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IIPEIVICJIOBUE

Eme 8 30-x rogax Hamero crolletdss MaTeMaTHdecKas Jo-
PHKa ¥ BO3HHUKABIIAA TOTHA TEOPHSA alrOopETMOB Ka3alHCh
HauGosiee abCTpaKTIHME H Hau(oJee MAJeKHMH OT IpaKTmde-
CKUX TpPUIO/KeHEH ofNacTAMH MaTeMaTHKW. B HacTosAmee
BpeMs ToJosKeHKe KOpeHHHM o6pasoM wmaMeHUJIoch. Hiime
o6Menpu3HadHo, IT0 06e Ha3BaHHEE 0GAacTd 06PasyIoT Teo-
peruueckn QyERaMeHT MJIf CO3KAHUS W IpPHMeHeHHH GHICTPO-
HeficTBYIOIMUX BHYUCAMTOABHEX U YOPABAAOIIAX CHCTEM.
Pesro Bo3poc Y/eNbHHEIHA BeC MaTeMaTH4ecKOH JOTHKH H TeO-
PHH aJiTrOPHTMOB B B CaMoli MateMaTrure. Dojee Toro, B 3Ha-
YUTEIpHON CcTeHeHH dYepe3 TeopHI0 aJrOPHTMOB W MaTeMaTH-
YeCKYI0 JIOTMKY TPOHCXORNT HHHe IPOHAKHOBeHHE MaTeMa-
TAYECKAX METONOB B OWOJOrWIO, JWHIBUCTHKY, SKOHOMHKY
BILIOTH 70 (HmocodmE ecTecTBo3HaHHs. Bee aT0 HpHBeNo K
TOMY, UTO MaTeMATHYECKYIo JIOTHKY ® TEOPHI0 aJITrOPHTMOB
HadaJHW BKJIOYATh B yueGHEIe ILIaHBl HamuX YHHEBEPCHTETOB
¥ MeAWHCTATYTOB B KadecTse NUCHUNIWH, 00A3aTeJbHBIX NI
W3YUeHUA CoTyHeHTaME-MaTeMaTHKaMi BceX clefualbHOCTeH.

HacTtosnmas KHATA BOSHUKJIA B pe3yibrare 06paGoTHE KOH-
CIEKTOB JeKOHHM M0 MaTeMaTHdecKOoi JOrhKe, TEOPHM aJro-
PHTMOB ¥ WX NPHIOMKEeHHE, dYATasmAXcs asropoM B 1956—
1959 rr. B lipaHoBecKOM IegarormuecKdM WHCTATYTE H ¢
1960 r. 8 HosocuGupekonm yamBepcutere. B Heil usdmaraercs
DU 0fIaf TeOPHA ANTOPHUTMOB ¥ PeKYPCHBHEIX (QYHKOHH,

[Meamrom 3a mpegenaMir KHArH OCTAIHACH TeOPHA aBToMa-
TOB, IPINOKEeHHA TEOPHH aJropPNTMOB K (OPMAalbHEIM Teo-
PHAM, TeopHA credeHeil Hepaspemmumoctd. CKoOILKO-EAGYQH
mopgpobHOe H3J0KeHWe JTHX PasfeloB B HACTOAMEe BPeMT
TpedyeT cueqUualbHHX MoHOrpaduii,

Domee cepresmry HemocraTHoM mpepiaraeMoil KHHETH Mo-
#KeT OKasaThCA OTCYTCTBHE B HeH CBefleHHX O pealbHHX BEHI-
gICJANTeNbHR X MamnHax, OfHaKo B HacToAmee BPeMs TeOPHA
IPOrpaMMApPOBaEMA H NPUWHIHNE YCTPoHCTBA PeasbHEX BH-
YUCANTeJbHBIX MAamlMH 9YHUTAOTCH BO BceX YHHBePCHTETaxX B
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KagecTBE CAaMOCTOATENBLHHX Kypcos. Ilo »THM Kypcam Hand-
cal0 MHOTO VUeGHHKOB ¢aMoro pasiwdHoro yposHs. Ilosto-
My HaM Kasaloch HBIMITHEM BRIYATh COOTBETCTBYIOIIZE
BOIPOCH B O0MYIO TEOPHIO AJTOPUTMOB ¥ B HaHHOHR KHUTE OHH
nake He YIOMHUHAIOTCH.

Tak Kak JeKOUW [0 TeOPUHU aJTrOPHTMOB WHOTIA THTAIT-
ef [0 NeKNuA 1o MaTeMaT#duecKoil JOTHKe, TO Jjormyeckas
CHMBOJITKA WMCHOIb3yeTcs HaM#d B 09eHb OrpaHEUeHHOM pas-
Mepe W 3HadeHHs BeeX YHOTPeOIAeMEIX JOTHYECKHX CHMBO-
sos moxpoGHO passsacHAOTeH. Ilo 9Tol ke mpruwHE B KHHUTE
He 00CY/KEAlOTCS BOLPOCH, CBA3AHHEE ¢ MHTYHOHOHWCTCKEM
I KOHCTPYKTHBHCTCKUM HCTOJKOBAHWAMHE Pe3yibTaToB.

Kax oferaHo0, oT umratelsell He TpeGyercs HHKaKHX Ipef-
BAPUTENLHEX CIeNUalbHHX 3HAHWH, BHXOAAMZX 8a Ipeje-
JIH IPOrpaMME! cpefHe# mKoxsl. JloKasaTeabeTBa BEIOLY IPO-
gefeHsl IOJHOCTHI0 3a HWCKIOYIeHWEM WOCHeNHWX INIaB, Ihe
HHOTAA ONYINEHH paccy:kueHWs pPYTHHHOTO Xapakrepa, Ko-
TOpHIe IIeTKO BOGCTAHOBHAT KajsKmbIH 4WTaTelb, nobpapmuiics
IO JTHX TIaB.

Ileppan mosoBMHA KHUTYW B HECKOJIHKO MHOM BHme Ohiia
usgafda crymeHTamu HoBocmbupekoro yHmBepeurera B 1960 r.
poranpuHTHEEM cmocofom. OcTalpHEe TIaBH 4UTAIHUCH B PY-
KOOUCH COTPYNHEAKaME ¥ crymeHTaMu Kademps anre(psl .
MmareMaTtrgeckoil Jorukm HIY. Becem mM asTop fipmsHaTeseH
38 COBETEHl ¥ 3aMeYaHWS.

A. H, Masvyes



HNPENNCJIOBUE PENAKRTOPA
KO BTOPOMY U3JAHUIO

ITepsoe mapaEme KEHru sHmao B 1965 r. B renenme nsyx
mecATHJIETHH KHWTa 6blia W ocTaBajach ONHAM U3 CaMHEIX Lpe-
BOCXONHHX 1oco0uit mo teopwn anroputMon. lIupoxn# oxsar
MaTepHana, MOCTYINHOe H3I0;keHUE, BHXOJ Ha CaMyK COBpe-
MeHHYI0 Tpo0ieMaTHKy — BOT HeomeHHMEE JOCTOWHCTBA
KHUATT,

B Texer BTOporo m3qaH¥ig KHATHW BHECEHH JWIMIb caMmble He-
cYymiecTBeHHHe wu3MeHeHZA. McenmpasieHE HEKOTopHeE HETOU-
HoctH. V3MeHeHO moKazaredncTBo yTeep:uenusi 1) s m. 5.4,
B m. 8.4 mpuseneHo gpyroe, Gollee KOPOTKOe W IIP03padHOe,
TOKa3aTeJLECTBO TEOPeMH 0 CYMEecTBOBaHWH MaKCUMAaJILHEIX
MHOKECTB.

A. U1. Manpnes Bcerga »{us0 HHTepecoBalcA NuoQaHTOBOM
Ipo0JjeMaTHKOX ¥ KOHYUJI CBOI0 KHUTY ONHOK U3 TpymHeHMNX
TeopeM (Toro BpeMeHH) B 9Toi obaacTn. B wacrtHoCTH, ero mAE-
TepecoBala ® pecArad mnpoGaema I'mupGepra. B 1970 r.
10. B. Maruscesuu modydda cBOH 3HaMEHHUTHH Pe3ylbTaT:
BCAKOE PEKYPCHBHO IIEPEUHCIUMOe MHOIKECTBO AUOPaHTOBO.
JTOT Pe3sYABTAT HO3BOMHJ HOAYIATH OTBETH Ha MHOTIHE BO-
IpocH, HO MOPONHI B MHOTO HOBHIX. B gacTHOCTH, 0Ka3al0Ch,
aro mecsarTas mpoGiaeva I'manbepra anropmrMmgecku Hepaspe-
muma. Ocpemenze Beex BONPOCOB, OTHOCAMEXCA K JTOH
npofaeMariKe, IO-BHJOMOMY, TpeOyeT OTHelpHOW KHWTH,

HmMerHEO 5THIME 06CTOATONILCTBAMYA BH3BaHA HE0OX0MHMOCTh
nobasUTh KO BTOPOMY H3HAHUMI0 KHATH KPaTKoe NpUo:KeHne,
cofieprramee MIHAMYM (QaKTOB, HYMKHHX NI TOKA3aTeJ]bCT-
Ba TeopeMs 0 AI0PAHTOBOCTH.

H. A. Baxapos



BBEJTEHUE

Vixe Ha caMpiX paHHEX CTYNeHfX Pa3BUTEA MaTeMaTHKRA
(Ipesunit Erumer, Basmnon, [{pesnsia I'pemusa) B Hel craim
BOBHUKATH PasimIHbe BHUYUCIUTEILHEIE 1P ONeCcCH YACTO MeXa-
HUYIEeCKOTO XapaKTepa; ¢ UX HOMOMBIO HCKOMbIE BeJMIAHEL Pf-
14 3a7a9 BEYUCIAANACEH MOCAeOBATEIbHO U3 TAHHEX UCXOFHEIX
BeJUYUH IO oOpefefeHHRM mpasuiaM u mucTpyrmmaM. Co
BpeMeHeM Bce TaKWe IIPONEeccH B MaTeMaTHKe MOJYdHIn Ha3Ba-
HUe aJArOPUTMOB WJIH — B APYroM HaOHCAHUH — alropudmos.
Buaors mo 30-x romos Hamiero CTOJETHS 3TO HOHATHE alro-
puTMa B OCHOBe CBOeil He MeHAJoCH, XOTH OPHoGperalio BC-
GOMBMYI0 ¥ GOABMYI0 OTYETIWBOCTE. 1eM He MeHee, 0HO 0Ce
TABAJN0Ch WHTYATHBHEIM INOHATHEeM, HMEBIIEM CKOpee MeTo-
moJorMIecKoe, a He MaTeMaTmdecKoe 3HazeHne. CymHOCTE ero
JIETKO ysCHSETCH W3 CACHYIOIHX NPUMEPOB.

B gpecarmaHO# cHeTeMe cuucieHHs HaTypalbHBEE YHeIa
n3ofpakaloTed KOHEUHBIME HOCJHefOBATeNLHOCTAME HE(D
0,1, ..., 9. Copammupaercs, Kax HalTH NecATAYHYI 3aIHCH
qucia, papHOro cyMmMe, PasHOCTH, NMPOH3BeNeHHIO, TaCTHOMY
IBYX 4Hcel, 3afaHHHX CBOMME JNecATHYHLIMHA 3amucamu. Ms-
BeCTHHIE BCeM M3 HA9aJbHOH IIKOIH IIPOLECCH, ¢ IOMOMBIO
KOTOpHIX pemamwTcs 3TH 3afad, W ABAAITCH aAropPUTMaMn
CJOKeHWS, BHUATAHWA, YMHOKEHAA ¥ HeJeHHS HeJHX JHcel
B NeCATHYHOH cHCTeMe CYHCAeHHsA. AHamormuHHe ajropHuTMEL
U8BECTHHI T [T HPOMW3BOJBHEIX p-IIHEIX CHCTEM CUHCICHIIA.

Tarmm xe APKEM OPHUMEPOM aJTOPITMA MOMKET CAY/KUTH
1 mpolece HaXoKpeHOA HaH0OJLOIET0 OOMEro JeduTensd OBYX
IHONOKATeNLHEX HaTyPaIbHHX 4ICel @, @,. COCTOUT 0H, Kak
U3BECTHO, B CJAEIYIOMEM:

1) menmM a; Ha a,, HaXOAUM 0CTATOK @y I CMOTPIM, PaBeH
oE 0 mam mer. Ecnw paBeH, To mpomecc o6pHBaeTCA U @y —
HCKOMBIH HauGoasmrnii ofmuit meauteas, Eenm xe a; > 0, To

2) menmm g, Ha @, T HaXOGHM OCTaTOK @, Beam g, = 0,
TO Wpomecc oOPHBAETCH U @y — WCKOMHN HaWboMpmui 06-
vy nenmrens. Ecam ay > 0, To
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3) meamM ag Ha @, ® T. ..

Taxk Kak ay, >ag > a; > ... >0, To yKazaHHHHA 1npo-
mecc ofopBeTrcsa caMoe (OJbIIee-gepes3 @, IIaros W MEl IPH ero
ofprBe HaligeM TpefyeMHil Han(oapmmik 00U feanuTels Jh-
cel a; B a.

AmanorngHEe Tpomecchl NPUMEHAIOTCA NJIS HAXOMKIeHHA
Hambouapleir ofmeil MepH [BYX OTPe3KOB, HamOOJbIIEro
ofmero feauTeNns gBYX MHOTO4JIeHOB u T. . Bece atu mpomeccH
H3BeCTHBI cefidac TOx HasBaHWeM agzopummos KEekauda.

W3 gpyrmx anropmTMOB yKajkeM emle aJTopPUATMH pasiio-
7KeHNS HATYPaJbHOTO YMCJIA HA TMPOCTHE MHOKWUTENW, W3BJIe-
9eHWH KBANPATHOI0 KOPHA W3 HATYPAJbHOTO YHCJIA, PemIeHns
cHCTeMEl NUWHEHHEIX ypaBHEHWH MeTOHOM IIOCJIe[OBATEILHOTO
HWCKJII0YeHNS HEW3BECTHHIX H T. .

OTMeruM Temeph HECKOJBKO OOMMUX dYepT aJrOPUATMOB,
SICHO BEIPHCOBHIBAIOIIUXCA W3 NPeAHAYMEX OPUMEpPOB K
gacro mpusHalomuxcas (HoamMoropos mw VYcmesn-
cxkumit [1], MapxosB [2]) xapakTepEsME pis DOHATHA
ITOPUTMA.

a) AnroputT™ — 3T0 TPONECC TOCIEHO0BATEIBHOIO IO-
CTPOGHWS BelWIWH, UAYINAH B [WCKPETHOM BpeMeHW TaKUM
o0pa3oM, 910 B HaJaJbHEIH MOMEHT 3a/[aeTCA WCXONHAL KOHed-
Hafl CHCTeMa BeJWYUH, & B KAKIHM CJINVIONHA MOMEHT CH-
cTeMa BeJEYEH IOJIYy9aeTCH IO OmpeneleHHOMY 3aKOHY (Ipo-
rpaMMe) W3 CHCTeME BeJIUYWH, WMeBIIHWXCH B TpPeNBIyImui
MOMEHT BpeMeHH (Juckpemuocme aaz0pumma).

6) CucreMa BenWYWH, HOJYYaeMHX B Kakoi-to (He Ha-
94aJIBHEIN) MOMEHT BpPeMeHH, ONHO3HAYHO ONpeelseTcd CH-
cTeMO¥ BeJWYWH, IOJYUYeHHEIX B IpeAHIeCTBYIOMZE MOMEHTH
BpeMeHH (0emepMUKUPOBAKHOCL aA20pUMMA).

B) 3aKOH INOJYIeHHAA MOCHGAYIOIEH CHeTeMH BEJIHIHH
H3 TpefliecTBYOMme# M0MKeH OHTH IPOCTHM ¥ JOKAJIBHEIM
(ssemenmaprocmy  wazos aszopumma).

r) Eeam cmoco6 monyueHmA mociepylomedl BeIMIHHE
H3 KaKoH-EEOYIb 3afaHHOH BeJnmduWHE He aeT PE3ynasTarta,
TO HOKHO OHTH yKa3aHO, 9T0 HANO CUHTATH Pe3YILTATOM
anropur™a (HanpasienHocMb  aszopumma).

n) Hawanbmas cmeTemMa BeawdmH MOJKeT BHIGHpaThCA H3
HEKOTOPOro HOTeHmHAALHO 0ecKOHeJHOro MHOKecTBa (mac-
C080CTNb  AA20PUMMQE).

IlomaTme anropmr™a, B KaKOi-TO Mepe OMpemesseMoe
TpeGoBaHMAME a) — 4), KOHe4Ho, He CTPOroe: B (JOPMYIH-
POBKaX OTHX Tpe6OBaHHI BCTPEYAIOTCH CJIOBA  «CUOCOGY,
«BeqUYmHA), (OPOCTOHY, (JTOKANBHEIAY, TOYHHH CMHICI KOTO-
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pHIX He yCTaHOBIeH. B panpHeitmem 3TO HecTpOroe HOHATHE
axropurMa 6ydeT HasHBAThesA HEMOCPENCTBEHHEIM WIHA WH-
TYUTHBHEIM IOHATHEM AaJrOPHTMA.

VaTynTuBHOE NOHATHE AJTrOPUTMA XOTA W HECTPOTOe, HO
HaCTOJNBKO fACHOe, UTO TNPAKTHIECKYW He OHRIO0 CephesHHX
cirydaeB, KOTZ]a MaTeMaTHKHU Pa30ollInch O B MHeHHAX OTHO-
CHTeJNHFHO TOTO, ABISAETCHA JIW AJTOPHTMOM TOT WJIH WHOM KOH=
KPeTHO 3ajaHHHI mpomecc. JTHM JIeTKO 00BACHTETCA CBOe-
obpasHoe IOJIOKeHMe, CHOKUWBIIEECA B MaTeMaTHKe G alro-
PETMAICCHAMHA npoGnema\m K #Hagany XX 8. B srnx mpo-
Gaemax TpefyeTca HaHTH ajrOPUTM JIA PeMleHHs HEKOTOPOl
COBOKYIIHOCTH POJCTBEHHHIX 3a/lad, B YCIOBUA KOTOPHX BXO-
mAT KOHEYHAd CHWCTeMa HAapaMerpoB, MOTYIIAX OPHHUMATH
06HYHO NPOW3BOJLHEE MEN0YnCIeHHHE B3HadeHumA. Hanpu-
Mep, Tpebyerca HafiTw aiATopmTM, HO3BOJAOIAR NIA KaKIOR
9eTBEDKHM NENHX 9ucel &, b, ¢, d y3HATH, CYMECTBYIOT IW
Hedre 9ucia Z, Y, - YAOBIETBOPAINUE YpaBHEHHUIO

ax? -+ bxy + cy? = d.

Bein mafifen mpomecc, Ipm TOMOME KOTOPOTO, HCXONA H3
3aaHHHX 4qWCces, gepe3 KOHeTHOEe JHUCIO «IAaroBy MOYKHO
6BLIO0 MOAYIWTH OTBET «Ha» WIW HeT» HA YKABAHHHIA BOLPOC.
Muorwe npyrue anropHTMUYecKWe NPOOIEMH TakKe ORLIT
PelleHH MyTeM YKa3aHUS KOHKPETHHX paspeliaionuX Ipo-
neccoB. IlomoskeHme cymecTBeHHO HW3MeHHIO0CH B XX B.,
BEIIBEHYBIIeM Ha IepPBHI IUIaH TaKHe AaJTOPUTMHUIECKHE
Tpo6ieMst, CYmecTBoBaHne MONOMATEABHOTO PeMmeHnsI KOTO-
prix Gbuto coMEUTeNbHEM. leficTBHTENBHO, OfHO nel0 —
TOKa3aTh CYmeCTBOBAHWE AaJTOPWTMA, [APYTroe — J[OKA3aTh
OTCYTCTBHE alirOPUTMa. IlepBoe MOKHO CHedaTh yTeM (QaKTH-
9YeCKOT0 ONHCAHWSA TpoNecca, Pemaomero 3ajady; B 3TOM
CIy4ae MOCTATOYHO ¥ WHTYHTHBHOTO WOHATHS aJrOPUTMA,
9T06K 'y0CTOBEPHTHCA B TOM, YTO ONUCAHHHHN IPOMECC ecTh
aaroputs. [loxasats HecymecTBOBaHHE aJTOPHTMA TaKUM
oyTenM HEBO3MOKHO. [{jis 2Toro HaZo TOYHO 3HATH, 4TO TaKoe
alroporM. B gBagparsx rogax HAOIEr0 BeKa 3agada TOYHOTO
ONpefeseHNs TWOHATAA AJITOPHUTMA CTaXa ONHOKX W3 MeHTPAJb-
HEIX MaTeMatmgecknX HpoGiem. Pemenwe ee Oulio moayueHo
B cepenuHe TpmAmaTHX romos B paborax I'miwsGepra, I'émens,
Yépua, Kanan, ITocra n Triopuara B aByx (opmax. Ilepsoe
pemenne 6r10 0CHOBaHO Ha MOHATAY PEKYpPCHBHOM QyHKOWH,
BTOPOe — Ha ONMCAHWE TOYHO 096PIEHHOT0 KJIACCa MPOEeCCoB.

Brme yire rosopmiocs, 910 Jif airopATMAIECKEX TPOG-
1M THOHYHEM ABIAETCH MOJOMKeHHe, KOrna Tpefyercs HalTH
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AlNTOPHTM NJs pellleHWS 3afadH, B YCJIOBHUA KOTOPOH BXONAT
3HAYEHWA HEKOTOPOH KOHeYHOH CHCTEMH e 09UCJIeHHEX Ha-
PaMeTpoB Xy, . . ., Ty, & HCKOMHM Ppe3YyJIBTATOM CHY:KHT
TaKke Tesoe qucido y. VIHAUe TOBOPSA, peds WHET O CYIIECTBO-
BaHUK ajaropuIMa [JIs BEIHNCIeHWS B3HAYeHAA YHACIOBOR
¢yHEKROUE y, 3aBUCAMeEH OT HelOYHWCIeHHHX 3HaYeHHH apry-
MEHTOB Z, . . ., Tn. UHCIOBHe (QyHKIWY, 3HAUEHHUS KOTOPHX
MOJKHO BHUHCIATH TOCPENCTBOM HEKOTOPOro (eguHOTO MiA
maHEHOY (QyHKOEW) aJrOPWTMAa, HASEBAIOTCH GBINUCAUMEMU
Pynryusmu. TJocKOABKY MOHATHE AJTOPUTMA B JTOM OIpeme-
JeHWn Oepercs B WHETYATHBHOM CMEICIE, TO W MOHATHE BHYWC-
auMOM QYHKOIME OKa3blBaeTcs HHTYHTHBHEIM. TeM He Memee,
IIpY Tepexofie 0T AJrOPHUTMOB K BEMUUCIAMHM QYHKOHAM BO3-
HHUKaeT OfHO 04eHb cyiiecTBeHHOe ofcrosTenbcTBo. CoBorym-
HOCTb IPONEccOB, YHOBIETBOPAOIIUX YCJIOBUAM a) — 74) H,
cJIef0BATEIHHO, HOANANAIOMHAX HON HHTYATHBHOE HOHATHE
aJIropuTMa, OdeHb ofmMmpHA W Majgo ofospmma. Hanporus,
COBOKYIHOCTh BHMUHCJHUMEX (QYHKOUE [ caMblX pasHHX
NOHMMaHWH TPOHEccoB, YHOBIETBOPAIOIIHX YCJIOBHAM a) —
I), OKa3aJjach OfHOM W TOH jKe WM MPHUTOM JETKO ONHCHIBaeMOH
B OOHIYHHX MaTeMaTHYECKHX TepMHUHAX. JTa TOYHO ONHCAHHAM
COBOKYIIHOCTH YHCJIOBEIX (YHKOUWHA, cOBHAgAOmMas ¢ COBO-
KYOHOCTBIO BCEX BHUUCIWMEIX (VHKOWH MpW caMOM IIHPO-
KOM 10 CHX TOp W3BeCTHOM MOHWMAHWH AJTOPHTMA, HOCHT
Ha3BaHHE COBOKYIHOCTHU DPeKYPCUBHHL (PYHEYUL.

Orupasasscs ot upedi I'manbepra, 'é e nn [1] Bmep-
BHe OIMCAJ KJAcC BCEX DPEKYPCHBHHIX (YHKOHH KAaK KJIAcC
BCEX UHCJOBHX (YHKOHWI, OmpefeluMEHX B HEKOTOPOHX dop-
MaJIBHOR cucTeme. JcXops W3 COBepPIIEHHO APYTHX NpPeENHO-
cBUIOK, Y8pu B 1936 1. mpuilles K TOMY e KJIacCy YUCIOBHIX
¢yErumE, gro u Iénean. AHaans Hoed, OpPHBefIINX K ITOMY
Kiaccy (QYyHKLOHH, Ho3BOMHI YEpdy NIepBHM ONyOIHKOBATH
THIOTe3y O TOM, 4TO KJIaCC PEKYPCHBHHX (QYHKIHUH TORIECT-
BEH ¢ KJIAccoM BCIOJY OMpefeieHHHX BHUUCIUMHX (YHROHA.
Jra rENoTe3a HEIHe W3BeCTHa IOJ MMeHeM me3uca Yépua.
Tax xar moHsTHe BHMECIMMOK (QYHKOWH TOYHO He OIpefe-
iasercs, TO Tesme Uépua MoKaszaTh HeJb3f.

Brime yixe orsmedamock, uTo, mepepalbHTHBAS HEKOTOPHS
HCXONHBIE MaHHBE X1, . .., L, COTIACHO 3afaHHOMY AaJro-
PHUTMY, MH MO;KeM BCTPETHTBHCH ¢ TeM, 9T0 IpoHece nepepabor-
KM HUKOIHA He OKaHYEBaeTcA. B 3TOM ciayuae TroBOPAT, UTO
DAmHEIM aiaropuT™ nepepabaThlBaeT 9HCIA Iy, » . ., T, B (He-
OIpeNies e EHoCTEY. o Toro 4To0Bl OXBATHTH W 3TH BechMa
BaKHLIE caydan OeCKOHEIHO MIAMIXCA NPONeccos nepepabot-
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kn, K 1 u 5 u [1] BBen nonsTHe YacTnano pexypcuBEOR QyHK-
IIAU ¥ BHICKA3aJ IENOTe3Y, 970 Bce YacTHImHe (T. e. He 00sa3a-
TeIBHO OTPE/IeNeHHKIO JIIT BCeX 3HAYCHUHA apryMenToB) GynK-
[ONH, BHYKCINMEE IOCPEACTBOM aNTOPHTMOB, ABILIOTCA dac-
TH9HO peKypcuBubiMu. Homeano, Gonee o6mas runoresa Hianan
TaK ke HeJOKadyeMa, Kak u rmmotesda Uépua. Opmaxo me-
clef0OBAHZA, TPOBOMWBIIMECH BeChbMAa MHOIHMHA MaTeMaTHKa-
ME B TEUeHHE NOCIETHMX TPHANATH JeT, BHABWIHN LOAHYIO
1enecoolpasHocTh CIWTATh NOHATHE JACTHIHO PeKYPCHBHOR
QYHKIUE HAYYIHBIM OKBHBANGHTOM HHTYHTHBHOTO MOHATHA
BHUWCIUMOH dacTuaHof QyHKOmH.

B panemeitmem Mm me GymeM pasnmyaTh Te3mcH Udpga
g Himen n mox umenem Te3meca Yépua GyneM moEmEMarh THIO-
Te3y Uépua B TOM pacmupenHoM Bufie, KOTOpHI OB IpHEAH
eit Kanaa,

Tesuc Uspua omasamcs pgocraTodHEM, YTo0H IpPHAATH
meobxomuMy0 TOIHOCTE (QOPMYIEpPOBKAM aJrOPUTMHIECKHX
npobieM W B PfAfe CIAyYaeB CHelaTh BO3MOKHHIM JOKAa3aTelb-
CTBO UX HepaspemumocTd. [Ipuumna 97070 BaKI109a6TCH B TOM,
7T0 0OBIYHO B ANrOPATMAIECKUX TMpobieMax MATEMATHKN Pedh
HfeT me 06 anropuTMaX, 4 O BEYACHEMOCTH HEKOTODHIX CIe-
HuajlbHEM 00pa3oM mOCTPoeHHHX (QyEKnumi. B cmay Tesmca

-U8pua Bompoc o BEYmCAEMOCTA (YHKIUM PaBHOCHIGH BOIPO-
CY o ee pexypcuBHocTH. [lonaTue pexypcuBrOf GyHKOHA CTPO-
roe. Ilosromy o0HYmas MaTeMaTHyecKad TeXHHEKA IIO3BOJIET
UHOIJA HeMOCPefCTBeHHO NOKasaTh, YTO pemalomias 3afady
dyERIEA He MOKET OBITH pexypcuBHON. VMenno 3TUM IyTeM
Yspay [2] ymamocs IepBOMY A0Ka3aTh HEPa3PeIEMOCTH
OCHOBHOH aJTOPATMEIECKOH TPO6AeMEl JOTHKA NPEIUKATOB ~—
Ipo6aeMH TOMAECTBEHHOR HCTHHHOCTA (OPMYI HCIACICHAS
HepBoE CTYNeHH.

Tounoe onmcanme KIacca YaCTHIHO PEKYPCUBHBIX QYHKRIAN
BMecTe ¢ Te3mcoM U8pdua faeT OfHO U3 BO3MOMHEIX PemeHHi
2axad 06 yroumenun nouATnsa aixropumrma. OmEako 970 peme-
HIe He BOOJHE HPAMOE, TAK KaK NOHATHE BHUNCINMOE QyHK-
OOI SABJISETCH BTOPWIHBIM [0 OTHOINOHUK K IOHATHIO AJr0-
potMa, CopamnBaeTcs, HeJb3s AW YTOYHETH HEIOCPEICTEEHHO
CaMo0 HOHATHe AJITOPATMA B YKe 3aTeM IPHU ero HOMOITH TOIHO
OUpEeNeNnTh ¥ KIACC BEUMCAOMEIX. QyExmmi#? Idto GO
cienamo Tocrtom [1l u Tooprmar oM [1] mesaBucmmc
APYT OT Apyra @ TOYTH OLHOBPEMEHHO C M3JI0;KeEHLIMA BHIIIE
paboramn Uspua uw Knmma. Ocmosmasn muicas Ilocra m Toio-
PHHTA 3aKII0921aCh B TOM, 9T0 aATOPATMITECKHE IPOMECCH —
9TO IPOMECCH, KOTOPHEE MOKeT COBEPINATh MOAXOAIE YeTPO:
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eHHAS «MallUHA». B COOTBETCTBUH € DTOH MHICIBI0 HMH OBLIH
ONMHCAHH B TOYHHX MATeMaTHIeCKHUX TePMHHAX HOBOJBHO
y3KHe Kiacchl MallWH, HO HA OTHX MAMIWHAX OKA3aJ0Ch BO3-
MOXHEM OCYMECTBHETh WJIH HMHUTHPOBAThH BCe AITOPHTMHUIEC-
K¥e IPONeceH, KOTophle aKTUIeCKH KOrfga-Tubo OnnChHBaNHNCh
MaTeMaTHKaMU. AJTOPUTMH, OCYIIECTBHMEE HA YHOOMAHY-
THIX MallmHaX, OBUIO MPEAJOKeH0 PaccMAaTPHBATh KAk MaTe-
MAaTHYeCKHX <«OpefcraBuTeneily BooOmEe BCeX AaJTOPHTMOR.
Hecnoxasie BHKIAgKE NOKAa3alm, 9T0 Kiace QYHKOUil, BB
YYCNEMHX HA STUX MallWHAX, B TOYHOCTH COBUAZaeT C KJac-
COM BCeX JaCTOYHO PeKypceuBHHX (ymkmuii. Tem caMbmM GBLIO
MOJIydeHO ele OfNHO (YHZAMEeHTAJIbHOe MOATBEeD:KIeHHE Te3u-
ca Yépua.

Mamuns, BBefiegntle Ilocrom n ThiopuErOM, OTARYAILHCH
He 0YeHb CYIMECTBEHHO W B JalbHeHIeM cTaly Ha3kBaTbCH
MamugaMn ThHIODHUHTa, HECMOTPS Ha TO, ITO OHINH BBefeHH
YKa3aHHABMYA aBTOpaMH ONHOBDEMEHHO X HE3aBHCHAMO ApPYT
ot npyra. Bojee Toro, MamHEH, ONWCAHHLIE B JAHHOH KHUTE
B raase V mop mMeHeM Mamu# ThOpPHHETA, MOITH TOYHO COB-
mafgayoT ¢ TeM BAPUAHTOM HTUX MAIlWH, KOTOPHIH (LI IPEAIO-
sxer ITocTom,

CpasruBas 00kgHOe OUpeNeleHne TaCTAIHO PEKYPCHBHBIX
dysrmuit ¢ ompeneneEmeM Tex e (QYyHKOWA Kak (QYHKIUHR,
BEUHCAWMEX Ha MammBax Triopmara — Ilocra, jerxo same-
THATH CJIEAYOIYI0 HampPaBIeHHOCTD 3THX onpeneiennit. OGg-
HOe OTlpefeNeRnie JaCTHIHO PeKYPCHUBHEX QYHKIOEA HACTOABKO
IMIAPOKO, 9T0 W3 HEero H04THW HemoCpeqcTBeHHO BMAHA JaCcTHU-
Hasg PeKypCcUBHOCTH, (QYHKOWA, BHIHCIAWMEIX TOCPERCTBOM
IPOTECCcoB, ANTOPHTMUIECKHH XapaKTep KOTOPHX WHTYHTHUB-
HO siceH. Hanmporus, ompegenerne ¢ moMompio MamuE ThIo-
purra — Ilocra ouens cumemumanbmoe. Ero menb — mOKasath,
KaK CaMEe CJOKHEE MPOMeCcCh MOKHO MOJEJIHPOBATh HA BECh-
Ma mPoCTHX ycerpoitcrsax. IloaToMy, eciim Hafo mOKasaTh,
9T0 AJITOPUTMHYECKHE IIPOHECCHI MO;KHO MOJeIHpoBaTh Ha
ele Kaxmx-Amb0 CHequaTbHEX YCTPOiCTBAX, TO MAIIHHE
Triopuara — Iocra o6sraHo0 GepyTest B KadecTBe OTIPABHO
To IMyHKTa paccy:xpennii. B wactmocrn, stum nytem H o 3w
K 0 B [1] pemmn Knaccmgeckyo mpoGaeMy TOMIECTBA TEOPUU
rpyunn. JTo OHIa mepBasg KpynHAS airopUTMIYecKas mpobie-
Ma, BOBHUKIIAA B MaTeMaTHKE He3aBHCUMO 0T MATeMATHIeCKOH
JIOTHKY W TEOPHE AJTOPUTMOB W pEMmeHHAas IPH IOMOINH pas-
BuUTO# TeopmE airopumrMoB. G Opyro# cTOpoHH, OfHA B3 HAI-
fosee BHAMEHHOTHX AJTOPHTMIMYECKHX IPO6IeM MaTeMaTHRN —
tak HaswmBaemasa 10-1 mpo6aeya I'misGepra o paspemrmmocTi
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anre6paniecKux YpaBHEHWME B MeNHX dHCIAX — IIOKA BCe
eme ocTaeTcs orTkpirroir (1963 r.), xoTs anropmrMmueckas
Hepa3pemuMOoCTh GIM3KOM 3afadd 0 CYMIeCTBOBAHUY MEJ0IHC-
JeHHHX DPeINeHNH MOKA3aTeJbHHX ypaBHeHmH Opia HegaBHO
yCTAaHOBIEHA TPYNIOdl aMePHKAHCKEX MaTeMaTHKOB (CM.
§ 16 sroit mEHrm) *),

IlepBoEaTalbHO TEOPUSA AJTOPUTMOB BOBHUKJIA B CBA3H
C BHYTpeHHHMHZ mOTPeOHOCTIME TeopeTmYecKOd MaTeMaTHKH,
MaremaTu4ecKkasd AOTHKA, OCHOBAHWA MareMarTZkm, ajirebpa,
reOMeTpHS ¥ aHANU3 OCTAITCH W CeTONHS OHOH W3 OCHOBHEIX
ofmacreil npunoKeHusA Teopuu anropuTMoB. [Ipyrasa obmaacrs
ee TPHIOKEHWH BOSHWHJIA B COPOKOBEIX TOHAX B CBA3H C CO3-
HadmeM GHICTPONeRCTBYIOMUX 3IeKTPORHEX BHYUCINTEIHHEX
N YOPaBAA0IIAX MAMAH, KOTOPHEe ¢ GOabimoi TOTHOCTHI0O MO~
nemmpyior mamuen Tolopuara — Ilocra. Hakomem, teopus
ANTOPATMOB OKA3aIach TECHO CBA3AHHOM u ¢ pANOM obinacTeit
JTUATBHCTHKY, YKOHOMAKH, (H3MOJ0TAA MO3Ta W NCUXO0JOTHH,
¢unocodunm ecrecrsosmanusa. Hanpumep, HocTaTOIHO CTapHEeE
BOIIPOCH O TOM, ABISETCS A MO3T CJOKHOM MamWHOK, KaK
o paboTaer, B 4eM COCTOMT PA3NEYHE MEKAY TPYHOM TBOpYe-
CKIM § MeXaHWJecKHM, B TepBOM HNpHOAWKEHHH Temepb
gacTo  GOpMyImPYHT CHEAYOIIM o0pA30M: MOMEHO] JIH
NPEEOUOHANBHO IOCTPOATH MamuHY ThlopmHTa, mepepaba~
THBAOMYI0O MMOCTYHAKIyXH HHOOPMAHNUIO TaK e, KAk MO3r
KAKOT0-HUOYIb YKABOTHOT0, MOKHO ¥ OTOKEECTBAATH TPYL
MeXaHWYECKHI ¢ TPYOOM COTJIACHO 33NaHHOMY AITOPHUTMY I
T. I. flcHO, 4TC 0TBeT HA TH W MHOTHE [PYTHe aHAJIOTHYHEHE
BOIPOCH CaMa TeOPHA AJTOPUTMOB HATh HE B COCTOSHHE, HO
OHa IIOMOraeT 0TIOTIEBEE MOHATH CYTh BOIPOCOB TAKOTO POJa.

Uro6B1 mMeTh BO3MOIKHOCTH YBepeHHEee pelaTh AallQpUT-
MHUYecKHe 3ajmaud, BO3HEKAOIHe B PasimIHHX OTHedaX Teo-
peTHmdecKoif @ IPHKIaMHON MaTeMaTHKH, HEO6XOAUMO UMeTh
NOCTaTOgHO PA3BUTYIO CAMOCTOATENHEYI0 TEOPHIO allrOPHTMOB.
B macronmee Bpems Takas HesaBhcuMas I GoraTas TeopHA
AITOPUTMOB yske co3qaHa. Ilepsoe crcreMaTmdecKoe W3J0Re-
e ee Obno ocymecrsieBo K mm B [3], MmoHOrpadma xo-
TOporo «Bsemenne B mMeraMaTeMaTHKY» ocTaercd W ITOHEHE
ONHEAM 113 OCHOBHHIX PYKOBOMCTB B PaccMaTpHBaeMoi ofiac-
TH Hayxm, Onmaxo TeopnaA ajlropATMOB I PeKYPCHBHEIX QyHK-
OHO M3710/keHa B dTOM MOHOTPadHE B TecHOM NepenjeTeHHH
C PAfoM pasgeloB MaTeMaTHouecKoil JIOPHKD ¢ pacdeToM Ha

—

—_——

AL *)10-7 mpo6aema Tnap6epra aXroPETMNTECKI HEPAPEIIM  CM.
Marxagcesuy [1%¥]). Cm. ratme Ipunomenme, c. 363.
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0ueHb KBanu(umupoBaHHOTo guTaTead. Kpome Toro, co Bpe-
MeHH BHIXO[a B CBET YKa3aHHO# MOHOTpaQud MOSBUIOCH MHO-
ro HOBHIX BayKHHIX PaGoT IO TEOPHUH aJrOPHTMOB M PeKYPCHB-
HEIX (QYHKOWH, DacceAHHBIX WO pasingHBIM JKYpPHAXAM H
9a6TO OTCYTCTBYIMEX B GUOIMOTEKAX.

B macroameil kHHWre, B mepPBYI0 OdYepe[b, UIIO0KEHH BCe
OCHOBHEIE Pe3YIbTaTh, OTHOCAMHECH cOGCTBEHHO K TGOPHH aJ-
TOPATMOB ¥ pPeKypcUBHHX (yHKmumit. V3 npuioskeHEH pac-
CMOTPeHO JAIib HeCKOJHKO IaCTHHIX 3aj{ad, PeleHne KOTOPEIX
04T HemocpefcTBeHHO BEITEKAeT W3 TeopeM M MeTonoB, W3-
JOKeHHBIX B OCHOBHOM TEKCTE.

O s02uveckol] 3a8UCUMOCU
pasdenos knuzu

B pmamBoit kEEre ofsraHEIM mMpuQTOM HamedaTaHH Te Pas-
TeJEl, MaTepWaa KOTOPHX H3JaraeTcs, Kak IpaBHio, B 00-
MEX Kypcax Teopu: ajropurmos. Meaxum mprdToMm HaGpaHH
pasmeltl, comepsKamue pes3yAbTatel (oJee CHEMUANBLHOrO Xa-
paxtepa. Ilpu mepsBoM WTeHHN KHErHW DTH PasMiessl, UpH ie-
JaHAHW, MOMKHO ONMycTHTh. HaKoHenm, MHOTO BAjKHBIX Pe3yib~
TaToB CHeNUANBHOI'0 XapaKTepa IHTaTeJb MOKET HaWTH B 1O~
DoJHeHAAX, NpHMepax H 3afadax, NOMemeHHHX B KOHIE
Kasgmoro maparpada. PesynnTaTsl 9TH mpuBeneHH 6e3 HoKa-
3aTeNbCTB, HO YKa3aHbl MCTOYHEKY, Te MOKA3aTelIbCTBA MOK-
HO HAWTH.

IIpu ureHnW 3TOR KHATHE He 00a3aTeJBHO H3y4aTh €€ pas-
JeJpl B TOH TocdemoBaTeabHOCTH, B KaKo#l OHM HamegaTaHEI.
Bomee Ttoro, mmmam, mHTEpECYIOmUMCS B IEPBYIO OdYepens
UMb UPUJOMeHHAMHI TeOPUH aarOPMTMOB, OyreT, BeposT-
HO, yno6Hee W3y4aTh pasfessl KHATH B CJAEAYIOMeM MopsimKe:
§1,8 2, nom. 3.1—3.4, § 4, § 11, nn. 12.1—12.4, u. 6.3,
o, 12.5, § 13, on. 7.4—7.3, mn. 8.1—-8.2, § 14, § 15, § 16.



TIABAI
OCHOBHLIE IIOHATHA

Bo pBemenmu moppoGHO ofcympmanock 3sHadeHHe psAma Oc-
HOBHHIX NOHATHR: YacTHYHON (YHKOWH, aArOpHTMAa, AJro-
pUTMHATeCKU BHUACAAMOA (yHOmum um gpyrux. OpHaKo Oepe-
qHcJeHHble NOHATHA ORUIM BBefeHH JHUIIL ommcaTenbHo, Ges
OTYeTIAHBEHX W TOYHHX ompepeleHmii. I[enr mamHO# riagBEI —
YKazarb TOYHHE OIpefeseHUs HEKOTOPHX W3 3THX MOHATHH
¥ HPeKe BCero HOHATHS PeKypPCUBHOX (YHKOWE H TeM ca-
MEM 3aJ0KUTh HPOYHHHE GyEmaMeHT mida GoJee NeTalbHOTO
U3ydeHHUs T HTHX NOHATHE B NOCAEAYOMMHX TjlaBaX KHATH.

§ 1. Oypxgna u onepanpa

Jror maparpad mMeer pcloMoraTelbHoe 3HadeHme, 37ech
C IeJBI0 YCTAHOBJEHHA TEPMEUHOJOTHH B ymorpebasiomefics
Jallee CUMBOJNHUKE HANOMEHAIOTCA ONpefeleHUs pPAga BCeM
KM3BeCTHEIX 00mMeMaTeMaTAdecKuX IIOHATHIH.

1.1. Angasnr. Cnosa. Mcexommeim MaTepuaioM mif Hac
bymeT cAy)Kurh HOHATHe JeHTH, PasfleleHHoN Ha («pPaBHEIS))
y9acTKM, Hasbpaenblie AuefiKaMyU OAM KieTKaMmu. JlenTta Oynper
CYUTATHCA KOHEYHOH JJIWHH B Ka/KOHH MoMeHT BpeMeHH, He-
OrpandvIeHHO NOpPOmOJKaeMoit (Hamerpamsaemoit) B ofe cTO-
POHE W HampaBJdeHHOH, Tak 970 V Kammoll fA7ediKm €cTb cO-
CefHsx cOpaBa W COCeNHAS CJOeBa.

Hpepnomaraercs, aro Kaskmas sdueitka JeHTH MO;KeT Ha-
XOQUTBCA B PAa3NNYOBIX COCTOAHHSX W YTO ITH COCTOAHUA
CPaBHEMHI, TaK ITO MH MOsKeM OfE03HAYHO PemNTH, HAXOHAT-
CA JIM OpOW3BONBHLIE IBE AYEHKO B «OQMHAKOBHIX» COCTOA-
Huax wiy B pasEexX. OpHO U3 BO3MOMKHBIX COCTOSHNIE AeeK
Oymer HasmBarsesa mexomaeM. fluefikm, HaxogAmmecs B 3TOM
COCTOAHWH, HaskBaloTeg nycrsiMu, OcTanpHbie COCTOSHOS
SynyT 0603HaTaTHCA GYKBAMI, 3AHIMAIOMEME COOTBETCTBYI0-
mve s9edKH.

IIpoussonrHas KoHewHas COBOKYHNHOCTH GYKB HA3HBACTCH
argagumon. BEpazieHNe «paccMOTpPEM an@apHT, cOCTOAIMAH
&3 6yxe 4, By 03HadaeT, 9T0 OYHeT paccMarpmBaTecA JeHTA,
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ATeHKE KOTOPOH MOTYT HaxXOOHTHCA B COCTOAHHAX, YCJIOBHO
ofo3HazaeMux cuMpoaamu A4, B.

TlocnegoBaTeAbHOCTS fAY€EK, B3AHATHX HEKOTOPEIMH OYH-
BaMH, HasuBaeTcA c2060i. ClOBOM B MaHHOM ai(aBhTe Ha3He
BaeTcd KasKoe CI0BO, BCe OYKBH KOTOPOro IpHHANIIE AT 3TO0-
My andasury. HanpuMep, ecan andaBmT cocTonT u3 Gyks A,
B, C, 10 enona

A, BAA, CA, CC, ACBAB (1)

OynyT caopsaMm B aToM ajidasure. B To ke Bpema nepBHe IBa
u3 HOX OynyT ecjdosaMu W B aidasure 4, B.

Haunoil cnosa HasniBaeTcd 9HEI0 BXONAMAX B HErO CHUM-
BOJIOB (T. e. YHCJIO 3aHATHX UM Adeex). Tak, giIuHaMy Hanu-
caHHHIX BHIME 108 (1) sBaAo0TCA cooTBeTCTBERHO gucaa 1, 3,
2, 2, 5. Jlsa cuosa HassisaloTcs (rpadmueckum) papHEIMH,
ecill OHE WMeIOT OfHHAaKOBhe JIMHK X Ha COOTBETCTBYIONHX
MecTaX B HHX HaXOMATCA pPapHEE OYKBHL,

Ilyets cumponsr a4, b o6o3HagawT cioBa, 3anmcamHEE B
anasdre, He copepsRameM caMux cuMBoJoB 4, D. Torga ge-
pe3 ab ofosHagaercsa CJI0BO, ToJydYalomeecd, ecid cHagala
BHIHCATH CIOBO 4, & 3aTeM NpPHWOHcATh cIpaBa K HeMY CIO-
B0 b. Hanpmmep, ecan ¢ osHagaer cioso aba, a b — caoBo
ac, To ab Gymer ofosHazarh caoso abaac. Cioso &b Haski-
BaeTcA Komnosuyueli (WHOTHA IpoussemeHmeM) cioB 4 u b.
Omepannsa KoMIOSWOWH cJ0B, 0UEBUNHO, AcCOMHATHBHA, HO
He KOMMYTaTHBHA.

Ilo gmecro QopManpHBIM OpHuUNiHaM YHoGHO BBECTH eIIe
MOHATHEe WNYCTOT0 CI0BA (He cJefyeT cMemHBATH € IYCTOR
AYERKOR), KOMIOBUOHA KOTOPOTO C JIOGBIM CIOBOM CUKTACTCH
0 OUpeqeleHAI0 PasHO# 3TOMY moclegHeMy CIOBY.

CnoBo a HaswBaeTed nodcaosor ciloBa b, ecadm b MowHO
NPencTaBUTs B BHJE

b= cabd, (2)

rae ¢, D — mopxopamue (Bo3MO;KHO IycTHe) ciosa. Ecan
¢ — TOACJIOBO clIoBa b, TO TOBOPAT Takse, 4T0 a BXoanT B b.

IIpm sapammsix ciaosax b, ¢ pasnmoskenmit suma (2) aosker
GeITs Heckodwsko. Hampmmep, muf cios

b = ababab, a = ab

CYMECTBYIOT cJeNyIOMHe pasido:ReHNsA yKa3aHHOrO BHma:
b = a-qbab = ab-a-ab = abab-a.
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Ecam B pasioskeHu: Bupa (2) cl0BO ¢ WMeeT HaWMEHBIIYIO
BOBMO/KHYI0 JJIHHY, TO TOBOPSAT O IEPBOM 6x0MJeHUl CIOBA
4 B 0. AHallorHuHHM 06pa3soM MOIKHO TOBOPUTE O BTOPOM
BXOKIEHHUI cJI0BA 4 B cioBo b u T, 1. Eclu ¢10B0 ¢ ecTh mpoc-
TO 6YKBAa, TO TOBOPAT KPATKO O BXOKJeHUAX OYKBH @ B CJIO-
Bo D.

Ilycrs pasiosxeHme (2) cooTBeTcTByeT IePBOMY (BooOmIe
f-My) BXOYKIEHHIO CJIO0BA 4 B CJIOBO D W NIyCTh I — KaKoe-
m6yas ciioso. Torma clioso CMD HA3EIBAIOT CI0BOM, MOJydeH-
HEIM 3aMeHo# B ciose b mepsoro (k-ro) BXOsKmeHHA cJ0BA 4
cioBoM m. B aTOM ciydwae roBopAaT TaKrske O ITOMCTAHOBKE B
¢10BO D cJOBa #it BMECTO COOTBETCTBYOMEro BXOKIEHHA CJO-
pa ¢. Hanpumep, OpousBofs WOACTAHOBKY CJIOBA ¢ B CIOBO
ababab BMECTO BTOPOT0 BXOMIeHWA B HErO CIA0BA ab, MOIYIUM
cioBo abaceb. Tlopgerasasia B To ke cI0OBO BMECTO TEPBOTO
BXOKIEHHA cloBa @b mycroe ca0BO, MOJYINM cI0BO abab.

1.2, ®yarmun. Tepmbr. Hyers 4, B — raxue-n1u6o MHO-
JReCTBa, HAIPHMEDP, COBOKYIHOCTH BCCX CJIOB B MOAXOIANIHEX
anasmrax. CoBoKynHocTs Beex map suma <{a, b>, rue a € 4,
b ¢ B, HasbBaeTCA [IeKApTOBHIM Tpom3BepeH”meM A Ha B u
ob6osHauaerca gepes A X B. Amasormuso, ecan A, 4., ...
.+ ., A, — HEKOTOPHEe MHOKECTBA, B3ATHE B ONpeleleHHON
mociefoBareIpbHOCTH, TO coBokymHoCTE (((4; X 4,) X

X Ag)y X ... X Ap) HassBaeTcd [eKAPTOBHM IPOU3BENe-
HIeM YKa3aHHHX MHOjKeCTB W 0003HagaeTcs KpATKO depes
4, X 4, X ... X Ap. Ecns Bce mBOsecTBa Ay, ..., An

COBIANAIOT MPYT C APYIOM, TO UX IEKapTOBO IPON3peieHAe Ha~
3bIBaeTcA MEKApTOBOM Mm-H cTeNeHBIO MHO;kecTBa A.

Ecan HeKoTOphIM siiemeHTaM MHOkecTBa X IOCTABIGHH B
COOTBETCTBIE ONHO3HAYHO ONpenelieHHBIE DJeMEeHTH MHOMKe-
cTBa Y, TO TOBOPAT, 4TO 3ajaHa wacmuuHas Pynryus uz X
B Y. CoBOKYIHOCTE TeX 3JeMeHTOB MHOKecTBa X, ¥ KOTOPHIX
eCTh COOTBETCTBYIONMUEe B Y, Ha3EBAETCA ofaacmbio onpede-
Jenus QYHEKOHO, a COBOKYDHOCTH TeX BJIeMeHTOB MHO;KecTBa

", KOTOpHIe ‘COOTBETCTBYIOT HEKOTOPEIM DJIEMEHTAM MHOMeCT-
Ba X, Ha3bBaeTCHA COBOKYIHOCTHIO 3HadeHH[ Pymrmun. Ecan
obnacTe ompepelieHAs ¢QyEKnEm u3 X B Y CcOBOALAeT ¢
MHo:RecTBOM X, TO QYHKOUS HaskBaeTCA BCIOLY oIpeeiteH-
Hofi, :

Ecan ¢gysrnus f craBnor B coorBeTcTsHe diereHTY z € X
d1eMeHT y € Y, TO y HaswiBaeTcA 3HadeHHmeM (QyHKOEE [ B
Touke z, OyErnun f 1 ¢ u3 X B Y HasHBAIOTCA paBHHEMI, ecC-
I OHO TMeI0T OFHY I TV sKe 08JacTh OmpeNeleHHA U 3Hade-
HIg X coBHmApaloT B Kayifoll Touke o0JacTd ompepeleHns. .
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Hapangy ¢ sacrruasMa QyEROUAME HMEIOMUMEA HeIYCTYIO
ofIacTs ompefeNeHHsd, BO MHOTHX cIydYagx OpiBaeT HeofXo-
IOEMO PaccMaTPUBATh U (YHKIWIO, HUIMe He oOpeleleHHYIO.

Yacrmunrie gysrmum m3 X X X X ... X X = XW
B Y HasHBaWTCA YaCTHYHBIMEA (YHKOUAMH OT 2 IePeMeHHBIX
nan n-mectHeME yEEnuaAMm u3 X 3 Y. Qacrnunan QyHKROEA
us X B X wHasnpaercd n-MecTHOH 4acTHYHOH omepammeil
Ha X.

Jnsa sanucw QyHKOuii u U3ydeHUS UX CBOWCTB HOIH3YIOT-
¢ 0COORIM (pOPMaZpHBIM ABRHIKOM. AJQaBHT 3TOr0 A3HKA CO-
CTOHT W3 CHMBOJOB, Pa30UTHX Ha Tpu rpynnu. CEMBOIH Hep-
BOH TPYIONH HaszhBafoTcsd HIpeAMeTHHIMHU cAMBoidaMu. B Ka-
YecTBe TaKUX CHMBOJIOB OOKYHO yOoTpeOiAioTcs OGYKBH @,
b, x, y, ... UAN Te e GYKBH ¢ WHEEKCAMH: @y, @y, &1, Yos
Yo - -«

CuMBoNEL BTOpPO# TPYyNOE HasHBalTCH (QYHKIHOHAIBHBI-
ME. 70 6YNYT OYKBH ¢ BePXHEMH H, BO3MOKHO, HKHAME
uHpeKcamm: f1, g2, [ Byksa ¢ BepxHEM HHEeKCOM
n(n>1) 6ymer HasHBaThCH n-MeCTHHM (YHRIUOHANBHBIM
caMBolioM. MHorga BepxHume mHpjeKchl He HHIMYT, Ho Henpe-
MeHHO YKa3hIBAIOT YHCIO MeCT A NaHHKX (yHKIWOHANpHEX
CHMBOJOB.

Haxonmen, cuMBomsl Tperheil rpymuBl — 3TO CHMBOMILL Je-
BOil, IpaBoi CKOGOK W 3amsroit: (,) ,,.

Cnosa ocoforo Bupga, 3anucaHHEe B 9ToM (YHKHHOHAIE-
HoM axdasmTe, HasnBAOTCA mepmarmy. ONpegeleHne HX clie-
oyomee. Tepmamm pmaumHnt 1 HasmsaoTed ofHoOYHBEHHEIE
cloBa W3 (YKB, ABAAINNANCA NDPEIMETHHME HePeMeHHBIMHE,
Hamee nonpsyemcsa wHAyKnue#. [Iyers mua HeKoroporo s > 1
TepPMLI JIUHEL, MeHpIIeH s, onpegedesnl. Torga ¢I0BO IAUHEL §
HassIBAeTCHA TePMOM, ecdH oHO mMeer BHX f (a5, . . ., Gn), THE
0y, +.., 8, — HeKOTOpHEe TepMbl MeHpme#i FAHNHH, a f —
n-9leHEH# (YHKOWOHaXbENHA cAMBol. HampmMep, ecdn a,
Z — OpernMeTHEHE CHAMBONEL, a f, £ — COOTBeTCTBEHHO ONHO-
MecTHBIH I [BYMeCTHBIH# (YHKOIOHAIpHLIEe CHMBOJEL, TO CIO0BA

Zz, f(a), g (xv a)7 g (f (:L‘), g (a7 x))

ABIATOTCA TePMaMI JIWHH cooTBeTcTBeHHO 1, 4, 6, 14.
Bremey temeps moHATHe 3HaueHmA TepMa IPI 3aJaHHBIX
3HAYeHUAX HPeNMeTHHX H (YHKOUOHANRHEIX cmMBoaoB. Ilo
OIpefedeHO0 3aMaTh 3HAYeHNE IpemMeTHOTo cHMBOMIAa — BTO
3HagHT YKas3aTp HeKOTOpoe HemycToe MHOKeCTBO, HasBIBae-
Moe OCHOBHHIM MHO;KECTBOM, H cOHOCTaBHTH ¢ PACCMATPHBAG-



§ 1. ®YHKIIAY A OIEPAIIAA 2

MBIM CHMBOJOM HEKOTODHE 3JIeMeHT 3TOTO MHOAKECTBA. JTOT
smeMeHT W HasHBaercd sHaUeHWeM JaHHOTO CHMBOJA.

3anmars 3HaueHHe n-MECTHOT0 (YHKIWOHANBEHOTO CIM-
B0JIa — 3TO 3HAYAT CONOCTABUTH ¢ HAM KaKYIO-HEGYAH YacTHd-
HYI0 n-MeCTHYIO OIIePaI#io, OnpeneleHHYI0 Ha OCHOBHOM MHO-
;ReCTBe. ' .

3nagenneM TepMa mAWHLI 1 HaseBaercA 3HadeHHe COCTAB-
JAADIEro 3T0T TepM IpeiMerTHoro cuMBoda. llyers paccMart-
puBaercs TepM g Goxpmed pumas. [Ipegmomonms, 9ro ocHOB-
Hoe MHOKecTBo X BHOpaHO, 3HaYeHWA BCEX BXONAMMEX B TEPM
npeaMeTHHX U (JYHKHUOHANHHEHX CAMBOJOB Ha 3TOM MHO;KECT
Be oIpeneleHH W TepM 4 mmeeT BUX f (44, . . ., 4,), Tme f —
n-4IeHHH® (QYHKOUOHANBHHEY cAMBOM, a 4y, . .., 4, — Tep-
MH MeHpIIe# NiamHEl. Ilo WHIYKOHA ME MOKEM CYHTaTh, ITO
3HAueHUs TepMOB 4,, . . ., 4, Y/Ke OHpeleleHLl W DaBHH He-
KOTODPHIM 3IeMeHTaM I, . . ., T, MHOoKecTBa X. Ilo ycmosmio
CUMBOJNY [ mocTasiieHa B COOTBETCTBUE n-MeCTHAaf Omepanusd
fo, ompeneleEHag Ha X. 3HaueHWe 3TOH ollepamuu B TOYKE
{Zys -+ ., Tpy Bymer KakuM-TO 3HeMeHTOM Z u3 X. JTOT bile-
MEHT Z W Gymer 3HaueHWeM TepMa ¢ IPH 33[aHHHYX 3HAYEHUAX
OpeaMeTHHX ¥ (PYHKIMOHAJIBHEIX CHMBOJOB.

Momer cnyunTsca, 9T0 B KadecTse 3HATCHNA QyHKIAOHATH-
HEIX CHMBOJIOB B3fTHI 4YacTWYHEIC OOEPANINH, OIpeneleHHEIE
He BCIOAY Ha OCHOBHOM MHO;KecTBe, T Orfa W 3HaueHHe TepMa
MOKeT OKasaThcA HeompejeleHHEIM, A HMeHHo, 3HaueHHe TeD-
Maa=f(a,..., 0, CuHTaercs HeOLpeHeNeHHEM, ec/id 3Ha-
9eHne XOTSA 6Bl OTHOTO H3 TEPMOB 4y, . . ., 4, He ompefeldeHO
Ul He ompefelleHo 3HaueHWe onepamui f, B Touke <Zy, . . .

-y Tpy, THE Xy, . .., Tn — BHAUEHHA TEPMOB @y, . .., Oy
Hampivep, B apudaernke HaTypaXbHBIX YHCEN TePMEL

2-+8:2, @2x7—-17
IMeI0T COOTBETCTBEHHO 3HaWeHMA H, 7, a 3HAYeHHWA TePMOB
5—(3+3),2:3, 3:(2—2), 5+(2:3)
He ompepmexeHH. Tepn
Bzt+y):y +4

mieeT 3HaueHHe 7 OpH 3HAUeHNAX 2 W J HPeNMETHHX CHMBO-
0B 7, Yy, He ompejelieH NpN 3HAYeHHAX 2, O H mMeer 3Haue-
HEe S npu sHavernax 0 m 1 cmMBonoB Z, Y.

Mmen meckompKo omepammit, 3afaHHBIX Ha KaKOM-TO MHO-
sRecTBe X, MOJKHO OPH MOMOIIH TePMOB 3a0HCaTh GecKOHEd-
HOe MHOeCTBO HOBHX ONepalHf, ompepeleHHEIX Ha ToM 7Ke
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mHOoxectee X. Jenaerca aTo ciemyiomuM obpazom. OGosHa-
gaeM 3amaHHBE ONEpPamul KaKuMu-1u60 (YHKINOHAaXbHEIMHA
cUMBONIAMA [, . . ., fs. IlycTs, KpoMe Toro, B X BHeIeHH eme
HeKOTOpEIe 3JIEMEHTH, -0003HaTaeMble CUMBOMAMH @y, . . ., Gr.
PaceMorpmy mpon3RodBHEIR TEPM ¢, COCTABIEHHEIH N3 CAMBO-

OB Gy, . . .y Gp f1y + « . [s T BCIHOMOTATETBHBIX HPEIMOTHEIX
COMBOTIOB Z;, . . ., &;. T aK KaK OCHOBHOEe MHOKecTBO X I 3Ha-
9EHHS CUMBOJOB (g, « . .y Gpy [1y « - «, [s Y75€ PUKCUPOBAHHL, TO,

3aaBas o NPOU3BOIAY 3HAYCHUS HJIA CUMBOIOB &y, . . ., &
B MHO:KecTBe X, MBI MoskeM HaliTH 3HaueHHEe TepMa 4 (KOTopoe
MOY4eT 0Ka3aThes W HEoNpeIeeHHBIM, ecill HEKOTOpbe U3 3a-
HAHHBIX omepamuil ompepeseHs He Beiomy). TakmM oGpasow,
KayKIo¥ MOCIe0BaTeIsHOCTH 3IeMeHTos {Zy, . . ., &;» MHO-
mecTBa X oTBeuaeT ompefeleHHoe (unu HeoUpemeJIeHHOE)
3HaYeHHE TepMa ¢ ¥ MOTOMY MBI HMEEM {-TOYEYIHYIO OIEPaIHIo
Ha X. losopsar, 970 ata omepamlis M306parKaeTCsa TePMOM 4.

Ilpu samumen TepMop OGHYHO MOMB3YIOTCA TEME WJIH HHbBI-
ME COKpameHusMH. Hampumep; ecim z — IpemgMeTHHH, f —
OMHOMECTHBIN (YHKIHOHANBHBIH CUMBONEL, TO TepM f (z) wac-
TO 3aUuchipaoT B Bume [z, zf mau z’. lamee, ecim z, y —
OpeaMeTHRE CUMBOJLL, a [ — CHMBOJ JABYMECTHOH OIepamyi,
To TepM f (z, y) obbtuHO TMmyT B BUAE zfy. B wacrHocTH, ecim
paccMaTpUBAIOT ABYMECTHBIE oIepamum, 0603HAUAEMBIE CUM-
Bomamm —-,-,—, TO TepMmb + (a,b),-(a,b),— (4, B) Bcerma
COKpAaIeHHo o6 osEAAIOT wepes (a) + (b), (a) (6), (a) — (b).
Ecou tepmer ¢, b munusr 1, T0 B yKasaHHoi samuen CKOOKH
omycKaloT m mmmyT mpocto & + b, ab, ¢ — b.

B manpmeiimenm Beciogy, rae DpoTUBHoe He 0TOBOPCHO SBHO,
TOJ IYCIaMH DOHUMAIoTca HaTypambEsie gucaa 0, 1, 2, 3, . . .
Hugper 0, 1, 2, ..., 9 n nx mocaemosarensHocTu 10, 11,
102, . . . 6ynyT paccMaTpuBaThCA KaK DpeMETHEE CHMBOJEI,
uMelomue guoKcHpopadBEe 3HAYeHMSA, pasHBIE COOTBETCTBEH-
HO HATypalnpbHAM YICIaM HYAb, OAUH, . . ., JeCATH, ONUHHAN-
marthk ¥ T. 1. CoBOKYOHOCTH BCEeX HATYpaldbHBIX 9ICeN OYHeT
oGozHavaTbea caMBoioM NN . IlycToe MHORECTBO Gymer 0603-
HadaThCsa depes (7).

Yacrmuesie ¢yERmunm m3 N X ... XN = N® 5 ¥
OYRYT HAa3HBATBCA K-MecmHbIMU HUCLOSLIMU  UACHILYHBIMUL
Pynryuamu. IIpE aToM gag XpaTKocTn HHOTHA YHCIOBEE
$yHKOHEND GyayT HaseBaTheda NpocTo QyAERmuAMI. CuMBomn
+,-,— Oymyr paccMarpmBaThcd KaK IBYMEeCTHHE (YHKIHO-
HalbHEIE CIIMBONH, (PUKCHPOBAHHBIMI 3HAYEHAAMI KOTODHX
ABJIAIOTCA OOBITHLIC apHMeTHIecKNe omePamuy CHo;KeHIy,
YMHOKEHOA U BHUHTAHUA, B 00JacTm HATYPaTbHHEX YlCejy
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(Be TepBEe OIepanin BCIOLY ONpefeleHHEe, a oHeparyd Bh~
quTaHAS YacTHYHAS.
Jamee HaM OYAYT 9acTo BCTPEYATHCA YUCHOBBE QyHKIuIM

g, 0", Im, HMEIOUIVe TO OUPEeAeNeHUIo CIIeyIomie 3Ua4eHns::

st(xy=z+1,
0" (zyy . 0y T) =0,
m(@,  cnx) = (I <<m<yyn=1,2,...).

9t ¢yHKmuE GymeM HaskBaTh npocmetiwunu. Bmecro s,
0! 6ymeM oGBYHO mUCATh 8, 0.

OtMeTnM, 9TO TEpM, COfEPASAAN NpEAMEeTHBIE CHMBOJIbI
z, Y, %, MPECTaBIgeT ONHOSHAYHO OIpeeseHHYIO OTepaliio
TOMBKO B CJIyUae, eCHU 3TH CUMBOJL OIpefe eHHKM 06pasoM
ymopspgoteHsl. VsmeHss UX HOPAMOK, MBI II3MEHUM U ODepa-
mio. Hanpmmep, tepm

2z +y (3)

npexcTaBisger GyHEKnuo, crasamyo mape {1,3> B coorserct-
BUE YHCIO O, eCIH TmepeMeHHas & CUUTAGTCH IEePBOH, a Hepe-
MenHasg y — Bropoit. Tor sxe Tepm (3) mpepcrasageT QyHK-
1o, oTEocamyto mape {1, 3) gucao 7, ecau meppoit cuuTaeT-
cf IepeMeHHas J, a BTOPOH — IepeMeHHas Z.

I3 paccMoTpeHHEIX NMpEMepos BUAHO, YTO BCTPeEUaIOIIecs
B TepMaX IPeIMeTHbIe I (YHKOHOHATBHEIE CHMBOJBI MOTYT
OuiTh pasBuUTE Ha fBe KaTeropim: 1) cmMBOMNEI, 3HAUEHHA Ko-
TOPHIX (IKCUPOBAHE, ¥ 2) CHMBOJH, 3HAYEHNS KOTOPHIX He
$rrcnpylorea. Ileppre HasupaoTes uHOUSUOYALLHYMU CUMN-
804aMu, a BTOPHIE — REPEMEHHBIMU.

Ilycts Ha HeKoTOpoM MHo;wecTBe X 3afaHBI OlEpamun
fiv . .., fs 4 PEKCUPOBAHEI HEKOTODBIE DIEMEHTH @y, . . ., Gy
ns X, TorJJ;a Kasmgasa omepanis Ha X, OpefcTasuMas HEKOTO-
PBIM TePMOM, 3aOHCaHHBIM IpIn moMoimu (bYHR]II/IOHa.TILHBIX
CHMBOJIOB f;, ..., fs, IDEHMETHHX CIMBOIOB @;, - .., G
I1 IPOTI3BONBLHBIX OpeagMeTHBIX mepeMenHbIX, Ha3biBaeTCA Tep-
MAILHOH OTIOCHTENBHO HaHHBIX omepanuii o »JeMeHTOB.
Hampmyep, ecan ocHoBHOE MHO/KECTBO €CTh MHOKECTBO Ha-
TYPaIbHbIX dWrcen XV, 3afaEHas OHepauils ecTh -+ O (URCH-
PoBano yneno 1, To TepMaNBHENMM GYAYT Bee AnNHEHEE GYHK-
o Brga

bo + by + ...+ bazy,

ile b; — momonTeTBHIIE HATYpaNbEBIE WHCIa. ECIT dIcio
He gnrempyeres, a 3amaercs UMb omepanns -, TO Tep-
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poma. Ho Torma a ecrs smauemme TepMa f; (a5, .. ., an,),

TaK)ke WMeOIero yKasaHHHIM peme BuA. CriegoBarensHO,
a €T um, sHagur, 7 3aMKHYTa OTHOCHUTEIBHO omepamuid f;,
fay . .. V3 samkayTocT® T m yemosus D & T cxepyer, 4TO
D* T,

Ocraercs mokasath, uto T comepsxurca 8 D*. Ilma aroro
HOCTaTOYHO MoKa3aTh, 9TO Kaykpgoe HopMHoKecTso B C A4,
3aMKHYTOEe OTHOCHTEIBHO omepamuit fy, f,, ... W comepsa-
mee COBOKYIHOCTL D), CONEp/KHT 3HadeHWEe KajK[oro TepMa
yKasaHHOTO B Teopeme BHfa. Ima Tepmos pamEsl 1 3T0 yT-
BepiReHue ouepHAHO. Ecim e TepM. nMeeT Bug f; (45, ...
.., Op) U 3HAYEHUA TEPMOB @, ..., Oy COfepKaTca B B,

TO W3 3aMKHYTOCTH MHO;secTBa B cielyer, 4To 3HaueHEE Tep-
Ma f; (85, ..., ap) Tarke comepiurcs B B. B cmmy mEgyk-
mUE Halle yTheps;kiaeHue MOKHO CIUTATh [OKA3aHHEIM, a BMeC-
Te ¢ HAM M0KasaHA H TeopeMa.

PaccmorpnM Hexoropylo gwacTmuHylo anrebpy U = {4;
f1» fas .. .>. BepeM mpomspoihHOE HENYCTOE HOJAMHOMKECTBO
A, m3 A m onpepnenseM Ha A; omepanuio f;, moXaras id Tpo-
M3BOTBHEIX Gy, . .., Gn; W3 A, 3Havenme f; (a5, ..., an,)

PaBHEIM 3HAYCHUIO f; (@4, . . ., Gy;), €CAM TOCHENHEEe BXONUT
B A, @ monaras f; (a;, . . ., @p;) HeOUPeETCHHEIM, €cJU 3Ha-
uenne f; (a;, . .., Gn;) He BXONUT B A, WM He OOpeNeIeHO.

Amre6pa %, = (Al, fir for « - .» HasHBaeTCH YACMUUHOL nOD-
anzebpoti anrebpst A, Hag omepanmit fy, f,, . . . 06HYHO ymo-
TPeOAAIOTCA Te e CHUMBOILL fi, fsy . .., 9T0 ¥ 1A omepa-
oni  camoit anreGpu U, um BMecTo «momamrefpa U, =
=({Ay; fi,fs,. . .D» TOBOPAT KpaTKo: «moganrebpa A, amre6-
pei A». UYacrmamas mopmamreGpa %, HasbiBaeTcs 3aMEHY-
moii,} ecim) MHOMecTBO! A; 3aMKHYTO OTHOCHTENHHO OIEpa-
Ml fi, fo - ..

B cnayckaszammoro reme mepeceueHue 3aMKRY THX JaCTHT-

HEIX Oofairefp Jo6oil wacTHYHOE anreO6ps dEGo TycTo, A6O
ABAACTCS BAMKHYTOM 9YacTHYHOH momanrebpoii.
v 'Uactmumas anreGpa HaseiBaeTcsd a2é6poll, eci® Bee ee.
OCHOBHbIE ONepam¥d BCIOAY ONIpeneleHH. AHaZOrmaHo, gac-
THYHas HofaareGpa Ha3kBaeTCs WPOCTO nodareebpoll, ecin
oHa ecTh airebpa. Jlerko TPOBEPHTH, 9TO TACTUYHAS HOMAT-
re6pa IPOU3BONLHON a’dre0psl TOTMA M TONBKO TOrma ABASET-
cA IpocTo momakre6poil, Korma oHa 3aMKEyYTa. TakuMm ofpa-
30M, KayKI0€ MHOKECTBO, 3aMKHYTOE OTHOCUTENHbHO 0CHOBHEIX
oIepanmi anreGpEL, BMeCTe ¢ 3THME oIlepammsAME 0GpasyerT o~
anredpy sTod aareGph.
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ToBopAT, YTO COBOKYUOHOCTH ) 3ieMEHTOB YacTUYHOH ail-

re6pur ¥ = {4; f1, o -+ . ) nopoxcdaem 4acTHIHYO mMoOHAT-
rebpy ¥, = {45; f1, fo, - - ., ecad D DopoKxaeT MHOKECTBO
A, ¢ TOMOImBIO OCHOBHBIX omepanui f;, f,, . . . B A. JileMeHTHl

MHEOKecTBa ) Ha3HBaOTCI nOpovcdaoujuml 9acTUIHOH ai-
re6pot U, ecim TopokAeHHAS COBOKYMHOCTHIO D) gacTwuHas
nopaiareépa coBmagaer ¢ .

ITpunuMasg Bo BHmMaHHe Teopemy 1, BImuMm, 4To cogokyn-~
nocmb D anemenmos uacmuuror aazebpit N mozda u moavko
mozda ssasemes noposcdaiouseli cosokEyYnILOCMbIO IMOLE aazel P,
koeda Kacdsl aaemenm % ecmu snauenue nodzodawyeco mep~
M@, 06PA308aHH020 U3 CUMBOL08 OCHOBHYMX onepayuli % uw cum~
80408 aemeninog D.

Wuage roBops, 9aeMeHTE L) TOIJla @ TOABKG TOTHA HOP O~
naloT aare6py U, Korma Kammbifi simemeHET U MOMKHO IMONYYUTH
13 adeMeHTOB ), MpUMEHss KOHEYHOE YHCI0 pPa3 OCHOBHEIE
omepamdy ajaredpE.

UacTuuHass ajnre6pa Ha3HBACTCH KOHEUHONODONCOEHHOL,
eCIIA OHa TOPOKAAeTCHd KaKIM-TUG0 KOHEYHHIM MHOKECTBOM
CBOUX 3IIEMeHTOB. .

Haopumep, aare6pa <&; -+) KoHeYHODOpOKEeHHASA.
B xagecTse moposimaiomero MHOMKeCTBA MOKHO B3ATH IH0G0E
MHOKEeCTBO umces, copepyxamee O, 1.

Hauporms, axre6pa (&¥; X ) He gpligeTcs KoHETHOIOPO K~
neEHo#. [leficTBHTENHHO, 6epa KaKoe-HUOYAHh KOHEYHOE MHO-
’KECTBO 9UCENT @;, . . ., Gp, MBI ¢ IOMOIIBIO ODEPANUH YMHO-
JReHI MokeM HOJIYyIUTh W3 HAX UHCia, AeAdmluecd UL
Ha Te mpocTHe yHeda, Ha KOTOPHE HeMUTCS XOTS GBI OOHO W3

3aaHHEIX 9UCEd Gy, . . ., Gp. TaK Kak OPOCTHX TuceT GecKo-
HEYHO MHOTO, TO BCe HaTypaipHBIe UHCJa MOJYUNTH YMHO-
'ReHIAMHA U3 9UCeT @y, . . ., G, HEIb3H.

1.4. Roupposasue. Teoprs aaropOTMOB HMEET HeI0 CO
cilosamMd B KoHewHOM amxdasure. OfHAKO cYIECTBYIOT MaTeMa-
TOYeCKUE OofGBEKTH, Orpaiolmiie OCHOBHYIO pOib, KOTOPHE
Heap3s Ge3 HATMKKI HEMOCDe[CTBEHHO PAaccMaTPHBATL Kak
CToBa B HeKoTopoM aildasuTe. H TakmM o§BeKTaM, HaupuMep,
MO/RHO OTHecTH panUoHaNbHBIE Ulcia, ajre6pamyecKre dmc-
Ja, GyHEKOmE 1 MEOTOE Apyroe. TeM He MeHee DA TaKOX 065~
eKTOB MOReT GBHITH 0XapaKTepH30BaH KOHEUHEIM YUCIIOM Ie-
TOYHCICHHBX TapaMeTPOB INIA IPOETO CIOBOM B MONXOMAIIEM
KoHeyHoM amfasure. Hampumep, posbMeM andaBuT, COCTOA-
Wufi wome n3 sHaka | CHoparm B aToM andasure sSBIAIOTCHA
TocnegosarespHoctn  «mamodexy: |, |I, ||l - .. Comocrasm
¢ Kasruend cioBoy ||. .. |, comepmamm 7 4 1 «amouex»,
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MaJpHHIMA OYAYT TOALKO OXHOPONHEE JIMHeHHBIe (QyHKOIUE
Bupa b,z + ... -+ bpzn, THE b; — clioBa WONOKUTETbHbE
HaTypajinHHEeE 9YUcia.

YacTo moHATHE TePMATbHON QYEKIAH HECKOIBKO PaclIups-
107. VIMenro, mpu 3amaHHEIX OCHOBHHIX omepamusXx fi, ...,[s
U pleMeHTaX a;, . .., @, N-MECTHYIO OHepamuio [ Ha3blBaloT
TepMAaAbHOM’, eCHH CYIECTBYeT TepM 4, HOCTPOSHHEIH U3 YacTU
CHUMBOJIOB @y, . . +, Gpy fq, « + +y [+ 1 TPEIMETHHIX HePeMEHHHX
Ty oown Ty, (IS << <k < n), TakKoi, 4To 3HageHWE
omepanuu f g xi00o# Touke {¢;, . . ., ¢,y COBHANAET ¢ 3HaUe-
HUeM TepMa IpYU 3HadeHWAX IePeMeHHHX Z;,, . . ., Z;,, paB-
HBIX COOTBETCTBEHHO Cij, . . ., Cppe dTo osHaTaeT, HampmMep,

4TO T€PM z | y MBI MojseM DOHHMAThH Mu60 KakK TepM, Hpef-
CTABNAIONMAR ABYMECTHYI0 (YHKIUMIO or &, ¥ (cTapoe ompe-
feleHUe), aTuG0 Kak TepM, OPeACcTABIAIMUE (QYHKIHIO OT
Tpex TIepeMeHHHBIX Z, Y, Z, Ie mepeMeHHas Z Temeph BXONAT
B TepM JHML PUKTHEHO.

1.3. AureGpni. Anre6poil HaseBaeTCsi CHCTeMa, COCTOS-
mas U3 HeKoTOPOro HemycTOro MEOKeCTBa A U MOCIe[oBaTe b~
HocTH ompepmefiemHHx Ha A omepammit f1%, f3°, . .. Mzo-
ecTB0 A Ha3BIBAEGTCH OCHOBHBM MHOYCECB0M aATeOpH,
a omepanmuu fi', f3°, ... Ha3HBAIOTCA €€ OCHOBHLLMY Onepa-
yusmu. IocremoBarensrocTs {ny, Ny, . ..y HA3HBACTCA MU~
noM aireGpH, a COBRORYDHOCTH CHMBOJIOB [y, fo°, . .., 000~
3HAUAIOIIIX OCHOBHBIE ollePamuM, HAa3BIBAETCH cuzHamypoll
aiTe6psl. AnreOpbl HA3HIBAIOTCH O00HOMUNHHLMU, €CIHU THIEL
ux cosmagawT. Haaccon anreGp HaspiBaeTca IPoU3BOABLHAA
cmcTeMa OfHOTHHHHIX asnredp. Ilpm uccamepoBammu Kiaccos
anre0p COOTBETCTBYIOIIME oDEpamUué 3THX aiareép oGosHada-
10TcAa 00BYHO OfHEME I TeMU #ie cOMpoidaMmu. AmreGpa ¢ oc-
HOBHBIM MHO:KeCTBOM A T OCHOBHEIMU OmepamaaMu fi, fo, . . .
oGosHadaercs uepes {A4; fy, f, . . .>. Ecin HexoTopHe 13 ome-
pamui f;, f,, ... dacToyHBIe, TO I axre6pa HasbHBaeTCa Ya-
emuunoti. OpHornmeble uacTmyHeie agreGper U = (4; f,,
for oo > 0B = (B; g1, &, . . ., HABHBAOTCA U0OMOPPHUMU,
ecid CYIecTBYeT OgUo-0fHO3HAYHoe oTo0pajkeHHme (¢ MHOMe-
cta A Ha MHosKecTBo B Takoe, 4TO

fila, « o @)% = g (afs . . ., an) (i=1,2,...) (4

I MOGHX 3HAYeHNHl MePeMEHHHX @y, . . ., Qn;, BIATHIX B A

(zepe3 a® oGosHauaercs o06pa3 3jeMeHTa @ IPO 0TOGPake-
HON @).
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Camo orofGpamenue ¢, of6aamaiomee CBOHCTBOM (4), Hasbl-
BaeTes usomopiudmom TepBOM anrebpH Ha BTOPYIO.

Ecau omepamuu f;, g; 9acTWdHHe, To 3Hak PaBeHCTBA B
(4), ®ak m BCIOXY B AaibHefimneM, 03HATaeT, UTO 3HaUeHUE Je-
Bofl TACTH, B TOM dWUCJe H «HeolnpepereHHOe SHAUYEHHUE», COB-
majaeT ¢ sHa4YeHWEM OPaBod TacTi.

Ilyctes Ha MHOMmecTBe A ompelelieHa KaKag-iTH00 wacTHd-
Hag omepamua f". IlogMHEOMmecTs0 A, U3 A HasuBaeTcd 3aM-
KENYMBM  OmMHOCUMeAbHo [T, ecliH RIS KAKIHX 9IeMEHTOB
Ay, « .. Gp U3 A;, IAA KOTOPHX 3HadeHme ™ (aQy, ..., )
onpeneleHo, 9TO 3HAUeHWEe HPUHANICRHUT A,.

Jlerko mposepuTh, YTO IepecedeHUe JIO000H CUCTEME O~
MHOMKECTB, 3aMKHYTHX OTHOCHTeIRHO oHepamuu f, amGo myc-
To, MEGO 3aMKHYTO OTHOCHTENBLHO f.

PacemorpuMm memeph HeKoTOpOe HemycToe MHOKeCTBo A,
Ha KOTOPOM OIpefedeHsl IPOoU3BOILHEEe TacTHYHEE olepamun
fir foy . . . BoIgeanm B 9TOM MHO;KECTBE KaKyH0-IUGO0 COBOKYII-
HOCTh aieMeHTOB ). PaccMorpum crcTeMy BceX TeX MOMMHO-
yocTB 13 A, KoTophe copepxaT D 1 3aMKHYTH OTHOCUTEILHO
KR[o# u3 omepammit fy, f,, ... OrTa emcreMa HEIycTa, Tak
Kak caMo 4 = D u 3aMKHyTO OTHOCHTeNBRHO omepammi fy,
foy . .. Ilepeceuenne D* BceX MHOKECTB ITOH CUCTEMEI 3aM-
KHYTO OTHOCUTEILHO PaccMaTpPUBaeMHX oOepamuil # comep-
JKUT COROKYHHOCTH D, IT0 mepecedeHne Ha3bIBAETCH TONMHO-
TKeCTBOM, nopoxcdennuim B A aneMeHTaMH MHO;ecTBa D ¢ mo-
Mollpio omepanuit fy, fo, . . .

OuesnpHo, mogMHEOKecTE0 D* MoyKHO TaKke ONpeeinTh
1 KaKk HamMeHBITee MONMHE0RecTr0 B A, cofepsramee D 1 3an-
KHYTO€ OTHOCUTEeTHHO DPAacCMATPUBAGMHX oUepalui.

Hecxonpro Gomee scHoe mpepcrasieHne 0 CTPOSHHE MHO-
wecTBa D* paer

Teopewma 1. Hodmuoncecmso D*, nopomdennoe ¢ A
snemenmamu cosoxynnocmu D ¢ nomouywio onepayull f1, fay - . .,
COCTNOUM. U3 AeMEHMO8, SBAMOUSUTCS 3HAYEHUSMU Mepios,
3ANUCAHHYLE NPU ROMOWU CUME0A08 onepayull fi, fo ... 1
CuUMB0A08 FHekomopux ssemenmos D,

Hpmeenesr noxasaresserso. Ilyers T — COBOKYMHOCTB
JTEMEHTOB, ABIAMAXCA 3HAYCHNSMY YKa3aHHHX B Te0opeMe
Tepmos. Tak kar Kasxpueit sunevent d ws D spaserca 3Have-
HEeM ommoGykseHHoro Tepma d, to T comepmur D. Ilycrs
@ .y @n, — a;mementer T, pusa KoTopeX f; (@, .. ., an;)
IMeer sHayenme a. Ilo ycmosmm aj, . . ., an; ABIAIOTCA 3Ha-

UCHUAMA HEKOTOPHX TEPMOB g, . o vy 0n, YKa3aHHOTO BHIIE
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HaTypalXbHOe 9UCIO0 7. ['0BOpAT, 4TOo yKa3aHHOE CI0BO U306-
PakaeT 9ECAO n WIH SBIAETCH koJoM wUCIA 7.

ABamormuERM 00pa3soM, BMecTO an(asBuTa, COCTOAIIETO
U3 OMHOH OYKBH 1, MOYKHO PaccMOTpPeTh ax(asUT, COCTOAIIHM
m3 nsyx 6yks 0, 1, # B KadecTBe KOMUPOBAHHON 3alMCH HaTy-
palpHOTO 4ucia n 6paTh ero ABOUYHYIO 3alHCH. Hampmmep,
KOJJoM 4uciia «TigTh B HoBoM amdasure 6ymer ciaoso 101.

Ilpu peomuiiomM KogupoBaHWL ME BCTPEYaeMcs ¢ TOH 0CO-
0eHHOCTBHIO, YTO He KQ/KTOoe CJIO0BO SABISEeTcS KOAOM KaKoro-
HOGYMs HaTypadbHOTO wucia. Hampumep, cioso 01 me ss-
ageTcsa KONOM HHKaKOTo HaTypaapHOro 4ucia.

PaccMorpum eme 06BI9HOE KogupoBaHUE TOJOKUTEILHBIX
PAIMOBATLHRIX IUCel. BBopgmm amdpasur, cocrosmuit 3 mpi-
Moit wepTH | u kocoit weptst /. Cmoso suma ||. . .|/ |.. .|,
cocTosAmee @3 m + 1 3HaKos |, KOCOH YepTH / U MOCAENYIO-
mux n + 2 3HakoB |, YycioBAMcHA HasHBaTh KOTOM PAIUO-

m
HaJIbHOTO YHUCTIa —m . HCHO, YTO Teleph He TOJIHKO He KaK-

Ioe CJIOBO ABISAETCA KONOM Pan¥oHAaTbHOr0 YHCIa, HO Kasmoe
TOJNOAATENFHOE pan@oHATLHOE YHUCI0 UMeeT GECKOHEeYHO
MHOTO Pa3mW4YHHX KomoB. Hampumep, uucio 1/2 mMmeer Kopsl
I WA = =

Bo Bcex YKa3aHHHX CIyTaix OHITIO BHIQIHEHO CIEAYIOmee
cymecTBeHHOe TpeGoBaHHWE: IO 3afaHHOMY KORY 3aKOMEpO-
BaHHHH 06BEKT BOCCTAHABIUBANCA OFHO3HaYHO. JTO TPe6O-
BaHHE OGEYHO COXpaHseTCS M B 00IeM oUpemeleHUN KOTUpO-
BaH@A.

IIyers M — coBoKymHOCTL HEKOTODPHX 06BEKTOB, A —
KaKoW-HuOYnb KOHEYHHH alaBUT. 3aKOAHPOBATh COBOKYI-
HocTh M B amfasure A — 9TO 3HAUAT 3amaTh ONHO3HAUHOE
oToGpameHUe ¥ HEKOTOPOTO MHokecTsa U, cIoB B amdaBu-
te A Ha coBokymHocth M. CrnoBo ¢ m3 MHOmecTBa U, Ha3m-
Baerca Kodom (MHOrma — umerem) oGBeKTa X (4) IPH Kond-
POBaHAH X.

B aroM ompeneneEmu He TpeGyercs, 9To0b 0TOGD askeHHE
% GHLIO OTHO-OMHO3HAYHEIM. [103TOMY MOMKET CIY4NTHCH, UTO
OOVH ® TOT Xe 00BEeKT OYymeT HMeTh HEeCKOJbKO DPA3IMIHBEIX
KOJI0B.

Orobpaskerne ¥ U MHO:eCTBO U, MOTYT GHITH 0YCHD CIOR™
HEIMHE, HO OGBITHO PaccMATPOBAIOTCS N HA3SHBAIOTCH KOXHEPOT
BaHIAMI JHINb HECIOMKHBEE OTOOpaskeHHA. PaccMorpmy He-
CKOIBKO Hamfoilee 9acTo BCTPEYAIOMNXCH KOAWPOBARHUH.

a) Rogmposamnme c¢cmoB B MHOrof6YyK-
BeHHoOM aXdasure. IIyers anpasor A cocrour u3
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oyus 0, 1, a andasur B — u3 6ykB by, by, . . ., by, . . . Pac-
¢MOTPUM COBOKYIHOCTH ¥, TeX cioe B alXdaBure A, KoTOpHe
naumHaloTess ¢ 1, oKamgupaores 6ykBoi O 1 He copmepskaT
nopcaos puga 00. OBosEauzm wepes 1" cmoso 111 . . . 1 nmum-
s n. Rampmoe cioso m3 U, ofHO3HAYHO 3aMUCHBAETCHA B BU-

me 15010 . .. 1°%0. OroMy ciOBY CTaBUM B COOTBETCTBHE CIO-
8o b;b, . . . by andasura B. flcHo, uTo momydeHHoe Komu-

poBaEHe OXHO-OTHO3HAYHO.

B pacemorpenaod caydae aadasar B GeckoreaeH. Eenu on
KofledeH, T0 B KadecTBe Koja MOKHO B3ATH TO ;e 0TOoGpaske-
nie %, VsMeHNTCH AMMB MHOAKECTBO U,

6) Becrkomeanne aadasurts. CormacHo oc-
ITOBHOMY oNpefele A0 adfaBuTOM HAZHBACTCH KOHEUHOe MHO-
srecTBo cuMBoioB. OgHako QaKTHYecKU odeHBL 4acTo yHofHee
paccMaTpUBaTh GeCKOHEWHHE aiaBUTHl, COCTOAIIEE H3 KO-
IIeyHOr0 YmCIa OYKB, CHaO:KeHHHX TOM WJIM HMHOH cucTeMoR
WHAEKCOB, NPUHAMAIOMUX HaTypailbHnie sHagzeHuUa 0, 1,
2, ... Haopmmep, mycrs andasur B cOCTOHT W3 CHMBOJIOB
a,b, ... ¢, f gh(i, 7=0,1, 2, ...). dror andasmr dop-
ManbHO GeckoHeweH. PacemorpmMm andasut 4, cocTodmuil us
CUMBOIOB @, b, .. ., ¢, [, g © HOBEIX CHMBOIOB &, B. Ycio-

BHMCA CHMBOAH [; W g1 KomupoBaTh B fA3HKe A ciaopamu
feo ... @ # cooTBETCTBEHHO got . . . af . . . B, THHe cEMBOI o
BXORUT { pas, a cuMBoOI [} sxopmT j pas. Cumponsia, b, . . ., ¢
oycTs Kopmpylores umn cavumm. OGosmaunm wepes {z} (r €
¢ B) xogosoe sHaueHNe caMBoia r B andasure A. Ecan ¢ —
cloBO B anfapurTe B, To, TONCTABAAA B 4 BMECTO CHMBOJIOB
IIX KOfOBEIG 3HAYEHIH, HOJAyYaM HEKOTOPOE CI0BO B aifasu-
Te 4, Kotopoe o6ozHauuM uepes {4}. fcHo, aTo mo kouy {4}
0/IHO3HAYHO BOCCTAHABIUBAETCA ¥ CIOBO 4. I103TOMY, BMECTO
TOTO 4TofBl paccMaTpUBaTh TPOU3BOIBLHEIE CiloBa 4, D, . ..
B GecKomewHoM anpaBuTe B, MOMKHO paccMaTpHBATH HX KOO~
pole sHawenHms {a}, {b}, . .. B KoHeunoM andapuTe A W TeM
CaMBIM n30eskaTh pPACCMOTPEHHS OECKOHEUHHIX al(aBHTOB.

B) [locnemgoBaTenbsHOCTS caios. Ilyers
4 — meroropmit ampasar. OFosmaumy wepes B ampasnr,
Hodysalommiics pmoGapieHHeM K A HOBOTO cuMBoia & (& €
€4). B pampmeiimem Hapagy ¢ OTHEABHEIMI CJIOBaME  d,
b, ... B angasure 4 mpugercd 9acTo pPaccMaTPUBATh Iaphl
7108 <4, b), Tpoiiku cios {4, b, ¢ m 1. 1. OgEaKO0 mapy ciI0B
<4, by B andasnure 4 MoEHO 3aKOAUPOBATH CI0BOM aatb B amda-
BUTE B, Tpoiiy (a, b, ¢ ci10B U3 A MO:RHO 3aKOAIPOBATH CJI0-
BOM dabxc B ampapnre B m T. A ’
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Hpameps: B 3apgaqun

1. Ilyctb N — COBOKYHOHOCTH HATYPaJLHHX 4ICeH, - — 0OHIT-
Bas apuMernyecKas olepamus CIOKeEUA uyncerx. [lokaszaTh, 9TO B aj-
rebpe U = (N; 4 ) gECIO 2 TOPOMKAAET MHOMKECTBO BCeX HOMOKHATEND-
EHX 9eTHHX 4HCeH, YUCHO 1 TOPOsKEAaeT MHOJKECTBO BCeX TOJOKUTeNb-
HHX yuced, a uaciaa 0 m 1 moposkpalor Beio axredpy 9.

2, IlokaszaTth, 4910 Bee nomanreGpsl axrebpsr B = (N; -+, —>
AcYepMLIBAIOTCS clemyowuMi: a) noganrebpa (0), moporkgeBHas wlic-
aoM O n cocTostiast TOXLKO 13 Hero; 6) mogaxredpa (1), ToporkpeBHasA
uneroM 1 I cosnapmalomjas ¢ camoii anrcGpoil B; B) mopaxrebpa (a),
NOPOKRAEHEAs LIPOII3BONLHLIM YNCHOM a > 1, cocrosunan n3 gmcex O,
a, 2a, 3a, ...

3. IlorasaTh, uTo Kaskpas moganredpa anrefpe U = (N; 4
COCTONT 113 BCEBO3MOKEHIX KpaTHHX TOAXOMSIEro 4Acia ¢, BOZMOMKHO,
38 MCKIIOUCHIEM KOIEYHOTO WIICHAa TAKOBEIX.

4. Pacemorpim anrebpy €= <N ; -,-, — ), TAe omepanus
«—» paccMaTpliBaeTcs Kak 4acTHUHAsA JBYMeCTHas onepanys. 3HadeBHe
TepMa z — y CUOTAeTCS PABHBIM OOBIMEON pasEOCTH jiiA z > § W Heol-
PefeNcHHBIM min « < y. Haxue (QYyHRINYM IpPefcTaBISIOTCA TepMaMH
O(z—(z+ 1), (z— )+ vy, (z -+ y) — p? [loxasaTs, ITo PyBEKIASA
2* me Mo)ker OHTH TpefcraBieHa TepmoM B anrebpe € (T. e. TepMmom,
3aldcaEnnM B anxdasure z, -, -, —).

§ 2. OcrOBHEIE BHIYHCINMEIE ONEPaTOpbi

Omepanum Haj YACTOBEME PYHKOUAMA fallee HA3HBAIOT-
¢ omepaTopaMu. B Hacroamem maparpade ompemenseTcs P
0IepaTopoB, 0GJAMAIOIUX TeM CBOMCTBOM, 4TO, HPUMEHAS UX
K YHKOUAM, BHIECIMMHIM B WHTYATUBHOM CMEICIe (CM. BBE-
neHne), MBI ODOJYIHUM (byHKD;KI/I, TaKiie 3aBeOMO BHYHCIUMBIC
B HWHTYUTHBHOM CMbIcHe. YacTW9HHE (YHKOUEH, KOTODEiE
MORHO DOJYYXUTh OPU DOMOIIE HTUX OIEepPaTOPOB M3 IPOCTel-
mux QyErnui 8 () =z + 1, 0 (x) = 0, I'm (x4, « . -, Tp) =
= Z,,, Ha3HBaWTCA TacTUYHO peKypcupHEMu. OcHopHad
rumoresda U€pwa CocTOUT B TOM, 9YTO KIacC TacTHIHO PEKYp-
CUBHBIX QYHKMIH coBHagaeT ¢ KiaccoM QYHKOuA, TOIycKao-
mPX MaOIHHHOE MJIN anTOPHTMHYECKOe BEIYMCIeHDE.

2.1, Cyoepmosunmuu vactoynbix (ymErmmii. IIycTs 3agamsr
n rakux-n1uGo wacTHyHEX (YEROEH fi, . .., fn OT OJHOTO H
TOTO JK€ 9YHWCda M TePeMeHHHIX, OUpeNeleHHHX Ha KaKOM-TO
MHORecTBe 4 Cco 3HAYEHMAME B MHOKECTBe B, W OyCTh HA
MHO;RecTBe B ompesieneHa YacTmyHas OYHKOEA [ OT R Iepe-
MEHHBIX, 3HaYeHES KOTOPOR HPUHAMIEKAT HEKOTOPOMY TPETh-
eMy MHO:kecTBY C. BpogmyM Temeph gacTmuHyio QyHROHI g
OT m HepeMeHHHX, ompejeleHnyl Ha A co sHaueHuaMmn B C,
moJdarasi HO OIPeJeeHII0

g @n ey m) =7 (fu @y oo s @m), oy fn (@15 oy Zmd))
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[Ag OPOUBBONBHHX Zy, ..., &y u3 A. Tosopar, uro
PyHEKIEA g TOMydaeTca omepammedl cynepnosuyuu BIH nod-
cmanosku w3 dymrmmEi f, f,, . . ., f. Omepamua mopcTaHoOBKR

Gyner mamee oGosHawaThcs cmmBosoM S™*1. MEpmexc cBepxy
o3EagaeT wmcao ¢ymkmmi. B kagecrse mmomects A, B, C
HIKe T0YTH BCIORY Oymer GpaThCcsa MHOMKECTBO HATYPAXBLHEX
qucen N. YciaoBEMcA depe3 35 0603HaUATH COBOKYIHOCTE
BCCX YACTHYHHX YUCHOBHX QyHKUEA oT n mepemernmbix. Ome-
patop S"*! ABmAeTcs BCIOAY oOWpefeleHHON ¥ pyHKImeHd m3
FTXFTX ... XF" B §". Eeam xe paceMaTpHBATH
MHOKECTBO § BCEX YaCTHYHEIX IUCHOBHIX (YHKOHHE OT mpo-
M3BOJBHONO 9YUCIA HePeMeHHBIX, To omepaTop ™1 mommo
paccMaTpUBATh KaK JacTHUHyio PYHKIOHIO OT n - 1 mepemen-
HoOM, ONMpeNeNeHHYI0 HAa { CO 3HAYEHHAMU B . IIpm sTOM
repm 8™ (f, f1, . . ., fn) HMeeT ompejeNeHHOe 3HAYEHHE
(paBHOEe HacTHUHOH m-MecTHOM (YHRIEH) TOrJa ® TOMABKO
TOTa, KOTHa 3Ha4YeHVEM IepeMeHHO# f OymeT n-mecTHAS QyHK-
IudA, 4 3HAYEHUAMU CUMBOJIOB f;, .. ., f, OYAYT 9YacTHUHHE
QYHROUE OT OHOTO W TOTO e YHCIa IepeMennrx. Hanpumep,
¢ TOCTeHeH TOUKW 3peHus 3HadeHme tepma 8° (7, I3, I3)
He oIpenereHo, a 3Hademme tepMa 83 (I3, I3, I3) paswmo I3,
rre I3, I3, Is — cmMBomH mpocremmx GyHKIEH, OmpejeIeH-
HHX B m. 1.2. -

B coorserctBum ¢ m. 1.3 cmereMa P, COCTOAMAL U3 COBO-
KynHoCTH (yHKOuUi {§ ¥ OUpeneleHHBX HA Hel TaCTHUHHX .
onmepanuit 82, 8% . . ., 6ymer 4acTmUHOH amre6pOi.

IMycrs fi*, ..., fo* — KakWe-HHOYAb TACTHIHBIE UHCIO-

Bhle (QYHKIA® COOTBETCTBEHHO OT 7y, . . ., I, APTYMEHTOB
My, . .., By Opou3BoNbHE). YacTWuHHe (YHKIUM, KOTODHE

MO/KHO MOTYYHTH OHEPANAAME IOACTAHOBOK M3 fi, . . ., f&°
U ¢ymxnmit I (m, n =1, 2, ...), Ha3EHBAKWTCA BIEMEHTap-
HHMH OTHOCHTENBHO fi', . . ., f:s. CoBoxymmOCTE HX Oymer
B airefpe § mogaxrefpoit, MOPOKIEHHOR dieMeHTAMT [, ...
Ce f:s, I+, Teopema 1 m3 m. 1.3 moxaswiBaer, 9T0 OTHOCH-
TeJIbHO 3eMEHTADHHIME,OYIyT Té W TOJNBKO Te YaCTHIHEE

byErITIE, KoTOPEE MOKEO 3aIHCATH B BHJle TEPMOB, CONepKa-
Iy pyarnmomansase cumBoms S2, 8%, . . . omepanmit mog-

CTaH - T s
OBRH, CHMBOJH fi', ..., fs° B3aJaHEKX W CHMBOAL [,
Tpocrefimipx pymrmmi. OFHAKO [ad OTHOCHTETLHO 3ile-

;IeHTaPHHX* $yEKnumi® BosMOkHA ¥ eme G0oiee IPocTas
anncsy, . '
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Teopema 1. Jus moeo umobut Hekomopas n-Mecmuasn
UACTMULHAS YUcA08an Pynkyus [ Guia saemenmapHol omrocu-
MeAbHO UACUUHELL PYREYUIE [1, . . ., [s, Heobxodumo u docma-
mouno, umobu f mosxcHo Owao npedcmasume @ eude mepma,
BANUCAHHO20 ¢ NOMOLYLIO PYHEYUOHALLHWL cuMB0A08 f1, f2, ...
« v o foy Im 1 HEROMODHLZ NPEOMEMNBIE 1€ DEMEHHIT X1, . - -y Ty
uacmb U3 KOMODPHT MOdNem gxo0ump 6 mepm U Gurmusno.

Wrak, yTeepsemaercs, 9T0 MiAA OTHOCHTEIHHO DIIEMEHTAD-
Hoi1 acTHIHOM GyHKIUY f cymecTeyer Ase 3amucu: 1) B Bume
3HAYEHHUSA TepMa, (QYHKIHOHAJIBHHEME CHUMBOJAMH KOTODOTO
cayxaT cumMBoael 8° omepammit TOXCTAHOBKY, a IPEIMETHHMHA

CEMBOJIAMU — CHMBOJBL fy, . . ., fs, Im (TepMs aToro Bmpa
MHL 6ymeM Ha3HBAThH OmEPaTOPHEIME); 2) B Bume TepMa (a He
3HAYEHAS TePMa), COCTABICHHOT0 W3 (YHKIUOHANBHHIX CHM-
BONOB fi, ..., [s W HEKOTOPEX INIPEIMETHEIX IlepeMeHHEIX
(MorkeT OBITH, PMKTHBHEIX). JTy 3aluch MBI GyaeM Ha3HBAaTh
mepmanvroll sanuceio. OTMETHM eIme pas, 9To B MEPBOM CJIY-
qae QYHRIEA | ecmb sHaueHlUe Mepaua, & BO BTOpOM QyHKIUL f
npedcmagasemces. mepMo.

Ilma mokasaTeabCcTBAa TEOPEMBI HAaJO HOKA3aTh, 4TO OT Tep-
MaJIbHOM 3aDHCH MOKHO IEPEXOIUTh K omepaTopHO# m Haobo-
por. ITycrs f — 3Hauerme omepaTopHOTO TepMa ¢. Ecau gnuna

a pasHa 1, 10 ¢ ectb mubo f;, mubo ]7 B nepsom caygae tep-
MaJbHHIM IpefcTaBieHueM nas f ssasgerca tepM f; (z;, . . .
.. ”in)’ a BO BTODPOM cJydae — TepM z;. Bcam pamHEA 4
Gompme 1, To 6 mmeer Bug S (b, by, . . ., By), rme b, by, . . .
..., by — omepatopHEie TepMH MeHLIIeH gaumEE. [lo HETYK-
OUE TpeamosaraeM, 9TO TePMadbHbEe UTPecTaBIeHHS

c=0C(T1,. .., Zp), G=C;(T1,...,Tp) i=1,...,k)
Aas BHadeHmi Tepmos b, by, .. ., by Ham wussectHH. Torma
C(CL (@ s Ty vy O (Tay e ey )

OymeT MCKOMBIM TePMAABHEM TpeacTaBlieHueM [Id 2aMaHEOTO
OTIePaTOPHOTO TepMa d.
O6paTHO, WycTh n-MeCTHAsd TacTAYHAS QYHKUWA f 3amama

CBOMM TePMAaNbHEIM DOpeACTaBIeHHeM & (Ty, ..., Z,), TOe
IePeMEHHHIE Ty, . . ., Ty, (PaKTHTIeCKH BXOZAT B' TepM, a oc-
TANBHEE B3 TEPEMEHHHX Zi, . . ., T, PACCMATPUBAIOTCH KaK

¢oxraBEEe. Ecnm grmua TepMa 4 pasma 1, TO ¢ mveeT Bupg
z; W, 3HAUUT, f papHA 3HAUEHNIO ONEPATOPHOTO TepMa [}
Ecnu e nAuHA TepMa ¢ foxpme 1, To ¢ mymeeT BUA f; (4, . . .
e O ), THe 4y, . . ., n, — Tepum MeHbIIel VanuaH. [lo ua-
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IyROUN IpefmoiaraeM, 4TO AAA KaXKTOH n-MeCTHOH dacTHd-
moit (yHROIHE OT Zy, . .., Tn, OPECTABIAEMOH TEPMOM @;,
HaiifleHO ee BHpaykeHHe B BUje ODEPATOPHOro repMa ¢; (j =
=1, ..., n;). Torga acmo, aro PyEKmua f Gymer 3HaTeHEEM
omepatopEoro Tepma S™* (fi, ¢y, . . ., €,).

Haopumep, DycTh 3afaHH OGH4HEe QyHROEE -+ @ X.
Oymrnus oT x;, To, T3, BMeIOMAL TePMANBHOE IPecTaBiIeHHAE
2, %y + 3, ABIAETCA 3HAUEHHEM ONePaTOPHOTO TepMa

82 (+, 8% (x, I3, 19), T9).

2.2, Onepatop npmmuTHBHOI pexypemm. IIycrs sapamm
KaKWe-HUGYNH UHCJIOBHE YacTHUHEE (QYHKIUH: n-MeCT-
masg g @ (n -+ 2)-mecrmas k. ToBopsr, uro (n -+ 1)-MecTHAS
qacTE9Hass QYHKOES [ BosHEHKAaeT w3 GyHKIEE g # A npumu-
musHoll pekypcueli, eCIW IJAA BCeX HATYDANBHHX 3HAYeHUH
Liy o0 s Iny Y

f. (:Cl, s ey Ty, O) = g (xl, - x-n), (1)
fy, . ooyt )=hiz,... 2y, fl2, ... xmy()z))

910 ompefeneHWe MEH OygeM OpUMeHATh U AAd n = 0,
TOBOPs, YTO OXHOMECTHAs 9acTHYHAS (WHKIHEA [ BOBHAKAET
NPUMATUBHEOR peKypcHuell W3 MOCTOSHHON OXHOMECTHOH QyHK-
IuHd, PABHOM YHCIAY @, M ABYMECTHOM dacTmaHoH QYHKIEHE 7,

ecaun
10 =, 3)
f+ 1) =h1 (). (4

Beraer Bompoc, nis KaKOEIX M YACTHYHHX (QyHKOuH
g, h ornum n -+ 2 nepemerHEX cymecTByer YacTAIHAA QYHK-
uasg f or n -+ 1 DepeMeHHOH, YMOBIETBOPAIOMAT YCAOBAAM
(1), (2) unm coorBercTBerHO (3), (4), m 6ymer mm TaKas YacTHI-
Hag QyHKOHA emumHCTBeHHOHN? Tak Kak ofmacTh OUpeeleHHA
‘bYHKr;nﬁ €CTh MHOMECTBO BCeX HATYPAABHEIX YHACEJT, TO OTBET
Ha ofa Bompoca, OYEBHAHO, mOJo;kmTeneH. Bcan (ymrmus f
cymectsyer, To w3 (1) m (2) mocienoBaTensHO HAXOLEM

F@y, o s @0 0) = g (24, .« oy Zn)s

flr, ..o l)=0(x,.. ., 22,0, 8 (@1, . - ., Tn))s
©®)

# s e s+ e e e s+ s+ e e & s+ e e e s =2 e o 2+ o

-f(xh LR x‘n.vm_*—i) =h(.’l}1, LR xnrmyf(xly LRI x‘mm))
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u moToMy f ompefedeHA OgHO3HaUHo. V3 coorHomeHuit (5),
B YACTHOCTH, BHJHO, YTO €CAM HIA HEKOTOPHX &y, . . ., &p, L
sEagenne f (zy, ..., Tn, [) HeOUDeNeNeHHOE, TO HeOlpPeeTeH-
BEME Oymyr m sHawenHA f (T, . . ., Ty, Y) AAS BCeX Y > .

Yrobsr mpy safaHEBEIX YACTUYHHX QYHKUMAX g, /4 HaltTm
$yEKRTEIO f, BOSHEKAIOIIYI0 13 HEX IPUMATUBHOM peKypcHeH,
[OCTATOYHO paBeHCTBA (D) IPHUEATH B KAYeCTBe PAaBEHCTB,
ompenexsiomux sHauendd ¢ymxomm f. Taxmm obpasom, mas
nI0GHX TaCTHYHHIX. N-MeCTHOR GyHKOHEm £ @ (n -+ 2)-MecTHOH
¢yrxmmm A (n = 0,1, 2, ...) cymecTByeT OfHA & TONBKO
onHa wactmuHasn (n -+ 1)-Mecrmas GyHKOHA f, Bo3HHKAWIIAL
W3 g W A UpuMATUBHON pexypcmeidl. CEMBOAMYECKM NIHIIYT

f=R(gh

 paccMaTpuBaioT S KaK CEMBOJI JBYMECTHON UACTHYHOM Ome-
pamue, ONpEeAeTeHHOM HAa MHOKECTBE ¢ BCeX - TACTHYHEIX
dyaxnuit. V3 coorHOmeHuH (5) BEITEKaeT, UTO eCIH (YHKIUM
g u % BClomy ompemeseHH, TO B GYHKOEA [ BCIOTY OUpemelecHA.

W3 coormomenu#t (D) BUgHO TaKKe W CAefyomee QyHIa-
MeHTaNbHOE [JIf HAC OOGCTOATENLCTBO: €CAW MH KaKHM-TO
ofpa3oM «yMeeM» HAXOAWTH 3HAYeHHA (QYHKIuUA g, h, To 3Ha-
9eHUA PYHKOHE f MOMKHO BHYHCAATL IPH DOMOIIM LIPOUELY-
PH BIIOJNHE (MEXaHUIeCKOT0» Xxapakrepa, VMenHo, Iisa Haxosx-

IeHUs 3HAUeHHY f (ay, . . ., n, M - 1) mocTaTowHO TOCHENO-
BATENBbHO HAUTH YHCJIA

bO = g (a'lv * ey an):

b, = h(ay, ..., an, 0, by),

b2 = h (alv -« Qpy 17 bl)v

bm+1 = h (0,1, oo vy aTh m7 bm)-

TlonyuenHoe ma (m —+ 1)-M «mare» TucI0 by, U 6ydeT HCKO-
MEIM 3HadeHmeM QYHKODU® B TO0Uke {4y, ..., &y, m + 1.
WamomernsIi mpomecc BuAmCIeHNA f (@y, . . ., Gn, m + 1)

Gymer DpPOmONKATHLCA HEOTPAHHYEHHO TOMBKO B TOM Ciy-
9ae, KOTTa HEOrPAHWYEeHHEM OK)KeTCH HpPONEecc BHYMCHeHMA
OJTHOTO W3 BEIpasKeHAH
g, .. an), hia, ..., a0 0 0),...

o hi(ag, .. an, m, by),
T. €. KOTfa X0Ta OH OfHO W3 3TUX BHpajkeHU# Gymer mMers
HeoIpefleleHHOe 3HaYeHEe. Ho TOIa B COOTBETCTBUH C OIpe-
memenmeM (yEkOWE f 3HadeHme f (ay, .. ., ay, m + 1) Gymer
HEOTpeIeleHAEM,
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Temeps BBefeM OJHO W3 I'IABHEIX HOHATHH TEOPUH PEKyp-
cuppHx Qymkmmit. Ilycrs sajama cucrenma & Kakux-to dgac-
rousnx  Qyskouit. Yactuumas ¢ymkuous f HasmBaercd
npUMUMUBHO Pekypcusnoli omuocumeasvro S, ecin f MOmHO
monygraTh u3 QyHEKmui cucteMu & m npoc'renmnx byErOH

8, 0, I'm KOHEUHKIM 9HCIOM OIepanuit moJCTAHOBKU M IPAMH-
THBHOM DPERypCUH.

O yEKOEs f HA3HBACTCA TPOCTO RPUMUMUEHO DeKYDCUBHOT,
ecJqH ee MOYRHO TONYYUTh KOHETHHIM IHCIOM olepamuil moj-
CTAHOBKYU KM OPUMUTHBHOH PEKYpPCHUN, UCXOAA JHINb U3 TIPO-
crefimux ¢yEROUE S, 0, In.

Omepanuu DoACTaHOBKU W OPUMHETUBHOH pexypcHu, Gymy-
Yn DPUMEHEHH K BCIOJY OIpejeleHHEIM OYHKOUAM, DA0T
B pesyabTaTe CHOBA BCIOAY olpefeleHHre Gyarmun. [loaTomy,
ecan 3agaHa cucrema © Bcogy ompemeleHHBX QYHKOHIMA, TO
MPUMUTHBHO PEKYPCUBHHE oTHOCHTeTbHO S (yHKIUE BCIOLY
OIpefieleHEl. B YaCTHOCTH, 6Ce NPUMWMUBHO PeKypCusHble
Pynryuw sciody onpec?e./zenbz.

flcHo, 9T0 YacTHUHAS QYHKOUA f, IPMMHATUBEO PEKYDPCUB-
Hag OTHOCHTENALHO KAaKOH-HEOYOh cucTeMH S dYacTHUHEIX
QyHKOUE, TPEMATEBHO PEKYpPCHBHA W OTHOCHTEILHO HMI06OH
fomee mupoxroi cacremst. [IpuMurnBHO pexypcusHEe GyHKIHA
MO’KHO pAcCMaTPHEBATh KaK OPUMATUBHO DPEKYPCHBHEEE
oTHOCHTeHHO Iycrod cmcremel &. IlosTomMy mpAMEATHBHO
PeKypCUBHEIE QYHKOAA — 5T0 QYHKINY, OPUMUTHBHO PEKYp-
CHBHEIE OTHOCUTENHHO M0G0 cucTeMbl (YHKIIHH.

Haxonern, u3 ompeneneHus TaKKe HEIOCPEACTBEHHO BEITE-
KaeT, 94TO 0nepayuu noOCMAaH08KY U NPUMUMUBHOL DeRypcul,
npUMeHeHHEE B YACMUYHBM PYHEYULK, RPUMUMUSHO Dekyp-
CUBHBLM OMHOCUMEAbHO KaKoU-HUbyde cucmems S, daiom 6 pe-
syabmame cH08a PYHEYUW, NPUMUMUBHO PeKYpPCUSHble 0MHO-
cumenvro S.

IToppoGro cBolicTBa DPHMUTHBHO PEKYPCHBHEHX (yHKIEA
0yayT usydgensl B § 3, a 3mech MH B KauecTBe IPHMepa J[OKa-
JieM NANIh OPOMHATEBHYI PEKYPCHBHOCTH CAMBEIX HPOCTHX
apupmermaeckax (GyHKIU,

CorsacHo ompejesneHui0 OFHOMEecTHEIE QyHKIUE $ (Z) =

=z+1,0(x)=0, 1 (r) = z ¥ MEOroMecrHEEe QyEKIUZ

Im (T3, o« X)) =2, Myn=1,2,...)
IPEMATABHO DEKYDCUBHEL.
Ona n-mecrmoit ¢ymkmma 0" (zp, . . ., z,) = 0 mMeem
npencTaBiIeHne

o" = 82 (o4, IV
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¥ moToMy yHKIUS 0" HMPUMUTHBHO pexypcusHA. IIponsBoiib-
Hasg 7-MeCcTHAsA DOCTOAHHAA QYHKEHA [© = g [o0ycKaeT mpei-
cTaBJeHHWE B BHME TepMa

8(s(...8(0"(z1,...,2))...)

3aNMCANHOTO MDY DOMOIIA CHMBOJOB NPUMHTHBHO DEKYPCHB-
HHX QYHEKOuE $, 0" W UpPeIMeTHHX IepeMeHHHX. I[losTomy
BCe WOCTOAHHHE (QYHKOUYN IPHMHATHBHO DEKYPCHBHH.
Heymectaas ¢yExuus f (z, y) = z + y ynooBmeTBOpPsET
COOTHONIEHHAAM
z+4+0=2z=1I] (2),

z+y+D=@+y +1=s@+y).

Crneposarensro, OyEKOUS - y BO3HEKAeT U3 IPEMATUBHO
PEKYPCHBHHX (QYHKOAH If, hiz,y, z) = z -+ 1 omepamueit
OPEMATHBHOA DEKYDPCUU H DOTOMY (QYHKOES Z - y OpUMH-
THBHO DPEKypCHBHA.

IByMectHAs (YHKOEA zy YHOBAETBOPSAET CXeMe OPUMHA-
THBHOH DEKYPCHH

z-0 = 0 (z), R
z(y+1)=2y+ =z
¢ HAYaNGHHIMA OPHMUTHBHO pPEKYDCHBHHME (YHKOUAME
(oM. (1), (2))
g(xy=o0 (), (z,y, 23 =z =z
ITosToMy QyEEOWS 2y DPAMETHBHO DEKYDCHBHA.

Pacemorpum ¢yErmuio zV, mpmaem GymeM CYIuTaTh, UTO
2z = 1. Coorromenus

¥ = ¥y

OPeCTaBIAIT c000H TPAMHTHMBHO PEKYPCHBHYI0 CXeMy ¢ Ha-
YaJdbHHME OPAMHUTIBHO DPEKYDPCHBEHIMA (QYHKIUMMA

g =1, h(z,y,2) =zz

oaromy ¢ymERmEa 2’ Taxke DPAMUTABHO PEKYDPCHBHA.
B-agammse mHOrma Berpedaercs QyHKIUA SE x (CuzHyM AR
sHak z), paBEAs —+1 QI8 TOAOKATENBHHX BellecTBEHHEIX
3HAYeHHME cmMBoIa z, —1 I8 OTpHEOaTeNbHHX z m O mag
z = 0. Mu Gynmem paccMaTpuBath 3Ty (PYHKOHIO IS I
HaTYPAABHHX B3HAUCHAN z, NAAZ KOTOPHX OHA MOKET OHITH
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ompeJeeHa TaK:

0, ecim =20,

1, ecam 2 >0.

BeeneM eme QYEKOEIO Sg, ONpefeddeMyio Tax:
— 1, ecam =0,
ng:{o, ecna z >0,

I COBIANAIMYI0 ¢ PAa3HOCTHIO 1 —sg .

OyEKNAE Sg ¥ Sg YAOBIETBOPAIT TPHMHATABHO PEKYDPCHB-
HEIM CXeMaM:

sg:cz-—{

sg0 =0, sz 0=
sg (x+1)=1, sg(x+1) =

umelomuM Bup (3), (4). IlosroMy QyEKDUY Sg U Sg TPAMUTHB-
HO DPeKYDPCHBHHL.

B obmactm HaTypalBHEIX YHCEeN PA3HOCTH & — Y €CTECT-
BEHHO CUMTATh XACMUYHOI TBYMeCTHOH QyBKomed ot z, Yy,
oUpefleNeRHEOH AUITb ARSI & > Y, TaK KAK OTPHIATENLHEIE
qrcaa He BXOAAT B paccMarpuBaeMylo o6aacts. Ho mpumuras-
HO PpeKYPCHBHHE (YHKOEE BCOLY OUpedeneHbi. lloaToMmy
B TEOpUH UPEMETHBHQ PEKYDPCHBHHIX (YHKOHH BMECTO 0GHIY-
HO# Da3HOCTE BBOGAT YCeYeHHYID DPa3HOCTH, 00603HAUAEMYIO
CUMBONOM -— H OLpefedsieMyl Tak:

) r—yYy, ecim >,
Y= 0, ecim z <y.

(&8

)

B ornmume oT mpocToii pasHOCTH- yCedeHHAS PASHOCTD
ABAASTCA BCIOAY OUPeNeIeHHON B 06AACTE HATYDPANBHEIX TH-
ceJ, @ B TO JKe BpeMs OHA 0UeHH IPOCTO CBA3AHA ¢ OGHITHOH
pasHocTeI0. Tak, HampmMep, coriacHo (6)

95=-3=2,3=-5=0,x~y)—z=z——(y + 2).
Oyuxnua z = 1 ypnosierBopseT NPEMHATABHO peKypCHB-
HOH cXeMe
0=1=0,
+1)—1==x
¢ OPAMATHBHO PeKYDPCHBHEIMA HATANBHHIME (YHKIEAME O'
n I3. Tosromy ¢ymkmuma z — 1 IPHMETEBHO pPeKyDCHBHA.
C npyro# cropomH, m3 (6) ciemyer, 9TO ANA MOOHX Z, Y
z—0 = z,

2= (g +1) ==y =1
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ITH TOMKITECTBA MHOKASHBAKT, YTO HABYMeCTHad QYHKIUA
Z—— y BOSHHKAeT NUDPHIMUTHBHOA peKypcueii u3 QYHKDUR
I ah(z,y, 5) = z—=— 1. O6e mocienAne GYHKIHHT TPAMETHB"
HO pexypcuBHH. [loaroMy m (yHKOEHA z —- y DPAMETHBHO
PeKypcHBHA.

HaxoHen, s mpUMHUTHBHON PeKypCHBHOCTH (QyHKOUE -+
A —— BHTeKaeT OPUMATUBHAS DEKYDPCHBHOCTb (QYHKIUH

lz—yl=(z=y +F—=2).

Ha sroM ME moka mpepBeM uU3ydeHHE CBOHCTB HPUMUTHBHO
pexypcuBHHX (ymkmuit. OHO GyneT DpOXOIKeHO B § 3, a cei-
gac MH elle pa3 oGpaTHEMCH K OIPefe]eHHI0 OTHOCHTEIBHO
OPUMHATUBHO pPEKYPCUBHHX (QYHRIHH.

B macrosmem m mpemegymeM DYHKTaX Ha MHOMKECTBE &
BCeX YaCTHYHEX (GYHKTMHA ¢ OPOH3BONBHEIM UHCAOM APTyMeH-
TOB OBINE OIpefeiieHEl YACTHYHEIC OHePaluN CYIepIHO3HIUH
8 (i =2,3,...) n npavurusHO# pexypeun R. CormacHo

m. 1.3 cmcrema

B—(F; R, 52 85%...5

ABIAETCA TacTHYHOM anreGpoii. /13 mpuBeneHHbIX BHIIE ONpe-
meileHUH HeTOCPEeNCTBEHHO BHITEKAET, 9T0 COBOKYHDHOCTDB np
BCeX IPUMHATHBHO DPeKYPCHBHHX (QYHKOWH ABIsgeTcA NORAJ-
reGpoit anreGpu B, mOPONAEHHOE cucTeMol PymHrmui 0, S,
m (m,n=1,2,...). Apamormsmo, ecaa & — cumcrema
Kakux-1a60 Gyakmomit u3 §, TO COBOKYIHOCTH BeeX QYHKIUA,
OPEMATUBHO DPEKYPCUBHEIX OTHOcHTeNTbHO S, sABasercs HOp-
anre6poit anreGper B, DoposrIeHHOH PyEKOuAME cucTeMH &
u mpocTeiinuMu GyERIUAME O, S, Im. B cuay reopemm 1 m3
O. 1.3 MOKHO yTBepRIATh, UTO NPUMUMUBHO PeKypCUBHBMU
A64810MCA Me U moavko Mme GYHEyuL, KOMOoPpsle S8AI0MCA
SHAUEHUAMU MePMOo8, 3ANUCHEAeMILT ¢ ROMOLDLI0 UHIUBUTYaNb-
HuT npedmemuwx cumeonos 0,8, Im u PYHEYLOHANBHELL
cumeonoe B, 82, 83 . ..

AHaJIormmo, T€ M TONBKO Te fYHKIHA OPEAMATABHO PEKYP-
CHBHEI OTHOCHTeIsHO &, KOTODHE ABIATCA 3HAUCHAAMY Tep-
MOB, 3alHCEHIBAEMHEIX ¢ IOMOINbI0 MHAABHAYAIBHHX IpeIMeT-
HEIX CIMBOJIOB O, 8, Ir,, cuMBonoB (ymknmit n3 © n pymkmmo-
HaJBHEIX cumMBoaoB R, 8%, 8% ...

TepME 3T BujmoB MBI, Kak 1 B O. 2.1, 6ymem masHBaTh
onepaTopEEME. C dopManbHOHN TOYKE 3peHHs OHepATOpPHEIE
TEPMBEl — 3TO cjoBa B andaBuTe, 0GDPA30BAHHOM CHMBOJAAMHA

R, 8%, 0, 8, I}, ncmiBonamu, Korophe 0603HAYA0T PYHKINR
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w3 cmcremil &, Har mparumo, cucrema & mpegmomaraercs
KOHEUHOH, HO Ha’Ke B B 3TOM ciIydae aidaBuT mOAyIAETCH
6eCKOHEUHEIM, TaK KaK OH BKIII0YAeT GECKOHETHOE YUCJIO0 CHM-
pomroB 82, 83 . .. OmHAKO 9Ty CI0KHOCTH JETKO YCTPAHHTH,
ecid BOCHONH30BATHCA HANIEKAIIUM KOLUPOBaHMEM, YKa3aH-
meM, HaopuMep, B 0. 1.4, Torna kaxpas OpEMHETHBHO PERyp-
cupHaA QyHKIHA GyIeT 3HaYeHNeM HOXOAAMEro ¢I0Ba B QUK-
cHpOBAaHHOM KOHeYHOM aadasure.

3amuch OPEMATEBHO DEKYPCHBHOM (yHKIUM B BHME OIe-
paTopHOTO TepMa 6yaeT paceMaTPHUBATHCA fallee KaK CTaHAAPT-
Hoe (KOHCTPYRTUBHOE) 3afgaHme 370t ¢yErmEu. Hak mpasmao,
0KA3aTeAbCTB0 ITPUMUTHBHOH pEeKYDPCUBHOCTH HEKOTODPOHR
¢yaxmum Gymer COCTOATH B YKA3aHHA OyTU AJd IOCTPOSHUA
oIlepaTOPHOTO TepMa, 3HaUeHHe KOTOPOT0 PABHO JAHHOH QyHK-
nuu. HaopmMep, TIpHBeJeHHOE BHINIE K0KA3aTeIbCTBO IpPH-
MHUTHBHOH DEeKYPCHBHOCTH YCeYeHHO# pPa3HOCTH JaeT caefyio-
mue TepMadbHEE OPeJCTABICHAN:

z——1=R (o, [})(z),
= R(I}, I3~ 1) =R}, 8*(R (o, [3), I})).

OTMmeTuM cpa3y ske, 9T0 QYHKIUA —— MOMyCKaeT u GECKOHET-
HO MHOTO EPYTHX TePMAXbHEIX IPENCTABICHUH, TaK KAK 3HA-
YeHHe TepMa He H3MEHHTCH, €CHH K HeMy IpHDOUCATh, Ha-
mpuMep, CJI0BO 0,

2.3. Onmepanua mmmamu3agna. PaceMoTpuM Kakyo-HHA-
6yns n-MectEy0 (n > 1) gacTuuHy wmcaOBYi0 GyHROEDL f.
Homycrum, 9T0 ¢yIMEcTBYeT KaKOM-NHGO (MeXaHU3M» Mis BHI-
YHcHeHUS 3HAUCHWH QYyHKOWu f, IpAIeM 3HAYeHUe QYHKRIHAU f
He oHpenesIeHO TOTNa W TOABLKO TOT/A, ROTJA HTOT MEXAHH3M
paboraer GecKOHEYHO, He BHZABas HAKAKOTO ONpENeIeHHOTO
pesyabrata. Durcmpyem Kaxme-HuGymbh SHAUYCHHA Iy, . - .
.« .y Tn-y OAS TepBEX 7 — 1 apryMenToB QyHKOUHM f 1 pac-
CMOTPHM ypaBHEHHE

flzg, . ooy Zacty Y) = Zn. (1)

UYro6u malitu pemenwe y (HaTypaixbHOe) 9TOTO YPABHEHNH,
0ynmeM BEIHCAATH IPH IOMOIIW YKA3aHHOIO BHIIE (MEXaHH3-

Ma» DOCcHeNoBATeAbHO BSHAYeHEA f (T, . . ., Tu-1, ¥) MIA Y =
= 0,1, 2, ... HauMenarmee 3Ha9eHme @, Ig KOTOPOTO HO-
TYIBTCH

f(x]_, e ooey -1, a} = x’l}i
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ofo3HaTUM depe3
Uy (f (@, -« oy Tu-1, y) = Zn)- (2)

Onucamusil mpomece HAXOMKIEHHA 3HAYEHHs BEIPAKEHHAS
(2) 6ymer mpomomraTsca 6eCKOHETHO B CIeLyOMMUX CAydamX:

a) sHaweHme f (Z1, . . ., Tn-1, 0) He ompememeno;

6) sHauerua f (zy, - . ., Tn-1, YYBA2 y=0,1,...,a—1
OLlpejie/ieHEl, HO OTIUYHEL oT Z,, & 3HadeHme f (z1, ...
.+ ., Tn-1, @) He OUMPeEHECHO;

B) sHageHAA [ (%4, . . .5 &n-1, J) OIDENENEHH NI BCEX
y=20,1,2,... 5 OoTAHIHEL OT Zp.

Bo Bcex atux caywasx 3HaueHUe BEIpaxkeHus (2) cumraeT-
¢ HeompefeleHHHM. DB OCTAJXLHHX CIy4afxX OMMCAHHHIN
mpomecc OGpHBaeTcs ¥ [aeT HamMeHbIIee DeNICHHE J =
ypasrerns (1). 9To pemenne, KaK CKa3aHo, W GyHeT 3HAUCHHU-
eM BHpakeHHA (2).

Haupnmep, e yixe yeaoBmInch 0603HAYATH Iepes & —— y
$yERIUI0, paBHYH OGHYHON PASHOCTHE % — Yy OIAR X > Y
u Bymwo padg x << y. HosroMy B cormacwm ¢ yxa3aHHEM
CMBICTIOM CHMBOJA | [ BCEX I, Y HMeeM

4

T—y=p(y+z=2). “(3)
Ananormgno,

~ pe (sgz = 1) =1,
by (y —2=10)=0.

9T0 COOTBETCTBEHHO HAMMEHBIINE PelIeHNs YPABHEOHAM Sg & =
=1 ny—2z=0.
Haoporus, 3mauemme BEPaReHHUA

b @y —(@+1)=0 "(4)

He ompefeleHO, Tak Kak yske 3mageHue Tepma 0-(0 — (z +
+ 1)) e ompepemeno. B 10 e Bpemsa ypaBHenume

yly—@+1)=0

EMeeT pemeHne y = x -+ 1, Ho oHO He coBmajaer ¢ 3HAUEHH-
eM BRIpaykeHnsg (4). 9TOT DpEMep DOKA3HBAeT, 4T0 MjAd da-
CTEIHEX QYHKUARf (L4, . . ., Tn-y1, §) BEpasKerme (2), CTPOTO
roBODs, He ecTh HaMMeHbIIee pemerue ypasmerma (1). Eciam
e QyExmus f (24, . . ., $peq, Y) BCIOAY OIpefeneHa W ypaB-
geHne (1) mMeer pemerms, To (2) ecTh HaMMeHbIIee PeOICHEE
o (1).

3HagveHue BHpaskenmsa (2) mpu 3amaHEOR (yHKmUE [ 3a-
BECHT OT BHIGOpa 3HATeHHH AN TAaPAMETPOB Ty, » + .5 Tn-1y
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I, ¥ THOTOMY OHO ecThb YHKIEA (JacTHUHAA) OT APTYMEHTOB
Tiy + « -y Tn- OTy GYEEOmIO MBI GymeM o0003HAYATH CHMBOIH-
veckn uepe3 M f, rme M — cmMBon omepamuu, HepeBOfAMei
pymrxnmo f B pyEknuo Mf. Ecnm sagammas ¢ysxmms f ogmo-
MecTHA, Te QyEEmmi0o M} o6GosmawaioTr wacto depes [l m
HASHBAWT o6paljeruem QYHKuum@ f wMIH, Kopode, ofpaTHOH
Jymxnunesr. Taxmm oGpasom,

)= (f @) = 2). _
" Hanmpumep, gas GyRKn@it sg .8 o6paTHEME 6yIyT QYHK-
uu
=z, ecin =0, 1,
sg™! {
He OmpefeneHo, ectm = > 1,

1 COOTBETCTBEHHO
ol

Ins MHEOrOMeCTHHX ¢(yHKDEE f sammesr [ He ymoTpelm-
TeabHA. B manpmeilimeM omepatop M 6yneT HasEBaTHCH one-
pamoponm munumusayuwy. Haopmvep, w3 gopmyas (3) mony-
qaeTcq

=z—1 ecmu z >0,
He ompepmeieHo, ecam & == 0.

M (+) =8 (— I, I).
Hapany c ssipasxeRmamMu Buna (2) mamee Ham GygyT BCTpe-
9aThCA BEIDAjKeHUA BUHA
by F (@1 oo oy 20y ) = g (X1, - - -, xp,_y)),
Wy (f (@1« « o, 2o, ¥) 7 2 (21, -+« -y 2y §))-

SHAYEHNA UX CYATAIOTCH IO ompefeneEnI0 COBIAMAIIIAME
C BSHAYEGHUSAMH COOTBETCTBEHHO BEIPAKeHMHA

by (1f @0 oo 20, 9) — 8 @10« - o 20y 9) | = 0),
I"“U(Sg If(xly .. wx‘n.’y)_g(xl’ AR ] x‘n’y) | =1)

Temepr Bmemem chemyiomee )
CHOBHOe omnpepnedaedne. Jacmuunas Pyns-
Yus | naswsnemeca uacmiino PeKYpCugHoll, O0MHOCUMEAbH
cucmem vacmuunnr gynryuii S, ecau f mosxcem 6wmo nory-
ltina us Pynryuii cucmemtr & u npocmetiuuz Pynkyuil 0, S,
Do komeunpen wucaon onepayuii nodcmaroskl, NPUMUINUBHOL
Perypcun uw munumusayuu.
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Qacmuunas PYHEGUA [ Hasvieaemces wacmUuLHo perypcue-
HOU, ecau ona Mojcem Owimb NOAYYEHE U3 NPOCMEiWUT

PyrEyui 0, S, I'm EOHEuHBM HUCAOMN ONEPAYyUli NODCMAH06-
KU, NPUMUMUEHOU PEEYpPCUU U MUHUMUSAYUL.

Ha s3pixe TepMoB 3T0 onpemeleHme MoxieT GHTH BEIpaKe-
HO ciemylompM o0pasoM: gacTmdHas QYHKOUSI [ HABHBACTCH
YACTHIAO PEKYPCEBHOH OTHOCHTENBHO CHCTEMB TACTHIHRIX
¢yurmuit S, ecnim f ecth 3HaueHue (OHEPATOPHOTO) TepMa,
3aIECAEHOTO C HOMOINBIO ONEePaToPHEX cuMBoioB R, M, §°,

TOpeMEeTHLX CHMBOJOB 0, 8, In, Tpocrefimmx ¢yHkmui m
TIPEIMETHEX CEMBOJOB A cbymcn;lm w3 cucTeMH &,

Yacrrumas GyEKUms f 11a3HBaeTCH YACTHIHO PEKYPCHB-
HO#, eciim oHA ABISETCH 3HaUeHmeM (omepaTopHOTO) TepMa,.
3aMCAHHOTO C TOMOIELIO OmepPaTopPHHX cmmBosoB R, M, §*
W CEMBOJIOB 0, 8, In, mpocrefimumx Gymrmumi.

W3 yra3aHHOTO OCHOBHOTO ONPEAENeHUS HeHOCPENICTBEHHO
BHITEKAIOT CJIeEYIOIHe CBOMCTBA OTHOCHTENBHO YACTHIHO
PEKYDPCHBHEIX (QYHRImIA.

1) Kampas sacreaaas QYHKIUS, IPUMATHBHO PEKYPCHB-
Hasg OTHOCHTEJIbHO cucTeMbl (YHKOumi &, SBIgeTCH ¥ YacTHy-
HO peKypcuBHOH oTHOcmTenbHO ©. B wacrrOCTH, BCe mpmME-
THBHO PEKYPCHBHEIE (YHKOIWE YaCTHIHO PEKYPCHBHEL.

2) Hiacc 9acTHYHO PeKYPCUBHHX (YHKINA IMupe Kiacca
OPOMETHBHO PeKYPCHBHHX QYHKIEA, Tak KaK BCE IPHMATHB-
HO peKypcuBHble (YHKIEE BCIOAY ONpPeNedeHH, a cpegn
9aCcTHYHO DPEKYPCHBHHIX (YHKOuil BCTpEYaloTcs W He BCIOHY
ompefeneHHbe (YyAKNwWm, HanpuMep ¢yEKRmEE Sg 1, 87,
a TaWwKe HArge He ompefeseRmAas (QYHKIEHL

fl@) =up,(@+1+42z=0).

3) Omepanmum IOACTAHOBKYW, TPHMETHBHON DPEKypCcHE H
MEHAMU3AMUA, HDOH3BeJeHHEe Hal (YAKOHAME, YACTHYHO
PEKYDCUBHBIME OTHOCHTEJbHO cuCTeMH &, MaioT B pesyibTa-
Te QYHROHAN, CHOBA YACTHYHO PEKYPCHBHLEIE oTHOCHTENbHO .
B uacrmocTH, Kaskami (QYHKIUDOHANBHBIE) TepM, 3aIiCaH-
HBIH ¢ HOMOMBIO COMBOJIOB GYHKIONHA, TaCTHYHO PEKYPCHBHHX
orHOCHTeNbHO &, I IPEAMETHHIX MmePeMeHHHIX Ty, . . ., L,
npefcraBiser QYHKOEIO OT &y, . . ., Zp, YACTIYHO PEKYPCIB-
HYI0 oTHOocHTEIbHO &,

Yike m3 mMPUMEPOB, HPUBEIEHHHIX B I. 2.2, BIIHO, 9TO
MHOTIE YOCI0BHe QYHKIII HPAMITIBHO PeKYPCHBEL. YToGH
TOJYYATH LHePBOE, I'PYyGOe HPeNCTABICHHE O CBI3E MERLY
UPEMATEBHO PEKYPCUBHEIMII ¥ YaCTHIHO PEKYPCIBHBEIME
QYHRINAMEA, BBEREM CJENYIOMEE HOHATIS.
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Xaparmepucmuueckol @ynryuell ¥, KaKOTO-BEOYIb MHO-
;KeCTBA HATYPAINbHHEX " umcel A Has3mBaeTcs OFHOMECTHAS
¢pyuxnms, papras 0 B Toukax MHOecTBa A w paBHas 1 B Tou-
Kax, He mpumHamaesxamux A. Jacmuunoidl rapakmepucmuue-
croll pynkyeli MEOKecTBa A HasHBaeTcs QyHKUEA, paBHasg 0
B TOIKAX MHOKeCTBA A m He OIpefeleHHAs B TOUYKAX, He HPH-
gagiemamux A.

Hanpumep, xapakTepucTadecKas QYHEROHA HYCTOTO MHO-
jKecTBa ecTh GYHKIuUA, paBHas 1 A1a qi06oro 3HAUEHHS apry-
MEHTa, 8 9acTWIHAsg XapPaKTePHCTHUECKAs QYHKIHA HYCTOTO
MHOKECTBA eCTh HETTe He onpenesieHHas QyEKOEA. Boobme
JeTKO DOHATH, YTO XAPAKTEPHCTHUECKas & TaCTAYHAS XapaK-
TepECTHUYEeCKas (QYHKIEE COBIAAAIOT JEIMbL 1A MHOKECTBa
BCeX HAaTYpPaJIBHEIX Ymcel.

MHuoskecTB0 HATypanmbBEHEX umced A maswBaeTcs npumi-
MUBHO DEKYPCUBHBLM, ECIE €T0 XaPaKTePHUCTHICCKAT QYHKIHS
OPEMHOTHBHO peKypcmBHA. MHoKecTBo A HasHBaeTcs ua-
CIMUMHO DeKYPCUBHELM, eCIE €T0 YaCTHIHAS XapaKTepPHCTHIe-
cKasg QYHKOUS 9aCTHYHO PEKYPCHBHA. AHAJIOTWYHO OHpeEne-
IAI0TCA TOHATHS NDPUMUMUGBHO DEKYDPCUBHO0 B HACTMUYHO
DPEKYPCUBHO020 MHOMKECTB OMHOCUMELbHO CUCTEMbL HYHK-
yuii S.

Ioxaskem, gr10 EKascdoe (ommocumenvmo) nNPUMUMUBHO
DEKYDPCUBHOC MHONCECNBO A848emes (0MHOCUMEAbHO) LACTRULHO
perypcuersim. [ehcTBmTeNBHO, HYCTH Y () — XapaxTepm-
croveckas (YHKOUA KaKorTo-BmOYAh MHOKeCTBA HAaTypalb-
aeix gmcent A. Torma ¢yurmms Y« (), onpenenseMas paBeH-
CTBOM :

% (2) = 0 — % (2), (9)
Oynmer gacTmaHO# XapAaKTEPICTHICCKOH yHKIAEH MHEOKECTBA
A. Tar rax omepamus BHYATAHES TACTHIHO PEKYDCHBHA,
To 103 dopMmyas (5) ciaemyer, 4To QYBKOEA Yu (L) TaKmKe
TaCTHYHO pEeKyPCHUBHA,

Heranrroe naydeHme CBOUCTE YACTHIHO PEKYDPCHBHEIX
bynrmmi cocraBaszer OeHTPAJBHYIO 3a0a49y TeOPHE DEKYpPCHB-
HEIX pyarnmit. Ouo Gymer nposemeHo B raase 11I. B wrage-
CTBE IPeXBAPHTENBHOH HHPODPMALHE O CBOMCTBAX TACTHIHO
PeKYpCHBHEX (YHKOHIT MOKeT CIY:KOTL CJAEKYIOMAas 0de-
BUIHASN

Teopema 1. Hyems | (xr) — wakaa-nubyde npumu-
musrHo perypcusnas Pynryus u A — npoussosvHoe npPUMU-
MUSHO pekyPCUBHOE MHOKCeCNE0 Hamypasvhulx duces. Tozda
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yacmuunas PYHEYUS fq (T), onpedesennas Ccxremou

fo(@) {= f(z), ecau T€ A,

He onpedeaero, ecau ¢ A,
A6ASEMCS, LACTMUYHO DEKYpCUSHOLL.
B caMoMm pese, mo ZOKA3aEHEOMY BHIIE YaCTHIHASN XapaK-
TepuUCTHIeCKas QYBKOEI Yy (z) MHOEecTBa A dYaCTHIHO
pexypcmBra. M3 cxemrl (6) BHITekaer, 4TO [ANA BCEX 3HAUE~

BEA T
fa (@) = f () + %a (@)
w, 3EAYAT, QYHKOHUSA fq () 9aCTHIHO PeKypPCHBHA.

Teopema 1 maeT BOSMOKHOCTH CTPOUTH MHOTOUUCHEHHEE
OpEMepH YacTHIEO PEKYPCHEBHHEX QYHKIWH.

IloBEsaTHe UYAaCTHIAO pPEKYPCEBHON (YyBKIWE — ONHO U3
THaBHHX IMOHATHH TeODWH ANTOPHTMOB. JHAUEHHE ero YiKe
OBLI0O YKa3aHO BO BBeJeHHWE. HPATKO TOBOPsS, BTO 3HAYEHUE
cocront B cuegyiomem. C oIEOH CTOPOHE!, KAXKIasa CTAHIAPTHO
3alaEEas, HAIPUMEp, IOCPEACTBOM YKAa3aHHOTO BHINE omepa-
TOPHOTO TEpMa YACTHYHO PEKypcHBHAA (QYHKIWSI BEIHECIAMA
OyTeM oIpeeleHHON MpomenypH MeXaHWIeCKOTo XapaKTepa,
KOTOpas HeCOMHEHHO 0TBeYAeT HANIeMy HHETYHTABHOMY Ipef-
craBiermio 06 amropurMax. C gpyroil cTopoHBI, Kakme OH
KJACCH TOYHO 0YeDUeHHHX (aJTOPHTMOB» [0 CHX HOp QarTm-
YeCKE HHE CTPOMIWCH, BO BCeX CJHYYasaX HEH3MEHHO OKASHI-
BaNOCh, YTO YHCHAOBHE (YHKIWW, BHYUCIEMEIE IOCPEICTBOM
AQATOPUTMOB BTHX KIaCCOB, OHIE YACTHIHO PEKYPCHBHEIMH.
IMoaToMy BEAe 00menpEEATOR ABIAETCA CIETYIOMAST €CTeCT-
BeHHOHAYYHAA THIOTE3d, 00KIHO QopMyImpyeMas Kak

Tesmc Yépuaa. Kaacc areopummunecky (uaw ma-
WILHHO) BBMUCAUMBLE LUCTRUSHBLE YUCA08EIT Y HEYUL cosnadaem
C KA4OCCOM 8CeT HUCMUYMO DeRYPCUSHBLL GYHKYUL.

JTOT Te3HC JaeT aTOPHTMAYIECKOE HCTOAKOBAHNE MOHATHS
YaCTHYHO peKypcuBmEold QyHEKmuu. HecKonbKo ciIokEee Ael0
00CTONT C ICTOMKOBAHEEM. MOHATHA YaCTHIHON PEKYpPCHBHO-
CTU OTHOCUTEIBHO 3afaHHOd cmeremsl Qymrmmi S. Taxoe
HCTONKOBaHEWE OHIIO0 BOEPBHE YKa3aHO 1hIOpHHETOM. [us
OPOCTOTH HPENIoN0KHEM, 9To cicremMa & cocTomT JHIIL H3
onmo#t ¢ymrumum A (r). Ecam 3madeHms sT0H QYHEKIWE BH-
YHCAEMEL IOCPENCTBOM HEKOTOPOTO ajropuTMa u, 3HATHT,
BBEAY Tesuca Uépua QyHKmEs A (z) 9acTAIHO PEKYDPCHBHA,
TO KOKAad QYHKOms f, YaCTAYHO PEeKYPCUBHAA OTHOCHTENb-
HO h, 6ymer mpocTo 4acTE4YEo peKypceneHoil. Ecan 3amammas
$yHKONA /i He ABISETCS TACTHIHO PEKYPCHBHOH, TO €MAHOTO

(6)
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AJTOPETMA JJIS BEMYHCICHWS TPOUSBONBHOTO 3HAUCHHA HyHK-
puE 4 HeT, W BHYHECIHTh KaKoe-HEOY[b 8HaUeEme QyRKIUE
h (z) — BT0 MareMaTHIECKAd opobaema. Ilycts Temepsr mam
zamaEa Kakag-EEOYNh QYBKOES f, YacTHIHO DPeKyDPCHEBHAS
OTHOCHTEIRHO %. ITo 3HaumtT, UT0 GYHKOIES [ MOkeT OHITH
npesicTaBleHa B BEJe 3HAUEHHs OUePATOPHOTO TepMa, Comep-
;RAMeTo cEMBOJI QYHKIUE /2 ¥ CEMBOJEH npocTeAmux QyExmuii.
ME OpenmoJ0/RAM, 9TO BTOT TEPM ¢ HaM H3BeCTeH. B TakoM
ciIydae, IpocMaTpEBag ompenedeHms omepammir R, M, S§°,
JeTKO yOemmaeMecss, 9T0 BMeCTe C TePMOM 4 OHepefeleH H
QJITOPHTM, KOTODEIH MO3BOJAET BHYHCIATH 3HAYCHHS (YHK-
HUE [ npu ycaosuu, wimo Mel MOJMCem HaAXOOUMb me 3HaueHUSs
pynryuu b (IyTeM pelleHHs COOTBETCTBYOIIEX IpPOGieM),
KOMopuie YKA3bIBAEM GA20PUMM.

ToBopsarT, uTo QYBEROEA [ @420 pPUMMUNECKY BBUUCAUME O~
HOCUMesbHo PYHEYUL A, eCHE CYMECTBYeT aXTOPHTM, MO3BO-
AAI0muA BHYACAATH 3HAUeHms QYHEKOuE [ OPE YCIAOBHE, UTO
MHL MOK€M HaXOAWTh Te 3HAYCHHS (YHKOHHE /2, KOTODPHE yKa-
suBaloTess anroputMoMm. Ilpw sToM 3Hademws QYEKOED A,
meobxonuMEle Ha 6oJee MOBMHEHEX Marax AATOPHETMA, MOTYT
3aBWCETh OT 3HA4YeHn# A, TpeGOBaBMEXCA Ha IPENEYIIHAX
marax ajJropmTMa.

10 ompefneleHWe OTHOCHTENbHOH AaNTOPUTMUYIECKOH BHI-
YHCIEMOCTH, KOHEUYHO, He moxHoe. CMEICH ero B3aBHECHT OT
TOTO, KAKOM CMBICJ MH BKJIQHBAEM B IOHATHE 00KIEOTO (He
OTHOCHTENLHOTO) aJdTOPATMa, U APYrEX ofcrosrenscTs. Hak
I HOHSATHE aJTOPHTMA, HOHATHE OTHOCHTEJBHOTO AJITOPHETMA
MOJKHO YTOUHATHL pasamumbiMu cuocobamMu. OmHako mpu BCex
PaxTmyeckr WCIPOOGOBAHEHX YTOYHEHHAX OKABBIBAIOCH, 4TO
OTHOCHTENHHO BHYHCIAMEIE QYHKIUE ABIANECH OTHOCHTENH-
HO wacTWYHO PexypcuBEEME. [losToMy mo amamordm ¢ Tesd-
coM Ugpua oOHYIHO TpHAEMMAETCS B KA4E€CTBE €CTECTBEHHO-
HAY9YHOM THMOTE3H H

Tesnme Towpunara. Kaacc gynryui, aszopummu-
UeCKU BBIMUCAUMBIY OMHOCUMEAbHO Kakol-aubo @yunryuu h
(wru kaacca Pyuryuii S), cosnadaem ¢ EAACCOM HACTRUNHHT
PYnryuil, wacmuuno perypcusnur omuocumervno h (coomeem-
CMEenHo omrocumesvHo cucmemdt S).

W3 tesmca Triopmara smTexaer rTesuc dépwa. O6parmoe,
HO-BAAEMOMY, HeIb3s CUYHTATH CIPaBELIHBEHM. HKomedHo,
37TeCh peub MEET HE O CTPOTod HOTWIECKOH B3aBHCHMOCTH,
& CKOpee 0 3ABHCHMOCTHE B HEKOTOPOM (PHIOCOPCKOM CMEICIE.

2.4. Obmepexypeusane ¢ysxnmn. Hax yike rosopmiocs,
AIA RayRA0¥ 9aCTHIEO DPEKYPCHBHOH QYHKOWH f CymecTBYeT
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MeXaHWIeCKHN IIpomecc, TOCPEACTBOM KOTOporo Hlofoe Ha-
TypalabHOE YHCIO & NepepabaTiiBaerTcsi B 3HAUIeHHe [ ()
$ymrmEr f. ITOT HpomecC NPOXOIIKAaeTCs OeCKOHEYHO, He
maBasg OKOHJATEJIBHOTO Pe3yIhTaTa, TOINA W TOJIBKO .TOTAR,
KOTrMa 3HaueHwe QYHKIUHE f B TOUKE £ He ONPENeNeHo. TaKuM
06pas3oM, BCIOKY ompeXeleHHEe TaCTHYHO PeKYPCHBHEEIE QyHK-
OUE — 3T0 (YHKOHM, OIS BHYACICHHSA 3HAUYCHUHA KOTOPHIX
CymecTByeT aJAropuTM, oOpHBalomuiica 4dYepes KOHETHOE
Y@ECI0 IMaroB mjas J060T0 HAYAIRHOTO WHCIA. ANTOPHETMEL,
KOTOpPHe mepepabaTeBaioT Ji06oe 3aJaHHOE YUCIO0 B OUpeRe-
JeHHOE UHCJO0, MIPAIOT 0COGYI0 POJIh B TEOPHWH AJITOPHUTMOB.
BMmecte ¢ BEME ocofoe mONOsKeHWE B TEOPHE DPEKYPCHBHEX
¢yBKOEA 3aHEMAIOT ¥ BCIOAY OUpeAeIeHRbe JaCTAIHO PEKYD-
cuBHEE QYHKIHHE.

Crenyiomumit crioco0 mOIydYeHHST BCIOLY ONpEReNeHHEIX
YACTEYHO PEeKYpPCHBHEX (yHKOHE BmosHe oueBmaeH. Omepa-
AT MOAEMA3AIHNEA, BBEIEHHA B U. 2.3, CTABAT B COOTBETCTBEE
TI000# 3amaHAOl QYHKOUE f OUpeIeNeHHYI0 TacTHIHYI0 (yHK-
om0 M f. BeemeM Temeps elle oqHy Omepamzio, KOTOPYI® Bpe-
MeHHO OynmeM oGosmaZarh cuMBOJIOM M° w HasHBAThH cna6on
MEBEMHA3anuel. o ompemeleHdo MOJOKEM

MY = My,

ecnm ¢pymknusa M f ciony onpefenera. Ecau sxe ata QyEKnEa
olpeNenena He BCIOLY, To 3Eauenme M 'f Gymem camraTs Heom-
DPefeJeRHEM.

QyaxnEE, KOTOpHE MOMHO NOJYIATh H3 NOPOCTeRmEX

dyEEOUR 0, 8, I, KOBEUHHIM YHCIOM OIepParnmil JOACTAHOBKH,
OPAMATEBHOA PeKYpPCHHE u Ci1aboi MEHEMU3ATHH, HA3HBAIOTCA
06wepekypcuBHELMU.

Tar xax omepanmm R, M’ §° BHIOIHeHHEE HAJ BCIOLY
onpeneIeHEHbMA q)yHKunmm, ‘6o HITYETO He AAI0T, ambo
TaIOT CHOBA BCIONY oupefeleHHHe QYHKIAH, TO BCe o0ujepe-
Kypcusuwe Pynryuw 6cody onpedesens.

G pmpyrofi cTOpOHEI, ecIE pe3yIhTAT OmepanmE Ciaadoii
MUHIMHO3ATAN ONpefesleH, TO OH COBHALET ¢ pPe3yJAbTaToM
omepanmm oberamoi Mmamvmzammn. [lostonmy Bce o6wepe-
EYpCcusHyie PYHEYUL A8.1910MCS 8CI00Y 0N PedeseHHBMLL YACTUY-
HO DerypPCUSHBMU GYHKEYUIMU.

O6parroe Toske BepHO: Kaskfas BCIONY ONpefeleHHAS 1ac-
THOYHO PeKypCcHBHaA QyEKONA obmeperypcuBra. OMBAKO 3TOT
PesyiIbTaT ABISETCA CIAEHCTBEEM JOBOIBHO TOHKOHN TEOPEMEl,
kxoropas OymeT morasada jumb B U. 6.1. SameTuM DoKa, TTO
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cOTMACHO OMpPENeJeHNI0 KayKAas NPHMHTHBHO DPEKYPCHBHAS
PyHROUS ABIAETCA 00IMEPeRYDCUBHOM.

B n. 5.2 6ynyT nocTpoers o6mepexypcuBHaEe QYHKIUM, He
gBIAOMUECT TPUMATHBHO PeKypcumBHEIME. TakmMm 00pasom,
Kace OOMEepeKyPCEBHEX (YHKIHEE IMupe Kiacca HPHMUTHB-
110 PeKYDCHBHHX QyHKImH.

HpaEreps! ¥ 3aga4u

1. Omepanis HOACTAHOBKH OXEOMECTIOfN (YHKIWE B OfHOMECTEYIO
(hYEKIAIO faeT CEOBA ORNOMECTHYIO QYHKImIO. JTy omepanuio MEH 0y-
menm ofo3EaTaTh CIMBOJOM %. Takimy 00pasod, IO OIPENEIeHHIO

fxg=82(f g,
(f = g) (z) = { (g (z))-
Omepanus # accOUWATHBHA, HO He KOMMYTaTHBHA:
fa(geh)=(f=g)h,
§ % Sg =88 * 8.
Tlokasarb, uro pis nloGofi ommomectHOI (PyHKumuU f
I%*f=f*1}, Flafsfl=f21

; = 1 7L
Ecau f-! Beiogy ompepenema, to f# ' = I;. Ecinpupamesne [~ (z)
oupepeieno fAf HEKOTOPOTO z, TO

(f*f1) (2) = =

[Toxasarb, Yro CyHIECTBYIOT OFHOMECTHBIE (YyHKIUY f, [IA KOTOPHX f~1
BCIOAY ONpefeleHa U B TO JHe BpeMa [l f<& Ii.
2. Ina pBymecTEHX (yHRumil BBORUM Oolepanuio T, HONArTas

f (@ y) =1y, 2).
Onepanua T ygoBieTBopser CHEAYIONIM COOTHOINEBHIM:
£ =8 I3, I3),
wx (f (2, y) = 2) = (M[%) (y, 2).

3. Ecnn r — BemecTReHHOE 9ImCjao, T0 cuMBolioM [z] Gymem o6o-
3UAYATh EAYIO YacTh &, T. €. HauGombiee Hesoe TIicaIo, e TPeBocxons-
uiee r, Tlokasath, uTo (QyEKmUA

q(2) =z — Ly 2
VEOBIeTBOpHET COOTHOINERIM
Q1 2z =224 2z, q1QRr+1)=122+ 4+ 2.

_ 4 TIyerp § — MHEOKeCTBO Beex dacTHUHEY GyEEOmi ma N ot mo-
UOTO 9Heaa HepeMCHERYX. PaccMOTPIM TacTHIRYIO airebpy

9 =< M, R,S2 83 ... 5.
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OcHoBHO® OmpefelieEre TACTHYHON PEeRYPCHBHOCTH flaeT! cOBOKYIHOCTD
BeeX UACTHYHHYX (yEKui, JacTHIHO PEKYPCHBHHEX OTHOCHTENbHO 38-
LAaHHON cifcTeMbI YacTHyHKX QYHKOuI &, ecTh mopairefpa asre0Ops ¥,
nopoxierHas B U cicreMoil &, IZ:Z, 0, s.

OGozEadnM uepes §; COBOKYIEOCTH BCEX BCIOAY ONPeeNeHHHX
QyERmEf O3 F 1 paccMOTPIM YACTHIHYI0 HOFanreGpy

Uy = <Ky;; M!, R, S 83, ...

anre6psl. 9. ' CoBoKynEOCTE BCEX OOIMepeKypeHBHEIX QYHKOHH ects
nopanredpa anreGper Ay, nopokneEEan B ; mpocredmuMy (yHROUA-
st o, L7, s.

5. MoxasaTh, 9T0 Kark{as BCIOAY OLpejelieEHas (QYHKOHA, paBHAA
HATYPaNbHEOMY THCHY @ Besfe, 38 HCKINICHNEM KOEeTHOTO YHCIIa TOTIEK,
ABJfAercs HPUMUTHBEO PpeKYypeHBmEOH. -

6. Joxasarb HPEMHUTHBEYI0 PEKYPCWBHOCTH IBYMECTHHX (yERmuit
[z/y], rest (x, y), rue [z/y] oBosmagaer (memonmoe) HacTmoe, arest (x, y) —
OCTRTOK 0T pedeEnsa x Ha y. [lo omupepeneswmio mojaraeM Takike,
a0 [2/0] = z m rest (z, 0) = =.

7. Ecin 3EaUeHHA MPUMUTHBHO DPEKypPCHBHOH, oflMepekypcUBHON
U 9aCTUYHC PeRYPCHBHON QyHKOEA A3MEHNTD JIUIb Ba KOEETHOM MHO-
JKeCTBe TOo9eK, To HoBasd QYHKOHA 6yger CHOBA COOTBETCTBEHHO HPHEME-
THBHO PEKYPCEBEOH, oOmEPeKypcHBEOR MM 9acTHIHO PEKYPCHBHOM.

8. [forasarp, 9TO HPUMUTHBHO PEHYPCHBHA KaKAasd

a) KoHeyHasg COBOKYIHOCTH YHCEN;

6) coBorymHEOCTE YHceX Bufa an -+ b(n=10,1,2,...);

B} COBOKYIIHOCTH 4uced BHEfA a-0" (n==0,1,2,...).

9. ITorazarb, 49ro 06GNacThb OUpEAeNeENA ONHOMECTHOH dacTHUHO
PeRypeuBHOl QYHHOHE €CTH MHOYKECTBO JacTHIHO perypcuBmoe. CoBo-
KYIIHOCTh 3HAUEHHE n-MecTHOV JacTHYHO PeRYPCHBHON QyHENNR ABMA-
erca YacTUYHO PEKYPCHBHEIM MHOIKECTBOM.



TIHABAI

OPUMITHBHO PEKYPCUBHBIE
OYHKINH

1 PEKYPCUBHO NEPEYNCJINMBIE
MHOKECTBA

B mepBoH monosmHEE TIABH OPOAOIKACTCA W3YUSHTE
CBOHCTB UPHMHTHBHEO DPEKYPCUBHHEX (QYHKIOHH, TOTHOE OHpe-
felleHHe KOTOPHIX yyie OHIO HAHO B mMpeEIMEeCTByIOmel raase.
Bo BTopo# mosoBmHe IIaBLl BBOAUTCA HOBOE QYHIaMEHTAIb-
HOe MOHATHE — IMOHATHE PEKYPCUBHO HEPETYHCIMMOI0 MHO-
JKeCTBA HATYDAIBHEIX UHCe] W JOKA3HBAETCA PAN CBOUCTB
3TAX MHOKECTB, COCTABJIAIONUX OCHOBY, HA KOTOPOM CTPOHT-
¢q JaJbHeRIIasg TeOpHA PeKyPCHBHHX (QYHKImi.

§ 3. UpumaruBEO pexypcuBHbIE (QYHKIIN

B no. 2.2 BBefeHo NOHATHEe NPEMHTEBHO DPEKYDPCHBHON
(GyargEE ©w HATATO HIYIEHHE CBOMCTB BTOTO HMOHATHA. Te-
neph 3yUYeHHWe CBOHCTB NPHMHUTHBHO DEKYPCHBHHX QYHKIHHA
OymeT IPOROIKEHO, IPWIeM TJIaBHOM mMedbI0 OyIer HoKasaTels-
CTBO HPHUMWTHBHOZX pPEKYDPCEBHOCTE pAma Hanbojee 9acTo
BCTPEYAIOIEXCSH THCIOBHX QYHKIHHA.

3.1. Cpepapns CyMMRpOBAaENA H MAa’KOPHPOBAHHOTO 00-
pamtennsn. Cormaceo m. 2.2 omepanmny TOACTAHOBKE M IPHAMHE-
THBHOH DPEKyPCHH, NPOU3BENEeHHEE HAJ TPEMHETHBHO PEKYD-
(IBHBIME (QYHKOHAME, Ha0T B KA4eCTBE DPe3yJbTara CHOBA
OPUMHETABHO PeRypcuBHble Qymkmmz. ME Temepnr ompemermds
elle HECKOJHKO oHepanmii, 00JafalOMUX 3THM CBOHCTBOM.

Teopesmadl. Hycmv n-mecmuos (vacmuunas) @Pyrk-
Yus. g NPUMUMUBHO DeKYPCUeHe (0MHOCUMEAbHO KAKOU-HU-
7y0b cucmenwn uwacmuunbir Pynryus &Y. Tozda np-mecmiuas
PyrEyuL [, onpededeHHAs DPUBEHCIEOM

Tn
f(T1y .oy 2n) = 2 g(T1, .oy Tnoy i)y

1=0
margee ppumumuero perypcusna (omuocumeasbro &).
lleficTBITIBAO, T3 YKA3aHHOIO0 PABEHCTBA BHITEKAET

i (.’L‘l, ey Tnen, O) =g (1‘1, e ooy Tpol, O):
iz, ..., Zpe1, y + 1) =
=/(x, . Tpr, ¥) + g @1 - 2,y + 1),
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CrenmoBarencHo, QYEKEA [ BO3SHEKAET HOCPEICTBOM LIPHMME-
TEBHON PEKYDPCHH H3 NLPEMHTHBHO pPEKYDPCHBHHX QYHEKIHH

g (xl’ o ooy Ty, O)a h (xli c e ey Ty Z/, Z) =
=z—,'—g(x1, .. -1x7l—11y+1)
H TOTOMY f NPEMHTEBHO PeKypCHBHA.

Cunemcrrme 1. Ecau n-mecmruas 6ciody onpedeseHnas
Pynryus g npumumusro pexypcusna (omuocumeavro &), mo
(n + 1)-mecmuas Pynryus f, onpedesennas cxemoi

z

S TiyeenyTpogsl)y €CAU Y < 3,
f(xl,.¢.,xn_1,y,z)= {=_,yg( 1 n-1 l) y\ (1)

0, ecan Yy >3z,

makdice npumumuero perypcusna (omuocumeavio &).
W3 cxemer (1) BugmO, uTO

(1)

f(xb- ey T, y,z)=
z Y
=(2:)g($1, sy Ty l)_‘ Zog(xl’ .. -:zn—l,i)) +
1=l 1=l

"I"g(xl’ coe s Tpag,y y)°é"§(y—2).

Tax xak omepanus —— OPEMETHBHO DEKYPCHBHA, TO B CHIY
TeopeMH 1 ¢yEKOES [ Takke TPEMATHBHO PEKYPCHEBHA.

Muorpa rosopsT, 4To ompefenennas B TeopeMe 1 dynrmusa
f Bo3mEKaeT w3 QyEKRIEA g omepamuell cyMmmMupoBarnag. Teope-
Ma 1 03Ha9aeT, 4TO OMEpamEs CYMMEDOBAHUSI, TIPOE3BEeHHASL
HaJl TPEMOTEBHO PEKYDPCUBHON (QyHKImeH, HaeT CHOBA IpH-
METHBHO PEKyDPCHBHYIO (YHKIZIO.

Canegcrsue 2. Ecau g, h, k — npumnumusno pexyp-
cuenvle gynkyuu, mo gynkyus f*, onpedesennas coomuouie-
HueM

F@Ey...,z)=_ 2  g@y..., %)y (2)

T=h(xy, ooy Xy

makdce NPUMUMUGHO DEKYDPCUBHA.
@opmyna (2) pasHocHIbHEA (opMyie

j* (xl’ ML ] J’:n) = f (xla LIRS xll-lihyk)i

rae [ — ¢ymruus, onpefeiaersas cxemoii (1). Tax rak f, &, &
OPEMHTHBHO PeKYPCHBHH, TO f* TaK/Ke TMPHMUTHBHO PEKYD-
CHBHA. :

Anajsorngeo Teopeme 1 [ORasEBaeTCA I
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TeopewMa 2 Eciu n-mecmnas Gynkyus ¢ nPUMUMUEHO
pexypcusna (omruocumeavno cucmemst gynryuli S), mo n-mecm-
Has GyHEYUS, onpedesennas Gopmysol

*n

flxe .oy Zagy ) = H g(T1ye .o s Tnopi)y”

i=0
makace NPUMUMUEHO perypcuena (omuocumesvro S).
B aroM cayuae ToBopsT, uTo QYHROEI [ (Zy, . . ., L)
noxysaerca u3 QyHEnuE g (zy, . . ., T,) omepammed MyIBTH-

WIRHEPOBAHAL,
IlorasaTeILCTBO BBENY €r0o NPOCTOTHI MBI OMYCTHM.
Hamee gacTo 6ymer BCTPeIaThCA TaK Ha3EBaeMoe KYCOTHOE
samaHde (QYHKOUE. 3aKiIodaerca oHo B cilegyomeM. Ilyers

3a/laBEl HEKOTOpHe QYEKOEE f; (2, ..., %,), ¢ =1,...
... S+ 1, 7 yKasaHH Kaxme-10 ycaoBuA Pj (T, ..., L)
G=1,...,5), koTopHe mua mo6oil CECTEME YECEX I, . . .
.+ ., Z, MOTYT OHITH HCTHHHH HNH JoyKHBI. [lomycTEM, maiee,
9T0 HE A OFHOH CHCTEME 9HCEN Iy, . . ., L, HEKAKHe [Ba
O3 YUHOMSHYTHX YCIOBHE He MOTYT OHTh OfHOBPEMEHHO HcC-
tuEEbME. Dyrrgos f (2, . . ., 2,), 3aKaHHasg cxeMoi
fi(@1, ..., x,), ecun Py (z1,...,2,) ACTHEHO,
fo(zi,. .., z,), ecnm Py (24, .. ., T,) HCTHHHO,
f(xl,...’xn)z..............
fs(x1, ..., z,), ecnm P (zs,...,T,)ECTHEHO,
fsvr(z1,. .., ;) MIA OCTANBHBIX I1,...,Zn,

HasHBaercA @yuryuell, onpedesennoti kycounoll cxemoti. By-
ner nu QYHKOWA [ IPEMETHBHO PEeKYPCHBHOH, 3aBUCHT OT
npupons Gymkoud f; w yemosud P;. IIpocrefimmit caygai
3aBeOMO LPHEMETEBHO DPeKyDCHBHoON (QyHKmmu [ Aaer

Teopema 3. [Tycme sadaws. n-mecmmsle NPUMUMUBHO
perypcusntte (omuocumenvno &) eciody onpedescunsie GyHk-
yuu fi, ... fse1, Oq - . ., O, RPUYEM KU RPU ECKUT 3HO-
YEHUST nepeMEnHT HUukarue dée u3 GYRKEYUL oy, . . ., s 00H0-
épexnenno 6 O ne obpayaomes. Tozda gynkyus f, onpederen-
Has kycounol cremoll

fi(@, ..., zs), ecau ai (T, ..., %) =0,
(g, ..., x2,)= ' ‘ )
(#3,..5 ) fo(@a, .oy 20), ccau o (1, . .., 2n)==0,
. fsr1 (T, ... Ty) 8 OCTMQALHBLT CAYLALT,

6ydem npumumueno perypcuenoii (omuocumesvro ).
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Hlna moxasaTelbCTBa JOCTATOYHO 3AMETHTH, ITO QYHKIIHIO
/ MOJKHO TPENCTaBHTEL B BH[E

f=fisgog+ ...+ fesga, + fousg (g . . . &),

TIe sg, s-g_ — BBeJeHHEIE B M. 2.2 DPUMUTEBHO DPEKYPCHBHEE
ONHOMECTHEE (QYHKIHE.

B reopeMe 3 paccMoTpeH THIHIHEIH cayIail, KOTAA yCIOBHA
P; mveror Bux o; = 0. Tak Kark ycIoBHA BHAA

o; = By, o < Py o <Py (3)

PaBHOCHILHE COOTBETCTBEHHO YCIOBUAM
la; — B | =0, &, —p; =0, sg (Bi — ;) =0,

TO TeOpeMa 3 OCTAHETCA CIHpPaBeIEBON W B TOM CJIYIae, KOTAA
B KYCOYHOHI cxeme paBemcTBa «; = () 3aMeHAIOTCA IO IPOE3-
BOIy TpeGoBaEWAME BEma (3), Te &;, ; — DPEMHETHEEHO pe-
KypCHBHEHe (QYAKIHY,

PaccmorpEM ypasHenme

g (zy, .. 20, p) =0, (4)
nesasd 9acTh KOTOPOTO €CTh BCIOXY OIpPefeeHHAsI (QyHRIUA.
HomyctEm, 4Wro Ans KaKgeiX BSHaYeHUH Iy, . . ., L, yDaBHE-

BEe (4) mMeeT efuHCTBeHHOE pelllenme y. Torma 9To pemerwe
6yneT omHO3HAYHOM BCIOAY onpefieIeHHOR yERIEeH OT 2y, . . .
., L. Copammsaetcsa, O6ymer mau »Ta QYHEKOEA J =

=f(zy, ... %,) OPEMHUTEBHO DPEKYDPCHBHO#, €CIE JjeBad
9acTh yPaBEEHEH (4) ecTh IPUMUTHBHEO DEKYDPCHBHAA QyREKIEA
OT Zy, . . ., Zn, Y. B rmase IV 6ymer mowasarmo, ITo B o6meM

CIy4ae OTBeT HA 3TOT BOIPOC OTPHIATENeH. JTO HE HCKIIOYAET,
KOHETHO, BO3MOKHOCTIH, YTO B OTHEIABHLIX CIyIasX OTBeT OymeT
IOJIOKATE bHEIM.

Teopema 4 (0 MOKOPOPYEMHX HOSBHHX QYHKIHAX).

ITyemo g (xy, . . ., Zn, y)y @ (2y, . . ., T,) — MaKUE npuMU-
MUgHO pekypcusuble GYHKEYUL, MO YPasHeHUe
g (.121, L] xn’ y) = 0 (5)
08 KAHCORT Ty, . . ., T, UMeem no Menvwei Mepe 0dHO pe-
wenue u
Ky (g (xlv s ey xmy) = O) <o (xly Y xn) (6)
dasn mobwxr %y, . . ., z,. Toeda Pyrnkyus

f(xlv . ey xn) = U, (g (x]_’ s ooy Ty y) = O)
maryce NPUMUMUEHO DeKypCUBHL,
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@uKcnp yeM Kaxkme-HubOYAh 3HAYCHEA Zy, . . ., L, U OYCTh
a=py (g (@, ..., T, y) = 0).
PaccMOTPEM IOCIEfOBATENLHOCTh LPOM3BENEHUH
g@y .o 2, 0) gy, .z, ) g8 (T, .z, ©)
(i=0,1, 2 ... (7)

Tax KAy J¥ = ¢ eCTh HamMeHbIIee Dellenre ypasmerus (5),
TO TIePBHE ¢ WIEHOB MOCIeT0oBaTeJbHOCTE (7) HYII0 He PaBHH,
a BCe OCTAJbHEE WIeHH COMEeP;KaT PABHHHA HYII0 COMHOMIH-
Teinb g (Zy, . .., Z,, @) B MOTOMy PaBHH EHy;o. IloaroMy @3
yemoBus (6) BEITeKaeT, 4TO
Ay e ) )
a4 = {20 82 (g (Zry e ey 20, 0) oL L g (@, .., Ty, 1))

®)

BBoms npuMETEBHO PeRYPCEBEYIO (YIIKIIHIO

z
A(Z1y. . s Tpy2)= H g (x1,. .., Zpy, 1),

=0
MBI CMOyKeM Hepemucarth paBeHCTBO (8) B dopme

O(Xqy vee s xn)

f(xn, ..., z,) = D sgh(zy, ..., 2, 0).
i=0
B cuxy reopem 1, 2 orcioma ciemyer, 9To QYHKOEA f NPUOMHA-
TIBHO PEeKYPCEBHA.

.2. HpnvarusEas peKypCHBHOCTD HEKOTOpPBIX apume-
THYecKnX ynrpmii. [Ipm moMomu H3NOKEHHHX B IIPEIBIAY-
meM nydxTe o0mmx TeopeM TelePh MOKHO JEeTKO MPOBEPHTH,
910 00LIYHEIe apudMeTHIecKie (YEKIAH, CBA3aHEHeE ¢ OTHOIIe-
HOAMII {eJEMOCTH i MPOCTOTH BATYPAIbHEIX YHCEN, ABIAIOTCH
NPHMETIBEO DPeKyPCEBHEIMI,

Haurexr ¢ wacTroro m ocraTka oT qeleHAA THUCIA £ HA THCIO
Y, roToprie Gymem ofosmauars wepes [z/y] u rest (z, y). Yro6er
MMETE [IeJI0 ¢ BCIOLY OTpPefeJeBHEIMI (ryBKOHAMI, KOMOIHN-
TeABHO IOJNOKEM, 9TO

[z/0] = z, rest (z,0) =z

AL BeeX z. flcmo, 4TO TAX OMpeneNeHHEEe QYHKIIN CBI3aHEL
TOHTECTBOM

rest (z, y) = z = (y-lz/y])
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W, SHAYHT, U3 NPEMETEBHON pexypcHBHOCTE QyHRuE [/y),
OymeT BEITEKATh H OPEMETHBHAS DPEKYPCHBHOCTD (QYHKIHA
rest (z, ¥).

CornacHo ompenenermio mpe y >> 0 wncio [2/y] = n ymos-
JeTBOPSET COOTHOMEHUIM

<Kzl (n 1)y
Orcioma BHEHO, 4To 7 PABHO 4WHCHY HyleH B HOclIefoBaTElb-
HOCTH . '
1y —z, 2y-=z,.., 0y —x,..., 2§ — .

IMoaromy maa y > 0 mueem dopmyay
x
[+/y]== 2. sg (iy = ). (1)
1=
Hemocpencreennass mpoBepKa IOKa3HBaeT, gro (opMyia
(1) sepra m mpn y = 0. Tak xax ¢ymxmma sg (iy = z), cTos-
masg moj 3HAKOM CYMMEI, NPEMETHEHO PeKyPCHBHA, TO HA
ocHoBamuE TeopeMil 1 sawaodaem, aro dyErmua [z/y], a BMe-
cre ¢ Hell GyEROWA rest (2, §) IPEMATABHO PEKYPCHUBHHL.
ToBopar, aro wmcao x menmres (63 ocrarxa) Ha 9HCIO Y,
nam 9ro y deaum x, ecaum rest (z, y) = 0. Beegem pyMecTEYIO
¢yaxmuo div (z, y) mosaras mo OIPemeNeHMIO

div (z, ) :{

OueBufHOE COOTHOIICHHUE

1, ecam rest (z,y)=0,
0, ecnm rest(z,y)==0.

div (z, y) = sg rest (z, y)

moXa3mBaeT, 9To QYERNNs div nNPEMETHBHO PEeKyPCHBHA.
Tlonaraem Tamske mo OUpemeIEHIIO

x
ndz = D) div (z,1). (2)
i=o

Ecmu z £ 0, 1o gexurenm wncaa z He IPEBOCXOJAT I
1l TIOTOMY KIS MOJO;RETeABHEIX 3HAUYeHNH £ gnciao nd z coBma-
HaeT C 9ICJIOM DAa3NUYHHEIX AedHTened z (BRaouas gmexo 1).
Wz dopyyas (2) BugrO, aro dymErmusa nd nNPOMHTHBEO PEKYP-
CHEBHA.

B apmdyernre HaTypanbHOe TOCA0 T BABHBACTCI NRPOCTIbLM,
eCcJIH OHO HMEeT TOYHO 2 pa3imuHEix fAennrend. Uncro () mmeer
0eCKOHETHO MHOTO, & gmeyo 1 jgume ogpeE menmrels. Ilos-
tomy 0 m 1 — He mpocteie gncna. aa mpocreix wmcen 2, 3,
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5,6 7,... BBeieM CTaHAAPTHEE 0003HaWeHEA p, = 2, p; =
=3, ... Taxmm obpasom, p, ectb (n + 1)-e mpocroe wmcIo
B HATYPAABHOM DARe THCel.

OGosHaumm 4epes ¥, (1) XaparTePHCTHIECKY0 (YHRIUIO
cBofcTBA OHTH IPOCTEIM UucaoM. VIHade roBOpsS, NOTOKEM
xp (n) = 0 mas n mpocroro u ¥, (n) = 1 mas n HempocToro.
Tax Kax IPOCTHE YHCIA H TOJBKO OHH HMEIOT DOBHO 2 HEIH-
TR, TO

xp () =sg |ndz — 2|

W, CIe0BATENbHO, QYBRKIEA ¥, (T) TPEMATHBEO PeKYPCHBHA.
Opmoft u3 mamGoaee H3BeCTHEX apudmernaeckux GyRKOEH
ABnseTcsa QYHKOUA T (r), PaBHEAS KOJIXUECTBY IPOCTHX THCET,
e npeBocxomamux z. OgeBmmHAg (Popimyna
x —
7 (r) = 20 s Xp (2)
1=l
IOKa3HBaeT, 9To QyHKOEA 5N (r) DPEMETHBHO DPEKYPCUBHA.
Ns ompepenerns GyHKOEE 7 (£) HEHOCPENCTBEHHO Cie-
IYeT, 9To

n(pa) =1+ 1, w(2) <n- 1, ecan &< pp.

Orciona BupHO, 9T0 & = P, €CTh MEHMMAJIBIIOE PEMIEHHe yPan-
wermst 7 (z) = n -~ 1. Ilosromy

Pn=p@) = (ln@@)—(n+1)|=0).

Crogman mom BHaKoM p-omepamum ¢yHKnusa | (z) —
— (n -+ 1)| npmMurnBHO pexypcuBHa. B cmiay TeopeMsl 0 Ma-
ROPHPYeMBIX HeABHHIX QyHKmuAx (m. 3.1) mms moxasarens-
CTBa DPEMETHBHOH DPEKYPCHBHOCTH (GYHKmUE P (n) ocraercd
JUME Ba@dTH NPUMNOTHBHO PeKYPCEBHYI QyHKnuio o (n) Ta-
Kylo, 9ro6H masa Bcex n ObIo p, < & (n). V3 reopnn uumcen
XOpoIlo H3BECTHO, YTO B KadecTBe (MYHKOHU ¢ (1) MOKHO
B3aTH 22",

B cayom meme, TpeGyiomeecs HaM HEDPABEHCTBO

Pn << 2" 3)

3asefoMo mermEHO mpE n = (. Ilo MENYKOHEA patee mpen-
monaraeM, 4To HePaBeHCTBO (3) ICTHHHO A BceX BHAUSHII
n, MEHBIINX HeKoToporo wmciaa § -~ 1. Jowasker, wro (3)
UCTHHHO O Mist n = § + 1.

ITo mpeamono:kenmio mMeeM

PPy« .. ps 1 L 2 d® g g <L 2,
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Ymeao ¢ = popy . . . ps 1+ 1 Oolpmie emuHHUOEl & LOTOMY
MOIKHO EMETh KaKOH-TO MPOCTOH MeNUTeNb P, ITOT EEAUTEHRD
HE MOKeT COBIAfATh HE C OHEM U3 IPOCTHX THCEN Py, P1, - - -
..., Ps, TAK KaK TIpu [geleHHE 4mCIa ¢ Ha Jio6oe M3 THUCEN

Po> P1, - - -» Ps Hoaygaercsa ocratok 1. Ho Bce mpoctee ame-
Ia, He DPEeBOCXOMIAMHe P, COIEPIRATCI B IOCIEq0BaTeIbHOC-
T Do, P1y - - -y Ps- QHCIO p, B Hee He BXONHET ¥ LOTOMY

Dss1 << Pre Tak Kax p, < @, TO
Pon <a << 2

970 W TPe6oBaNOCH.

Virar, mepaBenctBo (3) moKasamo, a BMecTe ¢ HIM [[OKa3aHa
¥ IPEMHETEBHEAT DPEKYDPCHEBHOCTH (GYHKIHE P (T) = py.

BremeMm eme opEy Ba/KEYIO AJA falbHEHIIEro (YHKIEIO.
Aty ¢ymaxnuio GymeM o6o3HaTaTh uepes ex (z, y) wiam, CoOKpa-
MEBHO, eXy) W Has3HBAThH KCNOMEeHmMol YuCiIa P, B THCHE Y.
Ilo ompenenenmio mpm y == 0 mojaraeM ex, § PaBHHM IOKa-
3aTedI0 HAWBHICIIEH CTeNEHN IIPOCTOT0 YHCHA Py, HA KOTOPYIO
menmrea y. Has y = () momaraem mo ompemesieHmo ex,;0 = 0
nas Beex smHauenwmit x. Hampmmep,

exo8 =3, ex;8=0, exo0=0.

Hasxmoe maTypanproe 9mcio n > 1 MOKHO OfHO3HAYHO
OPeACTaBETh B BYje NPOE3BENEHHSA

a a< . . N
n=p?°pi:...pi; (a; >0, iz <iz<...<ig)

IOJOMKEUTEIABHHX CTemeHedl pPasImgublX HPOcThx gumcex. Or-
CIOfa B CHIY OUPEemeeHES QYHKOUE eX IoIyuaeMm

€Xj, n = g, . . ., €Xj N = Qg

.

u ex; n = 0 @71 Bcex 3HAUEHEHA i, OTIAWYHHX OT iy, . . ., iy

Uro6H goKa3aTh IPEMHTEBHYI0 PEKYPCEBHOCTH QYHKIUN
ex (z, y), CHOBa BOCIOJIB3yeMCH TeOPeMOH 0 MasKOPHPYeMo#
mesBHoU QyHKmua. Ilo ompenenenuio ex (z, y + 1) ecTp mam-
foJblIee 3HAUEHNE U, JJS KOTOPOTO pr €CTh AeauTens y - 1.
ITosToay MOKHO yTBep/EAATH TaK:ke, 410 ex (z, y + 1) ects

U+
HamMeHbINee 3HAUEHHNE U, AJIA KOTOPOTO Px ! e memmT y+1,
TO €CTh ;

ex (z,y + 1) = py (sgrest (y + 1, pi) = 0. (4
OyuknEa py = OPOMITHBHO PEKYPCUBHA H, KPOMe TOTO,
ex(zy+1)<y+ 1 ®)
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B cmay YUOMAHYTOH TeoPeMBl 0 MasKOPEDYEeMEIX HesBHBIX
pymrunuax w3 (4) m (5) cuenyer, aro ¢pymkmus ex (z, y + 1),
a ¢ mewo # ex (z, y) = ex (z, (y — 1) + 1) npummrEBEO pe-
KYDCHBHBI. ‘

Haxomern, paccMoTpEM eme (GYHROHIO

q (@) =z=[VaP,

rie cEMBOJIOM [2] 0603HAUAeTCs Hedas 9acTh BEmEeCTBEHHOTO
qmesa Z, paBHAA HAWOOABIMEMY HeJIOMY WHCTY, HE IPeBOCXO-
namemy z. Umeno g (r) HasbIBAETCS K6adPAMULHBLM 0CTAMKOM
qrcaa z. OHO PaBHO PACCTOAHHEIO OT x [0 GamKaiilero cieBa
TOYHOTO KBajpara. _

PaserctBo n = |}/ 7] pPaBEOCHIBHO COOTHOIIEHHIO

<z < (n+ 1)?
rie n — HaTypaiabHOe 4ECI0. TakmM o6pasoM,
[Vl = pe (sg (¢ + 1) = 2) = 1)

 smecre ¢ tem [V z] << z. Ilo Teopeme o Ma)KopEPYeMoH He-
ABHOY QYHKOEU 0TCIONA CHENYeT, 9T0 (QYHKIUI [)/x_] IpuMET-
TEBHO PeKypCUBHa. BMecre ¢ HEI0 IPEMUTHABHO PEKYPCEBHON
segerca u GymErnma ¢ (r) = z = [}/ z]°. Amanormassm 06-
DPa3oM [JOKa3EIBAeTCA HIPEMHTHBHASL PeKYPCEBHOCTH (OYHKIEE

[V 2] u mmormx Apyrax apufMerHIeCKHX QYHKIHI.

Perypcuell masriBaeTcs Taroil cmocol 3amaHmaA QYHRIAH,
OpE KOTOPOM 3HAUEHHS OmPefelxseMoil GYHKOUE AN IPOH3-
BOJIBHEIX 3HAYCHWH apTyMEHTOB BHPAyKalOTCH W3BECTHHIM 00-
Pa3oM Uepe3 3HAUEHES OIPefeNseMoll (YHRIUE JIi MEHBIIAX
BHAUCHHH apTyMeHTOB. IIpUMUMUSHAS PpeKypcus SBISETCS
ONHIM H3 MPOCTeAMuX BHEAOB 3THX Ooyee 00mMuUX DPEKYpPCHH.
Bouxee ciaoskmrre pexypenu 2-it crymenm 6yayT paccMoTpDeHLI
B clemylomed riaBe, a 3MeCh MB XOTEM B KadecTBe HpIMepa
Ha IPWIOKeHHEe BBENEHHLIX BHINE apudMeTHIeCKUX yHKOHA
paccMoTpeTh TaK Ha3HBAEMYI0 BO3BPATHYIO PEKYPCIIO, JETKO
BhIPaKaeMyl0 4epe3 OOBYHYI0 OPHMOTHBHYI0 DPEKYDPCHIO.

npegedernne. Hyemv o (), ..., as (z) — eto-

9y onpedesenrvie fynryuu, YyooeaeMeopaIOWUe DA% 8CET SHANE-
HUL X yeaosuanm

aiz+)<<z E=1,...,9). (6)

r o0gopam, umo gynkyus f (z1, . . ., Tns1), nOAYUaEMCS 8036PAM-
HOU perypcuel us @ynryull g (Ty, . . .y Tn), h(Ty, . . ., ZTn,



58 TJI. II. PEKYPCHBHEIE OYHKIIUTA

Uy 23y « « oy Zs) U ecnomo2amenbHsly gﬁynnquﬁ Ayy o o +y Ogy
ecal 0as 6cex 3Ha4eHUll NEePEMEHHBIL X1y o » «y Iny Y
f(mla « ey T, 0) = g (xl’ ey xn)1
f(xn---,xn,y+1)=h(x1,---,$my, (7)
Flay . oozma@+1)),..f @@L .0 T &y + 1))

Hax = B cryyae mpEMATHBEON PEKYpPCHE, JTeTKO KOKA3H-
BaeTCs, 9T0 [AJA MIOOHX GYHKOEHR g, A, o;, YIOBIETBOPAIOIHIX
BEICKA3aBHLIM B ONpefeleHr: YCIOBHAM, QYHKOHA f, yAOB-
nerBopsaiomas TpeGoBaruaM (7), CymecTBYeT ¥ efHHCTBEHHA.
Bouaee Toro, sepra ciegyromas

Teopema 1 (o moseparmoit pexypcum). Dyuryus f.
eosnukaowas us ecdy onpedesennsiz Pynkyuli g (zq, . ..

v Zn)y RA(Zy o Ty Yy 21y . e ey Zs) U 6CNOMOZAMENLHBLY
Pynryuil oy (), . . ., &g (), YydosaemeopsOwyur YCro8UAM
(6), ¢ nomowvio 60s6pammnotl pekypcun, mozxcem 6simd noAYLeHa
us mex ace pynryul g, k, o; U npocmetiwur FyYrkyull o, 8,
I'm onepayusamu nodcmanosku U npumMUmMuUEHOT PeKypCUL.

Waumm cioBamn, GyHEmEA [ ABAsSETCS IPEMUTHBEO pe-
KYPCEBHOH OTHOCHTEIBbEO (YHKOUH £, h, &, . . ., Os.

Ilas morasarendscTBa BBemeM HOBYI0 ¢yHKmmo F, moaarad

Y
For,...,2ny)= LI plom?, )

=0
Bemomumras ompenenenme ¢yHKmmE ex (¥, V), HEIOCDeHCT-
BEHHAO 3aKJIOTaeM, 970 i U < ¥ _
flxy .o 2nu) =X (uy F (Zys oy Tny Y))- 9)
ITo ycaormo a; (y + 1) << y. IMosToMy cooTHOmEHHE

f(xla e ey Tpy &g (y + 1)) =
=ex(a (@ +1), Fla,...,zmy) (10)

BepHO IpPH JNIOGHX BHAYEHHAX Ly, . . ., Tn, Y.
HaitneM Temepp DPUMHTHBHO PEKYDPCHBHYIO cxeMy s F.
ITpesxnme Beero, m3 (7) u (8)
B(Xyy vy xn)

F (2:1, < v ey Ty 0) = Do . (11)

B cuny (8) mmeenm Taxske

F(*1 oees Xp y+l)

Fzy .o uZny+1)=F(z, ..., 2 Y) pyu ,
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BaMeHSA B[ECH TePM f (Zy, - . ., Tn, ¥ -+ 1) ero 3HauenmeM
us (7), MOIyIHM
F(xl,...,$n1y+1)=F($1,...,-’lln,y) X

% pZSfln e X Y, Ixqy oney X o (UL, ey T{X1 oee xp, as(y-{-l))). (12)

Coormomenms (11), (12) morkro mpm momomm dopmya (10)
IpefCTaBUTh B BHE

Fry . 2y 0) =G (1, . . ., Zo),
Fzy . oontpny+1)=
=H®xy, .. T F @&, ...y,
rae
a (xl, . .," .’L‘n) _ pﬁ(x,,...,xn),
i ($1, A Z) _ Zp.{Jl(:i’ o Xy Yy BX (0 (1), 2), Leny eX(A(YHD)s z)).

TaxmM o6GpasoM, ¢yErgusa F Iolydaerca IPEMUTHBHOH
pexypcumedt u3 dyuknuid G 7 H, a dyarnug f sBEparkaerca ge-
pes F coramacro (9) dopmymdoit

f(xl’ L ] xna y) = €ex (y7 F (xl, . b} Zn, y))

Tem cammm Teopema 1 moxasama. B xawectse mpmMepa
00BIYHO TMPHBOMAT HOCHETOBATEIHHOCTD

0,1,1,2,3,5,8,13, 24, . . .,

U3BECTHYIO B TEOPHE IHCENT IIO] EMEHEM n0c4ed08amenbHOCY
Qubonauuu. KakaHix 9ieH aToH moCHeqoBaTeJbHOCTH, HaUH-
HAsg ¢ TpeThero, paBer cyMme ABYX mpempiaymux. OGosHawasa
uepes @ (n) n-it wnem mocaemoBarTensEocTE ®uEboHaTIM, IiO-
TYdImM

DO)=0 OMU)=1, Pn+2=>0 () +@n+1)

nnu

DO)=0, Pr+1)=®(@x) + O (n--1) + sgn.

UOTcIona BugHO, uTo ¢yarmua @ (n) Bo3HHKAaeT BO3BpAT-
HOIl pPerypenedr us GyEROMH
g(l')=0, h(x,y, 21’22)=Sgy+zl+22
H BemovmoraTeqbHHX (QyHKO@E

oY) =y—1, 0y =y—_2
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Tax wax Bce 5TE (YHKOUM OPUMATABHO DPEKYPCHBHEL, To
Pymrgus @ TakKe OTPEMETEHBHO PEKYPCHBHA.

3.3. Hymepanusa map m n-ok uncer. Bce mapsl HaTypadbs
HEX JUCEN MOYKHO PaCIOJO0KETH B IPOCTYIO IIOCIEI0BATENb-
HOCTh ¥ IPHTOM MHoOTEME cmocobamm. [us ompemeneHHOCTH
PaccMOTPEM ClefyOmee PACIONOKeHHe STHX Iap, KOTOpoe
MHL 6y[eM Ha3hBaTh KAHMOPOECKUM:

€0, 05; <0, 13, <1,05; <0,25, <1, 13, <2,0% <0, 3, . .. (1)

B sT0#t mocIeqoBaTeABHOCTE MaPH EAYT B MOPAKEe Bo3pacra-
HUS CYMMEL KX 9IEHOB, a E3 Iap C OJMHAKOBOH CyMMOH gie-
HOB PaHbIIe HAET mapa ¢ MeHbMEM HmepBHM uieHoM. O6o3ma-
amM wepes ¢ (z, y) HoMep maps <z, ¥) B IMOCIEHOBATEIBHOC=
e (1), npnYeM HyMepanmuio HauywHAEeM ¢ Hydsa. TakmM o06-
pasoM,

c(0,00)=0,¢(0,1)=1,¢(1,0)=2,...
Yucno ¢ (z, y) OymeM HaseiBaTh (KaHMOPOSCKUM) HOMEDOM

naps (z, y). Yepes I (n) @ r (n) 0o603HaYUM NEBHIA & COOTBET-
CTBEHHO IPaBHIA WiIeHH Iaps ¢ HoMepoM n. Hampummep,

L2y=1,»2)=0.
M= X0TEM Temeph BHpPasuTh QYHKOEAC, L, 7* yepes oOwg-

gele apafMermueckue GyErnmu. Haumem ¢ ¢yrkmnn c. ITapa
{z, y) HaxommTCsI B OTPE3KE

O,z+p, Lzt+ty—10D,...,{z, 9, ..., z+y, 0

"a z-m Mecre mocie naps {0, z + ¥>. Hepex mapo#r 0, = + y)
B HociegosarenpHocT: (1) Haxomarca = -+ Y oTpeskoB, co-
mepamux Bcero 1 4+ 24 ... 4 (z + y) map. Ilostomy

(@ y)= (x+y)(z2+y+1) +oz= (z—l-y)’il-iiz-}-y_

. 2
O6paTtHO, WyCTH
z=1(n),y="7r(n
m, caefoBaTelnbHo, n = ¢ (z, y). 13 doprmynu (2) mmeen

8n+ 1= (2r+ 2y + 1)* + 8z = (2z 4+ 2y + 3)* —
— 8y — 8.
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Orcoga BEITeKaeT, 49TO

2 + 2 +1<|V8n T+ 1< 2z + 2y + 3,

g
8 1 1
m+y-§-1<[—'/:i—';—]-+—<z+y+2.

Taxna obpasoM,

BEESIEE _
x+y+1:[_[_§_'2*:¢t_]_ (3)
CpapHuBag ¢ d)opmynofz’r (2), momyzaem

V8n4—1]+1][{1/5z?;?]+1].
(4)

N3 (3) m {4) moxysaeM aBaloTHIHOE BHpajKeHEe AIA P ().

B manpHedmmeM OymeT HY/KeH He KOHKDETHH#E BHL OPMYX
ana e (z, y), 1 (n), » (n), a ammp TO, 9TO HTH QYHKIUE BEH-
Pa;KalOTCH ¢ IOMOIBI0 IOMCTAHOBOK depe3 3ieMeHTapHEE
aprgmermaeckme Gysxmmn +, —, -, [}/, [/2].

OTMeTEM, HAKOHEN, 9YTO U3 CAMOTO OIpefeleHEs (YBKIEH
e (z,y), l (z), » (x) rax yEKOHH, CBABAHEHLX ¢ EyMepanuei
nap, BEITEKAIOT CJENYIOmEE TOIECTBA:

cl(m,r @) =ntllelzy)==zrc@y)=y (O

flcuo, uTO B3TH TOMEIECTBA HE 3aBUCAT OT TOTO, ITO PaccMaT-
pPEBaeMas HyMepamma map Kamroposa. Hampmmep, mycrs

<.’Z0, y0>’ <$1, .l/1>7 LIS ] <x71.1 yn>1 LI (6)

— Kaxoe-HEOYEb APYroe PAcHONOMKEeHne COBOKYIHOCTH BCEX
map HATYPAIBHHX YHCEI B HPOCTYI0 IOCHEHOBATEIHHOCT.
O6osmagan wepes C (z, y) Homep maps (z, §y) B IOCIeNOBa-
TeasHocTd (6) @ momaras L (n) = z,, R (n) = y,, momy-
UM CHOBAa (YHKIUE, CBJ3AHHBIE TORKIECTBAME

C(Ln), R(W)=n, LC=y)=2 R(C(zy) =(!§5

aHQIOTHIHHMI To:xkEecTBaM (5). O6paTHO, ecim Ha MHOMKECT-
Be HATYpaJbHHX 4YmCeX ONDeqedeHH KakHe-ro Qymrmmm C,
L, R, cBasamrme ToxgecTsamu (7), TO, Ha3HBag HOMEPOM ma-
PH {x,y)> wucio C (z,y), IOIyIEM OXHO-OTHOSHATHYIO HYyMe-
Panmi0 COBOKYIHOCTH HaTypaibHX unces. CGBa3aHHEE ¢ 3TOH
Hymepammell ¢yurmmm 6ynyr wax pas dysxmgmamum C, L, R,

lny=z=n-—— Z L
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C momompio HyMepamuu Iap HATYPANBHHX UHCEN JETKO
IONYYNUTHL AYMEPAalWK TPOEK, YETBEPOK M T. . HATYPAJIBARX
gucea. C 3T0d menplo BBOMEM ClAeTyIOMmue QyHKIHN:

¢ (z1, Ta, 23) = ¢ (€ (T3, T2), T3),

P (<)
CMM (T3, Ty, . vy Tnaa) = C" (€ (T4, T2), Ty, -+« Tns)y
4 O OUpefeNeHnio Iucio ¢ (zy, . . ., T,) HAB3HBAEM Kawmo-
POBBLIL HOMEPOM N-RE {Zy, . . ., Zny. Ecan
" (2, . .., Ty) = z,
To U3 TORAecTB (D), (8) momygzaem
Tpn="(2), Tpa=2rl(zx), . . ., Tes=0l...l1(z),
z1=1l...1(z). (9)
Bsonst o6osmavenus Cny (Z), . . ., Cp1 () Oiist IPaBEIX gacTeRt
pasercTB (9), GymeM HMeTH
" (Cn1 (), ..., Cm(2)) =2,
Cni (€ (z1, ..., )=z (i=1,...,n).

JT0 aHajoTH TOMAECTB (D) [AIA KaHTOPOBCKOA HyMepanad
n-OK HATYPAJbHEIX TUCEI.

Haxonren, momuo 650 OH eme paccMOTPeTh HYMepanulo
COBOKYIIHOCTH, 00Pa30BamAOf BCEME HAaTYpPANbHEEIME YUCHIA-
MM, BCEMH IapaM#, BCEMH TPOHKaMH W T, I. HATYPaNbHEX
gmcen. OmEaro MBL 3TOTO 3/Iech enaTh MOKa He GymeM, a pac-
CMOTPEM Wb TaK HasnBaeMyn ¢ymrmmo ['8gens I', same-
HAKIYI0 BO MHOTHMX CAyYIasx HYMepamui0 yKasaHHOWE cMe-
IMaHEOH COBOKYMHOCTH.

ITo ompepesnennio momarae

T (z, y) = rest (I (z), 1 + (y + 1) » (2)). (10)

Orcoma Buguo, aro ymrnua ['menss UPUMUTUBHO PeKypCHB-
ma. Ocmosmoe croiicTBo ymrmuu ['ens BHpaskaeT chegyio-
mas

Teopexa 1. Kaxrosa 6v Hu 6uaa KoHeunas nocaedosa-
MEeAbHOCIMb  HAMYPAABHUE HUCeA (g, Gy, . . ., G, CUCTIEMA
YpasHeHuil

F'(z,0) =a,, T 1)=a,....T(z n=a (11)
uiteem no MeHvulell mepe 00HO peweHue .

Urawr, myerhs wmena agq, i, . - ., @, 3a7aHH. DymeMm uc-
KaTh qncna i, b Takme, ITOOH Iucio = = € (i, b) yHOoBIeTso-
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psano ypasHenumay (11). Bememersme coormomernns (10) oo
sHagAT, YTO HAM Hajo MojobpaTh wucla U, b Tak, 9TOGH BH-
[OABAIACH COOTHOTIEHH S

rest (w, 1 +F(@y+1)b)=a (=01,... n),
T. €. ‘ITO6I:I BHIIIOJNMHANUCH HepaBeHCTBa
1+ @+Db>a F=01...,n (12)

1 9ToGH PasHOCTH U — a4y fenmaucs Ha 1 -+ (y + 1) b. aa
KDaTKOCTH 3ammced BBefieM o6o3HaueHUs

my =1+ (y+1)b. (13)

Hepapencrsa (12), odeBWgHO, yHOBIETBOPATCH, ecIH IOJO-
RATH

b= +n-ta,+...+a) (14)

Opnpako TaKko# BEIOOD 3HAYEHUs Mg b TapaBETEDPYeT HaMm U TO
BaKHOE 00CTOATENBCTBO, ITO THCHA My, My, . . ., My OYAYT
HOTapHO B3auMAEO TpocTH. B camom gmexe, ecam 0 < i<
<j<Xn TO ’

Cormacmo (14) qucno b menures ma j — i. Iloatomy, ecuu 61
9gena mj, m; WMeNn Kakoi-rabynb ofIuid MPOCTOH JenuTens
Ds, TO Ha P, KOJKHO OHII0 O menurhesf B gueiao b. Ogmaro
u3 (13) BEmHO, 9TO M; W b OOIMWX TPOCTHX [elNuTejiel mHe
mveroT. Takmm o6pasom, 9mcia m; 1 m; AeHCTBATEIHHO B3aHM-
HO IPOCTHI.

Brogum Temeps wmena M,, M., ..., M,, Donaras
Ml‘=m0. e MMy ... My, (L=0,1, e ey n).
Tax kak gqucna mg, My, . . ., M, TONAPHO B3AUMHO IPOC-

THI, To wmeda m; U M; Taxske B3ammMuo mpoctH. [lostomy cor-
JacHO W3BECTHOH TeopeMe apaPMETEKM HalyTca BaTypalb-
Hhle quesia 2, Wi, YLOBIETBOPAIOMUE COOTHOIMIERHIO

.M,-z,- - m;l; = 1. (15)
Ham ocrasanocs eme mogo6pats 9uciio U TaK, 9TOOH Kask-

Toe 9ueao u — @, ReNWNoch Ha my. llokaskeM Temeps, uTo
3TM TpeGOBARWAM 3aBEIOMO YIOBJIETBOPHET THUCIO

u = aoMozo + a1M121 + PP + anMnZn- (16)

B camoM pene, Bce wiEHB 9TOH CYMMBI JENATCA Ha m;,
3a mCKiMYeHmWeM uiema a;M;z; (Tak Kar Ha my menarcs M
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misn j 5= i). Coorromenme (15) moka3mBaer, 9YTO IPOHU3BeNe-
Bue M;z; npm Henemmy Ba m; HaeT ocrartor 1. [losromy mpm
Henenuy unera a; M ;z; Ha m; MoNyIATES 0cTaTOK ¢;. Ilockonn-
Ky ocTaibHEE WieHH cyMMH (16) Ipm menemmu Ha m; JAlOT oc-
taTok 0, To rest (u, m;) = a;, 4ro X TpeboBaANOCE.

3.4. 3apncumocTn MeKIy omepaTopaMm NPEMUTHBHOIN pe-
Kypcnm w mpamMasanmm, Cordaceo § 2 KOKAYyHD (QYEKOWO,
OPEMUTABHEO PEKYPCUBHYK OTHOCHTENHHO CHCTEMH (QYHKImA
©, mommo monyuwnts w3 ¢gymrmuii & m mpocreiimux ¢ymrmmit

0, 8, I, omepamuaMu MOJCTAHOBKYM W IPUMUTUBHOX peryp-
cuu. OnHEaKo, ecln HCXOMATH He TONBKO W3 mpocredmax Gynx-
ouil, a ¥ ¥3 HyMepanuoRAsx GyRKOud ¢, 1, 1, To AiA moxy-
YeENA IMPUMATUBHO PeKyPcHBAMX oTAocHTenbHO & dymrumi
HeT HeoOXOMMMOCTH II0Jb30BATHCS OIEPATEAMU IIPUMATHB-
HOI perypcwu B ux obmenm Baje. ocTaTo9mno IPEMERATH IRIb
HEKOTOPHIH BechMa CIENUANbHEH BUJ 3TEX OIEPAamuid.

AmajnoTwamoe IONOMEHNE HMEeT MeCTO ¥ JJifg YacTAIRO
pexypcuBEEX oTHOCcHTeNbHO S Qymrmmit. UTols mONyIUTH
ot pymEknEm us Gymrnmi cucremn S mw dymrmmit o, s, Iy,
¢, U, », meT ByXH M0Jip30BaThCA ONEPANUAMYA IPIMATHBHEOR
PeKypcUHU ¥ MUEEME3aNuN B o0meM BHJeE, a JOCTATOYHO YIOT-
pebisaTh IWWMB HEKOTODPHIE YacTHEE BHUAH 3THUX OLepamui.
Bonee meranmsmo »Tm Bompocs 6GYyAyT W3ydYeRH B I. 3.5
7 5.4, a MOKa MHE HOKAa;KeM JWIIhb HEeCKONbKO IPeIBapUTeNh-
HEIX TeOopeM.

Teopema 1. Hacmuunas gynryus f (zy, . . ., Zn, Y)s
803HUKaWan U3 dacmuunixr GyHEyul g (T, .. ., Tp) U
h(zy, ..., ZTu, Y, 2) NPUMUMUBHOL DEKYpCUell:

f(zye. o 20, 0) = g (21, . . ., Zn), (1)
f(xh LR R xml/ + 1~) = h(xh L ] xTL) y:f(xh ¢ s ey xny y))1
Moxcem 6bvimb NOAYUERA cneyuaavHoli perypcuell suda

¢, 0=z o¢@y+1) =27 y) (2)

u nodcmanoskamu us @dyuryull g, h, ¢, !, r, 0,8, In.

B uwacmnuocmu, raxcdan dynkyus, npumumueHo perypcue-
Has omHocumeabHo cuctnemdt S wacmunnbir GYHEYUIL, MOHCET
6wms noayuena us gynryuti & u gymnryui ¢, l,r, 0, s, In,
onepayusMu noOCManosky U CREYUasbHBMU DeKYpcuamu suda
(2).

Bsogmm dyrrmmio

P, y)=c"2(Cn1(t)y. .., Con ), Uy F(Crr () - - - 5 Can (£), ¥))s
' (3)
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rme €%, ¢,; — HyMepamuwoHHKe QYEKONH, ONpefeieHEHE
B IpefHAYImeM pasiene ¥ MONYIAOMUEcH HOJCTAHOBKAME
w3 pymrrmuit ¢, I, . Us coormomenus (3) memocpencTBERHO

cuemyer
F(@1 - v Tny Y) = Craz s (W (€™ (21, . . ., Z2), ). (4)
ITepeoe u3 pasercrs (1) maer
P(t, 0)=e"2(Ca1(t); ..., Crn(t), 0,8 (Cr(t),. ", Can ().
(9)
U3 (3) m (1) BemocpencTBeERO ClefyeT
Yty +=ct(en(), ..., ),y + 1,
h(Cai(t)y . s Can(t), Ys Caranaa (O (£, ¥)))).  (6)
Tak Kak : . )
Cilt)=Cniai(V(, 1), Y= Crizna(Y(t, 7)),

TO paBeHCcTBO (6) MOKEO MepemucaTs B BHJE

P y+1)=0({y), - (7)
rme s
O (u) =2 (Cnra1 (U)y + v s Crvansa (W) + 1, :
I(Cnia1 (@), - .+ s Crransa(W)))e

Uraxk, (byHRﬁngfnonyqaeTcﬂ us pysrnuii g, k, l, 7, ¢, 0, S,
I, mopcraHOBKAME T peKypcHeit
Pz, 0 =G@), P(y+1) =70z y).
Byecro ¢yErmum 1P sBOgEM Temeph (YBKOUIO @ IOC-
PeICcTBOM perypcun
¢z 0 =2 ¢ y+1)=2(py),
nvelomeit Tpebyemurit Bun (2). Tax rax
P, =D @(..0G(E)...))
T0
P (z, y) = ¢ (G (), p)
1, caefoBaTenpHo, PyERINA f monyzaercsa n3 pyRrmui ¢, I, »,
0,8, In, g, h moxcranoBRaMa o perypeuei uma (2).

uIIonaraH B Teopeme 1 n = 0, g = 0, moxyumm cruemyro~
mon gacrEni cnygaii: ¢ymrmums f (y), BO3HEKaoIas U3
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dyaroEE % (1 J, z) perypcueit
fO=07f+1)="r y,f(J))

MoskeT GHITH Hoidyuera u3 Qymrnui k, ¢, 1, »,'0, 8 moncramos-
KaMu @ perypcuel BmAa

90 =0 0@F-+1)=0(e 1),

rie @ — momgxonamas cymepumosmmuA QyEROEE A, ¢, I, 7,
0, s, I'n. ,

Teopema 2. UYacrmuunan @Pynryus f (24, . . ., T,),
noayuawyancs us wacmuunoll Pyuryuu g (Ty, . . .y Tny Y)
onepayuet; MUHUMUSAYUL

f(xlv L ] Ilin) = P«y (g (xl, o ooy Ty y) = O)’ (8)

Modicem 6uumb noayuena w3 Pynryul g, ¢, 1, r nodcmanoskanu
U omepayuell MUHUMUSAYUL CREYUALbH020 6uda

F (z) = py (G (z, y) = 0O). 9)
HefictBuTensEo, BBOAA QYHEKTHIO

Fz) =1 (cni(2), . . .y €nn (),

MOIyIEM
flzy, ... ,z)=F(c" (zg, . . ., ,))-

B to me Bpema u3 (8) sriTexraeT

F(z) = py (G (2, y) = 0),
rme

G (Il), y) =& (cni (.‘12), v« Cnn (.'12), y)'

W3 reoper 1 u 2 HEHOCPENCTBEHHO HOJNydYaeM
Cunepgctrame. Kaxdan Pynryus, uacmuuno peryp-
CUEHAR OMHOCUMEAbHO CUCTREMBL YacmUuHBLL Pynkyuit S, mo-
acem Gumb noayuena us Gynryull cucmemwt S u dynryuil
¢,l, r, 0,8, In Koneuwnum uuciom onepayuii nodcmanosku,
CREYUALBILL perypeull suda (2) u CneyuasbHUL MUHUMUIG-
yull suda (9).
{Cronp ke mpOCTO JTOKABHIBAETCH W .
Teopemad (Fénens [1]). Dyuryus o (x4, . .
s Tn, Y), noayuawwaacs npumumuenoli pexypcueir (1) us
3cm6y onpedeseHnuir Pynryul g (Ty, . . ., z.) ¥ kb (x4, ..
o Tn, Y, 2), Modcem OGumbd noayiena us smuxr GHYuKYLE
u gynryuit T, e, 1, r, +, =, 8, 0, I koneunum uuciom nod-
CMAR060K U MUHUMUSAYUILL,
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Bpmry Teopemsl 1 10CTaTOYHO IPOBECTH HOKa3aTeNbCTBO
AEOOp IS CIy9ast, Korjga n= 1 u pexypcus HEMeeT cueqUalb-
aerit 3m (2). Ilomarasa z, y TPOM3BONBEO 3aJaBHEIME IHCIA-
MH, PACCMOTPAM CHCTeMY YDaBHEHWH OTHOCUTENBHO Z:

F(z0)=¢@0), I'al)=¢@1),...T(Ey =
= ¢ (z,y), (10)

rne I (z, y) — Pymxmus [épens w3 m. 3.3. B cmay (2) ary
cucTeMy MOJKHO IepPenucaTh B BHJE

TG0 =2 CEut) =0 (@) 0<u<y)
nian
I‘(Z’ 0) =.xy

Y= Ul T @t 1) — O @ Eu)l=0)=y. "D
Muoskutens |y — w | BBelieE 3mech OIS TOTO, YTOOH
dyaRIAA

F2) = (y—ul52IT @ u+ 1) — OF (2 u)| =0)

Onana meiomy ompefnenermod. COrmacHo 0CHOBHOMY CBOHCTBY
pyaruum I' crerema (10), a smagur, paBHochmee et cm-
crema (11) m ypapmenme

II‘(ZO)~$I+|F(J,)—!/I“0 (12)

UMEIOT pelienme z i KOKIHX z, y. Tar kak nesas 4acTh
ypaBmerus (12) aBusgercs BCIOAY OIpeneleBHOR (yHKIHUeH,
TO dopmMyIa

z=p, (T (%0 —z|+|F{yuw—y|=0

TaeT mauMenbpliee pemenume z cucreMmu (10). O6osmagas aTo
pemenme gepe3 G {z,y), u3 moClegHET0 YPABHERHS CHCTEME
(10) momyamm

o (z,y) =T (G (z, ), )

Taxnym obpasom, yErmEy F, G 0 @ TOXYIA0TCA MOACTAROB-
KaMH ¥ MEHEME3aOEAME u3 ¢yEkmum @ m ¢yeromi I', 4,
~, Ii*. NomonmmrensEbie QYEKOWA €, L, 7, S, O YKa3aBH B
TeopeMe 3 s TOr0, 9TOGH MOKHO GEIO OIPUMEHHETH TEOPEMY
1 u cBecTH Mlesio K CIy4an PeKYPCHE CHeOHaibEOTO BHAa (2).
C gpyro# cropoHE, ¢ HEX IIOMOIIBI0 JIETKO IOJYdai0TCSH
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HCIoNb30BARAKE QYHKIUE z-y U 5¢ z. VIMerno,

%l‘:1;,’1,‘:80(,’1,')—'—33'_—-30(3:)"_‘]11(2:)1

[y/2] =p, (y = (22 + 1)=0),
¢ (2, 2)= 20 -+ 22, 20° = (3, 2) = 2, 2* = [22%/2],
z- y=[ ((x+y)2-2-—z2);yz].

Cornacro u. 2.4 (yBEKOUA HasuBaercd OOIEPERYPCHB-
HOH, eciim OHA MOKeT OHTPH IOJyIeHa W3 mpocrelimux PYyHEK-
OEA oIepammsMu IONCTABOBKE, NPEMUTEBHOX pPeKypCHH
M OIepPanuAMY MEHVMW3AOUE, HE BHBOJAMEME 33 IPEIENH
BCIOXY ompeneneBErx QyErOuit. [losToMmy m3 Teopemsr 3 cie-
myeT, 4T0 Kadclasn obupeperypcusnas PyHKyus mosicem Owmb
noayuena ua gynryuii U, e, 1,7, 8,0, +, =, I koneunvin
YUCAOM NOOCMAHO0B0K U CREYUALLHBL ORePAYLT MUKLMUSAYUL
suda (9), npumensenvz LUws k¥ makum GyHryusm, o4s Komo-
DU De3yabmamor, MUNUMUSAYUL cayscum 6cl0dy onpedesen-
nas PyrHEyus.

CoBOKYIIHOCTh HCXOOHEHX (QYHAKOHA 37ech B3ATA ¢ HEKO-
TOPHIM 3amacoM. MERTMabAEE COBOKYIHOCTY OYIYT OIpee-
JeHH B Im. 3.5 m d.4.

3.5. OpgoMecTHBIe DPEMHTHBHO peRYpcHBHbIE (DYHKIuA.
YrasagHoe B m, 2,2 0CHOBHOE ONpeeeHHE MPUMUTHBHO pe-
KYPCUBHHEX (QYBKIOIEU HMeeT CMBICH IWNIL TOTHA, KOTHA pac-
CMATPUBAIOTCA OJHOBDPEMEHHO (QYyBKOHE OT Nio00oTO dwmCIa
aprymerTos, OgHaKO M0BOJBHO YacTO BCTPEIAETCH LOJNOMKe-
HHe, KOTAA ANCTATOIHO PACCMATPUBATH NWOIH QYHEKIHUM ONHOR
unepeMernoit. [loaToMy ecTecTBEHHO BOBHHKAET BOMPOC: HEIb-
37 IE HalTW TaKoe oIpefelieAue HOHATHS HPUMETHBHOA De-
KYPCHBHOCTH OJHOMECTHHX (YHKOHA, KOTOPOE BHIPAKANOChH
OH IeNAKOM B TEPMUHAX TEOPHU OJHOMECTHBIX (YHKIWIA?
HoxasnBaeMasi mEmKe Teopema P. PoOmEcoma maer IIosiosKu-
TeNBHEIA OTBET Ha aTOT Bompoc. llonyuaercs oma mamierKa-
meEM ycuieEmeM TeopeMbl 1 @3 TpeARAymero paspexa.

Pacemorpum cnegyromme olepamuu HAX OXHOMECTHHIMHA
YaCTHIHKMA (QYHKIAAMA:

a) IlByMecTnadg omepamusa CHAOKEHUSH
OMHOMECTHHX YTaCTHIYAKMX QYHKIHHE Ira
omepanua 0003BaYaE€TCH CEMBOJOM - W OUpelelsercs (op-

Mynoi
(f + g) (x) = f (z) + g ().

6) lBymMecrrnasdg omepam®ms KOMIOS3Hu-
OUA ONAOMECTHEH X 9acTHYBNX §yHK I U .
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Dra omepaums ofo3Hadaerca Jajdee CHMBOJOM * H Olpefe-
JAeTCA COOTHOIIEHHEM.

(f+g) (@) =7 (¢ (2)).

g) OmEoMecTHAA omepamua MHTEPHUADoO-
BaHEUSA ONHOMECTHOHR YacTuimoh ¢YHEK-
n @ 9ra omepamus faiee oGo3madaercs cumMBoionM J U OX-
penenseTca ciegylomuM o6pa3oM: TOBOPAT, ITO OJHOMECTHAS
vJacTO9Had QYBKOUS [ BOSHUKAeT olepalyell WTePEPOBARUA
73 OTHOMECTHOR JacTHYROH (QyHKOUM g (cEMBoamIecKH [ =
= Jg=g7), ecam

f0)=0, f(n+1)=g(f(n).

Homewno, omepammm -, #,J merxo BmpasuTh dYepe3
mpesxEme ouepamuu. Hampumep, AcHO, YTO

fre=8 (1,8, f~g=8(2)
Jg =R (o, 8 (g, I5)).

XapaxTepHOH 0COGEHHOCTHI0 HOBHIX ONEPammil CIy:KAT TO,
970 OBYW BHIIOJIHWMEH HaJ OLEOMECTHHIME (YHEKIAAMA B JaIOT
B pe3yxbTaTe CHOBA OTHOMECTHBIE (yHKIWH.

Teopema (P.Po6mmconr [1]). Bce odnomecmnure
NPUMUMUSHO DeKypcueHble PYHERUL U MOAbKO OHU MOZYm
6uims noayuenw ua pyrnryuil s (z) =z +1 u q () = z—
= [V zI* koneunnm uuciom onepayuil caoxcenus, KOMNOSU-
YUuu U umepuposaHus PYHEYULL.

YenoBuMest BpeMeERO HA3HIBATH OHOMECTHYI0 QYHKOUIO f
JOMyCTAMOM, ecnd 0HA MOKeT OLITh moiaydYerna w3 QyHKIHH S
U ¢ KOHeYHHM 9uCiIoM omepamuit -+, *, . Ham mapmo moxa-
3aTh [Ba YTBEPKICHUM:

1) sce donycmumvie odnomecmuble PYHEYUL NPUMUMUEHO
DeKYPCUBHHL;

2) 6ce npumumusno pekypcuswvle cOHOMecmuble PYHEYUL
donycmums.

[epsoe yrBepsmerne ogeBUIHO, TaK KaK HCXORHBE QyHK-
OuY § ¥ ¢ IPEMATHBHO PEKYPCUBHH, a oIepanuf cJIOMKEHUsd,
KOMIOBKEOWY ¥ WTEPUPOBAHHS, HPUMEHEHHEHe K TPHEMETHBHO
PEKYpCHBHEIM (QYHKOWAM, [al0T CHOBA IPUMUTUBEO PEKYD-
cusEHe QyRrnud. [losToMy feno cBOTHTCA K MOKa3aTeIbCTBY
BTOPOTO YTBED:KICHHA.

Ilpesxme Bcero pacmpocTpaBEM NOHSTHE JOIYCTEMOCTH
7 Ha MHOTOMECTHHE (YHRIEH, Ha3HBasg n-MecTHEYH (QYHKINIO
2y .. 2n) (n>2) momycrmmoit, ecnm pams mOOHX of-
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HOMECTHHIX [ONYCTEMHX (QYBKOEX o4 (1), . . ., &, (£) omHO-
Mecrras Qymrmua f (o, (f), . . ., Gn (t)) ABAfgeTcE HomycrH-
Mo. A Temeph BMecTO yTBED:KAeHHA 2) GymeM [OKa3HIBATh
fosiee 0bmmee yTBepIKIEHHE:

3) 6ce (ofHOMEeCTHHE W MHOTOMECTHEIE) NPUMUMUEHO pe-
KYpcuskuie @ynryuu donycmumel.

JloxazarenncTBo pasoObeM HA Dsj BCIIOMOTaTeNbHBIX yT-
BEDP/KICHAA, W3 CONMOCTABIEHHS KOTODHX H IONYIATCA yT-
Bep;eEne 3).

A) Cynepnosuyus u cymma donycmunnz Pyrnryuil (¢ a0~
6vlm uucioMm apeymenmos) cymev GynEyuu donycmumsie.

B camom peme, myeth g{(Zy, ..., Tn), ATy, ...

ey Zm)y + e s B {2y, - . .y Ty) MOIMYCTUMEL H

f(xlv . . wxm):g(hl (x11 .. -1xm)1 .« 'z}bn(xh s ey xm))

Torma mns mobox pomycTaMmex QyEKOAR o4 (7)), .
. .y O, (¢) omBOMecTHAR (yHROEA

Flan @), .. an ) =g @) ... B (@)

Bi (t) = hi (CL]_ (t)v s Gy (t)) (l’ = 17 ey n)’

Oymer HOmycTEMOH, TaK Kak 10 ycioBdio (QyEEOEH g, k;
moumyctuMu. Ho torma momyeruma w Qymemms f. AHanormd-
HO JOKA3HBAETCH W MOLYCTAMOCTD CYMMHEI HOMYCTHMEX (QyHK-
owi,

B) Odnomecmusie gynryuu o, I3, sg, S8 u MHozoMecHbE
pynryuu Iy, ax + by +¢, 20e a, b, c — Purcuposanuve
HAMYPAtbHble YUCAL, ABASIOMCSE JONYCMUMBLMU.

Iomycramocts $ymemmi I3, o, sg, g BHITeKaer H3 0Ye-
BHIHBIX COOTHOIICHTH

e

& =11, 11" =0, sg=(sx0), sgr=gq (24 2sgx)

Tax xax mna gomycrumeix QyEROmE o« (£), . .., &, (f)
$ysroma

I (g (2)y - oy Ot (2)) = o (£)
momyctuMa, To I, momycruma. Hakomen, ms goparyis

ax+by+ec=L@zyp+...+L@yp+...+1+
+ ... F+1

W [OIYCTUMOCTH CYMMEl B3akiaogaeM, 4To (QyHKO®WA ar -+
-+ by 4 ¢ raxike gomycTEMA.
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B) @ynkyus xz* donycmuma. B cany B) dyrrnus
_ 1, ecnm z — NONEEA KBagpaT,

sg g (7)== 0, ecnm r — memomHLIE KB

’ - aJIPaT1

momycrama. C pyro# croporsl, pasercrsa 02 = 0 =
z+12=2>+2z+1=09 (@ +1,
rzie
o () =t + 20y,

IOKa3HBAIOT, YT0 z° ecTh urepanusa ymxouu ¢ + 1. B cBowo
ouepens, pasenctBa @ (0) =0 u

ot+D=0@ +1+2Vi+1U -1yt =
=@ (@) +1+25gq (9 () +4)
TOKa3pIBaT, 4YTO (p nonydaercsa HTGpHpOBaHHeM CI)YHKI[HH
Y@ =u+1+25g8q (u+ 4).

Tax wkax mnocnemass QYHKOEA NOOYCTEMA, TO MOUYCTHME
¢yeroun @ m z°.

T) Oynuryuu [2/2), [V 2], 2y, © — y donycmums. U3z A),
B), B) cnengyer, uro ¢ymruua q ((z -+ y)* 4+ 5z + 3y + 4)
gomyctmMa. Tar Rak

E+y)+oz+3yt+éd=(E+y+2°+z—y
TO And T > Y AMeeM
E+y+2P<@E+y+2+z—y<@+y+3)°
U, Clef0BATENELHO,
gz +p)?+52+3y+4)=z—y@>y.
Ecnu e z < y, To u3

E+y+1yP<@+y+1)+3z+y+3=
=@+y+2+r—y<@+y+2°

BeITEKaer, 4TO'
7{z+yP+5z2+3y+4=3x+y+3@<y).

Beoma mna q ((z + y)® + 5z + 3y + 4) o6osmauenmme T —
Y, OPHXOZWM K 3aKIYeHHo, dYro QyEKOEA z -+ Y,
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ompenenseMas cxeMoi
) {x — Y ecid T > Y,
Tey= 3z +y-+3, ecim z<y,

ABJIseTCA OmyCTHMOH,
Cornacro ompeleneBUi0 WTEPHPOBABHAA

sg” (0)=0, sg’(1)=5g0=1, s5g” (2)=sg1=0,...,
TO ecTh
0, ecum z geTHO,

s‘g"(x)={

Pacecmorpum ¢ymEIHIIO
f(z) = 2® 4+ [z/2].

1, ecam z Hederdo.

Tarx rax L
FO =0,Vf@)] ==
"
sg” z=sg” 22 =sg” [V (@)]..
TO U3

fa+=f@+22+1+([H-]=[5])=
=Ff@)+2[V @]+ 1+’ [VI@P=F( (),
rge
F@)y=t+20Vi+1+53" [V,

ciefyer, 9To f monydaercsa mrepuposanmem Qymsrnmd I. Cor-

rnacso B) fymrmua ¢t + 2 [}/ ¢] nomyermma. C apyroit cro-
DPomHI,

Wil =t —q @) =t+q @)

n motomy dymenms [}/ t]? taxxe momycrmma. Ho rtorma mo-
nycrnMa 1 Qymrnms F (), a BaecTe ¢ Heto OyIyT JOIYCTAMEL
o QyHEROEH

fl@)=2? + [—g—] [—g-] =f(z) 2%

Haxomen, ws momyctmMoctn ¢ymrnmit [z/2] mw ¢ (1) =1t +
+ 2 [Vt] sBureraer momycrmMocTh QyRKNmIT

2[VE] =0 +0 [V = 247 |
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v 2 2 23) = y2
xy=.((x+y) - )=y

Ocraerca okasaTh gomycTuMocTh Qymrmuu —. aa sro-
ro 3aMeTHM CHaJana, 9To

‘ {0, ecnm T >y,
(x=y)+y) +z= 2z 4+ 2y + 3, ecrm z<y,
m, 38a94T, QyHROHA

=iy o-a={y T

nomycrmMa. Ho Torga momycrmMa m Qymrmma

,U‘) Ecau g (221, RS ] :Ln) uh (xlv < Iny Yy Z) — donyc-
mumpe @yrnkyuw, mo gynryus f, 60sHukaowas us g u h npu-
MUmMuUBHOU pekypcuelk:

f@y ... T, 0) = g(xl’ ey xn),
f@y ..ty +1)=~r,... TnwlYy f (T1s « + o) Tny Y)),
maxrxce Gonycmuma.

Cormacmo Teopeme 1 mpepmsiymero pasgena QymKO@S f
Mo;keT OHTH Hoxyuera m3 QyEKOmd g, h, ¢, l,», 0,8, Iy,
HNOfICTAHOBKAME W peKypcmed Bumma

¢ 0 =z0@y+1) =@y, (1)
rme @ (z) — mopxofamas cymepmo3mnus QymKImd g, &, 0, S,
In, e, 1, ». I3 pamee HOKa3amHOTO Clelyer, 9To (yHENHX ¢, I,
?, 0, 8, I, IOIyCTAME W 9YTO CYNEPHO3WONS JONYCTAMEIX
bymrmmit nouyctuMas. [loaToMy HaM RocTaTodHO HOKAa3aTh,
aro ecnu Qyeknusa @ (z) momycruma, ro fymrmms ¢ (z, y),

ceasagHas ¢ @ pekxypemedr (1), Tamke gomycrmma.
Paccmorpum BemomoratensERe QyERHm

v@)=q(Vzl), wiz, y) = (& + y?+p)?+2z. (2
IT3 mepaBemcrs
@+ + 92 <(e+9)*+9)° +2< (@ +y)?+ vy + 1?3
(+YE<(@+y)? +y<lz+y+1)°
BEITEKaer, 4To
q (w (.‘E, y)) =,V (w (.’1:, y)) =Y. (3)
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. Tloxasxen, 4TO ecim Hifg HEKOTOPOTO x oKasKercs ¢ (z -+
+ 1) =0, 10

gE+D=q@+1 vE+=v@E. &

B canon ferte, yenosue q (z 4 1) 5= 0 osmawaer, ato z -+ 1

He ecTb IOJNHE KBajgpar. Ho Torma paccrossme oT Gmmxai-

Wero MelblIEro moxHOTo KBamparta o z 4 1 na 1 Goabme pac-

CTOAIMA OT DTOTO KBafpata A0 %, T.e. ¢ (r + 1) =g¢q (z) +
-+ 1. G mpyroii cropormn, Tak Kak z - 1 He ecTh TNOXBHA

ksagpar, 70 [V z+ 1]=[V z] = motomy v (z + 1) = v (z)-
Teneps M BMecto QymEEOZE ¢ (r, y), OLpemeIAeMOH pe-
Kypeme# (1), BBefieM (yBROHIO

B(z) =0 (v (2), ¢(2)).
N3 coormomenmit (3) momydaem
0 (w (3, z)) = ¢ (z, 9).

TaxaM ofpasoM, pymEKOEA @ (z, y¥) 3aBeloOMO NOMyCTHMA,
ecnn pgomycruma $ymrnusa 0 (r). HHocmorpmm, wakoii pexyp-
caBHOM cxeMe ymosnersopseT O (z). Qopmyam (1), (2)
mator 6 (0) = 0.

Hanee , ecnm ¢ (z -+ 1) 5= 0, 10 B cmny (4)

bz+1) =@, q@)+1) =00 ().
Ecaz e g (z+1) = 0, 1o
Bz+1)=0@(E+1), 0)=v(+1).
TlosToMy Ons mioOHX 3HAUYEBUHR I
Bz+1)=D®0@)sg(q=+1)+ _
+ v (@ + 1)sg (g (= + 1))
Hrax, BBOmS MONyCTOMYH (QYHBKIUIO
0 (z,2) =0 @)sg gz +1)+v@+1)sg @ +1),
MEI MO;KEM PEeKYPCHBHYI0 cXeMy s 6 (z) mpemcTaBuTh B Bujie
6(0)=0,6(+1) =8 (z, 06 (2)). (5)

Cornaceo gacTEOMY cnydaio Teopemir 1 (um. 3.4) dymx-
noa 6 (z), ymoBiersopAwmas cxexe (O), MoKeT OHTDH IONY-
weHa H3 pomycTumix ¢ymrnmi O, e, I, », o, s, I, mopgcra-
HOBKAMHA H UTEPHPOBAHHEM NONXONAMEeHd CYNepmo3mmmm
bymrnmi O, ¢, 1, », 0, 8, In. Tarnom o6pazon, Gpymrmua 0 (2)
momycTuMa u yrBepiknerme l1) morasao.
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s yreepsperunit A), B), J1) emocpencTBenH0 BHTEKaer,
9T 6ce  NPUMUMUSHO perypcusHye @Gyumryuu OGonycmumbl.
B camoM fmene, Kaxjasg OPEMUTHBHO PeKYpPCUBHAS QYHK-

1A MoeT GHTH monydena M3 mpocrelimux ¢yErmui 0, 8, Iy,
KOHeWHBIM UHCIOM Omepanuil MocTaHOBKA K IPAMHTABHOR pe-
xypeua. Cornaceo B) mpocrefimme ¢pymxnuu gomycrumsi. Co-
raacHo A), J[) mojcTamOBKY W IPUMATHBHEE PEKYPCHH JTOy-
cTHMHX QYHEUAHA cyTh Qymrmum momyctmmible. Iloaromy Bce
IPAMATHBEO PEKyDCHBHLIE QYBKOUW JOOYCTHEMH W TeopeMa
JoKazaHa.

Teopema P. Pobmucona Momer 6uTh msammuo chopmynn-
poBaHa Ha fA3mKe Teopuu anre6p. OGosmagmm gwepesd P w
Spr. r COBOKYIHOCTh BCEX OZHOMECTHRIX JACTHIERIX QYBETHH
I COOTBETCTBEHHO COBOKYIHOCTH BCEX OZHOMECTHHIX IIPHME-
TUBHO PEKYPCHBHHX QyEKOE#A. AnreGpar

Sp___<%.l; +ox, ), q)pr.r:<%‘}pr.r; 4%, J)
HasHBaOTCa auzebpamu Pobuncona. Teopema Po6mrcona

03HA9AET, UTO COBOKYIHOCTH Nur.r HOPOMKTAeTCH (QyHKIAA-
MII 8, @ ¢ HOMOINBIO omepanmid --, «, o , HIH, 9T0 TO M€ caMoe,
9r0 momadrebpa Ppr.r TOPOKFAETCA B ) SIEMEHTAMH 8
a q-

Teopema P. Pofmmcoma Omua cdopmyiupoBaBa ¥ HOKa-
8aHa BHIIE JHAMb IJf ONPAMATHBEO PEKYPCHBERX (YBEROUH.
Onsako Bepma u Gonee ofmasn amajoTHIEAL TeopeMa o HYHK-
OUAX, TNPEMATEBHO pPEKYPCUBHHX OTHOCHTENHEO KaKOH-
HIOYMb (UKCHPOBAEHOM CHCTEMHl YaCTHYBEIX (QyHKI[AH.

O6o6mennmas Teopema P. Po6umcomHa.
Te u moavko me wacmuynbe 0dHOMECTR HIle BYHKYUU RPUMUMUS-
HO DeKYpPCUéHbl OMHOCUMEAbHO NDPOU3BOLLHO 3A0AHHOE cucme-
Mol & 00HOMECTMIHBML uwaAcmMUNHBT GYHKYUL, KOMOopse MOKCHO
noaywums uz gynryuil cucmemst © u Gynryuil 8, ¢ KOHEUHBLM
wucaom onepayuil +, *, J.

[orasarenncTBo, M3710s%eHER0e Bhime Aus Teopemsl P. Po-
6nEcoma, ocTaeTcs BepHHIM W [id 000GIIEeRHOH# TeopeMhl
P. Po6uncona, eciim B HeM BCIOLY Ci0BO fyHKLUA BAMEHATEH
CIOBAMI wacmuyHas BYHKYUSL, & CIOBA RPUMUMUBHO DeKyp-
CUSHas, 3aMEOHWTH CJHOBAMHE ZPUMUMUGHO DPEKYPCUSHAR OMHO-
cumeavno S,

Ha sasmire teopmn amre6p ofoGmermyio teopemy P. Po-
buEcona MmO, 0UEBIIEO, CHOPMYATPOBATE CAELYIOMIHM 06-
Pason: cosoxynuocmb 6cex 00HOMECHBLT YacmuLHuT GYHEYUL,
NPUMUMUBHO PEKYPCUSHBLE OMHOCUMEAbHO cUCTeMms 00Ho-
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Mecmuux uacmuinnr Pynryull S, ssasemces co80KYNHOCMbIO,
nopoxcdennoti cucmemor & u PyHEyUAMU S, ¢ © ROMOUYLIO
onepayuti -+, =, J.

HOHOJIHEHHH, npaMepsl H 3ajauH

1. Jloxasath HPEMUTHBEYI0 PEKYDCHBHOCTH CHENYIOIX (QYHKIAR:
a) ¢yaKuur ¢ (n), paBHOIl CyMMe BCexX fendreldefi HATYPATHHOTO IACIA
n; 0) yarmma diaepa @ (n), PABHOH KOJWIECTBY HATYPaNbHHX 9Hcel,
He IPEBOCXOJANIAX 7 II B3AXMHO NPOCTHX C 7.

2. JowrasaTh, 970 abCONIOTHAS BEIHYMHAA MHOTOWIEHA OT Z C HEJEHl-
ME KOSQ(HOEeATaMd ecTh UPAMETHBHO DPeKypCuBHAsi (QYHKOHS OT Z.

3. Oyers V2= ag, ;4ay - . . ay . . . — PasAOeEme wECAA Y 2
B OecloHeYHYI0 JecsTHIHYI0 Apo6b. If0Ka3aTh, 9T0 4, €cTh IMPAMHUTHBHO
pexypcnsEas (QYyEKNAS OT n.

4. Tloxasars, 9ro [z ]/5], [¢*] cyrb UpUMUTABHO DPeKYpCHBHEe
QyEROED OT z.

9. Iloxasars, 9To QYHKOAR fy, f,, ONpededseMiie OCPEACTBOM COB-
MeCTHOH PpeKypcdAE BAfA

HO)=a, f,(0) = a,
hE+1)="1h(z, 1), f2 @) folz+ 1) = hy(z, f1 (2), 2 (2))

¢ TIOMOIIBI0 3afAHBEIX QyHKOUH ki, h,, ABJIAITCA NPEMHETABHAO PEKYp-
CIIBHEIMI OTHOCHTENBHO iy, hy,. OnpepenaTs mOHEATAe COBMECTHOH BO3B-
paTHOH peKypcAH W JOKasaTh aHAJOTMYHOE YTBeD;KIeHHe NJIs Hee.

6. PacriomaraeM Bce mapH HATYDPAJGHHX 9dced B CHENYIONEM LO-
pAnKe:

0,05  <0,1y, <1, 05, <1, 1;  <0,2), <2, 0, <1,2), <2, 1),
2,2y ... :
Joxasare, uto BoMep C (z, y) = 2 NAPH (=, ¥) B 9T0H HOCIETOBATETb-

HOCTH ¥ COOTBETCTBYIOIHE QyHKumHE z = L (z), y = R (z) mpEMuHTHB-
HO PeKYDPCHBHH. ‘

7. OGosmaymm dwepe3 {2 COBOKYUHOCTh BCeX YacTHIBHIX (yHRNIil
nByX nepemerEHX. Ha §2 onpenensieM omepanud) -, *, J mOCPefCTBOM
Poparya

f+ey=»Flzy+ ey, Frg)(z,y)=71(2 g(z. y),
TE0=0M(ey+1) =77 (.

Jlokasath caepyiommnit amador teopemst P. PofmEcoma: AByMecTHAA
PYEKOHA f TOrgAa I TOJBKO TOTZA NPHMETHBHO DeKYDCHBHA OTHOCHTEJb-
HO IPOH3BONLHOA CIICTEMH JBYMeCTHHIX 9ACTHIHHX (QYHROAEH &, Kor-
ma f MOmer.OHTE MONYYeHa KOHETHBIM UNCiOM omepantii -, %, J m3
dymrmmit cueremst & n dymrmui 13, I3, s (I3), g (I3)-

8. Cormacmo reopeve P. PoGmacoma axrefpa Purp = <8p”;
-+, », J) noposkpaercs mapoil ymrnmii 8, ¢. IToxasarh, TTo anrebpa
Sppm. Topo:RIAeTCA I mApod GyEKmmI 8, I (Tarke mapol 8, 7*), THe I,
7 — KaBTopoBH (QyEKOEE u3 T. 3.3 (cx. P. Po6mEcorm [1]).

9. Bpopuy CHHEAPHYIO OUEPANEIO ¥ HAZL OFHOMECTHSMIA yHRIIAMY,
nojlarasi mo omnpegeleEmio (fvg) (z) = e (f (=), g (z)). Ilokasars, dTo
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anredpa <%%)r.r§ v, #, J ) Hmoposkpaercs mapo ¢yEKmmA 8, I (@ mapoi
r,s) (P.Pobmucon [1]).

10. Anretpa <8’}3r.r;' #, J ) TOpOKTAeTCs TApOH WOXXONAIEX
Jpyakonil W He NOPOMK[ACTCA HHKAKON OfpHof dyarodeir us %%)r.r
(10.Po6umcon [1]).

§ 4. PexypcuBHO mepevncinMbie MHOKECTBA

Jlo cEX mOp NOHATHA OPEMHTHBHOM pPEKYPCHBHOCTI,
ofmiell 1 9ACTHIAOH PEKYPCUBHOCTH OHIE OnpeleNeHH JWUMb
g pysronii. Teneps 914 HOEATHA 6YIYT mepeHeCeHR Ha T0]-
MEO/KECTBA HATypPalIbHLHIX 9HCEN, 4 TaK/Ke Ha MHOMKECTBa
HeKOTOPHX APyrux ofeexTos. B maBHOM maparpade m3y4amnT-
cq JIMMB HpocTedmue CBOXCTBA »THX HOBHX momsTmi. Boxee
TOHKEHE CBOHCTBA GYLYyT M3yTaThcd B IOCIHSNYIOIAX pa3fenax
mapannenbHO ¢ H3yIeHWeM CBOHCTB (DyBKOHMH.

4.1. PexypcusHBIe H UPAMATUBHO PEKYPCHBHBIE MHOME-
crea. IlogMuEOMKecTBO A MHOMKECTBA BCeXx HaTyPaibHBX THCENT
N Ha3HIBaeTCHA perypcusHbiM (RPUMUIMUBHO PEKYDPCUBHBIM),
eclld xapaKTepucTuiecKad QyHKOEA MHOMKeCTBa A JacTHIHO
pekypcuBHA (COOTBETCTBEHEO NPWMHUTHBHO  pEKypPCHBHA).

Tak Rak Bce HPEMUTMBIO pPEKYPCHUBHEEE QYHKOUE dac-
THYNO PEKYPCHBEH, TO Kad#00e NPUMUMUSHO DeKYpCUBHOE
MmHoscecmao perypcusno. OGpaTHoe BeBepHO:.B I. 5.2 GymeT
TOCTPOERH PEKYpPCUBHEE MHOKeCTBa, He ABIAOIEecH OpPH-
MHUTHBEO DEKYPCHBHEIMA.

C Touwkm spenms TeOPHWH AJTOPETMOB W3 [IBYX BBeIEHHHX
TOHATHHA — PeKypPCHBHOTO MHOJKECTBA O NPHMHTHEBHO  pe-
KYPCHBHOTO MHO/KeCTBA — OCHOBHEIM CJENyeT CIMTaTh Iep-
Boe Gnaromaps ciaegyiomeMy o0OCTOATEIBCTBY.

[TpoGuemoti BXOsKmeHES [JA TACIOBOTO MHOMKecTBA A
Ha3kIBaeTCA 3aKada OTHCKABHAA aJlrOpHTMa, KOTOPHI OO CTaB-
ZapTHOH 3ampcn (mampHMep, MecATIIHOH) MIPOM3BOIBLHOTO Ha-
TYPaJdsEOTO dYHCIA @ NIO3BOIAeT y3HATH, BXOAOT 9YHUCIO 4
B A mmn Her, T. e. M03BOJAET BHYNCIAATH 3HAUEHHA XapaKTe-
pucTnaeckolt Gymrmunm MHoxectBa A. B cmiy Tesmca Uépua
CVIIecTBOBaHOme TaKOTO AaNTOPHTMa PABHOCHJIBHO DEKypCHB-
YoCTH Xapakrepucrmaeckoll dynknum. [TosTomy MoMKEHO CHa-
3aTh, 9TO pPEKYPCHBEEE MHOMKecTBa — 3TO0 MHOJKECTBA C aJl-
TOpUTMHYecKI paspemnMoil mpohieMoll BXOKIEHIA.

Brizemem Temepr meckonbKO OCHOBHHEIX CBOHCTB PEKYDPCHB-
HEIX 0 OPIMOTHBHO PEKYPCHBEHY MHOKECTB.

X aparTepECTHIECKOMA GYEKIIAMI IyCTOTO MHOKECTBA (7
I MHOHeCTBa BCeX HaTypaabBHX qucesx N SBNAITCA HOCTOSH-
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EHe ogEoMectHEe GyErunn 1 u 0. 9TH (yEKOHA IPAMATHBEO
pexypcusEH. IloaTomy MEOskecTBa (U N TaKjKe IPHMHATHB-
HO PEKyDPCHBHEL ‘

X apaKTepHCTAYECKOA (YBKOUEH IiA KOHEYHOTO MHOKe-
cTBa wmeed {ay, ..., ap} (a;,<<a,<<...<<a, CIYKAT
OPUMHATHBHO DeKypcuBHAs (QYHKOHS

sg (1z—a; ||z —as]-. . .|z — ).

TloasToMy wKa)kmoe KOHEYHOC MHOKECTBO HATYPAIBILIX THCEN
IPUMATABEO PEKYPCHBHO.

B n. 3.2 mokasamo, 4To xapakTepHCTHYecKHEe (QYHKOUH
CBOHCTB «ORITH UETHEIM YHUCIIOMY, «OHITH IPOCTEIM 9IHCIOMY,
«OHITH TOYHHIM KBApaToMy NPEMATHBHO pexypcuBHH. llo-
9TOMY IPUMETHBHO DPEKYDPCHBEHME HBIAIOTCA W MHOKECTBA
BCeX UeTHHIX 9WCeN, BCeX MPOCTHIX 9MCes, BCeX TOYHHIX KBaf-
PaToB. ABaloTHYEHM OyTeM JieTKO yOeTUThCH, 9T0 IPAMATHB-
HO DEKYPCHBEWME OyIyT COBOKYIHOCTHL cremeBe#t a°, al,
a?, ... IPOW3BOJLHOrO YHCHia @ M MHOTHe OPYTHe dacTo
BCTPETAIOMAEC COBOKYIHOCTH YHCE.

TeopewMma 1. Jonoanenue pexypcusrozo (npumtmusro
DEKYDCUBHO20) MHOICECMEA, & Makice 06bedunenue u nepece-
yenue 410600 KOHEUHOL CUCTeMbl PerypcuenHur (nPUMUMUBHO
DEKYPCUBHBLEL) MHOICECE CYMb  MHOMECMBA  DEKYDCUBHHEL
(npumumusno perypcushue).

" B camom peme, mycers fy (z), ..., fp () — xaparTepm-
cTudeckre QyBROUE MEOKecTB Ay, ..., A,. Torna dyexnmm
f(z) = sg 1y (2),
g@)=fi(@): ... fal®),

hiz) =sg(fi(z) +...+ /@)

OyIyT XaparTEePHCTHYECKHUME COOTBETCTBEHHO /IS MOLONiHe-
BOA MHOMecTBa A;, 00belMHEENAA ¥ IEPecedeHHA MHOJMKECTB
Ay, ..., A, Ecam f, (z), . ..., fa (z) 92acTHYHO PEKYDPCHBEH
HIH COOTBETCTBEHHO HNPUMHATHBHO PEKYPCHBHH, TO TaKOMH
e 6ymyr u ¢pymrnun f (z), g (z), h (z).

Teopenra 2. Ecau sciody onpedesennas gynryus f ()
YACMUYHO perypcusha (npumumuero pekypCuéHa), MO MHO-
aecmeo A pewenul ypasHeHus

f@)=0

Perypcusno (RPUMUMUBHO DPerypCUBHO).

HeiicTBuTenbE0, XapaKTepHCTHYeCKo# QyBEKOHe# musa
MBOKecTBa A cayyrur Qyrrmua sg f (z), pekypcHBHAA WIH
IPEMOTHBHO PeKypCHBHagA BMecre ¢ PyBrmumed f (z).
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CoBorymBOCTH BceX 3HaUeHHH, IPUBEMAaeMEHX HEKOTOPOH
NpUMHTABHO DeKypcmBEOU ¢(yukmueii, B obmeM ciydae He
fymeT HM ODPHMHETHBHO PpeKYDCUBHEIM, HE Haske PEKYPCHB-
HBIM MHOJKECTBOM. ITH COBOKYIHOCTHE OYIyT W3ydYeHEl HUMKE
10[T IMEHEM DEeKyPCHBHO NMEPEUMCIMMBIX MHO3KecTB. OTHAKO
¢YIIECTBYET PSJ HPOCTHIX OPH3HAKOB JJIA TOTO, 9TOGH COBO-
KYyOBOCTH 3BavYeHHH NPHEMHTUBHO peKypcumBHOH (peKypcus-
o) ¢ymnigun Ohula TPEMATHBEO DEKYPCHBHOH (PEKypPCHB-
moii). OnME W3 BEX yKasHBaeT

Teopema 2. Ecau npumumusro pexypcusnas (06we-
perypcusHas) @ynkyus f (x) ydossemeopsem Ycaosui

.f‘(x)>x (z=0,1,2,...),

6 wacmuocmu, ecal f (x) MOHOMORHO 603pacmaem, mo c080-
rynnocme M ecex anauenull smol GYHEYUL eCmb MHOICECMEO
NPUMUMUBHO DeKypcuénoe (pekypcushoe).

B camoMm gmene, m3 BepaBemcTea f (y) > y cmemyer, 4TO
byrKOTA

X

g(@)= 1l s2|f (@) — =]

y=0

SIBISIETCA XapaKTepucTHIeckod mus M.

4.2. PexypcmBHO mepeumciIMMbBIe MHOKOCTBA., OTH MHO-
MecTBa urpaer QyEgaMeHTaNbEYI0 PONbL B TEOPHH PEKyPCHB-
urrx Qyarnuii. CymecTByeT HEeCKONBKO PaBHOCHJIBHEIX ON-
PefiefieEA# yKa3aBEHRX MHOMKECTB. B KaZeCTBe HCXOJHOTO
MBI BO3BMEM CIe[yloIiee ONpefeleBHe,

Mnoxcecmeo uwucea A Hasviéaemcs DerYpPCUBHO Nepedlc-
AUMBLM, €CAU cyuecmeyem OBYMECMHAS, NPUMUMUBHO DeKyp-
cusnan gynryus f (a, x) maxas, umo ypasnenue f (a, z) = 0
uMeem peweHue x mozda U moabko moeda, kozda a & A.

Hanee (m. 6.1) Gydger mokasamo, Y4TO B HTOM OIpPejeNeBHH
a caMoM pene B KagecTBe QyHrmum [ (¢, z) MomHO GpaTh
NPON3BOJBHYI0 YACTHYHO pexypcuBEyio (ymrmmio. Ommako
STOT pe3ynpTaT 6yfeT HDONyIeE HAMH Wb B pe3ynbTare
IJIOHBOH MEIOYKH Teope. A MOKAa MH, CTPOTo IPIIepPKABAIChH
VKa3aHEOTO OIpeJeneniis, BEHBeleM U3 HETO DAL CIENCTBHH.

Cnenmcrsue 1. Kawdoe npumumusHo pexypcusnoe
MHOKHCECTNBO PerYPCUBHO REPEHUCAUMO.

OTIACHO OmpelesieBHi0 XapakTepHcTHIecKas QYBKNHEA
f/ (z) mpomsBoNEEOTO MPUMHETHBHEO PEKYPCHBHOTO MHOMKECTBA
A gBnfercs mpEMATEBEO PexypcupHoi. Ho Torma npmMuTHB-
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HO peKypCHBHOEe ypaBHEHHE

f(@+z=0
EMeeT pemeHMe T TOTHA W TOJIBKO TOTHA, Korma a ¢ A.
Cunepmcrsme 2. Hycme F (a, 21,. . ., T,) — npumu~
INUBHO DEKYPCUSHAS, PYHELUS OM NEPEMEHHWT Ay L1, « « -, Tp.

MHrooacecmeo mez snauenli napamempa &, 04 KOMOPLT Ypas-
HeHnue

F(a, 2y, ..., 2,) =0 (1)

umeem zoms 6yl 00HO peweHue Iy, . . ., Ty, A6ALEMCS DerYp-
CUBHO NEPELUCAUMbIM.
[eficTBUTenbBE0, BBeNeM OPUMETHBEO DEKYPCHBEYIO

$ysrmuio

f(a, z) = F (a, en1 (z), . . ., Cop (7)),
rae ¢;; (r) — ramTopoBckde ¢ymknmmu m3 m. 3.3. Tak Kak
fla ez ..., z) =F(a, z1, . .., ),

TO COBOKYIHOCTh 3HAUEHHHA ImapaMeTpa @, HJs KOTOPBIX Pas-
pemuMo ypaBmeEme f (a, z) = (0, coBOamaeT ¢ aHAJIOTHIHOL
COBOKYIIHOCTBHIO I ypaBHEEUA (1) @ moToMy aTa moclegHAS
COBOKYIEOCTh PEKYPCHBHO IEPEYUCIEMA.

Teopema 1. Henycmoe mnoxcecmeo A mozda u moavko
moeda perypcusHo nepeiuciuMo, k020a 0HO cosnadaem ¢ €080-
KYNHOCMbI0 8CeXT 3HAUENULL HeKOMOPOU NPUMUMUEBHO DEKYPCUs-
HOU @PyHEYUW. -

Ilyers f () — mpummTEBHO pekypcuBHaf QyBroas, 4 —
MIIOKECTBO BCeX ee 3Hauenmil. JleBag 9acTh ypaBHEEHA

[f@)—al=0

IPEMATHBEO PEKYPCHBHA W 3TO ypaBHEHHE MMeeT pellenHe I
TOT[a H TOJBKO Torja, Korgma a ¢ 4. CrmemoBaTenpmo, A pe-
KYPCHBHO IIEPEYHCIAMO.

O6paTHO, IyCcTh MHOIKECTBO A HENYCTO W PEKyPCHBHO Ie-
peancanmo. CormacHo olpefesneHnio 9TO 3Ba4nT, 9to A ecTh
COBOKYOHOCTH TeX 3HAUYeHIIH -mapaMeTpa @, IPH KOTOPHX pas-
pemmvo ypasuerme Buga F (a, z) = 0, rme F (a, ) — mopgxo-
OAmas TPHMOTHBHO peKypcuBHag QYEKOHA. PaccMoTpind
IPEMHTIIBEO PEKYPCHBEYH (QyHROHIO

F@ =1@)gF @), »@)+b-sgFT(), » @), (2
rae I (t), » (f) — wagropoBckme QymKOum @3 m. 3.3, a h—
Kaxoe-nOynp amciao n3 A. IToxasenm, ato 4 conmamaet ¢ co-
BOKYIHOCTBIO Bcex amagenmii dymrmmum f (¢).
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B camoM fene, ecid mpu HEKOTOpoM ¢
F@@), »@)) =0, 3)
to L (t) € 4, a u3 (2) umeeM
f@)=1() ¢ A.
Ecnm e (3) meBepHO, To m3 (2) momydaeM
f(@) =0b¢€ A

Taxmm o6pasoM, Bce 3mageHud Qysrnmm f (t) Bxogar B A.

IIyers Temeps a ¢ A m, 3pagmr, F (a, z) = 0 gas momxo-
pamero z. Ilomarag ¢ = ¢ (a, z) u TpEENMas BO BHAMAHHE,
aro 7 (¢ (a, z)) = a, w3 (2) monyauM f (1) = a. CJIEJIOB&TBJIB-
110, A CoBHaJiaeT ¢ COBOKYIHOCTHI 3HAaYeHWd QyErmuu f (1)
u TeopeMa 1 mokasaHa.

YkasaEHOE B 9TOH TeopeMe CBOMCTBO PERYPCUBHO HePedIHC-
JEMBIX MHOKECTB WHOTMA IPHEHMAETCH 32 OIpPEeNeieRne 3TAX
MHOJKECTB,

Teopenma 2. Cymma u nepecewenue KOHEUH020 UUCAA
DEEYDCUBHO NEPELUCAUMBLE MHONCECTNE RBAKIOMCA PEKYPCUBHO
NEPELUCAUMBLMU  MHOKHCECTNBAMU.

IIyers A; — MHOMKecTBO Tex BHaveHHWH mapamerpa a,
AT KOTODHX CYIMECTBYeT peNIeHWe I ypPaBHEHHS

fila,z)y=0@=1,...,n),

rae f; — HeKoTOpaA IPEMATHBHO peKypcuBHAS (yHKIHA.
Torpga coBorynmHOCTBIO 3HAYEHWH mapaMeTpa @, IPH KOTOPHX

OTHOCHTEJBHO Ty, . . -, L PA3DEIIEMO yDaBHEHHE
fu(@, ) ... fala, z) =0 (4)
IV COOTBETCTBEHHO yDPaBHEHHE,
fua, z1) + ...+ fo(a, 2,)=0, (5)

Oymer oGnefuEEeHHe HWIH COOTBETCTBEHHO IEPECEYEHME MHO-
mects A;, Tak Kak Jnesble gacTH ypaseHnd (4), (O) mpumm-
TNBHO PeKYpPCHBHH, TO COTJIACHO CIEACTBHIO 2 00beIHHEHLE
I OepeceyeHne MHOMECTB A; PEKYDPCHBHO HEPEYHCIHMEL.
Ilo amanornmm €O cBOWCTBAMH PEKYPCHBHBIX MHOMKECTB
MOYRHO 0BI7I0 6B OPENIOJOKHTE, 9T0 JOLOJHEENE PEKYPCIBHO
TCpeIMenIMOTo MHEOMKECTBA €CTH DPEKYPCIBHO IEPEYnCciAMOe
MifosreeTso. OmEAKO 9TO HepepHO. B m. 6.3 6yayT mocrpoen:
PCRypCcHBHO mepedncImMEe MHOFKECTBa, AOLONHEHHS KOTO-
PHX 1e gpysAOTCA PEKYPCIBHO IepedmcanMENE. Bolee Toro,
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HMEHHO 3TOT cIyYadl CiefyeT CYUTAaTh THOHIEEIM, TaK Kak
CIpaBe/InBa

Teopema 3(Ilocr). Ecau Eakoe-Hubydv muoscecmso A
DeKEYPcusHo nepeuucilno u eeo donosnenue A’ marsce pexyp-
cusno nepeuucaumo, mo muoxecmea A u A’ perypcuswul.

Ilycers muOMmecTBa A 1 A’ ABAAIOTCA COBOKYIHOCTAMHA TEX
3maderi napamerpa @, AN KOTOPHX Pa3peliiMbl yPaBHeHHE
f(a, z) =0 u coorBercrBemHO ypaBmeume g (a, z) = 0,
roe f, ¢ — NPEMUTHBHO peKRypcuBHbie (yHKIum. Tar Kak
s A00T0 @ OfHO U3 YKa3aHHHX yPaBHEHHH 3aBefOMO pas-
pemmMo0, TO QYBKITL

h (a) = px (f (a, 2) g (a, 2) = 0) - ®

BCIOAY ONpE[eleEa W, CJIeHOBaTeNbHO, OOmepeKypCHBHA.
IToaTomy dymrmma

F(a) = sg f(a, h (a)

TakKe o0mepekypcuBEa. VM3 popmynst (6) BugEo, 9T0 F (2)—
xapakrepucradeckas QyExmus nuis A, @ moromy A m A’
PEKYPCHBHEL.

B pgomonmemme kK TeopeMe 1 moKaykeM emme, 4TO COOKYN-
HOCMb 3HAYERUL, NDUHUMAEMHEL NPOUSBOLLHOL MHO20MECTNHOL
npuMuUmMUeHO pekypcusnoli gynryueis F (z,, ..., z,), a6-
ASEMCS,  PEEYPCUBHO NEPELUCAUMBLI  MILOHCECINEOM.

Paccmorpum ogHoMecTHYI0 QYHKIIIO

f(x) =F (em (x)1 « vy Cpp (x)) (7)

dta QyEKOWS OPEMHETHBHO peKypcmBHA.B cmmy 7 m coor-
HOIIeHH A

f‘(c (g, « - oy Zp)) = F(zg, .. .y z)

COBOKYIIHOCTH 3HAYeEUH (YBRIOUH f cOBHAZAET C COBOKYIHO-
CTHI0 BeeX 3HaueHmil QyHRIUE F T mMOTOMY 3Ta COBOKYIHOCTD
PEKYDPCHBHO IIepEeIHCIIMA.

4.3. Uopoxknennsle MHOKECTRA, HamoMHEM HEKOTODHE
nossarag w3 H. 1.3. Ilyers M — mpom3BONBHOE MHOMKECTBO
KaKkHX-To 3jemenToB. Haswmas (wacTunugas) QysEKuaA
F(zy, ..., z,), onpeneneEnas sa M, co sSHa9eBNAME, TPHAHAJ-
JMeKAIMAMI TOMY ke MHOMecTBY M , BasuBaercs (YacTHUHOM)
onepayuetli Ba M. llogmmosxecTBo A MHOsecTBa M HasH-
BaeTCs 3aMKHYTHIM OTHOCHTENLHO dYacTHYHON omepanumm F,
eCHH A KaXKAHX 3HAYEHHHA Zy, . . ., Ty, BBATHX O3 06IaCTH
oupepnenenus F m npusagiesxamux A, sHauenue F (zp, . . .
. .. Zp) TaKde OpHHALIEKUT A.
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[IpepmonomxmM, 9T0 B MHOecTBe M, cHaGKeBEHOM HEKO-
Topoil CHCTeMOH omepanm# F;, BEIeneHA KaKag-TO COBOKYI-
mocts V' ero saeMentoB. CoBorymmoCcTh V¥, gBismomascs
nepecedeEeM BceX TOJIMHEOMECTB MHOKecTBa M, BaMKEYTHIX
OTHOCHTENIBEO omepamumit F; u comep:kamux V, maskBaercs
COBOKYIIHOCTBIO nopoicdennoli cucmemoli V 1npm moMoUIH
omepaum# F;. B n. 1.3 6rmo mokasamo, aro V¢ cocromt u3
Tex H TONBKO TeX 3JeMenToB M, KOTOpHIE ABIAIOTCH 3Hade-
HASME TEPMOB, 3aNUCHBAeMBIX IPK IIOMOIIHA CHMBOJOB 3a-
magHKX omepanuit F; @ CHMBOJIOB 3JI€MEHTOB CHCTeMHl V.

a5 gansHeiimero GymeT BajKeE cIydail, KOIjja MEOKECTBO
M ecTh COBOKYHNHOCTE BCEX HATYDPAJIBHHIX YHCEN, & OIepandn
F; ABIAI0TCA NPUMHETHBHO DPEeKYPCHBEHIME (QYHKIUAME,

Teopema 1. Mnuoixecmso namypasvuviz uuces V&,
nopovcdennoe DeKYpCUSHO NEPeuUcIUMOl CcogorynHocmbvlo V.
C NOMOWBI) KOHEUHOU CUCTNEME, NPUMUMUBHO PeKYDCUSHBLT
dynryull Fi (z,, . . ., zm;) (=1, ..., 5), s6asemcs peryp-
CUBHO NePEuUCIUMBLM. .

O6osmaanM wepes v (z) NIPEMATEBEO PEeKYyPCHBHYI0 QyHE-
11110, MHOXECTBo 3HAYeHHA KoTopoil coBmagaer ¢ ¥V*), Coraac-
HO CKa3aHHOMY HODOIeHHOe MHOKecTBO V2 cocronmT m3 3Ha-
9eHu# TepMoB @& (a1, . .., Gp), BANHECHBAGMBIX C TOMOIIBIO
byrrumoHANEENIX 3HAKOB F; W NPOU3BONBHEIX UHCET dy, . . .
-+ 0, m3 V. Tak war V cocTout u3 3HaYenuii pyrrnun v(z),
T0 V¥ — w3 smauenmit TepmoB Buma & (¥ (by), . . ., ¥ (b)),
rge by, . . ., b, — NpPOW3BONBHEE HATypaJlbHLIE YACIa. Lep-
MEI HOCJHefHEro BHAA YCIOBEMCS HASHBATh J-TepMaMH.

Bee v-repmur My Temeps nepemymepyem. Homepom Tepma
v (b) HasoBeM wmemo 3°. Jamee HymepyeM WHIYKTHBHO, BOC-
X0 or GoiMee KOPOTKEX TePMOB K Gomee AumEEEIM. 1lycrs

TEPMEL @, . .., Oy, YIKe MONYYMJIH HOMEPA Cy, . . ., Cm;.

Torma momepowm TepMa F; (61, . . ., Gnp;) Oymes Ha3HBaTH
- c

ancao 2'pyt . . . pm"i‘i, rfle CEMBOJEHL P g, P1, Po; - - - 0003HATAIOT

HocTenoBaTeNbHEE TPOCTHE TUCaa 2, 3, 9, . . .

Cawrre Koporkme y-TepMsr — 9T0 TepME BEma v (b). Hx
HoMepa, Kak cka3aHO, PABHEI cTemeHAM umciaa 3. Homepa
OCTANBHEIX 1-TepMOB 9eTHH. TakuM o6GpasoM, He Kak[oe
HaTypansHOe 9@csio ecTh HOMED KaKOTO-TO TepMa, HO ecim
HaTypanpHOe umea0 ecTh HOMED KAKOTO-HEHOYAL U-TepMa,
TO 9TOT TepM 0fHO3EATHO BOCCTAHABIHBALTCS MYTeM PaBILOsKe-
HOI 9Yncenm Ha mpocThle MHOKHTEIH.

—_—

*) Bas uycroro ¥V yTBap/KOeHIe 0UEBUHO.
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Mz XOTHM Tereph MOCTPOUTH BCIOMOTaTeIbEYI0 QyHKIHIO
f (z) TarmM obpasom, TToOH f (n) ObIO 3EaYeHHEM U-TepMa
C HOMEPOM R, €CNH 1 ABNAeTcs HomepoM TepMa. G 3Tol Hensio
nodaraeM no onpenenernnio f (0) = v (0) u gamee
(Fl (flex(t,n+ 1)), ..., f(ex (my, n+ 1)),
l : ecim ex (0,n - 1)=1,
T+ 0=1F (fex(t,n+1)),. ... 7 (ex(me n+ 1)),
ecam ex (0,n 4 1)=s,
lv(ex(i, n4-1)) gna ocraupHLIX 7.

(1)

3mecs ex (i, » 4+ 1) — morasartens Bmcmen CTEIIeRH TACIA P
Ha KoTOpyI0 menmres n -+ 1 (em. m. 3.2).

Cornaceo n. 3.1 yxasamHoe ompefelnenne QyEruum f ()
MOJKHO IPEICTaBHTH B clexylomeidl dopme:

7(0) = v (0),
frn+ ) =G, flex(, n+1),...,f(ex (¢ n+ 1)),
- (2)
rae t = max {my, ..., M} B

G(n,z1,...,z)=v(ex(l,n 4 1)) sg H lex(O,n +1)—i| +

i=1

+ 2Fi(xlv'--1xmi)s_g'lex(o,n—}~1)_il_

i=1

Tax rax QyEroum ex (i, n -+ 1) ymoBIeTBOPAOT cOOTHOMIE-
HAAM :

ex(i,n +1)<n

TO paBeHCTBA (2) mpefCcTaBIAIOT coGOH cxeixy BO3BpPATHOH pe-
Kypemd, onucaBgRyo B 1. 3.2 Mexonasie dyaxmun ex (i, n +
+1uG(n, zq, ..., 2;) IpENOTEBHEO peRypcuBHE. loaTony
n ¢ysxnus f (r) TaksKe IPIMITHBEO pPeKypPCHBHA.
ITorameM, aTo f (n) pasHo sHAuEHUIO U-MePMA ¢ HOMEDOM
n, ecau n — 6000we HOMED Kako20-mo v-mepma, u wmo f (n)
Paeno 3HaxeHuiw nodzrodauezo v-mepna das awbozo n.
Hus n = 0, 1 aTo 3aBefoMo BepHO, Tak Kak n3 (1) smmmo,

w0 £ (0) =7 (1) = v (0).
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[IycTs JOKasHBaeMoOe yTBepsKIeRNe NCTHHHEO N KaKIOTO
n, MeHbIIeT0 HekoTopoTo anciaa a + 1. Paccmorpmm f (a + 1).
MoryT NpefCTaBHTHCHA JHIIL Clegylomme TPH CIydas.
a) Umemo a + 1 ecTs mOMep v:TepMa BHEa F; (a5, . .
(R} ami)‘
CornacHO NIPHEATOH BEyMepanud TePMOB HMeeM
a

a+1=2"po. .. pa™,

1

Ime dy, - - -y Gm; — HOMepa TEPMOB &y, . .., Gm. M3 (1)
HaXOOHM

fla+1)="Fi(f (@), -1 (am)

Tak Kak a; < @, TO I10 IPEJHON0KeEN0 f (¢;) paBHO 3HAYEHHIO
TepMa G; H, CIeZOBaTeIHHO,

Fla+1)="Filt - n tm) '

Nraue rorops, B paccMarpHBaeMoM ciyzae f (a 4+ 1) paBHo
3HAQUeHHIO U-TepMa ¢ HOMepOoM a -

6) Ymero a + 1 ecTs HOMep TepMa BHAR U (¢) B IOTOMY
a+1=3 Us (1) maxonmM

flat1)=00),

T. e. cHOBa moxydaeM, 3t0 f (a --- 1) paBEO 3HaguemHIO V-
TepMa ¢ HOMepom a -+ 1.
B) Uncno ¢ + 1 me ecTs omep BEKakoro v-repma. IlycTs

ex (i,a+ 1) =4a; i =0,1, 2,...).
ITo (1) momygaem, aro mmbo mias meroreporo i (1 < i <)

Fla+1)=Fi(f (@) « . f(@m) 3)

an6o e
f(a -+ 1) =v(ay). (4)

Tax kak a; << a, To f (a;) paBHO 3HAUEHHI0 KAKOTO-TO
U-TepMa a; (He 06513aTeIsHO C HOMepOM a;). Ho Torga B cuy-
dae (3) f(e¢ + 1) pammo 3Hawemmio v-Tepma F; (ay,

s @m;), a B caydae (4) f (¢ + 1) paBEO 3HaweRmIO V-Tep-
Ma v (ay).

Urax, Bce ycmoBHs IEIYKIAT BEIIO THeHH B yTBepPsKAeHue
MOYRHO cYmTaTh JOKa3aHHBIM. 13 Hero BLITeRaeT 9T0 IOPO-
RIeHHOe MHOKecTBO V¥ COBIAmaeT ¢ COBOKYIHOCTHIO BCeX
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snavennil pymknuam f (). Tak Kak sra QyHEKIEA NIPEMATHBEO
PeKypPCHBHA, TO MHOKECTBO V¢ DeKypCHBHO IepedmclImMO,
9T0 U TpeGoRaIocs.

4.4. Muoxectsa M-OK wHarypanbuplx umcen. Hapagy
C MHOMKeCTRAMH HATYPANBHEIX 9HCeX OOHYHO NPHAXOTUTCS
paccMaTpuBaTh MHOMKECTBA Iap, TPoeK W Boolme 7-OK Ha-
TypanbEHX gdceld. Il0aToMy HOMATHS W pesyabTATH Ipef-
MIeCTBYON{IX Pa3NeNoB ME PAcIpOCTPAEEM Teleps HA COBO-
KYNHOCTI n-0K dHce.

Quxcnpyem mexoTopoe n > 2. Uepes N oGosmaumm
COBOKYIIHOCTH BCeX M-OK HATypanbHHX d@cer. B m. 3.3
KaKmo# n-me HATYpPAJLHEBIX TdCed {Xy, . . ., T,y OB MOCTAB-
JeH B COOTBETCTBHE €€ KAaHTOPOBCKHI HoMep € (Zy, . . ., Zp),
npuaeM OBIO TMOKa3aHO, 9TO 3TO COOTBEeTCTBHE Memmy N
¥ NV B3amMBo onEo3HagHO. CTaBa B COOTBETCTBHE KayKIOMY
MHOMeCTBY A n-OK dUHcen MHOKeCTBO ¢(A) HOMEpOB n1-OK
u3 A, MEl pacupocTpasseM KaBETOPOBCKOE COOTBETCTBHE MEIKIY
N™ u N [o B3aEMHO OJHO3HAYHOT'O KAHTOPOBCKOTO COOTBET-
CTBET MMy MHOKECTBAMH 4UHCeN W MHOKECTBAME n-OK
qrces. OTCIofa BOBHEKAaeT eCTeCTBEHHOE

Onpepmenermne. Muoiermso A n-ok HaMYPaALbHHT
Yluces HA3LIEACMCA NPUMUIMUGBHO DEKYDPCUSHBLM, DeKYPCUSHLM
WAL DERYDCUBHO NePEeUCAUMBLM, ECAU TMAKOGHLM S6AACMCS MHO=
acecmeo ¢(A) nomepos écex n-ok us A.

Tax Kak 00BeNUHEBHI0O U TePECeYeHHI0 MHOMECTB N-OK
0TBEYAOT O0BeNUHEHEE H IlepecedeBne COBORYIHOCTEH HOMe-
POB BTHX n-OK, To U3 TeopeM 1. 4.1 m 1. 4.2 memocpegcTBeHHO
HOJyIaen

Caepgcrsue 1. O6vedunenue u nepeceverue Kowmeu-
H020 HUCAA DEKYPCUGHO NePEHUCIUMBE (DeRYDCUSHMT, NDUMU-
MUBHO DEKYDCUBHBIE) MHONCECE N-0K HAMYDPAALHBIT YUCE
AGAIOMCS, PEKYPCUBHO NEPERUCAUMBLMU (peRYPCUSHBIMU, NpU-
MUMUBHO PeKYDCUBHLMU) MHONCECTNEAMU.

Honoanenue perypcusnoeo (RPUMUMUEHO020 DERYDCUBHO20)
MHOIKCECBA N-0K ecmb PeRYypcueHoe (RPUMUMUBHO DEKYPCUS-
HOE) MHOICEeCmE0.

Ecau Oonoanenue A’ perypcusno nepeuucaumozo mHoMce-
cmea n-ok A pexypcugno nepewucauno, mo A u A’ — peryp-
cusHbe MHONMECMEA. .

XaparrepucTudeckoin QyHKumel MHOMecTBAa A n-OK Ha-
TYpPaNnbHEIX YHCeT Ha3HBaeTcA n-MecTHaA QYERNmA f (zy, . . .
<+ ., Ty), paBBag O ras n-ok {zy, . . ., T,), BXomAmMuX B A,
u pasHas 1 gua n-ox, He Bxogamux B A, Ecuan ¢ (4) — muo-
KECTBO HOMEPOB BeceX n-OK m3 4 # g () — XapakTepmeTuge-
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cxasg QYHRIES MHOKecTBa ¢ (A), To ©3 COOTHOmeENHH
g @ =7F(en (@), ..., cu(2),
gle(@y .- ) =F (21 -+ -y Ty)

(cM. 1. 3.3) W IPEMHETHBHOH PeKYPCHBHOCTH KAaHTOPOBCKEX
QyHKUEHA €, Cp; CIeTyeT, 9T0 MHOJICECTNE0 N-0K M020a U MOoLbKO
moz0a perypcusro (RPUMUMUEHO PEKYDPCUBHO), Kozda uacmuy-
HO perypcusHa (RPUMUMUEHO DEKYPCUBHA) €20 LAPAKMepUCTRLL
yeckas PYHEYUS.

AnanormusniM 06pa3oM HOKA3HBAeTCH W

Teopema 1. Ecau ecwdy onpedeienhas @yrnryus

F (21, . - .y Ty) BACTRUNHO DERYDCUSHA (RDUMUMUBHO DERYPCLLE-
H@), MO COBOKYNHOCMb N-0K {Tyy « . ., L), YOosaemeopaowuz
YPABHEHILID

Fzy, .. - Zn) = 0,

A6ASEMCS, PERYPCleHbM (RPUMUTNUGHO DEKYDCUBHBLM) MHOKHCE-
CMeE0HM.

Ecau gynryus F (Ty, . . ., Zny, Yo + « -y Ym) RPUMUIMUBHO
pPeRYpcusra, mo cogorynnocmv A mex n-ok {ay, . . ., @, 04
KOMopuT YpasHenue

F (ﬂl, R TSI ym) = O (1)

umeem xoms 6br 00HO pewenue {Yi, . . ., Ymy>, A6AACMCS pE-
KYDCUBHO NePeLUCIUMBIM MHONCECTNEOM.

[lepsoe yreepsxnenme ouesuaso (cM. m. 4.1). [lxa moxasa-
TeJIbCTBA BTOPOTO YTBEDIKAEHUSI BBOLEM (PYHKIIHIO

Fla, y) =F (en1 (@), - - .; Con (@)y Cona (V)5 « + +s Coumn (1))
Jra GyBKIES NPEMATEBHO PEKYDCHBHA. YpaBHeHIe (1) pas-

pemmMo npHd 3aHABHEX 44, . .., G, TOTHA W TOJXBKO TOTHA,
KOTHa paspemsMO OTHOCHTEILHO YJ ypPaBHEHHe

f(a, y) =0, (2)

rae @ — HoMep n-Ku <&y, . .., G,». 10 COBOKymHOCTH 3Ha-
9eHNH apaMeTpa a, KIS KOTOPHIX Pas3pelnnMo ypapHeHme (2),
ABIsIETCS PEeKYPCHBHO IEPeYMCIIMHIM AEOKecTBOM. IloaTo-
MY DPeKypcuBHO IepeducimMa H COBOKYIHOCTE: A.
Teopena 2. Jasa mozo umobe Henycmas cosokynHocmo
-0k Gulia pekYpCcUSHO RePeulCAUMOL, HeoO0xoduMo u docma-
Mouno, umober ona 6vl1a COBOKYNHOCIMbIO 6CeT N-0K 6uda

1@y fal@ @=0,1,...), ®)

2de fy (z), . . ., fp (¥) — nOBzOdsyUE RPUMUMUBHO perypcue-
nue gynryuu.



88 TJI. 11. PEKYPCHABHBIE OVEKITAU

B camom pmeme, ecnu $ymrnud fq (z), . . ., fn (r) apmMz-
THBHO pPEKYPCHBHHE, TO COBOKYIHOCTH HOMEPOB BCeX R-0B
Bmaa (3) coBmajaeT ¢ COBOKYIHOCTLIO BCeX SHAUEHHH IpmMum-
TUBHO peKypCHBHOH (YBKIZH

f@)=c((@) ... fx(@)

4 TOTOMY COBOKYIHOCTH 1-OK BHAA (3) PeKYPCHBHO II€PETHC-
amMa,

OGparso, mycrs ¢ (A) — MBEOKeCTBO HOMEPOB 1-0K PEKYp-
CHBHO IepegncauMofl senycToli coBoKynHOCcTH. CGOTIacEo Teo-
peme 1 m3 1. 4.2 ¢ (4) ecTh COBOKYITHOCTS 3HaTeHAN HEKOTOPOU
TIPEMATHBEO pekypcusHor pymrumn f (z). Ho B TakoM crygae
A cocromT H3 n-0K BHIOA

$Cns (f @) -« s Cna (F @)D,

49To # TpeboBajoCH.

T'pa¢purom pyurumm I (2, . . ., Z,) HABHBAETCS COBOKYI-
BocTh (n + 1)-ox Bmma {zy, ..., Z,, F (2, ..., @)D, THe
sHagenwue F (zy, ..., Z,) DOMKEO OLITH onpeneiemHbM., OT-

ciofa ciegyer, 4To eciu QyEKuEs I’ Bclomy ompemeieHa, TO
XapaKTepHCTHYecKo# (pyEKImel ee rpadura GymeT PyERUEA

Sg | Zpn — F (2, - .., Tn)|

U, 3HATAT, 2PaPUEL NP UMUTNUBHO PEKYDPCUBHUMT L 00LeDeRYD-
CUBHWE PYHEYUL A6AAIOMCS COOMEEMLMEEHHO MHOICECTREAML
NPUMUMUGHO DEKYDCUSHBLMU U DEKYDCUBHBLMLL.

Jlerxo mocTponrTH MPHMED He BCIOLY ONpepeleHHOH (YyHH-
1Ed, rpadEK KOTOopo#l IPHMUTHBHO peKypcuBeH. Bosee Toro,
BO3SMOHHO IOCTPOUTS W BCIOLY ONPEAeNeHHYI0 He IIPHMATHB-
HO PeKyPCHBHYI0 (yHKOWI, Tpadik KOTOpo#i NPAMHUTHBHO
PeRypcHBEH. 3T0 TOBOJILHO TOHKOE MOCTPOeHHe GYIeT BHITOJN-
meHo B 1. 6.4, a cefivac MEI [oKayKeM JHEINL CIELYIONIee ITO-
BOJBHO OYEBHJHOE YTBEDIHIEHIE:

Teopema 3. Ecau zpagpux M ecidy onpedeaernoil
pyuryuuw F (z,, . . ., ) perypcusno nepeiucaunm, mo @Gynk-
yus F obweperypcusna.

Cormacuo Teopene 2 coBorymuocTs M cocrout 13 (n - 1)-

OR BHJa <fl (t)v LR fﬂ (t)v f‘n.+1 (t)>1 e flv LR ] fn+1 — moA-
Xormanorle IPHMATHBEO pPEeHYPCHBHLBIE (I)YHKIIHH.' (DyHKI{HH F
BCIOOY oOnpeneleHa. HOBTOMy TLITSL T1005IX Ty, o+ oy Iy
YpasHeHHE

lo —fo (@) |+ oo+ 2w —fa ()] = O
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g3feeT XOTS OB OJHO pelIeHme f, IPHYeM [ls Ka/L0T0 pele-

ams t 9TOro YDaBHeHES HMeeM F (zy, . . ., Zn) = fpey (£).
(1e[0BATENBHO,
F(‘Zp LS| xn) =

=ft(e (o —H@O I+ .+ lz—fa(t) ] =0)
n, siagnt, GyEROEA F (2y, . . ., Tp) obmeperypcHBHa.

B 3armodeHHe MHE XOTHM CQODMYJIHDPOBATH HJAs n-OK
HATYPATBHEX UHCEN eIre TeopeMy O MOPOYRIEHHEIX MHOFKecT-
Bax.
Corsacro n. 1.2 m-mecrHO# omepamumell (zacrmduEO#) HA
MIoKecTBe BCeX n-ok N™ Haswraercs oTo6paskeHde, KOTOPOe

HOC/eIOBATeXbHOCTAM n-0K {&y, ..., &my CTABHAT B COOT-
BeTcTBIIE OHpefeleHBHe n-KA h=F (¢, ..., &p). Ecim
t; =<&iy, .- Ty (i =1,..., m),

TO KayKmas KOOpEWHATA Y; n-RE h = {yq, ..., Yoy OyHeT

¢yurOuell 0T KOOPAHWHAT 7A~0K Ty, . . ., Tm:

Yy = fi (xllv et vy xlnv ooy Tagy - oo o0y xmﬂ) (l :1'1 o e ey 72).
(4)

O6paTro, sagmaBas mpousBoibHO (QYHKHHEH f;, MH CMOKeM

0o n-KaM &y, . . ., &, HAHATH n-Ky § @ TeM CaMEIM BOCCTAaHOBHTH

oneparuio F. Ecxm omepanusa F wactdWgEag, TO KOOPHUHAT-
Hile QyHKEE f; TakwKe WacTHYHEE W HA0GOpOT.

[Tormumo rooprmmaTeEHIX QyHKUEH f; ¢ omepamme#t F MEH
CBAIKEM eme onXEY (yBKOWO f, KoTopas OyHeT Ha3HBaTHCHA
npedcmasasouel; Pynkyuei das F. Onpefensercs oHa Cie-
Ayommy 06paso.

Hycrs pamer BeKOTOPHE WHCHA @y, . . ., Gn. DepeM n-Km
%y, ..., ', HOMEPOB 4y, . . ., Gy, T. €. N-KHA
t; = <{Cn1 (@), - . .y Cnn (@s)),

U Buqueasdem HoMep @ A-RI F (Fy, . . ., In). Hanee mo om-

Pelesennio momaraem f (a3, . .., @) = a. OGparBo, ecam

Hssectna ¢ymxuma f (ay, . . ., @), TO OUCBHIHEIM IyTeM

BoccramaBmmBaercs u omepanns F (¢, . . ., ), OPElCTaBlige-

Mag QvEKnueit f (aq, . . ., Gm)- .
Opepmenenue. Onepayus F (21, ..., tm), 300an-

Ha% na muosncecmee N™ 6cex n-ok HAMYPAALHWT Huced, HA3HL-

8aemes yacmuuno DekypcusHoli, obwyeperypcusnol uil npu-

MUMUSHO  perypcuenoii, ecal MaK08ol AANLMCS Pyrryus
Ay - v .y Gy,), npedcmasasioyas onepayuro F,
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CpaBEnBag ompefeneENA IPefCcTABIAMel I KOOpAUHAT-
HEIX (YBKUUH, HEmOCPEeOCTBEHHO MOTydaeM

CunepgcrBue. Jas mozo umobs onepayus F (z;, . .,
.« .y Zm), Onpedesetnas na N7, Gvaa uacmuino peKypcus-
HOU, 00WeperypcuUsHoll ual NPUMUMUSHO PEeKYPCUEHOL, He-
06x00umo u docmamouro, ¥mobvl makoshlal GulAY 8ce KOOpIu~
Hamuvle gynryuy (4) onepayuu F.

Hanopusyep, pacecmarpmsas menble KOMIJIeKCHEIE THCIA
Zy + iz, KaK maphl BATYPaNbHHX dmcesa {I;, T,), BELUM, 9TO
omepands CIOKeHWs 3THX THCeN ABIAETCH NIPEMHETHBHO De-
KypCHBHOH.

ApanorugHo, TyCTh 33JaBH KaKWe-IW00 TPHMHTHBEO pe-
KypCHBEHEEe (QYEROHE

g (xlv Zoy Y1y y2)’ hi (IL‘I, Loy Y1» y2) (I' = 11 2: 31 4‘-)
Torma gsyunemnas omepanms I (r, y), onpemenesHas Ha N?
YCIOBHAMHA

ecna g (zy,...,Y2)=0,

<h3 (xly s 1y‘3)1 h4 (xl‘) e 7y2)>
IJIA OCTaNBIILIX Z1,..., Yo,

l<h1(l‘1, ey y2)7 h’2 (xlv ey y2)>1

F({z1, 22D, Y1y Yo)) =

fymeT HPHMETHBHO pPeRypPCHBHOM.

B camom mene, ykasaEELe YCIOBUA 03HAYANT, UTO KOOP-
IuHaTHEIe YHKIHEE f1, f, Aud omepanum F 3amaioTcs Tabian-
naMn

hl (2:11 :132, y17 y2)7
ecin g (. ..,Y2) =0,
Z1, T2, Y1, Y2)
IS OCTANBHHIX Z1,...,Y2,

fl (xla T3y Y1, yZ) - h3(

o (Zi, T2y Y1, Y2)s

ecin g (g, Ts, Y1, ¥2) =0,
Z3, Y1, Y2)
IJIA OCTaABHHX Ii, T3, Y1, lf2,

fz (xlv Z2y Y1y y2) = hy (1'1

noKaseBalomuMa (cM. m. 3.1), uTo sTE KoOpHEHATHHE PYHK-
oud, a BMecTe ¢ BOMH © onepanus F, gBIA0TCA IPAMATHB-
HO PeKypCHBHEIMH.

Teopema (m. 4.3) 0 HOPORIEHBEIX MEOKECTBAX TACEJ JOTKC
nepeHocnTcsi 6e3 HM3MEHEHNHE H Ha MHOKECTBA R-OK WHCElL
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Teopema 4. Ilycmb na muonmecmee N ecexr n-ok
HAMYPAILHBLT HUces 3a0aH0 KOHEUHOe WUCAO RPUMULIMUGHO
perypcushuz  onepayull F; @ -0 tm) (=1 ..., 9
1 nycmb 3a0aHO HEKOMOPOe DEKYPCUBHO NePERUCAUMOe MHOMNCE-
cemeo V n-ox us N7. Tozda cosorynnocmv V& n-ox, nopoxcden-
nasn daemenmanu V ¢ nomowuwio onepayutl F;, marsce peryp-
CUBHO NEPELUCAUMA.

lyern ¢ (V), ¢ (V) — coBoxymuocTn KanTOPOBCKHX HO-
wepos 7-0K w3 V mcoorsercroenno ua V€. OGosmawum gepes

Ji {wgy o v o a:mi) ¢yHKI{HI0O, OpeACcTaBIAIIYI0 OIeparuio
Fi (k15 -« o ¥m) (=1, ..., 8). OcTaerca amms y6enmroes,
g0 MEOKecTBO gucek ¢ (V'¥) moposkpaercs MEOMecTBOM € (V')
¢ oMombIo omepaumi fy, .. ., f;, Tak KaK ToTma BBHAY Teo-

pemel 1 w3 1. 4.3 ¢ (V4) m V¢ 6ynyT peKypCHBHO HepedInCiIm-
MEIMI.

MuoskecrEo V¢ ecTh COBOKYIHOCTH 3HATEHEH TEPAOB, 3a-
IKHCHBAEMBIX TP MOMOIIE CEMBOJOB omepanmii F'; m o6osiia-
uenuit n-oxk us V. Ilycrs a (zy, . . ., &) — OAWEH U3 TAKUX Tep-
MOB. 3aMeHMA B HeM CHMBOJIH omepanmil F; cCHMBOIAMHE mpef-
crapuaiomux QYHKIEH f;, a CEMBOIE 7-OK ¥; CAMBONAME X
HOMEPOB, TONYUYHM TepM, 3HAYeHHEe KOTOPOTO (yler paBHO
HOMeDY 3HadeHmA TepMma ¢. Takmm 06pasoM, COBOKYIHOCTH
¢ (V) saBisercs MHOKeCTBOM BHA4eHHH TepMOB, SaOHCH-
BAGMBIX HPH TOMOWIE CHMBOJOB (YHKOEH f; B CHMBOJOB
uucex 03 ¢ (V), 1. e. ¢ (V¥) mopospaerca COBOKYIHOCTHIO
¢ (V) npu momomm QyEKNEH f;, 970 @ TpeGoBamOCH.

Cormacmo m. 1.3 mHOMmecTBo M, cHab)weHHOE KOHEUHOH
CUCTeMOH ompefieeHHHX Ha HeM omepanumit F; (z, . . ., Tn;),
HassBaeTca anrefpoil, cmMBonMYeCKE 0003HAWAEMON depes
M =(M; F,, ... Fo.

Ecnm ocHoBHOE MEOsecTBO M amre6pst M aBugercs coBo-
RYIDHOCTBIO BCEX N-OK HATYPAJBHEIX 9iICeN, & OCHOBHbLIE OIe-
panum F; aBugioTca OPEMETHBHO PEKYPCHBHBIME, TO aarebpa
M HasmBaeTca IPEMETHBHO pexypcmBHOii. Teopema 4 MokeT
OnTL Temeph mnepedopMySUPOBAHA CiaemylommEM 06pasoM:
Ra;KI0e PeKYPCHUBHO NEPeINCIAMOE MHOKECTBO DIEMEHTOB
IPIMATABHEO PEKYpCUBHON ajnreOpH Iopoy:aaeT B aToi anrebpe
PEKYDCHBHO IepeYncImMyio mopanreb6py.

Ilpamepnr mn sagadn

i. Kaspoe GecKoHEIHOE pERYDCHBHO HEDPEUNCIMMOS MHOKECTBO
conepsxnT GecROHEUHOE PEKYPCHBHOE HOMEHOZKECTBO. ] .

2. IIpoeryuu. TeoMeTPUUECKN n-KM 9YHCEH HCTOJKOBHBAIT OOHT-
HO RKak TOYKHE ~n-MEPHOTO IIPOCTpaHCTBA; 4HCiIa Zj, ..., T, Ha3HBAIlOT
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ROODABHATAMII N-KMA {Zy, . . ., Zn). HYCeTh 1 Ci; <. . . iy < 0. m-Ry
<xi;’ .+« T; ) HasHBaIOT TpOEKmmeil TOURH (Zy, . . ., Tn) Ha KOODPAH-
m

HATHYIO <iyy + - «, ip)-IIOCKOCTh. COBOKYIHOCTH LTPOERLIL BCEX TOTEK
MHOKeCTBa A Ha iy, . . ., imy)-IIOCKOCTh HA3KBACTCSA UPOGKIHEH MHO-
sKecTBa 4 Ha 9TY TIIOCKOCTD.

Tlokasarh, 9TO HPOEKOHSA PEKRYPCHBHO IEPeUHCIMMOTO MHOKECTBa
€CTh MIOKeCTBO PEKYPCMBHO IIEPEUMCIMMOe H UT0 RayKA0e PeKYDCHBHO
LICPEYNCIAMOE n-MEPHOE MHOKECTBO ecTh IIPOEKOMA oAXoAAmero (n 4=
- 1)-MepHOTO TPIMITHBHO PCKYPCIBIOTO MHOIKCCTBA.

3. BemecrBennoe wmeao o, HMEION(EE BHJ

a=ay+ a;-107 + a,-102 4 . . .,
THE ag, @y, . . - Beuse, 0 'o; <9 puai =1, 2,... HasHBaeTcsa pe-

RYPCHBHHIM (IPHMITABHO PEKYDPCHBHEIM), eCiM peKypCHBHA (IpHMH-
THBHO DeKypcHBHA) QyEKNuUA f, (z), OIpefedeHHas YCIOBHSIMA

. fa (0) = | ay |1 .fa (n + 1) = an+1'

ITorasats, 9ro Bce anreﬁpamecxne BeIecTBeHHEIe qucda IXPAMUTHBHO

PERYDCHBHH M 9TO BCe PCKYPCMBHEIE BeINecTBeHHEe wicliia oGpasyior
anre0pamiecKn 3aMKUyToe LoJe.



TJHTABA III

OBINEPEKYPCHBHBIE
1 YACTHYHO PERYPCUBHBIE @YHRIIVN

[{enTpanbHOe MOEATHE TEOPHH AJTOPHTMOB — 3TO MOHA-
tire (YHKOWE, 3Ha4eHES KOTOPOH BHYHCIEMEL C IIOMOMIBIO
aaroprrMa. Cormacro Tesmey UYépua (u. 2.3) aaropuTMaIecKn
BHUHCHAEMEE (YHKIAN OTOKAECTRBIAIOTCS C IACTUIHO PEKyp-
cupapMu QyERIEavE. HacTogmas rraBa mocBsAmeHa KoKasa-
TenpeTBAM (QYHAAMEHTaNBHEX TeOpeM 0 PeKYPCHBHEIX I da-
cruuno pekypcuBHRx (yEknzax. Teopemer stm o6pasyior
0CIIOBY TEOPHE PEKYPCHBHHX (QYHKIHI.

§ 5. OGmeperypcuBabie QyHKIUA

[o cmx mop He 6HIO ycTaHOBIeHO, 4TO Kiaace obimepe-
KYDCHBHEIX (QYHKOEH neHACTBHTEILHO IIHpe KIacca NPAME-
THBHO peKYPCHBHHX (yEKNui. B mHacrosmem mnmaparpade
9TOT HP0oGes BOCHONHAETCH (PaKTHIeCKUM IOCTPOeHHEEM 00Ime-
pexypcuBHO#l (yHKOEH, He MBIAOMEHCH IPUMHTHBHO
perypcmBHOH. . Bomee 10T0, mOCTpOeEHAH 00mMEpeKypCHBHAA
QYHRLAA 0T ABYX MePEMEHHHX OKABHBAETCH YHHBEPCANBHOMH
I BCeX OIHOMECTHHIX HPHEMHTHBHO PEKYDPCHBHEIX (YHKIEH
I B faspHeHMeM H3IT0KeHHE Hrpaet 0co0yo pors. HoHCTpyH-
pPoBaHMe yHHBEPCAJIhHON (YHKOHE DPOXONHAT BeChMa IPOCTO
IpPII TOMOINE OJHOIO COeNZANLHOrO BUA PeKYDPCHE, C m3yde-
HUA CBOMCTB KOTOPOTO MEl K HAYHEM WBJIOKEeHHe MaTepmaia
9Toro maparpada.

5.1, Perypemn 2-ii crymenn. Yucna HaTypambHOTO psja
0,1,2,... o6pasyioT ecTeCTBeHHEIM 06pa3oM yOOpPAHO-
YeHHYI0 DOCHeN0BATEIBHOCTh, JTa YIOP AK0Y€HHOCT: WUIrpaeT
(YyHEaMeHTanBHEYI0 POTH ‘B 33JaHNM (QYHKO@HA ¢ DOMOIIBIO
UpuUMHETHBHOI peKypcun. VIMeHHO, ecan ompepensgeMas (QyHK-
Lug MHOTOMeCTHAasf, TO H3 apTYMEeHTOB BHOUpDaeTCa OAmH,
3afaeTcs 3HaueHWe (YHKNEU, KOTTA 3TOT apryMeHT pases (),
H fmaercs OpaBHiIo, KaK HaHTH 3HaueHWe (QYHKOWI B TOUKe
7 4+ 1, ecim W3BeCTHS! e¢ BHAUCHWS OPH MEHHIIAX 3HAUEHAAX
aprymerra. J{lomycTmM Temeps, 9TO MEl XOTHM aHAJOTHYHEIM
cmocoGom 3amarTh (YHKOHMIO ABYX apryMmenToB F (z, y), Ho
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XOTHM BeCTH PEeKYPCHIO He [0 OJHOMY apryMedTy, a cpasy
no oGomM. Torma MEl OPeIBAPATEIBHO NOJHKHE KaK-TO YIODsi-
HoumTh Bee mapsl gmcen {z, y». HoHedno, ymopaoumsaTs UX
MOMHO MHOTEME cunocobaMm. OCTaHOBUMCHS HA CIOBADHOM
yuopspouennn: mapa {z, y» OyHeT CIHTATHCS TIPENIIecTBYIO-
meit mape {x;, §,», ecan au60 = << z;, MA60 T = Ty, & ¥ <
< y,. BmnmcuBas mapel B TOJNBKO 4YTO YCTaHOBIEHHOM
mopAmKe, MOJTYIHM

0,00 <0, D<...<U, < 1>D<. ..
<D<, D<)

B stom pacnonoenun naps Buaa {r, 0) mrpait oco6yio
PO — Y HEX HeT HeHoCpe[CTBeHHO TpemecTByomeil naps,
a mapa <0, 0) Boo6me aBaAseTCA HadaIbHOU,

Bepremcs teneps k QpyEknmm F (z, §), KOTOPYIO0 MEL XOTAM
3ajaTh PEKypcmed cpasy 1o ABYM aprymenraMm. llpmemmasm
BO BEEMaHHe pacmoioykerme (1), MBI MomxHEl cHagama 33[aTh
F (0, 0), momo:xmB ero pPaBILIM HEKOTOPOMY JHCIY Q. 3aTeM
MHL JOJUKHB Kak-To BhipasuTh F (7, §) 4epe3 3Ha4eHus aToit
e (YHKOEH OJ8 OPefHAYIGEX UAap 3HAYEHHH apPUyMeHTOB.
3mech BOBMOMKHEL CHEIyIOUIEE CIyJam:

a) Tpe6yercs madiru F (0, z). Ilpeguimymme B3HageHEA
¢yernmn umeior BuE F (0, y), roe ¥y < .

6) Tpebyerca maiitu F (n + 1, 0). Ilpemsigymime smage-
Husl QyEROME mMmeoT Bup F (ng, x), rme n, < n, & T HPOU3-
BOJIRHO. B wacTHOCTH, eCiiu «Openbymuey SHadeHHA QYHK-
nud F u3BECTHH, TO MO/KHO CUATATH H3BECTHHIME W 3HAYEHUS
BHpaKeHn# Bmaa

F (f1 (n), g (@), F (. (), F (f2 (n), & (@),
F(fi(n), F(fy (n), F(fs(n), 2))), ... (2)
rme f; (n), g () — kakue-nmGo Hamepen sajaHHbe (YHKIAH,
YIOBIETBOPAIOIIEE YCIOBHSIA
iy <<n(i=1,2,...). (3)
B) Tpebyerca maiitm F (n + 1,2 + 1). [Ipepmpymue
3HaUeHHA (QyHKOEE F 3ech MOTYT OHTH CIAELYIOMHX THIOR:
F(n 41,1 @) F (i (1), F (2 (), @),
F(f(), Fr 41,05 @), - - o )

rae f; — Hamepen 3afaHHEE QYHKOEH, YI0BIETBOPSIIOIIEE
yeaosumy (3).
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Taxmi o6pasom, aTo6ur 3agats Gymxnmo F (z, y) pexyp-
cifeif 0 Tape mePEeMeHHbIX, MBI MOKeM 3a/IaTh BHPAIKeHAA JJis
Fn+1,0), F(n-+1,z+4 1) zepes wnensr Bmpa (2), (4),
a rarme sajgarh (QyHKDmIO ommoil mepememmoit F (0, z 4 1)
n gncao F (0, 0). B moxsOM 06BeMe aTOT cmmocob 3amaHms HaAM
naTee He moTpebyerca. B dacTHocTm, HaM He OyAyT HY’RHH
grern BEpa F (fy (n), F (fy (n), F (f; (n), 2))) m amanornaHO#
fo:ee caomuEOA cTPpYKTypHi. MBI orpammuuMes paccMoTpeHEEM
AT CHEAYIOmero cnocoba, KOTOPHl TONBKO H BCTPETUTCH
HaM fanee. JTOT cmoco0 MEl OGyaeM HA3HBATH perypcuerl
2-1i cmynenu.

Onpenenenue. [Tyemov sadans eciody onpedesenniie
PyHEYUL

G (Zgy T1s « « oy Tm)y H (Zg, T4, -« -y Ty b (2)
u eciody onpedeaennvie pynryun f, (x), g; (x), ydossemeopsio-
wue mpebosarusm ,
@<z g@<zi=1..,mj=1...,H.
()
T'osopam, uwmo ectody onpedeaennas gynkyus F (x, y) eosru-
kaem us Pynkyuil G, H, I, f;, g; perypcueii 2-ii cmynenu, ecau
Fn+1,z4+1)=
=GMn+1,z F(fy(n), F(r+1,2),
F(fy(n), F(fs(n), z+ 1)), F(fy(n), z+1),...
o F (fn (0, 2+ 1),
F(n+1,0) = (6)
=H (n + 11 F (gl (n)a F (gz (n)1 0))’ F (nv O)v
E (g3 (n)a 0)7 LR F (gh (n)v 0))$
F (0, z) =P (z)
das ecex smawenull n, x.

Hanpumep, B m. 5.3 Mu faeransHo m3yYmM (QyHKIHTIO
B (z, y), onpenenenHy0 cxeMoit

Brn+1,z+1)=B(n,B(r+1, ),
B(n-+1,0)=sgn, B(0,z)=2-+ .
CpaBmerme »To#l cxemsr co cxemoit (6) mokaskiBaer, 4TO
B (z, y) Bosumkaer pekypcmeit 2-fi crymeHum m3 (yHRmEi
G(n,l’,y):y, .fl(n)=n7 h(l')=2+$,
H (n) = sgn,
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TlokasxeM Temeph, 9TO KAKOBH OH HE OB QyHKIWH
G, H, h n pyERumn {;, g;, ynosiersopaiomee yeaosuaM (5),
cymecteyeT QyERnEA F (T, §) I TOIBKO OfHA, YHAOBIETBOPAO-
mas cxeme (6).

Iocrpoerme ¢ynxnmm F (x, y) BLHIDONHAETCA OYEBHIHLIM
nyrem. Ilo ompemenemmio mma Bcex z momaraem F (0, x) =
= h (z). Hanee, ecnm mna Bcex map <{u, U), MeHbHMIHX IaPH
{n + 1, 0), srauerms F (u, v) onpefiefieHH & S HEX yCIO-
Bua (6) cobmiomensr, To 3HauzeHme F (n + 1, 0) ompepmensem
BTOpO# opmymnoii n3 (6). Haxomen, ecnm 3sEauerns F ompefe-
JeHH nug BceX map, Mmembmmx mape {n + 1, & 4+ 1>, To0
spauerme [ (n + 1, z + 1) ompemensem mepBoii (opMyToi
u3 (6). flcmo, g4ro momyweHHas TakmM o6pasoM (YHKnES
ynoemerBopser ycmosmsim (6). Ilockonmsky subupasmumecs
3HaueHna A F (n, £) 0oMHO3HAYHO BHiTeKan: n3 GopMynH (6),
To Qopmynsr (6) ompemensior F omHO3HATHO.

Ins panbEeiimero NpPHENEONANbHOe B3HAYCHHE HMEET

Teopema 1 (o pekypcum 2-# cryuerm). Ecau yrazau-
Hble ¢ onpedesenuu perypeu 2-ii cmynenu gyuryuu G, H, h,
fi» 85 NDUMUMUBHO PeKYPCUBHBL, MO 603HUKAIOWAS U3 HUT
nocpedcmeon perypcuu (6) dynryus F seisemcs obweperyp-
CusHol.

UroGH cokparnTs 3anmch PoPMyIn, LOKAXKEM BTy TeopeMmy
masim =4, k = 3. B o6mem caydae PACCYIEHAS OCTAIOTCH
TEME JKe.

O6osnaunm wepes M rpadux Qymknmm F, T. e. coBOKym-
HOCTh Tpoek uwmcen smpa <z, y, F (z, y)>. Cormacro u. 4.4
Teopema 1 Gymer mokasaHa, ecnim MBI OOHApPYIKHM, 9TO COBO-
KyneOCTh M peKypcuBHO mnepeumcimma. llocMmoTpmM, uTo
osHavyaior paBemctBa (6) mmmx M,

IlepBoe m3 pasenmcts (6), 09eBEIHO, MOJKHO HEPECKA3aThH
TaK: ecal Mmpolry

<IZ + 11 Z, u>1 <f1 (n)1 u, v>7 <f3 (n)1 z + 11 p>1
<f2 (n)v b, Q>, <f4 (IZ), x + 11 w> (7)

npurnadsexrcam M, mo
<+, z2+1,G(n+1,2,v,q, w)>E M. (8)
Bropoe w3 pasemcts (6) paBHOCHABHO YTBep:;KIEHHIO:
ecauw mpoikru
<g2 (n), 07 u>v <g1 (n)1 u, U>, <nv 01 10>1 <g3 (n)’ 01 p> (9)
npunadsexcam M, mo

<n+1’ O[H(n—!—i,vv w, p)>EM' (1‘0)
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HaxoHell, TocueqHee n3 paBeHCTB (6) yTBep:kaaer, ato M
codepacum éce mpoiiky euda 0, x, k (z)).

OGo3maunm gepes N3 COBOKYIHOCTH BCeX TPOEK UHCE.
Mpr xoTEM ompefennTh Ha N2 rakme omepanmm .4 (U, Uy, Us,
1y, Us)s B (U, Us, Ug, Uy), KOTOPEE Aus HabOpoB Tpoer (7),
(9) myenn 6L CBOEMH 3HAUEHHEAMI COOTBETCTBEHHO TPOHKH (8)
1 (10). C aToi mexbIo MOJIATAEM O OTUPefieNeHHI0 ATs IPOHS-
BONLHEBIX X;, Uiy 24

A ({&1s Y1y 200y -« - {Zsy Y5y 250) =
= <€L’1, Ys, G (xla Y1y %25 24, Z5)>7 (11)
eCJH BBHITIOJHEHH YCIOBHA '

o =fi (@~ 1), Y= 2, T3 = f3(x;— 1), ys =y, + 1,
zy = fo (g =—1), Yg=12; 3=, (7 = 1), ys =y + 1,
(12)

1T IoJiaraem

A (g, Y1y 2004+ - o0 Ty Y5 250) = <0, 0, 1 (0), (13)
ecan ycnosus (12) He BEIDOTHEHH.
Amajornuymo DoJaraeM MO OIPeleleHHI0

b (<.'L'1, Y1, z1>, o <.'L'4, Ya Z4>) =
=<xy + 1,0, H (w5 + 1, 25, 23, 20)), (14)

CCJM BEIIOJNHEHH YCJIOBHUS
T = g, (T3), Tp = &1 (T3), Yo = 21, T4 = &3 (%), (15)
II moJjlaTaeM
B ({Z1s Y1s 2005 -+ 1 Ty, Yoy 200) = <0, 0, R (0), (16)

ecrm yemosms (19) mas x4, Yy, . . ., 2, He YIOBIETBOPAIOTCA.
Tax xax ¢pyExnum G, H, h, f;, g; IPEMETHBHO PEKypPCHB-
HB, TO COTJACHO 1. 4.4 onepanwu 4 & J3 Takxe TPHEMITHBHO
PeXypPCHBHEL.
OGo3maumy wepes M, cooxynmocts Tpoex Buma {0, z,
h (z)). W3 npuvmraBrO# pexypcasHocTn QyHKnEE A () cie-
1yeT, 4T0 COBOKYmHOCTH M ; PEKYDPCUBHO IEepPEedInCIEMa.
CorylacHO TeopeMe 0 MOPOKAAEMEIX COBOKYIHOCTAX (1. 4.4)
COBOKYmHOCT: M * BceX TpoeK, KOTOPHIE MOKHO HOAyIATH
13 Tpoek MHO:KecTBa M, ¢ moMompio omepammir 4, 3B,
ABJISETCS PEKYPCHBHO TEePedHCImMOI II HAM OCTaeTcs A0Ka-
3aTh JOMB coBHmameHme coBoKymmocTm M * ¢ rpadmkom .
ITpe:kme Beero samedaey, aro M CONEPsKHET mMOPOMKIAIONIEE
MHO:RecTBO M . Hpome Toro, yenorms (11), (13) m (14) , (16)
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HOKA3HBAIT, 4TO COBOKYDHOCTH M 3aMKHYTa OTHOCHTEILHO
onepanmi 4, #. CoBoxymEocts M* mo ompepieneHHIO €CTh
HAWMEHBIIAsI COBOKYIHOCTH, BaMKHYTas OTHOCHTENBHO A,
B u copnep:xamass M ,. Taxmm obpasom, M* C M.

O6pareoe Braouenme M C M * mpome Bcero A0Ka3aTh
mHAyKnmeidr mo mnapamerpam n, x Tpoek <n, z, F (n, z)),
cocrasngomux rpadmk M. Hasn =0 rpaduxk M copmepxur
anms tpoitkm {0, x, h (x)). Bce orm Bxopar s M *. Ilycre pua
HEKOTOpOro 7 Bee Tpoiikm <r, x, F (r, x)>, ynoBmerBopsmomme
yeaoBmio r < n, BxoasT B A *. [lokarkeM, 9To TOra & TPOHKa
{n+1, 0,F (n+1,0)) Bxonmr B8 M*. Ilomaras u =
=F(g(n), 0), v=F(g(n),uw), w=F(@®O0), p=
= F (g4 (n), 0), mmeem B cuay (6)

Fr+1,0=H(@m+1, v w,p).

Tak xak g; (n) << n, To Bce Tpoiikm (9) mo mpeamoI0’KEHAIO
BxofaT B M*. [Ipmmensas ¥ Tpoiikam (9) omepammio 73, momy-
amM Ttpoiiry {n + 1, 0, F (r + 1, 0)). CoBokymuocrs M*
3aMKHyTa OTHOCHTeNHbHO oneparnud 3. CnefoBareanHo, TPOH-
ka <n + 1,0, F (rn + 1, 0)> npmeagne;kmr M *,

AHaTOTHYIHO OKASHBACTCA B YTBEPIKACHEE, YTO €CIHHE I
BAaEHHX n, T Bce Tpoiikm (7, s, F (r, s)) ¢ ycmosmeM {r, s) <
<{n+1,z+ 1) comepskarcss B M *, To m Tpoitra {(n -
+4,z2+1,F(n+1,z+ 1)) comepixmres B M*, Tem
caMuM BrIIogeHme M C M ¥, a BMecTe C HEM @ PaBeHCTBO
M = M* poxa3aHH.

5.2. YuusepcanbHasn odwepexypcusuas ¢ymknus. Pac-
CMOTPHEM NIPOW3BOMALHYI0 CHCTeMY © YACTHYHEIX 1-MECTHEIX
dyaknmit. Yacruasas Qysrnma F(zq, &7, . .., ;) or n + 1
TepeMeHHHX HAaSHBAGTCA YHUGePCAAbHOU IIA ceMeiictBa O,
€CHE BEIDOJHEHH CJelYIOmEe B YCIOBHA:

a) 0as kaxncdozo ukcUPOBaArH020 YUCAA | n-Mecmuas PYyHk-

yus F (i, 21, ..., ;) npunadaenmcum ©;
6) Oan kaxcdol gynryuu f (zy, . . ., 7,) us © cyiyecmeyem
makoe yucao i, umo O4s 6Cer Xy, . . ., Tp
F,z, .. x)=7F(x, ..., 2.
WNnawe rosops, pyEknns F (zy, 2y, . . ., T,) YHEBEPCAIb-

Ha nuda ceveiicta &, ecnm Bce gyEknmm u3 S MoKHO pac-

TOJOKATH B IOCJIEA0BATENBHOCTD

FO,z,... 20, F(L,zy,.. ;2. o, F(,2q, . . oy Tp),y- ..
: 1)
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Upesio | HaseBaeTcs Homepom Gymrmmm F (i, zq, . . .
.., z,), @ DONyYeHHAA TaKEM 06pasoM Hymepanma QyHKnmi
cemeitctBa © HasHBaeTcA HyMepanuei, OTBe4alomeHd yHEBep-
caxpHoll Qymknmm F. OGparHo, eciu 3ajaHa Kakas-an6o
HyMepamus CHCTEeMS! &, T.e. eclim 3a4aHO Kakoe-HHOyAh
otoGpasreHne i — f; HarypanpHOTO pafga Ha O, To QymKnma
F (g, Z1s - + +» Tn), OTpeneneHHas Goprynoi

Fla,zg, ..., %) = Fx(zq, - .., ),

apasgeTcd ViHBepcanbHOH aus &.

3aMeTHM, 9TO paccMaTpmBaeMbie 37ech HyMepalluhm B OT-
Amgie oT HyMepamui map, TPOEK B T. A. U3 . 3.3 He 0IHO-
oJHO3HAUHBI: Pa3iNUHLIe HATYpambHBIe 4YHCAA [, I MOTYT
OLITH HOMEPaMM OHON @ Tok ke QyEkmum us &,

CymecTBoBaEHe [OCTATOYHO (XOPOLIH» yHuEBEpCAIbHON
$VHRUEE ABIAETCHA BAYKHOH XapaKTepHCTHKOH cmeTeMi .
Hanpmmep, ccam cmereMa & coCTomT TONLKO U3 BCIOAY
onpelieeHHHX (YERIAH, TO CYMECTBYET 09eHE IPOCTOH MeTox
(mnaroHanbHHE MeTon HamETopa) mocTpoeHEA Bclogy ompene-
depno#l yEKNmE, He BXopgAmel B &,

B camom pmexne, mycts F (z, x4, ..., ;) — yHEBepCaiIh-
wast QYHROHS Aus ceMeHcTBa © HEKOTOPHIX BCIOAY ompepe-
eHHslX QYHKIEHA oT 72 mepeMeHEHX. 3 onpefenennsa crenyer,
YTO 3T yHEHBepcatbHAA QYHKUEA GyneT TaK:ke BCIOLY Ompe-
neneHAO#. BBopgmMm HOBYIO (YEHKIHIO g, moJjaras

g(xzyy - v oy 2p) = F (2, T, 2y, . . ., 7)) + 1. (2)
Oyaknusa g (v, . . ., &) Be BxomuT B &.
HeficTrBurensHO; ecam 6 g mpmHAgIemala ceMefictry S,

TO OpE TOOXOAAMEM HATYPAJNbHOM i HIA BCEX Ty, . . ., Tp
Obiio G HCTHHHO PAaBEHCTBO
Fiyo, ..z =F (2, 31, Ty . - ., o) + 1.

Onmako mpm z; = [ 0HO 00pamaeTcs B IPOTHBOPEYABOE COOT-
HOMeHNe

Fi,i,.. a) =F (@, 1,...,2,) +1,

9T0 W [0KA3HBAET HAle YTBED/HICHHE.

OTyveroM fBa Ba/KHHIX CHEICTBUA 3TOT0 YTBEP:LAeHHA.
Ilycts & — cHereMa BCeX M-MECTHHIX DPEKYDCHBHBIX WK
COOTBETCTBEHHO TPHMHTHBHO PeKYDPCHBHHX (QYHKNH#A. PaBen-

¢TBo (2) mokasmBaeT, 4To eciH (GYHRmHA F (T4, Ty, . . ., Ty)
PEeKypCHBHA WIE OPUMHTABHO pEKYDPCHBHA, TO TaKOBOMI
ABNsgeTcA ¥ QYEKOEA g (Zy, . . ., Tp). Ho sra ¢ymrnms =He

4%
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BxonuT B © m, BHAuUWT, 0HA HE PEKYPCHBLA HIW COOTBET-
CTBEHHO He IPUMHTHBEO DEKYDCHBHA. Tem caMuM TpHILIR
K clepylomeii IpocTo#, Ho CYIMeCcTBeHHOH Teopeme.

Teopema 1. Cucmema ecex n-mecmuux odu;epenyp-
CusHBLT PYHKYUL He umeem 00w ePerypCUBHOL YHILEePCALbHOLL
Pynryun. Cucmena 6cex n-mecmuwxr NPUMUMUBHO DPEKYPCUE-
HuE PyrREYUE He UMeem NPUMUMUBHO PERYPCUBHOTL YHUBED-
caavroli gynryun (n = 1, 2, .. .).

Hmxecnenylomas: TeopeMa UPHHANIEKAT K YHCHY OCHOB-
HEX TeOPeM TeOpHH PEeKYpPCHBHHX (yHKImIA.

Teopema 2. Cucmema écex 00HOMECTIHBT NPUMUIMUE-
HO DPEKYPCUSHBLT BYHEYULL umeem 00WepeRYpCUsHY0 YHUBED-
CarbHyw PGYHEYUI.

Yro6H TOCTPOHTL KCKOMYIO YHEMBEPCANLHYI0O (QYHKIHIO,
HYJ{HO BCE OJHOMECTHEIC IPUMATABEO PEKYPCHBHEIE QYHKIHE
PacmoJIOKETh B mocienoBaTenbHocTh Bmpa (1). as aroi
Hejnm ME BocooibkayeMcsa Teopemoir P. PoGmmcoma u3 m. 3.5,
COTIACHO KOTOPOH BCe OJHOMECTHHE IPUMHATHBHO PEKYpCHB-
Hie (YHKOAE MOJKHO HmOJAydYHThH m3 QyEKOmA S () = z + 1
n g (z) = z — [}/ z]* omepanmamm caomenms, cymepmosm-
OUI A ATePAPOBAENA QYHKNEWH. OTH omepanum Oz 0G03Ha-
9YeHH B I. 3.0 CEMBoJaMm -+, %, J. YmoMamyTas TeopeMa
P. Po6uECOHa yTBepsxAaeT, 910 Kaykgasd OJHOMECTHAS HpH-
MATHBHO DEKYPCEBHAag (YHKOWA SABJIAETCS SHAYCHUEM HOJ-
XOsIMer0 TepMa, COCTABIEHHOTO K3 HEAUBHAYAJBHHX CHM-
BOJOB 8, ¢ i (PYHKOHOHANBHHX cEMBOJ0B. OGparHOe TaKsKe
BepPHO: 3HAYeHWEe KAayKEOT0 TepMa YIOMAHYTOTO BHAA €CTh
OPEMETABHO PEKYPCHBHAsi ofHoMecTHas (yHknmsa. Iloaromy,
HyMepys TepMEI, Mbi OJIHOBPEMeHHO 3aHyMepyeM H Bce IpH-
MATHBHO PeKYPCEBHHE ofHOMecTHEIE QyHKnuu. IHoMmep Tepma
a ycmoBmMca 00o3HazaTh sepes NV (4).

g caMuX KOPOTKEX TepMOB § W ¢ mOJaraeM IO Ompe-
TeJIeHAI0

N(s)=1, N(g) = 3. 3)

Hamee ompemensiem HoMepa TepMOB HHLYKTIIBHO, BOCXOMSA
OT KODOTKHX TePMOB K (ojiee AHHHLIM. A IMEHHO, €CIE A
KaKEX-EOOYIb TepMOB 4, b MBI yiie B3HaeM HX HOMEpa
N (a) = a, N (b) = b, T0 mo ompeneieHI0 TOJIArae

N(a46)=2.3".5", N(axb)=43"-5"
N(Ja)=8-3" (4)
Hanopnsep, Tepmer 8 + J g u J (s -+ 8) OyayT nveTs HoMepa
2.3.58%° u coorsercrenHo 8-3%. ’
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Mo/KHO CIHTATH, CIElOBATENBHO, IT0 MH OUPCAESNANA I
Ka/REOTO TEpMa a ero HoMep. fIcHo, 4TO Aameko He Kaskmoe
jaTVpalbHOe UHCIO0 ABJETCA HOMEPOM HEKOTOPOTO TepMa,
HO CJIH 9ACIO 4 eCTh HOMEp TepMa, TO TOJILKO OTHOTO, I HTOT
tepM J€TKO BOCCTAHABIMBACTCHA IYTeM PA3IOMKEHAA ¢ HA IPO-
¢THe MHOYKATENH.

Oupenengem Temeps HoByo QyErnuio F (n, x) dopmymoi

F (na z) = f, (x)v (5)

rae f, — TepM ¢ HoMmepoM n. Tak Kaxk He Bce HAaTypalbHEE
qicnia ABIAOTCS HOMepaMH TepMoB, To (ymkmma F (n, x)
TaKike OOpefelieHa He A BceX 3HA4UeHHH n W DOTOMY ABIAET-
cs1 wacTmIEOA. OnHaKO ANA TeX 3HAYEHWH 72, A KOTOPHX F
oupefieieEa, U3 cIocofa EyMepanun TepMoB (3) & (4) BHTEKAIOT
CleIyI0mAe COOTHOMEHNAA:

(fa(@)+ fo (), ecmm n=2.3% 5%,

fa(]cb(x))3 ecam n=—=4%- 3% 5b’
folfu(z—1)), ecom n=8-3% >0,

F (TZ, CC) == {O, ecnd n=—28 - 3a’ .'L':O, (6)
‘q (z), ecim n =3,
8 (.’lf), cenm n=— 1.

[lpmenMass Bo BHIManme paBeHCTBO (D), ME MojKeM
cooTHOmeHHns (6) mepemmcaTs B BHe

F (n, x) = .
(F(exin,z) + F(exan, ), ecam exon=1,
F(exin, F(exan, z)), ecim exoh =2,
—{F (exyn, F (n,z — 1)), ecim expn=3,z >0,
0, ecnm exon=3,z =0,
(Q (n, ) AJf  OCTANBHLIX 1, &,

™

TIe nis KPaTKOCTH IO0J03:eHO
Qm,z)=s(@sgln—1|+qg@sgln—3I

Ilopuepxmes eme pas, 910 cooTHomeHnsA (7) yCTaHOBIEHE!
TN AN TeX SHAYEHHH 7, KOTOpHe ABIAIOTCA HOMEPAMI
TepMoB. Mu XOTHM Temephr HA#TH BCIOLY ONpeeleHHYIO
dymrnuo D (n, z), yEOBIETBOPSIONMYI0 TeM ke COOTHOMIE-
HuaM (7) pns Bcex 3HaueHH# 1, x. BosHNKaT BOmpOCH:
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cymecTByeT iu takas QyHKHsa D W COBIANAIOT W 3HAYCHUS
D (n, x) co 3HaueHmaMu F (n, 2) 8 ob6macTd oupeneierusa F,
ecan ¢yErmua D cymectByer? UToGH OTBETHTH Ha HEpPBHIA
BOmpOC, mepemmmeM yciaosus (7) puag ¢yEkumm D B Goxee
moapoGHOR dopme:

Din+1,z241)=
D(fi(n),x+ 1)+ D (f2(n),z + 1), ecim exqo(n - 1)=1,
D(f1(n), D(fz (n), x + 1)), ecna exo(n 4 1)=2,
D (1 (n), D(n + 1, z)), ecnn exq (n + 1)=3,
' Qn+1,z+1) I OCTANBHEIX 7,
®)
Dn+1,0)=

D (fi(n),0) + D(fa(n),0), ecma exo(n+ 1)=1,
=D (fi (n), D(f2(n), 0)), ecin exq(n + 1)=2,
s_g-(n) NJS  OCTAJBLHEEIX 7,
' (9)
D (0, z) = 0, (10)
rlie TOJOKEeHO
fi (n) = ex; (+ 1), [, (n) = ex; (n + 1). (11)
C moMombio puemMa, PACCMOTPEHHOTO B I, 3.1, MH MOKeM
mepenncath cxemsl (8), (9) B Buje IPOCTHX PaBEHCTB M TAKAM
o6pasom 3amemmTh ycmoBua (8)—(10) ycmoBmamm
Dn+1,z+1)=
=G(n+ » & D (f1 (n), D (n + 1, 2)), D (f, (n),
D (fy (n),  + 1)), D ( ), +1),D(f, (n), x4+ 1)), (12)
D(n+1,0)=H( 1, D (f, (n), D (f; (n), 0)),
D (f (n), 0), D (f, (n), 0)),
rae
G(m,z,y, 2 u,v)=
= (u+v)sglexom —1 | +z25g |exom —2 | +
+ ysz|exgm — 3| + Q (m, z) sg (| exgm — 1] | exgm—2]| X
X |exgm — 3 1]),
H(m,y, 2 u) = (z +u)sg |exyn —1 | + y'5g | exgm —
—2|+sgim—1],
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Ho ycanosmsa (12) cosmapaior co cxeMoi pem'fpcnn 2-f1 cry-
meHd, PACCMOTPEeHHOHX B mpennimymeMm paspgene. Mz (11)
pEAHO, 9T0 OYHERIEE f; (z), f, (x) ymoBieTBopsiT TpeGoBa-
HIAM )

fil2) <z f, (#) <=,

JAN0REeHHEM Ha BTH ¢yHEOuE B 0. 5.1. Ilpumenss Teopemy
0 pexypcuu 2-# cTymeEM m3 I. 5.1, IPEXomEM K 3aKjaIoue-
HEIO, 910 yHEDUA D (R, 5), yAOBIETBOPALIaA TpeGOBAHIAM
(8) —(10), He TOJNBKO CYmECTBYET, HO W S6AAEMCSE DEKYPCUB-
noti ynryuei.

Teneps wHEYKDue#d mo napamepr m JoKajKeM, dTO

D(ma)=F(maz (=012 ... (13)

IUIA TeX M, KOTOPEE fBIAIOTCS HOMEPOM HEKOTOPOrO TepMa,
N 9TO AJis OCTAJHHHIX 3HAYEHHEA m ofHOMECTHAas (YHKIUA
D (m, x) Bce e fBIAETCA IPUMUTHBHO PEKYPCUBHOH, XOTH
paseHcTBO (13) BBHAY HeompeneieHHOCTH IPaBOil JacTH ¥ HE
fymeT BepHEIM.

B camoM geme, nNisa HavanbEHX 3Hadenuir m = 0, 1, 2, 3
3 (8)—(10) monydaeM HemocpeacTBEHHO

D@©,2y=D{(2,2)=0,D(1,2) =8 (x),D (3, 2) =q ().

Hamee, mycre poxasmiBaeMoe yTBepKIeHHE CIOPABENINBO
Oas BceX B3HAUEHWH M, He IPEBOCXORAIMUX HEKOTOPOTO 1.
Paccymorpum sripaskenme D (n + 1, ) xak §yHEODmO OT Z.
Ilo ycmosmo Bripamerus D (f; (n), ), D (f, (n), ) aBusor-
¢ IPUMHTUBHO DEKYPCHBHHIME QyHROUAME oT Z. llepBrie
IBa paBeHCTBA 3 cmcTeMil (12) mowraseBalor, 4t0 OYHKOUA
D (n + 1, z) BoBHEKAeT N3 IPUMUTHBHO PEKYDPCHBHBIX (YHK-
OUH TOCPeICTBOM OGHYHON NPUMATHBHON PEKypPCUN U MOTOMY
9Ta (YHKOUs IUPHMATHBHO pPeKypCHBHA.

Haxonen, nycts n + 1 ecTs HoMep HEKOTOPOTO TepMa.
Torpa f, (n) ® f, (n) — TaKKe HOMepa TepMOB H, Cile[0Ba-
TeIBHO,

D (fi (n)’ x) = F(fz (n)! x) (L = 11 2; xr = 01 1’ .. ) (14)

Hepsrie 1Ba pasencTBa cmereMsl (12) IS paccMaTPHBaeMOTO

3Havenns n -~ 1 copasepnuse pias ¢ysxmum D (n + 1, 2),

o nug ¢ymkmmm £ (n +1,z). B cuny (14) wmpasmie

1Iacm VKa3aHHHX PaBeHCTB ONWHAKOBH [Ada (yHKOEH
D(n+1,2) uw gan $ysxman  F (n + 1, 2).7 Hoartony
D (n + :l )y =F (n +1,2), ato = Tpe603anocra.
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WUrak, MH DOCTPOMIH OOIMEPEKYPCHBEYI0  (QYHKIHIO
D (n, z), obnamalomyo CIeRYOIAMA CBOHCTBAMH:

a) ANA Kakmoro (UKCAPOBAHHOTO 7 OfHOMeCTHAS (QYHK-
nug D (n, x) ABIAeTcS IPIMATHBHO DPEKYPCHBHON;

6) mas KayKmol OXHOMECTHOR IPHMHTHBHO DEKypPCHBHOH
dysrmum f (z) cymecrByer Takoe dHCIO n (PaBHOe HOMEDPY
TepMa, unpeAcraBiaiomero ¢ysxmuio f), uro D (n, z2) =
={ (2). ,

dro o3Hauaer, uro D (n, z) ecTs HCKOMag 00IMepeRypCUB-
Hasg YHEBEDPCAJbHAA QYHKIHA ANA KIACCA BCEX OJHOMECTHBIX
OPAMATHBHO PEKYPCHBEHX QYHKIAHA,

Cnepmcrsme 1. Kaacc obueperypcusnnx @yHEyull
wupe Kaacco NPUMUMUBHO DeKYpCusHbly GyHEyulL: cyuecm-
gylom obujeperypcusrye GYHKEYUL, HE ABAAOWUECS NPUMU-
MUBHO DPeKYPCUBHULMU.

B xagectBe mpmMepa MOKHO B3ATH ABYMECTHYIO QYHKLHIO
D (n, z). Ora o6mepeKypcHBHA W COTJIACHO TeopeMe 1 mpu-
MHETABHO DEKYPCHBHOH GEIThH He MoKeT. VI3 moKasaTeabcTna
teopeMsl 1 BHIHO, 4TO OGIMEPERYPCHBHAS OfHOMECTHAA (YHK-
musg D (z, z) Tax:e He ABIAETCA NPHMATABHO PEKYPCUBHOIL.

Cnencrsme 2. Jua kawmdozo n=1,2,... kwacc
8Cer N-MECMHWEL NPUMUMUBHO DEKEYDCUBHBL PYHKYUL umeem
00U ePEKYPCUBHYI0  YHUBEPCAABHYID BYHEYUI.

Haa n = 1 mckoMoil ysmBepcanbHON (yHKmmed aBIACT-
ca D (n, x). oaromy nycrs n > 2. Paccmorpmm $ymKmuo

D™ (2o, 1, . . ., Tp) = D (zg, € (21, . . ., Tp)),

rae ¢ (2, . . ., ¥,) — KaHTOPOBCKH# HoMmep (um. 3.3) n-Km
gucen {Zy, . . ., . Jaa a060ro GUKCHPOBAHEOTO &, GYHK-
s D™ gBiserca DPIMETOBHO PeKYDPCHBHON (yHKIme# or
%y, .. ., Z,. C pmpyro#i cropomH, mycte g (x4, . . ., Z,) —
Kaxag-HOOYRbL n-MeCcTHas NPAMATOBHO peKypCWBHad (yHEK-
mua. Torfa OPAMATABHO PEeKYPCHBHONE 6YHET W OfRHOMECTHAS

dyrrIIA
f(.’l?) =g (enl (x)v s ey Gy (a:)),

THe €,; () ecTs i-i WIeH n-Ki, NMelomeil KaHTOPOBCKILT HoMep
z (m. 3.3). U3 ymmBepcansrOCTH QyEKOUD ) BRITeKaerT, 4TO
O1A DOAXOMNAMETO L, AJIA BCeX z GYeM IMeTh

1 (z) = D (2o, x).

TMopcTaBasgs COFA BMECTO X 9ICHO € (Zy, . . ., Z,) I 3areuad,
q9TG
Cp; (C (xl, ey :r:,,)) = X,
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70.1y98M
g(@, .. &) =D (xg, € (Tgy - . -, Tp)).

CnemoBatennHo, D™ (g, 2, . .., %,) — mCKOMas obmie-
perypcuBHas (QYHKIWs, YHEBEDPCANBHAL [JIA CeMEHCTBA BCeX
IPEMATHBHO DEKYDPCHBHBIX N-MECTHHIX (yHKOHH.

IlocTpome obmepexypcHBEHE (QYHKOWH, He ABIAOIHUECH
NpUMATHEBHO DEKYDCHBHEIMH, €CTeCTBEHHO CHPOCHTH Celsd,
4 CYIECTBYIOT JIM PEKYDPCHBHEIE MHOKECTBA, HEe ABJIAIONHAECH
npuUMETUBHO pexypcuBHEIME (m. 4.1)? Otser yTBepmmTeseH.
Uro6sl HaWiTH TakKoe MHOKECTBO, JOCTATOYHO HAWTH o6Ime-
pCKYPCHBHYI0 (YBEKOWIO, IPUEMMAIOMYIO JAMb 3Hadenma 0
11 1 He COBIAAATOIYi0 HA C OKHON NPEMHTHBHO PEKYDPCHBHOR
¢pyurmueit. Ho Taxoit pyHKOumeii 3aBeoM0 ABngeTCH QYHKIASA

D (2) = 5g D (z, a).

B camox mexe, ¢yarnua D (x) o6mepexypcHBHA W IPHHMA-
vaer mamp 3HauerWs O u 1. Ecam 651 D (x) Gbita OpEIMHETHB-
HO PeKYPCUBHOHR, TO HAUIJIOCH ObI TAK0OE YUCIIO 72, YTO IJIfA BCEX T

sg D (z, 2) = D (n, n),
OTRYA OPA & = N HONYIWau OBl HPOTABOpedne
sg D (n, n) = D (n, n).

MmuoskecTBO, XapakTepUCTHUECKO# (yHROWEH KOTOPOTO
cayxuar ¢ymrmusa D (z), I ecTh MCKOMOE DEKYDPCHBHOE, HO
Ic IPEMATHBHO PEKYPCHBHOE MHO/KECTBO.

ABanorEYEHA BONPOC 0 CYIECTBOBAHHA HEPEKYPCHBHBIX
PeRYPCHBHO NMEPEUMCIMMEIX MHOKECTB GyneT pelleH B I. 6.3.

_ 5.3. Beictpopacrymue (ynkimu. ME pelnuian 3agavy TOCTPOeHIA
o0ullepekypcIBHON QYHKOHN, He sBAsgoweilcA OpPIMNOTHBHO DeKyp-
CIBHOII, MeTOxoM YHIBepcadbHHIX QyHKmuil. JpyriM MeTomoM AJis pe-
licung Toii yKe 3afaull MOJKeT CIY/RKUTH METOR mocTpoeHHs QyHKm,
pactymeit Ovcrpee Moboll (YHKIHN 3agaHEOFO Kjaacca. OTOT METOR
OUCHDL yROGEH IpH HCCaeROBaHIN CPABHITENBHOI CINIK Pas3iIMIOro po-
‘ta perypenit. Mal ceffgac m3705K11M €r0 IPIMEHNUTENHH0 K yike PaccMoT-
PelHOMYy Kiaccy NPHMHTOBHO pPeKYPCHBHHIX (yHKmuil.

lrak, MB XOoTHM HaliTH o BO3MOKHOCTH LPOCTHE, HO OYEHDb ObI-
CTpopacrymue ¢yHKmnm. OIHT mokaskBaer, YTO IPON3BeJeHIIE PacTeT
OBICTPee CYMME, CTENeHb OHCTPee NPOH3BefeHHA. IasmBas ciosKeHne,
VMHOjKeHHE Il Bo3BefeHme B cremeHb geficruaym 0-if, 1-if m 2- cry-
UeHH [ BBOAA [IA HOX B [elAX efnHooOpasnsa 0§03HaueHNsd

Py(a, ) =a+ z, P, (a, )= az, P, (a, 2)= d,

NPIXOJNM K 3HAKOMOII BceM Iifiee 0 MPOXOJKEHNN 3TOoii MOCIef0BaTedb-
IOCTI TyTeM BBefeHuA feilcTsnil BHCINNX crynereil. IIpn aToM melicTBIe



106 TJI. II1. OBIIE- 1 YACTHYHO PEKVPCHUBHBIE OYHHKI[ANA

BLICILEil CTYNCHII HOJKHO BO3HIKATh 13 HelcTBHA NpERHAYyIiel cTy-
TeHI TaK jKe, KaK YMHOKeHIIe BO3HHKAaeT H3 CIO;KeHis, Bo3BefeHUE
B CTeneHb U3 yMuEO:KeHud. Oyarmun P,, P,, P, cBA3aHH CHeRyIOLUMA
COOTHOIIEHUSAMIN:

P]_(a,x—{—1)=P0(a,Pl(a,:c)), Pl(avi):av

(1)

P, (a, z+ 1) = Py(a, Py(a, z)), Py(a, 1)=a.
TIpomoMKIIM 3Ty LeNIOYKY, Holarafd 1o ompefelennio gusa n == 2,3,. ..
Pry (e, ) = a, @
Pn+1 (a7 x + 1) = Pﬂ (ai Pn+1 ((l, 1‘))- (3)

YUrobu Qysrmuu Py (¢, x) ORI onpefeleHH BCIORY, MOJOZKIIM
Pryle 0)=1 rn=1, 2,...)

u coorHomenua (2), (3) OymeM cunTark omnpemedeHUAMUM QYHKOmi
Py (a, z) gna n= 2, 3,. . . flcHo, uTo paBeHCcTBa (1) BHTEKAIOT M3 CO-
oTHOINeHwil (2), (3) u coorHomernus P, (¢, 0) = 0. B cuay (2), (3), Ha-
TpHEMED, WMEeM

a
Py (a, 0) =1, Py (a, 1)=nga, PS(‘Z’ 2)=aa’ Pa(a’?’) = g% .
Beopny HOBHE QYyERIMT
B (n, z)= P, (2, z), A (z) = B (z, z).
Oysxnud B (n, r) 9acTo HA3HBAIOT fynkyusm Arkepmana, a QyHKOno
A (z) — duaezonasvnoil pynryueii Arrepmana. Ilorameys, uro Pymk-
oua A (z) oOmMepeKypcHBHA.

Jas dyuronn B (n, z) 113 cooTHOIeHil (2), (3) BHTEKAIOT Clenyiouyie
TOKECTBA:

B(n+1, z+1)=B(n, B (n+ 1, 2)), (4)
B(n+1, 0)=sgn, (5)
B0, z) =2+ = (6)

CpaBHuBasg 3T TOKMLECTBA cO cXeMoil pekypeun 2-i1 cTyneH, BI-
moM, uro QyEKOous B (n, x) BO3EHKaeT I3 IPUMOTHBHO PeKYPCUBHHIX
dysRnuii npu moromy pexypeun 2-fi crynmern. CliegoBaTenbno, PyHk-
nist B (n, z), a BxecTe ¢ Helo 11 QyHKmuA A (z) 00mepeKyPCHBHEL

Hama menp Temepnh COCTONT B AOKa3aTelbCTBE CIERYIOIIEr0 Tpef-
JI03K eHHA

Teopema 1 (Axxepnman [1]). Jia randoii 0dnonecmuoli
npUMUIMUGHO peRypcusnoil gynkyuu f (x) cywyecmeyem maroe yucio a,
ymo

flz) <4 (2) (r=ua, a+1,...),
u, caedosameavro, gynryus A () He npunmumueno perypcusua.

TIpespne ueM IepexofHTH K ROKa3aTeNbCTBY STOIl TEOPEMEL, BHIBEeM
HeCKOIbKo cBolicte QyBKmun B (n, z).

8) B, )22 (n>2a=1,2,..)..

Tar Kak B (2, z) = 2%, 70 gt n = 2 370 COOTHOIIGHNE BEPHO.
Manee npumeHseM NHAYKUOIO o n. Ilycrs mas m@exoroporo n > 2
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cOOTHOIIEHN € a) ICTHHHO TPH BceX aHadennax z > 1. Corxacuo (2)
Bn+1,1)="P,, (2 1)=22>2

[IyeTb TeNeph Ads KAKOTO-TO 2 > 1 mieem B (n + 1, z) > 2%. Torga
Bn+1, a4+ 1) =B, B(n+1, ) > 28040 5 0% 5 oxil

11, cllefoBaTeNbHO, COOTHOINEEmE a) ROoKazaHo.
6) B (n, z+ 1) > B (n, 2) (n,z=1,2,...).

Taxk Kak B (1, z) = 2z, to j38 n= 1 3T0 HepaBeHCTBO UCTHHHO.
Hycrs 6) MCTMHHO miA Hekortoporo n > 1. B cmay (4) u a)

Bin+1, z+1)=B®mB(n+1,2)> 2P0 3 S B 4+ 1,0,

yto u TpeBoBamocs.
B) B(n+1, 2y>B((n, =+ 1) (rn>1, z>2).
JeficTBrTensHo, B cudy (4), a), 0)

Bn+1z+1)=B@®n B(rn+1,2)>B(n 2% =B (n z+2).

IIpousBoNbHEYI0 OpHOMECTHYI0 QYHKOUIO f (r) ycaoBmMcA Ha3b-
BaTh B-amaxcopupyemoil, eciu cynmiecTByeT TaKoe n, dTO

f () < B (n, 2) (z=2, 3,...).

Jl e MM a. Bce odnomecinnbie npumMUmueno pexypcushiue @GynEyul
B-masxcopupyensi.

HoxrazaTenbcrBo aT0il MeMMH yroOHO pasfHTh Ha pPAR OTHEILHAIX
YTBEP:KIeHA.

1) Oynryuu s (z) =z + 1 1 q (z) = z — [ =2 B-nascopupye-
My, TAK Kak maIs z > 2

q(z) <s(z)<< 2= B (2, z).

2) Cymma B-maxopupyemwz @ynryuii B-masopupyema. Ilycto
npousBodbENe QyaRumn f (z), g (z) A%A z > 2 YROBIETBOPAIOT COOT-
HOIN eHIIAM .

f(2) <B(ng, 2), g()<<B(ny z).
Torpa, momaras n = 1y -+ n,, IMeeM
f(z) <B (n, 2), g(x)<<B(n, z). (7
Orcropa cornaceo a), 6), B) moarywaen
@+ g@ <2B(n, 22PN B0m, B (n+1, 2)=
=B(r+1,z+1)<B(n+ 2, z),
9T0 1 TPeDOBaIOCH.

3) Cyneprnosuyus B-mamopupyemuvr @ynryul B-maxcopupyend.
HeficTBrreasno, us (7) HOCHEROBATENBHO IONYTaeM

g (=) <B(n ga)<B(n, B(nt+1, )=
=Br+1, s+ 1)B@n+2 2).
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4) Hmepayus B-maxopupyemoli dynryuu B-rasxcopupyera. Illycrs
nag z > 2 mmeeM f (z) < B (n, z). Tomomxun

=n+f0)+ 1)+ (0.
Urepanus g (z) $yEKin f (z) onpenelsercsd paBeECTBAMU
g(0)=0, g+ 1)=71(g ().
IloxraseM, 410
g (x) < B (m, z) (z > 2). (8)
dasa z = 2 mMeeM

g2 =f(F0) <2V LB@m, f(f, 0)+1)<B(m, 2.

Hanee, 0 MEYKUWM IPeNIONOKAM, 9TO AJIA HeKOTOPoro z > 2 He-
paBeHcTBO (8) crnpaBegimBo. Pacemorpmym g (2 4+ 1). BoamoxHH pBa
caysad: &) g (z) >21u f) g (z) = 0, 1. B cryuae a) meenm

ga+1)=f(@)<B(z, g@@)<B(m—1, B(m, z))=
= B (m, =z + 1).
B cayuae ) cHOBa mmeeM

g+ ) =7 @ <fO+f <2
<B@n, m~n+z+1)<B(n, x4+ 1).

TaruM o6pasoM, yTBep:Kpaemiie 4) J0Ka3aHO.

Teneps [Jisg BHBOGA JeMMEL 0CTaeTcs I cocllaThed HA TEOPeMy
P. PoGmicona 113 u. 3.5. CornacHo 3Toil Teopede BCe MPVMMITHBHO pe-
KypcuBHHE (yHKOUE IodydaloTcd M3 ¢GyEKOni § (z) w ¢ (z) clomxe-
HUSMHE, CYN€PHosuuusaMn i nrepannamu. Ho cornaceo 1) ysrnun §, q
B-maopupyemst. CornacHo 2) — 4) onepanul clIoKeHHR, CYNEPHO3H-
A 1 gTepamus, OyXyTn OpHMeHeHH K B-MasKopHpPYeMBIM QYHROHAM,
AalT cHOBa B-Mmasmopupyembie ¢yBkmmu. IlosToMy Bce opmHOMecTHEIE
IOPIMWTIBHO PEKYPCHBHHE QYEKUHT B-MamKOPHPYeMH.,

Jdoxraskesm, HakoHer, TeopeMy 1. Ilyers f () — Hekoropas mpumit-
THBHO peKypcuBEas ¢yHKOona. CoriacHo IeMMe RIA NORAXONAIIETO 7
npu Beex z > 2 ynen umers f{z) < B (r, z). Ho Torma

An+zy=Bn+=z,n+2)2Bn,n+2)>f0n+ 2
(z>2),

yro 1 Tpebosanock.

. 5.4, Obpamene Qynkmui. Axredpa Pofmacon. CormacEo ocHOB-
HOMY onpefeliernio (1. 2.4) BCIORY oNpeneiieHHAaA ofHOMecTHaA QyHKONA
f (z) HasBIBaeTcs 0OLIepeKyDPCHBHOI, eclm ee MO;KHO WONY4NTh n3 Oa-
sucHENX QyEKmmEil § (z) = z -~ 1, 0, I} ¢ MOMOIBIO KOHETHOTO 4mcia
onepanmil NOACTAaHOBOK, NPIMIUTHBHRX peRypenil n u-omeparyrii. Taxmy
ofpasoyM, fjaf pemeHOd BONPOCA © PEKYPCHBHOCTH ONHOMECTHOII
oyERUEE f () MB HOIREH CTPONTH f (r) I3 MHOTOMECTHHRX (DYHRURIE.
EcTecTBeHHO BO3HNKAeT BOIPOC, a HeJnh3d JO YKa3aTh TaxMAe omepa-
THD ® TaK@e OJHOMECTHHE LIcXONHBle (QyHRUNI, uToOH Bce OXHOMECT-
BHe 00meperypcHBELe (YHRONG &I TONBKO NX MOKHO OBII0 HOJIY-
qITh 13 1ICXOJHEIX, OCTABASACH BCE BpeMA B KJIACCE O0THOMECTHHEIX
dyHRmii? AHamoruuEHII Bonpoc y:e craBIIcA X OB pewes B 1, 3.9
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[IpUMCHUTEISHO K KIAcCy ONHOMECTHHX NDHMHTEBHO DEKYDCIBHEIX
¢ymrmmi. Temeph MH paccMOTPHM YKasaHHELI BOHPOC A obmepe-
KypCHBHEX (yHKOuil.

Tlycrs f (z) — mpousBonbHas OFKHOMeCTHAA dHacTHYHAS QYyHKmuA.
Cormacuo 1. 2.3 ¢yurmous g (z), onpenedenHas dopmynol

g (x) = py (f(y) = 2),

a3pBaeTcA obpaTHoO#l mia f (x) u oGo3zHavaeTcs CUMBOJHUECKH Uepes
f71. Omeparop, craBamuit B cooTBercrBHe Qynkmmn f GyEEmmo f7,
Ha3LBaeTCsa onepamopor o6pawenus. Jlerko Bupmerh, uYTro ofpaTtHad
¢ynkona f~ (z) Oymer BCIORY ompefeliedHoff Torma U TONbBKO TOTAA,
Korpa 3apagHaf QyYEKmuA f (2) BCIORY ONpeRelieHA ¥ COBOKYIHOCTD €e
3gavernil COBMAfACT CO BCeM HATYPAJbHEIM DANOM.

OcHoproil nanieli nenblo ceiluac ABNALTCA K0Ka3aTeIbCTBO CIENYIO-
TCro  pe3yxnTaTa.

Teopema {1 (I0.PoGuucon [1]). Kawdas o6ueperypcus-
nas odnomecmnan (PYRKEYUSL moxcem Gwmb noayuena us PynEyuUs s (z) =

=z-+1uqg@)=z— [Ifz]2 vonewnnn wucioxn onepayuil cioscenus,
cynepnosuyuu u o6paujenus odnomecmuur Gynryuii. IIpu amoxn onepa-
yus obpaujenus sunROAMLemcs moabko mozda, kKozdg pesyabmamoi ee
asasemces ecrody onpedesennas PyHEYUL.

JlokazarenhCcTBO STOH TeOPEMB B melloM aHAJOTMYHO [OKas3aTesb-
CTBY COOTBETCTBYIoMeH TeopeMbl P. PofHHCOHA O IIPHMUTIIBEO PERYPCUB-
UBX QYHRmIAX u3 1. 3.5. Tak sKe, ®ak # B 1. 3.5, ogHoMecTHYI0 QyHK-
o f (z) Hazo0BeM JONYCTIMOM, eclu oHa MO;KeT OHITh IIONydYeHa M3
dymromnii s, ¢ TaK, KaK yKasano B Teopeme 1. MuoromecTHylo ¢yHKMOIIO

Fzy, oo ., ®p) MB OymeM HasHBaTh [ONYCTHMOI, eciM A JIOOHX
OJHOMECTHEIX oNycTHMEIX QyEKmt fi (z), . . ., fa (z) Oy;er gomycrn-
Moil onHoMectHast QyHkmms F (fy (z), . . ., fn ().

_ Teopema 1 Gymer mokasana, ecill HaM yHacTCs KOKasaTh, 4TO BCE
o0eperypeciBEBC GYEKMIN (Kak ONHOMECTHEIE, TAaK J MHOTOMECTHHIE)
lomycTaMEL. JloKaszaTenncTBo GyAeT pasbuTo Ha psAp MaroB, B Pe3yib-
TaTe KOTOPHIX 3aTen OyAeT BEIBE[EHO OKOHJATeNbHOE YTBEDsKAEHIE.

A) Cynepnosuyus (nnoeomecmnnz) donycmumuz @Gyrnryuil ecmo
donyemumas dynryus. J[OKa3aTelbCTBO OYCBITHO.
B) @ynryus g1 (z) sci08y onpedesena u

gl (2r) = 2+ 2z, q'(2z+ 1) = 2>+ 4z 4 2. 1)
B camoxt mene, gus mo6oro z

2L <2+ 12 <2+ 4
il 3HaunT,

-+
o
A
0
-+
2

@ (22 + 22) =2z, q @+ 4o+ 2) =20+ 1.
Tanus ofpasos, uncia
y=yo=a*+ 2z, z=3y=2>+4a}+ 2
fABIAIOTCH pPelleHIAMI ypaBHeHmil
q(y) =2z, qz)=2z+ 1. (2)

Haxo moxasars, uto Yo, 3¢ — HanMeHmblUme pemerns. Ilyctes y, z —
Rakie-Hudyap petnenns ypapeEeEmil (2). 9ro 3Haunr, 4TO

y=my2z(m+ 12 z=n4 22+ 1< (n+ 13
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Orcrona ciepyer, uTo * < m, n > = + 1 ¥ noroMmy
y=m2+2x>x2+2r=y0,
z=n 420+ 12+ 12+ 22+ 1= 3.
Taxum obpasom, dopmynsr (1) mcrTumHH.
B) @yuryuu z,0, z+y, IQ’ (2yy « « oy Tp) = 73 Bonycmussl.
9T0 HENOCPENCTBEHHO BHTEKAET 113 OUEBHEHHEX (QODPMYN
@@ =3 q@cta+y=o

E OUpENENeHIA ROMYCTIMOCTH (QyHKpuii.
) Dyuryuu guda ax 4 by + ¢, ede a, b, ¢ — npoussoavicrie furcu-
POsaHHBlEe HAMYpAtbHbE wUcia, JonRycmusb, .

B cmny A),B) dyormun If (z, y)= =, Ig (@yy) =y, s0)=
nonyctaME, OYHRUUA az +~ by + ¢ Bo3HAKAaeT W3 YOOMAHYTHX QYHK-
il TOBTOPHEIMII CIOMKEHHAMI 1 TIOTOMY caMa FONYCTHMa.

i) Qyuryuu z*, sg z, sg z, [2/2], zy, =z =y, []/;] donycmunbi.
B 1. 3.5 6nina BBefeHa (QyHKOuEA

srv=aletiitieat o= {I70 20 O

B cuny B)
(et yP+5c+3y+b=q (e +2) +3a+y+4

7 noToMY Ha ocHoBaHuit I') QyHEKmuA z -+ y KomycTHMa.
Teneps ¥3 0YEBHAUEIX QOPMYT

2= g1 (2z)+ 2z, sgz=q @2+ 1), sgz=1+sgz

3aRII0oYaeM, 4To PYHRUNM 22, S &, Sg £ HOTWYCTHMEL,
CnosxHee BHBecTd pgomycrmmocts [z/2]. Tlyerhb

I @) =sg(q (@ @)+ 2). @)
Ina z = 2t cormacEO B) uMeeMm

f(z) =5 (@ (2 + 2t + 2)) = 0
Ecnm e z = 2t + 1, 10

flo) =sg(q (®+ 4t + 4) = 1.

Hnage roBops, f () ecth xapaKrepucruiecKas (QyHKUNA GIA CBoiicTBA
OHITH WeTHEIM 4HCIoM ¥ (opMyna (4) JOimb mOKAasHBaer, 9T0 3Ta QYHK-
OEs fomycruMa. PaccMoTpnM ypaBHeHme

f@)+ 2q (y) == ()
Iomarag y, = (z -~ [«/2]}2 + [2/2] u npusnMas BO BEIIMAaHNe COOTHO-
wmenne f (z2) = f (z), Doxyumy g (yo) = [2/2], f (yo) = f (z) 11, sHaunT,

2q (yo) + f (o) = 2 [2/2] + [ () = =.

9To moKasuiBaeT, UTO YypaBHeHue (5) mMCCT peieniie AMA KayREOro 2.
Tosrormy dyaruuu (29 =+ f)™! BCIORY oupemeneHa, u, CIeNOBATEIbHO,
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qouyerusa. Lls (5) BHTeRaer, dT0
1 )
7 = (=+1H) (6)

115 71060ro ¥, YAOBIETBOPsOMEro coorHomenuio (5). B wacrHocTn,
(1) HOIKHO GLITH BEPHBIM W IR § = (29 -+ #)7* (z), T0 ecTD

¢ (24 + @) = (@ + ] () = [12]

CrenoBatedbHo, GyEkmIs [z/2] momycrmMa.
113 o4YeBHEHOTO COOTHOUICHHA

xy:[((x+y)ﬁ2+x2)+yz]

JaKiIogaeM, 4To monycruMa m QYERuHA zy.
13 ¢opmyns (3) BHTCRAET, UTO

((x+y>+y)+x={

0, >y,
2042y +3, z<y.

TooToMy, BBOAA GYHKIIIO

Py 17 x 2 3
v n =@+ +yra={y =7

0VileM HMeTh

z=y=v(z,v)(@+y).
CnepoBatesibio, (QYHEWAA z = y JomycTiMa.

Haronen, paccMoTpiM BEpakeHIe
1
wE)=[g ae=n]+se 0

Jlag z = 0 mieen w (0) = 0. Eciu swe z = 12, ¢t >0, To
@ =[ga—1+2-2] =g @-2+1=1
CnenosaTenLﬁo, nag Joboro ¢ mMmeeM w ($2) = ¢ © moToMy
w(z = g (2)) = w ([Yzl?) = [Vl ®

18 kamkporo z. Mopmymut (7), (8) mokasumsalor, uto dymkuma [ x]
JIIYCTHMA. .

E) Kawnmoposcrue fynryuu (0. 3.3) ¢ (z, y), I (z), 7 (z) donycmuvsl.

9t GyHKmint noAayvalores 3 ¢yEkunit 1, z, y ¢ DoMompIo onepa-
i 4, =, [[/], [/2], woTopHe cormacHO ZOKA3aHHOMY He BEIBONAT
3a mpepmensl Kiacca RONYCTUMBIX QyEKmui.

M) Ecau gynryus h (z, y) donycimuma u ypasuwenue h (z, y) = 0
pazpewumo 9aa kawucdoz0 T, mo @Gynryus

[ (@) =y (b (z,9) = 0) (9

marxe donycmusa.
Tlonmomum z = ¢ (z, y). Torga = = I (z), y = (z). TaKk KaK Kag-
TOPOBCRmil HOMeDp 2z = € (z, y) mapwl <z, y> Upn (QIUKCIPOBAHHEOM I
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ABJACTCA CTPOTO pactymieil ¢yHKmiieil apryMmenTta y, To crpaBefiiBo
PaBEECTBO

F@) = py (b (o, y) = 0) = E
! ==&k (@), @)= 0). (10)

Beepem ¢ynrmuio g onpepenenHuen ;
g (s) = L (2)-sg b (2 (3), 7 (2)). (11)

Iusg 2 > 0 us paBeHcra g (z) == xcaenyerz = £ (g) u b (z, 7 (z)) = 0.
Orcloma
0 ecan =20

g1 — ’ ! 12

e (7) {f(x), ecnun x>0, (12)
Taxrm 06pazoM, yukmist » g~ coBnagaer ¢ f BCIORY, Kpodie, BO3MOIKHO,
z=0.
N3 (12) momyuaem mpepcraBieHHe

f(2) =1 (0)-58 (z) + 77 (2). (13)

Tak Kak ¢yskonu &, I, », sg, +, - monycrums, a f (0) — ¢urcn-
poBaEHoe uHeno, To B cuay (11) dymsxmun g u g7! momycTHMH, a BBHAY
(13) momycrmMa u ¢ysKmusa f.

3) Qyuryus [zly] u pyrryus Tédeas T (2, y) (4. 3.3) dornycmuart.

9T0 HeNOCDeXCTBEHHO BHTEKaeT ©3 NPEEAYIINX PesyIbTaToB B
cuny gopmys uz nn. 3.2 u 3.3, HocpepcTBOM KOTOPHIX ONPEREAAIOTCH
[z/y] n T (z, ).

oxasaTedbCcTBO TEOPeME! POOMHCOH Ha 3TOM MOKHO CIUTaTh 3aKOH-
uenbiM. [leficTpuTensyo, B n. 3.4 Obilo foKasado, uTo Kayrpylo obme-
PERYDPCUBHYI0O (YHKOHIO MOKHO WONYUUTh M3 NpocTedmux ¢yHKmuii
0, S, I’,’n u ¢yEROmi 4, =, T, ¢, I, » KonevTHHM UICIOM onepanail mog-
CTAaHOBRH II cremuanbHoii Munmyvusannn sHpa (9). Ho yrsepsxpenns
), E), 3) NoKasmBaloT, 4YT0 BCe yNoMsAHYTHe (YNROUI KOMYCTIIMEL, &
yrBep:xaenua A), JK) moka3mBalOT, YTO IOACTAHOBKH NI cliemmalibHEIE
MUHNMIZANIHE, NpndMeleHuHe K ZonycTHMBIM (YHROuAM, faoT gounyc-
ruMeie Pysroun. TakKam o0pasod, Bce obmieperypcuBHEe (GyBRIuUU
KOMYCTHMEL

Anajornueo teopeme P. Pobuncona (m. 3.5) teopema PoGuncoH
TaX:KC MOIycKaeT mpocroe anarefpamdeckoe mcTolkopamne. COBORYM-

HOCTB 8% BCeX BCIOAY ONpefeNeEHbX I COBOKYTHOCTh {1 » Bcex afmepe-

KyPCHBHELX OJHOMCCTEHX QYEROI, paccMaTpiBaeMEIX BMecTe ¢ OIpe-
MeTeHHEMI a HIX oIlepamusiMII CI0/KeNNA 4, KOMIO3NAMN + 1 ofpamne-
Ena "1, ofpasylor mBe anre0ps: anrebpy Pobmacon

Ri=Fh +, %D
BCEX OfHOMECTHHIX (yHKmIT n ajrebpy Pobumcon
— eql . -
) Ryp = Bgp T2 % ™

BCeX OJHOMECTHHX ofmepexypcnBEHX ¢ymrmnit. Onepamma 1, upn-
MeHeHHas K BCIOAY oupefeneEHO (YEROND, RaeT, Boodmle IOBODA,
ygeTouHyio (yHKouio, He BXONAMMYI0 B S} Tlosroay anreSps Ry o
S)tg'r gacrmyEsle. TeopeMa PoGHEHCOH yTBeD:x7aeT, 4TO SIEMEHTH S, ¢
B anredpe R; NoposkAanwT nogairedpy S}tg.r.



§ 5. OBIJEPEKYPCHEHBIE OYHKIITUNA 113

lonoTHERINI, NPHMEPb! H 33[avit

1. Ilyets D (r, z) — yumBepcanbHad GYHKNA, HOCTPOGHHARA B
1. 5.2. Ecau f (z) = D (», z), To 2 HagbiBaercs D-roxepoyx f (z). Iloxa-
saTh, UTO KayKAAd NPUMNTHBHO peKypeiuBHad QYHKIIA umeeT Gecko-
penno MEOrO D-HOMEpOB.

2. [MoxasaTb, UT0 CYIECTBYIOT NPHMHUTHBHO peKypcuBHHE QYHK-
wit f (m, 1), & (m, r), h (12), YROBIETBOPAIOMIE TOKASCTBAM

D (m, z) + D (n, 2) = D (f (in, 1}, ),
D (m, D (n, z)) = D {g (m, n), 2),
p7 (n, 2) = D (h (»), 2),

1. 0. TIO3BONAIOMUe o D-HOMepaM m, r KaAKAX-TO TPHMITIBHO PeRyp-
CHBILIX OJHOMECTHRIX (YHRpuii HAXOGUTh HOMECP UX CYMAMLI, KOMIO-
S, IITEPIPOBaHMUA.

3. OYEK@UN, KOTOPHE MO;KHO MOJYYUTh M3 npocTefimux QyHxmuil
0, s, I7, oMePANUANE HOCTAEOBKE, IPEMATHBHOH PERYPCIN ¥ PEKYPCHH
2-ii cTynenn, HazoBeM ¢gymkyusmu 2-U cmynrenw. llodnsysch MeTomoM
OnicTpopacTymuX (YHKnu#, NTOKasaTh, YTO CYMIECTBYIOT ofliepexyp-
cupinie GyHRIUI, He apisdonmecsd @ydRpuamu 2-i crymedu (eym. II e-
rep [1]).

4, Tlyern %Il).r — COBORYIHOCTb BCeX OJHOMECTHBIX HacTIiYHO pe-
wypeusnex ¢ynxpuil. Onepamms obpamemus ~! GygeT Bclogy onpene-
Aenoil #Ha %[1) - IToxazaTn, 4TO 2JTEMEHTH §, ¢ ABAAIOTCH MOPOKAAIOII~
it aareGps <§p 5+, *, T (oM. 1L 5.4).

. Ilorasare, uTo anrcbpa <(l§1g.r; %, "1y TOpOMEaeTCs ABYMA TOA-
NOJSIIHMII 9JIEMEeHTaMIL I T1€ MOPOSKRAeTCA HIKAKIM OJ[HNA SJIeMeHTOM.
byurgnn ¢ (L (z), tr (2)), e (z, 1), e (Z (2) + I» (2), z) 3aBemormo
noposgator yrasanaylo anrebpy (0. Pob6unucou [1].

6. ITyctb §* — COBOKYIHOCTDL BCEX NBYMECTHHX YacTAYHEX QYHK-~
i, ‘3"% — COBOKYNIHOCTh BCEX [BYMeCTHHX JacTHUYHHX QYEROuil, wac-
THYHO PeKYPCUBHHX OTHOCHTeNbHO KaKoifi-ro {QnKcnpoBaHEOil cricTe-
Ml & wactmaEnX GyErnni. [Torasars, gro 8-33 ILOPOKAAETCH C [IOMOMIBIO

anepanit +-, =, M crcresott € n yunuuaym I3, I3, s (13), q (I3) (M—
vliepamus MIHEIMIBAII, onpefedeEras B 0. 2.3, onepanns  NJid IBY-
seernnx QyHERUIIT onpepeneHa B 3ajade 7 K § 3).

7. BepHo IO clegylomee yTBep:meHIe: B anredpe <{F, 4, =, ~1y,
l.le ' — COBOKYIHOCTh BCeX ORHOMECTHBIX UaCTHYHBIX QYERuI,
itporzBonpHasg cucreMa & & §, cofepshamasn QYHKOND S, ¢, HOPOsK-
‘laeT nopaire®@py, COCTOAINYIO 13 BCeX OXHOMECTHHX HacTHYHHX (GyHK-
1thil, YacTHYHO PEKYPCUBHEIX OTHOCHTENbHO S*)?

8. ITorasaTh, 9T0 COBOKYNHOCTH BCEX OJHOMECTEHX (yHRumuil 2-it
CTYTeHn (cM. BHIIe 3afavy 3) obdafaer ofmrepekypcuBHoii yHuBep-
caaLBoll ¢ynknmeid (. IleTep [1]).

*)} OrBer orpumarenbHEl; cM. IIoamakoB E. A, PexypenpHHe
$yurnmm. — Flpasopo, 1978, c. 61—71.
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§ 6. Yacruuao pexypcuBHble QyHRIHH

B artonm maparpade cHagZana moXas3piBaercd, 9TO KaikLad
YACTHYHO PEKYPCHBHAA (YHKIHEA [ONYCKAeT IapaMeTpHue-
CKoe mpeJcTaBieHre IPH IMOMOINY NPEMHUTHBHO DEKYPCHBHBIX
dyERIEA, a 3aTEM ¢ MOMOIILI0 IOCTPOEHHOH B I. 5.2 peKyp-
cuBHOR ymmsepcansuO#l ¢yERmum D (2, z) cTpouTcd dYacTHy-
HO perypcupHas (QYHKIHs, YHABEDPCATBHASA IJIA BCEX ONHO-
MECTHHIX UYACTHIHO DEKYDPCHBHHX (YHROWHE. ITO LEHTPAJIb-
HEIL pesynbTaT TEOPHWHW YACTHYHO DEKYDPCHBHHIX (yHKOUH.
C moMoIpI0 9aCTAYHO PEKYPCHBHON yHEBepCaXbHOE QyHKRIUN
CTPOUTCA IPEMEpP HEePEeKYDPCHUBHOTO PEKYPCHBHO LEPEIHCIH-
MOTO MHOMKecTBa. B Homme nmaparpada paccMaTpHBAKNTCA
HEKOTODble CHemmalbHble (GOPME, K KOTOPHM MOTYT OGHTH
IPUBEEHE YACTHYHO PEKYDCUBHEbIE (QYRKIWHE.

6.1. HapameTpusanus 9YacTAYHO peKypcuBHBIX (YyHKOMIi.
Cormaceo 1. 4.4 rtpaduxoM n-MecTHOH wacTHuHOH (yEROWH
f {2y, ..., &,) HAZHBAETCA COBOKYIHOCTE IOCIEL0BATENb-
moctelr {zy, . . ., Ty, Y HATYPANBHEX WUCE], YOOBIESTBOPAIO-
mMAX COOTHOIIEHMIO

@y, =y

B wactmocTn, rpadur HUITE He ompemeneHHoil (YEKINN €CTh
IIyCTOE MHOECTBO. ,

Teopema 1 (orpapmre wacrnuno pexypcuBHOH QynK-
nun). Jas mozo umobe wacmunnas @GyHEYUL | 66148 LACMULHO
perypcusroll, Heobxodumo u decmamouno, umobw epagur f Gea
PERYPCUBHO NEPELUCAUM.

g HEnrge He onpefenenHol dyurInu f yTBEepIeHNe 3TOM
Teopembl o4ueBMAEO. [na ¢yERmuA ¢ memycTHM TpadumoM
yTBEePsKIeHMe TeOPeMHl 1, Kak ;nerKo BUJETh, 03HAYAET, YTO
¢yaxoua [ (Zy, - - ., Zp) TOTKA T TOJBKO TOTHA YACTHYHO
PeKYDCHBHA, KOTHR OHAX IDPEHCTABIMA B TapaMeTPUUeCKoiH

dopre
a:i:ai(t) (izis'-':n)iyzﬁ(t)v

roe o; (), P (f) — momXopmAmlie HPIMOTIBHO PEKY] CIBHLIE
¢ymxumn. llo sTo¥f mpmumme Teopemy {1 mHorma HasLBaloOT
TEOpeMOR O mapaMeTpHdecKoM LpPeACTaBJdeHIOI YaCTHIHO
PeKYPCUBHEX O yBKmuii.

Hocrarourocts ycmoBmit Teopemst 1 yeTaHaBAHBaeTcA
TaK ke, KaK B I. 4.4. JloxasaTeabcTBO HEOOXOTHMOCTII Y06-
110 pa30uTh HA PAL CAMOCTOATEIBHBIX VTBOP:KMEHIE. A mMeH-
110, JIOKaKeM LOCJIe[oBaTeJIbHO, UTO ONepaIlNi HOACTAHOBKIN,
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IPUMATHBHOR DeKypCHHM W MNHAMHU3ANAH, IDPHMEHEHHHe
¥ (YHKIHAM, IMEIOIAM DPeKYDPCHBHO IEePeYNCInMbi rpadux,
naoT (QYBKINE ¢ DEKYPCHBHO NePeYHUCIMMBIM TrpaduKoM.
Tar Xak BCe YAaCTHIHO DEKYPCHBHEIE «bym{mzm OAY4a0TCA
nocpencmom VKa3aHHKX Omepamiii M3 OpocTeHmux (yHEKIui
0, 8, Iy, MMeOmMuUX cornacHo 1. 4.4 NPEMATHBHO DPeKyPCHB-
nwi rpadmK, To TeM cambuM Gymer moKasaHa m Teopema 1.
Boxee Toro, ynoMaHyTee yTBeDKACHAA OTHOCHTEAbHO OIepa-
111 TPEMATABHON PeXyPCHA M MEHUMA3AIOWY HAM HeT Heobxo-
IAMOCTH HoKa3mBaTh B 00meM Bume. B cHIy pesyasTaTos
1. 3.4 mocTaTouro GymeT paccMaTPHBATEH NPUMHATHBHEE PEKYD-
CHM ¥ MUHHMHA3AOWA TeX YACTHHIX BHLOB, KOTOPHE YKA3aHbI
B I. 3.4.

A) Cynepnosuyus GyHkyuil, umeoupusr pPeKypcugro nepe-
wucaumMse 2paduru, ecmov PYKKEYUA -¢ PEKYPCUBHO NePeUUCcAU-
MBLM 2padUKoM.

OcraBnsasa B crOpOHE TPHBHAMBHBIH CayTail, KoTa KaKad-
Hu0yAr W3 3afiaEHbHX QYHKOEE HATHE He OmpefeneHa, upef-
TOJIO/KUM, UTO 3aaHHLE d;yaxn;nn g, 8is - - -y gm EMEIOT IPa-
rirn

G = {<a'1 (t)v LS ] a'm+1- (t)>},
G = {Pir (&), - - o Bimwa (P}
i=1,...,m),

Ime a;, f;; — HoAXORANYEe IPUMATHBHO PeKypCHBHHE (yHK-
unn. Ham Hamo wayumts rpaduk F' dyHKOEHR

f@y .o z) =g(g @y« - s Zn)y -« vy B (Zgy .+ oy )

CornacHO OnpeneseHnio ONePANUH CYIEDPIO3ANUE YTBEPIK-
negme Iy, . . ., Ly, Yy € F MOKHO DpPENCTABHT:, B BHUAE
Ayr e Ym)EL - T Y1) EGL &

-&<$1" <oy Iy ym)EGm&<y11- <o Ymo y> EG)’ (1)
rne (Jy; .. .Y, oGosHa4aeT yrBemKAEHIE (cyujecmayiom
MAKUC Y1y « « 3 Yms UMO. . .», & cuMBOI & 0603HATALT CITOBO U.

B cBow ouepens, yrsep:penme (1) ¢ moMompio TpaduKoB
bymxuait g, gy, ..., gm MOKHO IEpPeUICaTh B BHJeE

(Ftoty .. t)Bra(t) =21 & . . . &P1n (t1) = zu&
. &ﬁml(tm)=zl& v &ﬁmn(tm)=$n&
& 251 (tO) - Bln -1 (tl) &. .. & Gm (tO) - ﬁmn+1 (tm) & Om+1 (to)':y)-
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TosToMy, BBOIA GYHKIIEIO

h(zy, oo T Yitor . o ylp)=

=1Zl Bij (t:) — z;| + ‘2} & (20) — Binsa (8:) | 4 | s (o) — ¥ 1,
nony’qgnM pasEOCcHILEOE (1) yTBep:mnenme

(Ftg. . b)) (B ATy o o oy Ty Yy By« - oy By) = O).

dro o3mawaer, uTo rpaduk QYHKIEE f COCTOHMT H3 BCEX TeX
nocaemosarenbuocteit {xy, . . ., L, J), AT KOTODPHIX ypasB-
HeHHe

BTy o Za Ui loy o ooy b)) =0

paspemmMo OTHOCHTEIBHO fy, . . .,L,. Tak Kak QyHkmuA A

OPUMATEBHO PEKYpPCHBHA, TO HA OCHOBAaHHH Teopembl 1 m3
I. 4.4 sarmouaeM, uro rpaduk QYHKIAW [ PeXyDPCEBHO Iepe-
YECIAM.

B) Ecau gynryusa f (x, y) ceasana coonHoueHusmu

f@0) =2 f@y+1)="r{Ey) 2)

¢ gynryuel h, uneowel perypcusno neperuciuMnil spaguk,
mo f (z, y) makace umeem perypcusHo nepeuuciumwil epaguk.

OcraBaasa cHOBA B CTOPOHE TPUBMAJALHHHU ciaydai, Korma
rpadur QYHKOUE h TYCT, UPENUIONOKEM, uYre rpadmr A
COCTOUT H3 map

@), By E=01..),

Ime o, f — moAXonAmue IPYMHATHBHO PEXYPCHBHEE () yHKRITKI,
T'padux F ¢yaxnmn f cocrout u3 Tpoex {z, Y, 2, AIA KOTOPHX
f (z, y) = z. Pasobrex ero Ha pgBe 9acTH: COBOKYIHOCTH F'y
tpoek <z, Y, ), AAA KoTopeix y = 0, W COBOKYmHOCTH F',
tpoex <z, ¥, 2y, Lig Koropux ¥y > 0. IlepBoe m3 cooTHOIIE-
muft (2) moxassiBaer, dro F'; cocromT m3 Bcex TPOGK BHAA
{z, 0, ) u moromy F’; — DeKypCHBHO mepedncanMasg CoBO-
kyoHoCcTh, (craercs mOKasaTh, 9TO COBOKYNHOCTh F', TaKske
PEKYPCHEBHO TEDPEIHCIEMA.

CootHomenme (2) moxassiBaer, 4To yciaosue <z, Yy, 2y G
¢ F'; pasHocmibHO cym;eCTBOBaHmo 9ncesr g, . . ., dyey Ta-
KHX, 9T0 “

o =h(2), ay =1 (a1), ..., 2 ="~ (a,-,).

PaBencTBo a;.; = A (a;) SKBIBAJEHTHO CYmECTBOBAHHEIO
qucaa %;,;, AIA KOTOPOTO

o (ti+1) = a;, B (ti+1) = Qi



P
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[ToaToMy yciosue <z, Y, 2) ¢ F'y PaBHOCHIBHO CYINECTBO-
payio gmced iy, Ly, . .., Iy, AIA KOTODPHIX

o4 (t1) =z @ (fz) = ﬁ (tl)v s @ (tz/) = ﬁ (ty;l)a ﬁ (ty) =z,

T.e. A KOTOPHIX
y=1

la(t) — z| 4+ D [t (ties) — B () |+ |B(t,) — 2[=0.

) 3)

B n. 3.3 6bl1a mocTPoeHA IPAMHTHBHO PEKYPCHBHAA QYHK-
nua T'émeas T (u, ) m OpI0 moxasaHo, 9TO [AA II0GHX
tyy - - .y t, CHCTEMa yDaBHEHHI

Ti)=¢t(GE=1,...9)

HMeeT pelleHms OTHOCHTenbHo u. llomerasisasg B (3) BMecTo
t; Bupakenme I'(u, i), MOXYyIUM ypaBHEHHE

y=1
lo (I (u, 1))—$|+i§11a(1‘(u,i+ D) =BT )|+
+1PM @ y)—2]=0, (4

uMeIoInee PemenHe ¥ TOTHA H TOMBKO TOTHA, KOTAA (3) mMeeT
pemerme (¢, ..., 1,). Cormacmo m. 3.1 neBas wacth ypas-
HeHua (4) ectb TIPHMATHEHO PEeKYPCEBHaA (QYHKOWA 0T I, Y,
z, u. OGo3Hagas ee gwepes g (2, ¥, 2, U), TPUXOAUM K 3 AKIIO-
9EHII0, 9TO COBOKYIHOCTH F', COCTOHMT M3 BCeX TeX TPOeX
(z,y, 2y, NOAA KOTOPHIX yDABHEHWE

gz, y,2u)=0

IMeeT pelediie 1. 1ak Kak QYHKIHIA ¢ IPIMITHBHO PEKYPCHB-
Ha, T0 MHO%eCTBO F', PEKYDPCUBHO HEDEULCIAMO, TTO II Tpe-
00BaAIOCE.

B) Ecau wacmuunas gynkyus g (x, y) umeem perypcugHo
nepewucaumnil epagur, mo gyuryus | (), nosyuawujanca us
g (z, y) onepayuel: yunHuMUsAYUL:

f @) =1y (€= y) = 0), ()

Mmarxce uieem peKypcusHO nepeuuciuUMbll epadiuk.
Kax n Brime, Mer MOskeM mpemmoiaratk, uTo rpadux G
byBErUD® g He mycT m, CAENOBATEILHO, NMEET BII

G={a(@®),B® v} E=0,1,...),
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e o, P, Y — UpUMETHBHO pexypcuBHiie PyEKmEn. GoorHO-
menne (5) PABHOCHILHO YTBED:KNGHHIO 0 CYI(eCTBOBAHMH IH-

cel ag, @y, . . ., 4y, YAOBIETBOPAOMEX TPeGoBAHAAM
gz, iy=9a; (E=0,1,...,9),
a'j#o (]'=O,1,...,y—1),ay=0,

T. €. PABHOCHJIBHO YTBEDJKAEHNIO O CYMECTBOBAHMH YHCeN
Loy . - +y by, RIS KOTOPEIX

a(t}’) =T, B(tj) =7, Y(tj):lé'o (]: 0717 e Y _1)y

@ (ty) =2z, P (ty)‘: Y, v (ty) = 0. (6)
Ycaosus (6) paBHOCHABLHBL COOTHOIIEHHIO
1
3! (at)— =1+ 16— i) +5 5 Ll 709+ 7 =0.
i=p =0
()
Monaraa t; =T (u, i), BOREM, 9TO .
(@, yp € F < (Ju) (b(z,y,u) =0), ®)

rie gepes b (z, Y, u) 0603Ha9eHO BHIPAYKEHNE, II0JYJaIOIeecsd
U3 IeBolt wacTm cootHomenwma (7) mopmcramoBRoit I (u, i)
BMecto f;. IlocKonbKRy OYHKOWA /i TPEMATHBHO PeKyPCHUBHA,
u3 (8) cegyer, uro rpaduk F' fyHEKIHN f peKYPCHBHO nepefmo-
7M.

Teopewva 1 moxasama. OTMETHM HECKOJABKO €€ CIeCTBAL.

CaenmctBue 1. Obsracme onpedesenus kancdolt wacmu-
HO perypcugHoll GYHKYUL ecmb MHONCECME, perypcusHo nepe-
YUCAUMOE.

[HeficTBRTeAbHO, e€can rpadWK TacTHYHAO peKypPCHBHOH
¢yERIED f° He myCT, TO CoTNacHO Teopeme 1 ero Mo:kHO Mpef-
CTABHTH B BHJE

{<u1 (t)v e ooy Uygeg (t)>}1

rae ug (), . . ., Uerq (f) — TDPIMITIBHO peKypcuBHBIE PYHK-
nun. Ho B TakoM caydae 00JacThi0 ompefeneHns QYHKINE
f Oymer coBoKymHoCTH S-0K BIRa (U (1), ..., us (&) (t =
= 0,1, ...) n DoTomy 3Ta 06aacTh GymeT PEKYPCIBHO Iepe-
YICIMMOT.

Caemcrsme 2. Coeonymwcmb 3HaueHull, npuHuMae-

MU HACMULHO DeKYy pelenoll dynkyued f, ABAAEMCSA, PERY PCUs-
HO nepevucAuMoll.
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B caMoM [ene, €cCJH 3TA COBOKYNHOCTH HE NycTa, TO
rpadnk QYHEION MO/KHO NPECTaBUTH B YKAsamHOM BUJE
Cus (£)y « + -y Ussa (1)) U COBOKYIHOCTHIO BCX 3HaUeHUHE PyHK-
un [ GyAeT COBOKYNHOCTh BCEX 3HAYCHWH QYHKOUU Us:q (f).
Tak Kak (QYHKOEA Ug; OTPUMHTHBHO DEKYDPCHBHA, TO COBO-
KYTHOCTH ee 3HAaUeHWH ecTh (H. 4.2) PeKYDPCHBHO Iepeunc-
11MO€ MHOJKECTBO. :

IIpeskme dem copMyJIHpOBATH eIe OfHO CJeJCTBHEe, Ha-
NOMHAEM pAasHEIY MOy zaparkmepucmuueckol @dyrnryuel
\HOJKECTBA M UACIMUYHOL Tapaxmepucmuueckol @ynryuei:
xapaxrepucTmieckoll ¢yHxmme#r MHOKecTBAa A HA3HBAETCHA
¢yrrmus, pasHasa 0 B roukax-4 m pasHas 1 BHe A; 9acTUIHOH
xapakrepmcTHdeckoii ¢yEKmue#r A HaseBaerca (YHKOUA,
pasras 0 Ha 4 m He ompefieneHHas BHE A.

CaemcrBue 3. Muoyecmso A n-ok uuces mozda u
MOAbKEO 10206 PEKYPCUBHO NEPEeRUCAUMO, K020a e20 LacmUuHAs
TAPAEMEPUCTIULECKAS BYHREYUSL HUACMUYHO DEKYPCUBHA.

I[Iycts A — HemycToe pPEKYPCHBHO LEPEUHCIMMOE MHO-
saectBo. OHo cocTout m3 n-ok BHAA Uy (), . .., un (1)),
rme u; () — DPEMHTHBHO pexypcusHbIe §yEKmun. I'padnk vac-
THYHOH XapaKTePUCTHIECKoH GyHKmUm ¢ (T, . . ., L) MHO-
skectBa A COCTOMT ™3 BCeX NIOCIENOBATENBHOCTEH BUJA
ug (t), « o, uny (1), 0>, t=0, 1, ... ITockoasxy 0 =0 (£)—
OPHMHTHBHO DEKYPCHBHAA QYHKNHA, TPaduK ¢ (Ty, . . ., Z,)
PEeKYPCHBHO IlepevmciauM, a caMa QYHKOHA ¢ JAaCTHYHO pe-
KYPCHBHA.

O6patHoe yTBep/KAeHWEe HEIOCPE[CTBEHHO BEHITEKAET U3
clencTBHA 1, TAK KaK Kaskloe MHOKEeCTBO ecTh 06aacTs ompe-
JeleHHA CBOEH 9ACTHYHOM XapaxTepucTHYecKodl (yHKmAM.

CaemcrBue & IHyemvF(zy, . . ., Zumy Y1y « -« Yp) —
HACTMUYHO peRYpcusras @YHEYUSL Oom m -- n nepemeHHuI.
To20a cosokynnocmev A mex m-0k {Zy, . . ., Tn), 041 KOMOPWTL
ypasmerue

F (xla e Ty Y10 - o yn) =0

uneem xoms 6w 00no peuwenue Yy, . . «, Ypy, ABALEMCA PERYD-
CUBHO NEPeUUCAUMBLI. MHOKHCECTLBOM.

CorzacHo Teopeme o mapamerpmsanqnu rpadnk ¢ymxoan F,
ecim OH He IYCT, MOKHO IPECTaBITH B BHLE COBOKYIHOCTI
IOCIef0BaTeIbHOCTEH

<a1 (t)’ ey Oy (t)v At (t)’ « ooy Qpip (t)’ @ (t)>
t=0,1,2,...),
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rae o; (£), o (f) — moAXoAsAmmpe NPLMUTHBIIO DPEKYDCHBHbBIE
¢ymnxmum. CoBokynmHOcTh 4 cocrouT H3 m-ok @, (t), . ..
.+« Oy (t)), THe t TpoGeraeT COBOKYIHOCTH PelIeHuH ypaBHe-
Haa a (f) = 0. CornacHo m. 4.2 3Ta COBOKYIHOCTH PEKYDPCHB-
HO DepeumcauMa m IoToMy Jaubo mycra, Iabo ABIAETCH CO-
BOKYIHOCTHIO 3HAUEHWI MONXOAAmell IPIMATHBHO PEeKYpCHB-
HOt ¢ymEKuIE P (u). Orcoma BUIHO, 9T0 COBOKYIHOCTh A 1nb0
mycTa, AEG0 COCTOUT M3 BCEBO3MOKHEIX M-0K BHA
Qo (B (W), - vy oty (B (W)Y (w=0,1,2,...).

Tax xax ¢yErmma o; (B (1)) ZPEMATHBHO DeKYDPCHBHBEL, TO
COBOKYIHOCTh A DPEKYPCHBHO IEPEUYNCINMA, 9To B TPedoBa-
J0CH J[OKA3aTh.

Cunemcrsme 5. Cosokynmocmdv nocaedosamenvrocmets
Ty, o oy Zg), YOoBaemMBOPANWUT YDPABHEHUID

f(@y ..z =0, 9)

/€645 wacmb KOmMopozo | ecimb wacmuyHo PeKYpPCusHas BYHEyUS
om Ty, ..., Ty, AGLAEMCA PEKYPCUBHO NEPEUUCAUMbIM MHO-
acecmeon.

B camonm pmene, Ppymrmma

a(z)=p, (z +-t=0)

9acTHYHO DPEeKypCHBHA N ompemedeHa ToIbkKo miaa z = (.
CremoBarenbHO, CoBOKymHOCTs pemenuit ypasmemus (9) cos-
nagaer ¢ 007acThIO ompefeseHAA UACTIYHO PeKypPCHBHOH
oysrmmn a (f (zy, . . ., z,)). Cormacao cuegcrsuo 1 obmacrs
oIpefiesieHNs 3ToH QYHKIHI PEKYPCHBHO NEPEYHCHIMa, U4TO
n tpeGoBaioCs.

6.2. YmuBsepcanpHblE 4YACTHYHO pPEKYPCHBHLIE ()YHKIUH.
YcraHOBIEHHAS B NP YIeM Pasjelie Teopera o IapaMeTpH-
3aOUH I03BOJAET JETK( [0KA3aTh CHEAYIOIMYI0 Ba;KHYIO TEO-
peny KamEm o mopMambmo#r dopme.

Teopewma 1. Hawmdas wacmuuno pexypcusnas Gynryus
f (@, ..., ) npedcmasuma 6 gopre

T oonz) =1 (F(ay, ..z, 1) =0), (1)

2de 1 (z) — nymepayuonnas @Pynryus us n. 3.3, a F — nod-
zo0syas (sasucawas om f) npUMUIMUBHO PERY PCUSKAS BYHEYUSL.
[To ycmosmio rpadur M ¢ysrnun / perypcHBHO mepedmc-
JOM ®, CHEef0BaTenbHO (um. 4.4), CymecTBYeT NPHMITIBHO
perypcuBEag ¢ymEKuna g (z4, ..., Z,, Y, @), AAA KOTOPOi

@pee s 2, y> € M = (Fa) (g (2, o oy 2, Y, 0) = 0).
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[Tonaraa e (y, a) = £, BEAEM, d9TO

Iy oo T PP EM &
S @A)E@y .z, l @), r®)=0&y=1(@). (2
B 4acTHOCTH, ECIH 1A KAKUX-HEGYID Z;, . . ., T;, ¢
g (xlv e Ty, /4 (t)v r (t)) = 01
10 {Tyy « o oy Zs, L (E)Y € M 1, BEAwHT, 1 (1) = f (2, .. ., Z),
10 GCTh
(e (g (2, o, L) (1)) = 0) = F (g, . . o, 2y).

3)

Mopsyna (3) moxasaHa HaM¥ A TeX B3HAUCHUH Z, . . .

. ., Z,, B KOTODHX jJeBag 9acTh PABEHCTBA (3) AMeeT OI-
penenemHoe 3Hauenme. Ho m3 (2) BUAHO, 9To M3 HEOUIpefieJeH-
HoCTH 3HAYEHNS JdeBofl gwacrm QopMmynsl (3) Bhirekaer me-

oIpefeleHHOCTb 3HAYeHNA [ (Zy, . . ., ;). I109TOMy DaBeHCTBO
(3) cmpasemmmBo [JA MPOHBBONBHBIX 3HAYEHHH Zy, . . ., &.
Honaras

g(xy, - - 0y Zy L), 2 (2) = Fay, ..., 2,1),

nonyuuM popmyny (1).

Jdame uaH®ue. U3noxasarenscrsa popmynst (1) BugHO,
UTo B 3TOH QopMyde BrmecTo QyHKOUE I () MOJKHO B3ATH «iIe-
syio» Qymriuo L (z) ns mo6of rpoixn dymruni L (z), R (2),
C (z, y), cBA3AHHBIX ¢ KaKoi-HAGYAb HyMepamuedl map HATY-
pansHEIX gucen (cM. m. 3.3), amms 6n Qymxmun L (z), R (z)
OLLTH TPEMUTHBHO PEKYPCUBHBIMII,

o cmx mop MBI pPasaruany BCIOLY ompefeeHHbE 4acTHd-
110 peKypCHBHbIE QYHKUTH (pexypcusHuie QYEKOHEM) A o0uje-
pexypcugnpie GyHRIUI, T. . GYHKOUE, KOTOPHE MOTYT OBITH
noNy4eHs T3 mpocTelimmx ¢ymsxmait o, s, [, omepamusME
IOACTAHOBKH, IPUMHATHBHON pPeKYpCHE U omepamuedl MIHHE-
MH3aqHM, MPON3BOMUMON JIMIIb HAK TAKOMI QYHKOWAME, KIS
KOTODHIX pe3yahTaT MUHHMHSHI(AN gBAAETCA BCIOAY Ompe-
TenenHON dymErmumeii. Hanm Grino AN I3BEeCTHO, UYTO Ka:KAAA
odmepexypcusHas (yEKINA pexypclBaa. BepHo I oGpaTHOE
YTIBEeD:KIeHITe.

CaepncrtBue. Kaxdas perypcusnas gynryus f obuye-
Perypcuena.

B camoat mene, cornacuo Teopeye 1 pymrmmsa f Mosker GHTE
npercraBieHa B gopme (1), KoTopad HmoKasHBaeT, 4TO QyHK-
Uig f mogydaercd N3 upocTeilmX QYHKOUE oneparisaMe Iof-
CTAHOBKH, DPUMHATHBHON PeRypcl:m W oXepammedl MuHEME3a-
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-

MU P, TPUMeHeHHON elMHECTBeHEHA pas K dyExmun F (z;, . . .
, g, t). Tax ®Kax QyHKOUA [ §O YCIOBHUIO BCIOLY OIpefie-
jJena, 7o QYHKIMA

Mg (F (xlv o ooy Ly t) = O)

TAKALe TOMKAA GEITH BCIOLY OoNpPeelen o, 470 1 TpeboBazocs.

Wrax, moEATHS PeKypCHUBHOA T o6mepexypanHoz dymr-
OUA PABHOCHAIBHEL.

PaccMorpuM Tenepb BOIPOC 0 TOCTPOSHAN YHEBEDCANBHEX
dymxuni. Iycrs Fpr 0603HAYAET COBOKYNHOCTD BCEX S-MeCT-
HEIX YaCTHYHO peKypcHBEHX ¢ymruumit. Hax y:xe rosopuiochk
B 1. 9.2, Yacrwanas QyExmus U (z, 7y, . . ., Z;) HaBHBAETCH

YHuGepCasbHOl TS COBOKYNHOCTH &pr, 6CHHA JFpr COCTOUT
n3 QyEKOEHR .

U@, 2y, ...,2), U, 2, ..., ), ...

B n. 5.2 6mma mocrpoeHa of6mepexypcmpHAs (YHKOUA
Ds+1 (n, 24, .. ., x,), YHEHBepcadbHag [JIA COBOKYHHOCTH
Vpr.r BCEX NPAMUTHBHO DPEKYDPCUBHEIX S-MECTHHIX (yHKIUH.
Tanm me OoHIo DOKasaHo, YT0 YHHBepcanbHag (OVHKOUA IS
KiTacca Fprr HE MOKeT OHITH TPEMUTHBHO peKYDPCHUBHO,
a yEHBepcanbEaA QYHKIUA 1A Ki1acca BeeX o6mepe Ky PCHBHEIX
s-MecTHHIX (YHKOUZA He MoxeT GnTh pexypcusHoH. Ommaxo

LI COBOKYUIHOCTH §p, YACTHYHO PEKYPCHBHHX (yHKOUHA
IOJIO/KeHHe WHoe.

Teopema 2. Cywecmsyem uacmuunmo  pPeKYpPCUCHAS
Pynryus T (g, Ty, « o .y L5), YHUBEDCAALHAS OAL COBOKYN-
HOCIU 8Cex S-MECMHBL YACMUYHO DeKYPCUSHUE GYHEYUL.

A nmverHO, Tako# GYEKROUEH 3aBEOMO ABAACTCA JACTUIHAA
Oyaxnmsa
Tt (29, 2y, « . ., Ts) = U (1, (D2 (2, 24, . . ., %, £) = 0)),

(4)
rae D2 — ynomMaryras BEIme o0mgpexypcuBHasg QyHKOous,
YHEBepcaapHAA A COBOKYHHOCTE Beex (s 1)-MectHEIX
IPHMHATHBHO peKypcuBHHX ¢yErnui. [leficTBUTeNbHO, HU3
dopmynsr (4) HemocpemcTBEHHO BHUIHO, 4To 75+ — WaCTIUHO
pexypcuBHEag (s 4 1)-MecrEasg ¢pymrmus. C gpyroit cTopomEL,
nyers f (xy, . . ., &) — Kakag-EEGYOb S-MECTHAS UACTHIHO
pexypcusEas QyErmusa. [Ipencrasiasem ee 3 doprme Kuaumm
(1). B aroit gopre ymruus F mpOMETEBHO pexypCHBHA 1,
ClIeoBaTeabHO, HAHWeTCH TAKoe UYHCIO a, UTO

F@,..,z,0)=D"(a,zy, ... &1
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1A BceX BHAUGHHHA &y, ..., Z, t. Ilomcrasuas D3+ (a,
Ty - - o2 Tsy t) BMECTO F (24, . . ., 2, £) B dopmyny (1), mo-
aydaeM

f(x, ..o x) =T (a, 24, ..., )
nIA BCeX B3HAYEHHH zy, . . ., Z,. CuegoBaTelbpHO, (QYHROHA
T+ (%9, Ty + - ., ;) YHEBEPCAIBHA NS COBOKYDHOCTH Fp r-

6.3. Moonpenenenue ¢ynxmuii. Ilocrpoerne nepexypcus-
HOT'0 PEKYPCUBHO IIEPEYHCIHMOr0 MHOKecTEa. UYacTHUHAA
JyERUEL g (24, . . ., T;) HASEIBAGTCHA pacuiupenuen HacTHU-
Holt pymKRIUR f (2q, . . ., Z;), €CHU B KAKTOH ToUKE, B KOToPOi
pyerums f onpeneneHa, QYHKIAA g TAKMKE OTPENeTeHa W 3HA-
YeHHe g B 9TOH TOYKe COBIAfaer ¢ 3HAYCHMEM f, T.e. eciH
rpadur f comep:xurca B rpadmue g. Berony ompenenemmoe
pacmupeRre dYacTHdHON QyEKOUM [ HasmBaerca doonpedese-
nuen f. flcuo, 9ro Ka)kAaa dacrwIHAS YHKOAA HMeeT [OOIPe-
nenemmne. [ledo MeHSETCA, eCIAW MIMYTCH HE IPOU3BOJBLHERE
NOOIpeNeNeHns, a pPeKYpCUBHEE.

Teopewma 1. Hukaraswacmuuno pesypcusnas PyHEYUS
U (x4 1, « « <y To), YHUBEPCAALHAS OASL COBOKYRHOCIMU 6CET
S-MECIMHBT UACTMUYKO DEEYDCUSHBLE (PYHKYULL, He Mmodicem
umemuv 00ujeperypcusHulr doonpedeserHult.

Cywecmeyem 00HOMECMIHAR YACMUUHO DeKYpCUeHas PyHE-
yus, npunumaousas auiy snauenus 0, 1 u ne umerwasn pexyp-
cusnuir doonpedesenuil.

Baegem wactmumyio ¢ymrmuio

Viz) =sgU(z,2, ..., o). (1)
Jra YEKOUA YACTHYHO PeKyPCHBHA WM IPHHUMAET JUIND 3HA-
senma 0 1. [onyctun, 4To oHA HMEeT PeXypCHBHOE H00Ipe-
nenenue W ().
Paccmarpusas Baecro W (z) s-mectuyio ¢yEKUmMIO

I (W (zy), 3y - « -, T) = W (z1)

I TpEUEEMAadg BO BHHMAHHE VHEBEPCAIbHOCTH QyEKoum U,
BHAMM, 9TO JJIA HEKOTOPOTO UHCIA @ M BCeX 3Ha4eHNH zy, . . .
. ., T, IMEeT MECTO PaBEHCTBO

Wiz) = U (a, z, . « .y Ty).
Honaras smecs £, = ...= 1, = a W cpaBHEBas pe3yib-

TaT ¢ cooTHomeHAeM (1), moayYaeM IpPOTEBOPEYEBOE DaBeH-
CTBO

W (a) = sg W (a).
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Taxnm o6pasoM, pymrmus V (x) He HMeeT PeKYPCHBHEIX Mo-
ompefieneHnt W BTopoe yTBepskAeHUe TeopeMul 1 JOKa3aHO.
Ecam 6m wactnumas ¢ymkmas U (z,, 24, . . ., Ls) HMeJda
pPeKypcuBHOe moompenesenue P (zg, Ty, . . ., L), TO QYEKIHA
sgP (z,z, ... 2)Bcuny (1) 65112 GBI pexypCHBHLIM J0OTIpe-
nenermeM V (r), KoTopoe, KaK DOKa3aH(, He CYMecTByer. Tem
CaMEIM JOKA3aH0 U TepPBoe yTBep:KieHHe TeopeMsl 1.

Teopexa 2. Cywecmeyiom HeperypcugHsle perypcus-
HO Nepeuuciumble MHOICECTNEA.

PaccMorpuM yHUBEpPCANBHYI0 YACTHYHO PEKYPCHBHYIO
pyrxumio T2 (29, z;), nocrpoerrywo B 1. 6.2. Beogum dyrrnun0

E (z) = sg T? (z, 7).

Jdra GYHKHMA YACTHYHO PEKYPCUBHA, NPWHEMAET JIAITL 3HA-
yerna 0, 1 1 He HMeeT PeXyPCHBHEX Aoonpenesnenuii. O6osua-
auM uepe3 M, COBOKYNHOCTH pemenmii ypasmemus E (z) =
= (. CornacHo ciaefcTRHIc O TeopeMel o rpadmke (m. 6.1)
MEOKeCcTBO M | perypcuBHO nepearciaumo. [loxaskeM, 4T0 OHO
He pexypcusHO. IIycrb, Hamporms, M, pexypcuBEO. Torma
XapaxrepucTHuecKas QYHKIEA y (x) MEoxectBa M ; 6BLaa OB
perypcusroit. Ho y (z) = 0 tam, rme E (z) =0, m y (2) =
= 1 ram, rme E (z) = 1, 1. e. { (z) — pexypcuBHOE moonpe-
denenne ¢ymxnum E (z), Koropas TaKHUX JooUpeneseHHH He
nmeeT. [lonydeHHOE mPOTHBOPeYHe HOKABHBAET TEODPEMY.

Cnemcrtsue. Cywyecmeyem npumMUmMuUEHO DEKYPCUBHAR
oOnoMecnHan PYHEYUSR, COBOKYNHICIL SHAUEHUL, KOMODOWE He-
perypcusHa.

He#icTBuTe IPHO, IOCTPOCHHEOE Bbile MHOMKecTBO M, pe-
KYPCHBHO NEPeUHCIUMO, HO HE PeXypcuBHO. [[03TOMy OHO
HeIyeTo, a Kaskaoe HeIycToe PeKYPCUBHO mepeqrcanMoe MHO-
$KeCTBO €CTh COBOKYIHOCTH BHAYCHUH MOTXONAMEH IPEMITHB-
HO DPeKypCHBHON (yHRIuH g ().

IIpuymTHBHO peKypCcHBHEE (YHKOMH aJITOPUTMEYECKR
BargEcanMiel. CiemoBareibHO, CYMECTBYeT airopHTA, II03BO-
AIOMER BHYNCIAHTL 3Hadenne g (r) mpm jawoGoM z. B To sxe
‘BpeMfA HEPeRYPCHBHOCTH COBOKymHOCTH MM, BCex B3HAUeHHHR
pyrxunn g () osHadaer, 4TO HEe CYMECTBYET aJrOPHTM, HO3-
BONTHIOMAN NJ% TPOU3BOJBHOI0 4YNcja a y3HATh, BXOAUT a
B M, nanm meT, T. e. PaspemmMoO ypaBHeHDe g (¥) = a min
HeT.

Wrag, cosorynnocmy’ snavenuii npumumueHo pexypcusHoll
PyrEY UL Moxcem e 6umb perypcueHbLM MHoxcecmeort. [LoaTonmy
U3BECTHHH HHTEPEC IPeCTaBIACT TOT PAKT, UTO COGOKYNHOCIb
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3HAUeHUTE MOHOMONHO pacmywel obweperypcusnol GYnryuu
[6.45€mes perypcusnulm  muozicecmeom (. 4.1, reopema 3).

Teopewnad. Kawdoe Geckoneunoe pesypcusno nepeuuc-
aumoe MrHoxcecmeo A ecb CO80KYNHOCMb 3HAYEHUL nOOIoOA-
weti obweperypcusnoti dyuryuu g (t), npunumaowei i
PUBAUMHBLL 31AHERUT T Pasauunble 3HAUCHUA.

Vmage rosopdA, 0an kancdozo Oeckoneunoz0 DEKYDPCUBHO Ne-
pewucauMozo muoducecmea A - cywecmeyem 00ujeperypcusHas
pynryus g (t), omobpajcawuyan 63aumuo 00HOSHAUHO HaMY-
pasvruil pad na A.

ITo ycmoBmio A ecTh COBOKYNHOCTH 3HAUEHHH HEKOTOpPOH
OpUMHTHBHO peKypcuBHOM ¢ymxuun u (f). Mcxomyo GymK-
nuo g (t) crpomM caefyomuM obpasom. IToaaras mo ompefe-
aernio g (0) = u (0). Ilyere smawemuz g (0), g (1),...

. ., & (n) yxe onpesenersl. Torma Gepem HamMeHbInee ¢ Ta-
xoe, uro u(t)¢{g(0), g(1),...,g(n)}, u mnonaraem
g(n 4 1) = u (¢). CymecrBoBaEWe TaKOro 3HAUEHHA [ Bhi-
Tekaer A3 OeCKOHEUHOCTH MHOmKectBa 4. IloaTomMy dymrumus
g (n) Bciony ompeneneHa. MHOMKeCTBO BceX ee 3HAUEHHH, oue-
BUTHO, COBIALACT C MHO/KECTBOM 3HAUCHHMH QYHKROmE u. [las
(GopMalBHOTO [OKA3aTENBCTBA PeKYDPCUBHOCTH g BEIPASHM ee
yepes u ¢ OOMOIIBI0 OCHOBHHIX oniepanmii. Ilomorxum

v(n):u,([{[u(t)—u(i)l_,+_0). (2)

Yucno v (n) ecTs HamMeHbINee 3HAUEHHE f, MJIA KOTOPOTO

u )¢ {u @), u(1),..., unl

CpaBEuBasa sto ¢ ompefeneHueM QYHKOEZ g (Z), BHEHM, UTO
g)=u@(@©),g@) =ul @), ...
IToarony, BBoms eme QyHKOUIO w () TOCPEICTBOM PEKypCHE

w(0)=0,w((r+ 1) =rv(wr), (3)

OKOHYartelbHO Gymem mMmets g (z) = u (w (z)) =, 3HaumT,
i cnny (2), (3) dymErnus g (z) o6mepexypcHBHA,

B saxmrouenne moxaykeM emme ofHY HIPOCTYI0 TeopeMy o
CYMECTBOBAHNN YACTHYHO pPEKYPCHBHHIX NPOLOJ:HeHdd He-
KOTODHX (GyEKOHA.

Teopema 4. Ecau gynryuu fi (2, ..., ) u
8 (xy, ..., z) (i =1,..., n) wacmuuno perypcusns u udc-
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muunas PyrEyus kb (z, . . ., ;) Yooeiemeopiem yciosusm
=f(zy, ..., ), ecau gi(zy,..., z,)=0,
=fs (21, ..., T5), ecau ga(Zy,..., z,)=0,
= fo(Z1y. . s )y eCav g, (xy, ..., z,)=0,
re onpedeseio OAs OCMAALUBL Ti,. .., T,

mo h — makxce uacmueHo perypcusnan GYHEYUL.

B cuny teopemu o rpaduKe DOCTaTOYHO NOKAa3aTh, 4TO
rpapux H QyEROmE /i peRypcuBHO mepeudcauM. OGo3maymm
depes A; COBORYNHOCTE TeX IoCIefoBarenbHOCTER (Zy, . . .

.. Zs, Y, ROTOpHIE YHOOBIETBOPAIOT yPaBHEHURM

l.fi(xla---,xs)_yi+gi(x1,---,xs):O,
i=1,...,n (4

flcro, uro H ectb o0beuHEHNE COBOKYNHOCTeH Ay, . . ., A,.
JleBast wacte ypaBmeHHA (4) ecTsp YACTHYHO PpEKyPCUBHAS
GyHKOHS 0T TEepPeMEeHHBIX Xy, ..., L, Y. 1I0dToMy B cHay
cnegerBua 5 teopeMer 1 (u. 6.1) MEORecTBO A; PEeKYpPCHBHO
nmepedncanMo. M3 peKypCHBHON TEPeUnCIHMOCTH MHOMECTB
Ay, ..., A, BHTeKaeT DPEeKypPCHBHAS D[EPEeUNCIAMOCTDE HUX
obbegmuenns F, uto m TpeGoOBATIOCH.

Cnemcraue 1. Ecau obaacme onpedesenus M wyac-
muuno pekypcusnoli Pymryuu f (24, . . ., T,) perypcusna, mo
| umeem perypcusnoe doonpedesenue.

ITo ycnopuio xapakrepucTHYecKas QYHKIONA y MHOMKECTEA
M obmepexrypcupHEa. PaccMoTpaM QyHRINMIO g, 33JaHHYI0 CXe~
Mot

Flan ..z, enm (... 2)=0,
gy .. z)= 0, ecnn |y (z1,-.., ) —1|=0.

Jra (QyEKOWA BClogy olpefielieHa T COMNIACHO TPeIbyImei
TeopeMe YaCTHYHO PeKypPCHBHA. B To jke BpeMd OHA ABJIAETCH
pacumpenneM QyHEKOUA f.

CrnencrBue 2. Ecau uacmuuno pesypcusnan PpynrEyus
Ul(zg, 215 . . ., Z,) 9647€MECA  YHUBEPCAALHOT, O4S COBOKEYNHO-
CIMU 6CeX S-MECIMHBLT YACTNUYHO DEKYPCUSHBLE BYHEYULL, mo 06-
aacmbe onpedeaerus M smoil GYnKEYUL ecmb HEPEeKEYPCUBHOe pe-
KEYPCUBHO NEPEYUCAUMOE. MHOHCECNE0.

JeficreuTensHo, MEORecTB0 M Kak 06dacTe ompenerenns
YaCcTHIHO PEKYPCUBHONI (YHKIOHN PEeKyPCHBHO MEPETUCIIUMO.
Ecan 6m M oKa3adoch PeKYPCUBHEM, TO COTVIACHO CIENCTBUIO
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{ ¢yurnus U Osina 651 peKYPCHBHO JOOTpefeduMof, 4ronpo-
riBOpeauT Teopeme 1.

6.4. Mcenenosanne npepncrasienns Kimman. Beugy BaKHOCTH HOD-
MaTbHOTO TpepcTaBieHnsa Hauen (n. 6.2) mpepcTaBiser HHTEpec Golee
neTalbHOE MCCiefoBaHNe 9TOT0 NpeNCTaBJIeHNA, TpousBefeHHOe CKy-
aemoM II MaprossiM. IIpeskae Bcero BO3HMKAaeT BONpPOC: HeAL3A 1N B
npencrapieEnn [{ammm obofiTich Ge3 pEewHeH dyrrmun 7. IomHE oT-
BCT Ha 3TOT BONIPOC HaeT

Teopema 1 (Cryuaenm [1]). Jas mozo umobu dynryus

[ (xgy « « +y Zs) Oura npedcmasura 6 sude
f (.721, RS .725) = P‘l (Q (‘7:1.1 ceey Tgy t) = 0)’ (1)
2de Q (T4, - « « Ty £) — 1N00TO0RWAR NPUMUMUCHO DERYPCUEHAR BYHE-

yuf, neobzrodunmo u docmamouno, wmobw epagur @ynryuu f 6va npu-
NUMUBILO PERYPCUSHBM.

JlocTaTo¥HOCTh OYEBHAHA, TaK KaK NPHMIITHBHAA PEeKYDCHBHOCTH
rpaduka f 03HayaeT, YTO OPHMHTHBHO PeKYPCIBHA €T0 XapaKTepPHCTHU-
yeckas (QYHKOHA, paBHas Y (Zy, ..., Zs y). Ho TOorma OUEBIHOE pa-
BEHCTBO

f(zli LI xs) = Hy (X (xls «ovy Zgy .l/) = 0)

jacr cpasy ke IICKOMoe mpepcTaBieniic f B nume (1).
Heob6xopmusocTh. Ilyerh f umeer Bux (1). Beopam yrKnmo

x n .
G(xl,...,xs,x)=li—ZEEHQ(xl,...,xa,i) . (2)

n=0 =0

B cuny pesyasrtaToB m. 3.2 ¢yHEEOEA G TPUMITHBHO peKYpCIIBHA.

Kpome Toro, us opmyiusr (2) BOgHO, 9T0 y = f (21, . - -, T5) ToTAA I

TOJNBKO TOTHA, KOTAA ¥ — HAIMEHBUIM{I KOpeHb ypaBHEHHA G (z, .. .
., %5 y) = 0. CrenoBatennHo,

flan oo z) = W (G(zy, ...y 2z, 1) = 0). (3)

[TpencraBierme (3) mieer ToT ke BUA, YTO I npencrasiderne (1). Oco-
UCHHOCTb COCTONT B TOM, 4TO TeNmepb UHCO f (Ty, . . ., ¥5) = f ABAAETCS
CIITHCTBEHHBIM DelleHIeM ypaBHeHud G (zy, . . ., Zg, 1) = 0. Ho B Takom
cnydae GyERONA sg G (zq, - . ., 5, ¥) 6yHeT Xapaxrepucrirueckoll Gynx-
uneli rpaguxa f 1, sHa9NT, 9TOT rpadUK OPIMITIBEO PeKYpPCHBEH.
Has ocraerca mokasaTh, uro B popme Cryidema (1) mpemcraBmma
HC Kajkmasd YacTHYHO peKypcHBHasA ¢ymEkmua. CoriacHo Teopese 1
AT 3TOTO NOCTATOYHO HOCTPONTH 0BIMEpeKypCHBHYI0 (QYHKIIO, Tpa-

ITK KOTOPOii He ABIAETCS NPIMOTIBHO PEKYDPCIBHEIM.

_ B rawectBe mcxomEoro MaTepmaia GepeyM HOCTPOGHHYI B I. 5.2
Obmeperypcusayio QyERmmi0 D (r,, z,), YEUBEPCAAbHYI IJs COBO-
RYIIHOCTH BCeX ONHOMECTHHX NPIMNTIBHO PEKYDPCHBHHX (YHKOIII.
B kawectBe ncroMoit OYHKONT MOKHO B3ATh QYHKONIO

V (z) = sg D (z, z).

I[uei'm'anTenLHo, aTa QYEKONA He MOKeT OHTH HNPIMITIBHO PEKyp-
CIIBHOIi, TaK KaK B ONPOTHBHOM CJIVYac NJIs HOEXONANIET0 UHCIA 72 MH
henmn 6w TosmectBo V (z) = D (n, z), 3 KOTOPOTO HONYImIM GH co-
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onfomemte
D (n, n) =V (n) = sgD (n, n),

TpoTIBOpeUaNiee ONpenellenn0 (GYHKmui Sg. XapaKTepHCTIecKoi
¢ymxnueii rpadura V ApaseTca QYHKINSL :

1@y =sgly—V@]l.

Ecan 65 91a GyHKunsg ObIa npHMUTHBHO PEKYpPCNBHOLi, TO TaKoil Ke
Oera 051 I OJHOMEeCTHAsT QYHKIHUs

% (2, 0) =V (),

4T0 NPOTHBOPEUNT RoKazauHOMY Beure. Taxum oOpasoM, obmeperyp-
caeHaA QyuKuA V (z) He MoxkeT OHTHL IpencTaBieHa B (opme Cryie-
Ma (1).

(1] TOOH HOIYIUTHh XapaKTePUCTHRY TeX QYHKuI#E L, KOTopEe MOryT
urpath poib «BHelHei» QyHKIEE B TeopeMe KiMEM 0 cmequanbHOM
gopme (m. 6.2), Bemem, cenys Map ko BY [1], nouarume pynxnun
ponbmoro pasmaxa. Jimemmo, 6ypmeMm roBopnTh, uT0 QYHEKIHA L (z)
uMeeT 6oavuol pasmar, CCAN piA KayKmOro HATYypPaJbHOTO a YPABHEHIE
L (z) = a mneer 6eckoEewHO MHOTO pemeHmii. Hampmvep, dymxnma.i
60TbIIOTO PasMaXa ABIAIOTCA €Xpz, T — [/ z]® 1 T. &

Jemma 1. Jas randoii npumumueno perypcusroil Pynryuu
Goavurozo pasmaza L (z) cywyecmeyom npumumusno pexypcusnas @yne-
yus R (z) u o6wyeperypcusnas gynryus C (z, y), ceasaninbe moicdecm-
gamu

LC(zy)==2 R(EC@y)=y, C(L() R@) == 4

MBaue ropopsi, Xakfad QyHKuuA GoJbUIOTO pasMaxa CBA3aHA
¢ Qymrmueil, 0CymMecTBIANMEeH HPOCTYI0 OFHO3HAYNYI0 HYMepaguio
nap HaTYpaJdbHHX uicena (cp. u. 3.3).

Ilo ycimoBmO piia Kaskporo 3HaweHUA z ypapHeEue L (y) = L (z)
nmeeT 0GecKOHGYHO MHOTO pelueHHil oTHOcHTenbHO y. JIyeTh y,. iy,
Yoy - » .— OTI PEMEHIs, pACHOJOMEHHBIE B 1LIOPANKE Bo3pacTaHis.
Cpegu HUX JOJKHO BCTPETHTHCA H caMo z: x = yn. HoMep n Gymer
¢ymrmueil ot 21 n = R (z). Taxiy oBpason, YRy = ©. 13 oveBnpgoii

dopmyas .
R(x)= 3 5| Lia)— L()|~1 ®)

crenyer, ¥ro GYBKONA R (z) HPIMITHBHO PeKypCHBHA.
TloKaskeM Teneph, 4TO B HOCIENOBATEIbHOCTI

<L (0), R(0)>, <L (1), R(A), ..., <L (n),R(n), ... (6)

BCTPCUaeTCA KajKmas mapa HaTypalbHHEX YACEN I TONXBKO ONHH pas.
IleficTBUTeNBbHO, 03 oHpefeleHna QYBKOnn R (z) BRIBOLIM, ITO HO-
MEpOM NpOU3BOABHOL mMapsl 4mced <a, by B mociegoBaTelbHOCTH (6)
CIIY/KIT pPemeHnle ypaBEenmsa L (z) = a, mMeomee HOMeD b.
Teneppb Jerxko ycranapimBaercd, 9T0 QyEKINA

C,y=mlz—L@BO|+ly—R@H]|=0)
cdsada ¢ yErouaMn L n R ToxpecTBaMm (4).
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Teopema2 (Mapxosr [1]). Ecau L (z) — npunrumusuo
perypcusias Pynryus 6oavuozo pasmara, mo daa kazxdozo s > 0 rasic-
das S-aecmuas YACMUUHO perypcusnas Gyrkyus [ moscem Gume nped-
cmasaena 6 sude

@y oo @)=L (F(zg,..., 252 =0)), (M)

20e F — nodzodawyan (3asucawyas om f) npurnwmueno perypcusnas
fynryul.

Ecau daa xarozo-nubyde uucaa s > 0 u karoti-nubydo npumumueno
pexypeusnoil gynryuv L (z) vasdan s-secmias o6wyepenypcuenas Gynr-
yua | npedcmasunma 6 raunuescrol opme (7), mo L (z) — dynryus
604bUL020 pa3mara. »

IoxaskeM mepBoe yrBepskpende. CorsacHO Zemme 1 cymecTByIOT
IPEMHTHBHO peKypcmBHasA QyEKnuA R (z) m ofmepeKypcHBHaA (YHK-
mua C (z, y), cocTaBismie BMecTe ¢ QyEKmue# L (z) Tpoiiky HyMe-
pyomux gyEknmi. B Takom cxyuae coriacHO TeopeMe RamEm o Hop-
MagbHOI gopme (m. 6.2, 3amedamme K TeopeMe 1) Kaskpas s-MeCTHaA
qacTHYHO peKypcHBHasg OQYHKOAA [ MoskeT OHTH mTpepcTaBicHA B
srge (7).

Bropoe yTBep:Kperne 6yneM goKasnBaTh cIocobOM OT IPOTUBHOTO,
4 MMEHHO, NOKAaKeM, YTO OJA KaKHO¥ NPHMUTUBHO PeKypPCHBHOH QYHK-
nuu L (z), He uMmeomei 6olbmoro pasMaxa, CYIiecTBYeT 06mepeKyp-
cupHasg QYHKIUA f, KOTOPYIO Henb3A npeycTaBnTh B Bupe (7). Ilo yeio-
BOIO HOJKHO CYINECTBOBATH TaKoe 9HCI0 @, MM KOTODOTO ypaBHEHHE
L (z) = a umeeT He Golee KOHeUHOTO wHCcla pemenmili. Ecau sTo ypas-
TICHHe COBCEM HE MMeeT pemeRHii, To B Blpfe (7) HeAb3A HPeHCTaBHTD
naxe GyExnuio f (z) = z. HomyeTuM, uro ypaBHeHNe L (z) = n mMeer
pemeruA by, . . ., by, 1 OycTh f (z) — Kakan-HUOYAP QYHKIWA, HMEIO-
mag Bry (7). Hak yxe cKa3aH0, ME MOKeM CYMTaTh HPH 9TOM, 9TO NJIA
Kasknoro z ypaseeme F (z, t) = 0 mMeer He 6oJlee 0XHOTO DeMIeHNAS t.
Ms Temepp XOTHM JOKa3aTh, 9TO OPN cAeJIaHHHX IIPEAIIONOKEHAAX
COBOKYIHOCTh DEMIEHHH ypaBHEHRA f (z) = a GymeT HempeMeHHO OpH-
MATABHO pPeKYPCUBHEIM MEOKeCTBOM II, 3HATHT, HAKaKad (QYERDHA
f (z), y KoTOPOIl MBOJKeCTBO DelIeHNE YKa3aHHOTO YPapHEHAWA He OpH-
MATHBHO PEKYPCHABHO, He MOsKeT GHTH TpefcTapiena B Bape (7). Ho Ta-
Ky0 (yHEKONI0O HNOCTPOMTh 0UeHb jerko. Hampumep, ecam a = 0, To
TpebyeMEIM cBOiicTBOM obxafaer ¢ymruna V (z) = sg D (z, z). Ecan
Ke a == 0, To TpebyeMmuM cBoiicTBOM oOmagaer QyERmEA al (z).

Hrak, paccMOTpHM peHIeHWA ypaBHeHHA f (z) = a. MIX cOoBOKyH-
HOCTh ecTh 00BENUHEHMe PeMieHHil ypaBHEHN .

yF()=0=5b (@E=1...m),

T. 8. ypasHeHuil F (z, b;) = 0. IlockoanKy q)y“m{unﬂ F (z, t) npmMu-
TABHO PEKYPCIBHA, TO COBOKYIHOCTH DEIIeHIIl Kamoro ypaBHEHHA
F (x, b;) = 0 npnMmTEBEO PEeKypCHBHA (. 4.1), a NOTOMY HPIMITHBHO
PerypcnBHOL 6ymer N COBOKYNHOCTh DeIIeHNIT ypaBHeHHA f (z) = a,
uro # TPebOBaNOCH.

Mononnenys, NpAMepH! B 3ajasn

1. Ecnm rpadmk Belopy ompepeieHHoll ¢VEROEA pexrypcmBeH, TO
$VEROOA TaK:Ke peKypcrnBHa. CymecTByeT HE NPUIMHETHBHO DPEKYDCHB-
Has BCIO[y OmpefelcHHas (YHKONs, rpaduk KoTOpoil MPHMITHBHO pe-
KypcngeH (cM. QyEROER R, (Q = 0) B dopymyne (1) n3 m. 6.4).
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2. O6osuauny yepes min; (f (z, t) = 0) HanMeHbIIGE U3 PeHICHHIT £
ypaBHeruA f (z, {) = 0, ecln pelleHHA cymecTBYlor. Ecim sxc peire-
Huil HeT, TO 3HAaueHIe YKABAHHOTO BHIpasKeHHA GymeM cuMTaTh HEONpe-
nedennsM. OnepaTop min; OTAIYaeTcs OT OTEpaTopa MUHIMH3AaNUU
p¢. Haopumep,

pe (¢ — (= + 1) = 0) =e ompepeneno,
ming (t — (z+ 1) =0 =z + 1.

TIOCTPOUTH TaKyl0 YacTIMHO PEKYpPCHBEYI0 QYHKmm f(z, ), mag
KOTOPOZ (yHKIUs

g (z) = miny (f (z, t) = 0)

He SBIAETCS TACTHYIO PEKYDPCUBHOI.
3. Yactmugas ¢yERuMA f (zy, .. ., Zp) TOTAQ I1f TOJLKO TOTHA
mnpencTaBIMa B popne

fl oo zn) = e (8 (g, - - oy Zny i) = 0)1 - (a)

roe g — mopxopamas obmmepeKypcuBHas (YEKOUs, Korma rpadmr f
pexypcuBeH. (Jlns mokasaTedbcTBA HEOOXONMMOCTM 3aMeHUTh g B (a)
dyEroued g*, pis KoTopoil ypaBHeHNIe g* (2, . . ., Zp, t) = 0 nmeer
He Gollee OJHOTO pemIeHNA I, Hocile dero GymeM mMeTh [ (¥X) =y &
& g* (¥, y) = 0, roe monoKeEO X = (2, . « +, Tp).)

YacTnuHas xapaKreplcTirseckas QyHKna MHO;KecTBa M mpepera-
BHMa B Blje (a) Torga M TOJBKO TOrpa, Korxa M peKypcIBHO.

4, Saemenmapuumu mo Kaapmapy [1] pysxuuaMu HaseBa-
10TCsL BCIORNY Onpenelennbie (YHKOIIN 0T IPON3BOJILHOTO JHCIA apry-
MEHTOB, KOTODEIE MOKHO MOIYUUTh H3 QyHKOUE 1, I;;v 4y, x+y
¢ NOMOIpI0 KOHEWHOTO YICiIa OIepannil mOJCTAHOBKM, CYMMHpPOBaHHS
M MyABTUINIIIIPOBAHIA (M. T. 3.1).

" flcHo, ¥TO Bce dueMenTapHBie 10 KadpMapy QYHKOAN TPIMATIBHEO
pexypcnBEH. O6paTrHoe HeBepHo. {Iycrs ¢ymEEmmA & (a, n) ompepems-
erca pexypeneit & (z,0) =1, E(a,n+ 1) = 8@, IlokasaTh, 9TO
KasKpas sileMeHTapHad no RaiabMapy ¢yEEONA f (74, . . ., Tp) YHOBIET-
BOpsieT HEPaBEHCTBY

f(zlv'-"zn)<§(2+‘rl+"‘+‘7:7'HC)1 (b)

THe ¢ — KOHCTaHTa (3aBHCAMmAsA ot f). OTciopa, B 9acTHOCTI, CIERYeT,
uro ¢yurmua § (r, y) me amemenrapra (B epenxu [1]).

Bepuo 11, 4YTO KaKpas NPHMATHBHO PeKypcHBHAS (QYHROUA f,
YHOBIETBOPAIOMAA HepaBeHACTBY Bmua (b), amementapma?

5. TopopaT, uro QyBRONA f (24, . . ., Tp) HOAYUACTCA S6HOL MPAHC-
doprayuets B3 PYBEROAN g (T3, . . ., Typ), GCIN

f(xy, « - zn) = 8 (8, - - o Um),

rme Kakpoe u; — NN KOHCTAaHTA, ININ KaKasi-TO mepeMeEHas z;. I'o-
BOPAT, 9T0 QYHKNUA f (Zq, . . ., ZTp, &) NOAYUaeTcd U3 QYHEROEL g, /i, &
ozpanuxenHoll pexypcueli, eCHI
f(zl’ « ooy Tny O) =g (-T,, LR ] xTL)i
f@, oozt )=z, ... ,zn2 f(z, ..., 2 1),
fley o oozn, 2) < & (g, ... zp, ),
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|loKa3aTh, 4TO 3ieMeHTapHHE Ho HamdbMapy Qymkmun — 5TO0 T¢ H TONb-
1o T¢ QYHKIFIL, KOTOPHIE MOKHO MOMY4ITh B3 yHEKnud z + 1, 2V Ko-
JiCMHBIM UNCAOM ABHHYX TpaHchopMannil 1 orpammdeHHHX DPeRYypCHE
('smeropanx [1]).

6. Oymunmelt, saexenmapnoi mo Cry memy [3], HasuBaercs
VAR, KOTOPYIO MORHO MOAYYNTh U3 GyERmuit 1, iy T ¥, & =¥
ollCpanIIsAMIL MOJCTAHOBKI U cyMMupoRamna 3 m. 3.1. Jlerxo Bumers,
wro GyERunE 2y, (z/y], 7 (z), 7 (), T' (2, y) onementapus! mo Crymemy.
ll0xas3aTh, UT0 Karkmas SJdEMeHTapHas M0 Ckymemy QYBRUAA f (z, . . .

., Tp) YIOBJETBOPAET HEPABEHCTRY BIIja

¢
floy, vz <2+ 2+ 00 2%
1l ¢ — KOHCTaHTa, 3aBHcAman oT f. B yactmocTi, BIEMEHTApPHEE WO

x
liaapMapy ¢yEEmmm 2%, 22 me a;eMemTapEH mo CryAcMY. .

7. Kaacc & HeKOTOpHX o00mepeKypcupmsix QYHKIUI Ha30BCM
JoCcmamoirbial, eCl NI moboro n Kakpas geriycrasg PEKYPCHBHO Ie-
peuMCcINMasg COBOKYHNHOCTD n-OK THCEN sIBiseTcs CuBOKYHHOCTDLIO n-OK
i a

ey (), « vy 0p (2)> (t=0,1,.-.)

!
e oy (), « . -, Gp (t) — Hopxomamme Gymxpmy kracca K. Hampuwmep,
JaBCIOMO HOCTATOYHHIM sIBIAETCA KJIacC BceX [IPIMITIBHO DEKYpPCHB-
nplx pyERnuil. BosEHKaeT 3agava 0 HaXomKmeHnM APYTHX, 110 BO3MOK-
1oern 6ojee MPOCTHX I YBKUX MOCTATOUHBIX KIIACCOB.

AHamn3upys HOKA3aTeIbCTBO TEOPCMH o rpapnKe FacTI4HO pe-
KypensHOH ¢yEKmim (m. 6.1), DoKasaTh, ¥To KIace JJEMEHTAPHLIX 110
CrysneMy ¢(YEKOHUil ABIAETCA HOCTATOUHBIM.

8. B rakpoM GECKOHCTHOM PEKYPCHBHO mejpeincliIMOM MHOZKECTBE
cojepsriTest GecKoHednoe peKypcABHOE HopMAOkecTBO. CYMECTBYIOT
NCCKOHEYHBIC PEKYDCHBHO MEPEUHCIIIMbIe MHO;RecTsa, HE COmepsKamue
{CCKOHEYHEX IIPIMUTHBHO PeKYPCABHBIX TOMMHOeCTE (CM. CHENyIOmyIo
1a1a9y).

9. Tlyern 9 — COBOKYIHOCTH 3HaueHnsE (QYEKONN AKKepMaHa
A (%) m3 m. 5.3. DTa COBOKYHHOCTH peKypcnpma. Jloxasarb, 410 Y He
MuiKeT OBHITH COBOKYIIHOCTHIO 3HAUeHII HuKawkoIll IpIIMATIBHO PeKyp-
viipmoff ¢yRKOUM f (z), DpuENMalomeil pasiuusnie 3HATCHIA HPH pas-
TMHHX 3HAUEHAAX apryMenTa. (JlomycTuM mpoTupHEOE. TaK Kak A (z)
MOIOTOHHO BO3pacTaeT ¥), To Ha OTPe3Ke HaTypaudlbHOrO PAfa 0,1,...

., A (z) comep:nTca POBHO z umcel MHoskecrsa 2. BepeM uncia
0L F(), ..., f(x=1). Eciu 0HN Bce MeykaT Ha YKASAHHOM O0TPE3Ke,
1o cadoe HoapLIOE 113 HOX coBnapaer ¢ 4 (z). Ecan ueT, Tg caMoe 601

Hoe 13 mux Gonnme A (2). Tostosy, momaras g (r) = D7 (i), OGymen
i=0

miets A (z) < g (2) AaA Bcex 3HadeHNi r. BBujgy TPIMNTIBHON pe-
KYpclUBHoCTH QYHKREUI g (v) YHa3aHHOE HepPaneHCTBO I1POTHBOPEUNT 0C-
HoBIOMY cBoficTBY OYHEONN AKKepMaHa — pac'TH OECTPee BCAKON IpIl-
MIITHBHO peK¥pPCUBHON QVHKImI.)

10. ycrp F, G — waCTH9HO pPEKYDCHBHEIE 0FHOMECTHEHIC Pynx-
i, 4 — obbejuEerETe obmacreil ompemenenms smix QyERmi. Tloxa-
HaTh, YTO ompepeNeEHasA HIKe QYHKIOOA H myeeT cBOEN 00JaCTRI0 On-

) ODua z>0; A(0)=A)=2.
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pefieleHAs MHOKeCTBO A m B Kaxpol Touxe z € A sHavenne H (z)
unu coBnagaet ¢ F (z), uam coBHagaer ¢ G (z).

Ilycts o6XacTH onpefeNcErs QyHKOEI F u G cyTh MHOKeCTBA 3HA-
9YeHul NPUMATHBHO PEKYPCHBHHX QYEKHUE f (T) H COOTBETCTBEHHO £ (I).
Ilomaraem

hz) = (f (@) =2 V(@) +F2z&g)=2),
)

_ [F(x), ecau f[(h(z))=2,
H (=)= {G (z), ecmm g (h(z))=z.

AHanornumoe MOCTpPOEHWe HPOXOMNT U EIA yHKIu# or GoabHIero
yncia HepeMeHHHX (cM. H. 7.3).

11. OcHoBHBasich Ha rayGokoil TeopeMe (cM. § 16) o mpegcraBuMoOC-
TH PEKYPCHBHO TEPEUMCIHMLIX COBOKYIHOCTEI n-0K JICed B 3KCHOHEH-
oualbHO nuoaHTOBOH dopme, II e B 1 ¢ {3] moxasam:, uTo cyuiecTRyIoT
oyEkour P (z), g (z,y,2), h(z,y, z), nomydaiomeecd KOHEYHEIM
9YHCIOM MONCTAHOBOK 113 QYHKROUIE 0, I’;L, zy, 2%, 1 (z), r (z), TaKkHe, 9TO
KaKygasd OmHOMECTHAd JacTHYHO pekypcuBHas (GyEKunuA f () mpepcTa-

BuMa B dopMme
f (@) =P ( (g (n, z, ) = L (n, 7, 1))).

12. BupapHOe OTHOMEHWE <, ONPEENeHHOE Ha HATYDAJABHOM pPiA-
Ie, HA30BEM npOCMbLM KOHCMPYEMUSHHM DACnosoiceriesr Hamypasb-
HYT Yuces, €CHH CYIECTBYeT oOmepeKypcuBHEad QyuKnus o (z), sHage-
HHe KOTOpoH 0 (n) ecTh «bmmiafimee 3a n Gonbllee TICA0» B CMECHE
nopsagKa < ¥ eClIH OTHOLNeHHE < YIOPAROYNBaeT HaTypalbHHeE THCHA
B NPOCTYI10 IOCHENOBATEIALHOCTD, T. €. €CHIH BCe HAaTypajlbHEE YHCHA CO-
Iep:xaTcd B HOCIEeN0BaTEeIbHOCTIH

a<o@<o(o(@) <. .. <o @) <. ..

TioxasaTs, uTo KakmasA oOmeperypcuBHad QyErmus f (z) npencra-
BUMa B dopme f (z) = g (2%), rme g onpeneasercs cXeMOH

g(a)=aop, g (2)="(z g(() (z = a). ()

3pech ¢ — HaHMeHBHIEE THCI0 B NONXONAMEM KOHCTPYKTUBHOM IPOCTOM
nopanke <, & (z) U h (z, y) — NPEMHETHBEO pPEKYPCHBHHE (yHKOUH,
mprnyeM @ (z) <z piA z=Fa (eM. I [2], Mafixma [1]).

13. TlorasaTh, YTO CYmecTBYIOT 06IiepeKypenBuble OXHOMECTHEIE
dyEKRuUM, He MpefcTaBEMELe B BUAe ¢ (g (), ITie ¢ NPUMATHBHO PERyp-
CHBHa, a g ompefiendercA cxeMoil (o) M3 mpentiyymeil sagagn. (Ipobire-
ma Payraemsa. Pemerne cm. Jl w0 [1].)



TIABA IV
HYMEPOBAHHLIE COBORYIIHOCTU

Ilas Toro 4rofk TOHATHA DPEKYDPCEBHOCTM M PEKYPCUB-
10i1 TepequcJMMOCTH TepeHecTH M3 06iacTH HATYPalbHBIX
qiicedl B 00JacTh 0oNee CIOMKHLIX 00DEKTOB — N-0K YUCeld —
MBI IpefBapuTessHo 3aHYMEPOBAJIH BCe N-KH HATyPaJbHRIME
quciaMe. B pgammEoM riase MeTol HyMepammM OyheT pPaccMoT-
peH B o6mem sume. OH Do3BoaseT TiIyGKe BCKPHTL IPHPONY
ANTOPHTMAYECKUX IIPONECCOB K UPSMBIM NyTeM DPHBOIUT
K DeIleHMI0 MHOIHX HHTepecHEIX Npo6ieM. Bnepsme Metop
HyMepanu® Oig pelleHus (yHIAMEHTAJLHKX BOIPOCOB Ma-
TeMaTAdecKo# Jormky 6ma nmpumeneH H. I'nesemM, secnegcreme
Yero MHOTHE BayikHbHIe HyMepamum oOHYHO Ha3HIBAIOTCH HyMe-
panmamu '8pens. Ilpu Gosee meTallbHOM MBYYeHHH KOHKDET-
HHIX HyMmepamuii I['€mens wnenecoofpasHo, OmHAKO, BBECTH
ocoOble Ha3BaHHA NI HEeKOTODHIX H3 HTUX HyMepamuid, 4To
NIKe W CHesdaHo.

§ 7. Hymepanum coBoKymHOCTEH MHO;KECTB B (ByHKIAIT

W3ygserme HyMepanumii NUPOM3BONHHX COBOKYIEHOCTEH
00BEKTOB MH HauHeM C NoApoOHOTr0 W3yueHWs cHenaibHEX
HyMepamuii CoBOKYOHOCTeHl BCeX OJHOMECTHHX YacTUYHO
DPERYpCHBHHX (VHKOUI M BceX PeKYDPCHBHO DepeqmcImMEIX
MHOKecTB, KOTOpHe GymeM HassBarh HyMmepauusmu HuwEn
1 Iocra.

7.1, Yansepcansasle ¢ynrnan HKanmsu. Ilpum meransHOM
H3y9eHEM CBOWCTB WACTIIHO PEKYPCHBHHX (YHKOU#E ymoGHee
T0Tb30BaThCA He YHHBepcalbHHIMA Qyrmusamum I (z,, zy,...

- «y Tp), TOCTPORHEHMHI B H. 6.2, a OcOGHME (YHKIHIME
Ranmm, x ompemeneHEI0 KOTODHX MH T IepeiifeM.
Beemem cramgaprEOe 0Go3HaueHme

[z, ] = ¢ (L (), e (» (), ¥)), (1)

rae ¢ (r, y) — HaHTOPOBCKEH HOMep mapH <z, ¥), a ! (z)
I (z) — JeBoe ¥ mpaBoe UHCIO Tapk ¢ HoMepoM & (1.3.3).
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U3 roskpgects
c(l(z), r@)==a2 1l y)=zrcy)=y

u dopmyns (1) HemocpenerseHHO cienyer, uto ecan [z, yl =
= n, T0

z=2c((n), L@ @), y=0or0) (2)
ITosromy BBOmA 060sHAYEHAN .
[zl = ¢ (L (z), Lr (@), [aly=1 (v (2)),
OyneM MMeTh TOMKIECTBA
[z, [2lp] = 2, [[2,91)e; = 2z, [z, yll = ¥,

ToKasHBaomee, 9To GyHEEnUa [z, yl, Tak e Kak o GYHKIHA
Kamropa ¢ (z, y), ocymecTBiser B3aUMHO OTHO3HAYHYIO HY-
Mepapui0 map HaTypaZbHHX YHCell.

Ilonoskue eme mo oUpeMeeHnIo

[, gy o ooy @] = Lodlzy, 3], 2], .00, @) (s=3,4,...),
@)

NOJNYYMM B3AUMHO OJHO3HAUHY0 HYyMEPanuio $-0K gHCed.
Pemas ypasHerme

) [zh ey xs] = (4)
OTHOCHUTEIBHO Zy, . . .y Ts, 6yIIEM HMEeThb
Ty = [[. .« . [x]21]21 “ . ]21, Ty = [[ “ 0. [[‘x]Zl]Zl . .].21]22, .oy

Xs = [-27122- (5)

Tlpapsie wacTm 9TMX paBeHCTB 0603HAYUM COOTBETCTBEHHO

gepes [zls;, . . ., [zlss. Torma ms (4), (5) nomywmM TosxmecTna
Hzlsa, . . ., [2les] = 2, [y, .. ., 2l = 2.
OTMeTHM eme TOMIecTBO
[Z, oo oy Ty Titgy o - vy Ts) =
=1z, ..., znl, Tmee, - - - ], (6)

HEIOCPeficTBeHHO BHTeKaomee 13 (3).

Qyeruma Kamropa ¢ (z, y), 1 (z), » () — npmmarasHo
PexypcUBHbe QYHKIHI, BHPAKAOMUEECS YePe3 CBOR apryMeH-
TH TPH TOMOIE dJIeMEHTADHHX apu(MeTHUecKIX oOmepanuil
+, X, =, [V, [ /2]. ®opyyms (1), (2) mokassBator, 9T0
rakini ke 6yayr m Qymrnmu [z, yl, [zl;;.

Tenmepp MH BMecTO YHWBepcalpHHX QYHKOmE 7'S+1 (z,
Zyy « - 5 Ts), TOCTPOSHHEHX B 1. 6.2, BBEmEM ciemynmue
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pyrrnun  Hamam:

K2 (g, z;) = T (1 (@0), € (2 (zo), Z1))s

K51 (29, Tys .« o o Ts) = K° (2o, T, 25, ..., z) (s =
=2,3,...). (7

W3 romgectsa (6) BHTeKaeT BaM{Hoe COOTHONEHHE

Kot (g, oo, Zor) = K9 ([2g, o w0, &sl,  @sts o o oy Tsat)s

(8)
cpasHBalomee QYEkOUE Hawem, nMenmue pasHoe KOIUIeCTEO
APTYMEHTOB.

Jdemma 1. Oyuryus Kaunw K2 (z,, ..., xs) céssana
¢ yrueepcasvhotli gynryuels T (zq, 24, . . ., Ts) moscdecmaeonm
K (¢ (xy, :(:’1), Zoy o ooy Ls) = T (g, Ty, .« o &) (9)

[Ipesxae Bcero sameTum, uto Hymepanun ¢ (z, y) u [z, yl
YAOBIETBOPAIOT CBOSOGPA3HOMY BaKOHY acCONHATHBHOCTH

¢ (zg, € (21, 1)) = le (g, 21), ), (10)

JeI'KO TPOBEPAEMOMY ¢ TOMOIIBI0 TOKEECTE, CBA3BIBAIOIIEX
pymxamn 1 (z), 7 (), [z, yl. auee,
2 J—, 2 —_— 3

K2 (e (x4, 21), 23) = T% (2o, € (21, ) = T° (20, 24, Z,).
AHaJI0rHIHO,

- _ —
K3 (e (zq, x,), Ty x3) = K2 ([e (z,, 7), T,], z3) =

= K? (c (2o, € (71, X3)), x5) = T (Zoy € (21, T2)y Z5) =

= T* (29, Ty, Ty Ty)

I T, ..

Teopewma 1. Oyuryus Kaunu K 1 (24, 24, . . ., 2p)
A8ASEMCA WACIMUYHO DERYDPCUSHOU Pynryuell, YHUEEPCAILHOT
045 COBOKYNHOCU 6CEXT N-MECTNIbIL UACTMUYHO PERYDPCUBHbLE
Pynryuili om x, .. ., Tn.

yers f (x4, - . ., T,) — KaKag-HO6YOb YaCTHUHO PeKyp-
casHag ¢(yHEKmus. 13 yEusepcampEocTH dyHKmun 71*% cie-
IyeT, 4To HpW HEKOTOpoM (UKCHpPOBaHHOM a OyoeM OMeTb
“TORIECTBO

Oz +f(xg, v oy @) = T2 (a, z, xl; e X)) =
= K1 (¢ (a, ), Tys .« .y Tp).

Tlonaras 8 HeM £ = O u o6o3Hadas yncio ¢ (a, 0) yepes b,
MONYYIIM TORIECTBO

f(xb LIRS} zn) = Kn+l (b¥ xlv IR Y .’En),
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KoTOpoe W [HoKasbBaer, uTo ¢ymkmus K™ (z), z;, .. ., zp)
YHEBepcallbHA I YaCTU9HO PeKYPCHBHEIX QYHKIMEA oT Hepe-
MeHHEIX Zy, . . ., Zp.

7.2. Hymepanna Kmmam. Crass KaskmoMy HatypaabHOMY
9ECIY n B COOTBETCTBHe ofHoMecTHyW ¢ymknmio K2 (n, ),
moxyduM oTo0paskeHHe MHOMKeCTBA BCeX HATYPaNbHEIX dHCes
N Ha COBOKYNHOCTH BCEX OTHOMECTHHIX YaCTHYHO PERYPCHEB-
HEEX OQyHROuE. 9710 oro0pajkeEHe 6ymeM pmakee HAa3HBaTh
nymepayueli Kaunu 1 oGosHauath 4epesd ®. Tam, Ime He Bo3-
HEKHET ONACHOCTh HAJNOeHHAs 00603HAYeHWH, BMECTO
K+ (g0, 2, . . ., z;) Oymemuncars mpocto K (z,, 24, . . ., ).
Unemo n  Ha3HBAeTCH  KAUHUCSCKUM Homepos (PYBKOAE
K (n, x), xotopas 6ymer 0603HAYaThCHA TaK;Kke Uepes Un |
mHOrga depes K. ’

Teopema 4. ZHan raocdoli. wacmuuno perypcusHol
Pyuryuu f (z) cywecmsyem makoe @GurcuposanHoe HUCLO a,
Ymo 6ce uUcaa NOCAED08AMEbLHOCTIL

[a, 01, la, 11,.. ., la, m]l,... (1)

6ydym Eiunuescrumu womepamu Gynryuu f(z).

Ilo ycaormio f (z) = K (n, z). Tax xax K (z,, y, 7) —
YHEBepcalbHas (YHKOHs, TO Haifercs TaKkoe YUCIO @, UTO
OpE M0OHX 3HAUYeHEAX NePeMeHHHX I, I

0.y +1(x) = K (a, y, ) = K (la, y], 2).

ITosToMy mociemoBaTersHOCTh (1) MefCTBETENBEO COCTONT M3
HoMepoB | (x).

Paccmorpum cremyiomyto sapmauy: Oawbl K4uHUESCKUE HO-
nepa gynryui f (r) u g (x). Tpebyemca naiimu wiunuescrue
HOMEDA UL CYMMbL U CYReprosuyuu.

Paccyxpaem tax. BepeM ciemyomme QyHRmum oT Hepe-
MeHHHX U, v, &:

K (u, 1)+ K (v, 2), K (u, K (v, 2)).

Tark wax K (z,, u, v, z) — yHEBepcambHasg ¢ YHRIHsA,
TO HalfigyTcs TaKme uyHcia a, b, 9T0 TOKIECTBEHHO OTHOCH-
TeNbHO U, U, &

K (w, z) + K (v, -7:) = K (av u, v, .’II) =K ([a7 u, vl, z),
K (u, K (v, z)) = K(b, u, v, 2) = K ([b, u, v, 2).

Caepoparennuo, ecan m, n — HoMepa QYHKROmi f, g, To 4mc-

aa la, m, nl, lb, m, n] saBemomo 6ynyr HoMepamm f + g m

7 (g (2)).
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AHanormaHEe YTBEDKASHHA MMEIOT MecTo NI p-omepa-
i, ollepanuy NPEMUTHBHON PEKYPCHH M APYTHX oNepamuil.

HecmoTps Ha TPOCTOTY AOKA3aTeILCTBA, CIELYOINag TEo-
peya HrpaéT 3HAYATENBHYI0 POJIb BO MHOTHX Daccy KieHHAX.

Teopema 2 (reopema KimHE o Hemopgsm:KHOH TOUKe).
Jas EawOOE uwacmuuno perypcusnoli gyuryuu h(z,, . . .
oy Tpy Tnsl) CYUIECIBYEMT MAKASL NDUMUMUBHO DEKYpCUs-
naa gynryus g (q, . . ., ), Mo

Ko (Zyy o v oy Ty 8 (Tgy o v oy Z)) = %G (Tgy « o oy TR)¥). (2)
B wacrrOCTH, 048 Eancdoli uacmuyHo perypcusHoll GyHk-

yuw h () cywecmseyem maroe uwucio a («HenodsuINCHAR MOYER)
omobpascenus h), umo

®h (a) = %a. (3)

[okaskeM mepBoe yTBepskieHMe. PaceMOTPHM BCIIOMOTa-

tenpEy0 dyBERuu K (b (2, .. ., Zn [y, ¥, 21, . - -, z)), O).

s ymmsepcaasHocte $yrkmma K (z,, y, &1, . . ., Zp, 1) Cie-
qyeT, 470 IpPH TOAXOAAMEM UYHCIe a HMeeM TOMIeCTBO

K(a,y,z,...,z,), 1) =
=K (h(zg, -+ Zny [y, ¥y Zyy -+ o Tl), ).
[lonaras smecs y =a, la, a, &, .. ., 2] =g (z1, . . .

..., Tp), TomyuuM HcKoMmoe tomectso (2). CoorHomeHme
(3) MokHO paccMaTpHBaTh KaK YACTHRIMA clydail cooTHONIe-
g (2) mpu n = 0. ,

B cBasy ¢ mymepanumeir HiawmHM ecTecTBEHHO BO3HHKAET
BOIpOC 0 TOM, KaKUe CBOMCTBA YaCTHIHO PEeKYDCUBHHX (yHEK-
i Mo)xHO »(PQeKTHBHO pacmo3HaTh Mo HoMepaM (YHKOUA,
Hampunmep, ecrectBeERO cIpOCHTD, CYMECTBYRT JIM AJrOPHTM,
H03BOJAIOMUY MIJIs TPOU3BONBHOTO 7 Y3HATH, ABISETCH JH
quHKIIHH ¢ HoMEepoM n HHETJe He oUpefeeHHON, TOMIecTBeHHO
PaBHO# Hyi, DPHMUTHBHO peKYpCHpHo# W 1.0, B ToYHEIX
TePMIIHAX 3TOT BOIPOC MOYKHO H3IAOKHUTE CJAeqyIOmuM o6pa-
30M! ABIgeTCH JIH PEKYPCUBHOM COBOKYMHOCTh KAMHHEBCKIX
HoMepoB HEATge HEe ONpefeleHHON (QYHKOHUI, TOKIECTBEHHOrO
HYJd, Bcex npHMOTHBHO peKypcusBEIX ¢ymHKnumi? Hmwecie-
AViomas TteopeMa maeT oTPHNATENBHHIA OTBET HA BCe OTI
BOIDOCH: HOKakoe HeTPHBHAIbHOE (T, e. NpUCYIee HeKo-
TopenM, Ho He BceM (QYHKOUAM) CBOHCTBO OMHOMECTHHIX Yac-
TIMHEO perypcupHHX (YHKONH He MomeT GHTH dddeKTHBHO
x—-

*) Tpu sroy, ecmt & (1, .« .+, Tny § (T2, « » ., Zp)) HE ONPERCIeHO,

Z‘ISOTQGTCH, uT0 06e yacT (2) 03HAYAIOT HETNe He OnpemeleHHY0 QyHEK-
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pacmo3HaBaeMbIM 10 KIMHUEBCKUM Homepam QyEKOm#. WHE-
MH cJIOBaMH, COPAaBeNJHBa CJICNYOmas

Teopenmad (Pastc [1]). Ecau S — nenycmoe ce-
MeTicmeo 00HOMECHBLL YaAcMUNHO DEKYpcushtly PyHEYU, om-
AUNKOE O COBOKYNHOCTRL 6CeX MAKUX PYHKEYUIL, MO MHOICe-
cMeo KAUNUESCKUT Homepo8 HYnkyul, npunadsencauuzr S,
He moscem OvMb DEKYpCUSHDLM. .

Ilycts, Haupotds, MHOMeCTBO A KIWHHEBCKUX HOMEPOB.
seex QyEroui n3 & pexypemHo, Torma peKypcHBHEEM Gymer
7 MHoKecTBO A’ KIWHHMeBCKUX HOMEpoB Bcex (QYHHRNui, He
npuHEagie;kamux & (A’ — momoumerume A4). Ilo ycmosmio
B S un sre & pyrxnum ectb. Ilosromy 4 m A’ He mycrH.
Bubepem B A mw A’ 1o ofHOMY 4HCIY a, b Z OIpefenuM
GYHROHIO

a, ecnim zE A, A

) — )

g(2) b, ecitm z¢ A. (%)

Cormnaceo Teopeme 4 (m. 6.3) dymErmus g (z) obmepexyp-
cupHa. IIpuMenss TeopeMy 0 HeNONBMKHOW TOYKe, IPMXOTEM
K BHIBOZY, 9TO JOUKHO CYIECTBOBATE YHUCIO 72, NI KOTOPOTO

%g (n) = nn. ()

Hawroe m3 MmHOMects A, A’ comepmar n? Ecam n € A,
TO TPH moMomu (D) moJaydaeM

nEA=unc&=xg(n)€c6. (6)
C mpyroi# cTopoHB, IPWEAMAas BO BHMMaHWe (4), MMeeM
netA=gn)=b=xg(n)=nbc&". (7)

3awmouenns (6) u (7) oporHBOpeuaT APYT APYry @ MOTOMY 7
He MO;KeT IpmHapie;rate A. MeHss poismn MHomecTRa A
o A’, monyunM, 4To n He Mo:wer OpuHamiae;kaTe A’. ME mo-
AYyYUIN NPOTHBOpPeUNe, Tak Kak Kaykmoe 4lIcJo NOMEHO BXO-
muthk sbo B A, 1mGo B ero momommeHnme A’. Teopema 3 mo-
KasaHa.

W7tax, CcOBOKYHHOCTE BCeX KINHOEBCKIIX HOMEPOB BCeX
ymEKOHI "060ro HeTPUBNAIBHOLO ceMefictea OQYHKmmi ©
He MO/KeT OBITh pPeKypcUBHBIM MHo:KecTBoM. OmHAKO NIA
HEKOTOPHIX dacTHHX cemeiicTB & coBokymHocTs A Gyder pe-
KypcHdBHO TepeuncauMoii. Mbr cefiuac me GymeM 3aHIMAaThCH
paspiCKaHHEM BceX ceMedicts &, ofnagaromnx yKasaHHBDM
coiictBoM (cM. 3agaun 9, 10 B KoHme sToro maparpada), or-
PAHOYIMCS JUIIE CJeIyomAM OYeBATHEIM yTBepPi:IeHIeM.
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Teopenma 4. Mnuonécmeo A ELUHUESCKUT HOMEDOS
geer OOHOMECIMBLE UACMUYHO PEKYPCUSHMY (BYHEYUL, NpUnl-
yaoWur 6 dannol mouke x = a Odannoe smavenue b, pexyp-
cueito nepewucauno. Muoocecmao B écex KAUHUESCKUT HOMEDOS
aeex Henyemux *) PyHEYUL makdce DeRYpCUBHO NEPEuUCAUMO.

B canmom pgene, 4 ecTs MHOKeCTBO PelIeHUH ypapHeHAR
K (y, a) = b. Bpumy d4acTHYHOH DeKYpPCHBHOCTH (yHKIUH
0 — | K (y, a) — b|2To MHOmKecTBO PEKYPCHBHO HePEYHCIHMO
(cnepcreme 1 reopemst 1 (m. 6.1)). AHamormaHO foKasLBaeTCA
1 PeKypcHBHAg IepPeYHCIEMOCTL MHO)KecTBa B HoMepoB He-
AyCTHIX (yHKIHAH.

CoraacHo Teopeme Pafica MHoykecTBa A m B HepeRypcus-
ppi. TakuM o6pa3oM, B HONONHEHHE K TPHUMEPY, HOCTPOSHHO-
My B m. 6.3, MH moNyumIu cepuio HOBHX PeKYPCUBHO mepe-
YICIMMEIX HEePeKYDPCUBHEIX MHOQMKECTB,

7.3. Hymepanma IMocra. Tak kKaxk Kakgoe pexypcuBHO
11ePEIUCINMoe MHOKECTBO ecTh COBOKYIHOCTh 3HAYSHHH DOMI-
XOIAmeA YacTHIHO PEKYPCHBHON (YHKOUM ¥ COBOKYIHOCTDH
3HAYeHUM HKayKgo¥ 4YacTUYHO peKypcHBHOM (QYEHKOUE ecTh
PCKYDPCUBHO IepPeuMCINMOe MHOMEeCTBO, TO, Ha3HBasf COBO-
RynHocTh 3HaueHmit gymknmu K (n, z) npm 2z = 0,1, 2, . ..
MHOIKECTBOM ¢ HOMEpPOM 7, MBI IIOJYYMM HYMepanuio BceX
PeKYPCHBHO MePedMCINMEIX MHOKECTB. JTa HyMepauus Ha-
3siBaeTcH wymepayueil ITocma m 6ymer malee 0603HAUATHCA
CIMBOJIoM . B uwacTHocTH, CHEMBOJdaMH 3tn WIRN 3, OyOer
o603HauaThCA MHOMKECTBO C HOMEDOM 7, T. e. COBOKYIHOCTh
3HaUeHH# YKa3aHHON BHIDe (QYHKIHIK K (r, 2).

Mesrpgy mymepanusvu Kamam # Ilocta cymecTsyeT mpoc-
Tasg CBS3b, YACTO OBBOJMAIOMAS U3 CBOWCTE OQHON HyMeparun
nojgyware cpoiicTBa Apyroii. A UMeHHo, ecim A — Kakoe-
HNQYOP PeKypPCHBHO TEPeYACINMOoe MEQKECTBO, TO IOCTOBCKEM
HoMepoM A sBiAsSeTCS KIMHHEBCKUHA HoMep KasKmod JacTHIHO
PeRYpCcHBHON (YHKIAH, COBOKYDHOCTL 3HAUYEHWHA KoTODOH
copnamaer ¢ A. TaxknMm ofpasoM, ecinm COBOKYOHOCTH BceX
KINHIEBCKUX HOMEDOB OTHedbHHIX (YHKUNE HasHBATh KIH-
HIIEBCKNMH KIOPUHYAMH, & COBOKYIHOCTH IOCTOBCKOX HoMe-
DOB DPERYpPCUBHO MePeYHCIEMHEYX MHOQMHECTB — II0CTOBCKUME
KIPINYaMA, TO KOKIH#A NOCTOBCKIN KEPOUY OymeT 6I0KOM,
COCTARNEHHEIM H3 NeJHX RJANHAEBCKIX Kupmumued. flcHo,
970 OAf KOKIOT0 HENyCTOro DPEeKYpCHBHO TepedlcianMoro
MHoERecTEa A cymectByer 0ecKoHEYHO MHEOIO YaCTHIHO PeKYp-

*) Mycrofi HasmBaeTcsa (YHKNUA ¢ OyCTEIM TrpadmeoM, T. e,
HUIFNE He omnpepelleHHad (ymEKOnNd,
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CHBHBEIX (YHKUHH, HMEIOIUX A CBOMM MHOKeCTBOM 3HAYCHHH,
IMosroMy Kaskmpifi MOCTOBCKUE KUPIWY, OTBEYAOIIUEA HEIY-
CTOMY MHOKECTBY, COCTOHT W3 GeCKOHEYHOr0 MHOMKECTBA KIIH-
HHeBCKUX Kupumged. VcKiiouenne cocTapisger JUIIb MOCTOB-
CKUM KWpUWY, oTBedalOIIui mycroMy MHokecrsy. OH B Tou-
HOCTH CcOBHafaeT € KIMHHEBCKEM KUDPIHYOM, O0TBEYAIOMUM
HUTIEe He onpefeieHHod ¢(ymxuum, Orcopa, B yactTHOCTH,
CJeNyeT, uT0 MEOKECTBO IOCTOBCKHUX HOMEPOB BCeX HENYCTHX
MHQ)KECTB COBIIAfaeT ¢ MHOKeCTBOM KIMHHEBCKEX HOMEDOB
BceX NYCTHX (YHKOUE ¥ IIOTOMY 970 MHOMKCTBO PeKYDPCHBHO
mepeyucauMo. PaceMoTpeEHOE COOTBETCTBHE MEyKAy KIMHHEB-
CKUMH I TOCTOBCKAMHM KHUpNWUYaMy IoKa3HBaeT TaKKe, 4T
teopeMa Pafica cupaBemiimBa M IJs IOCTOBCKOW HyMeparmu,

3aMeTuM emie, 4TO COBCKYNHOCb NOCIMOBCKUL HOMEDOE 8CET
MHOJICECE, cofepicauyus OanHoe YUCLO @, A6ALEMCS DEKYDPCUS-
HO nepeduciumols.

Jle#icTerTenpHO, BTa COBOKYIHOCTh COBIATAET C COBOKYI-
HOCTBIO TeX 3HaueHMiA n, A KoTopHXx ypasHenme K (n, z) =
= @ UMeeT X07# OB OJHO pelleHHe x. BBHy wacTuwHO# pe-
KypcusHoctr (yEknmyr K ykasaHHas COBOKYNHOCTH PeKyp-
CHBHO Hepeuncauma.

Ipepurar P (zy, . . ., T,) HABLIBACTCS PEKYPCUBHO NEPEULCAU~
MblM (PERY PCULBHBLIL), 8T PEKYDCHBHO IIep eYnCcInMO (PERY PCHB~
HO) MHOKECTBO TeX 1-0K &y, . . ., Tn), M1 KOTOPHIX IpequKar P
ucTuHeH. Jacmuunoll xaparmepucmuneckoli pyrkyuell TpenaKa-
ta P OypgeM HaswBare wacTHUHYI0 QYHKOHO ¥ (Z, . . ., L),
pasryo O Ha Tex n-Kax, Ha KOTOPHIX NpefmKaT P mcTHHEH,
¥ He oIpeflefIeEHYI0 TaM, e Opennkar P nosen. M3 caeger-
Bust 3 (u. 6.1) smpHO, yTo MpenmKar P Torga M TOJBKO TOTMA
PeKypCUBHO TepeyuciadM, KOTJ]a ero JacTHuHas XapaKTepH-
cTuYecKas (YHKOUA YacTOUHO DeKypCHBHA.

Bouee ToEKme u Goiee cHeru@uUuHbe CBOHCTBA PeRYpPCHB-
HO IlePeUnCIUMEIX HPeIUKATOB TAIOT ABE CAeAYIOMAX TeopPeMbl.

Teopexa 1 (o mpegcrapmeEmEm mnpemmkatoB). Jas
Kaudo20 perypcusno nepeulciumozo npedukama P (zq, . . .
oo Tne1) CYWecmeyem MAKAR NDUMUMUBHO DeKYyDCUEHAR

Pynryus b (s, . . ., Tne), ¥MO
P (xl, gy « o oy xn+1) &= X € wth (xg, ey xn".u) ('1)
O0an 6cex SHAYEHUL Xy, . . .y Tnil.

Pacemorpmy cHayana cayuaii n = 1. Ilo yciaosmio rpa-
¢ur mpeamkara P (x, y) MOKHO IPeNCcTaBHTh B BH[e

;1;=z;(t),y=w(t) (t=0117--'-)7,‘ (2)
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rie v, W — HDORXORAIMHUe OPEMUTHBHO peKypcEBHHE (QYHH-
AU.

Tlpu 3agaHHOM y Bce 3HAueBUs ¢, YIOBAETBOPSIIOIAE BTO-
poMy M3 ypaBHeHHA (2), MOHO mpemcTaBETh (Cp. M. 4.2)
B BHZE

t=usg|lw@—yl+sglw@w—ylpwe=y. @

TMogcrasisss BHpaskenHe (3) BMecto ¢ B dopmyay z = v (1),
monyaEM ¢opmyrny Bmua z = F (y, u), rme F — dacTuuHo
pekypcuBHas QyEEKOUs ot y, u. OyEkmmio F (y, u) MosHO
IpeAcTaBUTh NP MOAXOAsmeM udcle a B pume K (a, y, u)
11, 3HaQYHT,

P (z, y) & (Qu)K (la, yl, u) = 2)

e
P(z, y) © z€nla, yl

Wrax, gas n =1 reopema 1 gokasaHa. Ilycrs Temeps
n > 1. O6osnaunm yepes Q (z,, y) mperukar P (zy, (yly, .. -
.+ o [yln). Mo TompKo uTO MOKA3aHHOMY CYmECTBYeT IpH-
MATHBHO DeKypCHBHasx QYHRIHa g (y) Takas, 4To

Q (21, B) & 2 € 5g (¥).

[logcraBass cOfa BMECTO Yy BHIpaskeHHe [z, . . ., Tnsil,
HonyguM tpeGyeMoe yTBepsxmeHme (1)*).

Teopemy 1 mHorma QopMyAEpPYT B ciefyomeM BHfe:
das wamedoli uacmuuno perypcusnoli Pymkyuu F (x4, . . .

.y Tpp1) cywecmsyem. Maras NPUMILIMULEHO DEKYDCUSHAS

Pynryua b (23, . .., Tnsl), MO 04 41068z PUECUDOSAHHBLE
SHaYeHUL T, . . ., Tne1 MHOICECTNBO 3HaHenull x, Ydoeaemeo-
pawwux ypasnwenuio F (z, z, , ..., Tna) = 0, umeem Roc-
mosckutl Homep R (%g, . . .y Zui).

Y65t cectn 9Ty HOBYIO (QOPMYIIPOBKY K crapoif, moc-
TATOYHO paccMOTpeTh IDefHKaT P, ompemeiseMHl opMyloil

P (.IJ]_, ey 3;71-1»1) & F (.’1?1, C e ey xn'—l) = 01

1 mpumennts K P rteopemy 1.

B xawecrse ogHoro ms mpmio:KeHHOH 3TO TEOPEMHI JOKa-
‘RaeM  TaKoe

Cnenmcrrue. Cywyecmsyom marxue npuMUmUeHo pe-
Kypeuense gynryuu u (z, y), v (z, y), wmo das mobuz uuces
—_—— ° .

*) Bean P — TORTECTBEHAO JOKHEE MpeAraT, T0 b (T2, .., Tyy)=
=4a, r1e g — Kaxoi-nyubo HOMEP nycroll yHKOUH. o
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m, n
T ﬂ T == Ty(m, n}y Tp U T == Tu(m, n)+

CornacHo omnpefeleHHIO 7T, €CTH COBOKYHOHOCTH TeX 3Ha-
9eHmil {, ANA KoTOpHX ypasHerue K (m, z) = ¢ umeer peme-
HEe r. AHamormaHO, I, €cTh COBOKYUHOCTh TeX 3HATeHHII f,
Ias KoTope X ypasHeHme K (n, y) = ¢ mMeeT Kaxoe-To peme-
gme y. OTclofa BHIHO, 9TO MHOKECTBO iy, || 3, COCTOHT H3
TeX 3HadeHW#l #, MIs KOTOPHIX YpanHeHWe

|K(m, z)—¢| + | K@, y)—¢| =0

umeer pemeHme {z, yy. CormacHo clemcTBui0 4 TeopeMsl o
TapaMeTpH3anuy YACTHYHO PeKypcupHEX ¢yHmuA (m. 6.1)
cOBOKYHmHoOCTs P Tpoer {m, n, £y, @IS KOTOPHX yKasaHHOe
ypaBHeHHe uUMeeT pemeHHe <{z, y», ABIETCH DPeKypCHBHO
mepeancammoii. Ilo Teopeme 1 cymecrsyer mpHMHTHBHO De-
RKypcuBHas OyHKDEs v (m, n), GIsS KoTopoi '

<my n, t> € Pst € Ty(m,n)s

HO 3TO H BHATHT, ITO Ty [ | 5Ty = Hym,n)- :
HokaxeM BTOpoe yTBep:kmeHHe. BsemeM (yHKIUIO
z
K(m,—z-), eciyu I 9eTHO,
G(m, n, )= Y
K (n, ——2——), ecnu T HEeJeTHO.

CoraacHo Teopeme 0 KycoaHo 3agamHex QyEKMuaAx (m. 6.3)
dyEsnus G (m, », ) gYacTHIHO peKypcuBHa. MHo;xecTBO
ee sHagemui#r mpn z = 0,1, 2, ... ects =, [J m,. Wmem
TaKO€ WHCHO @, 9TOOH QIS BeeX m, 1, &

G (m, n. z) = K (a, m, n, z) = K (la, m, n], z).

CoBoxymHocts sHawemmit GymErmun K ([a, m, nl, z) ects
M(a,m,n]. TaKUM 00pasoM, -

T U T =(a, m, m)

H, cllefoBaTelrHO, B KagecTBe HCcKoMoH QyHKmmO u (m, n)
MOKHO B3ATh QyEHEDmoO [a, m, nl.
B KakoM-TO cMEIcIe aHAJOTOM 1A TeopeMH HamHE o
HemofsM:xHo# TouKe (. 7.2) sABugercd CAeYIOMAs
Teopema 2 (reopemaM aifi x mxa [2] o Hemomgpmsx-
Holi Touke). Jas kaxncdozo pekypcusro nepeiuciumozo npedu-
kama P (z,, ..., Z.:1) cYiyecmeyem @maras —RPUMUMUCHO
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perypcusras Pynryus g (Ty, . . ., Tn), UMO

Pz, ooy Ty, 8(Tgy v ooy ) & 2, € TG (T4, .« .+, ) (4)
045 6CeT SHAYEHUL Ty, . . ., Tn.

B camom geme, cormacHo TeopeMe 1 HaiimeTcs TaKasg IpH-
MITHBHO DEKYpCUBHAf QYHKIEA I (Zy, . . ., Tpe1)s ITO OYHET
mners  Mecto coorHomemme (1). Ilpumemsa kK ¢ymHrmum
h(Zgy « « -y Zns1) Teopemy HuamEE o HemomgBWKHON Touke,
34KITI093eM, 9TO0 OIS IogXOAAiledl TPEMATHRHO PEKYpCcHEBHOR
pyBERDEA g (Lo . .., T,) OGyHeM HMeTH

wh (T, o o oy Ty & (Tay -+ oy Tn)) = %8 (To, .+ -, 7). (D)

[lo mns moGEX dmcea a, b paseHctBo g = %b BIegeT pa-
BeHCTRO ta = mb. Ilosromy m3 (5) mmeem

wh (xzy ey Ty, 8 (xza CEENEY) xn)) = ng (xzy ce ey xn)
(6)
ITaxoren, moncraBaAs B cootHomeHHe (1) BMECTO Zni BHIDa-
weHne g (Z,, ... ), ¢ ToMompi paseHcrsa (6) momy-
M (4).

B momosmeHme ® TeopeMe 0 KYCOYHOM 3afjaHUH (YHRIWN
s 1. 6.3 M celfiwac moxaykeM Gosee ofimee Tpemiio;KeHHe,
MoNle3HOe IPH HOCTPOSHUH JACTHIHO PeKYPCUBHHX (yHKNU,
NPONOMKAIOMAX 3agaHHEE UPH ONpPe[eNeHHHX YCIOBHAX.

Teopema 3 (o cosmecrHOM mpogomxerun). Ilyemo
sadans wacmuuno pekypcusHvle gyrkyuw F; (x, y) ¢ obaac-
mamu onpedesenua 4; (i=1, ..., r). Cywecmeyem tacmuuro
pexypcusnasn gynryus F (z, Y, 21, . . ., 2,), ydosiemeopsionjas
caedyowur mpebosanuam:

a) I' onpedeserna das mex u MOALKO mer SHOMEHUL I, Y,
31y o u oy Zpy 048 KOTMOPULT 6BLIL0AHEHO TOMS 68 00RO U3 Ycaosuls

zewz; &z, PDEe4; (i=1,...71)

0) Oan kanwcdwnzr z, y, 24, . . ., & U3 0baacmu onpedeieHus
dynryuu F cywecmsyem maroe i, umo z € ®z; u

F(.'L', Yy 219 . - ..,Zr) :Fz (.’L‘, y)'

Oyuknoio F, yroBlIeTBOPAINYI yCIoBHAM a), 6), MOMm-
10 oIpepesnTs, HAIPHMeEp, caenyomuy aaropurMoM. Ilyers

3afaHbl KAKNe-HOOYOh 9mCAa L, ¥, Zj, - .., Zr. 110 YCIOBHIO
CVIIecTBYIOT pery.IdApHEIe OPONecchl, N03BOILI0ONHAEe HAXOOUTh
DIeMEHTH  MAQKECTB A, ..., 4, M, ..., 7. Jenaem

NeppHe marm B HTOX IPONECCAX, BATEM TOCIeT0BATENBHO Je-
TaeM BTOpHle IMaro T T. A. B pesyapTare HEKOTOPHIX IIAroB
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fYOYT LOIydaThesA 3JIeMeHTH YIOMAHYTHX MHO;KECTB, a He-
KoTophle Iarn GYAyT GaBaTh HIPOMEIKYTOYHLIE pPe3YJIBTATH,
Tlonyurr mocne Kakoro-EEfymp mara 9ECIO I H3 HEKOTO-
poro siz; miam mapy uucex {z, yy u3 A;, nposepuM, He Gyaer
AU cpefE BceX UONydYeHHHX, B TOM gucle W Ha TIPeIbIAyINAX
marax, 9HceN, uap uHceX W EHQopMamHi Buga a € iz,
{a, by ¢ A; nna Raxko#-HEOYAH i-if TapH yTBepKmeBHH T € 7z,
{z, yp € 4;. Kar moapko Takas mapa Haiifercd, LpPOLECe
TIpeKpamiaeTcd H BEHYHCIAsgeTcs 3HaseHme F; (z, y). 910 @
6ymer sHaueHWeM gepaskeHms F (z, y, 2y, ..., 2;). BEeam
YKazaHHEE mpomecc He obprBaercs, To F (z, ¥, 21, « « -y Zp)
cuuTaeTcd HeompemeseHHEIM.

flcEO, 4Wro TocTpoeHHaZ TakEM ofpasoM QyHEmHs F
yIOBIeTBOPSeT TPEOOBAHUAM TeopeMHl 3. 3HaueHus F Bhuuc-
AA0TCA TOCPEACTBOM IPOIecca, HMEMEro alropATMIIeCKER
xapaktep. B cury rtesmca Uépua (m. 2.3) MeI MoskeM BepHTS,
gro ¢yEEmuA F wactmyHO perypcuBHa. OmHako mas dop-
MaJBHOTO MOKAa3aTelbCTBA JACTUYHON PEKYPCEBHOCTE (YHK-
omu# F Hamo Bee ke BHIPasETh F UDE MOMONE omepamyi mof-
CTAHOBKE ¥ [-OIePaniiy 4epe3 PeKypPCEBHEE (YHKIOHH, T. .
TlepeloKUTh NpPHBefeHHoe BHINE oupefeideEre ¢GyHroum F
Ha s3HK QopMyd. OTo MH TemepPb W chelaeM,.

Wmem tarme qHCIAA Gyy oeey Gy, ITOOH

F; (.’l:, y) = K (ai’ Z, y) =K ([ah :L'], y) (i =1,.. 2 T).
IIpencrasum rpadur ¢ymrmumm w = K (n, y) B mapamerpn-
gecKoil (hopme:

n=f@), y=2g(), w="nr(),

rpe f, g, h — Togxomsamue perypcuBHEe QyHEnmum (m. 6.1).
B xaxmeil MoMeHT BpeMeHH ! HaxonmM wmcaa f (t), g (¢),
h (f) u 3auoMHHaeM cHeTyIOINy HH)OPMAIHIO:

h(@) =K@, g@), b eaf()

B cooTBercTBHN ¢ WBI0KEHHBIM NIeM HaIMeHpIIee £,
IpE KOTOPOM mis mofxomamero i, 1 < i < r, 66110 6

h (u’) =z, f(u’) = Z; f(U) =.[ai7 :C], g (U) =Y,
rme u = [tl,, v =[th (cM. m. 7.1). Bogs ¢ymEKDuEHm
(Di (t) = (Di (t: Ty Yy 21y« - o Zr) =

=le—h@|+I1fW@—z|+ |f@)—la 2l | +
+1ls@—vyl
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Mbl CMOKeM HCKoMoOe 3HaueHHWe ¢ NpeJCTAaBHTH B BHU[E
=0z, Y, B8 = P (O LD = 0).

3Has ¥, MH MOKHE HalTH emme TO 3HaYeHHE i, IPH KOTO~
pox @; (#¥) = 0, mocue wero monoxuTh QyHKDHIO F pasHO#
peJmIHEe BHpakeHus F; (z, y) = h (v (¢*)). Ho a10 Gymer
JOCTHTHYTO, €CJII MBI 110 OIIpeeeHNI0 XoX0KuM F (2, Y, 2,, . . .
DS ] ZT) = h (U (t*))‘

QOyarous F mosnyuaetcd W3 PeKYPCHBHHX QyUKIHi f, g,
l» mopcTaHOBKaMM, [-olepamued ® ouepamuamu -+, ——. Ilo-
»ToMy QYHKUHsS F gacTuuHO peKypcuBHA, 910 HaM W Tpe6oBa-
T0Ch.

B rteopeme 3 yrazaHm ¢ymErmmEm F; (z, y) IHmB OT ABYX
nepemenHEIX. OnHaKo scHO, 94TO caMa TeopeMa W ee JoKasa-
TEIBCTBO OCTAIOTCA HCTEHHEIME H B clydae, KoT[a 3agaloTcs
oyErmEe  F; (2, Yy, . . - Ym), COMEPIKAmHE ITIO00€ UHCIO
TapaMeTpoB Yy, « - -5 Yme

3aMeTHM elle, 9TO TeopeMa 3 oCTAHeTCH BepHOH W B ToM
cirydae, eclu B ee (OpPMyJHpOBKe YCIOBHA I & 7z; 3aMeHETH
yeaoBusaMu f; (z, ¥, 2y, .« . ., 2,) = 0, rHe f; — Kakue-HEOYID
YaCTUIHO peKypcEBHEE (QYHKIHH, TAaK KaK B cuay u. 7.3
yeaosus f; =0 paBHOCHIBHH YyelIOoBESM BEAA € %g; (Y,
Ziye v oy Bp)y THE §; — TMOOXOOAINHe DPEKYPCHBHEE (YHKIUH.

7.4. OnHo3pavnele mymeparmun, Hysepanum Kumen u Ilocra 3a-
OOMAIOT HCKIOUYHTEeNbHOE MECTO B TeODHH AJTODHTMOB OJarofapsd To-
My, 4TO, HMesd KaKOI-EHOYAH aJropuTM MM BEYICIEHNA SHAYEHHI
dymaxrguii f, (z), fi (z), . . . WL 9uCea MEOMKECTB So, Sy, . . ., MH BCerja
MO/KEeM HAHTH TAaKyl0 OPUMATHBHO PeKYPCHBEYI0O OyHROUIO ¢ (n), YTO
¢ (n) OygeT KIHHHEBCKIIM HOMePOM GYHKOAH f, (z) HIO COOTBETCTBEHHO
IOCTOBCKAM HOMEPOM MHOKecTBA S,. Homegro, myMepammun Kimmm
it [locra He egmHcTBemHEIE M3 HyMepamuil, 06JIafaOIHX 3TUM CBOH-
CTBOM. Bee HyMepamum, o0Jajaionfue YKAa3aHHHM CBOICTBOM, HOCAT
ndmiee HasBaHIe zéfesesckuz HyMepamuil. B U3BeCTHOM, TOUHO OIpefe-
JCHHOM CcMEICIE Bce TEAEIeBCKIE HYMepamoH H30MOpPQHEL APYT APYTY
(cM. ®. 9.3) ¥ Bce OHN JOCTATOYHO CJOKHE. Kawx Mbl BUfein, Kaipad
'"ACTHYHO PeKypeHBHEaA QYHKOUA U KayKE0e DEeKYDPCHBHO Iepedncin-
Moe MHEO;KeCTBO HMeIoT B myMmepannax hunanm i IlocTa HepekypcuBHEIE
COBORYIHOCTH HOMepoB. ECTeCTBEHHO BO3HHKAeT BONDPOC: HeNB3d JN
HOCTPONTE TAaKYI0 HYMEPAIHI0 BCeX PEKYyPCHBHO LepeYHCIHOMEIX MHO-
“ecTp (AN YACTHYHO PEKYDPCOBHEIX (QYHKHIIT), Ipi KoTopoil Kaskpoe
PeKYDCIIBIO IEPeUNICINMOe MHOKECTBO (1aCTHIHO PeKypcuBHad QyER-
Uns) 1xedo OBl B TOTIOCTH OfIE HOMEP, I B TO 7K€ BpeMA YTOOHL 10 HO-
Mepy n mposkecTBa (QYEHKOuN) B HOBOI HyMepamllH MOMKEHO OBLIO IO-
CPeICTBOM AJATOPHTMA HANTN DOCTOBCKIIT (KIMHIIEBCRII) HoMep @ (r)
“T0T0 MHos;kecTBa (fyEKmun)? B 1958 r. ® pu g 6e pr [1] moxasam,
ITO Takne OJZHOSHAUOEIE HYMEPAaNdn DEKYPCHBHO HCPeUNCHINMBIX MHO-
"KECTB 11 BCeX YACTHYHO PERYPCUBHEIX QyHROil FeficTBHTEIBHO CYIecT-
Byior. Hmke 9TuU pesyssraThl n3jaraioTes B cilerxa o0obmennoil gopae.
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Tlyers & — KaKafA-TO HemycTad CHCTEMA PEKYDPCHBEO IepeyHcid-
MBIX MHO;RecTB. IIpoli3BosibHOE 0TOOpaskeHIIe ¢ COBOKYIHOCTH HATY-
panbEEX uuced N Ha cucremy © uasniBaercd nynepayueil &S. Yepes
a (n) nam arn obosHaZaercA TO MHO:kecTBo n3 &, KoTopoe OTBeYaer
uyciy n upu orobpaskenini a. YuCH0 7 HASKIBALTCHA G-HOMEpOM MHOJKE-
cTBa an.

Hyyepanusa ¢ HassiBaeTeA ewuucaumoil (¥ cuenc xu it [1]), ec-
JU CYIIECTBYeT obmepexypcuBHas QyHROUA ¢ (r) TaKkad, uTo @ (r) ecThb
TIoCTOBCKMII HOMEp MHOKECTBA 0.7, T. €. €CHIH

an = ng (n) (n=0,14,...). 1)

CucreMa © peKRYpCUBHO IepEUNCHIMHX MHOKECTB HA3EIBAETCA
gbiullcaunoll, €CIH CYLUECTBYET X0oTA Ol OJHA ee BEHIHCIMMAs HyMepa-
nud.

Yacruurad Qyeruua 4 (r, z) Ha3eBaeTCA YrusepcasbHoil KA HY-
Mepanuy o, eCiH JJA KaKA0I0 HaTypaJbHOTO 3HAUEHMS n MHOMKECTBO
an COBUAfAET C MEO;KecTBOM BeeX sHavemnii A (n, z)upuz = 0,1, ...

Jlerxo ybeguTbesi, 9TO Hymepayus O mozda u MOAbEO m020a 8bi-
yucauma, kozda ona obaadaem UACMUYHO PERYPCUSHOL YHUEEPCAALILOL
dynryued.

JHeilcTBUTEABHO, MYCTh YACTHYHO PeKypcUBHasA QyERmusa 4 (n, z)
yHEBepcaltbHa JiaA Hymepannn o. Obosmagas depes a KIMHHEBCKHI
HOMep QyHROEH A, OMeeM JiA IDOIISBOJBHHX 1, £

4 (n,z) = K (e, n, z) = K ([a, n], z)

1, Taxmny 006pason, [a, n] — DocToBCKmMIl HoMEp MHOYKeCTBa oLn.

O6paTHO, mycTh HyMepayiisl ¢ BEEHUCINMA H @ (1) — oOLmepexyp-
cuBHAaA QYHKNUA, yHOBIeTBopAomag coorHomermo (1). Torma dyHk-
mua K (¢ (n), z) oueBHAHO, YacTHYHO pEKYPCIBHA N YHHBepCalbHA
LA d.

Hymepamusa o cemeiicTBa MuOKecTB & Ha3BIBaeTCA 00H03HAUHOL,
ecll am == an JIA m == 1, T. C. ecIl KaKaoe MHOKecTBo M3 & mMeer
ORMI K TONBKO OJHH G-HOMEP.

ITocTaBUM BOIpPOC: KaKMe BEUICHUMEIE ceMelicTBA MHOJKECTB
oGnagalor BEUICANMON ofHOSHAaumoil mymepanmueii? KaKoBEl Heob-
XORHUMEIE II ROCTATOYHLIC IIPH3HAKI TEX BHIYNCINMBEIX CeMeHCTB MHO-
JRECTB, KOTOPHIe GOMafaioT BHEMIICIAIMEBEIMII OJHO3HAUYHHME HyMepa-
nasm?

Boupoc osToT B HacTosiice BpeMs, HO-BHANMOMY, OTKpPHT. Hi-
JKe JaloTcf UL ROCTAaTGUHEIC YCHOBHA, N3 KOTOPHIX, OAHAKO, Cle-
AYeT, YTO ceMeilcTBO BCEX PeKYPCUBHO TEPEYNCINMEIN. MHOKECTB
obnmagact OfHo3HauHOIl BHMucHNMOIl myMepanueii. Ilpegsapurenn-
HO [OKasKeM cllefyioliee OUYeBNHAHOE YrBep:kfeHIie, clpaBeAiliuBoe
HaK JUIA BEUICIIOMEIX, TaK 1 MJIA OJHO3HAYHEIX BRIYICTUMHX HyMe-
pagmii.

Teopena 1. Ecau ceselicmas Muoxecms &, 06.1ad0arouyee (0dno-
sHaunoll) ecuuucauitol uysMepayueli, codepILUM nYcmoe MHOICECTISO,
mo, eubpocus 1z & smo nycmoe Muoxcecmeo, noayuuMm ceseiicmeo, 0o-
nycraloujee (00no3naunyio) suuucausyo nysepayuio, Eciu k ceselicmey
atnoxcecne €, 00.aadmowesy 00HOZn@uNON SwuuUcAUMON Hystepayueil,
n,pucoeauuzunb A1000e KOHEUHOe wic.10 peHprllSHO nepeyucAUMur MHO-
Jicecme, Mo noaywumcs ceseicmeo, o06.aadawujee 00103HARHGLE GRHNCAU-
Aol mywepayuell,
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B camoM pexae, mycTh A (r, z) — yEMBepcalbmas YacTAYHO pe-
RypecHBHASA (QYEKONA, OCYDIECTBIAINAA (ONHO3HAYHYIO) BEHUHCIIMYIO
myMmepamio cemeiicrBa €. OGosmaumm uwepes M COBOKYHIHOCTH TeX
3HaYeHMII Iapamerpa r, KAA KOTOPHX 32)amienne A (n, ) = y nmeer
xord Obf 0f{HO pemeHwWe z, y. B cmiy u. 4.2 MuE0sKecTBO M peKYpPCHBHO
epednicimo. BepeM o0mepekypcuBEyl0 $yHKWIO p (), COBOKYD-
HOCTh 3HaueHUIl KoTopoil coBmagaer ¢ M M KOTOpasd NpPI pasTHYHEIX
3HAYCHIAX apryMeHTa IpiHIMaeT pasimyuHble sHauernd (i. 6.3). fcHo,
UTO YACTHYHO peKypcUBHAA QYHRDHA

4, (n, 2)=A(p (n), =)

AiBJISETCA YHHBepcaabHOil A cemelictBa & — (. Ecam mymepamusa
© opHO3HAYHA, TO BBAAY DPA3HO3HAYHOCTH (YHKOUE p HYMepamwd,
ocyirecrtBisieMas Qymrnueil 4, (n, z), TakwKe OJHO3HAYHA.
IowaskeM BTOPOE YTBCPIKAeHuE TeopeMsl. 11ycTh cuoBa A (n, ) —
yHEnBepcallbHaA QYHKUHA HyMepamun cemeiictsa © i1 myers f, (z), . . .
. ., fs (*) — UpEMHTHUBHO peKypCHBHEle (YHKOUH, COBOKYIHOCTH
snaveHul KOTOPBIX M, . . ., Mg PasimuyHbl U He BXOAAT B ceMelicTBO

-~

©. Torma 9acTMYHO pPEKypcHBHAA (YHKOEA

s
Ai(n, @)= D fi(@)sgln—i]+sg(n+s) A(n+ (s+1),2),

i==0

OUCBNHO, ABIAETCA YHUBEPCANbHOII RJIA ceMmelicTBa © M MHOMKECTB
Mgy .oy Mg Tpu sroM, ecln GyEruua A gaBajla OZHO3HAUEYIO UY-
Mepanuio, To A; faer TaK:ke OJHO3HAUHYI0 HYMeDaIIo.

Tecopera 2. Kawdas cuivucainmad nyMmepayus o cemeiicmen
Annoarecme &S, ne codepacauje20 nycmoz0 sHONcecmea, cbaadaem obuye-
Derypcueno’i YHusepcasviotl PynryLet.,

Ilyers A (n, z) — KaXag-EHOYAP YaCTUYHO PEKYPCHBHAA YHM-
nepcanbHaa faA & ¢ymrmma. O6macrs ompepeaeHna aroll Pymxmun
npegcraBliMa B BOJe COBOKYMEHoCTH map <@ (1), P (¢)y, t=0, 1,.. .,
rae @, Y — DOAXORAniie HPOMATRBHO pEKYpChBHEE (Qyrrumm, Jas
KaKJoTo 2 COBOKYIHOCTH TeX gHaueHN z, MIA KOTOPHIX QYyUKIUIA
A (n, z) ompepeNena, MOKHO IpPEfCTABNTH B BIjie COBOKYNHOCTII BCeX
aoaveHnii, mpmEnMaemsix upm ¢t = 0, 1, ... dyuxgueit (cm. m. 4.2)

Bn, ) =58In—q @@ +sgln—0@]%0uy @ =n).

Tax kak puAd KawKOIO n ypaBHeHNE ¢ (y) = n JIMEET DEHICHME, TO
byverngna B (n, t) obmepexypcusra, Oyeknud 4 (n, B (n, t)) yEmBep-
calbda [JAA HyMepamull . B CITYy NM3I0:KeHHCTo OHa OOmeperyp-
CIIBHA.

Cmandapmunst wosepost (y-ro.stepost) KOHCUHOTO MHOMKECTBa YlI-
T my, ..., mp (mp<<my<...< mg) HasHBaeTcA UNCHO 72 =

= 2L gme L 2™k, CrapfapTHEIM HOMEPOM - IVCTOTO MHO-
“ecrsa mHagwipaercd (. fIcHO, ¥TO cTaEpapTHAsd HyMepamua — ofHa
113 BRIYIICHUMBIX Of[HOSHAUHEIX HYMepammil ceMeiicTBa BCeX KOHEUHBIX
MHOskecTB. XapaKTepHoe ee CBOICTBO COCTONT B TOM, 9To Ipu Heil
MIICT0 9JEMEHTOB MHO/RECTBA € HOMEPOM 1, a CJEFOBATENBHO, MaK-
CIMabHENT I MIHIMAJBHEIL 3MeMEHTH 3TOFO MHOZKCCTBA CYTh DERYP-
ClBEBle QyHROUD OT n.

CevelicTBo © RARNX-HOOYAP KOHEYHEIX MHOJKCCTB ,HA3HBACTCA
V-NepeullcAUMBEIM, eCAIl  COBORYMHOCTL Y-HOMEPOB MHOKeCTB 13 &
PeR¥pcupmo Iepeumeanya, BcAKoe y-mepeumciumoe ceyeiicTBo Ko-
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HEYHEIX MHOMKECTB, OYEBHWHO, BEUICINIMO M Jajke ORHO3HAYHO BH-
9HCIIMO.

Tlocie 3THX npefBapHTENBLHHX 3aMeYaHHI [oKaskeM Tenephb cie-
LYIOIIy) TOHKYIO OCHOBHYIO TEOPEeMy.

Teopema 3. Iycmbv ewuucaumoe cemeiicmso © perypcugno
NepewUCAUMRT MHocecma cofepacum Y-nepeuucaiumoe nodcemeiicmso &,
KOHEUHBLT MHONCECTNE mMAK0e, UMO

a) awboe roHeunoe nodsmorcecmeo M, npoussoavr020 MHOICECMEA
M us® codepacumes 6 nodzodayer KoHeurnor nodmunoncecmee M, & .M
u M, = 6 :

B) raoxcdoe muoncecmso uz ©, codepicumes & HerOmMOpoOM cmpozo
Goavuwem Muoxecmee uz S,

. Tozda sasedomo cywecmsyem O00HOSHQUNAR BRHUCAUMAL HYMepa-
yus cemelicmsa ©. .

W3 Teopesut 1 ciemyer, 4T0 IpE FO0Ka3aTeNbCBE TEOPEMH 3 Mkl
MOHeM Ipefmonararth, 4ro ceMeiicTBo & He COLep’KHT NMYCTOI'0 MHO-
secrpa. Corsacmo Teopeme 2 B @ToM ciyuae © obmagaer obmepexyp-
cuBHON yEuBepcanbuoi dyarnmeir A (n, z) 1 © cocTONT M3 MHOMKeCTB
Ay, Ay, ..., Ay, ..., tHe A; — cOBOKymHoCTH 3HadeHmit A(l, 0),
A1, 1, ... dymxmun A4 (I, z). :

Hama menxs — DOCTpOHTHh TAKyH NOCJIefoBaTelbHOCTE Sy, Sy,. ..
PeKYDCHBHO IepeYyncIEMEX MHOMECTB, IToOH  MHOMKeCTBa 9TOi
MOCNeg0BaTeNbHOCTH ORIJIM YIONADHO DAsNAYHH H B COBOKYIHOCTH HC-
depnsiBaiin ceMeficrBo ©&. Cmepys @pugbepry, OymeM CTpOHTH B3TH
MEOecTBa «maramw». Komeumas 9acTe MHOKecTBa S, HOCTPOeHHAA

Toclle {-ro mmara, Gefler o6o3mazaThes Uepes S;, a MHOKecTBO S, 6y-

[eT U0 ONpefelcEMI0 PABHO OOBLEUHEHMIO MHOMKECTB Si (t=0,1,...).
OnHOBPEMEHHO € MHOMKeCTBaMI Si OYAYT CTPOHTHCA KOHEUHHIe
MHOKeCTBa A’l 7 ocofag wacrmemag Qymmmma f (I, ).

Ma=oxecTBa Aﬁ 6yRyT cTpoHTBCA TaK, UTOOLI BEIIONHANOCH cle-
Ayoliee HX CBOMCTBO:
1) Kaocdoe nenycmoe Af npunadsexum &y, A < A} C 4ac. ..

u Ay ecmb obwedunenue scex A;

Ecmn f (I, t) onpegeneHo HOpHN HeKOTOPHX 3HAYEHHAX [, t O z =
= f (1, #), T0o GyfeM roBOPHTE, YTO YHCIO T — nociefosamens YHCHIa |
B MoMenrT f. Bean z = f (I, t — 1), a f (I, ) He ompeneleHo, To ByneM
roBOpuTh, YT0 =" ocgobomcdaemes (oT 1) B Momerr #. CooTHOMEHNE 7 =
= f (I, t) comep:xaTelbHO 03HAYAELT, YTO B MOMEHT ¢ MH (XOTIIM» fallee
TAK CTPOMTH MHoecTBAa S, ¥ToGH OKasaloch Sy = 4;, I TONBKO
HEKOTOPHE (IPenfATCTBIA» MOTYT HAC 3aCTaBITh fajdee OTKA3aTHCHA OT
3TOT0 HAMePeHmA ¥ B HeKoTopHil MoMeHT ocBofommTh z or I. Ymena,
He TABNAOIIHECA B MOMeHT ¢ NOCIEROBATeNAMH, Oy/AeM HA3WBATH ¢s0-
Godnnmu B MoMent ¢. Hakonen, GVAeyM roBOPHTB, YTO B MOMEHT ¢ 0603-
pepaetcA HoMmep Uy = I (¢), rme I (f) — WeBasA EyMmepanHoHHAA QYHH-
nud n3 0. 3.3. H3 croficts sroll QYHKOUE clefyer, 9T0 KaRANH Tam-
airil goMep n = [, o6ospepaeTcad B 0eCKOHeYHOE WHCIO MOMEHTOB
¢, TaK KaK YpaBEeHNe n = [, mMeeT 0eCKOHETHO MHOTO PemieHui AJd f.

YxasuBaeMulil HIUKe Hpomece HOCTPOEHESA MHOMKECTB Ai, S; n

dyEEnEn f TaxoB, 9r0 o3HAYEHHHE MHOKecTBA m QyERmEA f OymyT,
momMmuMo TpeGoBaEmA 1), YHOBIETBOPATE TaK/Ke TpefoBaHEAM:
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2) B rawOunii Mosenm t nPOU3BOALHOE yuCcl0 T MOKCem Gumb nocae-
dosamenes He Goaee 0dnozo uwucaa l. Ecau wuclo T ¢ sMomenm t 0c6060-
daemcs, mo 8 MoMenm t u 80 8ce caedylowue MOMEHMB T OCMmaemcs
c60600HBLAL. )

3) Jas kawdozo z SIS SLC 82 < ... Ecau panee Momenma

1
t wucao x 6wao ce060dnwnsr ece epema, mo Sy t= .
11 i

4) Jlas wawcduz z, t us S, == (& caedyen Sy € ©o. Ecaun 0as ne-
womopuzx z, t x=f(l;, t), mo Si‘l gAft.

. v i 11 t

5) B kaxowil somenm t uz S, &, z=y caedyem S, & Sy-

Ilo onpefieneHnIo moJlaraeM MHOKECTBA A[I, 5;1 MyCTHIMH 1 3HA-
venua f (I, —1) meompemememmrMm (I, z=0, 1, ...).

BepeM 1pomsBoisroe ¢ 3> 0 1 mpegmoxnaraeM, uro A}, 8%, f (I, u)
0asA BeeX u < ¢ U Bcex I, z U3BeCTHEL I yFOBICTBOPAIOT TpeboBaHUAM
1) — 5).

TlocTpomM cHaualla MHOMKECTBA A;. {Tomaraen AL, = @ pua
v>t Eenm me v<t, TO KOHCTpyHpyed Af, ciemytonum o6pa-

30M. Ilo yCIOBHIO CymecTBYeT Takad IpHUMHTABHO PEKYDCHBHASL Gymx-
misg g (n), wro wicna g (0), g (1), .. ., g (2), . - - ABIAOTCA CTAHKAPT-

HEIME HOMEpaMH BCeX MHOKECTB ceeificTpa €. DEMHCIAA IOCTENEH-
1O BDIeMEHTHl 3THX MHOKECTRB M CpaBHHBAaA i1 KOO0 2z = 0,1, ...

mmoxkecrsa v¢ (0), vg (1), ..., y£(z) ¢ QFAHHEIME MHOMKECTBaMI
Af,'l, {A{@, 0), 4w 1),..., A(v, )} u pacTymuM MHOKECTBOM
{4 (v,0), 4 (v, 1), ..., 4 (v, 2)}, umem TaKoe 3HAYCHUE S, 71068

A@ 0), ..., A@ U ATCye) C
C{d@ 0), A@ 1), ..., A, 2)}e

13 nmpenmonoeHus o) KOKasEBaeMoil TeopeMHl clefyeT, ITO HCKOMEe
3HaueHHMA § Halifyrca. Bepem MmumMalsmoe 3HaueHHe s W IoJaraeM

Af,= vg (s). flcmo, YTO IOCTPOEHHBIe TawmM crocoboM MHOKeCTBA
Alf YAOBIETBODAIT TpeboBaHHIO 1). '

IlepexomnmM K ompefledeHHI0 Si u f (I, ). 3peck mpHfercd pas-
IN7aTh HECKOJBKO CHydJaeB.

Canywatt 1: f(l, t —1) =y n gna meworoporo I <l

0,4, .. gy N Al={0,1,...0} N 4]

OcpoBompmaem y, momarag f(l;, ¢{) HeompepnCleHHHM, @ IONaraeMm
fw,g=f, t—1 @), s%=sm
Cnyugai II: cunyza#t I mecra He mMeer T CYIIECTBYET 9HCIO Z,
nna woroporo A = SE' n ommonpememmo
a) z=f(, t—1) n I
nan -
6) = B MomeHT ¢ — 1 cBoGogEO 1 = < [;, HAN
B) z B MoMenT ¢ — 1 cBOGORHO I pamee MoMeHTa ¢ UHCIO T cuelye-
HO UTICIIOM, PABHEDM I, (omepanmmA cMemeHRTsA ONpefcileHa Hike (CM,
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caygait 11T B)). B sroM ciyuae HHYero He MeHsAeM, T. e. IojaraeM
S; = S;‘l uf(l, t)=7f(,t— 1) gaa scex z u l.

Cnyuait I1T: micaysait I, mir cayuail 1T mecra me mmeror. Tor-
La BHIOMHACM IIOCAEHOBATENbHO CAYRZYIOL(E ONEepamilL:

A) Ecau f(l;, t — 1) onpemeneno, ro momaraeyM f (I, ¢) = y =
= f (4, ¢t — 1). Ecmu xe f (I;, t — 1) me oupenenero, To yepes y 06o-
3HaYaeM HaHMMeHbHICe I3 YIIcel, He OHBUINX [0 MOMEHTA ! HH pa-
3y IoclefoBaTeldAMH, I loxaraem f (l;, )= y.

B) Iloamaracnm SfJ= S;‘l U At’t' B cumy ceoficre 3), 4) manm
SfJ"1= &, 1 SL‘I c A;f Ilovromy mocie BHUIOMHEHHS oOIe-
pamun  B) 6ymem umMers Sty= Ai.

t
B) Ecau cymecteyer Takoe z (GJHHCTBEHHOE B CHIY 5)), d9ro
S;’l = Aft U 2 ==y, TO HOJaraeMm S; = yg (.s), re s — HauMeHb-

uiee 9rcjio, OpPH KOTOPOM Yg (s) COREPHKUT S;"l H OTIMYHO OT SfJ,

8;7L, 81, ... Cormacmo ycmopmo ) TaKoe s 3aBefoMoO cy-

IECTBYeT.

BrmonuAsa omepanmio B), MEl TOBODIM, 9TO cHewserm UUCIO Z
gucaoM l; B MOMCHT i. . ’

I') Ecmu uymcio x, cMemaeMoe IHCIOM l;, B MoMenT ¢ — 1 He cBo-
6omuO, To ocBoboscmaeM z. ‘

ITonmaraem Si = S;‘l, f(,¢8)=17(1,t— 1) gpna Bcex z, I, Koro-
pHe He ymommealoTea B A), B), B), I).
HNTax, cmocof mocTpoeHAsS Sfc, f (1, t) yxasau. M3 mero Hemocpesi-

CTBEHHO CJeJyeT, YTO MHOKECTBa Sfc, Af n ¢yaxnna f (I, t) yroBieTBo-

pAT TpeGoBanmsam 1) — 5). Jokasked, 9To 3TH MHOKeCTBAa I HYyHKIHUA
obmafaoT TamKe clemylommMn cBoiicTBami 6) — 9).

6) Rancdoe wucao = movdem crueuyamocs A4LWb KOHEUHOE HUCAO PA3.

IIyers x cMmeniaeTcd B MOMEHT f If He CBODOOJHO B MOMEHT ¢ — 1.
Torpma B cuny I') omo 6yger cBoOOKHO B MOMEHT ¢, a B cully 2) z Oymer
CBOOOHLIM [ BO Bee MOCIELYIOMIe MOMERTH. 11ycTh x cMemaerca CHOBa
B Kakoii-Hu6YAb n3 3THX HOCHEAYIONIIX MOMEHTOB 4 >> ¢ UYHCIOM .
Tlo yemosnio z crobogHo B MoMeHT 1 — 1. FEemu 6 6810 7 < 1, nam
Z CMeImaJICsA YIICJaoM [, paHee MoMeHTa u, To y Hac 0wt Obl caydaii 116)
man  IIB), 4T0 weBo3MoskEHO. TakmM 00pa3oM, BO Bce IOCHERYIONie
MOMEHTE! & YTCIO x MOKeT CMeIMAThesA JINMb THCIAMI [y, MEHBIINMA Z,
I KapeiM He OGoxee ommoro pasa. CilefoBaTedbHO, x CMeNlaercsa He
60Tee KOHEYHOTO 9grcia pas.

7) Kascdoe S, codepucumcs ¢ ©. Ecau Sy 6eckoneuno, mo wucao s
HAYUNAL C HEKOMOPO20 MONERMA t, NOCMOSNHO R8A%emes nocaedosamesen
nexomopozo a v S, = Ag.

CHauama npeamonoku, uto S, Komeuwno. Torga jIsa HEKOTOPOTo ¢
S, = Si. ¢S, n moromy S.€ 3.

Ilycrs Tereps S, deckoHeuHO. Tak Kak S, ecTh o0befHHeHIE BO3-
pacraomeil HOCTeRoBAaTEABHOCTH KOHEYHLIX  MHOKCCTB Si. (t=
=0,1,...), T0O B 3T0il HOCIEAOBATEILHOCTI OECKOHEYHO MHOTO pas3
MOJ/KeH BCTPeUaThes cayuail, Kora Si."l + Si Ho 370 BO3MOKEO AHIIE
nudo B cayuae III B) (x = y), aubo KOrma z B MOMEHT ¢ CMeILIaeTCH
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yncnom I;. Cormacro cBoifcTBy 6) 9mcio z MoOKeT CMeATHCH INIIb
gonedHOe UIcao pas. IlodroMy misa GecKoHeuHO MHOIHX ¢ JOI/KEH Ha-
crynath caydail 111 B), z = 7 (;, t — 1). Ho z me Moxker 6HTH moCie-
jOBATeNeM PasirdEbIX ynced. Takmy 06pasoM, Ana GecKoEeYHOTO TlICIa
3HAUEHIII ¢ HMeeM a = Iy, z = f (a, t — 1), ,Si = Afz. CiefgoBaTelbHO,
paydHAA C HEKOTOPOIo MOMEHTAa £, z — HocJenoBaTenb a U S, = A,.

8) Ecau z 5=y, mo Syg == Sy. :

IlycTtb, HANPOTHB, T == ¥, Sy = Sy. Ecan S, S, KoHeuwsl, T0 Bis
HeKoTOporo ¢ Obimo OH Sfc = S;, YTO OPOTHBOPEYHT CBOHCTBY 9).
Iyers Sy, Sy Gecxomeunrl. Torga B cuay 7) FOJIKIEL CYI[ECTBOBAThH
TaKie uucia a, b, aro S, = A4,, Sy = Ap u, HaIMHAA ¢ HEKOTOPOTO
MOMEHTa ty, 9HCIa z, y — IOCTOAHHEIE IIOCHE0BaTeNu 4YHCeN 4, b.
Tak Kak = ==y, To a == b. IIyers a < b. YI3 4, = A, cuepyer, uTo,
HaunHasg ¢ HEKOTOPOro ModMenia i,

0,4, ...y} N 4L =1{0,1,..., 0} 4 (t>1).

Bepewm rakoe ¢, 910 I; = b, £ > ¢y, t > #;. TOr7a B-MOMEHT £ HMCEEM CIIY-
vait | i HIOTOMY B 3TOT MOMEHT HOJIKHH 0€BOOOTHUTH THCIO y BOMpPEKI
npennoaoxerno. Wrak, S, == 8§, # cBoiictBo 8) pmokasaHo.

9) Haxcdoe Ay cosnadaem ¢ nHexomopua S,.

Ilycts m — mamMeHbmmee ¥mucso, AAsg Koroporo A,, = A4,, 1 O0T0-
My AIA KaKporo [ << m uMees A4; == A,,. MEOxecTBa 4; 0 A4, oTIN-
JaI0TCA HEKOTOPBIM axemerToM z; (I =0, 1, ..., m — 1), BXogamum
B OHO M3 HUX I He BXOAAINAM B mpyroe. BepeM Taxoil MOMeHT u, Korfa

Kayifloe M3 UICCT Zg, 2y, + « +y Zy,_; YIKE HAXOUTCA B COOTBETCTBYIOLIEM
n3 MEOKeCTR Ay, A%, ..., Ay _;. Torma He TOTBKO B MOMEET u, TIO
Il B IPON3BOIBHEIE GoJee MO3JHIE MOMEHTH £y, ty Oymem mMeTH
t .
Al 4t (1< myty>u, ty > u) (2)

I, CBEpPX TOTO,
(0,14, ..,a8y NAh=={0,1,..,2) N 42 (z>2, (3
Ule z = maxX {Zg, 2y, » + oy Zpy_q} -
Jonycrmm, 4To B KaKoii-To MOMCHT £, HeK0TOpOE Tucdo ¢ Opmobpe-
TaeT mociefoBaTeds x, paHbile NoCHefoBaTeNeM He Grpmero. IIocKoab-

ll()’ moclefoBaTedln HPIo6peraoTca TOJNBKO IOCPEACTBOM OIEpaIiiil
IT A), 7o :
Y

L=c z=](c1), Sgp= Ak

TocsoTpi, Kak MeHseTcs Qi I1PH BO3PACTAHIIL £ OT £, /10 MOMEHTa

I, B ROTOPHII x ocBoOoskmacrcsa. IlsMemeHIne MHOKecTBa Si. MOZKeT

IIPONCXOANTD JHIb Opu HoMomni odepanun 111 B) 11 onepammn cyelerna
<, BO BPEMs KOTOPOIl IIPONCXOANT OFHOBPCMEHHO II ocBoboskpmenue z.

llosTomy fo MOMEHTa 0CBOGOKAEHNS & MHOALECTBO Si MOsKeT yBeNIyH-
BaThes Jumb Opli momomngir orepari 111°B), T. e. B Te MoMeHTH ¢, Korfia

— — t . 4t
ll =c¢ T= f(c, t), S:\. = ‘40’
Tanm 06pa30.\t, ecin ¢ pacTer oT 10 A0 v, TO MHO>ReCTBO S.i nooye-

.
PCAIO CTANOBITCA PABHEIM Af;, Af;, ey Ac" 0 Iepef  MOMCHTOM
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0cB0oOOIKIEHEAA v
S 4l g >0, %)

C

Mosker JH 4ucio m GeCKONEUHO MHOIO pa3 IpHoOperaTs W HOTOM
TepATh mociefloBaTenedi? IIpon3BoisHOEe YMCIO, N0OKBaB HOCHef0Ba-
TelleM 1 OCBOOOANBIIUCE, BHOBD IOCJEROBaTedeM crarb Ie MosKeT. 1lo-
BTOMY, CCJIM OTBET Ha II0CTaBJEHHLIL BOIIPOC IOJIOKUTEIEH, TO YACIO
B KaKOH-TO MOMEHT £, > u FOJUKHO HpHOOpecTH IocaefoBaTeldsl z > z
W 3aTCM B HEKOTODHI MOMEHT U > u 110TepATh ero. IloxaskeM, 4To 3TO
HEBO3MOIKHO.

OcBoboxfieHEe & MOKET HIPOMCXORUTH  ABYMA cmocofarii: mocie
olepamOy CMEMCHWSA z 4HMCIIOM [, M OpH IoMomHE caytas I, xorga
m == l,. Tax Kax

>z z=f(mv—1), v>uy

TO 13 HEPaBEHCTB (2) BEITEKaeT, 9T0 0CBOGOsIenne IPH TOMOIM cydas 1
HEBO3MOKHO. JIONYCTHM, YTO z CMeIaeTcd B MOMEHT v GHCIOM [, ¥
moToMy

S;—l = A:;,ﬂ’ z =f (m1 v— 1)! ln< My
CpaBHUBas 3TH YCNOBHA C DPaBeHCTBOM (4) MIA ¢ = m, IOJyIaeM

t
A;;: Amk (tk>t0>u7 v>ur lv<m)r

970 W OPOTHBOPEIHT COOTHOIIEHHIO (2).

Jrak, oTBeT Ha 3a/laHHEI{ BONPOC OTPHIATENEH H IIOTOMY cyuye-
cmesyem maroil moxenm w, HaYuraa ¢ KOmoposo m He MONCceEm mepamb
nocaedosameaneii.

CymiecTByeT OecKOHEYHO MHOTO 3HAUEHHIT f, YNOBIETBOPAIOIUX
yexoBuAM I; = m, ¢ > w. B Kampellf W3 TaKAX MOMEHTOB £ YHCJO -m
He MO’KeT TePATh HOCAef0BaTeNA U IIOTOMY B MOMEHT # ciiydail I 3aBefo-
MO He HacTymaeT. J[OIIyCTHM, YTO B paccMaTpPHBaeMble MOMEHTH Gecko-
HEYHO 9acTo HacTymaeT ciydail I1I, T. e. fasa GecKomeumo MHOTHX 3HA-
yeHOH ¢

m=1, z=/[(m, t—1), SL=4L,  (t>w).

Tax xak, HaunmHAA C MOMEHTA W, YHCIO m He MOKET MEHATE IOCIe-
moBareJeil, TO 9ICI0 £ 3fech OT ¢ He 3aBucuT. Ho cean gna PUKCHPOBaH-
HEIX Z, m DaBEHCTBO Sf\. = A‘m BHIOJHfAeTCA IpH 6eCKOHEYHO MHOTIUX
3HaueHNAX £, To S, = A,, O, clefoBaTelsHO, YTBepKAexne 9) Opo ce-
JaHERX MOOYHEHNAX HCTHHHO.

Jonycry Temeps, uro caydail 111 Bunodnderca anmb AIs KoHeY-
HOIO 4IicJIa paccMaTpHBaeMHIX 3HageHni ¢, Torga OeckoHeuHO Yacro
JOJKeH BCTPeYaThes XoTA OH ofuH n3 cayuaes 1la), I116), ITs).

Ilycre 6eckomeuwro uacTo BeTpedaerca ciydail 116), mpn KoTopom

t-1 . 4t
S =4, z<m

Ymeso = 3/lech MOKET MEHATBCA € POCTOM £, HO MHOYKECTBO BO3MOK-
HELX 3HAUeHHIl JIA Hero Auiib KoHeUHOo. I103TOMY AJIA KaKoTo-TO (IKCH-
POBAHTIOT0 Z PABEHCTRO A‘i‘l = Atm Gymer mMeTs MecTo Ipi GeCKOHeUHOM
gmcle 3HAUEHUI ¢ H moTOMY Sy = Ap,.
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Tlycrs Oeckome¥HO uacTo macTymaer ciaydail 11B), Korma

S;"l = Afm U T pauee caeupen wUCAOM M. (5)

Ho B MOMEHT § cMelieHIA z YHCIOM m ROJKeH HacTyunarth cilydag II1,
a TaKHUX ‘MOMEHATOB 10 OPeRlOoJIO/KEHHIO CYHIeCTBYeT JWIOb KOHEYHoe
miie0. I103TOMy B cooTHomenitn (5) z XOTA ¥ 3aBHCHAT OT £, HO MOKer
NpHHIMATh JAMD KOHEYHOE 4YHcIo 3HauveHHMil. Cpepum 3THX 3HaUeHHA

HaiifieTca TaKoe 7, IPH KOTOPOM PaBEHCTBO S_i“l = A, 6yfer BEOOJHATE-

¢ ilA 0eCKOHETHO MHOTHX 3HAUEHHII £, OTKYRa cHOBa S, = A4,,. Hako-
uen, nycth GecKoHEIRO HacTo HacTymaer ciyuail ITa), mpn xoTopom

Sil=4al =111 —1), I<m t>w (6)

3aauenue ! 3mech, BooOIle roBopsA, 3aBHCHT OT £, HO TaK KaK 0HO
ne 6oapme HKCAPOBANHOTO YHCAA m, TO YCAOBAA (6) KOKHEL BEIIOI-
naThcA 0eCKOHEYHO 9acTO U JJIA HEKOTOPOTo (PHKCHPOBAHHOIO 3HAUE-
muf I, KoTopoe faiee TolbKo u OYRBT paccMaTpuBaTHCA.

Ilyers I = m. Tax Kax mocie MoMeHTA w 9HCIIO m HE MEHACT HocJe-
noBaredelt, To z B (6) He 3aBHCHT OT £ ¥ HOTOMY Si‘l = Aﬁn s Gecko-
HeYHO MHOTHUX 3HAUEHNH ¢, 0TKYRa S, = A,,.

Amanormano, eciu ! < m, HO z IPH U3MeHEHUN { NPHEIIMaeT JUMIb
KOHETHOe MHOIKECTBO 3HAUEHHI, TO TOT/a CHOBA HpH HEKOTOPOM (IKCH-
POBAHHOM x [ OecKOHEIHOTO UMCNa 3HAYEHWH f OynmeM MMeTh Stx‘1 =
— 4t —
= A, OTKyHa Sy = Ap,.

Ocraerca paccMOTpeTh ciydait, Korfia B cooTHomenny (6) piaa fuk-
CHpPOBaHHOTO ! mepeMeHHasA z OPHHUMAaeT OeCKOHeYHO MHOTO pasimi-
HHX 3HaYedmii npu uaMenesnn ¢, Orclofa ciemyer, uro uucio ! Gecko-
HeYHO MHOIO pa3 upHobperaer mocaefosBaTelieH.

Ilyers x cTaEoBHTCA IOCHefoBaTeleM ! B MOMEHT i, > W ¥ B MO-
MeRT ¢ > t, ymoBierBopAer TpebopamuaM (6). CormacHo (4)

_ i
S N (SN

CpaBmnuBas ¢ (6), molydaeM
t,.
o L L t>u, t,>u, 1<m),

YTO0 OPOTHBOPETHT HepaBeHeTBY (2). TarmM oGpasoM, paceMaTpHBaeMsril
CIyZail HEBO3MOMKCH, a BO BCEX NPEABIAVINNX CAy4aaX -0Kasaoch, 4To
4, = A, = 8, u, s3Haunr, coiictBo 9) HmCTHHHO.

CpofictBa 7) — 9) B COBOXYNHOCTH 03HA9YaloT, YTO OTOOpasKeHIe
r— §. aApufercAd OJH0N3HAYHOHM HyMepamieit cocreMm &. Ocraercsa
T0KasaTh BHANCIHMOCTL 370l AyMepannn. IIpaBnila HMOCTPOEHHA MHO-

REeCTB S:c AT BO3MOMKHOCTB [IA Ka:RAHX 7, { HaWTH cTagfapTHHIL

HOMep @ (z, £) MHOKeCTBA Si., opoyeM JerKo yOeanrsed, 4T0 GyERIEA
P (z, t) obmeperypcrBHa.

C ppyroil cTOpPOHH, JETKO CTPONTCA NPHMOTHBHO PeKypcuBHAA
dyarnma y (p, z), COBOKYIIHOCTS 3HAYEHII KoTODOil Ipn Kamom p > 0
COBIaffaeT ¢ KOHETHEIM AMHOKECTROM, IIMEIOIM CTAHZAPTHHI HoMep p.
Paceatorpom obmepexypeusryio dyekmmo O (z, ¢, y) = v (@ (=, 1), ¥).
Duxenpys z 0 MeHAA ¢, y, HOJNYINM B KadecTBe sHadeEmil Qymrnun
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BCe umcla MHO;KeCTBA Sy 11 ToAbko HX. IToaromy dymxmua @ (z, T (u),
7 (u)) ABAACTCA HCKOMON o0mepexypcusmoil GyEKmiell, yEHBepCalb-
HOIT I EyMepanuu z — S,, 4TO I TpedoBaloCh.

Caepgcrbue (Ppugbepr [1]). Cosorynnocms & scex
PEKYPCUBHO Nepeduciulns mHoxcecme ob6aadaem 00103HAUNOL 6RULCAU-
2ol Hymepayueil. :

B caMom pene, cemeiicTo © BEUUCIIMO, TaK KaK OHO HMeeT YHH-
BepcallbHyI0 9acTNYHO peKypcuBEylo ¢yukmnlo K (n, ¢). C gpyroi
CTOPOHEI, OHO COfeP;KUT Bce KOHEUHBIC MHOKEeCTBA, COBOKYIHOCTD KOTO-
PEIX I MOJKIO B3ATH B KauecTBe ceMeiicTBa &,, YKa3aHHOTO B yCIOBAAX
TEOpeMHl 3.

Beune paccMarpuBalich ceMelicTBa MHOKecTB Uliced. Ilepexop oT
ceMeiicTB MHOKECTB K ceMeiicTBaM QyHKnMil Tpebyer Mumb HeCKOIBKAX
OYCBIAHHX MONONHATEABHEIX 3aMeyaHIfil.

Tlyers & — cemeilctBo ofmoMecTHBIX (PyEkmmii. OroGpaskeHue a:
N — © marypanbHoro psfa #a © masnBaerca myMmepamueir &. Ecmn
pasAEIHEIM 9ICAAM OTBEYAIOT pasiduyHHe (QYHKOOH, TO HyMepamus
masuBaerca opHosmauHoil. DymExuna F (n, z) HasklBaeTcA yHusep-
CaabHOl Qa8 nyrmepayLu O, eCIH YICHO 1 eCTh a-HoMep QyEKOuH f (z) =
= F (r, z). Hymepannm, uMeIomiie YacTUYHO PeKYPCHBHEIE YHHBEp-
caJbHEEe (QYHKIM, TA3HBAIOTCA GHUUCAUMBAL.

Tpadpur ¢yexmmm f (z) — BTO COBOKYHHOCTH Hap umced <(z, ¥),
YIOBIETBOPAIONUX COOTHOMEHHIO f () = y. COBOKYNHOCTh KaHTOpPOBHX'
HOMEPOB 3TUX I[1ap YCJHOBHMCA BPEMEHHO HA3HBATH 1-zpaguromn GyHK-
puu f. Cormaceo 1. 6.1 GyEKIMA f YacTUYHO PEeKYpPCHBHA TOIAA M TOIb-
Ko TOrga, Korga ee 1-rpadmK — MHOKECTBO, DPEKYPCHBHO ¥iepeulc-
JuMoe.

Ilyers 3agama Xakas-nubo mysmepanufg a! N — & HEKOTOpOTo
cemeiictBa (Qymknuit &S u nycrth n — a-Homep Pymxnmu f€ &. Crassa
Yucay n B cooTBeTcTBHe 1-rpaduk GyEKmuR f, HOJAYYHAM HyMepammio
cemeitcTBa &, 1-rpaduxoB pymrouit m3 ©. Ty HyMepagmio ceMedcTBA
&, rarxoxe OymeM HashkBaTh a-HyMepamueii.

Teopema 4 Cenelicmeo Pynkyuti & mosda u moasvko mozda
swuucauno (coomeemcmeerno 00HO3HAUHO BWULCAUMO), K020Q SWUUCAU-
M0 (0dnosnauro ewuucauro) cexeilemeo ©; 1-epaguros gynryuli uz ©.

B camom pmene, mycers A (n, {) — yHIBepcanbHasg QYHKOUA fiA
ceyeiictBa &;. DnKenpyeym r. CoBOKymHOCTh A4, 3HaleHHH QYHKnHH
A (n, t) 6ymer 1-rpajgukxom Hekoropoll ¢vEKOUN f (z) n3 ©. Halimenm aTy
¢yarmmo. Ilyers z 3agasmo, y = f (x). Torma HOMep mapH (z, y) KOi-
JKeH OpuHHAAJIeRATh A,, T.¢. [IA NOZXOfAmMero

c ($, y) =4 (n1 t)a x=1 (A (ny t)), y=r (A (IZ, t)).

Bepsa pnd ¢ HaOMeHbIIee 3HAUeHTe, y/OBIETBOPAIOMEE BTOPOMY
PaBEHCTBY, HOJYIHEM

y=7r(4(n u @A, &)= 2))) =B (n, 2).

Taxint o6pasos, yExrnEs B (n, ) ABIAAETCA JaCTHIHO PERYPCHBHOI
yHEuBepcaibHOl (yHRnmel A ceMeiicTBa ©.

AmanormigEo foKasHBaercd I o0paTHOe YTBep:K/IeHIe.

YacTmumas QyEKOUA HABEIBACTCA KOHEuHO onpedesenHOl, €CIT OHA
mMeeT ONpefesleHHEe 3HAUCHNS! NHING A KOHEYHOrO 9YHcia 3HAYeHIt
apryyMeHra. flcHo, ¥TOo yacTmyHasA QYHKOOA ABIAeTcA KOHEYHO OIpefe-
JleRHOIl TOT/la I TOJBKO TOITA, KOTAA ee 1-rpaduk ABAAETCA KOHEYHBIM
MHOKECTBOM. Cmandapmiubii HOMepoy, KOHETHO OHpefleleRHoll QyHKIaR
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OyneM HasbiBaTh cTaEfApTHHI momep ee i-rpagura. CemefictBo &,
ROHEUHO OUpefeleHENX (YHKIUH Ha3kBAaeTCA Y-IepeTHCIIAMEIM, ecm[
COBOKYOHOCTH CTaHFApPTHHX HOMEPOB QyHKOUE H3 ©, PeKypcHBHO Ie-
pevmcIuMa.

13 TeopeMH 3 HeNOCDPEe[CTBEHHO BRITEKAET

TeopeMma 5. [ycmv suuucaumoe cemeiicmeo &% wuacmuuno
PeRYypeusHiT oOnomecmunr Fynkyuii codeprcum Y-repeuucatmoe nod-
cexelicmso 6 KOHEYHO onpe(')enennbw gf)ynhquu maxoe, wmo

o) moéaﬂ KOHeuno onpedesennas gyunkyus fo (), codepacamaics *)
6 npouseoavholi gyuryul | (x) uz ©*, codeprcumces ¢ nodzrodswel Koneu-
1o onpedesennoil pynkyuu fi (x) codepucaweiica e gynryuu f (z) u

exodaweil 8 nodceaelcmso. @
B) rascdas gynryus us GO cofepicumes 8 HEKOMOpOLE OmAuUHOL

om nee PYHEYUL u3 @0.

Tozda 00nosnaunas ewcumu.uaﬂ nymepayus cemelicmea S* zasedono
cywecmsyem,

Hua moxasarenberTna FOCTaTOYHO BMecTO cedeiicTB fymrgumit &*,
@g‘ paceMoTpers ceMeiictBa &, &, nx 1-rpaduKoB B BOCHOMDL3OBATHCH

TeopeMaM:I 3 u 4.

Hak 1 B cayyae TeopeMsl 3, 13 TeOpPEMEl 5 BEITEKaeT TIaBHOE

Cnepgcrpue (Dpupgbepr [1]). Cenelicmso & scex 0dno-
MeCMHBET HACINUUNG pekypcusknr @yrkyul 06aadaem 00HOHANHOT &b~
yucaumol nymepayueil.

JHelicTBaTeNbHO, CeMelicTBO © BRIHCIAMO, TaAK KaK cbym(unﬂ Knmen
K (n, z) aBiserca KA mero ymmBepcalbEof. C pgpyroil cropomsl, &
COIeP/RUT CEMEHCTBO 60 BCEX KOHEUHO ONpefleleHENX Qyurmuii, saBefo-
Mo obiafalomee cpoiicTBaMu &), f), YKasaHHEIMH B TeopeMe 5. JIerko
MoXaskBaercs, 4o &, y- TIePeTHCIIMO U IIOTOMY © obnamaer ogHO3HAY-
HO#i BEIHCINMOIT HyMepamueil.

Honomaerns, opaMeps! | 3axavd

1. Hoxasars, 4T0 3Havemus BHpaykeHHil [, zl, [z, z] ABamoTCH
MOHOTOHHO BO3pPacTAlOMuMI (QYHRIIAMIO OT Z.

2. Wcoonesya mpemumpyugni peayJseraT, JokKasaTh clefyloliee
VrogseEne TeopeMbl Maiixuia o HEHOABWIKHOI TOUKe: ANA KaKFOTO pe-
KypcHBHO IepeulicHuMoro mnpefuKarta P (z, y, z) CYyHmecTByeT TaKasg
MOHOTOHHO BO3pacraioniadg IpHMITHBHO peKypcHBHag ¢ymKmua g (y),
uTo P(x, Y, g (1)) &z = ag (y).

3. Jloxasarb CYIeCTBOBAHIe IPHMUTUBHO pexrypcueHOl QyHEHOIE
¢ (m, n, u, v) Taroil, uro ecmuy ¢yurunu f (z), f, (x), g (z), &, (¥)
1IMeI0T RIHIEBCKIIC HOMEpa m, i, &, U, T0 @ (m, 1, u, v) 6yaeT RIAIIEICE-
CRIfMT HOMepoM ¢yHKuum A (z), oupeneneﬁﬂon B TeopeMme 4 1. 6.3
g =2, s=1..

4, HoxasaTL 470 0GBEAIHEHIIe KOHETHODO WHCAA BHTHCIIIMELX
ceMeilcTB MHOZKECTB ecTh BHIUIICIIMOE ceMellcTBO.

5. CeMeiicTBO BCeX PeKYPCHBHO IEDEUNCIIMEX NOOMBOJKECTE Aad-
HOTO PEKYPCIBHO HEpeUICIIIMOI0 MHOKECTBA W ceMeiCTBO Beex yacTud-
HO pPeKYpPCHBHEX (YHROHII, COfep)KamuxcA B 38faHHOH JacTHIHO
PerypcuBHOil (yEKOUN, ABAAIOTCA BBIWICIIMBIMIIL.

¥) Oyarousa f (z) comepswnTed B g (x), ecan rpaguk f () comep-
muTcA B rpadnke ¢ymrmun g (z).
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6. CenteiicTBo Bcex PeKYPCHBHO HEPEUMCIEMBIX MHOMKECTB, OTIIHY™
HEIX OT 33 aEHOI0 PEKYPCHBHO IepPeuYHCIIIIMOTO MEOKECTBA, I cemMelicTBo
BCeX JacTWIHO PEKYDPCHBHEX (O[HOMECTHBIX) QYHKDMIl, OTMNYHHIX OT
3aTaHHOH YacTIIno peRypPCHBHOA (yHKymU, BEYUCIMMEL

7. Ecim cemeiicTBO PEXYPCHBHO NMePeYNCIHUMEIX MHORECTB COCTOMT
Amub 13 GeCKOHEYHBIX MHOKECTB M COlEPIKUT BCe GecKOHEYHHE DPeKyp-
CUBHEIE MHOJKeCTBA, TO OHO He BeiyucamMo (cM. [fexkKep & M aii-
xux [1], MaJILu;en [31).

. COBOKYHNHOCTh BCeX HCPeKYPCHBHHX DPEKYPCHBHO IIePedncii-
MHX MEOeCTB HeDHTIHCAEMA (Mexrep u Mafixuma [1]).

9. CeMeficTBO PEKYPCHBHO IepPeYMCIMMEX MHOMKECTB HA3EIBAETCA
BIIOJIHE IePeTIUCIMMEIM, eClll COBOKYIHOCTH BCeX IOCTOBCKIX HOMEPOB
BCEX MIIO}KeCTB 3TOIO ceMelcTBa SABJAAETCS PEKYPCUBIO IePeYHCIAMON.
AmamormaHo, cemeiicTBO. YACTHYHO PeKYPCHBILIX QYHKOWH Ha3EBaeTCA
6noane nepewucaumbli, CCIlL COBOKYIIOCTh BCeX KIMHAEBCKUX HOMEPOB
Bcex QyuKouil dToro cemeiicTBa PEKYPCHBHO HMepeumClmMa.

Ilokasarh, 4YTo ceMeHiCTBO BCEeX HAJMHOMKECTB MHOJKeCTB KakoOi-
HUOYAB y-IIepeUHCIUMON CHCTeMEl KOHEUHBIX MHOMKECTB SBAAETCA BLOOJ-
He IepeuCIIIMER. AHQIOTTIHO, CeMeiicTBO BCeX YACTHYHO PEKYPCHBHEIX
pacmupennii GyEKnuil y-1IepewnciMoil CCTeMbl KOHEYHO ONpefeeHHbIX
GyEKOuE ABAAETcA BIOJHC IepPEYHCIIMBIM (Patc [1]).

10. Kaxpgoe Bonue IepeYncimmoe ceMelIcTBO MHOKECTB g VEKIui)
mMeeT BHJ, YKasamHEEI! B mpegsymell sagate (cM. Paiic [ I ex-
Kep n Mafixma [1), Maasngesn [3]).

§ 8. CBopuMOCTh M KpeaTHBHOCTh MHOKECTB)

C RagsIM 9HCIOBEIM MHOMKECTBOM O CBA3aHA CIe[ylomas
npobieMa BXO;KAeHWA: HAaUTH aaropuT™M, MO3BONAIMNEA A
IPOHE3BOJILHOTO YHCIa £ Y3HATh, BXOOAT Z B o0 Wiau Her. MHo-
JKeCTBa, HAA KOTOPHX TaKOH AaNrOpUTM CYIECTBYeT, OLIIH
Ha3BaHH B O. 2.3 perypcupEEME. OnuH #3 06HTHEIX METOTOB
NOKa3aTeNbCTBA PEKYPCEBHOCTE HEKOTOPOr0 MHOMKECTBA O
COCTONT B TOM, UTO MPOGIeMYy BXOMASHUS M4 0 MO O AIEM
o0pa3oM «cBOAATY K mpo0ieMe BXOMIeHES IIA HEKOTOPOro
APYroro MHOKeCTBa [}, PEKYDPCHBHOCTH KOTOPOrO yiKe yCTa-
HoBNeHa. Hcam oRakeTes, 9To Tpo6iaeMa BXOKAEHHA [id
MHO;KECTBA O (CBONHUTCSY K mIpobieMe BXOMAOHHAA AJIA MHO-
JKecTBa [ I TpH 9TOM H3BECTHO, 9T0 MHOKECTBO & HEDEKYp-
CEBHO, TO MHOKECTBO [ Tarxe 6yneT HepeKypcHBHEM. TepMuH
«CBOEATCAY» MOMKHO NIOHUMATh B PasEEIX cMblcnax., Hawm-
fone® mpocroe TWOHATHE CBOTEMOCTH GHLIO BBemeHO Il o c-
ToM [3]. 9To moHATHE Hm sABASETCA MpeAMETOM U3YUEHHUS B
nagHoM maparpade. IlomyTHO BOSHHKAIOT M W3yYalOTCA IIo-
HATHEA OPONYKTHBHOCTH I KpPEATEBHOCTH MHOMKECTB, TECHO
CBf3aHHEE ¢ HyMepanued IlocTa peKypCHBHO MEPETHCIIVMEIX
MHOKECTB,

8.1 CsogmmocTh 1  2-9KBHBATEHTEOCTH.  MHOKECTB.
YncToBoe MHOMKECTBO ¢ HABHBACTCH M-cE00UMbM K TECIORO-
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My MHOMecTBY P (cEMBommuecKoe ofozHaueHHe o < mf),
ecalEl CYIECTBYeT TaKad ofmepexypcusHaa ¢ymrnza f (z),
970 '

z €] (z)€p (1)

naa BceX sHaweHHH z. Oymrnua f (z) Hasmeaetca QyHKmEe,
m-ceodaueli o B B *).

Oyexrnus f (z) = z M-CBOIAT KaxKIgoe MHOKECTBO K ca-
Momy cebe. [lamee, ecin QyHKOEA [ 772-CBOOUT MHOMKECTBO T
K MHOeCTBY [, a QYHEOHWS g 7M-CBOTET [} K MHOeCTBY 7,
ro GpyEEOEA g (f (z)) Mm-csogur o kK y. IlosToMy orHOmeHme
1n-cBogaMoCcTH pedIeKCHBHO W TPAH3HTUBHO.

Teopema 1. Hawdoe perypcusnoe muomncecmeo o
m-ceodumes g a0bomy Henycmomy mHodcecmey P, umenowemy
Henycmoe donoanenue. Ecau waroe-nubydo muoicecmso Y
M-CE00UMCH, K DEKYPCUBHOMY UAL PEKYDCUBHO NEPEHUCIUMOMY
MHO0Kcecmey O, mo Y peKypCUBHO Ul COOMEEMCMEEHHO DPEKYpP-
CUBHO NePevuciUMO.

B camom geae, Gepem Kaxme-ER6ynp aueada o € P, b ¢ p.
Qynxnes f (z), papHag @ Ha o u b BHEe o, 0YeBHFHO, PEKYp-
cupHa. OHa Mm-cBOguT o K P ¥ mOTOMY TIepROE yTBEpPIKACHIE
TEOPEMH HCTHHHO.

Yto6s moKazaTh BTOPOe yTBep:KAeHMe, 0003HAYEM dYepes
¥ () XapaKTepHCTHIECKYIO U Tepes Y, (Z) TacTHYHyI0 Xapak-
TEPHCTAYECKYI0 (YHROWIO MHO;xecTBa O. Ilyere obumieperyp-
cupHasgs QymHrmua g (z) m-ceogmr y K 0. Torma ¢ (g(z)) —
XapaKTepHCTAIeCKasa, a Y, (g (z)) — wacTuuHag XapakTepu-
cTEUecKaf (QYHKOWE MHEOKecTBa Y. Kcam § pexypcHBHO, TO
byEroua x (z), a MecTe ¢ Eeto n PyEEmuUa Y (g (z)) obme-
PeKYpCHBHE, AHanormuHO, eci¥ 0 PeKyPCUBHO mepeqHCIEMO,
10 QYEKOUA ¥, (z) wacTmuHo perypcusHa. Ho B TakoMm cuy-
9ae W QYHEDHS ¥, (g (%)) TacTHuEO PeKYypCcHEHA, YTO H Tpe-
6oBaiocs.

MuoskectBO P HaskBaeTcA M-YHUBEDCAALHLLM, €CITH BHI-
HONHEHH clefylomue ABa yciaosug: 1) f perypcmeHO mepe-
IHCAEMO; 2) KaK[0e PeKYPCHBHO IEPedHcIuMOe MHOKECTBO
Me-cogurcH K f.

Wrorga roropAr, uro mpoOieMa BXOMKIEHWS g MHOME-
CTBA ¢, JIeTd9e IPOOJIeME BXOKICHNA HId MHOMKECTRA P, eclH o
m-ceogutcak . Torga MokHO cKasaTh, 94TO 1R-yHEBEDCAIL-
HEle MHOKECTBA — DTO POKYPCHEBHO IEDeINCIOMEIe MHOMECT-

*) -CBOAMMOCTE TACTO HA3HBAETCA TAKKe JMHO020C600UMOCTILLIO.
Hapagy ¢ mmuozocBommMoceThio, B I. 9.2 Gyaer BBefena enle ocobas
00HOCBOJHMOCTD.
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Ba, HMEIOIIHE CaMYyI0 TPYAHY Ipo0NeNMy BXO/KASHHS CPefH
DPeKYPCUBHO NepeYHciMMEIX MHokecTB. llasBaHWe «yHHBED-
CaNbHEEY TPOHCXOAHT OT CICRYIOMEro CBOHCTBA 9THX MHO~
srectB. IIycts f (z) — raxag-HuGynp (wactuuHas) QyBKOuA,
o — wuciaosoe MHomecTBo. CumBozoM f~' (a) ofo3HawaoT
mpoo6pas MHokecTBa o IpH oToOpaskeHmH z —- f (r) HaTy-
paibHOro pspma B cebd, T.e. [ (@) — COBOKYOHOCTh BCEX
3HQUEHW{ Z, 0ag KOTOPHX f (z) € . Onpenenenue m-yHUBED-
CalbHEIX MHO;KECTB TEIepPh MOKHO cHOPMYIHPOBATL CIEAYIO-
muM o6pasoM: MHONcecngo § Hasbleaemes M-YHUBEPCANLHBIM,
ecAl OHO PEKYPCUBHO Nepeutciumo U ecau Kaxcdoe perypcugho
nepewuciuMoe  MHONCECBO O MONUCHO npedcmasumb 6 eude
“1(B), 20e f (z) — nodzodauan obwepekypcusHas GyHKYUSL.

3 mepBoHawadbHOrO OUPeRENeHHT #i-YHHBEPCAIbHEIX
MHOKRECTB H TPAH3HTHBHOCTH OTHOMEHHS <, HEIOCPEACTBEH-
HO CIEAYeT, ITO ecAl PM-YHUBEPCANbHOE MHONHCECTNEO T-C800UmM-
e K Kakomy-HubyOv perypcUsHO NepeulciuMOMy MHOICECEY
o, MO O — MaKICe N-YHUBEPCAAbHOE MHONCECTNEOD.

Ham mseecTHO, 9T0 HEpeKypcHBHEE pPEKYpPCHBHO Hepe-
YUCJHUMEBIE MHOKECTBA CYIOECTBYIOT. OHH M-CBOOATCA K #-
yHHBePCAIbHEIM MHOKeCTBaM. JHAWHT, B CHIY TeopeMs 1 ece

T-YHUBEPCANbHYLE MHOMNCECMEA HEPEKYPCUEHbL.

UTo6s PACCYMIGHHA 0 #H-yHNBEDCAAbHNX MHOKECTBAX
He OBIIM WYCTHIMI, HAmo OpPHBECTH XOTA OB OfHH IpHMED
M-YHEUBEPCANLHOTO MHOIKECTRA.

Teopewma 2. Cosokynnocme © KaHMOPOBCKUT HOMEPOB
mez nap <{a, by, Oan Komopuz paspewumo YpasHeHue
K (a, z) = b, m. e. 945 womopux b ¢ 7, seasemes Mm~yrusep-
CAALHBLIL MHOICCCMBOM.

HedicTBuTeNbHO, AT OPOU3BOJILHOTO PEKYPCHBHO Tiepe-
YHCIHMOTO MHOJRECTBA I, IMeeM

zEm,ce(a, r)Eo.

IToarony pymxuus f (z) = ¢ (a, ) M-CRBOAUT T, K MHO-
mecTBy ©. C gpyro#t cTopoHSI, I3 YaCTUIHOA PEKYPCUBHOCTH
dyexgnn K (e, r) BeITeraeT, uTO MHOMKECTBO TeX Tap, MIA
KoTopeX ypaeHeHme I (a, z) = bumeer pemeHHme, pexyp-
ciusHo mepeuncianMo. CremosarenrsHo, PEKYPCHBHO TEPEdHC-
JIMO O MHO/KECTBO ® KaK COBOKYIHOCTH KaHTODOBCKIX HO-
MEpOB Tap PEeKYPCOBEO IEPedrc/IIMOro MHOKECTBA.

MBoskecTBa o, [} HaswBAWTCH MM-9KEUBALCHMHHMY, CII
RaykJ0e 113 HOX 2R-CBOANMO K HPYTroMY.

I13 crasaEHOro BHMIE HETMOCPEACTBEHHO BHITEKAIOT Cle-
Aylomue OPOCTHE CBOIICTBA 712-9KBIBAIeHTHOCTI:
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a) Ecau MHONCECMB0 O PERYPCUSHO WAU DEKYDCUSHO nepe-
YUCAUMO, MO PEKYPCUSHO UWAU COOMBEMCMEEHHO DeKYPCUSHO
nepeuucAUMO U Kancdoe MHONCECE0, TN-IKEUBAAZHMI0E Q.

6) Bce nenycmue omauyrbie om N DeRypcusHvie MHOICeCMEa
Mm-orgusasenmmus. Opye 0Opyey.

B) Ecau mmoncecmso o M-YHUBEPCAILHO, MO Kancdoe MHO-
Jcecmaon, M-IKEUBAAEHMHOE O, TMakJice M-Yrusepcaivro. Bcee
1-YHUBEPCANLHELE MHONCECTNEA M-9KEUSAACHMHEB OpYe Opyey.

Tak kak OTHOmEHHe M-9KBUBANEHTHOCTH TPAH3ETURHO
II CUMMETPHYHO, TO BCe WHCIOBHE MHOMKECTBA PacCHagaioTcs
Ha HemepeceKaomuecs KIacChl 9KBEBAaJEHTHBIX NPYT MOPYTY
vHORecTs. OTHOmEHWe 7R-CBOAMMOCTE YaCTHIHO YIOPAMO-
qHBAT HTH KJIAcCh. Hcianm oTGPOCHTH TYCTOe MHOKECTBO H
MHOKecTBO IV, caMu Io ce0e 06pasyiomue 7 ~KIaccH, T0 CPeal
OCTAIBLHEX #1-KJIACCOB PEKYPCUBHO HEPEIUCHUMEIX MHOMECTB
HAMMEHBIMUM B CMBICAE OTHOMEHHS <., OYAET KJIacc pe-
KYDPCHBHEIX, a HaMGOJBMHM — KJIACC MR-YHHUBEPCAALHHIX
MHOZKECTB.

8.2. IlpoaykTuBHEIE B KpeaTHBHBIE MHO;KecTBAa. Yucrosoe
MHOJKECTBO O, Ha3HIBAETCH RPOOYKMUEHBLM, €CHN CYIIECTBYET
Takas obmeperypcusHas QyERmuA f (z), 9TO mIA KaRAOTO 7

X, CCa=f(n)€a— mx, M

QOyrxnus f (z) HazsBaeTcs npodykmuenoll Iis o.

W3 sroro ompepmeneHEs HemOCPeJCTEEHHO BUIHO, 4TO Hil-
Kakoe npodykmuenoe MHOICECTE0 He Modcem 6umb pekypcus-
1O nepeuucAuMbiM. B 9acTHOCTH, RaXKT0e TPOMYKTUBHOE MHO-
7KeCTBO HEIPEMeHHO GecKOHETHO.

HeficTBuTeabHO, ecau 6B TPORAYKTIBHOE MHOKECTBO O
COBTANO ¢ KAKMM-IHG0 PEKYPCUBHO HEPETICIUMEIM MHOKECT-
BOM @, T0 u3 (1) moxy9maochk GLI IPOTHBOPEIHUBOE YTBEPIK-
Jenme

fn)€a—o.

Opne u3 npocTedmMux IPHEMEPOR TPOLYKTIBHEIX MHOOCTE
IpecTaBiIseT MHOKECTBO O BCeX TeX YHCeN Z, AIg KOTOPHIX
z € 7,. JeHcrBuTeNbHO, COTVIACHO OUIPEIEIeHHI0

nea,=n¢d=n,Ls, n¢b=necx, =, L8
I TOTOMY
m, S 0=ngx,&ned.

Taxmm o6pasoy, § — IPOAYKTHBHOE MHOMKECTBO C IIPOLYK-
TaBHON dyBKOumed f (z) = 2.
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Teopema 1. HRandoe npodyrmusnoe mHoNcecmeo O
coBepacum 6eckoneunoe PEKYDPCUBHO NePeulCAUMOe NOJMHONCE-
cmeo.

HceroMoe TOHMHOKRECTBO MOIKHO TOCTPOHETH CIEYIOMHM
oyteM. IlycTs @y — Kaxo#-1ub0 MOCTOBCKHA HOMED IYCTOTO
MHOKECTBA W UYCTh [ () — OPOAYKTHRHAA QYHKOAS HIs §.
Tar xar 1, & §, T0o gmeao f (a,) comepsrurcs B §. Wmem Ho-
Mep a; mHOKeeTBa {f (20)}. U3 (1) caenyer, d9T0 wucio f (a,)
comepsRuTes B O u oTamuHO OT f (a@y). Mimem HOMED @, MHOMe-
crea {f (@), f (ay)}. Yucno f (a,) Gymer comepskaTbes B O
m OymeT oramaHO OT f (@) u f (a;). IIpomoisKass 3TOT TPO-
necc, MONyIEM OECKOHEYHYI0 LIOCHEefoBATENBHOCTE

f(ao), f (al)’ LIS ] f (an)’ c ey (2)

9HECIa KOTOPOo# pasiawdusi u comep:xarcs B §. UtoGw aTo Ha-
BOJiAMee paccy’keHHe 00paTHTh B CTPOTOE AOKA3aTEIbCTRO,
HaM Hago TOYHEee OUPedeNuTh, KaKoil HMEHHO HOMEpP diy
muoectBa {f (@), . . ., f (a;)} ME BrGupaem. Ilycrs

z+ 0.y = K (e, 2, y) = K (le, 2], y).

IoaTomy, momaras le, f (z)] = g (z), mmeenm
e = {f (2)}. (3)
B . 7.3 6ni1a mocTpoeHa MPUMUTHRHO PeKYPCABHAST (YHK-
nus u (m, n), KIS KOTOpoOi
Mg, ny == Ty | Tpe (4)

Caoiictea (4) u (3) moraswBaOT, YTO B KAYECTBE (nyy
MOKHO B3STh U (an, g (2,)). TaraM obGpaso,

¢ (0) = a, a(n + 1) = u(a(n) g (a )

W, clemoBaTedsHo, f (a (n)) ecTs obmepexypcusHas QyHKOAA
ot n. CororynHOCTE {2) Beex 3Ha9eHNMH 3T0il PYHKIAN peryp-
CHBHO mepedlcianMa, 6ecKoHeTHA T COMep;KuTcs B §.
T eopena 2. Ecau npodyrmieroe MHONICECMEO O W-CE0-
dumes x anoxcecmey B, mo P marxce npodyrmusno.
O6osmagnm gepes [ (z) yERIUIO, cCRORAINYIO ¢ K B, & ge-
pea «(z) — mponykrmerEYI ¢vExnuo Mus o. Ilo ycmommio

rzeasf@EpeefT(B) ()
T, 8 ¢ = [ (B) m, sEaumT, ~
T S =T () S (6)
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Mpl xoTuMm Temepb HaHTH TOCTOBCKHE HOMED MHOKECTRA
71 (x,). 9TO MHOKECTRBO €CTh COBOKYIHOCTH TeX 3HaYeHu# z,
s KoTopHX f () € 7,. Brogum mpemurar P (z, y):

P(z,y) =1 (z) €my.

CormacHO TeopeMe o mpencraBaeawu (m. 7.3) cymecrByer
NMpNMATHBHO PeKypcuBHasi GyHEKmuUA % (¥), AI4 KoTOpOH

f(z) € my & T € mpgy) (M)

Taxm obpasom, MHOKeCTBO 1 (7,) €CTH Tpn-
Wraxk, us (6) u mpoayrrueHOCTE QYyEEDUU g (T) mOXyIaeM

7, S P = spmy S @ =g (7 (1)) € 00 — Tnen-
C npyroit croposs, us (7) m (5) BMeeM

g (b (n)) € wuey & fgh (n) €
g (h(n) € o« fgh(n) €p.”

CrnegosaTensHo,
T, S P =>fgh(n) €B — m,.

JT0 MOKA3HBAET, ITO MHOKECTBO [ HPOAYKTHEEHO C LIPO-
nyxrusHOR ¢yBERmEER f (g (R (n))).

Perypcusao nepeamcimMoe MHOKECTBO ., HONOJIHEHHE
koroporo o' = N — ¢, HPOAYKTHBHO, HABHIBAETCA Kped-
musnum *) MHOMECTBOM.

Brrime Grito moKasaHo, 9TO COBOKYIHOCTH O TeX x, Mid
KOTOPHX T § T,, ABJIAETCA HPONyKTERHOK. Ee momommenme
8" cocrout m3 Tex x, MIA KOTOPHIX T € Ty, T. €. U3 BCEBOBMOK-
HHX Z, IS KOTOPHX PaspemuMoO ypaBHeHHe

(z, ) = z.

Tak ®aK JAeBasg 9acTh 3TOTO YPABHEHHs 9JaCTITHO PEKYD-
CIIBHA&, TO MHO/KECTBO §  PEXYDPCHBHO MEPEUNCITMO T, CIeI0~
BATENLHO, KPEATABHO.

W3 Teoperu 2 HemoCpPeNCTBEHHO BLITEKAET TAK0OE BATKHOE

Cnemcreme 1. Ecau Epeamusnoe nHOMceCEo o
n-cgodumcen K KaArOMY-HUbYdv pekYpCuUEHO NepedlcAUMOMY
MHOxcecmey B, mo muoxcecmso P kEpeamusHo.

B camon mene, B3 o < »f BuTeraer o < »p’. Ho '
OpOoAyKTOBHO. Il03TOMY B CHIY TEOpeMH 2 MHOKeCTBO P’
TaKKe, MIPOLYKTHBHO, a MHOKECTBO f§ KPEaTHABHO.

*) Ilgorma ero HaA3HBAOT IM80puecKUI MHOKECTBOM.
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Crnemcreue 2. Kawdoe m-ynusepcasvioe MHoxcecm-
80 KpeamusHo.

,I[eHCTBnTeano K #2-YHEBePCATHLHOMY MHOKECTBY 2-CBO-
EUMO JI000e PEeKYPCHBHO IePETHCIMEMOE MHOJKECTBO, B TOM
qnese m KpPeaTHBHOE MHOKECTBO O, IOCTPOeHHOe BHmE. Bpu-
Ry cxegcTBuA 1 oTCIONA BHITeKAaeT KPEaTHBHOCTH #1-yHUBED-
CaJbHOT'0 MHOJKECTBA.

Bonee ToHKO fmoRasmBaeTca ofpaieHue CIefcTBUT 2:

Teopema d (Maixmua [2]). Kawmdoe xpeamusnoe
MHOICECTNE T-YHUBEPCAALHO. :

IIycts o — sagamHOe KpeaTHBHOE MHOKECTBO U f (z) —
opopykTusHaa yHrnua gias o'. Hamo mokasaTs, aTo mpoms-
BOJNbHOE PEKYDPCHBHO HepeTHCINMOe MHOKECTBO [} Hi-CBOFUT-
cA K o. PaccMoTpuM TpexMecTHHH mpegumKaT

Py s=yep&z=7(a)

ATOT NpemKAT, 0IEBULHO, PEKYPCHBHO mepedmcamM. IloaTo-
My COTJIACHO TeopeMe 0 HEMOBBIKHON TOUKE JiA HpefHKa-:
ToB (m. 7.3) Halifercda ofmieperypcuBHax QyEKnua g (¥) ra-
Kag, 9710

yeP&z=71(g(9)) e x€myy). (8)
Ilycrs y € p’. Torga nesas 3acts cooTHomeHus (8) mosm-
Ha Jjas KOKEOTO Z M, CJeJOBATeNHHO, MHOMKECTBO Tgr) HyC-
ro. Ecam ke y € P, To orHOINEHNe 2 € My(y) PABHOCHIBIO Pa-
BeHCTBY % = f (g (y)) H®, CHEROBATENbHO, MHOSKECTBO g(y)
B 9TOM CIydae COCTOMT M3 eXUHCTBEHHOTO 3leMeHTa f (g (¥)).
Hoxrasxem temeps, wro ¢yuEmua [ (g (z)) m-ceogmr f

K a. B camom gene,

nep =Sagm="12=mm=a =>f(gn)ea.  (9)
C apyrofi CTODPOHH, COTJAcHO CKa3aHHOMY
nep=am = {f (g (n)}. (10)

Ecnu Gu mpnm aT0M 0Kasaioch, I1o f (g (n)) € &', To MH mMe-
am 6w

Tgn) & o' =f (8 (n)) co'— Tg(n)
370 mpoTmpopexnBo. HTak, f (¢ (r)) &€ . Bamecte ¢ (9) a10
OpHEBOZOT K TpeGyemMoMy COOTHOHIEHIIO

neh =7(gm)ea.

Teopema 3 goxasana. CuegeTsue 2 1 TeopeMa 3 0K 3HBA-
10T, 9TO KAGCC MM-YHUBEPCAALHBIT MHOJCECTNE 6 MOUHOCIY CO8~
na@aem ¢ KJaaccon hpl’(l””(gllblfl, MHOMCecna.
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B uacTHOCTH, OTCIOKA BHITEKAET, HAIIPUMED, IT0 MHO;LeCTBO
§' Tex amced Z, AJA KOTOPHX I € 7., He TOJBKO KPEaTHBHO,
410 OG0 YCTAHOBJEHO BEIIIE IyTeM HEHMOCPEJCTBEHHEIX yC-
MOTPEHHH, HO ¥ #N-YHHBEPCANIbHO, IT0 HPAMO YCTAHOBHT
ropaS}IO CJIOH{Hee.

8.3. Hpocteie MHOKEcTBa. IakK y;xe ToBOPHIOCH, HpH
HOMOILE HMOHATHS 7-CBOJEUMOCTH JIETKO [OKAa3hBAETCA Hepe-
KyPCUBHOCTDH GONBINOTO TUCIA MHO;ecTB. [ 3ToTo GepeTcs
KaKoe-HHOYIb BCIIOMOTATeXbHOE HEPEKYDPCHBHOE MHOKECTBO
B 11 JOKA3LIBAETCH, ITO OHO 772-CBOJEMO K HCCIEYEMOMY MHO-
;xecTsy «. Torma o Tamsxe Gymer HepekypcmpaBIM. OmHAKO
9TOT METOJ, IMeeT CJERYIOIuil HeKOCTATOK: eCAM B KadeCTBe
BCIIOMOTATENIBHOTO MHOKecTBa [ MH OepeMm KpeaTHBHOE MHO-
7KECTBO, & HCCHEETYeMOe MHOKeCTBO ¢, PeKYDPCHBHO Iepedmuc-
auMo, To § 6ymeT M-CBOGUTHCA K & TOABKO B CIydae KpeaTHB-
noctn . TakmM oGpasoM, eciid MBBECTHEIN HaM 3allac Hepe-
KYDPCHBHEIX MHOMKECTB COCTOHMT NWINh U3 KPEaTHBHLIX
MIIO¥KECTB, TO MPH IMOMOIIH METOJA 72-CBENSHHA ME CMOKEM
LHOTIOTHATE 3TOT 3aMAC TONHKO KPeaTHBHLIMH yKE MHOYeCTBAMM.
B wacTHOCTH, BCe HEPEKYPCUBHbIE PEKYPCHBHO MePeINCIUMELS
MHOM{ECTBA, IOCTPOSHHEE HAME [0 CHX IODP, KPEATHBHH.
EcrecTBesso BOBHUKAET BOMPOC 0-CYMECTBOBAHAY PEKYPCHB-
HO IIePEeTIUCIMMEIX MHOKECTB, KOTOPhle He Guam 6B KpeaTus-
HHIMH, HO OHIm bl HepeKyPCHBHHIMH., JTHM TpeCoBaHHAM
3aBEEOMO YMOBIETBOPAIOT TAK HA3HBAEMEIE NPOCMble MHOKe-
CTBA, MHTEPECHEE ¥ C APYTHUX TOIEK 3PeHUA.

Uncmosoe MHOKECTBO ¢ HA3HBAGTCH UMMYHHbLM, €CIH
0HO ODECKOHEYHO W B TO yKe BPeMA He COEep:KuT HEKAKmX Gec-
ROHEUHHX PEKYDPCHBHO IIePEIUCIIAMBIN IMOTMHOKECTB, TaKaM
00pas3oM, IMMYHHOE MHOKECTBO HE MOKeT OHTbh HHE pPeKyp-
CUBHO MePEeTIMCIAUMEM, HH TPOJEYKTHBHBIM,

Uncnopoe MHOKECTBO ¢ HABLIBAETCA NPOCMBLM, ECIT OHO
CaMoO PeKyPCHUBHO HepeIUCANMO, & FOMOJAHEHHEe eF0 FMMYHHO.
Orcioma cpasy BmEHO, ITO IPOCTOE MHOMKECTBO 3aBELOMO He
PeRypcuBHO W He KpeaTHBHO.

IToraTEA KpeaTHBHOTO H HPOCTOTO MHORECTBA OLIIH BBe-
Tern 9. ITocron. Exy e mpuHagmemxnT u caegyomui opn-
Mep HpocTOT0 MHOHECTBA.

PacenmoTpan o6meperypensayo pyaxnuw D (r, ), yHI-
BePCANBHYI0 MM OJHOMECTHHIX HPUMITHBHO PERYPCHOBHEIX
$yuxnnit, dra ¢yEKmUA 6m1a mocTpoeHa B m. 5.2, O6o3Ha-
11 gepes.§, COBOKYIHOCTH BeeX 3Havenuit yarmun D (n, I)
mpr 2 = 0,1, 2,... MaoswecrBa §, pPerRypciBHO mepe-
UOCHIMEL I KA/RA0C IEIYCTOe PERYPCIBHO MEePeunCIHMOoe

6%
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MHOARECTBO COBHAZACT ¢ HEKOTOPHM O,. Ilomommm

J (@) =5 (e (D (=, () = 7 (1) & (1) > 22)) =
= (D@ 2@) —r @)+ (2 +1)=r@) =0()1)5

Taxmm oGpason, ecnu 3HageHNe [ (z) ompenedeHo, To 3TO €CTh
uncno u3 8, Gonpmee 2z. Ilpwm aTomM, ecnm B §, ecTh wHCHa,
Gonpmue 2z, To f (z) 3aBEZOMO OMpEAENeHO.

Ws srpazxenna (1) smpeO0, 9To ¢yHENEA f () IacTmaHo
pexypcusaa, COBOKYDHOCTH ¢ BCex 3HAYEHHH, NpUHAMAae-
MHX (ynxnume# f (z), ecTh PEKYPCHBHO mEepeIMCIEMOE MHO-
JkecTBO. MBI XOTHM MOKa3aTh, 9TO MHOMKECTBO ¢ IPOCTO.

Hoxaskem cHa%ana, 970 B er0 HOMOIHEHHE ¢ He COJep-
JKUTCA HH 0gHOTO §eCKOHETIHOT0 PEKYPCHUBHO MEPEIUCIAMOTO
MHOKecTBa. B camoM geje, eclIu HeKoTopoe O, 6BCKOHB‘IHO,
10 f (1) ompegenero u f (n) € 8,, / (n) € 0, otrynma 8, L o'.

Ocraerca moKasaTh, IT0 MHOMKECTBO O 6e0R0Het1Ho. s
aToTo cmpocuM cefs, cKoabKo mees orpeska {0, 1, . .., 2n}
comep:uT MH0KecTs0 o7 fcwHo, aTO THCTO BTO HE GoNBIIE THUC~
Ja pemeHnit gepapercTsa [ (x) < 2n. Ho u3 3T0T0 HepaseHCT-
Ba BHTeKaer z < n. IloaTomy Ha otpeske 0, 1, .. ., 2n ge-
sKuT He 00Jiee 72 THCEH MHO:KECTBA ¢ H, CTaJ0 OHITH, He MEHee
n + 1 gwmcen demur B o', IloCKOABKY » HpPOMBBOALHO, TO
¢’ 6eCKOHEUHO W, CJIEHOBATEIBHO, O MPOCTO.

8.4. Makcumanpapte mMuoOmecTsa. CordacHO ODpefeNeHUI0 AOMOI-
HeHIe OIPOCTOT0 MHOMKECTBA XOTA U OECKOHEYHO, HO HACTOIBKO (TECHOY,
4TO HE BMeIlaeT HH ORHOTO 0eCKOHEYHOT0 PEXYPCHBHO HEPETHCIAMOTO
MHOKeCTBa. YCUINBasg 3T0 CBOLCTBO TECHOTH (HasBaHH(e B H. 8.3 mM-
MYHHOCTBIO), IPUXOMUM K CHEAYIOMEMY HDOHATHIO C/KATHX MHOKECTB.

Mnoaecmeo U nasvieaemes cxcamuii, ecau

1) U 6ecroneuno u

2) Hu 0as KAK020 PerypcueHO nepevuciumozo Mroscecmsa I nepe-
ceverus D MU u L' U ne smocym 6ump 00r08pemerio 6ecKORey bMU.

YeaoBuMcs roBopufth, uT0 MHOMecTBa A, B noumu cosnadarom,
ecil OHU OTIUYAITCH APYT OT APyra IUilb KOHeYHEM HICIOM 3JIEMEH-
TOB, T. €. €CIAH MHO7eCTBa

4—(d[|B), B~ (4 B)

romeuns. Torfa cBoiicTtBo 2) OymeT o03Ha¥%aTh, 4To mepecedemue U
¢ JIO0BM pEeKYDCHBHO NEPEYLCILMEIM MEOMKECTBOM 60 KOHEIHO,
aubo pmouTH cospapmaer ¢ U.

Muoacecmeo M Hasvéaemcs MaKCUMA.IbHBLYL, €CAU OHO CAMO PERYD-
CUBHO nepequcaumMo, a €20 donoanerue cacamo.

113 3Toro ompepeieHusA HEDOCPEJCTBEEHO BIJHO, ITO PerypCusiio
nepewucaumoe xmuoxecmeo M, uneoujee Gecroneunoe Jonoanenue, Mak-
cuMa.bHo mozda u moavko mozda, koeda xancdoe codeprcawyee M peryp-
CUGHO nepewncalLmoe MHOXcecmeo audo nowmi coenadaem ¢ M, aubo
nowmu cosnadaem co 6ceM Hamypasvubi padox.
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feno, YI0 Kaskmoe MaxcuMalbloe MHOJKECTBO 1pocro. UdparHoe
jeBepHO: MOAKUO 110CTPOUTh LPOCTHE MHOHECTBR, He ABIAIONIEECH
\aKCUMAJbHEMIT (c. 3afazy 19 B Komme sroro maparpada). Ilostoay
BOLPOC O CYIIECTBOBAHIN MAKCHMAJIbHEX MHOHECTB HMeeT CYL[eCTBEH-
Hoe 3HAUEHHE MJA TeoPUH DPeKYPCHBHO HePeYHCHHMHX MHOMKECTB.

Teopema 1 (@pupbepr [1]). Marcurasvhue perypcusno
nepeLucAUMbe MHOKHCECER CYUJECMEYI0OMm.

YraKeM 2dderTHBHEE Dpomece HOCTPOGHHA IO HIaraM HeyOHBalo-
iieil MemoYRH ROHEYHRX MHQIKECTB

g=MCMCM'C...CcM'c...

oObequAeANE ROTOPHX M u ORasKeTcd MAKCUMAJNBHEIM MHOMKECTBOM.
BeemeM paAf HYRHEHX DoEATHH. IlomosKmM Dit ={D (i 0),..,
..., D (i, t)}, e D (i, n) — yHABepcadbHAas DPeRypcUBHAA QYHRMusA
A Kiacca OFHOMECTHHIX NPHMATHBHO PeKYPCUBHHX QymRmuit. Ode-
BUHO, Dg gD} c...C Df; ... n D= lin ABIAeTCA He=

LYCTHIM DPERYPCHUBHO DEPETUCAMMEIM MHOKECTBOM 1 BCAKOE HEIYCTOe
PEXYDCHBHO IIePOTUCIUMOE MHOMKECTBO COBHAflaeT ¢ HeROTOPHM .[);.
3ameTuM, 9TO COrMacHo I 5.1 D= D; = {0},

Ianee, oDpefeduM n-wmam 4UcAad Z HA MAare ! KaK KOHEYHYIO
10CIE0BATEABHOCTD Qglly « » . Wy HYTeH H efUHEN TaKyI0, YT0

¢ ,
v — { 1, ecmt z=D; m i<t
i ' ,
0, ecau ze;Dﬁ wim i > ¢,

rpe 0 ig n.

3aMernM, uTO MJIA BCAKOTO n 3> 0 uMeerca Bcero 2™ pasmmummx
n-IITATOB. Y HOPAAQYEM UX, CIATAA N-IITAT ClgCly . - » Gy MEHDIIE n-IITA-
1a PoPy .. - Pn, €CHAM CYyLlecTBYeT { < n TaKoe, YT0 HpPH Beex j < i
umeeM a; = B, Ho a; =0, a f; = 1.

OTMeTHM fiBA OYeBHAHKX CBOHCTBA n-MITATOB M UX YOOPANOYEHUA:

(a) opE QUKCUDPOBAHAHX n U z HpPH I; < {, n-mTar Tucia z HA
mare i, He MeHbBMIe¢ n-IITaTa 9HCJIa T Ha HIare I,

(6) eciu npp (HKCHPOBAHHOM mare f, (UKCHPOBaHEHX Z, Y,
m < n m-OTar YHCiaa z OOJBOIE Mm-IITAaTd Yucla Yy, TO H n-ITaT Iucia
« Oyfier GoJdbIIe n-OITaTa THCIA Yo

Haxronmen, aam DorpebyeTcs COICOR &g, 4y, . . . BCEX HATYPAAbHEX
ulcen, T. €. ay = &, 4 TakKe HaDoD MapKepoB |z |, z > 0.

Ilepen marom 0 KayKpAEIT MapKep J:ILCOHOGT&BHM qyexy z, M™l= (.
OpfcamHme NpoOmecca. Iazt K mary ¢ mocTpoero MHo-
skectBo Ml 1 MapKepH In ,n=20,1,..., comocraBiesH COOTBETCT-
penmo Tnciam o) B mocaemoBatembmocTH g, 4, . .. Ha mare ¢ BH-

YHCIIAeM DJIEMEHTH MHOFKECTB Dti ma i< t. Janmee HmeM HauMeHBIIee
m < t, a 4JdA Hero HaUMeHbIIeE n, m < n < f, TaKdoe, IT0 Ha mare f
m-mTaT 4Icia agl) MeHbIIe m-INTaTa THcia a,(f’. Ecan rarmx 4ncen

. - t+1) __ (1
HeT, T0 Boe MapKepH 0CTABIseM Ha NPEKHEX MecTax, T. 6. aly ) = all),

nomaraes Af!= 31! u mepexomum k mary -+ 1.
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B nporsBHOM caydae copepliiaeM onepanui: 1) KayKapii Maprep l Icl
Ang k> m CODOCTABISEM HIICIY aﬁn_m, T, €. I0JaraeMm a%.t“) =

t ] t
=a{) _:2)pceuucaa af) pux m < k < n 0cBoGOMKAAGM 0T MaDKEDOB
u mobapmsem x ML 1 e MP= M1 (&) |m < k<Y
3) mepexogum K ciemyiousemy uwary ¢ -F 1.

dpdexruBrOCTE Hpouecca obecednpaer HaMm (B cHIY Tesmca U8p-
4a) DeKyDCHBHYI0 HepevmcimdocTb MEOKectBa M == U M, Ilo mocr-

¢

poeruio M COCTOMT 13 YHcedl, HOTePABMUX MapKepH, HanpoTne, M’ —
U3 YHCeN ¢ MapKepaMu (T. €. MApPKHPOBAHHHX YLCeX).

Ocraerca DoKasaTh, 970 MHOMKecTBO MM’ oflafaer cBoficTBaMu 1)
1 2) u3 oHpeeNeHUA CHKATOFO MHOKECTBA.

JeMmma 1. Muoxecmeo M’ 6eckoneurno.

IocraTouBo DoRasaTk, 4To MOA0KeHIe KA/KAOTO MapKepa |m | cra-
6nausupyerca opu pacrylieM . Tak Rak Dy = Dé = {0}, ro mMapKep
]Ol HW OPU KaKoM ¢ cgsurarhbes He 6yfer. Ilocae Toro Kak modoykenus

MapKepoB IO', ,1, s ey ‘m — 1, cTabuan3upoBauch, MapKep ,m,
MO7ReT HePeMemIaTbes JAMb K YUCAAM €O Bee GOIBIIIME m-IITaTaMi.

Ho m-mmTaToB TONbKO KoHeYHoe THcH0. IIo3ToMy HOMO/KeHue | m | Dpu

RocTaTo¥HO GoMbmIMX ¢ TaKiKe crabmausmpyercs. lirak, MapKuUpOBaH-
HHX 9mcell OecKOHeYHOe MHOMKECTBO H M’ GecKOHEYHO.

JTemma 2. Jaa 6cak020 PeEypCusHo nNepetucAuM020 MHOIECMEA
aubo D () M', mbo D’ (| M’ roneuno. :

Ecmr D = g, 10D | M' = @.Ecm D == @, 10 D = D, gaa
HEKOToporo n. MuKcupyeM n.

ToBopuM, 49T0 9ECIo z OCTAHABIAUBACTCA B n-TNTaTe O, €CIH, HATU-
Haf ¢ HEKOTOPOTo Imara ¢, n-IITaT 4mcia z ecth Beerma. Ilo coicTBy (a)
RayKgoe £ € M’ Opu pacTyILeM ¢ 0CTAHABIMBASTCA B HEKOTOPOM n-IITATe.
Tak rak M' GecKoHETHO, TO CYIIECTBYeT n-HITAT, B KOTOPOM OCTAHAB-
auBaercAd 6eCKOHEYHO MHOTO 3JIeMeHTOB 113 M . JIoKasKeM, 4T0 He MOKeT
GriTh Gollee OIHOFO n-IITATa € TAKHM CBOHCTBOM. [\ ONycTUM NIpOTHBHOS.
IIycte o — HauMeEbmmil M3 TaKuX rn-mraToB u f (o < f) — mpyrod
n-TTaT, B KOTOPOM OCTaHaBIHBAETCA GECKOHEYHO MHOTO SJIEMEHTOB H3
M’. Torfa cymecTBYWT 9HCAA 4, b, m, p Takue, 40 n< m < p B
a, b — OROHYATEeABLHKE HOJOMKEHNA MapKepOB [m| U |p | cOOTBeTCTBEH-
O, @ OCTAHABINBAGTCA B n-IuTate o, b — B n-mrate P. Ha focTaToumo
GoapmoM TNare ¢ BEIACHUTCSH, YTO /2-INTAT 9HCIa ¢ MEEBIIe n-INTaTa IHC-
a1a b. Torfa po cBoficrBy (6) H m-mTaT uncida ¢ MeEBIIC m-HITATA YHC-
aa b. ITodToMy MapKep ’m ROMAKeH Ha KaKOM-TO mare !, cABHHYThCH,
YTO MPOTUBOPEIHT BHBODY a.

HtaR, DOYTH Bee vicia u3 M’ ocTamaBiAOBAJOTCH B OXHOM I TOM JKe
n-mraTe Ogly . . - Op. Temeps Dy (| M’ unn D; (\ M’ KoHEYHO B
33BHCHMOCTI OT TOro, 6yAer iU @, = 0 man «, = l.

TariM o6pasoy, M ' — ¢KaToe MIOEKecTBO I M — MaKCIIMAaJbIoe
MHO7KecTBO.
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JlononEe M, HPUMEPH U 3afaYH

1. Ecan o — 9HCA0BOE MHOKeCTBO, TO depes f (o) Gymen 0Go3Ha-
yaTh MHOKECTBO 3Ha¥eHHH (yEKOWA f (z) Opl z € o. Ecau obmepe-
kypcuBHAaA QymKmuA f (z) ocymecTBIAET OXHO-OXHO3HAYHOS 0TOGparKe-
jfile HATYPaJbHOTO DAfa HA CBOIO 3acTh, TO U3 KPeaTMBHOCTH (IMPOXyH-
TIBHOCTH) O, BHTEKAaeT KPEaTHBHOCTE (HPOAYKTHBHOCTH) f (&).

2. Ecau w3 OPOLYKTHBHOTO MHOMKECTBa BHYeCTh KaKoe-HAOYAb
coplep:KRamieecAs B HeM PEKYDPCHBHO IePeTuCIAMMOe MHOKECTBO, TO 0CTa-
JICTCSL CHOBA HDPOAYKTHBHOE MHOKeCTBO., ECIM K KPeaTHBHOMY MHOMKE-
¢TBY no0aBUThH He IepeceKaromeecs ¢ HEM DPeKYDCHBHO HEPEIHCAHMOE
MIIOKECTBO, TO HOJXY9uTCA KpearHBHOE MHOKECTBO.

3. CoBOKYHDHOCTE IOCTOBCKMX HOMEDOB OFHO3JIEMEHTHOTO MHOKE-
crsa NPoAYKTHBHA., COBORYUHOCTH DOCTOBCKAX HOMEDOB BCEX DERYD-
¢HBHO DEPEeTHCIAeEHNX MHOKECTB, OTIMIEHX oT MHOKecTBa {0}, TarmKe
ITPOLYKTHEBHA.,

4. Hocrpourh DPOAYKIHBHOE MIOMKeCTBO, AODOJHEHHE KOTOPOTO
TaKe HPOAYKTHUBHO (CM. IPENEAYINYIO 3afady).

5. Hampmoe OecKomedHOe DEKYPCHBHO HEePEYUCIAMOE MHOMKeCTBO
COLEPIKAT HPORYKTHBHOE MOAMHOKECTBO W KPEaTHMBHOE IOJMHOMKECTBO.

6. Ecni uMMYHHOe MHOYKECTBO O, 7R-CBOJHTCH K MHOKeECTBY P, TO
) He Bcerja MMMYHHO, AHAJOIMIHOE BEePHO M [JIA HDPOCTHX MHOMKECTB.

7. KRampoe GeCKOHEYHOE PEKYPCHBHO IepeducHuMoe MHOMKECTBO
COAEPIRET MMMYHHOE DOMEOMKECTBO.

8. PeKypcuBHO TIepeddciauMOe MHOKECTBO HA3HBASTCA Me30UY-
nwi, ecdd OHO HE PEKYDPCHBHO, EW KPeaTHBHO, HH OpocTo. J[0KasaThb
CYIecTBOBAHNE Me30H4HHX MHOMecTB (Jekkrep [1]).

9. Kampoe HepeKypPCUBHOE PEKYDPCHBHO IePEYMCANMOe MHOMKECTBO
CCTh CcyMMa [BYX HeDepeceKaiOmuXcA HePEeKyPCHBHEMX PCKYDCHBHO
nepeuncamMex Muoecte (P pupxGepr [1]).

10. Jacmuunoli npodyrmusnoii Pynryuei RIS MHOKCCTBA O
NA3EBAETCA YACTWIHO PeRypCHBHAA QYHROUA p (n) Takad, uto T, &
o =sp (n) ompegeiero u p (n) € & — Wy,

Eeau o umeem wacmuunyno npodysmusnyino @yuryuw p (n), mo o
uMeem u o6 weperypcugnyio npodyrmuenyio Hynryuio, T. 8. G DPOAYE-
TBHO. [eficTBuTeNnHO, IIYyeTh O — 00JAacTh  oIpefigiesns p (n).
pegnrar y € 6 & (z = p (y) \/ z € @,;) DPERYPCHBHO MEPEUNCIOM.
o reopeme o mpegerandeEnn (m. 7.3) naiigercsi oGuiepexkypciiBHAs
Dhyvormus f (y) TavaA, 90 y €S &z =p(y) VxS € Thy)-
Otcioga caefyer: 1) n ¢ 8 = Ty = TnU{p (s 2ngd= Ty =
= 3) n ¢ 8= p(f(n) ompemenena. Tarmm oBpasoy, obmacTu
omipegeaerns p (z) I p (f (z)) B cymme gator N. Bepem o0meperyp-
CUBHYI0 GVHERnWo g (z), 3EaYenms KoTopoil ¥acThio cOBHANAIOT ¢ p (z),
TacThio ¢ p (f (z))(cM. m. 7.3, Teopema 3). Tar waxk p ¥ pf JacTEIHO
NPOXYKTHBHEB AAA &, To £ OYyAeT HCKOMOH NOPOAYKTHBHON (QYERmued
s q.

11. TlomMmHO:KecTBO [ IPOAYKTHBHOTO MHOKECTBA € Ha3HBaercd
npoldyrmusensy yenmpon o, ecan P = {p (z) [ 7, & o} AIA moAxo-
TAMmelt YacTITYEO DPoAyKRTEBHON GVEROAH p () mng o. IlokasaTs, 9TO
°ean f — [POAYKTHBHEI IeHTD HPORAYKTHBHOTO MHOMECTBA 0o, TO
% o0mafacT m TAKMM HPORYRIMBHEIM IEHTPOM Y, 410 P C 61 § — v
fecromenno. TloKasaTh, UTO Ra:KNMOe HPOJYKTIBIOS MITOMKECTBO IMEET
‘0foe KOHEYHOE YHCAO MOUADHO HE NepeceKalomuxcst NPOAYKTIBHAIX
UeBTPOB, )
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12. MHOXeCTBO O MPOAYKTUBHO TOTAA W TOABKO TOTGA, KOTAA CY-
mecTBYeT Takad ofmepeRypcHBHEAA QYHRums f (z), 31O

fz) € (@ — 7)) U (e — @)

fLJI]ﬂ BcexX 3paueHMd z (Madxuu, cp. D pugbepr o Pogmxepe
1D.

13. TlepecegerWe DPOXYKTHBHOLQ M HPOCTOFO0 MHOKECTB €CTh MHO-
sxecTBO DpofykrusaOoe ([ @ kx X e p [2]).

14. Amanns goKasaTelnbCcTBA TeOPeMH 3 u3 . 8.2 HeHOCPeACTBEHHD
OPHBOSET K CAEfYIONINM DeayJlbTaTaM, HECKOJbKO 0oliee TOHKHM, deM
cama TeopeMa 3. MHOMKeECTBO O HA30BEM caab0 npodykmusHbiam, €CIH
IiA HEro CYMECTBYeT TaKas obumiepexypcnBoag QyHRmuA f (z), 910

a) T = J=f(z) € a,

6) (%, OHOBIEMEHTHO T I, & o) = f (z) ¢ M.

Tlorasarp, 9T0 KajkHEOe DPeKYPCUBHO HePEeUNCINMOe MHOMKECTBO M-
CBOTEMO K JOHOJHEHHI0O HpPOHSBOIBHOIO c¢jiab0 HPAYKTHBHOTO MHO-
7KeCTBA H HOTOMY KarKmoe ciaG0 DpPOAYKTHBHOE MHOKECTBO LDOAYK-
THBHO. ’

15. IIycrs Bce MHO7KeCcTBA HEKOTOPOro ceMeifictBa & HMEIOT OfEY
H Ty ke caabo IpopyRraBEYI0 QyEKmEI. Torma |

a) cymeCTBYeT QYHRmNs, DPOAYRIABHASA OJHOBPEMEHHO A Kark-
HOTO MHOKecTBa H3 ©;

6) mepeceUeEme BCOX MHOMECTB U3 & mPOXYKINMBHO,

B) o6bemmEEHIE BeeX MHoKecTB I3 & mpogykraBEo (CMadIpa®E
[11, c. 101 (c. 148—149 pycckoro mepeBofa)).

16, Kampoe PpeRYDPCHBHO NepeINCIEMOe MHOKeCTBO, MMelonee
OecromeYsOe MONOJHEHNE, COREP/KHATCA B HEKOTOPOM IPOCTOM MHOMe-
cTBe. Bepmo Ju, 9T0 KaKfgoe PEeKYpPCHBHO DEpeTUCIMMOE MHOJKECTBO,
mMeloniee 6ecKOHEYHOE [NONONHEHIE, COXEPKUTCA B HEKOTOPOM MAaKCIi-
MAJBHOM MHOJKECTBE?

17. Cormacro 1. 7.4 y-HoMepoM (CTAaHEADPTHEIM HOMEPOM) KOHET-
HOTO MHOJKECTBA, COCTOAIIEr0 M3 IHCeN ¢ < €y < . .. < Cpp, Ha-

sHBaercs gmeiao 2% -+ 2% L, o'm_ g y-HOMEPOM IYCTOTO MHO-
skectBa HasmBaercsa 0. CioBaMmu yn, stn 0603HaZaloTcs KOHETHOE MHO-
7KECTBO, MMEIOUIee CTAaHAAPTHEIT HOMED 7, I COOTBETCTBEHHO PEeKYPCHB-
HO HEePeYICHIMoe MHOKECTBO, HMEIONee HOCTOBCKHAIT HOMED n.

BEeCKOHEYHOE MHO/KECTBO G HA3LIBAETCH 2uUnEPUMMYHNRM, eCIM He
CYmecTBYeT HII OfHOH ofmepeKypcuBHOH QymrmEm i(z), AA8 RoTOpOi
Bce MEOMecrBa Vi (0), vi (1), . . ., yi (n), . . . moTapHO "He IepeceKraloT-
¢ B KasKmoe AMeeT XO0TA OH O WH 9JeMEHT I3 .

DecKomeYBE0e MHOMKECTBO O HABHBAGTCH 2unepsunepUMMYHHBLAL, 6C~
JIn He CYmecTByeT HI OFHoMNt o6mepexypcEBmONl QyHKOMN i (z), mia
Kotopoil amoskecrBa =i (0), =i (1), . . .. @i (n), . . . DOMApHO He Hepe-
CEeKal0TCs, KORSYHH I KajK[0e I3 HIX HMeeT HellyCcToe MePeccuenIie ¢ o.

MHBOAeCTBO @ HA3hBALTCA 2unepnpocmuy ML 2unepzunepnpocmeLy,
eciD 0. PEKYPCHBHO HEPEYNCIIMO, 4 er0 TODOTHCHNC o' IHIePHEMMYEHO
HIA COOTBETCTBEHHO THHEPTITHEPHMMVHHO.

IlorasaTs, 4T0 KaKgoe THIEPIHOEPIPOCTOe MHOKECTBO THIEp-
TPOCTO, & FPHNHEepHpocToe HpocTo. J[oKasaTh, YTO Bce MAaKCHMAJbHEIS
MHO/ReCTBA rHmeprupmepupoctil (O pnxbepr [1]).

18. HocTponTs MaKCTMaJbHEE MHOKECTBA o, P, OTIMIaIoNiHecH
GeCKOHEYHEIM MHOYRCCTBOM 3716MPHTOB (HAWpPIMep, NPIHATH BO BHMMA-
HIe, 9T0 [ONOJHEHNEe MaKCIIMAaJIbHOTO MHOKecTBA COCTOHT TG0 TOYTH
TedTUKOM N3 YeTHHX, JHAGO MOYTH JENIROM H3 HEYeTHHX TIHCEel).
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19, Ecau MakcuMaibHEIE MHOKECTDA O, [ OTIAMYAIoTCS OecKOHed-
(L3 MEOZKCCTBOM THCell, TO HX IePecedeslle IIIePruIepIEpocTo, HO He
svarcmyaneEo (Eire [1]).

20. Ecam peKypclBHO DepeYuciInMoe MHOKECTBO O HE THIep-
[LIIePIPOCTOE T 6T0 fonodHeHNe o GeckoHETHOS, TO Halljercs TaKas
o0uiepexypcuBnas QyEKmuA j (z), d9ro HDoclemoBaredbHocth =j (0),
aj (1), . . . Oyper cocroATh U3 HoNapHO He HePeceHarmnXcA MHOKECTB,
raskgoe 13 KOTOPHX umeeT Gecromednoe mepecezerne ¢ o’ (EifiTc [1]).

21, CymecTByer rHOepOPOCTOe MHOKECTBO, HE ABIAIOMIEECH TH-
1CPTTIIEPHPOCTEM,

22. Hpamunr nepecuemor (i Tpaccupylomeidl Qymrmued) mmo-
sRecTBa O, Ha3HBaeTcA QYEROHEA f (z), HepecIUTHBAIONIAA DIEMEHTH o
cTpOro B IIOPSfKe DX Bo3pacTaHds. WHade TOBOPA, M4 GeCKOHEYHOTO
o f (r) — MOHOTOHHO Bo3pacTalmas (QYHEKOMA, COBOKYDHOCTb 3HATE-
witil KoTopoil coBmanaer ¢ a. Ilokasark, ¥To 00IIEPEKYPCABHEIM IPAMEIM
1icpecgeToM 06aanaloT GeckoHeYHEe PeKYyPCUBHEE MHOKECTBA I TOIb-
KO OHH.

23, ToBopsar, 4ro QYHEROHA g (z) masxopupyem QYHRUMIO f (z),
eCIlif cYNiECTBYET TaKoe a, 910 g (z) 2> f (z) 1A z > a. JloRasarb, 4TO
PEKYPCHBHO HEPEYHCIInoe MEOKECTBO ¢ THIEPIPOCTO TOTAA 1 TOIBKO
Torga, KOTfa ero JolojHeEne o GecKoHeuno M HPAMON mepecier o' He
MaAopupyeTea HEuKakoit ofmeperypeusmoii ¢ymrmueit (VY ¢ n e B-
crui [2], Pafic [3]).

24. ToBopsT, wro 9acTWiHO peKypcmBHAA QyEKDHA f (z) pempac-
cupyem MHOMECTBO O, €CIH AJA RaKAOTO z € o a) 3HadeHHe f (z) on-
pefieseno; 6) ecyd 4uciio z He MUHMMAIBHO B &, T0 f (z) ecTp OGumsxali-
ice MeHbIIEE B o) B) €CIH £ MUEAMATIBHO B &, TO f (z) = x. MHOKecTBO
7 HA3HBAGTCA pempaccupyeibin, eClH CYIIeCTBYeT XOTA OH OfHA vac-
THYHO peKypelBHag (QYHROHA, pPerpaccHpyoMas o.

Myers uiena ay, ag, Gg, - « +y Gps - « - YAOBIETBOPAIOT YCIOBHAM
I<Ca <9, 0 <9 (i=1,2,...). Ilorasarp, 970 MHOMKECTBO
0 = {ag, 10.aq + a3, 10%ay 4 10.a; + ay, . . .}

peTpacenpyeres QynRmmes
z, ecan  O0<<a<9,
0 a.

f@) = [%], ecant 1

Tanum ofpasoy, gymrmns f () ABaAerca perpaccupyiomeil fAid Kod-
TUOVaABAEQTO YICAa MHOMKECTB O.

[Toraszark, 4910 KasKgoe DPeKypCIBHOE MHOZKECTBO DerpacCupyeMo
I YTO Kaskfloe PETPACCHPYEMOe MHOKECTBO PEKYPCHBHO NI IMMYHHO
flexrep uMaitxoma [2]).

25. Haskpoe perpacclipyeMoe MHOMECTBO, IMEOmee PeKYPCUBHO
fiepedneanoe KoNnodHerne, IAH PEKYPCIBHO, INIA THIEPHMMYHHEO (CM.
jajauy 23) (Mexrep o Mafixma [2]).

26. PeKypCcHBHO HepednciIMoe MHOMKeCTBO O IMEeT perpaccupye-
MUe omoJIHeHIle TOPAA I TOJBRO TOrAa, KOrAa CYIIEecTBYeT obliepeKyp-
CuBmag QyEKmEA 7 (z) TaKas, IT0 MHOMKECTBO ¢ ABIAETCHA COBORYIHO-
CTbI0 TeX 3HAYEHNN z, A KOTODHX HEpaBeHCTBA

Yy Sy &y>z

IMe0T HeKoTOpoe pemerme ¥ (npedcmassenue E fiTca [1]).
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27. MEOMXecTBO o THISPIUIEePIPOCTO TOF[a H TOABKO TOTfAa, KOTHa
0I0 PEeKYPCHBHO LEPETHciNMo, ero gomoiuenue o OecxoHeuno u of
He COfIEP7KNT 0eCKOMEUHLIX PetpacclpyeMux nopMuoKects (E i T ¢ [1]),

28. Tabauunas ceoduxocmo. G amropursndeckoll TOUKI 3peHmA
mM-CBOMAMOCTL MHOKECTBA ¢ K MIOKCCTBY [ 03HAUAET DCTIEHOCTD s
HEROTOPOil ofmepeRypeuBHOM QYHRIuE f (z) caefylomero Ipexiuca-
HHUA: ecIH XOTHTE 3HATH, PACHOIO/KEHO ICIO z BHYTPH IJIf BHE MHO-
sRecTBa o, TO Haiifgure f (v} 11 y3galite pacmoxoskenue f () OTHOCHTENE-
80 B. Ecan f (z) sEYTpH f, TO = BEYTPH a; ecau ke f () Bre P, T0 z
BHE Q.

Bop sToro mpemumMcaBNA Jerko oGobmaercs, HaODUMED, CIERYIO-
mus 06pasod: ecld XOTHTE 3HATE, KaK PACHONOKEHO Z OTHOCHTENBHO o,
BEUCINTE 3HAYEHNA ABYX DPeKYDPCHBEHX QymEmuil f; (z), f, (z) O Doc-
MOTpHTC, KaX OTH 3HA4YeHNA DACHOJOMKeHH OTHOCHTempEO f. Ecam
f1(z) EP &S, (z) €P, T0O 2 € @, a B oCTANBHEX CAyIaAx z § «.

Ilocnemmnit Kpmrepuil MOIKHO H3MEHHTH, KOTpPe6oBaB, YTOOH
z€oa Ommo p caysaAx [ (z) B &fa(z)ef mam f; (z)EP&
& f, (z) ¢ B, a B ocTamBAEKX CJIyuaAX yTo6H OmNO z ¢ a.

Iimacc paccMaTpPUBAaEeMHX OPeNUCAaBWi MOKHO eme PacIIHpHTh
nyTeM samaBEEA n QyEROUE f; (z), .. ., f (%) @ YCHOMHEHUS COOTBET-

LI 1X KpHTePUeB BXOMGHUA z B o (TaOIum mcTmEEOCTH). Bee sTH
ppenoncanus Gsau masBamel II o ¢ T o M [3] mabausnunu ceodumocma-
au. fcHO, 4To BMECTO 3aJAaHAA n QYEROHHE MOMEHO OTPAHHIATHCH M
safaEmeM Jumb ofHOHN QyERmuM z (2) =I[n — 1, [fy (), . - ., fn (],
m — 1]. Torga smamme z (f) AaeT He TOJABKO WMUCIO n, 3HAYCHAS
f(®), -+ - fn (£), HO 1 HOMED m COOTBETCTBYIOMeH TaOMUIEl MCTHHHO-
cTd. I370MKeEHO® MOKHO DPe3IOMHDPOBATh B CIeNyIOIeM (opMalbHOM
oL pefieneHy.

VeaosuMcesa TOBOPUTE, YTO THCIO0 T mabiuyio ce0dumo R MHOKECTBY
B (cmMBommuecku P |=; z), ecliu B pPe3yabIaTe CASHYIOMUX BETHCIE-
HHI:

1) mmem wucaa n = [zlg + 1, y = [z, m = [z]33 + 1, THE
[z];; — mymepanuonnre QYEKmUE m3 I, 7.1 (AIH COOTBETCIBYIOLIME HB

. 3.3);

2) mmen witena & = X ([¥las)s - ., &8a = % ([ylnn), THE % —

XapakrepucTrieckas QYHKUIA MHOKecTBAa f;

b

3) HaXOmmM YHCIO U = €; - €p¢2 4 ... - 8,271 u, HpegcTaB-
das m B Bmge mo= 2% -k oMb 9%y Cu L < ug)y
HAXOMUM YHCTA Ug, Up, - - - I
— omasRercs, 4T0 u € {Ug, Uy . . ., Ush

MHOKecTBO O Ha3HBAETCH TAOGNAYHO CBOMUMEM K MHOKECTBY P
(caMBoImIecKl O <(y P), eclu cymecTByeT TaKas oOImepeKypcuBHAA
dymrnus f (z), uT0 z € & & B [=¢ f (z) (A8 KaEHOTO 3HAYEHHS z.

Ilokasath, IT0 OTHOIEHNE TAOADYHOE CBOMHMOCTH DedieKCHBHO,
TPAESHTIBHO I IT0 13 M-CBOJUMOCTH BHTeKaeT TabaITHAS CBOAUMOCTE.

29. ToBopsAT, YT0 MHEOJKECTBO 0. CBOAUTCA K  Tabinmarm MEpHH
w, ecaD CYmeEcTBYeT Takad obmepeRypcmBHAsA QYHKOHA f (z), UTO
zeaoBl=;f@) o lf(@ln+ 1< w aIs KOKIOro sHaveHEA .

Ecim MHEO/ECTBO o CBOANTCA K f Tabimpmamu mMHpuEH v, a f cBO-
FUTCH K P Ta6IunaMIf MIPUEK ), T0 6 CBOXHTCA K |} TaOIAmaMy MOpHEE!
vw. 13 1M-cBOMHMOCTH BHITEKaeT CBORHMOCTH TA0MODOIAMA ITHPHHEH 1.
Bepno am ofpaTHOE? -

30. Ecnm o TabIugEO CBOAIMO K DPEKYPCUBHOMY MHQJKECTBY, TO &
PeRYPCHBHO.
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3{. KpcaTnBHHE MHOKeCTBA TA0MUYHO CBONHMEI K IIPOCTOMY MHO-
ectBy Tlocra, moctpoerroMy B 1. 8.3 (IToct [3D).

32. KpecaTHBHEe MHOKeCTBa He CBOAUMEI TabJIMHO K ITtHeprpo-
et mEOskectBaM (Lo ct [3]).

33. MEoyKecTBO O HA3BIBAETCA 02paHUuernHo MabAUUILO CB0OUMBLAM
K MIIOJRCCTBY f, ecii [is HeKOTOPOro w o cBogmMo K P raGunmamm mmu-
pust . [T1KaKoe KpearHmBHOE MAOMKECTBO He MOKeT OHTb OrpaHHYeH-
o TaGANMIo CBOAMMEM K mpoctoMy MuoskectBY (II o ct [3], c. 304).

34. [ycrs o obosmavacr cOBOKYHHOCTH HOMEPOB n-oK ¢ 3ieMeH-
raMi u3 . ITorasath, 4To o™ cBOEUTICA K ¢ TaONMIaMH IMMDUHE 7.
CyulecTBYeT TaKoe DPOCTO8 MHOJKECTBO O, IT0 o2 K ma, o® L ma?, .. .
(2 <€ mp o3mauaer, 9o o He m-cBomEMO K B) (P mmep [1]).

35, Cormacao CMalbgHy HMMYHHO® MHOJKECTBO 0, Ha3HBaercs
afiermueno ummynHbMN, SCIU CYIECTBYeT TaKad IaCTUYHO PEKYPCUB-
yrast QYEROUA f (), I10 AAA KaKIOI0 3HAUEHAA z: 8CHE JZ COlePIKUTCA
B . To f(r) OMpPeReNeH0 m KoMMYeCTBO YHCeN B ftz Membile f (r). Pe-
KYPCIBHO DEepevHciHMoe MHOKECTBO IasbiBaeTcsa afifiekmugho npoc-
mu.x, ecli ero jomonHeHWe 3dderTHBRO mMMymHO. IloKasaThb, 9TO
lioeTpocnHoe B 11 8.3 mpocroe muoxectBo Ilocta agderTuBEo mpocTo.
Tlamjoe agdeKRTmBEO DPOCTOE MHOIKECTBO Ipocto. CymecTByoT mpo-
i' r]me MHOKecTBa, He aBiAlomumecs dpdekrmsHO BpocteiMu (G a Ko
th.

36. Tlora3arh, 9TO HepeceuIeHME [BYX HPOCTHX MHOQKECTB €CTh
HPOCTOe MHOMKECTBO, o0hefuUHEHMS [BYX NPOCTHX MHOMKECTB mIH00
upocro, AHGO FMeeT KOHEIHOE JOHONHEHIIe, CYIMeCTBYIOT ABa HPOCTHX
MITO’KecTBa, OOTheffHeHRe KOTOPHX COBUAfaeT €O BCEM- MHOKeCTBOM
HATYPaJbHEHX YHCed. Te yKe yTBepA/IeHHA HMEIOT MECTO0 W AJA rulep-
upocTHx MuomectB (lexxep [1]).

§ 9. Hymepanaa npoa3BoabHBIX COBORYHHOCTEH

B nammom maparpade msmaraloTcs oCHOBEL 06me#d Teopmn
HYMEDOBAHHHIX COBOKymHocTeil 00bexToB. OmHO mpocToe
csoficTBo HymMepanun Human, copMynmposanHoe B aGCTpaKT-
HOM BHe, IPWEAMAETCA B KagecTBe aKCHOME, OIpefelsomein
TAK Ha3HBaeMble HONHLIE HyMepanuu, CpPefd KOTOPHX, IO-
Mo gyMmepanuit Kawmam n Ilocra, mmeercs m pap gpyrax
KOHKDEeTHH X BayKHHEIX HyMepanmil. Bosee geTallbHO M3yIai0T-
Cf cBofcTBA HEKOTOPHX CHEeMAAJLHEIX HYyMepamuil ceMmeHcTB
PeKYDPCHBHO HMEPeIMCIAMMEIX MHOKECTB, ITO HO3BOJALT 0TILT-
TrBee BHIENHTH MECTO, 3aHHEMAaeMoe Hymepanmsamn HanHo
1 Ilocra cpegm APYTAX BO3MOMKHLIX HyMmepamuil COBOKYIHOC-
Tefl gacTEIHO PEKYpPCHBHEIX PYHKOEH H MHOKECTB. B KoHIe
naparpada paccMaTpHBaeTcs HOHATHE PeKYDPCHBHOH HeoTme-
THMOCTH MHOKECTB, CBABaHHOE ¢ HyMepanWAMH I HTDAIINee
3aMeTHYIYposIs B TEOPHHM PeKYPCHOBHLIX (QYHKIWI.

9.1. MsomopPnay n sreHBAICHTHOCTH HYMepamuil. ‘Hy-
Mepayueif @ .cOBOKynHocTn 06bexToB U HaswBaeTca oTodpa-
ieHHe HEKOTOPOT'o MHOKecTBAa N HATypaJsHHEIX HUICEd Ha
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coBokymHOCTs U. Ymeimo n ¢ Ny Ha3HIBAGTCA (P-HOMEPOM
(mmm mpocTo HOMepoM, eciu (¢ QEKCHPOBAHO) 00BEKTa Qn €
€ U. MuosxectBo N HA3HIBACTCA HOMEDHbIM MHOKNCECMEOM
gymepaquu @. /3 5T0T0 ompefeneHHsa CIefyeT, 4TO KasKmbil
00BeKT HyMepOBAaHHOH COBOKYIHOCTH HMeeT X0Td O ofmH
goMep. Ecanm Kasumsiit 06-eKT uMMeeT B TOYHOCTH OGUHE HOMED,
TO HyMepamusa Has3eBaeTca 00n0-00H03Haunol (mam, Kopode,
00rHosnaunoti). Ecam HoMepHoe MHOKeCTBO N COBHAKAET C
BCEM HaTYpalbHHIM psagoM N, To HyMepanwWs Ha3HBAETCH
npocmoti. Ianee Myl OymeM paccMaTpPHBATH JIHIMIb IPOCTEIE
HyMepanu®, X0TA MHOTHE MOHATHA K TeOPEeMHl JeTKO IepeHo-
carca w Ha Hempoctsie mymepamuu (cMm. Maasmes [3]
U YKa3aHAYW TaM auTepaTypy). CoOTBETCTBEHHO 3TOMY faliee
IOZ CIIOBOM «HYMePAIKsY, €CIH He 0TOBOPEHO HPOTHBHOE, BCET-
Ia MOHMMaeTcss mpocTagd HyMepamud.

ITycre (U, ¢> — HeroTopas HYMepOBAaHHAs COBOKYD-
HocTh U ¢ HyMmepamumeil ¢. BBogEM Ha HOMEDHOM MHOKECTBE
N, = N GuHapHOe oTHoImeHHe 0, moJaras Mo OHmpefeJeHHI0

20y & pr = @Y.

flcEo, uro orHomenme O pedIaeKCHMBHO, TPAH3UTHBHO
M CcEMMETpEIHO. KEro wuHOT[Aa HASHBAKT HYMePAYUOHHOL
aKeusarenmnocmeio m BmecTo 20y mmmyT 2z =y (mod 9).
COBOKYIHOCTH IHMCEJ, SKBUBAJEHTHRX APYT APYTY mo mod 6,
HABHBAITCA HYMepAyUOHHuMU Kaaccamu. VIHaZe ToBODA, HY-
MEpAMUOHHEIME KJIACCAMH HABHBAKTCA COBOKYIHOCTH BCEX
HOMEPOB 0THedbHbX 00BeKToB W3 U. Ecam n — gmeao, To
gepe3 On o0Go3HaTaeTCH MHOKECTBO IHCENT, CPAaBHEMEIX IIO
mod 6 ¢ n, T. e. On ecTH MHOKECTBO BCEX HOMepOB 00BEKTa
on. Cucrema U/6 Bcex HyMepammoHHHIX RIACCOB HAXOMUTCSH
B €CTeCTBEHHOM B3aEMHO 0THO3HATHOM COOTBETCTBHHI C COBO-
KYmHOCTHI0 06BeKTOB U. B KaKOM-TO CMEICIe HyMEpamimo @
MOYKHO CUHTAThH BIOJHE 3aJJaHHOIT, eciy 3aJaHO OTHOIIEHHE 0.
C oTof TOUKH 3peHHmA TeOpHsA HYMEPOBAHHHX COBOKYIHO-
cTeit — 3T0 Teopmsa pedIeKCHBEKX, TPAHBUTUBHEIX Il CHMMET-
PUYHEIX OTHOINEHHH, 3aMaHHKX HA HATYPAaIbHOM DSNe.

T'oBopaT, aro o6mepexypcuBHas ¢pyaxnua f (z) npedcmas-
asem 20Momop@usm HyMepoBaHHOTO MHO:kectBa (U, @) Ha
HyMepoBaEHOe MHO:kecTBo (V, ), ecam f(z) oToGpasxaer
B3aEMHO OJHOBHAUHO HATYDPAJbHHM DAX Ha Ce0s H ecim A

KasRIOBIX Z, ¥
oz = @y =Vf () = Vf (). (1)

M3 ycaosma (1) cmemyer, d9ro oTodpaskeHme f: @z —-
— Vf () ecTb ogHO3HATHOE (B OXHY CTOPOHY) oToGpaskenne U
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na ¥V, Rotopoe, cOOCTBeHHO, B HA3EIBA@TCA TOMOMOPQPHIMOM,
A QYHKDuA f () AUMb «TPEHCTABIAETY 3TOT FOMOMOPPI3M.
fleno, gro ecau f (z) mpencraBiaser roMoMODPPHaM HYyMe-
poBaHHOTO MHO)kecTBa (U, @) Ha HYMepPOBAHHOE MHO;KECTBO
(V, Py, a oyarnua g (z) mpencrasuser romoMopduam (V¥ , )
Ha HyMepoBaHHOe MHOs;kecTBo (W, ¥), To ¢yurnua g (f (z))
npexcTaBasger roMmoMopdusm (U, o> aa (W, %). UHage roso-
P, KOMROSUYUS 20MOMOPHUIMO8 ecTb 20MOMOPPHUIM.
ToBopar, aTo oGmeperypcusHan dyurunas [ (x) npedcmas-
asem usomopgusm myMeposaHHoro MHOKecTBa (U, @) Ha Hy-
viepoBagHOe MHOKecTBo (¥ , >, ecan f (z) oToGpaskaeT B3auM-
HO OFHOBHAYHO HATYDPANBHGIHN pAX Ha cebd W aad KarKIHX

z, Y .
oz = gy & Pf (x) = Pf ().

TaxmM oOpasom, ¢yurmusa f () OpemcTaBIsgeT H30MOP-
$nsM, ecan f npencrasaaer romomopdmam U, o> Ha (¥, P>,
a ofpatmaa ¢yHExmuma [ wpemcraBiafeT TOMOMOPHH3M
V, > ma U, ¢ ,

Hymeposarmele MHOoKecTBa HASHBAIOTCH USOMOPEGHHHIMU,
eCIH CYmecTByeT (YHROHSA, OPEHCTaBIAANIMAT H30MOPOHE3M
UePBOT0 MHOKECTBA HA BTopoe. V3 3aMeTaHuA 0 KOMIIO3UIHA
roMoMop(usMOB CIEHYeT, 4TO OTHONIeHWE W30MOpdmsMa Hy-
MEPOBAHHKHX MHOKECTB pPeleKCHBHO, CMMMETPUIHO U TpaH-
3ATUBHO.

Broga momsaTus romomopdmama m maomopdmaMa, Mu pac-
eMaTpuUBai|, BOOGIME TOBOPA, Pa3IAIHEIE HYMepOBaHHEE CO-
BokynHocTnH o6hekToB. OFHaKo cmygail, Korja cpaBHEBAIOTCA
pasnmIHEle HyMepaluud OFHOTO W TOTO ;e MHOKECTBa, Urpaer
BAURHYI0 poJyib ® Tpefyer HOBHX HoHaATmH. llyere o, —
(upocTrie) EyMepammm ofHOR m To# ke COBOKYIHOCTH 06BEK-
108 . Msr GymeM TOBOPHTH, IT0 HyMepamus ¢ ceodumes
¥ Hymepayuw P (CEMBonmIeCKI ¢ < 1), €CIH CYImeCTBYeT
odmeperypceusHan QyHENOa f (z) Takas, 4TO

oz = Pf (z).

Hysyepamum ¢ 1 1 HaswBaoTCA 9KEUSAICHMHBMU, ©CIH
Ramnas ms HOX cBopmMa K Apyro#. C TOYKE BpeHHA TEOPI
ATTOPITMOB SKBHBAJIeHTHRIE HYMEpAaOUW — 9TO TaKme HYMe-
PamAm, nasi KOTOPHIX CYMECTBYET AATrQoPHUTM, IMO3BOJIIIOIHAR
0 TPON3BOABRHOMY HOMEPY MHGOTO 06BEeKTa M3 OCHOBHOHR
COBOKYmHOCTH B OJHOH HyMepamin HafTH HEKOTOPHI HoMep
TOT0 e oGbexTa B NPYrodl HYMEpAIUH,
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Hynmepauua ¢ Ha3BEBAETCA PeKYPCUBHO UOMOPPHHOT HY-
Mepamun P, eciu CymecTByer ofmepexypcuBHad $yaKnuA
/ (z), orobpaskaonias 63auMH0 00HO3HAYHO HaTypaJIBHBIH pag,
N Ha cebsa m cBogAmasa @ K .

JHayeHNMe MOHATHA K30M0pU3Ma HyMepanii MOKHO HOsAC-
HOTH CciaepylomuM o0pasoM. BBoms HyMepammio @ COBOKYI-
goctn U, MBI, eCTECTBEHHO, HAYMHAEM CMOTDETh HA HOMED &
00BeKTa (2 KaK Ha ero KOODAWHATY B KOODZMHATH3AMUE (.
Ilepexon or Hymepamum (¢ K HyMmMepanuw 1 o3HadgaeT, ¢ 9TOMH
TOUKH 3PEHNA, IEPEXO0X OT OFHOH KOO PEMEATH3ANNY K JPYTOH.
Kaxwe jie KoOpguHATH3ANAK CIHTATh pasHomeHHEME? C aj-
TOPUTMAYECKO TOYKE BpeHHmsa Hauboiee «pPaBHOMEHHHIMIY
CHeyeT CIMTATH H30MOPPHEE, TAK KAK B HTOM CIydae yIo-
MAHYTas BHIIE QYHKNUA f () AaeT anropmT, nosBonmom;nn
10 COBOKYIHOCTH BCEeX HOMEpOB 00beKTa B OQHOH HymMepamum
HAXOQUTH He OFUH HOMED, a BCe HOMepa TOro jke 00beKTa B
Apyroil mymepamum.

M= BBedm fBa moHATHA H30MOPQU3MA: H30MOPPHESM JABYX
HYMEpOBaHHKX MHOKECTB U M30MOpPPm3M HyMepamuil ogHOTO
u TOTO ie MHo:xecTBa., Crnegymomuail IpuMep mOKASKBAET, ITO
STH MOHATHA CYMeCTBeHHO Pa3IHYHELL,

ITycre cemeitctso U cocToUT U3 BCex HATYPATBHEIX THCEJ.
Tosxpecrsertoe orobpayxerme U Ha U 0003HaIUM dTepes .
C mpyroit cTopoHs, mycTh QYHKnUA g (%) 0CymecTBiAeT B3a-
AMHO OFHOBHAYHOE 0TO0pakeHme HATYPANbHOTO PAfA HA ce-
67, Ho He ABIAeTca pekypcusHo#. DopMmyno# Pz = g (z)
BBOJZUM HyMepammo 1p ToH :ke coBokymaocTE U. HyMmepamumu
¢ 1 Kax HyMepamuu 0FHOTO U TOTO ;Ke MHOJKECTBA HE M30-
Mopdusl. [leficTBurensao, m3omopdusM ¢ m | PaBHOCHIEH
CYIEeCTBOBAaHUIO 00meperypeuBHOR QyHKnnu f (2), yHmoBIeT-
BOPAIMEH CO0THOIIEHTIO

= Yf (2).

13 oupenenenns mymepanui @, P caexgyer, aro g (f (z)) = z.
Ho sT0 HeBOBMO:KHO, TaK Kak g He perypcHBHA, a [ peKyp-
CHBHA.

B To :xe Bpema mymepoBamHoe MHO:xecTBo (U, ¢) 130-
Mop¢HO HyMepoBanHOMY MHO:kecTBY (U, V), Tax Kar 3aBemo-
MO BHOOJHSAETCH COOTHOMEHHme (X = @y < P& = Py.

PaccmoTpnM eme OXHY HyMepammio TOTO jKe MHO;KeCTBa
U, omnpenenernyio GopmMynamu
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9ro 3HaguT, 910 060BEeKT (0 HMECT B HYMCpAUmI § ABA HO-
sepa 0 w4, a Bce ocraibpHaEe O0LEKTH HMEIOT HO 0OJHOMY HO-
sepy. Hysmepanum o, y sksnsaneHTHs. OFHAKO oHE HE M30-
Mop¢dHEsl, m00 COOTBETCTBYIOUIHe HYMEDanmOHHEEe KIACCH Y
130MOP(HEIX HyMepanmil meT 0TUHAKOBOE KOJWIeCTB0 IU-
¢ed, ToTHa KaK BCE KJIACCH HYMEDANHH () HMMEIOT M0 OZHOMY
ey, & HyMepaiusa y IMeeT KJacc, CocToAmuil us gsyx sie-
MEHTOB.

Cregyiomnil cmocol oGpasoBadua U3 OFHOTO HyMepoBaH-
HOTO MHOMECTBA HAPYToTo 9YaeT0 ORA3EBAETCH IIOJIE3HBIM.
[IycTs sagaHa cOBOKYHHOCTH 00BeKToB U, cHaG)KeHHAas HY-
sepanue#r ¢. Ompemenun Ha U Kakoe-HuOGY[b OTHOImeHHE
SKBUBAJCHTHOCTH P M paccMoTpmM cucreMy U /p Bcex KIaccoB
p-9KBHBAJIEHTHHX APYT APyry obperror m3 U. Ilycrs pa —
riacc Bcex 00BeRToB u3 {J, p-dKBHBAJMEHTHHX KaKOMy-iaubo
06beRTy a. BBommM HyMepammio @, cmcreMil U/p, momaras
i IPOU3BOJLHOTO L € N

PpT = POZ. / (2)

3 sroii popMysE HemoCpenCTBEHHO BUEHO, ITO TOMKEECT-
peHHag ¢yakmua f (2) = x npedcmasasem 20MOMOPEHUIM
mymeposarnoro maokectBa {U, @) Ha HYMepOBAHHOE MHO-
kectBo U /p, 9py. MuomecTso U/p HasuBaeTcs garmopmno-
scecmeom oT U M0 SKBHBANEHTHOCTH P, a HyMmepamus @p
HaswBaeTCa ghaxmoprymepayuell oT ¢ mo p. M3 Toi e dopmy-
au (2) BupHO, ITO HyMePAanUOHHHEE KIACCH UHCEN Hias (aX-
TOPHYMepamun ¢, ABAATCA 00BeIHHEHNAMH COOTBETCTBYIO-
IIUX HyMePamHOHHEIX KIACCOB [JIfA HCXOQHOM Hymepammm Q.

Teopema 1l (o romomopdmsme). Ifycmv dynryus
[ (z) npedcmasasem zomomop@usm HyMeposarH020 MHONCeCMEA
U, 9> na nymeposannoe muoscecmso <V, ). Bsodum wna
cosorynnocmu U sksusasenmmocms p, Haswéas 06wermu uz U
0-9KBUBANCHMHBIMU, eCAU UL 20MOMOPPHYe 06pasw ¢ V cosna-
daom, m. e. nosazas

(@) p (9y) < Vf (2) = Vf (9). (3)

Toz2da pynryus f (x) npedcmasasem usomopgusm gpaxmop-
muoxcecmea (U [p, 9pp #a {V, P).
camoM jgese, u3 (3) caemyer

Bf (2)°=¥f () = 9oz = Qpy.

Obparmas OMONHKATHAA TaK/Ke OdYeBMIHA.
O6pasen romoMopdmsma, mpepcraBigeMore QyHKNmeH

()

z) = z, gawr syMepagur Hnawsm % u IlocTa @, Tak Kax
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3aBEIOMO ’
KM = A = qAM = RN,

Y moMmuHaomeecs B Teopeme 1 oTHOmMeHwe P 37ech 03HaTa-
er: aBe QYHKOUM p-5KBUBAJEHTHHI, €CJIH COBOKYIHOCTH 3HA-
yeHHME 3THX QYHKUUHE paBHEL.

9.2. OpmocpomumocTh HyMepanmmii. Hymepamma ¢ MHo-
srecrsa U HaseIBaeTca 00H0c600uM0li K HYMePAIN | TOTO e
MHO;KeCTBa, €CJIH CYmecTByeT ofmepeKypcuBHasd (QYHKIUS
f (z), OpmHEEMalOmMAan passuumble 3HAUEHHA OPH Pa3iImIHEIX
3HAUEHHAX apryMeHTa W cBoiamad ¢ K . Ecam PyEKmus
f (z) oZHOCBOZHUT HyMepamuo (¢ K HyMmMepanuu VP, a QyHKIuA
g (z) omHOCBOZMT P K HYMepanum ¥, To QyHEKmusa g (f (z)),
0UeBUHO, OFHOCBOAUT ¢ K Y.

Hymepamum ¢ m 2 HASEBAIOTCA 00HOIKEUBALEHMHBLMU,
ecny Kaykfiasg w3 HUX OFHOCBOZEMA K APYTOH.

ITorsaTie 0GHOCBOZAMOCTH IPEACTABIsAET COOOMH CIelranm-
3anquio MoHATHA cBogmmocTH. IloaToMy U3 ogHOCBOZEMOCTH @
K1) IO 0FHOIKBUBAJEHTHOCTH (p U \p BhITeKaeT COOTBETCTBEH-
HO CBOZMMOCTh HIH SKBHBAJeHTHOCTH @, P. OfparHoe me
Bcerga BepHo. OmHaKO CYmECTBYIOT IPOCTHIE YCIOBHs, IPH
KOTODHX BepHO  ofpaTHOoe. [na GOPMyAHPOBKE 3THX YCI0-
BO# BBeHEM elme OFHO MOHATHE.

Hymepanmio ¢ coBorymsHoctn U HasoseM Hymepayuel
¢ affexmusno OeckOHeuHBMU KAGCCAMU, €CIH CYIEeCTBYeT
AByMecTHas o0mepeKypcuBHas ¢yakmua B (z, y), oGuamalo-
mas CclegyoIiAME CcBofcTBaMm:

a) VB (z, y) = Va;

6) y 5=z = B (z, y) = B (z, 2).

Oyaknua B (r, y) faeT HaM aJTOPHTM, KOTOPHIA mO 0Of-
HOMY KaKOMY-HHOYAL HOMepPY Z o0BeKTa 103Bojser Ha#Tm
fecroHeYHOE  UHCIO  pA3NWIHBIX HOMepoB B (z, 0),
B (z, 1), ... Toro sxe o0BEKTA.

Teopenma 1. Ecau Hymepayus ¢ ceoduma k Hymepa-
yuu ¢, uneoyell sggermusno GeckoreuHble KAACCK, MO @ 00-
noceoduna k .

IIycrs ¢ymrmna f (z) cBogoT @ K P, O OycTh QYHKOAA
B (z, y) obnagaer cpoificTBamm a), 6) OTHOCHTENBHO HyMepa-
nuu . OyERDHIO g (%), OXHOCBOAAMYIO ¢ K 1, MO/KHO IIO-
CTPOUTH CHEeAYIOI[IM 05pason.

ITomaraem mo ompepeneruo g (0) = f (0) m manee, camras
3HATCHIA g (0), g (1), . . ., g (n) y/Ke H3BeCTHEIMH, IoJIaraeM

(m) = (B (I (n ~+ 1) t) € {g (0), c.ogm}), (1)
g(n+1)=B(@n+1), k(). (2
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U3 (1) cuegyer, aro g (n + 1) ¢ {g (0), . . ., g (n)}, T. €.
a10 YHKOUA g (2) IpUHEEMAeT pa3imyHsle 3HAUEHUS IPH pas-
IUYHEIX 3HAUEHWSX apryMmeHTa, a us (2) m cBOHCTB QYHKIHH
B (z, y) mmeeMm

g (n) = ¥/ (n) = on.

Ocraerca mposepuTh, yT0 QYHKnuUa g 00mepeKypCHBHA.
C TOYKH 3peHWd TEOPHH AJTOPHATMOB 3TO fACHO, TAK KAK A
BHUHCIEHUA 3HAYCHUN QYHKOUW g YKAa3aH PeryAspHEH mpo-
necc. OfHaKO A CTPOTOTO JOKa3aTelbCTBA TOTO (aKTa Ha-
70 MOKA3aTh, UTO PYHKOHA g MOJYIaeTCsA OMepaTopaMu moj-
CTAHOBKY, IPEMATHBHON PeKYDPCHHE U [1-OTlepPaTopoM mu3 PyHK-
unit B, f m gpyrux obmeperypcuBHusx ¢yHKnuA. HeobGxogn-
MHe BHIIHCJIEHHs He MPEeCcTABIAIOT CO6OH TPYXHOCTH U MEH
X 3fech omycTmM (cM. 3agazum 1, 2 K sTomy maparpady).

Ecnr BHEMaTeIpHO mpPOCMOTPETH JOKA3aTEIBCTBO TEODPe-
Mi 1, To IerKo 0GHADPYIKATH, 9TO OHO HOKASKBAET CIPABEHIH~
BOCTH He TOJBKO TeopeMel 1, Ho u ciIegyomero, HeCKOIbKo 6o-
7ee o0MEr0 YTBEPKAEHUA.

Teopema 1a. IIyemv nymepayus @ céoduma k¥ nyme-
payuu p. Leau npu smom cywecmsyem o6weperypcusnas
pyuryus Bo (x, y), ydosaemeopsiowas mpebosaruim

a) VBo (z, ¥) = ¢z;

6) ¥y %=z = Bo (%, y) % Bo (2, 2),
mo Hymepayus ¢ 00nocé0duma  nymepayu .

JedcrBaTensHo, QyHKOmO g (Z), OZHOCBORAMYO ¢ K P,
MORHO ompenelnnTs mo TeM jke gopmynam (1), (2), sameHHB
B HuX gums nogdopmyas B (f (n 4+ 1),t) u B (f (n + 1),
h (711)) COOTBETCTBEHHO pupaskeHnaM By (n + 1, ) u Bo (n +
+ 1, & (n)).

AcHo, aTo Teopema 1 ecTr wacTHHE caydail Teopein 1a:
ecan ¢pyaroua B (2, y) Ana HyMepanni \p H3BECTHA B HyMe-
bauna ¢ cBogures ¢yHKnued f (z) k Hymepanum P, To yHK-

s
Bo (2, y) = B (f (2), ¥)
00I1amaer cpoifcTsaMu a), 6) m3 Teopemsr 1a.

Cipoprympyen m fokasxeM Temeps OJHY H3 HEHTPAIBHEIX
TeopeM TeopHH HYMEDOBAaHHKHIX MHOJKECTB, IMEOMYI0 G0Ib-
loe 3HaueEme KaK A1 camMoil 9ToH Teopmm, Tak II AJA €e IPI-
losReHnH.

Teopema 2 (06 maomopdusme mymepammit). Oduo-
SKeUsA.1enMHLe HYMEPAYULL NPOUIBOALHOLL COBOKYNHOCMU 0075~
€Rmos uzomopghnbl Mmexncdy coboii.
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IIycre @, p — '0JHOSKBIBAJEHTIEE HYMEDAIHN KaKoH-
7a6yas coBokynuoctu o6mextos U. OGosmagum epes [ ()
dynrnmo, ogHOCBOAMAIMYI0 HyMepamuio ¢ K HyMepagum v,
u gepes g (x) Pymriuo, ogHOocBOmAwyo P K ¢. Ham mamo
YKa3aTh alTOPUTM [GJd BHUWCICHH:A 3Ha4eHAN HoBoH QyHK-
umn /2 (z), KoTopas NpefcTaBiIdna Ol m30MODQIESM (¢ Ha .
Jla1st 3T0or0 mpEEeTCS BBECTH HECKONHKO BCOOMOTATeNbIIHX TI0-
gata w1 QyHKmuil.

Qunummuam coomsememeyeMm YCIOBAMCH HASHBATD KaK-
Ay KOHETHYK NOCIeq0BaTelbHOCTE

<x05 y0>9 <.’111, y1>1 LIRS <xk7 yh'> (3)
map HaTyPalbHBEX THCEI, YHEOBJIETBOPAIMYIO YCIOBUAM

Ly = Tj < Y = Y,
z=TPZ/i (Z,]:O’ '1,. ..,]i!). (4)
Homepom @nﬂmﬁofo cooTBeTCTBUA (3) Ha30BEM IACIO

k
1+[x;, y;1
n=]:[ p'l. 1 i ,

i=0

rHe po = 2, p; = 3, . . . — IOCJIEFOBATE]bHbE IPOCTHE TUC-
aa, a [z, y] — Homep mapkr {x, y), BEIMCIAIEMEIl cornacHo
m. 7.1.

G HOMO]]J;LIO 3aaHHHX (QYHKOUH f, g ML XOTUM Temephb
mocTponTh ofmeperypcmBHEe QyEEmum S (m, n), I (m, n),
3HATEHNA KOTOPHIX Onaru GH PaBHEL HOMepaM (annTme co-
0TBETCTBHH

<x01 y0>’ <x11 y1>1 .. vy <xk1 yk>1 {m, yk+1> (5)

H| COOTBETCTBEHHO
<$é, y0>v <x1’ y1>7 o .y <xk1 yk>’ (xkﬂ, m>, (6)

rje h — HOMED COOTBeTCTBHA (3), m — DPOM3BOIAHHOE TUCJIO,
A Tp+1, Yp+1 — MONXOAAMMEE THCaA, 3aBucAmume ot m, n. Co-
otBercTBEA (D) m (6) mpexcraBiAIT COGOH PACIIMpEHHA CO-
otBeTcTBEA (3), KOTODLie BBORAT B UIPY IPOM3BOIABHO 3ajaH-
Hoe IHCI0 m. BO3MOKHOCTh TAKAX PACIIHPEHHN M FOKa3HBA-
eTcs MOCPEe/ICTBOM HOcTpoeHNd GyERuni S (m, n)u T (m, n).

YrasxeM cHagajga ajropuTM RIS BHumHCaeHHs S (m, n)-
IlycTs 3amaHE IWCIO M B HEKOTOPOE COOTBETCTBHE (3), HOMEP
KoToporo ecTh n. Ham Hamo yKasaTh, Kakoe IHCIO MBI BHOH-
paeM B Ka4eCTBE Y. OTOT BHGOD MPOU3BOAHMICH MO-DPaSHOMY
B RA/RIOM H3 CIeTYIOIMMAX TPeX BOBMO;KHAIX CJOYYAEB.
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a) Ecim m € {20, . . ., 2} m i — HamMeHbmee -ImHCIO,
19 KOTOPOTO Z; = M, TO MOJaraeM Yy = ¥;.

6) Ecnm m ¢ {20, . . ., 2} um f(m)& {yo, ..., yx}, TO
monaraeM Y., = f (m).

8) Ecam m & {x0, . .., 2}, B0 f (M) € {Yo, . -*., Ur}, TO

UICI0 Yy+; CTPOHM TMOCPEACTBOM CJIERYIOmero mporecca. be-
peM HamMeHBIIee TUCI0 Iy, BIA KOoToporo f (m) = y;, W pac-
cmatpuBaeM [ (z;). Ecam f (z;) € {yo, . . ., yx}, TO Gepem
HamMEHBIIee i,, A1 KoToporo f (z;) = y,). u paccMaTpuBaem
f (z;,). llpofgomxasn aToT mpomece, HONYYMM CEPHI0 gHCEX
Yiis Yipr - - - ME XoTEM IIOKa3aTh, IT0 3Ta cepma ofoppercd,
T. €. 9T0 HalijeTcA IMCIIO S, ANA Koroporo f (x;) € {yo, - - ., Yx}-

Hoxra:xeM, gr0 Imeaa Yy, Y;,, . - . pasamuas. Ilycrs gag
HeKOTOPOTO %  9meNa Yy, . . ., Y;, HODAPHO DABIHTHE

i f(2;,) = Yi,,,- Ecum Gr1 0Kasamocs, 910 ¥, = ¥;, (1 <
v < u), To Met mmenu 6w f (2;,) = [ (zy, ). Tak kar QyHK-

uusa f (z) Ipu pasHHX 3HAUCHHUAX apryMeHTa IPUHEMAeT pas-
lple 3HAUGHHA, TO U3 HOCHETHEr0 DABEHCTBA CIeNYeT I;, =

= Z;,_, W, BHAUAT, y;, = Y;,  BOUPEKH NDEJLOIOKEHHIIO.
Wrak, BCe WIEHH IOCIEZOBATEIBHOCTH ¥i, Yi - - - Pa3-
JUYHE m BCE OHH COHEps;kaTcs B MHOKECTBE {Yo, - - ., Yk}

[TosToMy mociemoBaTeIbHOCTH OyMEeT HMETh MOCHeJHHUH BJie-
MeHT ¥, , H, TAKEM 06pasoM,
F(m) =yi,f (@) = Yigr + - s [ (@is) = Uiy

f @) € {yo, - - s} (7)
ITo ompepesnenmio monaraeM yiyy = f (z;,).

Hapa {m, yy;> mocrpoera. Hazmo morasaTs, IT0 MOCHEK0-
BATEAKHOCTH (D) mpepcTaBaaeT cofoil uHENTHOE COOTBETCTBHE
IpH YCNOBAMH, 4T0 (UAWTHEIM COOTBETCTBMEM HBIAETCH MO-
cremosaTexpHOCTs (3). B cayzaax a) m 6) 5T0 0UeBHEHO.
B caygae B) Bropoe n3 TpeGoBaHmit (4) BEIIONHAETCA aBTOMATH-
TeCKH, TaK KaK BBHIY MeOOIKI paBeHCTB (7) mOCHefoBaTeIbHO
noxygaeM

¢}71, = ‘lp (f (m)) = wyﬁ = (Pxix = "Pf (xil) = ...

oo = f () = PYper
Ilepsoe m3 ycuosmit (4) B caydae B) TakMke BHIIOJHEHO,
TaK Kak gua <<k -1 mveerm z; %= m, a U3 Y; = Yru

creopa;o 0w coortHomenme f (2;) = y; € {¥g - - .1 Uik
NeposvokE0e BBHRY (7). .
Meusaa poasaMu f, Zoy . . ., Zx B g Yo, « « -, Y, AHAIO-

PHYHLIM IyTeM HO 3afaHHOMY COOTBETCTBHIO (3) B Fucay m
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cTpomM pacmmperHoe coorsercTBue (6). Hak y:xe roBopmnocs,
HoMepa coorsercrsmit (5) m (6) ofosHagatorca zepes S (m, n)
u T (m, n), rie n — HoMep cOOTBETCTBHA (3).

HKomegno, Hac wHTepecywT IMIMIE CIyIaHd, KOTFA MOCHEN0-
BATEIBHOCTS (3) ABAsAeTCH EARTHKM cooTBeTcTBHeM. ONHAKO
¢ dopManbHONl TOYKEM 3PeHHA OIMCAHHHE BHIIIE MPONECCH
HaXOKIeHNA TUCHA /14y B CAyIaax a), §) Jal0T oOpeaele IR
pesymbTaT M TOTNA, KOIZA MOoCIegoBaTeldbHOCTH (3) He ecTs
¢umnTHOE CooTBeTCTBHE., UTOGH MOCTHYL STOTO B CJAYyIae B),
AOCTATOTHO CIUTATH CEPHI Yy, Ys,, - - -» ¥, OOpEIBalomedica,
KaK TONBKO OKaykercd, WTo f (z;) ¢ {yo, - . ., yx} mam dTO
Yi, COBIANAET C KAKAM-INGO MPeJBAYIIHM WISHOM B HOCHe-
ROBATENBHOCTH ¥y, Ysy, - - -

Mocxe »TOro HOMOTHHUTENHHOTO 3aMETAHHA MBI MOIKEM
caurats Qymkmum S (m, n), T (m, n) ompemeJeHHEIMEA i1
BCeX SHaUeHHM m, n, ucriwIad n = 0, 1, Tak Kax mocaeno-
BaTedpHOCTeH ¢ TaKMMu HoMepaMu BooOme Her. Ho Mer 1 s
n = 0, 1 goompeneanm ¢yarnum S (m, n), T (m, n) KaKEM-
aubo peryisapHmM cmocofoM. B pesymnspraTe GymeM HMeTs
BCIOAY onpenmenernusie Gpyarman S, T, 3HaYeHAA KOTOPHX BEHI-
YUCIAIOTCA NP MOMOIGH ToIAOTo anropurMma. CorsacHo Te-
sucy Uépgua oTcroma ciemyeT pexypcuBHOCTh QyHKmui S, T.
Ctporoe mokasaTenscTBO perypcupHocT:m S, T Tpefyer, aTo-
Ou OyERmuy S, T Osinm BEIpAKEHH Jepes f, ¢ U APyrume pe-
KYPCHUBHEE (QYHKOUE NPH TOMOIMH OIepanuil HOFCTaHOBRI
u p-omepanmid. BBuny pyTmHHOTO XapaKTepa COOTBETCTBYIO-
MUX BHYUMCICHUA 3[ech X IPHBORATH He OyHeM.

Wrar, HaMm mocTpoeHH oOmepeRypcuBHbe QyHKInE S
u I'. @yEEnua S mo3BoxseT QUANTHOE COOTBETCTBHE ¢ HOME-
POM n DOmOJHUTH mapofl {m, Yy, coOmep:Ramell B KadecTBe
1166020 37IeMeHTa IPOUSBOIHHO BaJAHHOe INCI0 M, a YHROUA
T nossoisaer fUHEATHOE COOTBETCTEIE ¢ HOMEPOM 72 HOMOJHNATH
mapo#t {zy,y, my, COIep/HAMMeH HPON3BOABLHO S3aaHHOE UHC-
JI0 m B KagecTBe Npagoeo DIEMEHTA.

Bepem Teneps mpocTeliiee COOTBETCTBHE, COCTOAIMEE BCe-
ro m3 oguoit maps 0, f (0)>, m HaseIBaeM ero HAUAAbHLLM,
a 3aTeM IOCTeMeHHO pPAacCIiEpseM ero, OPUMeHA IMOo0IepentHo
¢yrrmun S m 7 Tak, 9TO0H B [EJOM MOAYFIILIOCH 0TOGpaske-
HHe BCero HaTypanbHOro paga Ha ceba. Has Golee TOIHOTO
OIHCAHUs HTOTO Ipormecca BBOAMM QyHKNIO w (2), 3HageHme
KOTopoil w (n) 6yZieT paBHO HOMEDY n-T'0 pacIlupeHns Hagalb-
HOTO COOTBETCTBHA. IlojaraeM IO OIPEee]eHHIO

w (0) — p$+[0, f(O)]z
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n
r (—2—, w(n)) ,  CeCAl N uemmo,

®)

wn+1)=

2

Orcona BumHO, 910 QyHKNUA W () BOSHEKAET NPAMHATHUB-
Ho# pexypcmeil w3 QyHKOUHT

n41 n
s([#5=) g l—2[5]) +
+2([ ] 2)|n =25 ]|
o moToMy W (z) — ofmeperypcuBHAsa (YHKIUA.
PaccmoTpnm, nHakoHenm, ¢yHEmuoo y = % (z), sHadeHume
KOTOPOH ¥ PaBHO HpaBoMy THCIY To¥l HapH (HAUTHOTO COOT-
BeTCTBUA ¢ HOMepoM w (2z), MeBoe IMCIO0 KOTOPOH PABHO .

CorsacHo cxeme (8) mocaegHas mapa QUHATHOTO COOTBET-
cTBHA ¢ HOMepoM w (2z) mMeeT BUR {Z, Yr+1), OpHUIEM

n1
S( , w(n)), ecal, n Heuemmo.

Yryr = [eX (2‘2:’ w (2‘2:)) - 1]227

rne [z],, — mpaswit snemedT mapst ¢ HomepoM z (m. 7.1). Ilo-
9TOMY

y="(z) = lex 2z, w (22)) — 15

11, cllegoBaTelpHO, (QYEKDUA h (z) obmepexypcupHa. Ecam
z; < z, TO COOTBETCTBHEE ¢ HOMEPOM w (2z) COmep:KUT HmapH
{zy, h(2))> u Lz, h (z)>. N3 (4) momyzaeMm h (z,) 7= h (z).

APYroit CTOPOHH, cOOTBETCTBEE ¢ HoMepoM 2m - 1 cormac-
o (8) okaHuMBaercs mapoit Buga {z..i, M)y U, 3HAIAT, ypas-
HeHpe h () = m uMeeT pemeHNe .1 ANA KaKIOro M.
Taxms ob6pasoM, QyEROUS A (z) B3amMHO OFHO3HAYHO OTO-
OpaskaeT HaTypanpHE pAJ Ha ce6sa, yEOBIeTBOpseT Tpefona-
"0 @z = Pk (z) X DpemcTaBigeT MCKOMEIH M30MopdusM Hy-
Mepagmu (¢ Ha HyMepanuio 1.

HoxaszaTenncTBo TeopeMil 2 3apepmeHo.

TeopeMet 1 1 2 oTHOCATCA K HyMepaIOAM OFHOM # TOH :xe
COBOKymHOCTH 00BeKToB. OJHAKO HETPYHHO HMOJYYATH COOT-
BEeTCTBEHHBIE TEOPEME M JIJiA HyMepanmil pasiImdHbX COBOKYI-
Hocre#t o6BexToB. My orpammumMcesa 3pmech mepedopMyAIpPoB-
Koff TeopeMsr 2.

Teopexa 3. IHycmv sadanbt karue-iubo nymeposan-
hoie mnomecmea (M, ¢>, (M,, P> u ésaumno 09nosHaUHOE
omobpascerue § cosorynrocmu 06sexmos M | nepsoco muoscecm-
6a Ha cosokynnocmv 06'sekmos Ms emopozo. Ecau cywyecmsywom
o0ueperypcusune dynryuu f (z), g (z), npurumaowue 8 pas-
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AUMHBIT MOYKAL pPA3AUuHBE 3HAYEHUS U Ydoéaemeopsioujue
mpebosanuim

mo omoSpascenue T ecmv usomopgusm (M, > na {M,, ),
m. e. cyupecmgyem obujeperypcusnas Pynryus h (x), esaumno
00n03HaURO 0moOpancayas amypaibrslll pad na cebs u ydo-
gaemgopsiowas mpedosanuio

€ (pz) = Yh (2).

LleficTeUTeILHO, BBejgeM eme OfHy HYMePaLWIo ; COBO-
kymeoctn M ,, mojaras

Pin = { (pn). (10)

Cooraomenns (9) moxassBaoT, uTo QyHKDAA f (Z) OMNHO-
CBOIHT P, K VP, a PyEKuma g (x) oxHocBOOHT P K ;. Ilo Teope-
Me 2 OTCIOfa 3aKII09aeM, YTO HYMEPAIWH P U P; PEeKYPCUBHO
#30MopQHE, T. €. 9T0 CYMECTBYeT o0MepeKypcHBHaA (yHK-
oud kb (z), BBAEMHO 0ZHO3HAYHO 0TOOPAIKRAOIIAL HATYypalpHEH
pAn Ha cebs X yOOBIeTBOPAIOMmMAs TpefoBadmIo P,z = Vh ().
B cnay (9) z (10) aTo cooTHOmMeHNe MOKHO mepenmcaTh B Gop-
me § (pz) = Ph (z), a0 m TpebGoBalocs.

UTo6H HpORMIICTPEPOBATH AeHCTBEHHOCTh TeopeMHl 3,
mOKasKeM, HAUDHMeD, UTo rymepayus Kaunu » scex odnomecm-
HUZ YACMUYHO Pekypcusrur @ynkyuill w wymepayus HKaunu
Ky 6CET OBYMECMHBLL YACMMUYHO  PeRYDCUSHBT Pynkyull uso-
MODPHYL.

O6GosnaamM wepes [ oTobGpaskeHWe, OPH KOTOPOM OHO-
MeCTHO# wacTwaHo perypcusHoil ¢ymrnmm K (n, z) crapures
B COOTBETCTBHE ABYMECTHAS YaCTHIHO PeKYPCEBHasg (yHKIUA
K (n, [z, yl). flcHo, uTo { B3amMHO OgHO3HAYHO 0TOGpaskaeT
COBOKYIHOCTH J'p.r BCEX 0JHOMECTHHIX UaCTHIHO PEKYPCHBHEIX

o ~3
PYHKOUA HA COBOKYHHOCTH §p.r BCEX IBYMECTHHX UacTHYHO
pexypcusHaX ¢yarnmd. ITmem Takoe mocTosHHOE @, YTOOH

K (n, [z, yl) = K (la, 1], z, y).

Orcioma monygaeM (xn = x, [a, nl]. CaemosareipHo, QyHK-
nus f (z) = [a, z] «ogEocBomE™ % K %,. C gpyrofi ¢cTopoHEL,
mmeM TaKyl LDOCTOAHHYy0 b, 4To0H

K (n, [ty, [tln) = K-(b, n, t).
IMopcraBass cloma BMecro ¢ supakeHde [z, yl, monygmy
K (b, nl, [z, yl) = K (n, z, y),
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1. e. { (b, nl) =u;m. 10 morasmiBaer, 4r0 QyHKUEA
g (2) = [b, z] «ogHOCBOZmOTY HyMepauulo %, K HyMepaUUU X.
CJ0BO «OTHOCBOMLTY B3ATO HaMII B KaBbUKIL, TaK KaK MOHATIE
OHOCBONHEMOCTE OBLIO HaMII OIpEHeNeHo JUMDb NI Pa3ind-
HBIX HyMepauuwi ogHo# m Toi jKe COBOKYIHOCTH, & 3JeCh MEI
nMeeM IeN0 ¢ PA3HEIME COBOKYIHOCTAMI ¥ «OZEOCBOIEMOCTEY
cle[yeT MOHHMATEL B CMbICIE, YKASAHHOM B TeopeMe 3. Iloanb-
3yfCh DTOM TeopeMOH, 3aKAI0OTaeM, uTo oTofpaskeHHe [ ecTs
u30MopdEaM (Fp.r, %) Ha Fprs Hod-

9.3. HDoanrie mymepammm. HyMepaums ¢ coBokymHoCTH
o6bexroB M HassiBaeres noawoll (eM. Maasnmes [3)]),
ecim B M cymecTByeT ocoluil 00beKT 0, 06IAMAIOmMUA cie-
IYIOMEZM CBOHCTBOM: I KayKIOH YacTHIHO DPeKYpCHBHOMR
OyHKRIME F (z) cymecTByeT TaKasg o0mepeKypcHBHasa (yHK-
noag G (z), 4To ANA KKOOro Yucla

@F (z), ecam F (z) ompepeieHo,
- 0G (z) = (1)

0, ecin F (z) me ompexneseHo.

3mech, Kak ¥ BCIOXY, DOM HyMepanuedl ME mMOHEMAaeM Ipoc-
TYI0 HyMepaluio, ¥ KOTopoi HOMepHOoe MHOKECTBO COBHANAeT
CO BCeM HATypadsHBIM psnoM. Ecam cosorymuocts M comep-
/KUT JUING ofMH 00beKT, TO DPOCTHIX HyMepaguit y M maums
ofHa B 0HAa, 0YEBHHO, HOTHA.

Teopewsa 1. lomomopdruil 06pas coeorynrocmi ¢ nos-
HOT nyMepayuell ecmv cO8OKYRHOCMb ¢ noAHOU HYMepayuel.

Heficrsurensno, mycrs QYHKOHUA % (r) OpemcTaBIsgeT ro-
MoMopH3M TOTHO HyMepOBaHHOHE copokymsHoctm (M, @)
¢ 0COGHIM 00BEKTOM 0 HA HYMEDPOBAHAYK COBOKYIHOCTH
(M, ¢> m, sHAuWrT,

9z = @y = Vh (z) = Ph (7). (2)

[Tycrs a — raxoi-EmGyms @-Homep o. Iomommym o, = Pk (a)
Il PACCMOTPUM IPOUSBONBHYIO YCTAYHO DPEKYPCHUBHYI (YHK-
un F (z). Ilo ycaosmw Halijercsi Takas o0mepeKypCHUBHAasA
dvErous G (z), naa Kotopoi

G () _{ ¢h™ (F (z)), ecam F(z) ompepgeseso,
| ¢aq, ecnn F () He ompeleneno.
3 ey (2) M1 MosweM B 3THX PaBeHCTBAX CIMBON @ BaMeHNTH

CHMBOJIOM i M HONYIOTH, TAKEM 00pa30M, YCIOBHA IMOTHOTEL
HyMepauu® ¢ 0COOKM 3IEMEHTOM 0.
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U3 reopemsr 1, B wacTHOCTI, CIELYET, YTO €AW HYMEDO-
BaHHOE MHOKECTBO L30MOPPHO MHOKECTBY ¢ MoNHoH HyMe-
pammeil, TO 0HO caM0 UMeeT HOJHYW HyMepaluio.

Teopema 2. Hymepayus Kaunmu noana u umeem
Huele He onpedesennyio GYHEYUI0O c60UM 0COBLIM IAEMEHMOM.

Ilycts F (2) — rawas-HEE6yOs dTacTWYHO PEKYPCHBHAS
dyarnua. [mem Taxoe wmcio @, 9TOGHL [iIa BeeX 3HAUEHEH
z, t OBIIO

K (F (z), t) = K (la, I, t).

Takum obpasom, ecan F (z) ompepeldeHo, To YHKIHS ¢ HO™
MepoM [a, z] cosmagmaer ¢ ¢yHEmEEH ¢ HoMepom F (). Ecan e
F (z) Be ompemenerHo, To PYHKUUA ¢ HoMepoM [a, z] ects HATHE
He ompepmenerndasn ¢yHEnua o. CremoBarensHO, 06IEpPERYD-
cusHaa ¢yEEnua G (z) = [a, z] ymosaersopsaer ycmaosuio (1)
n HyMepamus % HOIHA.

B n. 9.2 6rmo ycradosmeHo, uTo HyMepauua Hammm x
BCEX S-MeCTHBIX TacTHIHO PEKYPCHUBHEIX QYHRUEH maoMopdHA
Hymepanus x. llosToMy BMecTe ¢ HyMepaumeil % MOJHHMHU
ABIAITCA U BCe HyMEpauum %,. B m. 9.1 moxasamo, [TO
nymepanms Ilocra st ects roMoMop(EEIE 00pas HyMepalHn x.
CnemoBarensHo, it — TaK:ke OOXHAA HyMepalys, OpHYeM
0COOBRIM DIEeMEHTOM IS T SABJIAETCA NYCTOE MHOKECTBO. |

Comocrasusa Teopemsr 1 m 2, supmn, wro, pasbusas oQEO-
MECTHBIE TACTEYHO PeKYPCHBHEE (YHKIMM COBEpHIEHHO IPO-
HBBOIBHEIM 06pa3oM Ha KIACCH 1 6eps COOTBETCTBYIOMYIO
PaKTOPHYMEpAIA0 OT ¥, ME IOJIYIHM HOMHYH HyMepallHo.
JT0 MOKasHBAaeT, YTO 3amac MOJHHX HyMepaumi nocTaToTHO
fonpIoH.

ME xorwm Temeps HexoTOpHEe cBokcTBa HyMmepaunw IHum-
HHE, MOJy4eHHEe B § 7, PACHPOCTPAHATH Ha MPOIX3BOJILHEIE
OOJHBE HyMepalmi.

Teopema 3. [Has rancdoli noanoli mymepayuu @
u kaxcboeo 1 cyuecmeyem  obweperypcusnas — PyHKyUL

Pq (xl, e Ty, 06aadaiowgas credyrouglim ceéolicmeor: 0Oas
Eaxncdoli uacmuuno — perypcusnoll  r-mecmuoll - GYHKYUU
H (z,, ..., z,) cywecmeyem makroe uwucio a, umo 948 41066
sHOveRUl Ty, . . ., T,

ePg(a, zay . . ., T,) =
[ oH (a, x2, ..., ), ecau H(a, zs, ..., z,)
_ onpedeaero, (3)
1 0 8 NPOMUBHOM CcaAYuae.
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PaccmoTpmym BCmOMOTaTeIpHYI0 QYHKOHIIO
F (z) = K ([z],y, ..., [2],),

rme [zl;; — BBemeHEBIe B m. 7.1 HymepaumonHbe (QYHKIHH.
Beaenersue mMOTHOTH @ CymecTByeT obmepeKypcuBHas QyHK-
naa G (z), cBaszaHHag ¢ F (z) coormomemmamn (1). Mz (1)
nogcraHOBKOM z = [z;, ..., z,] momywaeM cooTHOmeHHe
TG ([%1y .. - 2 ])=
[ oK (z1, ..., z,), ecan K (24,..., z,) onpedeaeno,
0 8 NPOMUBHOM CAYHAE.

[MokaskeM, 910 QYHKIUA

Py (zy .. z) =Gz, ...,z

VIOBIETBOpseT TpefoBaHHAM Teopembl 3. Tak kKak K —
yHEBepCcaNTbHAA QYHKINA, TO IPX HEKOTOPOM ¢ HOJLYIAM TOMK-
IEecTBO 4

H Iz, zl, zo,. . .. z,) = K (e, 2], 75, - - ., Zp).

[Momaras 3geck z; = ¢, a = le, ¢] m mopcrasasa B (4) BMec-
TO z; THCIO @, mOXyIuM (3).
Teopema 4. Jus wrawdoli noanolt nymepayuu @

u randold wacmuuno pexypcusnoil @ynryuu f (zy, . . ., )
cywecmayem maras o6ueperypcusnas gynryus g (s . . ., Tr),
ymo
P8 (T35 - . oy Z) = @f (8 (225 . . .y Tp)y gy - v o zr),
ecar f(gxy, ...y Tn)y Zyy . .., Z) OnpEdCAECHO, U
08 (Z5, ..., ) = 0 8 npomUBHOM ciyuae.

Paccmorpunt  Pymrmmmo
H(zy, ...,2z)=7Po @, ..., z,), Ty - o Tr)s

rie pyEKmus P;, ykaszaHa B Teopeve 3. CormacHo Teopeme 3
HalifeTcd 9HCIO @ TaKoe, 4TO

r T
PP (@, 2o, . .oy ;) = @f (Py(a,.. ., T)y Tre - v Tn)s
Ccar BuIpaskeHHe, CTOAMee COPAaBa, ONPeNedeHo, H
r
oP¢ (@, 2oy . . ., ) = 0

b mpoTuBIoM caydae. OTcoga BUIHO: UTOGH YIOBIETBOPUTH
Teopeye 4, HOCTATOYHO B KadecTse QVHKONE g (Ty, . . ., Tr)

BATL Pg (@, 2oy . . ., Zy).
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OcuoBEOE 3HaueHZe faniee GYIET EMeTh He caMa TeopeMa 4,
a ee qaCTHHH caydai:

Cnengcrsue 1. Iyemv @ — noanas HYyMepayus.
To20a das kancdoti obweperypcusnoli Gynryuu f () ypasnenue

of (z) = gz ©)
umeem pewenue («Henodsuxcuyioy mouky) z. Ilpu smom cy-
ujecmeyem aL20pUMM, TL0360ALIOUUTE RO KAUHUEBCKOMY HOME-
py [ Haxodumbv onpederennoe peweHue x ypasmwerus (9).
Wmawe romops, cymecrsyeT obmepeKypcEBHas §yHKIUA
g (n) raras, TTO

oK (n, g (n) = og (n) ©)
IS Bcex TeX 3HAWeHWH 7, mis Korophx QyErmuz K (n, 1)
Bcrony ounpepeneda. Ho cymecrsoBanwe ¢yEKDUM g ()
C 9TEMHO CBOHCTBAMHU YTBepIKEaeT TeopeMa 4, eclIl B ee ycio-
BHM TOIOKHUTH [ (2, Zo) = K (x5, zy).

Humecnenyomas BaskHas TeopeMa GBUIA cHavaxa J[OKa-
3aHa P ogmepcosm [1] gua Bymepangmn Kamem m mosxe
6r1a pacupocTpaHeHa Ha OPOW3BONLHEE HOJXHEIE HyMepalun
Maxsmes [2]).

TeopeMa 5. Eciu noinas Hymepayus @ cosokynrocmu
U csodumces k kakoli-nubydv ee Hymepayuu P, mo ¢ 0dHOo-
ceodumes. k p. Kawcdas nymepayus, skeusasenmHas noaroll
HYMepaAyulL, U30MOPPHA nocaedHel, a nomoMy U ROLHA.

Bropoe yrBepsikineEUe TeopeMbl BHTEKaeT W3 IEPBOr0, TaK
KaK OJHOIKBHBaJCHTHEH® HyMepallM B CHJIY TeopeMbl 2 H3
o. 9.2 asuagorca maoMopdEeMA. Il09TOMY moOKaKeM JIHIIH
mepBoe YTBepiijelnre.

Ilycrs obmepexypcusaas ¢yHruus f (z) cBogar ¢@ K ¥.
Ecnm cosorynrocts U mameer amimp ominn o6LeKT, TO YTBEPK-
meHne TeopeMsl O TpHBmambHo. ITosToMy MBI MoikeM Hpefi-
moJaraTh, 9YT0 CYMECTBYIOT THCIA a, b, ABIAONIIECT (-HOMe-
paMd pa3nuyHEHX 00bexToB u3 U. Hanm Hamo mocTpouTs obme-
pexypcuBHEy OYEROUI B, (z, y), 06Iafalomylo CIeTyiolH-
MO cpoiicrBaMu (cp. m. 9.2):

$By (z, y) =z, y7=2z=DB,(z, y) % B, (2, 3).
CrpomM cHazama BCHOMOTaTeNpHYI0 06MEpEeKypCcuBHYI
dyaromo S (z, y), yI0BIeTBOPAOmMYI0 TPeGOBaHEAM
¢S (z, y) = oz, [ (S (z, y)) == [ (S (2. 2)) (y==2). (7)
IToaaraes mo ompepenemitio S (z, 0) = z 1 ganee mo MH-

IYKONT FOIYCKaeM, 94T0 1A HeKoToporo r snaverns S (z, 0),
S (z, 1), ..., 8 (z, r) ysre HaiigeHs 1 OpATOM TaKme, ITO TPe-
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oosagua (7) mug y, z = 0, . . ., r BenoxieEs, BBogan opio-
MeCTIEIe YACTHUHHE (YHKOUH

e A e
o (l) = [0, ecnm f(t)€{/(S (2, 0),. .., /(5" (z, ™)} o)

| « B umpormeuoy cayuae.

Oysxuuu Ay, h, wacTmuHO peKypcHBHH, Dbomee Toro,
CYMECTBYeT  aurOpHUTM, IMO3BONAIOMWE Mo WHCIAM I,
S(z,0),..., 8 (z,r) HaxonuTh ONpejeleHHNe KIKHHEBCKUE
HOMepa ny, 1, QYHRIWH Ay, h,y. [lomaraem, namee, m; = g (1),
my, = g (ny), rne g (f) — yaxuma mu3 coorHomeHma (6).
CraemoBaTeanHO,

Qhy (mq) = Qmy, @hy (my) = Qms. (10)

Ecanm f (ml) ¢{f (S (z,0), ...,7(S (z,r))}, To momaraem
S (z, r + 1) = m,;. I3 coorHOmenmii (8), (10) B arom cxy-
Jae EMeeM @m, = @z B DOoTOMY TpeGosarue (7) BHIIOIHAETCSH
may, z2=0, ..., r, 7+ 1.

Ecmm f (m,) E {(S (z,0)),...,f(S (z, 1)}, 10 HOMaraem
S (z, r+ 1) = m,. TloraykeM, 9T0 - M B 3TOM CIyuae Tpe-
GOBaHHe (7) Bumonmeso gas y, z = 0, . . ., r + 1. Ilo mpen-
DONOeHMI0 I Heroroporo i, 0 i < r, mmeeM f (m,) =
= /(S (z, 1)) m, srawn, gmy = @ (S (. 1) = gz = Phy(my).
Ho B paccmarpusaemom crygae cordacHo (8) &, (m;) = a.
Hoatomy @m; = gz = ga.

Ecam 68 oxasamock, gr10 f (my) € {f(S (z, 0)),

o f(S (z, r))}, To aHANOTMYHBEIM HmyTeM HOIYIHIUCH 0Ll
paBeHCTBA (Qm, = Qr = @b, TPOTHBOpeUYAmMUe YiKe YCTAHOB-
JeHHBM COOTHOIEHIAM @z = @a 5= @b. Ilosrory f(my) ¢

CU(S (@ 0)s - . (S (& )} w B emay (9) Ay (m) = a.
TCIOIa VIMeeM
F8 (@ r+10)ef S @ 0), ..., /(S @

oS (z, r + 1) = om, = pa = @z.

Takua o6pason, TpeGosarms (7) B paccMaTpHBAEMOM cayuae
BLIIOTHeHR! H YEROOIO S (z, §) MQKHO CIHTATH IOCTPOEHHOM.

13 peryaspsocTn mpouecca mocrpoeHns GyHEEnun S (z, ¥)
bOgHa ee ofmepexrypcusHocTs. DoprMaTrHoe [OKA3aTEIBCTBO
PToro mpepocrasiserca wuraredio. Cpo#crsa (7) HOKa3H-
BAI0T, 4T0 B KauecTBe mCKoMoO#E QYHRULU B, (z, y) AIa HyMe-
Dagun i yosreT OHTH B3ATa PyEROHA [ (S (x, y)), O KOKasa-
TETLCTBO TEOPEMLI D 3aKOHUEHO.
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9.4. CemeiicTBa 00BEKTOB HYMEDOBAHHBIX COBOKYIINO-
creil. Hymepanusa snemeHToB Ip0ou3BoibHOH coBoKyngocT U
M03BOJIAET IEPEHECTH OCHOBHBIE MOHATHS TEOPHH UMCIOBHX
PeKYPCHBHEIX MHOKECTB ¥ Ha OPOHE3BOJILHBIE COBOKYIHO-
et U. OpHaxo mepeHeceHre 9T0 MOMKHO [feaTh Pa3IHgHEIMH
crocofaMi, B CHIY 4ero HOHATHA PEKYPCHUBHOCTH, PeKYPCHB-
HO NepeudciINMOCTA M T. I. IPH Iepexoie 0T MHOKECTB
4icend K ceMeHCTBaM 00BEKTOB pPAa3BeTBIAOTCH HA gnosHe
PeKypCHBHELE, c4a60 PeKYPCHBHEE B T. i. ME paccMoTpEM mO-
Ka JAmb TOHATHSA ¢ IPACTABKON (BIOJIHEY: BIOIHE PEKYPCHB-
HEie, BIIQJHE MEPEeYUCIUMEIe ¥ T. [, '

Iyecrs U — coBokymHOCTh 00DBEKTOB C EHyMepamued .
Cemeiictso S o6berToB 13 U GyNeM HasHBATh HeTPHBHAJILHEIM,
ecan S Hemycro m He cosmazaer ¢ U. CumsomoM ¢~ 18 Gymem
0003HATaTE MHOKECTBO 6cex (-HOMEPOB écex 00beKToB ¥3 S.
Ecam 4 — HekoTopoe MHOKECTBO uHced, To depe3 A Gyner
oGosHauaThea @-o6pad 4 B U, T. e. pA ecrtb ceMelicTBo
00'beKTOB, XOT OB ONHH @-HOMED KOTODHX COHEPIKHETCS
B A.

CeMefictBo S HaswBaeTCsa 6nosHe nepewuciumum (6noake
PEEYpPCUBHBLM, 6NOAHE KDeamuUSHUM), eclu MHOMKecTBo ¢ 1S
PEKYPCHBHO IepedmcauMo (PeKypCcHBHO, KpeaTHBHO) (cp.
o. 7.2).

Crepylomas TeopeMa fABJIAETCA IOCIOBHEIM DPacHpOCTPa-
HeHmeM TeopeMbl Paiica, MoKasaHHOHE B O. 7.2 pua HyMepanun
Huanmam, Ha npowsBoJpHbIE MOJHEE HyMepamdwH,

Teopewma 1. Bnoane perypcusnsie cemeiicmea 06%oek-
M08 6 COBOKYNHOCMAL ¢ NOAHVMU HYMEPAYUAMU MPUCUALLHEL.

B camom pene, gomycTum, HAOPOTEB, 9T0 COBOKYIHOCTL U
¢ MOMHOH HyMepammeldl ( WMeeT HeTPUBHANbHOE BHOJHE pe-
KypcuBHOe ceMeicTBO 00beKToB §. ITo 03HATaeT, ITO MHOKE-
¢TB0 @S He UIYCTO, OTINUHO OT HATYPAJHHOIO PAZA T pe-
RypeusHo. Ho Torza HemYCTHIM II PEKYPCIBEEM GymeT H MHO-
noxrerne ¢ 8’ MEOmecrsa ¢7'S. Ilyers a € @718, b€
¢ @18’ CrpomM scmoMoraTeldpHYH (YHKIHIO

a, eomm z €@ 8,
f(z)= e
b, eciu zGcg 8.

dra ¢ymkuna obmeperypcnsHa (m. 6.3). CoraacHo Teopeme
0 HemoAsImKHOI TouKe (m. 9.3) cymecTByeT 4mcio ¢, 111 KOTo-
poro @f (c) = @c. Har 1 8 m. 7.2, merko y0e;kmaeMcs, 94TO
06a Ipeamoao:keHnsa ¢ € ¢718, ¢ € ¢7'S’ BexyT R mpoTI-
BOPETHIO.
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Teopenma 2. Hukaroe nempusuaivhoe enoine nepe-
yucaumoe cemeiicmso S o6wexmos cosorynrnocmu U, umernwer
NOAHYI0 HYyMepaywio’ @, He moncem codepicamdv 0cobozo aue-
MEHMaA O HYMepayul @.

Ilycts, HanpoTHB, ceMe#icTBO S BIOIHE IEPeYHCINMO He-
TPUBHATIBHO U COUEP;KAT 0. Brifepem Horep b Kakoro-HEGYIH
00BEKTA, He BXOAAMETOo B S, W PACCMOTPEM QYHKOUIO

=b, ecIn z €@ 8,

/()

He ompeseneHo, ecam 6@ S,

CoriacHo n. 6.3 97a QYHKIEA 9acTHIHO pPeKVPCHUBHA.
[TosToMy Haiimerca obmepeKypcHBHasa QYHKIUA g (z) Takas,
qT0

( @b, ecim z € (p'IS ,
xT)=—
%8 (@) 0, ecim z¢@ S,

CiaegoBaredbHO,
z€ oS &g (x) € 97'S,

JdTo 03HATAET, YTO MHOIKECTBO ¢~18' #2-CBOTUMO K MHOMECTBY
¢~ *S. Ho mociensee MHOKECTBO PEKYPCHBHO TepeIHCIUMO.
3HAUHT, MHOMKECTBO @18’ Takke PEKYPCHBHO mepeuHCIEMO
(. 8.1). U3 peKypcHBHO# HepearCIEMOCTY B3aUMHO TOMOITHA-
TEJIBHBIX MHOKECTB BEITEKAeT UX DPEeKYDCHBHOCTH, 1103TOMY
ceMelictso S BIOONHE PEKYPCHBHO, 4TO IPOTEBOPEIHT TEO-
peme 1.

Teopema 3. Hamdoe enosne nepewuciumoe Hempu-
suasvHoe cemeiicmeo S o6vermog cosorynrnocmu U, umeroueid
NOAHY HYMepayuin ¢, AGAAEMCE GNOAHE KEpPeamueHbLAL,

Iiyete a € ¢71S. OGosmawmm uepes T KaKoe-HEAGYIH
KpeaTuBHOe MHOKECTBO, HAmpPHMep, M3 WHCIA TeX, KOTophe
01 mocTpoesH B O. 8.2. PaccMOTPEM BCIOMOraTeJpHYIO
dyERIEIO
—=a, ecim z 6T,

o]

He ompemereso, ecam z¢ 7.

Jdra YHKONA 9acTIYHO PeKYPCOBHA M IMOTOMY CYIECTBYeT
ofmeperypensaas QyHERUMA g (), 1A KoOTOPOi
¢a, ecanm z¢& T,
0, ecam zg¢T.

¢g (2) :{
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Cornacuo npegmpymett reopeMe o ¢ S. ostomy
26T &g (x) € 18-

Mu BmpmyM, clepoBaTeNbIH0, 4TO KpeaTHBHOe MHOmecTBo T
-CBOTUTCH K PeKYPCHBHO NIePEIACIAMOMY MHOMKECTBY (@ 1S,
IloaToMy MHo)RecTBO 1S KpeaTHBHO.

Teopema 4. [Hycmwv 6 cosorynnocmu U, umeowei
noAryio nymepayuio @, cemeiicneo {0} ecexr Heocoluz 067ek-
mosg enoane nepewucaumo. Tozda rancdoe cemeiicmso S o06vek-
moe U, codepamcawee 0 u omauunoe om U, ssisemcs enoane
npodykmugnbiit.

PacemMorpuM gacTmaHo peRypCHBIYID (YHKIHIO

{ —p, ecam z € {0},
f(z)

He OMpeHelNeNo, €cIm € ¢ o,

rie @b € S. W3 monHOTH EyMepamuu ¢ BLHITERAET, TTO HAMer-
ca obmeperypcupHas QYaExmua g (z), IJIa KOTOpOR

@b, ecam z € {0},
vg (z)= 1
0, ©eCIHE T¢Q 0,
H, 3HAYHUT,

zCelos g (2) € @lS.

CoraacHo Teopeme 3 MHOMecTBO ¢~ 1o npogykrusHo. Ho aT0
mHEOMecTB0 M-cBogures K @~ 1S. CaemosatennHo, 1S mpo-
OYKTHBHO, UTO B TPeGOoBaNoCh.

Wspecrao (m. 7.2), wro B Hymepammu Hanem ceaeiicrBo
{0}’ Bmoame mepeuncamMo. I109TOMY M3 TeOPEMSI 4, HapHMeED,
cIeyer, 9T0 COBOKYIHOCTH BeeX KINHIEBCKHX HOMEPOB HOT/E
He oupefeleHHol QYHKOHE ABIgeTca OPOJYKTUBHEIM MHOJKE-
cTBOM. Boiee 006mo: DPONYKTOABHON ABIAETCA COBOKYIHOCTD
BCEX KIOHUEBCKIX HoMepop OQyEKOmil mIw6oro cemeiicrsa,
IAms 6B 5TO ceMeHCTBO BRIHUAN0 HHUTJE He ONpeleIcHHYI0
OYHKUMIO O He OHIO cemelicTBOM BOOGHE BCeX TacTHIHO pe-
KYPCHBHBIX §YHOROHHA. ’

Teopemnt 1—4 xora nm pgaoT HeGOABMYI0 HHPOpPAANTIO
0 CTPOEHHUH BIOJIHE TEPEYNCIUMBIX CeMeiICTB, Ho 3aT0 LIM BCeX
monEnix HyMepanuii. CrpoeHnme BrolHe DepeuncilMEX Ce-
mefficrs pos Bymepagumit Hanmam o ITocra nsBecTHO ropasio
Goaee mogpoGHO (cam. 3amawn 9, 10 n3 § 7).
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Jlomoanernn, NpuMeEps! H 3aKayn

1. Oyers B (x, y) — wactnuro pexypeusuan gynrgusa. Iorasars
(11 TEM CAMBIM 3aKOHUMTH (OpPMANBHOE ROKA3aTENLCTBO Teupemol 1 13
i1, 9.2), wro ¢ynkousa g (z), oupeneicHHaA cxeMoil

g(0) = a,
hi(n) =y (B (n, 1) {g0,...,gm)}, (@)
g(n—+ 1) =B (n, h (n),

YacTITII0 PEeKYPCHBIA.

2. Ilyers ¢ymxoua B (z, y) B mpemspyuieil 3ajade IPUMOTHBHO
peRYPCHBHA 1I YBOBICTBOPAET YCAOBHIO PAa3NO3HATHOCTH: M3 y = 2
poirekaer B (z, y) == B (x, z). Torga ¢pyERONA g (), oIpefelieHHAs cXe~
moil (@), TaKyie IPHMHTHBHO PEKYPCHBHA.

3. IlpoBectn ¢opMalbHOE KOKA3ATEIBCTBO PEKYPCHBHOCTH (DYHK-
il h (2), HocTpoenmoll B mpomecce moKasaTelbCTBA TEOPEMH 2 H3
i, 9.2, Ilorasarb, uTO eciau 3ajaHnble OFHOCBORANIE GyHKORH f(z),
¢ () IPHMETHEBHO PERYPCHBHH, TO (YEHKOHA h (z), 0CYIiecTBIAIONAA
1130MOP(U3M, TAKKe NPEMITUBHO peKypcuBHA (cM. M a 1 b me B {2]).

4. Tlycrh wacTIHO PeKypcuBHAS GYHKOUA f IIMeeT PeRyPCHBHYIO
ofiacTh onpemenerns. Torma Kajxmoe MHOKCCTBO WHCel, CofepsKainee
nee KIIIHNEBCKHE HOMEPa [ H He cofeprKalice HE OFHOIO HOMEepa KaKo-
ro-EIOYAb TACTHYHO PEKYPCHBHOIO pacHUpeHHA f, ABIACTCA UIPOFYK-
tuEEIM (P a#c [1], cM. raxske Maasnmesn [3]).

8. MHO)KecTBO THCEN 3aBeFOMO IPOAYKTHBEO, CJIE OHO COREPHT
e KIMMHeBcKile HoMepa HeKoToPoil JacTHYHO PeKypCEBHOR PyHKIIE
{11 B TO yKe BPeMA He COMCPIKNT HII OFHOTO KIRHNEBCKOr0 HOMePa HII Ofi-
1oif KoOHeYHO OHpepedennoil ynknua, rpagur KoTopoil cogepKHTCA B
rpagmre f (Maabpuen

6. Homonmenne BHOINC XCPCYNCHIMOIl COBOKYITHOCTH DPEKYDPCHB-
110 11epPeUIICHTIMEX MHOKecTB € Torga I TONHK0 TOIKA BHIHCINMO (Om-
PeGNEHne BETIHCIIIMOCTH CM. H. 7.4), Korma & ecTb COBOKYIHOCTD BCEX
NanMI0/KecTB HEKOTOPONl clicTeMBl KOHETHHIX MHOIKECTB, CTRHJAPTHHE
toMCpa KOTOPHX COCTABIAIT PEKYPCHBHOE MHOKECTBO. AHAJOrHYHOEe
VTBEP/IEENE CIPABEMIIBO 1 A JIOMONHEHHs BIOJHE HePeuncmMoil
CUBOKYIHOCTH JacTIYHO perypeuBunlx ¢ynummit (P aifc [2]).

7. IMoxasars, uwro Hymepamnu I{anmen m Ilocra me n30MOpPPHH
NManxsvges [3]).

&, CeyeiicTBo 00HeKTOB & HYMEPOBAHNOIl COBOKYIHOCTH, mMelomeit
UYMEDanio o, HA3HBAETCA GHyMpeHie NPOSYRMUGHBM, €CHHE CYIIECT-
nyer rtakas oOGmepeKypcuBHag (YHEKOHA g (z), 9r0 OXA KaKEOTO n

nn#z&anng.e#ag(n)E@&ag(n)aann.

Ilorazarh, 4TO HHKAKOE BIYTPEHHC NIPOLYKTIIBHOE CCMEHCTBO B HYy-
vdepamiax Kuaman m Ilocra me MosieT OWTDH BERIUIICIIIIMBIM.

9. Horasarb, 9T0 B HymMepanui RAMEA Kaxiaoe cexeiicTBoO 4acTiI-
10 pPeRypenBHHX QYHEKOU ¢ GeckomeuHolli 003AacThI0 OIpeJeNeHNS,
cogep/Ramee JacTHIHNE XapaKTepucTHIecKie (yHKITE BceX OeCKoHed-
ALY DPEeKYPCHEBHHX MHOJKECTB, ABJAETCA BHYTPEHHE NPOXYKTIIBHEIM
Maxsmen [3]).

10. Ecanm ceMelcTBO dacTNIHO DPeKYPCHBHHX (QVEKOUI & mMeer
NONEYI0 BHTMCAEMYI0 HyMepammio ¢ 0co6bnt oGbexToM o = f (z),
T0 3paveHNA Kawkmoll QyEEmmn n3 € cosmanaior ¢ 3EaveHnaMn f ()
U1 BceX z U3 o6macTn ompefelieHus f.
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11. Kaxxpaa RoHeYHAA COBOKYHHOCThL OFHOMECTHHX YAcTHYHO e~
KYPCHBHHX (YHKOMI, cOReD/Kamas ENTrfie He 0IpeeeHRYI0 QyHKEmIo,
o0iafaeT BEIHCIMMON mOAHOH HyMepammed.

§ 10. YunBepcarsabie m KPeaTHBHEIC CHACTEMBI MHOKECTB

[loHATEA M -YHABEPCANBLHOCTH B KPEATHBHOCTH, OIpefe-
TeHESNe B § 8 M 0TMedpHO BBATHX YHCIOBEIX MHOMKECTS,
€CTeCTBEHHO PACHPOCTPAHAITCA HA maphl, TPONUKU, T€TBEDKH,
BooGme n-KE MHOKecTB. C KasKEOH n-KOH MHOKECTB Gy . . .
... Gp ONHOSHAYHO CBABLIBAEM HYMEPaUWI0 ceMeiicTa
CEMBONAYCCKAX 06BEKTOB @y, @y, . o ., Ay, HazbiBass HOMEDaMH
o6BeRTA @; BCE gmeda W3 o; (i = 1, . . ., n). 9rE EyMepanum
0Ka3hIBAlOTCA MOAHHMHA TOTMa @ TONBKO TOTHA, KOTHA n-KA
MHOeCTB Me~-yHEuBepcaipHs. OOmme teopeMsr § 9, mpume-
HeHHEHE K pPAaccMaTPUBAEeMBIM WACTHHM HyMepalUaM, AT
OCHOBHEIE CBOHCTBA 1N-YHUBEDPCANBLHLIX 7-0K MHOKECTB.
B sawiounTensHOH YACTH DPacCcMAaTpHBAOTCA IMOHATHA IIPO-
KYKTEBHOCTH ¥ OTHSIHMOCTH A ap MHOMKECTB,

10.1. m-yrusepcalbube cmcTeMbI MHOMecTB. llo aHalo-
TAU ¢ M-CBOTAMOCTHI0O MHOKECTB, OmpenenerHol 5 . 8.1, ro-
BOPAT, 9TO TOCHE0BATEILHOCTS MEQKECTB By, . . ., Prn M2-CBO-
OETCA K  I[OCHEN0BATEIBHOCTH MHOMKECTB Gy, . . ., O,
eclll CYMEcTBYeT TaKas peKypcEBHaa QyEKousa f (z), d9ro
IS BCEX X

2EPSf@ea (=1 2... n). (1)

Hax w pamee, merxo yGexpaeMmcs, d9T0 OTHomeHHEe
M~CBOTUMOCTH 72-0K MHOKECTB TPaH3UTHBHO.

Cucrema MEOmecTB {O;, . . ., O,> HABHBAETCA M-YnlgeD-
caabHOl, P-KOW MHOKECTB, €CIHE BHIIOJHEHH ciepyiomume ye-
JMOBHA:

a) MHOKECTBA O, . « o, Oy TOIAPHO He HMEIOT OOIHX HJe-
MeHTOB;

0) KaKgoe W3 MHOKECTB Cq, o . ., Op PEKYDCHBHO mepe-
YHCIAMO;

B) Kasxgaa n-ka {PB, . . ., fny DODApHO He mepeceraMUX-
Cf PERYPCUBHO MePeYNCINMEY MHOQKECTB M-CBOAUMA K 71-Ke
<a1’ cz:‘»!1 LS ] cz17.>' .

aa n = 1 970 ompeneneHHe 0GpAmAETCH B ONpPe/eleHHAS
1m-yRuBepcanbHoro MHO:xEecrBa (m. 8.1). C gpyroi cropoHH,
B OIpeleTeHUN #-yHOBepcalbHEX 7-OK MHORECTB He Tpe-
Gyerca, aro0Rl MHOXKeECTBA Py,. . ., P, OblmE HemycThMm, ITo-
BTOMY I3 7R-YHHEBEDCATBHOCTH KAKOM-HIOVADL CTCTEMBI MHO-
JKECTB O.j, . . ., G, BBHITEKAET M-VHIBEPCATBHOCTh KaRmoH ee
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MOJCHCTEMEL Gy, O,y - - -, Oz M, B I4CTHOCTH, Mi-yHUBEPCATb-

HOCTH KQKMOTO OTHETHHOTO MHOMKECTBA 0;, BXONAIMEr0 B
M-YHABEPCANLEYI0 CHCTEMY.

O6parHoe, KOREYHO, HeBePHO: NAJeK0 He Kakas CHCTeMa,
cOCTOAMAA U3 1 ODAPHO He IepeceKaloImuX ca M -~yHENBeD calb-
FILIX MHOKECTB, MABIAETCA M-YHUBEPCAIbHOH n-KOA MHO-
weers (em. m. 10.3). '

3ameraM eme, 9TO 0GbefHHEHNE BceX MHOKECTB ¥-YHHE-
BEPCATBHOHE n-KU He MOJKeT COBIAgaTh ¢ HATYPAIbLHMM PAIOM.
IefficTBUTeTEHO, OPOTEBHOE O03HAYANO OB, 4TO Me-yHEBEP-
calbHOe MHO;KECTBO O; HMeeT PeKyDPCHBHO MePeYHCIUMOe J[0-
momHeRWe o, |J . .. |J @y, Wero GHTH He MOKeT, TaK Kak
ONONHeHHE M-YHABEPCAIbHOT0 MHOMKECTBA He PEKYDPCHBHO.

W3 ompepmeneHus m-yHIBEPCANLHLIX CHCTEM MHOKECTB He-
IIDCPEJICTBEHHO BERITEKAIOT CIeNYIOmue HX cBoicTBa. IlycTh
{0, . .., Cy> — M-yHABEPCAAbHAA cHCTeMa. Torma

a) Oas woboli uacmuuno perypcusnol @ynkyuu f (z)
ynoncecmea f=1 (aq), . . ., 71 (cn) nORAPHO He nepecerarwmes
U pPEeRYPCUBHO TePEUUCAUMEL;

6) Oas kaxcdot cucmemsr By, . . ., Pn noOnapro ne nepeceraio-
WUTCA,  DEKYPCUBHO NEPEHUCAUMBLL MHOICECE  CYLyecmayem
perypcusnas Pynryus f (z), 0as gomopoit By = 1 (o), . -

e Ba =7 (o).

OGparmoe TaKKe BEPHO: eClH CICTEMa Gy, . . ., O Ka-
KuX-T0 MHOeCTB ofXamaer csoffictBamm a), G), TO o0Ha
IN-yHOBEpCAIbHA.

CpoiictB0 6) B DOCHTYKUIO [EPBOMAYANBHHM IOBOXOM
K BBENeHUI0 Ha3BAHWA (IN-YHUBEDCAAbHBLEY CHCTEMEL.

Ilyers n — 3agaHHOEe HOJNO}KETEAbHOE HATYPaIbHOE WHC~
T0. O6GosHaumym weped 4 COBORYNHOCTh KaKHAX-TO BCIOMOIa-
TeAbHHIX (UKCHDOBAHHBIX 00BEKTOB Wy, Ay, . . ., @p. C KUKIOR
n-KO# Gy, . . ., G, DODAPHO He IIePECEKAIONHXCA U B CYMMe
He MCYepOEIBAIONIX HATYPATLHOT0 PAXA MHOMKECTB CBIREM
Teneph CaeAyIOMYI0 HyMepalmio ¢ coBoKymHoctn A.:

a;, ecnm z€o; (i=1,..., n)

@y, ecam zn€oyl)... U o

Pz = { @)

Hymepanmio ¢ m cucreMy MHOMKECTB y,. . ., O, ME [ajlee
OymeM HashIBATh ACCOYULDOBAHHBLML.

ComocraBnasa  ompejedeHNsA  CBOXOMOCTH  HyMepaljmi
(m. 9.2) m 1M-CBOTEMOCTH 72-0K MHOKECTB, BHMIM, 4TO Hyite-
payus @ cosokynnocmu A mozda u moavko mozda céoduma
K Hymepayuu \p mot e co80KYynHocmu, K020 Cucmema MHo-
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Jcecms, accoyuUUPOBAHHEs, C nepeolt Hymepayuell, M-ce00uma
E cucmeme MHOXMCeCME, QccOyUUpPOsarHol ¢ Hymepayueld 1.
CrcreMBl MHOMKECTB {0y, . . ., Ony B {fy, . . ., Pr) HaBH-
BAIOTCS 1M-9KEUSAACHMKBIMIL, €CITH Kask[Ias U3 HUX M-CBOTIMA
K fpyro#. VI3 TompKo 9TO cHeqaHHOTO 3aMeYaHHA O CBASH
MeKTY 7M-CBOREMOCTBIO CHCTEM M CBOEMOCTBIO ACCONUEPOBAH-
HHIX HYMepaImi BHITEKAeT, 9T0 HyMepamuu ¢, P COBOKYIHO-
et A 9KBUBANEHTHH TOTHA M TOABKO TOT/A, KOTHAR #M-DKBIU-
BaJeHTHH ACCONUEPOBAHHEIE ¢ HEMH CHCTEMBl MHOIKECTB.

Hwmmecnenylomas TteopeMa jelaeT fABHEM TecHOe DOJ-
CTBO M@Ky MOHATHAMHA LOJHOTH HyMepalud H 9-yHABEp-
CANBHOCTH CHCTEMEl MHOJKECTB.

Teopema 1. Ecau ¢ — noanas nHymepayus coeonyn—
nocmu A, cocmosweli us n -+ 1 obweekma, u Jnno.wcecmeo
@~'a; nomepos kascdozo reocobozo obeerma a; (i =1, ..., n)
us A perypcusro nepeuLeaLLIO, MO accoquupoeannaﬂ cucmena
MHONMCECME O A4, . . ., Q7l@, M-ynusepcasvha.

O6pamizo, ecau cucmema MHONCECTE Oy, . . ., On M-YHUSED-
€anbRa, MO ACCOYUUPOSANHASL HYMEDAYUSR © NOAKA U COBOKYN-
HOCb HOMEPO8 Kaned020 Heoco6020 saemenma smoti KYMepayu
Agasemces, PeKypcusro nepeiucaumol.

HoxaxeM mepsoe yrBepkAeHMe. [l0 yCIOBHIO MHOMKECTBA
¢7'a;,. . ., ¢7la, pPerYpCHBHO NePeYMCAMME ¥ IIONApHO
He mepecekaiorcs. Ilycrs fy, ..., f, — Kaxag-1EGO mpyras
cEcTeMa HellepeceKanIUX sl PeKYPCHBHO HePeIUCINMEIX MHO-
’KecTB. BBOIUM BCIOMOTAaTeNHLHYI0 YacTHYHYI0 (YHKOHIO

@ =c;, ecau z6P; (i=1,..., n)

He onpedenena 04 OCMAALHUT T,
Tme ¢, ..., Cp — KaKkWe-TO QEKCHPOBAHHEE WHCIa W3 MHO-
wmects ¢7'@,, . ..., ¢~'a@,. Cormaceo n. 6.3 dyEruma F,(z)

gacTEyHO pekypcuBHa. IlocKompky HyMepanmus ¢ TOJHS,
TO HafieTca o0mepeKypcmBHas (yEKuusa f (r) Takasg, 4To

[ pc;=wa;, ecmm z€f,

f(x)=l o=¢ty, ecnm z¢PilJ... U.ﬁm

TO cTb
z € [3,' %f (a:) € (p‘la,- (i = '1, o« . oey n).
3Haunt, cmereMa P, ..., Pn M-CBOEATCA K CHCTeMe
1
{p7'a;} n cucrema ¢~'a,,. .., ¢~'a, m-yHOBEpCAIbHA.

Horaxxem ofparHoe. Ilycrs F (z) — mpomspoiasHad d9a-
CTHYHO peKypcuBHas (yHKmua. Ilo yciopmio, cECTeMa MHO-
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meers F7L (o). . ., F7' (@,) Mm-cBogATCA HEKOTOPOH DERyp-
cupHOR QyHEUme# f (r) K cucTeMe Gy, ..., Gy, TO €CTH
F@éeo;&f@eéa; (=1, .. n)

CpaBHEBaA 3T0 ¢ fopMylamu (2), ompenelsiONIEME aCCOLH-
NpOBAHEYI0 HyMepamlwio, BHIUM, 9TO
¢F (z), ecom z€a; (i=1,...,n)

(Pf(x):{ao, ecnt zdoalJ... U o,

I, CJefoBATeIpHO, HyMepamua ¢ IoNHA,

Teopema 2. Ecau ¢ raroti-nubyde cosorynmocmu U

¢ noAnol Hymepayuel @ umeemcs KonweuHas cucmema U4, . ..

, Un nOnapro #e nepeceRaowurcs 6noiHe nepesuciumb
ceneticme o6wexmos, mo cucmema Muoxcecms ¢U, ...
o vy, 97U, seasemes M-yrusepcasvi ol

B camoMm nrene, oGosEaTrM 9epes A pasbueHAe COBOKYHHOCTH
Unarnaceun Uy, ..., UpuraaccUo=U — (U, {J. ..U Uy,)
(cm. m, 9.1). DaxropEyMepanus ¢, = @/A ApageTcs HOXHOR
Hymepanumel KoHegHO# cosokymHoctm A = {U,, U, ...

., Uy}, OprueM COBOKYNHOCTE HOMEDOB BCeX HEO0COOHX
DIIEMeHTOB B[ECh DPOKYDCHBHO IepewmCIHMLI (rax ®ar oHHE
coBIDamaloT ¢ MEomecrBaME ¢ U, i =1, . . ., n). CorxacHo
reopeme 1 oTcioma BHTeKaer, uTO chTema MHO{eCTB
¢7U,,. . ., 97U, m-yHEBepCANBHA,

TeopeMa 2 pgaeT BOBMOMHOCTH BECHMa IPOCTO HAXOMHETH
KOHKpDeTHHE 7i-YHUBEDPCANBLHEE CHCTeMB MHOkecTB. Pac-
cMOTpMM, HampuMmep, Hymepamuio Huamam x. Ilyers U; —
CeMeHCTBO BCEX OMHOMECTHHX YacTHYHO PEKYPCHBHHX (PyHK-
ugi f (z), Koropee ymosrerBopaior ycxosuio f (0) = i.
Cemeticrea U; BIONHEe IepedWcINME M IMONApHO He Iepece-
KaloTeH. OﬁosHaqa;{ 9epes oi,; COBOKYUNHOCTH BCEX KINHHEEB-
CROX HoMepos QyEKOEX ms U;, BEOUM, 970 coriacHO Teope-

Me 2 cHeTeMa MHOJKECTB Gy, . . ., Oy ABAAETCS M-YHABEPCALb-
Hofl mus Kaykmoro sHawemmg n = 1, 2,. ..
CHcTeMBI MAOIRECTB Oy, . . .y Op # Py, . . ., fp HaseBaoTCH

PEEYPCUBHO UBOMODEHHbML, €CIH OmHAa M3 HAX IEPeBORHETCH
B APYTYI0 DONXOAAIIEM PeKYPCHBHEIM B3aWMHO OJHO3HAYHKIM
oTo0paiKeHWeM HATYPAILHOTO pAma Ha cefs, T. €. eclm ofHA
M3 cHcTeM -CBONETCA K APYrod IpH mOMOmMI IOAXOAIeR
PeRypcHBHOl (YHKONH, OCYIMECTBIAOMEH B3aUMHO ONHO-
3HagHoe OTOOpaykeHWe HATypalbHOTO pAma Ha cedd.

Teopema 3. Jua rawudozo n 6ce m-yHusepcasbibie
N-KU muoxcecms usomopduti Opye 6py2y My=zamxr [2],
CyrMamsam [1]).



196 TJI. IV. HYMEPOBAHHBIE COBOKYIIHOCTH

HeficTeuTensHO, W3 ONmpeNeNeHUA 1M-YHHUBEPCAIbLHOCTR
HeIoCPeICcTBeHHO CJIeNyeT, 9T0 BCEe M-YHHBEDPCANBHHE n-KH
MHO}KECTB MN-3KBYUBAJCHTHE Apyr Apyry. M3 m-skpusalent-
HOCTH CHCTeM MHO/KECTB cJlelyerT HKBHBaJeHTHOCTH AacCOIH-
MpOBaHHHX HyMepanuil., Tak Kak 9TH HyMepalUH B paccMar-
PEBaeMOM ciyZae DOXHH (TeopeMa 1), To oHE GygyT u H30-
MopdEEME (Teopema O, m. 9.3). Ho rorma mnsomopdHEME
OYOYT U COOTBETCTBYIOIHE n-KH MEOMKECTB.

10.2. KpeaTnBusle cucTeMbl MHOKeCTB, IloHATHE Kpea-
THBHOCTH, ompefesfeHHoe B I, 8.2 NI OTHeNbEO B3ATHX dTic-
JMOBHIX MHOMECTB, PAcUpPOCTPaHAeTCA Ha DApH, TPOAKKM I
T. 1. MHOJKECTB CJIenylommuM obpa3oM.

CrcreMa n 9YHCIOBEIX MHOMKECTB O, . . ., Op HABHIBAETCH
Epeamustoll n-kotl MHOYNCECma, eCIK dTH MHOKECTBA TONAPHO
He DepeceKaloTcs, PeKYPCHBHO MEePeuNCIMME M ©CIH CYIe-
CTBYeT TaKas peKypcHeHasa QYHERUHA p (Zq,. . ., Zn), 9TO 1A
KR[IO# cHCTEeMBl Iy,. . ., T, TONADHO He mEPeceKalomuxcs
PEKYDPCEBHO MEPEYNCINMEX MHOKECTB, YIOBISTBOPAIOMUX
VCIOBHAM [ODOIHUTEIBHOCTH Gy (| My = (J, ..., Uy (]
N T, = (JJ, HMEeT MecTO COOTHOIeHHe

p (xlv LIS | zn) Q (al U “xl) U v U (a’n U nxn)- (1>

Iipm n = 1 »T0 ompeyieieEnme ofpamaerca B OLOpe/eleHTe
KPeaTHBHOCTH MHOLkeCTBA o, BpemeHHoe B I. 8.2, Teopema
0 COBIAJeHEN KIACCOB KPEATHBHEIX M 70-YHUBEPCAIBHEIX MHO-
MKEeCTB TaK)Ke IDePeHOCHTCA Ha MM-yHHBepcalbHble I KDeaTHs-
HHe n-Km MHosecTB. OpgHaKo, 4TOGH TONYYHTH HECKOJIBKO
follee CHIBHEIE DPEsyJbTATH, MH pPas3ofbeM TeopeMy O COBIA-
OeHWH KJIaccoB KPeaTHBHHX I YHEBEPCAUILHHBIX 72-0K HA [BE
9aCTH.

Teopewma 1. Aus ramdoii yrusepcasvholl n-ku MHo-
aeecms dy, . . ., Oy CYUjecmeyem markas PerypcusHas GYHKYUS

g (1, . . .y zp), WMo
g a)€ U ( Na) U (% Na) @)

=1
045 6Cex Ty, . . 5 Tp.

Ecmm sty (Yo, =@ (i =1, ..., n), 10 yeunosme (2)
mepexopuT B yeaosue kpearmsHocrH (1). Ilosromy ms Teope-
MBI 1 caepyer, 9TO dce YHusepca.tbrble N-KU MHOICECNE SAGASIOM-
c  EDeamUGHLML.

Has mokazaTenscTBa TeopeMil 1 BHGEepeM B KasKmoM MHO-
JREeCTBE o; KaKoe-HEOYNs wmcio ¢; (i = 1, .. ., n). Paccemor-
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pInM COBMECTHOE IPOROIKeHTe f (1, . . -, Zn, &) DOCTOAHABIX
pyuruuit f; () =¢; (i=1, ..., n), oupeneneHnoe B Teo-
peye 0 COBMECTHOM IPOROIKeHHN (m. 7.3) m ofaagaomee
creTyIONIAMA CBOHCTBAMM:

a) ¢yExmoma f (zq, ..., Zn, T) YaCTHIHO PeKypCHBHA IO
COBOKYIHOCTE BCEeX CBOHX apTyMeHTOB;

6) NI KayKubIX UKCHPOBAHHLIX Zy, . . ., T, 06JaCTh onpe-
qeeRHA  OfHoMecTHOH Qymkmum f (g, ..., Zn, Z) ecTb
e U U o

B) (x4, ..., Ty, T) MOKET NPHHENMATH IWING 3HAYEHHSA
Cy ««vy Cp H

f@y oo @y )=c =z €y (=1, ..., n).

PaceMoTpuM Temeps EyMep alllio (p BCIOMOTATEIBHON COBO-
kynEoctE 4 = {a,, a,,. .., Ay}, aCCONUEDPOBAHEYIO C CHCTe-
MOHR Gy, . . ., On. Tark KAk cHCTEMA Oy, . . ., On YHEEBEPCAIS-
na, To HyMepaldsa ( MOALa, W, cIeq0BaTelbHO, Halimerca pe-
KypcuBHas QYEKOUA g (Zy, &y, . . ., Tn) (0. 9.3, TeopeMa 4),
VIOBIETBOPAIOIMAA YCIOBHIO

(Pg (xls v e ey zn)z (Pf ($1, =0 ey xn’ g (xlr L ] xn))v (3)
ecnm f (zy, . . ., Ty, ) OOpPENENEHO, T. €. eciH

g(xl’ sy xn)Eﬂr,U . U:ﬂixn,
It YCIOBHIO
g (T1, .+« .y Tn) = @y, (4)

eCHE g (L « . oy Zn) G T, U - . U s,

B caygae (3) m3 cBoitcrsa B) cIexyer, 9T0 IPH HOAX O AMEM

Hh1<<j<n, meeM f (2, ..., Zn, §) =¢; B g (24,
ey In) € T Papencrso (3) maer ¢g = @cj, OTKYAA
g ¢ a; m moTtoMy g € Qi ( a;.

B cnywae (4) g =a,, 1. e. g({oc’1 U...UJUw =
novony g6 U (s, U a), € € () (e, () o).

Hrak, B caysaax (3) m (4) mMeer Mecro BRIoueHHe (2),
T. €. BKIIOYeHIe (2) MieeT MecTo OPH JAIO6HX I, . . ., &y, 9T0
o TpeboBaNOCh.

CrereMy PeRYPCHBHO IEPEUNCAMMEIX MONApHO He mepece-
KQIOMUXCA MHEQ/KECTB Oy, . . ., Oy YCIOBIMCSA HA3HBATH C4ab0
KpeamugHol, ecim CYMEeCcTBYeT peKypcHsHasg  QYHKIIA
g (®y, + + -y Zp), 00TAKAIOM A CHETYIOMIM CBORCTBOM: €CIH 4718
HEKOTODHIX Zy, . . ., Zp BCe MHOMECTBA T, . .., Ty, HYCTH
34 TCKJIIOUeHWeM, GHTH MOMKeT, OJHOTO Ty, I 3TO Ty, COCTONT
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JUMb U3 ONHOTO UYMCHIA, He BXOMAIIET0 B COOTBETCTBYIONEe
Gy, TO

[g( 13 00 zﬂ) (E U (ﬂxi U OL,-). . (5)

Orciona BUmHO, 4TO yciaoBme ciaafoli KpeaTHBHOCTE (D)
coBIamaeT ¢ yclrosmeM KpeartusHocru (1), o mpm Goxee
JKECTKUX OTPAHHIMTEeNBHEIX TpeGosaHMAX, HalaraeMblx Ha
9UCHA Zy, . . ., Zn. 1109TOMY KpeaTHBHBIE CHCTeMbI 3aBEOMO
cia6o KpearmpELI. 13 Teopembr 1 m Hmecaegyomeid Teo-
peMsl 2 GymeT BHNHO, 9YTO CIPAaBeNINBO B oOpaTHOE,

Teopema 2. Haudas caabo kpeamusras n-ka MHO-
AHCECB Cbyy . . ., Obp ABALEMCL MM-YHUBEPCANLHOT.

Iycrs g (24, - . ., Z3) — PeKypcUBHasA QYHKIUA, YOBIET-
BOPAIOMAs Qs CHCTEMEH Oy, . . ., ¢, yoaosuio (5). Ham mago
ImoKasaTh, 910 Miobas cucreMa Py, . . ., fn PeKypcuBHO Hepe-
YHCIMMEIX TONAPHO He HepeceKalomuxcsa MHOKEeCTB 77-CBO-
IETCA MOAXONAmed peKypcumBHOR QyHKUHmed h (z) K cHcTeMe
Cyy « - »y Gn. DYEROUA 2 (Z) CTPOHTCA TAK.

CHagana BMECTO n-MECTHOH HDONYKTHBHOH (YHKUME BBO-
UM OTHOMECTHYIO ciexyromuM obpasoM. Coraacuo m. 7.3 mas
KayKIOTO i CYMIECTBYeT OMHOMECTHAsA pPeKypCHBHAsS (YHRIMI
g; (z) rakasa, gro

K (z, 1) = i&t€agwm. (6)
IlonaraeM mo ompepeJeHMIO
p(2)=2g (8 (@) ... & ().

W3 cpoiicra (5) ¢ymErumm g m dopmya (6) seirexaer, aTo
p (z) ymosierBopser ciemylomeMy yciaosmio. Ilyers mas
HEeKOTOpoOro z '

K@ ty=istey (E=1,... n), (7
mpudeM 060 Bce MHOMKECTBA Yy, . . ., Yo LYCTH, JNGO BCe

YCTH, KpoMe HEKOTOPOro MHOKECTBA Y;, COCTOAMIErO JHIIbL
3 OfHOTO wWHexa, U o; {) y; = . Torma

p@¢ ) (U, ®)

CoramacHO TeopeMe O COBMeCTHOM mpomokeHnmm (m, 7.3)
CymecTBYeT gacTouHo pexypeusHaa ¢yEkmua K (a, y, z, 1)
0T TepeMeHHHX ¥, 2, {, YJXOBJCTBOPAMAS YCIOBHAM

=i npu yEﬁi’ tea, (i=11~--a n)a
K(a,y,zt) 9)
ne onpedesena Oas OCMAALHYMT Y, 2, L.
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Ilo Teopeme Mafixmma o HemojBHWKHOHE TOUKe HameTcH
pexypcuBHas GyEKOUA f (y), I KoTopoi

p (e y f @) =z z€ 7. .
970 03HawaeT MPOCTO, UTO A KAKIOTO y MHOMKECTBO j(y)
cocTonT Jumms 3 ofHoro wxcaa p (la, y, f W))).
IToxaskeM Temeps, gro $ymruma & (y) = p (la, y, f @))
m-cBoRET cucteMy Py, . . ., fa K oy, . . ., a,. IIpesme Bcero,

y6pU...UB=h@baU...Uan (10

HeiicreuTensHo, coraacHo (9) @3 y¢ P, U ... ) Py BH-
rexaer, ato K ([a,y,f (y)], ¢) He ompenencHo HE A KAKUX ¢,
IToaToMy MHOMECTBA Yy, . . ., Yn, ONpefeNeHHbE M0 (OpPMY-
maM (7), oycrst m corxaceo (8) p (la, g, f () €ay U . ..
e U dg

C npyro# cropomH, m3 (9) momywaeM, urto mpm ¥ € P;
dyurnms K (la, y, f (y)], t) mMeer ompeneleHHoe B3HAYeHHE
aumb mguat=p ([a, Y, f(y)]) u sHazenme s10 pasHO i. Criemo-
BaTelIpHO, BCE MHOKECTBA Vi, . . ., Vn, HAUJeHHEE B 3TOM
crywae mo popmyaam (7), mycTsl, KpoMe MHOKECTBA V;, COCTOS-
wero u3 wucaa p (la, y, f (y)]). Ecan 6 aTo wHcI0 He BXONH-
70 B O;, TO COTIIacHO (8) MH mMexd GH cOOTHOMeHHTe

plle v, FD €U @5 U v,

aro HeBo3MokHO, Tak Kak p (la, y, f (¥)]) € y;. Cuemosa-
TEIBHO,

yEﬁ,%h(y)Eal (i=1,...,n)

A, sHauWT, QyEKIHEA h (y) mefcTBHTENIHHO %-CBOIHT CHCTEMY
Biy . . .y Pp K cHCTEME Gy, . . ., Upe

10.3. PerypcHBHO seOTHENIMMEIE MHOMKECTBA. I[0BOPAT,
9T0 YHCA0BOE MHOKECTBO Y omdeasemn MHOKECTBO o OT
MHOecTBa f§, ecim a &y n v [ f = (J. MHoxecTBO O
Ha3HIBACTCA peKYpCUSHO omdeiumsy OT MHOxecTBa [, eca:
CYIMECTBYeT peKypcUBHOe MHOJRECTBO Y, OTHedAIomee o OT f.

Ecan pexypcHBHOE MHOMECTEO Y OTHCIAAET MHOKECTBO O
oT MHOsecTBA [}, TO JOomoTHEHIE Y MHOMECTBA Y PEKYDPCHBHO
ormensaer B or a. [losrony orHomenne pexypcHBHOH oTHeIN-
MOCTH CHMMETPIYHO W BMECTO TOTO, 4TOOEH TOBOPHUTH, UTO
MHO/KECTBO ¢, PEKYDPCHBHO OTHEJNIMO 0T MHO:KecTBa [}, wacto
roBOPAT, UTO MHOJKECTBA ¢ I [ PEKYPCHBHO OT/IENHEMEL.

MEosxectBa ¢ I [} HAa3HBAIOTCA DeKypCUSHO HEOMIeAUMbL-
MU, €CJH OHH HeleDeceKawmuecs I HO OQHO W3 HOX HE
OTIeIMMO PeKYPCHBHO 0T APYroro,
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Kaxmoe peKypcHBHOe MHOKECTBO OTHelNAeT DPEKYPCHBHO
caMoro cefs oT JAIOGOT0 APYToro He IepeceKaloImmerocsa ¢ HuM
MHOMecTBa. II09TOMY pPEKYPCHBHO HEOTHEIHMBIMH MOTYT
GHTH MMINB HepeKYPcHBHBIE MHOKECTBA.

Teopema 1. Perypcusno nepeiuciumbie DeKypcusHo
Heomdeaumsle MHONCECNBA CYULECINEYION.

Pacemorpmy 9acTWIHO peKypeEBHYID QYHKNu F (),
mocrpoeEHyI0 B I. 6.3, KoTopas mIpHEEMaeT JINMb 3HAYECHUA
0,1 7 He MomeT OHITE JOOIpeResNeHa 10 0OMEPEKYpPCHBHOH
¢yarnun. O6os3HaumM wepe3 o COBOKYIHOCTH DEIIEHUH ypas-
Hemua E (z) = O m gwepes [} coBOKynHOCTE pelieHHE ypasHe-
rug E (z) = 1. OGa 318 MHO)KeCTBA PEKYPCHBHO IepeyHCiIn-
MBI ¥ He nepeceKatorces. I[okaskeM, 9TO ¢ He OTHEIHEMO PeKyp-
caBHO oT B. Ilyers, HampoTHB, KaK0e-T0 PeKYPCHBHOE MHOE-
¢TBO Y otneisieT o or P.Torma xapakrepmermueckas QpyHKIUs
MHO;KeCTBa Y OBIIA OB PEXYPCHBHBIM HoonpefeleHmeM QyHK-
gun E, wro OpoTHBOPETNT YCTAHOBIEHHO! paHee PeKypCHUBHON
HeJoOmpefemMocTe 3Toft PyHKIUM,

W3 ompeneneHns pexypcHBHONH HEOTHEIMMOCTH Hemocpel-
CTBEHHO BHITEKAIOT cIefylomupe CBOMCTBA PEKYDPCHEBHO HeOTHe-
JAHMBIX MHOKCCTB!

a) HUKAKoe epeKyDCUBH0e MHONCECT80 He Mojcem Owmb
PEKYPCUBHO OMOCAUMELM 01 (80620 OONOAHEHUR,

0) ecau Mmmoocecmea &, perypcusmo Heomdeaumbl U
o an S Py, o By = &) mo mroacecmea ay, B, marace
PEKYDCUBHO HeOMmIeslMbl.

Bomee ToEKOe ¢BOHCTRO PEKYPCHBHOH OTHENHMOCTH YKa-
3EIBaET

T eopera 2. Ecau nenepecexaio s uecs muoxcecmea o, f
UMEOIN DeKYpCUBHO Repewuciumble 00noAneHus, mo o u P
DEEYPCUBHO O0mOeaurtl.

CormacHo Teopeme 0 COBMECTHOM IpofoLxeHHH (m. 7.3)
CYImeCTByeT TacTHYHO PeKYpciBHas §yHRuna f (z), ompexe-
leHHasg Ha oGDbeJHHEHON MHOKecTB o W f', IpmEAManmas
aame 3HauweEna 1, 2 ©m ynosieTBopAIoOmEas TpefoBAHHAM

f@)=1=z€a,fa)=2=x€p". (1)

ITo yemopuwo « () p = (7 u, sHagur, &’ |J B’ cosmagaer
co BceM HarypaunbHEM panoM. IloaTomy dyErnma f (z) seiomy
ompeneineHa. OGosHaumM uepe3 o I f§; MHOKECTBA Tex &,
mas Koropeix f (z) =1 1 coorsercrserHo f (z) = 2. M3
perypensHOoeTn QVEKINN f (z) ciaemgyeT, 4ro o B Py PeKyp-
cupmst, 118 (1) BmTexaer, ato oy S o', f; S P, 1.6 ¢ S
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o, p < Pi. 3HauAT, 0 W} OTHEAAIOTCA PEKYPCHBHEIMH He-

nepeceKalomuMuca MHOMKECTBAME iy, .

Teopema 3. Hukakas m-ynusepcaivras napa mwo-
acecm8 o, P ne mocem Gumv omoesunol.

B camoMm gene, coriacEo m. 10.2 xammas yHWBepcaabHas
napa KpeaTMBHA 1 TOTOMY R MHOMKECTB o, } cymecTsyer
peKypcHBHAA (IPORYKTHBHaZ» (GYHKNUA g (z, y), SHadeHHS
KOTOPO# TONIMHEHLl YCIOBUIO: €CHH 3y (| 7, = (Jj @ o [

=B 5, =, To
gz, y)gu P U me U my. (2)

Ecam 651 MHOmecTBa o, ) OBLIH OTHEIMMEI, TO miIf LOJ-
XOUAEAX Z, Y MHOMRECTBA T, 5, GBI OBl B3AUMHO [OLOJ-
HUTeAHHBl @ YNOBIETBOPAAM OH ycIoBHAM o C oit,, P C
Sy, r.e. o) ® =p()w=(. Ho torgza coormome-
nue (2) O6bmo GH HEBOBMOKHO, TaK Kak QyHKuusa g (z, y)
moNKHA MMeTh ompejeleHHoe BHaueHWE, a CIPABA CTOMT MHO-
/ReCTBO, COBIANAIONEe CO BCeM HATYpPAIbLHEIM PATOM.

Hapsagy ¢ moHaTHeM HeOTHEIHMOCTE MHOKECTBA dacTO-
fbiBaeT MOJNeSHBIM XM HOHATHE 3(PQPeKTHBHOX HEOTNEIMMOCTH,
ompenenseMoe CIENYIOITEM 06Pa30M.

Henepecerarouguecs, mmoncecmea o, f§ wasusaomes 9 @ -
dermueno neomdeaumvl MU, ecau cyuecmsyem
perypcusras Pyrryus g (z, y) makas, wmo
i =0&n2a&a, 2p0=

=q @y ¢ne . (@)

IToBropsia OpHBegeHHbBE BHIIE PACCY:KICHUA, JTIETKO
ybexpaeMmes, 210 Kaykpad dPQerTHBHO HeoTheamMmas mapa
MHOIKECTB HeoTmesimMa B OOGBHTHOM cMBIcIe. Bolee Toro, ecin
B ONpE[eleHmd KpeaTHBHOM mApHl MHOZKECTB OOYCTHUTHL Tpe-
foBaHme, 9To0B MHOM{ECTBA HAPH OBIIM PEKYPCHBHO IHepe-
TMCAAMBMI, TO ycXosme (3) Gymer ciemcrsmed ycaosua (1)
3 m. 10.2, mocpencTBOM KOTOPOTO OIPeXEIANOCh IOHATIE
KpeaTuspEocTH. TakmM o6pasoM, KaRmad KpearuBHas Iapa
MHOKecTB 9Q@erTnnHO Weorgeanya. OpHaKo BepHa W Goaee
ofmasn

Teopexa 4. Henepeceraowuecs perypcusno nepe-
yucaumpie MHONcecmea IpPermusno HeomdeauMmu moeda U
moavko moeda, koeda oHU 00pasyOMm  KpPEAMUSHY RADY.

To, 9o KpearnsHasg mapa 3QPQPerTIBHO HEOTHENIMA, Yrike
Obtmo  yeragoBieHo., IlosrTomy mycrs o, f — adderTosHO
HeoTpedOMasg HApa PeKYPCHBHO UepeTNCIMMBIX MHORECTB.
Mnl xoTuM moKasarTh, $TO BATOM cIydae napa o, [ KpeaTmBHA.
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Tak Kak o ¥ [ PEKYPCUBHO MEPEYUCIEMEL, TO CYIIECTBYIOT
qucaa @, b, AAA KOTOPHX IpH JoHoM &

o U Ty =[x}y P U Te=7(5, .

Oyers 7tx [}ty = 55 [ o = w, [} p = J. Torna a1 =2
Da, Apa=2p 1 T [ wps) = . CregosaTensHo,
u3 (3) umeeM

g([e, t], b, s]) o |Jm, UB U .

JTo0 mOKa3HBaeT, 4TO mapa MHOMECTB o, [} KpearmBHA X
AMeeT B KauecTBe HPOXYKTHBHON (YHKIEE (QYHKIHTIO

p (s, t) = ¢ (la, tl, [b, sl).

Hrak, coriacHo TeopeMe 4 Mg map PEKYDPCEBHO Hepe-
qUCAAMEX MHOKECTB DOHATHA KPeaTHsHOCTE B 3YPeKTHBHON
HEOTHeNEMOCTE paBHOCHABHEL. Mur cefgac BOCHONE3yeMcA
aTaMJ06CTOATENBCTBOM; 4TOOL T0Ka3aTh

Crnemcrsue 1. Hycmb nnoscecmea o, B, obpasywowue
KpPEeamusnyn napy, O0moieseHsl DERYDCUBHO NePedUCALMbLMU
MHOdCECMEAMU Oy, Pr, M6, A S 0y, P Py, o ) B = O
Toeda muoncecmsa oy, P1marace 06pasyiom kpeamugnyio napy.

B camom pmene, ecnm yHKNEA ¢ (z, ¥) YAOBIETBOPAET IS
MHOMECTB &, P Tpe6oBaHmAM (3), To 5Ta ;K€ PYEKuEmS Gymer
yraoBmeTBopATh TpeGosaHEAM (3) MAA MHOMKECTB O, P.
CrnemoBarespHo, MHOSKECTBA G, Py 9PPEeKTABHO HEOTIETUMH,
a 3HAY®ET, OHE 00pPasylT KPEaTHBHYI Iapy.

HOIIOJIH&H]IH, OpaMepr! H 3ajavud

1. Teopia m-yEoBePCANbHHX n-OK MHOKecTB (e3 TPyHa IepeHO-
cutesad W Ha GecKodedrkle clcTeMH MHOMecTB (K ams [1], M aa b
nes [3]).

BBopsaTesa caepylomjHe OIpefelleHHA: DOCHefOBAaTEIHHOCTH MHO-
JReCTB Oy, Oy, . . . Ha3EIBACTCA M-ce00uyelica K IOCAGKOBaTeIHbHOCTH
Bos By + « ., CAE  EAA moOxXomAmell peKypcEBHON (QYEKEHE f (:c)

sEa Sf (@) EB  (=0,1,...).

HocrepoBaTenrbHOCTH HA3HBAIOTCA MI-IKGUAALEHMHBIAMY, ECHE KaMAaA
H3 HIIX M-CBOITCH K Apyrod. Ecan ) (2) — pexypcupHas QyHKOHEA, TO
HOCNEOBATENLHOCTE MHOMECTB  {Itp5, Tpqys - » -> HABEIBACTCA P. M.
IOCHel0BaTeIbHOCTH0. P. . HOCAe0BaTeABHOCTH, COCTOAINAdA U3
WOIAPHO He HePeceKalomuXCst MHOMKeCTB, HasmBaeTcA cepuell. Cepua
Ha3EIBaeTCA 7 -YHNIBEPCAIAbHOL, ecin K geil 72-cBOgUTCA jiobas cepns.
C wampoil cepueil oy, U, ..., COCTOAMEeIl I3 HeNYCTHX MHOKECTB, He
nCYePOBIBAOMHX B COBOKYNHOCTH HATyPaibHOTO PARA, &CCOLIUpYeM

HYyMepannK ¢ COBOKYIMHOCTI HAaTYDAJNbHHX diICed, IIoJjaras mo oupege-
JCHHI

pn=isnea; (n,i=20,1,...),
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rae 0 = N— (e, U &y U . ..). HsnoyeEEsiME B JaEHEOM naparpage
MCTONAMA NEeTKO [OKAasHBAIOTCA CAefYIONHe yTBeDKIeHWA:

a) cepus m-yHIBepPCaAbHA TOTAA U TOABKO TOTHA, KOIHA accommu-
poBaHHAs HyMePanus Noara; 6) Bece m-yHEABEPCANLHEE CEPUU H30MOP(~
EB APYT APYTY; B) eCH B NONHOUA HyMepamum ¢ KA HeKOTOPoit pexyp-
c11BEOIl QYHKIAR k (z) MHOKECTBA ("'h (z) HemyCTH I COCTaBAAIOT Ce-
piio, TO BTA CepUSA  M-YHUBEDPCANLHA.

2, ITyecrs U — COBOKYNHOCTH € HyMepamueil ¢ I BHEeACHHHM
97eMeHTOM 0, HA3HBReMEIM ocobui. Bedywel QyHKuuell Eymepanmuu ¢
HA3LHBAETCA YACTHIHAA OfHOMecTHAA QYHKIUA f (z), ompepeldeHHAs HA
ymokecTBe @71 (U — 0) W yHOBReTBOPAMAad ClefylomeMy TpeGoBa-
nuio: f(z) = f(y) & gz = @y AuA BeeX x, y U3 o6aacTu oNpefeleHus f.
Hymepanua ¢ TOIfKa H TOJNBKO TOTKA A&CCOIMMPOBAHA C HEKOTOPOH
cepuel, KOXAa [ ( CymecTByeT YaCTHIRO PeKYPCHBHAA BeAYIIAA QYHK-
nusA. B TepMmHax Bepymux ¢$yBROEA MOMKEHO CHOPMYAMPOBaTH HOHA-
THE KPeaTHBHOCTH CePUE M [OKA3aTh COOTBETCTBYIOIWE TeOpeMEl
(c. Kams [1]).

3. IycTth CymecTByeT 4YaCTUYHO peKypcEBHAA (QYEKOUA f (z, y)
TaKag, 4T0 U3 M D a & oy D P &y, (| my; = @ caegyer, uTO
f (z, y) ompepmenesa u f (z, y) ¢ 7t U 7y (@, B durcnposars). Torma
o, B agdexruBao [HeoTmenuMu M ywmEum® [1]).

47 Mna mobuXx z, y MHOMECTBA Tty — My W T — Ty OTHEIUMEL
PeKYDPCHBHO HePeUHCIMMEIMA % MEOKECTBAMIL.

5. PeRypCUBHO HepedYHCIuMble MHOMECTBA ¢, § HAZHBAIOTCA
Myusuux| [1]) cusvno nHeomdesununu, ecHu BHIOONEEHH CAELYIO~
mue Yycuosusa: a) a (| B = @; 6) “momonmenue mmosxecTBa o (J P
fecKOHeTHO;} B) EAA JNIOGOTO0 PeKYPCABHO MepedHCANMOTO T, H3 o ()
N T, == (Z caegyer, TTO I, — P KOHETHO (WIW OYCTO) B U3 P ) My =
= ( chaepyeT, 4TO I, — o KOHeUHO. J[0Kas3aTh, YTO CUIALHO HEOTHEeNU-~
MHe MHOKECTBa He OTHeNUME PeKYPCABHEIME MHOKeCTBAaMH, HO He MOTYT
OHTH "BEeKTHBEO HeoTAeAnMMEMA. IIOCTPONTH mpHMep CHALHO HeoTfe-
AAMHX MHOJKECTB.

6. IloEATHA PeKyPCHBHOR HeOTHeAnMOCTH ¥ 3(QeKTOBHON HEOTHe-
TUIMOCTH MOKHO PACHPOCTPAHNTH U Ha IapH DepeceKalomuXca MHOMKeCTB
Myagux {[1], CmMmaxsarg [1]). MEoxecTBa a, B (BOBMOKHO,
TepeceKAOMUECA) HASHBANTICA pexypcueno HeomlesumbMmy, ecin He
CYMecTByeT PeKyPCHUBHEIX MHOMECTB o, By, YHOBIETBOPAIOMEAX Tpebo-
BagHAM: o D o, By 2B, &y N By = a () B. ABanormIHO MHOMKeCTBA
o, P HasHBAOTCA afdexmusno HeomdesumuMmi, ECAN CYMECTBYET pe-
KypcnBHaA GyEKRUA f (z, y) TaKad, ITO XA BCeX T, ¥

a,Doa&w, Dp&n, ) ny=aﬂB=>f(z,y)es:er T,

lMapa MHOKecTB o, B HaswBaerca npodykmuenod, ecHN CYIIeCTBYeT
PeRypcEBHasE GYHKOUA p (x, y), YAOBAETBOPHIOIIAA TpPeCOBAHIAM

nx_c_a&“ygﬁ&“xﬂ “y=@=>p(z,y)e(anﬁ)'_'(“xuny)'

IToxasaTh, 9T0 U3 7M-CBOKAMOCTH 3(PeKTHBHO HeOTHETEMOI maps
o, B ® mape y, 0 BHTeKaer sPdeKTHBEAA HeoTHeNHMOCTH Iape ¥y, O
(mapsr moryT mepecekarbesl!). [aaee, ecam o', f' — OPORYKTHBHAA
napa, 1o @, B aperTUBHO HeoTmeduMe. Eciam napa peKypCHBHO Iepe-
YHCHEMEIX MHOMKECTB o, f 3()(eKTHBHO HeOoTHenHMa, TO mapa o', §’
NPOSYKTHBEA.



TIABAV
AJITOPUTMBI 1 MAIMMHLI ThbIOPUHTA

B upemniecTByiomimx  riaBax HoApoGHO M3ydanlnch
cBOMcTBA WAcTMIHO peKypcuBHEX Oymrmui. O6ocHoBbBaA
HeoOXOMEMOCTh HTOr0 H3yd4eHWs, MBI OPHHANE B KAa4eCTBe
mocrynara Tesnc Uépua o0 TOM, 4TO COBOKYIHOCTh YaCTHIHO
PeKypPCEBHEX (YHKIHA coBmAmaeT ¢ COBOKYOHOCTHIO BCEX
GYHKNAHA, BHUACIUMEX IIOCPENCTBOM alToOpPATMOB. B mocie-
AVIOImeM H3I0yKeHAN Te3mc Uépua [Is [oKa3aTedbcTBA TeO-
peM He mcOooib3oBajicd. HanpoTns, Bo MHOTHX clyYasXx Hama
OCHOBHas IIeJIb COCTOANA B TOM, YTOOH [OKa3aTh IACTHIHYIO
pPeKypeHUBHOCTE (YHKUHH, 3aJaHHHX DOCPENCTBOM CJOKHBIX
IpoIeccoB alropETMUIEcKoro xXapakrepa. To, 9To 9Ta LEIb
Bcerma @ 0e3 0coforo TPYHA MOCTHTANACH, MOYKET CIYIKHTH
TlaBHHIM LOATBep:KAeHHeM Te3mca Uépua.

Haxr yme rosopumoch, MH He cTaBuiI¥ ceGe IeIbI0 [aTh
BceolImee olpefelNeHre WHTYHTHBHOTO HOHATHA AJrOpPUTMA,
HO HaMu [0 cHX Iop He OBIH onucaHH BooOme HEKaKuHe
RJIacCHl MPOTeccoB alToPUTMEYeCKOTo XapaKTepa, NOCTATOU-
HEIE JIJI BHYMCIeHUA BCeX YaCTHYHO PEKYPCUBHEIX (QYHKI[WH.
ITpamga, aro cmenars 6o HeTPYAHO, TaK KaK yrike HpocToH
aHAJIHE3 DOoHATHA YACTHIHOH PEKYPCHBHOCTH HOPUBONHT K 07-
HOoMY H3 TaKnx KiaaccoB. OmHAKO 9TOT Kiaace OOAYIaeTCA
MOBONBHO cIOKHEBIM, B Hacrosmei 1 caefyomedi raasax 6ymer
OUHECAH PAX BAKHBIX H €CTECTBEHHBIX KJACCOB AJTOPHUTMOB
@ Kasgbii pas 6yJer DoKas3aHo, 9T0 COBOKYHHOCTh (YHKIUH,
BBIGIICJINMBIX ITOCPEACTBOM aJTOPHTMOB  PaccMaTPUBAEMOTO
KIacca, B TOYHOCTM COBIAMaeT ¢ COBOKYIIHOCTBIO daCTHIHO
pexypcuBHbX QyHKUN. ITO gacT HaM PAM HOBEIX HOATBED:K-
meHn# Tesmeca U8pua m BMecTe ¢ TEM MHOrO HOBHIX TOHKHX
CBOWCTE 4YacTUYHO PEKYPCUBHHEX (PYHKIOI,

" § 11. Crnosapapie MuoskeeTBa 1 QYHROOO

Onmcannme BaKHEHMINX KAACCOB AMTOPHTMOB IPOX3BOIAT-
¢ B TepMOHAX TEOPHO cIoB B HeKoropoM andasnre. Ha-
gana ce SO n3nokeEH B § 1. Temeps MBI XoTAM mpogBI-
HYTH BTY TEOPHIO HECKOJIBKO FANbIe ¢ TeM, YTOOH MmoHATHSA
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PeKYPCHBHOCTHE U YacTHIHOH DeKYPCHBHOCTH, OLPEeREeHHELE
paHee JJIA YHCIOBHX (YHKIH{ I MHOECTB, PACHPOCTPAHHTH
Ha cJoBapHbBE MHOKECTBa U (QYHRUAN,

i1.1. CiroBapaste  mHomectBa. Ilyers A = {a,, ...
.. . Gy} — KakoF-EEGYE KoHeuHHH HaGop cmmBomoB. OGo-
spaany gepe3 &4 coBoKymHocTh Beex caoB B andasmre A4,
pKIM09ag U nycroe croso A. BceesosMosiHEHE NDOZMHOKECTBA
copokynHocTE &4, B TOM uWmede mycToe MOAMHOMKECTBO (),
GYLYT Ha3bIBATHCA CA06apHELMIL MEOKecTBaMU B aipasure A.
MsI XOTHM OIpENeNuTh IOHATHS PeKYPCHBHHX W PeKYDPCHBHO
ITePEYHCIAMBIX CJHOBADHBIX MHOMKECTB, OTO OYAET CAeJaHo
IByMA IyTAME: cHagala OpH [OMOIIE HYMeDaldd CIOB,
a B CcIeLyIOIeM pasfele U Gollee mPSMEIM CIOCOOOM.

3 mMHOrmx BO3MOKHBIX HyMmepaiumi coBokymHoeTH &4
ocraHOBEMCA Ha TaK HasbBaeMoil augasummoli HyMepamnuwm,
ompeneNgeMofl CHeRYIOmMEAM 06pa3oM.

Homep myctoro ciosa A momaraem pasHEIM Hymo. Jlamee

B KaKoM-aubo mopAgke umciamu 1, 2, . .., p HyMepyeM cuM-
Bonbt andaruTta. IIyerh @; 0603HagaeT cmMBOJ C HOMEPOM i.
o ompepeneHRI0 HOMEPOM CIOBA G = @i, . - - @ Q;, HaBH-
BaeM 9HUCJI0
. s ;8
c(a) =i+ ip+...+ ip'. (1)

Cmmponamm ¢ (4), o yeiaoBEMCEA 0603HAYATH An(aBATHHH
HoMEp CJI0Ba ¢ M COOTBETCTBEHHO CJI0BO, HMEIOINee HOMED 72.
Tax xax upn QUKCHPOBAHHOM p KayKL0€ MOIOKHTEILHOE IHC-
J0 OPefcTABUMO ¥ IHMINE ONHHUM cHocoOOM B BHAE

n=iy+ip+ ...+ ip (< i <p), (2)

TO KaKI0e 9HCI0 ecTh al(aBUTHEIX HOMep ORHOTO W TOJBKO
ogHOTO cmoBa coBokymHoctTEm S 4. PasnoxeHume (2) mHorpa
Ha3BIBAETCA P-UMHWM DPa3todenuenm uucaa h ¢ yuppanu

1,2 ..., p B orimame or 0GHYHOro p-NIYHOTO pPAa3IOKe-
HIIS, B KOTOPOM B KadecTse K0d(QUIIeHTOB ROMYyCKAIOTCA
anema 0,1, ..., p— 1.

M=rossectso ciaor M B andanure A Has3wBaeTcs nPUMLMLE-
HO PEKYDCUBHBIM, PEKYPCUSHMM TN DEKypCUGHO Nepeucau-
MELM, €CTH COOTBETCTBEHHO IPIMHTIBHO PeKYPCHBHA, PEKYp-
COBHA WM pPEKYPCHBHO MepedlcinMa CoBOKYIHOCTH anfa-
BUTHHIX HOMEPOB Bcex ciaoB m3 M,

IIpmEMMasg Bo BEWMaHMe pesyiapTaTH om. 4.1 n 4.2, Hemo-
CpefcTBeHHO BHAHM, 9TQ
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a) KaEoe KOHETHOe MHOMKECTBO CJOB IPEMUTHBHO pe-
KYPCHBHO;
j+=. 6) ofbenmHeHHe W NepeceyeHrAe KOHETHON CHCTeMBl IPH-
MHTHBHO PeKYPCHBHHX, PEKYPCUBHHX MY PEeKYPCHBHO Hepe-
YHCHAUMBIX MHOKECTB CJIOB CYTh MHO/KECTBA TOTO K€ THIQ;

¢) ecl cioBapHEoe MEOkecTBo M u ero momonmenne &4 —
— 9 peKypCHBHO HEPEYHCIUME, TO OHE PEKYPCHBHBL.

‘Tosopar, aTo B andasnre A samama gacTugHAA 7-MECTHAS
cropapHasa QYHKuus [, ecl:m HEKOTOPHM n-KaM Zp, . . ., &n
¢n1oB 13 S 4 mocTaBNeHH B COOTBETCTBHE OJHOSHAYHO OWpEIe-
JMeHHEe caX0Ba F (, ..., %) B 4 (cp. m. 1.2). Yncxoran
n-MecTHasA dwacTmuHaA (YyEKnuA f Hasepaercd (yHRIuUeH,
HpeNcTaBNAIIMEH cAoBADHYIH0 ¢yEKDuIo F B HyMepauw: o,
ecsa

F oz, ..., 0x;) = of (z1,. . ., Zn)
oaf  BeeX HATYPanbHHIX &y, .. ., T, 0, cnenoﬁaTeJILHo,-
F(ry, ..., thy=0af(cty, .. ., Cn), (3)
flon, .o z) =c (I (azy, ..., aL,)). (4)

OgesugHo, KasKAad YacTHIHAA cjHoBapHas QyHKIAA 061a-
maeT emWHCTBeHHOU mpefcrapigomeid QyHEKumed m Kasxmas
gacTHgHAsS gucaoBasg QYHKIUA HPeNcTABIsAeT oIpeneleHHYIO
CJIOBADHYI0 (YHKIHIO,

Yactuanas cnosapHasa QyEKusA F HaBHBAeTCA 7pUMUMUG-
HO Derypcuenoii, 06u}epenypcuenoﬁ, WA YACMUYHO pERYPCUS-
HOli, ecN¥ TaKOBOH ABNAETCA TACIOBA QYHRUTA, IPEICcTaB-
agioman F.

HampuMep, mocrospHse GJIOBapHBIe (QyHEROUY ImpemcTaR-
JAI0TCA MOCTOSAHHAIME YHCI0BEIME GyEKuuAMA, IlocToaHHEE
unclioBHe (YHKOWA ODPUMUTHBHO pekypcusHEH, I[losroMy mo-
CTOAHHEHE CJIOBapHHie (QYHKOWN HPHMATHBHO DPEKYPCHBHEL

IoxaskeM emme MPUMATHBHYI0 PEKYDPCABHOCTD HPOCTEHIINX
cnoBapEEX QyEEmEA §; (), onpemenaseMHX (opMyraMm

§;(ty=1te; (i=1,...,Dp)

Cormacro (4) mpencrasnmiomeii ¢yErumeidr gz 8; (r)
ApnAeTcs QYHKIEA

8; (z) = ¢ (az-a;).
W3 dopmynrr (1) memocpefcTBeHHO BHTHO, ITO
¢ (ra;) =pe(x) + i (5)
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\

11 ULOTOMY
8; (z) = pz + i (6)

TaraM 006p&30M, IpeAcTaBAgmue PYHKOAN OIg CIoBaPHEX
(Ppynkumit §; IPEMATEBHO PEKYDPCHABHE, a BMecTe ¢ HEMA GYRyT
1IPIMATABEO DEKYDCHBHEIMEA K CaM#  cJIoBapHEE (yHKIHM.

AHQTOrWYHBIM IyTEM JErKO [0KA3aTh OPUMHTHBHYIO pe-
sypenBHocTs QyEROuH F (r,9) = ) ¥ MHOTEX APYrux,
KoTOpEIe HAM HoBcTpedaloTcs pgatee, OpHAKO BHech MH 9TO
genats He OyIeM, TAK KaK B cjlegylomMeM pasfelie 5TO HOXy-
qireA eme {osee IPOCTO.

BrenerHEIE TONBKO YTO ONOpeeleHHA PEKYPCHBHOCTH,
9aCTEIHOH PeKYPCUBHOCTH CJHOBAPHHX MHOKECTB B (QyHKUUH
JBECAT OT NePBOHAYANBHOH HyMepan@® anQaBHTHEX CHM-
Boi0oB. Hpome Toro, BoBHHKaeT BOmPOC: eclE MHOMeCTBO TN
c1oB B andasute A, Hampmmep, PeKypPcHBHO, To 6ymer au M
peKypCcHBHO M B OPOHU3BOJNBHOM pacmupeHun akdpasura A?

HcHo, 9TO cBONCTEO GHITH PEKYPCUBHEIM MHOJKECTBOM CJIOB
ile 3aBHECHT HE 0T HyMEPanuyA cEMBOIOB alaBuTa, HE OT TOTO,
B KakoM alfasute 3T0 MHOMKECTBO paceMarpuBaeres. O6a sta
VIBepyRAeHUS MOKA3HBAIOTCH aHaJXormyHO, nsg moxHOTH 3~
TOMIM H0XKA3aTeNbCTB0 BTOPOTO W3 HEX,

Teopema 1. Paccmompum rarolf-nubydv aagasum
A ={a,,...,a,} u ezo pacwupenue A;= {a,, ..., ap
G141y + » -y Q). Cos0EYRHOCMB M HEKOMOpBIT ca0e ¢ argasu-
me A moeda u moavko mozda nPUMUMUEHO PEKYPCUEHA, DEKYD-
CUBHA UMW DERYpcusHo nepeduciuma & A, rozda oHa umeem
mom owe mun ¢ Aj.

Yacmuunas caosapnas @ymwryus F (¢, . . ., L), onpede-
qennas 6 asgagume A, wacmuuno pexypcusna 6 A mozda u
moavko mozda, kozda owa uwacmuuno pexypcusha 6 Ai.

Bewdy onpedesennan na S4  caosapras gyuryus F npu-
MUTMUGHO PERYpCUsHa UAlL perypcusha 6 A mozda u moavko
moada, koeda F aoxcem bwumv Joonpedesena §o npumMiLmUSHO
DeRYPCUGHOL UALL COOMEEMCIMEEHHO PeKypPCUeHol Pynkyuu
& A,

Hoxaxeym cHagana -mepsoe yreep:xpenme. OGo3HaumM
Yepes a, a; CHIOBapHAEe HyMepannmm coBokynHocter &4,
&.,. AmasornuHo, ecan ¢ — ¢lIoBo B axpasnre 4, To depes
¢ (4) oGoBHaumM ero @-HOMep, a depes €, (4) — o-HoOMeED.
Hoxasey, aro QymEruus f (z) = ¢, (0x) IPHMUTABHO PEKYp-
CIIBH3,

Oyers 2 >0, az = a. Ipencrasagem ¢ B Buge ba;.
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Uz (5) u (6) Honyqaey\/i

z=pe (b) 4 i, €1 (ba;) = eq1 (b) + 1,
OTKyTA /
f (@) = gf ([z/p] = sg vest (z, p)) + (x = p [z/pl) +
-+ p sg rest (z, p).

JT0 COOTHOMEHHe MOKHO DaccMaTPHBATh KAaK BOB3BPAaTHYIO
peryperio mas f (z) ¥ moroMy B cmry m. 3.2 pymEKums f (z)
OPUMATABHO DPEKypCHBHA.

ITo ompepenermio f () ecTs o -HoMep €JI0BA, HMEIOINETO
c-HoMep, paBHEHA z. Ho Torma scHo, 910 9meno

f* (@) = py (@ =7 (y) = 0) (7

ecTh O-HOMED CIoBA, HMEIOmEro o,~HoMep, paBHBIA z, IpH
YJCIOBHE, YTO TaKoe CJHOBO cymecTByer. Kcam jxe Takoro
croBa Her, To GopMmyna (7) Bce ke maeT HeKoTopoe 3HaIeHHE
masa f* (z). Hockomsky f* () < z, To B cuny m. 3.1 zario-
gaeM, 9To (pyEKIEA f* () DPEMHTEBHO peKypCHBHa.

[lepefimeM Temeph K [OKA3ATENBCTBY LEPBOL0 YTBEPK-
HeHHA TeopeMH. PaccMoTpEM KaKoe-HEOYNE MHOKecTBO M
caos u3 &,4, OpEMUTHBHO PeKypcuBHoe B A;. ITo 03HATAeT,
9T0 COBOKYIHOCTH Q;-HOMEPOEB cioB 13 M coBmagaeT ¢ CoBO-
KyDHOCTHIO BCeX pemeHmii ypapHeRms Bupa v (z) = 0, rge
U (Z) — NOOXONAMAA OPHMHTHBHO DPEKYPCHBHAs YHCIOBAS
¢yuxnus. Ho Torfa COBOKYHHOCTH BCEX C-HOMEPOB CIOB W3
9% Oymer coBIafaTh ¢ COBOKYOHOCTHIO pemeHWH ypapHeHHSA
v (f (x)) = 0, meBasg wacTh KOTOPOro SBIAETCH NPUMHATHABHO
pexypcupHoOil dyrRumed ot z. CiemoBarensHo, MEOKecTBO M
OPUMHTHBHO DPEKYPCHBHO B HyMepauwd o.

O6parHo, mycTh MHO:ECTBO I DPUMHTHEBHO PEKypCcHEBHO
B HyMepauun o I COBOKYIHOCTH pelleHN# ypapHeHHA v (Z) =
= ( Teriepb ABAASTCA COBOKYIHOCTHIO 0-HOMEPOB ¢lioB 3 M,
O6osmaams gepe3 N MHoECTBO TeX cn0B U3 &4, ~-HOMED ¥
KOTODHIX YNOBIETBOPSAET ypaBHEHIIO

% —
v (f* () = 0.
MuosrectBo N HpEMOTOBHO PeKYPCHBHO B HYMEPAUHT O 1
M=RN[) Sa.
MoatoMy ocTaeTcs AoKasaTh JIOME IPUMOTHBHEYI0 PEKYPCHEB-
Hocth ©4 B HyMepannn ;. Ho coBOKYIIHOCTE @2;-HOMEDOB C0B

n3 &4 cosmagaeT ¢ COBOKYIHOCTHIO Beex 3HaTeHnil QyHRII
f(z). Tar kak »ra (QYHEKUHA OPEMOTIBHO DPEeKYDPCHBHA H
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VEOBIETBOPAET yedoru f (T) > &, 70 10 TeopeMe 3wuzm. 4.1
COBOKYIHOCTh 3HaueHH{ [ OpPAMATHBHO peKypcHBHA, 4TO I
Tpe6oBaN0OCk. ' "

Wrax, mpuMuTuBHAsS PEKYPCHBHOCTH MHO:KECTBA cJ0B M
B HyMepamuud o; PasHOCHJBGHA IPUMUTHBHOA DPEKYPCHBHO-
crm M B Bymepanuu o. OcTanbHeie yTBep:kaeHHs TeopeMbl 1
NOKASHIBAIOTCA TEM jKe METOMIOM.

11.2. Ocuosnble caosapabie omeparopsl. [lo amamormuu
¢ OCHOBHBIMW BbIUHCIMMBIME ONEPAalUsMu Haj YHCJOBHIME
QYHKUHAME MOMKHO ONPEJENHAT: ONEePalid MONCTAHOBKH,
pPEeKYpPCUN W MUHWMH3Ay Wy, NPOM3BONUAMEIE Haj CJAOBapHBIMA
dyerumavu, [IpE moMom¥ 5THAX «CIOBApHBIX OIEPaTOPOBY
Jderk0 7 (€3 KaKuX-iu60o BHUHUCHEHAH IOKA3HBAETCA IPUMHE-
THBHAS PEKYPCHBHOCTE BCeX HamGouee YHOTPeGHTeNBHEIX
CTOBAPHBIX (GYHKIUHA,

Iycre andasur A cocrout us 6yks 4y, . . ., ap. CroBap-
uote QpyEkmuEn ©, 8;, Iy (i=1,...,p; m<n; m,n=1,
2,...), ompepeneHHEe B aixdasure A paBeHCTBaMH

O(g):A7 Si(@):gaia I?n(glv g21---1§n):gm7

VCIOBHMCS HasblBATh npocmelfivumu. V3 m. 11.1 Bemocpemet-
BeHHO CJeyeT, 4TO Impocreliline ciloBapHbe QYHKIHUE IipH-
MHTHBHO PEeKYPCHUBHEL,

[Tyers B andasure A 3agaHE gacTHIHAs CIHOBADHAA PYHK-
nug G OT n mepeMeHHHX H 9YAcTHYHBIE CRoBapHbE (YHKIHAA
Gy, . . ., Gp, KK W3 KOTOPHIX 3aBHCHT OT OTHOTO M TOT'O
;e guesa m mepemeRHEHXx., Cmmpomom 8™ (G; Gy, .. ., G,)
0003HaTAEM YaCTHUHYI0 cloBapHyn GyHKnm F oT m mepe-
MeHHBIX, OHNpefielseMylo oObTHoil dopMymoi

F(glv LIS ] gm) = G (Gl (gla s vy gm), LY | Gn (glf LIS ) gm()i))

O6o3BEagmy  4vepes g, & - - ., &n | LOPEACTABIAIOINIE
$pynxgum (. 11.1) pgas cnosapmbx QyEKRUOE G, G, ...
-+ ., Gy, F. 113 (1) HenocpencTBeEHO CIEAYET, UTO A TOGBIX
HaTypadbHEX  Zy, . . ., Tm

f (xl, C ey xm) =g (gl (xl, C ey xm), R ((El, e -Tm))’

T. e. mpefcTaBIAlmMan QYHKIHA AA8 CYHEepIOo3NUINI clI0Bap-
ILIX GyHEIE papHa cYIepno3niun TPeAcTaBIfomux GyHK-
(it 9THX cioBapHEIX QYEKONI. B sacTHOCTH, cymepmosmyma
IPOMATHBHO DPEeKYPCHBHHIX CT0BapHHEX (YHKUMI ects mpp-
MOTHBHO peKypcOBHag ciopapHas QyHKITA.
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/

PacemoTpuM Temeps Kdkue-HuGYAb 1aCTHUHEE CIOBADHEE
¢ymxmuz G u Hy, ..., H), cooTBeTCTBEHHO OT % W OT 7 —+ 2
ImepeMeHHHX, 3aMaHHug B andasure A. PesymprarToM omepa-
UHA ¢XOBApHOH mpuUMnTABHOHW pexypcHr Hay GyEROEAMHA G,

H,, ... H, yenosmMmcs HaswiBath (7 -+ 1)-MecTHY®O gacrmd-
HYI0 cIoBapHYD (yERUHD F, KoTopad [AIA HIIOOBX CJOB
-+ o ¥ny V B andasure 4 yHoBIeTBOPseT PaBeHCTBAM

F(gla A A):—“G(&']_, seey gn)’

F(gh ooy Eny l;)al)zjyl (511 e & Dy F(gh S ) D))’ (2)

F(gl, cenln vap)zﬂp(&‘l: e T Dy F(&'l, coe En D))

Jlerxo y6emmThesa, ato ansa Kawaex G, Hy, . . ., Hp dysx-
ung F cymecTByeT @ eIWHCTBEHHA.

Teopema 1. Iyemv crosapras Pyrnryus F noayua-
emcs, nocpedcmeom caoéaproli perypeun (2) us éciody onpe-
deaennnix caosapunx gyuryuii G, Hy, ..., Hp. Tozda
yucaosas Pynkyus f, npedemasasioyas gyuryuw F, moncem
6uimb noayuena us Pyunkyui g, hy, . . ., hp, npedcmasasoyuz
G, Hy, ..., Hy u npocmetiwux uucroehlz GYHEYUl Komed-
HBLM YUCAOM ONep AYULl n0dcmano8ky U RPUMUMUSHOL DERYPCULL.

B uacmnocmu, ecau 3adanmue crosapume @Pyuryuu G,
H,, ... H, npumumuero pexypcusHdl, mo noiyiaioyasics
U3 HUT C NOMOWDIO CA08aDHOL perypcuu Pynryus F makoce
RPUMUMUBHO DeKYPClUeHA.

B camom meme, u3 (2) mns To6GHX HaTypaXbHBIX I, .
.+ .y &p, Y HOTYUAEM

flxy ... 2a 0) = g(zg, . .., Zn), 3
f@y. .. ampy+id=h(zy, .. Za Yy f (@1, - -+, Tny y))-
(4)

PaseHcTBO (4) MOMKHO IpENCTaBOTH B BIIE

f(a"lv'-'i Ty, Z)= .
]li(-T]_, vy Ty [3/p], f(xl: v ey Lpy [Z/P]));
eciu z—plz/pl=i=1,2,...,p—1,

hp(xh cen Ty, [Z/P] - 1; f('rly cooy Tpy [Z/p] .—.— 1))$
ecan z— plz/p] =0,
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oTKYTa : \
(@1 e e o Tny 7)=
p—1 —
=’v2\1h7»(x1a ooy Ty [z/p], f(xlv ey Tny [z/p])) Sgl}" -

—(z=plz/pD) |+ Ry (21, - . > Tps [Z/lﬂ"— 1,
f(@1s .. Zny [3/p] = 1)) sg |2 p[2/p]].

PaseHctso (3) @ mociegHee COOTHOIIEHWE COCTABIAIOT
B COBOKYIHOCTH CXeMy BO3BDPAaTHOM peKypenn ust QyHKuwn f,
paccmorpeREyl0 B 1. 3.2. IJosromy cormacho fgokasaHHOH
B m. 3.2 Teopeme QYHKUEA f MOyKeT GHITH MoJydeHA W3 3ajaH-
HuIX QyHRUWHA g, hy, . . ., by T OpocTrefimux QYHKUHUA omepa-
MISAME WONCTAHOBKE U NPEMHTHBHOM DPEKYpCHH.
PaceMoTpnM, HaKoHel, olepanuio MAHAME3AIAA I CI0~
BapHHX (ymErmumi. Iycrs F (¢, ) — HekoTopas dacTmaHas
ciopapHasd (yHKOHA, 3ajaBHag B aixpasure 4 = {a;, ...
. o @p}. Eenm 6B MH 3axoTenm oIpenenuTh B3HAYEHHE
BLIpaKeHud

W (F(z, 9)=A) (5)

TaK jke, KaK JUIA IMCIOBHX (QYHKOUHA, To IPUAMLIOCH OB TOBO-
PIUTH O HauMeHbWeM CJIOBE 1), YHOBJIETBOPAIOMEM YCIOBHI0
F(r,9) = A, 1.e. mpumiock G HOJB30BATHCA HYMEPA-
yueil Bcex caoB B aidasure A, 4To He Bcerga KeNaTeNbHO.
HosToMy BMecTo ofHOE onepaudM MmHHMIBAU®d (5) MBI BBE-
TeM onepaniiio MOHEMH3AUUH D0 KaKpoil 6ykse andasura a;
11 OymeM "epes

pai (F (¢, ai) = A)

0f03HAUATH TAKOE CNOBO a;i = a;a; ... a; (n OYKB), uTO
F(r,a’) = A u F(z,ai) ompemeleHo mu omImaHO or A
g s <<'n. :

Tenpera 2. IHyems f (z, y) — npedemasasiowas uac-
muynas” gynryus 04 uacmuunol caoséapnoli gymryuw F (r,
), onpedesennoli e asgasume A = {ay, ..., ap}. Tozda
npedemaeaswyas Pyrwryus g(x) 0as uvacmuunol caosapHol
Bynkyun G (z); eosnwuraowel us I ciosapholi Munumusayuel

G (¥) = pai (F (¢, ai) = A),} -9

Modcem Gumb noayuena U3 [ U RPUMUMUGHO DERYDCUBHBIL
Pyrryuii onepayusmu nodcmanosku u munumuzayuw. B vacm-
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HOCMUL, ecal CA06apHAf PYHEYUS F (r, v) wacmusno perypcus-
na, mo u Pynkyus G (T) marsie YacMuLHo pexypcuera.
HeficrrurenbHEo, D0 YCIOBHID HMeeM

g (Z‘) = cua’f (OCf (.T, Cagl) — A) =h (Ht (f (.T, h (t)) — O))),
rie
ht)=eai=1i-+ip+...-+ ipt?

— UmCI0Bad HPUMHTHBHO PeKypcHBHag (QyHKIHA.

Temepsr ¢ momompbio TeopeMsl 1 JoKakeM NPEMHATHBHYIO
PeKypCHBHOCTE HEKOTOPHIX YACTO BCTPETAOIMEXCS CIOBAp-
meix Qymknumi. Hauwem ¢ dyBruumm F (r, ) = p. Tak kak

tA=r=T1(), rvei=-a==5 () (=1...,p)

u pynxmun I3, S; IpEMATABHO PEKYPCHBHBI, TO PYHRUHAS EY
B cIUTY TeopeMbl 1 Takike TPUMHATABHO PEKYPCHBHA.

Ilyers r—~ — ob6pameHne clioBa ¢, T.e. f~ €CTh CIORBO,
ToNyYeHHoE U3 ¢ 3alMCHI0 BeeX ero OyKB B o6paTHOM MOPH.-
Ke, Hampumep, (@,a,a3)~ = asd.a;. M3 coorHOmeHwH

A=A, ta;)” =ax” =8,0(r)z”
BUJ¥M, 9TO ™ €CThH OPUMHUTHBHO PERypCcHBHAs QYHKIHS OT &.

Cnepmcrrue. FKEeau caosapuvie gymryuu G, Hy, . ..
.« ., Hy npumumueno pexypcusun u

Fl(gly sy A):G(gll sy g‘n)v
F1(§1, sy I a'io):Hi(glv s B, FI(J:'I’ e Ins 0))
(i=1,. <oy P

mo caosapras Pyuryus Iy marsce npumMumueno pekypcusna.
B caxo fene, @3 9TIX COOTHOMEHNI CIEAYET, 9TO PYHRIIA

F(gl, evoy Ens D)ZFI(gli ey Iy D~)

VOOBIETBODsIET CcoOTHomeEWAM (2) ofbaHOM  caoBapHOi
pexypenn I motoMy £ UPIMUTISHO PeKYPCHBHA, a BMECTE
¢ Heio OymeT OPEMITHBHO PEKYPCUBHOIN 1T QYHKIUSI

Fi(ry, ooty ®) =F (1, ..., 5,0).

Tlo amamormm ¢ unciaoBoii YERIIeH sg z BBETEM cIoBap-
HyI0 QYEKO@I0 Sgph, Doldaras

A, p=A,
Sg&'t): T, v:,&A’
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N3 coorHOmEeHmE
SgeA = A, Sgiha; = ¢

caexyer, 9ro GyHKnms Sg OPHMETHBHO PeKYDPCHBHA.
O6osHaumM uepes ¢ — ) pelmeHWMEe } ypasHeHHA & = ib.
Ecnu ykasanHOoe ypapHeHUe pemeHus He HMeeT, TO 3HaueHUe
polpaykeHHS ¢ — P 6ymem cuuraTh HeompeneneHHBIM. [lo
AHAJOTMHE C 9HCHOBOH PasHOCTBIO & ~— y mojaraeM

t—1, ecau r—y onpedeacno,

EZ0=V A, ecau r—1 ne onpedeaeno.

OgmomectHas QYHKIHA  —— g; 3aBEHOMO IPUMHTHBHO
peKypemBHa, TaK KaK YMOBIETBOPAET COOTHOIUEHHIM
A=—a;=A, ta; —a; =1, ta; —a; = A (j+#1).
N3 Tompmectn
r=A=yrr—ay=(@——9)—a;
BUIHO, 9TO0 QYEKUEA { -~ §) IPHMATHBEO PeKy]DCIBHA.
Mul xoTEM Temeps mOKAa3aTh, 4To (QYHRONA

Az, )=
T, ecau t—9Yy ne cyiyecmsyem
TaK;ke OPUMHUTHBHO peKypemsHA. s aToro BeeieM QYRKIHH

Di(&'):{
CootHomeHus
D;(M=ua;, D;(ra;)=A, Di(ta;)=a; (j5=1)

MOKa3mBaloT, uTo GyEKmuEE I); (f) UpUMATHBEO PeKYPCHBHEL
Beepes eme ¢ysxmumo I (z, v), momarad mo ompefeaeHII0

D(x, A=A, D(x, ap)=D(zx, v) D;(xr —).

[I3 pTHX paBeHCTE HemocpelcTBEHHO BLUIHO, 4TO

r—9, ecai r—19 cywyecmsyem,

A, ecau p—a; cyujecmeyem,

a;, ecamy r—a; H2 Cclyupecmsiem.

D(z, p)=A=1r—1 cyyecmeyem.
Ho B TakoM caygae
A, ecim r— 1 cymiecTByeT,
D = ) )
Sg: D (z, v) {g, ecIdm ¢ —1) e CyIIeCTBYeT.
CaegopaTteanHO,
Az, 9) = (r—=9)Sg; D (1, 9)

I noroMy QyHKNMs A mpUMHTOBHO PeKypPClIBEA,
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MomaraeM mo ompepeseHuIo
Wo(E1r oo Tnit} Dr - - o Do) =
11, ecan pr=—=A,
2 ecal P17= Ar P2 = A,

Th,  coan =N paFEA, L, D=A,
Tnrt, COAU I)I:IéAr WEE S A: s D A.
Tar kak
Wi(ry, t2; A)=1t1, Wiz, &2 va;) =1,

to ¢yErums W, npuMuTHBHO pexypcmsHa. [Ipepmonaras

TeNepPsr W3BECTHEIM, 4To Ansd HeKortoporo n (QyHKmAs W,

OPUMUTABHO pPeKypcuBHA, U3 COOTHOMEHTH

Wn+1 (&'1, cony Enagy A’ Dagee oy l;)TL+1) =11,

Wit (21« + oy Tnvos D163, D2 - -+ Dner) =
=W71 (g-"as cooy Sneoy P2y ..y, Dn+1)

BEIEM, 9T0 QYHKNUS W ne TAKiKe OPEMUTHBHO PEKYPCHBHA.
Pacemorpam ¢ymkuuro E, onpemeseHEY cxeMoit

A, ecau réy,

B ”):[ v, ecau rgy,

rie ¢ € 9 oswauaem, wio €4080 ¢ ecmb nodeaoso ¢ Y. CormacHo
OLpENeNeHNIo MMeeM
E (& A) =8 (6)
A, ecrm €,
E(r,ya)=1 A, comun péy, €9a;, (7
r, ecaum r¢y, répa;.
Ho ycnosume r €1 pasHocwiIbHO paseHcTBY E (r, §) = A,

a ycmopoa ré oy, r € Da; DPABHOCHNLEL  COOTHOMEHHAM
E (r,9) %= A, D (ya;, t) = A. Tlosrory ms (7) BrTexaer

E(x,9a;)=W2 (A, A, 1; E(1,9), D(va;, ). (8)

Pagencrea (6), (8) momasmmaror, gro PymEKums E (z, 1)
OPIMHTHBHO PeKypPCcHBHA.

OGosmaumm uepes Sb (r; 1, §) pesymbrar moACTaHOBKH
CIIOBA § B COBO ¢ BMeCTO IEPBOTO BXOKAEHHAA §, B gacTHOCTH,
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noJiaraem

Sb (A;9,3) = A ©)

Sb (9, 5 =1t,
ecall § He BxonnT B Y. flcHo, uTO
Sb(x; 9, 3) @, ecmm per, :
Sh (zas; v, 3) =1 A(¥an p)s  ccmr péir, pELa, (10)
ra;, eca Y, v ra.
Coorromenns (10) MoyxHO mepemmcaTh B BUIE TOMKIECTBA
Sh (zai; v, §) == -
= Wa(Sb(z; 9, 3) @i, A(zas, 0) 4, 2as; B (v, 1) E (v, ras).

dTo TOMOECTBO BMecTe ¢ paBeHCTBOM (9) COCTABIAIOT
cXeMy ciaoBapHoH pekypeuu pia Qymrimz Sb., Tak Kak dc-
XOfHEe (YHKOIUE HPEMATABHO PEKYDCHBHH, TO ¥ (QYHKIHAS
Sb npuMuTHBHO pEKYpPCHBHA.

Haxoren, oGosHazuM ueped Sb, (r, ¥) pesymbrar mop-
CTAHOBKH B CIOBO ¥ CIOBA 1) BMECTO Kay{joT0 BXOKIEHUS
B ¢ 6yksn q. Hanpmmep, Sh, (2, A) ects pesynpraTr BHYePKH-
BaHWs W3 ¢ BeeX BXompeEuM# 6Gywkear a. [Hamee, Sb, (r, A) =
= { PaBHOCWIBHO YCJIOBHIO, 9TO ¢ B0oOOINe He CONEPIRHT GYK-
B ¢ u T, f. OueBnpHHE TORIECTBA

Sba, (A, p) = A,
Sba, (ta;, ) = Sbq, (&, 9) a; (j 7 1),
Sba, (£a;, v) = Shq, (2, 1) 9
TOKa3HBaOT, 4T0 BCe (QYHKIHUH Sbai (¢, v) spAsOTCH TpH-
MITHBHO PEKYPCHBHEIMH.

11.3. Hpamoe omnpepelesHe Kiacca YAaCTHYHO PEiKyPCHBHbIX CJi0-
BapEpIx (pymrnmil. Hak ye 0TMEYan0Ch, OCHOBHOII He[OCTATOK BBe-
AeHBHX B n. {1.1 onpepenernii DpuMATOBHGI I JacTIYHOL peKypcClB-
BOCTH ca0g7pruiz GYHKOHI COCTOHET B TOM, 910 ITH OIpefjeiieHls 3aBi-
CAT OT HyMepanun ciyoB. PaccaorperEre B u. 11.2 onepanmnn nopcra-
HOBKH, CIOBAPHOL PeKYPCHH N CJi0BapHOH MUEIIMNZANUI CBOGOFHH OT
3TOT0 HeOCTATKA H MOTOMY MOTYT GHITH HCIONB30BAHH JJIA TOTO, 9TOOH
Loaywurs WOBHIE, HEBAPUAHTHHE OOpefelleHNA YKasaHHEX noHATHIH,
lckoMete ompepesenna comepaTes B CIeTYIIINX TeOPEMAX.

Teopexma 1. Ja3 mozo umobn onpedesennas ¢ angasume A
cr08apras gynryus F (X1, + « ., En) OB4a NPUMUMUEHO PEKYDCUSHOILL,
keobrodumo u Hocmamouro, wmob® OHA Mozaa GHMb nosyuera us npo-
Cmeiiwuz caosapuuz Gynryul O, S, I, KOHEUHBM HUCLON CAOGADHUT
Pekypcuii u nodcmanosok.
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Teopemnma 2. Jas moeo umobn gadannan ¢ anfasume A wacmun-
na8 caogapras Pynryua F (1, . . ., Fn) O8aa 2ACMUNIO PEKYpPCUBHOT],
neobzodumo u Jocmamouno, wmobk ORA Mo24a Gbmb NOAYUEHA U3 npo-
cmeiiwuz caosapunz fynryui 0, S, Iin KOHEUHBLM LUCAOM Onep aylli nod-

CMAHO0BKU, CA08APHOU DEKYpPCUL U CA0BADHOL MUHUMUIAYUU.

JIlna monHEOTH TPHEBeeM HOKAa3aTelbCTBa STEX TeopeM. B m. 14.2
YCTAHOBJIEHO, 9TO OHEPANHH IOACTAHOBKE H CIOBAapHOI peKypclll, npu-
MeHeHHHe K IPHMHETHBHO PeKYDPCHBHEIM (YHKOWAM, A310T QYHKnAW
IPIMUTHBHO PeKYPCEBHEIE W 9TO INpOCTelllHe cJIOBapHHe QYHKOMH
OPEMITUBHO peKypcuBHH. TeM caMIM yCTaHOBiEHZ [OCTATOIHOCTH
B Teopeme 1. B m. 11.2 TaKyKe goKaszamo, 9TO oIepanusA CIOBAPHOHM MU~
HIMA3aOUH, IPIMeHeHHAsA K CIOBAaPHOH YaCTHYHO PeKYPCHBHOH QYHK-
IHH, faeT 9acTHYHO PeKypcuBEYI0 ¢yEKnEI0. IT03TOMY HOCTATOYHOCTH
B TeopeMe 2 Tak:ke yCTaHOBJeHa. J[Jis JOKa3aTenbCTBA HeOOXOXHMOCTH
B TeopeMax 1, 2 mpegBapuTeNbHO BHBegeM HECKOIBKO JeMM. Yclo-
BIIMCSI CIOBaPEYI0 QYHERITIO HA3KHBATh CA06aDHO NPUMUMUEHO DEKYpCUG-,
Holl, eciH OHA MOMeT OBITh NOAYYCHA H3 NPOCTEHMINX CIOBapHHX
dyBEKOuil olepamAAMH NOACTAHOBKE ¥ CIOBAapHOH PeKyPCHH,

Beepmest eme o06o3maueEmA v (r) = af = a4y ...0a, v (0)=

=a) = A, rie ¢; — Raxaa-1m6o GyxBa sapgamHOTO a;aBHTa.
Jemumad, Jaa rawcdoil 4ucao6oli npuMuUmueHo peKypCcusrOl

dyuryuu f (zy, . . ., 2p) cywyecmeyem c1061pH0 NPUMLMUCRO PEKYPCUBHAS:
dyneyus F (ry, . . ., ¥n), YOosaemeopiiowas moscdecmey
F (YT, « o oy VTp) = Vf (Zgy « « «y Tn)e 1)

JloxazaTenhCTBO IPOBefieM WO UHCAY £ Olepanmil HOACTAHOBKE X
OPUMUTHBHOR PeRypPCUN, KOTOpPHE CJegyeT BHIONHNTH, ITO0H mOy-

auTh f U3 mpocTeiimux wncnosmx QyExmmi o, s, I9. Ecun k= 0 &,

3HA1NT, f copmapaer ¢ ofEoit u3 pymxmnii o, s, I, To cAoBapHEan PyHK-

naa F, ypmosaernopsiomasn (1), cTpOHTCS OYeBNEHEM 0GpPasoM.
IOyers £>0, f= 8" (b hy, ..., hy) ® nyeTs H, Hy, ...
. .., Hy — cuopapEHe OyHERON, CBA3AHANE ¢ QYEROIAME &2, by, . . .
-+« by, coorsomensnavn Buga (1). Torma cinosapHaa gysxmua F =
= S™H(H, Hy, ..., Hy) Gyner cessada c¢ f coorsomesneM (1).
Haro=en, nycrs f = R (g, ) ¥ nycTs G, H — caoBapahe QyHK-
muli, cBA3aEHEBe ¢ g, & cooTHomeHmamu Toma (1). Taxmy obpasoM,

f(zy oo oy Tn, 0) = g (24, + -+, Tn),
f(xlv R T 1) =1 (:1:17 eI, Y, f (xls o 0sy Iy y))
n B cuay (1)
Vi (Zgy o v oy Tny 0) = G (Vay, . . ., vay),
Vi(Zgy o oy, ¥ 1) = H (Vvag, « o o, v, VU, ¥ (Tgy  + o2 Tny Y

Ho rorga F (v, ..., Fn, D), ONpefeseHH2A perypcleii
Flro ooty V=61, ....0,),
Fro..orpva) =H @, . .00, 0, F L. 00,0,
Friooo e =A (i=2,..., p),

OyAeT, Kax Jerxo BOAETH, CBA3aHA ¢ f ycionmesm (1).
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Jdemma 2. Cywyecmsyem cA0681pHO NPUMUMUSHO PEKYDPCUGHAA
pynryus T (X), ydoesemeopaiouwyas CcooOmMHOULEHUI

T (v (r)) = an®). @)

JeficTBETeNbHO, 0003Ha9aA Wepe3 G (r) CIOBO, HOMEpP KOTOPOro
pa 1 Goxpmme Homepa f, n3 dopmynsr (1) m. 11.1 BEmmn, 9TO

G(\) =ay, G(}:ai)zxai+1 (i:1,_ . -,P_i), G(l‘ap)=G()3) ay

i 1oToMy QyHKmusg G cHOBADHO IPHMATHBHO PEKYPCUBHA.
Orcioga cregyer, 10 ¢ymxmusa T (r), oopemelleHEAs peKypcieit

TA)=A, T@e)=T@x (=2,...,p), T(a)=6G({),

1aKk/ke OPAMOTABEO PeKYPCUBEA. oTa QYHKIUA, 0Y€BHNEQ, U YHOBIET-
nopser TpeboBarmio (2).

Jemma 3. Ofnonecmuasn caosapnas gynkyus v (¢ (r)) caosap-
1y NPUMUMUGHO DEKYPCUBHA.

Cormaceo jemme 1 CymecTBYIOT CIOBAPEO NPHEMHTIIBHO PeKyPCHB-
uvie ¢yExmun Fj; (r), DA KOTOPHI

F; (vz) = ve (oza;)) = v (pz+ i) (z €N).
(hyproua v (¢ (r)) VEOBIETBOPSAET CXeMe PEKYPCHI
ve (A) =N, wve(aa;) =ve (ae (a) a;) = F; (ve (a)) (i=1,...,p)

1
Il LIOTOMY CaMa SMBJISAETCA OPHMITHBHO PeKypCIBHOII.

YTo6H 3aKOHINTHL AOKa3aTeALCTBO TeopeMH 1, mam mago Gwuro
10Ka3aTh, 9T0 Ra/Kmas, OPHMATHBHO peKypcuBHAA Qymrmud G (g, . . .
.+, In) CAOBAPHO NPUMITHBHO peKypcusHA. IIYCTh f (24, . .+ ., Zp) —
ipepcraBaAoman GyHrona gua G. Ilo yeaoBuIo f IPEMATHBAO PeKYPCHB-
Ha ¥, 3HA9AT, B cuy eMMH 1 cymecTByeT CIOBapHO IPHMHTIIBHO PeKYP-
ciupEag QYEKNUA F, cBsasaHEad ¢ f cooraomenueM (1). 13 cooTHOIEHTHE

(1), (2) mocieZoBaTenbHO NONYIaeM

G(Pae e k) =af(e(r), .., e ) =Tv(c(ta),...,e(x,)) =
=TF (ve (£1), ..., ve (r,)).

Tak xak ¢yExoun 7', F, ve (r) ciaoBapHO IPUMHATIBHO PeKYPCHB-
b, TO G TaK/Ke CA0BAPHO OIPMMUTIBHO PeKYPCHBHA, 9T H TPeG0Bal0Ch.

I0oKa3aTeqbeTBO TEOPeMH 2 NPOBONUTCA QHAJOTHYHO, TOJBKO
BMecTo JeMMH 1 Hamo omupaTbCA HAa AHAMOIIIHYI0 JeMMY:

JdemMma 4 Jan raxdoil wucaosoil wacmunno perypcusroil Gynxr-
vun f (g, « .., Ty) CYwecmeyem CcA0GIPHAR  HACMUNHCR  PYHEYUS
Py, o v oy Xn)y Yydosaemsopaowas coommuoweruw (1) u noayuawuyasics
"2 npocmeliuT CA08apRUT GYHEYUTL onepayulsy nodemanosku, cA06ap-
0l perypcuu U CI081PNOT MUHUMUITYUU.

CopaBeAiBOCTh ATOI JeNMME YCTAHABIIIBAETCA TEM ke CIOCo0OoM,
'ITO 1t cHpPaBe/TIIBOCTh AeMMH 1. A mvemHo, ofo3HadaeM deped &k dmcio
Olepamiil DOACTAHOBKM, NPOMITIBHOI peRYPCUH I MIHNIMI3AMHH,
P11 mooug KOTOPHX QYHROINA f O y9aeTcs I3 IPOCTelMNX YHCIOBHX

byErmmit o, s, /%, u BemeM mEgyrmmo mo k. JuA k = 0 yTBepienme

*} Hark O pampee, on 03Hadaer CA0BO, IMewiHee B alX(aBUTHON
Hymepamma (o. 11.1) =omep n.



218 TJI. V. AJITOPATMBL ¥ MAIIMHBI THIOPHIITA

o4eBHAHO. IIycTh i QYHEKOEE f 9mcio &k HEMeeT 3afaHHOe 3HaYeHwme,
a iiA BceX QYHKOUI f ¢ MEEBIHM & MEL yMeeM CTPOMT: GYyHKmmio F.
Ecan f noxydaerca 3 QYEROEH ¢ MeHBIIMM & IOACTAHOBKOM WM Npu-
MHETHBHOH perypcueil, To mocTpoeme F GblI0 yKa3aHO OpPH HOKasaTe-
crBe JemMel 1. OcTaeTcs paccMOTpeTh Ciaydad, Korpa

fAx) = py (g (=, y) = 0) (3)

¥ fus QyEROUE g cooTBeTcTBYIomas QyHKmus G nssecTma. Ho ma (1)
n (3) HenmocpeACTBeHHO LOJyIaeM

vf (z) = paf (G (vz, of) = A).
CrepoBaTensso, G yEKIHA
F (x) = pa} (G (v, af) = A)

u Gymer ucroMmoi QyEKIHeH mia f.

JononEEeHENA H NpUMEPsI

1. JloxasaTh DPUMAOTHBEYI0 PEKYPCHBHOCTD CAEAYIONIAX CIOBAaPHHX

byrroai
"a) F (r) = mavansHO# GykBe ¥;

6) F (r, y) = Ha9aXbHOMY OTDPe3Ky CiIOB& X, [AJdAHA KOTOPOre
paBHA [IHHe i) ecid AAIEA § Goabme giammEH ¥, To F (F, V) = I;

B) F (r) = MAKCIMaJbHOMY peIIeHHIO 1 ypaBHeHmsa § = pi¥~.

2. Tycrs angaBAT A COCTONT U3 OPefMeTHHX HePeMeHHHX Zj, . . .
.. Tn, QYEKONOHAJIBHHX IepPeMEHHEX f{“, Ce ey f:s, cKoboK (,) =
samaToif. II0Ka3aTb, YTO COBOKYIHOCTH BCeX TEPMOB, 3aMHCHIBAGMEIX
B anasuTe .4, IPEMATHBEO PeKYPCHBHA,

3. IIycrs andasar A copepRNUT He MeHee ABYX OyKB. Paccmarpu-
BaeTCs COBOKYHOHOCTH BCeX OHHAPHHX OTHOIIEHMII MEKEY CJAOBAME
B A. [[aa wampoit OYKBH a; 13 A onpefenseM OTHOMEHNAA p;, 0; TOCPef-
cTBOM (opMya

rPilfﬁF =.l)d,~, Isyer=ap.

Koummosunusa 0,0, nponsBoabHEEX GMHAPHHX OTHOmeHRH 0, 6, ompexe-
Jasgercs OOWIHEIM o0pasom:

19:0:0 & (33) (x0:3°& 30u1).

Ucxopsa ms oTHomeHnit py, Oy, + . ., Pp, Op, CTPOHM HOBHE OTHOIICHHSA
¢ TOMOmBI0 omepanmuil o0beNWHEHMs, HepeceYeHHs, KOMIOSHLOHA K
pedieKcEBHO-TPAH3UTHBHEOTO 3aMHKAHAA OTHOIIEHHsA. IloKasaTh, 9TO
RJIACC BCeX HOJYJIeHHHX OTHOIIEHIIT COBHAfAeT C KAAcCOM Becex GHHAp-
HBHXYpeKypCcHBHO mepevmcanMuX oTHomeHHNH (IlefiTtnw [2]).

§ 12. Mamusan Trropmrra

TlepBrrnii BaskHEIE I HOCTAaTOYHO ITHPOKAHE KJIACC aJTOPUT-
MoB Omx ommcaE TrwpuuaToM [1] si”llocToMm [1]
B 1936 —1937 rr. AropuT™H 3TOr0 KIacCa OCYIECTBISIOTCH
QCOORIME MAMWHAMHA, HA3HBAEMLIMH B HACTOANEE BPeMI Ma-
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ptugamu  Trropmara — [ocerta maun OPOoCTO MammHaM# Tpio-
pubra, Mamumsr TropmeEra komupywor » CYINeCTBEHHBIX
7ePTaX PaGoTy UeN0BEKa, BEMHCIIONErO IO 3afAHHOH Ipo-
rpaMme, @ IaCTO PACCMATPHBAIOTCH B KaTecTBe MaTeMaTHde-
cKOH Mopend s U3yYeHWsi (YHKUEOHWPOBAHHS TeNoBede-
¢KOTO MO3Ta.

B HacTOsImEM maparpade cHagama ONHCHIBAIOTCS MAITHHEL
Teropurra — Ilocta m peanmayemuie mmu aJTOPHTMH Iiepepa-
(OTKH CJIOB, a 3aTeM IOKa3pBaeTcs, YTO KIacC (YHKLMHH,
BOIMACHAMEIX Ha MamuHaX Trlopmara, commajgaer ¢ KiaccoM
9aCTHYHO DEKYPCUBHHX (YHRmi,

12.1. Mammaet Teiopuara — Iocta. Mammra  Toio-
puara — [locra copmepxuT cregyomme wacru (pme. 1).

a) Komeumas ademra (rampmmep, MarHETHAS
nopoKa WiE OyMaykHas jenra Ttuma TejerpadHoi), pasGu-
Tag Ha KoHEYHOe YHCIo

siueek. B mpomecce paGo-

T6l MAIIUHE K CYIIECTBY- @

I0MAM AYefiKaM MalIuHs

MOKeT IPUCTPAuBaTh HO- z 1 2 2 z
BEle AYeHKH, TaK ITO JeH- K 4 ”

Tad MOKET CYHTATHCA II0-
TeHNUANbHO  HEOTpaHH- Pumc. 1
JeHHOH B of€ CTOPOHH.

Rampmaa sgefiva meHTH
MO¥eT HaXonUuThCS B OJHOM 13 KOHETHOI'0 MHOM{ECTBA COCTOA-

HIJA., OTH cocTOgHHS MBI OymeM o0003HagaTh CUMBOJAMH
Qgy Qyy o . .y By BIE ApyrAME cHMBoJaMu. COBOKYIHOCTH UX
Ha3HBAETCA GHeWHUM aigasumor MAIEHEH, a cama JeHTa
9acTo HasEBaeTcs BHemHe#d MaMsaTBI0 MammuHH. HiaeTk:
B ogHOM (HKCEPOBAHHOM COCTOSHEE HHOrga HA3HBAKTCA
nycteMA. ‘1l ycTHe cocToARES MBI 06EYHO GymeM 0603HATAThH
cuMBosxaMn a, uizm 0. B mpomecce paGoTH MamZHBL AYeHdKH
JEeHTH MOTYT U3MEHSTH CBOI COCTOSHHWM, HO MOTYT H He m3Me-
HaTe uX. Bee BHOBD mpuceTpalBaeMble AdeiffKu IPHACTPAHBAIOT-
cf mycTeiMA. JleHTa cuMTaeTcs HaupasieHHON # ee gU9eHKE MEI
OymeM mpocMATPHEBATH cJeBa HAIPaBo. TaKEM o6pasoM, ecan
B KaKo#-T0 MOMEHT BpPeMeHH JeHTAa EMeeT 7 A9eeK N BHeNIHWH
andaBUT MAMKHE COCTOMT H3 CHMBOJOB &g, 4y, - - ., Ap, TO
COCTOSIHEE JIeHTH IIOJHOCTBI0 ONHUCEHIBAGTCH CIIOBOM

B5jiQjs o o o Ao+« Qs

THe aj — cocTtosHEe HepBofl (cuesa) Aweiikm, aj; — cocros-
HAe BTOpOH # T. I
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6) BREyTpeBEHEss 0maMsTb. BEyrpeHHAs maMsaTs
MallFHH — 5T0 HEKOTopOe YCTPOMCTRO, KOTOPOE B KasRmBII
paccMaTpUBAaEMbIE MoMeHT HAaXONHTCS B HEKOTOPOM (COCTOSI-
Hum. [IpemmomaraeTcs, 9To WHCIO BO3MORHBIX COCTOSHUHR
BHyTpeHHEH maMsITH KOHEYHO H IS KaKL0H MamBHE QHKCH-
posaro. CocrosiBms BHYTpPeHHEH OaMATH MH 6ygeM 0603-
HA9aTh CHMBOJNAMH (o, 1y « « ., §pn HIW JIOOBIMA JpyTrEAMI
CUMBOJaMHu, He BXOFAIMUMH BO BHemHuA andasdT Mamwu-
Hel, COBOKYOHOCTD CHMBOIOB, 0003HAUAIOMUX COCTOSHHS
BHYTPeHHeH IaMsTH, Ha3bBIBAETCH GHYMPEHHUM aAPasumom
MaI¥HEL. :

CocrosHus BHYTpeHHel maMsTH YacTo Ha3HBAOTCH GHYM-
pennumu cocmosnusny Mammes, OXHO u3 3THX COCTOsHHUH
Ha3HBAETCH 3arAIOYUMEAbHEM B B pafoTe MaIImHBL MrpaeT
ocobyro ponb. Cumpon, o0603HAYAMENR 3aKA0INTEIHHOE
cOCTOfHEE, OY/eT Ha3blBaThCH cmon-cumsoson. Hak opaswuio,
PONb CTON-CEMEOJIA Jlajee OYOeT HrpaTh CHEMBON ¢g.

B) YoOpasiZgomas TOJJOBEKAa. JT0 HEKOTOPOe
YCTPOBCTBO, KOTOPOE MO/KET IePeMemaThCs BLOAb JIEHTEH
TaK, 9T0 B KayKOHHA paccMaTpUBAeMHH MOMEHT BpeMeHH OHO
HaxOfUTCS B OIPeNeNeHHOoN . f9efike sneHTH. IIHorma, Haobo-
POT, CUHTAOT YHPaBISAIONYIO TOJOBKY HENONBW:KHO cBA3aH-
Ho# ¢ MamiiHoM, a [BIMKYIEHRcs dYacThbio CYUTAOT JIEHTY.
B rakoM cayuae npepmoiaraercs, d4TO B YOPABIAMIOMLYIO
FONIOBKY BBOLHTCS TO OFHA, TO Apyras sdelika JeHTH. Hean
KaKafg-HuOynmb A9efika HaXOoAHTCA B YOpAaBISIOMER TomoBKe,
TO TOBOPAT TAK/Ke, 9TO MalIMHa B ARaHHHH MOMEHT (BOCIpH-
HEMaeT» Hiam «0003peBaeT» STy AUeHKY.

r) Mexarmunueckoe ycTpoicTro. Ilpegmo-
JaraeTcs, 9TO MalllllHa cHab:xeHa 0COOEIM MexaHHm3MoM, KOoTo-
PH# B 3aBHCHMOCTH 0T COCTOSHIIS BOCOPHHUMAaeMOH g49efikH
I COCTOSIHUsI BHYTPeHHEH IaMATI MOMET H3MEHUTH COCTOSTHAE
BHYTpeHHe} maMATH ¥ ONHOBPEMEHHO JHG0 W3MEHHATE COCTOS-~
HAe BocHpuHINMaeMol fuelKn, AU60 cABMEYTh YOPaBAAOIYI0
TOJIOBKY B COCEHION cJeBa fYeiKy, aumGo CABHHYTH yIpas-
JSIOMYIO ToJ0BKY B COcefHIO0 cupapa sieliky. Ecianm ympas-
Ig00Iasl ToJ0OBKA HAXOAUTCS B cAMOH OpaBoll Auelike u IO
Xomy paboTH MaImHA [OMKEA CABIHYTH YIPABIAOIEYIO
TOJNOBKY B cocefHIOI0 chnpasa (0OTCYTCTBYHINY0) AIefiKy, TO
mpeplojaraeTest, 94T0, CHBUrasg TroJoBKY, MamlOHA ofHOBpPE-
MEHHO HPHCTPOHT HEZOCTAOINYIO AIeiiRy B HYCTOM COCTOSHAH.
AHanormyHo pafoTaeT MamuHA T B C¢JIygae, KOrga ToJoBKA
BOCOPHHEAMAET CaMYI0 JeBYI0 AUedKYy I 0 XOXY [ela MalunHe
Hano CHBIHYTH TONOBRY eme JeBee.
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HakoBen, ecin B Kakoi-To MOMEHT BJPeMeHN BHYTpEHHAA
naMsTh MAIIWHE OPUXONUT B 3aKIIYHUTEILbHOE COCTOSHIE (),
T0 HAlbHEeAMAX W3MeHeHHiT B Mamube He MPOUCXOqUT B MAIi-
na HaspBaeTCsg oCTaHoBHBIIEHcA. MomeTr ciayauThes, dTO
B MalliHe He OyfeT IPOMCXOAUTh HUKAKUX H3MEHEHHH W npH
RaKOM-TO OPYLoM BHYTPeHHeM cocTossHHE ¢;. OpfHako B TOM
ciydae Mbl He (y7eM TOBOPUTH, 4TO MalllfHa OCTaHOBUIACK,
a Oygmes cumTaTh, UTO MAIIHHA IPOKOLKae'T PaboTaTh «BEIHOY.

ITo ompepenenmIo, cocnmosuiiem MamuHL Tp0pHHTa UM ee
kongueypayliell HasbiBaeTCs COBOKYHHOCTH, o6pasoBaliHas

IOCTe[0BATENLHOCTRIO &, dj, . - -, &j ~ COCTOSHHHA Bcex
si9eeX JNeHTH, COCTOAHNEM BHyTpelHe DaMsATH ¢; ¥ HomMepoM £
BOCHPUHEMAEMOR SUeUKHA aj .
CoBOKynHOCTD BCEX STHX JAaHHBIX MOYWHO 3aHFCATh OXHHM

CJIOBOM
QjiGse - Qiljy o+« Bj s (1)

KOTOpOEe MBI GymeM HasblBATh MQUUHHBLM CA080M, OINMCEIBAIO-
UM YKa3aHHOe COoCTogHHe MamuHH. TakmM ofpazoM, Kakmoe
MalIHHEHQE CJIOBO CONEDIKUT NWIMEL ONHO BXOKIEHHE CHMBOJA
g; U3 BHYTPeHHero aidasHTa. ITOT CAMBON ¢; MOKeT GBITH
caMbIM JIEBHIM B MallMHHOM clioBe, HO He MOJKET OBITH CaMBIM
NpaBHM, TaK KaK CIpaBa OT Hero HOKEH IOMeINaThCs CHM-
Lo cocToAEuA 0003peBaeMoli AUEHKH JEHTH.

ITpegmonaraetcsa, 49To CYImMECTBYIOT MBAmuHB ThiopHHEra
¢ A100BIMHE 3aMaHHBIMI BHENIHWM ¥ BHYTpEHHUM aigapuTaMy
OpH yCIoBHH, ITO 9TH aja(aBuThl He HMMeInT o0HAX CHEMBOJOB.
[Ipenmomaraercs Takke, 4TO KOMb CKOPO 3aiaHbl BHEMHHA
{ay, ay, . . ., ap,} 1 BHYTpPeHHEEE {gy, ¢, - - ., Gn} ALPABHTH
MallIHH, TO MAMWHEY MOKHEO OPHBECTH B «COCTOSHEE), OHNMCHI-
BaeMoe JIOOHM HPOH3BOARHO B3afaHHHEM CimopodM BHpma (1)
(mpn ycmoBmm, 4TO CHMBOM ¢; B HeM He CaMBlii IpaBkHLii),
I 3aTeM nycmumb Mmauiuny pabomame.

PaGora amammusr cocTomT B TOM, 9TC OHa W3 HAHHOTO
¢COCTOAHLAY IO TMCTEYEHTN OJHOT0 TaKTa PaboTH MeXaBude-
CKOTO yeTpoHCcTBA MEpPEXORHT B CHEAYIOIee <COCTOSHIIE»,
3aTeM OT HOBOTO COCTOSAHISI HO NCTEIEHIN TaKTa PaboTH mepe-
XOJQUT K HOBOMY COCTOSHINO II TAK Jatee.

Ecnn nammoe cocTosiEIE OMHCHBAETCH MAIIIHHBIM CI0BOM
I, To MalluHHOE CI0BO, OIICHBAIOIEE CIENYIIIee COoCTOof-
Hie yfamunHm, Oyger obosHadarthes waepe3 miD, ITomaraear,
la’ee,

mED = (m)n  (1=0,1,2,...),
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rak 910 m® ecTh MamIEmHHOE CJI0BO, ONECHBAMIIEE COCTOA-
HEEe MaImwmHH, KOTOPOe 0Ha npmoOperaeT 4epe3 i TAKTOB pa-
00TH, OTOPABAAACH OT HAYANBLHOTO COCTOSHAS 1. Y TBEDIK-
mermt m® = b m m® = b, i > 1, Gynem 3anmECHBATE COOT-
BETCTBEHHO B BEfe m |= b mwm |— b.

W3noxeM Temeps To4Hee 3aKOH HOCTPOEHHS MAIIWHHOTO
caosa ml) mo BagaHHOMY MAIIEEOMY CHIOBY M. 3 ommca-
Husf B T) paboThl MEXaHHIECKOTO yc'rponcma CIIe[yeT, 4To Ma~
IAHA MOKET BHIIOIHATH Heckonbko mefictsmid. Ecnm mamu-
Ha, UMes BHYTDEHHEE COCTOSHUE g; B BOCHPHHUMAA TYEHKY
JEHTH B COCTOAHHE @j, HEPEBONAT BHYTPEHHIO HaMATh B CO-
CTOAHHE ¢, W OXHOBPEMEHHO COCTOAHHE 4; BOCIPHHEMAEeMOR
A9efiKA 3aMeHSAET COCTOAHNEM &, TO TOBOPAT, Y4TO MAIldHA
8LNOAHAET KOMAHOY

q:a; — (sly. (2)

Ecnn OpH YKa3aHHBIX YCIOBHUAX MaIliHa OEePeBONUT BHYT-
PEHHIOI0 maMATh B COCTOAHHE (y M HepegBuraeT ynmpaBlIfaio-
IMyIo TOJNIOBKY B COCEIHIOI0 COHpPaBa HIIH ClieBa aqeﬁ}cy JIEHTHI,
TO I'OBOPAT, YTO MAaIIHMHA BREIOOJHAET KOMaHOY

q:a; — qsR )
AN COOTBETCTBEHHO KOMAHIY
q:a; — QsL (4)

roe R, L — ocoOHe CHMBOIEI.

CoBOKYIHOCTh BCEX KOMAHM, KOTOPHE MOMKET BHIOJIHATH
MamiEHAa, HashBaeTca ee npoepammoii. Tak xax pabora Ma-
IMEHEE 00 YCIOBHIO IEIHKOM OLIpENelseTcsS COCTOAHHEM B
TaHHB MOMEHT ee BHyTpeHHef[ OaMATH ¢; H COCTOSHIIEM BOC-
OpuUEAMaeMoll AYeliKn a;, To MId KOKAHX ¢y, aif (i =1, ...
..., nj=0,1,..., m) DporpaMMa MammEHH [OJKHA CO-
HepsKaTh OOHY I TOJBKO OMHY KOMaHAY, HaY@HAIOI[YIOCH CJIO0-
BOM ¢;a;. TaxmM o6pasoM, IporpaMMa MAaIiMHE ¢ CEMBOJAMHE
{ao, a,, . . ., an} B cocTogENAME {qo, ¢y, . . ., Jn} COMEPIKHUT
B TogHOCTE 22 (M < 1) xomamx. Mu 6yaeM mpegmonaraTh, 970
mas Kaxgoro Habopa kodamA Bmma (2)—(4), comepsxamero
nasg Kawpgo#f mape g, a; =1, ... .,mj=0,1,...,m
TOYHO OJHY KOMaHAY BOJA ¢;a; —> 4, CYMECTBYeT MaIlnHAa
TriopmHETa ¢ 3Tofl mporpaMMoH.

Paccmorpmt mpmmep. Ilyers BHemERA andaBaT Mamm@HHE
coctonT m3 cmMBoJ0B 0, 1, BEYTpEHHHA — H3 CHMBOJOB 0,
q1, s, THE Qo — CIMBOJ ocTaHOBKHW, 0 — cmMBom mycTOH
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sueitkm. IlycTs mporpamMma MammBH COCTOMT H3 KOMAHT
7,0 — g:R, ¢,0="qo1, @1 = R, g1 — q,R.. (5)

[TocMoTpEM, Kak OYMYyT MEHATHCA COCTOAHES BTOH MaIIEHEI
[IpH TeX HJIW HHEIX €e HadalbHHIX COCTOAHHEAX. BemoMmmas
cMEICH KoMaHE (2)—(4), HemocpeaCTBEEHO HaXOIHM

a1 E g1 E 11¢:0 = 110g,0 = 110got,
0,101 |= 1,01 |= 1gol1.

flcBo, 9TO TakmM sxe oOpa3oM m B 00INEM ciaydae, mMes
IpOTPaMMy MammHH § H Kakoe-EHOYXb MaIIEHHOE CIOBO i,
MOJKHO CTPOMTBH J1000€ 4HCIO CIOB IEHOUKE

mEm®Em® .,

OpPeNCTaBIAION{EX HOCHEN0BATENIbHEE COCTOAHHAS MAINHHEL.

B panbmelimeM Hac coBceM He OYAyT mHTepecoBaTh (ak-
THIECK0e YCTPoHCcTBO MamuBE THIOpPWHTa, €€ JEeHTH, yIpaB-
asiome# ronoBxkm. Mur OymeM HHTEPECOBATHCA JHMb CTPYH-
TYPOH HOCIENOBATENbHOCTEH MaIIAEHKX CJI0B, OINMCHBAIOIIAX
I0CJIe0BATEAbHEIE COCTOAHAN, HPHHENMaeMble MamuHoA Thio-
puera. C MarteMaTmdeckofl ToYKEm 3peHHA MamumHa Thio-
pHHra — 3TO HIPOCTO OmpeReJeHHBIH ajJTOPHTM IJIA Hepepa-
0oTKM MaIIMHHHX cloB. Tak Kak cmoco® mepepaboTkm Ma-
IIEHHEEX CJI0B H3BECTEH, ECJIH M3BECTHA IPOTPAMMa MAIIHHEL,
T0 OymeM cUHMTaTh MammHy THIODHHTA 3agaHHOH, eclim 3ama-
IH ee BHEIMHAR ¥ BEYTPEHHHAN alpaBATH, OIPOTPAMMA B YKa-
3aHO, KaKHe H3 CEMBOJIOB 0003HAYAIOT HYCTYI0 A9eHKY U 3a-
KJII09ATENBHOE COCTOSHEE.

Ilpomecc mocrpoerms ciaosa m® mo 3agaHHOMY MalldH-
HOMY CJIOBY M BbIIIe OBII ONHCAH B TAKHX TEPMHEHAX, KaK
(IIePEeABHEYTH YHPABIAOINYIO TONOBKY», (IBMEHATH COCTOS-
Hie gyedKnmy 1 T. . MbI Temepb XOTHM HAaTh HHOE OHHCAHEE
ATOTO mpoIecca, OmEpalomeecd JMOb Ha HOHATHE HOCTa-
HOBKH CJIOBa C B CIIOBO ¢ BMECTO HEPBOTO BXOKIEHMNA CIOBa
b B 6. Omepannsa nomcramoBKn Obina BBexeHa B n. 11.2 1 ee
pesyabraT ObiI oGo3HaueH gepes Sb (a: D; ¢).

Ilycts b, ¢ — cnoBa B amdasnTe, He COMEPHRAMEM CIMBO-
1a —», B mammoM paspgene Qoprmynoii b — ¢ Gymem oGosHa-
9aTh «KOMAHIY»: 8 3a0anHoe cA080 8MECINO nepeoz0 8Toxcde-
lus caoga b nodemasume cao60 ¢,— a caMm GopMyns b — ¢
OyaeM HasHBaTh nOJcmanosouHBMU Komandamu. Ecam xa-
Koe-HHOYb CIOBO ¢ COLEP:HHT HOACI0BO b, To pesymbpTaToMm
BEITOJMHEHAs KOMaHAH b — ¢ Hag caoBoM 4 OymeT cloBo
Sb (a; B; ¢). Ecnm sxe b He BxopguT B ¢, TO Komammy b — ¢
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WHOTA Ha3eIBAIOT HenpUMEeHUMON K €108y 4 W Pe3yJIbTaT ee
OpUMEHEHUS CYUTAIOT HeonpedeseHHbim B OTIHYHE OT BCETMA
ompenenenHod omepanan 3b.

TlocMoTpuM Temeph, KaKEME HOXCTAHOBKAMM H3 MAaIlUH-
HOTO CIIOBA M MO/KHO NOJY4IHTh MammEHOe caoBo m®), Tax
Kak mHOIAa clloBo m mpeobpasyeresa B cioso m) mpm moMo-
I OPHCTPORKHE A4efKm, TO HaM Halo yMeTh OTIHIaTh Kpai-
HEe OYKBH MaIiHEHHX CJI0B. [[1g 3Toro BBejeM HOBEHE CHM-
BOJIH U, U, He BXOMAIIIE BO BEYTPeHANH 1 BHEIMHEN aiaBATH
paccmMarpmBaeMoii mMammEn Triopmara . Ecnmm m — xa-
Koe-En0y/b MaEHEHOE CJI0BO, TO CIOBO umy OyaeM HasbIBATh
PACULUPEHHBLM MOUILHHBLM CA080M, OMACHIBAIOIEM TO ke 00-
mee cOCTOAHEE Mamuabl £, 9To m caoBo m. MsI xormM cdop-
MyJIHpOBaTh 3aKOH moJiyleHHs cioBa um(® v m3 cmoBa umw.

IIycts mporpamMma MammeH $ COMEPKAT KOMAHAY (ud; —>
— (p@; W 3a[jaHHOe PACIIEPEHHOe MAaIIHEHHOEe CJOBO COHep-
JKAT TMOHCIOBO (of;. SICHO, 9T0 B 3TOM caydae cioso umy
Holy4aeTca H3 CJI0BA UMy TOACTAHOBROM (ua; —> (paj; ee
n GymeM CYMTATh COOTBETCTBYIOINEH KOMAHNE (of; -— ¢adj.

Fenm MammHEHOE CI0BO fT COAEPIKHT HOACHOBO (uf;, &
COOTBETCTBYIOILAs MaHIAHHAA KOMaHAa HMEeT BHI (ua; —
—> qgl, To merKo yOenmThCA, UTO NJIA HOJYIeHHA W3 CIOBA
umv caosa umv Hamo Hal CIOBOM WY BHINOJNHETH TY TOM-
CTaHOBKY U3 COBOKYHOHOCTH

QoGal; = qpoli,

9aa; — Qi)

Aol — qplmii,

UGq@; — Ufqplod;,
KoTopas NpmEMeHNMa K cIoBy u«mv. B dacrmocTH, mociegHas
TOflCTaHOBKA HIPHUMEHHEMa TOJBKO TOTHa, KOTHA ¢, — caMad
neBas OyKBa B W, T. e. KOTHA Hago OPHCTPANBATh AYEHKY
ciesna.

AHalorouyHO, ecianm MAUIMHAOE CJI0BO Nl COUEDPIRHT HOJ-
CIOBO (u@;, 2 COOTBETCTBVIOI[AA MalllIHHAA KOMaHga IMeeT
BIA (a@; — ¢gR, To WroOLI M3 CA0BA MY HOJYIUTH CJIOBO
umWp, mocTaToYHO HaJ CA0BOM WML BHIOJHNTH TY 13 NOK-
CTAHOBOYHBIX KOMAaHJ

Jal;@ — A;qGp o,
ol — 0,93 1,
e e e e (7)
Qo im — Qiqplm,
Qaaiv —_ aiqﬂaov,
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KOTODasg HPUMEHENMa K CI0BY umy. Tak Kak cjI0BO (ud; BXO-
TUT Wb OKHH Pas3 B CIOBO M, TO K CIOBY UMy OpEMEHEMa
ammb ogHa u3 kKoMaBA (6), (7) = moToMy HopAKE cleqoBaHAsA
koMaHQ B (6) m (7) Oe3pa3nmdHLl, Ba/KHEE JHINE HX COBOKYL-
HOCTH.

¢ Chopmynupyem Temepp IpapmEA0 HOdydeHHs ciropa mD
118 MamEEHOTO caosa m B o0meM Bmpe. [lycts 3amana Mamm-
ga TropmHra cBomMH anaBETaMm {Go, Q1, ..., Op},
{qo, 41, - - -+ Gn}, BEIIENEHHLEIMA CHMBOJAME Qo, Jo I COBOKYII-
10CTHI0 MAIMARAEX KoMaHA . Jua Kayxgodl MamEHHEOR KoMaH-
I(bI 13 § CTPOWM IO YKA3aHHEIM BHIIe IIPaBHIaM COOTBETCTBYIO-
mEe HOMCTaHOBOYHLIE KOMAaHIH, COBOKYIHOCTH KOTOPHX Ha-
30BEM COBOKYNHOCMBIO NOACMAHOBOUHWET KOMAHO MAaIImHH .
[Iycte 3Ta COBOKYHOHOCTH COCTOHMT H3 KOMAHL

a1 —by, a2—Dbs ..., a,— by - (8)

CornacHo HWBIOKEHHOMY 048 Mo020 4mobu U3 paculupeh-
11020 MAWUHH020 CA06A UMD ROAYHUMb ¢4080 umMy, onuckiéaio-
Wee Henocpedcmeenno caedyowee cocmosnue mawuntt Toio-
pumea, Jocmamovho Had CA080M UMV SWROAHUMb MY U3 nod-
cmarogourBx Komand (8), Komopas npumenuma k cA08Y UmMD.

Ecnm 5E ogga w3 xoMmasp (8) He IPEMEeHEMA K CIOBY UMY,
TO M CONEPIKUT 3aKIIOYATENLHEH CHMBON ¢o H HOTOMY CIOBO
UMY OTMECHBAET 3aKIOYATENHHOE COCTOAHEWE MATIWHEL.

12.2. Beramcnumele ¢ysxmnn. PaceMoTpuM mpom3BOND-
iylo MamumHy TsiopmEra £ ¢ BEHemHEHM andaBuToM {do,
Ay, . .., Gy}, BEYTPEHENM andaBEToM {qo, (1, - . .5 Gn} B
nporpammoit . Ilporpamma 9 mosBomser DpeoGpasoBHBATE
ompefeneHHEEM CHocO00M ONHH MANIMEHEIE CI0BA B APYTHE.
OnmEaxo ewuucaenus OPHE MOMOITE MAINWHEEL $ MH OyHeM Ipo-
13BOANT, HE HaJ MAIIWHHEIME CIOBAME, a HajJ CIOBAMH B
pedyyuposannon andasmre *) {a,, ..., a,} MammEE .
B cnasm ¢ aTHM BBEgEM eIne HeCKOJbKO OHpEeeHIti,

IIycrs m — karoe-EREOYOD MaWLuHHOe CIHOBO B ad(aBmTe
svammasl $. Uepes m* yenosmyes 0603HaZaTh CNOBO, NONY-
Yatomeecd M3 N BEIIePKUBAHIEM COMBONA ¢; W BCEX BXOiKMIe-
Hufl cEMBOJA @o. I'0OBOPAT, 4TO cI10BO @, BAIHCAHHOE B PEAY-
IInpoBaHHOM anfaBsmTe, nepepabamuédemes Mammaol T B
cioso b, cmMBoamdeckm ¢ (@) = b, ecam anA HEKOTOPOTO
HATYpaJdbBHEOTO I

Qo € ((1200)®, b = (q,a0a)P*. (1)

*) COMBOIH ag, U, U HCKIKTAOTCA.
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Ecnw jxe Hukakoe { He YHOBIETBOPAET YCIOBHIO
go € ((1300)®,

TO TOBOPAT, IT0 MAIIHHA HEeRPUMEHUMAI K CIOBY ¢ HJIA YTO Pe-
BYNBTAT IEePEpPadOTKE ClIoBa @ MammHOH % HeompemesieHHEIH.
B sroMm cayzae rosopaT Taxie, uTo BHpaeHme § (¢) mMeeT
HeoUpefeeHEHoe 3HAYCHHAS.

B MampmEAERX TepMHHEAX 9TO 03HaUaeT cilefyoimee. Ilycrs
4j, . . @j — Kakoe-EHmOYAb CI0BO (BOBMOKHO H IYCTOE)
B pemymmpoBamHoM aixdasmre {a;, ..., an}. DepeM xenty,
cocroamyio u3 s + 1 auelirm. Jlesyio aueliry ocTanaser myc-
TO#, a B 0CTaNbHHE TOCJEEOBATEIHHO (BIHACHBAEM) CHMBOJEI
Qiyy v v oy U, IloMermaeM meHTY B MamumHY (PHC. 2) TR, IT00H
MaliHHEA BOCOIPHHEMAJa CcaMyio JneByio (IWycTyio) SIEHKy.
IIpmsoguM BEYTPEHHIOO NaMATH MAIIHHL B HAUALbHOE COCMO-
AHUE ¢; A IycKaeM MaIluHy B X01. B cmay cBoero ycTpofictBa
MamuEa $ HaYHET NOCHIEN0BATEIHPHO HPHHAMATH COCTOAHEL

({]woajl S ajs) I: (qlaoajl [P a]-s)(l) l: (glaoajl . e a]-s)(2) l: e

Temeps BoO3MOMKHH [Ba caydad: Aubo B KaR0OH-To MOMEHT Bpe-
MeHH { BEYTPERHAA NaMATh Ma-

IIEEE OPEAET B 3aKII0YATE]ND-

HOE COCTOAHEE H, 3HATHT, Ma-

IMHEHBOE CJIO0BO, OHHOBIB&IO]I(GG

4| 4 Z COCTOAHEE MAIIMHE B DTOT MO-

MeHT, OymeT EMeTb BH[ a;qob;,

Prc. 2 aAub0 BHYTPEHEAH NIaMATH HU-

KOTla He OPHAET B 'COCTOAHEE

go. B mepBom cayqae P (ay, . . . a;) = &%p;, a Bo BTOPOM CiIy-
qae 9P (a; . .. a;) EMeeT «HeOUpeNeNeHHOE) BHAYCHEE.

Iiyers F (r) — xakas-Eubyms cloBapHas dwacTHYHASA

¢yHKnES B pemynupoBamHoM axpasure {a,,. . ., @} Mamm-

mbl . Ecam gna rampmoro croBa ¢ B aToM andaBnTe
F)=9()

TO TOBOPAT, 4T0 MamuHa T enuucasem QyBKnun F (r).

Paccmorpmni, manpumep, mammmy ¢ mporpamuoit (5) ms
mpensgymero paspena. PexymmposaHmmit andasur 3Tolt Ma-
IIHHBI COJEPAKIT JNIIb CAMBOT 1 I moToMY c0Ba B aTOM amda-
BHTE HMEIOT BH

A, L, 1, L
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M3 ¢ooTHOmeEHmHI

7,0 E 0g:0 = Ogot,
gl . 1E1gl ... 1E...E1.. . 140 E
E1...10¢,0= 1 . ... 101

oM, 710 P (r) = ri.
C mpyro#t cTopomH, paccMoTpEM MammHy £, ¢ andasm-
ramm {0, 1}, {0, ¢,} = mporpammoi

@0 — R, 1 - qR.
W3 coorHOMERHUHA

0,0 £ 0g,0 = 00g,0 = . . .,
,01.. . 1...01...1¢,0E01...10¢0 E ...

3aKJII09aeM, 9T0 o, BHIHCIAET HHUIJAe HE ONpefeleHHYIo
QyHERIHTIO,

Bosspamasch k MammHe ThlopHATa ¢ HPOUBBOJIBHEIME aJI-
pasmramu {ao, 4y, . . ., A}, {Go> G1s - - -1 ¢n} HE OporpamMmoil
$, ycroBEMcsH TOBOPHTH, dTO MamumBA $ nepepabambvigaem
S-KYy €408 £y, . .., L5, BAMACAHHHX B PEAYIUPOBAHHOM aJ-
pasmre {ay, ..., @n}, B CIHOBO ¢, €CIAH NIAA HOMXOMAILETO
HaTypaXbHOTO I

o € (q1@0E180Ls . « . Qot) D), T =(q1a0r1. . . Aol )%,

B aroMm ciysae wumyt P (24, . . ., &) = ¢. Ecam gua xobo-
ro i

90 € (raor1 . . . aot;)V,

TO TOBOPAT, 4TO MammmBa & Henpumenuma ¥ s-ke (¢q, . . ., Ls)
n 9ro BHpamenme P (&3, ..., ;) EMeeT HeonpedeieHHoe
SHaYeHHe.
Tosopsar, uto cnopapHas wactuagas Qyarmua F (¢, . . .

. ., Ls), ompemenenHad B angasure {4, ..., ax}, COCTaB-
IAI0meM YacTh pefynuposansoro andasura {a;, . . ., a, . .
<. ., @y} MammEH %, ewuucisemca MammHOE T, ecnm guA
T000H $-RI CIOB Ly, . . ., &5 B andasmre {ai, . . ., Gy}

F(?lr ey ?:‘s)=q}(<?11 BERY) Es)'

TaxnM o6pason, ¢ Kaskpoit Mamuuo# Trloprara £, mMmero-

me#l yrkasammmi sHemHEEd andasmr {@o, 4y, ..., am}
CONOCTaBAAITCA YacTHIHEIE CJloBapHHe ¢ymxuun P (z),
P (ry, r5), . . ., OOpeneNeHHEEE B pegylupoBaHHoM aixfasmre

@y, . . ., (). OcranpEEe (QYHKINN, BRYACINMEE Ha Malld-
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He T,— aro orpaEmieHmA OQyERUEE P (r), P (11, ),
Ha MHOKECTBaX CIOB, BAIMCHIBAEMEX B TaCTHYHHX anaBmd-
tax {a;, ..., a} (£ << m).

Yactruras cuoBapnad GYHKIAA HASHBAETCH SuULCAUMOL
mnu gunucaumoli no Telopurey, eclin OHa BEIIHCAAMA HA MOf-
xoname# Mammge ThlopmHTa.

Teopema 1 (Toopmar). Bee uacmuuhue ciosaphile
Pynryuu, evuucaumvie no Telopuney, ABALOMCA UACTRULHO
PeRY PCUSHBLMLL.

Tax Kak QyHKNuA, ompefeleRHad B HEKOTOPOM al(aBure
H YaCTHYHO PeKyPCHBHAA B paclimpeHHoM andasmre, ABIA-
eTCA 9aCTHYHO PEKYPCHBHOH H B IEPBOHAYANBHOM aj(aBmTe
(m. 11.1), To mna morasaTenbCTBA TEOpeMH 1 M0CTATOYHO HO-
Kaszath, uro QyExumE P (ry, ..., L) (=1, 2, ...) mqua
noboff Mamwes ThlopuEra £ ABIAWTCA IaCTHIHO DPEKYp-
CHBHBIMH. ’

Tiycers {ao, a4, - - -, an}, {q0, ¢4, - . -, ¢n} — BHEmERA T
BHYTPeHHEA anxdaBUTH MallWOb £ W OyCTh

b]_—>C1, b%’—>c27-"7 bl_>éi (2)

— npoepamma nodemanogok nud T, ompemeNeHHAs B HPen-
mecTsylomeM pasgene., Cmmsons b;, ¢; o3HagaoT momxo-
AAmune clioBa B paciimpeHHoM andasumre {do, @y, . .., Gy,
qoy + « +y Qn, Uy V)

Jna mpomsBoNpHOTO cJI0Ba @ B YKa3agHOM 00 beTUHEHEHOM
an(aBmTe Mbl ompefelaem caoso ¢ ¢ mOMOIMBIO CIETYIOMETo
MpaBHEIA: 8 npoepamme 1nodemanosor (2) uupen nepsylo Komak-
dy b; — ¢;, nesoe ca060 Komopol b; éxodum 6 a, U 3amem 6 &
nodcmasanem cA080 C; 8MeCIMO Nep8020 BLOHCIenus caoea b;.
Ecau Hu 00no u3 aeswzx caos komand npozpammb. (2) 6 ¢ He
srodum, mo noaazaem al) = g.

Wanomernnoe mpasmio JOCIOBHO COBHANAET ¢ HPaBHIOM
mocTpoeHnsA caosa umly mo BagaHHOMY PACIIIPEHHOMY Ma-
HMIAHAEOMY CIOBY UMy, KoTopoe OuI0 cHoPMyNHEPOBaHO B KOH-
me mpesupymero pasfgena. OTimdme COCTOUT JNINEL B TOM, 4TO
Temeph MH HPHMEHAEM 3To IPABHEIO K HPOH3BOJIHHEIM CJIOBAM
B pacIinpeHHOM aidaBuTe, a He TOIbKO K MaIIHHHEIM CIIOBaM.
Monaras, wax m B o. 12.1,

a0 =g, o D= gD rA=0,1,2,...),

BHIEM, 9T0 BHpaskenme a(!) remephb WMeeT ompejeleHHOE 3HA-
geHme nasa A000T0 CI0Ba ¢ B PacllIpeHHOM aldaBuTe, mp-
9eM, eclIm ¢ — MallmEHOe CJ0BO, To ¢ — )ammEEOe cJo-
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50, OTBEYAIVIee TOMY COCTOSHMIO MallmHbl ThIOpHHTA, B KO-
T0p0O€ OHa EPH/IET 3 COCTOSHMA @ MOCTe | TaKToB PafoTHL.
Buecro seipaxenasa ¢, zapmcsmero oT cloBapHOTO ap-
ryMeHTa ¢ H YHCJIOBOrO apryMeHTa i, BBOAEM (QYHKIHIO
V (a, t), monaras
172 (a, &‘) — g(nmma a)

715 100X CJIOB ¢, ¢ B PacIIEPEeHHOM ajidaBuTe.

Oyorgasa P (ry, . . ., &) ompefenena B PegynuapOBaEEOM
andasure. MBI Dpomo/KEM 8Ty (GYHKHHEIO g0 (QYHKIUN
Po(¥yy oo oy Ts) B obbenmEEeHEEOM andaBmrTe, HoJarad
Po (¢, - . -, &) coBmamaomett ¢ P (ty, .. ., ¥)] AIA cHOB
Iy, - - ., Ls B PEYIUPOBAHHOM aN(aBuTe W HeOHmpe[eJeHHol
[UIST OCTANBHBIX B3HAYEHHH Iy, ..., &. Tak Kak rpadukm
dyErumi P @ Yo cOBIAZAIOT, TO FaCTHIHAA DEKYPCHBHOCTD
ofEON m3 »TEX (YHKRIWH BIE€YET YACTHIHYIO PEKYDCHBHOCTD
npyrofi. Ho cpasEmBas ompepmeneBnsa QyBkmuil § m ¥V, me-

HOCPeNCTBeHHO BaKJI09aeM, YTO IS CIOB &y, . . ., &, & B pac-
IMHpeHEHOM al(aBHTe PaBeHCTBO
Po (s, ..oy Es) =2 @)

UCTHHHO TOT/[2a W TONBKO TOTNA, KOTHA Cyujecmsyem C.i060 @,
ydosaemsopatouee mpebosanuim:

i, - . ., s He codeprcam 6Gyrs Qo, Go, . - .y Gn, U, U,
qo codepaicumes 6 caoge V' (a, ugyaoty . . . aotst), (4)
t=V (a, ugiaoti.. . at)*,

r7ie 3Be3f0YKa ¥ 03HaYaeT omeparHio BEIOPACHBAHEA H3 [aH-
HOTO CII0BA BCeX BXOKIEHHI CHMBOJOB do, qo, . . ., Ip, U, V.
Cornacso m. 11.2

Qo e L= A=E (@i, Sbao (J:‘iv A))1
giG ¢ A= E (2, Sby, (&, A))
(j=01' e ),

u@&‘i SA=EFE (@h Sbu (giv A))) (5)

vEri e A= E (v, Sb, (1;, A)),
W€V (a, ugsaoti ... 2t V) = A=E (g0, V (4, ug1ao¥i ..-20ksV)),
t=V (a,ug1a01... ootV S A=E (¢, V (...)5) E(V (...)% 1),
raie I7, Sb, — OpUMWTHBEO PEKYPCUBHEE CIOBapHHE (QYHK-
IuH, ompefeieHHse B KoRue o. 11.2.

6osmauas wepe3 G (¢y, . . ., Ls, L, a) OPONBBENEHNE BCEX
BRIpayReHNH, CTOAMAX CHPaBa oT (IPARHX) 3HAKOB PaBEHCTB
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B fopmynax (5), IPEXOFKUM K 3aKTI0YEHHAIO, 9TO COBOKYIHOCTh
yenopuit (4) paBHOCHIBHA PaBEHCTBY

G(@]_,. -l b a)ZA- (6)

Tpadur pysrnmm §, coctront 3 cmcreM (L, . . ., Ls, L),
VAOBJIETBOPAIOMEX YCIOBHIO (3), T. €. W3 CHCTEM, IJIA KOTO-
puix ypaBreHme (6) mmeeT xoTs Ovl OfHO peIleHHE 4.

HonycrmM, aro ¢ymarnns ¥V (8, r) TPEMATHEBHO PEKYPCHB-
Ha. Torga seBas ¥acTh ypapmerma (6) Oymer Takke mpmMu-
THEBHO perypcuHBHOH ¢yunxumedl, rpadmr ¢yErmum P Oymer
PEKypPCHBHO IEPEUHCIUMEIM, a caMa ¢yEKOua P, Oymer dac-
TEYHO peKypcupHO#H, aro m Tpebyercsa. IloaTomy ocraerca
JOOIb JOKa3aTh OPHUMHTHBHYI0 PEKYPCHEHBHOCTH QyHKHuH V.

W3 onpenenenus pyHrumum V caegyer, 91o

V(A z)=z¢, (7)
V (47, ¢)=

Sh(V (4, ¢); b1, €1), ecmm b1 €V (g, 2),
Sb(¥ (8, £); ba, C2), ecam big ¥ (a,2), b2 €V (0, 2),  (8)

V (a, 1), . ecim D1V (a,8),..., 0¢V (a, 2),
e 2 € {aoy Ay, . . -, Qo, - - -y Gn> Y, U}, Sb — 3HaK mOmCTa-
moBk: (m. 11.2), a by, ¢, ..., b;, ¢; — cmosa m3 mporpam-

MBI mofcTaHOBOK (2) Mamwan .

Cornacmo m. 11.2 cxemn (7), (8) paBHOCHIBHH cXeMe CJIO-
BapHo# mEAYROEE 0% ¥V (4, £) ¢ IPEMETABHO PEKYPCHBHEIMA
mCXofHNME QYHKUHEH ¥ B QyHKIHAMH

H(a, 8, 9)=W (Sb(p; by, 1), . . ., Sb(9; by ), 1;
E(blr 1))1 v ey E(Bh 9))'

CnemoBatensro, ¢ymruma V (¢, ) OPUMATHBHO PERYD-
CIBHA H TeopeMa NoKa3aHa.

ObpatHas TeopeMa K HoKa3aHHON TeopeMe TaK;Ke BEpHA.
OpHEako goKas3aTenbeTBO ee TPeOYeT HEKOTOPHX BHYMCIEHHN,
KOTODHE (GyAyT OIpOBe[eHs B CICLYIOMEM pasfere.

12.3. Cuntes mamme Teiopmara. Hax y:re rosopmiocs,
IMEeeT MeCTO CefyIomas BajKHAd

Teopema 1 (Tewopuar). Jaa raxcdoii wacmuuho pe-

kypcusnoll crosaprotl gynryun F (1, . . ., t,), onpedeqennoti
6 nekomopon aagasume {a,, . . ., Ap}, cyyecmeyem MAULUHA
Toiopunea ¢ cuMB0RAMU Ay, Gy, - . -, Ay U ROOTOOAWUMN BHYM-

pez—mumu COCMOARUAMU., nomopaﬂ gupluucarem gﬁynnqum
F(ry, ... ).
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Kampmas d9acTHIHO PeKYpPCHBHAS (YHKIEA HOJYyIaeTcH
113 IPOCTeAMEX QYHEKIUH ooepanuAME HOJCTAHOBKH, IPUMH-
rapHEON pekypcmm m obpamernus. llostomy Teopema 1 Gygmer
[0Ka3aHA, €CIE HaM YAAcTCA DeIIHTh CJEIyIOiHe dacTHEHE
3agadm:

1) mocTpomTs MAamEEH TBHIODHHTA, BEYHECIAIMAE IpO-
crefimme (YHKIHN, '

2) mmea wmammEs THIODHHTA, BHYHCAAOIIHE (YHKIUE
F,Fy, ..., F,, 0cTpORTs MAINWEE, BHIUCISIONYI0 QYHKIHIO
F(Fy, ooy Fo)

3) mMes MammEH THIODHHTA, BBYACHAIOIMEE KaKHE-TO
Jyaxnmm G, H;, mocTpouTh MAaIIEHY, BHYHCIAKINYH (QYHK-
1uio, Bo3HMKalomylo u3 G, H; mpmMmTmsHOH perypcmel;

4) mMes mammgy ThHIOPEHTA, BHUHCIAIONYI0 BCIOAY OI-
penenenHyo ¢yERumEO G (¢, ..., ¥ &, 6), HOCTPOHTH Ma-
IEHY, BHYIHCIAIMYI0 QyEKIA F, 3aJlaHHEY0 COOTHOMECHNEM

Fr, o0 t)=250) (G - ts &, a)=A).

3neck (Ja) o3HauaeT BHPayKEHHEE <CYIECTBYET TaKoe CIo-
BO 4, 94TO ...».

3agaunm 1)— 4) m OynyT pemeHH H@ke. BEyTpeHHEE CO-
CTOAHEA HCKOMOH MalImEG 0yAyT 0003HAYATHCA CUMBOJAME
Qo G1s + - -» Gn, & CAMA MAIIHHA OYHeT 3agaBaThcsa CBOEH Ipo-
rpaMmoit KoMauyg ), IpIMIeM HHOTAA OYAYT BEIACHBATLCA HE
BCe KOMAHOH ), & JEIIb Te, KOTOPHe OYAYT HYMKHH 0 XOLY
mena. Kax m B mpemeimymeM Dasgene, eciii Il — MAIIBHAHOS
cioBo, To uepes m() GymeM 0603HAYaTH MALIHHHOE CIOBO,
OTECHBAIOIee TO COCTOAHNC MAIINHEH, B KOTOPOe OHA TIPHIeT,
IICXONA H3 COCTOZHEA 1M, 9eped i TAaKTOB paboTH.

Ona MammeEHX clio m, #OymeM IECATh It = fi, €CJM
m® = ¢ gaa HekoTOpOTO I I B IPOmECCE MEpexoga OT Co-
CTOSIHAA #t K COCTOSTHUIO ft MaIlUHA Hu pasy He HPHCTPaHBala
SINeeK cleBa. DymeM mmcaThmt |= #, ecam m® = n qua me-
KOTODOTO i W B HPOTEecce EPEXoaa OT COCTOSHMAS Wi K COCTOS-
HHIO ft MaIlliHa He HpPUCTPAlBaja HOBLIX g9eeK HIN CIeBa, HO
cupasa. )

IIycrs mamuua T mieeT amxpaButsl {ao, a, . . ., @y},
{9, a1, ..., gu} © F (21, ..., &) — JaCTHIHAA S-MECTHAA
ciloBapmad (yHKIESA, 3aMaHHAA B PeNYNIOPOBAHHOM andanm-
te {a,, . . ., a,}. Bynmenm rosopmth, ¥To MamnHa T npasuib-
HO Bbiyucasiem dacTHIEyo0 Qyurmmio F (r,, ..., L), ecad

q10%100%2 - . - Qols |2 GooF (11, .. ., r)ao ... a
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Aas n000# CHCTEMH CJIOB &, . . ., Ls B PEIYEIEPOBAHHOM aj-
dapmre, npEHamIesRamel obnacTn onpeneneEns QyRKnmn F,
H ecin B ciyuae, xorma F (ry, . . ., ¥s) HE OHPeNedeHo, MAIIH-

Ha £, HauaB paboTaTh B COCTOSIHNAN ¢, GoL100L, . . . Qols, HEKOTIA
HE OCTAHOBUTCA, T. €. He OPHAET BO BHEYTPEHHEE COCTOAHHE
go, E HHKOTJA B mpomecce pafoTsi He OymeT HagcTpamBaTh
JeHTY CcJeBa.

CpasHuBasf HDOHATHE NPABHIBHOH BEYECIEMOCTH (YHK-
o ¢ TNOHATEeM (OpocToH) BEIYECIHMOCTH, BBEJCHHEIM B
n. 12.2, nenocpeACcTBEHHO BULUM, 9TO A3 OPABUJILHON BHIIHC~
JHEMOCTE 3aBEJOMO BBITEKAET MNOCTAfA BHTHCIEMOCTH. Ilo-
9TOMY MBI JIANIb yeuauM Teopemy 1, ecam moxaskem, 970 cumpa-
BeJIJIHBA

Teopema 2. Hua randoll uwacmuuho pekypcusrol

caosaproli dyrnkyuu F (¥, . . ., ts), onpedesennoil Ha coso-
KYnHOCMU cA08 Kakoeo-Hubyde aagasuma {a;, . . ., an}, cy-
wecmayem mautna ToOpUHEA ¢ CUMBOAAMU (o, Gyy - . -y Oy

U nodzZ0dAUUMY BHYMPEHHUMIL COCTROAHUAMU, KOMODAS Npa-
suabHO sunucasem gynryuo F.

Mpi [oKaskeM 8Ty TeOPeMY JULIb AJIA Caydas, KoTLa mepBo-
HavanpHHE andasmr {a,, . . ., a,} COCTOMT N3 OTHOTO CEMBO-
na 1. Paccy:xmeHms B caydae DPOW3BOJBHOIO aln(aBHTa 0C-
TAIOTCHA TEMU jKe CAMBIME W JIHNIb 3aONCH CTAHOBATCA OoJiee
TPOMO3IKHUMM.

BMmecto cmMBona go Oymem ymorpebnars ganee camso 0.
L monosutebEOT0 HATYPANLHOTO £ BBOLEM 0003HAYEHMS

1*=11...1,00=00...0.

JouonBEUTeNLHO moJaraem

00 =10 = A,

rme A — mycroe cioBo.
Ha caosa

P=A 11=1 12=1, B3=111, ...

OymeM CMOTpPeTh KaK Ha «I300pasikeHHA» HATYPAJBHHX UH-
cen 0, 1, 2, 3, . . . CoorBercTBeEHO 9TOMYy 6yaeM TOBOPHTH,
970 9mCIOBAA gacTHIHAA QYHRNUA f (2, . .., Z;) HPABEIb-
HO BHUNCAAETCA MAUIMHOR £, ecam 3TOH MAaIIMHON IIPABMJIb-
HO BHIUHCAfeTcA caoBapHaf ¢yERmua F (ry, ..., L), ompe-
HEeJTeHHAs PABEHCTBOM

N R S
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ViTak, MBI XOTHEM J0Ka3aTh, 9T0 J48 Kaxncdoil uucao80l wac-
muuHo perypcushoil Pyukyuu f (,, . . ., ;) cywecmsyem ma-
wuna Tewopunea c snewrum asgasumon {0, 1} u nodzoda-
wua euympennum  asgasumon {qo, ¢y, - - -, qa}, KOmMopaa
npasuAbHO ssruucasem GYREYUIO | (Zy, - . -, Tg), M. e. ad Ko~
mopotl ‘

g,01501% . ., 01% = g0/ %0 . . . 0

npu M068T Ty, . . ., Ty U3 obaacmu onpedesernus Fynryuu f,
. KOMOPAA He 0CMAHABAUSAemMCA U He Hadcmpausaem sueek

caea npu 3anycke ee us cocmoanus ¢,01%:01% . .. 01%s g cay-
wae, ecau snaueriue f (24, Ty, . . ., Ts) He Onpedeaero. -

M= HagHeM ¢ oHpefeleHud HOHATHA KOMIO3UIMA MallHH
ToiopmETa, Hrpalomero OCHOBHYIO POJb BO BCEX BOIPOCAX,
CBA3AHHHX ¢ CHHTe30M MammH. llycts 3aganst Mamrmasl Thio-
puara §, £, mMeomme Kako#-To o0mmil BHEMHAE anpaBmT
{ao, a4, . . ., ap} m BEyTpeHEEHe andaBUTH {go, ¢1, - - -, Gn}
II COOTBETCTBEHHO {qo, G1, - . ., qi}. Homnosumon (mnm mpo-
u3BefeHUEM) MalIWHE ) Ha MammHy £ OyZeM HaswBaTh
yamuey R ¢ TeM ke BHEMEHEM andasmroM {ag, a4y, . . ., Ap},
BIYyTpeEHEEM anaBETOM {go, 1, - - -, Tn> Qnsy - - -5 Qnai}
11 IpOrpaMMoH, moJdyuatomeiica caegyomuM o6pasom. Bo neex
KOMaHAaX m3 P, COMepHAMAEX 3aKI0YNTEIBHEH CEMBOI ¢y,
3aMeHseM (o CHMBOJOM (ni;. BCe OCTalNbHBEIE CHMBOJLI B KO-
MaHJax H3 §) ocTaBiseM HeHM3MeHHHMH. B KoMamgax ms D,
HANIPOTHB, CEMBOJ ¢p OCTAaBJIsIEM HEH3MEHHEIM, HO 3aTO Kayk-
OBl w3 OCTaJBHEIX cEMBONOB ¢; (j = 1, ..., t) 3ameHseMm
CHMBOJIOM ¢i,;. COBOKYHOHOCTH Bcex KoMaHA H3 § m £, mame-
HeHHHIX YKa3aHHEIM cH0CO00M (0003HAYUM HX COOTBETCTBEH-
no P* mO*), mOymer mporpaMmodl KommosmTa MammnH ), £.

Kommosmr MammHE §) Ha MammHy £ o603Hadaercs gepes
1D man § = 2. OcHOBHOE CBOMCTBO €r0 BHpayKaeT

Jlemma 1. Ecau das karuz-mo caos 4y, by, a;, by, 6o,
b, newnezo angasuma {ay, ay, . . ., An}

P : aoqibo [= 619061, £ 1 419151 [= 62g0bs,
mo

P aog1bo = a2g0ba.

Hefictemrensro, mpeobpasys CI0OBO @og,by ¢ moMomBbIO
KOMaHL m3 §*, mOAYINM CJIOBO @;¢nsD,. Jlanbmeiimme mpe-
00pasoBammns ero ¢ MOMOIBI0 KOMAaHA W3 OF mpmseayT k
az(]oﬁo.
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OrMeTnM crlemyiomee OYeBHAHOE IOJO/KEHHE: €CIHE IPO-
rpamMMa MamlEHH comeps;xuT KoMamay ¢;1 — ¢;L, 10

0l ... gl > g0 ... 11.

ABaNormuHO, €CIE IPOTpPaMMa MAIIFHEL COLEPKHUT KOMaH-
ny g;1 — q;R, To

gl... 10]>1...1g0.

Hmwxe yxassmsaercs cepnsa Mammn TeiopmEra, mpeobpa-
3YIOIDMX MalIEHHBIE CJIOBA OQHOTO 3a[aHHOT0 BHAA B MAIIHH-
HBIe CJOBA APYroTO 3afaHHOTO BHAA. lipoTpaMMEl MaIlImH
ommryTea croibramMm. [nf KOHTPONA HpPoTEB HEKOTOPHX
KOMAHJI YKa3HBAIOTCA Te MANIEHHKE CIIOBA, B KOTODPHIE IIEpeXo-
OUT TepBOHAYAJbHOE BaflaHHOe MAIIMHHOE CIOBO WOCHE BEHI-
HOJHEHHAA BCeX NPEIBAYINHEX KOMAHM, BRIOYIAdA B WX IHCIO
4 CcTOAMYI0 cleBa KoMaHQy.” Beimmcammbie HEE POTPAMMEL
OTHIONDL He caMble KODOTKEE, HO B KAKOM-TO CMBICIE €CTeCT-
BEHHBIE,

A)Ilepersoc myxa ¢001%0 | ¢,01%00.

Nmeem: ¢,0 — g,R  0g,01%0

7,0 — g51
gsl — qsR 011%¢,0
750 — qaL
gal — g0 01%¢,00
q50 — qoL

g6l — gsl  gq01%00
q60 — qOO QQOT\OO

b)) Jllesu# cmsmr 0190 |= g,01%0.
Nneem: ¢,0 — ¢,L

7.1 — gL ;0170
7.0 — o0 ¢o0170.

b)) lipasui cpsmr: ¢,01%0 |= 01%0.

IIporpasya 3Toff MaIWHE moJydaerca O3 OpefbAymei
OporpaMMEL 3aMeHOH cmMBoJa L cmBoioMm R.

B) Tpamscmosmgma: 01,010 |= 01Y,01%0.

Crawana mepesogmm cioso 01%¢;01Y0 B cmoso 01%¢1¥00.

Ilpn y > 0 aro mocturaercs cliemyiomel ouesmgHON Hpo-
rpaMMoii:
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B* : 01¥01Y¢;30
q30 — qaL .
gal — ¢50
750 — qoL
gel — goL.  01%gs01¥-100
g0 — g1 01%¢,1Y00.

Yro6s monyzurs cioBo 01%¢; 100 m wpm y = 0, mobasn-
1s1eM KOMaHTY

70 — g0 01%¢:1%00 (y > 0).

Temepsr m3 mofciosa 1* mepebpacrizaeM ofmeE cmMBon %
B TPOMEKYTOK MesIy ABYyMA nociegEuMum mylXamu. Odesmpi-
10, 3TO JOCTHraeTCHA Clenylome#d mporpaMmoi:
| gl — gsl  01%"1gg11¥00
q8'1 —_ qBO
g0 — g1oR
giol — gioR  017101%¢, ,00
q100 — gy,1
gl ~ gL
G2l — g0 01~-101v-1¢, 5,010
q130 — qaaL
q141 — q14L 01"“1q1401y"1010
g140 — g1zl 01%1g1317010.
Mbl gocTwriam cBoe# menm, HO B Npenoiokennm z > 0,
y > 0.
Yro6s TOT e pesymbrar Noaydmica @ mpu y = 0, mo-
faBiigeM K 3ammCAHHON HpoTpaMMe eme IMPHKAa3El
Q70 — q161
Q1s1 — ql7L
q“'l — Q150 le_lql51y010 (CL’ > 0, Y >— 0)
Tenepp «3anmKaANBacMy UPOTPAMMY HUPHKA3AMH
g1 — g1
150 — ¢:0  01¥2¢;1%010.
Ecag z — 1 > 0, 10, Kak merko BmaeTs, cioso 01-1g;1¥010
nepepa6oraerca B caoso 01%2¢;4Y0110. Ecam z — 2 > 0,

T0  mpouecc JAanbHeHmeii mepepaGoTKE HacT  CJIOBO
01%-3¢,1¥01440 m 1. 1. Yepes r «IWKIOBY IONYIHM CIOBO
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0g.1¥01*0, woTopoe Iocie BHOOJNHEHEA NPHKasza ¢;1 —
~ ggl, (ecnim y > 0) mna mpmkasos ¢;0 — sl mw 1. 1. (ecam
= 0) mepeiimer B caoso ¢s01¥01* mum B cmoBo ¢17011%0.
Urobsl monydnTs TpebyeMoe CIOBO, [ajee IPHCOSIHHIEM
HOPHAKAB3H :
QSO — qlgR
qls1 - Q1sR
q180 — qo0 01Yge01*0 (y > 0) -
Q170 — un
qiel — qo0 01%g01°0 (y = 0).

I') Vasoerme: ¢01%0"3 | ¢,01*01%00.
Ilonaraem: ¢;,0 — ¢,R
g1 — g, R 01%g,0%*3.

Tlonygermoe cunoo 01%¢,0°*3 npemcraBnzeM B BHAe
01%¢,00°00°0~+! m pmamee OWmEM NporpaMMy, AAA KOTOpO#
npm z — i >0

01%-ig,01°01'0 |2 04=-G+D ¢,015101i+1,

ITonaraem: ¢,0 — g5L 013-(+Dgy101:01%0
q31 — Q4O
940 — g5 R
750 — gl : )
gsl — qgR  01=-(G+D01#+14,04°0
260 — g R
g1 — =R
7:0 — ga?
gsl — gL
qs0 — gqoL
QQ1 — qu 01.\‘—-(i+1)q901i+101i+1.

Temepr mnpikasom
750 — ¢,0 01~=C+g,01i+104 5+

BaNWKJIABAEM OPOTPAMMY N MAallniHA, TOAb3YACH (QHKCEPO-
BaHHEIMH BB ODPHKA3aMH, HaqnEAaeT mepepalaThBaTh YKa-
3aHHOE cnoBo. Keam z — (i 4+ 1) > 0, o mocie akia pabo-
TH MAamuHH NOXYYIETeH ciiopo 015(+2g,01++201%2 7 T, g,
3aMmermM, 9T0 B TeYeHOEe KaKHOTO IUKJIa MAIIMHA BBOAUT B
Orpy HOBYIO A4eiiKy deHTH cHpaBa, fepsa ee m3 TOTO 3amaca
uycTHX sgeek (%3, KoropH# HaMm GBI BapaHee HAUWCAH B
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nexomEOM caose. Kenm atoro He 6b110 ObI cpesame, TO Manrm-
ga OpHCTpamBaja OH caMa Imo OfHOM HOBOH mycToH avelike
B RQKIOM IHKIe paboTsl.

Wrak, maes HaganabHOe cocrommme ¢01%0** uw yrasam-
AyI0 BHIIE IPOTPAMMy, MalIFHA 9epe3 £ NUKI0B PaboTH mpm-
ner B cocrogame 0g,01%01*0. Ilpnras ¢.0 — ¢;L mepeseger
MammRy B cocroaame ¢,001%01%0. ITpomssons Temepsr mepe-
goc Hyaa A, 3areMm upaseii casmr B, eme pas mepemoc HY-
17 A m, HaKOoHeI, JeBbli cqBur B~, moayumM Tpefyemoe cio-
Bo §001*01%00.

KombmERDpYS Mempay cobolt mammum A, B*, b7, B, T,
MeTKO IOJYYUTH MANIWHE, BHMONHANINEE 0ojlee CIOMKHEE
npeoOpa30BaENA CIOB. 1aK, HAIPEMED, EMeeM:

B*B*) IIsofimoit mepeHOC:

B*B*: ¢:01%01%0 |» 01*01¥¢,0.
) Hurnnuecknit cosur: Il = BB™B.

IT: 01%01Y¢,0120 [= 012¢,01*01¥0.
I'r) Hommposarmme: I'r = B*BI'BB*BI'B.

T'r: ;017017 |» 01%01¥¢,01+017.

lipoBepra Toro, 4T0 yKaszaHHbE KOMIO3HIUE MaMIWH
TeHcTBUTENHHO BHINOJHAIOT 3ajagHEE HOpeo(pas3oBaHHEA Ma-
IIAEHBIX CIOB, OYEBHIHEA. '

Kax y:xe rosopmnoce, 1A [oKa3aTenbcTBa OCHOBHOH Teo-
PeMH HaM [QOCTATOYHO HAYIHTHCA CTPOUTH MAIIEHHE, Ipa-
BIWIBHO BHYHECIAIMEe HpocTelmme (yuKnmE 7 (QyHKIHH,
BOSHEKAIOIEE 13 NPABHIBHO BHYMCIHMHX QYHKOEA ¢ IO-
MOIBI0 OHEPAaIlNil CynepHo3uliNe, IPAMATIEHON PEeKYPCHE H
MOoEmMnsanmn. K 91mM DOCTPOeHUAM MEI Temephs U mepeimeM.

Jdemrma 2. Oyuryuu o0 (2) =0, sz =z +1,
d (z) = z — 1 npasuavho ewuUCLUMDL.

TlporpaMMsl Mamrme, DPABIIBHO BLIYNCASIONIAX YKa3aH-
Hble QYHEKOOH, ONIIYTCA OYEBIIHEIM 00pasoM:

0 (2) = 0: ¢,01%0 |= ¢,00
70 — ¢.R
g21 — g:R 01%¢,0
g0 — gsL
Q31 — Q40 01'\'"1@100
740 — gsL ga00=+
gs0 — o0 gu00~+
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8@ =z 4+ 1: ¢,01%0 1= ¢,01%%
7,0 — ¢,R
g, — qR 01%¢,0
7,0 — g5l
q;1 — qsL
730 — qo0 g 01+
a(z) =z 1 ¢01"0 |= ¢,01-100

7,0 — ¢.R

g1 — R 01%g,0
7.0 — g5L

gs1 — g0 01%-1g,00
q40 —_ q5L

qs1 — g;L  ¢;01°7100
750 — g0 ¢,01*-100
g0 - q0 mnaz=0.

Buime mnpocaerken mpomece mepepabotkm ciosa ¢,01%0
mas z > 1. Jlerko yGegmThes, 9TO pesyabTaTOM HepepaboTKE
YKa3aHHOTO cl0Ba I0 M3IOMeHHOH mporpamme pausg z = 0
Gymer TpebyeMoe cnoBo ¢o00.

Jna Toro wrobu nerde ObLIO cieguth 3a paboTOH MamnH
B OCTaBIIEXCA 0oJee CHOMHBIX CIYIamx, BBeleM CleXYIOIine
ofosHavenma. llyers T — mporpaMma KaKOH-TO MaTiHE
c anfasuramu — BHEIHEUM 0, 1 © BHYTPEHHEUM ¢4, 1, - - -y In,
NpHIeM ¢, — CHMBOJ 3aKJIIOYUTENHHOTO cOcTOAHHA. llycrs
O — MOJIOKHATENHHOS HATYPAIbHOE YNCIo. 3aMeHAS B 3aOH-
cH KoMagd oporpammel I’ ¢cEMBOMNH ¢y, . . ., ¢, COOTBETCTBEH-
HO CHMBOJNAMH (g, . . ., Juin-1, & CEMBOI o CHMBOJIOM Ggsn,
DONYINM TPOTPAMMy MAIINHEL C TeM ke BHENIHAM anaBm-
tom {0, 1} m BEyrpeEHEEM anQaBuTOM {¢o, Jat1, - + - Jain},
OPEIEM 3AKAIOYUMEAbHBLA CUMBOL0M MENEPy CAYICUM CUMBOL
Juin. OTY HOBYI0 HporpaMMy OymeM oGosmauaTh uepes Ty
mnn, nogpobuee, geped Tyg, THe uncao P = o + 1 meanxoMm
ompegeasercA MAWHHOH 7' O 9INCIOM ¢&. Y CJIOBHMCA Tak:ke
WHECATH

agab (T)aaqubl,

ecnn Mammua T, Hagas paboTars B COCTOSHAN 47D, mepexo-
AOT 4Yepe3 HEKOTOPOE BPEMA B SaKAIOUUMEAbHOE COCTOTHIE
8,g5,0 . . . 0 mpnm ycuaosmm, 9T0 B mpomecce paboTH IeHTA
He HAJCTPAIBaJach cileBa. BCHOMEHAA Temeph OmPelelNeHHe
KOMIO3HTHAN MAUIOH, HeHOCPEACTBEHHO BHILM, 9T0 €CIAM IJIA
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{1leKOTOPBIX CJIOB dy, By, 64, by, . . ., 4;, b; B andasure {0, 1}
1 raxkmx-To Mmammug U, V, ...,

aoqlbo (U )1@1@551 (V)ﬁazq\vb-z . (W)oaiqsbi,
TO
aoq1bo (UV) ... W) a;qeb;.

JoxraskeM TemeDb OCTABINHECA HY;KHBIE HaM JeMMEL.

Jdemma 3. Ipocmeiiwue gynryuu Ii (z,, . . ., z;) =
=z (s>t 8 t=1,2,...) npasurvro ssuuciUME.

VraxeM, mampuMep, mporpammy gaa fi. Cmmsons A,
B, B, T, {0), ... o0603Ha3ai0T IPOTPAMMH DPACCMOTPEHHEIX
ppime MamwH., OdeBHIHO,

7:01¥01¥ (5%),01%¢501¥ (B)g01¥¢,01* (0)y01¥g40 . . . O (B7)5q:01%.
TaxmM 06pasoM, MCKOMON MaIIEHOH,, BEIIUCIAIONIEH IPaBHIb-
no ¢ysxmmo I3, apngercs xommosmmuma BY # Bx (0) B~

JTemma 4. Ecau wacmuunvie gyrkyur g (2, . . ., L),
Iy (Zgy o v oy Te)y o v vy By (Tgy + + +y y) RDABUABHO BHIYUCAUMDL,

mo cynepnosuyus
f(xl, ey xt) = g (hl (:L'l, o 0y xl), . sy hs (:l:l, RS xt))
—makce NPAsUAbHO GHHUCAUMAS YACTRUNHAA BYHKYUS.
Myers (g), (&), . .., (k) — ODporpaMMBl MammH, Opa-
BILIBHO BHIUCIAOMEX yKas3agase GyRraun. Ecin g — ommo-
MecTHasi HYHKIES, TO 3

q101"‘ L 01 (h1)1q501hx(-"u e X (g)ﬂq,YO'lg(h!)

BupgHO, 9To MamuHa (k,) * (g) HPaBHIHHO BHYHCJIET HYKHYIO

naM ¢ymxnmio g (k).
Yto6sl He mucaTh HBJIWINHE JINHHEHX BHPAKEHHH, pac-

CMOTPHM eme Wb cIydZad, Korja B3afaHHEIC d9acTHIHEE
bvuxnmm g, by, k, pByMecTHEL. II0NB3yACH BBEIEHELIME BHIIIE
MANHAME CHBHra, TPAHCOO3HINMW, Y/[BOeHHA H HYJIeBOH
$yrRUAn, DOmydYmM
¢:01%01¥ (T'r); 0150174, 01<01Y
(hl)a 01I01qu01h1(x, D)
() 01M(= g, 01%01¥
(hZ)Y 01 fuls U)QGOleg(x, 1)
(B )5 qe01me ©101het, )
(g)e .08 1
g0 — qo0  go018(, by,
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JJevmma b, @yuryus f, B03HUKAIOWAA RPUMUMUEHOT
perypcuell u3 NPAasuAbHO BHUUCAUMBE Gyrryul g,h, cana
RPABUABLHO  GLIYUCAUMA .

lI.rm HAIINX [edeid JO0CTaTOIHO GyHeT pacho'rpeTL qacT-
HEE ciydad, Korga QyHKnus f cBsa3aHa ¢ QYHKOEAMI g, A
3aBHCHMOCTHIO

{20 =g(@, f@i+1)="r({(=1i,a).

Hax u Brime, uepes (g), (k) 0603EaguM TpPOTPaMMH MANIHH,
OPaBEJIBHO BHUHCIAOIMUX (yEKNuE g = A. llycrs z, y —
IpPOHE3BOJIPHKEC HATypalbHEE dmcaa. Mmeem:

7,01*01%0
(B*BI'BB*), 01*01%¢,01%0
(g)e 015017ga01/x: 0)
280 = gpiL
g1l = Gps20
(A)p+2 01*01v 1 Qv 0176, 0
(B"BB*BT), 01v-101/, 001701
(BB™BB*); 01x01v-1g,01/(x 001
(h)e 01%01¥-1q, 01/, 1)
q%O — qBO'
HoMarnsl, maymjue IOcjie TePBOT0 HOABJIEHNA COCTOSHHA
gg, TpeobpasyioT MaNIUHHOE CJ0BO
01501v-ig,01/
B CIIOBO
01 x01y-(i+1)q‘/'01 f(x, i+1)

op® ycrosmm, 9To y > i. Howampa ¢,0 — ¢g0 sanmrnmsaer
OpoTrpaMMy H HOCJeNYIMuMH Hpeodpa30BaHHAMYA IrapaMeTp
Yy — i Gyner DOHWRATHCA [0 TeX WOp, NOKA HE HOJYIUTCH
CI0BO

01%0gg01/: v,
KOTOpoe B cIny KoMamAul qp0 — gg.i L mepeifieT B c0Bo
01%gp4, 00175 v,
JononanTe IbHEMA KOMaHJIa’.\.III
G510 > 00, (A)as, BO)BY, (B (A

moayunyM Tpefyemoe coctogmme g 01/t ),
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OTMeTHM HECKOIBKO CIeHCTBHH, HETOCPeCTBOHHO BbiTe-
KAOIIUX 1B moKkalagunx gemy. Ilpemne Bcero, cooTmomernus

z4+0=z, 2+ (+)=(&+1i)+1
HOKA3EBAIOT, 970 QYHKNAA & + y Hoaydaerca H3 QyEKmui
g@® ==z m h(z,y) =12+ 1 mocpencTBOM HIPHMETHBHOH
peKypcHH paccMOTpeHHOr0 B JemMe D Bmpa. QDyExkumm z

i s (I7) cornacEo meMManm 2, 3 MPABHIBHO BEIIWCIAIME. Ilo-
9TOMY M QYHEOHUSA £ - y NPaBHIBHO BHIHCIEMA.

ABanmorimgeEM 00pason yoesxgaeMcs, 4o QYHEKOUH X —— J
I 2y BOBHEKAIOT IPEMHUTHBHOM peKypcmell yKa3aHHOTO B JeM-
Me O BExa m3 QyEKUUE z, I (z, y) = 2 — | ¥ cooTBeTCTBEHHO
o (z), y + . Tak rax TOCHexie (QYHKOZN HpaBEIbHO BETHC~
1MMBL, TO (PYHKIHME & —— y H Ty TaKKe HPaBUIBHO BEYHCIE-
MEL. L- CHJIY JIEMMEI 4 BMeCTe C tIJthr(mIMH Z, Z;- Ty IPABHID-
10 BEHYHCIEMOA Gymer m QyHKIUS 22,

JJevmma 6. FEecau uwacmuunas @yuryus g (z,y) npa-
SUABHO BLIMUCAUMA, MO PYHEYUA

f(2) =y (g (2,9) = 0)
makyce NPASUALHO BLIHUCAUMNA.
HeficTsmrenbH0, AN M000T0 3a[AHHOT0 HATYPANBHOTO X
q;01%0
(T'r); 01%0¢,01%0
(8)e, 01%010gp018% 03,

Temeps ®ak &H Bemre, MOROEpaeM KOMAHIL, KOTODHE
npin  yeunosum g (z, i) >0 mpeobpasoBmBamm OB CJIOBO
01%01°gz018 ¥ B cmoo 01%01i+gp018¢x H+D;

780 — g+ R
731l — gp:20
qg+20 — qpysls
g+30 — gpusl
gpesl = gpsR 01701'gg,;018¢: 0-1
(0)g45 017011940
(B7B7)y ¢s01701!
(Tr)s 01%01%¢01%011
(g)e 01%011q, 018 1)
70 — g0  017011gg018t: 1,

Mocaegmas roMaEma 3aIEKIOBAET HPOTPAMMY I MAaIIHA

or cocrosmEna 01%01'g01¢D) mpeoGpasyerca B cocrosgHme
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01%012¢3012¢2), zarem B cocroamme (01%013g018™:3) = 7. .
Jomycran, 970 M0 HCTEUSHHU HEKOTOPOTO BPEMEHN MalluHa
nepemna B cocrosmue 01%01'¢018¢» u g (z, i) = 0. Ha-
nucaHHaA BHIle KoMaHAa g¢p0 —- gg: /1 IepeBefieT MalIEHY
8 cocronrue 01701'0gp:10. Tar Kak B paccMaTpmBaeMoM CIy-
yae f(z) = i, TO HAM OCTAeTCA [OMHCATH JHWIIL KOMAHMH,
O BO3HEHCTBIIEM KOTOPHX MANIEHA K3 YKABaHHOTO COCTOM-
wug mepehmer s cocrossmme ¢01°. Iomaraenm

({[5+10 > {10 01x01i09n+10
(BB ) 01501
(B (0) B7), ¢u.01°
qu0 — g0 g 01®,

Ecam B mpomecce BHYHCIEREA B3mHaveHmd g (z,i) (I =
= 0,1, 2,...) Berperurca nubo HeolpedeleHHOe 3HAUEHEE,
nm6o BCe 3HAUeRHUA GYIYT OmpelelNeHH, HO oTau4sEH of 0, To
vammraa 6yner pa6oraTh BeIHO, HEe IPHXOJA HHKOTIA BO BHYT-
DPeHHee COCTOAHAE ¢, HO B 3TuX ciaydaax Qymrnua f (z) mne-
eT HeompefelleHHOe 3HAYEHWE W IOTOMY BO BCeX CIyJasax
VKazamaas nporpamma Gyne*r BEIECAATD f (z). JlemMMa moka-
3aHA.

Brmie 6maa ycramopneHa NPaBWILHAA BHYACIAMOCTD
dymxumit o (z), z + 1, 2% 2=y, =+ y, In,sg. B cany
JeMMbI 4 BMeCTe ¢ 5TEME QYRKIEAME TPABUJIBHO BEYACIAMEI-
ME OygyT 11 BCe QYHKIZH, TOJYIAION(HECH U3 3afaHHEIX ole-
PalEAMHE IOMCTAHOBKE. B 9acTHOCTH, MPABANBHO BEITHCIIII-
Mevn OypyT pymrmum sg ((y 4+ 1)> = 2) msg (2 (y + 1) =
— ). Ho

[2/2] = p, (5g 2 (y +1) — ) = 0),
[Val =, (sg (v + 1) =—2) = 0),

moaToMy B cmay demmsr 6 dymrummu [2/2], [}/ z] Taxike mpa-
BUHJIBHO BEYHCIWMEL.

B m. 3.3 6ou BBefeHnl myMepanmuorunie (ymxunn Kan-
Topa ¢ (z, y), 1 (z), » (z). VI3 ABEBIX BHIpaskeHmi mias aTux
¢yEROOI BUIHO, YT0 OHW BHPAKAIOTCH dYepe3 z, J TOPU Io-
somu +, =, 22, [} 2], [x/2]. Toaroxy ¢yaxmmnu e, I, » mpa-
BII-IbHO BLIYICJITIMEL,

Tenmeps f1a 3aBepHIeHlis [OKA3aTeILCTBA TEOPEMBI O CIIH-
Te3e MANIMHE THIOPHHATA HAM OCTAETCH MAIMb COCAATHECA HA
CJCNICTBIE TEOPeMH 2 I3 m. 3.4, COITacHO KOTOPOMY Hiodas
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JaCTHYHO PeKyPCHBHAS (YVHKOHA MoKeT OHThL HOJAYdeHA I3
¢pymrOmi o, z -+ 1, I7y e, 1, » KOEEYHEIM YHCJIOM Omepammi
TONCTAHOBKE, PEKYPCHY W3 JeMMH O W MAHUMA3ATER 03 JeM-
Mot 6.

12.4. Teopemsr o rpaduke u CyiecTBOBAHEN YHABEPCAIb-
HBIX 9aCTHYHO peKypcuBaeIX Qymkmuii. B no. 6.1 m 6.2 6pun
JI0KA3aHH TEOPEME 0 PeKYDPCHBHOR HePeAHCANMOCTE TpaduKa
TIPOE3BOALHOR YACTAYHO PEKYPCHBHOX (JYHKOHE W O CYINECT-
BOBAHAE YHUBEPCANHHOA YACTHYHO PEKYPCHBHON QyHKIHT.
OmmaKo MOKA3aTeNbeTBa HTHX QyHIAMeHTAAbEHX (PAKTOB GH-
1M JOBOJBPHO NAUMHHBIME ¥ ONHDAIOIIHMEACH HA DA JeMM.
Mpb1 Temeph XOTHEM [aTh HOBEHIH, RpaTRnﬁ W MPO3PAYHKHA BEHI-
BOJ, VKa3aHHHX TeopeM, ONEDAIMEHACA JUIIb HA- PA3BHTYIO
BHIIE TEOPWI0 MammH THIOPHHTA. 2

Teopema 1. Obuacmov onpedeserus npoussosbHoL uac-
MUNHO PeRYDPCUsHOl wucaosoll gynryuy f (z,, . . ., x,) 64~
emes, PeKYPCUBHO NEPEYUCAUMBLM MHONCECTEOM.

Iycrs qg, G4, - - -+ G — BEYTPEHHEHA an(aBAT MAMIHHEL
Toioprara &, npasmapro sHUHCAfOmedr ¢ysrgwo f. Iro
03HATAET, YTO

2: 01 ... 01" [= g0/ %0 . .0

IVISE T€X &y, . . 5 &p, NI KOTOPHIX f OOpemeneHa, u 9To T pa-
foraeT BeuHO MR OCTANBHHX Xy, . « ., Tp. B COOTBETCTBUI
¢ m. 12.2 o6o3maunM depes (g,4)® MammEHOE CIOBO, mONY-
Yalomeecs W3 CA0BA ;& mocae ¢ rakToB paGors £. Cormacsmo
u. 12.2 cnoBapras QYHKOEHA

p (El, oo B 9) — (qlol(nmma L) . Oi(nmma xn))(nmma v)

OPEMOTEBHO PexypcmBHA. HaMm mafo HafTa TaKoH MoMeHT f,
npum KoTopoM 6YKBa ¢4 Boiier B c10Bo P, T. €. IPHE KOTOPOM

E (g5, P(A%, . . ., 178, 1%) = A, (1)
rne B — caosapras ¢pymxnus, ompegenennad B 0. 11.2. Tax

Kax crosapupie Qyarnun F o P OpnMurmBEO PeKYPCHBHE,
TO NIPIMITHBHO DPeKyDcupHOX 6ymer ® 4HCI0BAA (QYHKINA

4% gy 4t
g(xy, .- oy zmt)=¢cE (g, P (17, .. ., 177, 1D).
Mo yeaosumo f (z4, . . ., Z,) OOpemesero AL TeX I TOILKO
TeX Ty, . . ., Iy, LA KOTODHX CYIIECTBYeT pelieHme { ypas-

Hemms (1), 7. e. A% KOTOPHX paspemioMo ypapHeHIe
g (2, .oy 2y 1) =0,
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a 9TO 03HAUAeT COTIACHO M. 4.4, 410 06GNACTH OUpeHemeHus
¢yEEUEN f PEKYPCEBHO TEPETACITMMA.
CnegcrBue. I'padur npousseavHoll uacmuuro pe-

nypcuenoﬁ gﬁynwuu f (.231, ey a:n) PERYPCUBHO nepeqduciumt.
Paccmo'x‘pnM JaCTHIHYIO CI)YHKU;IIIO
(y - f (5511 ) xn)) + (f (xl! [RERY ] l‘n) - y)-

Oma wacTHYHO PeKYDPCHBHA K ee 061acTh OImpefieieHus coBIa-
maer ¢ rpadmkoM ¢yErnum f. IlosTomy rpadux f pexypcms-
HO TePeYHCIHM.

Teopema 2. Cywyecmeyem uacmuuno peKYpPCUCHAS
pynryus deyx nepemenmnuz T (z,, ), obuadarowasn caedyro-
wum ceoiicmeonm: nocaedo8ameabHocms 00HOMECTMHBLE Yacmuy-
HO perypcusuyr GyHrYUL

T© o), T (). 0T {a),...

codepacum kaxcdyw O00HOMECMMHYI HACMUUHO DEKYPCUSHYK
Pyrryu0. ’

@Oyaxnmz T (n, z), obiagalomue yKasagHEIM CBOUCTBOM,
06bIYHO HASHBAIOT JHUBEDCAAbHBMU HACMUYHO DeKYPCUSHBMU
PyEKOEAME OBYX OmepeMeHHBIX. IlepeMenmrle z,, z; B Teope-
Me 2 mrpaloT pasmbie poaum. [loaToMy mepeyo W3 HEX WacTo
HasHBalOT mapaMerpoM. HomeuHo, Moskmo cPOpMynmpoOBATH
aHAJOTMYHYI0 TEOPeMY W OTHOCHATEJHHO CYIECTBOBAHHA YHH-
BepCAaNbHHX YACTEYHO PEKYPCHBHBIX (YHKOHI MHOTEX mmepe-
mermbrx. Ommako Bce 9TH (YHKIHH JIETKO MOIYdanrcs (CM.
m. 6.2) U3 yHEEBepCANBEOE (QYHKOWE [BYX HePeMeHHEIX.

Npes mocrpoenns dyaxinun I' (r, z) cuegyomasn. Kayxgas
OTHOMECTHAA JACTHYIHO PeKypcuBHas GyEruusg f (r) mpasuiab-
HO BEIUNCIHMA HA MOAXONsmMed MamnHe ToloprHTra $ ¢ BHEI-
moM axndasmToM 0, 1 w BEyTpeHEWM andaBETOM ¢4, ¢q, - . -

.+ qn (n 3aBmcur ot f). Mammna T Bmozme ompemensercs
cBoell Tabnmmedl mepexomoB

qlo - qaiovi()
gl = go,vin (V5 = 0,1, L, Ry i =1, ..., n).

BceBoayossmbie Tabnumbl 3TOTO Blifa MOMKHO IePeHYMEPOBATh
O HOCTAPaThCS OHPeNeIUuTh TAKYI0 JACTHYHO DPEKVPCUBHYIO
dyaxmmio ABYX mepemeHHnix T (n, 2), ¥TO ecau gacTmIHAS
dymROOA f (z) TPABOABHO BHYNCIAETCS HA MANIDHE C HOMe-
pox n, to f(x) = T (n, ). Tar xKax wRawkpgas ogHOMecTHAS
qaCTHYHO PeKyPCHBEAS (YHKIUS IPABOIBHO BHYECISETCH
ga moxxopsmeli mammuEe Tslopmara, To IOpH cobaomeHHR
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yKasamHOro yeaosms ¢yExmmEs 1 (r, ) Gymer 3aBemoMo
YHHBEPCAJIbHOH.

Pacemorpmm  andasur 4 = {1,0, ¢, L, R, e}. Vcnosnm-
ca B andasure A BHYTPeHHee COCTOsSHME ¢; H306paKaTh CI0-

oM ¢ (i = 0,1, ..., n). B vwacTHOCTH, MANIXHHOE CJIOBO
¢,01* B andasure A Gymer msobparkarscst croBoM ¢201%,
vamuEEoe 1080 ¢,0170 . . .0 6ymer m306payKATHECST CIOBOM

q01*0...0 7 7. 1.
HTugpom mammrsl § B andasnre A yCIOBAMCH HA3HBATH
CII0BO

a4 = eqzoqccmvloeq21qanvu .. eqn+10q°‘ )‘,Iovnoeqn+11qan1vni, .

I7le 3HAYGHNS C; ;, U;; OBPyTCA W3 yHIOMAHYTOH BEIIIE TAaGIHIb!
mepexomoB Mammabl <. fIcEHO, KOHeUHo, 4To, 3mEas MEPD
MAINWHbI, ME TeM CAMBIM 3HaeM m Tafumny mepexomos. Ho-
Mep muEfpa 9YACTO HABHBAIT HOMepoM camol mamuasn $. On-
HAKO [ajiee Mpl He GymeM IoJib30BATBCA HOMEDAME MAIIHH
Telopmara, a Gymem paccMarpusarh JHMD NIAQPH MAIIUH.

JlomycTmn Temeph, 49TO HAM YHAZO0Ch HOCTPOHTH OIpe-
nemeHHY B andasnre A TPEXMECTHYI0 NPEMHTHBHYIO pe-
KYpCHBHYI0 ciosapayl ¢ymxumo M (4, r, 1), yAOBIETBO-
palomylo TpeGoBammio

a) ecau ¢ — wugp nexomopoiy mawunst Tvwopunea T, mo

M (a, 2017, 1Y) = (@2 1) (z,y =0,1,...).
Torma Tpebyemas yHHBepCaXbHAS YACTUYHO DEKYDPCHBHAS

dysrgua T (n, z) Morer ObTh Ompefesena CiaelyOIEM Ode-
BufEsM cmocoGoM. [lomaraem
P(a, t)=M(a, &, pl¥(E* (¢ M(a, & 1Y) =4)), (2)
The
B, = Wi, A B (o b))={ 1, ecam a€b,
! T ’ A, ecm agb.

EbnvMu cnosamu, ecam ¢ — modp Mamussl $ 1
12=pd¥ (B* (g3, 2V (a,7¢?01%, 1¥))=A),

10 Mamnua ¥, mavas pa6orars B KoEurypannn g201%, we-
pes z TakToB pafOTH IPIjeT B 3AKJIIOUNOTEILHOE COCTOSHTE,
TaK Kak MammaEHOe CI0Bo (¢°01%)® mHe Gymer cozepskaTh
TOACHOB BHARA ¢', { > 2, XAapaKTePU3YIOMIIX aKTHBHOE BHYT-
pennee cocrosume $. Cama saraoYnITenbHEAS KOHQHETypamus
Gyner cormacmo a) xapakTepmaoBaThCs caoBoM M (4, g201%,
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1%). B gacrmocTm, ecnm MammHa % NPABAALHO BHYUCASET
dyaxnuo f (x), TO WA KOKIOTO HATYPAIHHOTO I

P (a, g*01%) = q01/™0 . . . 0. (3)

Uro6e m36aBuThcss B opMyde (3) or CTOAMEX B KOHIE
6yxs 0, BBegeM ocobyio Qymxnmmio Gy (r), momarag mo ompe-
neierEnio: Gy (r) = mepsoe MaKCEMAJBHOE IOXCIOBO BHAA
111 5 g, Gy (¢) = A, ecaim © He CONEPAHT MOJCIOB BHIA
1i+1, .
TlpoMarasHas pexypcusmocTh Pymkoumi Gp () Gymer mo-
Kazama HIDKe.

W3 gopmyast (3) -m ompenenenus Gysxmua Gp momydaem

Gr (P (a, ¢?01%)) = 1/, (4)

®Oyaxnem M, E* npuMurusHo pexypemsHnr (m. 11.2).

Dopmyna (2) mokaswBaer, uTo ¢ymknmsa P (a, r) IACTAIHO

pexypcusra. Taxk kKak ¢yErmms G; OPAMATHBEO PEKYDPCHB-
Ha, TO QyHEKOHA

H (a, ) =G (P (a, 1))

TaK;ke YaCTHYHO PeKypcuBHA. BMecTe ¢ Heio 6ydeT 4acTHIHO
PeKYDPCHBHOR m ee mpencTapasiomas (yHKmAS

h(a, ) = ¢ (H (¢a, ¢ 'z)),

rme Uepes ¢ 'n 0603magaercs CI0so, uUMeIoMee CIOBAPHLIA
HoMep 7 (m. 11.1). Bmemen eme wncioprie ymxI{uIl

glxy=-c (q201x)7 k (:l:) =py, (c (1Y) = z).

Ouesnn=o, nepsad u3 aTuX QYHKONA TPEMUTUBHO PEKYP-
CHBHA, & BTOPas JAaCTEIHO DeKypCuBHA. [I0aToMy OyHKIUS

T(a, z) =k (b (a, g (2)))

ABNAETCH TACTHIHO DPerypcuBHON. Ona U A8482MCL UCKOMOL
YHUBEPCANLHOLL nacmuurno perypcuenol, @ynkyueti. eficTsu-
TexnbHO, myCcTh f (T) — KaKag-To 9acTUUIO peKyPCUBHAs Of-
movectHag QymErmng. Corsjacmo m. 12.3 f (2) mpasuabHO BEH-
gicanMa Ha moAxopamed yamune Triopoara . Ilycrs ¢ —
mugp sToff MAMUHE B angasuTe 41 a = ¢ (a) — HOMED 3TO-
ro mudpa. I3 dopMmynsr (4) momywaex

H (4, ¢°01%) =_1f(~\'>
H, CHeL0BATEJIbHO,
h(a, g (2)) = ¢ (™), k(h(a, g @) =1 (),
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TO eCTh
T (a, z) = [ (a),

a ato m osmagaer, uro I (n, T) — YACTHYHO peKypCHBHAS
yHEBEpCAIbHAS QYHKIHSA.

Hawm ocraercs moxasaTtnh, 9TO OPEMATABHO PEKYDPCHBHAS
ciopapras ¢ymkgus M (s, 2, y), obxagaomas coiicTiOM
a), cymecrryer. Ho ¢ymxnua 1/, onpepensieMas caopapmoil
pexypcevieii

M(a, ¥, Ay==t, M(a, z, pu)=D(a, M(a, t, v)) (u€Ad),

saBegoMo of6namaer CBOMCTBOM a), eCJM BCIOMOTaTeJbHAS
dyarmua @ (a, r) OPEMATABHEO PEKYPCUBHA H YILOBIETBOPAET
cnemylomeMy Tpe6oBaHmIO:

6) ecnim @ — mudp HEKOTOPOH MamusEH T W r — mpoms-
BONBbHOE MALIWHHOE CI0Bo, 70 @ (4, £) ecTh MamwmEHOe CIO-
BO, OIKCHBAIOIMEe COCTOSHHE MAMIHHHE £, B KOTOPoe oma me-
DPEXONHUT W3 COCTOAHMS ! IOCJTe OXHOTO TAKTa PaGOTH.

B cBoio ovepens, gyrrnmo @ mpr 6ymeM HCKATh B BHEE

@ (6, &)= Com (¥ (4, z), ), ®)

rme Com, ¥ — mopxogsmmue NPEMATABHO PeKYPCHBHHC (yHK-
nua. fcmo, uro ¢ymmms (D, ompefenemmast gopmynod (5),
3aBemoM0 yHomixersopaer TpeGosaHmio 6), ecau ¢ymxumm ¥
1 Com ymOBIETBOPAIT COOTBETCTBEHHO YCJIOBHAM

B) ecnu ¢ — mudp MammEs ThiOpHATA ¥ 1 ¢ — MamIHE-
HOE CjioBO, ¢ = Pgitluq (u = 0, 1), To

¥, )=¢*w (v=01,L,R),

rge ¢itlv — mpasas wacrh mpukasa g¢'tly — ¢itly, Brmon-
HeMOoT0 MAIInHEON %;

T) ecim @ — MAIIMEHOE CJI0BO ¢ == Pgitluq, a b pasm:o
KagoMy-EEGYNL caoBy Bmia ¢tv(v =0,1, L, R), 10
Com (b, r) paBEO MAMIEHHEOMY CJOBY, HOJNYUYAIOMEMYCS I3
T KOMag[O# ¢itlu — b.

Crpomn crawaia ¢ymknmio V. @ymrmus St (z), pasuaa
HAuaAur0l Oykee X, YAOBJETBOPAET CIOBADHOE peKypCIHI:
St (A) = An

St (x), ecm r5= A,

w, ecmu p=A/\,

St (ru) = =Wi(u, Str; 1)

O mortoMy mpuMmMuTuBHO pexypcusHa. @ymrmus Rest (a, 1),
PaBEas wacTn cjgoBa g, nesmamell 3a HePBEIM BXOMKIEHOEM
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¢ By, ecHn a ¢, H paBEas A, ecam g ¢ r, YHOBIETBODSET
cioBapmoii. pexypcun: Rest (a, A) = A n

Rest (4, £)u, ecam a gz,

Rest (q, gu)::{ A, ecna a6z, —

=W i(Rest (s, 2)u, A; E(a, 2)).

Tlosroyy ¢ymxnous Rest mpmammTHBHO pexypcmBHEa. Hakomerm,
pysruun G, (r) (v € A), ompepemenHme cxemoit: G, () =
= nepsoe MaKCUMALLHOE nodcaoso euda uitl, erodaujee ¢ i,
ecal t codepacum nodcaosa amoeo euda, u G, (r) = A, ecau
t He codepaycum nodcaog Yrasamnoeo UdE, YHOBIETBOPAKT
croBapmof perypcmu: Gy (A)=

G, (tv)=0G,(t) (ve4d, v=u),
G, (r), ecmm Rest (G,(z), t)5=A,

G, (r)u, ecum Rest (G, (r), r)=A.

Ilosromy ¢ymrumn G, (r) HpHMHTHBHO PeKyPCHBI(EL

W3 ¢pysxumit G,(z) Bome Omria WCmomb3oBaEa (QyHKTHA
Gy (r). Hamee mam Gymer Hy/AHA JHIIb QYHEKOES Gy (x) =
= G (r). Hcxons m3 svoit Qymkmmm = Qymxmgmiz St, Sb
(m. 11.2), aerko yxe mocTponth m Gyurumo ¥, oﬁnanaromylo
cBoficTsoM B). B camom mene, mycers ¢ = pgitluq (u = 0,1) —
MAMMAHEHOE CIOBO W

Gy (ru) =

(/711

a = ¢q?0q%w10eq*1q%uvqy . . . egn20g* v eeqnitly
— mudp BexoTopo mammen $. Torma
G (r) = g™, St (Rest (G (¢), 7)) = u.
BBoga mpAMAETHBHO PEKYDPCUBHYIO (YHRIHIO

Dirg = G () St (Rest (G (¢), t)),
6ymoeM IIMeTh

Dir g = qg**lu,
Rest (e Dirg, a)=¢%iup,, ... cqm1g"™y,,,
Dir (Rest (e Dirg, )= q¢“iuu,,.
[Tos70My HPUMUTHBHO DPERYPCUBHAS (QVHKIIA
¥ (a, r) = Dir (Rest (e Dirz, a))
3aBEIOMO YHOBJAETBOPSET VCIOBINO B).

Amanmornuaen ofpasoy crpontcs n ¢yexmis Com. 3a-
MeTHM CHavana, 470 paseHcTBO St (b7) = u (b~ ects ofpa-
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menne caosa b (cm. m. 11.2)) osmagaer, 9T0 u ectb nocaednas
Gyxsa cioBa b. YCaoBme T) MBI Temeph 3ammiieM Ha (OPMYIb-
HOM SI3BIKe B BH[le CJIEAYIOMe¥ CXeME:

Com (b, z)=
Sb(z; Dirz, b), ecmn St (67)=0, 1,
Sb(r; Dirg, uG(b), ecmm St(b7)=R, Br=u,
Ce=A, (ue d),
Sh(z; Dirgz, uG(6)0), ecam St(67)=R, Br=u,
=9 ‘ Cr=A,
Sh(z; (Dirz™), G(b)u), ecam St(67)=L, Bt~ =u,
Dz +# A,
Sb(z; G(z), G(6)0), ecum St(b7)=L, Dr=A,
L A B OCTANBHBIX CIydasx,

Tfie i KPATKOCTH IOJOMKEHO .

Br==5t Rest (Gz, ¢), Cx = Rest (Diry, 2),
Dy ==TRest (Dirz)~, 7).
dra cxema ompepenseT spaverne Gymrknmm Com (b, r) mis
n06ex cnoB b, ¢ B andasure A. Oma mopmobpama Tax, 4ro
Com, xaxk merko BufleTh, 3aBelOMO YHOBJIETBODPsieT TpeGoBa-
gm0 r). Ocraerca gumyp yGepmrbes, uro ¢ymrums Com mpm-
METEBHO pexkypcmBEA. [as sroro mpeofpasyem cxemy, 3a-
MeHsA yKa3amHEe B Hell paBeHCTBA U HEPABEHCTBA CTAHLAPT-
IILIMO PaBeHCTBAMI IYCTOMY CJHOBY IIPH IOMOIIYU CJEKYIOImMAX
COOTHOMIEHIH:
a=D0b< E(a, b) E(b, a)=A,
a= A= Wi(l, A; o)=A,
=Aub=Asagh=A.
ITocne sroro ompemenawmnas ¢ymxnmo Com cxema mpumeT
B
91, ecuanm az = A,
Hp, ecam ap,=A, (6)
A B 0oCTATBHBIX CIyIasX.

Com (b, ¥)=

Cxema (6) paBEHOCIIIbHA DaBEHCTBY
Com (b, &) =W, (1, ..., 0 A5 a1, .0, 6p)
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Tax Kak . QyEKOEE By, ..., Y5, G55 - - +» Oy OTPEMHATABHO
PeXypcuBHEB, TO H3 3TOr'0 PABEHCTBA CieflyeT, uTo QYHKOEA
Com raxyxe mpHMATHBHO PEKYPCHBHA.

Wrak, mpuMATEBHO PEKyPCHBHAS CHOBapHasg QYHKOHA
M (a, r,9), obnagaromas | cBoicrBoM a), TOCTpoOeHA.

12.5. Yuugepcansupie Maomusi. B 1. 8.1 mmokecTBO Ha-
TypanbEEX Ynces U GHII0 HA3BAHO M -YHUBEPCAJTHLHEIM, €CIH
U pexypCHBEHO NEDPEYUCIEMO W [ KAKIEOTO DPEeKYDPCHBHO
TEePeTHCINMOTO MHOYKECTBA § CymecTByeT TaKas obmepexyp-
cmBHasg QYEKOUA g (z), 9TO

reSegxyeU.

MzoskecTB0 B CII0B B OPON3BOJLHOM ajidasure B masw-
BAETCH YR-YHEBEDPCAILHEIM, 6CIH COBOKYIHOCTD HOMEPOB CJI0OB
u3 B m-yEABEPCANbHA.

Ecau BMecro angasuTa B ME 6ymeM paccMaTpusaTh Goiee
mmpoxu# amdasur 4, To HoMepa cnoB 3 B B andasnTe A
Oynyr uasivE. Onmaxo Jerxo yGemarhea (cM. m. 11.2), dro
eCcyii COBOKYIHOCTh HOMEDOB CJ0B H3 DB, BHIYACHEHHAS B al-
dasute B, ABIgeTCA 1e-YAEBEPCANbHOR; TO COBOKYIHOCTH
HOMEpPOB CoB u3 B, BHINUCACHHANX B andasute A, OymeT Tak-
yke m-yamBepcanbHEoll. B "acraocrn, eciam andasdET COCTOHT
JIUNIL U3 OGHOTO CHWMBOJXA @, TO CIOBADHHU HOMEe)D CioBa a”
cosmagaer ¢ z. Il09TOMY COBOKYmHOCTB CIOB {a%, a™1, ...}
(B mpomaBonbEOM andanmETe, COMEPIRAMEM @) TOTNA X TONLKO
TOTHA #-YHABeptadbHa, KOTHA 9N-YHEBEPCAJbHA COBOKYD-
HOCTh UICeN {Zy, Zy, - - - )

Tlocne arux mnpexBapUTeNbHLIX 3aMedaguil pacCMOTPEM
CHOBA KaKylo-HEOYAbp Mamnay Tohopmara £ ¢ CAMBOJIAME
ag =0, ¢y =1, a,, ..., @ T BAEYTPCHHUME COCTOSHUAME
Gos Q15 + - +» Gu- 1lycTE B HavuaJpHLII MOMEHT 5Ta MANITHA
1MeeT KOH(YOIypauuio, OMHCHBAIYIOCH MAIIHHIHM CIOBOM
ag;b. Hagas paGorate B 9TO#l Komdurypamnm, mMalrgaa auGo
gepe3 HEKOTOPOE WHCJI0 TAKTOB PaGOTHl OCTAaHOBUTCA, IPHMS
BO BHYTPeHHee COCTOSHHUEe (o, auGo Oymer paboraTsp BedHo.
CampomoM Tpjp YCIOBIMCH 0003HATATH COBOKYIHOCTH Ma-
MOHERX CJI0B, ONNCHBAIMUX Te KOEQUIypammd, HaUmHAH
€ KOTODHIX MAIINHEA 4epe3 KOHeUHOe UICJA0 TAKTOB paboThH oC-
TAaHABIEBAETCH, a depe3d Tijpy 0603HAUNM COBOKYIHOCTH BCEX
OCTQJIBPHBIX MANIMHHHIX CJIOB,

Onpepnpeaxenmne. Mawuna Tewpunza T Haswesem-
CA YHUBEPCAALHOL, ecAU MHONCECBO trin IN-YHUBECPCAALHO.

Ilpemxpe Bcero HaMm Hafo ylenurhes, 9T0 YHEBEPCAILHEE
MAammHE CYmecTBylor. TaK Kak 7n-yHEBEPCANBHBE MHO-
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/KeCTBa Umces yske OHTE mocTpoeHH B I. 8.1, To HaM fgocTa-
TOYHO J0KAa3aTh JHIMb ACTHHEOCTD CIENYIOMEN TeopeMer:
Teopema 1. Ecau wacmuuno perypcusnas @ynryus
f(x) umeem ceoeli o6aacmuio onpedeseHis MM-YHUGEDCANL-
HOe MHOJCECmey, mo evnucisowas smy Pyrryuio mawuna <

YHUBEPCANLHA.
B camom peme, myere {0,1, a, ..., qa,} — BHEemHRNR
angaBaT MallMabl ¥ W ¢y, Gyy . . ., Gy — €€ BHYTPCIHEE

cocrogann. OGosmaunm gepes U obmactn onpesenenns QyHK-
UHU f 1 mycTs M, — COBOKYIHOCTh BCEX MANIMIHBIX CIOB BII-
ra ¢;01%, a M, — COBOKYOHOCTL TeX MaIIEHOEX cjioB ¢,01%,
nasg koropHx z ¢ U. flcmo, ato M, ecTb mepeceuerne peryp-
CHBHO TIEPEUYHCHHMOE COBOKYIHOCTE Jypipn W DPEKYPCUBHOTO
maokecrsa M. Ho ecnm mepecedemie PeKYpPCHBHO mepednc-
JEMOA COBOKYOHOCTH ¥ PEKYDPCUBHOTO MHOMKECTBA 9-YHM-
BepCambHO, TO (CM. m. 8.1) COBOKYHHOCTH TaKiMC 9-yHHBED-
cajbHA, 4TO H TPeGoBalOCh.

Xom reopeMa 1 cd)opmynmponaﬂa OIS OfHOMECTHHIX
(yHEKOEH, ACHO, 9T0 AHAJOTHIHAS TEOPEMA BepHA W JIJIA MHO-
roMecTEHX Qymkmui. MssecTo, 4ro 06XACTE OHpeNlesIeHEA
byaxuen Homan K (z, y) m-yamsepcanbra (m. 8.1). Iloato-
My wmammra TelopmBra, semmcaswomas K (z, y), yausep-
caJbHa,

[lomsaTHEe DPEeKypCHBHOTO MHOMKECTBA HAMHE OUPeNeNsiioch
depe3 moHATHE peKypcusHOR ¢yEkmmm. OmHAKO €ro MOKHO
ompemesnTh B 6ojiee HETIOCPECTBEHHO B TePMHHAX TEODIH Ma-
weH TelopmaTa.

Nycres ¥ — xaxoe-gH0yIs MHOMKECTBO CJIO0B B IPOR3BOIE-
moM andasure B. Ilpobaemoti exoscdenus piaa B HABHBALT
nPo6aEMy OTHICKAHHS AJTrOPHTMA, ¢ HOMOINBIO KOTOPOTO IS
n106oro cioBa ¢ B anxdasmre B MoHO y3HATh, BXONHT { B
B uam Her. I'oBopaT, 4To mpobneMa BXOMEHHA [ MHOKE-
cra B paspewuna wa mawunar Tovopunea, ecann Cymecrsy-
er mamumHEa TolopmrEra T, ofragalomas CJexyIOIIOME CBOH-
CTBAMH:

a) Andasur B BxognT B0 BHeMHUH andasurT A MaIIIHH
T, A copepswnT cmmsox 0, me sxopAmmi B B, 1 — cuMBox
u3 B.

0) Insi wammoro cxosa ¢ B amxdasnre B, ecan ¢ ¢ B, 10
Mammnaa %, @agas paborars B Komdurypammm ¢,0r, mocie
KOHEYHOTO TICHA TAKTOB PAaGOTH HEPexofnT B 3aKIHUATENb-
Hoe cocrosane ¢e010 ... 0. Ecanm sxe ¢ ¢ B, To Mamnaa $
HBO cocrosaus q,0r nepexo;urr B 3AKIIOTNTEJbHOE COCTOSHIe
do . 0.
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Teopesma 2. Ilpobaema exoxcdenus O MHOXMCecmsa
cnoe B paspewuna nwa mawunar Tviopunea mozda U MoAbEO
mozda, kKoz0a B pekypPCUBHO.

B camon geme, mycrb cymecrsyeT MammHa £ €O CBoilCT-
Bamm a), 6). OGosmaunmm wepe3 F (r) croBapHyH (GYHKIHIO,
BEITHCAseMyl0 Mammmoit ¥ (B cvmpicae m. 12.2), O6osmaumm
gepe3 B, COBOKYIHOCTH BCEBO3MOKHEIX 0B B amgasute B.
Cormaceo a), 0) dymxumss F (r) Bciomy ompeflesieHa Ha Do
H B ecrb COBOKYOIOCTh pememnin ypasmemma [ (r) =1,
aeskamux B Bo. CnegosaTeqbHO0, MHOMKECTBO B DPEKYPCHBHO.

O6parso, myCrb COBOKYmHOCTH ¥ pexypcmsma. Ompene-

asieM Ha By Pymxnouo [ (¢), momaras ee pasHEor 1 Ha B m A
sEe B. Tark xax dra QyHEKOHS pexypcmBHA, TO Ha#merca
mammga Tpoprara $, NpaBmiibHe BHIACKAOMAs (OyHKI@IO
f(z), a a70 u 3maumr, d9ro T ymoBmeTBOpseT TpeGoBaHWAM
a), 6),
j-.- Ilycts M — mpomssoabmas MammHa Telopmara. I'oBopsart,
9T0 npobaema 0cmanosky mawuntl 9 paspemuMa HA Mamln-
max Trolopmara, ecim Ha MallmEAX THIOPHHIrAa paspelnnMa
mpobieMa BXOKOeHHA OJa MHoecTBa Mpyn, T. €. CIE MHO-
KecTBo Mypi, pexypcmsro. Tak Kax m-yHEBEPCAJIbHBIE MHO-
YKeCTBA HEPeKYDCHBHHE[, TO W3 NPHBEJeHHHX ONpeXelleHH
crepyer, 9T0 mpoGieMa OCTAHOBKA YHWBEPCANBHOW MATIHHEI
TeloprBEra mepaspemmMa Ha MammHAX TbOpHHTA.

Monosreuus, npamMeps! A 3a1a49%

1. Joxasarp teopemy 2 u3 m. 12.3 o cummrese mMamuE ThlopitEra
JUIA OPOL3BOJLHEOrO BIEMIEEr0 aldaBuTa.

2. Onpepenesnnie B 0. 12.1 mamnes TolopHoEra MOryT CABHraThb
JIeETY Ha 1 mar BieBo IUII BIPABO, OCTABINAA CONEP:KIMOe AdeeK He-
U3MEHHEIMI, IJII MOTYT II3MEHATh COCTOSHNE BOCHPUEIIMAEMOH Adeii-
KO, OCTABJIAA JCHTY HENOABILKHOH., MOKHO pPacunIpuTh 3TOT COHCOK
omeparuii. Mammsa TplopliEra HA3KBAETCA Ccmandapmuoii, €CHI
OHA U IPI CABIre JEHTH MO;KeT 1IPEeABApHTEILHO LIBMEHNTH COCTOAHLE
BocmpuuuMaemoii sdeiixn. IIporpamya craEFapTHON MAIIUEEL MOFKET
OHTH 3amicama B BIJIC COBOKYNNOCTIf NpeAuncamiil BUma g,a; —
— fo.ije, rge Gopyyaa g i — 51 jfl’_l, lnampusep, o3HavaeT, 9T0 Ma-
miuna, HaXofiAch BO BEYTPEHHEM COCTOAHMI ¢, 0 BOCUPUHEMAS CIMBOI
a;, 3aMeHAeT 3TOT CIIMBOJ CLMBOJOM @;, HEPEXOJUT BO BHYTPeHHEe CO-
CTOARNE gy U C/BNTACT JEUTY HA 1 mar BaeBo (ecan 7'y, T0o cEBOracT
BOpaso, ecill Ty, TO OCTABAAET HeNOABIKHOI). TaK Kak yike Ha Mamii-
HaXx, oOpejielcEHLIX B u. 12.1, Bce YACTNIYHO PeKyPCHBHEIE (YHKI|III BE-
9ICJNMBI, TO OHN OYAYyT BRYICAIMEMI II HA CTAHAAPTHHX. IloKasars,
970 Bee (yHEQuIM, BEIUICAIMbE HA CTAHJAPTHRX MAMUEAX, JaCTIYHO
PEeKYDPCUBHEI.

8. Ilorasarb, 9To Ka/RAAA 9YACTOYHO peKypPCUBHAs QYEKQIA
BHIIOCHNMA HA MawinEe TolopmHEra, cmocodHOII BHIONHATH JHIIb
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UpeOACAHAA BIIAA
4o — qgaily, guai — 2,0iT o, ggai — 40Ty (8 = 1),

4, CragpaprmEas mawugEa TeiopuEra ¢ BHemHAM aadasurom 0,1
HABLIBAETCA HeCmupaiouyeli, el 0Ha cioco6HA BEUNONHATH INIIb Ipe-
uuCaHEHNA BHAA

95,0 — QﬁﬂTaa g, — ‘131Ta (¢=0,1; e =0, +1),

T. €. 8CJIM OHAQ MOeT BHUCATDh 1 B nyeryio A9efiky, Ho He MOKeT YAAINTh
cuMBol 1, ecsiu OE yiKe BulicaH B AYedRy. [loKasarn, 910 OpI nopXxosa-
I[EM KOAUPOBAHMII Uices NIobas JacTIMEO PeKyPCHBHAS (QYEKIUA BH-
qcauMa Ha NOAXOAAmell HecTupalomell manise. B 9acTHOCTH, cymie-
CTBYIOT YHHBepcaJbHHE HecTupaiomiie Mamuesd (Bam Xao [1],
oGofmenEne M Apyroe ZOKA3aTedLCTBO CM. 3 K K M E [1]).

5. IIycrp 3agaEa MammeEa ThiopHEra § ¢ BHEIMIHAM anaBHTOM
Agy @1y » » »y gy ¥ BEYTDEHHENME COCTOAEUAMHE ¢y, gy, + » , gn. Cucmenol
k0dos YCIOBHMCA HAa3HBAaTL Hapy CJHOBApHEX ¢QyEKnma cod (r, 1),
dec (r, v), YEOBIETBODAIONHX CIEAYIOWIM YCEOBHM: a) 06e QyHEKIIIN
00IepeKyPCIBHELL 3 ONPOACNeHHEH B 00BefHEEHHEOM aidasure {ag, . . .
ce ey @ qg, -« gn); 0) ecaE P — caoBo B andasure {ay, . . ., ap},
to cod (¥, ) — HEKOTOpOe MAIUHHOEe CIO0BO, 6CHHM Ke ) — BaKJIIO-
YTeNLHOS MAIHHHOE CIIoBo, To dec (v, y) — caoBo B amdasure
{ay, . . ., ap}. ToBOpAT, IT0 MAaMNEA T enuucstem JaCTHIHYIO CIOBAp-
uylo pyErnu0 f (r), 33faEHy0 B ampasare {cy, ..., am} OPH Kopme
¢ MHAEKCOM W, eclm MamHNHA, NaZaB paGorars B KOEQUrypamum
cod (n,r), MIm OCTAHOBOTCA B KOHPUIYypamum j, AJIA KOTOPOH
dec (1, 3} = f (r), ambo OGymer paGoraTh BeuHO, ecad f (X) He ompe-
AedeHO.

MamnHa ¥ HasKBAETCA CMpo2o YHUEEPCAAbHOD, CIN [JA Hee Cy-
mecrByeT Taraa cmerema cod (r, v), dec (r,y), IT0 KadkgadZ da-
CTIYHO PeKYPCHBHAA dHCHOBasA QYEKNUA f (z) BHUNCIuMa HA § OTpH
Kofle C WOJXORAIEM HUIJEKCOM.

ITorasars, 970 Kakgas CTPOro yHUBePCAJIbHAsg MallNHA yHWBED-
canbEa. MamuHa, BRIACIAIOMAA B 0OmIHEOM chmicae Qyaknmio Kinmm
K (z, y), sIBIgeTcA CTPOro YHIUBEpPCAIBLHOH.

6. Kampas mamnea ThiopuAra §, uUMelomas IHMb OGHO BEYTPEH-
Tiee COCTOAHHME, OTAHIHOE OT 3ARIIOINTEALHOTO, IMeeT pPeKypPCOBHOE
MHOYKCCTBO Ty, U HOTOMY HE MOIKET OsTe vEnBepcanbHol (I e B-

nom [1].
7. Hcioap3ysa npocToe MHOMKECTBO, IIOCTpUEHHOE B O. 8.3, moKa-
3aTh, UTO 1i3 HepeKYDCOBHOCTN MEO;RcCTBAa Tp;, O He ClefyeT yHH-

BepCasJbHOCTh MaImuwHH .

8. Moxraszarb, 9r0 Ka/kgas YacTHYHO DEeKYpPCOBHAS QYHROUA HpH
TMOAX0AAmeM KONHPOBaHUI HATYDAJNbHKEX YICeJ BEMYIICIIMA Ha MAIIWHEe
Triopumra, maelonieil BEYTPeHHIe COCTOSHAR g, g1, gp (T. €. HMeromedl
TMmb Ba BHYTPEHHIX COCTOAHUSA, OTJIMYEHX OT 3aKIOINTEIRHOIO)
I JocraTogHO G0ibinoil BEeMHENN axdasnr (Il e E 0 ® [1]).

9. Ofnumo npuanyaerca (eM. Ml em ® o ® [1]), IT0 «CIOKHEOCTEY
Mammgn TpiopnEra paBEA IPON3BEACHII0 TNcla CHMBOIOB ¢¢ BHEIIHETO
an@asOiTa Ha YOCJIO BHYTPEHHIX COCTOAHNI, OTJINYOHX OT 3aKII0YB-
TedbHOro. 3HaTOTeJbHHIl HHTEPEC BhI3Baja 3afada HOCTPOSHUOA YHE
BepcaJLERX MAMNH MITHOMAJXbHOI ciaoskpocrn. K mavany 1963 r. mo.
CHeMEIMN Pe3yJbTaTaMil B 3TOM HAaIpaBJIeHHN Omiaa Teopema B arTa.
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HEabe [1] o cymecrsoBammm YHEBepCAaNbHOII MAIINHKE ¢ OATHIO
CHMBOJIAME I IMecThio cocToSHEMsMU I Teopema Tpumrrepa [1] o
CYmeCTBOBAHUN YHABEPCAJLHOH MAIIOHH ¢ TETHIPHMA CIMBOJAMI X
IMeCThI0 COCTOAHNAMH (OTIHYHEME OT 3aKIIOYHTENBHOTO).

10. IOycrs f (24, . . ., zs) — oOmepéKypcuBHEAs QYHEKOHA A § —
vamnHa TeIopHHTa ¢ BEeMENM axdasurod {0, 1, o} 1 BEyTpeHEAME €O~
CTOAHIAME g, Gy, + + +, Jn, & — CIMBOJ OYCTOH AgeilKH, go— 3aKIIO-
TENLIOE COCTOAMIIC. Y CHOBIIMCA TOBOPNTL, 9T0 MamMNa ¥ BHUIIC-
aster Qynokutio f, ecld AIA MOGHX NaTYPANLHHEX Iy, . . ., Ts

T e A R S P IR 1T 2 I COTRPNIE 9 | PY PR 3

e {z}, —— pBolUmas 3amich y®mcaa z. Mol OpegmosaraeM, YTO Mamin-
1Ia MOJKET B 1IpOmecce BHIYHMCIEHMII HagcTpauBaTh MyCTHE AYeiiKd, HO
opefmoliaraeM TaKike, YTO MAlIMHA He MOKeT 0TOpacHBAThL HAKAKEX
aAdecK. IToaToMy AaMHEA MAaWIOOHEX CJI0B B IPOIeCce BHYHCIEHM He
yOsIBaer I 3aKIIOYATCIABHEIE CJIOBA — 3TO CJI0BA MAKCHMAJIBLHON AJIH-
Bo. IIyers It (23, . . ., @g) — MAIIA 3aKTIOYOTENLHOTO CJIOBA, IIOIY-
QIBOIEroCs Opil BLIMICJICHMH 3HadeHHUs f (2, . . ., 7)) HA Mamune g,
yMeHbNIeHEHAA Ha 1. JTo miuna JdeETH, HeoGXOmMOIl Mammie F AjIA
Bolunciaennsa f (v, . . ., rg).

Kax 113MepATh «CIOKHOCTHY BRMAucHuMoit $yHErnmm? OAIE 13 BO3-
MOKHBIX OTBETOB-la 2T0T Bompoc ykasad P u g m [1]. Perypcupamre
dyorur pasGuBalores Ha Kaacck Fg C Fy C .. . oo Mepe Bo3pacra-
HIIS HX CIOMKHOCTH clefgylom o6pasom. B Kumacc Fy oTHOCHM Bee JH-
neitasre GyEKnun. Janee gisa Kakgoro I B Kiace F,; oTHOCHM Te QyHK~
i f (zg, » . ., ZTg), A8 KOTOPHX CYIeCTBYeT BEMICIAIOMAA HX Mald-
Ha Toopnera § Takas, 9to Iy € F;. B crarbe Piam mokazaHo, 9TO
o0beguHEEHNE BCEX KiaccoB F; B.TOYHOCTH COBIAajaer ¢ KIaccoM (yHK-
Oiii, sleMeHTAPHHX B cMblcie Hanbmapa — Umamara (HaaxbomMmap
[1]) (cn. samaun 4, 513 § 6). IIycrs Wy (z) = 2%, Pryy (2) = Py (Pr (2))-
Torma W, € Fy, Pryy ¢ F; 1 moToMy KIacckl F; pasimImEEL.

AmanornyEas upes s pasbuemmsa GyEKmuil B Kiaccsl OO cTede-
HAM CJO7ROOCTI OEIa passButa taxke R ams oM [2].

§ 13. Ipnnosxenus

Uanomennas BHIe TEOPHS MAMUH 1HIOPHHETA [O3BOJET
IPOCTO PEMINTh Psifi aJATOPHTMAYECKHEX mpobiem anarebpsr, jo-
TUKE, apudMeTnKE W Hpyrux ofmacreit maremarnkm. Heko-
TOpPEHe u3 »TAX mpobideyM B Kadecrse mimlocrpanmu GymyT
paccMOTpeHBl B fgaHHOM maparpade. [IpmioykeHHS K TeopHH
qncen 6ymyr msmosxensl B § 16.

13.1. Ilpobnema pasexcrsa - cOB B moayrpymmax. B xa-
4ecTBe OfHOTO U3 NPHJIMKEeHNA Teopun MammH ThIOpHATA
MH xormyM celfgac paccmoTperbs mpobseME paBemcTBa (UnE
9KBIBAJEHTHOCTI) CJIOB B IOXYTPYHNax, 3aJaHEEX oOmpe-
MeNAIOMIMI COQTHOMECHTISIMH.

CoBOKYIMHOCTD 37€MEHTOB, PACCMATpHBAEMAs BMECTe C He-
KoTopoii onpefiesnerHoil Ha meil GumapHOIl accomuaTHBHOHA ome-
paumeil, Ha3piBaeTCA accommaTuBHOI cmcTeMoll mam noay-
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spynnoii. Hanpumep, DoAyIpymnmod sSBASETCE COBOKYIHOCTH
BCEX -HATYPAJBHHIX UHCeNl BMeCTe C oOuepanmed ClIoyKeHAA
MIH BMeCTe C omepammel yMHOKEHIA.

OcroBrYH omepamalo B NPOW3BONBHON IMONYTpymme 06GH-
HO HASHBAKT yMHOKEHEEEeM H 0003HAYa0T TOUYKoH. Baecro
a-b obwumo mupmyr ab. Tax Rak pacmpenenemne cKoGok B
OpOUW3BeNleHNAX HeCKoabkmx convmoxatened: ((ab) ¢) d,
a (b (cd)) Ba Benmugmy 3TEX IPOH3BEEHHH B mOAYIpymmax
He BIHWSAeT, TO NPH BAUNCH TAKAX NPOU3BENEHAN CKOOKH
OIyCKAIOT.

Cormacmo m. 1.3 cmcrema 27eMeHTOB ¢y, . . ., €, HEKOTO-
pod monyrpymnit € HasmBaeTcs cmCTeMO# TOPOMIAIOIMAX
nias €, ecnim Kasepeiit aeMeBT ¢ moayrpynnsl € Moer 6HITH
mpefcTaBlicH B (opMe

c=0cilyp .., (=1,2,...,p)

rje MHOKHTEIH MOT'YyT M mOBTODPATheA. Hampumep, uucia sa-
na 2™ o6pasynT NOAYTPYOOY OTHOCHTENBHO YMHOMKEHHS
¢ OMHEEM NOPOKIAIOMUM dJIeMeHTOM 2.

B kagecTse gpyroro mpmMepa PacCMOTPHM COBOKYIHOCTD
BCeX HENYCTHX CHoB Kakoro-mmbyms amdasmra C = {c,, . . .

.+ Cp}. 9TA COBOKYHHOCTH SBJAETCH HOJYTPYIIOHR OTHO-

CHTeJbHO OOHYHOH omepanmu yYMHOMKEHES CioB: g-b = ab.
OnmoOyKBeHHHE CJI0BA Cy, . . ., Cp, OUEBHEMHO, OYAYT IODOK-
HalommMeA JJs 9Tod mOMyTPYIIE, HaswBaomeiica ce0609n01l
noayepynnoti ¢ CBOGONHEIMH IOPOMAAIOMEME Cy, . . ., Cp.

B anreGpe saniHOe MecTo 3aEEMAeT CHocO0 3afaEna MOdy-
TPyOn TOCPECTBOM ompefeddromuX cooTHomennit. Cym-
HOCTH €T0 COCTOHT B CJeyIOMmeM.

3agmaem mexoropsiil andasnt C = {c,, ..., ¢,} I Komew-
HYI0 COBOKYIHOCTH QopPMANbHEX PaBEHCTB BLA

= h]_, =D ... =D, ('1)

Ifle = — ocolHi 3@aK, a €y, Dy, ..., ¢, & — OPOHABOIL-

HEle cioBa B amdasure {cj, ..., cp}. B Tedemme meKOTOPOroO

BDEMEHU CIIOBAMI Majiee GyfeM HA3HBATH JMINb CI0BA B ajl-

dasure {cy, . . ., c,} W RenaTh CmeNuANbHEE OTOBOPKH B IPO-

TOBHOM Chyd9ae.

Jeguim anemeHmapHuld npeobpas3oeaniies HEKOTOPOTO CIIO-
Ba C, OTBEYAOINEM COOTHOMEHNIO C; = D;, Gymer HA3HBATH
OOfCTAHOBKY B CIAOBO ¢ CIOBA D; BMECTO Karoro-gnbymb BXOK-
JeHAS coBa ¢;. AHANOTWYHO, npasuM 54eMEHMAPHLM npe-
06pasoganuer, OTBEYAIONEM COOTHOMEHHIO (; == D;, HAa3H-
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BaeTCA MOACTAHOBKA B CIOBO € CJI0BA (; BMECTO KAKOTO-HE-
6ymb BXOKIEHHAS CIOBA D; B C.

Ecnm cmoBo ¢ CONEPAAT HECKOAbKO BXO/KIGHHE CI0BA
¢;, TO HAJ C MOsKHO BHIDOJEATH MO IPOH3BONAY ONHO U3 He-
CKONBKHX JIeBBIX 3JIGMEHTADHEIX mpeobpasoBammii, oTBeYalo-
mMuX COOTHOINEHHI0 (; = D;. Kca? ¢; He BXONHT B ¢, TO HaJ
¢ COOTBETCTBYIOMEAE JieBHe djieMeHTAPHEe IPeobpasoBannsa He
BEITIOJTHUMHI.

JleBrle m mpaBhie paeMemTapHBEe HPeo(pA30BAEHT, OTBE-
qalomye ompefensiomuM pasemcrsam (1), HasmiBalorCs mpoc-
TO 9JIeMEeHTAPHHMH Hpeo6GPasoBaHMAME. ¥ CHOBAMCSI IWCATH
¢— D, ecai CI0BO D IOIydaerca KAKEM-THGO DieMeHTaDHBIM
mpeo6pasoBaEmeM M3 ¢, O YCIOBAMCA WHCATH € = D, ecid
CYIMECTBYIOT TAKHe CJI0BA Ly, ..., £, 9TO

C—=t1—>...—>I—D, (2)

WAA ecau ¢ = D. )

Hosoe ompesienienwe oTHOMEHHs = He OPOTHBOPEYUT OI-
pefensiomuM coorHomemmsM (1), Tak Kak B cmay (1) ¢; —
- D; 1 moroMy ¢; = D;.

W3 mpmsefiemHHX ompefeleddii HEMOCPeLCTBEHHO BUIHO,
9TO OTHOIEHHE = Pe(IeKCHBHO, TPAH3UTHBHO, CAMMETPHIHO
7 COTJIACOBAHO C omepanuell yMHOMKEHWA, TO eCTh

r=n&p=pn=r9=ru. (3)

Ormomenre = GygeM JJf KPaTKOCTH HA3HBATH HKBHBA-
neATHOCTBI0. COBOKYIHOCTDL BCeX CIIOB, PKBHBAJICHTHHX ‘JaH-
HOMY CIoBY ¢, oGo3mauuM depes [¢] m HAzoBeM cMeKEBIN KIac-
COM TI0 MORYI0 =. BRIy E3M0KETHOr0 COOTHOMERHe ¢ == 1)
PaBHOCIIBHO «ToYHOMY» pasemcrsy [r] = [yl.

BBOANM TeIeph OMePALHAI0 YMHO/KeHNS CMEeIRHBX KIACCOB,
moJarag Io OIpefelerNnIo

[]-[v]=[z9]. (4)

B cuny (3) rax ompesiesiensas omepamns yMHO:KEHIS AB-
AseTca ONHOBHAYHON HA COBOKYIHOCTH BCEX CMEHHX KIAC-
coB. ITOCKOZBKY MJIst MPOLBBOJBHEIX CiI0B 4, b, ¢ u3 (4) cue-
nyer

([a][B]) [e] = [ab- ] = [a] ([] [c]),

omepanmid YMHOREHIIA CMERHBIX RJIACCOB accommaTuBHa H,
CJIGIIOBB.TGJIBHO COBOKYHOHOCTh BCEX CMEKHLIX KIaccoB IO
MORYJNI0 = #BIAETCA NOAYTPYINOL, KOTODYIo MHE GyneMm
oGosmadars epes €.
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Hdas  aw6oro ciaosa ¢ = cilci2 ... Ci H3 (4) cmemyer

[e] =le, . . =le]. . . [ ).

[Toatomy smementH [cy], . . . [c | o6pasyoT mopoREAIIYIO
CHCTEMY MU TOMXYTDYHIE @(1) m moxyrpyuna €y oGEEHO
HA3HBACTCA n0AYepYnnoli, 3a0arnHoll nopoxcdaowumy cy, . . -
.+ ., Cp U Onpedeasiowumu coomruouerusiu (1). Tlomyrpymmst,
3afaBaeMEle ITHM TYTEM, HABHBAIOTCA KOHEYHO OIpeNeleH-
HEIME TONYIPYNOAME WJIH ACCONHATHBHLIMA WMCIHCICHUIME.

ToBopsaT, uTo cioBO ¢ npedcmasasem 3nement [c] momy-
rpymoe €. Tak rax ocmoBHOR. cmocol 3a7aTh HIEMEHT II0-
AYTPYOOE — 3T0 3[aTh €ro MPefCTABHTENA, TO €CTECTBEHHO
BO3HHEKAET CleNyomas O0CHOBHAS

IIpoGanemMa paBemcTBa NJIA acCCONAa-
TABHKX HCUHCXexn i Jas sadannozo accoyuamue-
H020 UCHUCACHUS YKA3GMb AA20PUMM, NOCPedcmeom komopozo
das abuz Jeyx cao8 &, b moucro 6rao 68 ckasamv, npedemas-
AR0M AU OHU 0OUH U MOMm Jce AeMEHN: - NOAY2PYNNEL, M. e.
9K6UBANEHMHYL AU OHU 6 3a0aHHOM UCHUCAEHUL,

B rToumnix TepMmHAaX 5Ta mpobieMa MoxeT OHTH chopMy-
JEPOBAHA TAaK: NJAA BaJaHHOTO ACCONUXATABHOIO WCIACHEHESA
ABNSETCH JIE DPEKYPCUBHOH COBOKYIHOCTh BCeX IIap CJOB,
SKBWBAJNEHTHHX B MIAHHOM HKCYACHCHAW?

HeGonbmoe n3ydenme BOIpoca IPEBOOAT K BHIBOAY, 4TO,
BO BCSAKOM CJy9ae, CopaBelmBa

Teopema 1. B raudom accoyuamusrnom .ucuuc./wnuu
COGOKYNHOCMb NAD JKBUBAAEHMHBL CA08 DERYPCUSHO nepe-
HUCAUMA. s

B canom fesie, naA KayKIoro MAHHOTO CJI0BA ¢ JEeTKO HAXTH
BCe C€JI0BA, TOJNyIaeMEe W3 HETO OJNHEM 5JIeMeHTApHHIM Ipeob-
pasoBaHIeM, MBYMS TMOCIEH0BATENbHEIMHA 3JIeMEHTAPHBIME ITPe-
ofpasoBagmaMi n T. f. [[pomsBofsa cHaYaja Mo HTHOMY dJie-
MeHTapHOMY npeoGpa30BaHIII0 HAJ OMHOGYKBEHHEEIMY CIOBAMHE,
3aTer He 6oiee UeM IO JBa MOCJIEN0BATEAbHEIX BIIeMEHTAPHBIX
npeoGpasoBaHEms HAJ CJIOBAME [JIWHEI, He IPEBOCXONAMmed 2,
1T, [., MBl IOCTemeHHO ITePeYNC/INM BCe apH SKBUBANEHTHEIX
caoB. [{as oop MIeHAs 9TOTO PACCYKIEHHA B TOYHOE JOKAa-
3aTeJILCTBO TOCTATOYHO HA MHOKECTBE IIap CHOB OHpeNleldTsh
HAafie;Kamue OMmePAmul, KaK 3TO0 HEeOXHOKDATHO MeJajioCh,
O COCNATHECS HA TeopeMy O IOPO;KIEHHHIX COBOKYIMHOCTAX
u3 m. 4.3. o

13 Teopersi 1 HEmOCPeICTBEHHO CIEXyeT, 4TO B KAKELOM
accommaTOBHOM MCYNCIEHUN KaaIbIi CMe/KHBIH KNAacC Peryp-
cuBHO mepeuncany. Copamusaercs, a He GYAYT IO BCE CMEK-
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HBle KIACCH BO BCEX ACCOUMHATUBHEIX HCYICHEHHSIX HTPOCTO
pexypcuBHEMA? flcHO, 9TO ecal B KAKOM-HAGYAb aCCOMEATAB~
HOM HCUMCIeHAE TPOoGaeMa TO;KIeCTBa Pellaercs MO0 ATE b=
HO, TO BCe CMesKHble KJIACCH B HTOM HCIMCICHAE PEeKYPCHBHE,
Tlonpaysace Ga@30CThI0 3JeMeHTAPHHX npeobpasoBamuil
CJI0B B ACCOLWATHBHEIX WCYACIGHUAX K OpeolGpasoBaHAAM
MAMAHHEKX ¢XoB B MammHax [locra — Teiopmera, Moc T
[5] m Mapxos [2] mourn omHOBpeMeHHO 3aMermNd, Kak
MOXHO TOCTPOHTH ACCOIHATHBHOE HCYMCIeHHe, ofmamaniee
HEPEKYPCUBHEIMA CME/KHHIME KJIACCAMO M TOTOMY HMelomee
HepaspemmMmylo mpobieMy ToskmecTsa. MBI cef9ac M3I0MHAM
OfiMH W3 TWPOCTeRMEX cnocofoB WOCTPOEHHAST aCCOMHEATHBHEIX
HCYHUCHEHTH, dIeMeHTapHHeE mpeofpa30oBamns KOTOPHX HEMo-
CPeICTBeHHO WMHTUPYIOT NpeobpasoBamms MAIIAHHEIX CHOB
B MamgHax TeiopmaTa.
= Ilycrs 3amama MamuHA ThOPHHTA ¢ AMBONAMA dg, g, - . .
.+ .y Qp, COCTOSIHHAME (g, Gy, + . -, ¢, W COBOKYIOHOCTBIO <
xomamf. CrpomM accomumarmBHOe ucancienme 4 (T) cmemyio-
mzM o6pasom. Angasur A (T) cocTonT n3 CAMBOJIOB ag, 4y,. - -
.oy Gms G0y Qyy + - -, §p T JONOJHATENBHOTO CHMBOJA V.
Onpepensiomue coorHOmends mcancnesns A (T) BHOACH-
BaloTca mpm moMom@ KoMannm L. Hmke ciesa ykasasH Ko-
MaHgH 13 <, a cupaBa BHIECAHH COOTBETCTBYomEe HopMalib-
HEle PaBeHCTBA, KOTOPHIe BHOCATCSH B CHECOK OIPeMeJIfioNuX
coormomennit mias A (T): ’

Gal; —> Qpaj 9al; = Qpaj, ©®)
qea; — qgL arGua; = Qaxa; (k=0,1,...,m),
(6)
qal; —> QBR (ol = a;q,. (7)
Ilo6aBisgs K 9TOM COOTTIOMIEHHAM eme COOTHONIeHIIe
a = v, (8)

IIOJIYIHM IIONHEA CIIMCOK OIPeielgIomnX COOTHOMEeRNH HCIAC~
nerma A (T).

Teopenma 2. Hyemv mawuna Tviopunea I uneem
CUMBOABL Qgy Gyy + - »y Oy U COCTROSHUR @y Gqy + + oy @y A (£) —
nocmpoerHoe evuLe AcCOYUAMUBHOE UcKucierue ¢ onpedeasio-
wumu coomuowenusmu (5)—(8), 4, %, ¢, d — npoussosvrre
croea 6 aagagume ag, Ay, « . -, Qp, U2 KOMOPHI €4080 D AUGO
nycmo, aubo oranuusaemcs 6ykgotl, omauunol om aq. Haa
mozo ymobs 8 ucuucaenuu A (L) 6v110 ucmunno coomuouenie

a0, 2,00 = ¢qoa,dv,
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neobzodumo u docmamourno, umobul mawuna T u3 Kongusypa~
yuu 6g,mb uepes Komeunoe wucao marmos pabomel u 6es Had-
cmpausanus  sueek caeea mepexoduaa 6 Kowgusypayuio
¢ qottpDay.

IlocraTogrocTs yenoBmil copepmenHo ouesufHa. [leficTrn-
TeXBHO, HYCTH

4GurD —> iy —> . . . —> Nty = Cgolt,,Day

— moclemoBaTeNbHEIe KOHPWTYpaldm, OpAEmMaeMuie pabo-
ralomedt Mammuo#d . Ilo ycnosmio, KoHGETypamms My
BO3HHUKACT M3 KOHEQHIYPALHN I, OyTeM BEIIOJHOHHSA HEKOTO-
poll KOMAaHMH 73 COBOKYNHOCTH L. JTa KOMAHIA HIMeeT OfUH
u3 supoB (5) — (7). PaceMorpaM caMbiii ciaoskmbifl caygai:
HyCTh CORO i HEPEXoJdAT B CIOBO My,; B pPe3ylNbTaTe BH-
nouaHeEns RoMasm Bmma (7), compoBorEmaeMoll mamcrpamsa-
HEeM AYefiKn cmpaBa. JTO BHAYMT, UTO Wy = 4'(ud;, My =
= ¢'a;qga,. B cmose myv samenseM cordacuo (8) GykBy v
CIOBOM a,v, 3aTeM, 3aMeHssI B cjoBe Mya,w coramacuo (7)
IOMCTIOBO god; IepPe3 a;gp, MOTYIAM CHIOBO MhyyU, T. €. U3
My — My CHeOyeT 0LV = My, 970 # TPeGoBaloCh.

Hoxasem Temepb HeOOXOMUMOCTH YCHOBHE TeopeMEl 2.
Iyers

00 B0 = to—> 1 — . . . —> & = (o RV 9)

— eN0BA, DNOJyYaeMHe IOCIef0BATeAbHO 9JeMeHTaPHLEMA
npeoOpPA3OBAHAAME, OTBEYAIOIIAMA COOTHOmEHEAM (D) —
(8). He MmeHsas Ha9aabHOrO M KOHEYHOTO CJXOB Iemoux: (9),
MBI XOTAM ee IpeofpasoBaTh B TAKYIO IEMOYKY, AN KOTOPOX
JIORa3LIBaEMOe yTBEDKIeHUe GymeT OueBMITHEIM.

Vs gopMH smeMerrapabix mpeofbpasosammit (5)—(8) cie-
IyeT, 970 B mpeoGpasyeMoM CloBe OHA He MEHAIOT HE JUCHIA
BXOKIeHHH OYKBH U, HH 9HCHA BXOIKNEHHAHA Kaykmod OGYKBH
BHA Gq. IloaToMy KasKmoe cioBo B memouke (9) mmeer BHN

= akqwkalkbkv!

rhe ay, bx — HeKkoTOpHe cloBa B angasmre Ao, Ay, . . ., OG-

IIycte B mByX mOCHEOBATEIBHKX MPeo0Pas0BaAHAAX Ly —>
> Ik+1 = Ipse @3 (9) BTOpoe mpeoGpasoBamme ecTh mpaBoe
v-npeoGpasoBanne U — a,U. Torga B Goee mompoGHOI 3amncH
970T yuacrox memouku (9) mieer Buf

@ qab'v — a"gpb"v — a"gab"aev
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= ToToMY BMecTO memodkn (9) MOYKHO paccMaTPHEBATD EIOIKY
o= 0’00V - dgubaw — a"ggbaw — . .. (10y

Ilepexon ot nemouxm (9) k memouxe (10) ycmoBmMes: Ha3BIBATE
COBEIOM MpaBOTO U-IPe06pasoBaHUS Iy4y —> Ly+2 BIEBO.

Apanormumo, ecam B OTpe3Ke &y —> Ipi; —> Lpsp HOPE-
ofpazoBamme & — Lr4y €CTH JI€BOE V-IPeoGpPas30Banme g —
— U, TO 3TOT OTPE30K mMeeT Buj

a'gal ag¥ — d/gub'v — d'gpb"v
7 BMecTo memouk: (9) MOMHO paccMarpHEBATH LENOIKY
o= 0’ agy — 6"ggh"agy — a"qeb"v — . . . (11)

ITepexon ot (9) k (11) 6ynem Has3HBATE CABHTOM JIEBOT'O V-TIpe-
ofpasoBaBHmA £y — Iy+1 BIPAaBo.

Cusuras B Uemoake (9) Bce mpasmie v-mpeoGpasoBamus
BJIeEBO, a BCe JieBHe v-mpeolpasoBamEds BOPABO KOCTATOUHOE
9MCI0 Pas, MOJIYYAM I[eHOYKY BHIA

G000 —> o . . — 0y bayy — . .. —> qoapdagy — . . . —> oDV,
Ime  y4acToK
000 0a3V — h1—> . . . — Y= (goa,Dagy (12)

npeoGpasosammil Buma (8) yske He COmep:KuT.

Tlocnenuee caoBo memoukd (12) comepsXET B3aRNIOIATENDb-
HEIE CHMBOJ ¢, He BXONSMZA B JeBEe CIOBA COOTHOMIEHAHR
(5)—(7). oarory mpeobpasoBasme P, — Ps He MOKeT OHTH
mpaseM. [omycray, g9ro memouka (12) comepskur mpashie
npeobpasosarusa. [IycTe 9 — Py — DOCHAETHEe IpaBoe
mpeoGpasoBanne B Hell, orsevalomee coorHomeHmio (1) (¥ =
=5, 6, 7). CoBO Yys; IYCTH COMEP/KAT IIONCHOBO (god;.
[TpeoGpasoBamme Hysy —> Pyso TO OPeMIOJIOKEHHI0 JeBoe. Ho
cpenn coorsomenndi (5)—(7) ecrs NAMEB OFHO COOTHONIEHEHE,
JeBas 9aCTh KOTOPOTO eCTh (ud;. ClemoBarenbHO, 970 COOTHO-
MeHNe [0/KHO COBIALATh C YIOMAHYTHM COOTHOMIeHTeM ().
Taxmy o6pasoM, mPeoOPasoBAHOSA Py—> sy H Disg — Yiso
B3aOMHO OGDATHEI, ) = P2 U memouky (12) MokEO cokpa-
THTH [0 TENOYKI

Do—... =0 —=>D3— ... —> s (13)

Ilpomom:xas 9T0T HPOMECC fAANbIle, MTOMYIOM LEOOUKY
Baza (12), B koropoit BCce mpeobpasoBaHIsa JeBbe, 0TBEIAIOIIHE
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cooruomen M (5)— (7). Ho Bexs atu cooTHOUIEHEA OHIN Tax
nomoOpaHLi, 4ToOH, BEIDOAHAA JdeBoe mnpeobpasoBamme,
oTBEYAlONIee ONHOMY M3 YKABAHHEIX COOTHOIICHUI, HAN KaKOH-
gubyns KoHQuWrypanmmeidr t MamumER £, ME OONYyIand
roEdErypanmo ml) ciegyomero COCTOSHAS MamAHM .
CremoBaTelbHo, MampHa $, Hagas paborats B Romdurypa-
finast aqwaz[)ao, 3axoHYAT pPaboTy B KOHQUIYPamUE Cg,a,Dag-
[Tocregaas GykBa cloBa D OTIMYHA OT @,. llodToMy Mamim-
Ha $, HauaB paboTaTh B KOHPUTYPANAM a¢,a;D, BaKOHIHAT
paboTy B KOHQPAIYpam@E BEMA (god,Ddy, 9TO W TPEGOBAIOCEH.

Teopema 3 (ITocr, Mapxos). Cywecmsyem acco-
YULAMUGHOE UCHUCAEHIE ¢ 20D UMMUNECKL HeDa3Peluumol npo-
baenoll paserncmea.

B m. 6.3 mocTpoera wactmano pexypcuBHAs yEKnua E (z),
npEEAMAIOMA s Aums 35aveHns 0, 1 @ He mMelomas PeKypCHB-
meix moompenenernmit. Ilyers M ; (i = 0, 1) — coBoKymHOCTB
pemennit ypasaerns E (z) = i. B m. 6.3 nmokasaso, 9o MuEO0-
srectBa M ; PEKYPCUBHO NEPEUHCIEME, HO He DPEKYDCHBHEL.
OBosmaunM gepe3 § Mammay TelopmEra ¢ cmmsogama 0, 1
U TOAXONAIMEMA COCTOSIHEAME (o, Gy, - - 5 Qn, LOPABANBHO
BHUACAARMY ¢ysrnuio £ (z), T. e. IepeXoNamylo #3 KOH-
durypanmm ¢,01° B xoEdurypanmo BEma ¢o01E®0° mocxe
KOHETHOTO 4ACHA TAKTOB PaGoTH (e3 HANCTpAMBAHEA SIeEK
ciesa. CormacHO TeopeMe 2 3T0 03HAYaeT, 9T0 B aCCONUATAB-
Holt cucreme A (%) mas m060r0 HATYPaJXBHOTO Z

01 =g 0liv 26 M,
nan ’

TeM;=qa0l*velg0lv] (=0, 1),

rie [z] ofosmawaer comokymEocTh clop mcumcaenus A (%),
DKBEBANEHTHHX cJ0BY ¥. Andasnrari HoMep (um. 11.1) cmosa
7;01%v Gymer HexoTOpo# obmepexypcuBHOH (yHEKIHEEeR ¢ (z).
OGosmagas wepes P; (i = 0, 1) cosorymmocTs alpaBETHBIX
HOMEpOB CJIOB H3 KJacca [q0011v] MO YIAM

zeM =g (@) eP; (=0, 1). (14)

Mer BN, CHENOBATENBHO, 9T0 HePEKYPCHBHOE MHOAKECTBO
M, sn-cBoguTesa ® MHOMmecTBy P,. Iloatomy MmEOmectBo P
He peKypcusHO # B mcamcnernn A4 () mpobGrema »sKBHBa-
JeHTHOCTE TPOHE3BOJBHOTO CIOBA CJIOBY oV ANTOPHETMEIECKH
HepaspenIaMa.

Ha caxom mene coorHomenus (14) maoT HeCKONBbKO §0Ib-
me, 9eM yTBepskmaeT Teopema 3. Ilyemno, coormomenns (14)
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03HavawT, 9T0 mapa MuokectB M ¢, M; m-cBofHICH K Hape
P,, P,.Tax xaxnuapa M o, M 1n-yBEABEpCATLHA, @ MEOKECTBA
P, P, pekypcuBHO mepedmcimMH, T0 mapa P, P, Tammxe
n-yBEmBepcansHa. (CieoBaTeNpHO, ACCONEATHBHOE WMCUECIIC-
mme 4 () obnagaeT mapoi 3dexTHBHO HEOTHEIAMEIX CMEsK-
BEIX KaaccoB [gew] @ [golv]. :

Brmre MBr cTpomita acconEaTHBHOE MCIACIEHEE ¢ HEpaspe-
muMo# uwpoGieMo# PpaBemcTBa, COBEPHMIEHHO He 3a00Tsach
0 TOM, HACKOJIBKO CIOKHEIM 9TO HCINCIIeHAE OKasKeTcA. B mep-
BOM IOPHGIMKEHNN MOKHO IPAHATH, ITO CJIOMKHOCTH HCIUCIE-
HEs XapaKTePH3yeTCs YUCI0M HOPOKIAIOMEX H IHCIOM Ompe-
HedsA0max cooTHomernm. IIpocrefimme 3amegaHma (cM. 3a-
pazy 12§ 13) moxasmBaioT, ITO0 €CJAM CYmECTBYET accoIAa-
TEBHOE HCYHUCJIEHDE ¢ Hepaspemamoi mpobieMod paBeHCTBA,
AMeIomee p MOPOKIAIMAX ¥ [ ONPeeIT0IAX COOTHOMEHH,
TO CYMECTBYeT W acCOMMATEBHOE HCIUCICHAE ¢ HePa3pemaMoi
npolbiemolt paBeHCTBA, WMEIOMee TO Ke TUCIO [ OUpeNedro-
IMAX COOTHOMEHHH ¥ JWMb 2 NOPOKJAIIAX. DBosHAKaer
3ajlada HAXOKJIEHHsA aCCONAATHBHOTO HCYACICHWS C HEPas-
pemmMoii npobiemMod paBeHCTBA X HAMMEHBIINM IHCIOM OIpe-
nengiomux cooTHomenmi. Ecrs ocHoBaEEA moairarh (CM.
Angsar [3l), aro accommardpHbIE WCYMCIEHAS C OIHAM
OUpeNedomAM COOTHOIIEHTEeM AMEIOT PaspemuMyn mpolbie-
my pasercrBa. G gpyroit croposs], Il e i r m m [1] moxrasau,
YTO aCCOMUATHBHOE MCUMCICHEE ¢ HOPOKIAMEMA a, b, ¢, d,
e W CeMBbI0 OIPEeNeNAIOIUMA COOTHOMEHWIMHA

ac = ca, ad = da, bec=cb, bd= db,
eca = ce, edb = de, ceca = ccae

EMeeT HepaspemmMy Hmpo0jeMy PaBeHCTBA CJ0B. ACCOLMHA-
TABHOE WCYACIeHME, uMelomee Hepaspemamylo mpobiaemy
PaBeHCTBA H MeHee CeMH OUmpeJensdiomuX COOTHOMEHMH, MOKa
HEW3BECTHO™),

AcconmaTEBHOE HCUNUCICHEE HABKIBAETCH 2pynnoeslim (AHO-
T7la — FHBEPCHBHEIM) MCUHCICHAEM, €CJIH €r0 MOPO;ENalomae

MO}KHO pasbmTs Ha mape ay, by, ..., ap, b, Tak, 9T06H
CcpefH OUpeeismaIX COOTHOMEHWH 3aBEIOMO BCTPEIANHCH
COOTHONMEHAS ;b = A, ..., apbp= A, rme A — oycroe

caoBo. Ilomyrpymma, ompejieaseMas TPYIHOBEM HCIHCIE-
HOeM, fABIAETCS TPYNNOH, B KOTOpo# sinementH la;] m [b;]
B3aWMHO O00paTHHL.

*) 10. B. Marnacesny (JAH CCCP, 1. 173, N2 6) nocrpoma acco-
LUATIBHEOE IICUICAGHOE C TpeMsd OHPeJe/TIONIAMO COOTHOLIGHIISMHE,
yefomee HepaspelunMyo mpodaeny paBeHCTBA ¢l0B.— Il puren. ped.
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3ajaHEme TPYIOD NpW WOMOIMM TPYNUOBHX WCYMCICHTI,
7. e. IPE HOMOITE NOPOIKAANIIAX ¥ OUPENCIsOmAX COOTHO-
mieHEH, WrpaeT GOJBIIYI0 POIL KAK B CaMO# TEOpHE TPy,
TaK W B HEKOTOPHX €e BAKHBIX UPHIOKEHHAX. LloaTomy
yxe B Hadage XX CTOJETHsI B TEOPHAM IPYLN CTaja M3BECTHOH
npo6iemMa paBemcTBa ciaoB. OfHAKO OHA OKa3ajach BeChMa
TpynHOE ® pememme ee OO mogyYeHo Toarko B 1952 1.
Hosumxosum [1]. Ipyrme ee pemenmsa mosse ObLIX
paiinersr Bysowm [1], Bpmrromowm [1], Xmrme-
g oM [1]. Bee aT® pemenus JOCTATOYHO CIOKHE H IOTOMY
34ech HE W3JIaranTcsd,

HomeuHO, B CBASM € accONWATHBHKIMHA W TPYHIOBRIMH
WCYMCICHAAMEA BOSHHUKJIO MHOTO DAa3jMYHHX HpoBieM airo-
pETMEIecKoTo XapakTepa. O6mm# 0630p mx maH B paborax
Maprosal2l, Agama [2], a racoke Pa6mma [1].
Hax mpaBmio, pemenwe 31X OpobieM OCYINECTBIIAETCA TeM
U AHKM CBeJleHUeM WX X mpofieMe paBEHCTBA CJIOB B HEKO-
TOPOM BCHOMOTATEJbHOM ACCOIWATHBHOM WIH TIPYHOIOBOM
HCYMCIEHUN C 33BeloMOo HepaspemuMmoil mpofieMol paBeH-
CTBA CIOB. :

13.2. ToskpectBearo ucTuHEBIE (OPMYIB! HCUHCICHHA
upemuratos 1-ii crymemn. OcHoBEHEIM (oOpMadBHREM JOTHYE-
CROM SI3HIKOM SBIAETCH WCYHCJIEHHE Hpennkaros 1-i crymenn.
Hama meap — pmoxazars teopemy Yépua o ToM, TTO COBO-
KYIHOCTh BCEX TOKJECTBEHHO HCTHHHLIX (OPMYX HCUACIe-
AU mpenwkaroB 1-#  crymeHm , HeperypcusHa. HamoMEmM
HEKOTOpPEe OmpeJlelleHu.

PaccmarpuBaerca ocofoe nByxaneMeHTHOE MHOYKECTBO €,
DIEMEHTH KOTOPOTO HASHBAIOTCT (UCTHHOHY H «IOKBIO» H
obosHavaioress cootBercrBeEH0 M m JI. Ha MmHOKecTBe €
OMpeNeaAIoTcA ONepanfd KOWBIOHKINY &, MUIBIOEKOAE \/,
UMIUIAKALAY — ¥ OTPHIaHdsa | ofsaEEM obpasom: a & b
nmeer sHademne M gus a=H, b=H v a& b =J paa
OCTanpHHIX 3HAYEEUE a, b mauee ,

a\/b=JA=a=0b=,
a->b=Jd=a=H,b=1J,
Nea=H&a=J.
Ecim M — mpou3BOibHOE HEOYCTOe MHOKECTBO, TO
n-yecraas pymkmud P (zy, . . ., z,), ompeneneBnas Ha M co
sHauemnamn B {#, T}, Ha3HBaeTCs n-MECTHEIM npeduramod

Ba M. J{na gByMecTHEIX mpepararos P Byecro samucn P (z,
y) obwuHO ymorpeGusior Gomee KopoTkylo sammes rPy. Ha-
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npEMep, 7asg OOHIHOTr0 OTHOMEHASI <, OmpeeleHHOTO HY
MHOKECTBE HATYPAIbHHIX U@CEN, HMeeM

1<2=H, 3<2=J, 1<2\2<3=1N.

CmmBoa paBeHcTBa = OyHer PacCMATDPHBATHCA TAKIHKE KAK
CAMBOJI JIBYyMECTHOTO Upe[@Kara, OUPeejeHHOTO Ha Jo6oM
MHOKECTBE.

Anjgasar A paccMaTpHBAEMOTO WCIACICHHA LPETUKATOB
cocrouT W3 cmmBoioB &, \/,—, 1,4, V,(,),,=,P,F,
a, B, y. Cuosa Bapa (Fee. . .ap. .. B) = (Fa™p") n (Pa™p"™)
6ymeM obosHauath uepes Iy, Py’ ¥ HasHBaTh COOTBETCTBEHHO
m-MeCTHHME (yHKOMOHANLHHEM ¥ OPEIAKATHHM CHMBOJIAMH.
CaoBa z; = (y*) (i = 0,1, ...) 6ynyr HasmsBaThCA Lpel-
METHHIMY CHMBOJAMI. .

3amaTs «3HAUeHTE» Kaxoro-HAGYNH OpeIMerHOTO CAMBOJA
Z; B HEKOTOPOM MHOKecTBe M — 3HAYAT MOCTABATH 9TOMY CHM-
BOJY B COOTBETCTBHUE KaKob-n1m6o saement n3 M . 3afaTh 3Ha-

UeHMe KaKOTO-HAOYIE yHKOHOHAIBHOTO CAMBOIA Fy Ha MHO-
mecTBe M — 3HAYAT HOCTABATH €My B COOTBETCTBHE HEKOTO-
PYO m-MecTHYI omepanuio, oupeneaeHnyio xa M . Agamormd-

HO, 3a[(aTh (3HAYEHMe» IPeIAKaTHOTO CAMBOIA P, — 3HAYAT
TOCTABATH €My B COOTBETCTBHE KAKOM-IMO0 m-MECTHHIH mpe-
nmkar Ha M .

Ciosa B angapare A, AMeomue ompeieieRHRE HIKE CIe-
OEANLHE BEJ, HABKBAIOTCA TepMaM¥ u Qopmyiamu. Iloms-
THEe TepMa y:Ke Omo BBeneHO B § 1: TepMamus HasHBAIOTCHA

TpefMeTHEE CAMBOJIH Z;, 4 TAKKe BHPAKeHAd Buna Iy, (4, . . .

ey Op), THE Gy, - . ., G, — TEPMH MeHEmed puuas. Hampn-
Mep, TepMaMHE ABJIAIOTCS CJOBA

F% (F% >($0)’ 'Z'l)v Fz (‘1:1) Za, 331),

TOTNlA KAK.CIOBO P (z,) TepMOM He SBISETCH.

Ilycts 4 — HEKoOTODHIE TepM, W NOYCTh 3HAUEHAA BCEX
BXOJAMAX B 3aUHCh 4 (QYHKOINOHAJGLHBIX U IPEeIMETHHX
CEMBOJIOB 3aflaHE HA HeKoTOpoM MHo;KectBe M. Torma, B-
DOJHAA HAJ[ 3HAUCHASMA UPEIMETHHX IepeMeHHBEIX IOCJeNo-
BAaTeJFHO ONEPANHN, YKA3aHHHE B 3amACH TepMa, HOJIYIHM
B pesyibTaTe HEKOTODHI saeMeHT u3 M , KOTOPHI I HAa3kBaeT-
¢ 3HAYEHHEM TeDMa ¢ OPH 3alaHHLIX 3HAUCHWAX ITPEIMETHEIX
n PYHKONOHATLEHIX mepeMeHHHX, Hampmiep, pacciyoTpoi
TepM

Fi (2o, Fg (zos 71))-
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[lycts 3HAYEHHAMH CHMBOJOB g, I3, F, F: 6ynyr cooTBer-
CTBEHHO UHMCId J, 2 B omepamm? -+, X, oUpeneleHHHe Ha
MHEOKECTBE HATYPAJbHHX UHACEI. Torna 3HAYEHIEM Tepma
gymer

3+ (3B X 2) =

Ecaz B xakoM-HEOYAB TepMe ¢ 3HAUEHASA BeeX (YHKIHO-
HAJBHEIX ¥ HEKOTODHX IpeIMeTHHX CHMBOJIOB (HKCHDOBAHH,
To 3HAUEHHE 3TOT0 TepMa Oyner QyHKOHEH 0T 3HAYEHNH 0CTAIb-
HEX OPEIMEeTHHX CHMBOJIOB, YIACTBYHIIVX B 3alHCHA TepMa.
(DOyEROAE TAKOTO POja HAa3HBAIOTCA TEPMANTBHEIMA UM Lpef-
CTABIAAIOIIIMACA TepMaMH.

TlepeiineM & ompeeleHA0 TOHATAA (OPMYJIH.

a) Ecaw a,, ..., a;, — TePMHI, TO CJNOBA BHMA

P (615« + oy Om)s Giy =0

HASHIBAIOTCA IePBUIHLIMA QopMmynamu. Llycts Ha HexoTopoM

MEOKecTBe M 3afaHE 3HaTeHHA OPE[UKATHOTO CAMBOJa Pp
7 3HAUeHUA BceX HPeMEeTHHX X (YHKOUOHAIBHEX CHMBOIOB,

BCTPEUAIOMUXCSA B 3aOWCH TEPMOB 6y, . . ., G,,. TOTHA 3Ha-
9eHEA TEPMOB ¢; GYIyT BIOJHE OLNpPEIeIeHHHMY 3IeMEHTAME
ay, . . ., Gy ®3 M # BHpakenue Py (ay, . . .,a,) (P — 3Ha-

qeﬁne chBona P) 6yneT pasuo 4 mam J. 910 u Oymer 3HaUe-
HIEM paccMarpwBaeMoll mnepBHUYHOM (GOPMyHsi.

IIpenMeTHni cAMBOM r; HABHBAETCA CBASAHHHM B CIOBe
b, ecim caoBo B comepmkmr wmoxcioBo (Jz;} WAM WONCIOBO
(Vz;). Ecam npegMeTHEI CHMBOJ z;, BCTPEYAINEiCA B CI0-
Be [, He CBs3aH B 3TOM CJ0Be, TO OH HAZHBALTCA CBOGONHBIM.
B uacrmocTH, B mepBEUHEIX (opMydaX Bce IPEIMETHEIE CHM-
BoaEl cBoGopmsl. QupefendeMbie HIKe (3HAYCHAIY (POPMY
e 3aBUCAT OT 3HAUECHUM CBISAHHLIX NEepPEMEeHHHX, 8 33BHCAT
INNIe OT 3HAYeHHA CBOGONHHX UPEIMETHHIX CEMBOJIOB W 3Ha-
YeHN# (YHKMOHAJIBPHHX M HPENHKATHHIX CHMBOJIOB.

0) Ecam Y, B — Qopmyas, nprieM HZ ONEH W3 CBA3AH-
HHIX IpegMeTHHX CAMBOJOB M000d M3 3TuX (OPMYII HE BCTDe-
9aeTtca B APyro#, To (QopMydaMHm SBISATCI W CI0BA

(A&DB), (U B), (B~B), U

Yro6m mafiTh 3HaueHme Kako#-am60 W3 BTEX 6GOJee CIOKHEEX
dopyyn, mamo maiitm smauemma gopyyx U, B m saTeM HaJ
9THMI 3HadeHdaMu (paBEHMA M nium JI) OPOX3BECTH COOTBET-

CTByOmyo omepammo &, \/, —>, .
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B) Ecam % — ¢gopmyna, comep:ramasa cBoGONHHIE mpen-
METHBIH CHMBOJI Z;, TO OPMYJIaMH FBIAIOTCA W CEOBA

(V) ¥, 3z;) Y.

IIycrs 3amamo MHOMecTBO M H Ha 9TOM MHOYKECTBE 3414 HEl
3HAUEHM BCEX NPEeNUKATHHX, (YHEKIAOHAIBHEEX 1 CBOGOMHEX -
OpenMeTHHX CHMBOJOB, BXomamzx B ¢opymyry U. Torma
B dopmyne U Gyper He 3a7jaHO B3HAUEHHOe JUMBb OXHOTO CBO-
60[HOTO LPEeJIMeTHOr0 CAMBOIA z;. JJIf KaKIOTO 3HAYCHWS
z; B M ¥ (WKCAPOBAHHKX 3HAUEHWHA OCTANBLHHEIX CHMBOJOB
sHauenme gopmynn A Gymer pasHo M wnam J. Ecnm U pag
a06HX 3HadeHuE x; B M umeer sHauenue M, 10 TOBOPAT, 9TO
dopmyna (Vz;) ¥ mmeer sHauenume 4 upwm (UKCEPOBAHHEX
3HAUEHMAX BXOAAMHAX B Hee CBOOOLHEIX CHEMBOIOB. Kcanm:
me fopmyna U xora OH IpW oOFHOM 3HaueHWH x; @3 M
aMeer sHaueHde JI, To opmyna (Vaz;) ¥ Tawxe mmeer 3Haue-
ame JI.

Amanormuno, ecai® npZ (EKCAPOBAHHHX 3HAYCHAAX
(YHEIHOHAIbHHX, OPEJAKATHEX M CBOGOTHHX IIPeIMEeTHHIX
caMBonoB gopmyns (Jax;) U dopmyna U nomEa fAudA -TOGHX
3HAUeHWH UpPeIMEeTHOT0 CHWMBOJA z; B MHOxMecrse M, TO
roBopAar, 4r0 gopmyaa (Jz;) U mmeer 3mauenme J musa Puw-
CAPOBAHHHX 3HAUEHM# cWMBOIOB. B mpormeHOM cayuae ro-
Bopar, aro (Iz;) A mmeer sHavenme X ma M.

Cnoso % HasmiBaeTcd (OPMYIOH, eci#t OHO MBISAETCH
dopMy0oE B CcmIy HpeimmcaHWiz a), G), B).

Ilpz mpakrmieckoM ECHOAb30BaHZE GOpMyd yno6HO ymo-
TpelaATh COKPAMEHEHyI0 3anach gopmyd. Hampumep, dopmy-
ay "] (a = b) oOb9HO 3amucHBal0T B BHME 4 7~ . BHemHme
CcKOOKE 00BIYHO OIYCKAaI0T; eci®m I — MBYMECTHHIA mpelaxar-
HHE ®wIn (YyHEKOROHANBHEIM cHEMBOJ, T0 BMecro I (z, y)
mamyT 2Ty u 1. 1. Yacro BMecTo caMmX CHMBOJIOB Zj, Pn,
Fy' nmmyr ux ofosHauends. ['osopsar, mampmmep, «Ilycrs
P — nByMecTHHI UpeNUKATHBIE CHAMBOJ, [ — IBYMECTHHIH

(yHKIMOHAIBEHE CHMBOJ, Z, ¥ — NpEIMETHHE IepeMeHHHE.
Paccmorpuy dopmyny

P(z,f(y, ) & P (z, 2. (1)

Ha camox fiesie mpw 9TOM EMEIOT B BALY OPMYIy, KOTOpasd
noayymres 73 (1) mocxe 3ameHE cHMBOOB P, f, y, & cOOTBeT-
CTBYIOIDWMHE CiaoBaMI B andasnre 4.

Iyers Py, ..., Ps, Fy, ..., Fy — o6o3mauenusa upe-
IAKATHHX @ (YHKOWOHAJIbHKHX CAMBOJOB, IMEIOIAX 337 aH-
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HEle TUCHA MeCT, @ Yy, - . ., Y — 0003HATEHAS HpeJMeTHHX
¢IIMBOJIOB. 3ajaTh MOJeNs CHTHATYpPHL o = (P, ..., P,
Fiyeo s Fey yqy oo oy Yy) — 3HAYAT 3a7]aTH HEKOTOPOE HEIYCTOE

\iEO:kecTBO M (OCHOBHOE MHOKECTBO 3JeMEHTOB MOJEIH)
i1 3afath Ha M 3HAUeHWsI BceX YKABAHHEIX CHTHATYPHBIX CHM-
posoB. IlosyuenHasa mMomenb o6o3Hagaerca zepes (M ; P, ...
) p31 le LRI} Ft1 Yis + - o yu>,' HaHPﬂMeP, <N—; +>1
rae + ecTb cuMBoJ O@HAapHOH omepanuy, AMEIOIIAY B KAIecT-
ge 3HaYeHAS onepannio CIoReEAA HaTyPANbHEIX TaceN, a NV —
COBOKYLOHOCTH BCeX HATYDAaJbHHX UHCEN, €CTh aIATHBHAL
HONYTpyoua HATyPaXbHHX uyucen. B srolf moayrpymume gop-
wyat (Yay) @ +y=y+a2), (Vo) @) @z+z=yV

\/ y + z = z) mcTUHHH, a (opMyia
(2) (z + 2z =y)

onpeneisaer GOPMYIbHEE TPEHKAT, COBIATAIONIAH ¢ OGBITHEIM
OTHOTMIEHAEM T < Y.

@opmyna Y HaszpiBaercs (POPMynoi CHATHATYPH O, eciad
Bce ee UpepuKartHie, (YHKIUMOHANBHLEIE X CBOGOIHEIE Ipef-
MeTHRIE CHMBOJH (32 HCHIIOYCHHEM B3HAKA =) COJNEP/KATCI
B 0. IooroMy, ecid 3afaHa KaKaA-T0 MoHeab N cATHATYDH O,
T0 KaKOag QopMyNa CHATHATYPH O OymeT Ha sTo¥ Mopmesdm
HCTHHEHOR man Jo)KHOE. HiaccoM Mofeliei CHrHATYDH O Ha-
3HIBAETCS MPOM3BONBHASA CHCTEMa Mojieneil 3afaHHOH CHTHa-
TYpH. B 9aCTHOCTH, Kiacc MOKeT COCTOATH H3 OFHON KOH-
KPeTHOH MOHea’, a MOKeT COCTOATh W U3 «BCex» Mojeiel
TaHHOH CHTHATYDHL.

@opmyaa Y cATHATYPH O HA3HBAGTCA UCMUHHOL HA
HEKOTOPOM KIAaCCe MoJeliell CATHATYPH O, €ClIH OHa WCTHHHA
Ha KaKMOoHA MOJeIH HTOr0 Kiacca.

Coraacao Tapcrwomy, MocToBCcKOMYy H
P.Pobumcory [1] cosoxymmocrs T () Bcex dopmysn
COTHATYPH O, HWCTHHHHX Ha Kiacce §, HA3HBAEGTCA a4eMEH~
mapHot, meopueli ruacca K.

IIpomssoarBEasg ¢oprmyda pacCMaTpUBAEMOTO ICIHACICHES
Ha3KIBACTCA MoXcdecmeenno UCMURHOU, eCIA OHA HCTHEHA IS
MO0OHX BHAYEHHWH BXOAMEX B Hee (QyBKOUOHAJILHHX, Ipe-
ITHKATHHIX @ ¢BOOOHEIX NPEJMETHHX CUMBOJIOB, B wactmoCTH,
3lleMeHTapHAI TEOPHS KJIacca «Bcex» Mofexedl NManHOIl CHrHA-
TYPDH 0 eCTh COBOKYHDHOCTH BCEX TOYKIECTBEHHO HCTHHHEIX
dopMyIN, HMeOINAX CHTHATYDPY O.
<2 PaceMoTpuM IPONBBOABHYI0 CHCTEMY 2 KAKAX-TO (OPMYyI
saganuoil curmaryps ¢. CooxymHOCTL K (Z) Beex omened
CHTHATYPH O, Ha KOTOPHX HCTHHHA KasKmad (OPMyia cucre-
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MH 2, HA3HBAETCSH KJIaCCOM MOJeieil, OmpeneJeHHEIN CHCTe-
MoE aKcmoMm 2. CmCreMma 2 Ha3HBAeTCA GWNOAHUMOL, ecan
giacc K (X) ge myctr. B mporuBHOM ciyuae cmeTeMa X Ha-
3bIBAETCA HEBHIMOJHAMOM.

Hampamep, mycts - caymeEr ofo3HaueHmeM HEKOTOPO
O6mHapHOX omepanmm. Torfa axcmoma

(V212025) (21 70) 25 = 931'(5132‘333)5 (2)

BBIPA’KAeT ACCOIMATHBHOCTE OIEPAIlHA - M KJace MOJedel,
oupeleieMH YKAa3aHHON aKCHOMOM, ecTh KAACC HOJYTPYIO
¢ omepammed -.

Rampan akcmoMa cucreMEl 2 @ Kamgasa QopMyda Teopud
T (K (X)) sBasiorca cxoBaMd B KoHeYHoM aifasmre A.
IToaToMy mMeeT CMEICI CTaBHTH BOHPOC 00 ajropATMHYECKOHR
opapofie coBorymHocTe#t 2, T (K (X)): Oyayr AN OHA PeKyp-
CUBHHIMH, KPEAaTHBHHME H T. I. Hmmecxenywomue nse gyu-
JaMeHTaAbHEE TeOPeMH MAl0T OTBET HA 3TOT BOIPOC B OCHOB-
HHX CJaIyIadX.

Teopema 1 (I'masbepr — I'énens). Ecau 2 — peryp-
CUBHO nepewuciumas cucmema Popmys 3adannoll cueHnamypy O,
mo anemenmaphnas meopus T (K (2)) maxrme perypcusho
nepexucAuUMa. ,

Jlaa moxasatenbCTBa CHAYalNa PACCMATPHEBAETCA COBOKYII-
HOCTP % B0OOImME BCeX TOMKIECTBEHHO HCTAHHHX (OPMYJX
(m1060% carEaTyphi). B Kypcax Maremarmdeckoit normid (CM.,
ganpmmep, [ mabs6ept m Bepmaihc [1]) mokasm-
‘Baerca, uyro opMydsl £ Moryr OHTh HOJYYeHH CAeIYIOIIRM
cnocoGom. DBriensdercas HEKOTOpHE KiacC TOMKIECTBEHHO
MCTAHHLIX (OPMYJd, HABHBAEMHX aKCHOMAME HCUMCICHAA.
B pasmmx xypcax 3T0T Kiacc BHOHpaeTcS IO-pasHOMY.
OnHako Beerya OKABHBAETCS BIOJHE 0UCBHIHEIM, IT0 AKCHOME
00pasynT PpEeKYDPCHBHOE MHOKECTBO. O3aTeM VHKa3hBaercs
KOHegHOe YHCIO0 0COGBIX «mpaBmyn BuBoma»s. OmHO 73 mux
(upaBzmno cmianorE3Ma) EMeeT BHI: eCIE HaHH Qoparyinr A
u A - B, ro obpasyem dopmyny B. Ilo cymecrBy stz mpa-
BHJa ABJAAITCA HPOCTO CJAOBAPHEIME (YEKIWAMEA, IOPHATOM
perypcuBHHIME B aadaBhre 4. Hampumep, mpaBmay cmiLIo-
IE3Ma COOTBETCTBYeT TaKadA (QYHROHWA:

B, ecnid Y meer Bug A — B,

Q (%, Y)={

9 B OCTANBHEIX CIAyYasx.

3areM TNOKa3biBaeTcsA, YTO BCe TOARAECTBEHHO HCTIIHHEIE
dopMynH HONYIAINTCA ¢ MOMONIHI ONEPANHIA BEIBOJA B3 AKCH-
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OM, T.€. 9T0 COBOKYOHOCTHL BCEX TOJKIECTBEHHO HCTHHHEIX
GOpMYI nopoxdaemcs MHOKECTBOM aKCHOM C HOMOMIBIO OIe-
paqmit BrBoma. Tak Kak MHOXKECTBO AKCHOM pPEKYPCHBHO,
a Omepal¥H BBHIBOJA SBIAIOTCA PEKYPCEBHEIME (yHKOAAMA,
TO COTJIACHO TeopeMme 0 HOPOEIEeHHHX MHOKeCTBaX m3 u. 4.3
COBOKYIOHOCTE £ BCEX TOMRIECTBEHHO HCTEHHHX (OPMYX
PEKYDPCABHO IIEPEIMCIAMA. :

Yrobs noxasats teopemy 1 B obmeM Bume, 0Go3HATIAM
aepes Fg, Fis - - - PEKYPCUBHYIO IIOCIEHOBATEIBHOCTE BCEX
popmyn m3 3. MasecrHo, uwro ¢opmyiaa ¥ mpAHALIEsRAT
T (K (Z)) Torga ¥ TOABKO TOTHA, KOTMA HIA HEKOTOPOTO 1
dopmyna

Fo&Fr1&. .. &F,— N (3)

ABJNAETCA TOMRIECTBeHHO uHcTmEMOH. IlosroMy MeI cocras-
aseM MHORecTBo I Beex Qopmyx Bumpa (3), sacraBafian
npoberaTs HATYpPaabHHE pag, a 9 mpoferarbs cOBOXYOHOCTH
Bcex ¢opMyn cmrearyp o. MmuoxecrBo M perypcuBHO
nepegucanuMo. [loaToMy peKypCcHBHO NMEPEUACHIMO @ ero Iie-
peceuenme I; ¢ MHOKECTBOM BCEX TOMIECTBEHHO HMCTHHHEIX
dopmya. Ilyers By, By, . . . — GopMyds 3TOr0 mEpecede-
AnA. B; mmeer popMy Fo&k Fi k... &Fp, — U m moromy
T (K (3)) 6yzmeT cocTosATs W3 WICHOB PEKYPCHBHO IIePeIHCIA-
Moii mocaenoBarensHOCTHE U, , ..., Uy, ..., TTO HTPEGOBAKOCE.

Teopema 2 (Uspu [2]). Cosorynrocms T ecex
movicdecmeeno UCMUHHBE Bopmys UcuUcAeHUL npeduramoe
agasemes kpeamueHtiy (U NOMOMY HEPERYPCUGHBLM) MHOIICE~
cmeoMm.

as wparkoeTm 0603HAYWM TOUIKOM GWHADHET QYHEKIHO-

HaJpEHE cuMBoa Fg ¥ PaccMOTPMM Kiace § BCex moJyrpyiL,
ompepensemerit awcmonmoi (2). Cormacmo teopeme Iloctra —
Mapxosa (u. 13.1) cymecrByer moXyrpymmoBoe HCIMCICHHE
C HOPOKNAIOIIAMY 3EMEHTAMA 2y, . . ., &y, B OUPEHeTAIIMAMA
COOTHOMIEHAAMHA

a1 ="b1, 6="0y, ..., a, =D, (4)

TaKoe, 94T0 MHOKecTBO U BCeX CIIOB, 9KBHBAJEHTHHX HEKOTO-
POMY OXXOHSmeMy CJIOBY 4, ABJIAETCH KpeaTHBHHIM. Haskmoe
CIOBO  Z;Zj, . . . Z; ~ 9TOTO HONYTPYULOBOrO HCYHCIEHUS
MBI fynen paccMatpmBaTth Kak TepM ((T-2:)-7i)-. . . i,

W3 ompenenenns sKBHBaNEHTHOCTH CJOB B ) CIEXyeT, 4TO
£JI0BO ¢ DKBUBANEHTHO CJIOBY T TOTTla H TOABKO TOTHA, KOTTIA
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ons no0biX SHAYEHHH Zp, . . ., Z,, B3ATHIX B HPOU3BOIBHOM
noayrpyuie # yHOBJIETBOPAOMEX B 9TOH HOJLYTpynme COOTHO-
miendsan (4), sHAYEHHNST TePMOB 4, & OyAyT PaBHH, T. €. KOTHA
dopmya

(V-Z'n+1$'n+ 2Tn+3) (an+1 (Tys2e Tnyg) = :

= (:l:n+1- .Z'n+2) -.Z‘n+3) & (a1 = bl& oo& a, == bs) —g=p (5)

TO/RIECTBeHHO mcTWHHA. MTak, fad moboro ciosa ¢
teUsF(r)es,

rae gepes F (r) o6osmageno ciaoBo (5). flcHO, Tr0 croBapHag
¢yeErmmEa F (r) pexypcusHa. Tawkum o6pasoM, KpeaTHBHOE
MHEOKecTBO U 7M-CBOIETCS K PEKYPCHBHO NEPETHCIAMOMY
MHOkeCTBY £ m motoMy (m. 8.2) MHOMKeCTBO ¥ KpeaTdBHO.

Tlocne rtoro xakx Ha pyfeske UpOIUMIOTO M HAINEr0 CroldeTHil ORI
OKOHIATeNbHO ONIICAH S3BIK HCYHCJIOHHA NPERUKATOR, €CTeCTBEHHO BO3-
HUKIa 3afada O HaXOKAeHUIl BCeX JIOTHIeCKUX 3aK0HOB, OPMYIHpYe-
MBEIX Ha 3ToM fI3HKe, T. €. 0 HaXOMICHUH BCEX TOKIecTBeEHO MCTHHHHRIX
GopMyJI, 1l 0 HaXO)KAEHUN AaNTOPHTMA, DO3BOJIAIOMEro [IA Kammoi
nagnoll GOpMYyNLl y3HATH, ABIAETCA JH OHA TOMKECTBeHHO WCTHHHOM.
IlocnenHAA 3aiaua ocTasalach OTKPHITOII B TeUuCHHEe PARA JeT U IOJY-
unla HassagHe npoGaeMsl paspemnmoctr (Entscheidungsproblem)
meaucaeEna npepukaros. B 1936 r. U € p 7 [2] mokasaur, aTo ecin npH-
HsITH Te3lc, HOCAIMI HuHE ero EMA (1.2.3), To mpobiieMa pas3pemnMo-
CTH pelllaeTcd OTPHIATeNBHEO. JT0 OHUI mePBHH KDYHHHIH ycmeX ToXb-
Ko 4T0 pommsuielicsa B Te OB TeOPHH alTOPHTMOB. TeopeMa 2 IpeRcTaB-
nAer coboil MOmepHI3HPOBAHHWI BapHaHT IIePBOHAYANBHOH TeopeMbr
Ytpua, TaX KaK ODOHATHE KpPeaTHBHOTO MHOKECTBA OHI0 pBefeHo [TocToM
MHOTO II037Ke.

13.3. Apnpmernyeckne mHOkecTBa. PaccmorpmM Ha-
TYpadbEEH pAx IV, Ha KOTOPOM OTMETHM OHEePALUH CJIOMKEeHAA
-+, ymEoxxesma X wm gmexa 0, 1. Ionyumsmyrmocs Momeas

A=<, +, X,0,1)

HazoBeM apmpmermroi. Cmmsonsr -+, X, 0,1 Gymem pac-
CMATPEBATH KAk OumHapHHE (YHKUTOHAIPHHE W IpeHMEeTHEe
CHMBOJE, 3HAYEHOS KOTOPHIX ¢mrcHpoBaHH. @opMyna a
WCYHCICHAS UPeJIIKATOB HA3HBAeTCA apHYMETHUECKOH, eCHH
0Ha HE COMEpP;KAT HPEIIKATHHX COMBOMOB, KAKIHA ee QYHK-
OEOHAJNBHEE CHMBOI €CTh JHO0 -, 1160 X, mpefMeTHEIE
crmnmBoas 0, 1 B meldd me cBasamm. Ilpemmerssie cmasonsr 0, 1,
mMmeomue (QHKCAPOBAaHHEE 3HAUEHHs, HABHBAKTCH UHOUGU-
Oyaavunmy. OcranasHble TpeIMETHEIE CHMBOIL, BXOJANIEE
B QOpMyIY @, HABHBAIOTCA nped.uemublil nepeMeHHuMU,
Apudrermgeckas Qopyyna, He INelomas CBOOOJHHX Ipef.
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METHHX IepeMeBHBIX, HaswBaeTca samkuymol. Kampan
3aMKHyTasA apurermiecKas (OpMyJda TMeeT HA HATyPaih-
noM papge suauesme M mam JI. Te m3 HEX, KOTOpHE HMEIOT
spadeHme J, MOTYT pPacCMATPHUBATECH KAK BHPAKAIEE
cBOfCTBa HaTyPANBHOTO DANA Ha SI3HKE HCTHCIEHMS Hped-
KaTOB.

Ilyers 4 — apmgmermaeckas qlopmyna, cBOGOIHEIE Ipef-
MeTHEIE IePeMeHHEe KOTOPOX CYTh Yy, . . ., Yp. LOBOPAT, ITO
dopMyna a HCTHHHA (WIX TOKIECTBEHHO WCTWHHA) Ha ¥,
eciM ¢ WCTHHEA [IA KayKAHX 3HAU9eBHH# ¥q, ..., Un B N.
Orcromia fcHO, 4TO PopMyaa ¢ €O CBOOOAHEIME IpeNMeTHHMI
MePeMeEHBIME ¥y, - . ., Ij; WCTEHHA Ha U TOIJla B TOIBKO
TOTHa, Korma Ha U mcTwHHa 3aMrHyTad gopmyiaa (Vyp ...
... Un)o. B obmeM cayuae 3paueHme ¢opmyin Oyzer 3a-
BHCETHh OT 3HAUEHWH HEPEMEHHHX Yq, . . ., Yp ¥ MOTOMY B3HA-
qeHME ¢ MOKHO PACCMATPHBATH KAaK 3HAUEHWSI n-MECTHOTO
opemarara P (yy, . . ., Yn), OOPeHedseMoro Wid «H300parKae-
moroy ¢opmyino# a. Ilpemmraril, KOTOpHE OIPEHEIAITCH
apudMermgeckuMA (POpPMyaaMH, HABHBAIOTCA apugmemuye-
ckuml (una GopMyAsHEME) rpedukamanmy. Hanpmmep, npe-
IAKATH £ < y ¥ 2 | ¥y (z meawT y) apmmerndecKne, TAK KAK

r<<ysSz#Fy&(IAz)(z4z=y),
zlys (3z) (y =z X 3).

MrosxectBo -0k BaTypaabBHX aucel <Y, . - ., Yn) HABH-
BaeTcd apugpmemuneckum (mo I'éneno), eci? aprpMeTHISCKAM
ABIAETCS n-MECTHHIE OpeJuKat, MCTHHHHA HA n-KaxX 3TOTO
MHOKECTBA ¥ INOMHHE HA OCTAABHHX #-KAX. UJWCI0BAS
4acTuuHAA QYEEIMA ¥ = f (24, . . ., Tn) HABHBAETCA apugdme-
muueckoli, ecid TPaduK ee eCTs MHOKECTBO apAQMETHIECKOe.

Hag kparkocrm tepM Bupa 1 4+ 1 4. . . + 1 (¢ enunnn)
B apudMermyeckuX opmynax o6o3HAUaeTcA IACIOM a. I'0BO-
PAT, 9ro MEOKeCTBO M winm QyErmEA f m3o6paskaoTesa dopMy-
ok a, ecnm GopMynoi ¢ m3o6parKkaercAa NPeJHKAT, O0TBEYA0-
muit M wuim f. Hampmmep, ¢opmyra y = 2 mpencraBuser
MHOKECTBO, COCTOSIee W3 ONHOTO dmciaa 2; dopmyna
(32) (y = 2 X z) upencraBiger COBOKYHHOCTH BCEX UETHHIX
qmced; Gopmya

yF0&y#=1& (V) (y=w—-u=1\Vv=1)
mpefcTaBiageT COBOKYIHOCTH BCEX IPOCTHX UmCeN; (OprMyia
(Hu)((zXz)—ru— y) &

E@) DX G+ =+ )&y
(s 1) @+ 1)

npepcrasiager ¢yErnmo z = [yl w 1. 1.
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Teopena 1 (I'émens). Kawdas wacmuuno pexyp-
cusHas PYHKYUS, a nomomy u Kaxrcdoe PeKypcusHo nepewucau-
MO€ MHONCECTNEO N-0K S8ALIOMCS APUPMEMULECKUMLL.

CorzacHO ciexcTBUIO W3 TeopeMsl 3 B 0. 3.4 WM TeopeMe
o HopMmansHO# ¢opme Hammm (m. 6.1) xakmas dactwaHO pe-
KypemBHAA (QyHKOAS MOsieT OHTHL moidyduena ms (yExgmi I,
e,l, v, z+y, =y, z+1, Iy ouepanuamn mOACTAHOBKA H
muEEMABanEd. IlosToMy Teopema 1 Gyner moxasaHa, eCIH ME
HOKayKeM, 4TO BCe YKAa3aHHbIE MCXONHELIE (yHKIEAA apAfMerd-
9eCcKHe W 4TO' OUEPAanWH HONCTAHOBKEA W MAHWMW3AdAW, OPH-
MeHEeHHHE K apupMeTmIecKuM (YHKIHAM, Hal0T (QYHKOIAA
apupmeTHAIeCKHE.

-A) Cynepuosunns

f(xh e xm) = gt(gl- (:El, LS xm)1 sy 8n (111, cen xm))
apnd)mmqecxnx bymrmER g, g1, . .-y 8n €CTH (PYBKIEA
apuMeTEIeCKA.

leficTBATEIBHO, €CIE (HOPMYIHI G (@1, .+ > Tpyy) =
G; (24, « - .y Ty Y) OPEACTABIAIOT (YHKIHA £, g5, TO PopMyaa
dz;.. .Zn)(G(Zl, ey By, y)&Gl(zl, ooy Loy Zl)& e

e &Gy (T e T 2y))

npefcTaBifer, 0ICBHAHO, QYHKOED Y = f (T1y o« oy TY).

B) Ecam dopmyaa G (zy, .. ., Tnyy, &) DOpemcTaBIAgLT
JACTHIHYIO d)ym{nmo g (zy, .+ .y Tnyy) = U, TO (Popmyna

G(x1, « . o Ty U, )  (Vz) (z2<y—
— (Fu) (G (z1, . . ., Ty, 2, 1) &uz=0)

HOpPe/(CTABIAET YACTHIHYIO (YHKI[HIO
Y=, (g, ..., 2, 2) = 0).

Taxnom o6pasod, omeparop MEHIME3ATAN, OPEMEHEHBHR
K apuMeTHIecKOR QyHKIAN, [aeT (YEKULI0 apAPMETHICCKYIO.
B) ®yaxnmmr +, z +1, z =y, I u3oGpamanTea coot-
BETCTBEHHO (OpMyTaMHu
=z - Yy, 2=z + 1,
Y<zo>y+z=2&@zLy—z=0),
z2=0z4+...+z2n+ ...+ 0.2,

4 OOTOMY ABIAITCA apnd)MeTmzecxmsm.
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T) ®Oyaxunn 22 [2/2], ¢ (z,y), 1 (z), » (z) m306paskanTca
dopmyramMn
z=zXzr @XzL)&(z<<2 X (z+ 1)),
2xXz=@+yP+3xazty
JAy) (z=c (z, y)), QAy)(z=1c (¥, 2))
A TOTOMY SBIAIOTCA APEPMETHICCKUMH,

1) Oyrrnum z = rest (z, y), 2 = I' (2, y) msobpaarores
COOTBETCTBEHHO (opMyIaMn

(Fu) (=uy +2& 2 y)\/ (y =0 & 2= 2),
z=rest (I(z), 1+ (y + 1)» (2)).

CornacHo mpmBexeHHOMY BHIIe 3aMedaHmio m3 A) — II)
HEemoCpe[CTBeHHO BHITeKaeT Teopema 1.

Ramxpaa apmdmermueckas Qopmyla MOKeT paceMaTpu-
BATBCS KAK CI0BO B KoHeunoM auadasmre J = {&, \/, 71, V,
3,(),,+, X,=,0,1,z, o}, npmuem cioBa z; = (zo . . . &)
MORXHO yHOTPeGaATh B Ka9eCTBE KOLOB [ HPEIMETHKX CHM-
B0NOB. Bcee caoBa B andasmre J, a 3maudT, ¥ BCe apAdMeTH-
qeckme OPMYIH HMEIOT OUpefeNeHHse aa(aBUTHEE HOMEpA.
Mmuo:xecTB0 apudMermeckunx Gpopmysa HA3HBAETCA apHMeTH-
YECKEM, €CIM APHPMETAIECKHM SBISAETCA MHOMECTBO HOME-
POB 3THX (OpMYIL.

Caenmcrsume. MHouecmso écex SAMEHYMBL UCTLH-
HRX apugimemuneckur Gopmys He pPeKYPCUSHO L He Deryp-
CUBHO NEPEedUCAUMO.

Hyers f () — uprMETEBHEO pexypcEBHas (YHKOHUA, CO-
BOKYOHOCTH 3Hauepn# koTopol U me pexypcusHa. Coraac-
HO Teopeme 1 cymecTByer apudmerndeckas dopmyaa a (z, y),
npecTaBAfOmMAn QYHKNED Yy = f (z), ®, CIe10BATEIBHO,

veUs@EAx)alz, y) y=10,1,2,...).

Tarmu o6pason, ecan 65 CymMecTBOBAM AITOPUTM, PACIO3HATO-
mo# pCTHHHELIE 3aMKHYTHE QOPMYJH, TO HPH IOMOIIE 3TOTO0
AJITOPATMA MOEHO Opin0 OH pacIosHABATH YNCIa, OPmHAMIIE-
skamne U, a 370 mpormBopesnT BepekypcmsHocTH U.
Iomycruy Temepb, 970 COBOKYHHOCTH V¥ BCEX HCTHHHHIX
3aMEHYTHX apudMeTwdaecKnX (OPMYI PeKypPCHBHO Iepedmc-
amma. Iyers

Vo, Vi o+ o s Viw o -
— DEeKYpPCHBHAA NOCIEf0BATeNbHOCTH Bcex ¢opmyn w3 V.

TOI‘D;EI PexypcunBHAs HOCHeN0BaTeJIbHOCTH

Ve, 1V e v oy 1 Vi v -
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Omaa 6B MOCIe[0BATEJBHOCTHIO BCEX JONCHHE BaMKUYTHX
apmdpmermaeckux (GopMys, T. €. COBOKymHOCTH W  Beex
JO)KHEKX 3aMKHYTHX apufMermueckmx fopmyn Omiia GH pe-
KypCUBHO HepedwcamMoii. fICHO, 9T0 COBOKYDHOCTH BCEX
BaMKHYTHX apafMmeTmiaecKuX (OpMy]d PEeKypCHBHa. JTa CO-
BOKYIHOCTH pa3iokeHa B CYMMY HeIepeceKalommuxcs pe-
KypcuBHO IepeudcriuMEX MHomecTB V m W. Ilo teopeme
Ilocta orcioma cmenyer, ato V w W pexypCHBHE BOLIPEKH
yKe JI0Ka3aHHOM HEepeKypPCHBHOCTH MHOKECTBa V.

Coraacao Teopeme 1 Bce PEKYPCHEBHO IepPEIACIAMEIE MHO-
mecrsa apudmermiecknme. OOGpaTHOE, KOHEYHO, HEBEPHO.
Ilycts mEORecTBO M ompenensercs apuMermIeckoit hopmy-
a0k . Torma dopmyna ~ | P GyneT oumpenesarTs HOUONHEHHE
M’ =N — M .IlosroMy KOUOIHEHNS K PEKYPCHBHO IEPEUMC-
JAMMEIM MHOKECTBAM ABIAIOTCA TAaKKe apuPMermyecKmMH
MHOKeCTBaMHA. MOIKHO JIeTKO HOCTPOMTH ¥ (ojiee CIOKHBIE
apuMeTHIeCKEe MHOKECTBA, He ABIANMAEC HA DPEKYPCHB-
HO UepeYdACcImMEME, HA [ONOJHEHHAMHA K IOCIEIHUM.

Teopewma 2 (Tapckmit). Cosorynnocmbv Homepos secex
UcmuHurbz (3aMEHYMUZ) apugdmemuieckus @Gopmys He 8-
asemces, apu@memuneckoi.

Juada [okasaTenbCTBA HCHOJB3YEM OOHIYHHIA MeToh yHE-
BepcaibHHX (QyHKOu#. A mMeHEHO, mpefmoJjaras TeopeMy
40%icHOT, OymeM CTPeMAThCA NOCTPOUTH apPuPMETHICKYI0
dopmyay P (z, y) ¢ nByMa cBoGOLHEIMA IPEIMETHHIME Lepe-
MEeHEHMY Z, ¥, 00;1a{aI0MyI0 CIeAYIOmUM CBOHRCTBOM YHHUBED-
CABHOCTH: €CI¥ @ — HOMep HEKOTOPO# apmdpmeTmaecKon
dopmyns L (y), uMeomeR Jumb OLHY CBoﬁonHon npegMer-
HyI0 IepeMeHHYI0 ¥, TO Oid BCeX 3HAUeHWH y

P p)el©®. 1)

Homycrum, 9ro Takyo ¢opMyry P HaM yraioch HaHTm.
Iyers a — HoMep gopyyasi 1P (y, y). U3 (1) momyqaen,

qTo
Play)e 19wy

HiaAa IPOA3BOJBHOTO 3HAYEHHA Y. BOP}I OIs1 Yy 3Ha4eHHE a,
IIoJay49aeM IPOTHBOPEYHBOE COOTHOIMEHHE

P (a, o) & 7P (a, a),

KOTOpOoe W JOKa3HBAeT TEopPeMy.

Wrax, mycTs Teopema I0KHAa H, CJe[0BaTeibHO, CYImIe-
cTByer apupmermueckas ¢opiyia B (y) ¢ eqAHCTBeHHOHA CBO-
GomBol mepeMeHHOH y Takas, UTO [ KAJKHOTO HATYPAIBHOTO
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n® (i) = H*) Torga @ TOIBKO TOTHA, KOFHA N €CTh HOMEp
CJI0BA, ABIAKIIEr0CA MCTHHBOM 3aMKHYTOH apmgmermaeckoi
hopMyIoH.

Iaa xaxmoro HaTypaapBOTO 7 depe3 4, (i) oGosHaumM
CJI0BO, HOJIYIARIEEeecs CIeNYImMEM 006pa3oM: ecilm n 6CTh
HOMEP CIOBA 6,, ABIAKIEroca apm@MeTmuecKod dopmyinoi,
cofep;Kamell e[MHCTBEHHYI0O CBOOOJHYI0 Ipe[MeTHYI0 Iepe-
MEHHYIO ¥, TO IO0JaraeM

4y (1) = Sb (4 ¥, 7);
ecam e n ecTb HOMep CI0Ba @,, He YHOBIETBODPAIOMEro
VKA3AHHEGIM TPe0OBAHEAAM, TO HOJaTaeM 6,(i) = a,.
Howmep caosa 6, (i) o6o3maumm aepes f (n, i). Tanum 06-
pasoM, ecid 4, ecTs (QopMyla C eINWHCTBEHHOH cBOOOXHOR
npeaMeTHOR HmepeMeHHOY y, TO HAA JAI060T0 HATYPAIBHOTO i

B (7 (n, 1)) = H &0, () = H. (2)

Ha ocmose pesyabratos um. 11.2 merxo wumoxasaTh, dTO
¢yrrnma f (n, i) perkypcusHa. Iloaromy cymecTByer apmdme-
rmaeckas gopmyia F (x, y, u) ¢ Tpemsa cBoGOMHHIME Hmped-
METHEIMY IepeMeHHEIME Z, Y, U, IPeJCTABIAIOMASA OTHOMIe-
nme u = f (z, y). Honosxmm

P (z, y) = Qu) (§ (z, ¥, u) &B (u)

o mokaykeM, 4ro fopmyaa P (z, y) ymosaerBopser Tpefosa-
mnio (1). B camom pmeme, mycrs n — HoMep dopmyas £ (y).
Torma gas awGoro Harypaasroro i opmyna £ (1) coBmamaer
¢ ¢opmynoi a,(i) m moroMy B cmay (2)

B (f (n, ) & R (). (3)

Myers £ (I) = H. Torma B (@) = A, THEe NOI0EKEHO

a = f(n, i). I3 mociemBero paBeHCTBAa 3aKii0daeM, UTO
8( f[i) ", 57, 7,a) &B (@) = H uuoromy

P @)= uw (@7, u)&s (u) =4 (4)
Obpatro, nycTs i QUKCHPOBABHKIX 7, i COOTHONEHHE
(4) nctmEEO. ITO 0O3HAUAET, UTO CYMECTBYET TAKOE HATypalb-
HOe 41Iea0 @, AiS KOTOPOTo
S0, 1,a)&®B @ =4H.
s § (7, T, @) = H caemyer, ato a = f (n, i) u, 3Ha4nT,
B (f (n, i)y =9 (a) = H.

————

*) W oGosmavaer Tepm 1+ ..+ 1,
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W3 (3) momyuaem, aro £ (1) = M. Wrax, sxBHBAJIEHTHOCTD
(1) moxasana, a BMecTe ¢ Hel [[0KalaHa m TeopeMa 2.

13.4. ®opmynsr 2-ii crymemnm. B pacemMoTpeBHEIX Bimie
OpefWKATHEX (oPMyNax BCe IpeIuKATHHE M (YHKIWOHAILb-
HEe CAMBOJH OHIE cBoGomEEIME. Ecim mpasmaa oGpasoBa-
HEA Qopmyn a), 6), B) m3 m. 13.2 H{OmOAHHUTH eme UpaBHIOM

r) ecim X — UpefEKaTHHE Wnw QYHKIIOBATBHHE CAM-
BoJI, cBoOOHEIA B opmyne U, To Popmynamu GYAYT 7 CIAOBA

(VX) o, (3X),

TO Hoaydalomuitca Goiee muUpoxmit Kiaacc GopMyT HasHBaeTcs
RiaaccoMm PopMyn 2-# cryneHu. «3HadeHHe» GOPMYIH 2-B CTY-
meHW OPH 33[aHHAX BHAYEHHSIX CBOOONHEIX OPE[AKATHHX,
QYBRIMOHANBENX W OPEIMETHHX CHMBOJIOB OLpENeiTercs
TaK JKe, KaK # Hias gopmya 1-# cryumemm.

Qopmyaw 2-# cryneHEH, He cojep:Ramme HE (QYHKIHO-
BalAbHHX, B UPE[AKATHRX, HA IPEIMETHEX CBOGOMHLIX CHM-
BOJIOB, HA3HBAIOTCI a0COMOTHO 3aMKHYTHME. Ha mao6oM
genycroM MEOsRecTBe M abCcomioTHO 3aMKHYTasA fopmyna aabo
mCTHHHA, ambo JI03KHA, IpHIeM 3HAUEHHE 9TOH POopPMYiaH Ha
M 3aBucAT JNEIIbL OT IHCIA dieMeBT0oB (MommocTw) M. ®op-
myna 2-B cryumeHum (He 00d3aTenbHO abCOTITHO BaMKHYTA)
Ha3HBAGTCSA TOMK/ECTBEHHO MCTWHHON, €cay OHA HCTHHHA HA
no6oM HemycToM MHO)KecTBe M mpm n100HX 3HaUeHWAX Ha
M Bcex ee CBOOOMHEIX CHMBOJIOB.

Teopewma 1. Muoxncecmeo scex moscdecmeenHo ucmiH-
HUx Popmys 8moporl Crmynenlt He DeKyYpPCUBHO ReDeULCAUMO.

IIyers " — oxmmomecTHEI#, +, X — [ByMecTHEHe (yHK-
OHOBAAbHNE CHMBOJH, P — 0[HOMECTHHIY Hpe[UKATHEIE caM-
Box, 0, 1, z, y — mpenmernsle cmmBonEl. Pacemorpmm cie-
IVIOIMYI0 CHCTEMY (opMym:

1. (Va)(2 #* 0&0" = 1),

2. (Vay)a' =y -z =y),

3. (YP)(P (0)&(‘9’2:)( (x) = P (2)) — (Vy) P (y)),
4. (Va)(z + 0 = 2),
9 (
6. (V
7

my)(w + ¥y = (z + 1)),

z)(T = 0),

(sz)(x _>< Yy = (z X y) + 2.

Cmeica arux ¢opmys oueBmier. Hampumep, goparyna 3)
ABJAAETCA NPHHENANOM HOJHON HENYKIOOD Hid HATYPAJNBHOTO
paga. OGosmaumm uwepes S wompomrmmio Gopmya 1)—7).
Qopmyna & comep:mnr cBoGomEEe cmMBodH , +, X, 0, 1.
l3BecTHO, 9TO €CJF HA HEKOTOPOM MHO;KecTBe M 3HaUeHAA
aTEX CWMBOJOB BafaHH Tak, TTo dopmysna © mecTmHHA,; TO
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momeas {M; 4, X, 0, 1) msomopdra obrraHO# apumPmermue
(N; +, X, 0, 1), pacemorpernoi B 1. 13.3. IostoMy mas
RayKHod BaMKHyToM apmdMermdeckoff (B cmmicae m. 13.3)
dopmyas ¢ dopMmysna 2- crymeHHm

G-y

TOIECTBEHHO MCTHHHA TOT/A W TOJBKO TOTHA, KOTHA & HCTHHE-
Ha B apupmermre (N; +, X, 0, 1>.

flcro, 9TO COBOKYUHOCTE BCEX 3aMKHYTHIX apmbmemqe-
cKAX GopMyI ¢ (ACTHHHEIX W JOKHEX) peRypcusHA. [losTomy
pPeKypcHBHA m coBOKymHocTh I Bcex dopmyn Bmma & — g,
Ecam 61 coBoxynrOCTE § BCeX TOKIECTBEHHO HCTHHHEX (op-
Mya 2-# cTyneHH OBlia PeKYPCHBHO HePeTUCIHMOM, TO mepe-
ceuenne M (| L 6ruro OH TaxsKe PEKYPCHBHO IEPeUACIEMOR
COBOKYIHOCTBIO I €6 (IOPMYJH MOKHO Obio OBl BEIOECATH
B PEKYPCHBHYIO IOCIE[0BATEIBHOCTH

G—1y, S—11,...,8—>1¢,, ...

Ho rtorma perypcmBHAs NOCIEN0BATEIBHOCT: Lo, &, - . «
cocrosna OH M3 BCeX 3aMKHYTHX apAQMETHIeCKMX MCTHHEEIX
dopMyl B, CIeH0BATEeNbHO, COBOKYHHOCTH BCEX HOCIEHNHHUX
dopmyn 6nna 65 PEKYPCHBHO HEPEIWCIUMOME BOIPEKH OCHOB-
BoMy pe3yiabrary m. 13.3.

Teopema 1 pammoro m. 13.4 m reopema 1 u. 13.2 BHAB-
10T TIY6OKOe pasiamade MeKAY A3nkamu 1-# m 2-% cTymend.
XoTA MHOKECTBO 3aK0HOB, (OpMyIHpyeMHX Ha f3HKe 1-if
CTymeHH, HEePeKYPCHBHO, BCe Ke CYIHeCTBYeT ailOPHTM,
HO3BOJAMIIUNA TWOCTENeHHO CTPOMTH BCE OTH 3akoHH. Y10
Kacaercs JOTHYECKHWX 3aKOHOB, QOPMYIHDYyeMHX Ha fBHKE
2-# ¢cTyneHd, T0 COBOKYIHBOCTs MX He TOMBKO He PEKyPCHBHA,
HO ¥ He IepelwciuMa.

JdomonHeRAsA ¥ HpEMepPh

i. IIycts € — accommarmBHOE HCYNCIEHNE C MOPUKAAIOINIME Hle-
MEHTaME ¢y, - . ., Cg H ONDEAeNAOIIMT COOTHOUIEHWAMI a4, == B,
(=1, ..., 1). a2 OpoA3BOJBLHOTO CJIOBA f B aiddaBOTe Cy, - . ., Cg
depes ¥ 0603HaunM ci0BO B aldaBure a, b, modydYamoleecd H3 ) 3a-
MeHolt ¢; = aba*™b'™ (1 =1, .. ., s). OGo3Eauuy uepes G* accomua-
THBHOE HCUNCIeHIle ¢ TOPOKAAIONIUMI 37eMeHTaMI a, b I ompeHend -

* *
IIEAMIT COOTHUIIEHIAMI @, = = b, (@ =1, , ). Ilokaszarp, 4TO0 ANA
OponsBOJIBLHEX CIOB @, b B aJI(I)aBHTe {cl, ..o Ca=Db B mcuHC-
Jegmp § Torga ©m TOABKO TOrga, Koraa a¥ = b* B mczucwermn C¥.
B wacrmoctn, ecin B € mpoGiesa papeHcTea Hepaspelnmda, TO OHa He-
Paspemma Bgnc‘mcnemm C* (Xomm [1]).

2. ToBOpAT, YT0 B aCCONUATHBHOM ucumcrennn € paspemmMa
npoGuema deaumocmu cae¢a, eCM CYMECTBYET alDOPATM, 03BOJAIONTRE
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A Mo0HX gByX cloB 4, b m3 € cKasarh, cymecTByer JUH pelleHne §
ypasEeHNs af = b B €. Amamormimo rosopAr, ¥ro B & paspewn-
Ma OpobieMa HEeXEMOCTH ClieBa 3a0anno020 aaemenma ¢, eCHU CYIIECT-
ByeT alTOpHTM, [O3BOJAAiommE pusa mioboro ciosa ¢ u3 § cKaszars,
cymecTByer HNHE HeT pemeHrme § ypaBHeHEA af=¢ B §. Iloka-
3aTh, YT0 B aCCONUATHBHOM Heyucienud 4 (§), mocTpoeHHOM B m. 13.1
B Opomecce ROKa3areldhcTBa TeOpeMH 3, IpoGJema HeTHEMOCTH cleBa
2lMeMEHTA gq,v He paspemmMa (cp. A gan [1]).

3. B mpepmpymeM OpmMepe B acCONHATHBEOM Hcunciesmu 4 (F)
paccMaTpHBAJIHCH TONHKO HEMYCTHE cioBa. Jomyckad B THCIO CJIOB
¥ IycToe CJOBO, IOJYIAeM aCCOMUATHBHOE MCYMCIeHHE ¢ OYCTHM CXO-
pom. Tarx wmax [A][a]l = [Aa] = [a] = [a] [A] = [a], To mycroe
cI0BO A aABNAeTCA NPefcTaBHTeleM Kiacca [A], ROTOPHE CEYXHT ofy-
HAneli DOXYTpYINIH, ONPefenAeMoll 3THM HcIRcIeHneM. Ecian cpenn om-
peeddnIuX COOTHOMEHAN HCIRCIOHNA HaX0QUTCH, COOTHOIIEHR® BHIA
0= A, T0 npasun sseMmenmapHLM TnPeO6pAZoeaHUEH, OTBEIAIOMEM
9TOMY COOTHOIIEHWIO, HaskBaercsd IOpeoGpasopamie, IepeBomdiee 3a-
AaHHOE CJOBO ¥ B OMHO HB CIOB (rYh, ray, rya. Jesurn ssemenmaprum
npeobpasosanuen, OTBEIAIONIEM YKA3aHHEOMY COOTHOLIEHHIO, Ha3HBAOTCA
upeobpasosaHume ¢ — A, IepeBofAmee clIoBa BUKA ary, Fay, Iha B CHOBO
) (¥, v Moryr OHTH H DYCTHEMI CJIOBAMH).

T'oBOpAT, 9T0 B ACCOMEATHBHEOM HCUHCIEHAN ¢ IYCTHM CIOBOM pas-
pemmMa npobaema HATONIeHUR NPAgoz0 06pammozo sseMenma, ecln
COBOKYIHOCTL TeX CIOB @, IS KOTODHX ypaBHeHme an== A mMeer
pemenye B faHHOM HCIHCIeHUN, ABIASTCA PeKypCHBHOH. Jlerko crpont-
¢ acCOMUATHBHO® MCUHCICHHE C IYCTHM CJOBOM H Hepas3peuimMoR
OpoGieMoil HaXOKIeHHA IHpaBoro ofparHoro aaemenra. g sroro Ge-
peM accommaTHBHOe Hcuuciaenme A (£), mocTpoeEHoe B Ipoiecce HoKa-
sareibcrsa TeopeMu 3 m. 13.1. K angasury sroro mcumcIeHns pobap-
AsfeM HOBYIO OYKBY u, K ONpemelA0MAM COOTHOLIGHHAM noGaBiisgeM
COOTHONIEHHE Ugyv = A H HOBO® HCYHCJIEHNE ¢ MYCTHM CJI0BOM 0603HA-
vaeM depe3 B (). Ilo amazormm ¢ Teopemoit 2 o, 13.1 moxasars, 410 B
uncynciernn B (%) uag,,bv = A Torma H TONBKO TOTHA, KOTHA ag,,bv=
= qov B ncumcnennn A (§). Orcooga OyreM cpaBHeHHA ¢ IpefEAyueh
sajadeil BmmmM, 910 B B (§) He paspemmMma mpolicMa HaXoKELeHHS
npaBoro o0paTHOTO BIEMEHTA.

4. Ilyerp § — Mammea TeiopHHEra, OpPaBHIBHO BHYHCIIAIONIAS
%YEKHEIO'E (z), ynoMAEyTyH B JoKasareascrse TeopeMel 3 m. 13.1.

GosHaunM deped B accomEATHBHOS HCIHCICHNE C IODPOKIAOMIEMH
axememramz 0, 1, gq, ¢4, . . ., qp B cOoTHOmeHmAMN (5)—(7) n. 13.1 (wo
cpasHeEWIO ¢ 4 (§) HeT DOPOIKFAIOMEr0 3JeMeHTa U I COOTHOINEHHSA
(8)). Ilorasare, 910 B B OpobieMa paBeHCTBA paspellnMa, HO Hepaspe-
meEMa cilefyiomas npobleMa: M0 JAHEEM CI)BaM @, b y3Hars, CymecT-
ByeT AN HaTypajJbHOE THCNO z Taxkoe, 410 0% = H0*. )

5. Ilycts f (z) — perypcunBHas 4nciioBas QyEKnug n @ — rpyn-
II0BOE HCUHCIeHHEe ¢ NOPOKIAOIIEME djieMeHTaMl a, =L, b, bL, ¢, ¢71,
d, d~! u (pexypcEBHO nepegncaimoil) 6ecKoHeTHOIl COBOKYIEOCTHIO OM-~
PemelAIONIX COOTHOeEHil

aacl=bbl=ccl=ddl= A,
b ®)g (5-2)f®) = gl @) (g1yf ) (z=0,1,2,...).
Ecii coBOKYNHEOCTH 3HaZeHNE QYEKONN f He peKypcaBHA, TO IPOG-

nema papeHcTBa clioB B (B mepaspemmva (Pab6na [1], X mr-
Men [1)).
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6. Ilycte 9 — rpymnimoBoe HCUUCIEHHE C IIOPOKAAIONIMME  3JI6-
MEHTaMH ay, aIl, ..., Gg a3' I UCKOTOPHM GCCKOHEYHHM PEKYPCHBHO

MepeyHCITHEMEM MHOFKECTBOM ONPeRelAomuY cooTHoleruit. Torma cy-
miecTBYeT TPYIIOBOE HCUUCIeHNe B ¢ DOPOKAAIOIIMYE dJIEMEHETaMA 4y,

a7ty ..., g 67" W HeKOTOPHMH JONMOJIHUTEIBEBIME II0POKIAIONEME
aaeyeHTaMIt by, b7Y, . . ., by, by} TMeloIee KOHeUHOE WICHO ONPefeNsio-
[HIIX COOTHOINGHMI 11 Takoe, YT0 BKBABANCHTHOCTE HPOI3BOJILHELIX ABYX
cion B andasure {ay, ajl, . . ., a5, €'} B rpynue Y papHOCIIILEA FKBE-

BAJIEHTHOCTH 9THX CJIoB B rpynme B (1. e. Y AsiAercA mofrpynmoi
B rpynme $8). Bepsa s kadecrse Y rpynny, MOCTPOEHHYIO B IpPENHIY-
mell 3ajade, I KOHCTPYRPYA LA Hee Tpynny B, DOTYyYHM TPYHIOBOS
HCYHCJIEHA® ¢ KOHEYHHM YHCIOM OLOPeNCHAIONIMX COOTHOLIEHWH H He-
paspemnMoll mpobaemol paseHcTBa (X mT M ¢ H [1]).

7. yers Y — crobopEan moNyrpyliia ¢ CBOGOMHKEMY IIO POFKLAI0-
LIIMME 3I6MEHTaMH a, b, 9% — meKapros kBagpar Y, 7. e. moJyrpynna
nap (4, b) (4, b € Y), DepeMHEOKaEMHX DO 3aKOHY

(@ 5) (¢, b) = (ac, Bb),

JimaroEajibHad DORNONYTpyula — 3T0 COBOKYIOHOCTH Iap BHAa
(4, a). O6wyan romb6unamopuas npobaema Ilocma: CYyIecTBYeT JH
aJIropHTM, HO3BOJAIOMEH g 000l KoHeWHOHN CHCTEME wap
(ay, By), (a2, Ba) . -+, (4g, By) pelmTS, HyCTO HIIN HeT HepeCeYoHHe JHATO-
HaJIL,HOH MOfOOAYTPYHOK H OORDONYTPYIIOH, TOPOMKAEHHOH 3amaH-
HOH cHcTeMo#t map.

Ozpanuvennas kombunamopnas npobaema Iocma: paA GEEcEpO-
BAHEHOTO HATyPaJpHOTO THCAA s > 0 yKazaTh aArOpHTM, IO3BOJSIOMUTI
o mofoit cmereMml, cocroAmiedt u3 s map  (a;, By), (82, Ba), . . .
... (@sy bs) pewmnTh, MycTG WIH Her IepecedeHHe AUATOHANBHOH IIOJ-
DOJYTPYHNOH H OOXOOXYTPYINE, DOPO;KAeHHOH YIOMAHYTHMH § Ia-
pamd.

Ioxasark, aro orpaHmycnHas npobmeMa Ilocra (g14 GOABHIIEX S)
pewaerca orpumarensEo (Tocr [4], Mapxros [2]).

8. B monyrpymme BceX meNOYICHSHHHX MaTpHIO, 4-r0 DopAXKa cy-
HecTByeT KOHEYHOE UMCJ0 MAarpHN TaKnX, UTO IOPOsKAaeMad MMM HOJ-
iioryrpyniia HepexypcasHa (M ap xoB [3]).

9. IlpaMoe mpousBefeHNle ABYX CBOOOMHKX TPYUO C ABYMS IOPOK-
TAIONAMHA 9JIeMeHTAMT COHepPKNT HePeKYPCHBHYIO IOArDYHNY ¢ KOHET-
HEIM IHCIIOM IDOPOKIAIIMAX djeMemtoB. OTcloma ciemgyer, 970 rpynmHa
1eA0ULICHeHENX MaTpiy 4-T0 DOpAfKa ¢ oOpepeiirexeM 1 COmePMKHT
LePeRypCHBHYI0 HOOATPYOIY, HMEN[yI0 KOHEYHOE IHCI0 IOPOSKIAI-
mix smeMentoB (M mxatxoBa [1]).

10. B m. 13.2 gokasaHo, 970 3jeMeHTAapHAs TeOpHA Kiacca BCeX
MOIyrpynll HepexypcuBHa. B xHmre Tapckoro, MocTOB-
cRoTo nP.Po6nrnucorna [1JuBo6cpe Epmona,JlaB-
posa TafimaEosau Tastqanmuma [1] mogpobEo Hecmeno-
BaHH HJIeMeHTapHHe TeOpHH MHOIEX BA'KHHX KJIACCOB MOfeNel H ail-
reGp. HeroTophe n3 0THOCAWNXCA CIOfA PE3YIbTAaTOB YKazaHK B 9TOIT
I cHegyOIMUX 3afadgax.

ITokasarp, 9TO daeMeETapHAA TeopuA Hoayrpynnu {N; > peryp-
ciupHa (IIpecoyprep, ¢cM. Epmos, Jaspos, TaliMaHOB 1
Tattgnua [1]).
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-11. CoBOKynHEOCTh BCCX 1ICTUIHEX aGCONIOTHO 3aMKHYTHX (0 PMYII
2-#f crymeHi, Ie cofepsKalluX QYHKOIOHANBOLIX CHMBOJIOB W COJepIKa-
IIAX 713 OpPeANKaTHHX CHMBOJOB JHIIb 3MaK PaBeHCTBA M OXHOMECTHEIE
IpeUKaTHEe CHAMBOJH, SfBJAeTCA peKypPCHBHOII.

12. DaeMeHTapHHE TEODPHN KOJBOA BCeX HeHCTBHUTOINBHHX YHCEN
(C;" -, X» 1 Koibma BCeX KOMIJeKCHWX gucel pekypcHBEH (T a p-
cxkmimnMaxxnaEcu [1]).

13. DumemenTapHas TeOPNA KoJbma BCEX HENHX YHCelI HepeKyp-
CHBHA.

14. OnemeHTapHas TeopHA HONA BCeX PamHOHAJALEHX UICEN Hepe-
KypcusHa (10, PobuEcom).

15. OmeMeHTapHHE TEOPHE BceX MerTa(eleBHIX IPYIN H BCeX KO-
HeuHHX Meraleneskx rpynn Hepaspemumu (M axsmen [1]).

16, OnemenrapHEIE TEODHH BCeX KOHEYHHX CHMMETPHYECKHX TDYHI
1 BCceX KOHeYHHX NPOCTHX Tpynn Hepaspeurums! (E p m o B [1]).

17. ToBopar, 410 npegaxar P (zy, ..., &), ONPCAeNeHHHI Ha
MEHOKecTBe HaTypaJIbEEX ances N, DpuEagnexnr kiaaccy P, Aepapxead
Huuem, eclm ero MOMKHO IPEACTaBHTh B BHLE

P(r)& (Vo) (3n2). . .(Vn,_y) (3n,) (F (x, ma, . . ., p,) = 0) (s ermO)

HJIH COOTBETCTREHHO B BHIO «
P(r) & (301) (V9). . . (V95_y) (Fp) (F (5,01, ..., p,) =0) (s megerno),

roge F (X, 91, - .., hs) — DOgXomsmas oOmepeKypcHBHaA QYHKOUA.
Ilpegnyar P HasmBaeTcd NPHHAJIEKAMEM KiIaccy @, ecaum | P Opn-
Hapae;snur knaccy P;. Haxomen, rosopar, 9aro npepmxar P OpHEapie-
AT xnaccy R, ecm P OpHHafIeKAT OQEOBPeMeHHo KiIacey P m xiac-
¢y Q. Orciofa ciaeryer, 910 Kiaace 2, coBIAiaeT ¢ KIacCOM BCeX PeKyp-.
CHBHO IePEUHCINMEX OPeNHKATOB, a Kiacc B; — ¢ KIaccoM peKypcCliB-
HHIX OpegmKaros. Jlalee,

P5CPS+17 PSCQS-)-I’ ro Ps{_l) QSCQS'{'-I’

IIpu nmomomu EyMmepanuOHEHHX QyEKmuit C", C,; Jerko [OKasH-
Baercd, YTO KaykgHH Opemmkar P (r) xmacca P mpepcTaBmM B (dopme

P (r) & (VY1) @Ya). .. (YY) @Y ) (E (1, Y1, ..., ¥,) =0)

(F — oGmepexypcnpHas QYHEKOUA) A7 YeTHHX § I B aHaJOTI9HON dop-
Me AdA HeYeTHHX §.

18. OovepuHeHNIE KilaccoB P, P, . . . coBnafaer ¢ KIACCOM BcexX
apudMeTIIecKIX OPeInKaToB.

19. Hapsany c mepapxueil KanHEI nHorma paccMaTplBaloT 11 apud-
MeTIYecKyIo 1fepapXxmio. A JMMEHHO, I'OBOPAT, 4To QopMyIa BHfa

Q). . . (A a (ks 9. .09,

rae cmBoAH Q; 03HaZaloT KBaHTOPH V, 3, Q; = Qiyy, i = Fiyy » - -
. yimi>, 9 — apudmermueckad Qoprmyaa, He cofep;kamas KpaH-

TOPOB 1, CIeHOBaTelbHO, IOCTPOEHHAd M3 NpegMeTHHX COMBOJI0B 0,
1, zy, . . ., Tn, Yij; PYERINOBAIBHKX CHMBOIOB -1, X H JOTITYECKIX
coMBonoB =, &, \/, |, mMeeT O Q; . . . Q,. Hampmiep, dopryra

(Vzy) Qu)(Vo) (z +y =0V (z + ) (w + v) = 0)
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iveer Mo V3V. OmopenelfleHENE Ha HatypaiabHOM pARe mpemuxar P (x)
HasKBaercA OpepuraroM Tana Q, . . . Qg, ecIm cymiecTByeT Takasa apud-
mermaeckas gopmyna 9 () maEHoro rtmma, 3to P () & a (r), rHe
9 He comepiRAT CBOOOXHHIX MpefMeTHHX II€PEMEHHHX, OTIHIHHX OT
Zyy » o oy Tp. Raswperl apudMermaeckmit npegmxar tuoa (V3I)S opmHap-
ne;kAT Kaaccy P, mepapxum HimHE ¥, aHaXOTEIHO, apHEQMETHIECKHO
npegukare tHOOB 3 (VI)S, (VI)SV, (IV)® npmEajgIesKat COOTBETCTBEH-
g0 KaaccaM Py, Qggyqy Qps.

20. B m. 16.21 O0Ka3aHo, 970 KKK PeKYPCHBHHE OpequKar nve-
er ofHOBpeMeHHO THOH V3 m 3V. Ilosromy mpemmkar xiacca P,; 3aBe-
nomo mMeer tHm (V3I)EV,

21. M=uOo)XecTBO HAaTypalbHHEX dHced M HMeer HaHHHE KJIacc B
mepapxug HIInHN, ecilE 3TOT KJIacC HMeeT COOTBETCTBYIOMEN OJHOMECT-
BHH DIpegmKar. AHaJXOTEYHO ONpefeNsAercA U apHPMerwueckmil Tmmo
MHO;KecTBa. Il0Kasdarh, 9T0 MHOMKECTBO HOMEPOB 3aMEHY ML HCTHHHEEX
apudmermuecknx gopmyn tuma (V3I)® mmeer Kaace P, tHOa (3V)S
nMeer Kaace Quq # T. f. OOparHO, KamkKoe MHOKeCTBO Kiacca Py, mMe-
er tum (V3)Y = T. A,

22. Jlerxo BHperh, YTO eci OH [JIA HEKOTOPOTO § Bce MHOKECTBA
Knacca P, mpuHafje;xald KjIaccy Q HJIH BCe MHOJKecTBa IKiIacca
NpHHAJIEKAAN Kiaccy Pg, TO BCe BHCIIEE KAacCH Py, Pg,, .. .
coBIafadd OH M, cJIefoBaTedbHO (CM. OPeNHAYILYIO 3afavy), COBOKYI-
HOCTH HOMEPOB BCOX HCTHHHHX apHEPMeTHuecKrX GopMyJl OuIa OB apud-

mermaecxolt. Taxmm o06pasoM, ais Kasxmoro s Py Z Qs, Qs & P; (reo-
pema mepapxun Kimem) (cM., Banpumep, [ e B u ¢ [1], c. 156).

23. ITlepecedenne H O00BOIVHEHHe KOHEUHOTO YHCIA MIOMKECTB,
OpuHaLASKAMUX OXHOMY H3 KiaccoB Pg, Qg R, OTpHHANIEKAT TOMY
e Knaccy. Hiace MEomecTBa He MeHAeTcA OPH B3aHMHO OFHO3HAUHHIX
PPRYPCHBHHEX O0TOOpayKeHUAX HaTYPATHHOLO PARA Ha ce6a. Ecmun M, —
MIfO3KecTBO JeTHHIX dmceli, EMeiolee KIacc P, I He IPHHAJJIeKalee
K1a0cy s, a My — MHOKecTBO HeUeTHHIX JHcesI, HMelomlee Kiacc
H ¢ OpEHafIe;xaimee Kxaccy Pg, to M {J M, upuHajfiexuT Kiaccy
R,,, m He mpuEapiexur KaaccaM P, Q.

24, Ecnm P (z, . .., Ty,) — OpEfAKAT OFHOTO 113 KjaccoB I{JmHEN
o f(zy, ... 2Zp) — o0uePeKypcHBHasA (VHKOIA, TO IpegEKar
P(f(zy, . «y Tn), Ty, + « «y Tpy) IPHEANIIEIKAT TOMY e KIACCY, ITO ¥ P,

25. HmaccoM 9acTiMHEON (QyHKmEN HasHBaeTca Kjacc ee rpadm-
Xa., Kmacc mpemmkara copepsKnTcs B KJacce ero XapaKrepIcriruecKoil
dyErouu. Ecan npegnxar xiacca Pg min Kaacca g, T0 XapaKTeplicTi-
uccKasd QYHKIONA 3TOr0 OpefiKaTa JeuUT B Kilacce R,;.

26. Ilokaszath (GOpPMYyHIH

Bz <2) (YY) P (z, 9, u) & (Vy) (32 <37) P (2. T (y, 7), 1),
(V2 <C2) (Fy) P (2, y, w) & (3y) (V2 <2) P (2, T (y, 2), ),

rme P — npousBodbEmil npegukar, I' (z, y) — QyERuna T'égens.

27. Cymepmo3ugua BCIORY ONpefefeHEHX (YERmuil xmacca Ry
OPIHANEKAT TOMY iKe Kiaccy R ’

28. Ecan ¢yermona f (z, y, z) UpEEafIeANT KIaccy R n yHEKmms
g (z, y) = W (f (=, y, 2) = 0) Bclony ompepieIera, T0 GYHEKOHEA g OpO-
Hame;RIT TaK:kKe Kiaccy £ (cM. GopMyJH, YHasaHHHe B 3agaze 26).
I3 broro pesyabrata m pesyibrara, YKazaHHOTO B Ipepsaymell 3a-
ilaue, BEITEXKAeT clAeXylomlag meopera Ilocma o reanmopnom npedcmae-
“enuu: eclI BCIOAY omperedeHHbie (VEROUL fi, . . ., [, HpIHAHIesaT
wiIaccy Rg T0 Kampmasd BCIOAY ompefelleEHAd (YHKIUA, pexyPCHBHAA
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OTHOCHUTENHHO f, . . ., f5, IPAHAIEKAT TOMY 3Ke Kiacey By (K o 5 1
[31, c. 261). :

29. XapaxrepucTauecKas (YEROHA JI060T0 npefHKara Kiacca
R, , DPexypcuBHA OTHOCHTENLHO XAPAKTEPHCTEICCKAX (YHKmmil mOX-
XOOANNX IPeEUKATOR, AMeIoMAX KiaccH Py i coorBercTBeHEO Q.

30. ITycrs Y — samrEyTas ¢opMysNa HCIECIEHAS OPefEKATOB
1-# c1yIeBHm, HCTHHHAA HA HEKOTODOH MOTedH ¢ GeCKOHEIHRM YHCIOM
SJIEMeHTOB ¥ COJepsKaliasd MOMAMO JOTHIecKHX 3HAKOB (BKIOYasg 3HAK

PaBeHCTEA) emle JWIIb OpefHKaTHEe CHMBOIH Ay, ..., 4,,. Torga Ea Ha-
TypasnsEoM paAge N cymecrByror Takne npemukarst A, . . ., 4%, xnacca
R,, w10 opmyna ¥ scrmema ma mogemn <N; AS, ..., A%> (Kuumm
[3] c. 349).

31, CymecTByloT YZORIETBOPAIONHe YCIOBHAM IpeREIAyDLei ‘za-
paun Gopmyam 9, KOTOPHE IOKHH Ha 060l Momenn (N A‘{, Ce

‘.., A, mpemuxaru koropoit AY, .. ., A, npumagmemar knacey PylJ

U@, Mocroseruit [1]).



TITABA VI

BAPUAHTBI MAIIINH U AJTOPUTMOB
\ ~ ThIOPUHTA — IIOCTA.

B sT0# raaBe 6ygeT m3ydeHO HECKOJBKO KJIACCOB AJT0-
PHUTMOB, OTIMYNLIX OT KJAcCCa AJTOPUTMOB, BHIMOTHAEMEIX
MampHaMy ThIOpmiira, 0 JIOBOALIO OMM3KUX K HMOCIACLHEMY.
B § 14 paccmarpusarorTcs HOpPMadbHBE AJTOPUTMEL, OIEpa-
TOPHEE ANTOPUTME ¥ TaK Ha3sBaeMble nponykmuu Ilocra,
a B § 15 — MHOTO/NIGHTOYHHE MaNIuHE THIOPHHTA, NBYXJCH-
TOYHHIE MANINHE ¢ HEWSMEHMIOMEMUCH COCTOSHUAMN HYEEK
(mamuaEr Musekoro) n nmpopyknuu IlocTa cmemumambHOTO BU-
Oa, ussecTHHe mon mMeHeM TAT-cmereM. YKasamHBIE KIacCH
AJITOPUTMOB Hauboliee UaCTO BCTPEUAIOTCH B TEOPETHUSCKUX
OPMIOMKEHUAX, eClH HE CIUTATE AJTOPUTMOB, OCYMECTBIAC
MHIX KOHETHBIMU aBTOMATaMu, KOTOPHE B JAHHOII KHHATE HE
paccMaTPUBAIOTCA W COCTABIAIOT MPEAMET 0c000ll ofmacTu —
TEOPHN KOHEUHHIX aBTOMATOB.

§ 14. HopmasnpHiie 1 omepaTopHble AITOPUTMbI

Kammgoe MraoseHHOe COCTOSHEE Mammasl ThoOpuUHTa
eCTeCTBEHHO OMNCHBAaeTCH Mub0 MAITHHEHEIM CJI0BOM, Mu00 Ha-
TYpPAJILHEIM UHCJIOM — HOMEPOM MAINIWHHOTO cjoBa. B cmiay
BTHX ONWCAHUWE HEPexXofy MamuHH THIOpPHHETa #3 OFHOTO
COCTOSIHUA B NPyroe oTBeIaeT Aufo OUpefesieHHoe mpeobpa-
30BaHNe MAIIMHHOTO CJ0Ba, Ju60 COOTBETCTBYIOMmMAA Omepa-
oua HAL TAcIoM. AHaiH3 npeobpasoBaHAR CI0B HEMOCPEHCT-
BEHHO IPUBOJUT K MOHATUIO aJITOPITMA, 3aJAHHOT0 MPOTIPaM-
MoH mMOJCTaHOBOK, ONACAHHOMY BHOIE B I. 12.1, u ¥ moEATHIO
HOPMAJBHOTO anTOpHTMA, BBegeHHOMY A. A, Map K o-
B M [2]. AHanu3 omepaguil Hag HOMEPaMHE MAaNINHHKIX CI0B
HeNnoCPeJICTBEHHO MPHBOXHAT K IMOHATIIO OMEPATOPHOTO AJro-
parvMa B a® X ao [1]. Vsnomenno Beex 9TAX MOHATAR ME
npenmolLIeM HEecKOJbKO 3aMelaHuil o eme Gojee ofmeM mo-
HsaTnE PopManbHoll CACTEME Wi (OPMaNbHOr0 HCIHUCICHHS,
HrpapmeM BA/RHYIO POJb B JOTTIKE U APYIHX pasfgerax Ma-
TeMaTHKIT.
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14.1. ®opmamputre cucrembl. llponywkmam Xoera. @op-
MalbHasg cucTema 3ajlaerca csomM aidasmroM C = {c,
€93 + + » Cp} W KOHETHOH COBOKYNHOCTHIO (OIPAaBHI BEIBOAY
P, P,, ..., P, llpmatom npasmiom Brisofa P (n-MecTHEIM)
B anasure C Ha3HBaeTCH HPOCTO IPOM3BOJNBHAT PEKYpCuUB-
Has COBOKYIHOCTE N-OK (£, - .., L) CH0B B aidasmre C.
CoBokymrocTs P 06HTHO 3aail0T KAKHM-HUOYAD «ITPOCTHIMY»
OpaBwiioM, MNO3BOJAIOMEM y3HATH, 06MafgaeT OTPOU3BOJNLHO
B3ATaA 7-Ka CIOB 3aaHHBEIM IPH3HAKOM P winm Her,

CioBo ¢ Ha3BIBAETCHA HEMOCPENCTBEHHHIM CJIENCTBUEM U3
HEKOTOpO# coBOKymHOCTH ciaoB U, cmMpodmiueckm U [ 7,
eCIIM BOBMOYKHO yKa3aTh TaKoe mpaBuiio BHBOHa P; m Takue
CHOBA 1, . . ., Gy B COBOKYIHOCTH %, 9TO mMOCIEHOBATENb-
HOCTE @y, . - ., Gy, £y OpuHALISIRAT P;.

CnoBo ¢ HasnBaeTCH CASNCTBUEM H3 COBOKYIHOCTH ¢aoB ¥,
cumBonmIecKE U |— L, ecau MOMKHO yKasaTh TaKyH KOHEI-
HYI0 MOCJIEH0BATEIBHOCTH CJIOB %y, . . ., £z, 9TO

it t: L1 {ax; 31} t: Loy o0y {%1 £1, .0 0y El} t: L.

JlonoMHEUTENBHO WOJIATAIOT, YTO Kajkgoe CI0BO eCThH He-
IOCPefCTBEHHOE CiIefcTBuUe camoro ceba. Tawkum oGpasom,
ecam r = %, 1o ¥ = r.

BumecTo «r ecTh caemcTBue m3 COBOKYOHOCTH Uy TOBOPAT
TaKIKe, ITO ¥ 680duiro us Y (B JaHHOHE opManbHOd cACTEME).

W3 oupepencEma opManibHOR BHBOZAMOCTH HEMOCPELCT-
BEHHO BHITEKAIOT CAEYIOIHe ee cBoHcTBa:

a) Ecauf —ru¥ B, moB g -

6) Ecau Y |—z u {¥, t} -9, mo ¥ |—1.

B) Ecau cao60 ¢ eueodumo us nekomopoil 6eckonewroil coso-
rynnocmu ¥ ca08, mo ¢ 6u600UMO U3 HeKOMOPOL KOHeuHOl
nodcosoxynuocmu cosorynHocmu .

IIpmvepaMu GopMadbHHIX CHCTEM MOTYT CIYKHUTH acco-
OUATHBHEIE HMCIUCIEHUA, paccmorperune B m. 13.1. IlycTs
€ — acconuatuBHOe meImeaennme ¢ agdasnrom C U ompeIenao-
mEMu cooTHomermamu a;=5; (i =1, 2, ..., ). Kaxpgomy
COOTHOMIEGHHIO ¢; = b; CTaBmM B COOTBETCTBHE ABa GUHAPHEIX
mpasmia BeBofa P; u P;, momaras P; (r, §) HCTEHHEIM, ecilm
CIIOBO ) MOKeT OBITH MOJYIEHO U3 ¢ MOACTAHOBKOH B ¢ CJIO-
Ba b; BMecTo KaKoro-mmOyns BXOMKIEHEA 4;, U OUpENeNds
amazormaro P; (r, 9). fcmo, 9r0 B QopmambmOBi cucTeMe
¢ andasuroMm C m mpasmiaamm BHBoma Pj;, Pii=1,2,...

<+ ey b))z}~ 9 TOrmA O TONBKO TOTHA, KOTHAA ¥ = P B 3ajaH-
HOM acCONUATUBHOM HUCIHCHCHUU.
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[Tycts % — HeKoTOpas COBOKYIHOCTH CIIOB (hopMaibHOM
cucteMsl . Dopmasvnuim Jorasamesvcmeom Ha OCHOBE
9 masbiBaeTcA Kaskmasd KoHeIHas memodgka Lo, Iy, - . ., Lty
cI0B U3 ¥, objaganmas CAeAYOmUuM CBOHCTBOM:

A Rakporo &, 0 <Ci<Ct, mam g; € U unum
{ro, &1, . -, b} E o

[Tocnenmee cioBo ry QOPMAIBHOTO NOKABATEAbCTBA HA3H-
BaeTcA ero ymeepxucdernler, a BCe PopPMATIbHOE MOKA3aTEIb-
ctBo {%o, %y, . . ., Lzy HABHIBACTCA HOPMALLHELM- 6616000M Ty
us3 go mHa ocmoBe U

Teopema 1. Hycmv §F — kakas-nubyde @opmaiv-
nHas cucmema u W — HekoMOpoe PEKYPCUBHO NepeLucAuMoe
MmHoaxcecmeo caos 6 F. Toeda cosokynHocmb 6cex HOPMALLHLLE
dokasamenbeme 8 [ na ocrnose U makrdice perypcusro nepe-
YUCAUMA.

Homepom mnpousBonbHO# n-Ku €i0B {&y, . . ., Lny HA30-
BeM KaHTODOBCKUE. HOMED YHCI0BO# mMOCIET0BaTEqBHOCTH
e (&), -« - € (2n), n — 1>, e ¢ (zi) — andaBurHEE HoMEp

cioBa ¢;. Ilycrs o (m) — mocefoBaTeIbHOCTS CIOB, UMEIOMAS
HoMep m. Ilo ycioBHIO, CYmecTBYeT NPUMUTUBHO PEKYPCUB-
HaA ¢ymkOus ¢ (z) traxad, gTo ¢ (0), @ (1), . . . cyTs anda-
BUTHHE HOMepa Bcex caoB u3 . Jlna wampmoll KomeuHOM
TMOCJIeNOBATEABHOCTH CI0OB (Lo, ¥y, . . -, £ty MBI MOKEM pe-
MUTH BOIPOC O TOM, ABJISAETCA JU OHA JOKA3aTeIbCTBOM Ha
ocHOBe coBoKymHOcTu U cioB ¢ momepamu ¢ (0), ¢ (1), ...
«..., @(u). Temeps cCTPOEM MOCIENOBATENLHOCTL HOKA3a-
TeABCTB O (Uoo), « (Uy0), . . . TOCPEACTBOM CJEAYIOmMETo
mpomecca.

a) llomaraeM ugo PaBHEIM HOMEDPY [OKa3aTeNbCTBA
{a, a), re ¢ — caoso ¢ HomepoM ¢ (0).

6) Ilycrts [fqokasaTelbcTBA

a(uoo), @ (tyg) -+ -y @ (Uip)s « + oy @ (Ugo)se + oy @ (utp) (1)

moctpoerrn. W3 mocaenosaTensHocTH memouek cioB a (0),
2 (1),...,o(t+ 1) BHOumpaeM Te, KOTOpPHIE ABIAITCA
HMOKa3aTeJIbCTBAME HA OCHOBE COBOKYHHOCTH ¥ CJI0B ¢ HOMe-
pamm ¢ (0), ¢ (1), . . ., @ (t 4+ 1). Ilycrs aTo OymyT mokasa-
TENABCTBA & (Uts1 o), - - - O (Uts1 py.,). X MBI I mpmcoenn-
HsIeM K JoKasaTeascTsaM (1).

flcHO, 4YTO TaK mOCTPOeHHAA MOCHENOBATENHHOCTH FOKa-
3aTedBCTB COMEP/KNT BCE [oKaszaTembcrBa Ha ocEHoBe A.
Unensr aT0il mOCHE;[0BATEABHOCTII CTPOATCH HA OCHOBE FCHO-
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r0 QJrOpPHTMA I IOTOMY COBOKYIHOCTH BCEX ee IJIeHOB pe-
KYDCUBHO IEPETUCIUMA.

Canegmcrsme. B wwobol @oprasvholi cucmeme F
COBOKYNHOCMb €408, GHLEOOUMBY U3 NPOU3EGOALHO20 PEKYPCUBHO
nepevucAuM0e0 MmHoNecmea caoe U, seisemcs pPeKYpCUBHO
nepevucAuMol.

IeficTsureinbHO, coTacHo Teopere 1 coBORYymHOCTH BCex
JIOKa3aTeNbeTB Ha ocHoBe ¥ perypcusiio mepedmeaunma. Ho
TOTAA PEeKYPCUBHO HEPETUCIUMBIMII ABIAIOTCA COBOKYIHOCTD
BCEX [[0KA3aTeJbCTB, HAUAJILHEE CI0BA KOTOPHX HAXORATCH
B U, U HY/KHAT HAM COBOKYMHOCTH BCEX TOCJHEJIINX CIA0B J0-
Ka3aTelheTn, MAaYMHAIOMLIIXCS CJIOBOM 113 A,

Brme yxasbisaioch, Ur0 acCcONUATHBHEE UCYUCIEHUS
MOJKHO paccMaTpuBaTh KakK (OPMAIbHBE CUCTEMB OMPEfelen-
Horo cnemmanbHOTo Buma. Celivac Mbl omumem (GopMaiabHbIe
CUCTEMEI eme ABYX CHEI[MAJBHEIX BUAOB: CUCTEMBI IOMCTAIIO~
BOK, Ha3pBaeMble MHOTHA moiycucreMaMu 1y» HIH CHCTe-
MaMu mody-Tys, U CHCTEMH IPOAYKIMIL.

Cucmema nodcmarnoeor (= NMONCTAHOBOUHAS CHCTEMA) 3a-

maeTcs HeKoTopHM anxdasutom C = {¢1,¢y, . . ., €} ¥ GasmC-
HEIMHI TOACTAaHOBKAMU ) ’
a; = bi (l = 11 e ey l)’ (2)

TRe 4;, b; — HEeKoTopsie (BOBMOKEO W IYCTHIE) CJIOBA B anda-
sute C. Rampyo nopcramosKy a; — b; us (2) 6yneMm momii-
MaTh KaK IpaBmiao BHBoOma P;, cuuTas, 910 P; (¢, v) HCTHE-
HO, €CJHU CJ0BO ) MONYIATCA U3 CI0BA ¢ MOCPEACTBOM IOA-
CTAHOBKH B ¢ cjoBa b; BMecTo KaKoro-HUOGY[b BXOKAEHUS
CIIOBA 4;. '

Orcrona HemoCpPeRCTBEHHO BIHO, 9TO ACCONMATIBHOE HC-
ygcaerue ¢ andasnrom C u onpeneasomuMu COOTHOLISHILAMM

aiEbi(i=1,..., 1)

MORHO paccMaTpupaTh KaK CnCTEMy MIOACTAaHOBOK C fasuc-
HBIMU OOICTAHOBKAMI

a;— by, by — 4,

Taxmm o6pason, crcTeMa MOACTAHOBOK (2) COREPKOT Kak Gbl
JAMb «HOJOBHEYY MOACTAHOBOK, CONEP;HAMUXCH B accoljna-
TABHOM HCYMCHCHUH ¢ COOTBETCTBYIOM[IMI OMNPEREIAION M
COOTHONISHIIAMII.

AcconuaTusHbe HCYHCICHOA WHOTHA HA3BBAIOTCH CICTE-
mMamm Tys B d9ecTs HopBe:kCKoro maTemarmka Axceas Tya.
B paGoTax KOTOPOTO, MO-BHALMOMY, BIIEPBbLIE GH.Ta OTIETIINBO
copyyImpoBaHa OpPoGieMa PaBEHCTBA CJIOB 3 ACCONHATIB-
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HHIX MCYUCIEHUAX. ITO W A0 IOBOJ CHUCTEMBI MONCTaHOBOK
Ha3BIBATh nosycucmenmamy Tys winm Jayke (CHCTEMAME MOIY-
Tyan. _ .
Ilycte & — cucrema momcTaEOBOK ¢ andasuroMm C u. Ha-
3ucEbMY nofcTaroskaM (2). Cioso g B andasure C Ha3biBaeT-
¢ 3arAouUmenvHulM 6 cucmeme S, ecnu HW OXHO U3 JEBHX
CHIOB @Gy, . . ., 4; HOfCTAaHOBOK (2) He BxopmuT B 4. 'opopsT,
qTo cucteMa (2) nepepabamvigaem €ioBO ¢ B CIOBO 1, eciau
/— 9 u cIOBO P BaAKIIOUNTENIBHOe. MOIMKET CAYyIUTHCH, ITO
BJS RajKEOTO CJI0BA ¢ U3 HEKOTOPOTO PEKYPCHBHOTO MHOKe-
ctBa M cymecTyeT He Gojiee OMHOIV 3aKIIOIUTEIBHOTO CI0BA
Y, YEOBJIETBODABMEro. cooTHomeHuio ¢ |— Y. Torma, crama
CTOBY ¢ B COOTBETCTBUE CJIOBO 1), HOJAYIUM IaCTRIHYIO PYHK-
muio Ha M, KoTOpas HABEIBAETCHA (YHKIHEH, BHIIUCITEMON
cuctemoit &. IlockoneRy MHOMecTBO nmap cios g, ), yA0B-
JETBOPAIINUX COOTHONIGHUIO ¢ |— §), PEKYPCUBHO nepeIuc-
JAEMO, 8 MHOKECTBO BCEX 3aKIIOUUTEABHEIX CJI0B PEKYPCUB-
HO, TO yHOMAHyTag (QYHKOHA 3aBEIOMO YaCTHIHO DPEKyPCHB-
Ha. IIporpaMma IOACTAHOBOK, OTBEYAOmAs MamuHe THIo-
pHUHTA, HOKA3BBAeT, YTO NPH HANJIEKAMEM KONUDOBAHUU
Yucesl IPA MOMOIME CHCTEM MOACTAHOBOK MOMHO BEIHCIUTD
A106y10 YACTUIHO PEKYPCUBHYI0 (QyHKOUIO.

Cucmema npodyryuil ITocma 3amaerca cBoumM aidaBuToOM
C={c, ..., cp} U cucremoil GasucHHX OPORYKIU

aiW‘-* sz (L = 1, v ey l), (3)

rae 4;, b; — Kakue-To cmopa B andasmre C. IlycTs HexoTo-
poe CJIOBO ¢ HAUWMHAETCH CJOBOM d;. IIpomssecTu Ham ¢ mpo-
aykmumo a;W — Wbh; — 5To 3HauuT BHYEPKHYTH U3 [ Ha-
YaJLHEA OTPE30K ¢; M 3aTeM K OCTABIIEMYCs CIOBY IpUNU-
caTh cmpaBa cioso b;. Haupumep, mpoussens Ham CI0BOM
aba mpopyrnuio abW — We, nmonyumys ciioBo dac.

Rampaa cuctema mponyxrnuil (3) o6pgEO MOEAMAETCT KAK
dopMansHasg cmcTeMa ¢ OmpaBmiamu BEBoma P; (I =1, ...
..., 1), tme P; (¢, v) cunTaeTcd UCTHHHEM, ©CIU CIO0BO 9
HONyYaeTcsa H3 ¢ IPH HoMmomn Ipoxnykomm &;W — Wh;.

Cnemylomas mpocTas TeopeMa IIOKa3HBaer, UTO JIOGYI0
CHCTEMY HO[ACTAHOBOK MOYKHO «BIAOKITHY B CHCTEMY IMpO-
RYKOHH.

Teopewma 2. ITycmo sadana cucmema nodcmanogor &
¢ 6asucwumu nodcmanoekanu (2) u argasumon C = {c;, . . .

.y Cpy. Paccmompum noewii asgasum D = {c, . . ., Cp
Crs v v oy c;}. ITycmv o' o6osmawaem caoso, noayraiouieecs
us caosa & 6 C samenoil ecexr ezo Gyre coomeemcmeyOUUNL
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wmpuzosannumy 6ykeamu (nanpumep, (cicy) = cic}. 060s-
nauuxm uepes P cucmeny npodyryuil ¢ asgasumon D u 6a-
3UCHBIMU NPOOYKYUAMU

aGW—>Wh (i=1,...,10),
;W — We;, _ ¢ (4)
C;W—‘* WC]' (] Tt e e ey P)

Has aw0bviz d8yx ca06 t, v 6 asasume C omuowernue ¢ -+—9
ucmunko 6 cucmeme nodcmanogor S mozda u moavko
moeda, K020a 0HO UCMUKHO 6 clcmene nPodyryul P.

B camom gene, HemMOCPEACTBEHHO SCHO, YTO €CJIA CJOBO 1)
B C moayvaeTrcsa H3 CJ0BA § MOACTAHOBKOH ¢; — b;, To 9
MOIKHO NOJYIHTH U3 I COBOKYHMHOCTHIO HPOAYKOumi Buma (4).
Ilosromy us t |—9 8 & cnenyer t [—v B P.

OfpaTHo, mycTh 711 HEKOTOPHX CI0B &, 9 B aindasute C
umeeM ¢ |—'9 8 P. Torga HaiifeTcs KOHeUHASA HENOTKA CJIOB
1, %2 - . ., £t B audasmre D Taras, 9To B IeIOuYKe

E=20, % ..t bt =9

Kaykoe CJI0BO [;4; IMOJYIAETCA W3 NMPEOHAYmero cjiosa &;
MOCPEfCTBOM KaKoH-To u3 mpogykmuil (4). MEgyKmueid mo i
JeTKo y6erkaaeMes cHadana, 9To KaKH0e CI0BO I; UMEET BUL
T = Db wiaum p; = g'ii)i, TRe Y;, §; — caosa B andasure C.
Tomaraem (p3')* = (v'3)* = 9. IIpocmaTpmsas mponyrmmA
(4), cpasy jxe BmguM, YTO A Kakgoro i ambo (r;)* =
= (£;41)%, nub0 (r;+;)* momymaercs m3 (r;)* ommo# u3 mom-
cTaHOBOK (2), 4To u TPeGoBaNOCH.

CaepcrtBue. Cywyecmeyem maras cucmema npodyk-
yuil P, 6 Komopoll Cco80KYNHOCMb 6Cex CA08, 6LB0OUMMT U3
nodzodaugeeo PuKCUpPO6ARHO20 CA08G &, ABASEMCA HeDeKyp-
cuBHOiL.

B camom meme, nyets 4 (£) — acconmaTHBHOE HMCUHCIIE-
mue ¢ anpasnroM {0, 1, go, ¢y, . . . ., gn, ¥} = C, B KOTODPOM
Hepaspenrmia npobiaera paBeHCTBa CIOBY ¢v. Takoe ucauc-
meHue GBII0 MOCTPOEHO B 1. 13.1. O6osmaumym uepes § cucre-
My nponynunen caxgasurom D = {0, 1,90, . . ., gn, v, 0, 1/,
oy + + oy Qur V'), TOAYHAEMYI0 L3 ACCONHMATHBHOTO HCIHC-
JEHHA IPOMEeCcCOM, OUNICAHHEM B TeopeMe 2. Torma coso-
KYOHOCTH TeX ¢lioB B aiadasuTe C, KOTOPHeE BHBOIUME IPO-
OYKOHAMO H3 CI0BA go, OYAET COBOATATH C COBOKYIHOCTHIO
BCEX CIOB, 9KBHBAJEHTHHIX CJIOBY ¢or B mcumnciennu 4 (%).
Tak kar moCIefHAS COBOKYUNOCTL HEPEKYPCHIBHA, TO HEPe-
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KYDPCUBHA B COBOKYIHOCTS BeeX ¢jioB B asndasute DD, srBomu-
MBIX OPOAYKIOUAMU U3 gyU.

14.2. Hopmaususre axropatmel. DumkcupyeM KaKod-Hu-
6yop ampaBuT A u TYCTh CUMBOJBI — U - HE BXORAT B A.
Cregyas MaproBy, GopMymbl Buga

a—>b, a— -, (1)

rae 4, b — kaxkue-EUGYAbL ciaosa (BOBMOKHO W IyCTEHIE)
B andasure A, 6y[eM Ha3BIBaTH COOTBETCTBEHHO NDOCMBLMU
Il 3aKAIUUIMeAbHEMY (QopMyTaMu nomcTaHOBoK. CioBo ¢
OymeT Ha3BBATHCA JIEBHIM, a CJI0BO b — mpaBHIM CcI0BOM
dopMyIEL.

TIpousBonpEAas KOHEYHASA MOCIETOBATENBHOCTS (OPMYII
NOJ{CTAHOBOK HABBIBACTCH crenmolt. Hopmasvrm arzopumatom
¢ dannoti cxemoti ¥ B andasure A Ha3HBaeTCA CIENYOIEe
npefuucanue AJAA nepepaboTKu ¢iIoB B ajndasute A.

Tlycts 3amaBHO mMpou3sBOJBEHOE CI0BO ¢ B ajdasure 4. Ilo-
jJaraeM 10 ONPEfieNeHuI0 Yo = ¢ W TOBOPUM, ITO CIOBO Lo
HOAYYAeTCA W3 CJ0BA ¢ HOCJHe HYJIs IIAroB mepepaboTHu.
IlycTh maa HEKOTOPOTO HATYPAABHOTO 7 HAM YK€ W3BECTHO
CIOBO !,, HOJYYEHHOE U3 ¢ WOCTe 7 INaroB mepepaboTKuL.
Torpma (n + 1)-# mar mepepaboTkm 6YRET COCTOATH B CIAENYIO-
mux pedcrsuax. B cxeme U mmem mepsyo gopMydy mopcTra-
HOBOK (1), meBasg 9acTh KOTOPOH @4 €CTH MOJCJIOBO CJIOBA &y,
Il 3aTeM B [, BMECTO IEePBOT0 BXOKAEHUA ¢ IOJCTAaBIAEM
mpasoe ciaoBo D »To# gopmynsl. Bosmmkmiee B pesyibTaTe
MOACTAHOBKIT CI0BO 0603HATAETCH I€Pe3 Lpy1. KCIU HCHOIB-
30BaHHAA [Jf MONYICHUA L,.1 POPMYyJNa MOACTAHOBOK Obiia
OPOCTOH, TO TOBOPUM, UTO Lni1 €CTH CJI0BO, MOJYUANOIIEECH
n3 ¢ nocae n + 1 maros mepepaboTku. Ecau ke ykasammas
dopMyna momCTAHOBOK OBLTa 3aKIIOUUTENIBHOH, TO CIOBO Iji1
HA3BIBAGTCHA pesyAbmamor MepepadoTKU clioBa ¢ MOCPENCT-
BoM anroput™a U um obosmauaeTcs cumsoxoMm U (r).

Mosser cayIETHCS, 910 B cxeye ¥ He oKaskeTcd HU OXHON
$OpPMYJIEl TOACTAHOBOK, JEBOE CIOBO KOTOPOH BXOAHT B Ra-
YeCTBE MOMCIOBA B CIOBO I,. B 3ToM ciyuae MBI mojaraeM
Tpe1 = Tp I TAK/KE TOBOPHM, UTO Lnp:1 €CTH Pe3YJIbTaT Hmepe-
PadoTKE cjaoBa ¢ mocpencTBoM aaropumrma A. B ofoux mo-
CIeIHAX CAYYasgX COBOPAT, 9TO MPOLECC mepepaboTKu CIoBa
obpreaemes nocixe (n+ 1)-ro mara. Ecam npomecc mepepa-
60TKE CjaoBa ¢ HI Ha KaKOM mare He OGPHBAETCH, TO TOBO-
PAT, 9TO pPe3yabTaT mepepaboTKO CJI0BA ¢ IOCPEACTBOM all-
ropuT™a He onpedeser. B aTOM mociemHeM ciygae CHMBOIY
A (r) npuomcHBaeTca HeonpedelenHoe 3HAYCHHE.
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B ¢opmynax momcramoBok (1) cmoBa 4, b MoryT O6HTH
OyCTEIMH. B ¢BASE ¢ 9THEM BO3HEKAET BOHMPOC, ITO 3HATUT
B JAHHOE CIOBO ¢ HOACTABHTHL B BMECTO mepBOr0 BXO:KACHUA
B ¢ mycToro caosa ¢ = A? [lo onpegenenuo momaraiT, 4To
pe3yabTaToM YKA3aHHOH IMOACTAHOBKU SBJASETCA CI0BO br.
Hanpmmep, sHopmansBHE anropat™™ U co cxeMoH, cocToamen
IEmME B3 ofHOH (GopMyss A — -G, KajKmoe CIOBO ¢ mepepa-
GaTHBAGT B CJHOBO aF.

Brime ompemeneno moHATAE HOPMalbHOTO alTOpHUTMa B
andasure A. Ecau anropmtv U 3agam B HEKOTOPOM DaCHIH-
peHuu angasmra A, TO TOBOPAT, 4T0 Y €CTh HOPMANBHEIY aJ-~
roput™ Had A. OpHOMecTHAS JacTWYHAS CIOBapHasg (yHK-
mas F (r), sagammas B andasmTe 4, Ha3HBAECTCH HOPMAALHO
BUYUCAUMOL, €CITH CYIECTBYET HOPMAJBHEIH anroputM ¥ Hap
angasuToM A Tako#, 4TO [A KaKIOT0 caoBa ¢ B andasure 4
BHIIONHEHO pasercTBO F () = U (7).

B wacrmoctu, aaroput™ co cxeMoii A — - A BEEHCALET
¢yrrnquo F (r) = t, a aaroput™ co cxemoir A — A BHumC-
JfgeT HUTOEe HEe ONpefelleHHY (YHKIHO.

B ravecTse Gomee comepKaTeAbHOI0 IPHAEMEPA PACCMOTPAM
cropapryn ¢ymknumio B anxdasure {0, 1}, sagammy0 dopmy-
aoit F (r) = ra. llycrs U — mopManbsHHE anroputv B Go-
nee mupoxom andasure {0, 1, 2}, umeromuii cxemy

20— 02, 21 > 12, 2 — eq, A — 2.

Bossyem Kaxoe-EuGyap cioso B aagasute {0, 1}, mHa-
opuMep, ciaoso 0110 = z. Ilocae mepBoro mara MEl mOTydiM
caopo 20110. Kampamiii caenyromuil mar mepepaboTkm 6yger
CIBUTATH CUMBOJ 2 HAa OJJHO MeCTO BIPABO U mOCIE 5-T'o mrara
uu Gynem mveTs cioso 01102, KoTopoe mocsie nemonb30BaHTIAL
3aKI0UNTEAbHOA PopMynnt macT caoso 01104 = ra.

TaxuM of6pasom, amropmt xad andasutom {0, 1} ¢ yxa-
3aHHOM cXeMo# BHIUCHAET QYHKOHIO r¢, 3afaHHEYI B axda-
sute {0, 1}.

Mm me §ymeM paccMaTpHBATE §0jiee CIOKHEIE IPHMEDPH,
TaK KaK JEerK0 yCTaHAaBIHBAETCA CIenyomas ofmas

Teopema 1 (Hernosc [1]). Krace nopmaavro
GUHUCAUMBLEL YACTMULHOL HYHEYUL, 3000HHME 8 NPOU3EOALLHOMN
anghasume A, coenadaem ¢ KAACCOM BceX OJHOMECTMHBLL Yac-
MUYHO PEKYDPCUBHUT caosapHuT Bynkyuill 6 aadasume A. -

I mokasaTenbCTBA MOCTATOYHO CPABHHETEH OMpPeelleHIIe
HOPMAJBHOTO AJITOPHTMA C OmpeNejeHmeM aaroputMa Thio-
PHHTA IPH TOMOIIY IPOrDAaMME IOfCTAHOBOK. B camoM geie,
nycts F (r) — mpousBonbHAs TACTHIHO PEKYPCHBHAS CJO-
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papEasg ¢yurnua, 3sagammas B andasute 4. Coriacmo
m. 12.3 cymecrsyer MammuHua Thiopunra £, uMeoman pHEITHER
angasnr {ao} | ) A (a0 — HoBHIi, He BXOAAmuUA B A cuMBOII)
A pEIucafgoman ¢yaxmuio F ().

Ilyers qo, ¢y, ..., gn — BHYTPEHEUE COCTOSHOA I W
§ — mporpaMMa MOACTAHOBOK Aiasf <. 3aMeHAA BXOMSMHe
B § GOpMYIH BUAA §;a; = qoar GOPMYIAMU q;a; — -Gy,
HONYIUM CXeMy HEKOTOPOTO HODMAajibHOTO anaropmt™a U
B angasure A J {ao, qo, . . ., ¢,}. CpaBHUBa"g ommcanus pa-
GoTH MamwEH ¥ u omepanuil, MPeAIMNCEIBAEMEIX AJTOPHTMOM
%, HEMOCPECTBEHHO BUAMM, UTO [JId KasK[Oro ClI0Ba I B
andasure A P (r) = U (). Taxum o6GpasoM, Kammas wac-
TITHO PEKYPCUBHaf CIoBapPHAT (QyHKIUS HOPMaIBHO BHIMIC-
jaaMa.

OGpaTEo, MycTh 3afaH HOPMAJBHEA AJATOPUTM CO CXEMON
Y B andasure A. IIycTb caMBOM ¢o He BXOmuUT-B A. 3aMeHas
rogku B dopmynax A cUMBOIOM go, HPUCOEAUHAS B HagalIe
$opMyNy go— go U B KoHOe GopMynay A — o, MOTYIUM
NpOrpaMMy HOACTaHOBOK (B cmulcme m.12.2). B m. 12.2 goxa-
33HO, UTO YaCcTHYHAA cloBapHas Qymxmusa F (¢), 3amaEHasm
B andasuTe A u BLIIUCAAEeMasd C IOMOINbI0 yKasaHHOM mpo-
TPaMMEL HO[CTAaHOBOK, MBIAETCA TAaCTHIHO pPEKYDPCUBHOI.
Tax xak scHo, aTo ¢ymrnun F (z) m ¥ (r) coBmamaior, To MBI
OPUXOMUM K BEIBOAY, ITO KaiAas HOPMAIbHO BETUCIIMAA
$YHKOUS 9acTHIHO PEKYyDPCHBHA.

14.3. Oneparopusie amroputmsl. Onepamopruii ai2opumat
3aJaeTCA HOCIEN0BATENBEHOCTI0 IPUKAB0B, KAKAHH 03 KOTO-
PHIX UMEeT OIPEHeNeHHBII HOMED W COJAEPKUT yKa3aHMA:
KAKYI0 Omepanuio cleqyeT BHUOJIHUTE HAJ 3aJaHHBIM 00BEK-
TOM W OPHKA3 ¢ KAKUM HOMEPOM CIefyeT Hajnee BEIIOJIHITEH
Haj pe3ymbTaToM AaHHOH omcpamumd. B KadecTBe 0GBEKTOB
Gymem GpaTh HaTypasdbHBEe Ymcda m OyHAeM pPacCMaTPHBATh
OpHKa3H BIA

i: o

(1)

w|a|pl,

rie i — HOMED OpHKAa3a, W — coMBOX (HRCOPOBAHHOI of-
HOMeCTHOH YacTHUHON (JyHKONIH, o, P — HOMEpPA HEKOTOPHX
npuka3soB. BumomrnTh mpnka3 (1) Hag 9meaoM z — 3HAYOT
HafiTn Treso w (z) I gajee nepeidTH K BHOOIHEHNIO HaX W (x)
OPHAKA3a ¢ HOMEPOM O ecin :ke w (x) He ompedeneHO, TO
nepefiTu K BHIIOIHEHTIO HAJ WHCIOM £ HPHEKa3a ¢ HoMepoy f.
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&

Hanpumep, BomonHuB Hay ucioM 24 mpuxas

i:1:6]7)131,

TOJMYIAM Tucio 4 W yKasaHHe BHIIOJHATH Hajee Hax 4 mpu-
Ka3 ¢ HomepoM 7. BHmosHEB ke YOOMsSHYTHE IpUKa3 Haj
gacaoM 23, MoJIyIuM CHOBA THCJI0 23 U YKa3aHUe BEHOJHATH
Han 23 mpuka3 ¢ HoMepoM 13.

Tloaumo mpukazos Buga (1), 6ymeT HysKeH enIe ODpukas

, 2)

i:|cron

KOTOPHA 03HAYAET, UTO BEITUCIEHUS CJIEAYeT OCTAHOBUTH W
9TO UWC0, HAJ, KOTOPHM ClefyeT BLIOOJHUTh Opukas (2),
€CTh pe3yabmam BEIUCTEHUI.

Pesynsrar BEDOAHeHUs: mpukasa (1) mag gucioM r MH
fynem usobpaskats mapoi (z, y), Tie z — MoJyIeHHOE TUCJIO,
Y — HoMep UpHKa3a, KOTOPHH HOJKEH BHTIOJHATHCH Hajee
HaX Z.

I poepanmoli onepamoproz0 aszopumma Ha3BIBAETCS IOC-
JIeNoBaTeJIPHOCTh IPUKA30B BUAA

0

crom |, 1:jwi|eg|{PBils..., s:|lwslas|Bs|, (3)

rme w, (2), . . ., Ws (z) — 3amamAble YacTUIHbIe (QYHKIUH,
ey, Byy - - -y gy Ps — KaKue-To HATYpPaJbHEIE THCJIA H3 MOC-
nemosaTeasrocTn 0, 1, .. ., s.

Ilycrs samamo mpom3BojsbHOE umcio z. IlepepaboraTs z
COTJIACHO YKA3aHHOH mpoTpaMMe — 3TO 3HAYMT BHIOJIHUTH
HAJ T TOCJeN0BaTeIbHOCTH CASAYIOmIX HeicTBuli:

1-i# mr a r: HaxomuM w, (z). Ecan w, (z) ompeneseno, To
pe3yabpTaToM HepBoro mara Gymer mapa umcea (w; (), o).
Ecnu w, (2) e ompenesnero, To pesyiabTaToM mEPBOro Mara
oymer mapa (z, B1).

2-ff mra r: mycThmapa (z, ¥) €CTh pe3yiabTaT UPEeNLAYIero
mara. BeimorHseM Haf z; OPIKa3 ¢ HOMEPOM y H3 Iporpad-
MiI (3), T. e. HaxommyM wy (). Ecam wy (z;) ompeneneHo, TO
pesyasTaToM 2-ro mara 6ymer mapa (wy (zy), ay). Ecamwe
wy (2;) He ompedgeleHO, TO pe3yibTaToM 2-To Imara Hyiaer
mapa (z;, By) o T. I

Ecan ma n-M mare moayunrcs mapa smma (@, 0), To mo
OUpefeNeHA0 Ha TOM mpollecc o0pHBaeTCs I IUCIO ¢ HA3bI-
BAETCH Pe3yAbnamoi nepepabomky OepBoHAYAIBHO YHCIA
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cornacuo oporpamyme (3). Ecau sxe mapa Buna (¢, 0) 5u ma Ra-
KOM IIare He BO3HUKAeT, TO Pe3yabTaToM mnepepaboTKH Z
OynoeT «HeoIpemeNeHHOe 3HAYCHUE».

B nanemeiimem Mbl Bcema OymeT mpumuckiBaTh Homep O
npuKkasy «ctom u HoMep 1 HavambHOMY mpuxasy. OcrampHbe
ke MPUKA3H WHOTHA 6yneM HyMepoBaTh He ToJBKO HAaTypab-
HBEIMU IUCIaMu, HO W TapaM# 9uCej, W CHMBOJAMHU KaKoro-
HUGYns andaBuTa. BakEHO JWmB OgHO: eCHM TPOTpPaMMa
COTEP KUT IPUKa3 '

w ‘ alfl,
TO oHa HOJ;KHA COHEepP;KaTh W TpPUKass ¢ HoMepamu o, f.
Ecam B yooMaryToM IpuUKase QYHKOUs 1w BCIOAY ompeneie-
Ha, TO CUMBOJ f§ HE OKa3EBAeT BIUMHUA Ha TEUCHUE BHITHC-
aeHNE W moTOoMy OGLIYHO He YKasHBaeTCd. lorma OTUIIYT ¥
TaK:

B

ToBopsT, 9To omepaTopHHHE anroput™ A ¢ TporpaMmoi
(3) ewnucasem gacTuanyo GyHKIUL f (z), ecau aaroputm A
mepepabaTeiBeT KayKmoe HaTypadbmoe Uucao z B f (z)
B uactroCcTH, ecnu f (2) HE ompenesieno, TO WpoHecc mepepa-
6oTKE Z corMacHO mporpamme (3) HolkeH OHTH OECKOHSTHBIM

IIpupopa ¢pyEKmuil, BRYUCAUMEIX IOCPEICTBOM OImepaTop-
HHIX aJCOPUTMOB, 3ABACHT, KOHEIHO, 0T TOT0, KaKue QYHKIUD
w; BXOMAT B 3amucy OpHKa30B. [Ipocrefimin daKToM B 3TON
HaTPaBICHUN STBIACTCH

Teopema 1. s moeo umobw vacmuunas @yrEYUS
f () bviaa eunucauma ¢ noMoOWLI0 ONEPAMOPHOZ0 AL2Z0PUINLMA
npozpamma Komopoz2o (3) codepicum auLb YACMUYHO DEKYp:
cugnpte Pynkyuu w; (x) ¢ perypcuerol obaacmbio onpedeie-
nus, Heobzodumno u docmamourno, umobe f () 6viia vacmuuHc
Perypcuenoii.

HeobxopumocTs ycnoBmit oueBumHA, O MBI OTDAHIYAMCSH
IAmb JOKa3aTeNbCTBOM HocTaTouHOCTH HX. flcHo, ¥To axr
TOpOTM ¢ OporpaMMoil

0:

cTOoI

Yy +2l1

BRIUHICAAET HATNE He ONPefeleHHY0 GyEKOouo f (z).
IlycTs wacTmano pexypemsHas Qymkmms f (v) mvMeer Hey-
cToit rpaduk. Torma aToT rpaduk MoRHO TPEICTaBITh B BHIE
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cosokymmoctn map <a (), B> (¢=0,1, ...), tne
¢, P — DOOXORAMUE TPUMWUTHBHO PEKYDPCUBHLEC (QYHKIUH.
O6Go3rauny uepes v (x) BhipaskeHue 2% @ BBeJEM YaCTHYHYIO
¢yaknuo w (z), momaras
= 3z, eclt eXy r 7= o (ex1x),
(2) HE OUPegeNeHo, eCIH eXg X = o (ex1%).
Qyurnua w (z) YacTHYHO pEeKYPCUBHA € DPeKYpCHBHOMR

o6nacTsi0 onpeneaeHus. Jlerko yoeRuTeca, ITO 0NePaTOPHET
AJATOPHTM, HMEIOMUR MPOTPAMMY:

0: 1 wl2||3{;

cTonm

v\z‘; 2:

4:5\0

?

3:\ex1’4

BHYHCAAET Kak pa3 dyrxnuo f (z). B camom meme, BErmoaHUB
HaJ, OPOW3BOJBHEIM YmCioM Z mpukas 1, moaydmM mapy
(2%, 2). Ecau z 5= o (0), To, BemosEuB Hax 2° mpmkas 2,
noaxyaum mapy (2%-3!, 2). Ecaum z 5= o (1), To, BHIOJHUB
Hag 2%-3! mpuxas 2, moaxysum mapy (2%-32, 2) u . g. Ilpo-
mecc MPORoJsKaeTcs M0 TeX Hop, MOoKa, HaKOHEN, MOJYyINTCH
napa (2%-3", 2), mas roropodl z = « (n). Tak kar w (2%-
-3") He ompeneneno, To Hajg dYuciaoM 2°.3" Temeph Hafo BH-
DOJIHOTH MPHKA3 3, B Pe3yabTaTe KOTOPOTo HOJAYIUM mapy
(n, 4). Brmoxrus Hax n npukas 4, moayamm mapy (B (n), 0).
Taxk rar z = a (r), TP (n) = f (z) u, caemosaTesabHO, AJ-
ropur™ mepepabateiBaer 2 B f (z), 9To m TpeGoBaNoch.
TlocTpoerRas BHIG MpOTpaMMa AJS BHUMCICHHS (QYHK-
nuu f (z) okasazach TOBOJBHO TPUBUANBHON BCIEACTBHE TO-
ro, 9To 3amac QYHKIHAR, JOMYCTHMEX B IpUKa3ax, OB 0YeHD
Goapmoii. KEcrecTseHHO, 9eM yiKe 3amac, TeéM TPYAHEe CTPO-
OTH HY:RHHIE mporTpaMmEei. [10oBTOMY HeCOMHEHHHH mHTEpec
OpecTaBAAST CAeAYmas TeopeMa, MAMIODHHEYI0 HHTEPIpe-
TAammo KOTOPOIl Mbl paccMOoTpHM fanee B m, 15.2.
Teopeva 2 (Mumckui [1]). Jas kancdoid uwac-
muyro perypcusroll pynryun f (z) cywecmeyem onepamopHuii
a.1zopum, nPoePaMMa KOMOPO20 COCMOUM U3 hPUKa308 euda

Xc\a\ \, \:‘d‘a‘ﬁ\ (4)
(¢c=2, 3, 5, d =2-3.5),

das awdozo x nepepabamumeaiowuil 2% ¢ 21,

CTOI

?
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Wneivu cnoBamm, miofasg TaCTHIHG pPeKypcusHas (QyHE-
nnd f () BEIECAMMA MPU HOMOMY NONXOQAMEr0 aJlTOPHUTMA,
mporpaMMa KOTOPOTO COCTOWT W3 Npukas3os suxa (4), opu yc-
JI0OBHU, UTO 3HAYEHHS APIyMEHTa H (YHKIUN KORUDPYIOTCH
gucaamn 2%, 21), M3 fokasaTeascTsa Teopemi OyAeT BUIHO,
4To B ee QOPMYMUPOBKE TACIAA 3, 5 MOMHO 3aMEHUTH MI0GHIMA
OPYTUME B3aUMHO -IPOCTHIMY HEIETHHMH THCIAMM.

Ilpesrne Bcero moramem, xar nias moboil Mmamuasl Tvio-
puara £ ¢ ppemnnm aadasurom {0, 1} moxmO mocTpouTh
OPOTPAMMY OMEPAaTOPHOTO AJTOPUTMA, BEIOJIHAOMEr0, IPy-
60 roBOPA, TY 3Ke paboTy, 9To u MamuHa <. M MosKkeM npen-
moJaraTh, 9TO B mpoHecce paboTn MamuHEa £ He HagcTpau-
BaeT nenTH caesa. 1lyeTs qo, ¢y, - . -, ¢n — BHYTDEHHUE CO-
CcTOAHUSA MamuHH L. MTHOBEHHOE COCTOSHHE BCell MamIuHE
% OmHUCHBACTCH MANIMHHHIM CIOBOM

t = bpbra . .. bogiaea . .. a5 (b, ay = 0, 1), (5)

KOTOPO® MH YCIOBUMCH KoTupoBaTs mapoit wmeen (2%-3%, i),
rae

a=ap+ -2+ ...+ a2,

6
bo=bo+ b2+ ...+ b2 ©)

B sasucumocTu oT i m ao MammBa ¥ mepeliger us KoHdn-
rypanun ¢ 3 Komdurypamuio g'. Ilycrs kompurypamums z'
wopupyetcs mapoit (2°-3%, j). Umemo 2°.3¢ saBmcmT oT wm-
cex 2°-3°, i, @, a TWCHO j 3aBUCHT JWIB OT i U @o. IlodTOMY
momarae™M j = & (I, ao).

Ho 4mcio ao cayo ecTs QymEmus dmcaa z = 2%-3%:

0, ecam exyz weTHO,
[£2)
1, ecau ex,z HEYETHO.

Crxenosatensno, ¢ u d 6yayT 3aBmcers ot 2z = 2°-3° m i, maEr
MOReM BBECTH IJf Kaxmporo i = 1, ..., n OBe TacTIIHbIE
QyHKROON W;, Wi, MOJATad TO OMPEALICHHIO

=2°.314, eCTH eXj 2z JeTHO,
wig (2
0 (2) HE ONMPeIedeHo, €CIH €X,Z HEYeTHO, o
7
= 2°3%, eCJ €X( % HeYeTHO,
u’il (Z)

He OnpeIeiIeHo, €CAH €Xy 2z YETHO.
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Paccyorpum omeparophslE anroputM A ¢ TporpaMmoi

0: c'ronl;
L: ] wio | (1, 0) 1*,, 5 wn o (1, )] &
n: | Wno |h(n, 0) |»*|, n*:|wn |k(n, 1) ’ .

Ilapa mpuxasos

i:|wiglh(i, 0) | i* ,, i*:\win b (i, 1) ’

TIepeBOUT YKA3aHAYI0 BEme mapy uuced (22- 3%, i), oTnegarn-
mux KoEUrypamuu ¢, B napy wucea (2¢-3%, j), oTBevaomux
Korurypamuu ¢'. B gactHOCTH, ecim mamuBa § mepepaba-
THIBaeT KaKyIO-HUOY[b» HATANBHYI0 KOHPUIYypaLUIio

by . . . bogaea, . . . ag 9)
B BaKIOIATENBHY0 KOHQUTYpAIUo
dydy—y . . . dogococy . . . Cy, (10)

To anxroputM A ¢ mporpammoit (8) mepepaboraer yucio 2%-3
B ancio 2°-3%, rue a, b Bripasraores dopmynayu (6), a ¢, d
BBIUMCIAAIOTCA Ho TaKmM ke dopmynam mgas (10).

IIpaxrasst mporpasyst (8) conépsxat 6osiee cioskEbe QyHK-
ouu, 9eM Te, KOTOphie yRassBaloTca Teopemoil 2. Hama 3a-
Jaga COCTOUT B TOM, UYTOOBI KayKIHH IpHKa3 u3 IporpaMumsl (8)
3aMEHNTH PABHOCHILHOHE eMy cepmeil mpukasos Buga (4).

1
Paccaorpmy mpaxas i: (wig| j | i* ‘ . Hax 3agama mapa qucen

(2°-3%, i), Komupylomas HEKOTOPYH KoE(urypammo (5) Ma-
muasl £. B coorBercTBIr ¢ PopMyiof (7) MB HOMKHE IPEFK-
Ie BCero y3HaTb, YeTHO @ WAN HeT. [lJas 9TOro mumieM cepmio
TP KA 30B

, 1.2t

|4 a2], 1.1:] x5 :2Ii.3|i.4l.

B pesy abrate sTnx mpnkasos mapa (2°-3%, i) mpeo6pasy-
ercs B mapy (3°-5@-V/2, i.3), ecant a mewetHo, m B mapy (3°- 5972,
i.%4), ecam a verHo. B mepBoM cayuae HaM HaJO JajIee me-
peiitm k mape (2%-3%, i*). OgeBmpHO, MH JOCTHTHEM 3TOTO
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OpUKa3aMHe

:5|i.5 1 i.6], i.5:

i.3:

><4‘i.3 . 0.6 x 2li|.

Bo BTopoM ciaysae HaMm Hafgo oT mapsl (3P-5%/2, i.4) me-
peditTu k mape (2¢-3% j), KoTopas KogmpyeT MANIMHHOE CJIO-
BO !, HEHOCPENCTBEHHO cienyiomee 3a t. 4To6m mHalitm pl,
Hamo obparturhes K mporpamve mamuHE ¥. Tax xax 0603-
pesaeMas g4eiika o HaxoguTces B cocrosuuu ), TO paccMmar-
puBaeM Ty u3 KOMAH[

70 — gse, 90 — ¢;L, ¢;0 — ¢;R,
KoTopad cofiepssuTes B mporpamme . IlycTs, Hampumep, 370
romagfa ¢;0 — g;R. Torma
tt = bb,y ... boOgjay . .. a
u Kofupyromei na_poﬁ ABigeTca mapa (2%/2.3% ),

Uro6sr mepefitn ¥ aToft mape oT maps (3°-59/2, i.4), mu-
meM OPUKA3H

®

i4: |5 i.71i.8‘, .7 x

[\]

i.4‘,

B pe3yJabTaTe KOTOPHX u3 mapsl (3%-59/2, i.4) momyuum mapy
(2¢/2.3%, i.8). Tlpurasamu

9]0, i.9:‘><5‘i.8

i.8: 1:3

mepesofnm mapy (2°/2-3°, i.8) B mapy (29/2.5°, i.10). 3arem
IPHKA3aMHE

i.10:

:5’;‘.11,]' ‘ 141

%9 i.iO‘

nepesoguM mapy (242-5°, i.10) B TpeGyesryto mapy (29/2- 3%, j).

Wrak, Mp yKa3aian, KaK MOCTPONTE CEPHIO HOBHIX MpPUKa-
308 i, i.1, ..., i.11, pAaBHOCHJIBHYI CTAPOMY IPHOKAa3y I,
B CcIygae, KOTHA MallnHa < BHOOJIHAET KoMammy go0— g;R.
flcro, 9TO TeM Ee cIHoco60M COOTBETCTBYIINE CePIA IPHKa-
30B MO;KHO TOCTPOUTH I B TeX CiIydafx, KOTHA MamlmHa $
BMecTo KoMmaHAH ¢;0 — ¢;R BmmoamseT xoMmaHRy ¢;0 — g;L
nano koMaHAY ¢;0 — gje.

Haxomen, TeM ke cmoco60M CTPOHTCH I CEPHS HOBHIX IPH-
Ra30B, 3aMEHAIMAN CTapHi TpnKas ¢ HoMepoM i¥.
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Cpenu HOBBIX NpPHKA® B BCE M€ BCTPEYAIOTCS MPUKA3H,
AMeIue He TOT BIN, KCeTopsll Tpebyercs teopemoit 2. Ho
0T 3TOTO HENOCTATHA J¢IKO m36aBuThcg. Hampumep, mpukas

'S

X 9 \ 0. | PABHOCWICH Mape MPUKA30B

X 3| v*

, v

X3|a\,

a MpHKa3 BUAA Y: ':2 a ||3 PaBHOCHJIEH IpUKazaM

y:\ ><3|y.0‘, v.0: ’ X9 v.i’, y.i:|:30 a VZ‘,

v.2:

X 2ly.3 %

ED]

UMEIOIUM yike CTaHAapTHYI0 opyy, Tpebyemylo Teopemoi 2.
To sxe oTHOCHTCA U K TPHKA3aM

><4|a :5|oc l3|,j:3a|3.

ITocae Bcex yKka3aHHBIX 3aMEH y HAC MOJAYYUTCHA OHEPaTOP-
HHIT anroput™ B, mporpaMsa KOoTopOTo COCTOUT U3 NPUKa30B
BUfa, TpeGyemoro teopemoii 2. I13 mocTpoeHus BuUFHO, UTO
HOBHI anropuTsm B ofrafaer TeM ke OCHOBHEIM CBOMCTBOM,
9T0 W aNropET™ A, a WMEHHO, eCiu MAMAHA & U3 KaKoi-
An6ynb HavadsHOHE KoHQurypamuu (9) mepexofuT depes3 Ko-
HETHOEe 9HCJI0 TAaKTOB PaGOTH B 3aKJIIOYUTENbHYI0 KoHOuUry-
pammo (10), To axropurm B mepepaGatsisaer umcao 2%-3°
B gmcmo 2°.3¢

IIycte memeps Ham 3sagaHa Kakag-HUOYAb JaCTHIHO pe-
KypcusHas gyrknus f (z). B coorserctBuum ¢ m. 12.3 cTpomM
mamnHy Triopmara $, mveomylo sHemHu# andasut {0, 1}
u nepepa6a'rmna10myro MamnHHOE cioBo ¢;01* B ciaoBo
q0017®, OGo3snauny vepe3 B omepaTopHHI aaropHTM, 0TBE-
gajomuit Mmammue £ w mMeomuil mporpamMy Bufa (4). Tak
RaK YOOMAHYTHe MaIImHHEIE CI0BA KOJHPYIOTCA mapaMm

(2572, 1), (2172, 0),
T0o axropmt™ B mepepabatsBaeT umeio, 2% 12 B wmemo
2212 Ny cHagama m3MEHIM aITOpPITM B TaK, 9T00H 0H
mepesogma 22° p 226,
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Jlerko Bumers, uro anropmt™ C, mMeOmu# MPOTPAMMY

1:] 2 2[3‘, 2 ><3l1l, 3;

?

:3 4i5

4:

% 4|3, 5

:4[0

mepepabateBaer wucao 22° B wmeso 22°*'-2) a amropmm D,
AMemu mporpaMmy}

1 x4\z(, 2|43 4\ 3:\_xi\_2_

4:’;3]5 0], ;5:’><2]4,

mepepabarsiBaer 272 3 22°, Taxum| o6pa3oM, aJropETM
CBD mepepagarssaer 22° 5 29,

Ham ocraercs MOCTPOUTE IPOTPaMMEL aJTOPUTMOB, I€pe~
pabarris. omux 2° B 22° u cootsercTeerno 22° B 2%, IIpurasu

, 3:‘)(2 4

x5 |1

1: | 2 2\3‘ 2:

nepesenyT mapy (2%, 1) 8 mapy (2-5%, 4), a npuKass
5]5]0], 5|2]6]7|, 6:‘ x3| 5],

4:

7:\:3|8 4], 8:\><4 7

nepesenyT (2-5%, 4) cHavaxa B mapy (22.5%71, 4), 3ateM B ma-
py (2% -5%2, 4) m wepes x mukioB] momywmv TpeSyemyo mapy
(275, 0).

C mpyrofi cropoHH, ecan sagama mapa (22, 1), To mpu-
Kask

1:1:4 1217, 2:‘)(20 3\,
. T

+[TT5]. +[oT

nepeBefyT ykasamEYH mapy B (3275, 5), a mpmkass

5:1:3]6]1], 6:l><2|5
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mepesenyT mapy (3%°°1.5, 5) B mapy (22°'-5, 1). Ipmmensan
K TociefHell mape cHoBa Bech MuKJI npeoGpasosammi 1—6,
moaytum mapy (227°.52, 1) u 1. 1. Ilocne mcuepmaHus Beex
9eTBEPOK MBI monygum mapy (2-5%, 7), KoTOpYyH HPUKA3H

e of2Y

7: :5|8|9, 8:

mepepaboTaoT B oKORUATenbHY mapy (2%, 0).
Hrak, npeoGpasys cmagama 2° B 22%, sarem 2%
u, Hakomen, 2¥®) 3 2f) momywmm omepaTOpHSHI AXrOPMTM
¢ mporpammoii Bufa (4), mpeobpasylomuii 2% B.2/¢),
Teopema 2 forasana. Y Ka3aEHOe B Hell KOTUPOBAHUE 3HA-
gennit z u f (z) B Bume 2° m 2/*) B KakoM-TO CMBICTE HEW3-
fekHEO0, TaK Kak, HampuMmep, Bapspgmu b [1] mokasad,
9T0 HEBO3MOYKEH OMEPAaTOPHEIA ajTOPUTM € MPOIPaMMOR Bu-
ma (4), Koropwiii 651 mepepabarsisan x B z°. IloaTomy, ecam
MBI XOTHM HMETHL OepaTOpHEE aJrOPUTMH, HepepabaThBaio-
mue z B f (z) ga mo6oit acTuIHO PeKypCcUBHOR QyHKIUM f,
TO K CHHUCKY OPuKa30B (4) ME HoJ/KHB HPHCOETUHUTEL IPH-
Kas3pl MHOTO BufAa. B wacTHoCTH, U3 TeopeMsl 2 HEmMOCPENCT-
BEHHO BEITEKAeT, YTO 044 Kasicloll uacmuino pexypcueroll
dyuryuu f (z) cywecmeyem onepamopuuili aizopumi, nepe-
pabamuisaowull x e f (), npoepamnma KOmMoOpoeo cOCMOUN AUWD

B 22f (€]

eXgo | |,

?

u3 npukasos euda (4) u npurasos ‘2" o

B.camon gmeite, coriacHo TeopeMe 2 CYmeCTBYeT aaTroPUTM,
umepepabareBaromuii 2 B 2/ y mEMeromuE MporpaMMy

0: |crom |, 1:

oo s

COCTOSMY0 113 MpnKasos Bufa (4). Torma memoIka mpUKa30B

g o 1|, 1:‘

0’:] crox y e S

0: exgl 0 i

@

byzer mepepabarteiBath z B f (z).
IlomsaTme oOmepaTOpHOrO0 aJTOpPUTMA JEerKo 0606muThH.
Hampmvep, Mo:xHO paccMaTpHBAaTH MPUIKA3H BH/AA

wiey

?
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o3HAYAKOIMue, 9TO, WCXOAS W3 3afaHHOTO 9UCIA X, CIERYyeT
pafitTu w () w 3aTeM OepefiTu K BHIMOJHEHHI HAL TUCIOM
w () mpukaza ¢ HomepoM ¢ (z), ecaum w (z) ompeHmeieHO,
o mepeTE K BHOOJHEHWIO HAJ ¥ OpUKa3a ¢ HoMmepoM P (z),
eciu w (z) He ompeneneHo. OJHAKO MPU BCEX BTUX 00o0me-
HUAX JIETKO TOKA3BBAETCHA, 9TO KJIacC BEIUYUCAUMEIX QYHKImA
OCTAeTCH COBMANAIIMUM € KJIACCOM JaCTHIHO DPEKYPCHBHEIX
GOyERIu.

BecrMa mATepecHHIE Kiace alTopuTMoB, mepepabaTHBAIO-
mux rpadsl, GBI ompefelaeH u ucciaenoBaE L o m Mo o p o-
oM u Ycmernckuum [1]. Kak oumyr asrops:, atu
QATOPUTMBI OHIIW TMONYICHH NPW NONBTKE BOCIPOU3BECTH
B abcTpakTHOM ompefeleHuY Hauboablliee IUCAO IEPT, mPU-
cymux pafoTe BHUMCAUTENST, [eHCTBYIOmeEro corjacHo 3a-
manHOH eMy mporpamme. Hiace dyRKnmii, BHIIUCIAMEIX OpPH
moMomu ajiroput™Mos KosMmoroposa — ¥YcneHCKoro, oKa3zaj-
cA CHOBA COBIANAIOMUM C KJIACCOM BCEX YACTUYHO PEKYPCHUB-
HHIX QyHKOUH.

Hononrerna H npHMepsl

1. B u. 14.2 orMedeHO, YTO KaKAasd cI0BapHAA JacTHIHO DEKYp-
cuBHag ¢yEKmus F (r), safa@EmEas B ajidaBunTe A, BHUNCAMMA TP TO-
MO HODMAJIBHOrO aJTOPHTMAa B TOAXOAAIIEM PaCHINDEBNH ami;\aan—
Ta A. [loxasars, 9To F (r) BEHYMCIHEMA TOCPELCTBOM HOPMAJBEOTO alro-
purMa yike B aigasnre {a,, A}, oTAMIAOmeMcs 0T A JWIIb OfHOH
FomonENTENbHON OyKBOL ap, ap €& A(Map 1{ oB [2], Harop-
BEui [1]).

2. HeBo3aMOKEO 3a7aTh HODMAJbHHI aaropnrM B andasure A,
KOTODHIi mepepadaThiBaeT NPON3BOJBEOE CIOBO ) B afdaBure 4 B €ro
ynBoerue yx (Haropumi [1]).

3. Kakume ¢yHEKOuu BHYNCAIME ONEDATODPHEIMI adTOPIITMAMIH,
OporpaMMuel ROTOPHX cofepyar ANMb OPIKA3kl BIfA

\+1|al, —1la Bl

Il CTOO-UPIIKasz?

4. Cormacso Teopese 2 3 u. 14.2 pgng Kasmpoll JacTiyuEO peKyp-
cuBBoil yERmuN f (r) cymecTByeT omepaTOPHEIT aJropHTM, nepepada-
THBaomuit 2% B 2 '@ OpHYeM TPOTPaMMa 9TOT0 AATOPHTMA COCTONT
JINUb 03 UPIKAa30B YKA3aHHOTO B TeopeMe YACTHOTO Blpa. I10KaaaTs,
9TO HIf ONUE AJATOPITM 3TOTO THHA HE MOyKeT mepepabarkBaTh z B 2
(Bapsguxs [i].

5. Ilorasath, 9TO KamAasd YACTNYEO PeKYyPCOBHAA (YHKOUA BH-
IOCJNMA MOCPEECTBOM OTEPATOPHOTO ANTOPHTMA, TPOrpaMma KOTOPOro
COCTONT 13 TPUKA30B BHAA

+1!a, XCIa, qal, l:CIalB,

e g (z) = z — [}/ z)%, O crom-mprKasza.
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§ 15. Maoroxesroynsie mammuasl a1 TAT-cmeremst

B ornmume or m3yvaBmmxcA BHIIE MamuH THIODUHTA
¢ 0[1HOJ NeHTO’ B TaHHOM maparpade GyayT BBe[eHE MaIIMHEL
Tropuara, mMeOmUe HECKONBKO JEHT. JIerko moKaswBaeT~
¢, 970 KIACC (YHKOUHA, BHIMCIMMEIX Ha MHOTOJIEHTOTHEIX
MamyHAX, B TOYHOCTH COBIAfaeT C KIacCoM PEKYPCUBHHX

¢ yEKOui#. 9T0 — HOBOE

v OO LTBepsENeHNe  Te3mca
Uépua. Cpegu MEOTOJEH-

TOYHHX MaIIyH WHTepec-

Z , HHE KiIacc o00pasymoT
MAIIWEH, He MeHAION[Ne

z, COCTOAHMA SYeeK JeHT.
JNeMeHTH TEOPUA HTHX

MallME MW3JaralTcsi B
oepBOi MOJOBHUEE TAHHO-
ro maparpada.

Puc. 3 Bo sTOpoit momosuEe
maparpaga m3ygawTcH
csolicta eme OJHOTO

CIeOUaJbHOTO Kiacca ajrOPHTMOB, BBEIeHHOTO lLlocToM
moyn mMeHeM cHcTeM nponywkmmii. IloxassiBaetcs, 9TO
dae O0COOHM 06pa3oM ompefieieHHHX 00HOPOOHWZL CHUCTEM
OPOAYKI[HE JOCTATOYHO, ITO0H OpH HOMOMM HX MO/RHO OHLIO
BHIUUCISATH 3HAUeHHA JI000H# TacTHIHO PEKYDPCHUBHOH (YHK-
oHu.

15.1. OO0mue MHOroAeHTOYHBLIe MAIAHBEI. A-JeHTOYHAHA
MamuHEAa THIOPHHTA COCTOUT M3 MEXaHUTECKOTO YCTPOUCTBA
(apromaTa) An k& aeHT, pasburex Ha fdefiku (puc. 3). Has-
Iag A9eiRa MOYReT HaXOAHTHCSH B ONHOM H3 QUKCHPOBAHHO-
TO0 KOHEYHOTO MHOKECTBA COCTOAHHE. ITH BO3MOKRHEE CO-
CTOSTHMS YCIOBUMCH 0003HATATE CHMBOIAMI o, Gy, - « »y Am»
COBOKYIHOCTh KOTOPHX GyZeM Ha3HBATh BHEWHUM aAlHasu-
mox MammeEE. HIeTKA B COCTOALHNM ao, KaK 1 paHee, OYAYT
HasuBaThca nycmumu. 1lo mpemmomoswenmio, asroMar A B
KRB MOMEHT BPEMEHH HAXOMUTCSH B OJHOM H3 KOHETHOTO
MHOJRECTBA COCTOSIHHI qo, qq, . - ., Jn. COCTOSTHESA ¢, Qo Ha-
3HBAIOTCH COOTBETCTBEHHO HAUAALHBM N 3AKAIOYUMELLHBLM.
MamuHEa paGoTaeT B IHCKPETHOM BpPEMEHH, TaK 9TO MOKHO
TOBOPUTH O «COCTOSHIN MAIINHED, «COCTOSHMH apTOMaTay,
«COCTOSHUAX AILEK JeHT» B MOMeHT ¢ = (0, B MomenT { = 1
u 7. 1. llpegmonaraercd, 970 B Ka/kAHI MOMEHT BpeMEHN Ma -
mMHAHA «0003pesaery OgHY AdYeliKy Kassmoidl ments. Ilo ompe-

R
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HeeHHI0 COCTORHTe (¥ OHQUTYpamusi) MAIIHHEL CIUTACTCH 3a-
HAHHHEIM, €CJIH W3BEC THH COCTOSHWE ¢;, B KOTOPOM HAaXOAHUTCH
aBToMaT 4, cocTonumA BCEX AYeeK BCEX JEHT I, YKa3aHH
adefiky, BocHpnHuMaemble Mamwueod. Tawkum obpasom, KoH-
PuUTypanma MaiMHE BIOJHE OOUCHBASTCH CHCTeMOH £ MammH-
HEX CJ0OB BHLS

aijir .. . ailsqiails+1 « o ailt,
e e e e e e (1)
Bipy + -+ AipyQi®igysy - - Ciry

— 10 OJHOMY CJOBY JJH KayKAOW JEHTHI.
B sasucuMocTH 0T BEYTPEHHETO COCTOSHUA ¢; aBToMarta A

{t COCTOsTHUA Qiggrgr » « o1 Qipyen 0603peEaeMEX B TaHHLIHA MO-

MEHT f9eeK MAmMWHA T HepeXoiuT B CAEAYOMYID KOHPUTY-
pammio GOCPEICTBOM TaKuX [eHcTpuiil: a) 3aMeHAeT COCTOSHMIE
Ramgol BocupuEmMaeMo# sA9efiKu HOBHIM COCTOSHUEM (KO-
TOPOe MOMKET COBHANATh ¥ CO CTAPHEIM); 6) KayKqyi0 JeHTY me-
PelBIUTAeT Ha ONEY S9eHKY BI6BO, BOPABO HJIU OCTABIACT He-
HOBIGKHON; B) HePEBOAUT BHYTPeHEHEe COCTOSHNE ¢; aBTOMa-
Ta A B HOBOE cocrosHme ¢;. Cunmraercs, aTo ecam apromar A
B RaKo¥-TO MOMEHT BPEMEHM OPUXOAMT B 3aKIIIUTSALHOE
COCTOSTHUE (o, T0 MamuHa & 0CTAHABAHBACTCH U B MOCAENYIO-
mye MOMEHTH BpeMeHY KOHQUTYpamus MamluHbl He MEHACTCH.

TosopsT, 9T0 MamuHA £ BHHOOMHAET (AN MOMKET BHIIOJ-
HATH) KOMAHIY

Do, e o Oy, ~3058, T, + + 08, Ty (Y10« e=—1, 0, 1),
&)

ecam, HaX0/sCh BO BHYTPEHHEM COCTOSHUM ¢; U BOCOPUHEMMASH
A9eHKU B COCTOAHMAX dg,, . . -, day, MAIIHHA ¥ saMeHseET
¢; Ha ¢; @ YKAa3aHHEE COCTORHNA COCTOSHUAME g, ,. . ., Qp,,

HocJie 9ero CABUraeT JEHTH COOTBETCTBEHHO B HAIPaBJIEHIAX
Ty, .. s Ty, (T-, Ty, To 03HAQYAOT COOTBETCTBEHHO CABNT
Ha OfHY sfYefiKy Biepo, BIPaBo U OCTaBJEHNE JEH  HEmo-
nsmwkHEOR). Kak u B caydae omHONEHTOYHHX MAamlpmH, Hpef-
n0Jaraercs, 9T0 B HEOOXOMMMEX CIyYafgX MAIHMHA MOKET
nepef CABUTAMHO Ha[CTPAIBATh JEHTHl HYCTHIMHU guelKaMi.

3amaTh OpOrpaMMy MAMNHH ¥ — 9TO 3HAYAT [JI8 Kasrk-
IOTO CJIOBA

qiaal...aak(i=‘1,..., ny oy, .., 0,=0,1, ..., m

3alaTh KaKyO-HOOYOb KoMaHmy smaa (2).
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flcEo, 9T0, 3Has OPOTPAMMY MAMIMHE $, MBI MOKeM IYTEM
cepun YKasaHHHX omepamuil gas mo6odl xoEQurypamum (1)
MAamuEH ¥ B 3aJaHHHA MOMEHT BPeMeHHU BHIYUCIUTH ee KOH-
durypaquio B Ja1060# 3 DOCHERYIOMUX MOMEHTOB BDEMEHH.
Haage rosops, wrasmpgas k-JIeHToYHAas MamuHa THOPHETA
ompefedseT AXTOPUTM [AAA HepepaboTKH CrCTeM MANIHHHEIX
cxos sumga (1). )

Iyers f (24, . . ., &) — Karag-HmOYAb JacTHIHAS (QYHK-
nmst 0T § HePeMeHHbIX. ['0BOPAT, 9TO [ HOPMAILHO BBILUCIUMA
Ha (s + k)-memrounoii Mamuee ThopuEra ¥ ¢ BHEIIHUM ani-
dpasurom {0, 1, a,, . . ., ay}, ecau Aus AOGHX HATYPAIbHEIX
m, ..., 7, MamipHa ¥, Hadas paboTaTh B KOHQETYpaqum

10m1g,0, . . ., 10°7¢,0, ¢;1, . . ., g1 (107'ga = gla), mo
HCTeYeHNH KOHEYHOTO BPeMeHH HepeliieT B KOHPHTypamuio

10/ 000 L0, 9010 ... 0, ..., qol0 ... 0

opu yeIosnH, 9to f (n, . . ., 1g) oOpefeneHo, u 6ymer paGo-
TATL BEYHO, T. €. He OePeX0ha BO BEYTPEHHEe COCTOSHHE (g,
B mpoTmsHOM caydae. Ilpm aToM, Kak u B cliydae ONHONEH-
TOYHBIX MAOIWH, MO;KHO OPEefHOoJiaraTh, 970 B OPOLOIKeHUe
Bcell paGoTH MammHEA He HaJcTpauBaeT A9eeK cieBa HU Ha
ONHOIl JeHTE.

Teopema 1. Jaa mozo umobn uacmuunas Pynryus
f(z, . .., z5) 6uaa guucauna na (s + k)-aenmounoii mawu-
He Tviopunea c snewnun aagasumon {0, 1, ay, ..., ap}
(m — a060e HamypasvHoe uucao), Heobrodumo u decmamoy-
HO, umobsl [ 654G YACMUNHO PeKYpPCUSHOL.

M5 me Gymem mamarath DOmpo6HOe A0KA3aTeAbCTBO DTOR
TeopeMbl. 3aMeTHM JMIIb, 9TO BHYUHCAOMOCTD YaCTUIHO pPe-
KYDCUBEHIX QyHKOOH Ha (s + A)-1eHTOYHOH Mall@He eCTh
mpAMOE CAeACTBIIE BHYNCANMOCTH 3THY YHKINA Ha OHOJIEH~
TOYHON MamumHe, a o0paTHOe YTBep:EAeHIe eCTh HEeNOCPeNCT-
BEHHOE CJEHCTBIE TEOPEMH 0 YaCTHIHOH PEKYPCIBHOCTI
QYHROUN, BRUNCAMMEIX OPH HOMOILN HOPMAaJAbHHX aJTOPHT-
Mop (m. 14.2).

15.2. Mammasr Murckoro. CoocoSHOCTD MEHATH COCTOS-
HOsA s9ee NEHTH — CYHIeCTBeHHAast depTa MampH 1hiopuH-
ra. OgHako Nifg MHOTOJEHTOTHHX MallHH 3Ta CHOOCOOHOCTH
nepecraer OHTH HeoOXommMoH. A mveHHo, JleMm 6 e x [1]
OOKAa3am, 9T0 KajkMasg 9acTHIHO PEeRYPCOBHAS (YHRINA BH-
guciEMa Ha MaliliHe ¢ JOCTATOYHEIM UNCAOM JeHT Tak, 4To
MallliHa He MeHseT COCTOAHNA gdYeek JeHT I He HaficTPanBaeT
aepuix gdeek. Ilogrm ogmospemesrno M o HE cr m# [1] mo-
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Kazaja, 970 3T0 Ke MOryT AeJaTh U ABYXJIEHTOYHbE MADIHHE,
He H3MeHAIOmJE COCTOSHWA f9eeK W He HajcTPaUBalOmmue
A9eeK CjieBa, IPH YyCAOBHUM, 9T0 3HATEHNA apryMeHTa ¥ QyHK-
UM KOZUPYIOTCS CTemeHAMM ABOHKH TaK, KaK 5T0 [eJanoch
B Teopeme 2 m. 14.3.

MEoronesET09HEe MAIUHE THIOPHHETA, ¥ KOTOPHIX JIEHTH
cliepa He HAJCTPAMBAIOTCH, BCe SIeHKY JeHT, 3a HCKIIOICHIEM
CaMBIX NEBHIX, BCer[a HYCTH, a COCTOAHMSA CaMblX JieBhIX fde-
eK IOCTOAHHH, MH GymeM Ha3wBaTh Mmawunamnyi Munckozo.
Bremun# sadasuT 9THX MAIME OPEAIONaraeTcd COCTOAILMM
u3 cumsoxos 0, 1, mpudem 0 — cuMBOJ OYCTOTO COCTOSHHSA,
a BCe caMble JeBHe KIeTKH HaXOAATCH B cocTogumm 1.

Ins mosHOTO oDECAHBA MamuHEH MHHCKOTO HK0CTaTOYHO
YKa3aTh COBOKYIHOCTh BCEX ee BHYTPEHHEUX COCTOAHMHA U IPO-
rpaMMy MAaIlHMHBEL, T. €. COBOKYIHOCTh KOMAaHJ BUfa

901 - -« 85—~ Galo, ... Tq

(i=11 e a},:o,i;O’I:O, 17- LR n;a7\.=0511 "'—1)1
(1)

KoTopHe cnoco0HA BHOONHATH AaHHAas MammHa. Tak Kax 1
€CcTh COCTOSHHME CaMOR 7IeBOH guefixw, To B KoMaHmax (1)
13 a3 = 1 momwKHO cuefoBaTh HepaBeHCTBO

o, 5= —1. ()

ITHM YCIOBIEM U OTPAHAIUBAETCA HPOHN3BOI B 3afaHUU
xomagg (1).

Teopema 1. Jaa raucdoill wacmuuno perypcusnoil
dynryuu f (x) cywecmeyem mpexaenmounas mawuna Mun-
CK020, BHIYUCALIOWAA IMY BYREYUI0, M. e. Neperodawas us
kongpueypayuu  101¢,0, q1, ¢1 6 kougueypayuio
1011 q00, qol, god, ecau f (z) onpedeseno, u pabGomarwouwas
seuno, ecau | (z) He onpedeieno.

YeaosuMes msobpaskath wersepkod gmcex (a, b, ¢; i)
TY KOHQUrypamumo TPeXdaeHToUHOH MammnBEE MmHCKOTO, KO-
TOE_&H xapakTepnayeTcs MammHHHME ciaosamn  10771g;0,
10°71¢,0, 10°1q;0. HamoaEmy, wro 107%q;0 ects caoso g,10.
Taxuym oGpasoy, gncaa ¢, b, ¢ paBEAITCA TPOCTO AITTHAM KOH-
OB JAeHT, HaXOIAMIXCH CIEBa 0T BOCHPIHIMAEMBIX MAMTHOI
s9eek, a i — HoMep (WAl CHMBOJ) BHYTPEHHEr0 COCTOSHIA
MATIITHH.

Cormracuo Teopeye 2 13 . 14.3 cymectsyer omepaTopHHI
aaropur™ A, mepepabarmBanmumit 2% B 2/¢) nm mvefomuid
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oporpaMMy BHAA

0: Gl o1

Pr

Ln Bufr (2

crono

3 . oey

rae C; osmagaeT ofgHY w3 omepammil X2, X3, ><5 30. Bee
9TU omepamuy mepepabaThHBAIOT YHCIA BIA '92355¢ 5 wmcaa
Toro xe supa. llostromy, HauuHas nepepabaTbBaTh TUCIO 2%
mo mporpamme (2}, MH Tmocie k-ro mara BBITIHCJIBHHH NOAyInM
(cm. 1. 14.3) mapy smma (2°-3°.5°, i), rme 2%-3°.5° — mo-
Jy9eHHOE B 3TOT MOMEHT 9WCI0, a i — HOMep IPHKaza B
Iporpaiie (2), KoTODHT ciexyer [ajiee BRIDOJXHATh HaJl THC-
mom 2%-3%.5¢, :

C mapoir (2°-3%.5°, [} coHocTasaseM KOHQUTYPAMuIo
(a, b, ¢; i) TpexJNeHTOYHON MammuEH MEHCKOTO, MMEIOme:
BHYTDEHHHUE COCTOSHUA (o, Gy, + . -, Gn. HAaM 0CTAETCH HOHO-
6paTe nporpammy (1) Mamuam M Tar, YTOGH BBIIONHATOC
yerosue: ecau aazopumm A nepesodum napy (2%-3%.5¢, i)
¢ napy (2%-3°¢5%, j), mo mawuna M Bosxcna nepexodums us
rorgfueypayuu (a, b, ¢; i) 8 kondueypayuio (u, v, w; j).

Jdra mesb, 09eBUAHO, GyHeT HOCTHTHYTa, €CIH MBL HOCTY-
oM ciaefylomuM obpasoM:

a) Ecam {; = : 30, 10 BHOCUM B mporpamMmy M KoMaHLIE

;000 — 9o, T2 T4 T4,
g;abe — qp, Ty TyTy (@ + b + ¢ 5= 0).
6) Ecau §; = X2, 10 B uporpammy M BHOCUM KOMAHJH
g:abe — qo, T 4707, (a, b, ¢ =0, 1).

B) Ecam §; = X3, To BHOCHM KOMaHJIH
qiabc - ‘]aiTOT—lTo-

r) Ecan {; = X 9, To BHOCHM KOMaHJH
qiabc — QaiTOTOT—l-

Taxr rax anxroput™ 4 mepepadareisaer mapy (2%, 1) s ma-
py (21, 0), To mammHa A ¢ KoMaHgaMmH: a) — T) U3 KoHEQU-
rypanun (z, 0, 0; 1) mepexozur » rordnrypagmio (f (z), O,
0; 0), 9ro 1 Tpedosamocs.

PaceMoTpny Temeph Gosee meTanbHO 08yxaeHmMouHble Ma-
musesr Muscexoro. Hycrs qo, g4, . . ., g — BHEYTPEHHOE Co-
CTOAHNA KaKOH-HOOYAb ABYXJeHToTHo# mammHH MoHCKO-
ro M. Torga mns mDoXHOTo 3afaHAs MamuHEH M HocTaTOYHO
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3ajlaTh ee OpPOTpaMMy, COCTOAIMYIO U3 KOMaH[ BHIA
q‘ia'b - anﬁTY’

YAOBIETBOPAIOIMHUX YCIOBHIO (2).

Ianexo He Bce JaCTWIHO PEKYDPCUBHEE QYHKIUA BHUMC-
TUMBl Ha MBYXJIEHTOYHHX MamnHEaX MuEHCKOT0 B yKa3aHHOM
spime cambicae. Hanpmaep, He cymecTByeT ByXAeHTOUHOMR Ma-
muasl Munckoro, mepepabarbsatomeir 2 3 22 (c. B ap -
snuEsb [1]). Tem He MmeHee, ecnu 3HaUeHHsA apryMeHTa U
QYyBEKROUR KOAUPOBATE CTeHEHAMI ’

ABOHKY, TO BRYMUCIUMOCTh dac-
TAYHO PEeKYPCUBHHX (QYHRIHHA
BOCCTAHABIMBAETCH.

Teopema 2 (Mu=sc YR 04\
kust [1]). Jaa xaxcdol uac- :
MUYHO  PeKypcusHol @HYHKYUU
f(z) cywecmeyem deyzaenmou~ 7 J gz [ 4 \ g ‘

nas mawuna Muwnckozo, komo-
pas 0aa 4106020 HAMYpPALLHO20
z nepepafamusaem uucto 2%
8 uucao 2/®) ecau [ (z) onpe-
Oeseno, w pabomaem Ge3ocmarogouro, #He nepexods 6 3a-
KAI0UUMeAbHOe BHYMPeHHee COCMOaHUe Go, ecau | (Z) He onpe-
deseno.

Jlag KpaTROCTH yeaoBUMes Tpolikod (a, b, ¢;) 0603EaTaTh
Ty KoEQmrypanulo MammEH MmHCKOTO, HpHE KOTOpPO#H ¢; —
BHYTpeHHee COCTOSHHE MamwuHH, a @, b — PacCTOSHUA OT
BOCHPUHAMAEMEIX MAaIIMHOH s9eexr N0 JAEBHX KOHIOB Hepsoif
I cooTseTcTseHHO BTOpoX memt. Hampmmep, (0, 2; ¢;) ects
KOH(ATypanusi, ompefeileHHAs MAmMEHHEHMEH croBamd g¢;l,
10¢;0 u usoGpamennas Ha puc. 4. Dopmymnoi (a, b; g;) b (e,
d; q;) 6ymeMm oGo3HavaTh yTIBep;KeHNe, UTO MAmMHA, HAYAB
paboTtars B rRoHQuUrypamuu (a, b; q;), Yepes KoOHeTIHOE YHCIO
TakToB paGoTH mpuoGperer KoEPurypammo (¢, d; ¢;). Ecan
MampHA u3 KoEpurypamuum (a, b; ¢;) EemocpeficTBeHHO Hepe-
xoxuT B KoHGuUrypanuo (¢, d; g5), To TumeM

(a, by g;) — (¢, d; g;)- (3)

Haxr yke rosopmwrock, 3amaTh MAamMuAEyY MIHCKOTO — 3T0
3HAYAT YKasaTh ee mporpammy. OmHARO BMECTo ToTo, IToOH
VHKa3HBaTh KOMAHMIH, COCTaBIAIIHE OPOTrPAMMY MaIINHEI,
MHL Gymest nncath npeoGpasosaHns (3), BHOOIHAEMEE Mamu-
Hoii. [Ipm aToM caeryer mMeTs B BUAY Takme 00CTOATENbCTBA.
lycrs, manpmMep, yxasiiBaercs, 9To MaMiliHa BHIQJHSET

11*
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npeobpasoBanue
(2, 5 9:) — (1, 6 gy). (4)
Orcofa caegyer, UTo MaIidHA BHOOJHAET KOMAHLY
g:00 — ¢; 7,7,
1 DOTOMY A5 JO6HX IOJ0/KATEAbHBIX @, b
(a, b5 q;) — (a — 1, b+ 1; g5). (5)

B 1o ke Bpemsa Hanwdue B mporpaMme MamimHH Ipeofpaso-
BaHAsA (4) eme HUIETo He TOBOPHUT 0 TOM, BO IT0 HePeHAYT KoH-
durypanus (0, b; ¢;) nau xordurypaguu (b, 0; ¢;), (0, 0; ¢;),
rae b > 0. Ilosromy, mpmcoegwHEMB K HporpaMMe MallnHbl
npeo6pasosaHue (4), MBI He MO/KEM OPHCOEANHSTE K TPOTpaM-
Me mpeoGpasoBaHud, OPOTHBOPeTamue HpeobpasoBanusaM (9),
HO BCE em[e MO)KeM IO IPOM3BONY IPHCOENUHHTH mpeobpaso-
BaHUA

0, b; ¢;) = (U, v ) (w =0, L, v = b, b 4= 1),
(b7 0; ql) - (u’li Ul; qB) (Ul = 01 11 ul = b1 b i 1)1
0, 0; q;) — (u2, Vg5 qy) (Uy, vy = 0, 1).

Hawm Hamo mias Kaykqo#d 9acTudH0 perypeusHOH QyHRmEN
f (2) yxasars mporpamay Mamuebl MpHcroro, mepepabarhi-
paomei 2% B 2/®), Hmwrecaenyomas Ierma cBOJHT 3Ty 3ama-
9y K JBYM HPOCTHM YACTHEIM CHYyTasM.

Jlevwmal. Hycmov onepamopnwii aseopumm A ¢ npoe-
pammoi

0:f{crom|, 1: | & 061][31 R A R oas’ﬁs (6)
gnucasem Gyrnkyuo g () u nycmv 048 HEKOMOPOL MAWUHL
Munckozo M ¢ 8HYMpPERHUMU COCIROSHUSMU (o, G1, - « +, (g»
Griy «» o @s; =1, 2, ...) useen

(2, 0; g:) = (C; (2), 05 g;), ecan L; (2) onpedeaero, (7)

(3, 0; g;) = (3, 0; gg;), ecau T; (z) ne onpedeaeno. (8)

Toeda mawuna M ewnucasen my xe dynryuio g (), umo u
anzopumam A.

B cayox gede, mycTh, HaumHasg ¢ 3agaEHOTO 9ncia Z, al-
ropnT™ A mocjie m maros JaeT 9NCio ,, U YKa3aHHe BHOOJ-
HATH OpPTKa3 ¢ Homepod i. Ilorarkes, 970 B HTOM caydae

(:L‘, O» ql) }_ ('Tm’ O; Z’)



§ 15. MEHOTOJIEHTOYHELIE MA IMAHbI 309

Haa m = 0 s10 yrsep:kgeEwe TpusuanbHo. IlycTs oHO
BePHO A5 Kaxoro-EHubyxs m. Ecau {; (z,) ompepgeneHo, TO
aaxroput™ A mocie (m - 1)-ro mara maer gucuo {; (z,) u
yK&3aHMe BHIOOJHATH OpHKa3 ¢ HoMepom o;. Ho B »ToM
ciyiae -

(x‘m’ O; ‘_h) }— (Cl (xm)» 0; Qai)

1 TOTOMY

(2, 0; ¢1) = T; (zm), 0; qo;)-

AHaxOTUIHO MOKABHIBAETCA BTO COOTHOLIEHME ¥ B Ciaydae,
KorRa {; (zm) He OompemeseHo.

Ilycrs rtemeps aiaroputm A4 mepepabaThiBaeT 4uUCIo Z B
THCA0 Y. ITO BHATUT, 9TO UePe3 KaKoe-TO YUCI0 MAros m
anropurM A gaeT 9UCa0 Y ¥ YKAa3aHUE BHOOJHATH OPUKA3 C
somepom 0. Ilo morasamHOMY

(x’ O; ql) ‘— (y1 O; qo)s

T. . MamruHa M mepepabaThiBaeT £ B Y.
Ecnu, saguras ¢ z, anroputM A paGoraeT Be4HO, TO HO-
AydaeM GecKOHEYHYI0 HOCIEeN0BaTeIbHOCTD

(.Z‘, O; ql) l_ (.Z‘l, O; Qix) l— sy

IOKa3BIBAIOIYI0, 9T0 MamumHA M B 9TOM ciydae Takme pa-
foTaeT BedHO.

Ilepefigen ® moKasaTenbCTBY 0CHOBHON Teopemsl. IlycTs
f (z) — BajmaEHas 9actwgHO peKypcmsHas QyHrmus. Corxac-
HO Teopeme 2 u3 o, 14.3 cymecTsyer omepaTopHKHE aaropnTs
A, nepepabartipaomuii 2% B 2/(®), mporpasma KOTOPOTO HMMe-
et Bup (6), rue i-it TpUKa3 eCTh MK

it | Xela) (=2, 3, 9), (9)
111
it |xe|a|B| (c=30). (10)

Ilyere M — smamnaa MoHCKOTO ¢ BEYTPEHHIMI COCTOS-
HISMA go, ¢y, - - -, Jn, KARL0E O3 KOTOPHX COOTBETCTBYET OH-
PeleqeHHOMY HPHOKa3y mporpammsl (6), I JOHOJTHIITETbHBIMII
cocrosgHmaAMn ¢;; (i = 1, . . .;j =0, 1, . ..), TouHOe THCTO
RoTOpHIx GyneT yRasaHo Hmke. Had Hago Halitn Takyio Ipo-
rpaMMy Juas MamumHEL 3, 97005 OBLIN BHHOOJHEHB yCIOBHA
(7), (8) mesmrr 1. Paccaorpum raxoe-subyns i, 1 < i <s.
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Ilycts i-# mpukas 8 nporpamme (6) mmeer sup (9). Iocrapa-
eMesi HaucaTh TAKYIo CePUI0 KoMaHA Aust MamuBs M, comep-
JKamuUX UL BHYTPEHHWE COCTOABHUA i, Tigr - - -1 Qicr Gas
B pe3yabTaTe KoTopoi ycaosue (7) Ans atoro ¢ Gymer BHIOI-
HeHo. Ilycrs a > 0. BroCHM B mporpammy MamusaH M -cae-
AYIOmYyo cepmio npeo6pasopaHumii:

(@ 0; g;) — (a, 15 1) —
— ((l, 2; Qi2) = . . .~ (a’ ¢ ch) - (a' —1, ¢ QZ) (11)
4 JOOOJNHSEeM ee eme npeoGpasoBaEUeM '
(@, 15 ¢:) — (a, 2; qun)- (12)
Torpa, ecnm 8 cepuu (11) @ — 1 > 0, T0o B cHIY KOMaHA, OT-
Bedalomux unpeobGpasopanuam (11), (12), xomdurypanua
(@ — 1, c¢; g;) namee 6ymer MeHATHCH ClefylomuM o6pasoM:
@—1,¢6q)—(@—1,¢c+15qi) — ..
coe—=(a—1, 2¢ gqi)— (@ — 2, 2¢; ¢;) —
—(a— 2, 2¢ +1;g94)—...—=(0, ac; g;).
Yro6r mepecraBuTh umcida 0 m ac, FOHoMHAEM OPOTPAMMY
opeo6pasoBaBEUAMA
0, ac; ¢;) — (1, ac — 1; q;5) = (2, ac — 2; g;p) —- . .
-+ = (ac, 05 g5) — (ac, 0; ga).  (13)

B pesyaprare ycaosuit (11) — (13) nus mamusst M 6y-
IeT rapaHTUPOBAHO CBOUCTBO

(@ 05 g:) | (ea, 0; go) (@ > 0). (14)

Yro6u rapamTHpoBaTh CBoficTso (14) m mus a = 0, BHeceM
B mporpammy M mpeoGpasopanue

0, 0; g;) — (0, 0; ga)- (15)

Wrax, sHOCA B mporpammy mammasl M womasmsr (11) —
(13), (15) mis Tex i, masg KoTOPHX i-# mpuKas mporpamMsl A
nMeeT saf (9), ME 06ecedny AyisA 5TrX 3HAUCHAH | BHIOJHCHHAE
yexosua (7) u3 aemmsr 1.

Teneps paccMoTpuM Oojiee CIOMKHEM ¢iaydail, xorma i-i
opukas nMeeT Bujf (10). IIpexme scero 3 mporpammy Mamu-
HH M BHOCHM KOMaHAH, 0TBeYalomue Ais £ > ¢, y > 0 cxe-
Ayomel cepnm OpeodpasosaHmii:

@ ¥ q) »@—1, y+1; q0) > (=2, ¥y +1; q;)) -
... @—6y+1q)>@—cy+1;q) (16)



§ 15. MHOTOJIEHTOYHLIE MATITUHEL 311

# KOMaHJH, oTBedamume mpeobpasoBamuaM (13) u (14).
Benencrsme xoMarn (16) mus 2 > ¢, y > 0 umeenm

@y @—c y+15q)
¥, 3HAYUT,
(@, 0; g)) = (0, z : ¢ q3),
ecan z mexutcss Ha ¢. Tak xak u3 (16), (13), (14) mrexaer
0, z:¢ @) (x: ¢, 0; go),
T0
(z, 0; ¢;) b= (z: ¢, 0; go), ecam z: ¢ ompegeneHo.

Ilycrs Temeps zme meamtes Ha ¢, £ =cz + 1, 0 <<r <<c.
B cmay (16)

@, 0; @) = (ry 2, ) = (0, z + 1; gir).

Ham mamo temeps ot Komdurypamuu (0, z + 1; g;,) mepeiitu
k Romgurypamua (z, 0; gg). ITosTomy ® mporpamye M pmoGas-
nasem ompeobpagzoBamus (= 1,2, ... 5r =1, ...,¢—1)

0,24+ 1; ¢:) > U, 3 @) —.. .. = (¢, 25 Gire) =
—(+1 21 g, (A7)
B CHIY KOTOPHX '
0, z 4+ 1; gi) = (2 + 1, 05 gi).

Haxonen, mo6amnsin B mporpaMMy mpeo6pasoBaHAs
z+1, 0; gira) = (2 + 2, 0 Gipa) — - ..

oo (241, 05 Qo) = (2 + 1, 05 g),  (18)
mONyIuM '

(x, 0; g;) — (=, 0; gg), ecan z : ¢ He ompefieneHo.

Mu BmpgmM, 9ro MamuHa MWHCKOTO ¢ HporpammMoft, mo-
cTpoeHHO¥ cormacmo npasmmaM (11) — (13), (15) — (18),
VAOBIETBOPsET YCHOBUSM jeMMH 1, aro m Tpe6oBanock.

Tax e, KaK W Aaf OZHOJMEHTOUYHHX MAWMH [BIODUHTA
(m. 12.5), mas MamnE MWHCKOTO eCTECTBEHHO (OPMYIAUDYIOT-
€A ciaedyiomume ABe HPOOJEMEI.

YMpobanema ocTaHOBKU 3JadanHa MmauuHa
Munckoeo M (csoetl npozpaxmoi). Yrasamv aszopuma, pac-
nosnawwuli me Korndusypayuw (@, b; gi), HAUUHAS ¢ KOMODHLET
MOWUHA  OCIAHABAUBAEMCS — uepe3 KOHEYHOe HUCA0 MAaKmos
pabomu.
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2y MIpo6urema woEdurypanmui. HJana na-
wuna Munckoeo M. Yrasamv aazopumm, nrossossioujull ys3-
Hamb das w060l 3adannol kongusypayuu (z, 0; qo), cywecm-
syem au HauasbHas Kougiusypayua (a, 0; q1), Komopas uepes
KOHEYHOe YUCA0 MaKmo8 pabombl nepexodum 8 KOH@uUaYpayuio
(z, 0; qo)-

O6e mpoGaeMBl pemaloTca OTPUNATENbHO. B caMoM Lexe,
oycrh f (z) — 9acTmuBEO perypcEBHAA (YHKOUA, 00JaCTEH OI-
pefeneHns KoTopol He pexypcusHa. CTPOMM ABYXJEHTOTHYIO
mamuay Mumcxoro M, mepepabatmsaiomyio 2° B 2/, Ec-
au GH CYMEcTBOBAJ aJATOPHTIM, pelianmui mpobreMmy ocra-
HOBKE MamuHEl M, T0 TOT aJTOPHUTM peman Ob u mpobiemy
BXOJKACHUS Yucaa 2 B o6Hacths ompenenenus QyERmau f (z),
TAK KaK £ BXOAHT B 00JacTs ompefelieHAs [ TOTHA U TOJBKO
Torga, Korga mammea /M, madmmas paboraTh B KoE(QUTypa-
quu (2%, 0; ¢,), ocTaHaBauBaeTCH dePe3 KOHETHOE THCJIIO
TaKTOB PaGoTHL. )

Amanormgso, mycrh [ (z) — OPEMHTHBHO PEKYPCUBHASN
QYHKIUA, COBOKYOHOCTh 3HAYeHWHA KOTOPOH He peKypCHUBHA.
CrpouM asyxaenTounyio Mamuay MuHckoro M, mepepaGaThi-
sapmyio 2° 8 2/), Hax m pHine, serxo yGe;xmaeMcs, 910 Aad
M me paspemuma mpobmeMa KOHQUIYpammid.

Ilpn moxasartexbcTBE TEOPEMEL 2 MH HOJb30BAIHCH TEOpPe-
Moit 2 u3 u. 14.3 o TOM, 4TO FuS KaKIOE YaCTHIHO PEKYPCHB-
HOE QyEKOUE f (r) cymecTByeT OHEPATOPHHIH AJNTOPUTM, He-
pepabatmBaomuni 2° B 2/() | mporpamMma KoTOPOTO COCTOHUT
JAUIIp M3 TPHKa30B8 BUAA

|;3o|a5'

Xela| (=2, 3, 5).

B cBowo ouepens, ¢ mOMOMmMBIO TEOPEMH 2 MOAHO eIme Co-
KpaTaTh 9TOT COMCOK HPHKA30B, HPABMA, YCIOKHEIB KOTHPO-
saHne. ITokaseM, 9To EMeeT MecTo

Teopema 3 Mu=ucxkwalll). Jas kaonedoti wvacmun-
HO pekypcusHol @ynkyuu f’x) cywecmsyem onepamopHuiil
aazopuma, nepepasamusaiowutc 22° ¢ 22 npospamma xo-
Mopo20 COCMOUM AUWD W3 N PUKA308 suda

, :6|oo‘f3i.

lycre M — gsyxmemrogmas Mmammea MoHCKOTO ¢ BHYT-
PEHHIIMIT COCTOSTHOAMI Gy, ¢y, . . ., (p, HEPEXOAMAMAA 13 KOH-
purypammnm (2%, 0; ¢;) 3 Kompurypamuio (2/®), 0; go), ecan
f (z) onpenedeno, 1 paboTalman BeYHO B HPOTHBHOM CIydae.

><2,oc

><3loc
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Mamusa /M Mo:ReT ABHTAaThH OJHOBDEMEHHO HIN 00e JeHTH,
Hau TodbKo oxHy. Iloka:xem cHagama, uto M MOKHO 3aMe-
HUTH TaKoX Mammao# M’, KoTopas IPH Ka:KAOM Takre pabo-
THI HeOpeMmeHHo ar0o aBmraer obe JeHTH Ha 1 mar pmpaso,
au6o ABUraeT TONBKO ofHEY JeHTY (1-t0 mim 2-0) Ha 1 mar
saeBo. [leficrsurensBo, oycrs (1) — mporpama Mamuesr M.
Ecau 3Ta mporpaMma conep;KUT OpHKa3

q: 00 > g1 Ty, - (19)

TO BBOAUM [OHNOJIHHETEJIbHEE BHYTDEHHHE COCTOSHUA (;, G2
un BMecTo mpukasa (19) mumem DpuKasH

q;00 = ¢;; T, T4,
qilab__)' inTOT‘l (a’ b == 01 1)1 (20)
qizab — anoT..l.

ABanormaEo mOCTyIaeM ¥ ¢ APYTHME OPUKa3aMU U3 IPo-
rpammul (1). flcmo, wro Hosas MammbEa M’ ¢ BHYTpeHHUMH
COCTOAHUAMHE ¢;, ¢;; U mpukasamu Bupa (20) 6ymer mo-mpesx-
HeMy u3 koHQuUrypamuu (2%, 0; ¢;) HepexXoiuTh B KOHQUrypa-
muio (274, 0; go) m B T0 Ke BpeMsi GyHeT cABUTATH JeHTH
B COOTBETCTBUU ¢ Haj0;KeHHHMEU Tpebosamusmu. O6Gosmagmm
BHYTpeHHHE cOCTOSHUs Mamub M’ wepes ¢q, ¢, . . ., Gn,
Gn+1, - » -5 §,. 1IporpamMma mammes M’ — 570 COBOKYHHOCTH
KOMaH BHIa

quO'—)' Qaini (%i = 07 _1$ 1))

q:10 — gp, R,

qi01 = gy, Ry, (A, i, vi =0, 1, i =1, . ..,9), (21)

g:11 — qciRv;,v .
rme R_, osmawaer cpsur o0emx JeHT BOPaBo, R, — casur
saeso 1-# memTw, Ry — CHBUT BIeBO 2-f JEHTH.

Ycaosnmea KoEQUrypammo (e, b; ¢;) naobpamars mapoi
(2%.3%, q;). Torma cusur ofems JeHT BODPABO OyAeT BIeYb
TeleHlle TepPBOro YHCIa mapi Ha 6, a CABAT OTHOHE 3 JeHT
BIeBo Oymer BiIeUh YMHO;KeHHE dTOr0 4mcia Ha 2 uau 3. He-
xoas 13 mporpaMysl (21), zerxo cpasy HammcaTh W ODporpaM-
My omepaTopHEOTo aaropnrtMa A, Koropsi wmeao 27-3% o yka-
sapme { mepepadarhiBaer B unicao 2¢-3% m ykasamme j, ecam
vamnea M’ 13 womdurypammn (27-3°, g;) mepexommr Hemo-
cpeActseRHO B KoE(urypammio (2¢-3%, g;). Iaa aToro gactb
OpOoKasoB anropmrya A 3amymepyem unmcaamu 0, 1, ..., S,
a 9acTh — mapaMO UIcer if I Aajee MTOCTYHNM CJIeJyIOmI
cocofoM. Bepey g Rakoro-ENGYnb { 9eTBepKy KoMmaHpg (21)



314 I, VI. BAPHAHTLI MAIOAH B AJITOPHETMOB

U3 IPOIPANMMBI MAIMEEL M’ u myers ®; = —1. Yrobu u3
wuena 273 ¢ momompio Komamx (21) HONYIATH TUCIO 2:.3%,
Hafio ysHATh, HeT U Ce[M TUCEN 4, b Byxei. Jlas aToro ne-
amm 23 ma 6. Ecaum gexmtes Ges ocraTka, TO COTIACHO Hep-
BOH KOMaHje 9eTBEPK (21) TactHoe u GyneT TpeGyeMEIM THC~
aom. Ecau 2'-3° ma 6 me meawmrest, To cpexu gmces a, b ecTsh
paBeoe (0 I moToMy HamO BOCHONB30BATBCH OFHON M3 mocie-
aylomux KoMaHn cucteMu (21). Mrtax, B mporpaMmy anaro-
purMa A BRocUM mpUKa3

i

.6 oc,.] .0 ‘ (22)

KOTODHH faer Tpe6yemyro mapy (2¢-39, 9;), ecam 27 3% me-
nares Ha 6, @ orcrimaer k mpukasy i. 0, ecmm 2°-3° ma 6 He
IenuTcs. Ecam B TWocJexHeM caygae gucao 2%-3°.3 pemmrtes
Ha 6, 70 2 > 0, b = 0 ¥ MBI [JOJKHE BOCIOJb30BATHCA BTO-
po# u3 xomasy (21). B coorrercTBmu ¢ aTUM B mporpamMMy A
BHOCHM TPHKA3H

1.0: | x 3 i.i‘, i.i:‘ 6 | 1.2 ] 1.4 |,

(23)

;.21 ( x2| 3|,

.3 l X pxil Bi |(Po=2, p1=3),

Jalomue ECKoMywo mapy (2¢-34, %, }, ecain a > 0, m maomue
mapy (2°-3%1, i.4) B mpoTuBHOM ciydae. Hpm{asm

i4: l X 2

(24)

£.5 ‘ i.5:| 6 | i.6

nepeBOAAT mapy (2% 36+, i.4) B mapy (2°-8%, i.6), THe a =
= 0. Ecaz b > 0, 1o A0JHHH BOCHONb30BATHECA - W3 KO-
MaEn (21) @ motomy B mporpammy A mo6aBisieM OPHKaBH

i.0:

x2| 7, z'.7:’ .6 | 1.8 ‘i.iOI,

(25)
i.S:

x 3| i.9 ', i.9:‘XpuilVi

HPHBOHHDIHB opn b > Oxmape (2°-3%, ¢;) n mpn b = 0 & ma-
e (2941, i.10). Haxomer, mpnKass

i.10;

¥

X 3 |i.11

i.11:

8

(26)
O aas caydas @ = b = 0 ganyt tpeGyemymo mapy (2°- 39, g;).

6 | i12 l, ‘i.12:l X pv; | 8;
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AmanormuEEM DyTeM numyTcs OpUKasH (22) — (26) 7 gus
%; = 0, 1. OOvenuHsia UPUKa3E, OOCTPOCHHHE YKa3aHHHIM
obpasoMm i { = 1, 2, . . ., s, ¥ OpHCOENUHEAA K HUM Hadalib-
HH# CTOH-OPHUKa3, HOJyIHM OPOTPaMMy OIEPaTOPHOTO ajro-
putMa A, mMemyIo TpeGyeMHil TeopeMoi 3 Buf. 1lo yemosumio
MamuHa M u3 xoEdurypamum (2%, 0; ¢1) mpeobpasyercs B
roEuUrypanuo (2/®), 0; g,) Wi B HOBOM KONUPOBAHHW H3

roEdurypanuu (2%, ¢;) mpeobpasyetca B KOHPUTYpamuio
(22169 qo). Orcroma caenyer, aro axropmr™ A ¢ IporpaMMoin,
noCTpoeBHOft mo mpaBuiaM (22) — (26), mepepaGaTeiBaeT

qucxo 22° B ameno 22,

15.3. Opnoponanie nponyknan. TAT-cmcremsr. B m. 14.1 Guo BBe-
[eHO HOHATHE CHCTEMH NPONYKOuii, ompemensemoir andasuroM C =
= {c1, €9y « « «y Cpy} ¥ CHCTEMOI GA3ACHHX HpONYKOHI

ouW — Wh; =1, ..., 9. (P)

Yro6H DmpH mOMOIM 3Tofl cmcTeMH P ompepeinTh NOHATHe P-Bh-
YHCIMMHEX YaCTHYHHX YNCIOBHX (GyHEKuUil, Hamo KaKmM-To 0GpasoM
KopupoBath uncia B aidasmre C. MH IpmMeM TaKoe cOTJallieHme.
[Iyctb andasur C cHCTEME P cOmepyKAT CUMBOINH ag, aq, Ao, 41, By, B1
1 IPOU3BOJILHOS YHCIO APYIHX cuMBON0B. DHKCEpPyeM, KPoMe TOTO, elie
OPOU3BOJNBbHOE HATYPAJIbHOE IOJOMKUTENBHOe WHCIO w I OymeM IPOH3-

BOJIbHO® HATYDANBHOE IHCIO T KORHPoBaTh cioBoM A:afB} L. Bymem

TOBOPHTH, UTO UACTHUHAA qHCIOBaA QYHKOHA f (r) ewuucasemcs cucme-
« . -« X nW-1

Mot npoayn%;uu P, ecim crcrema P nepepalarsiBaer ¢10Bo 4,078,

B c10B0 Aoz]BY! nast tex z, piA KOTOPHE f (z) OMpeNeNeno, U Cu-

crema P Ges XoHma mpeofpasyer CI0BO AlafB;"'l o TeX z, IR KoTo-~

pHX f () He ompepeyeHO.

Vi3 pesynbraToB IO. 14.2 HemocpenCcTBEHHO CIEAYET, 4TO KasKkmas
4acTHYHAA WHCNOBasg (QYEKNOA, BHYECIEMas XKaxoi-IH60 cucTemoil
TPORyKImH, He0OXORAMO 4acTHYHO PeKYpCmBHA. I3 Tex me pesyibra-
TOB HeTpynHEO G0 OH BHBecTH H o6paTHoe yTBepimeEme, OpmHaxo
BMECTO HTOT'0 MH XOTHM 3hech [OKAa3aTh 0ojlee TOHKYIO TEOPEMY, Kacalo-
IMYI0CHA BHYACHHEMOCTII UNCIOBHX (YHKOI mpH HOMOINI CHCTEM IpO-
EYROi, IMEIOMHX CHeOUalbHHI BHJ,.

Tlo ompepneneHnio, 00nopodnas cucreMa npopykouil (uianm TATl-cu-
cmena) T 3apaerca cBonM axdasmroM C = {ay, @5, . . ., Qp,}, OOJOMKMA-
TeIbHRM HATyPaJlbHHEM YIICJIOM W, Ha3HBAIOIIMMCH wazor CHCTEMEH, W
OCOOHIMII 3JIeMEHTADHEIMII 1IPeoGpasoBaBEmaMu|

w w w .
a1— by, @ —5by..., @b, (T)

rge by, . . ., b, — Karne-muGyns ciosa B andasure C.

T-npodykyuet Haj KaKOM-BUOYAL CJIOBOM [, 3aNHCAHHHM B al-
dasure C, masHBaercs CICAYIOmPI IPOmecc: B TOCHENOBATEIBHOCTH
(T) mmen caoBo b;, orBevalomee HadvalbHON OyKBE a; CI0Ba L. 3aTeM
oTOpacHBacM B Y OePBHe w GYKB I K OCTATKY CHpaBa HMPUUICHBACM
ci0Bo b;. Ecan pioHa cioBa)y MeHbmMe w, TO I-OPOAYKINA Hasbi-
BaeTcsl Hesninoanumoll BN ¢ WA nenpuMenuol K I,
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Opmoponmbie CHCTEMB NPOXYKOMII MOMKHO pacCMaTpHBaTh Kak
o6HMHEE CcuCTeMH NpopyKuuil suma (P), IomummenEHe TpeboBaAMAM:

1) Bce HauanbHHIE CIOBA Gy, - . ., Gg cucTeMu (P) wmMeror opEy 1
TY ke NANHY w;

2) cmoBa b, ..., b; B Opogykuuax (P) saBmcAT IMmb oT HaYadb-
HHX OYKB CIOB 6y, . . ., 4s)

3) cpenu caoB 4, . . ., 65 cucremsr (P) comepssmrea mioboe cio-
BO [JIMHH § HAJ 3aJAEHHM aahaBHTOM.

YTo6 OFHOPOIEYI0 CHCTEMY IPORYKLMNI, 3afaNEyH0 WMaTOM w I
3IeMeETAPHHMN OpeobpasoBamdamm (T), saumcarh B Buge cucreMsr (P)
OBBHEX OpomyRiuiil, [OCTATOYHO Kaskmoe HpeobpasoBamue a; — b
B menouke (T) 3aMeENTEH N0CITEROBATEIBHOCTEIO BCOBOBMOKEBIX IPORYK-
muit suna a; AW — Wh;, Tnme a — IPON3BOILHOE CIOBO mmmﬂ w—

B 3a1aHHOM aldasure.

B ommoponmoif cucreMe WPONYKIIH ¢ IAroM w CIOBA, K KOTOPHIM
TPOTYKNHI He NPIMEHAME, AMEOT AJIHEY, MeEbmyIo w. YTolH m3ba-
BITBHCS OT 3TOTO HEmOCTATKA, BBEJEM enle NMOHATHE OXHOPOFHOI CHCTEME
TMPORVKIMI ¢ 3aKItounTelbHOI GYKBOII.

Crnctema mpopyruuii B andasnre {aq, 25, . . ., 2y} HasHBaercs od-
HOPodHOl cucmermoli npodyryull weea W ¢ 3akal0uLmMesbHOL OyKeolE
@g, €CAM COBOKYTHOCTH ee MPORYKuMT MOKHO IPerCTaBNTh B BUJE

w w w
— b, a6, v @y — b (To)
(6yxBa @, cieBa me BCTpedaercs), rae by, ..., b, — HemyctHe caoBa
B aldaBATe 2¢) &4, - - ., Oy
B ornmine or ogmopomHoit cmcremsl (T) B cuicreme (T,) mpomyk-
OUAM He TOAJAIOTCA He TOJNBKO clloBa NJAWHE, MeHbIIeil w, HO 1 BCe
CI0Ba, HAYIHAIONUIECs 3aKMIOYRTEeNbHONl 6yKBOIl a.
Teopema 1 Mumucrnit [1]). Jas sewdoli wacmuuno pe-
rypcuenoll dynryuu f (r) cywyecmeyem odnopodnas, cucmemna npodykyui
¢ 3aRAVUUMEAbHOL 6yh‘eozi Aq u wazon w, das kaxdozo x nepepabamu-

_ T ap—
sarowas caoso A,a’ Bw 16 caos0 Agay  BY™' npu f () onpedesennon

u paGomalnowas eeuno npu f (x) neonpedesennox.
Has waocdoll oepanunennoll vacmuuno pexypcuenoi Pynryun f (x)
cywyecmeyem od0nopodnas cucmena npodykyuii (6e3 3aRANHUMELLHOL
1 > pw—
6yran) waza w > 2769, nepepadamusayas ci060 A1a21 Bll’“ 1 4 cao0c0

f(x)
a2'®,
Coraacmo m. 14.3 cymecTByer onepaTOpPHEII anropiT, mepepaba-

rHBamit 2% 8 27¢) 1 o6ragaromyuiii mporpaMyoit Buxa

o«

Oz’cmn‘, 1: ’gl‘al\ﬁll,..., st ':s\“s

Bs|, (D

Tie {; mMeeT OHO 13 3HaYeHTil /\' 2. %X 3. %5, :30. Unemo w = 30 opu-
MeM B KageCTBe INara IICKOMOI cClicTeME npo,rwmmn Axcdasnr aroil
CHCTEMH GYHeT cOCTOSTH I3 OCHOBHHX OYKB A, 4o, 4. a;. . . ., A;. ag,
nonapHo OTBEUAIONIAX mprKasaM (1), m pAga apyrux Oyxs b;, big, Bi,
By, Ci(l,j=0,1,...).

IIpomece nepepaGOTm 3alaHHEOTO 9ICaa 2% IOCPeNCTBOM aJTOpPHT-
Ma (1) pacmapmaercd Ha mMarm Tak, 9T0 HOCHe KAKOTO-TO k-T0 mara IMoay-
qaeTcd 4Icio 3 (npO\[e,{\\'TO‘{HHH pesyubTar) I HOMep i IIPIKasa, KO-
TOPHI JOmxeH OHTH BHIIOJIHER Haj 4YNCIOM Z NP CHeAYIOHmEM mare
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Beuncaennit. Ecai i=0, To mpomecc BHUUCAEENIT 06PHBaeTCs I z— e~

3yabTar mepepaborkn2® mocpencreomanropursa (1). C mapoit umcesn (z, i)

comocTaBmM €080 A;a;BY 1 1 moCTapaeMcs MOCTPONTH CHCTEMY IPO-

aykumit T Tak, yrofH 3Ta clicreMa Ipeo6pasoBHBala CIOBO AiaiBZ;”‘l

B ¢ioBo A ja‘;B;.”'l, ecau aaroputs (1) mpeo6pasyer mapy (z, i) B mapy
(u, ).

' Has ramporo i (1 < i< s) Moswer OmTe 2 caywas: §; = X c,
{i = : w. PaccMoTpHM 1X OTHEIBHO.

-t caywail: it| Xel|laj.

Tnmey caegyiomue OFHOPOJHLIC ITPORYKIMIL:
4= Big . .. By, a; = b, Bi— by,

w [4 w~1
By, — CiAy, by—ay C,—B;™, By  —

[ VCPA (r=1,..., w—1). (2

TTocMOTPIM, BO 4TO HMEPEBCAYT BTH OPORYKINM CIOBO AiafBZf"l.
IlpepcraBnAs z B Bume z = lw -+ r, 0  r < w, u Opegnoiaras, 9ro
lr == 0, m3 (2) HEHOCPENCTBEHHO HOMyJaeM

AiaﬁBl-D—l — agl—l)w""'lB'{v_lBio- o Bipa
41 gWw-1 1-1)w?
b al*BYIB, ... By, bl -
- BB B, |- B B, . plwtwp
i 2400 - Piw-1Yi jw—r * * Tiw-1"1
lwtterw ~w w cz czpw~-1
b3 Cidg b= CPAgaq A8,
Jlerko yGempaemcA, 4T0 IOAYYEHHOE COOTHONIEHIe
Z pw~1 €z pw-1
AdiBY T - Ay ag By

BepHO I paa caydad lr = 0.

2-i1 cnxywait: i: w [alp|.

TlimeM mpomyRIjm
Ai— Big. .. Bypai — bibiyh, bio— ag, 3
w w-1
Bio—"ci"loo' Ci_)Ba , bi—?aa,

B.—-C¥, By, ,—Cildual,  (r=1,.. ., w—1). (4)

iw-r

Inst Toro ytoGer HaliTh, BO 9TO HTH IPOAYRKIII IPeo6pasyioT ¢io-
Bo A;atBY™, npeacrarmy z cmosa B fopye z = w + r (0 r<<w).
Cormacuo (3)

AdPTBY - BIB LBy, (bl (5)
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HanpHe#muil Xon npeo6pasoBammil 3aBHCAT OT [EIEMOCTH z Ha W,
Ilycrs z meamresa ma w u, ciaefoBarenbHo, r = 0. B arom caygae co-
I'TacHO (4) HMeeM pajee

w-1y! ~w wA al 1 pw-1
- (0;057)" CF Ay b= O Caly b Agag By
Ecun me r > 0, To (5) npogoibkaerca ciegylomum o6pasom:

By oo Biyy (5,077 LW (0T b BT oWl g
- b O AL Y L CE AL |- A0t B

Virax, ecami axropnty (1) npeo6pasyer napy (z, i) B mapy (u, j), T0
npopysman (2) — (4) npeo6pasyior cxoso 4;afBY ! B cioBo A ja}‘B;"’l.

Haxonen, nna i == ( mgobasaseM TPORYKIHIO
w
Bo —> Qp (6)

1 HasHBaeM 6YKBY 4, 3aKII0URTETHHOM.

Q603ma9uM 9epes I’ OMHOPORHYIO CHCTEMY HPOAYKOHi ¢ 3aKI0Yn-
TenbHON GyKBOI 4,, HOCTPOSHHEYIO iAsl mporpaMMul (1) B cooTBETCTBHH
¢ mpaBmiamm (2)—(4), (6). Ilycts z — mpom3BoJbHOE Ymciao. BepeM
cnoso A;a3*B}’"l. Brmonmsas map mmM npofykmmz T, M GymeM cma-
Yaja TWoAydYaTh CJIOBa, HAYHHAIOMMeCs OFHON H3 BCHOMOTATEeNbHHX
6yxB B;, B;j, C;, by, by, IlepBoe ciloBo, BaumHalomeecs ofHo# 13 6YKB
Ag, Ay, . . ., As, Gymer A;aZBY 7L, rie wcno z o HoMep i cyTh pesyab-
TATH BHOOJHEHNA NpIKasa ¢ HoMepoM 1 Hapg wicioM 2%, Bemonusas
Hap cnosoM A;aBY! mpopykmun T, cHoBa TONYYHM cHawala CIOBAs
HAaURHAIOUIEECS BCIIOMOTATENBHLIMA OGyKBaMH, a 32 HEMH HOJYIATCH
CJI0BO Aja;-‘B}”‘l, Ime napa (u, j) ABASETCA Pes3yNbIATOM BHIONHEHIST
TNpHKasa ¢ HOMEPOM i Haj YcdoM z N T.n. Ecin f (z) He onpengesenHo,
To mpomece 6ymer manthes: 6e3 KoHma. Ecmi e f (z) ompepenesro, TO
ToCJle KOHEYHOTO YMHcja NPOAYKMHil modydlM cIIoBO Aoagf(x)Bg’”l,

oTBevaroniee 3aKIIOYUTENbEOI mape (Zf(x),O). Tax xax 4, — 3aKII0-
ynTelbHass 6yKBa B cmcreMe I', TO YKasaHHOE CJIOBO Gymer pes3yibra-
TOM TepepaboTHE HayaubHOTO CNOBa MOCPEECTBOM cmcreMu 7'. Tem
CaMHIM TIEPBOE€ YTBEP:KNeHIEe TEOPeMH JoKa3aHo.

Il BOKasaTeNbeTBA BTOPOTO YTBCP/KEHAS BOCHOIB3yeMCA 3aMe-
YaHOeM, CHRCIAHHEM B . 14.3 o mOBONY TeOPeMH 2, coraacHo KOTOPO-
My B (OpPMYJANPOBKE 9TOH TEOPEMH UHCIO 5 MOMKHO 3aMEHNTH JIOGEDM
4yncxoM p > 1, He melxsmmMcs IO Ha 2, HI Ha 3.

TTycrh f (z) — wacTHuHO PeKypCnBHas QYERUNA, 3Nakenis KOTopoil
He HpeBocxofAT Hexoroporo umncaa [, Torpa smaveHns 9/ @) OyEYT
MeHBINe gHCAa p = 5“1, He jeismerocsa Hif Ha 2, En Ha 3. Cormacwo
YOOMAHYTOMY 3aMeduaHmi0 Halifercs omepaTOPHHIT aXropmTs, mepepa-
Garsapomuit 2° B 2/®) mporpamnia KOTOPOTO COREPRIT JHIIb HpPH-

Kasu Buga | &; | a; I Bi I, rae {; mpoEmMaer 3EadeHnsa X2, X 3, X p,: 2-3-

-p. Breime nmoxaszaHo, KakmM 00pasoM MOKHO HOCTPONTH OXHOPOLHYIO

cucreMy npoayrmmi 7 ¢ 3aKIOYNTeAbHOIT OYKBOI 4., NMEIONYI0 mar
X _ 2F(x)

— & . X pw-1 2 w1

w = 6p n nepepabaTHBalomyIo ¢N0Bo Ajay B'™ B ¢IOBO Agay By
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[Ipucoefiunan K npopykmmam (2)—(4), (6) cucremsr T elile TPORYKOIIO
A 2, 0P, ™M

o6patuM T B OXHOPOAEYIO CHCTEMY HPOLYKINI Ge3 3aKI0uNTelbHOIO

x . w-1 X) ap_
nileMeRTa, KoTopasi mpeoGpasyer cioBo A;al Bi B CIIOBO A(,A%f( )B:)" 1,

1{o Temepb IJT0CHeNHEE CINBO He SBIAETCS 3aKIIOYNTCIBHEIM X COTIACHO
(7), (6) mamee uMeeM

At gt -1 (26,

TTocKONBKY [JNHA CJIOBA agl(o') MeHbIIe IaTa NPORYKOWH w, TO 0HO
Temepb M OYHCT Pe3yJbTaToM TepepaloTKH HAYAJIBHOTO CJIIOBA.

C xaykmoit cucreMoil mponyknuit 7' (He 06sa3aTelBHO OFHOPOKHOI)
TlocT cBsi3as cilefylomue HBe OCHOBHEE alTOPATMEYeCKHE TPOGIIeME.

YIMpobmeMa ocTamoBXKIH Perypcusna uasn nem coso-
rynnocmv & ecex mex caoe, mawunas ¢ Komopwnx npoyecc T-npodyryul
o6pbwaemcﬂ uepe3 woneuHoe yucao waeoe?

2) Hpogpnema BHBOJZUMOCTH. [z randozo au ciosa
A smeasemcs perypcusHoll cosokEynHoCMb @ﬁl acexr mexr CA08, KOMOpHE
M0eHO noayuumd u3 Y roneumwa wucaon T-npodyryulil

TTocT mOXa3ad, YTO CYWIECCTBYIOT TAKAe CHCTOMH TPORYKmui, mis
KOTOpHX 06e MPOGIEMH HMMeIT OTPHOATeNbHOE pemende (cM. m. 13.1).
Opmako BOIXPOC O TOM, CYIIECTBYIOT Ji 0dHOopodnse CHCTEME TPORYKIHN
¢ OTPROATENBNO PemiaeMoil mpobieMoil 0CTaHOBKH, OH OCTABUI OTKPH-
tois (TAT-npobaena)., Pemenme aroif Godee cmemmalbHOR MPO6GIEME!
HeNMOCPefCTBEHEO CHEAYeT H3 NPefuiecTBYIOIIX Pe3yibTaToB.

Teopenma 2 (Tlocr — Muncknit). Cywecmeyem makas cucmema
T o0dnopodnuzx npodyryuil, 048 komopux cosokynmocmv & mez caos,
nayunas ¢ womopwr npoyecc T-npodykyuii o6pueaemcs, feifemcs He-
PERYPCUBHBLM  MHOICECTIBOM .

PaccmorpEM Kaxoe-HUGYHb PEKYPCHBHO IEPeUNCINMOe HePeKyp-
CHBHOE MHOMKECTBO HATYPAJBERIX ducexl § 1 oGosmagum depes f (z)
¢yerumo, paBEyo 0 B Toukax S H He oOmpefeNeHEYl BHE .
Mysxnns f (z) wacTHgEo pexypenBra. CormacHo TeopeMe -1 Hajfimercs

X
o 2 w-1
ofHOPOfHAA cHCTeMa npogykmuit T, nepuepaﬁa:runazomaﬂ Awi{ BB
a,, ecnn x € S, n pmalomas GeckomewHHIT mpouecc B caydae z ¢ S.
X
OGosEagmM uepes 9} COBOKYHHOCTH BCEeX CJIOB BHAA Aza'i B’l‘"1

u
1 nepes My coBOKYTHOCTH cloB Bupa Aga BY ™Y, rae u € S. Corynacmo
n. 11.1 coBorynEocTh 9% pexypenBEA, a CoBOKymmocTh My (BMecrte
¢ MEO:RecTBOM S) HepexypemBma. Ho My = & (| M, mnosroMy n
COBOKYNHOCTH HepeKypPCHBHA.

Teopenma 3. Cyyecmeyem maras cucmemna 0dnopodunz’ npo-
dyryuii T u maroe caoso A, uwmo cosorynnocms ecex caos Sy, noay-
waemnr us W Komeunws wucaonm T-npodykyul, feilemcs Hepewryp-
cusnoli. .

Ilycrs g (z) — obmepexypensHass QYHKOmS, OpHENMAlOmad pas-
JITIERE 3HAYEHNA NPH PA3ANYHHX 3HAYEHHAX apryMeHTa H uMelmasd
HEePeKYPCOBHYI0 COBOKYIHOCTh S 3Havemnii. BBogmM HOBYH (yBK-
oo f (z), mojxaras

fe@)=gmn+1 (r=0,1,...).
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OGaacTeio ompenencHnss QYHKmun f(r) CIy:KuT MHO:kecTBO S, a
rpaduK ee cocTonT 113 map (g (n), g (n -+ 1)> I TOTOMY OH PeKypPCIBHO
nepeunicauM. CiemoBaTenbro, OYEKmus f (z) 9YacTHYHO PeKYPCHBHA.
Paccaorpmy nporpamMy (1) onepaTopEOTO aJATOPHTMA, BHYHCHAIOLIETO
oyuxnmo f (z). IIycrs U — mocaefoBaTelIbHOCTh TPOAYKUTIT, TOCTPOCH-
HEIX, HCXOfs 113 nporpaMuel (1), ¢ moMoniplo npasmil (2)—(5). Biecro
npopykunn (6) modasaseM X U NPORYKIuMN, NMOJYYAIOMmMiiecd COTIACHO
npasmay (2) gl OpnKasa

0:|><1|1|. (8)

O6o3gaunyM gepes V TONYUNBIUYIOCH TAKIM HYTEM PACMOPEHHYIO CHC-

-2 7 w-1
Temy npopykmuii. Cucrema V ommopopma. Bepem cioBo Aye,B. U3
(2)—(5) n (8) momyuaem

AlaioB;D—l —...— Ao_llgl(O)B:)D—l —...— Alﬂif(O)B;D—l — .

_ ’ ) Lo
”._)Aoagf(f(o))B:)g 1_’-"_"’41”'%(())-3;’—1‘_---1 9)

TPRYEM B TOCJICHOBaTeAbHOCTH (9) HaunmaloTcs:i GYKBOIi A; aimb siBHO
BHIIICAHHEIE cJIoBa. IIycth a = AlalB;”_l, @, — COBOKYHOHOCTD CJOB,
TONydaeMHX H3  KOBEYHHM 9HCI0M V-TPORYKIILI (T. e. BcexX CJIoB

X
nocyefoBaTeabHOCTH (9)), 9 — COBOKYIHOCTH CIOB Blifa Alai B;”_l H

U
B — COBOKYIIBOCTH CJIOB BIIfa Alaf B;"'l (u € 8). Tax Kax coBOKymI-
socrb ¥ pexypcusma, B mepexypcusEa H B = U ) &, To &, He-
PeKYpCuBHA, 4TO I TPeGoBaIOCh.
TeopenMsr 2 u 3 moKA3aHE HaMII I8 OHOPOXHBIX HpoayKiii mara 30.
Ecan BocnoapsosaThbes Teopemoit 3 mw. 15.2 m BMecto mporpamaer (1)
paccMaTpuBaTh NPOTPaMMH, COCTaBJEHHLIC -IIHNb 113 TPIKA3OB BIfA

X2 al, I X3 |al, lzﬁlalﬁ , (10)

2% 9/ ()
nepepabaTeBalomux 2° B 297, TO mpomyKmuu, NOIydYeHHEE I3 IPO-

rpam Bufa (10) coriacmo npasumaM (2)—(5), (8), Oyvayr uMers mar,
papmmuii 6. Bce paccy:kpmemns, mpIBepllne Hac K TeopeMaM 2 T 3, oc-

- 2% 52l(x)

TAlOTCA B cuie I gda KomupoBamHmA 2° , 2= 7. Tarum obpaso, cywye-
cmeylom cucmemd ofHopodnwr npodyrkyuili waza, paseHozo 6, ydos-
Jaemeopsiowue Yca08ull YKA3AHHBT meopest.

fcHO, YTO OfHOPORHEIX CICTEM TpoayKmuil mara 1, gas wroropmx
Omin 6B BeDHH yTBep:&meHms TeopeM 2 muam 3, Her. OpgEako, Bawm
X a o [2], usMeHHNB CIICTeMy KOGIPOBaHisl, HOCTPOUI TAKYI0 OJHOPON-~
HYIO0 CICTeMY HPoAYKiuil, mar KoTopoii paBeN 2 I Kis KOTOPOil Wpos-
Jeya OCTAHOBKI He paspemmva. Bosee Toro, B cmcreMe Bama Xao
IATHH BCeX caoB By, . . ., b, B npeo6pasoBarnax T, Ec npeBHMAT 3.

JonoxeEeBNs, OIpPOMEPH O 3afadyl

{. Yactnumasd ¢yERODEA f () TOTKA I TONBKO TCTAa BEIYICIIMA
Ha QBYXIEHTOYHOI MammHe MOHCKOTO B O0HUHONI KOJIIPOBKe, KOTHA
f =) BHUHCIOMA IpPH TOMOINN OHEPAaTOPHOrO alropluTia, HporpaMa
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KOTOPOTO COCTOIIT JIMB II3 IPIKA30B Blifa

I K T e L I A R

[ o[

n cron-npuxaza (Bapspums [1]). :

2. Bau X ao [1] paccmaTpmBaer mecTHpAlomiiec MAMNEH ThHIO-
PHETA, KOTOPEE MOT'YT MeHATH COCTOAHIA MYCTHX fYeeK, HO He MOTYT
TI3MEHATH COCTOAHUI HENYCTHX AveeK. lmaue rosops, MammnHa Tbhio-
prEra ¢ BHemHnM andasmTom {0, 1} maseiBaercs mecmupanwyed, ecan
OHa BHIONHAET JNMb KOMaHAH BIfa

qi0—>qjaTe, qi1—>qj1T€ (a:O,i; 8:0, i'i)

TloxasaTh, 4T0 TPH NOAXOAAMEM KONIPOBAHIN JjioGas 9YacTIYHO
pexypcupHass (YHKOEA BEURCINMA Ha HORXOmsuieil HecTHparomei
mamuse TeloprEra (Bam X ao [1], ynpomesne u ofobmenue —
3uxunu [1)).

3. Ecin B opmopomHOIl crcreMe HPomyKmuil mara w GARHH BCeX
IpaBHX CIOB ; ompemedsIOmUX NPOAYKUUIl He MeHbNE w 1AW FIHHA
Ka{pOTO M3 ITUX ¢JIoB He GONBIE w, TO TPOGIEME 0CTaHOBKU H BEIBO-
NHMOCTH PCHAIOTCs TOJOKITENbHO.

4. Mycth ogHOpOHAA clicTeMa OPORYRInil Ty Ineer mwar 1 1 npo
9TOM HEKOTOPHIE II3 NPaBHX CI0B b; ompexedAIONIX NPORYKuE MOTYT
GuTh mycTEiMiI. Torga ycaoBus mpembigyrieil 3afiaduy He BHITOIHAIOTCA.
Ter He MeHmee M B HTOM clydae IPofaeMa OCTAHOBKI peliaeTcs IOJIO-
sasrensEo (Basw X ao [2]).

5. PaccMOTPIIM  CIegyIOnjie «ympomeHmbley INpnKasbi, IIpuka3s

EE

mycTh O3HAYAeT: YMIO/KIITh JAHIIOE WICA0 Ha 2 11 Hepeiltn X cile-

AYIOIEMY 110 HOPAAKY NPOKa3y. AHaJOTINNHO ONPENEINM NIPIKas \ X3 l

IIpuxas |:6 ‘ al OycTh 03HAYAET: Pa3fellTh qaHHOE YIiciIo Ha 6 Ir mepeli-

TII K BHIIOJAHEHNIO MpIIKasa ¢ HOMEPOM ¢ eCIl jke faHHOE TIicio Ha
6 He memnTcs, TO MEPCiiTI K BEUIOAHEHNIO HAJ JKAHHEM WIICIOM CIETYIO-
Lero mo mOPAAKY mpukasa. HampinMep, ceplid yIPOLIeHNHX IPIKa30B

2l ) [ 0]

E

paBHOCIIJIbHA IIPHRAa3y ‘X‘Zla} : YMHOKIITH TAHHOE YIICT0 Ha 2 I 3aTeM

TepeliTn K BHIOOMHEHIIO UPIKaza ¢ HOMEDPOM ¢. AHANOTUYHO ITOMY
cepns yNPOMEHNLX IPIKA30B

|:6‘o¢, ><2|,|><3|,’:6 B

paBHOCHILHA NPNKA3y ,:6 ‘ a‘ B ' C noMompIo TeopeMs! 3 1I. 15.2 noka-

3arbh, Y10 AJIA KasKmol 9aCTHYRO PerypcuBHOI QyEKuuu f (z) cymecr-
~ o o’ o (X

BYeT OmepaTopHHil azropnTM, nepepadaTHBAIONIIT 22 B 2%, mpiruex
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UPOTPAMMA BTOTO ANTOPUTMA COCTONT JMINDb 3 CTON-UPAKA3a K ympo-
IIEHHHX [PAKA308 BUOA

el el [ 4]

6. Asropnrtm B npemsAymicit 3afade HepepalaTeiBaeT dmcila. He-
TPYAHO OIIcaTh COOTBETCTBYION{IIe ONEPATOPHEE AaJITOPITMEL, Iepepa-
GaThiBalomiiie cloBa B HafleskamieM aldasurce. Hanpinep, paceMoTpEM

andaswr, cocrosmuit 13 mudp 0, 1, 2, 3, 4, 5, 6. OGosmadny wepes

MpEKa3: NPAOACAThH K JAHHOMY CIOBY CNpasa qafpy i (0<<i<<6) u
3aTeM TepelTH K BEITOZHCHHEO HaJi MOJYYEHHBIM CJOBOM ClefyIOIIero
00 HOPAOKY NpHKasa.

Yepes

|a0|¢1|a2 U

a3|a4|a5

0603HaIMM TpPHKa3: B TAHHOM CIOBe BHODOCHTEL 11eDBYI0 mudpy, me-

peliTy fJajlee K BHIONHEHNIO DPHKa3a C HOMEPOM O, €CIH OTOPOIeH-

Hag Oudpa ecTs i, ¥ nepeliTh K CTON-UPHUKa3Y, ecil faHHOE CIO0BO OYCTO.
HanpuMep, cepns NPHKa30B

A rl o] 12[e a5 e ]

l I 2|3]4]s]e]7]e

L L

| ! l 1. BlsTel]e
mepepabaTHBaeT J1060€ CIOBO aya,d, . . . ag B andasure0, 1, 2, 3, 4, 5
B CIOBO a,06a,6a,6 . .. a6 I B yKazamie BHIOONHATL HPHKA3 C HOMe-

poy o. [lanee, yCHOBIMCA Kaykoe HaTypalbHOe TiIciHo » > 1 Komgmpo-
BaTbh CJIOBOM anal ... g TOE

n=a0—}-a1-6—}-...—}-as-68 (0<e; <5; a,>1),

T. e. KOAHpoBaTth «obparmoii» mecrepnunoii sanncklo n. Torga mpnkas

l: 6] o I B ’ OyaeT paBHOCHIEH 1IPHKA3y

[=lofefe]plefr].

BEITIOJNIHEHHOMY HAJ «00paTHOI» IecTePUYHOli 3alIICchI LAaHHOTO UCia.
Ha ocrose Teopenms 3 m. 15.2 (ca. mpemsAymIyIo 3afady) I0Ka3aTh, 410
ANA Kammoil 4acTHYHO PeKypcusHOHI QyHROuu f (z) cymecTsyer ome-
paTopHHIi anropuryM A, 1epepabaTHBAOmni cIoBa B asdasnTe
0,1,...., 6, nporpama KOTOPOTO COCTONT I3 MPIIKA30B BIMA

Icron’, \-il, lao as

allagla3la4

o |
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¥ KOTODHI 06paTHEYI0 INeCTePHUYHYI0 3alich INPOM3BOILHOTO YUCIa
Bra 22" nepepabaTEBaer B 00PaTHYIO [eCcTEPIIEYIO 3alACh THCIA 22‘1(x) .

7. Paccmorpmm ciiosa B gBowmamoM andasnre 0, 1. Ilpmkas | i I
(i = 0, 1) mycTs o3Hadaer: IpHOWCATH i CUpaBa K MAHHOMY CIOBY B
nepeliTy K ciefynlneMy nprkaay. Ilpukas I Oy l oall MyCTh 03HATAET: BEI-

9epKEYTb MepBy0 OHPY ¥ nepeliT¥ K OpPHKa3y C HOMEDPOM O, €Ci:
BEIEpPKEYTass mudpa ectb i (i = 0, 1); ecam mamHOE CIOBO MYCTOE, TO
OCTaHOBUTLCA bBepA 06PAaTHYIO IHECTEPHUHEYIO 3aMACh HATYpaJbliOro
qicia W 3aMcHAA B Hell mudpu 0, 1, ..., b #X ABOMUHEIMA pas3iorKe-
HUSAMII, TOJNYYHM TaK HA3HBAEMYI0 O0pPATHYIO ABOHYHO-IHECTePUYHYIO
sannck gmena. Hanpinep, obparHag RBOMYHO-IMECTEPHYHAS 3alACH
gpcna 27 ects 010011011, ToxrazaTs, 910 AAA Kaskmoil YaCTIIEO PEKYp-
capHEON (QYEKODUA f (x) CYDIECTBYeT aNTOPHTM, MepepaGaTHBAIOMMI
cnoBa B axdasmre {0, 1} ¢ mporpammoil, cocTossmell AWML W3 MpHKa-
308 BHAA

|
|

(=]

|CTOH‘, 1|, |a0|a1’,

|
|

KoTOpHIl nepepabaTiiBaer 06paTHY0 [BOMUHO-IECTEPHIHYI0 3aIUChH

x f(x)
uncna 22 B Taryo jke 3ammch meia 227,
8. HNpuxras |\ | | nycrb osmauaer: BEUEPKIYTL nepeyio GVKRY,

nepeliTE K IIPAKaA3y ¢ HOMEPOM o, ecli BEIUEePKEYT 0, mepefitTd K cie-
AylomeMy, II0 MOPALKY NPAKa3y, ecld BEMepKHyTa 1, IT QcTaHOBATHCA,
ecnu 3afagEOe cioBO mycro. CyIecTByeT OmepaTOPHHEII  alTOPHTM,
nepepabaTHBalomnil crosa B andasnre {0, 1}, ¢ mporpasmmoit, cocTosmeit

JHIOb M3 IPOKas0B Bnual 0 l, l 1 | , l AN ‘al (6e3 cTom-npnKasa) i LA

KOTOPOTO COBOKYIHOCTEL CIOB, IlePepaGaTEHBaeMHX B IycTOe CJIOBO»
apasercad KpeatmpHOX (Ilenmeppmcorm m Crypruc [1]).

JIMeHHO 9TOT pe3yabTaT HCNOAB3YETCA ANA IOCTPOEHHA YHIIBEp-
canpHOI MamnEN THIODIHTA C CIMBOIAMHI Gy, dy, (s, O3 @ BHYTPEHHIIMII
COCTOAHUSMHA ¢y, Gy, - . -, g, DOKA (HAUMEHBINEI» I3 N3BECTHHX YHA-
BepcanbEHX Mamme Telopnara (TpurTep [1]).

9. KakoBo MuHIManbHOe 3Ha49eHIe n, AN KOTOPOTQ CYIIECTBYET
yHEBepcanbHas Mamnaa Tolopoara € ¢ comsoxaMn 0, 1 1 cocTosEmsIMI
G0y 1y - -2 Qn? HaKOBH MIFTMaNbHHE 7z, JIA KOTODHX CYIHECTBYET
TaKafd MalifEA §, 9TO &;;, HEPEKYDPCHBHO, KPEaTUBHO, MPOCTO, MaK-

CHMAJBLHO?
10. Corstacro B 10 x 1 [1] peeyasproi cncremoil may andasuronm

{c1s « . .y ¢} HaBHBaeTCA CHCTeMa, onpeflelseMas YKa3aHERM alida-
BATOM H cHcTeMoii 6a3HcHEIX ITpeoOpa3oBammil BIga
oW — 0 W i=1,...,9, (A

rge a;, b; — JuxcmpoBaEHEEe cClOBa B YIOMAEYTOM anxdasire.

Broxm mokKaszady, 9TO COBOKYIOHOCTEL cJOB 3/ TOrga I TOJIBRO TOI/A
MopoKIaeTcA KoHeIHOHN cHcTeMOI CcIOB NPH moMOIMn OpeoGpasoBa-
guii Bnpa (A), xorga M moposKmaeTcsa KOBEeIHOH CICTeMOil cioB mpr
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1noMomu npeobpazopanmii BHAA
aW —ap WV (p; == A).

OTcioga, B YaCTHOCTIL, CIEAYET, 9TO BCE COBOKYMHOCTH, HODOMRIae-
MEIe B pesy4AapHu CICTEMAX KOHEYHBIMII CHCTEMAaMil CIIOB, ABIAIOTCA
PeKYPCHBHEIMIL,

§ 16. JlmodautoBer yparueHus

B 1900 r. ma MexpyrapogHOoM MaTeMAaTHIECKOM KOHIDeC-
ce I. Tmawbeprt [1] sumennn 23 npo6Grems:, pemeHie
KOTOPHX OpPeAcTaBuio O 0CoOHE WMATEepec AJiA Pa3BUTHAA Ma-
TEeMATHKH.

Cpennm sTux mpobaem momemeHa n npobaema N 10, chop-
mynnpoBaHHaa I'manbeproM chemylommy ob6pasom:

10. BelscHeHEMe pPa3pemMUMOCTH OPOHB-
BOJXBHOTO gmodaETORA YyPaBHEHUH.
HIycmy 3adano Ouoganmoso ypasunenue ¢ npouUsBOALHbLIM YUC-
OM HEUSBECMHNT U UYErtlMU DAYUOHALbHuMU KEosPPuyuen-
mamy; mpebyemcs ykasamyb cnocol, no KOMOPOMY ¢ NOMOULIO
KOHEUH020 YUCAA ONEPayil moxcHO Obli0 6bl Y3HAMb, pPaspeuu-
MO YDABHEHUE 8 YeAblL PAYUOHALLHUE YUCALAT UAU Hem.

Crmoco6 (Verfahren), o6 orbickaHEE KOTOPOTO HWAET PeYb
B aToft mpobmeMme, MBI HOHHMAaeM TeHeph KaK AaJTOPHUTM.
B 1900 r. Teopma anropmrTMoB eme He GBlIa COsfa@a M pPedb
MOTIa HWATE JUIOb O TOJO;KATeNbHOM pPENIeHNH NPO6GIeMEl.
Opnako Goxpmwe TPYLHOCTH, BOSHHKAIOMNE OGBIHO IPH
HCCIe0BAHUN IHoQaHTOBHX ypapHeHHH, IPUBENN K IPEeJHO-
JOKEHNMIO, UTO YHOMAHYTHIH aNropmTM He ¢ymecTByer. Hm-
e OyoyT mamoxkeHs! pesyibratel [ eBmca, lartrmenma
n 0. Po6unrcor [1], mokasasmux, 9to papg apudmern-
geckmx mpobaey, GAM3KHEX mo cBoevmy xapaxrepy 10-if mpo-
6aeme I'manbepra, pemaercs OTPHHATONBHO. UTO Kacaercd
camoit mpobaeymer I'nuesbepra, ToO 0HA TOKA eIIe OCTAETCA OT-
KDHTOR *). )

16.1. TnodamTossr mpemnrarsl o gyaxgua. B 10-ii mpo-
6mere I'miap6epra peds NET O CYMECTBOBAHON NENBIX PAnio-
HaJBHEIX PemeHnH, T. e. pemenni B uncaax 0, =1, 42, . ..
IToxasrey, 910 a1a mpobGaeya paBHOCIIBHA TPOGIeME CYMEcT-

BOBAHNA DelleHNnd B HaTypadpHEX umcrax 0, 1, 2, . .. B ca-
MOM fese, HyCTh JJIS Kadcdoz0 YDPABHEHNA
F(zy, ...,z =0, (1)

*) Cy. Ipunosxenme, c. 363. 113 padoter 10. B. Marnscesnua [1%]
clielyeT OTPUNATeIbHOe pemeHNe aecAToll mpodmemst 'munGepra,—
Hpuseu. ped,
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e F' — MHOTOUNEH ¢ MeBIME PAan@OHANBHEHMY Ko3(hhunnren-
TaMH, Mbl yMeeM PeIINTh BOIPOC, MMeeT OHO WM HeT pelleHie
B Hamypasbkbiz uucnax. CopammBaeTcs, HMeeT JH ypaBHe-
mme (1) pemmenne B measx panmoBambERX guciax? CoctaBiaaeM
ypaBHEHHNE
Flry..onz) F(—2, ..y xp) ..o F(—2y, ..., —2,)=0.
(2)
fleno, aTo ypasmenme (1) paspemudo B MeIHX PanMOHATHHBIX
Y@caax KOTAA ypaBHeHHe (2) paspemmMo B HATYPalbHEX
YHCIaX.

O6paTtHO, TWyCTh ME yMeeM peImaTh BOHPOC, MMEeT JH
NPOMm3BOJIBHO 3afaHHoe ypasHeHuwe Buaa (1) pemenume B me-
AHIX DPATWOHANBHEIX wnuciax wiu Her. CopammBaercs, meeT
im ypasHeHue (1) pemenne B HaTypalbubX guciax? Cormac-
HO obmenmssecTHOl TeopeMe Jlarpamska Kaykmoe HATYpalibHOS
9YACH0 TPefCTaBUMO B BHMEe CYMMH KBaJpaToOB YeTHIPOX HaTy-
panbsELIX umcen. Ilosromy ypasmenne (1) mmeer pemenme B Ha-
TYPATILHEX THCIAX TOTAA M TONBKO TOTHA, KOTMA ypaBHEHNE

Fai+yi+za+u,. . .00+ +2+u)=0

mMeeT pemerue Ty, Yy, %1y U1y - - > Tny Yo Bns Uy B LEIBIX
panMOHANBHEIX dYmCHaX. BBUAY HBI0/KEHHOTO HILKe OyAeT
paccMaTPUBAThCA NAIML 3afadd O CYMECTBOBAHAM pelleHui
B HaTypadbHeIx umemaXx u cumsoanl (dxz), (Vz), (Vz < a)
6yayT o3HAYATL COOTBETCTBOHHO (CYIMECTRYOT HATYDPAIbHOE
GECHO ¥, «AIA Ka/KEOTO HaTYPAJIBHOIO THCIA 9, (IIA Kark-

moro HaTypamxbHOTO T W3 orpeska 0, 1,2, ..., ar.
Tpemurar P (zy, . . ., Z,), ONPeAeJIeHHNH HA MHOMKECTEE
HaTypauabHHX 9ICeN, Ha3wBaeTca OJuoganmoenit, ecanm cy-
MECTBYEeT TaKol MHOTOUNEH F (Zy, - - «, Tns Y1, - « -, Ym) © TE-
JEIME K03dPumneHTaMn, ITO
Pzy, .. z,)=
(Fyr-- Yn) (F(21, - i Ty, Y1y oY) =0).  (3)
Muomxecrso M {(n-ox zi, . .., ;> HATYPAJBHHX TOCEX

HasuBaeTca OJuoganmosslar, ecan AMOYAHTOBHM SBIAETCH
n-MecTHHIN Opennrar P, OcTnHHELIT Ha n-KaX 13 M n J0:KEHH
Ha OCTATBHBIX 1-KaX HATYDAIBHEIX HIICE.

W3 coorromenns (3) BagHEO, YTO KaykI0e ANOPAHTOBO MHO-
JKECTBO PEKYPCHBHO mepedncImyo. Lcan 66 mpodaeva 1'miab-
Gepra pemalace MOJOROTENBHO, TO KRA0E MHOPAHTOBO
MHOKECTBO OBLIO 6 PERYPCHBHEM. 1103TOMY 718 OTPHOA-
TeIbHOTO pemreHusa mpofmevsl I'mabGepra mocTaTouHO TOKA-
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3aTh, UTO CYMECTBYIOT HEPEKYDPCHBHEE NHOPAHTOBE MHOJKe-
crpa. OMHAKO TOKA HEW3BECTHO, CYMECTBYIOT M HEPEKYpP-
cuBHEIe [HO(QAHTOBE MHO;KeCTBA *).

Ias kpatkoctm ycrosuMcs cEMBoxamm t™, p™ oGosHa-
YaTh COOTBETCTBEHHO M-KE {1, - « -y Tnyy Y1s « v oy Yno+

\ Y3 T0mBKO UTO BBE[ICHHEIX ONpeIeNeHAl HemocpeCTBEHHO

BEITEKAET ’

Cnenpcrsue 1. Ecau npedukamw P (™), Q (¢™),
R (z™, (™) duoganmosrr, mo npedurams P (x™) & Q (r™),
P\ Q@ ™), (Jyi... ym)RE™, v™) marwe
duoganmostr. Ecau F (x™), G (x™) — mnozousens ¢ yeavimu
koagpuyuenmamu, mo npedukame S (), T (™), U (z™),
OnpedeseHHNe COOMHOULEHUSMI

S (g(ﬂ)) « F (3_;(77')) — G(g(ﬂ)),

T (e™) < F (¢™) 7= G (z™),

U@E™) < F (&™) <G ™),
duogparmogui. -

B camom mene, onycts

P (z™) < () (H (&, y™)=0),
Q (x™) & (J®) (L (z™, §™)=0),
rae H, L — MHOTOUYNHH ¢ TeluME Kooddumuenramu. Torma
P (x®) &Q () € (Fpy®) (H2 + L2 =0),
P (™) \/ Q (s®) & (Ip4®) (H L =)
Hanee, wumeem .
T (™) = 3y)(F— 6=y +1),
Uam)<@y)(l+y+ F=6),
9ro ¥ TpeboBamock.

Uugcnoras ¢ynrnus f (2, . . ., z,) HasuBaercs duodan-
mosotli, ecu® (n -+ 1)-mecTHOe oTHOmeHEEe Yy = f (zy, . ..
.« . Zy) #uoamTOBO. B wacTHOCTH, 0TCIOMA BEITEKAET, UTO
KQRABHE MHOTOYJeH € HENHMH Ko3(OHHIEHATaMH ABIAETCH
mZodaHTORBOH (yAKOEEHR CBOMX AapPTyMEHTOR.

Teopema 1. Cynepnosuyus Ouoanmosnz PHynryuil
ecmdv gynryus Juoganmosa. Ecau npeduram P (x™) u eciody

onpedesennve Pynryuu F, (x™), . .., F, (™) duogarmoswi,
mo npeduram P (Fy (z(™), . . ., F, (¢'™)) makace duofarnmos.

*) Cm. Ilpmnosxerme, c¢. 355. Bee pexypcenBHO nepeduciauMmsle (B
TOM UlCTe HePEKYpCIBHE) MHOKECTBA I MPEINKATH ABAAIOTCA JLO-
QanToBMI,— I pusien. ped,
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HeiicTenrensno, myers ¢yEkmma: F (¢™) n  ¢yEkmmn
F; (¢™) mmodamroBrl. Tak kKak oTHOIIEHHE

y=7F (F, &™), ..., Fa@™)
OJsA HATYPAIbHBIX Zj, . . ., &y, DPABHOCUIBHO OTHOIIEHWIO
(Fz1...2)y=F (2, ..., n)&zl_Fl (E(m))&
&z, = Fp(xm),
a 9TO mOCHeqHee OTHOIIEHUe B cuiy caefcTeus 1 amodanTOBO,
to Gpyrxoma F (Fy, .. ., F,) gionodarrora. AHamormgao foKa-

3EIBAeTCA W BTOPOE YTBEDKIACHIIE TEOPEMBL.

Teopema 2. QPyuryuu z -y, [alyl, rest (z, y),
¢z y), l(x),r@), I (z,y) duodarmos.

B camoMm peine,

z=z-ys@@E<y&kz=0Vaz=z+y,
z=lzlyl e (y=0&z=2)\/ (Qu) z=yz +u&u<y),
rest(x, y):x_ﬂ_y[x/y], C(x, y):[ (x+y)22—}-3$+y]

z=1(z) & () (¢ (z,v) = 2),
z =7 (z) & () (¢ . 2) = 2),
T(z,y) =rest (L (z),1 4+ 4 1)» (2).

Ilpamensa cmepcreme 1 m teop sy 1, HEDOCPeACTBEHHO
yOexmaeMcsi, 4TO CTOAINUe COPAB 0T 3HAKA < (GOPMYJbI
OPefCTaBAAKT AXOPAHTOBE HPEAW ITHL.

Ob6osmaunm uepe3 A COBOKYHD CTh BCeX CTeHmeHel wmcia
2: A={1,2,4,8,.. . )ooycrs A’ = N — A. UHTepecHO
OTMeTUTH, 4TO MHOKeCTBO A’ AmodaHTOBO, TaK Kak

z= A" & (Juw) (z = (2u + 3) v).

B T0 ;Ke Bpeisa MoK HEM3BECTHO, ABIAETCH JII AXOHAHTOBEIM
MHO;KecTBO A. B wacrHOCTH, HOM3BECTHO, ABAAETCS IM AMO-
darroroit ¢ymrmma 2° (cp. 0. Pob6ummcom [2]).
B nacrosmee Bpems, mo-BEAUMOMY, HEH3BECTEH HI OfHH
KOHKDeTHH nropaHTOBR TPeAUKAT, HMEIOIH HeamopaHTOBO
OTPHOaHIe *), XOTA 09eHb IPOCTO JOKA3HBACTCA (HEKOHCTPYK-
THBHO).

Teopena 3. Cywecmesyiwom duofanmosn npeduramu,
ompuuanue KOmopux HeduoPanmoso.

)

*) Cum. Ilpmuosenie, c. 363. MmomeerBo A u dyErmoa 2% gno-
aHTOBH, BCAKIIT PEKYPCNBHO mMepevncimMEil, HepeKyPCHBHHI Tpe-
Pexryp p P P
mOKat nveer HefnofaHTOBO OTpUOAHLE. —Hpuueu ped.
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IlooycTuM mpOTHBHOE, T. €. AOILYCTHM, 4T0 AJIHA KasKAOTO
MHOTOUIeHA F (&, §) ¢ medsMA KO3Q@UIUEATaMA CYmECTBYeT
Tako#l MHOrOYNIeH F* (r, p,) ¢ mMeasMu KoaddumuerTaMu, 9T0

1@ F (8, 9)=0)= A1) (F*(z, 91)=0) (4)
O, CIE0BATEIHHO,
@) (F (& 9)=0)& (V1) (F* (x, 91)70). ()

TTorasmenm, uro B TakoM caydae Kaskaoe apudMeTHIecKoe
muO0kecTBo (m. 13.3) Oynmer mumodarmToBEM. PaccMoTpmm, Ha-
OpHMep, TPefuKaT

(V) (34) (G (z, v, 3)=0),

rae G — muorounern. Ha ocroBanmn (4), (5) mmeem
(VD) @D (G (& 1, )=0)= (Vou) (6" (r, v, 5) =0
= T1(3@05) (6% (2, 95 31) =0) = (Tne) (G** (&5 32) =0).

W3no;xennsie npeoGpa3oBaHns MOKA3EBAIOT, 9TO X B (op-
MyZax ¢ Gomee CIOKHBIME mpuHeraBkaMm smpa VI, IV3I
H T. I. KBAHTOPHI BCEOGUIHOCTI MOKHO IOCTEHEHHO 3aMEHHTH
KBaHTOPAMHI CYIIECTBOBAHNA M TeM CAMBIM Ka)KABIH apmgme-
THYECKAN UPeNUKaT OpefcTaBATh B AmodaHTOBOM BHAe. M
OPUILIA K HPOTHBOPEYMIo, TaK KaK BCe AMO(PAHTOBHL IIPeAH-
KaThl PEKYDPCHBHO UEPEYMCIMMBI, a CPeAn apHMEeTHIeCKHX
OpeAmKaToB corjacHo m. 13.3 ecTh W He PeKYPCHBHO mepe-
YICIUMbIE,

CymecTByer mpeamonos;enne, 970 BCe PEKYPCHBHO mepe-
qHCIAMbIe TPEANKATH AHOPAHTOBH *). YKasaHHLE B Teopeie 2
¢pyrrnum mieior Memmernsi poer. 0. Po6mrc o m [2] mo-
Kasala, 910 eIl CYmecTByer XoTda Obl ofgHa AHOPaHTOBA
QyHKONSA, pacTymas He MeleHHee 2%, TO BAa;KHBIE DPEKYDPCHB-
HO TEPeYNCANMBHI HpefnKaTr z=—a¥ ABigeTcsa AH0QaHTOBBIM.

B cBsasn ¢ Teopeyoii 3 BBemeM ciaemylomee MOHATHE, KOTO-
poe OymeT HaM TOJE3HO HIGKE.

IIpepgnkar P (z;, . .., z,) YCTOBIMCA HABHBATE 06adcOw
Oduodanmogrim, €CIH OH CaM I ero OTPIMaHMe ANOQaHTOBH.
CoorBerctBenHO aToMy, QyHKNIIO f (), . . ., Z,) OyHeM Ha3H-

Bath Odeaxcdu Ouoganmosoii, ecan orHomenne f (x4, ...
c ey Tp) = Zpyy OBAEKOB AOYAHTOBO.

. 13 atoro ompepesenns BnmgHO, 4To mpeankat P (zi, . ..
..., Zy) TOTOA N TOABKO TOTHA ABA:AH MAIOGAHTOB, KOIAA
CYIECTBYIOT TAKOme MHOrouwileHH F, G ¢ measivn Koaddmmuen-

*) CM. cHOCRY Ha c¢. 326. —ITpused. ped.
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TaMHd, 9TO
Py, ..., zn)&

STy Y E (@1, oo Ty Y1y - ) =0),  (6)
Plry, ...,z &

= (Vzr...2) (G, - o Ty 21, .. 2)F<0). (7)

Tax xax mBasKAE AROPAHTOBO MHO/KECTBO W €TO JOMOJHE-
Hue Auo(aHTOBH, & AMO(PAHTORE MHOKECTBA PEKYDPCHBHO Te-
PEIMCANMEL, TO KasKA0e IBAKAH AEOPAHTOBO MHOLECTRO pe-
KypeusHo. Bepuo 11 ofpatHoe — mHemspectHO *). Teopema 3
yTBEDP/LAaeT CYIeCTBOBaHMe AMO(PAaHTOBA MHO;KECTBA, He SAB-
JAAOmMErocs ABakKAb AmoQaHTOREIM. Eeanm 6 BCe PERypCHB-
HEle MHO;KeCTBa ORIIH MBAKAE AHOPAHTOBEI, TO YHIOMAHYTOE
nmohaHTOBO MHOJKECTBO C HeIODaHTOBKM 0N0IHEeHAEM OBLIO
0Bl HepeKypcuBHEIM 1 mpobieMa ['maprbepra pemanacs 651 oT-
pumarenbHo. W3103KuM HECKOIBKO MPOCTHIX CBOACTB ABAKIHL
Ar0GaHTOBHX MHOYKECTB U (JYHRIWI.

Teopema 4. Koweownryus, usoiorEyUs U Ompuya-
nue Osancdw Ouoganmosnxr npedukamoe ssifiomes 0sancdn
Oduoganmosumu npeduramanu. Cynepnosuyus 0saxdwn Ouo-
Panmoswzr eciody onpedesenuur Pynryul ecmdv dsaxncdv 0uo-
ganmosa Pynryus. Ecau npeduram P (z,, . . ., Tn) U 6cr00y
onpedesennas Gynkyus f (zy, . . ., Tp) O06ancdv duodanmoss,
mo npeduram P (f (z1, . . ., Tw), Zay . - ., Ty) MaKsice J8ancow
Ouogarnmos.

IlorasxeM, HaUpHMep, HocxenHee yTBep:kaeHme. lieem

P(f(@1, .o s Ty« ooy Tip) =

S qu)(f(@y ..o ) =u&P (U, s, ..., Zn), (8)
P(f(xls e xm)i cee xrn)'::}

S(Vu)(f@y .. o Zp)F=u\ P, Zay .. 0Zy).  (9)

1lo yenosmio cymecTByioT Takme MHOTOWIeHH F, G ¢ HelnMH
KO3 rIEeHTAMI, YTO

f(xlv L xm) :LL&P(U,, L2y 00 ey xm)gr;"

"_"(Hyl . ys)(F(u’ L1y ooy Ty Y1y o0 s ys)zo)’
f(xlr ey :cm):,éu\/P(u, T2, ooy xm):_—:*’

=(Va...5) (G, 21, ..., Tpy 21, - -+ %) F=0).

CpaBHEBAf 9TO JKBIBAJEHTHOCTE C COOTBETCTREHHHI-
MO 3KBHBaJeHTHoCcTAMI (8), (9), BIjmM, 9TO IpeAUNKaT

*) BepHO: BCAKOS pPEKYPCIIBHOE MHO/KECTBO SBJAETCH JBAKIE
Auodanrosey, Cir Ipunoxenue, c. 363.— ITpumeu. ped.
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P(f(zy, ..., Zm) Zg, ..., Tyy) TpeActaBmM B dopMax (6),
(7) m, ciemopaTelbHO, 3TOT MPEANKAT ABAKAE AEOPAHTOR.
Teopema 5. Kawldul muocouren ¢ yeavimi -K09g-
Puyuenmanu seasemcs Osancdn OJuobanmosoti Pynryue.
Omnowenus z<<y, z=1y u Pynwyuu lz/yl, rest (z, y),
L (z), (), T (2, y) dsancon Ouoganmosur.
HeitctuTensao,

y=fey—7@)=0= (V) z+1—(y—f @)% 0),
r<<ye@)(z+z4+1—y=0«

& (V) @ —y — 2 0),
s=ltlyl s @<z &z<(@+1Dy\V=08&z=u2),
rest (z, y) = z — la/yl y,

y=l@e@z)(e(y.2 —r=0¢&
' & (Vau) (e (z, u) =z \/ 2 = p),
T (z,y) =rest (2 (z), 1+ (y + 1) r (2).

fAcmo, uro ecnm mpemmkat P (24, ..., Z,,) MBaMAH IHO-
darToOB, TO mpegmKar (4z,) P (21, . . ., Tn) Auodanror. Ograko
BBHAMly TeOpPeME 3 MOCJE[HUH HpefmKar, BooONIe roBOps, He
Oymer ABasKAE MEOGAHTOBEIM.

16.2. Apadmeraueckoe mpeacrasieHAe. ¥ Ke FOBOPHIOCH,
YTO CymecTByeT THUmOTe3a, COTIACHO KOTOPOH KaKmaoe pe-
KYDCHBHO MepeYmcanMoe MHO:KecTBO AmodaHToBO. Bompoc
06 mcTHHHOCTH 9TOH THUHmOTeshl MoKa OTKPHT *). Opmako
MOJKHO JI0Ka3aTh, 9T0 Ka/KI0e PEKYPCHBHO HEPEINCIUMOE MHO-
JKeCTRO MOmyCKaeT apuMeTHIecKoe mpefcTaBienne, OTAHYIa-
omeecs 0T AnOGaHTOBA JHIIb ABYMs KBAHTODAME. JTO Hpeji-
cTaBIeHHEe Jie;RIT B OCHOBE BEIBOJA PAfa APYIEX HpeacTan-
Jenmit A7 PeKYPCUBHO HEPETACANMEIX MHOKECTB.

'Teopemad (Herme [1]). Jua ramdozo perypcus-
HO nepewucaumozo muoxcecmea M cyuecmeyem makoti MHO20-
uner F (2, Y, 2, Z1y + « +y Tn) C YEAUMU KOIPPHUYUEHMAMU, MO

TeM <
SAN(V2<y)For. .- ) (F (20 4y 2, 21, .. ) =0), (1)

20e xeanmopw 3, VY, kak u eciody, omHocsmces K JHoxHcecmay
HaAMmy PAAbHELL HlUCeN.

IlocMoTpUM cHawaNa, 9T0 FAeT HTA TeopeMa i HPoOieMal
pemmeHEs anreGpamveckIX YPARHEHHH B HATYPaJbHEX 9qmC-
nax. Bepem B rauectBe W KaKoe-HEOYIH HepeKypCHBHOE pe-

*) Cu. crocKy Ha c. 326.— ITpusey. ped.
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KYDPCHBHO HEPeYNCIAMOe MHOKECTBO B CTPOHM COOTBETCTBYIO-
mui# MeEorouien I'. PaccMorpmM craemylomyo 3amady: AisS
TPOX3BONBHO 3aflaHHOI'0 HATYPAJIbHOTO I Y3HATH, OymeT aAm
paspelimMa B HATYPAaABHEIX Yy, Z;; CHCTeMa ypaBHeHmH ¥)

F ('771 Y, O, Zo1s » - oy 'Tl)n.) = 01
F ($1 Y, 11 T11, - - o xln) A= 01 (2)
F, y, ¥, Zyr 5+« o ym) = 0.

CornacHO TeopeMe 1 paspemmMOCT 3TOH CHCTEMBI PABHOCHIIE-
Ha OPUHAJJIEeKHOCTHA YACHA £ MHO:KeCTBY M . 3maunr, 3amada
0 pa3pelEMOCTH YKa3aHHON CHCTEMEI [Jsi HPOM3BOIBHO 3a-
MNAHHOTO YMCla I He mMeeT aJTOPUTMA IS CBOETO DPemIeHHs.

Tlepefimem k mokasarenbcTBy Teopemn 1. Paccmorpmm
dynxrnuo f (x), paayo 0 113 z ¢ M 7 He onpefeleHAYIO AT
z ¢ M. 9ta (yEKOEA 9YACTHIHO PEKYDPCHBHA X HOTOMY COT-
nacHO Teopeme 2 u3 m. 14.3 cymecTByeT omepaTOpHEIA ajiro-
put™, mepepabarbiBalommit 2* B 2 *) m mmelomui mporpamMmy
BHEMIA

0: {erom|, 1: §1la1

bify +.v ni|Cala,|b, (3)
e §; o3Hawaer omHy u3 omepammi X2, X3, X5, :30. 9tm
omepamuEn mepepabartbiBalor wmeio Buga 2%-3°-5Y B uwdcao
Toro ke BmAa. lloaToMy, HaUMHAA COTIACHO YKA3aHHOM LPO-
rpamme mepepabareiBaTh mapy (2%, 1), ME mocie n-ro mara
BEIIMCHIEeHNH GymeM mMers mapy Buma (2%s-3%.5%s, ¢,), rme
2%s3%5"s — momyueHHOe UHCIO, a €, — HOMED WUpHKa3a B
mporpaMMe (3), KOTOPHH ClefyeT BHIOJHATh Ha CIefyIOmeM
mare. :

OGosmauam uepes P, (u; v, w, ¢, u’, V', w', ¢’) mpenukar,
HCTHHHEIU TOTHAa ¥ TOJABKO TOTMa, Korma mapa (2*-3°-5Y, ¢)
mepexoaT B mapy (24-3Y-5%', ¢’) B pesynbTaTe BEIIOIHEHAS
mpukasa ¢ HoMepoM ¢ m3 mporpaMmul (3). Ilpm srom Gymem
cunrats P; (4, v, w, ¢, u', v, W, ') HOMHEEM mIA MIOOHX
u,v',w, ¢, ecna ¢ > n, a gua ¢ = 0 mono;kuM P; mCTHH-
HEIM JIENG Torga, Korja ¢ = 0o u=u',v=0v, w=10'.

Iloxaskem, uto mpenmkar P; mmodamros. Ilas raskmoro

i, 1 < i < n, sBefiem mpenmkat Pi (u, v, w, ¢; u', v, w', ¢),

-

*) Uwcno ypaBHeHmit B 9T0# cmcreme, paBmoe y + 1, To:xe ABNsA-
€TCA HCKOMEIM.
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PABHOCHABHEIH YTREP KICHHIO
c=1&P; (u,v,w,c; u,v,w, ),

1 ’
A TOKasKeM, dYTO TUPeIHKAaTH P‘l’, Py, ... P} ABEO(AHTOBEL.
HOuasa P? 10 0ueBHAHO, TaK KaK COTJACHO CKA3aHHOMY
Py (u, v, w,c; u', v, 0w, ') =
sSc=c =0&u=u &v=v &w=uv'.

Paceymorpnm P1 naa i > 1. B coorBercTBylOMEM HpHKase

Sl\a1 ‘b CEMBOJ {; MOJKeT WMeTh Of[HO W3 YeThipex 3Hade-

mmii: X2, X3, X5, :30. ,[Ionycmu ITO YHOMAHYTHE TpHKas3
wMeeT BH[

CrenoBaTensno, ecadm ¢ = | m gmexo 2%-37.5Y gemmres =Ha
30, To mapa (2"-3°-5Y, ¢) mepefimer B mapy (2v-1.3v-1.5w-1,
a;). Bean ke ykasamroe wnemo He meanres Ha 30, To ymoMs-
HyTad mapa mepelimer B mapy (2“-3°-5Y, b;). Unage rosops,
B paccMaTpEBAeMOM ciydae ortHomemme Pi (u, v, w,c;u’,
V', w', ¢') paBHOCHIBHO BHPasKEHNIO

c=i&(u>0&v>0&w >0—»>u =u—1&v =
=v—1&v =w—1&c =0a) & uvw=
=0-u =u&VV =v&v =wkd =1b),

9KBUBANEHTHOMY (OpMyIe
c=i&uwvw=0\/(u=uv +1&v=0v +1&w=
=0 +1&d =a))&(u>0&v >0&w >
>0V u=u&v=v&w=uw & =b)).

CornacHO IpefllecTBYOmEMY IYHKTY HpPeAmKaTh ¢ = I,
u>0, u=u"-+1 1 1.0 p£TOPaHTOBH, KOHBIOHKIAH I
O IH3BIOHKONN TX Tar:ke AnodparToss. CaemoBarersHo, mpe-
maokat Pj pmodanTos.

Jomycrmy Temeph, WTO PACCMATDIBAGMEBIT HPHKA3 HMeer
BIf
i l X 2|
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B arom caysae mapa (2*-3°-5Y, ¢) mepexommr B mapy
(2v1.3°.5%  q;), mpemmkar P (u, v, w, ¢; u', v, w', ¢') sa-
OACHBAEGTCH B BHMIE

c=i&u =ut+1&v =v&v =w&kc¢ =g

O TOTOMY ABIAETCH AHOQAHTOBEIM.
Cnyuam §; =.X3, X5 paccMaTpmBaoTCs -AaHAJIOTHTHO.
IToaromy MOsKHO cumTaTH, 9TO AEOGYAHTOBOCTH BCEX HPEUKA-

T0B P; moxasana. Ho
Py PIN PIV ...\ P,
mo3TOMY Hpenmkar P, Tamsxe AMOPAHTOB.

OGosmaumy wepes P, (u, v, w, ¢; u', v, w’, ¢') mpenm-
KaT, KOTOPHIf OpH ¢ < 7 HCTHHEH TOrJa U TOIBKO TOT/a, KOT-
ma mapa (2-3°- 5%, ¢) mepexoput B mapy (2% -3v-5%", ¢’) moc-
7e s maroB mepepaborka mo mporpamme (3). Beoas o6osmaue-
HUA §; = {Tiy, Lig, Tig, Tiey B OPHHAMAS BO BHAMAHNE CMBICI
OTHOINEHUA P,, BAAAM, 9T0 oTHOmeHme Py (¥, §) PABHOCHIDL-
HO dopmyme

(Frrze. . . ) (Pi(r, 801) & Py(rs, )& .. & Pi(zs, ). (%)

Corstacao ocroBHOMY cBOMCTBY (ymrmnm I'émens I (z, z)
(m. 2.3) maa mo6six matypamsELIX z;; (1 =0, 1, ..., s +1;
j =1, 2, 3, 4) cymecrsyer Takoe a, 4TO

T (a, i)y = e (211, Tioy Tig, ;) (1= 0,1, . . ., s+ 1),
11, CIef0oBATeNbHO,
zi; =¢45 T (a,i))(1=0,1,...,8s+1;7=1,2,3,4), (5

The €%, €41, Cy9, Ca3, Cyy — HYMEDAUMOHHLIE (YHKIHWN, OLPE-
OeleHHbie B H. 3.3, OpmUeM Ly = &, Ls;p = . BCe 31@ QyHK-
OOOo ABIAIOTCA cynepnosnmmuaMmn Gymrmmil e, I, », gnodan-
TOBOCTh KOTODHIX OBIJIA YCTAHOBIEHA B TPEAIIECTBYIOMEM
nynakre. Orciofja BeITekaer, aro gynrnun cy; (T (z, y)) Taxsxe
AnodaHTOBHI.

M3 paspemmocTn crmcrenbl (D) OTHOCHTENBHO 4 CleNyeT,
970 dopmyaa (4) paBHOCILIBHA YTBEDP:HACHIIO

(3a) (Vi < 8) (P1(da (@, 0), . . ., dy (a, 1), du (a, L+1),...
v di(a, i) & =d(a, 0)&... &=z
=dy(a, 0) &y, =dy(a, s+ 1) &. .&y4
=dy(a, s+ 1), (6

rne d; (a, i) = eq (T (a, i)).
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Ycuosue z ¢ M o3HadaeT, 9T0 HPOLMECC nepepaboTKH Jer-
BEDKH (:c, 0, 0, 1) o6prBaeTcs Ha nofAxofsmeM (s + 1)-M mare,
T. e. Ralilercs Takoe §, 9TO B mojxydamomeiica HA (s + 1)-M
mare 4eTBepKe (Yi, Yz, Y3, Ya) BMeeM ¥y, = 0. I’IHaqe roBop4,
dopmyna (6) maer
z¢ M & (Isa) (Vi< s) {Pr1 (da (a, ©), ..

) d4 (a, l’)v dl (d, i _I" 1)a LIS ] d4 (a, 7'+ '1))'&$ =
=d1(a, 0)&0=4dy(a, 0)&0=dz(a, 0) &1 =
=dy(a, 0) & 0 =d4 (a, s + 1)}. (7)

Msr yke Bmpenm, 49To mpefgmxar Py, ¢yErmmm d, (a, i)
m otHomenus x = dy (a, 0), . .., 0 = d, (a, s + 1) pmodan-
ToBH. lloaromy BEIpamennme, croamee B gopmyne (7) BHyTpR
durypaEx croGOK, mpeAcraBigeT AE0(AHTOB OPEAMKAT OT
DepeMeHHHIX z, i, @, S. OGo3Hauas sToT mpeamrar gepes Q,
aMeeM

reM & (Isa) (Vi<s)0Q (2, a, i, ). (8)

Ho yrBep:xieHnme 0 CymecTBOBAHHE mApPH YHCEN S, & PaB-
HOCHIBHO YTBED/KASHMI0 O CYIeCTBOBAHAN YnciIa ¥ = € (s, a),
SBIAIONIET0CA HOMEPOM 3Toft mapsl. IToaTomy m3 coorHOmenms
(8) momyzaem

TeM & QAy) (Vi< )0 (2 r (y), L 1Y)
c@NVI<Y @@ » @), L LHYVI>TEH). ©)

Hpenaxar Q (z, » (y), i, T (y)) \/ i > 1 (y) RuodanToB ™1,
cJie{oBaTelbHO, €I'0 MOMKHO OpefcTaBATHL B BHE

Fzy .. .2) (F (2, 9,1, 21, .. ., 2) = 0), (10)

rme F — momxomamuii MHOTOYJIEH C NeabiMH KoaddumuenTa-
mm. Coemmmsas gopmynsr (9) m (10), mpuxonmm K Tpebyemoii
dopuyxe (1)..
moMOIIpI0 HeGoAbmAX (OPMANBAEIX TpeoOpa3oBaHmi

(L e Buc [1]) ms Teopems 1 Aerko moayvaerca

Teopema 2. Jua kandozo perypcusHo nepetuciumo-
20 mnoacecmea M cywecmeyem makoil mHozouaer G ¢ yeanmu
kosPuyuenmam, umo

re M (Ay)(Ve<Ly) Az <Ly)- -
° (3$m<y) (G(‘r’ y7 Z, xl, LR R} xm)=0).
Cormacro Teopeme 1 cymecrsyer MEorouwnen F, ymoBier-

BOpAImH cooTHOmEHMNO (1), 1 moTOMY yTBep:aenne ¢ = M
PABHOCHIBHO DAasPemINMOCTH NPI HEKOTOPOM Y CIHCTeMEL
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ypasHer®mi (2) ormocmrensro z;; (i =0, .. .,y 7 =1,...
n). O6o3rauas wepes u 4mcao, GoJbIIee KAKAOrO THC-
na z;j, BAANM, 9T0 coorHomeHme (1) BIewTer

s M e (Jyu) (V2 <y) @A <w) - -0 Tz, < w) (F=0).

Bromsa Bmecro mapk umcen y, u ee HoMep v = ¢ (y, u),
TPUXOAUM K 3aKJII0Y6HNIO, YTO OTHOIIEHNe ¥ <& M paBHOCHIb-
Ho (opmyie
@) (V2 <L) @ <r (). ..

. (a$n<’)' (U)) (F (xv l (U),Z, 5 PIRIRYS Z‘n)=0),

KoTOpasi, B CBOIO O4Yepefb, PABHOCHIBHA BHIPAYKEHMIO

@A) (V2 <o) (T2 o). - (T2, <) Qun <)
(Jws < v) (€ (W1, wa) =v & [(F (2, Wi, 2, 1, . . ., ) =0)\/

Vin<lz<v)]&n <&, .. &z, wy). (11)
Tax xax BEyTpm dopmyns (11)
m<zLrve
&, <y) AQu, K<) (wy +wg+ 1 =2&2 + wy =),

z; K we & Ay <) (25 + yi = wy),

TO

v <zLre Qw, <) (Jw, < v) (U =0),

riwe k. &xn<wz(=>(131 yi <o) (V=0), (12)
Tme depes (ﬁ y; < v) obosmazeno cmopo (Jyy <L v) .
. Ay < Lz;=)1 11 TONIOKEHO
U= +ws+1—2"4+ (24w, —v)
V=@ +n—w)?+ ... + (xn+yn—w2)2'
IIpz momomn coormomernuit (12) gopmyny (11) mpusoamm
K BELY

@) (V2 <o) (3 2<0) (3 2 <o)(F <o)

(4 (e (wi, wy) —v)* + U (F? (z, wi, 2, 21, ..., Zp) +
+ V2 = 0)),
Y OBIETBOPAIOIIEMY TeopeMe 2.

IIpuBenerAEe BEOme MOKA3arTeldbcTBa TeopeM 1 u 2 apms-
I0TCA KOHCTPYKTHABHEIMI. OTO 3HAYHT, 4T0, nMeSd HPOTPaMMy
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OMEePATOPHOrO0 AJATOPHTMA, BEMUACHAIONIEr0 YaCTHIHYIO Xa-
DPaKTePHCTHICCKYI0 PYHKIMIO [ (z) MEORecTBa M, MEl B HpHH-
THIe MOMEM HaOACaTh MHOFOYNeHH F n G, yIOBIETBOPAI0MIHE
rpebopanmaM teopeM 1, 2. Ommako 3Ta BO3BMOKHOCTH JIHINb
OpUOENUNAANBHAS, TAK KAK eCIH B3ATH KaKy0-Hu0YAb U3 HEIHE
U3BECTHBHIX NPOTPaMM, OTBEYAIOMUX HEPeKYPCHBHEIM MHO-
skecTBaM M, M HOCTPOATH MHOTOUNEHH! F, G o mpaBmiaaM, m3-
JIO;KERHEIM B [0KA3aTeJbCTBAX Teopem 1, 2, TOo TaKkme MHOYO-
WIeHB OKGRYTCA CIMIMKOM CIO/KHBIMU. 3ajiada o HaXoKue-
Hpu Gojiee MInm MeHee HPOCTHIX MHOTOYIEHOB (HALpPHMeEp, He-
BEHICOKOH CremeHm W C HeGOIBINAM dYHCIOM HePeMeHHSHIX),
JAOMEX HepeKypCHBHOe MEHOKecTBO M, 0 cMX HOP, IO-BH-
AUMOMY, HE pelleHa.

6.3. IlpegcrapmMocTs HATYPANBHBIX YHCEI MHOTOWIe-
pamu., [oBopsar, wTo 9mcmo a npedcmasumo MHOTOIIEHOM

F(z1, ..., zp), eCIH CYmECTBYIOT TAKHEe HAMYpPALbHble IHC-
Ja ay, . .., m,, 970 F (a1, . . ., ay) = a, T. e. eCJAN HCTHHHA
dopmyna

(Fzi ... 20) (F (215 - - -, 20) = a).

Tosopsar, 470 COBOKYIHOCTH HATYPANLHBIX dnced M mwpef-
craBisferca MHorodieHoM F, ecaum M eCTh COBOKYHIHOCTH
BCEX TeX HAMYDPALbHHE INCEN, KOTOPHe HPefCTaBAMEl MHOTO-
qnenoM F. B rteopmm 4mcen gusa papga MHOTOUIeHoR F mecie-
HDOBAJICH BOHMPOC O TOM, IIPEACTABHMbLI JU 3TAM MHOTOWIEHOM
gce HaTypanbHbe uncaa. Hampnmep, reopema Jlarpamxa, Ko-
TOPO#t MBI y)Ke HMOJB30BANNCH, YTBEP/RFAET, ITO MHOLOUIEH
7 -+ 23 4+ 2% 4+ 2} opemcraBnger Kasmmoe HATYDATbHOE THC-
10. EcTecTBeHHO BOSHHKAET BOIPOC: HENb3f JIl YKA3aTh ali-
TOPHETM, HOCPEACTBOM KOTOPOTO AnsA Hi060TO 3aJaHHOTO MHO-
ToYNeHa C HEJBMH KOod(P@UImeHTaMi Mo;KHO 6bLI0 6B CKa-
3aTh, MPECTABIACT MK HOT 9TOT MHOTOWIEH BCE HATYDPAalib-
mele uncaa. Cmenys IMatmeny [1], moxames, g9ro aror
BOHIPOC pemaercs orpnmareabHo. CHagala qoKaskeM CIenyio-
MYy TeopeMy:

Teopema 1 Ilarumen [1]). Jan rancdoeo peryp-
CUBHO nepeuucaumoeo MHoscecmea M cyujecmsyem makoii MHO-
eouaer F (z, ¥, 21, . . ., 2,) ¢ yeansu kKoadguyuenmaru, wmo

z=M < (y) (Vz. . 2) (F(2.y,21,. ., 2,) = 0). (1)

Coramaco teopeme [esmnca (m. 16.2) zMoskuo maiitn raxoii
MHOTOWIER G (2, Y, 2, Z1, . . ., L) © LeJHMO Kod(pdummen-
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TAMA, YTO
zeM e QAy)(Ve<y) Azs. .. 20) (G (2, Yy 2, 21, .« - .y 2,y)=0).
: (2)
Ipu sagarEbX y 7 2 < y 0603HAYAM depes x,; HATYDPATb-
HEIe 9mCIa, yAOBIETBOPAIONINe COTIACHO (2) YDaBHEHHIO
G(z, Y, 2, Ty1y « - oy Lgm) = 0 A
Ilo ocnoBHoMy CBOHCTBY dyaxgaun Tepens T (a, t) cucTeME
e, 2)=2,; (22=0,1, ..., 9
AMEIOT HATypaNbHEE PeMeHus a1, . . ., &y A TOTOMY
ze= M s (Qyas. . .a,) (V2 <y)
{G(z, 4,3 T (a1,2), ..., (ay, 2))=0}
Filind
re= M s (Jyar. . .a,)(Va)
2>y\/ G(z,y,2,T (a1, 2), .. ., T (ap, 2))=0}. (3)
Cornacro TeopemaM 4, 5 u. 16.1 BEIpakenme, crodmee B

QurypHEX cKoOKaX, OPefCTaRIsgeT ABRVLAB JH0GAHTOR Lpe-
OUKAT @ LHOTOMY PaBHOCHIBHO QopMyre BHAA

(Vzr . oo 25) (H (z, ¥, @10+« «3 Qmy 3, 214+« oy Zeq) 7= 0), (4)
rme H — MHBOTOYIEH ¢ IeJbMH Koa(i)dmunemanm Tlogcras-
aaa (4) 8 (3), momyumm
=M & (yar. . .ay) (Vzie . .2)

(H(xyy, 81, « vy @y 21, - . .y Zg) 5= 0.

Bsopsa Bmecro crpoxm (Y, a1, ..., Gp) €€ HOMED U =
=e(y, a1, ..., ay), OymeMm mMers

re=M & (Ju)(Va. . .2)
{H (-73, Cmi11 (8), - - oy Crns mn (u), Z1y e oy Zs) # 0}.

IIpegnxar, croamumii B GurypHHX CKOOKAX, ABAKIAE AHOPAH-
TOB ¥ HOTOMY MOKeT OHITH 3aMEHeH BRIDAJKEHHEEM BHMA

(st+1 L] zn) (F (.’I:, Uy 21y o 0 oy zs>1 Zstly » - oy zn) 5‘& 0),

rae F — moAxomamui MHOTOWIEH ¢ MeJmMn KoaghdumueHTa-
mm. Ilocnme yxasamHoOH 3aMenHl Qopiyna mpmobperaer Tpe-
6yemsrit Bmp (1).

Teopena 2. [Jaa Kandoeo peryUpCUBHO nepewUCAUMO20
MHoscecmea M cywecmsyem makoill MHO204AEH € YEABLMU

12 A. 4, Maasines
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koagpuyuenmanu G (z, 21, . . ., Zp), MO
2 EM & (Vy)(3a. . .2) G (520, ., ) =1).  (5)
Cmawvama cornacHo Teopeme {1 HajimeM Takoil MHOTo4iIeH
F, 9robm
z= M & (y) (Vzin . 20) (F (2, Y, 24y . . . 20) 7 0),
H, CIeJ0BATEIBHO,
tEM & (Vy) 3z . 20) (F (2,0, 21 - -+, 22)=0).

Teopema 2, oueBmAHO, GyMeT [OKa3aHa, ecan GyaeT MoKa-
3aHa crefylomas dopmyna [larmema:

@) F(z 49 =0«
<=)(asul LC u4) (G ("E, Uy, Ug, Uz, Uy, 3) = y)’ (6)
rie § = <21y « . ., Zpp O
G(z,uy, ... us )= |
=1 —F? (z, ui+u; + wi+ui, p) (@F + uz + uz+ui +1)— 1.
| (7)
Ilycts mas HeKOTOPHIX HATYPANBHEIX &, y JeBas dacTh

sKBOBAJNeHTHOCTH (6) ECTHHEA 1, ClefoBaTeNBHO, F (2, U, §) =
= 0 pna momxomamnx 4. I1lo Teopeme Jlarpamxa madmyres

TAKme HATYDAIBHBIE Uy, Uy, Uy, Uy, ITO Y = U3 -+ us - uj -+
+ uj. Uz (7) momyuaem
_G(fl:, Uiy + » o u4,3)=(1—F2(x, Y, 3))(1+y)_1=y

¥ DOTOMy HpaBas 4acTh SKBHBAaXeHTHoOCTE (6) merumHA.
O6GpaTrO, WycTH AJMS HEKOTOPHX HATYPAIBHHX Z, Y Hpa-
Bafg YaCTh HKBUBATEHTHOCTH (6) MCTHHHA H, CIeI0BATEIBHO,

(1 — F2 (2, uf +ul +uj -Ful, 3)) (ur +uj +ui +ui +1)=y-+1
(8)

I TOAXORANMX HATYPATBHBIX Ui, . .., Uy IlpaBas wacTs
BTOT0 PABEHCTBA — YHCIO MOMOKHTeNbHOE. IlosTOMy mepshi
MHOYKNTENb B JIEBOE WacTH Tarke MOMKeH OHTh [momom-
TeJXBLHEIM UmcaoM. Ho 9To BO3MOMKHO TONBKO B CIydae, KOTNA

F (2, uf + us + ui + uf, §)=0,

n torga m3 (8) momomEmTENBHO TOXyHaeM u; 4 us - us +
4 ui =y, otkyna F (z, y, §) = 0, 4ro m Tpe6oBATOCD.
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Cnencrteue. He cywecmayem arzopumma, no3eonsio-
weao Oasn 4106020 3a0AHHO20 MHOOUAEHA € UYesulml KOIPPu-
YUueHmamu Ysnambo, npedcmagisem IMOmM MHO2ONAEH 6Ce HO~
MmYypasvrbie wUCLA WAL Hem.

B camonm pmene, Gepem Kaxoe-BmOyIb HepeRYpDCHBHOE pe-
KYPCHBHO IeDEYHCIAMOE MHOYReCTBO M M CTPOMM [JIA HeTo
MuorowieH G, ynormersopaiomuii ycaosnio (5). Bepem meko-

TOPOE IUCIO @ I PaccMaTpnBaeM MHOTOUIEH G (4, z1, . . ., 2,)
OT WepeMeHmbX 2i, ..., Z,. Dopmyna (5) osmazaer, 4TO
@ ¢ M torfa m TOABKO TOrfa, KOrAa MEmOTouwIeH G (a, 21, . . .
..., Z) TDEfCTABIAET BCe HATYDANbHBE YHCHA. Ecam 6m

YOOMSHYTHE aXropHIM CYmECTBOBAN, TO DU €70 HOMOIIW MEI
OBl MOTZIH PeIIaTh W BOOPOCH O BXOMKACHAN wmena B M, uTo
TPOTHROPEIAT HEPeKYPCHBHOCTE MHOMKeCTBa M.

16.4. Toxasarensasie ypaseenuns. [loxasamesvHuml ypas-
HeHusMlL BAa3bIBAIOTCA YDaRHEHHS BHRA

; xp ;

F(xl,...,xn,xl',xl ,...,xn)‘—“O, (11)
rae F (z1, « - -y Zny T11, Z12, - - -, Tpp) — HEKOTOPHIH MHOTLO-
4eH 0T EePeMeHHHX I, Z;; (I, j = 1, . . ., n) ¢ mexrMn; pa-

OuoHANBAEBIME Koaddrmumentamz. IIpm sTomM momaraioT, 9TO
2° = 1 mna Beex meamx z, B uactmocr:, 0° = 1, O6muno
HITyT RATYDAJAbHEE pelleHns ypasHenns (1). Tnomummnmz
fpuMepaMi DOKA3aTedbHBIX YPABHEHHAR MOTYT CILYKUTh YPaB-
HeHAA

gy =2, (2 — o) (@ — yp =0, 2 4 1V = 5,

yIKe paccMaTpHBABIImECS B JIATEPATYPe.

W3 ompefenenmsa BOAHO, 9T0 KayKAoe ANO(NAHTOBO ypas-
HeHUe MABIASTCA NOKA3aTeNbHHM. DEIIE 0TMEeJaioch, UTO
mpobiemMa CYMIeCTBOBAHHA ANTOPHTMA [JIA OTBETA HA BOIPOC
0 Pa3pemEMOCTH DPOW3BONBHO 3aAAHHOTO Au0paHTOBA ypaB-
HeHHAs DOKA 0CTaeTcd oTKpHTof *). Jlaa moxasaTenbHBIX ypas-
HeHmOH mosio:xenme mHoe. CpasHuNTENbHO HemaBHO [ € B ¥ ¢,
Hartaem u 0. Po6umacon 1] norasann, aro mpob-
eMa pPAas3pemuMoCTH B HATYPANbHEHX . UHCIaX LIPOW3BOILHO
33[AHHOTO HOKA3aTeNbHOTO YDABHEHUS ANTOPHTMUYECKE He-
paspemmMa. Hmske mpmBOAmTCA MOKA3aTENHCTBO 3TOH 3ame-
9aTeNbHON TEOPeMHBl, HPHHAMIERAMEe YHOMAAYTHIM aBTOPaM.

Hpepmrar P (21, . . ., Z,;), OUpPEJENEHHEN HA MHOACCTBE
HATypaJbHBIX UHCEN, HA3HBAGTCA NOKA3AMesbho Ouogarmo-
65LM, ECHH CYWMECTBYeT Takoil mMHEOrTouieHn F OT mepeMeHHBIX

*) Cm. Ipunomerme, c. 363 m cHoCKy ma c. 324.
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z;, ;3 (i, 7 =1, ..., n)c nersiMz xoapdunmeRTaMHE, UTO
Py, ..z e

S Tzmsr. - Zn) (F (21, « v oy Ty 215 215 - - oy Tpn) =0).

Uncnosaa ¢ymknmsa f (zy, ..., I,) HA3HBAEGTCA nOKA-

sameavho duoganmosoll, eCIE OTHOWEHHE [ (T1, « « «, Lpy) =
= &ms; TOKA3ATENHHO AUOPAHTOBO.

Orciona cuenyer, 9o BCe AHOPAHTOBE OTHOIIEHNA T QyHK-
UM ABIAOTCA IIOKA3aTeNbHo AUOQAHTOBLIMA.

Teopema 1. Ecau npeduramw P (2, ..., x,),
Q (21, ..., z) udynryunf (1, ..., o), &1 (X1, -+ s Tm)y - - -
v vy 8o (21, - . .y Tw) noxkasamesvro Quogarmoss, mo @GyHkE-
yus :

f(gl (231, .« vy ‘im)i c e+ 8n (-231, L) xm))
U npeduramu

p (xh e ey x’n) \/ Q ($1, o s oay xn)’
Pz, ..02) &Q (21, o . ., T5),
(Fzn) P (z1,y -« -y Zp),

P g (e « ooy Zm)y o 0 vy &n @1y o+ «y Zm))s
g1 (@1, v vy Tm) = 8 (71, . . ., Tn),
g1 (.721, e Ih) < 8o (.’131, e Zm).

makdice nokasamesvho OuoParmossi.

JlokasaTenbcIBO TaKoe ke, KaK U MOKA3aTeIBCTBO COOT-
BETCTBYIOmEH TeopeMHl 0 AXo(PaHTOBHX (YHKIEAX ¥ Tpefn-
warax B m. 16.1.

3 reopemr 1, HampuMep, BHTEKaeT, 4TO MOKA3aTENBHO
In0(paATOBHME SBIANTCA CIeAyIOMne (VEKIAN X OTHOIIE-
HOSA: :

2%, (2% - 1)%, (3% 4+ 1)V — 27, 3 <L 2.

M=u xotmM, caenya Jesncy, Ilarremy m Pobuncon, moka-
3aTh, YTO MOKAa3aTeJlbHO I[HO(baHTOBBIMH ABIAITCA BCE Hac-
TIYHO PeKypCHBHBIE (YBKOHUN X PeKyPCHBHO HEDPEYHCJIHMBIE
OpefHKaTH.

JJemma 1 (0. Poburconr [2]). Qyrryus

(n) ann—1)...(n—k-+1)

k] ¥l

0m nepemerHux n, k noxasameavro Juodarmosa.
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IMyers 0 << k < n, Torma

gnk (1 + 2-n)n gnk Z'( )2—m< Z ( )271-(’-—1) +( ,1)/271.
i=0
CremoBaresibHO,
,l.
22yl = 3 (F)2,
i=0 g
rae (2] — mamfonbmee menoe 4MCIO, He MPEBOCXOAAMEE Z.
IIpm rtex ke mpemmonoskennax 0 << k < n aHAJIOTHYHBIM

oyTeM Iodydaem popMymry
k-1

n(k.~1) = n\ gn(k-i)
22 (1+2n)"]_—i2(i)2
H, CHeOBATElbHO,

(3)=r @ +2mm—2 226 2y

W3 copasepmusoctn dopmyast (1) ana 0 < k < n BEHTe-
Kaer, 9TO [JA HPOM3BONBHBIX /X, n MMeeT MECTO SKBHBAJEHT-
HOCTh

y=(Z)(=‘)(n<k&k>0&y=0)\/(Ic=0&y=“—1)\/
V(n> k&> 0&y=[ T L] 2O 411,

Bce orHOmeHEA, croAli@e 37eCh COpPaBa OT BHaKa <5,
ABNAIOTCA HOKazaTenbHOo AmodantokME. [losToMy m dymk-

n
nas ( k) TmOKa3aTeabHO AWOQAHTOBA.

Jdemma 2 (0. Po6uncoxn [2]). Oyuryus y = z!
noxasamesbHo Juoganmosa.
Horaxenm dopMmyry

r> (22) M = 2l — [r" /( ;)] 2)
Iipzn z = 0 sra dopmyaa ovesmana. Ilycrs z > 0. Torga
YA —B)<1+20 mn 0<08<
(1+0<<14-2%0 gna 00 <1,
< {2 1= 1= ). (1<

<t =3 <o (1 ] <ot 14 2 <t
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Ilonaras B gopmyne (2) r = (2 (z -+ 1))**%, momyanm

al=[ @@+ O/ (®e o )]

Ha ocnoBammu teopemsr 1 u semmul 1 3akaiogaem, 9r0 QyHK-
nus z! DoKasaTeabHO KUOPAHBTOBA.
JlemmMma 3. Omnowenue mexcdy wucaamu z, y, p, ¢, k,
gupascaemoe hopmyaoi
z Pl
_=( A &p >qk,
y
A64ALMCR NOKA3AMEAbHO QU0 PAHMOosHM.
Ilyers o = plg, o > k. Ilo gopmyne Teitmopa ¢ ocrarod-
HEIM wieHoM B Qopme Jlarpamma wmeem

k
a2+l (1 -+ a-z)“= Z ( O; )azk—zjﬂ_l_(k i 1) a—l(i + ea-g)a—l:ﬂ:

j=0

k
— 2 (Of)azl:-zju + Oat1g712%7t (3)
j=0 I
me 001, 00 < 1. Tonowmm
k
Si(@)= 2} (% )art-oin (4)
=t
un 6ymeM. HCKATh TAKko0e Telioe @, ITOGH
Sy (a) = [a®™* (1 + a7, ()
St (@) = [a¥1 (1 + a7®)9]. (6)

Nomycram, uro a nenmrea 8a ¢'k!. Torna Sy (a) 1 Sy_1 (a)
6ynyt nexsmu gucaamu (cM. dopmyay (4)). C mpyroit cropo-
HH, ecim ¢ > 2P 1p™1 1o ocraroumbie uneHs B gopmyxe (3)
¥ B agajmormguoir dopmyse mug k — 1 6ynyT menbme gem 1.
Taxum o6pasod, dopmyast (5) u (6) meTHHHM RAN @ =
= 2Pp"*1¢fk). Ho m3 (4) cnegyer

(P]/f)= a 18y (a) — aSk— (a).
Bee dynxnum, Berpevatomuecs B 910l dopMyTe cupaBa OT 3Ha-

Ka paBeHCTBa, ABAAOTCH HOKA3ATENbHO THODAATOBHMA 1 JIeM-
Ma 3 [oxasaHa.
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JeMmma 4 Qyuryus ¢ (a, b, y), onpedeaennas pasen-

Y
emgom P(a, b, y)= H(a -+ bi), asasemea nokasamensvio duo-
: i=0
danmosoii.
9T0 HEmOCDPE[CTEOHHOE CIeJCTBEE HpPefBYIMUX MM K

Y
dopuynm H (a + bi)= (a/b +y) ab¥yl.
i=0 Y

Tlepeiige K MoXa3aTexbCTBY OCHOBHOTO pe3yibrara.

Teopema 2 (HJerme¢, Ilarmem 0. Po-
6uucoxr [11). Kawduii perypcusno nepewucaumuii npedu-
xam noxgasmesvno duogarnmos.

JocraTodso pacemorpers ciaydait, KoTma OpefmKaT OLHO-
MeCTeH ¥ NOTOMY ODKBUBAJEHTeH OTHOmMeHHI0 z & M, Ine
M — pexypcmBBO mepeumcinMoe MHOKecTBO umcen. Cormac-
Ho Teopeme Heswmca (m. 16.2) cymectByer Takoii MHOT0YIEH
Gz, y, 2, 21, . . .y ZTp) ¢ TMEAEIME K03 (PPUIHEHTAME, TTO

re MeTqy)(Va<Ly) (32 <Y). . . (F2,<y) (G=0).
HOSTOMY ocTaeTcH JUIMb J0Ka3aTh, YTO OTHOIIEGHHKE
(Vz <y) 3Tz Yz <y (G (2, Y12, %1y« o oy Zpy) =0)

TOKa3aTeNba0 IHOHaAATORO.
Ilycrs u — crenens G, s — cyMma afCOMIOTHHX BEIHYHH
roopdunmenror G. IMomaras

H y)=06+1) =+ @+ 1%
OymeM WMOTb
Hz, y) >y,

(Vz<y) (Va1 <y). . . (Vo <Y (1G (=, ¥, 2, 21, - .+ o, Tn)| <
<H(z,y).

JlonameM, YTO0 HEMeeT MeCTO SKBHABAJGHTHOCTH
(V2 < ¥) @1 < V). . (Ao <Y) (6 (@0 Ys % Ty - .o ) =0)
& (Ictay. . .am){t—_—H(x,y)! &1L (14 o)t=
y+1
=[Mda+m&t+1+0996@ v cai....0n&
i=0

&+t +ot | M@m—& . &t +a+ c)t)l I (an—0)}.
i<y i<y )
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Ilycrs muf BeXKOTOPHX z, ¥ HpaBaf gacTh STOH HKBHMBA-
JeATHOCTH HCTHAHA. IloKameM, 9To JieBag 9acTh TAKIKE HC-
toAHa. PaccMorpuM kakoe-EmOyms HaTypasdbHOe 2, He Ipe-
BOCXOMfMEe y, M OYCTh p, — UPocToe umeno, Aeasmee 1 -+
+{z + 1) t. Torna, momaras

rest (@, p,y = x,; (G =1, ..., m),
IOCTAaTOYHO I0KA3aTh, 9TO

Zz5 < Y . _ (8)

il

G (z, Y, 2, T, + + +» Tgm) = O.- - (9)

Cornacuo (7) p, mennr H (a; — i) m moromy p, | a; — i
1.<y
mis mopxomamero i, 0 < i< y. CrielfoBaTeTbHO,

rest (a;, p,) = rest (i, p;) <Y
m (8) moxasamo.
Hamee, ws (p,, t) =1 u t = H (z, y)! cuenyer p, >
> H (z, y). Tak xar z,; <y, 2 Y, 10
|Gz, ¥, 2, Zy1y « v oy Tpm) | << H (7, ) < p.. (10)

Ho 1+ (c+1)t=0(mod1 + (z+4 1) ¢), mnoatomy
c=z(mod1+ (z+1)2) = c=z(mod p,). Tarx xax
zi=a;(modp,) m (1 + (1 +0)2)|C(z v,

C, B1y oty am),
T0

Gz, Y, 2 21, ..., ) =G (2, ¥y, ¢, A1, - . ., Q)
= 0 (mo

2l

P2)-
Wz (10) u (11) monyqaem (9).

O6parEO, TpPEAUONOKAM, 9TO Mifd (PUKCHPOBAHEHX Z, ¥
neBasg JacTh DKBHBANGHTHOCTH (7) MCTHHEA H, CJIE0BATONb-

B8O, 14 Kaskmoroz = 0,1, . . ., y CymecTsyOT 9ACHA L1, . . »
o Zym <L Y TaKme, UTO
G (.’t, Yy 2y Ty1y « + oy xzm) = 0.

IMonaraem H (z, y)! =t n ompenexasiem ¢ u3 YCI0BUA
: yi1
14 (c+1)t= H (1 L it).

Torma mis KamAeX i, j< Y, is%]j; gmcaa 1 + (z + 0t
14 (4 1)¢ B3ammao mpocTH.
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JHeiicTBATENBEO, €CHE IPOCTO® YHCIO P NONHT ONEOBpe-
MeHHO yKa3aHBHe 49ucia, To p penut u (j — i) ¢. Ho

I"—']l <y <H(z7 !/), t=H($, y)"

TO9TOMY p FeNMT W YHCNO £, 9TO HEBOOMOMHO, TaK KaK p HO
MOKOT NenuTh ogEoBpemenso t u 1 4 (i + 1) 4.

Wrak, wmena 1 + (i + 1)t mas i = 0, 1, . . ., y momapso
B3ammMHO mpoctH. CoriacHo msBecTHOR TeopeMe 06 ocraTkax
(cm. m. 3.3) orcioma ciemyer CymecTBOBAEW® BaTypPaibHEX

9HCeN A1y .+ ., Gpy, YRLOBIGTBOPHIOMEX CpPaBEEBHAM
2; = Zp; (mod (1 + (z + 1) 7)) A
=0, 1, ...,y i =1,2,..., m). (12)
Hax u mpempe, ¢=z(mod (1 + (z + 1) ?)), mnosromy
Gz, y,c,01, .. ,8,)=GCG(2,Y, 2, T, . . ., Tym) =
=0(mod (1 + (z + 1) t)
mig z =10, ..., y. Tax xax MOEyAE B3aWMMHO IPOCTH, TO
14+ +NDt |G, y, ¢, a1, ..., an).

Ananorngso, u3 (12) nmeem

14+ G+t a — 2, x,; < v,

U TMOTOMY

L+ (a+ 1)t|H(at—z>

=0

OIS KARAOTO 2 < ¥. Tak Kak oTw Jenuresin MONAapHO B3auM-
HO TPOCTH, TO

y+1 -y
I @-+u|IT (2 —)
. i=0 =0

O moTOMY mpaBaf d9acTh dKBHBajeBTHOCTH (7) HCTHEEHA.
s 0KOBYAaHAA [0Ka3aTe]hCTBA TEOPEeMEl 0CTAaeTcsH JHMb
OPOBEPHUTH, 9TO BCE OTHOMIEHUS, HaXOAAMuecs B IpaBoi Jac-
TH SKBHBaNeHTHOCTH (7), moxasarenrHo nmopanroshl. Iloxa-
3areqpBas NHOPaBETHOCTh HEPBHX TpeX OTHOMEHRHH, ydJact-
BYIOIIUX B HToil acim, GBlia ycramoBjieHa BHIE. UTo Kaca-
eTcsi OCTajibHHX OTHOIIEHUH, TO OBH TaK@ke IOKa3aTeabHO
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nnodaHTOEH, TAaK Kak

1+t +ot|ll @—nea<yV

=0
Y
V@E(a=y+et+1&t+d+ot | [Lw+14+7).
i=0
Teopema Hoxasasa.

Jononsenna m mpuMeps:

1. Juas nx060ro me’oro w > 2 COBOKYIHOCTh HATYPAIbHKX IHCEI,
He ABAAIOIAXCA CTemeHAME w, fAodamToBa. Bymer nu ANA KaKoro-
HEnfygb w 2> 2 COBOKYIHOCTH BCeX CTemeHell w p@odaHTOBOH — IoKa
ge pemernas mpobiema (0. Po6mmcom [2])*).

2. [us KaKporo n > 1 OTHOIIeHMe

P(a,a1,...,8,)6 (37)(ac" + ...+ 2, z+a,=0)

geamsl auodamroBo. B wacrHOCTH, mBAKAN AModAHTOBO OTHOIIEHFE
(Ay)F (z y) = 0), rme F — MHOTOUNeH OT HepPeMeHHHX z, y, HMel-
nu# menrie koaddnnments (Tapekmi, cm. 0. Po6rmCcom [2]).

3. n-m cymepcreneHb z, CHMBOJIIGECKM & % n, oUpenedsdercs PEKYp-
cuei

z2%x0 =1, zx(@n-+1)=z""

I10.Pob6uucon [2] moxasama, 9T0 eclim CYImecTBYeT Au0O(aHTOBO
orgomerie P (z, y), yIOBIeTBOpAIONiee TPeOOBaHUAM

@n)(Vay)(P (z, y) = ¥ < z * n),
(Vn)Azy)(P (z, y) & y > z™),

TO OTHOIIeHWE z = z¥ NHAOJAHTOBO.

4, B reopeme 2 m. 16.2 amcao m He Puxcmposano. P. P o 0 m n-
¢ o H [2] maxn mpyroe mOKa3aTeIbCTBO, 113 KOTOPOro Clelyer, 9TO B yIO-
MAHYTOH TeopeMme MOKHO BBATh m = 4, TO eCTh 9TO i KUKIOTO pe-
KYDCIIBHO LeDPeYHCcIlMOro MHEOKecTBa M CyImecTByeT MHOTOUWJIeH F oOT
cemu TEPeMeHHHX € IeduM# KosdpdHmmeHTamm, midg KOTOPOTO

reMe@y)(Vz<y) @z <Y) ...
LR (3‘7:4 < _7/) (F (-‘I?, Y,2, 21, Z2, T3, .‘124) = 0).
5. He cymecrByer alropuTMa, DO3BOJAKNIET0 S J060r0 MHOIO-
9jeHa ¢ NeAsMn KoagdnmmeHTaMu CKasaTh, Npe[CTABIAET JH OH BCe
HaTypadbfHe YHcaa, HATARAA ¢ HeKoToporo, nan mer (Il aTme M [1]).

6. JlaA KajKporo peKypCHBHO MEPEYNCIEMOTO MHOKecTBa M cy-
mecTBYeT TaKoil MEOrodien F ¢ medsMn KosddummenTaMu, ato

zeMe@y>2) (V2 <y) .. (Y2, <Y) (F (2,4, 215 0 0 3,) =0).

*) Cum. Ilpuznosxenme, c. 363.
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7. 10-1 mpobaema T'mupGepra HepaspeiimMa, eCIH MIA KaKIOTO
HeJIoro UOJNOKATENBHOTO k& CYymecTByOT @, b, z, y TakwWe, 9T0 az® —
— by® = 1 = x0T 65l Of(HO U3 QuCed z, y Godbme, eM (a -+ b)F (I e-
sumc ® Ilatmem (1], Hesme [2]).

8. B xombme N [{] BceX MEOToWIeHOB OT OHHOU mepemeHmEoil { ¢
medsMu KoQPumueHTaMI KajKIoe PEKYPCHBHOE IepedlcinMoe MEHO-
sKecTBO M TOMOKUTENbHBIX TrCe] HEOPAHTOBO. DTO 03HAYAET, 9TO CY-
mectByer muorowies F (X, Yy, . .., Y,) ¢ xospdmnmenramu us N ()
TaKoH, 4TO

a e 1‘[(=} (aYl. .. Y‘I‘l) (F (ayyly .. '7Yn)=0)7

The KBAHTOPH OTHOCATCA K COBOKYHHOCTH BCeX 9JeMEHTOB KOJBIA
N@E@ermc u Harmem [1]).
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NPUJOMEHHAE

JHO®AHTOBOCTh PEKYPCUBHO ITEPEYHCIAMEIX
MHOMKECTB X NPEJIUKATOB

HA. A. BAXAPOB

1. Ocaosras Teopema. I3BecTHO, UTO KasKmoe AModamToBo MEO-
HECTBO H TIPeJUKAT ABIAIOTCA DPEKYDCHBHO HepedncilmMumn (c. 325).
B mauale NATUAECATHX TOROB, NMO-BUIEMOMY BIePBile M. J[eBHcoM,
OHIa BEHICKA3aHA IMIIOTE3d, 970 BEPHO B o6paTHOe, T. €. Kaykmoe PeKyp-
CHBHO TepednciuMoe MHO:KeCTBO W IpefdkaT nmofamTopei. B 1961 r.
NeBme, MatTmem uw 0. Pobumucoxu [1] *) moxazamm, uro
KazKIoe PeKYPCEBHO NePeUnCInMoe MEOKECTBO B IPeIIMKAT HoKasaTelb-
HO AEO(AHTOBH (mociemEds TeopeMma § 16). . )

Iiyets a = M < 3yz (P (a, y, 2, 4%) = 0), toe P (a, y, 2z, u) —
MuOTOuNeR ¢ nexemu xoaddmrumentamn. Torga

ae M s (Ayzu) (P (a, y, 2, u) = 0 & u = y?).

Ecan 6n1 ypaioch [0ka3aTh, 9T0 OTHOUICHNe u == y? quo(aHTOBO,
CKasKeM,

u = y% & (v, e vr) (Q (u, ¥, 2, Uy, Vg, « oy vg) = 0),

roe @ — MEOrOWIeH ¢ HeXsMu KOdPPUIIEHTaMI, TO MK Jjerko OH yec-
TagoBWIM, ar0 M nuodaHTOBO.

fcBo, ®Kax 060OIUITE 3TOT IPHEMED.

B1952r. 10. Po6mucox [2] ¥) moxyynna cxenymommii pe-
3YIAbTAT; ecan cymecTByeT nrodamToBO oTHomente D (u, v) TaKoe, 9T0

(Vuv) (D (u, v) = v < uY), 1)
(VEY(2uv) (D (u, v) & u¥ < v), (2)

TO oTHOWeHHe z = zV mrodaHTOBO.

ToBopnar, ato orEomenite D (u, V) EMeeT sKcnoHeHYuasbKuil pocin,
€CIE OHO yHoBIeTBopAeT ycloBuam (1) m (2).

ITepBuil nprMep AEOPaHTOBA OTHOIIEHNA YKCHOHEHNHATHOOTO POC-
ra 6ux yrasam 10. B. Matuacesnuem B 1970 r. B paGote [1*]. Tarum
6yner oTHOWeHNE U = Qgy, THe Qg = 0, @1 =1, Puys = Qnyy + Ta
(pn — H3BecTHAA mocAefoBarenbHOCTh (DubomaTun). 3amernm, 9TO
2071 gy << 3%, u>0.

Tax 6HIa ycTaHOBIeHa

Ocumosmas teopena ([1*], [2*]). Bearuil pesypcueno ne-
perwucaumnti npedukam duoganmos. Bcaroe perypcusno nepeuwucaumoe
Mioxcecmao Oduogarnmoso.

Taxma o6pas3od, Kiaace AnopaHTOBHX NPEeRNKATOB COBHAKAET C
RIaccoM PEeRyPCHEBHO HePeTICAnMEX IPefIKaToB | KIacc AnohasToBHX

*) CM. cmHiCOK INTepPaTyphl K OCHOBHOMY TERCTY KHUIT.— [pu-
Mev. ped,
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MHOKECTB COBHAgaeT € KIaccOM DPeKYPCHBHO NepedlclaUMBEX MHO-
FKECTB.

Hamle npriokenne AMeeT BeCchbMa CKPOMEYIO Helb — K MaTepuany
KHATA N0GaBATh MUEMMANbHOE IHCI0 QaKTOB, HeOOXONEMHX IS JoKa-
3aTelBCTBA OCHOBROI TeopeMEl, TO9Hee, IJA NOKA3aTeNbCTBA AmodanmTo-
BOCTH OTHOmedns z = z¥. B 1. 2 MH u3ygaem ypasmenls llexns cme-
FHAJBHOTO THOA 1I CBOficTBa pemleHNil 8THX ypaBmEeHuil, B I. 3 ¢ Ho-
Momplo omEOre AuodadTOBA OTHOWIEHNS HaXomnM AuoaHTOBO Ipef-
cTaBJIeHNe AJS OTHOMEHHA ¥y = z™, B U. 4 IPHBOAIM HeKOTOPHe CIefCT-
BUA U NOHONHEHNA.

2. Cpenmansanie ypassenna Hemrsa. IlepexoguM K A3yuCHMIO ypaB-
Hegni Ileaduns Buama

2 —dy2=1, d=a*—1, a=N, a>1. )]

Hama 6amxaiman meas — onmcarth Bee PemMeARsA ypaBHemm (*)
B N 7 ycraHoBUTE PAJ, cBOHCTB 3TUX pellennil.

Tax nax ]/d — qHUCJI0 HPPANAOHAIBHOE, TO JJS BCAKOTO N > 0
OIHO3HAYHO ONPENeNsAIoTcA HATYpadbHHe FACAA Y, (2) 1 Py (1) TaKHe,
970

%o (W) + ¥, (M Vd=(a -+ " )
Orcropma, ncnoap3ys OAHOMHAJIbEOE PA3NIOKeHHe, HOJYydaeM
. isn L in
1 YETHO 1 HEYETHO

Ogepupgmo Hapany c (1) mMeeM TaxsKe

% (1) — W, () V' d = (a —~V dY" . - 3
JoDoaEnTeAbHO OHpefensie .
% (n) =1, 'lP1 (n)y = n. (4)

Ilpm ¢nKecnpoBaEHOM a MHOTIA GyHeM NHCATH £, BMECTO ¥4 (17) It Yy
BMeCTO 1, (n).

Ilpennomenne 1 (ommcamné pemennit). Cogorynuocine scex
pewenull ypasnenus (%) ¢ N onucteaemcs nac.meaoeame.mbnacmbm ('Xa (n),
PYe (), n=10,1,2,...

HoxaszareabcTBho. IleperHoman ‘COOTBETCTBEHHED - JIeBme
1 IpaBsle TacTIt paBeficTB (1) u (3), momygaem T

o (1) = W () = (@ = d) = 1.

TarmyM 06pasom, (Yq (n), Ye (7)) ecTb pemenne’ ypaBHemfﬂ (%), UTobu
HoKa3aTh, 9T0 APYIHX peme}mn B N’ ypaBHeHne (*) ¥e TIMeerT, no*rpe-
OVIOTCA [Be JIeMMEL
Jdevmma 1. He cywecmeyem nurarux yeaws uuce./l, z, Y, yaoemem-
eopaowur ypaenenuro (*) u maxux, wno 1 <z -+ yﬁ<a_+»|/ d.
Jlomycrny, 9TO Takde x, ¥ CYyIMECTBYIOT. Torn;a o

yl/—— z—yl/-d) a—}—]/d (@a—Vad)=1.
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B HcXomHEOM HepaBeHCTBe cHAdala Nepelified K 06paTHHM gHciaM, 3a-
TEM YMEOKEM Bce gacTh Ha —1. Torga monyamaM —1 < —z + 3/ d <
< —a -+ /d. CruagsBas 9T0 HePABEHCTBO ITOWIEHHO C HCXOHEM,
maitmelt, aro 0 < 29V d < 2V d 0 < y < 1. TlomyuaeM mpoTEBODe-
4Fe, TR KaK y — [ejoe 4HACIO. )

JTemma 2. Hyeme z,y u ',y — yeane uucaa, ydosremeo-
paowue ypasrenuio (¥), a =", y" onpedessiomes us pasencmea z” -+

+yVia= 4+ yYd (' +y'Vd. Toeda (s y") — mowe pe-
wenue ypasrenus (*).

W3 onpepererns 2", y” mmeem taxsme «” — y"Vd = (x — y)/d)+
o (2 — y'Vd). IlepeMHO;Kass COOTBETCTBEHHO JeBHe N IIPaBEle 9acTH
PABEHCTB, TOIYIEM

" — dy” = (22 — dy?) (& — dy’") = 1.

Ilycrs reneps (z, y) — pemendne ypasueEns (x) B N. Ecianm
(z,9)= (_1, 0), To B (1) bepem n = 0. Iloxaraem naxee z, y > 0. Torga
z+ yVd > 1. Tax xax ¢ + 1/ d > 1, 1o maiimerca k Takoe, 910

@+ VI <z +yVI<(@+V I

Ecam mMeeM paBercTBO, 10 (%, ¥) = (2k, yx) B cuay (1). Ecum xe
@+ V' <z+yVI<@+V D™,

10, yMHOaf Bce wacTh HepaBeEctBa ma (2 — YV d)f = 2x — yxV 4,

HOJy9IM
1< (z+ g1/ d) (zk—~ka5)<a+'Vd—,

q9T0 mpormBopeauT demmam 1 7 2. Utax, (z, y) = (Yq (), Vg ().
( Laxee (Yq (n), Vg (n)) OymeM HasuBaTH n-M pelleHEneM ypPaBHEHAA
%) B N.
Mpegaoxenune 2 (Popmyas: caomerns). Jas 0 K m K n
Xg (n A= m) =%,(n) Xa (m) & \pa (), (m) d, (5)
Py (nEm) =%, (r) Y, (m) + %, (m) Y, (n).

Tlmmen z, BMeCTO ¥q (n), yn BMeCTo Vg (7), ¢ Purcnporano. B cn-
ay (1) mmeed .

z, -+ yn]/fT= (e 4 ]/E)n, z, + ym-'/'gz (@4 ﬂ)m
Torna . -
(z'”' + _’/n V_d) (zm+ ym ﬁ) l/d ‘fH-m n-‘-m+ .’/nm]/d

Orcropa ciefyior (bopmynm (5) gasg n + m. _

Oyere m+g=n ® az+ gV d= (gg+ 4V (om +
-+ ymV— yMHO,RaH obe dacTHE Ha x, — y,,ﬂ/d o Y9UTHBasg, 4TO
al — dyf, = 1, momyumm

zq+yqﬁ— z, + U,V d) (= m—l/"j).
910 gaer GOopMyAH (5) Las n — m.
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B sacrsOCTH,
Zop = ‘ZEL + dyi, Yon = 2"‘l"nyn' ’ (6)
. Mpepunoskenne 3 (peKypPeHTHHEe COOTHOIIECHHSA). Hseen
@ =1, %)=2a y(n+1)=2ay,(n)— %a(n—1), (7)
Ve (0) =0, Yo (1) =1, Wg (n+ 1) = 2ag (n) — Py (n — 1),
a mardce

Yo (2 1) = axe (1) + dibe (1), Pa (2 + 1) = %o () + aq (n). ()

Jlna npoBepkr (7) AOCTaTO4HO YCTAHOBHTH DABEHCTBO
@+V " =2e(a+Vd"— @+ V"™

Qopuyan (8) HeMepjdeHHO caegyloT 3 gopmya (5) gad n + 1.
Mpeganomenne 4 (o cpaBEeEnAX). Ecau a >0, b >0
u a=bmod m, mo

Yo () = % (n) mod m, Pg (1) =Py (n) mod m.

B wacmuocmu, ecau b= 1 mod m, mo 1, (n) = n mod m.

YTBepIKIEHAA OPSAMO CIAeRYIOT U3 GopMyT (2) Iad Yq (n) 7 Pg (),
H3 OOHYHHX cBOIICTB cpaBHEHHI! I U3 (4).

Hanxeme wac Godee 6ynyr mATEPecoBaTh quciIa Y, (n). PaceMorpum
PAL HOMONHATCABHEX CBOICTB 9THX YHCEIN.

MMpeganoxesnc d (HepaBedcTBa U omenkn). Haeom mecmo
caedyowue ymeepacdenus:

1) as a > 1 Pg (n) amonomonno gospacmawm u n < Pq (n).

2) Eeau 1 < a < b, mo g (n) <Py ().

3 Jasa>1un>z0 uneen

(22 — 1" <o (2 + 1) < o)™ )
TlepBtle ABa yTBEp:KOeHNS ciegyior n3 (8) m (2). [oKasaTedbcTBO

TPETHero YyTBep;KIeHnsa BegeM HEAyKnmel mo n. Juaan = 0, 1 uMeeM Y,
(1) =1, (2) = 2¢ U BepaBeHCTBA 09eBEAHELL. Ecany, (n + 1) < (22)",
10 Yo (n + 2) < 200, (n -+ 1) < (22)™ B cuny (7). Amanormumo,
YMHOKAS JeBYI dacTh (9) Ha 2a¢ — 1, moxyynmM
Ce— )" Ca— DY, (n+ 1) =2a0, (n+ 1) —Y, (n+1) <

<Y, (+2),

TaK Kak Pg (n 4 1) > Vg (7).
Mpegpanomenne 6 (nepBas nepemaTodsas Jdemma). Jas
a>0 uxeen

Pa (m) | Ya (n) & m | n, (10)
Yo (M) | Va (n) & mpy (m) | n. (11)

BepeMm m >0, n > 0 1t BpeMeHHO IJA KPATKOCTH 3aMHCH 660311&1—
91 Pg (S) Uepes y,. a Yg (s) 9epes z;. Torma B cuxy (5)

Ut = Tpa¥y + T = Tl mod Yo

Tax Kak (g, Ym) = 1 (9TH dHCIA YIOBIETBOPANT ypaBHeHEIO Ileans
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(*)), TO
yml met %ym| TmYi And yml Yge

Ecom n = mq-+ r, 0 < r < m, To oTcoma y,, |y, <1y, OnEaxo,

uprE 0 < r <m mmeeM 0 < yr < Y 0 Yy | Yr. 1LOITOMY yp, | yn & m | n.
Tem cammm (10) mokasado.

Iaxee, mycTn y‘fn | yn. Torma m | n 11 n = mk. B cuay (1)
- - mk =K
T F U VA= @+ V" = (g, +u, V.
OTcioma .
YIn=Unp = szn-lymnmd y13n° (12)
Tenepp 73 (12) 7 B3 B3aEMHOE OPOCTOTH Ty B Yoy TOAYIAEM
oy, e vl ki ty, &y, |k,
T. e k= yng, n = mk = mymq @ my, | n. Ua (12) npu n = my,,?

BEIBOJIUM y?n | ¥, Tem cammm (11) ycramoBieHo.
B uacTHOCTH, 0TCIOA TOIAydaeM

U Uy S U 10y Ui | Uy . (13)

IDpepgaomenne 7 (propad mepefaToysad jemma). Tyemo
1 u qg>0. Tozda, ecau Pq (i) = Vg (j) mod ¥4 (q), mo i = j uau
—j mod 2q. :

IIyeTb onATh Zs = Y%q (8), ¥s = Pg (5). U3 (6) momyaaen

a>
i=

.2 2 .2 g (a2 4y 9.2 __ —
Toq = Ty + Ay, = 7, + (3, 1) =2z, — 1, yzq_quyq.
Orciona B cuay (5) DoaydaeM
Yogm = = Tog¥p, + Tplioy =T ¥y, mod
Yygpm = — Ygqpm = +¥,, mod z,.
9To0 03HAWAeT, UTO MOCACLOBATENBECCTD Yg, Y1, + + -5 Yi, - - - H0 Mod zg
HepHORUYEA ¢ AJANHOIN nepuopa 4q. [laa m < g nyeen no mod zq
Yn=¥m Yoqem =Yy Yog-m =Y Yag-m="Vpp
Toxamem, 970 9NCAA — Yq, + - +, — ¥y, Yos Y11 + + -, Yq UOMAPHO He-
cpapanMsl mo mod x4 (kpome caydad a =2, g = 1)¥),
Tas a> 2 mieem 4y < (@® — 1) Yt 1= g 1 yg < 7g/2. To-
9TOMY YKa3aEHHE dHCIa NPHHANIEKAT NOAHOIN cucreme abCcolOTHO

HAIMeHBIIAX BEMETOB T0 mod z4 11, CE0BATENLEO, ONAPHO HECPAB-
HIMH 100 mod z4.

IOaa a= 2, g > 1103 pekyppeRTHEHX cOOTHOWeEH (8) moTy7aes

p— . o 2
zg =2z 1+ 3y, Yg=7%q +2Y0q-

*yOpra=2, g=1 p cuay (7) nMeeM 2q =2, yt =0, 1 yost1=
=1mod 2, a Torma yi = y; mod 2 Bueder i=j mod 2.
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Orcioma x4 > 2xq_1 > 2yq_1 oy < zg/2.  TloaroMy gmcaa
— Yg-1p + + ©» —Y1, Y0» Y1» + + +» Yg_; DOUAPHO HECPABIUMEI 1O mod 4.

Ocraercss mpoBepuTh, 9T0 yq F Fy, Mod =g paA i <g U yq==
== — yg mod zg. IlepBoe ciaepyer U3 Toro, 90 yq +¥i = T,y + 2y +
+yi < zg. Ecmn yg = — yg mod 24, 7. €. 2yq = 0 mod zq, 70 22_; +
+ 4yg4 = 24 + Yg-1 =0 mod zq = Yg1 =0 mod zg4, 9TO HeBO3-
MOYKHO BBELY Yg_y < Ty < Zg-

Urax, gaa gmeeX yg, Yy, - . - AOCOMOTHO HARMECHBIIHE BHIETH
1o mod z4 CHAYANA BO3PACTAIOT OT ¥y = 0 10 ¥4 (HA g), 3aTeM yOrBAIOT
mo —yq (Ba 3¢) E cEOBA BO3PAcTAIOT A0 yo = 0 (Ha 4q).

OTcoa HeCH0KHO BEHIBOZHTCH 3aKIIOUSHUE OpeaorKeHus 7.

3. AnodarToBoCTh OTHOImIERHAs ¥ = x™, Bce paibmeliliee paccysx-
Iende pasOmBaercs Ha ABa dTama. Ha mepBoM stame cTpomETCA fHOodaE-
TOB HpegmKaT fiaf y = Pg (n), 2 > 1, ny >0, ma BTOpPOM C ero mo-
MOMmBIO YCTAHABIHEBAETCA NHOPAHTOBOCTH OTHOIIEHWA y = z. Bece H3-
Tomenme TocTpoeEo ma mEpesx 0. B, Martmacesmaa [2*] =
0. Po6mucon [2]m [5%]*).

Teopema., Hyemo a >1, y >0, n>0. Tozda y= Y, (n) 6
moMm u moabko 8 mon cayuae, kozda cucmema Mamusaceguua — Pobuncon

Hy=n+k 5) b=1a+ g (g — a),
2) 2= (a®—1)y2+ 1, 6)ul= (b2—1)12+4 1,
=@ —Nr+1, 7v=y+ g,
4) h =2 (i + 1) 222, 8) v=mn -+ 2ey

DPa3pewUME 8 NAMYPALLILELT wucaad omuocumesvro z, g, hy i, b, u, v,
c,e k

HoxasaTeasbcTso. Ilyers npu gamEux a > 1, y >0,
n >0 cmcrema 1) — 8) paspemnMa B DaTYPaJbHEHX YucAaX OTHOCH-
TeXHHO OCTANBHHX IepeMenHHX. Torja meMemJIeHHO BHANM, 4TO 4HCIA
x, h, g, v, u, b OYLYT TONO'KUTEIBHHMI (TAK KaK g2 = ga + 1) (e —
— )24+ 1>asBBupgy a>1,10 g2 — a>0). Uz 2), 3)=m 6) Buso-
IUM COTTAcHO UpeIosxennio 1 m. 2, 910 cymecTBYIOT EaTypaubHEe p, g
I r TaKHe, 9TO

=% (P) ¥ =VYa (P); &= %a (@), b =VYa (9); u =% (1), v="pp (7).
Hexycmsni Bubop umcna b ofecneynBaer 0cofylo PoXb gHcaa v (0HO
BCTPedaeTcs TPIUKAE B clicTene). liMenno, v Gymer Orpath poib cBA3H-
BAIOIIero MOCTIKA, ¢ OQHOI CTOPOHH, MEKAY r B n, ¢ APYTOl — Memmy
ru 1:1) 9T0 T03BOJNHT HaM CHeNaTh 3aKIWJeHHe, 9T0 p = n H, 3HAUMNT,
Yy =WYa ().

Tax(c )RaR I =0 mod 2y B cuay 4), ro g2=1 mod 2y B cuxay 3)
1 b=1 mod 2y B cuay 35). Orcioga cOrIacHo OPeNNOKEHNIO 4 . 2
v = p (r) = r mod 2y.

113 8) umeeM v= n mod 2y n, cIef0BaTeIbHO, r = n mod 2y.
Hanee B cuay 5) b = a mod g°. CorllacEo TOMY sKe OPefiosieHOI0 4
I 2 v="p (1) =Yg (r) mod g Taxr Kax B cimay 7) v =y mod g2,
T0 ¥ = Yo (P) = Vg (r) mod g°, a 3mAYNT, Yo (p) = Vg (1) mod %a (g).
OTcioffa cOTIACHO TPENJIOMEHNI0 7 M. 2 (BTOPAA HepefaTOTHAA JeMMa)
r == 4-p mod 2¢. ¥z 4) Bugmy, gro y% |k, T.e. Y2 (p) [Pq (g). Torna
COTIAcHO OpenyioxernIo 6 0. 2 (neppas HepefaTouHan nemya) e (p) | g,

*) CM. cmocKky Ha c. 355,
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T. €. ¥ [ g. TlostoMy r = -4-p mod 2y. Taxmym ofpasoM, n =1 = p
mod 2y B n = +4-p mod 2y. W3 1) Bagay, sro n < y. HaxoHen, B mpexn-
TOMEHAN § m. 2 oTMegeHO, uT0 p K Yg (P) = y. OTCOIAa n=p W
y = g (n).

O6patro, myctb e > 1,y >0, n > 017 y = Yg (n). MH LOTKEH
D0Ka3aTh, 4TO BO3MO;KeH BHOOD 3HageHHIl s OCTAABHHX IePeMeHHRX
TaK, 9TO0 paBescTBa 1) — 8) BHHNoaHsIOTCA.

Tak xak n Yo (n) =y, T0 y = n -+ k paa k = N = 1) Bep=Ho.
[Tomaraem z = y, (n) 7 moxydaen 2). Bepem ¢ = 2nmq (2n) 1 momara-
oM g = %q (q), b = Y, (g). CormacHo Tpepiosxenmio 6 m. 2 (CM. 9KBUBA-
aeaTHOCTb (11)) Pa? (2n) | Pq (g). Ho

PYa® (2n) = (2%q (n), Pq (R))* = 422

TToatoMy 4a?y? | h. Tak ocymecTBisAloTcA paBedcTBa 3), 4). Ymedo b
crporM coraacHo 5). Tak Kak g2 > a, To b > a. IoJaraem u = v (n)
a v=1p (n). Ioxysaem 6). Tax ®ax b = a mod g%, 10 Yy (r) =
= g (n) mod g2, T. e. v = y mod g2 = BBEAY b >> a COTIACHO Hpenio-
JKeEHIo 5 m. 2 v > y. Orcioga v = y -+ cg? HaKomen, Kax BHIIe, EMe-
eM b = 1 mod 2y, Orcropa (mpepioscerre 4 U. 2) p (n) = n mod 2y.
Tax ®ax {p (n) > n, 70 v = n -+ 2ey pna mopgxopamero e. Mrax, 7)
u 8) BHIOJHeHH.

Taxum o6pasoM, IPE ykasaudoM BHOope sHadeHAR Aad Hpyrax
HEM3BECTHHX BcA cucreMa 1) — 8) ymoBaerBopsercs.

CaemcreHe Cywyecmayem Mmuozousen D ¢ yeawrmi Kosfdu-
yuernmamu maroli, ymo ecau a >1,y >0, n >0, mo y = Pg (n) moe-
da u moavko mozda, rozda

Azghibuvcek (D (a, y, n, z, g, h, i, b, u, v, ¢, e, k) = 0),

JleficrBATensro, Bce ypaBmesna 1) — 8) uMeioT BHA DPaBEHCTB
f= g. Ogmako, f= g & (f — g)? = 0. KoBBlOEKIAA PABEHCTB f; =
=0,...,fr=0 paBsocmabHa paBeBcTBY f12+ ...+4 ...+ fi?=
= (. Ha ocroBaEWm 9THX 3amesammi mo crcreme 1) — 8) Moskmo mo-
cTpoiTh Tpebyemuli muEOTO4dex D (a, y, n, z, g, hy i, b, u, v, c, &, k)
¢ medsMn Ko3pOHIEeRTaMH.

B paGore [5*] maercs odeHb H3AmEOEe K YKOHOMHOE ANOPAHTOBO
OpencTasieHne y = Pg (n). Ho tam npeciiegyiores m ApYrEe nednm, Ko-
TODPHIX MH 37ech He CTABIM.

Jlanee mam BYyKHA

Jdemma, Haga>n>0u2>0 uneem aecmo

< Yo (R4 1)
W, (n+1)
Joxasarteasbctso. CortacEo dopmyme (2) m. 1

Yt = D (”ji)amw'(az_1)<5~1>/2.

<zn(1—}—%).

Jsnt1
J HEe"eTHO
OTcioma
znllJa mnt+1) = 2 (" T 1) (az)™*177 (g2g2 — g3)FD/2,
j<nt1 !

J HedeTHo



362 TPHUJIOKEHUE

C mpyroii cTopoHH,
P (1) = 2 n —}— 1) (az)*17 (a22 — 1)U-D/3,
) I

j<nt1
j He4YeTHO

Tax Kak z > 1, 10 a%2® — 2% < a?2% — 1. HodTomy
"Pg (0 + 1) <Pax (n + 1)

1 JeBas YacTh J0Ka3hBaeMOro HECPAHGHCTBA YCTAHOBJeHA.
CoryracHo TIpeIOMKEHI0 5 H. 2 IiMecM ONeHKH

2a—1)" <P, (n +1) < (20)".

Orciopa

n ~
Py (1) < (2az) n=1n<1—i>n.
Py (r +1) (2a —1) 2a
HcnoanayeM cilefyiouyie Jerko ycTaHaBIUBaeMble HepaBeHCTBA:

{—a)">1—nae gum 0<<a<<n,
-t 4+ 20 pan 0 <<a<1/2,

1\ 1 1 ~1
Torma (1—2_a> >1_§nﬁ’ ’Ij‘d}{ Kaw QE<7’ I (1—2%\ <14+
+ n_y 4+ rak xax 2 <_1-. Otciona moilywaey DpaBYio FacThb
2a a 2¢ " 2
NOKA3LIBaeMOTO HEPaBeHCTBA,
TeopeMma. Hueem asreusasrenmnocme
y=a"en=0& =1V m>0&2=0&y=0)V
V (zyn >0 & 3abuu(a>ny&b— ar&u="1,(n+ 1) &
& v=1yq (n+ 1) & y = [u/v]).

HoxaszarexbcTBo. Iyers ayn >0 u cymecrsyor a, b,
u, v ¢ YKa3aHHBEIMII cBoiictBamu. Torma ¢ > 1 1 b > 4. HUmeem pua y

u
Tak ®ak ¢ > ny > n, a > n, TO COTNAaCHO JerMe

SCELS(142).

g
Otcopa 2™ <y + 1 12"  y. C gpyroil cropou:,

y<f@+9=f+%<f+%<f+hy<ﬂ
Tosromy y = z™.

Ilyctb upd zyn > 0 meem y = 2™. Hapo yrasarb a, b, u, v ¢ Tpe-
6yeMBEIMI CBOIICTBAMI.

Bepem a > ny, b= az, u =1 (n + 1), v = P4 (n + 1). Ocra-
eTCs HOKasaTh, 910 ¥ = [u/v).
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CorxnacHo JcyMMe, YIHTHBASA, 970 y = z'*, HEMeeM
kil
n u n n n ¥ n 7
< ELe (1+—)=z +2 = B g,
v a a a

Oreoiia y < u/lv<<y-+ 1 = y= [u/v]. locKOXBKY OTHOIEHMA u =
=Py (n+ 1) 7 v =1, (»r + 1) BEMeror muOPaBTOBH HpeacTaBICHAA
(¢, b>1, n+1>0, u, v>0) (cM. cleacTBHEE), a OTHOINCHAS a >
> ny, b= az, y = [u/v] puodanroBL, TO BHAMM, UTO IpaBad YacTh
HKBUBAJEHTHOCTU 110CTPOeNa U3 JiioanTOBHX OTHOIUEHIII C 110MOIIBIO
JorTM9eckEx cBA30K &, \/ U HaBemMBaHIA KBaHTODPOB CYN[CCTBOBAMMNA.
IloaroMy oTHOIDeHHe ¥ = z™ pHodaBTOBO.

4, HexoTopsie cie/lcTBAA H JODOIHEHDA.

a) Ilokasxem, aro pmecAras mpobiema I'miap6epra airopuTMIYecKu
gepagpewmnma. Ilycrs M — peKypCHBIO IepeddciInMoe, HO He pekyp-
cuBHOe MHOKecTBO, H C N. Torpma coriacHO OCHOBHOHI Teopede M
nuoaHTOBO H JNA HEKOTOPOTO IOJNHHOMA F ¢ medemMy Kooddunuenra-
MH EMEEM

eeMe 3y .y (Fa, y1,...0,) =0).

Ecau 65 cylecTBOBaX alTOPUTM IS PACHO3HABAHUA Pa3peiliuMOCTH B
N (maske OgHOTO TOABKO) ypaBHeHHA F (a, ¥y, . .., yx) = 0 mpu pas-
JUYHHX 3Ha49eHHAX IapaMerpa @, To OIpobieMa BXOXKAeHUS ¢ e M pis
MHOKecTBa M Oblra O aXropurMudeckd paspeiunmoir m M Gbliio GE
peKypcHBHENM MHOKecTBoM. OmEako, M He PeKYDPCHBHO M IOTOMY HeT
aJropHETMa XA DPAaCHO3HABAHMA Da3PelEMOCTE JHOPAHTOBHIX YypaB-
HEeHHH.

CM. cCHUIKH B KHATe Ha c. 15, 324, 339.

6) To e MHoKecTBo M , UTO W BHIIE, [aeT IPIMeP HepeKypPCHUBHO-
ro guodadToBa MHOMKecTBa (c. 326).

B) Besaras ofimepekypcnBHaf (Qyskousa f A@ofaHToBa, TaK Kak
otHOmeHHe Yy = f (y, . .., Tp) PeKypcwBHO mepewcaumo. OO6xacTsb
3Hagednii pf xo6oii o6LIEPeKYPCEBHOI (8 9acTIMHO DPeKYPCUBHOII)
¢yrxuuu miodaHTOBa, TAK KaK Pf PEeKYDPCIHBHO IepewucamMo. B uact-
HOCTH, AUO(aHTOBHIMHA SBIAITCA MHOMKECTBO BCeX CTemeHeil 9dcia 2,
MHO’KeCTBO BCeX IPOCTHIX dHCeX X AP. (c. 327, 346, zamaua 1).

r) CorzmacHo ocHOBHOII TeopeMe MHOKeCTBO A JBamybl gHOPaHTOBO
TOIfa I TOJABKO TOIna, Korma A peKypcuBHO (c. 329).

1) Beaxoe prodaETOBO (a 3HaudT, I PEKYDPCHBHEO IIEPEUIICIHMOE)
MEOKecTBO M C N ABagercda o0xacThl0 HEOTPHLATENBHBIX 3HAUCHHIN
HEKOTODOTO HOJIHOMAa C neXsMu Kodddunmmenramu. JleficTBUTeNbHO,
ecin :

eeM&En...y) (Gle, y,...,y) =0),

10 GepeM H () Y1, . - -» ¥k) = @ — (@ 4- 1) G (a, yy, . . ., yx). Tornma
M = N [} pH, pH — obnacts 3HaueHnii monwHoMa H. B gacrHoCTI,
CYHecTBYROT IIONHHOMEI ¢ HelbME Koa(dHmmenTamd, y KoTophx 00-
JlacTh HEOTPHNATeNbHEX 3HAYEHMII COCTONT B TOYHOCTH U3 BCeX IPOCTHIX
YHcedl, B TOYHOCTH H3 BCeX cTemeHell Imciaa 2 ® T, .

8) IIyers AazK (a, r) — KADHEeBCKasd 4WacTHYHO peKypPCHBHAA
dyEROAA, YRABepcaJbEaA JNIA Kiacca BCEX OHOMECTHHRIX 4acTHIHO pe-
RypeuBHHX QYERIEH, %, () = K (¢, z) 1 W, — ofnactb onpesele-
AT QyRRoAR %,. Tornma W, — peKyDCHBHO HmepedNCANMOE MHOKECT-
B0, W, < N. B nocaegoBarexssocts Wy, Wy, ..., Wy, ... COLCD-



364 OPHJIOKEHAE

KATCA BCe PeKYDPCHBHO HeDeYHCIMMEe MHOKeCTBa B3 N (Tak KaK Kaik-
J0oe TaKkoe MHOKeCTBO fABIsAerca o0JacTblo ONIpefleleHdAA HEKOTODOH
4acTHIHO PeKYPCUBHOH (ymKumm).

Nyers M — o6xacts oupenexesus Gysxoun K. M peKYDCHBHO
fiepedadcIEMO B HoToMy puodamroBo. OueBmpuo, Wa = {z| (a2, z) &
e M}, 1. e. ABIAerca g-ceyeHHeM MHOKecTBa Af. Urak, cymecTByer
nroaATOBO MHOKeCTBO M TaKoe, 9T0 KasK/[0e PEKYDCHBHO IePeIHCIH-
MOe MHOKecTBO n3 N ABISETCA ero g-CeYeHHeM JIJIA HOXXONAIIETO d..

x&) B paGore [5%] rokasaso, 970 31 KaykOOTO DodiiEOMa P cymecT-

Byer noandoM P Takoit, uto P (ay, . . ., s 20y F1s « « o z,) = 0 pas ge-
KOTODHIX Zg, Zy, . . -, %y TOTAA W TOALKO TOTHA, Korma P(ay, .- By s
b,e,d, e, f, gk, i j, kI, mny'=0 pgaa HeKOTODHX b, ¢, d, ¢, f, &,
h,i,j, k, I, m, n. 3gechb ay, ..., @, — OapaMeTpe], OCTaJbHLIE mHepe-
MeHHLe — HCI3BCCTHHE (cnegenne K 13 HemaBecTHEIM).
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