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NPEJUCJIOBHUE K TPETHLEMY M3JAHNIO

Ilepsoe magamme sToit KEmru BROLO B cser B 1965 ropy,
propoe — B 1968 romy, m oba wusjganuma GHICTPO Pa30ONILIHCH.
Ilockoabky THpak OBII cOBCeM He MAaJBIM, KHATA ellle HMe-
ercd B OMOJHMOTEKaX, OMHAKO HOBOC HOKOJeHWE MaTeMard-
KOB yiie JABHO IWIIeHOo BO3MOMkHOcTH KymmTh ee. Ilo cmoe-
MY CONEpMAaHMI0 9Ta KHWra CHIBHO OTAMYAETCA OT JPYrux
V9e6HAKOB IO TeOpPHH AaHAMHTHUECKHX (QYHKIWIL, XOTA 3a
ACTERIIee BpeMA MOABHIOCH HeMano HoBex yueOmmkon. Mme
TPYAHO CYJAMTH, XOPOIIA JIM BTA KHHUra, HO OHA, HO-BHIAMO-~
My, HallIa CBOET0 IMTATENA (BO3MO;KHO, M He TOrO, HJIA KO-
TOPOTO A ee¢ OHCAJ).

3a 4eTBepTH BEeKa, HPOIIEIINe ¢ TOr0 BPEMEHH, KOT[A A
HAYaJ OHCATH ATY KHHUTY, MOM B3rJsJbI Ha TO, KOro, 4eMy H
KaKk HAJ0 YIUTh B TEOPHA AHATUTHYECKHX (DYHKIHH, CHIb-
H0 waMeHmamehb. OfHAKO HANNCAHHAS KHWTa CYIIECTBYET B
TOM BHJE, B KOTOPOM OHA €CTh, M IPUTOM BIIOJIHE YCHEIIHO
(8 Yexocmonawwm ee mepesenm B 1981 ropy, masepmoe,
M3-32 HEBO3MOMHOCTH JOCTaTh ¢€¢ HA PYCCKOM HIH allrJni-
cKoMm A3bike). lloaToMy g He cTam BHOCHTH B TpPeThe Haja-
HAE CKOXLKO-HUOYNb CePhE3HEIX HIMCHCHHH, a OTPAHMYHIICA
JAMIMb HMCIPABICHHEM B3aMEYEHHBIX HETOYHOCTEl H yaydide-
HHAMHA OTHENBLHBIX J[OKA3aTeIhCTB.

M. A. Eszpagos

N3 INPEJHNCJIOBUA K IEPBOMY U3JAHUIO

IIpepnmaraemuifi yIe6HUK paccYMTaH HA CTYAEHTOB M JIPY-
IMX 9YUTaTeNed, BIANEIONAX OCHOBAMH MAaTeMATHIECKOTO
aHanm3a B o(beMe HEPBHIX [(BYX KYPCOB YHUBEPCUTETA.

ITopaAmok m3noMeHMsa MaTepHala B HacToAmeM YyueOHHKe
CYIIECTBEHHO OTAAYAETCA OT JPYIMX YIeOHMKOB IO TEOpHH
ananuTnieckunx Qyskiuii. Peds muer o Mecre crporoii Teo-



é U3 OPEMACIOBUA K IEPBOMY H3ZAHUIO

pU¥ MHOrO3HAYHBIX AaHAANTAYECKAX (YHKNHH, H3IaraeMoi
HA OCHOBE AHANWTHYECKOro OpofoiiykeHmda. Bo Bcex mTpuHA-
THIX yUeOHMKAX 9Ta TEOPWA M3Jaraercd JHIIb B CaMOM KOH-
me, a B IpejJjaraeMoil KHUTE€ OHA IIOMeIIeHa 3HAYUTEIHHO
O6mmxe k magaxy (rmasa III). J{xa rakoro pacmonorkenms
Marepmaja WMEIOTCA [OCTAaTOYHEIEe OCHOBaHMA. Bo-TepahIX,
C TOYKA 3PEeHWA JOTMKN WMATOKEeHWS AaHAJIATAYEeCKoe Npoc-
NOIKEHWe WIPAaeT B TEOpHH AaHAIUTHIeCKnX (QYHKIME He
MEHBIOYI0 PONb, 9eM TeOpPMA HpefesNoB B aHaiamse. Bo-BTo-
PHIX, 3TO OY€Hb BHITOJHO C UNCTO IPAKTHUECKOH TOUKH Zpe-
HAA, TaK KAK PaHHee MCHONL30OBAHWE AHANUTHIECKOTO 1IPO-
JOJKEHHA II03BONAET COKOHOMHTL MHOTO Me€cTa W BPEMEHH
B panpmeiirneM. OOGLITHBIE BO3PAMKEHNA HPOTHB TAKOILO pac-
HOJIOMKEeHUA OCHOBAHBI HA MHEHAH O TPYQHOCTH BTHX BOIPO-
coB g mommMamusa., OQHAKO WX TPYAHOCTH: CIUIBHO IIpeyBe-
andena. Kpome Toro, mpm BBeJeHWH DIEMEHTAPHHIX MHOTO-
3HAYHHIX (YHKIHH Te 3ke TPYMHOCTH BCe PABHO NPUXONATCA
mpeoJoNIeBaTh, OpmieM 0Gollee MCKYCCTBEHHBIM (a TOTOMY &
MeHee IIOHATHHIM) cmocoOoM. Bo BcAKoM ciydae omblr d4re-
HHUA JeKI#i mo Teopww amamnruiecknx QyHruil 8 Mockos-
CKOM (PHANKO-TeXHHIECKOM HHCTUTYTE YOENHI MeHA B TOM,
YTO0 J[Be-TPH TPYHAHBIe (MO BUOJIHE NOCTYOHBEIE) JIEKIHM
BOOJIIe OmPaBABIBAIOTCA JYYIIAM IIOHAMAHHEM BCETO JAdb-
HedINero Marepmasa. JHAYATENBHO Jerde NPOXOAWIA W yI-
paIRIeHNSA, TAK KaK BOIPOC O BEIJENIEHWH PeryiapHOH BeT-
BY 1IPecTaBai GBITh TPYROEMKHM M MaJIOIMOHATHEHIM.

Ilemanoe 3HaueHwme WMeeT W TO, YTO y yUaIUXCA C ca-
MOro Havaja BHpabaTHBAaEeTCA NPABMIbHAA M YeTKadA TOUKA
3pennsa Ha M3ydaeMBIi IpeaMer.

Ilpw manmmcammm KHWUTH A CTPEMHICA K BO3MOMHO OO0Jb-
Imedl HE3ABHCHMMOCTH OT/JENbHBIX TIaB, 9ro0H HA OCHOBE
KHATH MOMKHO OBLIO CTPOMTH MHOIO PasduYHHIX IO COHEep-
kanuio kypcos. O0beM MaTepmana, W3JIOMEHHOr0 B y4eOHW-
Ke, 3HAYATENHLHO NIPeBHIMIaer COfeprKaHme OOLIYHO YHTAeMBIX
kypcos TOKII, Cromr moggepkHYTH, 4TO BCe IIABHI HAIMCA-
HHl Ha YPOBHe, BHOJHE JOCTYIHOM uis crynentos 11T xypca.

OTMedy nMeoUMecA CBAZM MEKIY IIaBaMA.

K raase I caemyer oGpamarbca ToabKO 33 CIPaBKaMA.
I'mapst I1—1IV cosepmenno HeoOXOAUMEHL NJIA BCETO Hadb-
meitmiero. I'masst VI m VII cosepmenno me cBa3amsl ¢ ria-
Bama V u VIII — X, T'masa VIII cymecrsenno ommpaerca
Ha raasy V, a caMa caymur ocHoBOW jgma rmas IX. m X,
I'maser IX u X goBoabHO caaGo cBA3AHLI MeMAY COBOM.



T'aaea I

BBEJIEHHE

Waydyenne Teopmu aHammTmuecknx Qyurimi Tpedyer OT
U3Yy4aIomero XOpoIlero BIAJeHUsA BCeM KyPcoM MareMaTHue-
CKOTO aHanw3a, M XOTejoch OB TpefmomaraTh y YHTATENs
Bce HeoOXoguMble smammsa. H coMamenuio, B Kypcax aHaJNM-
3a NPWHATO M3Jarath BCE BOMPOCHL [IA HAeACTBATEIBHLIX
$yHRIAA feiicTBuTenbublx mepeMenunix. WMa-3za aroro cramo-
BHTCA HeOOXOJMMBIM IPUBECTH XOTA OBl (OPMYJMPOBKH OC-
HOBHBIX CBEJeHMH O IIpejiesiax, HempephIBHOCTH, MHTETrpPaiax
I KOMIUIeKCHO3HAYHHIX (PYHKIMA KOMINICKCHOI IepeMer-
goii. B raapy BRIIOYEHH TaKie HEKOTOPHIE 3JeMeHTapHbIE
cBejleHnA 0 Tomodormu. Uremme sTOM raasel He 00A3aTENBHO
IJIA DOHMMAHMA, HO B CIYYaAX HEACHOCTEH K HeH IMOJE3HO
oOpamarhca 3a COPABKAMH.

§ 1. Komimiexcaple gmena

PaccMoTpumM MHOMKECTBO, SIIEMEHTAMH KOTOPOrO HABIAIT-
cA BCeBO3MOKHbIe mapwel (a, b), rme a u b — HedcTBATEND~
HBe umciaa. BymeM cumrars gse mapul (@, b) m (¢, d) pas-
HEIMH, ecim ¢ =b n ¢=d. Ha muomecrse srux map B=Bse-
HeM OIepanmi CIOMEHHA M YMHOMeHNA (DopMylaMu

(a, b)+(c, d)y=(a+ b, ct+d),
(a, b) (¢, d)=(ac — bd, ad + be).

ITonyuennnit Takmm o6pasoM 00BEKT HA30BeM NOLEM KOMI-
AEKCHBIX HUcCesr, a KaMIBIH €ro DIEMEHT — KOMNACKCHBLM
YUCAOM.

Wcxona m3 ompefienennsa, HETPYAHO OPOBEPUTH, YTO BBE-
OeHHBle OmePaldd CIHOMEHMA ¥ YMHOMEHNI KOMILIEKCHBIX
qmcell 00XaJaoT cBoMCTBAMHA:

1. AccomaTuBHOCTH, T. €.

z+0)tw=z+(+w),
(z8)w =1z (Cw).
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2. Kommyrarustocrh, T. e.
z2+Et=Ct+z 2zL==Cz
3. JIucrpubyrusnocru, T. e.
(Tt w)=2zL +zw.

OnpefeanM yMHOMKeHHe KOMIIeKcIoro umcila 2z = (a, b)
Ha JefCTBATENbHOE UACHO ¢ PaBEHCTROM

c(a, b)=/(ca, cb).
Torga x0Goe KOMIIEKCHOE YNMCIO MOKHO 3anMCATh B BHAE

(a, b)=ae, +bey, e =(1,0), ex=(0, 1).

Yneno e) Beger cebA Upnm YMHOMCHEHM KAK eJAHANA, TaAK
Kar ze;=z. IloaToMy pasyMuo OTOMJECTBATH €; C eJHHH-
neit. Jlns uncna e; oObluHO ymoTpeGasercss ofo3HaYeHHe
eg==1[, a HasplBaeTca OHO MHmMoi# eamumieii. Herpynuo mpo-
Beputh, uro i?= —1. TaxnuM 00paszoM, KOMINIEKCHOE YHCIO
3aIlMCHIBAETCA B BHAE

(a, b)=a + bi.

Houmnuexcrnoe wucao a -+ 0i orompectsaderca ¢ gedcrsu-
TeIbHBIM YHEIOM d, a KoMmiekcHoe dmciao -0 -+ ib masmBa-
eTCA UUCTO MHUMBLM.

HoMmmekcHOe YMCIIO MOMHO paccMaTpuBaTh KAaK pacHIn-
penye IMOHATHA JeilcTBUTEXbHOrO IMcaa. J[ad KOMIIEKCHBIX
qpces cIpaBefiinBhl Te Ke OCHOBHBIe aKCHOMBI, UYTO A JAA
HefCTBUTCNBIBIX YMCelNl, 32 MCKIOYCHAEM aKCHOMbI ApxuMe-
Ja o0 ynopapmouennocTH. [lomATua «GombIme» ® «MEHBIIE»
A KOMIUIEKCHBIX YAcedl CMBICIa He MMeIOT.

JleficTBHTeNbHBIE YHMCIA HM300PAIRAIOTCA TOYKAMH IpA-
moit. HoMnmeKcHble Ymcia €CTECTBEHHO M300pakaTh TOUKA-
Mz nxocKoctn., MMenno, KommieKcmoe umcio 4+ bi Mm 0Gy-
A€M m306paykaTh TOUYKOH IJIOCKOCTH ¢ aberuccodl @ H ophm-
garoil b. HoMnuexcroe 4mcio MOMKHO TaKKe M3o0paskaTh ¥
BEKTOpOM, TeM OoJiee UTO KOMIUIEKCHBIE UMCIA CKJIANBIBAIOT-
€A Kak BeKTODH. BmpoueMm, amamormell MemAy KOMILIEKCHEI-
MU YACJHaMW M BEKTOpaMm yBiIeKaThca me ciexyer. Hm cka-
JApHOe, HW BEKTOpHOe NUpPOM3BENeHHMA He HMEIOT HHKAKOTO
OTHOIICHAA K YMHOM{CHHMIO KOMILTEKCHBIX YHCeJ.

IlpuBeneM pAj TpaguUMOHHBIX HaspaHWE u o6o3HAYE-
HAH, OTHOCANINXCA K KOMIUIEKCHBIM YHMCJIaM.

IlmockocTs, Ha KoTopodl w300paykaioTcA KOMIJEKCHEE
YMCA, HABLIBAETCA KOMRAEKCHOU RAOCKOCTBLIO.



§ 1. KOMIIJIEKCHBIE 9HCIIA 9

Ocr afcumec B KOMIUIEKCHOH ILIOCKOCTH HA3bIBAETCA
delicTéureabHoll 0Cbl0, a OCh OPJHHAT — MILUMOL OCBIO.

IIycry z = a -+ bi. YoorpebualoTca clepylomue Ha3BaHAH
7 0003HaYeHNA: :

a = Re z — OelicTéureabnas 14acrov z;

b=1mz — mrumasn uacre z *);

a — bi = Z — uuca0, KOMRAECKCHO CONpAXNEHHOEe C Z;

Ya?+ b2 = |z| — mo0yas z (abcomoTHAag BenrMUIHHA Z);

arg z — apeyMeHT z; ITO — UHCHO ¢, ONIpegelAeMoe W3
paBeHCTR

a . b
B Eyers VT Ve

ApryMenT z ompejerserca ¢ TOYHOCTHIO [0 HPHOABIEHHA
[[eJ0r0 KPaTHOrO 2T.

Bce BBefieHHBIe BeIWYMHE MMEIOT HPOCTOH TeoMeTpmye-
CKUIl CMBICH HA KOMILIeKcHoil mumockoctu. Tar, mogynp z—
3TO paccTosHie oT Hadaia KOOPAHIAT 0 TOURM Z, apryMeHT
Z — 9T0 YroJ OT DOOJOATeNbHOr0 WampaBieHus Jeficrsm-
TeAbHOM OCH K BEKTOPY, NAyHIeMYy W3 HAYAjJa KOODJHHAT B
TOURY Z.

OrMerdM [Ba BaKHBIX HEPaBercTBa IJd MOXYIA.

Teopema 1.1. Jas awbvix Komniekcubly wuces zU sz

llz, | — 2ol < |2y + 2ol < |2y | + |2l

JloxasarenabcTBo. PaccMoTpuM TpeyroiabHWK C Bep-
mmaamn 0, zy, z; + zo. Jlawnsr ero cropom pasnbr |zi| (ot 0
1o z1), lzel (ot z1 mo 21 +29) u |21+ 22| (or 2, + 2z mo 0),
TAK KAaK paccTognve MeKAY ToukaMm z m § pasmo |z— §l.
Mer amaem, 4To AAMHA CTOPOHBI TPEYTOALHAKA Te GOJXbINE
CYMMBI JUIMH JBYX JPYTHX CTODOH M He MeHbIme aGCOdIOTHOR
BEIUYNHL wX pa3Hoctd. llpuMenas oTm  yTBep/eHHA
K cTopoHe 0T 2;1+2zo mo 0, momydaem Tpedyemble Hepa-
BEICTBA.

C moMoINbI0 BBeJeHHBIX 0003HAYEHHI JErKO 3AIMCHIBA-
IOTCA Ppasgudable O0NACTH KOMINICKCHON mIocKocTH (Miam
auunn na meit). Haopumep:

Hepasencrsy |z — zol < R ymoBmeTsopdaior Todukm z, Je-
JRQI(Ie B Kpyre pagnyca R ¢ menTpoM B TouRe 2.

*) O6osmavenmn Re m Im mossmamch kKax coxpamenus ¢pasmys-
CKEX cl0B Reel (meiicTBHTeNbHHIT) m Imaginaire (MOEMBII).



10 TJ. 1. BBEJIEHUE

Hepasencrsy Imz >0 ymoBmerBopAKT TOYKH z, HeKa-
e B BepXHEed MOJYILIOCKOCTH, T. €. BhIIIe JeHACTBHTEILHOIN
ocm.

Hepasencrsy largz — 6| < ymoszeTsopgior TOuURm Z,
IejKallliie BIYTPH yria pacrBopa 2y ¢ BepOIMHOW B HAdake
KoopaMHAT W ¢ OMcceKTpHcod, obpasymwomeii yrom 6 ¢ moxo-
JRATENIBHONM 9acThIo JedcrBuTenbHoll ocu. Touxm OGmccexTpH-
CBI ONMCHIBAIOTCA PaBeHCTBOM arg z = 0.

Jlna KOMINEeKCHBIX 4MceN 9YacTo yHoTpebaserca TaK Ha-
3BIBAEMAad 110KA3aTeNbHAA WA TPUTOHOMETPHYeCKAad 3aMACH:

2 =re®

(smech e momumaerca cormacHo QopMyle Oiimepa Kak
cos ¢ + isin @). Herpynao BHAETH, 4TO

Rez=rcos¢, Imz=rsing,
lz| =r, argz=¢+2nk, zZ=re™,

N3 onpepenenuma DOpowaBeleHNA KOMIJMEKCHBIX THCEI
MO’KHO BEIBECTH CJIeIYIOMMHA Pe3yabTar:

Hpu nepemnoscenuu Komnaekcuwlr wucea modysu nepe-
MHOJNCAIOTCS, 4 APeYMeNTbl CKAAObLEAIOTCA.

OGrruH0 MBI OymeM HMeTh [JeJ0 ¢ TaK Ha3LIBAEMOH pac-
WUpernol KOMRACKCHOU RAOCKOCTbIO, HOUOIHUB KOMILICKC-
HYI0 IJ0CKOCTh GecKoneyno ydanenHol ToyKoW, COOTBETCT-
BYIOIell yCIOBHOMY KOMILIEKCHOMY ducixy oo, Pacmupei-
HYI0 KOMIUIEKCHYIO INIOCKOCTh HA3BIBAIOT TaliKe KOMAJLEKC-
noti ciepoii mam cepoii Pumana. 3T0 HazBaHHE OIPAB/HI-
BaeTCA CJHeyIOoUel reoMeTpudecKod muTepmperanmeit (cre-
peozpaduieckan npoeryus).

IIpegcrasuM cefe OIOCKOCTH B TPeXMEPHOM HPOCTPAHCT-
Be n cdepy pamuyca 1/2, meskamylo Ha 3TOH NIOCKOCTH K
Kacalomyiocd ee B Hauaxe Koopamuar. OGoamaumM Hadvalo
Kooppgmuar dvepes O, a [QUaMeTPAIbHO MOPOTHBOIOIOKHYIO
Touky cgepsl gepes P. Kampoll Touke z mame#l maockocrd
mocraBuM B cooTBercTBHe TOUKY A (z) cdepnl, asaaomynca
nmepecedeniieM cdephl ¢ UPAMOH, COeAMHAIOMEHR Touknm 2 U P,
Ilpu srom rammaa Touka cdepbl kKpoMme Touxm P maxopured
BO B3aMMHO OJ{HO3HAIHOM COOTBETCTBHA C TOYKAMH IJIOCKO-
crm. Herpymno samermtb, uro Korga |z| — oo, rouxa A(z)
crpemurca k Touke P. IloaToMy ecrecTBemHo c9dTaTh, 4TO
TouKa P cephl COOTBETCTBYET GECKOHEUHO YIAJXeHHOH TOUKe
pacmupeEHOH# HIIOCKOCTH.
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Muorpa GriBaior momesnsl (OPMyYIBI, BHIPAMKAOMNE KOOP-
nuaarsl T09kn A (z) cdepsl PuMama gepe3 KoopamHATHL TOY-
KN ILIOCKOCTH.

Teopema 1.2. Ilpu crepeozpaguueckoli npoekyuu Tou-
ke z=ux iy crasurca & cooreercreue Touka A(z) ciepor

2
2+ n’+ (C — %) = 1— ¢ Koopdunaramu

lz|®

C='1_Hz|2'

Ee= —2 — ¥
BT A TR P
Jloxasareabcrso. Ilockombky mpoekima Toukm A
nexuT Ba npamoir Oz, or £ =Ax, =AYy, Tie A — HEKOTO-
phiil eHCTBATENbHBIH MHOMA- P
rexn. JlaAa ero onpepeneHmA
naiinem §. Paccmorpum cede- 4
gre cdepbl M NIOCKOCTH ILIO-
CKOCTHIO, MPOXOAAIIeNl depes
TOYKH 0, P u z (puc. 1). llpa-
MOYTOJbHBIE TPEYTrOXbHAKA
OPz n OAz nono6uB. Bricora
tpeyronbEnka OAz pasma G, Puc. 1
a runorenysa |z|. Orpesox OA
ABxAeTca KareroM rpeyronbruka OAz m BHICOTOH Tpeyroib-
anka OPz. W3 momoGma rpeyrombamkos OPz m OAz nmeeMm
t 04 ¢ 04

04~ 0P’ 0z Pz’
Oz=lzl, OP=1, Pz=7V1+ [z]?

2
lz]
OTKyna Haxommm § = ————.
14 1z]
C moMomplo ypaBuenusa cephl Jerko ompeneliseM BeJH-
quay A= ———, aaareM § u 1.
14]z]

Cregcrrue. llycrv k(w, z) — paccrosanue mexrdy rou-
kamu A(z) u A(w). Tozda

|w—z| 1

T VittwrViti® " Vitier

ITO yTBepHEHME JerKO MOXydaeTca #3 QopMya Teo-
pemsr 1.2,

Benmuunna k(w, z) maaviBaeTcd xOpOaabHbLM PACCTOAHU-
eM MemJy TOIKAMA W A Z.

k (w, % (w, oo)
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§ 2. MuokecrBa, (PyHRIUH H KpHBbIE

Ham npupmerca uMerb feio ¢ pasiuTHBIME MHOMKECTBAMI
HAa paclInpeHHOH KoMILIeKcHOH ILlockoctd, u Bo u3berxaHme
HeJ0pasyMeHNH ONpejiesItM 376ch CMbICI TeDMHHOB, KOTODBI-
Mu OyleM 10JIb30BAThCA.

Bumecto citos «Touka z npulajiie:kuT MHOMECTBY £y MBI
obeitHO GyieM mucate gopmyay z € F, a BMecTo ClIoB «T01d-
Ka 2z He OPHHAUIEKHT MHOMKecrBy E»— dopmyny z & E.

Hlepeceuenuem mnoxecre £y u Eg Mbl HazoBeM MHOMKeCT-
Bo FE, cocroamtee u3 TOUeK, NpUHAJIEMRANMX Kak K,
Tak u Ko,

Paccroanuem meicdy muoxecrsamu FE, n E; mnazobem
BEIHIUTY

p(Ey, Ey) =  inf [z
zEEl,geE,

Huamerpom muomecrésa FE Mpl  1azoBeM BeIMYMHAY

sup |z— 2’|
2€E,2’€E

Orpecritocrvio  Touku  zo OyiaeM  HasblBaTh  KpPYT
[z — zol <r, rme r — M1060e TMOMOAHTENBHOE THCIO,

Oxpecrnocrvio Geckoneuno ydaaennoti Touku Gymem Ha-
3RIBATh MHOMecTBO |zl > R npu aw6om R (BHEIIHOCTE Kpy-
ra)¥*).

Touky z HazoBem npedeavroil Toukol mHoxecrsa E, ec-
JU B JIIO00H OKPECTHOCTH TOUKH z OECKOHEUYHO MHOTO TOYEeK
MHOecTBa F.

Touka z maswiBaecTca 6HYTpeHHel Toukol MHoxcecTéa E,
ecay HMeeTcs €€ OKPecTHOCTh, COCTOAIIAA TOJBKO W3
touek E.

Touka z HasbiBaercst enewiteli £ MmHoxecrsy FE, ecan
HMeeTcs OKPECTHOCTh TOUKH 2, COCTOANAS TOJNbKO M3 TOUEK,
He MpUIajJIe;Kaux k.

Touxka z naszwiBaerca epanuunoil Toukol muoxecrea Ik,
eciau B J1000# OKPECTHOCTU TOUKKM Z €CThb TOYKM H IPHHAM-
Jexallue, I He OpuHAMICKauHe F.

CoBokynHoOCTh BCEX TPANHYHBIX TOUYEK MHOMKECTBA HABHI-
BaeTCA ero epanuyet.

I'paunny muooxkecrsa £ Gynem obo3mavaTs cumBosoMm OF.

MuonecTso HA3BIBACTCA 3AMENYTHIM, €CIH OHO COHEPIKUT
CBOI0O TPaHUIY.

*) OkpecTHOCTBI0O TOYKHE Zp MOKHO HAa3BaTh M KpPYT k(z, z) <<r
npe moboM r > 0. Torga mer ny:Xap BHAEIATb GeCKOHEYHO yJaleH-
HYIO TOYKY.
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MosxEo nmokaszaTh, 9To PAaHMUIA MHOMECTBA BCerga SB-
JAfeTcA 3AMKHYTHIM MITOKECTBOM.

MuoskecTBO, HolydalolmleecA nNpucoeguHennem K L ero
rpaEUIE, Ha3biBaeTca 3amvikanuexm E m oGosmauaerca E.

MuosecTBo Ha3LIBaeTCA OTKPLITLLM, €CJIH BCe €ro TOYKH
BHYTpeHHMe.

OTKpEITO® MHOMSCCTBO HAZHIBACTCH CBA3HbIM, €CIH ero
HeJdb3A Pa3OUTL HA JBAa OTKPHITHIX MHOMECTBA, HE UMEIOMNX
obuux ToueK. CBA3ZHOE OTKpHTOE MHOMCECTBO HA3BIBAETCA
064acTbio.

SaMKHYTOe MHOMECTBO HA3LIBACTCH C6A3HbIM, eclid ero
HeJib3s1 pazbuTh HA [BA 3aMHKHYTHX MHOMKECTBA, HE HMel-
mux obIux ToUeK.

OGiactp paclIMpeRAOR KOMILIEKCIOM IJIOCKOCTH HA3BIBa-
eTCA N-C6A3HOU 064acTblo, ecid ee IpaHUIA COCTOUT H3 R
CBABHBIX 3AMEHYTHIX MHOMecCTB (HA3BIBAEMBIX KOMROHEHTA-
MU 2DAHUYLL).

Jl106y10 n-cBAsHyio 00JacTh MOMKHO IpeNCcTaBiATh cebe
KaK OgHOCBA3HYI0 ofjacts, B KoTOpo# mpopesaHo n — 1
IBIPOK.

OrMmeruM eme, Y70 [JIA PACIHIUPEHHOR KOMIIEKCHOM
mIocKocTH TAK HaspiBaemasn Jgemma leiine — Bopena umeer
MecTo B ciegyouteil GopMyIHpOBEe.

Iycrv umeerca mHoxecr6o okpecTHOCTEU, RNOKDLLEAIO-
wux 6 cogokynmocTu 3amrnyroe mmoxecrso E. Hs arozo
MHOMCECT8a 6Ce2da MOMHO GulOpATL KoleiHoe NOGMHOXMCe-
CT60 OKpEeCTHOCTEl, ROKPLIBAIWUL 6 COBOKYNHOCTU MHO-
aecreo E.

B reopun amammrmyeckux GyHKUMH wacTo NPUXONHTCH
HMeTh [JeJI0 ¢ PAa3iMYABIMH BHNAMM KDPHBHIX HA IJIOCKOCTH.
TloaTomy ofcyauM moHATHEe KPUBOH HECKOIbKO MofgpobHee,
veM 9To OOBIYHO [eJaeTcAd B aHajuse.

Haumem c ompepmencnua HenpepuigHol Kpueoil Ha Mioc-
KOCTH.

ITycrs z(t) m y(t)— menpepsiEsle Ha orpeske [0, 1]
¢yaroun nmapaMerpa t. YpaBHeHHe

z =z (t)+ iy (t)=2z(%)

HA30BeM nApaMeTpudeckuM YypasieHuem Kpusoi. DBymem
CYATATh, UTO JBA NApaMeTpHIECKHX ypaBHeHUA 2z = 21 (I)
2 = z3(t) OImpeReNAIOT OFHY I TY JKC HENRPEPLISHYIO KDPUSYIO
B TOM H TOJBKO B TOM cCJy'uae, KOrja cynlecTByeT TaKadA He-
npepuiBHag Ha orpeske [0, 1] momorommo Bospacraomas ot
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0 mo 1 Pymruma @(t), uro z2(t)=2z,(p(¢)). Hanpasienue
mBMKeHus ToukM z(f), oTBevawIilee BO3PACTAHUIO MapaMeT-
pa t, Mbl Oy/IeM HA3BIBATH NOAONUTEAbHLLM,

3ameuvanue 1. fcuo, 9uTo mapamerp ! MOMHO C TeM
JKe yCIIeXoM CcUMTaTh MeHAoIMEMcA He Ha orpeske [0, 1],
a Ha a000M IPYyroM oTpeske HneiicTBuTenbHON ocu. OTpesox
[0, 1] BriGpam ToNBbKO ¢ IENbI0 HEKOTOPOLO YHPOLIEHHS
¢OpMyIHUPOBKH,

3amevanne 2. CoBepmeHHO AaHAJOTHIHBEIM 00pa3oM
MOKHO OIpeJieINTh HENpepHBHYID KPUBYH0 He B KOHETHOMH
YacT MIOCKOCTH, a BO Bcedl pacIinpedHOd KoMmieKcHOil
wiockoctu. Jlaa ato#d nenu meobxomumo morpeboBaThb, uTOOHI
touka z(¢), xax Touka Ha chepe PumaHa, HempepHIBHO 3a-
Bucesia or mapamerpa ¢ (Gosee 0o6Gmmii nmouXoj K HOHSTHIO
KpuBo# uanomxed B § 8).

He caemyer cmMemuBaTh NoHATHE KPUBOM C MHOMKECTBOM
TOYeK, uepe3 KoTopbie 9Ta KpuBag nmpoxopmrt. CoriacHo JaH-
HOMY OIIpelie/ieHHIO IIOHATHE KPUBOH BRJII0OUaeT B cebs emre
U MOPANOK IIPOXOMGIEHHA TOYEHK 5HTOro MHOMecTBa. Douce
TOro, OfHA M Ta K€ TOYKA INIOCKOCTH MOMKeT OTBeYaTh He-
CKOJIBKMM TOYKAM KpuBOi. B BToM ciyuae OyjgeM LOBOpPHUTH,
9T0 KpHUBaA HMeEeT TOYKu camonepeceyerus. IIpousBonbHas
HEMpephiBHAA KpuBagd MOMeT HMeTh NPOU3BOJbHOE UHCIO
ToYeK caMomepeceTeHus (uM3BecTeH Jajke NpUMep KpUBOMH,
3amoMHAION(el Ieayio o0iacTs miocKoctw). Harmapmo wpu-
BYI0 MOMKHO TIpe[CTABIATH cebe B BHJE CNYTAHHOH HUTKU
¢ OTMeUeHHHIMH HAUYAJOM M KOHIOM, JeMKalledl Ha IJIOC-
KOCTH.

Kpusywo, #He nmMenomylo camonepecedenuil, GymeM Ha3bi-
BaTh npocroli Kpusol.

Kpusymwo, y 1<0Topoﬁ KOHeI[ COBAAJIaeT ¢ HATAJIOM, HA3HI-
BAIOT 3aMENLYTOU Kpueol.

CoBnajieAne Hauajda W KOHIA KPUBOIl He 6yaeM CUHNTATH
caMoliepeceTeHeM, TAK WTO MMeeT NMPaBo Ha CYMeCTBOBaHHE
TOHATHE RPOCTOU 3AMEHYTOU KpUSOU.

C nmoMompio TMOHATHA KPHUBOM MOMKHO [JaTh Cienyloniui
yMoOHbIA KpUTepHil CBA3HOCTH OTKPHITOrO MHOMKECTBA:

Has To20 urober orkpwviroe mHoxaecreo E Gbiao c8a31ibiM,
neobxodumo u docrarouno, urobuvl alofble dee €20 TOUKU
MONCHO 6blA0 COeOuHUTL HenpepbieHoll Kpusoll, 6ce TOoYKU
EOTOPOU NPUHAOACHAT 3TOMY MHONCECTSY.

IIpoussoabEble HeNpepsIBHBIC KPUBbE MOLYT HMeTh JO-
BOJNBLHO CJOMKHOE CcTpoeHme (IIAMpUMeD, CYIeCTBYeT Helpe-
pHIBHAAg KpMBas, 3amoJHAOmMAs NIOcKylo obmacts). Ilosto-
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My MbHl OyIeM HMeTh Jelo C CYI[ecTReHHO Oojee Y3KHM
KJIAcCOM KYCOWHO INIAMKHX KPHUBHIX, KOTOpHIH ceiitac orm-
pemennM.

Hpusyo C 6ynem HaswmiBaTh 2.4a0koil kpuegoll, ecim cpe-
I ee NapaMeTpHYecKUX ypaBHeHUil Haiijercs Taxoe, B KO-
topoM ¢yarnun z(¢) u y(f) HempepsiBuo guddepernEpye-
Mbl Ha orpeske [0, 1], a UX IpoM3BOJHBIE OTIMYHE OT HY-
I Ha BTOM OTDEe3Ke.

l'nagkas KpuBasg MoKeT OBITh, a MomseT H He OBITH
npocToil KpuBoit. Ecam C — mpocras riajgkasa Kpusasg, To
OHA UMeeT B KayKAo# cBoell TOoukKe KacaTeJbHYIO.

Hpusyw C GyneMm HassiBaTh EKYcouno 2aadkoli Kpueoi,
eciIn ee MOMKHO Pa36HTh HA KOHEYHOe YHCIO YacTed, KRask-
Hasi U3 KOTOPBIX ABIAeTcA IpocTod raagkod kpupoi. (Co-
rjJacHO 3TOMY oONpefielleEnIo He KajKkgasd INIajKrasg Kpupasd
ABJAETCA KYyCOYHO IJIAJKOH.)

Jlna KycouHo riafkodl KPUBOH Jierko OHpeReauTh Io-
HATHEe TOoYku Kpueéol. VIMeHHO, IiA mpocToil KpuBoil ompe-
nejasgeM TOUKY KpPUBOH KaK TOYRY IJIOCKOCTH, JIEMAIIyIo Ha
oToii Kpuno#. Jlas mpoHaBoNBHOM KycOoWHO CIAMKON KpUBOI
C, pas0uroit ma IpocThie riajKue gacTd, cuutaem Toakod C
TOYKY KaKIof U3 9TUX HacTell, mpuueM TOYKM DPasHBIX da-
cTeil cuuTaeM pasHbIMEM TouKamMu C, lajke eciu oHM oTBeda-
10T ONHO# TouKe MIOcKocTH (KOHel[ ogHOM W3 wWacTei, COB-
mafalouuii ¢ HavaJoM clegyIneil dacTu, cYATaeM ONHOH #
Tolt e Toukoi C).

IIpemnosxennoe ompejeneHne MO3BONACT pPasfeJauTh Tou-
KH CaMOIepeceTeHUs KYCOUHO DIAJKOA KPUBOH HA HECKOIb-
KO TodYeK KpuBoi. flcio, 4ro pasHEle TOUKM KPHBOH oTBeYa-
0T pasHBIM BHAYCHUAM TlapaMeTpa B IapaMeTpHIecKoM
ypaBHeHHMH, a pa3Hble 3HAYEHUA IapaMeTpa Bcerja oTBeda-
I0T pa3HBIM TOYKAM KPUBOM.

Ilonarue ®puBo# KOBOJKHO GAH3KO CBABAHO ¢ MOHATHEM
IPAHAIB MI0CKOH obiacTu, XoTd, BooOlle roBOps, CTPOGHUE
TPAHANB] NPOUBBOJIBHOM TIIOCKOH 006JacTH  CYIECTBEHHO
cioxkree. IlpocTedmuii npumep Takoil cBA3H maeT H3BecT-
Has reopema Hopdana:

Kaxcdas npocras samknyras Kpueas pasbusaer pACliu-
PENHYI0 KOMRAEKCHYIO RAOCKOCTb la 0ge obaactu u nped-
craganer cobol epanuyy kaxdol us srur obadcrel.

HlokasarenscTBo Teopems! tHopfama B ciyzae mnpous-
BOJIbHOH MpocToll KPUBOK IHpeflicTaBifgeT HOBOJLHO TPYHLHYIO
3419y, HO JIA KycOUHO TVIAJKHX KPHBHX OHA TeOoMeTpHvIC-
CKU O4YeBHJHA.
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B amanuse 00BIYHO MCHOJMB3YIOTCA 00JACTH, OrPAHMICH-
HbIe KOHETHBIM UMCJIOM HONAPHO HelepeceKalomuXca KYcod-
HO TJIAJKHX DPOCTHIX KPUBHIX. B Teopum aHAJIUTHYECKUX
(pyHKIUI YacTo NPHXOAATCA MMETh Jedo ¢ HecKoJbko Goies
CHIORHBIME 00JIacTAMHU. ITH 00JacTd MoJayvalTcA u3 odaa-
cTeil ONMUCAHHOro BHUJA MNPOBeleHHEeM KOHEYHOro dmcia Ho-
NMOJNHATENABHBIX Pa3pe3aoB HO KYCOUHO-TIANKMM KPHBEIM I
BHIKAJBIBAHMEM CUETHOTO THCIAa M30JUPOBAHHBIX Touek. Pa3-
pe3sl MOJKHO BKIIOYHTH B PAHNYHBIE KpPUBHIE, HO TOLHA rpa-
HUYHbIE KPUBBHIE YK€ IepecTaloT ObITh MPOCTBIMEH KpHBHIMAL.
Hpmseie, moryuacMmeie Takum o0pasoM, MBI OyleM Ha3hIBATh
Kpusbimu co ckaadramu. Hpusadg co cKiagxamu pasbuBaer-
cA Ha NpPOCThIe YYACTKH, KAMJBIA M3 KOTOPHIX MPOXONHATCA
He OGolee NBYX pa3. YUacToK, MPOXOJAUMBIH IBaKIEI, NPOXO-
IOUTCA OfHUH Pa3 B OfNHOM HANMpaBJieHHHW, a BTOpof pa3 —
B NIPOTHBONOJOKHOM. OTHelbHbIC TOYKHM MOLYT HPOXONUTHCA
n1060e KoHeYHOE YHCI0 pas.

Tlpumep 1. Hyers m > 2 — nenoe umcio. Oooaua‘lnM
qepe3 [) BCH pacmupeHENYI0 KOMILICKCHYIO TJIOCKOCTh, M3
KOTOpPOH YHAJIEeHHI OTPe3KH

L _[o exp 2’””] k=0,1,...,m—1.

fAcno, uro D — ofgnocBaAsnasa o0aacTh, a ee CPAHAIA COCTOUT
u3 o0begMHENWS YRAJICHHBIX OTPE3KOB, W 0HA NpeJiCTaBIA-
eTcd B BHIE KPUBOM CO CHIANKAMH CcIefylomuM obpaszom.

Tlpoxonmm orpesok lp or Toukm z=0 K Touke z=1,
a 3aTeM B o6paTHoM HampaBieHHH — OT Toukm z =1 K TOU-
ke z=0. ITociae sToro coBepmaeM AaHAJOTUYHBI NPOXON TO
oTpesry [i, BaTeM mo OTpPe3Ky ls, M T. J., KOHYAA NPOXOIOM
OTPe3KA Im—1.

Hasxpupit orpesox !, mpemcraBiser cobGoif mpocTo# y3a-
CTOK paccMaTpuBaeMofl KpIBOil €O CKIAMKAMHA, MPOXONMMBIH
IBaKILL, T. e. ckiaagky. Ilpm mosnom o0Xone KpHBOR ToKA
z =10 npoxomurca 2m pas.

Obnactn WHTEpecyINero Hac THMA BCerfa MOM{HO pas-
OHTh HA KOHEYIIOe THCIO ONIIOCBA3HBIX 4YacTell, orpaAdmdeH-
HBIX TPOCTHIMM KYCOYHO TJAJKAMA KPUBHIMH, TakuM obpa-
30M, ITO0Bl TH YACTH He HMeJH MONapHo o0LU[AX BHYTpPEH-
HAX ToueK (OHH NOJACHBI HpuileraTh NpYyr K Hpyry mo rpa-
aunam). Jlas ofiactedl omMCAHIIONO THIA BBENEM HECKOIbKY
m03;Ke TOHATHE, 3aMEHAIOIMIee PABHOMEDHYI0 HEIpephIB-
HOCTh (PYHKIMM B TaKO# oliacTu.
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Boemem eme oguE Kiacc KPUBBIX, OIHPOKO HUCHOIL3Ye-
MBI IpH IIHTETPHPUGRAHUM,

Bosbmem ma KpuBoid C npoH3BONBIOe KOHEYHOE YHCIO
TOYeK M COeJMHAM HX TPAMONXHeHHHIMU OTpe3KaMu B Ho-
palKe cicioBaHus Io KpmBod. Ecinu npm aoGom BriGope
TOYCK Ha KPWBOH [IMHH JIOMAHBIX OrPAaHUYEHHEI, HAZ0BEM
kpupyo C cnpamasemoli. BepxHI0I0 rpaHb JJIMH JOMAHBIX
OPH BCEBOSMOMKHOM BBIOOpEe TOUeK HazoBeM 0AuHOU Kpugoll.

OueBupao, 9TO 1004 KyCOYHO TIAAJKAs KpHUBAsf, JemKa-
masg B KOHEYHON YacTH IUIOCKOCTH, CIPAMIIeMa.

O HeKoTOPHIX cBOMCTBAX KPHUBHIX MHI eme OyJeM roBo-
puTH HIEKeE, B § O u 7.

Jamum eme ompejieenne QYHKIIUN KOMILIEKCITOTO Mepe-
MeHHoro z =z + iy.

IMycts xaskpmoit Touke z MuOMcecTna K mocranmjieHo B co-
oTBeTcTBUe KoMmIutekcnoe wueiao f(z). Torma 6Gymem roso-
puth, uro samaHa dynkyus f(z), oupenereHHAA HA MHOME-
cree E. Muoskecteo E maspiBaeTcs 06.44cTblo onpedeteHus
Ppynryuu (XoTa 0HO, BooGIIe ToBOps, Ie 00a3amo GHTH 00-
J1lacThio).

Obosmavaa f(z)=u + iv, BuguM, aro a0y PYHEIHIO
f(z) KoMmIeKCHOTO NEpPEeMEHHOTO 2z MOMHO paccMaTpuBaTh
Kag napy QyHKHui & ¥ U HBYX [edCTBHTENHHLIX NepeMeH-
HBIX Z U Y.

Yacro GwiBaer ymoGHO paccMaTpusaTh QyHENEHL [(2)
reoMeTpudecKd Kawk orofpaixcenue, TepeBopsuiee TOYKE O~
HO KOMIJIEKCHO# MIOCKOCTH B TOYKH JPYToidl KOMIICKCHOM
MIIOCKOCTH.

OroGpaskernme w = f(z) waseiBaerca duepenyupye-
MuM, eciin PYHEIUH

u(z, yy=Ref(z+iy), v(z, y)=Im/j(z+iy)

MMEIOT WCOPePHIBIIBIC TacTHLIC IIPOM3BOXHEIE MO £ W IO .
Beamamma

I ’ I ’
D (z, y) = uxvy — viu,
Ha3bIRACTCsL AKOGuanom nuddeperunpyeMoro orodpaskenuna
w=f(z).

Jluneiinoe oroOpanienne

u=">bi+ bu(x—xo)+ bi2(y — yo),
=byo + bo1 (x — 20) + baa(y — yo),
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rae
bio = (g Yo)r b1y =Ux(Tgs Yo)» b1z = uy (7o, Yok

byo =V (Zgr Yo)y  bay = Ue (Zor Yo)» oz = Uzll (Zg+ Yo)s
Ha3bIBACTCA 244610l AuMelnioll 4acTvio oTofpaxenus W =
= f(z) 6 Touke zp=xy+ iyo.

Ycaosue D (zo, yo)7 0 osmauaer, 9To riaBHAA JUHeAHAR
gacTh OTOOpaMKeHNs B TOYKe Zo ABIACTCA HEBBIPOMIEHHHIM
JUHEHHHIM oToOpaskeHueM. B aToM ciyuae MBI TOBOpUM, ITO
oToOpaxenue w = f(z) ne svipoadeno ¢ Touke 2.

O Goxee obmem MOAXONe K INOHATHIO OTOOPAaXEHHA MBI
OyneM emte roBoputh B § 8 9Toi raaBHL

§ 3. Ipepenst 1 pagn

Tockonsky B amajimuse oO0BIYHO H3yYaloTcd JMIIb IIpeje-
JIBI JeAICTBUTENHHBIX (PYHKIHUI, M3JIOMUM KpaTKO OCHOBHBIE
cBefleHUsT 0 npemgenaXx (GyHKITHA KOMILICKCHOTO IICPCMEHHOTO.

Illyers ¢pynrnua f(z) onpepesncua ma mmomecrse £, § —
npeflesibHAA TOUKA MItosikecTsa £, M OycTh CyIIeCTRYeT YIic-
10 A, ynosiaeTsopsioniee ycIOBHIO:

Hast mxGoro € > 0 Moxno yrasats taxoe 6 >0, wro npnm
0<lz—tl <6, z = E, peinosAsieTca HepaBeACTBO

lf(z)— Al <e.

Torma GyneM roBopurhb, 4ro MHpH 2z —> § H0o MHOMeCTBY E
cymecrByer npedea gynkyuu f(z), pasueid wmcay A. Iror
¢haxr OyiucMm 3amucHIBATH ONIIOM 13 ABYX (OPMYI:

lim f(z)=A4, f(@—>4 (z—>¢, z= E).
z-(,2eE

Eciu muomecrBo E coiepur Kakyio-imbo oKPeCTHOCTH
Toukn §, To yrazamme zEFE B stux GopMmyrax OGymem
OMYCKATbh.

@opMyIUPOBKA JIETKO RUFOU3MEHSIETCA I CAydasm, Kor-
na §=c muu A= co (mum oGa smecrc). lIpu § = oo HyKHO
nucaTh

|zl >R, 2= E, Bmecro 0<|z—¢l <3§,z€E,
a npu 4 = c HYKHO mHCATh
lf(z)| > R sBmecto |f(z) — Al <e.

IlIpedes nocaedosaresvnocru sABIsieTC YACTHBIM CIyda-
eM mpejicaa (PyHKIME, Korma £ coBmajaer ¢ MHOMKeCTBOM
HeJbIX MONOMRUTENLABIX THCed.
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IlpusefieM HecKOILKO CBOMCTB HpenesaoB, HOKA3aTelbCTBO
KOTOPHIX TPEOCTABHM uuTaredan. (3meck pewTsr HUIET TOIBKO
0 KOHEeYHblX TpejieNnax.)

Ilpeden cymmvl KoHeunoeo uucaa cAaA2aeMbly CYWECT8Y-
er, ecAU CcYuecTeynT npedeavl CAG2AEMBIT, U PAGEH CYMME
aTux npedenos.

Ilpedea npousgedenus kKomeunoeo uyucaa commnoxcureell
cywecreyer, ecau CYwecrTeyrT npedesvt comioncuretell, u
pasern npousgsedenuio sTuxr npedenos.

IIpedea uacrnozo cywecreyer u pasen uwacTiomy npede-
A06, eCAU CYULeCTEYHT npedesbl YUCAUTEAS U 3HAMEHATEAS
u ecau npedes 3HAMEHATEAS OTAUYEH OT HYAS.

Has cywecrsosanus npedesa KEOMRACKCILOU GEAUHUHBL
Heobzrodumo u GocTarouHO, UTOOBL CYWECTE08AAU npedenbl
ee JelicTeUTeAbHOU U MIUUMOU HacTU.

Hara cywecreosanus npedesa f(z) npu z, crpemsauyemcs
kE § no mnoxecrsy E, neobxrodumo u docrarouro, urobuvt 6bi-
ROAMAAOCH Ycaogue: Oan 06020 € > 0 moxno yrasarv ra-
koe 6>0, uro npu awbvix z€k 2’k |z —¢|<§,
|z — &l < 8, umeer mecTo nepasencreo

fz)— (=) <e
(kpurepuii Kowu).

B nanpmeiimem uacTo TpHUETCA MOAL30BATLCA CHMBOJA-
M ~, 0, O. CMBICJ 9THX CHUMBOJIOB TaKoM:

Qopmyna f(z)~ @(z) (2§ z<FE) ozzasaer, uro

S G
lim YO 1
Qopmyna f(z)=o(p(2)) (2§, z=F) osmavaer, I10
1im L& _ ¢
9 (2) '

Qopumyna f(z)=O0(9(z)) (z<=E) osmauaer, aro
lf(z)| <Clo(z)| (2= E).
(Unawe ronopsa, f(z)= O(¢(z)) (z=E) osmauaer, uro or-

HOIIeHUE OTPaHUYEHO HA MIIOKecTBe F ¥).)

@ (2)
BOJIL]]IOG 3HAYCHHUE UMEeEeT IIOHATUE paBnomepHoro CTpeM-
JIeHHWA K Ipeneny.

*) Hapagy ¢ dopMymoit f(z) = O(p(z)) (2 =E) wacto memodn-
3yercs u opMyira

f(z) = O(p(2)) (2§ 2= E),
CMEICJ KOTOPOii ompefle/ifeTCA HOHATHMM 00pasoM,
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Ilycts mam pama yEEums f(z, w), 3aBucamas MOMUMO
z elfe @ OT mapamerpa W, W AYCTh

f(z w)y—>o(w) (28, z2=06)

npm awboMm Qurcuporannom w € E. Bynem romopmTs, WTO
crpemaenue K npedeay pasuomepno no w e E, ecam puas
aoboro & >0 MoxHO YyKasats Ttaroe O >0, azammcalee
TONBKO OT €, HO He oT w, uto mpu 2 G, 0< |z — §| <5,
u npu BceX w € F BrInoiAseTca HePaBEHCTRO

If(Z, U))— (P(w)l <e.

Tlonarme paBHOMEpHOCTH WPUMERMMO W K CHUMBOJIAM O
n ~. OHo o3Hawaer, 4TO CTPCMJCHHE K Hpeelty, BXOJAIe-
MY B oflpejelieHHe CHMB0JA, PABHOMEPHO IO YKa3bIBABMOMY
mapameTpy. Jua cumpoma O paBHOMEPHOCTh 03HAYAET, UTO
mocToAAAY0 (, BYONAIIYI0 B ero onpefeleHnme, MOJKHO BbI-

6paTs me 3aBucAlledl OT VKA3LIBAGMOTO Hapamerpa(unaqe

(2 w) an e aHAIe
¢ (z, w) pasHuUMepHO oOorp TCHO

OO YyKa3bIB1eMOMY IllajaMeTpy.

rosopsa, 4YTO OTHOIMIeIrne

00

DYALM TOBOPUTH, UTO pid DNun cxo0uTcs, eci|m Tocie-
1

qosac b1 oth Up = D) Uy IMeeT mpejiedl HpE 7 —> %, DTOT
1
¢nel 1 HasLiBaeTcss cymMoll pada.

o0

1
Pa Lun Ha3bIBaeTcA abCOANTHO CTOOAWUMCR, €CIHn
1

0
“ % y
CXOAITCS PSii 13 MOAYJedl ero WIeuoB Z|unl. A6coanioTrO
1

CeXOIAMAACA PAX CXOHUTCA.

IlpuseseM ocHOBHBIE cBeJeHHA O YUCIOBBIX PAIAX.

1. Jaa cxodumocru pada D\ un neobrodumo u docrarou-
RO, 4T0ObL BLINOARAAOCH Ycaosue: dan awboeo & = O MOAHO
ykasarv raxoe wucao N, 4To0 Mpu awbviz n>N y n'>N

n

Zuh

n

2. Jas cxodumocru pada X un Heobxodumo, uTobbl
un — 0.

umeer Mecro 1epasencreo < &.




§ 3. IPEJNE/IH B PANBI 24

3. Ecau pad Dl unabeoarorno cxodurca u v, < lu,l, 7o
u pad 2 vn abcoarorno crodurca.

Yacro paccmaTpuBaoTea W (PYHKIMOHAIBHBIE PAJK
D ua(z). Jlaa PyERUHOHANBHBIX PANOB GONBIIOE BHAYGHIE
UMeeT MOHATHE PABHOMEePHOH CXONIIMOCTH.

Bynem roBopuTs, 4To pax 2 Ua(Z), cxojdmmiica mpu
KakaoM z € G, pasnomepro cxodurcs no z € G, ecau pus
aoboro & > 0 MoyKHO yKazaTh Taxoe uucao NN, zaBucamiee

TOJBKO OT €, HO He OT 2, 9To npu n >N, n’ > N u npn xamo-
n’

Ddua(z)|<e.

Ouens ymorpeGuTesenm clIefyIOU{HA TNPOCTOM NpPHUBHAK
paBHOMEpHOM CcXOAMMOCTH (DYHKIMOHAJIbHBIX PHANOB, HOCH-
wuil HazBamue npusnara Beliepwrpacca:

Ecau lu,(z)| < u, npu ecex z= G u pad D Un cxodur-

Ny
s, 70 pad Nun(z) pasnomepho crodurcs no z < G.

B zammouenue mpmBefieM 1e00XogUMbIe CBEJEHUSA O cTe-

nennblX pRIaz, T. €. 0 PAJAX BHIA

6piX z & G BHINONHAETCA HEPABEHCTBO

i cn (2 — a)™, v 3.1
0

rje z, @ U ¢, — KOMILIeKCHbIe THCIA.

Crenymolee yTBepHelne HOCAT HazBanue nepeoll reo-
pemvt Abeas.

Teopema 3.1. Ecau pad (3.1) czxodurca npu z =z,
TO OH ABCOAIOTHO U PABHOMEDHO NO Z cxXOOUTCA 6 Ar060M
kpyze |z —a|l <R, 20e R < |z, —al.

HNorkazarexscrBo. Tak kax panx (3.1) cxomurea mpnm
z = 2), TO COMJIACHO cBOMCTBY 2 c.(: - 4)*~ 0. Ho mocxe-
NOBATEJLHOCTh, CTPEMAIIAACA K UYIHIO, L.pPaild4CHA IO MO-
oyawo, 3maqur,

: lea(z1 —a)"l <M (n=0).

Hanece, ana mwboro z u3 Kpyra |z —al < &, [{ <!z — al,
uMeeM HepaBeHCTBO

z2—a R
= | STr—a] =0, 0<<O< 1.
IToaTomy
|en(z — a)*| = | en(z, — a)|- %H<M9".
1
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Ho mpnm 0<<0<1 pap > MO"™ afconoTHO cxogurca. Ilpm-
MeHAA npuzHak Beileprurpacca, mnoxy4YaeM yTBep:KAeHIe
TeopeMHI.

W3 nepsoit Teopemsr AGens ciegyer Basxmbii seiog. Cy-
mecTByer uwncio R, ofaajamomee cpoiictBom: mpu |z — al <
<R pag (3.1) cxomgmrcsa, a mpu |z —a|l >R pacxogurca.
(Yrcaro R momer 6mITh m HYJNeM HIA (ECKOHEYHOCTHK.)
dro yncio R maswiBaerca paduycom crodumocru pama (3.1),
a Kpyr |z —al <R — spyeom cxodumocru pada (3.1).

Hlas ompemenenus pagmyca cxogumoctn psaga (3.1) mo

1 s n
ero Koapdunuenram ¢, umeerca Qopmyia = limy/ |cn |,
n—>oo

Hocaman uassanme Gopmyavt Kowu — Adamapa.

§ 4. HenpepmBupie ¢ynrmun

Qyuriua f(z), ompemenenunad Ha MHoMecrse F, Basw-
BaeTcsa HenpepwvlgHol 8 Touke § € E, ecan mia moGoro £ >0
MOMKHO yKaszarh Takoe 0 >0, wro npn z€E, |z—§l <6,
umeem |f(z)— f(§)| <e.

Oyaknua f(z), onpegenennas Ha MHOMecTBe E, HasbiBa-
eTcA HEnpepbleHOll HA ITOM MHONECTSE, ecllH OHA HeIpe-
PHIBHA B KaKIOH ero TouKe. '

Ormernm pAp CBOUCTB HeNpEpHIBHBIX (DyHKI[HIL.

Henpepwisrnoctes gpynkyuu f(z) KoMnaekcHOZo nepemen-
HO20 z =z + iy 9K68UBALEHTHA HenpepbleHocTu delicTeuTenb-
noix Pynryul u(z, y) wv(z, y):

u(z, y)=Ref(z+iy), v(z, y)=Imf(z+iy),

deyx delicTeuTeAbHLIE NEPEMEHHBIT T U Y.

Cymma u npoussedenue dsyx 1enpepulenbly Pyrnryuil
HenpepbleHbl.

Yacrnoe dsyr Henpepbigublr BYHEYUL Henpepvléno 6
roukax, ede sHamenaresv He 06 pawyaeTca 8 Hyab.

Ecau snauenusn uenpepwrsnoti na muoxecrse E Pynk-
yuu f(z) nonadarwr ¢ mroxecrso E, nHa xoropom Henpepvls-
na gyunryus F(z), o pyneyun ¢(z)= F(f(z)) nenpepbie-
na na mioxecrse E.

Teopema 4.1. Fcau gynryua f(z, w) npu écex we
e G nenpepuisna Ha mHoxecrse E war Pymryus z u

[z w)>@(z) (W~ wo, weh)

pasHomepro no z S E, tro gynkyus @(z) HenpepvigHa Ha
muoxcecree K.
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Cnengcrsue. Cymma pasromepro crodauezocs pada
HenpepblgHblr PYHEYUL — HEeNnpepbleHas gﬁynnquﬂ.

JlokasaTenbcTBO BCeX OTHX YTBEDHJEHHH MpegoCcTaBAM
YATATEINIO.

OrMeTuM eme OFHH DPe3yibTaT, KOTOPBIK o6mqﬂo He m3-
Jaraerca B Kypcax adanmsa *).

IlocnegoBareasuocts pyuxnuin f,(z), ompemeleHHBIX Ha
MHOMecTBe F, Ha3bLIBaeTCA PASHOCTENEHHO HenpepbleHol,
ecan aua Jgwoboro € >0 Momuo ykasath Taroe § >0, saBm-
cAmee OT €, Ho He OT n, yro npu z < K, z' € K, |z —z'| <34,
AMeeM TIPU BCeX 7 HePABEHCTBa

lfn(z)— 12 (z") | <ee.

Teopema Apuena. H3 pasnomepno ozpanuuenHol u
pasnocTenenno wenpepulénoll na mhoxecrse E nocaedosa-
reavrocTu Pynryull f.(z) moxmHo svideaurv nodnocaedosa-
TEeAbHOCTD fnk(z) pasuomepro crodauyroca no z € E.,

Jlerko ompepgessercA HempepuBIocTh QYHKIWIE JABYX H
6osee KoMIIIeKcHBIX nmepemenubiXx. Hampumep:

QOynknua f(z, §), onpenenennans npn z= G, L =T, na-
3BIBaeTCA llenpepbignoll 8 Touke zp= G, [o =T, ecam maa
aoGoro € >0 wMoHO YKaszaTh Takoe 6 >0, uro mnpm
2€G, T, lz—zl +15—0Cl <98, mmeem If(z, §)—
— f(ZO1 CO)' <e.

fcxo, uro gaa Qymrnmit AByXx maHM Gojlee KOMILUIEKCHEIX
TmepeMeHHEIX OCTAIOTCA B cUJIe Bee IiepednciieHHble cBOMCTBa
HeTpepHIBHBIX (YHKIAI.

OO6b19HBIM 00Pa30M BBOAUTCA MOHATHE PAaBHOMEPHON He-
HPePHIBHOCTH,

Oyurnua f(z) Ha3bIBaeTCA pPABHOMEDHO HenpepuleHol
na muoxecrse E, ecnm pgas noboro € > 0 MOKHO YKaszaTh
taxoe 8 >0, ato mpn |z —2'| <§, z€E, 2z’ =E, umeem
nepasencrso |f(z)— f(z") ] <e.

Dynryus, HenpepbleNas HA 3AMEHYTOM MHONCECTEE, PAE-
HOMEPHO Henpepbl8HaA HA HeM.

Ecau dynkyus pasrHomepro Henpepbiéna Ha mHONCECTEE
E, 1o ee moxno doonpedeaurv na eparuye E rak, urobvi
noayuennas GynEyus 6viaa Henpepwvlgna Ha E.

Jna ygoGerBa m3ydenusa (QYHKNWiN, HenpepBIBHEIX B 06-
JacTAX ¢ Ppaspesamu, nosagoburca momArme, GAHM3Koe K paB-

*) B xypce [14] sTH BONpOCH OCBeIIEHH JOCTATOYHO LOJHO,
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HOMeDHOH HeIpepHIBHOCTI, HO MeHCE OrPaEAYHBAIOIIEe
dyHRITIO.

Paccroanuem no obaacru D mendy roukamu z=D u
=D nazoreM TOYHYIO HIJKHIO TpPaHb JUAMETPOB JOMA-
HBIX, COEUHAIONINX TOYKH z H § I JeKamux B obmacra D.
Obosnauats ero Gymem pp(z, §). (Taxoe ompemesnerue pac-
CTOAHNSA HasbiBaerca MeTpukoll Masypresuua.)

Ilycres dynsmusa f(z) uenmpepmsaa B ofaactm D. Mm
crayKeM, 4ro f(z) Henpepwisna ¢ obaactu D enaors do ee
eparuybl, ecau gaA jioforo ¢ > (0 MOMHO YKaszaTh TaKoe
8 >0, wro npm pp(z, z2')<8, z= D, z’ & D, umMeem nepaBes-
cto |f{z)—f(z')| <e.

Tar Kak po(z, §)= lz—Cl, To smcmo, uro mnempepsIs-
nocth (YHKOMM BIUIOTH [0 Tpapmmmbl objactu Anjigerca 6o-
aee cinalbiM TpeGoBaHmeM, YeM paslioMepHad HelpephiB-
mocts pyHKInu B o6aactu. C gpyroif cTOPoHbL:

Ecau obaacre D oepanuuena npocroii kpueol, 1o us He-
npepvieroctu f(z) 6 D snaoTv do ee epanuywl caedyer pas-
nomeprHas nenpepvlenocty f(z) 6 D.

ITOT Pe3yJabTaT [UIA JMI00BIX IPOCTHIX KPHBHIX ABIAETCA
JOBOIBHO TOHKUM (DaKTOM, IIPHMEDHO COOTBETCTBYIOMAM
treopeMe Hopmana (cM. § 2), mo gisa KYCOYHO INIAAKAX KPH-
BBHIX OH IIOUTH odYeBHAeH. UuTaTenb MOMET TOMBITATHCA JO-
Ka3aTh ero JJIA 8TOT0 CAYJasa CaM.

Ilag ofnmacreil ¢ paspesaMdm NCTPCPHIBHOCTE (YHKIAH
BILIOTH [0 TPRHAIGI 00JacTH ye 1C PaBHOCHAbHA pPaBHO-
MepHoOiT HenpepsiBaOCcTH, Ilpmumma atoro B TOM, WrOo A
obnacreit ¢ paspesaMm UMeIOTCA TOYKH, [JIA KOTOphs |z — Gl
CKOJIb YyTOTHO Mal, & Pp(z, §) Oonblle HEKOTOPOH IIOJMOMKH-
TelbHOH mocrogHHOH. TaxMe TOTKH PACTONOMEHBI C PABHBIX
cropor paspesa. llosTomy pasnmume MekEy paBHOMepHOR
HETIPEPRIBHOCTBI0 H HEIPepPHIBHOCTHIO BILIOTH [0 TPAaHHAIBI
miag obimacref ¢ paspesaMu 3ariiodaeTcA B TOM, YTO PaBHO-
MepHO HeIpephiBHaa B ofsactm (YEKnua ofa3ana nMeTh
OAMHAKOBbIe IPedelbl IPH CTPeMJICHAU TOYKM K TOYKe rpa-
HANB HE3aBHCAMO OT TOro, ¢ KAKOH CTOPOHHBI Dpaspesa Ipo-
HCXOAUT crTpemsienne, a (yuxnmd, HempepPHBHAA BILIOTH [0
IPRHUIBI, MOMET MMeTh pa3ubie TpeJetsl IIPH CTPeMIeHAd C
pasHBIX CTOPOH pa3spesa.

Paccrasxem moppofiHee 0 TOM, Kak JOOTpefeldTh Ha rpa-
HUYHON KpuBoil (PYHKIMIO, HEIpPepPBIBIYIO BILIOTH 0 TPaHH-
sl 00IaCTH.

Ilyers ofanacrs D orpanmucena 3aMEHYTo# RKycodHo raaj-
KO KpHBOA cO CKJIagKaMu {(mjinm KOHEYHBIM WHCJIOM TAKAX
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KDHBBIX, He TlePeCceKaIONMuXca Memay cofoii), a QyHKnusA
f(z) uenpeprmiBua B ofactan D BILIOTH J0 ee TPAHMIIbL.
BosbsMeM kakywo-mubo wacts D’ obnactu D, uroGer 06-
aactk D’ Onita orpanmdena yike RpocTol KYyeoyHo TUIAfKoOi
kpusoit. B rpammmy D’ Mmomer BxoguTh dacTh rpaHwdHO
kpuBoit ofmacrn D. B ofnacrn D’ dymknus f(z) mo-mpesx-
HeMy HEHDephIBHA BILIOTH [0 TPAHUIbI, TAK KaK, 0IeBHIHO,
op (2, ) = 0p (3, L). Cormacmo mnpHBefleHHOMY BLIIE yT-

BepAIEHNI0 OTCI0OAA BHITEKAaeT paBHoMepHad HeNmpephIBHOCTH
f(z) B D’. CnepoBatenbHo, Kak oTMedajoch Bbime, f(z)
nMeeT TIpeflesl TPH crTPeMieHUH z K JI000H TOYKe rpammnbI
D’, n mooupegenns f(z) ua rpaumue D’ sTHME TpejeabHBI-
MU 3HaUEHHSAMH, MBI TOJayIuM (QYHKIUIO, HENPEepPHIBHYI B
D’. B uacrhoctm, Takum ofpasoM Mbl foompepensem f(z)
Ha TOil 9acThm TpaHmYHOl KpmBoil obmactm D, Koropas BXO-
ant B rpaummy D’. Tlpu atom monydennmas QyHuma Oymer
IenpephIBHA Ha HTOH YACTH IPAHUYHON KPHUBOIM,

Ilockonbky aw0OYI0 TOYKY rpaHudYHoil KpPuBoil BMecTe C
TpAAeralonaM K Hel y4YacTKoM 3TOH KPHBOM MOMHO BKJIIIO-
9ATH B TPaHANY Kakoi-imbo wacru obiacrm D, To moompe-
measeM f(z) m ma Bceil rpanmumoii Kpmpoi. llonyuennas Ha
rpaEAYHOi KpuBoil ¢yHKnus Oymer mempepsisHa. KomewHo,
B TOYKaX Ha pPasHBIX CTOPOHAX paspesa 3Havenusa QyHKIHH
MOryT OBITH Da3imYHbI, TAK KAK 9TH TOYKH OTBEYalT pas-
HBIM TOYKAM TpasmYHOd KPHABOM.

B panpucitimem 6ygeM cumrarh, 4T0 (PyHKIAH, HeNpe-
PHIBHBIE BILUIOTH J0 TPAHEIBI 06JacTH, OTpefeJeHsl H  Ha
rpaEAYHON KDPHBOI.

§ 5. KpuBonuneiinme maTErpaibl

HamguM onpepenenme HHTerpajga oT (PYHKOUH KOMILIEKC-
HOTO TlePeMeHHOro 0 cIpAMiageMoll Kpmsoil (cm. § 2).

Ilycrs I' — cupAmusgemas KpHBasd, 3amaBHasg  ypas-
HeHHeM

z=1z(), a<t<b.

BossmeM mponssosbroe Wmcio TOYeK KDPHBOi z, = z(f,) Tax,

4Tofs Ipu d0GOM K TOYKA z, CHENoBaJda 32 TOUKOH Zp-i,

mepBafg TOYKA COBMAJAJa ¢ HAYaJTOM KpHBOi, a Nocaes-
n

HAA — ¢ ee KomHmoM. Cymmy Zf(&k):(zk — Zp—y), TAE Ep =
1
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’
= z(th)—- ao6ele Toukn Kpusoit I', demamue Mmempy z, m
Zy—1, HA30BEM UHTEZPAABLHOU cYMMOU.
Hurezpasom or Pynryuu f(z) no kpueoti T

§1(2)dz
T

HA30BeM TIpeiesl WHTErpajJbHbIX CYMM TIPH CTPeMICHHUN K
aymomax| tp —tn_;|— 0, ectm oror mpemen cymecTsyer He-
R

3aBucuMo oT BbIGopa rovex z, 1 £, (Momuo Gwiro 6B maTh
H JApyroe omnpejeseHue, BBOJA CYMMBI, aHaJOrAYHbBIe BepX-
HUM H HIRHAM cymmam [lap6y.)

Wurerpan or ¢yuruun f(z) mo xpmsoit I' merko moser
OBITH BHIpA’KEH Uepe3 HITerpaibi OT JeHcTBUTENLHBIX (DYHK-
nuit. B camom pene, ecnun f(z)=u-tiv, z=z+iy, To n

Xf(z)dz: (udx—vdyﬁ— i (vdx+ udy.
T r r

B Bompoce cymecTsoBamiig HiTErpajia OrpaHHmIAMCH Off-
HIIM TIPOCTEUNIHM PesyiIbTaToM:

Ecau f(z) unenpepwvisna wa T, ro unrezpas or f(z) no T
cywecrsyer.

3aMeTnM, YTO UpM H3MEHeHHH HATPABIEHIA HA KPUBOI
" ma mpormBomososkHoe IIHTerpajJ MeHHeT 3HAK, TaK Kar

MEHAKT 3HAK PA3BHOCTH Z; — Zhp—1.
n

Mpegenom unrerpaabubix cymyM Baga 2 f (5a) |22 — 2a_y
1

ABJIeTCA HHTErpaj, He MEHAIOMUNACA TpH H3MeHeHHHM Ha-
TMpaBieHuaA KpHBoil Ha TPOTHBOMOOMKHOE. JTOT HHTErpal
fymeMm 0003HAYATH

(1@ dz.
T

On BeIpamaerca depe3 [elcTBATENbHEIE KPHBOJIIMHEHHBIL
NIITCrPAJIbI TEPBOr0 poma

{1@1de) = fuds+ifvas.
r r r

Ecan xpusaa I' me Tombko cupAMiIfdeMasd, HO I KYCOYHO
raagkas, To HHTerpajibsl cBOgATcA K HHTErpamaM oOT (QyHE-
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Uil JeficTBHTELHOr0 Mapamerpa i:
b

(1@d={1ews @a.

a

B amanuse mrpaer GoabIyio poJh WHTEerpajbHasg Teope-
Ma o cpegHeM. JIJIA UHTerpajsoB OT KOMILUIeKCHBIX (yHKIWi
oma meBepHa. B camoM pere, wHTerpal

27T 2.3'1 27T
f el dt = S costdt + if sin t dt
0 0 0

paBeH HYJNI0, a TORbIATerpajbHafA QYHKNAA He oOpamaeTcs
B HyJb HAa OTPE3Ke MHTETPHPOBAHHA.

Crexyiomee yTBepsjieHne [0 HEKOTOPOH cTemeHm 3aMe-
HAET HHTErpaJbHyi0 TEOPeMy 0 cpemHeM.

Teopema 5.1. Modysv unureepara He npesocxodur
MagcumMyma modyas nodviHTe2pasbHOU GYNEYUU, YMHONCEH-
11020 HA OAUHY RYTU UNTEZPUPOSATUS.

JNorkaszareascTso. Ilycrs manm maTErpAI

1={#@da

i‘
O6osmaunm max |f(z)| = M, a gauny kpusoirt [' wepes L.
2T

Paccmorpnm n100yI0 HHTErpaJbHYIO CYMMY
n
Sp= ‘? f (Er) (2n — 2p—1)-

B cuny ompemenennms mimab KPHBOH (cM. KoHern § 2) mMeem

n
|Sn|<M2|'Zh—Zh—1|<ML-
1

Caenosarensno, n |I| << ML. Teopema morasana.

Wnorga mpuxoanrca monb3oBatbea Gojiee TOYHBIM Hepa-
BEHCTBOM

(1@ ae|< (1711421, (5.1)
r T

TOMKe CpPas’y MOJAYIAMUMCH U3 CDaBHEHHA WHTErpagbHbIX
CYMM.
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OfGb1uno KpuBOAHHEHHbIe HHTErPANbl BHIYACIAITCA CBe-
JeHHeM K HHTerpajiam oT (yHKIUH OFHOro MepeMeHHOro ge-
pe3 ypanmenue KpuBoii (mo (popMyie, MpHBeZeHHON BEHINIE).
OnHako MHOTHA HMeeT CMbICA M HEMOCPENCTBeHHO0e BBIUMCIe-
HlIle WHTerpaja ¢ TOMONMbI0 NHTerpailbHbIX cyMM. llpmBemeM
OfMH TIPHMED TAKOr0 BBIYACJEHAA, YTOOBI Ccpasy HCIOIb30-
BaTh ero pesyibrar.

Ilpamep 1. llycrs I' — mpomssonpHasg KpuBag ¢ Haya-
nom B Touke 4 m KoHmoM 1 Touke B. llokamewm, uro mn-
Terpaja

Sdz
r

cymecrsyer n pasex B — A.
JleiicTRUTENIBHO, BO3BMEM JMIO0YI0 HHTErPAABHYI0 CYMMY.
Nmeem

n
Sﬂ:Z(Zk_zh~1)=zl'—zo+zg'—zl+ eee +zn'—'zn_1-'=

1
=z,—2,=B— 4,

TAK KaK TepBad TOYKA COBIAJaeT ¢ HAYAJOM, a HOcies-
A — ¢ KoHnoM Kpusoii I'. CueponartensHo, m HHTErpa’:
panen B — A.

Teopema 5.2, Ilycrv Pyuryua f(z) HenpepvleHa &
nexoropoii obaacru D, codepaicaweii cnpamasemyro spusyio T
Toeda unrezpan or f(z) no T' momno c awboli T0Y-
nocrvio npubaAu3uTy UMTEZpasoM ot f(z) no HeroTopod ao-
manotl 'y, roxme newawed ¢ D.

HNorkaszaTenbcTBo. PazoGbem kpueyio I' ma ygacr-
KH Y, TOYKAMH Zg, Z1, ..., Zn, CICAYIOMHAMA JAPYT 32 JDPyroM
(y92cTOR 7, 3aKIIOYCH MEXTY TOYKAMH Zp—y U 2,). OBGosua-
IAM IUHY Y, Uepe3 Py, @ muny ' — uepes p. Beamumusr p,
pHIfepeM CTOMb MAbIMII, 4TOGB Bce KDPYTH |z — z,—1] <pa
aekanmm B D m 49rofsl B aTHX Kpyrax BHINOJHANACH He-
paBeHncTna

If(z)—f(zh—1)|<2—z- k=1,2,...,n),

rae € > (0 — sagannoe uncao. Yepes I', o6osnaunm moMamyo
¢ BepMIMHAMH B TOYKAX Zg, Z1, ..., Z» (B LODPAJKE CJefoBa-

14
HHA), a 4epe3 Yr — 3BeHbA [',, COCNUHAIOMUE Zy—1 M 2.
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Moxno mammcats

(1@d— [i@da=3]{1@d— [1@d) =
r Ty 1 vy 4 .

v

L
— 3 (U@ —r@d—3 (7@ — f (@l ds,
1 V 1 v;;

TaK Kak coriiacHo mpumepy 1

§ Fenmn) s = § Flanms) dz = Flanm) (51— 2amy)-
Yr

I
Y

Ho mo ycmoBusM Brifopa BeJHYUH p, IOJBIHTErpaAbHEIE
$ymknoum me npesocxofAaT &/ (2p), Tak 4TO, ONEHWBAaA WHTeI-
paisl ¢ oMompbio Teopembl 9.1, momygaeM

Al

[1@a— [1@a]<SsntXin<e
T T, 1 1 -

IlockoaBKY & TIPOHBBOABHO MaJio, TeopeMa JIOKa3aHa.

Cpean KpuBojHHeHHBIX HHTErpajoB Hau(ojee MHTEPECHBI
HHTErpajbl M0 KPUBBIM, HABJIAIONEMCA TrpaHureir obiaactil.
Ilyers D — ofaacth, rpadnna KOTOPOH COCTOAT M3 KOHEdHO-
ro 9Yucjia 3aMKHYTHIX CIOPAMIAAEMbIX KPHBBIX. Eciau ¢yHK-
mua f(z) HempephiBHa B obaactm D BIIOTH [0 ee rpaBAILI
I' (cm. § 4), 1o ompexennam uwnrezpas or f(z) no I' 6 noao-
HUTEALHOM HANPASACHUU KaK CYMMY HHTErDajon II0 BceM
KpHBLIM, cocranasiomuM I'. HampaBmenne Ha 9TuHX KPHBBIX
JOJKHO OLITH TAKHM, 9TOOB! IPH JABHKEHOHU 10 JIT000M KpU-
Boii ofstacTh ocTaBajach CaeBa.

OTMeTuM emie opHo YTBepKeHue, ArQJOTHYIOE TEOpe-
Mme 5.2,

Teopema 5.3. Hycrv D — odnoceasnas obaacre, ozpa-
nuueithaa gycouro zaadroll xpusoil C. Ecau dynryus f(z)
nenpepoisna ¢ obaacru D snaory do ee epanuybt C, 70 un-
reepaa or f(z) no wpusoii C MmoxHO c 40508 TOUNOCTLIO
npubausute uKreepasom or f(z) no Hekoropoll ZamrHyTOU
aomanoll, aexcawell ¢ o6aacru D,

Hoxaszateascrpo. Jlio0yw Kycoumo riaagkyw KpH-
Byo C MOMHO DazfATh Ha mpPOCThle TaAMKUe NyTH i, lo, ...

.., {m, O0l@naolme TEM CBOMCTBOM, YTO M3MeHeHHme yTia
HAKJOHA KacaTCIbHON BHOJNb KaMIOW M3 OTHX AyT Ife IIpe-
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Bpimaer 3agampxoro umeaa 0<<n<<;m (OpU KEIAHHA MBI
Morau §bl CUATATH YHCIO 1] CKOJb YTOZHO MAaJbIM, HO HaM
J0CTaTO9HO, YTOOBI oHO 6buio Membmie 5t). Torga mmsa Kask-
Mol AYTH l, cymecTpyeT TaKoe HampasjeHWe, 9TO BCe INIPHA-
Mble, TapajieJbHble 3TOMY HAMPABJIeHHI0, MepeceKaloT ny-
ry L, ve Gomee ogmoro pasa.

BriGepem mocraromuo Mamoe ymesto 6> 0 um ymaamm m3
KpuBoit ' TOYKH, OTCTOAmMUE OT KOHIOB Ayr [, Ha paccros-
nue, menbmiee O. Torpga ocrasmasca wacrs KpuBoit C pac-
magercs Ha M YT I3, 0y, oo Im (myra In aexur BHYTPH
nyrm L), flcuo, aro mpr § — 0 ofmana piuna BHOPOIMEHHEIX
yuactkoB KpmBoi C CTpeMuTcd K HYII0, H HOTOMY HMeeT
MECTO COOTHOIIeHIe

m

S (iwd—{1@d  ©—>0). (5.2)

h=1 /x c
R

O6oanaunm cuMmioigoM E + a Mumomectso, monyvaemoe m3
MioMecTna £ cABUTOM la KoMmiuteKcrnoe uucao a. CoraacHo
BhIGOpY paséuenna kpusoit ' Ha gyrm l, mocTpoeHHBIE Y-

* .
ru lp o6aaanT CAefyOmAM CBORCTBOM.
HOua xamporo k=1, 2, ..., m cymecTByeT TaK0e KOMII-

NeKCHOe TUCT0 ©n, |@,] =1, ato myra Ij -+ am, mpu m0GoM
mocraTourio MajgoM suadenwu o > gemur B oOgactm D.

W3 ororo cpoiicrea M 3 HempephIBHOCTH (PyHKmum f(2)
B o0iaacta D BILIOTH 0 ee TPANUIBI CIeAyeT, ITo

f(z+ aw,) — f(2) (¢ =0, a>=>0)

E 3
A Kamporo 2 = l. Bojdee Toro, ficHo, 4T0 cTpeMJICHIE K
E 3
mpefieny paBHOMepHO 110 2z & lj. lloaTomy

(twaz— | j@a={i@d—fec+aod=
1: 1;+amh l: 12
= S [7(2)— f(z + amy)] dz—0 (o—>0,a>0) (5.3)

*
I

Coormomiennma (5.2) u (9.3) TOKa3bIBaiOT, UTO HHTErpal
or Qyuxnun f(z) nmo xpusoit C MomHO ¢ JI0G0H TOYBOCTHIO
TpIOIM3NTE CYMMOH WMHTErpaoB OT Toit ke (QYHKOMM 1O
Ayram % + oo, decamuM yxe Bayrpm obaacrm D. UtolGst

* * *
cfenaTh H3 COBOKYIHOCTH AYT Iy, lay . .vy lm  BARMEHYTYIO
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KPHUBYIO, IeKamyo B ofiacru D), #ao [ONOAHATH 3Ty CO-
BOKYIHOCTh KaKUMU-JIHGO YTAMH Y, JeMamuMia B 06macTH
D ¥ coeTUHAOMEME Me;KAy CO0OH COOTBETCTBYIOMIME KOHIIBI
ayr Iy + oo, (VMeHHO, Te KOHIBI, KOTOPhie CTPEMATCA K Off-
HOH m TOH e Towke Kpusoi C npn o — 0 u 8§ - 0). Musn-
MaJbLHYI0 JUIMHY JYTH Y, 0ODPH KOTOPO#l Taxoe coegmHeHme
CTQHOBUTCA BO3BMOMKHBIM, OIEHNTH HETPYNHO: 9Ta MUHEMAJb-
maa mguHa He mpesocxopmT Bermumabl 20 + 2a. Ciemosa-
TeJbHO, BHIOHpAg umeaa o T O JOCTATOYHO MAJBIMM, MOMKIIO
cejaTh CKOAb YrOAHO MaJIbIM HHTerpaj mo pmofaBisc-
MOIl 4JacTH.

Takum o0pazom, muterpas or QyHKNUN f(z) TO rpaHHY-
HOft Kpusoii .C oOmactu D MoHO ¢ 1060 TOTHOCTHIO TIPI-
GAMBUTH WHTETPaoM OoT Toll Ke QYHENWA II0 HEKOTOPOIi
3aMKHYTOI KpuBoil, Jeskameir B obmactm D, Coritacao Teo-
peMe D.2 TOCAeHUA WHTErpajl MOMKHO ¢ NI00H TOYIOCTHIO
npuOJIN3UTh UHTErpajioM oT QyHKIUA [(z) IO HEKOTODOI
3aMKHYTOH soMaHoil, demamein B ofmacra D. Tem caMbimM
TeopeMa MOKAZAHA.

Sameganne. Jlokazannmaa TeopeMa oCTaeTcA CIPaBeji-
AABOMH, ecld IPeANoIoKuTh Kpusyio C He KYyCOYHO TIaJKOIM,
a cupsamiasemoil. J[orasareabCTBO TeopeMsl 0.3 B TAKOM BH-
oe ToTpefoBaJ0 OB pAAa CBeJEHWH H3 Teopad QYHKIUH
AefiCTBUTEABHOTO0 MepPeMeHHOro, M NOTOMY Ile CTaHeM Npu-
BOIMTH €ro sgeck. ||

Wurerpasa no rpanmme ofiaactd oT (YHKIUH, HelpephIB-
HOH BINIOTH o TPaHANBI 9TOH 0Omactd, yacrto ObiBaeT ymo0-
HO paccMaTpuBarh Kak QyEKnHo obaactm. OTmeTHmM ORHO
BajKHOE CBOMCTBO HMHTErpajia B 3TOH POJU.

Teopema 5.4 Ilycre pynryua f(z) nenpepvisua ¢ 06-
aactu D snaore do ee epanuybr Ty cocrosuell us Korneunozo
wucaa cnpamafemblr kpusvir. Ecau obaacry D pasbura
CRDAMAAECHMBIMIL EPUSLIMU HO KOHEUHOE HUCAO HENEPeK Pbi-
sarwwuzxcs obaacreli Dy ¢ eparuyamu Ty, 10

P(D)=oD)+...+9(Dy),
ede

oD = | () dz.
Tp

HorkazaTexscTBo. J[OCTATOYHO pPaccMOTpPeTh CIydAil,
Korma D pasbmra mHa JBe HemepeceKalomuecd. ofmacrm D
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n Dy Uepes T, 0603Haqrm vacTs rpasnnsl D, ssnsionryio-
ca m rpammueir D, wepes Ty — ocTambaylo YacTh rpannns: D

(apamormumo pas rpasmnsl D). flecmo, uro Fl n Fz oTiInYa-
0TCA JIUIOb HANPABAGHUEM OOXONA, TAK KAk OPH [BHKeHMI

"
Buons I'; obmacts D) ocraerca caesa, a odaacrts Dy — cmpa-
”
Ba, IPH JAByskednn ke mo l's — maoGopor. Y3 Tex ke coob-
. ’ ’
paskennit sicmo, uro mampasienme obxoma I'; m Iy 1o e,

7 7
yro n mampasjenme obxoma . flcmo rtamsxe, wro I'; u I'y
B cyMMe coctrasasior I, Tloatomy

o(0)= @ dz= [ @ ds + | 10z =

ry Ty
(t@a+ (1oa+ [1@da+ [ 1@d=
oA om

= FS /() dz + rXf(z) dz = (Dy) + ¢(D,),

YTQ M JJOKA3BIBAET TeopeMy.

Hoxazannoe cBORCTBO HA3BIBACTCHA aJIUTUBHOCTHIO UH-
Tezpaad Kak PYHEYUU 06.4aCTU.

3ameuanue. Jlerko yOenuThesa, uro mpm pasbmeHUn
D na cuersioe YHCIO NENEPEKPHLIBAIOMMXCA YACTEH CBOMCTBO
QIUTHBHOCTH WHTErPaNa Kak (QYHKIME oGHacTH COXpaHsa-
erca, ecim cymMMma nawa I', xoHewsa.

§ 6. Mnurerpaani, 3aBuUCAINME OT mapaMeTpa

HaM mpupercss mpuBec™d MNOKAa3aTeNbCTBO JBYX TeopeM
OTHOCHTEJIbHO WHTEIPANIOB, SABUCAMUX OT MapaMerpa, Tak
KaK B QHaJu3e OHH NOKASHIBAIOTCA [JIA CJHUITKOM OPOCTHIX
cIydaeB.

Teopema 6.1. Hycre dynryus f(z, w) onpedesena u
nHenpepoigha npu 2=, we E, 20e E — uekoropoe muodice-
cr60, a I' — cnpamasemas kpusas. Ecau

[z w)>o(z)  (w—>wo, wsE)

pasnomepito no <1, 70

s‘ flz, w)ydz — Y ¢{z) dz (w—wy, we E).
r r
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HorazateabcrBo. CornacEo onpejelieHNI0 pPaBHO-
MEDHOTO CTpeMIeHMs K mpegeXxy npid JiwbGoro & > 0 maiiger-
ca taxoe 6 >0, wro opm seex z= I

few)—e@l<z (lw—w|<b weE)

(L — gomma T). Tlpumensa Teopemy 9.1 06 omenke HMHTC-
rpaxa, uMeeM

j[f(z, w) — ¢ (2)] dz <%L=e (lw—w,| <8, we E).
T

Tax ®ax €>0 DOpOWSBONBHO, TONY4aeM YTBeD:KIeHHE
TEOPEMBL,

YacTubiM ciydaeM [OKA3aHHAON TeOpeMbl SBISETCH YT-
BepsKIeHAe:

PadXd un,(z) nenpepwisnvir Gynkyui u,(z) MoxkNO no-
YACHHO UHTEezpupoearTs no 460l Kpusgol, Ha KOTOpOU 3ToT
pAd pasHoMepHO cxodUTCA.

Teopema 6.2. llycro Pyuryus f(z, w) onpedesena u
nenpepvigha npu z<T, welC (I' u C— cnpamasemvie
kpuegwte). Toeda Pynkyus

Fw) = g f(z, w)dz
P

nenpepvisia npu wsC u

S‘,Yf(zv w) dz dw = Sff(z, w) dw dz.
re

crt

JoxazareabcTBO. 3aMeTHM IpesKJe Bcero, 4ro
¢yrrmua f(z, w) paBHOMEPHO HENPEPHIBHA IO COBOKYITHO-
CTH cBOMX TiepeMenublx mpm z< [, we(, Tak Kak Kpu-
Bele [' w C — 3aMKHYTHe MHOKeCTBA (9T0 He WMeeT OTHO-
HIenMsi X TOMY, 3aMKHYTHe Iu oHuM Kpussie!). 9To smaunr,
aro  |f(z1, w)—f(z2, we)|l <e, ecam TompkO |zZ) — 2] +
+ lw| — wsl < § HesaBHCMMO OT TOJOIKEHHS TOYCK Z; M Zg
Ha ' m w, nw wy 5a C.
~ Pacemorpum pasmoets F(w)— F(§). Ilo ompemenennio
F(w) nMeem

F(w)—F@©= {1/ w)— {0 dz
r
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Bubmpas 6 rtaw, urobwer |f(z, w)— f(z, 0)| <% (L — pnm-

na I') mpr lw—§| <6 u npm mwbom z =T, momyuaem mepa-
perctso |F(w)—F(E)| <e.

HenpepsBaocts F (w) porasana.

Haiimem wmaterpan or F(w) mo C. HanmimeMm waTerpans-
HYIO CYMMY

n n
Su= 2 F (00) (0 — way) = | 20 1@ O0) (w05 — w0py) dz.
1 r 1
Ho, mcmonbaysa peayaprat mpmMepa 1 § 9, MosxHEo HAmmCaTh.

372, ) (0n — o) — | (2, ) duo =
1 ¢

=2 _s. [f(z, Ox) — [ (2, w)] duw,
1 ¢

rie ueped C, oGo3maven yuacroX Kpusour C MEMAY Wi U
w,. BertGepeM Temepp pastmemme kpueoit C ma yuactm Cy
CTONb MENKHM, YTOOLI IIpH Beex k

max [1(z, 00— /(3 w)| < gz~

LIS =Y

(L — pavua [, Ly — pmuaa C). Torga cornacuo reopeme 5.1
00 OIeHKe HHTErpajla MOoMRHO HAMHCATH, 0003HAUYAA HAJANHY

Cy uepes px:
Sn— [ {1 wyasa| < 2 sz,,

rce

Ho npn mamenbaennn pastuenns

S—>5‘F dw—Sszwdzdw

CrenoBarenbuo,

S‘ S‘ f(z, w) dz dw =S jlf(z, w) dw dz,
rc

cr

H TeopeMa MoRa3aHa.
B szaxmioueHme cKajceM enre HECKOJBKO CJIOB O Hecoo-
CTBEHHEIX Rp]Z[BOJIPIHefZ[HI:IX HHTerpajiax,



§ 8. HHTETPAJIBI, 3BABACAIMWE OT ITAPAMETPA 35

Ecnu mopsiarerpanbaas (QyHEKOUA B HEKOTOPHIX TOYKAX
KOHTYPA WHTeTPHPOBAHNA obpamaeTcs B OeCKOHEYHOCTh WIH
ecau KOHTYD HHTEIDHDOBAIAA HMeeT OECKOHEUHYIO NJIMHY,
TO MHTETPAJ B TOM CMBICIE, B KOTOPOM MBI €r¢ OnpefeNviId,
He cymectyer. [laa osTmx ciaygaes HeoOXOXHMO BBECTH IO-
HATHEe TecofCTBeHHOTO WHTErpaja IIH HWHTErpana ¢ ocoden-
HOCTAMH.

Mu ompepemuM HecoGCTBeHHbLII WHTerpanx Nad CIydas,
KoIfia mojblaTerpajiisiad (QYHKIHA HelpephlBHA HA KOHTYpE
WHATErPAPOBAHUA, 38 HCKIIOTCHWEM KOHEWHOTo MHmCIa TOYeK
ai, az, ..., Gp, @ KOHOb KOHTYPA WHTEIDUPOBAHHA MOTYT
yXomuTh B OecrounedHocTs. B 9ToM ciayuae GymeM TOBOPHTH
00 mHTErpajie ¢ OCOOCHHOCTAMHI B TOUKAX df, G2, ..., Gn H
B OECKOHEYHOCTH,

flemo, MTO mocTATOMHO OHpPERENRATL TOHATHE Heco0CTheR-
HOr'0 WHTEerpajia ¢ OJHOU 0COGEHHOCTHIO, PACIONOKEHHOH B
OJIHOM HMB KOHIIOB KOHTYDPA, TAK KaK WHTErpPaJ ¢ HECKOILKH-
MHA O0COOCHHOCTAMU MOMHO pasbUTh HA CYMMY KOHEUHOTO
4pcia MHTETPANOB, KAKIHIA H3 KOTOPHIX WMeeT TAKOW B
Urax, oyers dyarnus f(z) mempepeiBHA BO BCeX TOUKAX Ko-
HegHOr0 KoHTYpa C, 33 HCKIIOYeHHEeM OTHOIO H3 ero KOHIOB,
craskeM a. OfosmaumM uepes C, wactp Komrypa C, nesxa-
mylo BHe Kpyra |z —al <e. Ecam cymectsyer mpegen

lim jl 1 (2) dz,

830 C'

TO HA30BEM €TI0 HeCOOCTEEeHHbIM UHTE2pasoM oT [(z) no KoH-
Typy C (c ocobennocrvio 6 Touke a).

Amanornuso ONpeNeNseTcA W HeCOOCTBEHHBIH HMHATerpal
0 KOATYPY, ONHH H3 KOHIOB KOTOPOTO YXOOAT B OecKoHed-
HOCTb (MHTErpas ¢ OCO0EHHOCTBIO B GeCKOHEUHOCTH).

Ecnn mecoGcrsennbri materpas or f(z) mo xomrypy C
cymiecTByeT, To GyaeM roBOPHTH, 9TO f(Z) uwTezpupyeMa no
routypy C.

Ecan cymecTByeT HecoOCTBeRAHE HATETPAT S | 7 (2)1]dz],
o

T0 OyneM roBoputh, 4To f(z) abCOANTHO UNTezpupyema no
kontypy C.

Herpynao moxas3ats, uto pyHKOEA, alcol0THO MHTErpH-
pyeMas mo KoaTypy C, METETPHpYeMa @O 3TOMY KOHTYpY.

Ilycrs temeps ¢ymxnus f(z, W) upm T0OGHEX BHAYEHASX
mapaMerpa w < E HempephBHA WO Z BO BCEX TOYKAX KOH-
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typa C, 3a mcKIOUEHUeM ero Komia a. Beiau mpemen

lim f f(z, w)dz = Y f(z, w)dz

£-0 CB C

CYmecTBYeT paBHOMepHO mo w < E, To OygeM TOBOPUTH, uUTO
HeCOOCTBEHHBI HWHTErpaX pAgHOMepHo cxodurcs no w e E,
(MaTerpan ¢ HeCKONBKEME OCOGEHHOCTAME HA3BIBAGTCA PAB-
HOMEDHO CXONATIMCHA, eCIH OH MOJKeT OBITh NIPeJCcTaBieH
B BHIE CYMMBI PaBHOMEPHO CXOHAINTXCSA WHTETPAIOB C Of-
HOI 0cO0eHHOCTHIO.)

Teopemsr 6.4 u 6.2 pasa paBHEOMEpPHO CXONAIIIUXCH He-

COGCTBEHHBIX HHTEIPAJIOB OCTAIOTCA B CHJIE.

ChopMynupyeM oguH OPH3HAK DPABHOMEPHONE CXOTHIMO-
CTH HecOOCTBeHHBIX MHTETDANIOB, AHANOIIYHBI NIPHU3HAKY
Beiiepiorpacca paBHEOMepHOH CXOIUMOCTH DPsIOB.

Teopema 6.3. Fcau npu scex z€C u ws E uenpe-
putenas  Pynryus  f(z, w) ydosaersopaer Hepasencrsy
lf(z, w)| <@(z) u Pynkyus @(z) uHrezpupyema no Koi-
typy C, To unrezpas ) f(z, w)dz pasnomepro cxodurcs no

¢
wekE.

§ 7. TomMoTonHoCTH KPHBHX B 00macTAX Ha cdepe

PaceMorpuM HeKoTophie HpOCTHIE TeoMeTpHIecKHe CBOI-
CTBA KPUBHIX, JEKAMMUX B 3aWAHHOH 00MACTH KOMIJIeKCHOMI
niockoetn (mmu cdepnl Pumana). Martepecyromue Hac dax-
TH B Kypcax aHajgumaa W3IAraircd pefko*), a mpH m3yue-
HUY TEOPHH AHAIUTHYCCKHX (PYHKOUNA BHAKOMCIBO ¢ HIMH
BechMa IONe3H0. B oTgenpHBIX Bompocax TaKoe 3HAKOMCTBO
Jaske HeoO0X0oHWwMO.

Meur OyieM mCIONB30BATH CIEyIOIee OIpexeleHHTe TOMO-
TOOHOCTH KPHBHIX:

Kpmeere C u €', nemamue B gamdofi obmactu D, masn-
BAKTCA 20MOTORHBLMU B 3TOH 00MACTH, ecim HX MOKHO Iie-
peBecTH APYT B pyra HempepusHOi nedopMmarueil, He BBI-
Xons 3a Ipepeab obmacrm ) m He pBWrada HY HAUAJ0, HHU
KoHeI[ KPHBOIL, ’

Ipenrosennoe ompenexesme BIOJHE KOPPEKTHO (ecinm
ero axkypargo (opManm3oBaTh), W I HAC OHO yHoOHee

*) B xypce MareMarumdecKoro amajmsa [14] arm BompocH ocBeme-
HEl JOCTATOYHO HOAPOGHO B COBPEMPHHOM H3JI0KEHHH,
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‘TeM, UTO MCIOJNB3YeT HAIJATHO TeOMEeTPHYEeCKHE TEPMHHBL
C Touru 3penus (HoOpMAIBHBIX J[OKA3ATEIbCTB Yy HET0 MHOIO
HenOCTaTKOB, H B HACTOAINEe BPOMA ero fI049TH He MC-
HOAb3YIOT.

CoBpeMeHHBII TMOXXO COCTONT B OTKAa3e OT HOHATIA KpH-
BOil W B MCIIOAh30BAHIIN BMeCTO Hero TOro o0heKTa, KOTOPBIA
Mbl HABBATU TIAPAMETPHUECKAM ypasHenmeM wpmsoil. Ompe-
AeleHNE TOMOTONHOCTH TAapaMeTPHYECKHX YPABHEHHH CO-
CTOUT B CIENYIOMEM.

JIBa mapaMerpaIecKAX YPaBHECHHA

z=2z (), 0<st<1, z=12(f), 0<<i<1,

HA3BIBAIOTCA 20MOTORHBIMU B oOmacti D, ecam cymiectByer
$ynrmua D (4, s), obnajamwimas TAKEMA CBOHCTBAMU:

1. ®yurnwma O(f, s) menpepwisaa mo ¢ 1 s mpr 0 <<f< 1,
0<<s<1.

2. O(t, s)eD mpu Beex 0 < i< 1,0<s<1.

3. Beqmumner @ (0, s) u D (1, s) me s3asmeAT 0T S,

4, Nmeror Mecto pasemcrea @ (¢, 0)=1z(t), D(t, 1)=
=22(t).

Tlpepmomennoe BBINE olpejelerse TLOMOTOMHOCTH KPIi-
BEIX MOKHO BAMEHUTH CIELYIOLIIM PABIOCHJIBHBIM YTBEPIK-
feaneM 0oiee OPMAIBHOrO THIA:

Hee kpuswvle comoronnvr 6 obaactu D, ecau y nux wat-
dYyres eomMoTORMHBIE nAPAMETPUMECKUE YDPAGHEHUS.

Hlefictearenbuo, o0o3naunM ueped C; KPEBYI ¢ mapaMer-
pavecknM ypasaeHueM z = D(f, s), 0 <<t <1, [lpm mwamene-
uan s ot 0 mo 1 xpusaa C, HelnpepbiBHO NedopMupyercs,
ocraBasich B oOmacre D (yemosws 1 m 2), a ee Hawado n
ee KoHer He MeHsioresa (yemosme 3). Ilpu s =0 xpusan C,
coBHamaer ¢ ofHOW KpwBol, a npu s =1— ¢ gpyroil (ycmo-
sue 4). [ |

ITepeuncanmM HeKOTOpHEe (AKTHI O TOMOTOHHOCTH HKpHA-
BBHIX, KOTOPHIMH CPABHUTENBHO 4YACTO OYHEM IIOJb30BATHCH.
Hdaa ux PopMyrnpoBKE yroOHO BBECTH psAj 0003HAUEHIH.

Cmmsonom C(Cy OygeM o603Ha9aTh KPHUBYIO, IOAYIen-
HY® TIPOXOJKIeHMeM -cHadasia KpuBoit (), a saTeM — ®pu-
Boii Ca. ITUM CHMBOJIOM CJICXYeT IONB30BATLCH JIUIIL B CJIY-
4ae, Koraa xoHer xKpupoii C; cosnajaer ¢ mauanoMm Kpmsoii Co
(B aroMm caygae C;C; pelicTBUTENBHO TIPe[CTABIAET CO0OIL
HenpepsBEYI KpuByo). CmMpoixoM C~' Gymem o6osmauaTts
KpuByl0 C, mpoXoRuMYI0 B 00paTHOM Hampasienuu (0T KoH-
ma k Bawaxy). Hawamo xpmsoii C OyneM oGo3Hauars CaM-
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BooM a(C), a ee romey — cmmBosmoM ®(C). T'oMotonmmocTs
gpaBrix C m C' B obnmactu D GymeM sammceiBaTh GOpMYIoit

C~C'(D).

1. Ecau C~C"(D), 10 a(C)=a(C’) u o(C)=aw(C’).

2. Ecau C= Cl C C—Cl...Cn u Ch ;;(D)
k=1,..,n10C= C'(

3. Ecau DicD u C= C (Dy), o C=C"(D

4. Ecau D — svinykaan obaacrs, ro C = C'(D) rozda u
704vk0 To020a, Kozda a(C)=a(C’) u o(C)=w(C").

YrBepexgenus 2 W 3 BIOJHE OYSBHEHLI IeOMETPHYECKH,
a4 WX J[0KA3aTeNIbCTBA dYepes mapaMeTpudecKue VpapHenus
JIOBOJILHO KDOTIOTJIHBHL, XOTA W HeTpyaHbl. I'eoMeTpmuecKas
HADIANHOCTh YTBEDMACHUA 4, TOMANYH, CHOPHA, & €ro [o-
Ka3aTeJKCTBO 4Yepe3 TNapaMeTpHYeckme YPABHEHAS cOBep-
IEeHAO TPABAANBHO, [LeficTBATEILAO, eCIn

z=z(t), 0<t<1, z=2z(t), 0=<t=<1,

— mapaMerpudeckue ypasaenma xpumBux C m C’, To mocra-
TOUHO TOJOHTH

D (L, s)=(1—s)z (t);l- 29 (t).

s yreepskpmenma 4 BHEHO, B WACTHOCTM, UYTO JIOOVIO
KPUBYIO, JEKAMYI0 B JHaHHOH o0HacTH, BCerga MOMHO Ba-
. MeHHTh TOMOTONHOH e rJIagKofd KpWBoH (WIW, €CIH 9TO
ypo0nee, JoMamoit ¢ KOHEYHALIM YHCIOM 3BEHBEB).

Tomoronuueckum kaaccom wpupoit C B obmacta D ma-
3BIBAIOT COBOKYIHOCTH BCGX KPHBHIX, JesxamuX B obmactm D
u romoromabix Kpusoir C. T'oMoTommyecKmit Kiace Icpmzon c
Gynem o6osnauaTs yepes [C].

O6osraumM gepes ni{D; zo) MHOKECTBO TOMOTOIHYECKIX
KJIACCOB BCEX BAMKHYTHIX KDPHBHIX, Jde;xammX B obmacrm D
M IPOXOFAmMEAX mMepes (DHKCHPOBAHAYI0 TOUKY 2zo<=D.
Ha w~BoskectBe n(D; 2p) MOKHO OUpEIeNuTh OIePaMHI0
YMHOJNCEHUS, 20MOTONUYECKUT Kaaccoe, nonoxuB [C1] [Ce] =
=[C\Ce]. (¥YMHOMeHme TOMOTOMAYECKHAX KIACCOB HEKOMMY-
TATHBHO!)

MuosxecrBo (D; zo) mpepcraBisieT co0od Ipynmy oTHO-
CHTeIbHO BBEHEHHOHM TAKAM cHOOCOGOM ollepammd., Jta TpPyI-
na massiBaercs yndamentasvroll epynnoll obaactu D (o1-
HOCHTENILHO TOYKH Zo). LpuuAmmed (yHAnaMenTanbHON TIpym-
nel ABIAAETCA TOMOTONHYECKHMHE KiIace, COCTOANAA H3 KpHO-
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BHIX, CTATHBAeMBIX B TOUKY z¢ HempepsBHOU pedopMammeil
(He BBIBOpAINENT 3a mpeneds odmacru D).

Ham Oyper HysKeH A CCHBUIOK CHeXYIONHAI pes3yabTar:

Dyndamenrarvnas epynna m-cesdunol obaacru D seas-
ercs c806o0roli epynnoti ¢ m — 1 ob6pasyowumu.

Uro Taxoe ceobopHan rpynna, MOACHEM HUKe, HO CHAYA-
A8 HM3MOEKEM IeobXopuMyl0 wuadopMamuIo o IOCTPOEHHUN
o0pasyinmx.

CornacEo ompefeNeHAI0 Tpauuna m-ceAzmoll obumactm D
ga cdepe PuMama cocromr m3 m xommomedTr. C  xasoi
KOMIOHEHTOH TDAHWIE CBA3aHA POBHO OfHA KOMIOHEHTA X0-
nmoxHeEnd K obmactu D fo Beeit cdepnr Pumana.

OGo3HauuM 3TH KOMIOHEHTHI MONOJNHEHHS depes Yo, ...
vvw Ym—1. SAKITIOUEM KaKAYID KOMIOHEHTY ¥, B 06HacTh G,
OrPAaHAYEeHHYI0 IPOCTO 3AMKHYTOH Kpusoi I',, ITemamei B
obnactu D. OGnmacrm G, BhibepeM TaxuMu, YTOOB! HX 3aMBI-
KaHNA He HMejm o0mux Touek. Ha xaswmoit kpwmsoi I', BBI-
OepeM TouKy zh, KOTOpYI0 OyHeM CUATAaTh HAYAJIOM M KOHIOM
kpueoii I',. I3 Touxm zp mposejeM B BHIOPAHAYIO TOUKY zh
KaKylo-1u00 KpHBYIO [, meamy! B obxacrm D, m o6o-
3HAYUM '

C'h=lkrkl;11 k=0, 1, ..-7m—1'

Fomoromumueckme wmacewt [Ci], ..., [Cm-i] MomEHO B3ATH B
Kadecrse oOpasyomux ¢yaxaMentanbHoil rpynmsr 5u(D; zo).
dTo o3mauaer, yTo KasKueli smement [C] ¢ymmamemTambHOM
IPYNOB MOKHO NPENCTABHTH B BHIE

(c1 =[citp...[ci] (7.1)

rge wwmena i, Moryr OpmEEMarb 3maveswa 1, ..., m—1,
a umenaa e, — 3gadenns 1 mau —1. UapMu ciroBaMup, kask-
naa saMinyrag xpusaa C, nemamasa B obmacrm D n mpoxo-

o En
NAmas 1epe3 TOUKY Zo, roMoTomaa kpmsoir C' = C L Ci,,.

Yreepisjienne, 4ro (QyENaAMenTadbHag TpyIma HBJIHBTCH
ce060dnoli epynnoli, osmavaer, uto upexcrasienme (7.1)
eAMHCTBEHNO, eclM IPOH3BECTH BCC ECTECTBEHHBIE COKpAIe-
HEA — BbIOPUCHTH BCE BCTPEUAIONHECH PANOM Taphl B3AUM-
HO 00paTHBIX JIEMEHTOB IPYNILL.

HMoxazaTenscTBO NPHBEKEHHOTO YTBEPIKECHMA BIOJHY
3JIeMeHTAaPHO, HO JOCTATOYHO TpoMo3nkxo. HamGomee Tpymmoit
er0 MacThIO ABMAETCA [0KA3ATENLCTBO EMUHCTBEHHOCTH TpEN-

crasmenma (7.1). [
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OcoBo BhifennM nBa Hambosiee IPOCTHIX CJHYYaA HpHBe-
JeHHOro YTBep:KIeHHA.

Eenu odmacts D opmocsasma, To MHOMKECTBO 00pasylo-
mux nycero, u gyuanaMenranbian rpynma 5 (D; zo) coctont
TONBKO M3 efUHAYHOro 3jdeMenta. MEBIMA clioBaMm, Kamuan
3aMKHYTas Kpusas, Jeamad B obxactm D, Momer OHIThH
CTAHYTA B TOUKY, a JIo0bIC JBe KPHBhIe, Je;KalMue B OFHO-
cBA3HOW oOnmactu ), rOMOTONHE, eciAm V HAX COBOAZAIOT
HavaJhHbIE W KOHEYHbIe TOTKM.

Ecnu o6nacrs D asycssasua, To GyngaMenTanbHag IPym-
na 5i(D; z0) cocrout m3 cremeneil opmoro 3aeMenta [C].
ITo o3HavaeT, UTO KajKmas 3aMKHyTas Kpusas C, HerKamas

B ABycBs3noii obmactm D, romoromma xpmsoii Cy, rie v —
HEKOTOpPOe mexoe umeiao. Urobbl Ay4lle MOHATH TeoMeTphde-
CKMH C¢MBICH 3TOr0 Y@CHAA vV, PACCMOTPHM IIPOCTeHINWH dYacT-
HBIHE cnyuaii, Korma obnacts D — 310 BCA KOMILTEKCHAs
TLIOCKOCTh € BBIKOJXOTOH TOYKOIN, KOTOPYIO 0603HAUYUM He-
pe3 a. B oarom caydae B KauecrBe Kpmsoii €1 MOKHO B3HTH
OKPY/KHOCTH ¢ TieHTPOM B TOYKe @, OOXOMMMYI0 OJmH pas
IPOTHB dYacoBoil crpenkm. WMHATepecylolmee HAC YHCI0 v
upejicTasisier cofoil He YTO MHOE, KAK 4YHCIAO 00XOJOB KpH-
Boii C BOKPYT TOUKHM ¢ NMPOTHB YACOBOHW CTPENKH. ITO UHCIO
TOPUHATO IA3BIBATh UHOEKCOM TOUKU @ OTHOCUTEAbHO KpU-
¢oti C, u omo oGoaravaercs cumsoxom v (C, a).

Hnsa sorumenenwns Benwausabl v(C, @) B KOHKPETHBIX 3a-
Jadax mMeloTesa pasiamumble cmocoOsl. OmumimeM ofuH A3 HUX.

IlposegeM w3 ToukE @ NIy4, MAYI@AA B OeCKOHEYHOCTS.
Yueno Touex, B KoTopsix KpmBas C mepecexkaer 3TOT AYH
cHpaBa HajeBo, Mbl 0003HAYEM depe3 v', a YHCIO TOUeK,
B KOTOPBIX ONA IIepeceKaeT HTOT JYY CJHeBA HAIPABO,— dYe-
pes v~. Ecau uwena vt m v- KOHEUHHI, TO

v(C, a)=vt — v~

Dopmyna ocTaeTcs B cHie, ecin 3aMeHHThL JY4Y Jboi mpo-
cToll KpuBOH, mAymel N3 TOYKH ¢ B OecKOHEUTHOCTH,

Jlns o0meli ABYCBA3HOH 00JXACTH MOIKHO IpPeNJIOKATh
amaxornanyo QGopMyay, XapaxkTepu3VIOIIYI0 ToMOTOIHYe-
cxmii knace ganmoil Kpusoil C. Jlas 8Toi 1enu 3aMeTnM, 4To
seamunga v(C, a) ogmHAKOBA TPH BCeX @ W3 KOMIIOHEHTHI
vi. TlosToMy s 3aMKEYTHIX KpuBmx C, Te:Kamux B [BY-
esAsHON obGmactw D), mMmeeT cMblcn ofGezHadernme v(C, vyi).
Jra BejxmUMHA M XapaKTepu3yeT TOMOTOLMYecKHii KiIace
xpusoil C B obnacru D.
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C momomsio Begunabl v(C, Y{) MOMKHO KATh IIOJHOE pe-
menme 3ajauym o roMotonuoctn kpusbix C m C' B gByCcBA3-
moit obmactu D.

B deycesasnoii obaacru D ¢ komnoHnenramu . Oonosnenus
Yo u Y1 (0o ecett ceprr Pumana) rpusvte C u C' 2omoron-
HbL T020Q U TOABLKO TO20a, Ko20a 6blnoAIeHNbl YCA08US

a(C)=a(C), o()=o(C), v(CC n)=0

B m-cBs3HbIX o0nacTax ¢ m > 2 CTodb IIPOCTHIX KPHUTe-
pues FOMOTONHOCTE KPHBHIX yiKe HCT. ¥ CIOBHA

a(C)=a(C), o(C)=we(C),

v(C'C, 4)=0, k=1,.7., m—1,

ABIAOTCA ViKe TONHKO HEOGXOAUMBEIMH, HO HC JOCTATOUHBI-
14
MH YCAOBHAMI ToMOTOIHOCTH Kpushix C 1 C'.

§ 8. TomomorHueckue HPOCTPAHCTBA

B sakarmouenue 3Toii BBOJHOI TJIAaBH paccKaskeM BKparne
eIme 0 HEKOTOPLIX DJIeMEeHTAPHBIX TOHATHAX W3 TOMOJOTHI,
3HAKOMCTBO ¢ 9THMU MOHATHAME He 00A3aTENbHO A IO~
HAMAHUA HaJIblefllIero M3pokenns, xoTg m mojesno. Comep-
JRa@gmeM artoro maparpada ABIAOTCA HE J{OKa3arenbCcTBA,
a TONBKO ollpejiefeHHs, TO3BOJAMYE WHOrMA B3TAAHYTH Ha
wuasectabie GaKTHl ¢ HOBOW TOYKHM 3peirnsd.

Ilyers pgamo MHOMReCTBO KaKux-nubo 00LEKTOR, Koropme
MBI Oy/{eM Ha3bIBATh M yjao0cTBa 7ToukaMu (a4 caMo MHO-
JKECTBO — RPOCTPAHCTEOM). IT0 INPOCTPAHCTBO HA3bIBALTCHA
TONONOrMYECKHM HOPOCTPAHCTBOM, €CAM B HEM onpcerexeHa
Tonoso2us, T. €., TpyGo TOBOPA, eClH B HeM OIpefedeHo IIO-
HATAE OAU30cTH ToUeK. 3aaBaTh B HPOCTPAHETBE TOMONO-
U0 MOJKHO pasusiMu cmocobamu. HamGosnee ecrecrsemabril
croco0 COCTOMT B TOM, UTO OIpejefsercs MOHATHE CXOXHMO-
CTH TOCHEe0BATENIbHOCTH TodYeK. JTOT c¢mocol HeXOpoIl TeM,
4T0 MOHATHE CXOAUMOCTH JOJYKHO YIOBIETBOPATH PANY Vye-
JM0BUIA, CMBICT KOTOPHIX HE CJAMNIKOM HArTIsXeH. TeM me me-
Hee OPH M3YVYeHHH NMPOCTPAHCTB, TOUKAMH KOTODPHIX SBIAIOT-
cA QYHKIUU, dTOT choco0 3aJaHWA TOLOAOTHE HMeeT CBOH
nperMmymecrsa. Ouens ymorpeGuTesen cmocol 3anaHpma TO-
MOJIOTME B LPOCTPRHCTBE ¢ IOMOIIBIO CHCTEMBI OKPeCTHO-
crefi. MoxHo 3amars Tomonorulo, oGBHBHB, KaKMe HOMHO-
AeCTBA TMPOCTPAHCTRA ABIAIOTCA OTKDPLITHIMA MEOJKECTBAMH,
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Eme opgma ciocol 3amaTh TOLOMOTHI0 COCTOMT B TOM, 9r00HI
ouncarh QYHKOIAA HA ITPOCTPAHCTBE, KOTODPHIE ABIAIOTCA He-
LIpepHIBEEIME (YHKIAAMHA.

IlpaBemeM omnpefelnenHe TOMOJAOIHYECKOr0 ITPOCTPAHCTBA
Uepe3 CHCTEMY OKDeCTHOCTeil, Tak KakK »3ra cXeMa OamKe
BCEro TOAXOMUT K cXeMe H3JO0REHNA HJIEMEHTOB TeOPeTHHO-
MHO’KeCcTBEHHOH TOIOJOrOH B aHAJIH3e.

Mroskecrso H masmBaerca xaycdopfosvim Tonosozuue-
CKUM NDPOCTPAHCTBOM, €CIH B HeM BbIJeJdeHa CHCTeMa IOJ-
muoxects {U,} (cmcremMa oxpecrHOCTeit), oGmagamoman
CBOHCTBAME:

1. Ilepeceuennme A06HX ABYX okpecrHOcredl U, m Uz mam
IyCTO, HIN CONEPIRHT HEKOTOPYI OKpecTHOCTh Uy,

2. llaa no0wIX IBYX pasAdYHBIX TOYeK ¢ B b m3 MHo-
skecrBa I cymecrByer okpectHOCTh Uy, comepsKamiag TOUKY
@ | He cofiepmaman Toury b.

BynmeMm cumrars, uro gse cmcreMbl oxpecrHocreldr {U.) m
n Uy ollpenensor oAHHAKOBY TOLOZOTHIO B [POCTPAHCTRE
H, ecin naa nw6oit oxpecrmoctm cmcreMel {U,} cymecrsy-
eT CoflepIKAIan ee OKpecTHOCTH cucreMbi |Uyl, m maoGopor.

Tonoxorna B HpocrpamcrBe H pBogmrcAa 0co0eHHO IIPO-
CTO, €CIXH B 3TOM IIPOCTPAHCTBE olpejesieHa METPUKQ, T. e.
ecan oupefgexaeno paccrogame p(a, b) Memyy ni0OHME 1By-
Ma rtouxamm «¢ m b mpocrpamcrsa f, ynosaerBopgiomee
ycaoBmAM: :

p(a, a)=0; p(a, b)>0 (a+*b);
p(a, b)=1p(b, a);
p(d, b)<p(a, c)-l-p(c, b)°

JleficTBHTEABLHO, B 9TOM cIydae B KadecTBE CHCTEMEHI OKpecT-
nocreii {U,} MOKHO B3sAiTh COBOKYUHOCTH MHOKECTB U, CO-
CTOAmMEPX N3 ToYek & € [, yIOBIETBOPAIOIMX HEPABEHCTBY

p(z, a)<e,

npm Bcex a<= H m npm pgocrarodHo Maaslx € (He IPEBEHI-
OIalomuX HEeKoTOPOre 3HadeHdA, 3aBHcAmero or a). Wmen-
HO TAKHEM CII0COGOM MEI OIPEfeNAAA OKPECTHOCTH Ha KOMI-
adercHOI muockocrn n Ha cPepe Pumama.

Crxenyer mMeTh B BHAY, 9TO 3aJaHAe TOIOIOIHH He BJae-
ger 3a coOOH 3alaHAe MeTPHKH.

Korga B npocrpancrse I sajama TOMONOrHA ¢ IIOMOIILIO
cUCcTeMBl OKpecTHOCTeH, NpHBEIYELIM o6pasoM (cp. § 2)
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OTIPeeIA0TCA MOHATHA OTKPHITOr0 W 3aMKHYTOTO MHOMKECT-
Ba, TPAHANB! MHOMKecTBA 1 T, A. VIMeHHO:

Toura ¢ Muosecrsa £ < [1 maswBaeTca @HYTPEHHEN TOU-
Kol 9TOTO MHOJKecTBAa, ecioHm MHOMkecTBO £ comepmur Hexo-
Topy®o OKpecTHOCTE U,, copepsRamyIo To9Ky a.

Touxa a < H naswsiBaerca 6HewHell IO OTHOMEHWI0 K
moosrectBy £ < H, ecim cymecrByer oxpecrEocTh U, co-
JepsRamas TOYKY ¢ W He nMelomas o0MHEX ToYeK ¢ MHO-
mecTBoM F.

Touxa a= H maswiBaeTcsa 2parHuiHoll TOIKOH MHOMECTBA
E, ecom moGaa oxpecrmocth Uy, cofep:xamas TOUKY 4, coO-
JEPIKHT Kax BHyTpeHHHe, TaK W BHEIIHHE TOIKA MHO-
mecra E.

Muo:kecrso £ HasbIBaeTCA OTKEPBLITHLM, €CIH BCE €ro To4-
KM BHYTDeHHHE.

Mzuoxecrso £ HaspiBaeTcs 3aMEHYTHIM, €CIH OHO COJEp-
JXUT Bce CBOM TPAHMYHBIC TOTKM.

MuoKecTBO rpanMyYHEBIX TOYeK MHOMKecTBa F HasmBaerca
ero epanuyeil.

Jlerko JoxaszaTh, uTO epanuya MHONMECTEA — 6ce2da
3AMEHYTOE MHONMCECT GO.

ITonesno 3aMeTuTh, 4TO, 3a7]aB TOMOJOTHIO B MPOCTPAHCT-
Be, MBI 33JlaeM TeM caMbIM HEKOTOPYIO TOMOJOTHIO B JHOGOM
MHOJKEecCTBC 9TOr0 IpocrpamcrBa. PazyMeercd, OpH sKelaHul
MOKHO Onuio OBl 3aJaTh HAa MAHHOM OTKPHITOM HOAMHOLECT-
Be m APYryIo TomOoTHi0. B KadecTBe mpmMepa MOMKHO VHKa-
3aTh Ha TONOJIOTHIO, ONpeleNAeMyl0 B o0JacTm HA KOMI-
JNEKCHOM INIOCKOCTH ¢ NoMombl0 Merpukm Masypresmua
(cm. § 4). Ecum ara oGmacte orpammvena KpmBoi co cKIaj-
KaMd, To TOYKH, OJIM3KAE HAa IJIOCKOCTH, MOTYT He OBITh
6JIH3KI/IMH B Merpuke MasypkeBnua. JT0 M 03HAYaeT, 4YTO
TONOAOIUA, oOnpefeadeMad 9TOH MeTPHKOH#, OTAWYHA OT
0OBIYHOA TOMONOIEE HA IJIOCKOCTH (OHpelesseMOil eBKIMTO-
BOl MeTPHUKOI).

Ha TomonormuecKmX mwpocTPaHCTBAX MOMKHO paccMaTpm-
BaTh (OYHKNUH, IPAYEM AX 3HAYEHNA MOLYT OBIThH TOUYKAMHE
a1060ro APYrore TOMOJIOTHIECKOTO IIPOCTPAHCTBA (W fase
He o0s3arelbHO Tomojormieckoro). Jua ¢yErmwii, ompene-
AeHHBIX HA TOIOJOTMYECKOM NIPOCTPAHCTBE, OOBKIIHO YIO-
Tpebuserca TepMEd «orobpaeHne». JlagaM Toumoe onpepe-
JeHNE BTOr0 TePMUHA M HEKOTOPHIX APYIHEX.

ITycTs kajkmoil TOUKE @ TOMOJOTIYEcKOro IPOCTPAHCTBA
H nocrasiera B cooTBercTBmEe TOYKA f(@) TONMOAOTHYECKOro
npocrpaBcrsa H'. Torga GymeMm rosopmth, 9To 340gHO 0TO-
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6paxcenue f romomormueckoro mpocrpamcrsa H B Tomomorm-
9eckoe Tpocrparctso [', m sammcwBare 3TOT (PaKT C IoO-
Mombp0 HOPMYABI

HS 1.

Toura f(a)= H’ nassmaercs obpasom Toukn ¢ = H upn
oro0pakeHUN f, a TOIKA @ — npoobpasom TouKm f(a).

O6pasom muoaxecrea E — H upu orobpamenmn H —>H’
HaswBaeTcA MHOKecTBo E’, cocroamee m3 o6pasoB TOUEK
muomectsa F. Ilpoo6pasom muoxcecreéa E° upm orobpase-
HUH HA3BIBAETCA MHOJKECTBO BCeX 1poo06pasoB ero TOYEK.
O6pas mmoectsa £ npm oroGpaykermm [ oOBIYHO 0603HA-
qaror cuMBosoM f(E).

Oro6paskene H — I’ pasbinaercA r1enpepvléHbIM, €CHH
npoo6pas Ja0G0ro OTKPBITOrO MHOKECTBA — OTKPBHITOE MHO-
FHECTBO.

Herpynao npoBeputs, 9To 3T0 oNpe[eleHHEe HeIPePHIB-
HOCTH PaBHOCHIBHO ONPEHeNelui0 HeIPePLIBHOCTH, MOCTPO-
GHHOMY 110 AaHAJOTHA ¢ ONpefeJeHueM, HCII0IAb3YeMbIM
B aHaJau3e.

Ecan f— oroGpasienue TOMOJOTHIECKOrO IIPOCTPAHCIBA
H B romonormieckoe mpocrpamcrBo H' w ecnm f(H)=H’,
TO TOBOPAT, 4T0 f— oToGpaskeHume TOMONOTAYIECKOrO IIPOCT-
pamcrsa I na romomormdeckoe mpocrpancrso H'.

OroGpaskenne f TomomorndecKoro mwpocrpamcrsa I ma To-
mosornieckoe npocTpamcTso H' maseiBaercs e3auMno 00HO-
3HAYHbIM, eCIH 06paspl PAa3NAWIHEIX TOTIEK Pasnmudsl. Jlas
B3ANMHO OfH03HATHOro oToOpaskeHus [ Bcerma ecrth obpat-
Hoe oro0paskeHme, KoTopoe obosmadaerca f~'. Jlus oGosma-
9eHWS B3AHMHEO OIHO3HAYHOTO OTOOPAJKEHHA HCIOAL3YIOTCA
dopMyIBI

~1

! !
H—~H, H«<—H.

Bsanmboo omHO3Haumoe orobGpamenue H <« H' nasmba-
eTcAd TOROAOZUYECKUM 0TOOpAJceHuem WM 20ME0MODPPUIMOM,
ecin 06a orobpaskenus [ u f~! HeNpepPHIBHEL

Iycrs gaHBl ABA OTOGPAYKEHUA

HL> a5 1.

Pesyasrupylomee oro0pajkeHie TOMOJAOIAYIECKOr0 IPOCTPAaH-
crea H B romomormueckoe mpocrpadmctBo H” maswmiBaerca
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komnosuyueii orobpaskenuii f m g m oOo3Hawaerca CHM-
BOJIOM g ° f.

flcro, 9TO 06pas Toukum a < H upm orobpaskenmm g-°f
seipamaerca popmyaoi g(f(a)). Taxum oGpasoMm, KoMI03m-
gog  orobpasienuit — 3To He UTO HNHOE, KAaK CHOMKHAA
dyHRIAA

Cuexylomume JBa yTBeps;KAeHMA [MoKaspmBalorca  Oes
TPy

Ecau orobpaxenus f u g HenpepvlgHbl, TO HERPEPBLEHO
u orobpajcenue g o f.

Ecau f u g — someomopgusmot, 70 orobpaxcenue gof—
TaAKICE 20MEOMODPUIM.

Heiicreutensno, mycrs E” — 0pomsBojibHOe 3aMKHYTOE
MuOecTBo 1pocrparcrsa H” . Ero mpoo6pas mpm orobparke-

g
anu H' — H” mw1 oGosmawmm gepes E’, a npooGpas MHOKe-

crea E’ npm 0T06paH<eHnnH—f>H'— wepes E. flcmo, urO
MHOKecTBo E sBiserca mpoobpasoM MmoKectsa E”  mpm
oroGpassennu g °f. CorsacHo onpegenenunio oTobpaskenune g ° f
HeIIPEePEIBHO, ecad MHomecTs0 F 3aMKHYTO [MiA ao6oro
saMrEyTOoro MEOMectsa F”. Ho m3 saMEHyTOCTH MHOMKECT-
Ba E” u menmpepniBHOCTH oToOpaskemms g clegyerT 3aMKHY-
Tocts MHOMecTBa E’, a u3 saMrnyTtocrm MHosectBa E @
HENPEePHBHOCTH OTOGpaskeHnsa f— 3aMKHYTOCTh MHOKECTBA
E. Tem caMbIM [0oKa3amo mepBoe yTRepikpenwe. lIpuMenss
aTo yTBepitAeHME K O0OpPATHBIM OTOOpamkeHHAM, IIOIydaeMm
BTOpPOE yTBEpIKIEHHE.

C moMom(bI0 MOHATHA OTOOPasKEHHd JIETKo oNpenedsaeTcs
HOHATHE KPUBOH B JI000M TOMOJOTHYECKOM IIPOCTPAHCTBE.
Nmenno:

Henpepwienoti kpueoli B TOMONOrAYecKOM IIPOCTPAHCTBE
H mazosem o6pas orpesxa [0, 1] meficrBurennmoit ocm npm
HETPEPRIBHOM OTO0pAaKeHHN 3TOC0 OTPE3KA B TONMOIOTHTE-
cKoe mpoctpaHcTBo H. Samrryroll nenpepvléHoll kKpusoli Ha-
30BeM 00pa3 OKDPYHHOCTH NPH HCOPEPBIBHOM OTOOpaKeHNH
9TOH OKPYIKIIOCTH B TOMOJorHiecKoe mpocrpanctso .

Ilpocroii kpusoti B TomomormdeckoM mpocrpancrse H ma-
3oBeM o0pas orpeaxa [0, 1] upm romomormueckoM orofpa-
JHeHHH 3TOTO0 OTpe3ka B mpocrpamcrso H, a npocroii samk-
nyToll kpu6oll — o6pas OKPY/KHOCTH MPH TOMOJOIHIECKOM
oTofpayien i ATOM OKPYIRHOCTA B mpoctparctro H.

3aech crmegoBano 0wl X00ABHTH Bee, ITO OBLIO CKAsamo
0 KpHBBIX Ta Irockocrn (cM. § 2). Kampgoe orobpaskenme
OTpe3Ka HJIH OKPYKHOCTH B TOTOJOTMYecKoe HPOCTPAHCTRO
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H ecth He 9T0 mHOE, KaK IapaMeTpHYECcKOoe ypaBHeHHE KpH-
BO1I. D .

OTKpLITOE MHOMKECTBO B TOIOJOTHYECKOM IIpocTpamcree [
Ha3bIBaETCH 004QCTHI0, ecAH JIOOHE [iBe TOUKH 3DTOT0 MHO-
JReCTBA MOJKHO COEIMHATL HelPepHIBHOH KpmBoH, de:Ramei
B 9TOM MHOKeCTBe.

Hak w B upegsigymem naparpage, MOMKHO OLpeReanTh
MOHATHE TOMOTOIIHOCTH ABYX KPHBHIX B TAHHOM TCLOJOrHYIe-
CKOM MOpOCTPAHCTBe, a TaK:Ke IIOHATHe (PyHIAMEHTAIbHOU
IPYUIBI TOUOJIOTHIECKOT0 TPOCTPAHCTBA.

Obxacrs G TomomormuecKoro mpocrpadcTBa [ maswisaer-
e 00HOCeA3HOU, ecH A106as 3aMKHYyTas KpHBafA, JeKallad

B 3To# 00itacTH, rOMOTOIIHA HYIIO.

IIpm m3yveHHHm MHO{eCTB B TONOJOITYECKEX ILPOCTPaH-
crBaXx OoabIoe 3HAYeHAE HMeeT IOHATHE KOMIIAKTHOLO
MHOKECTBA.

Mmuoxecrso E TolosormdecKoro IpocrpamcTsa H nasw-
BAETCA KOMRAKTHLIM, eclAd N3 II00ro ceMeldcTBa OKpecTIIO-
creit m3 cucremsr {U,}, mOKPBHIBAIOMIEX B COBOKYIHOCTH 3TO
MHOKECTBO, MOMKHO BLIIeJMTh KOHEYHOE UHCJIO0 OKpecTHO-
creli, IOKPHIBAIOITAX DTO MHOMKECTBO. B 9acTHOCTH, BCe IPO-
crpaHctBo H HaswiBaeTcs kKOMRAKTHBIM, €CIH H3 CHCTEMEI
oxpectrocreii {U,} Mommo BHIGPATH KOHEYHOE LOKDHITHE
BCEro HPOCTPAHCTBA.

Jlerko mposepurb, uro cdepa Pmmana smBiaserca KoM-
NaKTHHIM TOIONOrHYeCKAM NTPOCTPAHCTBOM, a KOMILUIEKCHAH
LTOCKOCTh He ABIAAETCA. JIErKO yCTAaHaBJIHBAETCH TaKiKe,
910 MHOMectBo F Ha cdepe Pumama xoMmakrHO Torga m
TOJXBKO TOrAA, KOLJAA OHO B3aMKHYTO, & HA KOMILIEKCHOH
IJIOCKOCTH — TOrfla W TOABKO TOLAA, KOLJAa OHO 3aMKHYTO M

orpaEmYeHo.
Tonomormuéckoe npocrparcrso H GymeM HasLBaTL no-
8epTHOCTHIO, €CAH OHO MABJAETCA O00JaCTBI0O W eCHH [JIA
KasRgoii oxpecrmoctm U, cymecTByeT roMeoMopdH3M I,
3TOH OKPECTHOCTH HA HEKOTOPBIH KPYr B LIOCKOCTH.
Ilycrs H — nosepxmocts, a U, m Uz — Be oxpecrmocTw,
OMelouHe Helycroe liepeceuenne V,s. Bsegem oGozmauenms

DaB = Tlg (Vaﬂ), Dﬂa-z JIB (Vaﬂ), XGB = JTg © J'IZEI.

fcHO, 9TO Y4 — roMeoMopdusM maockoii obmacrm Dy, Ha
IAOCKY0 06aacTh Dys.

ITosepxmocts H HaspiBaeTcA OpUEHTUDYEMOU, eciad IpH
-a00oyM BeIGope okpecrmocreis U, m Uy orobpamernme Xqps CO-
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Xpadser HampapieHme o6xoga A0GOH mpoctodl 3aMRHEyTOH
KPUBOIl OTHOCHTEIBHO O0BIacTH, OrpaHHYNBaeMod  3TOil
KpuBoOil.

IIpusegennroe ompegeicnne OGAN3KO MOAXOAHT K HHTYH-
THBHOMY TPCACTABJICHUIO O MOHATHI TOBEPXHOCTI. Jlerko
BHAETH, 9T0 cepa, Top, amer MEOuyca gBIAIOTCA IOBEPX-
HOCTAME B CMBICJIe HaHIOro omnpefenenus, IIlpm arom cdepa
O TOp — OPMEeHTHPYCMEBle MOBePXHOCTH, a JjamcT MéGmyca —
HEeOpPHEHTHPYeMas MOBEPXHOCTh.

Mer GypeM u3yuarTs amamnuTHdecKume PyHKIME Ha KoMu-
nexcHOM minockoetm uan Ha cepe Pumama. Ogmaro mmEorga
moJMe3HO paccMaTpmBaTh aHalWTHieckme (PyHKOHEm HA JPY-
THX TOBEPXHOCTAX. MBI TONBKO BCKOIB3h KOCHEMCH 9TOTO
Bomrpoca B Komme ra. 111.



Taasa 11
I'OJIOMOP®HBIE OYHRKIINN 1 UX CBONCTBA

B reopunm amammrmaeckmx (PyHROEA H3ydgaiorea HaNEKO
He Bee (PYHKIAM KOMIUIEKCHOIO MEePeMeHHOTO, a JHIb JA0-
BOJIBLHO Y3KWil mX Kiacc. TeM He MeHee B 9TOT Kjiacc BXO-
IAT MMOYTH Bce BeTpedamomuecs B amanmse ymxmumm. Mzy-
YCHUI0 MPOCTEHIHX cBOHCTB (PYHKITMH HTOr0 Kiacca — Io-
noMopdHEIX (YHKIUE — mocamena dra riraBa. Onua u3
OCHOBHEIX 3aa¥ TJaBBl — JOKAa3aTelbCTBO YROOIBIX IIPH-
3unaxoB rosomopdroctn. 13 nporecce moxazarenbcrs OymyT
IOKa3aHBl TeopeMbl, WMelomue (GyHIaMeHTANbHOe 3HAYCHIE
I Beel Teopmm, '

§ 1. Muddepennupyemsie u roroMopdusie §yHENAR

DyHRQus KOMIUIEKCHOro fepeMernmoro f(z), ompeaeien-
Hasg B HeKOTOPOH oKpecTHOCTH To4KH §, masmiBaeTca duggde-
peryupyemoll ¢ Touke T, eCIm CYmECTBYeT mpemel

. z) — f(C
£(6) = lim f@E—F(© ’
Z—)E Z—C
HaspIBaeMBlil nrpouseodnoii Qymrnmm f(z) B Touxe C.
flcro, uro ycumosue ;(mb(bepeﬂnnpyeMocm f(z) B roure
¥ Mo)xkHO 3ammEcaTh B BIIIE

@) —fE)— (=B (F)=o(lz—tl) (z—1).
(1.1)

QOyaxnus f(z) maseiBaeTcs Ougﬁgﬁepenuupye.uou 8 obaa-
cru D, ecan oHa mudpepenmupyeMa B Kakmoll TodKe HTOH
obnacrn.

Ciegylomue apocreiimne cBoficrBa audepeHEnnpyeMbIX
$yaRuMi Jerko JOKA3BIBAIOTCH, MCXOOA M3 ONpedeeHNnsI.

Ecau dynryuu f(z) u g(z) dupdepenyupyemvr ¢ Toure
€, 70 ux cymma u npousee@enue TOdNCE Ougﬁgﬁepenuupye.ntbz e
Touke §, npuuem

(f+g)=f+g, (&) =rgtfe.
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Ecau gynryuun f(z) u g(z) ouddepenyupyemer ¢ Tou-

ke & u g(§)#0, ro pynryusa F(z) = ;((zz) rodce dugpdepen-

yupyema 6 Touke G, npuuem
Fr—18—18"

gz

Ecau pynryua f(z) ougppepenyupyema ¢ Ttouke G,
a gynkyus ¢(z) duddepenyupyema ¢ roure L= f(g), 70
dynryus F(z2)=o(f(2)) rome ougdepenyupyema 6 tou-
ke §. lpu arom

F'(8)=o" (f(£)) ' (5).

IuddepernupyeMocTs QYHKIAN KOMITEKCHOTO IIePEeMeH-
HOro 049eHbL cuabHOe TpeboBamme. UToOBI sciee npemcraBuTh
cebe ero cMsIch, 3anumeM ¢yEKOUO f(z) B Bume f(x+iy)=
=u(z, y)+iv(z, y) u BeIACHUM, KaKdAe YCJOBUS Hajaraer
Ha ¢ysxnun w(z, y) u v(z, y) rtpeGosaEme nuddepernn-
pyemocru Qyrwnuu f(z). (IlepBoe Bmeuaraemme, uro gud-
¢epenqupyeMocts f(z) pasnocunsHa amddepeHEpyeMoCTH
u(z, y) u v(z, y), COBePUIEHHO HE COOTBETCTBYET NeiCTBH-
TeXHHOCTIH. )

Teopema 1.1. Hua oduddepenyupyemocru @ynryuu
f(z) 6 rouke T =F+in neobxodumo u Jdocrarouno, urobul
gynryuu u(z, y)=Re [(z+iy) u v(z, y)=Imf(z+iy)
bviau dupdepenyupyemsvr ¢ Touke (E, m) u wrober uxr uacr-
Hble npousgoduvie 6 370U TOYKe 6blAl C8A3AHBL COOTHOULE-
HUAMU

we (G M) =vy M) uy(E ) = — s & 1)

(I coorROMIeHWA HOCAT HasBaHme ypasnenull Kowwu —
Pumana.)

HoxasarenbcrBo. JlokameM HeOGXOZHMOCT b,
Huddepermupyemocts gyununn f(z) b Touke { paBHOCHAD-
Ha paBeHCTBY

fE)—iC)=E—=0)f @) +o(lz—5l) (z—1T). (1.2)
Orpensis B 5TOM paBeHCTBe AEHCTBUTENLEYI0 H MHIMYIO 9a-
ctu m obosHadan [ (§)=A+iB, monysaem mupm z— E,
y—>n

u(z, y)—u(E n)=A4(x—&)—By—n)+ol(p),

v(z, y)~v(E M=B(z—8)+A@y—m+olp) O
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(p — paccrosgHIe Mesxay toukamu (z, y) u (&, n), . e.
p=1z—¢l). Pasemcrsa (1.3) osuavawr, uyro QyERIHE
u(z, y) 1 v(z, y) nupdeperiupyemst 11 ato

ue @) = A, uy(E n) =—B,
ve@ =B, (&)= 4,

T. €. 9T0 BLIMOAHAIOTCA coorHomrenusa Hommu — Pamama. He-
00X0aUMOCTh TOKAa3aHa.

Jloxasmem mocrartowHOCTL [enn dymsuun u(z, y)
7 v{z, y) puddepennupyeMsl I YAOBIETBOPIIOT ypPaBelil-
aM Romu — Promana, to, obosmauis U En=4, Vi &, n=
= B, Momxno mammcarr pasencrsa (1.3). YMmomag Bropoe
u3 pasencts (1.3) Ha i w npubaBassa ero K mepBOMY, MOIY-
gaeMm pasemctno (1.2), pavwocuabuoe puddepennumpyemocrn
dyarmnau f(z) B roure C. TeopeMma goxasaHa.

Wrax, ecan ¢yrrnmu u(z, y) u v(z, y) auddepenmi-
pyemsr, 1o puddepennupyemocts Pynrunu f(z)=u(z, y)+
+iv(z, y) eme He ofecnedcHa; WYKo cme, YTOGH QYIK-
unu uw(z, y) u v(z, y) ymoBrersopann cucreme puddepeir-
[IIAJBILIX ypaBUenni

ou ov ou ov

9z oy’ oy oz
(ypasmenuss Komu — Pnmana). I{oporko orMeruM Hekoro-
phle nHTepecHsle ¢3oiicTsa BTOH cricTeMbl ypaBHEHMII.

Ecau opgna us Qywwuuit u(z, y) win v(zr, y) mssecrna,
to ypasuenns Homw — PuManma pator o0e wacrisle mpomus-
BOJHBIE BTOPOH 13 3TUX QYHRIHIA. JTO MO3BOIACT BOCCTAHO-
BATE BTOPYI0 QyHKOIHMIO, cKaskeM, u(z, ¥), ¢ HOMOMbIO WI-
rerpana ot moamoro guddepeHNIIaNa

()
u(z, y)= X uy dz + uydy + C

(®g'¥0)

¢ TOYIOCTBIO [0 NMPOH3BOIBHOLO IIOCTOSHIIOrO, CIaraeMoro.

TaxuMm oOpasoM, meficTBUTENBHAA W MINMas dacT® Aud-
depermupyemoit ¢yuxiun f(z) He He3aBUCWMEL JHAasA OJHY
A3 HOX, MOKHO BOCCTAHOBETH APYIYIO ¢ TOYHOCTBIO MO IIO-
CTOSIHHOTO CJIaraeMoro.

Ecan mpegmonomurs, aro pyErumn u(z, y) 1 v(z, y)
aoaEasr guddepernIpyeMsl, TO, HCRINYAsA K3 ypaBHEHHI
Komn — Pamana ogny us QyExumi (gaddepennupys omHO
ypaBHeAme 10 Z, Apyroe — 1o Yy W CKIAABBAfA), HOIyTIaeM
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masa QyEruui u(z, y) 7 v(z, y) ypaBHeHAS

62 2 2 62
E‘—l:"‘ﬂ O, (?U ‘_v—'_—‘O.
z

6y2 o Pra (?yz

2 2

Jluddeperianbaoe ypapHenme % + z—y: =0 nasniBaer-
cA ypasnenuem Jlanaaca, a ero pemenus — 2apMOHUYECKU-
Mmu Pyrnkyuamu. YpasHeHne Jlannaca scrpewaercs Bo MHO-
THX BOIPOCAX MareMaTHIecKoi usnmkm.

Taxum obpaszom, geficTBuTenbHAa W MHOMasa 9acTd gag-
depernEpyeMoil QYHERIUN ABNAIOTCH rapMOENIeCKIMHA PyHK-
ouaMu (ecam oHE ABUKAH Auddeperuupyemsr). Hockoabky
OHHO eme H CBA3AHBI MEKAY co0oil, TO UX HA3BIBAOT CORPA-
HCEHHBLMIL 2APMORULECKUML PYREYUAML. | ]

W3 onpegenenus guddepernupyeMocTs BHIHO, 9T0 MHO-
rowien or z sasiserca auddepennmpyemoii Qyumriuei Bo
BCeiT KoMilexcHOH miockoceri. Pamuonmamenas (QyHROuA
(Kar oTHOMIEHWE ABYX MIOrodJielloB) Toske mH@QeperIpye-
Ma Bo Beelf KOMIIEKCHOH IUTOCKOCTH, 3& NCKIIOUEHUEM TO-
9eK, Ie ee 3HaMeHATenb 00pamaerca B IYb.

Onpegenum Gonee mHpoxuil waIacc QyHKWIH, 3aBegoMo
apnsomuxcd auddepeHNNPYeMBIMA.

Dyrrino f(z) #HazoBeM 2oaonmopdnol e Touke T, ecau
f(z) mpexcraBaseTcs PAIOM

f(z) = % en(z — ;)n7

cXogAmuMcs B KaKoi-a1nbo oxpecTHocTm 3T0H Touxu (T. e.
B KaxoM-ambo xpyre |z —§l <r, r>0).

Oymxnumo f(z) mazoBeM zoaomop@roii B obxacrm D, ecan
OHA ompefeneHa B 9Toil ofxacTH m romoMopdHa B Kammgoi
ee TOUKe.

Oynxnus f(z), ronomopduas B Toure T, muddepernupye-
Ma B 3TOif TouKe. [leifcTBUTEeNbHO, U3 PABEICTBA

f@y=cote(z—%)+... (lz—¢tl <r)
HaxoguM f(§)=co m

LOZ@ oy oot k... (jz—)<n)

Orcroma BHZHO, 9TO Wpegela JeBoH 9acTe mpm z — § cymme-
CTByeT W paBeH Kodddunmenty ci. D
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Heckonbko Huske MBI JTOKaKeM, 910 @ynryua, ougdde-
peHyupyemas 6 obaacru, soromopPra ¢ arol obaacru. Ilo
9TOH IpUYMHE MOHATHE TodoMOpdHOCTH W AuPdeperIupyemo-
cTH 9acTo He OTJeNAIT APYT OT jApyra.

OnpenennyM ele mOHATIC TOXOMOPPHOCTH QYHKIUA B Oe-
CROHEUHOCTH.

Oyukuuwo f(z), ompemeleHHY0 B Kakoi-nanfo OKpecTHO-
CTH TOYKH ©°, HABHKIBAKT 2040MOPPHOU 6 TOUKe Z = ©, eclH

F(z) = E—;‘ (|z]> R).
Jlpyrumu ciaosamu, (i)yHKunﬂ f(z) romomoppHa B TOUKe Z =

= oo, ecou Pyurnusn g (L) = f % rogoMoppHa B Touke L =0

§ 2. Teopema Komn

Ilycrs pymruusa f(z) romoMopdra B KOHeIHOH TOUKe zo IT

oo

f(z)=2cn(z—z0)" (12— 25| <7) (2.1)

— (e pazjiojKeHHe B CTeNeHHOH DA B OKPECTHOCTH 3Tofi
Toukn. llpw mo0oM 3HaveHWH NOCTOAHHOR C QyHKIUA

FR=C+ 2 otr G- (z—al<n (22

TaKe ronoMopdHA B TOUKE Zo H JErKO NPOBEPHTH, UTO JJIA
Hee BHIONHAeTCA pasercTBo F'(z)= f(z). Rampgywo us ra-
Kux Qysxnuii F(z) 6yneM Ha3HBATh 40KALLHOU Nepeootpas-
ot pyukmuun f(z).

Ilo9epKHEM, 9TO JOKANbHAS 1epBOOGPABHAA CYMMBI CTe-
ICHHOTO PAJia OIpefelneHa u ronoMopdHa Bo BCeM KPYre ¢xo-
AMMOCTH 9TOT0 PANA, TAK KaK KPyru cxomuMmoctu pamos (2.1)
n (2.2) cosmagarwr,

1loraskeM, 4TO IJs CTENEHHBIX PAJOB MMEeT MecTO aHa-
aor gopmynsl Hprorona — Jleitbruna. Crawanma noxakem
IeMMy, HaoIylo HAM JACTHBIL ciaydwail aToif (opMymsL.

Jdemma 1. Hycre n =0 — yeaoe uucao, a C — chpam-
ATEMAR KPUBA C HAUAAOM 6 TOUKE Z=@ 1 KOMYOM 6 TOU-

ke z=0. Toeda
‘S"zn dz = prt+1l __ anFl
I
[
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Joxasareanberso. OyaKOus z° 0YEBAHO HeIPephiB-
HAa BO Bcell KOMIIeKcHOW Onmockocrwm. IloaToMy muTerpal ot
Hee no jaw000i COpAMIsieMOl KPHUBOiE cYyIIecTBYeT W pPaBeH
mpejeny MHTErpajbHON CYMMEl IPH JIO00M JOIYyCTHMOM BBHI-
fope Touer pasbmerHms. CleqoBaTeNbHO, MCKOMEIE WHTETPAJ
paBeH Npefery CyMMBbI
N
Sp= 22—1 (2, — Zp—1)
E=1
IPH BHIMOJHEHUR CJHENYIOIIUX YCIOBHH:
1. Touxknm z, caenyoT mo KpuBoii C B MOPAIKE HX HOMEPOB.
2. zp=a, zx=".
3. Bemmumna Oy = max |2z, — Z,_,| cTpeMuTcss K HYIIO,
1<h<N
Korga IV — oo,
Cormacao gopmyne OuromMa HeloToma uMeeM paBeHCTBO

+
2t = (zh—y + 2p — zh—l)n+1

nt+1 n
=z + M+ D21 (Gr—2z5) + ...
W3 sToro paBcHCTBa HeTPY[HO BBIBECTH, UTO
nt+1__ nt1
Zh

Sk TEer £, (2.3)

Zh—y (Zh — Zp_y) = n 1

rne OJag BCIHUYHHBI €, HMeeT MeCTO OIleHKa
|8k| gM'Zh—Zh—1|2<M6N|Zh‘—Zh—1| (24)

¢ nocTogHHOH M, 3apucameli or Kpupoit €, HO He 3aBmcAnICH
0T BHIOOpa TOUYEK Pa3CUeHHUsI Z.
Jlerko mpoBeputh, aTo

N
n+1 n+1 n+1 n+1 n+1
D (Gt — gtl) = AT AT =t gt
h=1
IloaTomy monygaem ms gopmyast (2.3) mepaBeHCTBO

N
<2|8h|v
h=1

U3 KOTOPOT0 ¢ MOMOIMbLIO OIeHKH (2.4) maxonum

b”l+1 . a"‘f‘l

lSN— nA1

bn+1 _ an+1

iSN— rn-1

N
< My D | 20— 2y | < Miby
k=1
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(I — nmuua xpmsoit C). Orcioma, Hepexoms K Opefedy IpH
N — o, monyuaeM yTBepKIeHAS JTeMMEL.

Ilepexopn oT mOKasaHHOro B JeMMe 9acTHOTO cayuast gop-
myavt Hororona — Jdetibnuya ® obmeli GopMyIumpoBKe m0-
BOJILHO TpPOCT.

JdJemma 2. Hycre f(2)— cymma crenennoeo pada (2.1),
F(z)— rakaa-aubo aokasvHafs nepeoobpasnas  PHynryuu
f(2), a C — cnpanasemnas Kpueas ¢ HALALOM 6 TOUKe Z=a
U KOHYOM 6 TOuke Z= b, aedcawyos ¢ Kpyse cxoOuMOCTU PA-
da (2.1). Toeda

{1@dz=F®)—F(a)

c

HorxasareabctBo. Puag (2.1) pasHOMepHo cXopuTes
ma KayKIOM 3aMKHYTOM MHOMECTBE, JeiKameM B Kpyre ero
CXOMUMOCTHH. B 5acTHOCTH, 0H PaBHOMepHO CXOGHTCS HA KpHU-
soit C. ITostomy psp (2.1) MoMRHO mOYIeHHO HETETDHPOBATH
1o kpusoil C. Ilounennoe mMHTerpUpPOBAHUE JETKO BHIIOJIHA-
eTcst ¢ IOMONIbIO JeMMBl 1, §, HCIonb3ys NpencTanieHHe
JNOKaNBHON mepsoobpasHoil papom (2.2), momyuaeM yTnepH-
JNEeHHC JIeMMBL

Cunegctraue. HuTeepasa or cymMbl cTenenHo2o pada no
AI060UL BAMERYTOU CRPAMATEMOU KEPUBOl, sexcawell 6 Kpyee
cxodumocru arozo pada, pagen HYyaro.

HlelicTenTensHo, ¥ 3aMKHYTOH KPHBOM HAYAN0 COBIAKACT
¢ KOHI[OM W moroMy BeauwuuwHa F(b)— F(a) pasma mymo.

Crenyiomee yTBepjeHue HasbiBaeTcu 7eopemo Kowu.

"Teopema 2.1, Hycre D — koneunas obaacrs, ozpani-
YeHHAA KOHEUMBIM UUCAOM KYCOUHO eAA0KUT KpUEHLL,
‘a Ppynryus f(z) eonomopPra 6 obaactu D u na ee epanuye.
Toeda

{1z dz=0.

8D
(Hanomunaenm, uro nanpasaenue Kpugvir, éxodawyuxr e 0D,
euI6upaeTCs  TAKUM 06pasom, uT0ObL 0644CTb OCTABAAACD
caesa.)

Hoxasartenberno. Ilocronbry Qyuxuws f(z) romo-
mopdHa B obaactm ) m Wa ee TpaHHIe, MOMHO IIOKPHIThH
BaMbikamme o6macTw ) KOHEUHBIM YHCHOM KPYTOB, B KAMKAOM
n3 KoTOpuiXx (QyHWuns f(z) HOPeACTABIAETCH  CXOMSOTIMOCS
cTeleRHEBIM psioM. [ladee, MoHO pa3duts obnacts D B cyM-
My HellepexpHBalomuxcsa oOmacted Dy, ..., Dy, Kampgag n3
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KOTOPHIX I[CAHKOM Je:RNT B OAHOM N3 Tarnx Kpyros. IHpu
BTOM MOJKHO CUHTATh, UTO Kakpag m3 obaacrefi D, opHo-
CBA3HA M OrpaHMUEHA IPOCTOil 3aMKHYTOH KYCOTHO IIaZKOM
Kpmpoit. Mirrerpan mo rpanuie o6JIacTH ABISETCA aTHMTHB-
Holi pymKuneit obxacrm (cM. § 5 ra. 1), rar wro

N

(feyaz= 2 | 1) da

oD h=1 gDy

Kasxperit w3 mETErpanon B NpPaBoil gacTm ITOTO DPABEHCTBA
paBeR HYII0 COTJAcHo caegceTsmio w3 jgemMsl 2. Orcioma I
BHTEKACT YTBEPSKILHNE TEOPEMHBI.

Otmerum gsa obobmenust TeopeMbl Komm.

Teopema 2.4% Iycre D — koneunas obaracrs, oepa-
HUYEHHARA KOHeUNbIM HYUCAOM KYcoulio eaa0KUT KpUBHLT,
a Pynwyus f(z) eosomopPua e obaactu D u HenpepwvloHQ
anaore do ee epanuydt. Toeda

{1z dz=o0.

8D

HorasareabctBo. Tax wax ¢ymxuusa f(z) Hempe-
PHIBHA BIJOTH N0 rpaumiel o0mactm ), TO MOKHO Jid JIO-
6oro € >0 nomobpark obnacts D., mesKanm(yio ¢Tporo BHYTPH
obmactm D (u TamiKke OrpaHMYEHHYH0 KOMEUHBIM 9HCIOM KY-
COUHO TJIAIKUX KpUBHEIX) TaKwM 006pasoM, 4TOOH BHIIONHA-
JI0ch HEPaBeHCTBO

'ff(z)dz— j f(R)dz|<e

8D 8Dy

(cM. Teopemy 5.2 ma ra. I). @ymrmua f(z) romomopdua B
obmactn D. m wa ee rpammme, Tak uto mo Teopeme 2.1 mme-

eM s‘ f(z)dz = 0. CnegonarennHo,
DB

s‘f(z)dz <e.

aD

ITockonpky Beamumea &>>(0 mpom3BoibHA, a paccMaTpuBac-
Mblli HHTErpag He 3aBHCHT OT €, IOJydaeM, 9TO OH paBeH
mymo. Teopema poxasana.

Eme oxno oGoGmenue Teopemnr Komm, maseBacMoe 7e0-
pemoil I'ypeca, ABNsieTcs BasKHBIM 2TAoM B JOKA3ATENBCTEE
roioMopproctr ¢yHKnEA, auddepennupyeMoii B 06IacTw.
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Teopema 2.2. llycre D — koneunas 06aacrsv, o2parii-
YeHHAA KOHEUHBIM HUCAOM KYCOUHO 2AAOKUL  KPUGHIT,
a Pynwyus f(z) nenpepviéna enaore 0o epanuybl obaacru
D u dupgpepenyupyema ¢ raxdoii ee rouwe. Toeda

(@az=0.

8D

JlokazaTeabeTBO. 3aMernM, 9To JOCTATOYHO JOKA-
3aTh YTBEp/KIEHUE TeopeMbl IS caydast, Korja obaacts D
opejcTaBaser coGoii Tpeyroabuuk. [leiicTBuTenbHO, B cHIY
anIUTUBHOCTH UHTerpajsa Kak yHRUuH 06JaCTH MOMKHO me-
pefiTu OT TPEyTONbHUKA K TPOI3BONBHOMY MHOTOYTOJIBHUKY,
a J0KasaB yTBepsKmeHIE i NPOU3BOJIBHONO MHOTOYrojb-
HHKA, MOKHO TepeliTu m K aio0oit obaacTe, OrpaHHYeHHON
KOHOUHBIM YHCIOM KYCOYHO TJIAJKHAX KPUBBIX, ¢ TMOMOIMBIO
TeopeMbr 9.2 ra. | (kak m B moKasaTedbeTBe IpembImymrei

TEeOpeMBEI) .
Wrax, nycts D — tpeyroabauk. OGo3maTnm
p= {10 e (2.5)
oD .

IIpoBepeM B TpeyroabHHKe I) Bce deTslpe cpefHMe IHHIM.
Onu pas3o0bIOT €r0 HA UeTHIPe KOHTPYIHTHHIX TPEYroJbHHKA
DV, D@ DA DWW mogobumx Tpeyroabuury . Tax kak
AHTErpajJ T0 TPaHuIe TpeyroabHuka [) paBem cyMMe HH-
TErpasoBd 10 TPAHMIAM BceX deThIpex TpeyroabHuKoB D),
X0Tst OB MJSI OFHOTO M3 HOCJHETHIX HHTCCPAJOB JONKHO BhI-
HOJTHATHCA HEPABEHCTBO

(5 dz| =>4
aD(R)

Tpeyroapruk D™, mus KOTOPOTO 9TO HEPABEHCTBO BHIIOJHA-
etcst, o0osmaduM gepes D,

Tpeyronsuuk D) onATh pazofbeM CPejIHUMH NIHIAME HA
9eTHpe KOHTPYIHTHHIX TPEYTOJbHMKA M BHOCDeM M3 HHX
tTpeyroabank Dg, HJAs KOTOPOro BHIMONHSETCS HEPaBEHCTBO

u
j‘ f(Z)dZ 2—4—2—9

oD,

IIpomonsas »ToT mponcce, HOCTPOIM  HOCJICHOBATENbLHOCTD
{D.} BuoMeHHEHIX APYr B Apyra NOA0OHEIX TPeYroJbHHAKOB,
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ST KOTOPHIX BRIMOMHAIOTCH HepaBeHcTBa

) dz| =—, n=1,2,... (2.6)

8Dy,

471

fAcHo, uTO THHCHHLIC pa3sMepHl TPEYroJbHUKOB [, yMeHbIla-
[0TesL BABOE IIPH yBesawdenun HOMepa n Ha egummny. Ilo-
9TOMY LIepEMeTp p, TpeyroasHuka D), pasen p - 27", rge p —
mepuMerp TpeyroabunKa D.

V mnociemoBaTeabHOCTH BIOMKEHHBIX JPYr B Jpyra Tpe-
yronbuuKoB [, cymecTByeT efHHCTBenHas 00mast TOIKA, KO-
Topyio o6o3HaYuM depe3 £. JTa TOUKA JEKHT B TPEYTONbHU-
ke D (mmw wa ero rpamumne), u QYHROUsS f(2) IO YCAOBHIO
gomkHa ObnITh muddepeHnupyeMa B aToif Touke. I[loaTomy

fA—1E)=(E-8f E)to(z—8)  (z—F).

Korpa Tovka z meskuT Ha rpadule Tpeyrombamxa D,, Beau-
guHa |z — E| me mpeBocxommT IlepEMCTpa TpPEYroabHEKA D,
(roTopwiit paBen p - 27"). CiegoBaredabHo,

fR—fE)—(z=E)f (E)=0(27"), z=0D, n—>
N3 nemmur 1 Mu1 3HaeM, 9T0 WHTErpaix oT AHHEHHOH QyHK-

UM 0 3aMKHYTOM KpuBOIi paBeH HymI0. 9To coobpasKeHue
MO3BONsLET HANMCaTh PAaBEHCTBO

(e +e—8r@ida=0o

8by,

Hu3 KOTOPOI‘O BbITEKaeT, qTQ
{i@a= 11— fO—c—8r @)
6Dn 6Dn

Ncenonssyst monydeHHYI0O BHIIE ONIEHKY [JIsi BHIPAKEHW,
CTOAMIEr0 TOJ WHTerpasoM B TPAaBO 4acTW DPABEHCTBA, IIO-
Jydgaem, 9T0

S f(z)dz| <

| 8D,

< pa-o(27 ")——0(4—") (n— o).

CpaBuHmBass IOJNYYeHHYIO OICHKY ¢ HepaBeHcTBoM (2.6), nnm-
JUM, 9T0 OHH COBMECTHMH JHIIbL B ciydvae, Korma W =0,
TeM caMbIM Teopema moKasaHa.

3damezanue. B reopeme I'ypca tpeGyerca Tonbko gmd-
depernupyeMocts PyExmEu f(z) B Kampodl Toure ofiacTi,
a He HeIPePHIBHOCTL ee MPOM3BONHOM Bo Beelh obmactm. Ec-
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A TNPeAoN0KnTh, uT0 (PyHKums f(z) HenmpepwBsHO pud-
¢pepennupyema B obmactu D), TO yTBepi;i[eHHE O DABEHCTBE
HyJIO muTerpaiga or f(z) mo rpammie ofmactm D merko mo-

ayuaercss npsMo m3 Qopmyxabr I'puma — Oc:rporpa;lcxoro.[]

Teopema HKomm wacTo uemomabayeTcs I B emie OfHOM
pume, obofmarmeM JeMMy 2 B HECKOJbKO HHOM HANpaBie-
mnou. JleMMa 2 yTpeps{aer, 4TO MHTEral OT CyMMBI cTemem-
IOTO PANA [0 KPUBOM, mesKkamrcii B KpPyre CXOGUMOCTH 3TO-
ro psaga, He 3aBucHT 0T (OpMBI KpHBoil, a 3aBHUCUT JHIIb
0T TavTaldpHOll M KOHedHOI Touek 3Toil Kpmpoii. MMenuOo 3TO
yTBepmeHue o6obmaeTes caenylomeil TeopeMol:

Teopema 2.3. Hycre dynryusa f(z) eoaomoppra &
koneunoli obaactu G. Ecau wpuewvle Co u C; comoTonnyl 6
obaacru G, 0

5. f(2)dz = Sf(z) dz.
c, ¢;

Hoxaszarteabcrso. Hamomumm, gto xpusbic Co u C)
HA3LIBAIOTCS. TOMOTONHBIME B 00mactu G, ecoim WX MOIKHO
HelpephIBHO AeOPMUPOBATE APYr B ApPyra, HE BBHIXOOHM H3
obmacts G w He jporas ux KoHmoB (cM. § 7 ru. I). Wuevn
cinopamu, ecnnm Kpusbie Co w1 €| TOMOTOIHBI, TO CYyHIECTBYET
ceMeicTB0 KpuBHIX C;, HEIPepPHIBHO 34BHCHIEE 0T IIapaMer-
pa s Ha orpeske 0 < s<<1 m obaapmawmee TeM cBOICTBOM,
9T0 Bece KpuBHe C, HMMEIT OJUHAKOBOE HAYAJ0 W
omuHAKOBEII womenm w aeskar B oGaactm G. (llpw s=0
kpmBast C, obpamaercsa B xpusyio Cop, a npm s =1— B Kpu-
By C.)

OGo3uaunm

I(s)= | f(2) dz.

Cs

Kak yske otTMewanoch B 3aMeuanmum K JeMMe 2, Kas-
AYIO KpHBYIO, MesKamylo B obnactm G, B 9acTHOCTH KPHBYIO
Cs, MOMHO TIOKPBITh KOHEUHHIM UYHCJOM OKPEecTHOCTell,
B Kay0#d w3 KOTOPHX (QyHKIHs f(z) HpemcTaBiasercss paB-
TIOMEPHO CXONAMUMCsT CTeleHHBIM pamoM. Ilo memme 2 yua-
crok kpuuoit C;, momajaomuil B OGHY W3 TAKHX OKPeCTHO-
cTell, MOJKHO TPOM3BOJLHO NeQopPMUPOBATH B Tpegedax 9Toi
OKDPECTHOCTT, Il WHTErPaJN He HU3IMEHITCH, eCJAH He BUraTh
KoHIBI 9TOoro yvacTra. llocmeposarenbno pedopMupyss Kpm-
Bylo C, B KasKIoH M3 OKpecTHocTell MOKPHITHSM, MOMKHO 3a-
MeHnThs KpuBywo C, mi000f APyroi KpuBOH, KOCTATOUHO OJH3-
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Kol K meil. VuTerpan He uM3MeHHTCSH, eclll He IBHraTh KOH-
un Kpusoit €, (0Tallsl MocnegoBaTenbubx fgedopmammi mo-
KazaHH HAa puc. 2). B wacTHOCTH, MOKHO 3aMeHHTH KPHBYIO
C, wpunoii Cyr, Tiec Tnemo s’ gocTaTo9no GIN3K0 K MHCTY S.
Cneposarcabro, [(s')=1(s) upn mwGoMm s’, mOCTATOTHO

I3

Pnc. 2

famaroM K §. ITockombKy s — mofast Togka otpesxa [0, 1],
aro o3HauaeT, uTo QyEKuUMA I (S) TOJKMECTBEHHO IOCTOAHEHA.
Orcrona Buiteraer w paseHerso I (1)=1(0), pasHOCHIBHOE
YTBEPIKIEHUI0 TeOPeMbl,

B kavecTBe 0YeBHIHOTO cilefcTBHA TeopeMbl 2.3 moayda-
eM yTBepKjieHue:

Teopema 2.3*% IHycre dynryus f(z) eonomoppra e
kKoneunoll ofmocesasnold obaacru, a C — npousgoavras
cnpamasemas kpueas, Jaexcauien 6 arold obaacru. Tozda

UHTEZpAA S‘f(z) dz 3aéucurT AuwWb OT HAXAABHOU U KOHey-
c

HOU Todek Kpueold C, Mo He 3asucur ot ee gopmer. Ecau
kpusas C samBERYTA, TO UHTEZPAL PAGEH HYLIK).

Uro6u BrBecTm Teopemy 2.3* ma Teopemmr 2.3, mocratou-
HO BCIOMHHATh, 9TO B OfHOCBA3HOH 06jJacTm pIBe KpPHBEHIe
TFOMOTONIHKI TOIJIA W TOJBKO TOTJA, KOTA COBIANAIOT WX Ha-
TaJbHEIE W KOHeuHHIe ToukW. V3 teopemm 2.3* Bmpmmo, wTO
y Kaskpoit ymrkumm, romoMopdHON B KoHewHOH omHOCBA3HOM
obmactm, cymecTByeT mepsoobpasHas, Takie rosjoMopduas
B BTOH OOmactd. | |
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Teopemy Honm npu HEKOTOPHX [OIMOJHUTEIBHBIX TIPEJi-
HONO/KeHITAX MOJKHO TepeHecTH W Ha ciaydail, Korma rpaHu-
pa obmactu cofiepRUT GEeCcKOHEYHO YHaseHHYI0 TOoYKy. MBI
OymeM o6o0marh TakuM 06pasoM TOAbKo TeopeMy 2.2.

HerpynHo mocTpPoMTh WPUMEPHI, NMOKA3HIBAIOIIHE, 9TO 603
TOMOJTHATEJBHEIX NpeplonokeHuit na QyHKnHuo f(z) Teope-
Ma 2.2 mepecraer OBITH cHpaBeqInBOM, Korga o6aacts D co-
IepsKUT OeCKOHeYHO YHAJIEHHYI0O TOYKY BHYTPH HJIM HA Tpa-
uure. OnBaKo Merko yKasaTh JOMOJNHATENbHEIE YCIOBIHSI, IIPH
BBHINOJIHEHAN KOTODBIX TeopeMa ocTaeTcs B cuae. Ilepnoe
09eBHIHOE YCIOBHE COCTONT B CYHIECTBOBAHUM HHTerpajia

1@z @7

éD

KOTOPHIA Oyjer HecOOCTBEHHBIM MHTErpPaliOM, CIH TOYKA Z =
= oo JIg/KAT Ha rpamuie ob6mactm D. OgHako Ierko Hoxa-
3aTh, 4TO BBHIMONHEHHS 3TOTO YCIO-
Busg  HepocTatouro. Caegyromas
TCOpCMA J[AeT MPOCTHE J[0CTATOYHBIE

Lp (ro ®e wHeoOXxomuMbIe) YCIOBHS

T IJsT CTpaBeNamBOCTH TeopeMsl KHo-
mu B GeCKOHETHHX 00JacTsAX.

Ce Teopema 2.4 Hyers Pynr-

yua f(z) eoaomopPra 6 Komeuno-
ceasnoll obaactu D u nenpepviena
snaore do ee epanuysl. Ecau He-
Puc. 3 cobereennulll (8006uje 2060pA) UH-
reepan (2.7) cxodurca, a Pynryud
7(2) y@oe./teTeopﬂeT QONOAHUTEABHOMY YCA0BUID

f(z)=0 (—) (z— o0, z&= G) (2.8)

6 0KpecThOCTU 6eCKOHeuHo YOaAeHHOU TOUKW, TO UHTE2paa
(2.7) pasen nyawo.

HowasareascTBo. OO6o3maunM depes Dy gacTs 006-
mactu D, mesxamyio B kpyre |zl <R, a uepes Cr— 9acrb
rpasnnL obnactu D, nemamyo B ToM sxe Kpyre. Corsmacuo
oupenenernio (cM. § 6 ra. I) us cymecrsopamms Hecol-
cTBeHHOro mmTerpana (2.7) cuaemyer, 4TO

(1@ dz=lim [1(az.
)] R-o o
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Kpome Toro, mo teopeme 2.2%
{ t1mdz=o0. 2.9)

aDp

IlosTomy, obo3Hadns gepea Lp gacth rpammmbsl obmactn Dy,
OTANYHYI 0T Kpusbix Cr (pme. 3), MBI MojKeM 3amicaTh
pasernctBo (2.9) B BHJE

(r@a+ § r@d=0.
Cp In

Muoskectno Ly cocTaBieHo U3 LYT OKpy:kHOCTH |zl = R, Tak
4T0 ero guuHa He mpesocxofur 2nR. OnenmBas Mogydh WH-
rerpana ot QyHKUmm f(z) mo gyraM Lz npom3BejeHHEM MAaK-
CAMYMAa MOIYIsS NOJXBIHTErPAdbHOM (PYHKININ HA TINHY OYTH
WHTErPIPOBAHIMs, MBI IMOJIy9aeM HEpPaBeHCTBO

Sj(z)dz <2nR-o(‘%—)—>O (R— oo).
Lp

CremoBaTenbHo,

’ [ 12 da| = |tim § 1(z) a2
8D R-eo &

Sf(z)dz =0,

= lim
Ro o Ly

u TeopeMa JoKa3aHa.

§ 3. Uurerpansunan dopmyra Komn

C moMombio Teopembl Komm erko moKasszaeTcs Tak
HasbIBaeMasg uurezpaavhes gopmyaa Koww. Ora mosBoisier
BBIDA3NTh 3HAYCHNE TONOMOPPHON PYyHKINM B MI000H ToIKe
obmacTu uepe3 s3HaUCHHS (DYHKIMM HA TPAHMIE DTOIT 06Ja-
cru. IlockombKy aTa opMmyna moHamoGWTCs W JJIst OKasa-
TeIbCTBA DKBUBAJNEHTHOCTH JAHQPEpeHIupyeMOCTH M TOJIO-
MopHOoCTH, TOKaskeM ee st nuddepeHIHPYeMBIX yHKImit,

Teopema 34. llyere dynkyus f(z) ougbepenyupye-
Ma 6 obaactu D. Ecau womeunaa obaacres G aexwcur emecre
co ceoell epanuyeti C ¢ obuactu D, a L= G, 10

L% _oni ).
C

Z —
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f(2)
22—
orHotieHweM JBYX nud)depeHnppyeMpnx ¢QyHKUHHE, OpHieM
smaMeHareah o0pamaercs B myab Toabko npu z=C. [looro-~
My pyurmua ¢ (z) puddepeHnupyemMa Bo BeeX ToIKax o0la-
cri D, 3a nckaovenneM Toukm z = (. Bossmem p>0 ma-
CTONBKO MaibiM, 9ToObt Kpyr |z — Gl <p meman B oGmactu
G, u obosnagnM uepes D’ ofnacrs D), us Koropoil ypalieHa
TOuKa [, a wepes G, — obaacrts (G, u3 KOTOPOHl yHajJeH KpPyr
lz—¢l < p.

Oynxnus ¢(z) auddepennupyema B obmacru D', m 06-
nacts G, qeur B obmacru D’ sMecre ¢ rpaHureii (KOTopylo
oGosmagum C,). Cuenosarennno, mo samevanuio 1 k reopeme
HRommu unrerpan or ¢(z) no C, pagen myao. Ho C, cocrour
uz C u u3 okpysuoctn |z — §l =p, npuueM UHTErPUPOBA-
HUE [0 OKPYKHOCTH HPOU3BOJAUTCA B TAKOM HANPABIEHHH,
91006l o0aacth. G, ocrasamach ciesa (a kpyr lz—Gl <p—
copana). lloaromy, o6osmaums wepes [', rpamuiy xpyra
lz —§l < p, momeM manmcarsb

S ¢ (2)dz = S ¢ (z) dz.
oD

Tp

HorasareascrBo. Dymrnua ¢(2) = ABJIATCA

?

Cantan p>0 [ocraTouyHO MAaJabBIM, BHTUCINM HHTErpad,
CTOAIIUA B TpaBoll wacTH HochefHerc papeHcTBa. Hmeem

(0@ a=0@1, +1,

To

Tjie

I, = j‘ LN f 9= 90 4

z —
Tp T,

Qyuruus, crogmas oof 3HAKOM HATerpana B [g, orpanmde-
Ha, Tak Kak npu z —> § oma crpemurca ¥ f'(§). Iockoasky
nuHa oKpys;kHOCTE I'y paBHa 2mp, a MOAyab HHTerpaja He
NPeBOCXOAHT UPOU3BeJeHUA JJIWHLI MYTH HHTErPEPOBAHUSI
Ha MAaKCHMyM MOJYJIs NOJBIHTEerpaNbHod (QyHKIUH, TO

I=0(p) (p—>0).

Murerpan I, merxo Beigmcasercs. J[eHcTBUTeILHO, Hapamer-
e —_ i0
puiUeckoe ypaBHeHHe okpy:KHocTH I, mMeeT BE) 2 = § 1 pe’®,
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0< 0 < 2n. [lostoMy

2N 0 27
= 20 a0=;| a0=2u.
pe* 0

0

CuenosaTeanpHo,

[ o@dz=20j@+00)  (0~0),

Tp

a 3HAYHNT, H

{ 9@dz=21if (@) +0() (9= 0)
oD

Wurerpan B 71eBoil 4acTu paBeHCTBA He 3aBHCHT OT p, KO-
TOPOC MOJKEO CIMTATH NPOH3BOJIBHO MAJNHM MOJORATCIBHBIM
acaoMm. [loatomy, mepexoga x npepmeay npum p — 0, opuxo-
JEM K YTBEDIRIEHHI0 TEeOPEeMBbI.

Kpome mmrerpannmoii dopmynsr Homm s mocaepyiommx
yIBep:ieHuAX OyfeT urpath BAayKHYIO POIb eme H CIeAyIo-
uice yrBep;KaeHHe:

Teopema 3.2, Ilycre C — cnpamaseman Kpusas,
a @(t)— Pynryus, nenpepwrénas na kpusoii C. DPyuryus

t) dt
fa= |20
t—z
c
onpedenena 60 6cell KOMRACKCHOI NAOCKOCTU, 3G UCKAIOUe-

nuem Touek kpueol C. B okpecritocru kandot touru zo&C
Pynkyus f(z) passaeaercs 6 crenennol psd

f(z) = ngo en (2 — 7o), (3.1)
20e
_ Q (t) dt .
Cp = (t—-—z)"+1 H =0,1.7 .. (32)
[0}

lipu srom pad (3.1) crodurca 6 raxdom kpyze |z — z0l <r,
ne codepacaugen Tover kpueoil C.

Hoxasarenscrno. Vreepsjcnne, orTHocAameecs K
obnactn oupesenenns (QyHkuum f(z), odeBHpHO. 3aiiMeMcs
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pasnoskenuem (Qyuknmu f(z) B pajp. Bocnonnsyemcs paBen-
CTBOM

et n
1 Z Emz)” (3.3)
t—2z - (t_zo)‘n"fl ’
crapaBeJInBLIM IIPH BBHIIOJNHEHHH YCJIOBIHS
z2—2
<t (3.4)
. 0

Psag (3.3) npepcraraser cofoit reoMerpuueckyio mporpec-
CHI0O, W 1o Hpu3HaKy DBeiteplirpacca 0H paBHOMEPHO CXO-
auTCA 1o z ¥ I, ecm cyimecrByer wucino 0 << g <1 (me 3a-
BUCAINEE OT Z W 1), MJIIA KOTOPOTO

‘ &
<g (3.4%)

z—2,
t—2z
0

Yenonme (3.4%) saBefoMo BBINONHAETCH, KODJA ToUKa I le-
JRHT Ha Kpmboit C, a TouyKa z JIeKHT B Kpyre |z— zol <r,
He COJEepsKaIieM TOYeK DTOH KPUBOH. YMHOKeHHe paBHOMEp-
HO cXxojmeroca psaga (3.3) HA HeNpepHIBHYH QYHKIHIO
¢ () He HAPYUINT ero paBHOMEPHOH cXoguMOoCTH. IT0WIeHHO
HITETPUPYsI PABHOMEPHO CXONANAUCA PsIf

@ (1) zi (c—z)"® O

t—s n=y¢ (t“zo)n-H

no kpusoit C, moxywaem pag (3.1) ¢ wospummeHTaMI
(3.2), pasuoMepuo cxomamuiica B KasKgoM Kpyre |z — zol <
< r, He cofepmaineM Touex Kpupoir C.
OTMersM pAj clemcTBHI U3 0OKA3AHUBIX TEOpEM.
Cnencrsue 1. Qynryus

()= [ B2

c

eonomopgra 6 kaxdol obaactu, He codepicawgel TOUEK
kpusoti C.
Cnegcrsue 2. Qyuryusa, oufdepenyupyemas 6 ko-
Heynoli obaacTu, 20a0Mopdna 6 ITol 064acTU.
TeiicrButensno, no teopeme 3.1 yuruusa f(z), gudde-
pernupyemas B obnacru D (KOTOPYIO MO}HO, He OTPAHMIR-
Bast OOI{HOCTH, CYHTAThL OTPAHHYEHHOHN KYCOYHO TINATKUMH



§ 3. HHTETPAJIbHAA ©OPMVIJIA KOOIA 65

KPHBBIME), IPeNCTABAMA B BRI
1 (@)
1o = | 108

2 ) t—z
oD

O6aacrs D me copep:RUT Touex ee rpagunsl 0D, m moromy
B cmuay caencrsua 1 @ymrumuma f(z) romomopdma B ofma-
cta D.

Caemcreme 3. Ecau ¢Pyuryus f(z) cosomopdra e
Koneunold obaacru D, ocperunennol KOHeUMBIM HUCAOM K-
COuHO 2aadKuL Kpusvlr, U Henpepbleéna 6nAoTb 00 2panuybl
aroll obaacru, To 6 kKawdolli roure zo=D ona pasaacaerca
8 crenennol pad

o0
1) = 2 en(z —2)",
n=Q
cxodawyulica 6 kaxkdom kpyee |z—zol <R, semcawem e
aroll obaacru. MHas wospduyuenroe pada umerr mecro

Popmy.avt
1 f(2) d=
Cyp — —— _— =
n 2ni5(z__z)ﬂ+1’ n=0,1, ...
8D 0/ -
HeficTBHTeNBHO, COTNAcHO TeopeMe 3.1 MoMKHO HaNHCaTh
nas Qyurium f(2) mpeAcTapieHne

1 1) di
1@ =57 ) F2E,  zeb,
8D
& saTeM IOPHMeHHTh TeopeMy 3.2.
Cunencreme 4. Ilpu swnoanenuu yeiosuii caedcreus
3 umeer mecro gopmyaa
1

’ . f () dt
12 =5z 1 —— D. X
(2) = 3 o (t—27 ze (3.5)

JleficTENTebHO, M3 PA3IOMKERNA B DAL
oo
. n
1) = 2 cn(z—2,)
ne=Q
’
JeTKO HAXOMUM, 9T0 f (2Z0)==ci, W, OpPHMeHSIA dopmyay maa
Koddunuenra c¢;, Domyzaem TpebyeMyio opmyay.
uBameanne. Dopmyna mia IPom3BOAHONE roxoMopd-
HO#l dbyHKnum ocraerca B cmie m IXg CcXydYas, Korhaa o6-
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aactk D copepsRur GecKoHeYHO yRANeHHYI0 TOYKY. JTO CBA-
3aHO € HagguYHeM IO HHATerpasoM MHOMEHTeNs (f—z)~

JIOCTATOYHO GHICTPO CTPEMSAMmErocs K Hymio mpa t— o, [ |
Caegyiomas TeopeMa HeCKOJBKO JONOJHSET CIefcTBuHe 4.
Teopema 3.3. Ecau dynryusn f(z) 20aomopdna ¢ 06-

aactu D, 1o ee npouszsodnas f'(z) rakme coaomoppra e

aroil o6aacru. Crenennoli pad das dynryuu f'(z) e okpe-

CTHOCTU TOHKU Zo'S D MosmHO noayuurv nousernwvim OJug-

fepenyuposantiem coOTEETCTEYHOUE20 CTEnEeHH020 pada Oas

Pynryun f(z).

INorxasartenbcrBo. OrpaEHYEMCA ciydaeMm, KoOIja
z9 %= o0, Q6macTs MOMHO, He OTpaHHUYMBAg OOIIHOCTH, CYH-
Tarb KOHEYHOH H OrpaHMYenHoll KOHeYHHIM YHCIOM KYCOUHO
IIajfKaX KPHBEIX, a (YHKIHIO f(z)— HempepmBHO# BILIOTH
7o rpaumrnnl obnactm D (B mpoTEBHOM ciyiae MosKHO OLLIO
O6n BRIOpPaTh MeHBIOYI0 00JacTh, CONEDIKAMYI0O TOYKY 20).

oo

Paccmorpum pag P (s) = Z M (n +1)s" Paguyc cxonn-
n=0

MOCTH 3TOr0 pAga paBeH 1, Tak 9To OH PABHOMEPHO CXO-
AmETcs B KaskaoMm kpyre |s| < ¢ <1. Cymmy sroro psja momk-
HO HaHTH, HAIINCAB

PO=M X =My~ -
n=0 k=n n=0 ( s)
z—zo 1
Ilosromy, momosxus § = q, M =(t——zo)2’ noxyanm ¢op-
Myiy
1 __¥ w, (3.6)
(t—2) = (=)t

cOpaBeAIHBYI0 IPH < 1. Ilpn BHINOIHEHHAH YCIOBHA

(3.4*%) psax B nmpasoit wacTm Popmynnr (3.6) pasmoMepumo
cxoauTes mo z u I lloBTopsas paccy)KaeHHs, mpoBejleHHBIE
OpH QAOKa3aTelbCcTBe TeopeMBbl 3.2, moaydaem u3 (QopMyasb
(3.5) pasaoskemme npousBoiHOH f (z) B cremeHHo#l pAR

oo

F ()= 2 bul(z— z)"

n=Q
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¢ koaddunmenTaMu
b,,="+.1j 1) &z n=01, ...

+2 "’
2ni PA (z_zo)"

CpaBHmBas HTO PasioyKeHHe C pasaoyKeHHeM QyHKmum f(z),
HOTYydeHHEIM B CJIeJCTBHH J, NPUXOAUM K YTBeD:KJeHHAM
TEOPEMEL.

Cnegcrsume. Ecau gynryus f(z) sonomopdra ¢ 06-
aacru D, 7o ona umeer Tam npouseoduvle ar06o20 nopadka,
u aTu npousdeodmnvle zoaomopPuel ¢ obaacru D. Crenennoil
pad das npouseodnol ™ (z) e okpecTnocTu TouKu zoE D
noAy4aercs Mm-KparHvlm NOYAEHHBIM Oupdepenyuposanuem
cooOTEeTCTAYIe2o cTenenno2o psada das Pynkyuu f(z).

o

Crememnoit pag [(2)= X cn(z—2,)" nam  Qysxmmm

f(z), romomopdHOl B TOUKe 2z, HasbiBalT padom Tetdaopa.
N3 c¢opMyaupoBaHHOrO BLONe CIEJCTBUA BHITEKAIOT
dopMyInL

)

Cn nl

b n= 07 1-7 .. (3.7)
Cpasuusas »TH QopMmyas! ¢ ¢opmynamu (3.2), Hoaydaem
(xax u B cuefcTBun 4) Qopmyny

f‘m’.(z)=%j(tf_(t%, zeD, m=0,1,... (3.8)
8D

IUIst m-ii npousBojgHOd QyHKIHH, rojdoMopduoil B obmactm D.

§ 4. Kpmrepnn roxomopdrocTn

W3 okBUBANEHTHOCTH HOHATHH Mud@epeEIHPYEeMOCTH H
roxoMopQHOCTH, OKA3aHHON B mpejnimymeM maparpade, cpa-
3y e BHITEKAeT HECKONBKO HIPOCTHIX IPH3HAKOB TOJOMOPQ-
HocTH ymknmii. M3 TeopeM o ampdepeHmHpyeMOCTH CyM-
MEL, IPOU3BE/eHAA H YacTHOrO UMeeM:

Cymma u npousgedenue koneunozo uucaa Pynryull, 20-
aomopPuviz 6 obaacru D, seasniorca @ynryusme, 20a0m0pPh-
Hulmu ¢ obaacru D.

Ornowenue deyr Gynkyutd, zoaomopPuuir 6 obaacru D,
eoaomoppro 6 obaacru D za uckarouenuem rex ee TOuex,
ede sHamenareas 00pALYAETCS 6 HYAb.
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TeopeMa o muddepeHnupoBalumE CI0OKHEON (QYHKINHE /jaer,
q10;
Ecau dynryus f(z) eoaomopgua ¢ touke T, a gynryus
F(w) eoanomopdra ¢ roure f(E), 7o Pynryua ¢(z)=
=F (f(z)) eonomopgpna e roure .

Crepgyomuil Golee TOHKUA NpPHU3HAK HA3BIBAGTCH Teope-
noti Mopepa.

Teopema 4.4. Ilycre gynryus f(z) nenpepvicna & 06-
aacru D. Ecau Oasn a10601 cnpamasemoil kpugol C, aexca-
weil ¢ obaacru D, unrezpas

Sf(z) dz
c

3Q8UCUT TOABKEO OT Ha4aAbHOU U KoHeuholl Touky kpusoil C,
70 Ppynryusa f(z) eoromopgra ¢ obaacru D.
Hoxasareascrso. 3aduxcupyem B obmactm D ka-
Kyl0-aub0 TOYKy @ m onpegennm (yskoumio F(z) pasel-
z

crBoM F (z) = Sf(t) dt. Tlowamewm, uro nTa QyHKnasa gud-

a
depenupyemMa B obmactz D u HaljieM ee NPOM3BOAHYIO.
IMockonbKy mIyTh HHTETPHPOBAHMA B HHTerpale MIis
yarmum F(z) Mouo BuOHpars IPOHBBOJBHO, MMeeM
z+_h z z+h
Fz+h)—F@@= | joyat—{j@a= | r@ya
a a ¥4
ITocienmii mHTETpPaJN IPH 3HAYeHHAX K, JOCTATOYHO MAIHIX
00 MO0, MOMKHO CYMTATH B3ATLIM MO NPAMOJHHEHHOMY
orpesky. Tax xKax

z+h
j dt =h,
¥4

TO nonyqaeM PaBeHCTBO

z-|:h
Fz+k)—F(@)=1@h+ | [fO)—f(dt.
OueBHIEO, YTO ’
z+h
fro—r@dat=om (-0

H, ClIef0BaTeabHO,
F(z+ h)—F (z)=hf(z)+o(h) (h—0).
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9ro o3gauaer, uro Pyukmua F(z) puddepeanmpyeMa B TOU-
Ke Z, 4 ee IIPOM3BO/AHAA paBHA f(z).

CoriacHo cileqcTsHI0 2 13 TeopeMH! 3.2 BRIBOAWM OTCIOAA,
gqro Qyurmua F(z) romomopdua B obaactm D, m momydaeM
mo Teopeme 3.3, wro nm ¢yurnua f(z) romoMopdHa B ToH ke
obxacrm.

Teopemy Mopepa ymoOHo MCIOIB30BAThH AJAA MOKA3aTelb-
CTB4 MHOIHX JIPYTHX IDH3HAKOB TOJGMOPQHOCTH (yHKIHI.

Teopema 4.2. Ecau gynryua f(z, w) eoaomoppua no
z ¢ obaactu D npu ecex weE E u ecau

[z, w)>(z) (w—>wy weEE)

pasiomepHo no z na w60l samrnyrol wactu obaacru D,
ro u Pynkyusa @ (z) eoromoppra ¢ obaacru D.

HNorxasateasrcrso. Oyaxmua f(z, w) oueBmgHEO He-
npepriBHA o z B o6xacta D, a moroMy ® npefenbHam QyHK-
musa < (z) mempepmBHa B 3ToH obmactm (cM. § 4 ram. I).
Kpome Toro, paBHOMEpPHOCTh CTpeMIeHMA K Ipefedy MO3BO-
XAeT HaM IePeliTH K Ipefleny IOf, 3HAKOM HHTerpaia mo
a0oll copamiseMoii kKpusoit C, nesxameil 8 o0mactm D (cM.
§ 6 ra. I). IToasromy

{@(z)dz = lim {1 (z,w)dz.
[s w-»wo C

BossMeM IpomSBOIBEYI0 OXHOCBA3HYI obnacts D', mexa-
myIlo cTporo BHyTpm oOmactu D. M3 cka3aHHOro BLiIe ciae-
Ryer, 9To ¢yHKnua ¢(z) HempepsiBEa B obmactm D', a mm-
Terpaj oT Hee mo MI000OH cOpAMIsAeMoll KpHBoH, Jesxamjei
B obumacte D’, 3aBHCHT TOABKO OT HAYAJBHON W KOHEUHOH
To9ek oTOM KpuBoit. Ifo Teopeme Mopepa ¢ymKIHA @ (2)
o6sa3ana GLITE rooMopduoit B obmactu D’. Iockoabry D’ —
OPOHM3BOIbHAA OJHOCBA3HAA dacTh oOmacTm D, Teopema mo-
KasaHa.

HanmGosnee pacmpocTpaHeHHLIM YacTHBIM CJlydaeM Teope-
MH 4.2 ABISIETCA CleiyiOllee yTBep:KjeHme:

Cnepmcrame. Cymua pasnoMepro crodiwezocs pada
eoaomopPruir Pynkyul aesnercs zo0aomopProli Pynryuer
60 6cer SMYTPEHHUT TOUKAT T020 MMONCECTEA, KA KOTOPOM
10T pAld pasHoMepHo crodurcs. .

IMMupoko ymorpeGiseTca & chHefylOIHii NPH3HAK TOXO-
MopdHocTH:

Teopema 4.3. ycre L — cnpamassemasn Kpusas 6 nao-
ckoctu w, a D — obaacre 6 naockocru z. Pynryuro f(z, w)
Mol npednoaoxcum onpedeseHHOU U HenpepuléHOl no co80-
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kynnocru nepemennwuriz npu z<=D, we L. Ecau npu awobom
we L gynkyus f(z, w) zoaomoppra no z e obaacry D,

o Pynkyus ¢(2) =\ f (3, w)dw rakme zoaomopgua 6 06-
L

aacru D.

Horxasatenscrno. M3 reopem § 6 rm. I o0 marcr-
panax, 3apHcAmMX OT MapaMeTpa, BLITEKaeT, 470 (QYHKIHA
¢ (z) menpepuiBHa B obmacru D u uTo

ifP(Z)dZ=£{£f(z,w) dz} dw

s no6oi cnpsaMasemoit kpusoit C, mexameit n obaactu D.

o ’

Ecnn xpusag C Jdemur b opHocBA3HON mopobmactm D
obnactu D, 1o waTerpax

ff(z,w)dz
c

3aBHCHT JHINb OT HAYAJBHOM M KoHeyHo# toduer kpmpoil C.
IlIo Teopeme Mopepa orcioia caesyer, ure ¢yuxmus ¢(z)
obaszama Gnrre ronomopduoi B obmactm D'. Tarx xax D' —
NpoOM3BONLHASL OjHOCBA3HAas mofoddacte obmacrm D, 710
Qyaxqua ¢ (z) roxomopdua m B obnacra D.

Sameuvanne. Ob6pegunsaa TeopeMul 4.2 m 4.3, BHAHM,
YTG YTBep)KEeHme TeopeMu 4.3 ocTaercsi B clie H JAjAA He-
cOOCTBEHHBIX MHTErPAJioB, eciH OHH DPaBHOMEPHO CXOIATCH
o 2z Ha Ja1000# 3aMKHyTOH wactr obmnactm D.

Jnsa pmokasarenberBa NPHBeJieHHBIX BLINie IPH3HAKOB TO-
noMopPHOCTH MOKHO ObIo OLI HCIOAL30BAThR He TeopeMy
Mopepa, a mmTerpansmyio ¢opmyny Homm (B coueramunm c
TeopeMoil 3.2). B crejyomeM npH3sHaKe HCHOAL30BAHHe HO-
rerpanpHEOl opMmyas Hommu yske HeobX0/mMo.

Teopema 4.4. Ecau gynryus f(z, w) zoaomopgna no
z npu atobuix snavenuar w € E u f(z, w)—> ¢(z) (w— wo,
weE) paghoMepho no z 6 kandol samknyTOl uacry obaa-
cru D, rou

f; (2, w) > ¢’ (2) (w—wy, we E)

DABHOMEDPHO no Z 6 Kawadol samrunyrol uacru obaacru D.

Hoxaszareabcrpo. OGosmauum depes B raxymo-mulo
3aMKHYTYI0 4acTh obmactu D), a uepes G — oGmacTh, Jema-
mylo B D BMecre ¢ rpamuneil (cocrosimeil M3 KOHEUHOTO
qHciaa KyCoUHO IVIQJIKHX KDPHBBIX), HO COEP/KAmyl0 MHOKe-
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creo B. Torga npu z€ B u t € G nMeeM

(ft(if))‘z . (tqa_(t)z)2 (w—>w, we k)

papaomepHo no zE€ B 1 mo t<0G. Tak xax CXOAMMOCTE
paBHOMEPHA, TO MOKHO HAIIHCATH

dt
f(it,_w:);it __}S (T_(i)z)2 (w—-> W, we E)
G oG

il

Ucompays caefcrsme 3 TcopeMbl 3.2 ¥ TeopeMy 4.2, ME
NPHXONHM K HallleMy YTBep/KICHH.

Caepcrnue. Pad zonomopdnvix gynryuild, pasnomep-
no crodawuiics 6 kawcdol samemyrol uactu obaacru D,
MOdCHO nouaenno dudPepernyuposars, u npodufppepernyupo-
gannbili pad onaTv 6yder pasHoMepno crodurbCa 6 KadAadol
samKnyTol yacru obaacru D.

CopeplileHHO AHAJOTHIHO JIOKA3LBaeTcA M ciaepgyloniee
YTBEpsKAeHNe.

Teopema 4.5. lycrs L — chpanasemas kpusas 6 nao-
cxoctu w, a D — o6aacte ¢ naockocru z. Pyukyuro f(z, w)
Mbl npednosoxum Henpepbl6HOU N0 COGOKYRHOCTU nepeMeri-
noix npu amobvir z€D u we L. Ecau dynkyus f(z, w)

eosomopPna no z npu écex WL u ¢(z) = ‘s‘f(z, w) dw, mo
L

Q' (2) = Y f; (z, w) dw.
L

3aMcvanme. JTa TeopeMa TaKKe COXPAHsgeT CHIY A
PaBHOMEPHO CXOJSAMMXCA HeCOOCTBEHHBIX HHTErPaJoB.

B sakmiodenne npunefeM elle OfuH Pe3yIbTaT HECKOIBKO
nHore popia. Ero o0BMHO HA3BIBAIOT RPUHYUNOM KOMNAKT-
HOCTY TOMOMOPQHBIX (yHKIMIA,

Teopema 4.6. Hycre {f.(z)} — nocaedosareavrnocrsy
Pynryutl, 2onomopPnuir 6 obaactu D u ydosaergoparouus
YCa08uIo:

daa kaxdozo samknyrozo MHoxecrea B< D cywecreyer
Takas nocroannas M(B), uro das ecex Pynkyuil nocredo-
sareavnocry {f.(z)} umeer mecro nepasencreo

If-(2)| <M(B), zeB.

Toz0a us nocaedosareavnocru {fa(z)} moxno swideaurs nod-
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nocaedo8areabHOCTb, DPABHOMEDPHO CXOOAWYIOcA Ha kaxdol
samknyTold wacru obaacru D.

HorasartenberBo. [Inga nmpoctoTet OymeM CcUHETATh,
uro obmacte D He cofep:knT GecKOHEYHO yAAJEHHYI TOUKY
(310 gomymeHme He OrpaHEUEBAET OOIMHOCTHM; MCKIIOUATEIE-
HBIA cayuad, korga D coBmagaeT co Bcell pacmImpeHHOH
KOMIZIEKCHOH ILIOCKOCTHIO, Mado mATepecen). Ilocrpomm mo
obmactm D mcuepIHBAIIy0 ee MOCIE0BATENBHOCTH 00Ja-
creit {Gn)}, obmajfaomyo cBocTBAME:

1. Bce obmactm G,, nemar B obmactm D BMmecTe ¢ HX
rpPaEAIAMHA, COCTOAMAMA N3 KOHEYHOr0 WACHA KYCOUHO Iajl-
KAX KPHBBIX.

2. Tlpm KaskpgoM sHauenmm m 06dacTh Gmyi COMEPIKHT
saMbeikaEme obnacTa G

3. Hamxpgaa toura obmactm D) momajgaer B Kakryo-maabo
3 obmacredt Gn.

O6oznaunM uepes l, gnmay rpaamnel obxactn G., a wue-
pes pm — paccTosigme or obxacta G, A0 Trpammusl oOJaACTH
Guni1. CormacHo yenoBmio 2 BelINYWHA P, MOJOKHATENLHA.

Cormacao ¢opMmyne jgasg NIPOM3BOLHON roJOMOpPPHOIH
tyaxnun (caepcTBue 3 TeopeMsl 3.2) cmpaBepnmBa GopMylIa

’ 1 fn(8)dt
fn (Z) = EITl S m (Z (=} Gm).

6Gm+1

W3 s10it $OPMYIBI NerKko moayuaeM OLeHKY

, lry M(G,
o) < o MCns) ey,

m

MOKA3HBAIOIYI0, 9To mocaefoBaTenbHOCTh {f.(z)} paBHOCTE-
NeHHO HempepHBHA B KMol m3 obmacteit G, (upm Purcn-
posagHOM 3HaueHmnm m). IloatoMy cormacHO TeopeMme Apie-
aa (cM. § 4 ra. 1) m3 mocmeposarenproctn Qynrmmit {f.(z)}
MOJKHO BHIOPATH HOANOCHENOBATENBHOCTH, PABHOMEPHO CXO-
gamyioca B obmactm G, ¢ OPOH3BONLHO BHIOPAHABIM HO-
MepOoM.

BriGpas mocnegosaTeabHOCTE {fnﬁ,”(z')}’ pPaBHOMEPHO ¢X0-

gamyioca B obmactm Gy, BbIOMpaeM W3 Hee MOCIeH0BaTeNb-
HOCTH {fnm (z)}, paBHOMEpPHO cxofamyioca B obmactm Go,
k

g r1. g Jlerko yOepmthes, uTo IMOCIHEHOBATEIBHOCTH
{f”(h) (z)} 00Iaa6T HYKHEHM CBOHCTBOM.
A
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§ 5. Teopema enMHCTBEHHOCTH

Jloxarkem offHo m3 HAWOOJEe BAKHBEIX cBOHCTB ronoMOpd-
HEIX (YHKIUHE, HA3HIBAEMOE TEOPEMOl eOUHCTEEHHOCTU.

Teopema b.4. Hycre gpyuryua f(z) esoaomopgna e
o6aactu D, a {z,} — 6eckonewnas nocaedosareavrocTs no-
nApHO PASAUNHBT TOUER, URelowas rora 6bl odny npedeav-
nyto Touky e obaacru D. Ecau

f(z.)=0, n=1,2 ..,

r0 Pyukyua f(z) pasna nyao eo aceli obaacru D.

JTorasarenscrBo. O0o3maumM uepe3 a mPefedbHYIO
TOUKy mochefoBaTenbHOCTH (2.}, Aexamyio B obnactm D.
IToxaskem cHauana, uto QyHKOWsa f(z) paBHA HYNIO B HOKO-
Topoif oKpecTHOCTH Toukm 4. Mpl 3maem, uro Qymkuua f(z)
romomopdHa B TOUuKe @, T. €.

jo=Seae—a"  (z—al<n.

Bes orpammuerma oOmHOCTH MOMKHO CUHTATh, UTO 2z —> G H
uTo mpHW Beex n mMeeM |z, — al <r. Ilomaras z= 1z, m Bemo-
Munad, uto f(z,)= 0, nomygaeM

O=cotci(zn—a)t...

ITepexofsa k npefeny npm n —> o, HaxogmM, uto co=0. Uc-
MOJb3YA 9T0, MOMKeM HANHUcaTh

sz)a=c1+c2(z—a)+--. (z—al<r).

ITonaras cHOBA Z =2, 4 3aTeM n — %, Haxofqmym, 410 1 = 0.
IToBTOpaAs 3TOT mpoIecce, yoeKgaeMca, 94To BCE C, PABHE HY-
mo, T. e. uro gymEKuA f(z) paBma mymw mpm lz—al <r

Temepn mokaskeM, uro QyEKIUA f(z) paBHA HYIIO B ZIO-
Goit Touxe obmacta D. Iaa storo BosbMeM mio0yio TOUKY
E=D | coefmamM ee ¢ TOUKOA @ mpocToil momamodr L, me-
smamed 8 D (910 BOSMOMKHO, TaK KAk 00JAACTh — CBABHOE
MuoskectBo). Jonycram Temeps, uto f(§)7 0. Torma ma mo-
Mamo#l L mafinerca Touka a’ co CIeAylOmUMH CBOHCTBAMM:

Ha ywacrxe L Mempgy toukamwm ¢ # a’ ¢ymrmaa f(z)
paBHa mymo. B kpyre |z—a’| <p npm mwbom o >0 maii-

meTcsa XoTa OBl of\HA TOUKA, B KOTOpo#l ¢ymruaa f(z) orami-
Ha 0T HyJd.
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I
Torpa Mo;kHO B3ATH MOCAEL0BATEILHOCTH {zn} Touwex L,
! z
I KoTophix Zn—>a’ u f(2,) = 0. BaTeM BosbMeM BMeCTO
TOUKHM 4 TOUKY a’, a BMEeCTO LOCHef0BaTeNbHOCTH {Z,} — IO-

CJIeI0BATeNBHOCTE {%,,] W mOBTOpHM IpOBCleHHBIE BBIMIE Pac-
cympgernsa. Ilomyamm, aro f(z)=0 npu lz—a'l <r’. 910
OPOTHBOPEYUT BTOPOMY CBOWCTBY TOUKH a’.

Taxum ofpasoM, NpefmoNOKeHWE, UTO HAMMETCA TOUKA
teD, B xoropoit f(§)+ 0, mpusemo Hac K IPOTHBOPETIMI.
Teopema gokasana.

B unpuMemenMax TeopeMBl efMHCTBeHHOCTE OoJNBIOYIO
pOIH Wrpaer HOHATHE AHAJATHIECKOrO MPOROIKEHHA.

Ilycrs pamer: MuoectBo E, ¢dymxmma f(z), ompepenen-
Hag #a E, n obmacts D, comepsxamana mHokectBo E. I'omo-
mopdryio B obnactm D ¢ymrmmio F(z), coBmaganmyio c
f(z) ma Muomecrse E, masoBeM anaaurTuueckum npodorice-
Huex Pynkyuu f(z) na obaacrs D.

U3 TeopeMBl eQMHCTBEHHOCTH cpa3sy cliejlyeT yTBep:Kme-
HUe, HOcALlee HA3BAHUE RPUHYURA allAAUTUYECK020 RPOJOJ-
C MEeHU:

Ecau mnomecreo E umeer zora 6ul 0dny npedeabryio
TOYKY, aexawyr enyrpu obaacru D, ro Pynryus f(z)
umeer He bOoabuie 00HO020 AHAAUTUYECKO20 RPOOOAJNCEHU &
o6aacrs D.

JeitcTBuTensH0, eciam OBl CYINECTBOBAJA [BA PABIATIHBIX
agaguTAYecKuX mpogokeHna Qymxmum f(z) B ofmactes D,
TO, PACCMOTPEeB WX PA3HOCTH, MH mpumim OBl K IPOTHBOPE-
YHIO0 ¢ TeOpeMoil efuHCTBeHHOCTH. | |

ITokaskeM, Kaxk ¢ MOMOMBI NPHHIMIA AHAJTUTHIECKOrO
OPOMONKEHHA MOJKHO PAacIPOCTPAHUTL HEKOTOpPHIe 3ieMeil-
Tapable (YHKOUA Ha KOMIJIeKCHEIe 3HATEHHA MePeMEeHHOTO
H WCCIEef0BAThL WX CBOMCTBA B KOMIIEKCHOH HIOCKOCTH.

U3 amanmsa m3sectHo, uT0 PymHKnmm e, sinz, cosz pas-
naraloTes B CTENEHHEIE P/

- z" . 22n+1
=2W’ sinz = 2( 1"(2,1_‘_1)1,

2n
cos z = 2 (—" (;n)! .

0

cxofAmuecs AJA BceX AeACTBHTEALHBIX z. ITH PAQHBL CXO-
JATCA W [OJA BceX KOMINIGKCHBIX 3HAYEHHH MepPeMEHHOro.
ITosTOoMy ecTecTBeHHO OIpefelnTh (PyaEKmUm e°, sinz, cosz
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M KOMIUIEKCHBIX 2z TeMm ke pagamu. Ilo cumegcrBmioo 2
TeopeMsl 4.2 CyMMBI DTHX PAJOB ABIAINTCA QYHKIEAMH,
roxoMopdHBIME BO BCeH KOMIIEKCHOM MIOCKOCTH, T. e. HAIOT
aHaIUTHIECKOe TpopoKenne (QyHKIMA e, sihz, cosz HA
BCI0 KOMILTeKCHYI0 miockocTh. 1o mpmAmumy amaamTHuecko-
ro TPOAOJIKERHA [APYraxX NIPOROJKEeHAWiA He MOMKeT OBITh.

TloxkaskeMm Telephb, KaK HCCIeJOBATh BO3HHKIOWE B Kade-
CTBE AHATHTHIECKOrO MPOXOIIKEHNA (PYHKIHE KOMILIEKCHOTO
mepeMeEHOro. B uacTHOCTH, HoKa)keM, KaK IepeHOCATCH HA
KOMIIIEKCHbIe 3HAYEHHMA mHepeMeAHoro (GOpPMYJNbl, M3BECTHEHIE
InA JedcTBUTeNbHBIX 3HaUYeHWHA. IlockonbKY paccy:kmeHns
Aas moGeX opMya mouTm a0CONIOTHO ORMHAKOBBI, OrpaHH-
qmMcs OMHON HopMYIoi.

IIpumep 1. IToraskeMm, uTo It NIOGHIX KOMIIEKCHBIX
z u T copaBegamBa dopMmyna

e*tt = e?ef, (5.1)

B obenx wacrax ¢gopmyast (5.1) croar ¢ymrmmum, romo-
Mop(HEEIe 0 z HmpH MI00BIX (UKCHPOBAHHKIX { ¥ Io { Opm
n005x puKcnpoBaHAHX z. Ham HyHO QnoKasaTh, uTo STH
$yEKIME coBmAZAOT mpH BeexX z m T. PaccMoTpuM cmagama
meiicTBuTenpHble 3HAUeHNA §. Ecnm mpm stoM eme m z meii-
CTBHTENBHO, To (opMyna, oueBmAmo, copaseiyimsa. Ho B cm-
Iy TeopeMbl eNWHCTBEHHOCTH [Be (PYHKIHE KOMILIEKCHOTO
nepeMeHHOro z, roJoMopHEIe RO BCell IIOCKOCTH W COBIA-
Rawomiae IPA BceX AeHCTBATENbHBIX 3HATEHUAX 2z, COBIANAIOT
Toxpectsenno. Caemosarensno, ¢gopmyna (5.1) poxasama
npm 7I00BIX KOMIUIEKCHBIX Z W OPH NIOOBIX JHefCTBHTENB-
HEIX .

Qurcnpysa temeps a1060e KOMITEKCHO® z W IPOBOILA AHA-
JAOrmuHOE paccys;[ieHue ¢ PACCMATPEBAEMBIMH (DYHKIMAME
Kax ¢ymsxnmamn T, yGeskmaeMca, uto dopumyma (5.1) cmpa-
BeJIMBA NPH JMIOOFIX KOMIUIEKCHBIX Z 7 (.

Pasymeerca, ¢opmyny (5.1) merpymmEo moxasats w me-
IOCPeACTBEHHBIM IIePeMHOKEHTEeM Ps/0B, OJIHAKO IPHBEEH-
HEH cmoco§ pacey:xpenmii 3aMeuaTesiem He TOIBKO (z me
CTOMBKO) IPOCTOTOH, HO W OOMHOCTHO. | |

C momompro ¢opMynst (5.1) merxo momyumts mpocryro
opmMyy ANA BEIYACICHWA 3maueHmit GyEKOEE: e OpH| I10-
bIX KOMIUIEKCHBIX z. JleficTBHTeNbHO, HOMOMUM z =z + iy.
Torma cormacmo gopmyne (5.1) mmeem e* = e%e™, IIna BeI-
HHACIEHAA € MOACTAaBAM iy BMeCTo 2z B Psx oA e* m oTme-
AAM [EHCTBATONbHYI0 M MHAMYI TacTH. 3TO JacT Popmyary
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ditaepa
eV =cosyt+isiny.
C ee IOMOIMBIO HAXOAAM
e = ¢*cos y + ie*sin y. (5.2)

W3 popmyan (5.2) cmepyer, B 1acTHOCTH, 4TO
le] = eRe=, (5.3)

BoasmmactBo @yHKumil, BCcTpeuaiomuxca B AHAMHSE,
MOKHO AHANATAYECKA OPOAOJIKATHL HA KOMIINEKCHEIE 3HAME-
pasa nepeMersoro. [Jusa moxasaTensHOW W TPEromoMeTpmUe-
ckax ¢YHEKIOAA B5TO pelmaeTrcad CcOBceM IPOCTO, AAA [PY-
rux — caokHee. TakK, HAIPIMeEP, MHOro XJIOHmOT JOCTABAT HAM
agamuTHIecKoe NpOofoiKeHme (YHKIWA 1n Z, KOTOPHIM MBI

OyjieM 3aHMMATECA B cJe[YIOmMel riase.

IlpmBefem eme OfWA mpEMep AHANATAYECKOTr0 OPOMOIIKE-
HAA (QYHKIONNW, ONpefeNeHHOH AJA [eHCTBETENLHHX 3HATE-
HAA TEePeMeHHOTO Y:Ke He PAMOM, 4 MHTErpajioM.

IIpamep 2. Hafiiem amammTmueckoe OPOgodKeHme HA
BCI0 KOMIZIEKCHYIO IIIOCKOCTE 2amma-gynryuu Jiaepa T (z),
ompefienaeMod fiA feHCcTBATENLHEIX IOJNOKUTENbHHX Z HH-
TerpamoM

T@)={ e at.
0

Oyprmmo ! opm awb6om >0 Ierko amaIETHYECKH
IPOMOIKATL HA BCH KOMILIEKCHYI0 ILTOCKOCTh, TaK KaK
1. ple=DInt
t=l=e'* ,

a ¢ AaHANTWTAYECKAM NPOJOKEeHAMeM NoKa3aTeabHOH (QYyHK-
num MHE yiKe 3makoMe. IlosToMy, mpmmenss Teopemy 4.3,
BHJIAM, 9TO HATErpas

b
§ £t gt
a

mpu ¢ >0 7 b << oo gpagerca PyExumed z, romoMopdHOHE BO
Beell woMmaekcHOM naockoctm. Oppaxo mpm a=0 m b = o
HATerpal CTAHOBHTCH HECOOCTBEHHEIM, WM OPHAETCA BHIAC-
HATH, OPH KAKHX 2z OH PaBHOMepHO cxopmTca. IlocKOMbKY
mETerpai;, oupemenmiomumiz I'(z), mMeer mBe ocoGemmoctm
(B mym1e m B GeckoHeIHOCTH), 6ro JyIme pasfuThL Ea cyM-
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My [BYX HHTErpaioB I OTHEIBHO HCCIET0BATH CXOXIMOCTE
KayKoro u3 HUX. _ .
ITonommm I' (z) = a(z)+ B(z), rae

1 Cd .
o (z) = X et dt, B(z) = S et dt.
0 1

Crauana mccmenyem marerpan PB(z). Ilpm Rez<R B cm-
ay Gopmyast (5.3) MOMKHO HAIMCATh JUIs NOALIHTErPAnbHON
(pyHEKI[AN HepaBeHCTBO

|tz—le—t| < tH—le-—t,

TAK KaK HAa IOPOMe)KyTke mETerpmpoBamma t=1 m Ilnt>0.
Ho

j tB1e7t gt < 00,
i

Tark Kax QyHROEA e~' mpu { — oo crpeMuTca K Hymi0 OB-
ctpee nwoboil cremenm {. CrefosaTelbHO, IO OPH3HAKY paB-
HOMepHOH cxopmmocTm mHTerpanos (womem § 6 ra. I) mm-
Terpay, onpepemomuit Pyaxnmio B(z), cxoqATca paBHOMED-
HO mo z B monymaockocTH Rez << R mpm mioGom R. Ucmoas-
3ys 3aMeuaHme K TeopeMe 4.3, momydaeM, uro QyErmua P(z)
roloMopHEa BOo BCel KOMINIEKCHOH ILIOCKOCTH.

IlepeitneM ® materpany pna a.(z). IIpm Re z > 6 mosmno
HamCcaTh JANA MONHIHTErpalbHON (YHKIUE HepaBeHCTBO

[t=1e—t] < -1g=t < g8,

TaK KaK HAa OpoMeyTKe maTerpmpoBammg 0 <t <<i m Int<<
< 0. Ho nopzm 6 >0 mmeem

1
Sta—ldt=—é—<oo.
(1]

ITosTtoMy m3 Tex me cooGpasKeHHMH, 4TO M BhIE, MOJydaeM
ronomopdrOcTh QyHRmEE o(z) B momymiaockxocTm Rez>0.

Urax, Mpt apanmruueckn npopomkmam Qyrkmmio I'(z)=
=a(z)+ B(z) B momymmockocts Rez>0. Momno mnoxa-
3aTh, YTO 3a MPeJesaMH ITOH IMONYINIOCKOCTH HHTErpai, om-
pegensiomuii dyarumo I'(z), yme pacxommrca. IlosToMmy
AATbHEHIIHEe PacCyA[IeHHA ABAAKTCA COBODPIIGHHO HECTaH~
HapTHEIMH,
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Tax xax ¢ysrnma p(z) romomopdra BO BCei TIOCKOCTH,
HY’KHO DPOJONKHTH Jumbs ¢yaxmuio o (z). Pasmoxum

tyrxnmo ¢~f B pAX
—t < i
e = 20 (—— 1)11 Tl,

paBEOMepHO cxopsamuiics ma orpeske (0, 1). Ilpm z>1
hyaRIMA t~! HempepnIBHa Ha 3TOM OTPe3Ke W YMHOMKEHHC
paga ma #*~! me mapymaer cro PaBHOMEPHOH CXOTHMOCTH.
VaTerpupysa mouneHHO, moTyYaeM

(o]

— n 1" S () 1
o (2) =St 'Y () ;_ldt=§(7+)_27! (> 1).
0

0

(=" 1
Ynensl pAaga m"—;{'— ABIAIOTCA (X)YHRIIFIHMH, roJo-
- !
Mop(¢HBIME BO Bcell IJIOCKOCTH, 34 HCKIKYEHHEM TOUCK Z ==
=0, —1, —2, ..., I pag paBHOMEPHO cXoguTca B 000
KoHeUHOH 4acTH IJOCKOCTH, He COfep:Kamedl 5THX TOUCK

BCE€ YJEHBl pPAAa, HAYMHASA C HEKOTOpOoro, Hé IpeBoCXomAT
(o]

[
YJIEHOB CXOJAIMerocsa YHCJI0BOro psaga 2—;'— . CJIGJIOBEITGJIL—
0 !

—Hn -
HO, CyMMa pdAJa 2 (n +)z - rogoMopdHa Bo Bcell KOMI-

deKCHOH Hnocmocm, 3a wmcwiIwIeHHeM Touex z=0 —1,
—2, ... Iockoasry npm z > 1 s1a cyMma cosmagaer ¢ QyHK-
mmer o« (z), OHA [aeT HAM AHANTATHYECKOE IIPOJOIKeHHe

$ymrxoum o (z).

Dopmyaa
)= {0 ,:)z A +§ =1t gy
(1]

TaeT maM HWCKOMOE amaluTHiecKoe ITPONoOKeHWe (QYHKIUH
I'(z) ma BCIO KOMIIEKCHYIO IIOCKOCTH, 34 MCKIOICHAEM
touer z=0, —1, —2, ... Herpynno y6ez[m},c;1 910 IpM
CTPeMJIOHHH K BTEM ToukaM ¢ysrmgms ['(z) cTpeMmTes K
0eCKOHEUHOCTH.
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§ 6. IToBemennme OCHOBHEIX 3NeMEHTAPHBIX (ymrmuii

Ceitgac MBI mMeeM ysKke JOBOABHO OONBIION 3alac roio-
mopdubix $yaxnmit. B § 1 ormewamock, 94To MHOro4aeHEl U
panmonanbHble QYHKOUEA SABAAITCA (QYHKIHAMH, roaoMopd-
HBIME Bo BceH KOMIMEKCHOH HJOCKOCTH (38 MCKIIOTEHHEM,
OBITH MOJMGET, HyJell 3EaMeHareng [isd PamqUOHAJIBHHIX QYHK-
ouit). B mpepgeinymem maparpade moxaszaHo, 9To (PyHKOAH
e%, sin z, cosz TOKe ABIAOTICA roNoMOP(HEIMA BO Beed mio-
CKOCTH., ITO MO3BOJISIET rOBOPATH O MIOOBIX TPHUTOHOMETPH-
qecKHX (YHKOUAX B KOMINIeKCHOH mimockoctH. C mOoMOMmBIO
TeopeMsl 0 roJoMopdHOCTA CIOMHOH PYHKmUM (Hagamno § 4)
MOKHO eme Gonbllie paclIMPATE 3amac roJloMopQHBIX QyHK-
nuit. ITE cmoco0bl paclIEpeHNs 3amaca roJoOMopQHBIX QyHK-
ouii He TPeOYIOT HMKAKAX OCOOLIX CBENEGHHH 0 IOBeJeHHH
yarnuit. OXHAKO TpH HUCCAEJOBAHHA PANOB W WHTErpaoB
YK€ HYKHO YMeTh OIeHHBATH TIEHH PANA M IOJLIATErpalb-
gele $yaxmmm. C Takoro poja HEOOXONHMOCTHI0 MBI YiKe
CTONKAYINCh B OpmMepe 2 npeppinymero mnaparpada. Ilo-
3TOMY ceilgac W3IOKHEM HEKOTODHIE CBOMCTBA OCHOBHBEIX 3Jje-
MeHTapHHIX (YHKIWi, DONe3HBle A Pa3TWYHBIX ONEHOK.

1. Crenennas gynxyusa cz* (n — memnoe momoRUTENBHOE
gncno). Iomomm z=re® m oGosmaumm arg c=ca. Torxa
nMeeM

lez'l = lelrm,  arg(cz")=a + ng,
Re(cz")=lclrmcos(np+a),  Im(cz”)= lclr*sin(ng+ ).

HMocrarouro mecmemosare amms cpoiictea Re(cz”). Dymx-
naa cos(n@+ o) mOMOKHTENBHA B yriax

—a— o inn<argz<——oa + 5 + 2%’” (6.1)
(k=0,1,..., n—1)
" OTpHUIATeJbHA B yriax
25tk

n

—at g+ caprc—at Iy
(k=0,1, ..., n—1).

(6.2)

CnepmosarensHo, B yraax, ONpefensieMBIX HepaBeHCTBAMH
(6.1), dysxnma cz® mMeer MONOKMTEABHYIO HelicTBATEABHYIO
9acTh, a B Yriaax, ompefielAeMHIX HepaBeHcrBamm (6.2),—
OTPHOATeABHYI0. JTH YTABl JEIAT IIOCKOCTh Ha 27 PaBHEIX
wacreit. 3aaxm Re (cz") wepenyworcs.
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O6o3mgaguM uepes D Karoi-mmbo w3 YINOB, OIPEAENeH-
mpix mepasenctBamm (6.1), a uepes D' — yrom c To# e
BepmmHoOii, neskammii BEyTpm D. Torma 3 D’ mMeem
cos(npt+a) >n>0mn

Re (cz®)> lcImrm,

T. e. mpm z —> %, z& D’ pelicTBUTeNbHAA UACTh QYHKIAH
cz" crpemuTcss Kk +oo. Amanormumo B yrie D7, meskameMm
BHYTPE yria, ompefeneHHoro HepaBeHctBamm  (6.2),
Re(cz")—> — (z—> o, z&=D").

3aMmernM, 49TO, 3HaA IOBejleHMe (PYHKIHH C2z", MOJKHO CY-
IUTh 0 TOBeJeHWHE OPH Z — % JI060ro MHorowieHa (m jaike
panEoHanbHOA QYyHKIUE), TAK KAK ecaHd

P(z)=cp"tciz™ et ...+ ey

TO
P(z) ~ coz" (z > o).

2. @ynryus e*. Ilpemyge Bcero HAMOMHEM YyKe J0Ka3aH-
HOe B IpefbmymeM maparpage paBeHCTBO

ler] = efez, (6.3).

W3 aroro pasencrsa cpa3dy BujiHo, u4To (QYHKIUZ e* He
ofpamaerca B HYJIb HHM IPH KAKAX KOMIIeKCHBIX 3HAUe-
HAAX Z.

Jlanee, m3 pasemcra (6.3) BmpgHo, uto le?| <1 B mesoit
nonynnocxkocts m uto e — 0 mpu Rez - —o paBrOMepHO
nmo Imz. B mpasoi momymmockoct: le*| >1 m e* > o mpm
Re z > +o paBroMepno mo Im z.

OrMernM emje, uTo ypasHeAne e = A npm mwbom 4 #0
aMeeT OeckoreuHo MHoro pemienwmit. [[eitcTBmTenbHO, N3 ypaB-
perns e = A, obosrauan z =z + iy, HaxoguM

e=4l, o¥=giue,
OTKYJIa '
z=1Inl4l, y=argd+ 2nk.
Qynxknusa e* mepmopguuEa ¢ mepmomoM 2mi. JleiicTBm-
TEIBHO,
omi O
eZ, an_eze ﬂl_el’

TaK Kak m3 ¢opMyasl Jimepa cpasy BUAHO, uTo e¥ =1,
KoMGuanpysa cBefleHmsa, TolyieHHEIe HaMP O CTeIeHHOM
7 TOKa3aTedbHOH (PYHKIHAX, HETPYAHO HCCIEHOBATEL (PYHK-

n
nmio e,
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3. @ynryus sinz. Uccnenosapme ¢ymummm sinz merko
CBOIATCA K MCCAel0BAHMIO mokasaTenbuoit Qymxium. [leii-
CTBHTENHLHO, B OpefbgymeM maparpade moxasama QopMmyira

e =cosz+isinz

(Oma poxasama [us AeHCTBHTENLHBIX Z, MO II0 NPHHIUILY

AHANUTIIIECKOT0 NPONOKEHNs ONa BepHA M HPH BCeX z).
SaMeHsaa B 3TOoH oOpMyne z HA —z W BRIpAKAA U3 IO-

AydeHHBIX ABYX (OPMYI Sin z @ COS z, HAXONUM

it __ iz eiz_]_e-iz

o , €08 2 = ———,

inz =
S 2

Tlonoxum temeps z=1z+iy m mccaemyem |sinzl.
U3 mepasencts Teopemsl 1.1 ra. I umeem

[ e — Tl | < le — e <[] + e~

a B cary (6.3) |e”] =e?, |e~| = e¥, TlooToMy

fyl _ o—lyl Y —vy
T sin e+ )| < EEEEL (64

U3 aroit dopMyns cpasy sumHO, uro (yHKOUA sinz odpa-
maeTcs B HYJb TOABKO HPH NeliCTBATENBHBIX Z, T. €. IpPH
z=nn (n— Oeloe YUCIO), TAK KAK JeHcTBATelbHEle HyJIH
sin z HaM XOpOLIO W3BECTHEL

Hamee, us dopmynst (6.4) merko momydaeM, 9TO

. . 1
|sin(z + iy) |~ 5 ¥ (g £ o)

paBHOMePHO IO Z.
Dyprnus sinz mepmoguYEa ¢ mEpHOROM 27, YTO Cpasy
cleflyeT W3 NPHHENWINA AHAIATHYECKOrO0 NPOTOIMKeHHS.
Ypasuenue sinz=A4 npum a06om A4 mMmeeT GeCKOHEIHO
MHOro pemenuit. J[eficTBuTenbHO, 3T0 ypaBHEeHHe MOJKHO 3a-
OWCcaTh B BHJIE

__ZIT(e{z_e—{z) — 4, '

oTKyna, obosHauas e =T, mpUXOgEM K ypaBHeHmIO TIa §:
t2—2idt —1=0.
JTo ypasmemme mpu Jo6HIX A mMeeT ABa KopHA §; m Tp (mo

OCHOBHO# TeopeMe anre0ps1), IpUYeM 3TH KOPHE OTAHYHHI
or myas (uX mpom3BefieEMe Hmo Teopeme Bmera pasmo —1).
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CaenoBarenbno, ypaBRermg e”=7,; n e "=, mMeior Oe-
CKOHETHO MHOTrO PelIeHnI.

@OyrKIEsa cosz TOxe 06IafaeT IepedlCcIeHHBRIMH CBOi-
CTBAMH, B 9eM Upomie Bcero yGeamtbesa ¢ nmoMompio dopMmy-

2
4. Qynryuu tgz u ctgz. OyERnuE tg2z mw ctg z onpepe-
JIAKTCA OJs1 BCeX KOMINIEKCHEIX Z ¢ IIOMOINLIO PABCHCTS

. 44
JIBI COSZ=SID(——Z

gin z cos z
tgz= s clgz=——.

c08 2z

Hockonbry sinz um cosz ofpamanTca B HYIL JAIIbE IPH
AeHCTBUTENRHEX 2z, TO tgz Apasercsa ronoMopduoirt (yHX-
muelf BO Bcell INIOCKOCTH 2, 33 HCKIYEHHEM TOYEK 2z =

44 ©
=5 + nn (n — nenoe uwucno), a ctgz — Bo Beell MIOCKOCTH

Z, B4 HCKITOUEHUEM TOYeK Z = fiA.
Oyurnun tgz m clgz UEPHOTMYALI ¢ TEPUOAOM T, YTO
cpasy ciefyeT H3 NPUHIOHNA AHATHTHICCKOTO TPOMOKEHHS.
Bripaskas tgz u ctgz wepes norasarenbEyio (PyHKNMIO,
mpuxofuM K opMyraMm
el? _ iz elz 1 iz
m‘, ctgz = i 'e_ziﬁg

tgz=—1

Tem sxe myTeM, 970 m npu onerke |sin z|, monygaem ms srTEX
dopMya mepasencTBa

2e— % . 9¢2Y

w8ty —il<i—m @G>0
2e— % 2,2
m<|ctg(x+zy +z|<-——2—y (> 0)
u
2¢2V 202U
1+2,,<|t£-r(:c+zy)+tl< = (y<0),
2¢2 20
11 2y<!ctg(a+zy)—z|< —  W<0).

W3 mony4eHHBIX HEPABEHCTB BHITEKAET, B YACTHOCTI, 9TO
tgz —~ 1, ctgz—>—i (Im z - +o0)
paBRoMepHO Mo Rez u
tg z > —i, ctgz 1 (Im z - —o)
paBROMepHO 1o Re z.



Taasa 111
MHOTO3HAYHBIE AHAINTHYECKNE OYHRIIAN

EcrecTBeHHBIM JIOrHYECKHM CJE[CTBHEeM NPHHENHOA AaHA-
JAWTHEYECKOr0 TPONOJKeHHAs SBISAETCS HOBOe IOHATHEe (QYHK-
naE. Y (Qymxnumid 3TOro HOBOrO pofa obiaacTh ONpeneleHHs
-He 3ajjaercs 3apaHee, a OIpefeJsdeTcA ¢ NOMOMLI0 aHAJIATH-
gecKoro mpopoiaskennsi. OcHOBHas TPYRHOCTH, BO3HHKAIOMAsI
OPE H3YYeHHH TAKHX (YHROUA — X MHOro3savnocts. Oxa-
3BIBAETCH, 9T0 OT MHOTOBHATHOCTH MOMKHO OCBOGOTHTBCH,
ecid paccMaTpHBAaTh (DYEKIHI0 HOBOTO Pofa Kak (YHKIHIO
HE OT TOYKH KOMILUIEKCHON MJOCKOCTE, 4 OT KPHBOH, Bemy-
meil B 3Ty TOYKY H3 HeROTOpOil 3aJaHHOH TOUKH.

§ 1. IloraTre amaamTHYeCKOH (ymKIUA

Cormacro TeopeMe eIWHCTBCHHOCTH ronoMop@Has (PYHR-
Tus HOJHOCTHIO OIpefesIAeTcsi e BHAYCHHAMHA B CKOJIb yTof-
HO MaJIOH OKPeCTHOCTH Karo#-1mG0 ofgHOH Toyxu. Bo Bpe-
mena Hpiotoma cemramnoch, 910 Bce PYHKIMH TONBKO TaKwWe,
a TPYAHOCTH BuJENM NWINL B BHiUUCAeHnn 3HadeHdii PyHE-
nAau TaM, e #mexopmad ¢opMmyda ee He onpegendna, T. e.
B QHAJTATAYOCKOM TPOAONkeRmH. MHorme MaTeMaTHKH
XVIIT Bexa Obulm BeCchMa HCKYCHEI B AHATATHIECKOM IIPO-
momsxenmr. OcoOBIM MacTePCTBOM OTIHIAJCSA ODinep.

OcHOBHAg JIOTHYIeCKAs TPYAHOCTH, CBABAHHAS C AHAIHTH-
9eCKAEM NPONOIKeHHEM, COCTOHT B €ro HEOJHO3HATHOCTH.
TIpu 3TOM HEOMHO3ZHAWHOCTH — HE pPEJKOe WM HETHIHIHOE
apiaenne. OBa BO3HEHKAET Ja’ke IPH AHATHTHIECKOM IIPO-
DOJGKEHHE TAKUX TPOCTHX (YHKOHH, KAk JorapodM wAnm
KBA/IpAaTHHIA KODPEHB,

B XIX Bere K pesynpTaraM, HCIONL3YIOMAM AHAJIUTH-
"YecKoe HPONOJKeRWe, HAYANAM OTHOCHTILCA ¢ TOJ[03PEHHEM.
HeManyio ponb cerpanu B 3TOM TPHTOHOMETPHYeCKHE PSIHI,
MaBIIMe TPOCThie AHAJIMTHIECKHE BHIPAKEHHA IS BalHCH
QyuXMUil, paBEEIX OfHOW ToXoMOpdHONK (YRKUAE Ha ofHOi
9aCcTH OTPe3ka ® Apyrod roxomopdHoit (PyEKNEE HA APY-
Toll ero wacrm. Torga m OEIO HpeMIoMeHO COBpEMeHHOE
(L
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moEATHe (OYHRIOHE, BRIOYAlOIee HAel0 o0JacTm ompenene-
rag. OmHAxo cmibHLIe W TUyOOoKHe pe3yJIbTATH, HOJXydYeH-
mire matemMarmxkamu XVIII Bera, sacrasasam HCKATh 000c-
HOBAHHS HCHOJL3OBABHBIX HME MeToAoB. IIyTte K cTporomy
000CHOBAHHIO MEeHCTBHi, OCHOBAHHBIX HA AHAIATHYECKOM
OpOfloJKkeRNH, ObUI IpefJdo:keR BO BTOPOA  IOJOBHHE
XIX Bexa BeitepmrpaccoMm.

Beitepmrpace mpemiosmn CYETATH roaoMopdHY0 QYHEK-
ORI 9acThl0 (97IeMeHTOM) HEeKOTOpOoro HHoro o0BeKTa, Ko-
TOPHIA OH HA3BAN nOAHOU anasuTuueckol Pyuryued. IToT
00BERT COMEPIKAT HAPANY ¢ HcXoRHo# (yHKnEedl m mi0Ghle
apyrue roxoMopdEHe (QYHRIHE, HolyIaeMble H3 Hee aHa-
AmTHIeCKUM TpomonkeHneM. IIpm 3ToM Beilepmrpacc KoHK-
peru3upoBald CHOCOOHI NONYYeHHsS ABAJIMTHIECKHX IPOFOJ-
sKeHHH, 9TO Jall0 BO3MOM(HOCTH EX onmcammsa. [lpemiosen-
aniii BefiepmrpaccoM cmocol cocTOHT B cleRyIomeM.

Mycrs fo(z) — mexognas (YyEROESA, roaoMopdHasg B TOI-
Ke zp. PasnaraeM fo(z) B psAm mo cremenAM Z— Zp ® 0003HA-
vaeMm uepes Ko, xpyr cxogmMocrm 3Toro psaa. ([aa cymmer
psafa coxpamsgeMm obGosmauennme fo(z).) Bribmpaem mpomssonsn-
By Toury z € Ko m pasnaraemM Qymrmuio fo(z) B pag mo
cremenaM z—z;. Hpyr cxommMocrm 3Toro psifa ob6osHawaeMm
gepes K, a cymmy pama — gepes fi(z). Dror mpomecc oge-
BEAHEIM 00pa3soM mpopoimaercs. Beiliepmrpace mokasal, uTo
x1060€e aHAIATHYECKoe TPONoJKeHHe HCXOMHOH rodoMmopdHoit
¢yrruma fo(z) B TOouKy § MO/KHO TIOJNYYATH ONHCAHHBIM
OyTeM, CBA3aB ero ¢ MEemoYKOA ToIex

20, 21y « + +y 3Ny Zy'=T.

IIpe TaxoM mogxofe CTAHOBATCA OYEBUIHO, IT0 AHAIHTHYE-
croe mpomomkennme ucxonmoli dymenmm fo(z) B Touky T 3a-
BUCHUT He TOJNBKO OT KOHETHOW TOIKE §, HO W OT HPOMEKY-
TOUHBIX TOYEK NMEHOYKH.

Wnes Beitepmtpacca ocraercs ocHOBoil aioforo cospe-
MEHHOr0 MOAX0fa XK NMOHATHI0 MHOTO3HAYHOH AHATATHIECKOH
¢yHKOEA, XOTA onmcanme cmocofa AHATHTHIECKOTO HPOAOI-
JeHHs MeHsercA. J[eno B ToM, uTo IlepepasiosKeHne cTe-
MeHHHIX PANOB — Kpalide HeNMPaXTUIHBIE CcIIoco6 aHaINTH-
9eCKOr0 NPOMO/KEHHS, ero Jyule 3aMeHUTh KaKEM-Im00
ApyruM cmocoboM, Gosee mpumcmocoGNeHHBIM IS KOHKpeT-
HHIX 3afiad.

OGpatmMca K ToMy cmoco0y ONECAHASA AHAIATHIECKOTO
OPOMOJKeHANA, KOTOPHI MH 0ymeM HNCOOIB30BATH B Jalb-
HelimeM.
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CormacEMcs ¢ TeM, 9T0 pe3yJnrTaT IPOE3BOJLHOrO aHa-
JIATAYECKOT0 INPONOJIKEHHS HCXOAHOE roroMopHOE GYyHE-
OEE B JAHHYI0 TOIKY IJIOCKOCTH 3aBHCHT He TOIBKO OT Ca-
MOl 9TOIl TOYKH, HO K OT NyTH, Begymero B 3Ty toukKy. Oc-
HOBHAs 3ajava, BOBHHKAWIIaj OpE olpefgeleRun IOHITAL
aHAIUTEYECKOH (YHROEH, COCTOHT B TOM, YTOOHI OPHAATH
YeTKHEA MATeMATHYECKHH CMBICH BLIPAIKEHHIO «BaBHCHT OT
OyTE UpofoKeRusa». ViMeHHo 3Toll 3afadedl Mbl ceifiac u
3amMeMcd.

Jlerxo BuUpmerp, 9TO 00mIadg HPHYHHA BOBHHKHOBEHHH He-
"OMHO3HATHOCTH AQHAIHTHIECKOr0 ITPONOJIKEHHST KpoeTcs B
TOM, UYTQ TOYKH IIQCKOCTH He O00pasyioT YHODsIJ0IeHHOTO
MHO3KeCTBa, a IIPOMOJIKEeRHe MOYKHO CHeNaTh ONHO3HATHEIM
TOJIBPKO B TOM CJdydae, KOTAa y HAac ecTh TBepmas odepel-
HOCTh IIPOXOKAEeHHs TOUYeK, B KOTOPHIe MBI NPOROIAEM.
IIpocreitimM  yHoOpAMOYEHHLIM MHOMKECTBOM HA INTOCKOCTH
ABngeTcA KpuBafd. BricRasaHHEIC c000PAYKCHHA HABORAT HA
MEBICTL, 9TO0 AaHANHTHYECKOe NPONONKCHHE BagaHHOH TOJ0-
MopdHoiT ¢ymKOEA Ho XpuBoll OyHerT Bcer[a OIHO3HAWHO.
TlosToMy Hamo0 TONPOGOBATL OIPCAENHTL TAKOe IIOHATHE.
Wmes B BHAY BTy Neab, IOrOBOPHM O IOHATHH ByHEYUU,
onpedeaennoli na dannoli Kpueoi.

IIycts mama wpusan I' ¢ mapamerpm9ecKmM ypaBHEHHCM

z=q(t) (0<t<1). (1.1)

Tourn xpmsoit ' (RO He ToYKH INTOCKOCTH, Ycpe3 KOTOPLIE
3Ta KPUBAA IPOXOAUT) HAXOMATCA BO BBANMHO OJIIO3HATHOM
COOTBeTCTBEHE ¢ ToukaMm orpeska 0 <<i<C 1. ITosromy 3zama-
mne Gynxoun Ha XpuBok I' copmTcea k 3amammio wmema P(t),
OTBEYAIOMEro KaMKAOMY 3HAYeHHIO [ 3 9TOro oTpeska. VIHEI-
Mu ciaosaMu, dyrroua § =D (z) ma rpusoit I' 3amaerca ma-
paMeTpHUecKH, 3aJaEmeM Haph QyHKomil

i=g(t), t=w() (0<t<t).

IMogueprreM, 9To 3aganHag TakmM o0pPa3oM HA KPHEBOH I
¢ymrnus § =@ (z) me aBasercs, Boobime ToBOPs, 0XHO3HAT-
Hoit ymKnueit Toukm z (KaK TOYRE IVIOCKOCTH), eCIH KpH-
Basg I' mmeer camomepecevenns.

BBenem Temeps momATme (OyHRIHE, aBATATHYECKOH HA
namnoi kpmBoit I

Oymxmuo §=F(z), onpegerennyo Ra xpuBoii I', Haso-
veM dynryuel, amaiuruveckol na kKpugoii I, ecam mus
Kaxpod Toukm oI cymecrsyer ¢yErmua fu(z), romo-
MopdHas B HeKoTOpOR OKpecTHOCTH ®TOli TOUKM (paccMart-
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puBaeMoil Temeph KAK TOYKA HIOCKOCTE) W COBIIAJAIONIAs
¢ ¢gynrnueit §=F(z) ma xaxo#-mmGo gyre kpmsoit I, co-
JepsRameit TOUKY o.

Eme pas moguepxmeM, uro ¢ymxmmsa G =F(z), mame
ecId OHA aHAaJAMTHYHA Ha KpuBoil I', me o6sA3ama GHITH OHO-
3Ha9HOU (QYEKOEme#dl TOYKE IIOCKOCTE (ecim kpmBasg I' mMe-
eT caMollepecedeHnsI).

OTMeTEM HECKONDbKO BaRHBIX cBOHCTB (yHKOHHA, aHAIH-
TAYECKAX Ha KPHBLIX.

1. Ecau dynryuu F(z) u G(z) aHaruruuhvl Ha Kpueoll
L, ro ¢yusyuu

H(z)=F(z2)+ G(z), H(z)=F(2)G(z)

TaKxHce AHAAUTUYHEL Ha Kpueol T.

2. Ecau dpyusyuu F(z) u G(z) anaiutuxnul H4 KEPueol
I' u ecau dyuryus G(z) ne obpaujaercs 6 HYAb Ha Kpu-
6oli ', ro dpyuryusn
F (2)
G ()

H (2) =

Taxoce anasuruuna na kpugol T,

3. Ecau pynryus F(z) anasuruyna na wpusoi T, 1o u
gce ee npousgoduiie anasuTuunsl Ha Kpueol I,

4. O6osnauum uepes Ty yuacror rpueoli I' or ee Hauaaa
do Touru t=T. Ecau dynryus F(z) anaruruuna Ha Kpu-
6oii ', 7o u pynryus

H@=[Fpa @eT)

Ty

angautuura Ha kpueol I' (ecam rpmBag I' me mpoxopmr
gepe3 TOYRY 2= ),

5. Iycre dynwyus G(z2) awmaauruuna na rpusod T.
O6osnauum uepes C kpueyro, KoTopyto npoxodur Touka § =
= G (z), Koeda Touka z npoxodur kpusyiw T'. Ecau Pynryus
F(%) anaturuuna na wpusoi C, 1o Pynkyus H(z)=
=F(G(z)) anasutuuna na spuegoi I'.

Bce aTm cBoficTBa [OKA3BIBAIOTCS 0YeHBH NPOCTO. 3aMeTHM
Ipexje Bcero, 9ro Bce QyEKOuE I1(z):

Fz)+ G(z), F(2)G(2), 28 F™ (2), SF(t)dt, F (G ()
PZ

— ompefieness Ha xpmeoit I'. Kaxpoit touxe o wpusofx I
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CTABEM B cOOTBeTcTBHe (OYHRIEH Ry (2), paBEbIE

Ja (Z) —l—ga(z), fa (z) Lo (Z), __'::T((%, fz(zn) (z)

(mna mepeoix Tpex cpoiicts). [ms cBoiicTBa 4 HmOIOKHM

ha(d)=§ Fyde+ [ Foy
Ty o

(BTopoil mmTerpan GepeTcs mo JAW0OOMy IyTH, JeMKameMy B
HOCTATOYHO MAJIOM OKPECTHOCTH ToUKE a). JJs cBoiicTBa D
GepeMm

ha(Z)=fg(gq(Z)),

rae p=G(a).

Jns ¢pyExnuii, aHATATHIECKAX Ha JAHHOA KPHBOH, Jaer-
KO MOKA3LIBAETCS TeopeMa efAHCTBeHHOCTH: .

Teopema 1.1. Ecau pyuryus § =7~ (z), onpedesennasn
na kpusoti I' u anaauruveckasn Ha aToll Kpueoil, pasna HY-
410 Ha 1ekoropol dyze kpusoi I', To ona pasmwa HYysO TOXC-
decreernno.

HorasateascrBo. Tourm rpmeoir I' maxomgaTca Bo
B3aHMHO OJHO3HAYHOM COOTBETCTBHH ¢ TOYKAMm oTpedka ( <<
<t < 1. O6ozmaumM depes E MHOMKeCTBO TOIEX B3TOr0 OT-
pe3xa, KOTOPHIM O0TBeJaloT 3Hadenma ¢yExqum § =F(z),
paBEpe Hya© (B COOTBeTCTBYIONIEX ToYKax KpmBoil I').
IIo mpepmonoskennmio TeopeMH MHRO3KectBO E memycro. Ecam
JOLYCTHM, YTO TeopeMa HeBepHA, TO MHoKectBo E Gyner
ornmuno oT Beero orpesra (0, 1), m motoMy HexoTopas TOU-
Ka lop 5TOro orpesxa Gymer rpaHEYHOM TOIKOM MHOMKecTBA K.
O6o3maumM uepes ¢y TOYKY KpEBoi I, 0TBeTAaOIIy0 BHA-
gemnio fp. CoriacHo onpefesNeHHI0 MHOKecTBa F Ha CKOIb
YrogHO MAJo# Ayre, coflep;xamiefl TOYKY o, OYAYT B TOUKH,
rae F(z)=0, u touxm, rae F(z)¥*0. Ho §'= F(z)— dyHK-
nusg, apansurHieckas Ha KpmBoAl T', m mo ompefenenwio Ha
NOCTATOIHO MANOH fyre, cofiep:Kamied TOYKY Oy, OHA COB-
najaer ¢ HeKoTopoil (ymEumedl fe (), romomopdmoft B OK-
pPECTHOCTH TOYKE @&o. Ilo TeopeMe eIHHCTBeHHOCTH 3Ta
hynrmus f%(z) HoMKHA OHITH TOKOECTBEHHBHIM HyldeM (Tak
KaK OHA paBHA HYJIW B TOYKax KpmBoil I', cROAB yromgHO
OMu3KuEX K TOURe o). Ho 3TO HeBO3MOMKHO, TaK KAaK 3Ta
e (QYHKOUA [0/KHA OBITH OTAMYHA OT HYJIS B TOUKAX
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rpuBoit I', croab yrogHo GAH3KEX K TOUKe O. lloaydemHoe
MPOTHBOpPEYHEe [OKA3BIBACT CIPABEIKBOCTh TEOPEMBI.

Temeps MB B COCTOABRHH OLpENeJNHTh IOHITHE AHAIH-
THYECKOro IPOJOKEHHA II0 KPHUBOM, HO qIA ymoGeTBa OI-
pemeldM CHAYANA emMe OOUH TEePMHH.

daemenTom B TOTKe o MH OygeM HA3BIBATH (OYHKIHIO
f«(2), romomopduyo B HexoTopoit ofaactm, cogepRamei
Touky z = o. IIpm atoM nBa saeMeHTa fo(2) E j;(z) B OA-
HOH W TOH ke Touxe o OyNeM HABLIBATEH IK6UBALCHTHLIMU,
ectn QyHRNEN fo(2) © fo(2) cOBmAgalOT B HEKOTOPOH OK-
PECTHOCTH TOIKH Z = O

W3 onmpepesneHns BUJHO, 9T0 KB diaeMeHT fq«(z) B
TOUKEe 2z = o0 MOMKHO PAaccMATPHBATL KAK JIeMeHT B KAKIOH
TOYKe 0., MOCTAaTOYHO GJIMSKOA K TOUKE CL.

B srmx tepmmmax ¢ymxmmio § = F(z), anaIATHIECKYO
Ha XpuBoil I', MOJKHO paccMATPUBAThL KAK COBOKYNHOCTH 9ie-
MeBTOB fo(2) B RaKmoil toure a <[, obragaiomux TeM
CBOMCTBOM, 9TO 3JeMEHTHI B [OCTATOYHO OIH3KHEX TOYIKAX
9TOil XpUBON (6aMB0CTH NMOHHMAeTCA IO KPHBOH, a He IIO
IJIOCKOCTH) SKBABAJEHTHE.

Oyernus § = F(z), amarmrugeckas Ha KpmBod I, Ha-
3LIBACTCHA AHAAUTUUECKUM npodoadceHuem asaementa fq.(z),
33IaHHOTO B HAaYajge 3Toi KpHBoi. diaeMeHT f,(z), oTBeda-
fomEid KOHIY XpuBoil I', Mbl GygeM HA3BIBATH DPe3yLbTaToM
anaiuTUYecK020 npodondcenun aaementa fo(2) no spusod I'.

EcrecrBenHO BO3HHRAeT BONPOC O CYIECTBOBAHAE KAKO-
ro-1u(0 peryinsApHOro Mpomecca MOCTPOEHHST AHAIHTHIECKOTO
TIpomoJsKeHud 37eMeHTa mo KpuBod. OmnmmeM ceiidac oguH
TAaKOH Ipomecc, TeopeTHYecKH NPHCOJHLBIA B JTI000M ciydae,
HO CIHOIKOM TPOMO3AKEA, 9ro0LI HOPUMEHATH €ro B KOHK-
pPeTHHIX 3amadax. J[ag TpOCTOTHI OrpaEAIEMCH  CIAYIaeM,
KOILa KPUBAjA He INPOXOMUT depe3 OECKOHETHO YAAMCHHYIO
TOIKY.

Wrtax, nuycrs [gaH NPOE3BOJBHBIM HMCXOQHBIA 3JIeMeHT
fzo (2) m wpmBag I', HauMHAOMIAACA B TOUKe 2. Pa3IomKmEM
HCXOTMHBIA DireMeHT B pax Teiaopa

fry )= 29 6 — )" (1.2

# oGozmaumM dwepe3 Ry paguyc CXOAEMOCTH STOTO PAAA.
Yepes v o0osHaImM yuacTox KpmBo#t I' or TOYKE zy A0
mepBOll TOYKH IepecedeHHsI 3TOH KPHBOA C OKPY/KHOCTHIO
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tz — 2ol = Ro. {nn Bcex To4eR y4acTKa Yo MONOMEM
F)=1, (@ fa@=f,&) @7

Jlaree Bo3pMeM Ha ydacTke Yo TOUKY 21, OTIHYHYI0O OT KO-
HeUHOIl TOYKH 9TOr0 YYacTKA, HO JOCTATOYHO ONH3KYID XK
meit. OyErmua [z (z) romomopdra B TOUKe zZ =z, TaK ITO
ee MOMHO pAaB3I0KHTH B OKPECTHOCTH OTOH TOYKH B PAX
Teinopa

00
2 o (z2—2)"
0 .

CyMmy sroro pama obosmauum wepes f. (z), a ero pamuyc
cxommMoct — uepes R;. Hepes ¢, 0003HAUAM yIACTOR KpH-
poii I' ¢ mawayioM B TOWKE 2Z; H ¢ KOHIOM B Oamiannieil
TOuKe TepecedeHms Kpupboit I' ¢ oxpy:kHOCTBIO |z — 21| =
=R, (Bmepegm mo mamupasieHmi0 KpuBoil I' mo oTHOIEHHIO
K TouKe z;). Ha ygacTre Y, MON0KHEM

F@=f, fa@=1f0() (@<

(mpoTuBOpedns ¢ UPEALAYIEM oupefeNcHmeM M He 0o-
HMCsI, TaKk Kak ma oOmell wacTm yuaCTROB Yo HY; 3JIeMerl-
T fz,(2) 1 f2 (z) oxpuBamenrmbr). Bubupas sateM TouKy

Zg B T. A., IIar 3a maroM OymeM [OBEraThca mo Kpupoil I
HerpynEOo moXaszaTh, 9To MH IpoijeM Bclo kpmsylo I' 3a
KOHEeYHOEe UHCJAO0 INArOB, eCIAE TONBLKO CYIecTByer ¢QYyHK-
nwa §=~F(z), amanmrugecrasn Ha kpusBoii I' (m commapa-
omasgd ¢ 9IeMeHTOM fzo(z) B Hawajle 3TOH XpuBOil). D

Telleph MOKHO IePEeHTE K OIpeJeNeHHI0 HOHATHA AaH3-
anTHYecKoil QyHKIEN.

Iycrs gam raxoi-1mbo siaement fo(2) B HeroTOpPOH TOWY-
K€ @ pacHIEpeHHONM KOMILUIEKCHOM IUIOCKOCTH. OTOT DJIeMEHT
ompefelsaeT HeKoropoe MHOMKecrBo K rpuphix I, nesramumx
B DAacTIUPEHHOH KOMIIEKCHOR NJIOCKOCTH H HAYHHAWIIHXCH
B TOYKE @, II0 KOTOPHIM DTOT BIEMEHT MOKHO aHAIHTHYIECKH
MPOmOKATE, AHajuTuuecKan (GYHRIEA, IOPOKIeHHag die-
MenToM f.(2), ompemenena mua xakpoii xpusoit I' = K. 3ma-
9eHHeM 9TO0il AHAMHTHYIECKOR (YHKIUH, OTBEYAIIIHEM KpPH-
Boit I'=K, Gynem cuYuTarh 3Ha4YeHHE B KOHIOEe KpHBoil I
pesyabTaTa AHANHTHYECKOTO TPOMOJKEHHs WMCXOJHOrO die-
MeRTa fo(2) mo Kpusoii I'.

Wrak, amanrnTuueckas QyHKOEA — 3T0 QYHEKOEA, ompe-
HeleHHAs Ha KPHEBHX I W3 Hekortoporo mmoskectBa K. Ya-
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¢10 ynoGree 6yfer rOBOPHTH, UTO aHAIWTWUYECKAdA (QYHKIHA
ompeneleHa Ha MHOMeCTBe, DIEMEHTAME KOTOPOro SBJIAIOT-
c¢A TOYKA 2z KOMINIEKCHOH ITOcKocTEm ® XpuBag I, moymas
‘s 3Ty TOUKy H3 (EKCHDPOBAHHOA Toukm «. I[lo Tpagmmuu
OyleM 3aOHECHLIBATH AHAJIHTHYECKYID (DYHKOHIO CHMBOJIOM
F(z), omycras yxasamme Ha xpuByio I'. Ecim ke yrasanme
ma xpuByo I' meoGxomumo, OymeM WCIONB30BATH CHMBOJ
(F(z))r. []

Anamutuueckag ¢ymxous F(z), xax QYHEKIEA TOTBKO
TOYKH 2, ABIAsAeTcs MHOrosHaunod ¢ymrnuei. ITom mccaemo-
BaHHEeM XapaxkTepa MHOrO3HATHOCTH AHAIUTHYECKOA (YHK-
nuE OOBYHO IOHHMAIT HCcAe[0BaHHe 3ABHCHMOCTH 3Iage-
BEl amanmTAYecKoil ¢yHROEE oT KpuBoid I' mpm ¢mxcupo-
BAHHOM KOHIe 3TOM KpuBoi (T. e. mpm (PHKCHPOBAHHOM TOY-
re 2). DyHNAMEHTAJIBHEIM Pe3yNbLTATOM B 3TOM HanpaBie-
HHA SBIACTCA TAK HABLIBAGMAS TEODeMA 0 MOHOOpOMUL:

Teopema 1.2. Hycry ucrodnvii saement f.(z) anasu-
TUUECKOU PYHEYUL MONCHO QHAAUTUYECKU NPOJOANUTL NO
arboll kpueoli I, nexaweli 6 obaactu D. Ecau rpusvie T
u I zomoronuvt 6 obaacru D, To

(F (2)r = (F (2)r

HoxasateanbcrBo. Hamomunm, 910 gse xpusbie I' u
IV masmBawrcs romoronEEME B ofgactm D, ecam cyme-
CTBYeT CeMeHCTBO HEeNPephIBHO 3aBHCAIMUX OT MMapaMerpa s,
0<<s<1, xpmerix T,, gexxamux B obmactm D m mMeoIHX
OMIHHAKOBOE HAYAJI0 W ONWHAKOBHIMA KoHerm (mpm s =0 xpm-
Bag I', o6pamaerca B T', a mpu s'=1— B I'"). [laa moxra-
3aTENBCTBA TeOpPeMbl [OCTATOYHO IIOKA3aTh, 9TO pe3ylbTaT
OPOJOKeHNs HCXOMHOrO diaeMeHTa f.(2) mo xpusoii I', He
BABUCHT OT IapaMerpa s.

o mpemmono:keHrio TeopeMBl AIA KAKAOTO 3HAUCHHA S,
0 < s<1, cymecrsyer Qyurnma F,(z), amanmTAYecKas wua
kpuBoil I', (m coBmamaomas ¢ HCXOAHBIM 3JIeMEHTOM fa(z)
B OKPeCTHOCTH Hadaja ?rodl KpmBoit). BoabMmeMm mpomssonb-
HYI0 TOYKY @ XpuBod I',. ODTOH TOYKEe OTBEUAET DJIEMEHT
fe)z), woroprit mpencrasaser coGoit ¢ymrnuio, roaomopd-
HYI0 B HEKOTOpo# oxpectHoctm D, Touxkm o (paccMarpmBae-
Moil Kax Touka Inockocru). OrpecrHocts D, comepsmur He-
KOTOPYIO Ayry W rpupoit I'., cogepsramyo Touxy o. Ha
BTOH Tyre HMEeT MecTO PABEHCTBO

Fi(z) =12 (2), (1.3)
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a Taxrxe paBencha
=120 Be), (1.4)

rie fff) (2) —anement, orBewaomumit Touke § KpEBoil I'.. Ec-
I 3aMeHHUTh Qyry vf,f) 21000#k APYroil KPHBOH Ya, Jesmalled
B oKpecTHOCTH D, B uMelImedl To ke HAYAN0 H TOT Ke KO-
Hel, H ONpefelHTh HA 3Toil HOBo# kpuBoid yEHKIEIO F(z)
pasercteom (1.3), a saementH f3(z)— pasencrBoM (1.4),
MH TmoayYmM (PYHKOEIO, aHATHTHIECKYI0 HA HECKONBKO [e-
dopmrposarnmoit xpuboi I'. [edopmanus cBofEICA K TOMY,
9T0 YYACTOK Vo 3aMEHsIeTCA KPHBOHA Y. (HMelomeid Te ke
xounur). Ilpm takom msmenemmm yHEnmsa F,(z) BHa ocTanb-
goil wactu xpmeoir I', He MemseTcda, Tak 4ro He MeHsAeTcHd
A Pe3yabTaT MpOMOJKeRnA.

Vrak, Mb [OXKAa3ajM, 9TO PEe3yAbTAT TPONOIKEHHUSA IO
Kpupoil I', He MBMeRHUTCsA, eclE 3Ty KPHBYI0 HPOM3BOIBLHO
nedOpMAPOBATH, He BHIXOAA H3 00XACTE rojomopdEOCTH
QHUKCHPOBAHHOTO 3JIEMEHTd, OTBEYAalOmero KakKo#-1mbo TOTKe
rpusoit I',. Ho mo memme I'eithe — Bopeas Bcio xpmsywo I,
MOKHO IIOKDHITh KOHeYHBIM WHCJIOM oOaacTedl romomopdmo-
CTH 2JeMEHTOB, OTBEYAlOMIHX TOYKAM 9Toil KpmBoii. llooge-
penao medopmupys xpmBylo I', B Kamaodl us 3TuX obaacred
romoMop@HEOCTH, MBI MOXKeM MOJIYYHTH H3 KpmBo# I', mpoms-
BOJNLHYIO, MOCTATOYHO BIM3KYI0 K Heil KPHBYIO C TeMH jKe
KoEmaMu (TOMOTONEHYK el B o0beguHeHAEm o0jaacTeidl roio-
MopdHOCTH 2THX 3JIeMeHToB). B gacTmocTH, MOKHO HOAYIATH
TaRUM cmocoboM u3 anBoﬁ T, mo6ywo kpusyio IL's co sma-
4enmeM $, mocrarouno OamsxmM K s'. CiuegoBarenbHO, pe-
3YABTAT AHATUTHIECKOTO IPOMOJIKEeHHA HCXONHOTO 3JeMeHTa
no xpumeoit [', Ee 3aBmcHT or mapameTpa s, @ TeopeMa no-
Kazama.

Sameganme. IlomyrHo MBI [OKA3aNIEm eme OFHO yT-
BepIKIeEAe, KOTOPoe CTOHT BHIIEAHTH 0¢000:

Ecau aaement fo(2) MoNHO anasuTuuecku npodosiCUTD
no rpusoii I', To €20 MONHO AHAAUTUHECKU RNPOOOLIHUTH
u no awbol kpueol, docrarouno 6auskoli & 1. Pesyavrar
npodoagcenus 6yder npu 3TOM TOT Jice, ecaAu HO8as KPUBAR
umeer ToT Je KoHey, uro u I.

B xadgectse mpocroro ciIefcTBHS U3 MOCHEHET0 YTBEpIK-
NEHUs JeTKO TOAYJaeTcsi CIAeAYIOmMHNA pPe3yiabTaT:

Teopema 1.3. Kaxdoi touke Komnaekcuoll naocKo-
CTU oTeewaer He 6oaee CHETHOZ0 MHOJNCECT8G pA3AUYHBLE
snavenuil fannol anasuruieckoll GyHEYUU.
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NoxasarenbcTBo. Hamnoe smasemme JamHO# ama-
aprTHdeckoil (YHKIHA B [MAHHOH TOUKE IJIOCKOCTH IOJNyda-
eTCAd B pe3yibrare AaHAJHTHYECKOro IPOJO/IKEHHS HCXOHO-
ro 3JleMeHTa II0 HEKOTOpOH KPHBOH ¢ KOHIOOM B 3TOH TOUKe.
Cornacmo cheMaHHOMY 3aMEYAHHI0 KajKAYI0 KPHBYIO MBI MO-
seM meMHoro AeopMmpoBaTH, He MeHAA pPe3ylbTaTa IIpo-
gomxenma. B gacrmocTH, Bcerma Mo3KHO CYMTATh, 9T0 aHa-
JHTAYECKOe IPONOJIIKeHAe NPOA3RONATCA MO JOMaHOH ¢ Bep-
IMAHAMA B TOYKAX ILIOCKOCTH, HMEINUX PANEOHANBHEIE KO-
opauHaTH. TakKOX JOMAHHX cuYeTHoe MHomecTBo. OTcoga
HeMeJIJIeHHO BLITEKACT yTBEPIKAeHHE TeOPEMBL.

Jlerko saMermrh, YTO [(OKA3aTENbCTBO TEOPEeMHI 0 MOHO-
OPOMHE HAIOMHHAET J(OKA3aTEJALCTBO FOMOTONMYECKOro Ba-
pmanTa tcopemsl Homm (reopema 2.3 ra. II). 910 cxopmcrBo
He cayyaiHo, Teopema Homm (B roMoTomm¥ecKoM BapHaH-
Te) ABJAETCA YACTHEIM CJIy4aeM TeopeMEl 0 MOHOQPOMEMH,
€CJHH B Ka4ecTBe AHAJATHIECKoH (yHKOAR B3ATH MepB00D-
pasuyio or muETerpmpyeMoii ¢ymxmmm. OpHaxo He ni000H
BapuaHT TeopeMsl Koy MokeT BOCHOPHHAMATLCA TAKAM
oOpasoMm — teopeMa 2.1 ra. Il ocHoBama ma cuemudmyecKHX
CBOMCTBAX HMHTErpaJia, W ee¢ Helb3d PAcCMATpHBaTh KakK 4a-
CTHBIH ciIyuail TeopeMBl 0 MOHOAPOMHEH.

B saxiioyeHne onmpejelnM, 9To MBI Oy[deM IOHAMATEL IOX
TeMA WIH HHHIMHA ReHCTBAAMA HAJ AHAIATHIECKAMHA (yHK-
OUAMA.

Hycrr F(z)— amanrmruueckan (QyHKNHAA, OOPOIKAeHHAS
ncxonunM aiaementoM f(z). Cmmpoxom F'(z) 6ymeMm oBosma-
9aTh AHANMTHIECKYIO (QYHKOUIO, MOPOKAEHHYI0 3JIeMEHTOM
1 (2).

ITepBooOpasuoit amaamrmueckoit ¢yHroum F(z) GymeM
Ha3HIBATh AHAJIATAYECKYID (QYHKOUIO, IOPOMKASHHYIO mepBo-
o0pasHOA ee MCXOQHOIO DIEMEHTA.

Ecam F(z) m G(z)— nBe amandrmuecknme (PyHKOm®, mo-
PoXieHHBIe HCXOQHLME dieMenTaMm f(z) m g(z), 3agamHEH-
MH B OJTHOH W TOH Ke TOYKE, TO CHMBOJAMHA
F@)+6@,  FOEE 50

Oymem 00603HA4aTh AHAAMUTAYECKHE (YHKIUH, IOPOKIeHHEIE
dIleMEeHTaAMHK

f0+e  f@eE, 12

COOTBETCTBEHHO.



8 2. 9JIEMEHTAPHEIE MHOI'0O3BHAYHBIE ©YHKIIHHA 93

Ecam amanmrmyeckas ¢yErOug G (z) moposkpeHa HCXOH-
HEIM DJeMeHTOM g(z) B Touke a, a aHaIATAYecKag PyHK-
nma F(z) noposkmeHa siementoM f(z) B Touke b= g(a),
To coMmBoitoM F(G(z)) Oyaem o0o03HAaYaTh AHAJIATHIECKYIO
$yHKOHIO, HOpOKAeHIYIO deMenToM f(g(z2)).

Ormerny emge OpPMyANPOBKy TeOpeMbl eJHHCTBEHHOCTH
AJA AHATHTHICCKAX yHKIHA:

Ecau kakoii-aubo asemenT anaiutrudeckoli GyHrkyuu k-
8UBALEHTEH TONDECTEEHHOMY HYMI0, TO U 6Ce dACMEHTHL AN~
auruyeckoll GyHryuu — Toxcdecreernnble Ry L.

§ 2. OcHoBBBIE dileMeHTApHBIE MHOrO3Ha9HbIe (YHKIUH

Kax yme rosopmnocs B § 1, mpm HcciegoBaHAM aHaH-
THyecknX (PYHKUMHA BO3HAKAIOT J(Be oCHOBHBIe 3amawd. Ilep-
Bag H3 ITHX 339 COCTOMT B ToM, 9To0Bl ommcarh MHOIKe-
CTBO TeX KPHBBIX, II0 KOTOPHIM MOMKHO OPOJOJIKATE HCXO[-
HHIA 3JIeMEHT AHAJTATHIECKOH (YHKOHE, a BTOpasg — B TOM,
qaro0bl HAWTH 3aBECEMoCTh 3Hadenma (F(z))r amammrmde-
ckoii ¢ymrmum F(z) or xpmBoim [' (mpm ycaoBmm, d9To ce
KoHen (mxcumpoBaH). B srom maparpade mel permmuMm obe
9TH 3aja4m HiA Jorapudma m cremenm (He mesoi). Kpome
Toro, BpBeZeM (opMyJbl, HO3BOJAKINHE BHPABHTDH OCTANb-
HBle DJIEMeHTADHBIE MHOrO3HAYHbIE (DYHKIHMH dWepe3 Jiora-
pmdM, HO pellleHMe IOCTABJEHHHIX 3afa4 AJA HEX MH OT-
JOMKAM [0 CcJaeAylomax HaparpagoB, rae OyAyT H3I0eHs!
HeKOoTopse o0mme coo0parKeHns.

1. @ynkyusa Inz. CorsmacHo TeopeMe eJEHCTBEHHOCTH
tyaxnmo Inz, onpefenseMyo B aHAaAH3e AJIA TIOJOKHTENL-
HbIX 3HAYeHHH 2, MOJKHO PACIPOCTPAHHTHh HA KOMILJIEKCHLIE
3HaUeHHsA Z (KaKk aHANMHTHYIeCKYy (PyHKOHIO) He Gojee 1TeM
ogHEM .cmocoboM. (G Apyroit CropoHbl, fICHO, YTO XOTA OHI
OfHEH cOoco0 BaBefioMO ecTh, TaK Kak ()YHKOHA Inz B ok-
PECTHOCTH KajyK[0M TOYKH 2z = a IOJOMKHTEJBHOI 4YacTh meii-
CTBHTEJHHOA OCH DPAasjaraercsg B CTEHeHHOH psx

Inz=1Ine + X0 gy, 2.1)
1

OTOT cremeHHOM paAx cXomures B Kpyre |z —al <a (ecam
3aMeHHTH [lefiCTBHTENbHOe IepeMeHHOe Z KOMIUIEKCHBIM IIe-
peMeHHLIM z). MoskHO OBLIO OB HOMYIHTE AHALHTHIECKOE
OpoNOJKeHAe CYMMBI OTOr0 PAA ¢ IIOMOINBI0 IIpomecca,
onncagHoro B § 1, Ho mcmoan3oBamme cpoiicTBa 4 (yEKNMIL,
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AHAJIATHYECKHX HA KPHBOH, NPHBeNeT K IEJH 3HAYUTE]ILHO
OnicTpee, TaK Kak (PYHKIHIO 1Nz MOMKHQ paccMaTpHBaTh KaK
nepBoobpasayo Qynromo 1/z.
Nrax, 5 KadecTBe HCXOQHOrO JJIeMeHTA AaHAJHTIYECKOI
z

d
¢yuruun In z Bo3bMeM QYHKIIIO .S‘Tc’ olpeieIeHHYI0 B JIIO-
1

Golt KoHeYHON OMHOCBA3ZHOHK 00JacTH, cofep:Kaigedl TOUKY
T =1 m me comep:ramen rouky G = 0. ITo Teopeme 3.4 ra. 11
sTa QYHKIMA rojgoMopdHA H HHTErpaj He 3aBHCAT OT IyTH
WHTErPHPOBAHEA.

Oyuroma g(§)= 1/§ romomopdHa UpE Beex 3UAYCHAAX
T, 3a mcrawouenmeM (= 0. OGosHaunmm uepes ' mpouspoas-
HYI0 KPHBYI ¢ HAYQJIOM B TOUke § =1, He mpoxogamylo
gepes Tourkm =0 m [ =, a gepesz I, — ywactor sroii
KpuBoi oT ToukE (=1 g0 mHexoropoi Toukm z<T.
Mo croiictey 4 QyHKNui, aHAAUTAYSCKHX HA KPHBOH, QyHK-

mus F (z) = —dé apaantmaEa na Kpnsoi I'. Kpome Ttoro,
Ty

OpE 2, AOCTATOYHO ONM3KHX K HAYAJIy KpHBOH, QyHKOHA

F(z) copmagaer, o4eBHAHO, ¢ HCXOMHHIM DJIEMEHTOM ¢yHK-

nun In z. CaegoBarenasuo, Gopmyia

(In z)p = -‘25 2.2)
r

gaeT HaM 3Ha4YeHme aHAJIHTHYecKoll ¢ymkmmm Inz, moay-
delHOe B pesyJdbraTe AHAJHATHIECKOro OPOMOIKeHHS HCXOH-
HOTO 3JeMeHTa B TO4Ky 2z mo xpmboir I'. Ilockoasky I' —
IpPOM3BOJbHAA KpPHBag C HA4ajJoM B Touke G =1, me mpo-
xoxAman 4deped toukm =0 m § ==, npuxomgmM K yTBep-
JKCHIIO;

Teopema 2.4. Hcxoduvli oaeMmenT aHAAUTUYECKOU
Pyrkyun Inz MoxmHo anaiuTUHECKW NPOJOANUTL RO 11060
kpueoli ' ¢ nauasom e toure § =1, ne npoxodaweii wepes
rouku § =0 u § = oo, Peayavrar npodoaxrenus daerca @op-
myaod (2.2).

Tem caMbIM pemieHa DepBad 3ajaga A AHAIATHYECKOI
yHRIHE.

Ilpesre d9em mmepexofuTh K pelIeHMI0 BTOPoH 3aJadM,
HAJ0 OoJyYuTh Gojee YMOOHBIA CoCO6 DBHYMCICHHS 3HAYE-
HAft yHKIED In z gaa KoMImeKCHHIX 3HAYEHHH 2, 9eM (op-
Myaa (2.2). B mepnylo odepefp HaiigeM 3HATUEHHe AHAJH-
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tageckoil Qyuxnmm Inz, orBewamimee HamOoJNee HPOCTOMY
peiGopy kpmpoil I', mpymieii ms touku 1 B Touky z. B xa-
gecTBe TAKOl npocreiimelr wpupoii I' Bo3sMeM KDHBYI Y.,
COCTABJEHHYIO U3

1) npsiMoiamHe#HOro 0TPE3Ka ¢ HAYAIOM B TOUKe { =
H KOHIIOM B TOUKe { = lz!;

2) xparuaitmeit ayrm oxpymmoctm 15| =1zl ¢ mawamom
B TOUKe § = |z] m xommoM B Touke (=2 (upm meHicrBu-
TeJIbHBIX OTPHIATEJALHBIX 2, KOUJA4 NMEIOTCS [Be Kpardaii-
mme JyrE, Mbl GepeM BepPXHIOH IOJYOKDPYMKHOCTS).

Jlas coxpamenms saumen ofosHadmM [z| =r, argz=¢
(—n <@ <m). Torna mMeem

amm=§%=f%+
1

Va

ire® do
T =1Inr+ ig.

Sy 8

3uauvenne (Inz), anaaurmueckor Pymrnum Inz Hasmp-

BaeTCs €€ 21aéHuiM gHaueHuem. g TIABHOrO 3HAYEHHOs
noraprdMa Gyaem mcmoabsoBars cmMBox (lnz). Jlerko ybOe-
aurheda, 910 ymxouma (Inz) romomopdHA B KoMILIeKCHOH
IOJOCKOCTH ¢ Pa3spe3soM 10 OTPHNATENbHOH d9acTH HeficTBH-
rearHoit ocu. CoraacHo NpOBeeHHHM BHYHCJICHAAM CIpa-
Beqaupa GopMyaa

(Inz)=1Inlz| +iargz (—n<argz<m). (2.3)

HamoMEEM Tenmepnr o0o3HAYeHIIf, KOTOPHIMH YacTO IOJb-
30Baaucs B § 7 ria. 1.

Ilyers womem xpuBoil I'y coBmagaeT ¢ HadaJoM KpPHBoOH
Ty, Torma cmMBomom I')['s oGosmaumm KpHUBYIO, IOIY4eHHYIO
OpoxoskAenneM cHadaja Kpupoi I';, a 3areM — xpusoi Ia.
CmmpoaoM I'™! ofozmaumm xpumsywo I', mpoxomgumMyno B oGpat-
HOM HaOpaBIeHWH.

Cumsoaom v (I, a) ofo3Hawamocs 9mciao o6XofoB B 10JIO0-
JKATEJbHOM HANPABICHAA TOYKH Z = d BaMKHYTOH KPHBOIO
I' (aemameit B KoHeYyHOH 9aCTH ILIOCKOCTH H He TPOXOHAMA-
meit gepes To9Ky z=a). B § 7 ra. I noxasamo, 9To Beam-
gnra v ([, a), onpejenensHas i BceX 3aMKHYTHIX KDPHBBHIX,
nexamux B o0mactm D, (KOMIUIeKCHAS IUIOCKOCTL C BLIKO-
JI0TOH TOYKOH @), eNHHCTBeHHBIM o0pasoM ompefeiasercd
CIeYIOIEMA CBOHCTBAMM:

Ecin wpmsoie I' m ' romoronanr B p6racrm D,, TO

v(T, a)=v(T", a).
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2. ‘V(Flrz, a)=v(I‘1, a)+v(I‘2, a).

3. Nua xpumsoit I', romoronuo#t myamwo, v(I, a)=0, a qaa
moGoit oxpymuEoctn |z—al =p Bemmumma v(I', a) panma
eMHHIE.

Teopema 2.2. Hycre I' — npoussosvras kEpusasn, ume-
towas navaso 68 Touke L =1 u Kowney 6 Touke G ==z, KoTo-
pas ne npoxodur Hepes touku =0 u {=co. To2da

(In z)p = (In z) 4 2miv (T'y7%, 0).

JlokasaTedbCTBO. 3aMeTHM IpesKpe Bcero, 9ro AJag
ao6oll saMruyToi KpuBo# C, jqekameil B obnacta Dy (Komii-
JEeKCHAA IUIOCKOCTh ¢ BEIKOJMOTOH Todko# z = (), cnpaBemian-
Ba QopMyia

di
v(C, 0) = 2m5 é.
C

" di
Jeiictputensno, Gyukgua p(C) = ﬁj% oupefeleHa JUIA

c

BCCX 3aMKHYTHIX KpuBHX C, Jexamux B obmactm Do, m ymOB-
JCTBOPAET BCEM TPCM YCJIOBHAM, ONPEHCIAIONIMM BelH4uHY
v(C, 0).

Ecan I' — nponsBoisHAS KPHBaA ¢ HAYAJIOM B TO4YKe § =
=1 H ¢ KOHIOM B TouKke =z (He TPOXOFAINaA depes Tod-
Kk {=0m {=0o0), a 7, — npocrefllmaag KPHBasA TAKOr0 POAa,
onmcaHHAA BpIIe, To Kpmbag Ly, ' ABIfeTcA 3aMKHyTOH
Kpupoi, Jeskameit B obaactu Do. IMosromy

1 dg -
ﬁ 5 T =V (FYZ 1, 0).
I‘vz_l

Ho, ¢ gpyroii cTopoHH,
b _ f dt 5 a _ j da _ jﬂ
5 S AL T T
r'Vz—l r Vz—l r V2

a, coracHo opmyne (2.2),

5 = (In z)p, JTC= (In 2).

r

OTCIO,IIa HeMe[JJeHHO BERITeKaeT YTBepKJAeHHEe TEeOpPEeMBEl.
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Tem caMblM MBI DEIOIHJIE [JIfl @HAJXHTHIECKOH Qyurmun
In z u BTOpPYI 3ajKadTy.
CrenmaeM HECKOJBKO 3AKJIYHTEJbHBIX 3aMegaHiIil ol aHa-

auTHieckoi Qyurmmu 1n z.

N3 teopemsr 2.2 ciefiyer, 9To AHAAUTUHECKYHO gﬁynm;uro
Inz nHeavss npodoaxcute Hu no 0dHOU Kpueol uepesd TOUKU
=0 u § = oo, rak Kax

Relnz=1In lzl,

a pernauna In |zl cTpemurces K +oo npu z—> o g Kk — npn
z > 0.

Hanee, us TeopeMnl 2.2 MBI JIeTKO [OJyIaeM, 49TO

Sunavenus(Inz)r, u (In z)r, pasist 8 Tom u TOABLKO 6 TOM
cayuae, Kozda kpusvie I't u I's comoronnu & obaactu Dy.

HeiicTprTenbn0, He0GX0AMBIM K JOCTATOTHLIM YCIOBHEM
paseHcTBa 3HaYenmil (In Z)rl. # (Inz)p,, cormacao Teopeme 2.2,
asagerca paseuctso v{I', 0)=v (s, 0). Ho us teopemn 7.2
ra. I merpyfamo BeiBecTH, 9To KpuBeie I's mw I'y roMoromssr
B obGmactu Dy rtorga m Tonbko Torfa, xorma v (I, 0)=
= v (I, 0).

3ameruM eme, uto ¢opmyte teopembl 2.2 mua (lnz)r
MOIKHO TPUNATEH BHJ

(Inz)r=1Inlzl +iarg 2 (2.3%)
rfie arg z = (arg 2)r = s‘ darg L.
r
JletictpuTensno, obosnagnM [§| = p, arg§ = 0. Torma
t=pe, df=e"*dp+ipe®do.
u noromy (cornacuo dopmyne 2.2)
(In z)p =§%§ =§? + inﬁ = §d1n|§| 4 ij'dargc =
iy r r r r
=In|z| + iSdargC.
r

®opmyna (2.3*) memee ynmoGHA, wem (opMysa TeopeMbl
2.2, TaK Kak BoUNCJHeHHMe 3HadeHus (arg z)r TpeGyer mpofod-
srenua Qysroum arg § mo kpusoi I', a senmumma v(C, 0)—
OpocTasg reoMeTprmYecKas XapAKTePHCTHKA aTofi Kpmpoil. On-
HAKO B HEKOTOPHIX caydasx Qopmyra (2.3*) momer GbiTh

noxesna. | |
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Ormermm eme, 370 Kax m3 Qopmyan (2.3*), Tak m m3
OPHHOANA AHAIATAYECKOro IPOAOIKeHAS HeMeJJeHHO BLITe-
KaeT paBeHCTBO e'™” = z. Tem ke cmocoGoM MOMKHO HepeHe-
CTH Ha KOMILIEKCHble 3HAYeHAJ [ePeMeHHOTO W [PYyrhe CO-
orHOmeHAA fAag QyHKOm Inz, AMeommecs AaA IOJOMKH-
TeJdbHHIX 3HAYCHAA OepeMeHHOTO.

2. @ynuryus z* Hpm neficTBATENbHEIX 3HAYEHHAX IOKa-
3aTeld o B OpH IOJOMKHATEIbHBIX 3HAYCHOAX IepeMeHHOoro 2
dyaRIEg 2% ompejeNAeTca PaBeHCTBOM

=o', (2.4)

9T0 paBeHCTBO eCTeCTBeHHO NPHHATH 34 ollpefledeHie CTeIleH-
HOMl (YHKOMHE ¢ HEHeJBIM [OKasdarTegeM (IpH IeABIX ¢ 9TA
OyHKOEA yKe ompeleJeHA) H UPH JJIOOGHX KOMILIEKCHBIX
3HAYEHAAX [OKA3aTels O, M IepeMEeHHOro Z.

B xagecrBe HCXOQHOTO dJeMEHTAa AaHAJIUTHYECKOH (PyHK-
OHA BosbMeM (YHKIIHIO

(zu.):= eq. (In z)

(smecy (Inz)— raapHoe 3magenme jorapmdMa). ITOT HCXO[-
Hblll 9jeMeHT OyJeM HABBIBATH 2AA6HbLIM 3HAUEHILEeM AHAIHU-
THYeCKoit PYHKOEA z%. ViKe oTMeuanoch, 9To dyHKnasa (In z)
rosoMopdHA B KOMINIEKCHON IJIOCKOCTH C Pa3peaoM Lo OTPH-
mareJsHoll gactH pAedcrBETedpHON ocu. HosroMy ¢ymrmua
(z*) Taxme Oymer romoMopdH2 B KOMILIEKCHOM IIOCKOCTH
¢ paspe3oM IO OTPHIATeIbHON YacTH JeACTBHTEILHOR OCHU.

PasercrBo (2.4) m Teopema 2.1 cpasy ke gaior:

Teopema 2.3. HcxoOnwili astemenT aHAAUTUNECKOL
PyHryuL 2% MOJNCHO anGAuTUMecKu npodoaxcars no a0bol
kpueoli I', ne nporodawet uepes Touku z=0 y z= oo,

N3 pasencrBa (2.4) m Teopemer 2.2 caemyer

Teopema 2.4. Jan snauenus (2%)r anasuTuueckoll
Pynryuu 2%, NOAYULEHHO20 AHAAUTUHECKUM NpOodOAICEHUEeM
ucxodnoz0 aaemenra (z*) no rpusoli I' (c HazaxroM B TOUKe
z2=1 7 XoHImOM B TogKe 2), cnpasedausa dopmyra

(2% = (2%) exp {2niac-v (Ty7 %, 0))

(3mech 7;, Kak O B TeopeMe 2.2,— OpocTeiilllag KpABag ¢ Ha-
9ag0M B Touke (=1 m KoHOoM B ToUKe [ =12z).

CoBepHIeEHO AHAJTOTHIHO ¢ HoMowpI0 dopmyast (2.4) u
dopmyn (2.3) n (2.3*) moaygaeM paBeHCTBA

(z*)=lz|*exp{-bargz+i(aargz+blnlzl)}, (2.5)
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e
a=Rea, b=Ilma, —m<<argz<n
il o
(z%)r=Iz|*exp{—bargzt(aargz+blnz)}, (2.5%)
e

=Rea, b=Ima, argz=(argz)r= j'dargc
r

(st ¢opMyns upnEEMaOT ocobeHHO IPOCTOH BHA, KOrma
o0 — MeUCTBUTENBHOE YUCIO).

Hcenenyem Temeps BOIpoc O TOM, KOTJa MOMeT HMeTh
MeCTO PaBeHCTBO

(#%)r; = (3%, (2.6)

W3 ¢opMymnr TeopeMms 2.4 cpasy ke moiaydaeM, 4To MIid
cIpaBejIABocTH papeHcTBa (2.6) HeoOXOMEMO H [[OCTATOYHO,
gT06bI BHIIGIHAIOCH PABEHCTBO

exp {2nic-v (T,y7 2, 0)] = exp {2rmioc-v (Tt 0)},

KOTODOE® BLINOMHALTCA TOTAA H TOIBKO TOTAQ, KOTJIA BEIWTH-
ma o {v (Ty7 2, 0)— v(Tyyz" 0)] apasercs measid wmeom.
910 B CBOIO oYepefb BO3MOKHO JHING B CIydYae, Korjga IoKa-
3aTelb o paBeH DPANHOHAILHOMY YHCIy p/q, a medoe THCIO

© v (Tt 0) — v (T, 0)

gelnrcA Ha 3HAMEHATENEL ¢ DTOTO PANHOHAJBLHOLO YHCJIA.
B wacrmocrm, pasercrBo (2.6) Oymer mMeTh MecTo s JI0-
Obix AByx KpEBHX ['; mw ' B ToM E TOJBKO B TOM ciayuae,
KOrja HOKA3aTeNb o ABIAETCA MeJbIM YACIOM.

Taxum o0pasoM, Mpl IPHUILIA K yTBeP:KISHAIO:

Ecauw a = —Z-,zae P U q — 63AUMHO NPOCTBle Yeable HUC-

aa, 7o pasencreo (2.6) uMeer mecro ¢ TOM U TOABKO 8 TOM
cayuae, Kozda

v (I‘ﬂ’z ! O) =V (Fz'Yz ’ 0) (mod g).

N3 sroro yroepigeHnsa clegyer, 9To Kaykmoll TOYKe KOM-
OJeKCHOH IJOCKOCTH OTBeJaeT POBHO ¢ pAasJHYHEIX 3HATe-
HOft amasguTHYeckoil (yHKOEmE zP/9 Takdme aHAJIATHYECKHAE
$YHEKOEE HA3HBAOTCA WHODNA ¢-3Hauhulmu., llpocreitmeit

e
m-3pagnoy QyEKmuei apagerca PyEKmUA } 2.
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Iloxa Mst ropopius TodbKo 06 alAJHTIIECKOM OPONOIIILe-
HEH HCXOMHOTO JIeMEHTa AHAJIHTHICCKHX PyHKUMU Ilnz w z*
Onmako $opmyisl, moaytesnsie gia sHagennin (In z)y, noszo-
JAAI0T TOBOPHTH B 00 AHAIMTHIECKOM TPOSOJIHSEHIIH TPOH3-
BOJABHBIX 3JEMEHTOB 3THX (YHKOHA, Tak Kak aHaIATHYe-
CKOe NPOROAKEHHe JI000T0 2I6MEHTA MOKHO COCTABUTDL W3
AHAIATHIECKOTO HPOJOJKEHIA BTOTO DIEMEHTA B MCXONIGLl
I 13 OpPOROJIKEeHHd HCXO[UOro dIeMeHTa. D cBA3E ¢ BoIpo-
coM 00 AHAMUTHIECKOM NPOMOIKEIIMH JJIeMEHTa, OTINIHOIO
0T HCXOJHOTO, OTMETUM OAHO yTBEPIKIeHUEe, KOTOPBIM IPUXO-
OMTCA 9YaCTO MONB30BATHCA!

Hpy anaauruneckom npodoaxcenuy 4106020 saementa
anarutTuneckoll gyrnryuu z* (3deco o — n106oe AEACTBHATETH-
HOe 9YHuCiI0) U3 Touku z=re’ ¢ Touky z=re* no dyze ok-
PYIHCHOCTU

lzl=r, O®<argz<gq,

Mmodyan Pynryuu 2% He MEHAETCA, a AP2YMENT HEnpPepbleno
U MOHOTOHHO UBMEHAETCA HA geaununy o(p— 7).

JTo yThep;KAeHMe HeMCHIEHHO BLITeKaeT #3 (OPMYJIBI
(2.5%).

Kpome ¢ymxmmii Inz u z* cpemm siaeMmenrapubix QyHK-
OUii MHOrO3HAYHBIMY AHATHTHICCKUMH (DYHKOHAMY ABJIAIOT-
cad eme o0paTHple TpHTOHOMeTpuIecKHe (QyHKOuU. B droMm
maparpade Mol He OymeM pemars gif oO0paTHBIX TPUIOHO-
MeTpHYecKHX (YHKIHil 3aa4l, IOCTABJIEHHBE B HAYaJIC IIa-
parpaga. ¥Ygobuee OyfeT cexars 9To B CACAYIOMMX Haparpa-
dax, memomcrpupys Goxee obmue Meropsl. Ceifuac orpam-
9EMCs JHRIOL BHIBOZOM (POPMYI, CBA3LIBAIONMX 00paTHbIE TPII-
FOHOMETPHYECKHe (PYHKIMHA ¢ JOorapugMoM.

3. @yuryus arctgz. ['mapnoe sHaveHme QYHKIHE arcigz

z

dr
OpH [JeHACTBATEJNBHBIX Z oUpelelseTcs HHTerpaloM S 1_|"§2
0
HIN PANOM
(=] 1)17,
— (= 2n+1
arctg z = - 2n_Hz .

O0a »TE BrpasKeHndg OPHTOMHBL AJIA AHAJRTHIECKOTO TIPOJI0J-
aeHna (QYHKOuUE arctgz Ha KOMILIEKCHBIE 3HAYENUdg I[epe-
MeHHOro. HammcamHBIH Belmme psag (wiam HHTerpat) OymeMm
CYMTATh MCXOAHEIM OJEMEHTOM aHAJIATHYECKOH QyHKOUM
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arctg z (mIs nHTErpasa [geiaaenM ROUOJNIMATENbHOe Oorpadunde-
HEe, 9TO IyTh UHTErPUPOBANUA IEHKIT B HEKOTOPOH [ocTa-
TOUIIO MAJIOH okpecTHoCTH Todku § = 0).

Ilng BoiBoga QOpMyJbl, BhIpamKalorgeit Gynxumo arctg z
gepes JgorapmdM, BOCOONB3IYeMcA UHTerpatoM. Pasmoyrum
NOABIHTErpalbay0 QYHKIHO Ha mpocTeiiline mapodu:

ot 1 11
142 20— 2L+
Torma pug z, meyKamux B JOCTATOUIO0 MAaJNOT OKPECTHOCTH
tToukil z =0, TOJXYyIAM PABCHCTBO
2

4
arctgz:éi_jv dg __1_5 ad 1 qa— 1oy, 2t

L —i I R i T E e T i
0 0
KOTOPOE MOJKHO 3aTHCaTh B BH,I[e
_ 14z
arctg z Z In 7——. (2.7

Ilo mpuHODENY AHATHTHTECKOTO NPOJOKEHNA ITO PABENCTBO
CIPABENJINBO 1 A Bcex 2. TeM caMBIM Mol TOJIYTHJIH HCKO-
MyI0 QopMyry.

4. Dynryus arcsinz, [D'nannoe soadcHme QYHRIUH
arcsinz mpn AefcTBUTENBHBIX 3HAUEHMAX 2, JCKAMHX Na
OTPEBKB (=1, 1), oupepcasercs IIIITE)I‘paJ'IOM arcsin z =

(2n)!

—_ — HWJIH PAJOM aI'CSlIl z =
51/1 _ P 2 @n-}-1)- 22" (n)®

3a ncxonﬂbm DIEMEHT AHAIUTHIeCKol cbymcmm arcsin z
ynobHee BCero NPHUHATH HMEHHO PsAN, TaK KAK MOJ HHTErpa-
JIOM CTOMT MHOTO3Ha9HAag PyHKuma. OFHAKO JJIA BHIBOJIA MH-
Tepecywomeii Hac (GOpMyNsl ymo0iee BCEro BOCIIONB30BATHCS
paBeHCTBOM sin(arcsinz)=z (mo NPUHLUHUIY aHATUTHIECKOTO
OPOMOJGKCHIA OHO COXpaHACT CHIY W JJIA KOMIJIEKCHBIX
smaucHmii nepemennoro). Ilo ¢opmyre Oimepa sinw =
e'rw . e—1w
—5; > TaK TT0 PABEHCTBO, oNpefAensomee GyHEKIHIO
W = arcsin z, MOMKHO 3a1HCATh B Bujge e™ — e~ = 2iz. Pemag

KBaJIpaTIioe ypaBHeHHEe OTHOCHTENLHO (PyHKIIHH €', moayda-
eM, 4TO

z2ntl,

e =iz + V1 — 2%
Orciofia Ges Tpyga HaxofuM HHTEpeCcyRIMyo Hac (DOpMYIy:

arcsin z = % In(iz + V1= 2). (2.8)
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§ 3. BerBu ananurmueckoii Qpynrmun

IlepeiineM K HM31103KEHHI0 HEKOTOPHIX OOIIX IPHEMOB IiC-
CIC[IOBAHMA MHOTO3HAYHBIX aHATHTHUecKHX ¢Qyuxiumit. [las
yopoigeanus (opMyJInpoBoK yAo0HO IN0JB30BaTLCA TEPMUHA-
MI, KOTODEIe MBI OIIPE/EeINM,

IIycrs mam fama amaanrtndeckas Gynkuma F(z), nopom-
JeHmasg HCXOAHBIM diaeMeHToM f(z) B Touke z = a. Bo3rMem
meKoTopyio ob6nacTe D, comep:Ramyo ToUKy z = a, H PaccMoT-
pUM aHaJHTHICCKIEC NpPORONKEHHs DiaeMenra [(z) He Io
BCeM BO3MOKHHIM KPUBHEIM, BEIXO[ALIIM 13 TOYKU @, 4 TOILKO
mo TeMm, Koropwie daexar B obmactu D. B pesyawrare Tanmx
npofoamennii Mul nonyunm gynrumio D (z), onnuaniryoca
OT Bceit amamnuTHIecKoit dyurnum I (z), reM, 9To ee obiaacTh
ONPefeNIeHNsT HECROABKO cyieHa. Ity d¢ymriun O(z) Oy-
7leM HasHIBaTh 6eT¢bl0 anasuTudeckol Pynryuu F(z) ¢ o06-
aactu D,

llogaepxmeM, 9To BETBh AHAINTHIECKOH (yHIIUNE B 00-
dacTe D, Xar ¥ caMa aHAJIUTHYECKAA (QYHKINMA, HOPOMIAET-
cs1 3a/laHMeM HCXOQHOTO diaeMenra f(z).

Ocofo BHpennM ciaydail, Korna HCXORHBLT daeMenT f(z)
MOJKHO aHJINTIYeCKH IPOAOKUTE 1o Jdoboil kpusoil 1) xe-
skamef o obxacrm D, B oroM ciayuae BeTrBhp aHAINTIYIECKOil
$yarnuu B obnactu D mu Gynem maswmpark gynryucel, ana-
auruyecko ¢ obaacru D,

Ecan ¢ynxmua @(z), amanurnveckas B obnacru D, ofuo-
sHagHa (KaKk QYHKIUA O(HOA JHINb TOYKHM z) B 9Toll obia-
cr, OyneM HA3HIBATh 9Ty (QYHRIHUIO 2040MOpPIolt 6eTGbIO

anaauruieckot pynkyuu F(z) (s obractu D). []

W3 reopemsr o momoppomuu (reopema 1.2) HeMelIeHHO
BHITEKaeT cleflyloniee Ba;KHOe YTBEpJeHNIe (JacTo MMEHHO
OTO yTBEp:KJleHHe HA3HBAIOT TEopeMoil ¢ MOHOIPOMIIH) :

Teopema 3.1. Qyuryua, anaauruveckas ¢ 00M0CEA3-
noti obaacru, eonomopPua 6 arol obaactu.

HeiicTBuTenbno, oo TeopeMe 0 MOHOJDOMHM pe3yabTaT
IPONONAEHNA HCXOHOT0 9IEMEeHTa 110 KPUBHIM, TOMOTOIIHLIM
B obaacTH, ofmaakos. Ho Mur smaem (cM. reopemy 7.1 ru. 1),
IT0 B OJHOCBA3SHON 00JacTH TOMOTOIHEL BCe KDHBBEIE, MMEIO-
e OfMHAKOBOE HAdallo M ofMHaKoBH Komel. IloaroMy pe-
3yJNBTAT HPOJOJHEHHA MCXOJHOIO B3JIeMeHnTa o Kpusoil, Je-
JRameir B ofHocBASHON 00aacTH, 3aBMCHT TOJIRKO OT KOHIA

oToit kpuBoit, ITC M FaeT yTBEDPMAECHHE TEOPEMEL | |
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OnepupoBarh ¢ HoHATHEeM (QYHKIMM, aHATUTHIECKOH B
obnacru, yacto OBIBAET 3HAYUTENBHO YA0OHEe, IeM ¢ IOHH-
THeM aHAJIHTHIECKOH (QYHKIMN, Tak Kar TepMuH «QyHRIHM:A,
aHaaurmueckas B obuactu D» yae mecer B cebe mudopma-
OUI0 0 MHOMKECTBE KDPHUBHIX, II0 KOTODHIM MOKHO aHAJIHTHIE-
CKM IpOACIRNTL HcXofuwil smement. OTMeTMM HEKOTOPHE
cpoiicrsa QymKmiii, aHAINTHIECKIX B 00JNacTH:

1. Ecau gpynryuu Oi(z) u O2(2) anasuruunst ¢ obaacru
D, to u dpynryuu

@ (2)+ Do (z), Di(z)De(2)
anaaurunitel 6 obaacru D.

2. Ecau dynryuu @,(z) u Oz(z) anaaurivnst 8 obaactu
D u ece snauenus Pynryuu Do(z) orauunvt or nYyad, TO

D, (2
pynryus =~ anaauruuna 6 obaacru D.
@, (2)

3. Hycre gynryus W (L) anasuruuna ¢ obaactu G,
a gynryus O(z) anasuruuna ¢ obaactu D u ece ee snaue-
Hus aeaxcar ¢ obaacru G. Toeda pynryus

V(D (2))

anaauruilia ¢ obaacru D.

4, Ecau dynryus O (z) anaavruuna ¢ obaacru D, 10 u
6ce ee npoussoldHvle anaiuTuyHyl 8 obaacru D.

5. Ecau dpynwyun @(z) anaaurunna ¢ komeunoll obaa-
cru D, To u ee nepgoobpasnas anasuruiuna ¢ obaactu D.

Ilepeancicunsie cpoiicTBa oueBHIHBIM 00Pa30M BHITEKAIOT
u3 npupegennbix p § 1 cpoiiers ¢yuwmuil, amanuTHIECREX

Ha KDHBHIX. [ |

B rawecrne mpumepa ucmoxp3oBanua cpoiicrs 1—3 pe-
oM 3a7avy o ompejeNenVH MHOKECTBA KDHBHIX, IIo KOTO-
DEIM MOJKHO AHANNTHIECKH HPOJOIKATL QyHKUUH arcigz U
arcsin z.

1. Qyuryus arctgz,  Bocmoassyemesa dopmyioit

14 iz "

T—5 UDonyuemmofi B § 2 (cm. opmyry

(2.7)). Oyurnoua

1
arctg z = - In

T 1—iz

roioMop(HA Ha Bceil pacIIMpeHHOH KOMILIEKCHON IIOCKOCTH,
33 MCKIIOUCHIEM TOUKN z = —I, 1 ofpamaerca B HYJIL TOJb-
Ko B Touke z =i. 0G03madnM depe3 G BCHO KOHEIHYIO KOMI-
JeKCHYIO IMIOCKOCTh C BEIKONOTON rouroit § =0, a gepes D —
PacmupenHyl0 KOMILIEKCHYIO ILIOCKOCTDH ¢ BHIKOJIOTHIMHA TOY-
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Kami z=1 B z==—Ii, Torna MomHO cKazaTrh, uTo (PYHKOUA
1+ iz
D(z) = T— Aasamrmuea b obxactu D m uro ee 3made-

aug Jgemar B obnactu G. Kpome Toro, Mmi 3HaeM M3 Teope-

MeL 2.1, uro ¢ymrous W (§)=In{ apanurumuna p obaacru G.
Creponarensno, 1o cBolicrsy 3° QyHKIHA

V(D () = In 112

{1 —iz

apayimTiiyea B oonacrin D. WHeiMu ciopamu:

Qyuryusa arct@ z anaLUTUUHA 6 PACULUPENILOf KOMRACKC-
HOUL NAOCKOCTU € 8LLKOAOTHIMU TOUKAMU Z2 =1 U Z = —I,

2. Qynryus  arcsinz, Bocnonpsyemen  dopmymnoit
arcsinz = % 1n (iz + Vi= 2?) (cm. opmyry (2.8)). Oynn-
ous § =1 — z? ronomopdua Bo Beeil Komeunoit obacTu u 06-
pamaerca B HYIb TOIbKO B Touxax z=1 u 2= —1, a dynk-
nua V{ amaipTudHa Bo Bceil KOHCUHOH MIOCKOCTE € BHIKO-
notoit tounolt £ =0 (cm. reopemy 2.3). Iloaromy, cormacuo
cBoiictBy 3, Qymrmus iz + V1 — 2?2 amaxptuuma Bo Beeil Ko-
HeYHOH TIOCKOCTH ¢ BBIKOJOTHIMH TOUKaMHM z2=1 M z=—I.
Jlerko mpobeputh Tak:ke, ro sra PYHRIUA He ofpamaercs
B HYJIb B yKasamHON oOmactu. JlelicTBHTeNbHQ, M3 PaBeHCTIDA
iz+ V1 —2%=0 Mw cpasy monyuaeM paBencTBo —z2=1—2z2
ROTOPOE HEe MOMKeT BHIIOJHATbCA HH [UIA OJHOTO KOHEYHO-

To 3mavenus z. JlopToMy, eme pas IPHMeHAA cBoilcTno J| HA

aror pas ¢ P(z)=iz+V1—22 u ¥({)= iilnﬁ), npuxo-

TUIM K yTBEPMAICHUIO:

Dynryus arcsinz arasuTU¥NA 6 KOMRAEKCHOL NAOCKO-
cTu ¢ eblkoaoTuIMU Toukamy z=1 u z =—1.

ITpu nomomu cBoiictd 1—5 o6rTHO NeTKo yAaeTcsA ompe-
JENHUTH 06JIacTh, B KOTOPOH amaauTHIHA (QYHKIUA, IPecTaB-
JeHHAA UYepes sieMentrapubie PyHRIMHA ToH wiaM MmO (op-
MYJIOoH.

VYraskem (Ges /loKasarensersa) eme Ha OJ{HH MHTeDPeCHEI
KpuTepHil analnTHYHOCTH!

6. Hycre dynryuuw pi(2), ..., pa(3), q(z) anasuruuns
g obaactu D. Toeda awboe pewenue Oudgepenyuasvrozo
YpasHenus

w™ + pi(2)w P+ pa(2) w=q(2)
Taxxce aeaserch Gynryuel, anasurueckol ¢ obaacru D. D
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Hacro OpHXOAUTCA CTAIKUBATHCA co clefylomeil 3a-
nmageil.

Nana ¢ynrmug, amangrudeckana B obnacrd ). Briacants,
Oyner au »Ta Qyarnua roromopdua B obmactu D.

B cnyuae, xorma obmacts D ofHOCBA3HA, Ta 3afada cpa-
3y pellaerca CCHIIKOH Ha TeopeMy ¢ MOHOAPOMHH (cM. Teo-
pemy 3.1). Onmako muorfa OPHXOJUTCA pEIIATH BTy 3ajady
M [aA ciydasa MHOrocBasHoi obuacru D. OGHUHBI mpHeMm
MOKAa3aTeJbCTBa roJoMOPPHOCTH COCTOMT B TOM, 4T0 3ajaH-
ay0 QYHKOWIO OPefCcTaBiAlT B BHAE Toll WM HHOH KoMOH-
Hamqua QYHKIUN, aHQINTHIECKUX B 0oJiee HIMPOKMX OJ[HO-
CBASHBIX o0aacTax. IIpuMBeseM HECKOINBKO IPUMEPOB TaKO-
ro pofa.

IIpumep 1. Pacemorpum dynrmuio F (z) = %/ 22(1 — z
B obmactd D, mpepcraBagoieil coGoll Bclo KOHEUHYI) IIIOC-
KocTs ¢ paspesoM mo orpesky [0, 1] neiicrsurensHO# ocH.
SaMeTuM mpeae Bcero, 9To Hama QYHKIUA analdTHYHa
B obnactu D. [eficrsurensno, yarnua z2(1 —z) romomopd-

Ha B obxacru D m me obpamiaercda b HyIb, a QyHKIUA IS/C,
aHaJXMTNYHA Bo Beedl KOHEUHOH IIOCKOCTH ¢ BBIKONOTOH TOU-
roii £ =0. Cormacmo cBOACTBY 3 H CYHEPIO3HMIHA HTHX
dyurnuit apanuruuna B obxacru D.

IIpumennrs Teopemy 3.1 s forasarenascTsa roiomopd-
HOCTH Hamieil ¢ymknme B obGaactu D Hexn3sa, Tak Kak 00-
nactb D apyxcsasHa. Oppako MBI MoKeM IPECTABUTh HAITy
¢yurnuo I (z) B pune upoussegenus F(z)=F,(z)F:(z), tae

Fi2)=z, Fy(2)= ]3/1—%.

Oyuroua Fi(z)=z, ouesupno, romomopdua B obmacrm D.
3 1
Qyaroua F,(z) = ]/1——z agaxurHyHa B obxacrm D mo

TeM ke coobpakeHHsAM, 4T0 M cama ¢ynrmua F(z). Opmaro
JeTKO BHAETh, 4To QyHKOua Fj(z) aHanutHuHa M B Golee
mIMpoRoil ofxacTu, moxyuamomeiica poGabiendeM K obxacTm
D rtourn z=c0, Jra obmacTs yie OIHOCBA3HA, M IIOTOMY
dyarnua Fo(z) romomopdHa B 3TOH 06MacTH IO TeOpeMe O
MoHosipomun. CiefoBaredbHo, oHa rolomopdHAa u B Oodee
y3koil obnact D. Takum o0pasom, MEI MoKa3alH, 94T0 QYHE-
oua F(z) aBunsercs upousBefeHMeM JBYX (YHROWH, romo-
MopdHEIX B ofmactu D, m noromy roiomopdHa B 3700
obnacTu.
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IIpumep 2. Pacemorpum ¢ymriitio
F(2)=7(z2—1) (22— 4)

B obmactu D, npefcraBafaiomeil cofoil Belo KOHEUHYIO ILIOC-
KOCTH ¢ paspe3aMu 1o orpeskam (—2, —1) u (1, 2) peitcrnu-
TeJbHOH ocH,

Kax um B npepmiaymeM npuMepe, JErKo AOKA3EIBAETCA, YTO
dynroua F(z) amamutuuma B obGmacrm D, Ilpepcranum ee

B Bufie F(z)=F(2)F2(2)F3(z), rne
Re=t r9=Y Ty Ro=y T,

W3 rex sxe cooGpaskenmii, uro 1 B nupumepe 1, yGesmpaemes,
IT0 BCE COMHOKUTEAM ToidoMopdusl B obiactu D, moaroMy u
Hama Qynxuua F(z) romomopdua B sTol 06MaCTH.

3ajaua o BEACICHUH roJoMOPPHHX BETBeH aHaIUTHYE-
cKoll (PYHKOUHM ABIAETCA BAaXKHOH cOCTAaBHOH YacThI0 3ajjauM
o0 HMcereoBaHMM XapaKrepa MHOTO3HAYHOCTH BTOH amaIUTH-
geckoll ¢yurmuu. OpHarKo npr 9ToM MH o0HuYHO He OBIBaeM
csas3anbl BEIOopoM oGinactd D. Yame Bcero safaua cOCTOMT
B TOM, 4To0b B JaHHOH oGJlacTH NIPOBECTH paspe3bi TaKUM
obpasoM, 9rofp B paspesaHmnoit o0jacTH paccMaTpUBaeMas
amaJdTHdecKad QyHKOMA «pachalacky Ha rojoMopdHbIe BeT-
BU. Jlisa oToro mocTarovHO B3ATH PaspesaHHYI 00xacth of-
HOCBA3HON, 3ajaia o BHEENIEHMH roJoMopdHOH BeTBH B
MHOTOCBASHOM 00JacTH BO3HMKAET, KOrAa IO KaKUM-Iu0o0 Io-
00YHBIM COOODAKEHMAM HAA0 YMEHBIOIMTE TUHCIO Pal3pesos,

§ 4. UccnemoBanne XapakTepa MHOrOSHATHOCTH

B npeampgymem maparpade uanmoskeH pAfx IpPHEMoB, IO-
3BOAAIOIMMX YCTAHOBUTH, 10 KAKMM KDHBEIM MOMKHO [POAOX-
JKUTHh aHAAUTHIECKYH (YHKIMIO, 3ajJaHHEYI0 TOH HJIM HHOH
dopmynoii. B atoMm maparpade MBI 3aitMeMcA HcCIefOBAHUEM
Xapakrepa MHOro3HAYHOCTH JaHHOH aHAIMTHIECKOH (QYHK-
UM B IPEAIOIOMKEHMH, UTO 3a7aTa IpeAsIAymero naparpaga

" yme pemiena, VueMu ciaoBamH, OyaeM MCCIEl0BaTh 3aBHUCH-
MOCTh 3HAUYCGHHMA AHAXUTUIECKON (QYHKUMM B JaHHOH TOUKe
ITOCKOCTH 0T (POPMEI KPHMBOH, 0 KOTOpo#l Hamla aHAJIUTHIC-
cKkaa (YHRIUA OPOJoJKAaeTes B 9Ty TOUKY. UTOOH yuecTh
uEGOPMAIMI0 0 BOSMOKHOCTH MPOJOJI;KEHMA 110 KPHUBHM, 0y-
A€M HMeTh AeN0 TOIbKo ¢ (QYHKOUAMH, aHAINTHYECKHMH B
gamHoi oOaactm, Hak u B mpeasigymem maparpade, Hamie
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BEMMaHAe OYyAyT NUpPHBIEKATh IIaBHEIM 00pasoM (QYHKIUH,
3ajgagHble Tol HIX MHoK POpMyIOn.

W3nomuM gBa cliocoba ACCIEOBAHHA XapaKTepa MHOTO-
3naugocTH (QYHKOUM, aHAJIUTHIECKON B KaHHOR obi1acrd.
Onue u3 o™X cIOCOGOB HUCIOAB3YOT MOBOJBHO CEPhe3HbIe
HOpefIOTOMKEHAA o cTpoeHHH QYHKOHM, a APYrod mpAMeHHM
K caMHM ofbmuM ciaydaaM. JocToMHCTBO mepBoro crocoba —
B MOJHOTE HolydaeMoli MudopManad o QyHKIHH, a BTOPO-
ro — B ero oOIHOCTH.

Hausem ¢ u3ioeHusa HEKoTOPHX (aKTOB, HMEIOMUX OT-
HollleHHe K 00oMM cHocoGaM.

Ilyers sapjana ¢ymrmua F(z), aHanuTMIecKas B R-CBA3-
Holt ofmactu D. B mepmyw ouepenp umpujerca HAIOMHHUTL
HEKOTOPHE CBEeHHA 0 CTPOGHHKM MHOMKECTBA rOMOTONHYO-
CKHX KJIACCOB 3aMKHYTHIX KDHBBHIX, JEMAMMX B R-CBABHOM
obmacru.

CornacHo ompefiesiennio aucia cBsasHocrH (cM. § 2 ri. I)
n-ceasuag obmacts D mMeeT TpaHMILy, COCTOAIMIYIO H3 N KOM-
OOHEHT

Yo, Y13 veey Yn—1.

KoMnonenty Yo Ha3oBeM BHEIIHEH KOMIIOHGHTOH TPAHMITH,
a ocrambHbe n — 1 koMmmouenr — sHyrpennaMu. ( Raxaoi
BHYTpPeHHell KOMIOHEHTOM ¥, MHI cBasanu 8 § 7 ria. I romo-
TONMIECKHUA Kiace &, ITOT rOMOTONMYECKUN Kiacc ompeje-
JAeTCA CIENYIOMUM 0GpasoM.

Uepes C, o6o03Ha"gaNM IPOCTYI BaMEHYTYIO JOMaHYIO,
nexamyo B ofnactu D u o0nafaomyo TeM CBONCTBOM, 1TO
ofnmacrb, orpanMueHnaa JdoMamoit C, (nmeskammaa ciaesa npu
apuxeHMn no Ch), cofepKMT BHYTPH ce0s KOMIIOHEHTY 1,
M HE COJCP:KUT APYruX KoMmonenTt rpammmbl obnactu D. Ue-
pes @, Mul ofo3HaTaNM roMoTonMueckuit kiacc [C,], cocros-
Uil U3 KPUBHIX, TOMOTONHEIX doManoi C,.

Cornacro TeopeMe 7.3 ri. 1 mi06yi0 3aMKHYTYH KPHBYIO
[, mesamyro B obnactu D u upoxofaigyo gepes QHKCHpo-
BaHHYI TOoURY a <D, MoKuo 3aMeHHTh TIOMOTONHOHR eif
KpHUBo#

iz--- if’

I, T T

rie wpusble I';, Tamosr, uro mim xpusas I‘E;I WIH KpPHUBas

]
I’,h OPHHAAJICHMT OXHOMY H3 rOMOTONMYECKHX KjIaccosB 4,
02, T an—l.

Wasivu CJIOBAMU, 3T0 YTBEDIKICHHE MOKHO C(i)OpMyJIHpO-
BaThb TakK:
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Fomoronnueckuit knace [I'] Mommo mpejcrasuTh B BHfE
m, m m.
1 2 r
(Iil aiz ‘e (I,-r ,

rfie 4Mcia m, paBHE 1 miam —1, a MHjEKcH i, IPHHHMAIT
sgavenua 1, 2, ..., n — 1.

IIposenem temeps B oGxactu ) momapmo HemepeceKalo-
ImHecs paspesk, COeJNHAIIIME BHEIIHIOO KOMIOHEHTY Yo
¢ KaKJlodl M3 BHYTPEHHMX KoMioHenT. TaKHX paspesor pOB-
Ho n—1, u mocie Mx Uposeaenusa obxacts [ mpeBparurcsa
B OIHOCBA3HY obiaacts D’. Eciau B3ATh B Kakoii-mubo TouKe
ae D’ upoussonsumil anement Qymrmun F(z), asarurnade-
cKoil B obnactu D, To MOKHO aHAIHTHICCKN IIPOJOIKHTEL €ro
Ha Bcio obiacrs D’. ITo TeopeMe o moroapomunt (reopema 3.1)
MBI HOJYYMM B Pe3yibTare HOPOJOIKEHHs HEKOTOPYH (DyHK-
oMo, roxoMop@HY B obmactu D’. PasnuunmM bdieMeHTAM
asanurmieckoii ¢ysrnum F(z) B Touke a Oymyr orbBedars
Pasnuunpie rodomMopdunie B obaactu D’ Pymrmum. Ilo Teo-
peme 1.3 Tarux PyHKIUA cUeTHOE MHOKECTBO, H HX MOKHO
3aHyMepOBaTh:

Fy(z), F1(z), F2(3), ...

IIpn sroM cumpomoMm Fo(z) ofosHaunmM QYyHERWIO, BO3SHHMKAIO-
MY M3 MCXOJHOTO 3JEeMEHTa auaiurauecKoi Gyarnmu £ (z).
Taxum obpasoM, moclie mpobefieEnda B obGxactd [ paspeaon
dyuxnua F(z), amamurmueckasg B ofnactu D, «pacmanachy
Ha cueTHOe (MM KOHEUHOE) MHOMKECTBO rojoMop@HEIX B 00-
nacti D’ perpeil F,(z). IIpun amannrudecKoM OpofloiKeHUA
o Ja1o6oit 3aMrmyToll wpupoil I', memammeit B oGmactu D, atn
BeTBH KaKMM-To o0pa3oM IepPeXoiAar Apyr B apyra. Jlis mou-
HOro HcclIefloBaHMA XapakTepa MHOrO3HAUHOCTM HAM HYHKHO
BBISICHATH, B Kakylo Bersh F,(z) mepexonur serss Fo(z) mpm

AHAJIMTHIECKOM IPOJIOJIKEHMH) 1o 3aMKHyToit Kpusoil I, []

Tlepeitaem Temeph K HM3JI0MKEHMIO ycloBHil, KoTopele Ha-
KiIajpBaorea Ha Gysrmuio F (z) B mepsoM cuocoGe.

Bynem upejmonarars, 4T0 MCXOJHasA roloMop@Has BETBb
Fo(z) mameil apanutuieckoit gyurmuu F(z) npusuMaer B
obmact D sHademuma, Aeskamue B HeKoropoil obmactu G.
KpoMe rtoro, Mul IpejIoofKHM, UTO Pe3ylbraT aHaldTHIe-
CKoro mpofosskenus Bersu Fo(z) mo saMrmyToil kpHBO# ['E
€ @, UMeeT BHJ

w(Fo(2)) (k=1,2, ..., n—1),

rie Gynrimun T, (%) yROBICTBODAWT yCIOBUAM:



§ 4. MICCTIEJOBAHHE XAPAKTEPA MHOIO3HAYHOCTH 109

1. @ynknuu t,(5) romomopdusr B obaactu G, M OPHEH-
MaeMHe MMM 3HAYEHMA Jeskar B obnactu G.
2. ®ynrmuu 7,(§) wuMeor obparHre QyHrmEH ! (&),
ra:ke roiomopdusnie B obnacru G.
Hnsa coxpamenus 3ammen Oynem yHOTpe6JmTL CUMEBOJ
¢ Oy nua ofo3HaveHNA (bymmpm o (P(&)). Kpome Toro, Oy-
,aeM CIMTATh, UTO CHMBOJ Q™ ompeneiaeTcaA PAaBeHCTBAME

@(Ty=¢, ¢ *l=0pOg¢™ (m=0, =1, £2, ...

IIpy cpemamnpix OpeANONOKEHAAX OTHOCHTEIBHO (BYHE-

OUHM cUpaBeIuBa
" Teopema 41. Ilyctv zomoronuuneckuti kaace [T'], co-
depacawguti kpusyro T, umeer gud

me. ‘ln2 me

a,l.la,-a N
Tozda pesyavrar npodoarenus romoMopduoii sersu Fo(z)
dyuryuu F(z) pasen

(vhiomro... on) (7, (2)

(3mech, KaK W paHbIIe, IMcxa m, pasHsl 1 maum —1, a umB-
AOKCH I, TpuEMMalT sHadenus 1, 2, ..., n—1).

. HMorasarexsbcrso. CoriacHO IpPeNONOKEHUI0 pe- '
3yAbTAT AHAJMTHIECKOTO LPOJoMKeHus TojdoMopdHoR BeT-
Bu Fo(z) no xpusoit I' = a, pasen t,(Fo(z)). Orcioga Mu Ges
TpyJa BHBOXMM, 9TO PE3YJIbTaT NPOROJKeHHA Bersu Fo(z)
mo kpusoit I'\['s, rne I'y € q,, a I'y = a,, pasen

T (T (Fo(2)) ) =(m O Tm) (Fo(2)).

Jamee, merko yGenuThea, 9T0 PE3yabTaT MPOMOIKEHMA BETBH
Fo(z) no xpusot I' & ap’! pasen ;' (F,(2)). Meficreurems-
H0, mpofioyxaa (PyHKOUIO ! (Fy(2)) mo rpusoit I'i = aq,
moaydaeM (QYHKIOHIO

(1 (Fy (2)) = F, (2).

Crnegosarenbro, npojoxenne sersu Fy(z) mo Toit me kpu-
Boit Ty B ofparHOM HanpaBIeHUH [acT HaM QYHROUIO
t; 1(F,(2)), a xpusaa I'i, mpoxojuMas B oGparHOM HATpPAE-
JeEHH, IPHHAMJIEAKUT TOMOTOIMIECKOMY Kaaccy O .

ITocnemoBaTenbHO OPUMEHAA NOJIYICHHEE (POPMYIEH, IPHA-
XOAMM K yTBEP/KACHHUIO TEOPEMEL.
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B reopeme 4.1 naerca gopmyna juia BHUHCIEHHA Pe3yiib-
Tara aHAaNUTMYECKOro0 IIPOJ[ONKEHNSA MCXO/HOTO DJIEMEeHTa
$yurnuu F (z), ananuruaeckoil 8 oGnacrn D, 1o mpousBoib-
Holl saMEmyTof KpuBoii I'. Jra dopmyra mMeer [0BOJBHO
CJOKRHABIL BHJ, B 0e3 JomonHuTedbHoll MHpopMamuy o PyHK-
ouax T,(E) ee menb3a ympocruTs. OHaKO B KOHKPETHHIX
sajiauax, Korjia PymrmuM T,(%) j0BONBHO TpOCTH, aTa (op-
MyJia TaKKe MO;ker OBITH 3HAUMTENHHo yipoimeHa. OrMernm
OIMH J[OBOJbHO OOMME ciyuail, Korga dopMmyna TeopeMsl 4.1
OPMHAMAET COBCEM IIPOCTON BHL.

Teopema 4.2. Hycrv Pynryus F(z), anasuruueckas
¢ obaactu D, ylosaereopser 6cem YcaosuaM, HAAONCEHHBIM
svlute, U RYcTdb, Kpome To20, Pynryuu T,(%) obaadaror Tex
C8OlUCT80M, UTO

%O Tw=1,01n (m, k=1,2,...,n—1).

Tozda pesyabTaT AHAAUTUHECKORZO npo@om&cenuﬂ geTeu
Fy(z) no npouseoavhot samrnyTOlU npueou I, sexcawei s
obaactu D, pagen

5 v Vn—1
(111 01,2 0... Ot )(Fo (),
2de
vi=v(L, ).
(Hamomuum, uro v(I', y.) — 4melo 00X0[[0B B HONOMKATENH-
HOM HaIPaBJIEHMN KOMIOHEHTH Y, Kpupoi I'.)

NoxasarenbcTBo. B cuny mepecranoBounocTd (yHK-
muit 1,(%) MH MoKeM HalMcaTh

m. m v Vp—-1
Tiil o. . oTirr= Tll O. . oTn—l ]

rae s
= ‘pslmp.
Ho
0, Ce=anm (m == k),
VIGw =14 ce T
ITosromy

v(I', vz) = 'Zh my = Vp,
ip=

W TeopeMa fioKasaHa. | |

Jlerxo Bupmerb, uTo (QopMyNH I 3HAUEHHsa QYHKIUI
(Inz)r u (2%)r ABAAKTCA YACTHHIMH CHYyYaAMHM (QODPMYJIEH
TeopeMsl 4.2. JleiicrBuTeasHo, AiA orux QyEKmmit obmacrb
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D — 510 BCcA KOHEUHAs ILTOCKOCTH C BHEIKOJNIOTOH TOUKOR 2z =
=(. Bsas B ravecTBe KOMIOHEHTH Yo TOUKY Z= %, a B Ka-
decTBe KOMIOHEHTH Y — Toury 2z=0, DoxyuaeM, 4To
v(T, y1)=~ (T, 0). Kpome roro, ana dyexnuu In z mmeem

71(§)=§ + 2mi,
T1(§)= §e2nia.

B o6onx cryuaax pymrnusa T1(§) ToabKo ofHa, TAK UTo ye-
JA0BHe IepecTaHOBOYHOCTH GecconepsxarenbHo, [Toaromy, mpn-
MeHAA TeopeMy 4.2, MBI HeMe/UIeHHO IoiXydiaeM (OpMYJIEl

(Inz)r =(Inz)+ 2ni - v(T, 0),
(z%)r = (2%)exp {2nic - v(T, 0)}.

9t $opMyJEl HECKOIBKO OTAMYAITCA 0T GOPMYI, DOMYUYEH-
HHX B § 2, TaK Kak Teleph MEI cuMraeM KpuBylo I' umeromeii
U HAYaJI0, 4 KOHEN B TOUKe 2.

PaccMoTpMM HeCKONBKO 0ojee CH0KHHX OPHUMEPOB IpH-
MeHeEHA Popmyn reopem 4.1 u 4.2,

ITpumep 1. Pacemorpum dysrmuo arctgz. Mu snaem,
970 OHa ABIAETcA (QYHKIMeH, apamuTHueckoil B obxactu D,
npefcTaBiIAnIlell co0oil PaclIMPeHHYH KOMIVIEKCHYI ILIOC-
KOCTh ¢ BHIKOJOTHMH TOYKaMM 2=1i M z=—i (cm. § 3).
B kauecrne KOMIIOHEHT Yg M Y; BO3bMEM TOUKH Z2=—i U Z =
=1 coorsercrnenno. I3 dopmynn

a g Qysroam z*

z—1 z -1

[2

1 1
ctgz =—-—1In ——-1n
arctg z o 1 5 1
BHAHO, 4T0 aHAJUTAUEcKOe IIPOjIONIKEHHME JAIGOro djieMeHTa
dyEKOEM arctg z Mo AOCTATOUHO MAJoll ORPY:KHOCTH (2 — il=
= p (IPOXo/MMOiL OIMH Pa3 B IOJOHUTEALHOM HAIIPABICHMH )

opubaBifer K JTOMY DJIEMEHTY cllaraeMoe, paBHOE . JTO
03HaYaeT, ITO

@) =C+mn, TE)=C{+ mu
ITosromy reopema 4.2 maer dopMmyry

(arctg z)r = (arctg z)+ v (T, y1),

rjae cuMBoioM (arctgz) ofosHaueHo 21a6HOe 3HAUEHUE aHA-
- autHaeckodt QyHrouu arctgz (o0HMHO IOf FIABHEIM 3HATE-
HMEM apKTaHIeHca [IOHHMAIT BETBb, roloMoPPHYI0 B KOMI-
JIGKCHOH IJTOCKOCTH ¢ paspesoM (—ic, —i) u (i, +ix), or-
BEYAIYI0 HCXOAHOMY JJIEMEHTY, COBIANAIOIIEMY C TrAABHEIM
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3HAaYeHIIeM ADKTaHreHca Ha JeHcTBMTENBHON ocu). Jlerxo
nposeputs, aro v(L, y1)=v (I, i)—v(T', —i), Tar xar mo-
Jy9eHHYI0 (OPMYILY MOKHO 3aUICaTh B BHJE

(arctg z)r = (arctg z) + (v (T, i) —v(T, —i)).

Cregyromuit npuMep zHocuT Goliee oOIIMIT XapaxTep.

IIpumep 2. Ilycts D — mpomsBonbHAsg nR-CBA3HAS 00-
J1acTh, BHOINHSA KOMIONEHTAa KOTOPOH COFEpIKHUT OecKOHeu-
HO yIaJIeHHYIO0 TOYRY. BospMeMm (yHEINO £ (2), roroMop@HYO
B obsactu D, u TouKy @ €D u ompegelnuM MCXOJHHH 3IEMCHT
apajurHgeckoit QyHxmun F(z) B TouKe Z=a pPaBEHCTBOM

f@)={e@ad

(TyTh MHTErpMpPOBAHHUA JEIKUT B JIOCTATOYHO MAJOH OKpeCT-
HOCTH TOYKHM Z = @),

Mo snaem (cm. § 3, cBofictBo 5), uT0 mOCTpOoeHHAT YHI-
mus F(z) amamutuysa B obnactu D. B pesynbrare amamutu-
YeCKOro TpofOJIKeHNA IIo0oro siementa (gyuruum F(z) mo
3aMEHYTOM KpmBoit € MBI mOJy4aeM TOT 3Ke JJIEeMeHT ¢ J0-
faBlleHHEM CIIATAeMOro

fe@a.
C

CnegoBaresbHo,
w(@)=t+d4, (k=1,2, ...,n—1),

e Ap = g g)ydt (Ce=a) (mo reopeme Homm waTErpan
¢

HE 3aBHCHT OT BEIOpa KpHUBOH M3 TOMOTOMMYECKOro Kiacca
@,). Jlerko BumeTH, YTO

(16 O Tm) (B) = (m O ) (L) =E+ 4+ 4.

IlosroMy Teopema 4.2 upumennMa, @ MBI IIOIyYaeM, dUTO

n—1

(F@)r=1G+ RE Ap v (T, va)-

=1
IIpumep 3. Paccmorpum ¢ymrmmio arcsinz. Mu smaem
(cM. § 3), uro QymKmua arcsinz asugeTcs QyHRnned, ama-
IUTHYECKOH B TpeXcBaAsHOM obiacru D, mpefcTaBisome co-
60il BCIO KOHEYHYI0 MIIOCKOCTH ¢ BHIKOJNOTHIMH TOYKaMm z = 1
i z=-—1. B KauecTBe KOMIIOHEHTHI Yo BO3bMEM TOUKY Z = 00,
a B KayecTBe KOMIOHEHT Y; U Yo — TOUKE 3 =1 m 2= —1 co-
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orsercTnenio. B xauectse obmactu D’ Bo3nMeM KOMILICKC-
HYI0 TLNIOCKOCTD ¢ paspesaMi mo gysaMm (—oo, —1) 1 (1, +o0),
a B Rauectse nersiu Fo(2)— eqasHoe 3Hauenue aprcnmyca,
mpencrasagioniee coboit rosomopduyio B obnactu I BETBL
arcsin z, 0TBETAIONIYIO UCXOMHOMY DJIEMEHTY

o

2 (2k)! Z2h i1,
(2 1)+ 225 (k1)

h=0
IIpm —1 <<z<C1 3TOT pay CXOOUTCA K IIABHOMY 3HAYEHHIO
apkcuayca (OPAHAMAIONEro 3HAYCHWA MEKAY —i/2 u m/2).

Hna peramenenma @ysrumii t1(5) u 12(f) BOoCHONB3yeM-
ca opMmynoit arcsinz = 1—1n (iz + V1= 2%), MoNy4eHHOIL
B koume § 2. Idra dopMyna cmpaBefimBa ¥ Mg QYHKIUN
(arcsinz), ecnm BEHIOPATH HaJJeKalgue BeTBH KODPHA H Jo-
rapugma.

Ilpn avamuTHyecKoM MPOMOJNIKEHMM No [OCTAaTOYHO Ma-
noit okpymmoct |z—1|=p (omum pas mpoTMB wacoBoil
crpenkn) ¢ynrung V1 —2z? ymmokaerca ma —1, Tak Kak
V1—2z22=V1+tz-V1—2z2, a gng ¢ysrmmit Vi+z u V1—z
MOKHO BOCIOJB30BaTheA (OpPMyliaMil, BHIBEeHHBIMH B § 2.
Ilockonbry oxpysmocts |z2— 1| =p mocrarouno mama, mpm
o0xoye TOUKO{t z DTOH OKpyKHOCTH Touka iz + V1 —z% ocra-
eTcs BOamM3M ToukM z =1 u moroMy He 00xopuT TOYKY z = 0.
JT0 03mavaeT, 4TO BHIOPAHHYI0O HAMH TOJOMODP(HYI0 BETBb
norapuMa MoKEHO cYuTaTh upexueil, CiemoBaTenbno, B pe-
3YNBTATE AHAIMTHYCCKOTO MPONOJLKEHUA (PYHKIUU

Li In (iz + V' 1— 2?) = (arcsin z)

[0 JOCTATOYHO Mallol OKpymmoctw |z2—1|=p (ogum pas
OPOTUB TACOBOH CTPeJKM) HmoydaeM (QYHKIHIO
iy . 2 . .2
?—ln(iz-—l/—i—-zz) =—Lln (LZ Vi 2 )(Lz—{—Vi z ) —
d ¢ iz + V1 — 2
1 —1

1 .
=—In ———7—— = 5 In(—1) — (arcsin z),
iz + Vi —3z ¢
rge mig In(—1) Oeperca ogHo M3 BO3MOMKHEIX 3HATEHMIL
Uro6sI onpefenuTs, Kakoe MMEHHO 3TMaYeHUe Hano B3ATH Mg

In(—1), sameruM, uro mpm z-—>1 ¢QyEEOES ii:ln (iz +

+ V1 —-z2) WMeeT IIpefieNl, He 3aBUCAIMHUNE oT cmocoba
CTpeMJIEHMSI TOYKM Z K 1, eciin TONBKO He BEIXOOMTH W3 He-
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woropoit okpectmocrn ToukE z=1. [losToMy m (arcsinz) m
BETBD, MONYYEHHAA €r0 MPOJOJIKEHNEM IO JOCTATOYHO MAoil
OKDYIKHOCTH |2 — 1|=p, MONKHEl MMETH OJJMEAKOBLIA Hpeje

opu z ~ 1. Ilockonsry (arcsin 1) = —;L, moJy4yaeM, 4To
1im—i—]n(iz+ V1—2) =lim L n (z—V1—2) =21,
z>1 71 ¢ 2

¥ [IOTOMY PaBEHCTBO
SIn(iz—VIT=2) =+ In(—1) — —In(iz + VI—2)

opu z-— 1 faer, YTo BeJIWIUHA —:-ln(— 1) mommma 6HITL

paBHA .

Taxum o6pasoM, B pesyibraTe DPOJOIMCHNS (DYHKIAN
(arcsin z) mo nio6oit KpuBoii I' € a; MBI moiyYaeM (yHRIJHLIO
7 — (arcsin z). VneiMu cioBamm,

Ti(f)=n—C.
C DoMOMBI0 COBEPIIEHHO AaHAJOTMYHBIX paccyseHuil Ha-
XO/[AM, 4TO
12(§)=—n—E.

Herpyamo mpoBeputh, 9To QYHKIMHM T, H To IeIepecra-
noBouHH. JleficTBUTEIbHO,

(mOmw)(@)=C+2n (nO0m)(@E)=F—-2n (41)
Herpynuo nmposepuTh TakiKe, YTo MMEWT MECTO COOTHOMIe-
HUA

TE=% w@=t (4.2)
C momompio cooromenmii (4.1) m (4.2) meTpyjgHO BEI-
YHUCJIUTE JI000e BRIPAJKEHHE BHA

'c'i';i Or;:z O...0T, (4.3)

rme umciaa Mm, pasun 1 miuw —1, a HEAEKCH i, NPUAAMAIOT
smavennsa 1 mnum —1. Hampumep, mMcLONB3ysS COOTHOMIEHUS

—1 —1
Tl = Tl’ ¢2 - 12,

BLITEKAIOIUe M3 paBeHCTB (4.2), MBI 3aMEHsgeM BHIpasKeHHe
(4.3) BHpamenneM :
Tii OTia Qs OTir' (4-4)

Jaxee, omATh, WCmONb3ys cOOTHOIMEHUs (4.2), MBI BHIIEPKH-
BaeM Bce CTOAIN(dAe DAMOM IIaPH (PYHKIMHE ¢ OfUHAKOBERIMO
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nHAeKcaMi. B peaynbrarte Takux omepanmii BeIpazxenme (4.4)
(a cuemosarenbmo, u BhIpaskeHMe (4.3)) MoskmO mpuBecTH
K OfHOA M3 ABYX (PopM

(1 91)", TO(t1:10m)™

ITo 03HAYAET, B YACTHOCTH, YTO JNI060H diieMenT yHKIHH
arcsin z MOJKHO IOJYYUTL M3 €€ MCXOMHOTO 3JIeMEHTa OJHHM
K3 CJIeIYOIONX CI0C000B:

1. IlpogomxenmeM 10 3aMEHYTOX Kpusod I €(a;d2)™
m=0, =1, £2, ...

2. IlpomomskenneM mo saMEHYTOH kpmsoit I' € @,(q,a5)™,
m=0, =1, £2, ... []

Ilepefimem Temepb K ommcammio BTOPOro cmocoba MCCIIeo-
BaHUS MHOro3HawHOCTH. Ha pror pas ma Qymwmiuio F(z) me
OymeM HajmaraTh HUKAKAX YCJIOBHIL.

Beigenum B o6nacte D ronomMopdube BerBu

Fo(z), F1(2), Fa(z), ...

dyrarnun F(z), amannrmueckoil B ofnacru D. C Kamgem ro-
MoTommyeckuM KiaccoM ¢ ==[I'] cBameM moicTamoBry

o1 2 ...
So = (k k k )’
0 1 2 °°°
rie HoMmep k, ompejelnserca M3 YCIOBAL: NPU GHAAUTUYECKOM
npodoaxcenuu sereu I,(z) no rpusold I' us eomoronuyecro-
20 Kaacca @ noayuaem eerev Fp (z).

Jlerko Bmjers, 4TO Bce MOACTAHOBKM S, 061agaioT TeM

cBoficTBOM, 4T0 HOMepa k, o6pasyIOT BECh HATYPANLHEI PN
(magmnag ¢ Eyna) @ 9TO cpefE HAX HeT paBEEX. [ug Ta-
KUX MOACTAHOBOK JIETKO OHDPENENHTH OMEPALMI0 YMHOMKEHHS,
HOJOKUB

(o 1 2 ) Jo 7y Ty .- (o 1 2 )

A A A B T e VA L et
Herpynmo mposepuTh, 4T0 MHOKECTBO HOJICTAHOBOK, CBA3AH-
HHX ¢ Kaujo# ymeumein F(z), aHaiATHYecKoji B 0OIACTH
D, o6pasyer rpynmy OTHOCHTENBHO OLUpPENENeHHOH TAKHM 00-
Pa3oM OLepPANHd YMHOKEHHA.

Teopema 4.3. Ecau zomoronuueckuic raacc ¢ =|I]
uMeer eud

?

m. m m.
1 2 T
a—a{laiz $r. a{r)
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TO COOT8eTCT8YHWaAss emy nodcranoeka S, umeer gud

mp

m, .m
— 1 2
Sy —=SaiSyt ... Sir.
1 2 ir
I_[ OKa3aTenasbCcTBO. I_IJIH JAOoKazaTelnhbeTBa TEopeMM
JIOCTaTOYHO YCTaHOBHUTDL CIPaBEIIMBOCTE COOTHOMIEHUIT

Sog e =28, 8
¢,a, T Pa e

a OTH COOTHOIMEHWS HEMEJIeHHO BLITEKAIOT I3 ONpeCeIeHns
MOJICTAHOBKH.

CopasepimBocT pagy OTMETHM, 4TO BO BCEX HKOHKDET-
HHX 337a9aX MCCIENOBAHME MHOTO3HAYHOCTH AHAIETHICCKUX
QyHEONE ocymecTBigeTCA ¢ moMombio TeopeMu 4.1. Teope-
Ma 4.3 uMeeT IMCTO TEOPETUMUECKHII HHTEpEC,

§ 5. PumanoBsl moBepxXmocTH

o cux mop MBI paccMaTpHBaJu aHAJIMTHYECKYI0 (QYHE-
M0 KaK (QYHKIMIO, OUPENeleHHyI0 Ha MHOMKECTBE, DIICMEH-
TaMH KOTOPOro ABIAATCA mapw (z, I'), rme z — TouKa IHIOC-
KoctH, a I' — KpuBasg, HAyWAsd B TOUKY Z M3 HEROTOPOH (PUK-
cupoBaHHOH ToukM g. ONHAKO MHOIKECTBO, HA KOTOPOM OIpe-
JelleHa AHAMUTHUCCKAS (QYHKIUA, MOMKHO IIPECTABIATE H
B BOe MHOKECTBA TOYCK, TOJNBKO HE TOUCK IJIOCKOCTH, a TO-
YeK HEeKoTopoil moBepxHocrtn. [Ipu 2TOM mOBEpPXHOCTH, Ha KO-
TOpoil ompepensgercs (QYHKIOHA, ONOATh-TAKH OLPEHEIAeTCH
caMoil (yHRIMei, T, €. YKe ee HCXONHBIM 3JIEeMElITOM. OTH
ABa MOAXOMNA COBEPIIEHHO JKBUBAJCHTHEI, €CIM PAcCMaTpi-
BaTh MX TOJBKO KAK CIOCOGHI TPHJAHUA CMBICIA MOHITHIO
MHOTO3HAYHON (QYHKIAM Ha KOMILICKCHOH miockocrm. Omgma-
KO €CJIM FOBOPHTEL 0 NaJIbHEAIIeM pasBUTHH HJAEH, TO MEICIE
paccMaTpuBaTh aHANINTHICCKHe (YHKOMM KAaK (QYHKOIUH HA
MOBEPXHOCTH 0Ka3allach 3HAYMTENBHO INIOJOTBOpHEE,

Upes paccmarpuBaTh MHOrO3HAYHYI0 AHAJATHIECKYIO
PYHKOWIO KaK OfHO3HAYEYI0 (PYHKIMAIO Ha IOBEPXHOCTH OBI-
Ja BIOEPBHE BEHCKA3aHA 3aMeYaTeJILHBIM HEMEIKOM MarTeMa-
tukoM bepHrapmom PmmanoMm. IlosTomy moBepxHOCTH, HA KO-
TOPHX Ompefeliena aHalHTHUecKAad (YHRIMA, NPUHATO HA-
3LIBATL PUMAHOGLIMU noGeprHocTAMU. Paspurue mpeii, cba-
3aHHHX ¢ IOHATHEM PHMAaNOBON MMOBEPXHOCTH, HE BXOMHT B
mian atoil Kuurn. [TodroMy orpammamMcg caMBIME dJIeMEH-
TapuBIME (DaKTaMH, OTHOCAIOMMCH K 9TOl TeMe.

IIpesme Bcero momeiTaeMcs JaThL LpefCcTABIeHHE O PH-
MAaHOBOHl MOBEPXHOCTH ¢ IIOMOLIBIO IPOCTOH aHAJOIHH.
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Bosbmenm ma mirockocTn (2, y) okpymuocrs x?+y?=1.
Kak reomerpuuecknii 00bEKT, 9Ta OKPYKHOCT: HE HMEET HM-
Kakumx 0CoOHX ToueK. OfgHAKO eciadm MBI XOTHM 3aMHCAaTh
ypaBHeHHe DTOH OKDY:KHOCTM B Bmpe y = f(Z), To OpuaeTcs

MCIONB30BATE MHOTO3HAURYI0 (ynknmo f(z)= V1 — 22 Oty

QYHKIUIO MBI CMOJKEM DAacCMaTPMBAThL KaK OJHO3HATHYIO,
ecln OyleM paccMaTpuBaTh ee He KaK (PyHKOMIO TOYKH OT-
peaka (—1, 1), a Kak QyHKOEIO TOYKH KPUBOH, COCTOSIIEI
13 DTOr0 OTPe3Ka, IIPOXOJMMOro JIBAKALI (Ha OFHOIL MOMOBM-
HE KPHBOH OpUTIMCHBAEM KOPHIO MOJIOKHTENBHBIE 3HAUCNIT,
Ha APyroif — oTpHUIaTeILHEEE),

AHaJIormInoe paccy:RIeHHe MOMKHO MPOBECTH M IS MHO-
rosHauHblx auanaurudeckmx Qyoknuit. Ilycrs mama kakasg-
anGo MHOTO3HAYHAA AaHAIUTHIecKag Qynknuag w =1 (z).
N306pasum Bce ee 3HAYCHHMS TOYKAMHM B YETHIPEXMEDHOM
npoctparcTse (2, w). MHosKecTBO Beex Touek Bapa (2, F(z))
ofpasyer B 9TOM HPOCTPAHCTBE HEKOTOPYH IBYMEDPHYIO IO-
BEPXHOCTHb, JTa MOBEPXHOCTH MOJKET OKas3aTbeg BIOIHE XO-
pOIIMM reoMeTpUIecKnM 00BEKTOM M B clIydae, KOrjla aHaIy-
THYecKag (QYHKIUa MHOrosmauma. Ilo amamormm ¢ paso6Gpanm-
HHIM BBIIE TPUMEPOM KPUBOA Ha INIOCKOCTH MOM(HO MOLEI-
TATHCA CHEIATh HAIIy MHOTO3HAYHYH0 (QYHKIMIO OJHO3HAY-
HOHM, paccMarpvBasg ee HEC HA IIOCKOCTH, a HA HEKOTOPOM
MHOJKCCTBE, COCTOAIIEM U3 MHOIOKPATHO MPOXONMMEIX JIHCTOR
miockocTH. V3 ofmux coobpasienniy €CTeCTBEHHO OMKUJIATH,
970 3TO MHOKECTBO ORAMKETCH IOBEPXHOCTBIO. AHAIOrUA ¢
pa3o0palHbBIM OPHMEPOM II03BOJACT Ha’ske HPEIJIOMHUTE He-
KOTOPHI ¢II0c00 MONYUeHMS STOR IMOBepXHOCTH. VMemHO, Ha
IIOCKOCTH MBl TOJNYYUIM HCKOMYH) KDPHBYIO, CILIIONIAB OK-
PYKHOCTL II0 BepTHUKaNW. B geTmpexmepmoM HpPOCTPAHCTBE
HAM HYKHO CIDIIONUTH IIOBEPXHOCTL, COCTOAIOYI0O M3 TOYCK
suga (2, F(2)) mo p[BYyM JMIDTEAM HM3MEPEHHAM. 3aMETHM,
Y10 B pa3ofpaHHOM IpPUMeEPe ¢ OKPYIKHOCTHIO He OBIIO 0CO-
foro cMBICIA 3aHMMATHCH CILIIOIIMBAHHEM STOH OKPYIKHOCTH,
TaK KaK caMa OKDY:KHOCTh He MEHee HATJIAJHA, IeM JIBaK-
ABL IPoXomuMBIi oTpe3ok. CIMomuBaTs 4eTHPeXMepHyIo Ii0-
BEPXHOCTEL YK€ MMEET CMHICH, TaK KaK MHOTOKDATHO MPOXO-
TMMBIe JIHCTH INIOCKOCTH MOJKHO IpeAcTaBuTh cefe (mpasfa,
¢ HCKOTOPHIMH HATHKKAMHM) KAK IOBEPXHOCTH B TPEXMEPHOM
OpPOCTPAHCTBE, JTO [aeT BecbMa CYIICCTREHHBIA BHUIPHIIIL
B HATJANHOCTH.

T'pyGo rosops, puUMaHOBA MOBEPXHOCTH — 3TO CILIIOIIEE-
HHjE «rpaduiy aHALNTHIECKON (QYHKRIIH.
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Tounoe ompemeleRme PEMAHOBOH MOBEPXHOCTH MEl JafAM
HECKONbKO HIDKe, a celfuac mMOroBopuM o KOHKPETHOM NO-
CTPOCHHHA PHMAHOBHIX IOBEPXHOCTEH, HCXOMf W3 HAIIAX UPH-
GIU3UTENLHEX TpPefCTaBICHAN.

Ilycte pmama amanuoTHieckas B R-cBAsHOH o6Gmacta D
dyrrqua F(z). Kax # B upeasigymeym naparpade, oGosmagim
gepe3 Yo, Yi, --+ Yn—1 KOMIOHEHTH rpaHEnEl objacta D,
a uepes D’ — ogmoceasay 061acTh, MOXYIEHAYI H3 obmxa-
cte D mpomefeHEmeM LONMAPHO HEIiEPeCeKaOMUXCH paapeaon
L., BAymBEX OT KOMIIOHEHTHL o K KOMIOHENTe Y, (k=1,2,...
ey n—1),

Kax Mw1 Bugenm B mpegergymeym naparpade, dymruus
F(z) pacmanaercs B obmacte D’ ma romoMopdHBIE BeTBHA

Fo(z), Fy(z), Fao(z), ...

" flcHo, UTO pEMaHOBOH MOBEPXHOCTHIO (YHKIHH, roloMopd-
Hoii B obxactu D, aBiasercsa sKaeMmusap aTo#l ofmactd (Kask-
HO# TouKe z OTBeYaeT POBHO OfHA Touka (3, Fn(2)) «rpa-
$ukay, TaK ITO OPH CIUIIONIABAHEHA MEI [IOAYIaeM OfUH JIHCTY
mnockocTr). G APYrofi CTOPOHEI, PAaSIHMIHBIM TOJOMOPOHEIM
BETBAM AO/KHEL OTBEYATH PA3AAYHEIC JUCTH Ha PAMAHOBOH
uoepxaocTE ¢yEkumm F(z). Hag obmacteio D stm mumerit
06pasoBLBaiy OAHY TOBEPXHOCTH, a HAJ o6xacteio D’ omm
TPeCTABIIAIOT co0Ofl CTOLKY pa3IWIHBIX JKIEMIIAPOB 00-
nacta D’. 3To mpoHCXOfAT HOTOMY, UTO NPH IEPEXOfEe OT
obmacte D ® obGmactm D’ MBI ymairseM #m3 pEMaHOBOH IO-
BEDXHOCTH TOYKH, JeKamime Haf paspesamu Uy, ls, ..., l.-1.
Torpa m maoGopor, f06aBAB K CTOIKe SK3eMIUIAPOB o0macTd
"D’ rourm, nesRammue Haj pPaspesaMd l,, ME JOJUKHEL TOLY-
YATH W3 3TOM CTONKA PAMAHOBY MOBEPXHOCTH aHAIHTHYECKOMN
B obyacta D dymxnmmm F(z). JloGasienme Touex, JerKamux
Haj paspeaoM [, «cKiemBaeT» MeKAY co0oli HEKOTODHE K-
seMIIApH o6mactn D’ mo aTomy paspesy. PasGepemcs, Kakue
EMEHHO JACTH HY;KHO cKiaemsaThb. flcHO, 970 cKiIemBaeMbie
IMCTHl AOKHH NPEACTaBIATH CO0OH CINIIOMEHHBIE YacTd
ogHOrOo KycKa «rpadmra» dymrmum F(2). 1o o3mavaer, 4To
spaderns ¢yExumi F,(z) m F,(z) ma paspese I, (mo Koro-
POMY MBI cKiIedBaeM) JOIKHEI GHITH OMUHAKOBEI, €CJIH CKIIEH-
BAlOTCA JIACTHI, OTBEYANOMIHNE 3THM BeTBAM. HecKoabko yTou-

HOM 2TO BEICKa3hBamme, 0003HaUMB depes l;f Kpail paspesa
l,, Ie:KamMuit crpaBa UPH ABHKEHHM OT Yo K Y, a U€pes lp —
JeBHHE Kpall Toro ’Ke paspesa. 3aMeTHM, UTO Kpasg lf "
g (mm L l{) HOKOrga He CRIeHBATCA, HGo coBHageHme
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perseil F,(z) m Fy(z) Ha omHOMMERHBIX KpasgX L0 TeopeMe
eIMACTBEHHOCTA 03HAUamo OHl TOMIeCTBEHHOE COBIAeHHe
arox Pymkuai (a Torgma AACTH He Oblnm OB PA3IMIHBIMU).
IToaToMy cKiIeHMBalOTCH JIHITbL pa3HOMMEHHBIe Kpas paspesa
(r. e IF ¢ Iy ). IojBITOKMBAS CKABAHHOE, KPATKO LIOBTOPAM
pelent MoCTPOSHAST PAMAHOBOM IIOBEPXHOCTH:

O6osnanum uepes S, oksemnasp obaacru D', oreeuaro-
wuii zonomop@roli eerseu F,(z). Pumanosy noeepTHOCTD
Pynryuu F(2), anaauruueckoly ¢ obaacru D, mut noayuaen,
craeusan mexwdy coboi aucrur S, no paspesam l, coeaacHo
caedyrouemy npasuty. .

Kpaii I paspesa l, na aucre S, npukaeusaercs k kpaio
Iy paspesa l, na aucre S,, ecau umeer mecro pagencreo

Fo(a) |4 = Fo(@)|,_.

IToe3mo OTMETHTH, UTO CKJiemBaeMas TakaM o6pasoM Io-
BEPXHOCTH He BIOJHE ONHO3HAUHO omnpepeiaserca (PyRKiped
F(z). llpugaast aToro aABIeHus OygyT MOIHOCTHIO SICHEI, KOT-
oa MBI JafdM cTporoe OUDe[eJeHHe NOHATAS DPHMAHOBOM
HOBEPXHOCTH. '

IIpuBeneM HecKOIBbKO NPAMEPOB NMOCTPOEHHS PEMAHOBHX
IOBEPXHOCTEH ¢ IIOMOMBI0 ONHCAHHOTO cmocola.

IHpumep 1. Oyrxuua lnz, B stoM caygae B kauecTse
obmacrr D mafo B3fATH BCIO KOHEUHYIO ILIOCKOCTH ¢ BEIKOJIO-
Tofi Toukoii z=0, a B KadecTse obmactm D’ Mo;KHO BBATH
IIOCKOCTE ¢ PaspPesoM N0 OTPHIATENBHOH TacTH [eACTBATENb~
HOli och. BepxHmii kxpait paspesa Mu o0o3magmM dwepes [T,
a mukAml — 1epes I-. Torga

F,(z)=(lnz)+ 2nim (m=0, £1, £2,...)
(kag oOnrumo, uepes (Inz) ofosmatdaeM TiraBHOe 3HAUeHHE
adorapudpma). M3 PopMyas pma raasHoro sHaveHums Jora-
puMa, BEBegeHHOH B § 2, Zerko moaydaeM, 4To

Fn(z)|,+ =In|z| + 2m + 1) ni,
Fp(2)|-=1n|z| + 2m — 1) xi,
CaeptorareasHo,
Fu(@)|+ = Fnyl(9)],—

ITosroMy mmcTEI Sa 9K3eMIAApos obaacTm D', orpeuarommpe
roxoMopduEIM BeTBAM Fpn(2), cxmemBatoTcs taemyiommM 06~
pasoM.
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H Hparo & paspesa ! ma nucre S, upmiuewsaercs Kpal
I~ paspesa ! Ha nmcre Sny1 (3mechE m =0, %1, =2, ...).

B pesynpraTe Tanoro CKICHBAHAS MbI nonyqaeM BIUHTO-
06pasHyIo mMOBePXHOCTEL (CcM. puc. 4, @), HA3HBACMYIO pUMA-
HOGOU nOGEPINOCTLIO A02APUPMA.

Parc. 4

flcno, 4To HampaBIeHWE B3aKPYYABAHMA BHUHTOBOH IIO-
BEPXHOCTH MBI MOJKEM ¢ PaBHHM YCIEXOM CYHTATh KaK Ipa-
BBIM, TaK O JIEBEIM.

Mpumep 2. Oymxmqus V2. B ravecrse obmacrn D
OIfITH HANO B3AThH BCI0 KOHEYHYI0 ILIOCKOCTH C BBIKOJIOTOH
rouroit z2=0, a B KavectBe oOmactm D’ omaTh BO3bMEM
IIOCKOCTh ¢ PaspesoM IO OTPUNATENBHON YacTh JeHCcTBH-
renrpHOH ocu. Uepes [T ofozmadaem BepXHEH Kpail paspesa
I, a gepes I~ — ero mwmamit kpait. Torma

= (?/ZJ exp (2:11‘ %) (m = 0,,..., n—1).

ITocroapry

n ~ n,y— 1

(/z)=1/|z|exp(—n—argz) (—n <arg z< @),
MBI TIOJIYYaeM, 4TO

P e =/ ToTomp (20,
m (2) |~ = 1/|z|exp( —1 ').

CienoBaTenbHo,
Fm(z)|1+=FM+1(Z)|1— (m=0, 1, .oy n—2),

F;z—l (z) ’1+ =Fy(2) |~
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Iloaromy ameror S, ciemyer cRiIedTsh caegyiommm 00pazom.
IIpp m=0, 1, 2, ..., n—2 K Kpaio [* paspesa I =Ha
aucre S, MBIl OpuKiIeHBaeM Kpail [~ paspesa I ma xmcTe
Smy1. OcraBmuecss ¢cBoGOTHHME BepXHH Kpail paspesa I mHa
aucre S,-1 U HWKHEWA Kpail paspeda Ha aucre So MBI JOIK-
HEL CKJIEUTh MERAY c0o6GoM.

3amerum, YTO TocHefHEe CKICHBAHUE HE YIACTCA OCYIIe-
CTBMTH, HE TMEpeceKas YiKe CKICeHHON YacTH MIOBEPXHOCTH,
X0T M3 o0IMX coo0pasKeHMH SCHO, YTO PMMAaHOBA IIOBEPX-
HOCTH HE MOMKET HMETh TOYeK CaMoliepecedeHusi. ITO IPo-
TuBopeune Kasgymeecs. OHo O0OBACHAETCA TEM, YTO HAINA
prMaHOBa IOBEPXHOCTE ABIACTCA IOBCPXHOCTHI0 M3 YETEHI-
peXMEPHOro TpocTpaHcTBa. [AsA .HATIAJHOCTE OHa uU306pa-
JHeHa B TPeXMEPHOM IIPOCTPAHCTBE, a 3TO HE BCErja IL03BO-
JIsgeT mepefaTh BCE CBOMCTBA.

ITocTpocmnas puMamHOBa MOBEPXHOCTH HA3HIBAEGTCA PUMA-
1060l nOGepTHOCTHI0 KOpHs n-Ui creneny (cM. puc. 4,6).

IIpumep 3. Oyurnusa

Fi=Je@a,

rpe Gysrmua g(§) romomopdua B ABYXCBA3HOH obmactum D,
BHEIMHASA KOMIIOHEHTA KOTOPOH CONEDIKHMT TOYRy § = oo,
a BHYTPCHHAA KOMIIOHEHTA COREp:MT Toury { =0,

O6unacts D' mum momyumM u3 obmacrm D, mpoBems Ka-
roif-mn6o paspes I, coeguuAOMUA KOMIOHEHTY Yo ¢ KOMIIO-
genToit 7. Cormacho mpmMepy 2 § 4 MOKHO HammcaTh

Fu(2)=Fo(z)+mA (m=0, =1, £2, ..)),

rae Bexmumua A papHa uATerpaxy or ¢ymkmum g(L) mo
rpaOnme Kakolf-imbo OfHOCBABHOM 0o0jacTH, cofep:Ramei
KOMITOHEHTY Y, M He copep:Kamedl KoMOOHeHTY Yo. HeTpyn-

HO IIOKA3aTh, 4TO
Fn@l+ = Fmi1 (9)]—

ecim uepes It oGosmauen ToT Kpa# paspesa I, KoTopsoii me-
JEAT CJeBa TMpW ABMIKEHMH OT Yo K Y. CHiemBanwe numcros
TaKoe ke, KaK M [PH CKJICHBAHUM PUMAHOBOH IOBEPXHOCTH
morapadma. flcHo, UTO B pesyibTaTe CKICWBAHHUSA MBI IOJY-
YUM OOBEPXHOCTh, MPECTABIAILY0 co0ofl YacTh pPEMaHo-

Boil moBepXEOCTH Jgorapuma, Jge:mamyio Hag obmactpio D.
IIpamep 4. Oyurmus lnz—:%. ITy pHMAHOBY IO-

BEPXHOCTh MOKHO OEUI0 OBl CTPOUTH AHAJIOTMYHO HPENBITY-
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MAM, HO HPOIIe BOCHONB30BATHCA HOCKOJBKO HHHM DACCYIK-
neaneM. OyBRKIAA

zZ—a

z—b

yCTAaEABIMBAeT B3AWMHO OFHO3HAYHOE COOTBETCTBHE MEKIY
TOYKAMH DAaCIIMPeHHOX KOMILIEKCHOM OJIOCKOCTH Z W PAaCIIH-
PeHHONl KOMIUIeKCHON miockocTH w. (OHa jKe yCTaHABIABAeT
B3aMMHO OJXHO3HAYHOE COOTBeTCTBHE MEKAY TOUKAMH DHMA-

w =

o o z2—a
HOBHIX momepxmocredt ¢ymkmmit In— u Inw. Tloaromy
z2—a
PAMAaHOBA MOOBEDPXHOCTH d)ymcunnln;_—b oTIH4aeTca oT pH-
MaHOBOii HOBepXHOCTH (QYHKIMA Inz TOJXBKO TeM, 4To ee
TOYKM DPasBETBJGHWA HAXOIATCA He B TOYKAX z2=0 u 3= oo,
a B TOYKAX z2=a u z = b.

PumanoBy momepxmocrs pymrROUR ln b MHI Takxe 6y-

meM Ha3bIBATh PUMAN0E0U noeepxnocrbro aozapugpma (orme-
9afd, €CIH 9TO MOHANOOWTCA, MOJNOKEHWEe TOYeK pPAasBers-
JeHNsa).

Ananorminble coofpajKeHHA HOJHOCTHI0 CHPAaBeJIHBRE U

Aag PUMAaHOBOH UMOBEDXHOCTH (PYHKINHA 1/ —a

KOTOPYIO

7

GymeM Ha3bIBATH PUMAHOGOU NOBEDIHOCTLI) KODHA n-li cTe-
nenu (c TOIKAMU PasBeTBIGHUA @ | D).

Wz dopmynn arctgz=%ln——:t:i
HOBA OOBEePXHOCTh (JYyHKmuU arctg z coBHAfaeT ¢ PUMAaHOBOU
HOBepPXHOCTHI0 JorapuMa (TOYKA BETBIEHHA [ U —I).

IIpamep 5. @ymkoua arcsin z. Ha opumepe pumano-
BOH HOBEPXHOCTH AaPKCHHEYyCa HOKa)KeM, KaK MOJKHO CTDOMTh
PUMAaHOBH MOBEPXHOCTH, He BBIJGNAA TOJOMOPQHHIX Berneil
aHAMHTHYICCKON QYHKIIM.

B npumepe 3 § 4 mcciaemoBanca XapakTep MHOrosHAad4-
HOCTH AHAJIUTWIecKoH (PyHKmHm arcsinz. MH ycramoBMIA
TaM, 910 1000 2IeMeHT GYRKOAU arcsin 2 MOKHO HONYINTh
A AHAJUATAYECKAM OpPOAOJMKEHMEM HCXOTHOIO HNIeMeHTa
mo kpuBoit I', mpmHamIe:Kamel TOMOTOOHYIECKOMY KJIAccy
(aia2)™, @AM amadATHYECKHMM NPOAOJKeHHeM mo Kpmsoi T,
NpHHAJJIEKAmell TOMOTONHYECKOMY Kaacey a;(aidz)™ Mmu
8HAEM, 9TO HMCXONHBIA BjeMeRT (QYHEKIHA arcsin z MOKHO
B3ATH B BUJE

cileflyer, 4To puMa-

. ag
(arcsin z) = | ———,
J Vi-¢
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rIe WHTeTPUPOBAHHE BemeTcdA N0 HYTH, JeKalmleMy B JocTa-
TOYHO Mamoi oKpecTHoctd Toukm z =0, a AIa KopEaA Geper-
cA riaBEoe 3madenuwe. Kpome Toro, B mpumepe 3 § 4 GruIO
MOKA3aHo, 9YTO B pe3yJbraTe AHATUTHIECKOTO HPOTOJKEHUA
mCXOMHOro dlleMeHTa (arcsin z) ¢yHKOUM arcsin z mo Kpd-
Boit I' = a; Mu DpuxoguM K diaeMenTy st — (arcsin z). Jauee,
KPUBYI0O M3 TOMOTOOMYEeCKOro Kiacca (a@idz)™ MOMKHO CIMTATh
ne;kameit B ofnacru D*, mpencrasasiomeit cofolt OI0CKOCTh
c paspesom mo orpesky (—1, 1) meitcTBurensmoit ocm. W3
BCEro CKAasaEHOTO cleqyeT, 4TO AaHATATAYeCKasa (QPyBKOHS
arcsin z B obmactu D* pacmagaerca ma nBe QyBKOMH, aHA-
anTuyeckne B obnactu D¥. QmHa w3 sTux GYyHRIMA MMeeT BUT

z
|72
—
JViI=¢
a mapyrasg —
z
n— j‘ ——.E—_z
s Vi1—t
(roura § =0 cuuraercs Neameil Ha BepXHeM Kpaw paspe-
3a (—d4, 1), a xopeHb — mMeIOmMUM HA 3TOM KPAaI0 IOJOMKH-
TelbHble 3HATEHUA).

Cormacao npumepy 3 ofe PYHKOUHA WMMEIOT CBOMMM DH-
MAHOBHMY MOBEDPXHOCTAMM YACTh DPUMAHOBOH HOBEDXHOCTH
aorapudma, nmekamyo majx obmacteio D¥. IlosToMy Besa pm-
MaHOBA IIOBEDPXHOCTh AHAMUTHMISCKON (YHKIOWH Aarcsin z Mo-
jReT OBITH IONY9YeHA CKIGHBAHWEM [BYX JK3eMIUIAPOB DH-
MAaHOBOM HOBePXHOCTH JorapudMa ¢ YyHajdeBRHFIMM H3 Hee
TOUKaMM, Jgemamumu Han orpeskoM (—1, 1). fleeo, dro
CKJIeNBaTh HYKHO HO paspesy, JerkKameMy HAJ OTpPe3KOM
(—1, 1). Ina BaraaguocTd, OPH CKISWMBAHAA HYKHO B3ATH
PIMaHOBH TOBEDPXHOCTH JorapudMa 3aKpPyYABAIOIIAMHCA B
TIPOTHBOMONOKHEEIX HAaNPABICHUAX.

PuManoBBI HOBeDXHOCTH MOMKHO DacCMaTpHMBAaTh KAK CIO-
co6 BArJIAMHOrO HpeJICTABJEHMA XapaKTepa MHOr0O3HAYHOCTH
amaguTHdeckodl QyHROUH. OTOT cHOCOG XOPONIO JOHOJHAET
ajqre6pamvecKuii MeTOll McCAeOBARMA XapaKTepa MHOro3HAY-
HOCTH, H3J0KeHHHIL B § 4, HO OTHIONb He 3aMEHAET ero.
Bomnee Toro, xorma (ymKmmMa [OBOJABHO CIOMKHA, caMa Ha-
[IAAHOCTh PHMAHOBOM MOBEPXHOCTH BechMa NPH3DadHA.

IlromoTBOpHOCTE Wem PUMAHOBOR IOBEDPXHOCTH BOBCe He
B 00NleryeHuy WCCIeOBAHMA XapaKTepa MHOTO3HAYHOCTH,
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a B TOM, 9TO OHA HOPOAUJIA Teopuio AHATNTHYECKUX (QYHK-
Ui Ha MmOBepXHOCTAX. H coKaNeHwIo, Teopud aHAJIUTHIC-
ckuX (QyHKOUA HA pPHUMAHOBEIX HOBEPXHOCTAX BHIXOMUT 34
paMK{ 3TON KHMIH.

TlepeiiieM Temeps K CTPOroMy ONPeNEeNIeHWI0 TOBATHS
PHUMaHOBOH HOBEPXHOCTH AHAJUTHIECKON (yHKIUH.

Cragana ciesaeM ofHO 3aMedamye, YBOAAIIEE B HECKOMb-
RO JIpyryio cropoHy. MMemHo, sameruM, 4T0 A1 (yHKIUH,
AHAMIMTHYECKOR B mamHoi obaxactu D, momuo 6bu10 OB dhop-
MAaJbHO OHPEeJeJMTh TOYKY HOBepPXHocTH Kak mapy (2, I'),
rme z— touxa obmacru D, a [ — wpusas, muymasa B TOUKY
z u3 QUKCHPOBAHHOH To4KM a. MBI molaywnmn 6ol HEKOTO-
Pyl o6aacTh oupefeseHUAA AHAIUTHISCKOH (QYHKIWH, eCcan
OBl moroBopHINCH cunTaTh jBe mapwer (3, I'1) m (z, I'2) cos-
OaJalomyMHI B TOM M TOXBKO B TOM CJydae, KOrja KDHUBHIC
't u Ty romoronnsr 8 obnactu D. Bes ocoboro Tpyaa Mox-
Ho Obuio OB OOKAa3aTh, 4TO OmpeeleHHAsA TAakuM oOpasoM
PHMAaHOBA HOBEPXHOCTh MEHMCTBUTENbHO OyIeT mOBePXHOCTHIO
B cMmbicie ompefnenenuna § 8 ra. 1. He 6ymem ocramasmm-
BATBCA HA 3TOM cmocobe ompeneneHnsa PUMAaHOBOH TOBEPX-
HOCTH, TAaK KaK manuM ceiluac Gollee OpocToe ompefeseHue,
IpUrogHoe He TOXBKO A (YHKOWE, aHATUTHIECKUX B 00-
JIaCTH.

Ilycrs mama apammtuyeckas ¢ysxmusa I(z), ompemens-
eMasg ucXONHBIM 3j1eMenToM fo.(z). Touxoit P pumamoBodl mo-
BeDXHOCTM MBI HazoBeM mapy (&, fi(z)), rme & — roura
IIOCKOCTH, & fi(2)— kaxo#i-muGo »jaeMeHT HAImed amaauTI-
geckoil pymkmun F(z) B aroit Touke. [{Be mapmr (§, fi(2))
i (Z, fg (Z)) OymeM cYUTaTh ONpeNeAAIOMMMYU ONHY H Ty
e TOUKY PHMAaROBOA HOBEPXHOCTH B TOM H TOJLKO B TOM
ciydae, KOTHA 3IeMeHTH fr(z) u fZ (z) sKBUBANEHTHBIL, T. e.
COBUAJAI0T B HEKOTOPOH OKPECTHOCTH TOYRHW 2 = .

Hyxmo mnDorasats, 4ro ompefedeHBHoe Tarum o00pasom
MHOJKECTBO TOYEK MOMKHO PaccMaTpUBATH KAK. HOBOPXHOCTb.
Jaa sToil menau HAMO WpPEKIE BCero BBECTH B HTOM MHOKe-
crBe Tomoxormio (cM. § 8 ra. 1), samaB chcTeMy OKpecTHO-
creit {U,}.

Ilyers P =(c, f.(3))— Troura pumaHOBO# moBepXxHOCTH S
apanurudeckodl ¢ymrmum F(z). Onement f.(z) sBiasAerca
roxoMopHOH QyHKIMedl mepeMeRHOH z B mI060H MOCTATOYHO
Masoil okpecrHocTH U, . TOYKM ¢, M €ro MOKHO paccMaTpu-
BAaTh KAk BJIEeMeHT apajgurnueckoit Pymxumu F(z) B moboi
M3 TOYEK 3TON OKpPEecTHOCTH.
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Muoxecrso Touex Q =(g, f.(z)), rane ;= U, ., masosem
okpectnocreio Up, Touku P pumanosoii nosepzHocTu S.

Cucremy orpecrnocreii {U,} Gymem cuurars cocroanieit
M3 BCEX JIOCTATOYHO MAJBIX OKPECTHOCTEH BceX TOYeK pPH-
MaHOBOH# HmOBEpPXHOCTH S.

Jlerko mpoBepuTh, UTO BajaHHAA TAKAM CHOCOGOM TONO-
JIOTHs TPeBpamaeT PUMAHOBY HOBEPXHOCTH S B xaycmopdo-
BO ToOllOMOTMYecKoe mpocTpaHcTBo. Herpymao ybemurhbes, aro
HOIPepHIBHOM KPMBOIl HA PUMAaHOBOH moBepxHOCTH S ABIA-
erca QyHRImA, aHaauTHIecKag HA kpusoll I' m obmagaromas
TeM CBOHMCTBOM, YTO XOTA OBl ONMH 3JeMeHT 3Tol QyHKIUH
COBIMAMAET ¢ HJIEMEHTOM Hamel amaadTmdecKod QyHKIUIM.
CorsacHo ompefelleHMI0 AHATHTHYeCKOM QYHKDUM JioGhie
IBe TOYKM DMMAHOBOH HOBEPXHOCTH S MOMHO COSQUHHTH He-
mpepuBHON KpmBoit. TeM caMpIM [JOKasamo, 4TO PHUMAaHOBA
MOBEPXHOCTH S ABJIAETCA 00aCTHIO.

Jlerrko moxasmiBaerca TaksKe, 4To OKpecTHOCTH Up, TOU-
Ku P pumanoBoit moBepxHOCTH S roMeoMopdHA OKPECTHOCTH
U.. Tourm ¢, T. e. KPyTy Ha OIOCKOCTH.

Taxum 06pasoM, pUMaHOBA IMOBEPXHOCTH S MefiCTBHTEIBHO
ABIAETCS MOBEPXHOCTBIO B cMbicide oupemexeHusa § 8 ra. I.

Touky { “OMIOIEKCHOM HJOCKOCTM MbI OyAeM HAa3HIBaTh
npoeryuel touru (T, fi(z)) pumanoeoii nosepxnocru S,
a orofpasmienue

€ fo(2) >

— nPOEKTUPOGAHUEM PHMAHOBONH IOBOPXHOCTH S HA KOMII-
JeKCHYI0 ItockocTh. OrobpaskeHme IPOOKTHPOBAHUA N OCY-
mecTsiaser romeoMopduaM Kakmoir oxpecrnoctm Us, Ha
okpectnocts U... B TepMumaX, KOTOpbIe HCHOTH30BAJIHCH B
§ 8 ra. I, sro osmauaer, 4To oTobpaskeHue T, OKPECTHOCTH
U, ma xpyr miockoctn ana mawoGoit oxpecrHocTH U, coBoa-
maer ¢ orobpa)keEumeM mpoexrtuposamua 5. OTcioma cienyer,
9TO0 OTOOp@KEHHE Yap = Tlo ONs " (ONpeleeHHOe A Hmepece-
genua oxpecrHocTeit U, m Us) ABAgerca TOMRIECTBEHHBIM
orobpaskenneM. CireloBaTeTsHO:

Pumanosa nosepxrrocry anaautuueckoll @Pynryuu ecezda
aeaserca opuenTupyemoil nogeprnocrvro (cm. § 8 rum. I).

B zaxaouenme CcKajKeM eIme HECKOJHKO CJIOB O TOHATHH
PUMAaHOBOW HOBEPXHOCTH, HE CBA3RHHOM C 3aJaHAEM KaKOH-
aubo aHAIUTHIYeCKOH QyHKI[HM,

MMosepxuoCcTs S, ¥ KOTOpOH MOKHO BHIOPATH CUCTEMY
OKpecTHOCTeH TAKMM 0GpasoM, uTo0bl Bece OTOGPAYKEHUA Yap
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OBLIA TOJKIECTBeHHABMM OTOODAKEHMAMM, HA3HIBAeTCA MO-
BePXHOCTBIO, HAEpBLEQIOUjell KOMINIEKCHYH NJIocKoCTh. Mp!
OOKA3aJd, YTO KAMKMOH AHAMMTHYecKON (PYHKIMM oTBedaer
HEKOTOPAasA HAKPHBAIAA KOMILNIEKCHYI0 OJOCKOCTh HOBEpX-
mocTs S. OkraspiBaerca (5TO MOBOJNBHO TNIYOOKMI M TOBOJBHO
TPYIHO AOKashBaeMblif (PAKT), UTO [JIA Ka;KAOH HOBEPXHO-
CTHM, HAKPHIBAIOMEH NJOCKOCTh, CYMECTBYeT aHAIUTHICCKAS
$yEKMEA, AIA KoTopoil 3ajaBEHAg LHOBEDXHOCTH OyaeT ee
PHMaHOBO# HOBEPXHOCTBHIO.

Ecaum Mpr oTRa)teMcA OT TOMIEOCTBOHHOCTH OTOOPaYKeHUM
Yap, HO moTpebyem, 9To0Bl 3TH 0TOGpAajKeHMA BCerfa Ocyme-
CTBAANMCH TOjxoMOpPEBIME (DYHROIUAMM, TO MB ODHIEM K
ofmeMy MOOHATHIO pAMAaHOBoi moBepxmocrd. Ha mio6oit 06-
mell pHMAHOBOH HOBEPXHOCTH MOKHO OHpeNeNUTh OOHATHE
rosomopdHoil QYEKIUM Kar (QYHKOEYM, roloMopdHOE OT m0-
KaJdpHEOR nepemenHoi. [(eficTBUTeNBHO, HDH Tepexofe OT Ofi-
HO# JIOKaNIbHOH HepeMeHHOH K APYrodl B CHAY CHeMaHHOTO
OpefnotoiKenua QYHKOUA 0CTAeTCA TOMOMOPEPHOIL

C Teopueit pMMaHOBHIX HOBEDPXHOCTeH, HAKDPHIBAIOIIAX II0-
BepxHocTell # ¢ TeopHeidl romoMopdEHX (QYBKOUA HA STHX
TOBePXHOCTAX MOMHO HOJPo0HEe HO3HAKOMUTHCA M0 KHMTaM

[32] = [37].



Trasa IV
OCOBBIE TOYKHN ¥ PA3JIOKEHHAA B PANBI

CTemenb CIOMSHOCTH CTDPOGHMA AHAMUTMYECKONM (ByHKI[HH
ompefeJsaeTca ee OCOOHIMM TOYKAMM — TOYKAMM HOTepH To-
aomopdrocta. B aroit rimaBe mmr obcyamM ofmee HOEATHE
ocoG0A TOWUKM, a 3aTeM uceieqyeM HOoBelemwe (PYHKOUA c
Baubojiee HPOCTHIME OcOOBIMM ToYkaMu. B aroMm Hecie-
moBaHMH OyAyT MeMOHCTPUPOBATHCA BOBMOJKHOCTH MCIONB30-
BAHHIA OCHOBHLIX TeopeM, monydeHnsix B ra. II.

§ 1. Ilouarue ocoboif ToURH

HaumeMm ¢ ofmero ompegeneHnma ocoGof TOYKM aHAIUTH-
geckoil (PyHKIEM, XOTA 3TO oOopefeleHMe JOBOJIBHO TAIRENO-
BECHO, a CAMO YOHATHME BO BCeH ero OOMHEOCTH WCOOMB3YeTCH
TMOBOJBHO PeIKO.

Ilyers mama amanmrTuyeckag ¢ymkmas F(z), moposxmen-
Hasg WUCXOAHHIM 3deMenToM f.(Z) B ToIke z=ga, E mapa
(¢, L), rme T — HeKoTopasg TOYKA PaCOIMPEHHON KOMILIEKC-
HOH miockocTd, a [, — KpuBas, MIymas U3 TOIKHA 4 B TOUKY
C. Bymem rosopurs, uro mapa (%, L) ompememser ocobyio
TOURY auasurTuieckol gyuryuu F(z), ecnu meXoMHBIA die-
MeRT f.(2) MOKHO aHAJIUTWIECKM IPOJOKMATH HO KpuBoit L
B q100y10 ee TOYKY, KpOMe ee KOHmA G.

Uro0H 3aBepImMTh ompeleqende, HANO €me OTBETHTh HA
Bompoc, Korma ase mapst (G, L) u (§, L’) ompemensior onmy
m Ty e o0cobyn0 TouKy? Ira wacthb ompejeleRMa Hambomce
CIIOKHA,

[lna opomssonbmoii kpusoii I' 6ymem o06Go3mayaTh cHMBO-
noM I'; gacry kpmBoit I', 3aKIIOUEHAYI0 MEKIY ee HATAIOM
1 Hekoropoil Toukoil E = T.

Hie maper (§, L) u (¢, L’) GymeM cumTarh ompemeltsio-
muMu 00HY U TY e 0co6YI0 TOURY AHAAUTUNECKOU BYHKyUL
F(z), ecnu gua no6mx geyx touek £=L m & =L Brmoa-
HAETCA CIe[yIOMee yCIoBUE.

dnementH f:(z) m fy(2), momydeHHBIE B pe3yabTare
AHAINTHYECKOr0 HIPOJOJKEHAA MCXOTHOrO 3jIeMenTa fo(z)
uo kpushM L; m L{, COOTBETCTBOREO, MOKHO aHAIMTHIe-
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CKH ODOJOMKATH JpYr B APYra HO HEKOTOPOl KpUBOW, ie-
smamelt B m1060il OKpecTHOCTM TOWKRM T, cofep:ramedl TOYKu
E u &'. (CymHOCTS yCa0BHA B TOM, 9TO KOTrJIa TOYRM & # E’
BHIOMpaloTea 0JMM3KO K TOUKe T, ORPECTHOCTH MOMKHO BBIOH-
PaTh OYEHH MAJIOH.)

IIpo wasmmyro ocobyio Toury, ompemensemyio mapoi (G,
L), 6ynem rosopurs, 9T0 0oHA JAexUT Had Toukoll C.

Ecnu mobas napa (, L) omumcammoro BhIe BHAA OLIpe-
Zeadger ocobylo Touky aHagmtHueckod Qymxmmm F(z),
H IOPATOM OJHY H TY jie, OGymeM TOBOPUTH, YTO AHAIUTHYEC-
ckag yurua F(z) umeer ocobyio Touky T.

Hemuoro mHmke Oyfer puBejgeH HpPUMep, [I0KA3BIBAIONIHIA,
YTOo HAX JAHHOU TOUKOH § MOJKeT nesaTh MHOro paszjMIHBIX
ocobbix Touek. boxee Toro, mexoropmie mapsl (§, L) moryr
OHpenesaTh OCOOBIe TOYKM, a JPYyrue MoOryT He OHmpefledAaTh
(T. e. InA HHX WMCXOQHBIA BIEMEAT MOKHO AHAMUTHYECKH
NPOMOJIKATE HA Beio Kpusywo L).

IIpesxae weM mepexoiuTh K PaccCMOTDPEHHUIO IPUMEPOB, MLI
npuBeneM OMWH TPOCTOR MOCTATOYHBIN OPUBHAK, MO3BOJSIO-
I Bo MHOTMX cay4adx ycramoBurb, uro mapa (f, L) om-
peneager ocobyio Touky amamurudeckolr Qymumum F(z).

Teopema 1.1. Hycre ®(z)— Pynkyus, anasurTuie-
ckan na kpueoll L, sa uckarouenuem, 6vuiTb MOXNCET, €€ KOH-
ya T, nopooxcdennan saementom f,(z), sadannvin 6 Hauare
aroll Epusgoli. Ecau

lim |® = 00

g*@' (€)| = oo, W

=L

10 napa (§, L) onpedeaser ocobyw TOUKY aHALUTUYLECKOL

Pynryuu, nopoxdennoll ucrodnvin aremeuTom fo(z).
HorasarenscrBo. Hymwno mokasars, 4T0 U3 yCIo-

Bua (1.1) BhITeKaer HeBO3MOMKHOCTE AHAJIHTHYECKOrO IPO-

nomkenusa (Qyrkmum @D (z) B KomeuHy TOIKYy KpuBOH L

(mo »roft KpuBoit). Ho ecam Gbr Takoe MpofoMKeHWE OBLIO

BO3MOJKHO, Mbl, 0YeBHJIHO, MMeJH GBI paBeHCIBO

lim @ (&) = D (7),
E~L
tesL

KoTopoe mpoTuBopeumno 6u1 yeaosmio (1.1).
3aMewanmue 1. JIoxkazaHEYI0 TcopeMy MOJKIO HEMHO-
ro yciuInrs, samenns ycaosue (1.1) ycaormem

Iim | ™ (&)| = oo. (1.1%)
2k
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rae k — mpomsBonbHOe (PUKCHPOBAHHOE Kedoe umelo. Jleit-
CTBUTeIbHO, M3 AHANWTWYHOCTH HA KpmBoi [ Qymrmuu
@ (z) BRITeKaeT AHAIUTHYIHOCTH HA JTOH KPUBOA W BCeX ee
HOPOW3BOHKIX. )
dameuganne 2. Ilpu uccnegoBammm mapwr (oo, L) nasa
¢yrxmquu  F(z) "acro OGrBaer ymoGHee clelaTb 3aMeHY

z = — u mecxenosars napy (0, L) maa ymemun  F, (w) =

- F(L).
w

B kauecrBe mepBoro mpuMepa MBI HcclelyeM o0cofnie
TOYKM OJHOH H3 RauGolee MPOCTBIX HIEMEHTAPHHIX (QYHK-
MU,

IIpumep 1. Paccmorpum ¢yHEmUI0 2%, rae o — Hneit-
CTBUTEJIFHOE THCJIO.

HamM upupiercA HECKOJIBKO WTO-PA3HOMY HCCIe0BaTh
(QYBRKOWIO z* UPW OeablX M NPH HEMeJHX 3HAaYeHRuAX HOKa-
3arens o. ‘

Tlpr meamx o umerorca Tpu BoszMo;xmocTd o =10, o <<(0
m o>0. Cnygaii a =10 rtpusuanen — pyrrmua z°=1 romo-
MopdHa BO BCell pACIIMPEHHOH KOMIIEKCHOH ILTOCKOCTH.
IIpu mexom orpumaresbmoM o QyHERIUA 2* roaoMopdHa BO
Beed pacIIMpeHHOd ILTOCKOCTH, 34 MCKIYCHHEM TOYKA Z =
=0. IIpu z—>0 umeem, oueBUgHO, 2Z* — . Cleq0BaTEIbHO,
nobasa mapa (0, L) oupemenser ocoGyio Toury. B cumy op-
HO3HAUHOCTH (PYHKOWM z* (IpH IEJOM o) BCe Haphl OIpe-
OedAI0T OfHY W Ty e ocobylo Touky. CoBepmIeHHO aHANIO-
TWYHO HPH IEIOM HMOTOMUTeIBFHOM o QYHKIMA 2% romoMopd-
HA BO Beceil KOHEYHOM MJIOCKOCTH, a Bce mapsr (oo, L) ompe-
NeISIoT ONHY M TY jKe 0co0YyI0 TOUKY.

Ilycts Temepb o — He mejoe wucao. Torga MoKHO Ha-
oucarh

B
Lo—aa—1)... (a—k+ 1)m*
dz
Bmbupasg k>« um seumommmam, uro |z*7*| =|[z|** (em. § 2
ra. ITT), suamm, 9TO
Ti%‘za — o0 (z—0).

Cormacumo sameuamuioo 1 K Teopeme 1.1 3T0 o3mazaer, dro
raxaag mapa (0, L) ompemenser ocobyio Toury QyHKIUM 2%

TlokaskeM, wro mioOble JiBe TIApBI OHIPEleaAIT OMHY OCO-
6y Toury. C sToi meanio BEOepeM IPOM3BOJBHBIE TOUKU
tieL; u Ex= Ly u ofo3raunm gepe3 fi(z) u fz(z) saemen-

9 M A, EsrpadoB



130 TJI. TV. OCOBBIE TOUYKH W PA3JIOKEHUA B PAMAbBI

Tl AHAMHTHYCCKOH (QYHRIOMM z* B JTUX TOUKAX (BIEMEHT
f1(#) cuuTaeMm UONYy4YeHHBIM M3 WCXOJHOr0 SIOMEHTA PO~
ToMKeEneM HO OTpPe3Ky kpuBoit L), a smeMent f;(z)— mpo-
TONHEeHMeM II0 OTPe3Ry wpuBoil Ls). CoriacHo ompemelenuio
MBI TOJFKHBI IIOKa3aTh, YTO 3IEMeHTH fi(2) m fo(z) MommO
HOXY9YUTH JPYT M3 APYyra aHAIUTHYECKHM HPOTOReHHeM O
HeKoTopol xpusoil C, memamieit B mmwGom kpyre |C] <R,
coflepyxameM ToIkd E; u Eo.

Mu 3maem (cm. § 2 ra. III), uro mio6oil BaeMenT ama-
auTHIecKol PYHKOUM z* MOKHO AHAMUTHIECKH HPONOMIKUTH
no mwoboil kpuBoit, JMesxameil B obmactm Do (Bea KoHeumas
fIITOCKOCTH ¢ BBIKOJOTOR TOoukod z=0). HKpome Ttoro, MmH
3HaeM, 4to JO0HE Ba dIeMEHTA AHAANTHMYECKOd (PYHKIHR
2% MOJKHO TOJYYUTh APYT W3 [Pyra aHAIUTHYECKAM IIPOKOI-
JKeHMeM 1O HEeKOoTopod kpusoil I', aeskameii B obaactum Dy,
opuyeM, corllacHo Teopeme o wmomompomun (Teopema 1.2
ra. IIT), xpusyio I' MosKHO 3aMenuTsH M0G0 KPHBOM, roMo-
TomHOl el B o6nactu Do. Cpefyt TaKWX TOMOTOHHBIX KDHBBIX
Beerja HalfeTcA Taras KpUBAasg, KOTOpasg JEMHUT B JT00OM
kpyre |G| <R, ecim TOABKO 3TOT KDYT CONEPIKHT TOUKA
€ u ks

Tem campiM fmoKasamo, uro go6wie ase maps (0, L;) m
(0, Lg) ompememsiior ofimy m Ty ke oco0ym TOYRy (PyHK-
num 3%,

ITpu mecnemoBamuyu TouKu 2z == oo ymobHEe BCEro BOCIONb-
3oBaThea 3ameuanueMm 2 K Teopeme 1.1. Torma sTo mceaemo-
BaHHE CBEJETCA K Y)Ke NIPOBEIEHHOMY MCCIETOBAHMIO TOIKH
w=0 gua dyarmum w-°. »

TogsiTosknBas Bce CKA3aHHO® BhIIIe, HMOJAYIAOM:

Hlpu yeaviz snauenusxr o+ 0 dynkyus z* umeer go acel
pacuwupennoll naockoctu 0dny ocobyrw Touky (z=0 npm
a<<0wuz=o upu o >0),.

Ilpu neyeawvtz snauenuazr o Pyrnryua z* umeer dee oco-
6vie Touky z =10 u z = oo,

Tocinenmee yroepskienue ocTaeTcAd B cmile W IiIA NI0GBIX
o ¢ OTJIMYHON OT HYJA MHHUMOW TacThI0, MPAaBa, MOKA3ATedb-

cTRO 3Toro PaxTa HECKOIBKO Gosee TPOMO3MKO. | |

CoBeplIeHHO aHAIOTMYHBIMA PACCYIKMEHUAMA MOMKHO IIO-
Ka3aTh TaKKe, 4T0:

Dynkyus Inz umeer 6o 6écell pacuwupennol nNAOCKOCTL
dse ocobule Touku z=0 u z= o,

Dynryus arctg z umeer 6o éceil paculpernoll naockocT

dae ocobvie Touky z=1iu z=—i.[]
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IIpuBemeM Temepp LPOCTON OpPHUMep, KOrfia HAT OMHOMN
TOYKOH ILTOCKOCTH JIOMKUT MHOrO DAa3JIMYHBIX 0COOBIX TOUEK
ananutHyeckoit ymrIuu (M maske ecTb He ocobble TOYKM).

Mpumep 2. Paccmorpum apanurudeckyio QYHKIUIO,
33J[AHHYI0 B OKPEeCTHOCTH TOYKM 7 =1 HCXONHBIM BJIeMEHTOM

—1 (z—1)?
O B R

In z
Jlerko Bupers, uro sra Qymxmua pasma ;—j. C momomsio

TeX jKe PACCYMAEHWHA, UTO M B MPEABAYIIEM IIpAMEpe, MBI
JETKO TOKakeM, 4T0 TOUKA z=0 m z= o0 gBAAIOTCA 0CO-
OLIMM TOYKAMHE 5TOH amaamTuueckodl (ymrmum (Ana Pymx-
unn In z 2To BepHO, a YMHOMKEHMe HA OHO3HAUHYID QYHK-

1
a0~ rozoMopduyio B TouKax z2=0 m z=co, He MoO-

wer mnyero maMenuTs). C 0coOOBIMA TOYKAMHU, PACHOJOKeH-
HBEIMH HAI TowKolt z=1, memo obGcTomr MAHAadYe, ITO BUIHO
%0TdA OBl M3 TOr0, 4TO MCXONHBIA 3jaemenT roiaoMopden B
rouke z=1. B gocraroumo mamoil okpecrmoctH TOUKM z =1
paccMaTpuBaeMas amajmTAYecKas QYHKOUA pacmajaercsa Ha
ONHO3HAYHBIE BETBU

{ln z) 4 2nin
Toe—1

ITH BerTBH HeJB3A MOAYUUTH APYr M3 APYra AHATIHTHIECKAM
OPOAONKeHNeM IO KPHBOH, JesRamedl B [OCTATOYHO MAaJol
OKDEeCTHOCTH TOYKM %z =1, Tak 4T0 Ra’KIOH TaKoH BeTBHM OT-
Begaer cBOoA ocobaa ToUKa, leskamiag HaAN TouyKol z=1
(Bersu ¢ n=0 orBewaer touxa rosomopduoctu). OcHOBHI-
BadAch HA 9TOM coOo0pajKeHHH, meTko ommcars mapel (1, L),
OTpeNeAoNIne oOHY U TY e 0cobyI0 TOURy:

lse mapsr (1, Li) u (1, Lp), rme L;p — xpuBHle ¢ Ha-
4aJloM ¥ KOHIIOM B TOoYKe 2 =1, He OpoXomAmue dYepes Tod-
Bl 2=0 u z = oo, OUPENENAIOT OJJHY B Ty e 0co0yI0 TOUKY
TOTa W TONBKO TOIMA, KOIJlA STH KPHBBIE T'OMOTOIHBI MEK-
oy coboit B obmacTu Dy, mpefcraBiaaomell coGoll BCIO KoHEY-
HYI0 MIOCKOCTh ¢ BBIKOJOTON TOUKON z=0 (4 He rOMOTOIHBI
vy B obxacru Do).

HauGonbimme OCHOMKHEHHA ¢ HOHATHEM 0c000H TOYKH
CBA3aHBl ¢ MHOTO3HAYHOCTHIO aHaanmTwuecKodl dymkmum. Ilpn
ACCAeNOBAHUN OCOGHIX TOUEK AHAANTAYCCKMX (PYHKRIMA Iyu-
Ime BBIKEJATH TOJOMOpP(QHBIE BETBU W MCCaeN0BAaTh mX ocobble
TOYKH (HpaBsia, B HEKOTODHX CAYYAAX MPUXOTUTCA BBIE-
JATH ¥ MHOrO3HAaYHBIe BETBH). B cBA3M ¢ 9THM famguM eme

2nin

=f(z)+g_1.
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m 6onee mpospauHOe ompemeneHHe 0coGON TOUKHM TosOMOpPP-
noii ¢ysrumn. femo, uro ocofoft TouKOH romomopdHOIL
dyaKIEE MOKeT OBITH TOJBKO TOYKAa TPAHHUIE 00JACTH To-
aomopduocru. Ilosromy pnas ompememerumst ocofoll  TOYKHE
romoMopdHON (GYHKUMH OPUIETCA BBECTH CHAYATa OJHO
BCHOMOraTeJbHOEe OHATHE.

Ilycrs § — rpammunaa Touka obmacru D, a L — mpocras
KpuBad, Jekamas B [, 3a uckiaoderuem ee Korma L. Co-
BOKynHOCTE (§, L) Toukm § u Beaymedl B mee Kpusoi L
Ha30BeM docTuxcumoli zpanuuhol rtourou obaacru D.

ITepecevenne ofmactw D c¢ wpyrom |z — ¢l <p wmomer
pacmajaTbCa HA HECKOABKO CRA3HHX wacreil. Feaum kpmsrie
Ly n Le, Xomuabomuecad B TOYKe [, TAKOBBI, 4TO HX YaCTH,
mekamue B Kpyre |z — ¢l <p, momamalor B OfHY X Ty iKe
CBA3HYIO 4acTh YIOMAHYTOro Hepecedenua (IPH BeexX jlocTa-
TOTHO MAJBIX P), TO GyJeM cYMTATH NOCTUIKUMBIE IDAHMTHEIE

roukn (§, L) u (§, La) cosnadaioupumu. [

Ecan ob6nacrs D orpammdeHa npocroli KyCOYHO TIANKOM
3aMKHYTOH KDWBOif, TO IPH JOCTATOYHO MAJHIX p IHepecede-
mrue ofmactm D ¢ wpyrom |z—§| <p cocromr u3 ommon
cBaA3HONW wacrtw. Jlaa Tamux ofigacreii HeT DAa3HHUOBT MeEKIY
OOCTHRUMON TPAHWIHOH TOUYKOH W TOYKOH rpaEWUIlHL.

Jlerko mposeputh, 4T0 mad ofaacrel, OrPAHWIEHHBIX Ky-
COTHO TIAJKUMU KDUBBIMH €O CKIAQKaMH, JOCTIKHMBbIE rpa-
HHTHBIE TOIKH O0JACTH COOTBETCTBYIOT yiKe He TOYKAM rpa-
HMIB ofJacTH, a TOIKAM rpaHWYHOM Kpusod. MmeiMu cio-
BaMm, A obiacrei ¢ paspesaMW TOUKH Ha Pa3HBIX CTOPO-
HaX paspesa OTBEYANOT PA3IMYHBIM TOCTHIKAMBIM TDAHHYHEIM
TouxaM. | |

JocrmmuMyo rpapuaryo Todky (G, L) obmactm D Mp
Ha30BeM ocoboli Toukol Pynkyuu f(z), romomopduOR B 06-
aactu D, ecam Pyaxuuio f(z) HeIb3sd AHAIHTHIYECKA IIPO-
HOMKHTh B TOYKY § BHOJIL OyTH L.

Yro6er omnpasfaTh JaHHOE ONpefienesue, yOeauMcs, ITO
BO3MOKHOCTh AHAJMTHYECKOrO HPONOKEHHs He 3aBUCHT OT
BHifopa kpmeoi L (ompefensiomiell JaHHYIO JOCTHKAMYIO
rPAHMYHYI0 TOYKy). B camoM peme, ecau ¢(yHrumio f(z)
MOKHO NPOROMMHUTH o unytn L B TOUKy §, TO cymiecrByer
$ymkmaa fi(z), romomopdmas B kpyre lz—7El <p m cos-
pagatomaa ¢ f(z) ma L. Ilo OpUHEIUNY AaHATUTHYECKOrO
npomomkenua fi1(z)=/(z) ®m Bo Bceil Toi cBABHOH YacTH
nepecevernus obmactu D ¢ xpyrom |z— gl <p, B xoropyio
monagaer L. Caenosarenpmo, QYHKOWIO f(zZ) MOMKHO aHaIH-
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THIECKH OPONO/IKHTb B TOUKYy { HW 10 JIO0OMy JpPYyroMy
IyTH, JEeKAMEMY B TOH Ke CBABHOM JacTH.

3amerumM, uro Teopema 1.1 mpurogma u AJIA OTHICKAHHA

0cofBIX TOYEK rojoMopdHON PyHKIMH.

IlpuBemem mpumep, IOKasmBalOmui, 4To AJdA ofgacreil
¢ paspes3’aMu M3 ABYX JOCTHKHMBLIX TO4YEK, OTBEUAIOIIMX Of-
HOlL ¥ TOHE jKe TOYKe paspes3a, OMHA MOKET ObITh 0ocobOok
TOYKOH, a Apyras MoOsKeT u He GHITE.

IMMpumep 3. Ilyere D — mimockocrs 2z ¢ paspesoM IO

- 1+iVz
(s Vz Gepem raaBHOEe 3HAueHme). BhiACHWM, KaKHe JOCTH-
JKAMBIe TDaHWYHBIE TOuKM obmact D aBaA0OTCA 0OCOOBIMH
ToukamMu PyERUMA f(3).

Raspent mocraTouno Mameiit kpyr lz+zl <p, 0<z<
<C oo, MEJNTCA DPasPesoM II0 OTPHIATENbHOH 4dacTH AeicTBH-
TEJIBHOH OCH HA JBe [OJOBHHB — BEPXHIO H HHMKHIOW.
3uauur, Kammo# touke paspesa (—oo, (), KpoMe ero Kom-
MOB, OTBEYAIOT [BE€ MOCTHIKHUMEIE TDAHMYHEIE TOYKK ODJACTH
D (csepxy m cmusy). IlosToMy pnas KpaTKocTH MBI DymeMm
rOBODHTH 0 TOYKAX HA BEPXHEM H Ha HHJKHEM Kpae paspesa,
a CJIO0BO «OCTIKEMAAy OymeM ONyCKarh.

Mu1 3raem (cm. mpumep 1), aro dpynruuio Vz meansa ama-
JUTHYECKH TPONOMKUTL HE IIO KaKOMy OyTH B TOYKH 2z =10

u z=o0, llockombky Vz= ( Bl )n f(0)=1++0,

To, pomosKuB QYHKUM f(2) B TouRy z=10, MBI IPOROMEKY-
au Ob1 B Touky z2=0 m Vz, uT0 menosmomuOo. Caegoparens-
Ho, touka z=0 saBagerca_ocoGo# TouKoE QymruEE f(z).

Iamee, pynxnuio 1+ iVz MomHO aBAIMUTHYECKH HPOION-
JKUTE N0 M000My IyTH, He IpoxojamieMmy depes Touku z =0
H z=0°, B YACTHOCTH H depes TouKkH paspesa. lloaromy

OTPHUATeNBHON dacTH MefdcTBUTENBHOA ocH, f(z2) =

$yarumo f (3) = 1—_ MOYKHO AHAJIUTHYIECKH IPOAOCIKHUTD
14+iVs

4epe3 BCe Te TOYKH, B KoTopuix 1+ iVz me ofpamaerca B
Hyns. B Touke z= —z Ha BePXHEM Kpae paspesa yHKIuA
Vz NPUHEMAaeT 3HAYEHHE iVz, a ma RWKHEM Kpae — 3Hade-
mrue —iVz. CremoBarenbro, PyHKUHIO f(zZ) MOKHO aHAIH-
THYeCKH NPONOKUTH d4epes Bce TOYKH Daspesa, 3a HCKIIO-
4eHHEM, OBITH MOMeET, TOYKH 2= —1 Ha ero BepXHeM Kpae.
dra Toura ABIseTcA 0cof0d TOYKOM, Tak Kak f(z)—> o mpm
npubTmKenRnn K 3Tol TouKe. [ |
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ITycrs dymxkmua F(z) romomopdpra B KakoM-mubo Kpyre,
ckaskeM, B kpyre |zl <R. ITo teopeme 3.2* ra. I pymrrnus
F (z) pasmaraerca s pap Teitmopa

F@)=Dem  ea= - FP(0),

0

CXONAMMEACA B 3TOM Kpyre. OTOT DAJ HEMeEeT OIpeeqeHHBIH
paguyc cxomuMocTy Ry, KOTOPHIE MOMHO ONPENeTuTh 0
koappunuenTaM c, ¢ momomsbio popmyasr Homwum — Agamapa

%=h?1n/m (em. § 3 ra. I). Teopema 3.2% ra. II paer
0 n-o0

HepapencTBo R <X Ry. EcTecTBeHHO BO3HHKAeT KeJaHHE BEI-
FICHUTh, ¢ KaKMMH CBOHCTBAME CYMMBI DAfla CBA3aHA BeIH-
9YHHA PajiEyca CXOMUMOCTH.

Teopema 1.2. Ha okpyxcrnocru rpyea croduMocTu cre-
nemno2o pada aexcur xorA 6vl 00HA o0cobas Touka e2o
CYyMMbL.

HoxasarenbcTno. Bes orparmuenus oOm[HOCTH MO-

oo

KeM CIHTaTh, YTO MMEEM MeJ0 ¢ PANOM BUOA 2 cnz® U uTO
0

€ro pajmyc CXOJHMOCTH PaBeH efuHHOE. B Kpyre cXomuMocTH
|zl <1 cymma psaga (ofosmauum ee f(z)) romomopdma.
Kampaa Touka oxpyskmoctH |zl =1 sBaserca HOCTHIREMOIL
rpaEmuHONR Touko#. OGospaumM depes p(@) BepXHIOW rpasEb
TeX 3HAUYeHMH p, AJAA KOTODPHIX PyHROMIO f(zZ) MOMKHO aHa-
JAUTHYECKN NIPONONKHTH B Kpyr |z — €®] <p. fcmo, uro
p(po)=0 B TOM U TONBKO B TOM ciIydJae, Korja TOYKa
z = ¢'® gpuamerca ocoGoit Toukoi pyRKIHM f(z).

Bamernm, uro kpyr |z —al <r comepmur xpyr |z —bl <
<r—la—bl. Tlomaran @ =¢e'"1, b=¢'"2, r=p(q), mo-
ay4aeM HEPaBEHCTBO

0 (92) =0 (py) — | €71 — €2 .

Ho ¢ u @2 MOKHO HOMEHSTb MECTaMH, UTO NACT HePaBeH-
CTBO

0 (9) = p(pg) — | €771 — €i%2].

W3 sTux gByX HEDaBEHCTB HAXONHUM

Lo () —p (@) <2

[Tociennee HepaBeHCTBO IOKA3bIBaeT, 4TO p(()— HEIPEePHB-

: ((P1 — (Pz)
sin —-2—

.
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maa Pynxoua. OGozmauum p, = minp(9). Oyurnuo f(z),

MOKHO AHANUTHYECKH MpPOMOMEKHTh B Kpyr |zl <1+ po,
H aHaJWUTHYeCKoe Inpojpo:nkenue Oymer  ToloMopdHON
B 9ToM Kpyre ¢ymxnmeir. Pag miada mee cosmamaer ¢ DANOM
aag f(z), Ho mo Teopeme 3.2% om ofdA3aH CXOAUTHCA B Kpyre
z| <1+ po. B cmny onpememeEMst pagmyca CXOXHMOCTH
(maa mamero paAma pagdyc CXONUMOCTH — eIHHHUIA) HMEeM
po=0. Henpepsisaaa ¢ynkmua p(¢p) obaszama mpuaaMarhb
CBOE MUHMMAJbHOE 3HAUEHHe, TaK 4TO HAHIETcA Takoe Qo,
aro p(po)= 0. Cregosarenbro, To4Ka 2z = e'"0— ocofaa TOU-
Ka f(z). Teopema morasama.

JlokasaEHy0 Teopemy uHorfa ymoHee WCIONb30BaTh B
apyroii GopMyITHAPOBKE:

Paduyc cxodumocru pada Tetiropa

e o]
F(2)=2cn(z—a)y
0
paser paccTosnul oT Toukw a 0o 6aumxcaiucell oco6oil TOU-

su F(2). D

OfparumM Temephb BHHMAaHHE HA CIENYOMYI0 3ajady:

ITycrs nam pamet dymxnus f(z), romomopdmas B HEKO-
Topoll obmacTi, M JOCTHKMMAS TDAaHHYHAA TOUKa 3Tolt 0O-
nacru. Hy:KEO onpenenuTb, ABIAETCH JH 9TA TOYKA ocobGol
Toukoit PyEKmmM f(z).

Jra saflata OYeHb CIOMKHA, M O ee pelleHnd B ofmeM
BHAe rOBODUTH He MPHUXOoxuTcA. Pedb mper o OPOCTHIX JOCTA-
TOYHBIX NpPH3HAKAX. J[OBOIBHO MHOTHE MAaTEMAaTMKH 3aHU-
Majuch 9TOH 3amaued miafA caydas, worpa QyEHrnma [(z)
3aJlaHa CTEHEHHBIM DPAJOM, a YCIOBHMA HYKHO 3alHcarh de-
pes xospduuuments: pana. Ilpusemem tpm mambouee Kpacu-
BBIX peayabrara (0e3 JokasaTedbcTB)¥).

YRl
Teopema Ipurcreiima. Ecaw limy|c,l=1 u
n->00

o0

Rec, =0, 70 cymma pada 2 cnZ™ umeer Toury z=1 oco-
0

60l TOuKoLU.
[+
: n
Teopema ®a6pu FEcau lim =1, ro cymma
n->o00 "N+1

(o]
pada Deaz®  umeer z=1 ocoboii Tourol.
0

*) JTOKa3aTeJbCTBA 9THX TeopeM (M MHOTHX APYIAX) MojxmHO Hall-
Tm B [2].
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Teopema Tloama. Ecau 0<ho<A <A <...
o0
Ay . n
lim 1/[ en| = 1, a lim = G, mo paod Ecnz’“" umeer xors
n—-oo n—o00 n 0
6vt 00ty ocobyio Toury na w060l dyze okpyacnocTy lz| =1
daunwt, 6oavwell 2mno.
(Cromr mocMorpers, 4TO HONyvaeTcs H3 yTBEPIKIEHHA
Teopemst [lomna npu 6 =1 u opu 6 =0.)
B cBasm ¢ ymOMAHYTHIMH TeopeMaMH TIPHBEIEM OIMH
OpUEMED CTeNeHHOTO pPANAa, AJAA KOTOPOTO Bce TOYKHE ero
OKPYKHOCTH CXOJUMOCTH GYIYT 0COOBIMEH TOIKAMH.

ITpumep 4. Ilokaskem, 4YTO BCe TOYKE OKDYIKHOCTH
|zl =1 saBasorcs ocobbMu TOuRaMEm cymMMB pama f(z)=

oo
= 2 Z2n.

0

Cravana yGemumcs, 4To Touka z=1 sBagerca ocoloil
Tourodt Qymknum f(z). Jlas STOH Oeanm npEMeHHM Teopemy
1.2, B3aB B wawecrse L pammye (0, 1) m momoxms k =0.
Torna

N

lim f(z)> lim X2 =N + 1,

x-=>1—0 x=>1—0 0 .
a mockombKy [N TIPOM3BONBHO, TO WHTepecylomuii Hac mpe-
Ien paBeH GECKOHEIHOCTH, T. €. TOUKA z =1 gBagercA oco-
foi Toukoi (z). :

Hamee, samerum, uwro QyHKODUA [(z) yHOBIETBODAET
dysKrnuHonankHOMY ypasHeHMIO f(z)=z+t f(z%). Ilockombky
touka z=1 sBusgerca ocoboit Touwod yHrmmu f(z), TO
mias pyaxoun f(z%) 6ymyT 0ocoGHIMEH Te TOYKH, B KOTOPHIX
z2=1. Ho B cunry (pyEKOMOHANBHOTO yPaBHEHHS 3TH TOUKH
obgs3anpl OHTH OCOOBIMH TOYKAMEH H 1A QyErunum f(z).
IMpomosmskas aro paccymmenue, IPUXOAUM K BBHIBOLY, UTO BCE
Toukn, B koTopwx 22* —1 (mpm xakom-mEGo memoM k),
o6a3a8m GuTh ocofbME TOukaMu QyHKRmEM f(z). ITH TOUKH
06pasyior BCIONY IJIOTHOE MHOKECTBO TOYEK HA OKPYKHOCTH
|zl =1, a oueBmgHO, YTO TOYKH, IpPeJeabHEIE IIA OCOOBIX
ToueK,— Tome ocoGbie Touku. CrejoBaTesbHO, BCE TOYKH

oxpymuocr |zl =1 — ocobrie Toukm dymxmun f(z).[]

Tloguepknem, uro Teopema 1.1 maer auIoLr mocTaTrOYHOE
yCcaoBHe, OTHIONb He gBiamgiomeecad neobxomumeim. YroGH

y6enurbca B 9TOM, paccMorpuM Pymrnuio f(z) = De—Vngn,
0
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Ona mempepbiBEa B Kpyre 1zl <1 co BceMu cBOmMM mpous-
BogEHIME. TeM He Menee Ha OKpymHOcTH |z| =1 ora pyHK-
nua ofa3aHa UMeTh XOoTdA OBl OFHY 0COOYI0 TOYKY, TAK Kak
pagmyc CXOpMMOCTH PpAma pasen enumHENe. (Vs Teopembr
ITpuncreiiMma uwnu u3 teopembr Malpu cpasy BHAHO, 9TO 0CO-
foit Touroi mBamercs Todka z = 1.) Meromamu, ¢ KOTODHIMU
MBl [O3HAKOMHMCA B IiI. VI, 3Ty QyHKOUIO MOKHO aHAIHA-
THI€CKH DIPONOJIKMTD M HcCAemoBarTh ocolyi0 TOYKY Iom-
poGHee.

§ 2. Crupanme ocoGenmocreit

Ilepeiinem k 3amade, 70 HEKOTOPO# CTeleHHM HPOTHBONO-
JIOHOH TOH 3agade, 0 KOTOpPoi#l MBI TOBOPHJIH B KOHIE IIpe-
geIAyiiero maparpada.

IMycre pama gocrmkumasi rpanmgnas Touka (G, L) o6-
nactu D. Haliru mpocrbie JOCTATOYHBIE YCJIOBUA IJIA TOrO,
arofel (%, L) He Gwura ocofoit Toukoii Pymkmmm f(z), ro-
aomopdroi B obaactm D.

dry samady OPUXOTHATCHA peINaTh, KOrga MpeicTaBIeHue
rojgomoppHON pyHKOUY HaHO KaKoi-a1uGo dopmymoir m dop-
MyJna TepecTaeT IPecTaBIATh PYHKIHMIO B OTHENLHBIX TOY-
Kax. PaccMOTpUM OJMH THIIMYHEIA IPAMED TAKOrO POfa.

IMpumep 1. Iyers pyarnuu f(z) u g(z) romoMopdun
B OKPeCTHOCTH TO9KH z=a, npmdeM f(a)=g(a)=0, a

g ()7 0. Tloxamem, uro ¢ymrrmuo ¢ (z) = 2((:;

MOHO
AHAJTUTUYCCKHN NPDOOOJKHUTH B TOUKY Z = Q.

MDopmyna ¢ (z) = {,((—Z), ompeneiaoman ¢yExnuio ¢(z),

nmepecraer GuITH HPUrONHON B TOYKe z =@, TaK KaK YACIH-

TeXh W 3HAMeHAaTedb ofpamaiorcss B Hyab. Uroler mcmpa-
BATH OpMYyITy, HATTHIIEM

f@)=FHa)+(z—a)f' (a)+ ...=(z— a)f1(z),
g(z)=g(a)+(z—a)g’ (a)+...=(z — a)gi(a).

fleno, wro ¢ymxmum fi(z) u g (z) romomopdEEI B TOUKe
z=a (manommmM, 49T0 f(a)=g(a)=0), npuiem g (a)=
=g’ (a)# 0. Ilpu z # a nmeeM

9@ 4o
@ = e @
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7 sra QopMyna ODHrofHA YKe M B CaMOil TOUKEe Z=a, Tax
KAK 3HaMeHaTe]b He ofpamaerca B HYJb B aToH Touke. Ta-
KuM o0pasoM, sra opMyia HaeT aHAIUTHIECKOe TPONOJIKe-
HHe QyHKOUH ¢ (2) B Touky z = a. IIpm aToM, oueBHuHO,

fi@  f
q)(a) = 2. (a) = 7 .
i g (a)

3aMeTuM, ITO OO HCCIAEJOBAHUA KAKAYI0 JOCTIRAMYIO
rpaENYEYI0 TOIRY ofacTy rosmoMOopphHOCTH MOMKHO IIONO3pe-
BaTh B TOM, 4TO OHA ABIAETCA ocoboi Touko#. IlosTomy BHI-
MONHEHNE AHAJUTHIGCKOTO IPONOKEHHS B IDAHHIHEYIO TOU-
KY MOMKHO HA3BATH yerpaHeHWeM 0co0Ol TOYRM MAU cTHpA-
HueM ocoferHOCTH. | |

Teopema 2.1. Ilycrv dyuwyus f(z) eoaomoppua 6
obaacru Do, noayuaroweiica us obaacru D ydasenuem rou-
ku asD. Ecau

limed (e) =0, M()= max /@) (21

£0

T0 f(2) MOMNO AHAAUTUYECKU RPODOANMUTL 6 TOUKY 2 =a.

JokxasaTteadbcTBO. Dbes orpammuenus olI[HOCTH
MOKHO CUHTATh, yTO ofmacth ) orpamddeHna IpoOCTOd 3aMKHY-
Toit kpuBoit C m uTo f(z) HempepsBHA B D, 33 MCKIIOYeHH-
&M TOYKH 2z = a. BoapmeM umcao £ >0 croidb MaJbIM, 94TOOBI
kpyr |z — al <e neman suyrpu D, m ofosmauum depes D.
o61acTh, MOMYICHHYIO yaamerneM us [ aToro Kpyra, a gepes
C.— rparuny D.. Iockoasry ¢ymrunms f(z) romomopdma B
D u penpepelBHA BOJIOTH OO €e TDAHHENBL, HATErPalbHAA
dopmyra Komum paer Ham

1 | f(E)dL

f(z) = 30 T—z (Z (= De)
c
miIn
_ 1 Vi@ 1 F(0)d D). (2.2)
f(z)—2_m._ {—z T omi —z (ZE 3)‘ .
C |E—al=¢

Brifepem B aToit dopMmyne &= e, Tak, arober &,M (&) > 0
npu koo (30 BO3MOEHO B cumy ycrxosua (2.1)). Ilo-
CKOMBKY MOAYNb HMHTErpaja N0 ORPYKHOCTH It —al=2¢,
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He IPeBOCXONUT Bemuuunbl 27exM (ep) T—al—s, 10 nepe-
—al— g

X0l K Opefeny mpH k — oo, moaydaem

@)= | Q& (e,

2mi,) [ —z
C

WHTerpan B mpaBofl YacTH PaBeHCTBA COTNIAcHO ciaemcTsmio 1
reopembt 4.3 ra. Il sBaserca ¢yurnumeit, romomopdmoii B
obmactu D. Tax kak f(z) coBIajgaer ¢ 3TUM HHTETDAIOM
npu z € Dy, ToO MBI TOXYYHIA HCKOMOE aHAJIHTHIECKOE IIPO-
nomxenune. Teopema gokasasa.

IMpumep Pymrnuum f (z) =

7 — IOKa3pIBaeT, 4TO YCIO-

Bue (2.1) Hexbss sameHHTH Gomee caabhM. | |

Caenyromasa teopeMa roBOPUT O CTHPAHMHA ocofeHHOCTEH
HA KPUBOM.

Teopema 2.2. Ecau dyusyusa f(z) nenpepwviena & 06-
aactu D u zoaomopPra 6 wamdol roure aroll 06aactu,
OTAUUHOL OT Touek npocroi chnpamasemol kpusol L, To
Pyuryus f(z) soaomopgra u o eceii obaacru D.

JoraszareabcrBo. B cury Teopemnt Mopepa (reope-
Ma 4.1 ra. 11) mocrarouno mokasaTb, 4ro wHTErpaa or f(z)
10 rpagume JA060r0 MHOrOYroJbHUKA, JesKamero B o0JacTd
D, pasen myiio.

Ilyerp G — mio6oit MEOTOyrombHUK, me:kammii B D, T'—
ero rpanuna. Kpmsag I pas6msaer G Ha cYeTHOE UHMCIO da-
creii G, ¢ rpammnamu I',. Cymma gawe [, xomeuma — oma
He- peBocXomuT cymmbl aauebkl I' ¢ yiasoemmol maumHOM L.
Wnrerpan no ' pasem cymMe mmrerpamoB nmo [, (cMm. 3a-
medanme k Teopeme 0.4 ra. I). B ofmacrax G, ¢ywrmus
f(z) romomopdma (omm mHE comep:kar Touek L) WM Hempepsis-
ga B G, Ilo Teopeme HKomm wmmrerpambr or f(z) mo Ta
paBebl myawo. CrefoBaTeNbHO, PABEH HYJII0 M HHTErpaj OT
f(z) mo T'. Teopema moxasama.

JamermmM, 4ro ycaosme HenpepuBHocrH f(z) B TOYKAX
Kpupoil L HeIb3A 3aMEHMTH YCJIOBHEM OrPaHHYEHHOCTH f(Z)
B obmactu D (a ma L OTYCTUTb Pa3PHIBEI), KAK TOKA3hIBa-
er npumep Pymxmuu f= Vz, romomopdHOE H OrpaEMYeHHOM
B Kpyre |zl <1 ¢ paspesom mo pagmycy (0, 1), HO He ro-
momopdroi Bo Beem kpyre |zl <1. []

Ecry B gpyras DasHOBUTHOCTE TEOPEM O CTHPAHHH OCO-
Gemnmocreii. B HUX yTBEpKIaeTcda, YTO OPH BHIIOJHEHHU YC-
IoBu# TeopeMH (QYHKOWSA He TOJHKO AHATHTHIECKH HIPOION-
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MAeTCSA, HO U ABIACTCA HOCTOAHHOW HaM MEorodwreroM. Cie-
AYIOIIMA De3yabIaT TAKOro Popxa OOGH[MHO HA3HIBAETCA TEope-
noti duyeuaas.
Teopema 23. Ilycrs gpyuryus f(z) zoaomopdua eo
gcell Koneunol naockocru. Ecau
lim M3 0, M(R)=max]|f(3)],
1z|l=R

R-oo

Py =

10 f(2) — MHOo20uaCH cTenenu He eviwe n — 1.
Horxasarenbcrso. Ilo dopmyme must Bercmux mpo-
U3BONHEIX rojgomopdroli pymxmum (cm. § 3 . II) mmeem

(n) nl f () df
f (Z)ZECJRW (12| <<R).
1&l=

CornacHO yCIOBHIO TEOpEMBI HMMeeTCs IIOCAef0BATEIbHOCTh
n

R, raxam, uwro M (Ry)=o0(R}) (k— oo). Iloaromy, omne-

HHEBAs MOAYJIb HHTErpaja NOPOM3BEeNEeHHEM MAaKCHMyMa MO-

AyIA HONBIHTerPaNbHOM (PYyHKIUH Ha AJMMHY IYTH HHTErpH-

POBAHYsA, IOTydIaeM

if(‘ﬂ) (z)l = 0 (Rg) (Hk—_H;’;W = 0(1) (Rh—> 00).

Iepexons k npemeny npu k — oo, maxomum f™ (z)=0. Io-
CKOIBKY 2z — miofag Ttouka naockocru, [ (z2)=0. Cueno-
BaTeNIbHO, f(Z) ABAsAETCA MHOTOWIEHOM CTENEHH HE BBIIIE
r— 1, m TeopeMa gokasaHa.

W3 norkasaHmo# TeopeMEl MOMKHO cHelaTh BBIBOJ, UTO aHA-
aurndeckad (QYHKIHA TeM cJloskHee, d4eM Ooasme y Hee
0CODBIX ToYeK M 4eM (BICTPee OHA pacTeT UPH NPUOINKeHHH
K 9THM oco0biM TOuKaM. EjamncrBemnag (QyHKIUA, He HMEIO-
masa ocobennocredi (B ToM 4mCAe I B GECKOHEYHOCTH),— DTO
TORIECTBEHHAA TMOCTOAHHAA.

JloraxeM eme ONHY TeOPeMY TOTrO ’Ke XapaKrepa.

Teopema 24. IHycre w0608 saement anasuruyeckol
Pyuryuu F(z) moxcno anasurunecku npodoricuTs no 4o-
6omy nyru, He npoxodsuemy uepes Touku z=0 u 7=,
Ecau npu srom snavenus ecex saemenros F(z) oepanuuenwy
odnoii u Toi we nocroawnol, to F(z)-— roxcdecreennaa
nOCTOAHHAA.

HdoxasarenbcrBo. PaccMorpum — aHAINTAYECKYIO
Pyuruuio f(z)= F(e*). Tlockoasky e* mHe ofpamjaerca HH B
HYJb, HH B OGCKOHEYHOCTH HH NPH KAaKAX KOHEUYHHIX 3HAYe-
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HHAX 2, TO JI00of 3JeMeHT aHAJIuTHIecKod (PyEkmmu f(z)
MOKHO AHAJIATHIOCKA DTPONOIKATL Mo JIO0OMY KOHEYHOMY
mytu. Bes koHeumasm OIOCKOCTE SBISAETCA ONHOCBASHOM 00-
JacThIO, TAK 4TO COTJACHO TeopeMe 0 MOHOXDAMuM (DYyHKIHA
f(z), amagmrmueckasa BO Bce KOHEYHOM IINIOCKOCTH, TOJO-
MopdHa BO Bcell KOoHeUHOH mirockocTu. Hpome Toro, ms ye-
IoBWil TeopeMmwl caefxyer, 4To f(z) orpammuera. CormacHO
rTeopeme Jlmysmmia ona ofmsaHa OHITH TOKIECTBEHHON NO-
crogunoi. CaepoBaTedbHo, U F(2) — TOMIECTBEHHAS HOCTO-
Arnaa. TeopeMa JokasaHA.

Wnrepecro saMeTHTDh, 9TO TeopeMa HEBEPHA, e€CiU JIOOY-
CTHUTH, 9TO KpoMe Tou4eK zZ2=0 ¥ 2z=0° aQHAJIUTHIECKAA
dyuxuua F(z) umeer eme omEy ocofyio Toury. Ilpummep
OTPAHMYEHHOM MHOrO3HAYHOM AaHAJHTUYECKOH QDyHKIuH,
mMetomedi Tpu oco0ble TOYKM, Mbl mpuBegem B . 1X.

§ 3. MzoaupoBannunie ocodbie TOYKH

Haufomee BaskHBIM KIAaccOM OCOOBIX TOYEK ABIAIOTCHA
TaK Ha3bIBAGMEIE U30AUPOBAHHBIE 0cO6ble TOYKW. Bcee oaime-
MeHTapHEHEe QYHKIHY, a H momaBiagoomee OOJBIMAHCTBO CHe-
UUAIBHBEIX (QYHKIWHA, HMEIOT TONBKO Tak#ue O0cO0eHHOCTH.
WNsonupoBanubIMA 0COOBIMA TOYKAMH HAa3BIBAIOTCA H TOIKH
OHO3HAUHOI0 M TOUKW MHOTO3HAYHOTO XapaKTepa.

Ecau ¢ymxgua f(z) romomopdpHa B HEKOTODOM KOMBIE

O<lz—al<r

¥ TOYKA Z =@ agsasgercad ocofoii ToukoH Pymrmaa f(z), TO
fymeM roBOpHTb, 4TO TOUKA Z==@ ABIAETCA UI0AUDPOSAHHOU
ocoboll Toukoll o0nosnaunozo xapakrepa daa Pynryuu f(z).

Wsoanposanryo ocofyo0 TOYKY ONHO3HATHOrO XapaKrepa
Z=a Ha3oBeM noarocom, eciu f(z)—> o mpH z->a; B OPO-
THBHOM CJy4de TOUKYy Z=a HA30BeM CYWECTEEHHO 0COOOL
TOUKOU.

Tlomocs ABNAOTCA OYEHH HPOCTHIMH OCOOBIMH TOYKAMII.
Bo MHEorux BompocaX MOKHO HE pasjgHyarh HONIOCH OT TO-
ek roaomopdmoctu. IIpmumEA BTOro B CIHEAYIOMEM HX
CBOICTBE.

Teopema 3.4. Ilycrv gynryus {(z) umeer noaioc e
Touke z =a, a Pynryua F(w) eoaomopdrua 6 rouke w = oo,
Tozda dynryua @(z2)=F(f(z)) eoaomopfra e roure z=a.
Ecau e dyuryus F(w) umeer noaroc 6 Toure w= oo, To
dynryusn @(z) Tarme UMeeT noaroc ¢ Touke 7 =a,
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HoxasarexbcTBo. [locTaTouHO XOKA3ars JAME Iep-
Boe yTBep:kjaenme. Bes orpanmueHus o6IIHOCTH MOKHO CUH-
TaTh, 4T0 @ 7 oo, Ilockoarky ¢yEkOusa f(z) mmeer B TouKe
z==q TIOJIOC, TO OHA TrOJOMOP(HA B HEKOTOPOM Koabme (<<
< |z—al <r, a 3pauenna, NpEENMaeMble €0 B 9TOM KOMb-
me, xexar BHe Kpyra |wl|<XR(r), npmuem R(r)—> o npm
r—>0. IIpu pocraroumo Mmazom r obxacrts |wl>R(r) mo-
najgaer B obaacts roxomopduoctu ¢ymrmuu F(w). Caemo-
BaTeJbHO, (QYHKOUA @(z) roaomopdEa B Koaeme O<<
< lz—al <ry mpm mocraroumo MamoM ro. Tak xar f(z)—~
—- oo mpu z —> @, To ¢(z)—~ F (). OGo3nauan

M (e) = |max |9 (2)],
£

z—al|=
BupuM, uro M (e)—> |F ()| (e —~>0), r. e. limeM (¢) =0.
andi]

Ioatomy corsnacmo Teopeme 2.1 dymunuio ¢(z) MomuEO aHa-
JIUTHIEeCKN UPONOKNTHL B TOUKY 2z =a. TeopeMa JoKa3aHa.
Crenpcreue. Ecau dynryua f(z) umeer @ rouke z=

1
f(z)

=a noawc, To Hynryua g(z) = 2oaoMmopPra ¢ Touke

z=au g(a)=0.[]

ITycte n — memoe moOMOMKATENIBHOE YHCIIO.

Touka z=a (a7 >) naskBaerca HYy.tem KpPATHOCTU N
(unu nysem nopadka n) pymnum f(z), ecam f(z) MommHO
npejcTaBuTh B BHue f(2)= (2 — a)"fi(z), rne ¢pymknua fi(z)
roaoMopdHa B TOUKe z2=a U f(a)

Touka z= > Ha3LBaerca HYysLem KparHocTy n (AIH HY-
stem nopadra n) QyExmau f(z), ecau f(z) MoKHO mpepcra-
BuTh B Bume f(z)=2z""f(z), rme ¢ymknusa f,(z) romomopg-
Ha B TOYKe 2z = o U fj()

Kparnocreio (mam nopsadrom) noatoca pymknum f(z) B
TOYKe z =@ HasblBaeTcA KPATHOCTH HyAsa (Qymxmua g(z) =

= f—:z)— B artoit Touke. Hynu u moJaiock mepBoro IopsjKa Ha-
3BIBAIOT RDOCTHLMLL.

N3 ompenesneEus uopsajka HYJIA BHAJHO, YTO IOJIOC MO-
PANKA n MOMKHO paccMaTrpuBarTh KaK HYJIb OTPHMOATENbHOIO
nopAfKa —n.

Ecmu a + oo, To uMeerca yHOOHBIA KpHUTepuil Jig ompe-
JeJeHnA HOPAXKa HYJAs B To4YKe 2 =4a:

Oycrv f(a)=f(a)=...=f"V(a)=0, a ™ (a)70.
Tozf0a Touka z=a A6AReTCA HYaeM EparHocTu n Gynryuls
f(2) (eonomopProll 6 Touke z=a).

dTor I{pI/ITepI/Iﬁ YUTATeEJdb JEerKo MOKaKeT caM. D
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ITpenocrapuM YmTarexaro fgoKasaTh U cilegyomniee o4eBuf-
Hoe YTBep:K[eHNHe, HA KoTopoe OymeM UacTo cChLIATHCA:

Jlemma. Ecau dynryuu f(z) u g(z) eosromopduer &
Touke z=a, To Pynryus F(2)= ?(%)— uaw 2oaomoppna
@ Touke z = a, uau umeer 6 Hell noawc. | |

IIpuBeneM enie ofUHE YacTO HCIOJIb3YEMBI TEPMHEH.

Oyarnua, roroMopdras B a060H 3aMKHYTOM dacTH 00-
Jactu D, 3a HCKINYeHMeM KOHEUHOro YHCIA MOoa0coB (oHHU
MOr'yT HaKaIJIWBaThcA K rpanune D), Ha3wBaeTcHd Mepomopdh-
#oll 6 obaactu D $ynrnmeir. D

ITepeiineM & cymecTBeHHO 0cOOBIM TouKaMm. HamoMuawM,
9T0 CYNIECTBEHHO OCOOBIe TOYKH — 9TO H30JUPOBAHHBLIE OCO-
Oble TOUKH ONHO3HAYHOrO XapaKTepa, He ABIAKNIUECT II0-
atocami. W3 Takoro ompejereHds cpasy BUMHO JUIMb OFHO:
€eclM z = @ — cymiecTBeHHo ocofaa Touka QyHrmuum f(z), To
f(z) me crpemurca kK OecKoOHEYHOCTH HPHU Z — @. ITO COBCEM
He 03HA4aeT, UTo f(z) OrpaEMYeHa B OKPECTHOCTH TOUKH 4.

Teopema 3.2. Iycrv Touka z =a R64%€TCA CYUWeCT-
aenio ocoboli Toukol gyuryuu f(z). O6osnasum ‘

M(s)=|max I'f(z)I.

z—aj=¢
Tozda npu awbom k

lim "M (e) = oo.
e-0 :

HoxasatenscTrBo. Jonyctum mnpormsaoe. Torna
maigerca Takoe k, 4ro

lim "M () < 0.

-0

Bosemem am06oe mexoe umcao m > k u ofosmaunm
g()=(—a" 1) Mg(e)= max |g(3)]

flcro, gwro ¢ymrmua g(z) roxomMopdHa B Koabme O <<
<l|lz—al<rmu

lim eM g () = lim €™M (g) = 0.

-0 £-0
IIo teopeme 2.1 dymrmus g(z) romomopdna B Touke z = a,
. ¥4
a caemoearenasno, u Pymrnua f(z)= —%cornacno IeMMe

(z—a)

HMeeT B TOUKe z = g ToJgioc (uam roxoMopdra), 4ro mporu-
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BopeunT ycaosmio. [loayueHHOe mpoTHBOpeuHe [OKA3LIBAET
TEeopeMYy.

Takum o6pasoMm, ¢ymrnua f(z), uMenmasa TOUIKY z = a
cBoeil cymiecTBeHHO o0co0oil TOYKOM, 00fA3ama CTpPeMUThcd K
GeCKOHEYHOCTH II0 HEKOTOPOMY MHOKECTBY, HMeEIONieMy TodY-
Ky z =g cBOei IpenearbHod TOUKOH U IMEPeceKaeMoMY Kajk-
moit oKpyHOCTBIO |z — al =e. OgHako aTo cTpemiIenHHme K
GeckoHeuHOCTH He Oyner paBHOMEDPHBIM IO Bceil OKPECTHOCTH
TOYKH Z = @, KaK B CjJyuae HOJi0ca. THNWYHBIA OpIMep —
TOYKA z = o 1A QyHKOUH €7

IToBenenne PYEKOUU B OKPECTHOCTH CYNIECTBEHHO 0COOOH
TOYKHM MoOKeT OHITh OYeHb CIOHEIM. McciaemoBaHHeM Bom-
pOCOB, CBABAHEBIX ¢ (QYHRNUSAMK, UMEIOMUMH CYIIECTBEHHO
ocoOble TOUKH, 3aHMMAeTcad CHOEqUAJLHEI pasmgenl Teopuu
aHAJIUTHIECKHX (YHKIUE — Teopus mesnx Gymxmmil. | |

Ouenr GIM3KE IO CBOMM CBOMCTBAM K CYIIECTBEHHO 0CO-
ORIM TOYKAM OcO0ble TOUKM, TpefelNbHBIE I TOJIOCOB,

Ecan ¢ymxmqua f(z) wMepomopdma B Koabme 0 <<
<l|lz—al <r u B X1060ft OKPECTHOCTH TOUKM Z = a HUMeeT
OeCKOHEUYHO MHOrO IOMKCOB, TO TOUKA Z = @ HA3BIBAETCA OCO-
6oit Toukoit pymkmum f(z), npedeavroll das noarocos. [ |

Crnegyromuit pesyabrar HocuT Hassamme 7eopemst Co-
ZOYK020.

Teopema 3.3. Ecau Touke z = @ A84ETCA CYWeCTEEH~
Ho 0co6oll Toukoli Pynryuu f(z) uau npedeavHol TouKOU
das noawcos Pynryuu f(z), 7o 8 4060l okpecTHOCTU TOU-
kKu z=a Pynryus f(z) npunuMaer 3HALEHUR, CKOAL Y200HO
bauskue k arbomy uucay A.

JoraszareabcrBo. [omycrum npormsroe. Torpa maili-
nyrea Takme uymeaa 6>0, p>0 m A4, uro |f(z)—Al>8
IpU Bcex z, YXOBIETBOpPAIMUX ycloBui |z —al < p. Torna

dyaknma g (2) =7 =4 roalomMopfHA M OrpafdHYeHa B
kombre 0 < [z — al <p. IIo Teopeme 2.1 Pymrmma g(z) ro-
tomopdra B xpyre |z —al <p, Ho

1
g3

f(zy=A+

W3 neMmmu moxyduaem, uro yEkmua f(z) uMeer B Touke z ==
= ¢ moawc (mau roaomopdHa). ITO HPOTUBOPEUUT YCIOBUIO,
YTo % = @ — cymiecTBeHHO ocofasg TodKa HJIH TOYKA, Npe-
meabHAs Juig Hoarocos, [lodydeHHOe NpOTHBOpETIHE NOKa3bl-

BaeT TeopeMmy.



§ 3. MB0JIHPOBAHHEIE OCOBLIE TOYKHA 145

ITepefieM K M30IUPOBRHHEIM O0COOBIM TOYKAM MHOLOBHAY-
goro xapakrepa. OHM HA3HIBAIOTCA emie H30IHPOBAHHLIMIK
TOYKAMH BeTBJIEHUA.

Iyers F(z) — dyaxnma, amarurudeckas B KaKoM-nmbo
roasre 0 < |z —al <r. Ecau F(z) me aBaserca QymKmuei,
roixoMopdHOX B 9ToM Koasme (T. e. ecau F(z) MHOrosmausa),
TO MBI GyaeM FOBOPUTH, 9TO TOUKA Z = g SIBIAETCH U304UPDO-
8AHHOI TOUKOU 8€T8ACHUR.

Ecau umcno pasaugasix areMeHToB F(zZ) B Kamuod Touwe
rkonbna 0 << |z — a| << r KomeuHo W PaBHO r, To H30JUPOBaH-
Hag TOYKA BETBJIEHUA Z = @ HABKIBAETCA TOYKOU 8eTEAeHUR
nopadka n. Ecim unexo pasiIudeLIX saeMeAToB F(z) B Kam-
mof TOUKe KoJabma OecKoHeYHO, TO HNB0JIAPOBAHHAA TOU-
Ka BETBJICHHS Ha3kIBaeTcsa JLo2apumuieckoll Toukoll éer-
8AEHUS,.

WccnegoBanme ToYeK BeTBJEHUS KOHEUYHOrO MOPANKA CBO-
JUTCA K MCCIAeOBAHAN H30JMPOBAHHEIX 0COGHX TOYEK OHO-
3HAYHOro0 XapaKTepa ¢ IOMONIbI0 CIeNyIOmedl TeopeMnl:

Teopema 3.4. Hycrv F(z)— anaauruueckas GYHEYUS
6 koavye r<l|z—al <R. Ecau 6 wawdoii Touke Koavya

F(2) umeer n pasauunwviz ssementos, 1o F (2) =cp(?/z— a),

20e @ (L) — dyuryua, coromopPnas 8 kKoavye 71l/r< [T <7/R.

JorasareabcTBo. IlposeaeM B koabme r < [z —al <
<< R paspes Io KakoMy-nuGo pamuycy. Torma amaamTude-
ckag B Koubne ¢yskmusa F(z) pacmamgerca Ha n roaomopd-
HHX BerBeil

Fi(z), ..., Fu(2).

daEyMepyeM 9TH BeTBH TaK, 4T0Gbl TPH AHAJIUTHIECKOM
NPOJIOJ/KEeHNH Uepe3 paspe3 cIOpPaBa HaJIeBo IePexojiIn
Fu(z) B Foy1(z) (mpr 1<k<n-—1). Torna F.(z) npm
9TOM IPONOJKeHHHU o0si3ama nepeiitu B F)(z).

Paccmorpum remeps pyarnuio ¢ (§)=F(a+¢"). Ona gs-

aseTcA aHAJTATHYeCKod (YHKOUeR B KOJbIle ?/ r<<|tj <VR,
TaK Kak JMI000f Touke [ M3 9TOr0 KOJbIA OTBEYAET TOUKA
z=ga+ ", aemamas B Koawple r < |z —al < R. M xorum
Rokazars, uro QyEKmuUa @(L) roaoMopdHa B CBoEM KoJbIeE.
Jas aroro HymmEO yGemuThea, d9TO aHAXMTHIECKOE IPOJOJI-
acerne aw6oro axeMerTa ¢(f) mo no6oMy 3aMKHEYTOMY IIyTH,
JesrameMy B KOJbIe, IPUBOJMT K TpexHeMy aiaementy. Co-
raacao Teopeme 3.2 ra. II1 pesymerar mnpoponserus 1o
ABYM 3aMKHYTEIM KDHBBIM, BHIXONANIMM U3 TOYKH (o, OJUH
¥ TOT Ke, GCHH 9TH J(Be KPHBHIE OJHO M TO e TUCJIO Pa3
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o0xopAT OBIPKY KoNbOAa B IONOKUTEILHOM HAIPABICHRM.
IToaToMy MBI MOKeM HPOFOJMKATE IO TEM 3aMKHYTEIM KPHEBHIM,
mo KoTopuIM ymoGmee. Ilpome Beero IpomoJsxaTs I0 OKPYAKHO-
cta |Gl = |Gol. BeiacauM, kak Bemer cebs Touka z = a + L7,
#orjja Touka  oGxomur okpymmHocTs [Tl = |To]l B momomu-
texbrom manpasiaennn, IMomosmum § = |Eole™. IIpu obxome O
MOHOTOHHO BospacTaer or mYJs Ao 2. Ilpu stom z—a =
= [Gol"e™®. Korga 0 MoHOTOHHO Bo3pacTaeT oT HyaIs Ao 27,
TouKa z 06XOmUT oKpY;kHOCTE |z — al = |To|™ B moxomurens-
HOM HaNpaBieHUM n pas. lakum obpasoM, ogumE obxom Tod-
woit § oxpymmaocta |L| = |Tol osmauaer n 06xomoB TOUKOH z
oxpymuocty |z — al = Tl Ho MBI 3maeM, uTo mocae n of-
XO/[0B TOUKOH z OKpYKHOCTH |z — al = p sxement QymKmuu
F(z) BosBpamiaerca K upeHEeMy 3HadeHHI0. (Cie[0BaTeIbHO,
axeMent QyHKnuu ¢({) BosBpamiaerca K NpeKHeMY 3HaTe-
HHUI0 Tocjle IepBoro ke o0xofa. ITo o3HaYaeT OFHO3HAT-
HOCTB, & CJIefioBaTelsHo, U rojgoMopdHocTs ¢ymrmun ¢(§)
B ee KoJbIle.
Teopema moxasana. |:|

Ecam z=a — Touka peTBIenMa TOPAJKA n JJIdA aHaIH-
Thyeckoir B8 Koaeme 0 < |z—al <r ¢ymkmum F(z) u ecan
Pyaxqua @ (§)= F(a+ ") roaomopdua B Touke § =0 wim
WMeeT B Hel NOJIC, TO TOUKA Z = ¢ HA3BIBAETCA as2efpau-
yeckol 0co0oli ToYkol AHAIUTHYECKOM B KOJAbme (QYHKOAU
F(z).

JTo HazBaHHMe OOBACHAETCA TEM, UYTO ajaredpamdecKue
YHKOUHM, T. e. KOPHH MHOrOYIEHOB, KOdQPUMHEATH KOTO-
PHIX — panuoBadbHEbie PYHKIUNA, UMEHT TOJIbKo ajxrefpamue-
CcKHue 0co0Ble TOUKH.

OGcymum ocoGble TOUKU JIeMEHTAPHBIX QYHRIUIA.

DyaROuE e?, sin z, coS z roJoMOpPPHBI BO Beell KOHEYHOM
maockocta. Toura z == oco ABIAETCH NIf 3THX QYHKOUA Cy-
mecTBeHHO o0co0of Touxoit. JledicTBUTENBHO, HH oOJ(HA U3
orux (YEKOMI He cTpeMATeds K o TpH z—> o (sinz
M COSZ OrpaHMYEHEl HA& JefCTBUTEIBHOH ocH, €® — Ha MHU-
Mo#t ocn).

Oyarouun tg z, ctg z, sec z, cosec z MepoMOp(HEI Bo Beel
HOHEYHOH IIMOCKOCTH, TaK KAaK OHH SABIAKTICA OTHOIIE-
pueM Gymrmai, roroMopdHEIX BO Bcell KOHEUHOH IIOCKO-
«Ta. Touka 2z = oo — mpeflelbHAasA TOYKA IIOJIOCOB ITHX
dyuriui.

Oyarnus ln z umeer Touku z =0 m z = » JorapudMa-
qeCKUMH TOYKAMH BeTBJIeHHUA.
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Oyarnua ’11/2 uMeeT TouKd z =0 m z = oo TOYKAMHU BeT-
BIEHUS IOPATKA n.

Boofme, ¢yarnua z* upm OefCTBHTEJBHOM PAMUOHAIB-
HOM o. uMeeT TOYKH z =0 H z = oo TOUKAMu BeTBJICHUS KO-
HEYHOro NOPAJKA, & IPH BCeX IPOYNX 3HAYEHHAX o — Jora-
puMITIECKIMHA TOYKAMY BETBIEHHA.

Oynrnus arctg z UMeeT TOYKK 2z = i U z = —I dorapud-
MIYeCKAMH TOYKAaMH BeTBIeHUsa (cM. mpumep 2 § 2 ra. I11).

HauGoxee ciromH0 YCTPOCHHBIM MHOMECTBOM OCOOBIX TO-
9eK Ccperd OCHOBHEIX OJIeMeHTApHHX QyHKOUI ofaagaer
¢yarnua arcsin z. Oma uMeer nBe Jorapm@MAdecKHe TOUKH

“ 1 ,
BETBIEHHA HAJ[ TOYKO# co (Of(HA OTBEUAeT BETBHU - In (zz 1

+ 1/1 — zz), a Jipyrag — BeTBH C NPYTHM 3HAKOM KODHA B
obaactu |zl > R > 1); majy kammofl us touer z2=1 u 2=
= —1 Pyurmusa arcsin z umMeer GecKOHEYIHO MHOTO TOUeK BeT-

1 ,
BJIEHUA BTOPOro MOPARKA (OTBEYAIOMIUX BETBAM —iln (zz +

+ 1/1 ——-zz) +2nn B OKPECTHOCTH Ka;KIOM N3 BTEX TOUEK).

Tamma-¢pyarmua ditnepa ['(z) Mepomopdhra Bo Beeit Ko-
HEUHON IIocKOETH. TouKa 2 = % — TpeelbHas TOYKA II0JI0-
cos (cM. mpumep 2 § 5 ra. II).

§ 4. Brrgerst m pag Jlopana

ITeproit 3apavest, mocayuBMIed MPUUNHON BOZHUKHOBE-
HUA TEOpUM AHATATHYEeCKHX (PYHKOUNA KAK OTHEIBHOH BeTBR
aHaqm3a, OwlIa 3ajgada O BHYNCIEHUM WHTErpalza Mo 3aM-
KEYTOMY KOHTYpPY oT QYHKOUWH, roloMopdrO BHYTPH 2TOro
KOHTypa, 3a HUCKIIOUEeHNEeM KOHEYHOro ymciaa moxiocos. Ha
9TOil 3ajmade B IOJHOHX Mepe NIPOABUINCEH BHIFOJBI OT pac-
CMOTpeHUA cBOHCTB roaoMopdHNX QYHKENWUHA, ¢ TOMONIbI0 KO-
TOPEIX CJOKHBIH TIpomecc BEIYHMCIEHHA WHTEIPAIa yraloch
CBECTH K HAXOMJIEHWI0O TAK HA3ZHIBAEMBIX BHIUETOB. Bhigyers
B CBOI0 OYepenhb BBIYUCIAINCH UpocTo auddepeEnUpoBanA-
eM. ITo oToii IpHYNHe cTaJH BHUMATEIbHO W3Y9aTh IPUEMBE
CBEJIEHNA Pa3TuYHbIX 3a/[a4 K KOHTYPHOMY HHTeErpupoBaHUIO,
COBOKYNHOCTE STHX TPHEMOB IOJIY9YHJIa HasBaAHUE TeopuUL
8bIUeTO8.

Ilpesxme geM ompemeluTs MOEATHE BLIUETA, HOKaMKeM OJ-
HY HECJIOKHYIO JeMMY.
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Jdemma 4. Ecau pynryus F(z) 20aomopdra 6 roavye
r<|z-—al <R,
TO uMTEZPAA

F(z)dzs, r<<p<R,
lz—al=p
He 3asucur oT p.

JloxazaTeabctBo. llyers r < p) < py << R. Pasmocts
mETErpanos or F(z) mo okpysmHOocTAM |z—al=p, u
|z— al = p; MoxmO paccmarpuBarhr Kak umETerpa; or F(z)
flo rpaHdNe KOJABIA, 3AKINYEHHOro MEKIY OTHMH JBYMSA
okpykuocTaAMH. CoriacHo Teopeme Hommu sror maTerpan pa-
BeH HYJI, TaK KaK 9TO KOJbBIIO JEKUT BHYTPH KOJIbIA TOJO-

Mopdrocru ¢ymrnum F(z). Jlemma gorasama.

Teneps MOMKHO JaTh ollpefleleHNE BHIYETA.

Ilycrs ¢yEEmUMA f(z) MMeeT TOYKY z = @ M3OIUPOBAHHON
ocofofl TOYKOH ONHO3HAYHOro XxapakTepa (uwiau rojomopdHa
B Touke z = a). llpu xomeuHOM a eéviverom Pynryuu f(z) @
TOYKe Z = ¢ HA3BIBAETCA BeJHYHHA *)

rfsf(z)=i j‘ f(z)dz

2mi
|z—al=p
{p — m06Goe mocTaTrodHO Majgoe MOJOMUTeNsHOE Ymcxo). Ilpu
a = oo

1
)= —g | 102
lz|=R
(R — amoboe pmocrarouno 0oJbImoe IOJOKHTENBHOE WICIO).
Hezasucumocts wuHTerpanos or o (mrum R) ciremyer us
nemMrr 1. Ecam @ % oo u pyrrnua f(z) romomopdHa B TOU-

Ke z =g, To Ho TeopeMe Hommu res f(z) = 0. Opgmako Brruer
Z=Q

B GecKOHEYHO YHAJEeHHOM TOYKEe MOMKET 0KAa3aThCs OTIMIHBIM
OT ById ¥ A ¢QyEKOuH, roxomopdHo# B OecKOHeYHOCTH

(upnmep f(2) = %)

Ompenenenue BBUETA HETPYLHO BHJ(OM3MEHUTH Takum 00-
pas3oM, 4To6Ll 0HO He CTABHJIO TOUKY Z == 00 B MCKIIYUTEJb-
HOE NOJOKeHne: :

Buiuerom ¢ynryuu f(z) 6 Touke z=a HUa30BeM HHTe-
rpax or f(z) mo rpaEWme a1060H AOCTATOYHO MAJOM OKpecT-

*) Ofosmadense res HPOECXOXET 0T panIyscKOro ciosa résidu —
OCTATOR,
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HocTH TOYKHM 2z =@, fenenHEd Ha 2ni. (Oyexmua f(z)
mpeqmoaaraercda roroMop@HOA B HEKOTOPOH 0KPecTHOCTH TOU-
KU z = g KpoMe, OBITh MOKeT, CAMOI TOYKH Z = @.)

OKBUBAaJEHTHOCTL BTUX JABYX OIpefeNenuii CTAHOBATCSH
€pasy scHA, ecId BCHOMHWTH, YTO MEI JOTOBOPIJIHCH HAUPAB-
JeANe MHTErPUPOBAHUA Mo rpaHume ofiacTu BHOHPAThH TaK,
qro0nl 006IacTh ocTaBagach ClIeBa, a OKPYsRHocTs |z| = R
cuuraem rpamuineir kpyra |zl <R (ecaim me orosopemo mpo-
THBHOE). D

Crenyomee yIBep:KieHue HA3bIBAETCA TeOpeMOl o @bl
yeraz.

Teopema 4.1. Ilycry gynryusa f(z) eoromoppra 6 o06-
aactuy D u HenpepvieéHa énaoTe 0o ee ePAHUILBL, 3G UCKAIO-
YeHuem KOHeuHO20 uucaa Tower zZzeD (k=1 2, ... n),
ABARIOUWULCA USOAUPOSAHHBIMU 0COOLIMU TOUKAMU 00HOIHAY-
#Hozo zapakrepa. Toeda (C — rparuna obxacru 1)

g' f(2) dz = 2ni é res f(z).

c h=1z=zp

(IIpegmonaraercsi, 9T0 TOYKA z = o© HE JIEKHUT HA TPAHU-
ne D. Ecan Touka z = o jxemur sEyTpu D, To OHA NONKHA
ORITH BKJIIOYEHA B YHUCIO TOYEK Zp.)

HoxasareaxscTBo. OGosmauuM wuepes G.(z.) Kpyr

|z — 2.l <& mpu z, % o u MHOMKecTB0 | 2| > — TpH 2, = o,

a gepes I', = T'.. — rparuny G.(z,). CoraacHo oIpeneneanio
BEIUETa IIPU [OCTATOIHO MAJbIX & HMeeM

gf(z) dz = 2ni res f(z). (4.1)

Ty 7=z

BuiGepem & > 0 croar MaxsiM, uToGsl Bce Kpyru G.(z:)
He HUMend NolapHo o0mux Touek um Jemanam B obxactu D.
Hanee, oGosmauum uepes D, o6nacTs, HoaydyeHHYH H3 D
yhasenmemM Bcex Hammux Kpyros G.(z,). O6aacts D, Komed-
#a, u pyEKnua f(z) roaromopdHa B [, U HEIpepHIBHA BIIOTH
o ee rpamunsl. ITo Teopeme Homu maTerpax or f(z) mo
rpamune D, pasem myan. Ho rpamuma o6aactm D. cocromT
3 rpasunu obmactu D u us rpamun obmacreit G.(z.), mpo- -
XOUMBIX B MPOTUBONOJOKHOM Hanpasiaeauu, ClremosaTeanno,

n

(f)dz—3 | fz)dz=o0.

c 1 1y
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IIpuemMan Bo BEEMamme (4.1), moaywaem yTBep;kmeHHe

TeopemsL. | |

Taxkum oGpasoM, 3ajaua o BEYUCJIEHWH NHTErPaja EBO-
JUTcA K 3ajade o HaxomneHHH Buraeros. Cefiuac MpI HmOKa-
JKEM, 9TO ecIH Bce ocoOnle TOYKH f(Z) — HOJICH, TO HAXOK-
TeHye BHYETOB JeErKo CBOAUTCA K nuddepennuposammio.

Teopema 4.2 IMHycre F(z)=£((z)), ede Pymnryuu f(z)

u g(z) eonomopdnvr ¢ Touke z=a, npuuem g(z) umeer @
TOUKe z = a HYavb nopadka n. Toeda

resF(z)=hm{ﬁLl[(z—a) F (3]

n—
z=a — dz

Hoxrasareancrso. ITockoasky dymrnma g(z) umeer

B TOUKe Z = ¢ HYJb NOPAJKA 1, e MOKHO NPEJCTaBUTH B BU-

me g(z)=(z—a)"gi(z), tae gi{a)¥ 0. Caenosareasno,
P (2 £(2)

F(2) = = )n,rne dbyarmua ¢ (z) = & roxroMoppHa B

Touke z = . CoraacHo OIIpeIeJeHHI0O BRIYETa

res F (z) = 2m 5. F(z)dz = 5. ——(Lu—dz
z=a lz—al= F it G "

“ 1
a MOCAeNHml UHTErPat PaBen — — qy- ¢®=1 (a) corxacao

dopmyne mia seicmux npomsBoxmbix (cM. § 3 ra. IT). Tax
rak @(z)=(z—a)"F(z) opm z ¥ a, To UPUXOAAM K YyTBep-
AJ[EHUI0 TEOPEMEL.

3amevanue. Ecanm dyaxnusa g(z) uMeeT B TouKe z =
= HyIp IepPBOro IOPAAKA, To (GoOpPMyJa NN BEUETA UPH-
obperaer oco0eHHO HPOCTOM BH:

f( _ f(a)
Y@~ 7@

Ilonyuennaa ¢opMyra menpurogHa s HAXOMKJEHUF BLIUETA
B Gecrkomeuno yhaiedsol Touke. Hempurogma oHa H A cIy-
9ag, KoOrja z = a@ — CYyImecTBeHHo ocofaa TodYka QYEKOUA
F'(z). B osrux crydasx Jis HaXOKIEHHs BHIUETa HCIIOIb-
3yeTca pasiomennme B pad Jlopana. BupodeM, pasiomeHne
B pax Jlopana gacro yno0HO UPUMEHATH M 1A HAXOMKICHHS
BBIYeTa B IOJIOCE, HAXONANIeMCA Ha KOHEYHOM pAaccTofi-

mou. [ |
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Crmagana mpumercsa fokas3aTb o0mIYI0 TeopeMy O pasio-
sxeHNN QyEKOUU B pax Jlopana.

Teopema 4.3. Ilpoussoavnas @Pynryus f(z), eoao-
Hopras 6 koabye r << |z —al < R, pasaazaercs 6 pad

oo

f(z) = Z Cn(Z — a)n’

—00

20e

Cn = 5= y’f(z)(z_a)_n_ld; (r<p<CR),
|z—al=p

PAsHOMEDPHO cxodawulica no z 8 A6oM BHYTPEHHEM Koable.

HoxazareabcrBo. Ilyers i <|z—al <R, r>r,
Ry <R. BossMem r<<ro<<r, BRi<Rs<<R, u 0603H3‘II/IM
gepes C rpaEumy Koaema ro < |§ — al <R2. Cornacao mB-
rerpanbaon gopmyre Homu

fO =5 ) E (a<lz—al<Ry),
c
win
1 (6) 48 1 F(8)dt
f =gy | LO&E_ L[ 0L gy
|E—al=Rq {—al=r,y
Pannl
_; Z——a;ln+1 (|1Z—a|=R,, |z—a|<R,)
n
2 C—‘;_{_l (IC—a|=r,, |z—al>=r)

0

PaBHOMEPHO CXONATCA 1O Z W [ IPU YCIOBHAX, YKABAHHBIX
B ckoOKax. Ilomcrasiaas TepBHH pAM B WepBHIA HATErpal
. ¢dopmyast (4.2), BTOpoM pAN — BO BTOpOHl WHTErpajt u HH-
TErpupysa MOWIEHHO, IIOJIyIaeM

f(z) = zolcn(z——a)“ 4 %c;(z—a)‘n‘l
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rme

=g | 1OG—
|E—al=R,

=g | TOC—old

|§_al=rz

O0nequEnM 06€ CYMMEI B OfHY, IOJOKUB Cn = C—n—y. Umrer-
pansl B opMylax g KodpPUmEentoB coraacHo Jemme 1
MO;KHO 6parhb mo a6oit oxpy:xuoct | —al =p, r <p <R.
Teopema moxasama.

Ecnu Touka z = a gBiafercd M30IMPOBAHHON 0co00l TOU-
KOH OffHO3HAYHOro xapakrepa miasg ¢yErRmuEM f(z), T0 f(2)
rolomopdra B HeKoTopoMm koabme 0 < |z —al <r u ee Mom-
HO Das3NoKUTL B pAx JlopaHa, CXOmAmMuiica B 5TOM KOJbIlE.
Jror pag HasbBaeTca padom Jopana dan gynwyuu f(z) e
OKPECTHOCTU TOYKU Z = 4.

Psadom Jlopana dasn Pynryuu f(z) e okpecTnocTu Gecko-
Heuno ydaaennoll TOWKY HA3HIBAETCA DAX

&)= caz® (R<|z| < o).
Psapn Jlopana cocraBiien U3 ABYX pAMOB, aHaﬁloranHx pa-

ny Teiimopa: oqum mo cTemeHAM 2z — @, APYroid IO cTeme-

HAM —— - [

Ecnim mm umeem papg Jlopama pgas ¢yErmmm f(z) B OK-
PECTHOCTH KOHEYHOH TOYKH

1= Seaemap  O<li—al<r),

TO pAnBI

_1 00

Deaz—ar  (|z—a|>0), Dce(z—a (|z—al<r)
—00 0

HA3LIBAIOTCA, COOTBETCTBEHHO, 24A8HOI 4ACTbl0 U roJoMopg-
Hoil uacreto pada Jlopara pam f(z) B ORPECTHOCTH TOIKE
z=a.

Jlag papma JlopaHa B oKpecTHOCTH GECKOHETHO yIaJleHHOH
TOYKH 24Q6HOIl YACTbl0 HA3BLIBAETCA 4YACTh PAKA, COCTOAMAA
W3 WIEHOB ¢ MOJOKUTEILHBIME CTeIeHAMHA 2.

I'masmasa gacrs paga Jlopama gna ¢ywrmud f(z) B OK-
PECTHOCTH TOYKH Z = @ — 3T0 Hpocrefimaa QyHKIUA, UMe0-
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mas B TOUKe Z=a TY jKe ocobeHHOCTh, 4To u f(z). I'mas-
Hasd 9acTh rojloMopdHA BO BCEfl IMIOCKOCTH KpPOME TOUKH
z =@, & pasHocTh MEeKAY f(z) ¥ raaBHON gacrnio roiaoMopd-
Ha B TOYKE 2z =a. [ |

IIpumenenme pasnoskenus B papn Jlopama K HaXomjeHHIO
BHYETOB OCHOBAHO HA clIefylolneir Teopeme:
Teopema 4.4. Ecauw z=a (a7 ©)— u304uposannas
ocobas Touka 00HO3HauHO20 TaparTepa das PyHryuu f(z),
o0
n
a Y cn(z— a)" — pasaoxmenue f(z) 6 pad Jdopana ¢ oxpect-
—_000
HOCTU TOYEW Z = @, TO
resf(z) =c_,.
=a

o0

Al
Ecau ) cpz® —pasaoxenue f(z) 6 pad Jdopana e okpecrro-

—00

cru beckoneuno yoaarennol TOWEU, TO

res f(z) = —c_,.
72=00
HNorasatenbcTBo. Ilycrs a # o. MHTerpupys mo-
9JIeHHO, HAXO[UM

res f (z) = f f(3) dz = sz E (z — a)" da.

z=a z—al— lz—al=p

Jlia BHUMCIEHNA MHTErDAIOB, CTOAINAX HOX 3HAKOM CYMMBI,
monaraeM 2z =a+ pe®, 0 < 0 <2xn. Torma dz = ipe’®, u Mm
moxydaem

27

f (z — a)" dz = ipnH+1 j et D0 g

lz—al=p 0
Ilocaepnuit wHTErpan paBeH Hydwo npm k7 —1 w 2n npu
n = —1. CirenoBareabHo, B3 BCEH CYMMEI OCTAETCHA OTHO Cla-

raeMoe, ¥ MbHl DPHXOAMM K YTBEPMIEHNI0 TeopeMil. Cayuwait
a = © Hcclefyercs coOBepITEHHO AHAIOTHIHO. | |

Ecan 6w1 pasnomenue B psag Jlopama MomuO 6GBLIO GBI
TPOU3BOAUTEH JHMIL ¢ IOMOIIBLIO (GopMya misa Kospdunuen-
TOB, To TeopeMa 4.4 He pmasana Owl cmocofa HAUTH BBIUET.
Opnmaxo pasnoxenne PyEknuit B pan Jlopana momHo momy-
9aTh M3 IIOCTOPOHHEX cOO0paskeHUil, HANPUMED MPHU IMOMOIIH
pasnuuHbix AeficrBuit mapy pamamu Teitnopa. Ilpu srom mpu-
XOMUTCA OHMEPAThCH HA CAeAyIoImee YTBeP:KIeHNE:
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Ecau dsa psda Z an(z—a)* u Z bn (2 — a)", pagnomep-

HO cxo@awuecn Ha onpy.wcnocru |z — a| = p, cxodarca K o0-
Hot u Tol e cymme, 7o 8ce Koafpuyuenrol arux padoe coe-
nadaror.
JleiicTpuTenbHO, B3AB PA3HOCTH ITUX DPAJOB, HOIYIAM
o0

2 (an— ba)(z— ay® = (|z—al=p).
—_00
YMHOXKan 3T0 paBeHCTBo Ha (z—a) ™ ! u mETerpupysa mo-
9IeHHO, B CHIy TeX ke cooOpaskeHHHA, 4To M OpH JoKasa-
TEILCTBE TEOPEMH 4.4, IPHXOAUM K PABEHCTBY Gm — bm = 0.[ ]
Yacro m3oampoBaHHbIE 0COOHE TOYKM OfHO3HAUHOrO Xa-
paKTepa KIAcCHQUOUPYIOTCH 1O CBOHCTBAM PA3JIOMKEHHE
dyaknum B pag Jlopana B okpecTHOCTE 3THX TodeK. Ilpemo-
CTABIACM YITATENI0 CAMOCTOATEILHO OKA3ATH CIENYIoNmee yI-
Bep:K/eHIe, MO3BOJIAKIINEe HMePeHTH K 3Toll RiaaccupuKaqum:
Has 1020 urobul Touka z=a G6uviaa noarocom f(z), ne-
obxodumo u docrarouno, urobul eaasnas uacrv pada Jopana
8 OKPecTHOCTU TOYKU Z = a Oas Pynkyun f(z) 6viaa orTaud-
HG 0T HYAR U COCTOAAQ U3 KOHEUH02Z0 UUCAL HAEHOE.

§ 5. Pazunoxxenme Mepomopdnoil GyERIEE
B pAj npocreiimux Apodeii

¥Ye rosopuioch, UTo TEOPHA BEIIETOB — 3TO COBOKYH-
HOCTH IIPHEMOB, WCIOJbL3YEMBIX [JA CBEJeHHA DPa3IUTHOIO
Pofia 3amav K KOHTYPHOMY WHTErpHpoBammio. B jnanpHermem
M3II0MKEHNI0 ITUX NPHEMOB Oymer NOCBAIIEHA IeJas TIJaBa,
a cefiuac orpaHHYEMcA [€MOHCTpamued JWNIL OJHOTO U3 HUX.

Paccmorpum 3ajauy pasnoskeHua QYHKITH, MepoMopd-~
HOW BO Bcell KOHeYHOM IJIOCKOCTH, B PAN MPUCTENMIHUX ApPO-
Oeit. Jra 3amada mMeer fABa acmekra. Ilepssiil acmexr — 3To
BHISACHEHME BO3MOKHOCTH HocTpoeHHA (QYyHKUDH, MepoMopd-
HOW Bo Bcell KOHeYHOHW MIOCKOCTE (HJIN faske B HEKOTOPOit
o0macT) ¥ MMEIIMeHl B 33[aHHBIX TOYKAX MONIOCH ¢ 38/ aH-
HHIME TJaBHBIME dacTaMu psapga Jlopama (® oxpecTmOCTR
orux Touer). Jlaa permeHHsA 3TOro BOIpoca TEOPHsA BEIYETOB
He HYy:;XHa. Bropoii acmekT COCTOUT B OTHICKAHUH DasioKe-
HUA B paj fApobeit mamHoii MepoMopdHoit ¢yHEKIUN. Perre-
HHe 3TOro BOIpoca AacT HOBEIe (OPMYNBI A MHOTHX Die-
Menrapuex $yrrnui. M Mbr u OyfeM 3aHNMATHCH.

IIycrn P(z)— npaBunbHas panmuoHanbHas QYHKOmA (cTe-
[eHL qUCJUTEeNa MeHLIIe CTemeHu 3HaMeHaTels). B amanuse
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HOKa3hBaeTcA, 4T0 TAKYH PAMMOHANBHYI0 (DYHKNUIO MOMKHO
fIpeICTABHTL B BEJE CYMMBI mpocTedmmux apobeit, T. e. mpo-
Oeil BHIa
Am,h
(z—ah)m'
Yucna a, ABIAKNTCA HYJIAMEH 3HAMEHATENA 3TOH pamloHAIL-
HOU (DyHKIOHH.

Eciu BocmonnszoBarbca TepMHHONOrWeil, BBeIeHHON B
apebAymeM naparpade, To Takoe pasjodieHue mMeeT OYeHb
opocroit cMelca. Hameiii myas sHaMeHarelds ABIAETCA HO-
n0COM panuoHansHOH (yHKmuu. PasinoxuM ee B papg Jlopa-
Ha B OKPECTHOCTH JTOro MONIOCA W BO3bMEM TrIaBHYI0 9aCTh
3TOTO pasiomenus, obosHauus ee GI(z; a,). VMeem

mp
G (z; ap) = }_: ——Am'—hm.
m= (2 ah)
Pasnoxenue panwonanbHO#l QyHknuu P(z) Ha mpocreitmme
Jpo6H 03HAYAET, UTO

P(z) = ’é}lG (z; ag).

IToxasxeM, 9To 9TO YTBEPIKAEHHE MOKHO MEPEHECTH W HA
MHOrve QyHKIUH, MepoMopdHbie BO Beeit miaockoctd. UroGnI
¢TI0 AICHO, KAKUM YCIOBHEM HY;KHO 3@MeHHTHL yCIOBHE Hpa-
BUIBHOCTH PAIUOHANLHON (YHKIMY, 38METHM, YTO NPaBUIb-
§aA panuoHaJbHAA (GYHKOUA CTPEMUTCA K HYII TPU Z — oo,

Teopema 39.1. Hyerv Pynryus f(z) Mmepomopdna so
6ceil KOHEWHOU naockocTu, Touku z2=a, (k=1, 2, ...)—
ee noarcul, G(z; ay)— 2aasnvie wactu f(z)6 roawcazr z = q,.
Ecau cywyecreyer Takas nocaedosareabrocTs 1y — + o, dan
xoTOpOU

M@Fy)—0 (vo>o0), M()= ri'nlaxlf(z)|,
zZ[=r
70
JH=tim ¥ G(za).
Vo0 |ap|<Ty
Crpemaenue Kk npededy pasHoMepHo 6 410600 KonewHoll 006-
AGCTU, HEe codeprcalyell TOUER Q.
HoxasarenbcTBo. PaccMorpum MHTErpaln

di
L=5 | FEE (z1<ry.

G=r,
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OneHuBas MOAYIL WHTErpaja TPOW3BE[CHHEM MAKCHEMYMa
MORYIA HOABIHETErpalbHON (YHKOUEA HA JIMHY OyTH HHTE-
IPHPOBAHUA, MOIYIaeM

|I (Z)I —_M(rv)v

OTKyfna BuUAHO, 9To I,(z)— 0 mpu v — oo paBHOMEDPHO MO Z
B n1000ii KoHevHoil 00macTu.

C nmpyro# cropomsl, MHTerpan I,(z) MOKHO BHYHCIHTL C
[OMOIMBI0 TeopeMsl o Bhrderax. IlomsiHTErpanbHas QyHKOUM
mMeer B kpyre |G| <r, momwocu B Toukax § = a, (mpm la,l<
<ry) ® eme B TO4YKe [ = 2, TaK 4ro

I, (z) = res A + Y ges 10
t=z £ 2 [ap|<ry &= —ap £

OueBmaHO, uTO BEIYET B TOUKe § = z paBeH f(z) mpH 2z 7 a,.
Haitinem BBHIETEI B TouKax § = ax. FMeeM
G(C; a

res A res —L—’f)— (z £ ag),

t=ap L—z t=ay L—z
TAK KAk Ho ONpEfeJeHHi0 riaBHoii wactu pasmoctd f(§)—
— G (L, ay) romoMopdra B Touke § = a,. UroOwl Haiitm mo-
CIeTHUI BHYET, PACCMOTPUM HMHTErpaa

U@ =g | GG oy
l5/=R

opm gocTaTouno GodepmoM R (HacTombko GOXBIIOM, 9YTOGBI
ToukE § = a, u § = z oxasanuch o0e BEyTpH Kpyra 1§l < R).
Iockonsry wpu § — oo uMeeM

¢Gay=0(¢) = =0l7)

TO, omeHuBasg Monyiab uaTerpana Ug(z) mponm3BefeHEEM Mak-
CEMYMa MOAYJsA TONBIATErpanbHON (YHKOUA HA NJIMHY IIy-

1
TH WHATErpHpOBAaHHA, Toxydaem, uro Ug(z)=0 \ ﬁ) -0
(R~ 00),
C npyroit cTopoHbI, MO TEOPEMe 0 BHIIETax
Gt G L
Ug(z) = res & a)+ res (C k) = G (z; ap) + res €(_~ r)
. L=z t— L=ap {=ap

d BeJIHYNHA, CTOAMAA B HPABOH uacTH paBeHCTBa, He 3a-
pucur or R. Cueposarennmo, Ugp(z)=0 mpum pocraTouHO
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Gonpmux R u

G .
res G o) = — G (3, ap) (z == ap).
§=ah g_z

Taxum obGpazom,

Li@=fe)— X Gma) (zFan|z]<ry).

|ah|<rv

Ilockomsry Mpl norasamu, 4to I,(z)—~ 0 mpu v — oo paBHO-
MepHO 1o 2z B 1060l KoHewHOH o0JacTw, TeopeMa MoKasaHa.

Jlorasarmyio TeopeMy MoKHO 0600mMuUTh W HA ciayuaii,
Korma f(z) He cTpeMHUTCA K HYJII0 Ha IOCHEN0OBATEILHOCTH
oKpy:KHOCTeH |zl = ry, a pacrer me GhIcTpee HEKOTOpoil cre-
oenm |z|. droro MwI fenars He Gy/eM, OrpaHWAHMBIIHCH pac-
CMOTPEHHEM OJHOr0 KOHKPETHOro mpuMepa.

IIpumep 1. Pasmoum B psag npocreiimmx mpobeir
ctg z. IloBemenne dyErmuu ctg z mpm GOXBHINX 2z HCCIENO0-
Bajock B . 4 § 6 ra. II. Tam MeI BeiACHEIH, uTo PYHKIHA
ctg z orpaHMYeHa BO BCeH MIOCKOCTH, €CIM YAAIHTH OKPECcT-
gocru Touex 2z = nk (k — nioGoe menoe WHCio), OHAKO HE
crpemMurcs k Hymio. IlosTroMy npuMmenuM TeopeMy 4.1 me R

o ctgz
caMoit QyHKOHH ctg Z, 8 K PyARMUE — —. B xagecrse mo-

1
CIEN0BATENLHOCTH Iy MOMHO B3fATh I'y =0 (v + 7) (v=
=0, 1, 2, ...). Torga Teopema 4.1 gact mam

v
clgz . T
T‘ = llm EG (A., nk),

vooo Ty,

ctgz
TaKk Kak (PyHKROus —,  UMeeT TIONIOCHI B TOUKAX &, = km,

k=0, 1, ... Haiinem rnasmsie wacru G(z; nk).
B okpectrOCTH TourM z = (0 uMeeM
2

Z
ctg z cos z l—5+... ot 1
= = —?—g-i-...,

z zsinz ol 22 )
z \\1—-T)+...

T. e. G(z 0) =L2.
z
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B oxpecrmoctu Toukm z = mk, k ¥ (0, umeeM, ofosHauas
Jag ymoberBa =z — nk:

2
ctgz cos ¢ 1= +.. 1
z  (wk-+f)sint 3 - wkt n2k2+ '
(ﬂk—{—t)(t—‘g——{— )

. 6. G(z nk) = ﬁ (k=4 0).

CuenmoBareanHo,
v -V 1
y_ 1t N _1
ctgz—z\llirg{zz +‘1" nk(z—nk) &-ulv stk (z — mk) |’
mad, o0 benuHAa claraemble ¢ HoMepame k m —k, noayuaeM
1 N 2z X
ctgz =— + ;W (z = nk). b.1)

‘BaMeruM emge, 4TO

d . sin z
ctgz = — In sin z, In Z S (ctg t— —) dat.
0

Warerpupys pamg (5.1) mowmenHo (4To BHOMHE 3AKOHHO
BBIUJIy ero PaBHOMEPHOU CXOJUMOCTH), NPUXOANM K dopMyne

sinz — zH ( 2k2 ) (5.2)

Amanornufsie pasoMkeHNsg B PAAH mpocrefimmx ppobeil
n GecROHEYHEIE IIPOM3BENEHHUA MOMKHO IOJYYNTH U [JIA MHO-
TUX IPYrUX 3JIEeMEHTAPHEIX (yHKIHI,

§ 6. Ipunnun aprymenra u tTeopema Pyme

Bo muorux ciywasx OpiBaer He0OXOJHMO COCYHTATH YHC-
o Hyxeir ronoMopdHOil QyHKnuE B 3amammHoil obmacru. Oc-
HOBHag (opmyina, oOBIMHO HMCHONB3yeMas [JA JTOH Iead,
JIETKO [IOKA3HIBAETCA C IMOMOINBI0 TEOPEMEI O BHIUETax.

Teopema 6.1, Hycre dynkyus f(z) u ee npoussod-
nasn ' (z) eoaomopgdrer 6 obaactu D u nenpepviéHel 6nA0TH
do ee zpanuybr C, 3a uckawueHuem KOHELHO20 YUCAL NOAIO-
co6. Ecau na C Pyuryusn f(z) ne obpawyaercs nu 6 Hyas,



§ 6. IPUHITUII APTYMEHTA X TEOPEMA PYIUE 159

Hu 6 6EeCKOHEeUHOCTL, TO

A VLEE 5 -
i) T dz = vj — vy, (6.1}
¢
20e v;‘ —Yyucao Hyaeld, a Vy — HUCA0 NOAIOCO8  PHYHK-

yuu f(z) 6 obaactu D (u HYIH, B HONXIOCH CAHTAIOTCA CTONb-
KO pa3, KaKoBa X KPaTHOCTH).
f'(3)

f(z
Ha BO Bcex TOoukax ofmactu D, B Koropeix f(z) romomopdHa
u orxmuHa or myiasa. CaemosaTenbHo, ¢pymrmua F(z) umeer
B obnactw [ nwnmh H30IHPOBAHHBIE 0COOBIE TOUKM, NPHIEM
OHH MOryT OBITL JHImb B TeX TOYKax, rme ¢ysrnua f(z)
uMeeT HyIb uwid noatoc. flcao pase, uro ocobnie Touru F (2)
TOMKHBL OBITH MONIOCAMH, TaK Kak F(z) ABIAAercA OTHOIIO-
HueM ABYx MepoMopdHnx ¢yuxnuil. Wmrepecynomuit Hac
HHTErpal paBeH cyMMe BhIueToB F (z) B sTmx moaiocax. Ocra-
eTc HAUTH BBIYETHL.

JoxazarenscrBo. Mymrnua F (z) =

roaoMopg-

Haiiem, wemMy paBem BEITeT I'CS ff ((zz)) » Korna ymEKOIE

f(z) uMeer B Touke z = ¢ HYNb LOpsIKa n (ITOOHI He roBO-
PHUTL OTIeNBHO 0 HYJAAX U 0 HOAKCAX, HATIOMHNM, YT0 MOIIOG
HOpAZIKA 1N — 370 HYJAb mopanka — n). CormacHo onpefene-
HUIO TMOPAAKA HYId UMeeM

1(z)=(z—a)"fi(2),
rne dymxnua f(z) romomopdra B Touke z=a u fi(a)¥ 0.
CiegoBareibHo,

@ n f1(2)
f@ "= TH@

’

11 (2)
1 yEKROUA —fl—(z—'— ronoMopdua B Touke z = a. 1loaToMy meKo-
1

MBIif BEIUET paped I.

CyMMupys 1o BceM HyndM H HOJ0CaM, OPEXOOUM K yT-
BOPMJICHIIO {€OPEMbI.

3aMeuatne DBmeer) gopmyast (6.1) MosHO moib30-
Barbeg atoboll n3 asyx caegywmux gopMyn:

— 1
vi—v = 7 VA In f (z), (6.2)

vi— v = —21? v:ér arg f (z) (6.3)
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Bnecy var F(z) osHavaer msMeneHume Qymxnuu F(z) (B0ooG-
c

e roBops, HEOJHO3HAYHO# B obnactu D)) mpu omHOKpATHOM
0bxone rpanunsl C obmacru D B HMONOKUTENBHOM HAIpPaBie-
auu, Ecam ofnacrs D MHorocesasHa, To C COCTOMT U3 He-
CKOJIBKUX CBA3HEIX KYCKOB; IIOJ vgr F(z) nomumaerca cym-

Ma H3MEHEHHUW 10 BCEM 3THM KYCKaM.
Jlna porasarenbcrBa ¢opmya (6.2) u (6.3) samermMm, uto
, .
];((zz)) =(Inf@), a ) (In f (2))" dz paBeH Ka® pa3 USMEHEHUIO
c
AIeMeHnTa aHanuTHyecKod Qymrnuu In f(z) npm Henpeprs-
#om npopomxenud no kpusoit C. Popmyna (6.3) cpasy mo-
Jqyqaerca u3 ¢opMmyasr (6.2), ecaud BCIOMHHTH, 4To ln w =
=In |w| +iarg w, u 3ameruTs, wro usMenenue In |f(z)| mo
BaMKHYTOMY KOHTYPY PABHO HYJI0, TAK KaK Pa3IUYHEIe 3HA-
deHMA In w OTIAMYAIOTCA JHOTh UHCTO MHHMEM Cjarae-
MuiM 2niik.

@opmyna (6.3) HocHT HaszBaHWE NPUHYUNA apeyMenta. [

JloxaskeM eme fiBe MpPOCTHIe, HO MOJE3HEE TEOPEMBI 0 HYy-
JIAX roJIoMOpGHEIX (YHKIWI.

Caenylomas Teopema 00BTHO HA3BBAETCA TEOpeMol
Pyue. ‘

Teopema 6.2, IHycre gynryuw F(z) w f(z) eoromopgh-
Hut 6 obaactu D u nenpeptienst énaorv 0o ee epanuyst C.
Ecau na epanuye D umeer MecTo mepasencrso |f(z)| <
< |F(2)|, 7o gynryuu F(2)+ f(z) u F(z) unerwor & obaa-
cru D odunarosoe uucao nyaeil. (Kaxdwii nyav cyuraercs
CTOAbEO pa3, KAK08A €20 KDATHOCTS.)

NorasarteanncTBo. Ilockonbky ¢yEKmuE F(z) T
f(z) romomopdrsr B D, 10 momrocoB oHE He mMeloT. I3 me-
pasencrsa |f(z)! < |F(z)|, cupaBegauBoro ma C, BHmHO, YTO
dyuuouu F(z) u F(z)+ f(z) sa C me ofpamaiorca B HYIE.
Ilostomy, mpumenas dopMmyny (6.2), MBI MOMeM HamUCaTh

Vs = g vor I [F (3) + / (2)] =

1
T 2mi

1 )
v:érlnF(z) +2—mvgr1n[1 + F(z)]

1 f(2)
=VF+2—MV%I‘1I1[1 —+ F(z) :l.

Korna rouxa z o6xogur kpusyipo C, rouka [ =1 + 7@ obxo-
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AUT HEKOTOpylo Kpusyio I', memamyio B prre It —11 <1

(rar war ma C 1o YCJIOBI/IIOI ;,(()) <1),

1 f (z) 1

Ev%rln{i + F(z)] T varlng

Ho wpuBas I' nesxmr B kpyre | — 11 <1, Tak gro oHa He

Mmositer obxomurs Touky = 0. ITosromy mpogomxenue in§

mo I' Bo3Bpamaer Hac K OpeKHeMYy 3HAUeHHIO, T. e, varln{ =
r

= (). ClleqoBarelbHoO, Vry; = Vr, B TEOPEMa [TOKA3AHA.

Teopema Pymie B Teopuu aEAIHTHYECKHX (QYHKIUN Hrpa-
eT mMpUMePHO TAKYIO 3Ke POJb, KAKYI0 Hrpaer B aHalH3e Teo-
peMa o TOM, 9T0 HempephIBHAA (QYHKOUA, HMEINAdg HA KOH-
max oTpe3xa 3Ha4YeHMs DPAa3HBIX 3HAKOB, o0pamaercs B HYIb
Ha 3ToM OTpe3re. IlorasxeM Ha OJHOM HM3BEeCTHOM NpuMepe,
KaK HCIIOIbL3yeTcsa TeopeMa Pymre.

IIpumep 1. Ilokaswem, dro mHorowien P(z)=z"+
+ a1z + ...+ a, UMeer B KOMILIEKCHOI NNOCKOCTH POBHO
n gyneli (oCHOBHAg TeopeMa anreGpHI).

Muorouiern z"* uMeeT B KOMINIEKCHOH IIOCKOCTH 7 HYJei
(rouka 2z=0(0 saBaAeTca HYyIeM NOPATKa n) TToxoxum
P(z)=F(z)+ f(2), rme F(z)=12z" a fﬁ y=a1z2" 1+ ...+ an.
B rauecrse ‘o6nactu D BoseMeM xpyr |zl < R, a R Bnifepem
CTONL 0ONBIIEM, ITO0BI

IF(z)| > 1f(z)| (lzl =R).
Jlia sToro MOCTATOYHO B3ATH, HAIPHMED,
B=14lal+...+ la.l.

Torma mo teopeme Pymre wucao mymet F(z) w P(z) B xpyre
|zl < R ogunakoso, . e. P(z) umeer n mymei. | |

Teopema 6.3. Hycrv nocaedosareavroctv @Gyrnkyuil
fa(2), 2oaomopdrviz 6 obaactu G, pasnomepno cxodurci &
wobott samrnyroil uactu G & Pymkyuu f(z), orauunol or
ToxdecTeennot nocroannoll. Ecau ece gdynkyuu f.(z) ra-
K08bl, uTo npu awbom w Pyuryus f.(z)— w umeer 6 obaa-
cru G He 6oaee m wyaell, To u npedeavnas Pynryus f(z)
obaadaer aTuM c80LcCTEOM.

JNoxasarenbcTBo. JlomycTuM, uTo TeopemMa HeBepHa.
Torpa matinercs raxoe a, 9ro guciao Byneit Pynrmuu f(z)—a
B obnacrz G He MeHbmre m + 1. BriGepem Tanymo o6.11ac'r1, D,
4T06 I

1. O6macts D meskana B obmacté G BMecTe co cBoeit rpa-
aunmeir C.
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2. Oyarnma f(z)— a numena B obnacrm D He MeHbIme
m~+ 1 mynei.

3. Oysxrnna f(z)— a He obpamanach B Hyab Ha C.

Taxoirt BHGOp BO3MOMKEH, TAK KAK MBF UDPENIIOJNOKIIH,
aro ¢yEKDmA f(z) OTAMYHA OT TOKIECTBEHHOH ITOCTOAHHOMN.

Ilo reopeme 4.4 ra. I ms paBHOMepHOH CXOZMMOCTH TIO-
clenoBaTeNbHOCTH fo(2) B m0Goil BaMKHyTO# dacTm obma-
ctm G ciaemyer PAaBHOMEDPHAA CXOIMMOCTH ITOCIENOBATEIBHO-
cru f,(z) ma aoGoit saMKmyrToit wacrm oGaactm G. Kpn-
Bag ( sABIAeTcA 3aMKHYToM dYacthio obxactu G, Tak 9TO

fn(@) —a—>f(z)—a, fn (@) —>f (2) (z=-C).

Ilosromy Bce PpymEKUME f,(zZ)— @, HAUMHAA ¢ HEKOTOPOH, OT-
auaHH or Hyas Ha C u
1 fn (2) 1 j" ()
E,Y‘ifn(z)_a sz ) T —a

c c
ITo BHAUMT, 9TO Vi, _q—>Vi‘q HpH n — . IJ0CKOABKY Vi, @
U v;-o — [eJdBe TUCJAR, TO OTCIOfA CJHefyer, 9T0 V¢, g =
= V;_o>m 1upu n > N, a 3T0 IPOTUBOPETNT CBOHCTBY PyHK-~
it f.(z). llonyteHHOE TIpOTMBOpETHE MOKA3HIBAET TEOPEMY.

§ 7. O6oparraa Gyuxnna

B reopum amanurmuecknx ¢yHEmmit, Kax W B aHalIu3e,
9acT0 MPUXOJWTCA HMeTh Heao ¢ QYHKOUAMM, 3HaIeHWS KO-
TOPHIX B JAHHOW TOYKE Z ONPeeNA0TCA H3 ypaBHeHUA

¢ (w)= z, (7.1}

rae ¢ (w)— manpag Qynkoua. Vccaemosammio pemreHmii Ta-
Koro ypaBHeHWA (B mPeANOJ0KeHHH, 9T0 @ (W) — roloMopg-
Hag QyHEOmA TMepeMeHHOH w) M TIOCBAMIEH 3TOT maparpad.

B nepsyo ovepeps moKakeM caefyOIIMil IPOCTOH pe-
3YJIETAT.

Jdemma 1. Hycre dynryus ¢(w) eosomopdua g rtou-
ke w=>5, u nycro ¢ (b)7 0. Onpedeaun uucaa p>0 w
8 > 0 pasencreamu

s [FR=E o<z ivol 0
w—b|=p

8 =—+plo'®). (7.3)
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Toeda npu aobom snauenuu z us kpyea 1z-— @(b)| <8 cy-
wecrsyer pewenue ypasHenus (7.1), aexmawee ¢ Epyee
lw — bl <p, u 370 pewenue edurcraenmo.

JlokasaTenbcTBO. 3aMeTHUM, Ipee BCEro, ITo pa-
BeHCTRO (7.2) meffcTBHTENBHO ONpefeIAeT HEKOTOPOe I0JI0-
JRUTeJbHOe 3HaYeHHe O, TaK KAaK M3 CYIMecTBOBAHMA HPOM3-
BOfHOH ¢ (w) B TouKe w = b BHITEKaeT, 4T0

RO =00 _ ¢ )0  (wb).
BeemeMm Bemomorarensnbie QyrKOUR
Fwy=(w—-0)¢'(b), f(w)=¢w)—z—(w—->b)¢ (b).
Torga ypaBmenne (7.1) MosxuO 3ammcars B Bume
F(w)+ f(w)=0.

BosbMmem a6oe Bsnademme z ma Kpyra |z— @(b)| <8 m
cpaBHHMM 3HAauweHHs Momyiaeir ¢ymkmmit F(w) m f(w) BHa
okpykHOCcTH |w — bl = p. OdeBugmo, 9To HA ITOH OKPYK-

HOCTH
[F(w)| =plg’ (b) .
dna dyrrmum f(w) MomHEO HATTHCATH
@)=l —¢®)—w—0¢ () —(z—0O)|<
<lw—b||HD=2E g )| + 12— 9 )

OTKyfa B cuay pasencts (7.2) m (7.3) cmemyer, 4ro mpm
lw—bl=p, lz—@®)|<8

MBI 1IMéeM HePABEHCTBO
[f(w)| < 3p|q> o) <ole (B)]-

CnemoBatenbno, mpm lz—@(b)l <8 ma oxpymmoCcTH
lw — bl =p mmeer Mecto mepaBemctso |f(w)| < |F(w)l.
ITo Teopeme Pyme (teopema 6.2) ¢yurmua F(w)+ f(w),
pasnaa @(w)— z, umeer B Kpyre |w — bl < p cToaBKo Ke Hy-
Jeit, ckonbko m Qyurnua F(w), pasraa (w — b)g’(b), T.e
posHo ofimu. TeM caMbiM JeMMa IOJHOCTBI JoKasama. | |

O6osmauns moTyTeHHOEe ENMHCTBEHHOe DelleHHe ypaBHe-
mua (7.1) cumsomom ¢ (z), Momno chopMyaInpoBaTh [OKa3aL-
Hoe YTBED;KIeHUEe CASHYIOmUM 00pa3oM.

Ilyery  Pynryus @(w) eonomopdua 6 roure w =b,
U nycTv ee npoussodnas 6 aToll TOWKe OTAUMHA OT HYAR.
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Toz0a CYWeEeCT8YIOT TAKUE ROACHUTEAbHble yucaa p u 8, uro
Ppynryus w = (z), obparnas k Pyuryuu z = @(w), onpe-
deacra 6 kpyze |z — @(b)| <8 u ee snauenusn aexar ¢ Kpy-
ee lw— bl <p. Hocrasaennvlmu ycaosusmu Gynryus w =
= (z) onpedeaserca eduHcT8eHNblM 00PAIOM.

Cregyromasa TeopeMa CyL[eCTBeHHEIM 00pasoM JOmOJHAET
9T0 yTBepIKIAeHMUE.

Teopema 7.4. Hycre Pynryus ¢ (w) cosomopdna e
Touke w=>b, u nycro ¢’ (b)# 0, a wucaa p u & onpedenenvi
pasencreamu (7.2) u (7.3). @Qynwyus w = $(z), onpedesen-
Has evlwe rak PyHryus, obparnas k Pyrkyun z = ¢(w),
eoaomopPra é Kpyze

lz—@(b)] <.
JdoxaszarexbcTBo. BosbMeM z m3 Kpyra |z — @(b)|<
<< 0 m paceMOTpEM MHTerpal

-1 _wo' (w)
I'(z)= 27 S' ¢(w)—z diw.
lw—b|=p
N3 pasencrBa (7.2), onpemelsiomero 9HCI0 p, AMEEM
—@ (b / 1, . 2,
2O > ¢ ) — 5o O =5 lo O]
(Jlw—20|=p)
Han
2 y

lew)—o®)|=5ele'®)] (lw—>b[=p).
TlosToMmy :
o) —z|=leW)— o) —|z— ()| =

2 ’
==l (®)|—|z2—®)]

Caemosarexsno, mpa Iz— @(b)| <8 ma oxpymmocTA
lw— bl =p wnMeer Mecro  HepaBeHCTBO | @ (W) —z|>
>% plo (b)|,r. e. pynknma ¢(w)— z He obpamaerca B
HyIh Ha 5Toit okpy:xmoctm. Orcioma caemyer, 9aro QyHEKIUA

wg’ (w)
P (w) —z
aBIgerca roloMopdHoil QyHRIHeH mepeMeHERbX W U Z OpH Z,

nessamuax B Xpyre |z — @(b)| < 8 m w, xemaieMm Ha OKPYK-
nocrn |w — bl = p. Cormaceo teopeme 4.3 ra. II mArerpan
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I(z) mpemcraBamer QpyHEOUIO mMEPEMEHHOTO 2z, rOAOMOPPHYIO
B Kpyre |z — @(b)| <.

ITokameM Temeps. WTO IpPH TeX ke YCAOBHAX HHTErpaj
I(z) commamaer ¢ Qymrnmeir ¢P(z), ofparmoii ® QymEEIUE
Q(w). [Iaa aTolt mennm MH 3adHKCHMPYyeM IPOM3BOJBHOE 3HA-
genne z #m3 kpyra |z—@(b)| <8 m BEHMHcauM bTOT HWHTe-
rpaj ¢ moMoINbIo BEraeros. DyHKOHA

wQ' (w)

P (w)—z
Kak QYHKOWA ofr IePeMeHHOro ww roixoMopdiHa B KpyTe
lw— bl <p, 3a MckIOUeHAEM eIHHCTBEHHOTQ IPOCTOTO IIO-
xoca opE w = P(z), xax Beirexaer m3 jgemmsr 1. Cormacmo
dopMyse [asa BEHYera B IPOCTOM IOJIOCE MBI MOJXYJaeM

we’ (w we' (w
res o) _ ?() = (2).
wet(z) P (W) —2 P (W) |w=1(2)

CaxemonarensHo, mo TeopeMe o Beiaerax I(z)= y(z). B cmry
JOKaszaHHOK BEIIe romoMopdHOCcTM mETerpana J(z) B Kpyre
lz— @(b)] <6 reopema morazama.

3aMewanme 1. Mu pmokasanm He TOXBKO TOJOMOpP(-
Hocth ofparHoit QyHKnum {(z), HO W CISAYIOIIYIO IOJe3-
HyI0 ¢opMyxy IJd Hee:

1 wo’ (w
v =t | S dw. (7.4)

lw—bl=p

Jlerxo BUgeTh, TTO ¢ IMOMOMIBIO TEX K€ DPACCYMACHMI MOMK-
HO 6BII0 GBI MOKasaTh B QOPMYIY

1 ’
=g S (X
w—bl=p

cIpaBemuBy0 maa awoboi ¢yaxumn f(w), romomopdmoil B
Kkpyre |w — bl <p.
3ameunanme 2. Wz rompecrea ¢ (Y(z))=z, audde-
PeHOMpPya 1O 2z, ME Jerko moixydaeM (GopMydy RiIs IPOU3-
BOJHOH o0paTHO# QyHEIEE
1

V@) = e (7.5)

Temeps MoKamkeM, dro ecam ¢(w)— aHaIWTATECKas
$yeERnma, To QyEEnmo Y(z) TaKKe MOMHO DacCMarpHBATh
KaK aHaIuTHIecKyio QyHKIHIO.

Teopema 7.2, Iyecry @p(w)— npous3goibnblll ssement
anaautuveckoll gynryuu ¢(w) 6 Touke w=>b. Lo reope-
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Me 1.4 raxdomy Taromy saemenry, yoosaeTsopsrouemy ic-
’ .
aosuio ¢y () # 0,0r6euaer Pynryusa (.(z), obparnas & aae-
menty @s(w). Bee dynryuu o (2) seasiorca asementamu @
TOUKAT z = a = @p(b) anasuruneckoil Pymryuu P(z), Koro0-
DY ecTecTeenHO HA38ATL AHAAUTUHECKOU PyHEyuel, obpar-
HOU K anasuruueckol gynryuu ¢(w).
JlokazareabcrBo. Ham myskHO yeTaHOBHTH, 9To JHO-
Goit ameMeHT 1, (Z) MOKHO TOXYIHTH M3 Jdfoforo Apyroro -
dJEeMEeHTa lbal (z) amanWTHYECKUM TPONOJKEH{ACM 0 HeKOTO-
poit kpusoii. Ilycts saement Yo (2) GRI monyder kak obpar-
Hag QyHKNMA K oxeMeHTy ¢p (w), a piemeHT Vg, (2) — Kak
obpatnas QYHKIMA K DIEMEHTY Do, (W). daenent Pb, (w)
MOJKHO HOIYINTH M3 dIeMeHTa @p (W) amHaIMTHIecKAM NPO-
JoJyKeHneM 1m0 HeKoTopo#l kpmsoir I', mpmueM, Ge3 orpamm-
denus oOU[HOCTH, MOJKHO CYHMTaTh, UTO JJIeMEHBTH  Pp(z) B
kaskmoit Touke KpuBoil I' ymosaerBopsior yeaosmio- ¢ (b) 7 0

(160 mo TeopeMe eNMHCTBEHHOCTH HYJIHW TPOM3BOTHON — M30-
ApoBaHHbIE TOUKH, a KpuBylo I' B mro6oM MecTe MOMHO He-
MHOrO medopMIDOBATh, He MEHAA Pe3YAbraT MPOJOJIKEHUA).
Horga touka b umpoxopur kpusywo [, Touka a = ¢ (b) npoxo-
anT meKotopyo KpuByio C. B Kakmoit Touxe xpuBoit C mme-
eTcsa aneMeHT Y.(z), mpmuyeM HauaJy kpuBoil C orBedaer
pIeMeRT Yo, (2), a KoHIy — omeMenT Vg, (2). Jlerko Bupers,
9TO COBOKYTHOCTH IeMEHTOB {u(2Z) obpasyer pyHKmmio, aHa-
autngeckyio Ha kpusoit C. CiefgoBaTenbHo, saeMenT g, (2)
fonydaercs w3 oaeMenta Yo (Z) aHaXuTHIECKAM MPORKOA-
menmem 1o KpmBoi C. Ilockoabky wal(z) u g, (2) — mpous-
BoJAbHAA Tapa QJIEMEHTOB, TeopemMa MoKasaHa.

EcrectBenno Bo3HMEKaeT BONpOC, 9To IWPEACTABIAIT CO-
Goit nug amaguTndecKoit Qymkmmm {(z), o6paTHoH K amaiiv-
rugeckor GyEKmmm ¢ (w), Te TOUKH w = @ = @ (b), KoTopHe
oTBewaloT sIeMenTaM ¢s(w) ¢ ycaosmeMm ¢ (b) = 0. Paccmo-
rperne QyEKnmnm @ (w)= w" HABOOAT HA MBICJIB, ITO TaKHe
TOYKN MOJMKHBI OBITH TOYKAMH BETBIEHWA. IT0 HOKA3HBAETCH
Bes ocoboro Tpynma. Umenno, cupasemanuBa clIegyomas

Teopema 7.3. Hycre gynryus ¢(w) eosomoppua 8
TOwKe w=>b, a ee RPOU3BOTHAA UMEET 8 ITOU TOURKe HYAb
nopadka m — 1. Toeda cywecreyror - rakue wucaa p=>0 u
8 >0, uro daa awbvir z us kpyea z— @ (b)| <8 ypasue-
nue (7.1) umeer ¢ rpyee |w— Dbl <p posno m pewenui.
ITu pewenusn A84R10TCH 3HAHeHuAML Pynryuu P (z), anaru-
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Tuneckoii ¢ koavye 0 <|z— @(b)| <6 u pasaacarowetics ¢
arom Koavye 6 pal
1 2

1p(z)=b+c1(z——a)’"+c2(z—a)’"+.,., 70 (a=¢(b)
NoxaszarteabcTBo., W3 yeaoBmi, HAIOKEHHBIX H3

dyurrino @ (w), caemgyer, uro B OKPECTHOCTH TOYKM W =k
ee pan Teiitnopa mMeer Bup ,

@ (w)=@ D)+ tm(w — )™+ Oty (w — b)™ 1 4.,
@™ (b)

m!
MojkeM BHOpath gueso p >0 cTonk MAadbIM, YTOOH B Kpyre
lw — bl < p WMeNo MecTO HEpaBEHCTRO

IPAYEM Clp, = #0. Beapy mocaemnero mepapeHcTBA MBI

Pw)—@(d) A -
(w—b)™ o | S 3 [om -
Uwueno § ompefesnM papercTBoM O = —é— 0|dm|. Bsoma Bemo-

MoraTeabible QYHRKIHN
F(w)=(w —b)"om, f(w)=¢(w)—z-cm(w—0)"
U IpuMeHAd TeopeMy Pymme, MBI, Kak n B n1eMMe 1, Jerko yGe-
Epgaemes, uto npn |z — @ (b)| < 8 pymrmoma
F(w)+ f(w)=¢(w)—z
nMeer B Kpyre |w— bl <p croabko e Hydelf, CKOXBKO M
dyrknua F(w) (cumras kparmoerb). Tak kar (pyHEOMA

F(w)=(w ~ b)"tm

nMeer B Kpyre |lw— bl <p posmo m myxeir (ommE HYIH
KpPaTHOCTH ), MBI I0Jy9aeM IepBoe YTBep:KIeHWe TeopeMEL.

Husa morasarenbcTBA cleyIOIAX YTBEPKICHHNE TeopeMEI
pacemotpuM QYHKOHIO

¢y (W) = 7 QW) — 9 (0) = By (w — b) + Ry (w— b + ...,

m—
rae B, =1 am 5=0. Ota ymrnmmsa romoMopdHa B TOUKEe W =

=b u ¢ (b)) =B, 5= 0. C romormsio dyrxnun ¢; (w) ypaBme-
Hme (7.1) sammcHBaeTcsa B Buje

pw)=71z2—e (a=0q). (7.6)

O6o3maunmyM Termeps wepes w =, (§) Pyrrumio, obparnyoo X
dyrrumu § =@ (w) (s1a QyEKuma cymecrByer mo Jemme 1,
u mo TeopeMe 7.1 oHa roaoMopdEa B OKPECTHOCTH TOUKH

=0). C momompio dyHKmmm P; (§) MB MoMeMm sammcaTh
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pemrerne ypasHenma (7.6) B Bume

w=1,(Vz—2a) (a=o()

CaepmoBaTenbuo,

‘P (z) = ¥, (1/2 - a)
rae pyERIna P (L) ronomop(bﬁa B Touke § = 0. Orcioma yxe
JIerKo IONydaeM OCTABINMECS yTBEPHKICHHs TEOPeMH. | |

B sawuouenme BeBejieM ¢opMyiEBI, Jalol(Ae ABHEE BHI-
paskeHEng Kodddunuentos pama Teitiropa obparHoit dyHKIUH
P(z) depes sHageHMsa QyHKONmM ¢ (W) H ee IPON3BONHHIX B
COOTBETCTBYIONIEel TOTKe.

Teopema 7.4. Iycre dynryus ¢(w) eosomoppua e
rouke w=">b, u nycre ¢’ (b)# 0, a V(2)— dynryus, obpar-
nas K gyrneyuu ¢o(w). B oxpecrnocru rouku z = a, 20e a =
= @(b), dynryua $(z) pasaaeaerca 6 pad

Y@ =b+ 2 ealz—a)y
n=1
u 0an KoadPuyuenros aroeo pada umeror mecro PHopmyavt

4 5 (w—b)cp w_
n = 2w lp (w) — @ (B)]™T?

fw—b|=p

_ 1 Adn— {[ w—b ]n+1 ,(w}
== T le@—eml ¢ @]
(n=1,23,...).

JoxasarenscrBo, Bossmem B dopmyre (7.4%)
f(w)= w —b. IT0 macT HaM PaBeHCTEBO

_ 1 (w—10) 9" (w)
IP(Z)_b——Z_m' S‘ Q(w)—1z dw
|[w—bl=p
IIpu mocraToumo ManHx 3wadeHHEAX Z — ¢(D) HDOXBIHTErpaNh-
Hag QYHKOUA pasiaraeTcA B CXONAINWHCA DAN

(w—0)Q (w) _ (w—009 (w 1
Pw) —z P (w) — 9 (b) 1___&
¢ (w) — @ (b)

- 2 o e o,
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Hounenno mATErpupys aror pan (@ BemoMmHEAsfg, 910 @(b)=
= g), MH moxydaeM Jjxsa QyEROHA {(z)— b pasmosxeHHe

2

Y@ —b= 2 enlz—ay

n=1
DopMyan aasa KoadOuoumeHTOB AMEIOT BUT

(w —b) @’ (w)
Lo (w) — @ (&)]" 1!

-1
= om
lw—bl=p
Uro6H mpeohpasoBatrh 3T OPMYIIEL, 3aMeTHAM, 9T0 QYHKOAA
—b n+1
Fw) = [—w—] "(w
W=lgw—ml @
roxoMopdpra B Kpyre |lw—b|l <p m dro, cormacHoO HHTe-

rpaabroit Popmyne Komm (rougmee, cormacEo dopMynaM Ig
BHICIOAX IMPOH3BOTHHX),
1 (n—1) 1 F (w)
—(n_ 0l F (b) = or S' _—(w__. b)’” dw.
|lw—bl=p

TeM caMHM TeopeMa TMOAHOCTHIO MOKA3aHA.

SamMevanme. C moMompio TeX e PACCYKASHWHA MOK-
HO OHLIO OB TOJNYIATH H PAJ

F((z) =10) + ng‘l an(z—a)r  (a=0(b),

rae

__ 1 at w—b ]"f(W)—f( }
R ) RN {[tp(w)—lv(b) P (w) ¢ (W )w=b'

dtor pAx HasmBaerca padom Bropmana — Jazpanaca.

§ 8. Hesnsnrie Qynruum

Teopema 06 o6parHoit QYHKUMM, JoKazaHHAA B IIPEIbi-
mymem maparpade, ABIAETCA TACTHHIM CAYy4YaeM TEOpPeMHl O
HeABHOUH (YHKIUH, NO0KA3aTEIBCTBY KOTOPOH MH HOCBATHM
macroammit maparpad.

Teopema 8A4. Hycrv Pynryus F(z, w) onpederena
6 obaacru |z—al <r, lw—>bl <R u Henpepwvisna. e oroli
obaacTu no cosokynnocru nepemennwviz. llycrv, kpome Toz0,
pynryus F(z, w) eoromopdua no nepemennoil z 6 Kpyze
lz—al <r npu wmobon w, lw—>bl <R, a no nepemennoi
w— ¢ kpyee |w— bl <R npu arobom z, |z —al <r. Ecau
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1

!
F(a, b)=0, a F,(a, b)5%0, 710 cywyecreyer eduncreennas
HenpepLienas, 8 Touke z =a Pyrnryus w(z), ybossersopsio-
Was Yycro8uam
F(z, w(z))=0, w(a)="0.
Ira pynkyus w(z) eoromopdra 6 Touke z=a u
!
F,(z, w(2))
w (2 W (2))
0as 8cex 7z 8 HEKOTOPOU OKPECTHOCTU TOYKU Z = d.
HoxasarexbcrBo. PasobbeM gorasareixbcrBo Ha He-
CKOJIBKO 3TaItoB. )

1. IloxaxeM, aro QymEkmma F(z, w) B MajxoM inHeiHa,
T. €. 9T0 :

F(z, wy=A4A(z—a)+ B(w—b)+ e(z w), (8.1)
rie A m B — meKoTopHe uwmcia, a QyHKnmusa e(z, w) yhaosB-
JAETBOPAET YCIOBHIO

e(z, wy=o(lz—al+|lw—->5l) (z—a w—>b). (82)
fcno, aro é(z, w) roxoMopdHA TO TePeMeHHBIM Z H W TaM

me, toe n F(z, w). Tax rax F(z, w) roxoMopdna OO z B
kpyre |z —al <r npm aw6om w, o (r <r)

" 1 F (s,
F(z, w) = }_ Cn(w(z—a)*, Cn(w)= 3o ( #ﬁl dz.
n=0 lz—a]=7'1

CoraacHo Teopeme 4.3 ta. II wosddummentsr C.(w) saBiaa-
ooTea roaoMopdhEEME PYHKIMAME W B Kpyre lw — bl <R,
rak kKak F(z, w) roxzomMopdHa WO W B ITOM KpYyTe. Paanaraﬂ
¢yeknun C,(w) B pAgk Do cremenaM w — b, momyvaem
IBOHHON PAX

2

F(z, w)= 2 ch,k(Z——a)n(w—b)‘k,

a6coMoTHO W paBHOMepHO cxopsAmmitca npm |z —al <

lw— bl <Ry, ry<r, Ri <R. flcHO, WT0 cymMMa Bcex ‘IJIeHOB

3TOr0 PAmA ¢ CYMMON HOMEDOB, Gombmeii eMHUNL], paBHa
o(lz—al + lz— bl) (z > a, w—b).

CBoBoguEii wien paBeH Hyado, Tak Kak F(a, b)= 0. Hpome

TOTO, ACHO, ITO

A="Fy(a b, B=F,a,b).
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2. llokamesM, wro Halifyrca tawme umena r, 0 <<r <r,
n R, 0<R{ <R, aro npm moboM z m3 Kpyra lz—al <r;
ypaBHeRme F'(z, w)=( wuMeer POBHO OfHO pelleHNe, YIOB-
JETBOPAIOIIee HEPaBEHCTBY

lw(z)—bl < Ry. (8.3)

Hduas aroit menm BocronbayeMcs TeopeMmoil Pyme (reope-
Ma 6.2). Ms eifepem rf m R| rtak, 9to0B claraemoe
B(w—b) B mpaBoit gactm paBercrBa (8.1) GHmo mo Mony-
a0 GolbIle CyMMBI IBYX ADYTHMX Ha oKpymKHoctnm |w — bl =
=R, (upm mob6mix z, |z—al <r)). Qus atoro BosbMeM ry
u R, ymoBierpopamolae yCI0BAAM

. B
r,<< R min (%, 1),

max | & (z, w)l<%ﬁ R,. (8.4)

|z—al <rp,lw—bl<R,

B cmnxy (8.2) stmM yCaOBHAM MOJKHO Y/OBJIETBODHTH (Ha-
noMHmM, wro B % ( mo ycimoBuio TeopeME, TaK Kak B =
= Fo(a, b)).

BoseMeM z B Kpyre |z —al <r  m pacemorpmm F(z, w)
Kaxk Pymxmmo w B Kpyre |w — bl < R,. Cornacmo Teopeme
Pyme ¢ymprmma F(z, w) wMeer B TOM KPYyre CTONBKO KO
HyJxe#, cKoabKo m cilaraeMmoe B(w — b), Koropoe Ha OKpy:k-
HOCTH HTOr0 Kpyra 10 MOAyaio Gojbile CyMMBL IBYX ADYTHX.
Ho ¢yurmua B(w — b) mMeer Bcero OMH HYIB: w = b,
3raunt, u Qynkmmsa F(z, w) mMeer B Kpyre |w — bl <Ry
TOXBKOo omwm ®yab. JIas mero m BHOOJHEHo HepaBed-
crBo (8.3). Otor Hyab obo3HaunAM 1 (Z).

3. Horakem gndpdepermnpyemocts ¢yurmum w(z) B
TOIKE Z = 4.

Has aroit menm Npuaercsa OmeHHTh W (2Z) HECKOABKO TOU-
mee. Bocmoabayemca onars teopemoin Pyme, mo dymrnumio
F(z, w) pasobbeM Ha HeCcKOAbKo WHEeE charaembie. flcmo,
9T MH IOJY9HMM [OBOJBHO Xopomee NPHOJWKeAne Iag
¢yuaxumm w(z), TpUPaBHEAB HYJII0 AMHEHHYIO Yacrb F (z, w).
IlosToMy oGoszmaumm

wo(z)=b—-g—(z—a)
(w = wo(2) m ectp HYAB AmHeiiHON wactu F(z, w)) m 3a-
numeM F(z, w) B e

F(z, w)y=B(w— wi(z))+ e(z w).
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Bymem paccmartpmsare F(z, w) kax ¢yEKOmo w Ha
okpysuocTE C = C (2, €) (B IJIOCKOCTH W), HMewIel ypas-
HEHHEe '

lw — wo(z)| =elz—al

(e — samanmpoe MOMOKHUTeAbHOE 4mCca0). IlOKa)eM, uToO TpPH
z, pocrarouHo Oamskumx K a, caaraeMoe B(w — wo(z)) mna
orpysxEOoCTH C I0 MOZyII0 Goabie ciaraemoro e(z, w). Co-
rnacuo (7.2) e(z, w)=o(lz—al + lw—bl), a ma oxpym-
mocre C mmeem |\w— bl < M|z —a|l (M — meroropoe umc-
10). Ilosromy

e(z wy=o(lz—al) (z—>a, wel(z e)).

CiemoBarenbro, MoskHO B3ATH O > 0 Tak, uTo6w npu: |z — al <
<6 m wE C mMeno MEeCTO HePaBEHCTBO

" le(z, w)| <elBl|z—al.

Ho |B(w— wo(z2))l =¢elBl|lz—al npg weC w npm aio-
Oonix z. Tawmm o6pasoM, ma oKpymmEOocTH C caaraeMoe
B(w ~ wy(z)) mo Mopmyaro Goxbime, ueM cjaraeMoe &(z, w).
Cornacuo reopeme Pyme dymruusa F(z, w) umeer sayrpm C
CTOMBKO e Hy’Xelf, cKonmbKo m caaraeMoe B(w — wo(z)),
T. €. POBHO OQHH HYJb, Bumgmo, 9To NpHE z —~ a4 DTOT HYIb
crpeMmETes K b, Tak 4TO IpPE 2z, HOCTaTOYHO OAHWSKEX K 4, OH
00A3aH cOBNafarh ¢ w(z) B CHIY YTBEPKEEHHSA, HTOKA3AHHO-
ro Ha BropoMm oramne. VmwiMu caosamm, Touka w = w(z) mae-
JKAT BHYTPH oKpyKmocTH C, a 5TO [HaeT HAM HePaBeHCTBO

lw(z)—wo(z)| <elz—al (Iz—a) <)
WM, PACKDPHIBAA BRIpaykenme wo(z),

w(z) — b A
—_ 4 = z—a d).
—— tF<e | << 8)
Tax rax e > 0 nNpoM3BOABHO, 9TO HEPABEHCTBO 03HAYAET, ITO
dyrrnua w(z) guddepernupyema B TOUKE z = @ H 4UTO
. ’
, A F,(a, b)
v === " T e
F(a, )

4. Ocranocs [OKasaTh roaoMopdHOCTs (YHRUEE W(zZ) B
TO9KE Z = 4. )

s ororo mowaskeM, uTo ¢ymrmus w(z) muddepennn-
pyeMa He TOJBKO B TOYKe Z = @, HO I B HEKOTOPOHl ee OKpe-
craoctr. IlockoapKy QYHRMUA w(z) HENPePHIBHA B TOYKE
Z=a, Ml MOKEM BBATH @ HACTOJBKO GIU3KEM K @, 4TOOH
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by = w(a,) Opumo mocrarouno GamskmM K b, EMeHHO, Ha-
CTONBKO GJMHBKHM, 4YTOGH 1A Becex z M3 Kpyra |z —al <
< 2la; — al ypasmenue F(z, w)= 0 uMen0 TOABKO OIHH KO-
pens, meskamuii B Kpyre |w — bl <2|b,— bl (cM. Bropoit
9Tam JOKA3aTeNbeTBa), M dYTOOR eme BHIIOJAHAAOCH HEpa-
BEHCTBO

F,(a;, b)=0.

Torna ycxosua TeopeMbl BBHINOJMUAIOTCA M 1OCAE 3aMEHBI
{a, b) ma (a1, b1), a pemenmem ypasHenusg F(z, w)=0,
YHAOBIETBOPANINM YCAOBUIO w(a;)= bi, ABIAAETCA BCE Ta K6
dynruua w(z). Orcioga msl nonyvaem gudidepennupyeMoctb
w(z) B toure z = a1. IlockoabRy 2z = a; — n06asg ToUKA, HO-
CTaTOYHO OAU3KAA K TouKe Z = a, QyHKUEA Ww(Z) roxo-
MopdHa B Touke Z=a (B CHJY DKBUBAJNEHTHOCTHM NOHITUH
roaomopduoctn u gudQepeHUPyeMocTd B 00IaCTH).
TeopeMa moMHOCTHIO HoKasama. | |

C moMompbio TeopeMsl 8.1 MOKHO NPOBOJIUTL HCCAEHOBA-
HHe 0co0BIX ToueK QYyHKOUU w(z), ONPEHENeHHOH KAKHM-
au6o HesasHeM ypaBHenueM., OueBHgHO, 9To 0cOGBIE TOYKH
cllefiyeT UCKATh Cpey pelleHWil cUCTeML YPaBHEHUH

Fz,w)=0, Fyu(z w) =0.

Pemennamm Takofl CICTeMEBI SBAAIOTCA MAPH IHCEN (Z, W).
ITepBoe yKaspiBaeT TOUKY ILIOCKOCTH, BTOPO€ BHIIENSET BETBb
aHaMITHYeCKo# (PYHKIHUU, A KOTOPOi 5Ta TOUKA MOJKET
OKa3aThcs Ocoboit Toukoit, Hapm ommoil m Toi e TOIKoH
IJIOCKOCTH MOTYT JIEKATh U 0COOhIe W He 0COOBIe TOTKH.



Faasa V
KOH®OPMHBIE OTOGPAKEHUA

Jliobyw ¢yHRIMI0 KOMOJAEKCHOr0 NEePEMEHHOr0 MOMKHO
paccMaTpuBaTh Kak oToOpajkeHUe OXHOH KOMIJEKCHOH HIOC-
KOCTH B JPYyrymo. Jra IiaBa NOCBAIMeHa HCCAe{OBAHHI0 Xa-
PaKTepHBIX cBOHCTB 0TOGpAMKeHNil, COBEPIIAEMbIX TOIOMOPQ-
HHME QYyHROMAMH, 8 TAKKE U3I0KeHNI0 NPAKTHYeCKUX NpHA-
eMOB JJId OTHICKaHmg OTo0paskeHmsa 3afaHpoi o0mactH B
Ipyryo c¢ momompo rozoMopdmoir ¢ymrmuu. C meobxomu-
MOCTHIO DelIeHHA TAKUX 3a5a4 MBI CTOJKHeMCA B Jajdb-
HeHmeM.

‘§ 1. Oduime cBefeHNA 00 OTOOpasKeHMAX

HanmoMuuM TepMHHOIOrHIO.

Ilycrs ¢ymrIusa KoMIeKcHOro nepeMeHuoro f(z) onpepe-
dema B obnactu ), a £ — HexoTopoe MHOIKECTBO, Jexariee
B D. Mromecrso E’, cocrosmee n3 3Hadenunii w, NPUEUMAae-
MeX ¢pyHKnued f(z) Ha MHoecTBe F, HazoneM 06pa3om mMHo-
awecrea E npu orobpaskenunm w = f(z) u OymeMm o60o3HAYATH
E’ = {(E). Muomecrso E Gymem HA3HIBATH RPOOGPAZOM MHO-
aecrsa E’ upu oroGpasennun w = f(z).

Berony B pmanpmeiinmiem paccMarpHBAKOTCSA JIUOIL HeEnpe-
pbiénble 0TOOpaNcerHus, T. e. GyHRIUA f(2) cuMTaercsa Hempe-
puiBHO#. lIpu sToM HeIpepHIBHOCTL IoHMMaeTcsa Ha cdepe
Pumana, r. e. Toukam z; U zo, OnuskuM Ha cPepe Pumanma,
OOJFWHEL OTBeuaTh 3Hauemus Gymrmui f(z) u f(z), Tome
onusxue ma cepe Pumanma. Taxum obGpasoMm, MBI HomycKaeM,
aro ymEKIUA f(z) Moser oOpamarbcsg B GeCKOHEYHOCTS.

Ilpu menpepsiBHOM oTOGpaskeHnny IPooGpasoM OTKPHITOrC
MHOecTBa F ABAsercsa OTKPHIToe MHOMecTtBo. OGpasom orT-
KPBITOr0 MHOMecTBa He 0053aHO OBITH OTKPHITOE MHOKECTBO,
KaK noKaswBaer npumep orobpaskemus xpyra |zl <1 dyux-
nueit, pasgoi z upu Im z> 0 u z npa Im z < 0.

HaubGonbnmmii uATEpPEC HPEACTABAAIOT B3aUMHO OfHO3HAY-
HBIe 0TOOpaKeHHA.

Ecan ¢ymruua f(z) B pasaudEsx Toukax MuoomecTsa F
NPUHUMAET PAa3AUYHBEIE 3HATEHUS, TO MBI CKa)keM, uTo QyHK-
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uusa f(2) odmoaucrna na mmuoxecrée E, a orobpaskenme w =
= f(2) ABAAETCA 63AUMHO OOHO3HAYHBLM OTOOPUNCEHUEM MHO-
sxecrsa E ma mmowecrso E = f(E). ]

Hasa morasaTenbcTBa OFHOAUCTHOCTH QYHKOUM f(z) MEI
OymeM 4acTo IOMB30BATHCA CHCRYIOTMUMH [BYMA OYEBUHBI-
MU NPU3HAKAMHU.

Hasn oOnoaucrnocru dynryuu [(z) 6 obaccru E neobro-
Jumo u docrarouno, uTo6bL CYULECT806AAA HERPEDLLEHAA HA
xmroxecree E' = f(E) Pynryua ¢(w), obparnas k f(z),
7. e. TAKAA, 4T0

o(fa)=2 (=E) ufle(w)=w (weE).

Ecau dynryua f(2) odnoaucrna Ha muoxecrse E,
a pynkyua F(z) odnoaucrna na muoxecrse [(E), 7o gynr-

yua F(f(z)) odnoructna na mmowecree E. ||

ITepeiieM K oToOpasKeHuAM 2040MOpPHYIMY OYHKIHAMHE.

Teopema 1.4. Iycrv gyrnryua f(z) eoxomopgpra 6 06-
aactu D, u f(z)7 const. O6oanauum uepes G, MHOIeCTEO
Ter 3naueHul w, daa KoTopwlxr ypasHenue f(z)= w umeer 6
obractu D He menee m pewenuti. Tozda G, — orkpsiToe
MHONHECTEO.

HNorasareanscTBo. Hymno porasarb, 9To BCe TOY-
KM W, KOCTaTodmHo OMMBKHME K TouKe Wy = (3, TOME BXOHAT
B G, Ilycrh 3magemme wo, mpuHuUMaercs ¢QymrIiuei hf(z) B

TOUKax z, € D ¢ xparHOCTRIO M, (s =1, 2, ..., k) m Ym; >
1

= m. B roure z =z, pyErnus f(z)— wo UMeeT HYJH Kpar-
HOCTH M, TaK 4T0 TOYKA Z = Z, ABJSIETCA HYJeM KPaTHOCTH
4
m;— 1 gas $ymxuun f'(z). [pumensasn teopemy 7.3 ra. IV,
BUAUM, uTo QyHKIUA f(zZ)— w NpH Beex w, KOoCTATOYHO GAU3-
KX K Wy, UMeeT m, HyJlell B 3agaHHONl OKPECTHOCTH TOY-
KH Z,. 3aaBasg OKPECTHOCTH TOUEK 2, HellepeKPHIBAKITHMUCH
m aesamumu B D, supguM, uto $ymrmus f(z)— w uMeeT B
R

D me MeHee ), my>>m  Hyieil (npu w, gocrarodano GAUBKUX

1

K wo). CaemoBarenpHO, Bce 3HAYEHMA W, FKOCTATOYHO Onma-
Kue K wo, BXOGAT B Gn, M TeOpeMa [OKa3aHA.

Cnegcrsue. Ilpu orobpasxcenuv. zonomopfnois @Pynx-
yuel obpasom obaactu a6éaiercs 064acTd.

JleiicrBuTenbHo, B 0003HAWEHUAX TeoPeMsl o6pasom obira-
CTH SIBJsETcH OTKPBITOoe MHOomecTBo Gi. Cssasmocrs ofpasa
o0IacTH JIerko NOAy4aeM H3 HEIPEepPHBHOCTH OTOODAIKEeHH.



176 TJI. V. KOHQPOPMHBIE OTOBPAMKEHHA

O6cymum Telleph B3amMHO OFHO3HAYHbIE OTOGPasKeHHA,
coBepmiaeMsie COAOMODPHHIME HAA MepoMOpPHBIMA QYHK-
nuaMu (T. e. 6yoeM [onycKaThb mHaaudue noawocos). Ilpu oro-
Opaskennu w = f(z) o6pasoM TouKM 2z = a, B KoTOpoi#r f(z)
AMeeT 10JIoc, CIUTAeTCsH TOYRA W == oo,

Taxue oro6paskenua ABIATCA HEOPEPHIBHHIMA oTO0pa-
mennAMU cdepsl Pumana Ha cebs (B ecTecTBEHHOH TOMOIO-
rau). Bynem rosopurs, uro ¢yaxuus f(z) oduoaucrna 6 rou-
Ke Z=a, ecAH CYIECTBYeT cofep;kamas TO4Ry Z=a 00-
aacte D, B Koropoil ¢ymrrnua f({z) ogHOIHCTHA.

Teopema 1.2, Jas 1020 urober dymryus f(z), 2040-
mopPras 6 Toure z =a (a ¥ ), Gviaa 0dHOaucTHA 6 3TOU
Touke, neobzodumo u docrarourno, urober f (a)=* 0.

JloxasarenscTBo cpasy BeITekaeT M3 TeopeMsr 7.3 ria. IV,

JTor Kpurepuil Oe3 BCAKOro TPYHa NepPeHOCUTCA HA Ciy-
9aM, Korga @ = o | Korfa ¢yHrmus f(z) nMeer nodmoc B
TOYRe z == @. J[MA 3TOro HOCTATOYHO 3aMETHTh, 9T0 PYHKIUA
t=1/z cosepimaer Bp3aMMHO OZHO3HAUYHOE OTOOpaKEHHE
OKPEeCTHOCTH TOURHM z = c© Ha OKpPecTHOcTh Touku & =0.
IIpumensisi o170 npeobpa3oBaHWe K HE3aBUCAMOIH IIepeMeHHOM
unu ¥ QYHRIUH, MOTydaeM

Cnepcrsume 1. Jaa 1020 urober gynryus

c 4
f@=c+F+5+ ... (2]>R),

2oaoxnopPras 6 Touke z = °, Goiaa@ 0OHOAUCTHA 6 3TOU TOU-
ke, neobzodumo u docrarouno, urober ¢; ¥ 0.

CnepcrBue 2. Juaa roco urobul ynryus f(z), umero-
was 6 TOuKe z = @ noarc, 0blaa 0OHOAUCTHA 6 3TOU Touke,
1eobxodume u GOCTATOUHO, UTOOBL ITOT NOAIC OBIA ROAIOCOM
nepeoceo nopadka.

3aMevanue. [Jas ogEoaucTHOCTH PyHELUEN f(z) B 06-
aacru ) meobxoquMo (HO He FOCTATOYHO!), YTOGH QyHKIUs
f(z) Gpma ogHOMMCTHA B KaskHoM TodukKe »Toi obaacTu.

Ilpumepom QyEKIMM, OFHOJNHCTHOM B KayKEOAM KOHEYHOMR
ToYKe NJOCKOCTH, HO He ONHOJUCTHOK BO Beell KOHeUHOH
IUIOCKOCTH, MOJKET CHYMUTh QYHRIUI €.

IIposepra ogpoaucTHocTH (yHEHUM B o6macTu 3HAYH-
TeJLHO CJIOYKHEe, YeM IIPoBEpPKa OFHOMUCTHOCTA B TouKe. [laa
romoMopdHbx (GYHKIUA KPOMe NPHUIHAKOB, NPENIOKEHHEIX
B Hauaje maparpada, mMeeTcs emie OfUH NPU3HAK, HOCAMUN
Ha3BaHNe NPUHYUNG COOTBETCTEUS 2DAHLY.

Teopema 1.3. Hycro D u G — roneunvle 00HOCES3-
Hble 064aCTU, 02PAHUYEHHble 3AMERYTHIMU KYCOYHO 24a0KU-
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sy kpusvimu C u T cooreercreéenno. Hycre, dasee, dynx-
yun f(z) eoromopgra e obaacru D u menpepviéna énacrb
do ee epamuysl. Ecau npu deurenuw rouru z no rpueot C
8 NOMOMUTEeAbHOM HANpAGAeHuw Touka W = f(3) deuxercs
no kpusoii I' ¢ noaoxcuTeabnom HanpasserHuu u 0Juwn 06-
200 C oreevaer odnomy 06zody T, To orobpaxenue w = f(z)
AGAAETCA 63AUMHO OOHO3HAURBIM oTOOpAYcenuem obaactu D
Ha obaacrs G.

JloxasaTtenbscTBo. Ham myHO JoKasarh, 4To PyHK-
mus f(z) ogmoaumcrHa B obmactu D m uro f(D)=G.

OGosmaunM uepes v({) uumcmo mymeit Pymrmuu f(z)—
B obaacru D. Ogmoaucraocts f(z) B D osmavaer, uro v(§) <
< 1 gna Beex §. JJas § OynmeM pasauIaTh TPH BO3MOYKHOCTH:
te6G, tEG u (=T, llpu mokasareabcrse OfHOJIHCTHOCTH
BO3MOKHOCTH § € I' MOIKHO He HCCIef[0BaTh, TAK KaK MHOMe-
cTB0 3Havenuit §, mas xoropwix v (§)= 2, nmo reopeme 1.1 as-
AseTCA OTKPHITHIM MHOKECTBOM, T. €. COCTOUT JHING B3 BHY-
TPpeHHMX TOYeK, a KpuBag I' — 3aMKHYTOe MHOKECTBO, He
uMemee BHYTpeHHUX ToueK. Muosecrso smavenuit §, mpu-
HUMaeMbix QyHKOmei f(z) ma xpusoi C, 0o yCIOBHIO Teope-
Mer cosuagmaer ¢ KpuBoir I'. Ilosromy npu [ &I ¢dymrung
f(z)— ¢ me oGpamaerca B Hyas ma C. IIpuMenum upwaIAD
apryMmenra (cMm. (bopMyJIy (6.3) ra. IV). 9ro macr

V() =57 vararg [f (2) — LI.

ITo ycmoBuro TeopeMsl Touka w == f(2) omguE pa3 o0XOUT B
MONOKUTENIBPHOM Haupasmenuu Kpusyio I, Rorma Touka z
OflUH pa3 o0XOomUT B IWOJOKUTEIBHOM HANPABIEHUN KPH-
Byio C. 3Ha4uT

v({{) = — Vén' arg [f(2) — ] = —1 var arg (w — ).

TTocnemee BHIpamkeHWe COTIACHO NPUHIUIY apryMeHTa Pas-
HO uMcay Hydeit ¢ymroqum w —{ B obaactu G. 1o dHCHO
paBno Hymio npu [ ¥ G u eguaune npu § € G. Takum obpa-
30M, MBI foKasamu, uTo G < f(D)= G. Tag kax no Teope-
me 1.1 mmomecrso f(D) orrpwito, ro f(D)= G, m Teopema
roxazaua. | |

BrigcaEM Telleps, KAKMME T€OMETPHIECKUMH CBOHCTBAME
OTIUYAOTCA 0TOOpasKeHnsa rodoMopdubiMu GyHEIUAMU. Pac-
CMOTPHM TAABHYI0O JHHEHHYI0O 4acTh oTobpasxerms w = f(z)
(em. § 2, rn. I). Ecau ¢ymrmus f(z) romomopdma B ToOU-
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Ke 2o, TO IaBHAS JUHEHHAA YACTh TOT0 OTOOPAKEHHA HMe-
€T BHUJ

w—wy=A(z— z), (11)

roe wo= f(20), 4 = f (20). Jlumeitnoe orobpasxenue (1.1)
ABnfercH KomOuHamuel mosopora u nomolus (ecau A + 0).
Kos¢pdunuenr nopobus pasen |Al, a yrom mosopora pasen
arg A. IlpeobpasoBanmsa nomobusa M TOBOPOTA COXPAHSIOT
popmy uryp. Venosme A () o3mavaer OFHOIUCTHOCTH
$yrunuu f(z) B Toure zo. IlosToMy orobpaskenms roaomopd-
HBIMU OfHONUCTHHIME (YHKIUAMM NOAYIHIN Ba3BaHUE KOH-
Ppopmunorx orobpaxenut (T. e. coxpamsomuax ¢opmy). Oro-
Opajkenus, coBepIIaeMble OFHOJNUCTHBIMH MepPOMOPQHBIME
GyHROUAMU, TOMe HA3BIBAITCA KOHPOPMHBIMU OTOODAXNCE-
nuamu (oHE coxpaHswT (opmy GecKoHeddo Maawx (QHUTYD
ma cdepe Pumanma).

V3 5TuX reoMeTpHIECKEX PAacCMOTDEHHH 0YE€BUIHBIM 00-
Pa3oM BBITEKAET OMHO YTBEPKIeHHE, KOTOPLIM 9ACTO IIPUXO-
JHUTCs TONH30BATHCA:

Ilpu rondopmrom orobpaxcenuu yeoa Mexdy deyma
KpugviMu (B TOYKe Lepecevenusi) paden yeay mexwdy obpa-
3aMu 3TUT KDUBBIL. _

O6BIYHO BBOMUTCHA NMOHATHE YIia MEMAY KPUBEIMU, mepe-
CeRAnIIIMHUCA B OECKOMEYHO YHAJCeHHOW TOUKe, TaK YTOOEI
COXPaHMJIOCH 3TO YTBEDPIKAeHMe M INA OTOOpasKeHMH Mepo-
MopdaeiMu pyarnuamu. Vmenno:

IlycTs maHel [Be KpUBBIE, YXOfAMUe B OECKOHETHOCTH.
Ecau mx o6passr npu orobpamennu § = 1/z uMer B TouKe
T = 0 wacaTenpHbIe, To Oy/[eM cYUTATh, YTO WCXOAHEIE KPU-
BEIe [epeceKanTcsa B 0eCKOHEUHO YHAJEHHOH TOUYKe IMOJ yr-
JIOM, PABHBIM YAy MeRAY X obpasaMu.

Vexopsa u3 aTroro onpepesenus, HeTPYAHO TPOBEPUTH, 4TO
yeon 6 Geckoneuno ydaaennol rTowke mexwdy 0syma npamol-
MU paBeH YLAY MEKAY JTHMHU TPAMBIMU B KOHEYHOH Touwe

TIepecedyeHus, B3ATOMY C OﬁpaTHBIM 3HaKOM. D

ITpusefeM erme jBe QOPMYJBI, JerKo IOAYYAIOMMecHs W3
Tex ;Ke TeOMeTPUYecKHX coobpasKeHuil.

IIycre w = f(2)— rongopmuoe oroGpaxernue obaacru D
na obaccre D', Ecau L — rpueaa, aewawas 6 obaactu D,
L' — ee o6pas, a 8" — dauna L', 10

s ={1r@lldl. (1.2)

L
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Ecau G — obaacrs, aexawas ¢ D, G' — ee obpas, 6" —
naowade G', 10

o = [ {17 @pPdray. (1.3)
D

Obe oTu GOPMYIBl JA€rKo MOKABHIBAIOTCA H3 CIAEAYIOIAX
reoMeTpUYeCKUX Ccoo0paskeHUil: GecKOHEYHo MANBIH 3IeMedT
HIUHB ¥ GeCKOHEYHO MaJbli 3JIeMEeHT ILIONaiy He MEHSIOTCSH
opu 1npeo0pasoBaguM HOBOPOTA; TMPHM Tpeo0pasoBaHUU ITOJO-
OuMa bIeMeHT FIMHBL YMHOMKAeTca Ha Koahumuent nomobusd,
pJAeMeHT nuomajgu — Ha ero kKBagpar. Iloxpo6HOTO Hokaza-
TexpcTBa QOPMYJa MBI HPUBOAUTH He Oyumem. Ywurarens, oc-
BOMBIIMIACS ¢ OAATHEM HATETDPANIA, JTETKO JOKAMKeT HX caM. | |

3amerum emie, uro axobuam orobpamenua w = f(z) pa-
ser |f'(z)|% [lefictBureasno, orobpaskenne w = f(z) MO~
HO 3a0McaTh B BHUIE

u=u(z,y), v=uv(z, yh

rmew=utiv,z=z+iy; u(z, y)=Re f(x+ iy), v(z,y)=
= Im f(x + iy). Torma

49T0 B cuay ypasEenui Komm — Pumama (§ 1 ra. IT) pasmo
17 ()12 ]

B saxniouenue npuBereM ABa BayKHBIX Pe3ynbTaTa, JerKa-
IMUX B OCHOBe Beelf Teopu KOBOPMHEIX 0TO0DaMeHUi.

Teopema Pumama. Jas awbol odnocesasnol obaa-
cTU, epamuya KOTOPoi cocTour 6Goaee wem uad 00HOU TOuKu,
cyugectéyer 2o0aomopran 6 aroi obaactu Pynryusa f(z),
kongopmno orobpascarowas ee na kpye lw|l < 1. @yuryus
f(z) eduncreennvim ob6pasom onpeleaserca  Ycao8uAMY
f(a)=0, arg f'(a)= 0 (a — npouséosvbnas 7TOYKA 06aacTu,
0 — npouseoavnoe delicreuresvuoe LUCAO).

ITy TeopeMy MH HoKaxkeM B Gomee obmieMm Buge B ra. IX,
rie 6ymeT HccaefoBathes BOIpoc o KoHGOpMHOM oToGpame-
HUH MHOTOCBA3HBIX obmacTeil.

TeopeMa o cooTBeTcTBuu rpausun IHycrs
D — roneynasa odnocenasnas 0644cTb, 02PAHUYEHHAA KYCOU-
o eaadroti Kpueol, a f(2)— rakaa-aubo Gynryus, Kowu-
dopmio orobpaxarowasn obaacts D na kpye (wl < 1. Toeda
Pbyuryusa f(z) nenpepwiena enaore do epaniiysl obaactu D,
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a obpatnan x f(z) dynryus ¢(w) pasmomepmo Henpepvls-
ua 6 xpyee lwl < 1.

ITy TeopeMy MHI TOe HoKaskeMm B . IX.

§ 2. JIpo6uo-1mEeiiHbIe OTOOpasKenna

Apobro-aunelintim oTobpajernuem HasbBaeTca OToGpa-
sKeHMe, coBepulaemMoe QyHKIUeHR BULa

w(z) = % (ad — be = 0) (2.1)

(mpoGHo-muueitnont ¢yuruueir). Ycaosue ad — be ¥ 0 ozHa-
qaer, uTo QYHKOUA w(zZ) HE CBOJUTCH K TOMECTBEHHOH IIO-
crosaaoii. PopMyna me onpefenser QyHKINIO OPH Z = o A

d
F=——. Jloonpenensas mo HENPEPHIBHOCTH, MOJATAEM

w(oo)=—:—,\ w(—Td) = 00

(ecan ¢ = 0, 10 w(ow)= ),

Omnpepmenennan TakuM 00pa3oM Bo Bceidl pacOIMpPeHHOH
ILIOCKOCTH 2 APOoOHO-TuHEeiHAs QYHKUMA ABISETcA, 0IeBH-
HO, MepoMoprOoil (yHEuell BO BCell pacHIMPEHHOH TIOCKO-
cru. PasencrBo (2.1) MOKHO Da3speiInTh OTHOCHTENBHO 32,
9T0 facT

dw—b
z(w) = —wla
Taxum oGpasoM, ApoGHO-nUHeiHas QYyHEKIUA HMeer obGpar-
Hylo QYHKIUIO, TOMe ABAAIONTYIocA ApobHo-jutHeinnoi. Cae-
MOBATEIbHO, ApobHO-TuHeHAn QYHKIMA OHONNCTHA BO Beel
pacmumperHoit naockoctu. IlosToMy umeeM:

CsoiicrBo 1. /[pobro-suneiinoe o*roépa.wcenue A6~
ercs KonPopmHuimM 0TOOpANKEHUEM PACUUPEHHOU NRAOCKOCTU 2
Ha PACUWLUDEHHYIO NAOCKOCTL W.

JlokaseM eme OgHO CBOMCTBO.

CsoiictBo 2. Pesyavrar deyxr nocaedogaresvHo 6bi-
noanennulr 9pobro-auneldnblr 0ToOpaxcenull Toxe A8AAETCA
dpobro-aunelinoln orobpaxceruem. Orobpaxcenue, obparHoe
K Opo6HO-auHnelHOMY, ToNe AéaaeTcs OpoLHO-AUHEHbIM.

(9to eBoiicTBo wacTto QOPMYIHDYIOT TaK: CO60KYRHOCTL
dpobro-aunelinoixr orobpaxcenull obpasyer epynny.)
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Bropyio d4acTh yTBep:KIEeHHS MH yXe [0KA3aJIH BHIIIe.
Jlna moxasaTedAbCTBA NEPBOH €ro YacTH HANMINEM
|
c=alz—,—b1 w=a2§—|—b2
? .
cz+d; b+ d,
Ilogcrasasia Beipascenue mias § B QopMyay OAg W, HAXOLAM

_az+b
ez d’?

e
a = aay -+ b201, b= a2b1 -+ bgdl,
c=aico+ cids, d=bico+ d.ds.

Herpynuo unposepmrs, uro ad — be=(a;di—bic1) (aede—bacs),
OoTKyfa BugHEO, uro ad —bc+*0, ecam ad;—bici;*0 mn
agds — bacy 0. [ ]

3aMeruM, 4To €ciAE ¢ APOOHO-TMHEHHBIM OTOOpasKEeHMEM

= 24D cnmsars MATpHIY (“ b}
€z+d c d"
JKEHWI0 OTBedaer ofpaTHas MaTpHa, a HOCAER0BATEAbHOMY
BHIIOIHEHNI0 J[BYX 0ToGpakennit — npousBegente MaTpui. | |

CroiictBo 3. Ilpu Opobro-aumnelinom oTobpasicenuu
o0bpasom AH060L OKPYHHOCTU U NPAMOL ABAAETCA TONE OK-
DYICHOCTD UAL NPAMAS,

JloxaxteM 3T0 cBoMcTBo HenocpefcTsenHo. BosbMeM Ka-
Ry0-nu6o oxpymHOCTL |2z — %l =R wm mocMOTpHM, Ky.aa
mepeiier 3Ta OKPYMKHOCT, 1PpHM HApo0HO-THHeAHOM oTO00pa-
sernn. Coaydall IpAMOi MOMHO OTHENIBHO He PACCMATDPHBATH,
TAK KaK NpAMadg ABAsETcH NPeAeNbHBIM CIYyY4aeM OKDPYHKHO-

To obparHOMY OTOOpa-

aw
cru. Ilycrs oToOpaskenue MMeer BUf 2 =T

BHIDQKEHHNE [JIA Z B YpaBHEHNE OKDPYMHOCTH, ITOMYTUM

Ilopcrasms

| (@ — czo) w + (b — dz)| = Rlcw + dl
in
la’w + b"1? = R*|cw + d|%

Keampar Mofyis KOMILIEKCHOTO 4HMCAa PAaBeH POUIBENEHHUIO
9TOro YHCAA HA YUCI0, HKOMIUICKCHO CONPSKEHHOE ¢ HUM.
Ilooromy monydenmoMy ypaBHEHWUI0 MOKHO UPHIATH BHT

(dw+b)(@w+b)=R(cw+d)(cwtd)
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nin
la’Plw?+ 612+ a'b'w+a'd'w =
— R2(lel2lwl? + |12 + cdw + &dw).

Ecau monomuts w = u + iv # 3anucarTh 9To YPaBHEHHe B Je-
KapTOBBIX KOODAMHATAX HA IUIOCKOCTH (U, V), TO IMOIYyIAM:
ypaBHeHUE

A@W?+ v)+ Bu+ Cv+ D =0,
KOTOpOe fBJSETCS yPABHEHHEM OKDPYMKHOCTH WJIN IPAMON.

CroiicTBo foKazaHo. [ |

Jdua dopMyaupoBrs clnefyloImero CBOMCTBA HYKHO CHA-
9a)ia BBECTM IIOHATHE CUMMETIDPUNM OTHOCHTENBHO OKDYIH-
HOCTH. ’

Togkn z u { HABKBAIOTCA CUMMETPUYHBIMU OTHOCUTEABHO
okpysxcnocTu ', ecim oHm JeRAT HA OFHOM Jyde, BEIXOMS-
meM w3 euTpa ', U OpomsBefeHure UX PACCTOSHUHA OT I[@HT-
pa I' pasuo ®Bampary paguyca . Heurp I' cauraerca cum-
MeTPHIHBIM ¢ 0eCKOHEeYIHO Y[AJIeHHOH TOTKOH.

CuMMeTpus OTHOCHTENHHO NPAMON TOHEMAaeTcsi B 0O0bII-
HOM CMBICJIE:

Touku z u § Ha3bIBATICH CUMMETPULHBLMIL OTHOCUTEABHO
npamoii ', eciu oum snemxar 110 pasHele croporbl ' HA ogHOM
PACCTOAHREY OT Hee W COCAMHAIOIIUA WX OTPE30K HepHeH/u-
wyasgped I.

HpuBeneM THIIAYHBIC HPHMGPBI CUMMETPHYIHBIX TOYeK.
Tourn z u z ABIAIOTCH CHMMETPUYHBIMU OTHOCHTEJNbHO Heil-
CTBUTEJbHON ocu. TOYKE z U —Z ABIAKTCI CUMMETPHIHBI-
Mu OTHOCHTenbHo MHUMO# ocu. Touxkm z u 1/Z aABagOTCH
CUMMETPHYHBIME OTHOCHTeJNBHO OKpyskHOocTu |z| = 1.

OueBugaeiM 06pasoM BBOAUTCA MOHATUE MHOMKECTB, CHM-
MeTPUYHEIX OTHOCHTEIBHO OKPYHOCTH.

CuMMeTpPII0 OTHOCUTEJIhHO OKDY:RHOCTH MOMRHO paccMma-
TPUBATh KAK 0TOOpaykeHWe DACIIHPEeHHOH HIOCKOCTH HA pac-
HIAPeHHYI0 ILIOCKOCTh. (DOpPMYIBl 3TOro 0TOODPasKeHWs HAXO-
naTca 0es TpyHa:

Ecau §(z)— Toura, cuMMeTpuIHAsA C TOIKOH Z OTHOCH-

RZ
i—a

Taxum 00pasoM, mpeoGpasoBaHme CAMMETPHUA OTHOCUTEIb-
HO OKPY/KHOCTH OTAMYaeTICA OT APOGHO-IMHEHHOro mpeobpa-
30BAHMA elle MepexogoM K KOMIIEKCHO COUPHAYKeHHBIM Bejid-
quaaMm. CpoiicrBa TpeoOpa3oBaHus CUMMeTPHU TecHO CBA3A-

TenabHo okpyskHOcTH |z —al =R, 10 {(2) = a +
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HHl €O CcBOWCTBaMH JApoOHO-IMHEHHBX mpeoGpasoBanmii. Tax,
cBoOlicTBO 3 O3Hadaer:
Muoxncecrso, cuMmeTpuLHoe ¢ OKDPYHCHOCTHLIO OTHOCUTELb-

HO OKDYHHOCTU, ABARKETCA OKPYIHOCTBIO Uall NPAMOL. | |

Jlemma. Jas Toeo uTobel Touku z u T 6ulau cummerpuu-
Kbl OTHOCUTeAbHO okpYyiacrocTu I, neobrodumo u docrarouno,
uT066l Ar0bas okpyrcrocTy C, rpoxodawas wepes aTu TOUKU,
nepecekara I' nod npamvim yeaom.

JlorasaTtexnbctTBo. DBes orpapmuenus obumHOCTU
MOMKHO CIUTATh, 9T0 MEHTP OKpy:KHocTu ' maxommres B Ha-
ualie KoopjguHar. X

Hoxraem moctartodHocTb. llockoabRry miobasg OK-
PYIKHOCTB, NpPOXOAAINasd 4Yepes TOIKM 2z W 5, Hepecexaer [
TOJ UPAMBIM YIVIOM, TO U TPAMAasd, COEANHSAOIIAA 3TH TOYKH,
oGimagaer o1uM ciolictBoM. CliefoBaTeJbHO, NPAMAas, coegu-
HAOMAA TOYKA z U §, o0AsaHa IPOXOANTHh UYepe3s HAYIAN0
woopguHar. Todxku z # § ZOMKHB JemaTh HA OTHOM JIyue,
BRIXOJAMEM U3 Hadala, Ilo pasHbie croporbl [, tar- kak B
TPOTUBHOM CJAydYae OKPY)KHOCTH, MPOXONSAIIas 9epes z u G
uMerormasg oTpe3or (z, {) AmaMerpoM, He Moria OH mepece-
ratp I'. Takum oOpasoM, Hauajo INeRUT BHe JIOOOH OKPYK-
Hocru C, mpoxojaieil 9epe3 TOIKM z U §, a Iyd, HPOXOHAA-
UM 49epe3 dTU TOYKU, ABJIAETCH AIA HTOU OKPYKHOCTH ce-
rymeil. Paccrognme or Hadama Jo OmiRalinedl U3 TO4YeK Z
1 § ABjigeTcs BHENIHeld 9acThio CeRymmei, a jo Goxee mamde-
Kol — muuHO#l ceRymedl (IIo TepMIHOJOIMH YIeOHUKOB die-
MeHTapHO# reoMerpiu). V3BectHa Teopema DdieMeHTapHON
reoMeTpun: Ipou3BeleHUe CeRyIlteldl HA ee BHEIIHIOI 9YacTb
PaBHO KBaJpaTy KacaTelbHon H3 TOi e TouKM. Kacareib-
vag K C u3 Hawama umeer miarHy paguyca I, rax waw C u T
70 yCIOBMIO TepeceraloTcs Iof, IPAMEM yrioM. Jloctarou-
HOCTH JOKA3aHA.

Heo6xogumMocTh [OKA3BIBAETCH TeM K€ MOCTPOEHH-
€M, Tak KaK IpoU3BeJeHMe Cerylnell Ha ee PHENIHIOWH TacCTh
MOMeT PAaBHATBbCH KBafpaTy BHENIHeH JacTu JpYroi cerylmei
{(paguyc T, Tmposefesnbii B TouRy mnepecetennsa C u T7)
TOJBKO B TOM CIyTae, KOTJA DTa BTOpAsg CEXYIUTas SABIAETCH
RacaTeJbHON. JleMMa JoRasaHa.

CeoiictBo 4. Ecau Touku z1 u Zg CUMMCTPUYHBL OT-
nocuteavho npamol uau okpyxcrnocry Iy, a wy, ws u L —
ofpasw z), 22 u [ npu Opobro-aukelnom orobpancenuu, To
TOYUKU W, U W CUMMETDUYHBL OTHOCUTCABHO OKDYMHHOCTU
(uau npamoii) L.
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CormacHo meMMe p[uAa JOKA3aTeabcTBa CUMMeETPHIHOCTH
TOYeK W; M W OTHOCHTEJNbHO OKPYMHOCTH L J0CTATOYHO WO~
Ka3aTh, 9TO BCE OKPYIKHOCTH, OPOXOIAIfue Tepe3 dTH TOUKH,
mepecerawT L mop mpaMueM yraoMm. Ho oxpysxHOCTH, mpOXo-
IAIOue depe3 w; U Wz,— 2T0 00passl OKPY;KHOCTEH, MPOXO-
OAMUEX 9epe3 21 U zZ;. TOIKU 2z} B Zy CHMMETPHIHHEI OTHOCH-
TeabHO [, Tar 9ro oKpy;RHOCTH, OpOXofdInue depes z; U Zg,
mepecekaoT [' mog mpaMBIM yrioM.

Ilocronbry pApobHO-INHEHHOEe oTObpaskeHHe ABIAETCA
KOH(POPMHEIM, TO YroJ MeKAY KPUBBIMU PaBeH YINIY MEXIY
ux obpasamu. Orciofa u ciefyer yTBep;KAeHne CBOWCTBA 4. D

[oxkamem Becrombpko (OPMYJ, OTHOCATNUXCA K ApoOHO-
JUHEHHBIM 0TOOpayKeHuAM.

Teopema 2.1. Iycrs Hu cpedu Touek 2y, Zs, z3, HU
cpedu Touwer w,, wy, ws Her pacuwvlr. Tozda cywecrsyer
efurncreennoe OpobHo-aunelinoe oToGpaxcenue w = w(z),
nepesodauee TOUKU Z, @ TOYKU Wy ITo oTobpaicerue onpe-
deaaerca dopmyaoii

w—w] w3—w2=z—z].z3—22‘ (2.2)

— — — —z
w—w, w,—w, z—z, 2, 1

JloxkasareabcrBo. fcuo, aro ¢dyurnma w(z), ompe-
mensemas paBeHcTsoM (2.2), sBaserca ApoOHO-THHeHHOR
(yHROMEH W 9TO OHa MEePEBOJTHUT TOIKH Z; B TOUKE w, Octa-
eTcd NOKA3aTh, 94T0 W (z)— EAMHCTBeHHAan RPOGHO-IMHeiHAR
$yurnusa, obmagamiasg dTUM cBoiicTBoM. llyvers maHBI fnBe
raxue PpyERnuEm w;(z) B wi(z), a L(w)— Pymrous, obpar-
Hag K Ws(z). fAcuo, uro oToOpaeHue pyHKmued To(wi(z))
OCTABIAET HA MECTE TOTRM Zx, TAK KaK Wi {2,) = Wy, a Colws)=
= z,. Cornacuo cBoiictBy 2 Co(wi(z))— mpobGHo-nuHeitHag
¢yarnua. Honomnm

az -+ b
Cz (wl (Z)) = cz+ d’
BanucrBag yclIoBhe, UTO 0Opm orofpaxkeanu (pyHERNmeR
Ce(wi(z)) TOUKH 2z, OcTAKOTCSA HA MecTe, MOJYIaeM CHCIeMY
VpaBHEHNN
az, + b
k
— =17z k=1,2,3)
ez, +d ( B
wian

czp+(d—a)z, +b=0 (k=1,2,3).

Mguoroaien Bropoii cremenn cz®+(d — a)z -+ b Momer nMers
TPE DAa3IUYHHEX KODHA JHIOb B TOM CJlydae, €CIH BCe €ro
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roddpdunuentsr paBunl uHyawo. CieroBarenbHo, Lo (wi{z))=1z
u wy(z)=w; (z). Teopema moxasama.

Teopema 2.2. Jwboe Kongopmnoe 0T06pa91cenue Kpy-
2a 1z| <1 na kpye lwl <1 umeer sud

w(z) = e 272

-, (2.3)
{—za

20e a — aobaa Touka kpyea |zl <1, a 8 — woboe deticreu-
TeAbHOE YUCAO.

JlorasartenbcrTBoOo. IlokaskeM cHawanma, 970 QyHKOHA,
ompefiensieMand PaBeHCTBOM ﬁ2.3), JeHCTBUTENBHO OTOOpAaa-
er kpyr |zl <1 ma xpyr lwl <1. [{as storo B cuny Bsamm-
HOHi OHOBHAYHOCTH NPOCHO-THHEHHOTo 0TOOpayKeHHMsa AocTa-
TOYHO I1I0Ka3aTh, UT0: OKPY;KHOCTE |z| = 1 mepexomgnr B OK-
py:x&Hocrh |w| =1 (mockombry Touka z = a n3 Kpyra |z| <1
mepexonut B Touky w = 0 u3 xpyra |lwl <1). ITonomnm z =
= ¢% Torma |zl =1, Z = e, B MBI monydaem

w=ef9.h eite—@). 2" lw| =
e W _g z—a

TaK KaKk MOAYJNb KOMIJIEKCHO CONPSKEHHOTo YICHa PABOH MO-
QY0 caMOTo ducJa.

Wraxk, Mu1 mokasanm, 9ro QYHROUA, onpefensemMas paBeH-
crBom (2.3), orobpamaer kpyr |zl <1 ma xpyr lwl| <1.
ITorasmem, 9ro apyrux KOH(PODPMHEIX orobpamenuit mer. [lo
tTeopeme Pumana (cM. koHen § 1) Kordopmroe oroGpasenne
mo6oit ogAOCBA3HON obmacTn Ha Kpyr |w| << 1 ompemenser-
¢A e UHCTBEHHEIM 0GpAa30M, eCJIU 3aJaTh TOYKY Z = a4 U3 OTO-
Oparkaemoii obiacru, mepexofamei B Touky w = 0, u apry-
MEHT OpOHU3BORHON orobpaykalomieil YHKIUE B TOUKe Z = q.
Hus dyurmuu, ompemendemoit paBencrsom (2.3), w(a)= 0,
arg w’(a)=0. CuemoBatenbHO, MHBEIX OTOOpaKeHUil Her,
¥ TeopeMa JOKasaHA. | | '

AHaxormuHO MOKA3BIBAIOTCA W CHEAYIOUIHe YTBEP:KIeHNA:
Jwboe rongopmnoe orobpaderue kpyea |zl <R na
spyz lwl <1 umeer eud

w— Re® 22

== (al<A) 24

Jwboe Kougdopruroe oTobpadcenue noayniockocry Im z >
> 0 na kpye |wl <1 umeer eud
03

w=e%2"2  (Ima>0). (2.5)

zZ—a
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Jrwboe Kongopmnoe orobpaxcerue noaynasockoctu Im z >
> 0 na noaynaockocrs Im w > 0 umeer sud

az4b
w=— vt (2.6)

ede a, b, ¢, d — Oelicréureasnvie yucaa u ad — be > 0.

§ 3. Hondopmusie orobpaskenns
3JIeMEHTAPHBIMA (YHKIAAMA

Ecin pmasa HerRotopasg o0xacts m ronoMopdHAg B Helk
dyrERnuA f(2z), To cpasy He BUIHO AITOPUTMA, KOTODBIH MO~
3o OB HaliTu obpas MaHHONM o0JacTu MpH OTOOPAKeHHE
w = f(z). C kpuBsIMu geno obcrour mpoime. Ecaun z = z(t)—
YPaBHEHUE KPUBOH B ILIOCKOCTH Z, TO ypaBHedue obpasa sToH
kpuBoii w = f(z(t)). IlosroMy mccuemoranie orobpasKeHH,
coBepHIaeMBIX MaHHOU (YHKIUEH, JydHie BCero HPOBONUTH
caenyionuM obpa3oM: BoifHpaeM ceMeifcTBO KPUBBIX, HOKpPGI-
Bamee WHTEPECYOMYI0 Hac 06JAcTh, W HAXOAUM oOpassl
KDUBBIX 9TOro ceMeidcrBa. Brifop cemelicrBa ompegeinsercs,
KOHEYHO, KOHKPETHBIM BHIOM oTobpayRaromieit QyHRMuU.

IlorkameMm, Kak HcclIegyrOTCAa TakuM oOpasoM OCHOBHEIE
orobpasikeHnsi, cOBepIIaeMbie 3JeMeHTapPHBIMI (YHKIIUAMHE.
JT0 macT HEROTOPHIA 3alMac MPOCTeHINNY. 0TOGpPaReHNH, KOTO-

peMI MBI OyIeM OePHPOBATH B JaJIbHeHTIEM. D

1. Qynryuu w=e* u z=Inw. [lug HccaegoBaHUA OTO-
OpaskeHHsI W = €° PAacCMOTDHM CEMeMCTBO TIPAMBIX, Mmapad-
NenpHEIX jgeldcTBuTeNbHONE ocu. Ilapamerpryeckoe ypaBHeHU®
aTHX OpAMBIX uMeer Bup z = r 1 iC, rge C — Npou3BOIBHAS
delicTBUTENbHAS MTOCTOAHHAA, a [apaMeTrp X MEHSeTcHa oT
— o g0 + . Horjga z Bospacraer or — o 10 + oo, Touka 2
nmpoxofur NpsaMy®o Im z = C cjieBa Hanpaso. Y paBHeHHe 00-
pasa oroil MPAMOIL MpK OTOOpasKeHuu W = e’ HMeeT BUJ W ==
=¢*-¢e¢ —oo<<g<<oo wum w={e’, 0 <<{<<oo. Cuegona-
TelbHO, IPU oToGpakenun w = €° ofpasom npsaMoil Imz=C
ABagercda ay" arg w = C.

Bygem teneps ABurath NPAMYH, HEIPePHIBHO YBeJIUwil-
Basg C (wauneM ¢ C =a). Torma nyd4, seaswmuiica ofpasoMm
pAMO, OyIeT HeIpPePHBHO MOBOPAYHBATHCHA NMPOTHB 4acOBOR
crpenru. IIpu TakoM ABUKeHUN HPSAMAsf OMHILET IMOJOCY 4 <<
<Imz<b, a ee c6pas — ayd — olmmer yrox a << argw << b,
eciy TONABKO BeJnuuHa b He NOpeB3oijetr sHAueHHA a + 2m.
Ilpu b > a + 25 ny9 cgenaer HONHBIN 060POT M ONWIIET BCIO
ILIOCKOCTh W ¢ BEIKOJOTOH Toukoil w = 0. CuegoBaredbHO,
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mpu orobpaxteHun QyHROued w = e* 00pasoM MmoJoch a <<
<Imz<<b, b—a<2n, sasaserca yron a<<argw<b,
4 06pasoM IMOIOCH a << Tm z < b, b —a > 2n, ABuserca Bes
"KOHEeYHAasi ILUIOCKOCTh W ¢ BBIKOJOTOH Touroil w = 0.
BrisicanM, korma oroGpajkenme OymeT B3aUMHO OJHO3HAT-
‘HBIM, T. e. rfie QyHRUUA €’ asasgercs oxgnoaucrHoil. Cosep-
IIeHHO OYEeBUAHO, IT0 HEOOXOMUMBIM B JOCTATOYHBIM YCJO-
BUeM OJHOJUCTHOCTH (bVHIculm B obractm D caymur cy-
mecTBoBaHue o6parHo# K Hell d)yHEulm ONpeJeIeHHOH B
-obpase aroit obmactu. Dynknua e® umMeer o(paTHylo K Heil
agamnTuieckyo ¢yarmumio Inw. Ob6parmas ® e’ QyHruus
onpegeneHa (T. e. OfHO3HAYHA) B o0JacTH, ecly aHAJIUTHYE-
crag (PyHKOHA In w [omycKaeT BHIleJieHNE B 2ToH o0NacTH
romoMopdHOIt BerBu. Ecim b —a << 27, To MH 3HaeMm, 9TO
«DyHEIMA In w gomyckaer BEeNcHHe ToJoMOpPQHON BETBU B
yrae a <<argw <<b. Beimenenre roxomopduoit BerBm In w
B OAOCKOCTH W ¢ BBIKOJOTON TOUIKoH w = 0 mesosmomuo. Ta-
KuM 0o6pasoM, MBl IIPUULIA K CAEIYIOIINM PE3yabTaTaM:
Hoaoca

a+2xk <Imz<<b+2nk (b—a=<2n) (3.1)

npu awbom yeaom k worgopmno orobpaxacrcs Gynryuet
w =e* na yeoua

a<<argw <<b. (3.2)

Qynryus Inw rongopmio orobpaxaer yeoa (3.2) Ha
00ny ug noaoc (3.1) (umeno £ ompemensercs pvIGOPOM T0I0-
MopdHoit BeTBH aHaAMTIWIECKoN QYHKNUE In w B droM yrae).

Orofipasxcenue @Gyrkyuell w = e* noaocst a<<Imz<<b
wupunsl, boavuell 23, na Koavyo 0 < jw| < o yawe ne ss-
ARETCA 63AUMILO 0OHOSHAUHBIM.

3anmernmM, ¥ro focneflHee yTBeD:KIeHAe Cpasy cieayer
u3 nepuogIuHecTH HYHROUH €’ ¢ mepuomom 2Iti.

ITosesno 3unath Takke, Kyhga TepPeXogaT IIPH orobpae-
Hun GyHKOHelt w = e* TpAMBIe, HapaTTeabble MEUMOH ociL.
Banucap ux ypaBHeums B BHUge 2z = C -+ iy, — oo <<y <o
TmonydaeM A HX 00pa3on ypasHeHHa w = ¢fe — oo <y <
<C oo, Slemo, uro 2T0 ypaBmeHue Tpepcraviaser coboit ypas-
HeHnme oKpy:Ruoctu |w| = e, ob6xogumoll GeckoHEIHO MHOTO
pas. Kasaurii oTpe3ok IpAMOH NAMHBL 27 oTReYaeT IONHOMY
©00X0y ORpPY#HHOCTH.

CoeguHas 9TU CBefleHUsA ¢ TOJYYEHHLIMIH BHUME, IOAY-
qaeM:
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Ilpamoyzoavruk
c<Rez<d, a+2nk<Imz<<b+ 2nk
(b —a<<2m) (3.3)

npu awbom yeaom k wongopmro orobpasxcacrcs Gyuryuett
W = e* Ha Koubye8oll CeKTop

e <lw|l <e' a<argw <b. (3.4)

Dyuwyus z=Inw EKonugopmmno orobpaxaer Koabyesol
cekrop (3.4) ma odun us mpamoyezoasHukos (3.3) (umcmo k
onpefiesifeTca BHIOOPOM ToIOMOpP(HOI BeTBU aHATUTHYECKO
yurnmn Inw » cekrope). [ |

2. Oyuryus Hykosckozo w= %(z +——i—) u  Pyuryus
z=w + Yw? — 1. Uccnegyem ofe pyHKOUN BMecTe, TaK KaK
OHH ABIATCA o0paTHLIME OfHA K JAPYTOil.

B xagecrBe cemeiictBa KpuBbplx yA00HO B3ATH JIYy4YM
arg z = ¢ uam oxpysuoctu |zl =r. PaccMorpers mpmmercs
oba cemelictea. HagreM ¢ ceMeiicTBa OKPYKHOCTEIA.

Vpasuenue oxpymuoctu |zl =r sanmmeM B Bmme z =
=re®, 0 < ¢ < 2m. Torga ypaBueHuHe 06pasa oToit OKpysKHO-

1
CTU IpU OTOOPaKeHHU W = -z + %) TONY9IAM B BHIE
w=—;—(rei¢’ +%e—i¢), 0<Cp<<2m.

ITockonbKY 970 ypaBHEeHUE HaM HE3HAKOMO, €TI0 CTOUT 3alH-
caTh B KoOpAmHarax, Doxosus w = u + iv. Torga momyumm

1 1 1 13 .
u—_—T(r-q-T)cos @, U= —2—(r—7)s1ncp. (3.5)

Wcewnouan us sT0fl cucTeMH ypaBHeHuWI mapaMerp ¢, OpHXo-
OUM K YPaBIEHUIO HIIIHIICA

2 2
St fomt ) nmt b))

umelomtero QoKyce B Toukax w =1 u w = —1. Ilosromy mpn
1 1

orofpasKenun W = —-| 2 +——|o6pasoM OKPYKHOCTH Izl =r

ABNAETCA 9TOT duimnc (unu ero dacrb). s ypaBmennit (3.5)

BHJ[HO, 9TO IPH (, MEHAIOI[EMCH OT HYJIA [0 27, TO4Ka W 00-
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XOIUT Bech DJLIHIC, mpudeM P r << 1 snanaudc o6XoguTca MmO
9acoBOif cTpenake, a mpu r> 1 — OpoTHB TacoBOH CTPeNKH.

ITocmorpuM, Kak MeHSIIOTCA SJLIMOCH], KOTAA I MOHOTOH-
HO M HeIpPepH5BHO BO3pPacTaeT OT eJHHUIH 10 OecKOHeYHO-
ctu. IIpn r =1 Maxag moayoch diauiica paBHA HYIIO H BJI-
nunc Bepopaercs B orpesok (—1, 1), mpoxomumerit mBak-
ae1. IIpu BospacraHum r ofe HOIYOCH YBeIMIUBAKIOTCA W OPH
r — + o crpemarca ¥ GeckoHewHocTH. CiefoBaTesnbHo, 00pa-
som obmactu |zl > 1, zamonnsemoit okpy:kBocTAME |z| =T,
r> 1, gBasfeTca BCA ILIOCKOCTH W C PaspesoM MG OTPe3Ry
(—1, 1). OroOpasmenne sABIAETCS B3aUMHO OJHO3HAUHBIM,
rak kar Qymrmua w + Yw? — 1, obparHag ¥ PyEROUn w =

1 ( 1 .
=512 + — /> ARONyCKaer BBIjle/leHHE rojoMopHOH BETBE

B IJIOCKOCTH W ¢ paspesoM mo orpesky (—1, 1) (I[JIH aTOH

nexu QYEKIUIO HY;KHO IPEACTABATH B BUE W (1 + Vi — wi“’)
I OPpUMEeHHTh KO BTOPOMY COMHOMHTENI TeopeMy o0 MOQHO-
APOMHE B DPAcITUPeHHON ILIOCKOCTH ¢ DPA3Pe3oM Mo OTPE3KY
(—1, 1)) .

VRaskeM eme M Ha APYroi cOocol HCCHAENOBAHUA OXHO-

1 1 -
aucTHOCTH QYHRIMM W = —-|\2 +—- /- 3natemme drofi ymEK-

1
Iuu He MeHAeTcs Or 3aMeHH z Ha—-. Ilockoabky ofparHas
$yHKOUA ABY3HAYHA, TO MB BHIUM, YTO KA)KI0oe 3HATYeHHC

. 1
npuanMaerca Qynrnuei JHyKOBCKOro B ABYX TOUKAX Z H -

(n ronero B HuXx). IlodsToMy muA omHOMMCTHOCTH (DYHKIHE
sHyxoBeroro B o6mactn D) HeoOXoAuMo B JOCTATOYHO, ITOOBL

1
obnacte D u ee ofpas D’ upu orobpasxenun { = —~ He mMe-

au o0ImUX TOYEK.

W3 sroro coofpamenna cuaemyer, uro dyurnng jHywos-
¢KROro ogHoamcTHa B obmactax |zl <1 u |zl > 1 u aro npm
orobpamenuu yunnmeir HykoBcrkoro obpasoM kammod #s.
atux obaacreil ABAsAeTCA BCA MIOCKOCTH W ¢ PAaspesoM MO 0T-
pesry (—1, 1).

WcenegoBanue obpasos mydeit arg z = ¢ mpm oTobpaske-

o 1 1
Hun  pyHrmumed w = —- (z + 7) HPOBOTUTICA COBEpINeHHO
apaxorniHo, Mcrutogaa r u3 ypasuenumit (3.5), mpuxommm K
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YPaBHEHNIO TUIIePGOJIBI

u2 l}2
o= 1
cos“¢ sin“¢
¢ porycamu B Toukax w = 1 u w = —1. Jlerro yGexgaemcs,

uro obpasom Jiyua arg z = ¢ fABJIAETCA Offla #W3 BeTBel ru-
mepOonsl. Jta BerBb npu ¢ = 0 BBIpOMKpaerca B ayd (1, + o),

o 18
MPOXOXMMBIA JBAMIBL, LPH ¢ = —5-—BO BCO MHUMYIO OCB,

mpu @ =0 — B Ayq (— o, —1), OPOXOTUMBEII IBAMILI
IlpoBenenHsle wuccaeOBAHUA IOBBOJAIOT ONACATH P
KoH(DODMHEIX 0ToGpayKeHHii, coBepimaeMbix QvarIueir Hy-

KOBCKOTO W = —%(z +%) :

Kpye |zl <1 na naockocte w ¢ paspezom no orpesky
(—1,1).

Hoaynaockoers Im 2> 0 na naockocTs W ¢ paspesamu
no aysam (— oo, —1) uw(1, + ).

Hoaykpye 1zl <1,Im z > 0, ka noaynaockocrs Im w < 0.

Kpye 2] <1 ¢ paspesamu no orpeskam (b, 1), 0<b <
<1, u (-1, —a), 0<a<1, na naockocts w- ¢ pazpesom no

1

orpesky (—a, B), edec = 7(\0 + —i—), B= %(b + %)

Kamxaywo n3 obmacreir B MIOCKOCTH Z MOMHO 3aMeHHTh
ee oOpasom upu orobpaxkenuu G = 1/z, He mensa obJjacTu,
moJiydaromeiicsa B MIOCROCTU W.

ODyrrnms z = w + Yw? — 1 cosepmaer oTol(paskemus, o0-
paTHBIe YKA3aHHBIM BEHIMe. | |

OroOpasmenus, onncandbie 3 m. 1 1 2, BMecTe ¢ apo6Ho-
NUHeHHBIME 0TOOpasKeHUAMI AT HaM 3HAYMTEJNbHBIN 3a1ac
OCHOBHBIX oTo0Opamenuii. C uX IOMOMBK MOMKHO CTDPOUTH .
oroOpaskennda APYIUMU 3iIeMeHTapHBIMA PymKmusamu. [leno
B TOM, UTO, 3Hasg oTo0pajseHHsA, coBepmtaeMble QyHRIUAMN
f(z) m F(z), mb1 3HaeM 1 oroOpaskeHne, cosepuiaeMoe QyHEK-
nneir F(f(z)) (cyHmepmo3nnuio HepBHIX ABYX oTobpakeHmi).
OroGpaskerne n1060fi M3 OCHOBHEBIX JIE€MEHTAPHHX (yHKIAIH
MOKHO HPEJCTABATL B BHE CYHePIO3UIHN KAKOT'O-TO YHCIA
yike H3yYeHHBIX Hamn oToOpaykemuii. Hampmmep, orobpasme-
Hue W = tg z MoKHO 3aTIACATh B BHJE

Jwy—1

. w.
w1=21z, w, =¢1, w=——lw—2?,
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a oToOpamkeHme W = cOS z — B BUJE

1
w, = iz, W, =e"1, w=%(w2 +@)

ITogpo6HO pasbepeM ofMH MpPOCTEHIINY OpUMep.

3. Oynukyus w = z* (o — AeficTBUTEIbHOE IIOJOMRATENb-
Hoe umcio). Hmeem z* = e*'™* IlpegcraBam orobpaskeHue
QyHRIMe z* B Bufe CYHepmosunun oToOpaykeHuUit

w
— — j— 2
wy, = In 2, Wy=0aWw, Ww e

I paccMoTpuM orobparkeHue yriaa << arg 2<<b (b—a < 2m).
Cormacuo m. 1 yrox

a<argz<<b (b —a < 2n)

HepexomuaT B OfHY U3 I0JI0C
a+t2nk<Imuw <b-+2nk (3.6}

(menoe ameno k ompegedsercd BoIGopoM BeTBE Inz B yrie).
ITosoca (3.6) mepexomur B moxocy

aa+ 2nak < Im ws <ab + 2nak. (3.7)
Ilofoca (3.7) mpm «(b—a)< 2n HepexogUT B YroJ
aa + 2nak < arg w < ab + 2ok, (3.8)

a mpn o(b—a)> 27 Bo BCIO NIOCKOCTHh i C BHIKOJOTOW TO9-
roit w = 0.

CareioBaTennHoO:

Ecau 0<b—a<2n u a(b—a)<2m, 70 yeoa

a<<argz<<b

koudopuHo oTolpaxcaercs Pynkyuell w = z* Ha O0UR U3
ye106

aa + 2nak <arg w < ab + 2nak.

(ITeoe wmcano k onpemenserca BrIOOPOM roioMopHON BeT—
B (DYHRIHNY B RCXOJHOM Yrie.)

fIcHO, 9TO MCXOMHBII Yyrol MOMHO 3aMEHHTEH KOJBI[EBHIM
CEeKTOPOM U B peayibrare oTo0pajkeHWH TOKe MOIYIATH He-

KOTODPBIM IPYTOil KOIbl(eBoH CEKTOP. D

Ecou mepeq mamm crour samada Hailtu PYHKINIO, KOH-
GopMHO O0TOOpaKAIINYIO OfHY B3aflaHHYI0 o6JacTe Ha ApPY-
I'yI0, TO ME OOCTyIaeM IIPUMEPHO TaK ke, KAK TPH OTHICKa-
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HOU HeolpefeneHHoro muHTerpasa. OnmcanHble BHIOE OTO-
OpajKeHNA UrpaloT NpH dTOM IPAMEPHO TY Ke pOJb, 9T0 I
TabAM9YHEIe HHETErPaJsl NPH AHTETPHPOBAHM.

§ 4. Ilpaanpm cammerpmu Pamana — IIBapma

Ilpmanumom cummerpmn Pumana — Illsapna wassiBaetca
OIUH YaCTHHIA cnocol AaHAJATHYECKOTO NPONONKEHHAs, 3a-
MedaTeAbHBIA cBoell mpocroroil. OH mMmeer GoxbImoe 3HaTeE-
HHWE B T€OPHUA KOH(POPMHBIX 0TOOpaKeHUI.

Crawana fokameM npocrefmmil pesynsrar.

Teopema 4.1. Hycre gynuryua f(z) coaomopdra e
obaactu D, uwactvro epanuybl KOTOPOU sA6AAETCA OTPE3OK
Jelicraureavnoil ocu L, u nenpepvigrna 6nioTsv 00 2pAHUYbL
D. Ecau na orpesre L dynryus f(z) npunumaer OelicTeu-
TeAbHbLE BHAYEHUA, TO €€ MONHO AHAAUTURECKY nPoJOAIUTD
yepeg orpesok L e obaacre D', cummerpuunyio ¢ obaactvio
D orrocureavno deticraureavrotl ocu. Ilpodoaxcenue daerca
gopmyaol

F(z)=f(z). (4.1)
(Ecau D u D’ umeror obwue Touru, 7o snauenus F(z) u
f(z) 8 srux Toukar ne obasanvl cosnadars.)
HorasareasvcrBo. Ilpempme Bcero morakeM, dTo
$pyuernma F(z), onpenenesnasa pasedcTBoM (4.1), romomopd-
Ha B obnactm D’ m HempepsBHA BIJOTH H0 rpasmmsl D',
HenpepsiBEOCTS ClepyeT W3 04EBHIHOTO PABEHCTRA

|F(z1)—F(2z2) | = 1f(z1)— f(Z2) |
Juna porasarenscrsa guddepeHnnpyeMoctn F(z) ofo3HATAM
4_FEO—-F(a
z—a

Torna

f (@) — f(a)
i—a

7w lim A=/ (E). Cneporatensro, npenen lim F__—(z)z__ljl(“) cy-
z

z—=a -a

mecteyer m pasen [ (@), T. e. F(z) muddepenmmpyeMa B
D’, a 3mauut, m rogomop@Ha.

Bo3sMeM Temeps HEKOTOPYI0 MOCTATOYHO MAJyl0 OKpecT-
HocTh TOUKH oTpeska L. OfHa noJoBEHA 9TOH OKPECTHOCTH
sxomgar B D, Bropag— & D’. Paccmorpmm dysrmmio ¢(z),
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pasHYI0 f(z) B mepBoil modosuse @ F (z) — BO BTOpPOI HOJIO-
pmbe. Ecam mm goramem, uro ¢@(z) romomopdpHa BO Beeil
OKPECTHOCTH, TO 3To OymeT o3HawaTh, 410 f(2) aBaNMTAYe-
CKH Tpojoikaerca uepe3 L, W MBI HONy4uM YTBED:KIEHUE
reopemsl. Jlaa aToit meam samermM, 4To @(2) HempephIBHA
B Toukax orpeska I (a 3BaguT, W BO Bcell OKPECTHOCTH),

tak Kag lim f(z) = f (z), lim F (z) = f (2), a f(z) = f(z) BBEH-

ny meiictsurensHoctn f(z) upm r < L. Ilpumensas Teopemy
2.2 ra. IV o crupannu ocoGennocreil, moayiaem roixomopg-
HOCT: @ (2). Teopema HoKa3zaHa.

damMeuanme. Ecam ¢ymruma f(z) rondopMHO oTO-
fpamaer obaacts D Ha Heroropylo obiacte B, To m3 ¢op-
myas (4.1) merko cmemyer, aro dyuruus I (z) roE@opMHO
orobpaskaer obaacts D’ BHa obmacts B’, cuMMeTpuuHyo C
ofmactTei0 B OTHOCHTEAbHO HEHCTBHTEILHON OCH. |:|

C uoMomb10 APoGHO-IMHEHHHKX oToOpameHmi Teopeme 4.1
MOJKHO NpUIaTh 3HAYUTEJbHO Gojee oOmuil BUI.

" Teopewma 4.2. Ilycrv Pynryua f(z) eoromopdua e 06-
aactu D, epanuya roropoitl codepywcur Oyey owpyxcwnocru L,
U Henpepvlena enioTv 0o epanuybt D. Ecau 3nawenus, npu-
Humaemoie Pynryueil f(z) wna dyee L, aeaar na orpysrcro-
cru T, 7o dynryuro f(z) MmoxcHo anasuTuneCKU RPOGOANUTY
uepes dyey L & obaactv D, cummerpuunyio ¢ obaacrvro D
OTHOCUTEAbHO OKPYICHOCTU, codepacawyel dyey L. Qynryusn
F(2), darwwasn anasutuneckoe npodoaxcenue Pynryuu f(z)
6 obaacte D’, onpedeanerca Tam caedyrouum o6pazom: 3na-
yenus F(z') u f(3) cumMeTpuunvy OTHOCUTEALHO OKDYICHO-
cru T, ecau Touku z° u z cummeTpuuHbL OTHOCUTEAbHO OK-
pyaHrocTu, codepaawyeli dyey L.

Horasartenscrro. Ilycrs
’ ’
2@ =% tw) =22t
cdw+td
a §(z) m w(t)— ofpaTHHe K HUM HApo0HO-THHEHHHIC 0TOGDa-
mennd. Ilogbepem ¢ymrumu z(f) m ¢(w) rTak, 9To6HI Hpm
orobpaxenna z = z({) meficrBATENbHAA OCH IJIOCKOCTH §
Iepexofiuaa B TY OKPYMHHOCTH IIOCKOCTH Z, KOTOPAS comep-
amnar pyry L, a npm orobpaskesum ¢ = {(w) oxrpyxuocrs I
B IJIOCKOCTH W Mepexoiuia B MEeHCTBATENLHYIO OCh HJIOCKO-
ctm f. JTOro Becerma MOKHO JOOUTHCA, CKayKEM, ¢ MOMOIIBIO
dopmyn Teopemsl 2.1, 3a8aB COOTBETCTRY IOHINE TPOHKH TOUEK.
O6osraumM gepes D 1y ofaacts naockocTm §, KoTOopas
nmepexoguTr B obigacts D npm otobparkenmu z = z((), a ge-
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pe3 Li — npoobpas ayra L npm stom orobpamenmu. Co-
rnacHo BuIGopy ¢yErumu z(G) aror mpoofpas sBaAETCA OT-
Pe3KOM JeiicTBHTeAbHOH ocu. Tawkum ofpasoMm, ¢yHRIMA
Fi(E)Y=1(z(T)) roxmomopdpra B obGnactu D; m HempepsiBIa
BILJIOTH J{O €€ TPAHUIB, a Ha OTpe3Ke JefCTBUTEALHOA ocH
L, dysrnua fi(T) mpurumaer 3HaueHHWA, JejKamye Ha OK-
pyxuoctu I'.
Hanee, paccMorpuM QynRIILIO

g(@)=1t(fi(8))=1t(f(z(5))).

[Tockoasry mpu orobpasennu { = {(w) oxrpymuocts I' 11e-
pexoanuT B AeACTBHTENBHYIO oCh, TO dyHENAA g (T) ymosier-
BOPAET BCEM YCJIOBHAM TeopeMbl 4.1 H ee MOKHO aHAIHTH-

9ecKd NPOJOIIKATE B 00JI4CTb Di, cuMMeTpHIEYyI0 ¢ D) or-
HOCHTENbHO AeHcTBUTENbHOH ocH. CiaemoBareiabro, QYHKIHIO
f(z), xoropas Bmpamaerca uepes g(L) ¢ mOMOmBI0 KpPOGHO-
JINHEAHHX oTofpameHmii

f(z)=w(g(5(2))),

MOJKIIO AHAAUTUYICCKA NPONOKMTE B o0xacts D', sBasio-

myocs o6pasoMm obumactm Dy npu orobpaskennm z = z(%).
Ho npo6Ho-amAeiiAbie 0TOOPaKEAHA COXPAHAIT CUMMETPUIO
TOYEK OTHOCUTENBHO NPAMHIX M OKpysHOcTed. [loaromy o0-
aacts D’ cummerpmuEa ¢ obaactsio D orHOCHTEnbHO ofpasa
meiicTRUTeABHOM ocH npu oTobpamennn z = z(§), T. e. oTHO-
CHATENBHO OKpY:kHOCTH, copepskameit nyry L. Takmm ofpa-
30M, MHB MONYYIMJIH YTBEPIKAEGHAE TEOPEMB! O BO3MOIKHOCTH
apogomkennsa Qyurmuu f(z) B obracts D’ wepes myry L.
N3 tex me cooOpamenuil noaysaem m (GopMyny maas Tpo-

pomxaromeid @ysxinn. TeopeMa fokasaHa.

fAcuo, uto 3amedanme K Teopeme 4.1 mpumenuMo U ceid-
gac. ITockOILKY DTHM 3aMedaHMeM MPHXONATCS TacTO MOJb-
30BaThes, cOPMYIUPYEM €ro OTHAENBHO:

Caenmcreme. IHycre pynryus f(z), eoromoppras e
obaactu D u nenpepuignas 8nAoTL G0 ee 2PAHUYbL, KOH-
Bopmno orobpaixcaer obaacte D na obaacte B. Ilycrv, da-
aee, npu orobpaxenuu w = f(z) dysa oxpyxcrnocru L, exo-
dawan e epanuyy D, nepexodur e dyey oxpymrnoctu I,
srxodawyio 6 epanuyy B. O6osnauum wuepes D’ obaacry,
cumMeTpUNRY0 ¢ 06aacTvio D 0OTHOCUTEAbHO OEDYIHOCTU,
codepacauyeii dyzy L, a wepes B’ — obaacrv, cummerpunryio
¢ 0baactvlo B 0THOCUTEABHO OKDYIHHOCTU, codepacauyels Jy-
ey T. Jonycrum, uro obaactu D u D', B u B’ ne umetor
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obwux Towek, u obosnauum uepez G 064acTL, COCTOAWYIO
us obwedunenus D, D' u Oyzu L, exodaweil ¢ ur obwyro
eparuyy, a wepes K — obuaacro, cocrosuyyro u3 06vedunenus
B, B' u dyeu T. Tozda dynkyur f(z) MoHmno anasuruye-
cku npodoaxcuty & obaacte G, u ouna rowgopmio oTobpa-
saer ee Ha obaacte K. [[

Iloramem, Kark nNpuMeHSETCA NPHHONI CHMMETPHA MPH

OTHICKAHUM KOH(POPMHBIX OTOOPasKeHHN 3aJaHHHIX ofaacTeil

IIpumep 1. Hailgem raryoo-nnGo GyHKIHO, KOHHOPMHO

0TOOpaKAOIMYI0 MJOCKOCTh Z ¢ paspesaMH 10 OTPe3KaM
RTi

(0’ e—n‘) (k=1,2,..., 2n) na xpyr |wl<1.

N nxockocrs ¢ paspezaMn, m KpPYyr meiaTcsa Ha 2n CHM-
METPHYHHIX dacTeii: yrasl

k—

1:r1:<:;urgz<—i—:n; (k=1,2,...,2n).

M CEeKTODH

<1, k—:—in<argw<—i-n k=1,2,...,2n).

|w

EcrecrBenno omungats, gTo cpenm QyHENUA, KOHGOPMIO 0TO-
Opaskarommux Haimry ofaacTh Ha KpPYTr, maiferca Tarkas, KO-
Topag oToOpaskaer KasJAbIdl M3 YIJIOB Ha COOTBETCTBYIOIMMEI
CEKTOpP.

HeiicrBurenbHo, JokamkeM, aro gyarnmo f(z), rondopmuo
oTo0pasKaloNTyIo yroia

0 <<argsz << _nn_ (4.2)
HA CEeKTOp

|w| <1, O<argw<i, (4.3)

n nepesopsmyo ayan (1, +oo) m (™", +oce™/") B pagmy-
cst cexropa (0, 1) m (0, e™/"), MOKHO aHATATUIECKH TPOMOI-
JRUTH B IIOCKOCTS ¢ paspesamu (0, e*/™) (k=1, 2, ..., 2n),
U npopoiiKeHHas (ByHRIUA oTo0paskaer ee Ha KpYT |wl<1

JIag poxasarenbcTBA IPAMEHAM NPUHOAN CHUMMETDHH.
Bossmem B rauecrse obnactu D yrom (4.2), B rauectBe B —
cerkrop (4.3), a B kawectBe L u I' —aya (™", +ooe™™) u
pagnyc (0, e™/™) coorsercreenno. Torga, MpUMeHAs CIEMCT-
BUE TeopeMsI 4.2, MoaxydaeM, 9o PyHEOUO f(Z) MOMKHO aHA-
JUTUYECKN TPORONKUTH depes ayw L B obmacts G — yron

0<argz<2}—:: ¢ paspesoMm mo orpesky (0, ¢™/"). OGpasom
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obnactu G npm orofpareHnuu NOpofoNKeHHol QyHKOueH Ab-
2
ngetca cexrop lwl <1, 0<argw<—;L.

ITporegeRrBoe paccympeHNe MOMKHO HOBTOPHTH, NPUMEHIEB
K obnactm G W K NPOMOMKEHHOH (PYHKUWH, B3AB B KadeCTBE
HoBo#l myrm L mya (e, +o0e2™/") g 1. 1. B pesymsrare
OpAfeM K NpopoiUKeHmo GYBrOum f(2) Ha BCIO MIOCKOCTDH
¢ paspesaMm.

Takmm ofpasoM, OCTaeTCA IMINb HAWUTH OTOOpaKeHWE
yria Ha CEKTOD, YHOBIETBOPAIONIEE YKA3BAHHLIM YCJIOBHAM,
1. e. pysrnuio f(z). SamermM, wTo (DAKTHIECKH HHKAKOTO
AHAJMTUIECKOro NPONOIKEHMA HAM He MOPUeTcA [elaTh.
PaccyxmeHna ¢ aHAIUTHUECKAM IPONONIKEHAEOM GBI HEOO-
XOMUMH TOJBKO JJIA ONPAaBUAHUA YCIOBWH, ONpemeaaoIinX
BHOOp oTOOpasKeHHA Yriia HAa CEKTOP.

Haa orvlckamma $yEEOEE f(z) moCTynHM CaemyIoIImM
o0pasom.

Orobpasxenne w;=z" mepesogur yroa 0 <<argz<< %

B moaymiockocts Imw; >0, mpmaem ayum (1, +o) =m
(e™", +ooe™™) mepexogar B ayum (1, +o) mw (—1, —)
COOTBETCTBEHHO.

Orofpaskenne W, = W; — wa — 1 (Ppynxmous, obparmas
K ¢pyrxnun fHykoBcKkoro) mepeBoAT MOIYIIOCKOCTs Im w) >
>0 B monykpyr |lwel <1, Im wy; <0, npmaem ayu (1, +o)
mepexoant » pagmyc (0, 1), a ayz (—1, —o)—3 pagmyc
(-1, 0).

Orobpasenne ws = —ws — 3T0 MOBOPOT HA YIOX Ji BOKPYT
HAYAIA KOOPIHHAT NPOTHB IACOBOM CTPEIKIM.

OroGpaskenme w =}/ W nepeBoguT Moaykpyr |wsl<1{,
Im w; >0, B cexrop |w| <1, O<<arg w<< —::—, npu4yeM pajwny-
CBI IEPEXONAT B PaJgHYCEHL

Hcromoe orolpaskenne noxyueno. Brpamas w menocpef-
CTBEHHO Uepe3 z, molydaeM

w(z)=n1/z"—- Vi —1.,

Jna pyaxumum (2" — Vz2* — 1)/ pubupaerca romomopduas 8
Hamefi MIOCKOCTH ¢ paspe3aMu BeTBH, NPUHUMAOIMAg A
z > 1 NONOIKUTENbHElE 3HATCHAA. | |

He cnemyer mymars, 9To OpUHIAN CAMMETPHM JHIIbL 00-
JeraeT mocrpoeHme orofpaskaiomieit GyHKnUH Hia obiacrei
¢ OONBIOUM THCAOM CHMMETPHM.
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IDpumep 2. Halinem raryio-nnGo ¢ymrnmo, rordopM-
Ho oTobpamaiomyto ofxacth D miockoctu z =z + iy, ompe-
LEeJNeHHYI0 HEPAaBEHCTBAMMA

xz'—y2>'_;'1 x>01

Ha ToaymiaockocTs Re w > (.
MTpn uccaegosanun dynxnuu sHywosexoro 8 § 3 Mu Bu-

genu, uro rpamuna obmacra D ( T. €. BETBH THNEPOOIHI
1 .
2 — = 5 T 0) orobpamaercsa ¢ymrnueis w=z-

+7Vz22—1 B ayzargw = —Z— Opraro B ob6aacts D Henbss

oro0pamxkarh atoil pyrnmeidl, TAaK KAK OHa WMeeT B HeH oco-
oyo toury z=1. Tem me MeHee orobpaskemme 3TOH PyHK-
nmeidl MOKHO WMCHOJB30BATH MM OTHICKAHWA OTOOpajKeHus
BepxHel mojoBmasl ofaactdm D), 1. e. ofaacTu, onpefeNenHOM
HEpPaBEHCTBAMU

1
xz—y2>7, x>0, y>0. (4.4)
'C moMommblo NPHHIHNA CIHMMETPHH JIErKo HAMJeM HCKOMOe

oTo0paskeHUE.

Te e coobpaskenms, uTo W B npumepe 1, NMOKa3LIBAIOT,
9T0 MBI MOJYIUM HCKOMOE OTOOpasKeRHue, eciau HaWgeM OTo-
Opaskesue BepXHeW WOJOBWHH obmactm [} Ha yrox

11
O<argw << ——- 1lpu sTOM HYKHO TOABKO MOTPEGOBATH, UTO-
05 npm 0TOOPaKEHUH RONMOJIHATENLHEI paspes B odunacrm D,
1. e. xyd (1/Y2, +o), mepexommn B AOMONHATENbHHI pas-
pes B moxymiockocts Re w >0, 1. e. B 1y arg w = 0, mHLI-
MH cloBaM#, 9T00B 4acTe runeplonasr z2 — y? = -, T> 0,
y >0, mepexomuia B NONOKHUTEIBLHYIO dacTh NEHCTBUTENL-
HOH ocu. ITO oTOOparKeHME CTPOHM ciaegylommM obpasom.

@Oysrnna w; =z+ V22 — 1 orobpamkaer ofnacTs, ompeje-
TeHHYI0 HepaseHcTBamm  (4.4), wma cemrop |w i<,

O<argw, < —Z—, mpAYeM YacTh Trunep6oxsl, BXomgsaMmas B
rpasmny obnactm, mepexognt B pagmyc (0, e™/4).

Qyurnma wy= wi orobpamaer cexrop |wil<<i, 0<
<argw; < %, B moaykpyr |wel <1, Imwe>0, npmueem
pagmyc (0, e*’*) mepexogur B pamguyc (0, —1).
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1 1 ,
Oyrrnna § = T(WZ + w——) oTofpaxKaeT HOMYKPYT lwql <
2

<1, Imws >0, B noxymaocxocrs Im g < 0, mpauem pammyc
(0, —1) mepexomur B aya (—1, —oo),

Nrak, orobpamente § = {(z) mepeBognT BEPXHIOIO MMOIO-
BUHRY obnact:m [ B moaymiaockocts ImE <0, nmprmuem Tacrs
ranepGonsl, BXOAAINAA B TPAHUIY BTOH HOJOBHHSI, IEPEXONHT
B ay1 (—1, —), a ayz (1/¥2, +o)— B ocraxsuyio Tacrs
rpaunus, 1. e, B aye (—1, +o). B cuny npusnuma cmMmer-
pru pysrumio C(Z) MOEKHO aHANATATECKA NPOROIKHATH de-
pes aya (1/¥2, +o)  obxacts D m mpomomuennas QyHK-
nusa ortobpaskaer obaacts [ ma mIoCKOCTh § ¢ paspesoM Io
ayay (—1, —oo). Jlng noaydeHHs] OKOHYATENHHOTO Pe3yabra-
Ta OCTAeTCA eIme caeiaars orobpakersme w = V2f + 2, nepe-
BOJfAINIEe 3Ty MJIOCKOCTH C Daspe3oM B MONYHNIOCKOCTDH
Rew>0.

Bripaman w 4depes z, monydaeM OKOHYATEALHOE BHIpase-
HHE JJIA MCKOMO# oroldpasaroinein GyHrimu

w=V2irG+VE1)+G—VZ_1)"

§ 5. Nnrerpan Kpuerofpdens — MIsapma

IIppEnAD cMMMETPHH MOMKIO NPUMEHHTD /I BBIBOAA
dopMyn, paoIMUX aHANHTHYECKOE BHPAKeHHME (QYHRIHT,
KoHGOPMHO O0TOOpPAKAIOIMAX KPYr HIAM MOJYNIOCKOCTH HA
MHOrOYroABHAK. ITH (opMyJ B M3BECTHSI MOJ I[a3BaHHEM
gopmys Kpucrogpeas — Hlsapya nam unreepasa Kpucrogdh-
gpeas — Illeapya. 1lomnoctbio pokasteMm JWINE NPOCTEHINYIO
U3 HUX. :

Teopema 5.1. ITycro D — rkoneunwili MH020y204bIUE
(o0noceasnvlit) ¢ sepwunamu ¢ roukar w=2A4, (k=1,2,...
vewy B) U € BHYTPEHNUMU Y2AAMU & ITUX BEDULUHAL, DAEHbI-
mu ney, (0<a,<2). Ecau dpynryusn f(z) wongopmuo oro-
6paxcaer kpye |z1<<1 na mmnoeoyzoavnur D e naockocru w,
npuiem npoobpazamu sepwiun A, 2648I10TCA TOUKU Q,, AEICA-
wue Ha okpyscnocTu 1zl =1, 10

f@=ClE—a) ... ¢ —a)™ 4 €, (2] <),
’ (5.1)

20e C u C; — HeKOTOpbLE NOCTOAHHYLE.
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JNogkaszaTeaAsCTBO, DBBILY CIOMKHOCTH TEOPEMHl pPil-
300b6M JIOKA3aTENBCTBO HA HECKOJBKO DTAIIOB.

1. Oyuxnua f(z), wosdopmuO oroOpaKaiomas Kpyr
|zl<1 ma MEOTOyroasmmr D, cymiecTeyer Ho Teopeme Puma-
ma (cm. women § 1). Ilowkakem, uro (ymrmmio f(z) MomHO
AHAINTUYCCKA NPOROIGRATE o N00oMy HOYTH, HE HpPOXOMA-
meMy depes TOUKHA ap, dg, ..., Gn, H 9TO JIOOOH DIEMEHT IO-
AYYCHHOH AHANMTHYICCKOH (QYHKUUM OJHOJMCTEH B JI000H
TOYKE DPACIIHPEHHOH KOMILICKCHOM NIOCKOCTH, 3a MCKII0Ue-
HHEM TOUEK Z = Q.

OxpysxHocTs |z|=1 pasbusaeTca ToUKAMM @, HA N JYT,
KoTOpHe MBI obosmaumm Ly, Ls, ..., L,. Ilo Teopeme o coot-
percrBua rpaumn (cm. komen § 1) ¢dyHruma f(z) mempepns-
Ha B kpyre |z|<1 m gyrm L, orofpakaioTes €0 B COOTBET-
CTBYIOIIME CTOPOHBI MHOTOYTOJbHAKA D), KoTOphie MLI OymeMm
obosrauats ;. CoriacHo MpHEMUNY CHUMMETPUH (CM. TeopeMy
4.2 u caepcrsue W3 Hee) QYHKOUIO f(Z) MOMKHO aHANMTHATC-
CKM TIPOJIOMKUTE B o6aactsb |z| > 1 uwepes kasuyio m3 AyrT L.
B pesyasrare npopoeBusa mnoaydaeM ¢QyHrnmoo x(z).
rotomopdpryio B obmactm |z| >1, wotopas wromdopmio
oTobpaskaeT 3Ty ofmacTs Ha MHOTOYrodasHmK D, cum-
METPAYHHIA ¢ MHOLOYTONSHEMKOM I) OTHOCHTEIBHO CTODO-
HBI I‘h.

Haspaa w3 gyarmomit F,(z) ofnagaer TeMu ke cBoiicTBa-
mm, aro m Qyskousa f(z). Oma romxomopdra B obmactm |z|>
>1 n woudopMHO orobpaskaer aTy 06aacTh HA MHOLOYTOJIb-
HAK D,, npmdeM TOYKHM @, NEPEXONAT B BEPIOAHLI MHOTO-
yronsumKa, a gyrm L, — B ero cropomsl. llostomy waskpas
n3 ¢ysrquit F,(z) amaxuTWdecKm NOPOMOJIKAeTCA B KpPYr
|z| <1 gepes gyrm L,. B pesysabTate mpomokeHds moiayda-
forcss yrrnma I, ,(2), K KOTOPHIM MPUMEHAMSI Te K¢ pac-
CYKIeHAA, U T. J. /

IIpoBemeHHELIE PACCY;KAEHMA IIOKA3HIBAIOT, 9T0 (DYHKIIHIO
f(z) MomBO amaIUTHUECKA NPONOIKATH MO AOOOMY MYTH,
HE NPOXOMAINEeMY 9epes TOYKH Z = @, — KOHOH Ayr L,.

HccnegyeM ONHOMMCTHOCT: IOJYYAEeMHIX 3JIEMEHTOB aHa-
anrmaeckoi Pyrknma (6ymeM ofosmauars ee F(z)).

B rampmoit Touke, He Je;Kame# Ha oKpykHOCTH |zl=1,
ONHOJHMCTHOCTS Ji0Goro ameMmeHTa [(z) ouesumma. [leiicrsi-
TeJIBHO, BHHENAA IO 3TOMY 3JIEMEHTY TroioMopdHYIO BETBE
asanmTmueckod pymkmum F(z) B mpyre |zl<1 (mam B o6-
zacta |z|> 1), noxyanm ymrmmo, koudopmuO oToSpantaio-
myo 9Ty o0MacTh HAa MHOFOYTONBHUK, MOMYYEHHHIH N3 MHO-
royroqbEEKa D KaruMm-ro 4mciaom cmMmMerpuit. Orcloma Ho
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OTIpeNIeICRNIO  CJeNlyeT ONHOIMCTHOCTL dAeMenTa B Ji00oi
touke Kpyra |z| <1 (mam obmacrm lz| >1).

Ecam voura z =a nexar Ha gyre L, To BHIIEAMM roi0-
MOP}HYIO BETBb B MIOCKOCTH, PA3PE3aHHOH IO BCEH OKpPYHK-
soctm |z| =1, 3a uckmiouenuem gyru L,. Torma pyr |z] <1
0TO0paKaeTCA BHEJEHHOM BETBBI0 HA HEKOTODPHIA MHOIO-
yroasHuK, a ofmacts |2|/>1 — Ha MHOTOYrOABHHME, CUMMET-
PIIHHIA ¢ HUM OTHOCUTEJIBHO COOTBETCTBYOINEH CTOPOHEL
flemo, gro mexoropas okpecrHocrs nyrn L, roudopMEHO 0TO-
Opakaerca Ha HEKOTOPYIo 06jacTh, COTEPKAIIYIO COOTBETCT-
BYIOIYI0 CTOPORY, OOIMYI0 JAA 06OUX YIUOMAHYTHIX MHOIO-
yroaseUKoOB, - OTCIOHa CleAyeT ONHOMNCTHOCTH BCEX DIEMEH-
ToB F(2) W Bo Bcex ToYkax OKpykHocTH |z|= 1, 3a uckmIO-
YeHMEeM TOUCK Z = .

Ocobo momgepkHEeM, 970 OECKOHEYHO YRAJCHHAS TOYKA HE
ABJAETCA NCKIWIGHAEeM — Bce dIeMeBTH [ (z) TronoMop@HEL
M OJHOJUCTHHI B 0ECKOHETHO Y[ajeHHOH TOUKe.

2. Uccnemyem moppofHEe XapakTep MHOTO3HATHOCTH aHA-
JII/ITH‘IecR”OfI gyarmn F(z) m noraxeM, UTo (DYHRUUA
g(2) =§,—gzz—)) roaoMopdHa Bo BCell IITOCKOCTH 3a MCKIIO-
YEHMEM, MOJKET OBITh, TOUEK Z =@, M TOURHA Z = O,

Y0681 moayInTs n3 mexopnoll yHrnunm f(z) raryo-mubdo
IPYryio rojaoMoppHYI0 BETBb aHAAMTHYIECKON (GyHrmmm F (z)
B Kpyre |z| <1 (unu B o6xactm |z| > 1), mago yrasars mocie-
IOBAaTeNbHOCTS HOMepoB nyT L,, gepes Koropele MBI aHAINTH-
weckr npomosukanu gysrnmio f(z). Ilpu pasauusBIX Hociae-
IOBATEABHOCTAX HOMEPOB MEI molydaeM, BooOIme roBOps,
pasaugHsle rojdomopdusie Betsm ¢ymrinuu F(z). Beracrum,
geM oHm oraudamorcA. J[oCTarodyHO BHIACHATH, WEM OTJMYA-
orea Qyurumm F,(z) m F,(z), mocIpoeHHHe Ha NepBOM
sramne.

O6osmauuM pas KpaTkoctu depes (A)r TOIKY, cHUMMeT-
puaHy0 ¢ Toukoil A ormocmrenbno mpamoit I'. flcmo, dTo
((4)r)r=A.

ITo mpuHNUOY CAMMETPAN UMeeM

=)y (2=

Tak KAK TOYKN Z M 1/Z CHMMCTDHIHH OTHOCHTENBHO OKDY:H-
Hoctu |z|=1. OTcioma HaXOmMM

Fy(2) = ((Fs (2Drg)r, = e'Ph5Fy (2) + Vhs
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(Quns W Yns— MOCTOSAIHHBIE), TAK KAK J(Be MOCIAEROBATENLHO

BEINOJIHEHHBIE CHMMETPUR OTHOCHTEJBHO NPSIMBIX PABHOCHID-

HEl nepeHocy 1 mosopoty. O6osmaumM 'y s (W) = 6 Phsw + yy .

Torma HoayYeHHOE COOTHOIIEHME MOMKHO B3allHCATH B BHE
Fh(z)—:Th_,(F,(Z)).

M3 5Toro cooTmomeHns JerKo MolydaeM

Fym(z)= Thp (T, (F,’,,,(Z) )),
U AHAJOTUIHO NS NI000rC TUCIA UHACKCOB.
ITockoabKy cymeprosmuis JIMHEHHBIX QYHKIMHA CHOBA AB-
agetca AuHeHHOH QyHKuHeHd, Mb BUAWNM, 4TO JI0OBIE ORE

BeTBH amanmtmieckoil dpymrumu F(z), craskewm, fi(z) m f2(z)
CBAI3AHEI COOTHOINEHAEM

f2 (Z) = ei"f] (Z) + Y,

HONR A0
RG]
Hoc.nenHee PaBEHCTBO IDOKa3bLIBaeT, qTo BBIpaH{eH]?Ie

g(2) -——j;:—((g He 3aBmcmt 0T BEIGopa BerBu F(z). Ito 03-

rfe ¢ ¥ Y — HeKOTOpHe MocTogHALIe. [ToatomMy

gagaer, uto QyHKUHA £ (Z) OMHO3HAYHA BO BCEH MJIOCKOCTH.
B cuny mgoxasamHOl Ha IEePBOM 3Tame OXHOJMCTHOCTH BCEX
3MeMeBTOB F (2) B TOYKAX, OTIMIHHX OT Z = @4, MBI HOJYYa-
em cornacuo teopeme 1.2, uro F'(z)¥* 0 npu z%a, n npm
z 7 oo, CnegoBarensHo, PyEKIUA g(2) romomopdra BO Beel
INJIOCKOCTH, 34 MCKJIIYEHHEeM, OBITH MOMIET, TOYCK Z =a; |
TOUKH Z = 9,

3. Ioxaskem, 9T0 HjIg IMOCTPOEHHOH OFHO3HAYHOH (PYHK-
Fl/
oua g (z) = ﬁ—Ezz; cupaseganBa gopmyra

Vﬂ (o4 1

\—

g8 = 27—~
k=1 k

. F// (z)
Hccenepyem nosegenue dysrumm g (z) = F(z B OKpect-
HOCTH 0ECKOHETIHO YHAJeHHOH TOYKA B B OKPECTHOCTH TOUYCK
z=ga, (3TU TOYKM, KAK [[OKa3aHO HA BTOPOM B3Tame, MOTYT
Ovite 1A g(2z) M30AMPOBAHBBIMA OCOGBIMM TOYKAMH ONHO-
3HagHoro xapakrtepa). Ilpu aroM wuccremoBaEmu MokHO
OOJIB30BATRCA JMI000H ronoMopdHOH BETBBIO AHAJTUTHIECKOI
$yarnmn F (z), sanpuMep mexonHoll dyrrumei f(z).
Oyuximio f(z), KAK MOKA3aHO HA [EPBOM 3TAIle, MOMKHO
AHATHTHYECKU TPOJOJIKATh B OKPECTHOCTh (GECKOHETHO y[a-
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JeHHOji TOUKHM, W OHa ofHoMicTHA TaM. COTJIACHO CACHCT-
Buo 1 Teopemnr 1.2 umeem

c C_,
f(z)=c0+7’+z—;+... (e, 4 0).
Orciofa
¢ 2c 2¢ 6¢c
f'(z):-z—;—z—;-—..., f”(z)=z—31+z—43+...
CaenoBatelibHo,
2 o
g(z)==—7+—z2—+

Taxnm oGpazom, QyHriua g(z) romoMopdHa B Touke z = o,

Ias uccaenoBanua QYHKIUE g(Z) B OKPECTHOCTH TOTKH
z=a, paccMorpuM QymrmmO Ay (2) = [f(2) — A,]Y* B qoc-
TATOUHO MAJNOM «HOAYKDPYre» |z —al<p, lz|<1. Oymruus
f(z2) woudopmuo oTobpamaeT ITOT (IMOJYKPYr» Ha 00gacTh,
OFPAHMYEHHYIO JBYMA CTOPOHAMH MHOrOYroJbHHKA [, BHIXO-
IAIMUMA U3 TO9KKH A,, B HEROTOPOH KpuBoil (06pazoM «Ioay-.
okpymHBoCcTHY |2 —a,l=p, |zl<1). Ho ymrmna w =
=(f — A)V* romdopMHO o0TOGpazKaeT Yrod pacTBopa o C:
BEPININHOA B TouKe [ = A Ha yroJa pacTBopa < ¢ BEPHIMIOML
B Ttouke w =90, 1. e. Ha moaymnockocTh. CiemoBareiabuo,
dyurnna h,(z) woudopMHO OTOOpazkaeT HAIN TOJTYKPYT Ha
o6yacrb, OTPAHHTIEHHYIO OTPe3KoM mpsiMoit (o6pas «jamamer-
pa») m Hewroropoil KpmBoil (ofpas «mMoayoKpy:KHocTH»). [lo
OPUHIUOY cHUMMeTpnu QYHKIND h,(2) MOMKHO aHAIHUTHICCKHE
IPOAOJIKATE 4epes AMaMeTp MOJIyKpyra M TOJYYeHHAsA aHa-
JUTHYIECKUM mnpojloipkerneM (QyHKmuA (o0o3HAUMM ee mo-
npexaeMy h,(z)) Oypmer womHopMHO oTo0paykaTh KpYT
[z—a,[<<p ma HEROTOPYIO 00ldacTh, COFEPIKAIYI0 TOUKY
w=0. Ilosromy ¢ysrmua h,(z) rodomopdHa H OJHOIICTHA
B Touke z=a, CuejgoBareibno, mo TeopeMe 1.2 uMeem

h,; (ar) 5~ 0, u MBI MomeM HamuCaTDh
hi(2)=(2 — a,) 9u(2),

rae @, (z) roioMopdEA B TouRe 2z =4a; H @x(a,)7 0, Orcoga
HMeeM

%y
7

1
+ Oh (Z)’

ay

7(2) = A + (2 — ar) Pz (2), gz =

rfe 0,(z) romoMopdHA B TOUKE Z = 4.
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n

Tenepsb pacemorpnM Pyurnuio O (2) = g(z) — 2
h=1

dra PynKroua rodoMop@HA BO Beell paCIIMPEHHOM IJIOCKOCTH,
tTak uro no Teopeme Jlmysmiig (reopeMa 2.3 ra. IV) umeem

o, —1

Z—llh

2
8(z) = const. Kpome roro, Gbuio morasauo, uro g(2) ~ ——

npu z — oo, a smaunt, §(z)—~ 0 mpnu z — o, CrepoBarennHo,
z)=0, u Haiue yrBe u OKa3amo.
6 0, Alene foKasa
4. Bruio gokasauo, 1To
n
f'(a) _ 2 a, —1
(2) z—a, "
@ - B
Warerpupys 370 PAaBEHCTRBO, MOJYTAEM

Inf (z) = i (ep—1DIn(z—ay) + InC
k=1 .
i )
‘ '@ =Cl—a) ... (z—an)* "

Wurerpupysa eme pas, 110IyuaeM yTBepyKjieHMe TeOpeMEL | ]
OrMerum pasamunbie Moguduranuu dopmyast (5.1).
IIpeskne Beero samernm, aro ta ;e camaa dopmyna (5.1)

OpUrofHa U juig ompejeieHns (QyHRINHM, orobpaskalomieil Ha

MHOroyroJabHHK D aio0ylo nomymiockocers un# kpyr. Cieny-

eT TOALKO CUNTaTh TOUKH Z = &, PACIOJOMEHHBIMU HA COOT-

BeTCTBYIOIEll OKPYAHOCTH WM OpAMOH. | ]

Ecan OJHA N3 TOYER dp ABIAETCSA 0eCKOHEYHO yna.nexmoﬁ

TouKoit, To dopmyna (5.1) mame yupomaerca. Umenno, eciu
@ =0, TO

f@=ClE—a)ya™ .. C— a1 L+ €, (52)

HorasarenberBo gopMyanr (D.2) ocraeres TeM ®e, TOJbKO
Ha TPeTheM dTame TOUKY Z = © HY;KHO HCCJIEHOBATh TaK e,
KaK U TOUKH Z = Q. .
Ecau ojjHAa miyM HECKOJLKO BEPIIMH MHOTOyroJabHMEKA D
nomajaer B GeckoHeTHOCTh, ¢opMyiarl (5.1) u (5.2) ocra-
forcsa Ge3 maMenenuit, Hy;xHo JHIUL [y ompefelieHAs coOT-
BeTCTBYIOIINX YIIOB fiG, MOJNB30BATBCA OLpefelieHneM yria
B OecKOHEUHO Y/aNeHHOH TOUYKe, KOTOPOe TpmBeneno B § 1,
Yroa sioy, yiKe Mosker GBITh paBeH HYAI (BooOlie roBopA, oH
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orpumarenen). JlorasareabcTBO GOpPMYydBI ocraerca 0es U3-
MeHeHuit.
Ecau GecroHeuHO YyHAANeHHAN TOYKA JIEIKUT BHYTPU MHOTO-
YToJbHUKA, To opMysna npuAUMAET BUJ
z

1(2) = E(; — a1 (G ag) @—_d‘:a)—z + €y, (5.3)
0

Tle Z=4a — TOYKa, mepexonpfamas B OecrkoHeunocTh, J[okasa-
TEALCTBO OTAMYACTCA JHMIND T€M, ITO HA TPeTbeM HTame HYHi-
HO MCCJEeI0BATH ellie W TOURY 2 =d. ’
AHAJOTHYHBEIM METOJOM MOMKHO HOAYYATH (QOPMYIH M
misn Gyaxnun, woudopMmHO orobpaskaromell NOAYIIOCKOCTD
MJIM KPYT Ha MHOTOYTOJBHUK, OTPAHUTCHHHA YraM OKpPYH-
mocreii. CxeMa mokasarTeabecTBAa ocraerca IIpemkHei, HO Bee
3TAnbl KPOME IePBOro IO/BePraloTcA 3HAYUTEILHEIM L3MeHe-
auam. Ha Bropom stame OPUXO/NTCS AOKABHBATE Oj|HOBHAY-

unoctb He ¢yarouu g (z; f) = £ ((z)) , a Gonee Ca0KHEON (HYHRIII

S D=0 3 (FO) = VB (i)

ocTafomeiica HeU3MeHHON HE TOJABKO IpU JUHEHHLIX, HO U
npu ai00eIX po0HO-INMHEAHHX Tpeo0pa3oBaHuAX, coBeplllae-

Mux Hay QyHRO#meH f(z), T. e. yMOBIETBOPAKINEH COOTHO-
I eHHI0

. af+b
S@GHN=SE T, T() =253
(Bupaskenue S(z; f) masbaercs unsapuanrom Illeapya.)
Tpernit aran foKasaTeabLCTBA MEHAETCA CPABHUTEALHO MAJIo.
Temn me cpejicTBAMA KOKA3LIBAETCA PABEHCTBO

11— o C
S@h= T 2(2—:: g-—k_’

rie nocroaunke C, nogbupanTes Tak, utobnr S (z; f)= 0 (z~%)
(z - o). CmibHee Bcero YCJOMRHSETCHA TeTBepTHIA 3Tam [o-
Ra3aTeJILCTBa Buecro 1IeFKO UHTETPAPYEMOIO DABEHCTBA

g(z f) = 7 (z) noayuaeM nuddepeHnuaILEoe ypaBHeHUE

" =S5(z; 1),

rae q(z) =f+(z). 0
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Unrerpansr, Bosaukaomue uz gopmya Kpueroddeas —
Ilsapma, Kak OpaBuio, He Gepyres B BIeMEHTAPHBIX QYHR-
muax. OgHaKo riaBHAsg HeOpHATHOCTH He B 9ToM. HauGoib-
mas TPYAHOCTh — B OIpeJieleHHM IOCTOAHHKX a, (a A
MHOTrOYTOJbHUKOB, OFPAHNYCHHHIX [yraMyu OKpPYKHOCTel, eie
u mocroaaHux C,). IIpousBoapno samaTh MoOMHO JHINL TPU
nocrosiEabe 4, OHU yiKe NONHOCTBI0 ONPENENSIIOT Bee OTO-
OpameHne, a 3HAYUT, M OCTAJbHbIE IOCTOSHHBIE, Jlag uX
olipefeieHUss MOKHO HaltMcaTh CUCTeMY ypaBHEHHH, HO pe-
OUTH 9Ty cucreMy (He HpHMOIMIKEHHO) OOLIIHO He YHaeTcs.
IToaToMy siBHBie (OPMYAH Al OTOOPAIKAOMUX (DYHKITUR
maTerpan Hpucrofdens — Hlpapoa paer aumb pasg  Tpe-
YTOJABHUKOB MIM JJIA MHOFOYTOJLHUKOB, CBOMAINUXCH K Tpe-
VrOJBHUKAM ¢ IIOMOIObI0 Ipuanuna cuMmerpuu, B cayuae
OPAMOAUHEHHKX TPEYIOJILHUKOB oOToOpamkalomas (PyHRIUA
BHpaKaeTcs dYepe3 IMUNTUIecKAe (PYHROUU, B caydae Tpe-
VTOJIbHUKOB, OrpaHUYeHHBIX IyraMu OKDYIRHOCTell,— 1uepes
runepreoMerpudeckne QyHROUE, Eciau TpeyroibHUKH oYeHDb
BLIDOJKIEHHLIE, TO YHA€TCA HAliTH MHTerpashkl U depes 3Jie-
MeHTapHHEe QYHKIUH.

§ 6. Ogenkn koudopmHore orodpaskeHms
BOJH3M rpaHANLI

Bo mporux caydaax me o0f3aTeJbHO TOYHO 3HATH 0TOGpa-
skatomylo QyERmuio, DuBaer mocTaTotHO MMETH ONEHKY IIO-
Befienusa »Toft QyHKOUU BOAUBM Tolf uAM WHOM TPaHUIHOR
Touku. JIJA 3TOro ’RENATeNbHO UMETh HEepaBeHCTBA, II03BO-
agomume ONeHUTh QYHKIHIO, 0TOOpaKAnmmyl0 MaHHEYIO 00-
nacTh G HA HEKOTOPYI KAaHOHMUECKYIO 00JacTh uepes Ipoc-
ThHie FeoMeTPHUCCKHUe XapaKTepHCTUKN rpaHumkl obaactm G
B OKPECTHOCTH WHTepecyomieil HAC TOURY.

CHagala pasbACHUM CMBICH HEPAaBeHCTB, KOTOpPHIe MEL
OyneM foraskBaTh, Ha IIPOCTOM HpHMeEpe.

Ilyers gaers obmactu G, gesmamas B OKPECTHOCTH Tpa-
HOYHON TOYKE §, mpencTaBiaser cofoil cexTop pacTBopa /o,
Torpa ¢yaxknuma w(z), woudopMuo orofpazkanmas o0aacTb
G ma wpyr |w|<1, umeer Bug

w(z)=w(t)+ (- 1) (2), (6.1)

rae gyERnua g(z) romomopdua B Touke L u g(L)= 0. (Io-
HoOHOe YTBep:ReHUE JOKA3BIBANOCh ¢ TMOMONIBI0 IPHWHIHMIIA
CHMMeTDHH B TPeTheéM 3Talle [oKa3aTelbcTBa TeopeMul O.1.)
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Wz mpepceraBaerua (6.1) BHITeKaoT HepaBeHECTBA
Clz—tl*<lw(@)—w(@)I<C'lz—¢l~

Hamra ocHOBHas mesab — [MOKAa3aTh AHAJIOTUYHHIE HepaBEHCTBA
U 7JA cAydas, KOTJja B TOYKe § COeNUHAIOTCS HE NBe Npf-
Mble, a ABe Gojlee MiAM MeHee NpPOM3BoAbHBIC kKpusbie, Ilpn
3TOM, KOHEUHO, PyHEIUI |2 — |* npugercs
3aMeHUTh KaKoii-To mpyroit yHKImeil, onpe-
nedigeMoil IO PACCTOAHUIO MEMAY COCHUHAI0-
INMMHECA KDUBBIMI,

Uro6nr  BO3MO;KHO GOJABIIE YHOPOCTHTH
$GopMyAHPOBKM Pe3yNbTATOB, 3amada OOBIU-
HO paccMaTpHBaeTes B clefylolieM KaHo-

C
o

VA

A HUYECKOM BHE.

/4 Belony B pmanbmeitimem Oypem cuMTaTth,

_— qaTo 06aacTe D) ofHOCBA3HA I MMeeT KOHEY-

c” Hoe HeNycToe mepecedeHywe ¢ a000H mps-
Prc. 5 Mot Rez=12, —oo<zr<<oo, § uro yuk-

nus w(z) wordopMmHO oToGparkaer obmactb
n
D ua momocy |Imw|<<—-, npuuem Rew — too mpu Rez —

— +oo, Yepes z(w) Synem o6o3navarh QyHKUMIO, 00paTHYIO
K w{z). :

Herpymuro yGemurbes, uro Qymruusa w(z) olpepedsiercsa
HAJOEeHHEIMM VCIOBHAMK ¢ TOYHOCTHI0 1O agAMTHBHOH IIO-
CTOSTHHOIL.

I'paEnna oGisactm D pacnagaetcss HA JBe 4acTi, COeHU-
HAmMAecA Al B OGeckoHedHocTH. BepXHION rpasndHyo
KpuByl0 MH Oynem o6osmauwath C*, a mummion — C~. flcno,

470 ipu oTobpaskenny w = w(2) kpusag C* mepexopur B Ips-
My Imw = %, a rpusag C~ — B npamylo Imw = — —g—

Pacemorpum ceuenme ob6aactm D npamoit Rez=z. I1o0
ceueHHe COCTOMUT, BOOOIE TOBOPA, M3 CYETHOTO YHCJIA OTPE3-
KoB. OrGepeM cpegum 3THX OTPE3KOB Te, KOTODBIE COCHUHSAIOT
C* u C- (xorsa Obl ofjuH TAaKON ecTh, U WX KOHEUHOE THCIO).
ToT 0oTpe3oK, KOTOPHI BeTpedaercsa MEPBHM IIPH ABMKEOHUT
Brodb obaactu D or Rez=—c x Rez =+, ofosmauum
0% (pme. 5), a ero mauny 0(z). []

3ajgata CcocTOMT B NOJYYEHUHM ONEHKH [Js BeIUTUHLI
Re[w(z)—w(T)] wuepes O(z) mnpm Ooapnmx B3HAYEHHAX
Re(z—T).

K 13m0:eHH0H KAHOHMIECKOH ITOCTAHOBKE MOMKHO CBECTH
Gomee nam Memee afylo sagawy. Hampmmep, npm ucciaepo-
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BaHMH orobpaskenns {=1£({) ofmactu G ma wpyr |{]<<1 B
OKPECTHOCTI KOHeUHOH TOURM { =@ MH c¢BONUM 3afla7y K Ka-
HOHMYECKOH IOCTAHOBKE ¢ IOMOINGI0 3aMEHEl 1lIePeMEHHBIX
—Int—? ,_pim @) % -

Z = nc_a , W= nt__t(a) , Te @ 1 @' — rpaEndYHLe TOoY
Ku obaactun G. Jra 3aMeHa mepeBomuT o6aacts G B IOIO0CO-
obpasnyio obmacts D, a xpyr — B moiocy. | |

Caenyrommnii pesyabrar HOCHT HasBaHme Teopembl Adb-
gopca.

Teopema 6.1. Ecau 20, L =0, a

b
dz
Sem =2,

b

Be[w(g)—w(z)]>nj‘0—d(a;—)-—4n.

70

a

[Ipempe wem npucTymaTh K J[OKA3aTeAbCTBY TeEOpEMHI,
JOKameM OflHY 3JIEMEHTapHYIO JeMMy O HeDABEHCTBE JJIsg HH-
TerpajioB, KOTOPO# HaM ODHIETCA BOCIOIL30BATHCA.

Jdemma 1. Hyerv 0(x) ZI;L o (Z) — npouseoabnvie noao-

d
sgcureavnvle gynkyuu, Ecau Se—(%> 2, To HalldyTca Takue
a

E u m, ydosaergoparowue ycaosuw a <t <n<b, yro

& b

dz dzx
.Yem <1, Sem <1,
a 1

2
%(g))dt——m(g)—m(n)>——2n.

A
i

o3

MowxaszateabcTBo uaeMmMmbl. CHawaga npusefiem
VTBEPIKJeHNE K BHAY, Oosee YHoOHOMY His j0oKasaTeabLeTna.

O603Haqm11 uepes c, a’, b’ uuena, yposrerBopsomme ye-
JOBHAM a < a’ < ¢ < b’ < b u rakme, 10
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Haxee, o6osnaamm

® 2
o’ (L
¢ (2) = Se(g))dt (a <<z < D).
c
YTBepH(I[eHI/[e JeMMEI 3aBellOMO BBITEKaeT U3 CﬂenyIO]]Iel‘o
yTBepRAeHUA:

Cywecreytor Touku & u 1, a<E<a', b'<n<b, daa
KOTOpbT

—o®>0® —% —om)>o(m—m.

Hoxamem cymecrBopanue 1). Jlonycrum nporusnoe, Torga
Ha BceM oTpeske (b', b) mMeeT MecTO HePaBEHCTBO -0 (x) <
< 0 () — 7, KOTOpOe MOMKHO 3aIUcaTh B BUJO

( 2
(Dz(z)>[—n— @ (x) +n] ' <z <<h).

Ilpu z> ¢, muddepennupysa dopmyay miaa ¢(z), 6es Tpyna
HaxomuM ®°(z)=¢’(z)0(z). CaemoBaTenbHO, MH IIOIyYaeM

1 2*’ (2) ,
@ <lo@tr © ~=<b

Wurerpupys a10 HepaBencTBo oT b’ mo b, momyuaem

b o(b) o
dz - dp dg
~— < m? S —<n2S—=1.
) 7\2 2)2

), 86 ol @+ %) o (@ + %)

Ho coramacuo onpepmenenuio aucaa b’ maTerpalt, croamuit cie-
Ba, pasen equmumne. IlomydeHHOE IpOoTHBOpeUMe NOKA3KIBAET

cyIliecTBOBaHNE IIOCTOSHHOM 1).

AHajgornTHo MOKa3HIBAETCA CYyIecTBOBaHHE E. D
JNoxasareabcTBo TeopeMu. O6osmauum gepes L.
ofpas orpesra 0, mpum oToOpameEnH W= W (z) U IOIORUM

(puc. 6)

ut(z) = f;_lf? Rew, u=(z) = u}éli Rew,
x 3

o(z)=u*(z)—u (z).
ITockoapky orpesok 0. coemumser kpusnie C* m C~, To Kpu-
Baa L, coequuser mpamsoie Im w= % uImw=— % Jdra

KpuBag JAEKHET B HPAMOYIOJbHEKE IImw|<—;—, u-(z)<
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<Rew <u*(x), u uMmeer obumime TOUKH ¢ RaKA0i M3 ero
tTOPOH (BO3MOMKHO, B HX KoHunax). IlosTomy pumpa KpuUBOR
L: e MeBbIIEe NIMHL [HATOHAIM NPAMOYTONLHUKA, KOTOPas

pasHa Yn?+ 0?(2). C mgpyroit cropoHE!, AaumEy KpuBoi L,

MOMKHO 3amHCaTh B BHJe WH- w)
Terpaia i
{Haw)={ {aw(z)|= z Z
Ly 8«

’ ’ V/ A ”727
= [lw' @)1 dz| = [ 1) dy. - -

Oy Ox
CaegoBateanHo, MH 1IMeeM He- i /
PaBeHCcTBO ' v )
Wz,
2 2 ' 2
n +w(x)<{§|w(z)|dy]. Pac. 6
b

Ho B cuny nepasencrsa Bynaxoncxoro — IlTsapma

2
” ig dy] < 5 f*dy f g dy. (6.2)
Hosromy, momaras f=1, g=|w'(z)| m ywurmsas, uro
dy = 0 (), npuxopuM & HEepaBeHCTBY
2%
72+ 0 (1)) <0 [ 1w ()12 dy.
6y
Heas ofe wacTu aroro HepaBeHcTBa Ha 0(r) m muaTerpUpys
00 z oT a fio b, moayvaem
b b
SS |w’ (z + iy) |> dz dy =n? ei(i—) j m dz,
" a a

aex

Wererpan, crogmuii B eBOi 9acTH HEPABEHCTBA, €CTH HE UTO
HHOe, KaK maon(ajab ofpasa gact oGaactu D, 3ara0ueHHON
Mexny 0. u 0p, mpu orobpakeHnu w = w(z) (CM § 1, dop-
myay (1. 3)) dtor 0o0pas ABAAETCA WACTLIO TOJOCH

|Imw|<—, 3aKII0YeHHOE Memuy KpmBhiMu L, u L, Tak
9TO OH 33BEJ[OMO JIeRUT BHYTPH IPSAMOYTOJIbHUKA

|Imw|< 7 u—(a)<<Rew <<ut(b)
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H ero Iaomannh He IPEBOCXORUT IJIOIHAAN 3TOTO ITPAMOYTOJL~
apka, Tak kax mwiomamb OPAMOYIOJbHIIKA pPaBHA

n[ur (b)—u(a)]| =n[u (b)—u¥(a)] + nlo(d)t 0 (a)],
HoJy1aeM HepaBeHCTBO
b

b
—(b)—ut(a)>= j‘ed(a;)+%j‘%(g) dr — o (a) — o (b).

a

Ho u*(x) u u~(x)— Bospacraiomue ¢pyuroun z. Ilosromy
npp a<<E<n<b mmeem u (b) —ut(a)>u~(n)—u*(E).
Buibupag & u 1 y/IOBAETBOPAOINUMH YCIOBHAM JEMMBE, IIO-
aydaeM

b
de 2n>n5

@) — 4m,

n

—yt
i~ (b)) —u (a)>n5 1)
Jro faer yTBepiKAeHHe TeopeMbl, Tak Kark Re w(L)>u~(b)
mpu L= 0, 1 Rew(z)<u*(a) npu 2 0,. [ ]

Caegyromuii pesyabrar, mpuHajiemamnii Bapmasckomy,
HozBoJdAET orneHuBaTh Bequumny Rel[w(§)— w(z)]| ¢ mpyro
croporbi. B sTtoM pesyibrate Ha wpuBbe C* u C~ HawkIagh-
Baiorea Gosee mecTRUE YCIOBHA.

Ypasuenns kpusHX C* un C- GymeM LpefmonaraTh mMeIo-
IMUMHE BUJ

y=9*(z), y=9 ().
fleno, uro 6 (2)= ¢* (z)— ¢~ (z). Kpome Toro, Gymem o0osHa-
qath ¢ () = —;—[CP"‘ (z) + @~ (z)]. Torna

9F (@) = 9 (2) & 50 (2),

Teopewma 6.2, Iycrs dasn ecex z umeen |¢’ (z)!<M,
[0 (z)I<M. Ecav a<b, z€0,, L= 0,, 10

Re[w(f) —w(7)] <
b b
1+ 9”() n (87 (2)
<n5— e dz—l-ﬁ-j‘ 00 dz +12n (1 + M?).
a a
JHowrasareunbcTBo. Obosnaunm gepes P, oGpas orpes-
ka Rew=u, |Imw|<m/2, npn orobpaskemnn 2z=2z(w).
fleno, uto wpusaa P, coemunser kpmebie C*+ u C~. ObosHa-
qum 2t (u) = sup Rez, z—(u)= inf Rez,
&Py sSPy
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3aMeTiM cHavdaJaa, 9To
xt(u)
dz
— 4
x(u)

HeficTBUTeABHO, eciim HHTEPeCYIOIMl HAC MITErpat MeHbIIe
IBYX, TO roBopuTh He o ueM. Ecau om Goablme JBYX, TO,

B3AB TakWe BHAUeHHs Y, uro0nl Rew (2t +iy*)=
=Rew(z~+iy )=u, mMp moayumMm coraacuo teopeMe 6.1
xF
O=u—u> dz 4 + — gt
T o) a (z* = z* (),

—
OTKYZa u ciexgyer mepaseHcTBo (6.3).
IlepeiimeM ® ocHOBHOH dWacTu poraszarexabersa. Ilyerhb

s 1
w=u+iv— aobag Toura moioecn |Imw| < Homomnm

EW) =t =1(x, v), y&v), Ty = y _6?;)(1) 1
rae z(u, v)y=Rez(utiv), y(u, v)=Imz(u+iv). Tax rax

roura z(w)=z(u, v)+iy(u, v) aewur B obnactu D, a 3Ta
obxacts onpepneasiercsa HepaseHcTBaMu ¢ (z)<y < ¢t (z),

e ot = 9@ x5 0@), 0 — 5 <EW) <+  upu
-—%<v<;- U Tpu d00KX U, a E(—_I_——n—)= i-;—. ITosTomy

~:(3) —¢(-%)-

YO < ([0 do=

(S35

at oz at ay
|5z 30 + a5 a0 | %

I
C—ein
mal")m::\

DA
A

niau

at a. gt a
1<{ || =& i)

‘6z v ' @y ov vl -

01 ——ye

K  mocaegmeMy  mHTETpadly  OPUMEHHM  HEPABEHCTBO
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Bynsaxonckoro — Illsapma (em. (6.2)), mnomomms f=1,

_ | 8% d= Mayl
8=\ Tl
/2
ot 8 ot 8
Jdro mact 1< n S v az +a; aly)I d
—/2

9T 9z | 9T oy | ot \? o 2] (az )2 (65/)2]
EER TR <[(5;) +(o—y) [% ) |
Iloaromy
/3 2 2 2
0T at oz dy
t< ) &)+ (F G + (5]
—a/2

ViBrerpupys mociaeqsee HepaBeHCTBO mo U OT U; = Re w(z)
1o ug=Re w(}), nomyuaem

wen] § ) ¢ (TN + (2] o

Cnenaem B mETErpaie 3aMeHY MePEeMEHHHIX z =z (U, v), y =
=y (u, v) (1. e. oroGpamenne z=2z(u+iv)). Axob6man aroit

o oz \?
3aMeHH B cuay ypapHenmii Homn — Pumana pasen | —| +

v
dy \? :
-+ (—i), Tak 4TO

v
ar \? dy 2

O HEPABEHCTBO OPHBOJATCH K BAXY
ot \? o 2] _
S + (5] was
Dy,2

3pecs D, — o6pas mpamoyroxbsEmKa | Im w| << %, U<

< Re w < ug, npu oroGpakennn z =z (w).

3ametum, 910 0Gnacte D)y 3aBEOMO COTEDIKHUTCA B 00-
IacTu

(,—:NI::X

vy

T (r)<y<o*(z), a <z<b*
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rae o6osnaveno a~ =z~ (u1), bt =a* (u2). Moaromy

bt (otH(x)

uz —u, <n j‘ 5 [(%)2 + (—%)ZJ dypdz. (6.4)

a

o (x)
2 —
Teneps naiigem (%}) + ( Z;) Tax Kax t (z, y) = y (3)(:) ,
TO

a_T__(])'(l‘)_y—q)(x)elx _0_’[: 1

oz 0 () 02 (2) @ 5 = 5@

ot \? at 14+ ¢ (2) y—o(z) . ,
(35) +(5J) 0@ 0@ T (=)0"() +
—o@P on

-+ o (@) 0" (2).
Tlogcrapum aTo BRIpajKeHme B (6.4) M BHIIOIBWM HHTETPHPO-
Baame mo Y. Ilocime HecmoskHEIX NpeoOpa3oBaHUMl HOTYIUM

vt
dx

Uy — Uy < 5‘{1—{—(;) ()+_912()}—6_(5'

a
TlockonbKy m3 yciaoBuit TeopeMml ciaexayer, aro 1 + cp" (%) +

+ -11—29"(x) 13 (1 + M?),a cormacuo mnepasencrsy (6.3)

a b+
dr
S 6@ *

dz
g 0w <8,

ME DPEXOAHM K yTBEPIKICHUIO TeopeMsl. | |
IIpm Tex e npepmomo:xeBmAX, 4To W B TeopeMe 6.2,
MOJKHO MOKa3aTh n HepaBeHcTBO

’2 ’
Re[w(§)—w(s )J>nf L g ——f"e(ﬁj? dr+C

(ZEBH, CEGb),

yrounsomee HepasencTso Axbdopca. [ ]
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Mpepumonosxus, aro ¢ (z)— 0 mpm £ - oo u gro

o0 ,2 00

ee (S) dz < °°J(| 0" (@) | + 9" (x) ) dz < o0,
0

0

MO{HO IOAYyYATH HopMyTy *)

Cx , o
w(x + iy)=C+n.§H+mdt+scinqy +o(1)

0

(z >+, z+iyeD).

*) Hecroabko muroe m3inoskenme GopMya BapimaBckoro mMeercsa B
[13]. Tawm e fana ccplIKa HA OPUTUHAJIBRYIO CTATHIO.



Taasa VI
TEOPHIS BBIYETOB

Teopema Homm m Teopema o BEIYeTax OTKPHBAIOT MHDPO-
KHe BO3MOMSHOCTH JiA Dpeo6pasoBaHus BHTETPAJOB OT aHa-
auriraecknx dynxmuii. Kpome toro, reopeMa o BhIYeTaX 9acro
103BOJMACT IPEOGPA30BATh PA3TUIHEIE CYMMBI B HHTETPAJHL.
Bea coBOKyIHOCTh UPHEMOB Hpeo0pa3oBaHMA HHTETPAIOB W
CYMM OT aHAJWTHYeCKHX (QYHKIOWHA IoNydwjga HasBaHUE TEO-
puu eviuerToe, B aToil riape M3JIAralOTCsS OCHOBHBIC HPHEMEI
TAKOro Poja Ha PAfe KOHKPETHHIX 3amad.

§ 1. HecobcrBennsle KOHTYpHBIE HHTErPaibl

Teopua BHYETOB HMEET [€JI0 [MABHEBIM 00pasoM ¢ HecoOCT-
BEHHBIMU WHTETPAJIAMH OT TOJIOMODPPHEIX (yBKIuH, T, €. ¢
MHTETPAJIAMHU 110 KOHTYPY, KOHI[BI KOTOPOTr0 HAXOJATCH B 0CO-
OBIX TOUYKAX HOABIHTErPAJNbHON (DYHKIHA, JTO HECKOIBKO 0C-
JIOASHAET mpUMeHenue Teopemnl HoImm miu TeopeMsl o BLIge-
TaX K TaxkuMm wHTerpasaM. Uro6m DNOACBHETH, Kakoro poga
OCJIOJKHEHMA MOTYT BOSHMKHYTH, PACCMOTDEM OJHH HPOCTOi
IpuMep:

o0

2
—X
Unrerpan I = S e~ dr MOMHO paccMaTPHBAThL KaK MH-

—_—00

Terpayx mo rpanmne noxyniockoctd Imz >0 (mam Imz <<0)

2
ot gymumuu f(z) =€ *, romoMoppuEON p ITON MmOTYMIOCKO-
CTH H HMeIollell B TOUKe Z=oo (JNesKaliej; HA TpaHUIE BTOH
MONYTITOCKOCTH) CYLIECTBEHIIO 0¢00yI0 TOYKy, Ecam OB Teo-
pema Hommi Opira npnMeRwMa, To MHTErpai Owr OBl paBeR
nymxwo, Ho on, ouesupuno, moromnTenen (M3 agannMsa H3BECT-
HO, 9TO OoH paseH Vi).

FcrecToeRHO BO3HMKACT BOIPOC, KOTAA JKE MOIKHO IPHUME-
HATH TeopeMy o BBIYeTax (B "acTHOCTH, Teopemy Homm)
K HATErpajgy 1o 3aMKHYTOMY KOHTYDY, €CIH 3TOT KOHTYD
IPOXOXHT 1epe3 0co0yi0 TOYKY NOJBIATErpaTbHol QyHKIEL. | |

ITpusejeM BECKOTbKO HPM3HAKOB, NO3BOMAIMAX OTBETHTH
a@a aror sompoc. Ommako npeskpe dem OPMyaHpoBaTH TR
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OpPU3HAKH, MBl Pa3bACHHM CMBICI SBJEHUA, BOCIOJH30BaB-
IIKCh JAJIA 3TOTO OPHUBECHHBIM IPAMEPOM.

2
Pacemorpnm nopefienme Mopyia QyHKNME € ° B OKpecT-
HOCTH OCCKOHEUHO ymadenHod Touxku. Ilowaraa 2z=re™,
nMeeM

72 I —rZcos2p

=e
T T 3n
Iockoasry cos2¢ >0 mpu g <oe<p ummpn Lo

5n
<-» @ IpH OCTAJIbHEIX @ mMeeM cos2¢ <0, oxpecrHOCTH

6ecKOHEUHO Y/3JeHHOH TOYKM pacHagaerca Ha deThIpe PaB-
HBIX cexkropa. B mByX cextopax

z|>R, —T<agz<T,
2|>R, S <argz<it,

2
MORyTb YHKOHE € ~ Mal, a B [BYX ADYTEX
3
z|>R, T<argz<-T,
3n n
|Z|>R, —'4—<3ng<—‘_4":

Beauk. HomOer Hamero KomTypa (AelicTBHTENBHAA OCH) yXo-
2

AAT B Te CEKTOPH, Ife MOAYJAh (YHKIHE € ° MaJd, 9To U
€CTeCTBEHHO, MOCKONBKY HHTErpajg MoJaieH cxomaTnea, Of-
HAaKO KOHIIH KOHTYpa MOrim OBl DONAcTh KaK B ONUH CEKTOD,
Tak 1 B pasmbie, OHE Iomaju B PAa3HBIE CEKTOPHI, M MHTEr-
paJ He paBeH HYJK. JTO HABOAAT HA MEBICAb 0 CYIIECTBOBA-
HOU o0IIeil 3aKOHOMEPHOCTH TaKoro pofa. lakas sakoHoMep-
HOCTH MEHCTBHTENBHO CYINECTBYOT HJIA BCEX HPOCTLIX (yHK-
IHi, ¢ KOTOPBIMA OPHXOMHATCH WMETh [eJ0 B KOHKPETHBIX
samauax. i comanennio, a00ag NOOBITKA ONHCATH TOT KIAace
(QYBEKOHA, OIA KOTOPOTO 3Ta 3aKOHOMEDPHOCTH UMEET MECTO,
OPEBOIMT K O9YCHL rpoMo3fKEM QopMyanposkam, ITosTomy
Jydime [OKa3EBaTh HPOCTo (POPMYJNHPYEMEIe OCTATOYHLIE
YCIOBHA, KOTOPHIE BHIIAMAT [[0BOIbHO INPOCTHME YaCTHHIMHE
cayuasaMu, a o0myio 3aKOHOMEPHOCTh HMETh B BHAY, He Tpe-
6ya ee crporoil ¢opMyaunpoBrd. OO6m@as 3aKOHOMEDHOCTD
COCTOHT B CJIeTYIOIICM:

Jibas docrarouno Maaas OKDECTHOCTL 0CO60U TOUKU
Pynryuu f(z) pacnadaerca Ha HeKOTOPOE UUCAO COAZHBLE
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yacreli. B noaoeune uacreill modyaw Pymryuu f(z) maax,
a ¢ dpyzoii noaoeune eeauk. Ecau o6a xonya kourypa C no-
nadaior ¢ odny ceasnyro uacts, ede 1f(2)| maa, 7o K unree-
pary or f(2) no C MONHO NPUMEHATL TEOpEMY O 6LILETAX,
ecaAu 8 pasmble 4acTu — HeAb3A. '

Taxum o6pasoM, eclE Hac HHTepecyeT HHTErpax oOT
dynrmun f(z) mo 3aMxByTOMY KOHTYPY C, mpoxopamieMy de-
pes 0co0y0 TOIKY 2= a, TO B HEDPBYIO oUepPefb MBI MOJKHEI
BBIACHHNTD IoBefeHne MOAYIA [(Z) B OKPECTHOCTH 3TOH 0CO-
6ol TOYKH ¥ HAWTH Te YaCTH OKPECTHOCTH, rae 0H Maj. Ecian
00a KOHI|Aa KOHTypa IOMajaloT B OAHY CBA3HYK YacTh OL-
PECTHOCTH, TO BO3MOKHOCTL NPHMEHEHHs TEOPEeMH O BEIYe-
Tax Jerko JOKashIBAETCA ¢ MOMOLIHIO OJHOT0 M3 IPH3HAKOB,

KOTOPBIE MBI ceifuac H3J0KUM. D

Yro6p obnerants (opPMYJTUPOBKE, MOTOBOPUMCS O HEKO-
TOPHX 0003HAYCHHEAX.

Ilycts oGmacts D orpaHmiena KYCOYHO IJAAKOM KPHBOIL
C, a z = a — HeKoTopada ToUKa, Jemaman Ha C.

O6osnauum uepes K, xpyr |z—al<p mpm a# ~ m 0o6-

nacth |z | >% [OpHE @ =,

Yepes D, o6osBauum wacrts D, gemamyro sre K,, depes
C, —gacts C, pexamylo sHe K, 4epes y, — 9acTh rpaHHIlLI
K,, nemamyio B D. (flcmo, uwro rpammma D, cocromT u3
Co m v,.)

Teopema 1.1, ITycro Pyuryusa f(z) zoaomopdra 8 006-
aactu D, 3a uckalouenueMm KOHEUH0ZO uUCAE NOAIOCOE 3,

29, ...y Zn, U HERDPEPLIBHA 6NAOTL GO ee 2PAHUYbLL, 3¢ UCKAIO-
yenuem TouKu 2 =a. Ecau
{t@dz|>0 (o0 (1.1)
¥p

u ecau mecobereennwiii unreepas or f(z) no C cywecrsyer,
7O

Sf(z) dz = 2ni é res f (z).
e 1 z=zp

HJokasarenbctTBo, Ecaum HecoGcTBemHbIT HHTErpad
or f(z) mo C cymecrsyer, To (cm. § 6 ra. I)

{1@dz=1m | f(2) dz.
c =0 ¢

Cp
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C nmpyroit CTODPOHBI, COLMACHO TEOPEME o BBHIYETAX MATErpal
po rpammne obmacrm D, ot ¢dymrmmm f(2) mpm mocTaTodHO
Maamx p (9To0B Bce momiocw f(2) oxasammeb B D,) papen

2mi é res f (2).

1 Z=Zk

ITockonnky rpasuma D, coctour u3 C, m 7, 3To 03HAYACT

s‘ f(2)dz = 2nié res f (z) ——S f (2) dz.
Vp

Z=2
Cp 1 z=zp

TMepexogs ® mpemeny mpm p — 0, monyuaem yrBep:KucHHe
TEOPEMEL.
Jamevanne. Oboznatum depe3 y(p) maUBY 7, &

M (p) = max| £ (3).

€%

Torga somorsenme ycaosua (1.1) 3asemomo ofecmedeno,
ecau

M{p)tx(e)—>0  (p—0). (1.2)
flcmo, aro mpm a % o~ umeem Y (p) < 2mp, a Opu @ = o
2n .
mmeeM Y (P) <—p—. IToaromy ycaomme (1.2) MokHO 3aMEHHATH
eme Gosee MPOCTHIMH YCTOBHAMME:

1913(1) pM(p)=0  (a~ o), (1.3)
lim M@ _ o (2= o). (1.4)
pso P

WNnBorga 3THX OpOCTHIX YcaoBmit ObIBaeT HegOCTATOIHO.
Caenyromuil pesyiabrar, patomquil Gojiee TOHKOEe YCIOBHE,
moctarounoe mias BoimonBenus (1.1), BasbiBaercs semMoli
Hopoana.

Jemma 1. IIyerv Tr— dyea orpyacnocru |zl=R,

|argz—(p0|<%, a pynryus f(z) ydossersopaer na aroil
dyee nepasencrey

|7 (Re®) | <e(Rye™ ",
Ecau e (R)R'-"—~ 0 (R~ «), 70
lim | |7(2)]|dz| =0.
R-o0 Tg
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JorxazaTteanbcTBo. YpasHemme nyrm [p mmeer BEJ

. n
z=Re", lcp — @ | <5, - Ioaromy |dzl=Rd¢ u
n
_ ot
g —RVcosv(p—@ )
(1@< Rrer) | e @7 g —
Tr _z
wO

2v

= 2 Re (R) | e7™"5n0 g,

QL"_)MI;-‘

TTockombry sin 6> % 0 opn 0<<O< %, To npu R — oo

2 ¢ “%GRV T o1
(|f(z)||dz|<738(3)5e a9 — = BV (R) >0,
l:‘R 0
u JemMMa fokasasa. [ |

Hourypet C; n Cq, niia ®oropoix

Y /() dz = S‘ i () dz,
1 Cy
MH Yacro OymeM HA3bIBATh A KPATKOCTH IKGUGALEITHBIMU,
Bompoc 06 oKBUBAJCHTHOCTH [BYX KOHTYPOB, MMEIOIIUX

o0Lue HAYaX0 W KoHEN, PeIlaeTcs CBefeleM K WITerpary
1Mo 3aMKHYTOMY KOHTYPY.

ITpuremeM THNWYHBN TPHMED PAaCCY;KAEHWA ¢ JOKAa3a-
TEIHCTBOM JKBWBAJEHTIOCTH KOHTYPOB.
IIpumep 1. Iloxkaem, uro

00

Ysinxzdx =jcosx2 dr = .l/—nz—
0 0

oo _
— 22 1 =
N3 amanmsa msnpectno, uro \e = dz= 71/“- Beine Mp
0

2
yiKe MCCIe0BaIn TOBCeNITe MOy PYRKIUiL e - B OKpecr-
HocTH (eCKOHEUHo yAaJleHHOH TOYKA M NMOKA3aJm, 9T0 oH MaJ

b4
B yrie |argz|<T. IToxkamem, 4Wro Bce JyIm argz =g,

T
|(P|<'Z' ABNAKTCA 3KBEBAJEGHTHBRIMH KOHTYpamMn. DBoszbmem



220 TJI. VI. TEOPUA BEIYETOB

i i/ 2
-7 La <P <T I PaccMOTpUM WHTErpajJ oT €~ % mo rpa-

Hune cexropa |z|<R, a <argz<<p. Ilo reopeme Hommu aroT
mHTErpajJ pased Hyxoo, Ecaun o0o3HaynTh 9epes LRtp orpe-

sox (0, Re®), a wepes I'p,q —nyry |2| =R, a<argz <,
10 3T0T (PaKT MOKHO 3ammcath Hopmyroi
.2 _ .2 _,2
Se’dz-l— 5 ezdz—Sezdz=0.
fleno, uto mpm R — o ymrerpan mo Lg crpemurcs K uH-

Terpayy mo Jxydy argz=¢ (ecau om cymecrsyer). Ocraer-
CA OLEHUTH MHTETPAJ o Jyre FRaB‘ Ecan o> —%, B<%,
To crpemnenue mATerpata no I'r g ¥ Bymio mpE R — o mxer-
KO DonXy4uth m3 3amevanma k Teopeme 1.1. Opmaxo npm
o= — Tn unm f = %
cpasy mpumcnuth nemmy sHopmana. Ouesupmo,

aro yxie He ymaercsa. llosromy myunie

2 2
| o B cos20

(|z] = R, argz= o),

1

T.e.v=2,e(R)=1m s(R)Rl—V=—E

— 0. CaeposaTensHo,

flellaz1< | le?]jaz)»0 (@)

Tr T ana
“ B—yq
Orciofa BEAUM, 9TO
el ooeih
2 2
5‘ e’ dz = S e ” dz (—%<a<ﬁ<%).

0 0

4
Moxomus, 8 gactaocTH, oo =0, aff= e JdTto macr, 910

—

—;— Va= Se—zz dz = 5‘ ¢ da.
0

i

o 4
lemaa Bo BropoM HIuTerpale 3aMeHy IEDEMeHHON 2 = ze ",
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0 <z < o, ponyuaem
1 2 e
- Va=et Se”‘x dx.
0

Otpenssa AefiCTBUTENBEYI0 M MHAMYIO 9acTh, HOJXyIaeM Tpe-
GyeMsbie hOpPMYJIIEL.

§ 2. AnannrruecKoe TPOIOIKEHHE
KOHTYPHBIX HUTErPaoB

Tloganasoniee GoabrmuucTB0 GYyHKIMAA, ¢ KOTOPHIMA HpH-
XOMUTCA HMMETh [eJO B aHalmse, yAaeTcsi HPEICTABATL B
BHAEe HEecoOCTBEHHEX KOATYDPHHIX HHTErpasos. IIpm mx mc-
CIEOBAHAN 3HAYATENBHYI0 DPONB WMrpaloT coodpaj;keHus, m3-
nomennsle B § 1. 3aMeHa KOBTypa WHTErpUPOBAHUA 3KBUBA-
JeHTHBIM OTKDHMBAeT MMMPOKUE BOSMOKHOCTH [JId AHAJIATH-
9eCKOro NPOAoKeHHA (YHKIOUE, NpeicTapieBHEX HHTErpa-
AaMu, W A DONydeHds oINeHOK 3tux Qymrumii, Jfowxamem
IBe TEOpPeMH 00 aHAJUTHIECKOM IIPOJXO;KEHHH HETErpajioB,
Ha KOTOPHE YacTo DOPHXORHTCH ONHPATHCH BO MHOTHX
BOHPOCAX.

Teopema 2.1. ITycre pynryusn f(T) 2oromoppna u oe-

paruvena 6 yeae |argf— @|<<a,a g% Tozda pynryus
ooei®

Foy= | rpe™a

MoKceT 6bITL QHAAUTUHECKL npodoadcena g Yeoa|arg z -+ ¢|<<
7
<7z

HorxasareabcTBo. Warerpan maa Gymrmum F(2)
PaBHOMEPHO CXOAMTCA HO 2z B moaymiockoctn Re(ze®)= 6>
>0. Heiicrsurensno, npr Re(ze®)=6 m npu argf=g¢
nMeeM

@) <M, le=| <e,

T. €. DOABIHTErpajJbHag (QYHKIUA HE OPEBOCXONUT abCOMI0T-
Ho uHTerpupyemoii gymxnmm Me°*. Tlo mpmsnaxy Beitep-
mrpacca (§ 6 rm. I) MB1 yBempgaeMca B DaBHOMEPHOH C€Xo-
guMoctu HETerpana. Crhemosarenbmo, pymrmma F(z) roxo-
Mopdra B moraymrockocta Re (ze)> 0.



222 TJI. VI. TEOPHfI BLIYETOB

ITomomum Temeps z=re~™, r>0, I BLHIACHOM, KaKHe
KOHTYPHl UHTErPUPOBAHUA DKBUBANEHTHH AyYy arg g =¢.
Ecan arg =10, 10

|e-zE| — e-—-rICI(‘ns(q;-e),

T. e. MOAbLIETerpanbHag QyHKIua f({)e™** crpemmrTes K Hy-
a10 GwicTpee moboil cremenn § B yrae |arg§— ¢l <ea. 970
o3Havaer, yto Bee ayud argt=0 opu |0 — ¢l <o asaa-
0TCA DKBUBAMCHTHBIME KOHTYDAMH, T. €.

weib

F@= | j@e*d  (ugz=—¢,|0—g|<a)

Ho mo TeM e coo0paskeHNAM, YTo M BHINIE, MOCHETHWH WH-
Terpaj mpefcTaBaser coGoil QyHKIUIO, roaoMopdHEYI0 B IO-
aymrockoctn Re(ze®)>0. TarknMm 06pa3oM, M IIOJYTHIH
aHAJIUTHYECKoe Npofomkenue Gymrmuu F(z) BO Bce moxy-
nxockocT® Re(ze®)>0, 160 — ¢l <a. Jlerko yGegurses, 4To
BCe BTM IOJYILIOCKOCTH B COBOKYIDHOCTH o0pasyior yroa

largz + @ | << 121- + a. Teopema gokasama.

Jameganmne 1. flcro, 9ro ycaoBHMe OrpaHHYEHHOCTH
$yurmun f(§) b yrae larg & — ¢l <o BHe ouemp cymecrsen-
HO [JIA AHAAXTHYIECKOrO Ipofgommkenns. Ecaum morpeGosars,
uro0nl Qynxmua f(§) Osma romomopdEa B yrae largl—
— ¢l <o u ynosmersopama ycaoBuio

|1 (re) | <g )™, [gndr<oo

1
l0—¢l<a<F)

MBI TeMH e PACCYMICeHHAMH IpujeM K BBIBONY, 4T0 QYHR-
nuo F(z) MoMHO aHAJIUTMYECKH IIPOJOMAKHUTH B 00JIACTH,
ABIAINYIOCA o0BegunenneM modylaockocreii Re(ze®)>
>v(0), 10 — ¢l <a.

3ameganue 2. DBug mopsiETerpansHoil (pyuKmunm He
ABAAETCA cTporo obgaaTensHeM. Hanpumep, MokHO OHLIO
7O0KA3aTh AHAJOTHYHYIO TEOPEMY JIJIA HHTerpaJon BHAA

coet®

Fo= | 1027 (Re(x)>0).
0
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Ucnonbsyas Ty me upew, MoRHO BHIOIHUT: H 0ojee
fajleKoe aHAIUTHYECKOe MPOJOIKEHMe, CBA3aHHOe ¢ 00X0IoM
roukm z =0, Koropas, BoOGIMe TrOBOpA, MABIseTcH 0co0O
touroir ¢ymrumn F(z). IIpuBemeM omue mpuMmep, B KOTOpOM
coBeplIaeTcHa TaKoe HCclaeloBaHMUe.

IIpumep 1. Ilycrs $ymruna F(z) samama pmua peii-
CTBUTEILHBIX ITOJOUTENBHEIX 2 PABEHCTBOM

oo __ZE
Fa)=\ ——
OX 1+

Haiimem amamnrmyeckyo QYHKIHDO, DOJyYAMINYIOCA aHATII-
THYeCKUM TIPopoisxenneM QyErumu F(z).

(VI+T>0).

Ilockonsxky ¢yuruza f(§)=1/—1-_€2 ronoMoppHEa B
1-+

moaymiockocT Re{ >0 ® orpaEuueHa B KamIOM yrie
I
|arg§|<a<7, MBI TONMyYaeM H3 TeopeMsl 2.1 aHamUTI-

qeckoe Ipofoimerne GyHRONT F(z) HA BCIO IIOCKOCTE 2
¢ pa3pe3oM IO OTPMIATeAHHON dYacTH MAeficTBHTENLHON oOCH.

CeameM ¢ RajgsiM 3HagenmeM 0 Qymruumio Fo(z), roso-
mopdry® B moaymiockoctd Re(ze='°)> 0, xoTopas moxyua-
erca 13 QyEruuu Fo(z)=F(z) aHAIUTHYECKUM IIPOTOIKE-
EneM u3 roukn ¢ (Ret>0) B roury fe'® mo mgyre orpymx-

soct |zl = ¢, O<arg—zt—<6. W3 Teopemst 2.1 ciaenmyer,
970

Fg(z) =

%dg l61<%).

ITocrponm remepsb dyurumo Fo(z) gaa awobeix 0. laa sroit
uenum obo3HayuM uepes Lo crnefywormuil KOHTYD:

Hpu O<6<%— aye arg { = —0.

41 3
IHpu 5 < 0< —~ ClellaeM B ILIOCKOCTH paspes mo OT-

peary (—i, i) u cocraBuM xoHTYp Le u3 orpeswa (0, —i)
mpasoro Kpas paspesa, orpeska (—i, 0) meBoro kpas pas-
pe3a ¥ u3 Jgyda arg t=—0

Hpu = M <o< 2“ cocraBnM KOHTyp u3 orpeska (0, —i)
IPaBoOro Kpa}I paspesa, oTpeska (—i, i) JeBoro Kpas paspe-

3a, us orpeska ({, 0) mpasoro Kpag paspesa U U3 ayda
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arg L = —0. Ilonomum

Fe<z>—j V1+ & (Re(z®)>0),

Jlerko yGegurbes, uro ecau 0, 0' @ arg z GauMaKE MemIY
co00H, To koHTYypEl Le m Lgr dKBUBaMeHTHLI, T. e.

Fo(2) = For (2)

npu 6musknx 0, 07 u arg z. Ilosromy cosokymuOCTh ymKImIl
Fo(z) ocymecTeuser aHaauTHYECKOE IPOOIeHNe (YHKIHA
F(z). Rampan ¢ymruua F,(z) rosoMopdHA B MOAYILIOCKO-
ctt Re(ze=°*)> 0. Korga Benuuuna 0 yseauuusaercs Ha 2,
MBI BO3BPAIMAaeMCA B IIPEMKHION TOYKY IIOCJHE AHAAXTUIECKOTO
OPOMOMKEHAA [0 OKPY:RHOCTH, 00xoiamed Touky z=0 mpo-
THB 4acoBoil crpeskyt. IIpu 9TOM K MCXO[HOMY 3HAYEHUIO MH-
Terpana jofamiserca MWHTErpaa Io obeuM CTOPOHAM pas-
pesa (—i, i), B3aTHIl B TakoM HampasaeHum: (0, —i) mo
npasoil cropome paspesa, (—i, i) mo JieBo#t CTopoHe paspesa
u (i, 0) mo mpasoii cropone paspesza. Oyurnmw V1 -+ 5?2 Mu
CUATANM IodoKuTennHolt mpu § >0, Tak uro oma moOAOMU-
TellbHA ¥ ‘HA IPaBoil cropome paspesa. IlosTomy, BHIUMcARA
Ao0aBIsAeMbIi MHTErpa, moaydaeM

Fouan() = Fo () —2i |
-1

3amaga 06 aHAJIATHYECKOM HpofoJuKeHnH QyHKIuN F (2)
pemrena. | |

Crefyomas TeopeMa OTHOCHTCA K Bompocy o6 amamuTu-
qeCcKOM IPOJOMMKeHNHN UKTe2pasos tuna Kowu

F() = - [Eff)z dr. @.1)

Crawamna JgokaseM roimoMopdHocTh (GyHKIHH, IPeCcTas-
JIeHHOH ATUM HHTErpayioM.

JemMma. Ec./Luj‘ 1'_]‘}_':2" |df|<< oo, 70 unrezpan (2.1)

DPABHOMEDHO c:coc?urcn no z Ha AM000M 3AMEHYTOM MHONCE-
crae, e colepaauyem Touer rourypa C.
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HorasarensctBo. Ilycrs E — xomeuHoe 3aMKHYTOE
MHOKeCcTBO, He cofiep:kamee Touek koHTypa C. OGosHaimMm
vepes R pagdyc kKpyra ¢ IeHTPOM B Hadajxe, B KOTOPOM
TemuT MHOmecTBo F, a depes p — paccrosaue.or E go C.
Ecin t=C, a z€E, 10 [t —zl=p npm scex {, a npu

1
¢l = 2R wumeem |{— z|>=>|C|— |z|>7|{;|. ITosToMy
upn mexotopoM M = M (R, p) cupase/iuBo HEPABEHCTBO

@ 17 @1

Orciofia (B CcHIY YCHOBHA JIEMMH) IIOAYYaeM C IOMOIIBIO
npuzHaKa Beftepmrpacca pPaBHOMEDHYI CXOMMOCTH WHTE-
pecylomiero HAC HHTerpasa.

Caegecrnme. Hurezpas
(2.1) npedcrasaser dyuryuio,
eosomopdryro 6 kaxdoi obaa- IA
cTu, He codepicawyell Touex KOH-
rypa C.

Ecan xomtyp C pmendr Iioc-

KOCTh HA YACTH, TO B KaXJol

TACTH MBI MMEEM CBOI TI0JO0-

mopdpryo QyExnuo. B aoGom Puc. 7

ciygae TOYKH KoHTypa oOpasy-

T rpaEuny obmactu rodoMopdmocTu umETerpaxa (2.1).

Crnefylomas TeopeMa MOIHOCTLIO pemiaer Bompec o0 aHa-
MUTHY9eCKOM NDOOJKEHWN NHTerpaxa TAna Homu dHepes
TOUYKM KOHTYPA MHTErPUPOBAHMHI.

Teopema 22. Iycrv gynryus eosomopdra e obaa-
cru D, codepicaweil rycor Co rourypa C (u we codepica-
weii dpyeux touer C). Iycre, daree, Co deaur obaacrv D
na dee wacru D+ u D, aexwawue, cooreeTcTaento, caeeq or
Co u cnpasa or Co, a F*(2) u F~(2)— pynryuu, npedcras-
acnnvie unrezpasor (2.1) ¢ D* u D~. Toeda ¢ynryus
F~(z2)+ f(z) Odaer anaasuruueckoe npodoascenue PyHEYUU
F*(z) ¢ obaactv D~ uepes dyey C,.

HorasatenscTBo. OGosmayum uepes C* xoHTyp,
ornuvaomuitca or koarypa C teMm, uto Cp 3aMeHeHA JacThIO
rpanunsl D (Toft 3 ABYX BO3MOJRHSBIX, JJIA KOTOPOl mOJO-
JKUTEIbHOE HAmpaBJdenme o006Xofa coriacyerca ¢ HampaBlie-
anem C*), flcmo, wTo 3ta wacts rpamunst D gsiasercs u
‘waersio rpamans D (pue. 7). Bewo rpammny D- ofosHaTuM
L-. Tlommmo ymoMsamyToit wacrm rpamugni D B L~ BXopmr
eme Kpusag Co, MPOXOAMMAg B MPOTHBOMOJNO}KHOM HAMPAB-
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nernu. Jloaromy pna a106six z w3 obGmacty D, me mesmamux
ma Co, uMeeM

t (_f@ 1 (1@ 5 1 71(0) '
2ni§’§-—"7d€:ﬁjg—zd‘° ) A2 @ e
* c

-

O6o3maguM MHTErpaj, CTOAIMH B JeBOH YacTH paBeHCTHA,
uyepes F (z). Ilockonbky B oGmacta D mer Touer KomTypa C¥,
To F (z) — ronmomopduasn B obmacrn D pymrimus,

IIpu z =D+ nmeem F(z)=F*(z), rak Kax mepsbii no-
Terpajx B NpaBoil yacTd paBeHcTBa paBeH F*(z) mo ompepe-
JeHu, a BTopoil mo Teopeme Kouru paneH Hyo.

Ilpu z € D~ umeem F(z)= F~(z)+ f(z), rak xax mepsrri
HHTErpal Mo oupefeneHHIo paseH /'~ (z), a Bropo#l pancu
f(z) cormacmo mETerpanbmoit opmyne Kommn.

CrneposarensHo, (yukiua F(z) anmaiuTHuecKd IPOROJI-
skaer ¢yuxnuo F*(z) ma Bcwo obmacts D, m TeopeMa moKa-

sama. ||

Wnrerpans tuna Komn serpevarorcs Bo MHOMMX BOIPO-
cax Teopuy aHATUTHYeCKHX Gymxuumil, Hampumep, MBI yike
ACIIONB30BANA MHTErPANl Tuna Kollm mpum BBIBOJe Pasioske-
mng $yurnun B pag Jlopama.

OaEuM ®3 TUOWYABIX IPuUMeHeHHIT mATerpana tuma Ho-
¥ sABIgeTCA 3aada o pazbmennmn QYURIHM, 3aJaHHOI Ha
rpaEnme o0macTd, HA CyMMYy AByX QYHKUMiL, OlHA M3 KOTO-
puix romomopdHa BHYTPHM obmacrd, a Apyras — BHe ee. ITy
34741y MOMHO pemars u 6e3 IMPeAmoNOKeHns roaoMopdo-
cru ¢dymErmuin () mHa Komrype C (rpamume obGzacru).
B sroMm cayuae dymxuua f(§) mpemmomaraercsa oORIYHO Y/TOB-
netsopAINell ma Kourype ycaceuro Junwuya kaxoro-nubo
HOAOMUTENBHOr0 MOPAAKA ¢, T. €. YCIOBHIO

lF(8)—f(E) I <ML —-T'l* (t=C, T eCl).

06 amanuTUYeCKOM NPONOJKeHuHM TaKmx mHTerpanos Homm
yme He mpuxopurcsa rosopurs. Ot TeopPeMHI 0CTAaeTCA TOMBKO
TAKoe yTBepIKIeHHe *):

Dynryuu F*(z) uw F~(z) pasnomepno Henpepblénbl ¢
obaacraxr DY u D~ cooreercraenro, u

Fr@)—F@)=4&)  (E=0).

*) IToppoGree sTOT Bompoc ocBemex B [23, 24, 30].
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§ 3. Boiuncaenne onpe/ieeHHBIX! HHTErPaNOB

Camoii crapoit 3ajiaueii, K KOTOpoil NPUMEHANACH TeOpHA
BBIIETOB, SAIBAAETCA 3aJlada O BHIYUCICHUE B KOHETHOM BHUJie
MHTerpanos, IAaBHLIM 06pa3soM HecOOCTBEHHBIX, OT jeficTBH-
TensHEBX QyERnui. C moMombo Teopuy BHIETOB MOKHO Haii-
TH 0YeHb MHOIHE HHTErPANbI, HO YUCJ0 IPHEMOB, YIOTPes-

JAEeMBIX I 9TOH Ienan, HeBeJIHKO.D
IlepBeiit TpHeM OTHOCMTCA K MHTErpanaM BHa

I =\ og()dz, (3.1)

g8

rae gyarnua @(z) roaomopdma B monymmockocrn Im z >0,
33 MCHKJIKYEeHWEeM KOHETHOr0 9UCIA IOJKCOB Zi, 22, ..., Za
(me;xamux B 3TOM HOMYIIOCKOCTH), HeIIPepPHIBHA B IOXY-
maockoctr Im z2=0 (3a ucwaloYenweM TeX jKe MOMIOCOB) U
YAOBIETBOPAET YCIOBHIO

j‘ ¢(z)dz—0 (R ~— o0) (3.2)
T'p .

(T'r — moayoxpymuocts |zl =R, Imz>0).

Ycaosua reopemsr 1.1 BEIMONMHEHEH, €CIHM B3ATh B Kaue-
cree o6macru D moaymmockocrs Im z>0. 9ro smauur, uro
uHTerpax (3.1) MoskHO paccMaTpIBaTh KAK UHTErpa; Io
IPaHHIE MOAYMIocKocTH Im z>( U HPEMEHATH K HEMY TEO-
PeMy o BRYETaX. Jro faer Ham HopMyny

j‘ ¢ (r)dz = 2ni é res ¢ (2). || (3.3)

00 R=1z=zp

BuigcHNM BO3MOMKHOCTH 3TOr0 IpHeMa [ HAX0MKJeHUS
WHTEIPAKOB OT AedcTBUTeAsHHX QyHRIMHA. flcHo, 9To B Ea-
decTBe ((2z) MOKHO B3ATh DANMOHAJIBHYI (QYHKIHUIO, ¥ KO-
TOPOH cTeleHb YNCINUTENA HA JBe eJUHUIGI MEHbIIE CTeleHy
3HaMeHarensa (3To HeoOXOAMMO M JIIA CXOJAMMOCTY HMHTerpa-
1a u puA BeImonHeHUA yeaosua (3.2)). G jgpyroit cropoms,
ecay MPeAnoA0KATE, 9T0 yHKENua ¢(z) melicTBATENbHA TPH
AeHCTBHTENBHEX X, TO ¢ IOMOINBI0 IPHHINNIA CUMMETDHH
HETPYAHO IMOKA3aTh, YT0 FPYIUX BO3MOMKHOCTEH HeT.

OnHako A MOMYyIeHUS WHTErPajoB oT [eHCTBUTEIHHBIX
Gyaknuil HE HYKHO IpeIoNaraTh AeiCTBUTENBHOCTH (PYHK-



298 IJI. VI. TEOPAS BEI9ETOB

mua ¢(z) npaE geficrBATenbHE: . MosHO BammcaTth
o0
{ u@)da = Re{.?.m > res lp(Z)} u(z) = Reo(2). (3.4)
S ksl ze=zy

Iro coolpaskeHWe BHAYATEIHLHO PACIIHPSAST KIACC TeX
HHTErpajioB, KOTOPHE BEMACIATCA ¢ IIOMOMBI0 TEOPHU BHI-
9eTOB, HO JEeJNAeT IIPOLecc BHYNUCICHHA 3HAYUTEINHHO CIOMK-
Hee. Jlemo B ToM, 9To B Qopmyrde (3.4) M uHTErpHpyeM
¢yrxmo u(x)=Reg(x), a poigersl Gepem or GyHKHEH
¢ (z). Takmm oGpasoM, ecau 3agaH WHTErpay, TO Mbl 3HAEM
aumb Qysriuo u(z)=Req(z) mpu pefcTBHTENLHBIX Z,
a HYKHO 3HaTh QyHROUI0 @(zZ) Opu Bcex 2. PemmrTh sty
3a]ladyy HUCKOJNBbKO He mpome (B obmeM Buie), 4eM BEIIHC-
ants uETerpai. OfHAKO 9acTo yHaercsA PemIUTH 3Ty 3ajady
noabopoOM | yrajhrBaHEeM (KaK IPH OTKICKAHEA II€PBOOGPas-
HO#). [ ]

IIpmBegeM fnBa pacHpPOCTPAHEHHBIX THIA HHTErPalioB, Ko-
TOPHE HOJYIAIOTCA ¢ MOMOMIBI0 M3NOKeHHLIX cO0OpaKeHmi.

Ilyery R(z)— payuonasavnas Gynryus, y KoTopol cre-
nend HUCAUTEAR MeHbUle cTenenuy 3uamenareas. Ecau dynn-
yua R(x) Odelicreureavha npu deiicTeuresbHbly X, HE UMeeT
roacos na delicraureasnol ocu, a 8 noaynaockocTy lIm z>
>0 uMeer noawCcsl 21, 22, «.., Zn, TO 048 at06020 a >0

S R () cos az dz = — 2n Im 2 res R(z) e,  (3.5)

1 zmzy

[~

. n
{ R@)sinazdz=2nRe X res R(z)e"*.  (3.6)

oo k=1 zmzp

Ecau npu npouuz npednoaoscenusx ornocureavmo R (z)
CTeneHb ee uucaurTean Ha 06e eOunUybl MeHbULe CTEneNU
sHamenarean, To npu aobox a >0 umeen

©

y R(z)In (2* + a®) dz =

-—00

=—4nlm 3] res R(z)In(z 4 ia) (3.7)

k=1 2=Zp

(gna In(z-+ia) Geperca mobag Bersb, roaxoMoppHAs B IO-
ayoaockocrE Im z > 0).
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JlokasarenbcTno 3THX (POPMYN OYEBHIHEIM 0O0PA3OM BHI-
TeKaeT M3 Ccoo0pa)KeBHWH, M3JNOKEHHHIX BHme. [{ns mpoBep-
KA BHmosHeawsa ycaosma (3.2) B mepseix AsyX ¢opMmyrnax
nonb3yeMca jnemMoit Hopmama (§ 1), a B Tperbei — 3aMe-
varnem K teopeme 1.1. [ ]

Bropoit nmprem aumib HeMHOrMM cjoKHee. B ero ocHoBe
NEKUT CAEeAYIONIAa JeMMa:

JdJemma 1. Hycre gynryuu f(z) v g(z) 2osomopPrut
snyTpu noaocet 0 <<Im z<<b, 3a uckawuenuem KOHEUHO20
YUCAA NOAIOCOE Zi, 22, .., BZn, U HERPEDPLIGHBL 8 3AMENYTOU
rosoce (3a uckaouenuem tex e noarocos)y. Ecau f(z)—
nepuoduuecras @dyunryus ¢ nepuodom, pasuvim i(b— a),
U 6LINOAHAETCS YJCAOGUE

{1@e@dz~0 (R o) (3.8)
Tr

(Tr— orpesork Rez=R, a <Imz<b), 70

[ 1@ g+ ai)—go + bl do =201 3, res (32 (2).

—00 1.2 3} z-zh

JNokasarexsctBo. B cuay ycuosua (3.8) pasHOCTB
HHTErpaloB

o o400
| 1@ema— [ 105 d=

oo

= [ 1@l +a)—gle+ bi) dz

—00

MOJXHO pacCMATPABATh KAaK HMHTErpaj OO TPAHUOE IONOCH
a<<Im z'<<b. Ilpumensaa reopemy 1.1, momydaeMm yTBep -
fieHEe JTeMMEL, | |

IlpmBeieM fBa THIIa HHTErpajoB, KOTOPHE BEAUCIAIOTCH
¢ DOMOMBIO 3TOro IpHeMa.

IIycrv R(z) — payuonasvhas @GyHEYUL ¢ noarocamu z,
29y ..sy Zn, Y KOTODOU CTENMEHb HUCAUTEAR HA M eduHUY
HUXe cTenenu 3uamenareas, npuuex R(z) ne umeer
NOANCO8 HA OTPUYATEAbHOU UACTU OelUcTeUTebHOU ocU U
npu z=0, :
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Ilonazan f(z)=R(—e*), g(z)=e%, a=—n, b=, no-
Ayuaem

o0

_Y R(—¢€*) ™ dz =

— 00

- — 2 res R(¢f)e™ (O<a<m) (3.9

sinan Aed O 2

Yenosne 0 <<a <<m obecmeauBaer CXOAUMOCTL HHTErpana o
BRIONTHEHNE yexoeusa (3.8).

Ilonazas f(z)=R(—e*), g(2)= —i—, a=—x, b=mw u
cuuras m = 2, umeem

T R(—¢%
L z* +n2

(3.10)

B obeur popmysraxr 0asa lnz, caedyer 6parv 2aaenble
3NAYEHUR.

IIprMeHeRmEe BTOPOrO OpHMEMa CBA3AHO MPHMEPHO C TEMU
e TPYAHOCTAMH, YT0 U NPUMeHeHHe mepnoro mpuema. Wm-
Terpupyerca ¢ymxnua f(z) [g(z)— g(z+ bi)], a sBuiueTH

Gepyrcs y ynxunn f(z)g(z). [ ]
Tperuii mpueM OTHOCATCA K MHTErpajiaM buja
an
_Y ¢ (¢*) dz, (3.11)
(i}
rie Qynrnua ¢(z) ronomoppma B Kpyre |zl <4, 3a mexamo-
HeHIIeM KOHETHOTO THCIA MOJIOCOB. IlpzeM cocront B 3aMe-
He mepeMenHOro z= ¢, mepesopmamed murerpax (3.11) B

MHTErpax
1 dz
' Y o (2) =

1z]=1
KOTOPGHIA BBHIYECHAETCA C NMOMOMMBI0O BEIYEeTOB. Tpermi npm-

eM 049eHb MaJ0 OTIHYAeTCA OT HIEepBOTO.

Mbl roBOpHIIM O BEIIACHCHHM C MOMOIIBI0O TEOPUH BbIYe-
TOB MATErpajos, NPUBEJCHHLIX K TOMY HJIM HHOMY KAHOHM-
qecrkoMy Bupy. IIpakruuecsu Bcerga ODPUXOAMTCA UAN IPH-
BOJATL HMATErPagsl K HTOMY BUAY, HIM HPHMEHATH AHAJIO-
rUYHbIe OpPHeMbl K WHTErpagaM OpsAMO B ToM BHfe, B KOTO-
poM oHHE jaabl. PaccMOTPHMM HeCKOIXBKO NPMMEPOB.
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IIpumep 1. IToxaem, uro

(=]

sin x T
fﬁrd”*i-
0

Jla)ke sammcaB HETerpajl B BHJe MHTErpana 1mo Bce# ocH,
MH He Mo)KeM mpaMermts Gopmyxay (3.6), rak Kaxk pyHKIUA

1 . .
R(z) = ~ HUMeeT INOXOC HA [eHCTBATENBHOA OCH. Ho npnu
a>0

[~ o] [~ o] [~ o]
sin z zsinz sinz
dex—fT = “25‘ 2+ T|<
z a z a
[} 0 0
[~ o]
dzx na
<a25‘ = =
== 53 b
zz—]—a"‘ 2
0
TAK 4TO
[s o) oo [~ o]
' sinz . z sinz 1,. zsinz
dr-——hm ﬁd 371111'1 —2———2d
5 a->oo z"+4-a a0 v z°+a

Tlocaenuuit MHTErpal ysHe JerKo BLIYHCAACTCHA € HOMOIIBIO
Popmyast (3.6). UMeem

o0
iz
z sinzx Ze —
5‘ —— dz=2nReres o —— =qne * (@a>0),
Y z* —|-a z=ia 3 +@a

00

ln-’t . 14 — 14
j‘ dr=1lim > ¢ a=7.
° a->0 2

IIpumep 2. Boruuciamm mHTerpas

oo

oa—1
1={Z20r 0 0<a<.
0

Cnexaem 3aMenmy nepeMenHoro lnz=¢. 9rto pgacr, 4To

B te®t . d}o‘
T R .
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Ho ¢ nomompio gopmynsr (3.9) moxyzaem (R (3) = ! )

1—z

o0

&%t 7 (17 7

S 14 ¢ =T Shan S e sman
Yoo z=0
7® cos an 0

sinan
Ilpumep 3. Buumcaum marerpan

1
I= (-2 (—l<a<?).

0

Cueposarexsno, [ = —

MNaterpan I MOMHO BHpPA3UThL dYepe3 HHTErpal oOT
¢yaKIIHET
f(z)=2*(1—2z)'""

mo rpanmne C obxacru D, ssagomeiics paclIMpeHHO# mioc-
KOCTBIO ¢ paspesoM 1o orpesky (0, 1). JleiicTsureasbHo,
¢ynrmusa f(z) pgomyckaer seifeneHume B obgactu D opHO-
3HAYHON BeTBH (IJIA 9TOr0 JOCTATOYHO INIPEACTABUTL €€ B

BHJIE
fy =2 1)

W IPUMEHHTH KO BTOPOMY COMHOJKHTENIO TeopeMy 0 MOHO-
npoMun). BrifepM Ty BeTBn, KoTopaA IIOJNOMHTeJbHA HA
BepXHEM Kpae paspesa. Torma Ha HHMKHEM Kpae paspesa
2nia ,a l-a \
¢ynrnus f(z) pasHa e"*z*(1 — z) (mpr ofxome TOUKE
z=0 mo Majoifl OKDYXHOCTH INPOTHB 9YacOBOH CTPEJKH Aap-
TyMeHT z* Bo3pacTaeT Ha 2mo, a coMHOMEmTeasr (1— z)!—®
He Mensercsa). IloaTomy

s‘f(Z) dz = I — e 2% 1(1 _eznia).
[of

C npyroii cTopoHbl, II0 TeopeMe O BBIYIETax Yf(z) dz =

c
= 2nires f(z). UroGw HailTe Bbiuer, HaiiieM sHadeHus f(z)
Z=00

npu Gonpmmx z. Ilpm z>1 mmeem f(z)= —e™®z%(z — 1),
TaK Kak Ha BepxHeM Kpae paspesa (0, 1) f(z)>0, a obxogs
TOuKy z=1 mo MaJoilf IONYOKDYKHOCTH CBEDXY, Mhl yMeHb-
maem arg(1—2z)'"* ma n(1—a) (u He MeHAeM argz®).
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. 1-&
Hostomy f (2) = — ™% (1 — %) , W pasiarag IOcHeqHAR

MHOMKHUTENbh B pAMA IO CTBHBHHM_Zy mnmoliyiaeM

_ o 5 €s __
f(a)=—e z(i p +z—2 ),
1—a)(—a
P YR N
qie o (1 —a)
Orcrona Gea Tpysa Haxogum res f(z)= —e ——5— W
=00
J— — 21 niaa(i-—a)_na(i—a)
T ] etmia 2 ~ 2sinaen
IlpuMep 4. Brrumcamm murerpan
T
o In|sinz|
—x
3aMeruM, 4To
. el® — g% 1 — 21 1 — 2%
In|sinz|=1n 5 =1n| 3 =Reln—2——-.

Jlenaa saMeHy HepeMeHHOT0 z = ¢* W NPHHHMAaA BO BHHMa-
HHe, 9T0

1 1 dz . 1—27°
cosx=§(z+—z—), dxf.:i—z, In|sinz|=Reln 5

nmoixydaeM

2
I=TRe2 S Ini=2 dzz .
‘|z|=1 2 2z+az"+a

HopsiaTerpansuas Qynrnus mmeer B xpyre |zl <<1 opme
1—a®—1
a

IPOCTOH MONIOC B TOUKE Z = . Haxogsa BHuer E

aTOM I110JI0Ce, IojJdy4aeM

72 2
[__ 2 [ln Vi—a —14a

Vi——a2

+ an].

a
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§ 4. Acumnrornueckue QOpMYIB I HHTETPAIOB

IIpyMeneHme TeOPHH BLIYETOB K BEIYHCJICHHIO HHTETPAlOB
XOTA H CHIPalo CBOI POJb, HO HA COBPEMEHHOM 3Tale pas-
BHTHA MaTeMaTMKH MMeeT He TaKoe ym 0GoxbsImoe 3HadeHwme.
IIpuguna aroro B TOM, 9T0 IWINL HEMHOTHE MHTCIPAJH, ¢ KO-
TOPHIMH IIPHXOJUTCA MMEThH [eJI0, MOMKHO BHIYHCIUTE B KO-
HedHOM Bufie. ONHAKO NpPHMeHEHHUs TEOPHH BELIYeTOB He HC-
9epIIBIBAIOTCA BBIUUCHenMeM HHTerpasos. C IOMombio Teo-
PHH BEI9ETOB MOKHO IIOJYYaTh JJIT HHTErPAJIOB TaK HA3bHI-
BaeMble acUMOTOTHIecKue (opMyabl.

Acumnrorunecroil Popmyaolii pmua ysxumm f(z) upm
z—>oo B obnactu ) HazoBeM IpefedbHOE COOTHOINECHHE

f(z)~9(z) (2>, zED).

MMeeTcsi HEKOTODHH OTTEHOK, OTIMYANIHNA ACAMITOTH-
gecKyo QopMmyay or awboro Jpyroro mpejiedbHOr0 COOTHO-
IeHNA TOrO e BHAA. B acuMmroTmdecKoil ¢popMyiae cropo-
Hbl He paBHONpaBHBL Ee cMEIcaH B TOM, 9TO ciokHAaA (QYHK-
mua f(z) samensercs mpocTofl yHKIMeHd @(z) (CIOKHOCTH
MOMKHO IIOHMMATh C PAa3IMYHBIX TOYEK 3PEHHH, HaAIpUMED C
TOYKH 3pPeHHA BLIUNcIeHUA 3HadeHnwmil). OOB[THOE IOJNOMKEHHE
TaKoBO, 4T0 ¢ yBeamdenueM z (yHKmua f(z) cramosuTCH
Bce ClIOMKHee, acHMIToTHYecKasd opMyia Bce TOYHee.

IlpmsemeM pgBa DnpuMepa JIIONAYYEHHST ACHMIITOTHYECKHX
$opMy1 ¢ DOMOILI0 TEOPUH BHIYETOB. .

Mpumep 1. Iycrs dynrmua E(z) (dymrmma Murrar-
Jleprepa) ompejesnena miaA 2, JeAIIUX BHE IOIYIOJIOCH
Rez>0, |Imz] <s; (oGosmauum ee G, a ee rpamuny L),
PaBeHcTBOM

b
1 e

Haiinem amamnTmueckoe mpojoixenme ¢ynxmum FE(z) mHa
BCI0 IUIOCKOCTE H TOXyIEM miada  E(z) acuMIOTOTHIecKyIo
dopmyny mpm z ~> oo,

ABamurngeckoe mpomoimenue (yaxnmun E(z) Ha BClO
IJOCKOCTE MBI IIOJYYaeM ¢ HOMOIIbI0 Teopemsl 2.2 o0 aHa-
IWTHIecKoM mpofoikenmu umaTerpada Tuna Homm. Ecum
o6osHaumTh 4epes [ (z) 3Hagsemmsa mHTerpama Hommu (ompe-
neasiomero gyaxmuio E(z) aag z#G), To aHaIHTHYIECKOe
npogomrenne Qynxumm E(z) B momymoumocy G pmaercs
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dopmytoit

E@Q=I@—¢ (=06

TaxnM ofpasoM, JIA IOJXYyIeHHA AcHMITOTHIecKol ¢op-
myanl fias gysxumn E(z) Ham [0OCTaTOYHO MOJYIUTH acUMIL-
ToTHYECKYI0 (opMyly Ais wmaTerpasa tuma Homm I (z).

C moMomsio paBeHCTBA

JIeTKO IIoJIiydaeM

rue

2 ot
D) = o | 2y d
L

Moramem, ato co=1, a Pp(z2)=0(1) (3 ). IT0 macr
acHMITOTHIeCKY0 (HopMyTy

I(z)=%+0(%),

OTKYy[a IIOJIyYHM HHTEpPecywIlyl Hac acEMITOTHYEGCKYO
dopmymy

E(z)=%+0(%2> (2 o0, 2£G),
E(z)=%—ee’+0(—:2-) (z—> o0, z G).

Cnagana moxameM, 9To P(z)=0(1) (z— o). [lua aroit
nenm obosnaumMm 4epes L; wacTe KoHTypa L, nemamyio B
kpyre | — z| <1, a wepes Ly — ocraapayw dgacte L. Oue-
BUHO, UMeeM

1 2 cb 1 2 ¢t
@) = o [ 25 dt o | £ = 0,0+ o)
L, L, :
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Cpasy monygaem
1 9
192 (1< g 12811 dt) < oo,
L

Hua onenxn |¢i(z)| o6osmaunm wepes E roury L;, 6mmwaii-
HIyI0 K TOYKe 2, M HAIIMIICM

e§ eC—eE
e dg e —1
() = o [S o S dc}.
Li Li

3aMeruym, 4TO
eb—cb
{—z

i Ji—z z—a'

SM(t—z)<t) o |2 =gk izt
Ly

rie a u b — KoHUE! Ly, T.e. Touku mepeceuenns L; ¢ oxpymx-
HocThlo |G — 2| =1. Ilockousky |z —al=I|z—0bl=1, T0
1 dg et
) T | 1. flcao raxswe, uro ¢ <1, Tak Kak E me-
L

. .
mur ma L. Toaromy Ipi(z)I <M, . e. ¢(z)=0(1)
(Z — oo) .

Ocraerca moxasats, uTo cp=1. C 2Toii Heaplo HammIIEM

. 1 b
—Co = '2—“'75'3 dC‘:

L
ni —nt —fi+ oo
1 b 1 et 1 eb
i +oo i —nf

IlepBriii » Tpermit maTEerpasbl B IIpaBoil YacTH B3aMMHO YHU-

UTOMKATCA B CHIY MHepuOfHIHOCTH (yHKIUM et ¢ nepuo-
moM 2mi. Bo BTOpOM HHTerpajse cpeiaeM 3aMeHy &' =w
(Tpermii npuem § 3). IT0 mact
1 e?
—Cy=— =7 — dw = — 1.
o 2ni w
1wo]=1
Torasarenncrso acmmmroTmueckux (opmyn pmiaa E(z) sa-
KOHYEHO.
flcro, 4TO0 mpH ellaEmmE MbI Moriu OH moxyuwnth B Go-
lIee TOYHBIE AcHMOTOTHIecKue (OpMYIIBI:
c

c c 1
I(z)=T°+T;+...+zn11+0( ) (3 o),

e
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rae
o= — 21? XC" et ar.
b

D) () — ramen g Sy Bopusay gax
Oyurnma I'(z+ 1) onpepensierca mpu z> —1 $opmynoit
T(z+1)= of t%e~" dt.
B
Henas B aroit Popmyne sameny ¢ = &z, momyzaem
T'z41)= z’+1§°e-’(e—ma) dt.

Teneps cmenaem eme 3ameny & —In & =w. Torxa, oGosHa-
1nB vepes C o6pas ayga arg& =0 npm kompopMHOM oTO-
fpaskenun w=§ — In &, moxyunm

T (z 4 1) = [ & () e ™ dw,
(5

rae &(w)— HeKOTOpasg BeTBb aHAIMTHYECKol (yHEIUH, 06-
parHoit ¥ Qyurnmr w=§ — In &, Briacaum, 910 Takoe C m
KaKkag BeTBh AHAMMTHYECKOH (QYHKIWM CTOAT IOf HHTe-
rpajioM.

Korma & sospacraer or 0 go 1, w yGuisaer or 4o go 1.
JTo osHawaer, 4TO

1 1
5’ ¢TI g S ™ (w) dw,
0 oo

rae Eq(w)-—Ta BerBhr obGparmoit K & —Int dymrnmm, woro-
pas IONOMATEeABHA W He IPEBOCXONUT efUHHIEI mpm w > 1
(npn w — 4 umeem & (w)—0).

Korga & Bospacraer or 1 go -+, w ToMxe BO3pacTaer
or 1 o +oo. 3mauwmr,

400 e
\- P& g s' ¢ ™8y (w) dw,
1 1

rae Eo(w)—ra mernb obparmoil k¥ E—Int dynxknmn, xoro-
pas moxomuTedbna u Gonbmre epummNH WpH w>1 (mpm
w —~ +oo nmeeM Eo(w)—> +o0),
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Nrax, xonryp C — ato aya (1, +o), npoxogumeiil aBan-
HbI, TAK ITO MBI MOM<EM HAINCATh

T (24 1) = [ e [8a () — & ()] dw.

1

BoisicauM Temeps moeeeHHe (byﬁmmﬁ.g; (w) m §2' (w) mna
BceM nyde (1, +o) m B oxpecrHocrm Toukm w = 1. ITo ¢op-
Myiae puddepennupoBanus ofparHoil QyHKnHE (CM. Teope-
My 7.2 ra. IV) nmeem

' E (w) ’ E,(w)
& (w) = El(ulfﬁ’ g (w) = —52(,12,)—__11

OTKYRA BUAHO, 4ro (DYHKIHHN Ei (w) = §; (w) orpammuenn
upm w — +oo, a mpu w1 crpeMATea K GecKOHeYHOCTH.
IMockonbky mpomssopmas pyHxuumm w=% —In§ opn w=1
mMeeT HYJIb [epBOro MmOPAAKa, To mo Teopeme 7.3 ra. IV
$ynrnua E(w) B oxpecTHOCTH ToYKH w=1 Momer GHITH

npencrasiena B suge E(w)=g((Yw—1), roe g(§) asuserca
roixomopduoii (¢yHkmmedl B OKpecrHOcTH Toukm § =0, mnpu-

_ b V2
em g(0)=1, ag (0)—%‘,,——(17
opr w>1
LW =1—V2Vwv—1+..,
Lw=1+V2Vwv—-1+..,

£ (0) — 5 () = 7L + v (w),

rae GyHKIuA P(w) YHOBIETBOPAET HEPaBEHCTBY

Ip(w)| <MV w—1] (w>1).
Ioaromy

o0 1 o
Paasd (z 4 1) == Vi j (w — 1) 2,70 4 + S¢ (w) ™ dw.
1 1
Ho

= V2. 9ro osmauaer, uro

-1
S(w —1) % ™dw=-

1

%

® 1
— p =1
¢ _j‘t 2,7t gt =
F4
0

e"z _x2 ? _
=2V;5ve dx=l/?e "

0
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P4

(B3 aHamW3a M3BECTHO, 9YTO IOCHEJHHIl MHTErpPAT paBeH
1 —
3? ]/rjt)1 a

0o © oo

» 1 —zp 1
jw(w) e ™ dw <]Wj (w— 1)’ *dw = —A—h——j et dt =
i 1

23/2
1
e~z

232

=M,

CremoBaTesbHo, MBl MOJNYUMIM AcCHMITOTHIECKYIO (hopMyry
1

F'z+1)= V2szz+ 2 (.1 + 0 (%)),

HM3BECTHYIO0 Ioj Ha3BadnueM Hopmyast CTupauned.
Herpynao noxasars, aro ¢opmyna Crupiumara ocTaeTcs

B cmiIe W IpH Rez—>+ oo (c 3aMEeHOIT 0(%) Ha O(Rez)) D

CnenaeM HeckoJIbKO 3aMedaHHil o0Imero xapakTepa 0 Me-
Tofe, WCIOJNB30BAHHOM IAMH [JiA IoJy4eHHEA (GOpPMYIH
Crupannra. ~ : .

Msel wucmonmszosaau fse upgen. OmHa M3 HUX COCTOMT B
3aMeHe MepeMeHHOro, IPUBOAAmel MATerpal K BULY

ool

i

rie gymxnua P(w) yposievBopser HepaseHcTy |P(w)| <
< MV|{w—al, apyras—pB DOIy4eHHH AacHEMIOTOTHIECKOI
¢opMyan mas mociaegHero MHTerpata. Hampmaa m3 sTux mpei
Mocer ORITh pasBuTa B ofo0meHa.

IIpy monywemnm acuMmrTorMdecKoit OPMYJNBI NI HHTE-
TPAJIOB BHIA

=+ b (w)] —whe,

a+oco

Foy= | ewye™dw  (Rez—>+o00)  (41)
a
HMCIIONB3YeTCA cIAeMYIOmMUi Pes3yabTarT:

Teopema 4.1. Ecau dynuryun ¢(w) ydosaersopser
YCAOBUAM

lp(w)l <M (w——a 0> 0)
u

cp(w)=h2ch(w——a)“+“ 0<w—a<p),
=0
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70 0asn unrezpasa (4.1) cnpasedausvl acumnroruveckue
dopmyavy

F(2) = :23: cxl (o + Pk) e L Sy ((Re Z)—a—ﬁn-—l)

(Re z > +),

20e n—uawboe yenoe uucso. (I'(z)— ramma-pymrnua Ii-
aepa).

Jra TeopeMa MOKA3KIBAETCA TAKUMH JKe paccyKIeHHAMH,
Kakme M5l NpoBoRWIH B mpuMepe 2. [ ]

3aMeHa IepeMeHHOro IIPAMEHACTCA K HHTErpajaM BHA
F(z) = i 1 (&) 7O,

9T0GH IPHBECTH DTH HITerpaks! ¥ morerpaxaM smpa (4.1).
Ilpu 3amene w = h(E) mHTErpaJ MpUHMMAET BHUJ,

F(z) = 15 ¢ (w) e dw,

e ¢(w)=/F(E(w))t (w), a womryp I'i —ato ofpas KoH-
typa I' mpu orobpasennn w = h(E). Koutyp 'y Mu1 medop-
MHEpYeM, CTapasgch OTOABMHYTH €ro BO3MOMHO mpasee (3TO
YMEHBIIACT MHOMKHUTENIL e~ °*, CYIIecTBeHHBIA IpH OGOIbINHX
Re z). Taxoit gedopmanmmm Moryr MeIIaTh KOHIBI KOHTypa
# ocobbie Toukm ¢gyurmum ¢(w). IlosroMy koHTYp pacma-
Jaercd Ha CYMMY KOHTYPOB, KasKOBIH M3 KOTODHIX ABIAETCH
JIY90M, BHIXOJAINUM M3 0C00O0H TOUKIT NAPAJTEIbHO IOJOMH-
TEeJBHOH 9acTH JCHcTBATEOABHOM ocIT. JIy4uH, BEIXOOAINHC H3
KOHIIOB KOHTYpa, 00XOfATCA ONHOKPATHO, a BBIXOAAINUE H3
0COOBIX TOYEK — ABaKAEL. MHTerpajg mo KasKgoMy H3 TaKHX
nydeil m aBasierca materpamoM supa (4.1).

OGocHOBAaTh ONMHCAHHEIH cmocol peiicrBmit B ofmieM cliy-
4ae BechMa 3JATPYAHOTENIBHO, HO 3T0 WM He 04eHb HYMKHO.
CrasamHoe clejyer BOCIPHHUMATL JWIIL KAaK yKasauwe K
meiicTBUAM B KOHKDETHBIX 3afiatax.

OmucaHHbA croco6 HAXOMUTCA B TECHON CBASH ¢ TAK Ha-
3BIBAEMEIM MeTomoM mmepeBaxa *),

*) YnratedaM, KeJA0MAM noapolice M03aKOMUTHCA ¢ MeTOJaMa
MOJNyYeHHA acHMIITOTHYECKHEX (OPMYJ, MOKHO of0paTUThCA K MOHO-
rpaduam [3, 13, 16, 27].
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§ 5. CyMmupoBaume psjoB

Meroppl TeOpHH BHIYETOB NMPUMEHAMBI W [JIA HCCIE0BA-
HAsA cyMM paAnos. [na aToil menu cyMMa psfa fOIMHA OBITH
BHIpa)KeHA dYepe3s KOHTYpHEBIA wurerpat. IlombiraeMca KOpoOT-
KO paccKasaTh 0 ImpHeMaX, KOTOpHe NPUMEHSIOTCA JJIA STOM
IeJn.

CHauana IpusegeM ofMH W3 TeX HEMHOLHX clAydaeB, KOI-
Ja ¢ IOMOmIbI0 TeOPHHM BHIYETOB yfaeTcs HAWTH cyMMy Dafa
B KoHegHnoM BEje. IloMHMO TOro, 94To 3TOT cJaydail mMeer W
CaMOCTOATEeIbHEIH WHTEpec, OH CIYKHT IOJTOTOBKOH KO BCe-
My malbHeHImeMy.

Teopema 5.1. Hyere Q(2)— payuonasvhas GYnEyus
¢ noawcami 2i, 22, ..., Zp (OTIMIHBEIMH OT IEJHIX YHCET),
u nycre crenend wucauresn @(z) nudce crenenu ee 3name-
rareas ne mewvUie, uem Ha dse edunuyvt. Tozda

i@(k)= —ni‘,res Q (z) ctg mz.

Z=Zs
JorkasarexscTso. PaccMorpum maTerpan

Jo= | Q@etgmzdz  (n=0,1,2,...).
|2l=n+§

Ilockonsry cremenn gucauTeas Q(z) xoTa Obl Ha jBe enu-
HUIBl MeHbINE cTeleHH ee 3HaMeHareld, TO

M
max | Q(2) | <— (R> Ry).
lz1=R R

B § 6 ra. Il mokasamo, 9ro ¢yHrnusa clg mz orpanmdena

B INIOCKOCTH 2, A3 KOTOPOil yphameHnl kKpyrm |z — k| <e

(=0, £1, £2, ...). Ilostomy max |ctgnz|<M,. Cue-
|2I=n+§

JDoBarelbHO, OIEHNBAA HHTerpat J, nMpomsBefeHHEeM MAaKcH-

MyMa MOAYIA HOALIHTeTPANBHOH (PYHKNUM HA NIWHY IIYTH
HMHTETPHPOBAHHA, HMeeM

JJn|<2n(n+'—§-) M . M,~0 (1 oo).

1
n4 —
( 2)
C npyro#t cropomnl, mWHTerpan J, MOMKHO BLIHCIHTBL C
NOMOIIbI0 TeopeMbl 0 BEMeTax. IIpH HocTarodHO GOIBINOM B
1
B Kpyre |z|<<n + 5 Je:KaT HOMIOCH 21, Z, ..., Zp dyHx-
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mun Q(z) w wmomwcn z=0, +£1, ..., +n ysxoum ctg nz.
Briuersl B moniocax z = k paBHBI - Q (k). Ilosromy

I = 2mi 20 —|—ZresQ z) ctg nzg.

1 =2

Ilepexonsa k mpemexy mpm n— o, mojydaeM YTBep:KIeHME
TeopeMsl. | |
CoBepIIeHHO0 AHAJTOrMIHO MOMKET OHTH foKasaHa (op-
Myna
o0

2 (—1)Q k)= —=n 2 res sm(jzz

o =23

H coskameHnio, B KOHETHOM BHUJle MOMKHO HANTH CYMMBI
AuImbL oYeHb HemHoruX pspmor. Ilosromy ropasmo Goabmiee
3HaueHNEe MMEET BHIPa;KeHWE CYyMM DANOB depe3 KOHTYDHEIE
narerpansl. OnumE w3 Hanbojsee yHOTpeGHTENBHBIX IPHEMOR,
NCIONB3YeMBIX A 3TOM meau, OCHOBAH HA Cclegylomiei
TeopeMe.

Teopema b52. IHycro gPynryus f(z) sosomopdna ¢
noaoce a<<Rez<<b u ydosasereéopier ram mnepaseHcreay

[f(z +iy)| < Me™, a << 2m. (5.1)

Toeda npu k=za+1, n<b—1, n>k, u npu arobor 0<<
<6<t

n+90

D)= | f@de+
s=h h+8—1
8+ioo

+ 5 S [f(r+2)—f(k—1 + 2)] (ctgmz + &) dz +-
]

9—ico
+ <5 j [f(k— 1+ 2)—f(n+ 2)](ctgnz — i) dz. (5.2)
]

HowxasarensctBo. OGozmaaum 4uepes C, mTpaMo-
YroXBHUK

F—14+8<Rez<nrt, [Im z| < h,

KOTOPHIT B cWiIy ycloBMU Ha k& ¥ »n JeuT B HoJoce 4 <<
<Rez<b, a uepes J—mmterpan or f(z)ctgmz mo C.
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CornacHo TeopeMe 0 BHIIETAX HMMeeM
7} n
J = 2mi Dres f (2) ctg mz = 2i ) f ()
R z=s k

Terneps obo3nauumm uepes cr Bepxnioio Iomosunry Ch,
a wepes () HBKEOKO HojdoBnHy Ch, NpPAYEM HANPABICHU-
eM y C¥ u Cy OyneM cauTarh HANpaBjeHHe OT TOYKH 2 ==

=k —1+0 K roure z=n+ 0. OueBugHo, UMeeM
J—Sf ctgnzdz—Sf )ctg mz dz
Cr Ch

=5 f (@ ( ctwnz—z)dz+zjfz)dz—
Ch Ch
—sz) ctrrnz+zdz+zjf
ch o

Ho unTerpan or f(z) s3aBHCHT IMINb OT KOHIOB KOHTYpA, TaK
aro mETerpansl of f(z) mo Ci # C; MOMHO 3aMeHMTH MH-
TerpaioM mo orpesky (k— 1+0, n+08). [losromy

n40
J=2 | j@dz+ | 1(5)(ctgnz—i)dz—

k—1+6 ch

— S f(z) (ctg mz + i) dz.
ck
axee,

S f(2) (ctgmz + i)dz =
cif

8+ih

= E [f(k—1 + z) — f(n + 2)] (ctgnz + i)dz +
]
n+0+ih
+ S f(z) (ctg nz 1 i) daz.
k—1f0+ih
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Tar rar

n+0+4h
f (@) (ctgmz + i)dz
B—1+08+ih

Lr—Ek+1) max [f(z + ih)||ctgm (x + ih) + i,
k—1+0<x<n+0

<

a B § 6 ra. II mokasamo, wrolctg nu(z + ih) + il < ?:—le—:
opu h >0, To B cuxny yexosua (5.1) umeem
n+4-0+1h

[ @) (ctgnz + i) dz| <(n—F+ 1)Me“hzT:‘—1—+O

E—1+0+ih e
(h— + o0)

n
j f(z)(ctgnz + i) dz =
Ch

O+4dco

= [ k=142 —f@r+2)(Cctgnz + i) da.
0

Anamormano puaa maTerpama mo Chn. CpasmEmsaa ofa BeIpa-

JKeHNsd, OOJydeHHBe Aua J, OpuxomuM K ¢opmyrae (5.2).
Cnepgcrsue. Iycre Pynryua f(z) sonomopdra e no-

aynaockocry Rez>0 u ydosaersopaer nepasencrsy

lf(z+ig)l <e(z)e™, 0<a<2m,

ede g(z)—~ 0 npu x— too, Tozda npu aobom 0 <0<
n n+0

lim [Ef(s)— [ f(x)d.r}=

n->oo 1 9

0— 04400
=§1— 5 ctgnz—z)dz—— 5 f () (ctg nz + i) da.
] ]

dra ¢opmyna BasemBaerca @opmyaol Abess — Ilaana.
Ona ouesugnbIM 00pasoM BEITeKaeT u3 PopMynsl (95.2), rar
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KaK
61400
‘ f(n + 2)(ctgnz F i) dz| <

e(n + B)S Me =W gy 50 (n > o).
0

IIprBeneM oAwsn OpuMep HCHOIB30BaHUA (GopMyIH Ale-
aa — Ilnana.

IIpumep 1. Ilokamem, aro dymrmuio (cM. xomern § 1
ra 1V)

Fiy= D eV (<)

ne=1

MOKHO AHAJUTHIECKU OPONONKATE B IIOCKOCTh C paapeaom
(1, 4).

ITpumennm dopMmyny AGensa — Ilnama, monmosmus f(2) =
=V Dynrnuo $° MH moHMMaeM Kak e*'f, rme mia

In ¢ Geperca BerBb, yHOBIETBOPAKIMAA YCIOBHI —N+ o<
<Imln¢t<mn-+a Dra Bersp roiloMopHa B IJIOCKOCTH
¢ paspesom mo aydy arg {=mn+a. (B xagecrBe o Bo3bMeM
m6oe qucio |al <mx.)

Torga umeeM

oo 0+ico
F(t)= j e Vo dy — —217 j (ctg nz 4- i) eV dz 4
9 9
9—ioo

1 L

+ 5 j (ctgnz —i)e™ " *f da.

]

2 -]
Wnrerpan j ﬁt dx pasmoMepHO cxomurcA mo ¢ B Kpyre
[t <1 ¢ paapesom mo pammycy (0, €**%), IloBopaumBas
KOHTyp UHTEIrpUpPOBAHNA, 3T0T HHTErpajJ MOKHO AHAIUTHIE-
CKH TPORoJKUTH (B cHNIy TeopeMsl 2.1) Ha BCI0 IIOCKOCTD
t ¢ paspesamu mo aydaMm argli=qnt+a m (4, +«).
8+4o0 .
NnTerpans S (ctg mz F i) V7
b

AaTca B Jo0ofi KoOHeTHoHl dYacTH INTOCKOCTH { ¢ Paspe3oM

t*dz paBHOMEpHO cXo-
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mo aydy arg{=mn-ta, rar xak Ba mpamoii Rez=10
|e—1/2| 1, | & | |t|9 (n+IaI)IIm2I

a letg mz F il < Me~2mm=l,

Taxum o6pazoM, $yawimo F(f) MOKHO AHATUTHIECKH
OPOTOMKATE HA BCIO MJIOCKOCTH ¢ ¢ paspesaMu IO JyIaM
argt=mn-+a u (1, +o). Ho 4uncio « mogamHeHO JIHIIDL
ogHOMy ycmosuio |al <. ITooToMy, ecim MBI moKajeM, 9TO
o6xof Bokpyr Touxu {=0 mHe MeHsmer ¢yHEmUIO F(f), To
DOKayKeM ee TrojoMopQHOCTD B ILIOCKocTA ¢ paspeaom (1,
+o), U3 mepBoragansHO# ¢opMyan BugHo, dro F(¢) romo-
mopdra B TouKe t=0. Taxmm o0pasoM, Hallle yTBEDHKOCHHUE
moKasaHo. | |

IIpusegem eme oguE mpUeM, YACTO MCIONL3YEMBIA A
BEHIPAJKEHH CYMMBI CTEIEHHOr0 DAJA dePe3 KOHTYpHBIE WH-
Terpansl.

Teopema 5.3. Iycro wonryp L ne npoxodur uepes
Touky t=0, ¢ pynkyus ¢(t) nenpepwiéna na wourype L u

i
%mtkm.

Ecau
c@)={ o™ dt 20), (5.3)
L

TO 8 uenoropoﬁ OKDECTHOCTU TOURU z2=0 umeen

EC(n [?’fi dt.

HoxazarenscrBo. Ilomowmum B (5.3) z=nr (n=
=0,1, 2, ...), yMHEOKUM Ha z" U mpocymMupyeM. lIpn |z|
MeHbINEM, ueM paccrosmue or Toukx t=0 go koETYpa L,
IepecTaHOBKA MOPAZKA CYMMHPOBAHNA U WHTerPHPOBAHMA
3aKOHHA BBUAY DABHOMEDHOH CXOFMMOCTH DAJA M HHTErpa-
13, ¥ MBI IMolydaeM

o0 o0 n t
Ean"=.Yz t:+1 @ (8) dt ='£‘ ;’L_% dt.
0 L 0 L

Teopema goxasama. [ |
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IIpumep 2. Ilyers s> 0. IloxaskeMm, 9ro PyHKONA
=2Xn77"  (lz)<)
1

MoAser OBITH aHAMHTWIECKHM IPOHOIKeHA HAa BCH ILIOCKOCTh
z ¢ paspesoM (1, +o0).

JIng wpuMeHeHHs TeopeMHl O.3 HYMKHO IPeJICTABHTD
JyHKRIMI0 27° B BHJI COOTBETCTBYIONEro MHTErpaia. Tloxa-

— 1 —x—1 "
JeM, ITO & = uO) E ln u)® du. JleiicTBATeNBHO, MO~
1

nadg 3aMeHy lnu = —i, moMyIaeM

z

=t —:38

0

o) =5 (™ (a1<1).
1

u(uw—z)

TlocimenEuil mHTErpal sABIfAeTcA wHATerpasoMm TtHoa Hommm
(em. § 2), u mpegcraBager QYHKIHAO, rojioMopdHYIO B 00-
JTacTH, He cofepsramieil Touex KomTypa (T.e. myda (1, +oo)).
Hame yrBepsmenne moxasamo. [ |

IIpu menamuu MokHO ObLro Gn HaliTu u Gojlee mmMpoKoe
AHAIUTHYeCKOe IPoRoJKeHEMe QyHKIUA F,(z) U uccieqonaTh
XapaKrep ee MHOTO3HATHOCTH B ORpeCTHOCTH Toukm z=1. [ |

OCHOBHBIM HeyToOCTBOM OOMCAHHOT0 OpUeMa SBISAETCA
To, 9T0 MBI HEe MOKEM OUCATH Pe3yNbTaT cpazy mo QYyHKIUH
c(z), a [JONKHE eme cHadYaja HaliTH mig 9Toil (yBRKIUU
COOTBeTCTBYIOIIee HHTETPAJILHOE NPENCTABICHHE. DTO MPeJ-
CTaBACHNE MOMKHO HANTM BO MHOIMX CAYIAfSX € TOMOMDHIO
dopMyn obpamennsa npeobpaszosanna MellsinHa, KoTopHle MBI
nuBegeM B ra. VII. C ux momomsio dymxmusa ¢(f) BbIpa-

Maerca depe3 QyHKOUIO ¢(r) eme OFHMM KOHTYDHBIM WH-
TerpajoM.
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. § 6. OcHoBEMeE (OPMYIH, OTHOCAIAECH
K raMMa-pyuknmm Jiirepa

OueHEr MHOrHe pAAH W WHTErPANH, BCTPedaloluecsa B
aHaJM3e, MOTYT OBITh BLIPAJKEHH depe3 raMMa-QyHKIUIO
Jfinepa. B reopum amanurnueckmx ¢ymrnuit I'(z) ¢urypu-
pyer Iod4TH HapaBHE ¢ dJIeMeHTAPHHIMU Qymxnuamu. B caa-
31 ¢ 9TUM HaJ0 HECKOJIBKO IIOIOJHUTH HAINKM CBefeHHA 00
aroit Qymxium. | |

Ilo ompenemenuro

T (z) = j £ e dx (z>0). (6.1)

B § 5 ra. 11 6oimo morasamo, 4To ITOT MHTErpall PaBHOMEp-
HO CXOfWUTCA B JI000ii KOHEIHOH daCTH MOJYILIOCKOCTH
Re z>0. Tam e 0bIO OCYIECTBIEHO AaHAAMTHIECKOE IPO-
nomwenne QyEKmuu I'(z) HA BCI0 KOMILTEKCHYIO MIIOCKOCTH
" mokaszaHo, u4To I (z) romomopdHA Bo BCeH ILIOCKOCTH, 3a
uckmogenneM touex z=0, —1, —2, ..., B KOTOPBIX HMeer
MOJIOCH] IIEPBOro MOPAAKA.
Wurerpupyas mo wactam B uHTerpane (6.1), momydaem
dopuyry '
I(z+1)=12zI'(z2). (6.2)

ITo OpuHNMOY aHAJIATAYECKOTO HPOFONMKEHNS 9Ta (HOPMYIIa
CIpaBeIHBa i Beex z. Ee TojKe MOMHO HCIOIL30BATEH A

npopomskerna I'(z) B moaymmocxocrs Re z<<0. []

Joxaskem eme ofEY ¢OPMYyNy, TOMKe IPHTONHYI0 IIA
3TOH meJu, a UMeHHO

1 —Cz = z —%
T = 11(14-;)e , (6.3)

rge C — Tak HasbIBaeMasa NOCTORHHAR Jlaepa

C=nm@+%+“.+%—m@.

n—-oo

n
z -
JIIns moxazaTenbcTBa 3aMeTHM, UTO (1 ——;) e  1pH
n— o paBHOMEDHO MO Z Ha JT000M KOHEYHOM OTpe3Ke MO~

x
JoMUTeabHON YacTH meiicTBuTenbHoil ochn u <(1 — <<
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< ¢ “mpm 0 <z < n. Ilosromy
n [- -]
lim 5 (1 — —E-)nx"l dx = Ym’_le_" dz =T (2).
n-»o00 . *
0 0

Wrrerpan, croamuii moj 3HAKOM Ipefena, JIErKo BHIUCIA-
eTcA WHTETPHPOBAHAEM II0 TACTAM:

z

xz n z—1 n!n
05(1_7) Tl = ey e

CremoBarelbHo,
1 . z(z—}—i)...(z—}—n)=
@~ im e

— lim {n_z-z (1 + -%) (1 + %)] —

z 1 1 L .
— lim {n—ze (1+2+ +n)} lim [ZH(l + %)e h].

n-oo n—oo 1

Herpynao mokasath, urTo 0ecKoHeYHOe IpoU3BEeJeHUE PABHO-
MepHO cxoauTcAa B Ja000# KomewHOH ofmacrm, Tak 4TO

tim IT (1 + —;—)e_h— ~TI(t+ e

n—-oe 1 1

3maunur, cymecrsyer m mpemen

7]

nooo

=exp{1im[z(1 + % + ..+ —1—)— zlnn]}:ecz.
n—> 00 n

Taxum obGpasoM, morazama ¢opmyra (6.3) mpm z>0.
ITo npmEmumy aHANMTHYECKOrO NPONOIKEHMA OHA CIPABE[-
aMBa IpH Beex z. | |

dameEnM B dopmyne (6.3) z HA —2Z U yMHOKHM IOIY-
9eHHy0 popMynay Ha $opmyny (6.3). Ito paer, ecad BemoM-
auth Qopmyny (5.2) rim. IV o pasaomenmm sinz B Oecko-
HeIHoe TPOU3BEJeHHUEe, UTO

—1.+ __.i.si nz
THT(—2 T S
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Ho cormacno dopmyme (6.2) I'(1 —z)=—zI'(—z), n Mu
npuxonuM K dopMmyie

n
I‘(Z)F(l—z)= 'E‘n-n—z. (6.4)
B gacrrOCTH, monaras z= %, nonyqaem I (—;—) = Vr_c D

C momompio dopmyast (6.4) mbr Ges Tpyma mokaskeM
clenyiollee WHTeTPAJIbHOE HpeficTaBlIeHNe:
1 . 1 Cs—z

L

3necs L —rpamuna obxnactn |l >p, largfl<mn, § 2=
=e¢ "¢ a aaa In{ Gepercs raaBHOe 3HAUeHHe.

flco, uT0 MHTerpam B dopmyine (6.5) paBHOMEpHO cXo0-
nurca B a00oif KoHewHOH ofmacTw, Tak Kak e* mpm § — —oo
CTpeMHTCA K HYNI0 Opictpee axw(oi crenemu . Homryp L
cocTouT M3 okpyHocTH |§| = p u w3 mywa (—o, —p), mpo-
xogumoro ABaskabl. llpum z<<1 wumTerpam mo oKpy;KHOCTH
Igl =p crpemurcs ® mymo npum p— 0, Tax wro mpm z <A
KOoHTYp L MoxHO 3aMenuth ayuom (—oo, (), mpoXofuMEIM
measensl, Haiimem 3HaYemma mnopmiarerpalbHOl QYHERIMH HA
BeDXHeM M Ha HUJKHeM Kpae paapesa (—oo, 0). Ha sepxuem
xpae paspesa mmeem In{=mI¢|+ni u F*=|g|-2e ",
a ma mmwkrEeM wpae Inf=Iml¢! —ni n {*=I[g| %"=
Tlooromy

iz

L i dr = 5 — Yx_ze—x dr — Ko Sx_’e—x dr =
25 =T 2mi o
L 0 0

1 .
= sinnzI'(1 —z) = e
coraacuo dopmyne (6.4). Tem camrim dopmyna (6.5) gowa-
samga aaa z<<1, HO Mo OPUHIUNY AHAJUTHYECKOTO IPOIOI-
JKeHMs 0HA BepHA M NId BCeX Z.

Boiacuum uosepenue I'(z) npm Gomnsmux 3. Dopmyna
Crupamara, KOTOPYH MBI IMONIYyYuiInm B mpumepe 2 § 4, He
BIOJIHE ymoOHA, TAK KAK OHA IPUrogHa Jjmmub mpu Re z —
— 400, C momompio dopmynsr (6.4) moswmo Ovmo OB mo-
ayaurb dopmyny u g Rez—> —oo, Ho mosepenmne I'(z)
p6au3n MHMMON ocMm HcclenoBaTh TawkuM ofpasoM He ypga-
eTcs.
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Jlorapudmupya dopmyny (6.3), moxyiaem

oo

lnI‘(z)=Cz—2[ln (1 +%)——:L-]——l_nz.

4 % 1
Orcopga Jerko HaXoNUM d—zzlnF(z) = 2 Temeps
0

sameTuM, 9ro opu Rez>0

1 =j'§e—;(z+n) dr.
0

(n+2)?

TToaromy -
S [ 7t ¢ e
—lnI‘ Ejge - ¥ a  (Rez>0).
0 1 —e
0 0
B sroit gopMyse KOHTYp MATErpHPOBAHNA MOYKHO IIOBOpAYH-

BaTH B yrue |arg §| <% — 8, 8>0,qro gaer mam

coei®

d? e i
Lnre= | o (Re(:)>0), 10]< 5

0

Te ke paccymeHus, 9ro ¥ B KoHIe mpuMepa 2 § 4, mosso-
aai0T Ge3 Tpyma MONYyYATH ACMMOTOTHIECKUE (HOPMYIEI

a2 . ¢ c ! C,n-n! 1
4 nT(n)= 2 1 & R i
dz2 In (Z) 2 + 22 + + zn+1 + 0 ( zn+2) (6.6)
(|z| >0, |argz| << — §),
rae ZCnt" = = %

0
HurerprpoBanueM (bopMyJILI (6.6) momayuaem
I (2)
I (2)

=Inz 4 C’ + 5 +0( ) (z2— o0, |argz| < — 0),
lnl"(z)=z]nz+(C'—1)z——%lnz+C;+0K—:—)

(z > o, largzl <;—8).
CpasmuBas mociegawio $opMyny c¢ ¢opMmysion Crupaunra,
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’ ’ 1
HaxomuM C' =0, C; = 3 In2n. Taxum ofpazoM, mpm z = oo,
larg z| <t — 8, uMeem

T'(z) 1
Tor—=1Inz+ 0(7), (6.7

InT () =(z—-;—)lnz~z+ —é—ln2ﬂ+0(%). (6.8)

B 3awxmiouenue OpHBemeM elme HeCKOJNBKO HMHTEDDAJOB,
BHEIpaskatonuxcsa depes I'(z).

ITosopawusas 3 gopmyne (6.1) ny" mETErpUPOBAHUA TO
MHHMOH ocm, ¥ro B cuiay meMmmol fllopgaHa Bo3MOMKHO OpH
0 <<z<{1, npuxomnum K dopmyie

oo iz
S Yy leWdy—e 2 T(2).
0

Orgensia melficTBNTENbHYI0 H MEUMYIO TaCTH, IOIYyIaeM

y* cosydy = cos % T (2),

¥ lsinydy = sin _”21 I (2).

Sl—ig T8

Mo upwENUOY aHANTATHIECKOTO NPOROIKEHHS dTH HOPMYNH
CIpaBeIABH BCIONY, Ife BXOAAIIMEe B HMX HMHTErPAJBl paB-
HOMepHO cxomarcd. IlosroMy mepRag H BTopas (DopMYJbI
cunpasegaueer Opu 0 <<Rez<<1, a rperbga—mpun —1<
< Rez<1.

lenas B Qopmyne (6.1) sameny x = u?, moxydaem

oo

Tm=2fc"u* 1 au  (Rez>0). (6.9)

0
ITepemMuoKas ABa TAKMX MHTErpala, mOJIydaeM

T@T@E) =4 [ty a
00

(Rez>0, Re{=>0).
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Ecam B gBOHHOM WHTErpalle mMepeHdTH K HOIAPHHIM KOODAUHA-
TaM, TO MBI IIOJTYYHM

00 00

S 5 (2 gy gy

o0

e 0291 (cos 0)* " (sin 6" dp dO —

S0

]
0
i

o8
N

2
—p2z+D=1 g S (cos 0)2° (sin 0)2°~ 4.
0

Cornacno dopmyre (6.9) aro maer Ham
n

5
" 2—1 .+ — 1 T r
i}(cos 0)"* " (sin 8)1d0 = + l(f) +‘8 (6.10)

(Rez>0, Re >0).
Hlenas B gopmyne (6.10) sameny &= cos?0, momyuzaem

jg“ (=8 = TEgg (Ree>0 Rel>0)

a saMeHOH T = 1i—§ nonydJaeM eme ofHY dopMyry:

Ll _TIT@re
5(x+1)z+c = ZEE3) (Rez> 0, Rel > 0).
Oynryna B(z, §) = _I_(é)) HasEIBaercs 6era-gynryued

Jiiaepa.



T'aasa VII
IIPEOBPA30OBAHNME JIAIIJIACA

Opaum u3 HanboZee MJIOTOTBOPHHX METONOB AHAJM3A
ABJIAETCA MeT0O UHTEZPAALHBIT npeolpa3osanuli, cocToAMuil
D TOM, UTO BMeECTO McclaemyeMoll oyHKITMH M3yuaercda TO HII
IHOe HHTerpajbHOE TipeoOpa3oBaHme oT Hee, Ilpm sroM Ta-
CTO CIy"aercs, 49TO CJIOKHBIE COOTHOWIGHUA IJIA Mcclegye-
Moil ()yHKIMH IPeBpamaioTcA B HPOCTHE COOTHOINGHWA IS
ee MHTerpajbHOTO Opeobpa3onaHusa. MeTomsl TeOpHU BBITE-
TOB TACTO FAWT [ONONHUTENBHBIE CPENCTBA XA WU3yIEHWUA
HHTETpaIbHBIX IpeobpazoBaHmil.

§ 1. ®opmyna oGpamenna npeodpaszoBasua Jlamnaca

ITIycrs Qywruma f(r) ompemenenma ma Bceli ocm M WH-
Terpan

F(z)= 5‘ f(x)e>2dzx

cxogurea xora Obl Ha ogHO# mpamoii Rez =c¢. Torma gyux-
pmo F(z) Mel OymeM HA3BIBATH O8YCTOpOHIUM npeolpado-
ganuem Janaaca Pynkyuu f(xr) m o6osHATATH HTO COOTHO-
menne gopmynoit f(x)+ F(z).

Ecnu ¢ynxnus f(r) ompegenenma mpu x>0 um nHTerpan

F(z)= Xf(x) et dzx

cxomurcsa B Karoi-mubo mosymiockoctm Rez > ¢, To QyHE-
muio F(z) mbr OymZeM HaseBaTh 091OCTOPOHHUM npeobpaio-
sanuenm Jansaca Pynryuu f(x) m oGo3EaTATH HTO COOTHO-
merne Qopmyroi f(z)+ F(z).

OgaocroponHee mpeoOpa3oBamue Jlamiaca MMeeT MHOTO
o0muX wepr cO cremeHHBIM PANOM. [[nsa Hero MOsKHO qOKa-
3aTh TeopeMy, aHANOTUYHYIO MepBoil TeopeMe Abenxs, m BBe-
CTU NOHATHE MONYIIOCKOCTH CXOMUMOCTH, AHAJOTHYHOE IO-
IATHI0O KPYra CXONMMOCTH CTEINeHHOTO psama. JIBycropoHHee
upeoGpaszosanme Jlamraca amamoruwHO paxy dJlopama. Lro
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06acThi0 CXOMUMOCTH ABIAerca moloca a << Rez<<b, roro-
pasg MOKeT BHIPOKIAThCcA B OpAMYIO npa & = b. Bo male-
sKaHHe HETOPasyMeHHW# MJId [ABYCTODOHHero mpeofpa3oBaEmsA
06A3aTeIBHO YKA3BIBATh 110JOCY (WM DOPAMYI0) CXORHMO-
CTH, TAK KaK OMHA W Ta 3Ke pyHKIUA F(2) MOKeT oTBeuars
pasntuvEbM QYEROUAM f(r) B pasINUYHBIX IIOJOCAX CXORH-
mocti. OOBTHO MBI OyAeM CUHTATh, 4YTO ABYCTOPOHHEE Ope-
obpasopaHme Jlammaca cXommTcs Ha MHUMOW OCH, W B Ka-
gecTBe TMOJCCH CXOMUMOCTH BHIOHPATH MOJOCY, COMEPIKAILYIO

MHHAMYIO 0Cb. D

flcwo, uro Goxplmoe 3Havenwe mMeeT (PopMysa, TO3BOISA-
omas poccraHosuTh QYyHRIWIO f(xr) mo ee mpeobpasopaBmIO
Jamnaca /7 (z). Ona amamormana dopmyram axsa kosPPum-
curos paga Jlopama u HOcUT HasBamme @dopmyast 06pa-
Wenus.

Mbr mowaskeMm tpm Teopemel o (QopMyrne oOpalleHus.
B mepsrnX ABYX TeopeMax YCIOBUA, NOCTATOYHHE NJIA CHpPa-
BegamBocTu (popMysel, BaRIageBatoTca Ba F(z), B TpeTh-
el — Ha [(z).

3ametrnmM, uto opMyna ofpam[eHMA MOIKEA UMETH OJHH
H TOT jKe BUJ KakK HJIA ABYCTOPOHHEro, Tak H QI OXHOCTO-
poHHETO TpeobpasoBamma Jlamiaca, MOCKOJIBKY OLHOCTOPOH-
Hee mpeo6pa30BaHme MOKHO DPACCMATPUBATH KaK MBYCTODPOH-
Hee mpeo(pa3oBamume (QYRKIWH, PAaBHOH HYJII0 Ipu OTPHIa-
reapnsix z. (Hamomanm, 1ro QopMyast g1a kosdunnmenros
pagma Teiimopa m paga Jlopama Toske HMMeI0OT OEMHAKOBHIA

BIT. )

Teopema 1.1. Hycre dynwyua F(z) zoaomopdua ¢
nosoce a<<Rez<<b. Ecau Ppynryua F(z) ydossersopaer
YCAOBUTO

F(z)=0(lz]=*1), 0<a<1 (z—~, a<Rez<b), (1.1)

T0 pynKyus

c4-400
f(x):zim_ E F (z)e¥* dz (a<<e<h) (1.2

o0

He 3a6UCUT OT ¢ u npu awbom a<<c<b ydosaersopaer
HepagenCTeaM

lf(zye==| < M,
[f(z)e—=— f(E)e~"*] < M|z~ gl
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Tpu arom f(z)+ F(z) (a<Rez<<b), a ecau b=+, 10
f(2)y=0npu z <0 u f(z)+ F(3). _

Horasarenwcrso. Tak kak mpm z=c + iy mmeenm
le**| = e*=, ro yenmosme (1.1) ofecmeumpaer afcomiOTHYIO X
DaBHOMeDHYI cxopgmMocts HHTerpaia (1.2) ma xoboM Ko-
HETHOM oTpeske ocu x. [{pome Toro,

c+4ioo 0o
1 € ,
1@1<gz | 17@e=1del =52 [ 17 (e + )| dy <aress
c—ijoo —

9TO M JaeT HaM DOePBOE HEPaBEHCTBO AaA Qymeuum [(zx).
Jaiee,

oo

efe)— et @) = | Flet i) (e — et ay,

—00

OTRyIa

o0

e/ @ — et @) < = [ 17+ w)[sin i3y |ay <

14

<0Ty—“—1'sin£2;§y'dy=
0

oo

 eint
=C1|x_§|a5 Ij(il-lnl dt = M,|x—E|*,

(1]

W MBI IONYYWJIH BTOpPOe HepaseHCTBO maa QyExoun f(z).

ITockonbky momgeiETerpambnaa ¢ysrnusa F(z)e™ pasmo-
MEDHO CTPeMUTCA K HYII0 OpH 3 — o B noioce ¢ < Rez <<
< b, TO KOHTYD WHTETPHUPOBAHHA MOKHO TPOU3BOJIBHO [e-
¢opmupoBate B 9T0ft mosjoce. B wacTHOCTH, Bce KOHTYDHI
Re z = ¢ suBuBasenTHH Memay coGoi (eMm. § 1 ra. VI). 9ro
osHauaer, uT0 $ynruma f(xr) He 3aBHCHT OT ¢ TMPH @ < ¢ < b.

Iloramenm, uro f(z)=F(z) (e <<Rez<b). Ymuomum
$yaxguio f(z) ma e** m mpommrerpmpyem mo r or —R’ mo
R. JIna ¢ysrguu f(z) Bocmoxwsayemca ¢opmymoit (1.2),
mo mpu z >0 BoaeMeM ¢ =a, a npu = <<(0 Bo3BMeM ¢ = b.
Tax rar mHTerpat, sxonamui B gopmyry (1.2), pasHoMep-
HO CXOflUTCH, TO MEepeMeHa MOPAAKAa MHTeTPHPOBAHHA RAKOH-
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Ha, A MBI IOIyIaeM

R a+ico R
j' f(z)e—*tdx = it' j' F(z)j‘e"(‘—@ dz dz +
—R’ a—4o0 0
bitoo 0
+ o f F (z) V =0 dz dz =
blioo ~lR’
a+-1oo b4-100
_ 1 F (z) dz 1 F(z)dz ’
= — j‘ T + 55 j‘ P + e(a, R, §)—e(b, R, ),
a—{o b—4o00
c4ion
1 ~r(z—1)
rae e(c,r, ) = T F(z ) ~———dz. Tlonaran a-+8<
c—ioco
< Rel<b-—86, b> 6, u 0603HaTIaH
c+1i
M — 21_ max j‘ | F(2)]| dz],
agc<h oo
nonygaeM
le(a, R, Q)|+ e(b, R, L) << —(€‘R5+ e~R'9),

a HTa BEIUYMHA CTPEMHUTCA K Hyn mpm 2 — +oo, B -+ +oo
IMoaTomy, mepexons k mpemery opu R m R’, cremammxcs
Kk -+oo, BugmM, uto waETErpax or f(zx)e ™ mo scell geficTnm-
rexpHOR ocm mpm a+ S < Ref<<b-§, 6§ >0, pannoMepHuo
CXOOUTCA 1o § u

] b4-ioo a4-{oo
_ 1 F(z) dz 1 S F@Eyde 1 (F(2de
4 = - —_—
Slf(x)e > dz 25 g z2—¢ 2l z—§  2n) z—1(°
—o0 b—100 a—1ioco L

rie L — rpanmna nonockl @ < Rez << b.

Tax Kag mofgLIATerpajbHad (PYHKOWA B OOCHeAHEM IH-
Terpaje CTpeMUTCH K HYJIIO Ipm z— o B moaoce ¢ < Rez <<
< b, 10 mo Teopeme 1.1 ra. VI momuo mpuMeHATH TEOPEMY
o BHUeTax (mam maTerpanbEyio gopmyny Homm). Caego-
BarelbHO, MOCHeqHNI wATerpat pasen F () =

f(z)+ F(z) (a<<Rez<<¥8).

Ecan b= +oo, To dyrkuuag F(z)e™ npm z<<0 roxo-
MoppEa B momymiockoctn Rez>>a mw ymoBmersopsmer TtaM-
) (z—> o0, Rez=a). Ilpumene-

HepaBeHCTRY F (2) = O —a T
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aue teopemsl 1.1 rax. VI gaer mam, uro mmrerpam (1.2)

paser myxpo. Teopema morasaHa. ﬂ

Yenosnsa, mpu KoTopeIX Aokasama Teopema 1.1, me ouenn
ymobasl gua npuMeHenmi. Jlexo B ToM, uro dyHEmaa f(x),
morydaemasa us Qymknum F(z), HempepwBHa Ha Bceil ocH,
8 Tame NMPHXOUTCA CTAAKMBATHCA C PaspHBHWME mpm =0
dymrmuamu f(z). JleficrBurearHo, Korga MBI UMeeM [elo
¢ opgmocTOpOHHEMM npeofpasoBammeMm Jlammaca, To cumraem,
gro f(z) paBma mynno npm ¥ <0 #m paBEa Kakoi-ro QyHK-
nuu opr z > 0.

ITosroMy HaM mpHmercs MOKa3aTh eme OXHY TEOpeMy,
B KOTOpO# YycioBua HakmageBaoTca ma F(z). Hua ee mo-
Ka3arelbcTBa W JIA AOKA3aTeILCTBA TPEThell TeOPEMEI, B KO-
TOpOH ycaoBuA HakmagmBaoTca HA ¢yskouio f(z), moma-
pofuTeA cAeAYIOmAan BajKHAA JTEMMA.

JJemma 1. Hycrv dyuryusn f(z) nenpepwviéna na eceii
0CU, 3G UCKMIOUEHUEM CYETHOZ0 MHONCECTéd Touek pa3puléd,
He umeoujez0 npedesbHblT TOUEK Ha KOHEYHOM PACCTOANUU.
Ecau

(1@ 1dz < oo,

70 npu v —> oo
o0

5 7 (@) ev=dz— 0.

- 00

INorasaTexncrso. CHauana JoKasKeM, d9TO YTBEp-
JIeHMe JeMMBl cIpaBefiamBo pa1sa QyErmuum f(r), paBHOR
HYJI0 BHe OTpe3ka (a, b) u DaBHOMepHO HeNPepPHBHOH RHa
oToM orpeske. Mpes [goKazaTeXbCTBAa COCTOUT B TOM, 9UTO
$ysroua e™* mpu GONBIIAX vV CHJIHHO OCOHIIMDYET; B Ha-

19
CTHOCTH, TPHW M3MEHeHHM I Ha —- dyrrmua ™ Mensmer
saak. MMeem

b
[ 7)o dr =
L p—=
_ jif(§+%) ew(§+%)d§=_ j' ]‘(§+%)e*"§d§.

v
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Orciona, cuMTasa A ompejeineHHoctd, daro v >0, moxyduaeM
2 a
fo(x)eivxdx=— j f(x—{-—f)ei"xdx—l—
a a_ =
v

b
v

+ b f(z)eiv= dr + j [f(z)——f(x+%)]e*""dx.

b
v

Kasgmoe ciaraeMoe B IpaBol TacTd PAaBEHCTEA CTPEMHTCSH
K HyII0; mepPBHE JBA — W3-3a TOrO, UTO AIHAHA TPOMEKYTKa
VHTErPAPOBAHNA CTPEMHTCA K HYI0, TpeThbe — H3-32 TOrO,
9T0 CTPeMUTCA K HYNO mogmHaTerpanbHad Qymxnmsa. Hame
yTBePIKIeHUE MOKA3aHO.

Jlus moxasarenbcTBa JeMMBI B IIONHOM o0beMe HYHCHO
TOKazaTh, 410 jua xwoboro &=>0 Moxkmo Halitm Taxoe N,
qT0

00
{ t@evmdz|<e  (Iv|>M).

—00

Crauana Brifepem wnciao A croas GonpImuM, 9TOGEHL

[1(@)]dze < -

|x|>A

Hanee, ma orpesxe (—A4, 4) uMeerca KoHeIHOe THCIO
To4eK paspeiBa QyHEOuEm f(r). aKiIoYaeM uX B CTOIL Ma-
Jble OKpecTHOCTH &), ITOOHI

S lt@le<t.
64

Brifop A m §, Bo3Mosken B cmiy abcONOTHOH HHTerpH-
pyemoctm dyHKOuu f(r) Ha BCeil ocH.

IToce ymamenusa ocralloch KOHETHOe UHCIO OTPGSKOB,
H2 KaKAOM M3 KOTOpHMX ¢yukmua f(z) =HempepwBma. U=n-
Terpax or f(r)e™ mo KasKmOMY U3 3THX OTPe3KOB IPH V —>
— oo CTpeMHTCA K HYN0 B CHIY YTBeD:RIeHHA, TOKa3aH-
Horo BHauale. IloaToMy MoskHEO BBIOparn wmeno N c¢romb
SonbmmM, 9robe mpu vl >N cymma wmmTerpamoB or pymk-
nEa f(z)e™ mo BceM YHOMAHYTHIM OTPe3KaM He IPEBOC-
xogmia 1Mo Momyxalo Bexwmumes ¢/3. Torma mpm vl >N
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AMeeM
[ 1@e=dz|< | 11@)|de+
—ag lx|>A
bfl
+ 2 (1f@ae+ | X [@eede| <,
k an

H TeMMa IOJHOCTHI0 JoKasana.
SamernM, 9TO YTBepKIcHHE JNeMMbl OCTaeTcA B CHIE W
TIPH OJHOM TONBKO WPENION0KeHHH a0CONITHOH MHTErpH-
pyeMocts (MoKkHO roBopurh H 06 murerpaiae Jlefera). A
Teopema 1.2. Ilyere 0<a<1 u nycre Pyuryus
F(z), sonomopgrnan ¢ nosoce a<<Rez<b, ydosaersopser
yeaosusm

F'(z)=0(z%1), F(z)>0 (z > >, a<Rez<b). (1.3)

Tozda gopmyara obpawenus (1.2) cnpasedausa npu x 0,
Ecau obosnauure g(x)=zf(z) (npu z+0) u nosodwmurs
g(0)=0, ro dyuryua g(x) npu awbor a<c<b ydos-
AETEOPALT HEPASEHCTEY

le==g (z)— e~*g (E)| < Mlz—E|*.

IIpu srom f(z)+ F(z) (a<Rez<<bh), a ecau b=+, 70
f(Z)=0npu <0 u f(x)+F(z).

HorazarenbcrBo. CmeeM 3Ty TeopeMy K Teopeme
1.4. Warerpupya mo wactaAM, Jerko yOemmaeMcd, 9TO HH-
rerpaa (1.2), ompepeaatomuit pysrmuio f(z), cxogurca mpu
z 70, n moayvaem ¢opMyay

c+{ioo

g(x)=zf(x)=—2lm s F'(z)ex* dz (a<Leh)

c—4$o0

Herpynno mpoBepHTh, 9TO IOCAENHEE HHTErPal CXOJATCA
m opu £=0, u ero sEavenue npu r =0 paBHO HYJIO.

ITockoabry ¢yukmua G(z)= —F'(z) B cany (1.3) ymos-
AeTBopAeT ycaoBuaM TeopeMsl 1.1, To MBI momydaeM Hepa-
BeHCTBO Juia g(z) m coorHomenme g(x)* G(z) (a<Rez <<
<b), T e

]

j‘ g(z)e >t dr ="— F'(z) (e <<Rez <),

—00

HORa?KeM, qT0 #W3 BTOr0 PaBeHCTB3 cCleayer COOTHOIIeHHe
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f(z)= F(z). Ionommmu Rez=c (a<c< b) m mpomHTer-
pupyeM monydeHHoe pasenctBo fiaa F'(z) mo z or § Ho
¢+ iR. Iro macT HaM

FQ—F(+iR) = | j@e=tdr— | f()eveifsda,

N3 mepasemcre mua Pymximm g(r) Bugmo, 9ro ¢QyHROUA
f(z)e~*™ — alcoaoTHO WHTEIPHpyeMadA mo Bcedl ocm (PyHK-
nqua. ITosromy npu R — -F> mocaemumit MHTETPaJ] CTPEMUT-
cAa K wmyixo corracEo JdemMme 1. Tak wak BeanumHa
F(c+iR) npu R~ -+ 710Ke cTpeMHTCA K HYIO B CHIY
yemxosmit (1.3), To mepexogs ¥ npegedy mpu R — +oo, npm-
XOOUM K PaBeHCTBY

= [ f@estdz  (@<Ret<b).

Ecau b = oo, T0 mpumeHseM Te Ke paccy;KIeHUA, UTO
m B teopeMe 1.1. J[okazareancTBO 3aKOHUEHO.

Jlaa mokasarTenbcTBa caefyoIledl TeopeMH MOHAZOOHUTCA
ONHO IOHATHE, 0 KOTOPOM T'OBOPIJIOCH TOJBKO BCKONb3h.

Bygem rosopure, uro ¢yEmma j(z) ydosaereopser &
Touke r = E yeaosuio Junwuya nopadre o (0 <a<1),

eclIn MJIA BCeX T, JNEKAIUX B HEKOTOPOH OKPECTHOCTH TO9-
Kn z = §, uMeeM

lf(z)— ()| < Mlz — El=.

Teopema 1.3. Hycrv gpynryus f(z) nenpepriena na
6cell ocU 34 UCKAIOUEHUEM CUETHO20 MHONECTEa TOUek paa-

pulea, He uMerowjezo npeae./tbnbzx TOYeK HA KOHEUHOM pac-
CTOAHUU, U NYCTH

V1@ (= + e ) dr < oo (1.4)

(a mooxer coenadarv ¢ b). Tozda Pynkyus
F)= | j@)e=dz  (a<Rez<<b) (1.5

Henpepeisna ¢ noaoce a<Rez<b u zonomoppra 6 ee
GHYTPEHHUT Toukar (ecTM OHH ecTb, T. e. ecam a4 << b).

Ecau 6 rouke x=¢ fpynryus f(x) yaoeﬂereopﬂer yecao8uio
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Junwuya nopadka a >0, 10

ct+joo
1 '
5o J F(z)eb2dz = f(E) @< e h). (1.6)
c—io0
JlokasaTemlbCcTBO, Ilpg  a<Rez<d MeeM

le=**| < e~*+ 7", rtak d9roO TIOMBIETerPadbias QYHKOUA B
dopmyse (1.5) mpu Bcex r He IPEBOCXOTHT AGCOIIOTHO HH-
rerpupyeMoit Qyuxunu |f(z)| (e~ + e~**). IlosToMy umBTer-
pan oupepenarmuil Gyuruuio £ (z), PaBEOMEPHO CXOQUTCHA
mo z B mogoce a < Rez=<<b. OTCIOJJ;a BEITEKAKT CBOHCTBA
GyuruEn F(z).

Huast poxasateasctBa opmyast (1.6) paccMorpum um-
Terpai

c+iR
Jrr (§) = j [F(z)—— f(g) Zke™ ]egz dz,
c—iR/
rme a<<c<b, k> lcl.

Nmeem

=] g oo
—%z
F(z) = j f (2) e*2dx, Z:e 5 = J‘ e—klx—tl—xz gy
2t —k :
— 00
(mociaegHee PAaBEHCTBO JIETKO IIOJYYAeTCs, eCAM MBI Pa3o0b-
eM IpPOMEKYTOK HWHTEIPHPOBaHUA Ha dacTu (—o°, E) u
(g, +), a sareM BHIOIHUM unTerpuponasue). Ilockoabry
ofa uHTerpaja PpaBHOMEPHO CXONfTCS 10 2 HA TIPAMOKR
Rez=c(a < c¢<0), MOKHO mOfCcTaBATHL MX B BBIPAKCHUE
Jrr(§) ¥ U3MeHUTH TOPAJOK WMHTErPUPOBAHMA. ITO [ACT
HaM
c+iR

Tror () = j [f(@)— f@) ers=b] | et-dids.

c—iR’

Boruuciasas BEYTpeHEMH WHTErpadl, Iocie HECIOMKHBIX Ipe-
o0pasoBaHUil MoJryIaemM

IR, (E) = ¢(— R') elc—iRE — @ (R) e(cHiRE,
rme

¢ , ) — —klz—3]
o) = | s@evdr, g) == LO=LO

—-_—00
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Herpynuo yGemurbest, ato ecam pymrnus f(x) ymoBiaerso-
psier B Touke z = § ycmopuw Jlunmmna, to pymrmms g(z)
ynopaersopsier ycinosusaM jgeMmMmel 1. JleificrBaTennHO, M3 yC-
noeus (1.4) u ums roro, wro k> lcl, cmemyer aGcomormanm
uHTerpupyemocts Qyarumu g(z) o Beceill OCH 3a HMCKIIOTE-
HHeM KaKoH-IM60 OKPecTHOCTH TOYKH £ =&, a ycIoBHe
Jlunmpna ofecueguBaer  a0COMIOTHYI0 WHTETPEAPYEMOCTH
g(z) B orpecrroctu Toukm z = §. OcrambHBle YCTOBUA IeM-
MEl 1 BLIIONHEHHI B CHIY YCJNOBHI, HAJTOMEHWEIX B TEOPEMe
Ha Qymrouo f(z). Ilosromy @(v)—= 0 mpu v - oo, a cie-
nosaTennHo, npenen Jr,pr(8) mpm R — +o, R' — +o cy=
mecTBYeT M paBeH HYII0. IT0 03HAYaer, UTO

c+1o00 ¢+foo
1 1 2k d
T j; F(Z)eBZdz=f(§).m X ZZT;___”&)

(mocmegEWIT WHATErpas NEerKo BLYHUCISETCA C IIOMOIILI0 BEH-
9eToB — OH pasen egmuune). Teopema Mokasama.

3amevanume 1. Dopmyry obpamenus mnpeofpasosa-
Hus Jlammaca Tose MOMKHO paccMaTpHBAaThL KAk WHTErPahb-
Hoe mpeobpasopamme. Herpymmo yOemuThcs, 9To 3TO0 oOpart-
HOe HATerpambHoe mpeo0pasoBamMe JAMEL HECYIIECTBeHHHIMH
JEeTANsAMH OTIUYAeTCsA OT caMoro mpeobpasosamug Jlammaca.
ITo o3HATaeT, B YACTHOCTH, 4TO JI0Gas TeopeMma, B KOTOpoit
ycIoBHs HanarawoTca Ha F(z), momer OHTb lepefelaHa B
TeopeMy ¢ ycroBmsaMmu Ha f(z), m maoGopor.

3ameusanme 2. Paccmorpenue mpeobGpasopamms Jlam-
maca or GYERnu# MHOTEX NePeMeHELRIX (OO0 Kammol u3
IepeMeHHBIX) He NPUBOJUT K KAKUM-Im00 HOBLIM BOIIPOCAM.

@opmyna obpamieHHs HMeeT BUJ

f(xlv RS xn) =
cl+ioo cptico
= 21_ - j‘ .. j‘ F(zy, ..., zp)eat -t g, dz,,
(.TU) cl—ioo Cp—ioo
rne
F(Zl, ‘oo Bp) =
oo oo
= 5 e 5 f(xl’ e xn) e—(xlzl+...+xnzn) da:l L d.‘l‘n.
- —_—
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§ 2. Teopema o ceprke ¥ pyrne GopMyant

3EaguTenbEYI0 poib B Teopum IpeobpasoBamug Jlammaca
ATpaeT MOoHATHe CBEPTRA ABYX QyHEOUIL.

Ceeprroti gynryuil f(z) u g(x), onpenenreHHbIX Ha Beeit
oCH, HaspBaeTcs QyHKIAS

Fr0)e)= | je—ne®dt= | 1®e@—1t)d

(6ymeM mpemmomaraTh, ITO WHTeIPAIK CXOMATCA TPH BCeX
Z, XOTA 3T0 ¥ He 00A3aTENBHO).

Ceeprroli gymryuld f(z) u g(r), onpedesennviz npu
z >0, HasuBaerca (QyHKOHUS

(fre)@=fe—ne@ et =@ ez—t) a.

L]

Herpymmo 3aMeTrurs, 49r0 mociefHee oOmpefieleHUe SABIACTCH
9acTHBIM CIydYaeM IpPefbIAyIiero, ecim IoxoxmTs f(z)=0
u g(z)="0 mpr z <.

Umeercs wMHOr0 pasmgYHBIX TeOpeM O B3aBUCHMOCTH
CBOWCTB CBEPTKH MBYX (YHKOM OT CBOACTB 3THX (yHKIUM.
IlpuBefem umb ofHY M3 mpocredmux *).

Teopema 21. Hycre Pyunryus f(z)e™™, a=0, pas-
HOMEDHO Henpepblena Ha ecell ocu xz, & Pyrkyus g(r) Ha
Ka#dom KOHeuHOM OTpesKe UMEET JAUWb KOHEUHOe YUCAO
TOYEK pa3puléa, u RYCTh

oo

S ['f(z) ] ¥l dz << oo, f |g(x)| ebl®l dz << 00, |b|<<a.

p—" -—Q00

Toeda gynkyus (f(z)=*g(x))e!'™ pasHomepno Henpepblend
Ha scell ocu u

{ (7(2) *g(2)) ¥l do < oo

-0

JorxazaTtensbcTBo. OGozHatumM

(@) =1(2)e™, gi(e)=g(2)e™, hi(z)=(f(2)*g(z)) ™.

*) JlompoGHOe m3JI0KeHHEe TEOpeM O cBepTke mMeercA B [33]. Bes
TEOPHE HHTErpana Jlefera MHOIH® TEODEMH O CBOPTKe TPYAHO HaiKe
chopMy TEpOBATH,
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Tornma

(@)= | hie—B e exp(—alo—E|—bIE| + ble|)dk.
IToxantem, 910 STOT MHTErpan PaBHOMEDPHO CXOHUTCH HA BCEH
ocu. OmeENM IofbIHTErpanpEYR ¢QyHENHIO. B cumy pasHo-
MeDHOH HeIpephIBHOCTE (yHKmuu fi(x) Ha Bcedl ocH uMeeM
lfi(x—&)| <M. lanee, Tar wax ¢ =0, a lz—¢&l = lz| —
— |El, uMeen

—alz— &l — blE| + blzl < —alzl — [El+ 1bllz] — |g| =
=(|bl —a)lz| - [El<0
CrnemopaTensHo, TMOREIETETpPANbHAs (DYHKOUA HE OPeBOCXO-
par M|gi(E)| @ B cumy aBcomOTHOE MHTErPUPYEMOCTH
$yHEnEu g)(z) mo Beeil ocw mETerpan mus QYEKouU k()
PaBEOMEPHO cXOmuTcHd Ha Bcedl ocm. M3 paBHOMepHOI cxo-

OUMOCTH MHTEerpaia cjledyeT PAaBHOMEPHAs HelpepLIBHOCTD
$yarouu k().

Hoxamem abGcomoTHYI0 HHTErpUpyeMocTs QyERuum A (T)
mo Bceil ocd. OgeBUAHO, UMeeM

th ) de < Hul(x—a)ngl(a)ldadx

-—00 — 60

Ocraerca 1oOKa3arh, ITO HANMCAHHBIN [BOHOM WHTerpam
cxomaresa. st BTOro KOCTATOIHO TMOKABATH, YTO CYIIECTBYET
KOHeYHHIH IIPegeNl MHTerpaia

[lihe—vla@iae ¢

rae D, — raras-pulyAp pacmupsmomiasgcs IIOCIef0BaTelb-
HocTh o0nacreil, MOKPHIBAIOINAs IIPH I — % BCI0 ILIOCKOCTb.
B rauectse D, BospmeM mapaitmemorpamu |El <r, |[z—El <
<r B maocroct: (z, E). ViMmeem

r+

Sf|f1<x—§)||g1<§)ldadx—§|g1 ® § 15— dzaz—

—r+

=_§ |g1<§>|d§_j 1o m)dn <

< S1a®id | 1nmdn<c.

Taxkum ofpasoM, mociefoBaTeabHOCTh MATErpanos mo D, opm
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BO3pACTAHHH I MOHOTOHHO Bospacraer m orpaBnmieHa. Cie-
JOBaTENBLHO, MHTerPAN CXONATCA H TeopeMa OKasaHa.

3amewanue 1. Ecau mpemmomosure, dro QysRmus
f(z)e*™ me TOMLKO paBHOMepHO HeIpepHBHA HA BCeHl OCH,
HO ¥ YOBIETBOPSET YCIOBUIO

[f(z)e= — f(E)e®| <Mlz—El* O<a<i),

To u QyEEnus (f(z)* g(x))e™ rome Gymer ymoBIETBOPATH
AHANOTHIHOMY HEPaBeHCTBY.

3ameuwanue 2. Ecmm dymrmuu f(r) m g(r) pasEM
gymo upn z <0, TO 3HAYEHWA MUX CBePTKM HA OTpeske
(0, A) saBucar TonbKo or 3Hawemuit f(r) m g(r) Ha dTOM
orpeske. ITopromy us Teopemsr 2.1 merko momywaem:

Ecau gynwyusn f(r) nenpepviena npu z =0, a gynryus
g(z) abcoaioTHO uHTe2pupyema Ha KawOom KOHELHOM OT-
peske, TO UL C8epTKa

(168N = { o= B

nenpepviena npu = =0. [

Teopema 2.2. IIycre Pynryus f(z) pasnomepHo He-
npepviena Ha 6ceil ocu, a Pynryus g(r) umeer KoHeuHOe
YucA0 TOueK pa3puléd HA  KakdOM KOHEUHOM OTpe3xe,
U nycro

S li@ldz <o, [ |g@)ldz<co.
Eeaw  f(z) #F(z), gx)=G(z), 710 (f(z)*g(x))+
#F(2)G(z).

Hoxasarenscrso. IIpm Rez=0 umeem

00

(f(z)* g (2)) += S (f(2)* g (@) e-* dx =

-0
00

= { o= _Sw fle—B)g () dt da.

-—00

Kax n mpm goxasaTenncrse TeopeMmbl 2.1, ylemmaemcs, 9ro
ABOHHORX MATErpal

((1e—pe@e=dtar (Rez—0)

aGcomioTHO cXopuTcd. Ero 3HauemMe MOKHO HANTH, BEIYHC-
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IUB npeflel MHTerpama mo JawHoN pacmupsiomeiics Iocie-
noparexsHOoCcTH ob6macreit D.. Brmbupasa B KadgecTBe 3Tol IIo-
crefloBaTembHOCTH Te ke mapammenorpammsl &l <r lz—
— &l <r, wro u npm moxasaremscTse TteopeMn 2.1, momy-
qaeM yTBep:JieHile TeoPeMHl. (3aMeTwM, 9TO BCe paccyik-
IeHAS ¢ BHOOPOM IOCHeoBATeIBLHOCTH OOGJacTell HYMKHB
BCEr0 JINIIG MJs ONPABAAaHUA 3aKOHHOCTH 3aMEHBI IlepeMeH-

HBIX B [IBOHHOM HecOGCTBEHHOM MHTerparne.)
CremaeM HECKOJBKO MHTEPECHEX BHIBOMOB M3 HTOH Teo-
pemur. Teopemy 2.2 MOKHO 3amMcarh B BUfe

{te—vewa-2~% | rocoea e

rae f(z)= F(z) u g(z)+ G(z). Temepr samerum, uro u3
coorromenns f(z)+ F(z) cmemyeT coormomenme f(—z)3
+ F(—z). Tak xax ma MHEMOH# ocM —2Z = z, TO, moJaras
g(&)=f(—t), =0, moxyzaem

o0

(iera=L [ irameaw. (22)

—o0

dra ¢opmyra HocwT HasBamue pasencréa llapceeaas. D

C moMompb0 TeopeMHl 2.2 u mpyrux QOpPMYI TOro e TH-
ma (Ho 6oXee TPOCTHIX) 9acTo yAaercd pemars 3ajadud,
He mpuMmensas Qopmymy obpamenusa. IIpesme ueM IokasaTh
NIPHEMEePH TaKUX [eHcTBUl, BEIBeMEeM ellle HECKOIBKO ¢op-
myn. Bce omm Moryr GBITH momydeHHI U3 TeOpeMBl 2.2 mpH
HEKOTOPOM ee 00O0IMeHAW, HO IPOIMe AOKABHBATE WX HEIO-
cpeicTBE HHO.

Ham mpupmerca moxassiBarh 9T (GOPMYIH B JBYX BApH-
aHTAX: JJA ONHOCTOPOHHEr0 W MJId HBYCTOPOHHEr0 IPeos-
pasoBamus Jlammaca, Taxk xax (OPMYIHl AJIA >THX cIydaeB
HEMHOr0 Pa3iTdTHEL

1. Ecau f(z)+ F(z), To zf(z)+ —F'(z).

Heficrsurensno, wuETerpam, ompeeIAION{Mil $yHRIHIO
F(z), paBHOMEDPHO CcXO[uTCs B HEKOTOPOH MOXYIIOCKOCTH
Rez>c. ITo Teopeme 4.5 ra. II ero mommo muddepennms-
poBaTh moj 3HAKOM WHTErpaina. 9To gaeT HaM

F'(2)= — gf(x) re—**dz (Rez>¢),

T. e. zf(z)+ —F'(z).
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1*, Hycro

o0

5 (1 +1z1)]f(zx)| e dz < oo.

—-—00
Ecau f(z)* F(z)(Rez=a), 10 zf(x)* —F'(z) (Rez=a).

IIpuMeEATs TO e paccyKIeHHe, UYTO IPH OKA3ATETIb-

crBe (opmyasl 1, Hemb3s, Tak Kaxk o061acTh PaBHEOMEDHOMR
CXOIMMOCTH WETErpajla ModeT He cofiep’RaTh BHEYTPeHHHUX
Touek., OpEaxo ycaoBue abCOMIOTHOH HHTErPUPYEMOCTH
dyermua (1 |zl)f(z) oBecmeanBaer cxomuMocTh W HWHTEr-
pana, ompefensiioniero QyHEKmuio F(z), u wWHTerpana, HOXy-
YeHEHOro nAuddgepeEnuposagneM 1oy 3maxoMm waTerpama, Ilo-
sroMy AudepeHEnupoBaEne MMOf 3HAKOM HMHTErpaja 3aKoHHO,
H MEI TOTYTaeM MCKOMYIO §opMymy.

2. Ilycro 5|f’(x)|e—axdx< oo. Ecau f(z)+F(2), 10
' (2)+ 2F ()= 1(0).

HeitcTBrTeqLHEO, IIPE AocTarowHo Ooxbmom Rez umeeM
f()e™ >0 npu 2 — +oom
©0
7@ e (2) e de =

— f@) e P + 2 f(@) e da = — [(0) + 2F (2).

@opMyna moxaszaHa.
2*, ITycrs

f(z)er™ >0 (x> %),
(@1 + 17 @)]) e dz < oo,

Ecau f(z)+ F(z), ro [ (z)+ 2F (2) (Rez =ua).

Jra QopMyna MOKA3LIBAETCA TAaK JKe, KAK M TPELIgy-~
mas. [

Ha mepsmii B3TIAML KajeTcs CTPAHHBIM, 9T0 (QopMymder 2
n 2% pasnamuarorcs MeRAY coboll, Tak KAk OHOCTOPOHEHEe
mpeobpasoBamde Jlammaca siBIseTcd 9YacTHLEIM CIyIaeM JBY-
cropoEHero. IlpuumHa pasmadus B TOM, UT0 (QYHKIHSA, paB-
masg f(z) mpu r=0 m mymo mpn z <0, saBegoMo He 0Y-
mer nuddepennmupyema, ecir f(0)7*0. Ecam me f(0)=0,
To popmyasr 2 m 2* coBOAgaIoT,
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Temeps npuBefeM TpPEMEp PpeIeHAA 3aJaTd  METOIOM
mpeofpasoBagus Jlanmaca 6Ges mcmombzopammsa (opmyart o6-
pammenns.

Ilpumep 1. HaitmeMm pemenue ypapHeHEsA

y " (z)+ ayV(z)+. ..+ a.y(2)=f(z),

YIOBIETBOPAIONMEE yCI0BHIO y(0O)=y (0)=... =
=y (0)=0

Cmauana J[IONycTHM, 9T0 OpH JOCTATOTHO GOIbMHUX I
dymruasn f(z) ofpamaerca B Eymb. Torma mpm MOCTATOIHO
Gompmnx z QyERmAa Y(z), KOTOPYH MHI HIIEM, ABIAETCA
pemermeM ORHOPONHOro NEPPEepPeHRNUATEHOT0 YPABHEHHA C
nocTOAHELIMA K0P dUnmeHTaMnu, T. €. nmHeHAHOH KoMOMHa-
nme#i pymrmmit saga Py (z) € (P, (2) — muorownen). Ilo-
BTOMY OonHOCTOpOHHee mDpeoGpasoBapgme Jlammaca ¢yErmumz
y(z) cymecrByer, kax m mpeoGpasosamme Jlammaca ee mpo-
U3BOIHEIX.

Ionomum y(z)+ n(z), f(z)=+ F(x)'

Dopmyra 2 ¢ ygeroM yemosmit y(0)=y'(0)=...
..o=y"D(0)=0 gaer EAM COOTHOMIeHAS

y'(2)+ 2n(2), ..., y*™ (z)+ z"n(2).
Wenonesys ypasuenue pig y(z), Haxommm
P(z)n(z)=F(z) (P(z)=z"taiz""'+...+a,),
aam 1 (2) = P (zz) . Pammomanbryio ¢dymHROHIO PL(z) MOKHO

Pa3ICKATh HA CYMMY TpocTeiimmx npobeit

P(z) 22 z——A )h

Yrobrr wmaittm ¢ymrnmio ¢(z), oNHOCTOPOHEEM mpeoGpaso-
sannem Jlammaca xoropoit sBisercs GyHKHEs Pi( yr Demmmu

3Ty 3amady MIiad Kamnon m3 opocrefimmx mpoGeir. Bocmoms-
3yeMcsa oIeBHAHON dopMymoit

-]

! =fe”°—"dx (e“—:-- ! )

z—)
0

ITpumenenne gopmynst 1 maer

k!
xheb —_
(‘ - ,‘)h+1
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CrnenoBarensHo,

q{z) = 2, Z (k x"‘le‘“mx

Hamee, w3 cooTHEOMeHIL
Y@ =06 1@FE, 1@+ 55 1@=p 57 @

¢ TOMOIMBIO TeopeMur 2.2 morywsaem

y(z)=(gq(z)* f(z)),

.T. e.
y(@)={qe—8 1@ &

3aMeTnM, 970 pelleHWe 3aBUCUT JWOIb OT IIOBef[eHHs (YHK-
mou f(z) ma orpeske (0, z). Ilosromy Hame pomymeEene,
uro f{z)==0 mpu mocrarouEo GonLMNX x, He cHEKaeT oOmI-

HOCTH.
Vmeercs mmpoko paspaGoTaHHEIT pasfel MeTofa HHTer-
pPanrpHLIX mpeoGpa3oBaHUit — OmepanwoHHOE HMCUMCIEHAe, KO-
TOpHIl 3aHEMAaeTCA TOJBLKO pellleHHeM 3aJad 6e3 HCIIONb30-
BaEMA (opMmyar ofpamenus. B yue6HEEKax omepamMoHHOTO
ACYMCIEHAsA TPABONUTCA MHOTO PAa3IATIHEX (QOpMYI, HOm0G-
HEIX OpuBefeHHKIM BrIme. Bce 9Ty (GopMYIBl TeM HIM MHBIM
coco6oM IONYYaloTcA W3 HPUBEeHHLIX OCHOBHBIX. | |
ITosamMcTBYyeM M3 ONMEPANMOHHOTO WCIMCACHHR YNOGHYIO
trepmmHOIoruio: ¢yErmuio f(z) Gymem HaswBaTh opucuHa-
40M, a ee mpeobpasosamme Jlamnaca — usobpaixceHnuem.

§ 3. IlpaMepnt mpmMeHenua Meroxa

OcHoBHag wMacca npumMeleEHd Meroga Tpeo6pazoBamms
JIHHJIHCH BBEIXOMUT pallero 3a npeaesbl TEOPHH aHAIATHIe-
cxux ¢Gymrnmit. ITosromry Dpmmeps], KoTopbie MbI ceifgac
paccMOTPUM, MAl0 CBA3AHH ¢ TeopHed aHAIATHYECKAX
¢yurmuii. Orn BHGpaHL ¢ eAEHECTBEHHON Membi0 — IOKA3aTh
CYIMHOCTH, METONa, HOPHBIAEKAsA BO3MOMKHO MEHLINE JIHIIHETO
MaTepzaia.

Mpumep 1. Hycrs $yaxmma f(z)e ™, b<a, pasno-
MepHO HempepriBHa Ha Bceit ocm. Haiimem pemeHme ypas-
HeHUA

y" (z)—a’y(z)=f(z) (a>0)
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Taxoe, 970 QyEKmusa Y(z)e "™ paBHOMepHO HempepHIBHA Ha
BCeH OCH.

JonoycruM ceEavama, aro QyErmus f(x) pasHa Hym0 TpH
BceX 3HAYEHHWAX Z, MOCTATOYHO OONBINAX TO aGCOMIOTHONR Be-
auaupe. Torma y(z) mpm mocrarouHO GONPIIMX Z SIBISIETCS
pemeEnemM ypasHemms y” =d’y, 1. e. y(z)=Ce*+ Coe™™
(mpzr 2> A m z<—A mnocroagEgsle C; m Cp PasmIUIHE).
YcnoBue paBHOMEDHON HEIPEePHBHOCTH (a 3HAIAT, W Orpa-
auaensoctn) y(z)e "™ ma Bceit ocu maer mam

y@)=Ce=  (z>4), y@)=Ce (z<-4).
Orcwopa BugHO, 9T0 gisa QYEKnEU y(z) U [ ee OPOU3BOJ-
HBIX CYIIeCTBYeT JBycTopoHHee upeoGpasosaHme Jlammaca.
O6osnavasn

y(x)wn(z), [flz)=F(z),
modxydaeM W3 YpaBHeHma (HcHOAb3ys dopMmydy 2%)

@—a)n@)=F@), 1) =a—F@).

z ——a2

1
Ho ¢ysxmus ——— sBuasercs mzobparennmeM ¢yHROARX
zZ —a
e—alxl

—55 9TO JIerko IpOBepAeTcs paTerpuposanreM. CorlacHo

rTeopeme 2.2 mpousBefeHHe H300PaIKEHMIA OTBETAET CBEPTKE
oparnganos. Ilostomy

Y (@) = — o5 (e~ = f (2)),

"IN
1 “_ -
y@ = — 5 | ety (34

3aMeruM, 4TO moayYIeHHAg (OpPMyTa HpurogHa yiKe Ges
Kakmgx OBl TO HE 6bIIo momymerni. JleicTBuTenbHO, A3 TEO-
pemsl 2.1 o0 cBoiicTBAX CBEPTKE cCle[yer, 970 (QYHKOZAS
y(z)e ", b <a, pabEOMepHO HempephHIBEA Ha Bceilt ocH, ec-
an Gymrmusa f(z)e ™ obmagaer 5TEM CBOMCTBOM.

Herpygmo mowasare, uro ¢opmyna (3.1) pmaer emms-
CTBeHHOEe pelleHWe 3agadd. JleficTBHTeNbHO, Pa3HOCTB [BYX
pentenmit 3amaum Gblma Obl pemreHmeM ypaBHemEma Y~ = ay?,
YROBIETBOPAIOMUM YCIOBHIO

ly(z)| < Me™  (b<a).
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flcHO, 9TO TaKWM pemIeHmeM YDPABHEHHS MO)KeT OBITH JHIND

TOMIAECTBEHHBIH HYJIb.
IIpmmep 2. HafijeM pemenne HHTErPaJILHOLO ypaB-

HeHHASA
E
fe—oy@a=re 0<e<,
1]

rae f(z)— opomssonbHas QyEKOUA, BEnpepbinHo guddepen-

napyemasa gpu x = 0,
onoxum dopmansro y{(z)+ n(z), f(z)+ F(z) = same-

THM, 9T0 _
1+ T(v)z™ (v>0) (3.2)
(pas z—V0epercsa rIaBHOS 3HAYEHHE), TAK Kak
o]

S ¥ le—*zdr =T (v)z—V (Rez>0, v=>0).

1]
IToaroMy mcxommoe ypaBHeHHe BMecTe ¢ TeopeMod 2.2 o
CBepTKe [aeT HaM

I'(@) 2% (2) = F (2), n(s) = 1()F(z)

O=~1
OGosnaumM 4epesd g(x) opmrmHan (i)ym«unn;—(a—)F (2) =
= G (z). Tax wax coraacmo opuyae (3.2) ¢ v=1—a
mMeem 2+~ T(1—a)zx, al (@) (1 —a)= sixitan coriac-
so dopmyne (6.4) rn. VI, To mo reopeMe o cBeprke

g(0) = (0= 0 (2) g = g | (2 — B~ £(0) e

Hockonsky n(z)=32G(z), T0o mo dopMyne 2 § 2 nMmeem
y(x)=g (z)+ g(0). Ho g(0)=0, u MsI moayuaem

f( — 8=/ E) de.

y (I) sin an dx

dra GopMyna JaeT pedieHHe HHTETPAJILHOTO YPABHEHHAMA,
B deM HerpyaHo yOemmrbes upomepkefi. OmEaxko Bompoc o
eHHCTBERHROCTH PEIICHNA HHTErpaIbHOre ypPaBHeHUA HYIH-
Haercss B AOMOJHNTENBHOM HCCAEMOBAHIY, KOTOPOe HE CTOAb

gpocTo.
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IMIpamep 3. \ Haiinem pemenme prddepeEnuanbHOro
yPaBHEHHS zl: ‘;:, u(z, 0)=f(z) (=0, —o<zr<wm),

OGosmawmy dopmamsro u(z, £)#v(z, t), f(z)* F(z)
M3 ypasaenma monydaeM ¢ moMombio (opMmynsr 2% § 2

T z%p, v(z, 0)=F(3).
Pemas nociennee ypaBHeHAe, HAXOMHM
v (3, t) = et F (3).

CormacHo TeopeMe o cBeprre, oboszHauag gepes ¢(z, t) opm-
2
raHaa QyHKnmEm €% ¢, mMeeM

ut)= | q@z—t 01 @)
Ocraercsa maiitn g(z, t). Vcoonsayem dopMmyny oGpame-
HEsg. ITocKOIBRY et npa Imz— £~ u mpm ¢urcmpoBan-

soM Rez crpeMmTcs K Hyai0 OwicTpee X000l CTOIOHH, MEI
MoseM IpmMenntd TeopeMy 1.1 m mammcars

c+{oo
1 2
q(z, 1) = 55 j eritsidg (— o< e << o).
e—i{oo
BospMeM e = — T I_[enaa 3aMeHy [ =2z — ¢, JerKo HaXOjAM
Y 2 2
1 z x
q(:c,t)——-z—m X exp[t(z+ Et—) _Zt—]dz=
¢—{o0
x2 joo x_.a hnd - x3
“a % _‘_“5 -l _..LVL T
Etj'ec dt = T e”dy-—2 e
—f00 —

OxongarensHEag (OPMyaa HMEeT BHA

x—&z
ww )=+ Y = j oa

Herpynuo yGemmTbes, 9To dra GOPMYyNa [aeT HCKOMOe pe-

Ienme YPABHOHHW, eCIm d)yHKmm f(z) ynmoBmersopser yc-
aosmo | f(z)l<M el=l™®
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Bonpoc o emgmmcrBeHHOCTH pemenms TpeGyer MOMONHH-

TeTHHOTO HCCIE/{OBAHMAA.
IIpamep 4. Hafifem pemerne HHTErpajnHOrO ypas-

HeHHA

A

y@) =2 lemty@)s (@0,

SC—8

YAOBIETBOPAIOMEE YCIOBAIO
ly(z)| < Me= (a<<?).

OGosmavnmM
P =F [ @E  (—w<z<oo),
0

{cp(x), z =0, [0, x>0,
CP+(I)= O, .’Z:<O‘; CP—('T)= CP(I), .’Z:<O

flecao, 9ro ¢yuxmumsa ¢.(zr) B cmAy ypaBHeHHSA COBIAfaeT

c y(z).
Han dysxmma ¢@(z) Ges TpyAa DoiaydaeM HePABEHCTBO

lp(z) | < Me=-1-o)k (o <z <),

IMosromy pasn gyuxumm @ (z) B momoce a<<Rez<<1 cyme-
cIByeT ABycTOpoHHEee mpeobpasosanme Jlammaca. OGosmagmm

ero O (z), a
0= o@e=dr, O_(9= [ gp@)e=rda
0 -—C0

Oyuxnus @, (z) roromodpua m orpaHmdeHa B HOTYIIOCKO-
cre Rez=a+e, a O_(z)— B monymmockocrnm Rez<<1-—¢
(e — m0Goe modosmmrensroe gmeao) um D (z)=D, (z)+
+®@_(z) (a<Rez<l).

ITo reopeme 2.2 o cBepTKe mMeeM

O @G)=D_ (2) + Oy (2) = MD.MZ)ﬁ (a<Rez<1),

Tak Kaxk maobpamenmeM $ymkmmu e~ geaserca ymrmms

2=t
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IOycre A <<0. Torma MoHO BHOPaTsb a TaK, dToHbl
ReV1 + A <a <1. PacemorpuM PyHKIHIO

v@=G—0_ @)= 0, ().

C opnoit cropomsl, ¢yaruma Pp(z) roaoMopdHa B IOAYIIO-
ckocrm Rez=a-+ & m ypHoBaersopser TaM HEPAaBEHCTBY
P(z)=0(lzl +1), rax xax ¢Qymxums D,(z) romomopdua
m orpasmiena npm Rez=a + €. C gpyroii cropons:, pyHK-
nus P (z) roromopdua B monymnockoerm Rez <1 —¢ m ymos-
nersopser Tam HepasencTBY Y (z)=O(lzl +1) (mo Tem ke
cooGpaskennsaM, ¢ samenoit @, (z) ma ®_(z). Oro osmauaer,
aro §(z) romomopdma Bo Beeit mmockocrm m (z)= O(lzl)
npn z — o, ITo reopeme Jlmysuamn (cM. § 2 ra. IV) mMeem
P(z)=C+Cz. Ho mpm z-—> +o mmeem $(z)=o(lzl), r1ax
kak ®,.(z)—>0 mpm z~—> +o, B weMm Jerxo yOemuThCA,
BarigHYB Ha dopmyay mas mee. CiaeloBaTeNbHO,

___ . z4+1
P(2)=C, CD.|_(z)—C——1+}v_zz.

Ho ¢yuruma @D, (z) sABasgercs OmHOCTOPOHHEM H300paske-
HmeM mcxoMoro pemenus. IlosTomy, Bo3Bpalagcs K OPHrH-
HaNy, OXydaeM

y@) =0+ VTTR) eV — (1 -V I+ R)e Vi

IIprumep 5. Hafigem @ynmaMeHTa pHy0 CHCTEMY peIme-
HEH ypaBHEHHAs

" 1 14
Y @) +— v @ +y@)=0
Bynmem mckarh pemendme B BHAC KOHTYPHOTO HHTerpaia

y(@)= | g(z)erds,
C

e KoHTYp C TAaKOB, 9T0 HOJBIHTOIPANALHAH (PYHRIHA MO-
CTATOYHO OBICTPO CTPEMHTCA K HYJI OPH CTPEMICHAHN Z K
xommaM KoHTypa (mam C — samkeyTHIT KOHTYD). Ouesma-
HO, EMeeM

Y (z)= _Y 29 (z)e**dz, Y (z)= _Y 22 (2) €% dz,
c c
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2 (@) + y@) =z | (1 + ) g(2) e da =
C

= — V e~ % [(1 + 2% @ (2)] dz
c

(oGHIHTEIPAPOBAHALI® WIEHBI HCUEBAIOT B CHIY IPENIOJo-
JKeHAA O KOHIAX KoHTypa). ITosToMy ypaBHeHWe maer Ham

[lo@— L1+ 2e@rfema=o.
c

OT0 DABEHCTBO 3aBEOMO BBMIONHMETCH, eCIH IOMLIHTErpPalb-
Hag QYHKOHA PaBHA HYJI, T. ©. €CIH

211 + ) 9 (2)] = 59(2).

Pemasn mnonywenmnoe ypaBHeHme fgias ¢(z), HaXOZEM
¢

9 (2) = F7—;-
Vi T ]

Taxum oGpasoM, yHKIUE BHIA y(x)::j‘—
2 Vit s

JAIOTCS PeINeHAAMH HCXOIHOTO ypPaBHEHHAS, ecidm KoHTYp C
BHIOpaH Tak, YToOBl HOASIHTErpadbHasA (PYHKOHA TOCTATOYHO
GHICTPO CTPOMHIACH K HYJN0 OpH IPACGAMKEHAH K KOHIAM
KOHTYpa, win ecan C — 3aMknyTei komryp u V1 + 72 omgmo-
sHadeH Ha C.

YroGel MOXYYATH ABA JIMHEHHO HE3aBMCAMEBIX pemeHums
HCXOTHOTO YPAaBHOHAA, MOMKHO B3AThL CIeNyIOMHAe KOHTYPEL

Ci—rpammma obmacru larg(z—i)l <m, lz—il>p;
C, — rpanmna obnacrm larg(z+ i)l <=n, lz+il Sp.

dz #aB-

IIlpn Rexz >0 mnrerpansr cxomarcs, ODOCKOIBKY IIpH
z—>i—co QyHRKOEA e* CIPeMHTCA K HYJII0 ObIcTpee JIo-
Goii crereny.

Tlonaraag p =0 u 00BEMUHAA HHTEIPANEI HO ABYM KpasM
paspesa B ONMH HHTErpal, MOJydaeM ciaemymomme GopMymrs!
I DeHleHHi:

T —xt
-'/1 (x) =—e*"j‘ —e: dt (Re > 0),
o Vi@ +20)

= e—1» _e__xt__ .
Y (2)=¢e ;YVI(‘TM dt (Rex>0)
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C moMombio reopemsr 4.1 ra. IV nerxo monydgaem acEMu-
sorrIeckne fopMymnsr

{0

W@~ = (Rez—>+ ),
_{x

Yy (2) ~ 1;——% (Rexz— + o),

W3 KOTOPHIX Cpasy BHIHA JHHOHHAA He3ABHCEMOCTE Yi(z)
m yo(z).

C noMompio IToBOpoTa KoHTypa (Kak B mpmmepe 1 § 2
ra. VI) ¢yuxnum y,(r) m y2(xr) MOMKHO aHANIHTHICCKH IPO-
DOMKATE HA BCH ILIOCKOCTH, 3a WMCKIOTeHneM Touky z =0,
rge oTH (YHKIEE HOMEIT JOrapapMmEdecKyl TOYKY Bel-
BJIEHUA.

Mosxuo 6br10 BeIGparh B KauecTBe KoHTypa C TpaHHEIY
obnacTh, COCTOAIEH W3 BCell IIOCKOCTH ¢ PaspesoM 1o OT-
pesry (—i, i). ITOT ROHTYDP SABAAETCA BAMKHYTHIM, M (PYHK-
nEa Y1+ 2% ogmosmauna ma Hem. CooTnercTByOmee dTOMY
KOHTYPY pelleHHe HCXOJHOIO YPABHEHHA HMeeT BH]

j‘ Vi—-y

Bumpno, uro ¢yuxnus y(z) roamomopdHa BO Beeil TMIOCKOCTH.
Ns obmux coobpaskenmit scHO, 9T0 (QyHKumEA y{(z) AB-
astercsi AuHe#HOM KombmHaumelt dyHrumir yi(x) m yo(z).

§ 4. O6o0mernoe mpeodpasoBarme Jlanmaca

o cnx mop Mpr paccMarpuBagm Ipeobpasosamme Jlamma-
ca amms gaa Qyrxnmi f(zr), yHOBIETBOPAIIMHAX YCIOBHIO

oo

S | f(x)] e dx << o0

— OO

npm KakoM-1m00 @. Bo MHOrmx samagax sro mpepmoioKeEHe
CHJIBHO OrPaHHYHBaET BO3MOMKHOCTH Meroga. TaK CHa/KeM,
B mpmMepe 1 mpemsimymero maparpaga Mer cMorud IPHMe-
HETH Opeobpasosarme Jlanmaca m moayumrs GopMyay mus
pemieHms JHOIb [OCAe JONOJHATENBHOTO IPEMUON0KEHHd,
OT KOTOPOro IOCHeINIEAE OCBOCONHTHCA CPasy MOCA® MOAY-
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9enms Qopmyasl. Ha 9ToM MBI DOTEPANH BO3MOKHOCTE CPa-
3y JKe J0Kasarb W ENWHCTBEHHOCTH PEIIEHHA, TaK 9ITO ee
OPHILIOCHh JOKa3HBATh OTHENAbHO. B HecmoHRIX 3agagax
aTa MOTEPS HeBeImKa, HO MiA Gojee TPYMHBIX 3ajad BOI-
poc O eIWMHCTBEHHOCTH DPeIIeHHA HateKo He Opocr. U Tomy
7Ke B CJNOMRHBIX CIydYafAX ¥ OpoBepKa opPMyJIsI, DONyIeHHOH
hopMaNBHEIMA MEHCTBHAMUI, TOMKe MOCTABJIAET HEROTOPHIE
TpynuocTE. UroOH yACHATH WX, COBeTyeM YHTATEN0 IPO-
BepuTs (QOPMYAH /I PeNIeHHH, HAHJeHHBIE HAMH B IpH-
Mepax 2 m 3 mpembirymiero maparpada (MBI YRIOHHIHCH OT
9TOH IIPOBEpKH, YKa3aB, 4T0 OHA BO3MOKHA).

Tlo sTEM TpPHYEHAM YiKe MOBOJBLHO NAaBHO CTAIHW BO3HH-
KaTh TeOpWH, OLNPAaBAHIBAIOINEE BBEfeHme NIPeofpa3oBaHmSA
Jlanmaca pmus He mETerpHpPyeMBIX [0 Beeli ocE  PyHRIHR
f(z). Onsako ammis B TocaemHee BPeMsA CO3TMAHA TEOPHI
opeo6pasoBanma Jlamnaca pacrymuX Qyuxnuii, yooBieTsopsa-
omas TeM TpeGoBaHMAM, KOTOPHE OPENHLABIAIOT K HEl Ipm-
aosenna. C OTOMOIMBIO 3TOH TeOPHH — OHA DONYYMIa HA3BA-
HEe Teopuu 0606wennvir GYyHkyull — ymnamoch pPemiuTh MHO-
rAe 3ajiavyd, CBA3AHHBIE C CYIHECTBOBAHHEM W eNHHCTBEH-
HOCTBIO pemenmit pudepeHNAANLHEIX  YPABHEHHHE ¢
JaCTHHIMA IPOM3BOMHEIMA.

CronpKo-HHOYs IOfPOOHOEe wu3MOMeHHe TEopHR 0600-
IHeHHBIX (QYHKIAX yBeJ0 Obl CANMIKOM MAJCKO B CTOPOHY.
OrpaEmumMcd U3M03KeHEEeM OCHOBHOI Hpiem, jesKamei B oc-

mOBe oroit Teopmn *). [ |

B zaBucmMoctm ot Tpefosanmil, BOBHUKAOMUX B 3amavax,
npeobpasoBarne Jlamaaca ofofmaercss Ha PA3IEYHBIE KJIAC-
csr Qymrquit. BygeMm rosopnTs raasebiM ofpasoM o mpeob-
pasoBamnm Jlannaca QYHKnuil, HeOpepPHLIBHLIX HAa JTIO60M KO-
HETHOM OTPe3Ke [eHCTBHICJABHON OCHM W PacTymmx Ipm
X —> koo,

Mzur mo-mpeskHemy Oymem masbiBars Gymrumio f(z) opu-
eunastom, a ee OpeobpasoBamme Jlammaca — u3obparenuem
7 COXDAHWM 3a0Uch 3Toft cBa3m PoMymoit f(z)+ F(z), Toab-
KO CMBICI HOHATHA w300paskeHmA Oyler HECKOILKO WHOIL

Mso6paskennsa HafeauM CICAYIOMMHEMA CBOHCTBAMME:

1. Msobpaskenws F(z) m G(z) cumTatoTcss PABHLIME, ecln
BX opmruHa’Xsl f(r) @ g(x) TOKMECIBeHHO COBUANAIOT.

2. Maofpaskenne asnsercd AuHelHON (QyHREMUeR opHrm-
Hama, T. e. W3 coorHomeHmil f(z)% F(z) m g(z)+ G(z)

[6‘)7]1'101@05509 manoeEne Teopnm 06o0menEnx PyEKOMI EMeeTcH
B [6, 7].
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clefyer, 9ro
af(z)+ bg(z)+ aF (z2)+ bG(2)

AssA AI06BIX DOCTOAHHEIX @ 1 b. :

3. Ecan opmrmman smBiserca HempepsiBHo pauddepeHIin-
pyemoit gyurumeii, afcoNOTHO MHTETPEPYEMOil mo Beeil ocH,
TO ero H300pa)teHMe OTORAECTBEM ¢ OOBIIHBIM Ipeobpazo-
BaEmeM Jlamnaca.

4, 3agagEM Kaxkoe-1mb0 HOHATHE CXOMHMOCTH OPHTHHAIOB
I HA30BEeM IOCJHEN0BATeNBHOCTE M300pasKeHmi cXomsAmeiicd,
eCIH IOCHAENOBATEAHHOCTh OPATHMHAJOB CXOMATCH B 3aMaHHOM
cmsicae. [

3agaBas UOHATHE® CXOJHMOCTH ODHIHHAJNOB, MBI BBITEN-
eM TeM CaMbIM HEeKOTOPBII Kiacc (pyHKIEE (nmHefiHOe To-
DONOTAYECKOe IPOCTPAHCTBO), MONYIaeMbIX IIpefeNbHLIM Ie-
pexonoM m3 HeppepsiBHO pudpepeHnmpyeMerx  PyHRIm,
aGCcoMIOTHO HMHTOrpEPyeMsIX mo Beeir ocu. as Bcex PyHK-
ool 9T0r0 Kiaacca m300paskeHme oUpefensercs Kak ¢op-
MAaJBHEI Ipefiell HEKOTOPO#l ITOCAeNOBATENALHOCTH OOBITHBHIX
npeobpasosanmit Jlamaaca. ITonsarnme cxoMmMocTH MOJKeT OKa-
3aTHCA H TAKAM, 9TO Opefesn GyHeT CyIecTBOBATL B KaKoM-
an6o oOBIIHOM CMBICAE, HO MOJKET OKA3aThCA, U4TO HH B Ka-
KOM OGBITHOM CMBICTO Dpefen m300pakeHmil HE CYIIOCTBYET.
OpHako 9T0 W He BaskKHO: MbI He TpeGyeM, 4roGH 0G00meH-
HO6 m300paskenne Guno QPymKmumedl B oOBITHOM CMBICHE CJIO-
Ba. BaskHO [pyroe: Kammoit (PYHKIEA U3 OOCTPOCHHOTO
KJacca OTBeTaeT POBHO OfHO maobpaskenme. | |

ITpmBeseM pBa OpmEMepa 3ajaHHs CXOAHMOCTE OpPHTHHA-
70B E BBIFAICHAM, K KaKHM KiaaccaM (QYHKIWE MH DOpHfeM.

HpaMmep 1. CxoamMmocrs OpDHIMHAIOB 3aaHA CAEAYIO-
muM o0paszoM: fa(z)—> 0, ecam fa(z) paBHOMepHO crpeMmT-
¢ K HYJNIO HA KayKIOM KOHEYHOM OTPe3Ke.

B aroM cnydgae mOpemenoM DOCHEROBATCNLHOCTH HeOpe-
puBHO muddepennmpyeMerx QyHKnuil, aGCONOTHO HHTErpH-
PyeMBIX WO Bceill ocH, MoikeT 6bITh N0Gag PyHKIEA, He-
IIpephIBHAA BO BCEX TOUKAX OCH (M TOXbKO Takam). [leii-
CTBHTEJBHO, BO-IIEPBHIX, NI00YI0 HEOPEPHBHYI (QYHKIHIO,
a6COMIOTHO MHTErPHPYEMYI0O 0O BCell OCH, MOJKHO pPAaBHO-
MepHO LOpHOAH3ATL HEUPepHBHO  Au@epeHTAPYeMbIME
¢yEKnAaAME, aGCOMOTHO HHTEIrPAPYEMBIMH [0 BCeH OCH.
dareM s m060f HENDEPHIBHOW (DYHKIHH Jerko CTPOMTCs
IIOCTe/IOBATENBHOCTE 20COMTITHO HHTETPHPYeMEIX 0O Beeit
OCH HeOPepHBHEIX (YHKIWA, paBHOMEPHO cXOofAmadAcad K
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HEll Ha KayKioM KOHETHOM orpedke. HampmMep, MOMKHO OO-
nomATh f,(x) paBHoit f(z) Ha orpeske (—n, n), HyJIK BHE
orpeska (—r—1, n+1) = nameefiHON HA OCTAaBHIEXCS
0Tpe3Kax.

C [pyroii cropoHBL, Upefed PABHOMEDPHO CXO[AMICHCH
OOCHe0BATeNBHOCTH HENPEePBIBHEIX (PYHKIEHE — HeopepHIB-
Hasg QYHKIHA.

IIprmep 2. CXOEEMocTh ODPHCHHAJNOB 3afaHA Clelyio-
muM ofpasoM: fu(z)— 0, ecim pas xaxoro-nmGo a<a
nMeeM

lim max]|f, (z) e—%*| = 0,
n-oo -4

TIpepenoM mociefoBaTensHOCTH HempeprIBHO anddepes-
nupyeMelx QyHRUAN, abcONWTHO MHTEIPHPYEMBIX Oo Beel
OCH, B 9TOM clAyd9ae Mosker OBITH ni06ag HEOPepPHBHAg HA
Beeit ocm $ymxnma f(r), YHROBIETBOPAIOINAR YCIOBHIO

lf(I) I < Me*=

Opu KakoM-1un6o @ <<a (@ TOJIBKO Tawasg). JT0 JErko MOKa-
3BIBAETCA TeM Ke paccy/KaeHmeM, 9ro m B mpmMepe 1. []

IlepeiiteM Temeph K BOOPOCY O TOM, Kak pa6oraTrs ¢
0600IMeRHEIM OOHATHEM H300PaKeHAs W KaKoBa IPH 3TOM
PONBH DOEATAA CXOLHMOCTH,

dagaBasg CXOMHMOCTH, MBI IOJyJaeM HEKOTOPBHIA KJIACC
OPHrUHAI0B, KAyKIOMY M3 KOTODPHIX MOJKHO LIOCTABHTL B CO-
orserctBme maobpaskenme. Hasamoch 651, Temeps caegyer
B3ATH KJIACC BO3MOJKHO IOHpe H pemarth 3afgatn. OmHAKO
JIelIo He CTOJIbL IPOCTO., BEIGOP Kiaacca oOpefeiserca caMmoil
Bafageit. Jro mpomexomur, rpy6o TrOBOpsA, MOTOMY, 9TO deM
IOApe KIacc, TeM MEHBIIC NeHCTBHIL MoHO Heaars ¢ H30-
OpasReHAAMH.

OcHuoBHBIE [eficTBHA, KOTOPHI® OPHXOMHTCA COBOPHIATHL C
E300pasKeHaAMA OPH DOMEHHH 3a7a4,— 3TO CJOMKCHHEe H30-
Cpamenuii m yMuOKeEme mx Ha Pymsrnoa, Jdasz obobmen-
HEX m300pasKeHHil 2TH [eHCTBHA cjleAyeT LOHAMATEL TaK:
Kammoe 0006mennoe m300pasKeHne ABJAAeTCA OpeieaoM Io-
CAeIOBATENBHOCTH OOBIYHBEIX HM300pasReHMIT; [efcTBAA HAJ
9TAMHA H300paKEHMAMHA OTBEYAIOT KAKAM-TO MEHCTBAAM C
OPATHHAMAME; €CJAHM IOCAef0BARTEILHOCTE OPHTHHANOB, HAJ
KOTOPHIMH COBOPIICHEI COOTBETCIBYIOIMEHE MEHCTBHSA, CXOLHT-
¢sI, TO MBI DONYIaeM CXONAMYIOCA IOCAELOBATEIBHOCTH H30-
OpaskeHEmiT @ COOTBETCTBYMOMEe NeiicrBme Haj M306pasKeHH-
©M BOBMOJKHO.
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WaniMu cnoBaMmu, feiicreme Hay H306pasKeHHEM BO3MOMG-
HO, €CJIA COOTBETCTBYIONIEe MeicTBHE HAN CXONAmMeNcsa mo-
CJIeJOBATENBHOCTHI0 OPDHTCHHANOB OCTABAAET 3Ty DOCIeHOBa-
TeJBHOCTE CXOfmAmeiicsa. OT0 03HAYAET, 4T0 ¢ M300pasKeHHAs-
MH MOKHO COBepIIATh TaKme meicTBHA, 9T06HI COOTBETCTBY-
omue JeHCTBHA HaJ OPATHHAJAMH HEe BEIBOIMIH M3 KJIAcCCa
OpHTHHAJIO0B.

flcHo, 4dro cuoseHme H300pasKeHHmi, COOTBEICTBYIOM(EE
CIAOMEHAI0 OPHTAHAJNOB, He BEIBOJUT W3 RJIacca OPHTHHAJIOB.
VYMHoxenne n300pakenna Ha (DYHKITHIO

B(z) = 5‘” B(z)e**dx

COOTBOTCTBYET cBepTKe opmrmEana ¢ QyHxmmeir §(z). Tloaro-
My OfHAM H3 OCHOBHBEIX BOOPOCOB B TEOPHH IpPeo0pasoBaHUSM
Jlannaca sABisdercs OrBICKaHme Kijacca (QYHKIWIL, CBepTKA
¢ KOTODHIMH He BBHIBOJHT H3 FAHHOrO Kjlacca. JToT BOIPOC
HIPaeT 3HAYATENHHYI0 PONb M B KJIACCHUECKOH TeOpHHm IIpe-
ob6pasoBarusa Jlammaca, Ho B Teopmm o0o0menHOro mpeobpa-
sosapmsa Jlamnaca ero pomb eme 3amersee. Jag maacca
OPHTHHANOB, PACCMOTPEHHOIO B IpHEMepe 2, OTBET Ha 3TOT
BOIpOC cpas3y moaydgaercs m3 TeopeMsr 2.1 o cBepTke:

Ecau gynryua p(z) ydosaersopaer ycaosuro

[B(z)| < Me—al (o <z < ),

a f(z)E€ 8., 10 (f(z)*p(x))E S

3necs gepes S, ofosHaveH Kiaace PyHKUEN, ONHCAHHBIH
B mpmMmepe 2.

- PaccMoTpEM eIle BoOpoc 00 YMHOKeHUH H30GparkeHms
Ha CTemeHs 2.

VYMEOMmeEne maobpaskenma HA 2z cooTBercrsyer aadde-
PeHOMPOBAHAI0 OPATHHANA. 1109TOMY YMHOMKEHHE IPOH3BOIE-
Horo m3obpaxieHms Ha 3z, BooOme rosops, HemomycTmmo. Of-
HAKO €CJH HaM 3apaHee HB3BECTHO, YTO H CaM ODHTHHAM,
M ero IOPOM3BOJHAA BXONAT B HAI KIACC OPHTHHAJOB, TO
YMHOKEHH® HAa 2 ABIAEICA HROLYCTHMBIM AeifcTBEeM. | |

PaccMarpEBarh CKOABKO-EHGYOD CIO:KHBIE TPHMEPEl HC-
wonp30BaHAA  0006menHoro IpeobpasoBaEmd Jlammaca ME
He OymeM. OrpaEmdYmMcs JHMB TeM, 9TO OPOBEAEM ¢ €ro
OoMOmMBIO meclefoBaHAe mpmMepa 1 Opemsigymero maparpa-
da. Paccyxmennsi, KoTophie MBI OPOIEMOHCTPHPYEM HA 3TOM
opmMepe, TAOHYHE! U s Gonee caomuEbIX samad. (Or Go-
nee CHOMHBIX 327a9 ME! OTKA3HBAGMCA IHINL IO TOH WpH-
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g@aHe, 9T0 HAM NPHILIOCh OBl [OKAZEIBATE HOBOJBHO CIOMK-
HEIe TeOPEeME 0 CBePTKe, a BTH TeopeMbl B AaJbHelmeM HaMm
HArAe He MOHAR06MATCA.)

IIpamep 3 (cp. mpaMep 1 § 3). Ilyers 0<a<<g,
a f(:cf- HelIPpepHIBHAsA Ha Bcell ocm YHKNHEA, AJA KOTOPOH
[f(z)| < Me®=. Tlowramem, uro cymecTByeT egMHCTBEHHOE
permneHne YpaBHeHHASA

" (z)— a’y(z)=f(),

maas  xoroporo ly(z)| <M, m nalimem opmymdy
HIA Hero.
CHavasa Tox0RAM $OPMATBHO

y@)=n(z), ()= F(2)

0 HalgeM

N =3——=F ()

Tenepsp BHACHAM, Kakoil KiIacc OPUrEHAJOB HAM CJIEAYeT
1
BEIGpars. DyHKIMEA ——5 ABIAeTca m3o0pasKeHmeM (YHK-
z —a

1
bi4188 2—(3‘""“l CrnemoBaTenbHO, KIACC OPHTHHANOB HYIKHO
BHIGpars TakmM obGpasoM, 9To0bI cBeptka ¢ymxmum f(z) ums

sTOrc Kiracca ¢ QyHKIHmeR 2—6—“"” TOKe BXOAHJIA B DHTOT

()

waacc. Torma cmMBox 1(2)= > Gynmer maobpamenmem

¢yuxoum m3 STOro Kiacca opnrnHaJmB, H OPATOM TOJBKO
ogHOil. JT0 O03HAUaeT, 4To B JIOGOM KIacce OPHTHHQIOB,
. 1
nepexofsAmeM B cebs npm cBepTke ¢ QyHKNmei 5 e,
pemienme Hallefl 3aaym eNWHCTBEHHO W faeTcA (opMyioi

v = grleef @) = gy | ey @)

Omur raxofi Kiacc HaM H3BeCTeH. JTO KiIace (QYHKOmIT,
paccMorpennblii B npmmepe 2. PaccMaTpmBaeMEle YCJIOBHA
COCTOAT Kak pa3 B TpebopaHmm, 4ro0bl ¢yHrmma f(z) m
y(z) Bxommam B aToT Kiaacc. Ocraercs eime IPOBEPHTH, HO-
OyCTEMO IH ORIO yMHOMeHme H3obpaskemma Y(z) ma z2
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W3 ypaBmerma smamO, WTo ¢ymKnma y~ (z) NDpmHAIIEKAT
roMy e Kuaccy, wro u y(x) ¢ f(z). Orciona merxo momy-
gaeM, 9T0 B ¥ (2) (RaK ogwa m3 mepBooGpaszHBIX (PyRKOEE
y” (z)) upmmajmexAT TOMY 3Ke Kiaaccy. TeM caMBIM ypas-
Henme obecmeunmBaer mpmmEamIesHocTh Y (r) mw y” (z) Tomy
me maaccy, aTo m y(z) ¢ f(z), T. e. yMHOKeHHe 1(2) Ha

Z B Ha 2% ABIAETCS JONYCTHMEIM JeiicTBHEM. D

Mpb1 roBopmim TONBKe mpo of6obliendme mpeo6pasoBaHMA
Jlammaca ma mempepniBHBIe (PyHKNWH, pacryinme Ha OGecko-
HegHocTn. Ta se camas mjes mossoaser obobmars mpeob-
pasoparne Jlammaca m ma ¢ymrumm ¢ maoxmmm juddepen-
MUEATHHBIME cBoiicTBaMU. [lad 9TOro HYKHO BHIOEPATH COOT-
BETCTBYIOWIEe IOHATHE CcXogmMocTH. Tax MOKHO CTPOHTH
Teopmio mpeobpasosanma Jlammaca miaa dymxomil, mETerpm-
PYeMBIX ¢ KBaJpaToM IO BCeH JeHCTBATEJILHOH OCH, W [JIA
emme Gollee MEUPOKAX KIACCOB PYHKIHI.

§ 5. Uemoas30BaHme aHAIUTHISCKOr0 MPOTOTKEHIA

CTour 3aMeTHTh, 9TO Teopms 06GoOImMeHHBIX (YHKIUA c03-
JaHa s BIOJHe ONpefleJIeHHOre THIA 3a7ad, m HeT Heob-
XOMAMOCTH TPAMEHATHh Teopmio 0600Imennrlx QYHKMAN XK
mo6oi 3ajade, rae maer peus o mpecOpaszoBaHmm Jlammaca
pactymuax ¢$yuxknmii. Bomee rtoro, teopma o06o0umeHHBIX
GyBROUA MoKeT W He UPHBECTH K HEedH Jame A OIeHb
OPOCTHIX 3a1a9 Takoro popma. G ADYrofl cTOpPOHBI, KiIaccmde-
cKasg Teopus mupeobpasopamms Jlammaca Tojke HMeeT a0
¢ mpeobpasoBammeM pactrymux ¢yurumit. Oqme m3 cmocoGos
TECHO CBA3aH C AHAIATHYECKAM NPOJIOIMKEHHEM HHTErpa-
xoB. []

* Ilycrs ¢ymxmmsa f(r) ompepmeneHa me toabko mpm z = 0,
Ho m B yrae larg z| <o m ymoBierBopsier B HTOM yriae He-
PaBEeHCTBY

[f(z)| < Meo™ (lz] > 1, largz| <a).
Torma pyrrmmo

(=]

F(z) = j f(x)e—*2dx (Rez>a)

0

MOMKHO AHAIETHYECKHA POOIALATh, IOBOPAUNBAA JyT HHTEr-
pupoBaHNA, Kak BTo fAemanoch B mpamepe 1 § 2 ra. VI
Ipr srom B moxymmockocrm Re(ze'®)>a, 10l <a, ¢ynx-
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nusa I'(z) mpepcrasiaserca HHTETPaloM
ooeib
F(z)= S f(z)e—*2dx.
0

Taxam ob6pasoM, dyrxnusa F(z) me 3aBHCHAT OT TOro, IO
KaKoMy nyuy Oeperca murerpat. IlosToMy pmisa aHaaaTHde-
ckmx (QYHKIAH €CTEeCTBEHHO HA3BATHh OJHOCTOPOHHAM Mpeob-
pasosanmeM Jlammaca mmTerpanx mo aoGoMy ayay argx =6,
ecnim Qyrrnma f(r) romomMopdHa Ha sroM ayue. llpm sroM,
KOHETHO, IPAJETCA MUPHTBHCA € TeM, 9T0 Y OJHOH W TOH Ke
yrrumEA f(Z) MOKeT OKABATHCA MHOTO PABIATIHEIX NPe0s-
pasoBammii Jlamnaca, oTBeYANIAX PA3TAYHBIM JIydaM,

Bunwo, 4Wro mpm TakoM moHmMaHmE npec({pa3oBaHAA
Jlamnaca Mp1 Moem pomycTHTh dI0G0it poct ¢ymrnmm f(x)
0 JAefiCTBUTENbHOR OCH, €CIH €CTh KaRoi-Imbo jppyrofl Iyw,
Ha kotopoMm f(z) pacrer me GwicTpee, ueM e*™. Jlame Goxee
Toro, ecam f(x) pacrer mo BceM JydyaM, npeoGpa3oBaBRMIO
Jlammaca MoxmO npmmark ¢Mblca, pastus f(x) HA cyMMY Ka-
KOro-TO 9Ydcaa (PyHKIWA, HEMEINUX JIyIH DKCIOHEHIHATE-
HOTO pocTa.

HMowameM f[Be TeopeMH!, OTHOCAIHECH K TAKOM TPAKTOB-
Ke mpeoOpasoBanma Jlamraca.

Teopema 5A. Hycrv obaacre D codepicur karyro-au-
60 noaynaockocts Re(Le®)>a, wonryp C — epanuya D,
u nycre gynkyus @(L) abcoaoTHo unTezpupyema no KOH-
typy C. Ecau

1= |e@eta  (@ga=o)
C

T0
coei
Fa= | i@e=d=—E {28 a  Geb).

2ni) { —z
0 C

Ecau, rwpome rozo, gynryus ©(f) zoaomopdra ¢ obaa-
cru D, uenpepwvisna snaors do ee epanuybr u @(§) > 0
(§ >, D), 10 F(2)=—9(z).

HoraszatenbcrBo. Tar war obmacts D copmepiur
noxymrockocth Re(Ee®)>a, to npm argz =0, § =C, nme-
eM mepanenctBo |e**| < e, Iloatomy marerpan mias Ppymx-
umm f(z) paBHOMeDHO CXOMHTCA IO £ HA JTI000M KOHEYHOH
gacTd ayda argz ==0, tak uro ¢yEEmusa f(z) mempepmIBHA
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ma gyde arg z =0, Hpome Toro, mua Hee mMeer Mecto He-
PaBeHCTBO

f@i<e [ lo@1 1) = Mot (argz=0).

2ni
c
CuenoBarensno, npm Re(z¢°)= a + 6 unrerpan
i0
e

F(z)= 5 f(x)e=**dx

paBHoMepHOo cxomurcA mo z. OGEIIHEIME  paccysKAeHHAMI
JeTKO TIOKA3BIBAETCS, UTO TOPAFOK HHTErPAPOBAHUA MOKHO
m3menuth, llocie mepeMeHEI NopsAfKa HHTErPHPOBAHUA BHYT-
peHHMWI HHTErpaJ BEIIACIAETCA, W MEl IOIyJaeM HepBYIO
dopmyny mas F(z). Ecam ¢ymkmma () romoMopdpra B
obracrm D, nenpeprlBHA BIJIOTH HO ee rpanmmbl C @ yooB-
nerBopsier ycuaosmio @(§)—~0 (§ - oo, L= D), To MOKHO
TIPAMEeHAThL HHTerpadbHylo ¢opmyry Homm, wro macr mam
F(z)=—¢(z). Teopema morasana.

Teopema 5.2. ycrs obaacte D codeprur Karyo-iu-
6o noaynaockocte Re(ze®)>a, wouryp C — epanuya D.
Ecau fynwyus F(z) eosomopdua 6 obaactu D, nenpepuis-
Ha 6naoTb 00 ee 2panuybl u YoosaereopaerT YcAo8UAM

F(z)~>0, F'(z)=0(z"!) (3>, z€D), 0<y<{,

70 PyHEYUA

j(a:)=—2imj‘F(z)e“dz (argz =0)
c

nenpepvieha Ha ayde argx =90 rpome Touku z=0, ydos-
ALEeTE0ODPSET Npu 41060M a4’ > a Hepasencray

| f@) <M |z |~ eI (arg z = 0)

el

5 f(z)e—*2dz = F (2),

HorkasareascrBo. IlpanvMenam kK ¢Pynxmmm F (ze™®)
teopemy 1.2. Ilocae mecaoskmbix mnpeobpazoBanmit GopMyna
obpamenns npeobpasoBanma Jlammaca macT HaM, eCIH CYH-
Tark 1npamylo Re(ze'®)=a’ rpammmeit moxymmockocTH
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Re(ze®)>a’:

ogif

1
7 (@) =— 5o S F(z)e**dz, F(z)= S f(x) e** dz.
Re(zei9)=.a,l 0
B cmay ycmosmit ma F(z) UpaAMas HHETerPEPOBAHAA
Re(ze'*)=a’ susmpanenrna =wourypy C. Teopema poxa-

zaHa. | |
B xagecrBe mpmmememiis HOKA3aHHBIX TEOPEM PACCMOT-
PHM Of[HH HpPHMep, CXOHBIA ¢ mpuMepom 5 § 3.
Mpumep 1. Haimem pemenne puddepeHIUAILHOTO
ypaBHeHHA
ny*V(z)tzy(z)=0 (n>2),

y]j[OBJIGTBOpHIOH_Iee HAYaJbHBIM yCJIOBHHM
y(0)=po, ¥y (0)=pi, ..., y""2(0)=pa-2.

Meros pemieHus, KOTOPHIM MBI OPAMEHHWM, MOM{HO pac-
OpPOCTPAHUTHh W HA DeIleHre AHAJOTHIHOH 33/laYd I APY-
ruX JuHeHHmX gaddepeENIATEHBIX yPABHEHUH ¢ JIHHENHBI-
My kKoaddunmenTamy. _

O6osravas y(z)+ n(z), MoKHEO Hammcars coraacio (Hop-
Myde 2 § 2

YV (2) <+ 2" (2) — P (9) (P (2) = 2?4 phzn"“),

zy (z)+ —n'(2).
ITosromy ypaBmenme mis y(r) maer caefiyiouiee yPaBHeHHE
pas 1 (z):
n’(z) = nz"n (2) = —P(2), (5.4)

rae P(z)=poz" 2+ ...+ pa—o. Pemenne ypasmemus (5.1)
AMEeT BUF

@) = —e" [ e P (@) dr + Ce” (5.2)

(C — mpomsBoabHAs MOCTOSIHHAA).
JloBodpHO scHO, UT0 DyHKMEA 1 (2) He OrPaEWMYECHA HHE
B OfHO} Hoagymiaockoctd. lloaromMy mpuperca pasbare 1 (z)
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Ha cymMMy PyHKOmA, KaXKmgas m3 KOTOPHIX OymeT orpanmie-
Ha B cpoeil momxymiockoctm. J[aA 5TOro cHaYajga pacCMOT-
pHEM TOBeJleHHe B OKDeCTHOCTH GECKOHEUHO Y/aJemHoH Tou-
Kn QyRKnum e?"— pellleHAs OfHOPOAHOT0 ypaBEemHA 1" —
— nz"ln =0, Ilomarag z = re®, aMeeM

In| e | = Re z" = r™ cos ng.

Iootomy €"~>0 mpm z->o @m0 Jy9y argz=qQ, ecIH
cosnp <0, m e —= 00 IIpE z — © 0 AyTy arg z = ¢, ecam
cos ngp > 0.

O6o3magum uepes D, 06-
JIacTh, MOJy9alomyocsa BuOpa-
CHIBAHUEM N3 ILIOCKOCTH 2z Oe-
-CKOHEYHOTO CEKTOpa

1
|z|> R, (%__7}g~

n=3

%

NS

—~6<argz<(2k+—;—)—:‘7 + 8.

&

(3mecs R>0 m O<6<2in—-

npomssoabHel.) UYepes L, o060-
3HaYmM Trparmny obxacrm D, Puc. 8
(pme. 8).
lpr z —» « mwo womrypy L, ¢pyaxmma e cTpeMuTca K
Hymo Gecrpee, weM e~ npm mo6Gom a. Iloaromy dyuxmun

1 d
M () = 5 e:"gfz.
I

(E€Dy), k=0,1, ..., n—1, roixoMopdHel B oblacTax D,.
Bomee Toro, mo Teopeme 06 amammrmueckom POy 0K EHA T
unrerpanos tana Homm (cm. § 2 ra. VI) ¢yrxmun M (2)
MOKHO aHAMATHICCKH TPOMOIKATh HA BCIO ILIOCKOCTH. Kak
® B npamepe 1 § 4 ra. VI, momno momyumrs mus byrrmmi
M:(2) acmMmroTEueckme GopMyITH

by 1
m@=7+0bJ (20, 2 Dy),

b
N (2) = _ZE Lo 1 0(:12‘) (2—> 00,2 ¢ Dy).
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ITo treopeme 5.1 pynrnmm 1. (z) sBasA0OTCA mpeoGpasoBa-
Huavu Jlannaca dynxnmii

yh (x) = 2Lﬂij. etn-l'xt dg'
Ly

IloxaskeM, 49ro (pyHEREH Y.(z) ABIATICA PpellcHIAMH HC-
xopHoro guddepenmmanpuoro ypasHennsa. Jlaa aToro HaM
MOCTAaTOYHO TIOKa3arh, 4T0 Kaxkgaa ¢GyrROuT 1.(z) ymos-
nIeTBopsier ypaBHeHHWIO (5.1) ¢ HEKOTODHIM MHOTOTICHOM
cTemeHnm n — 2 B mpasoi gactm. UMeem

" 1 d 1 _
M (2) — nz"1me (2) = mf ¢ —Cz T om Y en et g,
) T g—ot ) &
h P
nianh, coBepmiad B IIepBOM HHTErpajeé HWHTerpupoBaHue IIo
9acTaM,
’ n n—1 __ ,n—1
M (8) — N1, (2) = 5 f e” QT;—— dt =
Ly

(]
&

n— ”
FN5N —8—2
) e,

-2 5

8==0 Lh

[

910 m TPeGoBaJIOCE.

Ypasuenme (5.1) ¢ ar6eiM MEorowaenom P(z) cremenm
n— 2 B MpaBofl JAacTH WMeeT POBHO 1 JMHENHO He3aBUCH-
MBIX pellleHmil, TAX Kaxk B HAINEM PACIUODsKENNH WMCIOTCH
(n—1) wosdpPunmenroB mMuoroumeHa P (2) W NPOI3BOIBHAL
nocrogrrag C. Oyaxnmid 1.(z) POBHO n, W OHE JAmHelHO
He3aBHCHMEL, B 3ToM mpoiie Bcero yOeamTLCA € ITOMOINHM®
acaMuToTHYecKHX opmya. M3 HAX BHAHO, YTO Ra)Kjas w3
dyurnmit 1,(z) pacTeT TOIBKO B CBOEM YLOJKe (9TH YTOJKE
He mnMelor ofmux Todek). IlosToMy mHTepecylomas Hac
$yaxnma n(z) wmomer OHTH HpeJicTaBieHA B BHJe JHHeM-
Holt xoMbmrammm Qyrxnmit 1,(z). Hoxoxam

n—1

n(2) = X camn(2)- (5.3)

k=0

Torna mETepecyoilee Hac penrenme y(x) paBHO

n—1

y(#) = 2 cxya(a)-

]
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Ocraerca HaATH IOCTOAHHBEIE ¢, YePe3 HATAIbHBIE YC-
JIOBUA.

2ms
Monoxmm 2z —> o, argz=06; =~-. Torma  cormacHo
acEMOTOTAYeCKEM (opMyaaM pmiaa Qyarmmit 1.(z) @MeeM

(@) ~e",  m@=o0() (k).
Ioaromy m3 dopmyast (5.3) momydaem

n(2) ~ ce?" (z—»oo,argz=93 =2—’:Ts)
C npyrofi cropoust, w3 gopmyasr (5.2) mas n(z) molxyzaem

i
ooe 85

n(z) ~ 1C — 5‘ e~t"P (D) dr| e (z—>- 00, arg z = O;).
0
CiejoBaTeIbHO,

10,

ooe

= C — j "D (1) d (es=2—“s).
0

3amerny, uro B oramude oT QYHROEA 1.(z) $yErOER

Yu(z) nmuefiHO 3aBUCEMH. MeKNy HUME HMEETCS OfHO CO-
OTHOIIeHUTE

n—1

2 yn () =0.

k=0
IlosToMy mpomsBonbHag IOcTOsiHHAsg C He BXOJHT B OKOH-
gaTexbuylo gopMyry mas y(x), KoTopas mMeeT BHJ

ooe"ek
n—1
¢ n
y(x)=22—;:,.£et sa,  a=— | e PO
R

k=0 0

rne P(§) m L, omnpepmenenw Bhume. Jlerko mpoBepmTh, 4ro
HHTErpagbl CXOHATCA MPH BCEX KOMILTEKCHBIX Z.

§ 6. IIpeobpadopanue Mernmaa

B wnagame riamm ynmoMEHANOCHL O TOM, ITO HAPANY C
npeobpasosanneM Jlammaca B amanamse ymorpeGIaiorcs ellle
ABA& HHTErPAJNBHEIX Npeo0pa3oBaHMA, OTIHTAIIINXCA OT He-
ro JIUIObF HeCYWeCTBEHHON 3aMeHON mepeMenunx. CraykeMm
HECKOJBKO CJIOB 00 9TMX NMPeoGpasoBaHEAX.
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Ilpeobpasosanuem @ypve dynryuu f(x), abecomotTuo mu-
TerpPEPYeMOi M0 BceW ocm, HABRIBAeTCHA PYHKIEA

9@ = [ f@etdr (= oo <E<o0).

Ecim F(z)— nBycropoHHee UpeobpasoBande Jlamiaaca
Tol e Qymxmmnm f(z), To, OUEBH/HO, EMeEM cp(?;)- (—ig).
3 9TOro cOOTHOIIEHHSA JErKo BBHIBOIATCA BCe CBOMCTBA TIpe-
obpasoBanmg @Dypre ¢ HOMOWBIO CBOICTB TPecOPA3CBARHA
Jlammaca (m wnaoGopor). Hampmmep, ¢dopmyrna obpamenms
npeobpasopanna Myphe IPAHAMAET BHUJ

fla) =g | o@esaz

Pasauama B dopMyrax crolb HE3HAYATENHHBI, 4T0 HA
HEX He CTOAT OCTAHABIMBATHCA. 4

Paznmune mesxay mpeo6pasosanmem Jlamimaca u mpeoGpa-
3oBaHmeM MelInEA HECKOIbKO 00IBINe.

llpeobpasosanuen Meaauna Pynryuu g(t), onpepenesn-
HOH IPH ICJCKHTEIBHBIX [ W YOBIETBODPAMINEH ycIOBHIO

§1g@le-1dt < oo,
0

HazwsiBaerca QyHKUUA
o

G (z) = j‘g(t) t£7dt (Rez = p).

0

Ecam oGosHaumrs wepes F (z) mBycTopoHHee mpeobpaso-
panme Jlammaca &yaxman f(z)= g(e*), To noaxyuaem
F(—z)= G (z). 910 cooTHOIIIEHNe TOKe IO3BOJHAET BHIBOJHTH
Bce gopMmyan upeoOpasopamnma Memamua ms dopmyn mpe-
obpasopamua Jlamaaca. QopMmyna oOpameHns npeo6pa3013a-
unsg Mexnmra mMeeT BHJ

ptioc
e = | G@ia >0
oo

Crour eme orMeruTs QGOPMYyINEH!, awanormuubie ¢gopMmyne
npeoOpasoBanna Jlanmaca cBeprka AByX GyHKIHI.
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TO
m()F = F)G@), [k () dt=F(1 —2)G ).

JloxkazarexbcrBo sTmx (GopPMYJI W BHBOJ YCJIOBHHA, IpH
KOTOPHIX OHH CIPaBE[IMBEI, JErK0 ICIAYIHTE CBEJGHHEM K
reopemam 2.1 m 2.2.[ ]

B § 5 ra. VI My ymoMmranmm o6 ogHOoM Merofge aHAIH-
THYECKOr0 MPOJOJKEHNHS CTOTIEHHBIX PANOB, OCHOBAHHOM HA
HCIOAB30BaBNK mpeobpazoBanmsa Meanmua. Ceitgac MBI Mo-
JHeM pacckasaTh 06 5TOM MeToie HECKOJBKO MoApo0Hee,

Teopema 6.1. Iycrv pyunryua c(z) ezosomopdra 6
noaynaockocty Rex >0 u ydoesersopser ycaosusam

c(x)—~ 0, ¢’ (z)=0(z") (z - o, Rez = 0)
npu awboxn 8§ >0 u npu neworopom Y>>0, Toz20a Pyuryuio
f(z) = X e(m)zn
n=1

MONCHO AHAAUTUUECKU npoé?o./mcu'rb HA 6CH NJAOCKOCTb Z C

_paspesom no ayuy (1, +o). Anasuruveckoe npodoadcenue
daerca gopmyaoil

o0 040
—x—1
10 =) | e dear R
1 6—ioo

HoxasareaxbcrTBo. Ilo dopMmyre obpamenns mpeos-
pasoBanms Memamaa (co cchlrxoii Ha Teopemy 1.2 06 oGpa-
mernn npeoGpasoBanma Jlammaca) moskmo mammearhb

oo —&+i00
x—1 1 —
c(—x)=j(p(t)t dt, (p(t)=271—t 5 c(—ax)t™ dz.

1 ~0—1%
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ITomoskuM B mepBoit dopmyne T = —n, yMHOMKHM Ha 2" O
‘upocymMMupyeM oT 1 o GecKomeIHOCTH, YTO BO3MOKHO IIPH
|zl < 1. Tlocme mepemens nopAgKa CyMMHDOBAHHA H HH-
TeTPHPOBAHHA IOJYIAM

c(n)z"=52-t;+1 ¢ (2) dt=z5‘t(('+i)z) dt.
1 1

1

f. 8

-

IHocnenuuit mHTEerpa’l PaBHOMEPHO CXOmuTcH B JIOGOH 3aM-
KHYTOH dacTH IIIOCKOCTH, He Ccoflep:Kalledl To4ek Jyda
(1, +o). Takum ofpasoM, MBIl HOXYIHIHA AHAJATHIECKOE
upopoxKenne QYHKIUA f(z) HA IIOCKOCTH ¢ Daspe3oM IO
ayay (1, +oo). Homcrasasaa smecro gyuxudm ¢(Z) ee BbI-
paskeHnne Yepes KOHTYDHBII HHTErpaj, OPHXOmUM K (opMy-
ae (6.1). Teopema moxasama. [ ]

I[oxa:sarmaa TeopeMma IOKa3blBaeT, 9YTO PANBE

i e—"%zn (@ << 1), i n=%(ln(n + 1))bz" (&> 0)
1 1

MOMKHO AQHAJIHUTHYECKH HPONOJIKHTH Ha BCIO IJIOCKOCTH 3 C
paspesom mo ayay (1, -+e). Ilpm :kemaHHEm ¢ HOMOIIBIO
dopmyasr (6.1) MomEHO HcelegoBaTh W HOBefeHHe CYMM
OTHX PAMOB B OKPECTHOCTH TOYKH 2z = 1. [ |

B sakaoowende IpHBefleM ONUH pesyabrar 00 aHAJHTH-
qeCKOM IPONOJIKEHHH HHTErpajoB, XapaKTepPHBIX A Ipe-
obpasoBanna Mennnsa.

Teopema 6.2. Ilycre Pynryun g(t) nenpepvisna npu
t>0, npu t > +oo cTpemurcs £ Hyalo OvicTpee 41060L cTe-
newu t, a 6 orpecTHocru Touku t =10 pasaaecaercs 6 crods-
wutica pao

gl)= 2 chtMll 0 <t L), £ 0,

20e M <he<MA<... u hn—> -+t npu n-—>-+. Tozda
Pynryus

G@)=[ewra

AHAAUTUHECKL NPOJ0ANCAETCA HA 6CIH0 RAOCKOCTb 3 34 UCKAIO-
YeHueM TOuek 3 = —M., 6 koropuir G(3) uMeer npocriie
noawcel.
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HoxaszarteanbcTBo. Ofo3maTNM
n—1 2 1
g0 =g — 3 ad™ Ha@) = [ g7 at
=1 0

A

Torga B oxpecrmocrz Toukn t=0 nmeem |gn(t)| <Mt ™.
CrnenoBarenbno, marerpan aaa ¢ymxnun H,(z) paBHOMEpHO
CXORHTCA B MOJYIIocKOcTHM Rez= —A,+ 8§ unpm naobom

8§ >0. Tarkum oGpasom, dymxnua H,.(z) romomopdsa B moO-
aynjaockoctn Re z > —A,.
Ho

00

G(z) = j gyt dt=

0
Lnaa Aptz—1 T z—1
=H,,(z)+jh2 cal dt+ [ gy ar.
0 #=1 1

Ilocnemauit mHTerpall B LpaBoit dacTu ABaAeTca (QyHRIMeid,
ronoMopdHO BO Beeli IIOCKOCTH 2z, TAK KaK B CHIY YCJIO-
BuA TeopeMul g(¢)—~ 0 upm {-—> +o GhicTpee MI000H cTelle-
vy ¢. llpepnociequuil HHTETPaJ] BBIYUCIAETCH:

S Aptz—1 3 ¢
52 ™ T dt = - hxh (Re z>> 0).
h=1

5 k=0

CnepoBarenbno, ¢pyurnua G(z) roroMopgHa B IOJYIIOCKO-
cra Re 2> —A,, 3a HCKJIIOYEeHHEM ITPOCTHIX HOJIOCOB B TOY-
Kax —A;, —A2, ..., —An—-1. IlOCKOJABKY 7 TpPOH3BOJBHO U
An — oo mpm n — oo, TeopeMa JoKazama.

Hamomunm, 9T0 ¢ OZHMM JacTHEIM cJIygaeM 5Toii Teope-
MBI MBI BCTPEYAJHCH HPH AHATUTHIECKOM LIPOXOJKEHWH TaM-
Ma-gyuaxnun Jiaepa B ra. I1.



Taaea VIII

TAPMOHHNYECKHE
N CYBrAPMOHHYECKHUE OYHRIINHN

Teopus rapmoHmueckEX W cyOrapMoHmYecKHX ¢OyHRITHE
WrpaeT CYLU[eCTBEHHYIO DOJb B LOJYyIeHHM PA3IHTHEIX TOH-
KHX OIeHOK JUIA aHaJuTHIeCKHX (QYHKIUil, ITH ONeHKH oC-
HOBAHBL HA TOM, d9ro JorapudMm MoOEyaAs rodxoMopdmoit
$yaxnun upencrasisger co00H cyOrapMOHHIecKY0 (GyHKIHIO.
Jra riaBa LOCBAN[eHa HM3YJeHHI0 rapMOHMYEeCKHX M cylrap-
MOHHYECKAX (QYHKIHN W OPHIOMKEHHAM MOIYIeHHBIX [Js
HEX De3YJbTaTOB K aHAJUTHISCKUM (PYHKIIHAM.

§ 1. OcHoBubie cBoiicTBa rapMonmuecKnx (yHrmmii

Mbr GymeM roBOpHTH TOABKO O TAPMOHATECKHX (YHKIIH-
AX IBYX 1epeMEHHBIX.

HefictBurensuyw ¢yExnuo uw(z, ¥) OBYX OelicTBATENb-
HHIX I[ePEeMeHHBIX T H J HA3EBAIOT 2APMOHUYECKOU 6 00-
aactu D, ecin oma psaxpH HenpephBHO nud@epeHnupyeMa
B 9TOi ofjacT W ymosierBopsaer ypasnenur Janaaca

2u 2 ’
‘;72+27';=0 ((z, y) = D). (1.1)

Nna xparwkoctm Oymem BMecrto u(z, y) nmHCaTh u(z),
rie z =2z + iy. Nuvorga pasxe 6yneM LepexofdATh OT OfHOM
3alHCH K mpyroli, ocraBiAA Ajasa QYHKuHEM OXHY H TY Ke
GykBY, T. e. GymeM caurath, uto u(z +iy)=u(z, y). []

B § 1 ra. Il Mu nmokasanm, 49ro JeficTBHTeNbHAA H MHH-
Maf vacrm-~rojoMopduoli B obractn D Qymxnum f(z) ABxa-
10TcA rapmonnvecknmu B obnact D ¢yuxmuamu. ObparHoe
yTBED;KIeHNe HeBepHo A MHOTOCBA3HON o0aacTH, Kak Io-
KashiBaeT npuMep ¢ymknmm lnlz|, rapmonmueckoir mpm 0 <
< |zl << o, TlosTOMy [oKaMkeM HECKOJbKo Oollee CIOMKHOE
yTBED;KNEHHe O CBASH AaHAJATHIECKMX W TaPMOHHIECKHX
QyHKIOWii, TIPUTOXHOE M IS MHOTOCBABHEIX ofJacTeil.

Teopema 1.4. Juaa T020 urobwr gynkyus u(z) bbiaa
2apmoruueckoli ¢ obaactu D, Heobrodumo -u Bocrarouno,
Y7066l OHA ObLAA OelicTUTEeAbHOU YACTHIO AHAAUTUYECKOU 6
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obaacty D dyuryuu w(z), ydoeaereoparoweli ycao-
BUAM: '

1. Qyuryus w’ (z) zosomopgpra é obaacru D.

2. Hurezpaa or w'(3) -no a1060My SaAMERYTOMY KOWTY-
pY, aedxcawyeny é obaactu D, pagen uwucro MHUMOMY ulLCAY
(uau wyamw).

HorxasatenscTBo. Haumem ¢ jgoxasaTedbeTBa JMocTa-
roagoctn. Ham mykmo yOemurhes, 9o yeaosnd 1 @ 2 ofec-
MEeINBAOT ONHO3HATHOCTh MEeACTBHTEIHHOA YACTH aHaJINTH-
gecKoli B ob0dactu D dyuxmuz w(z). lockoabky ¢yHrmusa
w’ (2) romomopdra B obmactu D, To aw000i siIeMeAT amaH-
TudecKkoit QYHKuHE w(2) MoXKeT OBITh MOJYIeH U3 HCXOTHO-
ro sJeMeHTa WHTerpmpoBaEHeM @ (2) Io HEKOTOpOMY IIyTH,
nemxamemy B obmactm D. 3uavdenms DasIHYIHEIX DJIEMEHTOB
B OflHOH M ToOil ike TOYKe OTIMIAITCA Ha mHTErpas; or w’(z)"
[0 HeKoTopoMy 3aMrHyTomy uytn. CorjacHo ycloBH 2
BTOT HHTerpaj] ABJAercS IACTO MHHMBIM, H ero HpufaBieHHE
He oTpajkaerTcd Ha JedcTBATenbHoE wacrh. [locraTogHOCTD
AOKasaHa.

JlnA pmoxasarelbcTBA HEOOXOAMMOCTH HYKHO 1O 3agaH-
poli ¢yurnmm u(z) moctpomth (QYyHKIUIO w(z), aHAAMTHIE-
ckyo B ofnacty D # uMelomyo 0ofHOBHAYHYI0 NeHCTBUTENH-
HYI0 9acTh, PaBHYI 4 (z), a 3aTeM IIOKa3aTh, 9TO BHIIOJHE-
gel yeaoBua 1 m 2. [Qaa aroli meam ompepgenanm (QyHRIHIO
w’(z) paBeHCTBOM

W' (z + 1Y) = ux (2, y) — iuy (2, ).

dra ¢yuxnua romomopdua B obmactu D), Tak Kak oHa ompe-
meleHa B 3Tol ob0IacTH M ee [eficTBHTeJbHAd M MHAMAA
‘9acTH YHOBIETBOPAIOT yciaoBuam Homn — Pumana (B cumay
ypasmenua Jlammaca maa u(z, y)). IlepBooGpasmaa ¢ysx-
nuu, rogromopduoii B obnacru D, aBnaerca ¢yHKnueii, aHa-
aurHeckoil B obmacrm D. IloxasxceM, 9T0 meiicTBHTeJbHAA
qacts ¢yuxguu w(z) (mepBooOpasHoir mma w’(z)) cosua-
gaeT ¢ u(z) Bciogy B obnacru D, ecau oHA coBIamaer ¢ u(z)
B Kaxoii-mmGo omHol Touke z = . NMeem

we) =w@ + § v (@)ds,  Rew() =u(®,
[

H, OTJleNAA JeHCTBUTENbHYI0 JaCTh, TOIyIaeM

Rew(z) = u(t) + | ue (2, y) dz + uy (2, y) dy.
¢
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’
Wurerpan Geperca or wnommoro pamddepennumana Uy dr +
[
-4 uy, dy =du, Tak 49TO OH He BABHCHT OT IyTH WHTETPHPO-

BaHHA W paBeH PasHoOCTH 3HaYeHHE QyHKRowA u(z, y¥) B KoH-
nax nyru. Ioatomy

Re w(z)=1u(f)+u(z)—u(f)=ulz).

W3 opmosmawmocTm ¢ynkmum u(z)= Re w(z) caenyer,
9T0 Bce dJIeMeHTH PyHKimE w(z) B OOHOE H ToH ke TOYKe
MOTYT OTIHYAThCA JUIIb YHCTO MHUMBIM ciraraeMbiM. Ho mur
yiEe 0oTMeYajd, TTO 9TH 3JAEMEHTHl OTIHYAIOTCA JUIIbL HH-
TerpalJaMH oT w’'(z) 1O BaMKHYTHM KoHTypaM. IlosToMy
maTerpan or w’(z) mo nGoMy 3aMEHYTOMY IYTH — THCTO
MHEMOe Ymcjo (mam Hyas). TeopeMa 1OJMHOCTBIO [oKasaHa.

3ameganue 1. Ilo cymecrBy cmbica TeopeMsl 1.1 co-
CTOHT B TOM, 4UTO 048 2apmoHuxHocTu PBynryuu u(z), onpe-
Oeaennoii ¢ obaactu D, Heobrodumo u docrarouno, urobvl
oHa Oblag OelicT8UuTeAbHOU YaAcTbI0 PYHEYUL, AHAAUTULECKOT
6 obaactu D, Ycuosua 1 m 2 pamor HeoOXomuMEEe H JocTa-
TOYHbIE YCJIOBHA IJIA OTHO3HAYHOCTH B obidactu D peficrau-
TenbHO gvacru GyHKRRUA w(z), aHATATHIECKOH B 3TOH 00-
JacTu.

Samegamne 2. FEcam obnacte D odHocéAaswa, 1O
yHKOuA, apanuTudecKaa B obdactu D romomopdHa B 3roi
obnactu. Iloatomy Oas eapmonunnocru Pyuryuu u(z) ¢
00noC8A3HOU 0b6aacTu D Heobrodumo u docrarourno, urobivl
ona 6blaa OelicT8uTeAbHOU uacTblo GYHEYUL, 2040M0pPHOUE
¢ obaacru D. []

C nomomgsjo Teopembl 1.1 MHOTHe BOIPOCH [IJd TaPMOHM-
qecKrX (QYHKIHN CBOMATCA K TeM HJIH WHHEIM BOIIPOCAM JUIA
agagurnyecknx QyHxOuii. Hanpumep, oveab GoabImoe 3HA-
9eHHe HMeeT CJGAYIONHuH pesyabrar O 3aMeHe IlePeMeHHBIX:

Teopema 2. Ilycre Pyuryus f(z) 2oaomoppra e 06-
aactu D u ee snauenus aexar é obaactu G. Ecau pynryusn
U (z) eapmonuuna e obaactu G, to gynryusn U(f(z))=1u(z)
2apmoruuna 6 obaacru D.

Hoxasareansctso. Ecau W(z)— asamutnieckag B
obmacty G Qymkuua, mam xroropoit U(z)=ReW(z), o
dynrmua w(z)= W(f(z)) amammtuvra B obmactm D (ma-
mpEMep, Mo Tohi npEIEEe, 9T0 (QyHrmua w'(z)=
=W’ (f(z))f (z) romomopdra B ofmactm D) m, odesmmHoO,
u(z)=Re w(z). Teopema poxazama. [ |

Boasmoe 3madcHue HMeeT H Teopema edulcT8eHHOCTU
1A TapMOHHYecKHX (DYyHRIMIi:
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o

Teopema 1.3. ITycre u(z)— eapmonuueckas é obaa-
cru D gyuryus. Ecau u(z)=0 ¢ uekoropoii orpecTnocru
rouky €D, To Pynryua u(z)— ToxdecTéennblii HYb.

HoxasareabcTBo.. Ilycrs w(z)—Ta amamaTHueckas

B obmactu D ¢ymknua, gua xoropoit u(z)= Re w(z). Jlerxo
ybennThesa, 9T0

w’ (2) = g (2) — iuy (2).

Tax kak uy(z) =uy(z)=0 B OKPECTHOCTH TOYKA Z =,
10 1 w (z)=0 B oKpecrmocrm Toukm z=75. Ilo Teopeme
emuuCTBeHHOCTH MMeeM w' (z)=0, 1. e. w(z)=const. Cie-
moBaTenbHo, H u(z)= const, a mockomsKy u(z)=0 B OKpe-
crHOCTH To9KH 2=, To u(z)=0. Teopema mokasana. )

CpaA3b rapMOHHYeCKHX (QYHKOHWH ¢ aHAJTHTHICCKAMHA HI-
paer odeds GOJBIOYIO DPONH OPH MCCAETOBAHUA TapMOHHTE-
ckux Qyawinmii. OgHaKO MHOTHE CBOWCTBA TapMOHAIECKHX
dyHKIMI Dpom(e mOKaskBaTh Hemocpencrsenno. OcHoBoil
0oNBIMMHCTBA NPAMBIX [OKA3aTeNBCTB SIBIAETCA IacTHEBIN
caygaii xopomro mu3secTHo#t Qopmyast I'pmma — Ocrporpasu-
CKOro

ij (z, yydr + B (z, y)dy—jvjv(—— ———)d zdy. (1.2)

(D — meroropaa obnacts, C — rpanuna D). ®opmyna I'pm-
Ha — OcTporpaficKoro cupaBemiiaBa AJd JIOOBIX HEIPEPHBHO
mudpdepenmupyemerx B D oyuxumit A(x, y) m B(z, y).
WNurepecyromuii nac JacTHHE caywaii 5Toli $OPMYNbl HOCHT
naspamne opmyavt I'puna. Ira dopmyna mMeer Buf

aqa ﬁfpﬁ‘ll) ap 9y "
S‘P ds‘“ o Jay)d“dH
+” ( 2+‘?§’)dxdy. (1.3)

3necs ¢(z, y) n P(r, y)— ABaskab Henpephisuo muddepen-
mupyemble B [ QyEKnmm, a 55— NPOH3BONHAA QyHKNUM

Y(z, y) mo HampaBJeHHI0 BHeImHeli HopManm K KpmBoil C,
T. €. :
2y __ oY 0y

n —a—cose+a—sm0
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rge O — yrox BHelmHeil HopMamn K kpusoii C ¢ ockio z. Ilo-
CKOJBKY MBI DaccMarTpHBaeM JIHINb KYCOYHO-TJIAJKIE KpH-
BEIe, HAmpaBieHNE BHEUIHed HODMAaJu oLpefielleHo #a Beell
kpuBoil C, 3a HCKIIOYeHHEeM KOHETHOro dIHCIa TOYEK.

Dopmyna (1.3) aerxo momyuaerca us Qopmynsr (1.2),
ecall 3amMeTirhb, uro dscos 0 =dy, dssinf = —dx m, cie-
AOBATEIBHO,

A b ay

OrMeruM eme HeCKONBKO HPOCTHIX ciaemcTsuit m3 ¢op-
myasr I'puna.

Bossmem B dopmymne (1.3) dymximpio ¢(z, y) paBroil
eqauune, a QyHruHio P(z, y)— paBHOI rapMOHHYECKOH B
obmactu D dymroun u(z, y). Torma

du
C

Jra dopuMyna amajoruwHa teopeme Homm gua romoMopdHEIX
QyuaKnumi.

Bosemenm cmavanma @(z, ¥y)=u(z, y), (z, y)=v(z, y),
satem @ (z, y)=v(z, ¥), ¥(z, y)=u(r, y) u BErITeM ApYT
M3 Apyra moxydeHHBIe ¢ ToMou(plo ¢opmynsi (1.3) paben-
crea. Beanm u(x, y) m v(z, y)— rapMoHHNYeckne B ofmacTH
D ¢ysrImMA, To MH TOTYIHEM

j‘(ug—:}—vg—:)ds=0y (1.5)
C .

Aty PopMyny TodKe MOKHO paccMaTpMBaTh KaKk aHaJOr Teo-
pembr Komrm,

Ilus rapmonmdecknx dymrmuii ects m dopmyma, amano-
roapag maTerpanbHoiit Qopmyre Houm pia romomopdHBIX

dyHKIUH.
Teopema 1.4 Iycrv Pynryua u(z) eapmoHuuna 8
o6aactu D u deawdet nenpepwvieno dupdiepenyipyena ¢ D.

Ecau teD, 10
S‘{u(z)a—i 1n|z——§|—zl—;1n|z——§|}ds=2ﬂ:u(§) (1.6)
c

(C —rpamwna D). Ecau [ & D, 10 unreepan pasen HYAIO.
NokasatexbcrBo. Oymsmua v(z)=Inlz— ¢l apaa-
eTcAd TapMOHHYECKOH Bo Beell ITOCKOCTH, 33 HCKRIIOYeHZEeM
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To9kn z=7,, TaK KaK oOHa paBHA TeHCTBHTeILHOH YacCTH
ananutuaeckoit mpun 0<|z —§| <oco Pymxmum ln(z—§).
Ecma & D, o ¢ynrmma In 1z — G| rapmonngna B obnactm
D u no dopmyxne (1.5) wHTerpan paseH HYIIO.

Yrober moxkasars $opmyay (1.6) mpu = D, ofosmatnm
gepe3 D, oGxacrs, monyuemHylo yhaxeamem us obxacru D
kpyra |z— &l <p (muI BoseMeM p>>0 cTOab MaXbIM, YTOOBI
3TOT Kpyr aeskan B obmacrm D). Ecam ofo3uaguts dwepes
C, rpanuny obmactu D, To ‘cOrIacHO CKa3aHHOMY BbIIIIe
aMeeM (TMockonbRy G & D)

a ou
51{uaTln|Z—§|—a—n—ln|Z—gl}ds—o.
o
Tax xar C, cocrour us C u m3 okpyskmocrn |z— Gl =p, TO

0 " ou
J=jv{u071n|z—§|—a—1n|z—§|}ds=
c

n
0 du
= E {ua—nlnlz—gl—a—n 1n|z—§|} ds
[z—cl=p
(Bo BTOpoM uWHTerpame mampasieHue Geperca yike cosmaga-

IOMHEM ¢ HATpaBICHHEM OT TOYKA z==( 1o panmuycy). Ha
oxpymuocTH |z — Gl =p, ogesmmmo, nmeem In |z — | =

=lnpxm a—an 1n]z—§| = gr—lnr r—p = % TloaTomy coraac-
Ho (1.4) ' _
J= % y u () ds. (1.7)
lz—gl=p

Jleag "acTh mOCTHEeTHEr0 PABEHCTBA HE B3aBHCAT OT P, 3Ha-
9HT, He 3aBHCHT OT p W mpaBad dJacTh. lloaToMy mocraTousmo
HaliTH npemen mpasoil gactm upu p — 0. IToT Wpefen pasen
2nu (%), Tak Kax 110 HATErpaJbHON TeopeMe O CpelHEM 3Ha-
9eHUN HHTerpan paBeH smavedwio QyHxuu#d u(z) B HEKOTO-
poit Toure oxpymHOCTH |z — [l = p, yMRO:kemHOMY Ha 2mp,
a nmpu p—> 0 swagenme Pymsmmm u(z) B IA060H Touxe
oxpysmocta |z — ¢l =p crpemurca k u(f). Teopema mo-
Kasana. '

3amevanue 1. Msr ormedalnn, 4To mpasag 9acTh pa-
BecrBa (1.7) He saBmcnT oT P, M ITOKa3aju, YTO OHA PaBHA
25tu(%). Tlosromy Bmecre ¢ ¢opmymnoii (1.6) moxasamo u
clefylonmee YTBeD;KOCHMe, HOCANEC HA3BaHIE TeOPEMbl O
cpednem dan 2apmonuneckur PYHEYU;



300 TJI. VIII. CYB'APMOHHAYECKHAE OVHKIVH

Ecau gynryusn u(z) eapmonuuna 6 wpyze |z—t| <R, 10
1
| eele-ug e<n.

|[z—l=p

3amevanme 2. @opmyns (1.5) m (1.6) moxasamsr B
LPeMIION0KeHnH, UT0 PyHKNEA u(z) M v(Z) TaPMOHHIHEI
B obxacTH D m pmBakpgel HempepeIBHO muQepeHnIpyeMH B
D. Ilocnepnee ycloBHe MOHO 3HAYATENLEO OCJAGHTH, BOC-
ITONB30BaBIMUCE TeM, 9TO HHTerpajJ 110 TPABEYHOW KPHMBOHK
oT (YHKUMH, HENPeDPHBHOA BIJNOTH [0 TPaHHIH 00IacTH,
MOKHO C JI000H TOYHOCTHI0 NPAGIH3ATE HATErPalioM OT ATOH
GyHKnun Ho JoMamoli, nexameli BHyTpE obmact:m (cM. § 5
ra. I). ]JlaA HenpepHIBHOCTH TMOABIHTErpaibHEIX (GYHKIHH
BIUIOTE J10 TDaHHIB! JOCTATOTHO, 9YTOOH (PyHRumm u(z) H
v(z) 6surm HenpephiBHO nuddepeHEpPYEME BILIOTH A0 Tpa-
HANBl o0xacta D

ITO ycmoBHe MOMRHO H ele HeMHOro ocaabuTb. MmO,
dopmynsr (1.5) m (1.6) ocraiorcsa clpaBeIMBEI, €CIH:

Dynuryuu u(z) w v(z) eapmonuunst ¢ obaacru D u ne-
npepblénbl 6naoTy 0o ee 2panuyvt. dacruvie npouseodmbie
sTux Pynryuly HenpepvieHvl 6nA0Ty 00 epanuyst D sa uc-
KEAlOYeHUEeM KOHEUH020 HUCAQ TOYEK a1, a2, ..., On, 4 RPU
z2—>a, z—~>D

du | li1)
| a o |
Hecobcreennvie unrezpaant, erodswyue 6 gopmyasvt (1.5) u
(1.6), cxodarcs.

CrpaBeiimBOCTh (GOPMYN IPH 3THX YCIOBHAX JeErKo N1o-
KRa3bBIBaeTCHd LpefelbHEIM /epexomoM upu € — 0, ecam cHa-
9qajla npuMeHUTH 3TH GopMmyabl K obmactu D)., us koropoit
yhoadeHs Ionagamiue B Hee 9acTH KPYMHEOB |z — a4, <e,

N3 rex ke coobpaskendil AcHO, 9TO [JIA CLpABENIMBOCTH
TEOPEMHBI 0 cpeflHeM He HYJKHO Jajke HEIPeDPHIBHOCTH (hYHK-
mEn u(z) B 3amrayroM Kpyre |z— Gl <p. Mokmo momy-
CTHTH y Hee 0COOEHHOCTH TOrO K€ Pofa, 9T0 H Yy 9YaCTHBIX
NpOM3BOMHEIX %(2) M v(zZ) B HOPeRBINYLIIAX PpacCy HKIeHUAX.

du
r

v
+ o

+ =0(1).

§ 2. Cy6rapmonnueckue QyHKIUR

IlepBonavanbao cybeapmonuueckue GYHEYUU oNpeens-
IHCch Kak MBaskAbl HempepbiBHo nudepennupyemiie Gymx-
HUH, [IA KOTOPHIX omeparop Jlamiaca BCIOAY HeoTpHIare-
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aen. OmHako BCKOpDE OKAa3aioch, UTO IPEAIOJOKeHHAe O He-
HOPEPHIBHOCTH BTODHIX OPOM3BOMHEIX H3JINOIEEe OTpAHMIO-
TeIhHO, TAK KaK B OTIHYAE OT TaPMOHHYECKHX QyHKIHE
cyOrapmMorndeckue (pyHKIUA OTHIONb He 00A3aHBI ORITH Oec-
rxomegno puddepennupyeMbiMu BHYTpH ofmacTu HX cyOrap-
MOHHYHOCTH. EcTeCcTBeHHBIH OyTh 0000meHHA INOHATHA CO-
CTOAN B ToM, 9TO0BI paccMaTpuBarTh (QYHKIHH, [OJXydeHHEIE
M3 [BEIEL HemnpepsiBHO HupdepennupyeMbix cydrapMoHH-
geckuX (QYHKIHA TeM HJIN WHBIM IPeJelbHBIM IepeXoloM.
Eme ogME OyTH COCTOMT B TOM, 9YTOOH OLpeielHTh cyOrap-
Monuveckde (YHKIEN HEKOTOPHIM XapaKTePHHEIM WX CBOM-
cTBoM. B kavecTBe TaKoro cBolicTBa IPHHATO BHIOMpAThH
Teopemy 0 cpednem:

wO<gmr | wwlal

lz—{l=p

Onmako OrasaJoch, ¥TO OfHOH JIHIIL TeOPeMEl O CPeHEM
HeJIOCTaTOYHO [IJIA XOpOImero onpefeleHus cybrapMoHAYe-
croii ¢ymxnum. Tpebyerca emfe HeKOTOpPOE MOLONHWUTEIBHOEG
IMpeIIoNIoMKeHAe 0 ee JIOKAJBHOM IToBeeHdnd. B Hacroamee
BpeMa B TeopuH cyO0rapMoEMdYecKAX (QYHKIHE HCIIONB3YeTcs
OllpefleJIeHHBI KAHOHWIGCKAN BLIOOP IIOHATHA CXOTHMOCTH,
KOTODOMY OTBedaeT BIIOJIHE OLDeleleHHOe JIOKAJbHOe IOBe-
genne. K comajlennio, 3TOT KaHOHWYECKHii BHIOOpP cBA3aH C
JO0BOJbHO TOHKAMH BONDOCAMH TeopHH (QYHKIONHA pelicTBH-
TeJIBHOTO LepPeMeHHoro *),

Jua wamux neneli Oymer ymobHee MCOOAB30BATH He-
CKONMBKO Oonee y3KmWil Kiacc cybrapMonwdeckmX HyHKMmi.
Or orBedaeTr Goixee CUIBHOMY IOHATHIO CXOXHMOCTH H OYeHb
LIPOCTOMY JOKAaJBHOMY LoOBefleBHI0. B pmanbHeiimmeM, roBops
o cybrapMormdecknx QYHKUIHAAX, Bcerfa OyLeM HMeTh B BHMY
HMEHO BJTOT KJAacc, OmnpelleleHHe KOTOPOTO ceifdac manmM.

TTycers wu(z) — peitcrBuTenbHaA QYHKOUA, oupelelenHAS
B obmactm D koMmiexcHol maockocTm. MeI OyleM cumTaTh,
aro ¢ysKmua u(z) MoMeT NpPHHAMATE B obaactd D 3Hadve-
HUA, PaBHBIE —oo (BHAYGHHA, PaBHbIE 100, He TOUYCKAIOT-
cA, HO WHOTHA paccMaTpHBalT H (DYHKIHIO, TOMAECTBEHHO
paBuyi0o +oo), Ecad BHITOJIHEHBl YCIOBHA:

1) Pyuryus expu(z) nenpepwiena ¢ obracry D

*) Usnomenne teopmpt cyCrapMommdeckmx (YHKUWE nMeeTcas B
GONBIIMHCTBE KHAT IO TeOpWA amajnTHvecknx Qymrumi. Kmarm [19,
29] DOCBAMEHH CHENHAaAbHO CyOrapMoHEYECKEM (YHROAAM,
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2) Oua awbbir LD u p>0, npu koropuix kpye |z —

—El<p uaewur & obaacru D, umeer mecTo HepagentTso

2n
uQ<gmr | w@di=gt [ u@+ pemyan;
lz—tl=p 0

To ymrmua u©(z) HaswBaerca clybzapmonuueckoil B obia-
ctu D.

Ecim ¢ymxnma u(z) cybrapMonmvyua B obaacrm D,
To QYyHKOHI0O —u(2) HA3HIBAIOT CYnepeapMoHUYEecKol B o0-
nactu D.

N3 TeopemMsl o cpemHeM A TapMOHMYeCKAX QYHKIIR
(cM. 3ameuanne 1 x Teopeme 1.4) Bumgmo, uTO:

Dynuryua, sapmonuyeckasn ¢ obaacru D, asaserca u cy6-
eapMoHUMecKoll, U cYnep2apMoHLueckoli 8 aToll obaacTu.

OrMeraM HECKOJNBK0O LPOCTEHMHX CBOHCTB cyGrapMoHu-
qeckux GyHRIuL.

1. Cymma (H0 me pasmocts!) cybzapmonuueckur e ob64a-
cru D dynxyull rakace seanerca Pynryuel, cybeapmonuue-
ckoli 6 obaacru D. ¥Ymuormenue na noaomuresbHyo nocro-
ARNYIO TAKICe He HapywaeT cybzapMOHUMHOCTU.

2. Pasnomepnuiii npeden cybeapmonuveckuxr 8 obaacru D
Pynryuii Tome asaserca cybezapmonuyeckold & obaactu D
Pynryuel.

3. Ecau gynryuu u,(z) u ug(z) cy62apMOHUUHBL 8 06-
aactu D, ro u dynryus u(z)= max{ul(z), usz(z)} cybeap-
MoHuuna 8 obaacru D.

OrpanmauMca JOKA3aTeJBCTBOM (cBocTBa 3.

BossMem amo6eie momycrumeie § m p. Ecum u ()= u(§),
TO

21

2n
w(© = 0O <gt | @+ o0e) do <t | u@+ peie) ao,
0

0

m amagormuno, ecin u(f)=uz(%). []
Boapmmoe 3naueHne MMEET CHIENYIONAA TeopeMa, HOCAI[AA
HA3BAHHAE RPUHYUNG MAKCUMYMG.
Teopema 2.4. ITyerv gynkyus u(z) cybeapmonuuna
8 obaacru D. O6oanavum M=suBu(z). Ecau u(t)=
=

Touke =D, 7o u(zy=M,
Wrovm. caoBamm:
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Cybeapmonuueckan Gynkyus, OTAUMHAA OT ROCTOAHHOL,
He MoxcerT O0CTU2GTL HAUGOABULE20 3HAUEHUS GHYTPU 06-
AGCTU.

HoxasareanberBo. Paccmorpum MmeokecTBo E, co-
crosmee u3 touek obiacru D, » xoropeix u(z)=M. Muo-
mecrio E samxuyro B D, Tak Kak e*” —wmenpepeBHAaf
$YHKIUA, a MHOMKECTBO TOYeK, B KOTOPHIX HeOpephBHAax
$YHKIUA UpUHAMAeT 3aflaHHOE 3HAYeHWe, 3aMKHyTo. [lomy-
cTHM, 9T0 HafJercA rpaHAYHAA TOYKA MHOMecrsa F, lema-
maa B o6nacru D, ckaxem . B cumiy 3aMKHyTOCTH MHOMKE-
crsa E nmeem u(T)=M. Torma maiimerca Taxoe p, 4T0 KPyT
|z— ¢l <p naessur B obiactm D, W HAa ero OKPYMHOCTH
HAfilyTcA TouKW, HEe NpUHAMIe;kamue Muoiecrsy E. Jlo-
HONHeHHe K MHOMkecTBY F AniigercA OKDBITBIM MHOMKECTBOM,
rax uro ecin z2¥ E, To W HeKoTopag OKPeCTHOCTH TOYKH 2
He upumHamIexnt MHoectBy FE. Ilosromy momuo BHOpATh
raxkue uncia 6, e >0 u 6 >0, uro

w(f+pe)ysM—e  (log—6]<8).

Mockonpky npm Beex ocraasHbIx @ mmeeM u(§ +pe®)< M,
TO
2n

S u(f + peiv) de =

0

= s‘ u @ + pei®)de + S u (G + pet?)do <

lp—bl<8 > —6]>b
< 26(M — ) + M 21 — 28) — 2nM — 26¢ < 2t M.

Ho coriiacHo ompefiesieHH0 cyGrapMOHUYHOCTA HHTErpal, Ha-
OACAHHBIA B caMoM Hadvane, me Menbme 2mnu(f)=2nM. Io-
IydYenHOe IPOTHBOPEYHE [OKA3BIBAET, UYTO MHOMKecTBo E He
MOKeT UMeTh IDAHATIHBIX ToueK BHYTpm odsactm D, Ciuemo-
BaTeNbHO, MHOMecTBO F wmm umycro, mim cosmamaer ¢ D.
Teopema moxasaHa.

3ameuanume 1. Ecum u(z)— rapMonmueckana ¢QyHK-
nua, to m u(z), # —u(z) ABIATCA CyGrapMoHHYECKAMHA
dyuxmmamu. Iloaromy eapmonuueckan @Gynryus, oTIULHAA
0T nocToAHHOU, He MoxeT OocTueaTs GHYTPU obAACTU 2ap-
MOHUYIOCTU KU HEUG0AbUWERD, HU HAUMEHbULE20 3HAYEHUSN.

3ameuanue 2. O6osmaunm @ (0)= lim «(z). Ecun

u(z) mempepwBHa B Touke G, To @(f)=wu(f). Bom C—
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rpanmna D, To

supu (2) = sup ¢ (2).
2D teC

JIBI?ICTBI/ITBJIBH‘O, eClIu SUPU(Z) = M, TO CYIMEcCTBYeT mociie-
zeD .

: 1
NOBATENBHOCTE TOYEK 2n, AJA KOTOPHIX u(zn)>M———,7,

T. 8. U(2.})—~ M. Eciu Lo — Kaxam-mfo mpefenbHAsg TOUKA
HOCHeIOBATENBHOCT Z., To U U(Go)=M. Ecam Lo=C, TO
Sugcp(g)>cp(§0) =M, a ecniu oED, to mo reopeme 2.1
=

u(z)=M.

Cnemcrsme. IHycrv u(z)— eapmonuueckas, a v(z)—
cybeapmonuueckan ¢ obaacru D gynkyuu. Ecau na epanu-
ye D umeem '

lim v (z) < Tim u (3) (=0,

F234 z-%

70 w enyrpu D umeen v(z)<u(z).
JeitcrurensHo, pasHocts v (2) — u(z) cy6rapMoHAYHA B
obsmacrm D (rax xaxk —u(z) asagerca cy0rapMOHHYECKOH B

D $ynxnmeit) m thn(v (2) —u(2) <0 (L= ). Hosameua-

o 2 u(z)=v(z) (z€ D). []

U3 cuemcroua BeiTeraer, 94T0 HOBepXHocTh t = v(z) e~
JKMT OO IOBEPXHOCTRIO { = u(2z) mpu Beex z€ D, ecam a0
uMeer Mecro npm z Ha rpamune D. WUmenmo 3Tro ©BOHECTBO
cybrapmonnveckunx QyHKIUHA DOCHYMHAN0 DPHYMHOA HX Ha-
3saBai. | |

Ogenp GoJpIIOe BHAUYEHWE HMEET CJemyromiee o06oGImeHne
OPHENANA MAKCAMyMa, NOKAa3HBalmee, 4To 3HAYGHUAMU
dynrmua ¢ (§) =1i1’£1u(z) B CUETHOM YHCJIE TOUEK TIpaHi-

-

bl MOKHO IPeHeGpeYs, ecid. H3BeCTHO, UTO HAIA (YHKIAA
orpaHAYeHA B 00JIACTH.

Teopema 22. Hyerv gyuryua u(z) cybeapmonuuna
u ozpanuyena ceepxry 8 obaactu D, umeroweli rora 6el 00HY
anewnion Touky. O6osnauum

M= sup lim u(z),
teC,t#ay, 28

2de ai, as, ...— nekoropas nocacdosareaviocrs Touex C
(epanuyer D). Tozda u(z)<M(z€D) uau u(z)=M.
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HJoxasareabcrno. Ilyers b — BHemHAa ToOYKa ofia-
cra D. Jna xasgoro §{=C M0mHO yKasaThk TaKoe UHACIO
A(T)>0, wrobn mua Bcex 2, Nemammx B oGnactm D, mMeno
MeCT0 HEPaBeHCTBO

—b
AQ =<1
OGosnaunm A, =A(a,) @ DpaccMOTpUM BCHOMOraTelhHYIO

bymrunmo ug (2) = u(z) + € 2 2% In { l\z — 2 :} Mocxomns-
n=1

Ky claraeMble, CTOAI[AE [OJ 3HAKOM CYMMBI, OTPHIATENh-
HEI, TO

hm ue (2) << llmu(z) <M (L%~ ay, g . 2),
-{ -{

lim g (2) = — (r=1,2,...),

-4y

Tak Kak QyHKOMA u(z) OO VCHOBHI0O orpaHAYeHA CBepXY,
a OJHO W3 CJIAraeMblX B CyMMe CTPEMHTCH K — o MOPH 2 —>
— a,. IosToMy coriacHO 3aMevyaHdi0 2 K TPHHIUNY MAak-
CHMYMa

supue () K M.

z&D

Iepexogs ® mpegeny nopm € — 0, momyuaem supu(z) <K M,
zeD

m TeopeMa joKasaHa. [

TlonaTae CcyGrapMOHAYHOCTA MOKHO DPACCMATDHABATEL KAk
ofo0mieHne MOHATAA BHOYKIOCTA KHH3Y Ha clydail agByXx
nepemeHHHX. IHamommmM, uro GyEEmAA @(z) HA3HIBAETCH
suinykaol Knu3y HA oTpe3ke (a, b), ecnm @(x) HempepuBHA
HA DTOM OTpe3Ke W A JNIOGHX Z; W Ty, Je:KAIIHX HA ITOM
OTpe3Ke, NMEeeT MeCcTO HeDABEHCTBO

@ (xfiz'xz) < qn(xl)—iz-qn(x2) )

dto HEPaBEHCTBO MOHO 3aMEeHHTH W HEPaBEHCTBOM

T -~ T

9 (1) <o (@) 2 + 0(e); (1, <z <)

1
xl

Idna psamael HenmpepeBHO pAuddepeHOAPYEeMbIX ¢dyHK-
oAl HeoOXOAWMEIM ¥ AOCTATOTHEIM YCIOBHEM BHIDYKIOCTH
KHEU3Y asnaerca ycaosue ¢ (z)=0.
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Eciu B nwGoM n3 HepaBemern, OUpefedAINIX BHITYK-
J0CTh KHO3Y, 3aMEHITh 3HAK HePaBeHCTBA 3HAKOM paBeH-
CTBA, TO OKAMKETCA, YTO TAKOMY YCJIOBHIO GYAYT YAOBIETBO-
pATH guins JgrHeiHBe GYHKITH,

Yenosua cyOTaDMOHHYHOCTH OYCHB MOXOM{N HA YCIOBIS
BBRITIYKJIOCTH KHH3Y, TOJNBKO OTPE30OK 3aMeHfieTcA KPYrom,
a JuHeinsle QYHKIUN — rapMounvecknMu QyHKIuAMU. DBes
ocoforo Tpyaa MOJKHO IOKA3aTh, TTO

HAas dsaxdvr uenpepvisno JudPepernyupyemvir @Gyrnk-
yuli reobroduMelm u JocTarounsvlyM ycroeuem cybeapMoHUY-
HOCTU A64RETCS YCAOBUE
u au

0.
az® eyt T

Ceask MexAy cyOrapMOHHYECKIMH U BBITYKIBIMA KHH3Y
QYHRIIAME He OrPAHHYMBAETCA TOJIBKO aHANIOrHei.

Teopema 23. Feau cybeapmonuueckas Pyuryus
u(z+iy) sasucur ToavKEO 0T Z, TO OHA ABAACTCA BVINYKALOU
knuady Pynryued . .

Ecau cybeapmonuueckas gynkyus u(pe®) sasucur roab-
KO 0T p, TO OHG ABAAETCA SuinykAol KHU3y Gynryueld or
Inp (sorapmdMuveckn BBITYKIaa QyHKIHA).

Jorkasareawcrso. Ferm ¢ymxmus u(z+iy) sasi-
CHT TOJNBKO OT Z, TO o0JAcTh ee OnpefelleHus — moloca 4 <<
<z <<b., OdospaunmM @(z)=u(z+iy). Junecitnas Gyrrusa
Az + B siznserca rapMoHmueckoin @ymrumeir =+ iy. Boss-
MeM Kakme-nubo z; U Ze, a<z; <<xs<<b ® mouGepeM mo-
croanase 4 1 B rak, 4rolH

A$1+B=(p(.l'1) A.Z‘2+B=Cp(1‘2).

Torna @(z)<Az+B (r1<z<u1x3). [leficruTensno, pas-
nocts ¢(z)— Az — B sasnserca cyGrapMoHmdecKoid QymK-
mmeii B monoce z; <2<y, OrpaHHYeHa B BTOH DoJoOCe
CBepXy, a Ha TPAHHIe TOJOCHl PaBHA HYJNI0 (33 HCKIIOYe-
HneM JBYX TOYeK B GECROHEYHOCTH), TaK YTO IPHMeHHMA
reopeMa 2.2

Bripaskaa A 1 B depes (p(.l‘l) 1 (P(.TQ) nonyqaeM

p@)<p( 1) i + (P(-Tz) z’ (2.1)

a 2T0 TepaBeHcTBO I 03HAYAET, TTO (byHEuHﬂ ¢(r) BBIDYK-

1a KHU3Y.
AmajormyHEe Paccy:KIenua MOMHO DNpoBectd M A

cayuas, Korjpa cyOrapMonmvecKas GyHKIHAA u(pe®) saBucar
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TOMRKO OT p. PagHuma nmmb B TOM, 9T0 B KauecTBe TapMo-
HA9ecKOH QYHKIEAW, 3aBWCAINEH TOJNBKO OT p, OPHAIETCH
B3sirh $yHKumoo A lnp+ B. HepaseHcTBO, KOTOpPOE mOXYYAT-
ca BMecro (2.1), ameeT BUf

R 0
In— In—

PO<eMN— +o(R) —  (r<p<R). (22
ln—r— lnT

TeopeMa MoKa3aHa.

Brioupas gapyre KoMOMHAIMN DePEeMEHHBIX, OT KOTOPHIX
3aBucHT cyOrapMoHmYecKag QYHKINA, MOMKHO ITONYIUTH
MpYTHe AHAJOTMTHEBIC Pe3yabTaTsl. | |

OrMeTHM, He OPHBONA TOKA3ATENLCTBA, eme ofdH Qaxr,
OTHOCANIANCA K CBABH MeKAy CYOrapMOHMYECKMMH H BbI-
OYKIBIMU KAEA3Y QYHKIMAMA.

yere gynkyusn u(z) cybzapmonuuna ¢ obaacru D, a ee
anauenus aexcar Ha orpeske (a, b). Ecau Pyunryua ¢(zx)
sulnykaa KHuU3y u He yovieaer Ha orpeske (a, b), o Pynx-
yus @ (u(z)) cybeapmonuuna ¢ obaacru D.

Cy6rapMonaveckne (YHKIHA HHTEPECYIOT HAC TIIIABHEIM
o6pa3oM B CBA3H ¢ aHAJMTHYECKHMH QymKmuamu. [Ipocreii-
OINM BBIDAJKEHHEM TAKOA CBA3M MOKeT CJIYMKHATh YTBEP:K-
TeHue:

Modyav gynryuu, coromopdroti 6 obaacru D, asaserca
cybeapmonuueckoli gynryuel @ arol obaactu.

HeitcrsaTensno, mia Jo6oi roioMophuoi Pynrmma f(z)
CIPABEMJIABA TEOpPEMa O CpegHeM

@ =g | 1+ pe)de

(oma cmpaBequimBa JUIA JefiCTBUTEILHOK M MHHMOM YacTH
f(z), mbo omm — rapMomnueckue ¢yaxnuu). Ilepexomga B
HAIACAHHOK (opMylle K MOMYIAM, ME yOeskmgaeMca B cy0-
rapMonmunocTE Gynxnma |f(z)!.

IIpuMenaa DpuHDED MaKCAMYMa CYGrapMOHHYECKUX
GyRRIEiE K MoAyiawo rolomopdHOR (DYHKIAHA, Cpasy NOIY-
JaeM yTBep:KIeHNUe:

Hyere pynryus f(z) eonomopdna 6 obaacru D ¢ epanu-
yeti €. O6osnauun

?(2) ={§1|f(z)| €=0.  M=swpoQ)
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Toeda |f(z)| <M (z= D), npuvem suax pasewcrea mozcer
BocTuzarvca enyrpu obaactu D auws 6 cayuae, ecan f(z)==
= Me*® (6 — nocroannas).

JleficTBHTENBHO, W3 OPUHIMIA MaKcAMyMa cyGrapMoHd-
"eckoit pyHkmmu caenyer, uro |f(z)| <M (z=D), nam
[f(z) | =M. Ho us pasencrsa In |f(z)[=1nM caemyer, uro
A COTUpAMEHHAA rapMommdeckas @ymxmua arg f(z) rome
nocropana. OfGozmadag arg f(z)=490, npmxoamM K HameMy
VTBEDRIEHHIO,

Hlokasannoe yrBepsKMeHHe HOCUT HA3BAHWE NDUHYUNG
marcumyma modysn anasuruweckol Gynryuu. [ |

Cy6rapMoHugHOoCcTE MOMyaA rojomopdmoil GyHKIAA GHl-
BaeT MWEMOCTATOYHO (A HERKOTOPHIX OmeHOK. IlosroMy mo-
KaykeM Gojiee CHIIBHOE YTBEP;KISHEE.

Cmavaia ToKakeM TaK HassBaeMyw gopmyary Hewncena,
HMEIONYI0 A CAMOCTOATEJLHBIA HHTEpEC.

Jlemma. Hycrv Pynkyua f(z) eoaomopdna e rpyee
Izl <R u umeer ram Hyaw zi, 2o, ..., 2, (Kaxwdvli nuwercs
CTOABEO pas3, Kakosa eeo kparHocrs). Toeda

JlorasatTeabcTBO. PaccMOTpuM BCOOMOrarelbHYIO
byHKITUIO

2%5 In| f (Rei®)| dg,— In | (0)| + D, In I%' (2.3)
0 T

_ 1 (2)
fl(z) = wl(z) Wy (2) y
R(z— zk)
rme wy (z) = Z= B § 2 ra. V moxasano, uro (pyHK-
— 22

nust w,(z) komopMmo orobpazkaer kpyr |z| <R ma xpyr
lwl <1, rax uro |w,(Re®)| = 1. osromy

11 (Re®) | = |f(Re™)|. (2.4)

Ianee, samernM, uro $yrrnus fi(z) romomopdHA B Kpy-
re |zl <R m me ofpamiaerca B 9TOM Kpyre B HYyJb, TAK KaK
npoussenenne QyHEmmi w,(z) ofpamaerca B HYJIb B TexX
JKe ToURaxX, 4ro u f(z) (m HyJHA HMeOT OAMH M TOT IKe
nopanox). Ilo TeopeMe o cpefHeM AJa rapMOHHMYecKHX QyHE-
A AMeeM

27
o {1y (B | dg = 1n 1, O))
[]
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Ho B cuny pasencrsa (2.4)

z%jv Inlf, (Ret®)|do =%jv In|f (Rei®) | dq,
) 0

n .
a ln|f,(0)] = 111|f(0)|—2111 e M M mpExommM &
1 B
YTBEPKIEHUIO JEMMEL,
3ameuvanume 1. C reM ke ycmexoM MBI MOLJIHE Ol
monycTuth, uto QPysxnua f(z) mMeer B Kpyre |zl <R me

TONBKO HYJNH, & U OONIOCH Gy, T2, ..., Cm. JTO mpmBeNo Gl
K dopmyie
2% n m
. R R
%jv In|f(Re®®)|dp = 1In]f(0)] + Eln BT Eln Ak
o 1 1

Samevanue 2. Haumuume HyNeidl @Id DOJICOB HA
okpysmoctn |z| = R me spegmt Qopmyne Wencema. Wure-
rpall, XOTA U ABJIAETCA HecOGCTBEHHBIM, 3aBef[OMO CXOIHTCA,
M TPUMEHHMEI Te K€ paccyKeHds, uro 4 B Komme § 1. []

Teopema 2.4 Ecau gynxyus f(z) eosomoppra ¢ 06-
aacru D, 1o Pynryus w(z)=1In|f(z)| cybeapmonuuna ¢
o6aacru D.

Hoxasareanvcrso. @yaxmua e*? =|f(z)| nenpe-
priBHa B obmacra D, a HepaBeHCTBO

27

o | w(C+ peiw) dp>u (Q)
0
MBI mosyvaeM, npmmenas ¢opmyiny Wencena x Qyarimm
f(z+8) (¢ R=p).[]

3amermM, uro TeopeMa 2.4 pmedcTBETENRHO maer Gojee
CINIBHOE YTBepKIeHWe, UeM YTBepIKeHWE O cyOrapMOHHY-
nocrm |f(z)|. Helicreurennno, GyHKIEAA @ (T)= € BHIIyKIA
KHE3y M Bo3spacraer mpH J06oM o >0, Tak UTO W3 TeopeMbI
2.4 cnemyer cyGrapmonnunocth Qynxmum e® "V =|f(z)|*
opr aoboM o >0 (B cmily yTBep:KICHAA, OPWBEIEHHONO Ha-
ME @ocsie TeopeMul 2.3). '

Ha sroM 3akoHYAM H3J0KeHWEe CBOMCTB CyOrapMoHHYe-
cknx QyHEnuii, GCTABHB B CTOPOHE MHOTHE [PYrme MX CBOIi-
CTBa, He MMEIN[He HemoCpeqcTBeHHOr0 OTHOIICHAA K HAIHHM
sajadaM *).

*) Bouee noamoe E3ioxenEe cM, B [19].
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§ 3. 3amaua Mmpmxse m marerpax Ilyaccoma

3adaua [Jupuzrae coCTONT B OTHICKAHAH TapMOHIYECKOH
B obinacru D $yHKIAA, HENIPEPHIBHOH BIJIOTH A0 rpanunsl D,
Mo ee 3HAYEHMAM HA TPAHMIHON KPHUBOIM.

Mbr GyfeM CTPeMHTHCA DENIMTEL [ajke HecKOJNBKo Golee
00my 3ajlauy, KOTOPYI Tos;ke OYyJeM HA3LBATH aaaaueu
Hupuzae. Nmenno:

Ilycrs D — Hexortopas ofinacte, orpanndennasa wpuboi C,
u nycrs ynxmua ¢(f) HempepmsHa Ha Kpusoit C BCiOny,
33 MCKJII0OYEHHEM. CYETHOr0 MHOMECTBA TOYeK, W OrpaHHYeHa
ma C.

damaga cocrour B TOM, UT06H HANTH TapMOHHYECKYIO B
obanactm D Qyuxnuio u(z), yAOBIETBOPAWINYI0 YCIOBHAM:

1. u(z) orpanuuena s D.

2. u(z) mempepeiBHA BIIIOTH M0 rpamuiuel D Bo Beex
TouKaX HempepsBHOCTH (yERIME (L) M B 3TMX TOYKAX
w(t)= (L)

Oyngnouw @ (L) GymeM HasuBaTh eparuunoll @yuryuel
WIH 2paruunsmy Oaunetmu 3adauu Jupurae. D

3ameruM, uro u3 reopemsr 2.2 (oGo0miemHBIl LpwEIMI

MaKCHMyMa) JierKo ciiegyer uto 3edaua Jupizae umeer ne

6oaee o0noz0 pewenus. JlelictearensHo, ecan u(z) u v(z) —

nBa pemenuaA 3amaum Jupuxie ¢ ofmoil W TOM ke rpaHuHY-

ot $pymxmueit ¢ (L), To dymmuma w(z)=u(z)— v(z) rap-

MOHWYHA ¥ orpamnuena B oGnacrm D, a lirg jw@)| =0 naa
-

Bcex [ =, 3a HCKIIOYEHHEM CYETHOrO MHOKECTBA TOUEK.
Ilpumensaa teopemy 2.2 k¥ $ymxumaM w(z) m —w(z), mo-
ayyaeMm

w(z)<0, w(z)=0 (z€D),

r. e. w(z)=0 wmm u(z)=v(z). [] ,

Qyuryueti 'puna 3alauu Jupuzae Oas obaacru D na-
3oBeM (QYHKINI MBYX KOMIUIEKCHHIX uepemenuasix G(z, C),
00JANAT0NIIY 0 CIAEYIONMMI CBOHCTBAMI:

1. G(2,0) = 10|z — {1 + g (5 &)y tne ymwuas g(z §)

HeNpepeIBHA II0 COBOKYITHOCTH TepeMeHHbIXx npn z€ D, [
< D, rapMmonrndna no z 3 D npu xwbom {'=D u rapMorndsa
mo C B D npn nwGom z€ D.

2. Oynxnua g(z, §) menpepssEa 1Mo § B D npu ioGom

€D ng () =—5-In[z—{| npn mobux z&D u
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', memamux ma rpammne D. Taxum ofpasom, G(z, §)=0
npu awlsx z <D u §, neskamux #a rparmme D. [ ]

C momompio gyuximum [pwra MomHO HaOmCaTh pellleHHEE
zamaun Jdupuxie. CHauaJa MoKa;eM OfMH Pe3yJbTaT B 3TOM
HanpasleHUN, HMeIOmUil BCIIOMOraTeqbHOS 3HAYEHHE.

Teopema 3.1. Iycre gynkyus 'puna sadauw Jupuz-
ae O0an obaacru D nenpepviena eénaors do epanuysvy D co
CBOUML HACTHBIMU RPOU3BOOHLIMU nEpE8oes nopadka no
ReC =t u ImE=mn (3a uckarouenuem rouku ¢ =1z). Toeda
aioban gynryua u(z), sapmonuueckas & obaactu D u ne-
npepwvisno Ouddepenyupyemas 8naote o ee epanuywvt C,
moxcer Gorre npedcragaena 8 obaacru D uepes ee snauenus
na epanuunoll Kpueoti C gopmyarol

v =[u@L6@lday  eD. @Y

c

Hoxasareanwcrso. G yueroM 3ameuanmsa 2 K Teope-
Me 1.4 ™l mojyuaem u3 Qopmyast (1.6), obosmavan

[z —Cl=r:
2uu(z)='f{u"’(%’-—%1nr}|dg| (ze= D),
CC
a m3 dopmyan (1.5)

a
0= S{uai——gan}ldgl (z& D).
C

ClemoBaTelIbHO,

(e —clial=ue (6@y=4+e60)
c

Ho roura § sesmmr ma rpammme D, TaX uro mo cBoiictBy 2
dynaxnuu Fpnra nmeem G(z, §)=0. Teopema foxasana. D
B cayuae, xorga D — omHocBA3HAS 06gacTh, (PyEKnHEA
Tpuna nerko Beipakaerca vepes QYHKINI, KoHPOPMHO 0TO-
Opaswaromyto obmacrs D ma xpyr |wl| <1. Umenso:
Ecan w(z) — raxasg-iaGo GyHK@EaA, KorGOpPMHO orTolpa-
matoman obnacts D ma xpyr |w| <

! _r@—w®
G Q) =gy Inlwe (@l wi() == (3.2)
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Heiicrsurensuo, comuacuo Teopeme 2.2 ra. V. pynxuus
wy (2) womdopmuo oTobpazkaer obiacth D ma kpyr |lw|<<1
II lepeBOAAT TOIKY z2=7C B TouKy w = 0. [looTomMy dyurius
Ws (2

‘t(é opn nwb6oM § =D romxomopdua mo z B obaactn D m
we (2) |
z—T
npn aobom €€ D rapmonnuna no 2z B obmactm D. Hempe-
pBIBHOCTh (PYHROUE g£(2, §) 10 COBORYIHOCTY MHePCMCHHEIX
cpa3y BUJIHA, ecJil BEIPA3UTh (QyHKUMIO w;(z) wepes QYyHK-
nuio w(z).

ITockombKy MOAYIM KOMIUIGKCHO COUPSMREHHBIX TIHCEN
pPABHEL, TO

z —

HC o0paIiaeTcs TaM B HYIb, a QYHRUHA g(z, )= In

lwg (2) | = lw. () 1,

1. e. G(z2, §)=G (L, z), oTRyma cieAyIOT rapMOHHYHOCTE T
HelpepuBHOCTE Ho § mpu aofom z<D, Taxum ofpasoM,
csoifictBo 1 (yurmua I'puea BHIOJHEHO.

CpoiictBo 2 To;e BHITOIHEHO, TAK KAaK L0 TeopeMe O
COOTBETCTBUH TI'PAHMI OPH KOH(MOPMHOM OTOOPAKEHAN (DYHK-
must w;(z) wUenpepuBHA BILIOTH M0 rpamumsl D n |w,(z)| =
=1, Koljla ogHA M3 TOYEK { HJIM 2 MONAJaeT 'HA TpPaHU-

ny D. []

C momommbio opMyast (3.2) MBI MoyKeM Hammcath (DYHK-
nuio [pwna nas mpocTeix obxacreit (KpyT, DOIXYIUIOCKOCTD)
B KOHCYHOM BHJe H (ollee [eTaJbHO HCCIAEN0BaTH (OPMYIy
(3.1) man pemenmsa samaunm [{upuxie.

Ecan o6iaacts D ssaserca kpyroM |zl <R, to coriacuo
teopeme 2.2 ra. V uMeeM

Rz— -
w;(z):-ﬂ(:—_z%)—, Gz, ) =5—1n

Momosknm z =re”, §=pe’®. Hampasnenne Bmemmeii mopMa-
au K oxpymmocTn |Gl =R -—3To HampaBicHIEe pajuyca.
TToatromy

F 1 a R (re’® — petf)
— 1o 10y — — — - v 7 =
an G(re » pe'f) 21 Re ap In Bz—-prei(q’_O) lp=R
e[ e )
2n Ret® — pei® R — Rpel(0—®)
1 R*

20R R® - r® — 2Rrcos (0 — )
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TakmM o6pazoM, Korga obmacts D — ato kpyr |z| <R, ¢op-
Myna (3.1) op@wEEMaer BUJ
27

. 1 R r* ,
QY — Reid . (3.
(ret?) 2“A£R2—l—r2—2chos(9—(P)u( e) d. (39)

dra Qopmyna masmmaercs Popmyaoll Hyaccoma pns wpyra.
Ecau saMerurs, aro

R —? — Re Re'® 4 2

R® 1+ * —2Rrcos (6 —¢) Rel® — 2

(z = rei?),

10 monyaum opuyay Ilsapya
ZJT

1
P Re19 +z Re F (Rei®) do + iC (lz]<R), (3.4)
0

F(z) =
MO3BOJIOILYI0 BOCCTAHOBATH (PYHEIHIO F(z), TomoMopdHYTO
B kpyre |zl <R mo 3maueHHmAM ee eHCTBMTENBHOH dYACTH
Ha oKpyswHOocTH 7| = R

Ecan ofmacts D —»s10 moaymiockoers Rez>0, To
nMeeM

21
z+1

I apajJoTHYHBRIMH JeiicTBHAME moaydaeM Qopmyay Ily-
accoma

() =28 G0 =

u(z +iy) == f y_l:]]))i @>0) (3.5

u Qopmyay IlIsapna

1 Re F (
=?§ Bl gy +ic (Rez>0)  (36)

s noaymiockoerin Re z > 0. D

IToka Bce aTH (QOpMyJaBl MOKABAHLI B HPeIONOHKCHUM,
aro (ymrmua u(z) (uam Re F(z)) HempepbmEO nuddepen-
mupyeMa B 3aMEHYTOM KpyTe N B 3aMKHYTOH HoJymioc-
KocTH (B ToM dHcie M B OecKOHCYHO yRaJdeHRHOH Touke).
Ceflzac MBI BHATHUTCABHO YCIJINM 3TOT Pe3ylNbTaT, CHAB BCe
OPeIONOMEHNS OTHOCATENBHO (GyBKouu u(2Z) M OCTABUB
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Iummb  OpefmodosReHHdA,  OTHOCAINMeCT K TPaHATHOH
pynrmun, :

Teopema 3.2. IHycrv [(6)— nepuoduueckan Pynryus
¢ nepuodom 21, HenpepvleHASL HA 8cell OCU, 34 UCKAIOUCHL-
em 3AMEHYTO20 CHETHOZ0 MHONCECT8A Todek paspwiéd. Dymnk-
yua u(z), onpedesennas Gopmuy.rol

27

; 1 r° (0) d
u (reiv) = an y " 7(9) 40 (r<<¥,

% +r? —2rcos (¢ —0)

seaserca 2apmonudeckoll Pynryuets 6 kpyze |zl <1. Ecau
bynryua f(0) nenpepvisna ¢ rouke 6=0", ro u(z)—~ f(8")
npu z2—ei%. Kpome roeo,

m<u(z)sM (lzl<1),

ede M — eepxnas, a M — HUNCHAS ePAHb 3HaA4eNull Bynk-
yuw f(6) 6 rourar nenpepvisHoCTU.

IlorasaTeanrctBo. HaumeMm c jJoKazaTeabcTBA Hepa-
percts Aag u(z). IIpm cAelaHHEIX NIPeRUONOMKEHHAX WH-
TErpajl CYI[eCTBYeT B OOBITHOM CMBICIC (KaK Ipejfes HHTe-
rpaiabHBIX cyMMm). IloatomMy npu pasGuemumm oTpeska HHTe-
rpupoBarua (0, 2n) Ha CyMMYy CUETHOTO THCJIA HONEPEKpHI-
BAIUXCA OTPE3KOB WHTErpaj PaBeH cyMMe HHTErPAJIOB IO
aruM orpeskaM. Touramum paspriza ¢pyskmunm f(0) oTpesor
(0, 2n) pasbmBaeTcA Ha CYMMY CYeTHOTO YHCJIA OTPE3KOB,
Ha KammoM M3 Koropuix (yEKunusa f(0) HempepoisHa M, cle-
TOBATEJBHO, YHOBIETBOpAeT wHepaseHcrBaM m < f(6)<<M,
Oyrarmus 1+7r2—2rcos(¢ —0) monomxmTeabHA, TAK UTO
IpH OIeHKE WHTErPANOB IO OTpPe3KaM 'HY)KHO 3aMeHHTh
f(0) ma m m ma M. Ilocime aToro cyMMmy HMHTETpajioB IIO
oTpesKaM MOMKHO CHOBAa 8aMEHHTH ITHTETDAJIOM IO OTPe3Ky
(0, 2n), ¥ MH TONYyIHMM HePaBeHCTBA

2m
41— 5‘ do :
. Lu(ret®)
™o 141> —2rcos(p—0) (ret?) <
, 3
{—r do
wazt T
< 2n 1L 1?2 — 2rcos (p — 6)
Ho
21
2n 1»|~r2—2rcos((p—9) ’ '
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B U€M JIErKO yOemauThesA, modokus B (gopmyne (3.3) (¢ R=
=1) u(z)=1. 310 u gaer rpefyeMmble HepaBeHCTBA If
Aamell QyHKmEHA U (z).

Temeps morameM rapMoEnmgHocTH QyEkouu- u(z). Ilo-
CKOJBKY

4 — r2 e‘ie 4z .
= Re — = ret?),
14+ 1% —2rcos (¢ —0) ee"e-—z (2 = re),
nMmeeM
amo
1 v 1z
u(@) =ReF(z), F(s) =) —5—1(0)do.

0

MDynxnua F(z) romomopdma B kpyre |zl <1 coraacmo Teo-
peMme 4.3 ra. II, m orcioma cieayer TapMOHHYIHOCTL (YHKITUN
u(z).

Ocramerca morasarb, uto u(z)— f(0") wmpmz—-ei®’, ec-
an Qymkuma f(0) mempepeiBHa B Touke 0=0', Jlua aroit
meJaN HADHIHEM, BOCHONB30BABIINCH paBeHCTBOM (3.7):

27T

i s £(8) -1 (%)
u(rei®) — (@) = T j‘ 1 -4-r® — 2r cos (@ — 0) 4.

0

Warerpan or mepmopmdeckoii yHKUHH IIo HepHoay He 3a-
BHCHT OT TOT0, ¢ KAKOTO MecTa ‘HAYMHATH HHTErpHpOBAHUE.
IToaromy

_r2 ;'E —
u(reiv) — f (§) = 1o jf(CP-HL) ACON

1—|—r2—2rcosa

BossmeM npoussoabroe uncao 0 <<8<<m m pasobbeM Ipo-
MERYTOK MHTerpPHpOBaEHMA ‘HA TpH dacru: (—m, —08), (—§,
8) m (8, n). O6ozmaTM _
M’ =suplf(O)|, n(8,¢)= sup|f(g+a)—f(¢)l
) |l <<

Torga

6
t—r? j'f(cp+a)—f(cp) dot
2n A 142 —2rcosa

N

1—r°

d
<n(8 ) =

1+r2~2rcosa

< (8, 9),

é.c—-"aa
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a /A CYMMEL ABYX OCTaBIOMXCS HMHTETDajoB mMeeM Hepa-
BEHCTBO
2
12:rcr 1((P+°°)2 — da <M’11—_c;sb’
s<iod<s +r®—2rcosa
Tak Kak |[f(p+a)—f(p)l <2M’, a
1—r? j‘ do 2(n—8) 1—r? <
2n 141> —2rcosa 2n 141 —2rcos b

S<<lol<<m

1—r° 1 1—7

< 3T —Zcosh %7'1—0036'

Taxum obpasom,

. , 1—r?
u(rei®) — j (¢) < (B, @)+ M ——
rae 0 <§ < m — moboe gm0,
Ecin z— ¢!’ u ¢pymxnua f(0) HempeprnBHA B TOUKe
0=0’, 10 r>1, =98 m, xpome Toro, n(8, 9')—> 0 mpu
8§ - 0. Umeem

Jureie) — § (O) [ < (b, @) + M T 11 6) — /(@)1

Ho n(8, p)<<2n(16"— @l +4, 0"). Ilosromy, monaras, ma-

opumep, § —1/1 — % wsumgmM, uro u(z)—> f(0’) mpm z—
— 1%, Teopema goxasana.

3ameuvamme 1. Jloxkasammas TeopeMa Jaer pelleHNe
sajaau JIupuxae guas kpyra |zl <1 B Toit caMoii mocTamos-
Ke, 0 KOTOpoil roBopmioch B Hadaie maparpada. C moMombio
KOH(OpMHOTO oTOOpaXkeHnMs pemenne sapaun JIunpuxie mus
follee mIM MeHee IPOM3BOJLHOH OMHOCBABHOM 00JAaCTH MOK-
HO ©BecTH K pemenmio 3amaum Jupuxne mana wpyra |z| <A{.
Ilpn sToM HEcHOAB3YIOTCA JUNIb TEOPEeMa O COOTBETCTBHU
rpaEun OpE KoHQOpMHOM orofpaienanm m TeopeMa 1.2 o
COXDAHEHMW TapMOHAYHOCTH OpH 3aMeHe HepPeMeHHHIX.

SaMeuvaune 2. Hcemoawsys Gomee rayboKMe pesyab-
TaTH 0 COOTBETCTBHM TIPAamHMI Opm KoHGOPMHOM oToGpare-
HIHM, KOTOpHe GYAYT AOKasaHH B CIelyMmieil riaBe, MOKHO
mokasath, 9ro (popmyia (3.1) Tomke jaer pemenme 3afagn
Jupuxie B Tolf mocTamOBKe, KoTopag OBLIa W3iojKeHa B Ha-
gwage nmaparpada. IIpm sroM ma rpamunmy ofmacrm D npmxo-
AMTCA HAIOMKMIL Oollee jxecTEMe orpammdennsa. memHo,
IPHEXOAATCS cIuTaTh, 9To KpmsadA C, orpaEMvmBaomaa o00-
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nacte D, cocromT M3 KOHEYHOTO UMCJIa Ayr, Ha KAKIOH H3
KOTOPBIX Yroi HAKIOHA KacaTelIbHON yAoBIeTBOPAET YCIO-
BUIO Jluoinmmna.

K Bompocy o pemennmu 3amagu Jlupuxiae AJas MHOTOCBA3-
HHX o0JacTeii ME enfe BepHeMCS B cIefylomeil riase.

§ 4. F'apmonugeckas mepa

IIyers D — mekotopaa oGaacth, a K — HekoTopoe MHO-
KECTBO, PACHONOKEeHHOe Ha rpamume 371ofi ofamactu. OGoama-
auM 4epes o(z, £, D) pemenne sagaun [Iupuxiae B o6na-
¢t D ¢ rpaEMYHBIMA JAHHKEMHA, PABHBIMH eIWHHIC HA MHO-
skecrBe K m Hymo Ha ocTalbEOH wactH rpammnsl D (ecam,
KOHEYHO, TakKoe penieHme cymgecrsyer). Dymrmguio o (3, £, D)
Ha30BeM 2apMOHu¥eckol Mepol MHodcecTea E oTHOCUTEAbHO
obaactu D @ Touke z.

CoraacHo samedaEnio 1 K TeopeMe 3.2 pelmeEHMe TOCTaB-
neHHO#A 3amawm Jlupuxie cymiectByeT, ecan D — OfHOCBA3-
Hasg o6macTh, OTPAHHIEHHAA KYCOIHO TIagKoi Kpmsoid, a K —
KOHETHOE WM J[aske CUCTHOE MHOMKECTBO YT 3ToH KDHUBOM.

ITo camomy ompemeneHHMI0 pelmenusa sagaunm dupnxme
QyEERUA © (2, E, D) asasercs rapMoHudeckod B obmactm D
¢yurnueii, orpapudeHHoil B D N HempephBHOH BIJOTH [0
TpaEMIEl D B Kamgoil TOYKe HEIPEPHBHOCTH TPAHMYHEIX
JaHHEX.

B cmny npmEnuna MakcAMyMa @ MWUHMMYMa TapMOHHYe-
cEAX QyHKIMEA mMeeM

0<ow(z E, D)< 1. (4.1)

3Hax paBeHCTBA UpPH 2z, JeamMUX BHYTPH o0IacTH, MOKET
JTOCTHraThcsA JHUIOb B chydae, ecad o(z, £, D)=0 mun
o(z, E, D)=1.
 Ecau mmnoucecrso E cocrour He 6oaee uem U3 CUETHOZ0
MHOdMcecT8a TOUCK, . TO & (3, E, D)=0, a ecau E orauuaerca
or ecel epanuybt D auwlb na cueTHoe MHONCECTBO TOUEK, TO
o(z, E, Dy=1, '

OrMeruM emle gBa MOYTH OYSBHIHEX CBOHCTBA rapMoHH-
YEeCKON MEpHL

Ecau mnoscecrea Ey u Ep (nemamue ma rpamume oGia-
cti D) me umeror o6wur Touek, 7o

o (z, By + Ee, D)= 0(z, By, D)t o(z, B3, D). (4.2)

Ecau gynryus w(z) kongopmno orobpajaer 064acTb
D na obaacte D', a mnoacecreo E nepexodur npu aTom oro-
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bpazcenuw @ muoacecreo E’, o
o(z E, D)y=o(w(z), E’, D). (4.3)
Ilocnexmee cBoiicTBO MMO3BOJAAET JErko HAXOAHTH TapMo-
HIYeCKY10 MEDPY B MPOCTHIX CAydasX.
IIpumep 1. Ilycrs oGaacts Dr — aro monykpyr Re z >

>0, |zl <R, a Er— guamerp sToro momykpyra. Haiizem
o(z, Er, Dz).

IIpr roE(popMHOM oTOGpamkenuN W = ;g—__*_i—nonyl{pyr Dy

19
mepexouT B KpagpaHT O < arg w << %+ 4 JHaMerp moday-
Kpyra — B TOJOKHTEIBHYI0 4acTh AeHcTBHTEIbHONR ocu. OGo-
3HAYAM KBaApaHT uepes D, a MDOJOMKHTEIBAYI0 IIONYOCh
aepes £’ u Bocmonbayemcsa gopMyioii (4.3). flcmo, dro
2 ‘2
o(w, E', DYy = 1——E~argw=1—-a—{ Imlnw.

IToaromy

9 iR—1z. 2 1+~x
o (2, Eg, DR)=1———R-ImlnAiB_*_Z‘=1——EImlnﬁ—.
- R

Ilpn Gompumx R W (PUKCAPOBAEHHLIX 2z Jerko HoJydaeM
aCHMITOTHIECKY0 (POpMyay '

o (3, Eg, Dg) = 1—‘%-% Rez + 0(—;—2)

IIpumep 2. Ilyers -obmactb P.— 370 TOXyIIOdoca
1 o
[Imz| << R Rez <z, a H,— ee Topen. Haiinem o (z, H,, P.).
Ilpu Kom(opMHOM oTo6paskeHMH w = €° paccMaTpUBae-
Mas HoJyIojoca IIePexofuT B HOAYKpyr Rew >0, [z| < e,
IpHYeM ee Toper MePeXojuT B MOAYOKPY#HOCTE., IlocKOIBKY
TPAHMIA IMOIYKPYra COCTOMT W3 AHaMeTPa W MOXYOKPYHKHO-
CTH, TO CYMMa TapMOHHNYECKAX MeD AMaMeTpa M IOolNyOoKpysi-
HOCTH OTHGCHTENIHHO HOIyKpyra paBHa egumane. IlosTomy,
npuMeHsAsa pesyiabrar npumepa 1, momyzaem

15"

1 — jer—= "

IIpn Gonbmmx z @ npu (PUKCHPOBAHHHIX 2 JIeTKO IOJydaeM
ACHMITOTHIECKY0 (opMyILy

© (2, Hy, Pe) ~ e=% = Reer 4 0 ().

©(z, He P)= 2 Tmln
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lapMormueckas Mepa sBiameTca pemieHVeM 3agaun J[u-
puxie Mg BechMa CHEIMAJbHLIX TPAHMYHBIX JTAHHBIX, HO ¢
ee IIOMOWBI0 HETPY/HO 3amMcaTrh pelieHue 3afaum Jlupuxie
U IS M00bIX TPAHMYHBIX JaHHEHX. [leficTBUTeNBHO, IyCTH
D — Heroropas ofHOcBA3HAA obaacts, a C — ee TpaEAIHAA
KpWBasg, Ha KOTOpoil samaHa ¢yEEmua ¢({) (mia npocrorh
npeanoaosuM ee HenpepbiBHoH HA C). BospMeM mHa Kpusoit
C roukm Gi, 2, ... Cn (Cay1=70C1), caemytomue ppyr 3a
ApyroM, u ofosmaunm dwepes C, Tacte C, nemamyio Mexmy
TogKaMu §, M T,y1. PaceMoTpum cyMmy

n

U (z) = 2 @ (&) © (2, Cy, D) (En = Cr).

1

Jra cyMma aBiAercs peldeHMeM 3amauu Jmpuxue B obxa-
ctu D ¢ rpaEmwERMu ganneiMa, pasubiMu @ (E.) mHa C,,
k=1, 2, ..., n. ObosgaznM wepes u(2z) penienme 3afaTn
Jupixime B obaactm D ¢ rpammeEbBIMEH JaEabiMun () n
OIEHAM PasHOCTD U (2) — U.(2). UMeem

lp(C)— (&) | <n(C), (L0,
rae 1(Cr) = Sgug,’ o) — )| (el U e C). Ilo npun-

MUOy MaKcHMyMa M MHHEMYMAa TapDMOHHYOCKIX (yHRIII
moJayIaeM

|4 (2) = un (2) | < max 0 (Ca)-

Ho «(T)— HeupepriBHax Ha c $byHEROMA, Tak  UTO
max 1 (Cr) 0, xorma pasmep mamboawmmeir ma gyr C, crpe-
) )

MHUTCA K HYIO.
CaemoBaTenbHo, cyMMa U, (2) CTPeMHTCS K Ipejeldy, paB-
HOMYy yHEIAH u(z), Korma pasMep Hamboxbmeidl ua gyr Cj
cTpeMuTca K HYyJNI0 He3aBHCUMO OT chocoba pa3bHeHHWA W OT
BEIGOPa ToueK E, Ha myrax C,.
Ilpemen cymMb1 u,(2) ecTecTBeHHO 0603HAYHTH HWHTETDA-
oM *)

(o0 oG, a .

C

*) JTOT MHTEIDAJ OpeAcTaBIsAeT co0oit unreepas Cruarveca.
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Wrar, pemenne samaum /[upmxse B obxactn D ¢ rpammu-
HbMu JaEERMA () MOMCHO IpecTaBHTH B BHC

u(2) = { ¢(© o d, D). (4.4)

c

Mu goxasanm 3Ty GopMyny ToABKO Mif THeOPePHBHEIX
Qyarmuit ¢ (%), Ho sCHO, UTO JOKA3aTEIBLCTBO IErKO IIepe-
HOCATCA M HA KYCOYHO HENPEPHBHEIC OTPAHHYCHHLIe (DYHK-

mun. [ |

- B gacrmocrn, monarag ¢yErmuio ¢(f) pasHoll egmHHIE
Ha MHOMecTBe £ W HyIl HA OCTAIBPHOA YacTH TPAaHHIH 00-
nactu D, noxygaem ua popmyant (4.4) $opmyny

(s E, D)= | o(, d, D). (4.5)
E

Cpasmenne (gopmynbr (4.4) ¢ ¢opmynoir (3.1) masomur
fla MBICIE, 9TO TADMOHMYECKAS MePa TecHO cBa3aHa ¢ PyHEK-
mueit I'puma sagmaum [upuxae B obmactm D. Idto pelicrsu-
TelbHO TaK. HeTpymHO BHIPAsUTh TapMOHMYECKYH Mepy de-
pes TapMOHMYECKYI0 (DYHKIUIO, CONPAKEHHYI0 ¢ (yHKHOUeH
I'puna. | |

Ilas oneHor amamuTIeckux QYHKOUNA rapMoHAYecKas
Mepa OpPHMEHSETCS ¢ IOMOLIBI0 TAK HA3HIBAEMON 7e0peMbl 0
deyx KomcramTAZ.

Teopema 4.4. ITycrv pynkyus f(z) 20aomopdra @
obaacru D ¢ epanuyeir C, a K — HekoTopoe mHox:cecT80, JAe-
aauee na C. Ecau

Ex;llf(z)1<m ¢ = E), E-glf(z)|<M (t=C. L&E),

TO

In lf(z)| < ©(z E, D)lam+(1—(z E, D))lnM (z=D).

JlokaszaTteabcTBo. B nesoil 9acTM [OKa3RIBAEMOTO
HepaBeECTBA cTouT cyGrapMoHWIeckas B obaactn D QyHK-
mua  (cormacEo TeopeMe 2.4), B IpaBoil — rapMoHHYECKA.
Jlna mpepgenbHBIX 3HAYeHM Ha TPAHAINE HEPABEHCTBO BBI-
moNHeHo, TAK KAk B Toukax muoxkecrsa £ yExmusa o(z,
E, D) obpamaerca B 1, a B ocTaibHBIX TOYKAX TPDAHMIH
D — 3 (. IlpuMeHAA OpPUHOMO MAaKCHMyMa K DasHOCTH Je-
BOH ¥ IpaBoOil 4acTell HePaBEHCTBA, IOIYIaeM YTBepHJeHHE

TeopeMEL | |
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Toanoe oThICKaHME TapMOHMYECKON MEDH, BXofgme#l B
HEDABEHCTBO, MOKeT OKa3aThCA BechbMa CIOKHEIM JIEJOM.
TloaToMy B Teopum aHAIWTHISCKHX (PYHEOmiA Goablloec 3HA-
9eHNE HWMEIOT ONE€HKA TapMOHWIECKON Mephl, MO3BOJAAIMEE
3aMEHATH CIOKHBIE BEIMYMHE OpocThiMu. OTHMM N3 Han-
Gomee Ba)HBIX METO/I0B OIeHKH TapMOHWIECKOH MepHl ABJA-
eTca TaK Ha3RIBAEMHH npunyun I{ap./zemana WIN nRPUHYUR
pacwupenus 06aactu.

Teopema 4.2. Hycre obaacte D’ codeprcur obaacts
D, a muomecreo E’, aeixawee na epanuye D', codepacur
muoxcecreo E, aemawee na epanuye D. Toeda

o(z B, Dy<o(z E', D')  (z=D).

JoxasarenbcTBo. PaccmorpmM ofe PyEEDmE Ha
rpaaunme obaacrm D. B rourax MuomectBa E of6e dymxmun
pasuel 1. B ocransmeix Toukax dymrmua o (z, E, D) parma
0, a dpyrenua o(z, £, D) Bo BcaroM ciydae HeoTpHma-
TenpEA (cormacuo (4.1)). CrmemoBarennHo, Ha IpamEmme oG-
aacta D moraspiBaeMoe HEPAaBEHCTBO cpaBemamso. Ilo mpum-
MUy MaKCHMyMa OHO CHPABOIIABO W BHYTPH ofmactd. [ |-

3aMeruM, uTo NPUHOWN PACIIUPEHHA 06JACTH MO3BOIZET
OIEeHWBATh TapMOHMYECKYIO Mepy He TOJBKO CBEDPXY, HO H
CHM3Y, TaK KaK CyMMa TapMOHHYECKNX Mep MHO)KecTBa F
M JOIONHEHMS K HeMYy [0 Bcelf rpaEmmel obnactm D pasma
enqunaure. [IpuEnMas BO BHMMAHHe 3TO CoolGpasKeHMe, MO-
HO CcOPMYNHPOBATL WPHHINI PAacCITHPeHNA OOJACTH B Cle-
IYOIeM CIMMETPDUIHOM BHAE:

IlIpu pacwupenuu obaactu D 3a cuer uwacru epanuywr, He
codeprcaweti Touek muoxecrea FE, esapmonuueckas mepa
o (2, E, D) yeeauuusaerca, a npu pacwupenuu otaacru D
3@ cYeT waACTU 2PAHUYBL, COCTOAULEIL TOALKO U3 TOUEK MHO-

aecrea E, ymenvuwiaerca.

B ragecTBe mpMMeHeHEms DPUHIHNNOA paclimpeHNsa o0iacTh
JOKakeM JIBe TeopeMH, mpuHamie:kamme JIuamenedy. Ilep-
Bas M3 HAX COCTOAT B CJAEAYIOMEM.

Teopema 43. Hycre gpyuryus f(z) eoaomopdna u
ozpanuyena ¢ noaynaockocry Im z>0. Ecau cywecrsyer
Takasn kpueas L, aesxcawas & 370U nOAYNAOCKEOCTU, HUTO

f(z)~>a (z—> o, z€L), 70 f(z)—> a npu z-—> o paeno.uep-
HO 8 A1060M yz.xze d<<argz<<m— 6.

MorasarenbcTBo. BospMeMm Touky zp=2Re", §<
<¢p=<n—3§, u paccMorpum ¢yHEIMI0 f(z)—a B oGmacr:
Dy, asagomeiica cBA3HON dacThld cekropa Imz>0, [z| >
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> R, orcexaemoii kpunoii L n conepmamen TouKy zp. O0o-
3HaunM "epes L, wacTh kpuBoit L, BXOmAmymo B rpaHmmy
obnacru Dy, a gepes £(R) w M — BeawanHs
e(R)= sup |f(z)—a|, M= sup|f(z)—al
ZELR

z€Dp

Hpumensin x $yuxunn |f(z) — al teopemy o mByx komcram-
Tax, moJydaem

In |f(zz) — al < ©(zr, Lz, Dg)In & (R)+
+(1 — ©(zr, La, Dr))1n M < 0 (25, Ln, Da)In & (R)+
+In* M, (In* M =max(InM, 0)).

CornacHo NIpUHOEIYY paclmupeHus o0JacTH TapMoOHMIECKAsS

Mepa ® (zgr, Lg, Dr) He yBeawmunmTcs, eciym 3aMeHHTH 00JACTh

Dz cexropom Imz>0, |zl >R, a xpusywo Lp—rTem u3

ayzeir (R, +o) wam (—oo, —R), KOTOPBIA He BXOJUT B

rpaunny obaacti D (cextop ofosmawum Dp, a ayu Ly).
IIpu mocrarowno Goxbmom R mMeem & (R)<<1 n

In|f(2Re!®) — a| <0 (2Re™, Ly, Dy)Ine(R) + In* M.

Tapmonmzeckyo mepy m(ZRew, L;{, D;q) MOYKHO BLIYHC-
auTh, HO 9T0 He HYKHo. J[0CTaTOTHO 3aMeTHTh, UTO IIPH
0 <o<<n— 0 ona momoskurenvHa u we sasmcutr or R. Or-
clofila yKe clefyeT yTBep:KieHHe TeopeMhl, Tak Kak &(R)
cTpeMuTcA K HyJio mpu R — +oo, [ |

B xawectre caemcTBuA moiyduM eme OfHY Teopemy Jlmm-
neneda.

CnegcrBue. Hycre dynryua f(z) zosomoppua 6 06-
aactu D, ozpanuuennoli dsyma rpusvlmu Ly u Lo, svlzods-
wumy ua odnoll Towku u yrobawpumu 6 GeckoHenuHocTs. Ec-
au Pynryus nenpepviena na Epusuix Ly u Ly u

f(z)—>a. (z> o, z€Ll,), n=1, 2,

To uMmeer mecto odma u3 deyxr 8o3moxcnocTell: uau GYHEYUS
i(z) wue ozpanuuena 6 obuaactu D, uau a =ay=a u
f(z)—=a npu z, cTpemawyemca K OeCEOHEUHOCTU RO AI060MY
nyru, aesxcauemy 6 obaacru D.

Heiicreurenbno, obosmagnm deped z(w) (yHKOUIO, KOH-
dopMuO oTOOpAKAIIMYI0 Toaymiaockoecth Im w>0 ma o06-
gactk D M meperomAmyl0 TOIKY W =% B TOUKYy Z=,
Pacemorpum  $ynxmuio g (w)= f(z(w)). Ecam ¢ynxoua
f(z) orpammuena B obmactm D, to ¢ymruua g(w) orpanm-
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YeHa B moaymaockoctd Im w >0, a U3 cymiecTBOBAHHA IIpe-
meroe f(z) mo Ly, m Lo ciegyer cymecTroBamme IPejieioB
g(w) mpm w— 400, Tak Kak JeHCTBIHTEeNbHAA OCh OTo0Opa- |
smaerca Qymrmmeit z(w) B Kpusywo, cocrasienuyo us I
u L, Ilpumennm ® ¢yuxmnu g(w) Teopemy 4.3, B3fAB B
KadecTBe Kpmeoil L cHawaja mONO;KUTENBHYIO, & 3aTeM oOT-
pHIlaTeJbHYy0 TacTh AeficTBuTeabHoll ocu. Ilomywanm

gwy-~a; (w—>o, O<argw<a—¥0),
gwy>a (w—roo, §<argws=<n).

9T0 BO3MOJKHO JMIIbL B clyuae, ecii a4 =dade=a u g(w)—
— g npn W, cTpeMAmeMcs K OSCKOHETHOCTH Mo JNI00OMY IIy-
TH, NeyKameMy B modyitockocTu Im w > 0. Bospamaschk &
f(2), monyuaem mallie yTBepw/eHIe. D

C moMommpI0 IMPHHINIA DAcCIIMpeHUsa 06JacTH MOMKHO IIO-
AYTHTE BechMa pa3HooOpasHble HEPAaBEHCTBA IJAd TapMOHH-
geckol Mepol. CHavaja nIpu@BemeM OTHO AOBOJBEHO rpyboe,
HO OYeHBL HATJIAHOE HEPABEHCTRO,

Teopema 4.4. IHycre D — swinykaas obaacrs *),
a E — dyea epanuunott kpusoti aroll ob6aacru. Tozda

o(z E, D)<%cp(z, E, D),

ede @(z, E, D)— yeoa, nod koropum dy2a E eudna us rou-
ku z. Ecau D — noaynaockocts, 7o nepagencreo obpawaerca
8 pagercrso.

Hoxasareancrno. Haumem c¢ [oxasaTearcTBa IIO-
cleHET0 yTBepyKaeHna Teopembl. flcHo, wro Ges orpaHmTe-
HUA OOIHOCTH MOMKHO CUHTATh, ITO MLl HMeeM Jello C IIO-
aynnockocTso Re 2>0 u wro touxka z=2z nemur Ha jped-
CTBHTeJBHOM ocu. B xawecrse myru E Bo3bMeM 0Tpesox MHu-
Moi ocu (iyy, iy2). 'apMoHMTecKky Mepy Mo;KHO IIOCTPOHTH
¢ moMomplo mHTerpana Ilyaccona AaA momymiockocTH (cM.
dopmyay (3.5)). 3o gaer, aTO

L
d y Yy
m=iS—2n—2= L(arctg—z—arctg——l-).
ﬂy " _l_x n 4 4
1

Jdra BeIMUNHA B TOYHOCTH DaBHA YIIy, HOJ KOTOPHIM OTpe-
30K (iyi, {ys) BUJEH W3 TOYKA z= 2, meJeHHOMy Ha 7. Ta-

* HamomunM, 910 00JaCTh HA3HIBACTCA 6bIMYKAOL, €CJAM OTPO3OK,
coefnaALIAil a00Be [Be 6e TOUKH, MEJAKOM JeKHAT B HOIL
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KUM 00pasoM, YTBEDIKAGHME TeOpPeMH [af IOAYILIOCKOCTH
TIOKA3aHO.

3ameruM, 9T0 HAM JIOCTATOYHO JOKA3AaTh HEPABEHCTBO [

CKOJb yroaHo Manoi gyrm E, Tak KaK OpU CIOKeRHE YT

M rapMOHMYECKHe MEpH MW YriH,

mOR 'KOTOPRIMH 9TH JAYTW BUJHEL,

P craajpBaorca.  IlostoMy Gyjaem

cautaTtk Ayry E croae Majuol, 4o

obnmacth, orpanmdennag Ayroi E m

OTpe3KOM IPAMOH, COeWHAIIUM

ee KOHIBI, HE COAEP/KUF  TOU-

A £ wy z.

OGosmaanm uepes E;, orpesor

IpAMOH, COeJUHAIIMA KOHIH Ky-

ru E, wepes D) — wacts obxactu D,

oTcekaeMyo ortpeskoM E; m cogep-

JKamyi TOUKY 2, a 4epesd G — mo-

Puc. 9 AYILIOCKOCT, COAePKamy o 00IacTh

D, m orpammuenHyn npsaMoi, Ha

KoTopoil mekur orpedok E; (pme. 9). Ilo mpummumy pac-
mMpenns o6aacTn uMeeM

(!)'(Z, E, D)<(D(Z, E], D1)<m(z, El, G),

aw(zkE,G= % ¢ (3, E, D), xax Jokasano Bume. Teo-

peMa fokasasa. [ |

Ilpuanun pacmupedmns o6JacTH MO3BOJMAET MIMOJAYy9IaTh M
Gomee rouxme ouenru. IlokajkeM, Kak moaygaercs ogHA M3
TakuX oleHOK B mpobieme Hapnemana — Muro.

Hpobaemoti Kapaemana — Muro naswipaercs caegyromas
KAHOHUIECKAA IMOCTAHOBKA 33a9M 00 OMEeHKe BeJMIMHEL rap-
MOHMYECKON MEePEHL.

Ilycre D — ogHocBA3HaA ofnacth, UMelmAasas KOHETHOe H
HEeIyCcToe IepecedeHMe ¢ mioOoit mpamoit Rez=2x npu a <
<z <<b. OBosmaunm depes D. cBa3Eyw uacrth ob6macru D,
neKamyno B modymiockocrd Rez << W cofepskamyio 3ajas-
mywo rouky §(Re § <z). Yepes k. 0603HATINM TacTh TPAHMAIE!
obanactu D., cocroamy ms orpeskoB mpamoi Rez=uz,
a wepes h(z)— CyMMy ANHH 3TUX OTPE3KOB.

IlpoGneMa CcoCTOMT B OLleHKE BeJMYUHB IapMOHUIECKOH
mepsl ® (%, ke, D.), ecmu wumsBecrHa ¢yuruusa h(f) mpm
<<z,

Caegyomuii pesyabrar ObL1 moxyded HapmeManoM:
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Teopema 45. Iyery t=t+ine€D u a<E<z<b.
Toeda

. 4 dt
o (& + in, hx, Dx) < exp [— YS‘ h (t)}'
E

JloxaszareancTBO. BosbMeM E <0<z m paccMoTpuM
B obmactu D, goe ¢ynrmmn o (T, 2, D:) m o (L, ks, Do).
Ha wactn rpamunm ob6aactd D, oTIMIHOH OT OTPE3KOB I,
ofe ¢yuxmunm pasun myan. IlosroMy cormacHo dopmyxae

(4.4) MoKHO BOCCTAHOBHTE HX [0 3HAYeHWAM Ha OTpe3-
Kax hg

0@ ke D) = [ 0(6 + iy, by Do) 0 (&, dy, Do),

hg

o (L ko, Do) = | © (5, dy, Do).
hg

Borunras M3 mepsoro paBeHCTBA BTOpPoe W fAeliA Ha T — G,
moJIy1aeM
(0] (C, h,, Dx) —® (C, ks DG) .

r—ag

= (2t b PR 0 ¢, dy, Do) (4.6)

hg

T'apmonnaeckyo mepy o (o +iy, ks D.), crogmyio mop uH-
TerpajoM, omeHMM ¢ IOMOMIBIO IPHHINIIA pachmpeHus 00-
aactn. 3amenum ofnacte D. moaymaockoerbro Re z <z, xo-
Topylo obosuauuM depes G.. Ilo mpunnmmy pachmupenus o0-
aactu o (0 +iy, h, D)< o(o+iy, h., G.). Ho mo teope-
Me 4.4 rapMomuteckas mepa o (o -+iy, h., G.:) paBuHa ne-
JAeHHOW HA T CyMMe YTJ0B, IOl KOTODHIMU OTPE3KH, COCTAB-
agomue ke, BUAHB "3 TOYKKH o1+ iy. Ilpum samannoit cymme
IJHH OTPE3KOB cyMMa yrjioB Oymer mHamGoabmmell, xorma A,
ofpasyer OAMH OTPE30K, CHMMETPUUHLIA OTHOCHTEJBHO IIpS-
Mol Im z=y. Buumeaasa yroa Jas 3Toro caydas, HaXoMuM
o (0 + iy, ha, Gi) << % arctg 3 k() ﬁ

m:i-——arct

0_2(3:—0)
S h(.l) .

CaepgorarenbHo,

0@+ iy, hey D) — 1< —Z anotg 2G50
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ITopcraBass sro mepasemcTBO B (opmyry (4.8), moaygaem
O ke D) — 0 (L, by, D)
r—ao

<

, arctg =0
h
<=7 [0 dy, D=

hg
arotg 2E =9
2 h
=— 22— "0 4t ke Do)

Hena ofe wactn mepasencrsa Ha o (L, ks, D,) u mepexons
K Ipefedy NpHU X —> G, AMeeM
d 4 1
Wlnﬁ)(g, ho, Do) < _? h(O’) .

Warerpupys 310 HepaBeHCTBO IO G oT E [0 £ M mpwHAMAas
BO BHHMauUe, 1to o (&, ke, Di)=1, npuxoguM r yrBepxme-
Auo Teopemel. (Bompoc o cymecrsoBammm mpowsBomHOR OT
(8, ke D;) mo ¢ obofileH MoXYaHHeM. DTOT BOIpPOC He-
TPYAHO DENINTh, HCIOAL3YSA MOHOTOHHOCTE (PYHKIEEH ©, HO
eme IPOme [OKA3aTh OKOHIATEJAbHOE HEPaBeHCTBO, HE JC-
HONB3YA cymecTBoBamua mnpowssogHoi, CoGcrseHHO, Hepa-
BEHCTBO HATHMCAHO ¢ IOMOMIBI0 MPOW3BOAHON ML NIA HAa-
TAAJHOCTH. )

IMonesno mocMOTpeTb, YTO 3a OUEHKU AIOT TeODeMH 4.4
n 4.5 fgas rapMoWMdYecKOd MepH moaymodockl Rez <z,

|Imz|<% npu z—> 4 oo.
W3 reopemnt 4.4 monygaem

2 ’ 2
(‘0(27 Hx, Px)<;al‘ctgx_nw~? (-’L‘-*-i—oo).
W3 reopeMu 4.5 momyaaem

14
~Z(x—Rez)
:‘|;2

dt
— =8 .
T

x
OJ(Z, Hxa Px)<exp[— % X
Rez

Mcrunnan omenra (cM. mpumep 2)

o (2, Hy, Px) ~ % e *Ree’ (z—> + oo).

B § 6 Oymer mokasano, Kak ¢ I[IOMOIIBIO HEPABEHCTBA
Ansdopca (cM. § 6 ra. V) monyunTh B aHAJOTMIHON 3aj1ate
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OleHKy, He OTaAMIapmyoca or merumnod., Mcmoabsya mpun-
oun cuMmMmerpmzamuu (cM. § 2 ra. X), MOMKHO IPUMEHHTH
Hepasencrno AJdpdopca W 1A yroudHeHus omeHxkn Hapie-
Mana B camoil mpobneme Hapnemama — Muro. Yrounenue co-
crout, rpy6o roBopsA, B TOM, 9TO MHOMKHTENb —4/m mepefd
MHTErpajioM 3aMeHAeTcd MHOKHTeJdeM — I,

§ 5. TeopeMbI eAHCTBE HHOCTH
AAA orpaHHYeHHLIX (QyRKmmit

B stoM um B caegywomeM maparpadax MBI OyneM szamm-
MaThcsl IPUIOYKEHHEM TEOPHM TapMOHMYeCKMX M cy0rapMo-
HugecKnX (PyHKOIMH K HEKOTOPHIM BOIPOCAM TEODUH aHaJIH-
THYeCKuX QYHKIUH.

B macroamem mnaparpade moxaskeM HECKONBKO TeopeM
eHHCTBGHHOCTH IJA HEKOTOPHX KiaaccoB (QyHKOui, romo-
mopdupx B Kpyre |zl <R.

Haace pyurmuit, romoMopdHEIX M ONPAHHTIEHHLIX B KPY-
re |zl <R, nmaseBaerca kaaccox B. TIpu stom ofosmaua-

erTcs
B(f)= sup |f(3)].

lz2l<R

HKnacc dymxmuit, ronomopduux B xpyre |zl <R u ymos-
ACTBOPAIOIMAX YCIOBHIO
2n

supf |7 (pei®)|° dp < oo,
p<<R

0

naseidaerca kaaccom Hy(6>0). Ilpm aroM oGosmagaercsa

27
Hy (1, 0) = o [ 17/(6e) Pdo,  Ho(f) = sup Hy(f, o).
0 pP<<R

Kuace dymrmuit, ronomopdrrx B xpyre |z <R u ygos-
AETBOPAIOMUX YCIOBHIO

21
sup j‘ Int | f(pei®) | dp < oo (In* z = max (In z, 0)),

P<R§

Ha3pBaeTCsA Kaaccom A wnu kaaccom Pynkyul ozpanuyen-
nozo euda. Ilpu 910M 0OGO3HATAECTCA

A0 = g | I 1f(0ei9) | dp,  A() = sup A (1, ).
° pP<B
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Ilpunajnesxnocts QyHruun f(z) waaccy B, H, uaum A
HakAablBaeT Te WM WHHE orpaHndeHus Ha poct |f(z)!| mpu
npubawKenun z K opy:xHoctn |zl =R wuam ma pocr kood-
$unguenroB pasnoskerns Pynaraun f(z) B pax Teimopa. Ox-
HAKO B BTUX TePMWHAX HEJAb3A JaTh HEOOXOAMMEIX M JOCTa-
TOTHRIX YCHORMA UpHHAmMeIKHOCTH PyHKIWM f(z) K yxasas-
HBIM KJIaccaM.

Herpynao mokasarts, wro kmacc B aBiasgercs caMbM y3-
knM, wro Kaacc Hss Bxogmr B naace Hs mpu 6 <8 m wro

rmacc A comep:kur Bce Knacch H,. | B mokasareabcrBe HY -

AdeTcA NWINb ToCJeIHEe YTBEPIKJIeHHE, HO OHO Cpasy cie-
xI

LyeT M3 OYeBHAHOrO HePaBeHCTBA Intz< T)

ITockonbky wmacc A — caMplii MAPORUH, OOMBLITHHCTBO
TCOPEM eCTeCTBEHHO JOKA3HIBATE TOJBKO AJA Hero. | |

OueHh RAKHYI POJB BO BCEX DPACCYNeHNAX, CBA3AHHBIX
¢ mepeINCAeHHBFIMA KiaccaMu (QYHKOU, urpaer ciaepylomas
aeMMa: :

Jemma 1. Ecau pynryus f(z) 2oaomoppra npu r <
<lzl <ry, 70 Ppynryuw Hy(f, z) u A(f, z), onpedeaennvle
svluie, a TaKkxce PYNEYUA

2n

L, =2 [ 11 (zetw) 1o

0

seasiorcs 6 Koavye 1 < |z| < ro cybeapmonuveckumy Hynk-
YUAML 2, 306UCAUUMY ToabKo 0T 1z].

JNowrasarenbcTro. IIpoBemeM jOKAa3aTENbCTBO JIHIIL
naa $yarqun A (f, z), Aasa OCTATBPHHX OHO IPOBOIHTCA CO-
BepIIeEHO AHAJIOTHTIHO, .

[pesxpe Bcero 3ameruM, aro Pynkmus A4 (f, re’®) me sa-

. BHCHT oT 0, Tak Kak MHTerpaj or mepmogudeckoil ¢ynxoumu
[0 Iepmoy He MEHSETCA OT U3MeHeHHA Havaja IPOMEKyTKa
uHTerpEpoBaHHA. JTo U osHazaer, Iro Qymwrmua A(f, z)
saBHCHT ToabkKo oT |z|.

Hamee, unrerpan mias A4 (f, z) ABnAercs mpemeioM HHTE-
rpajgbHON CYMMEI

Sn(2) = o= X 1n* |1 (26'%) | (@1 — @),

mpuTeM cTpeMjeHHe K Ipefiely PaBHOMEPHO MO Z B JIH00M
KOJbIe, JeRameM BHYTpH McxogHoro Koabma. CoraacHo
cBoitcTBy 1 cyGrapmommdeckux $ymxumiz (§ 2) S.(z) ab-
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asgerca cyOrapMoHmuecKoir QyHKImmeld Kax cyMma cyGrapmo-
HHYecKUX QYHKUHEHA, a coracHo CBoHMCTBY 2 mpejen 9Toi
CYMMH, T. e. pyaruusa A (f, z), roske ABnsAeress CyOrapMoHy-
qeckoll Qyuxmuei. Jlemma noxaszama.

Caencraue. Ecau dpynryua f(z) eonomopdua e kpyze
Izl <R, ro gynryuu H(f, 0), A(f, 0) u L(f, p) asastorca
neybulearowuMy GYHEYUAML P,

YrBepskjenne cpasy caefiyeT M3 NPHHOUNA MaKCHMyMa
cybrapmonmueckux ¢yuruumit. [ ]

Caegyromas TeopeMa IOKasHBaer, 4T0 (yHMKIWH Iepe-
YHCHeHHEX KIACCOB HE MOIYT OdYeHL OBICTPO CTPEMHUTLCS K
HYJII0 IPU CTPeMJIeHAU Z K oKpy:kuoctm |z| = R.

Teopema 5.1. Hycry f(z)— Pynryus oepanuyenHozo
euda ¢ kpyze |z| <R. Ecau

251

i i = —
i‘lﬁ§ In| f(pe's) | dp = — oo,
To f(z)=0.

Hoxraszareanbcerso. Ilockonbky Intz=Inz, to us
npunagrekaoctn Pynxuun f(z) raaccy A caexyer, 9ro HH-
TepecylOmMH HAc WHTErpajg orpanmied cBepxy. Ilpome Toro,
O3 CHeNCTBHA JEMMHl BEITEKaeT, UTO 9TOT HHTErpas gBAf-
erca meyOnBalomenn dyurnmeit p. IloatoMy ycmoBme TeopeMsl
MOJKeT BHIIONHATHCA JHOIL B clAydae, eCIH UHTErpaJ DaBeH
—oo 1ipuE Beex p. Ho paa dysrupum f(z), oraudHoll oT TOM-
DCCTBEHIIOro HyJs, HaiiIerTca XOoTA OH OgHO P, JJIS KOTOPOro
9TOT MHTerpaj MMeeT KoHeYHoe sHaweHme. SHawut, f(z)==0,
U TeopeMa moKasaHa.

Ioxazanuas Teopema ofofmaer KIaccHIECKYIO TeopeMy
exnHcTBeHHOCTH. J[leiicTBHTENBHO, KIAcCHUECKAadA TeopeMa
eIMHCTBEHHOCTH IJA AHAINTHIeCKnX QYHKOUA MOKeT ORITh
chopMyIupoBaHA TaK:

Ecau dpynryus f(z) eosomoppra 6 Touke z=a u npu
z—~a pynkyus f(z) crpemurca k nyao Ovicrpee aroboil
crenenu z— a, 7o f(z)=0.

flcHo, 9TO MPH CTPeMJIEHHM Z K TOYKe IPAHMOEI 00JacTH
ronmoMopdHOCTH (PYHKIMA MOKET CTPEMHTHCA K Hym0 OH-
crpee mioGoit cremenm. Teopema 5.1 orpaHMImBaeT CROpOCTDH
crpemienns QYHKOUE f(zZ) K HYJNI0 OPH CTPEMJIGHMU TOTKH
z ¥ rpauuife ofbxacru, ecniu QyHknua f(z) OTpHHANIEIKAT
OHOMY W3 IEepPEeTHCICHHEIX KIAcCOB. YCJIOBHe, KOTOpoe na-
HO B TeopeMe, He OYeHb IIPO3PAaTHO, HO obiagaer Goabmoi
0GImIHOCTEIO U TOYHOCTHIO, B ciaegyoomeM maparpage ms Teo-
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pemsr 5.1 fymer BHBegeH paj Gojee IPOCTHIX TEOPEM TOTO
JKe pojla npH gonmymeunud, ¥ro f(z) = 0 Aumb B OgHOR TOUKe
TPanmIbL,

O6oOmennemM KaIaccHTIECKOH TEOPEME e HHECTBEHHOCTH SB-
AfeTcA W CeyIOMmuil pesyanrar.

Teopema 5.2. Hycrv f(z)— Pynryusa oepanuuennozo
euda ¢ kpyee |zl <R, umeiowas nysuw 6 TOUKAT 21, Zg, ...
(kparnblil HYyab nuwem CToAbKO pa3, KAKosa €20 Kpar-
nocrv). Ecau

?A(R—lznl):‘ + o0,

10 f(z2)=0

HNorxasarteawscrso. Jlomyctum, gro [(z2)¥ 0. Torna
fes orpaHUYIeHNA OOITHOCTY MOMKHO CIUTATH, ITO

F(0)# 0. (5.1)

JleiicrBurenbHo, BMecto YHKMUHE f(z) MH MoeM B3AThH
dynruuo g (z)=2z""f(z), rae m — KpaTHOCTH HyJd QYHKIUE
f(z) B roure z=0. fcuo, aro ¢yHruMa g(z) Toxke Oymer
$yHKUMel orpaHMYIEHHOro BHIA.

IIpumenum popmyny Hemcena (cMm. memmy 1 § 2). Ona
AaeT, ITo

27T
A [ 111 (et do = 1n) 5 0) | — 52)

12n |<p

Cornacho ycJoBII0 TeopeMEl, mepexois K Opejery HpH p —
— R, morydaeM

(s}

. 1 : R
iﬂ%&mWWWW=MHW—EmmT
0 1 N

Ho npn 0 << |z| <R umeem

R — |z} Y1 ({R—|3z] R—]z]
in = = (1= A1) = XS (A5 > 5

M, CJIeOBaTeNbHO,

| Wk
RY
7
~
+
8
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27
T. €. lim‘s In|f(pei®)| dp = — oo. [To Teopeme 5.1 umeem
[Undi®!
f(z)=0. Teopema noxasana. [ |
Mosxrio morasate, wTo TeopeMol 9.1 u 5.2 mpegensno
TOUHBKI He TOJABKO 1JA Kiaacca A, Ho W gas kaacca B. 9ro
meJaeTca cAegyIomuM o6pasoM:
Ecim Bagama npouwssonabHag HenpepeiBHAA (DYHKIHA
a (), OIsa KOTOpoi

2n
j. Ina(p) dp > — oo,
0

TO MOKHO TIOKABATH, YTO (DYHKIUS
o
1 Ret® 1z
1@ =9z ) qeo_, ma(@de  ([zI<R)
0
ronomoppua w orpammaena B xpyre |zl <R, a |f(z)| —
—a(g) mpu z —~ Re™.
Eciu 3agama IIPOH3BOJBHAA IIOCACIOBATEIBHOCTH TOIEK
Zn, YMOBIETBOPATOMAA YCIOBIAM

(s}

Izn|.<Rs Z(R’—lznl)<°°!
1
T0 QYHKIHA

© R
T e _
1= =g ™ (m=agw

rofoMopdHa H He mpeBocXoguT emmAWMIEL B Kpyre |zl <R,
a f(z.)=0.

IIpegocraBiseM auTaTeNI0 CAMOMy YOERUTBCA B CIIpaBe[-
NEBOCTH TIPAREIHHEIX yTReDAKACHNH. [ |

OrHocuTenbHo QYHKUHHA OrpaHATEHHOTO BUAA UMEETCH
UHTEPEeCHKIA pe3ynbTar, o0BACHAIOMUN, moIeMy HeT ocoboil
pasHumbel MeskAy QYHKOIUAMH OrpagmieHHOro BUAA H Orpa-
HUYeHUBIMI QYHKIUAMA:

Dyuryus ozpaunuyeniozo euda A648eTCA OTHOWEHUEM
deyz oepanunennviz Bynryutt*). [ ]

*) O ¢yHKOMAX orpaHmIeHHOro Buga cM, [26, 30].
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KHnaccet ¢ymrumii, amamormumnie kimaccam B, H, n A,
MOKHO paccMarpusarh He Toapko B kpyre |zl <R, Bo m B
mo6ux apyrox obaacrax. OgEaKo, OPHEEMAsg BO BHEMAHNE
NPEBEJIeHABIA BHIIE pe3yabTar, B OGOJBIIHHCTBE BOIPOCOB
MOJKHO OTMPAHAYHUTHCA HcecaeqoBanmeM QyEROuUil, orpanmyen-
BEIX B ToM mam umoit obmacrm. Ecam obaacrb oHoCBA3HA,
TO Pe3yAbTATH JETKO HOJIYyYaloTCA ¢ MOMOIIbI0 KOH(PGPMHOrO
oTobpaKeHus.

B rauecrBe mpmMepa mpaBefieM o600IeHUE TeopeMbl 5.2
Ha cAygail mpoU3BOJLHOE OJHOCBA3HOK 00JaCTH.

Teopema 5.3. Hycro D — neworopas odnoceasnas o6-
aacTy, a w(z)— kaxas-aubo Pynryus, KoudPopMHo orobpa-
awaroyas D na rpye |w|l<A. Ecau ¢gyuryus f(z) 2oa0-
mopdua u ozparuuena 6 D u umeer HYAu @ ToOHKAT Zi,
Z2y v.ey @4

(1 —lw(za)|) = + o0,

M3

To f(z)=0. )

HorxasareabcrBo. Paccmorpum OQymrmmo g(w)=
= f(z(w)), rne z(w)— dymxoma, obparmasg k w(z). Dynx-
maa g(w) romoMopdma m orpamumgera B kpyre |w|l <1 m
@mMeeT HYJIHU B TOYKAX W= w(z), OpuieM 2 —|wl|)=
=2 —|w(z)]) = + oo. Tlo Teopeme 5.2 g(w)==0. Teo-
peMa [oKazaHA.

JlokazamEble BBINE TEODEMHl eJHHCTBEHHOCTH ITHPOKO
DPUMEHAIOTCS B TEOPUH AHANATUUECKUX QYBROWE U BO MHO-
rax obaacTax aganmsa. B KagecTBe mpEMepa TAaKOTO IpHMe-
HeHHA TOKAJKeM OQMH Pe3yJbTaT O NOJHOTe CHCTeMH (PyHK-
nmit (27, memecrmmit mopy massaEmeM Teopembl Mirom;a.

Teopema 5.4 Ecau hy<hy<... U er + oo,

B n
Y :
To cucrema gynryuii ('™ noana ma orpesxe (0, 1). )

NMorxasateasctso. Cucrema Qymrmmit {pa(z)} ma-
abBaeTca noawnoll Ba oTpeske (a, b), ecam He CymecTByer
HenpepHIBEBIX HA orpeske (a, b) (yEROUH, OPTOrOHAILHBIX
BceM QYHKOUAM Qn(Z).

JomycruM, uro g(x)— HempepHIBEAA HA (;;Tpeaxe 0, 1)
dyEKIUA, OPTOrOHANBHAN BeeM QYHROAAM ", T. €.

1

[e(@atmdz=0 (n=1,2...). (5.3)



§ 6. TEOPEMEI ®PATMEHA — JIHHIAEJEDA 333

O6o3naunM
1
G(z) = 5- g (z) 2" dx.
0

Oyarngua G (z) romomopdma B momymiockocrn Rez>0 m
orpammuena, Taxk Kak |z°l <1 mpm 0<z <1, Rez>0.
KpoMe Toro, oma mmeer mymz z=3,+1 (n=1, 2, ...).
IIpamennm TeopeMmy 5.3. B kKauecrse dymmum w(z), Kom-
dopMuO oTOGpaXKaIOm el HOJIyHJIOCI{OCTB Rez>0 HA KpyT

lwl <1, MorkHO B3ATH PyRKIUO W = —— +1 Vmeem
A
2(1—|w(7”"+1)|)=2(1—xn—+2—)=
1
=22W=

Iosromy m3 Teopemmr 5.3 caemyer, uro G(z)=0. C mo-
Mompbio QopMyan obpaimerus npeobpasopamusa Meaauna
(cM. § 6 r. VII) merko yGessgaemes, uro m g (x)= 0. Cxe-
moBarembHo, QymKmmit, menpepbizanx Ba orpeske (0, 1) m
OPTOTOHANBEBIX BeeM (YHKOUAM '™, He CymecTByeT, T. e.
cucreMa pymrnumit {'?} moama ma orpesxe (0, 1). Teopema
fokasana. | |

ddMernM, 4To B IPEMEHEHWAX TeopeMb 0.3 omHOH w3
TPYAHOCTEH ABJAETCA ONEHKA BENUYUHH W (Z,) OpH B —> =,
Jlas aToll meam MOMKHO HCHIOAB30BaTh HepaBeHCTBA Amabdop-
ca m Bapmascroro (em. § 6 ra. V) gua omemku komdopm-
HO oToOpasraomux QyEKOAR BOAUZYM TPAHMIBL

§ 6. Teopemnr @parmena — JImageneda

B xauecrse BTOpPoOro HOPIJIOKEHHA TEOPHH TapMOHHYE-
CKUX H cybrapMommuecknXx (QYHKOUA MBI JoKaskeM nBe J0-
BOJABHO TOHKAE X YAoOHBIe JUIA CAMBIX PasJIMYHBIX MpPUMeHe-
HANX TeopeMHl 0 pocre w 00 yOmBaEUME QYHKOHH, ToaoMOpdH-
Boii B OeckoHeuHOH o0JacTH, B 3aBHCHMOCTH OT BHIA
00JIacTH.

B joxaspiBaeMBIX TEopeMax HcOOJb3yercd, COOCTBEHEO,
He roaoMopdHOCTE (byﬁmmn f(z), a roanko cy6rapM0an-
aocts Pymrnmu In [f(z)[, rak 4ro npu skemammu 3T; Teope-
ME JIETKO NePeHOcATca HA cyOrapMommaeckme (yHKummm,
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Teopema 6.1. Hycre G — odnocesasnan obaacrs, ume-
oyan Touku t =0 u {=c0 CEOUMU 2PAHUUNBIMU TOYKAMU.
Ob6osnauum uepes s, ceuenue obaacru G OEPYHCHOCTHIO
[t| =p, a uepes s(p)— ezo dauny. Ecau gynryus f(t) eo-
aomopgpna ¢ obaacru G, Henpepviena enaoTy Jo ee 2paHuybL
C (kpome Touru t= ) u ydoeaeTgopaeT YCAOBUILM

. InM(p)
lfI<t (t=C0), ‘}—%}—U(P) =0,

20e
M

M (o) = max 1(8)], o(p) — expir | 2},
tes s (u)
[ 1
mo |f()]<<1 (t=6).

Horaszarenscrso. Obosnaunm 4epes §(¢) Ppymxrnuio,
roudopmuo orobpaskatomyo obaactk G HA HOMYILIOCKOCTDH
Re & > 0 u nepesogamyto roukm t=0 mw [= o B TOUKH
L=0 u E=o coorsercreenno. Yepes () oGosmaumMm
$yarquio, ofparayio K ¢pynrnuu §(t). fAcmo, uro sru PyEEK-
IWd ONPeJeaAoTcA ¢ TOYHOCTBI0 [0 MOCTOAHHOTO MHO-
JKETENA.

BossMeM mpomssompEy® TouRy fHE=G ®  ZOCTATOTHO
Gomsmoe p. OGosraumM uepes G, cBasEyw uacrs obmacrm G,
nemkamyio B Kpyre |t| <p m comepmamyto Toury fo. Ilpm
p > |yl obmacrs G, memycra. O6pas obmactm G, mpu 0TO-
opaxennn § =71 (¢) obosmauum uepes K,. Ob6macrs K, or-
PaEMYEeHA OTPE3KAMH MHAMOM OCHM M HEKOTOPBIMA KPHBHIMHA
L,, apaaomumuca obpasaMm AyT okpysmoctH |¢| = p, BXO-
aamux B S,. Cpemm wmpmBmix L, mamimerca xors OB ofHA,
COEMAAINMANA OTPULATEJABHYI0 YacTh MHHMoH och ¢ ee mo-
AoKATeaAbHOR vacTbi. O003HAYAM 3Ty KpHBYIO L;; AyTy u3
Sp, ABAAOMYIOCA IIPoobpazoM L;, 0003HAYEM s;, a Jauny
s; oboznaunM s*(p). OOmacrb, OTpAaHHYEHHYH KPHUBOL L;
U OTPE3KOM MHHMOH 0OCH, COGJHHAIONUM ee KOHILI, o0o3HA-

» ‘  J *
M Ko, a mpoofpas obmactm K, oGosmaumm uepes G,.
(Cromr 3amermrb, uro eciam obaacrb G mepeceKaercs OKpyiK-
AocTei0 |t| =p mo ommoit myre, TO BeAMYMHEL, IOMedYeHHLIE
3BE3[0YKOH, COBOAMAIOT ¢ TEMH Ke BeJHYMHAMU 0e3 3Besjo-

L L 2} L

uek. B obmem cayuae G, DG, 1 K, DKy, asp=sp, o
s*(0)< s (p).)

Obnacres K, mpexcraBager cofofi HCKAMKEHHBIA IMOAY-
kpyr. OmenmM pagmyc mauGombiiero moaykpyra Im g >0,
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Iz| < r(p), Bxogamero B obxacts Kp, 1. e. Beamuuny
r(e) = int 15(0)].

tesp

Hlas ouenkxu r(p) ncmombayeM HepaseHerBo Aabdopca
{cM. Tcopemy 6.1 ri. V). Uroler mpuscern 3ajgauy K Toi
[MOCTAHOBKE, B ImTopoii fBLI0 JIOKA3AIl0 3To HepaBercTso,
obo3maunM uepes ) odpas obaactu G Tpu orTo0paykeHun
pyurmuedr z=Int (Pysxmus Int romomopdra B obaacrm
G; Bersr Gepem mio6yw). Torma dysrmus w(z)=Ing(e*)

t
roadopMHO orobpaaer obaactb D Ha moaocy |Imw| << 5

a cedenusa obmacru D mpameiMu Re z = x — a1o ofpask ce-
uennit o6aactm G oKpymHOCTAME |t} = e* mpu orobpaskennm

»
z =In t. IIpu aToM orpesor 0. asasgerca obpasoM ayra g U

e()_s (e), Inr (e*) = sup Re w (z).
20,
ITooroMy mepasencrso Ankgopea gaer
Inp

[}
: T d
r(p) =exp {C +m S Od—(tl)] = ¢Cexp [nj = (uu) ) = e%o (p).
’ ' (6.1)

Teneps mepefileM XK OCHOBHOA YAacTH M0KA3aTeJhCTBA
(oma mpome BEHOMOTATENABHBIX DACCYMICHWH, MPUIAIOMIEX
TcopeMe OOIIIIOCTS).

PaCCMOTpHM bynxnmio F(T)=f(t(%)) B oGnach
Ha maumoit ocm mmcem |F(Z)| <1, rax wax mpu 0T06pa-
mennan ¢ = t(f) MHuEMas och IIePeXOAuT B TPAaHHOY obaacTd
G,t.e. 8C, anaC no ycaovuio teopemu |f(¢)| <1. Ha oc-

*
TAJNbIO YacTU TPAHUILHI oﬁnacm Ky, 1. e. ma wpusoit Lp,

ABIsIIOMEicsa o0pa3oM Jyri Sp pn oroSpaskenmn § = (1),
uMeeM

sup |F (@)= %uplf(t)l supr(t)l:M(p).
=%

LEIp tesp

Ilpumenssa ® Qynrnuum F(L) B oonacm Kp TeopeMy 0 JBYX
RoHcTamrax (Tcopema 4.1) ¢ L B wauectne £, m = M(p)
u M =1, noryuaem

In| F )| <0y Loy Kp) InM(p) (5 =L(ty)-  (6.2)
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Mir moxasamm, uro obmacts Kp comepur OOJNYKPYT
Ret >0, Il <r(p), rae r(p)>C’'c(p). Ilo npuunnmy pac-
WIIPeHHA 00JacTH rapMoHITIecKas Mepa co(@o, L;, K:) He
IIDEBOCXOAIIT TAPMOHUYIECKOIT MEPH IMOAYOKPY;XHOCTH OTIIO-
cutensno moaykpyra Re§ >0, 15l <r(p) (» rtoit me Tou-
ke). Ilocmemuaa rapmonndeckas Mepa ObJla  BREIYHACACHA
B mpuoMepe 1 § 4, rae mosyvena JJA Hee acHMITOTHYECKAsd
dopmyaa (mna CGomplImx pajmycon). 9Ira rapMoHmYecKas
Mepa paBHa

{p) —1f 1 4
| (p)+i€z ~ Ty w Rehe (r(p) = 00).

ITosroMy npu p — c u npu QurcuposannoM &g HMeeM B
cuay mepasencrsa (6.1)

r
2 Imln
14 r

1
w (Cm L;, K;) <C, o(p)’
a HepaBeHCTBO (6.2) maer mam
In M {p)

In|F &) I<C,

o (p)

Corsacmo ycaoBHIO TCOPEMBI CYI[ECTBYET ITOCHE[0BATENb-

) . InM(p,)
OeCTh pn, —> %, JJIA KOTOpOi IR — 0. ITosromy, moaa-

ras B IOCJAEJITeM HepaBelCTBe P = P, Il TEPeXofid K Ipefe-
Iy upu n — oo, moaydaeM In [F(Zo)| < 0. Orcioma caegyer,
uro |f(to)| <1, n mockoabky o — mobas Touka obaacru G,
MLl IIPEXOJIEM K yTDEDIKAeHWI0 TeopeMsL. | |

SaMeruM, 4To B caydae, ecam objgacrs G uMeer mpocroi
BE (OOAYILIOCKOCTh, YTOJ, IOM0CA) WM Jaje JEHAT B 00-
JacTH TAKOro BHAA, TO IIPEIBAPUTEJBHEIE DACCYKJCHHA
¢ HepaBeHcTBoM Aabdopca He HYKHB, H OKA3aTeabCTBO
CTAIIOBUTCA COBEPIIENHO DJIEMEHTADHBIM.

BupoueM, teopemy 6.1 crour orfeasio chopMyamposarh
IJ 9ACTHOrO Caydas, Korga obaacth G -— 310 yroa, rak
KaK 9TOT JaCTHHIH caydail ouens ymorpeburescH.

Lycre Ppynryus f(z) 2o0n0mopgdina ¢ yeae pacreopa mjo
u menpepvléna 6naoTy 0o eeo cropon. Ecau |f(z)| <M na
croponax yeaa, 7o uan |f(z)| <M u enyrpu yeaa, uau

In max [ F (@)= (0>py)
z|=p

¢ nexoropvim ¢ > 0.
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o n np
JleiicTBuTenbHo, AN yIaa pacTBopa — mMeeM s(p) = —-

m o(p)= p* rax 4ro Teopema 6.1 cpasy maer mam Tpebye-
. (o] . i
Mblii pesyabrar. IIpuMep Qymxnum e B yrae’|argz|<<-—

HOKAa3HIBAET, UTO CYU[ECTBEHHOE YCHJIEHWE 3TOT0 pesyabTara
HEBO3MOIKIIO. | |

Caegyomue TeopeMBI OTHOCATCA K BOOPOCY O JOIYCTH-
MOif CKOPOCTH cTpeMJeHuA K Hymo ¢QysEknum f(z), roxo-
MopdHoi B Heroropoif ofmacTwm, Korja TOYKA 2 CTPEMHTCH
K TpamU4HOi Touke 3Toif ofmacrm. OO0 TOM HEMHOro TOBO-
pusock B mpepgniayuieM maparpade B ¢Basm ¢ TeopeMoit O.1.
Ceifuac MK [puUaguM pesyJabTaTy, MOOJAYYeHHOMY B ITOil
reopeMe, Gosee HArJAATHEI BHJ 3a CUYET HEKOTODHX yIOpO-
menmid, HO 3aTO PaclpoCTPAaHAM ero Ha JIoObe o0aacTH.

HaureMm c¢ roro, uro chopMyampyeM reopeMy 5.1 B ympo-
mennoi Hopme:

Iycry gynryus f(2) eoaomopdna e kpyze lz| <1 u
nenpepwiena 6 kpyze 1zl < 1. Feau

27
5- In|f(ei®) | dp = — oo,
0

o f(z)=0.

"J10 yTBep:KjCHIie MdeiicTBUTEAbHO ABAAETCA IIPOCTHIM
caeperBueM Teopemsl 0.4, rax waw f(z) orpanudena (a 3ma-
AT, © orpaHmYeHHoro Buja) p xpyre |z| <1, a m3 mempe-
puiBrOCTE f(2) B Kpyre |z| < 1, oueBmgmo, caemyer, 4ro

2m 2n
lim { 1n{/(oe”) | dp — | In|f ()| dp = — oo.
P21, 0

IIpu momomm KoudopMIoro orofpasicHUA 3TOT Pe3yidbe
TaT JeTKO IepeHocuTcAa Ha papyrame obaactm. JlokaskeM ama-
JOTHYHBIH pe3yabTar JAA HOgyILIOCKOCTH, HPHJAB eMy eme
fosxee mpocToit M YMoOHBIA Buf.

Teopema 6.2. llycrv Pynryus f(z) peeyasprna é no-
aynaockoctu  Rez >0, wenpepuiena ¢ noaynaockocru
Rez = 0 u ydosaereopser nepasencrey

In If(z)| < —v(lz]) (Re z = 0),
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20e v(t)—nenpepbzenaﬂ nosomureavHan Gynryus npu

1> 0. Ec./mj‘v() dt = + o0, 70 f(z)=0

1
: 14w
HNowazareascrso. Dyuxngua z= 37— Kougopmuo

oroGpasraer ¥pyr |w!| <1 nma noaymmockocts Rez > 0. ITo-

saroMy ¢ymrnua F(w)= | (1 tw w) roaoMopdra B Kpyre
lw|] <1 m menpeprsra upn |w| < 1. UmMeem

21

§ 10| F (et9)) o =

0

Ho

°L"3'.‘-l

v (ctg %) dp =2 S v(tg 0) do =
0

_—_—25‘L)d;>25‘
g 1t 1

ITo Teopeme 5.1 mmcem F(w)=
Tcopema pmoxraszama.
AHajmornno MOKA3bIBAGTCA H CAC/YIOMIAA TeopeMma.
Teopema 63. IIycre dPynryua f(z) eoaomopgna

e
8 nozLoce|Imz|<—2, HENPEPHIEHA € NOoA0Ce |Imz|<7

= 4 00,

"‘L-—m8

+t
0,

a smaumr, m f(3)=0.

U yBosaereopaeT nepagencrey
nlfetm)l<—v@ (-3 <i<i),

20e v(x)— nosoxureaviias nenpepwvienas dynryus. Ecau
Yv(:c)e_xd:c =+ 00, mo f(z)=0.
0
C nmomompio HepaBencrsa Bapmanckoro (cM. teopemy 0.2

ra. V) MOKHO IIOJTYYHTH pPC3YJAbTAaT IIOXOOHOrO poja s
fosee W Mcllee HPOM3BOABIOH IoJocoolpasmoll olxacra.

Nmenno:
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IIyers D — obaacrb, ompefenaseMas HepaBeHCTBAMU
1 1
P@)—50@)<y<o@) + 50 (—oo<r<oo),

e @(z) m 0(z)— menpepriBEO aEddepennupyeMie PYHK-
IUH, OTHOCHTEILHO KOTODHIX MBI OyZeM NpefmoJararb, 4To

00

¢ @l<M, [0@I<M, |GE di<+ oo

0

Teopema 6.4. Hycry gynryus f(z) 20aomopdna 6 06-
aactu D, unenpepwiena ¢ D u ydosaersopaer HepaseHcT8Y

In |f(z +iy)| < —v(z) (z+iyeD),

20e v(x)— noaoxuresbrHas HERPEPLIGHAR HeYObleawaR
Pynryun. Obosnauum
x

0(x)=nj‘—1'+e?;# dt.
o

Ecau

00

fv(x) e~0(x) ed(’;) = + oo,

0

7o f(z)=0.
HokaszarexnscrBo. OGosmaumM udepes w(z) Qymk-
nuio, koedopMHEO orobparkaiomyio obmzacre D ma momocy

[ Im w|<% rak, 410 Re w - £ mpu Re z > oo, IIpu cpe-

JaHHBIX NpPefN0JN0KeHAAX orHOcATEabHO ¢ (z) m O(r) cmpa-
BeJINBO HepaBeHCTBO Bapmasckoro (cM. Teopemy 6.2
ra. V). B mammx ofo3mauenmaXx 5T0 HEpaBeHCTBO IMPHHM-
Maer BAJ

Re w(z+iy)— Rew(a+b)<o(z)— o(a)+ C’ (x>a)
(mocrossmmas C’ me 3aBmcmr or z, Yy, a, b). Ionarag a =0,
C = C’ + sup Rew(ib), Ms1 npmBOIEM 3T0 HEPABEHCTBO K BHLY
b
Rew(z+iy)<o(z)+C (z>0). (6.3)
O6osmaunm uwepes z(w) d¢ynxnnio, obparayio K w(z), a

z (u) = min Re z (w) (Rew=u, llmwlg—g).
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Baas B mepasencrse (6.3) B kauecTBe w To caMoe 3HaYeHHeE,
miag xKoroporo Re w =u, Rez(w)= z(u), moxyunm
u<o(z(u))+C. (6.4)
Temeps paccMorpum dymrrnmio F(w)= f(z(w)) B momoce
[ Imw| < _:2:_ Oma romomMopdrEA B 9TO0Il HOJOCE W HEIPEPHIB-

Ha B BaMKHYTO# mojoce. HpoMe Toro, oma yjoBaerBopser
HepaBeHCTBY

In |F(u+iv)l =1nlfz(u+iv))]| <—v(z(u)),
nmocKoabky v(z)— HeyOmBatoman ¢ymkuma. Wz mepasesCT-
Ba (6.4) mmeeM z(u)<<Fk(u—c), rme k(u)— Pynrnusa, ob-

parnag K o(z) (smcmo, uro k(u)— meyOnipanman QyHEKOIAA
u uro k(u)— -+ npm u — +oo), Iloaromy

InlF(u+iv)l < —v(k(u—c))

n

et fv(k(u—c))e‘“du =

0 ()

= jv(x) e—0o(x)g’ (x) dx>j‘ v (1‘) e—c(x)- dz = + oo.
0 0

IIo reopeme 6.3 mMeem F(w)=0, a smawmr, m f(z)=0.
Teopema poxasana. [ |

Mb1 mpmBesm mamGosiee CHIBHBIE PE3YABTATH A JBYX
PABHOBHHOCTEH TeopeM, KOTOPHe OOBIYHO HA3RIBAKOTCA TEO-
pemamy Dpaemena — Jundeaea. It TeopeMbl He HCUEp-
IBIBAOT Beero MuorooOpasms reopeM Dparmema — Jlumpenae-
da, HCOOAB3YEMEX B OPAMOMKEHAAX *),

*) Muoro TeopeM Takoro pofa mMeerca B [13].



Taaea IX

HOH®OPMHBIE OTOBPASREHNA
MHOTI'OCBA3HBIX OBJACTEN

B »sr0if riaBe moxasnIBalOTCA TEOPEMBI O CYHIECTBOBAHHM
KougopMHOro orobpaskenns JAaHHOH ofgactm HA Ty HJIA
AHYI0 KAaHOHWYEeCKyIo .00gacrb, a TaKKe TEOPeMH o0 COOT-
BEeTCTBUH TPAHUI OpA KoH(GOPMHOM OTOOpa’sKeHMH. ITH Teo-
peMbl  yKe HeOQUIOKPATHO HCOOJb30Bajdmch 0e3  joKa-
sareaberB.  OKasbiBaercs, 4YTO TeOpPeMBl O CyIIecTBoBa-
By KoH(opMIEX orofpasseHuil ymobmce MOKAa3bIBaTh A
MHOTOCBA3HEX o0jgacreir. Ilpasma, Upum 9TOM BO3HHKAIOT
aarebpamveckue BOIPOCHI, MNPEACTABJAOIIAE HHTEPECHBIO
CBA3H TEODHH AaHAJATHYECKHX (QYHKOWA ¢ Teopmeil rpymm.
C moMomsio TeopeM O CymEecTBOBAHAH KOH(OPMHOTO OTO-
OpaieHHS MBI pelnmM Takske 3agady Jlupmxide s Ipoms-
BOJBHOI KOHEYHOCBA3HOI 00JacTH.

§ 1. CymecrsoBanne xondopmuoro orodpasKeHns

B xomme § 1 ra. V 6mna chopmyauposard reopeMa Pu-
MaHA 0 CYIIeCTBOBAHHA KOHMOPMHOTO O0TOOparkeHAa OFHO-
cBA3HOW ofmacTH ma Kpyr. Jdra TeopeMa OHUJIA ocraBieHa
fe3 mokaszaTeJbcTBA, TaK Kak ceifivac Oymer Aokaszama OGoaee
ofmas TeopeMa o0 CYImeCTBOBAHAA KoH(OPMHOro orobpa-
JReHUA.

Dynem roBopmrh Temepb o6 oroGpaskenmax obgactm D
QyHEROAAMA, yiie He TOJOMOPPHBIMH, a AHAIHTHICCKEME B
aroit ofmacrm. Has ciaydas, worma obaacrs D omgmocBA3HA,
MEXIY 3TUMH OTOOpa’sKeHAAMH HET NHKAKOK pasHHEIE, TaK
KaK [0 TeopeMe 0 MOHOAPOMUE (PYHKOHA, AHAIATHYecKas
B OfHOCBA3HOH obnactm, romoMopdHa B 210it obaacrtm. Jlaa
MHOTOCBABHHIX 00jacreil pasHAA Me;wAy ISTEMH OToOparke-
HUAMU JOBOJIBIIO BeJWKA, TAaK KAK (PYOKOAA, aHaJATHYe~
CKag B MHOrOCBA3HOI o0macTd, Boolme roBopd, MHO-
rO3HAYHA.

Hamo crkasars, 4ro caMa IIOCTAHOBKA 3ajaud 0 KoHQOpPM-
HOM oToGpakeHdH 00JacTM MHOTO3HAYHLIMH AHATUTHYCCKH-
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Mr QYHKOEAMM HECKONBKO HCKyccTBeHHa. FcrecTsemmam 3a-
Zada COCTOMT B IOCTPOEHHHM B3aHMHO OJHO3HAYHOr0 KOH-
dopmHOrO 0TOOpasieHUd IPOM3BOALHON PHMAaHOROH mOBEPX-
Hoctn. OfEarko W IOCTAaHOBKA 3TOM 3amaum, m TeMm Gojec ee
pemenne moTpeGoBaim OBl 3HAYHTCJBIO OONBUIMX yCHIWH.
B ro0 e Bpema paccMarpmpbaeMasa 3ajgada, XOoTHA M Ie BIIOJ-
He ecTecTBeHma, o0JagaeT BajMkHBIMHI [PeAMYI[eCTBAMH.
WUmernno, oma mpocro crasurcf, He TpeOyer O0JBIIOLO KOMM-
9ecTBA JOIOJHHTEJILHBIX CBEICHHH, ee pemeHme He CIOMK-
Hee, 4eM pellleHMe KJIacCHYecKoil 3amadm o0 KOH(OPMHOM
oToOpadsennn OXHOCBA3HOM ob6jacTH, H, HaKOHed, 00JacThk
OPUMEHNMOCTH IMOJYYeHHOr0 pesysisTaTa 3HAYATENBHO INA-
Pe, 9eM 006jacTh IPHMEHMMOCTH TeopeMbl Prumana.

Ilpugercs Bce e HeCKOJNBKO NOMONHHTH OCHOBHEIE CBE-
menua o0 oTobpamenuax, manomenneie 8 § 1 ra. V.

Ilyecrs F(z)— dymkuma, amanaTmdeckasg B obunactm D.
Obpasom obaacty D npu orobpaxenun w=F(z) masopeM
COBOKYIHOCTH 3HAYEHMU, mpuurmMaeMsix B obnactm D Bcemn
aieMeHTaMn aHaamrndeckoit B D dymrmma F(z). OGpas D
oboznaunm F (D).

Ananntndecryio dymromio HymeM, Kak mpasmio, ofo3Ha-
9aTh HponmcHoil DYKBOM, a ee MCXOJNHBIA 3AeMeHT — Toll e
OyxBoit, HO CTPOIHOI. '

IIycrs mamo wo= F(D) n myers Fi(z), ..., F,(z)— Bce
Te 3JEeMeHTHl aHaAWTHIecKoir B obmactm D dymrxmumm F(z),
olpemelieHHAble B OKPECTHOCTAX Tovek z1 <D, ..., z,&€D

COOTBETCTBEHHO, AnA KOTOPHIX F,(z,)= wo. (Cpemnm Toder 2,
MoryT OBITh OJMHAKOBHIE, HO TOrZA COOTBETCTBYIOINME 3Je-
MeHTBI He [JOJKHBI TOMTecTBeHHO coBmagarh.) Ecam v, —
KpaTHOCTs HysNa Fy(z)— wo B Toure z, m vi+vet...
...Fv,=m, 10 GyZeM roBopHUTh, UTO BHAUECHUE Wy RPUHU-
naeres, Pynryuet F(z) e o6aacru D posno m paa.

Ecan xampoe smauerne w € F (D) npmanmaerca ¢dymx-
gueit F(z), amanntmdeckoit B obnactm D, poBro opmm pas,
10 6yZeM rosopuTs, 9To (yEKoua F(z) odnoauctna ¢ o00-

“aactu D. []

IlepeancanM mambonmee Ba:KHBE CBOHCTBA OTOOpaseHmi
aHaJMTH9ecKNMN (QYHROUAMA ® CcBoiicTBA OFHOJHCTHEIX
aHaJUTHYIecKAX (QyBRIOMIL.

Ceoitcrso 1. Hycre munomecreo G, cocrour us 3ua-
yenutl w, npunumaemblz Pynkyuei F(z) e obaactu D ne
menee m pas. Tozba G, — oTEpLITOE MHONcecT80. B wactho-
cTu, 06pasoMm 06.aacTu AgafeTca 06.4aCTb.
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Csoicrso 2. Hyere ¢pynryus F(z) anaautuuna u
odnoaucrra ¢ obaacru D, a dynryus G(z) anaautTunna U
odnoaucrna e obaactu F(D). Toeda Pynryus G(F(z))
anaauTUURA U 00noaucTia 6 ob6aacTy D.

Csoitctro 3. Jua odnoaucrnocruy ¢ D anasuruueckoll
e D dpynryuu F(z) neobxodumo u docrarouno, urober ¢ 06-
aactu F (D) cywecreosara eonomopdras @yuryus ¢(w),
obparnas k F'(z), 7. e. Taxas, uro @ (F(z))=1z.

Bee mepednciienHsie CBOICTBA NOKA3HIBAOTCA COBepIIeH-
HO AHAJOTHIHO COOTBETCTBYKOIIHM CBOMCTBAM COJOMOPHHBIX

dyarmmit (em. § 1 . V). []

CraskeM ele HECKOJBKO CJIOB 0 CXOMAMOCTH HOCJIEfoBa-
TesdbHOCTeH (PYHRIHA, aHAJHTHICCKHX B 00AACTH,

Ilyects pmama mociegoBaTedbmocTs yrrnmit {F,(z)},
rn=1, 2, ..., anaguTuvecknx B objactm D), m nycts f,(z)—
HexXofHble dieMenTsl Qymrumit [, (z), ompegeneHHbic B OK-
pecTHOCTH ONHOI M TOH e ToYRM, cKameM z9 € D. Ilycrs,
manee, L — mwofaa KpwBasg, BBIXOMAIRAA M3 TOYKM zZg W Jie-
mamaa B obnactm D, a @.(z, L) — amanuTnvecrast ma KpH-
Bolt L QyHRIus, moidydeHHAs AHANUTHIECKAM IPOTOJIKEHU-
eM sieMeHTa f[,(z) Bmonk Kpupoit L. Bymem rosopmTh, €4TO
mociegopaTenbuocTe {F,(z)} pasnomepno crodurcs eHyTpu
obaactu D, ecam upm moboMm BBIGOpe KpmBoir L mociemoBa-
rensrocTs 1®,(z, L)} pasHomepmo cxoamTca Ha dToOi
kpuBoit. [ |

lepeuncanm 1y:KHBIe HaM cBoMcTBAa paBlLOMEpIo CXOMA~
ORXcA HOCHefoBaTeJbHOCTCH alajuTHdcckux (QYyHRITHIL.
~ CpoitecrBo 1. Ilpedea nocaedosareavroctu anasutu-
ueckuxr ¢ D pynwyull, pasnomepro crodaweiica enytpu D,
aeaneTcs anasuTuneckol 6 D dynryuell.

CeoitctBo 2. Ecau {F,(z)} — nocaedosaresvnocro
Pynryull, anaiuTuieckux ¢ obaacru, u

[F.(z)l <M (z = D)

(nocroannas M ue 3asucur Hu o1 n, nU OT 6BI60PA FACMEH~
Ta), 1o us nocaedosareavnoctu {F,(z)} moxno evibpars
rodnocaedosareabiocTy, pasioOMeprHo crodawyyrcs  8HY-
rpu D.

CeoitcrBo 3. IHycrv {F,(z)} — nocaedosaressrocrs
pynryull, anasuruveckux ¢ D, pasnomepno cxodswaacs ®
Pynryuu F(z), orauunol or ToacdecTeenioli nocToannor.
Ecau kancdas us gynwywii F.(z) awboe snauvenue w npu-
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HuMaerT He Oosee m pas, 7o u Pynryus F(z) obaadaer TeM
Jce c8olCT8oM.

B gacruocrm:

IIpedes pasnomepno crodaweiics enyrpu D nocaedoca-
TEABHOCTU QHAAUTUUECKUL OOHOAUCTHBIL PYNKYUL Toxe H6-
AAETCH QUAAUTUMECKOU 00noaucTioll @ynryueli wal ToM-
0ecT8eHHOU. NOCTOANILOL.

Cpoitictsa 1 m 2 morassIBalOTCA IO ofHOMy 00pasmy co
CCBIIKOX HA COOTBETCTBYIOIIYIO TeopeMy &JA roJdoMop(HBEIX
$ynarouii. B RavecTre o0pasma IpmBemeM JOKa3aTedbeTBO
ceoitcrea 2.

BosbMeMm Toury zo=D m mociegosareabrocTb {f,(z)}
HUCXOJHBIX dNeMeHToB QyHKOuit F,(z). Oymxoun f.(z) ro-
A0MOP(HEI U OrpaHMYeHbl B OKPECTHOCTH TOYKH Zo. 110 mpmE-
OOy KOMIAKTHOCTH rojoMopubix ¢ymkimit (reopema 4.6
ra. II)us mocnegosarennnoctn {fs(z)} moxmo BHIGpPaTH mOA-
mocliegOBaTeILHOCTh, PABHOMEPHO CXOAAINYIOCA B YKa3aHHOHN
OKpPECTHOCTH TOYKH Zo. 3aTéM BO3bBMEM KAKyH-AN00 KPHBYIO
L n Bpibepem ma meil TouRy z;, HACTONBKO OJM3KYH XK Zo,
arober pymroun @, (z, L) Owanm ronmomopdHEl B OKpecTHO-
CTH TOYKM Zi, MMelommeil ofLIyi0 9acTh ¢ OKPEeCcTHOCTHIO TO4U-
K 2o. IloxamkeM, 49ro BHIOpAHIAg IIOAIOCIELOBATEIbLHOCTD
{@n, (2, L)} panEOMEpPHO CXORATCA M B OKDPECTHOCTH TOUKH Zj.

ITo mpmHITINY KOMIIAKTHOCTH M3 3TOH IOZMOCIEXOBATENb-
HOCTH MOMKHO BHIODPATh CXOMAIMYIOCS B TAHHOK OKPECTHOCTH
TOYKM 1 HofmociemoBaTesnbHOCTh. Ho mpemen atoit mommo-
CXeN0BATENBHOCTH B 00IMedl JYaCTH OKPECTHOCTEH TO9eR 2o H
z) o0A3aH COBIATATH C IIPCHENIOM HOCIEX0BaTeNbHOCTH {fnk(z)}.

SHadnT, mpefensl BeeX IONIOCIENOBATeNBFHOCTEH MOCeoBa-
rensHOCTH |{Dn, (2, L)}  mommmst Gp1Th opmmakoneimMim. Or-
cI0fa ciefyeT cYIIecTBOBaHMe Hpeacia peell mociegoBaTeNb-
soctn {Dn, (2, L)].

Buifupag 3sarem Toury 2z: <=L wm T. 7., yOemxmaemecs
B TOM, 4ro mociemonateabHocTh {@n, (2, L)}  pasmomepmo

cxognrTces Ha Beelt KpmBoit. IlocKonbKy BEIGODP mOmmOCIIEmO-
BaTelIbIOCTH 7, He 3aBHcHT OoT BeIGopa Kpmsoli L, To mogmo-

cnegosatensHocTs {Fn, (2)] paBmOMepio cXomuTcA  BHY-

tpu D.
JloxdsaTenbcTBO HOCHe[HEr0 cBoifcTsa faske mpome.
Oycre fi(z), ..., fe(z)— Te biiemenTsl mpefesibHoli QymK-

mun mocaemosatenbunocTn {F.(2)}, maa roropeix fi(z)— w
MMeeT HYJIb B TOYKC Z = Z; IIPHMeHSS K KaRIOMY U3 DTHX
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sieMenToB Teopemy 0.3 ra. IV, momywaem paccMaTpmpaeMoe
yTBepgente. [ |

Ecnn dynwuma F(z) amanutTHdHa # ogHOJNACTHA B 00ia-
ern D, To Mer GyaeM roBopmTh, 9UTO OHA COBepHIaeT KoK~
Ppopmitoe orobpaxenue obaactu D na obaacts F (D).

Ecun ofmacte D omHOCBASHA, TO HAOle HOBOE IOHATHE
KoHQOPMHOro 0TOOpasKeHNA COBIAKAET ¢ HPerXHNM, TaK Kak
mo Teopeme o Momogpomun (pymroma f(z) romomopdmra B D.
Ecnm me ofnacte D mHOrocnsiama, TO 3T0 MOHATHE OTAMYA-
ercA OT MpemHero. B ciaydaax, Korga peds Oymer ugTm 00
orofpajkeHNy MHOTOCBA3HBIX o0jacTeil roaoMOPQHEIMH Of-
poaumcTueiME  (YHKOUAMA, Mbl OylZeM OORYepKHBATEL 3TO,
yOooTpeOJisiA TepMAH: 63AUMHO 00HO3HAUHOE KORPOpMHOE

orobpascenue. | |

IIpnBegem mpocreiimiue TpuMepbl KoH(OPMHBIX 0TOOpa-
FRCHMIT MHOTOCBSI3IEIX 00j1acTex,

IIpumep 1. Paccmorpum oToOpaskemme Koabma 1 <
< |zl <R Jyuxnuweir w=Inz, amaamTmdeckoifi B HTOM
ROJBIIE.

SaMernm mpe:mge Bcero, 9ro (YHROuA In z ogHONMCTHA
B KOIbIe, TAK Kak oHa mMeeT oOpaTHYI0 (yHKOHIO Z = €Y,
rosioMopdHYI0 BO Beelt miockoctn. Taxmm oOpasom, orTobpa-
yeeHne w = Inz apaserca komdopMEEM oToOpajkenmeM, H
HY;KHO HAWTH JuOb 00pas RKoJbLA.

IIposemem B Koubme paspes (—2R, —r). B paspesanmom
Konbme (JyHKUMA 1n z gomyckaeT BheIfiesieHHe TOJOMOPHHOM
sersu. IlocmorpuMm, Kyma orobpaxkaer paspe3aBEHoe KOABHO
Kagag n3 ronomopdHEIX BeTBeill In z. Bemommmas oroGpa-
KeHAA DIEeMeHTAPHBIMW (QYHKIAAMH, BHIAM, 9T0 06pa3oM
paspe3anuoro KONbOA ABIAECTCA HPAMOYTOJILHHK

Inr<Rew<InR, —n+2nk<Imw<n+2nk,

rae mejioe 4HCIO K onpemenserca BuIGopoM rouaoMopdmoH
BeTB: Inz. B COBOKYHHOCTH BCe 3TH IPAMOYTOABHHKH ¢ IO~
OapjpennsiMu ofpasaMm paspesa ofpasywTr monocy Inr<<
<Bew <In R, rotopas u Apagercd 0o6pa3oM Koibma IpH
otro0pamennn w = ]n z.

3aMeTnM, 910 KOHQOPMHBIM 0TOGpayieHHeM ABYXCBA3HON
o0nacTm — KOJNIBIAa — OKAa3ajach ONHOCBA3HAS 00JaCTh — IIO-
nmoca. 9T0 0KA3AJIOCH BO3MOMKHBIM Oiarofapa TOMY, 4TO KOH-
dopmMuoe oTOGparKeHme ananuTHYecKoir PyHKMEeH He ABIA-
eTcA B3aMMII0 OFHO3HAYHBIM oToOpamenmeM. Hame xom-
dopMuoe oToGpasKeHHe MOMKHO PacCMATPMBATh KAaK B3aMMHO
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OMHO3HAYIOE OTOOpajkelme MHa IOJOCY dYacTH PHMAaHOBOI
mopepxHocTH jorapudma, Jemameil majy KoJbooM, a 3T0 —
OMMOCBH3HAA 00JACTb.

IIpumep 2. Haitmem xomdopMmoe oTobpamenme HKpyra
|zl <1 c BeiKOMOTOM ToukOE z=a, 0<|al <1, ma xpyr
|w| <1, nepesogamee Toaxy z=0 B Toury w = 0.

Crmagana ¢ moMompio pRpoHHO-IMHEROro OTOOpaKeHHA
nepesegeM Kpyr |zl <1 ¢ BBIKOJIOTOH TOYKOH Z=a B KPyr

Itl <1 ¢ BEIRONOTEIM meHTpOM, T. e. B Kompmo 0 < || <1.
a—2z

9To memaeTcda ¢ MoMOmbI0 PyHROmA § = : .
. -—Za

Tenepr BOCHONB3YyEMCA PE3yJNbTATOM HpPeXBIIYINEro IpH-
Mepa n ¢ noMmompeio ¢yskgum ¢{=In{ xomdopmmo orTobGpa-
amM kombmo O <<|%l <1 ma momocy, Kotopam B paccMaTpm-
BaeMOM cjiydae BEIpOMAaeTca B mosymiuockocTh Ret <(.
DBriscanM, Kyga mepexoanT B 3TOMl MONYIIOCKOCTH TOYKA

z=0. Hocrosnpry t(z)= In 1‘1— Z, 10 t(0)=Ina, mpmaem
— 2za

a7 1n @ MoMKHO B3ATH JI060e 3HAYCHUE.
Uro6sl moNyInTs MCKOMOE 0TOOpazieHme, OcTaeTcd Iepe-
BeCTH JAPOOHO-JIMHENHHBIM OTOOpaXiellleM IMOAYIJIOCKOCTb

Ret<<0 B ®pyr |lwl <1, a Touky t=Ina B Touxy w=~0.
t—t
JT0 mexacTea ¢ MOMOMBIO QyHKOHE W = rtggg' Oxronua-

TelbHOE 0TOGpaKeHHe MMeeT BH

a—z
In =—Ina
1—2za
w=w(s) =— - .
In — -4 Ina
1—2za

B sawniouenme maiigem eme w’(0) mas Toro sieMeHTa
nrobpaskawomeit Pyaroan éu(z), mia roroporo w(0)=0.

’ 1—]a 1
Nmeem w'(0) = (l l STnTal’
aro lw’ (0)| >1 (0 < lal <1).

Teneps mepeiifeM K OCIOBIION Ifeu HACTOAMEro mapa-
rpa)a — K TeopeMme 0 cymecTsoammu KoH(opmHEOro orofpa-
aceHua. CHagaya MoKasKeM TeopeMy B HECKOJNBKO ociabieH-
ro#t hopMynmpoOBKe.

Teopema 1.1. Jdrwbyrw 064sacTe KOMRAEKCHOU nRAOCKO-
CTU, UMEHOYYI0 XOT Obl OOHY 6HEULHION TOUKY, MOJCILO KOH-
gopmio oTobpa3uTy Ha euUHULHBIL KpYe.

HJorasareaberBo. Des orpamdeHns  ofIIHOCTH
MOKHO CYHTaTh, 9T0 ToYKa 2z =1( ABIAeTcA BHYTPeHHeH,

Herpyaao mposepurs,
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a TOYKA z == 00 — BHEUIHeH TOYKOM o0macTm, TAK KaK 9TOrO
Bcer[a MOMHO MOOMThbeA, cpesas ApobHo-AmHeiiHOe oToOpa-
JKeHNe,

Oynrgnio O(z), rordopMro oTobOpamammy® o01acTs
(obosmagmm ee D) ma wpyr |w|l <1, Mm OGygem cTponTs
KaK penienme cliefyiomell sKCTPeMalbHOU 3agadn:

Cpegn dymrmmit F(z), amainTH9ecKMX W OJHOMMCTHHIX
B obnactn D m yaoBJIeTBOPAIOMNAX YCAOBUAM

F(0)=0, IF(z)| <1 (z=D) (1.1)

(mepBoe ycioBME OTHOCHTCA K MCXOJHOMY 3IeMeHTY (PyHK-
oun F(z), Bropoe — Ko BceM ee dJIeMeHTaM), HAHTH Ty, i
roropoit sHavenme |f'(0)| (mna mcxommoro smemenra) Am-
adgeTcA HAMOOJBIINM.

O6Go3maunM musa ygoGerBa gepes S (D) MHOmecTBo Tex
$yHKOU, cpegn KOTOPLIX HINEM dKCTPeMaJbHYIO.

Hymxuo moxasars gpa (paxra:

1. B wMnmomecrse S(D) cymecrByer 9KCTpeMaJbHAA
QynRIEA.

2. JxcTpemanbHad (PYHKOHMA COBEpIIaeT WCKOMOE OTO-
fpaxenmne.

Hagnem c¢ morasarenbeTBa yroepsxgenns 1.

3aMmeTnyM, BO-HepBHIX, 4To MHOMecrso (D) memycro,
Tak Kkak D — orpammuennas obnacte m ¢pysroua F(z)=cz
opm gocraroaEo ManoM ¢ BxoguT B S (D). (Hamommmm, wto
z = 00 — BHeWHAsn ToIka D.)

Bo-Bropeix, 3aMermM, 9T0 muA Bcex dymrmmit ma S(D)
sgagenug |f(0)| orpamwucmer. [leitcTmrensno, obunacTe D
COMEpPsRUT HeKoTopbil Kpyr |z| <p (Touxa z =0 avusercs
sBuyrpennreil Touroit D). Wcxopmeiit amement f(z) aioboit
dynxquu F(z)= S(D) asaserca romomopdmoit B dTOM KpPY-
re ¢yarnneir. IToaromy

reey A f ()
lz|=p
Ilepexoaa & Momyiam m Beuommmas, uro |F(z)| <1 pmua
F(z)e S(D), nonyqaeM]f’(O)Ig%. Temepr oGosamaanM

w= sup [f(0)].
FES(D)

ITo oupemenennio Tounoit pepXHeit rpaHNM CcymecTByeT IOCHe-
JOBaTeALHOCTD
’
1
Fa()=S(D), |Fr(0)|>p—

n

(n=1,2, ,.-)g
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Mockonery |F.(2)| <1 (2= D), m3 mociaegosaTesbHOCTH
{fs(z)} cormacmo cBoiicTBy 2 mocnemosaTejbHOCTE! aHANH-
THY9ecKIX (QYURUII MOKHO BHGDATh CXOMIMYIOCA IMOTIOCIEe~
poBarensHocTh. llpemen sroit mommocneguBarciabHOCTH 0060-
spaunM deped D (z). Cormacmo cpoiictey 3 mmeem D(z)e
eS(D), rak xak |®'(0)| = p, a smaunt, O (z) oramdma or
To;KAecTBernoil Hocroannoit. CiiegosaTesbHO,

Q(z)=8(D), [D(0)]=p,

T. e. mocTpoennas QyHRUEA ¢(z) ABIAETCH DKCTPEMANBIION.
ITepeiimeM K mokrasaTelabecTBY YTBep:KaeHHA 2,
ITockonbky akcrpemanbnas ¢ymrmua D(z) omgmommerHa

n amajuTHIEa B obuactm D, To oma cosepnraer KoHoOpMHOE

orobpasscame obnacrm D ma obnacts @ (D). Beugy ycaorma

|®(z)| <1 (z=D) obnacre O (D) nemur B Kpyre |w| < 1.

ITorasem, urto m3 sxcrpemansroctn ¢ymronu P (z) caexy-

er, ato obnacte @ (D) cosmamaer ¢ Kpyrom |w| < 1.
IleificTBUTesbHO, MOOYCTHM HpoTuBHOe. Torma ofaacTh

@ (D) mMeer xoTa OB OAHY TPANMIHYID TOUKY W = @, JAeKa-

myio B kpyre |lwl < 1.

Paccmorpum  ¢ynxumo F(z)=W (P(z)), rae W (z)—
dyakoqua mpumepa 2, womdopmmo oTofpaskaoomas Kpyr
|z| <1 ¢ BmxodoTOM TouWkoit z=a ma Kpyr |wl|<1, mupm-
geM w(0)= 0. Cornacno cpoifctBy 2 ogAonmcTEbIX QyHROMIT
F(z) amammrmana m ogmonmerna n© D. Yenosusg (1.1) mua
Hee ToKe BHIMONHeHH, Tak 49ro I (z)= S(D). Ho amna mc-
XONHBIX 3JIeMEHTOB

F(0)=w'(0)9"(0), 1f(0)I =Ig"(0)] lw’'(0)l,

a o pugean, aro |w’(0)| > 1. 3naunt, |f(0)] > [¢"(0)I,
a 3T0 IpOTHBOPednT ycuaoemio, dro D(z)— srRerpemanbvran
$yarqua. Ilonydemroe mpormBopedrme MOKA3BIBAeT, 4TO 00-
nacte @ (D) cosmagaer ¢ EKpyrom |wl|l<<1. TeopeMa
nokasanma. | |

ITosman dopMysupOBKA TeOPEeMBl O CYIIECTROBAHHH KOH-
opMHEOTO OTOOPAKEHNA TAKOBA:

Teopema 1.1*. Jdwbywo obaacte kKOMRACKECHOU naoC-
KOCTU, uMerowyio 00aee 08Yr epanuuHuly TOuEK, MOMNCILO
KoRPopmito 0T06pasuTy na edunuuiblii Kpye.

Jlina moxasarTesbcTBA 3TOM TEOpeMBl JOCTATOYHO IOCTPO-
BTh QyHEKOUIO, KOoHPOPMHO OTOGPAMKAIONYI0 DAacCIIHPEHHYIo
KOMILTEKCHYI0 ILIOCKOCTH ¢ TPEMA BBIKOJOTLIMH TO4KaMM Ha
eqnHMYEbT Kpyr. [eficTBnTenbllo, ecam Tarkadg PYHKOHA
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E(z; a, b, ¢) (smecw a, b, ¢ — BHIKOJIOTHIE TOYKU) IOCTPOE-
HA, TO JNIO0YW0 obxacts D, rpammma KoTOPO# cONep:KHT TOY-
KA a, b, ¢, orobpasxaem dymroweit § = (z; a, b, ¢) ma of-
nacte D', nemamywo B kpyre |G| < 1. O6nacts' D’ oroGpa-
maem Ha KpyT |lw| <1 mo teopeme 1.1 m monydaeM MCKoO-
moe orobpaskecame obmactu D. Tlocrpoenme ¢ymronnm
T(z; a, b, ¢), rondopmuo oToGpaKAOMeEN INIOCKOCTH ¢ Tpe-
MA BBIKOJOTHIMH TOYKaMHW HA eIAHAYHBIA Kpyr, ABIgeTcd
IOBOJBHO CIIOMHON 3amgadeil, JTOMY IIOCTPOEHHWIO OymeT Io-
cBamen § O.

Ormernm, 410 Teopema 1.1%* yie me MoikerT OBITH ycHie-
Ha. J[ByX TrPaEMYHEX TOYeK HeZOCTAaTO4HO, YT00H o6aacTh
KoHJOpMHO oToDpaayiack Ha eXMHAYHBIA KDPyr (3T0 caemy-
eT m3 TeopeMbl 2.4 . IV). IlmocKoCTs ¢ ABYMA BBIKONOTHI-
MH TOYKaMm zZ =a W 2=>b KomdopMHo orToOpaskaeTca HA

. z—a
BCIO KOHEUHYIO MA0CKOCTs (ymumueit w = In —— (cM. mpm-

—b
mep 1). []

Ocrasiock eme pemiaTs BOHPOC 0 ETWHCTBEHHOCTH KOH-
dopmuoro orobpassenns.

Teopema 1.2, Hycre a — npouasosbras Touka o6ia-
et D, a 6 — arboe Jdeticreuresavnoe wuucao. Cywyecreyer
eduncreennan Pynkyus W (z), sondopmno orobpascarouyas
o6aacte D na kpye |w| <1 u ydosaersopswowen ycaosusm
w(a)=0, argw’ (a)=0 (mas mcxommoro sireMenTa).

HoxasarearwcTBo. Ilycte Wi (z)— Bropas ¢pymrons,
YAOBIeTBOPAKINAA TeM ke yciopmaM. O0o3HaduM depe3s
z(w) dyorunio, obparayio K W (z), u pacemorpmm ¢ yHK-
muo g(w)=Wi(z(w)). Oyrknna g(w) amaantadHa, a 1m0
TeopeMe O MOHONPOMHH u ToixoMopdma B Epyre |w| <1
“(MH BHOHpaeM BeTBh AHAJNTHYEGCKOW (YHRIONH, MOJLydam0-
myocd AaHAMNTHYECKHM INPOJOJKenneM HCXONHOrO e~
MeHTa),

Ouesnguo, 4910 ¢ynrgua g(w) ymoBIeTBCpAer He-
PaBeHCTBY

lg(w)l <1 _ (lwl < 1).
Kpome toro, g(0)=0 n

g (0) = wi(a)z' (0) =

, arg g’ (0) = 0.

Bes orpammuenma oOmHOCTH MOMeM cdmTath, ato |Ww’(@)| <<
’
<|"’1(a)|7 TaK Kaxk B IIPOTHBHOM cCllydae MBI IIOMEHAIN OH
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poramn w(z) mw w;(z). Caegosareasno, pynrona g(w) ro-
noMopdra B Kpyre |lw|l <1 m ymonmeTBopAeT ycaoBHAM

lg(w)l<1 (lwl<1), g0)=0, lg'(0)=1.

PaccmorpnM  pyrrmmio w(w)-_i) Oma rosomopdua

mpn |w| <1, rax xak g(0)=0, n (0)=g'(0)=1. C mpy-
TOil CTOPOIIH, 11m [P (w)| = 11m lg(w)|<<1.Tlo upnunumy

MaKCUMyMa MOI[yJIH ananmnqecxou dyrxoun  (cm. § 2
ra. VIII) sTo Bo3MmoskHO nmmb B ciydae, ecin [P (w)|=1.
JT0 B CBOI Odepefb BO3MOMKHO JNOIb IIPH YCIOBHHA, dUTO
Y(w)=¢e* a tar rar arg P(0)=0, To MBI mToNyd4aeM
Y(w)=1 n g(w)=w. Caemosarensno, W,(z)=W(z),
U TeopeMa [oKasaHa,

Cunemcrrume. IIyere w,(z) u wy(z)— ucroduee asae-
MelTvl 08yx anasutuueckur 8 obaactu D dynryuil, rou-
gopmmwo orobpancarowur D na kpye |lwl <1 (s7u ssemenrs
MblL cuuTaem OnpedeseHHBIMU 8 OKPecTHOCTU O00HoL U TOl
ace Touru). Tozda we(z)= T (w,(2)), ede T(w)— OpobHo-
AuHeliHoe oTobpaicenue, nepesodawyee kpye lwl <1 ¢ ceba.

Heitcreurensno, ¢$yurmua Wi(z(w))= T(w), rtne
z9(w)— dymruna, obparuasg & Wy(z), cosepmaer xormdopm-
Hoe orofpaskenme Kpyra |w|<<1 ma ce6a. ITockoabky Teo-
pema PuMama mamm yme JOKa3aHa, MOKHO NPHMEHHUTH Teo-
pemy 2.2 ra. V, 9To # HacT MCKOMOE YTRCDP/KIENmne,

§ 2. CoorBercrBue rpanmn
npu KOHGOPMHOM OTOGpaKeHUN

Ipesspe 9eM roBopmTH O BOHPOCAX, CBAZAIHBIX cO CIe-
gqudurodl KoEHQOPMHEX oTOOpasKeHMil MHOTOCBA3HBIX O00Jja-
cTell aHanmMTHYeCKEMH (DYHKIHAMHM, HAAO OILIATHTH eI
OfMH cTaphlit Jgour. VIMeHHO, MH NOJMKHEI OKA3ATh TeopeMy
0 COOTBETCTBMH TPAHUI], KOTOPYIO cOpMYJIHpPOBAIN B KOHIE
§1ra V.

Hanommum momaTme mocTHEHMON I‘paHH‘IHOH TOYKH, BBe-
pennoe 8 § 1 ra. IV,

Ilyers D — npomssonbmaas orpanmuenHas obuacts, a L —
mpocTad KpWBaf, Aeykamas B D, 3a mCcRAOYEHHMEM ee KOHOA
t, nemamero ma rpamnme obmactn D. Cosorymmocte (&, L)
ompegenaer JOCTUNCUMYIO eparudiyio Touky obaactu D.

ITpu arom cumraeres, uro (&, L) n (§, L’) omnpegensior
OflHY M Ty K€ HOCTHKHMYI0 FpAaldYHyI0 TOUKY, €CId 9YacTH
kpuebix L m L', nemamwe 1 1000l oKpecTHOCTH ToYKE T,
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momajaloT B ofuy M Ty JKe CBA3HYIO 4YacTh IepecedeHns

aToil oxpecTHocTH ¢ 00aacTbio D. | |

¥YiKe ronopmaock, IT0 MIA ofiacTeil, orpaEmHYelHHX Ky-
COYHO TJIAAKAMHN KPHUBBIMHA, HOMATHE MOCTYKMMOM Trpanuy-
HOH TOYKHM coBmajgaerT ¢ MOHATHEM TOYKA FPAaHMYHON KPUBOA,
T. e. KajKIoli TOYKe TPAHMIB 00JaCTH OTBETIaeT He MeHBIIe
ONHOH NOCTIIKMMOM rpaHHIHOI TOYKH. B ciydae mpom3Boiib-
BHIX 00jlacTeit MOTYT CYIIECTBOBATH TOYKHW TPAHMI(BI, HE AB-
agomMneca JOCTMKMMBIMM TPaHMYHBIMKM Todkamm. PaccMmor-
pHM TIpHEMep.

IIyere ofnacts D — 10 KBajgpaT

0<Rez<2 [Imzl <1,

1
C pa3pe3aMd II0 BepPTHHKAJIbHLIM OTPESKaM(— —+l

n=1,2, ...

Kampmoit Toure mioGoro paspesa (KpoMe uX cBODOTHBIX
KOHI[OB) OTBEYAIOT [Be MOCTIKUMbBIE TpaHWdHbe TOYKH 00-
nacru. Hasmoit toaxe orpeska (0, i) me orpegaer 1im ojHA
HOCTH/KMMAA TOUKA. BceM oCTalbHHIM TOYKAM TPaHHLBl OT-

BCYaeT MO OfHON MOCTHIRMMON rpaBmIHoOil Todxe. [ |

HManee ymoOmee 6yxer HEMHOTO MHOe OIpEXelleHAe OCTH-
AUMOH FPAHMYHON TOYKHM, ONpENelddM ee He KPWBLIMH, BEY-
MIMK B Hee, a CBA3HBIMH YacTAMM OKDecTHOCTeH, B KOTO-
pHX JgeskaT st Kpusble. (Pasmmma merxy sTumm ompepeine-
IHAMH NPAMEpPHO Ta e, 9TO M PA3HHUNA MeMHIy OIpeness-
HUSIMA HelpepeiBHOCTH B To4ke mo I'eitme m mo Komim.)

ITycrs § — 1ouxa rpammowm D, a cmcrema ofmactei
P(T, p), 0<<p < oo, ofnamaer cienyOmuMA CBOKCTBAMIM:

1. O6JIaCTL P(?;, Q) — CBA3HAA 9YaCTh HepecedeHHs Kpyra
lz—Zl<pe 05JIaCTLIO D.

2. Ilpn nioGom p >0 obnacre P(T, p) memycra m mMeer
TOURY 2 = cBoeﬁ TPAHNIHON TOYKOM.

3. Hpn p'>p obmacts P(%, p) Bxogar B of;acTb
P(5, p').

Raskpaa cumcrema ofnacreir P (L, p) ompefenser poBHO
OfHY TOCTHKHMYIO TPAIMYHYI0 TOYKY obxactm D.

IIpegocransisem d9wmrares o caMoMy MpOBePATh DKBMBA-
JeHTHOCTE BTOT0 ONpelesieHNA HpebixyImeMy.

C moMompI0 HOBOrO OHpeJeJeHHs JIETKO OIpeJeNnTh Mo~
HATHe Ipepena (GYHKOHU B JOCTHIKHMON FPaHWIHON TOYKe:

M=u cramewm, 9to dymrmua F(z), ompefenennas B ofina-
crn D, umeer npedeaom wucao A, koeda z cTpemurca k Qo-
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CTUNCUMOL  2Dpanu4nOl TOouKe, onpedessieMoli cuCTeMOl
P(T, p), ectm mua nioGoro € >0 MomHO yKazaTh Taxkoe § >
>0, aro |F(z)— Al <e npn 2= P(L, §).1]

B ocHOBe jmokazartenbcTBA TEOpeMLI O COOTBETCTBHHE I'Pa-
HAIL JEKHET CIeAYIOIas jieMMa, ONu3Kag IO cBoeMY cofep-
JMAHAI0 K TeopeMe exmucTBenuocta 9.1 ra. VIII.

Jdemma 1. Hycre Pynryus f(z)
20n0MopPHA U O2paHuUuEna 8 KOHeuNol
odnoceasnoll obaacru D, a T — rarasa-
aubo rouka epanuyst obaacru D. Ec-

DTS AU NDU CTDEMAEHUL Z K 4060 TOUKE
' eparuyst D, aewmaweli 6 npyee
« lz—Ll <r, umeen f(z)—~0,70f(z)=0.

Jloxaaa'renbc'rao IIyers D' —

Kagag-nmmbo cBA3HAA 9ACTh Iiepecede-

Pac. 10 una obmactm D ¢ kpyrom |z —G§l <r,

a I — rta wacrs rpamoe D', koropas

He ABJafAeTcsa rpanuliein D (T €. COCTOHT U3 JYT OKPYKHOCTH

[z — ¢l =r). fcro, w0 D’ — ogHOCBA3HASA 001aCTh, HMEIO-

mag TouKy ( rpammuHoil (minm BHBI.IIHBH) TOUKOH (CM.

puc. 10). Dyuxuma f(z) wempepnisaa B D’, ecim cUATATH,

9T0 OHA PpaBHA HyJAI0 HA YacTH rpannum D', ornme-
goit or T.

ITockonbky obmacts D’ 0gHOCBA3HA U He COJEP/KHT TOU-
Ky 2=20, pyaxkmua w=YVYz—{ ronomoppua B D’. Ofo-
amaummM uepes G obpaz D’ mpm orobpamennmn w=Vz—T,
a gepes Y — obpaz I'. O6xacts G nemnr B kpyre |wl <7r,
a y — Ha okpymmuoctn |w|=Yr. Bamerum, uro mo MmembImei
Mepe TonosEHA oKpy#HocTH |wl| = Vr cBoGogma OT TOUeK
¥, TAK KAK IOpH oTo0paskesnn w = ¥z — [ BcA OKPYMKHOCTD
lz— ¢l =r (paspesammas B KaKoii-1uGo ToUKe) HEPEXOIHT
JUIOb B HOJOBHHEY OKpy:kHoCTH |w|=171r.

Paccmorpum B obmacta G Qymxnmio g(w)= f(§ + w?).
@Oynxmua z ="§ + w?, obparras x w=7Yz—§, xoudopmHO
orofpamaer obmacts G ma obmacte D’. HOBTOMy dynroua

g(w) ronomopdna B G, HellpepLiBHA B G W DaBHA HYJIIO HA
9aCTH TPAaHEON G, OTIXHIHOH 0T Y.

Tlo mpmHNEIY MakcEMyMa ja cyOrapMoHmuecKux ¢yHK-
nait  ¢ysknma u(w)=In|g(w)| He mnpesocxogur nt0Goi
rapMoHmYeckoil B obmacrm G QYHKOuUW, eCIH OHA He mpe-
BOCXOHT ee Ha rpaumme (. Boxee Toro, mockoabky Ha 4a-
crg rpaHmns -G, oramdHOE oT Y, HMeeM u(w)= —, TO
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3TOM 9YACTHIO IPAHMIE G MOMHO HEe HATEpecoBaThcs. 1loaTo-
My ¢yHKomA u(w) He IPeBOCXOAWUT IapMOHHYECKOH B Kpyre
lw| < Vr ¢ymrnmm u.(w), Koropas ompegerserca CIeAYIO-
IUMA I'PAHWIHEIME 3HAYCHAAME HA OKpymuHoctH |wl| = 1Vr:

HA TOM HojoBHHe OKpYy:kHocTH |w| = V¥r, mHa Koropoit mHer
TOYeK ¥, IMOnoKHUM uU.(w)=1Ine, a HA [Apyrod moNOBHHE
u.(w)=1nM, rge M = max|g(w)|.

=

Urax, npm moGom &>0 uMeeM HepaBeHCTBO U(W)<
<u,(w) (weG). Oysxouo u.(w) HeTpygHO HAHTH B KO-
HEYHOM BHJE, HO eIe IIpome B3aMeTuThb, 9ro U.(Ww)—> —oo
npu € ~ 0 m opu moboM QurcnposanaoM w € G. Ciegosa-
TeqbHo, u(w)= —oo, orkyga g(w)=0 u f(z)=0. Jlemma
JOKa3aHa.

Teopema 2.1. Hycre D — KoHneunas odnoceasnas 06-
aacre, @(2)— Pyuryua, wowgopruo orobpascarouas 06-
aacte D na obaacre G, oeparuiennyro npocroli 3amMEHYTOU
kpusoll C. Koeda rouka z crpemurca k Oocruxcumoil epa-
nuunol Touke obaacru D, Touka w=@(2) crpemurca x He-
Koropoli Touke kpueoil C, npuuem npedeabl, oOT8euawUUe
Da3HBLM JOCTUNCUMBLM TOLKAM, DA3AUHHBL.

Horaszarteabcrso. BossMem cmcremy P (L, p), ompe-
ReJAMYI0 AOCTHKAMYIO I'DAaHmUHyIo TouKy obmacru D, m
oGosuaumm wepes Q (L, p) obpasz P (L, p) mpm orobpaskenun
w = @(z). Obmacru Q(E, p) ne:xmar B obmacrm G u Q(L,p)=
= Q(E, p’) upm p<<p'. Obosmauum wuepes E mnepeceuenme
Bcex saMkHYTHIX obmacreir Q(E, p), p > 0. Mrmomecrso E —
3TO COBOKYIHOCTDH BCeX IPeReNbHEX ToueK (QyHrmmm ¢ (z)
OPH CTPEMJIEHHMM TOYKH 2 K BHIODAHHOW HAMH JOCTHIRUMOA
rpaumiHoit Touxe. Tak kak orobpa:kemme w = ¢(z) BaamM-
HO OfHO3HAYHO, TO MHOMKECTBO BCeX IpeAeJLbHBIX TOUEK
¢(z) mpm crpeMileHME Z KO BceM ToUxaM rpaHunsl D coBma-
paer ¢ xpusoit C. CumegoBaTelxbHO, MHOMecTBo F apigercd
qacteio KpuBoit C. Jlamee, sce Q (L, p) ABIANTCA CBAZHHLIME
3aMKHYTHIME MHOKECTBAMH, TaK 970 M HMX IlepecedeHde —
MHOMKecTBO E — sBigerca CBA3HBIM 3aMKHYTHIM MHOMKeCT-
BoM. CBA3HOH 3aMKHYTON 49acThlo KpmBoit C MOMKeT ORITH
HIH AYra 3To# KPHBOH, MM TOUKA. Y TBEeDIKICHHE TEOPEMEI
rosoput, uro K — 310 Touka kpmsoi# C. Jlma JoKa3aTelabCT-
Ba paccMoTpmM B obnactm G ¢ymKmmo P(w), ofpaTEyn K
¢yaxmun ¢(z). Oma oroGpamaer obaacts Q(L, p) HA 06-
macte P (L, p), Tak uto mpn w < Q(L, p) umeem YP(w)s
eP(t, p), 1. e. [Y(w)— ¢l <p. Ecam muomecrso E — sto
ayra xpmsoi C, To Bce obmacru Q (L, p) mMeoT 3Ty AyTY



354 TJI. IX. OTOBPAJKEHIIA MHOTOCBAS3IIBIX OBJIACTER

cBoel TpaHMYHOM Ayrofl. JTO 3HAYUT, 9TO JAA JA000H BHYT-
pPeHHell TOUKA wo Ayrm F nmMmeeMm

Y(w)~C%  (w—>wo, wesG).

IlpuMcusia nemmy 1 &k yarnun $(w)— §, noayzaem
Y(w)=7C, wro mesosmomkno. GCuemoBaTesbHo, MHOKECTBO
E —ar10 Touka wo=C, m npegen QyHKnuA @ (2) mpm CTPCM-
NeHNN Z K BLIOpamuHoll HaMA AOCTMREMON TPaHWIHOH TOTKC
CYIecTByer W PaBeH Wo.

Temepr morameM, 4ro upegens! Pyurumm @ (z) B pas-
JHYHBIX JOCTIKUMBIX TPAHMIHBIX TOoUKax pasiugael, Ilycrb
MLl MMeEM jB€ Da3JIAYHbIe MOCTI;KUMEBIC TDAHOIHEE TOURI
obnacru D. llposegeM mpocryro kpusyio, xemamylo B D u
HMEIoNy0 KoAamsl B 9THX Toukax. OBGo3HaudM »Ty KPHBYIO
qepes L, a ee obpas mpm orobpaskenun w = ¢(z) gepes I
Ecnm mpepennt gyukmum @(z) B ofedx FOCTH;KEMBIX TIpa-
HAYHLIX TOYKAX OfMHAKOBH, To ['— mpocraa 3aMKEyTas
KpUBag, HMEIOINAsa JHIOL OfHY OOIMYI0 TOYKY ¢ TPAHHLEN 06-
aactu G. OGnacr, orpannvenuyio kpuasoil I', ofoszmagum dc-
pes G', a ee mpoofpas mpm orofpaxenun w = @(z)— depes
D’. T'pamana obmacru D’ cocrour ua wpusoit L (mpoobpas
I') m us mexoropoit wacru rpammnsl D, ckameMm, A. Mmuo-
mecTBo A He OmycTo, TaK KaK KOHIL KpUBoil -L onpejpeisaroT
pasHbie AoCTHIKUMBIE rpaumvHnie Touxku obmacrm D. Korga
Z CTpeMHTCA K #1060l Touke MHOkecTBa A, dyHrmusa ¢(z)
cTpeMaTcA K Wo, TAE We — Ta eJNHCTBCHHAA O0IIAA TOTIKA
kpuBoii I' m rpanunm o6xacrun G. Ha Muoskecrse A maiiger-
ca Touka rpapmnel D', koropas meskmr © ) BMecTe ¢ Heko-
Topoil cpoeit okpecrHocThblo. IlpuMensas meMMy 1, moxydaeMm
@ (2)= wy, aT0 Hepo3MoxkHo. IlomydeHnoe IpoTHBOpedHe mO-
Ka3niBaer, 4To mpegeibl QyHKOHA @(2) B pa3HBIX JOCTHIKA-
MBIX TPAHHIHBIX TOYKAX pasiamuibl. TeopeMa joka3zaHa.

Cunegcrsme. Hycre obaactu D u G oeparuuenvr Ky-
co¥Ho eaadrumu kpusviMu, a ©(z)— dynryus, rongopmno
orobpascarowas obaacte D na obaacte G. Toeda dynryus
¢ (2) Henpepviena enaore Jo epanuysl obaacru D.

Bes orpamwuenma of6mmHOCTH MOMKHO CYATATH, 910 00]a-
cre D m G orpammueHBl mPOCTHIMH KYCOYHO TIAJKAME KpH-
BLIME, TAK KAK B IPOTUBHOM CJydYae MBI Morid Ol paspe-
3aThb #X HA KOHEYHoe ducilo JacTeil raxoro poga. Haa of-
nacrel, OrPAHNYCHHLIX IPOCTLIMA KDHBBIMH, BCe TOYKH Ipa-
HANLI HAXONATCA BO B3aUMHO OJHO3HAYHOM COOTBETCTBHH O
JOCTH;KIMBIMH TrpaHmIneiMi  TouxkaMmu. Ilo Teopeme 2.1
dyuxmua @(z) umMeeT mpejesl B KaMA0il TOYKe TPAHHIHL



§ 2. COOTBETCTBUE I'PAHMIL 355

910 03Hauaer, uro pyHKmEa @ (z) mempepuisEa B D. Orcioga

M clegyeT YTBepIKIeHne CJIeJCTBHUI.

Haxs HempepeiBHOCTE oTofpasxalomeil QYHKOUA BIUIOTH
oo rpagznel objactm tpebyeTca TONbKO, YTOOLI OTOo0paskKae-
Mble o0jacTd OBLIM OTPAHUYEHH HEIPEPHIBHBIME KDPHBBIMHE.
ITOT pe3yiNbTAT TOMKE MOMKHO BLIBECTH 13 TeopeMmsl 2.1 mpu-
MCPHO TeM jKe OyTeM, HO MCIIOJNb3Yys MOBOIBHO TOHKHE CO00-
paKeHns TeopHH MHOMKecTB ¥).

HaknajgeiBasg ma KpuBblie, oTpaHEUHBAfomue 00JIACTH, KO-
TONHATENbHble TPeGOBAHMA, MOMKHO IOJYIHTH JOOOJIHHUTEIb-
Hble CBEJeHHA O TIAZKOCTH orobpamaromed pyuxmum. M
mpuBefieM ceifdac OfHYy TeopeMy Takoro poga. Ee ocHoBoit
ABJIAETCA CAEeAYINasa JIeMMa,

Jdemma 2. Hycre Pynryus w(z) roudopmuo orobpa-
aaer kpye |zl <1 ma obaacre D, oepanuuennyio 24a0K0L
kpusoti C. Ecau h(0)— nenpepvienas @ynryus, pasuas
npu kaxcdom 0, 0<<O <<2m, yeay nakaona Kacareibnol K
kpueoli C ¢ Touke w( “’), 70

Inw' (z) =

[ e)—e——]de+c (2.1)

(B BEIGOpe BerBm ln w'(z) u B BhIbope pyuxmuu h(0) ume-
eTCA OJfMHAKOBEIH IPOU3BOIN).
JNorkaszaTenbcrBo. PaccMorpuM dyurmuio

ie
8e(2) =In w(zeie)——w(z) (e>0).

ze"” — 2
Idra Ppyurmua romomopdHa B Kpyre |zl <1, Tak Kak B cmiIy
OfHOJMMCTHOCTH QYHKHUE w(2) YHCIHUTENh HpoGE obpamiaer-
¢ B HyIb JHUIOb BMecTe ¢ 3HaMenartemeM. M3 caemersusa
TeopeMbl 2.1 BEITeKaeT, 4To (yYERmUA g.(2) Opm I1000M
¢ >0 mempepuisaa B kpyre |z| < 1. Cr;egosartembmo, ee
MOXHO BOCCTAHOBHTH II0 3HAYCHHAM €€ MHAMOH dYacTH Ha
oxpymuoctd |zl =1. (J[na sTolt menm HYKHO IPEMEHHTE

dopmyny Illsapma ma § 3 ri. VIII x dymxnum —:—ge(z).)
Hpn & - 0 mmeem g.(z)— ln w’(z) (|z| <1).

BoiacuuM, 9T0 TPOMCXOAUT ¢ MHEMOH WaCTBIO (DYHKIEA
g:(z) pH € - 0 Ha OKpyMHOCTH |z| = 1. Nmeenm

Im g.(¢ )= arg {w( el(o+e) ( } — arg( i(0-+e) e"e.),

*) Hekxoropble pesyJbTaTsl B JOBOJABHO MOJHYIO GuOmmorpadmio mo
3THEM BompocaM MoxkHo HafitE B [10]
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Ilepoe ciaraemoe B mpaBoil WacTH ecTh He UTO WHOE, KaK
yroil HAKIOHA XOpAM, coefumAlmel Toukm w(e'°*®) u
w(e’®) xpmsoit C. Bropoe cimaraeMoe Jerko BHYECIAETCH.
Ero mpenex mpu & —~ 0 pasem n/2 -+ 6. IIpegen mepBoro cia-
raemoro mpu & -—~( paBem yrIy HAKIOHA KacaTexbHoi
K kpuBoit C B Touxe w(e®), 1. e. h(0).

IMockonpky mepexop k mpepeay upu & — 0 asigerca
pABHOMEDPHLIM IO 0, €ro MOMHO BBIIOJHATH IOJ[ 3HAKOM
HHTerpaja. JTo osmagaer, 4Uro Gymrmusg Inw’(z) Momer

OniTe Taitgena no QyERImH h(e)’-—g———6 ¢ moMompbio op-

MyJILl, BOoCCTAHABIMBAaIOmel QyuKImio, rosoMopdHYI0 B KpYy-
re |z| <1, mo sHaYeHEAM ee MHAMMON JACTH HA OKPYHKHOCTH
|zl = 1. Dro m gaer mam dopmyry (2.1). Jlemma goxasama.
Teopema 2.2. Hycre dynryus w(z) rongopmuo oro-
6paxaer kpye |zl <1 na obaacrs D, oepanuuennyro 2aad-
kol kpusoti C, a z(w)— Pynkyua, obparnas ¥ w(z). Tozda
Pynryuu arg w (z) u argz (W) HenpepwigHpl, COOTBETCT-
eenno, 6 kpyee |zl <1 u 6 obaacru D.
HoxazareaxbcTso. U3 memmnr 2 cirenyer, 9ro QyHK-

nua arg w(z) ABIsgerca permenmeM 3ajgadm [lupmxiie B Kpy-
re |z] <1 ¢ rpanmumoit pymxmmeirk (0) — _;_n_.__ 6.1Io Teope-
me 3.2 ran. VIII orcroga ciegyer mempephiBHOCTH arg w' (z).
Heunpepusrocts ¢yarmmm arg z’ (w) caeayer ma HOpMYILL
1

w’ (z (w))

u u3 HempepwisHOCTH dyHKnEm z(w). Teopema noxaaaHa.D

C moMompio dgopMynst (2.1) ZOBOABHO HmPOCTO MONYIATH
N TEOopeMH, YTBepMKjalompme HeNPePHBHOCTh  (HyHKIHH
Inz’(w) u Inw'(z), cpeman HeKOTOpHe HOMONHATENbHLIE
LIpeITONIOKEHAA OTHOCHTONbHO KpmBoil C, orpaHmYmBaiomei
obxacts D.

OpanM w3 Haubolee ymoTpeOHTENBLHBIX DPe3yJIBTATOB fAB-
IseTcsa TAK HasbiBaeMas reopema Heasroea:

Iycre ypasnenue rpueoti C umeer eud w= @(s) (nma-
pamerp s — 3ro gumuHa xayra kpmpoit C). Ecau @ynryus
¢ (s) ydosaergopaer ycaoeuw

lp” (s1) — @ (s2)| <Mls; —sol* (0 <a<1),
ro Pynryuu w(z) u z(w) ydosaersopAror YcaosusM
‘1 )

v’ (z,)

arg z’ (w) = arg = —argw' (z (w))

<M,z — 2, |* (I2,] <1, | 2| <),y




§ 3. I'PYIIIA ABTOMOPOU3MOB OTOBPAKEHHA 357

lw’ (z1) — w’ (22) | <Milzy—z5l® (lz] <1, |zl < 1),
1n % (%)

7 (w,)

l2" (wi) — 2" (wo) | < Malwy — wol* (wy€ D, wys D).

<M, |w, — w, | (wy E_Dv, w,e D),

IlokazatenncTsa Teopemol Hexiora um Jpyriux TeopeM
TOro JKe pOfa HMeloTca B ysie yYIOMUHABIOeHcS MOHOTpa-
dum [10].

Temu jKe MeTogaMu MO;KHO HCCHEI0BAaTh HOBeJeHHE OTO-
Opasxatormelt QyHKnEA HA Tpamdne o6GJXACTH, €CiHM TIAFKOH
ABIIETCA He BCcA I'PAHUIA, a TOJNLKO WHTepecylomad Hac
ayra. Ilosemenme oroGpaskamomedl (GYHKIUH B YIIOBBIX TOU-
KaX, OCTPHAX W T. j. MCCHe[YyeTCA C IOMOINbI0 HepaBEHCTB
Ansdopca uw Bapmasckoro (cm. § 6 . V).

§ 3. I'pynna aproMopdhusmMoB KonopMaOro 0TOGpasKEeHHA

B srom maparpade Mnl OyieM ToBOpETH 0 TeX CBOHCTBAX
KOH(QOPMHBIX OTOODPA;KeHAH, KOTOpHIE CTAHOBATCS HETPHBH-
AXBHBIMA TONBKO A OTODOpaskeHHH MHOTOCBAZHBIX 00Ia-
creit. IMeHHO, MBI HOKa)KeM, 9TO ¢ KUKIHIM KOH(OPMHEIM
orobpaskenneMm obmacta D ma kpyr K MomHO CcBA3aTh He-
KOTOpPYI0 TPYNILy, 3JeMEeHTAME KOTOpOil ABIA0OTCA JApobHO-
nnHeiinbie orobpaienma dToro Kkpyra ma cefa. Horma o6-
IacTh ONHOCBA3HA, 3TA TPYIIA COCTOHT TOJNBKO H3 TOMRAECT-
BEHHOr0 Ipeobpa3oBaMus, HO [ MHOTOCBA3MOi ofaactm D
3Ta TPyIINa Bcerja HeTPMBMAJAbHA, I €€ M3yJeHMe HOpeAcTaB-
asier mHTEpec. Aunrefpamueckas CTPYKTypa 3Tofi rpynms
cOBIAgaeT ¢ ajredpamdyecKoll CTPYKTypoil dyHpaMeHTaIbHON
rpyunsl obmacta D (eM. § 7 rim. 1), Tak 4To MM HaTHeM
¢ HADOMHHAHNA HEKOTOPHIX CBEJeHM.

SadukcupyeM B ofmactm D HeKoTOpyIdo TOUKY z=a o
pacCMOTPAM BCEBO3MOKHLIE 3AMKHYTBIC KPHUBbHIE, JIEAKAINHAE
B o0JIacTH M OpoXofAmue Ueped TOURY (3ry Touky GymeM
CUATATh HAYAJOM M KOHIOM Kakjgoil Kpmsoi). CmmBomoM
I'T2 M1 oGo3HAYaeM KpUBYIO, HONYTIeHHYI0 HOCHE{OBATEND-
HBEIM OpOXoMJeHHeM cHauajJa KpuBoil [';, a 3areM KpuBoii
T's. CoBokymmocTh BCeX KPHBBIX, TOMOTONHEIX AAHHOH KpH-
Boit I, OymeM HA3wIBaTL 20MoTORUYECKUM KAacCoM W oB03HA-
qaTe cuMBonoM [I']. Jlaa roMorommuecknmx Kiaccos ompepe-
JAUM OIepamaio YMHOMKEHUA ¢ IOMOIIbI0 PABEHCTBA

[T4] [Fo] =[TiTe]. (3.1)
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MHosecTBo BceX TOMOTONAYECKHX KIAcCCOB 00pasyer rpymn-
Oy OTHOCHTEeNBHO 3TOH Omepammi YMHOMEHHA. JTa Ipynma
HaspiBaerca @Gyndamenrasvhoii epynnoii obaacru D u obo-
sHagaerca cuMmpoiioM i3 (D). EpunuguniM smemenrom ¢yn-
ZAMEHTANbHON TPYIIBI ABIAETCA TOMOTOMATIECKHHA Kiacc,
COCTOAIMMN n3 KPHBBIX, TOMOTONHEIX HYNI0O B ofmacTd. JTOT

FOMOTONIMYECKHH] 1ace GyaeM o603HAYATL CHMBOIOM €. |

BeeneMm eme ofHO HOHATHE, KOTOPLIM MBI DaHLIOE He
nonb3osayuck. Ilycts gamm gse rpymnonl & u &* m oro-
Gpaixenne

g > g,

Ecam oroSpamenne ¢ B3agMHO OJHO3HAYNO W eCIH AJA JIO-
6uX jBYX s3ieMeAToB U EY m a4y = 9G¥ cupasenimso
PaBEHCTBO

ﬁ(a1a2)= 'ﬁ‘(al)'ﬁ‘(az),

to rpynnsl ¥ u §* masusaorca usomopgruimiu, a orobpa-

menne O — uzomopPusmor.

IToctpoum Hekoropoe orobpamenue ¢yHFaAMEHTANBHOM
rpynnosl obnactu D B rpynmy ppobHo-nmmeHHHX orobpaje-
nmit kpyra |w| <1 ma cefs.

IIycty ®(z) — rarag-nmmbo ¢yuKomsa, AHANIATATECKAS B
ob6nactu D m xomdopMmuo oroGpaskaromas sty obmacTh HaA
rpyr lwl| <1. Yepes ¢(z) Mpl. 0003HATAM HCXONHBIA 3ie-
MeHT 3Toil (PYyHKIHHA, CIATAH €ro BajJaHHLIM B TOi caMoil
TO9Ke @, KOTOPasA ydJacTBYeT B ompejgeieHAR (yHZAMEHTAIb-
Hoil rpymmel obxactm D). BosbMeM TpOM3BONBbHYI0O B3aMKHY-
Tyio kpmpylo I', remamyio B obxnactu D m mpoxogamyio we-
pe3 TOYKy a, M IPOJOJIKAM MCXONHBI 3ieMeHT @(z) o
aToll Kpusoil. DB pesynbraTe TpOgoJKeHHA HONYIHM KaKOHA-
TO Apyroil niaeMenT @*(z) mammeil orobpamaromeit GyHRmuA
®(z). Amagmruveckyio B obGmacre D (QyHKIuIO, DOPOIKIEH-
HYI0 UCXOAILIM 3jIeMenToM @*(z), ofozmadunm vepes D*(z).
flcro, uro pynrmua @*(z) Tome komdopMHO OTOGpaKaeT
obracte D ma kpyr |w! <1, Tak xak MHOMecTBO 3HAYEHHIT
dyurouu, amaxuTAgecKoit B obnactu ), He 3ABHCHUT OT TOrO,
Kakoili ee 3JeMeAT ML Bo3bMeM B KadecTBe mcxogHoro. Co-
IJIACHO CIefCcTBHIO H3 TeopeMbl 1.2 cyImecrByer Taxoe gpod-
Ho-nmmefinoe oroGpamenne A(w) xpyra |wl| <1 ma cefs,
910

9*(2)=A4(9(2)).



§ 3. TPYVIITIA ABTOMOP®U3MOB OTOBPAKEHHUA 359

Takum ofpasoM, KaEmoll saMruyToil kpmBoit I, nema-
meit B o6nactm D W mpoXomAmeil uepes TOUKY @, MBI CTa-
BAM B COOTBETCTBHE HEKOTOpoe ApoGHO-IMHeHHoe oTofpare-
ume A(w) xpyra |w|l <1 ma ce6a. B cuny teopemm o Mo-
nogpoMuu  (cM. Teopemy 1.2 ru. III) sro oroGpamennme
A(w) Oymer ogEEM ¥ TeM JKe JJA BCeX KPHBBIX U3 OJHOTO
TOMOTOTHIECKOTO Kjaccd. TeM caMbIM IOCTPOeNo oTobpae-
Hoe QyHgaMenTaxnuoii rpymnsl 5t (D)) ma HekoTopoe MHO-
AecTBo ApoOHo-nmmefiHnix orobpaskemuit kpyra lwl| <1
Ha ceds.

[ poduo-nuueiinoe orobpajscenme, 0TBEYAIONEE TOMOTOIH-
TecKoMy Kiaccy @, OyaeM oGosmauaTth caMsoiom A, (w).
Wnorga Oyper ymoGHee mOA9epKMBATL 3aBHCAMOCTH 0TOOpa-
menug A(w) or wpusoit I'. Torma OymeM HCcuoab30BaTh
camBon Ar(w), cumras, 9ro

Ar(w)= A (w).

Ompepenny Temeps «upoussefenuey AB ppoGuo-nuueii-
HBIX orobpakenuii A u B paserncTsoM

AB(w)= A(B(w)).

OrirocuTeIBHO TAKOH OIEPAIME (YMHOMOHHA» MHOMECTBO
BCCX MPOOHO-IMHEHHHIX IpeobpasosaHmii o0pasyer rpymoimy.
Kpome Toro, u3 cuocoba onpepesenus orobpamenna Ar ode-
BuuEIM 06pasoM BriTeKaeT, 4To AjiA mo0nix Kpusnix I'| @
I's (us paccMarpuBaeMoro HAaMu Kjxaccd) HMEeT MecTo
PaBeIcTBo

Arr, = Ar Ar,. (3.2)

W3 pasencrn (3.1) u (3.2) cpasy cuegyer, 4to
Aal(12 = AalAaZ (a5, 9, = 7, (D)). (3.3)

N3 pasencrsa (3.3) m u3 Toro, uro TpeofpasoBaHMe
A, (w) ompemeneno aus n0GOro TOMOTONEYECKOro Kiacca

CAEyeT, UTO MIIOKECTBO BCeX Apobmo-mummeiiHnix orobpake-
unii A, ofpasyer rpynmy OoTHOCHTENLHO OMEPALNH yMHOMe-

A gpo0HO-THIICHHRIX 0TOOpasenui.

[pyuny, cocTosmylo m3 Bcex JpobHO-THHeHHEIX oTobpa-
menuit suga A, ¢ < n;(D), Mo OygeM HA3LIBATE 2pynnoii
a6ToMOpFUusMo6 Kongopmrozo orobpaxerus w=®d(z) 06-
aactu D na wpye |wl| < 1. Ory rpyumy GyaeM oGoszHadaTsh
caMBonoM & (D, @).
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flcHo, 4ro ¢ TeM ke ycmexom MosKHO OBUIO GLI TOBOPHUTH
o rpynme asroMopdusMoB KOHQOPMHOT0 OTOOPAIKEHHAA W =

= @ (z) ma oot Apyroi kpyr (mim moxymiockocts) K. [
Ilpesge 9em QopMyampoBarh pesyJbLTATH, OTHOCHAIIHECH
K rpynme asromopdusmos G (D, @), goxamem ojgHy JeMMy,
Aaomyo yHRoOHHE KpATepH# NPHHAMIEIKHOCTH JApO0HO-IH-
neiHoro npeoSpasosanns A x rpymme 9 (D, @). []
OGosnaunm 4epes f(w) ¢yurumio, obparuyio K orobpa-
walomeit Gyurnun w = @ (z). Beray ogHommcTHOoCTH OTO-
opasraromeil ¢ymkmum dyurmua f(w) romomopdua B Kpyre
K =® (D) u orobpamaer sTor Kpyr Ha oGnacts D).
Jdemma 1. [aa awboeo npeobpasosanus A =G (D, @)
umeer mecro pasencreo f(A(w))=f(w).
HoxkasarenbcTBo. Ilyets @(z)— HCXOMHBIA 3JeMeHT
pysxkumn @ (z). B gocraTodmo Majoil OKpPeCTHOCTH TOYKH
Z =@, COTNACIIO0 OMpefelNeHAI0 00parHod QYHKIUA, [OJKHO
BLITONHATECA paseHcerBo f(¢(z))= 2. Ilpomssoga B ofenx
9aCcTAX 3TOr0 paBeHCTBA AHANNTHIECKOe MNPOJAOJLKEHHE MO
kpusoit I', momygaem, dro

H(Ar(9(2)))=2

Wi, odos3Hawus @(z) = w, 410
f(Ar(w)) = f(w).

TeM caMbIiM yTBeP;KJCHHC JCMMBI MOKA3AHO MJIA TO4YeK W,
JNeIRAMHX B JOCTATOYHO MAJNOW OKPECTHOCTH TOYKA W =
= @(a). Ilo DpuHHUNTY aHATHTAIECKOr0 NPOONKEHUA II0-
JAy9ennoe PAaBeHCTBO CHIpaBefInBo Aafa Beex w. Jlemma
AOKA3aHa.

Teopema 3.1. I'pynna asromopgpusmoe (D, ®) ron-
dopmioeo orobpascenus obaacru D u Pyndamenrasvrasn
epynna w (D) obaacru D usomopghnst.

Hokasarenncrso. OmnpegenmMm orobpaikeHne

(D) —> 9 (D, D),

nonoxus ¥ (@) = A, . Ilpmunvas Bo BHMMAaHHE, 9TO PaBEHCT-
Bo (3.3) yme gokasamo, Hafl0 OKa3arh TONBKO, 9TO 0TOOpa-
menne U p3auMHO OfH03HATHO. VHBIMEU CJIOBAMH, HYMKHO HO-
KasaTh, 9T0 ApobHO-ImHeiinoe mpeoGpasosaume Ar(w) Mo-
meT GBITH TOMJECTBEHHLIM NpeofpasonaHmeM JHIOL B CIY-
wae, Korjga kpusaa [ romoromma mHyn B obmactm D.

Ecmm Ar — TomjgecrBenHoe IpeofpasoBaHme, TO AHAIH-
THUeCKoe NPOJOKEeHMe MCXOJHOTO 3jieMeHTa orolpasKaio-
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melt QyHKOME OPHBOJUT K TOMY X<e HCXOJHOMY 3JEMEeHTY.
dto osmauaer, uro obpasom kpusoit [ mpm orTobpameHun
w =@ (z) Oyger Hekoropag 3aMKHyTam kpmsag C, xeKa-
masa B kpyre K= @O (D). Iro MoMKHO BHIPA3UTh N HHATE:
kpusag I' Oyger obpasoM saMruyToli Kpmsod C mpum oTobpa-
mennn 2z = f(w), roe f(w)— roroMmopduaxs yurmua, oo-
paTHag K mamedl oroGpacatoment Qymsxkmmm  w = D(z).
Ho xpmBaa I romoromma mymw B Kpyre K=®(D), tax
KaK OoHA 3aMKHYTa, a Kpyr — opmocssasHag obmacrb. Ciefo-
BaTenabHO, W ee 00pas NOpH HeUpPephrIBHOM O0TOOpasKeHAR
z=f(w) Oyger KpHBOH, TOMOTOOHO# HYII0 B obmacru
D =f(K). Tem caMbiM joxaszamo TpebGyeMoe YTBepKLeHHC,
a BMecTe ¢ HEM H TeopeMa. | |

Jlokazanaag TeopeMa HO3BONAET CBECTH H3ydeHHE alred-
pamdecKoro CTPOCHWSA TPYNNLI aBTOMOpQU3MOB KOH(POPMHO-
ro orobpamenusg objacrm D Ha eJAHAYHLIA Kpyr K H3yde-
HAIO axredpamvecKoro crpoeHns (QyHFAMEHTAJNBHOH TPYIIIHI
obmactr D. Ilocnennee mcciegyercsas IPOCTHIMA TeOMeTpHYe-
CRUMHE cpefcTsaMd. HamoMHEM pe3yabTaTsl, TOAYICHHLIS
vaMu B § 7 ru. L

ITyers D — mpomssoabHAag n-cBA3Hag 001acTh ¢ KOMIIO-
HeHTAMH TPAHEOBL Yo, Y1, «.. Yn-1. JOMIOHEHTY Yo MBI Ha-
3bIBaeM BHeIOHel, a ocranbubie 7 — 1 KoMIOOHEHT ¥, — BHY-
rpeHEAME. G Ka:MA0H BHYTpeHHeHd KOMIOHEHTON 4, MH CBA-
3bIBaeM roMorommieckuit xiacc a4, =[C,], rne C, — rpanmmna
OfHOCBSIZHOM 00JACTH, cofepsKameil BHYTpH ce0d KOMIOHeH-
TY Y, W HE cofep:Kamed APYraX KOMHOHEHT TPaHANBl olbJa-
cra D (mampaBieEHe 00X0ofa TpaHHIB CIATaEM, KAK BCETHA,
HOJOKATENbHEM OTHOCHTEJNbHO OTPAHAINBAEMON 00Jacrm).

B § 7 ra. I 6bio orMcueno, 4To UMeeT MecTO cHejfyIo-
mmud pesyibTar.

DyndamenrasbHas epynna nPouseOAsHOL n-ceA3nol 06-
aactu D aeanerca ceobodnoill epynnoti, nopoxcdennol n— 1
obpasyrouumiy 41, 42, ..., du-1.

IT0 o03HA9AeT, UTO KAIKJABIL 3AeMEHT 4 (yHJAMEHTaIhb-
HOH IpPYIIBI MOKHO 3ANHCATL B BHIE

m. m m
1 2 T
e=a et .,

rfie m, — NPOM3BOJNBIIbIE I(eNble THCIA, OTIMTHEIE OT HYIIA,
a HHjeKchl {, IPHEUMAIOT sHauenusa 1, 2, ..., n — 1, npmuenm
3TO TpejcTABIeHAE eIUHCTBEHHO, €CIH cpeal COCefHWX HO-
mexcos Her paBEEIX. (IlocmepHiolo wacTh aToro yreepmje-
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HOA He CTaHeM JOKAa3bIBaTh H3-3d TCPOMO3AKOCTH [OKa3a-
TeancrBa.) | |

M3 reopemsl 3.1 u chopMyAMpOBAaHHOrO BEIIIE yTBEPHK-
JAeHNsa HeMeqieHHO TOJydaeM

Canepgcrsue. I'pynna G (D, ®) aseromopdusmos KoH-
Popmrozo orobparenus npouzéosbHOl n-C8A3HOIL 064aCTU
D na wpye seasnercs ceo6odioli epynnoii ¢ n— 1 o6pasyro-
wWumMU Aal, ceny Aan—1' D

Hac mmrepecyer me TONBKO asre0pamdecKas CTPYKTypa
rpynmel aBToMopdH3MOB, HO W cBodcTBAa APOCGHO-IHHEHHEBIX
orofpakenui, BXofamuX B 3Ty rpyumy. Jlokaskem pgBa pe-
3yAbTATa, XaDPAKTEPH3YIOIIUX BTH OTOGPAKEHHMA JOBOJBHO
IO HO.

Teopema 3.2. Ilycrs wy— npouseoavHas, Gukcupo-
eannas Touka kpyea K, seastowezocs obpazom obaactu D
npu orobpaxenuu w= M (z). Mnowecréo Ttouer {A(wo)},
2de A — ecegosmoicivie npeobpasosanus U3 pynnbt aéTo-
mopusmos G (D, @), mosxer umerv npedetvibie TOUKWL
Auws Ha epanuye kpyza K.

HoxaszareabcrBo. IlIpeobpaszosanua 4 =% (D, D)
orobpaskaor Kpyr K Ha ceba, m moroMy Bce Toukm A4 (wo)
aexar B Kpyre K. PaccmorpuM dymrumuio f(w), ofparmyio
K Hame# orobpaskalomeir pyukimumum w = O(z). Ona roao-
mopdra B Kpyre K u Bo Bcex Toukax 4 (wo) mpuHEMaer Ofu-
HAKOBBIe 3HadeHusda. Ecam OB 3TH TOUKH MMEJNH IPeAeNbHYIO
TouKy B Kpyre K, T0 I0 TeopeMe egMHCTBEHHOCTH (DYHKIHA
f(w) Obia GBI TO®AECTBEHHOH IOCTOAHHOM, YTO HERBO3MOK-

mo. Teopema poxasama. [ |

Npesxge weMm QopMyaMpoBarh cJegyOI[HH pesyJabrar,
mpoBeAeM HEKOTOphle pacCMOTpeHHH, OTHOCAMEuecA K Apold-
HO-JimHedHbIM Ipeofpa3oBaHHAM,

Henodeusxcnoii Toukoli gaHHOro ApobHO-IMHEHHOrO Ipe-
obpasoBanmsz A(w) GymeM HA3BBATH TOUKy W*, g KOTO-
poit 4 (w*)= w¥*,

aw+ b

Nyers 4 (w) = wTd
ompefenfAlINee HEMOIBHIKHEIE ToUYKE mpeoGpasosanun 4 (w),
MOY{HO 3a0HCATh B BHJE

c(w*)2+(d—a)w* —b=0.

Jlas moGoro mpeobpasosarua A (w) 2T0 ypaBHeHHe HMeeT
npa pemenus (eciu ¢ =0, gobapiasgeM OecKoHeYHOe pelre-
pne). Hamuimem nerxo mposepsieMble opMydIsl, xalomue o0-

Torma ypanmerme A4 (w*)=w*,
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muid BEx ApobHOo-imHeitHoro mpeo0pasoBaHmsA ¢ 3aJaAHHBIMA
HeIIOJBIKHEIMA TOTKAMH.

Eciapm mellOfBMWKHBIe TOUKH A; M Ae JAPOOHO-THHEHHOTO
mpeoOpasoBanusz 4 (w) KOHETIHBI W Da3aWd9HH, TO AJA Ipe-
obpasoBauus cupasegamBa HopMyra

A(w)—kl_ w3
Iw—1r, Yo—2, (3.4)

rae ¢ — Opom3BoabHasm mmocTofEHAA. Ecam Ag = oo, To 5Ta
dopMyaa IPUHUMAET BUJ

A(w)— M= q(w— h). (3.5)

Ecan ofe memopgsmkmble Toukm mpeobpasopanma A(w)
PABHH OHOMY H TOMY Ke KOHETHOMY YHCIAY A, TO RiIf
npeofpa3oBaHuA cIpaBemiauBa hopMyra

1 1
A(w)—-},_w—x_l_o’

(3.6)

rqe () — mponsBogbmag moctofunad. Ecam A = oo, ara ¢op-
MyJja OPEHAMAaeT BHUJ

A(w)=w+0Q. (3.7)
Ilox cmMBoioMm A™ GymeM [NOHEUMATH APOOHO-JIMHEHHOE
mpeobpa3oBaHue, OIpeenfAeMoe PaBeHCTBAMHI
A(w)=w, A™!(w)=A(A™(w)).
Ecan mnpeoGpasosanme A(w) oupefensgerca ¢QopMyaaMn

(3.4), (3.5), (3.6) mam (3.7), To coorBeTcTBylOmEe Ipeos-
pasoBaHme A™ ompenenserca HopMyramm

Am(w)—kl_ mw—Al_

=1 %

Am (w) . }\12 q w — A’zi (3.4 ]
A™(w)— A = qg"(w —M); (3.5%)
1 1 ) £
A'"(w)—x_w—lerQ’ (3.6%
A™(w)= w + mQ. (3.7%)

Caemyromyio teopemMy chopMyaupyeMm yrke He g OTO-
Opaswenua obnacTu D HA IPOM3BONBHBIA KPyT, a JAWIOEL A
OTOﬁpa}ReHHH Ha BCPXHIOIO HOJXYILJIOCKOCTD.

Teopema 3.3. Ilycrs § (D, ®)— 2pynna asromoppus-
M08 Kongopmuozo orobpaxcenun obaactu D Ha noaynaoc-
kocte Rew >0. Ecau 0Opo6ro-sunelinoe npeobpasosanue
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A =g (D, ©) onpedeasercs gopmyaoli (3.4), To eeauuuns
A u Ay OelicTeurenvHbl, @ geauduna q noaoxcureadka. Ecau
npeobpasosanue A onpedeanerca gopmyaoti (3.9), 70 A —
deilcTeuteabHnoe, @ ¢ — ROLOXUTEABHOE uucto. B cayuae
gopuya (3.6) u (3.7) eeauuwunst A u Q — delicreuread-
Hble 4UCAd.

HNoxasareabcTBo. IIpoBeleM MOKA3aTEALCTBO TONb~
Ko [Jas caydad, Korja npeofpazopamme A (w) mpefcTaBaser-
e dopmynoit (3.4). Ocranpmbie ciyiam HCCACAYIOTCHA TeM
;e citoco0oM, HO IIpoIme.

Urax, oycrpo A(w)— gpoGuo-auneitnoe mpeobpasopange
u3 rpynosr asToMopdusmor G (D, @), oupeneasemoe dop-
myaoit (3.4). BosbMeM IpPOH3BOABHYIO TOYKY Wo U3 LOAY-
mrockoctn Re w > 0, oTaumeayl oT ToYeK A1 @ Ae, M pac-
CMOTPHEM TIOCJIE/[0BATeIbHOCTE,

{wnl, wm=A4m(wy), m=0, 1, £2, ...

IIpeobpasoBanus rpynnsl aBToMopdusMoB KoHOOPMHOIO OTO-
Gpasikenma obmactu DD Ha DOMYIIOCKOCTE ABAAIOTCA oTobpa-
JKEHHAMHI 9TOM MoaymiocKocTy Ha ceba. IlosToMy Bce TodKu
Wnm = A™(wy) AOMKHBL jieKATh B modymiaocKoctn Re w > 0,
a IpefedbHEle TOYKM HOCHeNOBATEIBHOCTH {Wwn,} IO Teope-

Me 3.2 RoJKEBI demarh Ha JAeifcTBureabroil ocu. Coraaceo
dopmymre (3.4%)

i e It (3.9)

Wh— Ay ’wo — A, :
Orciona Bupmo, 4ro npm |g| ¥ 1 npefedbHEIME ToukaMn
mocaeoBaTedbHOCTH {Ww.,} ABIAIOTCA Todkm Ay U Az, Takmm
o0pasoM, MBI I0Ka3aju [elficTBATENbHOCTE 3HAYEHAH A; I Ag
IPA FOUNOJHATENLEOM Ipefmoxoennm, aro |q| # 1.

TloxasxceM, 9T0 W3 JeHcTBUTENLHOCTH B3HAYCHWH A; W Ao

cpasy BBITEKAeT IOJOMKMTENbHOCTH BeamdmHbl ¢. HomycruM,
910 A < A9, W BO3BMEM 3HAa4YeHHE |I, YAOBIETBOPAIONEe yc-
a0BuI0 Ay < p << Ag. IlpeoGpasoBanme 4 (w) xondopMHO 0TO-
Opayraer BePXHIOI HOJYILIOCKOCTH HA cebfl, W MOTOMY HOJK-
HBI BBIIOJAHATHCA HEPABEHCTBA

AM)<A4A(p)<A(h).

Ho M m A — HemojgBmkuble TOYKHm mpeobpasoramma A (w),
TaK 9To HOCAEHAE HePABEHCTBA 03HAUAIOT, UTO

M<A(p)<As
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Ilostomy, noaaraa B dopmyae (3.4) w = p, moayzaeM

1= T =7, h—ha

Temeps ocraeTcA TOABKO MCCAEROBATH BO3MOJKHOCTH
lgl = 1. Tonomum g = exp(2nict). Ecaim o — mppanuoHaIb-
“Hoe gmcao, To H3 opmyast (3.8) BuAHO, 9TO TOUKH Wm Oy-
AYT BCIOAY INIOTHH HA OKPY/KHOCTH

wo—M

wo_xz

w—),l
w——),2

r

910 @m0 TeopeMe J.2 meBoaMoskHO. CiegoBareiabHO, (=

(o ;T
= exp\2ni~-), e r u s — nexste wmcxa. Torpa m3 dop-
myast (3.4*) momywaeM, 4To

4°(w)=w.

ITo Teopeme 3.1 Taxoe paBeHCTBO BO3MOKHO JIHIIb B CIY-
gae, Korfia xkpuBag I', KoTopoit orBedaer mIpeobpaszoBaHme
A(w)=Ar(w), obnamaer Tem cBoiicTBOoM, 4To KpmBag I
(xpuBas I', mpoxogumaa $ pas B MOJNOKMTENbHOM HAIIPAB-
JeHHH) TOMOTONIHA Hyal0 B obmactu D. I'eomerpmueckm oue-
BH/IHO, 9TO HTO BOBMOMKHO JMIOb B CIyd4ae, KOIfa caMa HpPH-
Bag I' romoronna myawo B obaactm D. B sroM cayzae MHI
umeeM A (w)= w, 910 orBevaer 3HaYeHMIO ¢ = 1.

TeM caMBIM yTBepsKgeHHe HOMHOCTHIO JOKazaHo. | |

M=t chopMmyamposaan Teopemy 3.3 aag caydad, Korga
Pynrnua @ (z) orobpaskaer obmacts D He HA [POM3BOIL-
HEIfl Kpyr, a BA HoaymaockocTh Re w > 0 Toabpko moToMy,
9T0 B 3TOM CJy9ae YCHOBHS HA BEIMIMHHBI Ay, A2 H ¢ OCO-
fenno nmpocthbl. [lag dopMyaumpoBKE yTBePKACHHA STodl Teo-
peMsl B obumieM cayuae yaoOHee Bcero HCIOJB30BATH HHTE-
PEeCHYIO reoMeTPHYECKYI0 MHTEePIPEeTaraIo.

Jl106oit KPpyr B KOMIUIEKCHOM INIOCKOCTH MOMKHO pac-
CMaTpuBaTh KaK naockocTs Jlobaueeckoeo, ecim BBECTH B
BTOM Kpyre MOAXOAMALIYI0 METPHKY, HA3LIBAEMYIO Hee8KaAudo-
60l mam eunepboauneckoli merpukoli. Heepriammosa Merpi-
Ka 3ajaercA o0vTHO (opMmydoir maa puddepennmana ds He-

eBRaumoBoH pummbl AyrE. B kpyre |w| <1 3ra dopmyna
AMeeT BUJT

ds == 1921

Lo
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a B moaymaockocras Re w > 0 — Bap

ds — | dw ]
Im w

C moMoIpIo He 0OYeHb CHOKHBIX BBIKIafoK (me OyaeM mpo-
BOJMTE HX 37ech, Tak Kak B § 1 ra. X sror pompoc Byaer
obeyxmaTbea moppobHEe) MOMHO MOKA3aTh, ¥T0 HeeBRIUNO-
Ba MeTpMKa B JAHHOM Kpyre HHBADHAHTHA OTHOCHTEIbHO
apobHO-IMHEHHBIX oToGpajkeHHit 3Toro Kpyra Ha cebda. Iro
03HA4aeT, 9T0 TaKue ApPoGHO-AuHEeHHBle mpeobpasoOBAHEAA OC-
TAaBAAT HEH3MEHHHIME HEeBKJIHMJOBH pasMepsl $uryp. Ilo-
BTOMY TaKme Opeo0pasoBaHHA €CTECTBEHHO HA3BATh nPeo6-
pasosaruamy OsuxceHus, HeeBKAMHOBOM mmocKocTd. IIpeod-
pPa30BaHUA [BHIKeHMA, He HNMeEIOIMHe HeOoABM/KHBIX TOYEK,
ecTeCTBEHHO HA3BaTh npeobpazosanuimi napasliebHo20 ne-
peroca. B srux TepmMmuax of0mas ¢OpMyIHpOBKA Teope-
MH 3.3 BBEIMIAAAT TaK:

Jrwoboe Opobro-aunelinoe oTobpajcerue u3 epynnsl asTo-
mopusmos Kongopmuozo orobpaxenus obaactu D na wpye
K npedcrasaser coboii napasseavhbili nepernoc 6 kpyee K,
paccmarpusaemom kak naockocrs Jdobauesckozo.

IorosopuM Temeps o 3aBmcuMocru rpymnsl & (D, @) or
dynxupn D (z) (mpm guxcmposamuoil obxactu D).

Bynmem roeoputh, 9To Tpymnsl & m 9%, cocroamue u3
ApobHo-IMHEHHHX mpeoOpaszoBaHuil, nodo6Hbl, eclim MemIy
TUMH TPyOIIaMim mMeeTca aBToMopdusm U, pMelomuil Buj

®(4)=TAT-,

rie I — HeroTopoe (PMKCHPOBAHHOE HRpoOHO-IMHEHHOE IIpe-
obpaszoBanme.

JHemma 2. Ecau rasdasn us Ppyuryui O(z) u ¥(z)
kKongopmuro orobpaxcaer obaacts D na wekoropwil Epye, TO
epynnwvt asromoppusmnoe G (D, @) u G(D, ¥) nodobst.

JorkaszareabcTBO. be3 orpannuenun o6IHOCTA MOMK-
HO CYMTATh, 9TO HCXOAHEIE 3XeMeHTH ¢(z) u P (z) Qymnxmuit
®(z) = ¥ (z) 3agann B oOFHOH W Toi# ke TouKe a obmxacrm D.
Ilyers ¢ymxnua P (z) orobpamaer oGaacts D ma xpyr K,
a ¢ymxmua WV (z)— ma Kpyr K’. OGosmawum wepes T (w)
apobno-tnuefinoe orobpasenue kpyra K’ ma xpyr K, ynos-
AETBOPSIOIEE YCIOBHAM

T(h(a))=o(a), argT'(b(a))=arg¢’(a)—argp’(a).
Torpa ¢ymxmum O(z) n @ (z), TOPOKACHHEE MCXOMHLIME
sneMerTaME @(z) m @(z)=T(P(2)) cooTBercTBeEHO, KOB-
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dopmno orobpaxarr obxacts D Ha Kpyr K, upmieMm
¢(a)=1p(a), argq’(a)=arg¢’(a).

IIo Teopeme 1.2 dpyunuun @ (z) u O(z) TomAECTBEHHO COB-
nagaior. JTo o3lagaer, 4TO IIPOJOJKeHHe DICMEHTOB ¢(2Z) H
T'(¢(z)) mo xpmBoii ' mpuBoAMT K OJMHAKOROMY DPe3yJibTaTy,
KaxoBa O0b1 HE Obina xpuBag L. OGosmaunM uepes Ar mpeob-
pazoBanme u3 rpymmel asroMopdusmos ¥ (D, @), orBeaio-
mee xpupoit [', a uepes Br — amamorusnoe lipeoGpazoBaHue
u3 rpynasr asToMopdusmos & (D, W). Torga ms crazamHOTO
BEINIE CJIeAYeT, 9TO

Ar((2))=T(Bx(¥ (2))).
Ho ¢(z)= T'(¢(z)). CaemonareasHo,
Ar(9(2))=T(Be(T-Y(9(2)))), mm Ap=TBT-"

TeM caMHIM JeMMa JOKazama. | |

3naune rpynm aBToMOp(UIMOB [O3BOJIsIET PEIIUTH 3aaTy
BO3MOMXHOCTH B3aHMHO OJI03HAYHOT0 KOHGPOPMHOTO 0TOOpa-
JRCHHA ABYX MIIOTOCBABHBIX o0jacTell Apyr HA Apyra.

Teopema 3.4. Jlan 1020 urobor obaactu D uw D' mosxw-
HO 6bLa0 83auMHO 00HO3HAYHO U KOHPopMHO cTOOpA3uTsL Opye
Ha Opyea, Heobxodumo w OocTarouno, uTodHvl 2pynnvl AETO-
mopgpusmos (D, ®) u (D, ¥) 6Gvtau nodobust (3pmech
®(z) n ¥ (2)— xakwe-mubo KonopmMubie oTobOparenus 06-
aacreit D u D’ coorpeTcTBeHHO HA KPYT).

JNowazatTenbcTBo. Cmagana fAownamem neofxopd-
MocTh. IIycTh cymecTByeT B3amMHO OJHO3HATHOE M KOIPOPM-
HOe oToGpaskenne z = g (L) obaactu D ma obuacts D’. Ecan
w = W (z) — xonhopmMHOe oToGpasxkenue obmactu D’ Ha
kpyr K, to pyrxmua P ()= ¥ (g(%)) xondopmuo orobpa-
maer obnacts D ma xpyr K. Jlerko mposepurs, 4o rpymmmt
gD, ®) 1 (D', ¥) BHe TOTBbKO HOAOGHEL, HO H IPOCTO COB-
AJaloT,

Temeppb [OKaskeM JOCTaTOYHOCTh., Dbe3 orpanmYeHms
obIHOCTE MBI MOKeM CYHTaTh, uTo (yurmun w = DO (L) u
w = W (z) rondopmuo orobpamarr obractn D u D’ coor-
BETCTBEHHO HAa ONMH U ToT ke Kpyr K u dro rpymus
gD, ©) n (D', ¥) cosmamaror. OGoznadnm wepes f(w)
dyrrnuo, ofpatayo k oTobpaskaromeir ¢ynkuumu O (z). Ira
$yrruua rosoMopdra B Kpyre K m obaagaer TeM cBOHCTBOM,
aro f(A(w))= f(w) pas aoboro mpeoGpasovamua A(w) u3
rpynnst & (D, @) (a smaunr, n w3 (D', ¥)). Tosromy
roaomoppra u pynrnua g(W (z)) B obnacru D’. Jlerxo ybe-
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AAThCA, 9T0o 3Ta QYHKNMA B3aUMHO OJHO3HAYHO M KOH(HOPM-
Ho oToGpaxtaer obmacts D’ Ha ofmxacrs D. [ ]

B cBsusm ¢ moKasaHHBIME TeopeMaMH, eCTEeCTBEHHO, BO3-
HUKaeT Boupoc, HA0T jau Teopemsl 3.1—3.3 moamyio Xapax-
TEePHCTUKY TPYUIIIE aBToMOpPHHaMOB KOHGOPMHOr0o oTobpaske-
HHEA n-cBA3HON obaactm. HEME cloBaMH, MOJKHO AH IPOM3-
BOJBHO 337aTb n — 1 ApobHO-amHedAHBIX oToOpaKeHHH KpPY-
ra K na cefa (yaoBAeTBOPAOMUX TPeGOBAHHAM, BO3HHKAIO-
mEM 13 TeopeM 3.2 m 3.3), urofEl Trpymma, TopoyRAeRHAN
srEME oTofpasteHHmAMH, Oblia rpynmoi aBToMopduU3MOB He-
KOTOPO# n-cBA3HO# obnactu? OKasbIBaeTcs, 9TO 3TO B OCHOB-
HOM TaK, HO PelIeHHe 3a7a%d CJHMIIKOM CJIO;KHO, YTOGHI CTOH-
A0 3aHEMAaThCA UM 37ech.

OnmraKo Bce ke OTMETHM OJHO CJHEACTBHE U3 CAeAAHHOTO
3aMedaHuag H u3 TeopeMbl 3.4. Yumexo mapamerpos, oiupene-
AAOMAX TAOH KOM(DOPMHO HEIKBHBAJEHTHBIX 7-CBAZHBIX
obaxacrelt, mo TeopeMe 3.4 PaBHO YHCIY MAPAMETPOB, oIpede-
AAUMX pPasiuIHble He Tomo0HBIE MeAy cobofl Ipymmsl
arToMopdusmoB. Ecam AoIycTHTH, 9T0 rpyunmy asTomopdhms-
MOB n-CBA3HOH 00MacTH MOKHO MOJYYHMTH, IPOH3BOIABHO 3a-
7aB n— 1 ofpasyrommx (ygOBAETBOPAOMMUX YCIOBHAM Teo-
pemsr 3.2), To Takas rpymna ompeaeaserca 3(n — 1) mapa-
Merpamu (pmeiicTBurenbubiMu). [Ipu n > 2 ycaxopue memomo6-
HOCTH TIPYILIl yMeHRIDAeT YUCIQ NOapaMeTpoB eme Ha TpH,
a upu n = 2 — uHa fasa. IlostoMy npm n > 2 wmcio IapaMer-
POB, OUpEAeNAOMAX THOH KOHPOPMHO HEIKBUBAJEHTHEIX
n-cBA3HBIX obiacreit, paBuo 3n — 6, a upm » = 2 sT0 YHECAO
paBuo 1. B caexgylomem naparpade MBI gOKasKeM, 9T0 9HCIO
1IapaMeTpoB, OUPEHEAAIOU[MX THIH KOHHOPMHO HEIKBHBA-
JAEHTHHX n-CBSIZHBIX o0jacTreif, IMEHHO TaKoe. DT0 [AcT HAM
HEKOTOpoe HOATBEpsKmeHHe (XOTf M 09eHb KOCBEHHOE) BO3-
MoatHOCTH (ojiee MW MeHee HPOM3BOJBHOro BhIOOpa 06pasy-
IOEX rPYIIIBI aBTOMOP(HHA3ZMOB.

B sakniogeHnme HpemNOMM ei[e ONHY TeOMeTPHYEeCKYI0
KapTHHY, OTHOCAIIYIOCA K Ipynme aBroMopdusMoB KoHQOPM-
moro orobpaskenns obnactu D Ha Kpyr K.

Iposegem B ob6xactu D monapuo memepeceKalomuecs pas-
pessl, coeuHAIONME BHENHIOI0 KOMIIOHEHTY Yo TPAHUIEI 06-
aactu D ¢ Kaaoi H3 ee BHYTPEHHAX KOMIIOHEHT ¥, OmHo-
cBA3EYI0 objacTh, MogyTamuryioca u3 obxactu D mocie mpo-
BeleHUs Pa3pPe30B, MBI obosnagnM wepes D',

Iycrs teneps @ (z2)— dynrmusa, kordopMuo oT0Gpakaro-
man obxacts D Ha kpyr K. B ogroceAsuoll obxactn D dynk-
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uan D (z) pacmagaercs ma roaoMmopdrrie BeTBm Do(z),
D (z), D2(2), ... (BetBh Mo(2) Bymem cuuTaTh OTBETAIOMEH
npofosKenmIo Ha obaacts D’ mexopmoro sdeMeHTa QYyHK-
nun @O (z)). fAcuo, 10 Kammoit Beten D, (z) orBegaer HEKO-
Topoe [pobHo-IMHeitHoe mpeoGpasoBamme A, kpyra K Ha
ceba ma rpynosl astoMopdusmo & (D, @), axa Koroporo
cupapegnuBa fopMyaa

D (z) = Am(Do(2)).

Boxee toro, sacuo, a1o ara opMyia ycraHABIHBAeT B3aHMHO
OJHO3HAYHOE COOTBETCTBHE MeKJy roJOoMOP(HHEIMM BeTBAMH

®d,.(z) @ bIeMeRTaMH TPYIIH aBTOMOPHH3MOB. | |

O6osnaunm uepe3 G,, obpas obmactm D’ upm orobpaske-
mun w—= U, (z) m nasosem obmacte Gy Pyrndamenrasrvrol
o6aactvio epynnwt asTomoppusnoe G (D, ®). OyngaMenTann-
Hag o6macTs ompemedsAeTca ¢ AOBOABHO GOXBIION CTeIeHbIO
npouseojia (BHOop paspesoB, mpeepamamiux obaacts D B
omHOCBA3HYI0 obnactk D).

OrmernM cregyiomue BasKHBIE cBoiicTBa (PyHAAMEHTANL-
HOH obnactu:

1. Kampgan obaacrs G, saBagerca obpasoM Qymgamen-
ranbHON obsacTu Gy mpx oTobpantendud OJHEM K TOJALKO Of-
HuM nOpeofpazoBaHmeM A,, ©u3 TIPYIUE aBTOMOpHHIMOB
9D, D).

2. O6nactn G,, PN Pa3IMYHBIX 3HAUEHHAX M HE MMEIOT
00IIIX TOYEK. _

3. Kampas touxa xpyra K xemur BRyrpu ofmHOA m3 ob-
lacTei MJAM HA TPAaHHNE OAHOK W3 3THX obJacTei.

NubiMu caosamm, obaactn {G,} ofpasylor «mapkeTHOe»
samomenne Kpyra K (maorHoe m Ges mepexpwiTmit)., 3aganume
TaKOoro MAPKETHOTO 3aMOIIEHAA — 3To TeOMEeTPHIECKHI CIIo-
cof 3aamusa TPYNIEL aBTOMOPHHUIMOB.

§ 4. 3apava [fmpuxae m orobpakenme
HAa KaHOHHYECKHE 00JacTh

Koudopmuoe orobpaskenne MHOrocBsS3HOH o6xactm aHa-
IUTHYeCKAMN (QYHKIUAMHA MOKHO IPMMEHATD NIA pPereHHs
3afaun Jlgpuxde AJA MHOTOCBABHEIX of0axacTed. Bymem ro-
BOPHTH TOJBKO 0 peimenun 3afaum [lupmxiae gasg m-cBa3HOM
00macTH, OrPAHWYEHHOH KYCOWHO raafxuMdm KpuBeimm Co,
Cy ..., Cu-1. KpmByto Cy OyneM cUBTATH BHeMHeH rparunef,
kpuBsle Cy, Co, ..., Cp—y — I'DAHANAMHA JBIPOK.
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IlocranoBka B3agaum J[mpuXde Ta ke, 4TO W B CIydae
opHocesasnoit obxacta (§ 3 ra. VIII). Mmenno:

Ha rpammunbix KpmBeix obsactm D 3agamo m QyHKRmmit
fo(C)y - -+, fm—1(C), HETIDePHBHBIX HA 5THX KPHBHIX, 33 HCK-
A0YCHEEM 3AMKHYTOFO0 CYETHOrO MIIOMKECTBA TOYEK PasphiBa
(n orpanwwennsie). TpeGyerca majity ymxummo u(z), rap-
MOHHMYECKYI0 W OrpaHMIenmylo B obmactm I, KoTopas cTpe-
murca K ¢yrrnun £ () mpu z > §(C=C,) B moboit Touke
HenpephBHOCTH QyHEKIEK f,(T).

EnunrcTBenHOCTh pellennsa 3amagnm Jupnxie GmiIa AoKa-
3ana B § 3 ra. VIII gng amwboir obaxacrm, Ho ee paspeimm-
MocTs Obuia ycraHoBjJieHa TOJBKO MAJIA OJHOCBA3HOH 00-
aacta D.

Jlaa kpaTKocTH COBOKYIHOCTD PYEKRNHI fo(8), ..., fm-1(E)
Gynem oGosmauarp depes f(L), cemram, wro pymrmua f(§)
oIlpefielleHA HA MHOKECTBE, COCTOAIIEM H3 BCEX TIPAHHIHELIX
KDHUBHIX. | |

Beegem oGosznagenms.

TIycrs w(2) — wakaa-muGo Pymxiusa, xondopmMuo orobpa-
mawomas obaacte D ma xpyr |lw|l <1, a z(w)— dynrnus,
obparnas K w(z). Yepes Gy oGosznayuM PyHZAMEHTAABHYIO
obmacts rpynusl Y (D, w), a wepes D’ — obmacts D ¢ paspe-
samu. Ofmacre D’ aBaserca oGpaszom obxactu Gy mpm oro-
Opaxennu z = z(w). Ipynny (D, w) Gyaem caATaTs COCTOA-
meit u3 npeobpasoBanmit Ag, A1, As, ... (Ao — TommECTREH-
Hoe IpeobpaszoBaHMe), BaHYMEPOBAHHBIX B LaKoM-Imbo IO-
psaake. Yepes G, obosnauuM obpas obGmactum Go mpm orobpa-
aengn kpyra lw| <1 ¢ momomsio ApoGHO-AMBEHOTO Ipe-
obpasopanua A.w. Yepes o, 0003HAYAM COBOKYHHOCTD AYT
okpyxuoctn |wl =1, BxogAamux B rpammmy obxacti G.|]

Teopema 4.1. Qynryusn u(z), pewarowan sadawy Ju-
puzrae e obaacru D ¢ epanuunotli gyuwryued (L), Modgcer
Gvits npedcrasaena 6 eude u(z)=v(w(z)), 20e

oy N 1—p? 7 (2(19)) a0
v(peq’)~vz=0 2n jvi-{—pz——chos(cp—G) (o<1). (&1

Oy

JNoxaszareabcTBo. lIlpeskge Bcero ybeguMca, dTO
HMHTErpPajbl, BXOAAIMe B onpejgexenne GyHKumzm v(w), AMe-
10T cMBICI ¥ 9T0 papx cxopwrcd. Oynriua z(w) wondopMuo
oTobpaskaer obaacts Go ma oGaacts D', a Tak Kak mo xem-
me 1 § 3 z(4w)=z(w), To ora KeHPOPMHG oTOGpayKaer Ha
obxacts D’ & awbyo obaxacrts G,. Ilpm stoM gyrm o, Hepe-
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XOOAT B Te gYacT® rpaumnel obxactm D, KoTophle BXOJAT B
rpamuny obaacra D, T. e. B rpaEmYAEHe KpmBbie. Ilo TeopeMe
0 cooTBeTCTBMM rpandn (cM. crefcrBme Teopemsl 2.1) dymx-
nua z(w) HempepHBHA Ha Ayrax o, m snasesma z(e®) mxe-
AT Ha TPAHAYHBIX KpmBHIX obaxacrm D. Ilostomy dynrmma
f(z(¢®)) upm ¢® € o, onpefeneHa m HenpepHBHA, 3a HCKIIO-
qeAneM 3aMKHYTOr0 CYETHOrO MHOMKECTBA TOYEK pPAa3phHBa.
TeMm caMBIM Bee HHTErPajbl EMEIOT CMBICI.

TlockoabKy AYrH O, He OMeEIOT o6mmx TodYek (CM. CBoil-
cteo 1 § 3), To HerpyAmO IOKA3aTh, YTO PAJ PABHOMEDHO
cxogurea BEyTpm Kpyra |w| <r <1, Kampgoe caaraemoe
ABaAeTcs (PyHKnmeil, rapMormdYeckoir B kpyre |w| < 1. Ilo-
aroMy ¢ymkmma v(w) rapmommima B kpyre |wl| <1 kak
CyMMa PaBHOMEPHO CXOASMErocs PAAA rapMOHATECKMX (YHK-
nuit. Kpome Toro, mas @ymxknmm v(w) BHIOOXHAIOTCA He-
paBeHCTBA

m<v(w)<M (lwl<1),
rae m=inff(%), M=supf(g).

Teneps moxaskeM, ¥To QyrKmua u(z)=v(w(z)) oupene-
aena B obnacrn D. Jlas o1oi esn HAM HY;KHO yOeguTbCA, 9TO
snadenme Qynkumy v(w(z)) B Kakoi-aubo Todke zo He 3a-
BHCHT 0T BhIOOpa »xeMeHTa GYHENANM w(z) B 3ToH TouKe.
Tax wax Bce sueMeHTH (YHKOHE w(zZ) mOAYYAIOTCA U3 Ka-
xoro-aubo ofHOro IpeobpazoBamumaMmm rpyunsr Y (D, w), To
Hy;KHo IoKasarb, u9To U(4d.w)=v(w) paa Beex A, =
ey(D, w).

Jasa sroro 3ameruM, duro ¢ymknma v(w) paBHA CYyM-
Me pAfa

(o0}
v(w) = 2 vy(w),
v=0
rae $yurmua vy(w) sBageTca pellenweM 3afgasm J(upmuxie
B Kpyre |w| <1 ¢ rpanmeHBEIME JaHHBIMA, paBRbIME f(2(€*))
npn ¢® €0, @ HyII B OCTAIBHEIX TOYKAaX OKDYKHOCTH
|w| =1. JlwoBoe mpeobpasopanme A,w TepeBOTAT KPYT
|w| <1 B ceba, a MHOKeCTBA Oy JWIIL IEPETACOBEIBAET MEK-
Ay coboit. Iosromy dymrmus v(A.w) ABiaseTca cyMMoi To-
ro sxe paja X Uy(W), HO TMOPAMOK WIEHOB 3TOTO PAAA W3-
MeneH. B crmury aBcoxiorHo#t cXogmMocTH cyMMa pAjga He Me-
mserca. Caenosarensno, v(4.w)=v(w), Tar 49to GyHKIHEA
u(z)=v(w(z)) ompesexerna B obaacrm D.
flcmo, 9T0 dymxmma u(z) orpammuema B obxactm D. M3
rapMoBRuEocTH Pyarony v(w) B Kpyre |w| <1 ¢ moMompwo



372 IJI. IX. OTOBPAYKEHNA MHOTOCBASHEIX OBJIACTER

reopeMsr 1.1 ra. VIII merxo moxydaem rapMoRAIHOCT: QYHK-
nun u(z) B o6nactm D. Ocraerca mokasars, aTo u(z)—> f()
npn z— § B A1060#i Touke mempepriBHOCcTm (Qyrkmum f(T).
ITockoasky u(z)=v(w(z)) =m 3magenma v(w(z)) He 3aBm-
cat or BeiGopa BerBm QyRKmum w(z), TO MOKHO B3ATH BMe-
cro w(z) ee BerTBL wo(z), koHPOPMAO oToGpaKalomyo o6-
aacts D’ ma obaacts Go. @ynxnun wo(z) 1 z(w) Hempepois-
HEI BOJOTH N[0 TpaHmmsl obxacTeir D’ m Gy COOTBETCTBEHHO,
mo TeopeMe o cooTBercTBEm rpammn. Ilosromy mpm z — G’
(' — Touka oxHOl W3 rPAaHMYHLIX KPUBHIX) AMeeM

w, (2) e, z(w)—~>T' (w—ei®’).

Cornacao csoiictsam materpasa Ilyaccoma (cM. Teopemy 3.2
ra. VIIT) ameem

v(w)>f(z(®) =F@E) (w—>el?)

(ecnim ©° gaBamercA TOUKOH HempepHBHOCTH (PyHKNUA
f(z(€®))). Teopema mowasama. [ |

B mpepsyiymem naparpade Oniau mafimens meofxopmMere
¥ JOCTATOYHBIC YCIAOBHA IAA Toro, 4To0sr obmacrm D m D,
MOKHO OBLIO B3aMMHO OJHO3HAYHO M KOoE(OPMHO 0TOGpa3:ThH
apyr ma napyra. OmEaxo Bompoc O TOM, HAa KaKWe CpPaBHO-
TEeJIHHO HPOCTHIE O0MACTH MOYKHO OTOOPA3UTH IPOHU3BOJALHYIO
m-CBA3HYI0 00JaCTh, MBI He Pellaid. JTOT BOIPOC JOBOJBHO

JEeTRO PEMIaeTcs ¢ IOMOMmbIo CBelennd & 3agade Jupuxie. [ |
Cragana paccMoTpuM caydail gByXcBA3HOH obxacTm.
Teopema 4.2. Jwbyw deyzceasnyw obasacts (orpa-

HUYIEHHYI0 KYCOYHO T[AAJKMMH KDHABBIME) MOMCHO 63AUMHO
00m03HaAUH0 U KOHPOoPMHO 0TOOPA3UTHL HA Koavyo r < |w| <
< 1. Orobpaxcarouas Hyrnryus onpedeasercs eGUHCT8eHHBIM
06pa3oM ¢ TOUHOCTLIO 00 MHONUTEARA, DABHO20 RO MOJYLHO
edunuye. (Yucsno r He 3adaerca, a onpedeasercs no
obaacru.)

JoxasareabcTro. HaumeM ¢ foKazaTeancTBa eqmH-
creennocTn orobpakenns. Ilycrs dyrknua w = w(z) p3amM-
HO OfHO3HAYHRO W KoH(popmHO oTobpaskaer obmacts D, orpa-
AMYEHAYI0 KYCOYHO rjiagkuMu KpuseiMm Co (BHemHAsAs rpa-
mmna) m C) (rpasuna psipu), Ha Koabno r < |w| < 1. Ilpm
9TOM, €CTeCTBeHHO, KpmBag Co HEPeXONHET B OKPYIKHOCTH
|w|=1, a xpmsaa C; — B okpy:kHOCTL |w| =T,

IMockoasxy ¢yEroma w(z) He obpamaercd B HYAb B 06-
azacra D, ¢ymxnua u(z)==Inlw(z)| rapsommama B o6na-
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ctu D w mempepsiBHA BILIOTH [0 ee TPAHUNEL fcHO, 9TO
w(z)=0 (z€C), u(z)=Ilnr (zC). (4.2

IJTH YCHOBHA TOAHOCTHIO ompepenstor ¢ymxumio u(z). Ama-
aatmgeckas B ofmactm D ¢ymxmuma In w(z) onpemenserca
no $yaknua u(z) ¢ TOYHOCTHI0 10 IMPOHBBONBHOTO WHACTO
mEEMoro ciaaraeMmoro if. CaegosarensHo, ¢yaxmua w(z)
onpepedanerca mo Gynknma u(zZ) ¢ TOIHOCTHIO IO IOCTOSH-
HOTO MHOKWUTEJA, PABHOTO 0 MOAYJII0 eNMHUIE.

Ocraerca moKasaTh, 4TO YHCAO I TOMKe OIPefedseTcs
enMHACTBeHHLIM o6OpasoM. OOosmaumMm depes ((z) amamuTm-
geckyo B obmacrm D ¢ymnmio, mMermomylo csoeil HeiicTsm-
TeJLHOM JaCTHI0 TapMORUIEcKyl Mepy o (z; Ci, D), T. e. pe-
menne 3agadn [[mpuxie B obaactm D ¢ rpaHmYASIMA JAaHHBI-
MHd, pasubIMm Hyaio Ha Co m epmaune ma C,. OgesmgHo,
nMeeM

In w(z)=C(z)lnr, wiz)=e®nr, (4.3)

Cormacro teopeme 1.1 ra. VIII ¢ymxnua &' (z) rodomopdra
B obmactm D m murerpax ot §’'(z) mo moGoMy 3aMKRyTOMY
KOHTYpY, deRamemy B D, paBeH 9MCTO MHAMOMY 9AcHy (@aM
ayawo). 1losroMy npm amaauTmiecKoM INpopomsxenmd G (z)
BIONEL 3aMKHYTOr0 OyTH, ob6xogsmero OsipKy C) B IOJ0MKU-
TeILHOM HAIpPAaBJIeHAR OJHH Pa3, K HCXOJHOMY S3HAYEHTIO
t(z) mobGaBasercs d9mcTO MHHAMOE claraeMoe 2mi®o (mHTe-
rpax ot §'(z) mo ymoMmamyroMmy mytu). Wz dopmyast (4.3)
BHIMM, 9TO0 IPH AQHAIATAYECKOM UIDPOJOKeHUH (HyHKIAR
w(z) Bpoas d060ro 3aMKHYTOrO IYTH, OZEH pa3 obxomante-
ro OHIPKY B HOJOMUTENLHOM HANPABIEHHH, HCXONHOE 3HA-

qeane QyEKNUR w(z) YMHOMKAETCA HA 2O InT, Tonomopd-
HOCTh QyHEKIUE w(z) O3HAUAET, 9T0 Wolnr=n. Qyaxnma
w(z) mommHa OHITH He TOABKO roaoMopdHa, HO W OMHOJHCT-
Ha B obxacrm D, T. e. He NOMKHA NPHHUMATEL OJMHAKOBEIX
smauenmii. Orcioma Ges ocoboro Tpyma MOKHO BHIBECTH, UTO
mpomsseyieAne wolnr pgommuo 6wTs pasno *+1. Ilockombky
r<<1, To 3mAK TOKe OIPENeNATCA, H TeM CAMEIM WHCAO T
oIpeJenaeTca eUHCTEeHHEIM 06pasoM.

Epnncreennocts oTobpaskeHmA pokasaHa. Jlaag pgokasa-
TeJAbCTBA CYMECTBOBAHMA OTOODAKEHMA HAM OCTAGTCH HOKa-
3aTh, uTo PyHKIUS

1
(2)
W, (2) = ™
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r<|w|<<1, Inr =,
OJO

C oToit mwenblo BLIACHUM, UYTO IPOUCXONHAT ¢ TOUKOMR
w¢(z), Torga Touxa z obxomur kpmeylo C,, Ha KoTopoi
o(z, C;, D)=»%, 0<A<1. 3amerum, uro C,— Hpocras
KpuBafd, jge:kamas B obxactm D (orcyrcTsme caMmomepecede-
BUi caefyeT W3 NpPHANHMIA MaKCHIMyMa H MUHMMYyMa [UIs
rapMorndeckux ¢yaxnuit). IIpm A — 0 sTa xpmBas cTpeMur-
ca k Cop, a mpu A >1—x C;. B ramymo#i Touxe xpusoir ()
¢yaxnua §(z) romomopdma, Taxk uro ypasHemms HKomm —
Pumana, mammcannbie B cUCTeMe KOOPIMHAT, TN[é 3a HAIpas-
jenMe OCH I B3ATO HAIPaBIeHWe HOPMajau n K Kpusoi (),
a 3a HAIpaBleHHe OCH j — HATNPABJIeHHe KacaTeAbHod K (),
AT

2 Im g())=5 Rel(z) (Rel(z) = (s Cy, D)).

Ecam B3sTH 3a n To HAaIpaBienme HOPMAJM, KOTOPOE OTBe-
a
7aeT BO3PACTAHUIO A, TO—~ Re{(z)> 0. Caemosareasno, mpn

ABM;KeHMA o KpEBoil C, B TakoM mampasjenvd, 9To6sl 06-
xacTs GONBIMX 3HAUENMH A OcTaBajach CIIPaBa, BeIAIMHA
Im & (z) Bospacraer. IIpu moaroM ob6xome seamanmma Im §(z)
o0s3ana yBeaumuuThcA Ha 27iwg. CiaenosaTeibHo, OpPH IOJ-
moM obxone kpupoit (), Toukoil 2z Touxa }vwo(z) COBepIIHT

ONIMH TWOJHEIH 06xon OKpy&HOCTE |w| = €. DT0 M 03HATA-

eT, aro QyHKOUS wo(z) B3AUMHO OJHOBHAYHO W KOH(OPMHO

oroOpasgaer obunacrs D, onmcriBaeMyo kpmssiMA C,, 0 <A <
1

[0
<1, ma roxbnp €0 < [w|<<1, onmcriBaeMoe OKPYKHOCTAMA
A

|w|=¢e%,0 <)\ <1. Teopema moxaszama. D

B caygae m > 2 y:e HeT CTOMb NPOCTHIX KAHOHMYECKHX
obnacreif, Kak KOIbNO, W PACCMATPHUBANTCA KAHOHWYECKHE
obiracrm Muormx tumos. [loxaskem TeopeMy 06 orobpajxenumn
KOHEYHOCBA3HON 00JAaCTH HA OfUH M3 THNOB KAHOHHIECKNIX
obnacre#t — Ha IJIOCKOCTH ¢ KOHEYHBIME BePTHKAILHBIMA
paspesaMz. IIpm sToM He OymeM OCTaHABIMBATLCS HA TOHKO-
CTAX, CBA3AHHLIX ¢ BO3MOKHOCTBI0 HELOCTATOTHO TIJIaTKOH
rPaHANE 00JACTH.

Hausem ¢ ofosmagueHEiA.
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Ilyers m-cBasmas obGaacTs D orpammdgeHa KpmsoiMu Co
(smemuna rpanuna) m Cy, Cy, ..., Cn1 (mbipkm). OGo3HA-
uum gepes Gi(z), G2(2), ..., Gm—1(2) amaaurmueckue B 06-
pacru D dysKnum, uMelomue cBoell meiCTBHTENBHOH 9acThIO
rapMornveckyio Mepy o (z; Ch, D). Uepes 2niw, (1 <k <
<m-—1,1<s<m—1) ofozuaanmM mATErpax or GyEKmUU
,(z) 1o HPOCTOA BAMKHYTON KPHBOH, OKDPYKAIOmeid MBID-
ry C, u me oxpy;Rawmeit apyrux asipok (mo Teopeme 1.1
bynrnusn th (z) romomopdpra B obmactu D m mmTerpadl or
Hee m0 MA1000My 3aMKHYTOMY KOHTYPY — 9HCTO MHIMOE

YUCNO). )

Curagajna JoKa;KeM ONHY CYNECTBEHHYI JIeMMY.

Jdemma 1. Marpuya Q = lowl nesvtpoxcdena.

NorasateabcrBo. J[lomycrum mporusroe. Torpa
MojKHO HOmo0paTs TaKWe JeHCTBUTeNbHLIe IOCTOAHHBIE
M, Mg, ..., Am—1, HE BCE DAaBHBIC HYII0, 9T00H QYHKIAA

T(z2)=MECi(2)F ...+ An-1lm-1(2)

Ouuta rosomopdra B obmactm D. JleficTBuTenbHO, HJds 3TOTO
HYKHO, 9TO0K u3MeneHme ¢yHrmuu §(z) mpu obXome Kask-
noit geipxu C, GbLI0 paBHO HYA0. JTO JAeT IaM CHCTEMY Ju-
HellHsIXx ypapHenuit ¢ Marpumeir . Tax Kax cormacmo [o-
oynieHnio  — BHIPOKIEHHAA MATPHUIA, TO 9T CHCTEMa HMe-
eT HEeTPUBUAJLHLIE DEIIeHus.

BrisichuM, Kaxue 3HAYEHMS MOKET OPHHUMATE PyHKOOA
t(z) B obmacru D. 3mauenusa ¢pymxmun C(z) ma kpusoit Cp
UMEIT HefICTBUTENHHYI0 9aCTh, PABHYIO HYNI0, a HA KPHABLIX
C, nmeem Re [ (z)=A,. UnriMm ciaoBamm, 00pasoM rpaHmIfsl
obnactu D agifgeTca MHOMKOCTBO, PACIIONOKEHHOE HA IIPAMBIX
Ret =0, Rel =4, (s=1, 2, ..., m—1). Ecam 3nage-
HHe w He JeKAT HE HA OJ(HOM M3 STUX HPAMEIX, TO COTIACHO
opuanAny aprymenta (cM. Teopema 6.1 ra. IV) wmeao pe-
mennit ypasaerus ((z)— w B obxactu D paBHO M3MeHEHHIO
arg[E(z)— w] mpm obxome TouKoi z Bcell rpaEmmsl obaa-
ctu D. Ho

vgar{arg[@(z)—w]}:() s=0,1,..,m—1),

TaK KaK IPH JBMIKeHNH TOYKA 2z Ho Kpueoii C, Toura {(z)
asmkeTcn mo mpamoit Re § = const m me mosker ofoitrm Tou-
Ky w. CruegoBarensHo, msmeHeHHe arg|{(z)— w| mo Bceit
rpanune obnactm paBHO HYIW, T. . dyEknua §(z) me mpu-
paMaer 3Hadenug w B obaactu D. Ilockoasky w — mwobasm
TouKa, He Heskamas Ha mpaMuix Re{ =0, Re{ =1, (s=
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=1, ..., m—1), o 310 03Havaer, ato Ppysrnua §(z) mpm-
AuMaer B obnactm ) TONBKO Te 3HAYEHMSA, KOTOPHIE JeKar
Ha aTux opameix. Ho mo teopeme 1.1 ra. V mmomecrBo 3Ha-
4eHU#, IPUHUMAEMHX B oOxacTu rojdomopdroit yrrmuei,
OTANYHOK or WocTOoAHHON, gBAmerca oOnacteio. Ciaemosa-
TeasHo, C(z)= const. IT0 HEBO3MOIKIIO, TAK KaK

Ret(z)=0 (z=Co), Rel(z)=h (z=C.),

a xora OBl OHA W3 IOCTOSHHEIX A, oTamuysa ot Hyiag. IMomy-
9eHHOE [IPOTHBOPEYNE [[OKABHIBAET JEMMY.

Teopema 4.3. Jwbyw koneunocessnyw obaacte D
MOKHCHO 63AUMHO O00HO3HAUHO U KongiopMmiHo 0TO6PA3UTL HA
RAOCKOCT W ¢ KOHEUHbIMU 6eDPTUKAALHLIMU  DA3pe3aMil.
Orobpaxcarowas Pynryus w(z) onpedessercs eduncreen-
HulM 00pas3om, ecau aalare Touky a4 S D, nepexodswyro 6
TOUKYy W = oo, Jelicreureabnoe uucao A u uucao ¢ =

. A
=11m[w(z)——z_a].

Z-a

Hdoxasareascrno. OGosmauum 4uepes u(z) permre-
ane 3agaun Jupuxie B obnactn D ¢ rpanMYALIMA JAHHLIMH,

A
aabiME Re——, a depe3 wo(z)— aHAIATHYIECKYIO B 00-
{—a

aactu D dymrnuo, mMeromy®o u(z) cBoeil pméiicTBETeNbHON
JaCTHIO.

ITonGepem meficTBHTENbHEIE MOCTOAHHBIE A1, A2, ..., Am—]
TaKuM 00pasoM, 9To6H QYHKIIHS

—wo(2)FMEi(2)F ... F Anailm—1(2)
6uaa ronomopdnra B obnactm D. B cmny aeMmur 1 a1o Momx-

HO cjexaTh, Tak kak Mmarpmma Q = lle,/ messipompena.
IToraskeMm, aTo pymrIuUA

4 + ey —wo(2) + M5 (2) + .. + Am—ilmi (2)

z—a

w(z) =

A
(nocromaRan ¢; Bribpana Tak, ‘ITOﬁLIlU(Z)—Z_ —0 opm

a
z = @) coBepIIaeT MCKOMOe OTOGpasKeHme.
CoraacHo MOCTPOEHUI0 MMEEM
Rew(z)=p. (z€C.),
wo=DRec;, p,=Recit+i (s=1,..,m—1),

a W3 OpefIoJo)KeHdii 0 HEKOTOpoil raagkoctm rpammusl D
Jderko HDOAYYATH, 9TO MHAMAA 9acTh Ww(2z) HEIpepPHIBHA HA
rparnne D. Brayrpm ob6nactm D ¢ysrmus w(z) mMeeT opmH
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mpoctoit momoc. Kax m B memme 1, yGesxpmaemcs, dro miia
BceX SHAYEHHN W, He JAeKAIIMX HA MPAMEIX

Rew=u, (s=0,1,..., m—1),

nm3Menenne arg [w(z)— w] mo sceit rpamune D paBHO HYI.
ITo mpuaEnUOy apryMeHTa oTO O03HAYAET, UTO UHCAO HYyIeH
$yaxmqua w(z)— w B obmactm D paBHO WUCAy ee HOJNIOCOB,
T. e. efmHEONe. 3HAYEHHA 1, JeKamUe HA YKABAHHEIX IpPH-
MBIX, TOsKe DpuARMaiTca QyEKnuein w(z) He Goxee OXHOTO
pasza, Tak kKax mo TeopeMe 1.1 ri, V MHOKecTBO 3madenmid,
npuHEMaeMEIXx B ob6xacTu roxomopdHodl PymKumed Goxabiie
OJIHOr0 Pa3a,— OTKPHITOe MHOKecTBo. CiepoBaTenbro, w(z)
- B3aEMHO OJfHO3HAYHO W KoH(POPMHO oTobpaskaer obmacts D
Ha BCIO INIOCKOCTHL W, W3 KOTOPOH BHIOPOIIEHEI KYCKH YKa-
3aHALIX BEPTAKAIBHBIX HPAMBIX. B

Ocraerca noxasaTs IUHCTBEHHOCTH TOH oToOpamatomieit
dynroun.

Ecam w,(z) m wo(z) — gBe orobpamaromue QyHKOAHE, TO
HX pasHocTh rojoMopdpra B obgactm D m paBEa Hyaw IpH
z = a. IIpuMenuB K 9T0fi PABHOCTHM Te Ke PACCY;KIEHHS, UTO
n ¥ ¢ynxnun {(z) B mokasarensctBe jgemMsl 1, Ges Tpyma
nonyauM wy(z)— we(z)= 0.

Teopema mokaszana *).[ ]

Hecaosxasie mopcIeTs! TOKABRIBAIOT, 9TO JJA BHINETCHAS
THOA KAHOHWYIECKoH ofxacTm Hy:kHO mnpm m > 2 3agarh
3m — 6 HIeHCTBATENLHBIX IOCTOAHHEIX — TO CaMoe 9HCIO,
KOTOPOe YKA3BIBAJOCh B § 3 B KauecTBe ONEHKN CBepXY.

UnrepecHo 3aMeTHTsh, 9TO MaTpuUma & TOKE He MEHSETCH
1pY B3aMMHO OJHOBHAYHEIX KOH(MOPMHBIX 0TOOpaKeHHAX, HO
ona comepxmr (m — 1)2 peificTBuTenbHEIX HapamerpoB. Ta-
KUM_ 00pa3oM, pu m > 2 KOJUYECTBO MAPAMETPOB y MATPH-
st Q@ Goapmme, geM 3m — 6. Jro 3magur, uyro mpm m> 3
MEKIY SAeMeHTAME MAaTPHOBL & HONKHBI ObITH KaKHe-TO CO-
OTHOTIEHUS.

§ 5. Orofpaskeame MIOCKOCTA € BHIKOJOTHIME TOYKAMH

Hacrosamuit maparpadg mOCBATHM MOCTPOEHHWI0 (PYHKIWH,
xordopMHO oTOGpasKalomeil MIOCKOCTH ¢ TPEMS BBIKOJOTHI-
Mz Toukamu Ha Kpyr |w| < 1. Jra dymxnus my;kma pas mo-

*) Ml He crajm OCTAaHABJIMBATHCA HA BONDPOCe O TOM, KaKasg
EMEHHO IJIafIKOCTh 'PAHANEL 00JacTH HEOOXOAMMA A COPaBe[IABOCTH
reopeMsl, TeopeMa BepHa Ge3 KakmX Obl TO HE OBHLIO MpeAmOJOKeHHN
o rpammne (cuM, [10]).
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KaszaTenscTBa TeopeMsl 1.1%* rje Mol ommpanmes Ha ee Cy-
[IecTBOBAHME, HO OHA HHTEPECHA W BO MHOTUX JADYTHX OTHO-
TIeHuAX.

Ynobree cTpouts Pyarnuio, KoEGOPMHAO 0TOOpARAIOMIYIO
ILIOCKOCTH ¢ TPeMf BHIKOJOTHIMA TouxaMu (cxaskeM, z =0,
z=1 u z=) me ma Kpyr |lw|l <1, a ma HOAYmIOCKOCTH
Img§>0. A

OGosnaanm depes G moaymodocy |Refl <1, Im¢ >0,
13 ROTOPO# ymaieHmsl gBa HOAYKPYra, JeHAMUX HA OTPe3Kax
(—1,0) = (0, 1) xKax ma gmamerpax.

Yepes k({)obosnaumm ¢yrrnuio, kKoHQOPMHO 0TOGpaRATO-
mywo o0nacTs G HA IJIOCKOCTH Z ¢ PA3PE3OM IO IOMOMHATEND-
HOW 9acTH JeHCTBUTENbHON ocHM Tak, 9T00sr Toukm § =0, 1,
co mepexopunu B Toukm z = 0, 1, co Ha BepXHEM Kpae pas-
pe3a coorpercTBenHo. CymecTBoBamme 5To# oTobpasgaromeil
$yaxoun caenyer us teopeMmul 1.1. Bomee Toro, ary dyux-
OUI0 MOMRHO HOCTPOMTH ¢ HMOMombI0 mATerpana Kpmcrodde-
ag — lIsapua (em. § 5 ra. V).

Yepes Ao(z) ofozmaaum ¢yrrnuioo, obparEyio K ¢yHR-
mun k(E).

TlorasmeM, dro anaauruyeckans Pyuryus A(z), nosyuen-
Has anaauTuveckunm npodoaxcenuem Pymnryuu ho(z), anasu-
Tuuna ¢ obaacru D (naockocTv z ¢ B1KOAOTBIMU TOUEAMU
z2=0, 1, ©) u kougopmmno orobpaxaer ee Ha NOAYNAOCKOCTb
Re > 0.

JloxaszarenscrBo pa3ofbeM HA MATH ITAIOB.

1. TloraskeM, uTo 3HaueHua Pymkyuu ro(z) ¢ naocko-
CTU Z ¢ PA3PE30M HA NOAOHUTEAbHOU uacTu OelicTeuresbroll
OCU C8A3AHBL COOTHOULEHUEM

o (Z)=— ho(2). (5.1)

Jna oroit menm obGosmaamm uepes ¢(z) ¢yHEKOomIO, KOH-
dopmro oTobparkatromyo moxymirockoers Im z > (0 ma momo-
BuRy obmactum G, Aeanyw cIpaBa oT MHHMOH OCH W mepe-
Bogamylo Toukm z =0, 1, o B Tourm § =0, 1, o, coorBer-
creerno. Cormacao Teopeme Pmmana Takoe oroGpamkenue
CymecTByer, a ¢ moMompbio TeopeMs: 2.1 ra. V HeTpymHO NO-
Ka3aTh, 9YTO OHO EJUHCTBEHHO. B CHIYy TEOPEMEI 0 COOTBEI-
cTauy rparun ¢yaxnug ¢(2z) HeIPepEIBHA B HOAYIIOCKOCTI
Im z = 0. 1Ipm otobparkenuu § = @(z) orpumaTenrbHas 9acth
HeHCTBATENLHON OCH IEepPeXONUT B MOJOKUTENBHYI0O YacTh
ManMoit ocm. 1lo mpummummy cumMerpmm (cM. TeopeMy 4.2
ra. V) ¢ymrxnuo ¢(z) MOKHO aHAAATHIECKH I(PONOJKATE B
moAymaockoeTs Im z << (0 gepes OTPHOATENBHYI dacTh Hei-



§ 5. IJIIOCKOCTh C BBIKOJIOTBIMHA TOYKAMM 379

CTBUTEJIHHOU OCH, LIOJOIKUB

¢(z)=—¢(z) (Imz<<0). (5.1%)
Ilpononmennas dyaxnus (coXpanmMm jiaa Hee 0003HAUEHHE
¢(2)) romomopghra Bo BCeil IIOCKOCTH z ¢ Pa3pe3oM HO I0-
NOMUTENLHON JacTH JeHCcTBUTENbHOM ocm W KOU(POPMHO OTO-
pakaer 9Ty HAOCKOCTH ¢ paspesom Ha obaacts G. Ilo Teo-
peme 2.1 ra. 'V szajmanue Tpex Touexk HA rpammme ofaactm
ompeneaner oTo0paskeHMe eTUHCTBEHHLIM 06pa3oM, Tak dTO
@ (z)=»Ao(z). TlosToMy paBencTBo (9.1) BmITeRaer m3 pa-
BeHcTBa (9.1%).

2. Hatidem anaauruueckoe npodoasxcenue Pynryun ho(z)
yepes orpearu (0, 1) u (1, + ) cuusy esepz (1. e. depes
HIGKHUE Kpail paspesa).

Orobpaskenne { = Ao(z) HepeBogWT HEMKEWH Kpa#l pas-

pesa (0, 1) B DOXYORPY;RHOCTE C,-i——; =-%—, Im¢ > 0.

TlosToMy coriacHo HPHMANANY CEMMETPHA AaHAIUTAIECKOE
uponoskeRne QYHKOUA Ao(z) dUepes HWKHUE Kpait paspesa
(0, 1) Bosmo;xHO. B pesyabrare 5TOr0 aHAAMTHIECKOTO IPO-
HOJKeANA MBI IOAYIEM APYTYI0 rodoMop(HYIO BETBL amaid-
THueckoit Qynxmuu A(z), Koropyw oGo3HaduM depesd A1(z).
Ilo nupurnmmy cumMerpum 3mauenus Ao(Z) H Ay (2z) HOMKHBI

1 1
OBITH CHMMETPHYHLI OTHOCHTEHALHO OKPYIKHOCTH C-{——Z- ’=—2'

(Tar ®aKk TOUKM Z M z CMMMETDHIHLI OTHOCUTEIHHO OTpeEs-
xa (0, 1)). SanuchiBas yciaoBHe CHMMETPOH OTHOCHUTEIBLHO
oxpy:;xHOoCcTH (cM. § 2 ri. V), moxyzaeMm

o+ 4[5+ 4] (4]
Venonnsya coormommenme (5.1), Raxogum
MEO=ShE), SO=—g77 62

OGo3nauuM depes Az(z) Ty BeTBH amanuTHIecKodl (PyBK-
M A(z), KOTOpasg MONY4YAeTCA AHATMTATECKUM ITDOJOJIKe-
HileM QYHKNUA Ao(z) Tepes HUHEA xpail paspesa (1,+ «);
aHAJIOTHIHBIMHI PACCYKIEHHAMU IOJydaeM

ha(z)=T(ho(2)), T(E)=F—2. (5.3)

Jlerko Bupers, aTo mpomoiskeHus ueped paspes (0, 1) =
(1, + ) cEE3y BBepx OTBEUAIOT HPONOIKEHAAM (YHKIAN
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ho(2) mo mocTaTowHO MaiHM OKpy;kHOCTAM |z|l =pm iz —1l=
= p COOTBETCTBEHHO (OIMH pa3 IPOTHB YacOBOH CTPENKH).

3. IoxaskeMm, 9To Pyrryuio ho(z) MOWHO AHAAUTUHECKU
npodoaxcars no a6oMYy RYTY, He NPOXOOAUeMY HEPES TOUKU
z=0, 1, o, u uTo 8ce IAEMEHTLL NOAYUEHHOW AHAAUTUUE-
ckoli Pynryuu umerT HAUEHUR, Aelcaujue 8 NOAYNAOCKO-
cru Im§ > 0.

Ilyers MBI mMeeMm kaKo#-auGo myTsh L, me mpoxonammit
gepes Toukn z = 0, 1, . Horga aror nyTs mepssiil pas mepe-
XONUT depe3 1IONOKUTENLHYI 9acTh MeACTBUTEALHOW OCH,
pyaxiua Ao(z) BaMeHsETCs ONHOW M3 CHENYIOIMAX TeTHPex
byrKIMii:

Sho(z), Tho(z), She(z), T-"ho(z),

B 3aBHCHMOCTH OT TOTO, Iepe3 KaKoH Kpail Kakodl wacTu pas-
pesa Mul Hepemmad. AHAIATHYECKOe HPONOKEHHe KMo
A3 3TUX deThipex QYHKOAN CBONUTCA CHOBA K HPOIOIMKEHHIO
dyrknua Ao(z), cToAmed BHYTpm JpobHO-NEBEHHOrO Npe-
obpasosanus.

Orcrona BupHO0, 4To QyEKmUO Ag(z) MOKHO amamguTHIe-
CKH NIPOJOIKUTH, IO NOOOMY NYTH, He IPOXONAINEMY uepes
Toukn z =0, 1, co. B pesyarrare mpomoaiKeHnA HOAyTaeM
HEKOTOpoe JpobHO-THHelHoe mpeobpasoBamime or QyHK-
mun Ag(z). flemo, 9T0 sTO MpeobpaszoBaHyMe BXONHUT B rPyUIY,
o0pa3oBaHHYI0 IPOM3BENEHHAMH cTeleHedl Ipeobpaszosanuit
Sual.

3ameuasm, uto mnpeobpasosanus S m I asasiorca mpeol-
pazoparuaMu moaymaockoctTd Im § > 0 B cebs, mpmxoguM X
HATIEMY YTBEP:KJEHMIO, TAK KAk 3HaUenus (QyHKIHA Ao(z)
dekar B o0nactm (G, pacmodoKeHHOH B NONYILIOCKOCTH
ImE >0, a Bce mpeo6pasoBamug TPYNIOEl IEPEBONAT 3TY
IONYIIAOCKOCTS: B Ce0.

4. TloxasmeM, aro gynryua k(L), obparnan ® ho(z), Mo-
dcer OblTb AHAAUTUHECKU RPOOOANEHA HA NOAYNAOCKOCTD
Im¢ > 0.

QOysaxmua k() xondopMmo orobpaskaer obmactes G ua
BCIO IIOCKOCTS: Z ¢ Pa3pe3oM IO MONOKUTENALHOH JacTm jefi-
CTBHTENLHOH 0CH, TAK 4TO Ha rpamume obxactm G oma IpH-
HUMAaeT HefcTBATENbHBIE 3HA4YeHusa. Tak Kax rpanmnma obsa-
crr G COCTOMT M3 TPAMBIX M OKPY;RHOCTEH, To 3T0 0OcTOS-
TeNLCTBO MO3BOIAAET HAM AHANUTHUECKH NPONOIRUTE QyHK-
muo  k(E) ¢ mnoMomslo mnpuanuna cuMmerpumd. Ilocae-
moBaTenbno mpomosxas Qysxnuio k(L) uepes mpamonaumeii-
Hbie cropoHnl obmactm G, mokameM, uro Qymkmua k(E)
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roxoMopdHA B obnacTu, moaydanmeica yIAIeHAeM U3 MOAY-
maockocty Im-{ > 0 momykpyros, Jdemamux HA OTPE3KAX
(n, n+1)(n — 106oe mexoe umcao), Kak Ha JAHAMETpAX.
Ha rpamumme stoit obxactm dymxnua k(L) mo-mpemneMmy
OpHHEUMAET JeficTBUTeNbABe 3nHadenus. llpogommas QyH:-
o k(L) mo mpumENUIY CUMMeTrpHEM depe3 KasK[Iyl U3 Ipa-
HUYHBIX DOXYOKPY;RHOCTEH, BuguM, ato Qymnkuua k(L) romo-
Mopjua B eme Gonee mmIpowoil obaacTu. Ira 06AACTH TOMKe
oJygaerTca yhganenumeM u3 Hoayuaockocrm Im § > (0 cuer-
HOTO dYHCJA IOAYKPYroB, JEHAmMMUX HA OTPe3Kax eHcTBm-
TeJABHOH ocH, kKak HA puaMmerpax. (llpm cmummerpmum ormocu-
TEJIbHO OKDPY/KHOCTH ¢ NEeHTPOM Ha JefcTBUTenbHO# ocH
IeACTBUTEALHAA OCh MEPEXONUT B cebsa W aio0ag OKPY:RHOCTH
¢ IEeHTPOM Ha JeACTBUTEIHHON OCH IEPeXOiuT B KAKYO-TO
APYTyI0 OKPY/KHOCTH ¢ MEHTPOM Ha JeHCTBUTENbHOHN OCH.)

Ha rpamuue nmoBoit obnactm dysknma k(L) omars npm-
HHMAaeT JeHCcTBUTeNbHEIE 3HAYeHnus. llpopoa:kas ee depes
BCe TPAHHYHBIE MOJYOKPYKHOCTHM, MBI BHUM, 9T0 (QYHK-
nua k(%) romomopdra B eme Gosxee mmpoxrnit obmactm TOTO
e BUNA.

Heorpanuuenno moBTOpfs mpomecc IPONOIKEHHS, IIPH-
neM ¥ BEIBony, 9To ¢ysrnus k(L) romomopdra Bo Beel
moaymiockoctn Im § >0, Tak Kak HoCde 09epemHOro Ipo-
[OMKEHNS Paguychl BHIOPACKIBAEMBIX HOIYKPYTOB COKpama-
1oTca 1Mo MeHbmie#d Mepe BiBoe. (Kaspniil HOBHIA HOTYKPYT
aBigeTcs o0pPa3oM OHOrO W3 IPEKHMX IPU HpeoOpa3oBanuH
CUMMETDHHM OTHOCHTEJIBHO ONHOH W3 IPEKHHX IONYOKPYIK-
HOCTeit; 3HAYMT, quaMeTp JAI000r0 HOBOTO IOAYKpPyra IOMe-
MAeTCA HA PANUyCe OTHOTO U3 IPEKHUX.)

5. 3asepwum dorasareavcrso yreepicdenus, chopmyau-
PO6AnH0o20 8 Hauase napazpaga.

CorsacHo CBOHCTBY 3 AaHAJATHYECKHX OXHOJHMCTHBLIX
dyerouit (§ 1) u3 romomopdroctn dymrumu k(f), obpar-
Ho#t K ymKumm A(z), aHATATHIECKOH B NIOCKOCTH Z C BEHI-
KomoTHMu Touxamm z=0, 1, oo, cregyer OmHOIECTHOCTEH
¢ynaxnum A(z), Tak Kak B cuay 3) o6pas mMIOCKOCTH Z ¢ BH-
KoJoThIMEu TouKaMu z = 0, 1, o, mpu orobpamcenun { =A(z)
aemuT B moaymiockoern Im § > 0,

Ocraerca mokasaTs, 9T0 06pa3 IJIOCKOCTH Z ¢ BBIKOJOTHI-
Mu roukamu z = 0, 1, c npnm orobpaxkenmu { = A(z) coBma-
gaer ¢ moAymaockocTsio Im § > 0.

Hdas aroit menu cradana samernM, 9To pyEKnus k(L) me
npuauMaer 3nagenumit 0, 1, o B moaymmocxoctm Im § > 0.
JHeiicTeurensno, B obaacta G 9TO CIPaBeNINBO, TaK KaK OHA
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rKouopMHo orobpaskaerca dymrmmeir k({) ma mIOoCcKocTH 2
€ paspe3oM IO HOJOKHATEIbHOH dYacTH MeNCTBUTEIBHON OCH.
IIpu npomomxenun ¢yuruuu k({) Do npuEIUDY cCHUMMeTpHA
3Ha4YeHWs, IpHHIIMaeMbie B Bepmmuax obunactu G, MoOryr
NPHHAMATHCA TOJIBKO B BEPIIMHAX CHMMETPHIHBIX o6jacreil.
[TockonbKy BepHIMHBI BceX CHMMETPHUIHBIX oOJaacTel me;war
Ha [[eHCTBHTENBHOH OCH, ME TpPHXOAUM K TpebyeMoMy
BBIBOJIY.

Teneps BosbMeM a106yi0 Toury &', Im {’ >0, u naiimem
sneMeHT GyHKNUE A(z) U TouKy z’, AuA KoTophix A(z)=1T’,
JIlias sToro coemHEM Kakyio-aubo Touky obmacta G ¢ Tod-
Kot { =’ orpeskoM mpsMoii w mpojoaskuM QyuKumO A (2)
Bjoas Oyt L, mpoxopmMoro toukoit z= k({), xorma TO9-
Ka { mpoxopur 8TOT oTpe3ok mpsimoi. Oyurnuu Ae(z) u k(T)
o0paTHel Jpyr Apyry, TaK 9TO HA . BceM nyTH L mMeeM
A(k(E))=C. Ilpomommenue BAoNb L BO3MOKHO, TaK KaK
dyurmusn k(§ ) me ofpamaerca B 0, 1, ., B rorue L momy-
qaem A(z") =T’

CJIe}IOBaTe.TILHO, m0oe 3HaveHde ' M3 MOJMYILIOCKOCTH
Im § > 0 npuaumaercsa dyrrnmeit A(z), Tak 9To obpas mioc-
KOCTH Z ¢ BBIKOJMOTHIME TouraMu z = 0, 1, o mpm otobpaske-
unn § = A(z) coBmajaer ¢ moxymmockocteio Im G > 0. Ta-
KHM 00pasoM, OKA3aTenbcTBO Toro, 9ro Qysrmus A(z) co-
BeplIaeT HHTEpecyiomiee Hac oTOOpajkeHHe, 3AKOHYEHO.

IMocTpoenne dpyuruun C(z; @, b, ¢), HCNOAB30OBAHHON TPH
JoKasaTenbeTBe TeopeMul 1.1%* He cocraBIsfeT HHKAKOro
tpyma. Oma Jerko BHIpajkaercsa depe3 Pyurmmio A(z) ¢ uo-
MOIIbIO ABYX APOOHO-TUHEAHBIX 0TOOpPaKeHuil. D

C nmomomsio dopmyn Hpucroddens — Ilsapna gas oro-
Opamenns MHOTOYTONBHUKOB, OTPAHUIEHHBIX JyraMd OKPYHK-
HocTel (cM. Komer, § O Ti. V), MoKHEO GBbuI0 GH IIOK33aTh,

uro ¢ymrumsn & (z) = _V_i__ ynosiaersopser puddepenu-
aJIbHOMY YPaBHEHUIO

” 22 —z41
g (z) = oyl (2)-

Oynxuua k(T) cBsa3asa ¢ SIIuUOTHYECKAME (QYHKOUAMI.
Osa cama @ Bce QYHKIMH, BHpa)Kaool[uecst depes Hee pa-
MUOHAJLHBIM 00pasoM, HASHIBATcA MOOYAADHbIMUL PYHE-
YUAMLL,

3ameTruM, uT0 06aacTh G, ¢ KOTOPOl HATMHANOCH IIOCTpPOe-
Iie, ecTh He UTO WHOE, KAK PyHIaMeHTAIbHAA 06IaCTh rpym-
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nbl aBroMopdusmoB orobpakenus { = A(z). I'pynny asro-
MOpPPH3MOB MBI TOEe IOCTPOHJH — OHA O0pPA30BaHA OPOM3-
BejleHHeM cTemeHe#d AByX apo0mo-nuHeiiubix npeoOpasoBanmil

St=—p—p TC=(—2.

Herpynuo omucars Bce npeoGpasoBaHUA »Toli TPYOOR U
HHBIM IyTeM. VIMenmHo: MaTpuib npeoOpa3oBanuii 9To# Tpyl-
IIBI UMET BHUJL

a b 10
(c d)—z—(o 1)(m0d2), ad — bc = 1.

Jra rpylna ABIAETCs OfHOH M3 NOJATPYNN ModyaapHol 2pyn-

nul, COCTOSIEll W3 BeexX IleJOYIMcIeHHEIX MaTpnr | & b , ad—
! d
[

—be=1.[]

Monyaspasie QYHKIUN ABIAITCA cOENUAILHLIMA QYHK-
UAMHE, 00JaJAONIUME PHAJIOM CBOMCTB, CYI[(eCTBEHHO OTINT-
HBIX OT CBOWCTB diaeMeHTapHbIX (ynkmui. Tax, mamprmep,
$yurmua k(T) me Moker OHITH AHAMUTHIECKN IIPOIOJEENa
3a mpeneasl noaymiaockoeta Im § > 0 — Bee Toukm jeiicTBH-

TEIbHOH OCH SIBJISAIOTCA €e 0co0BIMHU TO‘IKaMI/I..D

C nomom(bio MOAYAAPHBIX QYHKIME GBIIA BIEPBHIE JOKA-
3aHa BecbMa rayOoras Teopema Ilurapa:

Teopema 5.1. Mepomopfras 6o ecetl kKoneurotl naroc-
kKoctu Pynryus f(z), He npuHuMarOWas Tper PAIAUNHBLL
3Haverull, nOCTOAHHNA.

Hoxazartenscrro. Ilyers f(z)¥a, b, ¢. Paccmor-

puM YHKIHIO
F(z)=2%(/(2); a, b, ¢),

e §(w; a, b, ¢)— dyuxmua, xoEdopMHO OoTOGparKaIONIas
OJI0CKOCTh ) ¢ BBLIKOJOTHIMH TOYKAMH w = a,b, ¢ Ha KpyT
IZl < 1. IMockonbky Qymxrusa f(z) He mpuHUMAeT 3HAYCHAI
a, b, ¢, a pyurnua {(w; a, b, ¢) He uMeer 0cobBIX TOUeK
KpoMe w = a, b, ¢, Gyuruus F(z) apanurudma, a 1mo Teope-
M€ 0 MOHOJPOMEHEM ¥ TOIOMOP(HA BO Beell KOHEUHOH IIOCKO-
ctu. Kpome toro, |F(z)| < 1. ITo Teopeme Jlmysuminsa (cm.
teopemy 2.3 ri. 1V) mmeem F(z)= const, a 3maumr, u f(z)=
= const. TeopeMa gorazana.
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§ 6. ABToMopdumne m daMENTHYECKHE (YRKIAR

B cBasm ¢ BompocaMm, 0 KOoTopeIX rosopuiock B § 3 o 5,
€CTeCTBEHHO H3JNOKUTh IpocTefimme aKTH M3 TEOPHH aBTO-
MopduBIX GYyHRIUIA.

ITyecrs mama rpynmna Y, cocroAmas u3 KPoOHO-THHEHHHX
npeoGpasosamuit Az (v=20, 1, 2, ...), mepeBogamux B ce-
Os1 obmacts K (KoTopas MoskeT OBITB KPYTOM, IOXYIIO-
CKOCTBIO MIH BCedl KOHeIHOH HJIOCKOCTHIO).

Ecnn ¢ymrnuma f(z), mepomopdmas B obnactm K, ynos-
" JIeTBOPSIET YCJIOBHAM

f(Az)y=1(z) (z=K, A,=Y),

TO OHA HA3BIBAETCA AETOMOPPHOU OTHOCUTEALHO 2pynnuvl Y.

Dyuruyu, aBToMOpPHEE OTHOCHUTEIBHO KOHEYHHIX IPyIO
(manpumep, deTHble), HE HUMEIT OCTATOYHO HHTEPECHBIX
cruenuUIECKHX CBOACTE.

TIpocreiimum KaaccoM ¢PyHKOmHA, aBTOMOPPHBIX OTHOCH-
TenbHO OECKOHEYHOH TPYIIIH, ABIAIOTCA [OEePUOUIECRHE
dyurnuu., ItTu PyEKOUE 6GE3yCIOBHO QUEeHbL HHTEPECHBI, HO
OHHU yjKe 0YeHb XOpOIIo U3YIeHH, W WX cBOHCTBA cramd mpu-
BBHIYHBIMH.

Horga obnacts K — oTo BeA KOHEYHAA NJIOCKOCTh, HMe-
ercs JHUINBE ONUH ° COJlEPKATENBHBIA , KIacC aBTOMOPPHEIX
Dyurnuit — aqaaunTudecKUe  AIR deoaronepuoduueckie
¢yaruun. dannuruieckne PYHKIUA yiKe TABHO BO3HUKAIK
B caMBIX pa3JUYHBIX 3afaiax aHAmW3a (HAXOMMMEHHWe AJIUHB
AyTH JJLIMIICA, MHTeIPUPOBaHWe upocredmmx muddepennu-
aJbHBIX YpPaBHeHWA W T. A.). PaspaboTannas TEOPHA DJILIHI-
TuYecKkAX (DYHKUMA BO3HUKIA pPawblle, IeM TeOPHUS TPy
Bragane smnunoTugeckue QYHKIUNW oXPefeaANAch obpanrenn-
€M INUOTHYecKHX HHTETPajioB, HO BHOOCHeNCTBHA OBLIO 3a-
MedeHo, 9T0 UX IPOIe ONPefelsATh KAK (YHKIHH, HMEIonme
[Ba IepHOja, OTHOMIEHHE KOTOPHX — KOMIUIEKCHOE THCIO. | |

B cayuae, xorna oGaactb K ABasgercs KPYroM HUIW HoIy-
MIOCKOCThIO, CTAHOBUTCHA 3HAYMTENbHO O0JBIIe MHTEPECHBIX
KJIaccoB aBTOMOPOHBIX (YyHEOUi, TaK KaK OOABIAETCS OOJb-
e pasiaudYHEIX Trpynn. Teopusa aBToMopdmEIXx (ymKOouii Ge-
per cBoe HAYANO ¢ MBYYEHUA MONYIAPHBIX (PYHKIEHA, TecHO
CBS3QHHBIX ¢ DIIMNTHIeCKEMH GyHKIuAMM. [ ]

Hacrosmee passuTde Teopus aBTOMOPdHEIX (yrROoui
OONyIHIa ¢ MEePEeXOfoM K (PYHKIUAM MHOTHX KOMILUIEKCHBIX
nepeMeBHEX. Jleno B ToM, UTO NM0GHe IPynnH ApoGHO-am-
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HelHBIX TpeofpasoBaHAN — BTO TOIABKO NMONCPYNNH TPYMITBL
MaTpHi] BToporo mopsmka. Ilepexom & ¢YHEKOHAM MHOTHX
KOMILUIGKCHBIX MEPEMEHHBIX CIJIBHO pAcUIAPWI BHIGOp BO3-
MOKHBIX Tpymm. [ |

Mu me 6ymeM cKoabKo-EHHOYEL HORPOGHO H3JIATaTh Teo-
puro aBroMopdubix (DYHKOHA, a MOKarkeM IUITb HECKOJIBKO
OpOCTEIIIAX TeopeM, OTHOCAIIMXCA OPEeHMYINEeCTBEHHO K 9i-
auOTAYecKEM QY HKIHAM.

JIIna rpyunst ¥, cocrosamell n3 fpoGHO-THHEHARHX mupeol-
pasopamuit A, (v=20, 1, 2, ...), nepeBogsmux obracts KB
ce6s, MOKHO, KaK M JJA TPyOOs aBTOMOP(U3MOB, BBECTH
noaATHe PyHETAMEHTANbHON o0macTH:

Toukn obmactu K, ckaskeM z; U 2, HA30BEM KOHZDYIHT-
HbLMIL, €CJH CyImecTByeT Takoe upeoOpasopamme A,E Y,
aT0 29 = A2, _

O6nacts Go, memamyio B obaactu K, MB naszosem dynma-
MEHTAIbHOH 006JacThI0 TPYNOH Y, 6CIH

1) B ofamactu Go meT TOYEK, KOHTPYIHTHHX MEEAY coOoif,

2) nwobas Touka obmacTw K KOHIPY3HTHA KaKoi-am6o
ToUKe, Aedamiei B obmactm Go Mam HA ee rpaHuUne.

QynpaMentaabaag ofJacTh TPYOOHR OOpPefelsieTca C
GoabIIoil cTemeHbI0 MPOM3BOJA. DyjeM Openmosaratb, 9To
OHA OTpaRWYeHa MPcoTo#H KYyCOUHO TIafkoll KpHBOIL.

Hpumep 1. Ilyers oBaacts K — Besd KOHEYHAS IIIOC-
KOoCTh, a TPyOma Y COCTOMT H3 JHHEHHHX NpeoGpasoBaEHi
BHJIA

Az=2z+n+im,

IMe n W m — OPOU3BONbBHE Nensle ducaa. Hafimem $Hynpa-
MEHTAIbHYI0 06JaCTh DTOH TPymOHL,

Ipyuma ¥ ofpasoBama cremneHAMH ABYX IpeoGpasopapdii
Sz=12z+1 u Tz=z+i O9tu mpeobpasosanug muepecTaHo-
pounsl [loaToMy Mo:HO mocTponTs yHmaMeHTAJdbHBIE oOJa-
CTH IPyHOm Y; U vy, 00Pa30BaHHEIX CTeNEHAMH NpeoGpasoBa-
Hmi S m 7 coOTBETCTBEHHO, a 3aTeM B3ATH B KauecTse QyH-
maMeHTanbHOH obmacTE Hamell rpynnsl mepecedenne Qynpa-
MEHTANbHEX ofnacreil rpynnm y; u Yo.

DyurgaMeHTa bHOA 001acThi0 TPYUOB! Y; ABJAETCA JIO-
Has wpupoamueiinasg momoca @(y)<z <¢(y)+ 1, a pynna-
MEHTANbHON 06JacThi0 IPYNNOH Yy — Ja106ag KpuBodmmeiinas
nomoca Y(x)<<y <P(z)+ 1. Ipocreitrime ¢ynmaMmenrann-
HEle 00J1aCTH MBI HOJIyIuM, ecd Bo3bMeM @ (y)=0 u {(z)=
= (). Ux nepecedennem apasercsa ksagpar 0 < Rez' <1, 0 <
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<Imz<<1. 9ror EKBagpar u ecTb upocTeinnag QyHmaMeH-
TanbHasg 00AacTb TPYNNH Y.

Mosxuo mokasaTh, 4T0 QYyHHAMEHTAJBHYIO o6IacTh Bcer-
ma MomHO BHIOpaTh TaruM o0pasoM, 4To0HI oHA OBLIA oTrpa-

HEYEHA [IYTaMH OKPY’KHOCTEHl M OTPE3KAMH IPAMBIX. | |

Bce teopeMbr MB OymeM MOKasbBaTH MiA CIAyIast, KOTHA
dyumamenTanbuas o6aacTh TPYNONEI JeRAT B oOnacta K BMe-
cre ¢ rpamumineit. Tarxme dyngaMenTanbuble o0JacTH Ha3E-
BawTca KomnakTHeiMu. (TeopeMB MOKHO UepeHecTH W Ha
fonee ofmumii ciayuail, HO Kakoe-imbo OrpaHMYeHMe TaKOTO
pora meobxomuMo.)

Jlemma 1. Hycrv yndamenrtasvrnan obiacte Go epyn-
nbl | KOMNGKTHG U CYwecTéyer HeTPuUsuUaIbHas @yrk-
yus, agromopPran ormocureadio epynnvi y. Toada 2panu-
yy obaacru Go moxwno pasbure ma 2m dye Cy, ..., Cu u
Crr .., Cr. Jlas waxcdois dyeu C, umeercs npeobpasosanue
T, =1, nepesodawee dyay Cs 6 dyey C, ¢ uzmenenuen Ha-
npagaeHus 06xoda Ha nPOTUGONOAONHOE.

MoxasareancTBo. IlycTs rpynma y cocTout m3 mpe-
obpazosammit A, (v=0, 1, 2, ...) (4o — TosETecTEeHHOE
npeobpasosanne). OGosmauum depes G, obpas obmactm Gy
upu orobpascenun A4, Cormacmo onpemexenno $yugaMmen-
ranbkHOH ofmactm stH obaactu G, He MMET OGMUX TOUEK,
a uX 3aMbKaHEA G, 3aNOIHANT B COBOKYIHOCTH BCHO 06-
aacts K.

IMokameM, 9T0 cpepm obmacreir G, malimeTcd KOHeYHOE
qucao ofmacteit, aMeomux ¢ obnacrteo Gy o6myw Ayry rpa-
HHUIBL

Jlns mokasaTedbcTBA PTOrO (PaKTa 3aMeTHM, 4TO 06JIacTh
G, npu v — o craruBaeTca K rpamune obmactn K. [leficTsu-
TeIhHO, B OPOTHBHOM cJAyd9ae CYNIECTBYET TNOCIAEN0BATENb-
HOCTh KOHTPYOHTHBIX MeMIy cofoii Touex {z,}, mmeromas
npefeabHyi0 TOIKY BHYTpum K. 9TO UPOTHBODCUHUT CYIIECTBO-
BAHMIO HETPABUAJLHOH (T. €. OTIWIHOH OT TOKAECTBEHHOU
nocrosnmoi) $yurumm f(z), aBToMopdmHoii OTHOCHTENBHO
rpyunst Y, TaK Kak mMepomopdEas B obaactu K ymrnua
f(z) He MokerT OPWHAMATL OTMHAKOBLIE 3HAYEHASA B IOCIe-
TOBATeJbHOCTH  TOYEK, HMelolmell  OpefiesbHyl0  TOIKY
BuyTpu K. :

TaruM obpasoM, Bce obaactu G, ¢ A0CTaTOIHO GONBOIN-
MM HOMepaMH NONAfaioT B CKOJb YTOIHO MAJYI0 OKPECTHOCTH
rpaunmet obaactu K, a ofmacts Go BMecTe co cBoeil rpand-



§ 6. ABTOMOPOQHEIE U JJINIMOTHYECKAE OVHKIIUN 387

me#t mexur BryTpn K. Caegosarenbro, obaacTe Go rpaRmIAT
JIUINE ¢ KOHEYHEIM gucioM obnacrei G..

OrGepem m3 ofmacreii, rpapmdanmx ¢ Gy, Te, KOTOpHIE
AMeloT ofmyio gyry rpaHunil ¢ (o (a He TOIBKO TOUKY rpa-
HAnbr). JTux obaacreidl dernoe umcno. JefcTBuTenbHO, ecad
npeoGpasosanne A €y mepesogur obaacts Gy B obxacTs,
rpagagan(yo c¢ o6aactbio Gy 00 HEKOTOPOH Xyre, TO M IlIpe-
obpaszonanme A~! Toxe mepesogur o6macth Gy B 0bGmacts,
rpamugamyio ¢ obmactbio Go HO0 HEKOTOpOH [yre, npuieM
obaactn G' n G", mony4amomuecs na Gy mpeoOpa3oBaHUAME
A un A~ pasnuaubL.

Iyers T4, ..., T, — Bce Te npeo0pasoBaHmsg, NJs KOTO-
puix ofpaskr obxactm Go mpm orobpamenaax T, m Ty & ume-
0T 00y Ayry rpanuns ¢ obmacreio Go U Taxme, 9TO cpeyu
npeotpaszopanmit Ty, To, ..., T 1w T4 T3, ... I Her pas-
HEIX. O0o3HaIHM depes G, o0pas ofmactu Go mpu mpeobGpa-
sopapum T, a depes Gyt — oOpas obnactu Go upm mpeobpa-
sopagmn I;'. UYepes C, o0o3maduM oOmYI0 YacTh TPAHAIE

* ’ L 2]
Gou Gy, a qepes Cy — oOmrywo uwacrTh rpamnnel Go m G, .
Hanpasienne ma Cy 1 Cy cumTaey COBIAZAIOIMM C Hapas-
nemmeM rpamunsl Go.

Cornacuo BeIOOpy mpeobpasosammit T1, Ts, ..., T'm coBo-

14 ! 14
kyunoers gyr Ci, Co, ..., Chn m Cy, Cy, ..., Cyp  oOpasyer
BCI0 TpaHdALy (o M 3TH XYTH He HMeIOT o0L(NX TOUEeK.
’
Bristcunm, ato mpoucxoput ¢ gyroin C, npm mpeoGpaso-
Banuu 7. Ilpn sTom npeoGpasosanuu oGmacts Go nepexomuT

B obmacts Gi, a oGmacth Ga. (oOpas obmactu Go mpm 06-
paTHOM npeoGpazosammm)— B 06aacts Go. Jlyra Cy— 00-
masx rpamuna obmacreit Gy u Gyt — nepexomuT B OOI(YI0
rpanuny obaacreii Gy u Go. ITpn sToM maupaBaenume obpasa

14

*
(s cosnamaer ¢ manpapiendeM rpanmnkl Gy, T. e. DPOTHBO-
NONO;KHO HampaBleHuio rpaHuusr (Go. Tarmm ofpaszom, mpe-

ofpasosanme T, mepesoxur xyry C, B myry C, ¢ uaMemenn-
eM HaOpaBleHHA HAa  IPOTHBOIONOMHOe. JleMMa fo-
Kasama.

Teopewma 6.1. Hycre gyndamenrasvnds obaacrs 2pyn-
net ¥ womnarrra. Ecau dynryus f(z), asromopdras orHo-
CUTEAbLHO 2PYNNLL Y, HE UMEET NOAICOE U HYAel HA 2Panii-
ye dyndamenraavroll obaacru Go, 10 wucao ee nyarel ¢ Go
DasHo uucay ee noarocoé é G.
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HJoxrasarexbcTBo. OGosHaumM rpaummy QymIaMeH-
TanpHOR ofmactm Go gepes C. Ilo teopeme 6.1 ri. IV umeem

')
N—P= 7] dz,

e N — uncao myneit, a P — 49dcio HOAIOCOB dyunrnnm f(z)

B obmacrn Go. OGosmaumy wepes C, m Cs te myrm CPaHUIBL
obnacta Go, 0 KoTopeix maer peusr B memme 1, Torma

J 1@ g, Zi L0 g 4 Zf% dz.  (6.0)
s Cq

1(2)

CmenaeM B muTerpanax nmo C, 3aMeny z = (w), roe T,
€ y — npeo0pasoBapusA, IepeBOfsANIue JyTA Cy, B ayra C,
¢ m3MeHeHneM HanpaBienmsa. Torpma

'@ 4. _ ' (Tsw) _ f' (w)
f _—in.(w)dw_—S—~dw,

TaK KAk #3 aBToMopduocTu GyHKIHH f(vz) cIemyer
(T @) =f@w), [ (Tsw) Tsw)={ W)

Craeposarensno, nurerpanst mo C, u C, B dopuyre (6.1)
B3aHMHO YHHYTORAIOTCH, W MBi moJyTaeM N — P = 0. Teope-
Ma J[OKa3aHa.

Teopema 6.2, Iycrv Pyndamenrarvuas o6.aacrs 2pyn-
nut ¥ komnaktHa. Toeda gynryus f(z), asTomopdpras ormno-
CUTEAbHO 2DYNNbL Y U He UMEIOWAs NOAICO8 Nl 6HYTPU, HUL
Ha 2panuye @Pyndamenraarvroli obaacTu,— ToxXJECTBEHHAR
ROCTOAKHAR. :

JloxazaTeanberBo. Ilyers § — mioboe smagenme, He
npuHuMaeMoe Qyurummeit f(z) Ha Tpanume ¢yHIAMEHTAIb-
Hoii o6mactu. Ilpumensna k dymrmmm f(z)— § Teopemy 6.1,
BujAM, 9T0 QyHKIusA f(z) He upuHUMAeT 3HavueHHe [ X BHY-
tpu dyugamentansnoii obmacta Go. Tarxum ofpasoM, PyHE-
musa f(z) nmpurEMaer B o6nactu Go TOABKO Te BHAYEHHA, KO-
TOpHE OHA NpHHAMaeT HA ee rpammie. 11o teopeme 1.1 rua. V
5TO HEBO3MOKHO, ecau f(z)7 const, Tak kKak obpasoM obma-
cru mpu otobpaskenun roixoMopdHO# (yHKuUMEH, OTIUIHOHR
OT TOMECTEEHHOM NocTOAHHOHA, aBaseTca obaactb. TeopeMa
AOKazaHa.
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3aMmesanue. Ha upumepe Teopemnr 6.2 merko yGe-
OUTBCA, 49TO YCIAOBHEe KOMIOAKTHOCTH (YyHIAMERTAJNBHOH 00-
NacTH TPYNUNH Y SBIseTCA CYL(EeCTBEHHHIM. J[eHcTBHTENLHO,
paccMOoTpuM Tpynmy 4, COCTOAINYH0 u3 npeoGpasoBaHuit
Az =z + 2niv (o6nacts K — Bca KOHeYHAA UJIOCKOCTB).
DyHTaMEHTANbHON 00JACTHI0 9TOH TPYNNH ABJIAETCA MOJ0-
ca 0 <Imz<2n, a pyaknum, aBTOMOPHEE OTHOCHTENBHO
9TOH Tpyumbl,— 3T0 NepuHoAwdecKHe (PYHRIUM ¢ NEPHONOM
2ni. OyngaMentaibnas obdacTh He ABIAETcA KOMIAKTHOH,
u Teopema 6.2 meBepHa, KaK mMOKaswBaeT mpuamep f(z)= e[ |

Ecnu cymecTsyer .aBToMopdHAs OTHOCHTEIBHO TPYOOH Y
dyurxnusa, wMeomas B QYHAAMEHTAJNBHOA o6IacTH TONBKO
ofmH Nomoc (M He MMEMINAsA WOJM0COB HA rpamuue dymwma-
MeHTANbHON o6macTm), To Takylo (YHKIHIO HA3HBAT OC-
1106101,

Teopema 6.3. Ilycrv gyndamenrasvinas 064acTdb 2pyn-
not Y Komnakrra. Ecau cywecreyer ocrosnas asToMopdras
Pynryus @(z), 70 a0bas Opyean GYHEYuA, aeromopPras
OTHOCUTEAbHO 2DYRnbL Y, A6ARETCHA PAYUOHAALNOE PyHKyU-
el oT ocHogMOll.

MoxasatenbcrBo. Ilyers f(z)— mwobas ¢ynrnus,
aBTOMOP(QHAA OTHOCHTENBIO TPYUUH Y, A OycTh @ U b — iio-
Oble nmBa 3HAavYenHHms, He INPHHUMAeMbIX Qynknmed f(z) ma
rpapunge QyHAaMeHTanbuol ofaactr Go. Obozmagum Te Tou-
ku obnaactu Go, B KoTopHXx f(z)=a, 9epes ai, Qg, ... Cm,
a Te, B KOTOpHIX f(z)=b,— 4epes Pi, P2, ..., Bm (KAKTyIO
TOYKY OHUIIeM CTOJbKO Pas, KAKOBA ee KPAaTHOCTh).

Pacemorpum dymrnuo

Flay=1@=e 0@ —2F)] .. [26) = E)]
FE—b [9E —0(@)]---[PE)—9 (@,)]

Jdra QYHKNHA He UMeeT HOMIOCOB HE BHYTPM, HE HA TPAHE-
ne ofnactu Go, TaK KAK OHA MOTJA OBl UMETH TOJIOCH JIUIIb
B TOYKAX, rie f(z)= b mau rae ¢(z)= ¢(a), Ho B 3THX TOT-
KaX HYJW 9HUCIUTE]ss W 3HAMEHATENS HMEIOT OFMHAKOBYIO
kparHocts. (Ilo Teopeme 6.1 Bce mymm Qymxmuu ¢(z)—
— @(a)— npocrbie, a uwmcao mymehr Gymrmmir f(z)—a m
/(2)— b omumakoBo.) CuemosaTensno, mo teopeme 6.2 F (z)=
= const, u Teopema roxasama. [ |

Taxum obpasom, ecim yraerca mocTpouTs OCHOBHYIO aBTO-
Mopduyo QyHKNHO, To CTPyKTypa Beero Kinacca (yHKmui,
aBTOMOPQHBIX OTHOCUTENBHO 3afAHHOH TPYNNH, CTAHOBHTCA
Aacua. K comanennio, ocHOBHAs aBToMopdmas (ymKOuUA Cy-
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IecTBYeT NAJeKo He Bcerfga, W I ONMCAHMA BCETo KJIACCA
aBTOMODPHHX (YHKIMII NpPUXORETcA nOpuberars K 6ojce
CJIIOJKHBIM MOCTPOEHHIM.

PaccMorpum aTOT BOTpOC RIA SANUOTHYECKHEX (YHKIHHA.
daauntuueckumy GyrkYusMy HA3HBAOTCA (QYHKIUL, aBTO-
MOpdHBIEe OTHOCHTENBHO TPYUIH, cOCTOAIEil u3 npeobpa-
30BaHU#

Az =z + njo; + no,,

Ime Ny E np — OPOM3BONbHEE Ielble YACHa, 4 ©) A Oy —
3afjaHHble 9HUCJa, OTHOUIEHWe KOTOPHIX He sMBIfgeTCH Meil-
CTBUTCJIBHBIM THCIOM. YHCIa ©1 U ©p ABIAITCA NEPHOTAMHA
BINUOTHIeCKOH DyHKImn.

QDynpamenraibHasg o0aacTh TPYOUBI CTPOUTCH W3 TEX e
coobpaskennii, 9To u B mpuMepe 1. ITpocreiimneii dynmamen-
TANBbHOA 06MACTBI0O ABNAETCH NAPANIENIOrPAMM ¢ BEpIIMHA-
Mu z =0, 2= 01, 2= s, z= 0; + w2, KOTOPHIi Ha3HIBaeTCH
napaasenozpammom nepuodos. fcuo, uro dyumamenTadbuas
o6JacTh KOMOAKTHA.

OcmoBHast aBToMopdHas ¢yurnus He cymecTyer. [led-
CTBUTCIBHO, ecau O yHKOUsA @(z) uMena B mapajLieso-
rpaMMe TMEPHONOB ONMH IPOCTON MOJ0C, TO MEFTErpaj mo rpa-
HAIe TapaiienorpaMma Oepuomop ObLI OBl paBeH BHUYETY B
3TOM moJioce, T. €. Obur OBl OTAWYeH 0T HyJas. Ho mHTerpan
oT ¢(z) mo mapajenorpaMMy NePHOKOB PpaBeH HYII0, TAK
KaK HA OPOTHBOHOJOKHBIX CTOpOHAX PYHKOUs ¢(z) B cHIY
MEePUOAUIHOCTH HPUHAMAET ONUHAKOBHIE BHAYCHUA, W DTH HUII-
Terpa;s B3aMMHO YHWITOMKAOTCA. | |

Takum oOpasoM, mpocreiimas sITHOTAYECKAA PYHKIHA
MoKeT MMeTh B NApaiieorpaMMe NMEPHOJOB MU OfHH KBOH-
HOH MOJITOC, WM ABA OpocTHIX moufocda. Tarkme dyurumm cy-

eCTBYOT. | |
danunTadeckas QYHKIUA ¢ OJHUM ABONHBIM TOJIOCOM B

Touke z = 0 masmBaerca ¥ -pyurnmeii Beitepmrpacca. Oga
onpenensiercs pARoM

1 1 1
¥ (z) = = + Z 2 {(z +n0, 0, - (n0,+ nz(‘)z)2}

(cyMMupoBaHHe NPOHU3BORUTCA MO BCeM IeJbIM ny W ng, Kpo-
Me caydas, Korga H ny = 0 u ng = 0). Herpyzmo mpoeepHrs,
9T0 3TOT PAN PABHOMEDPHO CXORUTCA BO BCEH HIOCKOCTH Z,
3a MCKJIIUEHHEM TOYEK, KOHTPYIHTHHIX HYJIO, TAK KaK €ro
9jIeHbl, HAYXHAA C HEKOTOPOro, He HPEBOCXOMNAT IO afCOIIOT-
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HOA Benuumpe 4dYiIeHOB abCcOMIOTHO CXOnAImeroca 4dYucjioBo-

ro psaga
IY ¢ (m®% ).
I nlml + n2(1)2 I3 (1)1 )

Mepnopgnunccts Qynranu & (z) ¢ HepmomaMu ©; X ®g BH-
TEeKAaeT W3 TOTO, YTO LPH 3aMeHe z Ha 2+ ©) Win HA 2 1+ O
qJeHbl PANA JIUIIb HECKONbKO HHAYE IPYyNNUPYIOTCA.

Bupuo, uro® (z) — wernag pymruus u lim{ P (z) ——1—2}= 0.
z-0 2

Teopema 6.4 Jrwbas sasuntuueckan YHEYUR ¢ ne-
puodamu ® 1w g MoXET 6Ty npedcrassena ¢ eude

f(@) =R (8 (2) +8(2) By (& (2))s

e0e Ry (w) u Ro(w)— payuonarvhble GyHryuu.
MokaszaTeanbcTBo. 3aMeruM, 910 ¢Qyurmua & (2)

1 .
wau, TouHee, QpyuRmEA ¢ (2) = o —a ABJIACTCSA OCHOBHOH

asromMopduoit ymruuedl A rpynnom, cocrosinedi W3 mpe-

obpasoBannit
Az =% z+ nyo, + nwos.

JleficTBuTeNbHO, B KaUecTBe yHNAMEHTANBHOHA ofJacTu BTOR
TPYOOBE MOMKHO B3ATh NAPAJIENOrPAaMM C BEpPIIHMHAME
_e ey ete, 0y =0
2 2 2 2
(momosWHa WapadmeNorpaMMa IepUONOB), B KOTOPOM B CHIY
gernocty ¢yuruna §(2) uDpuHEMaeT KaXKmoe 3JHATCHHE
OfH Ppas.

Dyukuy, aBToMOp(HEE OTHOCHTENBHO HAIled TPYInbL,—
3T0 YeTHHE HIIUOTHIeCKHMe YHKIHUH ¢ IePUONAMH 0] A 9.
CaegmoBareabno, no TeopeMe 6.3 mmbas dermas oiLmHOTHYe-
ckag QYHKUUA ABIACTCA palHoHAAbHOA PyHEnuen or & (2).

Ecnn  f(z)— meuerHam »anunTmueckas PymKIHAsm, TO

{z
@i,‘(z—)) — derHas danmnTmieckas ¢yurnwi. Ilosromy mrobas
HEUETHAsI 3NIUOTHIEeCKAs (DYHKIUA MOsKer OBITH NpercTaB-
nena B sume &' (z) B (F (2)). Ipemcrasmsia miofyo QyHKITIO
B BHFEe CYMMBl 9€THO# M HeYeTHOH, HOIydaeM YTBED/RIeHHE
TeopeMsl. | |

3amernM uro ¢yuruma Befiepmrpacca wmemomssyercs
IMaBHHIM o0pasoM B o0meTeopeTmyeckux BONpPOcax m3-3a
MepJIeRHOH CXOZUMOCTH DPApma Aaf Hee. B mpuxmagmeix Bom-
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pocax oOBIYHO MCHOJB3YIOTCA SaaunTAYecKnme Pymrnum fIxo-
6n m Tak massiBaeMble TaTa-PynrmEn *).[ |

Ogenp Ba)HBIM CBOMCTBOM JIUIHNTHYECKAX PYHKIUHE fB-
jaeTca WX CBA3HL ¢ AndepeHOUANbHBIME YPABHEHHAMH,

Teopema 6.5. Pyuryus (2} ydosaersopaer ug-
PepenyuasvHoMy YpasHenuo

£ (2) = 40 (2) — &, (2) — ga»

2fe g9 m g3 — nocToARKblE, 3a6ucawyUe OT nepuodos wi U wa.

HoxasartenbctBo. QDymkmum £ (2) u ¥’ (2) HE
IMEIOT B DapajleiorpaMMe MEPHONOB MONIOCOB, OTIAMIHBIX OT
z=0. IloaToMy paaa IOKA3aTENbCTBA TEOPEMbl HAM [0CTa-
‘TOYHO yOemAThCH, UTO BHIPAsKEHHE

£%(2) — 46°(2) + 2,8 (2)

He mMeerT momoca mpum z = 0, eca:m mopgxogAmmM oOpasom
BHI0paTh HOCTOAHAYH go. Mnl 3maeM, uTo §(z) — german

dyErnuEa . P (z) = % +o(1) (z—0). 9ro smHaymT, 4TO

@(z)——-—:z——}—clzz—l—czz‘—}—

Orcroma
¥’ (z) =—% + 2c2+ ...,
8,
£ ) = % — = +10(1),
2 b
3
8 (z) = —:6—+ %+ 0(1).

IMonaras g2 = 20c(, moxygaeM yTBEp:KIeHHAEe TEOPEM:I.

3aMernM, uTo ypasHernne (6.2) mmETerpmpyercsa B KBajfpa-
Typax, 9To NO3BONAET HAM HONYYHTH CIE[YION(ee BhIPAKEHIe
qaa ymxmun z(w), obparroit k dynrmun §(2):

2 ()= 5' dw
= — —.
w V4w gzw g3

*) WanokeHme TEOPHH JLIMNTHIeCKHX (yHKImI fIxobm m ToTA-
dymrnmit MoxuO0 Halith B [1, 12, 36].



Tnasa X

SKCTPEMAJIBHBIE 3ATAYH
N PACIIPEJIEJIEHVE 3HAYEHNNA

Merops! omeEKM aHANATHYeCKHX (PYHKOWH, OCHOBAHHBIE
Ha CyOrapMOHWYHOCTH Jjorapmma MOgyia romoMopHoi
(yHKONHU, [JANeKo He BCErmga MOTYT Aarh MOCTATOYHO TOHKHE
pesynbTaThl. B 9T0M raaBe MBI M3I0MKHM HEKOTODHe METOME,
ACIONb3YIOIIHAe NPAMOE OTHICKAHHE SKCTPEMAJBHEIX (PYHK-
O¥ii W I03BONAKINME HONYIuTh Oomee rIYOOKMEe OMEHKH.
BonpmuAcTBO 3THX MeTOHOB BO3HHKJIO B CBASH ¢ TeOpHeil
OJHOJNMCTHBIX (YHKOHA MW ¢ HeBAHNMHHOBCKOW TeopHell pac-
npeflencHAs 3HAYeRWil MepoMopdmsix ¢Pymrmumi. 06 »THX

paspgenax TeOpHHM AHAJNWTHYECKHMX QyHKOUHA Tamme Oynmer
KPaTKO paccKasaHO B 3TOH TIJiasBe.

§ 1. lpusgun runepGonnvueckoii MeTpmRE

UroGer mpepgcraBaTh cefe TPYZHOCTH, ¢ KOTOPEIMH IIpH-
XOMUTCA MMeTh Jejo, PACCMOTPUM ONHY [OBOJBHO LPOCTYIO
sajauy.

Ilycrs mama pymrmua f(z?, ronoMopdHAs W He NPEBOC-
Xopamana egumunsl B Kpyre |z| < 1. Kak yemnmrs sro He-
paBeHCTBO, €CIM [ONONHUTEAbHO m3BecTHo, urto |f(a)l <
<a<1,rge lal <r<1? []

3aMeTHM Cpasy, 4To HCIOOAb30BAHME CYOrapMOHMYHOCTH
Inlf(z)| B xpyre |z| <1 mmuero me pmacr. [leiicTBHTENBHO,
B mpocreiimeM dacTHOM caydae, Korga a =0 m a =0, cy-
mecTByer cyOrapMommueckas ¢ymknua e In |z|, xorTopam
paBEa —oo Opu z=0 m CKOJNb YrogHO MAJI0 OTAMYAETCHA OT
Hynsa (OpH HoAXofAmeM BHOOpe &) misa BCeX OCTANBHBEIX 2
B Kpyre |z} <1.

Omesry B caydae ¢ =0, oo = 0 MBI moayumm ceiitac c
MOMOINGIO TAK HasbiBaeMod semmor Hlsapya:

Jdeuma 1. Ecau gynryusn f(2) cosomopdna npu |z| <
< 1 u ydoeaereopsaer ycaosuam

f0)=0, Ifz)l<1 (lzl <1,

TO

o) <1, If@z)l<lzl (21 <1).
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Jnax  pasencrea docrueaerca Toabko Oan  PyHEYUU
f(z)=1z€",
HorxasatenbcTBO. Paccmorpum ¢yEENUEID ¢(2)=

= f,(:)' Hocroabky f(0)=0, ¢pynknua ¢(z) romoMopdma B

kpyre 1zl <1 m ¢(0)=f(0) (cm., maupmmep, § 2 ra. IV).
KpoMme Toro,

h'_mICP(Z)I=I1ZiE|f(Z)Io

|z|~1

IIpuMenasa npmamun makcuMyma (cM. § 2 ra. VIII), momy-
gaeM: |@(z)| <1 mpm |z| <1, m smar pasemcTBa gocTHraer-
¢ TOJNBKO jia (PyHKOUHM, MOCTOAHHON BO BceM Kpyre. Bos-
Bpamanack K f(z), IPUXORAM K YTBEDIKIEHUIO JEMMBL. D
Jlemma IllBapma sBaserca ocHOBOH OpHHNUIA rumepbo-
nugecKoil MeTpPWKM, HO AJNA Iepexoma oT Hee K obmeit dop-
MYJUpOBKe OpMHNUNA (¢ IOMOIIBI0 KOTOPOIl JErKo MOMKHO
PeIINTh B LOJHOM BHfe M MHorue (ojiee CIOKHEIE 3a7a9d)

moHano6uTCA HEKOTOPAsa HOATOTOBKA. | |

Jemma 2, Hycre w(z)— Earas-aubo Pynryus, rol-
gPopmuo orobpancaroyas obaacte D na xpye lw| <1. Bui-
padcenue

|w’ (2) |

y D) =
Pz D) 1—lw()

00ro3HAUNO onpedeaeno 8 obaactu D u me 3aséucur or 6vi-
6opa orobpascaroweti Pynryun w(z).

JorasarenscTBo. Ham HyKHO mOKa3aTh, 94TO BEJNH-
amBa p(z, D) Be MeHgercs unpm BzaMeme (yBKoum w(z)

¢yarquei

wﬂz):e“’-&i (la]<1).
w— aw (z)
(Cornacao caegcrsmio Teopemur 1.2 ra. IX mobaa ppyras
¢yarmua, xomdopmao orobpakammas obaacts D Ha Kpyr
|w| <1, kak m mo6ag gpyrag Bersb Toil ;e oTobpaskamomeit
QyBEKOUM, BRIpasKaeTcs Uepe3d w(z) ¢ DOMOILIO JPOOHO-IH-
HeftHOoro orofpaskenma kpyra [w| <1 ma ce6a.)
Nmeem

7 i1 — 2 ,
|w1(z)|=ﬁ [w' (2)]
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n

t—lu, @ = H=pelalimet

_ - —aw)—~@—w)@—v) (U —fwP)(1—1af),
|1.—aw|2 |1—aw|2

Orciona Ges Tpyja mOTyTaeM yTBepPIeNne JeMMBL | |

Benwauny p(z, D) masoBeM naoTHOCTbIO eunepboauie-
ckoli (mam uneapuanThol) merpuru obaacru D.

Bunno, uto p(z, D)= + o, Korja z crpeMuTcst K TpaHUIE
obmacte D. Mosxao moxasarts, uro ¢ymrnua p(z + iy, D)
ynosaerBopser nuddepeEnuanbEOMY yPaBHEHUIO

u | ou 1

+-—=e*% u=-—Inp(z D).

PR 5~ 1np(z, D)
TI'unepboauneckyio merpuxy obnacrm D momywaem, 3aja-

Bag asemenr 2unepboauteckol daumnb, ds PaBeHCTBOM

ds = p(z, D)\dzl.

HKorpma sagam smeMenT JiIMHBI, MOMKHO TOBOPUThH O JIMHE Kpd-
Boil m o muomanu obmactu. MokHO TOBOpHTH W O paccros-
HUM MEKIY ABYMS TOYKAMW KaK 0 HaHMeHbpIIeH JiInee KpUBOH,
coemmasomei atn Toukn. Ty KpUBY, JIs KOTOPOM IOCTHra-
eTcsl T4 HAMMEHBINAs INMHA, eCTeCTBeHHO HASKIBATH IPAMOIL.

Taxum obpasoM, 3amapme MeTpuKm B obmactu D memaer
3Ty o0aacTh MOJeNbi0 HEKOTOPOro reoMeTDPHYEcKoro Ipo-
crpaEcTBa. OHaspiBaeTcs, d9TO 3To HOPOCTPAHCTBO ABIAETCH
NIOCKOCTBIO JloGadeBckoro. JTa Mofensr ocofeHHo HATIANHA,
ecnm B KavecTse obxactu D B3ATH MONYILIOCKOCTh Im z > (.
TaM OpPAMBIME ABIAIOTCA OKPYMKHOCTH ¢ IEHATPOM Ha Jeii-
CTBHTEABHOH OCH.

TlocKonbKy TeOMeTpHA MIOCKOCTH JI0GaYeBCKOro HA3HBA-
eTca eme W runepOonmuecKoil reoMeTpueil, BReJeHHAT HAMU
B obnacte D MeTpmra HOJIydYMaa HA3BaHWe runeplonmdecKou
merpukn  (ymoTpefasierca # ~ Ha3BaHWE:  HEEBKIMZOBA
MeTpHKa).

HpHBeJIeM (opMynHl A OCHOBHHIX BeIMIAH B rumepGo-
amgecoki Merpuke. ITH POPMYIH! NErKo BHITEKAIT M3 OIIpe-
HeJleHUs DIEMEHTA JJIHHEL.

TI'unepboauneckan dauna kpueoti L, nemameir B D, papna

w(L, D) =L\° o (z D)|dz].
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T'unepboauueckas naowadv obaacru S <D pasHA

A(S, D) = fo 0* (z, D) dz dy.

T'unepboauueckoe paccroanue mexcdy Toukamu zi €D m
2o € D paBHOo

1—w(z 2z} |+ w —w(z
F @ 23 D) = A 1n T2 C 1w () —w )|
li—w(zl) w(z)| = |w(z) —w(z)]
rge w(z)— moGaa Pyrrnua, kordopmHo oTobparkaromas D
ma kpyr lw| < 1. [] :
OpeuM W3 OCHOBHBIX CBOWCTB ruuepGONHAYECKOll METPHRH
ABNACTCA €€ UHBAPUAHTHOCTH OTHOCUTEAbHO KOHPBODPMHBLL
oTo6pasxcenull. ITo CBOMCTBO COCTOUT B CHEHYIOIMIEM:

Iyery pynryus §(z) wondopmno orobpaxcaer obaacro D
Ha obaactv G. Tozda

w(L, D)= u(%(L), G),
r(z, 22, DYy=r(%(z1), §(22), G)..

JTo CBOMCTBO cpady moiaydaercsa w3 onpegeienns., Ha-
mpuMep, IepBoe M3 PABEHCTB IONYJaeTéfl ¢ IOMOINBIO 3aMe-
Hbl IePeMeHHOH -~ WHTErPUPOBAHWA, BTOPOE — TAK  JKe,
TpeThe — M3 MEepBOro.

JT0 CBOMCTBO LOCAYIKWJI0 OPUIMHOH TOrO, 4T0 rumepbo-
AUYecKag MeETPDHMKA JacTO HA3BIBAETCA UHEAPUAHTHOU MeT-

puroii. [ ]

IMepeiineM & dopMynupoBEe npuHyuna eurepboauiecrol
merpuru. Hambonee ymorpeburensHoil ero dropMoil sBiuserca
ceyIoman TeopeMa:

Teopema 1.1. IIycrs obaacru D u G unmeror rora 6vi
no tpu epanuunvie Touku. Ecau dynryus f(z) eosomoppra
6 o6aacru D, a ee snauenus aexcar 8 obaacru G, To

1" (2)lp(f(2), G)<p(z, D) (2= D).

NMokasareabcTBo. IlycTh a — DPOM3BONBHAA TOYKA
obnactu D, a b= f(a). Ilo ycnosuro Teopemst b < G. OGo-
sEaunM uepe3 §(z) $ymrmmio, KoHPOPMHO 0TOGpAyKANINYIO
o6macts D ma xpyr |¢| <1 m mepeBogAmymo TOUYRy Z=4a B
roury § = 0. Yepes z({) ofosmaumm ¢ymrumio, obparmym
k §(z). Amarormuno uepe3 t(w) obozHaYmM (YHKIHIO, KOH-
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$dopmuo orofpaxarmyno obnacts G ma kpyr |¢| <1 m mepe-
BOJAINYI0 TOYKY w = b B Toury t = 0, a wepe3 w ({) — oGpar-
HYIO K Hell QyHKROHUIO.

Paccmorpum pysxmmio

g(8)=t(f(z(5))).

Jra QyHEKOUA AaHAJAWTAYHA, a 3HAYHUT, W rojluMopdHA B KpPY-
re |t| <1. Byagem cumrath, 4ro BHOpPaEa Ta BeTBb 3TOM
$yarauu, Koropas ofpamaercsa B HynNs B Touke § = (0. Oue-
BHJHO, MeeM

g(0)=0, lg®)I <1 (gl <1),

1. e. Gymkmua f(§) yHoBmeTBopser YCAOBHAM  JIEMMBI
Ilsapua. Caesosareasno, |g’(0)| < 1, npugem 3HAK paBeHCT-
Ba MoeT gocturarbcag ammb ana Qymrmmm g(§)=Ce. Ho

g’ (0)=1¢"(b)-f (a)-2'(0),
’ 1
u mockoabky 2 (0) = 77 (@) DOTyIaeM
If"(a) | - 18" (f(a)) | < 1T (a)l.
IIpurrMan Bo BEMManme, 910 t{(f(a))=0, §(a) =0, maxogum
1#"(f(a))| = p(f(a), G), 1E'(a)l =p(a, G).

Orcrofa merko mojaydaeM YTBeDIKIeHHE TeopeMbl.

3amevanne 1. Ecam obaacts G cogep:rur OecKoHEed-
HO YNAJEHAYI TOUYKY, To PyHKmmio f(z) ecrecTBemHO Ipef-
mojarath He roloMopdHON, a MepomopdProli B obmactm D.

SamMevanue 2. YrBep:xmenue Teopems! 1.1 ocraerca
B cuiie, €CIM CYUTATh, 9To PyErmua f(z) me romomopdaa,
a gqraautTuyHna B obmactm D. Iro osmagaer, uTo OAA PyHK-
nuit, romoMopdHHNX B obnactm D), HepaBeHCTBO MOMKET OKa-
3aThCA HE HAMJYYIMM H3 BO3MOIKHBIX. Bymer 5To Tag wmiud
HeT, UPOINe BCEero BBHIACHATH, HAWAA JKCTPEMANbHYI0 PyHK-
nupo. Ecnm skcrpemansmasg (QyHKOMA ofHO3HAYHA B o0Jja-
ctu D), To HepaBeHCTBO YAYYIIATH HENb3d, a €CIH OHa HC-
ONHO3HAYHA,— MOKHO. TaKk Kagk 3SKcTpeMaNbHAA (YHKOAA
3aBelOMO aHANMTHYHA B obmact D, To mad ofHOCBA3HOU 00-
nacru ) HepaBedcrBo TeopeMu! 1.1 aBusercs HaMIydmmM
BoaMoskHBIM. [lna mBorocBfsHoM ofmacrm D Tpelyerca mo-
MOAHUTENBHOE MCCIEIOBAHNE.

U3 Teopemsr 1.1 nerxo BEIBofgATCA W Bce ApyrHe popMy-
AMPOBKY IPUHNMIA TANepPOOIMYecKodl MeTpUKH:
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Llycre Pynryus f(z) ronomopdua 6 obaacru D, a ee 3na-
uyenua aexar ¢ obaacru G. Toeda

w(L, D)= pu(f(L), G),
A(S, D)= A(f(S), G),
r(a, b, Dy=r(f(a), {(b), G).
Uro0Bl ONEHATL CTelNeHb COAepIKATEeNLHOCTH HalmcaH-

HBIX HEDABEHCTB, TUTATENb MOJKET PAacCMOTPETh caydal, Kor-
na obxactu D u G — eguanunsie kpyru, f(z)=1z", a L —
myra oxpyskmoctm |z|l =r<1. []

PaccMoTpMM HECKONbKO THHWTHBIX HPUMEDPOB NOAYIEHHS
OLIEAOK aHaaurudecKumX (PYHKIUI ¢ moMombio Teopemsr 1.1.
B wacrmocrw, pemmM @ Ty 3ajady, 0 KOTOPOH roBODPWIH B
gagane nmaparpada.

Mpumep 1. ycrs $ymxmma f(z) romomopdma um ne
mpesocxoguT enuaunsl B Kpyre |zl < 1. Ioxakem, dro

1

|f,(z)‘<'1—__]z—|2 (121 <<). (1.1)

Ecau o6nacts B — eTWHWIHLIA KpYT, TO

1
By =—1
p(z, B) 1— |
u teopema 1.1 maer, uto

17 @] 1
—rer ~1onr <D (12

orkyna cpasy moaygaem (1.1). Jlaag mmoGoit pymrmmu, Kos-
dopMEO oToOpaskammeil eTMAMTHBIN KpPyr Ha celd, Hepa-
BeacTRO (1.2) ofpamaerca B pasemctBo. [lockonbxky cpemu
ysrmui, KoEPOPMHO OTOGPAKAIMAX EAMUAYHLIA KPYr HA
cebsa, ects QyHKOmm, obpamarmuecsa B HyIb B Ji000i 3a-
TaHHOA TOYKe eIMHMIHOro Kpyra, To Hepasemctso (1.1)
HeJIb3s 3aMEeHUTH (0Jiee CHIbHEBIM,

Mpumep 2. Hycrs dymrmus f(z) romomoppma m He
npesocxonut egmaEunsl B kpyre |z| < 1. Tlorasem, 9To ecan
[f(a)| € <1, rge a — mexoropas Touka xpyra |z| <r<<1,
1o mpu |z| <1 compaBennuBO HEpaBEHCTBO

Ate)d+nNd4lz)—A—a)(d—r)d—]z])
tOISTraaFnar D Ta—d—na—=1:"
(1.3)




§ 1. IPUHITAII THIIEPBOJINYECKO®X METPHKU 399

Hannmem paseHCTBO
z
1 14+e8f(®) 4 1+ €19 (a) el (1)
—lp—————1In . = =
2 1 — 0f (2) 2 1— eief (a) 1— ez‘ef )
IIyrs wATErpupoBaHUA OT @ [0 Z COCTABEM H3 IPIMOIHMHEH-
asIx otpeskos (a, 0) m (0, z). Torma

dt.

f eOf (1) dt
aimﬁwﬂn

U mcmoab3ya HepaseHcermo (1.2), nonyqaeM

a z

FON! |
<V a4 )2 a,
§1——|f(t)|2| Héi—mmzI |

iz]
A 1+ 1f(@)] 5 S
<3 lni—lf(a)l p Rl

A |t @
2 1— 01 (z)

OTKyZa

1+ €407 (2) 1+a 1+r 14 |2]
ni__emf(z) <1 +1n +1n 2"

BuiGupas qucao 0 rak, 4To6n €°f(z) = |f(2) |, monygaem me-
paBeHCTBO

ESII TR ES: 1|z
e sin e

U3 KOTOPOTO y’Ke Jerko moiaydaeM HepaneHCTBO (1.3).

IIpumep 3. Iycrs dyaroua f(z) roxomopdra B Kpyre
|zl <1 w me mpuEEMaeT B 3TOM Kpyre AEHCTBATENbHBIX OT-
punarenpHbIx 3mavenmii. [lokamewM, 110

1-—l—r

z T lnr— +1n

];,((zz))\i_4|2|2 (Iz]<<1) (1.4)
)4 g
(e <|fal<E da<n ay

Teneps obmacts D —arto wpyr |zl <1, a ofxacts G —
ILIOCKOCTs W ¢ Pa3pe3oM [0 OTPHUIATeNbHONR JacTH JAedcTBH-

1—-Vw

rexsHoit ocu. Oyakmua § = —~ KoHQopMHO oToGpaska-
14+ Vw
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er o6macts G ma Kpyr |5l <1. IlosToMy
&l _ 1 1
1—18(w) ? vm |1+V|2—11—Vw|2 =
1

V|w| U +VTwl)? (1—1/|w|)2 ~ 4w

pw,G) = —|

(mma w > 0 aro mepaBeHCTBO ofpamaercd B pasencTBo). llo-

cronbRy P (2, D) = teopeMa 1.1 maer HepaBen-

1—[z)’
ctBo (1.4)..
HNanee,
f(2) (2) zJ‘ ® ¢ d
z f@|_ 't 14-]z|
| mfFg 1< |1“f(0) = ifw) dt <4§1 =z
OTKyZa
_ 1412] - 1a]L@ 1—I—Izl
2]n1—|_zl In HUIES <2Iln:—/—— T—T]zT"

m M1 momyuaem mepasemcrsa (1.5). []

Bepremca ® ofmum Bompocam. (Ocofo orMeTuM ofuH
qacTHRIA caydait Teopemsr 1.1.

Teopema 1.2, Hauboavwee snauenue |f'(a)| 6 raac-
ce Pyunryull, anasuruieckur ¢ obaacru D u ydosaersops-
OWUL YCA08ULM

H(a)=0, lf(z)I <1 (z=D),

docrueaerca daa pynryuu w(z), Kondopmno oTobpascaouei
o6aacto D na kpye lw| <4, u roavko dasa nee. Iro nau6osb-

wee anauenue pasuo p(z, D).
Horxasareasctso. U3 teopemsr 1.1 (oGmactes G —

pyr |w|<1) cuegyer, 9To Ogna mwGoit Pyaxmum f(z) us
YKa3agHOrO KIAcCa mMeeM

17 @] <52 = p(e, D)

(rax xak p(0, lw| <1)=1). 310 nepasencrso ofpamaercs
B PaBeHCTBO TONbKO mas f(z)=ew(z).
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Cnegcrsue. Ecau D<D,, 10 p(2, D)=p (2, Di)
(z= D), npuuen 3snar pasencrea 603MOXNCEH AUWD 6 CAY-
yae 1 = Dl.

eiicreutensno, (QyHEKOUsa, KoHQOPMHO oro0paskaromas
Gomee mumpoKyo obmacts Ha KPyr |w| <1, BxoguT B yKasas-
HBI{i Kiaacc #as Gomee yswoit obGmactd, m erobpaskalomume
(YHKIME COBHAJAIOT ¢ TOYHOCTHIO [0 MHOMUTENs €'° TONb-

KO TOrfa, Korjga coBmajfialoT caMu o0JacTH. D

Unrepecao orMeTuTh, dro (PaKT, HOAYYEHHBIA B TEOpE-
Me 1.2, Oblm copjep)KaHuWeM BecbMa HETPDUBHANBHON Teope-
met 1.1 i IX o cymecrBoBaEME KOHPOPMHOro oToGpaskeHMs.
OxaspiBaeTca, IpeUoNoKeHNe O CYIMECTBOBAHME KOHPODM-
HOTO OTOOpDAsKeHMs [lellaeT [IOKA3aTeNbCTBO BTOro (aKTa
TIOYTH TPUBUANBHBIM,

HarepecHo, 9To BO MHOTHMX BKCTPSMANBHBIX 337a9aX TEO-
pEM AaHAIWTHYECKAX (YHKIWA CTPYKTypa OSKCTpeMAalbHBIX
PyHRIUA Tome MoskeT OBITH OOWCAHA C IIOMOINBI0 TeX WM
gEHX otobpaskaromux pymrnwmi. Haopumep (em. [10]):

Hyecry D asaserca m-ceasnoil obaacrvio. Hauboavuree
anauenue |f' (a)| e raacce Ppynryuii, soromopdruviz 8 obaac-
Tu D u ydoeaereoparowux ycroeuam

Ha)=0, lf(z)l<1 (z=D),

docrueaerca daa dynkyuu w(z), ocywecrsaaouell oTobpa-
wenue obaacru D ma m pas norpuirell edunuuHbll Kpye.

JKCTpeMaNbHbIM 3aflayaM OocBaAMMeHa Oombmas IUTEpa-
rypa (rmaBHEeIM o0pa3oM, KypDHAJbHBIE cTathbu). B Goab-
IMUHCTBE CBOEM STH 3a/[a9¥M OTHOCATCH, CKOpee, K BapHamy-
OHHOMY HCYHCJIEHHIO,

§ 2. llpnagun caMMerpn3anuu

B npuMenemmax unpmAnWna runeplonmuecKoil MeTPUKR
9aCcT0 IPAXOQUTCA CTAJKUBATBCA ¢ BOOPOCOM, IHOTOGHEIM CJie-
AyomeMy:

ITycre obmacts D — 3To BcA IIOCKOCTH ¢ paspesoM IO
HEKOTOPOH KpWBOI, BbIXofAImeid ua Havaja. IIpm kakoit gop-
Me 5TO¥ KpHBO#l 3HAYeHHe Beamumasl p(z, D) Oymer Ham-
MeHbmuM? '

B GonbmuacTBe CIydaeB HA TaKHe BOLNPOCHI MOMKHO IIO-
AYIUTH OTBET ¢ MOMOINBIO CHENYIOIIEH TeopeMbl, ABJIAIONME-
¢l YACTHBIM CJIy4aeM TAK HA3bIBAEMOTO NPUHLUNG CUMMET-
pusayul,
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Teopema 2.4, Hyers obaacre D rakosa, uto na kasc-
0ot okpysxcnocTy |zl =p npu p=r umeerca zora 6vl odna
Touka, He npunadaescawyas obaacru D, Tozda

1
S (HE

3Har pasencrea JocTU2AETCA TOABKO Oaf cayuas, Kozda D —
9T0 6CA NAOCKOCTb C paspedom no ayuy (—re?, —ooe®), zde
¢ =argz.

HoraszareabcrBo. OGosmauum dgepes D, miockocTh
¢ paspe3oM mo xnyay (—r, —). flcao, 9T0 MOKHO HOKA3HI-
BaTh TeopeMy TOJBKO MiA caydas, xorma z=a>0. Torga

pasencteo p(a, D)=4(a—1—i-r) BO3MO;KHO JIMOIb, Korja D

coBmazaer ¢ D, (TGM e cmocoboM, Iro u B mpuMepe 3 § 1,

nerxo yGemurhes, 4TO p(a, D;) = Z'(bii?)_)

3aMeruM, 4TO TPH HCCIAEOBAHUN BO3IMOKHOCTH PABEHCT-
Ba MH MO;KeM He WHTEpecoBaThCca ciaydaem, Korma D ssua-
erca uacrbio D,. JleficrBurenbHo, TOrJa 3aBEOMO HMeeT
MecTo CTPoroe HepaBeHcTBo (cM. caencrsue Teopemsr 1.2).

IToxkaskeM, 4To AJMA JOKAa3aTeJbCTBA TEOPEMHI JOCTATOYHO
g ao6oro a > 0 mocrpouts GyHKIUO ¢(2) cO cleMYIOMUMH
CBOUCTBAMU.

1. Oysxnua ¢(z) amamurmgaa B obxactn D.

2. 9(0)=0, lp(z)| <1 (z=D).

3. ]chm D me sapmgerca uacreio D, 10 |9'(a)|>
~T@rn’

JeiicrBuTentHo, mo teopeme 1.1 (¢ ygeroMm 3amedanua 2)
A $yHEnEA ¢(2Z) moKHO GHTH BEIIOJHEHO HEPABEHCTBO

lg"(a)1p(0, G)<p(a, D),
rme G — o0nacrs, B KOTOPOii mexar amagenus ¢(z). B cuay
ycaosua 2 B KagecrBe G MomkHO B3aATH KpYT |wi<1, a

0(0, lw| <1)=1.

p(a, D)= g’ (a)l,

U yTBEp:K[eHUE TeopeMEbI clefyeT U3 YCIOBUA 3, TaK KaK
mia obmacrm D, asaswomeiica gacrbio D,, Bompoc yke pe-
men. Ham Oygmer uecKoabKo ypnoOHee CTPOUTh (PYHKIHIO

z
u(z)=1n },ipé—)a ’ JaMeruM, 9To JOCTATOYHO HMOCTPOUTDH (PYHK-

ITooromy

nuo u(z), obaagaomyio cleqyOmUMI CBofcTBAMHE:



§ 2. IPUHOUII CHMMETPU3AITUNA 403

1*, Qynrous u(z) rapMormyuHa B obaacru D.

2% u(z)<-—Inlz—al (z€D).

3% Ecam D me asugerca 'uactbio D, 10 u(a)>=

1 .

In——.
=7 |

HeficrBuTenbuo, mycrs Takas Qysrmua u(z) mocTpoeHa.
OGosmaunM uepes w(z) dyErnmio, wumeomyn u(z) cBoei
AeACTBUTENbHON 9acThIO, W MOJOKAM

¢ (z)=(z—a)e".
dra dymkmua obmagaer TpeGyeMEIME CBOHMCTBAMHU, ¥ CIOBHUE
1* oGecmeumBaer Buimonmeame yciosua 1. W3 ycmoBua 2%
crefiyer Bhmonmenme yciosua 2 (uro ¢(a)=10, ogesmmmo).
U3 ycenoBus 3* clemyer BHIIOAHeHHe YCJIOBHA 3, TaK KaK

lp” (a) | = et
IIpy mocrpoenmu Qyurnum u(z) momagoburcs opmyna
'l/t;mlnlz—}—:c] dz - -
—n‘ WW:zln“/z—!—Val, (2.1)

1}
Kotopasa cmpasejiuBa mpu a >0 m npm n06ux z (gua Vz

Gepercs raaBHoe 3mauenue, T. €. Re Vz=0).
Ilna mokasarenbersa sroit GopMmyasl HATMIIEM

Va (Inlz+z| dz ]/“j'lnlz+z2|dt
o etz sz a4t

_Va S’ Infe+iVz|+Inlt—iVz]

n a+t?

ITockonbKy, BEMUCAAA MHTETPANE ¢ MOMOMIBI0 BEIETOB (CM.
dopmyny (3.7) ru. VI), nerko momygaem

V‘f Inje4iVe] 5 va f lnlt—zvzldt

a2 att®
= In I VZ + Va lv
MEI IPUXORUM K TpeGyemoil dopmyie.
Ocobo oTMeTHM, YTO IPH OTPUHATENBHEIX z opMyna mpu-
guMaeT Oojiee mPOCTOM BUJ:

00

1 —1| d
?o%x__'_‘_/‘;;=ln(a+t) t>0). (22
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Temeps mepeiifieM K mocrpoenuio gynrmun u(z).

ITo ycnosmio TeopeMil Ha Kamjoli OKpymmoctTH |z| =
Opu O =>r malifjerca Xora OBl OfHA TOYKA Z,, HE npm{anne-
maman obxactu D. O6o3nauuM

Zo=—pe’®, —a<O(p)<m,
A IOJOMHIM
a—}—rj‘ In|z4 (24 r) 0D | gz
u (z) atr —|— z V;'

Y6equmen, 4ro sra (bymﬂmﬂ yaoBIeTBOpAET ycaosmaM 1*—
3*, Warerpan jna ¢pyEKuun u(z) PaBHOMEDHO CXONHUTCA B
15000t KOHEIHOM 9acTu IIOCKOCTH, TAK 9TO U (2Z) Hempephis-
Ha BO Beeil miockocru. IlopbiaTerpanbuan QyHKIUA ABIAET-
cA rapMommveckoii fymRiumed mapamerpa z Bo Beeil MIIOCHO-
CTH, 38 UCKIIOYEHEEM TOYEK

z2=—(z+r)et (z>0).

ITocronbry DTH To4KM He BXOZAT B 06jaacTs D, pasroMepHas

CXOIUMOCTE HHTerpama o0ecmeunBaeT TrapMOHHYHOCTH (DYHE-

mum u(z) B obnactm D. Tem camem ycnoBue 1* mrimonmeHo.
W3 ouesupnoro HepaBeHCTEA

Inlz+(z+r)e®= | =1 lz+r— |zl
monydaem

'|/a—|~rmln|:c—|—r—|z|| dz
u(e) < — n atr+z 1Viz

0

Cornacro opmyne (2.2) sro gaer mam u(z)<< —In(a+ |zl)<
< —Inlz—al, 1. e. ycnoBue 2* Toe BEIIOIHEHO.
ITpm m00HIX mMOMOMKMTENBHEIX z U P UMeeM HEPABEHCTBO

In)z 4 peid| = %ln((z + p)® — 4zpsin? %) =
_ S _ g 2.9_)
=1n(z + p) + 5 ln(i (Z—l—p)zsm 3 <
20 e

0
<Lln(z + p)—(z—+—p)—2s1n -5

W3 sToro HepaBeHCTBA CJEYCT, ITO
Inja + (z + r)eioEtn]

2a (x4 1) sin 0(x+r)
2 .

Llhh@+z+r)— Groto)
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C moMombio mociennero mepasencrBa m gopmyast (2.1) mo-
TydaeM

u@>—2n2Va+r) +
+2a;nl,/ﬁj‘ z+r Sinze(xz—;—r) dz
0

75

IMocaenmmit maTerpam Mosker o0paTHTECA B HYJL TOIBKO B
caygae, ecim pyrknug 0(z +r) mourm Bewopy paBHa HYJIIO.
Ho B sToM cnygae Bech ay4 (—r, —) 06sa3aH HE copep;warh
trodek obaactu D, T. e. o6aactt D asaserca wacTbio obmactu

1
4d(atry
T, e. yeaosue 3* Tose BHmonHeHo. Teopema mokasama. | |

B cayuae, xorma mpuxofiurca mMeTh [eNo ¢ 3aa9aMH, MO~
moGHBIMHA TOH, 0 KOTOpOi MEH TOBOpMJIE B Hadaje maparpada,
MoHO 0000IIATE TeopeMy ¢ MOMOmbIo KOH(OPMHOr0 oToOpa-
aenna. OgEAKO IPH 9TOM IPUXONMTCA OTKA3aThCH OT Ipef-
MoJoMteHNA, 9T0 TOYKM, He HpuHAmIemamue D, MoryT m He
06pa3oBEIBATH CBABHOE MHOKECTBO. | |

Hmeerca m Gomee cymectBeHHOe 0600menne TeopeMsl 2.1,
M3BECTHOE IIOJ, HA3BaHMEeM OpUWHNEOA caMMerpusanmm, [lim
ero (OpMyTHPOBKA BBEEM OHO HOBOE IIOHATHE.

IIo obmactm D ofpasyeM cummeTpusosannyr o064acTob
D#* cnepgyoomum ofpasom.

Ecam orpymmaocts |z| = p mepeceraer ob6macts D mo my-
raM, cyMMa JJIMH KOTOPHIX paBHa 0(p), TO 9Ta OKPY;KHOCTH
mepeceraer of6mactes D* mo ogHo#t myre mummet 0(p) ¢ cepe-
nuHOf B ToYKe z = —p (€cam OKpyKHOCTL |z| =p memmrom
aemur B D, To oma neamkom mexuT mw B D*, m maoGopor).

Toeda umeer mecro nepagencreo (em. [41])

p(z, D)= p(lzl, D*) (ze D).

AHaZlorduHOe HePaBEHCTBO YCTAHABIMBAETCA W [JIA rap-
MoHmYecKo#l Meph, gurypupyiomeit B mpoGieme HKapmema-
#a — Muro, ®oropaa obey:mxpganace B § 4 rum. VIII. 3ror pe-
symbrar (UM MHOruWe fpyrue) Takime mmeeres B [41].

(a+:c+r)3 Vz

D.. Ecnn ate D me augerca gacrsio D,, To u (@) >1n

§ 3. Ouenkn oxHONMCTHHIX B cpeqHeM (QyHKNMIA

B rauecrse mpumepa OPUMEHEHHA W3NOKEHHBEIX METOJOB
PaccMOTpUM 3aHady O HONXYIeHUH TOYHBIX ONEHOK Miaa (yHKH-
Ui, ONHOJMCTHBIX M ToJOMOp(HLIX B EAWHHIHOM Kpyre.
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Muorue m3 sTHX OMEHOK CIPABEJIVBE B [JIA Goji€e MUPOKO-
ro Kiacca QyHKOUN, KOTOPH HA3HBaeTCA KjaaccoM PyHROUii,
O[HONUCTHEIX B cpefineM mo okpy:moctu. IlosTomy cmagaia
MBI OmpejleliM 3TOT KIAcC W IMO3HAKOMHUMCH ¢ IPOCTEHmMuME
CBOMCTBAMHI BXONAIMMUX B Hero (QPyHKI(MI. D

OGo3maunm <wepes n(w, f) gucio wnymeit QyERmIN
f(3) —w (camraemsix ¢ KpaTHOCTBIO) B Kpyre |z| <1,

Jlna opmommernoctn pymrnumm f(z) B Epyre |zl <1 me-
obxomumo m focratouro, YyToOH n(w, f)<<1 pua a0bux w.

Qyaxnua f(z) HasweBaerca  00HOAUCTHOL 6 cpednem no
okpyscrocTy ¢ kpyee |z| <1, ecnm mpm m0Gom p >0 uMeem
HEPaBEeHCTBO *)

S n(w, fy|dw|<2np.
[w]=p

flcmo, aro Qymrnus, ommommerHam B kpyre |zl <1, ms-
JAAETCA M OJHONMCTHOM B CPElHEM IO OKPY;KHOCTH B 3TOM
kpyre. ||

OrMeruM fABa BaUKHEIX cBoiicTBA QYHKIUIN, OHOIUCTHLIX
B cpeflHeM IO OKPY;RKHOCTH.

CeoficrBo 1. Ilycre gynryusn z(§) xongopmuo oro-
bpasicaer efunuuHBL Kpye HA 064aCTb, Aexkawyro 6 eduHuY-
nom Epyee. Ecau gynwyus f(z) odnoauctna e cpedunem no
okpyxcnocry ¢ kpyee |zl <1, ro u Pynryus g(§)=7(z(¢))
Toxe OOHOAUCTHA 6 Cpednem no OKDYICHOCTU @ Kpyee
gl < 1.

Jlna pokrasarenbcTBa 9TOro CBOICTBA JIOCTATOYHO 3aMe-
taTh, 9o n(w, f)=n(w, g), Tak Kak Kamgoe 3HaueHme W,
opunuMaemoe ¢ynrmuedr g(§) B Touke §==C’, dymrmua
f(z) mpumummaer B Touke 2z’ =12z(§’).

CsoisicrBo 2. Hycre dynryus f(z) eosomopdra e kpy-
2e |z| <1 u odnoaucrna e cpeduem no OKPYICHOCTU € ITOM
kpyee. Toeda cywecreyer uucao d=4d(f), obaadarowee cae-
dyrowum ceoticTeom:

HAas awbozo w, aewmaweeco 6 kpyee |lw|<d, umeem
n(w, f)=1, a na awboli okpyxnocru |lw|l=p, p>d, nai-
derca 3HaweHue w,, 0as Koropozo n(w,, f)= 0.

*) WarterpmpyeMocts dymxmum n{w, f) mo Jebery moxasath He-
TPYAHO, HO IPH >KelaHdd H3(esKaTh mETErpHpoBaunma mo JleGery Mox-
HO BMECTO ITOTO HHTErpalia paccMaTpPHBATh Ipeet Upw r — {1 WHTETrpa-
Jga or QyEknEm n(r, w, f), TAe n(r, w, f) —9AcI0 EyXekk Pymxmun
f(z) — w B Kpyre |z| <r.dTa PyEKMEA MOHOTOHHA M MMEET KOHETIHOO
THCA0 ToYEK pa3phIBa mpm d06oM r < 1,
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ITycrs ma okpysmmocrs |w| =p mer Touer, AJm KOTOPHIX
n(w, f)=0. Aro Bo3moxkHO AWM B cayuae, ecnm n(w, {)=1
JAJiA BCex w HA 3TOH oKpy:HocTH. JleficTBUTenabHO, IO TEO-
peme 1.1 ra. 'V muOMecTBO TOYeR, rae n(w, )= 2, asngerca
OTKPHITHIM MHOKECTBOM. OT0 B3HAYHAT, YTO M3 HAJAWIUA HA
OKpYy:mHOCTE |Ww| ==p omHOW TOYKEH 3TOro MHOMKECTBA CJIELY-
€T CYIIecTBOBAHUE IeJoil IYr¥ OKPY;KHOCTH, BXONAMmEel B 3TO
MHOKecTBO. JTo MpUBEJo OB K TPOTUBOPEUUI0 C YCIOBHEM

5‘ nw, f)|dw| < 2rp,
Jwl=p

Tak Kak n(w, f)= 1 npu Bcex w HA OKPYKHOCTH WHTErpH-
poBamma u n(w, f)=2 ma HekorOpoH payre B3TOH OK-
PYRHOCTH.

Taxum obpasom, jus Bcex p > () umeer MecTo omHa U3
ABYX BoaMo;kHOCTei: uian n(w, f)=1 pug Bcex w HA OKPYIR-
HocTH |w|=p, WiIn Ha#fercA TOYKA W, HA OKPYIRHOCTH
|w| = p, naa Koropoit umeem n(w,, f)=0.

Tenepr mokaskem, uro ecnu n(w,f)=1 pgna Bcex w Ha
okpymHOCTH |Ww| =po, To n(w, f)=1 nas Bcex w B Kpyre
|w| < po. leiicrBurensro, ycrosme n(w, f)=1(lwl=po)
03HAYAeT, YTo OKPYMKHOCTb |w|= py ABIAETCA B3aUMHO OfI-
HO3HAYHBIM 00pa3oM HeKOTOporo Muos;kectBa L B Kpyre
|z|l <1 mpm orobpamenmm w = f(z). flcmo, 4T0 MHOMKECTBO
L wmoxer 6vITH Jump NpPoOCTOl 3aMKHYTO# KpuBOH (B Iy
menpepeBHOCTE obparHoro orobpamenusn). Ilostomy, mpume-
HAA OPUWHIMI COOTBeTCTBHA rpaHHI (cM. Teopemy 1.4 ra. V),
BUAUM, 9To QYHEKOUA f(2) B3amMHO OJHO3HAYHO U KoMQODPM-
HO oToGpamsaer obmacTh, orpaHUYEHHYI0 KpumBoH L, ma Kpyr
lwl| < 00.

Tenepnr ob6ozmauumm depes d(f) Bepxmiol rpaHb Tex 3HA-
geHWH p, Aaa Koropelx n(w, f)=1 mpm Bcex w w3 Kpyra
lw] <p. fcno, uro d(f)<<co, Tak Kak B HPOTHBHOM CIydae
¢yornua f(z) BsammHO opfHO3HAYHO ¥ KoHOpPMHO oTOOpAa-
mana 660 Kpyr 1zl <1 Ha Bc0 KOHEYRYIO IJIOCKOCTh, 9TO

neBoaMokHo. CBoiicTBo JoKasaHo. | |

Ouenkn garorca He IA BceX QYHROHIL, roroMopHEX B
kpyre |z] <1 m ogHOAMCTHHIX B cpefHeM [0 OKPYKHOCTH
B BTOM Kpyre, a [Afg HEKOTOPHIX IOJKIACCOB 3TOTO KIACCA
$yarmumit. Ogua #3 MOJKIACCOB — 3T0 (PYHKIUH, OTINIHEIE
ot myra B Kpyre |z| <1, mpyroii — QyEKIMM, HOPMUDOBAH-
ante yeaosuamm [(0) =0, f/(0)=1.
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Teopema 3.1. Ecau dynryus f(z) 2oaomopgna é kpy-
ee |z| <1, o0noauctrna 6 cpednem no OKpyicHocTu u He 06-
pawaercs 8 Hyab 8 IToM Kpyee, TO

' (9) 4

72 <1—|z|2 8-1)
u
1—1z1\ /@ (1+\z|)2
(H—IZI) S|rolS\i=) (3-2)

3uak pasencrTea 8 4060M U3 ITUT HEPABEHCTE MoxceT doc-
TU2ATBCA TOALKO 0an Pynryull suda

f5 = 4 (““‘e)”,

1 — ze#0

20e A — arwboe kKomnaekcnoe, a 0 — arboe Oelicrsuresv-
HOE uucao.

Hoxasareaberso. Ilockonsky pymxmma f(z) me o6-
pamaerca B myab B Kpyre |zl <4, m3 cBoiicrBa 2 caemyer,
aro d=d(f)=0. dro smauur, 9ro 3maveHua Qynrmum f(z)
aeskar B obmacTm G, KOTopag HA Kaiioil OKDYMHOCTH
|w| = p mmeer xorsm 6K ofHY TPAHWYHYI WIX BHEIIHIOK
rouky. ITo Teopeme 1.1 umeem

|f'(z)|p(f(z), G)<p(z, |z|<1)= 1—1|z|2',

a mo rteopeme 2.1 p(w, G)>ﬁ. B mepBoM mHepaBeHcTBe

3HAK PABEHCTBA BO3MOKEH JUIb B CjIydae, Korga (QyHKOUA
f(z) womdopmuo orobpamaer kpyr |z| <1 ma obmacts G,
a BO BTODPOM — Korjia o0mactb G ABAAETCA MJIOCKOCTBIO ¢
paspesoM mo ayuy arg z = ¢. Ciegosaresbo,

1/ {(2)1 1
A1F@1 T 1 — 22"

¥ 3HAK PAaBEHCTBA [OCTHTAeTCA ToJAbKo Aiaa Qyaroumm f(z),
koadopmHo orobpakalomeii kpyr |z| <1 ma marockocTs W €
Paspe3oM o HEKOTOPOMY JydYy argz= ¢. JTo [aeT HaM He-
pasencrBo (3.1). Hepasemcrso (3.2) momygaerca w3 mepa-
BencTBa (3.1) rem :me myTeM, uTo u B mpumepe 3 § 1. Teo-
peMa joKasana.

Teopema 3.2. Iycre Pynryus f(z)=z+axz?+...
zonomoppiia u 00nOAUCTHG 6 CcpedHeM MO OKDYIKHOCTU 8
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kpyee |zl <1. Tozda
f' (2
B
Jnak pasencTea 603MoNEN AUWD OaR Pynkyul cuda

z
f(Z) - (1 —-Zeie)m
20e B — awboe OelicTeuTedbroe YUCAO.

JNokaszarenbctro. W3 cBoiictBa 2 caexyer, d9ro
$ynrnua f(z) ofpamaerca B HyahL He Gojee ogHOTO pasa,
ecId oHA Of[HONUCTHA B cpefHem Kpyre |zl <1.

O6Gosmaunm wepes §(z) ¢ysxmuo, womdopmeo orolpa-
maromyio Kpyr |z| <1 ¢ paspesom mo paguycy (0,1) ma xpyr
|&1 <1, a gepes z(E)— obparnyo K meit Qymxmmio. Pacemor-
puM QyHKIHTIO

<itlal (3.3)

T—1z"

g(8)=1(2(F)).

IMockonpky dymrnusa f(z) ofpamacrea B HYIb TOIBKO
npu z =0, a Pysroua z(§) orauuna or mymas B Kpyre || <
<1, pymxmua g(f) me obpamaerca B Hyap B Kpyre |E| <
<1. Kpome toro, Pynxmua g(t) rodsoMopdua m ogEommcTHA
B cpennmeM B Kpyre |{| <1 (mo csoiicrBy 1). Ilpumensaa

, 4
¢ynxmms g(8) rteopemy 3.1, moaysaem igg(%)) K 1—|g*’

OTKYZA

P 4U@]
@ STojg@r @6

rie depes Go oGosmauen Kpyr |zl <1 ¢ paspesom mo pajgmy-
cy (0, 1). Beawuuny p(z, G¢) MOKHO BHIYUCIAUTH W HEIO-
cpeficTBeHHO, HO IPOIE BOCIOIB30BATHECA PABEHCTBOM

p(w(z), G)lw' (z)| =p(s, D),
e w(z)— dynroua, xKomdopmmo oTobpaskaiomaa o6mactsb
D na obnacts G, u tem, uto p(w, Dy) = [}w(w> 0) (Dog—
IIOCKOCTH ¢ Pa3pe3oM Mo OTPUIATENbHON TacTd JeficTBUTENb-
. 1 1

Hoit ocn). Pynknus w(z) = (z + 7) — 1 roudopmuo oto-
6pasraer Go ua Dy. IToaTomy

P (2, Gy) = p(w(2), Dy) | (2)| =

1 1 1 1
-~ boltt)-no)

1 -1

z2
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1" (2)

1-—z2 1 1
<et=llo (e £) -1 n,).

3ameuas, gro BmMecto Qymrnum z(f) Mo:mHO OHLTO GBI B3ATH
(yHENHMIO, OTANYANIIYIOCA OT Hee MPOU3BOJBHBIM MHOKUTE-
deM €, MBI BEAuM, UTO B HoCJefHeM HepaBeHCTBEe MOKHO
3aMeHWTh z Ha ze¢'’ W B3ATH MUHUMYM mpasoii wacta mo 0.

Jdro maer, gTO
[
|z|27-| ( (|z|+]z|) 1, Do)v

f (3)
T. e. MocKOABKY P (w, Dy) = —1u—1-(w> 0y,

f(2
(2 < L 1+IZ|
FE STzl =2
BosmokEOCTE paBeHCTBA MCCHE[yeTCA ¢ MIOMOINBIO Teope-
mit 3.1. Teopema nokasana. [ |
IIpusenem eme aBa HEpaBeHCTBA, JEerKO BBITEKAIOMMe H3
TeopeMbl 3.2.
Cnencrsue. Hycro gynryus f(z)=z+ axz®+i... 2o0-
aomopPra u odnoaucTHA 6 Cpedrnem no OKPYIHOCTU 6 Kpyee
lz] < 1. Toeda

2]
lf(z)|<(1_|z|)2, (3.4)
’ 1+]z|
@< g2l (3.5)
HeficreurentHo, sanumenM mepaBercTso (3.3) B Bupe
1 (2) 1 1 + | z]
o | STz 1= e

BO3bMEM JIOCTATOYHO OJAM3KOEe K HYJIO 4Mcio €, arg € = arg z,
U OPOMHATErpHpyeM 3TO HEPaBeHCTBO OT € [0 Z 10 OTPEe3Ky
pammyca. Ilpm mocTaToumo MajaoM € 9T0 [JacT, HOCKOIbKY
f(e)~>0 (e~ 0), uro

() _ fz] te]
In ® <|Inf(2) Inf(s)lgln“_lzl)2 1n(1—|8l)2
Orcioga maxomgmm

1) 2] _
In | e <1n(1_|z|)2 2In(1—|¢|)




§ 3. OLEAKH OMHONUCTHLIX B CPENHEM OVHKIIHH® At

¥, mepexoisa K Opepmeny npu & — 0, cpasy moiywaeM mepa-
BeHCTBO (3.4).

Hepaseucrso (3.5) momygaeMm mepemmoeHreM Hepa-
BeacTB (3.3) m (3.4). Cuyuait pasenmcTsa mcciemyerTcs, Kax
u B Teopeme 3.2, cchLIKoil HA Teopemy 3.1. '

Jdamewanue. Ilonaraa » mepasenctse (3.4) z — 0, mo-
nygaeMm _

If(z)| < lz] +2[z12+ O (lz]3). (3.6)
JTo maer mam

lag] < 2. (3.7)

Mosxro momydanTh Tawe omeHry A |f(z)| cEmsy m
HepaBeHCTBO AiA Beanauasl d(f).

Teopema 3.3. Hycre Pynryus f(z)=z+axz?+... eo-
Aomopra u o0noaucTina ¢ cpeduem no OKPYIHOCTU 6 KpYyee
lz| <1. Tozda ‘

d(f) =5 (3.8)

lz{
1@1> (3.9

Pagencreo soamoncno auwp das  f(z) = m.

Horasareascrso. Ilo ompefenenwio BeJIUIAHLI
d(f)=4d obnacts G 3mavenwil Qysrimunm f(z) umeeT XoTa OuI
OflHy TPAHWYHYI0 WM BHEMMHMIOI TOYKY Ha JI000M OKpY:K-
noctu |w|=p, p=d(f). lpumenana Te we paccy;kacHuA,
49To ¥ B Teopeme 3.1, momywaem mepaseHncTso

| f ()] 4
1 f(&]+d < 11—z}

Ho f(0)=0, f(0)=1, Tar d9ro, momaranm z=0, maxomum
— <{ 4. BoaMoKHOCTH DaBEHCTBA HCCTENYOTCA TeM e LMyTeM,
910 U B Teopeme 3.1.
1
Hepagsenctro d(-f)>T COINIACHO OIpefelleHNI0 BeJarudu-

1
usl d(f) osmagaer, 9To Ja06oe 3HaTenme w U3 Kpyra | v <

upuapmaerca GyExouedr f(z) B wpyre |zl <1 posmo
OfivH pas.

Hepaserctso (3.9) mokakeM mouTH TeM ke paccy:miuc-
HueM, uTo m Teopemy 3.2, BosbmeM waxyio-nubo Todry ¢
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B kpyre |zl <1 m obGosmaumm uepes z(}) ¢ymknuo, ®om-
dopmmo orTobpaskaromyo kpyr &l <1 ma mpyr |zl <1 c
PaspesoM I0 OTPE3Ky pajuyca (c, |c1
Ky £ =0 B Toury z=0. dta ¢dyuKiuusa, Kak HeTPYAHO Ipo-
BEDHTb, OIPENeIAeTCa M3 YPaBHEHHSA
z6—1® t
— = () —2—
iy g
4| c|

(A+le)®

Pacemorpum gymrumuio g (§) =

) H TEepeBONAILYI0 TOd-

me ¢ =arge, a{c) =

1(z(@)

3 (0) °

oHa OJHOJMCTHA B CPeJHEM IIo OKpy:kHOcTH B Kpyre |G| <1,

g(0)=0, g’ (0)=1. Ecun |f(¢)| < To Pymxmun g()
(o)

He NPHEUMAET 3HAYGHHA _r¢y B Kpyre &l <1, Tar Kak

ITo cBoitctry 1

3uaveHue f(c)([f(c)|<— npnuuMaeTca Qynnuueit f(z)

TOABKO B Touke ¢, a ¢ymruua z({) me obpamaeTca B ¢
B kpyre |t| <1. Ho coriacmo mepasemcty (3.8) umeem

d(g)= 1/4. Bmanmr, wrm | £ () | >4 wnu | £ (c)| > |7 (O)].

Buamensa 2z’ (0), npuxoguM K mepasercTsy (3.9).
BosMoskHOCTE paBeHCTBa WM B 9TOM cIydae HCCIERYeTCs

obsraasM o6pasom. Teopema moxasana. [ |

Ecan mpenmonoskuts PYHRIMIO He TOJBKO OXHOJHCTHOMN
B cPefHEeM, HO U TPOCTO OJHOJIMCTHON, TO MOKHO TOXYIUTH
OmEHKY MJg ee¢ IpousBofHoit B Kpyre |zl <1 me ToubKo
cBepxy, Ho # cumdy. (HcHo, 9r0 maa GYHKIHN, OXHOIMCTHEIX
B cpefiHeM, HE MOKeT OBIThH HETDUBHAJILHON OLEHKHA CHH3Y
MOy NPOU3BOJHON BO BCEM KPYre, TaK KaK IPOM3BOHAA
MO3KeT o0pamaTbcd B HYJIb.)

Teopema 3.4. Ecau pynryus f(z)=z-+az*+... 20-
aomopPra u oﬁnonucrua 6 Epyee |zl <1, 70

@, | 2] 1—|z|
Iz 16) 2 @l= z1)?

(3.10)
u daxce

L@ 21 4z
O T ST 2

(3.11)

4

Pagencreo docrueaerca auwd das f(z) = “_—Mie)?‘



§ 3. OEEKA ONMHOJIACTHLIX B CPENHEM GYHKIIHA 413

HoxasatearsctBo. Pacemorpum gynxmguio

— {+a 1
s@=f(g)  lal<t.
Tak kax ¢ymxgua 2z (L) =f:g§ KoudopMuo oTolpaskaeT
Kpyr &l <1 ma ce6a, Pynruma g (%) romomopdma m ommo-
amctEa B xpyre |§| <1. Ilpmmenms mepasemctBo (3.7) K

Qyurun é’%) (sTa yHKIEA OQHONMCTHA, TaK Kak

g(T) ommonmeTHA; OQHOAHUCTHOCTL B cPelHEM IIPH TAKOM IIpe-
obpasoBanmu e coxpansaerca), moayunm |g” (0)| < 4lg’ (0)].
Ho

g'(0)=(1~lal®)f (a),
g" (0)=(1~1al®)’[" (a)—2a(1— lal®)['(a).
CuegosaTennso,
[(1—lal®)[” (a)— 2af (a) |< 4lf (a)l.
1 a
@l 1—1ap?’ o

YMmuomas mociefmec HepaBeHCTBO Ha I
aygaem (3.11).
Iosaraa a = pe™, moskem nepenucats (3.11) B Bupe
|Re [eiq, " (pe'?) }__ 2p w17 2 | - 4
. ‘ —— <
flpei®) | 1—p* f et  1—p* T1—p
OTKY/[a HaXOxuM

ip 1" (pe'®) 2—p

<le

27

IMockoabky

io 4 (pew) 7] p 7] , .
Re {e i (peiw)] = p Re{lnf (pe!?)} = Z-1n| /" (pei®) |,

3TQ0 HEpaBellcTBO O3Ha4daeT, 4TO

a ’ : 2—p
2 o171 (o) | >2 T

Warterpupys moiydenHoe HEPABEHCTBO 10 P OT HyId mo |zl,
monyiaeM BTopoe m3 mepaseucTB (3.10), a m3 mero ¢ mo-
MOmbI0 HepaseHcTBa (3.4) JErKo IOJydYaeM ocTaBlIeecs He-
paBeHCTERO.



414 IVI. X. 3KCTPEMAJIBHEIE 3AAYH

Bce monyueHHHe HepaBeHcTBAa MOryT obpamatbcs B pa-
BEHCTBA JNINb TOrfa, Korga obpaimaercs B PaBEHCTBO Hepa-
BeHcTBO (3.7). OTO MPOMCXOAMT MUING A QYHKIUMI yKasaH-

HOro Buja. Teopema mokasama.

Teopna opmonucTHBIXx (QysrIui — 5T0 rayboxo paspado-
rammad o6GiacTh Teopuum amanuTHdeckux Qymrmumi. B meit
CO37aHBl TOHKWE BapHanuoHHEIE MeTOgh. ME 37ech JWIIb
cJIerKa KOCHYJIHNCh HEMHOIMX IMPOCTCHMINX METOHNOB IOJyde-
HHA HepaBeHcTB. [usa Gosee OCHOBATENBHOI0 3HAKOMCTBA
MOKHO peKoMeHfloBaTh MoHOrpadguu [10, 41].

§ 4. IlpuHOoOn [AAHLL H OAOCIMANH

N3nossuM erme ogul METOR MOTYyYEHWA OIEHOK AHAJIUTH-
geckux pyukguit. C ero HmOMOIIBI0 ONEHKH IMOJNYIalOTCA He-
CK0JIBKO Gojiee rpyOBIMM, HO 3aTO 3HaUuTeabHO Gosee sddex-
THUBHEIMH,

C mpuHnunoOM [JIWHB W IUIOMaJM MBI YiKe CTaTKUBAJIUCH
B § 6 ri. V npu smBofe mepasencTsa Aixbdopca uw Bapmas-
CKOro., JT0T MerTon OBUI HCIONB30BAH HPH [N0KAa3aTEILCTBE
OIL[€HOK, HO €ro He BHEJCAIM KaKk caMOCTOATeNbHBIH pesyib-
raT. Ceiluac MBI JOKa;eM DTOT MPHHIMO OTAENLHO W B GoJee
obmeM Buje.

Ilpesgpe Bcero HY:KHO AOroBOPHTHECA 00 0603Haqunﬂx

Iycres mama ¢ysrmusa f(z), ronmomoppuas B 3aMKHYTOX
obnacre D, n mycts G — oGpas obmacta DD mpu oToOpasieHuu
w=f(z). CDyHKumo f(z) e Gymem mpegmnojaraTh OXHOJIHUCT-
Hoit B obamactu D, Tax 4ro oGmacTh G MHOTOKPATHO IOKPBI-
BaeTca 3HaueHmsaMu Qynxrum f(z). Bsammbo opmoamagHBIM
o6pasom obmactu D mpu oroGpaskenun w = f(z) OymeM cum-
TaThL HEKOTOPYIO PHMAHOBY IIOBEPXHOCTEH S, PaclOJOKEeHHYIO
Hay obnactbio G. Jra pUMaHOBAa IOBEPXHOCTH ABIAETCH
9acThI0 pUMaHoBoil mopepxmoctu QyskKmuu z({), obpaTHO# K
dyarnun f(z). Iosromy dyuxmma z() ommosmagma ma pu-
MaHOBOI MMOBEPXHOCTH S M B3aUMHO OJHO3HAYHO OTOOpa;Kaer
ee ma obxacts D. []

Ilpn TaxoM noHMMAHWM OTOOpAasKEHHS COXPAHAIT CHIY
gopmyusl, peBefennusie B § 1 riu. V A B3anmMHO ONHO3HAY-
HBEIX KOH(PODMHEIX 0TO0ODasKeHMi:

Ecau D' =D, a S" — 63aumno odnosnaunwiii obpas D’
npu orobpaxcenuu w == f(z), 70

A(S") ”lf (o) |2 dz dy, A(D’)=L5|z'(w)|2dudv
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(rme z==z + iy, w=u+tiv, a gepe3 A(G) oGosmauena iio-
manb obaactu G).

Ecau C — raras-ro Epusas, aesxcawas e obaactu D,
a L — ee o6pas npu orobpaxenuw w = f(z), 7o

wly= {17 @l ds), M(C)=£IZ’(w‘Jlldwl
[s]

(zepes w(I') MBI 0Gozmazaem mammy kpusoi I').

Teopema 4.1. Hycrv gPyuryua f(z) eoaomopdua ¢
aamrnyToi obaacry D. O6oamnauum uepea ), COSOKYRHOCTY
kpueblz, na Koropuix |f(z)| =p, a uepes A(p)— cymmy ux
Oaun, Yepes 6, ob6osnauum co60KYnHOCTL 06paA306 KPUEHIT
Ao npu orobpaxenuu w=f(z), a uepes 0(p)— cymmy ux
daun.

[0
Toada (5 e dp << A (D)

Horazareabcrno. CoriacHO HUPHUBEJEHHLIM BHIIIE
dopmynam nmeem

Ay = [12 @)l dw.
bp

Ilo nepasencrsy Dymsxoscroro — IllBapra
[freaz]'<frazf e ae.

Honaras F =1, G=|z"(w)|, monygzaem

3

22 (p) = {5 IZ'(w)IIdw|}2<9(P) {12 @ P1dw)
0p 6p

HiIn

S—y8

A? IR 'l
ok dp <fp dp SI 2’ (pe'?) |2 dg.
() y ;
o
Ho

{odp § |2 (peio) |2 dop = U |2’ () [ du dv = A (D),
0 o

¥ MBI NPHIOLIE K YTBEP;KAGHIIO TeopeMsL. | |

IIpupmAan gAWEE ¥ IUIOMAnM WCHONL3YETCA s OLNEHOK
C NOMOIBIO CIEAYIOIEro HePaBeHCTBA, MAJN0 OTJIMYIAIONIETOCH
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or mepasencrBa Aubgopca. Ham mpome moxasars 310 mepa-
BEHCTBO 3aHOBO, 9eM CBA3HIBATH €r0 ¢ HEPABEHCTBOM, NOKa-
BaHHBIM B IPYrux 0003HAYCHAAX W MPEJINOIOKeHNAX.

Teopema 4.2. llycro ynryus f(z) 2oaomopdna u or-
Auuna or nyas e kpyee |z| <1. O6osnauum |f(0) =4,
1/ (a)| = B. Tozda :

B.

IlorasarenbcrBo. Bes orpanudenus o0mIHOCTH MOJK-
Ho cautath 0 <a <1 mw A < B. Pacemorpum (PyHKIIIO

et —1
g)=1 (e;—(
B mipAMoyroxbEuKe D, oNpejieaeMOM HepaBeHCcTBaMu

— 2 <Ret<b+%, |Imii<3 (b=1n’+“).

{—a

1 1+414a|
<% (it +)

&b — 1
eb 41
otoGpaskaer moxocy |Im | << g—B kpyr |zl <1, a mpamo-

Herpygao mposepurs, 9T0 QyHRIHA 2 = KourgopMHO

yroabuuk D — B wacte 3T0ro kpyra. Illostomy dymrruus 6(p),
mocTpoenHas A npaMoyronbEuKa D u ¢ymkmmm g(T), me
npesocxonuT QyExouu 0 (p), mocTpoenHoit misa kpyra lz| <1
n ¢pyuxnuu f(z). CnegosaTenpHo, o Teopeme 4.1 mmeem

B
2 (p)
5 o) P A(D),
A
rie Qynaxmua A(p) mocrpoena Aig mpaMoyronbHEKa D @
dyuxmmm g(%), a 8(p)— mua xpyra |zl <1 n Qynrmunm f(z).
Tag Kax mIomans HpaMoyrodbumra D pasma nt(b+ x),
TO MEI [I0Jy9a€M HEPaBEHCTBO

B
2 a

f%é—p;dpgn(ln}fﬁn). (4.1)

A
Onenum senuwunny A(p). Jaa aToil menm 3amMeTHM, 9710
¢yexous |g(%)| mpmoumaer ma orpesxe (0, b) moboe 3ma-
wenme p, 3axiaouennoe Meskay A m B. Ilyers §, — Ta TOUKa
orpeska (0, b), B kotopoit |g(&,)| = p. Uepes Touky §, mpo-
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XOAUT OAHA M3 KPHUBHIX Ao. OHa He MoeT OHITH 3aMKHYTOH
KpUBOM, Je:Kamennl B mpamoyroasHuke D, JleficTsuTensHO,
¢yaxnua g(t) me o6pamaerca B HyJb B mpaMoyroibuuke D,
ITosTomy, mpuMeHad HPUHIUAO MaKCUMyMa MONYisa K QyHK-
ouam g(¢) u 1/8(%) B obmactm, orpannuenHoil Kakoi-1u60
meraeit aToil 3aMKHEyTOlt Kpusoil, Mul monyumin 061 g ()| =
=p, 9T0 HeBOo3MokHO. CJeqoBaTeNbHO, BHOpPamHag HAME
KPHBAasA M3 COBOKYIHOCTH ), MMEET KOHIbLl Ha IPaHHUNE MpPA-
moyroabauka D. Ho paccrogame oT n1060f TOYRM OTpe3xa
(0, d) po rpammmel npamoyronbEuka D me Membmie /2.
SuauuT, AaAMHA BHOpAHHOW KPUBOA He MeHbIIe 5, T. €.
Ap) = m.
ITosromy mepasemerso (4.1) pmaer, 9to
R

n25 dL< (ln +Z+n).
A

0(p)

Teopema mgokasama.

Ilenow HEKOTOpOro YCIOKHEHMA OHEHKM MOYKHO OBLIO
uecaenoBaTh M caydail, korqa ¢ymrngusa f(z) obpamiaerca B
BYib B Kpyre |z| <1, o mMeeT romeunoe umcao myaeil. aa
MOJYdeHUS OIEHKH HPHUILIOCH OBl OHEHMTH, CKOJIBKO BHOCAT
B WHTErpaj Te 3HAYEHHA P, A KOTOPHIX TOIKA £, OTCTOHT
or myuaeil ¢pyarnuu g (%) Menbine, 9eM Ha 7.

Paccmotpum opum mpmMep, KOTOPHIA MO3BOIMT CPABHUTH
ONEHKW, IMOJYUIeHHBIE paHee, ¢ OLCHKAMHM, IOJYIaeMBIMH C
HNOMOMbI0 NPUHIMIA JIHHK U IIONIAJH.

Hpuwmep 1. llycrs dysruus f(z) ronomopdua u me 06-
pamaerca B Hyabr B kpyre |zl <<1. Hajigem omesxry pis
|f(z) |, npenmonoskus, aro 8 (p)< 2np mpum Bcex p=>0.

Teopema 4.2 pmaer

B

<t (L s =110 B=11G),
A

iRiui

|1n

ITo o3magaeT, 4To

on (A—1z]}? 1) (1+|z|)2
e (1+IZI)<|J‘(0)|<6M —7) @9

Yro6bl CPaBHUTL DTOT PE3yJaLTAT ¢ IOIAYyYeHHBIMH DaHee,
samernM, 9To yciosue 8(p) =< 2mnp (p >0) osHagzaer opmO-

1+12]
7(0) (111 ey —l—n). (4.2)
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aucTHOCTH (GyHKRIUE f(z) B cpegHeM MO OKDYSKHOCTH B Kpy-
re |zl <4. JleficrBurensno, Bemmamna n(w, f)— 270 dmCiIO
myxeii ¢pysxmum f(z)— w B xpyre |zl <1. 3ty Beamummy
MOJKHO paccMaTpuBaTh KAy 4UHCIQ JHCTOB PUMAaHOBOH Imo-
BepxmHocTH S Haj Touroir w. (Pumamosa mosepxmocTh S —
5TO B3AWMHO OJHO3HAa4HBI 06pas kpyra |zl <1 mpm oro-
Opaswennn w = f(z).) Hpunwete 0, ecTb He 9TO WHOE, Kak
IYyIE OKpY:KHOCTH |w|=p BHa puMamoBoil moBepxHOCTH S.
Kaskpgas Touka w OKpY;KHOCTH |w| =p BXOmHT B 0, CTOIBLKO
pas, CKOIBKO JHMCTOB PAMAHOBON TMOBEPXHOCTH S JNE;KUT HAJ,
TOuKO# w, T. . n{w, f) pas. [losromy

00) = | new, p|dw|

lwl=p
n  upenmonoskenne 0 (p)<< 2mp o3Havaer OJHOMHCTHOCTH

dyarnuy f(z) B cpegHeM Mo OKpy:kHOCTH B Kpyre |zl <4, D
Pesyaprar, monyieHHBIH B npEMepe, MOKHO CPaBHHUTEH
¢ pesyabTaroM Teopems! 3.1, KOTOpLIl MMeeT BHUL

1—|z|)2 (2) (1+|z|)""
(—“H—m <|4@r] < =21/

Pazuuina monydeHHBIX OLEHOK B MHOMKHTelIe e2". JTOT
MHOKHATEJNh HE CINOIKOM 6JII/130R K eInHunine, HO OH He Me-
HAeT mopsAmok pocra ¢ymxmuu |f(z)| mpm |zl - 1. Taxum
o0pasoM, MBI BHAUM, 9TO TeopeMa 3.1 HeCKoOJbKO TouHEe, HO
ee OKasaTeJbcTBO HaMHOro Goiee ciokHO (B HEro clemyer

BKJIIOYATH W TPUHIAIN CAMMETDHU3aNum). D

CTouT 3aMeTNTh, 9T0 B HEKOTOPHIX CIyIadX ¢ IOMOMBIO
TPUHOMTA JJIAHE M IUIOMIANA MOMKHO TOAYdIaTh M TOYHHE
onenxn, Tax, manpumep, ofHO U3 HamboJIee IMPOCTHIX JOKa-
3aTeJLCTB HepaBeHcTna |aol < 2 mag ogHommCTHBIX (ByHKImit
HoJgydaeTcs ¢ IOMOINLI0 OPUHINNA NIWHHE U miaomanu (oH

Gurypupyer noj HazBaHWEM TEOPEMH! ILJIOIAJEl).

Onmoif w3 mambonee BasKHBIX UePT INPHHNUIA IJUHE U
TJIOIAH ABISAETCH €ro OBIIHOCTD.

IlpuBeneM eme ONMH TPUMEDP HCOOJb30BAHWUA NPUHIHIIA
IIMHEL ¥ DJIOMANA [JJs TOJAYYeHHWS OHNeHOK QYHRIW,
p-THCTHBIX B cpeflHEM o mmomamgs B Kpyre |z| <1.

DOyuxaua f(z) HasbiBaeTest p-AUCTHOW 6 cpedHem no
naowadu 6 kpyee |zl <1, ecim mpm mioGom p >0 mmeem

[ new, pdudv<mpp.
lwl<p )
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3mecs n(w, f), Kax w upeswae,— UUcA0 HyIeH QyHKIUR
f(z)— w B xpyre |z <1.

Jlerko mposepurh, 4To (QYHKIHA, p-IUCTHAA B CpeIHEM
10 OKDPY;KHOCTH, ABISETCH M p-AUCTHON B cpefHEM IO MJIO-
manu, Ho He HaobopoT.

Teopema 4.3. Iycre ¢pynryua [f(z) eoaomopgra,
p-AUCTHA ¢ cpedHeMm no naowadu u ne 06pawaerca 6 Hy.ab
6 kpyee |zl < 1. Toeda

—amp—1 7y op arp+1 2p
af1—lz| f(2) 20+uq
¢ (1+|za) <|f(0)|<e T—1z1) °

Horxasareascrso. Ilo reopeme 4.2 umeem

B

d 1 14
(o2 |<dmddzlia)  @a=1101 B=11@).
A
Ham Hy:KHO OI[eHUTEL MHTErpaj, CTOAMMI cleBa, HCIOAL3Y:

ycaoBne p-nHcTHOCTH QYHEDEE f(z) B cpegHeM N0 ILIOMIajH
B kpyre |zl <1. D10 ycmosme Mo3KHO 3ammcaTh B BHE

)
81 ar<app

0

UIu B BHJE
—np’ < ¢(p) <0, (4.4)
e
)

¢ () = | 18(1) — 2nuep) dt.

0

x a
W3 oueBHAHOro HepareHCTBA - 722 noinyiaeM Hepa-

1 1 —
BEHCTBO —- Z=—— z 3 % u, moxarag z — 0(t), a = 2nip, npu-
a

X0auM K HEepaBEHCTBY

1 1 9@
6(t) = 2mutp @ntp)?

W3 sroro HepaBeHcTBa HAXOQUM, CUHTAS [JSA OUPEHEICHHO-
cru, ur0 A < B:

B B
dp 1 B _5‘ Q' () dt
j 8 = 2 O ERTECa

A
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HaTerpnpys mo vacrsM u umemonbaya (4.4), momydaeMm
B

o~

dp 1 B ¢ (A4) 1 1
A

6 (p) @2ndp? = 2np - A dup

1+412]
1—Tz]’

+2pln

CremosaTenbHo, \ In ' I(z

1 TeopeMa JOKa3aHa.

§ 5. Pacupenenenue 3HaYeHRIl IEIbIX
H MepoMopPHEIX (yHRIHH

B npegmpyninx maparpadax m3iarajgmch METORB IOJY-
9eHHS OICHOK Mas QyHRImA, roloMopdHHX B gaHHOH 00-
Jacty (ri1aBHEM 00pa3oM B eIUHNYHOM Kpyre), OPH Tex
UI WHHX NPEINOIOKENNSX OTHOCHTEJNBHO pacupemeacHAA
3HAUEHIH, IPUHNMAaeMEIX UMH B 3Toil obmactm. Ceitwac us-
JOKIM HEKOTOpPHle pe3yJabraThl, CBS3aHHBIE € pacupepese-
HEeM 3HaYeHH{ QyHRINHE, romoMopHEIX wix MepoMopQHBIX
BO BCeH KOHEUHOH NI0CKocTH (QYHKIUH, roJoMopHEIe BO
BCceil KOHEUHOU TIOCKOCTHM, HAa3bIBAIOTCA IeJIbMH  (PyHER-
musami). Ilas »T0f meaw npupgeTcs cHavaga BBECTH HEKOTO-
pble 0003HadEHNS.

IMycrs -pyuruuma F(z) mepoMopdHa Bo BCell KOHeWHOM
nxockocru. Yepes n(r, T, F) o0o3maguM 4dHcI0 HYJIER
$yaxmum F(z)—§ B wpyre |zl <r (xampeiii myns cumra-
eTcA CTOJNBKO a3, KaKoBa ero KpaTtHocTh). Uepes n(r, oo, F)
obozmaumM wicao momiocoB Qymximu F(z) B Kpyre |zl <r.
Kpome Toro, BBegemM oGo3nadenme

,
t F)y—
N, §,F)=S n e N =nO0 8D gt 400, ¢ F)lar.
0
Qyurgua N(r, §, F) saBasgercs HEROTOPOH cpemHel Mepoit
TOro, HAcKOJLKO dacTo QyHKRIuA [ (z) nmpuHUMaer 3Hade-
une § B xpyre |zl <r.
Crnegyromas (yHriusa aBiAerca cpegmeil Mepoir TOTO,
HacKonkKko Pysxiug F(z) GnusKa K 3HAYEHHIO { HA OKPYHK-
Hoctu |z| =r:

1 1
m(r, G, F) =5 S It gy | 21

lz{=r

m(r, oo, F) = o | 10+ 7 (9] dzl.

|z]e=r
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3pecy In* z =max {lnz, 0}, @ysxnuo m(r, ¢, F) npumsaro
HAasbIBaTh HEGAHAUHHOECKOU PynEyueld npubauscenus.

B manpwbeiinmem 6ymeM pias Kparkoctd Bmecto n(r, G, F),
N(r, T, F) m m(r, §, F) nmcars n(r, §), N(r, §) u m(r,T),
ecad sCcHO, K Kaxkoi QYHKOEHA OTHOCATCA HTH oOo3Hade-
mug. [ ]

fcHo, 9To ocpemHEHHBIE XAPAKTEPHCTHKM TAaKOro poaa
Kak N(r, ) m m(r, ) moxkxHO BBOAWTH C OONBINON cTe-
MeHbI0 Tpom3roia. CMbICH BBEJEHHS HMEHHO 3THX XapakxTe-
PHCTHK o0BscHsIETCH clefylomei TeopeMoil.

Teopema 51. Jua awboli dynryuu f(z), mepomopgd-
HOL 60 éceli KOMEUHOU NAOCKOCTU, npu 4060M Purcuposar-
HOM T u npu r— o umeer MeCTO COOTHOULEHUE

m(r, 5)+N(r, )=m(r, ©)+ N(r, )+ 0(1).

Moxasareancrso. B § 2 ra. VIII goxazama dop-
myna Wencena

e | 1nlf ()l dz) =

|z|=r
m”wH'EhW%I 2 o

|ak|<r |bk|<r I "l

cupaBefanBad Mg Jo6oit Qyuwmum, mepoMopduoil B Kpy-
re |zl<r mw me umMeiomeii B Touke z=0 BEm HYId, HA
moJoca.

CymMsl merxo BrmipaskaoTea depesd gymrumu N(r, 0, f)
u N(r, oo, ). JleficTBATENbHO,

r

" t, 0
21n;|=bm%mmm=fi%lw=Nmm

|ak)<r k 0 0

{Tax waxr n(0, 0)=0), u ananoruano

r

S22 s N @) (@0 )= 0.

[bg|<7 0

IToaromy, monaras f(z)=F (z)— T u 3ameuas, 9T0

N(T‘, O) F—§)=N(T‘, Ca F)’ N(T‘, 0, F—§)=N(r1 oo, F)v
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goryusaem m3 gopMyast Hencena gopmyry

1
- lFr@ g1l —miF @ )=
|2|=r
=N(r,{, F)—N(r, oo, F). (5.1)
dra dopmyna ocraerca cupasemumsoii m upm F(0)=C mmm
F(O)——oo Toabko wien ln |F(0)— | samensercs Heckous-

KO HMHOI KOHCTaHTOH, HaATH KOTOPYI0 HOpenocraBligeM YH-
TaTeJal1o.

3ameTnMm, uTo
1 -
e 5 ]n|F(z)—g||dz|=—2—m _Y In+t c[|dz|-{—

lzi=r |2 =r
1
|z|l=r

Ilepoe ciaraemoe pasEO —m(r, §), a maa BrOoporo ciarae-
MOTO B CHJIY OYEeBHIHHX HEPABEHCTB

In* jw|—In*[§[ —In2<In* lw—tl <
<In* |w|+1In* |E| +1n2
MOKHO HAIIHCATH

o= f In*|F(z) — ¢||d2| — m(r, o) |<In+|Z| + In2.

lel=r

CaenosareasHo,

= S In|F (2) — || dz| = m (r, o) —m (r, §) + O (1).

jz|=r

IToncraBuas ato coorHomernme B opmyny (5.1), mpmxommm
K YTBEDIKRGHHIO TEOPEMEL.
Oyuxong

T(r)=T(r, F)=m(r, ©)+ N(r, «)
Ha3hIBAeTCA ZAPAKTEPUCTUHECKOU dyHKylel BIn TaparTe-
pucTuroll mepomopduol gynkyuu F(z). YrBep:KueHne reo-

peMbr 5.1 Moxker GbITE cHOPMYIHPOBAHO B CIEAYIOIEM BHJE:
Illpu awbom gurcuposannom § u npu r— o umeem

m(r, L)+ N(r, §)=T(r)+0(1). (5.2)
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Jlokazannaa TeopeMa BCKDPHIBAET HHTEPECHYIO CHMMET-
pHIO B pacmpefeideHHH 3HaueHw#d ¢yHKIHH, MepoMopdHON
BO BCell KOHEIHOM IINIOCKOCTH:

Ecau raroe-aubo 3nauenue { npunumaerca @dynryuei
F(z) cpasnureavno pedro (r. e. dymrmma N(r, §) mama
mo cpasuesuio ¢ Qymrmueir I (r)), 7o snauenus @yunryuu
F (z) donocnut 6vire 6ausku K anauenuio .

IIpocreitiiuM mposBIeHMEM 3TOH 3aKOHOMEPHOCTH fBIfA-
ercsa ToT daxr, aro nexas PyEREA (r. . He IPHHIMAIOIASN
sHaueHHs { = o°) crpemurcas K 0GeCKOHEYHOCTH MO HEKOTO-
POMY IIYTH, BeAYIEeMYy B 6eCKOHEYHO YJIEHHYIO TOYKY.

Jra 3aKOHOMEpPHOCTH XOpOIo HAGMIOMaeTcad W HA BceX
3IeMeHTapHBIX (PYHKNMAX: cRaykeM, QyHKnus e He o6pa-
ImAaeTcs B HYIb; 3aTO OHA PABHOMEPHO CTPEMUTCH ¥ HYJIIO
B Tenoil monymiaockocru Re z < 0.

Nurepecio BoisicEuTh noBefeEue ¢ynrouid m(r, §),
N(r, §) u T(r) nua pamuonaasHoi dynrmuu F(z).

IIpu z - co pammomanpuag QYHKIUA CTPEMMHTCH K HeEKo-
ropoMy mnpeneay a. Ecam §+a, ro m(r, §)=0(1), a umc-
Jo0 myneil ¢ymrrumu F(z)— T paBHO crenmeHH paIMOHAIBHOR
dbyurmum, T. e. mauboapllell U3 cTedoeHell YHCANTENS H
snaMenarens (obosmaumm ee k). Ilosromy

In=0MN)+N(F5=

—0() +§ 1D =r0.08 g4 n0lnr—rklar+01)
0

Ilpu §=a umcao myaeit F(z)— T meswrme k, W 3rto KoMm-
meHcHpyercda TeM, uro gymruusa m(r, §) pacrer upm r — oo,

Ecau F(z)— nenaas QymKIus, To pocT XapaKTepHCTHKH
T(r) recHo cBf3aH ¢ poCTOM MaKcuMyMma Monyag F(z) ua
oKpyskHocTH |z| =r, Kax DoKasHBaeT caexylomas TeopeMa.

Teopema 5.2, Hycre F(z)— yeaas @Pynryua u
M (r) = max | F (2)|. Toeda npu awbom 0<0<1 u npu do-

'z':r
CTATOUYHO BOABULUT T UMEEM

1—06
mlnM(Gr)gT(r)gln M(r).

HoxasareabcrTBo. Jlaa meaoir pysrmum N (r, o)==
= (, Tax 4TO

T()=mir, o) = g | 0t [F @)z <Int 1)

lz[=r
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npu pocrarotno Gompmmx r. Orcioma BHITEKaeT IpaBoe He-
PAaBEHCTBO.

C ppyroit cropomel, In* |F(z)| — cyGrapmonmaeckasn
$yBKINA BO BCell KOHEYHOH WJIOCKOCTH. 9TO BHAYAT, UTO
OHA He mpesocxomuT B Kpyre |z| < r rapMommueckoit ¢ymk-
Ouu, MOCTPOeHHOR mno 3nadenusm In* |F(z)| Ba rpabmue
aTOro Kpyra, T. e. Ha okpy:mocrm |z| =r. Crpos sty rap-
MOHMYeCKYI0 (QYHKNUIO ¢ HmoMompblo mHTerpasa Ilyaccoma,
moxygaeM

27

2 2 + i
o In*|F ld
Int| F (pet®) | < © 27 5‘ rt 22 — 2(r:002 (‘Plp* 9)

0

27
2 2
r’—op 1_5' In+ | F (ret¥) | dv.

Tr—pt

Orcoma 1erko HAXOOMM

27
. InM(p)gﬁas‘ In* [ 7 (ret) | dp —

—t j In+|F(z)| | dz| = T ().
lzl=7

ITonarag p=0r, momywaeM JeBoe HepaBeHcTBo. TeopeMma
JOKa3aHa.

Cropocts pocra nOernoil ¢yHEnmE Kax 6B ompejesser
cTeneHb CJOMKHOCTH €e YycTpoicTBa. Xapakxrepucrura 7' (r)
UTPaeT MPUMEpPHO TY Ke Podb Aiag MepoMopdHEX QyHKRNmi.
Ciemytomas TeopeMa aHAIOTWYHA TeopeMe JlmyBmiig (cM.
§ 2ra 1IV).

Teopema 5.3. Ecau

T(r)
Inr

lim 2O < (5.3)

00

T0 F(z)— payuonasvras Pynryus, crenenu ne evilie m.
JoxazaTeasbcTBoO. 3aMeruM, 4To ®3 yciosusa (5.3)

BhITeKaeT, uTo Qymxuma F(z) umeer He (Gojee m HOJIOCOB.

HeiicrBurenbao, B HOPOTHBHOM CJIy4Yde ME HAMeJIH OBl
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n(r,o0)=2u>muopar>ron
™

N(r,o0)> | Mb2) 220 =) g 4 (0, o) Inr>

Ty

> |2 ln r—o0 (1)1
orryna ciaegosaio 6 7 (r)= plnr+ O(1), uro mpormBope-
quT HepaBeHcTBY (5.3).

Temeps mocTpouM HOPaBHWIABHYIO (CTeNeHb IHCINTENA
MeHbIIIe cTeleHH 3HaMeHArelf) PANHOHAIBHYH (YHKIHIO
G (z), nMelomyio Te ’Ke MOIIOCH, 4T0 W I (z), B Te jKe TJiaB-
Heie gacTH B 3THX moaiocaX. Ilockoasky G (z)— 0 mpm z —
—~ o0, 10 m(r, «, G)=0 nupu pocrarouno Gospmux r. Oynagr-
nusa H(z)=F(z)— G(2) He mMeeT moaioCcoB, A
T(r, Hy=m(r, oo, H)sm(r, », F)+

+m(r, o, G)+n2<T(r, F)+0(1)
B CHJIY OYeBUIHOTO HePaBeHCTBA
In* la— bl < In* lal +1n* |b| +1n2.

ITo teopeme 5.2 momyuaem, uto nia nexoil ¢yrwman H (z)
CIIPABEJJIHBO COOTHOIIEHUE

lim _13_314[1(:,_H)_<°o’ M (r, H) = max | H (3) |,

00 \zj=7

M@, H)
T_O

lim

T— o0

upu meroropoM p. ITo reopeme JluyBumiag (cm. § 2 ra. IV)
$yeriua H(z) saBaserca wmHorouwileHoM. (JjemoBaTeLHO,
F(z)— panuonansnas ¢ynrnusa. Ho Mmr Bmpmeam, uwro aiaa
panMoOHANbHOE (QYHKIMHM CTeleHW K MMeeT MeCTO COOTHOIe=
aue T (r, F)=kInr+ 0O(1). Caenoarearno, F(z)— pammo-
HasbHag (yHKNuA crelend He BeIIe m. TeopemMa [Moka-
zama. | |

ITpocreiimell BeawumHOHE, XapaKrepuayomeid pocr (QyHK-
guu T (r), ABIAETCA THCIO

== InT(r)

o= lim Tr(—

rooo

1

HA3HIBAEMOe ROPAOKOM MePOMOPPHOU PYHEYUL.
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Jaa nenoir ¢ymKnum B cmay Teopemsl D.2 B ompejiesie-
HEE OOpAgKa BMecro Bedawunmabl T (r) M™Mommo Gparh

InM(r).|]

B reopum nensx QyHRIui maywaiorcs Hambolee eraldb-
HO QYHKIUM KOHETHOTO MOPAJKA, T. €. TaKMe, [JJIA KOTOPHIX
0 <p<oo,

Teopua 1exsix u MepoMopdabnix ¢yrrnuit (ocofemHo
TeOpHA NedsX QYHKIUIE) ABIAETCA OJHOH u3 mamboiee
passuThX obmacrell Teopuu aHANHTHICCKMX QYHKuMiL, u 6GbI-
Jo Opl HepeaabHO HBIOKUTHL 3Jlech NasKe ee OCHOBBL Jlas
03HAKOMJIEHHA C HEKOTOPBIMH BONPOCAMH TEOPHM  IIEJIBIX
$ymKmuii MoKHO ofparutbea K momorpaduam  [8, 13,

20]. []

B srom 1 B caepyilomeM naparpadax JoKaskeM JBa O4YeHb
KpacHBHIX Pe3yJbrara, MMEIOIUX HEeIoCPeJCTBeHHOe OTHO-
IleHNe K TEOPHH pacmpejesneRusa 3HaweHuit. [uasg dopmynu-
POBKM IIEPBOr0 U3 3THX Pe3YILTATOB, HOCHINEr0 Ha3BAHUE
reopemur [Janaucya — Kapaemana — Aavopca, momagoburca
MOHATHE ACHMITOTHYECKOro 3HAYeHMA 1eldoil (GyHKIinM.

Uucao § Ha3bIBAETCA ACUMRTOTUYECKUM 3HAYEHUEM Ye-
a0l Pynryun F(z), ecim cymecrByer Takag xpmBasg L,
yxouaman B OeckoHewHOCTh, 4T0 F(z)—~§ npm z— o mo
rpueoit L.

TeopeMma 5.4, Hucao pasauuHuvlr aCUMRTOTUYLECKUT
anauvenull yeaold Pynryuu nopadrae p (OTIMIHBIX 0T OecKo-
HeTHOCTH) He npesocxodur 2p.

JoxrasareaxscrBo. Ilycrs ¢ymrmma F(z) mmeer n
PA3IMTHBIX KOHETHHIX ACHMOTOTHYIECKMX 3HAUYeHMH, U ITycTh
L, Ly, ..., L,— re ®pumBbie, mo KoropeiM Qymxmus F(z)
CTPEMHTCA K ACHMITOTHIECKNM 3HAUYCHHAM &1, 42, ..., &n.
Bes orpamndeHna oOmMHOCTH MOKHO CYHTATh, YTO KPHABHE
L, sexopar us touku z =0 u He mMeT APYruX oOmEX TO-
gek. Torga BCH IIOCKOCTH Pa3bUBaeTcs 3STAMH KPHBBIMHA
poBHO Ha 1 pasamgnbix obaacreir Dy, Dy, ..., D,

ITo rteopeme Jlummeneda (cMm. cuenacrsme TeopeMbl 4.3
ra. VIII) ¢ysxnus F(z) Be Mosxer OBITH orpaHWYeHa HM B
oxHolt M3 obmacreit D,, Tak KaK oHa MMeeT Da3IMUHbIE Ipe-
IeJBI IPH Z — © [0 PasHbIM cTOpoHaM obaacrd D,.

Pocr Qyuknum, orpaHWYeHnHON HA TpaHune OecKOHeUHOH
obacTH ¥ He OTPAaEMUEHHON BHYTpM BTOH 00gacT®, MOMKeT
forrs oneHeH cHE3Y npm moMmomy Teopemsl Dparmena —
Jxmneneda, goxaszannoit mamu B § 6 ra. VIII (Teopema 6.1).
IIpameras »ary TeopeMy X ¢ymknmm F(z) B obmacrax
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D,, Do, ..., D,, monyuaem

r

InlnM(r)=n

(k=1,2;...,n),

1

e 0,(f)— cyMMa JJamH Ayr okpymmoct: |zl =r, momapa-
omux B obaacts D,, a C — mocrognAas, He 3aBHCAINAA OT I
CRIagbIBas 513 HepaBeHCTBA, MOJydaeM

' n

S |
nlnln M (r)>=n 5 ;W dt + C,. (5.4)

OuenuM cyMMmy, cTofmylo nom wuaTerpanoM. Ilo Hepa-
BeHCTBY Bymarosckoro — llBapma

(B ab,)* < X ai- Db

IlpuenMan Bo BHAManme, 9TO
n
20, () = 2mt,
1

TaK Kak ofiaacTtu Dh B COBOKYITHOCTH HOKPHIBAXOT BCIO HJO-
CHOCTH, MbI MOKeM HaOHucaTh

2 Vek V9 = n?.

1 2
CuemoBaTeasHo, 2W>zlﬂ_t IlopcraBasiga 3Ty OuEHKY B
T Yk

HEpaBeHCTBO (9.4), moayuaem
lnln M(r)=>—Inr + C,

OTKyJla II0 ompefieJeHEMI0 HopAjKa HaxomuMm p == n/2. Teope-
Ma [[oXa3aHa.

daMeTnM, 4To MOKA3aHHAA TeopeMa TOYHA, KaK IOKa3bl-
BaerT mpuMep QYHRIHH

z

F(z) = f QUL

m
0
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HeficrBurensro, ata QYHKOHA uMeeT MOPANOK, PABHHIE m,
9TO JEeTKO CIej[yeT M3 HepaBeHCTBA

|F (D)< 2] ™

C nmpyroit cTOpOHEI, HpH z, CTPEMAINEMCT K GECKOHeTHOCTH
no mygam argz=ms/m (s=0, 1, ..., 2m—1), dyrruua
F (z) umeer npepmensi, panuble

nis

Ei_"
=e™ —I‘(-—i——i) sin =~
m m m

TaxnM obpasom, ¢ymkuma I (z) mMeer 2m pasamuHBIX KO-
HEYHRIX ACUMIITOTHIECKIX 3HATEeHHIL.

JIaa QOpMyaHMpOBKM BTOPOTO peayabraTa moHamoBuTCA
ele OfHO OIpeJeeHne,

Hederron snanenua { HazoBeM YMCIO

- - ALY

r—oo

flcro, WTo npu BceX 3HAUeHHMAX [ HMeeM HEpPaBeHCTBO

0<6(¢)<1, rak rag O< N(r, L)< T(r)+0(1).[]

Pesyasrar, Koropwii Gymer JoKazaH B CIAeLymeM mapa-
rpade (BrOpas ocHOBHAA TEOPeMa HeBAaHIMHHAOBCKON Teo-
pum pachpejieieHHs 3HAYEHNWH), COCTOMT B TOM, 9TO CYyMMa
gederToB BceX 3HaweHHI A MepoMopdHOHE Bo Bceil KoHed-
HOH miaocKoctH (YHKOMHM HE IPeBOCXOIuT JBYX. IJTOT pe-
ayasrar ofobmaer, B wacrmoctu, Teopemy Iluxapa (cm. § 5
ra. IX) o toMm, ur0 dyBHRnua, mepoMopdHan Bo BCell KoHeU-
HOW UNOCKOCTH, MPWHMMAET BCe BHAYEHIA, 33 HMCKIOYSHH-
eM, MOKeT OBITH, IBYX.

IToyunrenruo oTMeTHTh, 4TO c000paskeRMsa, HABOJAMAE
HA MBICAH O CIIPABEIMBOCTH JTOr0 Pe3yabrara, O4YeHbH IPO-
crel 1 yOemureasnsl. IlpuseneM mx ceffuac pisg caydas, Kor-
na F(z)— nenag ¢ynrrnus, 4robbl MOMKHO GBLIO T'OBODATH
aumb 0 cyMme NeeKToR KOHEeYHBIX 3HAYEeHMH, TaK KaK A
yesaoit pyarnum § ()= 1.

Ecau 8 (§)> 0, To 310 03HaTaET, 41O

. m(r, §) _
DEI—_T(r) =08(0)>0,

r—oo
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T, e. ynrnug F(z) [0BOIBHO GHICTPO CTPEMHUTCA K 3HaUe-
Hil0 { npm 2z, cTrpeMameMcs K 0eCKOHeYHOCTH B HEKOTOpoi
wdern miaockocrn. Ho ecan cama QyBROmA crpemmres K mo-
c'r AHAOH B AEKOTOPO# obiacTm, TO ee MPOM3BONHAA JOIIK-

a B aToil 0GJACTA CTPEMATHCA K HYJI0 NPHMEPHO C TOH Ke
cKo 0CTBIO. JTO 03HAYAET, 9TO

8(0, F) =3 8(L, F), (5.5)

e cymMMa OepeTcsi mo BceM KOHeUHEIM Jle)eKTHHIM 3Hade-
gaaM, Ho no ompemenenmio mederra mmeem O(0, F')<1,
T. . cyMMa jedeKTOB 10 BceM KOHEUHHIM Ae(eKTHEIM 3Ha-
gennaM Qymxuum F (z) He IPEBOCXOIHUT eMAMILI, a CyMMa
Beex nedeKTOB He HPEeBOCXOIAT ABYX.

K comanenmio, aro mpocroe paccy’KjeHne OKa3ajoch
oueHb Hederxo o0ocHOBaTh. XOTsA HepaBeHCTBO (5.D) @ oKa-
3aJI0Ch CHOPABEJITEBHIM, HO €ro [0KasareJbCcTBO MOTPeGOBANO
Gonpmmx ycmimid. JlOKa3aTeabcTBO TEOpeMBI 0ea dTOro He-
PaBeHCTBA fa)ke ODpome. B MmoumcKax J0KasarelhcTBA BTOPOR
ocHoBHO# TeopeMH HepaHumEER OBl HafleHR HHTEpEC-
HbIE 323KOHOMEDHOCTH.

§ 6. Teopema Hesanamuum o federrax

Crauana 3aliMeMcA BRIACHEHHEM TIeOMEeTPHIecCKOro CMEIC-
na xapakrepuctukn I (r) mepomopdHoil ¢ymrmmm. Ilpemme
BCET0 HAINlOMHWM HeKoTOpHe cBefeHHA o cPepe Pumana,

Hampoit Touke z=z -+ iy KoMIJIeKCHOH ILIOCKOCTH CTa-
BETCA B coorsercTBme Touka (&, m, §) cdeps& + 1? +

2 2
1
+ (Z, — 7) = (—2-) . Beamuurn &, m, § cBasamml ¢ Koopam-
HaTaM#d T, y TOUKE ILIOCKOCTH PaBeHCTBAMHE
z]z]| 1 ylz} |z12
R LI WAL L e 1L ey SR
2 141z’ 2 14|z 142
(em. § 1 ra. I). Paccrosame Mesxmy Toukamm cdepm Pa-
MaHa, OTBEYAIONUMA TOYKAM Z W W, PABHO
k(z, w) = Lo —z| y K(g, 00) = b
VitV i+ wp Vitisp
CrnemoBaTenbHO, 3JeMeHT IIMHEI p;yrll ma cdepe Pm-
| dz |

MaHa paBeE ds=——— 1 412F s @ 3JJEeMeHT MJoImag?® paBeH
z
dz dy

(TR
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Bripaskenms
j‘ |dz] j‘j‘ dz dy
14z [ETRE

6yneM Ha3mBATH, COOTBETCTBEHHO, cdepuneckols daunotk
kpueol L m cihepuneckoil naowadvio obaacru D,
OrMernM OfHO BajskHOE CBOHUCTBO cepHUECKON METPHKM,
JIerKO MpOBepsAeMoe HEMOCPEeNCTBEHHEIM BHIYACIEHUEM:
Cfepunecran MeTpura UHEAPUAHTHA OTHOCUTEABLHO X npe-
o6pasosanuii suda
14 za

Ww = .
zZ2—a

(9t wnpeobpasdoBamms oTBeval0T Bpamenmio cdepn Pm-

MaHa.)

Eine wBam wnomamoburca opHO o600merne HopMyIH
Uencena:

Jemma 1. Ilycre Pynryus p(§), Lt ==E+in, nenpe-
DPbléNa 60 8celi NAOCKOCTU, 34 UCKAIOUEHUEM KOHEYHO20 HUC-
AQ TOUEE, U YBOBAETEOPRET YCAOBUAM

o(0)=0, [ [o@nt|t|dEdn<oo, | o) dtan=1.
O6osnavunm

Uw) ={fo@njw—t|dEan,

vy = fret. Pe@azdn,

2de F(z)— neroropas Pynryus, mepomopdunas eo eceii Ko-
renwnol naockoctu. Toezda

{ v @ia =

|zf==r

an

—U(F(0) + 5@ dz— N (r, o, F). (6.1)

IlorkasarteabcTBo. Bocmoabayemca dopuynoit Hen-
CceHa B TOM BNJE€, K KOTODOMY MK IIPHBENH ee B DPeNHIIy-
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mem maparpage (cM. dopmyay (5.1))
1

m In|F(z) —¢||dz| =
2n\2iir
—In|F(0) =L+ N(r,§, F)— N (r, oo, F).

YupommaM 3Ty ¢QopMyTy Ha p(@) ¥ TPOMHATErpPHpPyeM IO
Beeil \ wrockoctn. B cuay ycuosuit Ha p(T) Bce mHTErpaxms
paBHomepHo CXOMATCA, TAK 4YTO mepeMeHa MOPAJKA WHTe-
TPEPOBAHAA 3aK0HHA. BHIOONHAA mATerpmposaHme M0 E, 1)
¥ NCHoab3yA BBefeHHBIe 0003HAYEeHHS, JETKO MONydaeM yT-
Bep;KIeHne JeMMEI, eclIH BCHOMHHTE, 4To mpm G 7= F (0)

r

ng=jl%ﬁdm

0

3amegarnme 1. Ecam F(0)= o, ro U(F(0)), kak u B
o6bramoil Popmyne. Uencena, mpmxogarca 3aMeHHTHL HEKOTO-
Ppoi mpyroii mocToAEHOM.

3aMmewarsnme 2. Qymenmm V(r) MoskHO IpEmaTh H0-
BOJILHO HpOCToll TreoMerpudeckmit cMseica. Jliaa sTofl meam
BBeJeM B KOMIIEKCHOM INIOCKOCTH HEKOTOPYI0 METPHKY, 3a-
JaB BsieMeHT aMHE papencrBoM ds = Yp(%L)|dtl. Torpma
(L) dE dy— aro simeMeHT miomapga B 3T0H Merpmke. Ecam
obo3Ha4nTs 4Yepes S, PAMAHOBY HOBEDPXHOCThH, ABJIAIILYIOCH
_BBAEMHO OFHO3HAYHEM o6pasoMm Kpyra |z| <r mpm oroGpa-
meHnn W = F(z), To n(r, {})— 3T0 4mCI0 MECTOB pEMaHOBOR
mosepxEOCTH S, Hapx Toukoil §. IlosTomy V' (r) ecrs He uTO
WHOe, KaK TUIOMAaAs PAMAHOBOM nonepxnoc’m S, B Hameijt
MeTpHEKe.

9ro coobpaskenme (cM. Tarkme § 4) mo3BOJAET HANMCATH
raa dyexqnnm V (r) eme omry dopMyny:

vin={[eF P @Prady. 62

lzl<r

C pmomomplo AeMMH 1 yiKe HETPYIHO BHIACHATH TeOMeT-
pmdeckait cmuca dyuxmqua 7' (r, F)— xapaxrepmernka wme-
poMopdHOit Bo BCell KOHeuHOA muocKocTm dyukmunm- F(z).

Jlag aToil mesm MOJOKHAM

p(L) = L

(t+|c|”)"
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Torpa ¢ymxnoma V(r) 6ymer pasma cepmueckodl mirommagm
PEMaHOBOH HoOBepXHOCTH S,, fAenenHoil Ha nt. Cdepuueckyio
mIoImagh PUMAHOBON MOBepXHOCTH S, MbI Oymem 0603HAYATH
S(r). Mo nemme 1 umeem

e [ v@@)a-vEo) « L f“’ — N (r, ).

2nr
|z|=r

Haiinem dynrmumio U (w). CoriacHo ompemereHnio

Injw—2¢| .
Vi) = ”(wlcﬁ)2 =

oo

1 Y—i - j‘ In|w—¢||d;|dR
212 ‘
. (1 4+ R?) -

Bryrpeunuit mHTErpas BHIYUCIHSETCHA, HANPHAMED, C MOMOIIBLIO
dopmynsr Uencena

o X In|w—¢||dg| =

{lnR (|lw| < R),
[EI=R

Injw| (lw|>=R),
H BHYHCJIAA D[ONYYAKINUecs WHTErPANbl, JerK0 HaXOMuM

U(w)=1nV1+ w2
Taxum 00pasom, MBI OPHOLIE K dopMye

2% X InV1+|F@)[|dz| + N(r, 00) =

|z]=r
T
_ 1 X S
T
0

(mpu F (0) = o ¢opMyna mcmpaBisiercs OGBITHBIM CIIOCO60M).
N3 oueBumHOTO HepaBeHCTBA

D dz + nVI+[FO] (6.3)

In* lwl <InV1+ lwl2<In* lw|l +1n2

clemyer, 9TO

m(r, 00) < g X VI FTF@)E|dz| <m(r, o) + ln 2.

|z|=p
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Hoaromy

S (2)

z

T(r)=m(r,oo)+N(r,oo)=%j‘ dz + O (1).

dra ¢opMynTa ¥ JaeT HCKOMHEH TeOMeTPHYEeCKHI CMBICH Xa~
PaxTepHCTHKA MepoMopdHOH QYHKIHH. ]

Beamaunnt
Zo'(r) = %j‘ Six) dz,
0
0 = — g | k(G F@)lds],
1z|=r
e k(5 w) = .

, Ha3BIBAOTCA, COOTBET-
V 2 V 2
1181 14 |w]

cTBeHHO, cgepuueckoll dopmoli xrapakrepucruku u cgepu-
yeckoli gopmoli PynrEYUU RPUGAUICEHUS. D

Qs cdepudecroit HopMbl XapaKTepHCTHKH CHOPaBeNIHBO
COOTHOINEHNE HECKONbKO 0Gojee Toumoe, yeM TeopeMa o.1:

Teopema 6.4. m(r,L)+N(r, §)=T(r)—1nk(L,F(0)).
HJorazareabcTBo. Ilpm § = o yrBep:jeHHe Teope-
ME coBmazjaer ¢ gopmynoit (6.3). Uro6sl mokasarb aTo yT-
pepikpenne npu Jdio6oM §, paccmorpuM ¢$ymknmio G (2) =

= %_F(g) 1 npumenuM dopmyay (6.3). ITo macr mam
Z) —

m(r, o, G)+N(r, , G)="T(r, G)—1n k(w, G(0)).

fcuo, aro N(r, ©, GY= N(r, §, F), Tax Kak moxiochl GyHK-
nun G (z)— aro mymn ¢ysrmum F(z)— . [lamee, Mu oTMe-

9qana®, 9ro upeobpazoBaHme % (Bpamenmue cdeprr Pu-
MaHa) coxpaHseT cgepHIeCKyl0 MeTDPHKY. JToO 3HAUHT, 4TO
k(E, F(z))=k(=, G(z))
u uro S(z, F)= S(z, G) npu Bcex z. IToaTomy
m(r, o, Gy=m(r, t, F), T(r, G)=T(r, F),
k(e, G(0))=£k(E, #(0)),

W TeopeMa JoKasaHa. | |
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Temepr mepeiiieM K IOArOTOBKEe HOKA3aTeNIbCTBA Teope-
Mol Hesammummsbl o pgedexrax. CHawama mowaskem ofHy coO-
BEPINEHHO 3]eMeHTaPHYI0 TeMMYy.

Hemma 2. Ilycro (x) — nenpepwiano dugdepenyupye-
Maf, HeyOvlearowans GYHEYUA, NOLOICUTEABHAR NPU X == a4 >
> 0. Ipu ar06om noaoHUTEALHOM q HEPAGEHCTE0

Inyp’(z)<2lny(z)+glnz
€npasedaueo 0Oasa 6cex I >a, 3a UCKAIOUCHUEM, MONET
6vlTo, MHONMecT8a E, daa woropozo dr 2dr < oo.
E
HorasareabcrBo. Ofosmauum wepes £ 1o MHOMe-
<TBO, Jeainee Ha ayde r =a >0, qua KOTOpOro mMeer Me-

<10 obparHoe Hepasencrso. Toraa mpu z = E umeem ¢ (1) =
=z (z) m

7 V' (2) j V' (2) 1
j:x dxgj; @ d.r<a V) dr < @ << 00
Jlemma moxasana.
Eme monagoGuTca nepaBeHcTBO
b b .
; 1(15111 ¢ (2)dz <In {27—_1_—55@ (2) d.r], (6.4)

cIpasefiuBoe Alg Jaioboit ¢ymxmum ¢ (x), HeorpUmareib-
HOIl Ha orpeske (a, b). OHO aABIsercA HempepLHBHLIM aHa-
JIOTOM HepaBeHCTBA

VA A< (A + .+ A (6.5)

{0 cpeQHeM TreOMeTPHYECKOM H cpejgHeM apupMeTHIecKOM)
W JerKo IOJyvYaeTcd W3 HEro NpPefelbHBIM MEPeXofoM.
OcHoBHOE 3HaueHHe [IJIA MOKA3ATEIbCTBA HMeeT CIeNy-
10IMee HEPABEHCTBO:
JJemma 3. Iycro evinoanenwvt ycaosus aemmot 1. Toe-
da 6 ee 0603HAUEHUAZT

= | mIF@le + s [ mVere) al<

|zl=r |z|=r

<+l 66
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ODowrasarenbeTBo. Bocmomesyemca pmaa V(r) dop-
Myaoit (6.2). W3 Hee merko moiaydaeM, 4To

V= [ p(F@)|F@)PFdzl.

lz|=r

Ilomenum ofe wacTu »To#f PopMynB HAa 27r W BOCIONB3Y-
emca wHepasemcrBoM (6.4). ITo pacT HaM yTBepIKIeHHe
JIeMMEL.

Teopema 6.2. Jaa awbeixr Ty, Lo, ..., §n Hepasencreo

g%(r, L) <2T(r) + O(n T (r) + Inr)

cnpagedaueo npu 6cex r, 3a UCKAIOYEHUeM, MOXNceT GblTb,

muoxmecrea E, dasa roropozo Srq dr << o npu awbom Puk-
E
cuposarnnom q > 0.

HJorxasarenscTBo. Mpmea [gokasaTeabcTBa TeOpPEME
COCTOHT B TOM, 4T00BI MOAXOMAINAM 006pasoM BHIOPaTh QYHK-
nuio p(L) m BocmombsoBarhbea HepaseHcTBoM (6.6).

3ameruM, uto ecau ¢ysrmma p(§) BeiOpama Tak, 9ro
HHTErpat, MpefcTaBIAINAN GYHKIAIO

o0

Pw)={ [Inkw, )o@ dedn,

—c0

abcodIOTHO CXORHWTCA OpH Bcex w, To ¢ymrmuma V(r), mo-
cTpoeHHasA no BH6panHO#l ¢ymroum p(L), ymosieTBoOpAeT
HEpPAaBEHCTBY

S Y@ 4o < F(r) + O(1), (6.7)

[elicTBATeTbHO, BO3bMEM PAaBEHCTBO, JOKA3AHHOE B TEO-
peme 6.1, ymuomum ero Ha p({) ™ mpouwHTerpEpyeM mo
Bceil mrockocTH. Bemommmas, garo p(§)=0 m wro mo ompe-

nenenuio m(r, §)=0, a

ﬁp(@)czadn=i
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{S.S‘n(x, C)p(C)dgdn)%=

— (¥ e dedn,

motydaeM corjacHo omnpeneieddio ¢yukoqun P(w) Hepa-
BEHCTBO
;

f V@) g2 < T(r)— P (F(0)).

z

0

N3 sroro mepaBencrsa BmiTexaeT HepaseHcTro (6.7), Tar
Kak 1m0 ycaosuo |P(w)] < oo,
Teneps onenum ¢ momomnbio HepaseHcrsa (6.6) maTerpan

To P =5 | VTG azl.
|z)=r
N3 memmul 2 umeeMm

P <omv(r)+0(nr)  (r&E)

r

an(r)<2lnjlmd:c +0(nr) (reEy).

z
0

CuenosarenbHo, o0o3nauas depes £ oObefMHeHMe MHOMKECTE
E, u E;, nMeem

WY o f(r)+1n() (rE). (6.8)

r

HManee, mo dopmyne MNencena

i ’ ’ ’
5 Ijl In|F'(z)||dz| =1In|F'(0)| + N(r, 0, F') —
|zl=r

— N(r, o0, F) =2 —N(r, 00, F') + O (1)

(rax wax N(r, 0, F')=0). Ho N(r, o, F')<<2N(r, =, F),
nockoxbky F’(z) mMeer ToabKo Te jKe HOXIOCH, 410 U F(z),
a KpATHOCTh HX yBeIwdImBaeTcai He OoabIle dYeM BABOE.
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CnejioaTeanno,

—2%, Slan'(z)lleI<2N(r, o0, F) + O (1). (6.9)

fzl=r

Moacrasasem omenrn (6.8) m (6.9) B nepasencrso (6.6):

T, =5 | WVoT@) |dl<

Jel=r
<2N(r,o00) +O0(nT(r) + 1nr) (re& E). (6.10)

Teneps Axs 3aBeplleHHsA [OKA3AaTeNbcTBA HAM OCTANOCh
TONBbKO BHIGparh mogxomAmuEM obpasoM d¢yuromio p(§),
YOBIETBODAIONIYI0 yCIOBHAM

o0
p@©=>0, [fp@dean=1
—00
¥ rakylo, 4ro6bl mHTerpan mua ¢gyHrnEm P(w) abcoloTHO
CXOUICA TPH BCEX W,

Boibop rakoit dymroum p(f) me ogesmpen. B mepmoM
BapHaHTe [OKasaTeabcTBa IHeBaumnweHa O6panm B KadecTse
(%) miorHOCTE rUMEpPGONMYECKON METPUKM A ILIOCKOCTH
T ¢ BBIKOJIOTHIMH TOYKAMEH (i, &2, ..., Gn. JIHIOB BHmOCIHEN-
ctBum Anbopc 3aMeTHNT, 9TO MOMKHO B3ATh B Kadecrse p (L)
gHauIMTeNbHO Goee mpocTyI (YHKIHMIO ¢ TEeM jle IOBefe-
#ueM 1phA > C, @ § — . Cnexya Aabgopcy, MBI BO3BMEM
dyuxnuwo p(f), onpenensemyo paBeHCTEOM

anB_(E)= s .
=1nk(G 00) — X Ink(, g)—Zln[—@lnk(c, cs)] +C

{mna ymoGerBa ofo3HaveHwmit MOMOMEHO §,= o, 4TO HH B
Kaxoii Mepe He orpammumBaer obmHoCcTH). OmpefeneHHas
STHM DABEHCTBOM ¢yurmua p(L) momoxmTenbHAa W Hempe-
PHIBHA BO Bcedl MTOCKOCTH, 38 HCKIIOYEHWEM TodeK ., B OK-
pecTHOCTH KOTOpHIX Aasa QyHkouu p (L) mMeloT MeCTO acmMi-
ToTHIeCKHEe (HOpPMYIBE

A
o~ s & 3)s =1-9 3 o ey —1-;
O nrmiggpr C7H TR
4, e
O~ w7

{A, — HeKOTOpHIe HONORATEIbHbIE HOCTOAHHEIE).
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W3 »1ux acmmnrormuecknx $opMyn BEAHO, 9TO WETerpa
or p(f) mo Bceit mIOCKOCTH aGCOMIOTHO CXONHTCH, KAK W
uHTerpan, ompepenawmui ¢ysromio P(w). Iocrosmmyio C
BbiGepeM Tak, 4ToOm HHTerpanx oT ¢ymknmE p(f) mo Bcei
ILTOCKOCTH GBI paBeH 1.

Ounenum marerpar J(p, F) nuaa seiGpansoft mamm ¢pynk-
nunm p (). Umeem J(p, F)=J, — 2J3+C, e

J1=%r X [lnk(F(z), 00) — 2 In k (F (z), §0]le1=

tzl=r L-

o n—l o
= —m(r, ) + ; m(r, Le)
B CHIy OmpefeleHHd T;l(r, g), a

Jo= | 1n[—21nk(F<z>, c,>]|dz|<

lzi=r
sﬂn{-i% { ﬂlnkUN@,;Hdﬂ}=

jzl=r 1

S 2) = 0(n 7 ()

B cury HepaseHctsa (6.4).
'Cxenosarensro, nepaBencrso (6.10) maer

S m(r, &) —m(r, o)<
<2N(r,0)+O0(nT(r)+1nr) (reE).

IlpuGaBiasa & o0eMM UacCTAM OTOIO pABEHCTBA BEIHYAHY
o o o
2m(r, ) u BcmomumHasa, aro m(r, o)+ N(r, ©)=T(r)+
+0(1), a §, = o, moxryIaeM yTBepKJEHUE TEOPEMBI.

N3 poxasamHOil TeopeMbl cpasy uoaydaerca TeopeMa
o medexrTax.

JleiicTBATENbHO, MOMKHO CIHTATh, 4TO F(z) He ABIAET-
cA papuoHagbHoil (yHKOHeH, Tak KakK A DPamHOHAIBHBIX
dynxnuit Bce acHo u Tak. [loaToMy B cmiay TeopeMsl 5.3

lnr=o(i’(r)): (r = o).
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Kpome Toro,

5(g)=1_ﬁn.N_(”Q=hm’"_(’vQ.

[ o

roe T(r)  iow T(r, 0

Pasgenum o6e gacTH HepaBeHCTBA
n
2m(r,t)<2l () +0(nTI(r) (r&E)
1

"a I (r) 7 mepefifeM K Ipefexy OpH I — o mo Kakoi-1uGo
mociaefoBaTeIbHOCTH, He [onagalomeidl Ha MHOMectBo E.
ITo W 03HAYaer, 9T0

; 8 (L) < 2.

Teopema 6.2 Gbuta BeHOOM HEBAHINHHOBCKOY TEOPHH pac-
IpeielieHAs B3HAYCHHN, H3IOKEeHHOX B ero kumre [26].
B panpmeiimeM sTa Teopema mopopuia paj mpobieM, Ha Ko-
TOPHIX MHOIME MAaTeMATHKH CBLIIHE I[TOJyBeKa OTTAYHBAIM
©Boe aHAJETHIecKoe MacTepcTBo. Opmolt w3 Taxux mpobieMm
ABAACTCA BOIPOC 0 BO3MOMKHBEIX MHOJKeCTBaX NeeKTOB Me-
poMopdHOit ¢ymxmuu. Bolree mam MeHee 3aBepmieHHBIE pe-
8YABTATLI B HTOM HAUDPABIGHWH OBUIM MONYyYeHHl JWIIH B
nocnenaee spema (mocme 1970 r.). Mu cdopmynmpyem ceit-
Yac HEKOTOphe W3 3THX Pe3yAbTATOB, He HPUBOAA [OKa3a-
TENBCTB ([OKA3aTeTbCTBA OCHOBAHKL HA TOHKHX OIEHKAX U3
TEOPHHM KBa3HKOHQODMHBIX OTOGpaMKeHMil, KOTOPHIM He Ha-
fIUIOCH MeCTa B ATON KHHTE).

B npuHBOAMMEIX HHKE pPe3yIbTaTax MpPeNIIoNaraeTcd, 4To
F (z) — mepoMopduaa ¢(ysKOua KoHETHOro MOPAAKA. ITO
UpefnosioKenne He ciaydaitao. Jlexo B ToM, 4To mOHATHE Je-
¢gerra maa MepomopdHoit dyHrOmuE OeCKOHEYHOTO TOPAMKA
He BmoiHe KoppektHo. Ha aro obcroaTenscTBO yKasax:
apBoBcKUY MaTeMaTuK A. A. Tonppfepr B mpuiokenmm
pycckomy mepeBoxy kaurm [4] eme B 1960 r. Om mocrpomn
upumep mepomopduoii dymxnum F(z) GecKoHETHOTO HOPAH-
RKa, y KoTopoit MuomecrBa pedexros ¢Qynxmumit F(z) u
F(z+ 1) cymecTBeHHO pa3Im9HEL

Teopema 6.3. Jaa awbold mepomopduoil @yuryuu
F (z) roneunozo nopadka svinoanferca ycaosue

28 <oo (6.11)

{cymma Gepercs no ceMm SHALEHUAM t).
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Teopema 6.4. Ecau dua mepomoppnoii dynryuu F(z)
EOHEUNH020 nopAdKa 6bINOAHAETCS YCAOBUE

28 =2, (6.12)
ro deperr O§(§) orauuern or myas aulte Oaa KEOHEUHOZ0
yucaa 3snavenuil §, a ece atu OederTvl — payuonasbHblE
yucaa.

0O6a stu pesynbrata ObLIH IOXYIEHbl aMEPHKAHCKEM Ma-
temaruxkoM Beiinmamom (mepsbit— B 1972 r., a BTOpOIL —

B 1969 r.).

Teopema 6.5. Jua awboi nocaedosareavroctu noso-
aureavnvlr wuces {8, k=1, 2, ..., ybosaersoparoweil
YCeaosuam

Sn<<l, Dop<<2, D61?<< oo, (6.13)
1 1

cywecrsyer mepomoppras Pynryus F(z) woneunozo no-
padka u nocaedosareavnocTs pasdauunblr amavenull {G,),
obaadarwwue ceolicreamu ‘

G(Ck, F)=6k, k=1., 2,...,
u

G(CY F),': 07 C;&CR

JTOT pesynbrar OBII IOJYyYeH XAPHKOBCKHM MaTeMaTH-
xoM A. O. Epemenxo B 1985 r.

Tlepsoe us ycmoemit (6.13) B Teopeme 6.5 Bechma cyme-
creenno. Ciayuaif, xorma omud -u3 pmedextoB pasen 1 (mHa-
npuMep, worga F(z)— meras ¢yHxImMsa) moka He Hccaeno-
BaH fOo KoHOA. Lpesamckmit maremaruk H. Y. Apaxensr
BBICKA3ajl TruIoTesy, 4ro miaa lexoi ¢yuxoum F(z) nedex-
THl JIOMKHBI YIOBIETBOPATE YCIOBHIO

pAI

sHagmTenbHO Gomee cmabpHoMy, Hemeanm (6.11).

HepannuaHOBCKAag TeOpUsA NPHBEJAa H K HHTEPECHBIM
MuoroMepubiM 0606menuamM. OG sTux 0000INeHHAX MOFKHO
opodecTh B KHHrax |5, 44].

1
< o0,
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