOUKaX H HenpepbiBHas BO BCeX

92



palUHOHaJbHBIX? AHaJIOrHYHBI BOMpOC: CyLUeCTBYeT JIH p-agHueckan (yHK-
MR, pa3pbiBHasA BO BceX TOYKax H3 Z, \ N H HenpepbiBHasi BO BCeX TOUKax
13 N? OtBer Ha 06a 3TH Bonpoca oTpuuaTeabHblii. [1pHunHHa 3TOro — Teo-
peMa Bapa o kateropun, kKoTopasi BepHa Aifi JIl06Or0 NOJHOTO METPHYECKOro
NpOCTPaHCTBA.

[Myctb (X, p) — MeTpHueckoe npoctpanctio. [1yctb G 0603Hauaet ceMeii-
CTBO BCeX OTKPHITBIX MOAMHOXeCTB MHOXecTBa X, a F 0603HayaeT ceMeHCTBO
BCEX 3aMKHYTHIX NMoAMHOXecTB MHoXecTBa X. 1o onpepeneHnio (cm. §11)
KaXXAblH 3/1eMeHT U3 F ABJIsAeTCA OONOJHeHHeM eHHCTBEHHOro dJeMeHTa U3 G
H Hao6opoT. HanoMHKM, uTo MHOXXeCTBO G 3aMKHYTO MO OTHOLLUEHHIO K JIIOGbIM
00beIHHEHHIM H KOHEUHbIM NepeceueHHsIM, @ MHOXKeCTBO J 3aMKHYTO OTHOCH-
TeJIbHO JIIOGbIX MepeceueHHi H KOHeUYHbIX o6beanHeHHH (npemioxenue 11.1).
Jlerko nocTpoHTb NpHMepbl, B KOTOPbIX CYETHOE MepeceyelHe OTKPbITHIX MHO-
YKeCTB He SIBJIIETCH OTKPBITHIM H CUeTHOe nepeceyeHHe 3aMKHYThIX MHOXeCTB
He 3aMKHyTo. ONlHaKO TakHe MHOXKeCTBa HACTOJIbKO BaXKHbl B aHaJlH3e, UTO HM
JaHbl cneuHabHble Ha3BaHHs.

Onpenenenne 21.1. MuoxectBo A C X Ha3blBaeTc MHONECMBOM MU-
na Gs, €C/ii ero MOXKHO NPeACTaBHTb B BHIE CYETHOrO MepeceYeHHs OTKPHITHIX
MHOXKeCTB; MHOXecTBO A C X HasbiBaeTca MHONecmB8om muna Fy, €ClH ero
MOXHO NpeICTaBHTb B BHIE CUETHOTO OGbeNHHEHHs 3aMKHYTbIX MHOXeCTB.

Teopema 21.2. [Tycme (X, p) u (Y, d) — 08a mempuueckux npocmpa-
cmsa u f: X — Y — no0boe omobpaxcenue. Tozda mHoxcecmao 8cex mouex,
8 Komopoix omobpascenue [ Henpepvl8HO, ABAREMCA MHONCECMBOM MU-
na gs.

HoxkasaTtenbcTBo. [lycth A C X. Onpenenum koaebanue pynkyuu f
Ha MHONcecmBe A KaK 3JIeMEHT pacllHpPeHHOTO MHOXeCTBa HeHCTBHTEJbHbIX
yuces R U oo, 3anaHHbifi cienytoliim o6pasom:

w(A) = sup{d(f(x), f(9)):x, y € A}.
Has xo € X onpenennum xoaebarnue ynkyuu f 8 mouke xp, nonaras
w(x0) = lim w(B(xo, 8)).
Jlemma 21.3. [Tycme f: X — Y ue > 0. Toeda muoxrecmso
W, ={x € X:0(x) <€}

omKpsLmo.

JdokaszateabctBo aeMMbl 21.3. Ilyctb xp € W,. [yctb w(xp) <E€.
370 03nauyaet, 4To cyuecTByeT Takoe § > 0, uTo ans JaO6LIX X, Yy € B(xg, 3)
BbinosiHeHo HepaseHcTBo d(f(x), f(y)) <€) < €. [lyctb 2 € B(xo, 8/2). Ecan
2), 29 € B(z, 8/2), 10 2}, 29 € B(x0, 8) 1 nosTomy

d(f(z1), f(z2)) <e.
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Orciona caenyeT, uto «(B(z, 8/2)) <€) <¢. Ho Torna w(2) <& u MHoXe-
ctBo W, OTKpBITO. O
YTo6bl 3aBepLIMTh 10Ka3aTeNbCTBO TEOPEMbl, 3aMETHM, 4TO

{x:0(x) =0} = () Wi/n,

n=|

no3ToMy (CM. ynpaxkieHue 72) MHOXeCTBO BCeX TOYeK HenpepbIBHOCTH 0TOG-
paxenus f uMeer tun Gs. O
Caencteue 21.4. Muoacecmso mouex paspuisa a060i GyrKyuu
f:X =Y umeem mun F,.
HokasateabcTBo. CM. ynpaxHenue 71. O
Teopema 21.5 (Teopema Bapa o Ka'reropnnc)x; Mycmo (X, p) — noanoe

Mmempuueckoe npocmpancmeo, u nycme S = |J S, npuuem sce mroxce-

cmea S, HueOde He naomHol 8 X. Toeda Mnoolcgcr;wo X\ S sc0dy naomuo
8 X. B wacmnocmu, mroxcecmso X Heavda npedcmasume 8 8ude cuems-
HO020 00ve0uHenun Huele He NAOMHbLX MHONECMS.
Hokaszarteabctso. [lyctb Bg— HenycToit wap B X. Uro6bl fokasath,
yTo MHXecTBO X \ S Bclofy NyIoTHO, NokaxeM, uto X \ S N By # . [TocTporm
N0 HHAYKUMH TaKylo NOCJIeN0BaTebHOCTb BIOXKEHHbIX WapoB B, = B, (x4, rp),
yror, < l/nw _ .
Bn+l C B, \Sn+l-

Uro6bl yGeIHTCA B TOM, UTO 3TO BO3MOXKHO, 3aMeTHM, 4To B, \3,,__,4 #+ &, TaK
KaK MHOXeCTBO S,4), @ 3HAUHT, H MHOXeCTBO m HHrle He njoTHbl. Toraa
BO3bMeM KaKylo-HHOYb TOUKY Xp41 € B, \ Sp41. [TockosnbKy MHOXeCTBO S,y
3aMKHYTO, HMeeM

dist(xn41, Sn1) > 0,

N03TOMY MOXHO BbiGpaTh TpeGyeMblii wap B,y;. INlocnenoBartenbHocts {x,}
fBJIfieTCA NocJefoBaTeJbHOCTbio Kou, Tak kak ans mo6uix n, m > N Bbi-
TNoJIHsieTCS HepaBeHCTBO

2
p(xn, Xxm) < p(xn, xN) + p(xXN, Xm) < v

Tak Kak npocTpaHcTBo X MoJIHO, CYLIECTBYeT TaKasi TO4Ka X, 4To x, — x. Ho
LN BCEX N TOUKA Xp4] NPHHAWIEXKHT Bpy), NO3TOMY

x€(B.CByNX\S),

n=]

yTo H Tpe6oBaNoCh JOKA3aTh. O
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Tenepb Mbl roToBb 10Ka3aTh CJie/ylOLIYIO TEOpEMY.

Teopema 21.6. He cyuwjecmsyem ¢yukyuu f:R — R, nenpepoisroii 80
8CexX DAYUOHANLHLIX MOUKAX U PA3PLIBHOU 60 B8CeX UPPALUOHAALHHIX
moukax.

Hoxkasateabcrto. CornacHo caenctsuio 21.4, nocTaTouHo JOKa3aTh,
YTO MHOXXECTBO BCeX HPPaLMOHAJbHBIX YKCeJl He SBJIAETC MHOXECTBOM TH-

o)
na F,. INpennonoxum o6patHoe: nyctb R\ Q = |J F,, npxueM Bce MHOXe-

n=|
CTBa F,, 3aMKHYTbI. Torzla Kaxxnoe MHO>KeCTBO Fn HUrge He MJIOTHO, TaK KakK B

MPOTHBHOM CJlyuae Hallencs 6bl MHTepBaJ, B KOTOpoM F,, Gblno 6bl NJOTHO, a
3TO HeBO3MOXHO, NOCKOJIbKY, GYIyuH 3aMKHYTbIM MHOXeCTBOM, F, colepaJo
6bl 3TOT HHTepBaJl, YTO NPOTHBOPEUHT ToMy, uTo R \ Q He colep>KHT HHKaAKOTO
HHTepBaJa.

Janee 3ameTtnm, uto MHOXKecTBO QQ MMeeT THN Fg, TaK KaK OHO sBJ/AeTCA
o6benrHeHHeM CYETHOTO UYHCJAa TOYeK, KOTOopble, KOHEUHO XKe, ABJIAIOTCA 3a-
MKHYTbIMH MHOXXecTBaMH. TakuM o6Gpa3oM, Mbl npeiacTaBHAH MHOXecTBO R,
KOTOpO€e NBJISIETCA NOJHBIM MeTPHYECKHM NpPOCTPaHCTBOM, B BHIE CUETHOro
o6beHHeHHs1 HHrIe He MJOTHBIX MHOXECTB, UTO NPOTHBOPeUHT TeopeMe Bapa
O KaTeropHH. O

YnpaxkHenue 73 CONEPKHT p-afHUeCKHil aHANOT STOrO YTBEPXKIEHHS.

YnpaxHenusn

68. ITocrpoiite dpynkumio f: R — R, koTopas HanoMHHaeT QyHKuUHIO fo W3
npuMepa 20.3, ¥ JOKaXHTe, YTO OHa pa3pbiBHa B KaXIOH TOUKe.

69. Ilyctb X — meTpHueckoe npocTpaHcTBo. JloKaxuTe, uTo

1) ecnin MHOXKecTBO F 3aMKHYTO, TO OHO MMeeT THN Gs;

2) ecau MHoXecTBO G OTKpPBHITO, TO OHO HMeeT THN Fog.

70. IMocTpofite MHOXeCTBO, KOTOpOe NpHHaLIEXHT F4 N Gs, HO He ABJSETCA
HH OTKPBITbIM, HH 3aMKHYTbIM.

71. JloKaxkHTe, UTO ec/ii MHOXKeCTBO A nMeeT THN Fg, TO €ro AONOJNHEHHe
X \ A umeer tun G5 H Hao60opOT.

72. IokaxuTte, yTo ¢yHKuHs f HenpepbiBHa B TOuKe Xp TOTAA H TOJIBKO
Toraa, Korga w(xg) = 0.

73. Ilokaxute, uTo He cywectyeT ¢yHKun f:Z, — Qp, KoTOpas Gblia
Obl HenpepbiBHa Bo Bcex Toukax H3 N, Ho pa3pbiBHa BO BceX Toukax M3 Zp \ N.

§ 22. InddepeHunpyemoctb p-aauueckKux GyHKuui

Teopema JlarpaH»ka o cpeflHeM 3HaueHHH SIBJISETCA KpaeyroJbHbIM KaMHeM
InddepeHunanbHoro HcudcaeHns. OHa yTBepXKaaeT, 4To Ml KaXkao# napbl
Touek x # y u3 obnacTH onpeneenus quddepeHunpyemolt hyHKunu [ cyle-
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CTBYeT TaKasi Touka {, Jiexallan mexdy TOUKaMH X H y, UTo

fy) — ) = F'Qy — %) (22.1)

Takum o6pasom, ecan f/(x) = 0 mna Bcex x, To U3 paBeHcTBa (22.1) caenyer,
uto f(x) = f(y).

Hna p-agnueckux (YHKUMH 3TO HEBEPHO: CYLIECTBYIOT HeMOCTOsHHble
(yHKLHH, NPOH3BOAHblE KOTOPbIX TOXAECTBEHHO PaBHbI HYJIO, NO3TOMY Teo-
peMy O cpefHeM 3HaueHHH BPAL /1 MOXHO PacnpoCTPaHHTb HAa p-adH4yecKHH
chy4ait, naxke ecau y6patb u3 (OpMYJNHPOBKH CJIOBO «MeXIy», KOTOpoe He
MMeeT CMbicla Il p-aanyeckux uncen. Cremyouiuii npuMep nokasbiBaer, UTo
NPOMCXOMMT B p-aOHueCKOM cJyyae.

Mpumep 22.1. Tycts E C Z, — nonmMHoXKecTBO 6€3 H30JHPOBAaHHbIX TO-
yeK, H MycTb [ — JoKanbHO mocTosiiHas ¢yHKuMs Ha E. Torma mns Kaxanoro
a € E cywmecryet Takoe € > 0, uto ecav x € E ynoBnerBopsieT HepaBeHCTBY
|x —a|, <€, 10 f(x) = f(a). Takum oGpasom,

f) - f@ _

oy , eClH |a — x|, <F,

nostromy ¢yHkuns f auddepenurpyema Ha E u f'(a) = 0 ann Bcex a € E!

M3 storo npumepa BHMAHO, UTO CYLIECTBYeT HOCTAaTOYHO LIHPOKHI Kjace
HeNOCTOSAHHBIX (YHKLMI, NPOM3BOHbIE KOTOPBIX PaBHbl Hy/i0. DTOT pe3yJbTaT
NPOTHBONOJIOXKEH He TOJILKO pe3yJ/ibTaTaM BellleCTBeHHOTO aHaJli3a, HO H CBOii-
CTBaM aHaJIMTHYECKHX QYHKLHH, T. €. ¢yu§°uuﬁ, KOTOpble 3a[al0TCA CTeNeHHbIMH

panamu. eficTBuTeabHo, nyctb f(x) = ). ap,x", x € R, u E — obaacTb cxo-

IMMOCTH 3TOTO cTeneHHoro pspa. Torzaa ecam ¢byHKuua f' ToXIeCTBeHHO paBHa
HyJlI0, TO BCe ee NPOH3BOHblE TaKXKe TOXKAECTBEHHO paBHbI HYJIIO H NO npeaJo-
Kennio 18.7 Bce KoaddHLUHEHTH aj CTeNMEHHOro psifia paBHbl HyJI0 NpH & > 1,
nostomy f(x) = ao, T.e. QYHKUHA ABASAETCA KOHCTAHTOM.

Kak Mbl yxe Bumenn, MHoxectBo ¢yHkumii {f:Z, — Q,: f' = 0}, Takxke
Ha3bIBaeMbIX 1nCe800KOHCMAKMAMU, CONEPHKHT JIOKANBbHO NMOCTOsIHHbIE (YHK-
unn. Caeflylouimii nprmMep onpoBepraeT ecTeCTBeHHOe NMPeANoNoXKeHHe O TOM,
YTO BCe NCEBIOKOHCTaHTbI ABJSIOTCS JIOKAJbHO NOCTOSHHBIMH.

NMpumep 22.2. CyuiecTByeT HHbEKTHBHAsA (H, TaKHM 06Pa30M, He JIOKaJIbHO
nocTosHHasn) GyHKuHA f: Z, — Zp, NPOH3BOIHAA KOTOPOH TOXKAECTBEHHO paBHa
HyJ1I0.

o0
HNoxasateabcTBo. [lycTs x = Y a,p" € Zp; noN0XKHM
n=0

flx) = Z anph-

n=0
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Torna ecau uncna

o0 [e o]
x=za,.p” €Z, n y=zbnp” €Z,

n=0 n=0

YZOBJIETBOPSAIOT HepaseHeTBy |x — y|, = p~/ nas vekotoporo j =0, 1, 2,
TO
ap=bo, a=b, aj—1 —bj—1, aj#b;

n nostomy |f(x) — f(y)|, = p~%. Takum oGpasom, HMeeM
1F0) = f@)lp = |x = yl;  nna Beex x, y € Zp.

Otciona Mbl 3akJ0uaeM, 4to yHKIUMA f HHbeKTHBHA (H3 paBeHcTBa f(x) = f(y)
C/IelyeT, 4TO X = Y) H

f(x) f(y)l Ix _ !/Ip —0 npny —x,

T.e. f' = 0 ToxnecTBeHHo. O
DTOT NpuMep NPUBOAHT HAC K onpenesienuio ycnoBus I'énbaepa ais dyHk-
UM
Onpenenenne 22.3. Iyctb E CZp na> 0. Synkuns f:Z, — Q, ydosae-
meopsem ycaosuio INéavdepa nopaoka o, eciii CyLIeCTBYeT Takasi KOHCTaHTa
M > 0, uto pas Beex x, y € E ¥MeeT MeCTo HepaBeHCTBO

17x) = F@)lp < Mlx = g3,

®ynkuns 13 npumepa 22.2 ynobJsieTBopsieT ycosHio [énbaepa nopsaka 2.
3ameTnM, 4To ecaH ¢yHKuMsi YOAOBJETBOpsieT ycJoBHio ['énbaepa mopsaxa
6oabitte 1, To f/ =0, n03TOMY B BELLIECTBEHHOM cJlyyae f ABJIS€TCA KOHCTAaHTOH.

B BeuwlecTBeHHOM ananu3e umeer Mecto TeopeMa Posuisi, KoTopas yTBep-
Xnaert, uto eciu ¢yHkunus [:[a, b] — R HenpepbiBHa Ha oTpeske [a, b], and-
depeHunpyema Ha untepsane (a, b) u f(a) = f(b), To HalineTcs Takas TO4Ka
L € (a, b), uto f'(§) = 0. BoT npumep, KOTOpLIf NOKA3LIBAET, UTO IS p-afHue-
CKHX yHKunit TeopeMa Posnisi, BooGlLe roBopsi, He HMEeT MecTa.

Mpumep 22.4. Paccmorpum yhxunio f:Z, — Q,, 3anaHHyio dhopmyJoi

f(x) =xP —x.

Mbi umeem f(0) = f(1) =0, f'(x) = pxP~! —1. Kpome Toro, Tak Kak
IF'(x)+ 1|, < 1/p, T.e. f'(x) € =1 + pZ,, nmeem f'(x) # 0.015 Becex x € Z,.

Eine onHo oTiiHune p-aanueckrx GyHKLHHA OT BellleCTBEHHbIX OGHaPYKHBa-
€TCsl, KOrla Mbl pacCMaTpHBaeM JIOKaJibHY10 06paTHMOCTb (HenpepbiBHO) AHG-
tepeHurpyeMbix GyHKUMIL. B BellleCTBEHHOM aHajlk3e BEpHO CJedylolllee: eCH
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s Takod GyHKuu [ BbinosHeHo HepaBeHcTBO f'(xg) # 0, To ¢dyHKuma f
JIoKajibHo o6paTHMa B HEKOTOpOH OKPeCTHOCTH TOYKH xg. i p-annueckux
¢yHKuMi 370, BooGllle roBOps, HeBepHO, KaK NOKa3blBaeT cJlellylolHi nopasu-
TeJIbHbIA NpHUMep.

Mpumep 22.5. CywecTByer Takas AnddepeHunpyeman dyHkuua f:Z, —
— Qp, uto f'(x) =1 nns Beex x € Zp, Ho f(p™) = f(p" — p?") misi Beex n €N,
no3ToMy (pyHKUHA [ He HHbEKTHBHA HH B KaKOH OKpPeCTHOCTH TOYKH 0.

Ins kaxporo n € N nonoxum B, = {x € Zp: |x — p"|, < p~2"}. Ecan
X € By, 10 |x|p, = p~" («nobexnaer cuabHeHIIH»), NO3TOMy Bce Kpyru B;
nonapHo He nepecekatorcs. ITonoxum

x—p*, ecmneN, xeB,,

fe) =9 «, ecau x €Z, \ UBn-

Tak Kak p" € B,,, umeem f(p") = p" — p?*. C npyrofi cTOPOHBI, JIeTKO Npo-
BEPHTb, UTo P" — p2" He NIeXHT HH B KakoM Kpyre B,. Otciona caenyer, yTo
f(p" — p*) = p" — p?*, 1.e. byHKuMA [ He MHBEKTHBHA HU B KaKo# OKpecT-
HOCTH HyJIsl.

Yto6bl moKasaTb, uto f' = 1, paccmotpum dyHKuHio g(x) = x — f(x),

p?, ecamneN, x €B,,

gX=90, emxeZ,)\ U B..
n

Tak kak dyHKuHA g(x) JoKaJbHO nocTosiHHa Ha Z, \ {0}, nmeem g’ =0 Ha
Z, \ {0}, nostoMy noctaTouHo npoBeputb, 4To g'(0) = 0. IMyctb x € Z,, x #0,
TOrza
i PR—
=p~", eamun€eN, xeB,,

|%|p

|g(x) - g(0)| —
* P 0, €CJIH X He JIEXHT HH B KaKoM wiape By,.

IMoatomy g'(0) = lin}) g(x)/x = 0. Taxum o6pa3soM, f'(x) =1 ans Bcex x € Z,,.

§ 23. HenpepbiBHo auddepeHunpyemble GyHKUHH
M H3oMeTpHUH npoctpaHctea Q,

B BelecTBeHHOM aHasu3e HenpepbiBHO AH(dbepeHuHpyeMbIMH (yHKLHS-
MH Ha3blBaloTCsl TakHue OHddepeHunpyeMble GYHKUHH, NPOM3BOAHBIE KOTOPHIX
HenpepbiBHH. Kak Mbl yxxe Bunean (npumep 22.5), s p-agnueckux GpyHKuui
3TOrO YCJIOBHS M1 JIOKaJbHOM 06paTHMOCTH He MocTaTouHo. OkasbiBaercs,
3TOM Npo6JseMbl MOXKHO H36eXaTb, €C/IH YCHJIHTb ONpefie/ieHHe HenpepulsHo
Ougppepenyupyemoii GyHKUMH B p-afHUeCKOM ClIydae.
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Onpenenenne 23.1. Iyctb E — HenycToe noaMHOXKECTBO MPOCTpaH-
ctBa Q, 6e3 u3onHpoBaHHbIX ToueK H f:E — Q,. [lepeoii pasderennoi
pasnocmero ¥, f nna ynkuun f HasbiBaetcs yHKuMa ABYX NepeMeHHbIX X
H Y, 3apaHHas dopmyoi

f(x, y) = "’”_"” (x,y €E, x #1),

onpenesieHHas Ha MHOXecTBe E X E \ A, rae auaroHanb A — 3T0 MHOXKeCTO
Buaa A = {(x, x): x € E}. Bynem roBopnTb, 4To dyHKuMs [ Henpepoleno Jug-
epenyupyema (nn C'-rnankas) B Touke a € E, ecam cywecTsyer npeaei

lim @, f(x,
(w)mm'ﬂ y).

HUnbimn cnosamu, pyukuns f aasercsa C'-rnaakoit B Touke @, eciu oHa And-
tepeHuHpyemMa B TouKe a W aas aio6oro € > 0 cywectsyer Takoe 8 > 0, uto
ecid |x —alp, <8uly—al, <3, (x,y) €EXE\ A, 10

[(x) — f(y) —-f (a) <e. (23.1)

X =

ByneM roBoputb, uto ¢yHKuMs f fABAIfieTCA C -rnankoii Ha E, ecin oHa
C'-rnankas Bo Bcex Toukax a € E.
3ameuanns. 1) Us nepasenctsa (23.1) caenyer, uro Bcsikas C'-riankas
Ha E ¢yHKuns HMeer HenpepbiBHYIO NPOH3BOAHYI0 Ha E. O6paTHoe HeBepHO.
HefictButenbHo, nycTs f — ¢yHKUMS U3 npumepa 22.5. Torna
. ") — [p" = p™)
lim f(p"™) = = f(0).
N—00 p2n 0 # 1 f (O)
2) lns BelleCTBEHHbIX PYHKLHFA HeNpepbIBHOCTb NPpoU3BOAHOMA [’ rapaHTH-
pYeT cylllecTBOBaHHe npeaesa

[(x) — (v)
(xy)—(@a X —Y
(npenen Gepercs no BceM X, y € [a, b], ana KOTOpbIX x # y), NOTOMY 4TO

f(x) f(y) = /'@

IJ1s HEKOTOPOTO uKc/aa § Mexay x H y Mo Teopeme O Cpe/iHeM.
Tenepb paccmoTpuM C'-rnankne p-aanueckue QyHKUHM C TOYKH 3pEHHS
JIOKa/bHOM 06paTHMOCTH. JIerko yCTaHOBHTDb JIOKaJIbHYI0 HHbEKTHBHOCTD.
NMpeanoxenne 23.2. [Mycmo E — nenycmoe nodmHoiecmeo npo-
cmpancmea Q, 6e3 usoauposarnolx mouex u ¢pynkyus f-E — Q, se-
anemca C'-enadkoi 6 nexomopoi mouxe a € E. Ecau f'(a) #0, mo
cywecmsyem maxas oxpecmuocme U mouku a, umo

1f(x) = f@&)]p = F@lplx —ylp (x,y € ENV).
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lpyeumu crosamu, pynxyus f/f'(a) asasemcs usomempueil 8 Hekomo-
poli okpecmuocmu moyuku a. B wacmuocmu, pynkyus [ unvexmusna 8
oKpecmHocmu mo4Ku a.

INokasaTeabcTBo. [lo onpenenenno C'-rmagkux ¢yHKumil cyue-
cTByeT Takoe § > 0, uTo aas JoObIX X # y, YAOBJETOPSAIOLIMX HepaBeHCTBaM
|x —alp <3 uly —b|, <3, BbINONHEHO HEpaBEeHCTBO

fx) = f(y) '
= - @] <IF@l,.
Torna no cBoficTay paBHoﬁeupeHHoro Tpeyronbum(a noJjiydaem

Ylp

Boauukaet Bonpoc: Bce JIH H30MeTpHUH mpocTpaHcTBa Q, CIOPBEKTHBHbI?
JInsi MHOTHX 3HAaKOMBIX HaM MeTpHYecKHX npocTpaHcTs (Hanpumep, R, R?, R3,
runep6osivyeckas Miaockoctb) 3To BepHo. OmHAaKo 3THM cBoficTBOM o6saja-
I0T He BCe MeTpHUYecKHe NMPOCTPaHCTBA, KaK MoKa3biBaeT CjefyloLHi MpocTol
npumep.

PaccMoTpum MHOXecTBO E = {x € R: x > 0} ¢ 06bIuHbIM €BKJIMAOBLIM pac-
crosinueM d(x, y) = |x — y|. Torma cagur f(x) = x + 1, oueBHaHo, ABAsieTCS
H30MeTpHel, HO He CIOPbEKTHBHOM.

Tem He MeHee, Bce H30MeTpHH mpocTpaHcTBa Qp CIOPBEKTHBHBI, MOTOMY
YTO 3TO MPOCTPaHCTBO 06JafaeT CJAENYIOLIHMY AByMSI CBOHCTBaMH.

1) IMpocTpancTso Q, JioKaAbHO KOMIAKTHO.

2) JTio6o# capur x — x + a (a € Qp) ABAsETCA B3aHMHO ONHO3HAYHOH H30-
MeTpHeH npocTpanctBa Q,.

CHauazia Mbl JOKaXKeM, YTO HY>KHbIM HaM CBO/CTBOM 006JIaflaloT KomnaxKm-
Hble METpHUYeCKHe NPOCTPaHCTBa.

Mpennoxenne 23.3. Jliobas usomempus KOMNAKMHO20 Mempu4ecKo-
20 npocmpancmea Ha ceba ClopveKmusHa.

HokazateabctBo. Ilycts (X, d) — KOMNaKTHoe MeTpuuecKoe Mpo-
cTpaHcTBO, a f: X — X — ero uzomerpus. [Ipeanonoxum, uto oto6paxkeHue f
He CIOPBEKTHBHO, T. €. CYLLEeCTBYeT Takas Touka y € X, uto y & f(X). Torna ser-
KO BHIETb, YTO CYLIECTBYeT Takoi OTKpbIThIi wap B(y, r), uto B(y, r) ¢ f(X).
B camoM penie, B NPOTHBHOM cJjiyyae Halwlach Obi TaKasl MOCJ/ENOBAaTENbHOCTb
Yn — Y, uTO Y, = f(xn). [TocKosIbKY MpOCTPaHCTBO X KOMMAKTHO, NOC/AeN0Ba-
TEILHOCTb {X,} CONEPXHT TaKyio CXOASALLYIOCS NOANOC/EN0BATENLHOCTD {Xp, },
4TO kli'ngo xn, = x € X. Tak kak Il.";o Yn, =Y ¥ oTOOpakeHHe f HempepbiB-
Ho (Kak W Jo6Gasi H3oMeTpHsi), ToJiyyaeM, 4To f(x) =y, 4TO NPOTHBOPEUMT
npeanoJioxenuio. Mtak, Tpe6yembiii OTKphITHIH wWwap B(y, r) cyuiecTByer.

Tenepb noctaToyHo mOKasaTb, YTO Jl06Gast H3OMETPHS KOMMAKTHOTO MeT-
PHYECKOTO NpocTpaHCTBa «nonagaeT» B J0O0A OTKPbIThA wap. Yto6bl che-
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JaTh 3T0 GoJiee SICHLIM, BBelleM MOHATHe emkocmu. 3adHUKCHPYeM HeKoTopoe
JeACTBHTeNIbHOE YHCA0 7 > 0 H pacCMOTPHM BCEBO3MOXKHble MOKPBITHA Npo-
cTpaHcTBa X wapamu paanyca r. Kaxnoe Takoe NoKpbiTHe COAEPXKUT KOHEYHOe
noanokpuitie. HazoBeM munumasoroe KoaHueCTBO LIAPOB paauyca r, NOKpbl-
BAIOLKX NPOCTPaHCTBO X, emKxocmoio ¥ 0603HaunM ee uepe3 hA(X, r). O6pa3
f(X) komnaktHoro npoctpaHctBa X komnakteH ([9], Teopema 4.14). Cefiuac
Mbl IOKaXXeM, YTO €MKOCTb He MEHSIeTCSl NPU H3OMETpHSIX.

Jlemma 23.4. Ecau f:X — X — uzomempus KOMnRaKmHoeo mempude-
ck0eo npocmpancmsa Ha ceba u r > 0, mo h(X, r) = h(f(X), r).

HokasateabcTBO aeMMbl. [lyctb X C ByUBU...UBy—no-
KpbiTHe npocTpaHcTBa X, cocTosllee W3 N 1wapoB paauyca r. [TockoJbKy 0T06-
paXkeHHe [ ABJIfieTCs H30MeTPHeEll, OHO HHBEKTHBHO, H NO3TOMY 0ToGpaXkaeT X
Ha f(X) B3anmHo onHo3HauHo. Takum o6pa3om, -f oToGpaxkaeT Kaxablit wap

Bi=B(x;,r)={x e X:d(x, x;) <r}
Ha wap, Jexalui B npoctpancTBe f(X) U HMeloWHiA BHA
f(Bi) = {x € f(X):d(x, f(x:)) < r} = B(f(xi), n).

Torna
f(X) C [(Bi) U f(Bg) U...U f(Bn)

H h(f(X), r) < h(X, r). Ho eciu mpuMeHHTL TO XKe camMoe paccyxeHHe K 0To6-
paxennio f~': f(X) = X, To noayunm A(X, r) < h(f(X), r), uTo ¥ noKa3HBaeT
JieMMy. O

BepheMcs k nokasareabctBy npemioxenns 23.3. HanoMHuM, uto cornac-
HO HalleMy HCXOLHOMY NpearnoNoXeHHIo H3oMeTpHs f: X — X He ClOpbeKTHB-
Ha; NO3TOMY CYILEeCTBYeT OTKpbIThI Wwap B(y, r), He nepecekatowmiics ¢ f(X).
Mycts h = h(X, r/2) u

ByUBsU...UBy DX 23.2)

— MHHHMaJbHOe NMOKPHTHe MpocTpaHcTBa X wWwapamu paauyca rf2. 3ame-
THM, 4TO eC/iH Wwap B; comepxut Touky y, To B; N f(X) = @. I1o o3Hauaer,
YTO eC/iM Mbl H3 NOKPbITHA (23.2) BbikMHeM lap B;, To ocTaBluHecs la-
pbl no-ApexHeMy 6yayT nokpbiBaTh npoctpaHcTBO f(X). Takum o6Gpasom,
h(f(X), r/2) < h(X, r/2), uto npoTuBOpeunT nemme 23.41. O

Mpennoxenne 23.3 MOXHO 10Ka3aTh, HE MCMOJIb3YA MOHATHE eMKOCTH. PaccmotpuM no-
caenosatenbHocTh Touek ¥, f(y), f(f(y)), F(F(f(y))), ... Tlockoabky npocTpancTso X KoMnakT-
HO, CYyLIECTBYIOT TaKHe [Ba ujieHa 3TOA nocaefoBartensHocTH f™(y) w f*(y) (m > n), uto
d(f™(y). [*(y)) < r. Ho toraa d(f™="(y), y) = d(f™(y), ["(¥)) < r, uTo NpOTHBOpEUHT TOMY,
uto By, r) N f(X) = @.— llpun. nepes.
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Teopema 23.5. Jlobas usomempus npocmpancmsa Q, cropvexmusHa.

HNoka3sateabctso. [lycts f:Q, — Q, — H30MeTpHA, He ABAAIOLIAACH
clopbektiBHoil. Ecan f(0) = a, To g(x) = f(x) — a — Takke HeclOpbeKTHB-
Hasl H3oMeTpHs npocTpaHcTBa Q,. Torna cywectsyer Touka y & g(Q,). [ycts
lylp = r. Tlockoabky oTGpaxenue g siBasiercsi H3ometpHert H g(0) = 0, oHo
oToGpaxaer 3aMkHyThiit wap B = B(0, 2r) Ha ce6a u y ¢ g(B). Tak kak B —
KOMIaKTHOe MeTpPHYeCKOoe MPOCTPaHCTBO, NOJyUeHHbI pe3y/bTaT NpoTHBOpe-
YHT npepnoxenuio 23.3. O

YnpaxHenus
74. Tlycts dyuxuns f:Z, — Z, onpepensiercs caenyiollei ¢hopmyJion:

f (Z anp") =Y a.p"
n=0 n=0

Hokaxure, uto f' =0, T.e. f — nceBIOKOHCTaHTa.
75*. Tlyctb ¢dyHkuns f:Z, — Z, onpenensercs ciaenylouieli popmyJoii:

00 [+ ]
1
[(Eanr") = Y anr
n=0 n=0
Hokaxwure, uto ¢pyHKuus f unbektHsHa, f' =0 u f ynoeieTBopsieT ycJOBHIO

['énbpepa nopsinka o 415 JI060ro NOJOKHTEJNLHOTO YHCJIA d.
76. ITyctb dyHkuua f:Z, — Z, onpenensiercs cienyiolesi popmyaon:

f(ianp”) = gaﬁp"-

n=0

JHlokaxTe, uto dyHKuMs f HenmpepbiBHA.

§ 24. UuTepnoanpoBaHue

IlycTb ay, ag, ... —nocJe10BaTeIbHOCTb 3/1eMeHTOB npocTpaHcTBa Q,. Ee
MOXHO paccMOTpeTb Kak ¢yHkumio f: N — Q,, 3anannyio dopmyanoit f(n) =a,.
Tak kak MHoxecTBo N nuotHo B Z,, H3 Teopembl 20.5 crelyer, uTo CylecTByeT
He 6osiee OfHOM TaKoM HenpepbiBHOH GYHKUMH F:Z, — Q,, uto F(n) = f(n)
ans Beex n € N, Ecau Takas ¢yHkuusa F cyiectByer, To 6yieM roBOPHTb, YTO
nocJjieioBaTeNbHOCTb {a,} MOAcem Goimo unmepnoauposara. KoveuHo, aHa-
JIOTHYHOE onpefesieHHe MOXKHO aTh A/ ABYCTOPOHHHX NOC/e0BaTeIbHOCTEI,
M 115 nocsiefjoBaTeAbHOCTell BHAa dg, 4, - ..

Ecnu dyukuus f(n) = a, paBHomepHOo HenpepbiBHa Ha N, To u3 Teope-
mbl 20.5 HemocpencTBeHHO cJieflyeT, YTO NOC/EN0BATENLHOCTb {@,} MOXeET GHiTh
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uHTepnoJinpoBaHa. O6paTHO, NpeanosokuM, uto f(n) = a, MoXxeT ObiTb HH-
TeprnoHpoBaHa HenpepbiBHOM GyHKuued F:Z, — Q,. Torna no Teopeme 20.4
¢yHkuns F paBHOMepHO HenpepbiBHa Ha Zp, a 3HauHT, H Ha N. Takum 06-
pasoM, MocJieloBaTeNbHOCTb aj, dg, 3JleMeHTOB NpocTpaHcTBa Q, Moxer
GbITb HHTEPNOJIHPOBAHa TOTa H TOJIbKO TOrAa, Koraa ans jwboro € > 0 Hafi-
nercs Takoe N, uto

p=N

ecsu |n — m|, < , TO |@n — am|p <e. (24.1)

OkasbiBaercsl, He 06513aTeJIbHO pacCMaTpHBaTh BCe MOJNOXHTEJIbHbIE YHCAA 1,
m, aas Kotopbix |n —m|, < p~¥ IloctatouHo nposepuTb ycuosue (24.1)
TOJMIbKO LISl TAKHX YHCEJN n, m, KOTOpble OTJIMYAIOTCA HAa JOCTAaTOYHO 6OJb-
1UyI0 cTeneHb yhcaa p. BoJee TouHo, MeeT MeCTo ciedyloliee yTBepXKAeH e,
NMpepnoxenne 24.1. [Tycmo a,, ag, ... — nocaredosamesvHocmo 3ae-
menmos npocmparcmsa Q,. Ona moxem 6oumo unmepnoauposara mo-
20a u moabko moada, kozda 0 awboeo € > 0 cywecmsyem maxoe N,

4mo
ecrun=m+ p, mo|a, - am|, <= (24.2)

HokasateabctBo. Ecan pynkuns f(n) = a, paBHOMEpPHO HenpepbiB-
Ha, To aas Jo6oro € > 0 cyulectByer Takoe N, uTo BbanJlHﬂeTCﬂ ycao-
Bue (24.1). B uactHocTH, 3T0 BepHo mis n=m + pV, Tak Kak B 3TOM
cayuae |n — m|, < p~V. TTokaxewm, uTo u3 GoJiee caaGoro, Ha NepBblil BTAAL,
ycnoBus (24.2) cjepyer paBHOMepHasi HenpepbiBHOCTb. Jlasi naHHoro € > 0
HaiineM N, nas Kotoporo BhiMosiHseTcs ycioBde (24.2). BosbmeM n, m € N,
yZaOBNeTBOpsIolMe HepaBeHeTBy |n — m|, < p~V. Torna n — m neauntes na pV
nostomy n = m + bp" nns nekotoporo b € N. Mbl umeem

b

Ap — Qm = E (am+l'pN - a,,,_,_(i_l)p;v).
j=1

M3 Hawero ycnoBus (24.2) cnemyer, 4To p-agnueckasi HOpMa KaXIoro cja-
raemoro MeHblue €. [TpuMeHss CHIbHOE HepaBEHCTBO TPEYroJibHHKa, NojyyaeM
lan — amlp <e. O

B HekoTOpoM cMbicjie paBHOMepHasi HenpepblBHOCTb MOCJ/EN0BaTe/bHO-
cTH {a,} NpPOTHBOMOJIOXXHA CBOHCTBY ObITb NOC/€NOBaTeNbHOCTbI0 KouiH.
Caenyoluee npoctoe yTBepXKAeHHE NaeT HaM MHOXECTBO NPHMEPOB He paB-
HOMEPHO HenpepbiBHbIX NOCJEN0BaTEILHOCTEN, KOTOPbie, CEN0BATENbLHO, He
MOTYT GbiTb HHTEPMNOJHPOBAHDI.

NMpennoxenne 24.2. [Tycmo {a,} — nenocmoannas nocredosameno-
Hocmo Kowu, cocmoawas u3 p-aduueckux uucea. Toeda ona He moxcem
661mob UHMEPNOAUPOBAHA.
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HokasaTeanbcTso. [Ipeanonoxum, uto nocJjenoBaTeJbHOCTb {@,} MO-
XKeT GbiTb HHTEPNOJIHPOBaHa HenpepbiBHON dyHKuKel f:Z, — Qp, f(n) = aa.
Tak kak N naotHo B Zjp, ans no6oro x € Z, \ N cyiiectByer nocnenoBaresib-
HOCTb HaTypaJIbHbIX UHCEI 11, CXOaALIasca K x. [TocnenoBatenbHOCTb {a,} AB-
JIfieTcs nocJ/efoBaTebHOCTbI0 Kowiu B N03ToMy CXOAHTCA K HEKOTOPOMY UHCJY
¢ € Q,. Torna 1 nocnenoBaTeNLHOCTb {@4, } CXOAHTCS K TOMY XK€ CaMOMy npeje-
Jly, ¥ 0 HeMpepbLIBHOCTH HMeeM f(x) = klim ap, = c. anee, Tak Kak MHOXXECTBO

— 00

Z, \ N Takxe nnotHo B Zp, aas ao6oro n € N cyuiecTByer Takas nocjeno-

BaTeJbHOCTb Xi € Zp \ N, uto n = lim x. Torna a, = f(n) = lim f(xz) =c,
k—oo k—o00

T.e. {a,} ABAsETCA MOCTOSIHHOM MOCJENOBATENbHOCTbIO, H, TaKHM 060pa3oM,

TNOJIyYHJIH NPOTHBOPEUHe. O

Ins NonHOTHI H3/I0XKEHHs [OKaXXeM HeCKOJbKO CBOHCTB PaBHOMEpPHO
HenpepbiBHbIX (YHKLWA (HEKOTOPbIMH M3 HHX Mbl YXKe TNOJb30BaJHCh B Te-
opeme 20.5).

Npennoxenne 24.3. [Tycmo E C Z, u pynxyuu f.E - Qpu g E - Q,
pasromepHo Henpepoienol Ha E. Toe0a pynkyuu f+ g, [ — g u fg maxace
pasHomepHo Henpepusol Ha E.

Hoka3zateabcTBo. Ina n0o6oro HaTypasbHOrO YHC]A S CYLUECTBYeT
TaKoe HaTypaJlbHOe YHCJIO f, 4TO H3 HepaBeHCTBa |x — y|, < p~! cnenyer, uto

[f) = fDlp <P~ n |g(x) — g, < p~°.

Io Teopeme 20.5 dyHkuuy f u g orpanHyensl Ha E u, ciienoBatensho, Ha E CE,
T.€. CYLIeCTBYeT TaKoe HaTypaJsibHoe YHCJIO &, uTo | f(x)|, < p* n|g(x)|, < p*.
Tlycts x, y € E, npruem’|x — y|, < p~*. Torna

|(Fx) £ g(x) = (F(9) £ g@)], = 1(F(x) — f()) % (g(x) — gD, < p~°,
| ix)g(0) - &) )], =| Fx)(g(x) — gD + (fx) - f¥))gw)| , < p~'**. O

Cnencrteue 24.4. Jlio6oi muozousen P(x) ¢ kosppuyuenmamu 6 Q,
PABHOMEPHO Henpepuleer Ha nobom nodmnoxcecmse E C Zy.
Hdoka3zaTenbcTBO. ITO clemyeT M3 TOro, uto ¢yHKuHH f(x)=c n
f(x) = x paBHOMepHO HenpepbiBHbI Ha JI06OM noaMHoXecTBe £ C Q. O
Caencrsue 24.5. [Tycmo
(x) _x(x—=1)...(x —n+1)

n n!

— Gunomuanroroll Kodpguyuenm, ede n € N u x € Z,. Toeda ¢pynxkyus
Pu(x) = (z) PasHoMepHO Henpepol8Ha Ha Zp u I(i)l <l ,me. (:) €Zp.
p

X
HoxasaTeabcTBo. [TockosbKy Pa(x) = (”) — MHOTOUJIEH C palHo-
HaJlbHbIMH K03((HLIHEeHTaMH, OH PaBHOMepHO HenpepbiBeH Ha Z, N0 cJjel-
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ctuio 24.4. Tlycts x € Zp. Torna cyluecTByeT Takasi NocJ/ef0BaTeJbHOCTb
{xm} C N, uto x = lim x,. [1o HenpepbiBHOCTH MHOrOU/IeHa P,(x) HMeeM
m-—00

Am ()= ():

X
[MockosbKy KaXkioe uHciio ”') AIBASIETCA LeJIbIM PaLHOHA/bHBIM, HMeeT Me-

CTO HepaBeHCTBO |(x,,.)| < 1. TNostomy |(x)| = lim (x,,,)| <1, te
n p n p m—oo n p
(") €z, O
n

(CpaBH#Te 3TO I0Ka3aTeJbCTBO C J0Ka3aTeNbCTBOM JjieMMbl 14.4, rie Mbl
L0Ka3aJH JIHLLb, YTO (z) € Z, nns no6oro x € Zp.)

Tenepb paccMoTpuUM p-anuueckylo nokasaTesbHyto ¢yHKuuio. Hawa uennb
COCTOHT B TOM, YTOGbI BLISICHHTD, IVl KAKHX p-aJHueCKHX uHce a € Q, nocJe-
nosatenbHocTb 1, a, a2, a®, ... moxeT GbiTb HHTepno/MpoBaHa. B pesynnTate
HHTEPNOJIALUMH NONyYHTCH HeTpepbiBHAsA «NOKa3aTeJbHas» GyHKUMA f(x) = a*.

Teopema 24.6. ITociedosamenvrocme 1, a, a?, a3, ... moxmem 6umeo
unmepnoaupogana moada u moavko moada, kozda a € 1 + pZ,.

JokasateabcTBo. Ham nonanobutcs cnemyiowas oueHka.

Jlemma 24.7. [Tycmo 0 < e < 1. Toeda u3 nepasencmea |y — 1|, <€
soimexaem nepagencmso |y — 1|, < tly — 1|,, 20e 1= max(e, p~') < L.

HokasateabctBo JeMMbl. Ilonoxum y =1+ a, Torna |a|, <eu

y"—|=(’]’)a+('2’)a2+...+(,’;)ai’=

==0((7)+ (B)at-+ (7))

Mbl umeem I(?)ai"l <pltamaj=1,..,p—1lula? !, <eP ! e
p

Cnenosatensho, |y? — 1|, < tly — 1|, rae = max(e, p~'). O

H3 teopembi 8.5 caenyer, uto

1) “ll.ngo a®" =1, Torma H TONLKO TOTMIa, KOTIa

2)ael+ pZ,.

UYto6bl 3aBepILNHTb JOKa3aTeJbCTBO, BOCNONb3yeMCs NpenjioxeHuem 24.1.
TNocaenoBatenbhocts 1, @, a2, ... MoXeT GbiTb HHTEpPNOJHPOBaHA TOrAa H
TobKo TorAa, Koraa |a/+?" — ai|, ctpemutcs k O paBHOMepHO No j. 3ame-
THM, 4TO ecJiH |a|, < 1, To nocnenoBatenbHocTb {a"} cTpemuTes K 0 H, TakHM
06pa3oM, 1o npeanoxeHtio 24.2 He MoxeT GbITb HHTepHoaxpoBaHa. [1oaTomy
MOXXHO CuHTaTh, uTo |a|, = 1. Torza

., on : ; n n
la/*P" — al|p = laljla® = 1], = |a” — 1],
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a nocsenHee BbipaxceHHe cTpemutcsi K O paBHOMepHO Mo j Torda H TOJIBKO
TOTAa, KOraa BbinoJiHsercs ycJjosue 1), a BMecTe ¢ HHM H 2). O
dyHkuun
X H n
a*=Ilima" (x€Zp acl Z
am ( P + pZp)

o6safaet cjefylollIAMH CBOACTBaMH, KOTOpble Mbl ocTaBJisieM 6e3 foKa3arelib-
CcTBa: Anf BCex x, y € Zp v oboro a € 1 + pZ, BepHo, uTO

1)a* €1+ pZ,,

2) a**Y = a*a¥,

3)a~* = (@),

4) exp,(px) = (exp, p)*,

5) (a*);=0 =Inp(a),

X(x
6) af = z(‘ )(a- 1y,
n=0\"

CBoiicTBO 4) ycTaHaBIHBa€eT COOTHOLLEHHE MeXy pyHKuHel a* 0 p-aauue-
CKO# 3KcnoHeHTo#, onpeneneHHol B § 15.2. Tlo Teopeme 15.2 psan, onpeaensio-
Wi GYHKUHIO exp , (x), pacxoantes B Touke x = 1. OnHako psf anst exp,(px)
npH p > 3 v psn Ans exp,(4x) npu p = 2 aHamuTHuHb B Z,. CaefoBatenbHo,
YHCJI0, aHaJIerHYHOe e, He NPHHaLIEeXHT Qp, Ho uncna e npu p >3 1 e* npu
p = 2 npunamnexar Q,! Takum 06pa3om, YHCAO e JEKHT B aareGpaHyecKoM
paciunpennn noas Q, crenenn p, ecan p > 3, U cTenetu 4, ecan p = 2.

Ynpaxnenus

77. Hokaxwure, uto aasa Kaxnoro j € N p-amuyeckas noc/iefoBaTelbHOCTb
17,2/, 3/, ... MOXeT GbiTb HHTEPNOJHPOBaHa.
78. lokaxkute, uto s Kaxaoro j € N p-aanueckas nocnenoBaTelbHOCTb

1 2 3
) [ 7] -
MOXeT ObITb HHTEpNOJIHPOBaHa.

79. lokaxuTe, 4T0 p-ainyecKas NocCJefoBaTeNbHOCTb 12— (—1)" MoxeT
6bITb HHTEPMOJIHPOBaHa TOTAA H TOJIbKO TOTAA, Korga p = 2.
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