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LUbbUupldyu

Muundwlwlnptl Yepmowywl Gpypwswthnipnip wnwowghy
L npwtiu Gpipwswihmpjwl pwdhl, nph hhdGwlwb hwuyugnipniG-
Gtpp ywpqugniyG tpypuswthwjul wwwmytpnltn G6° Yembn, ninhn-
Gtp, hwppnipymGGp, tpypnpn Yupgh Ynptp, Gpypnpn jupgh dwyb-
plnyplbn: Gpypwswthwyul yquumitpnGoph niuntdGwuhpiw hhiGw-
JuwG dhongGtipp tink] GG YynpnhGuwnGtph dtpnnp L mwppuwlwl hwi-
pwhwyhyn: dwdwlwyh pipugpnd wju wiklp tGpwpyyt) & npnpw-
Uh thnthnjumpymGGtph: UwuGwynpuuybtu, wjdd nddup & yguwumyb-
pwglt ypmnmowuwb tpypuswhnpjul nuuppug wnwig Yhljun-
pwywl hwphy, tpipuguwhwiul dhwhnfunpmiGGtp, hGuphwbm-
Gtpph mbtunmpym G pwdhGGhph:

dhpmowul tpypuwswthmpjwl yhpwptinyw puwqiwphy nuuw-
qnptinhg, Gyniph pwqiwqul L jhwpdtp plggpyuiwl wmbuwlyyniGhg
Junpbtih £ wnwldGuwgll] tpynups M. U. Uitpuwlnpnyph [1] L
U. U. MnunGhyngh [2] dkGwqpmpniGGbpp: QGuwjwd tpynwul
niGtl wwwynphy owywiltp, jnipwpwlyympmyi Yuwl pwdhGitp,
npnlp syl dynuund: LHwwnmbGp, np pb” dbyp L pb’ Uyniup Gwjuwwntiu-
Jwod st6 npubu nuuwghpp dhohG wwwmpwumywonipjul uljubwy
nuwlnnh hwdwp: Ut ptiptilp th hwnywo [2] qpph Gwuwpwihg.

«... Hacrosimass kHnra He SBIAEeTCSd YYEOHMKOM aHAJHUTHYECKOH
TCOMETPHUH, CISAYIONINM TOH WM MHOW ompeneneHHou mporpamme. OHa
HE IOpelHa3Hau€Ha TakXKe HU [ MEPBOHAYAIBHOTO H3yYEHUSA
AHAIMTUYECKOH TeOMEeTpHH, HH IJs camooOpaszoBaHus. Hambompmryro
MOJB3Y OT Hee TOIYYUT CIOCOOHBIA W JTF0003HATENLHUH CTYICHT, yiKe
MPOCIIYIIABIINI KYpC aHATUTUICCKON TEOMETPUU M KEIAIOUTUH yTIyOuTh
U CHCTEMAaTHU3HPOBATh CBOW 3HaHUS, (a2 HE 3aMHTEPECOBAHHBIA TOJBKO B
claye 3K3aMeHa) ...»

dtpohlG dwdwlwylbpu Guumynmd £ dhunnd shwynptint Ybpnt-
owlwl tpypwswihmpinilip qowjhG hwlpwhw)yh htnm dh puuplpw-
gnui: Uju dnntigniiG wpnupugywo b wjl ghypnid, tpp funupp glnd
L puqiwsuth (3-hg dho swhnnuyuwlnipjnilnyg) nmwpwonipjniGlt-
pd GpypuwswihmpiniG Junmgtin dwuhG, pwlh np wju phypmd
twybu dtowlnd L qowjhlG hwlpwhw)yh ntpp: UhohG Jwd thnpp
dwdwpwlwlyh nhypnd wju dnnbtgnuip sh wpnupuglnd ppbd,
pwGh np Yytipnhhpjw) dhwynpnuip thwuwmnptl Ypmd £ dGuwGhjuljuG
plnyp, L gnpolGwlwlnd, npytiu wbnG, Gpipuwswihnip nilip vnnpw-
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nuwuynid L hwlpwhw)yhG: UpgniGpnmd nwuplpwgh wyjwpuhG
unwgymd £ dh hpwyhdwl, Gpp nuwlnnp sh mlGhlinmd wlquyd dh
nnpn ywwunbpuwgnyd nwppwlwihg mwpptpynn GpypuwswhngpgniG-
Gtph gnynpjwl, Gpulg wnwGdGwhwwnympniGitph L jhpwonipym G-
Gtph Yytpwpbpyuwy:

Utn Ynnihg wnwowpyynn 4abtnGupyp thnpd L uwnmbtnoby uvh-
owlljw nuuwghpp, npp, hwiwwwnmwufuw Gting Uwptidwmhljujh L
dtfuwlGhyuwyh pwynyumtimmd Gipuyndu qnponn  opwqphl, [hGh
dwwsbih L pGpbipgynn: Ghpwnpymy k, np wjl jnmpuglbnt nhiypnid
nuwlnnl wjjlu hGwpwynpuipynil YnilGhGw hGpGnpny G YnnuGnpn)-
ytmnt b funpuwlwne ypmowul tpipugwthnipjwb wyy, wybkh pwpn
pwdhGGtph nuumdGuuhpnipjwi dtg:

Qwuplpwgp Gwhiwmtiuuwo L wnwohb Ynipuph wowohl Yhuwd-
Juyh hudwp Qupwpwywl vh nuuwhnunipinil b dh qnpoGulwi
wuwpwwunilp® jnipuwpwlymipp tpnuujui dwdnyg) L punuguo k
hhGq qifuhg” Yuyumnpuwlywl hwhy, YnpphGunwghlG hwdwlwpgbp,
ninpnp hwppmpjul Jpw, tpypnpn Jupgh Ynptiph mwppujwl nb-
unipjnil, tipypnpn Yupgh Ynptph pnhwlnip mbunipniG: RGwlwd t,
np Jupnn L wnwowlwy npny jupjwonipynilG (jnipp nuwuwfununi-
pyniGGtph wmbtupny GyJwo dwdiwlwljwhwnyjwond pwpfutiint nb-
uwlyymGhg: <wyh wnlhny vw' nuuwgppmy Jwpwnpuipp juunw-
nbp GGp wjGubu, np quuwjunup, gpunwfumwyh Yypw puguumpting
ndjwy hwpgh hhiGwlwl dwup, jupnpubw nhunwiGhipp ponltp
nuwlnnhl hGpGnipnyG pGptingdwl hwdiwp: OphGwly nwuwgppnid
ptindwo GG ythumnpltph gnudwpdwl L pyny puqiwyumydwl pnnp
1-8 hwwnynipniGGtph dwipwdiwul wyugmgmuiblbppn: Fwuwfunup
Jwpnn t hp hwjbgnnmipjudp wwwgmgty npulghg uby-tpyniup
dynuGtipp pnnGtiny nmuwlnnpG npybu hGpGnipniyG wpuwmwlp:
GQuwdi pwgwunbny Lihyuh YhquitimwihG L ghpijunpyw; hwnyn-
pynGGtpp hhwybppnih gwypmd Jwpnn £ vwhdwlwhwlyt] hwiw-
wwunwufuwl hwnmpmGGtaph dlwytpyniGipny dGwgwonp pnn-
(Gtny ntuwGnnhG:

{wpyh wnbbny, np wnwohl YJhuwdjuynid nuwlnnp nhn smGh
wlhpwdb)m qhnbtijhpltp gnuiquhtnwpwnp jupnpugynn qowjhG hwi-
pwhw)yh nuuplpwghg, dquti Llp wwywhnyt] nuuwqgqpph wipnnow-
JuwlmpiniGG m wiwhumpynilpn: Uyn Guwwwyny hpwdwnpyty Glp
npnp fupphl wbjuGhywlywl dhengGtph oqumuwgnponuihg” thnfuwph-
(bny npulp nmwppuiuwi L ht)n jmpugynn dhongltpny, Jwy
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wlhpwdtym ynnilGwyh Gypp wpunnpty tlGp hGupuwynpplu wywp-
qtigwo mwpptipwyny: OppGwy qowjhl hwjwuwpmibGbph hwdw-
Junpqgbtiph momuiGtph nuumiGuuhpnipjnilp pwpwnptjhu vwhdwGw-
thwlyty GGp dhwjl hwiwutin qowjhG hwjwuwpnuiGtph hwdwlwp-
qtiph nhwpny’ funtuwthtynyg w)G wibklhg, hGyp juudwo b dwwmphgh
nwlgh Jwui qowjhl mwpwonipjul hwuljugnipniGlGtph htn: Gud
tpypnpn Jupgh Ynptiph oppngnlw) pGywphwwbtph mbunipjmln
wpunptijhu Gwuwywhwpiwp  quulp  (wnwjdd) huntuuhbg
pwnwlnuwjhl dutiph mtumipjuwl oqumuwgnponiihg” wwywgnignilt-
np yuuwnpting mwppuwul dhongGtipny: Uw wpnupugywd b Gpuw-
(iny, np wnyyw; ghypmy hpiGwlywbp pGJuphwlmh hwuljugnipmGa
£, huj wywgnigiwl tnuGwyp Gpinnppuywi:

Utip Juplnpmd GGp Gpypuwguhwlwl dLwthnfunipniGGtph
nhinp Yytpnuowyuwb tpypuswhnipjwl nuuplipwugnid L npwlp Ghpdnt-
onmud tlp pwj] wn pwyj htlg ulqphg: bul npwlg mtunipjul hwiw-
Jupqwo  wpunpiwlp  Julnpununbuwip nwuwqgpph  Gphpnpn
Jwunid, npp nyyu YubtiuGh, tpp gpu hwdwp wihpwdb)m L pwjwpup
hhuiptip [hGEG:

Ulynipm dbp dnnbgnuiGtpmd wnluw G0 npn) wwppbp, npnlp
Juwnnn GG 1hGG] yhabih: UjGwytu np’ wowownplynn nuuwghppp wtinp
L nhwt] npybtu wwppbpwy L ng pb wwpunwnpulp: Upnn®p dtp
nwnppbpuyp qwy t, pb Juun, ybpolwljwl qGwhwunmwiuip wyuwwn-
Julnid L niuwGnnhG:

‘Upwlg hwdwp, nyptip ypniowwb tpypuswhnipyniGp hGplni-
nniyG nuunudGuupptn Gyuumwyny Yplumpkl dtp nuuwghppn, wmtipu-
nmu pipgwo Gl ny ko pwlwlnipjuwdp fulnhpGtp, npnGp Jwd jpug-
(nd GG wyl, ywd mGe6 vnngnquyul plnyp: Unwowpynid tlp
atinph wnwy mGtGw) htinhGwyGtph ypnmowjwl tpypw;wihnpjud
[4] fuGnpwghppp, npubn  pipwd b6 pwqiwphy  ulnhpGph
monuiitp b (niodwl tnulwyGbin:

Npny hwpgtinh wytjh dwlpwdwul owlnpwlwmt Guuwumwlny
nuwuwaqpph Ybpgnd  wnwowpiymd E pugnighy qpuwlnipjwi
guiy:



Q-LNOkMu UGURRL
dEESNATLTL LUThd

§ 1. ABUSNMLEL, UQUS d6usSnever

Jduyumnpulul hw)yh hhpdpmd pGywo GG wquum Yulwnnp-
Gtpp L GpwGg htn Juwmwpynn gnponnnipjmGGtpp: {<piGwywG
gnponnnipjniGGtpp ynpulG GG Ythunplhph gnidwpnudp, pwq-
dJwwwwmynuip pyny, ujupwp b yayunpuyul wpmwnpju-
Gtnn:

Uwhiwlnmd: Swpwonmpjul Ytntph juwdwjwyul Yunp-
quynpjwo Ytmwqnyyqp, npnlghg vkyp hwiwpynid £ wnwohln,
huy nwp' Gpypnpnp, Yngdmd b gbfunp: Uyn o Yhnbphg
wnwohll wijwlmd G yuynnph ufgplwyln, huy tpypnpgp
bpolGwlbun:

UhwgGbny uyqpbultinp ytipneGuwlybnmhG JayunphG jupbh
L mmw) ninnnppyjwd hwnywoh wmtup:

JhlnnpGtph hwdwp gnpowdynid 66 (4, B), AB Guwd AB
GywlwynuiGtpp, npntin 4-G ytiunph uyqpGuytnG E, huy
B-G" ytpoGwytinmnp: d&finnp AB -h GphwpmpiniG Ynsymd L
AB  hunjwoh btpyupmpnilp L Guwluwyymd L 4B -ny,
|Z§|-nq Jquwy |4B|-ny: Gpt Juywmnph uyqplulytinG nt JYtpg-
Guwytunp GnyGG GG, wjyuplpl AA, BB, .. wmbtiuph £, wuyuw
wjnuwhuh yaunph tpupnipyniGp hwdwpynud £ 0:

Jdhyumnpltinh htim npnpwyh hwwnympyniGlGtpny gnpon-
nmupjniGGbpn vwhdwlbm Gwwunwlyny Gopdmoymd E wquun
ytyunnph hwulwgnipjnilp: Uquum ytyumnph vwhdwliwl hw-
dwn Juw tplynt dnnbgnid:

Unwohl tnuGwyh ntiypmd, hlGyybtu nuypngulul gqnponn
nwuwqppbpmy t, &pgn JEmnplbn hudwpgnmd 66 hwyjwuawn,
bpt hwdwwywumwufuwGuwpwn Gnulg vhqplwlbmbnl n Jbpo-
Gulbmbpn dhwglbjhu vnmwgymd b gmiquhbnugho, L jwd [
Gnulp qubymd L4 dh niggh Jnw, mGG60 hwjuuawn Gplpopni-
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p/millhn L nignywo G0 Gnyyl §ngdp: U6, hGy vnwgynd £ wju
(ni)GugnmubGtph wpyniGpnd, Yngynd & wqun yblpnng:

Uju dnunbgnuip ybywmnph hwulwgnipjul hhdGwynpiwG
wmbtivwGljniGhg wjlpwh £ hwonn st:

Gnypnpn tnuGwyh hhdipmd pllwo E Jaumnplbnh hwdwn-
dtipnipjwl hwuljugnipjnilp: Gpt bpynt ny gqunyuljuwb yulywmnp-
(tn wyluhuhl GG, hGywbu G2Jwo L ytpp, wyw npulp hwdiwp-
ymd 60 Awdwpdbp (hwjwuwp hwdwpynd GG dhwjG dhijwig
htn hwiplGywo Ytymnpltpp): Uyu pliypnd wquun ytywmnpp
vwhiwlymd L npybtu dhijuwlg hwdiwpdtp pninp hGupwynp
JtyumnpGtinph  hwiwhdipmpml  (hwdwpdtpnipjul  nuu):
bptGp® YthunplGtpp (nunnpnjuo hwnjwoGtpp), Yngynd GG
nyjw] wquu ytiunph GhphjuwjwgnighsGbn: Uquun Jtlunnp-
Gtpl wpntl yniGEG uyqpGuybn L yhpeGwytum: Uyn hull ywwn-
Gunny Gpulg hwdwp gqnpowdymd GG a, b, .. Grwlwynud-
Gtpp: Uwulwynpuytiu AA , BB , ... mtiuph pninp ytlhumnnpGtpp
(nyGutu hwiwpymd G606 hwdwpdbp: pwlgny npnyynn nuup
Ungynud & gyl wquun Jhljunnp L G)w Gwynd L 0 -ny:

‘Lotilip, np wquwn YyaYwmnpp Jupth L uvwhdw (b Gwl npuytu
qniquhtin mtinuthnfunipjwl dLwhnfunipniG:

Uquu ytyunpp thnyhG npnpymd L hp npll Geplujw-
gmgsny: {wdwju hwlnhwnn «npywo £ a=AB Yblpnnppy wp-
nwhwjmmpinilp wbwp bt yupnuy «apjwo b a wquun k-
mnpli pp AB  Glplupwgmgsmyy: UjGnthtnl «fhpunklp a
YGlinnplG A Ghwmpg» wpmwhwjmmpniGp GulGuwymd £ «aph-
wwplbGp o wquun JEponph wyl Ghplpupugmghsp, nph
ulgqplwlbinp A -G by

‘Llwwnblp, np gwlijugwo wquu yumnp Yunpnn £ Yhpwn-
yti] gulljugwo Yhwnhg:

bpynt ¢ L 5 wquu Yuyunplhp hwjwuwp 66 Shijwig
(GnyGG &G6), tpbk Gpwlp Yuquiywo LG vhlulnylG Gepyujwugni-
ghsGtnhg:



Qhunnmpmb: GnpoGwlwlnid a=b huu{LuuulpmmeﬁQ
wwwgnigbint hwiwnp pwjwluwb £ gniyyg mwy, np a-G L b -G
ni(GtG npuk pGnphwlnp Gipljwjwgnighsy:

CGptpgnnhlG wnwowpynmu tlp wwywgnmgt] Yyapp dLlwlbpy-
Jwon:

Uh pw(h ytyumnpGtp Yngymd 66 hwdwgho (hwdwhwpp),

tipti Uh Ytwnhg Yhpwntihu Gpulp qunbGynd GG dh nplk ninnp (h
npuk hwppnipjw ) Ypw:

Gpt a L b ytyunnpGtipp hwdiwgho GG, wyw gqpmd Llp
allb:

Ipnjulub Ytywmnpp hwiwpynd B hwiwghd gulljuguo
ytlwumnnhG:

Ujunthtml [4B) dwnwqujp wubny Jhwulwlwlp A4B
ninnh Yypw pGywo, 4 uyqpGuybnny (ququpny) wjl dGwnw-
qujpn, npp wwpniGwymd £ B Yhwp:

Muwpq k, np GnyyG uyqplGuytnny tpynt [4B) L [AC) Gwnw-
quwjpltipn YhwipGyltl wjl L JdhwyG wjl nbhypnud, tpp
Ce[4B),yui Be[AC):

Ny qpnyuwG a=AB L b=AC tpynt hwdiwqho yYtlumnp
ynsynd 46 Awdmmgywo (GrwGwyyn t a 71 5), tpt [4B) L
[AC) Swnwqu)plbtpp GnyGG GG, L Ynyymd G0 hwlmngnjuwo

(GouwGwyyni k& a4 5) hwljunwy nbwypniy:
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§ 2. GAU,PUUOULUL QG UONIVNRM-3NMLULEN:
uaus Jdeusnee NencuU 2Nr-ULG-
SEAUONuNRMI3NML

dbpwnunlwlp § 1-md pGGwpywo wquu Yytywmnph hwu-
Jwgmpjwlp, npunbin Gpykg, np wquu Yyalunpp Jupnn L vwh-
dwlyt] Gwl npuybtu gniquhtin mbnuihnfunipjul dLwihnfunt-
pynil: Uw wwpqupwGbnt hwiwp qubp dh thnpp htinghg:

Gnypwswihmpjul nypngujwl nuuplpwgp Juqiguo k
tnynt pwdbhg hwppwswhnmp nil L mwpwowswhnipnil, np-
mbn mumiGuwuphpymd GG Gpypuswhwljwli yuumlbpGepG no
Gpwlg hwwnympmGGbpp: Gpgpusuihwlul wwmlbn wutinyg
hwulwlnw tGp hwppnipjul Jud mwpwonpjul Ynbtph npn-
2wlih pwquinmp)nil, npG wnwGdGugymu L yynu Ytnbphg npn-
owh hwwnwGhyGbpny, npnlGg wiJwlmd GG Gpgpuswwliul
hwmbmpiGGp: <wdwh wyn hwnynpymGGtpp dLwybpw-
ynud GG Ytwnbph dhol htinwynpmpjwul dhongny: OphGuy O
ytlGupnlng L 7 wnwynny powlwqhon, npytiu Gpypwswihw-
Jwl wywulbtp, vwhiwlynid £ npybiu hwppmipjul pnnp wyl
ytwmtinh pwquinipjnilp, npnlp quGymd GG dhulnyl » htnwyn-
pnipjul Yypw O Ytwhg:

Unwohl YuplnpwagnijG fuGnhpp, npG wnwowlnud k. tpypw-
swthnmpnil junmgbihu, Gpypuwswhwlwl wwmlbplbbph hw-
Yyuwuwpmpjuwli hwujugnpjul Gopdmonuil E: Gpypwswhni-
pjwl nupngulwl nwuplpwgnid tpyme  Gplipwywthwyub
wwwulbtpltn (oppGwly tnwGynGatp) hwdwpynd GG GniyGuw-
Juwlwgywo (hwjwuwn), tph npulghg dkyp Junpbh & ybpw-
nnnuiny hwdipGybglt) Wyniup htim: dbpwunpnuing hwinlybg bty
(pwlwynd £ wwwmybpltnhg dtyp, mbtnuihnfubng hwppnipjwub
Jwd nmwpwonipjul vk, mtnunnpt; yynuu wwwmytph ypw wjG-
whiu, np th wwwultiph Ytnmbpp qpunGwl Yonmbp Gwb dyniu
wuwuwltiph hwdwnp L hwwnwyp: C6ny npnud” GGpwnpymd L, np
wmbtnwihnfunipjul nn9 plpwgpnd wmbnwihnfuynn wwwmytinh
guwliljwgwo tpymt Yhwmbph vhol htnwynpmpynilp dlmd L
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wlthnthnfu: Uju gnponnmipjul hunmwlybgnuip dtq pbpmd Lk
fgndtunphly dlahnfunpywl hwujugnipjwln:

“Qhgnip X -p hwppnipjul (Yud nmwpwonipjuwl) pnnp Y-
wmbph pwuqinipym GG £, huy f -p dh qnponnmpynil t, npp X -h
wuikl vh x Ytwmh dh npnpuih Julnlng hwiwywwmwuuwltg-
Gnud k. Gnphg X -h dh npnwyh Ytw, npp GpubGuyymd & f(x) -ny
L Yngynud £ x Yt Yapuuwp: Wyu niypnid wund GG, np niGhlp
X pwqinipjulG f  AdLwhnfunpymG, L qpunmyi GG wyG
f:X—>X: 6pbh x YanmG wjlGuhuhG t, np f(x)=x, wyu
wunmd GG, np x Yhnp 0Gmd £ wlywuwpd f dluhnfunipju nbiv-
pnmu: Gpbh A4-G X -h npn) Ytwnbph GGpwpwqimpjml b, wyw
f(A4)ny Gubwyynd £ X -h pninp wyG Ytwnmbph GGpwpwquini-
pilp, npnGghg jnipwpwlynipp 4 tipwpwqinipjul gnlt th
Ytwh Yepuyuwp t: Uyn B = f(4) tGpwpwqunpnilp Ynyymdi & 4
tipwpwqinipjul Yipyuwp f dLuwhnfunipjul nypnid: Gunid
LG Gwl, np / dLunhnfunipjnilp 4 GGpwpwquinipjnilp wpunw-
wwwmltpmdi £ B tipwpwqinipjwlb ypw:

Uwhiwlmyd: f: X —> X 4dlunhnfunipynilp Yngymd & X -h
fgnutunphly dLhunanfunipin G, tipt wjG ywhwywlnd t X -h guG-
Jwgwod tpynt Ynbtiph dshol htnwynpnipjnGp:

WyuhGpG® tph p(x,x,)-ny GuuGwytlp x, L x, Ytwbph
Uhol htinwynpnipjnilp, wwyw hgnitinphy dLwthnfunipjul nbw-
pnid wwhwoynid £, np dhpn mtinh nGtGw

p(x,x,) = p(f(x), f(x,))
hwywuwpnipjnGp:

Ujdd qupbih £ §Qumby tpypwywthwlwl gquwunytpGiph hw-
Jwuwnpnipjul hwujuwgnipnilp htnlyw) Ytpwy. hwppnipjul
(qui mwpwonipjwb) vhe tpynt tpypwswthwlwl quwmybkpltp
Ungynud GG Awywuwp, tph gnymipjnil niGh hwppmipjul (nw-

pwonipjwl) wjluyhuh pgnitwmphy dLwthnfunipniG, nplG wjn
wwwlbnltphg vty G wpnmwwywwmytnpnd £ djnweh ypw:
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Uju vwhiwliwl hdwunmny, wpntil huy Gpyne tnwGyynmG-
Gtph hwjwuwpmpjwl hwjnwlhpGip wpnwotihu hwpg E
wnwowlmd' hul npn®Gp GG L nppw”G GG hwppnipjwl hgnibtn-
nhYy duwthnfunipynGGepn:

Uwmnpl Gyuwpwgntilp hwppnipjwl hhiGwlwl hgnitnmphy
dLwthnfunmp niGGtpn:

1. Qwppnipjul (hGyybu Gwlb nmwpwonipjul) qniquhtn
nbtnuihnfunipyniG Yyngymd £ wyl f dLwithnfunipyniln, nph pG-
pwgpnid hwppnipjul (nwpwonipjwl) pninp Yhnbpp mbtinu-
thnfuynid bl dhbbnyyG sgwhny L dhllnyG mnnnipjuwdp:

UjuhGpG yuiwjywlwl tpynt 4 L B Yhwmbph hwdwp, tpt
A=f(A4),u B =f(B),wywu A4, =BB,, AA, || BB, :

f(4 [(8)
4 4

y B
Mwng t, np wyu nwpnd shaw p(4, B) = p(f(4), /(B)), L
httmlwpwn gniquhtin mbnuihnjunipjnilp hgndtimphy dLwthn-

funipymG E:
<tpw L Gwwnt], np gniquhtin mbnuihnfunipyniGp mnnuyh

wnlympjnil nilGh wquum ytlhumnph htim: bpnp, tpt niGhtlp a
wquun Yytiunnp, wyw hwppnipjuG (ululpummpjulﬁ) wutkl dh
M Ybtwh hwiwwywunwujuwlbglbny a= MN Jtjunph N
owjpwytump unwlnmd tlp hwppmpjuwl (nwpwonipjul) qni-
quwhtin mtnuihnfunipynil: Ghpwn L G(wlk hwliwnwyp hwppni-
pjul (mwpwonipjul) wikl dh gniquhtin mbnuihnfunpniG
dhwpdbtpnptiG npn)md £ hwppnipjul (mwpwonipjul) wquun
yJtywnp nplk A—Al Gtpyuwjwgmgny, npnbn 4, = f(4):

2. Ldwppnipjul hwonpny hpuGuwywl pgnitnpphy dLwthn-
funipymGGapp hwppnipjwl yunnywmGtnG GG hp Yanmbph pnipg:
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Jwppmpjwul nput 4 Ytwh pnipe nplk ¢ wGyyniGnyg wunn-
unp dwidujwph yunnywumh Juwd Gpul hwiuwnwl ninnnipjudp vh
dLuunhnfunipyniG t, nph pGpugpnid 4 Yhwp dGnd | wGywnd,
huy guwluwgwo wyy B Ytwmh B, Yhpyuwpp unwgymi & 4B jw-
nwynh wuuminy 4 YtGupnGh pnipe G2wo nnnipjudp «
wlyniGny:

A(4)

Lwlh np AABC =AA,;B,C;, niumh p(B,C)= p(B,,C,) gui-
Jugwd B L C UYtwmbph hwdwp: {<bmbwpwp Ytwh nipg
wunijnp hgnitimphy duwthnfunipym t:

3. Qwppnipjul Wyniu juplnp mbuwyh hgnibnphy dlwthn-
funipynGGipp hwdwywihmpnGGtpt GG ninhnGtph Guundiwdp:
Gpt hwppnipjwl Yypw ubbinwo k Gy np ¢ ninhn, wwyw hwppni-
pjwl hwdwswithnpniGn wyn nminnh Guundwdp vh dluwhnfunt-
pmiG t, nph wpyniGpnid 2 -h pnnp Yhnbpp dGmd GG wGywpd,
huy guwllugwo wj 4 Ytwmh 4, Ytpwywpp 4-h hwdwswih
YtmG t /-h Gquwumdwdp 44, L0, AANl=4, L AA, = A4

(nbtu Gyunp):

|
B
/
4, B,
Bl
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CGptpgnnhG wnwowpynd tlip wwywgnmgt], np guijuguo
tipym 4 L B Ytwmbtph hwiwn p(4, B) = p(4,, B,) , nphg htimlnid
E, np hwppnipjul hwiwswhnmpjnilp munh Guumdwdp hgn-
dtwnphy dLuhnfunipyni k:

Uanpununlwmny hwppnpjul pnnp hgnitwphly dLwithn-
funipymGGEpp Gyupugptine fulnphG Gyuwwnmblp, np gpuwip sta
uyunymu ytpp pJupyuwo tptip mbuwlh hgnitnphy dLwithn-
funipymGGtpny, pwyg Jwpnn G0 Gepyuwjywgybp ngpwig hwdw-
nnnypltpny: Uujwop hwulwlwh nupdlbnm hwdwp Gwju
wuwnpqupwtlp tpym dlwihnfunipyniGlbph hwdwnnpniph hwu-
Jugnipjnilnp:

Gpti mGkGp X pwqimpjul tpym dLwihnfunmpjnGitp’
f:X>X L g:X—> X, (whu yhpuntngy xe€ X Ytwnh Guwn-
dwdp f dLuwhnfumpnilp L wyw f(x) Ytnp Guundiwdp g
dLwthnfumpniGp’ yunwbwbp g(f(x)) € X Ytump: {udwnpbng
x YuwnhG g(f(x)) Ytwmp Junwlulp dh Gnp dLwhnfunipjmd,
npp GQulwyyni £t fog updiynny L Yngymd £ / L g dLlwthn-

funipymGGEph hwdiwnpnp (qnuiwn): Ujuyhuny
(fog): X > X hwiwnpnypp guljugwo x € X YtnhG hwdw-

yuwunwupuwltgimd t g(f(x)) Ytwp:

EGAPBU 1: Gpt fn L g-G6 X pwqimpjul hgndtinphly
dLwthnfumpymGGtp 66, wyw Gpuwlg feog hwdiwnpnypp Lu
hgnitinnphYy duwthnfunipynG k:

bpnp, jwiwjwywb x,x, € X Yhwmbph hwdwp mGulp

p((g° /) (g0 f)(x,)) = p(g(f(x)), g(f(x,)) =

= p(f(xl):f(xz)) = p(x,,x,) :0'

Uywgngywo ptinptiip hGupwynpnipjnil L wmmwihu wpnhG

huwjmGh hgnitinphy dLwthnfunipniGGiph hwdwnpnypGhpny
unw@wnt Gnp hgnitnphYy dLwthnfunipniGGn:

! Ujunthtimle O updynip GQulwybynt & wywgnigiwl wjwnpunp:

15



Npuwtiu ophGwly nhnwnpytlp tGpynt gniquhbtn mtnuhnjuni-
pjniGGhp, npnGghg wnwohGn' f -p, npnpywo k a wqwu Yyulwunn-

pny, huyy tpypnpnp’ g -G, npnpYwd b & wquin Yblunpny: wp-
pnipjul (mwpwonpjul) juiwjuiul L Ytnh hwdwp Gw-
Guytip M = f(L) L N=g(M)=g(f(L))=(g°f)L):

M = f(L)

b

S N =g(M)

Guntih t gniyg mwy (nbu ulululgmgnuin § 3-nud), np mwip-
ptin L Ybtwnbtpny wnwowgwd pninnp LN thlmnp[ihpn hwdwnp-
dtip tili Uhyjwlg L npnpnid GG dhllnyG c=LN wquwu Yhlwnn-
n: Ujuwhuny f L g qniquhtn wmtnuihnfumpmGGtph go f
hwliun}pmjpn (qnuiwpp) GniyGubtiu qniquhtin mhqwanrumpjmﬁ
|9 npnzqulb ¢ wquu Yytyunpny: Muwmhp pwlwh £ ¢ ybymnpb
wﬁqwﬁh[ a L b thlmnpﬁhph qnmuiwp, hul gnponnnipjniln,
npny c-0 unwgymd E a-h L b -h Shongny' (Elinnplaph
qnidwpdwl bnwllpud wlnd:

Udthnthtyn wju wdbklp Jwpnn tlp wub), np qnympjniG
niGh thnfudhwpdtp (WEYp dbyh) hwiwywwnwuhiwlngpnG
hwppnipjul (nmwpwonmpjul) pnnp gqniquhtin wmbnuthnfunt-
pmiGGtph W hwppnipjul (mwpwonipjul) pnnp wquu Yhy-
wnpltph dhol: CGn npmd gmqwhtin mbtnuihnfunmp niGGtph
hwiwnpnyphG (gnuiwphl) hwiwwywunwuhuwlnd £ ngpuwlg hw-
dwywwnwufuwlnng wquuw Yahunpltinph gnidwpp: Upngynilipnid,
dtiq pniyp mwny npn wquunipjnil, Jupnn Glp GniyGugGbp
wquwuwn Yyamnpltpp gniquhtin mtinuihnfunpjniGGtph htin:

Jdhpwnwnlwny hwppnipjul pninp hgnitnphy dLwthn-
funipymGGtph Guwpwgpiwl fulngphG GytGp, np hwppmpjul
yJtipp pyunpluwo tiptip mbuwyh hgnitnphy dLbwhnfunipyniGGtpp

16



hhiGwlywG hgnitnphy AdLwthnfunipmGGipG GG  hnbjwg
hdwuwmny:

Jwppnipjul gulyugwd hgnitimphly dLwthnfunipniG Yuw-
nnn £ Gipujwugyty (ng thuwy tnuGwyny) ud npytiu gqniquhtin
wmbtnuihnfunpjul L Ytwmh pnipg wyuniyynh, Jwd £ npybtu qni-
quhtin mbtnwihnfunipjwl, Ywnh pnipe wuniyynh b mnnh Guwwmn-
dwip hwiwswihnipjwl hwiwnpnyyp:

Uw udtlp Juuyugmgtlp wytjh ni° nquuwugpph 2-pn dw-
unty:

‘Lwwntlp, np h mwppbpnipjniG qniquhbtin mbnuthnfunt-
pniGGtph” hwppnipjuwl Juiwjwlwl Gpynt wyuniyymbbph hw-
dwnpnipp Jupnn £ wpnbG 5thGh) hwppnipjul wumniyywum: bGg-
whiu (wlb juiwjwyul tpint ninhnGtph Guundwdp hwdwsw-
thnpjniGGiph hwdwnpnypp wjjlu hwdwswhnmpyniG st nplk
nnnh Guwwndwdp: Upw htn juyywo' pptingnnhl wnwown-
Ynud LlGp wuywgmgty, np’

w) hwppnpjul tpymt gniquhtin minhnGtph Guwndwdp
hwidwswhmpniGGtnph hwdwnpnypp hwppnipjul  gniquhtin
wmbtinuthnfunipym E,

p) hwppnipjwl Gpynt hwwnynn ninhnGtph Guwmdwdp hw-
dwswhmpniGGtnh hwdwnpnypp hwppnipjul yunywunm £ wyn
ninhnGtph hwwndwb Yhwnh pnipg:

UJwputinyg tpypwywthwlwl dbwhnfunipniGGiph mtiunt-
pjwl wju Ghpwowyuwip Julq wnlklp hgnitinphy dLwithnfuni-
pynilGtph dh Juplnp hwnynipjwb ypw:

Ltidw: Ghgnip f -p hwppnipjul Jud mwpwonipjul hqn-
utinphly dLwthnfumpnG k: Gpt 4, B,C Ytwmbtpp qunbGymd GG dh
ninnh Yypw, pln npnud” B -G qublynd £ 4 L C Yhwnbph dhol,
wyw 4 =f(4), B =f(B), C=(C) Yunbpp Gnyujhu
qulymd t6 dh mnnh Jpw, L B, Ytwmp qubGymd & 4, L C

ytwmtinh dhol: Afugh npuihg hGs hwpwptpnpjwdp np B Ytwmp
pwdwlmd £ AC hwwnyjwop, (nj6 hwpwptpmpjuip B, Ytwnp

pwdwlmdi t 4,C, hwnjwon:
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bpnp, pwGh np p(4, B)+ p(B,C) = p(4,C) , ntunh

p(f(A), f(B)+p(f(B), f(C) = p(f(A), f(C)),
nnhg by htimlnd E ddwjh wlnnodip:

EGNALEU 2: Lwppnipjul Jud mwpwonipjul hgndtiphly
dLhwthnfunipjuwl phiypnid gulyuwgwod ninnh Ytpwywnpp Gnphg
ninhn £, hwnjwoh Jtpyupp hwnygwo: Qniquhbn ninhnGtph
Ybtpwwnbtpn Gnphg gqniquhtin ninhnGbp G6, hwwynn ninhnGiph
ytpwuwnltpp hwwnynn ninhnGop:

[Otnptivh wnwohl dwul wwwgnigymu L Gddwjh oqlini-
pjwip: by yhpwptipmd £ gniquhtin ninhnGtph YapuyuwpGbph,
wyw npulp sa6 Jupnn hwndbp;: <wjuwnwy ghypnd wyn
ninhnGph ypw YquGytl dtyuyul Ytunbp, npnlp Jupunw-
wwuwmybtnytl wjn mnhnGtph Ytpyuwploph hwndwl YhnmpG:
UhGsntin hgnitinphy dLwthnfunipjuG nbwypnd wmwppbp Yyh-
wmbph Yepyunbtpp dhpn mwunpptin ta:

Nputiu htmlmp niG wyu ptinptivhg vnwlmy tGp, np hgn-
dtinphy dLwthnjunipnilp yunpp wpnmwwywwmybtpnmd L gey-
unph’ ywhwyw(bing Gpw Gpyupnipnilp: Pwgh ngpuihg Yn-
ntijn duny uvwhiwlymd b wquum yuywmnph Yhpwuwpp, npp
(nijGuybu wquu Yythwnp t:
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§ 3. dusSnruve/h G-NrUULNRUL N AULQUUMUSUNRUT
o1

Gpynt ytlmnpGtinh qnuiulpn uwhiw ﬁL{nui L htimlywy Ybpw:

Uulhliw(inui Gpynt® a= LM u b=MN YLlpnnpGbph qnidwp
Yngynud L ¢=LN ytlunnpn:

alb JtyumnpGtinh gnudwnpp GowGwlynd k a+b -ny (hGw-
nwynp hp%n ntiwypbpp mbu Gup 1-nud):

QY

allb

‘Llwn 1

Uwhdwlnuip Ynntywun L wjl hdwunmny, np a+b-G Jquwhujwo
sk alb wquu Ytayumnpltiph GipujwgnigsGph pGunpnipynt-
Ghg: o

bpnp, nhgnip vh nbypmd a=LM, b=MN, a+b=LN,
hul] yjniu ntiypny a=AB, b=BC, a+b=AC (nbu hGwpw-
ynp niyptiphg dtyp Gyup 2-nd):

QL




8n1)g mwlp, np m-n L AC-G hwdwpdbp GG:

MGbGp a=LM, a=AB L b=MN, b=BC: Cun ytlunp-
Gtpp hwdwpdtpnipjwG vwhdwlGiwG ALMB-G L BMNC -G
qniquhtinuqotip tG: Uyuntinhg® ALNC -G Lu qniquhtnwgho t:
Swnlwpwp LN-p L AC-G Gupywjuglnd 66 GnyG a+5
wquwuw Yalunnpn:

Uwhdwldwl Ynntiunipjul wywgngnip dGuwgwo hGw-
pwynp nhyptipnd” ywpujwo L, M, N, A4, B, C Ytwmtph thn-
fuwnwpé nhpptiphg, pnnGnud Llp piptingnnh:

Ukl dh ¢ =LM wquu yayunph hwdwp vwhdwlymu k
Gpw Awlwghp Jalpmnpp, npp GuwGwlymy L —a -ny L Ghplw-
Jugynu k ML Ytwnpny: UjuplpG —a = ML :

Uwhdwmd: Nplt k€ R hpwlwG pyp L a yblmoph wp-
muwgpwy Ynyymd L wyl ybywmnpp, nph Gpupmpniip hwjw-

uwp t £ pyh pwgwpéwl wpdtiph L a ytywmnph tpunpnipjwb
wnunwnpjwihG, w6

w) hwinunyuo k a -hG, tpp £>0 L a#0,

p) hwynunyuo k a -hG, Gpp £ <0 L a#0,

q) hwiwpynud k gpoyuyuG yelumnp, tpp £ =0 jud a=0:

k pdh b a Jtljunph wpunmuwnpyun GQuiwyymd L ka -ny:

Uwhdw(lnuwihg  dwulfwynpuwwybtu  hbnlmd L,  np
(-1)-a=—a:

EENrGU: Jdbiunpliph gmuiwpiwG L pyny pwqiw-

wwwnldwl gnponnmpjmbGGtpnt odnywo GG htwnlbjyw; hwwnlnt-
pymGGtpny

1) a+(b+c)=(a+b)+c, 2) a+b=b+a,
3)a+0=a, 4)&+(—Zz)=6,

5) k,(k,a) = (kk,)a, 6) (k +k)a=ka+k,a,
7) k(a+b)=ka+kb, 8) l-a=a,
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qudwjwlwl a, b, ¢ Yuunplhph L quiwywywG &, &, &
hpwlwG pytiph hwdiwn:

Uwwgnigmu:

1) “4hgnip a=AB,b=BC, c=CD (nt'u Gywn 3-p):

‘Lljwp 3

MGkGp a+(b+c)=AB+(BC+CD)=AB+BD = AD,
(a+b)+c¢=(AB+BC)+CD=AC+CD = AD:

Ltumlwpwp’ a+ (I; + E) = (Zz + I;) +c pun k9 8-h nhwnnni-
pjwd:

2) Uywgniygl wyGhwjmn t hpp wn thlmnpﬁhpn hwdiwqho
tG: Gpp a )/( b, nhunwnytny a = AB, b=AD JtyumnpGtiph Yypw
qunmgyuo ABCD qmquwhtnwqghop, hGywtu yuumytpjuo
GYwp 4-nmd, dh Ynnihg ynGtGwlp




a+b=AB+BC=AC, Ujniu Ynnihg b+a=AD+DC=AC:

Ujuyhuny a+b=b+a:
Uywgnigywo hwwnmnipjnilhg npulhu hhmhmpjmﬁ umnwg-

ynmud E, np dhulnyG Ytnhg Yhpwunjwo a = AB W b=AD tnlm
JtyumnpGtph gnudwpp wyn yayumnpltpng uonmgywoe ABCD

qniquhbtinwqoh AC wlynbuwqowjhl ytlywmnpny Ghpluwjwg-
ynn wquu yuaywmnnpl £ a+b=AC:

Uju htitmlmpym GG wGjuwlmu G0 «/bmnplbph gnidwpdwl
gniquhlinuqoh Juwlinby:

3) “¢hgnip a=AB: JdtipgGtnyg 0=BB" JuunwGulp

a+0=AB+BB=AB=a:

4) Gpt a=AB, wuyw —a=BA l htunlwpwnp’

§+(—&)=Z§+BZ:ZZ:6:

5) bph &, ,k, pybphg whlGnuslp qpn t, Quis b ¢ =0, wuw
yniGtGuGp 0=0: dwlwnwl ntwpnd, tpp k=0, £, #0 L
Zzi(), www (wju hwinqytlp, np wju hwjwuwpnmpjwl we L
dwfu dwumd qpyuo yaywmnpGtph tpupnipyniGGtpp GnyGa Ga,

wjlnthbnl gniyg mwlp, np Gwo YybywmnplbpG mGGG Gyl
ninnnipjnilp, wjuhGpl” hwinmnyuo GG: NiGkGp

| (s @)=l |- |y @) =1k |k, - al) = (|- s [):|al=| Gy al
Snijg wwbp, np &, (k,a) T (kk,)a:
Gpp, ophGuy, & >0, huy £, <0, wyuw
k,a™ a
{kl(kz a) ™ k,a
Ujnw Ynnvhg” kk, <0= (klkz)Zz Noa:
hnlwpup’ & (k,a) M (kk,)a:

Ulwgwo tptip nhyptipmd wywgnignuip juumwpymd k
(ini)G dLny:

= k(ka)Na:
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6) Gpti =0, qud & U &, pytiphg sy ne dkyp gqpn b, wugw
wwuwgni)gl wylhwjm t: Fhnwpyblp a#0 L k>0, k, <0,
|k, >k, | nbwpbpp:

MGLGp &, +k, >0, |k +k,|=|k | -]k, |: <bmblwpwp’

|Gk +hy)al=l b +k, |-|al= (k| - |k, )-|al=
=k, |-|a|~|k, |-lal=lk a|~|k,a| , pugh npwlhg (k +k,)a TTa:
k>0=kalla
k, <0=k,a N a,
www |k a+kal|=ka|-|ka|: Pugh npuihg (ka+ka) T a,
htunlaupwp® (k, +k,)a =k a+k,a:

Ulwgwo nhyptipnid wyuwgnignuip Juumwpymd £ GnygG
aluny:

7) pt @ L b ytyunpGhpp hwiwghd b6, wwyw 7-h wwyw-
gnijgp httmlmd t 6-hg:

Gpt £ =0, wyw wywgnygl wyGhwjwu t;:

Qhgnip £<0, sz/r b, a=A4B U B:ZE, hGsybtu wwuwn-
ytpqwo £ Ghun S-nud:

Ihmummﬂm‘{ L pwGh np |k al>k,al,

b
D, 7= k
p ?
e Tax
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Uhpwntip 4 Yawmd kb Juwnpp' kb= 4D, hul D, Ub-
nmd ka ytlwumnpp’ ka =ﬁ, L gniyg mwlp, np k(Zz+E) =A—C1:
AD, DC,
TR
CD||CD,: Pwih np AD N 4D, L Yhpunywod b6 ShlGnyG
Junhg, wyw D, 4, D Ytwmbpl pGywo GG sh mnnh Jpu,
wjuhlpG’ DD-G CD L CD, qnquhtn mnhnGiph hwwnn t,
htmbwpwn' ZADC = ZADC,: Uyuyhuny A ADC-G (dw L
A AD,;C/-hG:

AC,

Ujunb °
Jumtinhg iC

Ujuyhuny’
Z/CAC = LC,AD+ /DAC = Z/C,AD + /D,AC, = /D,AD =180°:

Uunwgulp' C,, 4, C Yumbtpl pGywo GG sh ninph Ypuw L
i—?=| k|: ptsG® k(a+b) = AC, : Uynu Ynnihg ka+kb = AC,
httmlwpwp’ k(Zz + l;) —ka+kb:

U £>0 phypnd wyuwugniygn Juumwpymd b GnyG
aluny:

8) Uju hwwnynipjniGG wylGhwjmnm k: O

Uyuwgnigwo 1-8 hwnynmpjniGltpp yaiumnpltiph gnudwn-
dwl U pyny puqiuyuunmjiwb gnponnnipyniGlitinh hhdGuwywud
hwwnlynipymbGGupG GG: GFowjhG hwlpwhw)yh nuwuplpuwgnid
npuip ngpjuo GG qowjhl (Yayunpulywl) mwupwonipjul uwh-
dwldwb hhdpmu:

Qhunwnpytlp A ADC-G L A AD;Cn: MiGtlp k| L

=|k| W £CAD = /C,AD;:
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§ 4. dBUSNALELh G-0NLPEL UUL3UL B4 UuUlUlu
duvuuuraeesr

“+hgnip aT, aj,..., ‘7" -n  npuk  JtyunpGtp GG, hul
k., k,,..., k,-pn judwjwlwi pytp Ga:
Uwhdwlni: <twnljwy’ klzl+k2a—2+...+kna yJtywnpp Yns-

Jynmud Lk aT, aj,..., a, JtywmnpGtph qouypld qniqulgnipinil

k., k,,..., k, qupowyhgGtpny:

Ujunthtin ytlumnpltnph hwdwlwpq wuting” jhwuyubwlp
Jtyunpltph wdtG dh ybpowynp, hwiwpwjuwpyjwo pwqini-
pynil: <wdwunpgnid hGwpwynp t nplk yaiumnph jud yhymnp-
Guph Ynylnipynil:

Jdhyunnpltinh hwdwlwnpgh guijugwo dwup Juljwbtip
(ipuw tipwhwiwlwng:

UwhdwGmd: dblunplhph nplt @, ,,..., ¢, hwdwlupg
n>1 nhwypmd UYnyymd L @omphl whjwfu hwidwilwupg, tpt
hwiwlwpgh yayumnpltphg ng vtyp hGupwynp st Gipuywg bty
npwtu wjn hwdwlwpgh Ynw ythmnplGph qowjhG qni-
qulgnipjnil: Uh ytunphg punugwd hwiwywpgp hwdwnp-
ynmu £ wlljwu hwiwyung, Gpt w)l ny qunyujub ytlumnnp t:

Uwhdiwlnwd: dtyumnpltph hwiwywpgp Ynyyma L @onpkl
Jqwfwuy hwdwhuwpg, tpti w)l wiwhu sk, wjuhlpl Gph wyn
hwiwlwpgh yuyumnplbphg gnlb dtyp Gipuwjwgynid £ npytiv
wjn hwdwlwpgh yynw ytumnpltph qowjhG gqnquygnipnil:
Uh ytywnphg Yuqiywo hwiwjuwpgp Ywhujwy E, tpt wn
Jtlumnnpnp qpoyujwG yalumnnp t:

EGNLGU 1: Jdhyunpltph g, g,,..., ¢, hwdwljupgp qon-
ntl Juuywy hwdwlunpg £ wjl b dhwyl wyl nhypnid, tpp gn-
jpyniG mGuG %, £,,..., k£, pytip, npnGghg qnGt dtyp qpn sk, L

ka +kya,+..+k,a =0:
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Uwuwgnyygl wylhwjm £ »=1 phypmui: thgmp n>1, L
Jtumnnpltinh ai, g,..., aj hwiwywpgp qonptl Juwhyw; hwdiw-
Junq L: iptdG GpwGghg hGs-np dtyp, ophlGuwly aj -G, wpunu-
hwjnynmu djmuﬁhph qOruJJhﬁ qmquﬂlgmpjwdp

aj=ka+..+k_a;- 1+k/+1a,+1+ Ak, an:

Uju hwjwuwpmpjwl tGpynt dwubiphG gmiwpting (—l)aj
Jtumnpn Junwlwlp

ka+..+k, aj1+(-Da;+k, ajn+..+k,a. =0,

nputin @, thunph gnpowyhgn #0:
Ujdd gniyg mwlip hwwnwin:
“+hgnip kla+k2;2+...+kn;n:6 L ophGwy™ &, #0: Uju-
wmtinhg unwind tlp
—k,a; =ka+..+k_ a1 +k ap+o otk an,
Yud
aj =P +..+ B a1+ B ,a .t B an,
nputn B, =~k /k,, i=l..j-1j+L..n: UuhGpG a, yuy-
nnpl  wpunwhwjnytg dmulbph qowjhG qniqulignipjudp:
uwlwpwp JuyunpGhph g, a,,..., a, hwdwlupgp qdnpkG

Jufujw) hwiwyupqg t: O

Qhunnmpjnil: Gpt Yytlunpltiph a‘;, aj,..., Z hwiwlywpgp
qonptG  Juwjuyyw; hwdwlywpg L  wwyw  wdbkl@  dh
kla + kchZ +..+ k,,;n =0 hwjwuwpnipynil, npnbn k,k,y,.., k,

putinhg gqnGt dtyp qpn sk, Ynyymd b gowal hwpwpbmulgn: -
p/nili wyn ytyunpGhph dhol: ‘Liwwmbtlp, np wjG Yuwpnn k

Shwyp sihGh;: OppGwy 0, @, 2¢  ytywnpGiph  hwdwlwpgp
qonptl Ywfujwy E, L Gpw hwdwp qowjhG hwpwptpuwygnipnilG-
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Gbp 66 1-0+0-a+0-2a=0 L 0-0+2-a+(-1)-2¢=0 hwjuuw-
pnipyniGGhpn:

tmlmpymG pbnptd  1-hg:  db&fwnnplbph  a,, a,,..., a,
hwdwlwnpgn Qonpbl wihlwfu hwdwlhwnpg b wyl L dhwyl wil
nlypmy, bpp wyn Jalpmnplaph Lf]l?ll qnjnzpjmﬁ gmﬁ]] qowjhl
hwpupbpulgmpymG: Uyjuhlpl' ka, +k,a,+...+k a, =0 hwyju-
vwpmpniln hGwpundnp b dpuyl k =k, =---=k, =0 ghupnuf:

‘Lotiip YthumnplGtiph hwiwuwpgtinh yuppwonpjwb (wa-
Juwhunipjwl) sh pwGh hwnynpmGGtn:

{wwnlynmpymb 1: Gpt yYtywmnplph hwdiwwuwpgp wwpni-
(wynud L qpnyuljw6 yaliumnp, wyw wjl qonpbl Jwjujw; hw-
dwluwng k:

U.u.lulgmgnui ‘}hgmp mﬁhﬁp qnnjuyul ybywmnp wwnpni-
Gwynn ai,...,ai, a;i =0, ..., dn hwdwlwpqp:

UyGhwyun t, np 0-a1+..40-a1+1-04+0-qis +...40-a, =0
hujwuwpnipnilp qowjhG hwpwpbpuygnipynG t: <kmlwpunp,
pun ptinpbd 1-h, G)qwo hwiwlupgp qonptl Yuhuyyw; hwiw-
Yupg t: O

{wwnlynpjmG 2: Gpt Yyuyumnpltiph hwdwunpgp wupniGw-
ymu £ qonptib Jwjujw) Glpwhwiwlwpg, wyw wjl Lu qonptl
Jwhyjw hwdwlwng k:

Uwuwgnignui: “+hgnip hwiwlwpgh ytaymnpltipp hwiwpuw-
Yuwd 66 a, a,,..., a, uljﬁulhu np wnwohlG j hww Ytlwnnp-
Gtphg Ywquqwd @, d,,..., a,, j<n bLlpwhwiwyungp qdnpkl
Ywfujwy E: Cuwn pinptid 1-p° qnymipyniG mGeG &, k,,..., &, pybip,
npnGghg qnGt dtyp qpn st L ka +k a2+ Ak, a =0:

Ujuwntinhg Yupnn Llp gty
ka1+k ar+.. +k.a;+0- aj+1+ 4+0-a,=0:
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Ltumlwpwp, nupdjwy pun ptnptd 1-h, ai, aj,..., aj hwiw-

Juwngn qonptl uwjuyw) hwiwywpg t: O

{wnynmpymbG 3: Gpbt YtyunplGtph hwdwlwpgp qonptG
wijwh hwiwyuwpg E, wyw Gpw gulljuguwo tGipwhwiwlwng
Lu qonptil wiywfu hwdwlywnpg k:

Uyuwgmgmu: Guwnmwpbklp hwwunn GapwunpnipynG: UG £
Jtyumnpltph qonptl wljwp hwiwjupqp wywpniGuwymyd L
qonptl Juwhywy Gipwhwiwywpg: Ujn nbhypnid, pun hwnynt-
pynilG 2-h, YtywnpGph hwdwlywpgp YihGh qonpkl Yuifuywg
hwidwlwnpg, hGsp hwlwunmy | fu[ir}ph wwjdwbhG: O

LwwnlmpymG 4: Ghgmp q,, a, s Z YtumnpGbph hwdw-
Junpgp qonptl wGywhu t, huy al, az, a B ytyumnpltiph hw-
ﬁwllulpqn qonpbl Juwjujwy: Uyw b llhlllnnp]‘_l Gipjujywgynid L
a;, ay,..., a, YiqunpGhph qowjhG gniquygnipjudp, pln npoud
Uhwly éhnq.

Uywugmgmu: Lwlh np ai, @,.. b hwdwlwpgqp qonptl

Juwhywy £, wyw hwdwdw) b phnphli I-p’ qnjmp]mﬁ nilGh npuk
ka +ka,+..+ka +k_ b=0

qowjhl hwpwpbpwygnipym, npuntbn 4,,....k,,k,., pJtphg gnGt
utyp mwnppbp £ qpnjhg: 8niyg mwlp, np £, #0:

n+l

bpnp, tipti £, =0, wyuw
{klgl+k2;2+...+kna+kn+15:6 {kla+k2Z2+...+k,la:6
=
k = k =

n+l

{klzkzz...:knzo
=

Uunwgytg hwjwunmpymbG: MiptdG £

n+l

#0: <bmlwpwp

- — — — k.
b=pa +pa,+..+ B a, ,npntin S :—k—l,izl,...,n

n+l
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8n1jg mwlp, np wju Ghpuwyugnip shwyh £: Ghgnip
b=pla,+ pa,+...+ fa, vk wy Ghpjuyugmd t: Uyn nhypnid

(B, - B)a,+(B,— B)a, +...+ (B, B,)a, =0:

Lwlh np aT, z,..., Z JtyunnplGtph hwdwlwpgp qonpbG

wiywfu &, wyw (5 -4)=(B8,-£)=..=(B,- ) =0, npnt-
nhg bt B =B, B=Fis s B, =B, UuhGpG b qtiunpp dhwly
dlny b Ghpujwgymy g, @,,..., a, JhunpGph qdwjhG qni-

quignipjuip: O

dblunpGph @, a,,.., @, hwiwlupgh qonpklG  Yuwfu-
Jwonipnilp, hGyuybtu Gl qonptl wiywhimpmbp »=1,2,3,4
nwptipmu Gpypwywihnpbt vt Gwpwlynid GG hbnbgwy Yepw:

Cun vwhiwldwG dh ytyumnphg pwunjuguwo hwiwljupgp
qonptl Ywjuywy £ wyl L dhwjl wyl nhypnd, tpp wyn yaunpp
qnnjuliul ytywmnp E, L qonpbl wiywju L wyl L dhwyG w)l
ntiwypmy, tpp wjl ny qpnyujub yblywmnp k:

EGNAPEU 2: Gpym ytyunphg YJuquijwo hwdwwupgn
qonptl Yuwjuywy £ wyl L dhwjyl w6 nhypmd, Gpp wyn yalunp-
Gtpp hwiwqgho tG:

Uywugmgmu: dtlwmnplitph hwiwqonipjul vwhdwlniihg
htnlmd t, np Gpym a L b Jtywmnpltp hwdwgho 66 wyG L
vhw)lG wjl nypmd, tpp qnynipyniG mGh 4 phy wjlGutu, np
a=kb Juu b=ka: Uu L1 GouwGwynud k, np alb JtywmnpGtpp
qonptl Yuwhuyywy tG: O

LtmlmpymG: Gpym Ythwnphg Juqiuwd hwdiwlupgp
qonpbl wiywfu £ wjyl L dhw)G w)yl nhypnid, tpp wyn yulumnp-
Gtpp hwiwgho stG:

EGNPEU 3: Gptip Yytwmnphg yuqiwo hwiwjwupgnp qon-
ntl Juuywy £ wjl b dhwyG wyl nhypmd, Gpp wyn yayunpGbpp
hwiwhwpp tG:
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Uwwugnigmy: bﬁpun}phﬁp a,b lc Jtyunpltpp qonptG
Jwjujwy tG: Gph a- Gl b-G qonnptil ulﬁllul[u L0, wyw pun
hwwnympmG 4-p’ c-G wpmwhugun{nui Lalb JtlumnnpGtinh
qowjhl gqniqulgnipjuip’ ¢ =aa + ﬂb Nput O llhulhg Yhpw-
ntilp a=04, b=0B JtyumnpGtipp: LwbGh np aa L ﬂb yty-
wnpGbpG pGYywo 66 ¢ L 5 JuyunpGhpny npnpquwd AOB hwp-
pnipjul Uhe, wyw c=aa+ ﬂl; Jtlumnnpnp Lo pGywo YihGh wyn
(iny)G hwppmipjwl dto: Gph Zl, b hwiwlwpgp qonptl Yuwjujwy
L, wyuw Zz||l;* puwn ptinptd 2-h: Uju nhypnid OA . OB yty-
wnpGhpp quGynid GG sh nynh Ypw, htnbwpwn a,b L ¢ Yuy-
wmnnpOtinp, qunbybng dh mnnh ypw, YquGyblb Gwb wjn nunnny
wiglnn npuk hwppnipjwG dhg:

Ujdd hwlwnwlp: ‘thgnip a =04, b=0B, ¢c=0C yty-
wnpltppn hwdwhwpp G6: Gph Gpwlghg npuk Gpynwup (hGaG
hwdwqgho, wyw YhGeG qonptl Jwjujwy, L htmbwpwnp, pun
hwwnynmpniG 2-h, tipkp yahunpltipp bu YhGaa gonpbG Yuhuywy:

“hgnip wydd a,b,c yhumnplbpp qniyq wn qniyq hwdwgho
sb0: Uyn nhiypnud, C Ytnhg mwbGbny OA4-pG L OB -hG gqniqui-
htin mnhnGtp, junwlwlp OA4,CB, qniquhtnwghop (nbtu Gwn

6-n):

Al C
a

k

SN




Ujumntinhg’ Z‘zﬁ?:O—Al—i—O—Blzkl;l+k2l;:

UjuhlpG’ ybywmnpltpp qonptl Yuhuyw G6G: O

LtmlmpymG: Gptp yYtyunphg YJuqijwo hwdwlupgp
qonpbl wiywfu £ wjyl L dhw)G w)yl nhypnid, tpp wyn Yulumnp-
Gtpp hwdiwhwnp stG:

EGNAPEU 4: Swpwonipjul snpu L wybkh Yybiumnpltphg
Juqijwo juiwjwluwli hwiwyung qbnphﬁ 11u1[u Ju L:

Uwwgmgmu: “Fhgnip mpjwo GG a, b, clud yJtlyunp-
Gtpp: Gpt Gpwlghg npuk tptipp huuiulhulpp LG, wyw Gpulp
qonpbl Yuwjuywy GG pun ptinptd 3-h: Ujn niypmd wynwhuhG
Ll Gul mpJwo ynpu Yayunplbpp pun hwnympynG 2-h: buy
tipti Gpulghg ny h tpbpp huuiwhwpp 6, wuyw mulpulbm-
pjul nput O Ytwnhg Yhpwntlp a—OA b= OB c=0C U
d=0D JtywmnpGtipp: Uyn nhypmd D Yinhg mwpjwoe OBC,
OAC, OAB hwppmpymGGtiphG gmquhtn hwppmpyniGGtpn
hwwbtiny hwiwywumwuhpniwlwpwp OA4, OB, OC ninhnGtpp
hGs-np A4,, B,, C, Yhmtpmd Junwowgltl gqniquhtinwlhun

(nbtu Gywn 7-p):

‘Llwnp 7

Ujuwnbinhg' d =OD = O4, + OB, + OC, = k,a+k,b+kc:
WuhGpG a, b, ¢, d Juyunplbpp qonpbG Yuiujwy b6: O
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§ 5. &0U3PL AUQUUQGUNME3NMLLER, AUODU,
QU oNALUHULNME3NML

Uwhdiwlnmyd: dtywmnpGtph nplt 7 hwdwjudpnipyniG Yny-
ymd Lt qgowyhl (z[bllmnpwllwﬁ) puwquudlmipyml, tpt wjl hp
Jwidwjwlwb Gpym ¢ L b5 Yyayumnplbph htn yupniGuwynmd L
Gwl pnnp hGwpwynnp aa+ﬂb wmtiuph ytywmnpltpp, npunbin
a,feR:

Ptptlp yayumnpuwl puqiwdlmpniGitnh ophGwyGbp:

OnhGwy 1: Uhwyl qpnjuywl yuyunphg juquijwod hwiw-
funuwipp ¥, = {6} : UyGhwjm t, np wjyl qowjhl puqiwdlnipnil
L:

Uwhiwlnud: Guublp, np a Jtyumnpp hwiwqho t / ninnhG
(qpymid k& Zl”l ), tipti a-G 1 ninnh nplk Yhnhg Yhpwntihu Gpu
owjpwytinn Lu Yqubyh wyn ninnh Ypw:

UwhiwGnus: GwubGp, np ¢ Ytyunpp hwiwghd & P hwp-
pnipjuln (qpymd k é|| P), tpti wjG hwiwqho Lt wyn hwppni-
pjwl db9 plGiwo nplk ninnh, wjuhlpl a-G P hwppmpjul
npll Ytwnhg Yhpwnbtijhu Gpw owjpwlbmp Lu Yqulyh wjn

hwppnipjul ypw:
<ty £ mbulhy, np’

{wwnynmpjmbG 1: Gph a Jtyunpp hwswghd £ / mnnphG (P
hwippnipjuln), wwyw ka -G Lu hwiwqho t / ninnpG (P hwppni-
pjwlp):

{wunlynpmG 2: Gpt alb JtywmnplGtpp hwdwqho GG /
nmnnhG (P hwppnipjulp), wuyuw a+b-G Lu hwiwqho L [

ninnhG ( P hwppnipjulp):
OnhGwy 2: “Yhunwpytlp wnwpwonpjul npluk / ninnhG
hwiwgho pninp yayunpGph hwiwfudpnipnip’

V,={al a|l} :
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OnhGwy 3: “Fhnwpytlp nmwpwonpjul nput P hwppni-
pjwlp hwdwqho pnnp  YbyumnpGiph hwdwjudpmpjmGp
Vo=Aa| a||P}:

<u1ulllmpjmﬁ I-hg L hwwnympynb 2-hg htimlund E, np
i a beV (V a, be V) Juywmnplbph L Ve, S € R pytiph hwdwp

aa—i—ﬂbeV, (aa+ﬂbeVp):

Uw Gulwynd t, np ¥, -p hGywybu Gub V) -G qdwjhG pwq-
dwalnpynb GG6: Fpwlp yulGjuwiblp hwiwwywunwuuwGuwpwnp
| mgnhlG (P hwppmpuln) jhg gowhl pugquwdlnipinG:

‘LYwuwtilp, np qniquhtin ninhnGtphG Yhg qowjhl puqiw-
dLnipyniGGbpp GnyyGa GG: Wyuhlpl tpt /||, www V, =V, :

‘Llwlwwtu, GnyGa GG qniquhtn hwppmpynGGtphl Yhg
qowjhl pwqiwdunipniGGtpp:

{twnlwpwn Jupnn blp wub], np 7, (V,) wbuwyh qowjhl
puqiwdlmpyniGGtpG wjGpwb GG, nppwl mwpwonipjul nplk
ulbinwo O Ytunny wlglnn ninhnGtpp (hwppnipniGGtipp):

OphGuwy 4: “thgnip V -G mwpwonpjul pnnp wquun yuy-
unplbtph pwquinmpjniGl £: UYGhwynm £, np V-G qowjhG pwgq-
dwdlmpym £: Uyu puqiwdlmpiniip yulGjwltlp wmwpuwoni-
pjuln jhg gowjhl puuqudLinipjmG:

EGNLEU 1: dtpp pyupyywo 1-4 opplGuyGtinny vywnynid
Gl pninp hGwpwynp qowjhl puqiwdlnpniGGtpn:

bpnp, vwhdwlnihg httmlnud £, np gulGugwo W qowjhG
pwqiwdlmpynii yupniGuynd L 0 ytjunpp: Gpt W -G mph
Jtyunp sh wuwpmbGwynwd, wyw wjl hwdplylnd £V -h htin:
buy tpt W -0 wwpniGwynd L npuk a+0 Jtywunp, wyw wjl
wuwpniwymd £ V,-p, npmtin /-p O Yhuny wlgling a yty-

wmnphl gniquhtin ninhnG t: CGptingnnhG wonwownpynid tlp wju-
wmtin Lu nhnwnpyt) tpynt nhiyp L GlwGwwumhy nuunnnip -
Gtpny wjwnpwuhb hwuglt) wwywgnyygp:
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Ujuyhuny' pun ptnpbd 1-h° gulljugwo qowjhl pwqiw-
dunipyniG hnyhG npnpymd Lt hp Ab&bGwpmubng, npp O YtwnG L
Vo-h hwdwnp, / ninpnp’ V;-h hwdwp, P hwppnipjmbp’ 7V, -h
hwdwnp L mwpwonmpjmbp’ 7 -h hwdiwn:

Quutilp, np V' Jtiunpulul puqiwdlnipjub eT, g,..., e,
qonptil wlywu YtywmnplGtph hwdwwnpgpn q@onphl wllwfu
YGlpinnpGeph wnwybjpugnyi hwdwlwpg t, tph guluguo
aeV Juyunph hwdwp, e,e,,..., e,a huiwlupqp qonptl
Yufujuy E:

Uwhiwlnd: QowjhlG pwqiwdlmpjul pwghu (hblp)
Ungymu £ Gpuw wikG dvh Jupquynpwo, qonpbl wiljwfu yty-
nnpltph wnwytjugni)i hwiwyung:

fulinhp 1-hg L ptinptidGp 2, 3, 4-hg httmlnud £, np guGlw-
guwo ytyumnpuwul pwqiwdlnipjul pninp pwqhuGbpp wywpnt-
(wymd GG dhlulnyl pyny yuywnpltp: Uyn phyp Yngynud E
qowjhG pwqiwdlmpjw swihngulwlnipiniG.

Munqgtilp 1-4 oppGwylGtpmyd Gywo Yyaymnpujul puqiw-
dLnipyniGGtinh ywhnnujulnipyniGn:

OphGwy 1-md V :{6} pwqiwdlmpmnilp ny dh pwghu
sniGh: ‘bpw swhnnuijwlnipymGp Ot:

Opplwy 2-md V, pwqiwdlnipjul gqulljuwgwd pwqghu
Juqijwo L dhpwm dtly ny qunyujub Jyayumnphg: UyuhGpG V,-h
swhnnuwlnipymGp 1 E:

OphGwy 3-md V, pwqiwdlnipjul gwlugwod pwghu
Juqijwo k ¢hpwn tpynt ny hwiwgho Yyayunnpltiphg: {tmbwpwp
V,-h swhnquywlnipymbp 2 t:

OphGwy 4-md V pwqiwdlnmpjul gulljuguwd pwghu
Jwquijwo E dhpwn Gptip ny hwdwhwpp yaymnplbphg: WjuhGpG
V -h swthnnujuGnipjnGp 3 E:

Gpt eT, g,..., a-n npuk qowjhG pwquiwdlnpjul pwqghu k
<7 <3, wyw hwiwdw)l hwnynmpynG 4-hp° Gpw wikl sh a
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Jtlumnp Gipluwjwgymd L npytiu pughuwjhl yayunplbph qow-
JhG gqniquygnipjniG’ a= ala+azg+...+ana, wjG k] dhwy duny:
Ujn qmuquyygnipjul a,,a,,---,a, qnpowljhgltpn Ynsynid bl
a iblpnnph §npppGunnGbp iy pughup Gunnvwidp: Uju
thwuwnp gpunynid b wjuwbu’ @ ={a; a,; ... a,}
dbtpp Gpwohg htmlunud E, np ytiumnph YnpphGuwunmGhpp
nyjw] pwghuh Gyuumiwdp npnpynid GG shwpdbpnpbG:
Uw Guluwymd & np bph  a= {a; ay5..5a,},
b={b; b,;...; b,} Gy puqhuh Gyuniwdp, wyw
a=h <a =b,a,=b,,.,a,=b,:
EGNLEU 2: Guiwjulw
a={a;a,;.;a,}, b={b;b,;..;b,} Ytimnpitph L Vk € R pyh
hwdwp’
1) ka={ka; kay;..; ka,},
2) a+b={a,+b; a,+b,;..;a,+b,}:
Uwwgnigmu:
1) Yhgmp a={a;a;..;a,}, L k-G GuiwwywG phy t:
Lpwlwynud k a= algl + azg +..+ ana L htimbwpwp’
ka=k(a,e +a,e, +..+a,e)=k(ae)+k(a,e,)+..+k(a,e )=
= (ka,)e, + (ka,)e, +...+ (ka, e, :
Ujuwnbinhg by ka = {ka; kay;...; ka,} :
2)bpt a={a; a;..;a,} Wb={b;b,;.;b,},
wuww a:ala+a2ej+...+ang, B:bla+bzg+...+bne7, htinluw-
pun L -
a+b=(ae +a,e,+..+ae)+(be +be +..+be )=
=(a,+b)e, +(a, +b,)e, +...+(a, +b,)e, :
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UjuhGpl®
a+b={a,+b; a,+b;..;a,+b,}:0

UhGst hwonpn phnptth  dLwltpynuip wwnpqupwGtip
pytinh (a, a,,...,a,) L (b, b,,..., b)) tpym hwonpnuljwGnipjniG-
Gtph hwitvwnwlwlnpjwl hwuljwgnpjnln:

Quutilp, np pytph tpym (a,, a,,...,a,) L (b, b,,..., b,) hw-
onpulwlmp nGGtp, npnGp wwpptip GG (0, 0,...,0) hwonpnu-
Jwlnpnilhg, hwitbwunwlwl GG, L qpunbimt Llp nuw

a b =a,:b,=..=a,:b mtupny, ipk qnjnipjnil mGh wjGuhup
k#0 phd, np a,=kb, a,=kb,, .. , a,=kb, (Wi b =ka,
b, =ka,, .. , b,=ka, ): Liwwntlp, np tpk nplt g, =0, wyuw

Gwlk 5=0 L hwhwowlp: OppGwl (0,0,1,0,-v2) L
0,0, -3, 0,3\/5) hwonppuwlmpniGitpp  hwitdwwmwywb
tG: Uyuwhuny @, :b =a,:b, =...=a,:b, hwiiiwnmpjul qn-
Jnipjnilp pnhwlnip ghypnid sh Gapwnpnid, np jnipupwlysjnip
i-h niypmd hdwuwn niGh g, :5, hwpwpbpnpymb npybu %

1

phy:
EENLEU 3: Gpt thlulnyG pughup Gumdwdp

— —

a={a;ay;..;a,}, b={b;by;.;b},

www ¢ L 5 ytyunpGipp hwiwghd 66 w6 L ShwyG wy
ntiypnid, tipp
a :b=a,:b,=..=a,:b,:

Uupugnigmy: bswbu ghwbilp, tpynt @ L b YuumnpGbp
hwiwgho GG wjl L dhwyl wyl nhypnud, tpp gqnympjniG mGh
ke R phy wjlwbu, np @ =kb Yud b= ka: Uw k] hwiwpdtp k

a:b=a,:b,=..=a, b,

wwjdwbhG: O

36



§ 6. AGUSNLh NPN3EUSHhUL GY. LU
Uuvprdiicduuty urdtLen

Gpt hwppnipjul Jpw (nwpwonipjul dk9) mpjwo t nplk
/ mnhn, wyw Judwjuwl ¢ Yahunph hwdwp Jupnn Lep
uwhdiw(b Gpw wpnytyghw( ¢ ninnh Ypws:

‘Llwn 8

Gpt a=AB ,wyw 4 U B Yunbpnd mwGhlp ¢ ninnhG nin-
nwhwjwug mnhnGhp, npnGp ¢ mnhnp hwnmy GG hwiwuw-
nwufuwlwpwp 4, L B, fhwmbpmd: Unwgywod 4,8, hwnjwon
Uyngymi t AB hunnygwoh wpnjbhgiw ¢ mnnh Ypw b GpuGuy-
ymd & 4B, =wp, 4B -ny, huly ai = @1 Jtyumnpl wijulnd GG
a yJelpmnph  wpnjbhghw ¢ mnnph Jpw L quunmy GG
d, =wp, a : <tpwm L hwinqyby, np Yyaunph wpnjtiyghwjh vwh-
dwlnuip Ynntywu t: UyuhlGpl' unwgywo g, Ytumnpp julugwo
st @ Jytunph Ghpyujwgnigsh pGunpnipjnilhg (ntu Gup 8-n):
LlwwmbGp, np ¢ L ¢ qmqwhtn nnhnGiph  phiwpmd
wn, @ =wp, d:

Mpnjtiuniwb gnponnnmipjniGl odnyjwo £ htinlyw) hwwnyni-
pyniGGtpny

w)uwp, (a+b)=wn, d+wp, b,
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p) wp,(ka)=k-wp,a, VkeR pyh L Juiwjwulwl a,b
JtyunnpGtph hwdwn:

Al. B, VCl

bpnp, Gyunp 9-hg mtiuGmy tGp, np 4, B,C Ytwnbtph Juiw-
Juwl nuuwynpnipjw b nhiypnid’
w) wp, (a+b)=wp, AC = A,C, = 4B, +B,C, =

=uwp,da+wp, b,
p) wn, (ka)=wn, AC=A4,C,=k- 4B, =k-wp,a:
‘Ltindmotilp wrwlgp hwuljugnmpnp:
Uikl dh minnh Jypw Junpbh b Gp6p pwupddwl hGupwynp
tpynt nunnipyniG’ wohg ntiyh dwju L dwjuhg ntiyh we:

Unwligp Ynsyynid £ wyl ninhnp, nph Yypw Gpgwo b Gpw ypw
2wpdiwl hGwnpwynp Gpynt mnnmpyniGGtphg dthn: Cwpddiwl

ninnnipjnilp GGt hwdwp pujuwui £ ninnh ypw pGunpty nplk
€, |e|=1 shwynp ytyumnp:

Ujuyhuny wdbkG dh mnnhg Jupbh b ounwlw] Gpym
wnwlgp (4;e) L (¢;—e):

“thgnip ulbnwo L hGy-np (4; €) wnwlgp: Mwpq L, np
wp, @ -G hwiwgho k. € -hG:

Uwhdw(nui: Ywiwjuyuwl ¢ yayumnph hwdwp wp,a=x-¢€

Jtipmnmuomipyjul x gqnpowyhgp Yngymd k. (4; ) wnwligph jmu a

YLlwnph wpnyblghuwyh hwlpuhwyJulul wpdbp:
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;6 gpunymd £ wjuwbu’ x =hwuwp ;) a:

Ujuwhun” hwwp,;d=x < wp, i=xe:
EENLGU 1: Mpnjiyghwyh hwGpwhw)uywli wnpdtpl
odnywo E htimlyw) hwnynipjnGGtpny

1) hawwp, ;.5 (@+b) =hawwp .z @ +hwwp . b

2) hwup ;) (k-a)=k-hwuwn; a:

Uywgmgmd: 1) Gpt hwwp; d=x, h.ul.qu(é;é)l;=y,
www wp, = xe, wn, b =xe: {wiwdw)li wpnjtiyghwyh w)
hwwunynipjub’ mGhlp

wn, (@+b)=wn, d+wp, b =xe+ye=(x+ye:
Mtunh x+y=hw.wp,; (@ +Z;) , htlmlwpwn’
how.wp,.;) a+ howwn .5 b= hwwn ;) (a+ 5) :
2-6 wywgnmgymu t GniyG duny oquuwqgnnpobtiny wnpnjty-

ghwjh p) hwnynpniGp: O

Lhpwnunlwiny ytumnph ypnjtiighwjh hwlipwhwyqujwb
wndbph Ytpp pipjwo vwhdwldiwlp Gyuwuntlp, np Gph mGtGp
hipynt wnwGgpltp’ npnpqwd ¢ L ¢' gmquhtn mnphnGhpny L
UhlGnyG e, lel=1 ytywnnpny, wwyw

haw.wp .z @ =hwup . @ Quiwjuiui ¢ JGnnph hwdwp:

Uw Guwlwlymd E, np ybywmnph wpnjtiighwjh hwlpwhw)-
Juwywl wpdbtipp (hnyhG npnpynd £ é dhwynp ytlwmnpny L
Juwiuquwo st £ mnnhg: Un wwwndwnny wjunthtinl howwn g5 a

phup wwpquutiu Ygptilp hw.wp; ¢ mbupny: Ujdd Ytpp Gpguo

ptinptd 1-p YplnniGh wjuwyhuh mbup
1) hwuwp; (a +5) =hw.wyp; @ +hwuyp; b,

2) hawp, (k-@)=k-hwwp, @:
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Ltunwquynud dtiq whwp b6 qunt tpym yahwmnpltph Yug-
dwo whyniG L yaunph opp hwujugnpyniGitpp: Mwupqupw-
(tGp npwGp:

Uwhdwlmd: Gpynm s gpojwlwlb alb YblpnnpGbaph jug-

dwo wlymé, GyuGuwyymd t (¢,b)-ny, Yynymd & ZAO0B-G,
npntn 4, 0, B-G nplk btptp Ytwmbp GG wyluybu, np
OA=a, OB=b:

Ujuyhuny' Jytywmnpltiph uqiwo wyyniGp npn2tint hw-
dwn whpwdtywn £ npulp Yhpwnby dh Yanhg:

UwhdwGnishg htnbmd £, np (@,5) = (b,a) L 0 < (a,b) < 7

Gpt a -G Juud b-G qnnjuyul ytyumnp £, wyw GpwGgny
Juquijwo whyymb stlp vwhiwlnid:
Uwhdwlnuip Yynnblyn £ wjl pdwunny, np jupujwo sk

Jhpwniwl Ytwnh pGnpmpiniGhg: bpnp, tpt nhnwnpytlp alb
wquwuw YyahunpGtph wyy @l L 0—131 GipyuywgnmghsGtp (ntu
GYwp 10-p), wyw ZLAO0B = Z4,0,B," npwytiu hwinnnyuo Ynn-
utinng wlyyniGGtip:

A
a
O b B
W,
a
b
) B
‘Llwp 10

GpptidG hwpy £ jhGnd ghnwpyt] mdjwy ny qunyuyub a
Jtyumnphl hwinnnyuo dhwynp yuayumnpp: UG Ynsggmd L wyn
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ytnnph opp L GwGuwlyymd bt &°-ny: <ty E wbulhy, np
i=—.a: UyGhwyn &, np tp @ #0,5 #0, wuyuw

|a |

(@,b)=(a",b)=(a, b")=(a",b"):

Lbtwnlyuy ptinptiip wupqupwlnd £ yaymnph ypnjtyghwjh
hwpwhw)wlwb wpdtph Gpypwswhwwb hdwunn:

E6NABU 2: Swiljugwd @ # 0 Ytlunph b é Shwynp Yhy-

wnnph hwdwp h.w.wp, a = a|-cos(d,é):
Uwwugmgmu: Gwhjwo o =(d,e) wlljul dkonpjnilhg
(unip, pnip Juwd ninhn) ghunwpytlp htnlywy tptp hGwpwynp

ntiyptipp
A A
~ f O L ‘é f
4,
=

0

b1 b
oc<5:> x>0 a>3:s x<0

‘Llwnp 11

‘Llwp 11-hg Lullﬁhul]lll I: nn pninp ptip nhwyptipnud
wp,d= OA =xe, npntn x =04 -cosa :

Uyjuwhuny hw.wp, d=x=d|-cosa:0O
LtwmlmpjmbG: Gpt a-G L b -G Juwdwjwlwb ny qpnjuljw
JtlunnpGtp b6, wuw hwwp ;, G =|d|-cos(@, b°)=|d|-cos(d,b) :

41



§ 7. d6USNMuGrh UGUL3UM pULQUUMUSUNRUT

Uwhdwlnud: (15 gpnyujul judwjwlw b alb Jtumnnplt-

nh wluyjwp wmnwgpywy Ynms b lallb]-cos(a, b) phyn: bph
a=0 Juu b=0, wwuw (pwlg ujuywp wpnwnpjuip qopn k:
Uluwpjwp wpnwnpjuih hwdwnp gnpowoynid GG (;l,l;) ,a-b,
hGswtu Gul (5,13) GywwyniGtpp:
Uwhdwlniihg niGtlp

(21,13) ]a\|b| cos(a b) tpp a#0 L b#0 :
0, tpp a=0 Yug h=0

Liwwnmph mGhGwmny § 6-h ptnptd 2-h  htnlmpniGp
a+# 6, b#0 ntiypnid tpynt yymnplGbph ujuwpwp wpmwnpjun
Juwnnn tlp qpby Gul

(a,b)=|allb|-cos(a, b) =|a|-hw.wn , b =|b|-hw.wp,a (1)
wmbtiuptinny:

EGNAPEU 1: W qowjhl pwqiwdlmpjul YtywmnpGhph
ujjupwn pwqiwwwwumynuip, npybtu W xW — R tpyuntn gnpon-
nnipjnil, odnyjwo £ htimbyw hwwnynipymGGpny’

1) (a,b) = (b,a), 2) (ka,b) = k(a,b),

3) (a+b,¢)= (a,c) +(b,c), 4) (a,a) =|al,

5) (f (@), /() =(a.b),
quiwjwluwl a@,b,¢c JuyunpGbph, Juwiwjuywl keRpdh U
njuy W qowjhG puqiwdlmpjul htGwpwlh guiyugud f
hgndtiinphly dhwanfumpjulﬁ hwdwn:

Uywugmgmu: Gpt a= 0, Juud b= 0 yquws ¢=0, wwyuw 1-5
hwnynipyniGGtpG wllGhwjnm hﬁ

“+hgnip wjdd Zzi(), Bi(), ¢#0:
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1-p htttnlmd |, (Zz,Z;) = (l;, Zl) hwyjwuwpnipjnilhg:
2) Oquytiny (1)-hg YumwGuip
(ka,b) = (b,ka) = |b|-h.w.wp , (ka) =|b|- k- (hw.wn, @) =
=k-(1b]- hwwp,, a) =k (a,b)
3) hGywtu Gujunpn nhiypnid, oquytiny (1)-hg, unwlwlp
(a+b,c)=|c|-hwwp_, (a+b) =|c|-(hw.wp , a)+c| (hw.wp _,b) =
=(a,0)+(b,c):

4) N1GLGp (a,a) =|al{al-cos(a, a) =|al|a|-cos0=|a| :

5) Qhgnip f-p W qowjhl puqiwdlmpju hiGupwGh nplk
hgnitnphy dLuwhnfumpymG t, 4,B8,C Ytwmbpp W -h htGupwGh
th mynh ypw squlnn Ytnbp GG, a= 4B, b=AC, f(4)=4,,
f(B)=B,, f(C)=C (ntu Gup 12-p):

B C - /(%)
/\ 4
5 /"\
A C B

1
‘Llwnp 12
Jwppmpjul hgndtwmphly dLwihnfunipjul  vwhdwlniihg
nGtGp

AB=A4B,, AC=A4C, L BC=B/_;:
Ujumntinhg’ AABC = AAB/C, nputinhg E
ZBAC =ZBAC,:

Umw  Ynnihg'  f(a)= 4B, f(B)=AC,: Whwybku np’
(f (@), f(b)) =
= f (@)l f(b)|-cos(f(a), f(b))= AB,- AC,-cos(£LBAC,)=
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= AB- AC-cos(LBAC) =|al|b|-cos(a, b) = (a,b):

1-5 hwwnynpniGGtpp htipunnpjudp wywgnigynid GG Gul,
tipp Zz||l§ 0

Uwwgnigywo hwwmynmpmbGatpp Yynggymd GG hhdGwlud,
pwlh np Gpwip thnyhG npnpmyd G6 ujupwn wpnwnpyup: Uyng
dwuhl £ Jyuymd htmlyw) pinpbdn:

OGNPGU 2 (vjuwpwp pugquuuyuninidwl  dhulnippul
dwuhpl): GGpwnntlp' hGs-np vh tnulwyny nyjw; Ytywmnpw-
Jul pwqiwdlnipjul ytyunpltiph guGuguo (Zz;B) Jwnpqu-
ynpywd qnijqhlG hwiwwywunwufuwbtguo Lt dh phy, npp Gpw-
Gwlyjwo L Zz*l;—nq, nln npnud” nmGhlp htnlyw) hwnynipjnG-
Gtpp

1) axb=b*a, 2) (a+b)*c=(axc)+(b*c),

3) (k-a)*b=k(a*b),YkeR, 4)a*a=al,

5) f(a)* f(b)=a*b, nputn f-n qdwjhl pwqiwdlnpjul
htiwpwlh guilwgwod hgnitinmphYy dLwhnfunipymG k:

Uww G2ywo hwiwwywwunwuppwlnp nilp hwipGylmd E
ujjupwnp puquiuyuwunljdwb htn, wjuhGpl

< i _ | 1al1Bl-cos(, B), wp a#0 1 5#0 .
0, tpp a=0 Yud h=0
Uyuwgnmgmui Juuwntlp tptp thnyny hwppnpjuwln Yhg
V, L wmwpwonipjulp Yhg 7 pwqiwdlmpjniGitph hwdwp:

Npn) npuqGtph YpylnpyniGGtphg funtuwhtint Guyuwumwlyng
wju bpym nphypbph wywgmgnuiGtpp Jwumwptlp dhw-
dwiwlwl:

w) Lwu gnig mwﬁp, nn hph a=0 Juu b=0, wuww
a*b=0: bpnp, tpt a= 0, huly b-G Juwiwjwlyuwb ytywmnp L,
www, oguybny hulmllmpjmﬁ2 hg, JunwGwip

0%b=(0+0)%b=(0%b)+(0%b)=2(0%b),
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npuntinhg 0%b=0: bul tipht b=0, a-G Juiwjwluwi E, wyw
nuun hwwnynipymG 1 hh (wfunpn niyph’ a*0=0%a=0:

P) bﬁpwr}phﬁp alb > gnijg wnwlp, np a*b=0:

“hgnip a = OA, b=0B: ‘Lowlwytlp f-ny (40B) hwp-
pnipjul hwiwswhnipjul duwhnfunipniGp OB ninnh GYwwn-

Uwdp, tipp nhuwpyynid £ wyn hwppnipjutp hg qowhG pug-
dwalmpynilp: Uyn oyl f -ng GQulwltlp Gwl mwpwonipjwul
hwiwswhmpjul duwthnfumpnip OB mnmnnny wlglnn L
OA-pG  nnnuwhwjwg hwppnipjul  Guwundwdp, btpp  nh-
nwnpyynud £ nmwpwonipjulp Yhg ytymnpujul pwqiwdline-
pyniGp: Gpynt nhypmd by f(a)=-a, f(b)=>b : {wenpnupwn
oquytiny hwwnympjnb 5-hg, wjlnthtml hwwnynmpjniG 3-hg
JuunwGwip

axb=f(a)x f(b)=(-a)xb=((-Da)xb=~(axb),
npuntinhg by’ a*b=0:
q) Ujdu tlipwunntlp’ a0 h b#0 hpllm lluuiuljulllwﬁ yty-
mnpﬁhp tl: bhpllulngﬁhﬁp a thmnpu a= d+a" wnbtiupny,
npntbn a ||b, a"Lb: Lwlh np d Hb , Wy d yJtyunpp Jupnn

tlp Ghpyuwywuglty ad=kb wmbtupny, npwtin k=|Zl|COS(ZZ,l;),
huy 5°-G b ytywnph oppG t l?=l§/|l§|, 6% |=1: <tnlwwpuwp,
hwenpnwpwn oquytyny 2), p), 3), 4) hwnympmGGphg, Ywpnn
tlip gptip B B
a*b=(a'+a")*b=(a'*b)+(a"*b)=d' *b=(k-b*)*(|b]|-b*) =

=k |b|-(° *b°) = (| a|cos(a,b))-|b|-|B° < al-| b| cos(a,b):O0
UG ntwypp, tpp nhnwplynud £ ninnpG Yhg Juhunpuud
pwqiwdlmpynilp, pnnlmd tlp plptingnnhG npubtu fulnhp
hGpGnipnyy G wwywgnigbint hwdwn:
Ujdd wlglblp uvjwpwp wpnwnpjuih hwpyiwl pwlw-
dutph wpunmwodwip, Gpp Yaywmnpltpp mpjwo GG YnpphlGuwn-
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Gtpny wwpwonipjul nplk (eT;%;e?) pwghuntd:  “dhgnip

a={a;ay;a) W b={b;b;b) Guwd puqhumi: wytlp

(pwlg ujupwp wpunwnpup oquuybny ujwpjup wpnw-
nnjuih 1)-4) hwnynmp nGGtphg:
MGtGp

(ZZ,B) = (a1a + azg+a3a’bla +b2g +b35) = (a1g1’bla) +
+(a121ab2 g) + (algvbz. g) +(a, ga ) gl) +(a, gr b, g) +(a, %a by ;3) +
H(aye;,be) +(aye,b,e,) +(asep, biey) = by (6. 6) +ab, (e, ¢,) +
+ab,(e,e)+ab(e,,6) +aby(e,,e,)+ aby(e,,e) +ab (e, ) +
+aby(e;,¢,) + aby(e5,e,) = by (€, €) + by (e,,6,) + asby (e, e,) +
Hab, + a,by )€, €,) + (a,hy +ab, ey, e) + (@b, +aby)e;,e) :

Ujuyhuny' judwjwywl alb JtywmnpGtinh uupwp wp-
nwnpuwip hwpybmt hwiwp  wlhpwdtpm £ L pwjuwpunp
niGtGuy (a,gj); i, j=1,2,3 wpdtpltpp:

UwulGwynp nhypnd, tipp mwpwonmpjul (eT;%;e?) pwqghup
oppnlnpdun/npyjwo  pwighu t, wjuhlpl’ |gl |=|g|=| e?|=l,
o o , i=j
e le,, e le, e Le, jud np GnyGa Lt (e[,ej)={ l J',

0, i#jJ

www unwlny tGip’
w) (a,b) =a,-b +a,-b,+a,-b,,

p) la|=y(@a) =+a’+a, +a; ,

(a,b)  a-b+a,-b +a,-b,
|al{b] B \/c112+c122 +a’ \/blz+b22+b32 ’
0 alb=a-b+a,-b+a,-b=0:

Q) COS(ZZ, Z) =
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§ 8. dBUSN/ALELh IEUSNLULUL AUQUUMTSUNRUT

Jalpnnplbph  JEmopuwiwli  puquuwyuninmuip  qnpon-
nipjnil £, npp vwhdwlymy L mwpwonipjuln Yhg V' qowjhl
pwqiwdlnipjnilnug:

‘Lwju vwhiwGblp YytyumnpGiph we tnjul, dwju tnjuy
hwuljugnmpjmGGapp:

UwhdiwGnid: Sulpulbmpjulﬁ 1111 qhmhg thumqulb ny
hwiwhwpp Ytywmnpltph a = OA, b=0B, c=0C Junpquynp-
Jwo bnjulp Yngymd t we Goywl, tph ¢ Jtumnph owjpwyt-
unid qulynn nhnnpnp O, 4, B Yawntpny wlglnn hwppmipjwl
ubip 04 Jtunph Jupdwagnyyl yunnyump O Yuwmp pnipg dhish
OB -hG hwininnyuo nunluwp mbulnd £ dwduwph wyuniynhl
hwjwnwy ninnmpjudp: Lwjwnwly nhypnd, tpp 04 -hg ntiyh
OB Juwpdwagnyl wuniywmh nmgnupynilip  hwdpGylmyd L
dwdujwph wunywmh niqgnnipjwl hbtwm, tojuyp Ynyymd t dwfu
Loyl

Uwhdwniihg wyGhwjm httmlnd k.

{wmllmp_]mﬁ 1. 6pb a, b, ¢ toyuwyl we tnjuy L, u1u4u1
b,c,a L ¢, a,b toullhpp Lu we tojul 66, huy b,a,c;
a, ¢, b; cba;hﬁgulhu Guwlh -a,b,¢; a,-b,c L a, b, —c
tinjulGtpp dwfu tnyuwyGbp GG:

LwwnlmpymG 2. Gpti ¢, L ¢, YhjunpGhph dwjpultntpp
qubynmy GG alb ytyumnnpltpng wiglinn hulppmpjulﬁ ﬁllLum-
dwip dhllnyG Jhuwmwpwonipyniinid, wyuw a, b, ¢ ua, b, c

tinjuyGtpp dhwdwdwlwl Jud tpynub £ we, Jud tpyniul I:L
dwhu tnyuyGtp tG:

Gpt a,b, ¢ tnjuyn we (dwh) tinjuy t, Gwl wumd LG, np
w6 mGh gpwlwl (puguwuulwb) Ingdlnpnynid:
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Uwhdiwlniu: SLupulOmpJLuﬁ Juwiwjwlwl ny hwdwqho,
Jupquynpjwo tpynt @ b b Jtywmnpltph eumnpuliul wp-
mwgpywy Yngynud L owyla ¢ Jtjunnpp, np6 mnnuwhwjwg L wyn
JtywmnpGtinhg jnipupwlsyniphG, ninnyuo £ wjlwytiu, np yby-
umnpGtph (a3 b; ¢) Yupguinpwd tnjwyp wy trjwy E, huy Gpw
tpjupnipynilp hwywuwnp L alb Jtyumnnpltnh GpuwpmpniG-
Gtph L Gpwlg Juquwo whljwb vhGniuh wpmwnpywihG:

Gpb @ L b YtywnpGhpp hwiwghd 6, wwyw Gpwbg Ytlunn-
npwlwl wpunwinpjwg vwhiwlynid £ gpnyuljul yalumnpp:

Gpynt a L b JtjunnpGtph ytjunpuwwl wpumwnpjuinp
(ywlwynd GG [a,b]-nq Juud axb-nq:

Ujuwhuny' tph Zz/\/(l;, wuyw [Zz,Z;]J_Zz, [ZZ,[;]J_[;I Pwgh

npwéhg (@ b; [a,b]) Ywpquynpjwd bojwlp we tojwy b L
|[a.b]|= |a|-|b|-sin(a, b) : bul tipk |5, wupw [a,b] =

“+hgnip alb ny hwiwqgho yayunpltpp Yhpwnwo GG dh
ytwnhg: Lpwlgny npnymd L qniquhtinwgho, nph dwytpbup
YGywGwytGp S(a,b) -ny:

Mupqt,np S(a,b)=S(b,a) L S(ka,b)=|k|-S(a,b):

‘Llwwnblp, np tpynt ny hwdwgho Ytaywmnpltph yayunpu-
Jwl wpuunpjuih Gpupmpmnip pjuwybue  hwjwuwp L
GpwGgny npnpywod qniquhtinwqoh dwytptupG’

[la.b][=S(a.b):

EGNLGU: dtymnpltph yaunpuwl puqiuuyuwmlynidp,
npubtu V xV —V tpyunbn qnponnnipjnil, odnyjwd kL htimbgwy
hwwnympmGatpny

1) [a,b]=1b,a], 2) [a+b,c]=[a,cl+[b,c] ,

3) [ka,b] =[a,kb] = k[a,b], 4) |[a,b]] = (a,a)(b,b)—(a,b)’:
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Uwuwgmgmu: Gph alb Jtyumnpltpp hwiwqgho GG, wwyw
pun vwhdwldwl nGhGp [Zz,l;]zﬁ, [B,Zz]:(): Ltulwpwp wju
ntiypmd 1-p dhpw £ U’ a )/( b ntiypnid 1-p wywgnighnt
hwdiwn gnyyg mwbp, np wyn hwjwuwpmpjul we L dwju dw-
utipmd qpyuo yyumnplGpp hwdmnnyuo GG L mGaG GnyyG tp-
Jwnpnipjniln:

Uhpwntinyg alb JtywmnpGtipp dh Ytnmhg Junmwlwlp, np
[21,5]-[1 L —[Z;,Zz]-ﬁ ninnuwhwjwg Gl alb ytyumnpltinny npn-
Jwo hwppnipjulp L htmbwpwp hwiwgho GG —[E,Zz] || [Zz,Z;]:
8nijg mwlp, np Gpwlp Gwl hwinumnyuo ta:

(a; b;[a,b])-G L (b; a;[b,a])-G we tnjulyGhp GG, nphg
htnbmd t, np (b; a; [a,b])-G L (b; a; —[b,a]) -G YhGkG dwfu
tinjulGtp: <tmbwpwp vnwlnd GGp —[I;,Zz] ™ [Zz,l;] :

Ujnwu Ynnihg niGhlp

|~ [6.a]|=l{b,all = S(b,a) =S (a,b)=[a.b]]:

LJwdwnptiny wju httmlmp niGGLpp Juunwlwlp
[a,b]=—]b,a]:

2n ﬁLunmqululhquliLup L wuyugnigty wytith n” § 9-nu:

3) Gpp a-G L b -G Judwjwuwl GG, huy £ =0, Juu £ al
b yulunpGbpp hwiwghd 6, huy &-G Quiwjwywi phy t,
wwuw puu uwhdwiiwl unwnd Glap 0=0:

Yhgnp wydd £ >0 L a ff b: MuptiG ka 17 @, hGsubu Gl
k[a,b] ™1 [a,b]: (a;b;[a,b])-G L (ka;b;[ka,b])-G wy tnjwlGhp
b, nphg htunlnud t, np (a;b;k[a,6]) -G U (a;b; [ka,b])-G Lu we
tnjuyGtn GG: Ujuntnhg, pwGh np [kZz,l;] -G L k[Zz,Z;] -G ninnu-
hwjwg GG a L b Jtyumnpltnpngy npnpywo hwppmipjwlp, hb-
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wmlmu t, np Gpwlp, hGiny hwiwgho, Gwlk hwinnjuo GG
[ka,b] T k[a,b]:

Uynwu Ynnshg |[ka, b]|=S (ka,b)=kS(a.b)=k|[a,b]|=|k[a.b]:
Sunlwpwp  k[a,b]=[ka,p] : LiwG 4lny unwlnmd Gep
k[a,b]=[a,kb] :

Ui £<0 L a /\/( b ntypnd, oquytiiny £ =—|k| hwjuw-
uwpnipjnilhg b 1) hwnynipyniGhg, Yupnn tGp gnbg

[ka,b]=[~| k|a,b]={| k|a,b]=~|k|[a,b] = k[a,b]:

Ujumntin lihﬁp oqmt{hghﬁp wnpntil wywgngyuwo Guwhunnpn
ntiyphg L [—a, b]— [a b] hwjwuwpnipjnilhg, npG@ wnwown-
ynmud Llp wwwgngby pptingnnhG nputiv oquwlwp, ny ndjun
fuGnhp:

3) NiGhGp

[a.b]F = (|al-|b|-sin(a, b))’ =|al*-|b[ -sin* (a, b) =

=|aP -|b[*-(1-cos’(a, b)) =|a’ -|b}~|af -|b cos’ (a, b) =

= (a,a)(b,b)~(a,b)* :0

Uwuwgnigyuo 1)-4) hmnynmpnGhtpp Jtyumnpuyub pwg-
dwywwwnliwl hhiGwliwl hwnynmpmGitp GG hbnlgyw; hdwu-
wnny: Qupbh £ gnyyg mwy, np mwpwonipjul pGupjuo Ynniln-
2wl Guwwndwdp gnymipynil mGh dhwjl dh VxV =V wp-
nwywwunybpnd, npp pwjwpwpnd £ 1-4 hwnynpniGGephG:

luGinhp: Uywgnmgty, np mwpwonpjul judiwjuyud Zz,l;,g
ytyumnnpltnh hwdwnp.

w) b,¢ U [a,[b,c]] yuynnpGtipp hwiwhwpp ba,

p) wmtinh nmGh [ZI,[Z;,E]] = B(&,E)—E(Zz,zé) hwywuwpnipnil
(«pwg vhGniu gup» pwlwdl):
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§ 9. dGUSNMruvGLh UL cUQUUMNUSUNRIT

Uwhdiwlnud: Swpwonipjul judwjwlub tptp a,b,c Juwnp-
quinpiwd JklunpGhph frwnp wmnwmgppe Gngdmd b ((a.b1.c)
phyn: o

JdhYunnpltinh fvwnp wpnwnpyup Guwymy GG (a,b,c)-
ng Yud abe -ny, L uwhdwnushg niGuGp (a,b,c) = ([a,b],¢):

Ahgnip a,b,¢ YuunpGhpp Yhpwndwd b6 gh Yhnhg:

OGNPGU 1 (Yhahmnplbph fuwnp wpununnyugh Gplhpusw-
hwlhwl dehGupwlnidn): Gpt a,b,c yijunpGtipp hwdwhwpp
LG, wyu (21,5,2) fuwnp wpumwnpyuip hwjwuwp k£ 0-h: Gph
ZJ,Z;,E ytyumnpltnppn hwdwhwpp 606G, wuyw (Zz,l;,g) [uwnp wnp-
nwnpjwip hwjwuwp L Gpwlgny npnpwo gniquhtinwhunh
V(a,b,c) owjwihG ytpgqwo npuywl Grwlny, tpp a,b,c
Jupquynpywo tinjuyp we tnjuy t, L yipgquwo puguuwlwb
Gywlny, tipp a,b,c Jupquynpwo tnjuyp dwju tinjuy t:

Uwwgnignmi: “+hgnip é,lg,g ytunnpltipp hwdwhwpp GG:
Gpt @ L b Yuunplbpp hwiwghd b6, wwyw [¢,6]=0, htwnluw-
pwpn uwhdwlnuihg unwlmy tip

(a,b,c)=([a,b],c)=(0,c)=0:

Gpp a L b Jtumnpltpp hwdwqho stl, wyw [21,5] -G, nun-
nwhwjwg 1hGtny alb ytumnnpltinG pnGngpynn hwppnipjwlp,
UihGh ninnuwhwjwug Gl ¢ Jtwunph(, htinlwpwp®

(a,b,¢) = ([a;p],c)=0:

“+hgnip ZI,B,E Jtunpltinn hwdwhwpp s66: Uju nhypnid
¢=0C Juyunpp hwiwghd st a=04 L b=0B (yuyunpGtpG
nGngpynn  4A0OB  hwppnipjulp:  <bnlwpup’ [Zl,l;] ,4( c U

51



N

¢=(a,b], ¢) wllnGp Ywd ump b, Yud pomp: UjGwhu np

OH, tpp p<Z=
|c|-cosp= , npmtn OH -n a,b,c Ythwumnp-
-OH, tpp ¢>%

Gtpny npnpywd OABCAO, A B,C, qmquhtinwlGhunh pwpépni-
pjniGG E (nbu GYup 13-p):

[d,5]

‘Llwn 13
Gnynt niypmyd by | E| |cosp|=0OH : Oquytiny wju thwu-
g’ Yupnn GGp qpby
AN
|(Cl,b,C) |:| ([aob]oc) |:||[a9b] | | c | 'COS([aob]a C) |:
=|[a,b]|-|c|-|cosp = S(a,b)-OH =V (a,b,c):

V(a.b,c), tpp p<=
Ltumlwpwp' (a,b,c) = 2.

_V(ZZ,I;,E), hpp ¢>%
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Ujdd GHuwntlp, np gp<% ntiypmd O Jtwhg Yhpwunjwo

[a,l;] L ¢ Jtunnpltpp qunlymd G0 gnuquhbnwGhunh OACB
hhiph hwppnipjul Guwumdwdp dhulnyG Jhuwwmwpuwonipnt-

(inwd, huy (p>% niypmu Gpwlp qunlGymd G0 mwppbp Yhuw-

nwpwonipniGitpnid: Lwlh np c;,l;,[Zz,l;] tnjull wo tnjwl L,
www wnpwohl ntypnd Ez,Z;,E tnjuyp GnylGwbtu YhGh we
tinjwy, hul tpypnpn nhypnid wpnbG w6 YhGh dwju Gojuy:
Ltulwpup
- - Vabc b ¢ tnyuyG wy tnjw L,
(a.5.7) = (a.b,¢), tnp @,b,¢ tnjulli we tojwyt,
—V(a,b,c), tipp ¢ tinjuypdwfu tnjuy t
<twmlmpjmG: Gptp' a,b,c Jtumnnpltp hwiwhwnpp G0 wja
L hwjG w6 nhypniy, Gpp (21,5 c)=0:

EGNALEU 2: dtyunpltph fuwnp pwqiwwywwumyndp, np-
wtiu tnwwntin V xV xV — R qnponnnipjnil, odnjwo . himmbyuy
hLumllmme[iﬁhpnq‘

1) (a,b,¢)=(b,c,a) =(c,a,b)

= —(b,a,¢) =—(a,c,b) =—(¢,b,a),
2) (ka,c,b) = (a,kb,c) = (a,b,kc) =k-(a,b,c) ,

3) (a1 +a2,b c) (al,b c)+(a2,b c),
(a7b1 + Z,C) = (aiblﬁc)—i—(a’bZ’c) 5
(@,b,c, +¢,) = (a,b,c) +(a,b,c,),
Juidwjwlwa a,b,c JtywmnpGtph L juiwjwywl 4 pyh hwdwnp:
Uwwgnigmu:
I-p wGdhowwtu unwgymd b JtywmnplGtph we L dwju
tinjuwlGtinh § 8-h hwwnynipyniG 1-hg L Gwjunpn ptinptivhg:
2. Oquytiny ujupwp puqiuwwyuwuniuwi L yayunpuub
pwqiwwwwnlyiwl hwnympmGitphg yupnn Gap qptip
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k-(a,b,c)=k-([a,b],c) = (k-[a,b],c) = ([ka,b],c) = (ka,b,c):
3) Oquytyny 1-hg L ujupuwp pwqiuyuwunyiwi pwpfuw-
Juwl hwwnynpjniGhg mGtGp
(a+a,.b.¢) = (b.c.a,+a,) = ([b.cl.a, +a,) =
=([b,c),a))+(b,c],a,) = (b,c,a,)+(b,c,a,) =(a,,b,c)+(a,b,c):
Ujnwu tpynt hwjwuwpmpjnGGtnh wywgnignudp pnnlnid
tp pGptingnnhG’ npwtiu oquuuiljuip JupdnipyniG:L
Ujdd whnpununlwip § 8-nmu dLuwlytpuywo Yaumnpuub
pwqiwywuniwl pwpfuwjul hwninipjul wuywgniyghl:
Lywlwtlp m= [5 +Z),Z] —[Zz,E] —[Z;, E] L gniyg wmwlp, np
m=0: Oquytny ujwpwp pwqiuyuunliwi pwfuwlw
hwwnynipjnilhg L pinptid 2-hg” unwlnid tlp
| = (i, i) = ([a +b,c]~[a,c]~[b,c], ) = ([a+b,c], i) -

—([a,c],m)—([b,c],m) = (a+b,c,m)—(a,c,m)—(b,c,m) =

Ujuwmntinhg by m=0, Juu nn GinyyGG L
[a+b,c]=[a,c]+[b,c]:

Ujdd ytunpuwlwl L fvwnp wpmwnpywGtph hwdwp wp-
nwotilp hw)yiwl pwlwdltin ynpnhGwwmwjhG mbupny:

EGNLEU 3: Gpt mwpwonpjuln Yhg V' qowjhl puqiw-

slmipjwil (e3e,5¢;) pwqhup oppnlnpiunpywd wy pughu L,
wyuhlpG e [=le; [Fle =1, ¢ Le,, [¢,6,]= e, wuyw Gudwjw-
Ywi a={a;a,; a;}, b={b; b,; b}, c={¢;; ¢,; ¢;} YtunpGbph

hwdiwnp
[a,b]={a,b,—ab,; ab, —aby; ab, —a,b, },

(a,b,c) =ab,c, +a,b,c, + a,bc, —a,b,c, —a,bc, —abc,:
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Uwyuwgmgmu: Lwlh np eT,%, g -0 wo tnjuly L, wwyw
e,e.¢ L e,e,e, tnjullbpp GnyGwtu we tnjwllbp t6: <b-
nlwpup’ [e,,e]=e¢,, [ey.¢]=e¢, :

Oquytny yayumnpujuwl puqiuwyuunjiwl hwnynmpjnG-
ﬁhphg b llullnulph[nll éhuuhnl'umpjm[i(ihp unwimu kGp
[a,b]= [ale1 +aze2 +a3e3,b e +be, +b e3] [alel,b e1]+
+[alel,b2e2]+[a1e1,b3e3]+[azez,blel]+[azez,bzez]+[azez,b3g3]+
Ha,e;,be ]+ ase;,bye, 1 +[ase;,be; 1= ab,le,e,]—ab,le;,e]—
—-a,ble,e,|+a,ble,,e;]1+ab e, e]—-able,,e]=
=(a,b, —a,b)le, e, ]+ (a,b; —asb,)[e,, e ]+ (a;h, —aby)le;, e ] =
= (a\b, —a,b))e; +(a,b; —asb,)e, +(a;b, —a,by)e, :

UjupGpl’

[a,b]= {a2b3 —a,b,; a,b, —ab,;; ab, —a,b, } :

bul fuwnp wpmwnpywih hwdwp vnwlnid GGp
(a,b,c) =([a,b],c) = (a,b, —a;b,)c, + (a;b, —a\by)c, + (ab, —a,b) ¢y =

=a,b,c, +a,b,c, + a,bc, —a,b,c, —a,bc; —ab,c,:00

Oqunftiyny] 2-pn, L 3-pn, Yuingh npnohsGtiphg’ [@,5]-h U (a,b,c)
UnpphGuwumwjhG wpnmwhwjmnmpyniGGtnn upth L Gapyuwjwglt] Gul

a a, a
- = a, a a, a a, a Lo
a,bl=21" LI LT Y w o (abe)=| b b, b
[]{bzb3 b b |6 b, ( ) b, by
¢ G G
wmbupbpny:

tnlmpmil: a={a; a,; a,}, b=1{b; b; b}, c={c;; c5 ¢},
Jtyumnpltpp hwdwhwpp G6 wjl L dhw)G w6 nhypnud, Gpp
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Uju pwGwadalbpl nGEG YhpunmpniGGtp Gpypusuhuyui
wwuwytpnGtph dwitpbulbpp b Gpypuwswhwwb JwpdhGGtnh
owywibtpp hwyytjhu: UwuGwynpuwtu ¢ L 5 Julumnplbpny
npn2ywo qniquhbtnuwqoh dwijtiniuh hwdwp vnwlnid GGp

2 2 2
Staby=ltabll= |7 T+ T[T
b2 b3 b3 bl bl bZ
buy a, b, ¢ Jtunpltpny npnpwo  gniquhtinwGhuwnh
V(a, b, ¢) dwjwih hwiwn niGblp

a a a
V(a,b,¢)=|(a, b, ¢)|=|| b b, b,
G G G
luGnhp:  “+hgnip Zz, Z;,E,g -G wwpwompjul hGs-np

ytyumnnpltin GaG:

w) Oquytiny «pwg dhGniu gup» pwlwdlhg wuywugnighy

(a, b, c)d—(b, c,d)a+ (¢,d,a)b— (d,a,b)c =0
hwjwuwnpnipjniln:

) quqblnq wjn hwjwuwpmpjnibhg wwwgnighy, np
Juiwjwyuwi a, b,c,d JtyumnpGtpny yuqijwo hwdwlwnpgn
uhpwn qonptl Juiujyw) hwdwluwng t:

q) Uywgnigty, np tpt Zz, I;, 2,3 ytyunpltinhg ny dh Gptipp
hwdwhwpp 360, wyw pwqiwwywwmlsh Gumpjudip ytpp
ptinqwo hwywuwpnipjniln Gpulg dhol thwly qowjhG hwpwphb-
nwygnip GG t:
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Q-LNMv GLULNY
UNLARLUSUSEL LUUULUCLSBR

§ 10.ULENMF3UL G SULUSNM3UL UbhLUUUL
uneapuisSushuv Luvduira6r: LUSJ4uoh
pUFUT LN SAYUD ULULGLNMEBUUR

Jdhpmowlwl Gpypwywthmpnilp, npwbtu Gpypwswihni-
pjwl pwdhl, wnwowgty L 17-pn nupmd, tpp [k “Fajupunp
1637 pyphG hpwumwpwywo hp «Gpypwswthnpinil» qppnid
(tpuniotig YnpphGuwnmwjhl hwiwlwnpg hwulwgnipynilp:

Yuubklp, np hwppnipjul ypw nipjwo t (0O; eT, 5) whhliw-
quwl npghlGunnughl hwdwlpupg, tpt ultinwo GG nput O Yt
(ubqpﬁwbliw) Lw b wyn Ytwnhg Yhpunwd nplk Gpynt ny hwdwgho

OE e,= OE Jtuyunpltph yupquynpjwo qnyyq (hwppnt-
prﬁn Uhg qowyhl puqiwdlnmpyul pwqhua): L

Ulgpluytiny b hwinywuwufuwlwpwn ¢ L e, yhul-
wunplbtpny wglnn ninhnGhpp Yngymd GG OX Ywd wpughulibiph
L OY Ywu opghliunnGhph umwﬁgpﬁbp Gpt M -n hwppnipju
Juiwjuwyuwl twm £, wyw Gpw oM 2wnwyhn thlulnph llnprﬂl
(wwGtpp (el, ez) pwghup Guumdiwdp, wjuhGpG OM = xe + ye,
Jtipmuomipyjwl x L y qnpowyhgGtpn, Ynyymd GG M Glunh §np-

phwnbsp (hwiwywunwuhiwlwpwp wpughu L opghliwmn)
nyjw] whhlwlywl YynpnphGwmwjhl hwiwuwpgh Giuumiwdp:

0O ¢& E xei X

‘Llwnp 14
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Utimh YnpphGwwGtpp GQuluyymd GG M (x; y)-ng Jud
M =(x; y)-n: OphGul O ulqpluytnp hwiwp 00 =0-¢ +
+0-e, , wyuhlpG O =(0; 0): buy OE =¢ +e, punwihn Ytlun-
nh £ owjpwytimh YnpphGwwmGhnG GG E = (1; 1): Uy Ytwp p-
nmiGjwo L wijwbt] myjwy ynpphGwwnwjhl hwdwlwngh dfw-
ynp [l (nt'u Gywp 14-p):

<wppmipjul Ytwnbtph YnpphGwwnbtpp b Jbluonph Yynpoh-
GwwnGtpp dhijwlg htin Juuwo b6 htinlyw) pwGwdlny” tph
M, =(x;»n) UM,=(x;y,), uyu

MM, :{xz BRE yz_yl}:

bpnp M\M, =OM, —OM, = (x,e, + y,e,)—(x,¢, + y,€,) =

=(x, —x)e, +(y, —y))e, , npmtinhg MM, = {xz —Xp5 ) _yl} :

UnpnhGwunwyhG OX L OY wnwlgpltpp hwppnipjnilp
wpnhmd GG ynpu wmhpnyph, npnGg wGjwlimd G0 pwnnpnlbn:
Ujn pwnnpnlbphg wrwohl pwpnppl w6 t, npnud plGuo
Ytwnbtph tpynt YnpphGunmGtpl £ qpuyw6 GG6: Gpgpnpn puw-
poppnid nGQwo Ytumbph wpughultpp pwgwuwlw6 GG, huly
opghGwwmGtpp” npuywG: Gppnpp pwnnppnid nGYwo Yhnbtiph
tpynt YnpnhGwwnGhnl £ pugwuwlwl G6: Pnppnpn punnppnid
nGywo Ytwnbph wpughuGbpp ngpujw GG, huy opnhGwwnGtpp’
pugwuwluwi (nt'u Gyunp 15-p):




Swpwonipyul (O; e, ¢,, e,) whhlwlul  §nppplunnuypl
hwdwlwpgn ywqiywo t O Ytnhg (uggplwlbinhg) L w)n Y-

unhg Yphpwnjwo tptp ny hwdiwhwpp e, e, e, Ytlmnpltiph
Jupquynpjwo tnjuyhg (wjuhlpl wwpwonpjup Yhg qow-
JhG pwquwdlmpjwul purghupg): Uyqpluytinny L hwiwwyuw-
nwufuwGwpwun eT, g L e? Jtunnpltipny wlglnn mnhnGtpp
Ungynud GG OX', OY L OZ lGopghGuninughlG wnwlgplhn, huy
OX L OY, OY LOZ, OX L OZ wnwligpGtpny wlglnn hwp-
pnipniGGtpp” hwiwywunwufuwlwpup OXY, OYZ, OXZ
npphGunughl  hwppmpimGGGp:  blywybu L hwppmpjwl
ntiypnud, Juidwjuluwl M Ytwnh oM 2wnwyhn Ytlywmnph
UnpmhGuwmGtpp, wjuhGpG O—]\szgl+ y%+zeﬂ3 JtpnionmpjwG
x, y L z gnpowlhglGtpp, Ynyymd GG M Ytnh YnpphGunGhp
(hwiwwwwnmwuhiwlwpwp wpughu, opghlGunn L wuyhlunn)
nyjw] YnpnhlGwnmwjhl hwiwwnpgh Guwndwdp:

Swpwonipjwl Ytwmbph YnpnhGwwumGtpp L ytyunph Ynp-
nhGwwnGtpp dhijwlg htn juuyyjwo b6 hbnlyuw) pwlGwalny

tipt M1 :(xl; Vs Zl) L Mz :(xz; Yas Zz):ululw'

MM, = {xz =X Vo) 2 _Zl} :

UnpnhGuwuwihG OXY, OYZ L OXZ hwppnipjmGGtpp
nwnpwonipjniln mpnhnd G0 nip mhpnyph, npnlg wijwbnd GG
oljmuwbinGhp: Ujn oyunwlwnbGhpn plmipwgpymd GG  hpblg
ytwnbtph YnpphGwwmGtph GuwGGtpny, wnwohlG oljumwlunnid’
(+; +; +), tpypnpn oyuwlGumd” (—; +; +), tppnpng oyuwG-
und’ (= — +), mnppnpg ojuwlwmmy”  (+; — +), hhGqbtpnpy
ojunmwlmmu’ (+; +; —), yagipnpn ojuwlGunnd’ (—; +; —), jnp-
tpnpn ojunwGunnd’ (—; —; —), mplpnpny ojuwlnmy’ (+; —; —) :

Gninwswihnipjwl dte YnpnhGwumwjhlG dtpnnp jujwlnd £
htimlywnud. Yanbpp thnfjuwphGymd GG hptlGg YnpmhGuumGtpnyg
dh pyny mnnp Ytnbph niwypnud, jupquynpyuo pywugnijgny
hwppnpjul Ytntph nhypnd L pytinh jupquynpjuo tinjuynyg
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nwpwonipjwl Yhmbph phypnd: G-otinG m JwytplnyplGbpp
thnfuwphlGynd G606 hwjwuwpmiGbipny juwd hwjwuwpmdiGtph
hwdwlwpqbpny, npnlGgnmd npytiu hnthnfuwwGGbp hwintu GG
qwihu wnyjwy tpypuwgwhwlwli yuwumitppn Juqinn Jtnbpnp:
UjGnthtml nyjw] yuwwuybtph Gpypuwswthwyul hwnynipml-
Gtpp nnipu GG phpynud” nuumiGwuppbing hwiwywunwupuw b
hwjwuwpmiG mt hwjwuwpnmiGbph hwdwlwpqbpp hwipw-
hwyJuywl juwd ypmowlwl dhongltipny: Npwtu wyn dtpnnh
gnigunpnud’ uqph hwdwp ghunwpytlp dh ywng, pwjg Juplop
fuGnhp” hwnyjwoh pwdwlnwip mpjwod hwpwptipnipjudp:

QhunwnpybGp nput 4,B,C Ytwmtp (4 # B) ulbnwo ninnh
Juwd hwppnipjul ypw b jwd £ mwpwonipjwul uto:

Uwhdiwlnd: Guublp, np C Ytwmp 4B hwwnyjwop puw-
dwlmud t A hwpwpbpmpjudp, tipb AC=ACB:

‘Uljwwnbny, np AC=-CB hwyjwuwnpnipjnilp hGupwynn gk,
wjunthtimb hwdwpbnt tlp, np 4 #—1:

Qhgnip hwppnipju nplt (O; e, e,) whhlwywl Ynpnhbuw-
wwjh@ hwiwjwpgh Gundwdp 4= (x; 3,), B=(x,; y,): Utin

fuGnhpl & qubh C Yowh (x; y) YnpnhGuwnGbpp wyn Gyl
UnpmhGuwumwjhl hwiwjunpgh Guwundwdp:
Luwfu qultlp 4, B L C Ytwbtph pwnwyhn ytyunpltph
Juuypn: NiGkGp
A
{Ewﬁ;@ {MJTHCTB:E AC="—4B
N . =93 . = .
AC=2CB AC=ACB Ch-_ 1B
1+1

Ujuntinhg’ 0—C=@+R’:@+£ﬁz
+
OA+ﬂOB: 1 5'4_’_ A O—B':
1+4 1+ 4 1+4

_ O+ (0B-0id)-
1+4
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o — 2
Uyuwhuny' OC = —— Od+—2—0B -
Juughunt 12 1

Lwlh np 04 = {x; nts aé:{xz; ¥,}, wyuw

w:{xl"'ﬂ“xz. y1+/1y2}

9

1+ 4 1+ 4
X +Ax, :y1+/1y2:

9

1+4 1+
‘LG Ybpy, Gpt mwpwonipjul (O; eT, 5, e?) wbhlwyub
UnpnhGuwnwyhG hwdwlywupgh  Guwdwdp 4 =(x; y; z),
B=(x; 1,5 2),C=(x; y; 2),
X +Ax, :yl+/7,y2_ Z:ZI+122:

9

1+ 4 1+4 1+ 4

Ujuntinhg dwuGwynpuwytu ytinglGtiing 4 =1" unwlnmy tp
AB hwwnywoh shoGwlytwmh YnpnhGuwnmGtpp
N+EX% Nt», 515

9 b

2 2 2
Nnp Ypw nhuowpyynn (O; €) wphGuwlywl YnpnhGuumw-
JhG hwdwlwnpgh nhwpnp pnnlnd Glp plGptingnnhG:

npntinhg b’ x =

wyw x =
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§ 11. UbhuULUL UNA AN LUSUShL UUULUNG LD
JAGLUONVNMF3UL ATLUIYGUEG L

GpptidG npny Gpipwswihwyul hwulwgnipynGGuph Gop-
dnonudp Juunwpymud L Gwhwwtu pGupjuo YnpmhGumwjhl
hwdiwlwpgh dhongny: Lwlh np Gpypuwywhwlwl hwuljugni-
pjntlp hpwlwlnud Yuiudwo st n’s nhuwnlynng YnpnhGumwhG
hwdwlwpghg, n’s £ Gpw pGunpmipynilihg, wyw wihpwdbynnt-
pynil £ wnwowlinid wywgnigty wjn whjwunpniln Juy, hg-
whiu pnmGyuo b wuby, vnmqby vwhdwldwl §nnblumnip o Gn:
Qw Juunwpynud £ ynpphGuwnwjhG hwdwwpgtiph dLwthnfuni-
pjwl pwlwalbtph dhongny, npnlp Yuwuy GG hwunmwmmd GnyyG
ytwmh tpym wmwpptp YnpphGuwumwyhl hwiwupgtipmd G-
gwo YnpphGuwwnbGbph dhol: Upmwotlp wyn pwlwdlbpn:

Uhgnp (O ¢, e)n L (0;¢, €)-n hwppnpjui btpynt

wbhlwlwl YnpnhGwwmwihG hwiwluwpgbp 66, pln npmd

hwjwnGh £ npulghg tpypnpnh nhppl wnwehlh Guwmdwdp:
Glpwnptlp' O'=(c;¢,), ¢ ={c,; ¢y}, gg ={¢;p5 €},

np GnyyGG E

— — — —
/

T - _ T .
00" =ce +c,e,, e =c e + Cy€,; € =C,e + Cpe,:

Pwqhuwh'e, ¢; YtlunpGtph ynpnhGwnGlphg Yuqigwd

¢, ¢ -
c=| " dwuphgl wGjuwimd GG (e, e,) pwqhuhg
CIZ 022
(€], ¢) pwqhuhl wgiwG dwwnphg:

Lwlh np eT' /H/ 2, wwyw ¢, ¢, Gy iCy  htmlpuwp

S Gy

#0: Ujyu ytipohl wyuwjiwGhG pwjwpwpnng C dwwunphgp

Cp €y

Ungynud k sytipwubpjuo dwnphg:
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“thgnip hwppnipjul M Yl niGh (x; y) , (wGuGhGp M -h
hpG) L (x"; »") (wGJwGtGp M -h Gnp) YnpphGunGhp hwdwuww-
wwuiwGwpwn (0; ¢, ¢;) U (0 €, ¢)) whhiwyub ynphGuw-
nwjhl hwiwlwnpgtiph Guwndwdp:

NuGkGp OM =xe, + ye, L OM =x'¢/ + y'é, (wmbu Glwp
16-p): Utin Guyuwunwyl t qunil uwnp judwjwlwl Ytnh hhl L
(np YnpphGuwmGtph dhol:

‘Llwp 16

MaGtlp Gwl
OM =00 + O'M =(c,e, + c,e,) + (X'e +y'e))=ce, + c,e, +

+X'(c 6 + 056) + V(e + 06)=(q +X¢; + Ye,)e +
+(c, +x'c, + Ve e,

Lwlh np myjw) pwghup Gunmdwdp yayumnph YnpnhlGuwnm-
Gtpp dhwyl 66, wyw wjunbnhg vnwlnd Gip, np G2Juwo whh-
Gwywl YnpphGwwnwjihG hwiwlwpgbph Guuiwdp hwppni-
pjwl uiwjwywG M Ytwp (x; y) L (x; »") YynpphGuunmGhpp
uhijwlg htin yuuwwo ta

{x c“x’+clzy '+cl (2)
Y=C0X 6y +6
pwlwalbtpny, npnGp wijwlimd GG fopghGuwmuwhl hwdwlwn-
qliph dlunfinfumpjul pwlwdlbpn:
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h G G

hnlguwy [ J Swunphgl whywind &6 (0; e, e,)

021 c22 2
whhbwlwl ynpoplunnuyhl huswlupghg (O'; €, ¢)) wbh-
Gwlhwl npphlumughl hwdwlpwupghl wlgdwl duwnphg:
TDGhunnmpniG: “GFhgnip hwppnipjul Yypw mGhlp Gpbp
(wphGwlwG) YnpnhGunughG  hutwlwpgtpy  (O; e, e,),

—
"

(0 €, e,) L (0% €, el): Yhmuwpltilp th YnpyhGuunwht hw-
dwlwpghg dmwuplG bGptp wlgnuilGtp’ wnwohlhg Gpypnpn,
tpypnpnphg tppnpn L wewehlhg tppnpn: “Hhgnip wyn w-
gnuiGtpht hwiwwwwnwuuwing YnpphGwwnwihG hwdwyunp-
qtinh dLwthnfunpjuwl pwlwaltind G0 hwiwwwwnwufuwGuwpwun
{x =c, X' +c,) +¢ 0 {x' =d x"+d,y"+d,

a u

[ [ ’ 14 n
y=c,x 0y +¢, V'=dyx"+dy,y"+d,

{x = x"+b,y" +b ' '
(I0): Gpt () pwGwdlbpmd x"-h L »'-h

y=b21xm+b22ym+ X

thnfuwunptl mbtnunptlp Gpuig wpumwhwjmmpniGGatpp (1) pw-

Gwdltinphg U Juwwwptlp G(fwl wlinuwiGiph dthwgnd, wwyw

Juunuwlwlp wlgmd wnwohGhg btppnpn: CGptpgnnhlG wnw-

ownpynd LGp wuwpgb] pGywt®u GG Jhdjuwlg htnm juuyjuwo

Cii Gy d, d, b, b,
, u dwuwnphgGlpn:
(Cu sz] [dlz dzzj {blz b,,

Yhgnip (O; e, ¢, ¢)n b (O ¢, €, €)-n mwpwonpjwi
tnynt wbhlwlwb YynpphGwwmwihG hwiwunpgtin GG, L hwynmGh
E (ntu Gywp 17-p) Gop® (O'; €], €}, €}) hwiwlwpgh nhppp hhG*
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‘Llwp 17
(0; e, e,,¢) hwiwyupgh Gqundwdp  O0'=(c¢; ¢y; ¢;),

e ={c; cy; c31}, € ={cp,; cps c5 ks € ={cp3; ¢35 ¢35}

PuqhuwhG ¢, €}, ¢/ ulwnpGph  YnpohGuntbiphg
S G Gy
quqiqwo c=| ¢, ¢, ¢, | Swnphgp Ynggmu £ hpl pughuhg
C3 G5 GOy
Gnp pwqhuphl wlgiwl dwwnphg: <wdwdw)l § 9-h ptnptd 3-h
htimlmpjwG wjl sybpwubpuo Swunphg £ [Cl£0:
Swpwonipjul juiwjuywG M Ytwmh (x; y; z) L (x; )" 2)
UnpnhGuwumGtnl wyn hwiwupqgtiph Guwwndwdp, dtyp yynwuny
wpunwhwjnynmd GG (2) pwlGwalbphl Giwb

x=c¢, X' +c,V +epz' +¢

y=cyX' +cny' +c2 e, (3)

z=CyX + 0y 0z + 0
pwlwaltpny, npnlGp  wljwlinmd G0  wmwpwonmpjul

Ose,e,e) U (05€,6,€) wphlbulul npphlunnuyhl
hwdwlwnpglnh dLhunhnfumpjwl puwlwdlan:
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¢ ¢ O G

tmlywy |¢,, ¢, €3 ¢ | dwwnphgl wljulmd GG
G Gy Gy G

(0; a, g, g) wdhwlhwl  [npphbGunnuyhl  hwdwlupghg

(0 ¢, e, e) wppbwlwli npphGunnuhl  hufwiupghl

wlgdwl dwnphg:

Lwlh np (3) pwlwdltph wpnwonudip Juumwpymdy k (2)
pwlwdlbph wpnwodwl Gdwlnmpjudp L nput pupnmipyniG sh
wwnpnilwnmd, wyw wjl pnnlmdi tlp plptipgnnhG npytiu
ogumwlwn JundnipjniG:
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§ 12. U O NM3UL NMAUTLU3SNNG UNAERLUSUSRL
UUUUUrGeGrh Q6dUONuNMF3UL AULUGUE L

Gpt  (0; ¢, e,) UnphGunnwhG  hudwhwpgn (e, e;)

puiqhul oppngnwy £ [ |=|e,[=1 L ¢ Le,, wyw wynuhup
hwiwlupqp Ynyymd L mpggublymb (npphGuinuihld wd
pbljwpunmyul npghGwunwhl hwdwlwpg: MiqnuGlyynG Ynp-
nhGwwwjhG hwdwupgmd M, (x; ») b M,(x,; y,) Ytwnbph
dholi htinwynpnipynilp npnpymd £ uupjwp wpnwnpjuih dh-
gngny

MM, :|M1M2 |:\/(M1M27M1M2) :\/(xz_x1)2+(yZ_J’1)2

pwlwdlny:
Swpwonipjwl ninnuGlyyniG YnpphlGwwmwjhl hwdwlwpgnid
(e1 le, e Le, e, Le, le, |=|e, |=| e |= 1) tipynt

M, = ('xl; Vs Zl) L M, = (xz; Va5 Zz) Ytwntph dhele htinwynpni-
pynilp npnpynud L

MM, :|M1M2 |= \/(xz _x1)2 +(», _y1)2 +(z, _21)2

pwlwdlny:
Glpwnptlp’ hwppnipjwl ypw mpdwo t6 tpynt (O; ej, ej)
L (O g{, Z) ninnuGyjniG ynpnhGuwmwjhG hwiwwpgbn:
Qhgnip -G wyl wikGuihnpp wGyymGa k, npny wbtwnmp L
wunuwnb eT Jtljuinpp dwduvjwph wyunyumh hwlwnwl nmnnni-
pjwudp, dhGsu np wjG hwipGyGh eT'-h htim: Llwwmtlp, np
0°<a<360°:
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NMuwpqymd t, np (2) dlwhnfunipjwl (nbu § 10) pnnp ¢
gnpowyhgltipp Jupnn GG wpmwhwjnyt] th yuwpwditnpny,
wjl L' a-ny:

Gpb 21' = Cllgl + Czlga gg = clza + szg hwjwuwpnipyn G-
Gbphg jmpwpwlynipp hwonpnuwpwn uvjwpjwpwwbtu pwqiw-
wuwwlklp ¢ U e, ytywnpGhpny L hwyyh wnGkGp, np
e =le =1, ¢ Le;, [€I=lef =1, ¢ L, www unuGutp

¢, =(ei,e;)=cos(ei,e)), i,j=12:

Utp Gwwunwll b ¢, qnpowyhglGtnG wpnwhwjnmby o -h
dhongny, nph hwiwnp nhnwpybm Gp Gpyne nhwp:

1. Gpp hGwpwynp &t O Ytwmmd Yhpwndwod a,g ytlunnp-
Gtpp, gqnuquhtin mtnuihnfubing O' Ytw, wjGnihtnl yunwnt; O
ytwmh nmp9 wjlwhuh o wGlynilny, np wpryniGpnid eT yty-
wnpp hwdpGyGh €] Yhlmnph htn, L ShwéwdwGuly e, -p hun-
nGyGh Z;-h htin: Uju niypnid wunid GG, np (eT, g) L (eT’, Z)
pwghuGbpnG mGLG GniyG YnnuGnpnynuip (nb'u Gyup 18-p):

‘Llwnp 18

AN

Qultlp pwqghuwjhlG yYthunpliph Yuqiwo (_éi & i),
i, j=1,2 wGymGGtpp pghnwnpybny snpu GGpuntwyp.

w) Gpp 0<a < %, www nGhGp
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(er,e)=«a, (el,e'z)=3+a,

el
(S A A

— —_— ﬂ' — —_—
(62,6'1)=5—0!, (e2,e2)=a:

(5]

p) Gpp % <o <7z ,wyu mGhip

AN A

(er,e)=a, (e1,62)="~a,

2

A N

— — 7Z' — —
(62,6’1)=a—5, (62,6’2)20[ :

A

A
(er,e)=2r-«a, (el,e'z)=7—a,

A AN

(;2,g1)=a—%, (Ez,gz)ZZﬂ—aZ

3
n) 6pp ?ﬂ <a <27z, wyu mGhklp

e, A A 3
e (ei1,e)=2r7r-«, (el,e'z)=a—7

o A 5 A
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e (ez,e'1):7—a, (e2,e2)=2r-a:



fnnp gnpu Glpwnbiyptpnud, ¢, qnpowlhgGhph hwiwp
unw(ny blp dhlulnyG wpmwhwjnnpmGGatpp
¢, =cos(er,e)=cosa, ¢, =cos(er,e)=—sina,

A A

¢, =cos(ez,é)=sina. c,, =cos(ez,e2)=cosa:

Ujuyhuny' 1-h6 nhypmd (2) pwGwdlbnG pGnmGmd GG

{x:x’cosoz—y’sinOHC1 0<a<r (4)
,0<a<2rx

[ !
y=x'sina +y'cosa+c,

wtupp: Uju nhupmd (e;, ¢,) onpnlnpiwy puighuhg (e, €;) op-
pnlnpdwg pwqhuhl wlgdwl dwwnphgl niGh
cosa —sina
=( . jmbupnh|C|:l:
sinad cosa
2. Gpp hGupwynp sk (21,5) pwqhup, gniquhtin wntnuin-
futiny L wwwnbyny, hwipGytghhy (€, €)) pughup htin wjlubu,
nn eT-n hwuinGyGh eT'-h L ej n ej-h htin: Uju nbiypnid wumd
LG, np (eT, g) L (gl;, %) pwghulGtpnG mGEG mwppbp Ynnuilnpn-
onuiGtip (nbu Gyunp 19-n):

YA

€ i




GuGtlp pwqhuwjhG Yahunpltph Juqiwo whymGGatpp
nupdjug nhuwpytiny ynpu ntiyp:

w) Gpp 0<a < %, www nGhGp

/é;\ A A T
(er,e)=a, (61,6'2)23_0‘,

\ o E] N A

— —_— 7Z' — —_—
(62,6'1)=5—06, (e2,e2)=rm—-a:

Sy

p) Gpp % <o <7, wyuw nGLGp

7 . o7 - 7
Oy (er,eh)=a, (el,ez)=a—5,

N

A A

. r -
(ez,e'1)=a—5, (e2,er)=r—a:

—

€

3
q Gpp 7<a < ?ﬂ , www mGhGp

A A
- " - V4
(61,6'1):272'—&, (el,e’z)za—_’

% 2
OA - " z "

> (22,21)261—3, (22,22)205—7[:

/Q‘f’

Y
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3
n) 6pp 77[ <a <27z, wyu mGklp

e
A A

S S S
(er,e)=2r-a, (el,e'z)zjﬂ—&,

a —
eJ A 57[ A

0) (;2,31)=7—a, (éz,gz)=a—ﬂ':

A
Ltmlwpwnp' ¢, =cos(er,e'1)=cosa,
A
— oY — o
c,, =cos(ei,er)=sina,
A A

¢, =cos(ez,e)=sina, c,, =cos(ez,e2)=—cosa:

cosa sina
Uju ntiyypnid C:( . ], |C|=-1:
sina@  —cosa
Ujuyhuny' 2-pn niypmy (2) pwlwdltinl pGnniGmd GG
x=x'cosa +y'sina+c¢,
. , ,0<a<2r (5)
y=x'sina —y'cosa +c,
wnbupn:
Llunnblp, np wju nhupnud (e;, e,) oppnlnpuiwy pwqhuhg
(eT’, ej) oppnnpiw] pwqghuhG wlgiwl dwwmphgG nilGh
cosa sina
c- [

. jmhupnh|C|=—l:
sina  —cosa
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Gnptidl hwpdwn E (hGnd yunngup ;1 ytunnphg vhGsl eT'
Jtunpp juuwnpt] dwduvjwph nmnnmpjwdp: Uju phypnid
wywunynh £ wiyjul dhonpjulp yopugpmu GG puguuwyub
Gpw(:

‘Lljwp 20
UybGhwynm t (mbu Gyunp 20-p), np a+(—F) =27, npnbinhg
nGtlp a=LF+27,cosa=cosf, sina =sin f: L<tmlwpwn (4)
L (5) pwlwdltpp ywhywlnmd GG hpklGg wmbupp Gwl o -h
pwgwuwlwl wpdtpltinh nhwpnu:
Qhunnmpjnl: dbtpp dtlp wbuwlp, np dh oppngnGwy
pwqghuhg vy wyj oppngnlwy pwghuhl wlgiwl dwwnphgGtnl

cosa —-sina cosa sina
mitG C=| . qud C=| . wmbup,
sinad cosa sinaa —-cosa

npntn 27>« >0: Uyjuyhuh dwwunphgGipp Yngymd GG 2x2
swithutiph oppngnGw) dwwnphgGbp L juwpnn GG GEplwjwgyty dh

pGnhwlmp (

¢, ¢
! 12} wtupny, nph ¢;; mwpptpp pujwpwpnid

21 22
G0 ¢l +c, =1, ¢5,+ci, =1, ¢, ¢, +¢p, ¢y, =0 WuytwGGtphG:
Ujn hwjwuwpmpmbGGbpp Yngymd G0 dwwphgh oppngnGu-
mipjwl hwpwpbpwygmpiniGGtp wnnbph hwdwp L dGEYGw-
pwlynd GG wyjuybu. dwumphgh jnipuwpwlsjnip mnnh, phnwny-
Jwo npytu ytyunp, vjupjwnp pwnwlyniuhG hwjuwuwn £ 1-h,
hull mwppbp wmnntph vjupwp wpnwnpyup hwjwuwn £ 0-h:

UjuhlpG dwwphgh «wnnn yYbunpGbpp»  thnfuninuwhwjwg
dhwynp ytyumnpGtn GG:
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‘Lwuwtilp, np oppngnlw)] dwwmphgh umiGbpp GnylGuybu
pwywpwpnid GG oppngnlwinipjuwl hwpwptpwlgnpjmGGtph
ci+cy=1,c,+c, =1, ¢ ch+cyCp=0:

{wywnwyp GniyylGybtu Shpw . tpt 2x2 suhubtiph nplk
C=(c¢;;) dwwmphgh wnnbpp (Gud wnlGpp) pujupupnd b6
oppngnGwnipjwl hwpwptpwlgmpiniGGtphl, wyw w)G oppn-
gnliw ywwphg t:

Uyuwgmgtilp uw’ GGpwnpbny, np Jwwnphgh unbbpp pw-
Jwpwpni G0 oppngnlGwinipjul hwpwptpwlgnipjniGGtpha
(nnntph niypmd wywgnigynid £ GdwG duny): <tpw £ mtulhy,
np tph ¢ +c;, =1, wyw gnympjmG mGh dhwy o wiyymd
wjlwbiu, np 27 >a >0 L ¢, =cosa, ¢, =sina: Lwlhnp ¢, L
¢y pytphg qnlt  dkyp wwpptp £ qpoghg,  wwyu
C ChtCyCy=0, c+ci =1, ¢ +ci, =1 wuyiwGlhphg hb-
wmbnd E, np pdwuwnm mGhG ¢, :c,, b ¢y, 1 ¢, hwpwupbpnipyniGGt-
np: Lowlwybny —¢,, :¢,, =¢,, ¢, =k unwlin tlp

¢, =—ksina, c,, =kcosa :
Uydi ¢, +c, =1 wwjdwlhg uvnwind tGp k==1:
cosa —sina
Lwlwynd £, np C dwwphglG niGh [ . j Jud
sina cosa
[cosa sina

. j wnbiupp:
sina —cosa
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Q-LOMu GLLONY
NFMPAL LULENMESUL ILU

§ 13. 6eurtouolylyv NUSHGLh U UULUTL
JUuuusnre3nkrue: uvLidicduutv uneere

UHhgnip (O; ¢, ¢) - hwppmpjwl nplk whhGwlywa Ynpoh-
GwwnwjhG hwiwwupg t, L-p" hwppnipjwl ypw hGy-np Gplpw-
swithwlpul wunnlbp (opnhGuly gfod), L niltlp

F(x,y)=0 (6)
x Ly dmphnfuww6GGph nput hwjwuwpnod: Uyn hwjw-
uvwpnuipn Yngynud bt L wunnfbph hwjwuwpnd hoppnipjwl
nyjw] YnpphGwwmwihG hwiwjunpgh Guwwndwdp, Gph wyn hw-
Juwuwpdwlp pwjwpwpnd &6 dhwyl b dhwyG L wwwnmybtph
pnpnp Ywntiph (x; y) YnpnhGuinGhpp:

Onplwy x=0 L y=0 hwjwuwpmuibGtpp hwiwywunwu-
fuwGwpwp OY L OX wnwlgpGtph, huy xy =0 hwjwuwpniip
OX U OY -h hmjwuwpnidG k:

Gpt hwppnipjwl Ypw wpgwd kol wy’ (0'; €, €) wph-
Gwywl YnpphGwwwjihG hwiwlwpg, wwyw hGswytu gqhwnblp,
hwppnipjul Judwjuywl M Ytnh (x; y") YnpnhGuwnGhpp
w1 hwﬁwquqh (uwundwdp Juuwywo bl wyn GnyG Ytunh
(O e, ez) -h Guumdwdp (x; y) YnpphlGuwmGtph htim hbnbgug
pwlwdlbpny
{xzc“x'+clzy'+cl

y=cyx' e,y +e,

(ntu(2) pwlwalp § 11-nd ):
Uju pwlwdélbtpp pnyp GG wnwihu vnwlw] L wwwybph
F'(x',»)=0 wbuph hwjuuwpms (0'; ¢, €}) YnpyhGuwnwhG
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hwiwjuwpgh Guuiwdp: 9Gpw hwdwp pwjuyui £ (6)
hwjwuwpdwb dt9 x-p L y-p thnfuwphGl) hptilg wpmwhwj-
nnipjniGGtpny

F'(xX,y")=F(c, X' +c,y' +¢, ¢, X' +¢py' +¢,)=0:

Cpy

Lwbh np #0 wwjiwGh 2Gnphpy x'-p L Y p

Gy Oy
dhwnpdtipnpti wpmwhwjmynd GG x-ny L y-ny, wyyw Junpnn
tGp F'(x",y")=0 hwjwuwpmihg qGuy tw, ytpununlu; (6)
hwjwuwpdwn:

Ltubwpwnp hwppmpjubG (O ej’, ej) UnpphGuwmwjhl hw-
dwliuwnpgh Guwdwdp hwppnipjul juwdwjuyuwG M Yhwnp
(x"; ¥") ynpnhGuwwmGtpp pujwpupmd GG

F'(x',y)=0
hwywuwpdwlp wyG L dhwyG wyl phypmy, tpp wyn Gnyl
Ytwh (x; y) YnpnhGwnGhpp (O; ¢, e,) wphGwlwl YnpnhGw-
nwjhl hwiwwpgh Guundwdp puwjwpwpmd GG (6) hwju-
uwnpiwln:

UwhdwGmy: {wppnipjub (O; gl, g) wdphGulwb YnpnhGuw-
nwjhl hwiwjupgh Guumdiwdp htnlgwy
Zaijxiyj =0 (7)

L,J

wtuph hwjwuwpnuing wpynn wwwulbpp, npntn g, € R pytip
GG, Ynsymu b hwlpuhwyjwljuwl §np:
Uwhdwlnui: <wlGpwhwpyuwub foph juwpg Ynggnd b Gpu
(7) hwjwuwpdwG dhe F(x,y)=> a,,x'y’ puqiwlnuih wu-
ij
wmhdwlp, wjuhlpl al.jx"yj, (a;; #0) vhwlnwuiGbph i+, wu-
mhdwllbtphg wikGwydbkon:
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Gpt nput hwlpwhw)ywlwl Ynp mpjwo £ hp (7) hwjw-
vwpnidny hwppnipju (O; eT, 2) UnpphGuwwnwyhlG hwdwyupgh
Ghuwndwdp, wuyw &Y wy (O €, €)) YnpyhGuwwnwghG hudw-
Yupgh Gyundwdp wyn GnyyG Ynpp upnn Euopgtg

F'(x', )= zaij(cux’+Clzy’+c1)i(czlx’+szy""cz)j =
i,j
= Zai'jx'iy"i =0 (8)
i,j

hwjwuwpniiny:

Ujuntinhg, dwulwynpuwbu, tqpuyuglnmd tlp, np Ynph
hwlpwhw)Jwlwl hGEp uujwo st nhunwplyng YnpnhGuw-
nwjhl hwiwlwnpghg:

EENLEU: {wlpwhwyyuyuwl Ynph Yupgp sh thnfjuynd dh
wbhlwlwl Ynpphlwwmwjhl hwiwyunpghg gwiyuguo wyjp
wbhlwlwl ynpphGwmw hl hwdwwpgh wigGtihu:

Uwuwgnignui: Ntinp k gniyg mwlp, np hwlpwhw)dwywi
Unph (7) hwjwuwpdwl wunhdwlp hwjwuwnp t Gpu (8)
hwjwuwpiwl wunmhdwbh6: Hpw hwdwp Guwio hwdngytlp, np
F(x,y) pwqiwlnuih guijugwud q, j.xi ¥/ Shwlnudh wuwmh-
dwlp sh vhowlmy x L y thnthnfuwwGGtpp (2) -ny thnfuwph-
Gtjhu: bpnp, F(x,y) puwqiwnudh g x'y’ dhwinush dhe
yJtinn Gpwo mtinunpniuihg htinn unwGnd tlp

a; (¢, X' +c,y' +¢) (e, X' +¢c,) +¢,):

Ouwyuqotipp pwgbnig L Gdwl wlnuwiGtph Yhwgniuihg ht-
wun YJunwGw@p b, x"y"” wbkuph dhwinuiGhph gnuiwp, npng-
ghg jmipuwpwlyjnph wumhdwlp sh qghpuquigmy i+ j -G, wj-
uhlpG’ ¢, x'y’ dhwlnuih wunh§whG: <Enlwpwp (O, e, e)

ynpnhGunuyhl hwdwlunghg dky wy' (0% €, €)) YnpphGw-
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nwjhG hwiwyuwpgh wlglhhu F(x,y) pwqiwlnwuih wuwmp-
dwlp sh dowlnmud: Uy Ynnihg wjl sh £ upnn thnppwGuy,
pw(h np hwljunwl nhypnud (O'; eT', ej) UnpnhGuwmwhl hwdw-

Ywnghg (0; ¢, ¢;) YnnohGwunwjhG hwiwyupghl wlgltihu
yutiowGw:

twmbwpwp F(x,y) pwqiwlnuih wunhdwlp dnmd L
(nyyGp: O

UnyG nuuplpugnid niuntdGwuhpytint GG dhwjG wnwohb L
Gpypnpn Yupgh hwpwhw)Juwlwl Ynpbpp: Uwhdwlnuihg
htmlmd L, np wnwohl YJwpgh hwlpwhwyuwlwl Yynptpp
upynud GG Ax+ By+C =0 wmbtuph hwjwuwpnuiGtpny, npuntin
A#0 Jqui B=0:
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§ 14 . M MULUUGS,ULUL, WU LNLULUL G,
v KKuuvNre LUquuuenruvere KULeNrMe3tv 4/t

Uwhdiwlnwd: (13 qpnyuyuG a Juyunpp Yngymd Eougjuyg

nignh mpnnpn Yhlpnnp, tpt w)l hwiwaqho L wyn ninnhG:
Uwhdwlnuihg httmlmd E, np mpjwo ninnh ninnnpn yay-

unpp dhwyp sk Pwugh ngpubhg Judwjwlwl Gpynt mnnnpn
Jtyumnpltin hwiwgho ta:

Yhgnip hwppnipjul ypw plnpgwd t (0; ¢, €,) wphluw-
JuwG ynpmhGwwumwjhl hwiwlwng:

EGNAPEU 1: Gpt nmnhnp gqmquhbn & opnhGwwunGtph
wnwiligpht, huy @ ={a;; a,} -p Gpw GuiswwlpuG nugopry -
unp b, wyw £ = a, : q, hwpwpbpmpnilp hwunwwmni( t:

Uwwgmgmu: bpnp, tiph Zl={al;a2} L Z;:{b];bz} npjuo

ninnph Gpyme mnopn YehunplGtp 66, wwyw Zz||l; , wjuhlpl
a= b, A#0: Ujuntnhg' a, = Ab, L a, = Ab,, npntinhg k'
a,:a,=Ab, :Ab, =b, :b,:
{tnmlwpwn® a,:a, =b, :b, =k=const: O
Uju £ hwunwwmnilp Yngynd £ mywy mnnh wllyymbuiyghl
qupowlihg:
Gpti ninhnp qniquhtin £ opghGwwGtph wnwlgphl, www
Gpw hwdwp whlynGujihG gnpowyhg sh vwhdwlynid:
EGNALEU 2: {wppnipjul Ypw gulluguwod wbhGwlwb
UnpnhGuwunwjhl hwdwlwpgh Guundwdp hwppnipjul gulyu-
gwo ninhn mipymd £
Ax+By+C=0 9)
wnwohl wumhdwlh hwjwuwnpniiny, L hwjwnwyp wdkb dh
wjnuhuh hwywuwpnud hGs-np ninnh hwjwuwpmad k:
Uywugmgmy: hiyybu ghnbtilp, hpwphg mwppbp guiyw-
gwo tpynt Ytuny wlglmd E dby L dhwyl dtYy mnphn: Ujniu
Unnihg" hpwphg wwpptp guwljuwgwo tpyne Yhewnny npnzynud £
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ny qpnyuyul Ytywumnp, niqgnph ngnnpn yayunp: <mbwpwnp
npjwo M, # M, Ytmtpny npnpqwo mnpnp Jupth £ pmpuw-
gqntp  nputu  wjlwyhuh M Ytwmbph pwqimpynl, np
W H W : Qwdwndbpnptl, ninhnp wipynud £ Gub hp nplk
M, Yuunny L nplk a mnnnpn yeyunpny' £ = (M ; 21) : Uju nhiw-
pmd Mel < MM || a:

Qhgnip hwppnipjul Jpw wpgwd b h £ =(M,; Zz) ninhn:
UunwGwlp Gpw hwjwuwnpnudp:

Gpt  hwppmpjul wyjuw; wdbhlwlwl YnpphGwwnmwjhb
hwdwlwpgh Gundwdp M, = (x; ¥,), huy @ ={p; ¢}, wuw
guijugwo M =(x; y) Yhn yuuwlnmd £ wyn niqnh6 w6 L
dhwjl wyl nhiypnud, tpp MO—Mz ta, hGs-np ¢ € R pyh niypniu:

Qphing wjl YnpphGwnmGbpny vnwimd tlp x-x, =#p,
Y=Y, =1q,t€ R, jud np Gny)GG L’

X=X,+pt, y=y,+qt,teR:

Uju hwjwuwpmuiGtpp Yngyma G0 mggh quwpuwdbmpuljuld
hwyjwuwpmdGhp, npntn ¢ -6 Ynymd bt quwmudbunp: pulgnd
ytmh x, y YnpnphGuwunGtpp Gipujyugywo G0 npytu qowjhl
PIniGyghwblp ¢ wGywhu thnthnjuwlwlhg (Wupwdtunphg):

Nunh ywpwitnpwuwl hwjwuwpmiGiphg wpmwputing
t-0" unwlmu klp

qx =Py =4% — Py
Jwd np Gnyy GG E
qx = py + py, —qx, = 0: (10)
Lowlwlhbny 4=¢q, B=-p, C=py,—gx, unwlnd tlp
Ax+By+C=0,
npwuntin wylGhwymnnptl 40 Jud B#0:

Ujuyhuny” wyugnmgtghlp, np hwppnipjul ypw whhlw-

Jqul YnpphGwwunwjihl hwdiwupgh GJuwundwdp hwppnipjul
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Juwiwjwywb ninhn wmpymd £ (9) wmbuph wnwohl wumhdwGh
hwjwuwpnuiny:

Ujdd" hwunwyp: “Ghgnip mpdwo £ wnwohl wuwmhdwGh
(9) wbuph hwjwuwpnuy, npuntin npnwlhmpjul hwdiwnp G-
punptlp’ 4 # 0: 8nijg mwbp, np wjG hwppnipjul dte hGs-np
ninnh hwjwuwpnud k:

dtpp pipdwo (9) L (10) hwjwuwpnuiGiph hwdtdwwmnidp
hniymd E npwbtu npnGtijh mngnh mgnnpn yGlunp gepglty
a= {—B; A} ytywnnpp:

Opwbu npnGth nnnp M, Yt YupgGhGp M, =(—C/4;0)
Ybwp:

{widnqytlp, np (9)-n (M,; Zz) ninnh hwywuwnpnidG t:

bpnp, (10)-md wbnunpting p=-B, ¢=4, x,=—C/B,
Yo =0, junwlwlp Ax+By+C=0:0

Ujuyhuny’ hwppnipjul ypw wnwohl Junpgh hwlpwhw)-
Juwlwl Ynpbpp mpghylbpd 66, npnlghg jnipuwpwynipp mpynud
L (9) mtiuph hwjwuwnpnuiny: Ujn hwjwuwpnil wijwlnd GG

nipnh pnphwlmp hwjuwuwpood:

dbpwnunlwlip nunh x=x,+pt, y=y,+qt, teR
wuwpwibnpwiuwl hwjwuwpndGhphG: Muwpuwdtnph wpunwp-
untiny unwlnid GGp

P q
nnl wijwlmd G0 nggh JubnbGuwlwl hujwuwpniy:
‘Lotilp, np wju hwywuwpnuip phnwpyynud k£ Gul, tpp p L
g pytiphg utyp (n tpyniup) hwjwuwn £ 0-h:
y

OphGwy’ XTHZE hwjuuwpnsp M, =(-1; 0) Ytwny

wlglnn L OY wnwlgphG qniquhtin ninnh JulnGwlywb hwyjw-
uvwpnud E: Uj6 hwiwpdtp £ x+1=0 hwjwuwpdwp:
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Uwulwnputiu M, =(x; y) b M, =(x,; y,) hpwphg
wnwpptip tpynt Yemtpng waglnn (M,; W) ninnh JulnGuw-
Juwl hwjwuwpnmu k

X% _ V=N

X=X W
hwjwuwpnudp, npp Jupnn Glp qpty Gul yupudbumpuwb
wmbupny” x =x, +#(x,—x,), y=y,+t(y,—-y), teR:

<tpw £ Guwnty, np tpp ¢ € (0; 1), wyw unwGmy tGp M, -h
L M, -h dhol pGlwo Yumbtipp b hwljwnwyp: bpnp, wyGhwjwn €,
np M(x;y)e[Mp; M,] wyG L dhwjG wyl nhupnid, bpp
MM T MM, . masGp MM ={1(x,—x);t(y, = »)} L

—_— 1-t —— .
MMz :{(l_t)(xz_xl);(l_t)(yz_yl)}:TMlMa pln  npnid

lt;t >0<1te(0;1): Wyuntinhg [M; M,] hwunjwoh hwdwn
unwlnd blp x=x, +#(x,—x,), y=y, +t(y,-»), t€[0; 1] yu-
pwibtnpwlwl hwywuwpndGhpn:

“thgnip Ax+ By + C =0 hwjwuwpniip hwppnipjw b nplk
(¢) ninnh hwjwuwpnd k, huy a= {a,;; a,} -p hGs-np Yytunn k:

LtnmlnmpymGGtp pnptithg:

1) a={B;—-A} ytjunpp hwdwghd L Ax+By+C=0
ninnha,

2) a= {a;;a,} # 0 Jtywnpp hwdwgho L (/) mnnhG wyl L
dhwjl wjl nhypnid, tpp

Aa, +Ba, =0: 8y
bpnp, (11) wwjtwlp hwiwnpdbp b {a;;a,} L {B; -4} yuy-
wnnnpGtinh hwiwqonipjuln:

3) Gpt hwppnipjul Yypw npduwo L mynubyniG YnpnhGuw-
nwjhl hwiwlwpg, www
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Aa,+Ba,=0< {a;; a,} L {4; B}:

UjyuhGpG” nmqnuGlniG YnpphGwwwjhl hwiwjuwpgnid
n= {4; B} JtyunnpG mymwhwjwg £ 4x+ By + C =0 nnnhG:

Gpt ninnh Ax+ By +C =0 hwjwuwpiwl vy B=0, wyuw
(pw hwjwuwpnuip Jupnn E Gepuyugyt) x=-C/4 jud x=a
wmtupny: Uynuhuh ninhnp qniquhtin £ OY wnwlgphG: buy tph
B#0, www hwjwuwpmdip YJwpnn L Gepuywgyty

y =_§ x—% wmbtupny: Otinptid 1-hg L Gpuw htnlnmpjnG 1-hg

A
unwlnmd tlp, np ) gnpowlhgp nmnnh & wGyjnGwjhG

gnpowlhgl k: Lywlwybny Guwl b= —%‘ ninnh hwjwuwnpnuip

ptpynud £y =kx+b wmbiuphl: ‘Liwwnmblp, np b -G npnpnid E wyG
hwwunywon, npG ninhnp wiowwmnid £ OY wnwlgphg:

luGnhpGtn nuotijhu hwdwp hwply £ (hmd juqit] nignp
hwjwuwpmy Gpw dh Ytunng L whlymniGuwihG gnpowygny: G-
ptingnnhG tlp pnnlnud hwdnqyty, np mpJuwo M = (x,; »,) Yb-
wuny wlglnn L & wlynbGuihlG gnpowygny ninnh hwyjwuw-
nmiG £

Y=Yy =k(x=x):
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§ 15. GLunNk NMbhALE D PNVUAULI Ah L.
UL ENKMe3UL d.tU

{wppnipjul ypw mpdwo tpynt ninhnGhph hwdwnp hGupw-
ynp GG thnjuwnupé nuuwynpnipjwl tptip nbwp” Awnymy b4,
qniquhbn 66 Ywd hwdpliwo 6G: Fpwlp hwdwwywnmwuuw-
(nud GG hbwnlyw) nbwptphlG nmnhnGtpd mGLG dh plnhwnp
ytwm, ynlGblG pphwlnmp Yon Juwd GnyGa GG: “+hgnip hwppnt-
pjwl Yypw mpJuo b6 4x+By+C =0 (/) L Ax+B,y+C,=0
(¢,) mnhnGtpp hGs-np wphGwlwl YnpphGwwmwhG hwdwlup-
gh Guwumdwdp:

EGENLEU: <wppnipjul Ypw wnpjwo (4,) L (£,) mnhy-
Gbpp’ w) Aunmmd 66 < A : A, # B, : B,,

p) ququihbin bG < A :A,=B,:B, #C,:C,,

q) hwdplylmud b6 < A :4,=B,:B,=C,:C,:

Uwwugmgmy: Fhnwpytlp

Ax+By+C =0
1 VT4 (12)
Ax+B,y+C, =0
hwiwluwpqp: blGyybu hwjmbh E hwlpwhw)yh npupngulwb

nuuplpughg,
w) tipti 4,: 4, # B, : B, , wyu (12) hwiwlwnql niGh dhuy

imonud: Lbnbwpwn (4,) L (4,) mnhnGipp hwnynd GG:
p) Gpt 4:4,=B:B,#C,:C,, wyu (12) hwiwlwpgp
sniGh nuonwd: <tnmlwpwn (4,) b (¢,) ninhnGtpp qniquhtin GG:
@ Gpt 4:4,=B:B,=C:C,, wyu (12) hwidwlywpgh
hwywuwpmuiGbphg jnipuwpwlsjniph monwiGtpp Gl nionud-
Gtp GG dynwh hwdwp: <twnlwpwp (¢/,) L (¢,) ninhnGhpp
huipGywo tG:

Wuwhuny™ w), p), q) ntwptiphg jmpwpwlsmpmd ujuwy-
dwih puwjuwpwpnipniGG wywugniguo k, wihpwdtpumnipniGa

wwwgnigynid £ hwljwunn Gpunpnipjudp: O
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§ 16. A1 M PALE D ONRLY, LD UJUUULNRIT

Uwhdiwlnmui: <wppnipjul wnpjuwo Ytwmny wlglnng pnmnp
ninhnGtph pwqinmpynGp Yngymd b nighnlbph hnilo, hul wjn
ytwn' alph Jhalinpni:

Snipwpwlynip thniG9 “hwpdtpnptl npn)ymd E wyn thGoh
YtGwpnlny, npp Jupnn £ wpygtp wyn hGohla wuwwnljwlnn hpw-
nhg wmwpptip tpynt ninhnGkpny:

EGNPGU: Yhgmp /,-p L £,-p thlohl ywumywlnn tpyn
nwnptip mnhnGtp GG hwiwwywunwufuwlwpuwp 4x+B,y+C, =0
L 4,x+ B,y +C, =0 hwjwuwpniGipny: <tnlywy

a(Ax+By+C)+p(4x+B,y+C,)=0 (13)
hwjwuwpnuip, npntn -G U A -G juiwjwlwb pybp GG L dhw-
dwiwlwl gpn kG, thGoh npll mnnh hwjwuwpnd b, L hw-
Junwyp' thGoh wdklG dh nnnh hwjwuwpnmd Juwpnn L Gep-
Jwjwgyty (13) mbupny:

Uwwgmgmu: Lwu gniyg mwlp, np (13)-p x L y thnthn-
fuwyuGGtnh wnwohl wumhdwlh hwywuwpniy k:

Jdhpwjudpwynptyng (13)-p pun x L y hnhnjuwluwGGGpp
unwlnd blp

(a4 + BA)x+(aB +pB,)y+aC +pC,=0 (14):

Glpwnptilp hwjwnwyp (14)-p x L y hnhnfuwlwGGtph
wnwohl wunhdwlh hwjwuwpmd sk: Wyuhlpl® a4, + 4, =0,
aB + BB, =0: Lwlh np ¢ LS pYtipp “hwdwiwGwl qpn sk,
wjuntinhg unwlmd tlp 4, : 4, =B,: B, (=—f:a): {<tmlwpwp,
pun  Gwfunpn plnptish, /,-p L /,-n qmquhtn GG Ywd
huwipGywo, hGyp hwwund £ yuwjdwGhG:

Uyjuyhuny® (14)-n x L y thnthnfuwluGltph wnwohl wu-
mhdwlh hwjwuwpnd £ L htnlwpwp yuwumitpmd £ ninhn:
{wuinqytlp, np wjn nnhnlG w6glnd b thGeh M (x,;¥,)
ytlGwumpnlny: MGhGp
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M,el, Ax,+By,+C =0
= =
M,el, Ax,+B,y,+C, =0

= a(A4x,+By,+C)+p(4Ax,+B,y,+C,)=0 =M, e(13):

Ujdu gnyyg mwlp, np thGohl ywwunwlnn wikl dh ¢ ninnh
hwjwuwpnid Jupnn £ Gapyuwjwugyty (13) wmbupny:

dbpglhlp M,-hg wwppbp M, =(x; ») el Yum (nbtu
GYwn 21-n):

‘Llwp 21

Lwlh np M, #M,, wyw oa=—(4x+B,y,+C,) L
B=Ax+By +C)=0 pyipp Yhwdwiwlwly qpn $kG:
{twnlwpwnp, puwn ytipp ptipjuo wujwugnigh,
—(4x, + By, + C)(Ax+By+C)+

+(A4x,+ By, +C ) Ax+B,y+C,)=0
hwjwuwpnudip x Ly hnthnfuwlwGGtph wnwohl wuwmhdwbh
hwjwuwpnid &, nphG pwjwpwpmd GG M, L M, Yunbtph Ynp-
nhGwwbbpp: Uyuhlpl wju hwjwuwpnudp yuwwmtipma £ thGoht
wwwnlwlnn ¢ mnhnp: O

Uju ptnptip pdwuwmnyg (13) hwjwuwpnuip Ynggymd L
nighnlhph thlGoh hwjuwuwpnid:
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§ 17. nMANd. NeNCdNI. UhUUL UL NRME3NMLLEI L

“Qhgnip P hwppnipjulG Jpw wmpqwo £/ nimhnp
Ax+ By + C =0 hwjwuwpniny: bGswtu qghnblp, hwppmpjul

M(x;y) Yhup yguuulmd t wjn mqnpl6 wylG L dhwyG wyG
niypnid, tpp wyn Jtnh YnpphGuwumbtpn pwjwpuwpmd GG ninnh
hujuwuwpiwln' M el < F(M)=Ax+By+C=0:

‘LVywlwytlp P(+)-ny L P(-)-n hwiwwywwmwufuwGuwpwp
Ax+By+C>0 L Ax+By+C <0 wlhwjwuwpndbGtph pnnp
(x; y) )momuiGhph pwquinmpmGGtpp

P(+)={M(x; y)eP| F(M)= Ax+By+C >0},
P(-)={M(x; y)eP| F(M)= Ax+By+C<0}:

Uwhdwlmd: P(+)p L P(-)-p Yngynmd GG hwdiwwwwmwu-
fjuwlwpwp npuiuwl b pwgwuwlwl YhuwhwppnipjniGGtin
npjuwo A4x + By + C =0 nminnh Gjuwndwdp:

Lwlh np pninp k&(Ax+ By +C) =0, k£ # 0 hwjuwuwpnuiGtpp
wuwultpnd GG dhulnyyG ¢ nimhnp, wwyw npybu Yhnbph
pwqumpjnGbGtn” P(+)-p L P(-)-p ywhuJwo ;66 ninnh hwjw-
vwpiw(, wjuhGpG £ pyh pGunpnipyniGhg L Yngynd GG yqupqu-
wtiu yhuwhwppnipym GGtin:

‘Lwuwtilp Gwl, np puwguwuwluwl £ -h piypnd GuuyhG
npuiul YhuwhwppnpnilGp thnjuwybpyynd £ puguuwlw
Yhuwhwppnipjul, huy pugwuwyuin gpuyuih:

EENLEU: Gpt nplk Gpynt Yo yuwwmluwlnid GG dhllnyyG
Yhuwhwppnipjuwlp, wyw wyn Yhntpp dhwglng hwnyjwo
wuipnnonipjuip quiymd £ wyn Gniyyl6 Yhuwhwppmpjul dbg:
Swpptp JhuwhwppnpniGGiphG ywumijulng guiyugwo tip-
ym Ytwmbtpp dhwglnn hwnjwoh ypw gnymipyniG niGh dhwy
ytn, npp ywwnwlmd £ ¢ ninnhG:

Uyuwgmgmi:  “thgmp M, =(x; »,), M,=(x,;y,) L
M =(x; y)-n [M,;M,] hwnjwoh
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nplt Yt B UguhlplG' x=x +6(x, —x), y=y+1(y,—»), np-
wtn 7 €[0; 1]: Uy niypmd F(M) =
= A(x; +t(x, —x))+ B(y, +1(y, =)+ C=(1-)F(M))+tF(M,):

Llwwblp, np ¢ L 1-7 pytipp ny pugwuwlwb GG L dhw-
dwdwlwy 0 shG:

Gpt M, M, e P(+), wyu F(M,)>0, F(M,)>0 L nptiG
F(M)>0: Uw GuwGwymd £, np M € P(+): Ujdd tlpunptlp
M, =(x;y)ePH+), M, =(x,; y,)eP(-): 38nyg wmwlp, np
[M;M,] hwnjwoh Yypw gqnympynil niGh dhwly M, Ytw, npp
wuwunuwlind L ¢ mnphG: Pwjwlywl E gnyg wwy, np
(1-#)(4x, + By, +C)+t(Ax,+ By, +C)=0 hwjwuwpniG nilGh
thwy ¢, € (0; 1) momy: MGkGp {(F(M,)-F(M,))=F(M,):

Lwlhnp F(M,)-F(M,)>F(M,)>0 nunh hwjwuwpnidl

F(M,)
F(Ml)_F(Mz)

Ptntlp wju JhuwhwppnipniGGpp npnpGnte tnutwly:

I. “%hgnmp ninhnp mpwo £t Ax+By+C=0 plnhwinip
hwjwuwpniuiny: Mwpqynud k, np Gpt wyn munhG yuwwlwbnn
YudwulwG M, (x,; y,) Ytwhg YhpwntGp 7= {4; B} Jhy-
wnpp’ MM, =n, wwyw G M,(x; ;) dwjpuytmp Guyun-
Juwlh gpwiwl Yhuwhwppmpjwln: Uy Yipy wuwo n ytl-
wmnpp vhpun ninnjuo kL nhyh ngpujwl yhuwhwppnipjniln (nbu
GYwn 22-n):

niGh ¢, = dhwy jmonuip, pln npnud” £, € (0; 1) :O




bpnp, MM =n = M =(x, + 4; y, + B) : Ujuntinhg mGklp
F(M)=A(x,+ A)+ B(y, + B)+C =(A4x, + By, +C)+ (4> + B*) =
=0+(4*+B*)=A4"+B*>0: <tmbwpwup’ M €P(+):

II. Gpti ninnh Ax + By + C =0 plnghwlnp hwjwuwpiwl vbkg
B>0, wwyw ynpphGwwwjihG hwiwyupgh OY wnwlgpl
ninyuwo t niyh npujwl Yhuwhwppnipynilp (nt'u Gywn 23-p):

! M
B>0 N

X

‘Llwp 23

hpnp, tpti mnnpG wwwnwlng M, (x; y,) Ytwnhg Yhpuw-
nklp g: {0; 1} Jtyumnpp, wyw Gpw M, owjpuytimh hwdwn
YyniGtGubp M, =(x,; y, +1) : Uyuintinhg £

FM,)=Ax,+B(y,+1)+C =(Ax,+By,+C)+B=B>0:

Uju niypnid GnyyGuytiu M, € P(+):

‘uniyG Yhpy htipwn £ hwingyt), np tpt B <0, www Ynpnh-
GwwnwjhG hwiwupgh OY wnwlgpl ninnyuo L nhiyh pugw-
uvwlwl YyhuwhwppmpjnGnp:

unhp: Uwuwgmgby, np o M (x);»,) Yhwp qubymd k
Ax+By+C, =0 L Ax+By+C, =0, C, #C, qniquhtin ninhnGb-
nny uvwhiwlGuwhwlywo 2tpunmd wyl L dhuwyl wyl nhypnid,
tipp (Ax, + By, +C,)(A4x, + By, +C,)<0:
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§ 18. GPUNk NMPALELDh LUQUUS Uvu3nkruvuere, Uh
NrMARS UhLOGY. USNMU NMPhAL 2LUUD TWuu3nkue

Uwhiwlmy: Gplm mghnlbpny Juquywo whlyma Ynsynid
E Gpw(g npLk ninnnpn yaunpGpny juqijwo whlyjnln:

Uwhdw(nuihg htnmumd £, np Gpbh mnhnGtph mnnnpn
Jtunpltinl ninnuwhwjwg t6 dhijwlg, wyw ninhnGtph Juqg-
twod wlymGiaph StompmiGp hwjuwuwn £ 7/2: {wjunwy
nhwypmd ninhnGbpp juqind GG ¢, L @, dhompymGGtpny
wlyymGGtp, npnlp dhijwlg jpuglnd GG dhGyl 7 :

bGsywytu  ghwmbtlp, bGphk  nmmphnlGtpp  wpjwo GG
Ax+By+C =0 L Ax+By+C,=0 hwjwuwpniGtpny,
www (pwlg ninnnpn yayumnplbp G0 hwiwwywunwujuwGuwpwun
a, ={B;;~4} u a, ={B,;~4,} YtunpGtpp:

Muwpq L, np —aT L —aj JtyumnpGtipp GnyGwbu ninnnpn
Jtyunpltn 60 wjn mnhnGoph hwdwp UL Gphl, ophGwly,

A A N A

o =(a,, ay)=(=a,, —a,), wyw @, = (~a,, a,) = (@, —a,):

(Cll,az)_+ A1A2+BIBZ

Ltwmbwpuwnp' cos@,, =t——-=+% :
T alle ] a2+ B2 42+ B

U2Jwo ninhnGtpp thnfjuninuhwjwg 66 wjG L shwylG wyl
ntwpmd, tinp 4,4, + BB, =0: Uwulwynpwubiu, tpti ninhnltipp
npjwo GG y=kx+b, y=k,x+b, mtiuph hwjwuwnpniGtpny,
www 44, +BB, =0 wquwjdwll pnmbmd t £k, +1=0 wbup:
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Ltumlwpwp Gpuwlp thnfunipquhwjwg 6 wyG L dhwyG wyl
nhiypnud, tpp &k, =—1: Gpt wyn ninhnltpp hnfumnnuhwjwg
kz _kl .
1+kk,

“thgnmp hwppnipjul ypw wnpjwo GG Gpynt nminhnGpp,
npnlghg vbyp wwjdwlwynpytilp wijwlb] wnwohl ninhn b
(pwlwyblp I-ny, huy Ynwp tpypnpn ninhn L GuwGwytlp
IT-ny:

Uwhdiwlnd: Up nignhg dhlsh djniu nighnl pGlwo wlGlng,

N\
Gowlwyyni k. (LII) vhdynny, Yngynd k wjl wikbGuihnpp wa-
nilp, npny whwp L bt wnwohl ninhnp Gpuwig hwndwl
ytwnh pnipop dwdujwph wwuniywh hwjwnwl nnnnipjwdp,
npwtiugh w)G hwdpGyGh Gpypnpng ninnh htwn:

Gpti nminphnGtpp gniquhtn GG Juwd hwdpGwo, wyw vh
ninhg dhGsl dynu minhnG pGyuwo wllynmbp vwhdwlymd L
qnnjh hwjwuwn:

Uwhdw(ntihg htnlnid £ (nbu GYup 24-p)

oo I 1 I

66, wuyw g, =+

‘Llwnp 24

7a\ AN
dwwmympymG 1. Gpt I || 1T, wyuw (I,11) = (LII):
{wnynmpymbG 2. Gpt I b I mnhnGtpp gmquwhbtn Jud

7a\ A\
huwipGywo st6, wyw (LI + (ILT) =7
OGNPGU (migph whlmbuhli gnpowlgh bphmuswinu-
Jquwl pdwump). MiqnuGlyniG YnpphGuunwghG hwdwuwpgnd
y=kx+b nmnnh wGymbGujhG gqnpowyhgp 4, -G, hwjwuwn L
91



OX wnw(gphg dhGst wyn ninhnG pwo o wilyjul nwiqkl-
uh(:

Uwuwgnignui: Clnphhy Ytpp Gwo hwwnympmb 1-h°
pwyjwluwil E wyugnignuip juwmwnpty YnpnphGuwmGtph uyqplu-
ytwnny wlglnn L y=kx+b niqnhl qniquhtin y =4ix ninnh
hwdwn:

Gpp £ =0, winnuiG wyGhwjw t:

Qhgnip wydd k£ #0: Nnp ypw pluptlp O-hg wmwpptin
nplt M, (x,; y,) Yo (nbu Gyunp 25-p):

Y - Y
/\QL M} MU
Q/
g =k, ¥, =hx, N
\oc Y 8 \ D%
O xu Xo O
w) Lluwp 25 p)

Gpp £>0, wyw x, L y, pytipnG mGtG GnyG Grwlp, L
httmlwpwnp ninhnG wGglnd L I L I pwnnpnGbpny: bGswtu

tplmy £ Ghwn 25-h w-hg, fga = Yok

Xo

Ujnwu niypmd, tpp £ <0, wyw mnhnG wGglind £ I U IV
pwnnpnlGbpny, U pGwbu Gpumd £ Gyuwp  25-h  p-hg,
2o N ke
| x| X

Ujdd nhnwnpytlp hwppnipjul ypw mipdwo tpynt hwwnynn
nmnphnGtp® y=kx+b (I), y=k,x+b, (II): Mwpqymi L, np
(pwlghg vtyhg dhGsk dynwul pGlwo wiyjuwl mwbqblup shwp-
dupnptii npnymd £ Gpwlg wGlyniGuwjhlG gqnpowlhgltipny:
Yuiuwo nhuwnlyynn ninpnGtph nhpptiphg” hGwpuynp b tpyne
ntiwp, npnlp yuumytnjuo ta Gyunp 26-nu:

1ga=—tgff=—
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\312 X

7

A
Unwehl ntiypmd (LI =a, —¢;, hul btpypnpy nhiupnud

‘Llwp 26

AN
LI =a,+(r-a)=(a,—a)+7: Gpym nhypmd L, tph
ninhnGipp hnfuninnuwhwjwg GG, wuw
A tga, —t. k, -k,
(L1 = tg(c, o) =52 S - 200
l+tgajtga, 1+kk,
k,—k

Uyuwhuny' tpt Ak, # -1, muyuw tg(I,AII) =—2—1hulj tpk
1+ kk,

A T
kk, ==1, wyu (I,II) :3:

Gpti  ninpnGipp  wpJwo GG Ax+By+C =0 (1) LU
Ax+B,y+ +C, =0 (II) hwjwuwnnuiGtipny, thnfuninnuhwjug
Ale — AZBI .
AA,+BB,

luGnhp: Spdwo Gl tnwGyyniG Yuqunn tpkp hwdwpwlwi-
Jwo minhnGbp' 1,11, 10T :

w) 8niyg wmwy, np (I,AII), (II,AIII), (II},I) wGynGGtpp Juu
tonwGljw Ghpph6 whlynGGupb GG, Jud wpumwphG:

p) {hdGytny w-h Yypw' wnwownyti tnwlyjwl GtpphG
wlynmGGtpp qubhnt tnubwy, tpt hwjmbh GG Gpw Ynnitinh
hwjwuwnpmuGtpp:

sb0, wyw htipwn £ hwinqyty, np 7g(L 1) =

93



§ 19. NMAD LNPUULNAYUD UL UUULNRIR, UGSh
GAUINLNME3NRLL NMADRS

bhGswtu ghwntilp, ninuGlyniG YnpphGwumwjhl hwdwlwp-
gnid n= {4; B} yuyunpl mnnuwhwjwg & Ax+ By +C =0 nunhG
(mtu htmlmpymG 2-p § 14-nud): UG Ynsymd £ wyn ninnp
Gnpduwy Yhlpnng:

Gpt ninnp Gnpdwy ytyunpp dshwynp ybymnp E, wjuhlpG
|7ii|l=vA*+B*> =1, wmyu Ax+ By +C =0 hujuuwpnuip §nsynid
L ninnh dnpdwnnpyuwo hwyjuwnupnidy:

Minnh gwiyuguwo hwjwuwnpmu Jupbih £ Gopdwynpty

=0:

t x*x yt
JA+B N +B T AL +B

E6NrGU: Gpt Ax+By+C=0 hwjwuwpnip ninnh
(npdwynpjwo hwjwuwpnd b, wyw hwppnipjul guiyuguo
M, =(xy; ) Ytwnh  A(M,) hbownpmpyniGG wyn  nnhg
npn2ynid k

h(M,) =| Ax, + By, +C|

pwlwalny:

Uyuwgmgmui: M, Ytwnhg nmwlblp M M, L/, (mbu Gjunp
27n):

Mﬂ(xu; yo)




‘thgmp M, (x;; ) -n wyn nnuhwjwgh hhdpG £ M, € /:
Ltunlwpwn' 4x, +Bx, +C=0:
Lwlhnp n={4; B} L/, wuu MM, | n:
{wpyh wnGhny, np |7 =1, junwlGwlp
h(M,) :| MM, ‘: ‘(MlMo’ﬁ)‘ = |A(x0 —x,)+B(y, _y1)| =

=|(Ax, + By, + C)— (Ax, + By, + C)| =| Ax, + By, +C|: O
LtwmlmpjmG: Minnh Ax+ By +C =0 plnhwlnin hwjwuwp-
dwl nhypmd hwppmpjul guluguwo M, =(x,; y,) Ytwh
h(M,) htinwynpmpjmGG wjn mnnhg npnpynid &
| Ax, + By, +C|
VA + B

h(M,) = (15)

pwlwalny:

Uju pwlwdlhg dwulwynpuytiv httmund k, np YnpphlGuwnm-
Gbph uyqplwybumh p hbowynpnipyniGl mnnhg npn2ymd E
p= % pwlwadlny: Ujdd YybhpwnunGwmny nmnp yepp

A +B
ptipdwo tpynt Gnpdwynpjwd hwjwuwpnudGphG® Giwwmblp, np
npulp Yupnn kGp qpbiy

| 4 B IC|
X+ =
Va8 £+ B Ay
Jud
4 B
JA + B x+\/A2+32 -
wnbupbpny:

Lwlh np mfju; 4 L B pytiph hwdiwp gnynipyniG niGh
dhwly Q wGlyyma, nn 0<p<2rx L
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A . B
COS p = ——,5IN = ———==, Nnumh ninnh Gnpiwynpyud
VA’ + B’ VA + B’

hwjwuwpnmdGpl pnniGnd GG

cos@-x+singp-ytp=0
wmbtiupbpp: L{wwntlp, np wju hwjwuwpniGapnd Yepp G2Juo
@ wllynbp ngnh n= {4; B} (Gnpiuwh L OX wnwlgph
i= {1; 0} opph yuquwo wGlynGa t:

GpptidG npnpwyhmpjul hwiwp gbpunuumd GG ninnp
(npdwynpjwoé hwjwuwpnuiltinhg gnpowot) dhwjl vtyp

cosp-x+sing-y—p=0:

‘Lwuwtlp, np Gpti ninhnp sh wlglnd YnpphGuwnmGeph O
ulgpulytivny, wyw O YbtwnlG wju YytpohG hwyjwuwpnuing
nnpynn ninnp Guuniwdp qunlynd £ pugwuwlyul Jhuwhwn-
pnipjnilinud:
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Q-LOMU 2000N0PY
e/ yureh uNeeLh SU/AMULUUL SGUNME3NRL

§ 20. UNUMLEGLU LUreNko3Nkue, bAUUUL 64 U690
uneecre

bGswtu gniyg mpytig § 14-nd, wnwohl Yupgh hwlpwhw)-
Juwliwl Ynptipp ninpnGtpG G6 L wmpymd GG Ax+By+C=0
(A#0 quwy B#0) hwjwuwpniGhpny: 26y npnd” Gpynt wyn-
whuh Ax+By+C =0 L A,x+B,y+C,=0 hwjwuwpnuiltip
npnpnid GG GnyG mnpnp wyG b dhwjl w)l nhypnud, Gpp wyn
hwjwuwpnuiGph dwju dwubtipp nmwppbpynmd GG dhdjulghg
pywihlG pwqiwwyuwwnlmny Ax+By+C =k(4,x+B,y+C,),
k+#0:

Gnynnpn Jwpgh hwlpwhwyquwlwl Ynptph nbuwyGbpl
wpntil ywwn GG: OphGwy xy =0 L x* + »* =1 hwjwuwpndGhpp
wwwmytpnmu GG tpynt mwppbip mbuwyh Ynptip: puwlghg wnw-
ohlp wwwytpnd L hwwynn mnhnGtph qnyq (OX L OY
wnwlgpGtph Ytwmbph pwqdnipjniln), huy tpypnpgp 1 Qwnw-
Unny 2powlwgho, nph YhGunpnlp YnpphGuwunmGtph uyqpGuybnb
£ Gpypnpn Yupgh Ynptiph popnp nbuwyGepp dklp Yynpngtip
hwonnpn § 21-nud:

Ujdd humwltgltlp Gpypnpn YJuwpgh Ynptph GoyGu-
Juwlwgiwl fulnhpp: Cum vwhiwlGdwl Gpypnpn Yupgh Ynpp
wnpymd £ F(x, y) = ax’ +bxy + ¢y’ +dx+ey+ f =0 wnbuph huju-
uwpnuiny, npntn a, b, ¢ gnpowlhgltiphg qnGh Whyp qpn sk:

<wng b dwgmd’ h°Gy wGhpwdt)n L pwjuwpwp wwjiwbh
ntiypnid Gpynt wynuwhuh

F(x,y)=ax’+bxy+cy’ +dx+ey+f,=0

b

F(x,y)=a,x’ +bxy+c,y’ +d,x+e,y+ f, =0
hwyjwuwpnuiGtin juyyuwwuntpti dshblnyyG Gpypnpn yupgh Ynpp:
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Muwpq t, np tpti hwjwuwpnuiGiph dwh Ywubpp mwpptp-
Yl pywyhl puquumunyny” F£(x, y) =k-F(x, ), £ #0, wyw
nnwgny ywwuybtpynn Ynpbpp GnyyGa G6: UhGsmnbn hwljwnwlp
th2w sk, np Show L

bpnp, x*+3>+1=0 L x*+1=0 hwjwuwpnuiGtph hwdwp
Jtpp gnuwo ywjdwln wmtinh yniGh, vwuw)6 gpulp yuwwmybpnud
G0 GnyyG «ynpp», wyl £ nuunwpl puqinipnil:

Ujuwhuny' nGhlp tpymt wlGhwonn wwh: Lwhn GnyyGw-
Julwguiwl hwiwp wnwowpyynn F(x,y) =k - F,(x,y) wujiw-
Gp pwjwnpun £, pwjg wihpwdtpum sk: Pugh npwlhg nuumwnply
pwqunipjnilp hwinbtiu £ quihu npybu Ynp, hGyp hwlwund k
qoh dtip wuwwmytpwgiwn:

Mupqynud k£, np wyu wlhwonnmpjnGGtpp hwnpwhwpynid
tl, tpb vklp hwjwuwpmuiGtpp L Gpuwlg nomiGtph puwquine-

pjniGGtpp nhuwpymd GGp ny pb hpwlwG, wyp Yndwytpu pytinh
nwwmniu:

bpnp, x”?+3)” =1 hwjwuwpiwlp pwjwpupnn wikl th
(x;y") plwqnygh hwdwp (x;y) = (x"-i;y"1) plwqnijgp, npntin
i* =1, pujupupnd t x° + > +1=0 hwjuwuwpiwip: <hnbw-
pwn, bph dtlp ywjiwlwynpyblp «ytnmbtip» wijwlt) ny shwjl
hpwyw@ pytiphg Yuqiqwd  (x;y) pyuqnyqbipp, wyp Gul
guiugwd z, z, Yndwbpu pytiphg Juqiguwo (z;z,) pluw-
gqnugtipp, www  x°+3y° +1=0 hwjwuwpnuing  wuwnlbpynn
«ynpG» wjilu guunwpy pwqinpmnib sk Fan wybhG, wyG hp
uto wupmiGuwynud £ dwu, nph «ytwmbtipp» thnfudhwpdbp (Whyp
uklh) hwiwywwnwufuwlng 6 hppuyw6 x> +y° =1 powGu-
qoh YtwmtiphG: Unw9 wlgltiny wubklp, np wju hdwunny
x*+y°+1=0 YnpG wiywiymd t Ytnd (GplwljwjulwG) ypow-
Gwqgho: LViwl nuwunnmpyniGlip Jupbh £ Juuowptp Gul
x* +1=0 hwjwuwpniim] wywwnybpynn Ynph hwiwp: LwGh np
x” +1 puqiwGnuip yniytipu pytiph nupwnid Ghpljwjugymd b
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X" +1=(x+i)(x—i) wpnwnpjuih ntupny, nunh mGhGp hw-
JwuwpnuiGhiph ¥* +1=0< {x +l. =0 hwdwnpdtpmpnG: <b-
X—i=
mbwpwn wju Ynpp bu, npytiu Yhnbph puqinpniC, wjbu nu-
wnuwny sk Lhwwmblp, np x"=-1 hpwyw6 ninnh wikG sh (-1; ")
Ytunh hwdwn (x;y) =(=i;y") «ywmph» YnpphGunmbtpp pujupuw-
pd GG x+i=0 hwjwuwpdiwlp, huy x'=1 hpwlwl ninnh
wdtlG dh (1;»") Ytnh hwdwp (x;y)=(-i;»") «ytwmh» Ynpnh-
Guwwultpp puwjwpupnd GG x—i=0 hwjwuwpdwip: {tnlw-
pwp x°+1=0 hwjwuwpnuing wuwwnytpynn Ynpp, nputiu Yb-
wnbtph pwquinipnil, punugwo b tpynt shwwnynn tlpwpwg-
unipjnilltinhg, npnlGghg jnipwpwlynipp Gipujwgymad L np-
wtiu x+1=0 L x—1=0 gniquhtin hpwlwb nnhnGtph Ytwnmbph
puwquinipjniGGhph YpyGophGuwy (hhwpyt jGniyGugyting npulg
htim): Mwunmh pGwlwl YhGh x+i=0 L x-i=0 hwjwuw-
nnuiGtphg jnipupwlyyniph mondGiph pwquinipntGG wijw Gty
ytnd minhn, huy x*+1=0 Unpp gmquhtin Ytnd ninhnGhph
qnijg:

Ujwputing ophGwyGbiph wju Gwjulwlwb pGGwpynip
uljutiip wbumpjul dwlpwdiwul L hwiwjupguo wpu-
npnuip;

“thgnip hwppnipjwl Yypw ubbnwo L dh npuk OXY Ynp-
nhGwwumwjhl hwiwjwpg O uyqpluwybnny L (€;€,) pwqhuny:
bGswtu ghntlp, hwppnipjwl witl dh Yonhl hwiwyuwmwu-
fuw@md b hpwluG pdtph (x;y) Jupguunpiud pYuqnijg’
Juquijwo wyn Yhwnh ynpphGwwmbtnhg, b hwjwnwlp wikl th
wjnutiuh pjugniygh hwiwywumwufuwlmy L hwppmpjul dh
npnywh Yhw:

LpwgGlp pnnp ppwwl jupquynpwo pywqniyqtiph
{(x;»)} pwqinpjnlp (z;z,) Ywpguynpywd pYwqnijgbipny,
nputn z,-p bz, -p Yndykipu pytip GG, npnlghg qnGb dklp hpw-
Jwa phy sk: KQwulwbuwih t, np b mwupptpmpyniG (x; y) hpuywa
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pywqnijqh’ (z;z,) pjuqnyqlpp sk wpwowlnd whunnupwnp
nGYwiynn Yhwntiphg:

Yhpwnuwnlwiny hwppnipjul jtn hwujugnmpjwulp wjunt-
htnl §nduybpu §ln wuting jhwuluwlwlp wditG sh (z;z,)
Jupquynpjwo pywqniyq juqiquwo z, z, Yndwytipu pytiphg
wijulbny npwlp (z,;z,) §lwmp npphGunnbép OXY hwiw-
Juwpgh Guwndwdp: Guwublp, np M =(z;z,) Ytwp hpulywb
Yt L, tpl Gpw z L z, YnpnhGwwmGhppn hpwlw6 pytp L6, hw-
Junwly nbypmd Yuwublp, np wyl Jhago fhn t (wytih Ghpwn
UihGh wGqw Gty w6 dumnwgwopl Ywy Gplaulwywlwb jhm):

ShwnnnmipymG: <pptlp, np M =(x;y) hpwywl Ytwnh Ynp-
nhGwwnGtpp OXY YnpphGuwwumwjhl hwiwjuwpgnid uvwhdwGynid
L6 nputiu Gpw oM 2wnwyhn Yytlumnph OM = xe, + ye, Jtnni-
onipjwl gqnpowyhgGtp: ‘Llwwmtlp, np (z;z,) Ytno Ytwnh hw-
dwn (w6 ytapnionipynil gnympjnil sniGh:

Undytipu hwppnipynml wubing Yhwujwlwlp pnnp (pb’
hpwywG, pt’ Ynd) Ynduytipu Ytnbtiph {(z;2,)} puqunmpymip:

Ujuwhuny hpwywl hwppnipynilp (Quqigwo pnnp hpw-
Yul Ytwbphg) Yupbih & nhowpyb) npubo Yndwjtipu hwppnt-
pjwl dwu, huy UYndugtipu hwppmpynilp’ npybtu hpwjuw
hwppnipjul plnu)Gnd:

Undwtpu hwppnipjul dt9 M, =(z;z;) uyqpGultnny L
M, =(z;2}) JupeGwytwnny ¢&gumnp Yngynud (M,;M,) Jupgu-
Uynpjwo  Yhumwgnyqp: bpwliwl hwppnpjwl YtlywmnpGhph
Giwnipywdp (M,;M,) Jupquynpjwd Ytnwgniygnp (Ytljnnpnp)
YGpwhwytGp MM, -ny: UjGnhtwnl M M, yblnnph [opgh-
Guwnbbp WwiJwlhlp u=z'-z/, v=2z, —z, Yniytpu pytipp L
Yopwnbtlp nw W ={u;v} wbtupny: Gpym YtYwnpltipn
Yngynid 6 hwdwpdtp, tpt Gpulp nGEG Gny6 YnpphGuwmGhpp:
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hGswytu hpwlwl, wjlwbtu £ Yndybpu hwppnipjul nhypnid
vwhiwlymd bt wquw yJhlpinnpp npytiv Jhijwlg hwdwpdtp
pninp ythumnpltinh puquinipniG:

Gpynm M M, ={u;v,} L N,N, ={u,;v,} ytunpltp Yynsjnid
Ll Awdwgho, tipti hwitidiwwnmwlyuw6 GG Gpuwlg YnpphGunmGhpp
U Uy, =V, 1V,

UjGnhtnl vwhdwlymd b Yndytipy hwppmpjul b
nnnh hwuyugmpjniln: “+hgnip ubtinwo GG Yndiwytpu hwppni-
pjwl sh M, =(z/;zy) Yt L h ny qpnyuljwd a= {u;v} wquu
Julyunp: Undwtipu hwppnipjub vty M, Ytwny wiglnng L a
nunnpy Yeyunpny mzghn Ynsgmd £ owyl ponp M =(z,;z,) Yb-
wnbph pwqimpynilp, npmbtn MM L a Jtyumnnpltpp hwdiwgho
LG, wyuhlplG hwitdbwwnwlwb G0 Gpuig YnpmhGuwwmbhpp, Jud
np GnyG6 B gqnympiniG niGh wjGwhuh ¢ Yndybpu phy, np
MM =t-a:

Bhyn wjlwybu, hGywbu § 14-nd, wpmwoymy GG ninnh ww-
pwitnpwlwb, juinGwlwb L pphwlnp hwjwuwpmuiGopp, L
wywgnigynud kE htimlyw) pinpdn:

E6NLGU 1: Undwytipu hwppnipjul wikG dh nihn
npynmd £ oz, z, §ndwtipu thnthnfuwjuGGtph wnwohlG wuwmh-
Gwlh Az, +Bz,+C=0 wmbuph hwjwuwpnuing, npnbtn 4 -G,
B-G L C-G Yniytipu pytip tG, 4=0 Judi B #0, L hwjunwyp
wuitil vh wynyhuh hwjwuwpnid hGs-np ninnh hwjwuwpnud t:

Undyipu hwppnipjul tpyme ninhnGtp Yngymd GG qni-
quhtin (hwwnynn) nmnhnGhp, tpt Gpwlg plnhwlnip Ytwnbiph
pwquinpjnilp nuuuwnpy £ (punugwo L vh Ytwhg): <Gwnni-
pjwip wwwgnigymd L, np.

E6NLEU 2: Gpynt ninhnGhp’

Az, +Bz,+C =0 u 4,z +B,z,+C, =0,

w) hwwnynd 66 wyG L dhwyG wyl nhypmd, bpp

A:A4,# B :B,,
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p) qniquhtin GG wjG L dhw)G wjl nhypny, tpp
A:A4,=B:B,#C, :C,,

q) huipGyGmu 6 w)G L Yhw)G w)G niypnid, tpp
A:4,=B:B,=C, :C,:

Undyipu hwppmpjwl by hwlpnuhupyyjwlpul npn vwuh-
dwlynd & npybu pninp wyl (z,;z,) Yndyytipu Yhnbph puqine-
pjnilip, npnlg z, L z, YnpphGwwnbbpp pujwpwpnd GG

2a,(2)(z,) =0 (16)
[y

pwqiwbnuiwhl hwjwuwpdwlp, npnbn ¢, qnpowyhgGtpp
ulitinqwo Yndytipu pytp GG:

bGswbtu hpww6 Ynptiph nhwypnud, wju niypmd Lo vwh-
dwaynud £ Ynph Yupgp nputiu max{i+ j}, tpp a,, #0:

Munq k, np wnwohl Jwnpgh hwGpwhw)wwb Ynptipp Y-
nn uwhdwlGjwo mnhnGpG GG:

{Jwlpwhw)yuwywl Yynpp Ynyymd t ppwlwl np, tpt Gpu
hwdwp gnynipyniG niGh (16) wmbuph hwjwuwpmu, npnbn pnjnp
a,; qnpdwlhgltpp hpwywh pytp LG: Jwljwnwly niypmu Ynpp
Unsymu t Ghno hnp: “LotGp, np pnhwlpuwwbtu hpuywl Ynpp
wunpniwynud £ Guwl Yno Ytwmbp, hul Ytnd Ynpp Jupnn L
wwnpnilwlt] Gwl hpwlywl Yanbnp:

Qhunwpytlp vh pwlh ophGwlyGtp z -h L z,-h thnfuwpkG
gnpowobny x L y GwlwynwibGtpn:

1) 5(2-3i)x+3(2-3i)y—(2-3i)=0 Ynpp hpwywl ninhn L,
pwGh np wjl Yupnn £ wpgt Gwb hpwlywb gnpowlyhgbtinny
5x+3y—-1=0 hwjwuwpnuiny:

2) h wnwnppbpnipniG Gwfunpn ophGwyh’
2+3)x+@B+4)y +1-5=0 hwjwuwpnuip wwwybtpnd Lk
ytind nminpn, npG hp dte wwpniwynd £ dh ppwjul yhw
(19;-13):

CGnhwlpwybu ninnp
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(a, +a,i)x+ (b +b,i)y+(c,+c,i)=0
hwywuwpnuip GepluwjwgGbny
(ax+by+c)+(ax+by+c,)i=0

wtupny wuwng b nunGnid, np wyng mnnh hpuuwl (x;y) Ynbpp
ax+by+c =0

npnpynmud GG nputiu hwdwlwpgh nomiGhp:
a,x+b,y+c,=0

Ltumlwpwp Ytnd ninnph hpwywl Yhnbph puqinipymbGp Jud

nwwwny £, jud wquwpniGuwynd £ dhpm dhy Ytwu:

2 2

3) x—2+z—2=0 hwyjwuwpnuing wmpynn Ynpp, npntin a-0G L

a
b-G hpwywl pytp GG, tpypnpn Jupgh hpwywd ynp k, npp
Jupnn b Gopyujwugyt] Gwlk npwbtu tpynmt wnwohlG Juwpgh'

Xy % =0 L f—i% =0 Ytno Ynptiph (mnhnGtph) shwynpnud:
a a

Qpulp hwnymd GG (0;0) hppwiwl Yhnnd: CanniGdwo t wyn
ynpG wljwlb] hwwnynn Ynd mnhnGhph gnijq:

4) y*+a* =0 hunjwuwpnuip, npnbn @ #0-6G hpwlwG phy
L, wuwwnlbtpmd b tpypnpn fupgh hpuwfw ynp: Wia Yjupnn b
Gipujywgytip Gub npybu Gpym  shwwynn y—ai=0 L
y+ai=0 mnhnGiph dshwynpmd L Yngynmd L gmquhbn Ytino
nuhnGhph gnijq:

Ujdd wwpqupwlhlp YynpphGwwwjihG hwiwyupgh hwu-
Jugnipjnilp Yndiywtipu hwppnipjwl hwdwp:

Jdtpp dhlp Yynduyptipu hwppmipmnilp vwhdiwltghlp hpw-
Juwl hwppnipjwl dto Gwuwwbu ultinwo dh OXY wdhGwlwb
ynpphGwwunwjhl hwdwupgh dhongny: Gpb nilblp hpwlwl
hwppmpjuG dh mphy O'XY" wdhGuywb ynpnhGuwwmwjhG hw-
dwlwpg, wwyw, hGywbtu ghntilp, hpwlhwl hwppnipjub gul-
Jugwo Ytnh (x;p) L (x5 YnpphGuwmGhpG wyn hwdwlup-
gtipnud dhijwlg htim juuyywo GG

x=c X' +c,y' +e, y=c, X' +¢,,V +¢,
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pwlwadlbpny: Ujdd Yndytipu hwppmpjul Juwiwjwlywb
M =(z,;z,) Yuwh hwdwp, npntn z-p b z,-p Yndwybipu pybp
GG, uwhiwGbip Gpw (z;z;) YnpphGuwwmbbpp O'XY" hwdwywp-
qnud’ npnptny z -p bz, -p hwjwuwpnudGhph
Z, =02 +CaZy +Cy Zy =Cp 2 +CyyZy + 6,

hwiwluwpghg: Uwhdwliwl YnntyunmpnmGi wllihwjm t:

Ujuyhuny' hpwlwl hwppnipjub pnnp wdhGwlwb Ynpnh-
(Gwwunwjhl hwdwwpqbpp unpnn GG nhnwpyybp npwtiu Ynpnh-
GuwunwjhG hwdwywpqbp Gl Yndytpu hwppnipjul hwdiwn:

bhwnyt, Yniwtipu hwppnipjul hwiwnp Jwpnn GGp vwh-
dwb] Gwb wy YnpphGwwmwjhG hwdwlwpqbp: Uwlw)l dtlp
uvwhdwwthwytm tlp dhwiG hpwliwl hwppmpjwl Ynpnh-
GwwunwjihG hwiwlhwpatinphg gnjwugnn YnpnhGwumwjhl hwdw-
Jupqbipny: Uju nphypmd Juplnp hwlqudiwlp Lt wjG, np Ynp-
nhwwunwhG dbwhnfumpjwl pwlwdlbpnud ponp ¢, ¢, qnp-

owlhgGtnl hpwwl pytip Ga:

Upw 6Gnphhy Yndutipu hwppnipjul hpwwl Ytmtpnl n
hpwlwG Ynptipp WGmd G6 wynuhuhp Gwl dynwu YnpphGuumwjhG
hwdiwljwpqtipnu:

Oquytny YnpnhGwnmwyhl dbwthnjumpjub pwlwaltinhg
Ghpwn wjlwbu, hGywtu § 13-nd, wywgnigynd £ hbnlywy ptin-
nptn:

EENLEU 3: Undytipu hwuppnipjuG (16) hwlpwhw)yw-
JwG Ynpp pnnp YnpnhGuwumwjhl hwdwlwpqbpnid mpymd k
(in1)G wunhdwlh puqiwinuiwjhl hwywuwpnidny:

Ltunlwpwp hwGpwhwywywb Ynph Jupgp GnyyGa £ ponn
UnpphlGwwmwjhl hwdwlwpqbpny:

104



§ 21. erurnea yurabh yNeGeLh ScULUUINCLOARIL CUS
Guunuiulsv UJduuurnruserh

bGswtu Gyytg § 20-nud, npll, OXY YnpphGuwumwjhl hwdw-
Jupgh Gundwdp tpypnpn jupgh Ynptiph pnhwGnip hwyjw-
uwpnuiG@ niGh  ax’ +bxy+cy’ +dx+ey+ f =0 wmbupp, npubin
a, b, ¢ qnpowlhgltphg gnGt dkyp qpn sk <Gnwquymyd wp-
nwoynn pwlwdlbiph wmtuph Ghppuw)Gwynipjul L npubp htyun
hhptnt mbuwllyynilGhg Gyuwumwuwhwpdwn £ Ynph pnhwlnip
hwjwuwpnidp gpby

F(x,y)=a,x" +2a,xy+a,y’ +2ax+2a,y+a,=0 (17)
wntupny, npntn a,,, a,, L a,, gnpowyhgltphg qnat vtlp wwp-
ptin £ qpnjhg: Uju Ynph wmtivwlp b hwnympniGGpp yuwpqbihu
guwlyuwh £ OXY UnpphGwumwjhG hwiwlupql pGuptp w)G-
wtiu, np Ynph hwjwuwpmiG wyn YnpnhGuumwyhl hwdwyunpgh
Guwwundiwdp yupniGwlyh hGwpwynphbu phy pyny dshwlnudbbn:
Uynuhuh npn? hwjwuwpmdbtp wijwlmd GG Yynph Jwlnbw-
Jquwl hwywuwpnidGan, hu] hwdwywnwupuw b YnpnhGwwumwjhG
hwidwwnpqnp' Jwlintwlwl npphlwumwpld hwdwlung:

8n1)g mwlp, np tpt (17) hwjwuwpdiwb gty a, #0, wyw
O uyqpGwytwnh pnip9 th npnpwyh ¢ wlymilnyg YnpphlGwwmw-
jhG hwiwlwpgh wuwning YJupbih £ unwlw Gonpt OX'Y’
ninuGyynil YnpphlGwwmwjhl hwdwlwnpg, nph Guwmdwdp Ynph
Gnp hwjwuwpmip sh wwpmGuyh ¢,xy" wnbuph dhwinud,
wjuhlpl’ g, =0:

Un Gyuunwlyny Juwunwpblp ynpphGwwmwjhG hwdwyuwpgh
yunyn O Ytwh 2nip9 wnwjdd wlhwjm ¢ wilynilng (mnt'u
(4) pwGwadlp § 12-n)’

x=x"cosp—y'sing, y=x"sinp+y'cose:

Stnunptiny x-h L y-hp wpmwhwymmpjmGltpp (17)-ph

U9 unwlinud tlp
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F(x'cosp—y'sing, x'sinp+y' cosp) =
=a,,(x'cosp—y'sin @)’ +2a,,(x'cos @ — y'sin @)(x'sin @+ 3’ cos @) +

+a,,(x'sin@+ y'cos @)’ +2a,(x' cos @ — y'sin ) +
+2a,(x'sinp+y'cosp)+a,=0:

Gud

F'(X,y") =a x” +2a,x"y' +a),y" +2a)x' +2a,y' +a, =0,
npwntin

al, = a,, cos’ p+2a,, cospsing+a,, sin’ ¢,

al, =—a,, cos ¢sin @ +a,,(cos’ ¢ —sin’ @) +a,, cossin g,

a,, = a,, sin> ¢ —2a,, cos @sinp+a,, cos’ ¢,

a =a,cosp+a,sing, a,=—a,sinp+a,cosp:

Ujdd wupqtlp, pti hGupwyn®p t pGunpk; yunywh @ wd-
G wjlGwbu, np (hGh g, =0: Uyuhlpl wwhwlotlp, np ¢-G
pwjwpwph

—a,, cos @sin @ +a,,(cos” @ —sin’ @) +a,, cos psin @ =0
Jud
a1’ @+ (a, —ay)igp—a, =0
hwyjwuwpdwGp:

Ujuntinhg, pwih np (a,, —a,,)* +4a}, >0, unwGmd tGp

tap = a4y — 4y, i\/(azz ~a,)’ +4a;, ’
2a,,
htimbwpwnp wynuhuh wGyynG vhpwm Jupbih £ quGby:

Ujuyhuny, uwuwwpbnyg ytpp Gwo wyuniyyumh dlwthnfuni-
pyniGp, unmwGmy tGp Gnp® OXY' ninnuGyyniG YnpnhGuwwmwjhG

hwiwlwupgq eT’ ={cosg; sing}, e_g ={-sin@; cosp} pwghuwjhl
Jtlumnnpltinny, nph Giuunmdwdp Ynph hwywuwpndb plgnilnd £
wytih wwng' @, x” +a,y"”? +2a/x'+2a,y +a, =0 (18) ntup:
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Jwyjwuwpiwl htnmwqu yunpgbgnuiGhpp Yupth L jumw-
nbp nhunwpybing bplynt nhwp:

I hhdGwywa nhwp, tpp «, #0, a), #0: Uju nhiypnd wd-
owwtiny phy pwnwyniuhGtp pun x"-h b y'-p° (18) hwjwuw-

’ 2 1A 2
nnuip Yunbih b opbpbp g, (x’+a—}] +a;2(y'+ afJ + +a,=0

ap ay

2 2
a,  a, |

wbuph, npntin a; =a, ———-—>:
a,, dy

UjGnithtiml pGunpting nputu Gnp® O'X"Y" YynpnhGuunwjhG
hwdwywpgh ulqpGuytn 0'[— 4, —&j hwp U Gunwnbiny

1 ay

UnpphGwwmwjhl hwiwlwnpgh gniquhtn mbtnuihnunipjniG
x"=x"+ a,l , y"zy'+a—,2,
1 ay
unwGmd tGp Ynph hwjwuwpnuip O'X"Y" hwdwwpgnud'
al X" +a,y" +a) =0 19):

Unwgywo hwjuwuwpiwl hwdiwp nhunwpytlp Gpyne G6-
pwntiyp:

I". 6pp a, #0, wuyuw (19) -p Juptih £ qptyg

"2 ”2
L

_ G

' ’
al 1 a22

! 1A
ay 4

“Jupnn kGp qpbp

'
11

'
22

nbupny: Gywlwykny ¢’ = ‘—

y ‘
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Cl(') _ glazj _ Cl'(')

czll (122

(nfuwphGnd 56 - L -2 pytph + GuulGbphG: <wpyh
11 ay

wn(tny vw’ Ynph hwjwuwnpnudp Junpnn GGp qpby

n2 "2
X

=¢,b’, nptin ¢, &, =+1 wpmwnphsGtpp

+ =1 20
ga’ &b’ (20)
wmbtiupny:
Ujdd nhunwpltlp & -h b & -h ponp hGwpwynp wnwppbi-
puyGhpp:
1.6pp ¢ =¢, =1, wyuw (20) hwjwuwpnuiG plynilGma &
"2 "2
X Y
+—=1
a b
JulnGuwywl mtup: Uju hwjwuwnpndny wpynn Ynpp Yngynid £
Lipuyur
2.6pp ¢ =¢, =—1, wyuw (20) hwjwuwnpmub pnnilnwd k
"2 "2
al —+ Y -1
a b’
JuwlnGwlywl wmbup: Uju hwjwuwpning wmpynn Ynpp Yngynd £
Ghno Ejpwyu: U6 snilGh ny dh hpwlw Yhw:
3.6pp ¢ =1, & =-1, wyuw (20) hwjwuwpnil pnnilGnud

"2 "2

X Y
2 -
a’> b
JulnGwlywl wmbup: Uju hwjwuwpning wmpynn Ynpp Yngynd £
hhwybppny: Una® ¢, =-1, ¢, =1 nhiypmd niGtlp

"2 "2

X Y
P
JuwlnGwywuwl hwjwuwnpnmd, npp GnylGuybu yuwumitpmd L hh-

"

wtippn, pwGh np  YnpphGwwnwghG  wowlgpGph  x" =",
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y'=x" YtipwlGjuwlnuing hwjwuwpmdp ptpdmd £ Gujunpn
wnbuphG

me m?2
PR
dhpwnunbwlp (19) hwjwuwpdwl nundGuuhpnipjuwip
Ujniu niypnid:
I, 6pp a; =0, wuyw (19) -p Jupbih £ gptig

"2 n2
X y _
0

/ ’
a,;, a4y

11

=1:

wbupny: LVywlwltny o = " Jupnn LGp qphy

!

22

—=ga, L,: &,b”, npuntin g, &, ==*1: UpnymGpnid Ynph hw-

!

1 ay
Jwuwnpnip Junpnn Glp qptip
xlr2 ynz
+ =0 21
ga’ &b’ @]
wmbupny: Gwhiwo ¢-h L &-h hGwpwynp wpdtpltiphg’
unwind blp
4. Gpp ¢ =¢,=1 Jwi ¢ =¢,=-1, wyuw (21) hwjwuw-
nnudl plnniGnud £
xlr2 ynz
+=—=0
a v
JulnGwlyw mtup: Lwwmtlp, np
"2 "2 —+ l% =0
e AN GRS
a X
a b

109



bGyybu wpntG wuby GGp § 20-nd, wju hwjwuwpniding
wpnn Ynpp Ynggma § hwunng §hno ninhnlbph qng:
5.6pp g =1, &, =-1 qui ¢ =-1, & =1, wyu (21) hw-

Jwuwnpnub plgniGnd k
"2 "2
P A
a b
JulnGwlyw mtup: Lwwtlp, np
xﬂ y"
—+—=0
xrrz ynz B 0 a b
2 b_z - g .X” " °
a X Y
a b

Uju hwjwuwnpniing wmipynn Ynpp Yngymd b Awenng ppw-
qul miphnbbph gnijq:

II hpdGulywG nbup, tpp g, L a;, qnpdwyhglbphg nplk
utyp O t: dhgnip ¢/, =0, @), #0: Uyu npiyypnud (18) hwjwuw-
nnuiG panmGmy b al,y” +2a/x"+2a,y +a, =0 wtupp: Ulow-
wtiny (phy pwnwyniuh y'-h Gunmdwdp’ juunwGwlp

, 2
a, Ly’ + af J +2a/x"+a; =0, (22)

22

(@)
»
dwl Gywwnwyny GnyyGuytu Yynhnwpyblp Gpym GGpuntiyp:
™. Gpp a/ =0:
Quuuwptlp OXY' YynpnhGuwnmwihG hwiwlupgh gniquihtin

npnbn a, =q, - : Uju hwjwuwpdwl htmwqu wyuwpqbg-

wntnuihnfunipmG x'=x", y'= y"—a—f: Lnp O'X'Y" niqnuiG-
22
il YnpnhGuwwmwjhl hwdwlupgh Guundiwdp (22) hwjwuw-
nnuip YplngniGh
a,y" +a, =0 (23)
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wmbiup:

Ujuntinhg unwimu GGp Ynptinh tptip hGwpwynp julnlw-
Juwl hwjwuwpmuiGtp htmbyw hippwljwlnpjudp:

6. 6pp @, =0, wwyw (23) hwjwuwpnuihg vnwind LGp

" =0 qulnGuwlwl hwjwuwpnuip, npp wuwnfbpmd bt oy’

O'X" wnwlgpn: CanniGJwo t wyG wGwll) gplbGuwlh nighn
wy Awdplliuo mphnbhph gniyg (hwjuwuwpdwl wunhdwGh
wuwwndwnny):

7.6pp q;#0 L a—,‘) <0, wyuw (23) hwjwuwpnuip Jupbh

22
Gtpyujwugll;  y"”—a*>=0 JwlnGwlywl whkupm|, npwnbn
d
as,

"—a=0
: Wyu hwjwuwpnmip hwdwnpdbp E [y hwiw-

2
a =

"+a=0

fudphG, npp wwwybpmy . gniquhbn hpwlwl nighnlbph gnijq:
8.6pp a; #0 L %

'
22

Ghpyujwuglly  y"”*+5> =0 QuGnGuwlwl whupm|, npntn

>0, wyuw (23) hwjwuwpnuip Jupbih £

Z_a(') ' y'=bi=0
b= : Uyu hwjwuwpnuip hwiwpdbp k hwiw-

- "+bi=0
fudphG, npp, hGywbu wiwil) GGp § 18-nmd, wwwmytpmd t gnz-
quhbin [lbno mighnlGaph qnijq:

Uydd wlglGhGp 1" tGpwntwphl, tpp ¢ #0: Lhpjwjwug-

! 2 !
GuGp (22) hwjwuwpmip a, (y’ + a—f] +2a, (x’ + ;O’] =0
2 a,

wmbupny L juunwnptlp OXY' YnpnhGuwnwjhG hwiwlwpgh qni-

ay

quhtin mtnuihnfunipymG x' = x" - 5

-,y =)= af pwlwdlb-
1 ay

nny: ‘Lnp® O'X"Y" nqnuGymG YnpnhGuwumwihG hwdwlupgh
Guuniwdp (22) hwjwuwnpnudp YplnniGh
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ayy" +2ax" =0 (24)

nbup: Gywlwykny p’' = —a—'l‘ unwGubp y" =2px" hwuju-
22

uwpmuip, npntin p'#0: Gph p' <0, wyw Juumwptng O'X"Y"”
ynpphGwwmwjhlG  hwdwlwpgh LW dh  dLuwhnfunpynil
x"'==x",y"=y" pwGwdltipny JunwGuwbp Gnp° O'X"Y"" mn-
nubynb YynpphGwwnwihlG hwdwlupg, npp Guwmdwdp (24)
hwywuwpnuin YplgniGh ybpg w6 ulnGuwlywl mbupp
9. y"* =2px", p'>0: Umwhuh Ynpp Ynsymd b wwpuwpny:

UpnynilGpnid wywgnigytig htimlywyp:

OGNCGU  (Gpipnpn  Jwpgh  Gonpbph  wmbouwluinpdo G
dwupl): UdkG dh Gpypnpg Yupgh Ynp hpklGhg Geplujwglind k
Jtpp GJwo 1-9 mtuwyh Ynptphg dtyla nt dtyp' Lhwu, Yond
tihwu, hhwbppn], wwpwpnp jud £ ninhnGhph qniq hpuljuG
Jwd Ytino, hwwmynn, qniquhtin jud hwipnGywo:

bGswbtu mbtulnd blp, wju Ynptiphg 5 mtuwllGtpp mnhn-
Gtinh qnyyqbip GG: Unnpl wnwGahG-wunwGdhG YniuniGuwuhnptlp

ujniu Ynptinp’ EhyuGtpn, hhybppniGtnt nu wwpwpnGtpn:
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§ 22. ELbMU, SGULL, UhQUUEGSU3hL KUSUNMI3NFLL

Ethwup vwhiwGytg npuytu hwppnipjwl OXY ninnuGlyyniG
YnpphGwwumwjhl hwiwwnpgh Guwnmdwdp

2 2
z—z + % =1 (25)

ntiuph hwjwuwpnuing wpynn plpnpn upgh Yop:

<tpw L hwingyty, np Gpt (x;y) Yhmp wquumwlnd t thy-
uhG, wyuw (x;—y), (=x;») L (=x;—y) Ytwmbpp bu unuwlnd
Ll GpwG: WyuhlpG tjhyup hwdwywih t YnpphGuwwmwihlG OX L
OY wnuwlgpGtph, hGywbu Gwl YnpphGuwnGtph O ulyqplw-
Ytwh Gundwdp: <wjwuwpnushg htwnlmd b, oop o | x|<a,
| y | <b: Muwnmh Ethyup Guwl vwhiwGuwhwy Ynp £ L qunbymd k
—a<x<a, -b<y<b nuqnubyywui Gipumd: UG Ynyynmd E
Lihwuh ApdbGwliwld mgpullniG: Un nmnublyul tqpuqoh
htin EjhwyulG niGh gnpu plnhwnip Yenmbp' A(a;0), B(—a;0),
C(0;—b), D(0;b), npnGp Ynyynmd GG Izpwyup ququiplGbp: Unnp-
nhGuwwnGtph O ulqpGwytnp Ynyymd t Lhwuh JhGinpnd, huy
AB=2a L CD =2b hwnjwolGtpp' fhAyuh wrmulbgplbn:

JwiwswihnipjwlG pGnphpy pwjwywl t Ejhyuh wbupG
nuuniifwuhptiy —a<x<aq L y >0 wyuwyiwlltphG pwjwpwpnn
ytntiph hwdiwnp: Uju niypnd (25) hwjwuwnpnuihg Jupnn GGp
¥ -n wpmwhwjmb) npybu x -h pniGlghw

y:é\/az—x2 :
a
bx
Ujuntinhg y'=————, —a<x<a: UjyuhGpG" thwyup
aNa® —x*

(2dwd mhpniyypnid nnnpy Ynp k:
Lwbh np y'(0)=0, mptdG (0;a) ququpnid Ejhyup pnpw-

thnud £ hpdGuyuwl ninnuGyyub y =b, —a < x <a Ynnuhd:
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{wiwywthnipjwb 2Gnphhy Ehyul hp yjniu ququplbpnid

Lu npwihnmd L hpilwlwl npnuGljwl hwiwywunwuhuwl
UnnutiphG, hGyybu wunytpwo £ Gyup 28-nud:

Ya

D|(0; b)

/(a0 \ A(a; 0)
O / X
C1(0; -b)

‘Llwnp 28
Uwulwynp nbwypmd, tpp a=5, (25 -p plypmbmd Lk

x*+y* =a’ wbup, npp wuwwnytpmd t O(0;0) YhGunpnGn] L a
2unwynny ypowlwgho:

Gpp  a>b, GuGuytng c=+va’-b>" nhnwplytlp
F =(-c;0) L F, =(c; 0) Yambtipp: dFpwlp qunlymd bl Ehwuh
Uuto wnwlgph Yypw L Yngynd GG Lihwuh Jhquilbnbp:

{wippnipjwl nplt M (x;y) Ynh hwiwp MF, L MF, huwwn-
Jwoltpp Yngynmd GG M (x;y) Ytnh fhquibmnughl rwnwijhn-
Gop: “Fpwlg tpyupnpymGGbplG &6 hwiwwywwnwufuwliwpwp
K=y(x+e) +y L =y(x-c)+y":

OGNCGU (Lhwuh fhqulbunupl hunlnipjnGn):
2 2
x_z +Z—2 =1 Ejhwup hwppnipjwl wyG pninp Yntiph puquine-
a
pGG L, npnGg YhquybtnwjhG jwnwyhnGuph tpywpnipyniG-
Gtph 7 +7, qnudwpp hwunwwnmG £ L hwjwuwn £ 2a -h:
Uwwgnmgmu: dGhgnip M (x;y) Ytwmp (25) Eihyuh nput Yhn

L: 8nyyg mwlp, np 7 +r, =2a:
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2
(25)-hg mGtGp y* = b’ [1 —%J , htmlwpwp

2
:«/(x+c)2 +y2 :\/x2 +2xc+c2+b2[l—%j =

2 2 2
:\/[l—b—zjx2+2xc+c2+b2 :\/c—zxz+2xc+a2 = (a+£xj =
a a a

C

a+—Xx|:

Q|

‘Luwb duny unwbnud Llp 7 =

c
a——x|:
a

c
Lwlh np —a<x<a, nunhp —c<—x<c: Pwyg O0<c<a,
a

htimlwpwn —a<Sx<a: Ujuntinhg’ a+£x>0, a-Sx>0 U
a a a

nmpbil 7 =a+§x, 7, =a—§x, npntnhg by" +r, =2a:

Ujdd wyugmgtilp hwlwnwn:
“Qhgnip M (x; y) -n hwppnipjuG nplk Yt t: NiGhGp
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=\J(x+c)+y*, r=y(x-c+y’: 8nyg wwlp, np
1 +r, =2a wqujiwlihG pujwpwpnn guijugwo M jhn yuwn-
2 2

yulnd b 2 +Z__l FhwuhG: hpnp,

\/(x+c)2 —i—y2 +\/(x—c)2 +y2 =2a
wwjiwlhg nGhlp

(\/(x+c)2 +y° )2 = (Za—\/(x—c)2 +y° )2 :

Munqtglting w)i unwlnd tlp

a’—cx=a\(x—c)’ +y*,

npntinhg b x°(a° —=c*)+a’y’ =a’(a* -c*):
PwGhnp o> =4’ —c*, nlunh
b2x2 +a2y2 :a2b2,
npuntinhg £ unwind Glp
x2 2

2
a

+=—=1:

e

UuhpG M Ytwnp wuwnlwGn X—+Z—2_1 FhwupG: O
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§ 23. ELhMUDb ELRUSGLSLhUDSESE, 4+hEUSNL3UL
USuNkre-3NkFLL

Eihwuh LpugbGunpfuunbn Ynggms t & =< phyp: Mwpq t,
a

np 0<e<1, plin npnud’ € =0 dhwyl L dhwyl ppowluqotinp
hwdwp: Epugblnmphuhnbmp Gpypwswhwljuwl hdwunp wwp-
qupwlynmu £ htimbjw) ptinptidny:

EGNLGU 1: Gpym Ehyultp GdwG GG dhijwlg wyl L
vhwjyl wjl nhypnud, tpp Gpwlp mGEG Gyl EpugbGuphup-
wmbwnn:

‘Lwfupwl pinpidh wywgnignuin wupqupwGtip wjG:

Gpipwswihwyuwl yuwuitpnGtph Gdwlnipjuwl hwulwgn-
pynilp hhdGywo E Giwlnipjul duwthnfunipjwl hwulwgnipjwu
Ypw: Gpim wuwwmytinltn Yngynd GG GdwG, Gph qnynipjnil nilGh
(dwlnmpjub dLwihnfunipnilG, nplG wyn yuwwumytpGtphg daya
wpunwywwuytpnd b dynwh Jypw: bipp' Gdwlmpjul dLwthn-
funipjnilip, yupnn £ vwhdw Gyt npytiuv hgndtimphy duwthnfuni-
pjwl L hninntimhwjh hwdwnpnyp:

Uwhdwln: {wppnipjul Andmnbmpuw O YhGunpnGnd L
k>0 gnpowygny Yngynud t hwppmpjuwb Yntiph wyl dLwthn-
funipjniGp, npG wditl vh M Ytwh hwdiwywunwuppwltglng
npnpwiljh M Yk wyGuybu, np’

1. w6ywpd t pnnnd O Yawnp' O =0 ,

2. gulljugwd M Ytwnh hwiwp OM” =k-OM :

‘Lwuwtlp, np k=1 nhypnd hninmbwhwl hwppnipjuG
GniyjGwlwl dLunhnfumpiniGa k:

Gpt  O-G  UYnpphGwwGtph uyqplwlytinG L wwyuw
OM" =k-OM wuwjdwlhg htnlmd b, np M(x;y) L M (x;)")
Ytwmtiph YynpnhGuumbbpp yuuyywo 6@ x'=k-x, y' =k-y puw-
Gwdlbtipny:

<ty £ hwdngyti, np hninntnmhwjh wpyniGpnid’
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w) guiyugwd mnnh Ypwyuwpp Jud hptil gniquhtin ninphn
E, Jwu b hwdpGyGma E hp hbw,

p) guGiugwd MN hwwngwdh Yepuupp N hwnywoG
L, pGnnpmy’ |MN™ |=k-| MN |,

q) gulljugud ABC tnwllymb L Gpw 4°B°'C" Yhpuuwpp
(dwl tnwGlyymGGatnp GG:

B*
Uwywgmgtip w-G: Gpt ¢ numnh hwjwuwpmilG E
Ax+By+C=0, wwyuw x=% L y:%-hg htimlnid L, np

Ax'+By'+kC=0:  UjuhlpG’ Cp wunbpynd
Ax+ By +kC =0 hwjuwuwpnuiny: <tunbwpwp wjl hwdpGylnud
L /-h htim, tpp C=0 Juwdi k=1, L qniquhtn £ /-hG dGugud
ntiypbpnud: Unwe® p), q) wlnnuiGtph wuywugnignuip ponlnud
tilp nlGptingnnpG:

Ujdd wyugmgtlp Jytipp duwybpygwo pbnptidp: “+hgnip
niltlp dhllnyG Epugtiimphuhmbinny tpynt Ejhyu: Stinuwpwnpdh
L wwunywmh dhongny YJwpnn Ghp Gpwlg YaGupnGGtpp
hwinGytglty YynpphGuwnmbGtph O uyqplGuwybtnp htin wjGytu, np
Eihwyultph 4o wnwlgpltpp qunGytl, ophlGwly OX, wnwlgph
Ypw: Fhgnip wju bpynt LthyuGbph hwjwuwpnidGtnG Ga

2 2 2 2
XYy XY
—+=5=1L-—+5=1:
a b a’ b’

Gpt (pwlg EpugtiimphuhmbnmGtpp GnyyGa GG, wuyw

a a,



1 bl

hwywuwpnipjnihg uvnwlnd  Glp a—:;: Lowlwytiny
a

P
a

Qhunwpyblp hwppnipjul hninnmbwnhw O Jtlwpnlng L

=4 =% gnpowlgny: <wppnipjul Juiwjuywl M(x;y)
a

:%‘ Junwlwlp a, =k-a,b =k-b:

Yt L Gpu M (x';y") Yepwuph hwdwp ynGbGuGp

'_al r_ "1 .
X'=—x,y =—y:
a

b
X2 2
Ujdd wmbulmd tlGp, np M -p wuumjulnd k —2+2}—2:1
a
Ethwuhl wjlG L dhwjl wyG nbypnid, tGpp M -p upunluGmy t
2 12 2 2
XY X Y
e +b—2 =1 tjhwupG: <tumlwpwp E +b—2 =1 Ehwyuh Yapyuwnpp
1 1
2 2
XY
+ =1 EhuuG t:
a12 b12 thuy

Jwjwnwyl wybhwjnm t. Gpb tpyn thwulbp Gdw6 GG,
www O(pwlg YJhuwnwlgpltpn hwibtdiwwnwlwl G, nwuwnh
(G GnyG EpugtGuphuhmbnp: O

Ethyul niGh Uu dh pGmipwqppy hwnimpyniG nu Gpw
phpblpnnpyuy hunnlmpiniGa k

Ethyuh  yhquibtwnwjhG wnwlgphl nmnnwhwjwg, Gpw
ytGupnGhg a/& htnwynpnipjwl Jpw qulynn ninhnGbpG w-
Juwlnui GG thyuh gap&lmphulbn: GulnGulwi YnpnhGuwmw-
JhG hwdwywpgmd npulp d, L d, mnhnGtpG t6 (ntu Gup
29-p) hwiwwwwwujuwlwpwnp x=-a/¢ L x=a/e¢ hujuuw-
pnuiGtpny, pln npnud” wund GG, np npwGghg d, -p hwiwww-
nwufuwlmd £ F YhquytinhG, huyy 4,-p° F, jhquitinhG:
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(dy) v} (d>)
D 61 /"“\M
2l "
K0 j ]
‘Ll 29

OEALrEU 2 (Ljhwuh nhpblimnpyuy hunngnipiniln).
2 2

x_2 +Z—2 =1 Ehuyup hwppnipjw6 w)l Yhnbph puqinipnGa

a
L, npnlighg jnipwpwlysjniph hwdwnp nplk jhquytinhg niGiguo
htinwynpnipjwl hwpwpbpmpjnbp wyn jhquijtimhl hwiwww-
nwujfuwl nhptjuphuhg mtgwo htnwynpnipjwlp hwunmw-
unil £ L hwjwuwn £ tjhwyuh Epugtiumphuhmbnh:

Uwwgnignuip juwwnblp, ophGuwly, F Yhquitinh L Gpub
hwiwwywunwufuwl (d,) nhptjunphuh hwdwp:

Lowlwlhtlp M Ytwnh hinwynpmpjmp (d,) nhptjuphuhg

o,-ny: Luwlu gnijg mwlp, np ;—1 =&
1
“thgnp M -p Ehyuh juiwjwliul jbn B Cun Gwjunpng
§ 22-h’ muGtGp

x+aje
Vl=a+£x:a+€x,51:MD:h(M):| / |:x+g:xg+a:

a (140 g &

h

Ltunlwpup 5 =&

1
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Ujdd wywgmgtilp hwlwnwyp: “+hgnp hwppmpjul nplk
M(x;y) Ytnh hwdwp §=e Qs np GnyGG £ 7 = &-8 : Snyg

1

wnwlp, np wyn Yinp ywwmwlnd k EhwyuhG:
MGkGp 7, =+/(x+c)* +y*, huy M(x;y) Ytwnh htnwynpni-
pnilp x=-2 ninnhg Jupnn tGp qubhby § 19-nd pipdwo (15)
£

2
a

X+—:
C

wiwalng 5 —h(M)—M—
P b - A 1+0 -

UnpnhGuwwnGtph mbupny 7 = ¢ -6, wwydwlp hwdwpdtp b

2
JEx+e) +y? =<
a

a
xX+—
C

c
=la+—x
a

wwjiwbhG:
Uju hwjwuwpdw( tpynt dwup pwnwyniuh pupdpugGbnyg
unw(mu kip
2
X' +2xc+ct+y =a’ +2xc+c—2x2 ,
a

2
c 2 2 2 2
[l—a—zjx +y" =a —c",

2 2 2
yuwd np GnyG6 b ]Zl—2x2+y2=bz, npuntinhg by x_2+2/_2:1:

wjuhlpl’

Q

UjuhGpG™ M (x; y) Yhnmp wquumulnwd k EhuyupG: O
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§ 24. <bMGLLNL, SEULLE, LURUMSNSLELL

{hotgltlp, npn Ahwbppny Ynsgymu £ hwppnipjuG OXY nin-
nuGlyniG YynpnhGwwmwihG hwdwlwpgh Giumdwdp

x2 2
- ZT =1 (26)
ntiuph hwjwuwpnuing wpynn plpnpn upgh Ynpp:
blywytu L Ehwuh pbwypmd, GnyG nuwunnmpynGGapny
unw@nu LGp, np hhybppnp hwdwswh £ YnpphGuumwhG OX
L OY wnwlgpGtph, hGyytu Gwl YnpphGwwmbGiph O uyqpluw-
ytnh Guwudwdp: UnpphGwwmbtph O uyqplGwytnp Yngynd k
hhwbpporh §EGmpnG: {phytippnih hwywuwnpniihg htmbnd £, np
|x|2a, huy y-h wpdtpGtiph whpnypG £ (—o0;+00) : Nunh hp-
wbtppnip wluwhdwlwithwy Ynp £ L qnlymdi £ —a<x<a )tp-
wmhg nnipu: Ujn 2tpnp tqpuqoh htn hhytippn)G niGh Gplym
nGnhwGmp Ytwnmbp' (a;0)-G L (—a;0)-G, npnlp Yngymd GG Afh-
wlppnih Ququiplbp:
{wiwywthnipjwl pGnphhy pwjwlywl E hhytippnih wtupnp
nuntdGwuhpty YnpphGwwmwjhl wnwohl pwnnpymu: Uju nhy-
pnid (26) hwjwuwnpnuihg Jupnn tlGp y -p wpunwhwjnb] npytiu

X -h pmGlyghw’ y = éxlxz —a’; x> a wbtupny:
a

Uw dnlnunl wdénn pnllyghw b, L Gpw qpudphyl niGh
htwnljw mbupp.

Y

O (a0) X
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<hwytippnp sh hwwnmd OY wnwlgpp hpwwl Yhwmbpny,
huy OX -p hwwnnd £ hp ququpblbpnud: Uyn hull wuwwmdwnny

2 2

OX L OY - Ynsynid LG X__Z_z:l hhwtppnih hudwugw-
a

2

nwujuwlwpwnp hpwlwl L Ytnd wnwlgpltpn, huy 2a L 2b

pUbpp Yngymd G0 hwiwwwwmwufuwluwpwnp hhwybppnih hpw-
Juwl L ytind wnwlgpltph tpiunpnipjniGltin:

bGywbu L Ehwyuh pbwypnmd, uvwhdwlymd L hhwybtppnih
hhdGwlhwl mpnubGlymin —a < x <a, -b<y<b: {hytippnih

hhiGwlywl mnnuiyyuwli wiynbuwqotnl plngpynn y:iéx
a

ninhnGtpp Yngymd G606 Gpw wuepdymmnbbp: pwip 60 hw-
unnid hhytippnpp (hhdGuynptip hGpGnipnyyG): Uyuwgngtlp, np
tnp M(x;y) YtwnG wlplnhwwnm pwupdynd t hhwybppninyg wyG-
wtu, np |x|—> o, wyw Gpw htnwynpmpjnilp dh wuhduywnn-
wmhg dquunud L qungh: winqytlp npuwlnid bx —ay =0 wuhdw-
mnnh L YnpnhGwunwihlG  wnwohG  pwnnppnd  qualynn

M, (xo;éwlxoz —-a’ j ytwmh hwdiwn: Ujn Jnh htnwnpnipjnilp
a
G2Jwo wuhdwywunnuhg (nt'u (15) pwlGwdlp § 19-n1d) Y1hGh

bx, —bylx," —a’ ba?

W(M,) = - :
’ Vb +a’ Vb +a’ (x0+w/x02—a2)
tnbwpwp' lim A(M,) = lim ba” =0
0 - - .
T 0 Jb? + a? (xo +qlx,) —a’ )

Ujdd Juwwuwpting hwdwswhmpmbGitn OX L OY
wnwlgpGph Guwwudiwdp” hhytppnih hwdwp vnwlmyd Glp
GYwn 30-nd Wuwwnybpgwo wmbtupn:
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(-a; 0)

(0:6)

(0;6)

“Llwp 30
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§ 25.APhMELANLP UhQUUESU3D'L GU. A EUSNA3UL
JUSunrE3NrLLELR

bGswtu tihwyup, hhwybtppnip GnylGybu odnywod L Yhquyb-
wnwjhG hwnynmpjudp: LywGwybny c=+a’ +5b> " nhnwpltlp
F =(=c;0) L F, =(c; 0) ytwnbtipp: Fpwlp qubynd b6 hhwtp-
pnih hpwyw6 wnwlgph Yypw L Yngymd GG hhwbppnih Aqu-
Gbwnbp:

{wippnipjwl nplk M (x;y) Ynh hwiwp MF, L MF, huwwn-
Jwolbpp hwiwwwwmwufuwGuwpwun

K=A(x+e) +) L =4(x—c) +)°
tpupnipyniGGtpny, Yngymd GG M Ybtnh fhquibnwghl pw-
nujhnl.

OGNCGU (hybppoh hqulbinwhl hunnlynipyniGnp): -

2 2

nuGlmG YnpnhGwnwihG hwiwjwupgmu X—Z—Z—Z =1 hhuytip-
a

pnnp hwppnipjwl wyG Yhnmbph pwqinipniG6 £, npnGghg jnipw-

pw(gyniph hwdwp |7 =7 [ -p hwunmwwnmG £ L hujuuwp b 2a -h:

Uwwgmgmu: “thgnip M (x;y) Yuwnp hhytippnih nplk jhn

L: 8nuyg mwlp, np |71, -7 |=2a:

YA
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2
MiGkGp y* =5’ (—2—1],hhmhu1pulp K=A(x+c) +)" =

\/(x+c) +b2 — - j \/{1+b—2 x +2xc+ct —b* =

2
c
—x*+2xc+d’ = (—x—kaj =

—x+a .
a

Liwl alny unwlnud GGp 7, =/(x—c)* +)° =

2 2 bz 2 2
(x—c)’ +b ——1 I+— x> —2xc+c*—b
\/c_z —2xc+a’ Cx- a

a \}

Lwlhnp ¢>a L |x[2a,numh

Q

—xa

c c
—Xx+a, tppx=a —Xx—a, ipp x2a
_Ja _Ja
h= » I =
c c
——x—a, tpp x<—-a ——x+a, ipp x<—-a
a a

2a, tipp x>a

Ujuntinhg’ rn—r = {—Za bpp ¥ < —a : Ltunlwpup

5= |=2a:
Ujdu wywgnighlp hwwnwyp: “F+hgnip M = (x;y) -pn hwp-
pnipjwl nplk Yt L,

r=y(x+c)+y", n=y(x-c)+y’: 8nyg wwlp, np tpk

2
|7 =1, |=2a, wyu M -p yunwlmy L X—Z—Z—2 =1 hhuwtippn-
a

1hG: bpnp, |\/(x+c)2 +° —\/(x—c)2 +y’ [F2a  wuwydwbhg
mGtlp
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\/()H—c)2 +y° —\/(x—c)2 +y’ =+2a,
httmlwpwnp’

(\/(x+c)2 +5° )2 = (iZa +y(x—c) +y’ )2 :
Munpqtgltyng w)G" unwlnd Llp
dex—4a® =Har(x—c)’ +y°,
npntinhg b x°(¢* —a*)-a’y’ =a’(c* -a’):
PwbGh np ¢* —a® =b>, munh b’x* —a’y’ =a’h’, npntinhg by

2 2

Xy .
unwind LGp P =1:
UjuphlpG M ytwp yuwumwbnid £ hhwybppnihG: O
<hwtppnih tpugbGuphufunbn Ynsynud
[ 2 2
];g:E:a—J“b>1 phup:
a a

luGnhp: Uywgnigty, np Gpyme hhwtippnp Gdwl GG w6 b
dhwjl wjyl nhwypmy, tpp Gpulp nmGtG GniyG6 EpugtGuphuhnmtb-
wn:

{<hwtppnih YhquybinwjhG wowlgphl nnnuhwjwug, Gpw
ytGupnGhg a/e htnwynpnipjwl Jpw qulynn ninhnGbpG w-
Jwlnd GG hhwbppnih ghp&lpmphubbn: GulnGuwlwb YnpnhGw-
nwjhG hwdwlupgmd npubp d, L d, mnhnGhp6 G6 hwiwww-
nwufuwlwpup x=-a/é L x=a/¢ hwjwuwpniGhpny: Cin
npnud” wunud GG, np npulghg 4, -p hwiwywnwufuwlnd b F

YhquytinpG, huly &, -p* F, YhquitinhG (nbk'u Gljwp 31-p):
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(d) (d,)
‘Llwnp 31
OGNCGU 2 (hhwbppoh nhpblmnpyuy hunnlynipiniGn):

2 2

x

?—Z—Z:I hhwytipnpnip hwppnipjwl wjl Yonmbph pwqini-

pyGG L, npnlGghg jnipuwpwlyjniph hwdwp nplk Yhqulytunhg

niitigwo htnwynpmpjwl hwpwptipmpmipn wjn YhquytnhG

hwiwwywwnwupuwl ghptjuphuhg nibgwo htnwynpnipjwlp

hwunmwwnni( £ L hwjwuwnp £ hhwbtippnih tpugtiGmphuhntinhG:
Uwwgnignuip juwwnblp, ophGuwly, £ Yhquitinh L Gpub

hwiwwwunwuhuw (d,) nhptijuiphuh hwdwp (ntu Gyup 31-p):

Lowlwlhtlp M Ytnmh htinwynpmpynilp (d,) nhptijuphuhg
o,-nY: Luwlu gnijg mwlp, np ;—1 =¢g:

1

“Qhgnip M -p hhytippnih Judwjwwl Yo £ GGG

a
X+—
C xXE+a
i =|-x+a =la+ex], 5 :MD:h(M):l—\/TgO:‘ +% :%;

4l

Ltnlwpup’ 5 =&

1
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Ujdd wywgmgtilp hwlwnwyp: “+hgnp hwppmpjul nplk
r
M (x;y) Ytwh hwdwp 31= &, qud np GGG £ 5 =£-5, : Snuyg

1

wnwlp, np wyn Ytnp ywnmuwlnd £ hhybppnihG:

MiGLGp
a
SA I
r=(x+c)Y+y, 8 =MD=h(M)= =|lx+—|:
1 y 1 110 -
Ujdu rn=&-0, wuwjiwlp UnGnniGh

2

x4+ a wnbupp:
c

Jx+e) +y° =<
a

Uju hwjwuwpiw tpynt dwup pwnwyniuh pupdpugGbnyg

2
unwlnd  bGp  x° +2xc+c’+ )y =a’ +2xc+2—2x2 , wjuhlGpG"

2 2
(%—lsz—f:cz—az, qwd np GnyGG E %xz—yzzbz,

2 2
X

npuntinhg k| ?_ZT:I :

UjuhlpG' Gpwd hwnmympjudp odnjwo M Yhwp wuwn-
Juwlnw £ hhwybppnihG: O

<hwtppnih hwdwp, pwgh Ytpp vwhiwljwo julnGuwlywb
ynpphGwwumwjhl hwdwlwnpghg, gnympjnil niGtl wy YnpnhlGw-
nwjhl hwiwlwpgbtip, npnlg G{uwundiwdp Lu hhwbtppnG niGh
wwng hwjwuwnpmuaGhp:

2 2
Nputu ophGwl Juquklp x—z—)b}—z =1 hhwybtppnih hwjwuw-
a
nnudp YnpphGuwwmwjhG (O; 2;,?’2) hwdiwlwpgnid, nph wnwlgp-
Gbpp hwipGylnwd GG hhwybppnih wuhdwyunuGtph htn: Opybu
puighuwh@ YtnnpGlp YtpgGhtp e ={a;-b}, ¢, ={a; b}:
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X!

OXY L OXY' YnpnhGuwwnwjhG hwiwuwpqbph dLwthnfunt-

!

x=ax'+a

pjwl pwlGwdltiphg mGLGp . .- Stnunntiny npulp
y=-bx"+by

2 2

=1 hwywuwpiwl b Yuuwlwlp xy' =1/4, npp

QN| =
%=

thwuwnnptG hhytppnih hwjwuwpnid@ b ynpphGuunwyhG OXY'
hwdwlwpgnuy:

<hwtinpnip Ynyynd b hwjwuwpwlngd, tpt a=>: Uja
npymd £ x° —3? = ¢* hwjwuwpnuiny:

<tywn L huninqyty, np hhybtppnip hwjwuwpwynnd t wyl L
vhwjl wjyl nphypmd, tpp Gpw wuhdyumnultppn thnfuni-
nuwhwjwug t6: UwuGuynpuybu, x> —y° =¢’ hwjwuwpuynnd

hhubppnih — ntuwgpnid,  dpgGling ¢ ={1/V2;-1/42) U

g ={1/\/§; 1/\/5}, unwlmd tGp (O; Z;,Z) nnulymb Ynp-
nhGwwnwjhlt hwdwlwnpg, nph Gundwdp Gpuw hwywuwpmd6 £
x'y'=a2/2: Ujuntinhg, pwGh np hwjwuwpwynnd hhybppnih
wuhdwyumnubtipn hnjumnnwhwjwg GG, Guwwnd Glp, np myjuy
hwywuwpwynnd  hhwbtppnp ng wyp hGy b, pwG ¥ =k/x',
k=a’ /2 hwjuwnunpd hwitdwnwywlmpyuG qgpuphyp OX'Y’
ynpphGwwumwjhl hwiwjwpgnu:

130



§ 26. MULULNL, SGULLE, 2+hLBEUSNA3UL
JUSuNkre-3NkFLL

Mupwpnp vwhdwlymd L npybtu Ynp, npp hwppnipjuG
OXY nuqnuGyynG YynpnhGuunwjhG hwdwlupgh Guumdwdp
wnnpynud L

y'=2px, p>0 (27)
wmbtiuph hwjwuwpniny: Fw nupnguljul nwuplGpwghg (wy
hwjnGh y=ax’ wupupnl t (thnfuywd GG x-h Ly -h mbintpp
L gnpowygh wtiupp): UYGhwjnm t, np tpt (x;y) Ywmp ywwm-
Juwlnd £ wwpwpnihG, wyw (x;—y) Junp lu gqunyulnmd L
Gpwl: UyuhGpG wywpwpnp hwiwswth £ ynpphGwwunwihG OX
wnwlgph Guwudwdp: <wjwuwpniihg hbmlmd £, np x>0,
hull y-h wpdtpltph mhpnypl £ (—0;+00) : (ltunh wWwpwpnp
wlvwhiwlwhwy Ynp L b qubGynd £ x>0, ye(—ow;+0)
Jhuwhwppnipjnilnud: UnpnhGwwnmGhph O uyqpGwytinp Ynsynid

L wwpwpnih ququp, OX wnwlgph F = [%, Oj Yytwnp Yngynid

L wwpwpnh Yhquybn, OX wnwlgpp Yhqulytmwhb
wnwligp, huly p >0 phip’ wpwpnih pmpuqnpys.
Jwiwswihnipjub pGnphhy pwuwywl t wuwpwpnih mbupl
muntdGwuhnpt] YnpnhlGwwmwjhl wnwohl pwnnpymu: Uju nhw-
pnid (27) hwjwuwpnihg Jupnn GGp y -p wpmwhwjnt] np-

wtiu x-h pnbGyghw’ y =./2px : Uw dnlnnnb wénn dnilGlyghw k,

L Gpw gnudphyl niGh wyuyhuh mbup
Y
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Yhnwpyny x = / 2p pmGyghwl L Gpuw wowbgjup
ymGkGup x" =y/p, x'(0)=0: Ujuwntn, ptnytny plnniGfwo
unynpnyphg, y -G E hwiwpgty wilwlu, huy x-p° juiujwy hn-
hnfuwuG: <bnlwpwp yupwpnp O Jhnmd pnpuwthmd £ OY
wnwlgpp: UpyniGpmd yuwpwpnih hwdwp vnwlmd Glap Ghunp
32-mud yuwwunybpjwo mtiupp:

Y

‘Llwp 32
Muwpwpnih Jhquijtimwjhl wnwlgphlG nmnnuhwjwug, Gpuw

YtGupnGhg p/2 htnwynpnipjuwl Jpw qubynn x = —g ninhnG

wijuwln GG wuwpwpnh ghpbunppu (nt'u Gyup 33-p):

“Uluwp 33
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OGNCGU (wwpnwpmh nhpblponnpyuy hunnlynipiniGn):
¥ =2px wwpwpnp hwppmpjul wjG Yhnbph puqini-
pyniGG L, npnGghg jmipwpwlsnipp hwjwuwpwhtn £ jhquiyb-

nhg L nhptijnphuhg:
Uwwgmgmu: Lwju gniyyg wwlp, np tpt M(x;y) Ytwnh

hwdiwp =0, wyw M -n yumuwlnmd £ ywpwpnihG:

2
MGulp r= (x—gj +y?, 8=

X +§‘ : Lbmlwpup r=0

pP

wuwjiwlhg htmbnd £
2 2
x+5 = (x—ﬁj +y° :(x+§j <y =2px:

2

P 2
x—=| +y*=
(2jy 2

8n1jg mwlp hwjuwnwyp tpt M (x;y) Ymp yuumulnd k

y* =2px wupuwpnjhl, wyw 7 =46 : Yuuthnfuklp 7-p° Gpw wp-
nwhuwjnnpjul ghe mbnunptmy y° =2px.

2 2 2
14 2 2 p 14
r=, | Xx==| +y =, |x —px+—+2px = || x+=| =
\/( 2J g \/ P \/( 2J

2 =x+ o5l
2 2

Uwuwgnigywd hwnynipjniln gniyg £ mmwihu, np wwpwpnih
hwdwp bu Jupbih £ uvwhdw(b) EpugbhGumphuhmtim’ hwdwpbing
wj 0 hwjwuwn 1-h:

luGnhp: Uywgmgt), np gwlugwo tpynt wwpwpny GdwG
L0 dvhyjwdg:

{wibdwwnting tjhwyuh, hhybtppnih L wwpwpnih nhptyun-
njwy hwnynipyniGGapp’ mbulnid Glp, np ngpulp Junpnn G0 vwh-
dw iyt dh pnphwlnp dnnbgnuiny: CGwnptinyg F Yo, Gpulnyg
swlglnn d ninhn L € >0 phy nhunwpytlp hwppnipjuG w6
pninp Ytwnbiph pwqunipjnilp, npnlghg jnipupwlsgjniph hwdwp
F Ytwnhg Gpuw mbGtigwo htinwynpnipjul hwpwpbpmpynln 4
ninnhg niGtguwo htnwynpnipjulp hwumwumnb £ b hwjwuwnp
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¢ -p: Erhwuh, hhwtppnih L wwpwpnh nhpkuonpyug huaone-
pmilGGtphg htmlmd E, np 0<e& <1 phypmd Gywo Yhtwumbtiph
tpypwswhwlywl mbenp tihwu £, € >1 nhypnud” hhwbppng, huy
& =1 nhypnd’ ywpwpn] (nt'u Gywn 34-p):

.\ UhquytiniyhG ninpn

nhptijuiphu

‘LUlwp 34

Q-0wqphg tpunwd E, np yuwpwpnp dh plinhw6nip 7 Jhqu-
ytuny L pGnhw6nip d phptyuphuny BhwulGbph pGuowlhpp
uwhiwlwquumd t GnyG F jhquibtung L d nhptuphuny
hhwytippniGiph pGuwbhphg: Llwp 34-h hdwunny tppbdG

wuntd kG Gub, np wwpwpnip tihuu E, nph Gpypopn Yhquijtivp
qulynid £ wGdtponipjniliniu:
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§ 27. ELhMUDb, {hMGLANLE G MULULNLD
JUdquuurnruvere ¢uauehv 4hs 4N arpuusu3bhu
uuuuurankru

Elhwu, hhwbppnp & wwpwpnp Ynptiphg jnipupwGsyniph
hwdwp Jhquijtimny wlglng L Yhquybmwjhl ninnhlG ninnuw-
hwjug quph tpyupnipjul Yeup Yngnid £ Yynph Ghquigtnuwpl
wwnwdbmp L GQubuyymy £ p-ny: Uyn Gpbp Ynptiph hwdwp
Gtpinioymy E Lu dh wwpwdtnp' g =& —1 pwGuwalm], npntin
& -p Ynph tpugbhGuphuhntind t:

EGNrEGU: Eihwu, hhwybtppn, wwpwpny Ynptphg jnipw-
pwlysniph hwdwp gnynipjniG mGh wjGyhuh O'XY' ninnu-
il YynpnhGwwnwjhG hwiwywpg, nph Guwndwdp wjn Ynpp
npymd £y =2 px’ +gx”” mbiuph hwjwuwpniing:

Uwwgmgmu: Lwju Lhyup L hhybtppnih ghiwypnid, nphunwp-
ytiny Gpwlg hwywuwpniltppn unGwlywbi YnpmhGuwwumwjhb
hwiwlwpgnud, JhquijtimwjhlG wywpwitnpl wpmwhwjntlp
a L b YhuwnwGgpGtpny:

RN, NI
NEAZ D N

Elhwyuh niwypnud, wmbnunptiing —+;;—2—1 hwjwuwnpdwG

2 2

Ub9 x =—c, junwlwlp y= +b4/l—c— —+b— : {tmlwpwn M, L
a a

M, Utwmbtph YnpnhlGwwmGtpG GG hwiwywunwuuwlwpup

2 2 MM 2
(—c; b—] L (—c; —b—J ,npmtinhg b p=——"= =b— : byl gqnp-
a a 2 a
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2 2
onnnmipyniGGtpp Juumwnpting x—z—z—zzl hhwtippnih nhwypnid
a

2
p -h hwidwp Gnphg vnwlnmu Glp b— wndbtipnp:
a
Muwpwpnh nhwpnd, whnunpng Gpw y* =2px  huju-
uwnpiwl by x = % , qnlnud tlp M, L M, Yumbtph YnpnhGuwwmn-

Gbpp’ hwiwwwwnwufuwGuwpwn (%, pj u (%, — pj: Lowlw-

MM
ymd £ wwpwpnih giwpnud Ynph 12 *=p YhquytnwjhG

wupwitnpp Gpu y* =2 px hwjuwuwpdwG pGnipuqphyG k:

Ujdd wju tptip Ynptinhg jnipwpwlyymph hwdiwp nhunwp-
ytGp O'XY' nuqnuGymG YynpphGwwwjhlG hwiwyupg O’
uljgqpGuljtimp wmbtnunpting wyjw; Ynph hwdwp pGupjuo
ququpnid, hGywtu gnyyg £ mpdwo Ghwnp 35-nud:

v Y Y Y Yty

\ ) \ . ) §
o OJX / ol o X 0 X

‘LUlwnp 35

Ethwuh nhypnid, Juwwwpbing YnpphGuwwnwjhG  hwdiw-
Jupgh dlwhnfumpmG x=x"—-a, y=)»" pwlwdlbtpny,
2 2

%+Z—2=1 yulnGuwywl hwywuwpniihg unwng blp Gpw

' 2 "2
hwjwuwpmdp O'XY' hwiwjwpgnud’ (x za) +(); 2) =1: Uju-
a

wmtinhg
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2 2
a a a

2 2 2 2
:2px'+( b2 Jx'Z:pr'+(c 2a ]x'2=2px'+(c—2—1]x'2=
a a a

=2px'+(82 —l)x'2 =2px' +qx'*:

, 2 2 2 2
y'2=b2£1—MJ=b2—b—x'2+2b—x'—b2=2px'—b—2x'2=
a

2 2
X

<hwytppnih ntiypniy, ?—g—z =1 hwjwuwpiwl vk mtinu-
nptiing x=x"+a, y=y" L Juunwptny GnyjGuwiiwl qnponnni-

pynGGtp, JunwGwip

' 2 2 2 2
yrz:bz(M—IJzszr‘f‘Z—zxd=2px'+c a 2=

2 2
a a

=2px +qx":
LwwtiGp, np wwpwpnih nghiypmd O'XY' -p hwdpGyGnd k
OXY -h htim, L pwGh np g =0, wju niypnd Lu ptinptdp Ghpn

E: O
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§ 28. ELhMUDb, {hMGLANLE GJ MULULNLD
UdquuurnruveLe AGUENU3PL UNM-hLUSU3hL
uuuuurankru

UwhiwGni: Guutlp, np hwppnipjul ypuw mpywo t plé-
nwihl npphGunnughl (O; () hwdwlwpgn, tpt’

w) ultinwo k dh yan® O-G, npG wlijwlnd GG plbn,

p) wjn Ytwnhg Yhpunquo t £ Swnwquyp, npp Yngynud E
plbnughl wnwlgp,

@) wn Gwnwqujph Ypw pGunpgud b swhdwl shwynp,

n) Gywd LO Ytwnh pmpy ¢ Gwnwqujph upunniynh tplnt
hGwpwynp nunnmpyniGGtphg dtyp hwdwnpting wj6 wpnnimp
gnwlwl nmgpgmpymid (opphGwl’ O Ytwh pmp9 dwdujwph
wunyynh hwjwnwl ninnnipjniln):

Pltinhg wnmwpptp gulijugwo M Ytwh pltinwjhG Ynpnh-
GwwGtpp vwhiwlymd GG npybtu (7; @) Jupquynpjwo pyu-
qnijq, nptin »-np OM hwnywoh GpupmpnGa t, huy ¢-G
wji wGymGG L (0< @< 27), npny whwp L yumwnby £-p O Yhnp
onpop plupjwo npujul mnnmpjwdp, dhGsl np wyl hwd-
nGyGh OM Gwnwqujph htin (nt'u Gywn 36-np):

M(r; )

¥

O
‘Llwnp 36
£ltinh, wjuhlpG O Ytwunh hwiwp vwhdwblymd £ dhw)G dh

pltinwjhG YnpphGwwm® 7 =0, hul wGyniGwjhl YnpphGwwnm sh
vwhdwlymu: SYywy (O; ¢) plbinwjhG YnpphGwwmwjhl hwdiw-

Juwpgh hwiwp vwhiwlymyd bt GpwG fhg OXY nmgnublnilG
UnpphGunnuighG hwdwlwpg, nph OX wnwlgpG wlglmy & /7
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Guwnwqujpny L ninnjuo E GnyG Ynndp, hGs & £ -p, huly GpuG
ninnuhwjwg OY wnwlgpl pGupymd L wjluybu, hGyytu
wwwmytpjwo t Gywp 37-nud:

UyGhwjm t, np juiwjwwb M = O Yuwnh (r; @) putinwjhG
UnpnhGwwmGtppn L Gpw  (x; y) nqnuGynG YnpphGuwwmGhpp
Juuwywo b6 htwmlyw pwGuwdlbpny’ x=rcos@, y=rsing:

Y
M(r; @)
T Yy
‘ >

R

A ‘
X 0 b

Lljwp 37

bGswbtiu mbuwlp Gwunpy wwpwgpwdnid, Ehwyunp, hhwtin-
poin b wuwpwpnp Ynph ququphG Yhg YnpphGumwjhlG hwdw-
Juwpgh Guwumdwdp wpynd GG Gnyl mbuph hwjwuwpnudGipny:

Mupqymu £, np wyn YnptinG mGt6 GnyG mbuph hwjwuw-
pnuiGbp Gwb plbnwjhG YynpphGwwumwjhl hwiwlupgmu, tph
nhunwpyynn Ynpbtphg jmpwpwlsyniph hwdwp hwwnmly plGup-
Jwo LG plutinp L plbnwjhlG dwnwqujpn: ‘thgnip npybiu plbtin
nGupJuo t°

w) bhwuh niwpnid Gpw dwjuwynndju Yhquytup,

p) wwpwpnih nhwpnud Gpu Shwy Yhquitnp,

q) hhwtippnih ghwpnid Gpu wewynndjwl Yhquytnp,
huy plbtinwjhG wnwlgpl pGywo E YhqultmwjhG ninnh ypw L
sh hwnnd ngjuwy JjhquitimhlG hwiwwywumwufuwlnn ghpty-
nnhup: C6n npmyd” hhwbtppnih ghypmd vwhdwGwhwlytin
tilp Gpw dhwjl dh" wowynnijwl djninh phunwpyniiny:
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iR A
1 w) ) Q)

PltinwjhG YnpphGwmwihG hwiwunpgh ytpnhhpjwy plw-
nnipjnilp pny £ mwihu popnp Gpbp Ynptph hwjwuwnpmiGoph
wnpunwonuip juumwnt] thwdwdwlwy:

JwyjwuwpnuiGipl wpmwobihu oquybtint tlp nhwmwnplyynn
ynptinh ghptyunpyw; hwwynmpjniGhg: Uwmnple Gup 38-mud
wwwmytnjwo Ynpp unphppwiynud £ nhnwpyynn tpp mtuwyh
Unpbiphg guGljuguon:

N
K , M (r;9)

K't M 7
o |
r

F
d M"\
‘Llwn 38

Qhgnip d -G pupJwo YhquitimhG hwdwwwmwujuwlng
nhptywphuG t, M(r;¢)-G Ynph Juiwjwlwl Yewm t, MM’
hwunjwon Ynph YhquytnwyhG qwnG t, huy p=|M'M'|/2 L &
dtomp niGlGtpn” hwiwwwwmwuppwliwpwn Ynph Yhquytimwjhb
wwpwitimnpp b EpugbGuphuhmbtinp:

. r p N ot
bmlwpwup' —=——=¢: Ujunk MK ' =p/e:
pup == Jjumntinhg p/
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Ujnwu Ynnihg hGswtiu mbulnud tlp Gyup 38-nd,

8=MK=MN+NK=MN+KM'=rcosp+p/e:

MptdG r=¢d =¢ercosp+p:

Uunwgwo hwjwuwnpnudhg 7 -p unpth £ Gaipyuyuwglt np-
whu pmlyghw ¢-hg

r=p/(1-&cos ) (28)
wmbtiupny:

UGhpwdtipn £ Gphp, np yGuwywod dhophGuwy wbtuphG (28)
hwjwuwnpnidp by, hhytppnp b wwpwpnp Ynptphg jnpu-
pwlyniph nhwypnid Juwpptingh dynuGbphg ny dhwjl ¢-h
wndtipny, wjk plnwjhG ¢ wGljwl thnhnfudwl wmhpnypny:
‘Liwwh mGbGwny, np »>0, (28) hwjwuwpniihg unmwlnid
tlp l-&cosep>0: Elhyuh nhypnd, pwlh np 0<e<1, wju-
wmbtinhg unwnd tlp, np @ -0 waljwl hnhnfudwl mhpnypt £
0<@p<2r: {hwytppnih phypmd Gpw wowynnijulb dyninh

1 a a
hwidwp unwlnyd tlp cosp < —=—=————=, hlsp hwdwnpdt
n P cosp<—=" N hGsp ndtip

L GpwG, np <@ <27 -0, npntn 6 = arcig(b/a), hul wwpw-
pnih niypnud niGhlp cos@ <1 LW httmlwpwp O<p<27:

M(r;qz),,//:”

M (r;¢) M(r; /’/
v 0 [\ g X
\% N

Uunwgywo hwjwuwpniGbpp yhpwnymd GG GpylGw Jhﬁ\l‘fh—
fuwGhywynid dninpulGtiph pupddwl Yty tph ontilpGhpnt wp-
wnwobhu:
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§ 29. ELhMUCR, KhNGLROLE GAd MUrULNLEe NOMGU
unuuulv USNr3OLEN

Eihwup, hhwtppngp, wwpwpnip, Gpulg jhqujinwhl L
nhptyunnpyuw hwnynipniGatpp hwymGh GG Junnig™ ntn UhGsk
Jwpbidwwnhluwjnyd mwnwjhl vhdynihjwjh b wlGwihmhly dtpnn-
Gtph untinomuip:

l

“hgnip mipdwo GG O Yunnd hwwmynn Gpine ninhn, npnGp
thijwlg htn Juqimd 6 o wiymb, 0<a<7/2: Gph wyn
mnhnlbphg dGYp wyunwnblp nwpwompjub dte dyniuh 2nipolb
wjlwtu, np Gpulgny Yuqiuo wGlyynmip dGw wGhnthnfu,
www wnwowlnd L dh dwitplnyp, npp Yngynd £ YnGuwyul
dwtplnyp Juwd YnG: Liwwnmtlp, np YnGwlwl Jwytplnypn, h
nwnpptipmp nili nupnguluwl npuuplpwgnid nhnwnpyynn YnGh,
tpyynniwGh «wlybp9 wmwpwoynn» dwytplnyp t: WGwnpd
ninhnp Ynyynud t gnbh wnwilgp, pwpdwwl nimnh nhppbtipp
wunywnh ppwgpmy’ gnbh olnpnbbp, o wiymGn fnbh pug-
yuwop, O Yt gnbh ququip:

UwhiwGny: Unfwlwl huwnngp Yngymu t wyG qhon, npG
wnwowlnmu k YnGwyul dywytinlnypp Gpw ququpny swlglnn
npll hwppnipjwdp hwwbijhu:

“thgnip ¢ wnwlgpp nphnwpyynn 7 hwppnipjwl htim Yuqg-
inii £ F wGyyniG:
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66 N0 rGU: UnGuwl hwwnnypp F > o nhypmd Ethyu

E, f<a hhwbppn £, huy £ =a nhypnud” wwpwpny:

Uwywgmgmu: ‘thunwpytlp wjl funnngp, npp uvwhdwlw-
thwlywo k ynGwub dwytpunypny b 7 hwppnipjudp: Mwwn-
ybpwgltlp wjn junnngmd wmbtnunpjwo dh gniling, npp pnpw-
thnd £ ynGuwul dwybplnygpp powlwqony, hull 7 hwppni-
pmilp’ hGy-np F Yhunnwd: Cnpwihdiwl ppowlwqony wmwtlp
7' hwppmipniG, npp pGwywlGuwpwp YhGh mnnuhwjug /¢
wnwlgphG: YGhgnip d-G 7 L 7' hwppmpymGGiph hwwndwG
ninhnG E: dbpglGhlp juiwjwjwl M Jon 4nGwlwl hwnnyph
Ypw, vthwglblp wjt F YtnhG L M -hg hotigltilp MP nin-
nuwhwjugp d mnnhG: ‘LywGwytlp Q-ny MO oGnpnh hwndwG
Ytnp 2npwthdwG ppowlwqoh htimn (nt'u Gywup 42-p):

14
0 d
TC!
S
A P
2 N AN
NP
B
T
‘Lljwnp 42
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LwGhnp P L Q Yuwmbpp qubGymd GG 7" hwppnipjwl Wby,
npl ninquwhwjwg £ ¢ wnwlgphG, nunh Gpwlg wpnjtlghw-
Gtpp ¢ wnwlgph Yypw YhwipGyGaG ¢-p b 7' -h hwndwG S
Ytwnp htwn: {tnmbwpwp MP-h L MQ-h wypnjtiijghwGtpp ¢
wnwlgph ypw YihGhaG hwjwuwnp dhijuwlg

wn,MP=uwn,MQ=SN:

Lwlh np MP Ld, munh Z(MP,l)=Z(x,l)=: Unwu
Unnihg £L(MQ,?) =, htmbwpwp

MPcos f=MQcosa=MK =SN, MK 1 ="

MGLGp Gwl MO = MF  npuytu M Jtwnhg qlnhG mwupJuo

npwithnnGtin: Ujunbinhg unwGnud Glp
r _cospf
5 cosa

Ujuwyhuny' F-p L d -6 ownwymd Gl hwiwywunwujuw lGw-
pwp npytiu Jhquybnm L ghptiunphu YnGwyul hwunnyph hw-
dwp: <bnlwpwnp w6 Juy Ehyu £, jud hhytppng, jud yupw-
pn; Juujwo € = % Epugtinphuhntimh wpdtipGtinhg:

Gpt f>a, wyu cos f <cosa, hbmbwpwn ¢ <1, L mpbdG
hwwnypl Lihuyu k:

Gpt f<a,wyu cosf >cosa, hbtmbwpwn ¢ >1, L niptdG
hwuwnnypp hhwytippng t:

Gpt f=a (wju nhypmd 7 hwppnipjnilp qniquhtn L
UnGh oGnpnGtphg uWtYhG), wuyuw cosf=cosa, htnmlwpwn
¢ =1, LmptdiG hwwnniypp wwpwpny k:

luGnhp: <{piGytnyg Ehyuh YhquibtwmwjhG hwnympjud
Jypw' wuyuwgnigh], np f>o nphypnid YnGulywl hwwnnyypp
Eihwu E:

Bmgmu: ‘tFhumwpyly YnGhG Gipgowo L 7 hwppnipjnlp
F, F, §tmbtpnd 2nputhnn Gpynt qlintip, hGswtu gnyyg L npjuo
GYuwp 43-nud:

(= const), npmbn r = MF :
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“Ulwp 43

luGnhp: Uywgnigty, np ninhn ppowlwjhG qqubh hwwmnoip
guijugwod hwppnipjuip Jwd Lihwyu b, wy k| gniquhtin, jud

hwdiplGwo mnhnGtph qnuyq k:
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QLNMv {hLAGLNY
GLULNLY GULAE UNLELE LU ULAR SGUNMEB3NMG

§ 30. eurne,a-wura-bh uneh USNRUL NMAD KBS

“QhnwnytGp Gpypnpn Jupgh Ynph plnhwlmp hwjuwuow-
pnuip

F(x,y)=a,x" +2a,xy+a,y’ +2a,x+2a,y+a,=0: (29)
Ujn hwjwuwnpnudp Jupd Junpth £ gpuntg
o(x,»)+20(x,y)+a, =0
wibupny, nputn @(x,y) = @, X° +a,xy +a, X+ a5y’ 4, =, -0
pwnwyniuwjhG, huy £(x,y)=ax+a,y-p qdwjhl puqiwbnui-
Gbp GG:
Oquugnpoytynt GG Gl
F(x,y)=ayx+a,y+a b Fy(x,y)=ayx+ayy+a,
GpwlwyndGhpn:
‘Lwuwtlp, np Ynphp hwjwuwpnuip Jupnn GGp Ghplu-
JwugGb] Lo vh mbupny
F(x,y)=x-F(x,»)+y-F(x,y)+ax+a,y+a,=0: (30)
Mupuwitnpwuwl mbupny mpjwo
X=x,+at, y=y,+pt 3D
ninh hwnnudp Gpipnpg yunpgh Ynph htn nuundGuuhpbnt hw-
dwp httmwgnutlp (29) L (31) hwjwuwpmiGhpny Juquigywo
hwiwupqp: Stnunptinyg (31) -p (29) -h vk9” unwlnud tlp ¢-h
GYuwundwip
At +2Bt+C=0 (32)
hwywuwpnuip, npuntin

A=¢(a,p)= auaz +2a12aﬁ+a22ﬁ2 )
B =F(xy,y))a+F,(x,, )8 =
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= (a,%) +a, ), +a)a+(a,x, +ayy, +a,)f,
C=F(x5,5) = allx()z +2a,X%, ), + azzyo2 +2a,x,+2a,y, +a,:

Ujuwhuny' ninnh hwwmnoip Ynph htn npnpynd & (32) hw-
Jwuwnpdwl nonudGhpny, pln npmy” wyn nonudGhpp yuugwo
b6 ynph Guundwdp ninnh nhpphg:

Uwhdwlmyd: {wppnipjul ypw (mwpwonipjul dt9) mp-
poipyoi Yngynud | dhjuwlg hwdwagho pnnp ny qpnyuijuG gyuy-
wnpltnh wikl dh pwqinpynil:

Muwpq E, np nunnipjnilp thnghG npn2ymd £ wyn pwqini-
pynilp Giplyuwjwglnng gubGljugwo Yayumnpny:

[iggh nipgmipynil Yngymo L Gpw nplk mnnnpn yaunpny
npnpynn nunnnipjniln:

{wng Lt owgqny, pt nppw”d ninnnipynmGGtp Jul hwppni-
pjul Yypw (nmwpwonipjul vk9): 3nipwpwlsjnip ninnh hwdw-
wwunwufuwlbglbng hp mnmpynilGp htpm L nbulb, np
gnjnipjnil niGh thnjudhwpdtp hwdwwwwmwufpwlngpniG hwnp-
pnipjul Yypw (nmwpwonmpjul dk9) pninp nmnnmpynilGGtph L
hwppnipjul Yypw (mwpwonipjul vt9) npuk ultinquo Yhwnny
wliglnn pninp ninhnGtph dhol:

UwhiwGnud: Gwublp, np a ={a; ﬂ} ninnipjniGp wyjug
Unph hwiwn wepduypimmnwluwlG mgnmpyma t, tpt (o, f) =0,
L ny wupdupmmnuww G mgnmpymGt, tpt ¢(a, f) #0:

UwhdwGiwG YneotyunipniGp htwmlmd & p(ka,kf) =
=k’¢(a, ) hwjwuwnpnipjniGhg:

Ujdd (32)-hg httmlmd k, np ny wuhdywmnunwlwl ninni-
pjwl nmnhnp Ynpp hwummd £ Gpyme Jhnmd, npnlGp hpwphg
wnwnpbp G0 uwd hwinGywo, hpwlwb G0 Jud Ytno: Uuhduywunn-
nwlwl mnnmpjwl ninhnp uwd hwnmd £ Ynpp dh Yhunnd,

Jwu sh hwwnmd Ynpp (wju niypnd wyn ninhnp Yngymd & fnph
wuhdunmn), Jud b wdipnnonyhG dwnlnid £ Ynph Juquh vto:
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§ 31. Grurnea yurabh yNeGLh LULUMSASULUL
nrMANkMe3NrLLELR

‘Llwuwtlp, np § 30-md Ynph wupdyunnunwywl nimnni-

pyniln vwhdwlybg Ynph hwjwuwpiwl dhongny, nhnwpyynn
UnpphlGwwmwjhl hwiwlwnpgh Guwmdwdp:

OGNLEU: Unph (GHuwmiwdp wniydjug a= {a; p } nunnipjwl
wuhdywunnunuwyub hGbp yupgwo st ynpphGwunwjhl hwdw-

Yupgh pwnpmipyniGhg:
‘Lwh wywgnighlp odwlnuy (tidw: Gipwnptlp’ mpwo

GG Bpynt (O; e,e,) L (O'; €,¢;) YnpnhGwnwghG hwdwlupghp
hwppmipjul Yypw: blyytu ghwmtlp, guwllijugwd M Ytwp
(x; ) L (x5 »") ynpphGuunGbpt wyn hwiwupgbph Gumdwdp
uhujwig htiin Juuwo LG x=cx' +c,y +¢,
y=cyX'+¢,,) + ¢, pulGwdlbpny:

Lhddw: Gpt ¢ yguyunpp ghuwpydnn  (O; eT ,g) L
(0 ej’,ej) ynpnpGwwmwjhG hwdwlwpqbph Guundwdp niGh
hwdwwywwwuuwbwpwp  {e; B} L {a; '} UnpphGuwnGhp,
wujw

a=cya'+c,fB, f=cya’+e,p

Yhgmp a=M M, , pin npmd M,, M, Ywwtpp (O0; ¢e,)
hwdwlwpgh G(uudwdp mGhl  hwiwywunwuhiwlwpwnp
(630, (30,), hull (0% ¢,¢)) hwdwlungh GYundwdp
(), (%)) UnpphGwnGp:  Gwlwpup @ =x,—x,
B=y—y, &'=x,-x, B'=y,—y: UnpphGuwnltph dlwthn-
funipjul pwGwdubiphg niGtlp

X, =0+ 0yt e, Y =0 0,y te,, =12

Ujuntinhg unwGnid Glp

X, =X = ¢ (X —x)+ e, (v, =),

Vo= n =y (X =x)+ 0 () =¥
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Uyuhlpl' o =c a'+c¢,p', f=c,a' +c,,[:0
Ujdd wywgmgtilp pnptdp:
‘thgmp Unpp  (O; ¢,e,)  UnpphGwwnwihG  hwdwluwpgh
Guwuniwdip mpJuo k
F(x,y)=a,x" +2a,xy+a,,y" +2ax+2a,y+a,=0
hwjwuwpnuiny, L a= {a; p } ninnnipjnilip mpjwo Ynph Ghuwmn-
dwip wuhdyumnunwlwl ninnnipjnil k, wjuhlpl
p(a,B) = anaz +2a,0f + azzﬂ2 =0:
UwnwGwGp wjn Ynpp hwjuwuwpmy (O'; eT’,ej ) YnpphGuwwnu-
JhG hwdwlwpgh Gumdwdp®
F'(X",y")=F(c,x"+c,y +c,,cpx' +¢,,y +¢,) =
=a, x" +2a,,x'y' +al,y"” +2a)x'+2aly +a:
UyGhwjwn k, np
P'(x',y)=al x"” +2a,xv' +a,y" = p(c, X' +c,V,cx + ¢y, )
Ltunlwpwp, pun Edwjh, vnwind Gip

(0,(0!', ﬂ,) = ¢7(C“06'+Clzﬂ',c21a'+c22ﬂ') = (l)(O{,ﬂ) =0:

Ujuyhuny a= {a; ,B} ninnnipjnilp wuhdyunnunwlwb nin-
nmupjmG L Ynph Guudwdp Gul (O 2{,2) UnpnhGwunwjyhG

hwiwjwpgmu: O

Uju ptinptiip hGwpwynpmpjnil L mwihu nuunmdGuuhpbint
Unph  wuhdyunuwljwl mnnmpmGitpp ghnwpybnyg Ynph
hwjwuwpnuip guluwgwod hwpdwp YnpphGwunwihG hwdw-
Jupgnd: Nupqnipjul mtuwybnhg witGwhwpdwnl hhwupyb
JulnGuwywl YnpphGwwmwihl hwdwyupqtnG Ga:

2 2 2 2
OphGwy 1: x—2+£—2=i1 L x—2+g—2:0 ynptph wuhdywn-
a a

nwljud ninnnipjniGGpn npnpynid Ll dhllnG
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2
o(a, ,8)——2 g——O hwjwuwpnuinyg: Ujunbtnhg tplnd k, np
wyn Ynpbpp yniGh6 wuhdyumnumwyul nupnnipyni:
2 2 2 2

OnhGwy 2: %—y——l N %—Z—zzo Unptiph nbwpnid

b2
_a_z_ﬂ_
ola,p) = RN

tpynt wuhdyunnunuwwl ninnnipyniG {b; a} L {b; —a} :

=0 hwjwuwupnihg uvnwlmyd GlGp Ghywn

UWjuwyhuny' hhwtppnG niGh Gpymt wuhdyunnunwywl nin-
nnipjnil, b ngpubp Gpw wuhdwywmnunGbph nunmpymGGtnG Ga:
buy hwwnynn hpwlwl nminhnGtph qniyygh wuhdyumnumwjw nin-
nmpjniGlGbpp Gpuw Juqih dte dwnlnn ninhnGtph ninnnipjniG-
GtnG GG:

OphGwy 3: y* =+a’, y* =0, y*=2px Unptph nhuwpmd
oo, )= =0 hwjwuwpnshg unmwlnd bGp shwyG dh
wuhdiyunnunwlwl mnnnipjni G {1; O}:

Muwpwpn(( mGh dh wupdyunnunwlywl nnnnipyniG, L wyl
(pw hwiwswhnipjwl wnwlgph nunnipyniGa t:

uGnhp: Uwwgnigly, np tpyponpng Jupgh Ynptiphg wupdy-
mnunbtpn mGGG dhwjl hhwybppniGbpp, gqniquhtn hpwywuwd Jud
gniquhtin Ytnd ninhnGtph gniyqbpp L hwdpGlwo ninhnGtph
qnijgbpp: “HpwGghg jnipupwsjniph hwdwnp Guwpwgptp pomnp
wuhdyunnunbtipn:
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§ 32. Grurnea yurabh yNeGerh cncueonavere

bGswbtu ghnblp, ny wuhdyunnunuwlwb ninnmpjul ninhnp
hwwnnmd £ Ynpp tpym jonmd® ppwluwlG Juwd Ytno, hpwphg
nwnpbin Jud hwipGywo: Uju ytineht ntiypnid nminhnp Yngynmu £
bpgpnpy  qupgh gnph pnpunpnng unfjup Yhnmd: Gphoong
wuhiyunnunwliwl nmnmpynil nilbgnn nmnh yuwpwditnpu-

Jwl hwywuwpmiGbnl GG x=x,+at, y=y,+/[t, wyuw wjn
ninh L Ynph hwndwG Gpynt Yanbph YnpmhGunmGtpp npnpynud
WG A*+2Bt+C=0, A=¢(a,)#0 pwnwlinuh hwjwuwp-
dwi 7, ¢, wpdwwmbbpny: Gpt ninnh M (x,;,) Ytwnp ytpglatlp
Uynph Ypw, wyw C=F(x,,y,)=0: {tmbwpwp wju nhuypnid
ninnh L ynph hwndw6 hntph hwdwp wwpwdtnph 4, ¢, wp-
dtpGtpp npnpymd GG 47> +2Bt=0 phph pwnwlniuh hwyw-
uwpiwl wpdwwnmbbpny, pln npnd” ¢ =0 wpdwwhl hwiwww-
nwufuwlmyd £ ynph M, Yhwnp:

Wyuwhuny YnphG wwwnwlng M, (x,;y,) Yunny wiglng L
ny wuhdiywumnunwyul ninnnipjnil niGhgnn ninhnp hwinhuwGnud
t Ynph pnpwthnn, tipt 4¢* +2B¢t =0 pwnwlinuh hujuwuwpdw6
wpiwwnbtpp hwipGylmd GG £ =7, =0, npl k) hwdwpdtp L
B=0, wjuhlpl F(xy, y,)a+F (x5, y,)f =0 wuwjtiwbha: Wyu-
wbinhg by, bpb £(x, ) b £(x,),) putipp dhwdwdwlwy gpn
o0, www npnlGhjh pnpwihnnp hwdwp qulnd Glp ninnnpn
ythunp
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{a; IB} = {_Fz(xoayo); E(xo’yo)} :

Wuwhuny' Ynph M, (x5 ,) Ytwny Gpul wwpdud pnpw-
X=% _ V=W
—F,(x0, ) F(x,))

(x = x0)F (X, o) + (v = ) Fy (x4, 1) =0 (33)
hujwuwpnudp:  <wpyh welGhng  (30)-n uvnwlmd  Llp
F(x0,30) =X F{ (X9, Y5) + Yo - F5 (X0, Yo ) + axy + @, 0, +a, =0 L (33)
hwjwuwpniihg 7npwithnnph hwdwp  vnwlnmd  GGp Gl
(X, +a,yy +a)x+(ayX, +a,y, +a)y+ax, +a,y, +a, =0 (34)

thnnh hwjwuwpnidG k

Yy hwdwpdtip

hwyjwuwpnuin:
Nputiu yhpwonipynil, JunGwlwl YnpnhGwunwihG hwiw-

x2 2 x2 2
Jupgbpnid JuquikGp el + Z—Z =1 tihyuh, 3 _Z_Z =1 hhwytippnih
L y2 =2 px wupwpnih pnputhnnGiph hwjwuwpnudGepp” nwp-
qud YnphG wunnlwtng M, = (x,; y,) Ytnny: Ejhujuh qhupnod

1 1
anza—z, a22=b—2,a0=1, hu‘.l a12=a1202=03 qullhlnll (34)

x—gx+g—gy—1:o: Liwh dlny
a
hhwtppnih U ywwpwpnih pnpwihnnGiph hwdwp vnwgymy GG

huiwwwnmwuhiwGwpup x—gx—%y —1=0 U yy,—p(x+x,)=0
a

hwyjwuwpniihg unwinmd Glp

hwyjwuwpmuGtppp:

Gpb £1(%,,¥5) L Fy(xy,¥,) putinhg qnib dkyp qpn sk, wujw
Jtipp qpwo (33) hwjwuwpndp, npytiu ninnh hwjwuwpnid,
pdwuwn niGh” wliwp wyl pwlhg wuhdyunnunmuwywa b, pb ny
(pw ninnmipjnilp myjwy Ynph Guumdwdp: Ujn hull yuwnmdw-
nny, (wjG pdwuwmny Gpypnpn Yupgh YnphG pnpwthnn Gpw
M, (x,; y,) Ytnmd Yynggmd £ (34) hwywuwpnuing wyuwnltip-

Unn ninpnp:
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“QhnwpytiGp th ophGuwl: “Fhgmp M, Ytwnp yunluwlnd L

x2 2

?—2}—2 =0 hwuynn mnhnGtph qniyghG: Gpt M -G sh hwipGy-
(nd Gpwlg hwndwl Ytwnh htim, wyw wyn Ytunny YnphG
nwpjuo 2npuwihnnp hwjwuwpnuip, npG vnwgynd £ (33)-hg,

hwipGyGmy t fi%:@ ninhnGtph hwywuwpndGbphg Gpu
a

htim, nphG yuwwnwlmd L M -G: ‘Liwwnmblp, np wyn ninhnGhpp
onpwthnnGtin skG uygpmd pipwo vwhdwldwl mtuwlynilhg,
pwjg hwdwnpynd GG 2npwhnnGtp wpnbl (w6 hpdwuwmny:

huy tpt M -G G)Jwo mnnhnGhph qnuygh hwwndwG
M, =(0; 0) ytinG L, wyuw (33) hwjwuwpnuip hdwumwgpyynid
E, pwGh np F(0,0)=F,(0,0)=0: UyuhGplG Ynph wjnwhuh
ytunny Gpul mwpuo pnpwithnn gnjnipynil yniGh, wlqud jwyl
hdwuwmny:

Quapnhynn tipypnpy Yupgh Ynptiph nhwpnud, npnlig hwdwp
F(x,,5,) -0 L F(x,,y,)-0 sShwdwiwbGwy qpn st6, (33) hwjuw-
uwnnuiny npnpynn 2npwthnnp hwdpGyind £ dwpbdwnmhuywG
wlwihgh nuuplpugmd nhuwplnn -y = f(x)  pmbyghwyh
qnudbhyhlG Gpw x;, wpughu nilbgnn Yhwnnd wnwpjuo
y=f"(x)(x—x)+ f(x,) 2npwthnnh htiwn:

Uwmnpl pipynn wywgnignuip gnipu £ quihu wnwohl Ynip-
uh wnwohl Yhuwdijwyh opwgpuyhl powlwybtnhg, L ntntu
wlwywwnpwuwn ntuwlnnp Jupnn £ wnwjdd pnowlghy wyG:

‘Llwwunblp, np

F(x,y)=a,x" +2a,xy+a,,y’ +2ax+2a,y+a,=0
tpypnpn Ywpgh Yynph hwdwp, pwGh np F(x,y) = %W,

_LoFGy) o O R
2 oy Ox (%0-20) 0y
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dudwlwy gpn kG <Bmlwpwp, pun wlipwgwhwjm Snily-
ghwjh dwuhG pnptidh, M (x); y,) Ybwh puwduwiulwswih
thnpp 2pgwljuypmd Ynpp poyyp B wmwihu y = 7(x) pugwhuwjm
npmud: - <twmbwpwp M, Yunh GJuwo  powlujpnid
F(x, f(x))=0: Ujuntinhg, hwpytny nhptiptlGghwp, vnwlnid

OoF OF OF OF
tilip —+—- f'(x)=0: UjuhGpG' /'(x)=——:—, npntinhg
P & f(x) JuhGpG® f"(x) o o npntinhg £y

)= 2F
S %) ==—

OF

(x9530) 8y

= _E(xo:yo):Fz(xoayo) :
(x09y0)

Stnwnptiny S'(x)-h wju wpdtipp
y=f'(x)x—=x,)+ f(x,) hwjwuwpiwl vk uvnwlimd blp
— _E (xo > o)
F, (x5 %5)

(x =x)F (X0, Y)) + (V= y)F5 (%0, 14) =0
luGnhp: Uwywgmgty, np Ax+ By + ¢ =0 mnhnp 2npwthmd k

2 2

Y
PRt
a4’ +b’B =C":

(x—x,)+y,, qud np GnyyGa E°

EhwyuhG wylG U dhwylG wyl npbypmd, btpp
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§ 33. ELhMUDh, {hNGLANLE G MULULNLD
cncuenauGrh YhuN,u3hv KUSUNrMe-3NrMLLENR

EGNLGU 1: Eihyuh gulijugwo Yhnny mwpywo 2npwthn-
nn Jhund £ pnpuihdiwl Yhnh Jhquitimwjhl pwnwyhnGtpny
Juquijwo wilyjwb Yhg whlniGp:

2 2

Uwugmgmui: Shunwpytlp x—2+Z—2 =1 tihwup, Gpw

a

M (xy3y,) Yt nupguo X—QHZ—Sy—l =0 2nzwthnnp L 7n-
a

2wthnnh n= {%,g—g} (npiwy yyunpp (nt'u Gyup 39-p):

“Lljwp 39

Lljwwntilp, np MM, =n Jujunph M, owjpwltwnp
qulynmd £ pnpwihnnp Guwundwdp ngpuyul Yhuwhwppnipjul
U9, huy O(0;0) Ytwp qubGymu kL pwgwuwlwl Yhuwhwppni-
pjwl k9, nunp ;z-]g wpuwphl Gnpdwy E: Uju hwlquiwlpp
ntn sh juwnmdi htnwquw nuwwunnmpnGGbpnd, L dkGp wyl
(pnud blp hwibklw)6 nhwu:
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8n1jg mulp, np L(Wl,—ﬁ)=é(wz,—ﬁ):

MGtlp M F ={-c—Xy;=Y,}, MyF, ={c—Xy;=Y,}:
Oquytyny tjhyuh hwdwn § 22-md wpnmwojwo 7-h b 7, -h

wpunwhwjnnpniGGtphg” upnn Gap dLwhnjub wjuybu
Yo Cxo_,_[xo_,_J’oJ

(C+xo) a TV a® b

_ - b2 a
cos(Z(MOFl,—n)): =
|—n|~|MoF1| EaRA
X, X,
—+1 —+1
_a  __ & _ 1

RIE M,.(cho) a|n|
a

‘Liwd dlny’
2 2
- a b a a
cos(é(Mon,—n))= — = — =
|—n|-|MF, | |n|r,
X, cx,

£ e 1

__a _ L
. - C .
|nr, |n|.(a_xoj a|n|

a

[OtnptdG niGh wyjuyhuh $hghjuwjwb hdwuwnm: Ethwuh Yh-
quitwnbtphg dtimd mtnunpjuo nyuh wnpyniphg wpdwiyynn
Gwnwqujpltippn, wlnpunuwnGwny thwyuhg, hwjwpymd Gl
Gpw djnwu jhquytimnd (ntu Gywn 39-p):

EENLEU 2: {hytippnih guljugwd Yunny mwpwo pn-
2wthnnp Jhumd £ 2npwihdwG Yanh jhquybnwjh6 ywnwyhnGb-
nny Juquijwo whyyniln:
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2 2
Uwwgmgmy:  “Fhunwpytlp x_2 Y hhuytippnih
a

b2
M (x5 ) Wtnny i~ x ==y ~1=0 pnzunhnnp L Gpus
a

n= {% _%} Gnpiwy Ytywnpp (nb'u GYwnp 40-p):

“Llwp 40

Puuwyuwi E gniyg mwy, np L(F{—MO,Z) = Z(MOFZ,;z), Juu

np OGnyyGG £
cos(é(m,ﬁ)) = cos(é(wz,;z)) :

Oquytiiny hhwtippnih hwdwn § 25-md wpnmwoywo 7 -h L
r, -h wpmwhwjmmpjmGGtphg, tpp M, Ytwnp qubymd £ Gpu
wowlnnijul ¢nnh Ypw (Wmu nhypmd, tpp M, Yhwp
quiymud £ hhytppnih dwjuwnnijwl djninh ypw, wywgnigni-
un yuunwnpynud k GdwG dluny), yupnn GGp qpbg

X Y
(c+x, ag"‘yo(_bgj B

cos(é FM,Z): @
(Fy.n) | F,M, ||
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2 2
X | % _ o CX,
> T 2 2 0 41
a a b 2 1

reln| (cx+aj_|;1| a|n|’
a
X
o (emx a‘;+(—yo>(—lf3j
cos(A(MOFl,n): € =
| 1My || n]
cx, (X% ¥ cx,
_a2 a> b’ i 1 0
a ¢ o @lnl
! —x—a | |n|
a

EtnptdhG Jupbh £ uwy wjuyhuh deyGwpwlnpn: <p-
whnpnih Yhquitinbphg dbymd mbnunpjwo nyuh wnpjniphg
wpdwlynn Swnwquwjpltippn, wlnpununluny hhwybppnihg,
nwnpwoynud GG wjlybu, upotu pt niyyjuh wnpynipp qubGymy L
hhytipnpnih djnu yhquijtimmmu (nbu Gyup 40-p):

EENLGU 3: Mwpwpnih ynpwthnnp Jhumd £ pnpwthdwG
ytwh YhquytnwjhG wnwynny L wyn Ytwmny wlglnn OX
wnwgphl qniquhtin ¢/ ninnny Juquiywo wiyyniGp (ntu Giunp

41-n):
/
Y Mo/ /
r n
X,
0, F
‘Llwp 41
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Uwwgmgnid: GhuwplytiGp y* =2 px wwpwpnih M, (x,; y,)
Junny  wwpwo px-y,y+px, =0 npuihnnp L Gpw
n={p;~y,} Gppht Gnpduwyp:

Lwlhnp e ={1; 0} Yshunpp £-h nnnnpn Yblmnp £, wuu
é(ﬁ,ﬁ) = 4(67,?1) : 8niyg wmwlp, np 4(;1,72) = L(MOF,;z) , -

mtin M0F={§—x0;—y0}:

MuGliGp cos( (e, n)) =%:
n

)4 2 p2
= + £
(2 j yo_ 2+px0 p 1

| MyF ||| (§+wan|'"'

Etnptdl niGh wjuyhuh phghjuywl hdwuwnm: Nuwpwpnih
Yhqutinnmyd nmtnunpywo niyuh wnpjniphg wpdwlynn dwnw-
quwjpltpnn, winpunwnlwny ywpwpnihg, mwpwoynmu GG wyu-
nwpnih wnwlgphG gniquhtin ninnnipjudp:

Muwpuwpnih wyu hwnnpjnlp Yhpwnymd £ mbuGhlywnud
nruwnpdwlGbp L wthwjwplbp wwwnpwuwmbihu:

-

/k
[
N
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§ 34. Grurnea yuerabh yNeGLh UGLSLNLLELR

Uwhdw6nud 1: M, Ytwmp Yngymd bt Gpypopn Yupgh Ynph
hwduwsunhmppul jhGnpnd, tpt Ynph guwllugwo Ytwmh hw-
dwywth Yanp M -h Gquundwdp GnyylGybu quuwlnd b Yn-
nhG:

Uwhiwlmd 2: M, Ytnp Ynggmd L pypnpn uwpgh Ynph
GalGupnd, tpt wjG Yhumd E wyn Yhwnny wlglnng pnnp ny
wuhdyunnunwiwl mnnnipjw b qupbpn:

Jwitiiwwnting wju vwhdwlnibGtpp’ wtulnd Gap, np Ynph
hwidwswhnpjuwl YhGunpnGG hhwpyt hwlnhuwlmd L Ynph
ytlGwupnG: Lhsy wybih n jhwinqyblp, np hwijwnwlp GniyGybu
Ghpu L, wyuhlGpl' Ynph wdklG dh YhGumpnG Guwl hwiwswihni-
pjwl YtlGwupnG £, L junynptilp qunlb) nppwlp:

“hgnip mGtGp Ynp, npl hGs-np OXY wdhGuwywb Ynpnh-
GwwnwjhG hwiwjupgnid mpjwo k

F(x,y)=a,x* +2a,xy+a,y’ +2ax+2a,y+a,=0
hwywuwpnudny, b M (x,; y,) Ytwnny wlglnn ny wuhdyunnunw-

Jul nunnmpjw G ninhn’ mpJwd x=x,+at, y=y,+Ft yupw-
dtnpuwwl hwjwuwpmuilbpny:
“thgnp M,-p L M,-p nunnh L
Unph hwwndwb YhnbtpG GG hpw-
Jwl Ywd Ytno: Ujunithtnb
MM, hwnjwop YJuwGjwGkip
hwwnuihg unwgywd wn Mo (x5 »o)

(M, =M, nbupp ;h pugwn-

ymd): ‘Lwhi wupqtbp, pt h°Gy

wwydwh nhwpnd M (x5 ¥,) M, (x5 )

Yuwp YihGh M, M, quph dheGuw-

Ytwnp: Yhgmp M, (x5 y;) b M,(x,; ,) Yhnmbpp hwiwwwnwu-

M,(x,; »,)
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fuwlnd G606 wwpwibtnph hwiwywunwufuwlwpwnp 4 L £,

wnpdtpGphG, npnGp, hGswhu ghwtGp, A#*+2Bt+C=0,
A=¢(a,f)#0 pwnwlinmuph hwjwuwpiwlG wpdwwnGbpl bGG:
Uyuhlpl x, =x,+at,, y,=y,+ Bt L x, =x,+at,, y, =y, + bt,:
Cuwn hwnywoh vh9Guwybtwnh YnpnhlGuwwmbtph pwlwdlp’
X, + X, 1, +1, »n+y t+t
= =X, + (04 , = =
0 5 0 5 Yo 5 2 p:

Ujuntinhg, pwGh np « L S pytphg qnib dblm wnwppbp E

qnnjhg, unmwlmd tGp ¢ +¢, =0: Ujnwu Ynnihg, pun dhtwnh

ptinptidh, ¢ +¢, = —%: Muuwnh npwtiugh M -G 1hGh wyn Ytwnny

wlglnn ny wuhdyunnunuwyuwl {e; F} nnnmpjul jwnph dheGuw-
ytwm, whhpwdbywm £ L pwjwpun, np
B=F(xo, y)a+Fy(x0, )5 =0: (35
PGNLGU 10 M (x,; y,) Ytwnp tpypnpy Yupgh Ynph YhGn-
mG E wyG U dhwyG wyG phwypmd, tpp  F(x,,¥,) =0,
F, (%, 5,)=0:
Uyuwgmgnui: Muwjdiwbh pwjwpuwpmpiniGl wlylhwym L,
gnijg mwlp wlhpwdbymnpmnilp: dhpgltlp nyjwy Ynph hw-
dwp gwjugwd bpynt mwppbp ng wuhdwyunnwywi {¢; 5} L

{a; B, ) mqmipymGGbp: Wnwhuhp Yu@, pwih np (nku § 30)

hwppnipjul Yypw nupnmpyniGatpG wiphy GG, hul hGyuytu qhp-
wtilp (mtu § 31), Ynpp Jupnn £ nGEGw) ny wytih, pwG Gplym
wupiyumnunwyuwl mnnnipynl: {wdwdw)i (35)-h° wyn nunni-
pjnilGtnh hwdiwnp nGtlp

{E(xoayo)oﬁ + 5, (%), ¥)) 5, =0
F(xy, yp)a, + Fy(x,¥,) 8, =0
Ujuntinhg, pwGh np ¢, : B # @, : f,, unwlnd LGp
F(xy,y) = F5(x5,%,)=0:0
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LtmlnmipymG: Unph YaGupnGGtpp ny wyp hGs GG, pwG
{a”x+ a,y+a, =0 (36)
ayx+ay,y+a,=0

qowjhl hwjwuwpmuGtph hwdwlwpgh noniGhpnp:

UwulGwynpuytiu, tipp 6 = Z“ le # 0, wyuw YnpG niGh dh
21 22
ytlupnG: Unwhuh Ynpbpp Yngymd 66 dhwlblnpnd npbn:
UGwgwo Ynptph hwdwp 6 =0, L npwlp Ynsymd GG wumu-
ol §npb:

Ujdd wjwpuntlp Ynph YhGumpnbGh L Ynph hwdwswhnipjul
YtGunpnGh' Ytpp ptipjwo vwhiwlnuiGoph hwdwpdtpnipjw
wuyjugnigniip:

E6NLGU 2: Gpypnpn Yupgh Ynph gulugwo YhGumpnh
ynph hwiwswihnipjwb YalGumpna t:

Uuugmgm: Ghgnip M (x,; ¥,) -G

F(x,y)=a,x" +2a,xy+a,y’ +2ax+2a,y+a,=0
Ynph YtlGumpnG £: Guwumwnptlp YnpnhGuwumwjhl hwiwljwnpgh qni-
quhtin wbtnuwihnfunipyniG’ npybu Gnpt O'XY' hwdiwlupgh
ulqpGultinn pGunptng M -G: Cun YnpphGwnwihG hwdwlwp-
qbph  dLwithnfunipjwlG  pwGwdlbph’ mGhlGp x=x"+Xx,,
y=y"+y,: {bmlwpwp Ynph hwjwuwpnidp Gnp hwdwlupgnud
wunpqtignuiGtinhg htimn plnniGnd £ hbnlyw mbupn.
F'(x',y)=F(x' +x,,y +,) = a,x” +2a,xy +a,,y"” +
+2(a,, %, +a, Y, + @)X +2(ay X, + ay,y, +a,)y' + anxo2 +2a,x,y, +
+c122y02 +2ax,+2a,y,+a,=0:
Lwlh np M;-G Ynph YulGupnG t, wjunbnhg, hwdwdw)i
(36)-h, unwlinud tGp
F'(x',y")=a,x"” +2a,xy' +a,y” +a, =0, (37)
npunbin Gpuwlwyt) GGp
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ay = a, x," +2a,%,V, + a,,," +2a,x, +2a,y, +a,:
Ujdd (37) -hg htipwn L Guwti, np guwGugwd (x',y") Ytwh
hwiwnp, pt F'(x,») =0, wyw Gulk F'(-x",—y")=0: {tnlw-
pwn Gnp hwiwluwnpgh (0;0) ulyqpGuytinnp, wyuhlpl’ M, Ytunp,

Ynph hwiwswihnipjub YalmpnG &: O

‘Llwwnblp, np Ynph hwdiwswihmpjub YaGunpnGh vwhiw-
(nuip qmun Gpypwywhwyw6 £, b hbnbwpwp wjl wilwfu
UnpphGwwmwjhlG hwdwlwpghg: Nwwnmh Ynph YuaGupnGGtpp
quGbjhu Junptih £ oquyt] guijugwo hwpdwnp YnpnhGwnmu-
JhG hwdwljwpghg:

2 2

OnhGwy 1: x—2+gg—2+/1:0 hujwuwpmiGlpp, npunbn
a

e==1, huy 4==x1 Jud 0, Ghpjujuglnd GG hpwlwl L Yuno

tihwuGtpp, hhwbppnpp, hwwynn ppwyuwl b hwndnn Yeno

ninhnGtph qnuyqtipp: Uju Ynptiphg jnipwpwlsyniph hwdwnp (36)

iz x+0-y=0
hwiwluwpql plyniGnmd E 4 ! wmbtiupp, npunbinhg
0-x+ gb—2 y=0

x=y=0: {tmlwpwn Ytpp pyupygwo Ynptipp dhwytGuopnt
Unptip GG, huy hGpp' YtlGupnGp, JulnGuiwl ynpnphGumwhb
hwidwlwpgh uyqplwltinG k:

OphGuwy 2: Ujniu’ ywpwpnjwwl Ynptinhg hpuul jud
ytind gniquhtin mnhnGtph gnuyqtipp, hGywtu Gwl hwipGwo
ninhnGtph qnuygbtpp JuinGwlyw6 YnpphGwumwihl hwiwywp-
qnid wpynud GG Y +c=0 dhwgjwy hwywuwpnidiny: Lpwlp
ponpl £ mGG6 wGphy YtGupnGGtp, npnGp Juqimd GG dh
wdpnn9 nimhn: bpnp, wju Ynptiphg jmpwpwlsniph hwdwnp

{0 x+0-y=0
(36) huiwlwnql plyniGny k wbtiupp, nph nt-
0-x+1-y=0
onuiGtpn yuquimu GG y = 0 mnhnp:
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OphGuwy 3: 8niyg mwlp, np wwpwpnuwlwb Ynptiphg ytip-
ohGp, wyl £ wwpwpnip, dhwy btpypnpy Jupgh YynpG E, npp
ytGwpnG niGh: bpnp, y*—2px=0 hwywuwpiwl hwdwp

0-x+0-y—p=0
(36)-G plGnniGmy Lk wmtiupp, npl hhwpyb wa-
0-x+1-y=0

huwiwwmtintiih hwiwuwng k:
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§ 35. rurne/a yuraeh uNLGLh SCUUTG-OGLR

Gpypnpn  Yupgh  Ynpp  hwidwswihnipjuG  wew(gpltiph
nuuntdGuwuppiwl L npnGdwG fulnhpp uoymd t Yynph wmpw-

Jwqoh hwuljugmpjul dhongny, nph GEpiniodwl hwdwp hhip
L ownwymy powlwqdh mpwiwqoh hwwmynipynilp, pun npp’
wjl dhijwlg qniquhtin pninp juptiph dhoGwytnmbph tpypwgw-
thwlwl nbnG t:

Gpt F(x,y)=a,x* +2a,xy+a,y’ +2ax+2a,y+a, =0 bpy-
nnpr Yupgh Ynph hwdwn {e; A} -6 ulbnwd nplk ng wupduunn-

nwlwl nunmpynil £, wyw wjn ninnnipjulp qniquhbn pninp
lwpbph dheGwlhtmbph tpypuswhwlwl wnbnp Yngmd t faph
unfjwy nignmipjuln hwduynio mmudwgho:

GQuqutlp Yynph npjuwo ninnnipjuln hwdwnid mpwdwqoh
hwywuwpnuin: hGywybu ghmtlp, ny wuhdywnnunwlywuwl nunni-
pjwl x=x,+at, y=y,+Ft mnh L §nph hwnnuihg wnwow-
gwo (wph hwdwp M, (x,; ¥,) Ytnmp dheGuytnm £ wjl b dhwyl
wyl nhwpnid, tpp B = F(x,, y, )+ F,(x,,5,) =0: {tmlwpwn
ulitinwo {a; p } ninnipjwlip gniquhtin pninp juptiph dhe Gwyt-
wmtinh pwqunipnilp mpymu k

B, y)a+E(x,y)p=0,
wjuhGpl
(@ x+a,y+a)a+(ayx+a,y+a,)f=0

hwjwuwpnuiny, npp Yytipwjudpwynptnyg Jupnn tlp qpty

(a,a+a,f)x+(aya+a,p)y+aa+a,f=0 (38)
wmtiupny: 8nijg mwlp, np Ynph mpwidwghon ninhn k: “pw hw-
dwp huninqytGp, np (38) hwjwuwpiwb vk x L y thnthnfuw-
JulGtph gnpowlyhgltphg gqnGt dtyp wmwpptpn £ qpnjhg: GG-
punntiip hwljuwnwlyp

a,a+a,f=0, aya+a,=0:
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Upwlghg wnwehlp pwqiuwwwwnytinyg o -ny, huy tpypnp-
nm  A-n L vnwgyuwo wpunwhwjnmmpnbGitpp gnuiwpbny
Juunwlwbp

a,a’ +2a,0f+a,B =0,
npp hwwumd t ¢(e, f) #0 wujdwGhG:

Spwiwqoh hwwmynip niGGtpn:

1. SYywy Yynph gwlliugwd wmpwiwghd wlglinmd £ Gpw
pninp YaGupnGGtpny:

2. 9niquhtn jwd hwdipGywo mnhnGtph qnuyql nGh dh
npwiwagho, b wjl hwipGylnmd £ Ynph YalGupnGGoph mnnh
htin:

3. y2 =2px wuwpwpnh npuwdwqotpp OX wnwlgpp L
(pu@ gnquwhtin pninp ninhnGGpG GG:

bpnp, (38) hwjwuwpniG@ wju phypmd plgnilind Lk
py—pa=0 wmtup, npntin F#0 2Gnphhy @(a, ) #0 wyuydiw-
Gh:

P luGnhp: <piGytny wmpwiwqoh hwwnympniGGiph Ypuw'
wwwgnighy, np yuwpwpnp YaGunpnG yniGh:

Ujdu Guwpwgpblp dshwybGunpnG Ynptiph mpudiwqotpp:

EGNMEU: Uhwlitlunpnb Ynph yhaGupnlng wlglnn pnnp
ny wuhdiyunnunwuwl nnnnipjwl minhnGtpp, L dhwjG npulp,
wyjn Ynph mpuwdwqotinl ta:

Uwywgnignid: “+hgnip
F(x,y)=a,x’ +2a,xy+a,y’ +2ax+2a,y+a,=0
hwjwuwpniip ywuwwunybtpnid £ dhwytlGupnt ynp, wyjuhGpG
S=a,a,—a,#0 L M(x,; y,) Ytwp Gpw YulnpnGa &
ay X, +a,yy+a, =0, a,x, +ayy,+a,=0:

GtGwpnlny wlglnn guijugwo niqnh hwjwuwpmd ju-

nnn b GipQuywgyty m(x—x,)+n(y—y,) =0, fud np GniyGa £
mx+ny —mx, —ny, =0 (39)
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wmbtiupny: ‘Fhgnip wyn ninnh nunnipjniln ng wuhdyunnunwlwl
L, wjuhlpG ¢(n,—m)#0:

Nputiugh (39) hwjwuwpnuip ywwybkph Ynph mpuwdwqho,
wjuhlGpG Gopyuywugyh (38) wmtupny, pwjwlywd t, np gqnjni-
pynil nlblw wjlGuyhuh ny wuhdyunnunuwlwb {a; p } nunni-
pjnil, np

m=a,a+a,f, n=a,a+a,f, —mxy—ny,=ac+a,p:

Lywwtlp, np  §=a,a,-a,#0 wwpiwGh Gnphhy
wnwohl tpynt hwjwuwpmubGbphg o -0 L -6 npnpymy GG
dhwnpdtipnptii: Ummqtlp Gppnpn hwjwuwpnipnilp L gniyg
wwlp, np qubywd {o; A} nunuipjnilp ng wuhdyunnwljw
ninnipjnil E:

MGLlp —mx, —ny, = (a,@ +a, )X, +(a,a +a,, )y, =

=—(a,X, + @y yy)a —(a, X, + a,y,) f = (@ +a,p):

Ujdd huwinqytlp, np ¢(a, ) #0: Ghipunptlp hwjunwyp’

m=(a,a+a,f)
p(a,p)=0: Un nbwypmd hwdwjunghg
n=(a,a+ayf)
unw(mu kip
ma+nf=(a,a+a,f)a+(a,a+a,f)f =
= (6111052 +2a,0p + azzﬂz) =¢p(a,p)=0:

Lbuwlwpwp' a:f=n:(-m): bul] vw GQuluwymd L, np
{n; —m}||{e; B}, wjuhlpG (39) mnnh {n; —m} nnnipjniGp
(iny)Guybtu wuhdyunnunwlwa E, hGyp hwjwunmd £ ywjdwGhG:

[Otnptivh wwywgniyygli wjwpumbnt hwdiwp dmd £ hudng-
yty, np dhwyblumpnb Ynph YaGnpnlng wliglnng wuhiyumnunw-
JuwG ninnnipjw G ninhnp sh unpnn (hGb mpuwdiwgho:

Efhwuh, Ytnd tihwuh L hwunn Ytnd ninhnGbph qniyqh
ntiypnid nu wylGhwjm k, pwlh np Gpulp ynilGhG wuhduyunnunw-
Juwl nunnipniG:

167



2 2 2 2

X X
QhnwnpytGp z —Z—Z =1 hhwybtppnp L s —Z—z =0 hwwnynn

hpwlwG mnhnGtph qniyqp: Gpynt niypnud £ Ynph YhGunpnlng
wlglnn wuphiyununuwlwl ninmpjul ninhnGipp bxtay =0

ninhnGtpG GG: buly mpuwdiwqoh (37) hwjwuwpnuiG pGgnilnid k
I

—zx—b—zy =0 wbtupp: 8nyg wmwlp, ophGwy, np bx+ay=0
a

nihnp mpwiwgho sk Glpwnptiny hwjuwnwn npwiwqoh L
bx+ay =0 nunh hwipGyGthmpjul yuyjdwlhg vnwind Gip
a:f=-a:b, htwbwpwp {-a; b}|{e; B}: Uwnwgdtg, np
{a; p } -0 wuhdyunnunuwwl nunnipjwl Yytyunnp £: bull vw hw-

Juumd L mpwiwqoh uvwhiwldwlp: Unu® bx—ay =0 ninnh

ntwpp nhnwpyynd k GnyG Yepy: O

Nputiu pbnptidh YhpwenipynmG plptingnnhG wnwownpynid
tilp mot) htitmlywy fulinhpp:

FGnhp: <wppnipjub ypw qoywo k. Ejhyu, npp YeGupnGp sh
G2Jwo: GupyhGh L pwlnGh oqlinipjudp Junnigh] (qubhy) wyn
Eihwuh YtGunpnGn:
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§ 36. oNvuAULAULUN KUUULNR NMANME3NFLLEDR,
onuueUeUr KUUULNAR SAUUUGOEN

Yhunwnpytlp Ynph {e; B} ny wuhiyunnwlywl nipnnipjw-
(p hwiwnid mpwdwghop’
(apa+a,p)x+(aya+a,f)y+aa+a,f=0,
L Gpw hwdwp npubu mnnpn geunp JepgGhtp {a’; B’} -p, np-
wmhin
a'=ayataypf, p=—(a,a+a,p):

Gpt wju hwjwuwpmuilGiphg wnwohlp pwqiwwuwwmytlp
A -y, tpypnpnp’ (—a’)-ny L gqmdwpblGp Shijwlg, www
JuunwGwip

a,ad +ay(aff'+a'B)+a, B =0 (40)
hwjwuwpmp)niln: UyuhGpG Ynph {a; ﬂ} ny wuhiyumnunwlwi
nmnnnipjnilp b Gpw hwdwno mpuwiwqoh mnnmipniln pwyjw-
pupnud GG (40) hwjwuwpmpjwln: Uju thwuwnp hpdp £ ownw-
Jnud htimlyw) vwhdiwGdwl hwdwn:

UwhiwGnud: SYjwy; OXY YnpphGwwmwjhl hwdwlwpgnd
tpynt {a; ,B} L {a’; ,B’} ninnipjnGGtp Ynggnid GG wmyjug
tpypnpn Jupgh Ynph Guwmdwip nfuimqupdwpun hwdwgnio
mpmpyoiGGhp, tpt mtinh nGh (40) hwywuwpnipymiGp:

Uwhdwlndp Yneblyn t: Quuhlp6 tpt {a; B} U {a’; '}
tpynt YtywmnpGhp pwdwpuwpnd GG (40) wuwydwGhb, wyw
k-{a; p}, k=0 L I-{a; f'},1#0 JuyunpGtpp Lu puywpuw-
nnud GG (40) uwydwGhG:

‘Llwwnblp Gwl, np tpl npll, OXY YnpnhGuumwjhG hwiw-
Yupgmd {a; A} L {&'; '} mnnmpymGGepp hinfuwnupdwpwp
hwiwmo th, wyw npwlp hnjuwnupbéwpwunp hwdiwnid GG
Gwl gulyugwo wy O'XY' YnpnhGuwwnwghG hwdwlwpgnid:
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Ujuntin dtlp stlp ptph wjn thwunmh mnnuih wwwgnyg:
Uotlip vhwyG, np dhwytlGupnG Ynptiph nhypnid wjl ninnuyh
htimlnd t unnple mpjwo ptnptid 3-hg, npnud Gpyne nignne-
pniGGtph hwdwnionipniGp npulnpynmud £ nputiv gnun Gpypuw-
swhwliwl hwwnynmpnG L htbmblwpwp wGywiu b YynpphGuw-
nwjhl hwiwlwnpgh pGumpnipjnilhg:

Lwlh np (40)-h wtupp hwdwswith t Ghwind o, f U
a', B pyugqngbph dwulGuygnipjul mbuwytnphg, wuyw Ghw-
wmh niGtGwny tpynt nunmipjniGGtph thnfuwnupdwpwp hwdw-
nonipjnilip’ hwdwjhn ywpquuwtu Juublp, np wmyjwy nignni-
pjnmGGtphg vtyp (qubluwguop) hwdwnio £ uynw ninnnipjwln:

Uwhdwnmdhg htwlnd b, np gwluguwd {a; B} ng
wuhdyunnunuwuwl ngnnipyniG hwdwnio £ hpklng npnpynn
nnpwiwqoh ninnipjwlp:

bGpG pptl hwidwnd nunmipjnilp Yngymd b Adpluwhu-
dwymo mpponpyml: JhpgGting a =a' L =" (40)-hg unw-
(nud GGp a,,a’ +2a,af+a,, > =0: UyuhGpG’ ninnmpjnilp hGp-
Gwhwiwmo £ wjl b dhwjl wyl nhypnid, tpp wjl wuhdyun-
nwljwl nunnnipjnil k:

Ujdd mipduo {a; ,B} ninnnipjwl hwdwp quGtlp Gpwl
hwdwimd ponp {&'; '} nunmpymGGpp: Wn Guunwyny
(40)-n Ghpyuwjwgltlp

o'(aya+a,p)+ B (aa+a,B)=0 (41)
wmbiupny:
U0 dwulwynp niypmd, tpp
a,a+a,f=0 42)
aa+a,f=0

{a; B} munmpmGp Yngymo t Awnmly mgpmpymé: buy
(41)-hg htimlnmd E, np hwnny nipnmipjwlp hwdwnid ninnnt-
pynilp shwpdtpnpbG sh npnpynid, wjuhlpl' gulGjugwo ninnni-
pynil hwiwnio £ hwwnni) ninnmpjwln:
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Gpt {a'; ﬂ} ninnipjnilp hwwny sk, wyuhlpG' a,a+a, S

L a,,a+a,,f pytinp dhwdwdiwluwly qpn sLG, wuyw

o'l =—(a,a+a,p):(a,a+a,pf)
hwpwpbpnipyniGp, htwnlwpwp  Gub {o; A}-h6  hwdwno
{a'; A’} nunnipjniGp npnpynud b6 ShwpdbtpnpbG:

EGNALEU 1: Lwwnniy ninnnipjniG niGkG dhwjl yupupnjw-
Juwl Ynptipp, pln npnud” qu Gpubg (Ghwly) wuhdyununwlywb
nunnnipniGa k:

Uwwgmgniud: Ghgmp {a; B} #{0; 0} Ytwnpp Ghpluwjug-

Gnud £ Ynph hwnny nunnipyniGp: Uyuw (42) hwdwljuwpghg ht-

a4y,

wmlnd b, np O = =0: UyuplpG’ hwunniy mnnnipjniG

4y Ay
Juwpnn G0 niGt0w] dhwjl yqupuwpnpulwl Ynptpp: Ujnwu Ynn-
vhg, pwqiuwywulybng (42)-h wowohl hwyjwuwpnipjniln
o -ny huly tpypnpnp” F-nd L gnudwptng dhijulg, unwlnd
tilip
a0’ +2a,0B+a,B =0:
Ujuhlpl’ witl dh hwunnly nunnipjnii wuhdyunnunwlw b
niqnnipjnil E:
Ulnud E gniyyg mwy, np yupuwpnuuwl Ynph dhwl wuhdw-
nnnwlywl ninnnipjnilp hwnni ninnmpjnil £: bpnp, pwGh np
a,x+a,y=0
yuwpwpnwiwb yYnpp hwdwp =0, nwuwnmp
ayx+a,y=0
hwdwlunqb niGh ny gpnjuyul (x, y) monud: Ujunbnhg'
x(ayx+a,y)+ y(a,x+a,y) =0, htmbwpwp’
a,x* +2a,xy+a,y’ =0:
UjuhlpG’ {x; y} hwwunny ninnnipjniGp wuhdyunnunww k: O
Etinptd 1-hg npuytiuv htmlwlp vnwlnid GaGp.
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E6NLGU 2: UhwytlGupnG Ynph giypnid guijugwd nin-
nnipjwl hwdwmniop npnpymd £ dhwpdtpnptl: CGn npod
wuhdyunnunuwuwl nunnnipjul hwdiwnion htlGg hGpG E, hul ny
wuhdyunnunuwul nunnipjuwl hwdwnidh hwdwniop uyqplw-
Jul nunnmpyniGa E:

UwhiwGnui: UhwltGwupnG Ynph Gpynt  wmpuwdwqobp
Ungymd 66 infuwgupdwpwn hwdwmo wmpudwqobp, tiph
Gpwlg nunnnipjniGGtpp hnjuwnupdwpwn hwdwno Ga:

Uju vwhdw@nuidhg L ptinptid 2-hg Gwhu httmlnwd £, np guG-
Juwgwo dhwyklunpnl Ynph hwdwp gnynipyniG niGtG wiphy pw-
Guwynipjudp thnfuwnuwpdwpwnp hwiwnmd mpwdwqotiph qn-
qbip: Fwgh npuhg’

E6NLGU 3: Uhwytlwpnl Ynph thnfuwnupdwpwp hwdw-
N1 mpuwiwqotinhg jnipuwpwlyjnipp Yhund £ dyjniuhG gniquhbin
lwpbpp:

Ptptlp ptinptd 3-h Yhpwnmpjwl sh ophGwy fulinph wmtu-
pny:

luGnhp: Uywgnmgty, np Ljhyuhl Gepgowd gulijugwo qni-
quhtinwqoh whyynmbGuwqotpp hwunmymd GG Ejhwuh YaGunpnlnd:
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§ 37.4uNnerh SAUUUGOh B, U349 SAUUUG-Oh
ou3ruutsSNd Surduo cncuonan
NrMANMe3NMLLELD UUULAMNME3NRLL

Qhnwpytlp htnlyw) funhpp. hGswt®u Yupth © upyhGh
L pwlnGh oqlnipjuwip Eihwyuh, hhybtppnih Juwd ywpwpnih nplk
ytunny mw Gty YnphG pnpwithng:

‘Lwh wywgnmghlp httmlywn:

EGNLEU: Gpypnpn Junpgh supnhynn Ynph nplk Yhwny
nwnpywd 2npwthnnh ninnnipjniip hwdwnmo £ wyn Yhnny whg-
Gnn mpwdwqoh ninnmipjuln (nt'u Gyunp 44-p):

‘Lljwp 44

Uwwgnignud: Gntilp Ynph M, (x,; y,) Ytuny nwpdwo pn-
2withnnh b wjn Yhmny wlglnn nplk {a; p } ninnipjwlp hwdiw-
N0 mpwiwqoh hwyjwuwnpndGhpp

(x = x0)F (X9, o) + (v = ) Fy (x4, 1) =0,
F(x,y)a+F(x,y)f=0:

Lwlh np mpudwghoG wiglnud & M, (x,; ¥,) Ytwmny, ntunp

F(x,3,)e + Fy(x,,,) 8 =0, npuitinhg htnlinud £, np
{_Fz(xoayo) : E(xoayo)} [ {a; B} :

Ujnwu Ynnidhg npwihnnh  hwjwuwpnidhg ghwmblp, np

{=F,(x0, 90): F (%5, ¥,)} Ubunpp pnpwihnnh nunnpay Yblyunp &
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Ujuwhuny' pnpwihnnh mnnnipjnilp hwapGllnd {a; ,B}

nnnnipjwl htim: O

Npuwbtiu ptinptdh Yhpwonmpymb gniyyg wmwlp, pt hGywbtu
JwnpyhGh L pwlnGh oqlnpjudip Jupbh b EhyuhG wmwGbg
npjwd a@ mnnnipjulip qniquhtn pnpwihnn ninpn (nbu GHup
45-n):

‘Llwnp 45

‘Lwh mwGkbp Ehyuh mpwo ninnnipjuwlp gniquhbin npluk
tpynt” MM, W MM, juptp L quGtlip wjn jwptiph O, L O,
dhoGwybtwnbtpp: UjGnthtml mwbtGp O,0, mnhnp (npudwgh-
on), npp nhgnip tjhyup hwnnd £ 4 U B Yhnbpnud: Qpuwhg
htin 4 L B Ytwbpny wwGkGp M M, (wphlG qmquhtn £, L
1 , mnhnGtpp: Fpwlp b, hwiwdw)G ptinptdh, YihGhG npnlbh
2nwithnnGhpp:

Npwtiu ptnptidh by wj Yhpwonipymb' pGptingnnhG wnw-
ownynui tlp noty htnlgw] fulinhpp:

luGnhp: EfhyuhG wpnwqoywo E qniquhtnughd, nph 4B,
BC, CD, DA Ynnutpnp Lihwyuhl 2nputhnud G0 hwiwywwnwu-
fuwGwpwp P, O, R, S Yanbtpnud: Uywgnighy, np PR L OS
rwuntinp hwnynud 6 Ejhyuh YaGupnbnid:
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§ 38. Grurne/a yurah uNeGLh GULNLULUTL
Uduuuernruvere 64 vetdvs onltaurueue
LUUULNRO SpeUUUG-o6LL

BGswtu ghwblp, tihyuh, hhubppnih b wwpwpnh hwdwp
gnjnipjnili mGbG mnnulymb YnpphGwumwjhl hwdiwlwpqbn,
npnlg Guuniwdp wyn Ynptph hwjwuwpmiGbpl mGG6 wwp-
quqnt)i mbupbp” hwiwwywwnwupuwlwpwn

2 2 2 2
XY XY 2 .
a—2+b—2:1, ?—b—zzl L y =2px.

Llwwmblp, np wjn hwiwyupgtipnd  YnpphGuwwunwjhG
wnwlgplph nnnnipjnGGupp hnjuninqnuhwjwg GG L hnjuw-
nupdwpwp hwdwmo: NMupqynud k, np pwgh Gpwo YnpnhlGw-
wnwjhl hwiwwnpqtphg qnnipyniG niGhG wj) (ny nunuGyymaG)
UnpnhGuwwmwjhl hwdwlwpqbp, npnlg Gundwdp Gpwo Ynpb-
pp wpymd 66 G2Jwo wmbuph hwjwuwpmuiGtpny: 26y nponod
UnpphGuwumwyhG wnwlgpGiph nmupnmpniGGtpp qupdjwy thn-
fuwnupdwpwn hwiwno ta:

Ujdd Gyupugntlp pninp wynuhuh YnpphlGwwmwjhl hwiw-
Yupgbpp:

“Fhgnip mGklp tpypnpy Yunpgh Ynp, npG hGg-np OXY Ynp-
nhGwwnwyhl hwiwlupgh Guumdwdip nmpduwo L (29) plnhw-
Gnip hwywuwpnidny® a,,x* +2a,xy + a,,y* +2a,x +2a,y+a, =0:

Ququtlp Unph wjl wmpwiwqobph hwjwuwpmubbpp,
npnlp hwiwmo tG OX L OY wnwlgpGtph ningnnipjniGGLphG:

Spwdwqoh (a,a+a,p)x+(a,a+a,p)y+aoc+a,f=0
hwjwuwpdwb Jbko {a; p } -h thnjuwptbG hbppny Ytpglting
{1; O} L {O; 1}, wjuhlpl OX L OY wnwlgpGtph munnipjnil-
Gtpp’ Yuunwlwlp hwiwywunwufuwlwpwp g, x+a,y+a, =0 L
a,x+a,y+a, =0 mnhnGhpp:

“hgnip OXY  UnpphGwwnwjhG hwdwlwpgp Gwhiwwbu
nGupquwo E wjlybu, np OY wnwlgpl niGh Ynph Guwmdwdp ny
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wuhiyunnunuwuwl mnnmupjnil, hull OX -G wyn mnnmpjulp
hwiwmo mpwiwqgqhob L: Lwlh np guwlugwd 2-pn Jupgh
Ynp niGh gnGt vh mpuwdwgho, ntunh wjnuhuh YnpnhGuwwumwjhl
hwidwluwpg dhpun gnynipynil niGh: Uju nphypnid OX -h hwdwp
niGblmd thp tpym hwwuwpmd® y=0 L a,x+a,y+a,=0:
Ltwmlwpwp®' a,, #0, a,=0, a,=0: Uw Guwlwynd L, np
G2Jwo YnpphGwwnwyhG hwdwuwpgnmd Ynph (29) hujwuw-
nnudG plnniGnid £ wytith ywpg mbup”

a,x’ +a,y’ +2ax+a,=0: (43)

Cunnilwyblp nhnwnpybny Gpynt nbwp.

1) %hgnip Ynpp dhwytlGupnG & 6 #0: Uju nhiypnd OY
wnuwlgpp qniquhtn L OX wnwlgph nunnipjulp hwdwnio
npwidwqohl: Gpbh npwbtu  YnpphGwwmwjihG  hwdiwyupgh
uljgqpluljtim YtipgGulp Ynph YtlGuwmpnlp, wyuw OY wnwlgpp
nuntw OX wnwlgph mnnnipjulp hwdiwnid wnpwdwagho:
Ujdd OY -h hwdwp Lu mGhGp Gpym hwjwuwpni® x=0 L
a,x+a,y+a =0, npnbtnhg | vnwlmd tGp «,#0, a,=0,

a,=0: <twmlwpwp wynuhuh YnpphGwwwihG hwdiwlwpgh
Guwundwdp Ynph (43) hwjwuwpnidG pGnnilnid k
a,x’ +a,y’ +a,=0 (44)
wmtiupp: Ujuyhuny wuywugnigbghlp htwnbjw) pnptidn:
EGNLGU 1: Gpt YnpphGwwnwjhG hwiwwpgh uyqplGuyb-
unn hwipGylmy £ ShwybGupnG ynph YaGunpnGh htim, huly Ynp-
nhGwwunwjhlG wpwlgpltpp Ynph dh qniyyq thnfuwnupdwpwp
hwiwnmo mpuwdwqotip GG, wyw wyn (WPhGwlywb) YnpnhGw-
nwjhl hwiwlwpgh Guwwundwdp dshwlblGumpnG Ynpp mpymd k
a,x*+a,y’ +a,=0, a,#0,a,#0 wbuph hwjuwuwpnitny:
Uwulwynpuytiu, tpt Ynpp Lhyu £, wyw Gpuw (44) hwjw-
2 2
uwnpnuin Jupbih £ Gepyuwjwuglty x_2+2/_2:1 wmtiupny, npuntin

1 1
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a,-n b b -p yhinfuwnupdwpwp hwiwnd wmpwdiwqdtph Yhu-

wnwlgpGbph tpunpmp niGGtna Ga:
mpwiwagho Y

§ 34-md wmbtiuwlp, np JhwyklGupnG Ynph, Jwulwynpuytiu
Eihwyuh hwdwn, gnymipyniG niGhG wlphy pwlwlynipjudip hwiw-
o0 mpwiwqotinh qnuygtip: dpwlp odnywo Ll Guwl wj] hwwn-
Ymp niGGtpny, npnlghg tpYyniup ptpnud Glp unnpl:

2 2
PENLEU (UwnynGh I pinptt): Gpb ¢, -p L b, p x—2+“;—2 =1
a
Eihwuh nplt hnfuwnqupéwpwp hwiwnio mpuwdwqotinh fhuw-
nwgpGtp 66, www o’ +b} =a’ +b*:

2 2
EGNCLGU (UwnynGh II ptnptv): Gph x_2+2/_2 =1 tihwyuhG
a

wpunwqowo qniquhtinwqoh Yhg YnnitplG mGGG thnfuwnun-
dwpwn hwiwmo ninnmpniGGtp, wyw wynuhuh gniquhtinw-
qoh dwytptup hwjwuwnp t. 4ab -h:

Uju ptinptdGtpp Juptih © wywgnigl] widhowlwb hw)-
ynuilGbpny oquytiny hwiwnio mpwiwqotph hwyjwuwpnidbti-
nhg (UwnnGh I pinptidh nhypnud), hGywtiu Gub mpudiwqoh
(pw owjpwytunny mwpjwo ynpwihnnh ninnnipjniGGbph hwdw-
[nonipjwl thwuwmhg (UwnynGh I ptinptidh nhypnd):

CaptingnnhG wnwowpynud Glp hGplGmpnyl wwwgnmgbp
wju ptinpbuGhpp:
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“Fpwlg mph, wyblh Yupd b qintighy wwwgniyglbp Jupt-
1h £ nw] whhwlwl dbwhnfumpinbGlitph nmbunpjwl pow-
Gwlnid, npp Jwpwnpybtint £ nquuplGpugh I dwunid:

2)  ‘Fhgnip  wjydd  Ynpp  wwpwpnwjwl@  Ynp B
§=a,a, —a, =0:

Lwbh np a,=0 L ay, #0, wyw vnwlnd tGp, np @, =0:
Niunmh Ynph hwywuwpniip pGyniGnd E

a,y’ +2ax+a,=0, a,, #0 (45)
wmbiupn:

Qhunwpyblp hGwpwynp tpynt Gapwnbwpbp.

w) Gppa, =0: Uyu niypnd (45) Yynph hwjwuwpnidG pé-
nmimd L a,y’+a,=0, a,#0, YJwd np GnyGa L
¥y +a,/a, =0 wbupp: Uw GuGwynud t, np Ynpp qniquhtn
Juwd hwdpGyuwo mnhnGtph qnuyq t, hul OX L OY UnpnhGuw-
nwjhl wnwlgpGtpp wylGuhup GG, hGswtu qowgpni:

NY

\ wmpwdwgho
\
\
Ujuyhuny tpt Ynpp gniquhtin jud hwdplGuwo ninhnGuph
qnijq b, wyw Gpw hwjwuwnpnidG niGh y2 +a’=0 wmbtiup wjl L
thwjG wjl ynpphGuwwmwihl hwiwuwpgbpnd, npntin OX -p Yn-
nh wmpwdwghol t (YaGumpnGuaghon), huy OY -p’ Gpwl hwwnnn

nplk ninhn:
p) 6np @ #0: Ujyu nhiyphl hwiwwywwmwupiwlmd GG dh

wmbtuwlh Ynpbp wyuwpwpniGbn: Qwwwpbng YnpmphlGwumwjhl

v
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hwiwlywpgh y=y" x= x'—2a—° gqniquhtin wtnuhnfunipmip
al

Gnp O'X'Y" hwdwluwpgh Guwdwdp (45) hwjwuwpnuihg
unw@md tGp Ynph a,,y”” +2a,x’' =0 hwjwuwpnidp jud Gpud

hwdwpdtp® y”? =2p'x, p’ =4 40 hwjwuwpndip: Gju hw-
Ay

Jwuwnpnuip wmbtupny Gdwl L yuwpwpnh juinGuwyul hwjuw-

uwpdwlp niqnuGyyniG YnpnhGuwnwihlG hwdwjupgnd: <tywn k

hwdnq, np  YnpphGuuwnGhph 0’[—26’—0; 0] ulqplwltnp
a
qubymd £ wuwpwpnih ypw: Pwgh npuGhg O'X' -p Ynph mipw-
dwqho t, huy O'Y" wnwlgph ninnnipjniGp hwdwno £ O'X' -h
ninnnipjwlpn: Uw, puwn § 37-h ptinptidh, GQuGwymd £, np O'Y' n
onputhnid £ yyuwpwpnihG O Yhwmmd (nku qowaghnp):
Y Y

0/ 0y wunupnih wpuiughs X

wwpuwpnih wnwlgp

Ujuyhuny wuywgnigbghlp htnbywn:

EGNLGU 2: Gpt YnpnhGwunwjhG hwiwwpgh uyqplGuyb-
umn qubynmud £ wwpwpnih ypw, wpughulGtiph wnwlgpp mpuwdw-
qho t, huyj opnhlGwnGtinh wnwbgpp® zn2wihng, wuyuw wyn (whh-
Gwlw() YnpphGwunwjhG hwiwwpgh Guundiwdp ywpwpnp
npdnud £y =2px’ mbuph hwjuwuwpnuing:

bGpGhG hwuywluh £, np W'w) W p) GGpuntiypbpnid wyjuy
Unph hwdwp gnymipjnil muGhG wlphy pwlwlynpjuidp Ytpp
Gwpwgnywod mhwtiph YnpphGwwunwjhl hwiwlupqbp:
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§ 39. Gerurne,a-yurab uNeGeh LN LUHULUSUUT L
mu3utue

bGswtiu ghnblp, wnwohl wumhdwbh Gpynt hwyjwuwpnid-
Gtp” 4x+By+C =0 L 4,x+B,y+C, =0, npngmu bl GniyG ni-
nhnn wjl L dhwjﬁ wjG ntiypmd, tipp qnynipyniG niGh & # 0 phy,
nn A =k4,,B, =kB,,C, =kC,,wmjuhlpl’ 4 :4,=5B,:B,=C, :C,:

bpllpnpq Jwnpgh Ynptph niypnd npw GlwGuwyp htnbyw) G
k:

OENLEU: SYw OXY YnpphlGwwmwjhl hwiwljunpgmy tip-
ynt’

F(x,y)=a,x" +2a,xy+a,,y’ +2ax+2a,y+a,=0 (46)
L
G(x,y)=b, x> +2b,xy+b,,y* +2bx+2b,y +b, =0  (47)
hwywuwpnuiGtn npnynud G0 GnyyG Gpypnpn yunpgh Ynpp wyl L
Uhw)G w)l nhwypnd, tpp qnympjnil niGh &£ =0 phy, wjGuwhuhd,
nn
F(x’y):k'G(xoy):

UjuhGplG® tpynt (46) L (47) Ynptip hwdpGyGnd GG wyl L

vhwjl w)G nhwypnid, Gpp
a, b,=a,:b,=a,:b,=a,:b=a,:b,=a,:b,:

UhG; ptinptidh wywgnignuip Guwhu dlwybpytilip L wwyw-
gnighlip [Gudw:

QhwmwpybGp dty wy O'XY' ynpphGwunwjhG hwdwywng:
UnpnhGwwmwjhG hwdwunpqtph dbwhnfunipjw

x=c X' +c,y' +¢, y=c,x'+¢,,y +¢

pwlwadlbtphg mtnunpting x-h L y -h wpmwhwjnmpjnGatpp
(46) L (47) hwjwuwpniGtph k9" wwpgbgnuilGtphg htnn
JuunwGwlp Ynph tpynt’
F'(X,y")=F(c,x" + ¢,y +c¢,cpx" +¢,, +¢) =

r 12 ror ' 1?2 ' i i
=a, X" +2a,,xy' +a,y"” +2ax+2a,y+a; =0 (48)
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L
G'(x",y)=G(c, X" + ¢,y +c,cpX +¢,V +¢) =

= b\ x"* +2b,x'y' + b, y"* +2b/x +2bly + b, =0 (49)
hwjwuwnpnudGtp O'XY" hwiwlwpgnid:

Luddw: Gpt F(x,y) L G(x,y) puqdwGnudilGtpp nmwppbp-
ynud GG dhwjG pyuyhl pwqiuwyuunmyny F(x,y)=k-G(x,y),
wyw F'(x,y) L G'(x,y") puqiwlnuibtpp bu mwpptpynd GG
GnyyG pywyhG puqiuwwyuwulyny F'(x',y)=k-G'(x",y):

bpnp, Gwwnblp, np (48) L (49) hwjwuwpmiGtpnud ¢, af
L b'.,b gnpowlhgltipp Ghpyuyugynd GG hwiwywnmwuhuw-

ij>~i
Guwpwp (46) L (47) hwjwuwpniGbph a,;,a, L b,

ij?

b, qnpow-
YhgGtpny npybiv wnwohl wumhdwlh hwiwubtn puqiwlnud-
Gtp: OphGuy’ al, =cl -a, +2¢,Cyay, +C3y -y, L
b, =c b, +2¢c,Cy b, +Co by, Ujuwntinhg, pw(h np
a, =kb,, a, =kb,, a,, =kb,,, unwlmi tlp qa/ =kb: Liw
dlny unwgymd b6 dGwgwd ponp’ af; =kb;;, a;=kb) hwjw-

vwnnipjniGGtpn:

Ujdu ptinptith wywgnigiwl hwiwp, hwiwdw)G jtddwgh,
puuljub £ gnyg wwy, np guGyugwo 2-pn fwpgh Ynph hw-
dwn gnympyniG niGh wyGyhuph O'XY" YnpphGuwwmwhG hwdw-
Jupg, npp F'(x,y") L G'(x,y") puqiwlnuilGtpp mwpppynid
6 pywjhl puqiuuyuwumlyyny: Uyn Gyuwunwlng nhnwpyblp Gp-
Ynt ntiyp.

1. Unpp dhuyblGupnG t, wjuhlpG thwyu E, hhybtppnp jud
hwwnynn ninhnGtph qnuyq:

bGswbtu ghntilp (wmtu § 36-h ptinptid 1-p), wju nhypnd
Unph hwdwp gnjymipniG niGh (ny shwy) O'XY" YnpnhGuwnmwjhG
hwdwluwng, nph O ulqpGwybtmnp Ynph YeGupnGa t, huy O'X’
L O'Y" wnwlgpGtpp Ynph dh qniyq thnfuwnupdwpwp hwdw-
10 mpuwiwqotp LG: Nput wnuhuh hwdwupgnud (ntu § 38)
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Unph (46) L (47) hwjwuwpniGhpl nGhG hwdwywnmwufuw-

r 2
(wpwp a;x

+a,y?+a) =0, a, #0,a, 20 L b\ x?+b,y" +
+b; =0, b/, #0,b}, # 0 mtiuphip:
Nuwpnq t, np tipl g; =0, wyuw L by = 0: Unph, hpwlwb Yfud

ytno, hwwmdwl Yhwmbtpp O'X" L O'Y" wnwlgplGtph htnn npnp-

ymd GG pGsubu Y7 =- % , x” =% hwywuwpmuiGtphg,

2 a;,
by ” by
x'* =——" hwjwuwpnuiGtiphg: <twnlw-

0
] 3
bzz bu

pup  agiay, =biiby, W oagia) =bgiby, npubnhg b

wjugbu £y =-

a,:by=ay, b, =a,,:b),:

UG nhwypnuy, tpp ¢; =0, wyw L by =0: Lwlwynd b
Unpp hwwmynn ninhnGtph qnyyq L: “Ghnwpybnyg Ynph hwundw b
ytwntpp x" =1 ninnh htiwm’ junwGuGp

x'=1 x'=1
n @ <<, by npubnhg a b, =d},:bl,:

y = Yy =7
a,, b;,

2. Unpp wwpwpnuywl t: bGyytu qhwblp, wwpwpn-
(wjw Ynptiph nhiypnid Ynph hwdwp gnynipyniG niGh (ng thwy)
wjlyhup OX7Y' UYnpphGuwwwjhG hwdwlwpg, npp  O'Y’
wnwlgph nmnmpnilGp Ynph hwdwp ny wuhdyununuwul k,
huy O'X' -p wyn ninnnipjwl hwdwnid nmpuwdwgho t: Uwywgni-
gnuip wpniGuytlp tpyn Gapwntiwpny:

w) 2niquhtn Juwd hwipGiuwo mnhnGtph qniygh nhypmu
(46) L (47) hwjwuwpndGtpl mGEG hwiwywnmwufuwGuwpun

a,y”* +a, =0, a), #0 L b,y +b, =0, b}, #0 wmbuptpp:
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Qhunwpyting Ynph hwndw Yhnmtpp O'Y" wnwlgph htun'
x'=0 x'=0

unwmd Lip yroo a U Yoo by hwdwpdtip hwiwlwp-

a;, by,
qtipp, npnbnhg a;, :b;, =a; :b;:

p) NMuwpwpnh phypmd (46) L (47) hwjwuwpnuiGhpd
niGkG hwiwywnwuuwGupwn @,y +2ax' =0, a,, #0,a #0,
by, y'"* +2b/y' =0, b, #0,b #0 wtupbtpp: Fhwnwpybng wupw-
pnih hwundwG Ytwmbpp x'=1 niqnp htn® JuuowGuGp
a,, by, =al:b/:0
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§ 40. a-oU3hL LUUUUGA-LUJUUULNRMULELR
uuuuuraetr

Uunple dklp Juwuywgmgtlp dh pwGh pbnpbuiGtp, npnlp
utiq wtwp GG qunt hwonpy § 41-nuy:

Qhgnip mGblp 7 wlGhwymny m pwlwlih qowjhl hwjw-
vwnnuilbph hwdwlwnpg

cyX, +epX, +..+c,x, =b
Cy X, +CyoX,y +.. 0y X, = b,

¢, X +c,,x, +..+c, x =b

{wiwupgn Ynsynd E hwiwwmtinth, tpb wjl niGh gnGh dh
nionuy, b Yngynid £ wlhwdwwmbintih, tpt wjl iniomy ynilGh:

LwyjwuwpnuiGtph tpynt hwiwywpgbp Yngynid GG hwdiwp-
dtip, tpt Gpwlp hwdwwmbntjh GG L mGEG GnyG MmomuGhpp,
Juwau tpyniub ] wihwdwwnmbinbih GG:

Ltunlywy tptip dLuwhnfump niGGatpp pnyp GG mwhu qowjhG
hwjwuwpnuiGph dh hwiwlwpghg w6glt] hptlG hwdwnpdbp
qowjhl hwywuwpmuiGtph dh wj hwdwlwpgh: Fpulp GG

1. Ludwlwnpgh nplk Gpymt hwjwuwpnudGhiph wtnutn-
funipjniG hptilig mtintipny:

2. Lwdiwluwpgh nplt hwjwuwpiwl winud wn winud
puqiwyuwwnynud 0-hg mwpptip nplk pyny:

3. Qwdwuwngh nplk hwjwuwpdwb gnidwpmd hwdwun-
gh Uty wy; hwjwuwpiwln ywhywlbnyg djniu pninp hwjw-
uvwnniGbpp:

Gpt hwiwlwpgmd b, =b, =...=5H, =0, wyw wjnuhuh hw-
dwlupqp Yngynd t hwdwubn qowjhl hwjuwuwwpndlGaph hw-
dwljuipg:

Ujuyhuny hwdwutn qowjhG hwjwuwpmiGbiph hwdw-
Jupgh wmbupp httnbgyuwy G &
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X +CpXx, +.t+c,x, =0

Cy Xy +CppXy +. 46y, X, =0 (50)

c, X te,,x, +..+c, x =0

mn--n

Uju hwdwlwpgp dhpmn hwdwwnbtntih £, pwGh np mdh,
ophGwl, x, =x, =...=x, =0 (qanjulw() |nLonu:

Gpt wnwophl hwjwuwpdiwl dk9 ¢, =¢,=..=¢, =0,
wyuw (50) -p hwiwpdtip &

Cyy X, +CpXy +.atcy,x, =0

¢ X +tc, ,x,+..+c, x =0

hwidwlwpghl, npuntn hwjwuwpnidGbiph pwlwyp GwjuyhGh
hwitidww dtiny wuwlwu t:
bulj tph, ophGuwly, ¢, #0, wyw hwiwljupgh wnwehl hw-
c c
Jwuwpnuip pwqiwwwnybnyg hwonpnupwn -2 2,

i ¢

c
— pytipny L unwgyuwo hwjwuwpmibGbpp hwiwwywmwu-

Cll
fuwlGwpwp gmiwptinyg (50) -h 2-pn, 3-pn, ..., m-pnp hwjuwuw-
nnuiGtppG, yunwGwlp (50) -hG hwiwpdtp hwiwljung
cy X, +epx, .+, x, =0

dy,x, +...+d, x, =0 : 51)

d x,+..+d, x =0

Uyu phypmd (50) hwdiwlwpgp mobtme fulnhpp Guwju b
wnw9 hwlgnd k
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............................. (52)

hwdwlwpgh modwl fulnphG, npntn (50) -h hwitdwwnm pt’
wlhwjmGtph, pt" hwjwuwpmuiGtph pwiwlyp diyny wwlwu k:
ShunnnmipniG: Gpb (50) hwdwlwpgh wnwohl hwjwuwn-
dwl db9 ¢, =¢,=...=¢;, ;=0 L ¢, #0, wyw x, wlhwjnm]
vhwlnwuiltpp, wbtnuimputing hwjwuwpmiGph ulhqgp,
Juunwlwlp wyn Gny)G hwiwlunpgh Gnp’
X, HopX, X, oo, X 0 Xy et 6y,x, =0

Cop Xy +Cp X, +Con Xy +oocHCyp X+ Cop Xy Fet 0y, x, =0

C X HC X +C X, e, X Xy Tt X, =0

mk— mn’'n

wmbup: <tmlwpwp wju nghypnd Lu Jupnn GlGp Juumwpt) yepp
ptipqwo dLwhnfumipjmbn’ 2-pn, 3-pn, ..., m -pn hwjwuwpnid-
Gtpnud wpnwpubing x, wihwjnn:

Uwnnpl ptinptdGiph wywuwgnygGtipmd dblp wdkl wiqud
Iptpgwyl b Guwwumh YynGhGwlp ytpnhh2jw; hwlqudwlpn' hw-
dwwwunwufuwl mtntpnud nhnwpytng shwyl ¢, # 0 nhwpp:

Ujdd Ghpinotlp wiljwhn hwiwlwnpgh hwuljugnipjniln:

Uwhdwlmyi: Gpt m>1, wyw wund GG, np (50) hwdw-
Juwngh nput hwjwuwpmy qonpkG Juiujw) £ hwdwupgh dyniu
hwywuwpnuiGtinhg, tpt wjl Jupnn L unwgyty djnwulGbphg
ytnohGGhpu puwqiwuyuwumyting npn pytipng b gmiwpbny vh-
Jjwlg: Uyu nhiypnd hGpp (50) hwdwywngp, Yngyma L Juwjfu-
Juwy hwdwlpwpg: {wujunwly ntypmd hwdwyupgp Yngynd k
wlhwfu huwdwlhwpg: Uty hwjwuwpmd wyuwpniGwynn hwiw-
Jungn Yngynud £ wllwhn hwiwjupg, tpb wyn hwjwuwpdwb
gnpowyhgGtinhg nplk dtyp qpn sk:
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OphGwy 6tpt (50)-h wnwohG hwjwuwpdwl dho
¢, =¢, =...=¢, =0, wyw hwiwjwpqp juwiujw hwiwlwnpg k,
pwlh np wju niypnid Gpw wnwohl hwjwuwnpndp unwgynid £
Ujnultiphg” YtipohGGtpu puqiwwuwwmybny qpnGbpny L gnidw-
ntiny vhijwlg:

Ltddw: Gpt (50) -p wlywp hwdwwpq t, huy (5H)-p L
(52) -p unwgyty G GpwGhg Ybpp Gwo bnulwyny, www
(52) hwiwlyuwnpgnp GnyyGuybtiv wGyuwin hwiwlwng k:

Uwwgmgmu: Gapwunnpblp® (52) -p wGyuwfu sk, L Gpw, opp-
(wl, wnwohl hwjwuwpnmip qonptl Jwjujw L hwdiwlwpgh
Ujnu hwjwuwpnuiGuphg: MpbdG gnympjmb mGha6 «a,,..., 2,
pytin wjlwtu, np
dyyx, +..+d, x, =a,(d,x, +..+d; x

D+.+a,(d x,+..+d, x):
UjuhlpG

mn-n

c
21
Cyy X, +CpoXy +ooat €y, X, ——— (€)X, +Cpp X, .ot X)) =
11
Cy
=, (Cy X, +Cyp Xy oot Cy X, ——— (X, + X, +. ¢, X)) F ot
11

c
ml .
+a, (¢, X +¢,,% +..+c, x, ———(c X, +¢,X, +...+¢,X,)):
11

Ujuntinhg unwlnid tlp
CyyX, +CpoXy + et Gy, X, =

Cy — 06 —...— (&, C,

= . (e, X, +¢pox, +.o4¢, X, ) +
11

+ay(cy X +eX, oty x,) ot a, (e, X +C,, X, e, X, )
Uwnwgytg, np (50) hwiwywpgh 2-pn hwjwuwpnudp qon-
ntl uwjuywy Ewyn hwiwwupgh 1-hG, 3-pn, ..., m -pg hwjuwuw-

nnuiGtphg, hGyp hwjwund £ {tddwjh yuwydwGhG:O
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EGENALEU 1: Gpt qowjhG hwiwutin hwjwuwpniGtph
(50) hwiwlupgnd wlhwjmbtph pwlwlyli wybh L hwjwuw-
nnuiGtph pwlwyhg (7 > m), wyw hwiwlwnpgl nGh gnlGb kY
ny qunjuyul jniond:

Uywgnmgnuinp Juwwwpblp hGypmyghwih tnubwyny puwn
hwjwuwpnudGtph pwGwyh: Gpp m=1, wyw nGtGp vhwjG dh
hwjwuwpmd® ¢, x, +¢,,x, +...+¢,x, =0, npntn n>1: Cln
npnud” tpl ¢, =¢,, =...=¢,, =0, wyw hwdwlwpql mbh, opp-
Gwly, x=x,=..=x,=1 ny qujuliul momy: bul} tph
C115Cppsees €y, QNNOWYhgGtnhg nplk dbyp, opplwly ¢, -n, hwjw-
uwp £ 0-h, wwyw hwiwlwpql mbGh x =-¢,, x,=¢,,
X, =...=x, =0 ng qunyuljul nonud:

Ujdud tGpunptlp, np pinptidh wlnnuip 6hpn & m—1 hwjuw-
uvwpnuiltiphg yuqijwo pnnp hwdwlwpgtiph hwdwp, L gnyg
wnwlp, np wjl dhpwn L Gwlk m hwjwuwpmilbphg juqiguwo
Juwiwjwljwl hwiwyuwnpgh hwdwn:

Qhgnip (50) -p vh pwlh m hwjwuwpmiGbphg Juqijwo
npll hwiwlwng L: Gpbh wyn hwdwlwpgh wnweohl hwjwuwnp-
dwl db9 ¢, =¢, =...=¢,, =0, wyuw wji hwiwnpdtp &

Cy X, +CypXy +.otcy,x, =0

¢ X +c,,x,+..+c, x =0

mn-n

hwiwunpqhG, npnid hwjwuwpndGhph pwGuyp m—1 t: Nw-
wmh wyl, pun hGnmyghwjh GGpunpnmipjwb, niGh ny gpnyuyu
[monud: buyy tpl ¢, ¢y,...,¢;, qnpowlhgGtiphg nplk dkyp, oph-

Gwl ¢, -p, hwjwuwp st 0-h, wyw (50) hwdwlwpgp, puwn Gd-
dwjh, hwdwnpdtp L (51) hwiwunpghl: Ujnwu Ynnihg, pwGh np
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(52) huiwyupgnd hwjwuwpnuiGtph pwGwyp m—1 b, wyw
wjl, pun hGypmyghwih GGpwunpmpjwl, niGh gnGh dbY ny
qpnjuul’ x,,x;,,...,x, [nond: Fpw dhongny (51) hwdwlwpgh
wnwohl hwjwuwnniihg qubhny Gl

Cy Cp3 Cin

X=Xy Xy~
Cll Cll Cll

wnpdtipp’  YmbGhGuwlGp (50) hwdiwlwpgh ny  qpoyuiul
Xy Xyyeeey X, OLOTILE: ]

EGNLGU 2: Gpt qowjhl( hwdwutn hwjwuwpmiGbph
(50) wlwhn hwiwywpgnid wGhwjmbtph L hwjwuwnpnuiGuph
pwlwln GnyyG6 £ (n=m), wyw hwdwlwnpql niGh shwyG dp
X, =x,=..=x, =0 (qunyulju) ;nonwy:

Uywgnmgnuin Juwwwpblp hGypmyghwih tnubwyny puwn
hwjwuwpnuiGph pwGwyh: Gpp z=1, wyw mGhlp shw)G th
hwjwuwpmd® ¢, x, =0,¢, # 0, npntinhg x, =0:

Glpwnntlp’ ptinptivh wlnnudp dhopn £ 7—1 hwjwuwpnud-
Gtphg Yuqiywo pninp hwiwlwnpgtiph hwdwp, L gniyyg mwGp,
np wyl dhpwn £ Gwl » hwjwuwpnuiGtphg juqijwo juiwjw-
Juwl hwdwlwnpgh hwdwn:

“hgnip (50) -p wynhuph judwjwywl hwdwlwng t: Mwpq
L, np ¢,,¢,...c;, qnpowyhgltinhg qnlb dklp qpn sk, pwGh np
hwlwnwy nhypnmd, hGywtu G2Ytg yplnud, hwiwlwnpgp YihGh
Jujujwy: Mupgnipjul hwdwnp GGpwnptilp’ ¢, #0, L nhunwp-
ytlp (51) L (52) hwiwlwpgbtipp, npnlp vnwgyty GG (50) -hg
yJtipp Gupuwgpywo tnubwyny, » =m phypmud: Lhddwjhg hb-
wmlmd E, np (52) hwiwjupql wiwhn hwiwyung E: Gy pwlh
np npuind hwjwuwpmiGbph b wGhwjmGbph pwGwlGtpp
hwjwuwp GG 7 —1-h, niunh w)G, pun hGnniyghwjh GGpwnpnt-
pjw, niGh shwyl 8ty x, = x, =...=x, =0 uonuip: Ujdd (51) -h
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wnwohl hwjwuwpnuihg unwlmd tlp Gwl, np x, =0 : <kwnlw-

pwn (50) hwdwlwnpqb niGh dhwyG dby qpoyulju6 neomd: O

EGNLGU 3: Gpt (50) @owjhl hwiwubtn hwjwuwpniGeph
wiljwfu hwiwjuwpgmd wihwjmbtph pwlwlyp veyny wybih L
hwjwuwpnuiltiph pwlwihg (r=m+1), wwyw hwdiwlwpgh
gwljugwo tpynt ny qpnyuul x/,x;,...,x, b x/,x),...,x, ni-
onuiltp hwibdiwwnmwwl G6 shdjwlg: Uyuhlpl qnjnpjnil niGh
k#0 phy wylGwbtiu, np x/ =kx, x; =kx;, ..., x, =kx):

Uywgnmgnuin wju wlqwd £ Ywwmwpblp hlgniyghwjh
tnulwyny pun hwjwuwpmdGbph m pwlwlyh:

Gpp m=1, wyw n=2, L mGtGp Jhwjl dh hwjuwuwpnud
¢, X, +c,x, =0, npmbin ¢, 20 Jwdi ¢, #0: Glpwnptiny, oph-
Gwy, ¢, #0, junwlwip, np wyn hwjwuwpniG niGh x/ =¢,,,

"
1

x, =—c¢,; Ny qpnjuliul nond: Gpb x|, x) -p GnyGwbu wyn hw-
Juwuwpdwl ny qpunyuiyub nomd b, wyw ¢ x +c¢,x =0: Uj-
uhGpG  qnympymG  mGh k%0 phy wyGwbu, np
ey X e, ==x5 ¢, =k : {bmlwpwn x/ =kx/, x; =kx):

Ujdd tlpwnntlp’ ptnptivh wlnmuip dhpwn £ m wlhwjmny
m—1 wijwh hwjwuwpnuiGtphg uqigjwo pninp hwdwluwp-
qtinh hwdwp, L nhnwpytlp 7=m+1 wlhwjnitpngy m wG-
Jwhu hwjwuwpmilGtiphg juqiqwo nplk (50) hwdwlwpg:
Lwlh np ¢,c,,....c;, qnpowlhgltiphg qnGt dhyp qpn sE, L
wyuwpgnipjul hwdwp GGpwnptiing ¢, # 0, Jupnn tlp wglty
(51) L (52) hwiwyupgbiphG: <wdwdw)l (tudwjh’ (52) -p wi-
Juwhui hwiwlwpq b: Llwwnmblp, np tph x,x,,...,x,,,-0 (50)-h
nplk ny qanyulwl momd k, wwyw x,,...,x, , pytinhg qnGt dtyp
wnuwpptp £ 0-hg: bpnp, tphi x, =x;=..=x,,, =0, wyw x, #0:

Pwjg wyn nhypmd (50) -h wnwohl hwjwuwpnidhg Yhtwmlh,
nn ¢, =0, hGsp hwwunud £ dbp Gipwunpnipjuln:
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n n

“hgnip wydd x/,x5,....x, -0 b X/ x;,....x"  -pn (50) hwdw-
Jupgh nplk Gpynt ng qpoyuub (neoniGhp G6: {wdwdw)G phy
wnw9 wujwoh' x),...x  -p b x),...x  -p YhGeG ny qunyulwG
monuiGtp (52) hwiwuwpgh hwdwn: Lwlh np wyn hwiwywp-
gnii wlhwjmbGbph pwlwlyp m b L dbYng wybh £ hwiwlunpgh
hwjwuwpmiGbph pwGwlyhg, ntunh hwdiwdw)i hGnmyghwjh
Lipwnpmpjwl’ qnynipynil mGh & #0 phy wjlwbu, np x; = kx),
ey X0 o =kx! o Qwyh wnltng vw (50) hwdwlwpgh wnwehG

hwyjwuwpniihg unwind tGlp Gwl

1 k
1 __ 1 ! _ 14 n _ [/
X =——(C, X+t X)) = _c_(clzxz Fot € X, ) = kx :0
i I
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§ 41. GNLGU GLurNe- yurah unNe h GN3NM3UL
Gd. UhUuNrMe-3U'L UUUDL

Blswtiu ghntilp, wowohl Ywupgh Yynpbiph, wjuhlpl’ ninhn-
Gtph nhwypnud hwppmipjwl guliljugwo tpynt hpwphg mwppbp
Ytwmbpny wlglnd £ ninpn, L wjG dhwyh t: ‘bdwb plnyph hw-
puwptpuwygnipiniG Ymbtph L Ynptinph dhol mtinh niGh Gwl 2-pn
Yupgh Ynptph ntwpnid:

EPGENALEU: {wuppnipjul gulyugwod hhlq Ytwnmbpny, npnG-
ghg ny dh snpup 3G quGynd dh mnnp Ypw, wlglimd k 2-pn
Jungh Ynp, L wyG shwyG t:

“hgnip hwppmipjwl Yypw niGhlp hpwphg wmwpptip hhGg
M (x300), My(Xy59,), My (x3305), M (x,59,), Ms(xs5p5)  Ytantip,
npnlghg ng vh snpup 66 qulynid dh mqnh ypw: “dpuwlgny
w(lglnn 2-pn Jupgh Ynph gnymipynilp wwwgnigbmnt hwdwnp
pwjuwui E gnijg mwy, np gnynipjniG niGh 2-pg wunhdwGh

a,x* +2a,xy+a,,y’ +2ax+2a,y+a, =0 (53)
hwjwuwpnd, nppl6 pwjwpupnd GG wyn Yentph YnpnhGuwmn-
Gtpn:

Stnunptny Ytnbtph YnpnhGuwnmbGbpp (53) hwjwuwpiwG
k9" Junwlwlp ytg wlhwjmny hhlGq qowjhG hwiwutin hwjw-
uwpnuiGbph  hwdwlwpq  q,,,a,,4a,,,4,,a,,a, wlhwjmbbph
GYuwwundwdip
X, + 2%, A, + Y@y, +2X,-a,+ 2y, -a, +a, =0

xzz-an+2x2y2-a12+y§-a22+2x2-a1+2y2-a2+a0 =0_ (54)

X2y +2X Y5 Ay + Vs @y, + 2% @+ 25 @y +ay, =0

Cuwn § 40-h ptinptid 1-h" wyl nGh ngy qpnyuwl q,,, a,,, a,, »
a,, a,, a, (nonwi: Ulmd k£ gniyg wmwy, np q,, a,,, a,, qgnpowljhg-
Gtiphg qnGt Wkyp qpn st:
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Glpunptlp' g, =4a,,=a,,=0: Gpti ¢, 20 Jwd L a,#0,
wyuw (53) hwjwuwpnuip wuwwnybpnd E ninpn, npG wiglGma k
ponp M, M,,..., M, Yuntpny, hGyn hwljwumd E pinptidh wwyj-
dwlhG: Mwpq b, np ynuu’ @, = ¢, =0 nhypmd wpntl @, #0:
bull nw hGupwynp sk, pwGh np (53)-p yywwuytiph nuunwpy
pwqunipjnil:

Ulubtyny ptnptidh tpypnpn dwuh' Ynph dhwinipjuwl wuyw-
gnignuip’ Guwnblp, np pwjwywa k gniyg vy (54) hwdwlunp-

gh wlwunipjnilp, pwGh np npubhg, pun § 40-h ptinptd 3-h,
yhtimbp, np (54) hwdwlupgh onudp dhwylG E puqiw-

wuwwnlsh Gunipjuwdp, nphg b wpnbkl yhtinbh Ynph dhwiyne-
pyniln:

Quuwpblp hwwunn GGpwunpmipniG: ‘+hgnip, ophlGwy,
(54)-h 5-pn hwjwuwpnuip Ywhywy £ 1-4 hwjwuwpnudGtphg:
Uw GwGwynud t, np guGlugwo 2-pn upgh Ynp, npl whglnud
LM, M, M, M, jtmtpny, wGglmy £ Gwl M, Yhnn]: Fwwnn-
nnipjniGGtpp pwupniGuytbp Gpynt nhypny:

1. GGpunnptlp' M, ,M,,M,,M,,M, Ytnmtphg ns dh tptipp
pGhwo st6 dh mnnh Jpw: Ghwwnpyblp /=M M, ., =M M,
ninhnGtph qniqp: UjG 2-pn upgh Ynp £, nmunh M, €/, Jud
M, el,: Ujdd, nhnwnpytyng Gwb , =M M,, I, =M,M, minhn-
Gtpny uqiywo 2-pn upgh Ynpp, junwlwlp M, e/, Jud
M el : Guujwo M, Ytwh yuunlwibhmpmnilihg wju Jud
wjl nmnnhG" gnynpynil niGh ynpu hGwpwynpmpjniG, ophGwly’

M; el M, e MM,
tiph , wuyu : Uw Gulwymd L, np
M el M, e MM,
M, M, M, M, Jtmtpp qubynid GG dh ninnh Yypw, hGsp hwljw-
unid £ ptinptidh wuwjdwGhG: {<tyw kL wmtulh], np dynw Gptp hGw-
nwynpmp niGGtphg
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M,el |M;el, |M el i iy i b
, , nipupwlgynipp Gne u phipnt
M. el M, el, Msel4'] pupwigjnipp Unijbujtiu php

hwlwunipjul:

2. Glipunntlp, ophGwly, M ,M,, M, Jumtpp yquunlwlind
bl dh mnnp’ L -pG, b pwywuluwpwp M, ¢/, M, ¢[;: “Fhnwp-
yuGp /[, =MM,, ,=M,M,, I, =M,M, mnhnGtpp: Lwlh np
M -p wunuGnud t (4, L), (05, 1) 5 (5, l) mnhnGkph qnijqtiphg
jmpwpwlsymphG, muwh M, e/, l: LGpuwlGwymd £ M, -p
hwipGyGma t M, -h htwn, hGsp hwjwund £ pinptidh wywjdw-
GhG:

Qhunnnmipjnil: LYwwblp, np ptinptivth wywugnigiwb né-
pwgpnid Uklp Lu th wlqud uvnwgulp 2-pn Jupgh Ynptipp
(nyGwjwlwgdwl ywjdwlp wpntl w); tnuwyny: Pw)g tipt
§ 39-nid wpumwonudp yuumwnpybkg unul 2-pn Jupgh Ynptinh nt-
unipjwl ppowlwlynud, wyw tpypnpny nhiypnd oqunugnpoytg
Inwgnighy qnpohp qowjhG hwipwhwyyhg:
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§ 42. rurnea yurabh yNeh G Lotddne NMANMMe3UL
Gd. GLluUdNe S,UUUGoh LUUGUSOAMe3NMLLEL R

Uwnnpl phnwpybyne GGp htwnbyw; fjulnhpp wdtG dh tpy-
nnpn upgh Ynph hwdwp qunlt] Gpuw hwdwgwhnmpjuwl pnnp
wnwlgpGhpp:

“hgnip /-p Ynph hwdwywihnipjwl wpwlgp E: Uw Gpw-
Guwynui t, np YnphG yuwunulnng guijuguoé 4 Jhwnh hwdw-
sunh 4" Ytwnp 7 -h Guundwdp GniyyGuybu yunuind £ wgng Yn-
nhG: Ujunbn hGwpwynp E Gpyne nhiyp:

I. Gpt 44" (uph nunmpniGp wuhdyununwui t, wyw
AA" ninpnG pGywo t Ynph Yuqdh dte, L htwmbwpwp Ynpp
ninphnGtph qnujq © wipnhynn Ynp:

Lwlh np ninnp hwdwswhp npuk munh Guwwndwdp nup-
djw) ninhn k, niunph wpnhynn Ynptph hwdwp fulnph jneomudp
ndyupmpnil sh Gepyujuglnd: <Gw t wbulh), np hwwnynn
thyjwlg ny mnpquwhwjwg L, L L, nmnhnGtph qniyql niGh dhpwn
tpym hwdwswihnipjul wnwlgp. npulp wjy nmnhnGopny
Juquiqwo walymbGhtph ¢, L £, YhunpnGtpG GG:

Gpti ninphnGtpp  hnfuninqnuwhwjwg 6, wwyw Gpuigny

Juqijwo walynmGGph Yhunpnltinhg pwgh' hwiwswihnipjwb
wnuw(gp GG Gwl hptlp® wyn ninhnGtpp: UpgniGpnid niGhGnud

tilip hwdwswithnipjw@ dhpw ynpu’ ¢,, /,, L, L, wnwlgp:

L l, L =1, 4
l, ¢
Lz l4 =L,

195



9niquhbtin hpwlywl nmnhnGbph qniyygh hwiwp hwiwswihni-
pjul wnwlgpltpn G0 dhw)l Gpw dhwly ¢ mpwdwghop L wyn
nnpwiwqohl ninnuhwjwg pnnp ninhnGepp:

Ll

npwiwagho : 14

L

2

II. Gpt 44" (wph nmunnnipjmGp wuhdyunnunuwyw sk, wyu
Unph ¢ hwdwswhmpjwl wnwlgpn, Yhuting hptl mnnuhwjwg
pninp (uwptiphG, hwdwpynd £ mpudwghd” hwdwnid hptb nin-
nuwhwjwg nunnipjuwbn: Uynuhuh mpudiwghonp Yngymd L Ynpp
gfuunnp wmpudwgho:

Ujuwhuny smpnhynn Ynph hwdwswhnipjul wnwlgpltinn
npnGtjhu wlhpwdtipm L G(wu qunlh wjl@ mnnnipnGGtpp,
npnlp hwiwmo Gl hptilg ninnuwhwjwg nnnmpjwbp: Uikl dh
wjnuwhuh nunnnipjniG Yngynmu £ Ynph qzfuwn/np nigpnipjm &:

‘Llwwnblp httmlywin.

{unympymG 1: Gfuwynp nnnmpjuwll ninpuhwjwg nin-
nnipjniGp guwynp ninnnipjm G £ (htmbnud £ uwhdwGnidhg):

LwnympymG 2: Unph hwwnndy ninnmpniGp (Gph wynuhuhG
Jw) gifuwynp ninnnipjnG k:

LwnympmG 3: Swijugwd Ynph Juiwjujuwl quwynp
nnpwiwqoh ninnnipjnilp gfuwynn k:

{wjwnwy wlnnuip dhpw sk, np 6w b, wjuhlpl’ gjjuwynp
niqnnipjnilp Jupnn k 51hGh; gifuwynp mpudwqoh ninnipyniG:

OphGwy 1: 9Qmquwhtn ninhnGtph qnuygh phypmd wyn
ninhnGphG mnnuhwjwg nunnipjnilp qluwynp ninnnipjniG L
(pw hwdwn, vwyu)i wyn ninhnGiphl ninnuhwjwg ng vh ninhn
npwiwqho sk:
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OphGwy 2: Minquwhwjwg ninhnGtph qniygh hwdwp wn
nnhnGiph  munmpyniGlGtpn quwynp mnnmpyniGGtn GG,
uwlw) b wyn mhnGappunpuwdwqotin shd:

OnhGuwy 3: Mwpwpnih hwdwp Gpw wnwlgphlG ninnuhw-
Jwg niqnmpjniln giluwynp mnnmpjmb £: Pwjg pwlh np wu-
nwpnih wnwlgph mnnnipjnilp Gpw hwdwp wuhdyunnunwwb
ninnnipjnil £, wyw wnwlgphl ninqnuwhwjwg ng th ninhn sh juw-
nnn (hGh] Wwpwpnih mpuwdwgho:

= /mpmquhé sk
.  npwidwghd sk F| |- qituwynn
3
1 3 %; ninnnigniu £ —q{fuwynp ninnniniu b
\ S wnwl

‘—QUULUQHP nunnniajnit £ npudwghs ¢k -1 *

L qfuwynp
ninnipjnLu b

LZ

Ophuwy 1 Ophuwy 2 Ophuwy 3

UWdthnthtyny ytpp wpunpuon’ quihu Glp htimlywy tgpu-
Jugnipjwl: Qupnhynn Ynph hwdwywihmpjul wnwlgplGtpn
qulbnt hwiwnp wbtwp L qult) Gpw qifuwynp ninnnipjniGGepp
L npwlghg plGwpt) Gpwlp, npnlp Jupnn GG 1hGh; mpuwdwaqoh
ninnnipjni(:
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§ 43. UNPGrb GLivddne AMANME3NMLLEPD
neacnrue

Yhgmp {a; A} L {a; f'} monmpymGGepp hnfuwnupéw-

pwp hwiwmo GG
a0’ +a,(aff' +a'f)+a, B =0
L hnfumnnquhwjwug’ aa’+ BB =0:

Lwlh np Ynpp upnn E mGaGw) ny wybih, pul dby hwnmly
ninnnipjnili, ntunh nhunwplynn mnnmpjnilltphg gqnGt dhyp
hwwnny st: Ghgmp n {a; B} -G t:

MGhlp —a':f'=p:a L

—a': ,B' =(a,a+ azzﬂ) Ha,a +a12ﬁ) >
npntinhg’ f:a =(aya+a,f):(a,a+a,p):

Uw GpuGwynd k, np gnynipjniG niGh A phy wyjGuhupG, np

a,a+a,f=p, a,a+a,f=a
Jud
{(a11 -Aa+a,f=0 : 55)
a0 +(ay, —A)f=0
Lwlh np (55) hwiwlwpql mbGh (@, F) ny qunjuiwub ni-

a, -4 a; .
onud, wyw =0, wjuhlGphG
ay ay, — A
A =SA+5=0, (56)

npntn Gpulwyty tGp S =a, +a,,, d=a,a,, —a.,: Unwugjud

(56) hwyjwuwpnuip Ynggnud & Gpypnpn yupgh Ynph plnpu-
gnhs hwyjwuwpmyd (wju wijulndp yuyupqupwlyh wytih n)
§ 45-nu):

Ujuwhuny Ynph gifuwynp munnnipjniGGtpp qubtnt hwdwn
(wfu qunlnmd tGp pGnpwgnhy hwjwuwpdiwl pnnp neondGpp,
wyw wutl vh modwl hwdwn (55) hwdwlwnpghg qunind LGp
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njw novwlnp hwiwwywwmwufuwlnn {a; ,B} glfuwynp nin-

nnipjniGGLpn:
Munpqymd t, np pGmpwgphy hwjwuwpiwl wpdwwnGhpp
uhpun hpww6 GG6: bpnp, (56) hwjwuwpnihg quGmu tlp

S+NS*-45 (a, +ay)* \/(an +a,,)" —4aya,, +4ay,
2 2
B (a, +ay,)* \/(an ~a,,)" +4a;,
2
L pwGh np (a,—a,) +4a, >0, mumh (56) hwjwuwpnuip

dhpwun miGh vty Jud tpymt ppwjw 6 wpdwwn:

Ujdd pGGwnpytbp (55) hwiwlwngh nuonwiGhpn: Uy Gyw-
nwyny nhnwnpytlp Gpym nbhyp.

w) LGmpwaphs; hwjwuwpnmiG nGh dh monwd, hGsh hw-
dwp wlbpwdbtm b L pwjwpwp, np a,=a,,, a,=0: Uju

11,2 =

nypnid 4, =4, =q,, =4a,,, L (55 hwiwlwpql plnmbmy L

0-a+0-=0
{0 a+0-4=0
Gtpp quuwynp G6G: Lwywnwy winnudp GnyylGybu dhpwn L, tph

Unph hwdwp pnnp mnnmupyniGGepp - gfuwynp GG, www
a, =a,, #0, a,=0: bpnp, (55) hwdwlwpgms npwbu {a; B}

wmtiup: Ujuhlpl Ynph hwdwn pnpnp munnnipjniG-

nhnwnplybny {0; 1} L {l; 0} nnnnipniGGepp” junwlwlp wyw-

hwlop: Uyjuyhuny Ynph hwdwp pninp ninnnipymGGepp guw-
ynp G0 wjl b ShwyG wyG nypmd, tpp g, =a,, #0, a, =0:
Mupqymd E, np wju hwnlmpjudp odnjwo L dhwyl vh

wbtuwyh 2-pn jupgh Ynp:
EGNCLEU: Npuk ninnuGyyniG YnpphlGwmwihG hwiwywp-
qmud §nph hwjwuwpdw@ 869 a,, =a,, #0 L a, =0 wjl L shw)l

w) G nhypnd, tpp Ynpp 2pewlugho k:
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bpnp, tpt @, =4,, #0, g, =0, wyuw Ynph (29) hwjwuw-
i pnmGmi b g, x* +a,,»” +2a,x+2a,y +a, =0 wmbup:

Pwdwlbny tpynt dwubtipp ¢, #0 pyh Yypw L whowwmbiny
Inhy  pwnwlynuhGip pun x-h L y-h Juuowlwlp

2 2
a, a, , , af + a§
xX+— | +| y+—| =aq,,npnbn a, = =4,
ay a 1

Unwgywo hwjwuwpndp ywwmytpnd L ppwul jud
ytnd ppewlwghd hwiwwwwmwuuwlwpwp a, >0 Jud a, <0

ntwyptpmd: buy g; =0 nhiypmy hwjwuwpnidp ywwmybpmy k

dh Yo (—i; —&J, npp Yupbih Eghunwnlly npubu gqpn pw-

a, a

nwynny 2powlwgho:
Jwliwnuwlyp, tpt Ynpp powlwgho b, wyw Gpuw hwjwuw-
pnuip, pun uwhdwGdwG, niGh (x—a)2 +(y—b)2 =c wbup, np-

wmbnhg a,, =a,, =1, a,,=0:0

LtmlnmpymG: Swlugwd nmnnmpnitG Jwpnn b (hGh
gqlfuwynp ninnnipyniG shwjG L shwyG ppowlwqotinh hwdwn:
p) BGmpwaphs hwjwuwpmuiG mGh Gpym momd” 4, # 4, :

SYjwy A wpiwwp nhwypmd, pwlh np ¢, -4, a,, -4, a,
pytinhg qnt dkyp hwjwuwp sk qpojh, (55) hundwlupghg
qulynid E dhwy {a; p } qlfuwynp ninnnipjnil’ npn2Jwd

a:f=(-a,):(a,—A4) Ywi a:B=(a,, —4):(~a,,)
hwpwptipnipjwl wmbupny:

Wjuwhuny tpt tplpnpn jupgh Ynpp 2pgwlwgho sk, wujw

wjl mGh dhpwm tpynt qfuwynp mnnmpynilG, npnlGp Jupnn GG
Gopywywgyty {-a,,; @, —4,}, i=12 qwd {a,, —4,;—qa,,}, i=1,2

YtlyunnpGtpny: ‘Gwwntlp, np tpt vjw) Ynph hwiwp ¢, =0 L
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A, A, mpiwwnGtphg dkYG nt vtyp, ophGuy A4 -p, hwiplybmd L
a, -h htm, wyw Jupp ptipjwo hwpwpbpnipymGibiphg wnw-
ohlip nunlnui £ winpny, huly {-a,,; a, —4,} Yujmnpp nunbnu &
qnnjulyuG: Uyu ghiypmd 4, wpdwwhG hwiwywwnwufuwlnng
{a; B} qilvwynp mnnmpymGp qubnid kGp tpypnpn hwpwpb-
nmpjniGhg {a,, - 4;—a,,}, npntn wpnbG a,, -4 #0:

‘Lotiip Gwl, np p) nhiypmyd Ynph Gpynt qluwynp ninnni-
pymGGtnp Shpwn hnfuninnuhwjug GG, pwGh np {-a,,; a, -4}

U {=a,,; a, =4} Yuyunpltpp, hGswbu Gl {a,, - 2;;-a,} L
{—a,,;a, —A,} yuunpGtpp nimnuhwjwg GG shdjwlg:
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§ 44. -LloUd N, SpUUUG OGP AUJUUUCLARILEE

dbhpunqunbwlp § 42-h ulyqpmd dLwlbpyywo hulnphG
wikl dh Gpypnpn Jupgh swmpnhynn Ynph hwdwp qull Ghw
hwidwswhnpjwl pninp wnwlgpGtpn:

Ujuntin wlhpwdtyn L nghunwpyty tpym nhyp juhujwo
(pwlhg” Ynpp shwitGupnG k, pb qupwpnjww:

1. Unpp dhwhbGupnG t: Gph wjyl powlwqgho sk, wuyuw
UnpG niGh dhpwm tpynt gqifuwynp mnnmipynil: UhwltGupnG
ynpp syniGh hwwnniy ninmepynil, GQwlwynd £ nhnwpyynn nin-
nmipjniGGiphg jnipuwpwlynipp hwdwmo E dhwyl L dhwyG
UjnuhG: Qwwwmh wyn ninnnipjniGGhphg ny dtip wuhdyunnunw-
Ju( st L httmbwpwn npnynd £ mpwdwqoh ningnnipynilp: Uju-
whuny' G2dwo niypnd Ynpl niGh dhpwn tpyne qluwynp mpw-
dwqho, npnlig hwjwuwnpmudGbnb Ga

a, F(x,y)—(a,-4) F(x,y)=0, i=12,

Jud
(a22 _/?"i).F'l(xvy)_alz ‘FZ(XJ/):O, i:172:

Gpti Ynpp 2powiGwgho sk, www 4, 4, wpdwwnbtphg jnipu-
pwlygymph nbwypmy a,,, (q,-4), (a,, —4) pyuipp shwdwiw-
Gwy qpn sb6: LEmlwpwp nfjw; 4 wpdwnh hwdwnp gpuo tp-
ynt hwjwuwnpmiGtphg W6 e dtyp dhpnm pdwuwm niGh:

buy 2powlwqoh niypnmd Gpw pnnp mpuwdwqotinpn (YelGwn-
nnlny wlgGnn pninp minpnGtpp) qiluwynp mpudwqotip GG:

Ujuyhuny” wywgnigtighlp htnlgwip.

EGNALEU 1: Gpt yipnhynn Ynpp dshwybklGupnl £ L ppow-
(wqho sE, wwyw wjl nbGh dhpm tpym hwdwywihnipjwb
wnw(gp, npnlp Gpw qjfuwynp mpwdwqotnG LaG:

2. Unpp wwpwpnpww6 £ §=a,a,, —a;, =0: ‘Lpw pimpw-

gphy hwywuwpnuiG@ nGh A°-SA=0 wbtup, npnbtn 4 =0,
A =8S=a,+a,: Lin npmi’ 4 =0 phypmd (55) hwiwlwpql
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a,ax+a,f=0
! 2 wtiup, nphg httmlnud t, np {a; ,6’}

GnniGmy L
FH {a,2a+a22ﬂ=0

glfuwynp nmunnpjnilp, hGEny hwwnn] ningnnpjnil, wuhdwwumn-
nwluwl E (nbu § 36-h ptinptid 1-p) L sh npnpnid mpwiwagho:
—a,,a+a,f =0
buy 4, =S ntypmd (55) hwdwlwpgl niGh
apa — anﬂ =0

wbup, npmbnhg a: f=a,:a,, =a, :a,:

Uju qiuwynp ningnmipyniG6 wpntl wuphdyunnunwlwl st L
npnpnd k gqiuuynp mpudiwgho: <tmlwpwp yupupnuwlub
Ynptpl nGt6 dhwjl dh qifuwynp mpwdwgho: Ujuntinhg dwu-
(wynpwuybiv unw by Gip.

EGNLEU 2; Quipnhynn wwpwpnuwlwl Ynptpp, wjuhlpG
wwpuwpnGbpG mGGG dhw)G dh hwiwswhmpjwl wnwlgp, nph
hwjwuwpmalG t a,, - F(x, y)+a,, - F,(x,y) =0,

qud g, - F(x,y)+a,-F,(x,y)=0:
C(0n npnud’ npwlghg WtyG n dGYp dhpwnm hdwuwm mGh:
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§ 45. rurnea- yurabh uNeeeh OLENa-NuUL
hudurptdvSuvere

bBlywbu ghunbilp (ntu § 21), tpypnpn Ywupgh Gnyl Yynpp
nwpptin wphGwyul YnpphGwwnwihG hwiwwpgbpnd Jwpnn
L wmipyty dhdjwlghg twytu mupptpynn pwqiwlnuiwjh6 hw-
JuwuwpnuiGpny: <wpg £ wnwowlmd’ gnynipyniG niGE°G wyG-
whuh hwlpwhw)uwywb dtompmGatp, npnGg wpdtpltpp
hw)yymu GG gubGlugwo Ynph gulljugwod hwjwuwpdwb gnp-
owlhglGtnny, huy unmwgynn wpymlpltpp (hGnd GG GniyGp
(wGthnthnfu GG6) wnyjwy Ynph ponp hwjwuwnpniGiph hwdwn:
Uynuhuph dkompymGGupp Yngymd GG Ynph AbdjwphwbinGap L
oqlmu GG Ynph npnpwih hwnynmpymGitph pwgwhwjmdiwin:
Uwulwynpuytiv, hGywbtu JunbuGblp hwonpn yupwgqpudplb-
nnud, GiGGny Ynph guGlyuguwo hwjwuwnpnudhg, npwlg dthongny
Juwptih k 2wwm wpwq, snhibny dhowowywy hwpynmibGtph, npn-
261 Ynph wmbuwyG nm Gpw dynu yuwpwdtnpbpp: LGwju hunw-
WtgGtlp gnph oppngnbuy pljwphwblim hwuljugnipyniGp:

“Fhgnip tipypnpn Jupgh Ynpp OXY mnublniG ynpinhGu-
nwjhl hwdwwpgh Guuniwdp mpjwo £ pGghwnip (29) hw-
Juwuwpminy F(x,y) = a,x* +2a,xy +a,y’ +2a,x+2a,y+a, =0:

Uty wy’ O'X'Y" mynuiyniG YynpphGuunwihG hwdwlup-
gh Guwudwdp wyn Ynph hwjwuwpnid Juptih EunwGw; (29)
hwyjwuwpniihg, tph Gpw dt9 x-h L y-h thnfuwpblG nbnu-
nntilip hptiGg wpdtipGtpp YnpphGwumwjhG hwdwlwnpgh dLwthn-

x=¢ X +¢,V +¢ .
funipjwG pwlwadlbtiphg: UjGnithtnl Yuw-

y=cx'+eyy'+e,
wnwnpbtiny wunpgtgniGtp' junwGwip
F'(X',y)=F(c,x' +c,y' +¢,¢c,x" +¢,) +¢,) =

=a, x* +2a,x'y' +a,y"” +2ax'+2a,y' +a, =0
wmbtiuph hwjwuwnpnud:
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Lwuwblp, np wju tnulwyny F'(x’,y") =0 hwjwuwpmip
Juwquthu dklp whwp L qtind WGwlp Gpw pninp gnpowyhgltipp
nplk £ #1 wpunwnphyny Ypdwnmbinig: Uju vwhdwGwihwynudp
hGwpwynpmpinil £ nmwihu, GG6nyY Ynph dh nput F(x,y)=0
hwywuwnpnidhg (Gh npuk ubtinwo OXY niqnuGlyyniG YnpnhGu-
nwjhl hwdwlwnpgh Guundwdp), uvnwlw] wyn Ynph thwpdb-
ponptil npnpywo hwjwuwpnd hwppnipjwl jnipupwysynip nin-
nuGlniG YynpphGwwmwjhG hwdwlwpgni:

Unph hwjuwuwpmd vnwlwint wju tnubwyp wjunthtiml
Juljuwltlp pGwywlG tnwlwly: LLGp wyn tnulwyh tpyn
wnw(dGuwhwnmynp)nil:

1. Gpt F'(x',y")=0 hwjwuwpmdp unwgyty £ F(x,y)=0
hwjwuwpniihg pGwlwl btnwlwyny, www hp htpphG
F(x,y)=0 hwjwuwpnuip uvnwgynmd & F'(x',y") =0 hwjwuw-
nnudhg GnyyGutu pGwyul tnuiuyny:

2. Gpti F'(x',y")=0 hwjwuwpmuip unwgyl £ F(x,y)=0
hwjwuwpnidhg pGwlwl tnuGuyny, huy F"(x",»")=0 hwjuw-
uwpnuip. F'(x, y)=0 hwjwuwpnuihg pGuwliwl tnuwGuyny,
wyw F'(x",»") =0 hwjwuwpnip unwgymd £ F(x,y) =0 hw-
Juwuwpniihg plwub tnubwyny:

Upwlighg 1-p htimlmd E GpwGhg, np ¢, :c,, #¢,, 1¢,, Wwj-
dw(h pGnphpy x"-p Ly -p Shwpdtipnptl npnpymd GG qowjhG
hwjwuwpnuiGph (2) hwdwupgqhg' npytiu qowjhG $niGy-
ghwGtp x-hg L y-hg: QGwywd x'-h L ' -h wpnwhwjnmpjnG-
Gbpp x-hg L y-hg pwgwhwjmn wntupny dtq wyhwmp GG qune,
wnwownpnud tlp pGptingnnhG, npytiu oqumujun yupdnipjniQ,

c
? dwuwphgh oppngnGwmpjul wuwj-

21 22

Ch
oquytiny C :(
dwltphg (nbu § 12 ), wpnwoty

X' =cxt e,y —(e, teycy,), Y =Xty — (e, +¢,6),)
hwyjwuwpnmpjmGatpn:
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b6y ytpwpbpnmd k 2-h6, wyw w6 htimlmd E § 11-h ghwnn-
nnipjnilhg:

Uwhdwlnu: Gpypnpn Yungh Ynptiph (29) pGphwlnip hw-
Jquuwpdwl «, a,, a,,, @, a,, a, qnpowlhgltphg Ywhjwo
nplt 1=10(q,,a,,q,,4,,a,,a,) Pmlyghw Ynsynui E Gpypnpn
Ywngh Ynpbph oppngnbivy pljwphwl;m pnbighw (Qud wuwp-
quubu oppngnlwy hplywpwbm), tpt wjl wiklG dh GpYypnpn
Jwpgh Ynph hwdwnp sh thnfjumd hp wpdtpp dh mnuGyyniG
UynpphlGwwmwjhlt hwiwlwpghg guwllwgwo wj mnnuyynil
ynpphGwwumwjhlG hwiwupgh wlgltihu: WjuhlpG Gph wmyjuy
Unph F(x,y)=0 L F'(x,y)=0 hwjwuwpmilGbphg udklp
unwgyly £ yjniupg pluyuwb tnubuyny, wuyyw

Wa,a1,,ay,a,,0,,0,) =W}, a1, a,a],03,4) :

. 4, ap
PENLEU: <tunlyuwy S=a,+a,, 0=

5

a, ay

A=lay ay a| pmbyghwbtpp tpypnpn Yupgh Ynpkiph oppn-
a a, 4
gnlw) hGJwphwbwn $niGyghwbtin Ga:

UhGsL pbnptivh wywgngnuip (whiwwybtu wywgnighlp
tpynt (Gudw:

Lbddw 1: 9hgmp OXY' UnpphGwwunwipG hwdwlupgl
unwgyty £ OXY YnpnhGuwnmwjhG hwmiwlwunpghg OX wnw(gph
Guundiwdp hwiwywihmpjul dbwhnfunpjuwdip: Gpb Ynph
F'(x',»") =0 hwjwuwpmiG vnwgyty & Ynph F(x, y) =0 hwjw-
uwpnidhg pGwlwl tnuGwyng, wyw S, 6 L A pmGyghw-
Gtphg jmpwpwlymph wpdtplGtpp hwyywo vh nhypmd
F(x,y)=0 hujwuwpiw(, huy §ynu nhiypnd F'(x’, y') =0 hw-
Juuwpiwl gnpowyhglGbpny, GmjGGa GG, wjuhlGpG S'=S,
0'=0,AN=A:
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Uywgmgmu: Stnunptiny ynpphlGwwmwjhl hwdwlywpgh
dlwhnfunipjwl x=x", y=-y" pwGwdlbpp F(x,y) =0 hwju-
uvwnpiwl vt Junwlwlp
F'(x,y)=F(x,-y)=a,x* -2a,xy'+a,y"” +2ax'-2a,y' +a, =0,
npnbnhg aj, =a,, a,=-a,,a;, =0a,,,a/=a,,a,=-0a,,a; =4d,:

Uydd wyGhwyn t,np S=q,,+a, =a;,+ay, =S,

1 1A
a a a —a a a
, |G G| | 4y 12 1 12|
0'= ' T - - 5’
ay A4y ay 4y ay Ay
! ! !
a, 4, q a, —4, 4 a, 4, q
[ ’ 1 _ _ — A -
A=lay a, a)=|-a, ay, ay|=ay Gy ay|=A:
1 !/ [
a  a, 4, a —a, 4 a a, 4,

Ltidw 2: GGpunpblp’ mGhGp tpypnpn Yupgh Ynp b wyG-
whuh OXY nunuymG YnpnhGuumwjhG hwdwlwuwpg, npp
(uwwuniwdp wjn Ynpp nibh

F(x,y)=a,x’ +a,,y’ +2ax+2a,y+a, =0
wtiuph hwjwuwpnid: Ghgnip niGhlp Juiwjuuwl O'XY' mn-
nulymbG YnpphGwwmwjhlG hwiwlwpg, nph Guwundwdp nh-
wwplynn Ynph
F'(x',y")=a] x"” +2a,xy' +a,y"” +2a)x"+2a,y"+a, =0

hwjwuwnpnuiG vnwgyty £ F(x, y) =0 hwjwuwpnihg pGuyw
tnulwyny: Uy S, 6 b A pnGyghwltiphg jnipwpwlsniph
wndtipGpp hwpywo vh pghypmd F(x,y) =0 hwjwuwpiwd,
huly dynu nhypnd F'(x', »") =0 hwjwuwpiwlG gqnpowhgGt-
pny, GnyGG &G, wyuhGpG  S=q, +a, =a,+a, =5,
a, a, a| |l 0 q

! !
5= @, ap| |a; O

_ r __ ’ !/ I __ _ .
=0, AN=la,, a, a)=|0 a, a|=A:

a, ay |0 ay, ' ' '

a a4, G| |4 a4, G4
Uwwgmgmu: Liwwmblp, np Jupbh £ juunwupt; wignd

OXY UYnpnhGwwwjhlG hwiwyupghg O'XY' YnpnhGuunwjhG
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hwdwlwnpg htnlyw) Gpyne thnytpny: Uygpnid OXY YnpnhGu-
nwjhl hwiwlwnpgp mtnuihnfutip hGpl hptl gqniquhtn w)G-
wtiu, np mbnuihnfujwo YnpphGwwunwihG hwiwjupgh uyqplw-
Ytwp hwdpGyGh O'-h htw: UjGmhtwml unwgywo YnpnhGw-
wnwjhG hwiwuwpgp Jupbih £ hudpGybglit; O'XY'-h htinn ud
Juwwwpbnyg thwjl wwunywunm O'-h pnipe npnp o wlyminy,
Juwd L], pwgh wwuniynhg, juunwpbng Guwl hwiwswuhnipndl
yunywod wnwlgpltphg vkyh Guwdwdp: Uw GQulwlynmd E,
npn Jupbh B juwunwpbp wgmd  F(x,y) =0 hwjwuwnpniihg
F'(x',y")=0 hwjwuwpmd tpynm pwjny, npnGp hwiwuwwnwu-
fuwmGmy GG G)Jwo tpynt thnytphG: {<mlwpup, (tidwl wyw-
gnigbnt hwdwp pwjwluwi E gniyg mwy, np jnipupwlyjnip pwj-
i S, 0 L A pniGyghwGtpp stG hnfunid hptiGg wpdtipGhpp:

‘Lwfu, hwyyting S, 6 L A wpdtipGtpp F(x,y) =0 hwjw-
uvwnpiwl hwdiwn, unwind LGp

S=a,+ay,, 6=a,a,,, A=a,a,,a, —a11a22 _a22a12 :

buy S', 6" L A" wpdtpGtpp F'(x',»") =0 hwjwuwpiwl
hwdwp hwytnt Guyuwumwlny nhnwpytlp Gpynt ntwp:

I. Gapwnptlp O'XY' YnpnhGuwwnwjhl hwdwwpgp unwg-
ytr £ OXY UnpphGuwumwjhl hwiwwnpghg qniquhtin mtnuthn-
fumpjuip’ x=x"+¢,, y=»"+¢,: Siqunpbny wju wpdtpGhpp
F(x,y)=0 hwjwuwpiwb dt9" Jjunwlwlp
F'(X,))=F(X +¢,y +¢,)=a,(x' +¢) +a,,(y/ +c,)* +2a,(x' +¢,) +
+2a,(y' +¢,) +a, =a,x* +2a,x'y' +al,y"” +2ax"+2a)y' +a, =0,
npuntn @, =a,, a,=0, a), =a,,, a/=a,c +a,, a;=a,c, +a,,
a, = F(c,c,)=a,c +ay,cs +2ac, +2a,c,+a,:

Ltunlwpup’

S'=a) +a,=a,+a,=5, 5 =a,a —aj, =a,a, =6

Quwpytilp A'-h wpdbtpp: NiGhGp
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a, a, @ ay, 0 a6 +a
A=la, a, a)= 0 Ay ayCy +a,| =

a a, ay |aycta aye,+a, F(o,c)
= a,a,,F (¢, ¢,) =, (a6, +@,)" =y (ayc, + @) =
=a,,a,,(F(c,¢,) - a”clz - a22022 —2a,¢,—2a,¢,) - a11a22 - a22a12 =
=4y ayd, — anazz - azzalz =A:

II. Ujdd tGpunptlp’ OXY' L OXY YnpnhGuwmwjhG hwiw-
Juwpqbiph uqplwytmtinn Gny 66 G6: Uju nhiypnd Ynpmhlwwmnw-
JhG  dLwithnfunipjuwl  pwlwdlbpn mGaG  x=c¢,x" +¢,)",
y=c, X' +¢,,y" wmbupp:

hGswytu qhntilp (ntu § 12-p), mynuGyymG YnpnhGwwnw-
JhG hwiwwnpgbtiph nhypnid wju pwGwdbbpp hwdpGyGnd GG

x=x'cosa—y'sina x=x'cosa+y'sina
w) » foe, Uwip) o :

y=x'sina+y'cosa y=x'sina—y'cosa
pwlwadlbtiphg nplk dtyh htin:

Ulgpnmid nphunwupytilp w) tGpwntypp: Stnunpbng x-h L
y-h wpdbpGtpp F(x, y) =0 hwjwuwpiwb vk junmwlwlp
F'(x',y")=F(x'cosa—y'sina,x'sina + y'cosa) =
=a, (x'cosa—y'sina)’ +a,,(x'sina+y'cosa)’ +
+2a,(x'cosa —y'sina) +2a,(x'sina + y'cosa) +a, =
=a, X" +2a,,x"y' +a,y"” +2a)x'+2a,y' +a, =0,
nputin a, =q,, cos’ a+a,,sin’ a, a), = (a,, —a,)sinacosa,

a, =a, sin’ a+a,,cos’a, a| = a,cosa +a,sina,
a,=-a,sina+a,cosa, a,=a,:

Ujuntinhg unw(inwd tlp
S'=al, +a),=a, cos’a+a,,sin’ a+a, sin’a+a,,cos’a=

=a,+a,, =S,
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' 1 122 _ 2 : 2 : 2 2
o'=aja,, —a}, =(a, cos” a+a,,sin” a)(a, sin" a+a,, cos” a)—

2 .2 2 .4 4 ) 2 _
—(a,, —a,,)"sin” acos” a = a,,a,,(sin" a+cos’ a+2sin” acos” a) =

=a,d,,=0":
Jwpytlp A"
a, a4, q

| ' et 0 P N ) reoror 12y,
N=lay a, a|=al(aya—aya)+a(a,a—a,a)+ay(aa,—a;):

a  a a4

Munpqtglting w9 vYwuh wnwohl tpym gqnuiwpbtjhGtph
gniiwnn unwlnd Gap
a/(ay,a; — ana)) + a;(a,a — a),a;y) = 2aia;a;, — allzaéz - aézal’l =
=2(a,cosa+a,sina)(—a,sina +a, cosa)(a,, —a,)sina cosa —
—(a,cosa +a, sina)’(a, sin’ a +a,, cos’ a) — (—a,sina +a, cos )’ -
(@, €08’ a +a,, sin’ a) = —a,a; —a,,a;

Oquutiny Ytipp wuugmgywd aj,a;, —a; =a,a,, hujwuw-
nnipjnilhg tppnpng gnudwnptiihh hwdwnp unwlnd Gap
ay(a)as, —aj3) = aya,a,, :

Wuwhuny' A’ =aya,,a,, —a,a; —aya; =A:

Ujdu nhnwpytlp p) tGpunbwpp, tipp x=x"cosa + y'sina,
y=x'sina—y'cosa: Uju wlgnuip OXY YnpphGwwnwghl hw-
dwluwpghg OXY" ynpnhGuuwjihG hwiwlwpg Yupnn tlp Gup-
Jujwglty npybu tpynt’ x=x"cosa+y"sina,
y=x"sina—y"cosa L x"=x', y"=-y" YnpnhGuunwjhG dlLw-
thnfunmp nilGGtph hwdwnpnyp: dpwlghg wnwohGhl hwiwww-
nwufuwlmy £ OXY YnpnphGuwnwjhG hwiwljupgh wyunym O
uljqpGuljtimh pnip9 « wGlynilny, nph wpnyniGpnid unwgymd L
Gnp” OX"Y" YnpnhGuwwwjhG hwdwwpg: Gpypnpn dlwhniunt-
pnilp hpwjwluwgimd t hwdwswhnpmbG OX" wnwlgph
Guwwndwip, npp wpniGpmd unwgymy £ OXY" hwdwwupgp:
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Uydd §'=S, 0'=6 L A'=A hwjuwuwpnipmGGtpG unwg-
Ynud GG wpnhG wyugnigwo w) bGpuntyphg L (Eidw 1-hg:0O

Etnptith wywgmgmin: NiGhlp tpym juiwjujui O'XY’
L O'X"Y" mnnuGymG ynpphGuwuwwihG hwiwlwupqbp, npnlg
Guundwdp tpypnpn Ywpgh YnpG niGh hwiwywunwuhuwGw-
pup F'(x,y)=0 L F"(x",»")=0 hujwuwpmubtp, pln npnud
nnuwip unwgyly GG dtyp yynuhg plwwlb tnubwyny: “Fhgnip
wyn hwjwuwpnudGiph hwdwp S, 6 L A $niGyghwlbph wp-
dtpGtpl GG hwiwywwnwuuwlwpwup S', 8", A" L S", 8" A":
Uwyuwgnighlp,np $'=S, 6'=5, A'=A:

blywbu  ghntlp (wbu § 21-p), nhuwpyynn  Ynph
F'(x',y") =0 hwjuwuwpiwl hwiwp qnympniG niGh OXY nin-
nuGlymG YnpphGwnwihG hwiwlwnpg, nph Guwwdwdp Ynph
hwjwuwpmdl mGh F(x,y)=a,x’ +a,y’ +2ax+2a,y+a, =0
wmbup: Mwpgnipjwli hwdwp S, 6 L A pmGyghwGtph wp-
dtpGtpn F(x,y)=0 hwjwuwpdiwl hwiwp GQuwlwlytbp GnyyG
S, 0 L A wuwntpny: Lwlih np F(x,y)=0 hwjwuwpnuip
unwgyty £ F'(x',»") =0 hwjuwuwpnuihg pGwlwl tnuGwyny,
wwyw pun bddw 2-h S§'=8, 8'=6, A'=A: Puyg
F"(x",y")=0 hwjwuwpmup GnijGybu uvnwgymd & F(x, y) =0
hwjwuwpnuihg puwjwl tnuwyny, munmph S=8", 6=0",
A=A":<{tmlwpwp S'=8", 6'=6", A'=A":0O

LtnlnipymG: Uyuwgnigquo pnptivhg htimlnd E, np vijuy
Unph hwdwn npn pdwunny S, 6 L A dkonmpymGGtpG wiywhu
L0 ninnuGyymG YnpnphlGuwumwihlG hwiwupqbphg: <tnlwpwp
A*—=SA+6 pwnwinmuwjihG btnwGnudp, hGswtu Gul Ynph
A7 —=8SA+6 =0 plimpwqph; hwjwuwpiwl wpdwwnlhpp, G-
ny wliwp nmnnuGlnmb YynpphGwwwjihG hwdwlwpqbphg,
nnpn? hdwuwnny pnipwgpnid GG hpkG YnphG: ©O6 hGy swhny GG
npup pGnpwqpnmd YnphG, YuntuGhlp § 47-nud:
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§ 46. GLrurne yura-bh yNeGLh UhutUhvdueLhlivSe

Ltnuqund vkq ytwp £ qunt Lu vh $niGyghw
K= Gy G| |Gy Gy
a, a,| |a, a,|

b mwppbpmipynmiG S, 6 L A $nilyghwGtph” wyG pnnp tpy-
nnpn jupgh Ynptiph oppngntuw haquphwlwu st: Gwnpkh b gniyg
nwy, np K -G sh Ginfumd hp wpdtpp gulugwo tpypnpy Jup-
gh Ynph hwdwp sh OXY nunuGyniG ynpphGwwnwjhl hwiw-
wpghg Gnii6 O uygpGuytnnyg vt wy OXY' nnnulymG
UnpphGuwunwjhG hwiwywpgh wlgGhihu: Pwyg Junpbih t gnyg
nw] Gwl, np wyl, pyphwipwwbu wuwo, sh Wywhwywlnd hp
wndtpp gulwgwo tpypnpn Jwpgh Ynph hwdwp ninnuGyynit
ynpphGwwnwjhl hwdwupgtinh gniquhtin mtnuihnfunipjnG-
Gtinh nhypnud: Wynnihwlntipd

E6BNPEU: Gpt UnplG wjylwhuhG L, np Gpw hwdwp

QG| |4y,

a
0=A=0, wyu K= ! + ? InGyghwl sh thnfund
a, ay |4a, 4,

hn wpdtipp vh mnnuGyniG ynpphGwwmwjhG hwdwlwpghg plw-
Juwl tnulwyny guijugwo wj mnnuilymb YnpphGwwmwjhb
hwidwluwpgh wiglbhu:

Uju ptinptivh pdwuwnny K -G Yngynud & Gpypnpng upgh Yn-
ntinh YhuwhGuphwlwn:

Uwuwgnigni: Cun ywjdwlh' 6 =0, ntunh Ynpp ywwpwpn-
jwjwl Ynp b bGyuybu ghnbtlp (ntu § 21-p), wju nhypmu
qnympymlG mGh O'XY' ninnubynG YnpphGwwmwihG hwdw-
Jupgq, nnh GYuundwdp ynpp nnynid L
A,9" +2a/x'+a, =0, 1, #0 wbuph hwjwuwpnidnyg: 2y npoud

wlgnuin uyqplwyul hwjwuwpniihg nbiyh wju hwyjwuwpnid
Jquuwnyl tp pwlwl tnulwyny:
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0 0 4

Ltnlwpwp niGGp A=A"=[0 A, 0|=-a

a 0 a
Ujdd A =0 wuwjdwlhg vnnwlmd tGp a =0:

Ujuyhuny 6 =A=0 wuwjiwlp hwdwpdtp t GpwG, np
O'XY" mnnuGynG YnpphGuwunwjhG hwdwjunpgh Gunmdwdp
Unpp wpymd kL F'(x,y)=2,y" +a), =0, 1, #0 wbuph hwyw-
uwpnuiny: bul] vw GQuGwlmd L, np phnwplynn Ynpp qniqu-
htin uwd hwinGywo ninhnGtph qnuyq L:

Quwuwnnptl ptinptivp wlnmd £, np gniquhtn jud hwdpG-
Jwod mnhnGtph qniygh hwiwp K -h wpdbtpp GnyGa £ gublw-
gwo tpynt ninuGyynG ynpphGwwumwjhl hwiwljwpgbpnid:

GQuuwntny GnijGuyhup pquunnnipyniGGtip, hGywtu § 45-nd
ptnptivth wywgnmgiwl plpwgpny, quihu blp tgpuyugni-
pjwl, np wju pinptivh wywgnigiwl hwiwp pujwlwb E gnyyg
nw] K'=K hwjwuwpnpjnilp Ynph guGugwo F(x,y)=0
hwywuwpdwl hwiwp, npl vnwgymd t F'(x,y") =4,y +a],
A, # 0 hwjuwuwpmihg pGwlub tnwGwlnyg:

Lwju OXY" mnnuGlynG YynpphGuwunwjhG hwdwljupgnud
qulnud Glp
0 O
0 dq

UjGnihtinl, oquybny O'XY" ninnublyyniG YnpnhGuwnwjhG
hwdwluwpghg nput OXY ninnuGyyniG YnpphGwwmwjhl hwdw-
JupghG wlgiwl x'=c¢ x+c¢,y+¢,, V' =c,x+cy,y+c, puliw-
autiphg, Juqdtlp Ynph hwjwuwpnuip OXY YnpnhGuwnwjhG
hwiwlwpgnud’

F(x,y)=F'(c;, x4+ ¢y +¢,C X +Cpy+C,) =

_ 2 r_ 2.2 2 2
=4 (021X+022y+02) +a, = 40X+ 40,y +24,0,0,x9 +
+2A,¢,,0,x +22,0,,¢,y + A,Cr +a
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¢, ¢C

€y Gy

Lwlh np ( 12} dwwphglG oppngnGuwy dwwphg L,

nunh c3, +c5, =1 (ntu § 12-h nhunnmpymGp):
Ujdd munuyh hwpyniiny unwbnid Glp
2’2‘7221 A,€1C, /12052 e,

2 2
Ay, A +a(; Ay, A6 +a(’)

= + = A(c5 + )y =K'
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§ 47. UhuuGuLSLNL uNeGrh SGULUD B4 U LN LULUL
Uduuuruty eneoudyhg8uverb nencnirue
hvdurptdouSuvernd

“Qhgnip OXY nunuGyniG YnpphGwunwihG hwdiwywpgh
Guwdwdp  F(x,y)=a,x" +2a,xy+a,,y’ +2a,x+2a,y+a,=0
hwywuwpnuing wpjwd Ynpp dhwytbGupnG Yynp L, b nhgnip
S,0, A -G oppngnlw) hGwphwlwmGtph wpdtpltnG GG hwpywo
wjn hwjwuwnpiwl gnpowlhglGtpny:

bGswbtu qhwblp, dhwitlwmpnlG Ynph hwdwp gnympnil
nGh OXY' nuqnuGymG YnpnhGwwwihG hwdwlwpg, nph
GUuwndwdp Ynpp mpdnd £ (20)

alx”+a,,y* +a, =0, a, 20, a, 20
hwjuwuwpnuinyg: Uju hwjwuwnpdwl hwdwp S’ 6" L A" pGjw-
phwGwnGbph wpdtipGtint GG

' (11'1 0 0
' P "o ’ ’ roro
S'=a) +a,, 8= p|=anay,, A=10 a, 0|=ag,a4,:
0 a, ;
0 0 g
Lwlhnp §=8", §=0", A=A", nump plnipwqnppy tonwG-
nuuh hwdwp unwlmy tip

A =SA+86=1" -85+ =

=1’ - (af, +a3,)A+ajay, = (A-a) )(A—ay,)
wbtiupn: UyuhlplG' (20) hwjwuwpdwl k9 «/ L a), qnpowlhg-
Gtpp Yynph A° —SA+6 =0 plnipwgphy hwjwuwpiwl wptiwn-
GtpG LG, huy a, =%=%: Ujuyhuny' unwguip, np (20) hw-

Jwuwndwl, hbmbwpwp Gl Ynph julnGuljul hwjwuwpdiwi

pnnp gnpowyhgGtipp Yuptith £ npnzbi Ynph uyqplwyul hwjw-
uwpiwl qnpowyhglGtph dhongny S, L A hGJuwphwGwuGtpp

oqlimpjuip:
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Unnph mbtivwyp GniyGutiu unpbh L npnptp hGjuwphwlumGtph
dhongny:

bpnp, (20) hwjwuwpnuip hpwlw Ejhyuh hwjwuwpmy k
wjl U JhwyG w)l nypmd, tpp A, -p b A, -p mGLG GnyyG GywGp,

L wyn Gpwlp hwwnhp £ ay-h GpuGhG: Uyu wuwydwGp Jupbh k
qrunty 44, >0 L 4 % <0 hwiwlywpgh wntupny, npp hwdiwp-

dpt 6 >0, S-%< 0 wwyiwGGtphG:

JdhpeGuwjuwluwybu’

1) Yynpp Ehwyu E wyG L dhwyl wyl nbypnd, bpp
0>0,5-A<0:

‘Liwl nuunnnip niGGipny unwlnd GGp, np Ynpp

2) Ytno Ehyu L wyG L dhwyl wyl pbypmd, bpp
0>0,5-A>0,

3) hhytippng £ wjG L dhwyG w6 nhwypnmd, tpp 6 <0, A#0,

4) hwunynn hpwlwl nminpnGtph qniyq £ wyG L dshwyl wjG
nbypny, tipp <0, A=0,

5) hwwynn Ytnd ninpnGtpp qniyq £ wyG L dhwyG wyh
ntwypny, tipp 6 >0, A=0:
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§ 48. mUuruenLUGlL UNPGLh SGUUUD BY.
yuuvnuviulys LUJquuurutyv &Neoutyhd8uGrh
neacnirue hudurhtsSuerid

“Qhgnip OXY nuqnuiblyniG YnpphGwunwihG hwiwywpgh
Guwdwdp  F(x,y)=a,x" +2a,xy+a,,y’ +2a,x+2a,y+a,=0
hwyjwuwpniing mpwo Ynpp yuwpwpnpuwb Ynp E, L nhgnip
S,0, A -G oppngnlw] hGyuphwGuGtph, huy K -0 YhuwhbGjw-
phwGwh wpdtpltnG G6° hwyywo wjn hwjwuwpiwl gnpow-
YhgGtipny:

bGswybu qhwntilp, Wwpwpnuywb Ynptiph hwdwp (ntu §
21-p) qnynipjniG niGh O'X"Y" nnnuGlniG YynpnphGuwumwjhG hw-
dwlwng, nph Guuniwdp wyn Ynptipp mpynd G0 Jud

a,y"” +2ax" =0, a,, #0,a %0, (57)
Juu £
a,y"* +a, =0, a,, #0 (58)
wmbtiuph hwjwuwnpmdGbpny:

Unwlghg wnwohlp yuwwuybtpnmd £ wwpwpnp: Un hwjw-
uwpdwl hwdwp hwyyting S”, 6" L A” hGJuphwGuGhph wp-
dtipGtipn unwlnd tlp
0 0 a

"o__ ' — 12,
=0, A"=|0 a22 0|=—aya,:

f S” \/: L (57) hw-

JwuwpnudG  plgmGnd - ‘@”+Q/—Ex = i

0 0

"__ o "
§"=0+a),=a,,, 0" = 0 o
a,

Wuwhuny' a),=8"=S, a =

! A 14
P=42 /—Fx wmbtiupp: UGhpwdb)mnipjwl nhiwypnid thnjubiny

x" wnwlgph nnnmpniGp’ wjuntinhg Jupbh £ unwluw Gub
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wwnpwpnh JuGnGuiwuwl hwjuwuwpndp'  y”" =2px”, npnbin

p= \/—A/S3 : ‘Lub unwlnd blp

6) Uynpp wwpwpny L wyG L dhwyl wjG nbhwypnd, tpp
0=0,A#0:

9niquhtin Juwd hwipnGyuwo mnhnGtph qnuyqtiph ghwpnid
a,=8, 0=A=0, L (58) hwjwuwpmiG pGymbGmd L
Sy +a, =0 wbupp: Mupqynud k, np wju nhiypmd @;-p Jupnn
tlp qult] wpntiG K YhuwhGuphwGwh oqlnipjuip (S, L
A hGJuphwGwuGbpny ay-p sh quGynid): Lwjunpy Wwpwgpu-
Pmi unmwgty GGp K'=Aaq, =Sq;, npmtnhg quGmd tGp, np
a,=K'/S"=K/S : Uyuwhuny' qniquhtin Jud hwipGywo ninhn-
Gtph qnuyqbph nbwypnd  (58) hwjwuwpnuiG plnnilnd L
y? +K/S? =0 JulnGulywG wkupp: Nuwnh Ynpp'

7) qniquhtin hpwwl mnhnGtph qniyq £ wyG L shwyl w)a
nbwypnud, tpp 6=A=0, K <0,

8) qniquhtin Ytno nmnhnGtph qniyq & wyl L dhwyl wyG
nbwypnd, tpp 6=A=0, K >0,

9) hwinGywo ninhnGtiph qnyyq £ wyl L dhwjG wyl nhwypniy,
tpp 0=A=K=0:

Uwnnple wnynuuwyGipmd withnthwo GG pnnp Ynptiph
wmbtuwltnl m npwlg hwjnwbhpGtpp, hGywbtu Gl Gpulg
JuinGwlywl hwjwuwpmiGtph gnpowyhgGtpn’ npnpywo hi-
JwphwlwmbGbpny L jhuwhGjuwphwlunny:
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Unnph wmtiuwln npnpynid £ htnbyw) wnyniuwyny.

No Stuwln {wjnwbhpp

1. E1hyu 0>0,5-A<0
2. Utind Lihyu 0>0,5-A>0
3. Jwuynn Ytnd ninhnGtph qnijq 0>0,A=0

4, <hwtippn 0<0,A#0

5. | {wwnynn hpwwG ninhnGtph qniyq | 6 <0, A=0

6. Muwpwpn 0=0,A#0

7. | Qnquhtin hpwlw mnhnGhiph qniyq | 6 =A=0,K <0
8. 9niquhtin Ytind ninhnGtph qniyq 0=A=0,K>0
9. {winlGlwo minhnGtph qnijq 0=A=K=0

Pnpnp fudptipmd 4 pl 4, -p 4> —SA+6 =0 plmpwqphy
hwjwuwpdwl wpdwwnGbpG GG

dhwltlwmpnl Ynpbp wwnpwpnjwlwb Ynpbp
Ax?+ A4y +a, =0 | 4,y +2ax"=0 | A,y +a,=0
o A4, #0 0 0
A A A, -a) ~A,-al #0 0
K — — A -a,
a,=AJ a =+ J-A/S a, =K/S

Y tponud nhnwnpytilp Ynph mbuwyh b julnGwyul hwju-
vwnpiwl npnpdiwl dh pwGh opphGwy:

OphGuy 1: Mupqbbp 3x° +2xy+3y° —4x—4y =0 Ynph nt-
uwlp L qunGtlp Gul JulnGulwl hwjwuwnpniip:
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31 3 4 2
MGkGp S:3+3:6,5=‘1 3‘:8,A: 1 3 =2|=16:
-2 -2 0
Lwlhnp 6>0 L §-A<0, wwyw Ynpp Ehyu k:
UjGnthtnlk 2> —64+8=0 pGnipuqphs;  hwjwuwpnithg

qulmd tip 4 =2, 4, =4, huy q, = % =—-2: {<bmlwpup Ynph

(20) hwywuwpmiG £t 2x° +4y? -2=0, huy JulnGulws hw-

12

quuwpnuip’ x? +2—=1:

0,5
OphGuly 2: Mupghlp 4x* +4xy+y° —2x+14y+7=0 UYnph
nbuwlnp L qunGhGp Gpw JuwlnGwlwl hwjwuwpnuin:
4 2 -1
4 2
MGtlp S=4+1=5, 5:2 { =0, A=(2 1 7|=-225:
-1 7 7
Lwlh np 6 =0, A#0, nmunh Ynpp ywpwpn] £: GunGhlp Gpu

/ A /225 3
b G dhnpp p=,-— =, [— ="
Yhquytinwjhl wwpwdtwpp' p S 12545
N
— X .
5

UhGsl hwonpn ophlwyhG wgltp wwpqtlp, pt h°G;
wlhpwdbtyn L pwjwpwp wwjdwbGbph ghypnid £ hGwpwynp

2-pn wunhdwbh @, x’ +2a,xy+a,,y’ +2a,x+2a,y+a, puq-

tnlwpwp JuGnGuljwl hwywuwpmi6 by =

Jwlnwuip Gipuywglt] qowjhG wpmwnphyGtph wpumwnpjuih
wnbupny: Uw hwiwnpdtp t. GpwG, np
a,x’ +2a,xy+a,,y’ +2a,x+2a,y+a, =0 hwjwuwpniing
wunytpyny 2-pn Ywpgh Ynpp 1hGh wpnhynn Ynp, wjuhGpG
ninhnGtph qniyq: bul gpw hwdwnp, hGyuybtu htnbnwd £ ytplonod
ptipwo wnjnuuwlhg, wihpwdb)wm L L pwjuwpwp, np A=0:
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OphGuwy 3: Uwugnghlip, np 3x° —xy—2y° —5x-5y-2=0
Unpp mpnhynn Ynp £, L quGhlp Gpw Juqih db9 dnlnng pwunuw-

nnhg ninhnGph hwjwuwpmuGtpp:
‘Llwwtilp, np

3 -1/2 -5/2
A=|-1/2 -2 -=5/2|=0,65=
-5/2 -5/2 =2
httmbwpwn Ynpp hwwnynn hpwlw6 ninhnGeph qnuyq k:

‘Lluwntibp Gul, np 3x* —xy—2y° =0 Ynpp L wpgud Ynpp,
nGtGuny S, 0, A hGJuphwlGumGtpph GniyG wpdtpltpp, GniyG
wmbuwlh Ynpbp GG: ‘LmGE GG Gwb Gpulg wuhdyunnunuywb
ninnnipjniGGhpn:

Lwhnp 3x* —xy—2y" =(x—»)3x+2y) =0, 3x* —xy—2)°,
nwuwnh Ynpp x—y =0 L 3x+2y =0 hwwnynn ninhnGtph qniyqh k:
{tuibwpwp uyqplwlywl Ynph pununphsGbpp, hGkny qniqu-
htin wyn ninphnGbphG, mGEG x—y+¢ =0 L 3x+2y+c, =0
wmtiuph hwjwuwnpmudGbp:

Ujuntinhg unw(nid Gap

3xP —xy—2y" =5x=5y-2=(x-y+¢,)Bx+2y+c,)
L wyn hwywuwpnipniGhg vnwlnd tlp
3¢, +c,=-5,2¢,—¢c, =5, ¢c, =2,

30 —1/2
<0,
-1/2 =2

npuntinhg £ ¢, =-2, ¢, =1:

Ujuyhuny npnGtih ninhnGiph hwjwuwpnuiGapG GG

x—y—2=0L3x+2y+1=0:

Ohunnnmipynil: dbpnhhpjw; ophGuwyltpnmd dklp nhuwnp-
ytghlGp vdhwjlG Ynphp wmbuwyh L Julnlwlwl hwjwuwpniin
npnptint fulinhpp: Puy hGswt™ qulhy Ynph nhppp, wjuhlpl
Unph  JuwlnGwlyw6 YnpphGwwwjihG hwdwyuwpgh nhppp
ujgqpGulul YnpnhGwumwyhl hwiwjupgh Guwwndwdp: Gnjni-
pnilG niGh wjyu julgph ModwG tpynt tnubwly: Unwohl tinw-
Gwyh nbwypmd hwpywynp £ Gwju Juuwpt] YnpphGuunwghG
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hwiwjuwpgh yunywm' qunbting wyunymh ¢ wilynb § 21-md
ptipqwo pwlwdlny, wjlnihtmml yuumwpb) YnpphlGuwnmwjhl hw-
dwlwnpgh qniquhtin mbnuihnfunipyniG: bp wwpgnipjwl htin
utijmtin wju tnulwlyp pwjuwliuwli w2 fuwnmwwnmwun t: Gpypnpn
tnulwyh nhypnmd wlhpwdb)m L qubh Ynph quwynp nin-
nnipniGGtpl nt quwynp mpwdwqotpp, hlywbtu Gl Ynpp
ytlwmpnlnp: Utlp wjuwnmbin stlp ptipnmd hwiwwwwmwujfuwb oph-
GwyGtn: CGptipngnnp Jupnn L owlnpwlw] wynuhuh ophGuy-
Gtph" moJwo pt’” wnwohlG L pt” Gpypnpn tnuwGwyny [4]
funpugppmu:
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