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JEKIINAI 1

CummeTpuu

1.1 T'pynma cumMeTpuu U aOCTpaKTHAs rpynmna

Onpenenenue 1.1. COBOKYITHOCTH Ipe0o6pa3oBaHMli, COBMEIIAIIAX 00BEKT ¢ CAMUAM
c0001i, Ha3bIBaeTCA ZpYynnoil cummempuu o0beKTA.

O6'BEKTHL MOTYT OBITHL PAa3HOH IPHPOJABL: TeOMETPHUYECKHE TeJIa, MOJIEKYJIbI, TU(-
depeHIInaIbHbIe yPABHEH A, PYHKI[AN U T.11. [JIaBHOE, YTOOBLI OHU He MEHSJUCH IIPHU
KaKnX-1n60 npeobpasoBannax. [IpeobpasoBanns OLIBaIOT AUCKPETHLIMY UJIH HETIpe-
PBIBHLIMH. Ecn npeobpa3oBaHusa JUCKPETHRIE H NX KOHEUHOE UYNCJIO, TPYIINa Ha3bl-
BaeTcd KoHeyHol. KoInuecTBO 31eMeHTOB B KOHEUHOMH Ipyiie G Ha3bIBaeTCs 1nopso-
KoM 2pynnwsl 1 obo3HavaeTcd |G|

I'pyina ciMMeTpHH MOJIEKY LI COCTOUT M3 KOHEUHOTO YHCJIa TeOMEeTPUYECKUX IIpe-
06pa30BaHMmii, IO AeHCTBIEM KOTOPBLIX MOJIEKYJIa IIepeXoiuT caMa B cebsa. Bece Takue
peoOpa3oBaHus (3leMeHmbl CUMMempPuL) OCTABISAIOT Ha MecTe II0 KpaiiHeill Mepe,
ONHY TOUKY, II03TOMY TaKHe I'PYIIILI Ha3bIBAIOT MOYey HblMU.

MNpumMep 1.1. TIpuMep TOUE€UHOM IPYNNBLI — TPYIIa TPeyToJAbHUKA — IIPHBeJeH Ha
puc. 1.1 a. B jannoii rpymie JBa deMeHTa CHMMETPHH: OCh TpeThero mopsaaka Cs u
och BTOporo nopgjaka C,, MeplIeHUKyAIpHada ei. V3-3a HaJIWUNA OCH TPEeThero Io-
PAIKA MOABIAETCA 3 OCH BTOPOTO MOPAIKA.

B Oﬁl[[eM cjIiydyae B TOYeUHOM T'pyIiie MoryT OBITH TOJILKO TPpH B a 3JIEMEeHTOB:

1. IToBopot C,, Ha yToJI 27/n BOKPYT OCH 1n-T0 MOPSAAKA.

2. OTpakeHHe B IUIOCKOCTH, MIPOXOJAINel uepes och 0, WU MepIeHANKYIAPHOI
ocuoy,. UujgeKcel v, h 03HaYaIOT BEPTUKAILHYIO HJIA TOPU3OHTATLHYIO TIJIOCKOCTD,
TaK 4TO OCh 1-TO MOPAAKA HaJlo IPeICTABIATEL cebe BepTUKAILHOM, prc. 1.1 b.

3. 3epKaJbHLIH TOBOPOT So, = 0,C5,, TO €CTH IIOBOPOT ¢ OTPAYKeHUEM B T'OPHA30H -
TaJbHOU IJIOCKOCTH. YTOOBI IMocje MOBOPOTa Ha 27 MOJEKYJla BO3BpaTHuIach B
HCXOJHOE COCTOSIHHUE, MOPAJOK 3€PKAJbHO-IIOBOPOTHOM OCH €CTeCTBEHHO JOJI-
JKeH OBITh YeTHBIM, puc. 1.1 ¢
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(b) (c)

Puc. 1.1: (a) I'pynna BpallleHW# MPpaBUIBHOIO TPeyToOJIbHAKA BKJOUYaeT B cebd och
TpeThero nopsaaka Cs U Tpu ocu BToporo nopsaaka Cs. (b) BepTukaabHada 3eprajib-
Hadg ILJIOCKOCTHL 0, WM TopH3oHTaNIbHadA dr. (¢) “Mosekyna”, nMeroliasa 3epKajlbHO-
MMOBOPOTHYIO OCh YETBEePTOI'0 ITOPAAKA Sy.

B rpynmnax, onHuCHLIBAIOIINX CHMMETPHIO 6€CKOHEUHBLIX KPHUCTAJIOB (npocmpaH-
CcmeeHHbLX) K TIOBOPOTAM 1 OTPaKeHUAM JO6ABIIAIOTCA TPAHCAAIIAN HA TOCTOAHHYIO
pelteTku. [IpocTpancTBeHHBIE IPYIILI JUCKPETHEIE B GeCKOHEUHbIE.

MNpvmep 1.2. TToacTaHOBKY U3 1 00'HEKTOB 3aMMHACHIBAIOTCA KaK

1 2 n
i1 19 in )’

rje 1,13, . .. ,i, T€ ke uncaa 1,2,...,n, HO B Ipyrom nopsajake. ONpe/ieinM Npon3Be-
JleHHe TMOJICTAHOBOK, KaK MX KOMIIO3UI[HIO: CHAYyaJia TepecTaBisieM o0beKThl JIeBOI
MOJICTAHOBKOM, TIOTOM ITPaBoii, HATIPUMED,

12 3\ (1 23\ (123
321/°\213/7\31 2/

JleBas moJcTaHOBKA, B YACTHOCTH, II€ePECTABJAET MePBLIH 06HeKT HAa TPETHE MECTO, a
IIpaBas OCTaBJIAET TPeTHIi 00LeKT Ha CBOEM MecTe, 3HAUUT B TPOU3BeJIeHUN 10| ITAQ-
poii 1 Hajgo HanucaTth 3. Bee moacTtanoBku P, 13 n 00eKTOB 06pa3yloT KOHEUHYIO
JUCKPeTHYIO Tpynny nopsajaka |P,| = n!. UHorja yacTs MHOKeCTBa ITOJCTaHOBOK TO-
sKe COCTABJAIOT IPYIIY, HAIPIMEDP, YeTHBIE IMOJICTAHOBKY U3 12 00'LEKTOB 00pa3yoT
rpynny A, pasmepHocTH |A,| = n!/2. [logMHOXKeCTBO I'PYIIILI, KOTOpPOe CaMo SABJIA-
eTcs TPYIIoH Ha3kIBaeTes nodepynnoi.

MNpvMep 1.3. O6BIKHOBEeHHOe TUdPepeHIInaTbHOe YpaBHEHEe

)
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MHBAPHAHTHO OTHOCHUTEJILHO ITPeoOpa3soBaHUi pacTmKeHUusd £ — Ax,y — Ay, A # 0.
Taroe ypaBHeHNe, KaK N3BECTHO, HA3bIBAETCA OJHOPOJHBIM M PEIIaeTcs ¢ IIOMOIIbIO
mepexofia K HOBOH MepeMeHHO# 2 = y/z. Bee pacTsikeHUA ¢ pa3HBIMH A 00pa3yioT
rpynny R, koropas oueBHAHO 6GecKOHeUHAasl M HellpepbiBHAA. JlelicTBATEILHO, €CIIA
MBI IPHOABUM K MapaMeTpy A 6eCKOHeUHO MaJjloe IIpupallleHre, ITOJAYUUTCA pacTAKe-
HIe, KOTOpoe ToKe IollajilaeT B IPYINY CHMMeTPUH ypaBHeHUA. YTOOLI 3a/1aTh OJTHO
nmpeobpasoBanyie CUMMeTpHuH, TpebyeTcsa 3aduKcHpoBaTh HapaMeTp A. KonndecTBo
IapaMeTpoB, He0OXOJANMOe JIJI OJJHO3HAUHOTO 3a/laHU A IIpeobpa3oBaHUd HellpePhIB-
HO# I'pyIIIEI CHMMETPHH, Ha3bIBaeTCs pa3mepHocmsio i o6o3HavaeTcsa dim . B Halrem
npuMepe dimR = 1.

MNpvmMep 1.4. Ypasuenne IlIpenuHrepa A YacTUIBI B eHTPATLHO CUMMETPAYHOM
moJie ¢ omepaTopoM 'aMuIbTOHA

H=2 1 u@
2m

WHBapHUaHTHO OTHOCUTEJIbHO BceX BpallleHW# TpexMepHoro IpocTpaHcTBa. Bee Bpa-
LIeHNUA COCTABIAIOT HETTPEPLIBHYI0 GECKOHEUHYI0 TPYIITY, KOTOpY1o o6o3Havdaror SO(3).
OpToroHajibHad MaTpPHIA ¢ olpeJeuTeNeM -1 ONHUCHIBAaeT IIOBOPOT € OTpaKeHHeM
(3epKaNBHBIA UIH Hecobcmeentutil moBopot). UHorga BMecto SO(3) mumyT O*(3),
3HAKOM + 0603HaYas MOJOKNATEIbHBIN OIIpe/leTUTe b, JJIeMeHTHI I'PYIIIbl — 3TO Op-
TOTOHaJbHbIe MATPULBL 3 X 3. JIF0601 TOBOPOT MOKHO 3a/1aTh, KaK IIOBOPOT HAa HEKO-
TOPBIH YT0JI Y BOKPYT HEKOTOPOo# ocu n. Ecu BAoJb ocH BpallleHU s BBIOpaTh KOOPAN-
HATy 2, MaTpHIla OPTOTOHAJLHOIO IPpeoOpa30BaHUA 3alUIIeTCd KaK

cos®y —siny O
siny cosy O
0 0 1

OnpeennTenb TaKoW MaTpHUIILI paBeH +1. Och B ¢BOIO oUyepelb 3a/laeTcsd JAByMA KO-
opAMHAaTAMHM, HAIpUMe]p, chepruuecKUMHA KOOpAUHATaAMH 6, ¢ e IMHUYHOTO BEKTOPa n
Ha eJJHHANYHOH cdepe. Becero Heo6XoanMBI TPH KOOPAUHATEHL, 3HAUUT dim SO(3) = 3.

Y1o6LI He paccMaTPHBaTh KayK bl IpUMepP CUMMETPHH OTAeJIbHO, OTBIIEKAIOTCA
OT HATJISIIHLIX TeOMEeTPUUYECKHX CO0OparkeHNI M BBOAAT oblllee IOHATHE abCTPAKT-
HOM zpynnbui.

Onpenenenue 1.2. I'pynmnoii G Ha3bIBaeTCA MHOKECTBO 00bEKTOB ¢ OMHAPHOM ollepa-
IHel -, KoTopas obJiajlaeT cleyIOIUMHA CBOCTBAMH

1. (a-b)-c=a-(b-c) accoIlMaTUBHOCTE;
2. d1,VaeG:1l-a=a-1=a CYIIIeCTBOBAHHUE €ITUHUIILI;

3.VacG,Jat:al-a=a-al=1 cyllleCTBOBaHHEe 00 pPaTHOIO BJIeMeHTAa.
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Onepanua o6bIYHO Ha3bIBaeTcsd YMHOKeHWEM W ee 3HAK - He MUIIYT. KommyTa-
THBHOCTH B OIIpejieJIeHNN He Tpeflionaraercs. Eciin Bce ske Bce 3IeMeHTHI I'PYIIITLI
IepecTaHOBOUYHBI, TPYIIIa Ha3bIBaeTCA KOMMYyMamueHoil NN abeiegoil. B abeseBbIX
IrpyIiiax olepaluio HHOr/ia 0603HaYaloT 3HAKOM +.

MoskHO paccMaTpUBaTh OTOOpaYKeHHU OJHOU I'PYIIILL HA Apyryio ¢ : G; — Gs. Ec-
JIA TaKoe oToGpaykeHe coXpaHseT ollepaliuio, T.e. ¢p(ab) = ¢(a)@p(b), To oTobparkeHre
Ha3bIBaeTcsA zomomoppuamom. Eciv roMmoMopdu3M K TOMY Ke OKaszajacs B3aWUMHO-
OJTHO3HAUHBIM OTOOpakeHeM, OH Ha3bIBaeTcs udomoppuamom n oboznavaercsa Gy ~
(G5. N3oMop@dHbBIe TPYIIIILI B MAaTEMaTHKEe CUATAIOTCS OJIHON U TOH yKe T'pYIIION, T.€.
TPYIILI U3yYaloTes ¢ TOUHOCTRIO /1o n3oMopduaMa. B pusnKe nHoraa Hajlo yUUTHI-
BaTh, UTO JIBe TPYIILI Pa3IUYHbI, XOTSI U U30MOpGHBI. MBI 6y/ileM B KaXKJJOM TaKOM
cJaydae 5TO cllellaJbHO OrOBapHUBaTh.

1.2 IIpumepsl KOHEYHBIX I'PYIIII

HauyHeM MBI ¢ H3y4eHHUA KOHEUHBIX I'pyIi. KoHeuHyio IpyIiy MOKHO 3aJ1aTh 110
KpaliHeid Mepe TpeMs cllocobaMm:

1. Tabanileli yMHOKEeHHA.
2. IloposkpaouMuy sJ1eMeHTaMU 1 Ol peJleIAIUMHA COOTHOIIeHUIMHU.
3. Kak moarpynmny HeKOTOpol I'pylIbl TOJICTAHOBOK.

MNowmMep 1.5. Hukxauveckas rpymnna C,, MOPAAKa n MOPOKJAETCI OTHUM DIEMEHTOM
C,, KOTOPBI MBI 0003HaunM 7. Torna omnpejensmllee cooTHollleHne 1 = 1, a Bed
rpyia sanucbiBaeteda kak C, = {1,772, ... r" !}, [lugandeckad rpyimna, HHOT/A
HasbIBaeMas I'PYIIOH n-yTroJdbHOU IMpaMAIbl, ecTeCTBEHHO abeneBa. YToOBI He IIy-
TaTh I'PYIIILI ¢ BJleMeHTaMM, HAaI[puMep OCAMM, MBI 6y/ieM 0603Ha4aTh UX yKUPHBIMHA
OyKBaMH.

MNpuvep 1.6. I'pynmna IpuaMbl (MK TPABHJILHOIO MHOTOYTONBHIAKA) D,, IMeeT Kpo-
Me OCH n-To nopsaaka C,, ellle U IepIIeHAUKYIAPHYIO €l och BToporo nopsajara Co, MBI
0003HAUNM TMOPOXKJIAOIIHAE BIIEMEHTHI 7 ¥ p, COOTBeTCcTBeHHO. 'pyIiia HeabeseBa, 10-
BTOMY KpPOMe OUeBUJHBLIX COOTHOITEHN I

=1, p*=1 (1.1)

HMeeTcs TpeThe ollpefielifdiolee COOTHOIIIeHe, KOTOpoe TTOKa3bIBaeT, Kak KOMMYTH-
PYIOT TOpOMK Aatoliue BJIeMeHThI. Eciii ToBEepHYTEL CHCTeMY Ha YToJ 27 /1, 0Ch BTOPOTO
MopsaaKa IepeiieT B APYIyio och TaAKKe BTOPOTo MOPSAAKA, 3HAUUT

(pr)* =1. (1.2)

Tpu cootHolenud (1.1),(1.2) mopokJja0T I'pyllly MHOTOYTOJBHUAKA (MU Juadpa)
nopsaaka | D,| = 2n.
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MNpvmMep 1.7. Jlng onpeleIeHHOCTH PACCMOTPUM I'PYIIINy CHMMeTPUN PAaBHOCTOPOH-
HeTO TPeyTroJbHUKA D3, KOTOpas MOpoKAaeTcs IOBOPOTOM 7 Ha 27/3 BOKPYT OCH Tpe-
THLET0 MMOPAIKA, MePIeHINKYIIPHON MIIOCKOCTH TPEeYyTOoJbHINKA 1 ITPOXOAINel yepes
€ro IeHTP TsXKecTH (MBI IIpe/icTaBisieM cebe TpeyroJbLHUK Ha prc. 1.1(a) ©3roToBJIEH-
HBIM M3 OJHOPOTHOTO MaTepHrasia) ¥ TOBOPOTOM p Ha yIoJl m BOKPYT MeJaHkbl. I'pyina
3ajlaHa BTOPBLIM CIIOCOGOM, COOTHOIIeHUuAMH 7> = p? = (pr)? = 1. [IpoBepum, Ha-
IIpHuMep, nocaendee. [ 5Toro IpoHyMepyeM BepIIMHBI TPEYTOJbHAKA W YCIOBUM-
¢s, UTO 7, p BpaIaloT IPOTUB YaCOBOH CTPEJIKA, IPUUYEM p BOKPYT BePTHUKAJIBHOM OCH.
Torpa
3 2 2 2 3 3
prilo=p3l = A5 prilg=ply =14, (1.3)
TPeyroJbHUK BepPHYJICA B HCXOJHOE COCTOSIHAE, 3HAUNT (pr)? = 1 — TOMJeCTBEHHOE
nmpeobpa3oBaHue.
BmecTo BpallleHHS TpeyroJbHUKA MBI MOTJIN Obl TepEMHOKATH IMOJICTAHOBKY U3
TpeX HoOMepoB ero BeplInH. B rpynne P; Kak pas 6 2jieMeHTOB, IUKJINYECKe MO/ICTa-
HOBKH OTB€YAIOT 7,72, a TPAHCIIOZUINH (IIEPECTAHOBKH MIap) COOTBETCTBYIOT BJIEMEH-

TaM p, pr, pre:
L (r 23 123 12 3
1 23/ "7A\3 192/ P77 o1 3/

MoskHO Y68,Z[I/ITI>CH, 4TOo BCA TAGIHIA YMHOXEeHHUA ITOJNYUNTCA TOH »Ke caMoi, HO JIO-
CTATOYHO ITPOBEPHUTH TOJIBLKO OollpeJeNdIoIlne COOTHOIIIEHUA rd = p2 = 1,

RN

ITockoabLKy BpallleHHA TpeyroiabHuKa (1.3) cBelnch K IepecTaHOBKaM HOMEPOB
€TI0 BePIINH, MBI TOCTPOUIN N3oMopdusM rpynn Ps; ~ D;. Keratu, MBI 3a1au Tpy1-
Iy TPeYroJbHUKA ellle U TPETHHUM cIloco6oM. OcTalochk A MOTHOTE 3a/1aTh €€ Tep-
BBIM CIIOCOGOM, B BHJIe Ta6IUILI YMHOKEeHNA. JloroBopuMcs CTaBUTh p, BIleped, T.e€.
3alHCBEIBATL TPYIITY B BUE

Ds = {1,r,7%,p,pr,pr’}. (1.4)

DJIeMeHThI, Y KOTOPBIX BIIepei CTOUT 7, BLIPA3ATCA Yepe3 BHIIIACAHHBIE €CJIA BOC-
[OJIb30BaThCA cooTHomeHuAMH (1.1), (1.2), Hanpumep, r%p = pr,rp = pr? u 1.11. Ilo-
ayuntesa Tab6auna 1.1. llepes mepBuIM cToN610M TaOJUIBL 6 X 6 MBI HAIIUCAJIH HYJIe-
BOIi cT06€ll ¢ TePBBIM COMHOKHUTEJIEM, a Ilepe/]l IEPBOM CTPOKOU — HYJIeBYIO CTPOKY
CO BTOPBLIM COMHOKHUTeIeM. MoyKHO OBITIO BTOTO M He JiesIaTh, TOTOMY UTO HYJIeBOU
cTo6ell COBIAJaeT ¢ MePBLIM, a HyJIeBas cCTpoKa — ¢ IlepBoi 6Jarofapsa cBoACTBaAM
€IJMHAYHOI'O BJIEMEHTA.

B xa)k10ii cTpoke (1 B KAXKJOM CTOJOILE) TaOIUIBI PACTIONIOKEeHBl BCEe BJIeMEeHThI
rpynnsl (1.4), npyuyeM Ka)KAbIIA BCTpedaeTcsd 110 OJHOMY pas3y M IOPAJOK pacioso-
JKeHHSA B KaKJ0H CTpOKe MOJIyuynics pa3indyHbIM. PasrpaHuumnTe bHbIe JIUHUH I10-
cJie TPeThero cToabila U TpeThell CTPOKH NPOBeJieHbl, YTOOLI IOJUEPKHYTH PASHUALLY
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Tabauia 1.1: Tabanila ymMHoKeHUAA D 3.

1 r 1 |p pr pre
1 |1 » 2 |p pr pr?
r |r 2 1 |pr? p pr
2 | 1 r |pr pr? p
p |p pr pr*ll r r?
pr |pr pr? p |72 1 71
pri|pr? p  pr |r 1

MeKJy cerMeHTaMH’ TabanIbl. B 1eBoM BepXHeM 1 IPaBOM HHYKHEM CceIMeHTaX CTOAT
CTeIleHH 7, a B IPAaBOM BepXHeM H JIeBOM HUKHEeM cerMeHTaX — TOJBbKO BJIEMEHTHI,
cojJlepsKalrme p.

Peur 11171a 0 TpyIIIie CHMMET PHHI TPeYToJbHUKA (MU TPeyToJIbHOM IIPU3MBI) B TPEX-
MepHOM IIPOCTPAHCTBE, I'le pa3pelllaloTcs IePeBOPOTHI, BHIBOJAAIINAE U3 IJIOCKOCTH.
PaBHOCTOpOHHMI TPeYroOJbLHUK B IJIOCKOCTH 06JsafaeT rpynmnoi cummerpun Cs,, B
KOTOPYIO BKJIIOUAIOTCSA IOBOPOTHI BOKPYT OCHU TPETHETO MTOPSAIKA U OTPaykeHu A B ILJIOC-
KOCTAX, IPOXOAAILINX Yepes 3Ty och ¥ MeJiuanbl. Ecau o6o3HaunTsh r = C3,p = 03, TO
BEPHYBIINCEL K cOOTHOIIeHUAM (1.3), MOKHO yOeAUThCS, UYTO TIPpeoOpa3soBaHUA ONM-
CLIBAIOTCSA TEMH Ke COOTHOIIeHuAMHA (1.1) u (1.2), mosToMy rpynia u3oMopdHa pac-
cMoTpeHHon: Ca, =~ D3.

JlonoaHUTEJIbHAS JIUTEPATYpPa

3ajauu 1o »IeMeHTapHoil TeopUH IPpyII, MOYKHO HATH B cOopHUKe [ 1], cogepika-
HHe KOTOPOTO IPHUMEPHO COOTBETCTBYET HACTOSAIIUM JIEKIIAAM (CM. TaKske 6ojee Io-
Jpob6Hoe n3fanue [2]). [Ipmioskenna Teopuu Ipynn B pusukKe, B OCHOBHOM, B KBaH-
TOBOH MeXaHHWKe XOPOIIo U3JI0KeHbl, HalpuMep, B yuebHukax Jlangay u Jinpmmn-
1a [3], I[lerpamtens n Tpudonona [4], Meccua [5]. B kauecTBe BBeJleHUAA B IIpeMeT
MOKHO TaKke PeKOMeHJIoBaTh KHUTHU [6—8], Ie pa3o6paHo MHOTO IIPOCTHIX IIpUMe-
poB. MHorue Jpyrve nIpuIoKeHNs TeOPUH TPy B MOJeKYIAPHON, aTOMHOM U A/leP-
HOH CIIeKTPOCKOIINH, PHU3NKE TBEP/IOTO Tejla, TEOPUH IT0JA, BJIeMeHTapHbIX YaCTHLL U
T.II. MOYKHO HAWTH TaKske B KHUTax [9-13].

Bpesenme B MaTeMaTH4eCKYI0 TEOPHIO TPYIIIT MOYKHO HAWTH B JT0O0M y4eOHUKe
o ob1neil anrebpe, HalpuMep, [14]. CTporoe u nocjejoBaTelbHOe U3JT0KEHUE TEO-
PUH TPYIII cofiep:RuTcA B[15], a Teopun nipe/icTaB/ieHrid KOHeUHBIX rpynn — B [16].
ITo HenpepBEIBHLIM I'PYIITIAM IIepBoHAYAJILHBIE CBeJleHUSA MOKHO TTOUepIIHyTh U3 [17],
oApoOHoCTH HMeloTes B yuebunke [ 18]. HempuBoanMble ipecTaBiennd rpyni Jiu
pa3o0paHLl B ciipaBouHnKe [19], a JoKka3aTeJbcTBa TeopeM MMeloTcsl B KHUTax [ 20,
21]. HonmonuuTreabHbie CCHLIIKK Ha JUTEPATYPY IO OTAeJIbHBIM pasjiejlaM IpHABeIeHbl
B COOTBETCTBYIOIINX JIEKIIUAX.
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OcHOBHbIE MOHATHSA TEOPUHU I'PYIIII

2.1 Kiaaccsr

IIpaBrie cmeskHbIe Kaacchl. UHOeke

YT06BI pa3zobpaThes co CTPYKTYPOU I'PYIII, BBe/leM IMOHATHE CMeKHBIX KJIACCOB.
Ilycts H — moparpyimma, a ¢ — dJjaeMeHT I'pylnbl G. O603HauuM H ¢ MHOKeCTBO, CO-
cTosIIIee U3 TPOU3BE/IEHUH BIIeMeHTOB MOATPYNIEl Ha g: Hg = {h;g, h; € H}.

Onpepenenue 2.1. IIpasvimu cmexnHutMu Kaaccamu Tpynnel G mo noarpynie H Ha-
3BIBalOTCA MHOXKecTBa H gy, g; € G.

Bes rpynmna G pas6uBaerest Ha Knacebl G = Hgy + Hge + -+ + Hgn,n = |G|, THIE
MBI IXIIeM 3HaK “+”, a moagpaszyMeBaeM o0hLeJJHHEeHNe MHOKeCTB “U”. AHa/IOrn4Ho,
MOKHO ObIJIO OBl Pa30MTH T'PYIITY Ha JIeBble CMeyKHbIe KJaacehl G = g H + goH +--- +
gnH. UHCII0 KIIacCOB MTOJYUYHIIOCH OBl TOKE caMoe, HO CaMH KJacchl ObLIH 6bI, BOOOGIIE
roBOpS, IPYTUMH.

Teopema (Jlarpauxka). IIpasvie cmesxncrule Kaaccol He nepecexalmesa aubo coenada-
om.

[IycTs Hamtescd 3aeMeHT g € G, KOTOPBIA JIEKUT ¢pa3y B IBYX CMEeKHBIX KJaccax:
g € Hgy,9 € Hg,. Torja mo onpe/iejieHHAI0 IIPaBoOro CMEeXXHOTO KJjlacca HalyTeA TaKue
hi,hos € Hy4T0 g = h1g1 = hogo. OTCIONA g1 = h;lhggg. Torpa niusa mwoboro h € H: hg; =
hhl_lhggg, T.e. Hgy C Hgy. llockoabKYy I'pylllia He 3HaeT, KaKk MBI IIPOHYMEpPOBAJIU ee
B3JIeMeHTHI, TOYHO TaK Ke MOYKHO IoKa3aTh, yTo Hgs C Hg;. OTcwoga ciaenyet, 4To
KJacchl coBnagawT Hg, = Hg,. JItobol sireMeHT IpYIIIIBI ToaZlaeT B KAKOU-HAOY b
KJIacc, IIOTOMY YTO B IIOATPYIINE €CTh e IMHAYHBIN BJIeMeHT. SHAUYUT MbI pa36UJIn BCIO
TpyIIly Ha paBHbIE IO YACJIY BIeMEeHTOB MHOYKeCTBa.

PacemoTpuM Tenlephb TOJILKO pa3yiMuHbIe TIpaBble CMe)XHble KJIacchl, NX KoJInJe-
CTBO Ha3bIBaeTCs uHdexcom nodzpynnet 8 zpynne u obozuavaercs |G : H|. O6ozHaue-
HUe He cJIyJalHO MMOX0Ke Ha 3HAK JiejleHHs. Tak Kak YUcJo KJIaccoB Iiesoe, U3 Teo-
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(@) (b) (€)

Puc. 2.1: 3/1eMeHTEHI CHMMETPHH I'PYIILI Ky6a: ocH yeTBepToro (a), Broporo (b) u Tpe-
Thero NnopajKa (c).

pPeMBbL JIaI‘paHma caenyer, 4YTo NHAeKC ITIOATPYIIIIBL paBeéH OTHOIIIEeHWIO ITIOPAIKOB

|G:H|=H. (2.1)
| H]
JIpyroe Ba)KHOe CJIeICTBHE — YTBep:KAeHHe, UYTO MOPAJOK MOATPYIIILI eJUT Hops-
JOK Tpynnsl. Eein, HampuMep, HOPAAOK I'PYINEI G — ITPOCTOE YUCII0, TO MOYKHO cpa-
3y CKa3aTh, UYTO MOATPYIII B Hel HeT, KpoMe 1 U caMoii Tpynnbl G, KOTOpble HHOTA
Ha3BIBAIOT TPUBHAILHBIMHE IIOATPYIIIaMi. KaK BUIHO M3 caeyIolero npuMepa, Teo-
peMa Jlarpam;ka mo3BoJsA€T HAWTH MOPAJTOK TPYIIIEL.

MNpvmMep 2.1. PaccMorpuM rpynny Bpailenunii kyb6a O, puc. 2.1. DieMeHTaMH CHM-
MeTpun 6yayT ocu. OcH 4eTBepTOro U BToporo nopsajaka (a),(b) mpoxoadar, coorBer-
CTBEHHO, Uepe3 cepeJJMHLI TPOTHUBOIIOJIOKHBIX I'paHeldl u pebep. Och TpeThero Mops-
Ka MOYKHO YBHUJIETE, €CJIN COeJUHUTEL MeK 1y co060i TPY BepUINHBI, COCETHHAE C KaKOM-
HHUOYAL ofHol BepinuHoi A. IloqyunTcss paBHOCTOPOHHUM TPEYTOJIBHUK, HUEHTD KO-
TOPOTO COeJUHSET C BEPIIAHON A oCh TpPETheTo MopAjKa (c).

NMeeTcsa Tpu npeobpa3oBaHusA, OCTABJIAIONINX JaHHYIO BEPIINHY Ha MecTe: eH-
HUYHOe TpeobpaszoBanne 1 1 moBopoThl C'3, C2 Ha 120° u 240° BOKPYT OCH TPETHETO TI0-
pAIKa. OTH IpeodbpasoBaHusa obpasyioT nmoarpynny H. 'pynna ky6a pazbéuBaercd Ha
JNeBble cMekHbIe KJacchl ¢ H. B Ka)kJ0oM KJjlacce I1ocJie OJJHOTO U3 IIOBOPOTOB BOKPYT
OCH TpeThero MopsAAKa BepiliiHa A MepeBOJUTCA B KaKylo-HAOYIb APYTYIO BEPIIUHY
(1160 ocTaeTcda Ha MecTe). 3HAUUT PA3IWUYHBIX KJIAcCOB 8 110 YMCY BePIINH, OTKYIa
|O : H| = 8. Torna us (2.1) moiyyaeM, 4To Bcero B IpyIiie 3 - 8 = 24 mpeo6pa3oBaHus,
|O| = 24.
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HuBapuanTHas moarpynna. ®akrop-rpynmna. IlpsMmoe mpounsBegeHue

Onpeneaenue 2.2. [loarpynmna H rpynnsl G Ha3blBaeTCsA UHBAPUAHMHOUL, €CIIU IIpe-
o6pa3oBaHusA NOA0OMA He BHIBOJAT M3 Hee: H = gHg ! Vg € G, n obosnHauaercs
H <G

W3 onpenenennsa BUAHO, 4To Hg = gH, To ecTh AJId NHBAPUAHTHOU ITOATIPYIIIILL
IpaBLie 1 JeBble CMeXHbIe KJacchl coBnajaT. JlaBaliTe paccMaTpuBaTh CMeXHble
KJIacChl KaK DJIeMeHThl HOBOTO MHOXKecTBa. Ompejle UM IIPOU3BeJleHNe TaKUX dJe-
MeHTOB: Hgy - Hgs = H - (g9192). Tora cHOBa MOJMy4YuTed I'pynia F, IoToMy 4To B Hell
OUEBHJIHO €CTh aCCOIMAaTUBHOCTD, CYIIIeCTBYeT e JUHUYHBINA 3JieMeHT H - 1 1 A KaK-
noro Hg Haiiferca o6parHblii snement (Hg)™! = H - g71. Tlopsifok rpynnsl F paBen
uugercy |G : H|, oHa Ha3bIBaeTcsa paxkmop-zpynnoil n obozHavaerca F = G/H.

Moumep 2.2. B rpymie Tpeyroabunka D; nmeerca mogrpynna H = Cs = {1,7,7%}, co-
CTOSAIIAA N3 TOBOPOTOB BOKPYT OCH TpeThero nopaaka. [lposepumM, nHBapyUaHTHA JIX
H. CrelleHH r, 04eBHHO, He BBIBOAAT U3 MOATPYIIILL: 7° - v . r?* cHOBa cTenens . U3
YHCTO TeOMEeTPUUECKNX cooOparkeHNi ToxKe BHJHO, UTO ITOCJeJ0BATEILHOCTE II0BO-
POTOB BOKPYT OCH TPEThLET0 MMOPAIKA ToKe TOBOPOT BOKPYT TOM ke ocH. Eciu cTenleHb
r YMHOKHUTH Ha p cIIpaBa | cjieBa, CHOBA IIOJYUYHUTCA cTelleHb 7: prp = ppr® = r®,
Ecnm npeacraBuTh cebe, YTO TPEeYTroAbHUK JIEKUT Ha CTOJe, & €TI0 BepXHAA IMOBEPX-
HOCTDL 3aKpallleHa KpacHoi KpacKoii, To MOHATHO, UTO €CJIN IlepeBePHYThH TPEeyroJib-
HUK KpacHOM cTOpoHOI BHU3, BpalllaTh Ha YIJIbl, KpaTHble 120°, a MOTOM CHOBA Iepe-
BEPHYTL KPacHOU cTOpOHOU BBepX, pe3yabTaT 0y/leT TaKo! e, KaK IocJie TOBOpoTa
BOKpYT C3 Ha yroJ KpaTHbii 120°.

IIpaBple cMeKHBIE KJIACChl MOYKHO HAWTH 10 Tabanlle yMHOKeHus 1.1, pazouTtoi
Ha ceKTopbl. TpH cMesKHBIX KJIacca COBIAJAIOT ¢ oArpynnoi: H-1=H.-r=H .r? =
H,aTtpu apyrux: H -p = H -pr = H - pr? coBnajaior Mexy cob6oii. EctecTBeHHO 060-
3HAUNTEL H = FE, MOTOMY YTO 3TO €IMHUYHLIN 5JIeMeHT ¢paKTop-rpynnbl. J[pyroi ee
pJleMeHT obo3HauuM P = Hp, torna P2 = Hp - Hp = Hp? = H = E. [lonyunnack IUK-
AndecKas rpymnia Broporo nopsajaka C, = D3/Csz. MoskHO 6b170 6B 1 He TTPOBEPATH
oIpejieNdollee COOTHOIIEHNE, TIOTOMY UTO APYTUX I'pyln nopsajaka 2 Her. PakrTop-
IpyIIa, Kak 1 Booble paKTop-MHOKECTBO B MaTeMaTHKe, 03HAYAa€eT, UYTO MBI orpy6-
JIgeM oIlMcaHue, paccMaTpuBaeM I'PYIIY “‘C TOUHOCTHIO 0" KaKOU-HUOYAb WHBAPU-
aHTHOH moATpyNNLl. B JaHHOM MpruMepe HAcC He UHTePeCYIOT BPAIlleHUA 7 U IIOJNYYH-
Jachk QPaKkToOp-TpyIIa, cocTosAINasa U3 IBYX JIeMeHTOB: “KpacHasd ITOBEPXHOCThL CBEP-
Xy” 1 “KpacHas TOBepXHOCTL CHU3Y".

U3 reomeTpruecKuX cooOparkeHN MOKHO TaK)Ke YBUJIETh, UTo Imoarpynna C, =
{1,p} € D3 He ABAAeTCA MHBapHaHTHOW. O603HAUYNM KPAaCHBIM I[BETOM Ty BEpIINHY,
KOTOPYIO OCTABJIAIT Ha MecTe Ipeobpa3oBaHUA MOATIPYNIIEL. Ecin moBepHYTH Tpe-
YTOJLHUK BOKPYT OCH TPeThero NMOopsiJKa, IepeBepHYTh, & IIOTOM IIOBEPHYTHL BOKPYT
OCH TpeThero MopAaKa Ha3al, KpacHad BepIlIMHA He BEepHETCA B UCXOJHOE COCTOAHNE.

Onpenenenue 2.3. [IpamMbIiM nponsBefieHreM I'pynn G = G X F HazbIBaeTcs MHOMKe-
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Ta6smiia 2.1: Bce KoHedHBIe IPYIIILL /1o TopsijKa 12.
[lopsnok | I'pymnisl

C4, Dz 7 C2 X Cg
Cs
Cs ~ Cg X Cg, D3
Cr
Cg,C2 X Cyg, Dy, C3 x Cy x Cy, Q
9 Cg, Cg X Cg
10 CIO = Cz X C5, D5
11| Cyqy
12 012%03XC4,02XCG%CQXCQXCg,DG%CQXDg,A4,W

0~ Uy W -

CTBO Iap g; X fx,9:; € G, fr € F, ollepalind Mexk/ly KOTOPLIMHU olipejlelieHa (opMyJIoi

(g1 % f1) - (g2 % f2) = (91 - 92) x (f1- fa)-

N3 omnpesieslennsi BUJHO, YTO BIIeMEHTHI KaykJI0U Ipynnbl G U F IlepeMHOKAIOTCSA
He3aBHCHMO, a 3HaK “x" urpaet poJb pasienunTelsd. [lopsagok nmpsamMoro mpousBeje-
HUS paBeH IPOU3Be/IeHNIo MOPAAKOB: |G X F| = |G| - |F|.

HeckosibKko MIprUMepoB I'PYIIT OJJUHAKOBOTO MOPSIKa, HO pa3HOM CTPYKTYPHI IIPH-
BeJleHBbI B Tabsmnie 2.1. Korga nmopsajok rpynisl paBeH 4 (a Tak:ke 6 niau 9), uMmeercd
JiBe Hem3oMopdHble Tpynnbl. UMeeTcsa IATH HeM30MOp(HBIX I'pynn mopsajgka 8. Us
TabJIHUIBI TAKK€e BUJIHO, UTO Olle pallii ITOCTPOeHUA (PAKTOP-TPYIIILI U ITPAMOTO IIpo-
W3Be/IeHN s HeJIb3sd CUNTATh B3aNMHO-00paTHBIMHA. Ecyin HalTH IIpsaMoe IpousBejie-
Hue rpyni C, x Cs; = Cg, a He Ds.

B Ta6imiie IpUHATHL cleaylolnue o6o3HadeHnd: Q — IpyIlla KBATepHUOHOB,  IIo-
posKkaaeMad IByMd diaeMeHTaMu F, () ¢ COOTHOIIIEHUAMHA

Pt=1, P?=Q% QPQ=P,
W — rpyuna, mopoxgaemMas JByM4 dJieMeHTaMu P, () ¢ COOTHOIIIeHUAMU
Pt=1, P?’=0Q* QPQ=P

Ilaxke U3 Majoro gpparMenTa n < 12 BUAHO, KaK pe3Ko pacTeT YUCIO HEM30MOPQ-
HBIX TPYIIII ¢ BeTMYUHON OPAIKa, KOrJa HOPIJOK — cocTaBHoe yncao. IlomHoi kiaac-
CH(PUKAIINY KOHEUHBIX IPYIII IT0OKa He cylmecTByeT. OJHaKo 6oJlee YacTHEIE 3alaun
KJaccuPpUKauy pellleHbl. [/ mpuMepa npuBelieM 6e3 JOKa3aTeILCTB JBe KJIaCCH-
(PpUKAIMOHHLIE TeOPEMBI: OHY CPABHUTEILHO ITPOCTYIO U OHY OUEHE CJIOKHYIO.

ITpynnet Q u W He MOTYT 6BITH Pealn30BaHbl KaK TPYIIILI CMMMeTPUH FeOMeTPUIeCKIAX Tel.
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Puc. 2.2: BoinykJable TpaBAJbLHBIE MHOTOTPAHHUKH (IIJIATOHOBLI TEJ1a): TETPAs3Ap, OK-
Tasap, Ky6 (rekcasip), JoJeKasap U UKOCAB/P.

[NprmMep 2.3. KoHeuyHble MOATPYIIILI COGCTBEHHBIX BpallleHN I TPeXMepPHOTo IPOCTPaH-
CTBa NCUYEPIIBIBAIOTCSA CIIUCKOM:

C,,D,,T,0,Y.

B cnncke nmeerca ase cepun C,,, D,, ¢ Tpon3BOJLHLIM 1. OcTalbHbIe TPU IPYNIIBI —
TPYIIIEI CHMMETPHUH IPpaBIILHEIX MHOTOTPAaHHUKOB: T — TeTpasiapa, O — oKkTas/pa,
Y — urocasapa. Takue rpynnbl Ha3bIBAIOTCS CIIOPAJUIECKUMHA, TIOTOMY UTO OHU He
BXOJAT HHU B KaKkue cepur. IIpaBMILHLIX MHOTOI'PAHHUKOB BCETO 5, BCe OHU M3006pa-
sKeHbI Ha puc. 2.2. Ec/In coeIMHUTE IeHTPEI I'PaHeil Ky6a MOJIyUYnTCs OKTadAp, IO3TO-
My Ky6 M OKTasJp Ha3LIBAIOTCA AYAJbHBIMH MHOTOrpaHHuKamMu. Ukocasjp nyaneH
JOJEKasapy, a TeTpasap AyajeH caM cede. JlyaabHble MHOMOTPAHHUKHY NMEIOT OJInHA -
KOBYIO CHMMETPHIO, IIO3TOMY B CIINCKe TOJbKO 3 rpynnsl MHororpanuukos T,0,Y.
D1eMeHTapHOe JOKa3aTeILCTBO MOXKHO HAWTH, HanpuMep, B[17].

lNpvmMmep 2.4. I'pynma, KoTopasi He COJIepKAT NHBAPHUAHTHOU MOJATPYIIILI, Ha3bIBa-
eTcd npocmoil. I1oIHBINA CIIMCOK MMPOCTHIX KOHEUHBIX I'PYIII COCTOUT U3 17 cepuil u
26 cropagnyecKHUX I'PYIIl. 3ajjavya KJIaccH(PUKAIINN pellleHa KOJTeKTUBHBIMU MeK -
JYHAPOJHBIMH YCUIUAME ToJbKO B 1981 rogy. BBejieHne B 3Ty TeMy MOKHO HAUTHU
B KHHuTe [22], HO ¥ TaM HeT JOKa3aTe/lbCcTBa TEOPEMBI, IIOTOMY YTO OHO 3aHUMAaeT 5
TEIC. cTpaHull. ITopsAnok caMmoii 60/IbIIT0M CIIOpaJNuecKol TpocTol Ipynel — “dyjo-
BHIa” Pulepa IpuMepHo paBeH 10%4.

RJIaCCBI CONIPAXKEHHBIX JJIEMEHTOB
31echk MBI BBeIeM ellle OJJHO pa3dieHne IPYIIILI Ha KJIacChl.

Onpegenenue 2.4. DyeMeHTHI a,b € G Ha3BIBAIOTCA CONPANCCHHbIMU, €CTIA HallleTCs
g € G, TaKoil 4TO
a=g-b-g L (2.2)

OTHolltleHHe COIIPpAXREHHOCTH oﬁﬂa,uaeT BCEMH TpeMdA CBOMCTBAMH OTHOIIIEH U DK-
BHBAaJIEHTHOCTH:
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[
< 0
V4
SV

k

L

(b)

Puc. 2.3: ConpsakeHHBIe 3JIeMeHThl TOUeUHOU I'PYIIBL: () IIOBOPOTHL HA OJJUH W TOT
sKe YyTIoJl OTHOCUTEBbHO pa3HbIX oceld; (b) IMOBOPOTHI HA YI'OJl ¥ U —1) BOKPYT OJIHOU U
TOH ke OCH.

1.a~a PedIeKCUBHOCTD,
2.a~bb~c=a~c TPAH3UTUBHOCT;
3.a~b=>b~a CAMMETPUYHOCTD.

SHAUNT OTHOIIIeHWEe CONPSIyKEeHHOCTH pa36HBaeT BCio I'PYIIY Ha KJIacChl — KJACChL
conpaxceHHuvix 3emenmos. Kiacchl colpAkeHHbIX 3JIeMeHTOB, KaK U IIpaBhIe CMek-
HbIe KJIacCchl, TN00 He IlepeceKaloTes, JIN60 COBIIaJaloT.

N3 omipeieleHU A BUAHO, UYTO PeryJIAPHBIN CII0co0 ITOMCKA KJIACCOB CONPSKEHHBIX
BJIEMEHTOB JJOBOJIBHO cyIosKkeH. Hajlo BEIOpATE b 1 MoAcTaBAATE B hopMyy (2.2) Bce
BO3MOKHBIE ¢, TTIOKA He IlepebepeM Bcio TpyIy. OJIHAKO /I TOUeUHOU I'PYIIIIBI UMe-
eTcs 6oJiee TPOCTOM cIToco6, OCHOBAHHBIA HA HATIAJHBIX TeOMeTpAYEeCKHAX I peJicTaB-
JeHuAX. Ecim mocMoTpeTh Ha ¢popMyay (2.2) BHUMaTeIbHO, BUJHO, YTO I peodbpas3o-
BaHUsA a ~ b OA06GHBI, KOT/Ia 3TO OJTHO U TO 3Ke ITpeobpa3oBaHme, BLIIOTHeHHOE B IBYX
pasHBIX cucTeMax KoopauHart. [Ipeobpazosanne ¢! epeBOANT b B HOBYIO CHCTEMY, a
¢ BO3BpalllaeT B cTapylo. S3HAUUT ITOBOPOTHI HA OJIUH 1 TOT 3Kke YIoJl BOKPYT JIBYX pas-
HBIX Ocell CONpsiKeHbl, eCJIU B Tpylllie ecTh IIpeobpa3oBaHuie ¢, MepeBojsdlllee OJHY
OCh B IPYT'y10, KaK IToKa3zaHo Ha puc. 2.3 (a). Ecau pedb AieT o ToBOpoTaxX Ha oJInHA-
KOBBI€e YIJIBL ¥, —1), HO B pa3Hble CTOPOHBI, TO IIpeoOpPa30BAaHUM ¢ MOKeT OBITH BCETO
JIBa: och BToporo nopsaaka Co, MepleHANKYAIpHad JanHo# ocu C,, NN 3epKalbHasd
IIJIOCKOCTH 0, TPOXoJAlllad yepes och, puc. 2.3 (b). Ock C,, B 3TAX JIByX cIy4YadXx Ha-
3bIBaeTCsA J8YyXCmMopoHHell.

MNowvMep 2.5. B rpymie D3 pasHble cTeeHN 7 CONPSYKEHB MKy CO00H, TOCKOIBKY
r = pr?p,r? = prp. Bee s/1eMeHTHI, cojepsKallllie p, B3AUMHO COIPAKEHE], IIOTOMY UTO
pr = rpr?, pr? = r?pr. Tpylia pazérBaeTcd Ha TPH KJIAcca CONPSKEHHBIX 3IEMEHTOB,
KaK ITOKa3aHo B Ta0JInlIle, I'le KayKkJasd CTPOKA COOTBETCTBYET OJJHOMY KJaccy.
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r|r

p|pr|pr

2

2

U3 reoMeTpHYecKUX cOOGpakeHHil Toxke BIUAHO, YTO IOBOPOTHL 7, 72 Ha +£120° co-
IpsYKeHbl, IOTOMY UTO HMeeTcs och BToporo nopsagka Co Cs. [IoBopoTHI p, pr, pr? Ha
180° BOKpYT Tpex MeAnaH TPeyroALHUKA CONMPAKEHE], TIOTOMY UTO B TPYIIIIe NUMEIOTCS
IIpeo6pas3oBaHud 7,72, IepeBoAAIINe OJHY MeJUaHy B IPYTYIO.

2.2 IlpeacraBiieHud

B MIPHUIOKEHHUAX IIPUBbIYHEE He IT0JIB30BAThCA KOMIIOSUITUAMMA npeoﬁpasoBaHHﬁ,
a MepeMHOoXaTh MaTPHUILbI. YToOBI 5TO CTATO BO3BMOMKHBIM, HaJl0 IIOCTpPOUTH 0T06pa-
JKeHHe 3JIEMeHTOB I'DYIIIIBI Ha MaTPHUILBI, COXpaHAIoIIee ollepallrulo.

Onpenenenue 2.5. 'omomopduaM A rpynnsl G B IPYIIy JUHEUHBIX IIpeobpasoBa-
HUi auHeiiHoro mpoctpaHceTBa R™ niam C” Ha3bIBaeTCA MAMPULHbLLIM npedcmasneHu-
em Tpynnsl G.

Mgl 6yieM TOBOPUTE IIPOCTO npedcmasiienue, TOTOMY UTO He HHTepecyeMcs ApYy-
I'AMH (HEMATPHYHLIMHI) PealTu3alliAMU I'PyIIbl. YHcI0 n Ha3bIBAETCSA pA3MEPHOCMbIO
npejacTaBieHusa. Byaem o6osHavaTh mpesictaBaenusa D(g), raie D — MaTpuiia, oTBeya-
IolTad 3JIEMEeHTY TPYIIEL ¢, a pa3MepPHOCTE o6osHaunM n = dim D(g).

IIpencraBienne HA3LIBACTCA MOYHbLM, €CJIN h — N30MOpPU3M. MOKHO Bee de-
MEHTBI I'PYIIIEI 0TOGPA3HTE B UMcJIo 1, paccMaTpuBasd ero kak Matpuily 1 x 1. Taroe
IpeJicTaB/lIeHne Ha3hLIBaeTCA eQUHUYHbILM T OUeBUIHO He ABISAETCS TOUHBIM.

IIprMepoM TOYHOTO IpeJCTaBIeHUsd KOHEeUHOH Irpynnsl G, |G| = n MOMXKeT cly-
RHUTDH pezyaapHoe TPeJICTaBIeHe Pa3MePHOCTH 1, KOTOpoe MEI celivyac onuineM. CHa-
Yaja IPoHyMepyeM Bce BJIeMeHTHI IPYIIILI OT 1 Io n U IpelicTaBUM cebe eIMHUYHYIO
MaTpuiy F pasMepoM n x n. Kaxkaasa cTpoka TabauIbl YMHOMKEHHUS T'PYIILI, OTBe-
Yajolasa 3JIeMeHTY k OCYIIIeCTBAAET MoAcTaHoBKY. Tak, TpeThs cTpoKka Tabauis 1.1

OTBeYaeT IIOJCTAHOBKE
1 23 45 6
3125 6 4/

Tenepsb mojJeficTByeM TaKOH MMOACTAHOBKOM Ha CTPOKHM MATPHUILE F, MOJYYHUTCSA MAaT-
puIa

OO O = OO
OO OO O -
OO O OO
_— O O O o o
OO = O O o
Ok, OO O o
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Ecin sTa MaTpuila geiicTByeT Ha J06YI0 MATPHILY, CTOAIIYIO clipaBa oT Hee, TO OHA
IAKJIAYECKH ITepecTaBideT IIepBLle TPH CTPOKH U ITOocJIeHIe TPHU CTPOKH. Eciii BbI-
MHcaTh Bee 6 MaTPHIL, MOTYYeHHBIX TAKUM CIIOCO60M, ITOJYUYNTCA Ipe/icTaBIeHue TPyIl-
MBI, KOTOpOe Ha3LIBAeTCS PeryIIpHbIM.

IIBa mpeacrapnaenus DV (g), D (g) HasBIBAIOTCA 3KBUBALEHMHBLMU, €CIIH CYIIle-
CTBYeT TaKas MaTpuiia V, He 3aBUcAIAd OT g, YTO

DW(g) =VD®(g)V .

MosKHO cKa3aTh, YTO SKBUBaJeHTHLIE IIpeJcTaBIeHNsI — 3TO OJTHO U TO YKe ITpe/IcTaB-
JIeHHe, 3allicaHHoe B pasHLIX 6asmucax. IlosTomMy MBI 6y/ieM N3ydaTh IIpeicTaBIeHAS
¢ TOYHOCTHIO JI0 3KBHUBaJeHTHOCTH. O603HavaloTCcsd SKBUBAJIeHTHLIE IIpe/IcTaBIeH A
3HAKOM “~”,

Ilo nByM mpeacTaBlIeHUAM MOKHO TOCTPOUTH TPeThe CYMMAapHOU pa3MepHOCTH

Do) =096 000 = (P00 8 ),

KOTOpOe Ha3hIBaeTCs npAMoil cymmoil ipejcTaBaennii, dim D = dim D® + dim D@,
Mo&HO HOCTaBUTHL U 06paTHYIO 33/]auy: cyllecTBYeT JIH TaKoi 6a3nc, B KOTOPOM
Bce MATPHILBI IIpe/IcTaBIeHHs IPHBOAATCA K 6I0UHO-1MAaTOHATLHOMY BAJLY:

D
D(g) ~ ( O(Q) D(g(g)>?

Ecan rakoii 6asuc BLIOpaTh MOKHO, ITpe/icTaBlieHe Ha3biBaeTcA npugodumeim. Eean
Takoro 6asmuca He cyIllecTBYeT, IIpe/icTaBIieHIe HAa3bIBaeTCAd Henpusodumuim . 3ajada
TEOPHH IIpeiIcCTaBIeHN — HAWTH Bce HEIIPUBOAMMBIE TIpe/icTaBIeHUA JaHHOMU IPyII-
1B,

IIpuBeneM 6e3 JoKazaTeIbCTBa 8 CBOMCTB MpeicTaBIeHUAN.

1. Bedgroe npefcTaBieHe KOHEUHOM IPYIINEI SKBUBATEHTHO YHUTAPHOMY (T.€. CO-
CTOAINEMY U3 YHUTAPHBIX MaTPHIL).

2. Unciio HepKBUBAJIEHTHBIX HeIIpUBOANMBIX HpeJICTaBJIeHI/Ifl PaBHO UHCIY KJacC-
COB COIIPpAMEHHBIX 3JIEMEHTOB.

3. CyMMa KBaJipaToB pa3sMepHOCTeH HeIIPUBOANMEIX IIpe/ICTABICHHI paBHA TTOPS/I -
Ky TPYIIIIBL.

4. TlpencraBimeHne GakToOp-TPYIIIEL ABISETCA IpecTaBIeHueM caMOU I'PYIIIEL.
5. Bce HeIpHBOIUMBIE IIpeICTABICHNA a6eIeBOM I'PYIILI OJHOMEPHBI.

6. ManI/I]J;a, ImepecTaHOBOYHAaA CO BCeMH MaTpHIIaMH HEIIpUBOIAMNMOTIO IIpeJCcTaB-
JIeHnd, IIpoIIopIilMOHAaJIbLHa eﬂHHHqHOﬁ.
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7. Ecom MaTpulia A cBA3HIBaeT IBa HEIPMBOAUMBIX IpejcraBiennsa DM (g)A =
AD®@(g), To A — HyneBag mMarpuia, mu6o DY ~ D@ u ux pasmepHocTH COB-
najalor.

8. CoorHollleHHe OPTOI'OHAJIBHOCTH HEIIPUBOJMNMBIX HpeI[CTaBJIeHHfI

o * G ) o
Z I:Dz(j)(g)] D,(f;)(g) = u af0ikdjt, Mo = dim D@, (2.3)

n
geG

CsoiicTBa 2,3 MO3BOJIAIOT B IPOCTEUINNX cIydassX HAUTU pa3sMepPHOCTH HEIlPHABO-
JAMLIX IIpeJicTaBieHnii. CBoiicTBa 4,5 MTOMOTalOT CTPOUTH NTpe/icTaBiieHnA. CBOMCTBa
6,7, m3BecTHLIe KaK eMMBI Illypa, Hy»KHBI IJId loKa3aTelbCTBa CBOMCTBA 8.

MNpumMep 2.6. PasMepHOCTH HEPUBOAMMBIX TIpe/icTaBiAeHnii Ipynnsl D; HaxoadaTea
¢ TOMOIITHI0 BTOPOTO 1 TPETHEro CBoiicTB: 6 = 124 12 4+ 22, [locTponM ABYMepHOE Ipe/-
cTaBiieHHe. B KauecTBe o6pas3a eJMHUYHOTO 3JIeMEHTa BO3bMeM eIUHUYHY 10 MaTpHUILy
(§9). DmemeHT r 0TO6pA3UM B MaTpHUIly ToBopoTa Ha 120°:

cos 2m/3  sin2m/3 —1 £z
— = .
—sin2n/3 cos2m/3 -4 1

B kaudecTBe 00pasa p BEIGepeM MaTpPHUILy, MEHAIONYIO KOOPAUHATEI Z,y MeCTaMHu

NCR
P=i1 0/

OcTalbHbIE BIEeMEHTHI JeTKO IPeJCTaBATh, TePeMHOKAaA MATPHUILLI MTOPOKJAIONTHAX
rpyIny sjiaeMeHToB. [1oayunaocs TouHOe HeIIPUBOANMOe IBYMePHOe YHUTapHOE IIpeji-
cTaBJIeHIE.

VYnpaoscrernue 2.1. TlocTpoiiTe Bce MAaTpPUIBL IPeACTABIEHUA U IIPOBePbTE COOTHOIIIE-
HHe opToToHaJbHOCTH (A.3).



JEKIINA 3

Teopusa xapaKTepoB

YTo0bI KJIAacCUPUIMPOBATH IIPEICTABIEHNUA ¢ TOUHOCTHIO /10 3KBUBAJEHTHOCTH,
HaJo BBeCTH HHBApHUaHT Hp806paSOBaHI/IH nmogobusi. Beogar ciaen MaTpHUILBI IIpe/icTaB-
JIEHHAd U Ha3bIBaIlT €I'0 Xapaxmepom

x(g) = tr D(g).

3.1 CpoiicTBa XapaKTepoB

Teopema 3.1. Xapaxmepu. axeusanenmuwix npedcmasnenuit DM (g) ~ D@ (g) cos-
nadawom.

x(g) =t1 DW(g) = t1 VD@ (q)V ! = tr V'V DP(g) = tr DP(g),

MMOCKOJbKY MaTPHILI 10/l 3HAKOM cJie/]la MOYKHO I[TAKJINYECKH T1epecTaBIATh.
Teopema 3.2. Xapaxmep ecmb PYRKUUA KAACCA CONPANCCHHBLY 3/IeMEHMO8.

IlycTh a,b € ¢ NpHHAAJNIEKAT OJHOMY KJAcCy COIPSKCHHBIX siaeMeHToB. Torma
nmeercd g € G:a = gbg~':

D(a) = D(gbg™") = D(g)D(b)D(¢") = x(a) = tr D(9)D(b)D*(g) = tr D(b) = x(b).
Teopema 3.3. Xapakmepul Henpugodumvlx npedcmasieHuil 0pmozoHaIbHbL.

CBepHEeM COOTHOIIIEHHEe OPTOTOHAJIBHOCTH IIpe/icTaBleHrui (A.3) 1o ABYM Ilapam
WH/IEKCOB, TO €CTh YMHOKHM Ha J;;05; ¥ IPOCYMMUPYeEM 110 IIOBTOPAIOIINUMCA HHAEK-
caM. B JeBoil yacTH nmojaydaTcsa XapaKkTephl, a B IIPaBOi — OcTaHETCd 0;50;5 = Opk. OTO
cJe]] e ITMHUIHOM MaTPUIbl, KOTOPBLIA paBeH pa3MepHOCTH HeI[pUBOJMMOTO I peJicTaB-

menns dim D@ = n,: .
> [ 9(9)] XD (9) = |Glbap. (3.1)

9eG

19
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Ta6awniia 3.1: HenmpruBoguMble XapaKTepbl IpyHnbl Ds.

g1 = {1} O3 = {T” Tz} 03 = {p,pr,prz}
X 1 1 1
x? 1 1 -1
& 2 -1 0

Teopema 3.4. Kosgppuyuernmut pasnodxcenud npedcmasieHus 8 npamyio cymmy Henpu-
800uMbLX
D(g) = &ka D' (g) (3-2)

Haxodamcs no gopmy.ie

ko= (0] X)), (3.3)

81ech 3HAK ¢ 03HAYAET MIPAMYIO CYMMY, a k, — I[eJIOUNCIeHHEbIe KO3 PUIITEH T
pasnoMkeHns, TOKas3hIBaOIIHe CKOIbKO pa3 HellpHBOJNMoe IIpefcTaBaenne D) (g)
BXOJIUT B MCXOJHOe Tipe/icTaBiaenne D(g). YIIOBBIMH CKOOKaMU 0603HAUEHO ycped-
HeHue no epynne, T.e. CYMMHUPOBaHHe IO TPYIIIe ¢ MOCAeAYIONTAM JleJleHueM Ha ee

IIOpAOOK: ]
(hde=—S ...
|G| 2

geG

g BeIBOZIa (popMyJIBI (3.3) BOo3BMEM cJe]l OT JIeBOM 1 IpaBoil yactei (3.2). [loay-
YHATCA pas3yioykeHre XapaKTepa

X(9) = kax(g),

MMOCKOJIBKY XapaKTep IPAMOI cyMMe paBeH OOBIYHOU cyMMe XapaKTepoB. Y MHOKHM
o6e yactr Ha [x'?)(g)]* m mpocymmupyem no rpyie. Iloab3ysach OPpTOrOHATBHOCTHIO
(3.1), moanyunm (3.3).

[NovmMep 3.1. B rpymnme D3 nMeeTest 1Ba OMHOMEPHBIX HETPUBOJAMMEIX ITpeJicTaBIIe-
HUA W OJIHO JIByMepHOe, IIocTpoeHHoe B ITpuMepe 2.6. OJHO U3 OJJTHOMEPHBIX IIpe/]l-
CTaBIIEHUHA — eIlUHUYHOe. BTopoe ABIAeTCA IIpe/icTaBlIeHAeM (paKTOP-TPYIIILI, HAli-
JIeHHOH B IpuMepe 2.2, Korjia 1 collocTaBIseTcA BCeM CTelleHAM 7, a —1 — BJjleMeH-
TaM, cofiepskaiquM p. Ecaiu HalTH XapakTepbl BceX HEIIPUBOJUMBIX IIpe/ICTaBJIeHWI
(/11 KpaTKOCTHU TOBOPAT HenpusoduMmbule xapaxmepst), moayunured Tadbauna 3.1. Ilo
BTOPOMY CBOMCTBY JIOCTATOUHO BIIMCATH B TAGJIUILY i€/l TOJIBKO OJIHOT'O IIPeJICTABATE -
JIA KaXRJIoTo Kjlacca COlpAReHHBIX B3JeMeHTOB.

B BepxHeli yacTy Ta6IUILI IPUBE/IEHEl KJIACCHI CONTPSYKeHHBIX 3JIeMeHTOB. Kask-
Jlasl CTPOKAa TAaOJMIBI JJaeT 3HAaUeHN A XapaKTepa JJaHHOT'O HEIIPABOJUMOTO I peJicTaB-
JIeHW S Ha KayRJIoM KJacce. CaMbIi ITepBBIA 3JeMeHT CTPOKH BeeT/la paBeH pa3MepHO-
CTH JaHHOTO HEIIPHUBOJAVMMOTO Tpe/icTaBleHUA. CTONOIBI TAGIHAIBI OPTOTOHAJIBHEI B
0OBIYHOM CMBEICTIE, & CTPOKY OPTOTOHAJBHBI, €CJIM BBECTH CKASIPHOE IPOU3BEIeHUE C
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BecaMHM, paBHBIMH ITIOpAJKAaM KJIacCOB. B nannom IIpuMepe Beca cnyqaﬁHo COBIIaJa-
IOT ¢ HOMepaMH KJacCOB. CooTHollleHne OPTOT'OHAJBHOCTH (3.1) MOXHO IIepellncaThb
C BecaMH, eClIN COﬁpaTB OJNHaKOBbIE cJIaraceMble 1 HepeﬁTI/I K CyMMe IIO KJIacCaM CO-
IIpAXeHHBbIX 3JIECME€HTOB

> pa [x¥(02)] X (02) = 1Gl0up,  Pa=l0ul. (3.4)

3.2 CHaTHe BBRIPOKIACHUS IPH MOHUKEHUU CUMMETPHH

MEuI y)ke YyIIOMHUHAJM PO MpUMeHeHWe TeOPHUU TPYIIl B MOJIEKYJIAPHON PU3HKe
" KpucTajyiorpadpun. B kiaccuyeckoil MeXxaHWKe TeopusA I'PYIII TaKKe UI'DaeT BaK-
Hy10 poib. UMeeTcs TeopeMa HeTep, KoTopas 1o Kask/10i HeIIpepPLIBHOU I'PyIIIle CUM-
MeTPHUH JefCTBUA MO3BOJAET BLIUUCIUTL COXPAHAIOIYIOCA BeIMUNHY — WHTerpal
IBH:KeHns. Hanpumep, ecaiu feficTBUe He 3aBUCHUT OT BpeMeHH, TO cOXpaHAeTcd BHep-
rus. Ho riIaBHBIMY TPpUMeHEHUSAMH TE€OPUH IPYIII B QU3HKe CTAIA Pe3yabTaThl, I10-
JydeHHBIe B 20X I'T. B KBaHTOBOU MexaHWKe U B 60x rr. XX BeKa B TeOPUHU BJIEMEH-
TapHBLIX YACTHIIL.

B kBaHTOBOU MeXaHWKe TOBOPAT, UTo G — TIpylla CAMMETPUHN FaMUJIbLTOHHAHA
H, ecan Bce MaTpHIlbl KaKOTro-HUOY b ee MpefcTaBieHus D(g) KOMMYTHPYIOT ¢ Ta-
MUJIBLTOHUAHOM:

D(g)H = HD(g).

9To o3HavyaeT, UTO €CJIH 1 — cobcTBeHHAsdA PYyHKIUA onepaTopa H ¢ cOGCTBEHHBIM
3HayYeHHeM F, T.e.
Hy = EY,

Tou D(g)¥,Vg € G — Toke cobcTBeHHAA GPYHKIUA ¢ TeM e cOOCTBEHHBIM 3HaYeHeM
E.

Y1065 MOCTPOUTE TTpeficTaBienue D(g), Ha/lo cHauasa olpeleJINTh lelicTBHE dJle-
MEHTa TPYNNLI Ha GYHKINAX, HAIpUMep, KoopAauHat ¢;(x),71 = 1,2,..., n. 3ajagum
3TO JIeiCTBUE IPABUIIOM

g¥i(z) = (97 z) = Dy (9)v;(x). (3.5)

ITocnepoBaTrenbHOe ﬂeﬁCTBHe JBYX HpeO6paSOBaHHﬁ a U b OIIMCBIBAETCSA TEM 3Ke IIpa-
BHJIIOM:

a-by(z) = ap(b~'z) = ad(),
ad(z) = p(a™'z) =9 (b7 (a z)) = (b 'a " z) = ¢ ((ab)'x).

Tarkum o6pasom D(a - b) = D(a) - D(b) 1 IpeAicTaBlIeHHe IOCTPOEHO.

Ecnm npencraBnenne D(g),n = dim D, HenmpuBoauMmo, To 1o JeMme lllypa mat-
puiia oneparopa 'aMuabTOHa JHaroHaidbHa. Bosee Toro, B moAmnpocTpaHcTBe OJJHOTO
HEeITPpUBOJMMOTO IIpeJICTABIeHNA Ha JUArOHAJIH CTOAT ofiuHaKoBble yncaa A. Toraa
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Puc. 3.1: Mem6paHa ¢ 3aKpellJieHHEIM KpaeM U TpeMs I'Py3HUKaMu.

TpyIIie CHMMETPHH OTBe4aeT n-KpaTHoe BHIposkaeHne. [1ycTh Telleph K TaMUJIBTOHH-
any 100aBHUJIN BO3MYIIleHe V, UMelolllee MeHbIITylo cuMMeTpuio F', FF < G. Toraa, Bo-
0011Te TOBOPS, PA3MEPHOCTEL HEIIPUBOANMBIX ITpe/ICTaBIeHU YMEHBIIAeTCA U BEIPOK-
JeHHe YacTHYHO cHuMaeTca. OTMeTHM, UTO B paccy:KAeHHUAX Mbl HUT/le He MTOJIb30Ba-
JINCH MaJIOCTBIO BO3MYIIeHnA. PaccMOTpUM 7151 HATJIAJHOCTY IIPpUMeD He U3 KBAHTO-
BOI MeXaHMNKH, a N3 MeXaHNKH CILJIONTHLIX cpej] — MaJible KoJeOaHUs YIIpYyToid MeM-
OpaHBbl.

MNpymMep 3.2. PaccMoTpuM KpyTiayilo MeMOpaHy pajuyca a ¢ 3aKpell/IeHHBIM KpaeM.
OTKIOHeHWe KayKJoM TOUKY u(z,y,t) OT MOJOKeHNsI PaBHOBECH S OIIMCHIBaeTCA JIBY-
MEPHELIM BOJHOBBLIM ypaBHeHHeM. JIJId MOHOXpPOMAaTHUECKUX KoJIe0aHUl ¢ YacTOTOU
w B MOJIIPHBIX KOOpJMHATAaX 3a/lauya CBOAUTCA K 3ajladye Ha cOOCTBeHHble 3HAUEHU A

10 T@u 1 8% 2
rdr Or  r2dp?
rlie ¢ — CKOPOCThL 3BYyKa. 'paHWUHBIX YCJIOBHM — JiBa: PETYAAPHOCT:, MpU 7 = O |

obpallleHre B HY/Ib OTKJIOHEHHUS Ha Kpaio u(a, ) = 0. MBI 3HaeM, 4To Takad 3ajaya
YIIpOIIaeTcss METOJIOM pasfie/IeHus IlepeMeHHBIX U MMeeT pellleHune

u(r, ¢) = R(r)e™?.

PaanannHoe ypaBHeHUe Ha R(r) peuraercd B @yHKuuax Beccessi, Ho Hac ceifyac 6y-
JleT THTEePecoBaTh TOJLKO 3aBUCHMOCTE OT yTJla, KoTopas Ipu m # 0 ©MeeT ABYKpaT-
Hoe BBLIposKJeHne. JIByM 3HAUEHHUAM +7m COOTBETCTBYET OJJHO M TO ke COOCTBEHHOE
3HaueHwue k.

IIycTs Teneph Ha MeM6GpaHy IIOMECTHIN TPHA OJJMHAKOBBIX I'Py34a, PACloIoKeHHbIe
B BepIIMHAaX IPaBUJILHOrO TPEYroJibHNKA, KaK MoKa3aHo Ha puc. 3.1. YMeHbIIUTCA
JIA KPATHOCTH BLIPOYKAECHUA?

CucreMa rpy30B HHBapHaHTHA OTHOCUTEJIHHO BceX MX IIePECTAHOBOK, TO €CTh OT-
HOCHUTeILHO rpynnsl D;. CHavaa MocTpouM JABYMeEpHOe UcxodHoe npedcmasiienue,
KOTopoe JeficTByeT Ha Iape cOGCTBEeHHBIX PYHKIANA ¢ OAWHAKOBBIMA k. EAVMHUYHBINA
BJIeMeHT IpecTaBiasgeM eJUHHUHON MaTpuIlei

D) = ((1) (1)) '

W

kgu, kz = 5
C
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Yro6bl HAWTH IIpeJcTaBlIeHe 7, IOJeACTBYEM 3TUM IipeoOpa3oBaHMEM Ha Iapy Ha-
KX QYHKIMH corylacHo MpaBuiy (3.5) 1 HaiijleM MaTpuIly, KOTOpas JefcTByeT TOU-
HO TaK Ke:

elme eim((,a—27r/3) e—27rim/3 0 eimy
r (e—im<p = (e—im(go—27r/3)) = ( 0 t627rim/3 e—im(p) )

e—27rim/3 0
D(T) = ( 0 eZwim/S) :

Matrpunia D(p) MeHsIeT 3HAK ¢:

eimtp e—im(p
P (e—im(p) = (eim(p) ’
01
o= (7 o)

OcTanoch BEIYUCIUTH CJE] RaHQI[OfI MATpHIBI M ITOJIYYHUTH XapaKTep MCXOIJHOI'O
IIpeacTaBJIeHNA

OTKyJa

TOTIA

| 2 | 2cos(27m/3) | 0 |

Teneph pacmoIoKHAM eTo Mo Tabauleil 3.1 1, CKaJIIpHO YMHOYKHUB Ha BCe CTPOKH C
yUE€TOM BeCOB, HailifileM KO3 PHUIMEHTEl pa3lIoKeHNsA HCXOAHOT0 MPeJCTaBIeHU Ha
HeIpUBOANMBIe. PasMepHOCTH HeIlPUBOAMMBIX IIpPeACTaBIeHU AaJyT OKUJAEMYIO
CTeIeHDb BLIPOYKAEHUS:

D(g) = kDY (g) ® k2D (g) @ ks D (9),

1 2mm 1 2mm
kl—k2=§(1—|—2008 3 ), k3:§(2—2<zos 3 )

3aMeTHM, UTO KOCHHYC B IOcCHeHUX popMyaax paBeH 1, Korjga m KpaTHo 3, WJIH
—1/2, korja m He AeJUTcA Ha 3. BHAYUT Ko3DPUIIEHTH Oy 1yT pa3HBIMHA:

ki=ky=1, k3y=0, m=3n;
k1:k2:0, k3=l, m =3n =+ 1.

BriBoanl: Korna m JeanTes Ha 3, BHIPpOKAeHAe CHUMAaeTcs, U GYHKIIUH Tpeodpa3yloT-
cd I10 pa3HBIM OJHOME PHBIM HEIIPMBOJMUMBIM IIpeICTaBIICHHAM. Kor;[a m He JeJIUTCA
Ha 3, QYHKIMH IIpeobpas3yloTcs 1Mo AByMepPHOMY HelIPUBOJUMOMY IIpe/iIcTaBIeHUIO,
3HAYHUT IBYKpaATHO€ BBIPDOXJeHHE OCTaeTCA.

@HSH‘IGCRYIO IIPpHUYNHY 3TOI'O MOKHO IIOHATH, €CJIN HepeﬁTI/I K HOBBIM (I)YHR]J;I/IHM
yria ¢:

Yi(p) =cosmep, P_(p) =sinme.

PYHKIUA Y, UMeIOT HyJIA B MeCTaX PaclookeHnd I'Py30B, Korja m KpaTHo 3. 3Ha-
YUT HaA 9Ty Moay I'pPyY3HI He BJINAIOT, HO OHH YBeJIHUYHUBAaIOT YaCTOTY MOJABL ’Q/)_ , IOBTOMY
BBIpOKJeHEe CHUMAaeTCA MMEHHO IIpH m — 3n.
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Ta6mmia 3.2: TabauIlbl HeIPUBOJAUMBIX XapaKTEPOB TOUEUHBIX I'PYIIIL

D, |E C, Cy Cl

xXPl1 1 1 1 D; | E 2C; 3C;
@11 -1 1 A1 YO T1 1 1
@11 1 -1 @11 1 -
P11 -1 1 @12 -1 o0

D, |E C? 20, 2C, 2C}
P11 1 1 1 1
X211 1 1 -1 -1
@11 1 -1 1 -
X911 1 -1 1
xX®12 2 0 0 0

I[JIH CIIpaBKHW MBI IIpABEeJeM TaﬁJII/II],I:I XapaKTepoB HECKOJIBKHUX TOUE€UHLIX I'DYIIIIL:
C,,Ds,D3,D,, T,0,Y.

O6o3nauernus: B IepBoi CTPOKe KayKJIOU TaOJIULBI ITepedyrcaeHbl KJIAaCChl CONlPAYKEH -
HBIX 3JIEMEHTOB 0;. EIMHNYHELII b1eMeHT o603HaueH 6yKkBoii F, C,, o3HadyaeT och n-To
nopagka. Yncsa mepej CMMBOJAMA BJIeMEeHTOB CUMMETPUH YKAa3bIBAIOT YHCJO BJIe-
MEHTOB B COOTBETCTBYIOIINX KJaccax, € = e2"/3, Korja rpyIia npejcrapiseT coboii
npaMoe npousBefieHne G = Gy X (G3, ee Ta0JIMILA XapaKTepOB — IIPAMOe IIpousBejie-
HHe TabnIL XapakTepoB Gy B G; (CM., HAIpuMep, Tabauibl 419 Co 1 Dy = Cy X Co).
Bonee moapo6ubie Tab AL, OXBaThIBalOIHAe ITOUTHA Bce TOUEUHbIE IPYIIITLI, IpUBe/ie-
HBI, HAIIpuMep, B yuebHnKax Jlanaay un Jimpumiia [3], [lerpamnens u Tpudonona [4].
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Koaebanusa MmoJeryJt

OHO U3 IPUIOKECHNH TeOPUH IPYIII B PU3NKe — CHATHE BLIPOKJEHUSA MPH T0-
HIKEHNH CUMMETPHHR — MBI yoKe 00cyskaain Ha ¢Tp. 21. Teneps MBI TO3HAKOMUMCS
¢ IpYTUM IPUIOKEHHEeM: PacuyeToM KPaTHOCTH BEIPOKJIEHUS MOJIEKYJIAPHBIX KOJe-
6aunii. [Tocae TeopeTHUEeCKOTO MaTepHuasa o IpyIlnaM u aire6bpam JIu Mbl U3yYnM
ellle Ba MMPHJIOKEHN: IIpaBua oT6opa M MHBapNaHTHBIE TEH30PHI.

4.1 KpaTHOCTH BBIPOKIEHU S

OHeprua MajablX KoJaeGaHnHi n-aTOMHON MOIEKYJIbl BEIparkaeTcs yepes KooOpAnHa-

Tel 23,k = 1,...,3n, OTCUNTAHHBIE OT OJIOKEHNA paBHOBecHd z = 0, KaK KBaJpaThy-
Had popMa
ka Vk i T4
E= AR ' (4.1)
2 )
k.

rje k = 1,2,3 0603HaYalOT TPHA KOOPAMHATHL IlepBoro AJipa, kK = 4,5 6 — BTOporo u
T.4., M — maccaaapa k (M; = My = Mz, My = Ms = Mg, ...)

ou o*U
| =0 Vh=g——|
0Tk |, 0xy0z;|,_,
Ulzy,. .., Ign) — TOTeHIMaJbHAas DHeprusd. Y paBHeHHS JIBUREHAA
3n
My = =) Vigz; (4.2)

j=1

MMeIOT pellleHH s B BHJle HOPMAaJbHBIX K0oJe6aHW, KOT/la Bce KOOPJUHATHI MEHAIOTCA
¢ OJIHOM ! TOM e 4acToTol 75, = are” “'. Ha aMIIATY Il HOpMAJILHBIX KoMeOaHmil n3
(4.2) monyyaloTca ajnrebpanyeckre ypaBHeHNA A

3n
WMyay = > _ Vija;. (4.3)

J=1

25
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OT Macc MOKHO N36aBHTHLCA IIePeXoJoM K HOBBIM IlepeMeHHBIM b, = +/ Myiay, Torjaa
(4.3) cBefleTco K 3ajlaye Ha TOUCK COOCTBEHHBLIX BEKTOPOB 1 COOCTBEHHBIX 3HAYEHUNA
MaTpuusl By; = Vi;/\/ My M;. 3HadeHns w2,a = 1,..., K HaXOJATCA U3 XapaKTepH-
CTHYECKOT'0 YpaBHEHHUA
2 _
det (BkJ — W 6kj) =0.

Ecan Monekyna 061aaeT HEKOTOPOii ToUeUHOH Ipy ol cMMMeTpuH G, TO M MaT-
puia Bj; nopAAka 3n He MeHsAeTcs IIpA IIpeobpas3oBaHuAX g € G. 9T IpeobpasoBa-
HHA TOKe MOYKHO 3alUCaTh B BUle MaTpull, D(g) mopaara 3n, Torja

V = D(g)VD g).

Marpunsr D(g) 06pasyior ucxodnoe peficTaBjleHe TPYIIILE CHMMETPUA MOJIYKY JIHI.
MaTpHILl HCXOAHOTO MIPeCTABIEeHU COIePIRAT ITePEeCTAHOBKH OJJMHAKOBLIX aTOMOB
H TeoMeTpHUecK e IPpeo6pa3soBaHMs: MMOBOPOTHI, OTPAKEHU U 3ePKaJILHbIE TOBOPO-
TeI. I'pynna G ABageTcS MOATPYIIIOH IPAMOTO TPON3BEJeH A TPYIIILI MOJICTAHOBOK
P, ¥ TpyINEI OPTOTOHATLHBIX IIpeobpa3oBaHni

G < P,®0(3). (4.4)

ITpencraBiaenne D(g), BoobiIe roBops, IPUBOAUMO. ET0 MOKHO Pa3IoKHATh B IPH-
MYIO CYMMY HENPHUBOJAMMBIX TIPeCcTaBIeHUH

K
D(g) = B kaD®(g), > kang=3n; ng=dimD. (4.5)
* a=1

ByxBoii K MBI 0603HAUMIN KOJTUYECTBO PA3IUUHBIX COOCTBEHHBIX YacToT, K < 3n.
Ecan nepeiiTi K HOpMaJbHLIM KOOpAHHATAM Q) = bre ™', To sHeprud (4.1) sanu-
11eTcs B BHJie CYMMBI 10 HOPMAaJILHBIM K0JIe0aHUAM:

3n 3n K Ne
B=3) (@+uda) =5 (T @+ wrY
a=1 a=1 a=1 p=1

31ech HopMaJbHble KOOPANHATEI, OTHOCAIIIHAECS K OJHOU cOOCTBEHHOM YaCTOTE W,
MBI 0603HAUNIN BTOPLIM HHAeKcOM p. CYMMUPOBaHHe KBaJ[paTOB HOPMAJIBLHBIX KOOP-
JUHAT Bo BHyTpeHHell cyMMe IocJeJHEr0 BEIPaykeHN A BeIETCA OT p = 1 10 KPaTHOCTH
No BBEIPOKJEHHUS YACTOTHI W,. KpaTHOCTH BHIPOKJEHUAS COBIIAJIAeT ¢ PA3MEPHOCTHIO
HeIIpHUBOJUMOTO NpeJicTaBleHus. [lelficTBATeNbHO, B IOAIIPOCTPAHCTBE PA3MEPHOCTHA
Ny, OTBEYaOIeM COOCTBEHHOM YacToTe W, , MAaTpHlla Bj; KOMMYTHpPYeT €O BCEMH MaT-
pHUIlaM# HeIIpUBOAUMOTO IIpe/icTaBJIeHUs, a 3HAUHT, coryiacHo JeMMe Illypa, npomop-
IIAOHAJbHA eJUHNYHOHI F,, .

3ameuarnue 4.1. KpaTHOCTH BBIpOKJeHNAA, HalileHHEIE TAKUM CIIOCO60M, OTHOCATCS
K KJIACCHUYECKOM 3a/laue 0 JNHEHHOM OCIIH/IIATOPE CO MHOTUMH CTEIIeHAMH CBOGOBI.
B KBaHTOBOI MeXaHNKe KPATHOCTEL BLIPOKJCHNASA gy YPOBHSA 3aBUCHUT OT €TI0 YHEePTUHN
" pacTeT ¢ HoMmepoM N.
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RBaHTOBOMexaHquCRYIO KPATHOCTH BBIDORKICHHNA MOXHO Ha¥TH IO KJaccuue-
CKOM KpaTHOCTH. HaHpHMep, €CJIN KJIacCHnYeCKasd KPpaTHOCTDh BBIDOXRIECHUA N, = 3,
TO B KBAHTOBOI MeXaHUKEe 9HEePIrrud TPEXMEePHOT'O N30TPOITHOTO OCITUIIJIATOPA paBHa

E, = b, (N1+N2+N3+g),
rje Ny, N3, N3 =0,1,... — rojiebaTeJIbHble KBAHTOBBIE UHCTIA. JHEPIUA 3aBUCUT TOJIb-
Ko oT uX cyMMBI N = N; + Ny + N3, 3HAUAT KPAaTHOCTH BBIPOXKJAEHUSA PaBHA YUCIY
CII0Cc000B, KOTOPLIMHU MOKHO pa36UTh yncio /N Ha TpH caaraeMbiX. OTBET 3TOA KOM-
OMHATOPHOH 3a/]auM BEIpaYKaeTCs yepe3 UNCIIO COUeTaHN I

o = OJZV+2 _ (N +2)! _ (N + 1)(N+2).
N!.2! 2

Ero mMoskHO MOJYyYHUTH, €CIU IpeAcTaBUThH cebe, UTO
° ° AIMAK pa3ouT Ha 3 A4eUKU M MBI IBITaeMcA pasMe-
° ° cTUTH B HeM N 1mapoB. Bcero BosmoskHo (N + 2)! 1e-
° PY pecTaHOBOK W3 N IIapoB W ABYX IIePeropoflok (Bcero
n3 N + 2 o6berToB). Ha pucyHKe IpUBeJIeHO OJHO U3
pacupenenenuii (Ny = 3, No = 1, N3 = 2, N = 6). Te paclnpefesieHns, KOTOpble II0-
JyJalTcda JApyr U3 Jpyra IepecTaHOBKOM IlIapoB, eCTeCTBEHHO, OJIMHaKoBbIe. Eceimn
IepecTaBUTEL II€PEeropoiki, TO paciipe/ie/ieHHe ToKe He U3BMEeHHUTCH, Io3ToMy B (4.6)
CTOUT JeJeHne Ha N! u 2!,
3ameuarnue 4.2. UHorga ABe 4acTOTHl U3 Pa3HBLIX NpeJCTABIEHUU COBIAJAIOT W, =
wg, # (3. Torga roBopAT o cay4aiiHom evipoxcdenuu. WHOTla TaKoe COBIAieHIE
O3Ha4aer, 4To cHucTeMa ropaszo 60Jjiee CHMMeTpHUUHAa, YeM HaM II0Ka3ajoch IepBOHA-
YaJabHO, T.e. IpylIa (G cOlePKUT He BCce ee CUMMETPHH.

(4.6)

4.2 XapakTep MCXOZHOTO IIPeACTABIEHUSA

B nuick peTHOM IOATPYIIEe TPYIIILI OPTOrOHAILHEIX Tpeo6pa3soBaHUil UMEIOTCS Bee-
ro TpH BHJa IIpeobpas3oBaHWil (2JIEMEHTOB cCUMMeTpUn): moBopot C,, oTpaskeHHe B
ILJIOCKOCTH 0 M 3¢ PKANLHLINA TOBOPOT So,. HaliieM 3HaueHMe XapaKkTepa KaKJA0To Ta-
KOTO ITpeo6pa3oBaHus.

IToBopoT r(#) BOKPYT ocH 2 Ha yroi § onuchiBaeTcsA MaTpUILei

cosf sinf@ 0
A(r)= | —sin@ cos@ 0],
0 0 1

cael KoTopoii paBeH x(r) = 2cosd + 1. IIpm moBopoTe MOJIeKyJIbl HEKOTOPHIE A7pa
MOMEHSIOTCA MeCTaMH, a BKJIAJ B MATPHILYy UCXOAHOTO IIPe/ICTaBIeHN BHECYT TOJb-
KO Te, KOTOPbIe HaXOATCs Ha ocH BpalneHus. [lyeTs uncsio aToMoB Ha ocll Ny, ToTAa
BCETO TIONYUYUTCA

Xi(r) = Na(2cos8 +1). 4.7)
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31ech WHIEKC ¢ 0003HAUAET UCXOAHOe IpeicTaBleHre. Ecam MBI paccMaTpuBaeM He
BEKTOD, a MCEeBIOBEKTOD, TO IO OTHOIIIEHNIO K BpallleHNIo OH BeJleT ce6da TOUHO TaK
ke, IlopToMy M XapaKTep s ICeBIOBEKTOPHOTO IIpe/ICTaBlIeHUs IToBopoTa 6yleT
TeM K€ CaMBIM:

A(r)y=A_(r) = A(r).

NupaekcoM + Mbl 0003HAUYNIA UCTAHHBIA (IIOJTAPHBIN) BEKTOP, 4 UHIEKCOM — — IICeB-
JIOBEKTOD (aKCHAJIBLHBIA BEKTOP).

OTpaskeHUe 0 ONMCHIBAaeTCA MIPOCTO, €CJIU BBIOPATE OCH 2, Y B 3€PKAJILHOMA IIJIOCKO-
ctu. Torga MaTpuiia oTpakeHusI

0
0
-1

Ay(o) =

o O =
o = O

IIceBaoBeKTOp He MeHsAeTCA IPH HHBEPCUH, TAK KaK OTpaKeHME B INIOCKOCTH MOYKHO
IIpeJcTaBUTEL cebe KaK MHBepcHIo [ ¢ MocaeIyIOIINM OTpaykeHneM By X oceli. UHBep-
CHd B JIBYX M3MepPeHHAX SKBHBAJIEHTHA ITOBOPOTY Ha yroxa 7 (6.3), T.e. 0 = r(m)l,
MosTOMY MaTpuiia A_(0) oTIrYaeTcs 3HAKOM oT A, :

A_(0) = —As(0).

Brmag kaxkgoro ms sAnep, HaXOAAIUXCA B IJIOCKOCTH (IIycTh UX TaMm Np) paBeH 1,
ToT/la XapaKTep UCXOJHOTO IIPecTaBIeHNA

xi(c) = Np. (4.8)

3epKaJBHEBII IOBOPOT 5(f) N1 BEKTOPHOTO NIPE/ICTABIEH U OIIUCHIBA€TCA MATPH-
e
cos@ sing@ O
Ai(s)= | —sinf cos@® 0 |,
0 0o -1

IMOTOMY UTO 3TO OOBIYHBIA IMOBOPOT HA YIoJ § BOKPYT OCH z € MOCJeAYIOIINUM OTpa-
YKEeHMeM B IJIOCKOCTH zy. BRIaJ KOOpAUHAT OJHOTO S/ipa B XapaKTep paBeH X, (s) =
2 cos — 1. Bcero nmoayuures

Xi(8) = Ng(2cos € — 1), 4.9)

rge Ng — YHCIIO aTOMOB Ha 3€PKaJIbHO-TIOBOPOTHOM ocH. [IJ1A mceBaoBeKTOpA s(0) =
r(@)r(m)I = r(@)r(r) = r(m + 0), oTKRyAa

A _(s) =—A.(s).
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4.3 KojaebareapHOe npeacTaBJIcHUE

Y peasibHO¥ MOJIEKYJIBI €CTh 6 cTelleHell cBoOO/Ibl, COOCTBEHHBIE YaCTOTHI JAJIA KO-
TOPBLIX PaBHBLI HYJIO. 3TO TPU TPAHCIALWA W TPHA BpallleHUA MOJEKYJIbl KaK 1eNo-
ro. Ux Ha3wIBaloOT HYylegbimu modamu. [ MosleKyJIbl TUIIA poTaTopa, Apa KOTOPO
pacmoioykeHbl Ha OJIHOM NPAMO¥, BpallleHre BOKPYT 9TOM IIPAMOI He CUUTaeTCd OT-
JIeILHOM CTeIeHbI0 ¢BOOOIBI, TAK UTO HYJEBBIX MoJ] Bcero 5. UToOBI cpa3y He yYUTHI-
BaTh HYJIeBBIe MOJIbI, PACCMOTPHUM KoJlebameibHoe (MIN OCIAIIATOPHOE) IIPe/ICTaB-
seHne. I[s aToro Halo IepelTH B 3n — 6-MepHOe ITOAIIPOCTPAHCTBO, KOTOPOE ABJIAET-
€1 OPTOTOHAJILHBIM JIOMOJTHEHNEeM 6-MepHOT'o ITOJIMTPOCTPAaHCTBA HY JIeBBIX MoJ. [Ipak-
THYeCKH BLIMHACATEL TAKWE MaTPHUILLI He Beer/ia IpocTo, HO HAM M He HY K HBI CAMH MaT-
puibl. YTo6bI HAMTH XapaKTep KoJjiebaTeJIbHOIO IIpeAcTaBIeHu X, , HaJlo U3 Xapak-
Tepa x; HCXoAHOoro npeacTaBaeHus (4.7),(4.8), (4.9) BbluecTh CyMMapHbIA XapaKkTep
HYJIEBBIX MOJ] X .

3HaueHNe XapaKTepa HyJIeBbIX MOJ| HAXOJIUTCA Cpa3y, €CJIM BCIIOMHUTH, YTO TPAHC-
JIANASA — DTO UCTUHHBIN BEKTOD, a BpallleHre MoJIeKyJIbl — IiceBaoBeKTop. Torjaa xa-
pPaKTephl HYJIEBLIX MO/ BEKTOPa M MICEBIOBEKTOPA HA BpallleHnn r(§) yiBanBalorcs, a
Ha OTpayKeHWH U 3ePKAJHLHOM ITIOBOPOTE B3AMMHO YHUUTOKAIOTCA:

Xo(r) =tr(Ay(r)+ A_(r)) =2(2cosb +1),
xolo) =tr(Ai(o) +A_(9)) =0,
Xo(s) =tr{Ap(s)+A_(s)) =0

Borunraa us XapaKTepa UCXOIHOI'o IIpecTaBJI€HNA XapaKTep HYJeBbBIX MO/, IIOJIY-
YUM pacueTHbIe QOPMYIIBI [JIA XapaKkTepa oOCHUIIATOPHOTI'O IIpeJcTaB/IeHN

X(1) = 3n — 6, Xo(r) = (N4 — 2)(2cos6 + 1), (4.10)
x»(0) = Np, Xo(8) = Ng(2cos6 —1).

MNpvmMep 4.1. PaceMOoTpHUM MOJIEKYJIY K3 TpPeX OJAMHAKOBBIX aTOMOB, PAaCIIONOKeH-
HBIX B BeplIMHAaX MPpaBUJILHOTO TPEYTONbHUKA, ¢ TPYyINoi cuMMeTpuH C3,. UcxonHoe
IIpeAcTaBleHne 9-MepHO, a KojebaTelbHoe — 3-MepHoe. /g cpaBHEHHA paccMoT-
pUM cHavaja KojebaTeldbHoe IIpe/icTaBleHNe, MTOJIb3yAch GopMmynamMu (4.10). SaTem
paccMOTpUM HCXOAHOe IIpe/icTaBleHNe, SBHO BLITUCHIBAA MATPHUILLI 1peobpa3oBaHUN.
SHaveHNd XapaKTepa B OCIUJIIATOPHOM IIPeJCTaBJIeHUM 3alIUChIBaeM B BHJle BEKTO-
pa
Xo=(3 0 1),

KOTOPBIA HaJI0 CKANAPHO YMHOMKHUTL Ha KaXKJ Y10 CTPOKY Tabauibl 3.1 U pa3ienuTh
Ha mopAaoK rpynmsl |G|. [lonyunTes

Dy(g) = D1(9) ® Ds(g),

r/Jle HoMep HellpHBOJUMOTrO IpecTaBIeHU TPYIIL TPeyrodbHUKA MBI 0003HAUNINA
HIDKHAM HHJEKCOM (BepXHUH MHJEKC B KPYTJLIX CKOOKaX HIKe O3HauaeT HoMep [
(2 + 1)-MepHOTO HENIPUBOAMMOTO IIpeicTaBIeHNs I'PYIIBI BpallleHHit).
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Y3
x3
Y1 Y2
T1 To

Puc. 4.1: KoopiuHAaTHI si/lep TpeXaTOMHOU MoJIeKyIbl ¢ cuMMeTpueil Cg, . OcH 2193
HaIlpaBJeHbl Ha UATATEJA U3 IIJIOCKOCTH PUCYHKA W He N300pakeHbl.

TakuM 06paszoM, HMeeTcsI OJHO IPocToe KosiebaHne W OJHO JBYKPATHO BBIPOXK-
JeHHOoe. Y TpeXaTOMHON MOJeKYJILl Bce TPH HOPMAJBLHBLIX KOJIe6aHU MMPOUCXOAAT B
ILIOCKOCTH MOJMEKYIbl. IIpocToe Kolebanne — aKkcHaIbHO CHUMMETPHUYHOE: Bce TPH
aToMa yAaadioTcd OT IeHTpa TPeyroJbHUKA ¢ OJWHAKOBOW CKOpOCThIO. /IByKpaTHO
BLIPOJKJIEHEL Te KoIe0aHns, B KOTOPLIX /IBa aToMa JBIIKYTCS HaBCTpPeUy TpeTheMy.
Bcero Takux xomebanmii Tpu, HO TOJIBKO JIBAa U3 HUX JIMHEHHO HE3aBUCHUMBI.

EnnunynoMy 5/IeMeHTY B MCXOAHOM MpPeAcTaBJIeHUH OTBeUuaeT MaTpulla

( )

D;(1) = Ey

|
O O OO O OO o
O O OO O Ofo = O
O O OO O Ol O O
OO OO O =IO OO
OO OO = OO OO
O O Ol O OO OO
O O RO O OO OO
O = OO O Olo © O
— O OO O Olo O O

\ /

[Mosopot r(120°) onuchIBaeT MaTpylla, KOTopasd IUKJINYECKH IlepecTaBisgeT aTOMBI, a
B KOOPAMHATHOM CHCTeMe OTAeJILHOTO aTOMa OCYIIIECTBIIAET IIOBOPOT B IIJIOCKOCTH ZY

-
|
[

[ 000 5 000 )
000 Jé_%o 000
000 0 0 1 000
00 0 000 -1 ¥ 0
Di(r) = 000 000 L1 g
000 000 0 0 1
-1 -9 000 000
L1 o 000 000
\001 000 000 /
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OTpasKeHNe B IJIOCKOCTH 0, TPOXOAAIIel uepes BLICOTY TPeYyTONILHIKA, OITYIITeHHY IO
¥3 BepIInHELI 3 (puc. 4.1), COOTBETCTBYET MaTpHIle, KOTOPas OCTABJISAET aTOM 3 Ha Me-
cTe, a IBa APYIrUX IepecTaBideT. ¥ KayKJOTO M3 aTOMOB IIPHA BTOM MeHsAeTcA 3HaK
KOOPJANHATEL

(000 | -1 00| 000 Y\
000 0 10| 000
00 0 0 01| 000
—100] 000 0 0 0
Dic)=| 0o 10| 000 000
0 01| 000 00 0
0 0 0 000 | —100
00 0 000 0 10
\ 000 000 0 01 /

XapaRTep HCXOOHOTO IIpeJcTaBJIeHUA COCTOUT U3 CJI€J0B TpeX BEIININCAHHBIX MaTPHII

otryaa D;(g) = 2D1(g) ® D2(g) ®3D3(g). Ilo cpaBHeHHe ¢ pa3yioykeHHeM OCIALIATOP-
HOTO IIPe/ICTABICHUA JOIOTHUTEILHO MOABUIINCE IBa OJITHOMEPHBIX 1 /IBa IBYyMEePHBIX
HEIIPUBOJMMBIX IIpeJcTaBIeHNnA. Bece OHM 0TBEUAIOT HYJIEBEIM MOJIaM — TPaHCAAI NN
1 BpallleHUI0 MOJIEKYJIBI KaK IeJIoTo.

3ameuvarue 4.3. Bece IIpHuBeJeHHbIe BBIBOJABI OTHOCATCA K JUHEUHBIM KOJIeOaHUAM.
AHI‘apMOHI/ISM HapyliaeT CHMMETPHN U IIPUBOJUT K ITIOJTHOMY HJIN YaCTUYHOMY CHA-
THIO BBIpOK JeHHUA. Tounsie CHMMETpPHH, KOTOPBI€ He ITIOPTAT 60JILIIINE OTKJIOHEHUS
Aaaep OoT IMOJOKeHNnd paBHOBeCHA, OBIBAIOT B JABYXATOMHBIX 1 TP€XAaTOMHBIX MOJIEKY-
nax. B JABYXATOMHBIX AApa HaXogATCA Ha O,Z[HOfI l'[pHMOfI, a B TpeXaTOMHBIX — BcCerja
B 0,[[HOI71 IIJIOCKOCTH.

4.4 CoOCTBeHHBIE BEeKTOPHI U COOCTBEHHbIEC 3HAUEHU S

33.,[[3.‘-13. 0 HaXOXRJeHNHN KpaTHOCTH BBIPOKJEHNA MOJIEKYJIAPHBIX KoJIebaHuU 1 3a-
Javda O CHATHUU BBIPOXRACHNA IPU TIOHNKEHNHN CUMMETPHUH CBOAATCA K JJHaroHaJIn3a-
M1 MAaTpHUIbI, KOTOpasd KOMMYTHDPYyeT ¢ MAaTpHUIIaMHU IIpeACTaBJIeHUA I'PYIIIIBL. Nuo-
raga ypaercda HAWTH He TOJIBLKO KpPaTHOCTH BBIPDORKIC€HUA, HO 1 cobCcTBEeHHDBIE BEKTOPLbL
U cOOCTBEHHLIE BHAUEHU A MaTpHuIbL B InopdaaKar

Bb,, = Ab,,
IepecTaHOBOYHOM ¢ MaTpuiiaMu mpejacraBiaenusa D(g) rpynnsl G, dim D(g) = r:

[D(g), B] = 0.
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Ecin B pesynbTare pasiaokeHus (4.5) HCXOAHOTO TIpe/ICTABIeHAA Ha HEIIPUBOAIMble
OKa3aJoch, 4To Bee k, = 0 UJH 1, Ipe/icTaBieHIe Ha3bIBA€TCA NPOCMO NPUEOJUMbLM .
Ilna Takux npejicTaBleHnii TeopeMa Burnepa (cM. [4]) rapaHTHpPyeT BO3MOMKHOCTH
OCTPOUTH I POEKTOP Ha MOANPOCTPAHCTBO HEIIPUBOANMOTO TIpecTaBaeHns D(®):

r = %| > [X*(9)] Dg), (4.11)

ge@G

rie x'% xapakTep HellpHBOJMMOTO IIPeICTABICHAA &, N, — €I'0 Pa3MepHOCTh, a D(g)
— MATPHIBI HCXOJHOTO r-MePHOro IIpejicTaBleHnA. Korja n3BecTeH IPOEKTOP, MOK-
HO HAalATH 1 cOOCTBeHHbIE BEKTOPLI, OTBeUalolNe JaHHOMY COOCTBEHHOMY 3HAaUEHHUIO.
Ilna sToro Hajo MoJecTBOBATH Ha KaKHe-HUOYAL 6a3UCHbIe BEKTOPHI IIPOEKTOPOM
(4.11).

Y1aeTcqa Takyke HalTH coOCTBeHHbIe 3HaUeHNA. MOYKHO UCKATh COOCTBEHHBIE 3HA-
YeHHNdA, JIeMcTBYA Ha coOGCTBeHHLIEe BEeKTOPHI onlepaTopoM B. JIpyroiu cmocob — 1o-
JeficTBOBATEL Ha MATPHILY B MaTpHUIlaMU BceX 5IeMeHTOB I'pyNibl D(g) ¥ BRIYUCIUTH
caen. [lonyunTesa cucTeMa JUHEMHBIX ypaBHeH AN

tr (D(9B) = 3" Aax@(9)

YpaBHeHHUH XBaTaeT JJs BBIUYACIEHAA BceX COOCTBEHHBIX UMCel, eCIU IIpe/icTaBle-
uue D(g) — mpocto npuBogumo. [1py 5ToM ceRynsipHOe ypaBHeHHe CTelleHH 7 pelllaTh
He IIpUXOJUTCH.

BriBecTu popmyity (4.11) MOYKHO ¢ IIOMOII[BIO COOTHOLIIEH L OPTOTOHAJIBLHOCTH He-
MPHABOJUMBIX IIpeJcTaBieHnit (A.3). 14 sToro nepeiijieM B TOT 6a3uc, I'ie Bce MaT-
PHIILI HCXOJHOI0 peficTaBleHnusa D(g) pacaJuch B IPAMYIO CYMMY HellPHBOAMMBIX
npeJicTaBIeHUMI:

K
Dz’j(g) = ﬁejl Dz(?)(g)’

B sToM 6asuce ciell He UI3BMeHUTCA U U3 GopMyJibl (4.11), epecTaBiIdd NPpAMYIO 1
OOLIYHYIO CYMMEI, 1 TOJL3YSChL COOTHOIIIEHEM OPTOTOHANBLHOCTH (A.3) HEIIPpUBOI M-
MBIX IIpe/icTaBlIeH i, Mbl HaliieM

P = S D) ng§§’><9>— =¥ b3 Y [D0)] D) -

geG k=1 k=1 geG

S — 5,;]’, Z,jzl,...,na;
o fVEkiVE] —
0 B OCTAJIBHBIX CIy4Yadx.

\G \
3HaunUT TPE;") — eJIVMHUYHAsA MATPHUIA HA MOAIIPOCTPAHCTBE V,, HEIPUBOJWMOTO IIpei-
CTABJICHNA « U HyJieBasd MaTpPHUIla BO BceX OCTAJIBHBIX Ipe/icTaBieHuaXx. UTar, MBI
Hokaszain, uTo P ecTh ollepaTop NPoeKTHPOBAHNA Ha TOJIIPOCTPAHCTBO V.



JIEKITU A 5

I'pynnel u anareops1 JIu

5.1 TI'smagkoe mHOroo6pasme

Onpepeaenue 5.1. Muozoobpasue M C R™ — 53T0 MHOK€eCTBO, KK Jasd TOUKA KOTOPO-
I'o IMeeT OTKPBITYI0 OKPECTHOCTD, JIOIY CKAIOIY 10 B3BANMHO-0/lTHO3HAUHOE U B3AMMHO-
HellpepbIBHOE 0ToOpaykeHue B OTKPBITOE ITOJJMHOMecTBO R™.

Ha puc. 5.1 morkaszana Touka a € M u aBe ee okpecTHocTH U, V, KOTOpBIe oTOGpa-
mawTesa B R” gyuruuamu f, g, coorBeTcTBeHHO. B o6pasax okpectrocteit f(U), g(V)
cepbIM TOKa3aH o0pa3 IlepeceueHrs oKkpecTHocTel. Touka a oTobGpaykaeTcs B TOU-
KAz = (21,%3,...,%,),Y = (Y1,Y2,.-.,Yn). ECIN MBI 3aXOTUM IMepedTH OT TOYKU Z
K TOYKE Y, MOKHO IIOCTPOUTH KOMIIOZUIIMIO OTOOpaskeHuil g - f~1. Beau GpyHKrIns
y = g(f~}(z)) aBasieTcs ragKoii, To M Ha3BIBAIOT 21a0KUM MHOTOOGPAZHEM.

I pyruMu cJoBaMu, B OKPECTHOCTH KaXKJA0H TOUKH MHOT000Pa3sa MOYKHO JTOKAb-
HO BBECTH JIeKapTOBBI KoopAuHATHI (kapmy). Ecau mepexoji ¢ KapThl HAa KapTy ocy-
IecTBAAETCA INIafKoi QyHKIIUel, To I MHOTooOpasHe riagkoe. Ecin mobble 1Be TOU-
KH MHOT000pasus M MOKHO COeJUHUTH KPHUBOU, IEJIMKOM JeKallleld B MHOTooOpa-

Puc. 5.1: Orobpaskenne okpectHocTeir U 1 V TOUKH a TIagKoro MHOroobpasusi M B
eBKJINIOBO IPocTpaHcTBO R™. dyHruua y = g (f~(z)) JomskHA GBITH TIaJKOM.

33
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3un, M HazbIBaeTcs c843HbiM. EcIIA BCAKANA 3aMKHYTBIN IIyTh Ha MHOroo6pasuu M
MOXHO HelIPEPBLIBHO CTAHYTH B TOUKY, M — 0dHoc843H0e MHOT0o0Opa3ne. 3aMKHYTOe
orpaHWYeHHOe MHOT000pasue 6y/leM Ha3bIBaTh KOMNAKMHBIM.

Bosee mopo6HO TolloJIOTHUECKHAE U TeOMeT prUUeCK e BOIIPOCHl, CBA3aHHBIE ¢ TJ1a]]-
KHMHA MHOI'000pa3rusMU, U3JI0KeHbl B KHUATaX [ 17,23]. IlocienoBaTelbHOe, HO BIIOJIHE
BJIeMeHTapHoe BBeJleHHe B TOIOJOTHIO ¢ MHOTOUMCIeHHBIMY WILIIOCTPAIUAMU UMe-
eTcda B KHHATe [24]. [l HaIOIUX Iedeld HaJo IpecTaBIATh cebe, YTO XapaKTepHbIM
MIPU3HAKOM MHOT000pa3us CJAY>KUT paBHOIIpaBHe BceX TOUEK.

Mpoumep 5.1. Ha mpsamoit R orpesok (cermenT) a < z < b He ABIsAeTCA MHOT000-
pasueM, MOCKOJIbKY KOHI[eBbIe TOUKN @, ) HEpaBHOIIPABHBI ¢ BHYTPEHHAMM TOUKAMMU.
HHuTtepBan a < x < b — MHoroobpasme, Bcs ynciioBasg ock R Toxke MHoroo6pasue.
NHTepBaa MOKHO, pacTATABasA, HEIIPePHIBHO OTOOPA3UTH Ha BCIO UHACJIOBYIO OCh, 11O-
BTOMY TOBOPSAT, UTO HHTEPBAJL K OCh 20MeomopPHbl. OKpyskHocTL St @ 22492 = 1 Towke
OJIHOME pHOe MHOT'006pa3sie Ha IIJIOCKOCTH, HO B OTJINYNE OT I PeJbIAYIINeTro, KOMIIaKT-
Hoe. YToOBI 0TOOPA3UThL €ro Ha WHTePBaJl, HY;KHO pa3opBaTh OKPYYKHOCTh, Y/aJIUB
OJIHYy TOUKY, MO0 CKJIENUTHh KOHI[BI MHTepBaja, 106aBUB OJIHY TOURY. OToOpaskeHHe ¢
paspbeIBaMU WIIN CKJICHKAMU He HellpepblBHoe, HoaToMy S 1 R He roMeoMop(HEI.

B KauecTBe JByMEpHBIX IIPHMEpPOB PacCMOTpUM cdepy S? : 22 + 42 +22 = 1m
top T2. Cdepa npencTaBisgeT coboil oJHOCBA3HOe MHoroo6pasre. Ha Tope umeorcs
KOHTYPBI, KOTOPbIe HeJIL3S IIaJIJKO CTAHYTH B TOUKY, ITO3TOMY MHOT0O00pas3ue HEOJHO-
cBsi3Hoe. O6a MIpuMepa — CBs3HbIe KOMIIAKTHBIE MHOT'000pa3ns, a UX 00be/IMHeHe
S? U T? — Toske MHOT0OGpasne, Ho HeCBA3ZHOe.

5.2 TI'pynna JIu

Onpepenenue 5.2. I'pynna JIu G — 3To HellpepbIBHAA I'PyIlla, KOTOpasd OJJHOBpe-
MeHHO ABJAeTcs TIaJKIM MHorooopasneM. Ilpeamnonaraercs Taksxke, 4To IpyInoBas
ollepallus 1 HaXoxkJIeHne 06paTHOT 0 pJIeMeHTa 3a/1al0Tcs IMIaIKUMU 0ToOpaskeHUAMU
GxG—-GnG — G.

YT0o06LI TPOBEPUTE, ABJISAETCSA JIM JaHHAas TPyIIia rpynmnoi JIn, BBOAAT JOKaIbLHBIE
KOODJIUHATHL = (Z1,%2, ..., Z,). [Ipolleilypa BBeleHUsI KOOPAWHAT Ha3bIBaeTCA napa-
Mempu3ayueil TPYIIBI, 8 MUHIMAJILHO HeO6XOIUMOe YHCIO AeliCTBUTEeILHEBIX TTapa-
MeTpPOB r — pa3mepHocmeuio Tpylnsl r = dim . Hadyaso KoopJUHAT IPUHATO BLIOH-
paTh B €IMHUIIe TPYNIEL. BMecTo TabIUIILI YMHOKEHU HellpephIBHAA TPYIIa 3a/1a-
eTca QyHKIHeH 2r mepeMeHHBIX. [IycTh MpH MepeMHOKeHUH 3JIEMEeHTOB ¢ KOOpANHA-
TaMU z,y TOJYYWICS BIeMeHT ¢ KOOpAWHaToM 2: ¢(2) = g(x) - g(y). Torma z = ¢(x,y)
HasBIBaeTCA PYHKUUel YyMHoxNceHUud. Ecin IpH MpoBepKe 0Ka3aoch, YTO PYHKIIAA
o(z,y) — rnaakas, To G — rpynna Jiu.

I'pynmoBoe cBOMCTBO HAKJIAALIBAe€T TPU OTPAaHUUEHHUA HA PYHKIINIO YMHOKEHHAA:

L. o(p(z,v),2) = ¢z, ¢y, 2));
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2. ¢(z,0) = ¢(0,2) = z;
3. Vzdy : p(z,y) = ¢(y,z) = 0.

B npuioskeHnax Hac 6yIyT HHTepecoBaTh mampuitsie zpynnol JIu G < GL(n,R) uan
G < GL(n,C), T.e. TOATPYIIBI I'PYIIIEI BceX HEBBHIPOKJEHHBIX IIpeo6pa30BaHUM n-
MepPHOTO JUHEHHOTO IPOCTPaHCTBA HAJ| IOJIeM JAeUCTBATENbHBIX UJIN KOMIIJIEKCHBIX
quce.

Pa3sMepHOCTE ITOIHOM TPYIIIBL IHHEAHBIX IpeobpaszoBannii dim GL(n,C) = 2n2.
Ee nmoarpynnel 3ajaioTcsd Ha6opoM HEKOTOPOTO YMCJIa K YpaBHEHUU CBA3H, IIO3TOMY
MMEIOT MEHBIIYIO PasMepHOCTE 1 = 2n%— k. B mpocrpamcre R¥ k ypaBHeHMit 3a1a10T
r-MepHoe MHoroob6pasue. Ecam ycioBrAda 3a7jaloTcsl paBeHCTBOM HYJII0 Bell[eCTBEHHO-
aHAINTHYECKHUX PYHKIIMHA KOOpANHAT, TO MHOT000 pa3ne MmoyJyaeTcd riiaJjKkuM. B mar-
puuHoii rpynne GL(n,C) MoXKHO BBecTH KoopJWHATHL. BeluTeM u3 Marpun A, B ean-
HUYHylo Matpuny F u oboznaumm A — K = X, B — F =Y, a ajeMeHTHl MaTpul, X,Y
6yJeM cUMTAThL KoopAnHaTaMu MaTpull A, B. HaliieM KoopauHAaTHl IPON3BeleHUA U
TeM caMBIM QYHKIIHIO0 YMHOKEeHHU (KoTopas ToxKe NpeJcTaBIsAeT co00i KBaJipaTHYIO

MaTpHILy)
(X, Y)=(E+X)(E+Y)-E=X+Y + XY.

Jlerko yoeiuTLCA, UTO BCe TPH CBOMCTBa BRITTOMHEHEL. [IpoBepuM, HaTpuMep, NepBoe:

o(e(X,Y),2) =X, )+ Z+0X,V)Z =(X+Y+XY)+Z+(X+Y +XY)Z,
o X, 0(YV,Z) =X+, 2)+Xo(Y,Z) =X+ +Z+YZ)+ XY +Z+YZ).

MNpvMep 5.2. PasMepHOCTE I'PYIIIBI BCeX IMHEeNHBIX Tpeobpa3oBaHMM HAJl TOJIeM KOM-
maekcHbIX yncea dim GL(n, C) = 2n?, mOTOMY UTO BCero B MATPHIIE N2 KOMIIJIEKCHBIX
yncen. CumBona SL(n, C), rae 6ykBa S o3HavaeT “cliellalbHy10” IPYIIITY, COCTOAILYIO
U3 YHUMOAYJISAPHBIX MATPHIL (MATPHUIL ¢ PABHBIM eHUIle olipe/lennTeseM). PaBeH-
CTBO eJWHHUILE ONpPeJIeIUTEN — DTO OJHO JONOJHUTEIbHOe KOMIIJIEKCHOE yCJIOBHEe
WA J1Ba e CTBUTENLHEIX, oaToMy dim SL(n, C) = 2n? — 2.

U(n,C) o3HayaeT Ipyniy yYHUTApPHLIX MaTpHl, T.e. TAKHUX, [JI1 KOTOPBIX BPMH-
TOBCKY CONPSKeHHasA cOBIazaeT ¢ obparHoit Ut = U!. UTo6BI HAiTH pasMepHOCTS,
TepecyYnTaEM JIONOJHUATEIbHBIE YCIIOBUA: IlepBas CTPOKA JOJKHA OBITH OPTOIOHAL-
Ha (n — 1) cTpoke, BTOpas — (n — 2) CTPOKAM,. . ., IpeJIocaeAHAsd — OJHOM, Ioce]-
Heii. Beero moaydyaercs n(n — 1)/2 KOMILITeKCHBIX YCJIOBHHM UK n(n — 1) AelicTBATEIb-
HBIX. IMeeTcs TakKe n IeCTBUTEIbHBIX YCIOBAI HODMUAPOBKY Ha eIMHULLY KasKI0M
cTpokHn. BerunTas ns 2n? kommdecTBo yeaopmii, Haiigem dim U(n,C) = n?. B o6osHa-
YeHWH YHUTAPHOU I'PYIIHI AJ KPATKOCTHA UHOT/|a He IMUIIYT 3HAKA 10 KOMILJIeKC-
HBIX UHcel, a IoJpa3yMeBaloT.

SO(n,R) — IpyIIla opTOroHAJIBHEIX YHEMOAY/IAPHBIX MATpHI: g ¢ = g7 detg =
1. U3 pasmeproctu dim GL(n,R) = n? Hajio BerYecTs n(n—1) /2 (COOTHOIIEHUI OPTOTO-
HAJLHOCTH CTPOK HJIH CTOJMGI[OB) M 1 yCJIOBH# HOpMUPoBEU. [Tosyuntess dim SO(n, R) =
n? —n(n —1)/2 —n = n(n — 1)/2. B 0603HauY€HNUN TPYNILI OPTOTOHAIBLHBIX MAaT-
PUIL TOKe MHOTJAa MPOIYCKAIOT JJIA KPATKOCTH 3HAK I10JIA JIeCTBATEIbHBIX YHCeJl.
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v-f‘.v

Puc. 5.2: K BLIBoJly MaTpHIILI BpallleHU s BOKPYT OCH 2 Ha YToJI (.

Ipynmsr SO(p,n — p,R) — 5To IpyIia npeoGpasoBaHuii COXPAHAIOIIAX HOPMY p? =
T34 o+:z:§ —:cf) I -—z2. BUyacTHBIX caydasax p = 0 WIN n TaKasd TpyIna usomopdHa
SO(n, R). IIpu Apyrux p 1 GUKCHPOBAHHOM 7 I'PYIIIIEI OTJIWYAIOTCA, HO PABMEPHOCTD
ocTaeTcs TOH yKe caMo.

IMapamerpusanud rpynnsl JIn MoskeT 6BITL Pa3HOii, HO YACJIO KOOPJAWNHAT OCTAET-
¢Sl paBHBEIM pa3MepPHOCTH T'PYIIIILI.

MNpumep 5.3. TloBopor g € SO(3) MOKHO paccMaTPUBATh KaK MOCHeJ0BATEILHOCTD
TMOBOPOTOB Ha YTIOJ (r;y BOKPYT OCH X, Ha YTOJI (i BOKPYT OCH ¥ 1 Ha YTOJI (x3 BOKPYT OCH
z. Torga MaTpHIia MOBOpPOTA JaeTcs IPOU3BeieHNeM TpeX OPTOTOHAJILHBIX MaTPHI],

cosaz —sinasz 0 cosag 0 sinasg 1 0 0
g(ay,as,03) = | sinag  cosaz 0 0 1 0 0 cosay —sinap |(5.1)
0 0 1 —sinas 0 cosas 0 sina; cosay

3ameuvanue 5.1. O6paTnTe BHUMaHNe, YTO 3HAK CHHYyca BO BTOpoi MaTpuile (5.1) He
Takoil, KaKk B IepBoii 1 MocaeaHeil. YTo6nI pazobpaThesd B 3HaKaxX, oOpaTumcs K pu-
CYHKY 5.2. BMecTo TOro, UYTo0LI MOBEPHYTH BeKTop OA B IIOJOKATEILHOM HallpaBJe-
HHH Ha yToJI &, MBI TIOBOpAaUNBaeM Ha TOT ke YIoJl KOOpJAWHATHBIE OCH, HO B OTPHILA-
TeJLHOM HallpaBJIeHNN. ONMYyCTUM U3 TOUKH A meplieHAUKYIApLl AP u AD Ha cTapble
KOoopJHHaTHEIe ocH, Tora OP= z, OD= y. OnyctuM nepnesaukyasapsl AC u AB Ha
HOBBIe ocH, Toraa OB= z/, OC= /. OnycTuM Tak:Ke nepneHINKyaApsl PQ u PR Ha
HOBBIe ocH U3 TouKH P. Teneps samernm, uto yriasl QOP, OPR u BAP pasubl a. OTcio-
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(a) \ (b) ( (€)
Y Y i
X X X

Puc. 5.3: Cxema BpallleHHS BOKPYT KOOPAUHATHLIX OCeM.

na ' =0B=0Q-BQ=0Pcosa—APsina = xcosa — ysina. AHamornyno, y' =0C=0R-
RC=0Psin a+APcosa = zsina + y cos &. 3HAUNUT B MaTPHUILe BpallleHU A BOKPYT OCH 2
3HAK MUHYC CTOHUT Ilepe]l CHHYCOM B IIePBOM CTPOKe, ITIOTOMY UTO BpallleHHhe UJIeT OT
OCH z K OCH Y, KaK ITOKa3aHo cxeMaTHUecKH Ha pHUCyHKe 5.3 ¢. AHAJOTUUHO 3HAKH
paccTaBiieHBl U IIPH BpallleHUHW BOKPYT OCH z, cM. puc. 5.3 a. TolbKo Ipu BpallleHun
BOKDYT ocH y (prc. 5.3 b) TOBOPOT UJET OT OCH 2 K OCH Z, TTIOBTOMY 3HAKH MOJIYyYaloTCs
JPYTUMMH.

Ilpyras mnapamMmeTpusalus MoJlydyaeTcs, eCJIU BBeCTH yIJIbl Diijiepa. Bpaiienue pac-
cMAaTpHUBaeTcd KaK IIOBOPOT HA YIOJI ¢ BOKPYT OCH 2, 3aTEM Ha YyToJ § BOKPYT HOBOT'O
MMOJIOYKEHN A OCH 7 (JIMHUHA y3JIOB), & 3aT€M BOKPYT HOBOM OCH 2 HA IO 1

cosy siny 0 1 0 0 cosp sing O
9(p,0,¢) = | —siny cosyp 0 0 cos@ sinf —singp cose O
0 0 1 0 —sinf cos@ 0 0 1

MoskHO ITOBOPOT paccMaTpHBATh KaK BpallleHHe Ha yroJ i BOKPYT €JIMHUYHOTO
BEKTOpa n, KOOPJAWHATHI KOTOPOT0 HAa eIMHUUHOU cdepe JatoTcd yriaaMu &, ¢ B chepu-
YecKoU crucTeMe KoopauHatT. [lonmyuniack TpeThs ImapaMeTpu3aldsa. YBeJIWUNM pa-
JUyC eJAHUYHOTO IIapa o 3HaueHHd 7, TOTJa MOYKHO OTCUATHLIBATE KOOPAUHATY
BIOJL pajiiyca U KaxkJas ToUKa BHYTPH IlIapa Ha pHUC. 5.4 COOTBETCTBYET BJIE€MEHTY
rpynnbl. IToBopoTsl Ha yron m < ¥ < 27 MOMKHO paccMaTpUBaTh KaK IIOBOPOTHI HA
yroa 0 < % < m BOKpYT BeKTopa —n. OJJHAKO ITIOBOPOT POBHO HA YIOJI T BOKPYT ocel
n ¥ —n — BTO OJJHO U TO Ke IIpeobpa3oBaHme, MIO3TOMY MBI JIOKHBI OTOKJIECTBUTH
Bce Tapbl JUaMeTPaTbLHO IIPOTHBOIOJIOKHBIX TOUEK cephl (TOBOPAT, UTO chepa «Ky-
caeT cama cebs» ). [lomyunBIIeecs MHOKECTBO U ecTh MHoroo6pasue SO(3), motomy
YTO OTOKJECTBUAB IIPOTHBOIIOJIOMKHBIE TOUKH c(Pephbl, MBI yOpasud I'paHuIly U cJlelain
Bce TOUKHW paBHOIIpaBHBIMHU. MHoroo6pasue MoJIy4YnIoch CBA3BHBIM, HO HEOJHOCBA3-
HBIM, IIOTOMY UTO MBI HE MOKeM CTAHYTH B TOUKY IIYTh, IIPOXOAAITANA Yepe3 KOHILbI
JuaMeTpa Inapa. /[lnaMeTpasabHO ITPOTUBOIIOJIOKHBIE TOUKN OCTAHYTCSA ITPOTHUBOIIO-
JIORHBIMHM W HAM He yJacTcsi CBeCTH UX B oflHy. To, 4To HaM He yJlaJloCh HApUCOBaTh
JlJaHHOe MHOTroo0pa3sne 0e3 caMollepecedeHid, 03HavyaeT, YTO OHO He BKJAJIbIBaeTCsA B
TpexMepHoe TTpocTpancTBo. SO(3) BKIAALIBAETCA B UeTHIPEXMEPHOE € BKIUIOBO ITPO-
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R=mw

Puc. 5.4: Muoroo6pasue SO(3) mpejicTaBiseT coboii 1ap paguyca m, IaMeTpPaJIbHO
MTPOTHUBOIIOJIOKHBIE TOUKH KOTOPOT'O OTOYK€CTBIIEHEI.

cTpaucTBo. Takoe MHOroob6pasre Ha3bIBaeTCs MIPOEKTUBHOM cdepoil u ob6o3HavaeTCH
R P3. MHoroo6pasud yeTblpex rpyimil JIu cBesieHsl B Tabamnie 5.1.

5.3 Auxareopa Jn

Onpenenenue 5.3. Anzeopoit JIu najg noneMm F = R niau F = C HasbIBaeTcd JIAHelHoe
HpocTpaHcTBo Haf F, cHabikenHoe 6MHapHO# onepanueii (ckookoit Jlu [-,-]) co cmeny-
IOIITAMH CBOMCTBAMM:

1. [Ma+Db,c] = Aa,c] + [b, ] JTMHEHTHOCTD;
2. [b,a] = —]a,b) aHTUCUMMETPHYHOCTD;
3. [a,[b,c]] + [c,]a,b]] + [b,[c,a]] =0 TokAecTBo fAKo6H.

IIpuBeneM Tpu npuMepa:

1. IIpocTpancTBo R? ¢ BeKTOpHBLIM IIpor3BeieHreM (06osHaunM ero R3). IlepBoe
BTOpO€ CBOMCTBO OUEBHU/IHLI, TPEeThe JOKAa3bIBaeTcs ¢ MoMollblio mpaBuia «BAIl mu-
nyc lIAB».

2. Anre6pa maTpuI ¢ koMmMmyTaTopoM (A, B] = AB — BA. TpeTbe cBOHMCTBO IIpOBe-
pAeTcs HellocpeICTBEHHO

(A1, [Ag, As]] = A1(AgAs — AsAy) — (A2As — A3Ag) Ay,
[As, [A1, Ag]] = A3(A1As — AxAy) — (A1 4y — Az Ay) As,
[Ag, [As, A1]] = A2(A3A; — A1As) — (AsA; — A1 A3)As.
B cyMMe ITOJIyUUTCS HYJIb, IIOTOMY YTO Bee cjlaraeMble CKOMIIeHCHpYIoTcA. OfHa 13

TaKWX TTap HOAYEePKHYTA.
3. PYHKINA KOOPAUHAT ¢; 1 IMITYJILCOB p; cO CKOOKoi [lyaccona

_ of g  0Og Of
thoh=2 ()
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Tabauiia 5.1: MHoroo6pasns HeCKOJBKUX IpyIin JIu

I'pynna Muoroo6pasne | YpaBHeHe 0603H.
SO(2) OKpY>KHOCTD St
xf + :13% =1
U(1) x U(1) Top T°
y = el®1tide
SU(2) Coepa S3

2 2 2 2

SO(3) ~ SU(2)/C, | IlpoektuBHaa | z2+z5+z5+22 =1, =z >0,ama- | RP3
0TI+ T3+ T3

chepa MeTPaJbHO IPOTHBOIOJIOKHBIE
TOYRH "vKBaTopa’ xi+ 754125 =1
OTOYKI€CTBIIEHEL

06pasyioT 6ecKoHeuHoMepHYIo anreopy JIn. ToxkaectBo HKxobU Toka3bIBaeTCd B Me-
xaHuke [25].

9.4 AunreOpa JIu rpynnsi Jdu

Cpenn aberpakTHERIX anre6p Jlu Hamboliee IeHHa Ta anrebpa, KoTopas cBsi3aHa
¢ nauHoi rpynmnoii Jin. ITokaxkeMm, Kak oHa noaydaercsd. CTpouM KacaTeJbHoe Mpo-
CTPAHCTBO B eIMHNAILe MATPHAYHOM rpynibl G, Kak IoKa3aHo Ha puc. 5.5. B KauecTBe
0a3MCHBIX KacaTeJLHLIX BeKTOPOB BHIOEpPEM YacTHBIe ITPOM3BOAHbBIE IO OT/IeTbHBIM
KOOpAWHATaAM

_ 9g(@, 2, .., 2y) k=12 .. .7 (5.2)

Ik ’ y 4y
8Z’k =0

a ckobkoii JIn 6y mer komMmyTaTop. Takre BeKTOPBI Ha3bIBAIOTCA 2eHepamopamu Tpyll-
nel. CKo6Ka JIM HaXoAnuTca Kak pasHOCTh QYHKIINN YMHOKEHNA B IIPSAMOM B 06paT-
HOM TIOpAAKe

(X, Y] = lim (p(X,Y) =Y, X)) = XY - YX.

KOMMYTaTOp 6a3MCHBIX BEKTOPOB MOKXHO CHOBA PAa3/IOHUTH 11O 6a3ncy

i, 1] = iy, (5.3)
k

Torja KosgpPHUIIHEeHTE cfj Pas3IoKeHNA HABLIBAIOTCA CIMPYKMYPHLIMU KOHCMAHMA-
mu anre6psl JIn. U3 (5.2) BUAHO, UTO CTPYKTYPHBIE KOHCTAHTHI AHTHCHMMETPUYHBI
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Puc. 5.5: I'pynna JIu G u KacaTelbHoe MPOCTpPaHCTBO B eluHAIe. [lokazano aBa 6a-
3UCHBLIX BeKTopa [, [, eskalux B KacaTeJIbHOM IIPOCTPAHCTBE.

IO HIPKHUM WHIeKcaM c;?i = —C?j- B wactHoCcTH, B anre6pe RS cTpyKTYpHBIE KOHCTAH-

THI BEIPAYKAIOTCSA Yepe3 IIOTHOCTHIO AHTUCUMMETPAYHBIA TEH30D €% cfj = €ijk. SJeCh
€ijk — ITOJTHOCTBIO AHTUCHUMMETPUUHBIN TEH30D, €123 = +1.

Y7061 MTPOoBePUTH (5.3) BO3bMEM 3JIEMEHT I'PYIIBI g, JIEKAIUN B OKPECTHOCTH
eJIMHUIILI, ¥ PA3IMKUM TI0 6asucy: g = 1 + tY_ cxly, Toe mapamerp t — 0, a Gosee
BLICOKMIMU CTelleHsAMM ¢ MBI TpeHebperaeM. CoBeplliuM Ipeobpa3oBaHue MOAoOUA ¢
OJIHAM M3 IreHepaTopoB

fl = gIlg_l = (1 + tzckfk)fl(l — tzckfk)
k k

1 eTo pe3yjabTaT CHOBA PA3JIOHUM IO 6a3Hcy, HpeHeﬁpePaﬂ KBaJpaTHN4YHBIMHA 4YJI€HAa-
MHA (‘ITOﬁBI OCTaBaThCA B OKPECTHOCTH e,Z[I/IHI/I].[I)I)

fl = ]1 + tzck(jkfl - Ilfk)
k

B yacTHOCTH, €c/IH CABUHYTLCA Ha t — O BJOJL TeHepaTopa I,,: g = g = 1 + tl,, TOB
cyMMe TI0 k ocTaHeTcs TOJILKO Ko3(pPUIMEHT ¢ k = m, paBHBIH! eIUHNILE:

™ =1+ tI, ). (5.4)

C npyroii cTOpoOHBI, B OKPECTHOCTH €IMHUIILI MBI MOKEM PA3JIOKUTH [; 10 6a3UCHBIM
BEeKTOpaM

™ =15+t di, (5.5)

nmprdeM Ko3GGUIMEeHTH pa3jiokeHnud d OyyT 3aBUCETh TaKkke oT m. lIpupaBHuBad
(5.4) u (5.5), momyunM (5.3). OTcrofa BUJHO, YTO KOMMYTATOpP F'eHEePATOPOB MOXHO
CHOBa JNHEWHO BEIPAa3UTh Uepe3 FreHepaTopbl. CTPYKTYPHBIE KOHCTAHTHI Ol peleIATh-
cAa KodddHUImeHTaMu d pa3aokeHnusd mo 6asucy. Byaem obosHauaTs anrebpy Jlu rpyn-
el JIn, Kak rpynmny, no6aBissa Biiepeau 6ykBy A. MHorga anre6py o6o3HavyaloT TeMHu
’Ke, YTO U TPYIIY, HO CTPOUYHBIMHA OYKBaMH.
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5.5 BoccraHosjenue rpynnsl Ju mo ee aareope.
JKCIOHeHIIHAJbHAd (hopmyJia

Boccranosaenne rpynnsl JIu mo anrebpe JIn ocHoBaHO Ha TPOCTOM COOOpayKeHNN:
10601 pJIeMeHT TPYINEl MOYKHO IPHUOJINKEeHHO 3allACaTh KaK IIpon3BelleHue 6OJIb-
LIIOT0 YHCJIa BIeMeHTOB, 6JIM3KNX K euHNuIle. B Npejese moaydyaeTca 6ecKoOHEeUHOe
IIpoN3Be/ieHNe, KOTOpoe MOAUNHAeTCA OOLIKHOBEeHHOMY AAMPepeHIINaTIbHOMY YPaB-
HeHMIO. Pemtenne n1udg¢epeHIINATLHOIO YPABHEHNAA MOYKHO IIPOJIOHKATEL, HO MAKCH-
MaJbHasd 00JacTh pacipocTpaHeHns pellleHns MOKeT WM He COBIIACTh CO BCeU I'pyII-
MO,

CuauaJsia Hay4YnMcs BOCCTaHABJINBATH 3JIeMeHThI OJJHOIIapAMeTPpUUECKOM ITOATPYII-
el Tpynmsi g(t) € H < G, ¢(0) = 1. [TapaMeTp ¢ MOJKHO CUUTATH KOOPAMNHATOM 1, IIPO-
InddepeHIITPOBaB IO HEMY, HalTH anre6py. B Takolt anre6pe Bcero oiiH reHepaTop

=%
dt |,_o

Oka3spIBaeTcd, 4TO T'pyIIIIoBoe CBOMCTBO IIOATPYIIIIBI MOXKHO 3allUCATh KaK

g(s +t) = g(t)g(s). (5.6)
IIpoauddepennupyem (5.6) mo mapameTpy ¢, a 3aTeM ycTpeMum ¢ — 0:
g'(s) =1Ig(s).

Penrenne Takoii cucTeMbl OOLIKHOBEHHBIX TP PepeHIINATBHBIX YPABHEHUA € ITOCTO-
AHHBIMA KOG PUIMEeHTaMH U HaYalbHBIM yeaoBueM ¢(0) = 1, Kak M3BeCTHO, JaeTcs
DKCIIOHEeHIIUALHOMI opMyJioi

g(s) =expls.

B Oﬁ].[leM cJIydyae BOCCTaHOBJIEHHe I'DYIIIIHI 11O €€ aJII‘e6pe HEeBO3MOKHO, IIOTOMY 4YTO
He KaXKIbIHA DJIeMeHT T'PYIIILL JISKHUT B OﬂHOHapaMeTpI/I‘IeCROﬁ IIOATPYIIIIE.

MNounmMep 5.4. B rpynne GL(n, R) nMeloTcss MATPUIBL ¢ OTPULLATENBHBIM Ol pe/leIH-
TegeM. Ec/IM MBI cCOeIMHUM TaKylo MaTpuily ¢,detg < 0 ¢ egmauuHor F det £ > 0
HeIpepLIBHOM KPUBOIA, TO KpHUBas HeU30€KHO IlepeceueT TUIePIIOBEPXHOCTE det g =
0 (puc. 5.6). Ho BBIposKleHHbIe MATPHUILBI He TIPUHAJJIesKaT Halllell rpyIie. S3HAUUT
MATPHIILI ¢ OTPUIIATELHBIM OIPe/le/INTeNIeM JieKaT B IPyIille, HO He IPUHALJIERAT
HIKAaKOH oJlHOIIapaMeTpHUYeCKOl MOATPYIIIIe.

ChopMyIupyeM JOCTATOUHOE YCIOBHE OJHO3ZHAUHOTO BOCCTAHOBIEHUA I'PYIIIILI IO
ee anrebpe. JlokaseIBaTh yeIoBHe MEI He 6y/ieM, a B cleyloleil JeKIUA NTpHABeJieM
IIPHUMepEl, Kor/la OHO HapylllaeTcs.

Teopema 5.1. Beaxoii anzebpe Jlu omeevaem eduHCMBEHHAA C8A3HAA 0OHOCBA3HAA
epynna Jlu.
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0
o

@:

detg>0

“a

Puc. 5.6: Ecan coe JUHUTL Hell pePLIBHON KPUBOU MATPUILIEL € IIOJIOKUATEIBLHBIM U OT-
pUIATeNLHBIM OIIpele TUTeIeM, KPHUBas IlepeceueT MOBEPXHOCTD BBIPOKAEHHBIX MAT-

PHII.



JIEKIINI 6
Oro6pasxkenue SU(2) B SO(3)

6.1 IIpumepsl MATPUYHBIX ajredp Ju

MNoumep 6.1. I'pynna O(n,R) cocTonT M3 BellleCTBEHHBIX OPTOTOHATIBHBIX MaTpPHIL
O~ = OT. Ilokaskem, uTo ee anre6bpa AO(n, R) COCTONT U3 AHTHCHMMETPHYHBIX MaT-
pun X7 = — X 1714 bTOr0 HailiieM BKCIIOHEHTY

(exp Xt)T = exp X7t = exp(—Xt) = (exp Xt) .. (6.1)

PazMepHOCTE MpOCTPAHCTBA AHTUCUMMETPUYHBIX MATPHUIL PaBHA KOJIMYECTBY BJI€MeH -
TOB HaJl HyJIeBO# TyiaBHoM quaronansio dim AO(n, R) = n(n — 1)/2 1 coBnajiaer ¢ pas-
MePHOCTEIO TPYIEI. JIJ15 y106cTBa HEKOTOPBIe MATPpUYHbIe IPYIIEL JIM U X aarebpsl
cob6pansl B Tabauiie 6.1 (cTp. 45).

Mpumep 6.2. T'pynna O(n,R) cocTouT U3 OpTOTOHANBHBIX MaTpull. 13 anre6psl ua-
BecTeH OOIUiA BUJ| OPTOTOHAJIBLHOTO ollepaTopa

1 )

0= - . (6.2)

cos@; sin@
—sin@; cos@y

cos@; sing,
\ —sin@; cosg,

B HeKkoTOpoM 6asuce OpTOTOHAJBHASA MATPHUIla COCTOUT U3 €JUHUYHON pazMepa m,
MHUHYC e JMHUYHOM paszMepam_ Ml 6JIOKOB 2 X 2, Tak YTOo M +m_ +2] = n. ExuHnuHag

43
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MaTpHIla OIMCBEIBAET KOOPANHATHI, KOTOphle He IpeobpasyloTesd. Martpuna ¢ —1 Ha
IJIaBHOM MAroHAJIH ONHCLIBaeT KOOPAUHATHI, KOTOpble MEHAIOT 3HAK (OTpaskeHUd).
Biokn 2 x 2 onuchIBalOT TOBOPOTHI HA YIoa ; B IJIOCKOCTAX.

IlepeiifieM K MoATpyIne yHUMOAYAApHBIX MaTpull SO(n,R) < O(n,R). Yrobsl
ollpeie/INTeNEL OBLI paBeH +1, m_ JOMKHO OLITHL YeTHBIM YHcoM. Torga BTopoi 6710k
MOKHO IIPeJICTABUTH KAK COBOKYITHOCTh MUHYC eIMHUUYHBIX MATPHIL 2 X 2, a KAKAYIO
MaTpuiy — E; 3aicaTh Kak MOBOPOT HA YTOM T :

-1 0 cosm sinm
—Fy = = . . (6.3)

0 -1 —sinm cosw
B yeTHOMEpPHOM ITPOCTPAHCTBE MHBEPCHUA CBOAUTCS K ITOBOPOTAM Ha yroJ . MBI TOJIb-
KO OTOPOCHIN MATPHIILI ¢ ollpejlenTesieM —1 (HecoOCTBEHHBIe BpallleHUd), IIOBTO-
MY pasMepHOCTh TPYIIILI OcTaHeTCAa TaKOM ke, KaK Oblja B IpeAbIAyIleM IIpuMepe.
I'pynna JIu O(n,R) He ABIsAeTCA CBA3HOMH, a yCJI0BHe YHUMOAYJISAPHOCTH IIPOCTO BHI-

JleJisieT OJHY CBA3HYIO KOMIIOHEHTY M3 JBYX.

Aure6pa AO(n,R) ocranercd Toii ke, yTo 1 AO(n, R). {71 kaskjoTo BpallleHUd B
IJIOCKOCTH T'eHepaTop 6yeT colepsKaTh HyJIM BCIoAy, KpoMe 6Joka s = 1,...,1:

0 1 ,
Xi = (_1 0) = 109.

MBI BEIpasuan HeHYJIeBOH 0JI0K TreHepaTopa depe3 mampuyy Ilaynu. Takoe npen-
cTaBlIieHHe YI06HO0, TOTOMY UTO 3T MaTPHILHI:

w=(V5) a=(7 ) o=(o %) (6.4)

OﬁﬂaﬂaIOT IIPpOCTBIMHA CBOMCTBaMH:
0;0; = zeijkak + 5”

ITo skcoHeHIIANLHOM GropMyJae (6.1) MBI BOCCTAHOBUM TOJIbKO COGCTBEHHbBIE Bpa-
LIeHNs, a MATPUIILL ¢ HEUETHBEIM YHMCJIOM OTPaykeHWi BOCCTAHOBUTDL HE CMOYKEM, T10-
TOMY UTO OHH He IIPHHAAJIEKAT HUKAaKOH oJHoIIapaMeTprUYecKoi ITOATPYIIIIE.

MNpoumep 6.3. I'pynny SO(3) MokHO TapaMeTpPU30BaTh KaK IOBOPOT Ha yIrol o =
(a1, a9, a3) BORPYT KOOPAUHATHBIX ocei (5.1). [InddepeHnupys 1o o, COrJIacHo olpe-
JeaeHnio (5.2), BocCTaHOBUM II€PBbIA TeHepaTop

00 0 0 01 0 -1 0
L={0oo0 -1}, L={0 00], L=[1 0 0. (6.5)
01 0 ~1 00 0 0 0

3HaK MHWHYC y reHepaTopa I o ITOJIYUYHJICA B HUKHeHN CTPOK€ B COOTBETCTBHH C 3aMeva-
Huem 5.1. HpHMI:IM BBIYHUCJIEHUEM HaX0JNM KOMMYTATOPHI 'eHepaTopoB

L, — LI =1, Is—130, =1, I3ly — 1113 =1,
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Ta6auia 6.1: IlpumMepsl MATPAYHBIX TPy JIn.

45

G I'pynna JIn Asre6pa JIn dim G

GL(n,C) | HeBblposkieHHBIe MaTpu- | Bece MaTpHIlbl 2n?
ILbI

SL(n,C) | Yuumoaynsipubie Matpu- | BeccienoBbie MaTpuIibI 2n? —2
LB

U(n,C) YuurapHble MaTpUIbI AHTHBPMHATOBBI MaTPUAILLLI n?

SU(n,C) | YHUTapHBIe YHUMOAYJIAP- | AHTHSPMHUTOBLI Geccrneno- | n? — 1
HbIe MaTPHUILBL Bble MaTPHILEI

O(n,R) | OproroHajsLHbIe MATPUILEL | AHTHCUMMETPUYHbIe MaT- | = "2_1

PUILBL

SO(n,R) | OproroHanbHble YHUMO- | AHTUCHMMeTPHYHBIE MaT- | = "2‘1

JyASpHBIe MaTpPHILLI PpUILBL

a 3HAUNT HalIeHbl ¥ CTPYKTYPHBIE KOHCTAHTHI aiare6phl JIn:

[Ii, Ij] = 6,;jkfk.

KcraTn, MBI foKa3ann, 4To aare6pol BpallleHNH W TPeXMePHOTO IIPOCTPAHCTBA ¢ BeK-
TOPHLIM IIPOM3BeIeHEM HN30MOPPHBI:

ASO(3) ~ R3.

IIo aJII‘eﬁpe BOCCTaHABJJINBAE€TCA 3JIEMeHT I'PYIIIIBL

g(ay,as, a3) = exp(lioy + oo + Izas) = exp(I- o).

MNpvmep 6.4. Tpynna U(n, C) — 5To yHHTapHbIe KOMILIEKCHBIe MaTprauel U ! = Ut
Anre6pa AU(n,C) cOCTOMT U3 aHTHSPMHUTOBBIX MaTpul, X! = —X. IToraxkeM 5710,
BBIUMCIHUB DKCIIOHEHTY

(exp Xt)T = exp X't = exp(—Xt) = (exp Xt) ™.

Ha gmaronanm aHTH3PMHUTOBOI MATPHUILEI CTOAT YACTO MHUMBIE UNCIIa, 8 HaJl JAaro-
HaJblo — KOMILJIEKCHBIe, 3HAUNT pasMepHOCThb anreGphl paBHa n + 2n(n — 1)/2 = n?.
I'pynna cBasHad, MOSTOMY BoccTaHaBIMBaeTcs Io anredpe. Eciau MBI 3aXoTuM Iie-
peiTu K rpynne yuumoayasapueix matpui SU(n,C), To pa3MepHOCTH YMEHBIINUTCS
Ha eIlnHAIY. KaHOHWYecKW# BU YHUTAPHON MaTPHUILLI

e 0

0 egitn
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rie Gasel ¢; — HNeHcTBUTEeNbHEI. [losTOMy /IS paBeHCTBa eIWHUILE OIIpeleTUTeNd
nmpuaeTcd fo6aBUTEL ONHO YCJIOBHE

S ¢;=21N, N=012, .

Anrebpa ASU(n,C) cocTOUT U3 aHTUIPMHUTOBLIX GecclieloBBIX MATPHII, KaK clejyeT
n3 GopMyJabl
det exp A = exptr A. (6.6)

ITosTOMy pasMepHOCTb aare6phl TaKke n? — 1.

1 nrnaroHaJ nLHOM MaTpHILl A popMyJa oueBHIHO BhINOMHAeTcA. Ecau maTpuiia
A IIpHBOJUTCA K AMATOHAJIBLHOMY BUAY A, To ectb A = TAT ™1, T0 B KaKJOM clarae-
MoM psja Teiinopa BHyTpeHHHe T 1 7! coKpalaioTcs, a BHEIIHIE BEIHOCATCS

det exp TAT ' = det Z HTAT- = det i%TA”T‘l

n—-O T =1

=det [T (expA) T7'] =det exp A = exptrA.

B ob11eM ciyuae, Korja MaTpuiia A cBOAUTCA K IIPSAMOM cyMMe »KOP/IJaHOBBLIX KJIETOK,
JIOKa3aTeLCTBO GopMy sl (6.6) mpruBeJieHo B cOopHUKe 3a1a4 [ 2].

MNpumep 6.5. I'pynna SU(2), dim SU(2) = 3, napaMeTpuayeTcs AByMs KOMIIJIEKCHBI-
MU YUCIAMH @, b ¢ OJHUM JOTOIHUTENHHBIM YCIOBIEM

_ [ a b 2 2 _
U_(_b* CL*)’ |CL| +\b| =1

IlepeiineM K JeficTBUTEILHEIM IapaMeTpaM a = Xg + 121, = x5 + i23, TOTAA

U — Zo + ?;]}1 Zo + 7;273
—Z9 + ’Z;ZZ?3 o — ?;271 '

Haiigem reuepatopsl, 1ugpdpepeHINpPYs 110 TPeM He3aBUCUMBIM KOOPAWHATAM Z1, X2, X3

v 0
L1 = U = L) = '2;0'3
8:”1 w1=$2=11:3=0 0 —17 ’

0 1
Lg = U = =’I;0'2
oz r1=x9=23=0 _]. 0 ’

0 2
L3 = U = . :’1;0'1.
3(173 ri=ro=r3=0 [/ 0

MEI BEIpasWIn TeHepaTophl Yepes MaTpunl [laynm (6.4) o = (01,02,03). U3 BBIpa-
JKeHUH BUJHO, YTO HAM cJle/lyeT MOMEHATH MECTAMU NEPBBIH U TPETUH I'eHePaTOPhI
(L1 = Lg, Lg = Lo, Lg = L), Torja KOMMYTAallAUOHHBIE€ COOTHOIIIEHUSA CTAHYT CTaH-
JapTHBIMHA

[f/i, _Z/J] = —[(Ti,Uj] = —Q’ieijkO'k = —2€,'jkz/k‘
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OTcloga BUAHEL Ba cJIeJcTBUA. Bo-TIepBLIX, MOKHO pa3ieINThL Bce TeHepaTophl L;
Ha -2:

L 4
I; = —7 = _§Ui; (6°7)
TOorga ImmojaydaTrcd B TOUYHOCTH Te JKe COOTHOIIeHUdA, YTO U B IIpAUMepe 6.3 ¢ anrebpoit

ASO(3): [I;, I;] = eyjrlx. Takum 06paszoM, MBI JOKa3aI1 U30MOPPHU3M anredp
ASU(2) ~ ASO(3). (6.8)

Bo-BTOpBIX, MBI MOKEM YMHOKHTEL BCe TeHepaTophl I; Ha 4, TepeXolsd K HOBLIM
reHepaTopam
J; =14l = L;/2i.

Tor/a /15 HOBBIX T€HEPATOPOB MOIYYATCA COOTHOLIEHNU A
[Jiy Ju] = i€ Ik,

N3BEeCTHBIE N3 KBAHTOBOU MeXaHUKH KaK aJH‘eﬁpa YTJIOBBIX MOMEHTOB.

6.2 Tomomopdusm SU(2) — SO(3)

ITocne Toro, Kak MBI JoKazaau uzomMopdusM (6.8) anre6p JIu, MokHO OBLITO GBI
OCTOPOYKHO MPEJNONI0KNATE, YTO COBIIaJaloT U I'pyNIbl JIn, yKasaHHbIe B 3aT0JIOBKE.
MEI TOCTPONM rOMOMOP(PHU3M YHATAPHOM TPYIIILI B OPTOTOHANIBHYIO U yOeIuMcs, UTO
TPYIITILL He COBIIAaloT.

CHauyaJjia pacCMOTPHM BPMUTOBY MAaTpPHUILy BHa

_ z z—
H_(:r—l—z'y -z )

OTa MaTpula MOAYUYRIach KaK CKaIApHoe MponsBefienne H =r - o, raer = (z,y,2) €
R3, a o = (01,09,03) — BEKTOD, cocTaBieHHbIH 3 Marpul [laynu. Ecam Teneps npe-
o6paszoBaTh MaTpuily H ¢ moMoINbI0 yHUTapHoil MaTpuilpl U € SU(2):

! ! el
z ' —1
H=UHU', H = (x’ + 2y z'y ) ’
MBI IIOJIyYNM HOBYIo MaTpuily H' ¢ mapamerpamu z’,y', 2’, Ho olipeieTnTeNb 6yIeT TeM
sKe caMBIM B CHJIy YHATapHOCTH U

—detH =22+ 9? + 22 =2 +¢y? + 2?2 = —det H'.

Jlaske He BBIMCHIBAA ABHO NIPeoOPa30BAHUA T — T, MOYKHO HOHATE, UTO OHO JHHEH-
Hoe:
r = Rr,
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a MaTtpuia R gomKHa OLITL OpTOTOHAJIbHOM, UYTOOBI COXpaHAJIach HOpMa BEKTOpA T.
MBI BBeIM IIPAaBHJIO, 110 KOTOPOMY KakJo# yHHTapHoi matpuie U € SU(2) como-
cTaBisgeTcs oproroHaidbHaa Matpuiia R € SO(3). Ecau y Hac mMeeTcs IponsBe/leHHe
JBYX yHuUTapHbIX MaTpull, U = U Us,, To

H' = U (U,HUHU,

cJieJloBaTeJILHO OPTOTOHATBHOE IIpeobpa3oBaHue ToXKe JlaeTcs NTPoM3BeJeHueM MaT-
pui
Ul — Rl,UQ — RQ,U — R = Rle.
Takum o6pa3oM, HCKOMBIM TOMOMOPGU3M IIOCTPOEH .
ABngerca m o uzomopdpuamMom? OTBET — HET, MOTOMY YTO B MIPABUJIO BXOJUT
napa marpun U u U'. Ecin eMennTs 3HaK U — —U, TO y cONPAKeHHOI MaTPHILLI TOMXe
cmennuted sHak Ul — —Ut, a maTpuuna H' He n3MeHHTcA. SHAUNT JBYM pasInUHBLIM

yuurapusiM MatpuiaM (§9) u (' % ) orBeuaer ogHa oproroHanbHas

1
R=10
0

O = O

0
0
1

n 0T06pa?IQeHI/Ie He IMOJIYUYHJIOCHh B3ANMHO-OJHO3HAYHBIM.
C aJIPeﬁpaPI(IeCROfI TOUYKH 3peHUud MO HO HallTHCATh

SO(3) ~ SU(2)/Cs,

T.€. OpTOrOHAJbHAaSA IPyIIia n3oMopdHa QaKTOP-TPyIllle YHUTAPHO! I'PYIIIIHI ITO JUC-
KPpeTHOI HOpMAaJLHOMI MMOATPYIIIe, COCTOAINel N3 ABYX BJIEMEHTOB (€ IUHUYHOM U MU-
HyC eIUHUYHON MAaTPHUIIBI 2 X 2).

C reomerpuueckoii Toukn spenns SU(2) sTo einunyHasn cdepa S° B mpocTpaHCTBe
R*, 3anaBaeMas ypaBHeHWeM z2 + 72 + 23 + z2 = 1, puc. 6.1. UTo6BI ABHO MOCTPO-
ATH JuddepeHnupyeMoe oTobpaskenre MHoroo6pasusa SU(2) na SO(3) orpannunmMes
YacTHBIM cJydyaeM OJHoIlapaMeTpHuecKoi MoATrpynnbl. B mpumepe 6.3 MBI mmocTpo-
WJIH TeHepaTopsl rpynnsl SO(3), BeI6epeM renepatop . I3 mpumepa 6.5 Bo3bMeM
cooTBeTcTBY oI reHepaTop SU(2), KoTophIii coryacHo (6.7) paBeH —ios /2:

0 01 L /o 1
L=|0 0 0]eAsS0®), 102/2=-( )eASU(2).
oo 2\-1 0

BoccranoBum mo TeHepaTopaM 3JIEMEHTHI COOTBETCTBYIOIIIUX I'PYIIIL:

cos@ 0 sind

O(0) =exp 0 = 0 1 0 € SO(3), (6.9)
—sin@ 0 cosé@
6 8

U(6) = exp (—3029) = ( €83 Sing) e SU(2). (6.10)

—SlI]a COS 5

5=
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Puc. 6.1: MHoroo6pasusa rpymnn SU(2) u SO(3): cdepa S° u npoerTusHad chepa RP3,
«CEeBEpHOE MONYILIapHe» ¢ OTOKASCTBICHHLIMH (KaK YCJIOBHO MTOKAa3aHO CTPEJIKAMM)
JaMeTPAIbHO IIPOTHBOMOMOKHBIMA TOUKAMHE «9KBaTOpa».

EcrecTBeHHO 3a/1aTh 0ToGpaskeHue mpasuioM U(8) — O(6)

OpnHomapaMeTpuuecKas IMOJATrPyIIia OTBedYaeT « MEPAAAAHY » , TOKA3aHHOMY Ha pHC.
6.1: 6 = 0 cooTBeTCTBYET €IJUHUIHOIA MaTpulle Fs («ceBepHOMY IOJIOCY» PUCYHKA).
YBennunBada ¢, MBI HeIIpePLIBHO IIPOiijieM IO «MepHUAAAaHY» Uepe3 «dKBAToOp» 6 = 7
«I0JKHOMY Ttontocy» 6 = 2n,U = —FE,. MaTpuiia BepHeTcA K UCXOJAHOMY 3HAYE€HUIO
U = E; tonbko npu § = 47. B rpynme SO(3) «ceBepHOe» U «I0yKHOE» MOJIYIIAPHA CO-
OTBETCTBYIOT OJITHOMY 1 TOMY ke BpalileHuio (6.9). Bea cepa oTrobparkaercd Ha BepX-
HIOIO IToycdepy, IpuUeM IIPOTHBOIOJIOKHEIE TOUKH «DKBATOpa» CUATAIOTCA TOMKIE-
cTBeHHLIMH. Ha puc. 6.1 oToKAecTBIeHNEe TPOTHUBOIIOIOKHBIX TOUEK YCIOBHO IIOKA-
3aHo cTpenkamu. Kaskapiii o6pas O(6) B SO(3) nmeer aBa mpoobpasa U (6) m U(0+2m).
B SU(2), kak BuaHo U3 (6.9), (6.10). B 0b6111eM c1yyae, Korja y KakJJoii TOUKH 06pasa
HMeloTCs JUCKPETHRIe TPpoo6pashl, oToOpakeHne Ha3bIBAIOT HAKPblmueM.

MNpvmMmep 6.6. B oqHoOMepHOM ciydae IPUMePOM HaKPHITUA ABIAETCSA 0TOOpakeHHe
R — S'. YncmoByio och MOKHO IIPEJCTABATE cebe Kak HUThH, KOTOpas HaMaThIBaeT-
¢q Ha OKPYRHOCTE. Ka)KkIol ToOUKe OKPYKHOCTH OTBeUaeT 6eCKOHEUHOE YHUCJIIO TIPO-
06pa30B, IMO3TOMY JaHHOe OTOOpaskeHne — GeCKOHEUHOJIUCTHOEe HaKphITHe. [[ByMep-
HBIM IIPHMepPOM 6eCKOHEUHOIMCTHOTO HAKPBITHA CIYIKHUT OTOOGparkeHe TIOCKOCTH
R? Ha Top T2. IIN0CKOCTH ACIUTCA HA OAMHAKOBBIE IPAMOYTOIbHEIE KJIETKH, TIPOTH-
BOJIEKAIIHE CTOPOHBI KAYKI0TO MIPAMOYTOJBHUKA cKiIenBaloTesd. Kaskaoi Touke Topa
COOTBETCTBYIOT CUETHOE MHOKECTBO AUCKPETHBIX NMPoo6pa3oB Ha IJIOCKOCTH, MOKAa-
3aHHBIX Ha puc. 6.2. [IpuMep ABYIUCTHOTO HAKPBITHSA N3BECTEH N3 TeOPUH GYHKI[UH
KOMILJIEKCHOH IlepeMeHHo. PIMaHOBa IOBEPXHOCTHL QYHKIUNA w = /2 MpPeJcTaB-
JgeT co6oi IBa HK3eMILIAPa KOMILIeKCHO# mimockocTtn C, pa3pe3aHHBIX, HAIIpUMED,
BJOJb OTPHUIATENLHOM JeHCTBUTENbHOM Moayocu. Bepxuuii 6eper pazpesa KaKA0To
BK3eMILIApPa CKJIEHBaeTCd ¢ HIKHUM GeperoM paspesa Apyroro skseMIuispa. Ecim
MOJIYUEHHYIO TOBEPXHOCTDH IVIAJKO OTOOPA3UTEL Ha KOMILIEKCHYIO TIJIOCKOCTD, MOJNY-
YUTCA JBYJINCTHOE HAKpBITHE. KaskK B JHMCT COOTBETCTBYET CBOEH BeTBU KBaJipaT-
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Puc. 6.2: Otobpaskenne R? — T: yepHBIMHA KPY»KKAMHA IOKa3aHbl IPooOpassl OJHOM
TOUKH TOpa, a CTPeIKaMH OpHEHTAIA IPOTHBOJIEKAINX CTOPOH KaKI0TO IIPAMO-
YIoJILHUKA IIPU UX CKJIeUBaHUH.

HOTO KOpHA /1 = £1

Taxum o6paszoM, xorsa anre6psl Jiu rpynn SU(2) u SO(3) nzoMopdHbI, cCaM¥ I'PyII-
bl HEN30MOPPHBL. OKPECTHOCTH € IMHUIILI B 3THX IPYIIIaX, KOTOpPEIe Ha3LIBAIOT I'PYII-
[IaMHM BpallleHHii, yCTPOESHEI OJJMHAKOBO, a IIo0aILHasd TOMOJIOTHA Y HUX pasHad. [lo
BKCIIOHEHI[HAILHOM (POopMYJIe BoccTaHABAWBaeTCs oJHocBsA3HadA rpynmna SU(2), B co-
OTBETCTBHHM ¢ TeopeMoii 5.1. Jia rpynnsl SO(3), KOTOpyIo ToKe MOKHO BOCCTaHO-
BUTE 1o anre6pe JIu, rpynna SU(2) apisgeTcss HAKPHIBAIOITAM MHOKeCTBOM.



JIEKIINA 7

IIpenacrasaenus rpynnst SO(3)

7.1 MaTpuuHble NpeaACTABICHU S

B 1aHHO TeKI[AN MBI TOCTPONM HeIll pHBOUMEIe T pe/icTaBieHns aare6per ASO(3),
KoTopas n3oMopdHa ajarebpe yriIoBbLIX MOMEHTOB

(s, J;] = teijnJy. (7.1)
Taxoii BLIGOp reHepaTopoB yAobHee, YeM IIepBOHAYATLHEIE OIlePaTOphI /;, TOTOMY YTO
Bce J; = il; MONYYUIHUCEH B3PMHUTOBEIMH. MBI y)ke 3HaeM OJHO TOUHOe TpeXMepHoe

HeIpUBOJMMOe TIpeJicTaBleHne MaTpuiamMu (6.5), Ho HaM HaJio IPOBEPUTH, €CTh JIH
HeIpUBOJMMBIe MaTPUUYHEIE IIPE/ICTABIEHNS APYTUX pazMepHocTeii. [losToMy MBI yike
He IIpeAIoaaraeM, uTo J; — MaTpHIELl 3 X 3, a WIMeM IpecTaBIeHUs aaTre6psl Mpo-
N3BOJILHON pasMepHocTH. ITo mpejacTaBieHnio aare6psl JIn MoykHO 6yIeT TOTOM IO
BKCIOHEHIIMAMLHOM GopMYyJie BOCCTAHOBUTE IIpe/icTaBIeHHe TPYIIIILI.

Onepatop Kasumupa
Onpenenenue 7.1. Onepamopom Kasumupa Ha3bIBaeTcs KBaipaTUIHAA KOMOMHALLAS
reHepaTopoB, KOoTopad KOMMYTHPYeET CO BCEMH I'eHepaTopaMH.

Omneparop Kasumupa KiIaccupuIimpyeT HellpHBOAWMEBIe ITpejcTaBienus. HaGop
€ro co0CTBEHHBIX BEKTOPOB, MTPHHAMIEKAINX OJHOMY COOCTBEHHOMY 3HaUE€HNI0, 06-
pasyeT 6as3ic HeIIpHBOJUMOTO IIpeicTaBleHns. ITo caeayeT u3 sjeMMbI Illypa.

IMonbsysack popmynamu (7.1), BHIYUCIUM JiBa KOMMYTaTOpa

[J1, J2] = Jo[Jy, Jo] + [J1, Jo] Jo = iJaJs + i3],
(J1, J2] = Ja|Jy, Ja] + [J1, Ja]Js = —iJads —iJ3 )2
n cpasy ybequmcs, uto J2 = J2 + J2 4 J2 kak pas u ABiasieTcs onepaTopom Kazumupa:
[J2, Ji] = 0.
AZHaJIOI‘I/I‘IHO MOYKHO ITIOKa3aTh, UTO ¥ OCTAJIbHbIE TeHepaTOPhl TOKe KOMMYTUPYIOT ¢
J=.

51
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IloBpImIaronuii ¥ MOHMKAIOIIUA OIIePaATOPBI

ITocTpoum oneparopsl J+ = J; +iJ, 1 HaliieM ©X KOMMYTATOPHI ¢ OIlEPaTOPOM J3:

(T, Ja) = [J1, Jo) +dlde, o) = —ids — Jy = —J4, (7.2)
[T, Js) = [Ji, Js) —i[Ja, Js) = i+ Jy = +J_. (7.3)

Omneparop J? KOMMYTHpYeT ¢ J3, HO3TOMY MOYKHO BEIGPATEL 6asuc U3 o6IIux cob-
CTBEHHBIX BEKTOPOB. O603HAUMM cOGCTBEHHBIE BEKTOPHI |[Am):

JAm) = AAm),  Js|Am) = m|Am).

Torga u3s (7.2)
T e[ Am) = (JyJs + Jy)[Am) = (m + 1)J [ Am),

3HAYAT J | A m) — cOBCTBEeHHBIH BEeKTOp ollepaTopa J3 ¢ COGCTBEHHBIM 3HAUeHUEM (m+
1). Takoif BEKTOP ¢ TOUHOCTHIO IO TOCTOTHHOTO MHOXKATeNA (0603HAUNM €T0 b,,,) pa-
BeH |[Am + 1):

Je|Am) =bp|Am+ 1). (7.4)

OmnepaTop ¢ TAKUM CBOMCTBOM Hal3bIBaeTcs nosviuianuwum. MoKHO BLIOpATEH B Kaue-
CTBe oIlpejie/IeHNs MOBLIIAI0IIero onepaTopa ero kommyrtatop (7.2) ¢ J;. Onepartop
J_ ¢ KOMMYTaTopOM, yIOBJIEeTBOPSAOIINAM TpaBuiy (7.3) HazoBeM noruxcarwum. [lo-
HIKAIOIINHI ollepaTop Ha eJUHUAILY YMEHBIIIaeT m:

J_[Am) =apn|Am—1), (7.5)

rle a,, koddpdunnedt. CpaBuusasd (7.4) ¢ (7.5) ¥ Moab3yAch TeM, YTO MOBBIIIAIOIITNANI
M ITOHMKAIOITHUHA OllepaTOPLI B HAIIIEM cJIydae IoJy4yaloTca ApYT U3 Apyra 5pMUATOBBIM
conpshKeHneM

J_|_ - Ji,

MOKHO BBIBECTH CBA3L MEKIY KO3 PUuiimeHTaMn

Qm =b7,_4 (7.6)
JlecTHHIIA cOCTOAHUI
|)" m+ 2> Temneps MoJieficTByeM Ha BEKTOp |Am) HECKOJIBKO pa3
| Aom 4+ 1> MOBLIIITAIOIITAM omlepaTopoM. CorsacHo (7.4) ero HoMep
’ m OyJeT KayKIblil pa3 yBeJMUMBAThCSA Ha eIWHUIY. Hc-
|)\’ m) JIN sKe JIecTBOBATEL MMOHMYKAIOIIAM OllepaTopoM, HOMeD
6yleT ymMeHbIIaThesA. ['TaBHBIA Bompoc, OyAeT JU BTOT
|/\, m— 1> npoliecc MpoAoKATheA 10 6eCKOHEUHOCTH B TY U ADPY-

TYI0 CTOPOHY UIH obopBeTcA. Ecam mpoiiecc o6opBeTcs

— A m—=2)
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M C TOH, M ¢ APYTroi CTOPOHEI, HEIIPUBOANMOE IIPe/IcTaBIeHe MTOTYIUTCA KOHEUHO-
MepHBIM. OKa3bIBaeTcd, Beerjia MO;KHO IOCTPOUTEL YHUTAPpHOEe KOHeUHOMepHOoe TIpe/-
cTaBJIeHHe eCJIM T'PyIla KoMIaKTHa. MBI copMyInpyeM BTo yTBep:KjeHUe B BU/Jle
TeopeMEbI 7.2. B HallleM ciy4yae Bce KOOPJAMHATEL Ha TPyINe — YIJIBI ¥ U3MeHAITCA
OT HYJIA IO T WA 27, HO He 10 66CKOHEUHOCTH, TAK UYTO I'PpyIIa KOMIIAKTHA.

Y1065l TOCTPOUTEL KOHEUHOMEPHEBIE NTpe/IcCTABIeHN s, CHaYaaa BEIYUCIAM KOMOM-
HAI[UM OIlepaToOpoB

J_Jy = (L —ido)(Jy +idy) = J2+ J2+i[Jy, o) = J? — J2 — Js,
JoJo = (L +iD)(Jy—iJy) = JE+ I3 i, o) =J*— T3+ Js
Orclofia MOJIy4YuM, 4TO
J_Jdm) = (A—m?—m)Am), (7.7)
JoJ_|Am) = (A—m?+m)[Am). (7.8)

B HalreM ciydae J2 — spMHUTOBCKHI HEOTPHIATETBHO OIIPe/IeIEHH I oTlepaTop, 3Ha-
YUT A — BelleCTBeHHOE OJT0KNTeNbHoe uncao. Ho u kom6unauwm J, J_, J_J, Toxe
BPMUTOBBL U HEOTPHIATEIbHO OllpejieIeHbl, IIOTOMY YTO

LI =T 0 =00 OmlJLJ | Am) = atam = |am|*. (7.9)
+ = J+

IMosTomy unena A — m? + m He MOT'YT CTaTh OTPHILATEILHBIMA.
Orciofa caeayer, UTo eCTh KpailH1e BeKTOPBI, OJUH U3 KOTOPBIX |A M,y ) o6pala-
eTcsA B HYJIb MOBBIIIAIOIIAM OII€PATOPOM, & IPYTOM | A My ) — TMOHUKAIOIIUM:

J | A Mpax) = J_|Ampmn) = 0.

N3 (7.7), (7.8) BUAHO, UTO TAKOE MOMET CIYUYUTHCA, KOT[a

2

2
A— Moy — Mmax = A — My + Mpin = 0.

OGO3HAYHNM My, = j, TOTAA A = j(j + 1), & JJIS My, TOAYIWIOCH KBaJpaTHOE ypaB-
HeHMe. BLibepeM TOT U3 KOpHeH, KOTOPBIA He MIPEBOCXOJUT My, OTKY A Mypin = —J .
HToro nmeeTcs 27 + 1 BEKTOPOB:

dim DY (g) = 25 + 1.

Ynceso cTyneHek JeCTHUILBI COCTOAHNM 27 + 1 JOTKHO OBITh I[eJBbIM, ITO3TOMY § MOYKET
OBLITH TOJLKO LeJIBIM WJI IOJYILeBIM.

Y1065l pa3obpaThes ¢ BOIIPOCOM, Bee JI 3HAUeHUS j JONMYCTUMBI, Mbl BOCCTAHOBUM
¢ TTOMOIITBIO BKCIIOHEHIINAILHON (GOPMYJIbI BJIEMEHT TPYIIILI, BpallleHle BOKPYT OCH
3 Ha yrox 6:

engG _ ezma'

Ecin m mprHAMaeT TOABKO Ile/Ible 3HaUeHN, Bce B IIOPANKe, MTOJYUNIach 27 - IIepH-
onmueckasa QyHKINA yriaa 6. Ecian :ke m moayneinoe, mepuoj GyHKIIUNA CTAHET BABOE
6omblie, 2" = —1. OTcloja caeyer, 4To HaGop MATPHI YeTHOrO HOPAJKA, OTBEUA-
IOIHNX TONYLENbIMA j, He ABJASeTcA Mpe/icTaBienneM rpynnsl SO(3). [Ipyrada dop-
MYJHPOBKAa TOTO ke GpaKTa JlaeTcs TeopeMoit
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Teopema 7.1. Henpusodumvie yrumaphnuie npedcmasienus epynnut SO(3) scezda
umenm HedemHuyrw pa3mepHocme.

Yro racaeTcsa MOMYIeNbIX j, OHW JJalOT HEIIPpUBOAUMEIE TIpeIcTaBJIeHUA YHUTAD-
Hoii rpynnel SU(2). B KBaHTOBO# MeXaHWKe 5TH IpeicTaBIeHUS OIACHIBAIOT YacTH-
Iy ¢ IMOJAYIeJLIM cIHHOM. B npeaniyineii JeKIUHA OBIJIO TTOCTPOEHO TJIaJIkoe 0T00-
paxkenne SU(2) — SO(3), koTopoe oKa3aJIoch JBYJIMCTHBIM HaKpbITHeM. [losToMy
B YVHUTAPHOH Ipylilie QYHKIINA yTJjIa MOTYT OBITE U 47 - eproandyecKuMA. lleabim j
OTBeYaloT IIpe/icCTaBJIeHUs TOU U JpyToM IpyIIIl.

3ameuanue 7.1. UHorga B JIuTepaType TpeACTaBICHNSA ¢ TMOJYIeJIbIM j Ha3bIBAIOT
ds8ys3HauHbIMU TIPpeAcTaBIeHUAMY Tpynnsl SO(3). MBI He ToAb3yeMcs TAKUM T€PMHU-
HOM ITIOTOMY, UTO COTJIACHO HAIIleMy MCXOJIHOMY OIl pe/ieIeHN10, TIpe/iIcTaBIeHe — BTO
roMoMoppH3M. SHAUUT KayKJIOMY BJIEMEHTY T'PYIIILI OTBeUAET OfiHA MaTpHIla.

Brruncienue MATPHUUYHBIX 3JIEMEHTOB

Jl1s KpaTKocTH BMecTo A = j7(j + 1) 6yieM ucaTh B BeKTopax j. MaTpuUuHBIe bJle-
MEHTEI TOH MK AIOIIET0 U MIOBBIIIAIONIETO Ol ePAaTOPOB

am ={(gm —1|J_|gm), bm={m+1|J:]jm)

BBIUHCJIAIOTCS ¢ IOMOIILI0 COOTHOIIeHUA (7.6) u dopmyn (7.9), (7.7), (7.8): |an|? =
J(G+1) —m? +m,|bn)? = 7(7 + 1) — m? — m. Toraa ¢ TOYHOCTHIO 10 Ga3BI

am =7 +1) —m(m—1), bn=+/3F+1)—m(m+1).

7.2 IlpencraBjieHHe HA I'MIATKUX PYHKIIUAX KOOPIUHAT

PaccMOTpMM MHOKeCTBO IVIaJKUX GYHKIHI f(z,y,2), onpeaeleHHbx B R3. Jleii-
CTBHeE dJIEMeHTAa I'PYIIEI Ha QYHKIUAX MBI ollpeeiiIn popMmyoii (3.5):

9f(r) = f(g™'r).
Torna
g9(a1,0,0)f(z,y,2) = f(z,ycosay + zsinay, —ysinay + zcosay);

Lf(z,9,2) = a%gml,o, 0)f(z,9,2)

a1=0

_ : of : of Y 3}
= [(—ysingy zcosal)ay + (ycos oy zsmal)aleo = (yaz Z@y) flz,y,2).

Orciofa, IUKINYECKH IlepecTaBlAd MHIEKChl, HaliJileM Bce TeHepaTophl
0 0 0 0 3] 0

Ilzyg—Z%, 1221’5—25%, Ig,:xa—y—y%
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MBI BUARM, YTO TTOMYURIACH KOMIIOHEHTHI BEKTOPHOT'O TPOM3BEIeHN A Pafilyc-BeKTopa
¥ BEKTOpA TPAIneHTa
I=[rxV]

Peanusaiiusa reHepaTopoB B Bujie AUdxpepeHIINaNIbHBIX 0llePaTOPOB yJ00HA, ecli
MBI XOTHM Ha#iTH 6a31c HETPUBOAMMOTrO MPE/ICTABIeHHA. 3aJaua cBeJeTcsA K IOUCKY
cOGCTBEHHBIX QYHKINH NHddepeHIInaIbHOTO ollepaTopa BTOPoro Mopsajxka — olepa-
ropa Kasummupa I°:

P=rxVP2=r’A-(V)2=r*Aq.
[Monyunics yrioBoii omeparop Jlammaca, KOTOPBIN TOJBKO 3HAKOM OTJIMYAeTCS OT
oliepaTopa KBaJlpaTa yriaoBoro MoMeHTa. Ero co6cTBeHHbIe GYyHKIINN (OJHOBpeMeH-
HO SABJIAOIIHECH COGCTBEHHBIMU QYHKIMAMY ollepaTopa /3) XOpolllo U3BECTHBL — BTO
cdeprmuecKre TapMOHUKH |l m) = Y, (0, ¢):

AaYim(0,0) = U1+ 1)Yim(0,9), IsYim(8,9) = imYim(0,¢).

Taxum o6pa3oM, MBI HAIILJIN 6a3nc HEIPUBOJUMOTO TIpe/icTaBaeHus Tpynnsl SO(3).

7.3 Henpupoaumsele IpeacTaBJIeHUA IPYIII BpalleHU

IIpencraBiieHre caMoii HU3KOU pa3MePHOCTH, KOTOPOE Y HAC MTOJIYUNJIIOCH, BTO HEIIPH-
BOJIMOe IIpe/icTaBlieHHe ¢ j = 0. ITo IpelicTaB/ieHHe eCTECTBEHHO He ABIAETCH TOU-
HBIM. Be/IMUMHEI, KOTOpLIe He Mpeoldpa3yloTes MpU IMOBOPOTAX HA3LIBAIOTCA CKAJIA-
paMu, a IIpejcTaBIeHNe CKAAAPHbLM TIpeJcTaBaeHneM. UCTUHHEIH crandap V(r) He
MeHsAeTCs He TOJBKO IIPH II0OBOPOTax, HO 1 TP oTpaskeHuam: V(—r) = V(r). Ecan ke
3HAK MeHsAeTcHd, TO BeJIMUNHA — IceBJOCKaIApHAad.

IIpencraBiaenne ¢ j = 1/2 Ha3LIBAETCA CUHOPHLIM IPpeJicTaBIeHueM Tpynnsl SU(2).
MaTpuily npejicTaBieHAS OOLIYHO TaPAMeTPU3YIOT TPEMA YIIaMu

e¥cos?  e¥sinl
Uy, 8 = 2 . 2. 7.10
(?:ba ) <P) (_e—u,/) sin % e~ % cos g ( )
IIpencraBnenne rpynnel SO(3) ¢ 5 = 1 TOUHOe, OHO HA3BLIBAETCS BEKMOPHbLLM.

B o6111eM ciiydyae ToUHOe HeIPUBOJIMMOE IIpeJicTaBieHe HauMeHbIIIe pa3sMepHOCTH
HasbIBaeTcsA pyHdamenmarvHbim. CITHOPHOe Tpe/icTaBieHne (7.10) aTo dyH/jaMeH-
TaJabHoe IpefcTaBiaeHne rpynnsl SU(2), a BekTopHOe — PyHAaMeHTaIbHOe IIPe/ICTaB-
sneune Tpynnbl SO(3). BeKToOpHl p B TPEXMEPHOM €BKJINJOBOM IIPOCTPAHCTBE IIPeos-
pasyioTcsa IpH BpallleHHH IT0 TAKOMY IIPe/ICTABIEHHIO, €CJIH OT JeKapTOBBIX NepelThn
K KPYTOBBEIM KOMIIOHEHTAM BeKTopa

P+ = Pz £ 1Dy, Po = P

Kpyroseie KOMIIOHEHTHI TPpeobpasyIoTes TP BpallleHU N KaK GYHKIIAH Y1, (0, @), m =
—1,0,1. Hacrosmuii BeKTOp MeHsAeT 3HAK ITPH WHBEPCUH, KOTOpasi, HAIOMHUM, BXO-
JUT B TOJHYIO IPYIIIY OPTOTOHAJMBHBIX TpeoGpasoBanmii O(3), HO He BXOJUT B CIIEIN-
anpuyo SO(3). Ecsiu 3HaK He MeHsAeTes: p(—r) = p(r), BeIUUWHA p — TICEBJOBEKTOD.
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HenpuBoguMble IpeIcTaBICHAA € MEJABIM j = | > 2 Ha3BLIBAIOTCSA MeH30PHbLMU
paHra /, a BeIMYUHEI, KOTOPEIE II0 HUM IIpeo0pasyioTes Has3beIBaloT TeH3opaMu. I1pu-
MephI U3 QUBUKN — JIBa TeH30pa: KBaAPYIOJILHEIN MOMEHT M T€H30D NHEPILUHA

Qi = / (%TZ% - «’L’il’j) p(r)dr; Iy = / (r26i; — xsx;) p(r) dr,

TJle p B IePBOM TeH30pe — IIJIOTHOCTE 3apA/ia, a BO BTOPOM — BelllecTBa. KBapymoJin-
HBEI MOMEHT — Oeccyie/JOBLI TeH30p, TOTOMY IpeobpasyeTcs Kak Yo, (0,¢),m =
—2,—1,0,1, 2. TeH3op UHEPIIUHA KMeeT HEHYJIEBOM cJIe]l, TO3TOMY Yy Hero 6 KOMIIOHEHT,
a He 5. 'oBopdT, uTO BTO npusodumstit Tenzop. Ecau BeIAEIATE ciell [;;, TO OH IIpeo6-
pasyeTcs 1o CKaJIapHOMY IipejicTaBaeHnio [ = 0, a ocTaBinasics 6eccieloBasd 4acTh —
110 TeH30PHOMY IIpeJicTaBJIeHHIo [ = 2.

B zakawuyennn chopMyaupyeM oblllee yTBepKJeHe PO KOHeUHOMepHEBIe Tpe/ -
CTaBJIEHUA.

Teopema 7.2. Kaosicdoe nenpusodumoe yuumapHoe npedcmagienue KOMNAKmHuou zpyn-
nut JIu KoneyHomepHo.

7.4 MaTpuipsl KOHEUYHBIX IIOBOPOTOR

HpI/IBe}IeM JIIA Cl'[pEIBOR1 Mampuybl KOHEe4YHblX nosopomog, KOTOPbIe NMHOT'Ja Ha-

3pIBaloT D-MaTpuiilaMmu Burnepa. KoHeuHBIl TOBOPOT R MOYKHO IIapaMeTpHA30BaTh yT-
JamMu Diinepa o, [3,y: 1) TOBOPOT Ha YTIoJl & BOKPYT OCH 2, 2) TOBOPOT Ha yToJ 3 BOKPYT
ocH y (IMHUY y3J0B), 3) TOBOPOT Ha YToJI Y BOKPYT OCH 2’ (HOBOTO MOJOMKEHUA OCH
2). YTabl D1iepa MOYKHO OIIPeJIeIATH IT0 PA3HOMY: BO BTOPOM IIOBOPOTE BMECTO OCH Y
WHOT/Ia BpalllaloT BOKPYT ocH z. MBI 3/lech ciieiyeM obo3HaueHUaAM [ 3, §58]. MaTpuia
KOHEUYHBIX ITOBOPOTOB (MaTpuila Burnepa) 25 + 1-MepHOTO IIpe/ICTaABIEHUA Ol pefleid-
eTcs KaK

Dl 0, 8,7) = (5, |exp(iJi) exp(ia6) exp(is) | 4,m)

DJIeMeHTHI TAKOH MaTPHUILBI CYTh KO3PPUIINEHTHI pa3lokeHnsa chepruIecKUX TapMo-
HUK ITpeobpa3oBaHHOTO 6a3uca 1o UCXOJHOMY 0a3ncy, TaK AJs MeJblX j = |

l
Vim(Bim) = 37 Dy (R) Vi ().

ml=—

3aBUCHUMOCTH OT YIVIOB ¢,y O4€HB IIpoCcTad

Dgn’ m(a: 187 ’7) - eim”y-}—imozdznl m(ﬁ))

1B NOMIOTHEHNN K JIEKITNH.
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a MaTpHILa d 3aBHCHT TOJIBKO OT yriaa ,8 1 Ha3bIBaeTCd HpHBeIIeHHOﬁ. HpI/IBe,IIeHHaﬂ
MaTpHulla HaXOIUTCA ABHO

1 _m! ]+ m/)! j— m/)! m/tm m/—m m/ —m,m! +m

b .
e 4 =cosf3, a P,§“> ) HonMHOMBI AKobu, KoTopble faloTesa GopMy ol

_l)n ar
P(a>b) — (_ 1 — -1 —b 1 — a+n 1 b-|—n.
n (0) = e (L= )™ (L 4 ) dm( @) (1 + p)

Buimuiiem npuBeieHHBIe MATPUTIBI A% § = 1/2,1,3/2

-4
m' = % cos® g /3 cos? g sing V3 Cosg sin? % sin® g
m' =1 | —v/3 cos? £ sin 2 cos%(—12+3 cos ) (43 cos ing /3 cos £ sin? &
m — _% \/§ oS g sng —(143 cc;sﬁ) sin% cos%(—lz-l—.'ﬂ cos f3) \/§ COSzg sing
m = —% —sin? g V3 cos g sinzg —/3 cos? g sin % cos?® g

BuiBoj BuIpaskeHH I MATPUILLI IOBOPOTOB ¢ ITOMOIITBIO MTOBLITIAIONTNX 1 TOHMKA-
oIMuX JuddepeHIIHaTLHBIX ollepaTopoB NpuBejieH y JIob6apckoro [6]. JIpyroii BuI-
BOJl, OCHOBAaHHBII HA TEOPUY TapMOHUUYECKHAX OJITHOPOIHBIX ITIOIMHOMOB, OTIMCAH B KHU-
re 'ogynoBa n MuxaitnoBoii [ 26].



JIEKIINAG 8

TeH30pbI

8.1 Paznoxkenue Kiaeoma — I'opamana

IIpsaMoe mpousBeaeHue MpeacTaBIeHUI

OnniireM, Kak CKOHCTPYHPOBATh HOBLIH 00LEKT — NMpPAMOe MTPOU3Be/leHHe TIpe-
crapnennii. [lyers D(g) m D'(g) — nBa npeAcTaBieHUA TPYyNNEI G pasMepHocTeid N, N/,
) s
au, € RV v; € RN — 6asucsl npejicTaBIeHnil, Toraa
N

N
D(g)ux) =Y ) (i D(g)|ug) = ZDsz),

= 1
D'(g)|v:) Z|'Ua (05| D'(g)vs) = ZDzle

Omnpeie UM npamoe npoudgederue 6a3ucos |uy) @ |vi) € RN+N' gak MHOMecTBO Iap
BEKTOPOB, T.e. O0y/leM HCTIOJIB30BaTh 3HAK @ KaK pasfieauTenb. Torja Ha IPpsIMOM IIpO-
HU3BeJIeHNH 6a3UCOB JIeHCTBYET npamoe npousseedenue npedcmasieHuil, olpeaeseH-
Hoe KaK

N N

(D(9) © D'(9)) (lux) ® [vi)) = >~ >~ Du(9) Dji9) (Jur) @ [v)) -

=1 j=1

HpHMOG IIpou3BeleH e HpeﬂCTaBJIeHI/Iﬁ CBeJIOCH K npamomy npousaeaenuro mampuy.

Onpeneaenue 8.1. IIpsaMbIM (TeH30PHBIM, KPOHEKEPOBCKUM) NIPOM3BelleHNeM JIBYX
KBaJpaTHBIX MaTpHll HaspiBaeTcsa marpuna NN’ x NN, cocroslnas n3 molmapHbIiX
MIPOM3BeleH N BIIeMEeHTOB

anB alNB
A®B=| : : . (8.1)
aNlB aNNB

58
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MNpvMep 8.1. MaTpHrIlbl HCXOAHOTO IIpe/icTaBIeHN U3 IPAMepa ¢ TPeyToJbHOR MOo-
JeryJoiu 4.1 corsiacHo (4.4) paBHBI IPAMBIM IIPOU3BEJEHUAM MaTPHUILLI, OIIUCHIBAIO-
el TepecTaHOBKY TpeX A/lep, U MATPUILLI IOBOPOTA MU OTPAKEHNA:

100 100
D;(1)=(01 0|l®|0 1 0],
00 1 001

010 —;—éo
Diry=100 1@ £ -1 o],
1 00 0o 0 1
010 ~1.0 0
Dio)=(0 0 1|®| 0 10
100 0 01

Mok HO 65110 OBI 060GIITNATE OIIpeie/IeHHe U Ha IIPAMOYTOJLHEIe MaTPHUIBI, HO HAM
5TO He oHamo6uTed. [lepeuncinM HEKOTOPEIe OCHOBHBIE CBOMCTBA MTPAMOTO TPOM3-
BeJIeHUST MaTPHIL.

1. MM+ B)@C=XNA®B)+BaC JUHEeHHOCTD;
2. (A®B)@(C=A®(B () accoIlMaTHUBHOCTE;
3. (ApB)C=ACeBxC JUCTPUOYTHBHOCTD;

4. (A} ® B1)(A2 ® By) = A1As ® By B (A TOTO 'Ke TTOpAIKA, UTO U Ay, By TOro XKe
nopsAaKa, 4To U Bs);

5. tr(A® B) =trA-tr B.

Bce cBoiicTBa cile1yIOT HANIPAMYIO U3 ollpejiejieHnd (8.1) 1 IpaBUia YyMHOKEHUA MaT-
puil. JlokazaTeabcTBa 3THX U APYTUX CBOUCTB MOYKHO HAlTH B YUeOHNKAX JIMHEWNHOU
anrebphl, HAIIpUMep, [27].

M5l mOoKakeM, UTo IpsAMoe ITpOon3BeJieHe TTpe/icTaBIeHN — IIpejicTaBieHne. U3
Toro, uto D, D' npejcTaBieHns, CIYET, UTO

D(g1)D(g2) = D(9), D'(¢1)D'(92) = D'(9),

rjie ¢§ = 9192, 91, 92 € G. Torna u3 cBolicTBa 4 oJAyvYaeTca

(D(g1) ® D'(91))(D(g2) ® D'(92)) = D(91)D(g2) ® D'(91)D'(g2) = D(9) ® D'(9g).

Pazmoskenune Ha HeIIpuBOoJANMBIE

HpHMOe IIpoun3BeJicHHUEe HEeIIPUBOAUMBIX HpeHCTaBHeHHﬁ, B006H_[e TroBopd, IIPpHUBO-
JHUMO. Ero moskHO PaA3JOEKUTH B IPpAMYIO CYMMY HEeIIpHBOIHUMBIX.
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Onpenenenue 8.2. Pasnoxcenuem Knebuia — I'opdarna Ha3BIBAIOT Pa3jIoKeHNne NIP-
MOT'O TIPOU3BeJleHUA HellpPUBOAUMBIX IIPeJCTaBIeHUN B IPAMYIO0 CYMMY HEIIPHBOJAN-
MBIX ITpeJiIcCTaBJIeHWiA:
D®(g) ® D®(g) = @ k,DY(g), (8.2)
g

rae k., — IIeJOoYnCJIeHHBIe KOd HNIIUEeHTHI.
Y

MosKHO TaKKe PasIokUTL 6a3Mc HEIIPUBOANMOrO IIpe/icTaBlIeHUd Y o 6azucaM
HeIIpUBOJUMEIX TIpeJcTaBJIeHuH ¢, 3. KopdDUAIMEeHTH TAKOTO pa3I0KeHd Ha3blBa-
0TCcA kKoappuyuenmamnu Kneobuwa — I'opdana.

BriBeseMm pasnoskenue Kiebma — lopnana B rpynme SO(3). MBI MoskeM BBIUHC-
JIATH XapakTep HellpUBOJAMMOTO IIpeicTaBIeHUA. OTO IIPoIlle BCero ¢/1eJIaTh, PACCMOT-
P€eB IIOBOPOT BOKPYT OCH 3 Ha YTOJI &, TOTOMY UTO B 3TOM CACTeMe KOOpJMHAT MaTpUILLA
JraroHaJIbHa

el 0 0
0 ei(l—l)a 0
DO (o) =

0 0 el

OTciofla XapaKTep paBeH CyMMe BKCIOHEHT e™*, T.e. cyMMe IeoMeTPHUYECKO Mpo-
Ipeccumu:
L : 1
, sin (1 + 3)a)
l _ imo __ ( 2
() = e = ——2—~ (8.3)
sin Lo
m=—1 2
Temeph, Korjla XapaKTep Haii/leH, BCIOMHHAM, UTO OH He 3aBUCHT OT BhI6opa 6asuca.
CoOTHOIIIeHHe OPTOTOHATLHOCTH B HIIPEPHIBHOM I'PYIIle B KaUuecTBe yCpeJHeH s
BMeCTO CyMMHPOBAHHSA COIePKAT MHTETPHPOBAHNE

1 2
<W%@M=§Azwmmwwﬂﬂm®m=%u

,[[ef/'ICTBI/ITeJII:HO, IIepenncaB Iporn3BeJeHNe CHHYCOB Uepes3 pa3HOCTh KOCHTHYCOB

2m

1
(W) = = / (cos(ly — ly)a — cos(ly + Iz + 1)) da,
0

MEI VBHJMM, UTO HHTETI'PAJ OT BTOPOTO KOCHHYca BceTjla paBeH HYJI0, & OT IIEPBOTo
obpairfaeTcd B HYJIb IPH Pa3HBIX Uncaax l; # lp. [lpu paBHBIX {; = l; HHTerpaj paBeH
27, OTRYyJla Tory4aeTcs §- cuMBoa KpoHekepa.

N3 opTOroHaILHOCTH XapaKTepoB MOKHO BhIBECTH pasioxkenne Kiebira — I'op-

naHa aJs rpynnsl SO(3)
L+
D gDl = @ Do, (8.4)

=l —i2|
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KOTOpoe B KBaHTOBOI MeXaHWKe Has3bIBaeTcA IMPAaBHUJIOM CJIOKEeHHI MOMeHTOB. [leii-
CTBHTEILHO, YyCPeIHAS II0 TPyIIlle, HaiaeM

27'[' l
1 ,
k= (O x@x By, = ﬂ/ > €™ (cos(ly — b)a — cos(ly + I + 1)a) do.
0 m=—1

3anuiiremMm KOCHHYCHI KAK CYMMBI SKCIIOHEHT

1 . .
coska = 7 (e’ko‘ + e"ko‘) , k=L -1, L++1

¥ BOCIIOJIL3YEeMCSA COOTHOIIIeHEM OPTOTOHATLHOCTH
o
/ei(m_m/)‘P dy = 2T 0pm -
0

Ecnm | < |l — I3], To B cymMe He HaijleTcsl HU OJHOTO CJIaTaeMoro, KOTOPBIH MO-
JKeT CBEPHYTHCSA ¢ DKCIIOHEHTON U3 pal3loyKeHNsd KaKOro-HuOy/Ab U3 JIBYX KOCUHYCOB
M JaTh HeHyJIeBoU BKJaJ B uuTerpaa. Ecam !l > [ + [, To Takne claraeMble HaliyTes
npu m = +(l; — l3),+(l; + I3 + 1), HO IePBHBI U BTOPOl KOCUHYCHI BXOJAT ¢ PA3HBI-
MM 3HaKaMH, IIO3TOMY BCe BKJIAJbl BBAMMHO YHUUTOKATCA. EIMHCTBEHHBIN ciIydyai,
Kor/ia KopdOUIMEHT k; OTIMYeH OT HYJs, 370 |I; — lo| < | < l; + I;. [Ipm 1OM BTO-
poil KocMHYyc He BHOCUT BKJIajla, a MepBbIi BHoCcUT Ipu m = +(I; — ). Tlonyuures
k; =1, Tar uyto ¢popmyia (8.4) noxazana. B npamyio cyMMy BXOJAT TOJLKO IIpe/IcCTaB-
nenud c |l — | <1 <l + 1o, IprYeM BXOJAT 10 olHOMY pasy. MbI lokasaay TpaBuo
CJIOKEeHUS TOJBKO JIJIA 1eJIbIX MOMEeHTOB. AHAJIOTUUHOEe IIPaBHUJIO CYIITeCTBYeT U JJIsd
nmoayenasix. Popmysa (8.4) clipaBe/yiiBa W IPH MOJYIEJbIX [, HO Mepa HHTeIrpupo-
BaHusA B rpynne SU(2) 6yet apyroit. YTo6bI BEIBECTH 3Ty GOPMYITY JJIS MOTYIEIBIX
[, A”HTerprupoBaTh MPUAETCA 10 47.

[Tonb3ysich accolMaTUBHOCTHIO, MOYKHO Pa3IOKHUThH B IIPAMYIO CYMMY I pon3Bejie-
HHe J1060T0 KOHEUHOTO KoJInYecTBa IIpe/icTaBlieHnlA. B HellpepbIBHON T'pyIIlle oIl pe-
JleJIeHHbIe CJIOKHOCTH MOTYT BOSHUKHYTH € IOMCKOM Mephl MHTeTPUPOBAHUA 110 TPYII-
mme. O6lliee onpejlefleHNe MHBAPUAHTHON Mepbl MHTETPUPOBAHUSA CM. B MOHOT'padpun
[18]. HenpuBoguMble IpejicTaBIeHNS MHOTUX TpyIIl JI1 MORHO HATH B CIIPABOY-
HUKe [19] BMecTe ¢ MepaMu, a IOKa3aTeJbCTBA COOTBETCTBYIOIINX TeOpeM UMeIOTCs B
KHHrax [ 20, 21].

8.2 Tpu onpeaesieHuda TeH30pa

PaccmoTrpuMm mpoctpancetBo C”, niieMeHTHl KoToporo x = (zy,...,z,) € C" gaB-
JAIOTCA BeKTOpaMH. PaceMOTPHM TaK ke cOpshKeHHoe TPocTpaHcTBO C7, IIeMeHTHI
KOTOPOTO Y = (¥1,...,Un) € C™ HaBOBeM Ko8exmopamu. B CKAIAPHOM IIPOU3BEJCHIN
(¥ | X) yenoBuMes Beersia MUCATh KOBEKTOPHI ciieBa. MOKHO Tpe/ICTaBUTE cebe KOBEK-
TOPBLI B BIJIe CTPOK, & BEKTOPEI B BUJIe CTOJIGIIOB.
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[TocTporM IMTpoOCTPaHCTBO, COCTOAILEE M3 P DK-
zeMILIApoB C" U g bK3eMILIApoB C™:

c’ ¢ C(p,q)z(qn®~-®gn)®(<(:;n®m®@)

q

pasmepuoctr dim C(p,q) = nPt9. PasMepHOCTD
371€Ch MBI CUATAEM I10 KOJIMUECTBY KOMIIIEKCHBIX
mapaMeTpoB, a CHMBOJIOM BHHU3Y 0603HaYaeM HO-
Mep BK3eMILIApa IpocTpaHcTBa. Kayk LI 5IeMeHT (BEKTOP) COCTABHOI'O IIPOCTPAH-
ctBa C(p, ¢) COCTOUT U3 p BEKTOPOB U ¢ KOBEKTOPOB

T(p,0) = (%, %, F,-,9) € Cp,0) (8.5)
P 1 q

" UMeeT BCero p + ¢ KOMIIOHEHT, KasKJasd U3 KOTOPLIX IIpelicTaBJIsIeT coboit n-MeprIfI
KOMILJIeKCHBIA BEKTOD.

Onpenenenue 8.3. Bextop 7'(p,q) € C(p,q) Ha3bIBaeTcAa meH30poM PaHTa p + ¢, p pas
KOHMPABAPUAHMHBIM T ¢ PA3 KOBAPUAHMHBLM.

MoskHo BBecTH B mpocTpaHcTBe C(p,q) 6as3uc. Jlys sToro cHavasnaa BBefieM 6a3uc
¢q BIIpocTpaHcTBe C* 1 6asuc é° B nyaabHOM (MM CONPSAYKEHHOM, AT JOIIOTHATE Th-
HoM) TpocTpancTBe C. Bashc cocTaABHOTO TPOCTPAHCTBA C(p, q) naeTcs MIPAMBIM IpO-
W3BejleHrneM 6a3MCOB, BXOAAINX B Hero MpocTpaHeTB. [ KpaTKOCTH 3aliucu 060-
3HAUMM ero oJIHol 6yKBoM

Vo = (e, © 8 00,) © (P 0 @),
Torga TeH30p MOYKHO Pa3IoKHUTh 110 6a3HUCY

T(p,q) = Tp, 5 Ve 2, (8.6)
I/ie 10 TTOBTOPSAIOIIAMCS CBePXY U CHUABY MHJAEKCcaM IMoJpa3yMeBaeTcsd CYMMHA POBaHHe
aj,B; =1,2,...,n. Ydcaa, BXoadlye B TAOIUILY T/?i f:jg’;”, Ha3bIBAETCS KOMILOHEHMAMU
(koopaMHaTaAMM) TEH30pa.

[lepexon k HoOBoMY 6asmcy moj| AelicTBueM npeobpazoBanus ¢ € G < GL(n,C)
OINIACHIBAeTCS B KAYKJIOM DK3eMILJISIpe HEKOTOPOod MaTpulleid n X n. O603HAUAM 5TH
MaTpHIbI B IpocTpaHcTBe C” yeped U , a COIPAREHHOM IIPOCTPAHCTBE C™ — V. Torna

. ~5
eq =Ulel, & =Ve"

a by
IIpeoGpazoBanme g B cocTaBHOM NpocTpancTie C(p,q) onUchBaeTcs IPON3BeleHreM
MAaTpHIL o
BBy v, rreyB . 1Bt
\I]al...aqp - qu UC\!Z -‘/51 1/5,; \I] Y1 Yp© (8’7)
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Torga, moab3ysach (8.6), (8.7), MOKHO 3allcaTh KOMIIOHEHTHI TeH30pa B JBYX 06a3n-
cax

161...6
(p’ q) o a1 ap \I}ﬁl ﬁq Tl’h (’SY;J o ,,fyi)
rae 5
8
TS s = ol g, Udt - UV - V3, (8.8)

[Tocneanee cooTHOIIIEHHE MOYKHO CUATATH BTOPBIM oIlpeJieJieHeM TeH30pa.

Onpepenenue 8.4. Tabaniia yrces Ha3blBaeTCA TEH30POM OTHOCHUTEBHO I'PYIILL G,
eCJIM TIpH IIpeobpa3oBaHugX ¢ € (G ee pJIeMeHTHI IIpeobpasyroTed o gopmye (8.8),
KaK IIpou3Be/ieHre p KOMIIOHEHT BEKTOPA U ¢ KOMIIOHEHT KOBEKTOpa.

BBeneM dononnumenvroe mpoctpacTBo C(g, p), KOTOpoe COCTOUT U3 g DK3EMILIIA-
poB C" 1 p sk3eMIIApoB C". O603HauNM 3a £ BEKTOP U3 CONPAKEeHHOT'0 IIPOCTPAHCTBA

(E=(x,...,x,¥,...,5) € Clg,p).
q 1 P

Temeps Ten3op (8.5) U3 MepBOro oNpeleIeHUA MOKHO YMHOKUATE CKaJISApHO Ha £. 060-
3HAUYMM 5TO I POU3Be/icHHUe

T() = (515 ( | x). (8.9)

pt+q P19

INonyunnace monrnanHeHas popma, T.e. PYHKIAA, TAHEHHAA IO KaKJOMY U3 ap-
T'YMEHTOB. 3HaueHHe TeH30pa Ha BeKTOpe U3 JOIMOJHUTEIHLHOTO IPOCTPAHCTBA TOME
MOKHO CUHTATh €T0 olipejenenneM. [IJig sToro paceMorpuM T’ KaK QYHKIIMOHAI, KO-
TOPBIH MPHHAMAET YNCIeHHOe 3HaUeHre Ha BeKTope { U3 JONMOIHNUTEILHOIO ITPOCTPaH-
CTBA.

Onpeneaenue 8.5. TeHzopoM HasbIBaeTcsA QYHKIIMOHA, KOTOPBI Ha BeKTOpe U3 J10-
MOJIHATEJHLHOTO IIPOCTPAHCTBA IPUHIMAaeT 3HaYeHNe, PaBHOe MOJUJINHeHHON dhopMe
(8.9).

Bce Tpu onpeieleHNA IMOUTH BKBUBAJIEHTHEI, HO B 3a/lauaX G6bIBaeT yjjo6Hee MOJh-
30BAThCA KAKHNM-HUOYb ONHUM ollpee/ieHeM TeH30pa: KaK BeKTopa, COCTaBIeHHO-
T'0 13 BeKTOPOB, KaK TabGANIILI UNcel, KOTOpble IpeobpasyloTes ¢ TOMOIIbIo MaTPHIL,
WIN Kak pyHKIMoHAaNa. B onpefenennn 8.4, KOTopoe 00BMMHO W UCIONL3yeTCs B PU-
3UKe, HUYero He CKa3aHo O CTPYKType JUHEHHOro IMpocTpaHcTBa. JTa Majad HedK-
BHBAaJEHTHOCTEL YCTPAHAETCA JOIMOJHUTEILHBIM COTJIAIlIeHueM O TOM, YTO TE€H30DPBI
MOYKHO YMHOKATEL Ha YHCJIO, a4 TEH30PLl OJMHAKOBOTO PAHTa MOYKHO CKJIAbIBATh.

MNponmep 8.2. CkaIap B eBKINAOBOM IIpocTpaHcTBe R? — 5To TeH30p HYJI€BOTO paHTa,
BEKTOP — TEeH30p paHra eIWHUIIA. BeKTop MoJaapu3allin cpelbl 3alIUChIBaeTCA KaK

P, = X\ B; + XL E;ELE,,
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rae E; BexTop srekTpmdeckoro mond, Y\, x® — nuneiinasa m HemMHeiHAA BOCIIPH-
MM4YHBOCTh. Eciii 06e yacTi yMHOMHUTE CKAIAPHO Ha F;, HOIyYNTCA CKaIAp, 3SHAUNT
xY mpuHUMaeT YMCIOBOE 3HAUEHNE XS) E;E; Ha IByX BekTopax, a x® mpuammaer
3HaYeHNe xg.’,)d E,E;E, E); Ha deThIpeX BeKTopaX. [Ipryem sHaUeHNA THHEHHBI 110 Kak-
JI0/ KOMIIOHEHTE KaKJ0r0o BeKTopa. 3HAUNT JTHHEeHHAA BOCIPUAMYNBOCTE — TEH30D
paHra 2, a HeJIMHeliHasA — TeH30p paHra 4. Pas peub ujer o eBKJINJ0BOM IIPOCTPaH-
CTBe, MOYXHO He Jle]laTh Pa3Inuuil MekJy KOBAPMAHTHBIMA W KOHTPAaBApHAHTHLIMHA

KOMIIOHEHTaMH, a Bce MHJEKChI IIMCATh CHH3Y.

[NpwvMep 8.3. JIuHeiltHbIi onepaTop Ls rIIb6epTOBOM IIpOCTpaHeTBe L2 IPUHIMAET
3HaueHNe OMINHEeHHOH POPMELI — MaTPHUUYHOTO BIeMeHTa (¢|f/|<p) — Ha nape GyHK-
nmii i € L2 1 p U3 CONPAKEHHOro IpocTpaHceTBa. CTaso 6LITh, OIepaTop L— TEH30p
paHra 2, 1 pas KoBapHaHTHLIA 1 1 pa3 KOHTpaBapMaHTHBIA. OTH YHCJa 3allUCHLIBAIOT
B oJ[HOI1 cKoGKe: rang L = (1,1).

Mpumep 8.4. PaccMOTpHM ITPOCTPAHCTBO AUddepeHIUPYEeMBIX PYHKIIAH TpeX Iepe-
MeHHBIX r € R3. [lupdepeHIInanbHbIe OMEPATOPL BEKTOPHOTO aHAINW3Aa: POTOD, Tpa-
IOUEeHT W JUBePreHIusA Mpeobpasyores Mpu BpaineHudax u3 SO(3) ¢ moMoIsio MaT-
PHIIL BpallleHusT, 3HAYUT ABIAIOTCA TeH30paMu. PoTop TpHHUMAaeT BEKTOPHOe 3HAUe-
HIe Ha BEKTOpPE, IIOBTOMY 3TO TEH30p paHTa 2, oJiiH Pa3 KOBADUAHTHLIA M OAWH Da3
KOHTpaBapHaHTHBIN:

rang rot = (1,1).

I[I/IBepI‘eH]J;I/IH IIpUHUMAaeT CKaJddApHOe 3HAUeHNe Ha BEKTOope, a 'pPaJUeHT — BEKTOD-
HOe 3HaUeHl e Ha CKaJddpe, II03TOMY

rangdiv = (0,1), ranggrad = (1,0).

8.3 TensopHoe mpeacTaBJieHUE

IMycTh B Ravka0M sK3eMILIsape C? neficTByet rpynna G < GL(n,C). Torna 8 C(p, q)
JeHCTBYeT TeH30pHOoe IIPON3BeleHe TIPe/IcTaBIeHuH

D(g) = (D(9) @ ---® D(9)) ® (D(9) ® - -- ® D)),

rae D(g) — npejcTaBieHe Ipynnsl G B IpocTpaHcTBe C”) KOTOpoe BXOJAT B IIPAMOe
MMpoM3Be/ieHNe p pas3, a [ MaTpHILI IPeICTABIEHN B CONMPSIYKEeHHOM ITPOCTPAHCTBe,
KOTOpBIe BXOJAT ¢ pas.

Onpepeaenue 8.6. T'omomopdpuam g — D(g) Ha3LIBaeTCSA MmeH30PHbIM npedcmas.ie-
HueM I'pyIsl G.

TeHSOpHOG IIpeacraBJieHue, BOOﬁIJ.Ie roBopd, IpUBOJUMO. Ero MmokHO Pa3IOAHUTh
IIO0 HeIIpUBOJAMUMBIM, ,Z[efICTBYH aHaJIOTM4YHO TOMY, KaK MBI 3TO JeJIaINn B pa3/IO:KeHNN
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Knebiia — lopaana. B moarpynmnax G < SO(3) MoskHO pasyiaraTh B /[Ba STala: cHa-
yaJia o HellPUBOJAMMEIM ITpe/icTaBiaeHnAM Ipynisl SO(3). [lonyyeHHble Ipe/icTaBIIe-
HHSA CTAHOBATCA B TOUEUHOM T'pyIlle IPHABOJANMBIMHA U CJIeJYIOIIAM IIaroM 6yaeT ux
pasiioykeHne 1o HeMMPHUBOAUMBIM ITpe/icTaBIeHUAM Ipynnsl G.

MNpumep 8.5. Tlyetb n = 3,p = 2,G = D3 < SO(3). 1°. CornacHo dhopmye (8.4)
DW(g) @ DW(g) = DV(g) & DV (g) ® DP(g). (8.10)

2°. XapakTep I'pylnbl Bpalennii (8. 3) caeayeT BBITUCATH /14 BJIEMEHTOB I'PYIIIIEL
D3:
=111, xXW=3B0 -1), xX@=(6 -1 1),

. 1
OTKyJa HalijieM, CKaJIApHO YMHOKAad Ha KayKJIYI0 CTPOKY Tabauilsl 3.1, 111

DO =p;, DO =D,&D;, D® =D, &2Ds.

VYnpascrernue 8.1. Ilons3ysick Tabauiei 3.2, HaliAuTe pasaoxkeHe TeH30pa BTOPOro
paHTa OTHOCHTEJNLHO I'PYIILI TeTpasapa T.



JIEKITUA 9

IIpaBuaa or6opa

9.1 Cummerpusaropsi IOnra

OrpannuymmMcs TeH30paMM HaJl eBKJIWJAOBBIM IIpocTpaHcTBOM R™, B KOTOPHIX Oy-
JleM Bce MHJEKCHl MucaTh cHU3Y. IloJHoCThIO cummempuiHbiM Ha3bIBaeTCs TEH30pD
T3, is,...ip» KOTOPBIA HE MeHACTCA IIPH IIepeCTaHOBKe M1060H Maphl HHAeKCcoB. [loaHnoc-
THIO A HMUCUMMEMPUYHbIM HA3bIBaeTCs TEH30D, KOTOPBIA MeHdaeT 3HAK ITpH IlepecTa-
HOBKe JI10601 TTapbl HH/IeKCcOoB. TeH30p paHra 2 MOKHO pa3bUTh HA CAMMETPHAUYHYIO U
AHTHCHMMETPUUHYIO YaCTH

1
Tij =S + Ay, Sy = (Tw +T5), Ay = 2( i — 1) (9.1)
J171s1 TeH30pOB 6oJlee BLICOKOI'O PAHTa KpoMe IBYX YKa3aHHBIX MOTYT OBITh U JpyTHe
THUIIBI CUMMeTpHH. HOCTpOI/IM OHepaTOpH, ROTOpHe IIpeBpaljarnT TeHBOpLI B CUMMET-
pI/IIIHI;Ie —_— Cujnmempu3am0pbt IOHZG. I[JIH ATOTO cHayvalla OHpe,E[eJII/IM ﬂeﬁCTBI/Ie Irong-
CTAHOBKH Ha TeH30pe.

Onpenenenne 9.1. /Jeiicmeus nodcmanosku o € P, Ha mensope T € R(p) onpenenum
KaK COOTBETCTRBYIOIIYIO IIePeCTAHOBKY WHJEKCOB

1 2 P

[logcTanoBKa IpocTo MepecTaBasieT WHAEKChI, & BHAUUT KOMMYTHUPYET ¢ BJIeMeH -
TOM I'PYIIELI ¢ € G, KOTOPBINA JeACTBYET B OT/IeJILHOM 3K3eMILIApe R™.
Camble ob1ITHE cummempusamopw — BTO CI/IMMeTpI/ISaTOp W aHTUCUMMETPU3ATOP

Z Z detoo, (9.2)

creP : oePp

rje det ¢ — 4YeTHOCTEL MOJCTAHOBKH, T.€. det ¢ = +1, Korja mojicTaHOBKAa ¢ yeTHas,
—1, Korja MmojicTaHOBKA HedeTHasdA. MHora cuMMeTpHU3aliia TeH30pa IMoMoTaeT Hali-
T HEIIPpUBOAMMOE TIpejicTaBIeHre. OTO YTBep:KAeHe He CTporoe W 3aBUCUT OT pas-
MePHOCTH IIPOCTPaHCTBA, KOHKPETHOM I'PYIIIBL M paHTa TeH30pa.

66
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B ciy4yae MOJIHOCTBIO CHMMETPHYHOTO TeH3opa ST monuanHeiiHas ¢popMa, 0 KOTo-
PO TOBOPMIIOCEH B TPETHLEM OIIpeJleIeHNHN TeH30pa, CTAHOBUTCSA ITPOCTO OJHOPOAHLIM
MMOJIMHOMOM CTeNleHH! P OT 1 lepeMeHHbBIX

m m m
‘:P(:Blw' . ,l’n) = E le,mg,...,mnm1 e ? Ty (9°3)
mi,m2,...,Mn
my+mo+--+Mp=p
PazMepHOCTE ITpocTpaHCTBa OJJHOPOJHBIX ITOJIMHOMOB paBHA PA3MEPHOCTH IIPOCTPAH-
CTBa CHMMETPHUUHBLIX T€H30POB S. 3Ty pa3MePHOCTH MOYKHO IMMOJCUYUTATH C IIOMOIIBIO
KOMOMHATOPHUKN, TaK Ke, KaK MBI HAIllJIA KBAHTOBYIO KPATHOCTH BEIpOKAeHUA (4.6).
Hano y3HATEL YHCJIO CIIOCOO0B, KOTOPLIM MOYKHO paclpeleIATH p IIapoB 110 n s4eiKam

. p+n—1)!
dim8=Cr,, | = Q (9.4)

pl(n —1)!

VY aHTHCHMMeTPHUYHOTO TeH3opa AT HeHyJeBbie KOMIIOHEHTHI TOIbKO Te, Y KOTO-
PBIX Bce MHAEKCH Pa3JINUHBI, a TAKUX BO3MOKHOCTel Beero CP p < n. PazMepHocTh
ImpocTpaHcTBa A aHTUCHMMETPUUYHBIX TEH30POB

n!

dimA=0CP = ——
pl(n —p)!

n

MNpvmep 9.1. PasoéuTs Ha HeTPUBOAUMEBIEe YAaCTH T€H30D BTOPOTO PaHTa B IIPOCTPAH-
ctBe R3. MeeTcd B BUAY «OOBIUHBIN» TEH30P, KOMIIOHEHTEI KOTOPOTO ITpeobpasyer-
cd IpH BpallleHUH. 1o onpejieleHNnIo €ro cileilyeT Ha3bIBATh TEH30POM OTHOCUTEIBLHO
rpynnst SO(3).

AnTHcuMMeTpHYHAA YacTh (9. 1) cBopaumBaeTc ¢ €;; B BEKTOP b; = €A1, cofiep-
JKHT 3 KOMIIOHEHTHI U TpeobpasyeTcsd Mo HEIIPUBOAUMOMY BEKTOPHOMY IIpeJicTaBJIe-
Huio | = 1. Cyja nmo pasnoxkenunio Kiaebima — lNopaana (8.10), cuMMeTpruYHad 4acThb
S;; » colepRaliad 6 pasIMUYHBIX KOMIIOHEHT, IIPUBOJMMA M JO/HKHA pasjiaraThesa B
IPAMYIO CYMMY IIpeJICTaBIeHNH CKRAJIAPHOTO U TeH30PHOTO Tpe/icTaBleHnii | = 0, 2.
Crnen TeHsopa Sy 04eBHAHO IIpeobpasyeTcs Mo CKAJAPHOMY IpeJcTaBIeHHI0, a fec-
cJeloBas 4acTh

1
Qi; = Sij — §6z‘j8kk
IO HEIIPUBOAMMOMY T€H30PHOMY TIpe/ICTaBIeHIo | = 2.

Moumep 9.2. PaccMoTpHM TeH30phl paHTa p = 3 B pocTpaHceTBe R3. Cormacuo (9.4),
ITPOCTPAHCTBO CUMMETPHUHLIX T€H30pOB NMeeT pasMepHocTh 10. AHTACUMMETpUY-
HBIH TEeH30p BCEro OfMH (9TO €;5;), a Bcero y oblero TeH3opa uMeeTcs 27 KOMIIOHEHT.
Kakyio cuMMeTpuio HMeIoT ApyTrue 4acTh 15512

BenmoMHMM, 4TO I'pyIIa MOJCTAHOBOK U3 3 00'LeKTOB H30MOpP(HA IPYIIIle TPeyTrob-
HUKa P; ~ Dj. KakaoMy HelIpHBOJAMMOMY IIpejicTaBJIeHHWIO ITPyIbl F3 oTBeYaeT OT-
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,[[eJIBHBIfI CUMMETPpHU3aTOP

L(r 28y, (123), 1
s\\1 2 3 31 2 9
1/(123 12 3 |
s\l 2 3/ Tls 1 2/ 71

Uy
Il

b
|

302 D-G1)-G1Y)

N =N

W W

NN

638

TpeTHii CHMMeTPHU3aTOp B MosydaeTes U3 JBYMepPHOTO HEIIPHBOANMOTO IIpe/icTaBle-
HHUSA TPYIILI TPeyToJbHUKA W NpelIcTABIAET cO00M IMPOEKTOP Ha MOAIIPOCTPAHCTBO
BTOTO HENIPHUBOJMMOTO IIpeJicTaBlIeHuA. B ciydae MaTpUUHOIO IPeJicTaBIeHUs IIPO-
eKTOop Ha IO POCTPAHCTBO HEITPHBOMMOTo IIpejicTapaennsa P(*) onpenenserca gop-
myJoi (4.11). Ilpu pacuere cuMmMeTpusaTopoB FOHra BMecTo MaTpull IpeicTaBle-
Husa D(g) B popmye (4.11) 3anucsiBaloTcA MOACTaHOBKEN. CyMMa IIpOeKTOPOB Ha Bee
HeITpUBOIMMbIe NTPeJICTaBIeHUA paBHA €IMHUYHOMY OllepaTopy, II0BTOMY Bce KOMIIO-
HEHTHI TeH30pa IoMa/JlaloT B KaKoe-HUOYAb U3 IOAIIPOCTPAHCTB. BepHYBIINACEH K TeH-
30py BToporo panra (9.1), 3aMeTHUM, YTO B IIOJTHOM COTJIACHUH ¢ TeopUuel ero paséreHne
Ha CHMMETPUYHYIO U aHTUCUMMETPUUYHYIO YACTH IIPOUCXOAUT B COOTBETCTBUH € Ta0-
Jnullet XxapakTepoB rpynnsl C;, y KOTOPOW BCeTo [1Ba OJHOMEPHBIX HellpUBOAWMBIX

nIpeacTaBIeHUd: YeTHOe 1 HeUEeTHOeE.

11
1-1

HNrak, ocTajbHbIe 16 KOMIIOHEHT TeH30pa TpeThEero paHra BXoJdAT B TeH30D Bijk =
BT, ROTOpBIfI, KaK JIeTKO IIPOBEPHUTH, YJOBJIETBOPAT COOTHOIIIEHWIO CHMMETPHNH, Ha-

TMMOMMHAIOIIeMy TOKAecTBO K06

Bijk + Brij + B = 0.

TokiecTBO AaeT Kak pa3 11 ycioBuii:

B3 + B3ia + Basz1 = Bois + Bagp + B2 =0
Biys + Boy + Bia1 = By + Bioo + B2 =0
Bi13 + Bayy + Bis1 = Basy + Biss + B3z =0
Bagos + Bagy + Baszp = Basy + Baag + B3z =0
Bi11 = Byoy = Bagz3 = 0.

TakuM obpaszoM, cuMMeTpu3aTophbl OHTra MOXHO CTPOUTH ¢ IIOMOIIBIO TAOIUILBI
HeIIPUBOJUMELIX XapaKTePOB IPYIIIbI IOJCTAHOBOK U3 p 00'LEKTOB, I'/le p — PAHT TeH-
sopa. 'pynna F, Bcerjla UMeeT eIMHAYHOE IIpe/icTaBlIeHle, KOTOPOMY COOTBETCTBYET
CUMMETPU3aTOD SB dopmyie (9.2). AHTHCHUMMETPU3ATOP IOJNyYaeTcs U3 OJHOMED-
HOTO HET[PUBOAMMOTO MIPecTaBIeHUA HakTop-Ipynnsl F,/A,, Tie A, — HopMaJbHas
MMOATPYIINA YeTHBIX MTOJCTAHOBOK U3 p 00'EKTOB.

HNuoraa cuMMeTpHA30BaHHBINA TeH30D cpa3y CTAaHOBUTCH HEIIPUBOJUMBIM, KaK aH-
THCHMMeTPHYHAA YacTh TeH30pa BToporo paHra B npuMepe 9.1. MHoraa npeacras-
JIeHWe HaJlo Jajbllle pas3jaraTh Ha HeNPUBOAWMBIE, KaK B cjiyyae ¢ CHMMeTPUYHOI
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YacThIO TEH30pa BTOPOro paura. YToOnl pasjaaraTh CHMMETPUUYHYIO YacTh Ha HETIpH-
BOAMMBIe IIpeJicTaBIeHN IPYIILI BpallleHni 6bIBaeT yI00HO NCIOIL30BaTh H30MOD-
$H3M IIPOCTpPaHCTBA CHMMETPHUYHELIX T€H30POB M NMPOCTPAHCTBA OJHOPOIHBIX MOJHU-
HoMoB. Hanmpumep, 1/Ig paccMOTpeHHOTO B IpuMepe 9.1 TeH3opa p = 2,n = 3 MOYKHO
yTBEeP:KJaTh, UTO CHMMeTPHYHAA YacTh ITpeobpasyeTcsa Kak KBaJpaTHuHaa popMa

S(z,y,2) = 011552 + azzfgz + az32® + 2a122Y + 201322 + 2093y2.

Bcero nMmeercd 6 pa3sIHUHBIX KO3()PHUIITEHTOB, HO YTOGHI pa36UThH Ha HETTPABOAVMEIE
IpeficTaBIeHNA, clleJlyeT BhLIeIATh CKAIAPHYIo 4acTb So(z,y, 2) = 22 + 42 + 22, KoTo-
pad He mpeobGpasyeTcd IpH BpallleHnn. OcTaBInascsa 6eccie/[oBasi YaCTh COAEPIKHUT S
KOMITOHEHT M IIpeobpasyeTcs 10 HeIIPUBOJUMOMY ITpe/ICTaBIeH 1o ¢ [ = 2.

3ameuarnue 9.1. TeH30pHOE NTpeAcTaBIeHHE — DTO MPAMOE IIPOU3BeJeHUe N PeCcTaB-
nmennit D(g), BBATHIX TaKoe KOJINYECTBO pa3, KAaKOB paHT p y TeH3opa. IlosTomy xa-
paKTep TEH30pHOrO IpeficTaBlIeHnsa paBeH x;(g) = x¥(g), rae x(g) — XapakTep npej-
craBnenud D(g). Eciu TeH3op obajaeT HEKOTOpol cUMMeTpHeld ITo IlepecTaHOBKaM
HHAEKCOB, TO XapaKTep TeH30pHOIO Npe/iCTaBIeHUA BLIUUCIAETCA 110 0ojiee CIOMK-
HOH popMyJie, KoTopas BLIBOAUTCS ¢ IIOMOIILIO IIpollely phbl CHMMeTpu3allum 6a3uca,
onucanuoi B [3]. Himke 51 ¢popMyJibl IpUBeAEHBI 171 TEH30POB 2-To M 3-TO paHTa:

x(0) = 3 [¥(9) + x(6%)] Xa(0) = 5 [x*(0) ~ (6]

[X3(9) + 3x(9)x(¢®) + 2x(¥)] , xal9) = 3 XP(9) — 3x(9)x(9?) + 2x(4*)] ,

Xs(9) = é

xs(9) = % [x*(9) — x(g¥)] -

9.2 HMuBapuaHTHBIE TEH30PHI

Onpene.neHue 9.2. TeHSOp Ha3blBaeTCA UHBAPUAHMHbIM OTHOCUTE/NBHO I'PYIIIHI G,
€CJIN eI0o KOMIIOHEHTHI He MeHAKTCA 110 ﬂeﬁCTBI/IeM Hp606paSOBaHI/II7I T'PYIIIIBI.

Y1065l yHA06HEee 3alAcaTh AelicTBHE 3JIEMEeHTA I'PYIINLL HA TeH30p, BEICTPOUM €T0
KOMIIOHEHTHI B OIMH cTOI6el JIMHEL 1P . Torja ycaoBie MHBAPMAHTHOCTH 3alIUIIIETCSA
KaK

1

DT =T, T=|t]. (9.5)

Hcxonnoe npejicTaBienrie D MOYKHO Pa3IoKUTh Ha HEIIPABOAMMEIE IIpe/ICTABIeH A
D@ rpynmsl G (cpegd KOTOPBIX MOT'YT GBITH 1 OJTHAKOBLIE)

K
D(g) = P D)(g).

a=1
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PasioykeHne MOYKHO HANTH ¢ TOMOIIBIO YCPeJHEHHA IO TPYIIIle XapaKkTepa TeH30D-
Horo TpeficTaptennd x(g) = [xV(9)]?, rae xM(g) — xapakTep BeKTOPHOTO Ipe/ICTAB-
nennsA. Torga (9.5) 3anuiiieTcd B MpaBUJILHOM 0a3uce KaK

DY (g) 0 t ty
D(9)T = : . : o] =|t2]. (9.6)
0 D¥)(g)|) \* :

ITpocymmupyeM Ternephb (9.6) mo rpyime. B MaTpriiax Hell pUBOAUMOTO TIPe/ICTaB-
JIEHUA B CHUJIy OPTOTOHAJLHOCTH Ha BCeX MeCTaX CyMMAapHOM MaTpHIlbl Oy/ieT HYMb,
KpoMe MOANPOCTPAHCTBA e IHHUUHOIO IPeICTABICHHA, T/ie MOTYUYUTCS MOPSAAOK TPYII-
IbI |G|. 3HAYUT B TaKOM 6asmce Bce KOMIIOHEHTHI TeH30pa obpalljaloTcs B HYJIb, Kpo-
Me OTBEUAIoUNX eJHHIYHOMY IIpe/cTaBleHn0. CHopMyIrpyeM IIpaBUJIO TMo/cUeTa
KOJIMUEeCTBA He3aBUCUMEIX KOMIIOHEHT WHBAPHUAHTHOTO TEH30pa.

Teopema 9.1. Yuneapuanmnozo MmeH30paA CMOJIbKO He3A8UCUMBLX KOMILOHEH M, CKOJLb-
Ko pa3 8xo00um e0uHUYHOE npeacmaeﬂenue 8 PA3JloMeHUe MEeH30PHO20 npe@cmaeﬂe—
HUA Ha nenpueoaumwe.

TpyImny MBI A IPOCTOTHI CYATATIH AUCKPETHOM, HO U JJIT HEIPEPBIBHLIX I'PYIIII
MOKHO BLIBECTH aHAJIOTHYHOE YTBEPIKJIeHIe, MHTeTPUPYA 110 TpyIIIe.

MNpvmep 9.3. CKOMBLKO He3aBUCUMBIX KOMIIOHEHT Y WHBADUAHTHOTO TeH30pa, ecJIn
p=2,n=3G=8S0(3)?

N3 pasnoxkennda Kiebita — T'opaana (8.10) BUaHO, 4TO CKAJTApHOE IIPEJCTABIE-
ure D) BXoANT ofWH pas, 3HAUMT y MHBAPUAHTHOTO TEH30pa BTOPOT'O PaHTa B TPeX-
MepHOM IIPOCTPAHCTBe BCETO O/1HA He3aBACAMAasi KOMIIOHEHTA. JTO U3BECTHHIA (PAKT,
IMOTOMY UTO MHBapHAaHTHBLIA T€H30p BcerJla 3allchiBaeTcA Yyepe3 cuMBoJ KpoHekepa
T;; = T9;;. Ilo cymiecTBy 5TO He T€H30p, a cKaJIAp. JIlnaronanbHad MaTpuia ¢ paBHbI-
MH 3JIeMeHTaMM TaK U Ha3bIBaeTCs CRAJIAPHOM.

MNprmMep 9.4. To ke camoe, Ho 1A G = D3. XapakTep 9-MepHOTO TeH30PHOI'O IIpeJi-
crapiaenns DY @ DU naetca kBagpaTaMu 3HaueHH xapakTepa D, KoTopble B ¢BOIO
ouepeh HaxoAaTcd Mo popmyie (8.3):

Xi:(g 0 1).

. 1
C IoMOIIIbI0 TAaGIUIEL XapaKTepPOB I'PYIIIEI TPeyTOJLHUKA HaliieM, 111

DWW o DM =9D, @ Dy @& 3Ds5.
OTcloga BUJHO, UYTO eJMHUUYHOE IIpeJcTaBIeHNe BOIIIO ABAYKIALI, a CJIEeJOBATEIIHFHO
TE€H30p HMeeT 2 He3aBHUCHUMBIE KOMIIOHEHTHI.

B knaccumueckoil MeXxaHWKe M3BECTHO, UYTO KOT[Aa MBI BBIUHACIAEM TE€H30p UHeP-
I HEBECOMOTO TpeyTroJIbHHUKAa ¢ pacCTOAHHUEM OT IIeHTpa Oo KaK 1ol BepHINHBI R,
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Tabania 9.1: KosnuecTBO JIMHEWHO HE3ABUCUMBIX KOMIIOHEHT MHBAPAAHTHEIX TEH-
3opoBpaHrap =1,2,3,4upun = 3.

Paurp | SO(3) | T | D3 | SO(2)
1 0 010 1

2 1 1|2 3

3 1 2 |4 7

4 3 7115 (19

Y KOTOpOoTIo B BerHeﬁ BepIIINHEe paclloJIodieHa Macca my,
Y a IIpu OCHOBaHHWHN MAaccChl m, INOJTYUYHUTCA

I.=(m+ Qm)RZ,

R\? R?
z I:z:m = mle + 2m (5) = (le + m)?,
2
2
d b I, =2m R\/Tg = 3m%.

Ecin uMeercsa ciMMeTpHsA IPAaBUILHOIO TPEYTONLHNKA, TO My = m, H BOTYOK CTaHO-
BUTCS CHMMETPUYHBIM: [, = [, # I,,. ¥ TeH30pa, IPHBEJeHHOTO K IJIaBHBIM OCAM,
ocTaeTcd TOJABKO B Pa3INUHbLIe KOMIIOHEHTEL.

YeM HUKe CHMMETPHSA, TeM 60JbITe He3aBUCUMEBIX KOMIIOHEHT Y MHBapMaHTHOTO
TeH30pa, KaK BUAHO U3 Ta6AnILl 9.1, ecIM IBATATLCA BJOJL CTPOKH cJieBa HAIlpaBo.
g rpynmn SO(3),SO(2) mpuBe/ieM TaKke pas3ioskeHUsA 10 HHBAPHAHTHBIM TeH30-
pamopup < 3

F;=0, Qi =Adyj, Riyr=Bey;
P = An;, Qi = Ady; + Bryn; + Cegrny,
Rijr = A1dyny + Axdun; + Aszdpn;
+Byejing + Baerangng + Bsegjning + Cningng, (9.7)

r/ie n; e AMHAYHBIA BEKTOP B/JIOJIb OCH BpallleHus B rpynie SO(2), 6yrBsl A, B, C 060-
3HAYaloT MPOM3BOJIbHbIE He3aBUCUMble KOHCTAHTHIL.

J71st TeH30pa, MHBAPUAHTHOT'O OTHOCUTENIBHO Ipynisl SO(2) < SO(3) Mo HO OBI-
JIO paccy)KJaTh 1 nHaue. UHBapraHTHBIA TEH30P, AJA IpAMepa BTOPOIr'o paHra, olipe-
JleeH Ha TaKnX cheprHuecKnX QYHKIUAX, KOTOpble He IIpeobpas3yloTcsd 1Py Bpallje-
HIW BOKPYT OCH 2, T.e. HIMeIOT YIJIOBYIO 3aBUCHMOCTh ™% ¢ m = 0. TeH30p BToporo
paHra npeo6pasyeTcs Kak IIpon3Be/leHe IBYX BEKTOPOB, 3HAUUT 3a/laua CBOJUTCA K
BOIIPOCY, CKOJBLKHAMH CIIOcO0aMH Mbl MOYKEM ITOJYUYUTh 3aBUCUMOCTE ¢ m = (), BO3BO-
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151 B KBaJIpaT XapaKkTep HeIPUBOJAMOTO BeKTOpHOTO Tpe/cTaBiaenus SO(3)
2 . .
(X(l) ((p)) = (6_“" + 1+ e“")z :

B nannoM ciaydae uMeeTc TPHA TaKHUX cIaraeMbIX, IIO3TOMY UACJIO HE3aBACUMBIX KOM-
TOHEHT 3.

Ynpaxcrernue 9.1. O6bsAcHUTEe, TOYeMy B BhIpaskeHUu (9.7) TeH30pa TpeThbero paH-
ra R;;;, THBapUAHTHOT'O OTHOCUTEeIbHO TPyl SO(2), HeT caraeMoro, Ipolopiuo-
HAJIBHOTI'O €;jj.

Ynpaxcrernue 9.2. B rabaune 9.1 B komonke D3 cogepsrnteda “onevarra”. Hatigure
ee.

9.3 IIpasuaa orbopa

B kBaHTOBOI MexaHWKe MPUXOJUTCA BLIUNCIATH MHOTOUHUCIeHHBIe MaTpUUYHbIe
BJIeMeHTEI ollepaTopoB. UTOOLI COKpAaTUThL paboTy, XoueTcs 3apaHee 3HATh, KaKHe U3
HHUX paBHBI Hy 0. Takue mepexo bl Ha3LIBAIOT 3allpellleHHBIMH, 8 3aKOHOMEPHOCTD,
110 KOTOPOI NX HAXOJIAAT, Ha3bIBaeTcs npasuiom ombopa. Eciu n3BecTHA TPYIITIA CUM-
MeTPHUH CUCTEMBI, TO TAKHe IIPaBUJIa MOYKHO HAUTH € ITIOMOIIIBIO TEOPETHKO-TPYIIIOBBIX
coobparkenuii. JIJig pToro Hajo 3HaTh, KaK IpeobpasyloTes ollepaTop, HavuaJabHoe U
KOHEUHOe COCTOSTHHE.

MNovMep 9.5. Ecau HavadbHOe COCTOSTHUSA aToMa BEIPOKIEHO 110 TPOeKINU M yTIiIo-
BOI'0o MOMeHTa J, Torja BoJIHOBaA GYHKIMA IIpefcTaBiasgeT coboii cTonbel U3 2J + 1
KOMITOHEeHT. Ec/in KoHeuHoe cocTosTHNe NMeeT MOMeHT J', a Hac HHTepecyeT IpaBH-
70 oT6opa N1 AUIMOALHOTO MOMEHTa (3 KOMIIOHEHTHI), To Beero umeerest v(J, J') =
3(2J + 1)(2J" + 1) MaTpUYHBIX BJIEMEeHTOB AJA Kaxkaoro HaGopa J,J'. Eciu 66l He
CHMMEeTPHSA OTHOCUTETHLHO BpallleHnit, Ha/lo 6b1JI0 GBI BEIYUCAATE v(.J, J') nHTeTpanioB
I Kaxk ol mapsl J, J'. K cuacThlo, KBaHTOBasA MeXaHnka [ 3] maeT npaBuio or6opa
J'=J,J £ 1, KoTopoe pe3Ko yMeHBIITaeT 06'beM BLIUNCIeHIIA.

Hwusxe MBI BeIBeJleM oblllee ITpaBUAJIO 0T6Opa 1719 CACTEMBI ¢ CHMMeTpHell OTHOCH -
TeJILHO ITpeo0pa3oBaHnli IPOU3BOJIBHOMN I'PyIIibl. KBaHTOBOMeXaHWYecKHe ITpaBuja
oTOopa IJId IPYIIILI BpallleHUu Toyke OyAYT IMoJaydaThes U3 o0lIero mpapuia. Ilycts
omepaTop O mpeobpasyeTcs 0 IPEeACTABICHHIIO D, IPYIIIIbL (7, a HauaJbHOe W KOHeU-
HO€ COCTOAHUA — II0 IIpeJicTaBNeHuAM D;, D¢. Torja MaTpUYHBINA BJIEMEHT

Oy; = (£|03)

MOKHO IIpeICTaBUTEL cebe B BUJle CTOMI0IIa, KOTOPLIH IIpeobpasyeTcs 1o IPIMOMY IIpo-
W3BeJIeHIIO ITpe/iIcTaBIeHI
D=D;®D,®D;. (9.8)
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3/1ech x O3HAYAET CONMPsHKeHHOe IIpe/icTaBIeHAe, KOTOPOe IToJIy4aeTcsd KOMILJIEKCHBIM
conpsirenneM. Ilpeacrapienne D MOKHO Pa3JoKUTh HA HEIIPUBOJAVMBIE IIPe/ICTaB-
nenua D@ rpynnsl G:
K
D=6 DW, (9.9)
a=1
B npsaMoii cyMMe MOTYT BCTPETUThCA 1 OIUHAKOBBIE ITPEeJICTABIEHUA, II03TOMY MBI He
MHUIeM Ko3DOUuIueHTH k,. Takoe paziokeHre MOXXHO HAWTH, IlepeMHOKasA XapaK-
TepEI pefacTaBaenuit D}, D,, D;.
[IepeiileM B TOANIPOCT PAHCTBO KAKOT'0-JIN00 HEI PUBOAUMOTO IIPE/ICTaBJIEHUA ¥ yCpe -
HHUM II0 rpynne. JJig MPoCcTOTHI TPyIIy cuuTaeM KoHedHo#. CTonbel, MaTpuyHOI'oO
BJIEMeHTA He JoJIKeH 3aBUCETh OT BJleMeHTa I'PYIIILI, TOTAa

1
@) i = —= D(O‘)(g @] G-
f |G| (gezG ) f

CyMMa o6palaeTcs B HYJb B CHJIY OPTOIOHANBHOCTH HellpHBOJMMOTO IIpejicTaBIIe-
uusg D@ eIMHUIHOMY IIpeicTaBleHnio. VIcKTIoUeHTe cocTaBAeT cayuait, korga D(®
caMo sIBJIgeTcd eJMHUYHBIM ITpecTaBaeHneM. Torja cyMMa, JeJleHHas Ha TOPANOK
I'PYIIIBL, AacT eqUHALY. Telleph MBI MokeM GOpMYIMPoBATh o6llee TPaBHIO 0TGOPa
OTHOCHUTEIBHO IPOM3BOILHOI IPYIIIIEL.

Teopema 9.2. MampuuHnbtii snemenm Oy; pager HYA0, eCAu 8 pasnoxcenuu (9.9 ) nped-
cmasnenus (9.8 ) He 6xodum eduHu4Hoe npedcmasierHue.

Mpumep 9.6. HaiiTu mpaBmio oT6opa oliepaTopa AUMOILHOI0 MOMEHTY BTpyIie SU(2)
Ha mepexoge J — J'.

JINTOMBHEBI MOMEHT f = er IIpeoGpasyeTcs ITo BeKTOPHOMY IIpejcTaBrennio D),
BoaHoBLIe pYHKIIMHA HAYAJILHOTO M KOHEYHOT'O COCTOSHUMN

(f| = (fIDY, [y ~ D3y,
OTclona
D= [DU’)]* © DM @ D) = [DU’)] " @ (DYV @ D) @ DUD) | (9.10)

Ecmu J > 1. BuauMm, 4To €JUHMUYHOE TpeJicCTaBIeHNEe BOMIET B pasyioykeHne, €CIu
J'=J-1,J = Jnubo J' = J — 1. Ilonyunsoch mpaBuiIo or6opa

J=JJ+1.

Cayuyanm J < 1 paccMOTPHM OT/JeJbHO, UX Beero aBa. Ilpu J = 1/2 ckob6ka B pop-
myJie (9.10) cornacHo mpaBuny (8.4) paBHa

D3 o pO) = p/2) g P2

sHaunut J' = 1/2,3/2. IIpu J = 0 Ta ke cko6ka paBHa DV, otkyja J' = 1.
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Ta6awniia 9.2: IlpaBuia or6opa /17151 BeKTOPHOT'O ollepaTopa B CUCTEMe ¢ I'PYIIIION CUM-
meTpuur D3. HoMep cTpoKH o3HavaeT HOMep HauaJbHOI'O IIpeJ/iIcTaBIeHH s, a CTOI0IA
— HOMep KOHeUHOTI'o.

Nt D, Ds | Ds
Di | O x| %
Dy | % | O] %
Dy | % | % | %

MNowmMep 9.7. To ke camoe, HO B TpyIIIle TpeyroabHnKa Ds.
Xapaxkrep npeacraBrenns D paBen
=3 0 -1),

OTKY/la Hali/leM pas3oyKkeHHs MPsIMOTo TPOU3Be/IeHU A BTOTO IPe/ICTAaBIeHAA Ha KayK-
Jloe HeIIpUBOJMMOe TIpeJicTaBleH e TPYIIILl Tpeyrodbauka D; = Dy, Do, Ds

D;® DY = Dy @ Dj,
Dy ® DWW = Dy @ Dy,
D;® DY =D, ® Dy @ Ds.

Ilepexon paspellleH, eclHu IIpejcTaBlIeHHe D}, 110 KOTOpOMY Iipeobpasyercs Ko-
HeUHOe COCTOsSIHHE, BXOJHUT B IIPAMYI0 CYMMY I1paBoii YacTH. 3allHilleM I paBUJIO OT6O-
pa B BAle TaOIUIELL 9.2, B KOTOPOH 3Be3[J0UKOA 0003HAUNM, YTO IlepeXo/l pa3pellleH, a
KPYROUKOM — 3allpellleHHbIe Tepexoabl. [lonyuenHoe IIpaBuio oT6opa MOKHO cop-
MYJHPOBaATh OJJHOM (pas3oii: mepexo]l 3alpelled MeXJY AByMA OJNHAKOBBIMH OJTHO-
MepPHBIMH HEeIIPUBOJNMBIMH IIpeicTaBIeHUAMMA.
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dynruua I'puaa

10.1 IlonyomHopomHasi 3agada

Paccmorpum KoMIakTHYIO o6s1acTs D C R™ eBRINWA0OBA TPOCTPaH-
CTBA ¥ [[Ba IMHEHHDBIX OIepaTopa, OfNH U3 KOTOPBIX L — auddepeH-
IMaNLHEBIA ollepaTop nopAaka N — omnpejiesieH B obnactu D, a Apy-
roit B — mopsiaka (N — 1) — peiicTByeT Ha ee Tpanule S = dD. B
MaTeMaTH4YecKoi pusnKke Hambolee paclpocTpaHeH ciaydyaii N = 2.
O6111as MOCTaHOBKA He0JHOPOodHO 3adaqu NJisi MU depeHInaTbHOT O
olepaTopa 3allichbiBaeTcAd B BU/le ypaBHEeHUA B YACTHBIX IIPOU3BOJ-
HBEIX ¥ TPAaHUYHBIX yeaoBuit. HeoqHopoHyto 3a1ayy MOKHO pa30ouTh

§ — §  HaJBe, KOTOPbIe HA3BIBAKOTCS NOLYOIHOPOOHBLMU:

A

| =/, Bu| =gy, (10.0)
zeD ze8

Iu| =f, Bu|l =0, (10.1)
zeD zes

Iu| =0, Bu| =g (10.2)
zeD e

B cuy nuHeinocTH ecaiu ug () — pelreHne 3agaun (10.1), a ug(z) — pellleHHe 3alaun
(10.2), To ux cymma u(z) = wui(z) + us(x) 6yner pellleHNEeM HeOJAHOPOJHOU 3aJaud
(10.0). CHayasna MBI 6y/ieM HcceIoBaTh TOJyoJHOpoAHYo 3a/jauy (10.1), a B Tekuun
12 BepHeMcs K pellleHHI0 BTOPoii IMoJyoJHOpoiHoM 3a1aun (10.2).

DYyHKINN, YIOBIETBOPSAIONIHE OJHOPOJHOMY TPAHUYHOMY YCJIOBHUIO, 00pa3yIoT JIu-
HeHHoe IIPOCTPAaHCTBO, IIOTOMY UTO €CJIX iBe QYHKI[UHA Y OBJIETBOPSAIOT OJJHOPOJHOMY
YCJIOBHIO, TO M UX JHHellHAsd KOMOMHAIIAA YIOBJIeTBOpPseT TOMY ke yciaoBuio. lIpo-
CTPAHCTBO IIpeBpalaeTcsa B TIILO€PTOBO, €CJIM OTPAHUUYNTHCA PA3yMHBLIMHA QYHKIH-
AMH 1 3aJaTh CKaJApHOoe IIpon3Bejienne. HamoMHUM, UTO 2uibbepmo8o npocmpaHr-
CMmMaeo — 3TO MoJIHOe CYeTHOMEePHOe HOPMHUPOBaHHOe JIMHEeHOe TPOCTPAHCTBO, T'/le HOp-
Ma BeKTopa ol peJlesIaeTCs CKALAPHbIM npouseedenuem. 3NeMeHThl (BEeKTOPHI) TAKO-
ro IMpocTpancTBa — GYHKIINH, YIOBJIETBOPAIIIAE OJHOPOJHOMY 'PAHUYHOMY YCJIO-

75
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BHio. CKaJIsIpHOe TpOU3Be/leHNe IBYX GYHKIWHM v(x),u(z) onpeae M KaKk UHTeTpas
o obaactu D:

(v,0) — /@ v (2)ulz) dz = (v]u).

Hecnoxuo mpoBepuTh, UTO CKaJMSApHOEe IIPON3BeileHNe YIOBJIETBOpsAeT TpeM HeohXo-
JUMBIM CBOMCTBaM:

1. (v, Auy + ug) = A(v,uy) + (v, us) JUHEHHOCTD;
2. (u,v) = (v,u)* HSPMUTOBOCTD;
3. (u,u) > 0, mpuuem (u,u) = |yl =0=>u=0 HeOTPHUIATeJbHOCTH HOPMBIL.

CransipHoe IIpou3BeJleHre MBI 0yJieM 0603HauaTh KPYIJILIMH CKOOKaMW, KaK IIpH-
HATO B PyHKIMOHAJIHLHOM aHaJ/3e, U060 TpeyroJbHBIMU CKOOKAMU, KaK IIPUHATO B
KBaHTOBOI MexaHnKe (o6o3HaueHns [{upaka). Yepes cransipHoe Npou3BeleHHe MOK-
HO OIIPeJIeJIUTE U CONPANCCHHbLIL 01Lepamop

(v, Lu) = (L'v,u), (10.3)
T.€. OIlePaTOp MEPEXOJUT B CONPAKEHHBIN ITpH epebpackiBAaHNH Ha APYTYIO O0KIa] -

KY CKaJIIPHOTO ITPOU3BeEJIeHN .
I miumocTpalli| OBITUX ollpejieieHH Oy/leM HCIIOJIb30BaTh

D onepatrop IlImypma — Jluysunna
a b . d? d
L= p(a) 2 + ala) =+ (@), (10.4)

KOTOPBI# ollpe/leTMM Ha GYHKIHAAX u(Z), PABHBIX HYJIO HAa KOHIAX OTpe3Ka a < = <
b: u(a) = u(b) = 0. 3HAUAT AKA TaKkoTO omeparopa n = 1, N = 2, obracts D — oT-
pe3okK [a,b], a TPAaHUIA S COCTOUT M3 ABYX TodeK. PyHRIUHA p(z),q(x),r(x) canTaem
JelCTBUTEIbLHBIMM.
MpvMep 10.1. JI1a mpuMepa HalileM cOpsKeHHEI omreparop L 1714 omreparopa IllTyp-
Ma — JImyBuiis. Ilo onipesiesleHnIo conpsikeHHoTo ontepaTopa (10.3), BLIIAIIIEM WH-
Terpa s CKAISPHOTO TPON3BeIeHUS U IPONHTEIPUPYEM IO YACTAM

b

(0, L0) = [ (@) Iu(@) de = [ @p@)u (@) - 0" (@p() ula) + gl@ @]’ +

a

b
2 * d * *
/ (z) ( 5 (P(2)v"(2)) — = (g(2)0"(2)) + r(z)v (a:)) d10.5)
B cuiy HyseBBIX TPAHWUYHBIX YCJIOBHU s QYHRUMHA u(x),v(z) BHEMHTEIPATbHBIN

yieH (10.5) ucuesaer, moydyaeTcs
2

B = pla) s + (29 (@) — a(a)) =+ 7(a) — /(@) + ().

3neck QYHRINH p(z), ¢(x) TpeAnonaraoTes INaKAMH.
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10.2 PasnoskeHue omepaTopa o npoeKTopam

CamMoconpsikeHHBIM 0yJleM Ha3bIBaTh OllepaTop, COBIAIAIONINN ¢ CONPAREHHBIM
L = L', ecim y HUX oMHAKOBBIe 06JIACTH OINlpefie/leHNs. SalliilleM CIIeKTPaTbHYIO
3ajJlauy JJIs caMOCoOI pshReHHOoTo ollepaTopa L

Lt (2) = At (), (10.6)

rjie U,, — COOCTBeHHbIe PYHKIUHA, & \,, — COOCTBeHHbIe 3HaueHNA. CRAIAPHO YMHO-
skuM (10.6) Ha Uy, TOTYUNATCH

(um, fjum) = A (U, Unn) -

B o6enx yacTax cTodT ,I[eﬁCTBPITBJIBHBIe MAaTpHAYHBIEC 3JICMEHTHI:

(U, Ugy) = ||uH2 >0, (um,ffum> = (ﬁum,um> = (um,f/um)*,

3HAUUT COOCTBEHHLIEC 3HAUCHUA TOKe NefcTBUTEeNbHEL. Telepsh CKAaIAPHO YMHOKNAM
ypaBHeHue (10.6) Ha y;(x), 3aTeM TOMeHsAeM MeCTaMH MHJEKCHI | <+ 1M, BBIIIOJTHUM
KOMILJIEKCHOE COIpsIKeHNe, a 3aTeM BEIUTEeM JIPYT M3 Apyra:

~ ~ *
(ul,Lum) — (um, Lul) = (up, Apn) — (U, M) = A — A1) (01, Upn)
B s1eBoii 4acTH MOJAyYHATCA HYIb, OTKY/a

()\m - /\l)(ul,um) =0.

Orcilona ciaeqyer, 4To JN6G0 coOGCTBEHHBIE 3HAUEHNS COBIIAJIaloT, JN60 cOOCTBEHHBIE
(YHKIIMH OPTOTOHANBHEL APYT Apyry. Co6cTBeHHbIe GYHKIINN, IpUHAJIeKallle O/l-
HOMY COOCTBEHHOMY 3HaU€HH10, TOMKEe MOKHO BBIOPATH OPTOTOHAILHBIMHA.

Ecau cobcTBeHHBIE GYyHKIIUA BHIOPATEH €llle © HOpMHUPOBAHHBIMH, TO COOTHOIIIEHTE
OPTOTOHAJILHOCTH 3aIIUIIETCA 0COOEHHO IIPOCTO

(um,ul) = 5'ml~

CooTHollleHHe TTOJIHOTEL 6a3nca 6y1eT UMeTh BIJ|
Zum(x)ujn(:c’) =d(x —2').
m

EcrecTBenHO, He y BCAKOr0 ollepaTopa HMeeTcs MoMIHada cucTeMa QyHKInid. Jlaxe B
KOHEUHOMEPHOM IIPOCTPAHCTBE yJaeTcs TUarOHAIN30BaTh He BCAKYIO MaTpuily. Yro-
0Ll JMaroHaJus3allid yaalach, JOCTATOUHO CHMMETPHAYHOCTH AJA JeHCTBUTENILHON
MATPHUILI WK SPMUTOBOCTH IS KOMILIEKCHON MATPHUIBI. AHAOTHUYHBIE TE€OPEMBI
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AMEIOTCA U IJIS OIIepaTOpOB B T'MILOGEPTOBOM IIpocTpaHcTBe. B yacTHOCTH, 114 caMo-
conpsreHHoro oneparopa llITypma — JINyBHILIA TOoCTATOUHO IMTOIOMKATEILHOM oIl pe-
JICJIEHHOCTH ollepaTopa W HeOTPAaHHUUYEHHOTO BO3PACTAHUA COOCTBEHHEIX UYHCe] ¢ HO-
MEPOM A, — 00,1 — 00,

Ilepeiinem k 6pa- 1 KeT- obozHaueHUAM [28], cunras, 4to u,(z) = (x|m), TorAa
3ajlaya Ha cOOCTBeHHBIe 3HAUCHU A 3alIMIIeTCA B HHBAPHAHTHOM BH/JIe

Lim) = An|m),

a ee 3allnchb (106) B KOODJMHATHOM ITpeJCTaBJIECHUH IIOJIYUNUTCA YMHOXKEeHHUEM CJIeBa
Ha 6a3WCHBIA BEKTOD (:ZI . CooTHOIIIEeHNA OPTOT'OHAJILBHOCTH U ITIOJTHOTHI BBITVIAAAT KaK

(mll) =G, Y Im)(m| =|.

CooTHoOIITeH e TTOTHOTHI 3alINCAaHO KaK pasloKkeHne e IMHIYHOTO ollepaTopa |. OT1eIn-
HEIe cIaraeMble — DTO IPOeKTOpHl P, = |m)(m| Ha ofHOMepHBIe TOIPOCTPAHCTBA,
OTBeYalolle 3aJaHHOMY 6a3HMCHOMY BEKTOPY ¢ HOMEPOM m.

AHATOTUUHO MOKHO 3aIIMCATE PA3JI0KeHHs 110 IIPOEKTOoPaM IPSAMOro X 00paTHOT'O
omepaTopa

. . 1
L=> Anm)(ml, L_lzz)\—\m)(m\, Am # 0. (10.7)

CorsnacHo TeopeMe Prcca neficTBre ollepaTopoB Ha GYHKIWY u(x),v(x) B THIBE6GEPTO-
BOM IIPOCTPAHCTBE MOYKHO 3allcaTh B BI/le MHTeI'DAJIOB

(Fu)(z) — /D K(z,2)u(@) dz', (1-1)(z) — /D Gz, 2)o(@) 4,

e z = (z1,...,%m), 2 = (2,...,2,) € D, K(z,2') = (z|L|2), G(z,2) = (x|L~z")
— WHTeTpaJIbHBIe sAipa MPAMOTro U oO6paTHOTO ONepPaTOPOB, COOTBETCTBEHHO. HTe-
rpajibHOe AApo obpaTHoro onepatopa G(z,z’) 3agaum (10.1) HasbIBaeTcd QyHKYUell
I'puna nepsozo poda.

[lepeuncanm npocteiiline cBoiicTBa GyHKIuK ['puHa.

1. Permtenne nonyoanopoaunoii 3ajauu (10.1) BeIpaskaercsd urnmezpaaom JJroamens

u(z) = /DG(IB, ) f(2) dz'. (10.8)

OTo cBOHCTBO NIPSIMO celyeT U3 olipe/ieIeHNsI HHTeTPAILHOTO A/ipa o6paTHOTO
ollepaTopa.

2. Berm [ — CcaMOCOIIPSIKeHHBIA ollepaTop, To GyHKIWA ['pruHA yI0BIEeTBOpSET
NPUHYUNY 83AUMHOCTMU:
G(z,z") = G* (2, x).
[IpyHIAT B3aMMHOCTH ceiyeT U3 pasiyiokeHud (10.7) obpaTHoro oltepaTopa 1o
IIPOEKTOpPaM, €CJIN YUECTh, YTO Bce COOCTBEHHBIE 3HAUEHUA CAMOCOIPSYKEHHOT0
oliepaTopa — JleliCTBATEeNbHBIE.
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3. ®yuruusa 'puHa yaoBIeTBOpAeT A PepeHInaTLHOMY YPaBHEHUIO
LG(z,2") = §(z — ). (10.9)

¢ TPAHUYHEIM YCJIOBHEM BG (z,2")|zes = 0. YpaBHeHHe ITOJIyYaeTcs, ecJIM o eii-
CTBOBATH IIPAMBIM OIIEPATOPOM Lua pasiokenne oopaTHoro (10.7) ¥ yMHOKUTH
MOIy4YeHHOe PaBEeHCTBO cJieBa Ha (x|, a clipaBa Ha |z'), yIUTHIBasA COOTHOIIIEeHIE
oproroHambHocTH (z|z') = §(x — 2'). [luddepeHnnanbHble ypaBHEHUA OOBIYHO
pelIaTh mpoiile, YeM CyMMHUPOBATEL 6eCKOHEUHEIE PAJLI, TIOSTOMY Ha MMPaKTHUKe
5TO CBOMCTBO M HCIIOJIB3yeTCsA A HaXoKAeHuS GyHKINY ['prHa.

HaszoBem gpyrndamenmanvroim peutenuem pynrnmio G(x,z'), KoTopas yJoOBIeTBODSI-
eT ypaBHeHHIo (10.9), HO He 006d3aHa YAOBIETBOPATH 'PAHUYHBIM YCIOBUAM.

3ameuarue 10.1. MBI IpeIIONIOKNIN, UTO Y OllepaTopa HET COOCTBEHHBIX PYHKIWIHA,
OTBEYAIOIINX HYJIeBOMY COOCTBEHHOMY 3HaUYeHMI0. Takne pyHKIIUHT 6y/1eM Ha3bIBaTh
Hynesvimu modamu. Kak m3BecTHO, IJ ONepaTOPOB UMeeTcs ajibTepHaTHBa Ppes-
roapMa. Ec/iv HeT HyJIeBEIX MOJ, TO HEOAHOPOAHOe YpaBHEHNE Pa3pelliuMo IIPH JII0-
6011 MpaBoii YacTH W UMeeT eJMHCTBeHHOe pellleHne. BTopoii ciayyaii aabTepHaTHBEL
dpearonbMa — BTO KOT/Ia HMEIOTCS HyJIe€Bbie MOJBI, HO BHITIOJTHEHO HEKOTOPOE YCJIo-
BHe¢ pazpelmmMocTi. Bo BTopoM ciiydyae nMeeTcsl 6€CKOHEUHOE MHOYKECTBO PellleHn .
MLI paccMOTPHM €To Ha cIeyIolTeii JTeKITun.

10.3 Omneparop llltypma — JInyBuinsa

Paccemotpum ognopoanyio 3ajauy (10.1) aaa onepatopa Illltypma — JInyBuiaiaa
(10.4) na orpeske a < z < b. Ilyerb u(a) = u(b) = 0. Ilpesx e, 4eM peliaTh ypaBHeHHe
g pyHrumuy ['puHa

LG = |p(z )chz —i—q(x)— +r(z) | G(z,2") = 6(z — '),

JIOKAJILHO IIPOMHTETPUPYEM €0, T.€. HalJleM HHTEeTPaI 1o z oT ' — € 1o 2’ + €, a 3aTeM
yerpeMuM € — 0. B IIpaBoii yacTH MOAYUYNTCA eINHNIA, a B JIEBOH Toce/Hee carae-
Moe B IIpe/iesie oGpaTuTCs B HYIb. [Ipeirocie/Hee cnaraeMoe JacT CKauoK QYHKINN
I'puna g¢(2') [G(x, 2’ )]ﬁ,J’g ¥ TOKe 06paTuTCA B HYJIb, eCIU QYHKINA ['prHAa HellpephIB-

Ha. OcTaHeTcd IIepBoe claraeMoe

=1

() [dG’(z :z:')]“” +0

z/—0

Orciofia mosyvaeTcsi, 4To QYHKIUA ['prHA TePIIUT CKAYOK IPOU3BOAHOM, paBHBIi 1 /p(z’).
Bmecto pynkuun ['puHa ninem cHavasa ¢pyrdamenmanvroe pewerue g(x,x’), or
KOTOpPOTO MOTpebyeM TaKoro ske cKauyka, Ho He OyJeM Tpe6oBaTh BLIIIOJHEHN I'pa-
HUYHOTO ycaoBud. [lycTh uy(z),us(x) — ABa IMHEWHO - HE3aBUCHMBIX DellleHHsd Of-
HODPOJHOTO ypaBHeHHsA Lu = 0, Torja dyHJaMeHTaIbHOe PellleHre MOMHO HCKATh B
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BHJIE
o(z,2) — Cruq(z), z <z
Coug + —(z), z >

Koshduumentsl C, Cs HallleM U3 HENIPePBIBHOCTHA QYHKIIUA U CKAYKa IIPOA3BOJHON
B TouKe z = z’. [lonyunTes cucTemMa IBYX JMHEMHBIX ypaBHEHHHA

O]_’U;]_(x/) — Og’ltg(it/) = O,
—Cruy () + Coub(z') = p(}v,).

Ee onipenennrens
! !

ui(z’)  —ug(2')

! ! ! !
—up () up(2)
COBIIAJIAET ¢ oI pefieINTeeM BpoHCKOTO B ToOUKe £ = %', KOTOPBIA OT/IMUEH OT HYJId,
€CJIM BLIOpAHBI IMHENHO - He3aBUCUMEbIe pellleHus. Torjaa u3 cucTeMbl MOKHO HAUTHA
Hen3BeCTHBIE KO3 PUITNEeHTHI

A = =Wz

o 110 —w(@)] w2
A p(i:’) up(z) | plaW(z')

o Llw@) 0| _w@)
TAUE) | p@) W)

dyHjaMeHTaIbHOe pellleHrue HalJIeHOo:
U (z)ug(z) /
ey TS
g(z, ') = ( Nua(z) (10.10)

YY) g >z

p(@)W (@)’

Perrenve MoKHO 3aIIMCATEL B OJJHY CTPOUYKY, €CJIM BECTH HOBBIE O003HAUECHUS T, =
min(z, z'), x> = max(z,z’):
(z x') . uy (T )us(zs)
p(z")W (z')

Eciu ¢ = 0, To BpOHCKWAH He 3aBUCHT OT KoopAWHATHL. Ecan k Tomy ke p = 1,
dbopmya ellle HEMHOTO yIipoliaetcs. PyHjaMeHTaTbHOE pellleHre CTAaHOBUTCS 3aBH-
CALAM TOJBKO OT IepeMeHHBIX Zs,Z., 4 3HAUUT CHUMMETPUYHBIM TIO TIepecTaHOBKe
KoopAuHAT z <+ z'. Tak 1 10HKHO 6BITH, TOTOMY UTO B 3TOM cJIydae ollepaTop — caMo-
CONPSHKEHHBIH. PopMyJia BEIBOJUTCS aHAJIOTUYHO U B cIydyae OOLIKHOBEHHOTO -
(depeHIIMaTbHOTO ypaBHEH s 60JIee BEICOKOTO TOPAKA 1. B BTOM cilydae TOKarbHOE
WHTETPUPOBaHUE MO3BONAET HANTH cKavyoK (n — 1)-il IPOU3BOIHOM, a TPOUZBOJIHBIE
60JIee HU3KOTO TOPSAIKA HENPEPLIBHEI B ToOuKe z = /. PyHIaMeHTAIBHOE PellleHre
HEO/IHO3HAYHO, TIOTOMY UTO TIapy HEe3aBUCHUMBIX PellleHWil MOKHO BBLIGUPATE 110 pas-
HOMY.



JIEKUUA 10. PYHRIHUAT'PUHA 81

BepueMmcsa k pyHkiun ['prpHa. UToOBI ee HaTH U3 PyHIAaMEHTAJIBHOTO pellleHnd,
HaJlo N06aBATH INHEHHYI0 KOMOMHAIINIO He3aBUCUMBIX pPeIlleHNi, a 1Ba KO PUIL-
€HTA 5TOM KOMOMHAIINA HAWTH M3 TPAHUYHLIX yeaoBui. Pyukiua ['puHa HaxoauTes
eJIMHCTBEHHBLIM 06pas3oM, Korja \,, # 0. Eciu ¢ caMoro Hauasa BEIGpaTh u(x), yI0-
BJIETBOpsAIOIIee TPAHUTIHOMY YCJI0BHIO IpH = a (uy(a) = 0), a uz(x), KoTopoe yJo-
BJIETBOPSIET BTOPOMY ycaoBuIo pu z = b (uz(b) = 0), To dopmya (10.10) cpasy gact
dyukuuio 'pruHa

Gz, 2') = g(z,2), G(a,2')=Gb,2') =0, a<z' <b.

3ameuarnue 10.2. BuiBaeT Tak, YTO OJHOPOAHBIE TPAHUYHBIE YCIOBUA By ot|y—0p = 0
He yJaeTcs pas3ieInTh Ha JeBoe 1 MpaBoe. Torga Bmecto dpopmyssl (10.10) Hago uc-
MOJIL30BaTh 6osee 06IIy10:

Z(z,2') B1U1 Bﬂtz
G / = —, A = ~ ~ 0
(a:?x) A Y BQ'U;I BQ'UQ 7é )
@) wE)  we)
Z(z,x') = |Big(z,2') Biui(z) Biug(x)|. (10.11)

égg(x, z') EQUI (5'3) ézuz(x)

Ecan pasiokuThL ollpefieINTeNhb Z 10 MepBOi CTPOoKe, MBI YBUJUM, UTO OH PaBeH
JNAHeHHOH KOMOMHAIINT GyHIaMeHTATLHOTO PEllIeHHs ¢ M IBYX TMHEeHHO-He3aBUCUMBIX
pellleHu# OJHOPOAHOrO YPaBHEHUA U1, Us. [IpuueM MUHOp IIPH g paBeH A, MO3TOMY
IpH PYHIAMEHTATLHOM pPellleHH! CTOUT eAWHUYHLIA KoahduiredT. YT0o6HI MOKA-
3aTh, 4TO MoJyuYnjiach PyHKINA ['prHA, ocTaNoCh MPOBEPUTH BHITIOJTHEHE TPAHTY -
HBIX yeaoBnii. [logeiicTByeM Ha ollpeleTATENb Z OllepaTOpaMu El’g. B mepBoMm ciayuae
y IMOJYUYHBIIEToCs OIpeIeINTE IS COBIAAYT ITepBas M BTopasd CTPOKH, a BO BTOPOM —
nepBasd M TPeThA. SHAYNT PYHKIHUA G yAOBIETBOPAET U TPAHUYHBLIM YCIOBUSM.

MNpumep 10.2.

& , , G
@G(l’,fﬁ) - 5(1: -z )7 G|w=0 + G‘a::l - %

dG

 dx

dG

2=0 dx

=0.
z=1

=1

JIBa pellleHns OJHOPOJHOTO YPaBHEHNUA — KOHCTAHTA W TMHeHHAS GYHKIWA Uy (z) =
1,uz2(x) = x. Bpoucknau W = 1, byHJjaMeHTaIbHOe pellleHHe JaeTcd popMyioii (10.10)

! !

x x <
g(:v,rr’)={ ’ X
r, T>x.

Omnepatop B; 3Jlech cyMMa 3HauUeHNH PYHKIINH MUHYC IPOU3BOHASA B eIUHUILE, a Bo
— CyMMa 3HaYeHHH MIPON3BOJHLIX B I'PAHNUYHLIX Toukax z = 0,1. OcTasoch BBIIOJI-
HUTL I'paHNuYHbIe yeaoBusa. Haiinem onpenennrennu (10.11):

zs 1 x
Z=\|xz 2 0|=dzs —2(z+2), A:‘
1 0 2

2 0

!
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Orcrofa monyuynTesa yHKIAA I'pruHa
|z — 2|
2

G(z,2') = (10.12)
JeficTBUTENBHO, BT QYHKIINA HeIIPpePLIBHA, UMeeT, T/l Hajlo, eAUHAYHBIA CKAUYOK
MPOUBBOJIHOM 1 YJOBJIETBOPSAET TPAHUUHLIM YCIOBUAM.

10.4 [lomosHMTEJIbHAS JIUTEpPATYpa

[locenoBaTenbHOE U3OKEHHEe TeopeM PYHKITMOHAILHOTO aHAIU3a MOKHO Hali-
TH B yueOHUKAaxX [29-31]. Teopusa pyHruuid I'pruHa nsnokeHa B Kuurax [7, 32, 33], B
yuyeOHKe [ 34] paccMOTpeH TaKKe clIyuaid HecaMocoll psykeHHBIX ollepaTopoB. Teope-
MBI € JHHCTBEHHOCTH MHOTHX KPaeBLIX 3aJlau MOYKHO HaWTH B [35]. Pyuruuda 'puna
KOHKpeTHBIX ypaBHeHH IllpeinHrepa npuBeleHbl B KHATAX 10 PUBHUKe, CM., HAIIPH-
Mep, [5, 36, 37]. Jlekiiua 15 — pomogHuTeNbHAasA, B IPpOrpaMMy He BXOJUT U ITOCBS-
IleHa TaK Ha3bIBa€MOU CyllepCUMMeT PUUHOM KBAHTOBOM MeXaHNKe — OllePATOPHOMY
MeTOJly HaXOKJeHUsI cOOCTBeHHBIX 3HaUeHUU ofHOMepHOoTo ypaBHeHus Illpennnre-

pa.
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O6o00mennasa pyukunuda I'puna

PaccMoTpuM BTOPYIO YacTh adbTepHAaTUBLI PpeiroabMa, Korjia y ollepaTopa nMe-
I0TCA HyJIeBbIe MoALL. [IycTh MepBBle k COGCTBEHHBIX QYHKIIUHA IMPUHAJIIEKAT HyJIe-

BOMY COOCTBEHHOMY 3HAYEeHUIO: A\, = 0, = 1,... k. MoskHo 3anmcaTts BMecTo (10.7)
1 > 1

L'=Y" ) | = > T Im)(ml. (11.1)
m m m=kt+1 T

31ech IIITPUX BO3Je 3HaKa CyMMBbI O3HAaUaeT, YTO CYMMHUPOBaHUE HUJIET TOJBKO ITO HEHY -
JIeBBIM MojiaM. [lomyuynnack cymMMa 1o IpoeKTopaM B OPpTOTOHAJIBHOE IONMOTHEeHNE K
k-MepHOMY IO POCTPAHCTBY HYJIEBBIX MOJI. TaKol ollepaTop HA3BIBAIOT [CJLIOBHO 00-
pamuuvin. B otmmune ot (10.7), Takol oltepaTop Bcerja onpejiesieH, a ipu k = 0 oH
MepexXoJIUT B OOBIYHBIN 06paTHBIN ollepaTop. COOTBETCTBYIOIee HHTETPATbLHOE SJIPO

- U (2 )7, ()
! —1(../ m
Go(z,a) = (2| L2y = Y | =
Am,
m

Ha3bIBaeTcd 00600ujerHoll (Wi MogudunpoBaHHoW) pyHrk1mel ['pruna. Bojee yjnau-
HBIM IIpeJICTaBJIAEeTCA TEPMHH “06061IeHHad QyHKINAA ['puHAa”, ITOTOMY UTO B ciIydae
OTCYTCTBHSA HYJIEBLIX MO/l OHA IIepeXOJUT B 00bIUHYI0 PyHKIHIO 'prHa. [lepeuncaum

OCHOBHBIe cBoiicTBa G.

1. O6061eHHasA PyHKIIUA ['puHa OpTOroHaIbHA HYJIeBBIM MojiaM. Eciiu yMHORUTH
ypaBHeHue (11.1) cieBa Ha (I|, TO B CUITy OPTOTOHATBHOCTH MBI TOJTYUUM

ULt = Z'wzo, I=1,.. . .k (11.2)

m

2. 0O6001eHHasA QyHKRIUA I'prUHA ITOJYNHAETCA YPaBHEHHIO
k
LG(z,x') = §(z — x') — Z U (20l (2), (11.3)
m=1

33



JIEKUWUA 11. OFOBIIIEHHAA ®YHKI[HUA I'PHHA 84

/i€ Uy, (x) — HOpMUPOBaHHble HyJIeBble MoJblL. [losielicTByeM Ha ypaBHeHne (11.1)
olnepaTopoM L, MOJydnuTCA

(o9}

S myiml = 3 fm)ml — Y m)(ml.

m

IIepBasg cyMMa B IpaBoOi YaCTH B CUJIY ITOJHOTHI paBHA €IUHUYHOMY OIlepaTopy.
ITepexonsa K KoopauHaTaM x,z’, MOJyInM ypaBHeHHe (11.3).

3. Pemtenne ypaBHeHnus (11.3) onpefiesleHO HEONHO3HAYHO, K HEMY MOKHO J100a-
BUTH JIMHEHHYI0 KOMOMHAILIIO HYJIEBLIX MO/ anzl Cum(z). OnHaKO, Heolpe-
NleJICHHOCTE McUYe3aeT M Bee KOHCTAHTHI C,, HaXoJATCA OJHO3HAUHO, €CJIH II0-
TpeboBaTh BLITTOTHEHH k YCIOBHU opToroHanbHocTn (11.2):

/ Um(2)Go(z, 2 )dx =0, m=1,... k. (11.4)
D

Ecim ollepaTop He CaMOCOHpH?ReHHBIfI, TO Hago TpeﬁoBaTB OpPTOrOHAJIBHOCTH
HYJE€BBLIM MoJaM COIIPpAMKEHHOTI'0 oIlepaTopa.

MNpvmMep 11.1. Ha eguHrdHOM OTpe3Ke HalTh pyHKIMIo ['prHa ollepaTopa

o d?
L=—
dzx
Ha IIPOCTPaHCTBe PYHKIINHI ¢ paBHOM HYJIIO TPOM3BOJIHON HA KOHITAX €JTMHUYHOTO OT-
peska

du _du —0
de|,_, dz|._,
OxnopoaHoe ypaBHeHue u”’ = 0 uMeeT obiree pentenne u(x) = Cy + Cox, HO U3

I'PaHIYHOIO ycJIoBHUA MoaydaeM Cy = 0, BHAYUT k = 1 U ©MeeTCA BCero oHa HyJieBas
mopa. U3 ycimoBua HopMHUPOBKH HajieM C; = 1, Torga ypaBHeHHe (11.3) Ha 06006111eH-
Hy10 pyHKIHI0 ['prHa ToydaeTca Brja

d*Gy

5 = Sz —2')—1.

PellreHre MOKHO COCTABATE M3 YACTHOTO PEIlIeHU S HEOAHOPOJAHOTO YPaBHEHUS U () =
—22/2 ¥ 061Iero PelIeHNns OAHOPOHOTO YPABHEHNU:

—%2+A19:+Bl, <,

GO(:% 223’,) = 2

—& +Axx+ By, v>12

W3 rpaHWYHBIX YCIOBUH HaXOAHUM JiBa Kospduuumenta A; = 0,A; = 1. 3 Henpe-
PHIBHOCTH B TOUKe z = 7' IIOJIydyaeM cooTHollleHne B, = By + z'. OaHaKo ycioBue
eJMUHAYHOI'O CKauKa IepBoi IPON3BOJHON He N00aBIdeT ypaBHEeHN, a IPUBOJNAT K
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ToKJecTBY 1 = 1. HaM He XBaTHIIO POBHO OJJHOTO YCJIOBHA, IIOTOMY UTO MBI IIOKA He
HCIIOIL30BaJIN TpeboBaHWe opToroHaNbHOCTH (11.4):

z! 1

1
2
—/%d:c-f—/Bldx—i—/(Bz—i—x)dx:O.
0

0 !
BBIUKC/IAA Bce TPH OlIpe/ie TeHHBIX MHTeTpasa, HaXoduM By = —2'2/2 — 1/3, oty
4+ 2% ,
/ ——y—te g, e <7
G =
——tx—=, z>72.
2 3’
OTBeT MOKHO [EPENNCATh U B ONHY CTPOURY: Go = —(z2 +22)/2 — 1/3 + 2.

11.1 3agauu Iupuxnae u Heiimana k ypaBaenuro Ilyac-
COHA

Ypasuenne Ilyaccona
Au = f(z)

O0OBIYHO pelllaloT IIPU ABYX I'PAHUYHBIX YCIOBUAX. ¥ CJIOBHAA BHJa
’LL’ 8 = 0
HasbIBawoTCA 3adayell /[upuxne, a

ol _,
on|g

— 3adaueil Heitmana. 31ech §/0n o603HaUaeT TPOU3BOJHYIO II0 BHyTpeHHel HopMa-
JIX K IToBepXHocTH S, KoHeuHO, B TeoprH YpaBHEHHU B YACTHBIX IIPOM3BOAHBIX pac-
cMaTpHuBaloTcA U 60jiee cIoKHBIE 3a/]aui, B KOTOPHIX 33/laHa JInHellHaA KOMOMHALAA
GYHKIINN 1 ee HOPMAJLHOU ITPON3BOJHOM, IIPOU3BOJIHAA B3ATAA O[] YIJIOM K HOp-
MaJIH (3aJlaya o HaKJOHHOM ITPOM3BOJIHOIT), HOpMaJibHaA IIPOU3BOAHAA HA OJJHOM Ya-
CTH MOBEPXHOCTH M QYHKIHA Ha JpyToli ee yacTH U T.1l. Ho MBI 3/lech orpaHuynMesd
TOJMLKO MpocTeHIMuMu mocTaHoBKkamu [lupuxie u Helimana, Ha mpuMepe KOTOPBIX
MOXKHO TTOHATEL, Kak cTponuTcs GyHKIuA ['puHa. HauHeM MBI, KaK JJOTOBOPUJINCS, C
ypaBHennd [lyaccoHa ¢ ofHOPOJAHBIM I'PAaHUUHBIM YCIIOBHEM, & B CJIe/lyIolNei JeKIIN
nepeiijieM K ypaBHeHHIo Jlallmaca ¢ HEOAHOPOAHBIM YCJIOBHAEM.
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E,ZII/IHCTBGHHOCTL

[Ipesk e, yeM cTponuTh GyHKIHIO 'prHa, Hajlo ybeIUThHCSA, UTO y 3a/la4M HET HYyJIe-
BBIX MoJI. UHaue HaM cJelyeT IIOCTPOUTH 06001IIeHHYI0 pyHKIMIO ['prHa.

Teopema 11.1. ITpunyun maxcumyma. 'apmonudeckas 8 D pynkyus, HenpepvleHA S
énnomu 00 ZpaHUUbL, Moxcem Jocmuzams MAKCUMYMA MOLbKO HA ZpaAnuye S.

[TpeoI0RIM TPOTHBHOE:
M = maxu(z) = u(zo) > maxu(z) =m.
zeD €8

BBejieM BelmoMoraTeIbHYI0 QYHKIUIO

M—-—m
———llz — zoll?,

w(z) = u(z) + ——

rjie d — guaMeTp obaacTu D

d=diamD = max ||z — 2.
z,x'eD

3HaveHre QYHKIMH w Ha TPaHUILe S He TPEBOCXOJIAT

M—-—m M+m
2
wlg < ulg + ——d? = " <M
|S = ‘S 2d2 9 )
3HAQYUT €€ TOUKAa MaKCIIMyMa TOMe JIEHKHUT BHYTpH obaactu D. HYCTI) 9TOT MAKCHIMyM
JOoCTHUTaeTcd B TOUKe 1, TOr'la BCe BTOPhIe IIPOMN3BOJHLBIE B 3TOHA TOYKe HEIlOJOKI-
Te€JIbLHBI
82w ,
Wgo, z:l,...,n,

T

3HAYHT U UX cyMMa, Aw, To/Ke paBHA HYJIIO WX oTpullaTenbHa. C Ipyroi cTOpOHEI,

(M —m)n _ (M —m)n
d? d?

ITonyueHHOe IPOTHBOpEeUNE U JIOKA3bIBaeT TpebyeMoe yTBepKIeHNE.

CaenctBue 1 — mpuHIUN MUHUMYMAa. 'apMoHudeckas pyHKIUA u(x) MOMKET Jjo-
CTUIaTh CBOEI0 MUHHUMYMa TOJIbKO Ha rpaduile. ]I JokazaTelbeTBa JOCTATOUHO IIPH-
MEHHUTH IPUHIINAI MaKCIMyMa K GYHKIIUT —u.

CaencTBue 2 — eJMHCTBEHHOCTE pellleHN 3ajlaun [lnpuxiie 114 ypaBaennd [lyac-
coHa. 3ajgaya

Aw = Nu + > 0.

Nu=0, wulg=0

HMeeT TOJbKO HYyJIeBoe pellleHHue U = 0. HeﬁCTBHTeJII:HO, €CJIM TapMOHHYeCKad (I)YHR—
g paBHa HYJIIO Ha I'paHUIle, OHa BCJIeJCTBHE IIPUHIIUIIOB MAKCMMyMa 1 MUHHUMYyMa
He MOJKET OT/IMYaThCAd OT HyJId 1 B 00JIacTH.
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(I)YH,Z[ aMEeHTAJIbHbIe PellIeHNn A

KoHKpeTHBIH BUA QyHJaMeHTaJbLHOTO DellleHnsl ypaBHeHUs [lyaccoHa 3aBHCHT
OT pa3MepHOCTH IpocTpaHcTBa. 79 n = 1 MBI yyKe CTpOMAN ero B mpuMepe 10.2:
g(z,z') = max(z,z"). MokHO 6BLIIO BEIGPATH B KauecTBe GyHIaMeHTATHLHOTO PEITeH U
u g(z,2') = |x — 2/|/2, nobaBIeHWe TIAJAKUX PellleHUil OJHOPOIHOTO YPaBHEHHS He
MeHsIeT XapaKkTepa ocOO0eHHOCTH Tpu = = 2.

ITpu n = 2 caelyeT pelIuTh ypaBHEHNE

AZQ(ra I'/) - 5(1" - I'/),

rjae A\, — ABYMepHEIH onepaTop Jlammaca. YTo6LI ollpeie INTEH THII 0CO0€ HHOCTH, JIO-
KaJbHO IPOMHTETPUPYEM 5TO ypaBHeHHe 110 KPyTy paauyca p = |r — /| — 0 BOKpyT
TOUKH r = r’. UHTerpan neabTa-pyHKIVN paBeH eJUHUIE, a MHTeTIpaJ ollepaTopa
Jlanmaca 1mo mJolajji Kpyra corjacHo TeopeMe ['aycca cBOJUTCS K WHTerpady 1o
OKPY>KHOCTH paJluaIbHOM ITPOeKIIY I'paJilieHTa, a IIocJIeJHN B CUJy CAMMETPHUH pa-
BeH ITPOM3BOJHON 110 paJinycy, YMHOKEeHHON Ha IJIUHY OKPYKHOCTH

d
//AggdS:ng,gds:Qﬂpﬁzl,

[Momyvyaerca nuddepeHInaIbHOE ypaBHEHHE, PellleHe KOTOPOTO NMeeT JoTapudMu-

YeCKYI0 0COGEHHOCTD, TI0JI0GHO TIOTEHI[AATY 3apAKeHHON HUTH B BIIEKTPOCTATHKE

In|r —v/|
2

IIpu n = 3 Hajlo pellIUTEL TpeXMepHoe ypaBHeHHe [Ilyaccona ¢ ToUuedYHBIM UCTOUHH-
KOM:

g(I‘,I'/) = (11.5)

Ag(r, I'/) = (5(1’ - I'/),

rje /\ — TpexXMepHBIi oneparop Jlanmaca. UaTerpupyeM ero 1o mapy pajanyca p — 0
" ITpeobpasyeM HHTeIpal 1Mo o6beMy K HHTerpajy 110 IIOBEPXHOCTH OT TpaJiieHTa

// Ang://ngS:M’pZ@:l.
dp

Pelnenme nmonyuennoro uddepeHIIHaILHOTO ypaBHEeHU 1aeT GyHIaMeHTaIbLHoe pe-

IImeHnue 1

!
r,r)=-——-
g( Y ) 471.’1. o r/’ )
KOTOpoe eCTeCTBEHHO COBIIaJaeT € IIOTeHIIUAJIOM TOUEeUHOI'0 3apdAlla B 3JICKTpOoCTaTH -
Ke. [Ipu n > 2 pyHJaMeHTaIbHOe pellleHre IMoJlydyaeTcsa yObIBalOIUM Ha OecKoHed-
HOCTH.

(11.6)

Ynpaxcrernue 11.1. Haligure QyHIaMeHTalbHOe pellleHre ypaBHeHud IlyaccoHa B
IIPOCTPAHCTBE ITPOU3BOJILHOM pa3sMepHOCTH 12 > 2. OTBeT:

ey
47Tn/2‘l' _ r/‘n—Z'
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6 x”y ’,'Z’

Puc. 11.1: N306paskeHne ToUueuHOro “3apAaa’, oOTpakeHHOTo B IIJIOCKOCTH 2 = 0 K
npumepy 11.2.

®yuknusa I'puna gaa 3agauu [{upuxie

Y1065I MOCTPOUThL QyHKIMIO ['prHa 3agaun [lupuxiie k ypaBHeHuto [Iyaccona, Ha-
Jo K pyHJIaMeHTAILHOMY pellleHiIo J00aBUTh Kakne-HUOyb pellleHus ypaBHEHUA
Jlamnaca, 4ToOLI yAOBJIETBOPUTEL TPAHUYHBIM YCIOBAAM. SCHO, UTO TOJIYYUTH ABHbIE
(GopMyJIbl JaeTcs TOJBKO B CllellMAaJIbHBIX CHMMeTPUYHBIX caydadax. Korga ¢popma
006J1acTH — IIap WX IMOJYIIPOCTPAHCTBO, TO IIOMOTaeT MeTo/i n3obpaxkeHuii. B aBy-
MepHOM cJyuae OLIBaeT Iojie3eH MeTo/l KOH(GOPMHBIX ITpeobpa3oBaHuii. O6a MeToga
MMPONJLIIOCTPUPYEM IIpAMeEpPaMHU.

MNovMep 11.2. IMocTpouts GpyHKIMio ['prHa TpexMepHoro ypaBHeHud [lyaccona aasa
IMoJyIpocTpaHcTBa 2 > 0, KoTopas obpallfaeTcs B HyJb Ha 6€CKOHEYHOCTH W Ha I'pa-
Huie z = 0.

dyuruua I'prHa cTpouTcess MeTojioM u3obpaskennii. Hajo Kk pyHAaMeHTaIbEHOMY
pettennio (11.6) no6aBUTH MOTEeHIMAJ “3apAfa-N300parkeHud” TPOTUBOIIOIOKHOIO
3HaKa, pacloloKeHHOro Ha PaBHOM PacCTOSTHHUH I0J] TJIOCKOCThI0 2 = 0, KaK IOKa-
3aHo Ha puc. 11.1. [lonyuutcda

1 1
—— +
N LR T R EE
n 1 1
=P+ -v)P )
Ocob6eHHOCTh BTOPOT'O cJaraeMoro JexXuT BHe obnactu D, BTOpOe cllaraeMoe rapMo-

HUYHO B BepXHeM IOJYIIPOCTPAHCTBE, TPAHUYHBIE YCIOBUASA BHITTOTHEHbI. SHAUUT UC-
KoMadg pyHKing ['prHa mocTpoeHa.

G(x)ly)z) x,)y/? z,) =

MNpwvMep 11.3. IToctponTs Gyuriuio I'pruHa AByMepHoTo ypaBHeHus [lyaccona BHyT-
pu Kpyra D eJMHIYHOrO pajinyca, KoTopas obpallaeTcs B HyJIb HA € JTHHUUYHOM OKPYIkK-
HOCTH S.
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°0 —_— °i=w(0)
V444

Puc. 11.2: KondopmHuoe npeobpasoBanne (11.7) oTrobparkaeT eJUHUYHBIA KPYyT U3
KOMILTEKCHOM IIJIOCKOCTH 2 B BEPXHIOIO MOJYIIJIOCKOCTh KOMILJIEKCHOM IIJIOCKOCTH W.

ITocTponM KoHpoOpMHOE ITpeoGpa3oBaHue

1
w(z) = i— 2 (11.7)
—Z
EﬂI/IHI/IqHaH OKPYXHOCTS IIEPEXOJUT B ﬂeﬁCTBI/ITeJI])HYIO OChb, IIOTOMY 4UYTO
1+e? ©
wlg = — = —ctg —.
s 1 —el® & 2
Hayamo KoopAuHAT IIepeXouT B Touky w(0) = i. BHAYNT eJUHAYHBIH KPYyT 0TOOpAa-

BUTCSA B BEPXHIOIO MOJYIIJIOCKOCTh, KaK ITIOKa3aHo Ha puc. 11.2.

dyurnuio 'prHa B BepXHel MOMYIIIOCKOCTH, KoTopad obpalilaeTcsd B HyJIb Ha Jleli-
CTBUTEJHLHOU OCH, JIETKO TOCTPOUTH METOAOM U300paskeHN i, KaK 5TO 1eJaJI0Ch B IIPpe/ibl-
nyineM npuMepe. TOJIBLKO BMeCTO TpeXMepHOTro GyHJaMeHTAIBHOTO pellleHre Halo
B34Th IByMepHoe (11.5):

1
Gw,w') = 7 [In|w—w'|—InjJw—w™*|].

Temnepn nepeiijieM K ITIepeMeHHON 2

1
Z—z,*

1 - L

zl*

z—2

1—2

G(z,2') = % (ln —In

) . (11.8)

INonyunnack uckoMas QyHKIIASA, KOTopas obpalljaeTcd B HyJIb Ha €JUH MUH O OKPY K-
HocTH 2 = €'Y. B 5TOM MOKHO yOeUThCSA, BBOAA IMOJAPHBIE KOOPAUHATEL 2 = re'¥,
2’ = pelY. Torga ns (11.8) Haiizem

1 2-2 — 2 2 9 _ 1/02
Glr, 0, p) = — (In” rpcos(p — W) +p* | 1 —2rcos(p—4)/p+1/p
ar L —2pcosyp+ p? T—2cosp/p+ 1/p

11.9)
IIpu r = 1 7orapudMeI B KBaJpaTHOHN CKOOGKe B3aNMHO YHUUTOKAIOTCS.
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ToT ke OTBET MOYKHO TOJIYYATHL M MeTOIoM n306parkennii. Kak BujgHo u3 ¢popmy-
ael (11.8), HUTHL-U300paskeHne TPOTHBOIIOIOKHOTO 3HaKa HAJ0 ITIOMECTHTEL B TOUKY
WHBEPCHUH.

MeTo ocHOBaH Ha WHBapMaHTHOCTHU JBYMepHOro ypaBHeHHUs Jlaljgaca oTHOCH-
TeJbHO KOHGMOPMHBIX ITpeobpasoBaHuit w(z):

H? 0 0 H?
Az _ [ Az _ 12
0202* 0Oz v ow = [

= [w'[? A, .

Owow*

Orciopa, ecm A,u = 0, Ton A,u = 0. IlTogpobHocTnn MeToa KOHPOPMHBIX ITpeobpa-
30BaHUU UBJI0KEHBI B MOHOTrpaduu [ 38].



JEKITNA 12

dyaxkuuda I'pura BTOpOro poaa

12.1 ®opmyaa I'puna aiaa oneparopa Jlanmaca

MuI pas3buinm o61Iy0 HeoJHOpoAHYI0 3a7auy (10.0) Ha ABe MMONyoqHOPOJHBIE 3a-
jgaum (10.1) u (10.2), a moTOM 3anivcasy pellleHWe epBOil ITOIYOJHOPOJAHON 3a1aun
(10.1) B Bujie o6beMHOTO HHTerpasa (10.8). AHaloruuHo, pellleHre BTOPOH IOJIYOo[I-
HopoaHoi 3a71auu (10.2) MOKHO 3anIMcaTh B BIJI€ TIOBEPXHOCTHOI'O MHTeTpaja

u(z) = /S Gs(z,)e() d’, (12.1)

rae oyuxnua Ggs(z,z’), onpenenentas npu z € D,z’ € S, HazpIBaeTcA PyHKYuUell
I'puna smopozo poda.

Jlsia TpexMepHOro ollepaTopa Jlamiaaca MOKHO BEIBeCTH ¢opmuyny I pura, KoTopas
CBA3BLIBAET OOBLEMHLIE M IIOBEPXHOCTHEIE MHTerpaibl. C moMollbio popmyanl I'puHa
MBI HayuYnMcd BEIpaXkaTh GQyHKIHIo 'prHa BToporo pojia yepes pyHK1uio ['puna mep-
Boro pojia. Paccmorpum e dynrumn u(z),v(z), onpesenenusie B D € R3, u Haiigem
Pa3HOCTDH CKANAPHEIX TPON3BeleHNt

(v,Au)—(u,Av):// (vAu—uAv) dV=/// div (vVu —uVv)dV =

//(UVU —uVv)dS = // (’U% —u—) ds. (12.2)

SHaK B caMOM IIOC/IeIHeM PaBeHCTBE CMEHIIICSA, TOTOMY UTO CHMBOJIOM J/0n MBI 060-
3HaYaeM I PON3BOAHYIO 110 BHYTpeHHell HOpMaJn, a BEeKTOp dS HallpaBJieH 110 BHeIII-
Hell HopMaJIu.

12.2 IloTeHIHAaJBI IPOCTOTO U ABOMHOIO CJIOHA

CopmynnpyeM IMOJTYyoJHOPOIHBIE 3aiaul AJd ypaBHeHusA Jlannaca: 3afgauy Jlu-
puxJie

91



JIEKIINUA 12. OYHRI[UA 'PUHA BTOPOI'O POJIA 92

u 3aj7a4y Helimana

d¢

T
B 3ayjaue Helimana uMeeTcd HyJeBad Mojla ¢ = const, IIOBTOMY [JI Pa3pellliMOCTA
HaJlo TOoTpe6oBaTh, YTOOBI OHA ObLJIa OPTOTOHANBHOM MYHKIMYU h(z). B TpexMepHOM

cJIy4dae ITojlydyaeTcd yCJIOoBHe
/ / h(z)dS — 0.
8

Tenepsb Bocnoab3yemcs Gopmynoii I'puna (12.2), mogcTaBuB BMecTo v(z) HYHK-
nuio 'puna G(z, 2') mepBoro popa nis ypasHenusd [lyaccona AG = §(z — '), a BMecTo
u(x) — pelllenne ypaBHeHud Jlannaca A¢ = 0. Iloxyunm

(G, AG)—(AG, ) — // 5 (-7 $(z) dz — — (') — // (G( ')—— —) dz.

Korza BTopoe cnaraemoe obpairaercs B HyJIb Ha S, To ecTh dG/0n = 0, MBI MOYKeM
MO/ICTAaBUTEL h(x) B TIepBoe ciaraeMoe W MOMYYHTEH pellienne 3ajaun Heitmana. Eemm
JKe Mcues3aeT IepBoe cjaraemMoe, To ecTh QYHKIINA ['prHa ITepBoro pojia obpaiaercs
BHYJb G = 0,z € S, TO BO BTOpOe cJlaraeMoe MOYKHO MTOJICTABUTEH BMECTO ¢ PYHKIAIO
¢(x) m momyunTCA pellieHre 3anaun Jupuxie.

OcTaeTcd CMeHUTEL HA3BaHUA IEPEMEeHHEIX X <+ &' M BOCIIOIL30BATHLCA IPUHILAIIOM
BzauMHocTH G(z,2') = G(2/, z). Halinem

o) = //( 8¢(x') . )OG(x x’)) " (12.3)

rje nudgdepeHIInpoBanye 1o n’ o3HavYaeT AU depeHIINpoBaHe 10 BHYTpeHHel HOp-
MAaJIi B IIpOCTpaHCTBe ITepeMeHHol z'. CpaBHUM IOJyYeHHEBIH MHTerpas 1o IoBepX-
HOCTH ¢ onipefiesieHneM (12.1) pyaruuu I'pruHa Broporo poja.

IIepBoe cnaraemoe B popmye (12.3) naet peltenne 3ajaun Helimana.

A¢:OJ

oG

Gs(l’, ZL’/) - G(x)x/)Ln/eS? %
res

= 0.

Hrak, 4To6bl HaliTH QyHKIHIO ' prUHA 119 HeoJHOpoAHOH 3ajaur HeliMaHa K ypaBHe-
Huto Jlamaca, HaJlo cHayasa pellidTh OJJHOPOJIHY10 3a/lauy HelimaHa, To eCcTh ITOCTPO-
AThH pyHKIHI0 ['prHa mepBoro pojia ypaBHeHnus [lyaccona, HopMaibHasi MIpoU3BOHAS
KOTopo# o6pailiaeTcs B HyJIb Ha IIOBEPXHOCTH, & 3aTeM OTPAHAYHUTH BTy (GYyHKIHIO Ha
TIOBEPXHOCTE.

Bropoe caraemoe B popmyiie (12.3) naet pelienue 3ajaum [{upuxie.

0G(z,x))
on/ ’

z'e8

Gs(z,z') = — Glpes = 0.
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¥+ o+ &+t
e * e *

* X * X
Pk Y ForaY

Puc. 12.1: [lorenummansl mpoctoro (a) u ABoiHoro (b) ciod.

TakuM o6paszoM, 4ToOLI HaliTh ¢pyHKIHI0 ['prHa BToporo poja ajid 3ajaun J[[upuxie
K ypaBHeHmio Jlamnaca, Hafjo cHauajJa HAWTU QPyHKI[MIO IIePBOTO poAa I OJHOPO/-
Hoit safiaun [lupuxne G|g = 0 k ypaBHeHmio Ilyaccona, npoauddepeHnnpoBaTs ee
BJIOJIL HOPMAJIN 10 BTOPOii ITepeMeHHOI, a 3aTeM 3a(pUKCUPOBATH MIOJI0KeHe BTOPOI
mepeMeHHo 7' Ha TpaHulle S.

Peltenne nmomHo# HeogHopoaHo# 3agauu (10.0) g ypaBHenud Ilyaccona

Au=f, Bu =g

ze8

3allUChbIBaeTCA B BUJl€ CYMMBI 00beMHOTO K ITIOBEPXHOCTHOI'O HHTEI'paJIoB:

u(z) = / / /D Gla, ) f(z') dz’ + f /S Gs(z,2)o(z') .

O6LeMHLI MHTeTpajl Ha3bIBaeTcsA MOTEHIIUATIOM 003eMH020 3apada, BTOPOA TTOBePX-
HOCTHBIA MHTerpaJ Ha3bIBaeTcs IO pa3HOMY B 3aBUCUMOCTH OT 3aJJauM.

Pemntenne 3agaun HeilimMana HasbiBaeTcs MOTEHIIHATIOM NnPOCMO20 CA0L, KAK IIO-
KazaHo Ha puc. 12.1 (a). 3 pjIeKTPOCTATUKYN U3BECTHO, UTO €CJIU Ha JUIIEeKTPHUKe
MMOMECTHUTEL MOBEPXHOCTHBIHN 3aps/, OH 3a/1aCT HOPMAJIbHOE BJIEKTpHAYECKOoe 110JIe, TO
eCcTh IIPOoeKI[MIo TpaJiieHTa MMOoTeHI[Majia Ha BHYTpPeHHI0I0 HopMaJb. PellleHue 3aja-
yn JInpuxJje Ha3bIBaeTCs MOTEHIATIOM 0801H020 caod, puc. 12.1 (b). Ecan Ha ABYX
6JIN3KNX 3aMKHYTBHIX IOBEPXHOCTAX COCPeOTOUEHBI 3apAAbI OJUHAKOBOM BEJTMUNHBI
M ITPOTHBOIIOJIOYKHOTO 3HaKa, TO TPAHMYHOE YCIJIOBHE B BJIIEKTPOCTATAKE — BTO CKAUOK
TMoTeHINaa P Iepexojie Yyepe3 IBoiHON cioil. PyHkuud ['puHa 3agaum [{upuxie
ollpe/ieJINTCSA pa3dHocThIo IBYX GyHkuui ['puna g 3agayu HeiimaHa

Gz, 2’ —€/2) — Gz, 2’ +¢/2) = —G%G(:B,:L’,),

raee — 0 pacCToAHNE MeXR Y CIIOAMHA 3apAa0B.

MNpowMep 12.1. Haitnem dpyukunmio 'puHa nByMepHO# 3afaun [lupuxiie 114 ypaBHe-
Hna Jlanjgaca B BepxXHe MOJTYIIIOCKOCTH

2 2
Auzﬁ—i—au

8.’1:2 (9_1/2 = 07 /u’(‘/r) 0) - g(x)’
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CuauaJa HaiijeM ¢pyHKIIo ['pruHa mepBoro pojia, JecTBys, Kak B ipuMepe 11.2,
HO TOJb3yACh ABYMEPHLIM GyHJaMeHTaIbHBIM pelileHueM (11.5). Hute — m3o0b6pa-
sKeHHe IIOMeCTHM B HIKHEH IOJYILIOCKOCTH HA PABHOM pPacCTOSAHNH, MOJJOOHO TOMY,
KaK MBI IeJIAJIH ¢ 3apsAoM-H300parkeHleM B TpeXMepHoM ciydae (puc. 11.1). IToay-
yuM pyHKIHIo ['puHa mepBoro poaa

G202 ) = o= (/G2 T w =P — /G 2T W H ),

KoTopas obpalfaeTcsa B HYJIbL Ha OCcH z. 3HAUNUT GyHKIUA ['puHa BTOpOro poja JJist
3afaun J[[upuxiie MONYyYnTCA ocie quddepeHiinpopannsa moy mpuy = 0:

oG
Gs(:r,y,:z') = a7 -
oy’ /=0
_ 1 [_ 2(y —v) B 20y +v) ] 1 y
Ar [ (z—2)+@w-v)* @-2)P+W+v)’l,, TE-2)+y>
Torna
dx'
/ —
u(z,v) = /@ )

MNpumep 12.2. Pemmuth 3afauy HelimaHa [y 06acTi U3 IpeJbIAylleTo IpAMepa,
T.e. HAWTH pellleHNe ypaBHeHUA Jlaniaca B BepXHel MONYIIOCKOCTH, TPOU3BOAHAA
KOTOPOTO IIPUHUMAET Ha OCH X 3a/laHHOe 3HaueHue h(x).

dyurnug I'puHa mepBoro poja oTanuvyaeTcs oT IpelbIAyINero IpuMepa TeM, UTO
HUTH — U300 paskeHNe Hajlo B3ATH TOTO ke 3HaKa

G=— (ln\/(a:—x +(y—1v)?+In \/(13—1?')2"'(1/4'@')2)
YTOGEI YIOBJETBOPUTE I'PAHNYHOMY YCIOBHIO

1[( 20y —v) N 2(y +9) ] o

Tan @Ry (-2t ()

oG
Yy

y=0

®yurnna I'prHa BTOpOro pojia CTPOUTCA orpaHNnYeHneM Ha OCh X, TO €CTh ITOACTAHOB-
Koty =0

1
Gs=Gl,_o= gy In [(z —z)* + v?] .

Pemnenne 3agaun HelimaHa

u(z) = / In [(z — 2')* + ¥°] h(:r’);l—::
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CyllecTByeT, €CJIH BBHIIIOJTHEHO YCJIOBHE PAa3PEIIINMOCTH

(o)

/ h(z)dx = 0.

—00
Peienne olnpelesIeHO C TOYHOCTBIO 10 KOHCTaHTHhI.

Vnpascnernue 12.1. Haiipute dynruuio I'puHa BToporo poja And 3ajauyu [lupuxiie
B ¢IMHIYHOM Kpyre. BocnoanayiiTech GyHKIMel ['pruHa epBoro pojja B MOJIAPHBIX
KoopanHaTax (11.9).

MNpovmMep 12.3. Anamapa. YTo6bI OTBETUTH Ha BOIIPOC, II0YEeMY MBI pelllaeM 3aJaul
JInpuxne u HeiimaHna nna ypaBHeHHd Jlamaca, a He cTaBuUM 3ajady Kouiwm, npuse-
JleM IIpuMep, KOTOPBIA NpUHAAJNIEKUAT Anamapy. IlonbiTaeMcsa pelliuTh ABYMEPHYIO
3ajauy Kolnm, TouyHee I[elylo IMOCAeI0BaTeIbHOCTh 3aa4 Ipu m = 1,2, ..., B BepX-
HeH MOoJyIIIOCKOCTH

a .
Au =0, wu(z,0)=0, 2= U (2) = SInmx
Y |,—o m
ITepeMeHHBIe pa3iesiioTes B IeKaPTOBBIX KOOpAWHATAX
X// Y/I
u(z,y) = X(2)Y (y), - v~ —k*= X =sinkz, Y =shky.

Pelrrenne ysxe yaoBIeTBOpAeT IePBOMY I'PAHHUYHOMY YCJIOBHIO, & €CJIN BEIGPATH KOd(D-
dUUMEHT ¢,, = 1/m? 1 k = m, To OJIyYnM pellleHne 3ajaun u(z,y) = sin mz sh my/m?.

IIpu m — 0o QYHKIUA Uy, () MOYKET GBITH clieJIaHa CKOJb YTOAHO MAJIoH, a pellle-
HH€ TOJIyYNJIoCch HeOTPAHNUECHHBIM. SHAUNT 3ajlaua IocTaBieHa HeKoppeKTHO. Kop-
PEKTHasA IIOCTAHOBKA 3aJlauM 10 AJlaMapy BKJIOUAeT B ceOs B JIOTMOJTHEeHHE K CyIIle-
CTBOBAHMIO M €JMHCTBEHHOCTH PeIlleHN ellle M TpeboBaHue YCTOMUNBOCTH PellleH U
OTHOCHUTE/ILHO MAJLIX IIIeBe/IeHNH I'PaHNYHLIX yCJIOBHH. B JaHHOM IpuMepe CKOIb
YTOAHO MaJjible N3MeHeH s HYJIeBBIX 'PAHUYHLIX YCIOBUH MMPUBOAAT K KaTacTpodu-
YeCcKOMY U3MeHEHNIo pellleHnd 3afgaun Koirn.

12.3 ¥Ypasaenue I'ensmrossia

M5l ysKe IMMOCTPOMJIIH O0paTHBINA ollepaTop K JjamiacuaHy. Ho 4To6bl 3aKOHUUTH
KpaTKHii 0630p OCHOBHBIX DJIIUNITHYECKHUX OIIepaTOPOB, HAJIO PACCMOTPETH ellle OJANH
Ba)yKHBIN caydail — onepamop ['envmezonvya

L=A+k%

Ecin nepef k? cTOUT 3HAK MUHYC, TAKOI OII€PATOP TOKE HA3BIBAIOT ollepaTopoM 'ebM-
roapiia. YpasHenne I'eIbMIoJiblla BOSHUKAET B 3a/layaX BIEKTPOAUHAMUKYN U OIITH-
KH, KOrJa MBI HIIeM pellleHre BOJHOBOTO ypaBHEHHS B BHJle MOHOXPOMATHYeCKOM
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BouHBI. Takoe ke ypaBHeHIe BO3HHKAeT B KBAHTOBOM MeXaHWKe, eCJIW Hac WHTepe-
cyeT cTallioHapHoe cocTossHHe ypaBHeHusd Illpeamurepa s yacTHIILI BO BHEIITHEM
nmoJie.

Mo>kHO TOCTPOUTH ABe QYHKINH ['piiHa mepBoro poja A TpeXMepHOH 3alauM,
KaykJasa N3 KOTOPBIX obpalaeTcsd B HyJIbL Ha 6eckoHeuHocTH. [Ipu k& = const ob6e ABHO

BBIITUCBIBAIOTCA
e:I:ik|r—r’ |

Gt = (12.4)

dmtlr — 1’|
OHu 06e yJOBIETBOPAIOT YPABHEHWIO U TPAHMUYHOMY YCJIOBHIO, MMEIOT TPAaBUIBLHYIO
0COGEHHOCTE IpH T = 1’. B 5TOM MOKHO Y6eUTHCS JOKANLHLIM MHTETPHPOBaHUEM,
AHAJIOTUYHO TOMY, KaK MBI HCKaIH 0CO6eHHOCTE (11.6) pyHIaMeHTATBHOTO pellleH s
ypaBHennd Ilyaccona. [IprueM # OTBET MONYUYUTCS TOT K€ CAMBIH, IOTOMY YTO UJIeH
¢ k? Ipu TOKAILHOM WHTETPUPOBaHWH obpaiiiaeTcsa B Hyab. PyHruusa 'puHa G Ha-
3BIBaeTCA pacxodaweiica, a G- — cxodaujeiics Bonuoi. Ha mpakTrke Ta MK MHAS
GYHKIHA BLIOUPAeTCss B 3aBUCHMOCTH OT TOCTAHOBKY MCXOAHOM pU3nYecKoil 3aja-
uyn., @yuruusa ['prHa ¢ TOCTOAHHBIM k& MHOT/]Aa MOKET OBITH IIOIe3HOH W AJId ypaBHe-
HUS ¢ TIepeMeHHBIME Koadduimentamn. [IpofeMOHCTPIPYeM Ha IIpUMepe, KaK OHA
MO3BOJIAET CBECTH NUPPePEeHIIHATLHOe YPaBHEHE K MHTETPATBHOMY .

MNpvmep 12.4. CranmonapHoe ypaBHenue lllpeaunrepa numMeer BUj

(A+k§—27;_:—2U)w=0,

rae k2 = 2mE /K. Ecan moreniuan U MaJ Io cpaBHEHUIO ¢ TIOJTHOM sHeprueil F, MOK-
HO CTPOUTH TEOPHIO BO3MYIIeHHMI JJIA 3a/layd paccessHUd, CUMTAA HEBO3MYIICEHHOE
pellleHne MJI0cKol BOJTHOM’ 1y = exp ikor:

P(r) = glkor 4 ().

B 3ajaue pacceaHIA IpH GONBIINX 7 pellleHe COCTOUT U3 IMIIOCKOM Maarolneil BOTHbI
" pacxojdineiica chpepuuecKoil pacce AHHON BOMHEBL. CXoAAIITecsT BOJIHBI HET, IO3TO-
MY HeollpeJle/IeHHOCTE CHIMAaeTcs M MBI Moab3yeMcea pyHknuei 'puna G1. Haiigem
MHTerpajabHoe YpaBHeHHe JJIA MOIPABKY ITIEPBOTO MOPSAAKA ;¢

v = () —alr) = [ G x) U )

KOTOopo€e Ha3bIBaeTcsd I'NIaBHBIM HHTETI'PAJIBHBIM YpaBHeHWEM T€OPHH pacCedHnd.

HuTerpanbHoe ypaBHeHHEe PEILINTEL BO BCAKOM cJIydyae He JleTue, YeM JudpdepeH-
IIAAJIbHOEe, OTHAKO I HHTeTrpalbHBEIX YPpaBHEHNH O0OLIYHO y06HEEe CTPOUTH Pasiio-
JKeHHe 1o MajioMy napaMeTpy. C TOUKM 3peHUs TeOPUN WHTerpabHLIX YpaBHEHUHA
5T0 ypaBHeHne PpearoasMa BToporo posia. Takme ypaBHEHUA MOKHO PelllaTh ¢ TOMO-
IILI0 NTepaliii M IOJIyUYaTh pa3oyKeHN B pAJl, KOTOPLIH B MaTeMaTHKe Ha3bIBaeTCA
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panoMm HeilimaHna, a B @3HKe 6OPHOBCKUM:
+ N ' ! /
Y1) =o(r) + [ G7(r, 1) Ur)yo(r) dr’ +
+ / G, r’)QH—TZU(r’) / G, ﬂ’)%(]@”)%(ﬂ’) ' d’ + .

Orpenbuble 4YJdeHBI GOPHOBCKOTO psAjla MOKHO W306pasuTh TIpapUuecKn
HNurerpan mo r’ B mepBoil cTpouyke (op-
~—_— ~_ MYJLl — IIepBoe GOPHOBCKOEe IPUOIHIKE-
U U U HH€e — OIIMCBLIBaeT OJHOKPATHOEe B3aMMO-
JelicTBHe YacTHILI ¢ ToeM U. Crnenyio-
it uHTerpan mo r’,r”, 3ammcaHHbIi Bo
BTOPOH cTpouKe GopMyJIbl, 0603HaYaeTCsA BTOPOH AMarpaMMoii, KoTopas MOKa3hIBa-
€T, 4TO YacTHIa JBaKILI B3ANMOIeicTBOBAJA ¢ TTOJIeM, OJWH pa3 B TOUKe r’, a BTOpoid
pa3 BTouke r’ M T.[.
061acTH TPUMEHNMOCTH 6OPHOBCKOT0 IPUOIIKEHH (06/1aCTh CXOMUMOCTH psAfa)
MOYKHO HAWTH 13 YCITOBUA MAJIOCTH IIEPBOTO YJieHa Pa3yIoyKeHUs 110 CPaBHEHHIO ¢ HY-
neBbIM. OlleHKa HHTerpajia IoIyJyaeTcs, eCJIM yU4eCTh, YTO MHTeTPUPOBaHue o TMolle-
PEUHLIM KOOPAMHATAM II0 OTHOILIIEHHIO K BEKTOPY Ko TpoBOAUTCSA /10 pajinyca B3auMo-
JeficTBua R, a 110 MpoJoabHO#N KoopauHate — 1o 1/kg M3-3a OCIIUILIAINN 1ot

2mU 1 1
T R_«1

A ko R ’
rge U — XapakTepHas BeJIMUMHA IOTeHIIMAaJIa B3auMojlelicTBuAA. Ecam ydecTs, 4TO
npu E > U ko = mv/k, TA€ v CKOPOCTD YACTHUIIHI, TO yCIOBHEe IIPUMEHNMOCTH CBOJNT-
cA K HepaBeHCTBY

R I
T=— = —.
v<<T U

Bpemsa T mposeTa yepes AMy JOKHO GLITH MeHbBIIIe XapaKTePHOTO BpeMeH U T, 3a KO-
Topoe MeHdeTcd cocTosgHNe. [Ipu MabIX CKOPOCTAX, MTPOAOABHBIN HHTETpas o6pesa-
ercs He Ha 1 /kg, a Ha paccTosTHUH R, ToT/la ycjloBUe MeHAeTCs

hz

U .
< mRZ?

IMoTeHIIMaNLHAA SHEPTHA JOKHA OLITHL MaJia 10 CPaBHEHHIO ¢ DHEePTruel JIoKaIn3a-
187078

Vnpasicrnernue 12.2. Ilonbaysach npeobpaszoBanneM Pypre, BeIBeauTe hopMmyiy (12.4).
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HecTtanuonapHsle ypaBHEHU A

Kax MBI yOequanch, JJs SJJUNTHYeCKUX YpaBHEeHU KpaeBas 3a/laya CTaBUTCH
Ha 3aMKHYTOH IIOBEPXHOCTH — TIpaHHuIle § KOMIAKTHON objacTi D mam Ha OGecKo-
HeuHocTH. {714 mapaboindyecKUX U T'UIepOoOJInYeCKNX YpaBHEHU I NMeeTcd ellje ¥ Ha-
yanabHoe ycsoBue Ipu ¢ = 0. J[719 ypaBHEeHHA S TeIJIONPOBOJHOCTH TpebdyeTca OJJHO Ha-
JaJILHOe YCJIOBHe, N BOJTHOBOIO ypaBHeHUsI — JBa. IlycTh Teneps D C R® — Ha-
YyanabHas THIIepIoBepXHOCTL ¢ = 0, I'/le 3aJlaHbl HavyaJibHbIe yesioBudA. Pelllenne Hafo
ucKaTh B 06sactu 2 = D x R, To ects ipu ¢ > 0. Hafo HaliTH To pellleHne, KOTOpoe
OJIHOBPeMeHHO YIOBJIeTBOPseT M HAaYaJIbHBIM, M TPAHUYHBLIM ycjioBUAM. Takad 1o-
CTAaHOBKA Ha3LIBAETCS CMEULAHHOU Kpaesoil 3adadeil. B moboM cirydae Bo BeeM (n+1)-
MePHOM IIPOCTPAHCTBE-BPpEMEHH YCIOBUSA CTABATCA HA HE3AMKHYTOU IIOBEPXHOCTH —
Ha 4acTH I'paHUAIBI 06JJacTH 2: Ha HaYaJILHOU THIIEPIIOBEPXHOCTH A Ha «00KOBOMU» I10-
BepxHocTH D U (0D x R, ). B ocHOBHOM MBI 6y/ieM paccMaTpUBaTh YaCTHBIA clIydyai,
KoT/la HadyalIbHoe YCJIOBHE ITOCTABIEHO BO BeeM IpocTpaHeTBe D = R”, a rpaHUYHbBIe
YCIOBHA 3aMeHAIoTCA TpeboBaHneM yOLIBaHHSA pellleHr s Ha 6ecKoHedHocTH. J[14 ru-
nepboInUYecKnX ypaBHeHN cTaBUTCA 1 3ajlaua Kollld TOJMBKO ¢ HAYaJbHBIMHU YyCJIIO-
BHAMH B KOMIIAKTHOI 00JIacTH, HO pellleHre TaKol 3a/laud He yJaeTcA MPOAoJLKATH
Ha MTpOU3BOJILHbIE BpeMeHa.

13.1 IlapaGoauueckue omepaTophl

B xauecTBe IIpuMepa HapaﬁoJII/I‘{eCROI‘O YpPpaBHEHHA MBI 6y,[|;eM paccMaTpruBaTh HEO -
HOpOAHOe YpaBHEeHHE TEIIJIOIIPOBOJHOCTH

ou
i Au = f(z,t).

IIpesx e, yeM cTpouTh QyHKIMIO I'puHa, Ha0 yOeANTHCA B OTCYTCTBUH HYJIEBBIX
MO/JI Y OJJHOPOAHOTO YpaBHeH A TEIJIONPOBOJHOCTH ¢ HYJIeBLIMU HAaUAJIbHBIMHU U I'Pa-
HUYHLIMHA YCJIOBHAMH. [[JI 5TOTO cHOPpMYTUPYEM COOTBETCTBYIOITUIA TPUHILUAT MaK-

98
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cHUMyMa JJI cMellTlaHHOi KpaeBoii 3ajaun. OrpaHuYnMCcs JJIA ITPOCTOTEL CIIydaeM o/l -
HOM IpOCTpaHCTBEHHOM ITepeMeHH oM

Uy = Uyy, (13.1)

KOr'/la HyJeBble HauaJbHbIe YCIOBUSA 3aJJaHbl HAa oTpeske D = [a,b], a TpaHUYHBIe
yeaoBug npu z = a u x = b. IlycTh TpebyeTcs MOCTpouTh pelitenne npu 0 < ¢t < 7,
Toria 06J1acTh {} 6yeT IPAMOYTrOJIBHUKOM.

EnuHCTBeHHOCTD

Ha miockoctu (z,¢) paccMoTpuM o6'beJUHEHNE
HavyaysbHOTO oTpe3ka AB:t = 0,z € [a,b] = Dm
KPaeBBIX OTpe3KoB x = a,t € [0,T]; x = b,t €
[0, T]. O6o3HaumM 10 06beAnHeHHe ] (110 hopMe
5Ta YacTh IPAHUIILI HAIIOMHUHAET IIepPeBePHYTYIO
6ykBy II). O60o3HaunM 6YKBOM 'Y TYHKTHPHBIN OT-
pesok A'B': t = T,z € [a,b]. BMmecTe oHM cocTaB-
JAIOT 3aMKHYTYI0 KPUBYIO — TPaHUILy 061acTH ()
MU~y =9oQ.

Teopema 13.1. IIpunyun maxcumyma 914 ypasHeHus menaonpogodHocmu. PyHK-
yus u(z,t), ydosremeopaowas ypasnenuo menaonpogodnocmu (13.1), moxcem do-
cmuzams 6020 MAKCUMYma moavko Ha 1.

IIpeanono:xuM MpoTUBHOE, NIYCTH

M = maxu(z,t) = u(xg,to) > m = maxu(z,t).
YU 1
BBezieM BeoMOTaTeIbHYI0 GyHKINIO

W(z,t) = u(z,t) + %(x — 20)?

M OIleHUM ee Ha [I:
M—m M+m

2 2
B ocrasieiics yacTy rpaHHUIIBI M B caMoli 06JacTu () Uy QyHKIAA IPAHUMAET 3HaUe-
HHsA, KOTOPBIe IMPEeBBIIIAaloT MAaKCUMYM Ha I'paHulle, HampuMep, W (zq,to) = M, 3Ha-
YHT ee MAKCUMYM JOCTHTaeTcA I'ie-To B 00bequHeHnn 2 U y. IlycTh 8To TporucXoAuT
B TOouKe (21,t;). PaccMoTpuM [Ba ciydas

W(x?t)’(x,t)en Sm+

1. (z1,t1) € Q. Toraa B Touke Mmakcumyma W; = 0, aW,, < 0, orkyaa Wy — Wy, > 0.
C npyroii ctoponsl, W, — W, = —(M — m)/(b — a)? < 0. MBI IPHUIILIN K TPOTH-
BOpeYHIO.
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2. (z1,t1) € v. Wy > 0, Torna TeM 6osee Wy — W,,, > 0. CHOBa IPUXOJIUM K I POTH-
BOpEUHIO.

Tenepb, AaHAJOTI'MYHO cIyuyalo 3JJINIITUYeCKHX ollepaTopoB, 3aMeHdAd ¥ — —U, BbI-
BOJHMM IIpHUHIUII MAHHUMYMa. N3 stux IIPUHIIUIIOB cjledyeT, YTO pellleHrue OJHOPOI-
HOT'O YpaBHeHHdA ¢ HYyJIeBEIMHA HaYaJIbHBIMHU U I'PAaHUYHBIMHA YCJIOBUAMMA (Ha H) TOMX-
JeCTB€HHO paBHO HYJIO.

Samevarue 13.1. JlokazaTeilbcTBO 060011aeTcA HA clydyall HECKOJIBKUX ITPOCTPaH-
CTBEHHBIX TlepeMeHHBIX, ecau (b — a) Bo BCIIOMOTaTeNbHOW QPYHKIIUHA 3aMeHUTH Ha
araMeTp d o6amact D. 'miepmoBepXHoCTE I, Ha KOTOpOo# cTaBATCA YCIOBUA CTAHO-
BHATCA 00beIlMHEeHNeM HauaJbHOM THIEePIIOBEPXHOCTH U «OOKOBBLIX » TPaHUIL 06JIaCTH
Q: I = DUOD x R,. [lomyyaeTca n-MepHBIU HUIXH/P, K KOTOPOMY J100aBJI€HO «JTHO» .

CBasp pyHkuuii [puHa mepBoro m BToOporo poaa

HeopHopoanyio KpaeBylo 3ajlauy AJs1 ypaBHeHUs TeIlJION POBOJHOCTH MOYKHO pas-
OWTH Ha JIBe TOJYOJHOPOHbIe. [[JId TpocTOTH 6y/leM paccMaTpPHABAThH ITPOU3BOJILHbBIE
x € R?, To ecTh UCKATH pellleHre B ob6sacTu {2 = R™ x R, a HauaJabHOe ycIoBHe cTa-
BUTEL B D = R”. Torja mosHas HeoJHOpoHAA 3ajlaua

Uy :Au+f(1:,t), u(z:, O) :g(:li)
paBﬁI/IBaeTCH Ha JBe

vy =Av+ f(z,t), v(z,0)=0, (13.2)
wy = Aw, w(z,0) =g(z). (13.3)
CyMMa UX pellleHHil 4 = v+w ecTh pellleH e NCXOAHON HeoJHOPoAHO’ 3a1aun. PyHK-

1w I'prHa mepBoro pojia, KoTopas aeT pellleHue 3aaun (13.2), ynoBneTBopseT qug-
(pepeHIMaILHOMY YpaBHEHUIO

G, — NG =68z — )5t —t)), Gleo = 0. (13.4)

Pemenne 3ajaum (13.2) naeTca mHTErpajiom 1Mo o6aacTu §2
v(z,t) = / Gz, t,2',t) f(2',¢') da' dt’, (13.5)
Q

Ije HHTerpupoBaHue 110 BceM IlepeMeHHBIM BejleTcs B 0eCKOHEUHBIX Ipejesiax. Pe-
IIleHe BTOPOU IoJyoJHOpoJHOoUr 3aiaud (13.3) — 3ajauu Kouinm Ay oJlTHOPOJHOTO
ypaBHEHHS TEILJIOIPOBOJHOCTH — JlaeTcsl MHTErpajoM 110 HadaJbHOU THIIepIIoBepX-
HocTn D = R™

w(z,t) :/DGg(x,x’,t)g(x’)dx'. (13.6)
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Mo:%xHO BBEIBECTH CBSA3L QYHKIIMHN ['priHa mepBoro u Broporo poja. /g sToro 1e-
peHeceM HauajlbHOe ycyioBHe 3ajaun (13.3) B IpaBylo 4acTh

wy = Aw + g(z)é(t), w=0,t<0.

Toraa BTopyio MOJyOJHOPOAHYIO 3a/1ady MOYKHO CBECTH K IIEPBOi, €CJIA IPUPABHATH
ee pellleHne, MolydeHHoe o popmyte (13.5), kK uHTerpany (13.6):

w(z,t) = / Gz, t, 2, t)g(2)o(t') dx' dt’ = / Gs(z, 2, t)g(z) dz’.
0 D
Mpbl monydaeM pyHkuio ['puna Broporo poga
Gs(z,x' t) = G(z,t,2,0).

®yuruua Gg noaydaerca us pyuriun ['prHa mepsoro poja MpupaBHUBAaHAEM K HY-
JII0 TIepeMeHHOi ¢

®dopmyaa Ilyaccona

Koshppuiimentsl ypaBHeHud (13.4) He 3aBUCAT OT z,t, IIOBTOMY pellleHrne MOKeT
3aBHUCETEH TOJBLKO OT pasHocTel x — 't — . YpaBHeHHe MOYKHO HEMHOTO YIIPOCTHUTD,
OrpaHMYUBIINCEL cHadasa ciaydaeM x' = t' = 0. [Tosyunrcsa

oG

— — AG =46(x)d(¢t).

at
ITo Toi s%e mpHUUNMHeE, T.€. 6J1arofaps MOCTOTHHBIM Kop(dUIIeHTaM (& 3BHAYUT U TPaHC-
JNANNOHHON NHBAPUAHTHOCTH), YpaBHEHHE YIIPOIITaeTCs ¢ TOMOIIbIO TPpeodpa3oBaHusd

dypbe

. ) dk dw
Gro = [ Gz, t)e =D dpdt, Gz, t =/G peltke—wt) = 13.7
o= [ G et Gy = [ Gt 2t s
8necbz = (21,...,2,) Wk = (ky,..., k,) — n-MepHBIe BEKTODHI, a kx = kiz1+ -+ k2,

— cKaJsIpHoe IpousBejeHne. [IpeobpaszoBanne dyphe MepeBOAUT ANPPepeHIHuaTh-
HBI€e OIlepaTOpPhl B YMHOKECHIE

g ) g "

— = —iw — —i

ot oz ’
7 TeM caMbIM JMAaTOHAIN3YeT ypaBHEeHHe, T.€. IIpeBpalllaeT B aarebpandyeckoe, KOTO-
poe pelllaeTcs cpasy

1

—1i E)Gro =1 = Grp = ———.
(—iw + K9G = —iw + k2
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@ O6paTHoe IpeobpaszoBaHue MO w AacT PyHKIUIo ['pu-
Ha B k-TIpeJicTaBJIeHU N

(o]
—iwt
t>0 'S Gr(t) = / e—% (13.8)
—iw + k227
-0
NHTerpaa mo AeMcTBUTENBHOMA OCHA B W - TIJTOCKOCTH MOKHO IIPEBPATUTL B KOHTYD-
HBIi. HamToMHUM, 4TO npasuio 3aMblKAHUS KOHMYpa olpejesseTcsd 3HAKOM Jeil-
CTBUTEJLHOM YacTH ITOKa3aTel]sa DKCIIOHeHTHI. Ha 1o To/icTaBUTE B 06paTHOe ITpeobpa-
soBanne Pypre (13.8) w = Rel® U onpele/INTH B KAKOM CEKTOPe N3MeHeHNsI apTyMeH -
Ta o MHTErpaJI o MoJYOKPYKHOCTH HcUue3aeT IpH yBeauueHnn R — oo. [lput < 0
KOHTYP 3aMbIKaeTcs B BepXHel MOJMYyIIJIOCKOCTH, I'/ie MMOoAbIHTerpaJbHaA QPYHKIVA He
HMeeT oJocoB. [TosToMy HHTerpas mo 3aMKHYTOMY KOHTYDPY paBeH Hy 0. [Iput > 0
KOHTYP 3aMBbIKaeTcs B HIYKHEH IMOMYyIJIOCKOCTH, II03TOMY UHTEIpaJl paBeH BHIUETY B
noioce w = —ik?, B3ATOMY ¢ ITPOTHUBOIIONOKHLIM 3HAKOM H3-3a OTPUIATEIHLHOrO Ha-
npaBaeHud 06xofa. C MOMOIIbIO CTyeHYaTOM GYyHKIUK O(t) OTBET MOYKHO 3allicaTh
B BHJle OJTHO POPMYIJIBI:

0, t<0;

Gult) =100, 6 =1 |,

OcTaeTcs BLIIOJIHHATEL 00paTHOe Ipeobpa3oBanue 1o k

ook Ak
G(z,t) = O(t) | ™+t —.
(2m)"
ROHRpeTHOG 3HaUeHle NHTeTrpaja 3aBHCHUT OT pasMEepHOCTH Nn. B JeKapTOBBIX KOOD-
JUHaATaX INepeMeHHbIe pa3JeJIdloTcd 1 HHTerpaJl pacliajaeTcd B IIPOU3BeIeHe n OIU-
HaKOBBIX OJHOKPATHBIX MHTETpaJd0oB, KOTOPLIE JIETKO 6GPYTCH. HOJIY‘I&BTCH

G(z,t) = ((37(;;)71 (7_;'>n/26_x2/4t'

IIpu n = 1 PYHKINA IepEeXOJUT B U3BECTHOE aBTOMOJIeIbHOe pellleHre YpaBHEeH U
TEIJIONPOBOAHOCTH ¢ TOUCUHLIM HAYATLHBIM YCIOBHEM.

OcTaerca BOCCTAHOBUTE HITPAXOBAaHHLIE KOOPANHATELI 3aMeHoH £ — z—',t — t—1
M BLINTNCATH OTBETHI

Gz, t, 2 ,t) =

ot —t) [ (x — :c’)?] ’

PETETE R IO

e [ 222

G ‘1) =
S(ZC,CU, ) At

(4mt)™?

Bo BTOpOI popMyie MOKHO He HCATh O-QYyHKI[AIO, TOTOMY YTO 3apaHee U3BECTHO,
yTo 3ajaua Koiru craBuTes ToabpKo 14 t > 0. [Tonyyennasa gyukiiua ['puHa BTroporo
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pojla ONMCELIBAaeT pacilIbiBaHNe HAYAJLHOTO YCJIOBHA B BUE n-MePHOH J-QYyHKIAN.
Iuchiepcns pacnpefleIeHAS pacTeT co BpeMeHeM JIuHeiiHo 02(t) = 2t, a HOpMHUPOBKAa
coxpansaerca. Pemenne 3agaun Ko

w(z,t) = /exp l—%} g(xl)(él_;lg;ﬁ

HasbIBaeTcsA gpopmynoil Iyaccona.

13.2 T'mnmepOosaunyeckue onepaTopbl

1 npuMepa paccMOTPHM HeoJHOPOJAHOe BOJTHOBOE ypaBHeHUe, CUNTAA, UTO C =
1: 52
U
Ou = 2z Au = f(x,t).
Haiinem, B KaKoii o6JacTu () pelllenre 3a7aun Koinm (6e3 KpaeBbIX YCJIOBUM) eVH-
CTBEHHO B cJIydae oJJHOM IMpocTpaHCcTBEHHOM TepeMeHHOM, a pyHKIHIo ['prHa BEIUKC-

JINM B cJIyuyae TpeX IIPpOCTPaHCTBEHHLIX II€PpEeMEHHbIX.

EanuncTBeHHOCTH

Kak u 19 napaboIndyecKoro ypaBHeHHs, HaYaJdbHble YCAOBUA IIOCTABUM HA OT-
peske AB : a < z < b, a pelllenne 6yleM NCKATh Ha KOHEUHEBIX BpeMeHax 0 < t < 7.
OIHOPOJHOE BOITHOBOE YPaBHEHHE

v 6%

S T R

t YMHOKHM ypaBHeHHe Ha v;, TpH6aBUM W OTHUMEM

C V4. BCINA 3aMeTHTE, UTO IMOAYIRIICS MHTETPAJ OT KOM-
MMOHEHTELI POTOpa, W BOCIIOIL30BaThLCA TeopeMoil CTOK-
ca, HOJAYUYNM KOHTYPHEI HHTeTpajl BTOPOTO poaa

dvi+v2 O Vi + 03
(a7 - gpten)) vt = f 27 B e

KOTOPBIA Jo/KeH obpalliaThed B HYJIb. B KauecTBe 006-
nactu §) BLIGepeM Tpalelinio, pebpa KOTOpold — oTpes-
KN XapaKTepUCTHK x ¢ = const, TPOXOAAIINX Yepe3 KOHIBI A, B HauaJbLHOTO OTpe3-
Ka, HIKHee OCHOBaHNe — caM HauvaJbLHLEIN oTpe3ok A B, BepxHee OCHOBaHNe — OTpe-
30K A’'B’, KOTOPLIH IMOJIYUYNJICA PN IepeceUeHnn MpaMoi ¢ = T 1 XapaKTepuCTUK.
Yro65l HANTH KOHTYPHBLI HHTErpajl, Hajlo CIIPOeKTHPOBATh BeKTop (v2/2 +v2 /2, vv,)
Ha NepHUMeTp, T.e. Ha BeKTop ds = (dz,dt). Ha ocHOBaHUAX Tpallelludl BeKTOp ds =
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(dz,0) m WHTeTpUPOBATL HA/l0 TOJILKO IlepBoe cjaraeMoe. Bjrons pebep Tpamenun
dz = +dt M HHTeTrpaJ BTOPOTo pojia Mo ds CBOAUTCA K WHTErpajy IepBOTo poja 1o
dt. YUNTLIBad HallpaBJieHNe HHTeTPUPOBaHNA, YKa3aHHOe CTPEJIKaMHU, MOJyUYUM

/ B / A
2 2 2
_/’Ut-I-v - /vt+’0 0 / WH% dH/ &Mvm gt — 0.
2 2 2 2
Al A B Al

HazoBeMm snepzueil 1 0603HaunM OyKBOM £ MHTerpasl

B 5 9 B’
E:/md@ E':/”tJr”d
2 2
A Al

Torga mony4ynrcsa

A 2 T 2
E—FE+ / (o v)” dt+/Mdt.
0

0

ITocKoALKY HHTErpaIbl HEOTPHILATEILHO OIIpe/ie/IeH ], ToayJaeTcs HepaBeHCTBO F >
E'. B3gaunr, ecrmn E = 0, Tou E/ = 0. MBI MoKa3anan, 4YTo ypaBHEeHHe ¢ HYJIEBBIM
HAYaJbHBIM YCIOBHEM HMeeT HyJeBoe pellleHne B Tpamnelnnu ). BepxHee ocHoBaHUe
MOYKHO JBHUTaTh BBEPX BILJIOTH [0 (', TOUKH IlepeceUeHN XapaKTepUCTUK. SHAUUT
pellleHre HeOJHOPOAHOM 3aJlaul €JMHCTBEHHO B XapaKTePUCTUUECKOM TPeyroJbHu-
Ke ABC. Ecin HauaabHOE YyCIOBHE ITOCTABIEHO Ha Beell ocH, pellleHre eIMHCTBEHHO
B IMOJYIIJIOCKOCTH t > 0. 3aMeTHM, UTO €JHHCTBEHHOCTEL MBI IOKA3aJu A1 QYHKIA
V3, Vg, & CAMO PElITeHNEe BOJTHOBOTO YPaBHEHUA u(x, ) ONpe/ieIeHO ¢ TOUHOCTBIO JI0 KOH-
CTAHTBHI.

Ceasp pyHknuii 'puHa mepBoro u BTOporo poja

BTOpaH IIOJIyOOHOpOOHAad 3ajjadya AJd BOJIHOBOI'O YpaBHeHHA, 3ajlada ROH_II/I, CO-
JEePXHUT IBa HAUAJBbHBIX YCJIOBHA

Ou =0, wu(r,0)=g(r), wur,0)=nh(r). (13.9)

ITosTomy n pyuknua I'puHa Broporo poja monaydaercs AByXKOMIIOHeHTHas1. Peire-
HHe JJaeTcd CyMMOM IBYX MHTeTPAJIOB II0 Havya bHOo# MmoBepXHocTH D = R™:

u(r,t) = / (G9x,r, 090") + G2 (e, () ) di. (13.10)

BriBesem popmyty I'prHa 1719 BOTHOBOTO YpaBHEeHH A, KOTOpas IOMOYKeT HaM ycTa-
HOBHTEL CBA3EL MEeKAY QYHKIIMAMHA ['priHa ITepBoro v BToporo pojia. BosbMeM pelrtenne
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v 3agaun (13.9) n pyukumio ['prHa IIepBOTo pofia, KOTOpAas ABJIAETCA PEIIeHHeM 3a-
nayn
OG=6r—-1)5(t—t), Gl_;=0, Gil,_o=0, (13.11)

n HaﬁﬂeM Pa3HOCTh CKAJIAPHBIX HpOI/I3Be,[[eHI/II71
u(r') = (v,0G) — (G,0u) =

= /dr dt [% (uGy — Guy) — V (uVG — GVu) | =

= /dr dt% UGy — Guy) — /dt/drdiv (uVG — GVu).

Bropoii nHTerpas mo o6’beMy OT JUBEePreHIINN IIpeodpasyeTcs B MIOTOK Uepe3 6ecKo-
HEeUYHO yJaJleHHYIO TTOBEPXHOCTH

f (uVG — GVu)dS,

Mo3TOMY paBeH Hy/io. [lepBElii mHTerpai mo t gaet 0 Ha BepXHeM Iipejiesie, €CIU pe-
IIeHHe yOLIBaeT IpH ¢t — co. OcTaeTcs 3HaUeHUe Ha HIYKHEM IIpejiesie

U(r/,t/) = — /dr(uGt — Gut)t=0~

CpaBHEuBasg ¢ 0611TUM BeIparkeHueM (13.9), HailjleM KOMIIOHeHTHI PyHK1MHA ['pitHAa BTO-
poro poja

oG
= GP =al,_,. (13.12)
t'=0

Ocranoch HaiiTh pyHKIUI0 ['prHa mepBoro poja, yonsIBallylo Ha 6€CKOHEYHOCTH,
KoTopad ABJAeTcA pellleHrueM IepBoi moyoqHopogHol 3agauyu (13.11).

G =—

3anasapiBaroiasd ¢yHkua 'puna

OrpaHuuMMcd cIydaeM n = 3 IPOCTPAHCTBEHHBIX IlepeMeHHBIX, Korga D = R3
u noaokuM r’ = 0, = 0. Jlya morucka y6uIBaiolero Ha 6eCKOHEeUHOCTH pellleHNs
MOYKHO BBLITTOJHHATE TpeobpasoBanne Pypoe (13.7) 1 mOnyuYnuTh

1
Gk = ————.
k, —2 + k2

O6paTHOoe IpeobpasoBanne Pypre Mo w BEIPakaeTcsa HHTErpaIoM

T exp(—iwt) dw
Gk(t) = / k2 — (2 %
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B or/imune oT ypaBHeHHS TEIJIONPOBOJHOCTH, UMeEeTCA TPYAHOCTh: ITOJIOCHI ITO/IbIH-
TerpaJbHOTO BLIpaYKeHHS IoMaJu HAa KOHTYpP MHTErpHMPOBAaHUA. JTO O3HAYAET, UTO
HHTerpaJ pacxoguTcs. YTobbl MOIYyUNTh KOHEeUHOe BhIpaskeHne, HaJlo CABUHYTH KOH-
TYP € MOJIOCOB XOTA OBl B U3 OKPeCTHOCTAX. BLIOOD KOHTYypa Ha3bIBaeTC npasuiom
006xo0da nonocos. KaykALIH U3 MOJI0COB B HAIIIEM CJIyyae MOYKHO O0OUTH CBEPXY WJIN
CHU3Y, 3HAUNT BCeT0 BO3MOYKHEI UeThIpe MTpaBUJjia U HeT HUKAKOro cllocofa BEIOpATh
MeKJy HIMH, KpoMe GU3NUeCKNX coobparkeHW. MBI y)Ke CTAJIKUBAJIHUCh ¢ 110J00-
HELIM IIPAMEPOM, KoT/Jla HCKaIN pyHAaMeHTaJIbHOe pellleHre ypaBHeHuA ['eIbMIoJis-
na. Bes pusnuecknx coobpaskeHNi Helb34 GBIIO BEIOPATE OfIHY U3 ABYX QYHKIHHE G T
wm G~.

B jgannoM ciydae MOAXOAAINM (PpU3NYe-

@ CKHUM coobpaskeHHeM ABIsAeTCA MPUHILAT I1PH-
ynHHocTH. HaM Hajlo HaiTH TaKkylo QyHKIHIO,

N\ N\ KoTopas obpallaeTcd B HyJb npu ¢t < 0. Ilp;
® > ® t<0 9106 -
'K K < 0 KOHTYp 3aMBIKaeTcA cBepxy. UToOwI Mo
JIYyYNJICS HYJIb, HaJ0 1 T0JII0ca 06XOUTH CBEP-

xy. [Ipu ¢ > 0 KOHTYp 3aMBIKaeTcs CHU3Y, TO-

r'Ia HHTerpaJl paBeH CYMMe BBEIUETOB

) @(t) e—ikt eikt
Ci(t) = —2mia [ - ° ).
k(8) = 2w ( % Tk

OcTanoch BLIIMOTHUTE 00 paTHOe MpeobpasoBanmne Mo k. Ecoiu mepeiiTul B chepryecKyio
CHCTEMY KOOPAMHAT ¢ OCBIO 2 BAOJEL BEKTOPA I, TO HHTETPAJILI 110 TOJISIPHOMY U a3M-
MYTJIBHOMY yIJIaM Cpa3y BO3LMYTCSA, & HHTerPaJbl ITo k CJIOYKATCA B OMH WHTETpal
B 0eCKOHEUHBIX IIpejiesiaxX

e |

8wy
-0

G(r,t) = (elkt + 7Y eiFr gk = —% (6(r+t)—d(r—1).

IlepByI0o N3 MONYYUBUINXCS J-PYHKIITUN MOYKHO He ITACATh, IOTOMY YTO OHA HUKOT/a
He paboraer. [Iput < 0, Korja ee apryMeHT MOT 6Bl 0OpPaTUTLCA B HYJIb, BRJIAJ IIep-
BOT'0 cJIaTaeMoro Bce paBHO HYJIeBO U3-3a O-QyHKI[AN.
OcTanoch BOCCTAHOBUTEL B OTBeTe IIITPAXOBaHHbBIE TIepeMeHHble
’
ety = 2 Ds(R—(t-v)), R=r-v.
4R
DPYyHKIUA, MOAYyYeHHAsI ¢ TAKUM IIPaBUJIOM 06X0/ia MOJI0COB, Ha3bIBaeTCA 3ana3dvl-
sanweil pyurunei 'puna. UMenno 3anasabiBawolinasg GyHKIAA UCIIOIb3yeTcA B KJac-
cUYecKol piIeKTpoAHaMIKe. PellleHre HeOJHOPOJHOTO BOTHOBOI'O YpaBHEHUA BbI-
paskaeTcsd B BHJie 4-KpaTHOI0 MHTeTrpaja, KOTOPLIH 6arogaps 0-pyHKIIMA CBOJAUTCA
K 3-KpaTHOMY

u(r,t) = L / Ot — )R-t =) f(@ thdr'dt' = ﬁ /f(r',t — R)dr’

47 R
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Y Ha3bIBAETCSA 3411 30bl8AI0ULUM NLOMEHYUAI0M. B 0TBeT BOIILIIO 3HaUeHNe ITPaBoOi Ya-
CTH He B MOMeHT BpeMeHH ¢, a B 6oslee paHHUN MOMEHT ¢ — R/c. 3amasbIBaHWe Ipo-
VCXOJUT Ha BpeMs, HeoOXOMMoe CUTHAIY, YTOOBI JOUTH U3 TOUKH I B TOUKY 1.

B wactHoctH, ecam f(r,t) = 47d(r — p(t)), T.e. 17 TOYETHOTO 3apsA/a, KOTOPBIA
IBUIKETCS 110 TPaeKTOPUA r = p(t), MHTeTpaJ 6epeTcs U MoTydaeTcs

1
t) = ——
u(r7 ) R o pR)
KOTODPBIU Ha3bIBaeTcsa nomenyuaiom Jluenapa — Buxepma.
[Tonbsysack popmyaamu (13.12), MOXKHO HAWTU ¥ KOMIIOHEHTHI QyHKUMU ['priHa
BTOPOTO pojia
1 0 1
GV = —Z5R—t), GP=_—4(R-1).
S 4nR 6t ( ), S 7 4nR ( )

Peltenre BTopoil moJyoJHOPOJIHON’ 3a/JauM BbIpa-
skaeTcda uHTerpasiom (13.10), KoTopblii Ha3bIBaeT-
cda popmynou Kupxzoga. I'maBHOE CBOUCTBO BTOU
(pOpMYJIBI COCTOUT B TOM, UTO pellleHre B MOMEHT
BpeMeHU ¢ BhIpaykaeTcs TOJIBKO Yepe3 HadaJIbHble
ycJIoBUA Ha cdepe paanyca R = ct, onucaHHOM’ BO-
KPYT TOYKHW HAOJII0eHUA . ITO CBOMCTBO Ha3bIBa-
eTcAa npuryunom I'oiizenca — Ppenensa n cupa-
BeJIJINBO TOJILKO B cJydae TpeX IPOCTPAHCTBEH-
HBIX ITIepeMeHHbBIX.

Ynpaxcrernue 13.1. Halinure pyuruuu I'puHa of-

HOMEPHOT'O U JIByMepPHOT'O BOJIHOBBIX ypaBHeHUA
(popmyner Jlamambepa m llyaccoHa, cooTBeTcTBeHHO) W ybequTech, UTO 9 HUAX
npuHiu ['oiirenca — PpeHenns He BLITOIHAETCA.



JEKIINA 14

Pe3ojgsBeHTA

Huke MBI BBeJIeM IMOHATHA JUCKPETHOTO K HEIIPePLIBHOTO CIIEKTPA M CIIEKTPAJib-
HOTO pa3lokeHnsa ollepaTopa. 3aTeM MBI MOKayKeM, Kak MOYKHO HCIIOJL30BaTh TeX-
HUKY TMOCTPoeHnA QYHKINHA ['puHa NI pellleHuA IMPOCTEUITHNX CIeKTPATbHBIX 3a-
Jad.

14.1 JIucKpeTHHIi U HEeIIPEePhIBHBIN CIEKTP

B KOHeUHOMEPHOM JUHEHHOM IIpoCcTpaHCTBe H KOJINYECTBO cOOCTBEHHBIX 3HaUe-
HHAHA 1 cOGCTBEHHBIX BEKTOPOB KOHEUHO.

MoumMep 14.1. B upoctpancrse CV 3aaua Ha cOGCTBEHHBIEC 3HAYSH WA [/ 3PMUTOBOM
MaTpHILbL A Av,[)n = A, THe ¥, € CN — BerTOp-cTONGELL, & \,, € R — 4mcIIO, HMeeT
N pelntennii. Bce oHH ABJAIOTCA KOPHAMHU XapaKTepHUCTHUECKOT0 ypaBHeHUA det (A —
AE) = O crenenu N. HekoTopble N3 cCOOCTBEHHBIX 3HAUEHN MOT'YT COBIIaJaTh, TOTJa
KayKJBIi KOpeHb HAJl0 CUNTATh CTOJBKO pa3, KAaKoBa €ro KPaTHOCTD.

B 6eckoHEUHOMEPHOM I'MJIL0OEPTOBOM IIPOCTPAHCTBE UMEETCS YyKe CUeTHOE YHUCTIO
COGCTBEHHLIX 3HAUEHNH 1 COOCTBEHHBIX GYHKITHIA.

MNpvMmep 14.2. Ilycts quddepeHInaIbHBIN ollepaTop

- d?
A=——
dz?
JleficTByeT Ha IIpOCTpaHCTBe PYHKINMA, KOTOpBIe 00palaloTes B HYJIb Ha KOHIAX OT-
peska [0, 1]: ¥ (0) = 1(I) = 0. HopmupoBaHHBIe cO6CTBeHHBIe PYHKIINN U COGCTBeHHBIe

3HaUYeHHnd TorJa paBHBIL

2 2,2
gbn(:c):\/;sinﬂ'n%, /\n=7rl?, n=12,....

Heckonpko QyHKINN ToKa3aHbl Ha pucyHKe 14.1. Takoii cieKTp Ha3bIBAIOT Juckpem-
HutM (WA TOUEUHBIM) B 0003HaYaeTCs 0.

108
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Wn

n=3

n=
=1

1l

Puc. 14.1: CobcTBeHHBIe PYHKIHMH 1), ollepaTopa Amns npumepa 14.2, yoBIeTBOpSA-
IOlHe HYJIEBBIM I'PAHUYHBIM YCIOBUAM Ha KOHIIaX oTpeska [0,7]:n = 1,2, 3, 4. Homep
MOJIBI paBeH KoauuecTBY HyJei Ha [0, 7). CipaBa MOKa3aHbI COGCTBEeHHbIe 3HAUEHUA
— YPOBHH 5HEPIUH B IPAMOYTOJILHOM’ sIMe ¢ 6eCKOHEeUHBEIMU CTEHKAMU.

Ecin 061acTh onpelleleHnA ollepaTopa HEKOMIIAKTHA, TO HAPAAY ¢ QYHKIUAMA
JACKPETHOIO CIIEKTPA, MOABIAIOTCA GYHKIIUN HeIIPePLIBHOTO CIIeKTpa.

MNpvMmep 14.3. TMonpobyeM HaliTh coOCcTBeHHBIE PYHKIIUH OllepaTopa

A= —ii,
dx
npuHaAIeKanme L2 (—o0o, co). 9T0 3HAYNT, UTO GYHKIUA JOHEHEI JOCTATOUHO GBICT-
po y6BIBATEL Ha 6€CKOHEUHOCTH, UTOORI MHTET'PAJ OT KBaJipaTa MoAyasd QYHKI[AA CXO-
nuics. MosKHO ITpOBEPHUTD, UTO ¥, = €*? yIoBIeTBOpsAeT ypPaBHEHHIO JJIA cOGCTBEH-
HBIX QYHKIIWHA ¢ cOGCTBEHHELIM 3HadeHHeM k € R. OgHaro Takasa QyHKIAA He JIEKAT
B L?, mHTerpaj oT KBaipaTa €e MOAYJIA PACXOAUTCS.
Cpeayn QyHKIMIA IIpocTpaHcTBa L? pellleHnil Hallleil cleKTpaJLHOM 3a/laun HeT,
HO pellleHnA NMeIoTcs cpend GyHKINHN, 6JIU3KUX K 9. EcIi yMHOKUATH Ha BECOBYIO
dyuruuio w(k) € L? ¥ IPOMHTErprupoOBaTh:

T(a) = / w(k) () dk,

rfie 0, = R, To HHTeTpas y ke JesKUT B HY>KHOM IIpocTpaHcTBe ¥ € L2,

Ecau BEIGpaTE BeCOBYIO QYHKIINIO (BOJTHOBOM IMaKeT NTUPUHLI Ak = €), JIOKAINA30-
BAHHYIO BOJM3HU HEKOTOPOro k = kg, To yHKIuA ¥ 6M3Ka K GQYHKIMHA ¥; B CKOJb
YToJHO GOJLIIoi 061acTh mpocTpaHcTBa Az ~ 1/€ — 00,e — 0, HO y3Ke UHTETPHUPY-
eMa BMecTe ¢ KBajpaToM. Takne cobcTBeHHEIe 3HAUCHUA MBI HA30BEM Henpepvl8 HblM
cnexmpom, a MHOMKEeCTBO TaKUX 3HAUeHUH 6y/1leM 0603HauaTh 0,.. B JaHHOM IIprMepe
o, = R. Camu GyHKIMK OyeM Ha3LIBATL COGCTBEHHBIMH PYHKIITUAMM HETIPEPBIBHOTO
clekTpa. Belbepem, Hanmpumep,

e/m

RN R )
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IIpy MaJbIX MOTOXKUTENBHBIX € BecoBasd GyHKIMA NepeXoauT Bw(k) — d(k — ko). Ila-
KeT Ipu ¢ # 0 CTAaHOBUTCA WHTEeTPHPYeMBIM BMecTe ¢ KBaJpaToM:

x> O 7 €/7r ik iko
— ikz _ ikoz—élz] 2
® v / el dk=e €L*
kytie o

I/IHTeI‘paJI BbBIUHCJIAEeTCA ¢ IIOMOIIBIO BEIYETOB, IIPH-
ko-ie YeM IIpaBHJIO 3aMBIKAHHUA KOHTYpPa 3aBHUCHUT OT 3HAa-

B HexorophI® KHHUTax Ipejjaraercs IpejcTaBIAThL cebe HellPepPBLIBHBIN CIIEKTP
olepaTopa, Kak Ipejies JUCKPETHOTO clleKTpa 13 MpuMepa 14.2, Kor/ia pazMep sAIIH-
Ka HeorpaHMUYeHHO Bo3pacTaeT | — oo. PaccTosgHre MexXly coce THUMHU cOOCTBEHHBI-
MU BHAUEHUAMH A,y 1 — A, = T2(2n + 1)/1° Tpu PUKRCHPOBAHHOM 1 CTPEMHATCS K HYITIO
7 TOBOPSAT, YTO COOCTBEHHEIE UNCJa CANBAIOTCA B HEIIPePLIBHLIH clleKTp. Takoe BEI-
YncIeHne HAJo JeJaTh aKKYpPaTHO U CJIeJUTH 3a MOPAIKOM IpeieIbHBIX IIePeXOooB.

[TocKoabKY GYHKILMA HEITPEPBIBHOT'O CIIEKTPa He JIeskaT B L2, X HOpMHUPYIOT MHAa-
e

(b, ) = 8(k — k),

BTO HA3LIBaeTCA HOPMUPOBKOU HA J-PYHKYUIO.

BmecTe ¢ QYHKIHMAMHE AUCKPETHOTO CIEeKTpa PYHKIIMKA HEelIPepPLIBHOTO CIIEKTpa
DPMHUTOBA ollepaTopa o6pasyloT MoJHyIo cucTeMy. UHTerpaabHoe AJpo MOKHO pas-
JIOKHUTE 110 DTOU cHCcTeMeE.

() = A ) = 3 Mt )+ 3 | P @u o, aan

I'Jle lepBasi cyMMa JlaeT U3BeCTHOe HaM pasJjioykeHHre ollepaTopa ITo IpoeKTopaM Ha 6a-
3ACHBIE BEKTOPBI JUCKPETHOI'O CIIEKTPA 0,, 4 BTOpasd IIpeficTaBjsgeT co60i NHTerpa
110 HEIIPpePLIBHOMY CIIEKTPY 0,.. CyMMa 110 j§ qu/ITLIBaeT BeIposkJienne. Eciu cobeTBeH-
HOMY UHCJIy A IPUHAJJIEIKUAT HECKOIBKO PYHKIINHA 1,0/\ (:c) TO HaJIo IPOCYMMUPOBAThH
1Mo BceM j. B mepBoii cyMMe BBIpOKIeHNe YUNUTHIBaeTCs aBTOMATHUECKH: €CJIN €CTh
HECKOJILKO cJlaTaeMbIX ¢ OJJHMHAKOBBIMHA A\,, TO Bce OHU BXOJAT B pasiokenne. Pop-
myJa (14.1) Ha3bIBaeTCA CreKmpailbHblM PA3L0NCeHUeM ollepaTopa.

14.2 PezoabpBeHTa 1uddepeHnuaJIbHOro oneparopa

Onpenenenue 14.1. Pe3onveernmoil Ha3blBaeTcs MHTerpaJbHOE AJIpo ollepaTopa

N

R, = (z - A)_l) Rz(l’, ZZZ’) - (ZZZ|RZ|Z’/>,

rgje z — KOMILIEeKCHBINI IIapaMeTp.
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[IepeuncanM nmpocTelline CBOMCTBA Pe30JIbLBEHTHI.

1. PesonbpBeHTa ecTh GYHKINA ['pUHA 1714 3a1aUn
(z - fl) u(z) = f(x).

Saﬂaqa paspellinMa, €CJH z He IPDHHAJJISKHT CIIEKTPY ollepaTopa A. Taxne 3Ha-
YeHHue 2z ¢ O'(A) Ha3BIBAIOTCA Pe30JIb8eHMHbIM MHOMNCeCma8oM ollepaTopa.

2. CobGcTBeHHbIe PYHKIIMNA pe30JLBEHTHI Te JKe caMble, UTO 1 y ollepaTopa A. 310
CBOMCTBO IMOJIyYaeTcs IIPOCTHLIM BEIUMCIIEHAEM:

A'@Z):/\w#(z—fi)w:(z—)\)wi

R, (z—fi)d):w:(z—/\)ﬁzwéﬁzwz%.
z JR—
OTclo/la BUHO, UTO €CJIU A coOCTBEeHHBLIe 3HAUEeHU ollepaTopa A, TO COOCTBEH-
HbIe 3HaUeHU onlepaTopa R paBHBI 1 /(2 — A).

3. CunekTpanbHoe paszioxkeHue (14.1) pe3oJbBeHTHI IMeeT BAJ
Un x)t/) [ O (@D (o
Z T Zj:% (@) (). (14.2)

IlanHoe cBOCTBO ciieflyeT U3 MpeAblAyIIero.

N3 paznoskennd (14.2) BUAHO, 4TO Y Pe30JILBEHTEHI €CTh JiBa THUIIA OCOOEHHOCTEN:
NOJI0CHL OTJIeJIBHBIX CJIaraeMbIX CYMMEL ¥ pa3pe3bl B IOJIBIHTEeTPAILHOM BEIDAYKEHUH.
[Tomtockl OTBeUalOT JUCKPETHOMY CIIEKTPY, a pa3pe3bl — HellpepbIBHOMY. BhIBejieM
(opMyJIBI VIS BBIUETA B ITOJI0CE M CKaYKa Pe30JIbBEHTHI Ha pa3pese.

Brruet BItosioce z = A, BEIUHUCIAeTCA UHTerpApoBaHueM (14.2) 1o 2 BIOJIb OKPY K-
HOCTH MAaJIOro pajinyca, TaKoro, YTOOLI BHYTPb IIOTIAJ TOJIBKO OJWH ITOJIOC, U JleJIeH -

eM Ha 27i:
% R.dz = Res R.(z,2) = Zw@(x)wgﬁ*(x'), (14.3)
7
I'Jje CYMMHUpOBaHHe BeJleTCA 10 KPAaTHOCTHU BBIPOK JeHUA )\n, TO €CTh ITIO BCeEM (I)YHRILI/I-
AM, IIpHHaJJexxallliuM JaHHOMY COﬁCTBeHHOMy 3HaAYEeHNIO.
Y106EI HAHTH CKAYOK Ha paspese, cHadYaJa BBIUMCINM CKAYOK HO,I[LIHTeraJILHOfl

PYHKIIMH, T.€. Pa3HOCTE €€ 3HaUeHW Ha HUYKHEM U BepXHeEM 6eperax pa3pesa

1 1 2ie
li — = lim ——— = 27id(¢).
;ffo(g_ie M) e 2ol
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®

An 0 A—E

AHE

Puc. 14.2: KoHTyp, 110 KOTOpOMY 00XOJUTCS ITOJIIOC ITPY BEIUNCJIEHUH BhlUueTa, U KOH-
TYP, II0 KOTOPOMY 06XO/IUTCA pa3pe3 IIpU pacueTe cKadyka (¢ — +0).

HuTerpan ot geiabTa-QyHKIIMA OepeTcs, OTKYyJla IpA ( = 2 — A MBI HaJleM CKadoK
WHTerpaja us popmyasl (14.2).

1

— (Rlaacio — Rlmaano) = D0 @™ (). (14.4)

7

06e popmyisl (14.3) u (14.4) MoNyuYnIUCh TOXOKUMUA. MOKHO TIpe/ICTaBIATE cebe
CKAYOK Ha pas3pese Kak IIpejie]l CYMMBI BbIUueToB. I1pHu HeorpaHnUeHHOM yBeJIUYeHUHN
pasMepa AIAKa IToJI0Chl CAUBAIOTCA B pa3pes. ¥ 3pMHUTOBA ollepaTopa Bee IMOJII0Chl U
pas3pesnl paciolokeHbl Ha BellleCTBeHHOM OCH.

Mgl yoeuanch, 4TO B aHATUTAYECKNX CBOMCTBAaX Pe30JIbBEHTHI COAEPRUTCS MO -
Hasi HGpoOpMaIUA KaK o clieKTpe (IToJIoyKkeHNe TOJIOCOB U pa3pe3oB), TaK U O €06-
CTBEHHBIX QYHKRIUAX JUCKPETHOTO W HENPEPHIBHOTO clleKTpa (BLIUETHI B IMOJIOCAX
W CKauKW Ha paspesdax). K coxkanenuio, sBHO HAWTHA Pe30JLBEHTY YAaeTcs TOJIBKO
B HEGOJLIIIOM KOJWUeCTBe cllellMaJbHBIX CUMMEeTPUUHBIX caydyaeB. J[Ba U3 HUX MBI
paccMOTPHUM B CJIeIyIOIeM pasjiesie.

14.3 IlocTpoenue pe3oJabBEHTHI
Paz6epem nBa mpumepa.
n=1

IIycTh oltepaTop OJITHOMEpPHBIA

d2
dx?’

A=
az € R. Torjaa mo mepBoMy CBOMCTBY pe30JbBeHTA Y/IOBJIETBOPsET ypaBHEHUIO

(z + dd—;) R(z,2) = 6(z — ).
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[Monb3ysch TPAHCIANLNOHHON HHBAPHAHTHOCTEIO, OJ0KHAM ' = 0, 1 6yJeM HCKaTh
pellleHre BAJA
BielV#® 4 BoeWVE g < (0

R, (z) = ) )
(z) Cheivem 4 Cge_‘\/zw, z > 0.

Bri6epeM aprpMeTHUECKYI0 BETBh KBaJ[paTHOI'O KOPH S, HAa KOTOPOU V1= +1.
YcioBruA HellpepbIBHOCTH PYHKIMU W CKAUKa IIPOM3BOJHOU JalOT IMapy ypaBHe-
HHUU Ha KO3QPUILMEHTHI

Bl + BQ = Ol + 02, (Ol — Oz)l\/_— (Bl — Bg)l z=1.

IIBa IpyIruX ycJOBHS IMOJYYUM U3 TPAHUYHBLIX YCJIOBUN Ha 6ecKoHeuHocTH. O003Ha-
YuM z = k?+i€,/2 = k+ 10, MBI BUAIWM, UTO IO OIPE/IEJIEHUIO ADUPMETHIESCKON BETBH
KBaJIPATHOTO KOpHSA € > 0 = § > 0. [losTomy, uTo6bI pyHKIUA R,(z) yoBIBaIa IpH
x — +00, Hago BeIOpaTh By = C5 = 0. OTciofja HaXoouM

1
C'1=Bz=m;

TOorga ICKoMad pe30JbBEHTA paBHA

1
21z

Pe3osbBeHTa MoMyuniach aHAJIUTHUYECKON (PyHKIEH B IIJIOCKOCTH 2, Pa3pe3aH-
HOU BJIOJIb IEUCTBATEIBHOU OO UTENbHOU nosyoch R . Takum o6pasom, y UCXO[-
HOTO oIlepaTopa HellPepPbIBHBIN CIIEKTP PACIIONIOKeH Ha MHOKecTBe 0, = R, . Ckadyokr
Pe30ILBEHTHI IIPH Ilepexojie ¢ HIKHero 6epera pazpesa Ha BepXHUHA B Touke 2 — k2
MOKHO HaWTH, IIPEJCTABUB 2 = k%¢'* U MeHAd apryMeHT « oT 27 jio 0, T.e. IBUTasACh
BJIOJIb OKPYKHOCTH prc. 14.2 pagnyca R = k? mo 4acoBoii cTpenke. Ecimm o = 27, To
Vz=—k,aecmm o =0, T0+/2 = +k, oTRyzIaQ

R (z,2') = exp (ivz|z — 2') . (14.5)

—ik|z—2| ik|z—z| k(r — o' :
Ry jo—Rpzyi0 = _8 ok _2 T &8 (1:2 ) = %(cos kx cos kx'+sin kx sin kz').

Tenephb pa3faeanuM Ha 271 M HaiJileM JIBe HOpMHAPOBaHHbIe COGCTBeHHBIE GYHKITNHN

1) coskx y  sinkz

(
wkz Vv 2Tk vV 2k

CoGeTBeHHOE 3HaUeH e A = k2 HelIpepbIBHOTO CIIEKTPA OKA3aJI0Ch IBYK PATHO BBIPOK-
JeHHBIM, KaK 1 CJIeJ0BAJIO OKU/aTh.

R

Ynpaxcrnernue 14.1. Yoeaurech, 4To MOJYUYUBIINeCA cOOCTBEHHBIe PYHKIIUNA Hellpe-
PBIBHOT'O CIIEKTPA HOPMHUPOBAHBI Ha J-QpyHKIIHIO. I[IpoBepbTe MOMHOTY CUCTEMBI CO6-
CTBEHHBIX QYHKITWH.
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n=3

IIycTh ontepaTop TpexXMepHBIA X
A=-A

)

HO Hac MHTepecyeT TOJLKO N30TPOITHOe pellleHNe (S-BOJIHA). Y paBHeHUe JIJIS Pe30Jhb-
BEHTEI cJIeJlyeT 13 IIePBOT'0 CBOMCTBA

(z+ A)R, = 8(r),

rjie MBI yske Monokuan r' = 0. [Ipeo6pasopanme Pyphe M0o3BOJAIET cpa3y HaAWTH pe-
IITeH’e B (-IIpeJiIcTaBIeHUH (Mbl 0003HAUNJIN BOTHOBOU BEKTOp OYKBOM ()

1
R,,=——0o!
q Z—q2

Brmmonuas o6paTHoe Ipeobpa3oBaHre, MBI MOMKEM Cpasy BEIUMCIUTL HHTETPAIbL 10
yIJIaM 1 IlepeiTh K 6eCKOHEeUHBLIM IIpe/ielaM, KaK ITPU BEIUNCIeHNH 3alla3IbIBaloeil
$pyHKnun ['prHa BOTHOBOrO ypaBHEHHA,

o9}

Ror) / €’ dq 1 / T —eT qdg 1 / ge'?" dg
) 2 —q2(2m)? (2m)2 ir z—q2  (2m2ir J z—q%

—00

YT065I MOMIOCH MMOALIHTEIPATBLHOTO BhIpasKke-
HUA ¢ 2 = ++/z He TONANN Ha KOHTYD HMHTe-
@ I'pUpoOBaHUsA, HAM HAJl0 CUATATEL, YTO 2 UMeeT
MaJIYIO TMOJIORUTEIbHYI0 MHUMYIO YacTh 2 =
2| 4+ i0. Torpa MpaBWIO 3aMBIKAHUA KOHTY-
pa ompejiessdgeTcs MOTOKNATEILHOCTRIO 7, & pe-
- 30JILBEHTA IToJIyUyaeTcs B TOUHOCTH, KaK QyHK-
21730 2141 0 unsa ['puna G+ ypasHennd 'ebMIo/IbIa B BI-
Jle pacxojdieiicd BoaHbI (12.4):

eiVzlr—r'|

RZ(I', I'/) = —m

Ecau BLIOGpATh 2 MOTOKUTENLHBIM BellleCTBEHHBIM U TpUOaBUTEL MaJIyI0o OTpHUIATE -
HYI0 MHUMYIO YacTh z = |z| — i0, To IpaBBIil OTIOC OKAXKeTCA B HUYKHEH TOMIyIIoc-
KOCTH ¥ He BHeceT BKJIaJla B MHTerpall, a BLIUYET B J€BOM IIOJIOCE JACT CXOAAIIYIO-
ca Boany G~. Korjia 2 = |2| mookuTeTLHOE BellleCTBEHHOE YHCIIO, 06a TMooca B g-
ILIOCKOCTH JIeyKaT Ha KOHTYpe HHTEeTPUPOBAHNS U Pe30JILBEeHTA He ollpe/iesieHa. 3Ha-
YUT paspes B 2-IIOCKOCTH HAJI0 IPOBECTH 110 MOJOKNATENLHOR IeiCTBUTENLHOM OCH.
Kax 1 B mpeanIayieM IpuMepe, pe30JIbBEeHTHOE MHOMKECTBO — KOMILJIEKCcHA T1JI0C-
KOCTB, ¢ pa3pe3oM BJoJb R |, a HeTIpePHIBHLIN CIIEKTP COBIIaJIaeT ¢ pa3pe3oM o, = R .
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Y106l HAMTHU U30TPOITHYIO YACTh, OCTAETCA IIPOMHTErPUPOBATH 110 YIJIAM M pas-
JeJNThL Ha 47

™
1 [ sin@df elVeVrHT =2 cos

do
T’;Tl = Rz0=/Rzr,r'—=—
g(r,r") = (R.) ( )47r 2 V12 + 72 — 277’ cos 8
0

IMonyynBIIMiicd MHTeIpajl BHIYACIAETCA 3aMeHaMu ¢ = 12 + 12 — 2rr/ cos§ = £2:

!

(r+r") 4!

2
l ex\/g dt _ 1 / ej\/gg dé
2 VE 2rr! 27

(r=r)? r=r]

g:

1 paBeH
1 eV sin \/2r!, r <71
rr'y/z | eV sin/zr, v o> 1!

Teleph MOKHO HAaliTH CKauyoK Ha paspese IIPU II€peXofie ¢ HIKHEro Gepera 2 =
k% — ic Ha BepxHUIi 2 = k? + ie (¢ — +0):

: k2-i0 ) .
elVEr< sin krsin kr’
9lke—io = glrr4i0 = ——=sin/2rs = 20—,
rr'\/z k24i0 krr

OTKY/Ja MOKHO HaWTH HOPMHUPOBAHHYIO COOCTBEHHYIO QYHKIINIO

1 sinkr

vak T

Kak m cienoBano o:kKuAaTh, cO6CTBEHHBIE (PYHKIIMN HEIPEPLIBHOTO CIIEKTPa BhIpa-
JKarTed yepes QYHKIINN Beccela ¢ monylleIbIM HHIEKCOM, TpocTeinas u3 KOTOPbIX
Ji/2 v noyunnacek npu | = 0.

Yra(r) =

Vnpasxcuernue 14.2. IIpoBepbTe OPTOTOHANTBHOCTE COOCTBEHHBIX DYHKIIAIHA.
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CynepcuMMeTpuYHasd KBAHTOBASA
MeXaHHKa

15.1 Cynepaapanbl

MEI paccCMOTPHM TOJNBKO caMble TPOCThIe TPUMEPHI U3 CyIIePCHMMeTPUYHOM KBaH-
TOBOM MeXaHHKH. sKelalolnX 03HAKOMUTHBCA ¢ JAaHHOU 00J1acThio ITOoApo6GHee OTChI-
saeM K 0630py [39]. OmepaTophl poskieHHsI U yHUUTOXeHud a!, a B KBaHTOBOH Me-
XaHHKe 00J1a/]al0T pa3sHbIMHU CBocTBaMU AJsA 6030HOB WK hepMUOHOB. MBI 6yaeM
NMOJb30BaTLCA TeMH 1 IPYTUMHU, IIO3TOMY 0003HAUNM UX Pa3IWYHBIMU OYKBaMMU.

Bo3ousl

Yucyo 6030H0B n = 0,1,2,... MoeT OLITH NPOM3BOABLHLIM. OnepaTophi bT(b™)
YBeJIMUNBAIOT (YMEHBIIIAIOT) 1 HA eIAHUILY

btln) = vn+1n+1), b7|n) =+/nn - 1),
OTKyaa AJd JUAarOHAJBbHOT'O MAaTPHUUYHOTO 3JIeMeHTa IToJIyuaeTcAa
(n|b=b" —bTb7|n) = (Vn+ 1) — (Vn)* =1

He,Z[I/IaI‘OHaJII:HI)Ie MaTpHUYHBbIE 3JIeMEeHTHI 06pa1ua10Tc&I BHYJB, IIOBTOMY KPAaTKO MO -
HO 3aIlcaTh CBOMCTBA B BHJIE OJIHOTO KOMMYyTaTopa

[67,07] =1. (15.1)

®depMuOHBI

Coraacuo npunnuny Ilaynim nmeeTcs TOJLKO ABe BO3MOKHocTH n = 0,1, Toraa
HeiicTBHe omepaTopoB [, fT onpejensgerca YeTbIPLMA COOTHOIIIEHUAMHA

o)y =),  f7I1) =|0),
fr1) =0, f7[0)=0.

116
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Orciofa caenyet, uto f~ f+ = [1)(1|, fTf~ = |0)(0], a uX cymMa GygeT TOKAeCTBEH-
HBIM ollepaTopoM. Bece MOKHO 3alIcaTh B BIJIe O[HOTO aHTHKOMMYTAaTOpa
{f =1 (15.2)

BBe/ieM HOBBIe OIl€PaTOPHI, COUETAIOIHE CBOHCTBA GO30HHBIX B (ePMUOHHBIX
—ah bt
Qi =qb f", Q-=q"f7,

Ijle ¢ — YMCJIOoBOI mapaMeTp. ['1aBHOe cBOMCTBO 0IlepaTOPoOB () — HUJIBIIOTEHTHOCTH
— YyHAacJIe[JoBaHO OT (PepMHOHHBIX OIIePaTopoB f:

QL =Q>=0. (15.3)

MBI TOCTPOWUIIH OIlepaTOPHI TAKUM 06pa3oM, YTOGHI JIeficTBY I Ha COCTOSHUA |np, nf) €
ny GO30HOB U 1y HEPMHUOHOB, OHU He MeH AN II0JHOT'0 YHcJIa YacTHI],

Q-I—’nb:nf) - q\/n_b’nb - 17nf + 1>:
Q-|np,ng) = gvnp + 1ng + 1,np — 1).

Heyno6¢cTBO TakMX ollepaTOPOB 3aKJII0UaeTCA B NX HEDPMUATOBOCTH.
BBenem HOBLIE B PMUATOBEI INHEUHBIE KOMOMHAIINI

Q1= Qi+ Q. Q=9 (15.4)

1

KOTOpbIe Ha30BeM cynepaapﬂaamu. BBe,I[eM TaKe ollepaTop l'amunbpTOHA

H=Qi=0={Q+,Q-}.

[loceiHee paBeHCTBO JIETKO JJOKA3aTh, €CJIU BOCIIOJIB30BaThCA Ollpe/leIeHUeM cyIlep-
3apAjoB (15.4) n HUIBNOTEeHTHOCTHIO (15.3). KpaTKko cooTHoIeHnd /I TaMUJIBTO-
HUAaHAa 3alUIIyTCAd KaK

Qs Hl =0, {Q;,Q;} =2Hdy;. (15.5)

Ha6op cooTHOIllIeH’iT A1 KOMMYTATOPOB WA AHTHKOMMYTATOPOB Ha3LIBAIOT alIret-
poii. Korpa 3ajjana anrebpa, MoOKHO 3a6LITH O TOM, OTKYJa BOSHUKJINA COOTHOIEH A
(15.5), 1 Jokas3aTh iBa CBOMCTBA TaMUJILTOHUAHA.

CBolicTBa raMHJIbTOHHAHA

Teopema 15.1. Ecau svitnonnernsvt coomrnoutenus (15.5), moonepamop H umeem neom-
puyamenvrivlii cnekmp.
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IlelcTBAUTENBHO, IIYCTh %; — COOCTBEeHHaA PyHKIUA ollepaTopa ()1 ¢ COOCTBEHHBIM
3HAUEHUEM A

Q11 = My,

Torja ¥, ABJIAeTCA B TO ke BpeMs cOOCTBeHHOU pyHKIIMed H ¢ coOCTBEeHHBLIM 3HaUe-
HreMm E = \%:
2
Hvpy = A%y

Teopema 15.2. Ecau gvtnonnenvt coomuouterud (15.5), mo 6ce coocmeenHnvle 3Hade-
Hus zamuavmonuana H ¢ E # 0 0syxpamHo 8vblposicdetsl.

0603HaYuM 2 = (21, TOTAA

Q1 = Q1Q201 = — Q@11 = —AQaPy = — Ay,

To ecTh ¥, okazanach cOOCTBEeHHOU QYHKI[Mel ollepaTopa (J; ¢ cOOCTBEHHBLIM 3HaUe-
HHeM —A. C IpyTroi CTOpPOHHI,

(H, Q2] = 0= Hipy = HQx¥)1 = Q2 Hy = QaX2; = Ny

SHAUYUT 1y #£ 1 TaKKe coOcTBeHHASA PYHKIMA H ¢ TeM 3Ke coOCTBEHHBIM 3HAaUeHEeM
2. Tonbko pr A = 0 IBYKPATHOT'O BBIPOKACHUA HET, IOCKOIBRY ¥y = Qo1 = 0.

15.2 CynepcuMMeTPHMYHBIN OCITUILIIIATOP

Ilo cuxX mop MBI paccMaTpuBaJid abCTpaKTHBIEe ollepaTopbl (J); 1 H W BBIBOJAWIIN
HX 0o0ll[ue CBOMCTBA, a Telleph MMOIIpobyeM X peajii30BaTh, T.e. IBHO BhIIMCaTh. U3
cBojicTBa (15.1) MOSKHO YBHIETh, UTO OIlEPATOPHL b Helb3s 3aIUcaTh B BAJe KOHeU-
HBIX MaTpull. [[ocKOJBKY ciell TpOoU3BeJleHUs IBYX MAaTPHIL He 3aBUCHUT OT IOPS/I-
Ka COMHOKHUTeJeld, KOMMYTAaTOp KOHEeUHBIX MaTpPHIL He MOKeT ObITH paBeH eJIWHNY -
Holi MmaTpuile. [TosToMy monTpobyeM pealn30BaTh 6030HHLIE OIlePaTOPHI B BHle AUd-
(pepeHIMaTBHBIX OIlepaTOPOB IIEPBOT0 MOPAIKa, JAeACTBYIOINX HA PYHKIHAAX Oec-
KOHEeYHOMEPHOIo TUIKL0epPTOBa IIPOCTPAHCTBA. B YacTHOCTH, TOAATCSA U3BECTHBIE U3
KBaHTOBOW MeXaHHWKH OIlePATOPHI POKJIEHUA W YHAUTOXKEeHUA OJJHOMEePHOTO JINH e -
HOTO OCIITWJLIISATOpA

1 1/ d? 1 1 d
Hy=btb +==-—=—=—2° bt — (i L

Iie MBI IIOJIOKAIA M = A = w = 1.
depMUOHHBIE OTIEPATOPHI MOYKHO PEaIU30BaThL B BU/Jle MATPHIL 2 X 2, TPOEKTOPOB
Ha coctostHUA (1,0) m (0, 1)

01 o1 + ioy - 00 oy —iog
+_ 4+t -z = - = —_
f“’_(o o)_ 7 o =0 (1 0) 2
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Tenepb MOMHO BBIIIUCATH cyIlep3apdAdbl 1 'aMHJIBTOHHUAH

1 (0 £+ 1 0 0
@70 #%07) g )

e %(dd?_oxz_l) %(%—Oxm) (0 ) o

CobcTBeHHbIEe 3HAUEH WA SHEPIUHA MOYKHO HAUTH, eCJIX I PeIBAPUTEIHLHO YIIPOCTUTH
raMHWJILTOHWAH. BocIlonb3yeMces TeM, UYTO OIepaTophl b ¥ f MOMKHO IepecTaBIATh, a
«HeIpaBUIbHbIC» KOMOMHAIMY b~ bt min f~ fT MOYKHO CBECTH K «IIPABAJIBLHLIM» bTh~
i ff7, eclIM BOCIIONB30BATECA IIEPECTAHOBOUHBIMHU COOTHOLIEHUAMHU (15.1),(15.2):

H=bfrf bt o fr=(1+b0"") fff +00 (1-f1f) =

=b"" + fTf = <b+b‘ + %) + (f*f‘ - %) :
Orclofia cieflyeT, YTo co6cTBeHHBIe uncna £ = (ny + 1/2) + (ny — 1/2). «IlomoBuHKM»
+1/2 m —1/2 B lepBoii W BTOPOIl CKOGKe B3ANMHO KOMIIEHCUPYIOTCSA U TOJNydaeTcs
FE = ny + nf.
19 paccMOTpeHHOU peaausalu, KOTO-
pasd HasbIBaeTCA CYnepcumMmempuinbviim oc-
Es ! yunnamopom, H - puaroHasbHasg MaTpUILA
(15.6), cocTaBIeHHAas U3 OII€PATOPOB

Fy E,
: g (H O (15.7)
Fis O Fi “\o0 H ) ’
Fs B a ee cOOCTBEeHHBIC 3HAUCHN A OTINYAIOTCA POB-
/ Ho Ha eguHuny 1 = b~ bt — bTb~. HamMeHsbIIee
L /m £ coGCTBEHHOE 3HAUEHNE OllepaTopa
Fo
1/ d? 1
H =bb = ——|(— —2*) — =
2 (dx2 * ) 7

pPaBHO HYJIIO, a Bce OcTaJIbHble YPOBHU Fy paciiojioskeHbl HA PaBHBIX PACCTOSIHUAX.
Cnertp E) onepatopa H, = b~ b" pacnososkeH Ha e[HUHAIY BEIIIe
— — / /
b0 U, = Eptbn, E,=0,1,2,..., b bT, =E ., B, =1,2,3,....

n

Cob6cTBeHHBIE QYHKIINHT, PellleHre CIIeKTPaJbHOM 3aJaun

’
Hxn = Axn, XN = (:’iN) :
N
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MPeJCTaBIAAIOT o060l cToNbell M3 NBYX QYHRIMH ¥y (x), ¥y (z). [IocKOIBRY TaMUAIb-
roHHraH (15.7) nuaronaneH, Jasd KakJoro AuddepeHIIHaTLHOTO ollepaTopa moayJa-
eTcs ¢Bos 3aJjaUa Ha coOOCTBeHHbIe 3HAUEHU S

Hiyy = Exnty, H_vn = EntYn

C OIMHAKOBBIMH COGCTBEHHBLIMU 3HaueHnaMu Ey = Ejy = A%, KpoMe HyJIeBOTO YpOB-
Ha N = 0. Tak 1 J0/LKHO OLLIO MMOJIYUHUTLCA COTJIACHO 0011eit TeopeMe 15.2.

TaxuM 06pa3oM, CyIIepCUMMETPUYHLIA OCIIUIIIATOD IIpe/icTaBIseT cOO0M IBa JIH-
HEHHBIX OCIIAJLIATOPA CO CMEIeHHBIMU Ha CTYTIeHBKY IPYT OTHOCUTEJBLHO IPYyTa CIeK-
TpamMu. Bce ero cocToaHNA, KpoMe OCHOBHOT'O, IBYKPATHO BBIPOKIeHBI, KAK U JOJK-
HO OLITE ITo TeopeMe 15.2. Ha prucyHKe Moka3aHo, KaK 1Mo/ JlelicTBAeM oliepaTopa () _
MPOMCXOANT TIEPEXOJl ¢ CUCTeMbI ypoBHell E! B cucremy FE;, ¢ = 1,2,..., a moj Jeii-
CTBHEM ollepaTopa (), obpaTHbIii mepexol. TolbKo OCHOBHOe cocTosiHMe F) HUKYyIa

He IepeXoJuT
0
= 07 = )
Q+Xo Xo (?J’o)

OTKYyJla cJaeayeT, 4To b~y = 0.

15.3 ¥Ypasuaenue lllpegunrepa

®dopMUHBapPUAHTHOCTH

Bce BLIBOJBI TpeALIAYIIETro pas3fiesia, KpoMe BKBHAAMCTAHTHOTO CIIeKTPa, OTHOCSAT-
cqa U K ob6ieMy caydaio. YTo6bl raMIJIBTOHNAH OCTaBajcsd KBaJPATUUHBLIM IO WM-
My JabcaM, MOYKHO BLIOPATEL GO30HHLIE OllepaTophl 60sIee 061IeTo BUA

M 1 d
b —%[xlerW(fc)]—ﬁ[ﬂF%JrW(m)],

rae W(z) — nuddepennupyemad QyHK1nua. PaccMoTpeHHOMY ITpocTeiillleMy TpUMe-
Py CYIIePCUMMETPHUYHOTO OCIIHJIIATOPA oTBevaeT W (x) = z. [l719 raMuIbTOHHAaHA U
CyImep3apanaoB MoaydaeM

H—(o b+b—)‘(o H_)_§(p+w T,
1 1
= —(—ozp + W), = —(o1p + o),
Q1 \/5( 2p 1 ) Q2 \/5( 1P 2 )
rae Hy = p?/2 + Uy, a noreHuansl UL (z) BeIpaxkaoTes dyepes pyuriuio W (z):

Us(z) = % [W2(2) + W'(2)] . (15.8)
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BaMeTHM, UTO B 06IMeM ciaydae kKommyTaTop [bt,b7] = W/(z) MoskeT 1 He GBITH
paBHBIM einHuIle. OAHAKO cooTHOIIeHUd (15.5) BBIOTHAIOTCA, TIOBTOMY CIEKTPHI
onepaTtopoB H, m H_ coBmajaloT 3a NCKJIOUeHNEeM HIKHEro yPOBHA ollepaTopa H_.
MOKHO IIOCTPOUTH BOJTHOBY10 GYHKIHIO, COOTBETCTBYIOILYIO HY IeBOMY HEBBIPOK JIeH -
HOMY YPOBHI0, BOCTIOJIb30BABIINCH COOTHOLIIEHHEM b~ 1y = 0 :

Vo(z) — exp (— / W) d:r’) | (15.9)

Y1065l cOOCTBeHHBIE PYHKIINH JeKaJN B THIL6€PTOBOM IIPOCTPAHCTBE, OHU JOJLK-
HBI OBITH HOPMHPYEMBI, UTO HAKJIaAbIBAET JIOMOJTHATEILHBIE OTPAaHNUEHU A Ha BBIGOD
dyurnuu W (z). [Ipouenypy npejcraBieHnd MoTeHMasna ypaBHeHud lllpeannrepa B
dopme (15.8) y1aeTcd BLITOIHUTE AHATUTHYECKH JIUIITH B HECKOJIBKHUX YACTHBIX CIIY-
Yyagx, MOTOMY UTO 3ajladya CBOAUTCA K ypaBHeHHNI0 PUKATTH, KOTOpoe O4eHb PEJKO
peliaeTcs.

TeM He MeHee, €CJIN BBLIMTOJHEHO ellle OJHO JOIOTHUTEeIbHOe YCIoBHAe, Ha3hbIBae-
Moe€ (POPMUHBAPUAHMHOCMbI0, MOKHO IIOCTPOUTEH CIIEKTP ollepaTopa H, He BBIUHC-
JIASA IPON3BOAHBIX U He pelllada AnddepeHIINANTLHEIX ypaBHeHnH. Hax ok jeHne clek-
Tpa ofHOMepHOTro ypaBHeHnsd Il peimHTepa I YaCTHILI B AMe CBOAUTCS K YUCTO aJl-
reépanmyecKkoii mpoieaype. MuI 3fiech pacCMOTPHM TOJBKO 3a/1a4y MOCTPOEHUSA CIIEeK-
Tpa. PazyMeercsa, B 5TOM ke clIydae MOYKHO ITIOCTPOUTH ABHO W BOJTHOBBIE PYHKIIUN
ypaBuenu [llpeaunrepa.

Onpenenenue 15.1. [Toreninan HazbIBaeTCA popmuneapuanmuvim, ecaulU_un U, oT-

JIMYaioTCd APYT OT ApyTa Toabko napaMerpamu a = (alV,a® ... a®) n appuTrBHOI
Jo6aBK oM

U_|_(O,,{B) = U_(Cll,l’) + R(a’l): a1 = f(a'): (15'10)
rae R(a;) — nobaBka, a a; = (agl), a§2>, . ,agk)) COBOKYITHOCTH «HOBBIX» IIapaMeTpoOB,

KOTOpLIe MOJyYaloTca U3 «CTaphiX» ¢ IIOMOIILIO 0TOGparkeHu f.

IlocTpoenue cnekTpa

PaccMOTpHUM cIIeKTpalbHYyIO 3ajlauy A ofHoMepHoro ypaBHeHud lllpeaunrepa
(uacTuua B aMe)

2
Hyy = EnyYn, H= % + Ula, ),

rae H — y:ke He MaTpHIla, a TUQPepeHIINaTbLHBINA ollepaTop BTOPOro MOpAAKa, a Io-
TeHIIHAJ 3aBHUCHUT OT KOOPAWHATEHI x ¥ mapaMeTpa a. [lycTs morennman U oramuaeresd
ot U_ Ha agguTtuBHYI0 106aBRY U (a,z) = U_(a,x) + c(a) rae c(a) pasHUIA MeKAY IIO-
TeHuagoM U u moreHumasom U_, yaoBIeTBOpsAIoMMUM ycioBrio (15.10). Jlyid aToro
pPaccMOTPHM CEpPHI0 BCIIOMOTATeJbHBIX TaMUJIBTOHNAHOB, KOTOPBIE IMOJyYaloTcd U3
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Es B, B B

B, B, o Y

Es B} Ey By

B E, B 3
Ey E; H,

E, TO H,

Puc. 15.1: CxeMa ypoBHel raMIJILTOHHAHOB H;.

Hy = H_ = p?/2 + U_ mocie1oBaTeJbLHLIM IpAMeHeHHeM QYyHKINOHATLHOTO PABEH-
cTBa (15.10):

p2

Hy = 0l +U_(a,z),
P P

Hy = =+ Ui(a,2) = 7+ U_(a1,2) + R(ay), a1 = f(a)
2 2

Hy =" 4 Uy(a,2)  Rle) =2+ U (a,2) + R() + R(w), a2 = f(a)
p2

Hy = 7 + U_(CLN,ZC) +R(a1) + R(az) + e ’f’R(aN)’ anN = f(aN—l)'

JlmarpaMmma ypoBHeli BcIloMoTaTeIbHBIX IaMAJLTOHNAHOB IToKkasaHa Ha puc. 15.1.
B 0061meM ciyuyae cieKTpEI He DKBHUAMCTAHTHBIe. TeM He MeHee, I Ka)KJoi ITapbl
COCEeJIHNX BCIIOMOTaTeNbHEIX TaMUJILTOHNAHOB BEITOJIHAETCA TeopeMa 15.2. IlosTo-
My CIIEKTDHI ollepaTopoB H;, H; 1, CTOAIINX B COCEJHUX CTPOYKAX (POPMYJHI (MJIN B
COCEeJIHAX KOJIOHKaX pucyHKa 15.1), coBIIaJlaloT 3a UCKIIIOUeHUEeM HUKHETO YPOBHSA
oneparopa H;. 3HAUUT 5Heprud ypoBHsS N ecTh IpocTo cymMMa byHKINH R(a;)

N
Ey =c(a)+ Y _Rla), a1 = flas). (15.11)
=1

15.4 Ilpumeps:

MNowmMep 15.1 (JuHeiinstit ocyunaamop ). lloreHnnan muHedHOTO ocuasATOpa U =
z? /2. Beibepem pyurnmio W (z) =z, torna U_(z) = (W? - W')/2 = (2* — 1) /2, 3Haunr
c=U(z)-U_(z) =1/2. Noreruman U, = (W2+W')/2 = U_(z)+1, nosromy GyHKILHA
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R =1, af — ToxkgecTBeHHOe oTOOpaskeHUe. CIIEKTP OCUUILIIATOPA Cpa3y IToaydaeTcs
n3 ob111ero Belpaskenusa (15.11)

N
1
EN:c+ZR=§+N.

i=1
ypOBHI/I, KaK 1 JOJKHO 6I>ITI>, IMOJNYyYNJINCHh SQKBUIUCTAaHTHBIMH.

MNoumep 15.2 (Ilomenyuan Ileuwna—Tennepa). Ilpn pasieneHnn epeMeHHBIX B
3ajlauye O ABUKEHUH YaCTHILI B UEHTPAIbHO-CUMMETPUYHOM I10JIe BO3HUKAET YIJIO-
BOe ypaBHeHWe
d? d m?
av +ctg9—1’b— - ;’b =
df  sin®é

d92 _Ad})

rjie m — asuMyTaJbHoe KBaHTOBOE YHUCJIO, § — YyroJ B chepruuecKUX KOopAnHATAX.
IIpuBeneM ypaBHeHNe K KaHOHHMYeCKOMY BHY IIpeobpasoBanueM JINyBHILIA

Y =wu(f)/Vsiné

H mony4ynm ypasHeHwue Illpeamarepa

¢ noreHuanoM Ilemasa—Temnepa [37]

1 mz—% by
VO =—3+7ame F=7

Bui6epem W (a,0) = actg 6, nonyunresa

1 ala+1) a?
U_ 9 = = W2 — W’ = — —
(a,6) 2 ( ) 2sinf 2
Y1065l MOTYyUnTh ToTeHnax U (z), Hafo BBIOpaTh a = —|m|—1/2,c(a) = |m|(|m|+1)/2.

Bropoii KopeHb KBaZipaTHOro ypaBHeHnd a(a + 1) = m? — 1/4 He IOAXOJUT, TOTOMY
YTO JaeT BOJHOBYIO QYHKIIMIO OCHOBHOTO cOCTOAHUA (15.9) ¥ o (sin 0)‘“'1/ 2, nMelo-
IIYIO CHHTYJIAPHOCTEL IpH 6 — 0, 7. « BepxXHUii» MOTeHIIMAT IEPEXOAUT B « HUYKHUNA »
¢ YMeHBIIIeHHBIM Ha eJIUHUIY TlapaMeTpoM a, f(a) =a — 1,

_ala—-1) a® a?  (a—1)2

Y U (a-106) -
2520 2 (a=1,0) - > +—

Haﬁ,[[eHHaH GQOPMHUHBAPUAHTHOCTE TO3BOJIAET 3allNCATh CIIEKTD

1 (=|m|-=1/2=N)> (N+m])(N+|m|+1)
5" 2 B 2 ”

U, (a,0) = % (W2 + W)

Ey = — A =1(1+1).

8necb N =0,1,2,...,al=|m| |m|+1,|m|+2,... — op6uTaTIBLHOE KBAHTOBOE YHUCJO.
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MNpvmep 15.3 (Kynonosckuii nomenyuan). Pagunansioe ypaBHeHue [llpenunrepa
I 3aaud Kellsepa peltaercd ¢ MOTeHIITHATIOM

1 I+ 1)
Ulr) =—- 15.12
() ==+ = (15.12)
rae ! = 0,1,2,... — opbuTaibHOe KBAaHTOBOE UHCJIO, 4 BTOPOe cjaraeMoe, eHTPo-

GeykHasI DHEPTH A, BOSHUKAET IIPH pas/ieIeHNH llepeMeHHbIX B chepHUeCKAX KOOPAH-
HaTax. Beibepem W(a,b,r) = a/r + b, Torza

U_(a,b, )_—(M+7+b2). (15.13)

2

Y106l KO3PPUIMEHTE IPHA CTeIleHdIX 7 coBIafgaiau B popmynax (15.12) u (15.13),
HaJlo BEIGpaTh a = —| — 1,b = —1/a,c(a,b) = —b?/2. Bropoii KopeHb a = [ KBaJIpaTHOTO
yPpaBHEHHUA He TOJUTCSA, IIOTOMY UTO BOJTHOBAS GYHKIIUA OCHOBHOTO cocTosIHUA (15.9)
Y o< v~ %% mMesa 6B Torja 0COGEHHOCTH IIPA 7 — 0, 00.

HaiineM «BepXHHH» IIOTEHIIHAA

ala — 1)

U,(a,b,r) = 5 ( b2) = U_(ay,b1,7) + R(ay, by).

T4 BEITOTHEHNA TpeboBaHNA POPMUHBAPHAHTHOCTH CIeyeT B3sATh a; = f(a) = a —
1,by = —1/ay, TOorna
b2 ¥ o1/1 1
R(al,bl) _ = = - (———2) .

2~ 2\a? as

Tenepb MOXHO Cpa3y BBIIINCATH coOCTBeHHbIe 3HAUEHUA SHEepIrun

[N SO0 U U VA0 S U SO (S S N SN
N7 70a2 T \2a2 242 22 242 23,_, 2a%)  2d3%

IMoacraBiadd a = —! — 1, momydaem gopmyny Bamemepa Ey = —1/2(N + 1+ 1)2 =
—1/2n? N =0,1,2,... — paguaibHoe KBaHTOBOe yncao; n =[+1,1+2,... — I'IaBHOe
KBaHTOBOE UHCJIO.

3ameuanue 15.1. PaccMoTpeHHBIe HAMH IIPUMePEI IpUMeHeHUs (jOPMUHBapPHAHTHO-
CTH JJIA HaXOKJAeHHA CIeKTpa TeCHO CBA3AHEI ¢ CUCTEMAaMU OPTOTOHAJBHBIX MOJH-
HOMOB. IlepBLIii npuMep, OCIUIIATOP, UMeEeT BOJHOBLIe GYHKI[UN B BH/Jle IPOU3Be-
JeHUs rayccoBoii GYHKIINH Ha MOJHHOMBI DpMHuTa. Bo BropoM nmpuMepe mosydarcs
noanHoMsl JIeskauapa. Tpernii mpuMep ¢BA3aH ¢ moanHoMamu Jlareppa, uepes KoTo-
pbie BEIPAKAIOTCA pajialbHble BOJTHOBLIE QYHKIIUN aToMa Bojopoja [3].

Vnpasxcnenue 15.1. TlocTpoiiTe mogxoadIyio GyHKIuio W(z) nmsa MogunuIupoBaH-
Horo ypaBHennd Ilemna — Tensnepa ¢ norennuanom U(z) = —a(a + 1)/ch?z,a > 0
H IOCTPOiTE CIeKTp. Y6eanTech, UTO B TAKOH sIMe MMeeTcs JIUITh KOHeUHOe YHCJIIO
CBABAHHBIX COCTOSHHUI 1 HAf/IUTE BTO YUCIIO.



JJEKIIUA 15. CYIIEPCUMMETPUYHAA KBAHTOBAA MEXAHUKA 125

Vnpasxcuenue 15.2. Iyt TpocTpaHCTBEHHOTO OCIIAILIIATOPA

r2 U1+ 1)
3+ 2r?

Uz) =

noabepuTe pyHKLIUIO BUga W = ar + br~! u mocrpoiite criekTp. KakoBa ero kpar-
HOCTB BBIDOMKJIeHUA?



IIpuaosxkenune A

CBoiicTBa npeacTaBJIeHNH

B rauecTBe mpHIOKEeHUA IIPUBE/IEM JJOKa3aTeIbCTBA OCHOBHBIX CBOMCTB IIpe/ICTaB-
JIeHUIi, pacCMOTPeHHbBIX B JeKI[UHN 2

Teopema A.1. Bearxoe npedcmagieRue KOHeUHOU 2pYnnsl 3JK8UBAJIEHMH0 YHUMAPHO-
ny

Ilycts D(g), g € G — KOMILIEKCHOE TIPe/ICTaBIeHNe PAa3MepPHOCTH 1 KOHEUHOM
rpynnel G UycThb gy = 1, 9o, ..., gy — dAeMeHTH rpynnsl G, N = |G|. Torja spmutoBa
MaTpula

M = E + DY(g2)D(g2) + - -+ + D'(gn)D(gn)

— 3ajlaeT MOJOKHUTEILHO ollpe/lesIeHHYIO KBaJIpaTUUHYI0 (opMYy, ITIOTOMY UYTO Kak-
Jloe cJaaraeMoe B OT/IeJILHOCTH 3a/1aeT MOMORUTENLHO olipe/le IeHHYI0 KBaJIpaTUUHY IO

dbopmy!:
N N
(u, Mu) = Z u, D(g;)D(g;)u) = Z(D(gj)u,D(gj)u) > 0.
J=1 j=

3aMeTHM, 4To /I Joboro g € G

DY(g)MD(g) = Z DY(g)DY(g:) D(g9:) D(g)

N

= ZD*(gig)D(gz—g) => D' (g)D(g) = M, (A.1)

=1

rae g; = g;g. B Kypce TMHeHHOU anreo6pul JOKa3bIBaeTCsa, 4YTO A JII000A 3pMUTOBOM
MaTpHUIBl M TMOJOKHATEIHLHO olipefleleHHON KBaJpaTUuUHoi (POpMBI CYIIeCTBYET Ta-
Kas HeBBIposkJeHHad MaTpuia C, yto M = C1C. JleiicTBATENBHO, A8 TAKOH GOPMBI
nMeeTcs 6a3uc, B KOTOPOM (opMa cBOJUTCA K cyMMe KBaapaToB (u, Mu) = (v,v),v =

TTonoxkunTeIEHO ONpe/ie/leHHOA KBaJpaTHUHy0 GOPMY HasbIBaloT, Korja (u, Mu) > 0 nia moboro
BeKTOpa u # 0.

126
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Cu, rae C — HeBBIpoMJeHHad Matpuiia. Torna (v,v) = (Cu,Cu) = (u,C1Cu) =
(u, Mu) post moboro u, oTRyga M = C1C. IlogcTaBads 5To BEIpaykeHne A1 M B TOMK-
JiecTBo (A.1), mosyyaeM

Dl(g)C'cD(g) = C'C,

nin
(e Dig)Ct cD(g)c! = (CD(g)C™) ' (CD(9)CT) = E,

nosToMy IipefcTasiaenne D'(g) = CD(g)C~! yuurapuoe.

Teopema A.2. [1pedcmasnenue paxmop-zpynnul A6asemcs npedcmasieHuem camoil
zpynnut.

Orobpaskenne rpynnsl B paxrop-rpynny G — G/H ABisieTcsi ToMOMOPOU3MOM,
MMOTOMY U4TO COXPaHdeT I'PYIIIOBYIo ollepalinio. [leficTBUTENLHO, €CJIN B TPYIIIE g1 g =
g, TO ¥ IIPOU3BeJeHNe COOTBETCTBYIOIINX CMEKHBIX KJaccoB Hgi Hg, = H(g192) =
Hg. IlpencraBienne QakTop-TPYIIIL ABISAETCA TOMOMOPPUIMOM IO Ol pelieIeHNI0
npejcTaBnennd. Torjga ns MemouKkn

G—G/H—D

OYEeBHJHO, UYTO G — D ecTh TOMOMOPGU3M.

Teopema A.3. (Ilepsasa nemma Illypa) Ecau mampuya A ceasvieaem 08a Henpueo-

Jumbulx npedcmagieHus
DW(g)A = AD®P(g), (A.2)

mo aubo A — nynesas mampuya, mubo dim DY = dim D® u DO ~ D@,

1. HamomuuMm, uto L Ha3bIBaeTCA UHBAPUAHMHBIM NOONPOCMPAHCME0M OTHOCH-
tTesbHo MaTpull, D(g),n = dim D(g) > dim L, ecan and moboro BekTopa w € L Aeit-
cTBHe Becex MaTpul, D(g): He BRIBoAUT U3 L, T.e. Vg € G : D(g)w € L. MBI He paccMar-
puBaeM TPHUBHAJLHBIX CJIyUyaeB HYJ€BOT'O MOJAMPOCTPAHCTBA M BCETO IIPOCTPAHCTBA,
KOTOpLIe Beerfia MHBaprHaHTHBI. CHavyasga IMOKaXkeM, UTO eCJIA UMeeTcsA HeTPUBHAJIb-
HOe MHBapHUAaHTHOE MOAIIPOCTPAHCTBO, To D(g) IpUBOAUMO.

PaccMoTpuM Tpon3BoNBLHEIHA BeKTop u € 3, rie F = R s C, n — pa3sMepHOCTS.
BekTop Mo:kHO 3anmcaTh Kak u = w +u,, e w € L C 37, a u) JIe’KAT B OPTOTO-
HasbHOM gonoaHennn. Torga D(g)u = D(g)w+ D(g)uy, rae D(g)w nesxut B L. Takum
o6pa3oM, B BTOM 6asuce Bce MaTpuILl D(g) IpUBOAATCA K GJIOUHO-JUATOHATEHOMY
BHUJY, a peJicTaBlieHe IPUBOJINMO.

JI1g npaBUJILHOCTH TPUBEJeHHBIX paccyKAeHNH Heo0X0JUMO, UTOOHI I1peobpaso-
Bauue D(g) He BHIBOAMIO BEKTOD % | U3 OPTOTOHAIBHOTO JOIOJIHEHNA. 3TO CIIPaBe]-
JINBO, B YACTHOCTH, JJISl YHUTAPHBIX MaTPHIL, COXPAHAIOIINX CKAJIAPHOE IIPOU3Be/le-
wne (w,u ) = (D(g)w, D(g)u,) = 0.

Ecin npeacraBienne He YyHUTapHOE, TO €70 MaTPHUILBI IPUBOAATCA, BOOOIIE TOBO-
P4, TOILKO K 6JIOUHO-BepXHETpeyTroJbHOMY BUAY. B asnre6pe fokasbiBaeTcs, 4TO I
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KOHeUHOH IpyInbl MaTpuil Haj mojaeM R mian C npuBogATCA U K 6JI0UHO-IUATOHAJIBHOMY
BUAY (TeopeMa Maririke).

2. |:| PaccMoTpuM cHauasa caydaii, Korja MaTpuiia A — MpAMOyToJbHAA 1y X
ny. IlyeTh oHa nMeeT GoJbIlle CTOJIOIOB, YeM CTPOK (g > ny), TOT/a ee CTOMOLbI JIN-
HeHHOo 3aBHUCHMEI. J[I[pyruMm cjioBaMu, UMeeTCs no-MEePHBIA BEeKTOp-cToJbel w, Ta-
Koii, uTo Aw = 0. JInHeliHas 060JJ04Ka TAKHUX BEKTOPOB w MPeJICTABIAET cCO00H ANpO
Ker A nuHeiinoro npeodpazoBanusa A. YMHOKHUM (A.2) clipaBa Ha w:

AD® (9w = DWAw = 0,

torga D@ (g)w € Ker A, a sHaunT L = Ker A — HeTpUBHATbHOE HHBAPHAHTHOE MOJI-
IIPOCTPAHCTBO OTHOCUTEILHO rpynnsl MaTpull, D) (g). DTo mpoTHBOpEedYnT NMpeanoo-
YKEeHHIO O HEeIIPHBOJUMOCTH.

ITycTh Temeph CTPOK Y MATPHILBL A 6OJEIIIEe, YeM CTOIOIOB (11; < n1), TOT/Ia €€

CTPOKM JIUHEHHO 3aBUCUMEL 1 CYIIIEeCTBYET 1, -MEPHLIA BEKTOp-CTpPOKa v, TAKOH, UTO
vA = 0. OTcoa
vDW(g)A =vADP(g) =0,

T.e. vDW(g) € Ker A, m L = Ker A cHOBa OKa3bIBaeTCA HETPUBUAJILHLIM HHBAPUAHT-
HBIM MOANIPOCTPAHCTBOM OTHOCHTENBLHO Ipynnbl MaTpui, DM (g).

3. IlyeTs Tenepn MaTpulia A KBaJipaTHasI, HO BRIPOJKAEHHAS: 1y = no, det A =
0. Torpa y MmaTpuIilbl A IMeeTcs HyJieBoe cOGCTBeHHOe 3HaUeHUe, a MIOAIIPOCTPAHCTBO
cOOCTBEHHLIX BEKTOPOB w, OTBEYAIOIUX 3TOMY 3HadeHuio: Aw = 0 obpasyeT A1po
w € Ker A: DW(g)Aw = AD® (g)w = 0 = DP(g)w € Ker A. MeeTcs HeTpHBAAIL-
Hoe MO POCTPAHCTBO Ker A, ”HBapHaHTHOE OTHOCUTENbHO D(g). OnATh mosydaercs
ITPOTHBOPEYHE ¢ IIPEATOIOKeHNEeM 0 HeTTPUBOJAMMOCTH IpejicTaBaennii (A.2). Msl fo-
KasaJIld, 4YTo MaTpulia A KBaJjpaTHas M HeBLIpOK/JIeHHAas, a cleloBaTeJbHO NMeeTC
o6parHas Matpuna A~!, mpeacrapiaennsa D) u D bkBuBaNeHTHH M X pasMepHO-
CTH paBHBI, 1160 A = 0.

Teopema A.4. ( Bmopasa nemma lllypa ) Mampuya, nepecmanogoirHas co cemu mam-
PUUaMU HenpusoduMozo npedcmasieHus, nPponopyUoHaLbHa eOUHUYHOL.

Iycets AD(g) = D(g)A nns Bcex g € G. IlyeTb w — cobcTBeHHBIH BeKTOp: Aw =
Aw. ITopeficTByeM Ha BeKTOD w IpaBoii U JeBoii yacTamu paBeHcTBa AD(g) = D(g) A:

AD(g)w = D(g)Aw = AD(g)w,

tTora D(g)w — Toyke coGCTBEHHBIM BEKTOD ollepaTopa A, IpUHALJIEKAIIAI TOMY e
co0CcTBeHHOMY 3HaueHMIo A. [TocKoJIbRY ITpe/icTaB/ieHre HETI PABOJMOe, MTHBAPUAHT-
HOT'O TIOJITPOCTPAHCTBA OTHOCHUTEeNbHO D(g) He HOMEKHO OBITh. JIMHeliHad o6oMo0YKa
BeKTopoB D(g)w coBIajaeT co BceM IIpocTpaHcTBOM F7, KorJla g IpoberaeT BClo IPyIl-
my. JIio60i1 BeKTOp ABIsAETCA COOCTBEHHBIM ¢ COOCTBEHHBIM 3HAUEHUEM A, OTKyJa A =
AF, Tne £ — epuunuHas Matpuiia. Takas MaTpulia, IpOIOpPIHOHATIbHAA €JAH WY -
HOH, Ha3bIBaeTCA B JINHEHON alrebdpe cKanapHol mampuuyeil.
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Teopema A.5. (CoomHoulenue opmozoHaibHOCMU )

o G o a
> [050) D20 = Esuasudi, ne = am D, (A-3)
9€G
20e D DWW — npu o # (B ynumaphvie HesKEUBALCHMHbLE HenpueoduMmble nped-

cmasienus, a Dgx) — anemenmut mampuyst D),

00603Ha4MM CyMMY IIO T'pyIIIie

Mo, 5,3,%) = 3 [D§(9)] Do),

ge@G
rlie MHIEeKChl MAaTPUYHBIX B3JIeMEeHTOB M IpoGeraloT 3HaYeHNuA 4,7 = 1,...,n,, k,1 =
1,...,ng, Mg, N3 — PA3MEPHOCTH HEIIPUBOJUMBIX IIpeJICTaBJICHIA HOMep «, (3, a BepX-
HHe UHJeKcH o, 3 = 1,..., [; mpoberaioT HoMepa BceX HEIIPUBOAUMBIX IIpefCcTaBe-
HU#. B cuy yauTapHOCTH ITpecTaBIeHU N
o * -1
Di*(g) = Dji(g™") (A.4)

JI/ia BceX JONMYCTHUMEIX 3HAYEHWH «, 3,7, kK MaTpuiia M cBA3LIBaeT /IBa HEAKBUBA-
JIEHTHBIX HeIIPUBOAUMEBIX IIpe/icTaBleHud. JlefcTBUTENbHO, TOAb3YACH (A.4), MoJy-
UM

N

Z )(9) D (g -1>] DP(9)

ZD (9)Mu(e, B,5,k) = >

geCG

—Z[ pig'e )] ZD@ ' Dy (0) ZMmqaﬁ,z,kw“”(g),

g eG g=1

WJIHA B MaTpUUYHOM dopMe 1 moboro g € GG
D) (g)M(a, 8,4, k) = M(c, 8,4, k) D®(g).
Torjaa B cuny nepBoii 1 Bropoii iemM Illypa
M(a,B,2,k) =04 8En, A3, k). (A.5)

3necs E,, — elUHUYHas MaTpUlla IOPALKA n, (E; = J;;), a MHOKATENb A\ 3aBUCUT
TOJBLKO OT YHCE ¢, k. ITOT MHOKUTETb HAXOJJUTCA, €CJIU B3ATH cJie]] OT JIeBO! U IIpa-
Boit yacreii (A.5) mpu o = 3:

naA(i, k) = nzaz [D5(0)] D te) = ZZD“” DY (™) =3 Di(1) = |G|6ks.

3=1 geG geG j=1 geG

OTrciofla M cle/lyeT COOTHOLIIeH e OPTOTOHANBHOCTH (A.3).
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Teopema A.6. Bce Henpugodumvie npedcmasiienus abenesoil zpynnvl 00HOMEPHbL.

IIpeamnono:kuM MPOTHBHOE, MIYCTH PA3MEPHOCTH HENIPUBOAMMOrO TIpe/icTaBIeHAA
abeneBoit rpynnel G dim D(g) = n > 1. PaccMoTpuM s71eMeHT rpynnsl g # 1. Ilo-
CKONBKY MaTpulia D(g) KOMMYTHDPYeT cO BceMH MaTPHIAMH HellpHBOAMMOIO IIpejl-
cTaBJIeHnd, 1o Bropoii 1eMmMe Illypa oHa cKajlsgpHas, YTO MIPOTHBOPEUYHUT IIPEAIIOIO-
JKEHHUIO 0 HEIIPUBOJUMOCTH.

Teopema A.7. Jucio HeIKBUBALEHMHBLX HENPUBOIUMBLX NnPeICMABIeHULL PABHO KO-
JUudecmay KJAACCO8 CONPANEHHBLX 3JLeMEeHMOE.

IMycts R(g) — MATpPHIILI PeTyJIsSAPHOTO NpefcTaBileHNus IPyNNnbl G pasMepHOCTH
N = |G| . HamoMHUM, 4TO peryJspHoe IpeJcTaBlIeHNe CTPOUTCA 110 TabanIe yMHO-
KEHUS TPYIIHL g, = §:9;°

Ry;(g:) =T

t39

rae Z,j — HOMepa CTPpOKH H c'r011611;a TaﬁJII/IH,I)I YMHOXEeHHUdAd, a k — HOMeDp 3JIeMeHTa
T'PYIIIIBI, CTOAIILETO Ha UX IIepeCeyeHnn (CM. CTp.lﬁ). HOCTpOI/IM BCIIOMOT'aTe€/JIbHYIO
MaTpHILy

N
M(zx) = Z z;R(gs), (A.6)
i=1

rjie g; — DJIeMeHTHI TPYIIbl G, a £; — KOMIUJIEKCHBIEe UhcJa, KOTOphIe 6yIeM paccMar-
PHBATH KaK KOOPAUHATEHI HEKOTOPOTO BeKTOpa * = (Z1,Z2,...,ZN)-

1. Cuavana mokakeM, uto M(z) = 0 Torga u ToJabKo Torga, korja z = 0. Ecim
Z — HYJIeBO# BeKTOp, To M = 0 mo moctpoennto. Ilycts Tenieps M = 0, a MaTpHIBI
peryJasapHoro IpeJcTaBIeHns MoJydeHbl U3 e IMHUYHOW MaTpPHILI Mopdaaka N mepe-
CTAHOBKOH cToa6110B. Torja k-5 cTpoka MAaTpUILBL M COCTOUT MX KOOPAMHAT BEKTOpa
x, IepecTaBIeHHBIX B IPYyToM IOpsJiKe. S3SHAUUT U3 TOI'0, UYTO CTPOKA HyJIeBad, claely-
€T paBeHCTBO HYJIO BceX KOOPANHAT Z;.

2. [Iyers cymiecTByeT K HedKBUBAJIEHTHBIX HEIIPHUBOJMMBIX IIpeJCTaBIeHUMU IPYII-
nel G. Kak MBI MoKa3an B JIEKIINH 3, KaXKJOMY M3 HUX OTBeUaeT XapaKTep X(O‘) (G4)s
I/le BepXHUHA UHJeKCe o = 1,2,..., K HyMepyeT HeIlpUBOJAWMEIe IIpe/ICTaBJIIEHNA, a
HIDKHUT nHjgekc ¢ = 1,2,..., L — KJacchl cOMpshKeHHBIX 3lIeMeHToB. Kak cienyer
u3 (3.4), Bce BEKTOPHI XapaKTePOB OPTOTOHAJBHEI, €CJIA PACCMAaTPUBATh CKANAPHOE
MMpoN3BejieHIie ¢ BECOM, PABHBLIM YHCJIY BJIEMEHTOB P, B KJacce 0,

L
1 \
@l Z;pa [x®(0.)] xP(0.) = dap.

MoskHO 6BLTO GBI TIEpedTH K BeKTOpaM X*(0,) = x*(04)v/Pa/|G|, KOTOpBIE GBLIN GBI
OPTOTOHANBHEI B OGLIYHOM cMBIcJe. UNMCI0 BeKTOPOB JINHEHO He3aBUCHMOM CHCTe-
MBI He MOYKET ITPEBHIIIATH KOJTNYeCTBA KOMIIOHEHT, TosToMy K < L.
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3. Ilycts K < L, To ecTh pa3/IMUYHBLIX NIpeJicTaBIeHUA MeHbIlle, YeM KJIAacCOB CO-
NMpAREeHHBIX DIeMeHToB. Tora Tabniia HeIpUBOJANMbBIX XapaKTePOB — M PAMOYIOJIb-
Hasg MaTpHIa, 3HAUUT €€ CTOJNOILI IMHEHHO 3aBUCUMbBI. CylllecTByeT HeHYyJIeBOM Ha-
60p KoppPHUIMEHTOB \,, TAKOM’ UTO JJIA BCeX &

L
3 Aabax?(0a) =0. (A7)
a=1

ITocTpouM BeKTOp Z 11O CIAeAYIONEeMY IpaBuIy. ETo KOMIIOHEHTHI £; = A,, €CIH g; €
0q. PaccMOTpHM BeIloMoraTeIbHYI0 MaTpuily (A.6) Ha BeKTOpE T

L
M@@) =) (Z R(g)) . (A.8)

g€,

PaszjoxuMm perysisipHoe IpeJcTaBlIeHre B IPAMYI0 CYMMY Hell pUBOANMBIX
K
R(g) = @ kaD(g), (A.9)
a=1

rie k, — KPaTHOCTB, ¢ KOTOPOi HEIIPHBOAMMOe IpeficTaBnenre D(*) BXoauT B pasio-
skeHne. [loacraBum (A.9) B (A.8) 1 MoMeHsAeM NOPAJOK NIPAMOro CyMMHUPOBaHUA U
CYMMUPOBAHUSA 10 T'PYIIIIe:

K L
M (%) = EBI QZ;AGMS, Mg =" D). (A.10)
a= a= 9€0q

BameTHM, uTo MaTpHLa M2 KoMmmyTupyet ¢ D(*)(g). [leficTBATENLHO,

D@(g)Mg =" DW(gq) = > D™(gg'g™") D (g) = MgD'(g),

g'€a, g'€oa

IIOTOMY YTO 3JIEMEHT gg'g‘l JeKHUT B TOM 3Ke KJlacce COIIpAXEeHHBIX 3JIEMEeHTOB, UTO 1

¢'. Torja o Bropoii 1emMe Illypa M? — cransgpHad MaTpulla HOpASKa ny: MJ = co B
Crnen MaTpuubl M paBeH cing, a ¢ APYroil CTOPOHBL 110 IIOCTPOEHHIO BTO PaX(0,).
Orciofa c = p,x'(0,) /.

BepHeMcs k BcmoMoratenbHoit MaTpulle (A.10):

L
z )\aan(a) (aa):| :
a=1

N3 nmuHeiliHol 3aBUCUMOCTH cTOJNGIOB (A.7) cienyeT, 4To KBajjpaTHasd cKoOKa obpa-
1taeTcs B HyJIb, Torjja 1 M (%) = 0, Xo1d Z # 0. MBI IOJy4uIn IPOTUBOPEYHe C IyHK-
ToM 1. CrreloBaTeNbLHO MpEANoaoKeHne MyHKTa 3 TovkHo 1 K > L. Ho B myHKTe 2 MBI
nokasann, uyro K < L, nostomy K = L. Teopema foKa3aHa.

Kk
M(z) = —E,,
a=1 Mo
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Teopema A.8. Cymma xkeadpamos pasmeprocmeil HenpusoduMblx npedcmasgieruil
pasHa nopadxy epynnbwl.

PerynsapHoe npejcTaBIeHe COCTOUT N3 eJUHAYHBIX MAaTPHIL MopsAaKka N ¢ mepe-
CTaBIeHHLIMH CTpoKaMu. Ciell eIMHUYHOM MaTpullbl tr R(1) = N, a cjell ocTaIbHBIX
MAaTPHIL paBeH HYJIO, IOTOMY UTO HH OJHa CTpoKa He ocTaeTcs Ha MecTe. [loaTomy
xapakTep xg = (N,0,0,...,0). CnenoBaresbHo, KOdhOUIMEHTH Pa3IoskeHHUA B IPs-
MYI0 CYMMY HeIIpABOAMMBIX IIPeCTABACHAN COBIIAAAIOT ¢ Pa3MEPHOCTAMM HET PUBO-
JUMBIX TIpecTaBJIeHWiA:

ko = <XTX(Q)>G = TNg-

OTcrona
L
R(g) = @ naD"(g).
a=1

Tenepb BBIUMCIINM XapaKTep €eJUHUYHOI'O 3JIeMeHTa

trR(1) =N =Y n

B zaxaiouenne JoKaxkeM IIPOCTEHINYIO KIACCHPHUKAIIMOHHYO TeopeMy, chopMy-
JUPOBaHHYIO Ha c¢Tp.14. ByneM fgelicTBoBaThHL MeTO/IOM, U3JI0KEHHBIM B [4, 17].

Teopema A.9. /JuckpemHute nodezpynnsl COOCMBEHHOU 2pYNnbl 8 PAULEHULL UCUepTLbl-
saomcesa cnuckom C,, Dy, T,0)Y.

DIeMeHThl TOUedHOM Ipynnbl G, olMCHIBalOIeld CUMMETPUIO MOJIEKYJIbI, — B3TO
ocH n-To mopsajka. Ecim orpanmynThed noarpynmnamMu SO(3), To 3epKaJbHBIX ILJI0C-
KocTel M 3epKaJbHO-TIOBOPOTHLIX ocell He 6yieT. Bee ocu ¢, epecekaloTcs B OHOU
TouKe. ONMHIIIEeM BOKPYT 3TOM TOUKH € IMHUUHYIO chepy, OChb ¢, IlepeceKaeT aTy chepy
B IBYX TOUKaX, KOTOpble MBI Ha30BeM noswocamu P.

O6osHaunM H IOATPYIIIY, COCTOAIIYIO U3 BpallleHWi Ha YIJbl, KpaTHble 27 /n, BO-
KpYT OCH ¢,. Pa3moKuM IpyIIy Ha IpaBble cCMeKHble KJIacChl OTHOCUTEIBHO 3TOHU
noarpynnel. KommuecTBo Kinaccos mo TeopeMe Jlarpamska (cTp.10) paBHo m = N/n =
|G : H|,tne N = |G

DnaeMeHT g € G ocTaBAAeT MMoMIoc P Ha MecTe, JIN0OO EPEBOJUT B JIPYTO# MOJIIOC TOTO
ke opanaka. Kakaplil mpaBelii cMeKHBINH KJIace MepeBOJUT P B OJJUH U TOT Ke TI0-
mioc P, mprudyeM pasHble KJIacchl — B pasHble MOJI0CEH. Bee momiock, momyJyaeMble U3
JAHHOTO TAKAMH I Peobpas3oBaHUAMA, Ha30BeM 38€300il IKE8UBAIEHMHbLX NOJIIOCO8.
OGosuauum (P, g) mapy U3 IoJoca u TpeobpasoBaHus, OCTABIAIONIETO MTOTIOC Ha
MecTe. Mckimouaa 3 paccMOTpeH s eIMHIYHOe ITIpeobpasoBaHme, IOCUNTaeM YUCIIO
BOBMOYKHBIX map (P, g). C oiHO# CTOPOHBI, TOJTHOE YUCIIO TAKUX Hap ecTh 2(N — 1), Ho-
TOMY UTO Beero B rpyine N — 1 mpeo6pa3oBaHuil, OTIAYHBIX OT e THHUIHOTO, KayKJ0e
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Ta6anua A.1: leaounciaeHHbIe pellleHNS yPaBHEH U IS CJIydasi TpeX 3Be3]]

ny |ng | m N I'pymal
2 2 N/2 yeTHOe | Dy,

2 3 3 12 T

2 3 4 24 O

2 3 5 60 Y

13 HUX — IIOBOPOT BOKPYT OCH, a KayKJas och 3ajiaeT ABa noimioca. C aApyroi cropo-
HEBI, /I KOKJOH 3BE3/IBI BTO YHCIIO PABHO my(ny — 1), T/le 3HAUOK k HyMepyeT pasHble
3Be3/bl, M) — YNCIO SKBUBAJIEHTHBIX IOJIOCOB B k-# 3Be3fie, ny — KPaTHOCTH BTHUX

nomwocos. OTcloaa
2AAN = 1) =Y mu(ng — 1)
k

WJIH, ToficTaBasAd my = N/nj U cokpallad obe yacTu Ha N, HalijeM

2 1
Q-W:%:(l_n_k)' (A.11)

Ocraetcsa pemmuTh (A.11) B menbix yucaax. IIpaBad yacTs ypaBHEeHUA MOKeET CO-
JepRaTh TOJBLKO IBa UJIH TPH cJaraeMbix, moromy 4to N, n; > 2. [losTomy 66IBatoT
I'PYIIIBI TOJLKO ¢ IBYMSA U TpeM4d 3Be3JaMU.

CAyyam **
2 1 1
—=—+

N 1 o ’
E,Z[I/IHCTBBHHOB pelIeHne ng = Ng — N. HOJIquJIaCL rpyiiia ¢ AByMd 3Be3JJaMH, B
Ka?RI[OfI 13 KOTOPBIX IIO OJHOMY ITOJIOCY KPAaTHOCTH N. 310 I'pyIiiia ON.

Cayyanm ***
1+ 2 _ 1 + ! + !
N ny ns nz
OnHO U3 Ynces n; JoKHO OLITH paBHO 2. Eciin OBl Bce oHM OBLIIM 1; > 3, TO IIpaBad

YacTh ObLJIa OLI MeHbIIIe NN paBHa equHuile. IlycTs ny = 2, Torjaa

12 1 1

2 + N Tl—1 + n—z
IIycTe ny > no > naz. Torga ny < 3, HIOCKOJIBKY ecsin 6BI 06a YKCIa Ny, No OBIIIN GOJIBIITE
WJIN paBHBI 4, ypaBHeHNe He NMeJo Obl pellleHnid. OcTaeTcd nepebpaTs ABa ciaydad:
ny = 2,3. TakmxX BOBMOYKHOCTEN BCcero YeThIpe, Bce OHU IIPUBeJleHbl B Tabinie A

B nocnnennem cronbiie TabaNIB YKa3aHEI IPYNILI. B IepBoil cTpoke — I'pylilia Ju-

sapa mopaaka n; = N/2. B pToM citydyae /1Be 3Be3[Ibl COCTOAT U3 MOTIOCOB KPATHOCTH
2 1 ofiHA 3Be3/la — M3 MoJI0coB KpaTHocTH N/2. [lomwockl KpaTHocTH N/2 oTBeYaloT
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JBYXCTOPOHHHUM OCSAM BTOPOTO MOPSIKA, & KPATHOCTH 2 — IePIeHINKYIAPHBIM UM
oCcsIM BTOporo nopsajaka. Bo BTopoii cTpoke TabJIUILI MMeeTcs JBe 3Be3/bI 110 4 0JII0-
ca KpaTHocTH 3 B KaykJoi. OfiHa M3 3THX 3Be3]] OTBeYaeT BepIIIMHAM I PaBUJILHOTO
TeTpasapa, a Apyragd — JHaMeTpaJbHO MMPOTHBOMOJIOKHBIM TOUKAM Ha €JJWHUYHOU
chepe (TOUKH TlepeceUeHUs cPephl ¢ IPOJOLKEHUAMHA BBICOT TeTpasapa). Umeerca
TakKe IIeCTh MOMI0COB KPATHOCTH 2. OT0 IPOEeKIINHT U3 IleHTpa Ha chepy cepeIuH pe-
6ep TeTpasapa. AHAJOTHUYHO MOYKHO Pa3obpaThes ¢ TpeThel U YeTBepTOl CTPOKaAMU
TabJINIIbI.
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