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I. HekoTopnie BONMpPOCH BCNOMOraTeJbHOTO XapakTepa

Meroa $a30Bofi MIOCKOCTH M HEKOTOPHE CBONCTBA HENHHEAHBIX
KoJle6anHA .

1, ®asoBnie TpaexTOopHH (11), 2. JInHe#iHme cHctemu (12). 3, da3oBas nJoc-
KOC2Th (yllg)annenua Tioddunra (16). 4. IIpumep neproanueckolt $hasoBoi nioce
KOCTH .

Hanpuefimee u3yuenne ypasuenus Jiodduura

1. HexoTopne CBeneHHS H3 TEOPHH SJJIHNTHYecKHX GyHKuuf (20). 2, Bupa-
)Kem(l2e2 )06u.lero HHTerpana ypaBHenu#t Jiodduura (21). 3. dopmyaa ars nepx
oxna .

TMpumepn xoneGaHuil CHCTEM C NepeMeHHbIMH NapaMeTPaMH .

1. IlpenpapuTensHne 3ameuanns (25). 2. Cayyail, koraa BO3BpaualomWas cHJIa
cTpeMHTCH K HyJio (26). 3. Kose6aHHA C NHCCHNATHBHBIMH cHJaMH (27), 4,
Cayuati, koraa BO3Bpaulaoas CuJaa OrpaHHueHa (28).

O HEKOTOPHIX NOCTAaTOYHBIX YCNOBHAX OTPRHHYEHHOCTH KoJeGaHH#’

1. Kpurepufi yCTOAYHBOCTH ANS CJaydasi, KOTAa BO3BpaIalOUIas CHJIA H3MeHS~
eTCs MOHOTOHHO (30). 2. YcTOHYHBOCTH KOJeGanu#t paxkeTnl (32). 3. OcHoBHas
aemma (33). 4. Kputepn# ycTOHRYHBOCTH a5 ypaBHeHHA (3.8) (34).

Teopema ITyankape .

1. ®opmyanposka (35). 2, JlokasaTeabCTBO yTBepxaeHHs [ (38). 3. 3ameuanue
06 aHAJHTHYHOCTH NMpaBhIX 4YacTed (40).

II. Merox Jlanymosa—Ilyankape .

Cucrema Jlsnynosa — cyyait oXHOM cTenmeHH cBOGOIH.

1. KoHcepBaTHBHbe cHcTeMb (41). 2. Cuctema JisinyHoBa (42). 3. IIpHBeneHHe
K KaHOHH4YeckOMY BHAY (43). 4. Ilpeo6pasoBanne HHTerpana H (44). 5. IMepu-
ONAHYHOCTb pelleHHH cHcTeMbl JismyHoBa (45). 6. BbiuHcJeHHe nepHoaa {46).
7. OnHO cBOHCTBO NMepuoxaa (48). 8. GOpMyJaHPOBKA Teopemul JianyHoBa (49).

YenopHus CyIeCTBOBaHHS MePHOAHYECKHX PELIeHHH .

I. IMpeamer uccaenoBaHHs (49). 2. Heo6xomuMbie H [NOCTaTOYHble YCHOBHS
nepronguaHocTH (50). 3, Cayua#t, xorna GpyHaaMeHTaAbHbBIE PElIEHHS YpaBHEHHS
(2.2) — nepruonnyeckne GyHKUHH BpeMmenH (51), 4. Ilpumep (52). 5. OaHO ypas-
HeHHe BTOpOro nopsaka (53). 6. OgqHo ypaBHeHde BTOporo mnopsiaxa. Cuayuwa#
HenmepHOAHYECKHX PyHAaMEeHTaAbHHX pemeHHHA (55).

§ 3 Meron Jlanyuona .

1. Tlpumep (58). 2. O6cyxnenne aaroputma (60). 3. Pacuer npu6JaHKEHHOro
peLIeHHs ((%36)) 4. Ypannenue Mioppunra (64). 5. TIpHMep HeKOHCEPBATUBHON
CHCTEMHB .
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Cucrema Jlanyuosa. Cliyuafi MPOM3BOJNLHOTO YHC/A CTeleHell CBO-
6okt . ce e

1. Onpenesenne (68). 2, IIpHBeneHHe K KaHOHHM4YecKOMy BHnay (68). 3, TeopeMa
JisnyHopa (70). 4, Meton JIsanynoma (71). 5, KoHCepBaTHBHbie CHCTEMB NPO
H3BOJILHOTO YHCJA cTeneHelt cBO6OAM (75). 6, Merox JIanyHOBa B HeJHHel
HBIX KOHCEpBAaTHBHHX cucTeMax (77).

ABrokonebanusa . . . . . . . ..

1. TIpuMep aBTOKONeGaHu#t (79). 2, dopMynHPOBKAa MaTeMaTHUeCKOH 3amauu
(82). 3. ANrOpPHTM MOCTPOEHHSI aBTOKONEGATENbHBIX PEXHMOB B ciayyae Kma-
SuauHefiHpix cucTeM (Merton ITyankape) (83). 4. AnropuTM NMOCTPOEHHR aBTO-
KoJieGaTeIbHLIX PEXHMOB B CJyyae CHCTeM, 6AH3KHX K KOHCcepBaTHBHBIM (90).
5, Ilpumep (92). 6, ABTOKOJIe6aHMA B KBA3HJIMHEHAHHX CHCTEMaX cO MHOTHMH
cTeneHsMH cBo6onn (93).

Metog I'. B. Kameuxona ce e e P

1. Kpa3uaunefinas reopus. TeopeMma I'. B. KamenkoBa (97). 2. KBa3uauneftnas
Teopus. Pacyer nepuoauueckux pemwenuit (101),

HeaBronomune kBasuiauHefiHne cucreMuol. Merosa ITyaukape. .

1. 3ameuyanne o AuHeknbiX cuctemax (103), 2, KoneGaHus BAalH OT pe3oHanca
(105). 3. PesonancHue Kone6anusa. Cayua#t onHoft cremenn cBoGoad (108), 4.
Tpumep: ypannenne Ban-nep-Tloag (112). 5. Onun cneuuansubifi cayuai (114).
6. O pesonance n-ro poaa (116), 7. O KBa3sHJHHeAHOA TPAaKTOBKe HEJHHEAHKIX
ypaBHeru#t (119).

HeaBToHOMHbIe CHCTEMH BTOPOro MOpsijKa, GJau3kue K CHCTeMaM
JIsnyHosa. Merog Mankuua .

1. MNpepBaputenbumft anaau3a (121). 2. Pemenus x° u y°. Hepe3donancuHmit cay-
ya#t (123). 3. [TpuMep pacuera Hepe3oHaHCHLIX pewerHH (125). 4. PesonaHCHHe
PeXHMB B CHCTeMaX, 6JM3KKX K cHcTeMe JIanyHoBa (126). 5. ITpumepnl pac-
YeTa Pe30HAHCHHX pemeHuft ypasHenus Moddunra (131). 6. Eme omuH npu-
Mep peleruii x° (133). 7. O pemweHuAX, GAH3KHX K HETPHBHAJILHBIM pelle-
HHAM cHcTeMH JlgnyHoBa (135),

3akmounTeNLHEE 3aMedaHUs

Taapa IIl. AcaMnroTHueckHe METOLM pasmefeHHsl NBHIKEHHI
Brepeunue .
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Meron Bau-pep-ITous . .. . .. . e

1. MMpensaputenbiuie 3aMeuanus (141). 2. TTepeMeHHHe BaH-jep-TToas (142).
3. CxeMa B. M. BosocoBa (143). 4. YKopouennbie ypanHeHus (144). 5. Crauuo-
HapHble pexxuMbl (145). 6. TIpuMep Pa3spHBHEIX NMpaBbix YacTed (147). 7. Juccy-
naTHBHasa cHcteMa (150). 8. ABToKose6arenbHas cucteMa (152). 9. SKBHBaNeHT-
Has JMHeapH3aiius B KOHCEPBaTHBHHMX CHcTeMax (153). 10. 3ameuanue 06 HC-
cJefOBaHUH ycToftuuBocTH (156),

/

Meron Bau-gep-IToast B cucreMax, G.H3KHX K KOHCEPBATHBHHM

1. 3aMena nepeMeHHbIX (157). 2, YKOpoueHHble ypaBuenus (159). 3. ITpumep (161).
4. Jdpyro#t noaxon K pemeHHo Toht xe 3anauu (162). 5. ITpumeqanus (166),

CHCTeMH ¢ MeIJIeHHHM BpPeMeEHEM .

1. BeIBOJ YKODOUYEHHRIX yganﬂeﬂnn (166). 2. Annabatuyeckue HHBapHanTH (168),
3. UnTerpan neitctBus (169). 4. [IpHMep HCNOJB30BAHMA aNHA6ATHYECKHX HH-
BapuanToB (170). 5. Buluncienue aMnauTyau W 3deprun (171). 6, Hekoropme
ofo6menus (172). 7. 3anaua O MaATHHKe NlepeMeHHO# MaccH (174).

Onucanne aJrOpHTMa acCHMNTOTHYECKOT'O HHTErPUPOBAHUA AJIA
cryyasi ofHOA GLICTPOH MepeMeHHOH .

1. ITpeoGpasopaHne nepeMenHuix (175). 2. OnpeneJienHe YJIEHOB pAa3JOMEeHH MR
(177). 3. INocTpoeHne npubaukenHoro pemenus (181). 4. Ouenka ToyHoctH (182),
5. He3aBHCHMOCTL TOYHOCTH NMpPHGAHIKEHHOTO pelleHHA OT Bu6opa GyHKUHE
P n \D‘ (185). 6, 3ameuanHe o xapakrtepe npHGIHKeHHHX ¢opmyn (188). 7. Me-
TON MOCJAEeNOBATeNbHBIX NMpH6AMeHuR (188). 8, CHcTeMa CTaHLapTHOrO BHAA
(190). 9. O Bo3MOXHHX 0606mennsx (190). 10, 3ameuanue 96 HCCAEAOBAHMH
CTalHOHAPHHX PeXMMOB (191),
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AjnroputM  acuMmnToTHYeCKOro HHTerpupoBanus. Ciayualt He-
CKOJIbKHX OBICTPHIX MepeMeHHHX .

1. CHcrema c aByMsa Bpamawowrmuca c¢asamu (191). 2. Meton ®ypne (193).
3. OnHcaHHe a/JropHTMa B HePe3OHaHCHOM cJjyuyae (194). 4. PesonaHcHHA cay-
yaft (197), 5. Hccaenopanne raaBHOrO pe3oHaHCa B CJyyae NMOCTOAHHLIX YacCTOT
(197). 6. OGwu# cayyah raaBHOro peaonanca (200). 7. KOMGHHauUHOHHBE pe3os
HaHCH (202). 8. YcraHOBHBILHeCA pexHMu (203). 9. BhiHyXAeHHH € KoJeba-
HHA KBa3uJuHeRHuIx cucreM (204), 10. PesoHaHcHHe pewmennn ypaBHenua Liod-

uura (206). 11. O xpaTHHX pe3oHaHCax B KoJeGaTeJbHHX CHcTeMmax (207).
2. OOHH TNpHMep Kojae6aTeJhHOA CHCTEeMH ¢ GOAbIIHM YHCJAOM CTemeHeld
csoGonnt (210),

Hccaenosanne CTaHOHAPHHX TOYEK H YCTOHYHBOCTH

1. lpensapuTeabuble 3aMevanna (211). 2. HccregoBanie ycTORYHBOCTH (212),
3. YcToAyHBOCTh TPHBHAJLHOTO pelleHHs CHcTeMH. (6.6) (213). 4. 3amesanus
(214). 5. TpakTOBKa pe3y.bTaTOB (216).

BpamaTeanue ABHIKE€HHS MAsATHHKA .

1. 3aMeuaHHs 06 H3yuyeHHH KoJje6GaTeJbHbIX IBH)XKeHHH MaaTHHKa (217). 2, Ho-
Bule He3aBHCHMBbe nepemeHHne (219). 3. [TocTpoenHe acHMNTOTHKH MOpOXKaa+
omero pemenns (220), 4. BpamareJbHbe NBHXEHHA MaTeéMaTHYeCKOro MasaT-
Huka (224). 5. IIlppMep ManATHHKaA, BO3BPAWAOINAA CHJIA KOTOPOro pa3phBHa
(225). 6. CucreMa c BpamaloWHMCA 3BeHOM (226). 7. MaATHHK c nepeMeHHOR
BO3Bpalaiowel cHioli (227). 8, Teopuna Bo3Mymenn# (229). 9. YpaBHenne Bau
npep-noaa (230). 10. Oco6eHHOCTH pEe30HaHCHBIX ABJEHHA B CHCTEMax ¢ Bpa-
WAamHMHCA 3BeHbAMH (232). 11. Metox B. M. BosocoBa B TeOpHH Bpaiua-
TeNbHHX ABHXEHHR (238). 12, 3akmouenHe (241),

§ 8. IIpusoxenuss K 3afayaM AMHAMHKH OPOHMTAJbHHX annapaToB
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§ 4.

1. llpenpapuTeibHne 3aMeyaHHa (241). 2. Bo3aMylleHHA KeNJIepOBCKHX OpPGHT
{242). 3. 3amaua o TpaHcBepcaJbHON TAre (249). 4, 3anaya O ABHXEHHH CnyT-
HMKa Ha mnocneaHux o6oporax (253). 5. 3anaya o ABHAKEHHH CNyTHHKa B
KOHIle nocaexHero o6opora (259), 6. Pe3oHaHCHHE 3ajayH B OHHAMHKE HC-
KYCCTBEHHHX CIYTHHKOB (267).

AcHMNTOTHYECKHE METOAH YCPeAlleHWs B 3aJavax TEOPHH ONTH-
MaJbHOTO YyNpaBJeHHA .

1. HacTnyHoe ycpegHenHe (273). 2. O BO3MOXHHX TNOCTAaHOBKaxX 3anay OMNTH-
Manb(nt;;;) ynpaB/JeHHA AJA YypaBHeHHR B craHmapTHol ¢opme (274). 3. Ilpnu-
Mep (277).

IV. Acumnroruueckue MeTOnbl B TEOPUH JMH>AHWX ypaBHEeHHH,
cozfepxamux Goabmoit mapamerp

OnHo ypaBHeHHe BTOPOrO Nopsjka

1. WBKJ-pemenna (281). 2. CBasb c MeTonoMm ycpexHeHHus (283). 3. AcumnTo-
THYeCKHH xapakTep NpHGJAHXKeHHbIX dopMya (284). 4. [lpyroft MeTox mocTpoe-
HHA NPHGJIHXXEHHBX peleHHR (288).

OnunopoaHue cucrtemMu Broporo nopsinka. Ciayuadt mpocTHX Kop-
Helt . . . .

1. ACHMNTOTHYeCKHe pelleHHA AJA ONHOro ypaBHEHHS BTOPOro mopanka (290),
2. YpaBHeHHe NMpPOH3BOJLHOro paHra (293), 3. CucreMa BTOpOro mopsaka (295),
4. Hekorophie yacTHue cayyan (298). 5. CHcTeMa npoH3BOJbHOro patra (299),
6. Bt&;«l?mnue MonH¢HKaUHH AaArOpHTMa NOCTPOGHHA ACHMITOTHYECKHX pA-
OB .

Onunoponnue cucreMn BToporo nopspka. Ciayuyail KpaTHHX KOpHe#R

1. IpenBapurenbune 3aMeyanun (303). 2. CayvyaR MpoOCTHIX 3JEMEHTapHBIX Le-
autenef (307). 3. OnHH NpHMep MEeXaHHYeCKoHi CHCTeMBl C IBYMA CTeNneHAMH
cBo6oan (309). 4. CucTeMul npoH3BoJbHOro paura (314). 5. Ilpumep kose6a-
TeJbHORA CHCTEMBl, 3JeMeHTapHHe JeJHTeJH KOoTopo# HempocTue (315).

HeopmHoponHHe ypaBHeHHS
1. OnHo ypaBHeHHe BTOporo nopsaaka (317), 2, CHcreMa NpPOH3BOJLHOrO paH-

ra (318), 3. OcHoBHas Teopema (318). 4. Cayuail, KOr/ja BHEIIHHE CHJIK OCHHJ®
aupyiot (321),
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OG6uinit cayyall JHHelHOR cHCTeMB NPOM3BOJIBHOIO MOPSIKA

1. O6ee peuieHHe OIHOPOAHOM CHCTEMH B TOM Cayyae, KOrZa KOPHH Npo-
cToie (324). 2. Cayualt xpaTHMIX KopHeil (327), 3. YacTHble peiueHHs HeoILHO-
poaHbIX cucTeM (328),

33113'-[3 O IBHUXEHHWH THpOCKOna mnox neﬁCTBHeM MOMEHTa, H3Me-
HAOUIerocss BO BPeME€HH .

1. BumBOa ypaBHeuu#t (329). 2. Jluueapusauus (332). 3. Cayyall nocTosHHbIX
napameTpoB. dJeMeHTapHas Teopus rupockona (334), 4. 'mpockon B noJe ne-

peMeHHOR HanpsKeHHocTH (335), 5. YpasueHusa GauucTukd (337). 6. Hccae-
noBaHHe cHcreMu (6.33) (341).

Oco6nle ciayyan (aCHMNTOTHKA H OKPECTHOCTH TOYEK BO3BDaTa) .

1. IlpenBapuTe bHble 3aMeyanus (343), 2. ArtanouHOe ypaBHEeHHe, poPMasbHOE
NOCTPOeHHEe aCUMMNTOTHYECKHX PRAMOB (345). 3. ACHMNTOTHKA pelUeHHH B oKpe-
CTHOCTH TOYeK BO3BDAaTa, B KOTOPHIX KOPHH XapakTepHCTHYECKOro ypaBHeHHSA
o6pawaTcs B Hy b (348). 4, AcMMNTOTHYeCKHE pA3JOMEHHA B OKPecTHOCTH
TOYKH Bo3BpaTa, [Ie 3JeMeHTapHbe [eAHTeJH nepecTaiwT ObiTb npo-
cTeiMu (350).

[0} HEKOTOPBIX cnocobax NOCTPOEHHA AaCHMNTOTHYECKHX NpeacTaB-
JIeHHA B cJyyae KPaTHBIX 3/JeMeHTaDHHIX JeJuTesell XxapakTepuc-
THYECKOHX MAaTPHUH .

1. CHcTeMa ¢ OIHHM 3JeMeHTapHHIM JeJHTeJseM NDOH3BONLHOR KPaTHOCTH
(352). 2. IMpumep 1 (358). 3. ITpumep 2 (359). 4. Cayuaii, koraa an,, =0, Ho
amﬁgo (361), 5. Cayyai, korma am, =am2=0. HO a,, =0 npu s> 2 (363).

AcuMmnToTHYECKHEe MeToAH 0OJBIIOTO napamMeTpa X TeOPHs ONTH-
MaJIbHOH KOPPeKLHH
1. IMocranoska 3anaud. ITpumepsl (365). 2. HekoTopeie cBocTBa ynpaBiieHHS

KOHCepBaTHBHLIMI cHcTemamit (373). 3. ACHMNTOTHYecKoe MpeACTaBJeHHe pe-
meHu# oAHON YacTHOW 3ajaud koppekuuu (374),

IMpexMeTHHI yKasaTesb
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NMPEAHCJIOBHE

Ilpensaraemasi KHMra BO3HHKJIa H3 JIeKIHH, KOTOpble aBTOP YH-
TaJ CTyaeHraM MOCKOBCKOro (H3HKO-TEXHHYECKOTO HHCTHTyTa. 3a-
rjaBHe KHHI'H COBMAajaeT ¢ HAa3BaHHEM COOTBETCTBYIOLIEro Kypca,
00513aTeNIbHOTO /11 CTYHEHTOB, CHelHaJH3HPYIOLIHXC B 00sacTH
NPHKIAAHOH MaTeMaTHKH.

CraHpapTHeii kKype nuddepeHUHaNbHbIX ypaBHeHHl 3HAKOMHT
CTYMEHTa JIHIUL C OCHOBaMH 3TOH TeopHH. B To e BpeMms mpakTH-
yeckas AesiTeJbHOCTb MaTeMaTHKa, 3aHHMAIOLLErocs NMPHKJagHbIMH
3ajlayaMH, oOblYHO TpebyeT 3HaHHSA LEJOro psifa BONPOCOB, NajeKo
BHLIXOJAALLHX 3a paMKH nmporpaMMbl. K HX 4YHC/Ay OoTHOCATCA mpexne
BCcero pa3HooOpa3Hbie BOMPOCHI aCHMITOTHYECKOTO MOBelJeHHs pe-
weHHi. [ToatomMy, Korga crasa OYeBHAHOH HeoOXOAMMOCTb YTEHHSH
Kypca [IOMOJHHTENbHBbIX IjaB OOGbLIKHOBEHHBbIX aHbdepeHLHANbHBIX
ypaBHeHHH, TO Gbl10 pelieHO OCHOBHOe BHHMaHHe COCPEJAOTOYHTb Ha
H3JI0XKEHHH MeTOJ0B ACHMITOTHYECKOro aHaJsu3a. Jlio6Gbie Hccneno-
BaHHUA HMEIOT AeJO0 C MOAEJNSIMH peajibHbIX MPOLECcCOB. DTO 3HAYMT,
YTO ypaBHEeHHs, OKa3blBalOlHeCsi B pacnoOpsxKEeHHH MaTeMaTHKa,
HAaloT JiMlb NPUOIHXKEHHOE OMHCaHHe SIBJEHHH, KOTOpble MpejcTa-
BAAIOT co60il 06bekT H3yueHus... MccienoBarenp scerna «ynpolaet
3afauy», OoTOpachiBasi cjaraeMbie H MOHHXKAasi MOPSAOK CHCTEMBI.
B03MOXHOCTb TaKOro ynpollieHHss OGHIYHO ONpaBAbIBAETCH MaJio-
CTbIO TOTO WM ApYroro napamerpa. OmHako He BCAKYIO MaJjyio Be-
JUYHHY MOXKHO OTOPOCHTb, He HCKaxasi cMbicja 3amayH. [loatomy
MaTeMaTHK, KOTOPblil 3aHHMaeTcsi MOXZOOHBIMH BOMNPOCAMH, HOJIXKeHd
BJafleTh METOJaMH, MO3BOJSIIOIIHMH H3yyaTb 3aBHCHMOCTb pelleHHH
OT MapaMeTpPOB 3aflaYd H NpexIe BCEro aCHMNTOTHYECKOe MoBeje-
HHe peuleHHH mpH MX MasbiX 3HayeHHsX. C MomoGHLIMH BOMpOCaMH
MaTeMaTHKy MPUXOAUTCS CTaJKHBaThC HE3aBHCHMO OT TOro, B Ka-
Ko#l 06/1aCTH OH MPHMEHSIeT MaTeMaTHYeCKHEe MeTOMbl HCCJed0BaHHUS.
Ouu B paBHOM cTemeHH aKTyasbHbl B ¢H3HKe U B GajJIHCTHKE, Teo-
PHH KosieGaHHi H IKOHOMHKE H T. 1.

3HayeHHe aCHMITOTHYECKHX METONOB BO3POCJO B MOC/AENHHE fe-
CATHJETHA B CBS3H C Pa3BHUTHEM BBLIYHCJAHUTENbHBIX MawHH. OueHb
4acTo BLICKa3blBaeTCH MbiCJb, UYTO G6jiarofapsi pa3BHTHIO BhIUMC-
JIMTEJbHOH TEeXHMKH W MeTOJOB BHIYHMCJIMTENbHON MaTeMaTHKH



8 MPEANCJIOBUE

VMeHbIlaeTcss 3HaueHHe aHAJHTHYECKUX MeTONOB. ABTOD 3TOi KHHTR
fIBJASETCS KaTerOpMYeCKHM MPOTHBHHKOM NONOOHOH TOUKHM 3peHHs H
y6exaeH, uro 3G (eKTHBIbIE BHIUKCIHTENbHBIE METOLb! pPelleHHs TOH
MM HHOM 3aJauH, SKOHOMHble C TOYKH 3PEHHA 3aTpaTbl MailMHHOrO
BpeMeHH, Bceraa AO/1KHbl HCMOJAb30BaTb UHGOpPMaUHIO 06 aHaANHTH-
yeckoil mpupoje 3anauu. [1puBenem oauH npumep. Ilyctb peub uger
0 3ajnauve Kowu Ans cucteMbl 0GbIKHOBEHHBIX AHGP(epeHuUanbHbIX
ypaBHeHH#A. Ecnu HaM M3BeCcTHO 3apaHee, UTO pelleHHe NpeAcTa-
B/asieT COGOA MeNJIEHHO MEHSIOLLYIOCsh QyHKUHIO, TO /11000 YHC/IeH-
Hblii MerOopL pelleHdHst 3apaud Koin, HanpuMmep Meron PyHre —
KyrTa, OokasbiBaeTcs yAOBJETBODUTENbHbIM. [1peanosokuM Teneps,
HTO pelleHHe — GrpicTpokoJebaoniascs ¢yHkuusa. [las ee orbicka-
Hus GopMasibHO MoxKer OblTb NMpHUMeHEH J1I0GOH YHC/IEHHbI METOA.
OnHako war pa3HOCTHOM cXeMbl AJs o6ecrneueHuss 3aJlaHHOM TOY-
HOCTH Jo/ixkeH ObITE BbIOpaH OueHb MaJsblM, T. e. Qa5 obecrneueHHs
3a]aHHON TOYHOCTH Mbl AOJKHBl pa3buTb H3yyaeMmbli HHTEpPBAJ He-
3aBMUCHMOro MepeMeHHOro Ha ouyeHb G6oJblloe uyucao wwaroB. B 1o
)Ke BpeMsi 60JbLIOE KOJIMYECTBO IIAroB B CBOIO OYepelb NDHUBOLHT
K HAaKOIJIeHHIO OIUMOKH M, CJe40BaTeNbHO, INOHHIKAeT TOYHOCTb
OKOHuUaTeabHOro pesyabrara. Kpome toro, npobsende wiara 3Hauu-
TeIbHO YBEJIHUMBAeT MAalIHHHOE BPEM#, 3aTpauHBaeMoe Ha pelleHHe
3ajgaud. BbIXOA H3 3TOro MOJOXEHHS COCTOHT B HCINOJNb30OBAHHUH
4aCHMNTOTHYECKHX MeTonoB. OHM MO3BONAIOT MPOM3BECTH MpeABapH-
TebHYI0 06paboTKy ypaBHeHuH, OTGPOCHTL HEKOTOPbIE «MaJbie Cila-
raeMble» W BBECTH HOBble NepeMeHHble. DTH MepeMeHHble OYAYT yxke
MeAJeHHO H3MEHSIOLUMUCH GYHKUUSMA U MOTYT ObiTb TOYHO H
6bICTPO BHIYMCJEHBl HA MaUIHHE.

HccnenosaHus aCHMNTOTHYECKUX pellleHHH OGbIKHOBEHHBIX NHG-
¢epeHUHaNLHEIX YDABHEHHH l1peAcTaBAsAIOT co0oi o6LIHPHOe U pas-
BUTOE HanpasJjeHue 310H TeopHu. IToaroMy npu paspaboTke Kypca
aCHMNTOTHYECKHX METOLOB ctas Eonpoc o6 orbope Matepuasa.
3aecb BO3MOXKEH LeJbli pAl pelieHHH, B OKOHYATeJbHbIH BapHaHT,
BEPOSITHO, HOCHT AOCTAaTOYHO CYODBEKTHBHbIA Xapakrep.

[Tpexae Bcero npeAcTaBasjoch He0OOXOAUMbBIM MO3HAKOMHTb CTY-
JleHTa, Crneunasnsupyloulerocs B o6aacTd NpHKAaAHOH MaTeMaTHKH,
C OCHOBaMu TEOpHH Majoro mnapamerpa JisnywoBa — Ilyankape.
DTta TEOPH: JIEKHT B OCHOBE UEJOro psila METOLOB B aCTPOHOMHH,
Teopuu KoseGanuil u 1. A. Ee 3HaueHHe cocTOUT He TOJNBKO B TOM,
4TO OHa JlaeT METOA OTbICKAHHfA NMEPUOAHYECKHX pelLleHHH KBa3uJIH-
HelHbIX ypaBHeHui. [usi uenoro psna sapau, KOTOpbie peliaioTCs
B paMKax 3TOH TeOpHH, ceiiyac umelorcs GoJiee 3¢GdeKTHBHbiE Me-
TOlbl, MPUTOAHbIE, KPOME TOro, A7 6ojee LIMPOKOTO KJacca ypas-
HeHu#. [leno 3akaiouaercs B ADYroM: 3Ta TEOPHSA Na€T OYeHb MHOTO
A5 MOHHMAaNHS TOro, KakK NOJIKHbl CTPOHTbCS METOAbl HCCJeAOBa-
HHSl HOBbIX 3ajlau. VM3yueHue reHesnca LeJOro psjla COBpeMeHHbIX
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Hcc/elOBAHHA MOXKeT MOKa3aTh, YTO y HX HCTOKOB HAaXOQATCH HAeu
¥ MeTolbl, BrnepBble chopMynHpoBaHHbe B Teopud JisnyHoBa —
[Myaukape. ddpdekTUBHEIM MOATBEpKAEHHEM 3TOIl MBICIH ABJSAETCA
Mmeton Jlafitxunna — o B razoBod AvHaMHKe. Teopuu JlanyHoBa —
[Tyankape nocsslleHa BTopas rjaBa MpeajaraeMoil KHHIH.

B Tperbeii riiaBe cofepKHTCH H3JOXKEHHE «aCHMIITOTHYECKHX Me-
TONOB pasjiefeHHsl ABHXKeHHH». B Hauane nBaAuaTbiX rogoB 3TOro
BeKa rosylaHickufl uHXeHep Ban-gep-Ifoab OTKpbl1 KayecTBeHHO
HOBBI MOAXOM K H3Y4eHHIO KoseGaTeNbHbIX ABHXEHHH H MOJIOXKHA
Hayajio HOBOHM M BaXKHOH oGsiacTH B TeopuHu kosnebanuit. H. M. Kpni-
a0 1 H. H. BoronioGoB cyMenu nocMoTpeTh Ha BecChb IpeJMeT ¢ CO-
BepUIeHHO HOBOM TOYKH 3peHHsl. DTO MO3BOJIMJIO UM pa3paboTaThb
aCHMOTOTHYECKHH MeTOM, KOTOPLIH B KauecTBe [epBOro cJjaraemMoro
JlaBaJjl peleHne, KOTOpoe MOXKHO OblJIO MOJYYHTb MeTofoM BaH-gep-
[Mons, HOCHBIIMM 3BpHCTHYECKHiT XapakTep. DTH pabGOTHI MOJOXKHIY
Hayajo HOBOMY O6OJbHIOMY HampaBleHHIO B TEOPHH aCHMITOTHYe:
cKHX MeToJ0B. OHO rny6OKO MpPOHHKJIO B pa3JjiHyHble 06/1aCTH Teo-
petHueckoll GH3HKH, B MPHKJAAHYIO aCTPOHOMHIO, THHAMHKY KOC-
MHYECKHX anmapaTtoB H T. A. B nocnenHee BpeMs crana oyeBHAHOIM
€ro CBfi3b C TeopHell aguabaTHYeCKHX HHBApPHAHTOB, KOTOpas pa3BH-
Bajsacb He3aBHCHMO.

[Mocnennss rnaBa KHHTH COAEPXHT H3J0XKeHHE TeopHH O0Jb-
moro MapaMerpa — KJacCHYeckoil TeopHH, Belylleil cBoe Hayajao OT
pa6otel JluyBuaasa 1837 r. Ilocne pab6or Buprxodda u . I. Ta-
MapkHHa npo6seMa acHMITOTHYECKOro MOBeJeHHs HHTerpaJfoB CH-
CcTeM JIHHEHHBIX YypaBHeHHH, cofepXalHX GosbwioH mNapamerp,
npeBpaThiach B OOLIMPHYIO MaTEMaTHYECKYIO TeOpHIO, MIHPOKO
MCIIOJIb3yeMYIO B Pa3JIMUHBIX MpHJOKeHHAX. Metonr WBKJ asnsercs
OJHHM H3 ee HeOO/IbIIHX pa3fesoB. DTa TEOPHs MO3BO.SET MPOBO-
auTh 3pdeKTHBHOE H3yuyeHHe JHHEHHBIX CHCTeM C Me[JeHHO Me:
HAWIWHUMHCS KO3b@HIHEHTaMH.

[MepeuncneHHble BOMPOCHl COCT2BJIAIIOT OCHOBHOE CcOJeprKaHHe
kHurd. MM mpennmoceinaeTcs HeGosblias riaaBa, cojepikaliias BoO-
fIpoChl BCIIOMOraTeJabHOTO HJIH BBOJAHOTO XapaKrepa: MeTol (a30Boil
NJIOCKOCTH, MPHMepbl HeJHHeHHbIX ypaBHeHHil, TeopeMa IlyaHkape
06 aHaJHMTHYECKOH 3aBHCHMOCTH pelleHHSl OT MapaMeTPOB H HEKO-
TOpble TeopeMbl 00 OrpaHHYeHHOCTH pelleHHH JHHEeHHBIX ypaBHeHHH
¢ mepeMeHHbBIMH KO3d}HLHEeATaMH.

[TepeuncsieHHble BOMpPOCHI COBEpPIIEHHO He HCYepMbIBAIOT cojlep-
KaHus TpeiMeTa, cTosillero B 3arosioBke kHuru. Lleabldl pax Bax-
HBIX BOTPOCOB, K COXKa/1€HHIO, He Haulesa cBoero Mecta. K ux uucny
OTHOCHTCA TpeXiae Bcero npobjeMa mapaMeTpHUeCKOro pe3oHaHca,
TeopHa ypaBHeHHU THNa XHJJa H TeOPHs pelleHHH THMA MOrpaHHy-
Horo caos. OrpaHHyYeHHbII 00'beM KHHTH HMCKJIOYal CcaMy MbiCab
0 BO3MOXHOCTH MPHAATb €H IJHIHK/IOMENHYECKHH XapakTep,



10 NMPEAHWCJIOBUE

Kak 310 BHAHO M3 NpUBEJEHHOrO MepeyHcJaeHHs, Npeasaraemas
KHHra MOCBfIlLleHAa JOTOJNHHTENbHbIM I1aBaM OOBIKHOBEHHBIX OH(pGe-
peHLHaNbHBIX ypaBHeHHH. TeM He MeHee B ee 3ar/jiaBHH CTOAT CJOBa
«HesHuelHas MexaHHKa». s 3TOro ecTb HECKOJNBKO MpHuHH. [lep-
Bas H3 HHX COCTOHT B TOM, uTO (OPMAaJIbHO 3HaYHTeJNbHas 4YacThb
H3YyuYaeMbIX BOMPOCOB COBMAaJaeT ¢ TPAAHLHOHHBIM MOHATHEM «HEJIH-
HeliHas MexaHHKa». Jlasee (M 31O OOsiee Ba)KHO), KHHra paccyu-
TaHa Ha JIHL, KOTOpble MNpPHJAaralT CBOH YCHJMA B MPHK/IAAHOH
cpepe. IloaTOMY BCe H3J0XKEeHHEe BeJeTCA Ha f3blke HeJHHEHHOH
MeXaHHKH M W/JIIOCTPHPYyeTCcA NpuMepaMH M3 MeXxaHHkH. U, Hako-
Hell, nocjenHee. B kuure ucnosnbayerca «Pusuueckuil ypoBeHb CTPO-
roctu». IlpHBOAMTCA 10OKa3aTeNbCTBO TOJBKO HEOOJBHIOTO YHCAA
caMbIX npoctbix TeopeM. OCHOBHOE BHHMaHHE YAEeTCA CTPYKType
BbIYHC/JAHTEIBHOrO ajJroputMa. Bonpochl CXOOHMOCTH HJH OLEHOK
TOJNIbKO yNoMHHaloTcA. ITo kaxkaAoMy u3 paslenoB 3TOH KHHMIH Ha-
NHCAaHO MHOro MepBOKJIACCHBIX HCCJAENIOBaHHH, coepxaiiux o6-
CTOATENbHOE H3JI0XKEHHe TPYAHBIX BONPOCOB MaTE€MaTHYECKOI'O Xa-
paktepa. K HHM aBTOp M OTChLIaeT yHTaTelf, Yy KOTOPOTO BO3HHK-
HeT xenaHue Gojiee T1yOOKO H3YYHTh H3JiaraeMble BOINPOCHI.

OzHako NaHHAsA KHHMra 3HAYHTEJNbHO OTJIHYAETCA OT H3BECTHBIX
KypCcOB HeJiMHeHHOH MexaHUKH. IIpexxae Bcero OoHa COILepIKHT Le-
JIbIH pAJ BONPOCOB, OOBIYHO HE BKJ/IOYAEMBIX B KYPCbl. DTO BONPOCHI
aCHMITOTHKH 0OJIbIIOr0 NapaMeTpa, NPHJIOXKEHHE K BapHallHOHHBIM
3ajlauaM H Hekotopble ApyrHe. OCHOBHOE XK€ OT/IHYME, KAK HaM Ka-
XKEeTCA, COCTOUT B CaMOM JyXe H3JoxeHHA. ABTop uaberaer 60Jib-
HIOFO YHCJa PUMEPOB H HE TPATHT BPeMEHH Ha HX JeTasbHbIA aHa-
au3. He 3agaun Teopun nenunelHbIX KoneOaHUil, a METOIbI ABAAIOT-
¢l 00BEKTOM aHaJ/H3a.

Hacrosuasa KHUra no 3aMbICJy aBTOpa JAOJKHA CJAYXHTb yuel-
HbBIM DYKOBOACTBOM, KOTOpOe C HeGOJbLIOH 3aTpaTOd BpPEMEHH MO-
3BOJIHT BBECTH UYHTaTeNd B KPYr H3yyaeMbIX BONPOCOB H I0OKA3aThb
BO3MOXHOCTH H3JIara€MbIX METO/IOB.

IlyMasa o uMTaTenfX, aBTOpP MNpeXjae BCero HMesJ B BHAY CBOHX
caymartenell — cTygeHToB PH3HKO-TEXHHYECKOTO HHCTHTYTa M clie-
LIHaJHCTOB aHAJOTHYHOrO MNPOQHJA, KOTOpPble 3aHHMAIOTCA MpHMe-
HeHHeM MaTeMaTHYeCKHX MeTOJOB B €CTeCTBO3HaHHH, TeXHHKe i
3KOHOMHKe. ABTOp Haleercs, YTo NpefnaraeMasi KHUra MOXet GbiTh
nojesHa HHXeHepaM H (H3HKaM, MOCKOJbKY YHCTO MaTeMaTHye-
CKHe BONPOCHl B HeH HaXOAATCA Ha BTOPOM MJiaHe H H3JIOXeHHe
BIIOJIHE 3JIEMEHTApHO.

ABTOop ucKpeHHe Osarogaped Baagumupy MapkoBHuy Boso-
COBY, BHHMATeJbHO NPOYHTABIIEMY DYKONHCh H CAeNaBHIEMY MHOTO
3aMe4yaHHH, KOTOpble MO3BOJIHJIH YCTPAHHTh PAL HETOUHOCTEH I yco-
BEPLIEHCTBOBATh H3/I0XKeHHe,
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HEKOTOPBIE BONPOCDI
BCNMOMOTATEJIbHOIO XAPAKTEPA

B 370l rnaBe, Hocsillefl BBOAHBIH XapakTep, pacCMaTpPHUBAIOTCH
HECKOJIbKO MPHMEpPOB, HJJIOCTPHPYIOLUIHX GOraTCTBO BO3MOXHBIX
¢dopM [BHXKEHHS, OMHCbIBA€MbIX HEJHHEHHLIMH YPaBHEHHAMH H
ypaBHEHUSIMH C TepeMeHHbIMH Ko3ddHuuHeHTaMH. Hekoropnie us
HHX HaM OYyAyT CJYXHTb B JaJjibHeilleM B KauecTBe MPHMEPOB, Ha
KOTOPHIX Mbl OyJeM JIeMOHCTPHPOBaTb 3(PGPEKTHBHOCTb H3yuyaeMbIX
MEeTO/IOB.

OnHoBpeMeHHO Ha 3THX TNpPHMepaX Mbl H3jaraeM MeTox ¢a-
30BOH IJIOCKOCTH — MeTOJ,, HMeloluii OGosbLioe NMPHKIAZHOE 3Ha-
yeHHe.

B 3Toit KHHMre OH GyaeT HMeThb BCIIOMOTATEe/bHbIH XapaKTep
r1aBHbIM 06pa3oM AJA MNOSCHEHHH MOJYYEHHBIX Pe3yJabTaToB.

HeckonbKo npyMepoB H3 TeOpHH JHHEAHBIX KoJeGaHHH cHCTeM
C MepeMeHHBIMH TapaMeTpPaMH HMeeT CBOEH LebIO MOKa3aTbh YHTa-
TeNI0, HauuHaIOlleMy H3yuyaTb NpelIMeT, HOBble KauecTBEHHbIE OCO-
GEHHOCTH JBHXXEHHSI CHCTEM, BO3HHMKalOllHe B TeX cJaydyasX, Koraa
ee apaMeTpbl CTaHOBATCA QYHKLUHAMH BPEMEHH.

[NMocnenuuit maparpad BBOAHOM TI/aBbl CONEPMKHT H3JA0XKEHHE
TeopeMnl [lyaHkape 06 aHa/JHTHYECKOA 3aBHCHMOCTH DeELUEHHSI OT
napaMerpa. ITOT (YyHIAMeHTa/JbHbIH pe3y/abTaT aHAJHTHYECKOH
TeopUH AuddepeHLHANbHBIX yPaBHEHHH GyleT MHOrO pas MCMOJb-
30BaThCsl B KHHTe.

§ 1. MeTtox ¢a3oBOii MAOCKOCTH W HEKOTOpble CBOMCTBA
HeJUHEAHBIX KoJeGaHui

1. ®a3oBbie TpPaekTOPHH. PaccMOTpUM ypaBHEHHE BTOPOro To-
paaKa
dx  dx
(D(x, R W)=0 (l.l)

OG6Go3HauHM &=y ¥ BLIUHCAHM
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Torna ypasHeiine (1.1) MoXXHO mpeACTaBHTb B BHIe
d
o (x; 4; 2 y)=0
HJH
e d
(0} (x, g, d_}y‘) =0.
O6winit HHTErpas 3TOro ypaBHEHHs
¥(x, y, C)=0 (1.2)

OMHCLIBAET B INIOCKOCTH (X, Y) HEKOTOpoe OJHOMNapaMeTpRyeckoe
€eMeHCTBO KPHBBIX

y=o(x, C).

ITnockocts (X, y) Gyldem HasbiBaTb. Pa3oBOA MJOCKOCTbIO ypaBHe-
uua (1.1), a kpuByio y=¢(x, C) — pa3oBoii TpaekTopHeit 3toro
ypaBHeHHsA. Pewenne ypaBHenusi (1.1) — rouka {x(f); y(¢£)} — 6y-
IeT HasbiBaTbcsi H3oOpaxkawoueid Toukoi. Ecan ypaBHenne (1.1)
TPAaKTOBaTb Kak YypaBHeHHe,
ONHCHIBaWOlLlee ABHXKEHHe MaTe-
pHanbHOH TOYKH, TO H306pa-
}awllas TOoYyKa onpejensieT B
KaXX/lblii MOMeHT BpeMeHH ! mno-
JOXXEHHE H CKOPOCTb 3TOH TOY-
kd. [1pn M3MeHeHHH apryMmeHTa
t u3o6Gpaxkamoolas Touka Oyler
JIBHraTbCs BAOJb (a3oBOH Tpa-
Puc. 1. eKTOpHH (pHc. 1).
Tak xak B BepxHell noJaymio-
cKoctH dx[dt=21>0, 10 H306pa-
JKawollasi ToWKa B BepXHell NOJYNJIOCKOCTH nepeMelllaeTcss B CTOPO-
HY BO3pacTaloUIHX 3HayeHHH x, a B HHXHeH MOJYNJOCKOCTH
(#<0) — B cTropoHy y6niBalolMX 3HaueHHH x. CieloBaTesbHO, pa-
JHyc-BeKTOp H306pakalolled TOUKH B ciyuae (a3oBOil TPaeKTOPHH,
NOKa3aHHOH Ha puc. |, B nmepBOM KBajJpaHTe BpallaeTcs MPOTHB
YacoBoOji CTPeJIKH, a B YEeTBEPTOM -— JI0 YACOBOH CTpeJiKe.

Ecnu nBuXeHHe, onucbiBaeMoe ypaBHeHHeM (1.l1), nepuoguue-
CKOe, TO COOTBETCTBYyIOILasi eMy (pa3oBasi TpaeKTOpHs OYyAeT 3aMK-
Hyroil. IlpunaBas napamerpy C B ¢opmyne (1.2) BceBo3MOXKHble
JeACTBUTE/IbHBIE 3HAYEHHs,, Mbl MOJYYHM BCIO COBOKYMHOCTb BO3-
MOXHBIX [BHXKEHHH, onHcebiBaeMbix ypaBHeHHeMm (1.1).

2. Jluneitnbie cuctemMbl. HanoMHHM Tenepb HEKOTOpPble CBOHCTBA
JHHeHHBIX YypaBHeHHHi BTOporo mnopsaka. PaccMOTpHM cHauana
YPaBHeHHe rapMOHHYECKOro OCUHINATOPA

E+o0ix=0. (1.3)




§ 11 METOA ®A30BOJ MAOCK. H CBOMICTBA HEJIMHEMHBIX KOJIEBAHURN 13

Boinuwiem aas Hero uHTerpan (1.2), KoTopbli 6yaeM Ha3biBaTb HH-
TerpajsioM 3HEPTHH

£ o?

S +—5—=C. (1.4)
3nech C HOCHT Ha3BaHHe NMOCTOSTHHOH SHEPTHH.

Tak kak ypasnenue (1.3) nonyckaer rpymmy npeoGpa3oBaHuii
caBura t'=t+h, 10 6€3 OrpaHHYEHHH# OGLIHOCTH MOXHO NPHHSATb,
yto au6o x(0) =0, 1u6o %(0) =0 *). [TosTroMy B KauecTBe MOCTOSIH-
HOH 3HEePrHH 6y11eM NpUHUMATh JHOO HayalbHOE 3HAYeHHE KHHETH-

o 1 .
4YeCcKOH SHEepruu C=T(0)=7x2(0), au6o HavanbHOE 3HAYEHHE Mo-

2
TeHUHaJbHOA 3HEPTHH C=H(O)=££2£)—. Paapewas (1.4), oTHo-
CHTENIbHO &, NOJ1YYHM
=+ Y2C—F (x), (1.4)

rae
F(x)=2 f o%x dx = 0’2

PaccmoTpuM ¢asosyio niaockocts ypasueHus (1.3). dasosbie
TPaeKTOPHH 3TOrO ypaBHEHUS ONpeNeafOTCS M3 HHTerpana sHep-
run. Kak yxe ykasbiBajocb, OHH 06pasyiOT HEKOTOpoe OAHOMapa-
MeTpHYeCKOe ceMeHCTBO KpPHBHIX, 3aBHCH-
wux or mocrosuHo# C. B nnockoctu (F, x) £ =20
HauepTHM cHauaaa KpuBylo F=F (x). Tlpo- 1\_ /l F*Zé',
BeeM 3ateM npamyi F=2C, pasuocTb | A z ?
2C — F(x) 6ymer paBHa #2, TMopsmok mo- |
CTPOEHHS 3THX KpHBHLIX siceH H3 puc. 2. |
Jlerko y6emuTbcs B TOM, uTo (ha3oBbie Tpa- |
eKTODHH IE/JHKOM 3aloJHSIOT IMIOCKOCTh |
(x, y=a&) — kaxnofi mape 3HaueHui x u y I
OoTBeuaeT €JHHCTBEHHOE 3HAaYyeHHE MOCTOSIH- ~ 1 z
Hoii 3Hepruu C.

Mu BuauM, yTo Bce (asoBble TPAEKTO-
PHH — 3aMKHYTble KpHBbie. IDTO 3HAauYHT, Puc. 2.

YyTO BCE pelueHHs ypaBHeHHs (1.3) mepuo-

aunueckue. TTosicHuM ewe pa3 3To o6cTOsITENbCTBO. JIBHrasicb BAOJbL
¢asoBoit TpaekTopuH, H306paxarollas TOYKa yepe3 HEKOTOPOE Bpe-
Msl CHOB4 BEDHETCS B MCXOMHOE COCTOSIIHE X=Xg, £=Yo. [10CKOAbKY
ypaBHenue (1.3) He CONEPKHT BpeMeHH, TO YC/JOBHS X= % E=Yo
6yayT MOPOXAATb TO XKe ABHMEHHE, KOTOPOE TOJbLKO YTO 3aKOHYH-
aocb B 3Toi Touke. Tak KakK u3o6pakaiojasi Toyka B BepXHei

*) Ilocnennee oanavaer, yto MmoGoe ABHKEHHE C 3ajanHofi sweprued C, onn-
cnBaemoe ypasHendeM (1.3), MOXHO MOAYYHTb M3 HAMIAEHHOTO NPOCTOf 3ameHOM
t->t+h, rae h — rekoriopas nocrosnuas.
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HOJYNJIOCKOCTH JBHKeTcsi (HpU HU3MeHeHMM f) B CTOpPOHY BO3pa-
CTAIOLUX 3HAYyeHUH MepeMEHHOro X, a B HHXHeil — B CTOpOHY YOHI-
BalOLIUX X, TO BAOJb (a30BO# TPaeKTOPHU H30Opaxaiollasi TOUKA
IBUKETCAl B HampaBJ/IeHHH, YKA3aHHOM CTpeJakod (cM. puc. 2).

s 1aHHOTO 3HAyeHUsi MOCTOsIHHOM 3Hepruu C HeHcTBUTEeNbHBIE
BeTBM KpuBoil (1.4) cyllecTBYtOT TO/NbLKO AJf TeX X, LI KOTOPBIX
F(x)>2C. Touka x=£=0 onpefensieT MNOJOXeHHEe DPaBHOBECHSI.
B camom nmene, mockonbky npu x=0 yckopeHue ¥=0 Takxe paBHO
HYJI0, TO TOYKAa, UMeIoLlasi CKOPOCTb, PABHYI HYJIO, U 3aHUMaIO-
1ass B HEKOTOpbIH MOMeHT mnonoxenue x=0, OyZeT ocTaBaTbCsl
BCerja B 3TOM MOJIOXKEHHH.

Touka x=x£=0 6yzxer ocoGoi Toukoil Ansi ypaBuenus (1.3), mo-
CKOJIbKY B Heill He ONpele/ieHO 3HayeHHe KacaTeNbHOH K (pa3oBoit
TPaeKTOPHUH

Oco6asi Touka, B 06O AOCTATOUHO MasiOll OKPECTHOCTH KOTOPOil
Bce ()a3oBbie TPAGKTOPHH 3aMKHYThI, Ha3bIBAETCS LEHTPOM, CJejo-
BaTeJbHO, Toyka X=zx==0 sqB-

— 1 4  asietcs 0coGoil  TOuKoH THMa

C LHEeHTP.

¢

N - M3 onpenenenus caeayer,
7 N 2 uTo BCerla MOXHO 3ajaTh Ha-
~7 (%  uasibHOEe  NOJOXKeHHe u3obpa-
7 JKalollell TOukd (He coBmajgalo-
el Cc UEHTPOM) Tak, YTo6bl B
o JAI060d MOMEHT BpeMeHH 3Ta
_% Touka ocTajach Obl B 3aJaHHOH
c;fi oKpecTHOCTH ULeHTpa. [loaToMy
G- uewTp  sBAseTcs  yCTOHYMBOH

z 0co60i TOYKOHM.

Ecnau B ypaBuenuu (1.3) Mubl
M3MEHHM 3HaK Hepel BTOPLIM
YJIeHOM, TO 3TO NpUBEJEeT K HU3-
MeHeHHI0 3Haka QYHKuMH F(x).
QdaszoBas MNJOCKOCTb AJS 3TOr0
cayuasi M3o0paxkeHa Ha pHC. 3.

Mbl BHOMM, 4TO BCe TPaeKTOPHH GYIyT He3aMKHYTHIMH, T.e€. COOT-
BETCTBYIOLME MM [ABHKeHHMs — anepHoguueckue. Touka x=x£=0
Takxe Oyner oco6oil Toukoit ypaBHenus (1.3) v Oyder onpelensith
nosoxenue paBHoBecus., OcoGasi Touka, B OKPECTHOCTH KOTOPOH
¢ a3oBble TpaekTOpHU BeAyT ceGsi NOAOGHO TOMY, KaK 3TO MOKa3aHo
Ha pHc. 3, HaswBaercs cefsioM. PasoBbie TPAGKTOPHH, OTBEYAIOIIKE
anauenuio C=C;, NpoXolsiT uepe3 HauasJo KOOpAMHAT (uepe3 cen-
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JoBylo Touky). OHH 06pasyloT K[pHBYIO, HasblBaeMylo cemapaTpH-
coit (oT ¢ppaHuLy3CcKOro cjoBa séparer — pasjensiTb). BeTBH cena-
paTpuchl OTAeNAIOT (a3oBble TPAEKTOPHH, Nepecekalollive och abc-
1uce, oT 06J1acTH, 3aHATOH (Ha30BLIMH TPAEKTOPHSIMH, KOTOpPbie OCb
a6Gcumcc He mepecekaioT. M3o6Gpaxaloiasi Touka, He Jexallas Ha
cenapaTpHce H HauaJbHOE MOJIOXKEHHEe KOTOPOH CKOJib YTOZHO GJiM3-
KO K ocoGoil TOuke THRa celJa, 3a AOCTATOYHO 60JblIOH MpoMexy-
TOK BpPeMeHH Bcerha BblJeT H3 JI0GOH OKPECTHOCTH 3TOH TOYKH.
[ToaToMy celsio sBasieTcss HeycToHuMBOH ocoGoi Toukoil. HTak, B
3aBHCHMOCTH OT 3HaKa Nepel w?x ypaBHeHHe

F* =0 (1.5)

uMeeT H6G0 3aMKHYTble (Pa3oBble TPaeKTOPHH (HOpPALHOHHBIE HJIH
NepHONHYECKHe MABHXKeHHs), JHG0 HeorpaHHuYeHHble (amepHoAMue-
CKHe).

PasyMeeTcsi, 3TOT pe3yJbTaT MOXHO MOJYYHTb HENOCPEACTBEHHO,
TIOCKOJIbKY pellleHue ypaBHeHHs (1.5) BbimMcbIBaeTcsi B SIBHOM BHIe

x=A cos (ot+h)
B Cjyyae, ecIH Tepell BTOPHIM cJaraeMbIM CTOHT 3HaK INIIOC, HJH
x=Ceot 4 Cye-ot

B cayyae 3Haka MuHyc. OTciona ans Kone6arenbHbIX IBHMEHHH me-
puon T=2n/w, T. €. OH ompeJensieTcs TONbKO MHTEHCHBHOCTbIO BO3-
Bpalllalolllell CHIIbl ® H He 3aBHCHT OT 3HEPTHH CHCTEMBI.

Takum o06pasoM, aMIVIHTyla — MaKCHMaJbHOE OTKJIOHEHHE OT
MOJIOKEHHS] DPABHOBECHS H MEePHOA KoseGaHHH B JIHHeHHBIX CHCTe-
Max Apyr oT Apyra He 3aBHcHT. Kak caenyer u3 (1.4), Makcumann-
HOe OTKJIOHEHHE OT IIOJIOXKEHHS DaBHOBECHS OmpelensieTCsl TOJbKO
MOCTOSIHHOH 3HepruH (MpH 3ajiaHHOM ). B camom nene, Makcu-
MaJibHOe OTKJIOHeHHe H3006pajkalolllel TOYKH OT [OJIOXEeHHs pa.-
HoBecHus: 6ynet npu £=0. CnegoBaTenbHo,

2C

Xmax = @ "

Takum o6pa3oM, mepHoi KoseGaHHH T H MaKCHMaJjibHOE OTKJIOHE-
Hue (aMIJHTyla) He cBsi3aHbl MeXAY co6oii. Takoe cBOHCTBO JiH-
HeHHBIX Kose6aTesqbHbIX CHCTeM (HE3aBHCHMOCTb MEPHORA OT 3Hep-
rHH) Ha3bIBaeTCs H30XPOHHOCTbIO.

HanoMHuM elle 0 XapaKTepe BBIHYXXAEHHbIX KosieGaHHil JHHEH-
HOro oclUM/IsiTopa. PaccMOTPHM ypaBHeHHe

i+ w2x=pcos ¢ t, (1.6)
ofliee pelliciiHe KOTOPOrO HMeeT BHJ,
x=?‘:’_—ozcos ot + Acos(wt + k). (1.6")
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Orciona caenyer, yTo NpH 0 — ® AAA J11060ro GUKCHPOBAHHOTO 3HA-
YeHHs BpeMeHH ! cTanuoHapHoe pemleHHe (1.6") ctpeMuTcs x Gecko-
HEYHOCTH. DTO 3HAUYHT, YTO NPH 0= pelleHuit Buga (1.6”) ypas-
HenHe (1.6) He monyckaer. M3BecTHO, YTO B 3TOM Cl1yuae pelleHHe
ypaBHeHHs1 (1.6) comepxkHT ciaraemoe

=L sin of

20
H, CJefoBaTe/bHO, GyleT HeorpaHHYeHHO Bo3pacTaTb NpH {—> 0o,
3. da3opas nuaockoctb ypasuenus Mwddunra. Paccmotpum Te-

nepb mpoctefilllee HeJHHeAHOe ypaBHeHHe — TaK Ha3blBaeMoe ypas-

nenue Jiodduura

a 2 #+ 0+ prd=0. (1.7)
-+ x———T—— —T—L} H3yuyum cTpyxkTypy ero pa3oBoii mio-
L ! [~ CKOCTH. HuTerpas 3Hepruu A/as ypaBHe-
: : | ! | uun (1.7) umeer BuA
1 .
bl | +#2+M=C,
A 2
| | rie II — noreHuuanbHas 3Heprus
— z ®2x? pxt
M==+.
CaenoBaTtesibHO,
Puc. 4.

x== Y2(C—1).

Taxkum o6pd3om, pasoBas Tpaektopusa ypaBHeHHs (1.7) cOCTOMT H3
IBYX BeTBeH, NpHYeM HeACTBUTeJNbHble y4yacTKH BeTBeil OyAyT cy-
IeCTBOBATb TOJBLKO AJA TeX 3HayeHHit X, Ans koropbix [I<C. ITycts
u>0 u ©*>0. s storo cayyas ¢asoBasi NJIOCKOCTb H306paKeHa
Ha puc. 4. 'paduueckoe nocTpoeHHe HaM MNoOka3biBaeT, yTo Bce ¢a-
30Bble TPAaeKTODHU 3aMKHYTbI, T. e. BCce pellleHHs ypaBHeHHa (1.7)
nepuonuueckue. TakuM obpasom, tasoBas maockoctb (1.7) Gyner
uIeHTHYHa (a30BOf MJIOCKOCTH JHHeHHoro ocuuaiaatopa. OmHako,
KaK Mbl YBHIHM HHXKe, KoJleGaHHs, ONUCbiBaeMble ypaBHeHHeM (1.7),
o6nanaloT OZHMM CBOHCTBOM, KaueCTBEHHO OTJIHYalOLIHM 3TH ABH-
JKEeHHsl OT JIMHEHHbIX KoJeGaHHWii: nepHol IBHKeHHH, H306paxeH-
HbIX Ha pHC. 4, 3aBHCHT OT aMIJIUTYIbI.

Ecan pn<0, To ¢a3zoBas naockocTb nepecraer ObiThb Noxoxeil
Ha (a30Byl0 MJIOCKOCTb JIHHEHHOro ocuuaaatopa. OHa H3oGpaxeHa
Ha pHC. 5. Mbl BHAHM, YTO MaJjbIM 3HEPrHAM CHCTeMBbl COOTBeT-
CTBYIOT NepHOAHYECKHE ABHXKEHH B OKPECTHOCTH IIOJIOXKEHHA paB-
HOBECHs1 H IBHXEHHe B 3TOM CJyyae KaueCTBEeHHO HAallOMHHAeT rap-
MOHHYeCKHe KoneGaHMs. DTOro MOXKHO ObLIO O0XHIATb 3apaliee,
MOCKOJIbKY JJIsl ManbiX OTKJOHEHHii pofb cjaraemoro px® mana.
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I1pu yBenuueHuu Ha4yaJbHOH IHEPrHH CHCTEMBI, 3aMKHYTas KpH-
Basi B (a30BOi MJIOCKOCTH Bce Gosiblie GyleT OTAHYAThCA OT -
aunca. CyuiecTByet KpHTHYeCKoe 3HaueHHe 3HepruH C* Ttakoe, urto
s 6ol HayanbHo#i 3Heprun C>C* B cHcTeMe, KOTOpPas OMHCHI-
Baercsi ypabHuenuem (l.7), He MOryT CYILECTBOBAaTh MEPHOAHYECKHE

IBHXeHHA. 3HiyeHHe C* HerpyaHo BbluHcaAMTb. OHO PaBHO MakKcH-

(0]
Mymy II. DTOT MakCHMyM HOCTHTaeTci LIPH X = * —— H paBeH
Vp

o .
C'= -4|—-. Ecau C>C*, To ABHXeHHSI CTAHOBSITCA HEOTpaHHYEH-
" !

HbIMH: |X| — oo mpu f— oo. Kak 3To BHIHO H3 uyepTexa, Heorpa-
HHYEHHble [BHXEHHS MOTyT CYIlUecT-
BOBaTb TaKXe M NpH 3Hauenusax C, /4 G
MEHBIIHX KPHTHYECKOro. B caMom 1e- ——p—1——m—4
ae, pas mo6Goro C<C* MOXHO yKa- 4
3aTh TaKoe X, uTo pa3Hoctb C—TI(x)
Gyner nonoxurenbuoil. Ho atum aBu-
XeHHAM npH £=0 COOTBETCTBYIOT
GoJsbllIHe HayaJbHbIE OTKJIOHEHHSA Xo,
T.e. Nofie, HaMPSXEHHOCTh KOTOPOro | |

paBHa ©2x — |p|x%,  BbiTanKHBaer I |
TOYKY, €caH OHa HAXOJMUTCA JAOCTa- A

T

¢

TOYHO Ja/JeKo OT Hayaja KOOPAHHAT.
3Hauenuio C=C* coorBercTByeT

¢asoBas TpaekropHus, KoTopas fBJs-

erca cenapatpucoii. Cenapartpuca, B

YaCTHOCTH, OTAenseT 06/iacTh HavyaJllb- Puc. 5.

HBIX COCTOSIHHMH, KOTOPHIM COOTBETCT-

BYIOT NMEpPHOAHYECKHE ABHXKEHHS, OT o6jiacTH HayaJbHBIX YCJIOBHH,

KOTOPHIM COOTBETCTBYIOT HEOTPAHHYEHHbIE JBHXKEHHUS.

Cenaparpuca nepecekaer ocb Ox, TOuka MNepeceyeHHsi cemapa-
TPUCHI C OCbI0 a6CLHCC TaKXKe ABAAETCH NMOJOXKEHHEM paBHOBECHSA
(=0 u £=0). Kak 3T0 BHAHO M3 yeprTexa, 3Ta TOYKA sABAseTCA
CEelVIOM, T. €. B €€ OKPECTHOCTH CHCTeMa, ONHCHIBaeMas HeJHHeHHbIM
ypaBHenuem (1.7), Bener cebs, Kak JIHHEHHBIH OCHHINATOP, Y KOTO-
poro H3MeHeH 3HakK BHeEIUIHEeH CHJIbL.

Paccmotpum eme onHo BHaou3MeHenue ypaBHeHHs [ioddunra

£ — 02+ px3=0, (1.8)

rie p>0, a ©? 10-NpeXHeMy NoJoXHTenbHo. Pa3oBas MIOCKOCTH
3TOr0 ypaBHeHHs H306paxkeHa Ha pwuc. 6.
Mul BH.IMM, 4TO B 3TOM cayyae (a30Basi JIOCKOCTb COAEPXHT ABa

MOJIOXKEHHAI YCTOHYHBOrO PaBHOBECHA — 3TO TOUYKH 0.(— V_(i' 0)
n
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(0]
" O2(ﬁ’ 0), B OKPECTHOCTH KOTOPbIX ()a30Bble TPAEKTOPHH

uMelT dopMy, 6aHu3Kylo K saauncy. Kpome toro, na ¢asosoit mio-
CKOCTH €eCTb elle OJHO TNOJIOXKEeHHe paBHOBecHs. DTO HAya/ao Ko-
opaunat. Touka O ompejensieT HeyCTOHYHBOE MOJMOXKEHHE paBHOBe-
cus. JlelicTBHTeNIbHO, H306paKaiollas TOYKa, KOTOPas B HayaJ/bHbIH
MOMEHT HaXOJHTCSl CKOJNb YrOAHO GJH3KO K Hayajsy KOOpAMHAT,
C TeyeHHeM BPEMEHHM YIaJHTCA OT Hayajsa KOOPIHHAT Ha KOHEYHoe
paccrosHHe. [lyctb, HampuMep,
n3obpaxalulas Touyka B Hauyalb-
Hblfi MOMEHT HMEEeT KOOPAHHATHI
(0, 8). dta Touka Gymer ABHraTh-
¢ BAOJb (pa3oBOil TpPaeKTOpHH, H
€e pacCTOsiHHe 0 HayaJja KOOpJH-
HaT 6yJeT MpeBOCXOAHTh B OTAE/b-
Hble  OTPe3KH BpEMEHH  YHCJIO

20 , Kax Obl MaJjo § HH Ohiyo.

n
O'-leBHlIHO, YTO TaKO€ JIBHIKEHHE

HeyctoHunBo. a3oBas TpaekTo-

pHsl, KOTOpas NPOXOAHMT uyepe3 Ha-

Puc. 6. yaJo KOODAHHAT dABJAeTCA cena-

patpucodi. B atom cayuae oHa ort-

nenser OOHY 06siacTh MEPHOLHUYECKHX ABHXKEHHH oT Apyroi obsactu

IBHKEHHH, TakkKe NEepHONHYECKHX, Tak Kak cucrema (1.8) momy-
CKaeT TOJIbKO NMepHOAHYECKHE JBHIKEHHS.

4. TNpumep nmepuoanyeckoit asoBoil miockocTH. B 3axiioyeHue

pPacCMOTPHM ellle OJHH MpUMep

Z-+sin x=0. (1.9)
¥YpaBHeHue (1.9) onHchiBaeT [BHXKEeHHE MaTeMaTHYECKOTO MasiT-
Huka. MlHTerpan sHepruu ypaBHeHus (1.9) MoKHO 3amHcaTh Tak:

1
)

#?=C-1I,

rae
II=1—cos x.

dasoBaa maockocth ypaBHeHHs (1.9), u3o6pakeHHas Ha puc. 7, B
3TOM csaydae GyJeT HMeTb NMEepPHOIHYECKYIO CTPYKTypy. B okpecrtHo-
cTax Touek X;j=2mj (j=0=%1, *2, ...) nBHXKeHHA OyayT NMepHOIH-
yecKHMH. Yepe3 TOukH Xp=~kn (R= =1, %3, ...) NPOXOAHT cema-
paTtpHca, Kotopasi oThe/sieT 06/1acTH NEPHOJIMYECKHX [BHIKEHHH oT
oGJsacTeii HeorpaHHYEHHbIX IBHKEHHH.

®a30BOH NAOCKOCTBIO PAaCcCMOTPeHHOro TtHma OyIeT, OYeBHAHO,
o6nanatb Jgw6Gas KoJjeGaTtesbHas CHCTeMa, KOTOpasi OMHCHIEAETCA
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ypaBHeHHeM BHJIa
E+f(x) =0,

rie f(x) — nepuonnueckass QyHKIHA X nepuona T u Takas, 4TO
T
1
f=—-T—ff(x)dx=0.
0

PaccMOTpeHHBIX MPHMePOB AOCTaTOYHO, YTOObl yGeAUTbCA B OrpoM-
HOM pa3HOOGpa3HH BO3MOMKHBIX THINOB JBHXKEHHH, ONHCHIBaeMbIX
HeJIHHEAHbIMH YDaBHEHHAMH.

[TpumMeuanue. Mo paccMoTpend MeToj (a30BOA MJIOCKOCTH
Ha npUMepax JIMHEHHOTO YpaBHeHHA u ypaBHeHus Hioddunra. dtot
MeTOJ, MPHMEHHM NPH HCCJIefOBaHHH IIHPOKOro Kaacca Auddepen-
[HaJbHBIX YPaBHEHHI BTOPOro MOPsJKa, BKJIlOUasi ypDaBHEHHA C pas-
PLIBHEIMH TNpaBbIMH 4acTAMH. B caMoM [eJsie, Bce pacCyxXJeHHs
atoro maparpada Moryr ObiTh MpOBeleHHBl AJI ypaBHEHHS

E+f(x)=0

NMpH €J1HHCTBEHHOM YCJOBHH CYLIeCTBOBAHHA HHTErpaJa

II= ff(x)dx.

§ 2. Jaabueiimee usyuenue ypapnenns Iwoddunra

B aTom maparpade Mbl MPOMOJKHM H3yueHHe ypaBHeHus [lio¢-
¢dunra. 3anuuieM ero B BHIe

£+ 02 — px3=0. (2.1)
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B otauude oT npeablaylLero naparpada, rae usyuenue npoBOIHJIOCH
KayeCcTBEHHbIMH MeTOJaMH, B 3TOM naparpade yCTaHOBHM HEKOTO-
pble KOJHYeCTBEHHble 3aKOHOMEPHOCTH. Mbl BocnosbsyeMcs NpPH
3TOM TeM OOCTOSITeJbLCTBOM, YTO HHTerpaj ypaBHeHHs (2.1) MOXHO
3anucaTb B 3/VIHNTHYECKHX G YHKLHAX.

1. HexoTOophie CBEJEHHS H3 TEOPHM SJJHNTHYECKUX GYHKUMiL.
BoinnumeM HeKOTOpble BOCHOMOraTe/bHble (GOPMY/Abl U3 TEOPHH 3J-
JUNTHYECKHX GYHKLHI JIKoOH.

a) ®yukuns z=sn (u, k) (3nauNTHYECKUI CHHYC) ompenenserca
TakK:

2=sn (4, k) =sin @(k) =sin am 4,

rle aMIJIMTYAa Q=am 4 onpejeisieTcss KaK o6palieHHe 3JJUNTHYE-
CKOro HHTerpana

?
6[ 11— k“' Vi—kPsin?g (2.2)

3pecb kR — uyHMCN0, KOTOPoe Ha3biBaeTcs MOAYJeM 3JIMNTHYECKOH
(QyHKuUH, sin ¢ — nepHoaHyeckas byHKuMa nepuona 2. Ilpu us3-
2n

dg
k?sin?g
U ob6paTHO: NMPH H3MEHEHHH U Ha T. aMl‘l.'lPlTyIla H3MeHsieTcs

Ha 2n. CnenoBatenbHo, sn (4, k) — nepuoauyeckas q)yﬂkuuﬁ u me-
puona T,. Bennuuna

MEHCHHHU ¢ HaA 2n BeJiMYMHA U4 H3MeHseTcs Ha T,‘ l Vl

(2.3)

1 —k?sin%§

n2
K= |
0

HasbiBaeTcsl NOJHLIM 3JJIHNTHYECKHM HHTErpajioM mnepBoro poja.
Tak Kak
a2
4 _ (__4d  _
1 ~k2sin? g a2 }/l k2sin? §
TO
T,=4K (k). (2.4)

6) dynkuua z=cn (&, R) — saaunTHYECKHA KOCHHYC, onpene-
JsieTcs PaBeHCTBOM

z=cn(u, k)=cos p=cos am u.
B) QDyHKLUA neabTa aMIJIUTYIbI
z=dn(u, k)=A¢=V1—=FKsinfp=V 1 —k’sinamu.
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DANUNTHYECKHE CHHYC, KOCHHYC H [e/bTa aMIUIATY[bl HasbiBaloTCA
JUIHNTHYECKHMH DYyHKIHAMH SIKOOH.
r) Css3b Mexay GpyHkuuaMu SIkoOu

snu+cn?u=1, dn?u+k?sn’®u=1. (2.5)

n) Popmyan auddepeHHpOBaHHSA

%‘-snu=cnu-dnu, -:—udnu=—k25nucnu, I
; (2.6)
—cnu=—snudnu.
du

2. Beipaxenue oGwero MHTerpasa ypasuenus Jioddunra. Hc-
no/ib3ys BbiMHCaHHbie (OPMYJbl, MOKa)KeM, 4To OOWHMA HHTerpan
ypaBHeHHs (2.1) MOXHO mpeACTaBHTb B BHIE

x=Csn[o(t+h), K] (2.7)

B 370 BhipaxeHue BXoadT 4eThipe noctrosiHHble C, o, A u k. OnuHa
M3 MOCTOSIHHBIX, KOTOpas BXOJAHT B OOLIMHA HHTerpas 3Toro ypasHe-
HHUfl, NOJXKHA ObITb afJUTHBHOH. B camom gnene, ecan dyHknus x(f)
YAOBJIETBOPsiET YPaBHEHHIO, TO, KaKoBO Obl HH OblIO uHCIO g, QYyHK-
uus ¥({+g) rakxke siBasercs peiieHueM. B Bolpaxkennu (2.7) an-
IAHTHBHYIO TMOCTOSIHHYIO Mbl 0003Hauunu Oyksofi h. Tpu apyrue no-
CTOSIHHble OMpeensloTCs JBYMS YHUCAAMH @ H p. DTO 3HAYHT, YTO
OHHM JOJKHBI ObITb CBSI3aHbl AByMs cooTHouleHHsiMH. ClenoBarenb-
HO, B MX OMpeJie/ieHHH HMeeTcs elle OAHH npoussoJ. Mrtak, B Boipa-
XeHHH (2.7) uMMeloTCs JIHIIb ABe MOCTOAHHbIE, KOTOpble MOryT ObiTh
BbIOpaHbl O MPOH3BOMY, NPHYEM OfHA H3 HHX aJAAHTHBHASA MOCTOSH-
Has h.
BuluncniumM tenepn £ H &

dx

—7 =Cocnudngy,

d’x 2 2 2 2
—i = — Co’(snudn®u + k*snucn’u).

Hcnoab3ysa (2.5), npeoGpasyeM mnojyueHHOe BhipaKeHHe K BHAY
%2[’,5= — Co?[(1 —k?*sn?u)snu+ k(1 —sn%u)snu]=
= — Co’(l + k) snu+ 2Co%?sn?u.
HakoHewn, BcnoMuHas, uto
Csnu=x,
HOJIYUHM OKOHYATEJbHO

242
L b+ R =22E g, 2.8)
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Conocrasifisa 370 ypaBHeHHe ¢ ypaBHeHHeM (2.1), Mbl BHAMM, YTO
€ro pellleHHe MOXHO npeacraButb B dopMe (2.7), ecnn mapaMerphl
6, C u k MOLYMHHUTD ABYM YC/OBHAM

(1 + kY = a?, (2.9)
202k?
=M. (2.10)

Taxum o6pa3om, Mbl MoKa3aJjH, 4To OOGUIMH HHTerpas ypasHe-
uua (2.1) umeer dopmy (2.7), ecnu toabko napamerpsl C, ¢ H R
yI0B/IeTBOPAIOT cooTHOLIeHHAM (2.9) u (2.10).

[MocTonHHan h 3aHHMaeT oco6oe MeCTO CpelH NPOHU3BOJIbHBIX MO-
CTOAAHHBIX. B caMoM Jeile, npeino/sioxKuM, UTO Mbl HallyIH HEKOTOpoOe
yacTHOe peuleHHe ypaBHeHHs1 (2.1), 3aBucslllee OT OJAHOH NpOH3-
BOJIbHOW NOCTOSHHOMN

x=X(C, t);
TOraa Mbl Cpa3y MOXKeEM BbINHCATb o6mee pelieHHe 3TOro ypaB-
HEeHHA
x=X(C, t+h).

Takum o06pa3oM, B cjayyae CHCTeM, TapaMeTpPbl KOTOPLIX HE 3aBHCAT
OT BPEMeHH, HaM JOCTaTOYHO M3YYHTb TOJbKO HEKOTOPbIH OfHOMapa-
MEeTPHYECKHH KJjacC 4acTHbiXx pelueHH#. ITonb3yach 3THM o6cTosi-
TeJbCTBOM, PaCCMOTPHM pelleHHe ypaBHeHHA (2.1) Buaa

x=Csn(ot, k).

[To aHasnoruu ¢ JauHeHHbIMH cHcTeMaMH uHciaa C u o GyneM Hasbl-
BaTh «aMI/UTYIOH» W «4acTtoroi», Tak kak of=u, 10 npu {=0,
u=0 u, cne10BaTeNbHO,

x(0) =0.

O6o3Hauum #(0) =A, roe A — npou3BosbHOE YHciao. M Tak xak

cn(0) =dn(0) =1,
TO NOJNYYHM
#(0) =A=0C. (2.11)

CootHoluenue (2.11) ycranaBnHBaeT 3aBHCHMOCTb «aMMmJIHTYAbl» C
H <4aCTOTBbI>» G OT HauanbHO# 3Hepruu T = #3/2. CootHowenusa (2.9),

(2.10) u (2.11) nossoasioT onpenesuTb napamerpnl o, £ u C.

3. ®opmyaa pas nepuopa. Ins 1oro uto6bl Har/siJHee npeacTa-
BUTb (H3HUECKHHA CMBICA H3YuaeMOro siBJ€HHA W POJb DPa3JHUHBIX
napamerpos, yno6no nepeliTH k 6e3pa3MepHblM nepeMeHHbiM. [lis
3TOr0 HaJlo mnpexne Bcero BbIGpaTh ONpelessiOUlHe MacLITabbl.
B xauecTBe TaKHX BEeJHYMH MOXKHO BbIODATh, HANPHUMEP, HAYA/bLHYIO
3HEPTHIO # OTKJOHEHHE OT mosoXKenns paBHOBecHsi. Toraa mece
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npouecc GylneT ONpefeafiTbCsl TOJbKO XapaKTEPHCTHKAMH CHJIOBOTO
noss, T. €. 4yucaaMd o 4 p. OnHako Takoit Bbi6Op MacwmTaGoB He-
ynoGeH, Tak Kak, BapbHpys MapaMeTpbl ® H P, Mbl GyJ1eM Bce BpeMsi
nosyyaTb pasjHyHble ¢a3oBble M1ockocTH. [loaToMy B kKauecTBe om-
penenslOIIMX MacluTaboB yHnoOHee Bbi6paTh CaMH BEJTHYHHH © H M.
[Tyctp Ge3pa3meplroe OTKJAOHeHHe § M Ge3pasMepHoe BpeMs T Ompe-
nensieTcsl paBeHCTBaMH

X = Ve E, t= % .
B 3Tux nepeMeHHbIX ypaBHeHue (2.1) Gyner uMeTb BHJ
{+E—E>=0. (2.12)
YpaBHeHusi ass omnpenedenus o, kK ¥ C GyAyT Tenepb TaKMMH:
o?(l +kY)=1, (2.13)
2 ZE 1, (2.14)
oC=I, (2.15)

rie l=“/2" . Orcioma BHOHO, YTO XapakTep Ipolecca OMpefie-
[0}

JsieTcsl TONbKO OAHOH OGe3pasMepHOH BeJHYHHOU — Ge3pa3MepHON
sHepruedt /2. Halinem 3aBucuMocTs mepuona kone6Gauuit T oT 3ToM
BeJMYHHB. MoJy/b 3/1/HNTHYECKOH QYHKUMY B TakxkKe onpepessercs
Tosnbko yucaom [. CHauana HaligeM 3Ty cBasb. M3 (2.14) u (2.15)
HaXOJHM

12
2 -
k=5t

[NoncraBnasia 3T0 3HaueHHe k& B (2.13), Haxonum
2
04—02+l?=0,
OTKyZa
T—92
o 1=V 1= .
2
B 3ToM BhIpaXeHWH cjelyeT BbIGHpaTh oONpeleseHHHIM 06pasoM
3Hak mepel KopHeM. Bni6upaeM 3Hak +, MocKoabKy mpu [—0
(t. e. #(0) =0 win p—0, UM ® — o0) 3amaua JONKHA Mepexo-
IMTbL B JHHEHHYIO *), T. e,
limo ()= 1.

>0

*) Hcnonp3ysi mepHOAMYHOCTb SJMUATHYECKHX (GYHKIHA, NHETPYAHO ROKA3aTh,
YTO peleHHe, KOTOpOe COOTBETCTBYeT TOMY CJydaio, KOrja Iepel KOpHeM B3ST
3HaK — (MHHYC), MOJy4aeTCss W3 HCCJeLyeMOro CABHrOM Ha nepuog T.
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[TomcraBasis 370 3HaueHHe ¢ B BhIpaxeHHe AAA k% OKOHYaTeNbHO
nojayuyaem

b __w

(1+VT1—28)P

Tenepb Mbl MOXKeM ONpee/HTb 3aBHCHMOCTb NIePHOJa OT HayaabHOM
sxepruu. Ha ocHoBaHHH cbopmynbl (2.3) nonyuum

(2.16)

de
T —4‘[ V oF : . 2.17)
0 | = ————=——sin?g
(1+vVi—2p)
N3 ¢dopmyabl (2.17) nerko HaiiTh nepHod mo BpeMeHH Ty, Tak Kak
B HalleM cJayuae #u=ocl, 1. e. T, =—T,,:

4V2

VI+VI=2E ¢ f ]/, 2l’sm’q>
(+Vi=2y

®opmysna (2.18) coLepKHUT OCHOBHOH pe3YJbTaT AAaHHOrO Napa-
rpaga — oHa B SIBHOM BHAe JaeT 3aBHCHMOCTb MepHoaa KodeGaHuii

OT HavaJ/bHOH 3HeprHu /2, T. e. gaer Ko-
T JIHYeCTBEHHOe BbipaXKeHHe OIHOMY H3
OCHOBHBIX CBOMCTB HeJIMHEHHBIX KoJseba-
HHA — ero HeH30XPOHHOCTH.  3aBHCH-
moctb T;(!) npuseaeHa Ha puc. 8. Ilpu
p=0 Mbl HMeeM JHHeHHYIO 3afauy H
Ge3pasMepHblii NepHoa KoseGaHHit pa-
BeH 2rt. TakuM oGpasom,

limT = 2=,
I1>0

Tt='

Prc. 8. IMpu [ —1/V 2 nepuon T, cTpemutcs K
6ecKOHeYHOCTH. MasiTHHK, KOTOPHIi Omy-
cbiBaeTcsi ypaBHeHHeM (2.12), oGsaajgaer TeM CBOWCTBOM, YTO MpH
HEKOTOPOM 3HAYeHHWH HayasbHON 3HepTHH ABHXKeHHe H306paxalo-
weid Toukh B (pasoBof IMJIOCKOCTH INPOHCXOAHT MO CemapaTtpuce.
Kak 6bJ0 mokazaHo B mpeablaylleM naparpade, 3To KpHTH-
yeckoe 3HaueHHe IHepPrHH HOCTHraercs AJs ypaBHeHus (1.7) mnpu
x=+0/)n u pasHo 0*/4|p|. B Hamem cayuae =1, p= —1 4
KpHTHUecKoe 3HaueHue 3Heprun C=[%/2. Orciona [ = l/V2 Takum
o6pa3oM, MOMYTHO Mbl YCTAHOBWJIHW, UTO [ABHMKEHHE IO CemaparpHce,
ecJH ero paccMaTpHBaTh KaK KoseGaTelbHOE, HMeeT GECKOHEUHBIN
MepUoA.
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B npenpiayuiem naparpade kauecTBEHHBIMH METOLAMH Mbl yCTa-
HOBHJIH, yTO ypasHeHHe HiodduHra, nOMHMO nepHOAHYECKHX pellie-
HHH, NONyCKaeT TaKKe pellieHHsl amepHojHuecKie. XapakTep KoJje-
GaHuil onpesessneTcs TONbKO HauanbHOM 3Heprueii. Eciu HauadbHas
3Heprus Menbiie C*  To npouecc, ONHCbIBaeMblil ypaBHeHHeM, HOCHT
KosieGaTe/bHBIH xapakTep, B NPOTHBHOM Cllyyae — anepHOAHYECKHIl.
Takum o6pa3oM, yXKe KauyeCTBEHHOe DacCMOTPeHHe MO3BO/HJIO HaM
YCTAaHOBHTb OTCYTCTBHE H30XPOHHOCTH KoJsieGaTenbHOro mnpolecca,
onucuiBaeMoro ypaBHeHueM Hiwoddunra. Tenepb Mbl ycTaHOBHAH Xa-
pakTep 3TOH 3aKOHOMEDHOCTH H A0 KOHLA PellHJH Bonpoc 06 3TOM
BaXXHOM CBOMCTBe HeJHHeWHBIX KoJieGaHHH, ONMHCHIBaeMBIX ypaBHe-
HueM Hioddunra.

Mgl BHANM, 4TO CYLIECTBYIOT TaKHe HeJMHeiHble CHCTeMBbl, Y KO-
TOPbIX XapaKTep ABHXXEHHsl OueHb HanOMHHaeT TapMOHMYECKHE KO-
neGanua. OAHAKO 3TH KoseGaHHsi OKa3ajJUCh HEM30XPOHHBIMH: C H3-
MeHeHHeM aMMJIMTYAbl H3MeHH/Mach H YactoTa. Mbl OGHapYXHJH
TakXKe, YTO CYLIECTBYIOT ABHXKEHNS H KaueCTBEHHO HENOXOXHe Ha
JHHeliHble KoJaeGaHHus.

CyiiecTByeT H ellle UeNblii psifi ABJAEHHI, B KOTOPBIX NPOSABASAETCS
KaueCTBEHHOe pa3/iHuHe JIMHEHHBIX W HeJHHeHHbIX Kojebauuil. Ha-
npHMep, noBelleHHe npH pe3oHaHce. [laxe caMo nMoHsTHe pe3oHaHca
B HejHHelHbIX CHCTeMaX, CTPOTO roBops, He HMeeT cMbicsia. B ca-
MOM Jlesie, B JIHHEHHBIX CHCTEMaX pPe30HaHCOM Ha3bIBalOT siBJEHHS,
BO3HHKaIOLIHe B JIHHeIHOA cHcTeMe NMOJ JeACTBHeM BHelliHeH mnepHo-
JIMYecKoH CHJIbl, YacToTa KOTOPOI cCOBNajaer ¢ 4acTOTOH CBOGOAHBIX
KosneOGaHHuii cHcTeMbl. B ycioBHAX pe3oHaHca amMnauTyna KosebaHuid
JNHHEHHOH CHCTeMbl HempepbiBHO Bo3pacTaeT. TakuM o6pa3oM, BHell-
HAisl BO30OyXKAalcllas CHAAa B 3THX YCJAOBHAX HENPEPHIBHO BHOCHT
3Hepruio B JHHellHylo cucTeMy. B HenHHeliKol cucTeMe ¢ H3Meie-
HHEeM aMMJHTYAB HeMeAJleHHO H3MeHsieTCsd 4YacToTa COGCTBEHHbIX
KosieGannii. CienoBaTesbHO, «Pe30HAaHCHadA» CHTyallusi, €C/iM OHa
HMesa MeCTO, HeMelJeHHO pa3pyIUHTCS. DTH pacCyXKIeHHS HaBoO-
IAT Ha MbICAb O TOM, YTO MOTYT CyLIeCTBOBAaTb HejHHeHHble CH-
CTEMBI, Y KOTOPBLIX AJs JIOObIX YacTOT BO3MYILAIOMHX BO3JAeHCTBHI
MOTYT CYLeCTBOBATb YCTaHOBHBILIHECA KoJsiebaTesbilble PEKHMbl KO-
HeuHOW aMMJHUTYAbl. YXe B caejyiolllell rnaBe Mbl yGeauMcs B
CnpaBeAJIMBOCTH MOAOOGHOTO NPOTHO3a H H3YUHM METOAbI, NO3BOJISAIO-
IHe OmNpejesHTh Pe30HaHCHble pPeXHMbl B HeJHHEHHBIX CHCTEMax.

§ 3. MNpumepbl KoneGaHuit cucTeM ¢ nNepeMeHHLIMH NapaMeTpamu

1. NpensapureabHbie 3aMeyanns. PaccMOTPHM Tenepb HeCKOJb-
KO NpHMepoB KolebGaHHH cHCTeM, TapaMeTPbl KOTOPHIX MEHSIOTCS cO
BpeMeHeM. Mbl OylieM paccMaTpHBaTb TOJMbKO MPOCTEHWHA cayyail
Kosne6aHUH cHCTeMbl OAHOM CTeneHH CBOGOALI, KOTOPhIE OMHCHLIBAIOTCS
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JIHHEHHBIM yPaBHEHHEM BHAA
E+f(H)x=0, (3.1

rle f(f) — HekoTopasi 3amaHHas (QYHKUHS BpeMeHH. MOXHO roBo-
pPHTb, UTO ypaBHeHHe (3.1) omucbIBaeT MaJjible KoneGaHHA NPYKHH-
HOTO MasiTHHKA, YKE€CTKOCTb KOTOPOrO H3MEHSETCs CO BPEMEHeM.

[Mycts f(¢) 22 0 ansa nw6oro ¢>0; Toraa, paccyxaas no aHajo-
THH ¢ JUHEeHHBIMH KONeOaHUsIMH, MOXHO 6bl10 Gbl BBECTH NOHATHE
MTHOBEHHOH 4acCTOThI

o()=Vi® (3.2)

H YTBEPXKJaTb, YTO KoNeGaHUs HAlLEro MasiTHUKA MPEACTABJAIOT CO-
60t B KaXAbIl MOMEHT BPEMEeHH rapMoOHHUYeCcKHe KosebaHUs W Npo-
MCXOJAT ¢ MTHOBeHHOH yactortoii (3.2). Takoro THma paccyIeHHs
MUHOT[a BCTPEYAlOTCA NPH pelleHNH HHXKEHEePHbIX 3ahad. MoXHO
yKasaTb LeNblH psij 3alad, KOTJAa TaKOH yNpOLIeHHbIA MOAXOA,
MMeHyeMbli HHOTJa MPHHLHUINOM 3aMOpa’KHBaHHA KO3(D(HLHEHTOB,
JlaeT pe3y/nbTaThl, TOYHOCTb KOTODBHIX BIOJIHE YAOBJETBOPHTE/NbHA
C npakTHYecKoH ToukH 3peHusi. OpHako B oOlleM ciydyae cyAHTh
O CBOHCTBAaX CHCTEMbI C NMepeMeHHBIMH NMapaMeTpaMH Mo CBoficTBaM
CHCTEMbl C 3aMOPOXKEHHBIMH KO3 (HLHEHTaMH Helb3si. DTO MOXKET
NPHBECTH HE TOJbKO K KOJNHUECTBEHHBIM, HO H K FPy6bIM KauecTBeH-
HbIM OILIHOKaM.

2. Cayuait, korma BO3Bpallaollas CHAA CTPEMHTCS K HYJIO.
PaccmoTpum MasTHHK, KoseOmiomuiics nNold AeldCTBHEM BO3Bpalllalo-
el CHJIbl, OOPaTHO MPONOPUHOHANbHON KBaApaTy BpeMeHH

£+ =0. (3.3)

PasbickuBasi pellleHWe B BHAe ¥={* ¥ MOACTaB/sAs 3TO BbipakeHHe
B (3.3), nonyuaeM xapaKTepHCTHUECKOE YPaBHEHHe

A2—A+1=0,
+ 1y,

Takum o6pa3om, JMHEHHO He3aBHCHMble pelieHUst ypaBHeHHs (3.3)
HMEIOT BH]

OTKyIa
A=

2| —
+

x1=C|exp{lnt[—;-+;;V§]},

x2=C2exp{ln t[%—éﬁ]}
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HJH, Nepexolsi K NefCTBHUTE/NbHbIM BeIHUYHHAM, NOJYYHM
. V3
=AYVt cos(Tlnt),

V3 (3.4)
=AYt sin (—2—lnt),
rie Ay, As u Cy, C; — NpoOH3BO/IbHBIE TMOCTOSTHHBIE,

TakuM o6Gpa3oM, xoJieGaTebHblIH MPOLECC, ONMHCHIBAEMBIH ypaB-
HeHdem (3.3), MOXHO mpelCTaBHTL KaK CYymepno3HLHIO ABYX KoJe-
GaTeNbHBIX TMPOLECCOB, Ompenense-
mbix ¢opmynamu (3.4). Xapaxkrep
KoseGaTesLHOro mnpouecca, KOTOPHIH
onuchiBaeTcsi ypaBHeHueM (3.3), H3o0-
6paxeH Ha puc. 9.

DToT npHMep HarAsidHO TNOKa3bl-
BaeT, HACKOJbKO [aJeKO OT HCTHHEI
HAC MOMKET YBECTH pacCyXJAeHHe «IO
aHaJIOTHH" C CHCTEMaMH, HMEIOIHMH
MOCTOsIHHble mapamerpel». HecMoTps
Ha TO, YTO BO3Bpallalollasi CcHJa
MasiTHHKa Bcerla OTPHIIaTesbHa, T. e,
Bcerja HampaBJieHa NPOTHB OTKJIOHe-
HHSl X B CTOPOHY TMOJIOXKEHHs PaBHO-
BecHsl, aMIIMTyla KojeGaHuWH MasiTHHKa (BeJMYHHA, NPOMOPIHO-

HaabHas)/ ! ) HEOrpaHHYEHHO BO3PacCTaer.
Ec/u Mbl BBeJleM NMOHSITHE MTHOBEHHOH 4aCTOTHI

o=t (3.5)

TO YBHIHM, YTO HacTOTa ® C TCYEHHEM BPEMEHH yMeHbIIaeTcs H
CTPEMHTCSt K HYJIO NMPH {— 00, a aMMJHTyda HEOrPaHHYEHHO yBe-
JIHUHBAETCS.

3. KoneGannsa ¢ auccHnaTHBHBIMH -cuaamH. [Ipeanosoxum Te-
nepb, 4TO Ha MasiTHHK (3.3) HelicTBYeT NMCCHMATHBHAs CHJa, MPO-
nopuHoHaJbHas |/f. YpaBHeHHe, omMChIBaIOllee IBHXKEHHE MasT-
HHKa OyleT Tenepb TaKHM:

P+ +%=0. (3.6)

PasbickHBas ero penieHHe cHoBa B BMAe Xx={* HaiileM, yto A yno-
B/IETBOPSIET CJAEAYIOIEMY YPaBHEHHIO: ’

A+1=0,
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Takum o6pa3om, ofuiee pelleHHe ypaBHeHust (3.6) MoxHO npen-
CTaBHTb B BHIe
x=A,coslnt+Asinlint. 3.7)

Xapakrep KoJseGaTenbHOrO npouecca sl 3TOro cjydasi H30GpakeH
Ha puc. 10. Mbl BHAHM, 4TO, HECMOTPS Ha A€HCTBHe AHCCHMATHBHBIX
cHJal, KosieGaHHe MasiTHHKa NMPOHCXOAHT C NMOCTOSIHHOH aMIIMTYROI,
a He 3aTyxaer, Kak Oblio Obl B TOM cayuae, ecjid Obl mapameTrphl
chucTeMbl ObliH OB MOCTOSIHHBI. «MrHOoBeHHast» yactora KoJsieGaHHi
(3.7), TOuHO TaK e KaK H B mNpeibiAylleM CcJjyuyae, CTPeMHTCS
K HYJIIO NPH HeOorpaHHYeHHOM BO3pacra-
z HHH BpEMEHH.

MOXHO NpHBECTH NpPHMephl CHCTEM,

' Kosie6aTesibHOe ABHXKEHHe KOTOPBIX Mpo-
_ . MCXOJAMT NPH HAaJHYHH JHCCHNATHBHBIX

Z Z CHJl M TeM He MeHee aMIIMTyJa KoseGa-

' HHH HeorpaHHYeHHO pacTeT CO BpeMe-

|__ — —-N/__ __ HeM. K uncny TaKHX npHMepOB OTHOCAT-

cl KoseOaHHSI HeympaBJ/sieMOH omepeH-

Puc. 10. HOH pakeThl, ABHXKYlUEeHACA BepTHKaJ/bHO

BBEPX C NMOCTOSHHOH cKopocTblo. Hauu-

yHe OnepeHHsl CO3JaeT BO3BPAllAOLIHHA

aspoAnHaMHyeckMil MomeHT. Takum o6pa3oM, Takasi pakera, Kak

roBOopAT B AHHaMHKe MOJeTA, HMeeT 3amac CTATHYeCKOH YCTOHYH-

BocTH. KpoMe BoccTaHaBAHMBAaIOILero a’spoAHHAMHUECKOrO MOMEHTa,

Ha pakery AedcTByer AeMIQHPYIOIHA a3pOJHHAMHYECKHH MOMEHT.

HecmoTpss Ha 3TH OOCTOATeNbCTBA, ABHXKEHHE TAaKOH paKeThl He-

yCTOHYHBO: aMIJUTYAA KoJieGaHHil HeOorpaHHYEHHO BO3pacTaeT CoO

BpeMeHeM. [IpHYHHA COCTOMT B TOM, YTO C YBeJHYEHHEM BbICOTHI

noJiera MJOTHOCTb BO3AYyXa- p IKCNOHEHLHAJbHO yGbiBaeT, a cJjeio-

BaTe/bHO, HeOrpaHHUeHHO yObiBaloT H 002 MOMEeHTa a3poAHHaMHue-

CKHX cHs. Pasymeercs, B mogo6HOH 3ajaue MeTOA «3aMOpaxHBa-

HHA» KO3((PHLHEHTOB HHKAKOH MOsie3HOH HHGOPMALHH O moBeje-
HHH PaKeThl JaTb HE MOXeT.

B caeayiomeM naparpadé Mbl NpHBeJeM HEKOTODbIe YCJOBHf,
KOTOpble HaJ0 HaJOXHTb Ha MapaMeTpbl CHCTEMBI, NOCTATOUHbIe A7
Toro, 4roGbl aMIJIHTyAa KoseGaHHH MasiTHHKa, mapaMeTpbl KOTO-
pOro M3MeHSIIOTCS CO BpeMeHeM, ObliH OrpaHH4YeHbl BO BCe MOMEHTHI
BpeMeHH.

4. Cayuait, koraa Bo3Bpaltalollas cuaa orpawuuena. Mui pac-
cMoTpesii Kose6aHHA MasTHHKA, y KOTOPOro BO3Bpaulaimlllas CHia
C TeUeHHeM BPeMeHH CTPeMHTCS K HYJI0, H YCTaHOBMJIH, UTO 3TO 00-
CTOSITE/ILCTBO MOXET CJYXHTb NMPHYHHOH HEYCTOWYHBOCTH (Heorpa-
HHYEHHOTO BO3pacTaHus aMIHTYAbl). ONHAaKO ReorpaHHYeHHOe BO3-
pacTaHHe AMIVIHTYABl MOXeT UMEeTh MEeCTO M As KoieO3aHui Takoro
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MasfiTHHKa, Y KOTOPOro HHTEHCHBHOCTb BO3Bpalllalouleii CHAbI Orpa-
HHYeHa CHHU3Y JJ1si J1000r0 MOMeHTa BpPEeMEHH.
PaccMoTpuM 1npuMep MasTHHKA, KoJeGaHHe KOTOPOrO OMHCHI-

BaeTcsi ypaBHEHHEM
i+ (14+¢(2))x=0. (3.8)

ITocraBuM Bonpoc O TOM, KaKHe YCJIOBHSi Haflo HaJOXHTb Ha (YHK-
uuio ¢(f), utoObl pelieHne ypasHeHus (3.8) Obl1o orpaHuueHo.
Kaxercs, 4uTO AJs1 3TOro JAOCTAaTOYHO, HampuMep, morpeGoBaTh,

4yTOOb
lime (¢) =0. (3.9
t-»co

OnHako 3To mpegmoJoXende HeBepHo. Bosee Toro, ecniu opHoBpe-
MeHHO ¢ ycioBHeM (3.9) BHINONHEHO elle ycaoBHe

Rk
lim i;—?i=o (k=>1), (3.10)

TO M 3TO He fIBJAsIETCS rapaHTHeHl OrPaHHYEHHOCTH pelLIeHHs ypaBHe-
Hua (3.8).
[IpexmnonoxuM, uro @(f) nMeeT BUI

¢=3g sint — g cost — g2cos? ¢, (3.11)

rie g(¢) — npousBosnbHasi ¢yHkuua. HerpynHo y6eanTbcsi mpsiMbiM
BBIUHCJIEHHEM, YTO GYHKLHUSA

t
X =exp f g (t)costdv tcost (3.12)
0

apasiercsl peuieHneM ypaBHeHus (3.8), ecnin @ umeetr Bup (3.11).
Kone6atenbHbiit npouecc (3.12) MoxXHO 3anucaTb. B BUAE

x=A(t) cos t,
rae

t
A=exp I g (t) cos tdr.
0

Beanunny A (f) 6ynem HasplBaTh aMIVIHTYJOM.,
[TpumeM Teneps, 4To

cos ¢
gt)y=——.
Torpa aMmniutyna HMeeT BHJI
¢
A=exp f 98T g, (3.13)

0
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Ho BenuunHa uHTerpana B BuipaxeHun (3.13) neorpanuuenso pa-
CTET BMECTE C BEPXHHM MPELesoM.

[IpuMeuaunue 3aMerHM, 4TO B PAcCMOTPEHHOM NpHMepe He
TOoJMbKO caMa ¢QyHkuHA ¢ — 0 npu f— oo, HO H /moGas ee NpPOH3-
BOJHAasA CTPEMHTCA K HYJIO NPH HEOFpaHHYEHHOM BO3PacTaHMH Bpe-
MEHH.

MoxHo npusectH eute uenbiii pAn nogo6GHbix npumepos. Oco-
6eHHO MHTepeceH NMPHMEP MaTeMaTHYECKOrO MafTHHKa, Y KOTOPOTo
TOYKa NojJBeca Kose6JeTcs mo NepHONHYECKOMY 3aKOHY. [IBHKeHHE
3TOTO MasiTHHKA ONHCLIBAETCS ypaBHEHHEM

i+ (w%+e cos pt)x=0, (3.14)

rie o=const, p — yacrora, a &€ — aMn/HuTyIa KoJeGaHHA TOYKH
nojBeca MasTHHKA.

Ypasnenue (3.14) nHaswiBaercsa ypaBHeHueM Martbe. Ero teopus
3HauHUTE/JbHO CJOXKHEe TEOPHH TeX ypaBHeHHil, KoTopbie ObiH pac-
CMOTpPeHbl B 3TOM mnaparpade. 31ecb MbI He MOXKEM pPacCMOTPETb
ypaBHeHHe MaTbe H 3a BCeMH NOJIPOOGHOCTAMH OTChbIJIa€EM YHTaATENS
K TeEM DYKOBOICTBaM, Fl€ H3JOXeHa TEOPHS 3TOro ypaBHeHHS *)-
3Iecb MBI yKaxe€M TOJbKO Ha OJHO H3 3aMeyaTeJbHBIX CBOMCTB KO-
Jge6GaHHil 3TOr0 MasiTHHKA.

I1pu onpeneNeHHbIX COOTHOLIEHHAX MEXIY BETHYHHAMH €, P H ©
Kone6aHua MasaTHHKa (3.14) ycrofiuuBel. OHH MPOHUCXOAAT C Orpa-
HHYeHHOH aMnuTynoi. ONHaKO NpH PHUKCHPOBAHHOM @ CYLIECTBYET
cueTHoe YHCJIO obsacTeil B IJIOCKOCTH (g, p), Kaxias TOYKa KOTO-
PbIX oNpelessieT Takoe COOTHOIIeHHE NMapaMeTPOB MasTHHKA, NMpPH
KOTOPOM ero kKosieGaHHsi HEyCTOHUMBHI, T. €. MPOUCXOIOAT C Heorpa-
HHYEHHO Bo3pacTalouieil aMNJHTYAOH.

§ 4. O HEeKOTOPBIX JOCTATOYHBIX YCJIOBHAX
OTPpaHMYEHHOCTH KoJseGaHmi

1. KpuTtepuit ycToiuuBocTH AJs CJysas, KOTJa BO3Bpallarowias
cujia M3MEHsieTCs MOHOTOHHO. B mpenbiayuieM naparpade Ml pac-
CMOTpeJIH [Ba NpHMepa HEYCTOHUHBLIX KoJMe6GaHHA MaATHHKOB. I1po-
6neMa ycTOHYHBOCTH KoJebaTeNbHBIX [BHXKEHHH CHCTEM C mnepe-
MEHHLIMH TapaMeTpaMH B ofllleM cJyuyae oueHb cioxHa. [lo cux
nop He CYUIeCTBYeT YCJIOBHH, KOTOPBIM LOJIKHBI yIOB/JETBOPATbL KO-
3 HUIHEHTEI YPAaBHEHHA — HEOOXOJHMbIE H NOCTATOYHBIE 1/ YCTOMH-
YHBOCTH €ro HyJeBoro pemeHus. Pe3ynbTaThl, KOTOpbIE 3[€Ch CY-
HIECTBYIOT, OTHOCATCH TOJIBKO K HEKOTOPBIM CNElHaJbHBIM KjiaccaM
ypaBHeHHi. Mbl mpuBeneM [Ba NPOCTHIX KPHTEPHs, COOTBETCTBYIO-

*) Cm., nanpumep, k. CTokep, Heaunefinbie KoneGauus B MEXaHHYECKHX
1 aneKTpuyeckux cucremax, MJI, Mocksa, 1952.
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KX 060UM THNAM ypaBHEHHIH, PaCCMOTPeHHBIM B MpelblaylieM ma-
parpade. OHH SBJAIOTCA TOJbKO AOCTATOYHHIMH KpHuTepHsamu. He-
CMOTPS Ha 3TO, OHH TPeACTABJAAIOTCH MONE3HBIMH C MPHKJIAJHOM
TOYKH 3peHHUs.

paCCMOTpHM MasiTHHK, OHHCbIBaeMbIPI YPaBHEHHEM
i+g(t) i+ w?(t) x=0, (4.1)

U Mpedno/oXHM, 4To QYHKUHA o (f) MOJOXKHTeNbHAass H MOHOTOHHO
H3MeHAI0LLasACs.

B ypaBnenuu (4.1) caenaeM 3aMeHY He3aBHCHMOIO MepPeMEHHOTD

= [ @(s)ds. (4.2)
0
Tlocsie 3amenbl (4.2) ypaBHeHue (4.1) mpuMeT BHI
d’ (1 do |, g\dx , .
(L) E =0 (4.3)

OGosnauum uepes
2
E=3((7) +#]

3HEprul0 KoneGaTeNbHOr0 JIBHXKeHHs MasaTHHKa (4.3) H BBIUHCIHUM
ee NMPOU3BOAHYIO B CUJY ypaBHeHus (4.3)

dE _ dx d’x dx _ dx\2 [ do 1
yoiarrrry xW—_('&T) [F’“g]? (4.4)

U3 pasenctBa (4.4) BuaHO, 4TO A/a8 TOro, utoGnl BenuyuHa £ He
BO3pacTana, JocTaToyHo, 4ToOn KBajpaTHasi CKoOKa B Bblpaxe-
Huu (4.4) 6blna He oTpHLATe/bHA, HIH
4no 1 2>y, (4.5)

Ecnu Benuuuxa E ocTaercs orpaHHYEHHOM, TO H KaX[Aas M3 BeJH-
yuH dx/dt u |x| ocTaeTcs OrpaHHYeHHOH mNMpH T -»oco. Tak Kak
T — MOHOTOHHas (YHKUMA f, TO 3TO YTBEPKIAEHHE COXPaHAET CHJIY
H OTHOCHTEJIbHO NMepeMeHHOH f.

Hrak, Bo3Bpaulascb K mepeMeHHOMY f, Mbl MOXeM c(HOpPMYJH-
poBaThb CJEAYIOULYIO TeopeMy.

Teopewma. Jlaa oepanuuennocru pewenuii ypasuenus (4.1)
docTarouno, urobot 0as 4106020 MOMENHTa 8pemMenu KoagppuyuenTol
ypasnenus (4.1) yoosiersopaiu nepasencrsy

dlnm

+g>0. (4.6)
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Jlerko nposepuTh, yT0 Ko3(pdHUHEHTH ypaBHeHust (3.6) ynos.e-
TBOPSIIOT 3TOMY ycaoBHI0. B caMoM nede, BeMuHHBl @ H g B 3TOM
YPaBHEHHH TaKHe:

g)=1i  ol)=+

H, CcJefoBaTeJbHO,

dino
7 teg=0.

TouHo Tak ke Jerko nokasath, YTo KosieGaTesbHOe JBHXKEHHe OMe-
peHHOH pakeThbl, B3jeTralolieldl BepTHKAJbHO BBEPX C INOCTOSHHON
CKOPOCTbIO, He YNOBJETBOPSieT YC/JAOBHIO ycToiluuBocTH (4.6).

2. YcToHuuBOCTb KoneOGaHmii paketnl. [IjockHe KoseGaHHA one-
peHHOH paKeThl OKOJIO CBOEro LCHTPA TSKECTH C ONpeleseHHOH CTe-
NEHbI0 TOYHOCTH MOXHO CXeMaTH3HPOBaThb Kak xosebGaHue MasT-
HHKa, MNpoHCXoJsllee MOA AeHCTBHEM
IBYX a3pOoJHHaMHYECKHX MOMEHTOB: BOC-
cTaHaBauBawllero My u gemngupyolle-
ro M, (puc. 11). MoMent M, Bcerna Ha-
npaBJeH Tak, YTO CO3[JaBaeMOe HM Yyc-
KOpeHHe CTPEMHTCS BEPHYTb paKeTy B
NoJI0OXKeHHEe DaBHQBECHS, IPH KOTOPOM
ee OCb CHMMETDHH cOBmajaeT ¢ Hampa-
BJEHHEM CKODOCTH LEHTPa TSKECTH U:

Puc. 11.
M= —Rkx. (4.7)
Heficteue nemndupylomero MoMeita M, yMeHbIIaeT CKOPOCTh KO-
Ne6aTeNbHOrO [ BHXKEHHS
My= —kox. (4.8)

Takum o6pa3oM, Majbie KoneGaHHs paKeThl, LEHTP TSKECTH KOTO-
poii ABHXKETCS NPSIMOJHHEHHO, MOXHO ONHCATh YpaBHEHHEM

Ji= — kot — kyx. (4.9)

BenuuuHa x B Boipaxewusix (4.7) u (4.9), xapakrepusywoluas or-
KJOHEHHe PaKeThl OT ee MOJIOXKEHHsSI PaBHOBECHs!, Ha3blBaercsi yrioM
arakd. KoadhpuuueHtsl Ry u Ry 3aBUCAT OT KOHCTDYKTHBHbIX Mapa-
METPOB DAKETHI, €€ CKOPOCTH ABHXEHHS M JHHEHHHIM o6pa3oMm oOT
nJoTHOCTH aTtMocdepnl p. (3aMeTHM, YTO THNOTE3a NPSAMOJHHEHHOTO
JIBHXXEHHUS] LIEHTPA TSXKECTH DaKeThl OKa3blBaeTCsl CNpaBelJ/iHBOH B
clyyae BEPTHKAJbHOTO B3JieTa PaKeThl.)

YcaoBHMCsl, KPOMe TOrO, CYHTaTh, YTO LEHTP TAXKECTH pakKeThl
IBHKETCH ¢ MOCTOSIHHOH ckopocTbio. Torma Bce mapaMeTpbl, Kpome
MJIOTHOCTH aTMoc(ephl, OKa3biBaOTCS1 MOCTOSIHHBIMH, a8 MJIOTHOCTb —
SKCMOHEHUHaNbHOH (YHKLHeR BHICOTH (a CJeLOBaTeNbHO, H Bpe-
MEHH, NOCKOJIbKY CKOPOCTb BEPTHKA/bHOIO B3/€Ta Noctosinna). Ha
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3TOM OCHOBaHHH dopMyanl (4.7) u (4.9) MoxHO mepenucaTbh B cie-
JyIOleM BHJE:
M,=—Jb%eix, My=—Jae %,

rlie pa3MepHbie BeJHUHHbI @ U b2 CYUTAIOTCSl MOCTOAHHLIMH, J — Mo-
MEHT MHEPUHH PaKeTbl — TAKXKe YCJOBMMCS CYHTATb BEJHYMHOM MO-
crosiHHol. H1ak, B mpocreiiliedl cxeMaTH3aUHH KoJe6aTeJbHOro
JIBUXKEHHS! OMEPEHHON paKeTbl Mbl MPHIL/IH K HCCAEIOBAHHIO CJeVIo-
wero AuddepeHIHaNbHOTO YpaBHEHHS BTOPOrO MOPSAKa:

i+ ae %ty 4 b2e*tx=0.

Tak Kak B JaHHOM cJiyyae

Lat

@o=be %2 , g=ae™,
TO JleBasi yacTb HepaBeHcTBa (4.6) WHMeeT B paccMaTpHBaeMoM Cay-
yae CAelyoOLHi BHI:

- —;-a + ae™®. (4.10)
Hauyunas ¢ HEKOTOPOroO MOMEHTa BpeMeHH 1= —%ln % BbIpaxe-
Hue (4.10) Bcerma CTaHOBHTCS OTpHLATedbHbIM. TakuM obpasom,
B 3TOM CJlyyae JOCTAaTOYHOE YCJAOBHE YCTOMYMBOCTH OKa3hIBaercs
HEBbITNIONIHEHHBIM.

3. Ocnosnan aemma. PaccmoTpuM Tenepb ypaBHeHue (3.8) W no-
CTaBHM BONPOC O TOM, KaKHe YCJIOBHSA CJlelyeT HAJOXKHTb Ha QYHK-
uHio @(f) Aas Toro, ytoObl rapaHTHPOBAaTb OrPAHHYEHHOCTH KOJIe-
GaHuii, ONHUCHIBAEMbIX 3THM ypaBHeHHeM. [lokaxeM cHayaja AaA
3TOr0 OJHY BCIOMOTaTeJbHYIO JIEeMMY, KOTOpas HaM MOHamo6HTCH
elle H B AanbHeflleM,

Jlemma. Ilycro u u v — neorpuyartesrvuoie pynkyuu, a C — no-
AOHUTEAbHAR NOCTOAHHAA, npuuem 0aa aw0bozo t 2 0 sbinoansercs
HepaseHcTs80

t
u<C+ [uvdt. (4.11)
0
Toeda
t
u<Cexp [ vat. (4.12)
0

Jns pokasaTenbcTBa YMHOXHM HepaBeHCTBO (4.11) na v H mepe-
MHIIEM €ro B CJEAYIOLIEM BHIE:
uv
——<uv

c+qudt
0
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HJTH

t
d

0

. <v. (4.13)
C + J uv dt
0

Ywmuoxasn (4.13) Ha df m wHTerpupys, noJyuum
t

t
In (C+ Iuvdt)—lnC<J vdt,
0 0

OTKY 4

t t
c+juudt<0exp{j vdt}. (4.14)
0 0

Cornacho (4.11) Mbl TonbKO ycuiuM HepaBeHCTBO (4.14), ecau ero
JeBYyl 4aCTb 3aMeHuM ¢yHkuuedt u. Mtak, cnpaBeJauBocTb Hepa-
BeHcTBa (4.12) aokasaHa.

4. Kputepuit ycroituusoctu ana ypasHenus (3.8). Bepuemest Te-
neps K ypaBHeHuwo (3.8), cuuras |@|<1. YMHoXuM ero Ha & u He-
penuilueM B CjaeAyiOLIeM BHAe:

d x24+x2 .
S5 = — exk (4.15)
[Tpounrterpupyem ypaBHeHue (4.15):
t
24t ezt 1.
L= 2 |, 3 E)[q»c"’dt
HJIH
t
"2 2
LB rq=Ccrt[ora (4.16)
0
rie

2 x2
C=(F+50+q) >o
Tak kak BenuudHa %2 Bcerfla HeoTpuuaTteabHa, TO u3 (4.16) cie-
JLYeT, uTo
g
2
L U+q<C+y | lolx2at. (4.17)
0
(Ipepnonoxum, uto @(f) —0 npu f— oo, TOrAa AAsfl AOCTAaTOYHO
6o.1bllioro 3HaueHus { 6yeT HMeTb MecTo HepaBeHCTBO

l+<p>%.
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CrnienoBaTe/bHO, Mbl TOJIKO YCHJIUM HepaBeHcTBO (4.17), ecau ne-
penHuieM ero Tak:

t
2 4 . 2
2<crifiotan (4.18)
0

Ecnu B nepaBenctBe (4.18) Mbi nonoxum x?/4=u, 2|¢|=wv, T0 OKa-
XKeMcsl B YCJOBHAX, KOTa MOXKeT ObiTb NpHMeHeHa JOKa3aHHas
HaMH JeMMa, YTo JaeT

t
’;—”<Cexpf2|¢;dt.
0

OTciofa BbiTeKaeT CaAelyIOLU#A pe3ynbTaT. '
Teopema. Han oepanuuennocTu peulenus ypasuerus (3.8)
00CcTaToOUHO, 4TOObL UHTE2PAA

t
(1614t
0
cxoouacs.

§ 5. Teopema [Ilyankape

1. ®opmyauposka. TeopeMa [lyaHkape OTHOCHTCA K YHCJIY OC-
HOBHBIX Ppe3yJbTaTOB aHAaJHTHYeCKOH TeopuH aHPpbdepeHIHANBLHBIX
ypaBuenuit. OgHOBpeMeHHO OHa HMeeT GoJibllioe 3HayeHHe H I/
NpHIOXKEHHH, MOCKONbKY BBIICHAET OCHOBHbI€ CBOHCTBA YpPaBHEHHIT
B BapHauusaX. B oTaenbHBIX C/lyyasX oHa caMa MOXeT SAIBJATbCA
HCTOUHHKOM 3(Q(eKTHBHBIX BbIYHC/IHTENLHbBIX aJTOPHTMOB.

PaccmotpuM cHcTeMy AH(depeHLIHaNbHbIX YpaBHeHHH nepBOro

nopsaka
E=f(x, 1, €), (5.1)

rje X — BEeKTOp pa3MepHOCTH #, ¢ — CKaNApPHbIH apryMeHT —
BpeMms, a € — MaJblii mapaMeTp. I[lpeanonaraercs, uto ¢yukuus f
ABJASIETCA aHAJHTHYECKOH (QYHKIWeH NepeMeHHO#l X M mapameTpa e.

s cuctembt (5.1) mocraBuMm 3agauy Kowwu: onpenenutb QyHK-
uuio x (£, €), yaosjeTBopsoomy cucreMe (5.1) U HayanbHBIM ycio-

BHAM
x(to) =xo. (5.2)

Hansa toro utoObi 3agava (5.2) ana ypasuenus (5.1) uMena cmbica,
HaM HeT Heob6xoauMocTH Tpe6GoBaTb aHAJHTHYHOCTH [0 [epPeMeH-
Hoit ¢{. Bynem npeanonarath, uto npaBas uacTb ypaBHenus (5.1)
yIOBJIeTBOpsieT YCJOBHAM, FapaHTUPYIOLIHM CYIIeCTBOBAHHE pelle-
HusA JoKanabhoi 3ajauu Kowmn. Hampumep, nyctb f(x, ¢, €) Gyner
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VIOBJETBOPATb YCJAOBHIO JIMMIIKHLA 10 nepeMeHHomy x. Hapsany
c ypaBHeHueM (5.1) 6yaeMm paccMaTpHBaTb ypaBHEHHe

2 =f(z10). (5.3)

Ypasuenune (5.3) ycjoBHMCs HasbBaTb NOPOXAAOIIMM. [las oGoux
ypaBHeHHii GyJeM paccMaTpHBaTb OAHY M Ty XKe 3amauy Komm
(5.2).

B ypaBHenuu (5.1) cnenaeM 3aMeHYy nepeMeHHBIX

x=z+y.
BekTtop y 6yaeT ynoBNeTBOPATL YPaBHEHHIO
y=Hz+y, t, e)—f(z ¢ 0) (5.4)
¥ HYJIeBbIM HAYaJbHBIM YCJIOBHAM
y(0) =0. (5.5)

Tak xak npasas yYactb ypaBHeHHs (5.4) — aHanWTHYecKasi ¢YHK-
IMs MEPEeMEHHbIX Y H & TO Mbl MOXeM ee Pas3JIoXHTb B psaa Tel-
Jopa Mo 3THM NepPeMeHHLIM, CYHTAas HX JOCTATOYHO MaJ/JbIMH mo ab-
COJIIOTHOH BeJMYHHe. DTO NO3BOJHUT HaM nepenucatb YpaBHeHHe
(5.4) B caenyioleM BHJe:

g=Ay+e(g—f)o+B(y, g, f). (5.6)

€

3neco A=(a—f) — KBaJipaTHasi MaTpHIa NePBBHIX YACTHBIX IPOHU3-

ax 0
( )
ax" (1]

BOJAHBIX

’

. . . " 0,
fi ¥ Xt —i-1 KOMNOHeHTa BEKTOPOB f H X COOTBETCTBEHHO, (a—g) -
. ‘o
a 1

BeKTOp (MarpHua-cTonben) ¢ KOMNOHEHTaMH (Tif?)o' B(y, e, t)—
COBOKYNHOCTb 4JIeHOB 6oJiee BBICOKOTrO NOPAJAKa: passoxeHHe ¢GYHK-
uuu B(y, e, {) HauuHaeTcs cO BTOPBIX CcTeNeHedl ee apryMeHToB,
(F)o obo3nayaer, 4yTo 3HaueHHss GYHKUHM F (X, €) BBHIYHC/IEHBI mpH
yc/aoBHH x=2, £=0.

Bynem cuurtaTh, yTO peleHHe 3amauyd Kowwu Ajas mopoxaaio-

'af

lero ypaBHeHHsi H3pecTHo. Torna A u Fry

6ynyT H3BECTHHIMH GYHK-

LHSAMH BPEMEHH.
Bynem uckatb pewenne ypaBHenus (5.6) B BHle psana

y= 2y (5.7)
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IMoncraeasasa pan (5.7) B ypaBHeHHe (5.6) u cpaBHHBas Koadpdu-
LHEHTbl NPH OJHHAKOBbIX CTENEeHAX MapaMeTpa &, NOJYYHM CJEAYIO-
ILYIO -CHCTEMY YpaBHEHHH /s OnpeleNeHHs HEH3BeCTHbIX (YyHK-
oHA Y;:

= Ayl + Dh

Ya=Ays D,
(5.8)

yk= A!/k + Dkv

J

B 3THX YpaBHEHHAX D|=(%)o—~n33ecman ($YHKUHA BpEMEHH.

®yukuna Dy cOMepKUT KBAJAPATHYHBIE YIEHB Pa3/MOXKeHHA QYHKIHU
B(y, e, t) nmo y u g, T. & B Hee BXOAHT TOJNIbKO QYHKUHA Y; H He
BXOIAT QYHKIMH Y; Ana i>1. B camoM nene, ¢pyukuuio B(y, e, f)
MOXXHO NpeACTaBHTbL B BHIE

B(y, €, t)=Booy?>+Buye+Bye?+
MoxacraBnsis B 370 BhipaxkeHHe pad (5.7), mpuBeneM ero K BHAY
B(y, & t)=¢€*(Byyt + Byy, + B)))+e*(....) +

OueBuano, uto H Jiobasi GyHKUHA Dy 3aBHCHT TONBKO OT TexX (PyHK-
HHH y;, A KOTOPLIX i< K.

Takum 06Gpa3oM, ecqH peulaTb NOC/JeJ0BaTeNbHO YpaBHEHHA
(5.8), o ¢yukuuu D, caenyer cuUHTaTb H3BECTHbIMH (DYHKLHAMA
BpeMeHH. PYHKUHH Y; YJOBJNETBOPSIOT HYJNEBBIM Haua/jbHbIM YCJIO-

BHAM
¥i(lo) =0. (5.9)

TakuM o6pa3om, onpeleneHHe Ko3h(PHUHEHTOB pa3JIOXKeHHs peLie-
HHA y(f}y T. e. OyHKOMH y;(f), CBOOMTCA K NOCJIELOBaTENbHOMY
peulenuio 3aay Kown ans cucremst (5.8).

Tenepp Mbi MoxeM chopmynnposatbh Teopemy Ilyankape. Oua
COCTOMT H3 ABYX YTBEpPXKIEHHI:

1. Ecau obuuii unteepaar noposcdaroujeis cuctemoi (5.3) u3se-
CTeH, TO peutenue cuctemor (5.8) moocer 6biTo HaldeHo npu no-
mowu onepayul dudepenyuposanus u 83aTus K8adparyp.

I1. Pewenue ypasnenus (5.1) — aHaauTuueckas @yHkyua napa-
MmeTpa e, T. e. padwt (5.7) cxo00arca npu OOCTATOYHO MAAbIX NO
abCONIOTHOU BeAudUHe 3HAYEHUAX € U, C1e008aTEAbHO, npeocra-
8AA10T co60d uHTezpaabl. YpasHenus (5 1), pa3iodxennsie no cre-
NeHAM napamerpa e.

" DBynem Ha3biBaTh HEKOTOPLIA PAL GOpMasbHbIM pelleHueM, ecin
OH yJIOBJETBOpAET cHcTeMe AH(QepeHuHanbHBIX ypaBHEHHH. ITOT
pAx O6yAeM Ha3biBaTb peLIEHHEM, €ClH OH CXOJAHTCA B HEKOTOPOR
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o6aacTH 3HaueHH#H napamerpa. Takum o6Gpa3oM, nepBasi 4acCTh T€O-
peMbl GOPMY/aHPYET HEKOTOPhIE CYXKAEHHSI O CTPYKType aqropUTMa
noctpoeHusi popManbHoro peweHus. Bropas uacte TeopeMbl yTBep-
XJIaet, yTo QopMasnbHoe pelneHue (5.7) sABAseTCs pelleHUEM.

2. loxasateabcTBo ytBepxaenus l. JlokaxkeM TonbKO nepsoe
M3 3TUX YTBepxkKJAeHHi. [loKa3aTesbCTBO BTOPOrO YTBEPXKACHHSA MpH-
BOJAUTL He OYAEM, TaK KaK OHO AOCTaTOYHO FPOMO3AKO *).

ITycth
z=F(¢, C), (5.9)

rie C — npou3BosbHas nocrtosiuHasi (BEKTOpP Pa3MEpPHOCTH n) €CTh
obuit WyTerpan nopoxjawoollero ypasHeHus (5.3). Dto 3Hauwur,
yto ¢yHkuus F yaosnerBopsieT ypaBHeHH10 (5.3)

F
Le=FIF(t C). t, 0] (5.10)
npu aw6oM 3HaueHHWH noctosiiHoil C. Yepes &; 0603HauuM BEKTOP
_OF(40)
b= (5.11)

rie C'—i-s koMnoHenta BekTopa C. Brumcaum

Hcnoansyem toxnaectso (5.10)
d_
dt GC ‘

2 GFEC)t, =L O,

3aecy Of/0F — kpaapaTHasi MaTpuila, TPHYEM OUYEBHUAHO, YTO

of _
oF = A

Takum o6Gpa3oM, BekTOp-pyHKUHA E; YNOBJAETBOPSIET CHCTEME JIH-
HefHBIX AU GEpeHUHa IbHBIX ypaBHEHHH

Ei= A%
a=Au (5.12)

Ha3blBaeTCsl YpaBHEHHAAMH B BapHauHsax A48 cucreMs (5.1) W mpen-
CTaBJf€T COGOH CHCTEMY JIHHEHHBIX YPaBHEHHH ¢ nepeMeHHBIMH KO-
sdpduurenTamu. Hukakux o6uiux peuenToB HHTErPHPOBAHHS TaKHX
ypaBHeHHi HeT. OHaKO ypaBHeHHs B BapHalHsfX 00JaAal0T OAHHM

Cucrema ypaBHeHHil

*) Cm., nanpumep, B. B. l"o.rry6eB Jlekuuu N0 aHaAHTHYECKOH TeopHM
nu(bq)epeﬂuuarlbuux ypaBsHeHnii, usn. 2, Mocxsa, 1950.
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3aMeyaTe/IbHbIM CBOHCTBOM, KOTOPUE Mbl TOJbKO YTO AOKa3aJjH. ITO
CBOMCTBO MOXHO cpOpMY/NHPOBaTh B BHIE CJeAYIOLUeH JeMMbl.

JlemMa. Ecau obuyud uHnTezpar nopoxcdaroujeeo ypasHeHus
U36eCTeH, TO 4ACTHble pewleHusn ypasuesul 8 sapuayuix moeyr b6uiTo
BbLNUCAHBL 8 ABHOM 8ule npu nomousu o0HoOU onepayuu Sugpgepen-
yuposarus 8 coorsercrauu ¢ gopmysamu (5.11).

Hrak, dopmyasl (5.11) onpenensiior cHcteMy dyHAaMeHTabHbIX
pelieHHil ypaBHeHH#l B BapHauusix. Tenepb peulenne 3agaun Koiuu
(5.9) masa cucteMbl ypaBHeHHH (5.8) MOXHO NoOJy4uTb B KBajapary-
pax, HCMoJb3ysl MeTOJ BapHalUHH MPOH3BOJbHLIX MOCTOSIHHBIX. [1pH-
BeleM 3TH BbluHcaeHHd. CucteMma ypaBHeHHH (5.8) uMeeT BHA

y=Ay+D, (5.13)
rae D — usBecTHas QyHKuus BpeMmeHH. Pewenne ypasrenus (5.13)

6yleM HCKaTb B BHIE
y=7Ya, (5.14)

rie o — HEKOTOPbIH HeH3BeCTHbIH BekTOp, a Y — maTpHua ¢yH-
JdaMeHTa/bHbLIX pellleHHA ypaBHEeHHH B BapHaLMAX

Y={g}
rae &/ — komnoHenrta Bektopa §;, HOMep KOTOpO# paseH j. Takum
o6pasom,

&= ay. (5.15)
Nuddepenunpys (5.14) v noictasasid B (5.13), nonyuum
Y&é=D. (5.16)
ITpu BeiBoge (5.16) Mbl Hcnoab3oBanu (5.15). Hrak,
a=Y"'D,

OTKyAa OKOHYATE€/bHO MOJYYHM

t
y=Y(t)!fy"(-r)D(r)dr+c‘ :

s

IOasa toro ytc6bl YAOBNETBOPHTb HauaJbHbIM ycjoBHsAM (5.9), mpo-
H3BOJIbHYIO MOCTOsIHHYI0 C* caefyeT mpHHATb paBHO#M Hym0. Mrak,

t
y=[Y® V' @D @ar (5.17)
0

Martpuna Y(£)Y-'(tv) nasmiBaercs matpuuedt I'puna. IlepBas wacte
TeopeMbl [lyaHkape [0Ka3aHa NOJHOCTbIO, MOCKOJbKY BhipaKeHHe
(5.17) monyyeHo nytem Aud¢epeHUHPOBaHHA H B3ATHA KBaapatyp.
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3. 3ameuanne 06 aHANUTHYHOCTH NMPAaBbLIX YacTel. Bo Bcex pac-
CYXJEeHHAIX, KoTopble ObUIH NPHBELEHbl, OCHOBHBIM MpeANoJoNKe-
HHeM O6blO npeanosoxeHHe 06 aHaJHTHYHOCTH mpaBbIX yacTel
ypaBHeHHs (5.1) no napaMerpy & H QYHKLHH X.

[Tocneanee npeanosnoxenne oyedb cylilectseHHo. Teopema Tlyan-
Kape nepectaetr ObiTb BepHOH nas ypaBHeHu#t (5.1), ecau napa-
MeTp & BXOAHT B ee MPaBYyl0 uacTb HeanaaHTHUYecKH. [TokaxeM 3TO
ob6cTosiTenbcTBO Ha npumepe. PaccMOTpHM ypaBHeHHe BTOPOro mo-
pajaka

. e+l . x
X = P X — -?
HJH
eX=(€+1)x—x. (5.18)
[Topoxpaloulee ypaBHeHHe OyleT TaKHM:
i=2,

a ero OOlUHA HHTErpas uMeeT BHI

z=Cet. (5.19)
OG6uwuit uHTerpan ypasHeHHsi (5.18) serko BblnHcaTh B IBHOM BHAE
X= C]e"3+ Cget. (5.20)

Mbr BuaHM, uto dyHKuHs (5.20) He ‘MoxKeT ObITb pasjioXeHa B psl
N0 MOJIOXKHTEIbHBIM CTENECHAM MNapaMeTpa & B OKPECTHOCTH TOYKH
e=0. Bosee toro, pewenne (5.20) npu ¢ — 0 BooOliie He CTPEMHUTCH

K pelleHHIO MOPOXKAAIOUero ypaBHeHHs HH 151 KakuX [, OTJMYHBIX
OT HyJA.



riABA I
METOA JIANYHOBA—MYAHKAPE

Hacrosimmas rsiiaBa nocBsillleHa H3J10XKEHHIO OCHOB KJacCHYecKoH
TEOPHH MePHOJAHYECKHX pewleHHH nuddepeHUHANbHbIX YpaBHEHHH,
npaBbleé YacTH KOTOPHIX SBAAIOTCH aHAJHTHYECKHUMH (QYHKUHAMH
CBOHX TNepeMeHHbIX. 3Ta TeopHsl BO3HHKJAA H3 pabor JlamyHoBa H
[TyaHnkape B KOHIle MPOLIIOrO BeKa H B NocJaelyiolllHe AecsiTHNeTHS
noqyuusa JdanbHefilllee pasBHTHe. B Hell mosiBuJHCb HOBBI€ TOYKH
3peHHsl, pacIlHPHJICS KPYr M3yuaeMbix BompocoB. Hapsiny c uccoie-
JNOBaHHAIMH TEOPETHUYEeCKOTOo XapaKTepa mpojoJizKajach HajbHelllas
pa3pa6oTtka MeTonoB 3((EeKTHBHOTO NOCTPOEHHA MEPHOAHYECKHX
peleHH.

Hauyunas ¢ pgeanuathix romoB rteopus JIsnyHoBa — [lyaHkape
6aarogaps paboraM AHApoHOBa W MaHIesbliTaMa HaXOAHT LIHPO-
KOe mpHMeHeHHe B TeopHH KosebGanuii. Bosabwo# Bknag B paJb-
Helillee pa3BHTHe KJaCCHYECKOH TEOPHH NEePHOAHYECKHX peLIeHHN
cllenanH HawH COOTeYeCTBEHHHKH. 3Jecb mpexKJe BCero cjenyer
Ha3BaTb umena WU. I'. Mankuna u I, B. KameHkosa.

B HacToslefl raBe Mbl paccMaTpHBaeM TOJbKO HEKOTOpble H3-
GpaHHble BOMPOCHI, KOTOPble, KAK HaM KaXKeTcs, npeAcTaBsIOT Hau-
GonbLIHH HHTepec AAsA MPHJIOXKeHHH, nmpHueM OCHOBHOE BHHMaHHe
COCPeJOTOYEHO Ha H3JI0XKEHHH caMHX aJTOPHTMOB MOCTPOEHHA Ie-
PHOJHYECKHX pELLEHHH.

§ 1. Cucrema JlanyHoBa —- cayyail oaHoA cremeHH cBOGOAM!

1. KoucepsatupHbie cHcTembl. B npeabiayimied rnase Mbl pac-
CMOTpeNH HEeCKOJNbKO NPHMEPOB KOHCEPBATHBHBIX CHCTEM C OAHOW
CTeMeHbl0. cBOOOAbl M YOeIHJHCb, UTO INPH H3BECTHBLIX YCJIOBHAX
¢t a3oBble TPAaeKTOPHH B OKPECTHOCTH MOJOXEHHS paBHOBECHS mpef-
CTaBJAOT COOOA 3aMKHYTble KpHBblE, T.e. [BHXKEHHSI, KOTOPbi€ OHH
ONHCHIBAIOT, SABJAIOTCA NepHOAHYeCKMMH. HecMoTpsa Ha ToO, YTO 3TOT
$akT O6bl1 NPOAEMOHCTPHPOBAH HAa YaCTHHIX MPHMepax, OH HMeeT
BIIOJIHe OO XapaKTep.

PaccMoTpuM ypaBHeHHe

£+f(2) =0,
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rae ¢pyukuus f(2) Ttakosa, uto f(0) =0, a moTeHUHaAbHasi SHEPrUs
M= [ f(2)dz

B Touke 2=0 uMeeT H30JHDOBaHHBIi MHHUMYM. Torma u3 wuHTe-
rpaJjia 3HEPTHH Mbl HAXOAHM

z=VY2(C-T,

rae C — noctosiHHasi 3Hepruu. [lpuMeHsisi Merod ¢(a3oBol MJIOCKO-
CTH, cpa3y y6expaaeMcsi, YTO TPA€KTOPHH 3TOH CHCTEMBI B JOCTa-
TOYHO MaJIOll OKPECTHOCTH MOJIOXEHHs pPAaB-
SR LLLS HOBecHsl 3aMKHyThle. B caMoM aene, QyHKUHsA

IT(z) uMeeT B OKpecTHOCTH TOYKH 2=0 BHI,
| | u3obpaxeHHBll Ha puc. 12, rae nokasaHa
| | TaKke CTPYKTypa (pa3oBOH MJIOCKOCTH 3TOrO
| | ypaBHeHust. Takum oO6pa3oM, Bce peUIEHHS
——-—}—-—1t2 B OKPeCTHOCTH MHHHMYyMa MNOTEHLHAJbHO
[ | 3HEPTHU nepHogHuyecKue. DToT GakKT GblI mo-
| ! Jy4yeH NpH BecbMa OGLIMUX MNPeNNOJIOKEHUSAX
| | o (I)yHKIll/.l,H f(z): oHa po/mxkHa GHITL MHTe-
| | rpUpyeMoi.

2. Cucrema JlsnyHoBa. B stom naparpace
6ydeT H3yuyeH KJacC CHCTEM, Ha3blBaeMHIX
cucteMaMu JlanyHoBa. OHH o6s1afaloT MHO-
rHMH CBOWCTBAMH KOHCEDPBATHBHBIX CHCTEM,
KOTODbI€ SBJISAIOTCH HX BeCbMa YacCTHLIM CJY-
yaeM. Tak e KaK M KOHCepPBaTHBHBIE CHCTe-
Mbl, B OKPECTHOCTH TNOJIONKEHHS DaBHOBECHS NPH H3BECTHBIX YCJIO-
BHSIX OHH OMHCHIBAIOT NEPHONHYECKHE JBUKEHHS.

st aTux cucrem A. M. JlsnyHoBbiM pa3paGoTaH 3¢ ¢eKTHBHLINH
aHAJMTHYECKHH METOA OTHICKAHHSl TMeEePHOJHYECKHX [ABHKeHHMH.
Paccmotpum cuctemy AuddepeHuHaNbHBHIX YpaBHEHHH

d .
& g+ am+X & ),

dn . { (1.1)
—7 = a2+ am + Y (E ), I

rae X*(g, m) u Y*(§, ) — aHanuTHueckHe (YHKIMH CBOHX nepe-
MEHHBIX B OKPECTHOCTH TOYKH E=n=0 W TakHe, UTO HX pasjOKeHHE
o cTeneHsaM § H 7 HaYHHAETCA C YJI€HOB, MOPAAOK KOTOPHIX He
HHXKE BTOPOro:

X" (&, M) = boE? + boon® + byyEn + bagE® + }

Y' (&, M) =dyt? + dogn® + dEn + dyk® + (1.2)
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Cucremy (1.1) 6ynem HasbiBaTbh cucTeMoit JIsinyHoBa, ecaH BbIIOJ-
HEeHbl celyIoliHe ABa YCJIOBHA:
a) ypaBHeHHe

an—yY 4apg

=O .
as ap —Y (13)

HMEEeT YHCTO MHHMBbI€ KOPHH *i);
6) cucrema (1.1) momyckaeT aHaJMTHYECKHA MepBbI HHTErpan

H(E, n) =const, (1.4)
pa3/ioxKeHHe KOTOPOro MO CTENeHSM MepeMeHHbIX £ W m HauWHaercs
C YJEHOB BTOPOro MOpsAKa MaJoOCTH, T.e. GyHKuus H B OKpecT-

HOCTH TOYkH E=n=0 sBafAeTcH aHaJHUTHYeCKOH (yHKLUHEH CBOHX
MepeMeHHbIX U MPeACTaBHMa B CAEAYIOLLEM BHIE:

H=ay+ ay® + agn® + aj g +

Cucrema JIamyHoBa KaK YacTHbIH CJay4YaH CONEpPXKHT KOHCepBa-
THBHbIe cHcTeMbl. Hanpumep, ypaBHenue

2+ f(z) = Ov
rae f(2)=o0%2+ a2’ + samenoli £= — on, 2=t npHBoO-
nutea K Bugpy (1.1)
§= — on,

. &2
=0+ -8+

Ecnn dyHkuusa f(2) aHaauTHYeCKas, TO HHTerpas SHEPrHH H Oyler
aHaJHTHYecKHM HHTerpanom (l1.4).

Onnako K uHcay cHcTeM JIfimyHOBa OTHOCATCA TaKxkKe MHOrHE
BCTpeyaloliyecs B TEXHHKE H (H3HKe HEKOHCEPBAaTHBHBIE CHCTEMbL.
B omnom u3 chaeayoliux mnaparpagoB Mbl pacCMOTDHM MpHMEp
cuctemsl JIAnyHoBa, He ABAAIOILEHCH KOHCEDBAaTHBHOH.

3. MNMpuBeseHne K KAHOHHYECKOMY BHAY. PaccMOTpHM Bcmomora-
TeJbHYIO CHCTEMY YPaBHEHHH

E=a;t+apm, }
N = ay§ + ax.

Cucrema (1.5) onucbiBaer Kone6GaHHe ¢ MOCTOSHHOH aMILIMTYNOH,
MOCKO/IbKY ee XapaKTepHCTHYeCKOe ypaBHeHHe HMeeT Mapy YHCTO
MHHMBbIX KOpHeH.

Ucknouan u3 ypaBHenus (1.5) mepemennyio m, HOJTYy4HuM

£ — E(an+ax) +E(azea; — aza;) =0. (1.6)

(1.5)
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a5 Toro 4Tto6bl YAOBJETBOPHTL YCJIOBHIO a), KOIP(PHUHEHT NPH
€ nosXeH ObITh paBeH HYJIO, T. €. AOJXKHO ObITh aj =—ag; H, KPO-
Me TOro, A0M2KHO HMETb MECTO HepaBeHCTBO

A?=aga1 — ana12>0.
Cnenaem 3aMeHny
E=x, Z=—>AY, (1.7)

rie A — apudMeTHyeckoe 3HaueHHe KOpHA V agna; — aza;. [lpu
noMoiwn 3ameHn (1.7) ypasHeHue (1.6) cBOAMTCH K 3KBHBaJeHT-
HOH cucTeMe ABYX YpaBHeHHH

T=—Ay, y=Ax.
Iostomy, ecin B Hexoawo# cuereme (1.1) caenats 3ameny (1.7),
TO 3Ta cHcteMa GyJeT npHBelleHa K BHAY

k= —hiy+X(x, y), }
g=Arx+Y(x, y),

tae X u Y — anaanTHuecKHe QYHKUHHM CBOMX NepeMeHHBIX, pasJo-
JKeHHS KOTOpPHIX HaYHHAIOTCH C 4Yj1eHOB BTOPOTO MOPAAKA MaJjoCTH.
Taxum o6pa3om, Bmecto cucteMbl (1.1) HaM jocraTouHo paccMo-
TpeTb cuctemy (1.8).

4, MNpeoGpa3zosanne unterpasa f. OctaHoBHMCA elle Ha Bbipa-
XKeHnuu uHTerpana H. CornacHo npeanonoxeHuio 6) ero mpeacra-
BJIEHHE HMeeT BHJ,

H= Ax24By?+Cxy+...=[i,

(1.8)

rie [i — HekoTopas mnoctosiiHas. Tak kak H — nepBblii uHTerpas,
- dH
TO B culy ypaBHeHui (1.8) 'd_f=0’ 4TO MO3BOJISIET BBHIYHCJHTh

ko3¢ uunentst 4, B, C u T. a. Haiinem
2L @A+ Cy+ .. ) (= hy+ X (x, )+
+(2By+Cx+ ...)(Ax +Y(x, y)).
CpaBuuBas KO3(pGHUHEHTB! NPH X2, Y% U xy, NOAYUUM
Cr=0, —2AA+2BA=0.
Otciona A=B, C=0. He Hapymas OGIHOCTH, MOXHO MDPHHATb

A=B=I.
Urak, uurterpan H M0oXKHO NpeAcTaBHTb B BHAE
H=x+y+W(x,y) =42, (1.9)

rie W — ananuthueckan (YHKUHS CBOMX MNepPeMeHHBbIX, pasJoxe-
HHE KOTOPOH HauMHaeTcsi C YJIEHOB He HHXKe TpeTbero mopsijaka



§ 1] CUCTEMA JIAIIYHOBA — CJIVYAM OINHOWM CTETIEHH CBOBOJbI 45

MaJlocTH, u? — HeKOTOpas MOCTOsIHHafd, KOTOPYIO Bcerja Mbl MO-
KeM CUHTaTh MOJOXHTEAbHOH AJA JAOCTaTOYHO MaJbX |X| H (Y.

5. MNepuoguuHocTh peweHuit cucrembl JlsinyHoBa. Jlokaxem Te-
nepb, uTo pewleHuss cucreMbl (1.8) i JoCTaTOYHO Manblx 3Haue:
HUA p — mepHoanueckve ¢yHkuuu f. Il1s 3TOrO JocTaTtoyHo A0-
Ka3aTb, UTO ()a3oBble TPAaeKTOPHH B TNJIOCKOCTH (X, Y) 3aMKHYTble
H 0 coxpausT 3HaK.

BBenem nonspHble KOOpAHHATHI

X=p cos0; Yy=psin 0

H 3aMeTHM, uTo Ji06as 3aMKHYTas Tpaektopus p(0) monxHa GblTh
nepuoauyeckoil ¢yHkuweli aprymenra 6. CocraBHM BblpaxeHHe
ans H

HEp2(1+%W(pcosB, psinB))=u2. (1.10)

3necb W — aHanuTHueckass ¢QYHKUHA p, pa3jioXXeHHe KOTOpOH
HMeeT BHI

W(x, ) =eg® tagx®y+  +aax"y"+ =
= p3(&y cos®0 + ay; cos?0 sin 6 + a5 cos O sin% O + ayy sin36) +
+ p’Hm (%a4m. 0 cos™™ 0 + + ay, nim sin®*™ 9) +

CanenosatesbHo, B ¢opmytae (1.10) dynkuns %W(p, 0) moxer
6biTh MpejcTaBJeHa B BHIAe psifla

= W (e, 8)=pa, (8) + a2 6) +

npuuemM Bce Ko3doHUHeHTH a;(0) — mosHHOMBI OT Sin® u cos 6,
T. e. nepuoinuyeckue ¢yHkuud ©. Takum o6pasoM, BblpaxKeHHe
(1.10) moxHo mepenucath Tak:

p(l + pa;(0) + N LT

3DTo paBeHCTBO Mbl MOXEM paccMaTpHBaTb KaK YpaBHeHHe s
onpesnenenus p(0). Mcnonbsys aHanutHuHOCTb YHKUHI, KOTOpbIe
B Hero BXOJfAT, 6yleM QYHKUHIO p pasbicKHBaTb B BHIe psjla

p=n+b5(0) p2+b5(0) p3+. .. (1.11)

[MpsimbiM BbluHcJaeHHeM Yy6exiaaeMcs B TOM, 4TO KO3 HUHEHTH!
B pasnoxeHuu (l.11) sBaAAIOTCA noJuHOMaMH oOT sin @ u cos 6. Tak,
Hanpumep,

1 1
by=—za, by=a}— 5 a
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Takum ob6pasom, koapduuneHTLI b; — cTeneHHble GYHKUHH KO3(-
¢bHUHEeHTOB a;, a noc/JelHHe B CBOIO Ouepelb ABJAITCA MOJHHO-
MaMH ot sin 8 u cos 6. BeneactBue Tako#l cTpykTypsl K03 uumeH-
toB pax (1.11) onpenensier mepuoauveckyio ¢yHkiuHio 6 nepuona
2m, T. e. npy H3MeHEHHH O Ha 2 BenMuYHHA p BO3BpalllaeTCsl K CBOE-
MYy HCXOJZHOMY 3HaueHHuwo. Eciu npu 3toM okaxercs, yto 6 coxpa-
HsieT 3HakK, TO 3To U OyJder o3HauaTh, uto (pa3oBasi TPAEKTODHs
saMkHyTas. Huxe mbl B 3TOM yGeaumcs (cm. ¢dopmyny (1.16)).

Takum o6pasom, pewenus cuctembl (1.8) — dyukuun x(f) u
y(t) — 6yayr nepuoanyecKUMH QYHKIHSIMH BpPeMEHH.

Oyukuuu x(f) u y(f) fABAAIOTCA aHAJUTHYECKHMH NO Napa-
meTpy pn. B camom gene, B cH1y aHAJHUTHYHOCTH MpaBbiX uYacTeH
cuctembl (1.8) ee peweHus O6yayT aHaAuTHUeCKHMH (YHKIHAMH
HayaJbHBIX 3HaYeHHH

x(0) =c, y(0) =b.

[ToctosiHHas p Takxke onpeje/seTci 3THMH 3HaUYEHHAMH

n2=c2+b62+Wi(e, b). (1.12)
Tak kak npaBbie yacTH cHcTeMbl (1.8) He 3aBHCAT oT BpeMeHH, TO
6es orpaHHYeHHH OGLIHOCTH HayaJibHble YCNOBHSI MOXHO MPHHATH
B BUIE

x(0) =c, y(0) =0. (1.13)
Orciona BuaHo, yto peinenus cucrembl (1.8) mpeacrasasiiotT co6oil
aHasuTHYeCKHe QYHKLHH ¢, a TakxKe H W, Mockoabky u3 (1.12) cne-
IyeT, uTo p — aHaJuTHYecKas QyHKuusa c:

p=c+psc3+... (1.14)
6. Boiuncaenne nepuopa. Jlyis BHIUHCAEHH MEPHOLA COCTaBHM

nuddepeHunasbHble ypaBHEHHsl, KOTOPbIM Y/JOBJETBOPAIOT Mnepe-
MeHHbIe p H 0. Boiuncium

£=pcos8 —p0hsinB, y=psinB+pOcosH. (1.15)

3amensia B cucteme (1.15) npousBoanbie £ U § HX BbIpaXKEHHAMH
3 ypaBHenuii (1.8) M paspewas nOJNy4eHHYIO CHCTEMY OTHOCH-
TeJIbHO MPOHU3BOJAHBLIX X H Jj, HalJleM HCKOMble ypaBHEHHs

2 _ X(pcosO, psin8)cos 0+ (pcos 0, psin6)sind, (1.16)
B n+ %{Y (0 cos 8, psin B) cos 8 — X (p cos 8, psin 6)sin 6).

M3 BTOoporo ypaBHeHHsi OmpexesuM t:
]
t=f p 49 +t (1.17)

A0+ 7Y (pcos 0, psinB) cosO— X (pcosH, psinB)sind
0
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Hns Toro utobbl yHoBJeTBopuTb YycaoBuHAM (1.13), Heo6Xoaumo
koHctaHTy B (1.17) npunate paBHoM Hymo. HMcnoab3yem Tenepb
TOT GaKT, YTO p — aHaJUTHYeCKads QYHKUHA W (CM. mpelcTaBjeHHe
p B Buje paaa (l.11)). DTo no3BOJHT Pa3oXKHTb MOABIHTErPallb-
Hylo GyHKUHMIO B BbipaxeHHH (1.17) B psal no creneHsM p

0
t=310+ | Wb @) +u%: @)+ ... 1do [, (117)
0

rie ¥;(0) — nepHoanueckue ¢yuxkuHd 0 nepuoga 2m. Cienosa-
TeJbHO, NoAbIHTerpaJdbHas OyHkuua B (1.17') Takxe nepuoiauye-
ckasi ¢yHkuus 0 nepuoga 2m. CoenoBaTesibHO, HHTerpan

6y+27C
I= J [n0, (B) + p?d,(6) + ...]d6
6,

He 3aBHCHT OT 0y H ero MOXHO 3anHCaTb B BHIE
[ =2n(phy + pho+ ...),

rae h; —BnoJHe onpejeJieHHbe YHcaa. TaknM o6pas3oM, NpH H3Me-
HeHHH O Ha 2m BpeMs ! mosyyaeT npupauleHue T

T=.2—{‘(l+uh.+u’h2+ ce) (1.18)

He 3aBHcsulee ot 0y [lyctb Tenepp D (0) — HekoTOpasi nmepHOAHYe-
ckas yHkuua 6 nepuoia 2m, Toraa

D (0+2xn) =D (0). (1.19)
PaccmaTpuBas ee kak pyHkuuio {, 6yneM uMeTb
D(E+T)=D(1). (1.20)

PasenctBo (1.19) cnpaBeanuBo Anf J106bIX 0, ciegoBaTeNbHO, H
paBerctBo (1.20) cnpaBeanuBo ans Jw06bix ¢ T.e. @(f) — nepuo-
auveckas GyHkuua f. 3uauut, BenHuMHa T, onpeleneHHas dopmy-
Jgoit (1.18) kak OYHKUHMA W, H €CTb NEepHOA pelleHHs.
HUcnoab3ys (1.17), Mbl MOXKeM 3anucaTb ero B cielyIOILeM
BHle:
6,427

T o)= |
6,

0

pdo .
Ap+Y (pcosB psinB) cos0— X (pcos, psinB)sinh ’

(1.17)

npu p—0 nepuon T cTpemMHTCA K nepHoAy JHHEHHBIX KosaebaHuil
2n/A, 7. €. Kk nepuony kQaebanuil B cucteme (1.8) npu X=0, ¥ =0,
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7. OaHo ceoiictBo mepuoaa. [lokaxeM Tenepb, yto I — yeTHas
¢yHkuus p. Bepuemcsa cHoBa k uHTerpany (1.10). Paccmarpuas
€ro Kak ypaBHEHHe OTHOCHTEJbHO P, Mbl MONYYae€M B OKPECTHOCTH
ToukH p=0 nBa pewenus. OnHo u3 HuX naerca pagom (1.11)

p=p+b2(0)u2+b3(0)u3+..
K ApyroMy peuieHnto npuxoanm, eciu B (1.11) saMeHutp p Ha —pu:
p=—n+bs(0)u2 — b3(0)u+. .. (1.21)

Tenepb 3aMeTnM, uTo sieBas yactb ypaBHeHHsi (1.10) He uameHuTtcs,
ec/iH 3aMeHHM p Ha —p H O Ha 6+4mn. CiefoBaTenbHO, HA OCHOBa-
auu (1.11) 6ynem umetb

—p=pn+by(0+m)p2+b3(0+n)pd+... (1.22)

3nauenne p, onpenenerHnoe psaaom (1.22), 6yser KopHeM ypaBHEHHS
(1.10), He coBnapgaowuM ¢ (1.11) (xoTsa 6Bl notoMmy, uto AJs Ma-
abix p u3 (1.11) caenyer p=p+0(p?), a us (1.22) p=—p+0(n?).
CunenoBatenbHo, oHo Gyaer onpepensitbes psigoM (1.21). Cpashu-
Bas (1.21) u (1.22), nonyyaem

bz(ﬁ) =—b2(9+n), b3(0) =b3(9+n)
HT A
Orciona cnenyer, uto eciau B BbipaxKeHuu (1.11) sameHuTb P HA
—u, a 6 Ha 0+m, TO BeHMYHHA p TMPHMET cBoe 3HauyeHHe ¢ obpart-
HbIM 3HAKOM:
p(—n, 0+n) =—p(n, 0).
Brinuiem Tenepb BbipaxeHne s nepuoga I. Ha ocnHosanuu
(1.17) nmeem
on

= p do
T, O)—ﬁ’. A +Y (pcosB, psinB) cos 08— X (pcosB, psin0)sing * (1.23)

Cnenaem B (1.23) sameny p Ha —p, a 0 Ha 8+mn. Toraa noayuum

BEJIHYHHY
427

T(_u, n)=f b p(—n, 0+n)dd
14

M(—m0+n)+Ycos(@+x)— Xsin(@+mx) °

CorslacHo [J0Ka3aHHOMY BeJHYHHBl PcosO H psinB® coxpaHsawT
cBoH 3HaueHus. CrnenoBaTeJbHO, TO M€ CaMoOe MOXHO CKa3aTb H
o ¢yukuusax X u Y. B 10 Ke BpeMsa p, cos O u sin O H3MeHSIT CBOM
sHaki. CiefoBarenbHO, 3HaMeHaTelb H3MEHHT 3HaK Ha o6GpaTHbIH,
HO M YMCJAHTENb H3MEHHT 3HaK Ha obpaTubiil. CieaoBaTenbHoO,

T(p, 0)=T(—p, xm).
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Ho noabiHTerpanbHasi ¢yHKUHMA B BbipaxXeHuu (1.23) — nepuonn-
yecKasn (QYHKLUHs mepeMeHHOH O nepuola 2m, W, CJeAOBaTEJbHO,

T(—p, n)=T(—p, 0).

T(—p, 0)=T(pn, 0),

T. €. IEPHOA — yeTHas PYHKIHSA BEJHYHHDBE .

8. ®opmyanpoBka Teopembl JianyHosa. M nokasanu ciaenyio-
1yI0 TeopeMy.

Teopema JianyHoBa. Ecau nocroannas p 0ocratouro
Maaa, T0 8ce pewenus cucremol ypasnenus (1.8) — nepuoduueckue
pynkyuu t, npusem nepuod — ueTHAA PYHKYUA BeAuUdUHbL | U npU
n—0 crpemurca k 2n/h. Pewenus cucremor (1.8) asaawrca ana-
AUTUYECKUMU (DYHKYUAMU BEAUUUHbL C — HAYAAOLHO2O OTKAOHEHUR
nepemeHHol X.

HMmesn B Buay ¢opmyay (1.14), sbipaxeHue nepuoaa (1.18)
MOXHO Mepenucarb B CeAYIOLleM BHIe:

T=2(1+chy+ Ryt ..). (1.24)

Hrak,

§ 2. YcaoBusi CymECTBOBAHHS MEPHOAMYECKHX pELICHHI

1. Mpeamer nccaegoranuns. Bece paccyx/aeHHsi 3TOH ryaBbl OyayT
TaK MJH HHaye CBf3aHLI C YMeHHeM pelliaTb BONPOC O CYileCTBOBa-
HHH MEepPHOAHUYECKHX pelleHHH B CHCTeMe JIHHeHHBIX OOLIKHOBEHHBIX
andpdepeHlHaNbHBIX YPaBHEeHHH BTOPOro mopsifika

).C=a||x+auy+F| (t)v }

§=agx + asxy + Fy (1), 2.1)

rie a;; W F; — HeKoTOpbie mepHOJHYECKHe (YHKIHH BpeMeHH ne-
puoaa 2n. B atom naparpade Mbl pacCMOTPHM YCJIOBHS, KOTOpbie
JOMXHB ObiTh HaMOXeHbl Ha GyHKuHH F, u F,, Heo6XxoauMbie H 0-
cTaToyHble AJsi Toro, ytoGbl cucrema ypaBHeHuit (2.1) monyckana
nepHoaHyeckHe pemieHHss nepuoia 2m. Ocoboe BHHMaHHE NMPH 3TOM
Mbl YIeJIHM TOMY CNEeLHaJbHOMY CJYy4yal, KOria YpaBHEHHs

X=anx + apy, }

. 2.2
Y =ayx+ any (2.2

npeacTaBisfioT COOOH CHCTeMY ypaBHeHHH B BapHallMax A/ CH-
cTeMbl JIsnyHoBa, 0 KOTOPOH wm1a pe4b B NpefbifiyllleM Naparpade.
Bonpocbi, koTopele paccmMaTpHBaloTCa B 3TOM mnaparpade, HocAT
BCOMoOraTe/bHblH XapakTep, OAHAaKO OHH HMEKT H CaMOCTOSITE/Nb-
Hblfi uHTepec. [To3TOMY Mbl HX PacCMOTPHM HeCKOJIbKO MoapoGHee,
HeXeJIH 3TO HeoOXOAWMO AJs AaJbHeHIlerQ HaaoxKeHus,
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2. HeoGxonuMbie ¥ JOCTATOYHbIE YCJOBHS NEPHOIHYHOCTH. Pac-
cMoTpuM cHcteMy (2.1), He nenasi cHayasla HHKaKHX NpeNnoJoxe-
HHUii O TmpHpone Ko3p(HUHEHTOB @;;(!), KpoMe mpemnosoxKeHus o6
HX MEePHOIHYHOCTH o f.

Iycts x(f) u y(f) — pewenne cucremn (2.1), ymoBJeTBOpsIO-
uiee ciaenyiouium AaHibiM Kouu:

x(0)=xp,  y(0)=4o

Ias Toro uto6bl 3TO pelleHHe GBLIO NMEPHOAHYECKHM C NMEPHOAOM
2n, HeoOXOWMO H JOCTaTOYHO, YTOOBI OHO YHOBJETBOPSJIO CIeylo-
ILHM YCJOBHAM:

x(2n)=xo0, Yy(2n) =Yyo. (2.3)

OueBuzHO, yTO ycs10BHs (2.3) HeoO6XoaMMBHI, TaK KaK (QYHKUHA Ha-
3plBaeTcs NMEPHOJHYECKOH, €CJH OHa YHOBJETBOPSIET YCJIOBHAM

x(to+2m) =x(f), y(to+2n) =y (), (23)

KakoBo Obl He Obl10 fo. YcinoBusa (2.3) ABJISIOTCH YaCTHBIM CIydaeM
(2.3') nmpu f,=0. DTH yc/i0BHA FABASIOTCSH TaKXKe H JTOCTATOYHBIMH.
B caMoM pgene, npaBbe yacTH cHCTeMb (2.1) — nepHomuueckue
(GYHKUHH BpeMeHH nepuoja 2w H, C/lef0OBaTEJbHO, OHH HHBapPHAHT-
Hbl OTHOCHTEJNLHO 3aMeHbl mepeMeHHoro {—t'+2m, Torga B CHAY
(2.3) no t u ' mel 6ydeM uMeTb OIHY H Ty Xe 3amauy Komwu u,

cJiegoBaTe/NbHO,
x(t)=x(t); y)=y()
x(V+2n)=x(t"); y('+2n)=y(t).

Tak Kak 3TO paBeHCTBO CNpaBelIHBO AJs JIOGbIX ¢/, TO OHO coBma-
naet ¢ (2.3’) u, cregosatesnbHo, GyHKuMH X(f) W y(f) — nepuomu-
yecKHe.

[Mpenno/siokum naJjiee, 4To cHCTeMa (YHIAMEHTAJNbHEIX peIleHHi
cucteMbl (2.2) naM usBecTHa. O6G03HAUYHM 3TH (QYHKUHH yepe3 Xi,
Xz, Yy U Yo M peuieHHe cucteMbl (2.1) 6yaeM HckaTb METONOM Ba-
pHauHK TPOH3BOJILHBIX MOCTOSHHBIX, NOJ1aTas

x=Ax;+Bx,, y=Ay,+Bys,, (2.4)

WIH

rie A u B — Hekorophle QYHKUMH BpeMeHH, Moj/exalllHe onpeje-
JIEHHIO.

IMoxacraBum Boipaxkenus (2.4) B (2.1). IIpuHumMas BO BHHMaHHe,
yTo QYHKUHH X|, X2, Y) H Yo YAOBIETBOPSIOT cHcTeMe (2.2), Mul moay-
YHM caeiyiollHe YpaBHEHHs NJs onpenesneHHs ¢pyHkuuit A u B;

Ax1+B}C3=F4, A.yi+ByZ=F2,
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OTKyZa

t
A=fﬁ%§ﬂﬁw+c,
0
t (2.5)
B=ffﬂ§ﬁﬂm+n,
{0

rie C u D — HoBBle NpOU3BO/IbHBIE MOCTOSIHHBlE, a A — onpejeu-
Teqb BpoHckoro

X, Xg
Y Yo

[Nocrossnubie C u D onpefenfiloTcst H3 HayaJbHBIX YCJOBHH X=X,
y=yo npu £=0. Tak Kak HHTerpajbHble CjaraeMble B Bbipa*KeHUAX
(2.5) npu {=0 o6GpauialoTcs B Hyab, To noctosHusie C u D onpejne-
JAIOTCA U3 ypaBHEHHH

Cx,(0) + Dx5(0) = x,, }
Cy1(0) + Dy, (0) = yo.

Vcnonb3ys nonyuyeHHble BbipaXKeHHs, BbINHLIEM TeNepb YCJAOBHUA
nepuoauuHocTH (2.3)

A=

.

(2.6)

21 2n
x1@n) [ D0 gy gy (om) [ LT gy
0 0

+ Cx,(2m) + Dx,(2n) = x,, @)

2n 2n
y, (2m) f __F,yzz FaXs gt 4+ s (2m) f Fax —Fyy Z Fan gy 4+
b b

+ Cy,(2m) + Dy, (2n) = yo.

Ins Toro yto6m cucteMa (2.1) gonmyckaja NepHOJHuYeCKHe pellie-
HUA, HEOOXOMMO M AOCTaTOuHO, uTOGbl pyHkuuu Fy u Fp ynosner-
BODAJIH yCJOBUAM (2.7).

H3yuuM Temepb 3TH yC/IOBHA [Jfi HEKOTOPbIX CHeLHANbHBIX CaY-
qaes.

3. Cayval, korga dcyHaaMeHTa/IbHbIE PELIEHHA YPABHEHHA
(2.2) — nepuoauyeckne c¢yHkuun BpemendH. PaccMoTpuM cHayaga
TOT yaCTHbIH cJayuyail, korga (yHAaMeHTasnbHble pelleHus Xq(f),
x2(f), y1(f) u y2(f) — nepuopuueckue OYHKUHH. 3aMeTHM, YTO
YpaBHEHHA B BapHalMsAX, OTBeYaiollHe H30XPOHHBIM CHCTEMaM, T. e,
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cHCTeMaM, nepuoj kKosebGaHHH KOTOPbIX He 3aBHCHT OT HaudaJibHbIX
YCJIOBHH, BCErjia WMeIOT NepHOoAHYeCKHEe pellleHus .

Tak kak C 1 D — noCTORHHBIE YyHC/AA, TO B CHJY NMEPHOAHYHOCTH
$yHkuui x; U y; u3 (2.6), Mbl noayuyaeM caedyiolllie YCJOBHS:

Cx,(2n) + Dx2(2n) = x,, }

Cy, (2) + Dy (271) = yo. (2.6

PaBenctBa (2.6’) nosBossiioT ynpocTuTbh cucteMy (2.7), KOTOpyio
MOXHO Tenepb pacCMaTPHBaThb KaK CHCTEMY OAHOPOAHBLIX anreGpau-
YeCKHX YpaBHEHHH OTHOCHTEJbHO HHTErpa’ioB

2n 2n

~ ~
- Frys — Foxs _ | Faxi—=Fuy
e e A R et

INepenuuem 3Ty CHCTEMY B CJeAyiolileM BHIE:
xydy+x305,=0, Y+ y,l,=0. (2.8)

Onpenenutens cucreMn (2.8) ectb ompeaenutens Bponckoro
01 QYHKUHE Xy, X2, Y1 H Yo. B cuay He3aBUCHMOCTH 3THX QyHKLHIH
OH OTJIHUeH OT HyJas. TakuMm ob6pa3oM, cucreMa (2.8) HMeeT TONbKO
TpuBHaJbHOE peulenne. [TosTomy

on
,l=IMAd¢=O
A ’
0
on (2.9)
12=de¢=o.

0

Hrak, Mbl OpPHLUVIH K CJeAylolleMy pe3y/abTaTy: ecad ¢yHaaMeH-
TaJbHOE pelleHHe CHCTeMbl (2.2) BbIpaxkaeTcs MepHOAHYECKHMH
GyHKUMAMH, TO Aaa TOro, uto6bl Jiwo6oe penleHue cucTeMbl (2.1)
OblJ10 NepHOAHUYECKHM, HeoOXOAHMO H JOCTAaTOYHO, YTOGbl (PyHKLHH
F1u Fy yaosnerBopsiiu yenoBusam (2.9).

4. NMpumep. PaccMoTpUM TOT uyacTHBI cayual, Koraa cucrema
(2.1) uMeeT BHA

d=—y+Fi(t), g=x+Fa(t). (2.10)

Cuctema (2.10) cBoAMTCA K ypaBHeHHIO KoJebGaHHH MaTeMaTHue-
CKOro MasTHHKA MNOA JeHCTBHEM MNepHOLHYECKOA BHEIUHEH CHJbI
i+x=F(1),
rae
F‘ = Fl + Fg.
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JluHeiiHO He3aBuCHMble pelleHHs cuHcTeMbl (2.10) HMeloT BHA
x,=cosi, x,=sint,
. (2.11)
yy=sint, yo= —cost.
BpoHckuaH 3TuX GYHKUHil paBeH elHHHlE, MO3TOMY YcaoBus (2.9)
GyAyT npuBeleHbl K TAKOMY BHAY:

21

[ (Ficost+ Fysint) dt =0, l

. (2.12)
[ (Facost— Fysint)dt=0. I

0

YcnoBue (2.12) Gyaer urpaTbh B JAajbHeiillleM H3J0XeHHH 0cobylo
poJib.

5. OnHo ypaBHeHue BTOporo nopsfka. IlpeanosioKuM, YTO Mbl
paccMaTpuBaeM OJHO ypaBHeHHe BTOPOro nopsidika BHIa

i+o(t)x=F(), (2.13)

rae ¢(f), F(!{) — nepuoanueckne ¢GyHKuHH nepuona 2m H Xy (f),
x2(t) — ¢pyHaaMeHTaJbHasA cuUcTeMa pelleHHA ONHOPOAHOro Yypasb-
HeHus

T+ ((t)x=0. (2.14)

Pewenne cucrembl (2.13) GyAem cHOBa HCKaTh MeTOAOM BapHalUHH
NPOKH3BOJILHHX MOCTOSAHHBIX. /151 3TOr0 nosioxum

x=Ax1+Bx2, .’f=A.’t|+B.’f2. (2.15)

Hudcdepenunpys nepsoe u3 ycnoBuii (2.15) U npupaBHHBasi BTO-
poMy, noJiyuaeM YCJAOBHe COBMeCTHOCTH ¢popmya (2.15)
Axy+ Bx,=0. (2.16)

lMoxacraBass Bropoe u3 yciaoBuil B (2.13) u yuutbiBas (2.14), mo-
Jy4yaem

Az + Bz, =F (t). (2.17)
BaMETHM, 4YTO B JaHHOM-CJiyyae onpenesiuTesb

X)) Xo
A=

X X

€CTb BeJMYHHA MOCTOSHHAs, YTO SIBJIAETCH CJAeACTBHEM H3BECTHOMH
TeopeMbl JIMyBHAMA M TOoro (pakra, uToO ypaBHeHHe (2.13) He
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COJlepKHT NMepBOi MPOW3BOAHOH. M3 cHcreMbl ypaBhennii (2.16),
(2.17) naxomum

t t
A=——;fo2dt+C[, B=%fo.dt+Cz-
0 0

Takum o6pa3oM, B okoHuaTenbHOH dopMe pelleHHe cuctembl (2.13)
3amuIleM Tak:

t ¢
x=%{—x1fFxgdt+x2fFx,dt+Clxl+C2x2}. (2.18)
0 0

Tak kak, cornacHo BTopo#t u3 ¢popmyn (2.15),

t t
Jt=,\'cl{—%f1"x.2dt+ C[,+x2{%fo,dt+C2},
0 0
TO H606X0}IHMble H JAOCTAaTOYHbIE YCJOBHA NMepHOAHYHOCTH
x(2n) =x(0), Z(2n) =% (0)

MOTryT 6bLITb 3aMHCaHbl B caneayiouem Buae:

2n 2n
X (21'[) I_% J. Fx2dt+ Cll+x2(2ﬂ)[%f Fx,dt+ C2}=XO,
’ ’ (2.19)

P21 2n
)2,(2n)l—-§fFx2d1+61]+x2(2n){%fo,dt+02]=xo.
0 0

Hna onpeneneHus moctosiHubix C; u C, HMeeM clelyiOlliHe ycJo-

BHA:
x1(0) C; + x5(0) Co = xo, }

£1(0)C1 + £2(0) Co= 4. (2.20)
YcnoBus, KotTopble Hafo HaNOXHTb Ha QYHKUHIO F ansi Toro, uto6bl
pelleHuss ypaBHeHusi (2.13) OblH NepHOAHYECKHMH (YHKUHSAMH
BpeMeHH, CYLIECTBEHHO 3aBHCAT OT TOTO, ABJAIOTCA MJIH HeT dyHAa-
MeHTaJbHble pelleHHsl Xy W X MepHoAHYeCKHMH QYHKUMAMH. Ecau
Xy U X — nepuoaHyeckue ¢yHKuHH, TO, cornacHo (2.20),

x1(2n) C1 + x2(27) Co = xo,
%1 (27) Cy 4 %2 (27) Co = %,
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H ypaBHeHHs (2.19) npuHHUMaIOT BHJ

2n 2n
— %1 (2m) [ Fxpdt + x5 (2m) [ Fxiat=o,
0 0
. o (2.21)
— i, (2n) j Fxydt + %, (2m) j Fx,dt=0.
0 0

Cucrema (2.21) moxer paccMaTpHBaTbCsi KaK CHCTeMa ONdnOPOA-
HbIX ypaBHeHHH OTHOCHTE/NIbHO ABYX HEH3BECTHBIX

2n 2n
- j Fx,dt j Fx, dt.
0 0

Ee onpenenutens — 310 netepMHHaHT BpoHCKOro QyHKUHH X3 H Xo,
otanuHblii ot Hyas. CnenoBatenbHo, cucteMa (2.21) uMeer TO/bKO
HyneBble pemenus. Mrtak, ecnn GyHiaMeHTaJbHble peLleHHs ypas-
HeHHsn (2.14) — nepuHognueckHe ¢GYHKUHH, TO AJf CYLLECTBOBaHMSA
NMepHOJHYECKHX pellleHHil ypaBHeHHs (2.13) Heob6xoaMMO H OocTa-
TOuHO, uToGbl GyHKuUHA F ynoBneTrBopsiia CjedyIOLHM COOTHOLIe-
HHUSAM:

n 21
[ Fxat=o, [ Fxpdt=o0, (2.22)
0 0

T.e. ytoOb (QYHKUHMA, CTOSILAs B npaBoil uactH ypaBHeHHsn (2.13)
6blla OpPTOrOHaJbHa YaCTHBIM peELleHHAM cHcTeMbl (2.14).

6. OnHo ypaBHeHne BTOpOro nopsiaka. Cayyai HEMEPHOAHYECKHX
tdyHaameHTaAbHbIX pemeHnid. B Teopuu KoseGaHHH HEH30XPOHHBIX
CHCTEM Mbl OGLIYHO CTa/JKHBaeMcsi ¢ ropa3jgo Gosiee CJAOXKHBIM Cay-
yaeM, KOrja OAHO M3 (yHLaMeHTa/bHbIX pellleHHil YpaBHEHHS B Ba-
pHalnusX He ABASETCH NMEPHOLHYECKOH QYyHKIHell BpeMeHH. B 3ToMm
c/lyuyae YCJOBHS pPa3pellMMOCTH OyAyT BHIMVIAJETb COBCEM HHadue.

Hrak, paccMOTpHM ypaBHeHHe (2.13) M mpeanosiOXKHM, YTO OHO
fiBJISETCS YPaBHEHHeM B BapHaLHWAX /15 YPaBHEHHS

Z+f(2) =0. (2.23)

OO6uwuii uHTerpan ypaBHeHHs (2.23), corsiacHO TeopeMe Tpeabldy-
mero maparpada, A5 NOCTAaTOYHO MaJibIX 3HEPTH#, ABJASETCH ne-
pHOLHYecKol (YHKIHell BpeMeHH HeKotoporo nepuopa I'=2m/w(c)
H aHaJMTHUECKOH QYHKUHEH BeJHUHHBI ¢ =X (0) =X,:

z=cq, (P) +3pa(P) +. .., (2.24)
Pp=0(c) (t+t),

rae
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o (c) HasbiBaeTcs 4acTOTOA. ITa (YHKUMA oOnpeleisercsi TaKHM
o6pa3omM, 4T0 GYHKIMH @; (P) OKa3bIBAIOTCH NEPHOIMUECKHMH QYHK-
IMSIMH apryMeHTa 1 C MePHOAOM, PaBHbIM 2.

CoraacHo ;1eMMe, 10Ka3aHHOH B mocjeAneM naparpacde raash I,
YacTHble pelleHHd ypaBHeHnn (2.13) HMEIOT BHA

*

x] ()01])'

:_2_ 3 , 0z 00
%= 3¢ 00+0¢ dc £,

rae 0z/0c o3Hauaer AuddepeHnHpPOBaHHE NO SBHO BXOAfILEMY ap-
rymeHTty ¢. 9ta QyHKuusa GymeT nepHoaHueckoii GyHKUIHEH BpeMeHH.
Tak kak QyHKUus 0z/Op — nepuoauyeckas (yHKUHA, To H x| (f)—
TaKXe MepHOAMYEcKasn (QYHKUMA nepuoia 2x mo apryMeHrty . Uro
Kacaercsi GYHKUMH X,(f), To oHa OyldeT nepHOAHYeCKOH (YHKUHeH
Torga M TOAbKo Toraa, Korma def/dc=w’=0. Besem o6o3HaueHus

1«
n=—x, U=->

M BBEIEeM HOBYIO CHCTEMY JIHHEHHO He3aBHCHMbIX pelleHHA ypas-
HeHus (2.13) B Bune

X

L ]
. X =u,

(2.25)

,.
X, 7 Xy =10 + ut,

N e, o s

i
8[-— e

rAe 4 H U — mepHoauueckue (yHKuuM BpemeHu. [lepenuinem Te-
nepb YCJOBHS nmepHojuyHocTH (2.19)

u (2n) —LAJ-F(0+ut)dt+C, +
0

n
+(v(27) + 2 (27)) -H Fudt+Cy | = xo,
0

(2.19)
! H F(v+ut)dt+ C, i
0

2n
+ (0 (2n) + 27 (27) + u (2n)) %J.Fudt+C2 = X.
0
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Buinuuem ewme ycaoBus (2.20)
u(0)Cy+ v(0) Co=xq, }
2(0) C,+ (9(0) + u (0)) Cy = x,.

Tak Kak JyHKUHH 4 H U NepHORHYECKHe, TO ycjoBHsa (2.26) coxpa-
HSIOT CBOIO CHJy NpH H3MEHEHHH aprymeHra Ha 2m

u (23’!) C] +v (23’!) Cg = Xg,
1(2n) Cy+ (0 (2n) + u (2n) ) Cy = .

(2.26)

370 no3BoaseT ynpocTHTb ycJaoBHs (2.19)

2 2n
—5C0 [Pyt upyar 4 LOOEED [ gy gp e
0 0

= — Cy2nu (2n),

2n
— 200 (zﬂ) I F(v+ut)dt+ (2.27)
0

2n
4200 +u @0 2208 @) [y gy — Coi(an) - 2.
0

Paspewinm cucreMy ypaBHeHHA (2.27) OTHOCHTe/IbHO HHTErpaJos,
KOTOpble BXOAAT B €e JeByl0 4yacTb. [IpHuHHMas BO BHHMaHHe, YTO
A — BpoHcKHaH OQYHKUHA Xi=u H Xpy=0+ul ecTb BeJIUUHHA [0O-
CTOSIHHAA, HAaXOAHM :

2n
j F(t)(v(®) + tu(t)) dt = 27ACy,
0

on (2.28)
[Fyuwyat=o.
Q

Takum oGpasom, pyHKkuusa F, Tak e Kak W'B NpeabiayllleM ciayuae,
JoJKHa ObiTb OPTOTOHANBHOH TOMY (ryHAaMeHTaJbHOMY peUIeHHIO,
KOTOpO€ ABAAETCA MepHOAHUYeCKOH (PYHKUHel BpeMeHH.

BeanunHa C,; Tak Ke KakK M A, onpeaensiercst HauaibHbIMH
3HaueHHAMH GYHKUMA 4’ M U ¥ HayaNbHBIMM 3HAaYEHHAMH X; H I
U3 ypasuenuit (2.20) Haxoaum

Cy= %0x1 (0) — xo%; (0) .
A
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Hrak, okoHuatesnbHo ycioBus (2.28) MOXHO nepenucaTb B BHIE

n
jpmuwm=m
° (2.29)

21

f F (&) {v (¢) + tu (£)} dt = 2m (xu (0) + x,1(0)). |
0

§ 3. Meron Jianyuosa

1. Mpumep. B § | 3toit rmaBbl Mbl ycTaHOBW/AM pfig OGLIMX pe-
3yJbTATOB, OTHOCALIHXCA K cucTeMaM JlanyHoBa. Mbl ycTaHOBHJIH,
B YacCTHOCTH, YTO /Il AOCTATOYHO MaJsblX 3HAUEHHH MOCTOSHHOH €
peuienus cucreMbl (1.8) — nepuopuueckne ¢yukuun f. OpHako
MoKa elle Mbl HHYEro He TOBOPHJIH O METOAAX [MOCTPOEHHSI 3THX
NepHOAHYECKHX peLleHHH. JIANyHOB NpefJIOXKH/I MPOCTON H OYeHb
3¢ eKTHBHBIH aJTOPHTM MOCTPOEHHSA 3THUX pelieHHi. Aaroputm Jls-
NyHOBA HCHO/b3YeT aHAaJHTHYHOCTb HCKOMBIX pelleHHA MO napa-
MEeTpy ¢ W JAaeT MNPaBHJIO NOCTPOEHHA peuleHul B (opme psloB
creuuasbHOr0 BHAA, PacNo/OXKEHHBLIX M0 CTENeHsAM 3TOro mnapa-
MeTpa.

UTtak, Ha OCHOBaHHH TeopeMbl, AOKa3aHHOH B § 1, pelLueHHe cu-
cTeMbl ypaBHeHHH (1.8) MOXHO HCKaTb B BHIE

x(t)= g} e (®),  yt)= kz_‘,lc”yk (#). 3.1)

[To nokasaHHOMY AJIsi JOCTAaTOYHO MaJibIX 3HauYeHHH |c| paasl (3.1)
CXOAATCA M ompefensiioT pewenue cucreMbl (1.8). OmHako ucnodb-
3opaTb peuienuss B ¢opme (3.1) okasbiBaercsi HeynoGHbIM. [Tosc-
HHM 3TO 06CTOATE/bCTBO.

Kak yxXe 6blio yCTaHOBJIEHO A/ AOCTaTOYHO MaJiblX 3HaueHHH
p (WiH, 4TO TO Ke caMoe, /s AOCTaTOYHO MaJsibiX 3HaueHHH |c|),
Bce peureHusi cuctembl (1.8) — mepuonuueckue nepuosa T (c). Cue-
JgoBaTtesnibHo, ¢yHKuUMH, onpelesieHHble psagaMu (3.1), ynosjerBo-
PAIOT COOTHOLIEHHAM

$(+T)= 3 ctxyt+T)= 3 cey(t)=x (),
k=] ] (3.2)
yt+T)= gl et +T)= 2 'y ()=y 1)

PasenctBa (3.2) cnpaBemjiuBbl AJA JIOGbIX (HO JOCTAaTOYHO Ma-
abix) snavenuit |c|. OgHako H3 3TOro HeNb3s CAEJATb 3aKJIOUEeHHH,
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4yTo GYHKUHH X;({) W y;(f) nepuoaHYecKHe, T. €. UYTO
xi(t+T)=x;(t), y:(t+T)=yi(?).

B camom pene, nepuoa T B obuiem cayuae Takxe sBjaseTc QYyHK-
uuefi napamerpa ¢. CnelnoBaTenbHo, XOTs npeAcrtaBinenue (3.1) u
onpefienisieT NepHOLHYECKYIO QYHKUHIO, 4eHbl 3THX PSJAOB NMEPHOAH-
4YeCKHMH GQYHKUHAMH B o6lLIeM clyyae He SIBJAAIOTCS.

Jns nosicHeHHst pacCCMOTPHM NPHMep CHCTEMBI

f=—y, yg=x+x (3.3)

Moncrasasis B 3Ty cuctemy psiabl (3.1) u cpaBHuBas Ko3ddu-
LMEHTH M[pPH OJIHHAKOBHIX CTeNeHsX ¢, MNoJjyuyaeM cJelylolliHe CH-
CcTeMbl ypaBHeHHH Ans onpefeneHHs GYHKUHA x; H Y;:

Xp= -1y, g1=xg; (3.4)
XY= — 1Y  Y2= X3 (3.5)
3= =Yy Y3=x3+x} (3.6)

H T I

HauanbHbiMH ycnoBusiMH st cucteMbl (3.3) 6yayr yciaoBus
(1.13). Ha 3TOM OCHOBAHHH Hauya/bHbie YCJAOBHSl [Jsi CHCTEMBbl
(3.4), (3.5), (3.6) Mbl MOXeM NpPHHATbL B BHIe

t=0. x =1, y=0, }
x,=0, yi=0 (i=2, 3,...).

YcnoBusa (3.7) enuHCTBeHHHIM 00pa3oM onpefefsiioT QYHKIHA Xy,
X2, !/i H !/2

3.7)

xy=cost, yy=sint, x2=0, y, = 0. (3.8)
[Mepenuiuem Tenepb cucremy (3.6) c yuetom (3.8)
Es=—1Ys, y3=X3+C053 t. (3.9)

Hckniouas u3 (3.9) ¢yHKUHIO Y3, Mbl MPHAEM K CJAEAYIOLIEMY YpaB-
HEHHIO BTOPOro fnopsiaka:
F3+x3=cosdt

HJIH, 3aMeHsisi cos® { ero pasyioxKeHHeM MO KOCHHYCaM KpaTHbIX AyT,
%3+ X3 = cos t +  cos 3t. (3.10)

O6uiee peiuenne cuctemsl (3.10) 6yzer
xy=Acost+ Bsint+ 3 tsint — -+ cos 3t. @.11)

3aech nocrosiiible A H B 1onXHH GbiTh BHIGpaHBI Tak, 4ToGHl Yj0-
BJIETBOPHTL yc/10BHAM (3.7).

Htak, MB BHIHM, uTO QYHKUHS X3 COAEPXKHT BeKOBOe cJarae-
Moe fsin{ u, cJaefoBaTeNbHO, He siBJsieTCs nmepuHoAuueckoil. Jlerko
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y6eauTbes, 4TO M MOC/AeNyiolHe YieHsl psnoB (3.1) GyAyT Takxke
colepxKartb YJeHbl BUIA t"cs:slt.

Takum o6pasoM, nocrpoeHue pelleHus B ¢opme psgoB (3.1)
APHBOAHT K TOMY, UTO NMepHOAHYecKHe QYHKUHH X () H y(f) npen-
CTaBJSIIOTCA B BHIe PANOB mo HemepuoaudyeckuM ¢yHkuusiM. Takoe
npeicTaB/eHHe HeyO0GHO BO MHOTHX OTHOLUEHHSX M He MOXeT ObITb
HCMOJIb30BAHO B MPHKAaJAHbIX Lensx. B caMoM Jene, Ha mpakTHke
Mbl He HMeeM BO3MOXKHOCTH OMepHpPoBaTb ¢ 6€CKOHEUHBIMH psiAaMH
H BbIHYXJeHbl 3aMeHATb HX KOHeYHbIMH oTpe3kaMH. Ho 3TH KoHeu-
Hbie OTPe3KH He OYAYT MepPHOAHMYECKHMH (YHKUHSAMH H, CJeloBa-
TeNbHO, Ha)e NPHOAHMEHHO He OYAYT coaepXaTb HeOoOX0XHMOH
undopmMauuu, Takoit, HampuMep, KaK 3aBHCHMOCTb mepHoaa T or
CaMIIHTYIBI» C.

2. O6Gcyxnenne aaroputma. Mbl yxe BHAeNH, YTO TMPHYHHA He-
yAa4yd, KOTOpas Hac MOCTHr/1a MPH NOMbITKE Pa3biCKaTh MepHOAHYE-
ckue peiueHusi B opMe psamoB (3.1), cocrosina B TOM, YTO TEpPHOL
pewteduss T 3aBucen or c¢. [losToMy, ecTecTBeHHO, BO3HHKaeT BO-
npeec: Heb3si JH BHAOM3MEHHTb Macluta® BpeMeHH Tak, uToGbl pe-
LIEHHs] TOJY4YyeHHOH CHCTeMBl HMeNH (HKCHPOBAHHBIA MEpHON, He
3aBHCAMIHI OT ¢ (HampuMep, paBHBIH 2n).

O6paTtum BHUMaHHe Ha ¢opmyay (1.24). Oxa nokasuiBaer, 4TO
ec/ld CeNlaTh 3aMeHy

t==(1+chy+ Shy+ ...), (3.12)

TO mepHOX KoJeGaHuii mo mepeMeHHoi 1 Gyner paseH 2r. Caenas
B cHcTeMe ypaBHeHHii (1.8) 3ameny (3.12), nonyuum

Zi — —hy+X(x, y)] I+L‘2h2+{sh3+ ..:’

3.13)
d : 1+ c2hy+cchy+ ... (3.1
Y (g e

Tak kak npaBble yacTh cHcteMbl (3.13) Mbl YMHOXWHIM Ha aHa/NH-
THYeCKHe ‘PYHKUHH fapaMeTpa €, TO pelleHHs 3TOH CHCTEMBl, Tak
*Ke Kak M cHcrembl (1.8), aHanHTHYecKHe mo ¢ W Aas Jto6oro nao-
€TaToyHo Masnoro |c¢| mepuoiuueckue mo t. Ho mepuoa nmo HesaBu-
CHMoOil mepeMeHHOH Temepb yXXe (HKCHpOBaH, OH paBeH 2.

[Mepuonuueckue pewmenus cuctemsl (3.13) 6yzeMm HcKaTb B Bige
psiioB

x= kZl fx® (x), y= kZl cty™ (v). (3.14)

IMoacraBum psigsl (3.14) B cucremy ypaBHenu#t (3.13) u cpaBHHM
K03 HUHEHTH NMPH OXMHAKOBHIX CTeleHsax Mapamerpa c. PyHKuuu
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xU(v) u y"(tr) 6yayT ymoBIeTBOPATb CJaelylolleil CHcTeMe ypas-
HEHHH:

( (
d;.,l) — _ y(l) (1.'), d%‘:)_ = x@ (7). (3.15)

B camoMm nene, dyHkuun X u Y, 6YAyuYn aHaJHTHYECKHMH QYyHK-
UHAMH CBOHX MepeMeHHBbIX, TAKOBbl, UYTO HX pa3joXeHHe Ha4H-
Haercs ¢ yJeHoB BTOporo mopsaka Magoctd. CiexoBaTtesnbHO, MpH
nojcraHoske B 3TH (yHkunu pagoB (3.14) dyHkunu X u Y He Oy-
AYT codepXXaTb YJEHOB, JHHEHHbIX OTHOCHTeJqbHO ¢. HauanbHble
3HaueHHs Ina cHctembl (3.13) onpenenenbl paBeHctBamu (1.13)

t=0: x=¢, y=0.

Cnenosatenbio, pyHkuun xV u y) 6yayr cooTBeTcTBOBaTh CJe-
AYW0OIIHM HayaJbHbIM YCJIOBHSAM:

1=0: xW=1, yO=0. (3.16)
Oyukuun x@ u y@ 6yayT yHAOBJETBOPATb CHCTEMEe YpaBHEHHi
dx® 1
o ) ]
i (3.17)

ay®» _ o, lye
Fraik A

rie X@ u Y@ — kpagpaTHuHble uJjieHbl pa3noXeHHs GyHKuuin X
u Y no crenenam mapaMetpa ¢. Tak kKak X u Y — ananutHueckue
(YHKIHH MepeMeHHbIX X H Yy, NMPHYEM HX passioXeHHe HauyHHaeTcs
C KBaApaTHYHBbIX uneHoB, To X® u Y@ apnsioTca KBaApPaTHYHBIMH
¢dopmamu nepemennbix x(M u yM.

TouHo Tak Xe KaXpaas mapa ¢yHkuui x*® u y® Bxoxsias
B pasnoxeHnue (3.14), ompeiensieTcsi cHCTeMOH ypaBHeHHi

dx® P
O L py o, )

dy® _ w1y m
dt =X +},Y +hk_]x .

(3.18)

npuyeM GyHkuun X® u Y® Gyayt comepKaTb BeNTHYHHBI XU u y@)
TOMILKO T€X HOMEPOB j, KOTOpPbIE MeHblle yeM k.

KpoMe Ttoro, pynkunu X® u Y Gynyr comepxaTtb BeTHUHHBI
h;, npuuem j=2, 3, ..., R —2. 3aMeTHM, 4TO BENTHYHHBI A BXOIAT
B nmpasble yactH (3.18) TobKO ypaBHeHHH OTHOCHTENBbHO X H y6),
LI KOTOPBIX § 2> 3t

dx®
dt

)
% = x@® 4 % Y® 4 hx®

- — @4 % X® — pyy®,
(3.19)

HT. I
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U3 ycaosuit (1.13) caenyer, uto ¢pyHkuvu x® u y® npu k> 1
YAOBJICTBOPAIOT HayaJbHbLIM YC/IOBHAM

X0 (0)y=0, y®(0)=0. (3.20)

BepHemcsi cHoBa k ypaBHeHusiM (3.13). Xors uyucsna h; HaM HeH3-
BeCTHbI 3apaHee, HO OHM Ha OCHOBaHuM TeopeMnl JlsinyHoBa (m. 8
§ | sToi raaBbl) onpenensiloTcsl OJHO3HAYHO JJs JAHHOH CHCTEMBbI
H He 3aBHCAT HW OT MapaMerpa ¢, HH OT HayaJibHbIX YCJOBHH.

Hanee unensl pagoB (3.14) TakXe onpefensiioTcss OJHO3HAYHO,
npuyem x®(t) u y®(r) — nepuoanyeckue (GyHKUHH NepeMeHHOro
T nepuoja 2n. B caMmoM jaene, x(t) ¥ y(tr) — nepuoauvyeckHe GyHK-
IHH, cJeJoBaTeNbHO,

DB (t+2n) = x(v+2n) = x(v) = X c*x® (1),
Dcty® (t+2m) = y(r+2n) =y (x) = A !y (1),
Tak Kak ¢yHKuHH x® § y®) He 3aBHCAT OT MapaMeTpa €, a paBeH-
ctBa (3.21) cnpaBeanuBbl aas Jto60ro Masoro ¢, To
x®) (v+2m) =x®) (1), y®(1+2n) =y® (7).

TakuM o6pa3oM, Mbl MOXKEM YyTBepXAaTb 3apaHee, YTO (QYHKUHM
x® () u y®(z), KoTopble oONpelensiOTCsl KaK pelleHHe 3ajayu
Kowu (3.20) ans cucrembl ypaBueHu#i (3.18), O6yayr nepuoauue-
CKHMH (YHKUMSAMH BpeMeHu nepuopa 2x. C apyroli cTOpoHbl, ypaB-
HeHus (3.18) oTtHocsTcsa k BuAy (2.10), rae

1
F, =%X(k) —hpyV,  Fp= = Y& 4 by x®

} (3.21)

ABJAIOTCS NepHOAMYECKHMH (YHKUHSIMH BpEeMEHH, MOCKOJBbKY
OHH ONpefeNsioTC NepHOAHYECKUMH OYHRuHAMH x(, & x(k=1)
y®, ..., y*-b, Mbl ycTaHOBHJH, 4TO cHcTeMa Buaa (2.10) wumeer
nepuojHyYecKoe pellieHHe TOrAAa M TOJNBKO Torja, Koraa ¢yHkuuu F;
yaos/aeTBopsiioT ycaosuaMm (2.12). Ha 3ToM OCHOBaHHWH MOXHO
chopMynHpoBaTh CjAelyiOllee BCNoOMOraTelqbHOe — yTBepXKAeHHe:
¢yHRuur X®, Y(® y yucna h,_y Bcerga yAOB/IETBOPSIOT YCJIOBHSIM

21 n 2n
f Ficostdt+ f Fosin tdt = % f {(X® — Ak yyD)cost +
0 0 0

+(Y® 4+ Ak, xW)sin £} dt =0,
( r-1¥) sin £} (3.22)

n 2n 2n
f Facos tdt — f F,sintdt = % f {(Y® + Ak xP)cos t —
0 0 0

—(X® — kD) sin £} di =0, |
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3. Pacyer npubaukeHHoro pemeHusi. PacCMOTpHUM Tenepb MOA-
pobHee mpoueaypy pacueta KO3(p(HUIHEHTOB pa3JjioXKeHHsi PRAOB
(3.14). Ycnosusa (3.16) BbiaensiloT €IHHCTBEHHOEe pellIE€HHE ypaBHe-
Hu# (3.15)

xM=cos T, yM=sin 1. (3.23)

Hanee paccmorpum cucremy ypaBHeHuit (3.17). ®Pyukuun X u
Y® 6ynyr kBaapatuynbiMu popmamu ot sint W cost. Ha ocHoBa-
HHH TNpejblayllero 3Ta CHCTEMa HMeeT MepHOLHYecKoe pelileHHe,
KOTOpOe MoXeT ObiTb MOCTPOEHO OJHHMM H3 H3BECTHHIX CnocoGoB
WIH, HanpuMep, METOJOM BapHallHH MPOU3BOJbLHLIX MOCTOAHHBIX
WJH NpeAcTaBjieHHEeM pelleHHsi B BHAe oTpe3Ka psaa ®ypbe

x(2)=Acos1:+Bsin1:+q>1,} 304
y®P = Asint— Bcost+ ¢, (3.24
rie GYHKLUHHE @1 H P2 HMEIOT BHJ
@1 =G+ Gy COS 2T + Gy S?n 27, } (3.25)
q)2 = a20 -I- a2] COS 21: + a22 sin 21:’

B camoM gene, Tak Kak ¢yHkuuu X@ u Y@ comepxaT tonbko BTO-
puie crenend Qyukuuit xM u x®, 10 pasnoxenne X@ u Y@ p pax
®ypbe He Gyler colepKaTb NepBbIX rapMoHHK. Ko3dduuHeHTH ay;
B pa3noxenuu (3.25) oAHO3HAUHO onpejensiioTcs Ko3hHLUHEHTaMH
pasnoxenuss Gyukuuih X@ u Y@, Yucna A u B B BhipaXKeHHAX
(3.24) ompenensioTca HauanbHbIMH ycaoBuamu (3.20). Ananoruuno
BLIUHC/ASIIOTCA M OCTaJibHble UjeHbl pasnoxeHusa (3.14).

PaccmoTpum Tenepb Gosee moapo6uHo ycaosusa (3.22). Ilpunu-
Mas BO BHMMaHue Bbipaxenus (3.23) aaa xM u x®, MOXHO 3rH
YCJOBHA NepenucaThb Tak:

2n
j {X® (H)cos t + Y™ (#) sin £} dt =0,
0
on (3.26)
hk_.=2—;x f {XP (t)ysint — Y® (f) cos #} dt.
[

Bropoe u3 3THX paBeHCTB MO3BO/fET BLIMUC/AHTb MOMPaBKY Ha ua-
cToTy hp-1. M3noxennas npoienypa pacuera nokaseiBaer, 4To Misi
OnpejiesieHHsa MEPBOH MONPaBKH Ha YacCTOTY HEOGXOAHMO MPOBECTH
BbIUHC/I€HUA NEPBBbIX TPeX MpHOJIHKEHHH.

[Ipumeuvanune. B npeapiaylieM nyHkTe GObiio ycTaHOBJEHO,
yto ¢yukunn X® u Y® takoBel, yTo OHM BCerda ynO0BJAETBOPAIOT
yC/I0BHSIM CYLIECTBOBAHHA MEPHOJHYECKHX pelleHHil. D1oT (akT
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JIETKO MPOBEPHTb, HEMOCPEACTBEHHO MOJMb3YACh CTPYKTYPOH .3THX
¢ynkunh. Tak, Hanpumep, pyHkuun X9 u Y@ umeloT npexacrasie-
Hua tuna (3.25). INoacrasasia nofao6Hoe BbipaXKeHHe B (3.26), yGe-
XKJaeMcs B TOM, YTO OHO Y/JOBJIETBOPSIETCH TOXAECTBEHHO MO oLj.

Mbl nokasanu, uto pafb (3.14) saBasioTca GopMasbHBIM pelle-
HHeM cHcTeMbl ypaBHeHHi#t (3.13), HO, corsacHO TeopeMe JlsmyHoBa,
peleHHe 3TOH CHCTeMBl ABJAETCA aHaJWTHYecKoH (yHKuue#d mapa-
MeTpa ¢ B OKPCCTHOCTH ToukH ¢=0. DTo 3HAUHT, YTO AJA AOCTa-
TOYHO ManbiX 3HayeHHil |c| paabl (3.14) cxomaTca W HawoT pe-
eHHe.

Hrak, Meron JlanyHoBa mo3BosisieT NMOCTPOHTb pelileHHe B BHAE
psazoB (3.14). Bo3spalllasicb kK mepeMeHHOMY #, MOJYYHM

X =ccos (M) + 2@ (L“") )+ )+

1+ hyc?2+ ... 1+ hoc?+ ... (327)
y=csin (——1 _’_lh(:c;’-_:") ) + c%y® (——1 _,_lh(:;_,t_o. — ) +3C)F e |
rae x® u y®) — nepuofnyeckne QYHKIHMH CBOEro apryMeHTa
l—_’_}'h(:c;"Tt") nepuozna 2m.

JIio6o#i oTpe3oK, cocToAlLMIi H3 KOHEYHOTO YHCJIa YJeHOB PAAOB
(3.27), Mbl MOXeM HCMOJb30BaTh IJf NPHOJHIKEHHOTO OMHCaHHM
Kosie6aTesibHOrO mpouecca. 3aMeTHM OJHOBPEMEHHO, 4TO, MOCKOJb-
KY 4YaCTOTY Mbl BCerja onpejenseM C HEKOTOPOH MOrpelIHOCTbIO, TO
C yBeJqHueHHeM BpeMeHH f omnGKa B BbIYHCIEeHHH (a3bl GYyReT Bce
BpeMsl HakamJiuBaTbCcsi. MeTOR JlanyHoBa He faeT, TakHM 06pa3om,
BO3MOXHOCTH MOJYYHTb paBHOMepHoe mnpHOIHXKeHHe mno ¢a3e Ha
BceM GeCKOHEYHOM HHTepBaJie BPeMeHH.

Beipaxkenue (3.27) naer o6uiuii MHTerpas cHcTeMbl JIsnyHoBa,
MOCKOJNbKY npaBbie uwacTH (3.27) cojepKaTt ABe MPOH3BOJBHBIE MO-
CTOSIHHBIE: aMIVIHTYAY ¢ H aAAHTHBHYIO mocTosiHHYIO fp. CuaenoBa-
TeqIbHO, MeTol JIanmyHOBa MO3BOJISieT HCCIAeLOBaTb 3TH CHCTEMbI
B OKPECTHOCTH MOJIOXKEHHs pPaBHOBeCHA C HcYepnbiBalollledl moJ-
HOTOH.

B 3aksioueHse paccMOTpPHM JiBa npuMepa.

4. Ypasuenue Jliopunra. B GeapzamepHbiX KOOpAHHATaX ypas-
Henue Hioddunra umeer Bua

£4+x—x3=0. (3.28)

310 ypaBHeHHe H3yuasJocb B FsaBe I; Torla Mbl MOCTPOHJH €ro
TOYHOE pelleHHe B SJIHNTHYECKHX tbym(mmx Mertos JlanyHoBa
no3BoJifeT Jerko HafTH ero npuO/HKeHHOe pelleHHe B TPHIOHO-
MeTpuU4eCKHX (QYHKLHAX.

HayanbHbie yc/ioBus 3afiajluM B BHAE

t=0: x=c¢, y=0. (3.28")
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Ypasuenne [HiodduHra onucbiBaer KosneGaHHe HEKOTOPOH KOHCEp-
BaTHBHOH CHCTEMbi, a MOCKO/JIbKY MOC/NAeNHAS fAB/AETCA YaCTHbIM
cayuaeMm cHcteMbl JlinyHoBa, TO A/ ee HCC/AENOBaHHA MOXHO HC-
no/ab3oBaTh Metoj JlsinyHoBa.

[Ipu pewlennn 3ajau, CBOAAILHMXCA K OJAHOMY YpaBHEHHIO BTO-
poro mopsjiKa, Her HeoOXOZHMOCTH MEPEXOAHTb K CHCTEMe YpaB-
HEeHHH mepBOTo nopsjaka.

B ypasHenuun (3.28) cnenaem sameny (3.12), mocne uero oHo
npHMeT BHI

d’x
dt?

=(x®—x)(1+2hc?+ ...).

[Tonoxum
x=cxW4c2x@, .,

dyukuud x() ynoBAETBOPAIOT CJELYIOIHM YpPaBHEHHAM:

dzx(l) — d’x"’ - _ xm l
dt? ’ 12 ’
120 (3.29)
T = = X = 2hyx® 4 x* l
HT A.
Haqa.anble YCA0BHA /A 3THX CHCTEM oNpenensloTcda Tak:
t=0: xth= ], 20=xAD=5@=__  =0. (3.30)

[TepBoe u Bropoe ypaBHeHHA cHCTeMbl (3.2]1) ¢ yueToM Haua/bHbIX
ycnosuii (3.30) Ham ganyT

xMW=cost, xD=0.

Torma Tperbe ypaBHeHHe cHCTeMbl (3.29) npHMeT BHA

2, (3)
% = —x® —2hycos T+ cos?t.
Tak kKak
cosdt= %cos T+ % cos 3t,
TO
d’x(s) — ) 2h 3 1
Zor = — x® —cost|2hy — 1) + 7 cos 3. (3.31)

HOas toro utobbl ypasHenue (3.31) uMmeno mepHonHueckoe peuleHHe
nepuosa 2m, HeOGXOZHMO H JOCTAaTOYHO, HTOOGBI B MPaBOH YacTH
3TOrO YpaBHEHHA He ObIO CJaraeMbiX, COAEpPXKalUHX COST HJH
sin t. Orciona

h2=

o] o

Hrak,
dzx®
dt?

=—x® - %cos 3t. (3.32)



66 METOJL JISTIYHOBA — MYAHKAPE [rJ1. 11

[Tepuoanyeckum peineHueM ypaBHeHHA (3.32), yAOBAETBOPAIOILHM
Haya/sbHBIM ycnoBuaM (3.30), 6yaer ¢pyHKUUA

. 1 1
3) — _2
1% = z5cos T — 55 cos 3.

Co6upass monydYeHHbIE pe3ysbTaThl, OOllee peilleHHe YypaBHEHHS
Hiodduura Mpl MOXeM 3anucaTh B hopMe

{4+t 1 t
= ¢ COS —%— +c3 35 COS é-l'—°
I+ =c*+... | +—=c%+
8 8
1
— 35 €OS % +8{. .} +... (3.33)
1+-8~62+ }

5. Npumep HeKoHcepBaTHBHON cHcTeMbl. Kiace cucteM JIsinmyHo-
Ba 3HAYMTEJbHO IIHPE KjJacca KOHCEPBATHBHBIX CHCTEM, H B IIpH-
KJaJAHBIX 3ajayax MOAOOHBble CHCTEMbl BCTpeualoTCs AOBOJBLHO Ya-
cto. PaccMOTpHM ypasHeHHe, KOTOpPOe BCTPEYaeTCsi B TEOPHH BOJIH,
BO3HHKAIOIHX Ha MOBEPXHOCTH THAMXEJOH BA3KOH MHIKOCTH, CTe-
Kalollleil Mo HaKJIOHHOMY JIOTKY,

& — Pxi+A2x=0. (3.34)

Touka x=4#=0 sBnsieTcqd NOJOXKEHHEM paBHOBecHA. YGeauMcs, iTo
ypaBHeHue (3.34) oTHOCHTCA K uHcay cHctem JismyHoBa. s 3Toro
HaM HalO MpPOBEPHTb JBa YCJOBHA: MePBOEe — KOPHH XapaKTEpH-
CTHYECKOTO YPaBHEHHS JIHHEapH30BAHHOH CHCTEMB JOJKHBI GbITh
YHCTO MHHMMBIMH; BTOpOe — cucteMa (3.34) doJKHA MMeTh NEPBHIH
HHTErpaJj, aHaJHTHUYECKHH B OKPECTHOCTH MOJOXEHHS paBHOBECHS.

[MepBoe u3 3TuX ycaoBHi oueBHAHO. sl BhISICHEHHS BTOPOro
0003HaYHM

o

=y
M MepenuiieM ypaBHeHHe (3.34) B cielyiolleM BHAe:
d
Yot =By —A)x. (3.35)

B stom YpaBHEHHH NE€pPpeMeHHble pa3fendloTca, H MocJjie HHTErPHPO-
BaHHUA MBI nmoayuyaeM

B4 @y - =x24C,  y>2 |
B B B 3.36)
29 , oM A2 i (3.

2 —_ y2 A
ﬁ + B2 Il'l(l —ﬁ.’/)_x +C2’ y< ﬁ ‘,

BripaxeHns (3.36) noka3blBaloT, UTO MepBbIi HHTErpaJ, KoTo-
pblii JonyckaeT ypaBHeHHe (3.34), 6yldeT aHAJIMTHYECKHM B OKpecT-
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HocTH Toukn x=y=0. HUtak, ypaBHenue (3.34), cornacHo Teopeme
JlanyHOBa, HMeeT B OKPECTHOCTH MOJIOKEHHsS PaBHOBECHSl MEePHOAH-
yeckHe pelneHHs. B 3ToM MOXKHO YOEAHTBC TaKXKe H aHaJH3Hpys
¢a3oByi0 mnJiockoctb. (O6o3Havas

2y 2 a2
B LR
il E: y>%,
Uly)=
2 4 S 2 —py)

2
s yY< %

Mbl MOXKEM 3amHcaTb MepBblii HHTe-
rpaJ B BHAe

x=x=VU(p)—-C (3.37)

Boipaxenue (3.37) HaM 103BOJIsA-

€T MOCTPOHTh OOBLIYHBIMH cmocoba-

My ¢$a30Byl0 MJIOCKOCTb YypaBHe-

nHua (3.34). Puc. 13 mnokasviBaer,
)VZ

4TO MOJYIMJIOCKOCTb Yy < —— 3amoJ-

B Puc. 13.
HEeHa BaMKHyTbIMH TpaeKTOpHﬂMH,

KOTOpbl€ Pacno/iokKeHbl HECHMMETPHYHO OTHOCHTenbHO ocu Ox. [las
HaXOXAEHHsl 3THX pelleHHH Moxer ObITh HCMOJb30BaH MeTod Jls-
nyHoBa. BbiuncsieHHss npoBejeM, cjelys TOM e cXeMe, KOTOPYIO
MBl HCMOJb30Ba/JM MNPH MOCTPOEHHWH pelleHHH ypaBHeHuii llod-
¢HuHra.

§ 4. Cucrema JlanynoBa. Ciyuait npoOH3BOJIBHOIO YHCJa
cTeneHeit CBOGOABI

B npeapiaymiux naparpacgax paccMaTpHBaJHCh HEKOTOPbIE CBOM-
cTBa OOGOOLIEHHBIX KOHCEPBAaTHBHBIX CHCTEM, HJH, KaK Mbl MX Ha-
3BaJsid, cucteM JlsimyHoBa. [IpH 3TOM Mbl OrpaHHYHJIHCL H3yYeHHEM
TOJBKO cHCTeM Broporo mopsiika. OJIHaKO H3/10XEeHHbie MeTolbl
MO3BOJISIIOT H3YUHTb HEKOTODhIE CBOHCTBA CHCTEM MPOH3BOJILHOTO
nopsiika. B yactHocTH, Merox JIsinyHoBa MoxKer ObiThb pacnpocTpa-
HeH ¥ Ha o6wuil cayuyadl cucreM JIsnmyHoBa. OgHako €ro BO3MOXK-
HOCTH MPH 3TOM CTaHOBATCA OGosiece orpaHH4YeHHbIMH. B cayuae cu-
cTeM BTOpOro mopsiaika MeroJ JIsinyHORa MO3BOJIS€T MOJYYHTb HC-
yepnbpiBaloUlyl0 HHGOpMaLHI0O O MOBeJeHHH cHcTeMbl. Kak Mbl
3TO YBHAMM HHXKe, B CJydyae CHCTeM MDOH3BOJILHOTO MOPsAJAKa 3TOT
MeTOA MO03BOJISAET OTHLICKHBaTh TOJbKO OMNPEdENEHHBI  Kuaace
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nepuoAHYecKHX peuleHHil. HecMoTps Ha orpaHuyeHHbIi Xxapakrep,
Metoa JlsnyHoBa B psje cjyyaeB siBJseTCs elBa JiM He eJIHHCTBEH-
HBIM cnoco6oM, KOTOpbIH HMeeTCcs B pyKaX HccjaenoBaTens AJf
3¢ (PeKTUBHOrO MOCTPOEHHs] NEPHOAHYECKHX peleHHH HeJMHeHHBIX
KoJleGaTe/bHbIX CHCTEM CO MHOrHMH CTeMeHAMH CBOGOABI.

1. Onpeneaenne. CucteMy auddepeHuHaNbHbBIX ypaBHEHHH

§i=F;’(fi, .‘En) (i=l, 2, ey n) (4])
6yaeM Ha3blBaTb cHcTeMoil JIAnyHoBa, ec/lH OHa YAOBJAETBOpSieT
CedyIOLWHM YCIOBHAM:

a) dyukunu F; — aHanuTHyecKHe GYHKLUHM CBOHX apryMeHTOB
B OKPECTHOCTH TOYKH %; =0

n
~ * [~ -
F, = E a, % +Fi(%, ..., %), (4.2)
3/ecb @;; — NOCTOSIHHbIE YHCAa, F} — aHanuTHYecKHe (YHKLMH, pas-
NOXKeHHe KOTOPHIX HaYMHAeTcsi ¢ WIEHOB BTOPOro Mopsijka

oo
td

- 81y Soyreey Sp) =S, =S =S
F,= 2 ag’ 2 n)x,'x22. ceey X1
s1+s2+...+sn=2

6) ¥YpaBHeHue

*
DW=|a;;—1%}|=0 (4.3)
HMeeT Mo KpaiHeidl Mepe OJHY Mmapy YHCTO MHHMBIX KOpPHeH =iA,
BeJHYHHA O} — cHMBOJ KpoHekepa; 8/ =1, ecan i=j u 8l =0,
ecau i ¥ j.

B) Kopuu =i\ npocTbie H, KpOMe TOro, CpeaH KOpHeil ypaBHe-
HusA (4.3) Her KopHeii BHAa =*ip), rie p-— NpoM3BOJbHOE les10C
YucJ10.

r) Cucrema (4.1) uMeer aHa/MTHYECKWH NepBbI WHTErpai

H(%, %, ..., ¥) =const. (4.4)

2. TNpuBeaenne K KaHOHUYECKOMY BuAy. Brnpeab BMecTo cucTeMbl
(4.1) Mbl 6yaeM paccMaTpuBaTh CHCTEMY CJeAyiollero BHia:

x=—7\'!/+X(x, Yy 21y oo oy zm)s
g=Ax+Y(x, ¥y, 21, ..., 2p),

m (4.5)
2s=121 byz)+ Zs(x, y, 2, 2m)
(s=1, 2, m; m=n-—2).

Paccmorpenne cucteMbl (4.5) BMecto (4.1) He Hapywaer oG-
HOCTH, TaK Kak cucteMa (4.1) Moxer ObiTb Bcersa npubejeHa
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K BUAY (4.5) auHefinbiM npeoGpa3oBaHHeM nepeMeHHHX. Ilas Toro
yTOoGbl 3TO MOKAa3aTb, PAaCCMOTPHM CHCTEMY YpaBHEHHIl

g = ]_Zl ayk (4.6)
H BBEJleM HOBYIO NIEpEMEHHYIO
n= % AE; (4.7)

afecb A; — HekKoTopble yuc/na, BbiGpaHHble TakuM 0Gpa3oM, 4TOGH
Aas Mo6biX & HMeNo MeCTO paBEHCTBO

Y Ak = - Y Aag, (4.8)
i ij

rie p — HEKOTOpoe, cneuHajbHbiM o06pa3oM mnogo6paHHOe UYHCIO.
CnepoBaTtenbHo, BeJdHYMHBl A; YNOBJETBOPAIOT cucTeMe anreGpau-
YeCKUX YpaBHEHHH

EAi(pbf—au)=0 (=1, 2, ..., n), (4.9)

rae &) — cumBon Kpouekepa. Jlnsi Toro uto6br cucrema (4.9) momy-
cKa/la HeTpHBHAJIbHble pelleHHsl, HeoOXOAUMO H JOCTaTOYHO, YTOGHI
p 6ul10 KopHeM ypaBHeHHs (4.3).

BbLiuHC/IMM Tenepb NMPOH3BOJAHYIO T) B CHJAY ypaBHeHHH (4.6)

0= 2 Aak.
1,7=1
Ucnoabaya (4.8), Haxoaum
"‘l=l-l; Ak = pn.

Takum o6Gpa3oM, KaxKAOMY H3 YHCTO MHHUMbIX KOPHEH YpaBHEHHs
(4.3) MOXHO NOCTaBHTb B COOTBETCTBHE (DYHKLHMH Ty H 1)2, YAOBJE-
TBOpsIOLLHE YPAaBHEHHAM

1, = iAny, Mg = — iy,
npuyeM BeJHYHHH 7)1 H 12 ONpPefeNslOTCS PaBeHCTBaMH

n n
n = gl A:')gn Ny = ‘2 A?)gi’

-]

rae wicaa A" u A? onpesedenst ua ypasuesuhr (4.9) tipu p=ih
H p=—{) COOTBETCTBRHHO. BMecTo nepeMeHHLIX My H 73, KOTOPLIE
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YAOBJETBOPSIOT YPaBHEHHUAM C MHHMBIMH Ko3dduuHeHTaMH, YROO-
HO BBECTH ApYyrue nmepeMeHHble

x=N1+n2 y=i(nz2—ni).
OTH BeJHUUHBEI YAOBJETBOPAIOT CHCTEME YPaBHEHH
r=—A\Y, y=AX.

Ecnu Ttenepp B cHcreMe ypaBHenu# (4.1) chaemath 3ameHy mepe-
MEHHBIX

n

x= 24" + A?) %,

y=i 2 (AP - A%,
13
z;=% (j=1,2...,n=2),

TO OHa OyJeT npuBefieHa K BHAY (4.5).

®opmy ypaBHeHu# (4.5) ™Mbl 6yneM Ha3blBaTb KaHOHHUECKOi
¢dopmoii cucrem JlsmyHosa.

[Tepsnit uuterpan (4.4) B 3TUX mMepeMeHHBIX MoXeT ObITb NpH-
BeJleH K BUAY

4y +W(zy, ..., 22)+S(x, ¥, 24, ..., 22)=p?,  (4.10)

rne W — kBaapatuuHaa ¢opMa CBOHX NepeMeHHBIX, a S — aHaJu-
THYyeckaa (YHKIHA, pa3joXKeHHe KOTOPON HauWHaercsi C 4YJIeHOB
TPeTbero nopsjlka MajloCTH.

3. Teopema JlsnynoBa. ITyctb TOUKa X =y=2/=... =2, =0
siBNAeTCA MNoJoXKeHHeM paBHoBecusi. [loBTOpsis JOC/MOBHO paccy-
XKeHus, npuBefieHHble B § | 3TOfl raaBbl, NPUXOAMM K cledyiolled
TeopeMe.

Cucrema (4.5) OonyckaeT 8 OKPECTHOCTU HAYAAQ KOOPOUHAT
x=y=2z=...=2,=0 nepuoduueckoe pewenue, anaiutuvecku 3a-
sucawee oT 00HO20 napamerpa. B kauecTée Takozo napamerpa
MOXCET ObiTo NPUHATO HA4AAbHOe 3HAuerue seauwutor x: x(0)=c.
Hauaabroe 3Havenue 8eiudunbl y MOXET CHUTATLCA NpuU 3TOM pas-
Hotm Hyato. Hauanonole 3nauenus seauuun z; onpedersrorcsa 00HO-
3HAUHO U ABAAIOTCA TAKHE AHAAUTUYECKUMU (DYHKYUAMU napameT-
pa c. Ilepuod pewenus T — tome anaautuueckaa ¢pynkyus 3rod
seauqunsl, npuuem pynkyus T umeer sud

T=~2,;"—-(1+h262+ hyc® + ...) (4.11)
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u, caedo8aTeabHoO,

limT = —.
c>0 A

Camo nepuodu4eckoe peurenue 184A8eTCA aAHAAUTUYECKOU Pynkyuell
napamerpa ¢ u obpaujaerca 6 TpusuarbHoe npu ¢=0.

Takum o6pasom, cucreMa JIfAnyHOBa NMPOH3BOJILHOIO YHCJA CTe-
neHeil cBoGOAb TaKxke o0O6JajJaeT NEePHOIHUECKHMH pelleHHSIMH
B OKPECTHOCTH Hauasa KoopauHaT. OJHAaKO B cJyuae CHCTEMBI C OJI-
HOi CTeNeHblo CBOGOJAbLI OHH HCUEPTLIBAIOT BCE BO3MOMKHbIE JBHIKE-
HHsl, KOTOpble ONHCHIBaeT cucteMa JlsnyHosa. B cnyuae npoussosib-
HOro yYHc/a creneHeidl cBoOGOAbLI OHU BLIAENSIIOT TOJbKO OJHOMapa-
MeTpHUeCKoe ceMedcTBO TakKuxX pelueHud. [TonHblit HaGop peuleHHit
JIOJIXKeH 3aBHceTb OT n— | nmapamerpa (MOCKOJBKY OAHA H3 MO-
CTOSHHBIX AAJAUTHBHA), HO CBOACTBA OCTAaJbHbIX pellleHUH 3aBHCAT
yXKe OT APYrHX TOueK cnekTpa MaTpuupl [la;ll.

[ITpumeuanue. [lycth Mbl OnpelesuaH OJHOMAPaMETPHUECKOE
ceMelicTBO MepUOAHUYECKUX pelleHHi

x(t, ¢), ylt)y, a(tc),...,z2n(t c).
OueBunHO, uTO peuleHHeM OyZeT TaKKe M Takas cHcTeMa (yHKUHH
x(t+h, c), y(t+hc), 2(t+h,c),...,2n(t+h, )

aaa ao6oro h. Takum obpa3oM, MeTon JISnyHOBa MO3BOJISIE€T BbiAe-
JUTb ABYyNapaMeTPUYeCKOoe CeMeHCTBO MePHOJHUECKHX pPelleHHi.

4. Meron Jlsanysosa. Metos, HCNOJIb30OBAHHBIH AJsi IIOCTPOEHHSA
nepuogHuecKHX peweHUN cucteMbl (1.8), MoxeT ObITb HCMOJIB30-
BaH W A5 peleHHs OoJee CJIO0XKHOH 3aJaud — OTBICKAHHA TepHO-
OHuecKux pelwendii cucrembl (4.1). CmenaeM cHauasna craHjapr-
HYI0 3aMeHYy He3aBUCHMOH NepeMeHHOoH (3.12)

—_(1+h26 +h3€3 --o),

rae h; —uucJaa, mouJsexaiide OnpefeseHHUIO.
Cucrema (4.1) Torna 3aMeHuTcsa cjaenylOlei:

=['—M/+X(x, Y, 21y zm)] 1+h20 *- ’
=[Ax-+Y(x, 4y, 21, ..., 2,)] IH’WT"',
(4.12)
2
dzs [2 bsjzl Lz, 4 2. Zm)] 1 +hzch + ...
i=1
(s=1, 2, m). ’
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IMepuopnueckne peueHust cHcreMbl (4.12) GyaeM HckaTh B BHIE
paioB

[}
x = X ckx® (q),
k=1

_ )
y ’glc y® (v), (4.13)

oo

zs= ckz® (v)

(s=1,2, ..., m).
IMoacraBuM paas (4.13) B cucremy (4.12) u cpaBHUM K03 ¢u-

LHEHTbl NpPH OJHHAKOBLIX cTemeHsx napamerpa c¢. Pyuxkuuu x*),
1 {a
y» m zsj O6yAyT YZHOBJETBODSTb CHCTeMe HAH(GdepeHIHANbHBIX
ypaBHeHHH

dx() dy
el A

a2 (4.14)

d*st =% st,z“) (s=1,2,...,m).

j=1
Has ¢ynkuun x®, y@ u 2P noayynm cielyouyl CHCTEMY ypaB-
HeHHH: @
dx'? 2 Ly a a
a4 —y”+—X”(x”, ¥, 2,

dyt?) 9 (.
21: ()+ Y()(x() I(”, zgl)

d2(2) % (415)
——st;z + 5 L 200, 40, )

(s=l, 2, ..., m).
BoinHmem eiie cHCTeMy ypaBHEHHH TpeTbero NpHOJHKEeHHs

’

dx®) 1
e ¥+ -+ XO(x®, x@, yd, y@, 20, 20— pyo,
;1— = x® + T Y® (x(l)' x(2)’ y(l)’ y(m’ z(sl)’ z(f)) + h2x(|)’
dz® m1 1
= 2‘ b, 20 + 5 Z2 (x, x®, yO, 4o, 20, 20)+ (4.16)

' j=1
Tzz‘bs,zg‘) 5=1,2, ..., m).
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B KkauyecTBe HayaJbHLIX 3HAYEHHH AAs onpeaeneHus yHkuuin x
u y¥» npumem

X0=1, yO=x®=y®=0 (k1) (4.17)

[Teprie nBa ypaBHeHusi cucteMbl (4.14) ¥ HayaabHBIEe YCJAOBHSA
(4.17) emuHCTBeHHBIM o6pasoM onpeaeasioT ¢ynkuun x® u y®

xW=cost yW=sinr. (4.18)

HauanbHbie ycnoBus aas 2{) we saganbl. Mbl JOMKHBI HX 1070-
6patb Tak, u4To6bl GyHKHHH 2 GblIH NePHOLHYECKHMH (YHK-

uusiMH T mneprHona 2n. Tak Kak, mo npeanoJioXKeHHIo, cpeau cob-
CTBEHHBLIX 4Hcesn MaTpuubl || b,;]l HeT kpaTHBIX A, TO cpeau He-
TPHBHAJIbHBIX PelIeHHH cHCcTeMbl

d (1)
% )‘b 2 (s=1,2,  m) (4.19)

HeT MepHOAMYECKHX HCKOMOro nepuoga. B camom gnene, nmepuonuue-
ckHe pewieHusi cucteMbl (4.19) nepuoia 2m JO/KHBI HMETb BHJ

() — pit
xl=etr,

H, cregoBaTenbHo, (4.19) cBoguTcs K caepyolleir anreGpanueckon
CHCTEME:

]2 byr;=ikry  (s=1, 2, m). (4.20)
=1

Ho pasenctBo (4.20) BO3MOXHO TOrZa M TOJNBLKO TOrAa, KOraa
i\ — co6CcTBEHHOe YHCA0 MaTpHIsl ||b;;ll.
Taxum o6pasom,
z(i”=0.

CrnefoBaTeNbHO, Pa3joXKeHHss GYHKIHUH Z; 10 CTeneHsM fnapaMerpa
¢ HayHHaeTcs € YJIEHOB BTOPOTo NMOpPsiiKa MajJOCTH.

Ilepeiinem Tenepp k cucreme (4.15). Ee npaBwie uacTth, ecau
B HHX NOACTaBHTL pewenns (4.18) u nonoxurts z"=0, 6yayr He-

KOTOPbIMH H3BECTHBIMH NMEPHOAHYECKHMH (QYHKLHUAMH T.
PaccmoTpuM nepBbie 1Ba ypaBHeHHsi 3Toil cucTeMbl. OHH HMeEOT
¢opmy ypasrenuit (3.17) u, ciremoBaTenbHO, AJs CyLleCTBOBAHHR
nepuoanyeckux pewenuin ¥@(t) u y@(r) Heo6XOAHMO H JOCTaTOYHO
BhinosHeHHs yciaoBuit (3.22). OaHako B CHYy TeopeMbl O cylie-
CTBOBAaHHM IEPHOJMYECKHX peleHHA 3TH  yCNOBHA  JIOJKHBI
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BbIMOJIHATHCAA aBTOMATHYECKH. HOSTOMY HCKOMOe TMepHOoAHYeCKOoe
pellieHHe HMeEET BHA

x(2)=Acosr+BsinT+(P1(T)»}

y? = Asint— B cos T+ @ (7), (4.21)

rle @1 M Qg — YacTHble peuleHHs cucteMmbl (4.15), KoTopble crposT-
cfl M3BECTHbIM crmocoGoM, a yHcia A W B BbiGupatorca Tak, uToGbl
GyHKUMH ¥ ¥ y®@ yIOBAETBOPAJM HYJEBbIM HayaJbHbIM YCJO-
BHUAM.

PaccMoTpuM Ty uacThb cHcteMbl (4.15), KoTopasi omuchiBaeT U3-
MeHeHHe QyHKuHH 2

dz(sz)
dv

I % 1
= Wb 0+ 20 () (s=1,2, m), (422
J=1

rae Z" — usBectHble mepuoaMueckne GYHKUMH T nepuoda 2m. Tak
KaK cpeld cOGCTBEHHbIX uuces MaTpHubl [|b;;il Het KpaTHbIX A, TO
y cucteMbl (4.22) cyulecTByeT elHHCTBEHHOe NepHOAHYECKOe pelle-
HHe mnepHola 2m. DTO pelleHHe CTPOMTCH H3BECTHbIMM MeTOLaMH
(HanpuMep, MeTOJOM HeomnpejeJeHHbIX KO3Q(HUHEHTOB), NpUHUEM
ANS HayanbHbIX 3HaueHHit 2% nonyyaloTcAa BNoO/MHe onpeaeneHHble
3HaYyeHHUs.

[Mocne Toro kak Mbl MOCTPOMAH pemenne X, y@& u 2@, B nep-
BbIX JBYX YypaBHeHHAX cucreMbl (4.16) dyukuun XA u Y@ 6Gynyr
M3BECTHHIMH TNEpHOAHYECKHMH OGYHKUMAMH Nepuoia 2m. YcaoBus
(3.22) cymecTBOoBaHHA NEPHOJHYECKHX pPeILeHHH 3amnuilyTCs B BHAE

an 2n
I X® costdt+ f Y@ sintdr=0,
0 0
o on (4.23)
— hyt ﬁ j X sintdr — El{;r [ Y®cosvdr=0.
0 0

[lepBoe M3 3THX YCJOBHH JOJNIKHO BBIMOJHATHCA aBTOMAaTHYECKH.
Bropoe u3 ycnoBuii (4.23) nosBoJiseT BHLIYHCJAUTb YHCIO Ay Ecan
yHcao hp BbIOpaHo HalsexalldM oOpa3om, NMepBble ABa ypaBHEHUsA
cuctembl (4.16) HonyckalT nepHoAuueckHe pelleHHsA TtHma (4.21).
Uro kacaercss GyHkumit 2%, TO OHH YNOB/JETBOPAIOT cHCTeMe YPaB-
HeHuii Tuna (4.22), Kotopas B CBOIO ouepedb JONMYCKaeT €AHHCTBEH-
HOe mepHoiMueckoe pewieHHe 28 (t), mpuuem HauasibHble 3HaYeHHH
3THX GYHKUHHA NMOJYYalOTCA BNOJHE ONpefiefeHHbIMH. JIerko BuaeTs,
YTO mpouecc Mo)keT ObITb HEOTPAHHYEHHO INPONONXKEeH H Jaio0ble
ujaeHbl pagoB (4.13) moryr ObiTb BbluHC/JA€Hbl. 3aMeTHM, YTO Ha
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KaXKJOM L1are HaM [pPHXOJAHUTCH omnpefensatb uucao h,. Tak Kak
ypaBHeHHe AJs omnpefeneHus h, JuHelHoe, To A, ompemensTca H
MPUTOM OIHO3HAUHO.

Htak, H3M0XKeHHBbI MeTOJ MO3BOJSIET MOCTPOHUThL MEPHOLHYECKHE
pelleHHs cucteMbl JlamyHoBa mpou3BosabHOTO Mopsiika. B cayuae
CHCTEM BTOPOTO MOPsIKAa 3TOT METOA AaeT BO3MOXHOCTb MOCTPOHMTHb
OOILHA HHTErpas CHCTEMBI, T. €. /U AOCTATOYHO MaJbiX 3HaYeHHil ¢
M03BOJISET NPOBOJAHTL HCUEpMbIBalolllee HCC/elOBaHHE 3afayH.

B cnyuae cucrem n-ro nopsaka MeroA JIsmyHoBa JaeT BO3MOX-
HOCTb MOCTPOHTbL TOJBKO CEMeMCTBO YAaCTHHIX pelleHHil, 3aBHCHILUX
OT JABVX MPOH3BO/NIbHBLIX MOCTOSIHHBIX: MapaMeTpa ¢ W aAAUTHBHOM
nocrosiiHo#i h. HecMorpsa Ha to, yto Meroa JlsmyHoBa mosBoJser
B CJyyae CHCTEM [POHM3BOJBHOTO MOpsiiKa MOJNYYHTb Ha MEPBbIH
B3T/IAJ pe3ynbraT OYeHb OTPaHMUEHHbIH, TeM HE MeHee €ro 3auye-
HHe NJs TeOpHH KoneGaHuit BecbMa Benuko. [lns mosicHeHHMs cka-
3aHHOTO PacCMOTPHM KOHCEPBaTHBHbIE CHCTEMBI.

5. KoncepBaTHBHbBIE CHCTEMbI NPOM3BOJLHOrO YHCJAa CTeneHeil
cBoGoabl. PaccMoTpuM KosieGaHHsi KOHCEPBAaTHBHOH CHCTEMBI OKOJIO
noJioXKeHHs1 paBHOBecHs. [IpeanosioXkuM, 4YTO MOJOXKEHHEM paBHO-
BeCHs sIBJISieTC Haya/Jo KOOpAHHAT. B 3TOM ciyuae KHHETHueckas
¥ MOTEHIHaJibHasi 3HEPTHs MOTYT ObiTh 3aMHCaHbl B BHE

T = :2; a;,f,f,,

4.24
= 12, bxig;+ ¥ (%, %) i (4.24)
»

rae a;;=aj;, bij=b;; u pasnoxenue ¢ynkundn W nHaumHaercs ¢ Be-
NHYuH TpeTbero nopsiaka MasoctH. (Mbl paccMaTpHBaeM 3aiayd
TONLKO € AaHAJHUTHYECKHMH GYHKLUHAMH.) YpaBHeHHs JBHXKEHH$

3TOA cHcTeMbl MoryT ObiTh 3amucaHbl B ¢opme Jlarpanxka

d 0T o1l

———t = 4.25
dt 0% 0x; ( )

HJIH B pPaCKpbITOM BHAE

n n
Zla,,z,+121b,,f,+\p,=o (i=1,2, ..., n), (4.26
l= =

rae P; — KOMIOHEH ThI BEKTOpa V\P‘
oV
1'pi - 0%,

ABAAIOTCH HeNHHeAHBIMH (QYHKLIHAMH CBOMX apryMeHTOB, pasJioxe-
HHe KOTOPbIX HayHHaeTcs C YJAEHOB BTOPOTO MOpPsiiKa MaJOCTH.
OGo3HayHM uepe3 Ay, Ag, - . ., An KOPHH YPaBHEHHS

| —Aaij+bij| =0. (4.27)
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YpaBueHue (4.27) uasbiBaercs 6exosuim. Tak Kak KpaapaTHUHas
dopma Za,,x,x, MOJIOKHTEJNbHO Ofpene/eHHas, TO, COTMJacHO M3+
6]

BECTHOH TeopeMe, KOPHH BEKOBOro YPaBHeHHs HelicTBHTeNbHBI. Unc-
Ja A; MOTYT ObITb KaK MOJOXKHTENbHbBIMH, TaK H OTPHLATEJbHbIMH.
[ToBTOpuM Tenepb paccyXKAeHHs, KOTOpble HAaC MPHBEJH K CHCTe-
me (4.5).

BBeneM HOBble mepeMeHHbIe

Xp= iZi A(tk)aufl» (4.28)

rape yvcJa A(,-k) onpeneJasalOTCa Tak, YTOGBI PaBEHCTBO
\Y L ~ 1 k) ~
2‘ Az )aux; = 'xk- 2 bg]A(t )x;
i] i f

. = (3
HMeJO MecTo AAs MOGHX X, T. e. uto6u AP ymosnetBopsn
cHcTeMe OJHOPOJAHBIX ypaBHEHHI

x,,; APa; = Z APby  (j=1,2, ..., n). (4.29)

Cucrema ypaBHenuit (4.29) pa3speminMa, TaK KaK Ax — KOpeHb
ypaBHeHus (4.27).

Hrak, ans KaxAoro KopHs Ax Mbl OMpefe/sieM CHCTEMY HHCEJ
AP u HOBYIO nepeMeHHYI0 xx. PaccMaTpuBasi paBeHcTBa (4.28) Kak
CHCTEeMY YpaBHEHHH OTHOCHTEJNbHO X;, MOJYYHM

n
¥ = k;} QpXy (i=1, 2 n). (4.30)

MoxHo mnokasatb, uto cHcrembl (4.28)—(4.30) HeBHIpOXKAEHHBIE.
CoctaBuM Tefepb nHbdepeHIHaNbHble YPAaBHEHHS, KOTOPbIM YZO-
BJIETBOPAIOT HOBBIE MepeMeHHble

. W 2 _  N®B = = (... F
xk_.-Z,Ai a* = ,Zl A b“.x,+(pk(v » Fa)

- A N k
rae §,= — 2'4 Af. ’\pi.

UcnoJbayss onpeneneHHs uHCeJ A® u penas 3ameny (4.30),
MOJIYUHM
fk"'l'kxk=(pk (xh seey xn)» (4-31)
rae
q)k(xl» sevy xn) = ‘i)k (il (xl» vy xn)’ ] gn(xl’ xn))

npeactasasior co6oil aHanHTHYECKHe GYHKLUHH CBOHX MEPEMEHHBIX,
passnoxeHdHe KOTOPLIX HauMHAaeTcs C 4JeHOB BTOPOro Mopsiaka ma-
JIOCTH.
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OyYHKUHH X (f) Ha3bIBAlOTCA TJIaBHBIMH KOODJAHHATaMH CHCTe-

Mb (4.26), a uncna o= VA, (A8 Ax>0) — cOGCTBEHHBIMH (UMK
rJIaBHBIMH) yacToTaMH. Ec/lH OrpaHHuYMThCH JHHEHHBIMH UYJeHaMH,
10 cucteMa (4.31) npumer BuI

Entinxa=0  (k=1, 2, n). (4.32)

®opma cuctemb (4.32) mokasbiBaeT, 4ro JuHefiHble KoJeGaHHS KOH-
CePBATHBHbIX CHCTEM MOXHO MPEACTaBHTb KaK CYMEPMNO3HLHIO KO-
geGanuil MaTeMaTHYECKHX MasiTHHKOB (4.32).

KuHeTHuecKkas M NOTeHLUHaJbHAas 3Heprus cucteMu (4.32) umeer
BHJ

T=§x2, M=, (4.33)
k
Takum o6GpasoM, npu noMoiun npeo6pasosanus (4.30) ¢opmnl
T=12!a”1;c,fé, H H=i2ib”fifj

NpHBeieHbl OJHOBPEMEHHO K AHaroHalNbHOMY BHAY.

Boipaxkenne ans sxeprufi (4.33) mokasbiBaeT, 4yTo 3HEprus Ka-
*KJAOro U3 MasaTHHKOB (4.32) ocraercs Bce BpeMsi noctosiHHoi. Hu-
Kakoro o6MeHa 3HepruH MexJAy rJIaBHBIMH KoJieGaHHAMH JHHEeHHBIX
cucteM He cyulectByer. B HenuHelHbIX cuctemax (4.31) cutyamnus
3HayuTeNbHO 6oJiee COXKHASA.

6. Meron JlanyHora B HeJHHEAHLIX KOHCEPBATHBHHIX CHCTEMaXx.
StoT MeTOA MO03BOJSIET ONpeleHTb KoJeGaHWs CHCTEeMEI, GJH3KHe
K rJaBHHM KoseGaHHAM. [ToBTOPHM paccyx/[eHHs n. 3 3Toro mapa-
rpada An5 ciyyass KOHCEPBAaTHBHBIX CHCTEM.

DUKCHPYEM HEKOTOpOe YHC/Oo R, Ansl KoToporo Ax>0, H clenaem
3aMeHy He3aBHCHMOH mepeMeHHo# (3.12)

t=

T
Vie )
rae ¢ — 93To 3HayeHHe xi(0).

Cucrtema (4.31) npumet BuI

2 2
dxk +xk(l +C2h2+ . ) _‘q)k(xl’ sy xn)'(l+_‘:h;:—“')—9
s I4+c2hy+...)?
'Zfz Pt Pl x) LR (430
(s5=k).
Pemenne uuieM B BHIE PAJLOB
=2 (x)y  (i=1,2 ..., n). (4.35)

re=}
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IMoncrasnas paan (4.35) B ypaBuenus (4.34), nonyyaem ypasHe-
Hug aas x¥

d2x(l) .
4 +x0=0, ecan i=k,
P (4.36)
e + Hxﬁ.‘) =0, ecau i<k,
2 (2) 1
e AP = (), ecinm i=k,
(4.37)
d? ; 1
27 T @ o) (gD ;
T " x§ O (x, ) ecau is&k,
d2x§-3) 1
3) _ — 1 P
e +x§)—Tk¢§2)(x§'), xP)—2hx{, econ i=k, (
4.38)
2.3
il M O S R R N NP A L b
= +M P = -9 (3, xi) 2hxM, ecnun ik,

n oT. A 3mech @™ —KoapduuHEHTH Ppa3soKeHHs OGYHKUHH @,

B pAdBL.
Hauanbhue ycnosus aas x9 umeroT BUA

0 (0)=1, x;;>(0)=0,}

X0 (0) = ) (0) = 0, (4.39)
ecan r> 1.

Hauanbuele ycnoBus pas x§ (i=k) nOJKHB GHITh Hall/IeXKallHM
o6pasoM noxo6GpaHkI.

YcnoBuMcss paccMaTpuBaTh Clyuad OTCYTCTBHS KPaTHBIX KOp-
He#l, T. e. OyaeM mpennoJsarath, 4YTo As¥F A, ecnu ksFs. Torma egun-
CTBEHHBIM NepHOAMYECKAM pellieHHeM mepuoia 2; cucrembl (4.36),
yaoBJeTBopsiioielt ycnosuam (4.39), 6yzer

x{) =cosT,
<0 =0 (s£k). (4.40)

[Moacrasnss ¢opmyan (4.40) B npaBbie yactu cucreMbl (4.37) u
pasnaras ¢ysHkuun @) B panx dypbe, noayuaeM npu s¥k

242

e +xP=0a,+ a,,cos 27,
d2x@

d—:; + T: xf’ =0+ e, Ccos 2.

[Tepuomnueckne pellieHHsi 3TOH CHCTeMbl, YAOB/NETBOPSIOILHE YCJIO-
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Busam (4.39), onpenensiorcs ongHo3HauHo. OHM UMEIOT NPH SFE BUI
@ —q — _ Ges — Gk2
xP =a, (ako 3 )cosr 3 C0s2T,
Usohs Ae
x@ =000 cos 27.
s 7\:3 47\,’;“%3
[TepBoe u3 ypaBHeHHH cucTeMbl (4.38) MoXxeT ObITb NpeICTaBJeHO
B ¢opme

)
d'tI: + x® =B,, + By, cos T + B,, cos 27 + B,, cos 3t — 2h, cos T.

JInsi Toro uTo6bl 3TO ypaBHEHHE HMEJIO NEPHOJHYECKOE peLieHHE,
HeoGXOIMMO H [OCTaTOYHO, uTOGbl NOcTOSIHHas hp onpexensnach
pPaBeHCTBOM
on
1 1 "
== B = e

hy= 5 B T | 9 () cos (¢) dt. (4.41)

0

[Ipononkan aHaJOrH4HblE BBIKMAAKH, Mbl CMOXEM BBIYHCJHTB JIIO-
Goit uneH B pasnoxeHusx (4.35).

Takum obpasoM, MeTon JIsinyHOBa faeT BO3MOXKHOCTb Pa3blCKH-
BaTh INEPHOJHYECKHE perieHus, OJH3KHe K IJIaBHbIM KoJeGaHusiM
JIHHEHHOH CHCTeMBl. IJTH KoseGaHHA HeJWHEHHBIX CHCTEM ecTe-
CTBEHHO N0 aHAJIOTHH C JIHHEAHBIMH KoJeOaHHSIMH TaKiKe Ha3blBaTb
rJIaBHBIMH KOJ1e6aHHAMH.

ITpennonoxuM Tenepp, 4yTo Bce Ax>0, TOraa Mbl MOXKeM pas3bl-
CKHBaTb BCe TIJaBHble KoseGaHHs H3yuaeMoOH HeJuHEHHOH CHCTEMBI.
Ecau 66 peub mmia o JHHeHHbIX KojeOaHHAX, TO pelleHHe 3adauH
0 IVIaBHBIX KosieGaHusiX Hcuepnaso Obl BClo npobJieMy, MOCKOJBbKY
Jio6oe ABHXKEHHE JHHEHHOH CHCTEeMBl MOXHO NMOJYYHTb CyMepro3u-
uueii riaBHbBIX KosebaHHH. B HeJHHeHHBIX KOJ1e6aHHAX NPHHLHI
Cyneprno3uiuuH OTcyTcTByeT. [ToaToMy, HecMOTps Ha TO, 4TO MBI
yMeeM CTPOHMTb 1 OJHONapaMeTPHYECKHX CeMEfCTB YaCTHBIX pelue-
HHi, Mbl ellle oueHb JaJeKH OT MOJHOro pemeHus 3ajgayd. Hanpwu-
Mep, B paMKax TeopHH JIsAmyHOBa Mbl HE MOXXEM OTBETHTb Ha BO-
MpoC O TOM, CYLIECTBYIOT JiH, KPOMe PacCMOTPEHHBIX, APYrHe mepHo-
JHYECKHe pelieHuss JaHHOW KOHCEePBATHBHOH CHCTEMBbl, H HaXOJHTh
peweHue 3anaud Komu ¢ hHKCHPOBaHHBIMH HauaJbHbLIMH JaHHBIMH.

§ 5. ABTOKONE6AHHS

1. Mpumep aBTOKOJEeOaHuA. PaccMOTpHM ypaBHEHHe
i+f(x) =0, (6.1)
B KOTOPOM (YHKLus [ yHOBJETBOPSIET YCJAOBUAM
daf

F(0)=0 wu (W)x.o>°'
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YpaBuenue (5.1) onmHcbiBaeT ABHXE€HHe HEKOTOPOH KOHCEPBAaTHBHOM
CHCTEMBI C OfHOM cTeneHbio cBoGOAn. B MaJsioil OKpecTHOCTH moJsio-
XKeuus pasHoBecHa (x=Z=0) ypasnenue (5.1) onpemenser Kose-
GaTesbHble ABHMKEHHs, KOTOPbie MPOHCXOAAT C MOCTOSIHHON aMIH-
Tyaoi. Pa3oBas MJIOCKOCTb 3TOr0 ypaBHEHHs B OKPECTHOCTH 3TOH
TOYKH LEJHKOM 3anojiHeHa 3aMKHYTbIMM KpHUBBIMH. DyJem Ha3biBaTb
HEKOTOpYIO CHaY @(£), 3aBHCAILYI0 TOJNbLKO OT CKOPOCTH, JAHCCHNa-
THBHO#, ecH 1A Jwoboro £50 oHa YLOBJETBOPSiET YCJOBHIO

9 (2)£<0. (5.2)

IlpeanonoXHM Tenepb, UTO KoJjieGaHHA MasiTHHKA NPOHCXOAAT INOX
NeHCTBHEM KOHCEPBATHBHOM CHJBl — f(X) ¥ JAMCCHNATHBHOH CHJIbI
ep(£), rae & — HEKOTOPHLIA MaJbiii mna-

.z"h paMmeTp
E+f(x)=¢eq(2). (5.3)

Ecau tenepb ymHOXHTb (5.3) Ha #, TO
OHO TPHMET BHJ
9E _ oo (3) %
7 = &9 (%) %,
raie E — nosHas 3Heprus MasTHHKa
-2
. E=% 4 [fwdx.

Tak Kak HMeeT MecTO HepPaBEHCTBO
(5.2), To B M0GOII MOMEHT BpeMeHH

Puc. 14. %lt:;go,
fipHyyeM paBEHCTBO HMEEeT MECTO TOJIbKO AJfi TeX 3HaueHuil f, anas
kotopblx #=0. Takum oOpa3oM, KojebaHHf, NPOHCXOAsLIHE nOJ
neficTBHEM KOHCEPBATHBHOH H JHMCCHNATHBHOM CHJIb 3aTyxaloT. Pac-
cMoTpuM $a30BYI0 MJIOCKOCTb YpaBHeHHs (5.3).

IycTb B HEKOTOpbI#i MOMEHT BpeMeHH [={%, cucTeMa HaXOAMTCH
B cocTossHHH X=0, &=ax>0. HavanbHoe 3HaueHue sHepruu Gyner
E0=)Eg/2. [To mpowecTBHH HEKOTOpPOro BpeMeHH H3o6paxaloilas

TOYKa, ABHrascb BAOJb (a30BOil TPAaeKTOPHH, COBEPIIHT NOJHBIH
060pOT BOKPYr Hauajla KOOPAMHAT H CHOBA MepeceyeT ocb OpAHHAT
B HEKOTOpOH Touke &, mpuueM E,<Ey. CiuenosarenbHo, <o 3a-
METHM ellle, 4TO ABe (a30Bble TPAEKTOPHH HE MOTYT NMepeceKkaTbCs —
yepes KaXAyl TOuky ()a30Bofi MJOCKOCTH, KOTOpas He SiBJAsieTcH
0co60#, TPOXOAHT TOJbKO ofHa ¢a3oBas TpaekTtopus. CHcTema
(5.3) umeer TosbKO OAHY ocoOyi0 TOUKY — HauaJjo KoopiuHaT. Ta-
KuM o6pa3oM, (a3oBbIii mopTpeT ypaBHeHus (5.3) HMMeeT B[, H30-
6paxennbii Ha puc. 14. Havano koopaunat sBasercs oco6oil Tou-
koit Tuna ¢okyc. Ml3o6paxaloillas Touka ABHXKETCA B HanpaBJE€HHH,
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yKasaHHoM cTpeJskoii. da3oBbple TPaeKTOPHH HaMmaThiBaloTcs Ha ¢o-
kyc. CnegoBatenbHo, B paccMaTpuBaeMoM ciayuae ¢okyc Oyaer
YCTOHYHBOH 0cO60H TOUYKOM.

PaccMoTpuM Tenepb HecKoJsibKO Gosiee CNOXKHBIH mpuMep. Ycio-
BHMCHl JOMOJNHHTENbHO, 4TO |@(&)| — MOHOTOHHO BoO3pacralolilas
¢yHkuus (puc. 15), ¥ NMpeaAnosOXKHM, UTO Ha TOUKY NeHCTBYeT He-
KoTopasi aKTHBHasi cuna Y (x, &), npuueM (0, 0) =0. Ilycts 3Ta
cuna obnafaeT TeM CBOHCTBOM, YTO 3a KaXKAblH nepHojJ KoneGaHHH
OHa BHOCHT B CHCTEMY HEKOTOPYyI0 NMopuHuio 3HepruH. Takum ob6pa-
30M, NPH OTCYTCTBHH JHCCHNIAaTHBHON CHJILI 3HEprHsi B CHCTeMe Bce

Af
|z

Puc. 15. Puc. 16.

BpeMsi Bo3pacrana Obl H, c/efoBaTeNbHO, HHKaKHe CTalHOHapHbIe
PEeXHMBI, KPOME COCTOSIHHS MOKOsi, B HeH OblaH Gbl HEBO3MOXHHBI.
ITonpobyem Tenepb mnpeacraButh ceGe xapaktep KoseGaHHi B

TaKoH CHCTeMe:
E+f(x)=elp(x) +¥(x, 2)], (5.4)

npeanonarasi, YTo CHJAa Y TeM CHJbHEE «pacKauyWBaeT» MasiTHHK,
yeM GJHXKe ero COCTOfIHHE K MOJIOXKEHHI0 paBHOBecHs, T. €. yeM
MeHblie amnautysa x. Ha puc. 16 usoGpakeHa 3aBHCHMOCTb MOp-
UMH 3HeprHu AE, mocrynawuleli B CHCTeMy 3a OJHH NepHOA, OT
aMNJAUTYAB KonebaHwuii.

Takum o6pa3oM, KojieGaHHe MNPOHUCXOAMT MOA AefiCTBHEM CHJ,
OJlHa H3 KOTOPLIX SIBJSIETCS KOHCEpPBATHBHOH, BTOpas AHCCHNATHB-
Hasg — OHAa pacceMBaeT 3HePrHH 3a OJAHH NepHOA TeM OoJbllie, yeM
6o/bllie aMIVIHTYAA, H TPeTbsl, KOTOPast BHOCHT TeM GoJibulie 3HEPrUH
B CHCTEMY, YeM MeHblle aMIJHTYAA.

[TonoxkeHne paBHOBecHs 3TOH CHCTEMbI HAaXOAHTCA B TOUKe
(#*, 0), rne x* — KopeHb ypaBHeHHs,

f(x*) =ep(x*, 0),

M MycThb BHauaJje H3o6paxkalolllasi TOYKAa HaXOAMTCH BOJH3H MOJO-
JKeHUsi paBHOBecHsi. B 3TOM caiyuae 3Heprusi, KoTopasi pacceuBaeTcs
3a ofHH o6Gopor, GyaeT MeHbUle 3HEPTHH, KOTOpas MOCTYnaer B CH-
cremy. CnenoBaTtesnbHO, B Henocpe1CTBEHHON OJM30CTH MOJOXEHHS
paBHOBeCHS aMIJIHTyAa KoJeGaHH# ¢ Gyner yBeJqHUYHBATHCA,
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[TpeanonoxuM Temepb, YTO B HayaJabHBII MOMEHT H306paxkaio-
niasg TOYKa HaxXOAMTCA AOCTATOUHO [aJleKO OT Hayaja KOOpAHHAT.
Torpa 3a oauH o6opor Oyjer pacceuBaTbes 3HEPrUH GoJpule, YeM
nocrynatb B cucteMy. B atoM cayuae aMmniurtyia ¢ 6yger yMeHb-
maThbes.

Takum o6pa3oM, ecqH HayajbHas aMmJaUTyJa koJseGaHuii 6oJib-
was, To KoseOaHHs 3aTyXaloT, T. €. aMIJUTyAa YObIBaeT, a ecjH
BeJIMYMHA aMIVIHTYABl MaJjas, TO OHa C TeYeHHEM BpPeMeHHM BO3pac-
TaeT. 1O JaeT OCHOBAHHE AYMaTh, YTO B CHCTEME MOXET yCTaHO-

. BMTbCSl TAKOH peXxHM KosebaHuH (c Ta-

z KOM MOCTOSIHHOH aMmiuTyaoi c*), mpu

KOTOPOM 3Heprusi, mocTynuBlIasi B CH-
cTeMy 3a 0JHO kosebaHue, 6yaeT paBHa
3HEPruH, KOTopas 3a 3TO XXe BpeMs pac-
CEeMBAEeTC [IHUCCHUMATHBHOH CHJIOH. IDTOT
peXMM HasbiBaeTcss aBTOKoJe6aTtesb-
HeiM. Ha ¢dasoBoli miockoctH eMy coot-
BETCTBYeT HEKOTOpas 3aMKHYTas KpH-
Basi, Ha3blBaeMasi npedenbHolM YUKAOM.
®dasoBas MJIOCKOCTb aBTOKOJe6aTeNbHOMN
cucteMbl (5.4) usobpaxkeHa Ha puc. 17.
- Crpeska mokasbiBaeT HampaBJIeHHE JIBH-
Puc. 17. KeHus u3obpaxalouleil Touku. [Tosoxe-

HMe paBHOBeCHs OyJeT HEYCTOHYHBLIM

tdokycoMm. PasoBble TpaekTopuH GyayT cMaThiBaThCs ¢ (hoKyca H
HaMaTbIBaThCS H3HYTPH Ha mnpejenbHblll UHKA. TpaekTopuH, KOTO-
pble HaxoOAsATCS BHe NpeAeNbHOro LHKJAA, Takxe OYyAyT HaMartbl-
BaThCcs (M3BHE) Ha mpeaenbHbli LUWKA. TakuM o6pa3oM, aBTOKOJe-
GaTeNbHBIA PEXUM B pacCMaTpHBaeMOM cjydae Oyjaer yCTOMYMBBLIM.

2. ®opmyauposka maTemaTHYecKo# 3ajsauyu. PaccMarpuBaemblii
NpUMep SBJSETCH OYeHb YAaCTHbIM CAyyaeM aBTOKOJeGaTeNbHbIX CH-
CTeM, UMEIOLIHX OJHO MOJOXEeHWe PAaBHOBECHS H OAHH OMpeJeseH-
Hbif UMK, CyLIeCTBYIOT CHCTEMbI, 3HAYUTEJNbHO GoJiee CJOXKHbIE,
HanpuMep TaKue, KOTOpPblEe HMEIOT OeCYHC/IeHHOe MHOXECTBO mpe-
JeJIbHBIX LUKJOB.

MarteMaTHuecKas 3ajauya MOCTPOEHHS aBTOKOJNeGaTeNbHbIX pe-
KHMOB B CHCTEMAX C OJHON CTemeHblO CBOGOJbI CBOAUTCS K OThICKA-
HMIO BO3MOXHBIX NEPHOAHYECKUX pelleHUl ypaBHEHUS

E+f(x)=¢eF(x, ), (5.5)

rae ¢ — napaMerp. Pyukuun F u f GyneM cuutath aHaJIHTHYECKHMH
(OYHKLHSIMH CBOHX MepPeMeHHBbIX. B 3Toil KHHre Mbl OrpaHMYHUMCS
M3y4eHHEM TOJBKO TeX MEPHOAMYECKHX pelledHid, KOTOpPble mnpH
e=0 mepexoisiT B MepHOAHYECKHE PENIECHHUS MOPOXKAAIOUIETO ypaB-
HeHus (5.1).
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Ecnn sHeprua cucTeMH AOCTATOYHO MaJjla, TO, KaK MBI 3HAeM,
a1060e peureHue cHcteMsl (5.1) aBaserca nepHoAuveckum. Ho npu-
Mep, paccMOTpeHHbli B Hauaje naparpada, NOKa3blBaeT, UTO He
BCIKOE pelleHHe MOPOXKAIOWEro ypaBHEHUs ABJIAETCH «NOPOKAAI0-
wum». B obuieM ciyyae CylleCcTBYIOT TOJBKO MCK/IOUHTENbHbIE pe-
weHusi ypaBHeHus (5.1), KoTopele ABAsiIOTCA npefeiom (mpu e=0)
NepHOJMYECKHX pelieHHH ypaBHeHHsi (5.5). Mix 10 Mbl u Gynem Ha-
3bIBaTh MOPOXAAIOMWKMMH. B paccMOTpeHHOM IMpHMepe CYIleCTBO-
BaJ0 TOJABKO €JHHCTBEHHOEe pelleHHe MNOPOXKAAIOUIEro YypaBHEHHS
(5.1), xapakrepuayeMoe mapaMeTpom c¢*, B OKPeCTHOCTH KOTOPOro
CyLlecTBOBaJ/IM MepHOAHYECKHe peLleHHsi ypaBHeHHs (5.5).

Taxkum oGpasom, 3agaya, KoTopasi pacCMaTpHBAeTCs B 3TOM Mna-
parpade, COCTOHT B TOM, YTO Mbl AOJKHBl OlHOBPEMEHHO pasLICKaTh
nepHolHYecKHe pelleHHs ypaBHeHus (5.5) Kak (YHKUUH BpeMeHH
M NapaMeTpa € M Te H3 MePHOAHYECKHMX pellleHHil ypaBHeHHs (5.1),
B KOTOpble MEPeXOAsT MepHOJHUECKHEe pelleHHsi ypaBHeHHs (5.5)
npu ¢ — 0. CyuiecTByeT MHOTO MeTOIOB pelIEHHS 3TOH 3adauH.
B HacTosilleM maparpade Mel GydeM H3yyaTb METOH, NPELNOXKEH-
uplii I1yankape. C HeKOTODBHIMH M3 [IPYrHX METOLOB MBI [O3HAaKO-
MHMCH TIO3[Hee.

3. AnropuT™M MOCTPOEHHs aBTOKOJEGAaTENbHbIX PEXKHMOB B CJy-
yae KBasuauHeinbix cucrem (meron Myanxkape). Haunem usyuenue
3G (PeKTHBHBIX METOJOB MOCTPOEHHSI aBTOKONEGATENbHBIX DPeXHMOB
C UCC/IeJOBaHHS KBa3W/IHHEAHBIX YpaBHEHHA BHOA

i+a2x=eF(x, ). (5.6)

Cnenyer oxulaTh, YTO MEPHOR aBTOKOJEGATENBHOTO PEXKMMa 3aBH-
CHT OT mapaMeTpa &:

npuyeM o(e) YyCNOBHMCH HaspiBaThb yacToTci. Bynem uckaTh pe-
JKHMBI, YacTOTa KOTOPBIX ofjajaeT CAeAYIOIHM CBOHCTBOM:

lim o (e) = A.
e->0

Ha 3tom ocHoBaHHH NOJMIOKHM

2
I+ge+ge’+... .7)

o(e)=
H ClenaeM 3aMeHY HE3aBHCHMOTO [I€peMEHHOTO

= (l+ge+ge+...). (5.8)



84 METO/ JIATIYHOBA — [NTYAHKAPE [rJ1. 11

3HaueHuto f=T orBeyaeT 3HaueHHe T=2m, T. €. NMepHOA HCKOMOIO
pellleHHs! OTHOCHTENbHO HOBOW INepPeMEeHHOH Temepb CHOBa (HKCH-
poBaH — OH paBeH 2x. Yncsa g; MO/MXKHB ObITh OonpejesieHbl B npo-
ecce moctpoeHus peueHus. Ilepenninem ypaBHenne (5.6), caenas
B HeM 3aMeHy (5.7):

Lx o x(l+ge+ .):=¢F (x,

dx A ) (1+gie+...)2
dv 14 gie+ A? :

(5.9)

[Tockonbky ypaBHeHus (5.6) u (5.9) He coaep:kaT BPeMeHH W ypaB-
HeHHe (5.9) HHBapHAHTHO OTHOCHTE/IbHO Npeo6pa3oBaHHA t-—>t+h
HaM JOCTaTOUHO PaccMOTPeThb CJleIl)’lOLllVIO 3agayy Kouumu:

t=0: x=ux4(e), d_“t =0. (5.10)

dt’

3ameTuM, 4TO BeJHUHHA Xo(e) TaKXKe 3apaHee Heu3BecTHa. Mrtak,
Mbl MpPHILIM K 3ajaye OTBICKAHHS YHcAa Xo(e) M MepHOLHYECKOro
pellleHHs ypaBHeHus (5.9) nepuona 2m, KOTOpOe onpejensieTcss 3THM
yucaoMm. PeileHne takoi 3amaun GyneM HckaTb B BHAe psjla, pac-
MOJIOXKEHHOrO MO CTeNeHsAM NMapaMeTpa &,

x=xO+4ex) (1) +e2x@ (1) + (5.11)
DyHkuMH x() yIOBAETBOPAIOT CJEAYIOLHM YpaBHEHHAM:
2,.(0)
ddxﬁ +x® =0, (5.12)
d2x(n dx(o) \
o x =F(x‘°’, L) - 22009, (5.13)

Buinuumem obuiee peiieHne ypaBHeHus (5.12)
2@ =ccost+dsinT,
Ho B cHay (5.10) d=0, T. e.

x© =ccosn. (5.14)
BeauynHa ¢ — aMIUVIHTyJa NOPOXAAIOUEr0 PelIeHHs — HaM HeH3-
BecTha Ha 3ToM ware airoputMa OHa OCTaeTcsi HeOMpeNeNeHHOM.

Paccmotpum Tenepb YypaBHeHune (5.13) Ero MoxHo nepemucatb
B BHIE

2, (1)
%+x(”=l"”—2glc cos 7, (5.15)
rie
F1 = %F(c cos T, — Ac¢sinT)

fAIBJISETCA HEKOTOPO# mepHoAHYecKoH ¢yHnkuned t nepuona 2x. s
Toro utoGbl ypaBHeHHe (5.15) monyckaJjo MepHOLHYECKHE pellleHHs,
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HeoOXO¥Ma M JOCTAaTOYHA OPTOTOHAJILHOCTbL MPaBOii YaCTH 3TOro
ypaBHeHHsl QYHKUHAM Sin T H COS T:
2%

l(c)Ef F (ccost, —Acsint)sintdr=0, (5.16)
0

2n
g (c)=§nlc—7Lz J F(ccost, — Acsin ) cos T dt. (5.17)
0

[lepBoe H3 3THX ypaBHeHH# npeacTaBiasieT co6ofi HEKOTOpOe TpaHC-
LleHAeHTHOe YpaBHeHHe [Jisi ONpefesieHHsi ¢ — aMIUIHTYAbl NMOPOXK-
Aaoillero pellieHHsi, YpaBHenue (5.16) Moxer BooGlle He HMeThb pe-
weHHH. Ato Gyser B TOM cCayyae, korga cucteMma (5.5) He Aony-
CKaeT aBTOKoJeGaTe/NbHbIX peXHMOB, HanpWMep B TOM CJayuae,
Koraa cugaa F apasiercs AuccunatusHof. ¥YpaBueHue (5.16) Moxer
HMeTb KOHeYHOe YHC/IO pellleHHHA, Kak 3TO GbLIO B MpHMepe, pac-
CMOTpeHHOM B M. | 3toro naparpacda. ¥YpaBHenue (5.16) Moxert oka-
3aThCA TOXJAECTBOM, CpaBe/iuBbIM AJs JNio6Goro 3HaueHHs ¢, Takasn
CHTYallHsl HMeeT MeCTO BCAKHIl pa3, KOrjia «Bo3Myllawilas» (yHK-
uua F aBsaserca koHcepBaTHBHOH. B caMoMm gene, nycts F=F (x);
TOrAa

on
I(c)= f F (c cos 1) sin T dr.
0

®dyHkuns  F(ccost) —ueTHas nepHOAHYecKas (QYHKUHA T Ie-
puoga 2n. CnefgoBaTenbHo, OoHa paanaraetcs B psj Pypbe, comep-
KalllHil TOJIbKO COS RT M, C/lefloBaTelbHO, B CHJY OPTOTOHAaJbHOCTH
sin T u cos kTt aas Jo6oro k

I(c)=0.

YcnoBuMes B AafibHeHlleM CYHTAThb, YTO ¢ — 3TO OTIMYHBIA OT HYJ#
kopeHb ypaBHeHus (5.16) kpaTHoctu eaunuubl *). Torma ypaBHe-
nue (5.17) onpenensier efAHHCTBeHHOe 3HayeHHe gq(c). Takum obpa-
30M, Ha 3TOM LIare a/jropHTM MNO3BOJsieT ONpPefeHTb AMIIHTYAY
MopoXAalollero pellleHHs W MepPBYIO MOMPaBKYy Ha 4YacToTy, T. e.
NMOJIHOCTbIO PacCYHTaTh HyJeBoe NpHOaHXeHHe. Ecan orpannuntbes
Hy/J1eBbIM NPHOJHIKEHHEM, TO Mbl MOJYYHM MPHONHIKEHHOE pelleHHe
B BHIe

M
© — M
X €Cos T+ (5.18)

*) MoryT 6uTb paccMoTpeHb H Gojee ofuine cayuan. OfHaKo npH 3TOM
MOXeT OKa3aTbCfi, YTO pelleHHe HeAb3s npeacTasuth B BHAe psaaoB (5.11):
dyukuus x(c) moMkHa ObiTb npeiCTaBleHa B BHAE PAJA, PacNONOKEHHOro M0
LPOGHBLIM CTEMEeHAM Mapamerpa C.
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Bepnemcs Tenepb cHoBa K ypaBHeHuwo (5.13). OnpepenuB ¢ H gy
u3 ypaBHeHH# (5.16) u (5.17), MBI NPHLUIH K YpaBHeHHIO, B KOTO-
poM npaBasi 4acCTh — 3TO NEPHOAHYECKas (QYHKUHsS BpeMeHH. IT1a
GbyHKuus o6najaeT TeM CBOHCTBOM, YTO OHa He COJAEPXKHT mepBhIX
YjieHOB pasjoxeHHs B paa dypbe. yPaBHeHue (5.13) Tenmepb MOXHO
nepenucath B BHIe

2,.(1)
d;T, + xM = Foo+ Fogcos 2T + Fip8in 21 4 Fyycos 31 4+

rae Fij; — HEKOTOpble H3BECTHbIE YHCA.
Ero pelueHne umeer BHJ

=gy (v) +M, cos t+N;sinr, (5.19)

rae @i(t) — nepHoaHyecKas (YHKUHSA, Pas3jiokKeHHe KOTOPOH He co-
JepKHT Sin T u COS T;

F, Fiy . F
W =F —Lo2 — fu R il -
Qi =Fgp——3- €08 2T — —=sin2t— ... — 75 cosnt
- ginl Siﬂfl‘t—...
Oynkuns ¥ ynoBneTBopsieT yCAOBHIO
dxM )
( dv )1:-0_0’
KOTOpOE 1103BOJSieT BBIYHCAHTDL NOCTOSIHHYIO N
2 Fo+—F " _F 5.20
Ny=3Fue+gFu+...+—7Fint (5.20)

[TocrosinHas M; B 3ToM NpHG/IHXKeHHN onpelesneHa ObITh He MOXeT.
CJiefoBaTenbHO, AJIs TOrO 4TOOH ONMpejesHTh pellieHHe ¢ TOYHOCTBIO
10 uJeHOB, COlepxallluX €2, Heo6X0AHMO PacCMOTPeTh BTOpOe MpH-
GaHXKeHHe.

YpaBHenue fas x? uMeer BHA

2,(2)
d;t, +x® =F® —~2g,cos, (5.21)
rae F dx(
(2) — — (1) T or x x (2
F 2gx + + ,L o7 it Fos

npHyeM Ff)—q)yﬂxunﬂ, He cojepxkauias BeJHYHH gp H £
1 aF axU

T & Ter o P2

— — y0g2
Ff)— x0g?

3pech x’ o3HayaeT MNpOH3BOAHYI0 MO aprymeHTy T. PyHkuun F,
OF/0x u OF/0x’ BHuMCaAeHH NpH x = x'©,
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TpeoGpasyem ypasnenue (5.21), 3amenus B HeM BeauunHsl x(¥
n ¥ ux soipaxenusamu (5.14) u (5.19):

d2x (2
2

+x‘2)=—2ggccos1:—2g,M1cos'c—2g.lein1:+
+ = 7\.2 ax (M,cost+N,sm1:)+

+}.2 ax( Misint+Nycost) + FZ, (5.22)

rue

_ 1 I OF dg
F(2) FP ~ 28,9, + 77 Ox ¢+ 7o o
fiB/sleTCs U3BeCcTHOH ¢GyHKuMell BpeMeHH. 3aMeTHM, YTO BeJHYHHA
Ni, Bxoasalas B ypaBHeHHe (5.22), TakXKe H3BecTHa, OHa ompeje-
nsiercst popmynoit (5.20).

BhinuuleM Tenepb YC/AOBHSI CYLEeCTBOBAHHSI NePHOAHYECKUX pe-
iweHnfi. UX MOXHO mpencTaBuTh B cjelyiOllleM BHIe:

25

—-2g2—2g.M.+WJ (-g;cost A,aF, sln‘t)costd‘t-l-
0

N, oF . 9F )
+Wf (Wsmt'l'l‘ax' cost)cosTdt +

25

+—;—j Ff‘?cosrdt=0,

0

on (5.23)
—2g,\N; + M’, f (OF cost—A 2L a = sin ‘t)Sln‘tdt-l-

+ =3 :W f (—‘Esmr+k—cost)smtdt+
0

2n

+ Lnf F?sintde=0.

0

[TpeoGpasyem ypaBHenus (5.23). CHauana paccMOTPHUM BTOPOil HH-
TerpaJ, BXOAALIUA B NepBOe H3 3THX YPaBHEHHH, U MPOMHTErpHpPYyeM
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€ro no 4yacram:

2n

N, oF )
-M—zof (a sint+ A2 PP 9F cost)cos Tdr =
2n
N, f dF (ccos v, —AcsinT) _
= mzc& dt costdr=
2n
- M i . _
== f F(ccost, —Acsint)sintdr=0,

0

NOCKOJIbKY aMININTYJAa ¢ fABJAETCA KOpPHeM ypaBHeHusi (5.16). ITpe-
o6pa3yeM Temnepb MepBbLIH W3 HHTErpasioB, BXOAALIMX B 3TO YpaB-

HEHHE!
2n

M oF oF .
I, = Y f (WCOS‘IT Awsm t)cos'tdt.

D,J'lﬂ 3TOro 3aMeTuM CHayvana, 4To

0F (c cos T, — Ac sin T) OF -AB’—:- i
ER = % COST ox sinw,

T. €. BbipaxKeHHe Iy MoxkHO fepenucaTtb Tak:

21

M J’ oF

I=—+ 7S ——cos T dt.
0

PaccmorpuMm tenepb paBenctBo (5.17) H nepenuiuem ero B cJeayio-

et ¢opme:

n

f Fcostdr=2g,cM,.

0

M,
A2

JuddepeHunpys 310 BoipaxKeHHe MO ¢, NOTYYHM
Iy =2g:M; +2cM, 28

Takum o6Gpasom, mepBoe H3 ypaBHeHH# (5.23) B OKOHYaTe/NbHOM
BHje GyneT HMeTh caelyiollyio opMy:

2n
=M 4y L[ coscar, (5.24)
0

2nc
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[peoGpa3syem Tenepb BTOpoe ypaBHeHue (5.23). [Ipexnae scero me-
penuuieM €ro B BHIe

2n 2n
M, [ oF . N J'O_F .
—2a\N:1 + 53 J 5. sin tvdt e ; = sintdv +
0

*%

2n
+%J‘ F?sintdt=0.
0

Ucnonnays (5.16), noayunm
2n
aF . dl
J‘ 37 sin+ dv = e
0

Janee
21

2n
1 aF . _ =1 J‘ _
WJ‘ Fsm‘l.'d't— vy Fcostdr= —2g,.
0 0
Takum oO6pa3oM, B OKOHYaTeJlbHOM BHAE 3TO YpaBHeHHe Oyier
MMeTh CAeAYIOUHil BUA:

| dl _

21
M,z 4L of F® sin v dx. (5.25)

Tak Kak ¢ — npoctoit HyAb ¢yHkuuu [(c), 10 dl/dc+#0, u ypasne-
Hue (5.21) ompenensier eauHcTBeHHOe 3HaueHHe M. [locne onpene-
NeHus M, BenuuuHa gp OnpefensieTCsi TaKXe eNMHCTBEHHBIM o0pa-
3oM no ¢opmyae (5.24).

Onpenenus M; u gz cornacio (5.24) u (5.25), Mul obecneunm
paspeuiuMocTh ypaBHeHus (5.21):

x® =@y (t) + My cos T+ N sin,

rie @z2(t) — HeKotopas mepuoauveckas ¢yHkuua t nepuoaa 2mu. [lo-
cTosiHHaa N onpelensieTcs U3 YCJAOBHUSA

dx®
( dv )1-0_0

[NMoctosunasn M, B 3TOM NpHGJHKEHUH OCTAETCA HeOoNpeleseHHOH.
Ecid Mbl XOTHM NOCTPOHTb pellleHHe, YUMThbiBalollee BTOPOE MpPH-
GuXKeHHe, TO HYKHO pPaccMOTpPeTb TaKXKe M TpeTbhe MNPUO/IHKEeHHe
HT. A

Jlerko BuaeTb, 4TO 3TOT MPOLECC MOXKHO HEOTPaHUYEHHO Mpo-
JIOJIXKHTb M BBIYMCJHUTH JI0OOH useH pa3noxeHus (b.11). 3amernm,
YTO TOJBKO Ha NMepBOM llare HamM NMPUXOAMUTCA pelllaTh HeTHHEHHOe
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ypaBHeHHe [(c) =0, koTopoe uMeeT, BOOGIe rOBOPs, NMPOH3BOJNbHOE
KonuuecTBo peieHuil. Ho onpepennB aMNHTYdy NOpPOXKAaloLLero
pelleHHsi, Mbl B Ja/jibHeillleM HMeeM [AeJO0 TOJNbKO C JIMHEHHBIMH
ypaBHEHHSIMH H Bce OCTa/bHble HCKOMble BEeNHYHHBl ONpeaensTcs
OJHO3HayHO. 3aMeTHM elle, 4TO Hali/leHHOe pelleHHe YIOBJIETBOPSAET
CleyIOIHM Haya/bHbIM YCJIOBHSIM:

dx

=0 x(0)=c+e(p:(0)+ M)+ (g, (0) + M) +

rie ¢— 3710 KopeHb ypaBHeHus /(c)=0. O1o peuienne npu e=0
MepexoJHT B pellleHHe ypaBHeHHs

i+A2x=0, (5.6")
onpeaeneHHoe Ha4aJlbHbIMH YCIOBHAMH
x.0=0v x0=C,
T. €. B pellieHHe
Xx=c cos AL.

Pagb (5.11), kak 3to nokasan IlyaHkape, cxoasitcs Ana jocTa-
TOYHO MaJibiX 3HAYeHHH mapaMerTpa e.

4. AJNropMTM NMOCTPOEHHs aBTOKOJEGATENbHBLIX PEXHMOB B CJy-
yae CHCTEM, OGJM3KHX K KOHCEpBATUBHBIM. PaccMoOTpHM Tenepb
o6wuit cayuyait ypapHenus (5.5). ITepnoa uckomoro penenus Gyger
cHoBa ¢yHKuHeit Manoro napamerpa €. Kpome Ttoro, oH 6yner 3a-
BHCETh OT TOrO, KaKOH OKa)KeTcsi aMIJIHTYAa MOPOXKIAIoLero pe-
weHus ¢, 1. e. T=T(c,e). Ilepron u uactora 3toro KoneGaHus
OyAyT aHaAUTHUYECKUMH (GYHKUHSIMH 3THX napaMetpoB. ITosnoxum

A (c)
1 +eg;(c) +e2g2 (c) + ’

o, &)=

rae A(c) —uyactotra kKosneGaHHil «nopoxpaatouiero» peiueHns. Cpe-
JlaeM Jajiee 3aMeHY He3aBHCHMOTO NMepeMeHHOro

T
= (l+ge+ ).
VpasHenue (5.5) npumer Tenepb BHA
dz".,.wf(x):g}:(x; dx _ Alo) )(1+g|3+.-~)2

vt AZ(c) dv T+gie+... AZ () :
(5.26)
[Tpn e=0 ypaBuenue (5.26) nepexonuT B cienyiolee:
)
2x@ | [ o (5.27)

dz? A2 (c)

3aMeTHM, 4YTO AJIsi JOCTATOYHO MaJibiX 3HauyeHHil ¢ Bce penieHusA
ypaBHeHus1 (5.27) nepHoJHueCKHe, MPHUeM MEPHOJ ITHX pelleHni
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paBeH 2m M He 3aBHCHT oT amMmautyasl ¢. CornacHo pesynbrataM
§ 3 370l rnaBbl peuleHHe ypaBHeHHs (5.27) MOXHO NpeACTaBHTb
B BHIe

xO=¢ cos T+ A, (T) + (5.28)

rae ;(t) — nepHoauueckHe ¢yHkuuu t nepuona 2mx. O6e npous-
BOJHbLIE

©
0 (e, 1) = 2 = cos T+ 203 (1) + 3% (9 + ..., |
t (5.29)
(
PP (¢, 1) = a’;:) = —csint+¢? —d"’;tm +

6yayT nepHOAHYECKHMH (QYHKUHAMH T nmepHolda 2n. Mcnonb3ys 3710
06CTOSATENILCTBO, Mbl MOXKE€M IMOCTPOHTH AJTOPHTM BbIYHCIEHHS Me-
PHOAMYECKHX peuleHHi, cienys cxeMme, koTopas Oblla HCNOAb30BaHa
B MpeAblAyLIeM MYHKTE 3TOro naparpada.

[TeprHonnyeckoe pewenue cucteMbl (5.26) 6ynem HckaTh B BHAE
paaa (5.11). Tonoxum

oo

x= 2 elx®,
=0

IOas oyukuuit x) 6yseMm MMeTb cjaelylOUIHe ypABHEHHS:

d2x(0) 1
dx.rz =T A f(x(o))» (6.27%)
%0 1 (4f 0 =L pfg0. 429, _ 1 ©
Tt me (a5 = (2% ) - e @7 ()
(5.30)
H T. O.

Oyukuuu @ ynosnaerBopsior ycnoBuaM (5.10). [Tepuoauueckoe
peulenHe ypaBHeHHs (5.27) nepuoma 2m, yAOBN€TBOpsiIOllee YCIO-
BHI0 (5.10), 0603Ha4YHM yepe3

x0=Q(ec, 1),

rae mocTosiHHas ¢ B 3TOM NPHOMMXKEHHH OCTaercs HeomnpeaeneHHON.
Paccmotrpum Temepr ypaBHeHHe (5.30). Tak Kak ¢yHKuus
Q(c, 1) nABAAETCA NMEPHOAHYECKOH (QYHKIHEeH T nmepHoaa 2w, TO mpa-
d
Basi 4acTh 3TOr0 YypaBHeHH H GYHKUHUSA (%) TakXe fB-
x=x°
JIAIOTCA NMePHOIHYECKHMH GOYHKUHAMH T NepHopa 2.
YpaBHeHHe
E (4 s
dt? A2 dx x=x®
fiBJIfleTCl YPaBHeHHEM B BapHauuaX Ias ypaBHeHus (5.27), u ero
dyHnameHTasbHHe peuieHHs — QyHKunu P u  P® — H3BECTHHI.
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Ouu onpegensiiotcs dopmynamu (5.29) u ABIAIOTCA NepuHOAMYE-
CKHUMH GYHKUHAMH T NepHoaa 2.

Ins toro uto6bl ypaBHeHue (5.30) MMeso nepuogMYECKHE pe-
LIeHHs, HeoOXOAMMO H JOCTaTOYHO, 4TOGBI MpaBas YacTb 3TOrO
ypaBHeHMs Gblia opToroHadbHa GyHkuuaM B u $@, 1. e. uTOGHI
OHa Y/JOBJIETBOpsia YCIOBHAM (2.22)

2w n
0@ ] 1@ @ = [ F(Q, 192) e @y ds,

o W (5.31)
gl(c)f F(Q)$® (r) dt = f F( Q. xf,—f) $? (1) dr.

0 0 r

[Tonyyena cucTeMa ABYX TpaHCIEHIEHTHbX ypaBHeHuit (5.31) ort-
HOCHTEJIBHO JBYX HCKOMbIX BEJHYHH: «aMIUIMTYIbI» ¢ M «IONMPaBKH
Ha yactoTy» gi. OnpemesquB 3TH BEJHYHHBI, Mbl MOXEM HailTH pe-
IeHHe Halled 3ajauyl B HYJEBOM MPUO/HKEHHH

_ Ae)t
X = Q(c, Tree, @) ) (5.32)
Ins toro yroGul nonyuuthb ¢yHkuuio (5.32), Mbl HOMKHBI GbLIH pe-
LUIMTb CHCTEMY JABYX YpaBHEHHUH, B KOTOpble g; BXOAHT JIHHEHHO.
HckiniouuB 3Ty BEJHYHHY, Mbl MPHXOAMM K HEKOTOPOMY TPaHCIEH-
JNEeHTHOMY ypaBHeHHI0. KaXoMy KOpDHIO 3TOro ypaBHEHHs OTBedaeT
OJHO BMOJIHE OMpeAe/eHHOe 3HayehHe MOMPaBKH Ha yacToTy gi(€).

Ilpoueaypa NOCTPOEHHs NoOCAeAYIOUHX NPUOIAHIKEHUHA COBep-
LIEHHO fiCHAa, OHA HABJSAETCH MOYTH [JOCJOBHBIM MOBTOPEHHEM MNpO-
meaypbl, pacCCMOTPEHHOH B NMpeAbIAYylleM NMYyHKTe 3Toro naparpada.
Ecnu ¢ ABaseTcs NPoCTHIM M OTIMYHBIM OT HYJs KOPHEeM ypaBHEHHS
(5.31), To pacueT KaxKmOro mocjenywollero NpuGIHKEHUs CBOXHTCH
K pelLIeHHIO JHUHEHHbIX YPaBHEHHH U 3TH yYPaBHEHHs Bcerja paspe-
IIHMBI.

IpuMeuaHue. YcioBue, YTO ¢ sBJsAeTCHA NPOCTHIM KODHEM,
cyuiectBeHHo. OTKa3 OT 3TOro YCJOBHSA PE3KO YCJOXKHAET TEOPHIO M
JeJlaeT H3JOXKEHHYI0 cXeMy pacyeta B oflleM c/yyae MpPOCTO He-
BepHoil. Pa3noxenus tuma (5.11) nepecraior ObiTb crnpaBeiu-
BbiMH. PeleHHss nmpeacTaBHMBI B 3THX CJydasix B BHAE PsAAOB, pac-
MOJIOXKEHHbIX Mo APOOHBLIM cTenmeHsiM mapaMerpa e. MajoxeHue
noJ06GHbIX TEOPHi MAJeKO BLIXOAMT 3a PaMKH 3JeMeHTapHOoro yueb-
HHKA, KAKHM fIBJISIETCA 3Ta KHUra.

5. Mpumep. B KavecTBe mpuMepa sl NPUIOKEHHH MeTOLOB
fRanHoro naparpada paccMorpum H3BectHoe ypaBHenue Baw-mep-
[oas

F+Mx=¢(l = ax?)z (5.33)
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H NOCTPOMM €ro BO3MOXHble NepPHOJHYECKHE DPEXHMbl B HYJIEBOM
npubnuxennu. Tlocne npeo6pa3oBanus (5.7) ypasuenue (5.33)
IPHMET BHJ

d%x
dz?

_t_i£|+g,e+.... (5.34)

+x(1+2ge+...)=¢(l —ax?) e %

PasbickuBas pemeHue B BHAe psaga (5.11), rae dyHkuun x® yno-
BaeTBOpaIOT ycinosuaM (5.10), Mbl HaiaeM, yTo

x® =ccosm,
a x ynoB/eTBOpsIeT YpaBHEHHIO

daze(
dv?

fx0=—L (1 —ac?cos?t) csint —2g,ccost. (5.34)
A

PacknaaniBas npaByio uacTh ypaBHenus (5.34°) B psa Dypee,
MOJIy4HM

W
dzz‘ +x®M = — _%_{sin 1,-(] —":2) sin 3¢ af } 2gccos .
(5.35)

Jns Toro uto6ul ypaBHeHHe (5.30) HMeJsio mepHOJAHYECKHE pelleHHs
neprosna 2rx, HeoOXOAHMO H JOCTAaTOYHO, UTOOB! pa3JioxkeHHe NpaBoOf
yacTH B paa ®ypbe He comepiKasio NepBblX MADMOHHK, T. €. YTOObI
Ko3pduuMeHThl NpPH Sint W cost OblIM paBHbBI HYyMO. DTO Jaer
JlIBa ypaBHEHHs AJIS ONpeJiesIeHHs ¢ H g1, OTKyJa

[e1=0,
gl=0y C={ _ 2
=7~

Takum o6pasoM, ypasHeHHe (5.35) HMeeT 1nBa CTallHOHAPHBLIX pe-
KHMa

5=0, x,= COS T. (5.36)

2
Va
[lepBbiji H3 CTAalHOHAPHBIX PEXHMOB — 3TO COCTOsiHHE NOKos. Bro-
PO CTalHOHAPHBIA pexHM — 3TO PexXHM aBTOKoJeGaHHii.

Mbi BuauM, uTO ypaBHeHHe (5.33) momyckaeT aBTOKosieGaTelb-
HBIi PEXHM TOJILKO B TOM CJy4ae, KOrAa a MOJOXHTENbHO.

6. ABTOKOIe6aHHA B KBa3HJMHEHAHBIX CHCTEMAaX CO MHOTHMH
creneHaMu cBoGoabl. Hccnenosanue aBsrokosieGaHuili B cucTeMax
GosblIoro yucjaa creneHell cBo6GoAb CTaJKHBAETCH C LEJAHIM PAJOM
TpynHoctesi. IIpexae Bcero, ata Teopus ouenb rpomosaka. Kpome
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TOro, IOCTAaTOYHO obllee H3/0XKEHHE TaKoH Teopud TpebyeT npeaBa-
PHTEJNBHOTO H3YYeHHs Psfla BONPOCOB TEOPHH JIMHEHHBIX ypaBHEHHH.
[TosToMy 3aech Mbl OTPaHHYHMCH PaCCMOTPEHHEM OJHOH YacCTHOH
3aJlayd 3TOH TeOpUH — 3afaud 06 aBTOKO/NeGaHHAX KBAa3HJIMHEHHOR
CHCTEMbl B TOM CJyyae, Korja MOpoxJalollas cucTeMa KOHCepBa-
THBHaA.

Hcnonb3oBaHue KaHOHHYECKHX MEPEMEHHBIX MO3BOJISAET OrpaHu-
YATbCA PaCCMOTPEHHEM CJEAYIOLIEH CHCTEMbl yPaBHEHHA:

X, +Mx, =eF (x, X, Xy x,)
(i=1,2, n). (5.37)

IIpn e=0 B 3To#l cucTeme CYLIECTBYIOT MEPHOAMYECKHE pellleHUA —
riaBHble KOJI€6aHHA C YaCTOTaMH A;, [O3TOMY B DaMKax TeOpuH
MaJIoro mapaMmeTpa HMMeeT CMBLICA cielylolllasi 3ajaya: ONpPedeqHTb
BO3MOXKHbI€ NepHOAHYecKHe peuleHHs cucTeMbl (5.37), KoTopble NpH
¢ — 0 mepexolsAT B OAHO U3 TJIaBHBIX KoJieOaHHIM CHCTEMBI

¥, +Mx,=0 (i=1, 2, n). (5.38)
Ilnsi onpeneneHHOCTH YCJIOBUMCS Pa3biCKHBaTh MEPUOJHYECKOE pe-
weHHe cucreMmbl (5.37), mepexoisliee B nepBoe rJjaBHOe KoJseba-
uue cuctembl (5.38). YcsioBHMcs mpH 3TOM, 4TO Bce A; B3aHMHO

npocThie.
CnenaeM 3aMmeHy He3aBHcHMoOro nepemeHHoro (5.8):

t=%(l+gla+g282+ )

[MTocne 3Toit 3amMenbl cHicTema ypasHeHuil (5.37) nmpumeT BHR

d?x
-?;-+x|(l+2g|8+ ...)=
_ dxl kl
—BFI("I' w v " Tyget
gx_n A:] l+2g13+ “on (5,39)
T dv ldge+ ... A} ’
di, A2 1+2ge+
—x,=&F, . ———— s=2, 3, 4, n).
v’ +x‘;’ ST 22 ( ) J

Pemenune cucremn (5.39) GymeM nckaTh B BHIAE PALOB

x,=x0 +exi +eix? + (5.40)
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®yHKUHH £ yIOBAETBOPSIOT C/IEYIOUIHM CHCTEMAM yDaBHEHH:

2,0 ]
v — + =0,
di® a2 l (5.41)
—+— x9=0;
dt? A2 ]
25 ©
% x = L F (x(ﬂ)’ xO dx A
dv? 1 a3\ n Tgg
dx©
- 0
Y e A‘l 2glx( )
20 a2 1 dx© (5.42)
; P =—F ( o g0 &,
d‘l,'2 A? s A.' n dt 1
dx©
ey d‘: A‘l)_2g1x(so) (s=2’ 3, ..., n)

H T. O.
HayaJsbHble ycaoBUs Ans QYHKUHEA X; MBI JOJXKHB HalJIEXKaLIHM
o6pasoM mnopo6patb. Opnnako, HCMOJAb3ys TOT (aKT, 4TO MpaBbie
yacTH cHcTeMbl (5.39) He 3aBHCAT OT BPEMEHH, Mbl MOXeM NOTpe-

6oBaTh, 4T0ObLI NpH T=0
ax,

=0.
dv
Orciofa HaXOAHM, YTO NpH T=0
dx(k)
?=0 (k=0, 1, 2,...). (5.43)

[Tepuonnueckoe penreHue cuHcteMbl (5.41), yHoBJeTBOpsIOLlee Ha-
YaJibHbIM YCJIOBHAM (5.43), eIHHCTBEHHO H HMeeT BHJ

O=ccost, x@=0 (s=2,3,...,n), (5.44)

rie ¢ — Npou3BOJbHAs NOCTOSIHHASA, KOTOPas onpejensiercs B ce-
LyioleM NpHOJHXKEHHH.

Cuctema (5.42) c yuetom (5.44) Moxer ObiTb nepenucaHa B
cnenyiouleii ¢opme:

42 1
dz? +x0 = " Fi(ccost, 0, 0,
I
—cA;sinT, 0, 0) - 2g,ccosT,
d2 (]) A:2 1 ! ! (5.45)
d2 + — x(])—I,—F s(ccost, O, 0,
—chysint, O, 0 (s=2,3,...,n).]
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Onas Toro utodbl cucteMa (5.45) HMena mepHOJHYECKHE PellieHHs,
Heo6X0JAHMO H AOCTAaTOYHO, YTOOBI

25
_[ Fi(ccost, O, 0, —cAysint, O, 0)sintdt=0,
0

1 ' (5.46)
= 2meAl

2n
g I Fi(ccost, 0, 0,
0

—cAsint, 0, 0) cos T dt.

[TepBoe M3 3THX YpPaBHEHHH CAYXKHT AJs. ONpeJeseHHst aMMJIHTYIAbI
NOpOXKAAIOILEro ryaBHoro KosaebGaHHsi, BTOpoe ompelefsieT MepBYIO
nonpaBky Ha uyacTtory. OmpejenuB 3TH BeJHYHHBI, Mbl HAaXOAHM
dyukunio x{¥ B Buge (5.19), npuuem N, Moxer GbiTb ompesesieHa,
TakK KakK 37a OQYHKUHs [OJKHA YAOBJETBOPATb YyciaoBHiO (5.43).
Hrak,

V=g, (t)+ M, cost+ N sint,

rie GYHKUHS @i — HEKOTOpasi BIOJHE onpejeneHHast MepHOAHYe-
ckas ¢yHkuus, My — nocrosiHHasi, KoTopasi onpeiensieTcs H3 cje-
Ayiolero NpHbaHKeHHU . )

Pewenne ypasHenus ans x umeer Bua

x =g, (),

rae @s(t) — BnoJHe onpejejeHHble NepHOAHYECKHe (YHKUHH Tne-
puosa 2n. AHANOTHYHO BBLIYHCAAIOTCSH H OCTaJjibHble YjeHbl pasJo-
Kenus psjoB (5.40).

MpuMmeuaHHue. [lns nocTpoeHHs! MEPHOAMUECKHX pelieHHH Mbl
HCMO/b30BaJAH KaHOHHYeCKOe mpejCcTaBJeHHe MNOopoXAaloueid cH-
cteMbl. B Takoii dopme Bce BbIUHCIEHHS] 3HAYHTENbHO YNPOLLAIOTC.
PasyMeeTcsl NpH pelieHHH KOHKPETHbIX 3ajay B Mpoleaype npeisa-
pHTE/NbHOrO BbI6OPAa KAHOHHYECKHX MepPeMeHHbIX Heo6X0AHMMOCTH HeT.

§ 6. Meron I'. B. Kamenkopa

B npeabiaymux naparpadax OblJIH H3.TOXKEHbl METOAbl OTbICKa-
HHSI MEePHOAHUYECKHX PeIUeHHH; HCMONb3YIOUIHe pa3/ioXKeHHe B Psjbi
ClenHadbHOro BH/AA, PacrnojioKeHHble MO CTEMNeHsiM MaJoro mnapa-
MeTpa. DTH MeToAbl OblIH pa3paGoTaHbl B KOHIE MPOULIOTO Beka
JIanyHoBbiM H [lyaHkape H MOCAYXH/IH HCTOYHHKOM MHOTOYHCJIEH-
HbIX HccaenoBahui. MHOM NoAxold K peuieHHIO 3THX XKe 3afay Gbii
npeanoxeH cosceM HemaBHo I'. B. KamenkoBbiM. dToT MeTod o6na-
JaeT BbICOKOH 3PQPeKTHBHOCTbIO. Ero BO3MOXHOCTH, MO-BHIAHMOMY,
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He HCHepNBbIBAIOTCS TeMH 3ajayaMH, MJIs KOTOPbIX OH Obll CO3AaH.
HOas unmoctpaunu meroaa I'. B. KamenkoBa paccMoTpuM ABe mpo-
cTeflllive 3aflayH OTHICKAHHS NEPHOAHYECKHX pelIeHHH, orpaHH4YH-
Basicb MPH 3TOM H3JIOKEHHEM TOJBKO (OPMa/bHOH CTOPOHBI BO-
npoca.
1. Ksasuauneiinas treopus, Teopema I'. B. Kamenxosa. Paccmor-
pHuM cucteMy auddepeHuHaNbHBIX YPaBHEeHHH BHAa
x=—Ay+pXi(x, y) +wXa(x, y) + }

§=Mx+pY, (5, §) +piYa(x, o)+ ©.1)

rae p — MaJblii napamerp, X; H Y; — ofHOpPOAHBIE MOJUHOMH OT-
HOCHTE/IbHO MePEeMEeHHBIX X H Y.

Ilyetb x=0 u y=0— eguHcTBeHHas oco6asi TOYUKA CHCTEMBHl
(6.1) ans poctaToyHO MaJibIX 3HaYeHHH mapaMerpa W.

BBeaeM nosisspHble KOOPAHHATHI

x=rcos 0, y=rsin@ (6.2)

M cocTaBUM AH(depeHIHaNbHEIE YPaBHEHHs, KOTOPbIM YAOBJIETBO-
pAlOT HOBble He3aBHCHMble mnepeMeHHble r H 0. Hduddepenuupys
(6.2) u ucnonb3ya (6.1), monyuum

Fcos@—r0sinB= —Arsin0+pX,(rcos 0, rsin8) +

+ u?X,(r cos 8, rsinB)+
FsinB+r0cos0=Arcos8+pY,(r cos 0, rsinB)+

+ u?Y,(r cos 6, rsinB) +

Paspeiiasi 3TH ypaBHEHHs] OTHOCHTEJbHO 7 H O, MBI NpHAEM K CH-
cTeMe YpaBHEHHH cJiefyIollero BHAA:

F=uR,(r, 6) +WR,(r, 8) + }

0=A+uF(r, 8)+n’Fs(r, 6)+ (6.3)

rae
R, = Xu(rcosB, rsinB) cos 0+ Y, (rcos®, rsinb)sing,

F, = -:- [Yp(rcos®, rsinB)cos 6 — X, (r cos 6, rsin 0)sin 0],

GYHKUHH Ry M Fjp — NOJIHHOMBI OT 7 HEKOTOPOH CTENEHH m,

R, =rRV®)+rR®(®)+  +r™R(™) (p),
6.4
Fo=FO@) +rFO@)+  +rm-iF(™) (). (6.4)
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3nece ¢ynkunn RY u FY — ekoTopsle MOMHHOMBI OTHOCHTENBHO

sin® u cos 0.
OnpepenuM ¢pyHkuuio V (r, 6) npy nomoluH paseHCTBa

r=V+uul+viuP+  +vmU™)+
+R2 (VUL +VvUR + +V™U) + (6.5)

‘tae UY — HEKOTOpbie MOJIHHOMBI OTHOCHTENbHO Sin @ u cos 6, koTo-
pPLIMH Mbl GyleM pacnopsikaTbCi B Npoliecce peLleHHUs 3aJayH.
3aMeTuM, YTO AAfA HOCTATOYHO Maanix p ¢yHkuua V, onpeze-
JieHHasi MPH NOMOILH paBeHcTBa (6.5), 6yIeT onpeaesieHHO NOAOXKH-
TeNbHOI ¢ YyHKIIHell r, KaKoBO 6bl HH GHJIO 0.
Paspeuins ypashenue (6.5) otHocutennHo V, moayuum

V=r+pVi(r, 8) +p2Vy(r, )+ (6.5

Tak kak U; — nonnHoMbl ot sin® u cos®, to u ¢yukunu V; —
TaKXe MOJMHOMBI OT Tex Ke BelHuHH. B aTOM serko y6Genutbes He-
nocpeicTBeHHOll NpoBepKo#, paccmatpuBas (6.5) Kak ypaBHeHHe
OTHOCHTeNbHO V M pasbicKHBasi ero pelleHHs B ¢popme pajga (6.57).
Takum o6pasom, ¢yukuus V(r, 0) B o6ieM cayvyae Gyler nepHOIH-
yeckoil pyHKIHelt O nepuona 2m.

BepHeMcs Tenepb K BhipaxeHH0 (6.5) u nonoxum B HeM V=c,
rie ¢ — 3aflaHHas NMOCTOsIHHAs, TOTAa MBbl OJYYHM

r=®(, p, 0)=c+plUP+ +c™mUM™) + W )+ (6.6)

rae @ — nepHonuueckas ¢pyHkuua 0 nepuona 2x. YpasHenue (6.6)
JnpelensieT B 3TOM cjaydyae B $a30BoH NIIOCKOCTH HEKOTOPYIO 3aM-
KHYTYI0 KpHBYIO — UHKJI. TakuM o6pasoM, /151 L1aHHOH KOHKPETHOH

cHcTeMbl GYHKIHI UY kax oMy snauennio ¢ gopmyna (6.6) cTaBuT
‘B-COOTBETCTBHE B ()a30BOH NJIOCKOCTH HEKOTOPYIO 3aMKHYTYIO TPaeK-
topuio. Ha ocHOBaHHM 3aMeuaHHsi, KOTOpOe Mbl CHEJSaJdH NPH Bbl-
Bode (6.5”), Mbl MOXKeM yTBepKAaTh, YTO AJSl AOCTATOYHO MaJBIX f,
JIBYM Da3/iHYHbIM 3HAYEHHAM MOCTOSIHHOH ¢ OTBeualoT ABa Hemepe-
ceKalolUuxcst LHKJIA, NPHYEM LHKJ, KOTOPHIi OTBeyaeT MeHbLIEMY
3HAYEHHIO MOCTOSIHHOM, JIEXKHT BHYTPH JpYroro HHKJa.

Unesn, nexamas B ocHose Metoda I' B. KamenkoBa, coctout B
ciaenyoueM. [TpeanonoxuM, uTo HaM ydanocb nNoAo6paTh MepHOdH-
yecKHe (GYHKUHH vy (0) TakuM o6pa3oM, yTo mpou3ssoiHas dV/di,
BbIYMC/IEHHAsi B CHAy ypaBHeHHit (6.3), 6yner paBHa O, 1. e. V 6y-
IeT HHTerpajom JABHKeHHs. Torja Kpueas, 3alaHHasi ypaBHeHHeM
(6.5), 6Gymer HCKOMBIM MEePHOJHYECKHM PelleHHeM.



§ 6] METOA . B. KAMEHKOBA a9

IMpoanddepenuupyem (6.5) B cuay ypasHenuh (6.3)
plrRV@+  +mRM O] W RO+ .+ r""R‘"‘”(B)] +

du(l) U(2’ (ml)
+ H+p[vx + VA —+ +V”"x ]+
du{ dU(”") dug®
2\ —g-Fi+ +v™ Fi+VAa—2+
CE
dU(”‘”
+ V™ — ]+p3[...]+ 6.7

rae
H=1+p(U" +2vU?, m V™ U™) 4

+u’ (U + +mV™ ' UT) + (L )+ (6.8)

3ameruM, 4To AN JOCTaTOYHO MaJbelXx p BeawuuHa H ctporo
Gosblle HYJs. 3aMeHUM B paBeHcTBe (6.7) BeNHUHHY 7 MpPH MO-
mowu (6.5); Torma (6.7) MOXKHO TpHBECTH K CJedylOlLeMy BHAY:

w | (" i
H7=in[R(ll)(e)—l_l]+ [ (2)(9)_ ]+
du(mn) ' [ A dU(l)

du(ﬂh)
Lym™ [Rgnz) (6) — A _%] } + (6.9)

UcnonbsyeM Tenepp npou3Bos ¢yHkuui UY u pacnopamumcs umu
Tak, YTOGbl BhIpaXKeHHs, CTOslliMe B KBaJApaTHbIX ckoOkax, OblIH
HEKOTOPLIMH MOCTOSIHHBIMH YHCJIaMH. DTO 3HAYHUT, YTO (bym(mm vy

JOJI2KHB! YyIOBJETBOPATL YDABHEHHAM

du(l')
A dBl = R{(8) — g, (6.10)

rie g —HekoTOphle MOCTOSIHHBIE, KOTOpbie AOMXKHbI ObITh HaMH

ompefeseHbl TakK, YTOOH GYHKIHH U 6bln nepHOAHYECKHMH-
Oas dyukuuit V, (k>1) MBI uMeeM VDaBHeHHs, aHaJOTHYHble
(6.10), rne BMecTO nepHOAMYECKOH PYHKUHH RY cromt HeKoTopast
cymma ¢YHKLIHH RS (8) u HexoTOpo# ApYro#i mepuomMuECKOd dyHK-
ILIHH, KOTOpasi MOXeT GbITh BHIYHC/IEHA.

d)ym{mm U pomXHB y/iOBJIETBOPATh YpaBHEHHAM (6.10). Ho
C Apyrofi CTOPOHBI, OHH LOJXHbl ObITb MEPHOAHYECKHMH, a Asl
3TOro HeoGXOAMMO M JOCTATOYHO, 4TOGHI CpeflHee 3HayeHHe MPaBOMH
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YacTH 3a NepHoA 2; Gbi/io PaBHO HYJIO. DTO VC/IOBHE €IHHCTBEHHBIM
o6pa3oM ompesessieT nocTosHHylo g B BHIe

2n

g =5 | RV (8) do. (6.11)
0
W3 aHa/OrHYHBIX COOGPaXKeHHH BBLIYHCJAIOTCH H ApPYrHe MOCTOsH-
noie g (k=2, 3, ...). ®ynkuun U’ ompepensioTcs Temepb KBaj-
patypo#
8
Up = f [R{" (8) — gP] d6 + cth, (6.12)
0

rZe nocrosiHHbie ¢ NpousBoJbHb. He orpannunBasi o6WIHOCTH, MbI
MOXeM T[O0JIOXKHTb HX PaBHBIMH HyJi0. JTo 6yaeT o3HayaTh, YTO

sce UY(0)=0. Urak, nis nponssognoi dbyunkuuu dV/dt mbi noay-
YyaeM cJefyioliee BbIpaXKeHHe:

av
HZr =L (V) + 2Ly (V) + (6.13)
rue
L(V)=Veg+VgP+  +V™g™,

L(V)=Vgl+  +V™g™,

PaccmoTpuM ypaBHeHHe
L;(V)=0. (6.14)

I' B. KaMeHnkoBbHIM J0Ka3aHa cJefyiomas Teopema *).

Ecau cucrema ypaswenut (6.1) rakosa, «ro YypasHerue (6.14)
umeer k NOAOHCUTEAbHBIX KOPHel He4eTHOU KPATHOCTU, TO Kawoomy
u3 atux KopHeil 6yder coorsercrsosary no KpadHed mepe 00HO ne-
puoduueckoe pewerue cucremor (6.1).

Urtak, cyulectBoBaHHe MEPHOJAHYECKHX pelleHHA B cjaydyae Kop-
Hell HeueTHOH KpaTHOCTH ypaBHeHus (6.14) onpenessieTcsi HCK/IIOYH-
TeJbHO CcBOMcTBaMM NosduHoMa Li(V) M He 3aBHCHT OT CTPYKTYpbI
nonuomoB L; (i>1). Ecan Xke KopHu ypaBHenus (6.14) wumeior
YeTHYI0O KpaTHOCTb, TO, Kak nokasan [. B. KameHkoB, 115 peuieHus
BOMpOCa O CYUIECTBOBAHHH LIHKJIOB HeoOxoiuMa OGosee MOJHAs HH-
dopMauus o MPHpOAe MpaBoi yactH ypaBHeHus (6.13).

*y Cm. T B. Kamenkos, Hcenepobanne wenunHefineix kone6anufi ¢ mno-
mowpbio dyukunf Jlanywosa, Tpyaw Yuupepcutera ApyXObi Hapodos uM. Ilatpu-
cd Jlymymo6n, 1. XV, 1966, ctp. 3—35.
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2. Kpa3uauHeiiHas Teopus. Pacuer mnepuoanYecKHX peulieHHIk.
Mertoa T. B. KameHnkoBa mosBosisieT He TOJNIBKO HCCIEN0BAaTh BOIPOC
0 CYLIeCTBOBAaHHH NMEPHOJHYECKHX pellleHHH, HO W HaeT cmocob 3¢-
($eKTHBHOrO MOCTpPOeHHS MepHoAHuecKHx peuleHHi. [TokaxeM, Kak
3TO MOXKHO CHeJaTh B MPOCTEillleM cjyyae MPOCThIX KOpHeH ypas-
HeHus (6.14).

O6o3Hauim yepe3 V* kopeHb ypaBHeHus (6.14) u KopeHb ypas-

HeHHs

Li(V) +plo(V)+ =0 (6.15)
6yneM HCKaTb B BuIe pAla

V=V*+uVi+p?V,+

Torpa V, 6ynet yAOBJEeTBOPATh JHHEHHOMY anre6panuecKOMy ypaB-
HEHHIO

VS = L, (V). (6.16)

[MpousBonHasi B ypaBHenuu (6.16) BeluMc/ieHa pnia 3HaueHus V=V*.
Tak kak V*, no npeano/yioXeHH10, MPOCTOH KOPeHb YpaBHEHHs
(6.14), To dL,/dV+0 u ypaBHeHHe (6.16) 0/1HO3HAYHO Pa3pelINMO.

Jlerko yGenuThcs B TOM, uyTO H OCTaJibHble claraemsie V; ymo-
BJIETBOPAIOT ypaBHeHHI0 THna (6.16)

dLl 4

Vigy =Lu

rne L; — HeKOTOpoe H3BECTHOE YMCJO, 3aBHCsfilliee OT BEJIMYHH
V*, Vi, ey Vi—i-

Hrtak, nycTb ¢ HEKOTOPOH TOYHOCTBIO MBI ONMPENENHIH KOpPEHb
ypaBHenus (6.15). OGosHauum ero uepes V**

V=V + iEI V.l (6.17)

[oncrasnsa tenepp Bolpaxkenue (6.17) B ypaBuenuss (6.5), Mbl fo-
JYYHM C ONpeleJeHHOM TOYHOCTBIO HCKOMOE MepHOJHUEecKoe pelie-
HHe

r=V +p W+ VUL +VIUR+ L)+ )+

rae kosdduunents UY (0) onpenensiorcs dopmynamu (6.12).
B 3ak/ioueHHe 3aMeTHM, uTO ypaBHeHHI0 (6.14) MOXHO mpHIaTb
HECKOJIbKO HHOM BHI. PaccMOTpHUM HHTerpaig

0
1= f [X,(V cos®, VsinB)cos O+ Y,(V cos 0, Vsin0)sin 0] dt.
0
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Cornacio 0603HaueHHAM, BBeleHHbIM B YypaBHeHusx (6:3), ator
MHTErpaJj Mbl MOXEeM MepenucaTh B BHIE

2n 2
I= j R,(V, 8)d0 = j VRO )+ V2 RP©)+  +V™R™ (8)) dO
0 0

WJIH, TPHHHMas BO BHHMaHHe paBeHcTBo (6.11),
I=2a(V,g)+Vye’+  +V™g™)=2aL (V).

Takum o6pa3om, ypaBHeHue (6.14) 3KBHBANEHTHO c/iefylOUIEMY:

an

| 1X,(V cos 8, V sin 8) cos 6 + ¥, (V cos 6, V sin 0)sin 8]d6 = 0. (6.18)
0

B caenyloiiell rmaBe Mbl yCTaHOBHM, 4TO ypaBHeHHe (6.15) Ham

JdacT 3HayeHHe CTAallHOHAPHON aMIJIUTY[Ibl, €C/IH ee ONpelesiTb Me-

TOJOM: OCPeJHEHHA M OrpaHHYHTbCH

Vap® NMPpH 3TOM MNepBHM MNPHOJHKEHHEM
(npu6auxenuem Bau-gep-Iloas).

Hpes metona T. B. Kamenkosa

nmeeT npocroii reoMeTpHYECKHH

cMbIca. Mbl yxe 3HaeM, uTO KaXIOMY

[IOCTOSHHOMY 3HaueHH!0 BeJHYHHbl V

B ¢a30BOH NJOCKOCTH OTBeYaeT 3aM-

nHyTas kpuBasi (puc. 18). [lycTb Mbl

WMeeM JBe TaKHe KpHBble, OTBeyalo-

upe V; u Vo<V, u o6aapaoue

TeM CBOHCTBOM, YTO NPOH3BOJHbIE

dV/dt, Bbiuncaenubie npu V=V, u

V=V, e cuay ypasuenuit (6.1) nme-

Puc. 18. I0T Pa3Hble 3HAaKH. JTO 03HAuaeT, yTo

¢azosbie TpaekTopuu cuctembl (6.1)

nepeceKkaloT BHEIUHHA 3aMKHYTHIH KOHTYpP H3BHe BHYTPb, a BHY-

TPEHHHH KOHTYD H3HYTPH BO BHe, KaK 5TO NMOKA3aHO CTpeJKaMH

Ha puc. 18. Torma, cornacio Teopeme bDeneaukcoHa, cyue-

CTBYeT Mo KpailiHell Mepe OJHH TakKoH 3aMKHYTbI KOHTyp V=V**

KOTOpHIH ABJASETCH MpefeNbHbIM LHKJAOM ypaBHeHus (6.1). OH Je-

XKHT Mexay kontypamu V=V, u V=V, Ha puc. 18 oH nokasau

nyuktipom. . B. Kamenukos ykasan addekTusHblll cnoco6 onpe-

JesleHUsl BeJTHYHHbL V**

Hrak, npoueaypa pacueTa nepuoJHYECKHX pelieHHHI B meToae
KaMeHkoBa COCTOHT B pelleHHH TPAHCLEHAEHTHOTO YypaBHeHHS
(6.18), koTopoe nosBonseT onpefetHTh 3HaueHHe V*, Y BbluHcIeHHH
kBajipatyp (6.11) u (6.12).

R

<SS
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B naHHOM KHHre Mbl PacCMOTpPeNH TO/AbKO OJHY H3 3a1ay, KOTO-
pas Moxer ObiTb H3yyeHa B paMkax Meroaa I' B. KamenkoBa, —
3aflayy pacyeTa NepHOLHYECKOro peilleHHS! B KBa3WJHHeHHbIX CHCTe-
max. I' B. KameHKoB B cBoeil cTaTtbe, LUMTHpOBaHHONH Ha cTp. 100,
paccMoTpen ellle Uenblii psjg 3ajay, B TOM yHcje 3afayy mocrtpoe-
HHSl TMEepPHOJHYECKOTro peilleHHsl B cHcTeMax, GAH3KHX K HeKOTOpo#
KOHcepBaTHBHOM. Ero meron mo3BoJisieT TaKe HCCJeNOBaTh HEKO-
TOpbie 33/lauH TEOPHH HEaBTOHOMHBIX CHCTEM.

§ 7. HeaBTOHOMHbIE KBAa3WJMHEHHBIE CHCTEMBbI.
Meton Myankape

H3yueHHe HEaBTOHOMHBIX CHCTEM Mbl HayHeM C PacCMOTPeHHs
KBa3uiHHeliHbIX cHcTeM. OHH HMeIOT HEKOTOPble 0COGEHHOCTH, KpoMe
TOrO, 3ajlaua H3yyeHHs KBa3uJHHEeAHBIX CHCTeM ropasjo mpoiue o6-
el 3afayd H MO3TOMY MOXeT ObiThb H3yueHa CO 3HAYHTENbHO GOJlb-
el MNOJHOTOH.

1. 3ameuyaHne 0 JHMHEHHBLIX cHcTeMax. PaccMOTpPHM JIHHEMHbI
OCLHANATOP, MOABEPXKEHHDbIH JeHCTBHIO BHEMIHHX MEPHOLHYECKHX
CHI:

i+tox=F(). (7.1)

IMepuon dynkumuu F(t), He orpaHnuHBasi OGLIHOCTH, Mbl MOXKEM TMpPH-
HATb paBHbIM 2n. ®yHkuus F(f) pasnaraerca B psaj dypbe

F(t)= a +k2l ay cos kt +kZ]l by sin kt. (7.2)

YcnoBHMCS, 4TO YHCAO @ He ecTb uenoe. Peienne ypaBHenus (7.1)
MOXHO MpeiCTarHTh B BHAE

x=3+x*
rae ¥ — obulee peluenye OAHOPOAHOLO ypaBHEHHS,

F=A cos ot+ B sin wf, (7.3)

a x* —vyactHoe pemeHHe ypaBHetHs (7.1). dta QyHkuus wumcer
nepHon BHeuwiHel cHabl F (),

X =c, +k2. ¢ cos kt +k2] dp sin kt. (7.4)

IMoacraBnss Bbipaxenve (7.4) B ypaBHeHHe (7.1) H Hcnoab3ys
(7.2), nerko HaxonHM KO3(PDHUHEHTDI Cp H d;:

b
co=a_° Ck:;%kkz" dk=-(oz.__kk2 (k=l, 2, ...). (7.5)
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Tak xe npocto paccmartpuBaercss H OOWIMHA cayyall JIHHEHHBIX CH-
CTeM NMPOHU3BOJBHOTO YHC/Ia cTeneHeil cBOOOIb

n
551+12“111x1=F1 (i=1,2, n), (7.6)
rae F;(t) npencraBuMbl B BHe psinoB Dypee
Fi(H)=a +k2 ay cos kt + ) by sin kt.
=1 k=1

JIns oTbicKaHHWs YaCTHOTO pellleHHsi cucteMbl (7.6), mépHoa koto-
poro paBeH 2m, nojiaraem

oo o0
* i 1 ! (D)
xi=c+ X ¢y cos kt + X dY sin kt. (7.7)
k=1 £=1
HOnas onpeneneHus Ko3podHuMeHTOB pasnoxeHui (7.7) nosyuaem
cjelylollHe CHCTEMbl JTHHEHHbIX YpaBHEHHH:

—qu
/gl e, =ap,
n

121 e (a;; — 8lk%) = af, (7.8)

n
/21 dP (e, —8l%) =0y  (i=1,2, ..., n),

rae 6! — cumBon KpoHekepa. B nasbHeiilueM Mbl 6yleM paccMma-
TPUBaTb TOJNbKO TaKHe cHcTeMbl BHAa (7.6), koropmlie npu F,=
npeBpallalOTcss B KOHCepBaTHBHble cHcTeMbl. Ho B 3TOM ciayuae B
CHCTEeMe CYILeCTBYIOT rJ1aBHble KOOPAHHAaThl H BMECTO H3YyueHHs CH-
cTeMbl BUAa (7.6) DOCTaTOYHO paccMOTpPeTb CHCTEMY

£ 4ok, =F,() (=12 ..., n) (7.9)

rne F;(f) — o6o0ieHHas BHeLIHsAs CHJia, OTHECEHHas K [J1aBHOM
KOOpAHHaTe X;. PellleHHe 3THX cHcTeM HMeeT BHJ (7.4), mpHueM KO-
3¢ duUIHeHTbl pa3foKeHHH onpelensiotcs GopMynamu (7.5).
Pelenve JHHeAHON CHCTeMbl MPEACTaBUMO B BHAE CYMMBbl ABYX
oynkuui. Ilepas u3 3Tux QyHKuUMH HMeeT MepHOA BHELIHEH CHJBI,
a Apyras siBJsieTCs cynepno3uuueil riaBHbIX KoseGaHui. HauGonb-
IIK# MpakTHYECKHI HHTepec npeacTaBiser H3yueHHe nepBoi (yHK-
uuH. B caMoM gesie, XoTs MBI pacCMaTpHBaeM KOHCEPBAaTHBHYIO CH-
CTEMY, HO MPH 3TOM NOHHMaeM, UTO peyb HIAET O HEKOTOpOH MonesH
peasibHOM CHCTEMBbl, T. €. CHCTeMbl, KOTOPas HaXxOJMTCA BCeraa mnoj
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HeACTBHEM HEKOTOPHIX (MYCTb OYeHb MaJlblX) CHJI, pacceHBalOLUHX
sHepruio. CiiefoBartesbHO, cBOOOAHbIE KoJeGaHHs CHCTEMbl HeHs-
6€XXHO 3aTYXHYT C TeueHHeM BpeMeHH. UTo KacaeTcsi BHIHYXAEHHBIX
kosie6aHHi, TO OHH Bce BpeMs OYAYT NoAfepXHBaTbCA AEHCTBHEM
BHEIIHHX CHJ H, C/1el0BaTeJbHO, Yepe3 HeKOTOPblH MPOMEXYTOK Bpe-
MeHH HabJojaTeb GyfeT oTMeuaTb B CHCTEME TOJbLKO Te KoJaeba-
HHSl, KOTOpble reHepHpOBaHbl BHEUIHMM Bo3felicTBHeM. [loaTomy
OCHOBHOe BHHMaHHe B [aJsibHeflleM Mbl NMOCBATHM H3Y4YeHHIO 4acT-
HbHIX pellleHuHl cHcTeM BHAa (7.6) uau (7.9), HMewIUX NepHOA
BHEIIHHX BO3JeHCTBUH (KOTOpSIH, MO Npesno/oXKEeHHIO, paBeH 2w).
®opmyasl (7.5) u (7.8) uMelOT cMbICA JMlIb TOrja, Korja cpeiu
cOOCTBEHHbIX YacTOT OTCYTCTBYIOT YacTOTbI, DPaBHbIE LENbLIM HaTy-
panbHbIM 4yHciaaM. B mpoTHBHOM ciyyae B cucteme (7.6) He MoryT
6bITb HHAYLHPOBAHbI MEepHOAHYECKHE KoneGaHHsA: YacTHble pelieHHs
cucTeMbl OYAYT cOfepXaTb BeKOBble ciaraeMmble. DTO 3HAYHT, 4TO
amniutyna kosebGaHHH, KOTOpble BO36YyXXAAIOTCA, HEOTPaHHYEHHO
Bo3pacTaeT. B 3ToM ciydyae roBopsiT O sIBJIEHHH P€30HAHCA B JIHHEH-
HbIX ciayyasix. [lepexolsi K H3yueHHIO KBa3WJHHEHHBIX CHCTEM, ecTe-
CTBEHHO TMOCTaBHTb CJ1eLYIOlHE BONPOCHI.

a) IlycTb cpeau co6CTBEHHBIX YaCTOT HET YaCTOT, PaBHBIX LEJbIM
yHcaaM. DTOT cayyail HasblBaeTcsl Hepe3oHaHCHbIM. Kakoil B 3Tux
ycnoBHsix 6ynetr ¢opma kosebaHUH, reHepHUPYEMbIX BHEIHHMH BO3-
NeACTBHAMHU?

6) IlpeanosoxuM, 4TO HMeeT MeCTO Pe30HAaHC, T. €. cpelH cob-
CTBEHHBbIX KoJie6aHHH ecTb KoJieGaHHs, NepHOM KOTOPbIX paBeH (HJH
KpaTeH) 2m. MoXeT /M cyllecTBOBaHHe MaJsiof HeJHHeHHOCTH MpH-
BECTH K BO3MOXHOCTH T€HEpPHPOBaHHSi B CHcTeMe KoJeOaHHil me-
puona 2mw?

B) Kakue gpyrue ¢hopMbl mepHOJHYECKHX NABHXKEHHH MOTYT BO3-
HHKaTb B KBa3W/JHHEHHOH cHcTeMe MOA NeHCTBHEM BHEILIHHX MepHO-
JNHYECKHX CHJI?

2. KonebGanns BpaaM ot pe3oHaHca. HauHneM H3yueHHe KBa3HJIHU-
HefHbIX cHcTeM ¢ HauOonee mpocroro Bompoca a. [as 3toro pac-
CMOTPHM CHCTEMY C OJHOIi cTeneHblo cBO6OAI

Et+oix=F(f) tep(x, £). (7.9
®yuxunio F(¢) ycnoBumes 6paTb B BUAE
F(t)=a cos t.

He npeacraBnsier HHKakoro Tpyaa paccMOTPeTb H o6WHiA cayudail.
Hanaraemblit MeToa MO3BOJISIET QYHKUHIO ¢ TakXKe CYHTATb NMEPHO-
nHYyecKol ¢QyHKuHeH BpeMeHH ¢ nepuoaa 2n

P=9(x, &, I).
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Bynem paccMatpuBaTbh pelleHHst ypaBHeHus (7.9), KoTtopble NpH
e — 0 nepexoasT B pelIeHHs TOPOXKAAIOLIETO YpaBHEHHS

i= — o’x+acost (7.10)
nepvoaa 2.
[Tonoxum
X=Xxg+ex;+e2xo+ (7.11)

[TonctaBnas psn (7.11) B ypaBHeHne (7.9°), packnaibiBas
¢yukuuio @ B pan Teiinopa no creneHsm mapaMeTpa &

eq (x, ¥)=eq(x, %)+ [o.x, + o]+ =&, + &%, +

M cpaBHHBas Ko3(®(HUHEHTH NMPU OAHHAKOBbIX CTENMEHAX € Mbl TO-
Jy4yaeMm Caelylollue YypaBHEHHs AN Onpele]eHHsi HEeH3BeCTHbIX
dyukmuit x; (i=1,2,...):

¥y+ o’xy=acost, |
£+ 0%, = @q, |

} (7.12)
Xp+ %Xy = @py, l

J

Jlerko y6eauTbcsi B TOM, YTO BEJIMYMHA, CTOSILLAas B MPaBOi YacTH
ypaBHeHHs HoMepa £k, 3aBHUCHT OT GYHKuui x;(f), npuueMm i=
=1,2, ..., k— 1. CaepoBarenbHo, pemasi nocjeloBaTe/]bHO ypas-
rzeHmi (7.12), mbn MoxeM onpelendTb /1000l uneH pasJoXeHHs
7.11).

Tak kak mo yc/qoBHIO © % 1, TO €IHHCTBEHHOe TEpPHOAHYECKOe
pellleHHe mepHojia 273, KOTOPOe AONMYCKaeT MepBoe M3 ypaBHEHHid CH-
crembl (7.12), uMeeT BUA

o= r cost. (7.13)

[ToncraBnsisg ¢pyHkuuio (7.13) B BhIpaXkeHue s @o, y6exaaem:
csl, uto QyHKUUA @ OyaeT nmepHoldHUeCcKoii mepuola 2m H, caeloBa-
T€1bHO, MpejcTaBiiMa B Buie psaaa Pypbe

Po = Poo +k‘2{ Por COs kit +k21 @y, SiN k2.

CanenoBaTenbHO, BTOpPOEe ypaBHeHHe cucTeMbl (7.12) takxke gony-
CKaeT pelleHHe mepHoia 2n

=+ Z e coskt + S‘ o sinkt,  (7.14)

k=1 k=l
nockosibky @’s=k (k=1, 2, ...).
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PemieHns ocTajbHbix YypaBHeHui cucreMbl (7.12) MoryT ObiTh
HOJIyYeHbl 1O 3TOH XKe cXeMe.

Hrak, peiienve ypasHeHus (7.9°) MoxKeT ObiTb MpeAcTaB/eHO B
clepylolleM Buje:

o0
S oo | ' Por
x = m,_lcost—l-e o? +>_‘m,_k2coskt+
k=1

+ 2 k2 sin kt}+ez{ J+ (7.15)
k=1

St0 pelueHHe yAo6GHO nepenHcaTbh B (opme

x=A0+A1COS(t+’01)+A2COS2(¢+‘&2)+
rae

1
Ay=; {e@o + e+ ...}
1
A=——{ategn+e(.. )+ ...}
1
A=gmm eV +on +2(0+ L g

0,=arctg{e%’i+e“’(...)+ },

0k=arctg{ s — +e(...)+ }

®opmyabl (7.15’) mnokasbiBalOT, 4YTO B HEPE3OHAHCHOM cJjydae
BCe OTJIHYHE BBIHYXJEHHBIX KoNe6aHHi KBa3sWJIHHEHHOH CHCTEMBI OT
KosieGaHHil JIHHEeHHOH cHCTeMbl, Bbi3BaHHBIX TOH Ke CHJOH, CBO-
JUTCA K CJeLyIOeMY:

1. Bennunna aMmiautyabl A, oCHOBHOM TrapMOHMKH H3MeHseTCs
Ha BeJHUYHHB nopsaka 0(e).

2. Bosnukaer pasHocTb a3 & BbIHYXKAEHHBIX KoseOaHH#i MO
cpaBHeHHIO ¢ (ha30ii BHelIHeHl CHJBl. DTOT CABHT TaKXe MMeeT IoO-
panok 0(e).

3. HMeer MecTo cHcTeMaTHyecKoe cMelleHHe A, T. e. koseba-
HHSl IPOUCXOANT OKOJIO MOJIOXKEHHSA, CMEIEHHOTr0 OTHOCHTEJNBHO MO-
JIOXKeHHs PaBHOBecHs. DTO CMellleHHe TaKXKe HMeeT MepBblil mopsaoK
MaJlOCTH.

4, TlosBaslOTCA BbICLIHE TaPMOHHKH, aMITUTYAa KOTOPbIX HMeeT
nopsaok O(e).

Htak, Mbl BHIMM, YTO B HEPE30OHAHCHOM cJyyae MaJjas HesH-
HEHHOCTb BHOCHT B XapakKTep Ko/JeGaHHH cCHCTEeMbl JIHIIb MaJible
KOJIHUeCTBeHHble H3MeHeHHsl. [103TOMY B paccMaTpHBaeMOM cJiydyae
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JiuHe#Hasi TPAKTOBKA 3aJayM MPUBOAMUT TOJNbKO K HeOOJbLUIMM KOJIH-
YEeCTBEHHHIM OLIHGKaM: KauyecTBEHHBIH XapaKTep KBa3H/IUHEHHBIX
KosieGaHuil GYNeT TAaKUM Ke, KaK U B JIMHEHHOM ciyuyae. Ha nepBHIi
BOMPOC, MOCTABJIEHHBIH B MPeAblAyllleM MYyHKTe, Mbl OTBETHJIH MOJI-
HOCTBIO.

Mt paccMoTpenu KosneGaHHs B CUCTeEMe C OJHOH CTeleHbl0 CBO-
6oanl. OnHako Jierko Y6eAUThCSi B TOM, YTO H3JNOKEHHAs CXeMa MO-
KeT ObITh HUCMOJb30BaHA AJS HCCJaed0BaHusi KoJeGaHUH CHCTEM MPO-
M3BOJILHOTO uYHC/ia CTeneHeHd CBOGOMBI, eC/iH TOJNbKO CPeid KOpHe#H
XapaKTepUCTHYECKOTO YpaBHEHHS HeT LeJIbIX YHces.

3. Pe3onancHbie KojsieGaHus. Ciayuail omHO#M cTemeHH cBOOOJbI.
PaccMoTpuM cHoBa cucteMnl (7.9’) ¥ OpennosioXuM, uto o®=1.
B npeaniayuieM pasiesie Mbl pacCMaTpPHBaJH 3aayy OTbICKaHHs Me-
pHOJAHYECKHX pelleHUH cucteMsl (7.9°), kortopele npu & — 0 mepe-
XOIAT B EepHOAHYECKOe pellreHHe MOpOoXKAawollero ypasHenus (7.10).
B ToMm cayuae, korga w=1, Takas NMOCTaHOBKAa He HMeeT CMHICJa,
MOCKOJIbKY MOpOXKJalollee YpaBHeHHe He MMeeT MepHOLMYECKHX pe-
mienuii. [loatomy B TeopeMe IlyaHkape paccMaTpuBalOTCsi TOJBKO
Te 3aJlayM, B KOTOPBIX HHTEHCHBHOCTb BHEIIHEro BO3GYXKAEHUs MaJa.

Bynem paccMaTpuBaTh ypaBHeHUe

i+ w2x=ea cos t+eq(x, &) (7.16)

H MPEeANOJIOXKHM, YTO
wl=1—&d.

[MpumMmeuanue MeTox, KOTOpeIi GydeT U3JTOXKEH, MOXKeT OLITh
6e3 Kakux-1u6O OrOBOPOK MepeHeceH Ha CJydyall ypaBHEHHS

ito2x=e¢lacosnt+q(x, )]+F(t), (7.16%)
rae
o?=n?—ed,
F()=Fo+ X FPcoskt+ X Flsinkt.
k#n k#n

D caMoM fiesie, JJIs 3TOr0 JOCTATOYHO MPUHSITh X=Z+X*, rae x* —
YyacTHOe pellieHHe ypaBHeHHs

i+ o2x=F(t),
uMelollee nepuon 2x. dyukuus ¥ nmocne Takoit 3ameHs Gymer ypo-

BJETBOPSTL YpaBHeHHUIO Tuna (7.16).
PaccmotpuM nopoxaaiolliee ypaBHeHHe

E+x=0. (7.17)

Ypasnenue (7.17) momyckaer ABynmapaMeTpHuYeckoe ceMelCTBO me-
PHOAMUYECKHX pelleHHl nepHoja 2

x=M cos t+N sin ¢ (7.18)
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B npeabinyiem caydae nopoxjaioiuee ypaBHeHHe HMeJO TOJbKO
OJIHO MepHOJHYecKOoe pelleHHe YKasaHHoro nepuona. B nannom cny-
yae ji1060€e ero perieHHe nepHOLHYECKOe.

ITonpo6yeM oThiCKaTb MNepHOJHYECKOe pelleHHe YpaBHEHHA
(7.16), xotopoe npu € — 0 nepexoJUT B ONHO H3 peIIEHHH ceMeM-
crBa (7.18). Ipyrumu cioBamu, cuutas M 1 N BenHuMHaMH, KOTO-
PLIMH Mbl MOXKeM pachnopskaTbCs, MocTapaeMcsi HX MofobpaTh Tak,
yTo6bl B OKPECTHOCTH peweHHs (7.18) ypasBHenusa (7.17) oGecme-
YHTb CYLIEeCTBOBaHHE HCKOMOrO MEPHOJLHUYECKOro pelleHHs ypaBHe-
Hus (7.16).

Pemienne 6yneM HckaTb B BHIe psla

X =xO 4 gx() 4 £2x@ 4 (7.19)

rie x® — ogHa u3 QyHkuuii cemeiictea (7.18). ®Pynkuus x( yno-

BJIETBOpSIET YPaBHEHHIO

#O+x(W=aqa cos t+¢@(Mcos {+Nsint, — Msint+N cos t) +

+8M cos t+8N sin ¢. (7.20)

HOns toro uto6bi ypasHeHHe (7.20) momyckaso nmepHOAHUYECKHe pe-

eHHsi, Heo6XOMMO H JOCTaTOYHO, YTOGHl pa3/ioXKeHHe NPaBOH 4Ya-

ctu B pan Oypbe He comepxasno uneHoB BHaa A cos t+Bsint. ITu

YCJIOBHSl HaM JalOT ABa YPaBHEHHs JJisl ONpejesieHHs] HeH3BEeCTHBIX
yucen M u N

PM, N)=a+Mbé+

2n
+TI{J ¢(Mcost+ Nsint; —Msint+ Ncost)costdt=0,
0

QM, N)=Nb+ (721

2n
+—:;J @(Mcost+ Nsint; —Msint+ N cos f)sint dt =0.
1]

Taxkum o6pasom, aasi Toro utoGbl ypaBHeHHe (7.20) umeno me-
pHOAHMUEeCKHe pELIeHHsl mnepHoja 2m, HeodXxoiMMo, uytobGbl ypaBHe-
nua (7.21) uMenu neficTBHTebHbIE KOPHH M 1 N.

B 3TOM cniyuae pyHkuHs

x=Mcos t+N sint

MOXeT GBbITb MpeiesoM MepHOJHUYECKHX pelleHHH ypaBHeHHs (7.16)
npu e — 0.

Ecniu M=M n N=N, 10 nepHojuueckHe pelleHHs YpaBHEHHS
(7.20) nmeroT BHL

xO=dM+ M, cos t+ N, cos L. (7.22)
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rae M, u N;— npousBonbuble uuciaa, a DN — yacTHoe pellieHHe,
Kotopoe onpepeisiercs no ¢popmynsam n. 1 storo maparpada, no-
CKONbKY pasJioxkeHHe PYHKUHH

acost+8(Mcost+ Nsint)+¢@(Mcost+ Nsint,
—Msint+ Ncost)= kZ‘; (9} cos kt + @@ sin kt) (7.22')
=
B paa ®ypbe, B cuay Boi6opa BesinduHH M u N, He COmepXKUT nepBbiX

rapMOHHK.
PaccMoTpuM ypaBHeHHe aisi x@

P4+ x@=8(@M 4+ M,cost+ N,sint)+
+%:’—(M,cost+N.sint+(D‘”)+
+29 (— Mysint+ N cos  +DW). (7.23)

[TponsBogHbe %} H g—l’ BbIYHCJ/IEHB 1Js 3HaueHHA x=x©@ u
£=£9; TakuM 06pasoM, npaBasi YacTb 3TOTO ypPaBHEHHs ABJARETCS
nepuoaHueckoii ¢®yHkuueld BpeMeHu nepuona 2m. CaeloBaTesbHO,
IAs CyLWeCTBOBaHMS MNepPUOAHYECKHX pelleHHil 3TOH cHCTeMbl He-
06X0AHMO H AOCTATO4YHO, 4ToOGbl mocrosiuvvie M; u N, 6o BhH-
6paHb Tak, uTOGbl pasfnoXKeHue MpaBOH 4acTW YypaBHeHHs (7.23)
B pan Pypbe He comepxano nmepBbix FapMOHUK. [akuMm o6GpasoM,
nocrosiiHbie M; u N, ynoBaerBopsioT cjelyouleii cHcTeMe JuHedi-
HbIX anreGpaHuecKHX ypaBHeHHH:

21
Mx['“‘%;f {g—fcoszt—g—?costsint}dt]+
0 2n
+N,;lj {%’—sintcost+%cos’t}dt=
2n
_ _%f L g:;(j)m}cos:dts‘if.(t),
. 6 (7.24)

~

L] {9 ._0_q>-z}
M, — {a cos!sint— s=sin®frdt +

0
[ I sm21+ 35 costsmt}dt]

0

2n
_%f 22 @ 4+ ST DM sin t di =", (1)
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ITpu coctraBneHun cucteMmbl (7.24) ObWIO YUYTEHO, YTO pa3JOXKeHHE
¢dyHkuun @M B psag Oypbe He CONEPIKHUT MEPBLIX rapMOHHK.
Cucreme (7.24) MOXHO mpHIaTh CjaefyOUHA BHA:

oP oP 1

Migr tNigy =" |
i (7.25)

J

d a
M1W3'+N1‘5%=‘p2.

Hns paspemwrnMoctH cHcrembl (7.25) Heo6XOOHMO M JOCTaTOYHO,
yTOOb! ee JeTepMHHAHT

oP 0P
oM oON _D(P,Q
dQ 9Q | DM, N)
oM ON

(7.26)

6Ll OTVIHYEH OT HYJA.

D/ieMeHTHl 3TOrO ONpenenuTens Boluncieinbl npy M=# u N=N.
Cnenosatenbno, ycaosue (7.26) o3nauaer, yro BeaHuuHsl M u N
IBJSIOTCA MPOCTHIMH KOPHSIMH CHCTeMbl ypaBHeHu#t (7.21).

Hrak, ajs toro uto6bl ypaBHeHHe BTOPOro NMPHOJHXKEHHs JOmy-
CKaJIO MepHOJHYECKHEe pelieHHsi HOCTaTOYHO BbIMONHEHHS HepaBeH-
crBa (7.26). B atom cayuae nocrosinuble My u N, 6ynyr ompene-
JieHbl M3 ypaBHeHHil (7.25), kotopble 06pa3yioT JHHEHHYIO CHCTEMY
anre6pauyeckux ypaBHeHHH. PyHkuus x@ B 3TOM cayyae Oyner
onpenenexa ¢popmyJoi tuna (7.22)

X =@® 4 M, cos t+ N sin £, (7.27)

rae Mz H NQ—HPOHSBOJleble MOCTOAHHBIE, KOTOpblEe MOTYT GbITh
onpefie/ieHbl TOIbKO B TPETbeM MpPHOGIHKEHHH.

HponeneHHble pacCcy>XJAeHUsA HeTPYAHO MPOIAOJKHTL MO HHIAYK-
LIMKM H MOKa3aTb, YTO 3ajaya MOCTPOEHHHA NMEPHOIHYECKOro perLueHHs
ypaBHeHHsi HOMepa R CBOAHTCA K peLIeHHI0 aareGpaHueckodl cH-
CTEMbl BHJa

P P _ b
Me-i 57 + Nomr g = W10, o8
Mo 99 Ly 99y 7.28)
k-1"oM k-1°6N ’

Cucrema (7.28) Bcerma paspewmnma, ecau toabko M u N —npo-
cThie KOPHH CHCTeMbl YpaBHeHHH (7.21).

Hrak, Mpl npuxoaum x caedywoluemy pesyabraty ([lyaHka-
pe). Ecnau cucrema ypasBHenHH (7.2]) uMeer mpocTble KOpPHH, TO
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KaXJ0f cucreMe mnpocThix KopHeH M u N coorsercTByer psal
(7.19), KaxAbli uyjeH KOTOpPOro MoXeT ObiTb 3¢ (eKTHBHO BBIYHC-
JIEH MPH MOMOILLH H3J1I0XKEHHOH Npoueaypbl.

ITyankape mokasan Takxe, YTO NPH YCJAOBHH aHaJHTHYHOCTH
npaBofl yacTH ypaBHeHus (7.16) paabl (7.19) cxoastcs ans jpocra-
TOYHO ManablXx 3HaueHu# e. B 3atom cayuae ypaBHenue (7.16) no-
nyckaeT npefe/ibHbli LHKA (nmepHoaHYecKoe peleHHe). Uucno me-
PHOAHYECKHX peLieHHH COOTBETCTBYET YMCJY MPOCTHIX KOPHEH CH-
crembl (7.21).

[Tpumeuanne. Tor cayuaii, koraa ypasHenue (7.21) umeer
KpaTHble KOPHH, HeCKOJMbKO Gosiee cjoxen Ansi U3yuyeHusi. OnHako
OH TaKXe€ TUWAaTeIbHO H3yuaJscsi psAoM asTopoB. B obwem cayuyae
psilibl, KOTOpbl€ MpeiCTaB/AslOT MEePHOAUYECKHE pelleHHs, NOJIKHBI
6bIThb pacnoJioXkeHbl Yxe He mo Le/ablM, a no APOOHbIM CTeneHsM
napamerpa *).

BepHemcs cHoBa K ypaBHeHHIO (7.16). Ecain o1, To Mbl HMeeMm
Hepe3OHaHCHBIH cayyaih H aMMAMTYAbl BBbIHYXAEHHBIX KoJeOaHHH,
KaK Mbl 3TO BHJE/JH, HMEIOT NOPSAAOK BHELIHell BO3MYLlalollel CHJbl,
1. e. nopafok O(e). Ecin o ~ 1, To aMmiuTyaa BbIHYXAEHHLIX KO-
ne6aHuit uMeer nopsaaok 1. ITosatomy siBieHHeM pe3oHaHca B HesiH-
HEHHBbIX CHCTEMaX ecTeCTBeHHO Ha3BaTb BO3HHKHOBEHHE HHTEHCHB-
HbIX BBIHYXJEHHBIX KoseGaHHH npH YCJOBHH, YTO YacCTOTAa BO3MY-
watouledi cuabl 61M3Ka K COGCTBEHHOH YactoTe JHHEHHBIX Kovle-
6anui.

B 3akiloyeHHe HamOMHHM elle Pa3, YTO B JHHEHHBIX CHCTEMaXx
BAaJH OT pe30HaHCa aMIJHTYAa BbIHYXKAEHHbIX KojeGaHui TakkKe
nmeer nopsafok O (e). CyuecTBeHHOe BAHAIHHE MaJjlOH HeJIHHEHHOCTH
NpOSIBJASIETCS TONBKO B YCJOBHSX, OJIH3KHX K pe30HaHCy.

4. Mpumep: ypasnenuwe Ban-mep-Toas. B kauectBe npuMepa
paccMOTpHM CHCTEMY, KOTOpasi ONMHCbIBaeTcst ypaBHeHHeM Bau-pep-
ITons

i+ w’x=¢f cos t+ (a — y2x?) 2, (7.29)

¥ H3YYyuM ee KoJieOaHHs noj [AeHCTBHEM BHEIWHHX NEPHOLHYECKHX
CH1. Yca0BHMCS paccMaTpHBaTh pe3OHaHCHble KojeGaHHs, T. e.
NpeAnoJoOXKHM, YTO BbIMOJHEHO YCJAOBUE

oi=1—ed.

PewseHne nopoxaaiollero ypaBHeHHs AJSl 3TO CHCTEMbl HMeeT BHJ
(7.18), rae noctosiHHble M u N onpenensitorces 3 ypasHeHuil (7.21),

*) Cm., nanpumep, A. TI. TTpockypsakos, Ilepnoanteckue perenns we-
AMHEHHBIX CHCTeM B BHAe PAAOB NO JAPOGHBIM cTemenaM mapamerpa, [IMM,
1. XXV, B. 5 (1961).
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KOTOpbi€ B AAHHOM cCiayyae NpHHHMAIOT CJ'IED.YIOIU.Hﬁ BHA:

on
P(M, N)=M6+%f [o —y2(M cos t + N sin £)?] X
0
X[—Msint+ Ncost]costdt=0,

2n

Q (M, N)EN6+%I [o — y2(M cos t + N sin £)?] X
0
X[—Msint+ Ncost]sintdt=0.

ITpoBoas oueBHAHbIe BHIK/IA/JKH, MH TPHIEM K cielylolileil cHCTeMe
ABYX KVOHUECKHX YpaBHeHHIi:

B+Mo+N [a— L M2+ M) =0, |
i (7.30)
No—M[a—F (M2— N =0. |
B ypaBHenuu (7.30) cnenaeM sameHy
M=A cos ¢, N=Asing. (7.31)

dusnyeckHit CMbiCa BeJiHYHHbBI A OUeBHIEH — 3TO aMIIHMTyda Mo-
poxaatollero pemeHHA. TakuM o6pa3oM, Hac HHTepecyiOT TOJbKO
NOJIOXKHTE/IbHbIE 3HAUEHHS 3TOH BEJTHYHHDIL.

ITocne samennt (7.31) ypaBHeuue (7.30) mpumer BHI

A{bcosq>+sinq>(a—%A2)}= -8,

A{bsinw—cosw(a—%Az)}=O.

BO3BOIlﬂ B KBaIlpaT H CKJlaaAbiBasagd 3THU ypaBHeHHﬂ, Mbl HCKJJIIOUYHM
dasy ¢

\

ale+ (a— o)} =p (7.32)

Takum o6pa3oM, BenHunHa A? ynosneTBopsier KyGHueckoMy ypar-
HeHulo. Tak kak ky6Hueckoe ypaBHeHHe HMeeT Bcerja xoTs Obl OOUH
KopeHb, TO cHcreMa Ban-mep-Tlons monyckaer mo xpalHell Mepe
OIIMH pe30HaHCHbIA peXXHM (HCKJIOuas Te cOYeTaHHsl MapaMeTpoB a,
B, vy H 8, npu KOTOpHIX ypaBHeHHe (7.32) HMeeT KpaTHble KOPHH).
Moxer OKa3aTbCfi, B YaCTHOCTH, UTO ypaBHeHHe (7.32) nMmeer TpHu
HDeHCTBHTENbHHIX KOpHA. B 3ToM ciyuae B cHcreme (7.29) Bo3-
MOXHO CYILLLeCTBOBaHHe TPeX pe3oHaHCHHIX pexuMos. MccnenoBanue
3(mx BonpocoB TpeGyer OGosiee HeTalbHOTO aHa/lH3a YpaBHEHHS
7.32).
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5. OauH cneunadbHbiil cayyai. Oco6eHHOCTh 3a7aUH OThICKAHHUA
PE30HAHCHLIX PEXXHMOB COCTOMT B TOM, YTO NMOPOXKAalollee pelieHHe
3apaHee HeM3BeCTHO. MHOXeCTBO pelLIeHHH MOpoxk/aioulero ypas-
Henus obpasyer ceMeHCTBO, 3aBHCsIllee OT HECKOJbKHX NMapaMeTpoOB.
(B cayuae, KOTOPBIH paccMaTpHBAJICH B I 3 storo naparpada, ce-
MeliCTBO MOPOXKIAIOIIMX pelleHHH 3aBHCEJO OT JABYX NapaMeTpoB).
B npollecce peuleHHs 3ajlaud Mbl JOJ/KHBEI OTbICKATh Te€ 3HaY€HHS
napaMeTpoB, KOTOpbie ONpeeasioT NOPOXKIAloUiHe PpelieHHs.

PaccMoTpuM oJHy cnenuajbHYIO 3a7auy, KOTopas HHOTJa BCTpe-
yaeTcsd B NMPHJIOXEHHH: ONPEJNe/NHTb NMEPHOJANYECKHe pelleHHs ypaB-
HEeHUs

i=c@(x, &, t, &), (7.33)

rie @ — nepuoauyeckasi QyHKIHA BpPeMeHH Nepuoia 2x, aHaJUTH-
yecKkad MO NepeMeHHbIM X, # M &. IloacTaBuM 3ajayy OTHICKaHHUS
NepHOLHYECKOro peuieHHs ypaBHeHua (7.33) mepuoma 2.

O6iuee pelleHHe NOPOXKAAIOUIEro YpaBHEHHS

=0 (7.34)
HMeeT BHJI
x=M+Nt. (7.35)

U, cnenosatennuo, Toabko npu N=0 pemenne (7.35) Gyaer me-
puoaHuyeckuM nepuona 2n. TakuMm o6pa3oM, QYHKIHH, CPEAH KOTO-
PEIX MBI MOXEM Da3biCKHBATh NOPOXJAIOLIHE DEUIeHHs yDaBHEHHs
(7.35), 6yayr obGpa3oBhiBaTh OJHONMapaMeTPHYECKOe CeMeHCTBO

xO =M,

B 3TOM H COCTOMT OCHOBHOE OTJHYHE PacCMaTpUBaeMOH 3aJayH OT
3aJlayd, KOTOpasi M3yya/jacb B NpeAbLIAYIIMX NyHKTaX 3TOro mapa-
rpaga. OnHaKo, HECMOTPA Ha 3TO, METO/Jbl, Pa3BHTHIE paHee, MOTYT
6LITh MCIO/Mb30BAHBI Uil OTBICKAHMS MEPHOAMYECKOro pelleHHs
ypaBHeHus (7.33).
TTonoxum
Xx=M+ex)(t) +2x® (t) +

®Oyukuusa x() 6ymer yaoaeTBopATh AHQEpeHIHasbHOMY ypaBHe-
HHIO '
iM=g(t, M, 0, 0), (7.36)

rie ¢ — neprHoanyeckas QyHkuus L.
Ilasi Toro uro6el ypaBheHue (7.36) momyckaso nepHogHYECKOE
pellleHHe fepuona 2w, HeO6XOL[PIMO H JIOCTAaTOYHO, YTOOHI

_%f o(t, M, 0, 0)dt =0. (7.37)
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B camom pnene, nycte 0, torna ¢pyHkuus ¢ Moxer ObiTb pa3-
JoxeHa B paJ Pypbe Buaa

=0+ kZl (ay cos kt + by sin k),

rie § — HeKoTopas NOCTOfIHHAf, OTJIHYHas OT HyJsd, H, CJeJoBa-
TeJbHO, obllee peuleHHe ypaBHeHHs (7.36) Oyaer HMeTb BHI

o0
oi2
0 = x® (0) + ¢, () + L=+ Y, 77 (b sin bt — ay cos k), (7.38)
k=1
T. €. OHO 6yJder cojepXaTb BEeKOBble claraeMble He3aBHCHMO OT Bbl-
6opa HavaJabHBIX YCJIOBHH.

Hrak, mjasa cyliecTBOBaHHA MePHOLHYECKOrO pellleHHsl ypaBHe-
Hua (7.36), a caenoBaTesqbHO, W AJS CYILeCTBOBaHHS NepHOAHYE-
CKOro pellieHusl ypaBHeHusa (7.33), aHaauTHYecKoro mno g, Heo6xo-
nuMo, 4ToGbl HeH3BecTHasi MocTosiHHas M Gblla KOpHeM YypaBHe-
Husa (7.37).

M3 Buna obiero peuwenus (7.38) cpasy ciaelyer, 4TO YycJoOBHE
=0 pocraTouHO AJfl CYIUECTBOBaHHA MePHOJHYECKOro pellleHHs
ypaBHeHnus (7.34). B camoM pnene, Mbl Bcerja Moxem nomo6parb
HayaJbHoe yciaosue (D (0)

i)=Y 2%,
k=1

KoTopoe mpH JioGom x(V(0) =M, rapanrtupyer yciaoBue €;=0.
Hrak, pynkuusa x() onpenensercs gopmyJoi
xO=M;+¢,(f), (7.39)
rie ¢y — nepuojnyeckKas (PyHkuus BpemMeHH Tpebyemoro MepHOAa,
a M, — nocrosiHHasA, KOoTOpas JO/XKHa GbITb onpejeleHa B CAeLylO-
1eM nNpuOJHKEHHH.
CoctaBuUM Tenepb ypaBHeHne ibE: onpeue.nemm x@ (1)

x® ——‘ = M+ ()] + ¢1 + (7.40)

[pousBoanbie dp/dx u Op/d% BbUHCAEHBbI NPH YCJIOBHH, 4TO X=M,
£¢=0, rie M — kopeHb ypaBHeHus (7.37):

(M) =0. (7.37)
Insa cyllecTBOBaHHS NMePHOJAHYECKOro pellleHHA ypaBHeHHs x® He-
06X0AMMO M JOCTAaTOYHO, 4TOOH

2
L[+l + L p+ 22 ar =0, (7.41)
0
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Jlerko BHAeTb, YTO ypaBHeHHIO (7.4]) MOXHO mpHAaTh ClAeAYIOLIHH
BHA:
36

M5 =F,, (7.42)

rae
2
=L (%%, 0 ¢ 00
F'“"EEJ (55 v+ 55 b ae)dt'

YpaBHenue (7.40) — 370 /HHeliHOe YpaBHEHHe OTHOCHTENBHO HEH3:
BecTHOH mocTosiHHOM M. Ecain 0¢/0M =0, To OHO HMeeT eHCTBEH-
Hoe pelleHHe. YcaoBue 0@/OM =0 o3Hayaer, 4To mocTosiHHas M
IBIETCS NPOCTHIM KOPHeM ypaBHeHHs (7.37). ®@yHkuusa x@ B 3TOM
clyyae HMeeT BHA

XO=My+pa (),

rae M, — noctosiHHas, KoTopasi OnpejesisieTcss B CJeAYIOIIEM MpH-
6snKeHHH, a o (£) — nepHoaHyecKas GYHKLHSA.

Jlerko NMpoAO/MXKHTL pacCyX/[eHHs H MNOKa3aTb, Y4TO B JiloOOM
npuOIHAKEHHH NePHOAHYECKOE PellleHHe HMeeT BHA

xB(f) =Mp+n(t),
rae My — peiileiHe ypaBHEHHS

N
Ms a5 = Fi

npuyeM uucao Fp onpenensiercs no nepBbiM k£ — | npHOJIHKEHHAM.
Ina n0oCTaTOUHO MaJiblX € PAAbl, KOTOpblE MPeACTaBJIAIOT PelleHHe,
CXOAATCA.

Hrak, Mbi npuULIH K caeayiouieMy pedyabtaty. Jasa cyuwjecreo-
8aHus nepuoduueckoeo peulenus ypasnenus (7.33), anasutuueckozo
no napamerpy e, Heo6x00umo u 00CTATO4HO, 4TOObL YpasHeHue

(M) =0
UMen0 npocToie KOPHU.

Mpumeuanue. HanoxeHnHoléi MeTox 6e3 KaKHX-THGO H3MeHe-

HHIl MO3BOJIieT H3y4yaTb NEePHOAHYECKHE PELIEHHS] CHCTEMbl

£i=3q)i(xl,~--,xn, t’ 8)

NPOH3BOJNILHOTO MOPAAKa, ecid QyHKuus ¢; (i=1, 2,...,n) — ana-
JuTHUeCKHe QYHKUHH MO &, X; U NepHOAHYeCKHe (PYHKUMH no ¢ me-
puoaa 2m.

6. O pesonance n-ro popa. B pamkax KBa3suJHHEHHOH TeopHH
yAaeTC YCTAaHOBHTb OJHY 3aMeyaTeJbHYIO OCOOEHHOCTb HeJIHHeH-
HBIX CHCTEM — BO3MOXHOCTb CYILeCTBOBAHHs PE30OHAaHCa n-ro poja.
Mpl yxKe 3HaeM, 4TO B TeX cJayuyasiX, Korla Ha KBa3HJIHHEHHBIN
OCLMJIAATOP AEHCTBYeT BHelLIHee NepPHOAHYECKOe BO30YXKaeHHe HH-
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TeHcHBHOCTBIO O (g), B OCHW/IJISAATOPE MOTYT BO3HHKHYTb BbIHYXKIEH-
Hble KojieGaHHs, aMIVIHTYAbl KOTOPbIX HMeloT nopsioK 1. BosHuk-
HOBeHHEe HHTeHCHBHbIX KojieGaHuil, Kak 3T0 Obl10 IIOKa3aHO, MOXeET
OCYILeCTBHTbCS, €CJH uYacTOTa BHellHeldl Bo30yXaalollled CHJIbL
Gsan3ka K coOcTBeHHOH uacTtoTe. DTO fIBJieHHe Mbl Ha3blBaJH Pe30-
HAHCOM. YC/IOBHMCH Tenepb Ha3blBaTb €ro IJ1aBHbBIM PE30HAHCOM.
310 yrouHeHHe HeoOXOAMMO MOTOMY, UTO HHTEHCHBHblE BbIHYXJEH-
Hble KosnebGanus (aMminTyda Kotopbix paBha O (1)) KBasHIHHeH-
HOTO OCIHJIJIATOPa BO3MOXKHO H TOTJa, KOTJa YacToTa BO3MyLlaio-
mwel cHibl (MHTEHCHBHOCTb KOTOPOil HMeer Tenmepb mopsigok O(e))
6siM3Ka K ho, rae o — cob6cTBeHHasi yacToTa, a N — HeKoTopoe Le-
JIoe YHCJIO.

PaccMOTpHM cHOBa KBa3HJ/IHHeHHOe ypaBHeHHe (7.9) W Aas yn-
POLUEHHs1 BCeX PacCyXIeHHA OrpaHHUYHMCS H3YYCHHEM ero 4acTHOro
ciayuas

i+x=acosnt+eq(x, &, t), (7.43)

rge n — uejgoe YHCJIO, a QYHKUHA ¢ — NMepHOAHYecKas (YHKIHA
BpeMeHH nepuoja 2rx. CorsiacHo TepMHHOJIOTHH, KOoTopasi Obl1a HaMH
NPUHATA, COOTHOILIEHHe YaCTOT BO3Myllaiolledl cHJbl H coOcTBeH-
HbIX KosieGaHHi onpepesisieT Hepe3oHaHCHbIH cayuyal. Ecan, cienys
H3JI0O)KEHHOH MeTOAHKe, Mbl HayHeM pa3blCKHBaTb pelleHHs YpaB-
Henus (7.43), mepuoma 2m, TO Mbl JOJMKHb OyJeM HCKaTb 3TO pe-
lieHHe B ¢popMe psa

x=Xxo+ex,+e2xy+

rie xo — pelllenHe NOPOXKIAIOLIero ypaBHeHHs

cos nt. (7.44)

o= T
Pewienne, xotopoe Oyler HalaeHO 3THM crnocobom, Gymer HMeTb me-
puon T*=2n/n. OnHako momumo peiieHus (7.44), nmopoxaarpolliee
ypaBHeHHe

i&+x=acos nt

JIOMyCKaeT ellle AByapaMeTpHUYeCKOe CeMeHCTBO NMepHOJHYECKHX pe-
IIeHHH NepHoAa 2m

F=M cos t+N sin t+(f), (7.45)

roe Y (¢) onpelensiercsa dopmynoi (7.44). dto obCTOATENBCTBO TO-
3BOJisieT NPeANOJIOKHTb, UTO CPelH NepHOJHYECKHX pelleHHH ypaB-
HeHHs (7.43) nepuola 2z, KpoMe pellleHHH, OllpefeJsieMblX aJro-
puTMOM M. 2 3TOrO NMaparpada, Moryt ObIThb pellileHHs TakKXe W ApY-
roro THna. [lonpoGyem pasbickaTb pelleHHss ypaBHeHHs (7.43),
Kotopble npu € —0 nepexoast B peiieHus (7.45) npH yc/OBHH, UTO
XoTs Gbl 0AHO H3 yHcea M uiau N OT/IHUHO OT HyJs.
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JIJ1si 3TOro NOJMOXKHM
X=X+ex;+ (7.46)

[Mpouenypa otbickaHusi pellleHuss BuAa (7.46) HuueM He. OTJIH-
yaercsl OT NPOUedyPhl OTHICKAHHS pPellleHHsl B OKPeCTHOCTH [M1aBHOT'O
pesoHaHca. [TogcraBnss psan (7.46) B ypaBHeHue (7.43), Mbl nony-
yaeM ypaBHeHHs Aasl X;. PyHKUUSA X; YAOBJETBOpPSAET ypaBHEHHIO

E+x=0(F % 1). (7.47)

st tToro uto6bl ypaBHenue (7.47) HOmyckalo NMepHOAHUYECKHE pe-
HieHUs Nepuofa 2n, HeoO6XoAuMo, 4ToObl uncia M u N ynoBaerBo-
pPANH chaenylolleli cHCTeMe TPaHCUEHAEHTHbIX YpaBHEHHI:
2n
P(N, M)=[ @(Mcost+Nsint+p;
0

— Msint+ Ncost+; t)costdt=0,
o i 1) (7.48)

Q M, N)E.[ ¢(Mcost+ Nsint +;
0

—Msint+ Ncost+ 1, t)sintdt=0.

ITyctb Tenepp M u N — npocTtbie KopHH chcteMbl (7.48), Toraa,
KaK 3TO cJelyeT U3 TEODHH, H3J0XKEeHHOH B m. 3 HacTOsIero napa-
rpada, ompeneneHue nocienylollux npubaunkenuiéi norpebyer pe-
ILIEHHS] YXKe TOJbKO JHHeHHBIX ypaBHeHus THna (7.25):

oP 0P \yu
M:WHV:W—‘F“.]? o35

Mlﬂ"‘Ni'g%:q)(i)’ j

oM
rae W y Q) — HeKOTOpble H3BECTHbIE YHC/IA.

B cuny chaenaHHBIX NPeANOJNOXeHHH O MPHpPoJe KOPHeH CHCTEMBI
ypaBHeHH# (7.48) cucreMa (7.25) Bcerna paspelinMa.

Cucrema ypaBHeHHi (7.48) aHa/JOrHYyHa cHCTeMe YpaBHeHHH
(7.21) u MoXeT paccMaTpHBATbCsl KaK YacTHHIH cayyad Takoil cu-
crembl. OHa o6nafaer cielyiollefi, 0COGEHHOCTbIO: eclH (GYHKLHS
@ (x, &, ¢t) umeer no ¢ nepuon T'=2n/n, To cucrema (7.48) Bceraa
JonlycKaeT TpuBHa/lbHOe peuieHHe M = N = 0.

B camom Jene, NOCKOJIbKY B 3TOM cjayyae, T. €. npy M=N=0
byukuus (7.45) Oyfer B KayecTBE CBOEro HaMWMEHbIIEro mnepuoia
uMeTb nepuol I'*=2m/n, To TaKuM XKe NePHOLOM 6yner obmanatb
u yukuua @(%, %, f), U cremoBaTenbHO, €e DPas3oOXeHHe B pPAL
®ypbe Oylder coiepxKaTb TOJNbKO FapMOHHKH, HMEIOllHe 4YacToTy,
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KpaTHylo 7, T. €. YCJIOBHE OPTOroHanbHOCTH (7.48) BhimoJsiHAeTcA aB-
TOMaTHYECKH.

310 06CTOATENBLCTBO MOXKHO HCIIOJB30BaTh IVISi COKpAl€HHs BhI-
KMafoK NpH 3(Q@PeKTHBHOM oONpefeseHHH HHTEpecylolHX Hac pe-
LIEHHH.

3aMeTHM, YTO BCe pAacCyXIEHHSI OCTAlOTCA B cCHJAe H IJAs TOro
YacTHOro chayuqasi, KOrla aMIJINTyAa BO3MYLIAlOUIeH CHJB HMeeT
nopsaok O (e). TakuMm obpa3oM, faxe Maljbie BO3JeAcTBHS Ha KBa-
3WIHHEHHYI0 CHCTeMY MNEePHONHYECKHMH BO3MYLIAIOUIHMH CHJAaAMH
KPaTHOM YacTOThl MOTYT BO3OYIUTh B Heli HHTEHCHBHBIe KoseGaHus,
NpOHCXOAsIlINe C yacTOTOH cOGCTBEHHBIX KoJsiebanui. Takoe siBie-
HHe Ha3biBaeTcsi pe30HaHCOM n-ro poaa. BmepBrie Mcc/ienoBaHHAMH
nofoGHbIX KosebGanuit 3anuManuce JI. U. Manpensmiram u H. 1. Ia-
naJeKkcH.

7. O KBa3u/IMHEHHON TPAKTOBKE HeJHHEHHBHIX YpaBHeHu#. B du-
3HKe M TeXHHKe MMelOT LIHPOKOe pacnpocTpaHeHHe METOMAbI, KOTO-
pplé OCHOBaHBEI Ha NPEAMNOJOXKEHHH, YTO HcceayeMoe HeJHHeHHOoe
ypaBHeHHe B HEKOTOPOM cMbicjie 6/iM3Ko K suHeiiHoMYy. K1 B Hacros-
1eM nmaparpade Met H3yyasnH ypaBHeHHs BHIa

itox=ecp(x, %, I, &), (7.49)

KoTopeie NMpH e=0 MNEPeXOAAT B JIMHeAHbie H IS MaJbiX 3Haue-
HHil mapameTpa €& pPa3BHBaJIH MeTOAbl, MO3BoJsioliHe 3QdekTHBHO
BHIYHC/IAAT MEpHOANYECKHE ABHKEHHS.

Takas Touka 3peHHsi, KaAK Mbl 3TO BHAeJH, Gorata pa3HoobGpas-
HbIMM BO3MOXHOCTSIMH: OHa He TOJIbKO MO3BOJIS€T «YTOUHHTH® IMO-
poxpalolee pelleHHe, HO H laeT BO3MOXKHOCTh OOHApYXHTh TaKHe
cBoiicTBa ypaBHeHui (7.49), KoTOpbie MOJIHOCTBIO YTpPauHBaIOTCH,
ecsiy NpHHATE =0,

B rTexHuke M (u3HKe [paN€KO He Bcerga ypaBHEHHS OKasbi-
BAlOTCA B «TOTOBOM KBasHJHHeHHOM BHAe» THna (7.49). Pasymeer-
cfl, JOCTATOYHO YacTO BCTPeyaloTcs 3ajayH ¢ MaJbIMH BO3MYylle-
HHAIMH H MaJibiMH HenuHeHHoCcTAMH. Ho oueHe uacto MBI yMbILI-
JIEHHO TPaKTyeM Hauly 3ajfayy Kak KBasW/HHelHHylo, NpeanoJaras
HCMOJIb30BaTh MOILHBIE CpeAcTBAa aHaaH3a NOAOGHHIX 3agau. [Ilo-
npoGyeM Ha NPOCTOM NpHMepe MOSACHHTb CMBIC]A PeiyKLUHH 3adayH
K KBa3u/MHHeHHOH u 06JacTb NMPHMEHHMOCTH MONOGHOH TPaKTOBKH.

PaccMoTpHM ypaBHeHHe

J+Q(y)=e0(y, 9, 1). (7.50)

IMpexnonoxuM, uto Touka y=y=0 onpexnensieT nosoxeHHe paBHO-
Becuss ¥ QyHKuMs Q(Yy) B OKPECTHOCTH 3TON TOYKH SIBJASIETCSH aHa-

JINTHYECKOM
Q(Y) =% — bay? — by +...
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ITpu € —0 310 HenHHeliHOe ypaBHEHHe MepPeXOJLMT CHOBA B HEKOTO-
poe HenuHeliHoe ypasHeHue. Ilas Ttoro utoGnl ypasuenue (7.50)
MOXHO O6bL1O TPAKTOBAaTh KaK KBa3WJHHelHOe, clejaeM 3aMeHy

nepeMeHHbIX
y=Vex, e=p% (7.51)
¥pasHenue (7.50) nepeiiger teneps B caenywoilee:
Et+olx=pe*(x, &, ¢, p), (7.52)
rae

e* =@ (ux, pz, f) +box?+pbsx®+.

YpasHenue (7.52) yke OTHOCHTCS K PacCMOTPEHHOMY THMYy ypas-
HeHwuit (7.49).

Kak sto BuaHo u3 dopmyn (7.51), BO3MOXKHOCTb KBa3HJAHHea-
pH3allHH OCHOBaHA Ha MNPeNNOJOXEHHH, UTO OTKJIOHEHHe OT MOoJOo-
XeHHsi paBHoBecHss Mano. TakuM o6pa3oM, KBa3uJMHeilHas TpakK-
TOBKa MOXeT ObITb HCNOJb30BaHa /1JA H3YyYeHHS TOJbKO MaJbixX
KoseGaHuil HenuHeiiHo#H cucieMbl. [lnsa usyuenus KosebaHHii ¢ GoJb-
IIHMH aMIVIMTYAaMH H3J0XKeHHbIH NOAXOJ He HMeeT CMbICaa.

OnHako MoXKeT OKa3saTbCsl, YTO KBa3WJHHeHHas TPaKTOBKa He
O6yIer npuroiHa Jae IS HCClelOBaHHs Manblx KoaebaHHi. B ca-
MOM Jene, Mbl cienanu 3ameHy (7.51). Ho yxke onHMM 3THM MBI
HaJIOXKUJIM H3BECTHble OrpaHHUeHHs Ha Kjacc QYHKUMIH, BHYTPH KO-
TOPOro Mbl pa3biCKHBaeM HHTepecyiolllee Hac pemeHHe. I Moxer
C/YYUTBCS, YTO NMEPHOAHUECKOe pelleHHe, KOTOpoe AONycKaeT ypaB-
Henue (7.50), He comep»KHTCA BHYTPH 3TOro kjaacca M, cjeloBaTelb-
HO, B NOAOOHOH CHTYallUH KBa3HWJIHHeHHAass TPAKTOBKA He [aeT HH-
KaKoit noJjiesaHoi HHHopMaLIHH.

Paccmotpum npocteifiinit npuMep. IloctaBuM 3ajnauy oOTbicKa-
HHS Pe30HAHCHBIX pellleHHH ypaBHeHHs

j+y— a*y?=ecost. (7.53)

PaccmarpuBasi 3TO YpaBHeHMe KaK KBasHJIHHeiHoe, 3aMeHOH
(7.51), MBI NDHBOAHM €ro K BHAY

E+x=p (cos t+a2x?), (7.54)

[TpuMeHuM K ypaBHeHHIO (7.54) MeTOé OTBLICKAHHSI MePHONHUECKHUX
pelieHuil, H3J0XKeHHbIH B 3TOM maparpade. s 3TOro nosoXxum

x=Mcos t+N sin t+px,+p2x+. . . (7.55)
DYHKUHA Xy YAOBJETBOPSIET ClelyIollleMy yPaBHEHHIO:
)+ %, =cost+ az{—;-(M2+N2)+(M2—N2)c052t+ MN sin 2t }=
=f(M, N, t). (7.56)
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Hns toro uto6bl ypaBHeHHe (7.56) HMeJO mnepHOLHUECKOE pelie-
HHe, He0O6X0AHMO TaK BbiGpaTh mapamerpbl M u N, uyToGbl mpaBas
4yacTb 3TOrO ypaBHeHHs Obula opTOroHasbHa sin ¢ p cos £. Ho snerko
BHIETb, UTO 3TOTO CHeNaTb Hesb3s. B camoM nene,

2n

J f(M, N, f)costdt=m
0

M He 3aBHCHT oT M U N.

Takum o06pa3oM, Ha OCHOBAaHHH KBa3WJHHEHHOH TEOPHH Mbi
HOOJIXKHbl yTBepXKJAaTb, 4TO ypaBHeHHe (7.53) He momyckaer me-
pHONHYECKHX pelleHHH. TeM He MeHee, Kak Mbl 3TO YBHIHM B cJe-
aoylouleM naparpacge, nepHOJHUECKHe peLieHHsi 3TOTO YpaBHEHHSA
CYLLECTBYIOT B OKDECTHOCTH MOJIOXKeHHsi paBHOBecHs. ToJbKO 3TH
pelleHHsi HeJb3si MpeacTaBHTb B ¢opme psna (7.55). Hrak, ecau
KBa3WJHHeHHAasl TeOpHS He JaeT BO3MOXHOCTH OMpeleNHTb MepHo-
JHUYeCKHe pelieHHs] HeJIHHEHHOrOo ypaBHEHHSs, TO 3TO ellle He 3HAYHT,
YTO HCXOLHOE ypaBHeHHe He HMeeT MOAOOHLIX peleHHH.

OtKa3 OT KBa3WJIMHEHHOH TPaKTOBKH 3aJlaud NpPHBOAHT K pe3-
KOMY YCJOXHeHHI0 3ajnaud. CyuiecTByeT oueHb HeMHOTO MeTO[OB,
MO3BOMIAIOIIHX B OTHENbHBIX CJAyuasiX pacCMOTPeTb HPYTHe KJaccChl
HeJiMHelHBIX ypaBHeHHH. OJHH H3 TaKHX METONOB MPHHALJIEXKHT
nokoiiHomy mnpogeccopy Csepanosckoro yHusepcurera M. I'. Maa-
KHHY. MetoJ, kotopbiii paspa6oran M. I' MankuH, no3sosasietr pac-
NpOCTPaHUTb MeTodosoruio [lyankape Ha H3yueHHe ILHPOKOTO
KJacca cHcTeM, 6JH3KHX K cHcTeMaM JlsimyHoBa *).

§ 8. HeaBTOoHOMHBIE CHCTEMB BTOPOro Mopsika,
6au3kue K cucremam JlanyHosa. Merox ManakuHa

1. MpensaputeabHbiii aHaau3, B npensiaymeM naparpage mul
M3yuajii KBasHJHHeHHble cHCTeMbl. [1pH MOCTPOEHHH BBLIUHC/IHTENb-
HbIX aJITOPHTMOB CYLUEeCTBEHHbBIM 06pa3oM HCMOJL30BaJOCh TO 06-
CTOATENbCTBO, UTO MOpOXJalolllee ypaBHeHHe JIMHEHHO H, cJeaoBa-
TeJIbHO, HAaM H3BecTeH BeCb BO3MOXHBIH Habop ero pelieHHi.

OcHoBHas uepta merona [lyaHkape, na H n0O6bIX METONOB He-
JIHHEHHOH MeXaHHKH COCTOMT B TOM, YTO paccMaTpHBalOTCs Yypas-
HeHHsi, KOTOpble B TOM HWJH HHOM CMbicje GJH3KH K ypaBHEHHSM
C HM3BeCTHbIMH peiieHHAMH. [103TOMY, OTKa3bIBasiCb OT KBa3HJHHell-
HOH TPaKTOBKH, Mbl AOJKHbl pacCMaTpHBaThb ypaBHEHHsl, OJH3KHe
He K JIHHEHHBbIM YpaBHEHH#M, a K HEKOTOPbIM IPYrHM, AJsl H3yue-
HHS KOTODbIX Mbl HMeeM HeoGXOLHMYIO pelentypy. KiaBecTHO oyeHb

*) U. T. Masakun, Hekotopsle 3amaud TeOpHH HeTHHERHBIX KoneGanuf,
Mockea, 1956.
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HEMHOrO THMOB ypaBHEeHHH, AJs1 KOTOPBIX CYLLeCTBYIOT 3 (eKTHBHbIE
aHaJMTHYECKHEe MeToJbl MocTpoeHus peweHHd. K HUM oTHOcsiTcA
npexjae Bcero chcrembl JIsinyHoBa. EcTecTBeHHO, uTO CjefylOIHM
nocje H3yueHHs1 KBa3HJHHEHHOH TeOpHHM MAOMKHO GbITb H3yueHHe
cuctem, GIH3KUX K JANYHOBCKHM. KaK Mbl yBHAHM HHXKe, 3TOT Luiar
NpUBEIET K 3HAUUTEJbHOMY PacCIUHPEHHIO BO3MOXHBIX THMOB YCTa-
HOBHBILHXCS PeXHMOB HeJIMHEHHBIX CHCTEM.
Hrak, B atom naparpade Mbl 6yaemM H3yuyaTb CHCTEMbl BHAA

t=—Ay+ X(x, ) +puFi(x, y, 1), }
y=rx+ Y(x’ y)‘l'lle(xv Y, t)’

rae F; — QyHKUNH, aHAJMTHUECKHE MO X M Y M MEpHOAHUECKHEe No ¢

nepuoga I. He orpaHnuuBas OGLUHOCTH, MOXKeM NPHHATb T =2m.

[Tpu p=0 cucrema nepexoaut B cuctemy JlsnyHosa
E=—M+X(E n) }
n=2Ax+ Y )

[ToctaBUM 3anauy OTHICKAHHS MEPHOAHUECKHX pELIEHHH CHCTEMBl

(8.1), mepHon KOTOPHIX paBeH MEPHOAY BO3MYLIAOIIKUX cua Fy u Fo

¥ Kotopble mpu p— 0 nepexoasT B NMEPHOLHUYECKHE DPELIEHHS MOpo-

)natouero ypasHeHus (8.2). Tlopoxaaloliee ypaBHeHHe, COTMJIacHO
Teopeme JIanyHoBa, HMeeT ceMeHCTBO MEPHOAHYECKHX peLUeHHil

E=E(c, t+h), n=n(c, t+h),
3aBHCsillee OT JBYX NapaMeTpoB: <«aMIUIHTYyAbl» ¢ H «C/ABHTa

¢asbi» ——h. CorsiacHo TeopeMe JIanyHoBa MepHOJ 3TOrC pelLeHHs:
HMEET BHA

(8.1)

(8.2)

T=2Tn(l 4 hoc® + hycH ),

rae uepe3 A, Mbl 0003HAuUMIH NEPBbIF H3 KOI(P(GHUHEHTOB B Pasio-
XKEHHHM MepHojaa, KOTOPbI OTJAHuYeH oT Hyas. M3 rteopembr Jlsiny-
HOBa Mbl 3HaeM, YTO MJajlas CTelleHb aMMJHTYAbl ¢ B pasjoxe-
HHU NepHoja Bceraa Gyjer yetHas.

Mbl 6yneM H3yuyaTb 3ajauy OTbiICKaHH$ MEPHOAUYECKOrO pelle-
HUs cHcTeMbl (8.1), KoTopoe mnpH /1060M, JOCTAaTOYHO MaJjJOM [
HMeeT nepuoj, paBHbil 2m. CnelobaTenbHO, U MpeflesibHOE pelleHH?
npu p=~0 6yner TakXe UMeTb nepuol 2m WIH 2n/p, rie p — HeKo-
topoe uenoe uucao. Takum o6pa3oMm, NePHOA MOPOKAEIOLLEro pe-
IIeHHS, TaK Ke KaK H B KBa3W/IHieAHOH TEOPHH, Mbl 3HaeM 3apaHee:

2 (14 hyet® o+ he® L), (8.3)

OnHako cootHouwenune (8.3) nosBoJsieT OnpeleiHTb TaKXe M napa-
MeTp ¢ — aMIUIMTYAY MOpoXAalollero peweHds. D10 06CTOATENb:
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CTBO KayecTBEHHO OTJHUAeT H3yyaeMylo 3ajJayy OT 3ajay KBasH-
JHHeHHbIX., B KBa3uJHHeHHBIX 3ajgauax OOBEKTOM HCC/eNOBAHHUA
Kak pa3 H sBJsieTCs aMIJIMTyJa NOpoXJalollero pelleHHs, 31ecChb
J)Xe OHa H3BecTHa 3apaHee. OJHaKo, KaK Mbl YBHAHM HHXe, 3TOT
(hakT OTHIOAb He TIPHBOAMT K YNPOILEHHUIO 3a4a4H.

Pasnnune o06eUX TeopHH — KBAa3WJIHHEHHOH M paccmaTpHBae-
MOl — B 3TOM mnaparpacde COCTOUT B TOM, YTO B NepBOH pellIeHHs
NOopoXKalollero ypaBHeHHsi H30XpOHHb. [lopoxniamwlilee pelleHHe
B paccMaTpUBaeMOH TEOpDHH SIBJIsSieTCA HeJHHEHHbIM H NO03TOMY B
o6lieM ciayyae yxKe He sBJIsieTcsl H30XPOHHBIM.

YpaBHenne (8.3) Mbl MoxeM NpeACTaBHTb B CljelylollleM BHAeE:

A—
thZk + h302k+] + = P P )
HJIH, H3BJIeKas KOPeHb 2k-H CTeNeHH, NOJYyuHM
k
h3 2 _ 2 A— 14
c+ T + = oy (8.4)

YpaBHeHue (8.4) a8 KaxXJOTO 3HAYeHHA p H JJIA KaXJAOTro 3Ha-
YyeHHs KOpHS HMeeT GECKOHEUHOe KOJHYECTBO KOMIIJIEKCHBIX pe-
wenuit. CpellH 3THX pelleHHH MOXKeT oKa3aThCd H OecuHc/eHHOoe
KOJIHUECTBO JEHCTBHTE/IbHBIX pelieHHi. Kaxaomy W3 3THX deHCTBH-
Te/JibHBIX KOpHel MoXKeT, BoOOllle TroBOpsi, OTBeYyaTb HEKOTOpOe
HCKOMOe TEepPHOAHYECKOe pelleHHe HCXONHOH cHcTeMbl (8.7). ¥Yxke
3TO OJHO TIOKa3bIBAET CKOJIb CJOXKHOH SIBJISIETCS TIOCTaBJIEHHAsi 3a-
payva.

Ecau hp >0, To ypaBHenue (8.4) ans kaxjaoro p <A HMeer
TOALKO JBa JEHCTBHUTENbHBIX pelleHHs, OLHO H3 KOTOPBLIX MOJIOXKH-
TeJbHOE, a Ipyroe — oTpuiarenbHoe. Ecan A, < 0, To nBa meicTBH-
TeJIbHBIX pelleHHs CYLIeCTBYIOT /sl JI060ro p > A. DTH pelleHHs
cucrembl (8.1) Gymem o6o3HauaTth x(P) u yP). [Topoxkpaamwliue pe-
IIeHHsi, COOTBETCTBYIOIHe HM, oGo3HayuM ueped EP)(c, [+h) u
n®(c, t+h).

[Topoxnaomas cucrema (8.2) Bcerna HMeeT TpPHBHA/MbHOE pe-
IIeHHe, KOTOpPOe Mbl MOXEM CYHTAThb NEPHOAHYECKHM Jji06oro ne-
puona T. TlosTomy MoxeT oka3aTbcs, 4to cucrema (8.1) mony-
CKaeT TaKHe NEepHONHYEeCKHe pelleHHsi, KoTcpble nmpH p—0 nepe-
XOIST B TPHBHAJIbHBIE pellleHHs NMOopoxkAalollell cucreMsl (8.2).3TH
peleHHs ycaoBUMcst o6o3Hauatbh ¥ u yO.

2. Pewenns x© u y©. Hepesonancuwmit cayuaih. Paccmorpum
cHayana peuleHHss X u y©. Tak Kak 3TH peuleHHs npdH p—0 ne-
pexoasT B TPHBHA/bHblEe, TO OyleM HX HcKkaTb B dopMe psJoB

x(o) = p'xio) + u2x£0) +

YO =py® + p2yP + (8.5)
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Tak kak pasnoxenuss ¢yHkuuit X U Y HauMHaloTCA C 4JI€HOB BTO-
poro mopsjaka Ma’gocTH, To ¢yHkuuu x@ u y© Gyayr ymosnerso-
PATb CJIEAYIOLIUM CHCTEMaM:

0= —Ay® + F, (0, 0, #),
9O =rx0 + F, (0, 0, t),

x(20) = — 7"-’/(20) + X, (xgm’ y(lo)) +

(8.6)

o 9f OF L

+x0 95 aF 4y —AyP + Fyy (B, 8.7)

§9 = AP + Y, (x0, y0) +x0 27 al-‘, +yp 22 aF, =11+ Fyp (1)

U T. A.

3necy F;; — nepuoauueckue ¢GyHkuuu nepuoga 2m. Bo3MoxKHBI
nBa ciaydas. [TepBuifi ciyyait — 310 TOT, KOrja A He paBHO LIEJOMY
yucay. B 3ToM ciyyae ogHOpoJHas cucTeMa

0= — Ay, GO =2xO

He ¥MeeT peuleHHil nepuona 2x (A¥p) H, cle0oBaTeNbHO, MEPHOMH-
yeckoe peileHHe cvcTeMbl (8.6) MBI MOXKeM IOCTPOHTb OGBLIYHBIMH
MetonaMu. Bee nocnenyoniye uieHs pasnoxenu#i (8.5) ynosJserBo-
pAT cucTeMaM AuddepeHUHaNbHbIX ypaBHEHHUH, COBEpILEHHO H/eH-
THyHbiM cHcteMe (8.6). Takum o6pa3om, B TOM ciyyae, Korga A
He paBHO IeJIOMY YHCTY, BhluMcieHHe pewleHus X u y® He mpen-
CTaBJ/sieT TPyna.

Ecmn A=p (p=1, 2, ...), T. e. paBHO LleJOMY 4YHCHAYy, TO Cylile-
CTBOBaHHSl TEPHOAHYECKHX PpeLIeHHH HEOOGXOAMMO M JAOCTAaTOYHO,
4T06bl QyHKUMM Fy U Fy yHOBNETBOPSAM CAEAYIOLIUM YCIOBHAM:

an
I, (Fy, Fg)= I F,(0, 0, t)cos ptdt+
1]

2n
+ [ F2(0, 0, t)sinptdt =0,
° (8.8

2n

I, (F,, Fo)= j F,(0, 0, #)sin ptdt —
0

n
_f F4(0, 0, #)cos ptdt =0. |
0
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Ecau ycnoBusi (8.8) BbimosHeHbl, T.e. ¢yukuuu F, u F, oproro-
HaJbHbl sin pf W cos pf, To pemenus cucremnl (8.8) HaxomsTcs of-
HHM M3 CTaHJapTHHIX cnoco6oB, HampuMep MetoioM Dypne.

Tot cnyuaii, korna ¢yHkuuu Fy u F, yIOBNETBOPSIOT YCNOBHSAM
(8.8), sBAsieTcst HckJaOuHTeNbHBIM. CoefoBaTeNbHO, B 0o6LieM cJay-
yae npu A=p cucrema (8.6) He GyleT MMeTb MEPHOAHYECKHX pelle-
Hui Buga (8.5). Takum o6pa3om, ecnu pemieus x© u y© cucremsl
(8.1) cymecrtsyloT, To HX cJeldyeT pa3bicKMBaTb B (GopMe, OTaHY-
Ho# ot (8.5).

[TepBolit cnyuait, koraia Ap (MK KOTAa BbIMOJHEHBI 06a ycJo-
Busi (8.8)), ycnoBuMcsi HasbiBaTh HePe3OHAHCHbIM. B 3ToM ciyuae
yueT uJeHOB nopsiika p? B ypaBHeHHH (8.1) MPHBOZHMT TONBKO K KO-
JIHYecTBeHHbIM yTOuHeHHsIM. Pewiedne cucremnr (8.1) oka3biBaercs
«KauecTBEHHO OJIH3KHM®» COOTBETCTBYIOLLEMY PpeELIEHHI0 YpaBHEHHH
JIsnyHoBa, koTopoe GOpPMalbHO TakXKe MOXHO Pa3blCKHBATb B BHIE
psinoB (8.5).

HoBble kauecTBeHHble OCOGEHHOCTH BO3HHKAIOT BO BTOPOM CJay-
yae, KOTAA A=p H XOTs Obl OAMH u3 OGYHKUHOHaANOB [y uau [, He
paBHsieTCsl HYMIO. JTOT cJyyail Mbl YCNOBHMCS Ha3blBaTb pe3o-
HaHCHBIM.

3. Mpumep pacyera Hepe3oHaHCHHIX pewenuii. [TposBenem pac-
yeT Hepe3OHaHCHBIX pelieHHH x©@ Ans ypaBHeHHi

i+ o®’x=psint + ax?, (8.9)
%+ w?x =psin ¢ + ax? (8.10)

npH YCAOBHH, yTo o+ 1. CoraacHo H3/0XEeHHOH TEOPHH MNepHOMLH-
yeckHe pelieHHs nmepuoia 2m ypaBHenuii (8.9) u (8.10), o6pamaio-
IlHecss B TPHBHAJbHble pElIeHHS! MOPOXKAAIOIETO YPaBHEHHN TpH
p— 0, cneayer HckaTh B BHe PAJOB

X= I,I,X1+ u’x2+ |,I.3X3+ e
DOyHKuHs X, B 060MX clyyasix YHAOBJNETBOPSET ypaBHEHHIO
¥+ wixy=sin ’. (8.11)

Tak Kak @¥1, TO elHHCTBEHHOE MEPHOAHYECKOE pelLieHHe YpaBHe-
uus (8.11), umerowee nepuon 2n, 6yner

Xy=—er sin t. (8.12)
YpaBHeHHe ANs Xz B ciyuae (8.9) nmeer BHI
E2+ @2x, =0, (8.13)

YpaBHenne (8.13) He Honyckaer MEpPHOAHYECKOTO PeIUEHHS MEpHO-
na 2;, kpome TpuBHaNbHOro. Mtak, x2=0. YpaBHenua ans xs

.1'c’3+m2x3={-37a-sint—%sin 3t} (wzlfl),
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HMeeT pelleHHe

x3={——3a—sint

- !
1(0?—1) 4(0?-9)

sin 3¢ } W
U T A
Hrak, nepHoanyeckoe peueHHs ypaBHeHus (8.9) umeer BuI

. 3asint . 1
Ismt+pf’{ Al —4((;_ sm3t} =

_ [
r=o T(@—1) 9) (0’ —

(8.14)

[Tepuonnueckoe pemenne ypasHenuss (8.10) HaxomuTcs cTolb Xe
npocTo
_ u n? a @ cos 2¢
X =— Slnt-l-(——w{— m}"‘ (8.15)
Ecnu Mbl cienaeM NONBITKY NMOCTPOMTh Hepe3oHaHCHbIe MepHOIHYe-
ckde peuenuss ypaBHenu#n (8.9) u (8.10) meromom Ilyankape, pac-
cmatpuBas ypaBHenus (8.9) m (8.10) kak KBasH/HHeHHbIe, TO, KaK
HeTpyAHo yOGemuTbCsi, Mbl NMPUAEM K TeM Xe pe3yabTaTaM. Takum
o6pa3oM, B paccMaTpHBaeMoM cJy4yae o06e TPAaKTOBKH «KBa3HJH-
HellHas» H «KBa3W/JANMYHOBCKas», 0Ka3bIBalOTCA, AAIOT OJHO H TO Xe.
4. Pe3oOHaHCHBbIE PeXUMBbl B cUcTeMax, Gauskux k cucreme Jlisg-
nyHoBa. PaccMOTpHM Tenepb ciyual pPe30HAHCHBIX KoJieGaHHHA B CH-
creme (8.1), T. e. 6yaem cuHTaTh, YTo A OJIH3KO K LeJOMY UYHCIY
p: A=p+pk. Cucrema (8.1) Torga moxer ObITb NpHBENEHA K BUAY

i=—py+X(x, y) +pd (x, y, t), }

| 8.16
=px+Y(x, y) +p0:(x, y, ?), (®.16)
raoe

(D1=F1 —ky, (I)2=F2+kx.

Mbl ycloBH/IMCH pacCMaTpPHBaThb pe3oHaHCHbIA eaydyafi. 1o 3Ha-
YHT, 4TO XOTA Gbl OMHO M3 cooTHolleHud (8.8) He BbimosHseTcs. Ta-
KUM o6pa3oM, OyaeM cuMTaTb, UYTO OJHH H3 (YHKIHOHAJOB
11 (D4, @;) unu I(D, @;) oTIHYEH OT HYA.

CrenaeM HeCKOJIbKO MpeABapHTe/NbHBIX 3aMeuaHHH:

a) IIpn p=0 nopoxnalomas cucteMa (8.2) nmomyckaer mepHo-
JIHYECKHe pelleHHsi, MepHoA KOTOPHX I sB/ASETCS YETHOM aHaJHTH-
yeckoll GYHKUHEH «OCTOSTHHOH 3HeprHu» H

x*+y?+W(x,y)=H.

Hanomuum, uto W(x, y) — aHanuTHueckas GYHKUHMS CBOMX mepe-
MEeHHbIX, pa3/ioXKeHHe KOTOpOil HauHHaeTcs C UYJIeHOB TPETbero IMo-
psaka. Mrak,

21+ mH®+ ..0), (8.17)
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MpHYeM, KaK Mbl 3TO BHJeJNH B N. 4, NOCTOSAHHAA hy B pa3JiOXKeHHH
(8.17) ta xe, uTo U B pa3noxeHuu (8.3).

6) 3amaua onpejesieHHsi BO3MOXHBIX MEPHOAHUYECKHX pelleHHH
cuctembl (8.16) cocTOMT B ompeigeneHHH MOCTOSIHHbIX @ W b — Ha-
Ya/IbHbIX 3HaUeHHi MepeMeHHbIX X H Y

x(0) =a, y(0) =b, (8.18)
KOTOpLIe YAOBJETBOPAIOT CJEAYIOIHM YCIOBHAM:
x(2x, a, b, n) =aq, y=(2m, a, b, p)=>b, (8.19)

MOCKONBKY YcsoBHsi (8.19) Heo6XOAUMBI H J0CTAaTOYHHI ANSA Cylile-
CTBOBaHHA NMEPHOAHYECKHX pelleHHH HCXOAHOH CHCTEeMBI.

[Mpu p=0 nio6as napa uucen a H b, 10CTATOYHO MaJsbIX Mo ab-
COJIIOTHOH BeJIHUHHe, OyleT ompejensaTb HEKOTOpoe NepHOILHYEeCKoe
peuwenue. ITepuon aroro pemenuss 6yner T (cM. (8.17)). Cnenosa-
TeNbHO,

x(T, a, b, 0) =a, y(T, a, b, 0)=b.

OueBHAHO, YTO 3TH COOTHOILEHHS COXPaHAIOT CHAY, eCliH 3aMeHHTb
T Ha qT, rae ¢ — no6oe Len0€ YHCIO

x(qT, a, b, 0) =aq, y(qT, a, b, 0) =b. (8.20)

HUcnoanays o6o3HaueHus (8.18) ¥ npuHuUMas BO BHHMaHHe, UuTO

pasnoxenue pyHkunu W(a, b) HauuHaeTcs C U/ieHOB TpeTbero mMo-

psilKa MaJjoCTH, BbipaxkeHHe Aasi T MOXKHO NepenucaTth B CJjedylo-

eM BHAe:

2n

T=T(-l+h2(a2+ bF+ ...), (8.21)

r/ie HeBLIMMCAHHBIE YjeHbl HMEKT MOPAAOK MajocTH 6osiee BHICO-
Kuit, uem O (a%*) u O(b?*).

B) OYHKUHH X W Yy — aHanWTHYeCKHe GOYHKUMHM a, b u p, T.e.

OHH MOryT ObITb MpeicTaB/ieHbl B ¢opMe psiloB C/lelYIOllero BHAA:

x(t, a, b,W)=A4a+Bb+Cpu+ ...,
y(t, a, b, w)= Aa+ Bob+ Can + } (8.2
Paaw (8.22) MOXHO 3anHcaTh elle H Tak:
x(t a, b, w)=x(t a, b, 0)+u(C,+¥),
ylt, a, b w=ylt, a, b, 0 +p(Co+ ¥y, } (8.23)

rie W, u W; — aHanuTHuyeckHe (DYHKUHH nepeMeHHBIX a, b u p,
obpawaniuxcs B Hyab NpH a=b=p=0; A4, 4;, By.. — dynk-
uun spemenu. Ins ux onpeneneHus Hajgo paabl (8.23) moacraBuThb
B cHcreMy ypaBHeHH# (8.16) W npupaBHATb KO3(pGHUHEHTBl TMpH
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O/IMHAKOBbIX CTeneHsiX HeHW3BecTHbIX a, b W u. Hanpumep, ana Cy u
C> Mbl MOJYYHM CJIeJyIOUlYI0 CHCTEeMY ypaBHeHHH:

4G pCy+ 0,0, 0, 1), '!
(8.24)
L =pCi+ 0,0, 0, 0. |

Tak xak x(0) =a u y(0) =b, To dpyHkuuu C; u Cy nosKHBI YAOBJE-
TBOPATHb HYJEBbIM HAaYasbHbIM YCJIOBHAM

C,(0) =0, C:(0) =0. (8.25)

Onpenenum C; U C; METOAOM BapHallMH NPOU3BOJBLHBIX MOCTOSIH-
HBIX, NOJIOKHR

Cy=oa cos pt+ sin pt, C;=a sin pt — B cos pt.

Cuntasi oo ¥ P HOBLIMH HEH3BECTHbIMH, ONpeleJHM HMX H3 ypaBHe-
Huii (8.24). Hcmonbays HayajbHble ycaoBusi (8.25), mosyuHM OKOH-
yaTeNbHO c/elyiOllHe BblpaXKeHHst Anst HcKoMbIX (yHkuuit Cqu Co:

t t
C,=cospt{J@,cosptdt+f®2sinptdt}+
0 0
t t
+sinpt{j¢>.sin ptdt—J(Dgcosptdt},
0 0

t t
C2=sinpt[ j @, cos ptdt + j @, sin ptdt}+
0

Lo

t ¢
+cospt! J @, cos pt dt — j @, sin ptdt}.
0

Lo

Boiuucaum eme 3suauenus C,(2n) U Cy(2m). Jlerko BuieTb, 4TO
Ci(2n) =11 (D1, ®2),  C2(2n) =12(Dy, D). (8.26)

Mbl yC/0BHJHCE, 4TO XOTsi Obl OQHO W3 uHcea [, uau I, He paBHO
uyJio. [Toatomy subo C,(2n), 6o Cy(2x) He paBHO HyJIO.

[Tocne 3THX NpelBapHTeJbHBIX paccMOTPeHHH nepelaeM K J0-
Ka3aTeJbCTBY CYLIECTBOBAHHA DPE30OHAHCHBIX pelleHHH X u y® ¢
HaxOX[EHHIO HX CTPYKTypwl. [lJsi 3TOro paccCMOTPHM CHOBa CH-
creMy ypaBHeHHH (8.19). IlepenuuieM 3TH ypaBHeHHs, HCNOJb3ys
npeacraBiaeHus (8.23):

x(@2n, a, b, 0)+u[C,(2n) + ¥\ ]=a, }

Y2, a, b, 0)+p[Cy(2m) + W,] =b. (8.27)
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PaBenctBo (8.21) MoXer 6bITb mépenmucaHo B clelyiolled gopme:
2n=pT (1 — hy(a?+b2)2+...).
ClaenaeM TOXAeCTBeHHOe npeo6pa3oBaHHe
2n=pT — pThy(a2+b2%)h+4...=pT — 2nhy(a®+b2)k +...

Takum o6pa3soM, BennuuHy x(2xm, a, b, 0) MBl MOXEM NpeACTaBHTb
B opMe CAELYIOUIEro psaa:

x(2n, a, b, 0)=x(pT —2nhy(a®+ 2%+ ..., a, b, 0)=
=x(pT, a, b, 0)—2nhy(a®+ b3* 2+ @}, (8.28)

»
raie @;—cymma ujeHoB Gojiee BbICOKOro mopsjka. Bocmonbsyemcs
tenepb paBeHcTBaMH (8.20) M TeM 06GCTOATENbCTBOM, YTO

[¢)
(a—f)u_o =—py+X(x, y)
H, CJeI0BaTe/bHO,
0x
(W)u-o =~ pb+ X (a, b).
t=pT
dto nossoJser pasnoxenue (8.28) npeiactaBuTb B opMme

x(@2n, a, b, 0)=a + 2mhypb (a® + 6°)° + @7,

- .
rage @; — cyMMa usneHOB 6oJsiee BHICOKOrO NMOPsfiKa MO OTHOLIEGHHIO
a u b. [Tono6Hoe pa3noxeHHe MOXHO HamucaTb H AN (PYHKIHH
y(2n, a, b, 0):

y(2n, a, b, 0)= b —2mhypa (a® + bz)k +@;.

DT paBeHcTBa N03BONAIOT Tenmepb cHcTeMy (8.27) 3anucaTh
B (opme

2uhypb (a® + 67)° + @ + 1 [C1 (2n) + ¥1] =0,
—2nhgpa (d® + bz)k + @ + u[C2(2n) + ¥y] =0

Urak, cucteMy YpaBHeHHH, KOTOpasi MO3BOJieT ONpeNeNHTb Ha-
yaJbHble 3HAUeHHs NMEePeMEHHBIX X H Y, MOPOXJAIoliue NepHOAHUE-
ckhe peuieHuss cuctembl (8.1), Mbl npuBenn k Buay (8.29), rae
Bbifie/ieHbl HH3IIHE CTelleHH OTHOCHTEeNbHO HCKOMBIX uHcel a u b.
CoorHoweHHus (8.29) moKa3bIBalOT, YTO [/t NMEPHOJHYECKHX pelle-
HMA 3TH YHCJa JOJKHBI 3aBHCETb OT W H- IO yCJOBHIO obpallaTbes
B HyJab npu p=0, MOCKONbKY MBI HIUEM pellleHHe, KOTOPOE IpH
p— 0 npeBpaillaeTcss B TPHBHAJNbHOE.

(8.29)
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Tak kak HadMeHbluasi cTeneHb uucesn a H b paBHa 2R+1, TO
pAlbl, KOTOpblEe ONpelensiioT @ U b uepe3 p JOMKHBI GLITH pacrmo-
1

JOXeHbl MO cTeneHsM napaMetrpa v=p %+, [losTomy cpenaem
elle ofHY 3aMeHYy nepeMeHHbIX

a=av, b="pw. (8.30)
Toraa cucrema (8.29) npumer cienyolIuil BUA:

2mhapf (a2 + B + C, (2n) + — D) + ¥, =0,
v (8.31)
— 2nhypa (2 + B2)F + C2 (2n) "":I @Oy + ¥, =0,

HanomHuM, uTO uepes 11)1.', 11); u ¥, ¥, o6osHaueHbl COBOKYM-
HOCTH WJI€HOB, MOPAJOK KOTOpPHIX $oJiee BBICOKHA CTHOCHTENBHO ab
u p. CiegoBaTesnbHO, Mbl MOXeM YTBePXAaTb, YTO OHH 06paLlaioT-
csi B Hyab npu v=0. M3 aHanuTHYHOCTH 3THX YHKUMH caeayer,
YTO Ppa3/o:KeHHs ITHX (PYHKUHA HAaYMHAIOTCH C YiIEHOB MEpBOTO Mo-
psiiKa MaJoCTH MO v

| .
?(I)l + ¥, =vx,+ (i=1, 2).

JleBvle uyactH ypaBHeHHH (8.31) — aHanuTHYeckHe (YHKUUH
CBOHX MepeMeHHbIX. [103TOMY pellieHHst 3TOH cHCTeMbl 6yAyT aHa/H-
THYECKHMH QYHKUHMAMH mapaMmeTpa v
a = a,+ va, + va, + ,} (8.32)
B=Bo+vB + v + )

YpaBHenusn (8.31) O6yayT HMeTb TObKO OAHO JEeACTBHTENbHOE
pellleHHe, MpUYEM op H o B 3TOM C/yyae YAOBJAETBOPAIOT CHCTEME
ajare6paHyecKHX ypasBHeHHH

231/1260 (ag + 6§)k = - C] (231')1 1
2nh0, (02 + BD)F = C, (2n). }

Paspenus nepBoe u3 ypaBHeHu# (8.33) Ha BTOpoe, Haiinem

(8.33)

[ToxcraBus 3aTeM 3TO BbIpaXKeHHe BO BTOpPOe, H3 YPaBHEHHH CH-
creMbl (8.33) HaiineM BesHUMHY fo:

C,(2n) ‘

. (8.34)

Bo=— 2]
V 2nhop [C% + Cg]k
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AnanoruuHeiM 06pa3oM Mbl HafileM W BEJTHUHHY oo

P— ) : (8.35)

V2:rth2p [c3+cy)*

B pasenctBax (8.34) u (8.35) Gepercs apudMeTHuecKoe 3HaueHHe
kopusi. Cpenu uucean oo M Py MO KpaiiHed Mepe OLHO OTJMYHO OT
HYJ/IS, TAK KaK Mbl yXKe YCTaHOBHJIH, YTO OJHAa u3 KoHcTaHT C;(2mw)
i C3(2n) Heo6XOOMMO OT/IMUHA OT HY/A. YpaBHEHHS 1/ ompe-
IeJIeHHsT NOCJEeNYIOIUHX Y/eHOB pa3soxeHHH (8.32) Oyayr JinHei-
HBIMH M Bcerja pa3pelmiHMbiMH. MTak, MBI MpHULIH K C/lelylolueMy
dhyHIaMeHTaJbHOMY pe3yJbTarty.

Teopema (U. T. Mankun). [Tycre 4ucao 2k — maradwas cre-
neMb BEAUHUHbL C 8 PA3AONEHUU nepuoda

T=2L (14 e+ ...

nopoxcdarowezo pewernun. Toeda npu 2Aa8HOM Pe30HaHCe cyuwie-

cT8YeT 00HO U TOAbKO OOHO nepuodudecKkoe peuerue cuctemot (8.1),

KoTtopoe obpaujaerca 8 Hyav npu n=0. 310 pewenue asaaeTcs ana-
1

Autudeckoll pynkyuell napamerpa v =p*+

Ata Teopema saBasieTca HyHIaMeHTaJbHOH TeopeMOH TEOpPHH pe-
3oHaHCHBIX peuleHHi. OHa He TOJILKO YCTaHaB/aHBaeT (akT cylue-
CTBOBaHMS PE3OHAHCHHIX pelieHHH, HO H YKa3biBaeT NMyTb HX IO-
CTpoeHHsl. DTH pelleHMs, KaK fBCTBYeT H3 TEOPeMbl, C/ielyeT HCKaTh
B BHJ€E PAIOB, pacno/IOXeHHBIX [0 CTeNeHsaM napaMerpa

1
‘V=ll2k+lo

5. MpuMepn pacyera pe3oHaHCHLIX peweHnsi ypasHenus Jiod-
¢unra. Bepuemca Temepb K pacueTy YCTAaHOBHBLIMXCS PeXHMOB
B NMpHMepax, PacCMOTPEHHBIX B n. 3 HacTosllero maparpada. Pac-
CMOTpHM CHauasa ypaBHeHHe (8.9) npH o=1. 3T0 ypaBHeHHe Jo-
NyCKaeT pe3oHaHCHOe pelleHHe BHAa

x=M cos t+N sin t+pxy+p2x,+. .. (8.36)

Peunienne (8.36) MoxkeT ObITb MOCTPOEHO METOIOM, H3JIOMKEHHBIM
B npeaninyueM naparpade. OgHako, cornacHo Teopeme MaJikuHa,
kpome penlenus (8.36) ypaBHeHHe (8.9) MoxeT HOMyCcKaThb TaKkKe
| pelleHHe BHAA .

X=X+ Xopu? 4. .. (8.37)

Petneune (8.37) Moxer ObiTh {10CTPOEHO, C/IENYs H3J0XKEHHOMY Me-

tony. Hns 3Toro mpexme BCero Hajo ONpENeNHTh MoKa3aTenp r
B.pasioxKennn (8.37).

9#
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PaccMoTpuM nopoxpaarolilee ypaBHeHHe
Etx=ox3 (8.38)

Pewende ypaBHeHusi (8.38) mbl OyneM Hckatb, ciefys merony Jls-
nyHoBa. Chenaem cHayana 3aMeHy He3aBHCHMOTO NepeMeHHOro

t=v(l+hyc?+hsc®+.. ).
Toraa ypaBHeHHe (8.38) mpuMer BHA

T +2me+ ) =a (142 + ..).  (8.39)

CornacHo MeTtoay JlsmyHoBa pellleHHe 3TOrO YpaBHEHHs CJeAyeT
HCKaTb B BHAE
X=cCcos v+ %Xy + C3x3+. . .

OyHKuHs X2(f) OyAerT YAOBAETBOPATH CJeldyIOlleMYy ypaBHEHHIO:

d2
7?+X2=0.

Tak Kak QYHKIHH X, AOJXKHBI YIAOBJETBOPATbL ycaoBusaM (cM. § 2)

£0)=0 (F=) =0,

TO OYEBMAHO, YTO Xp=0. a5 x3 NOAYUYHM clefyioliiee ypaBHEHHe:

d%x
@ tXs=acos’v—2hycosT. (8.40)
Hasi Toro yto6nl ypaBHeHue (8.40) momyckajo nepHogHuyecKHe pe-
IIeHHsi, HeoOGXOAMMO H JOCTAaTOYHO BbIOpAaTh NOCTOSIHHYIO hy Tak,
yToOBl NpaBaf 4aCTb ITOrO YPaBHeHHs He coaepxana cosf. Jlerko
BHAETb, UTO

Utak, hy5=0. CornacHo TeopeMe MankuHa

1

T =%+1

rae 2k — Miajmas cTemeHb BEJHYHHBI ¢ B Pas3JiOKEHHH MEpHOJA.
B Halem cjayuvyae 3TO INMOKa3aTeNb CTENeHH IIpH ¢ B CjaaraeMoMm, Co-
JdepxalluM h,, T.e. r=1/3. Tenepb pelenne ypasHenus (8.9) Oy-
JeM HCKaTb B BHAe Pfla

EE P ATRAE SATLLE S (8.41)
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Hdast GyHKUHl x; HMeeM clefyolle YpaBHEeHHS:

f[ + x, = 0,
Ey+ x,=0, (8.42)
£, + x,=sint +ax?

H T A
W3 nepBbix 1BYX ypaBHeHu# (8.42) HaxonuM

x,=Mjcost+ N,sint,
Xg=Msycost+ Nysint,

rae M; u N; — uucna, KOTOPbIMH Mbl HMEEM NPaBO pacnopsixKaTthbes.
Hns dyHkuuu X3 Mbl 6yaeM HMeTb ciaelylolilee ypaBHEHUE:

%y 4 xy=sint + o {M3cos?t + 3MIN, cos®¢ sin £ + 3M N} cos ¢ sin® ¢}.
(8.43)

Hocrosiuubie My 1 Ny Mbl DOJIXKHBI moaGHpaTh Tak, YToObl npaBas
yacTb ypaBHeHusi (8.43) He comepXkasa nepBbix rapmonuk. IIpo-
BOJs1 OUEBHAHBIE BBIKJIAAKH, HaXOAHM

M, =0, N.=]7_— 2.

Pacuer nocienymoollnx 4JIEeHOB pasjoxeHus (8.41) npoBoautcs
aHaJIOTHYHO.

Hrak, B ycJoBusX NIaBHOTO pe30HaHCa, KOrJa 4acroTa BHeLl-
Hero Bo30yX/J€HUs coBnajgaer ¢ coGCTBEHHOH 4acTOTOH, ypaBHEHHe
Hiopdunra (8.9) monmyckaer no MeHbllled Mepe aBa pelleHHs, NO-
JyyaeMblX H3 KBasuwinHefiHol Teopun Ilyankape u Teopun Mau-
KvHa, ecad a<0.

6. Eme onun npumep pewennii x©. PaccMoTpuM Temeps ypas-
Henne (8.10). B npembiaymieM naparpade MBI YCTaHOBHJH, YTO
B paMKaX KBa3W/JIHHEHHOH T€OpHH He ylaeTcsl MOCTPOUTb Pe3oHaHC:
Horo pellleHust ypaBHeHus: (8.10). DTo 3HAuHT, YTO HE CYLIECTBYET
pemeHudi Buaa (8.36). IlonpoGyeM Ttenepr onpenejquTh pe3oHaHC-
Hble pellleHHs MeTogoM MankuHa.

Jns aToro Hajo B MNEPBYIO ouepelb ONpeeNuTh CTeneHb r
B passnoxeuun (8.37). PaccmarpuBas npenbinyliee ypaBHeHHE H
MOBTOPSisi BBIYHC/EHHS MPEABIAYIIEro NYHKTa, Mbl CHQB3 YCTaHO-
guM, uto r=1/3. Utak, nonydum

x=”l/3xl+H2/3xz+ F,xa‘l'. ) (8'44)
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HAns uneHoB pasnoxeHus (8.44) Mbl monyyaeMm ciaelyiolldHe YpaB-
HOHHS:

2[ + x[ = Obﬁ
Xy + x,=0x}, (8.45)
By F X3=2xxy+sin ¢

W3 nepBoro ypaBHeHHSt HAXOAHM
Xy=Mj cos t+N,sin L.
Toraa BTopoe ypaBHeHue (8.45) mpuMeT BHA
%, + x,= o {M2cos?t + 2M N, cos tsin ¢ + N?sin? t}. (8.46)

PasnoxeHue npaBoii yacTH B psill ®ypbe HMeeT BHI
Ag(My; Ny) +A(My, Ny) cos 284 B(M,, Ny) sin 2¢,
rae
Ao=5MI+N), A=5(MI-ND) B=aMN:.

Takum o6pa3om, ypaBHeHue .(8.46) momyckaeT mepHOmMYECKHe pe-
weHus npud Jw06uix M; u Ny OOliee pemieHHe 3TOro ypaBHeHHS
IpUMET BHJ

Xo=Ap— —:l,,— [Acos2t+ B sin 2¢] + My cos ¢ + N,sin £,

rae My u-Ny —4ucia, KOTOPBIMH Mbl HMEEM NPaBO PaCMOPsAKATHLCS.
Tpetbe u3 ypaBHeHHit (8.45) MOXHO Temepb mepemucaTb B ¢opme

X3+ x3=sint+2(M,cos {+ N, sin t){Ao—;—(Acos2t+B sin 2t)}+-
+2(M,cost+ N;sint)(Mycos £+ Nysini). (8.47)

Tak xak pa3noxeHue B psag Pypbe mocnegHero cjaraeMoro mnpa-
BON yacTH ypaBHeHus (8.47) He GyHeT colep:KaTb NepPBHIX rapmo-
HHUK, TO BONMPOC O CYIECTBOBAHHH NEPHONHYECKHX pellleHHHl ypaB-
HeHus (8.47) OymeT pemaTbcs He3aBHUCHMO OT BeiuduH M, u N,

Has cyulecTBoBanHs MePHOAHYECKHX DellleHHHl mepHoxa 2m ypas-
HeHus1 (8.47) Heo6X0AMMO H NOCTAaTOYHO, YTOOHl pa3soxeHHe B psif
dypbe npaBoit yacTH ypaBHeHHs (8.47) He comepxXano mepBHX
rapMOHHK. DTO JaeT JBa KyOHYEeCKHX YpaBHEHHS OTHOCHTE@NBHO YHM-
ces My u N;. OHu Bcerga WMeloT XOoTsi OBl ONHO JeHCTBHTEJNbHOE
pewenne. Hanpumep, 8 oanom u3 pemennit sceraa My=0. Torpa

=t
Nl_ m'
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Hrak, Teopuss Mankuua nossosisier 06HapyXUTb NepHOLHHECKHE pe-
lleHHSl B TeX CJAyuyasX, KOrja mpH MOMOILH KBa3HJIMHEHHOH TeOpHM
3TOTO cfleslaTh He yaaercs.

7. O peweHHsAX, GAH3KHX K HeTPHBHAJbLHLIM PelIEHHAM CHCTEMBI
JlanyHosa. Mul paccMoTpesin TosbKo pemieHHst @ H y@, Ho B Ha-
yaJjie naparpada ObuUIO MOKa3aHO, YTO, MOMMMO pelleHHH, KOTOpHe
npu p—0 o6paiialoTcsi B TOXIECTBEHHBIH HYJb, B CHCTEMe MOTYT
CYILECTBOBaTh pelleHHs, KOTopble npH u— 0 nmepexoAfT B HETPH-
BHaJIbHBIE pellleHHs MOPOXKAalolllell CHCTEMBI.

O6iuas Teopus TaKHX pelI€HHH NOCTATOYHO cJoxHa. YuraTens,
HHTepecylolllerocsi MOAPOOGHOCTAMH 3TOA TEOPHH, MOMHO OTOCTATH
K yXe HeoJHOKpaTHO uuTHpoBaBlleficsi KHure M. I'. Mankuua *).
3neck Mbl orpaHHuYHMcs oOCyX/JAeHHeM npocTeiillel U3 3amay 3TOro
KJacca.

PaccmoTpuM ypaBHeHHe

#+f(x)=p cos ¢, (8.48)
rie f(x) — aHanuTHuecKas QYHKUHA, HMEIOIAas BHA
f(x) =A2x+asx?+asx3+. ..

Taxum o6pa3om, npu u— 0 MBI NofyuyaeM Mopoxialoillee ypaBHe-
HHe, KOTOpOe fIBJAETCH YaCTHbIM cjyyaeM YpaBHeHuil JlsimyHosa.
[locTaBHM 3amauy OTBICKAHHA MePHOAHYECKHX pellleHHHi ypaBHeHHs
(8.48) nepuona

_ 2

=
rae p — HeJioe YHCJO, Mepexofsilee B HETPUBHAJNBHOE pelleHHEe Mo-
POXKAIOLLero ypaBHeHHs

Fo+f(x0) =0. (8.49)

Bce pellenns ypaBHeHus (8.49) B 10CTaTouHO Manoil OKpect-
HOCTH TMOJOXEHHA pPaBHOBecH Xo=Zo=0 SABJAAIOTCH MNepHOAHYE-
ckuMHu. OHH MpeAcTaBUMEl B BHe psala

Xo=cq(P) + @2 () +. .. = xo(c, ¢), (8.50)

v=0 () (t+h),

h — npousBosibHasi MOCTOAAIHHAA; @;(P)=cos ¢, w(c) — uacrora Ko-
Ne6aHui, cayxailas HOPMHDYIOLIHM MHOXHTe/eM, KOTOPLIH BHIGH-
Paercsi U3 TeX YCIOBHH, YTOGBI QYHKUHH @; GBIM MEPHOAHYECKHMH
¢yHkuusiMH nepemeHHodl . Takum o6pasom, mepuwoa T* mo nepe-
MeHHo# ¢ onpefensiercsa Gopmynoi

T =

rae

2
Ok (8.51)

*) CM cHOCKY Ha cTp. 121.
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IOas o(c), cornacHo Teopuu JlsinyHoBa, Mbl MMeeM BbIpajKeHHe

A
14 hzcz + hzcz + ' (8'52)

o(c)=
MMockonbky nepuoa (pewenus ypaBHenus (8.48)) T 3anau, To 3a-
JaH ¥ NepHoj MOPOKAAIOLLEro pellleHHs, TaK KakK
T=T*,

4TO NMO3BOJsET, corviacHo (8.4), moJayuuTh ypaBHeHHe AJs ompejelie-
HMSl «aMIVIMTYIbI» ¢ TOPOXKAAIOLLEro pelieHHs

hs 2 _“/
c+—2hzc + th .

TakuM o6pa3om, A1s CylIeCTBOBAaHHS HeHCTBHTENbHLIX pelleHH
Heo6X0AHMO, YTOOHI

sign (A — p) =sign h,.

[Mpeanoniokum, 4T0 3TO ycJOBHe BBLINOJNHEHO: OrPaHHYHBASCH MpO-
crefiiuM cayyaem p=1, 3adukcupyeM OIUH H3 JeHACTBHUTENbHBIX
KopHeli ypaBHenus (8.4). Toraa mepHonnyeckoe pelieHHe ypaBHe-
Husi (8.48) ecTecTBEeHHO MCKaTb B BHJE Psija

x=Xo+ ux1+ p2+. .. (8.53)

[ToncraBnss pax (8.53) B ypaBHenue (8.48), Mbl npuiaeM K cie-
NYIOUIMM YpaBHEHHSIM OTHOCHTENbLHO HEH3BECTHBIX Xj, X2, ...!

i+ (—‘i) X, = cos {, (8.54)

%o+ (L) xe= @u (1) (8.55)
HT Ao
3nech (%)O O3HayaeT, YTO NMPOU3BOAHAs BBHIYHC/EHA NPH X=Xy

d
(%)0 = A+ 2a,x,+ 3a,x3 +
lMpuuumas Bo BHUMaHHe npeiacTasieHue (8.50), MOXKHO HamucaTb

(L), = Fle. t+h,

rae F — HekoTopas nepuoauueckas GyHKkuus f{ nepuoja 2m, ¢ —
3aJlaHHOe YHC/O, a h — NPOU3BOJNILHOE YHCJIO, KOTODHIM MBI MOXeM
pacnopsarhcs.

Dyukuusa @, onpenensercs ToNbKO QYHKIHMAMH Xo H X1. Bee no-
C/lenylole YPaBHEHHS! HMeIOT BHJL

i+ (%)0 =@, (),
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rae @; onpeaensiercs GYHKUHSMH Xg, X1, . .., %i—1. CJefOBaTeNbHO,
ecnn 3TH QyHKnuu onpeneneHbl, To Bce ; MOTYT CYHTAThCA M3-
BECTHBIMH (DYHKUHAMH BpeMEHH.

PaccmoTpum ypasHenne (8.54), npeacraBasioulee co6Gofi ypas-
HeHHe C NepHOAHYeCKHMH KospodunuentaMmu. [lonnas cucrema ¢yH-
JaMeHTa/JbHBIX pelleHHii OMHOPOAHOrO ypaBHEHHS

i+F(c, t+h)x=0 (8.56)

HaM H3BeCTHa, Tak KaK ypaBHeHHe (8.56) sBisercsi ypaBHeHHeM
B BapHalMaX A5 nopoxnualoiiero ypaBHeHHs (8.49). Dtu pewienns,
Kak Obuo nokaszaHo (cM. ¢opmyan (2.25)), MOXKHO NpeacTaBHTh
B BUJE
~ dx (c,
=228y 0@+ m) |
R (8.57)
Yo=Golic — o vt
rie 4 4 U NPH AAaHHOM ¢ — mepHofuyeckue (QYHKIHH BpeMeHH ne-
puoaa 2m.

Ina toro ytoGul ypaBHeHHe (8.54) momyckano mepHORHYECKHE
pelueHHsi, HeOGXOAUMO M JOCTAaTOYHO BHIMOJHeHHe ycjoBuil (2.29),
KOTOpbIe /5 MHTepecylolllero Hac cayyass GyAyT HMeTb CJefyoLHH
BHI:

A n

j u(c, ®(c)(t+ h))costdt=0, (8.58)
0

2n
I{v(c, o(c)(t+h))+tulc, @(c)(t+h))}costdt=
0

= 2n (%101 (0) — x402(0)),  (8.59)

Toe Xio H &i0 — 3HaYeHHe MCKOMOH (QYHKIHH X;(f) M ee NMPOH3BOA-
Ho# npu ¢=0.

YpaBHeHHe (8.58) —3TO HeKOTOpOe TpaHCLEHIEHTHOE YypaBHe-
HUe [Js OnpefeseHHs afauTHBHOH mocTosiHHOH h. OHO MOXeT Bo-
BCe He HMeTb pelleHHH, HMeTb KOHeYyHoe WJIH GeCKOHeuYHoe YHCJIO
pelleHnH .

[Tyctb Tenepp h — KopeHb ypaBHeHus (8.58). Torma mopoxnparo-
utee peweHue xo(f), kotopoe onuceiBaetcss ¢opmyaoi (8.50), cra-
HOBHTCS TOJIHOCTBIO ONpefieJIeHHbIM.

Pemenne ypaBHeHHsI (8.54) — GOyHKIMIO X; — MOXKHO mpeacTa-

BHTb KakK
xy=Cpu(t) + Cro(v+1tu) +y, (¢), (8.60)

rae y1(f) —sto Hekotopas GYHKIHs, NOJAyYeHHash METOAOM Ba-
pHallMH NPOH3BOJbHBIX NocTosHHBIX. [ToctosinHble Cyy u Cyp Bbipa-
XKaloTcs JHHeHHBIM 06pa3oM yepe3 HayasibHble 3HaYeHHMsl (YHKIUH
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Xi0 U ee MPOU3BOAHON &0 HO 3TH BeNHUHHBI HaM 3apaHee He H3-
secTHhl. s HX ompeneseHHss Mbl HMEEM TOJbKO OZHO ypaBHeHHe
(8.59), mosToMy Ha 3TOM 3Tane MpoUedyphl JaJjibHeHlllee YTOUHEHHE
pelueHHs x;(f) HeBO3MOXKHO. PaccMoTpuM Tenepb ypaBHeHHe (8.55).

HOns toro uto6el OHO MMeNO NMEpPHOZHYECKOe pellleHHe, Heo6Xo:
NMMO M JOCTAaTOYHO BLINOJIHEHHE YycsioBHA THna (8.58)

2n
| @uat=o. (8.61)
0

Tak kak @y 3aBHCHT OT Xy0 H 219, TO BhipaxkeHue (8.61) mMoxHO pac-
CMaTpHBaTh KaK YpaBHeHHe /il ONMpejeneHHsl 3THX BeJHYHH. Bme-
cre ¢ ypaBHeHHeM (8.59) oHHM JalOT CHCTeMY JABYX YpaBHEHHH AJs
onpejeeHHs ABYX HCKOMBIX BEJHUHH Xyo H Ty H T. .

‘MBI paccMOTpenH cXeMy BBIYHC/JAEHHH MNEPHOLHYECKOTO pPEeXHMa
HEaBTOHOMHON CHCTeMbl, GJH3KOH K HEKOTOPOH KOHCEepBaTHBHOH.
[Tpu 3TOM MBI OTrpaHHYMJIMCH CJY4aeM OJHOH cTeneHH CBOGOMRL
[Tepexon k Gosee o6illefi 3agaye — OTBICKAHHIO MEPHOJAHYECKHUX pe-
JKHMOB B CHCTeMax C OOJIbIIUM YHCJAOM cTeneHedi cBOOOABI — He-
TpHBHaAbHO. [eno B TOM, YTO, pacCMaTpHBasi CHCTeMY MepBOro Mo-
psilKa, MBI BCerja MoOXeM IMOCTPOHTb C MOMOLIbI0 MeToma Jlamy-
HoBa (YHIaMeHTAJIbHYI0O CHCTeMY pelueHHH [AJsi YpaBHEHHH B
BapuanHusax. Ilepexoas K cucTeMe MPOHU3BOJBLHOIO MOPSAAKA, MBI
CTANKHBAEMCs €O c.nenylomeu TPYAHOCTBIO: AJA 3(¢EeKTHBHOH pea-
JIM3alHH BBIYHCJHTENbHOH MPOLEAYPbl Mbl JOJ/KHbI HMETb B CBOEM
pacrnopsizkeHHH MOJHYIO CHCTEMY HHTErpasioB MOPOXKAalolleH cH-
CTEMEI.

§ 9. 3aknounTeNbHbIE 3AMEYAHHUSA

Teopus, 3neMeHTEl KOTOPOH OBWIH H3/I0XKEHBl B 3TOH I/aBe, BO3-
HHKAa B KoHlle XIX Beka. B HacTosllee BpeMsi ee ammapaT paspa-
6otaH BecbMa [eTa/jbHO, YTO MO3BOJsAET pellaTb pa3HOOOpasHble
safiaud, B TOM YHCJie H IUHPOKHH KPYr 3ajay, BO3HHKAIOUIHX B NpH-
KaafHoil Hayke M TexHHke. HecMoTps Ha To, uTO B moc/jefHHe
JECATHIETHA MOSIBHJIHCh HOBBIE MOJAXOAbI H GoJjiee CHJIbHBIE METONbt,
3HayeHHe HM3/102KE€HHOH TEOPHH AOCTaTOYHO BEJIHKO: MOXKHO YKa3aThb
uedbiil pAX 3ajay, Ans KOTOpeiX Mertofasl JlsmyHoBa — [lyankape
AIBAAIOTCA M JO CHX NOp elBa JIH He €AHHCTBEHHBLIM CPEICTBOM [O-
nyueHusi 3¢¢dexTuBHOro pemenus. TeM He MeHee paMKH TeopuH JIa-
nyHoBa — [lyankape BecbMa orpaHHuYeHbl. JTa TEOpHsl CTaBHT ceGe
OHY 3ajauy — 3ajayy OTBLICKAHHs MepHOLHYeCKHX perleHHH. Tlpu
BCeil ee BaXKHOCTH 3Ta 3ajaya ABJSIETCH BCE-TAKH OUEHb CMeELHaJib-
Hoil. TeM He MeHee TEOpHS MEPHOJUYECKHX PeIUCHHH MMeeT BHYTDPH
ce0s ellle QUeHb MHOTO Mpo6/aeM (B 3TOA KHHIE€ PacCMOTPEHBI TOJIb-
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KO caMbie MpocThie 3afayd). M Bce BpeMsi MOsIBJASIIOTCS HMCC/eNOBa-
HHsl, KOTOpbie oGorailaioT Teop#io JIsmyHosa — IlyaHkape, He BhI-
BOJs €e U3 KpYra nepsoHaya/bHbiX uaeid. OnHOBpeMeHHO AenaloTcs
MONMBITKH PAaCNpOCTPaHHTb HIEOJOTHIO H METOAbl TeopHH JIAMyHG-
Ba — [lyankape Ha GoJlee IWHMPOKUIl KPYr 3ajay W Mmpexie BCero
Ha OTbICKaHHe MOYTH NepHoAHYecKUX peleHHi. OgHaKO UeNblH pAn
OYyeHb BaXHBIX 3ajay TeOPHH KoJeGaHUH H TEOPHH HeNHHeHHBIX
auddepeHnaibHbBIX yYpaBHEHHH OcCTaeTcsi BHe MpEeNeNOB ee HHTe-
pecoB. CpenH Takux 3ajay, UMelOLIHX ocofoe MpaKTHUYeCKOe 3Hauye-
HHe, MOXHO YKa3aTb, HampuMep, 3ajlauy ompeJeNeHHs 3aKOHa H3-
MEHeHHs aMIUIHTYAbl KoJeGaHHH moj NelCTBHEM BHEILHUX BO3MY-
WeHui. ITa W Jpyrue 3afayd OTHICKAHUS KHEPEXOAHBIX PEXKHMOBY»
B KoJle6aTesNbHbIX CHCTEMaX HacTOATENbHO TPeOYIOT pasBUTHs Oosee
YHHBepCaJbHOHA TeOpHH — almaparta, KOTOpPhIi OXHOBpPEMEHHO C OTHI-
CKaHHeM nepHOAMYECKHX PeXHUMOB Obl Obl' mpHcrmocobJed AJA H3y-
YeHHs! MepPeXONHBbIX PEXHMOB B HeNHHEHHBIX CHCTeMaXx.

Annapart teopuu JIsnynoBa — Ilyankapé OCHOBaH Ha HCHOJb3O-
BaHHH CBOMCTB aHaJIHTHYHOCTH MpaBblX dacTeid :M3yyaeMbiXx HHdde-
peHLHaJbHBIX YpaBHeHHiH. [IutaTenbHOl cpenoil, B KOTOpo# co3ja-
Banach 3Tta Teopusi B XIX Beke, ObliH pasHooGpasHbie MPOOGJEMHL.
HeGeCHOH MeXaHHKH, B KOTOPHIX MpPeANOJIOXeHHsI 06 aHa/JHTHUYHOCTH
Oblin ectecTBeHHBIMU. OlHaKO B TeOpHH KoJeGaHHi pa3HYHBIX HH-
JKeHepHbIX KOHCTPYKUHH, NPH H3YYEHHH CJOXKHBIX (H3HYECKHX
sIBJIEHHA W BO MHOTHX APYrHX cJayuyasix npefnoJsioxeHHe o6 aHa-
JIHTHYHOCTH CTAHOBHTCS BecbMa ob6peMeHHTeJbHbIM. B paMkax reo-
pPHH MaJoro mapameTpa AesalOTcs [MOMBITKH OTKa3aTbCs OT 3TOrO
ycaoBusi. HekoTopble M3 pe3y/nbTaToB MOROGHOrO poOAa MPHBELEHHI
B kHure M. I'. MankuHa, KOTOpyI0 Mbl HEOJHOKPATHO ILHTHPOBAJH.
BMecTo pasfioKeHHsi B psAbl B 3TOM cJyuyae MpeAnonaraloTcss He-
KOTOpble crnelHaJsibHble CIOCOObl HCMOJb30BaHHS MOC/AeN0BaTeNbHbIX
npubamxenuii. OZHAKO BBIYUC/AHTENbHbIE CXEMBI, KOTOpPblEe 3/eCh
BO3HHKAIOT, OKa3blBAlOTCS BeCbMa CJOXHBIMH, # OOJIBIIOTO MNpak-
THYECKOTO 3HayeHHsi MOAOGHbIE HCC/eI0BAHHS, NO-BUANMOMY, He Mo-
ayuund. TakuM o6Gpa3oM, «yHHBepca/ibHasi TeOpHsi» HOJKHA yno-
BJIETBODPSATb ellle OAHOMY TpeGoBaHuio. OHa JO/IKHaA pacmnpocTpa-
HATbCA Ha IIHPOKH{I Khaacc AH(depeHUHANbHBIX YpaBHeHHMH, He
cTecHeHHbIH TpeGOBaHHEM aHAJMTHYHOCTH.

OpnHUM H3 BO3MOXHBIX MpETEHJEHTOB Ha POJib TAaKOH «yHHBep--
ca/ibHOH TEOpHH» SBJSETCS TEOpHs, HCMOJb3YloIlasi HIed ycpepHe-:
Hui. DTa Teopus npHobpeTaeT Bce GOJbLIYIO H GOJIBLIHYIO MOMYJsP-.
HOCTb, H cepa ee HCIOAb30BAHHUA Bce GoJiee u GoJsee pacilypsieTca.
Ee H3/oxeHH10 MOCBsleHa ciaeaylolias ryaba.



riABA Il

ACHMNTOTHYECKHE METOAbI
PA3SJEJIEHHSA ABH)XEHHA

Beenenue

B 3toii raaBe paccMaTpHBalOTCd aCHMITOTHYECKHE METOIbl, HC-
NoJb3YIOllHe OCpelHeHHe MpPaBbiX yacted AHGdepeHuHaNbHbBIX YpaB-
HEHHil MO HEeKOTOPbIM H3 MepeMeHHbIX. DTH MeTOJbl YacTo Hasbl-
BalOT MeTOJAaMH OCpeJHEeHHs HWJH METOJAaMH pasieneHHus JNBUKEHHH.
Onu wurpaior GosbiIYIO PoJib MpPH H3yYeHHH YPaBHeHHH BHIa

i=eX(x, y, &), ]

*
g="Yo(x, y)+ €Y (x, y, ), (*)
rfle X U Yy — HEeKOTOpble BeKTOphl, a & — Masnbiil napamerp. [Tono6-
Hble YpaBHEHHS YacTO BCTPeUAIOTCs B PasjHYHBIX 3ajauax QH3HKH
H MeXaHHKH. B 4yacTHOCTH, OHH THNHYHBI JJ LIMPOKOro KJjacca 3a-
nay TeopHH koje6aHHH. X 0COGEHHOCTb COCTOHT B TOM, YTO YacCThb
nepeMeHHbIX (KOMMOHEHTbl BEKTOpPa X) MeHsieTCs Me[JIeHHO, a ApY-
ras 4acTb NepeMeHHbIXx (KOMMOHEHTbl BeKTOpa Y) — GbicTpo. IDTH
nepeMeHHble Mbl OyneM Ha3blBaTb COOTBETCTBEHHO MeNJIeHHBIMH H
OBICTPLIMH.

Teopus, koTopas H3y4aercs B 3Toil I1aBe, HMeeT CBOHM HCTO-
KOM paboTbi rossaHackoro HHxeHepa BaH-mep-Iloas, kotophiil pas-
pabotan N0BONIBHO 3D GEeKTHBHBIH cnoco6 pelleHHs HeJHHEeHHbIX
3a1ay TeOPHH KosieGaHHH CHCTEM C OJHOH CTeneHbi0 CBOOOIHI.

Kak Mbl yBHAMM HHXKe, OH, BO-TlePBbIX, MPeMJOXKHUI MNPOCTYIO
CXeMy peAYKIHH 3a4ayH TeOpHH KoaeOaHHH K HCCAeJO0BaHHIO Of-
HOTO YacCTHOTO cjyyasi ypaBHeHus (*) H, Bo-BTOpbIX, cucteMy (*)
3aMeHMJ YNPOUIEHHON cHcTeMOH, monyueHHOH u3 (*) ycpeldHeHHeM
npasulXx 4YacTelh mo «OnicTpoMy» nepemeHHomy. Has ¢opmasbHoro
npuMeneHns merona BaH-nmep-ITonsi He TpeboBanoch, B OT/HYHE OT
METO/10B MNpejnayiero nmaparpaa, HHKaKHX OIPaHHYHTE/bHBIX
npeanoJoMeHu® o npupoje Cwi, MoA HeHCTBHEM KOTOPbIX MpoHC-
XoAHT KoJgeOaTenbHbll npouecc. B paBHO# creneHu OH MOT GbiThb
HCMOJIL3OBAH M J151 HCCAeJOBAHMA YCTAHOBUBLIHXCA [IBHXKEHHH H
I/ HCCeLOBAHHS MEePEXOAHLIX MPOLECCOB.

Merton Ban-nep-ITons o6naman k ToMy e GOabLIOH Harsspg-
HOCTbIO H Obl1 ynobeH Assi mpoBefedusi pacuetoB. [ToaToMy oH Gbi-
CTPO 3aBoeBaJ/l MOMYJSPHOCTb Y HHxeHepoB. OIHaKo 3TOT Meroa
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HOCHJI YHCTO MHTYHTHBHBIH Xapakrep. Hu ero aBTOp, HHM ero mocie-
IoBaTe/iH JaXe He clenajH MOMNbLITKH AaTb Kakoe-1u60 o6ocHOBa-
HHe HoBoMY MeTony. ITosaToMy ou moiroe Bpemsi (momoGHo Mertondy
XeBHcaiiga) ocTaBajicss BHE MaTeMaTHKH *).

B Tpunuateix ronax H. M. KpuuioB 1 H. H. Boroawo6os npen-
JIOXKHJIH HEKOTOPBIA OOIMIMHA moaxoj AJIA HCCAeNOBaHHS ypaBHeHHH
thna (*). Ero ocHOBHOe conepikaHHe CBOAMTCS K IOCTPOEHHIO Ta-
KON 3aMeHbl MepeMeHHbIX, KOTOpas MO3BOJAET OTAEIHTb «OLICTpHIE»
nepeMeHHble OT «MeIJeHHBIX». DTa 3aMeHa MepeMEeHHLIX M03BOJAeT
TaKXe MpeNCTaBHTb pellleHHe B BHIE acCHMITOTHYECKOTO psiia, nep-
BHIfi WIEH KOTOPOTO cOBMajaeT C pelleHHeM, MOJYYEHHBIM [0 Me-
tony Ban-nep-Iloas (n/s Tex 3amau, KOTOpble MOT'YT OLITh pelleHb
3THM MeToZoM). B nocienywoliue roast Meron KpwisioBa — Boro-
Jaio6oBa IMOJYYHJI, TJaBHEIM oOpa3om GJjaromapsa paboTaM y4eHH-
koB H. H. Boroao6osa (10. A. Mutponosbckoro, 1. H. 3y6apesa
M Ap.) nNajbHeiimee pasuTHe. OH OB pacmpocTpaHeH Ha HOBHI®
THNH 3a4ay (HampuMep, Ha 3aflaud HCCAEeNOBaHHS MOBENEHHs CH-
cTeMbl 101 AefcTBHEM MEPHOAHYECKHX BO3MYyLleHmi), Obl d0Ka3ak
ueabli psAld TeopeM, NpPEBPAaTHBIUHH 3TOT METOAL B CTPOTYI0 MaTe-
MaTHUYecKylo TeopHio. B mociieBoeHHOe BpeMs MeTol pa3leseHHst
IBHXKEHHH HayaJ HCMOJb30BaThCH OYEHb MIHPOKO, HAXOAS MpHMe-
HeHHe B CAMBIX Pas3/HUHBIX 00/acTAX HHXKEHEpPHOH MPaKTHKH H dH-
3uKkH. JlaHHas TyiaBa MOXKeT pacCMaTpPHBATbCA KaK BBeleHHe B Teo-
PHIO aCHMIITOTHYECKHX METOJIOB pa3/efleHHs ABHXeHHH.

B Hacrosilllee BpeMsi CyllecTBYeT HECKOJNbKO BapHaHTOB HHTEp-
IpeTallHH 3THX MeTOdOB. Ta, KOoTopas HMCHOJb3yeTcss B JaHHOM
KHHTe, M0 CYLIecTBY HAEHTHYHA HHTEpIpeTalHH, MpelJoXeHHOH
B pa6orax B. B. Bosocosa.

§ 1. Metoa Ban-pep-Toas

1. Mpeasapureabubie 3amevyanus. Mcroku Metoma ycpennenus
HaxomsAtcas B paborax Ban-mep-Tlons. IMTosaTomy usnoxenue uene-
coo6pa3HO HayaTb C PacCMOTPEHHS MOCJAEAHHX, TeM OGoJjee, UYTO
meron Bau-mep-ITonsi cam mno ceGe umeer wHpPoKyio o6jacTb MpH-
MeHeHUs.

B 3atomM mnaparpade ™mu OyneM HcclefoBaTh KoseGaTebHbie
JBHIKEHHS, OMHChIBaeMbleé OJHHM ypaBHEHHEM BTOPOTO MOPsJAKa

it w®z=e(z, %). (1.1)

3nech o — HEKOTOpasi JAEHCTBHTEJNbHAsl IIOCTOSIHHAS, a & — MaJiblil
napaMeTp. ¥YpaBHenue (1.1) ycJOBHMCS Ha3blBaTb KBa3HJHHEHHHIM,

*) B kouue aBaguathix rogoB MaHpeawmrtam u Ilanasekcw naam ouenkH
TouHocTH Metoma Bau-nep-[loas. IlogpoGHee cM. AHapoHoB, XafikuH H
BurtrT, Teopusa koneGauwii. ®Puamarru3, Mocksa, 1961,
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a KoseGaHHs, KOTOpPbiE OHO ONHCHIBAET, — KBa3HJAHHEHAHBIMH KoJe-
GaHHAMH.
YpaBHeHuHe
i+ w22=0, (1.2)

KOTOpOE OIINCbiBaeT TrapMOHHYeckHe KojaeGaHus, OyAeM, Kak H
paHbliIe, Ha3biBaTh NOPOXKAAIOLLHM.

®yukuusa ¢ MoxeT ObiTb BecbMa OOLIEro BHAA H, B YacCTHOCTH,
naxe paspbiBHOH. EcrectBenHo nortpeGoBath, uTOGbl OHa Obiia
OrpaHHYeHHOH.

2. Mepemennnie Ban-pep-Iloas. OGiuee pelieHHe nNOpoOXKAalo-
{llero ypaBHEHHS HMeeT BUA

2=xcos Y, (1.3)

rie y=w(f{+1%), x u t{y,— Npou3BoJbHbiE MOCTOsAAHHbie. QHO oONH-
ChIBaeT HEKOTOPBIA KoJieGaTeNbHbifi npouecc, obnanalollui 4acrto-
Tol ®. YUucno x HaspiBaeTcss aMnautynof, -a ¢yHkuua y(f) —
dason.

EcTecTBEHHO NpeANoOXHTb, UTO B CJyuyae MajbiX 3HayeHHH &
peuieHHe ypaBHeHHa (1.1) OyaeT onuchHIBaThb TakXKe HEKOTOPHIH KO-
aebatenbHbiii npouecc Buaa (1.3). Oanako cireayer oXulaTb, 4TO
aMNJUTYAa 3TOTO mpouecca X yxe He Oyaer (B oflleM ciayuae)
NOCTOSIHHBIM YHCJOM, a GyleT HM3MEHATBhCH, NpHYEM TEM MeJJIeH-
Hee, yeM MeHblle yucao e. CKopocTh H3MeHeHHsi ¢a3bl Takxke Oy-
JeT HM3MEHs rbCsl co BpeMeHeM. TakuM o06pa3oM, ecid B KaXXAbiH
MOMEHT BpeMeHH MHCC/elyeMbid Npouecc HOCHT KoJjeGaTenbHbH Xxa-
pakTep, TO €ro MOJHOCTLIO ONpefe/slOT MIHOBEHHble 3HAUEHHS aM-
nautyasl x 1 ¢asbl y. [lo3ToMy B KauecTBe NEpPeMEHHBIX, OMHCHI-
BAIOLIHX NpOLECC, MOXHO NPHHATb aMNJHTYAY KojeGaHui u ¢asy.
Toraa oAHO H3 NepeMEHHbIX — aMIVIUTYAa — GyleT MEHATbCH Mel-
JAEHHO.

Htak, B 3agaue (1.1) OyaemM B KauecTBe HOBHIX NepeMEHHBIX
paccMaTpuBaTh GyHkunu x(f) u y(f). Hdas toro uTo6bl onpenenuts
3TH NnepeMeHHble, K COOTHOmEHHIO (1.3) Hano R06aBHTHL elle OAHO.

Hcnonb3ys upaeio BapHauHH NPOH3BOJNBHLIX MOCTOSIHHBIX, NOTpe-
6yeM, uToObl X- U y ObliM cBs3aubl, KpoMe (1.3), ewe caegyioninm
COOTHOLIEHHEM:

i=—owxsiny, (1.4)

KOTOpOE BE€erja HMeeT MecTO A NOCTOSHHOH aMIJIHTYIbL.

CocraBum Tenepn JAHddepeHUHaNbHbie YpaBHEHHS, KOTOPBIM
ynosaetrBopsiior GyHkuud Xx(I) u y(f). Duddepenunpys (1.3) u
npupaBHHBas K (1.4), nonyuyum

Zcosy — xysiny+owxsiny=0, (1.5)
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Ycnoue (1.5) —3to ycmoBue coBMecTHMoctH dopmya (1.3) u
(1.4). Nuddepenuupys nanee (1.4) n noacraBus B (l.1), monyunm
ellle OHO ypaBHeHHe

—zo sin y — wxy cos Yy +xw? cos y=e@(x cosy, —ax siny): (1.6)

‘CucreMa (1.5)—(1.6) — 370 cHcTeMa HABYX ypaBHEHHH MepBOTO
nopsiika OTHOCHTENbHO JABYX HEeM3BECTHhHIX (PyHKuuii x u y. -Pas-
pellasi ee OTHOCHTEJBLHO NPOM3BOAHBIX £ H J, HMEEM

1

x —%qp(xcosy, —xmsiny)sinys%qpl(x, Y), !
(1.7)
y=0— fx-(p(xcosy, —-xo)siny)cosyEo)—mqu)g(x, Y)- ]

Cucrtema aByx ypaBHeHH#l (1.7) mosHOCTBIO 3KBHBaJieHTHa ypaBHe-
Huio (1.1).

Cucrema (1.7) sBisieTcs 4acTHBIM cJydyaeM cucteMbl (¥), mpu-
BeleHHOH BO BBEJIEHHMH K JNaHHOH IyaBe. Posb MemneHHoro mepe-
MEHHOTO HrpaeT aMIVIHTYyAa X, a poJb GBICTPOro MepeMeHHOro —
daza y.

3aMmeTuM, 4TO mpaBble 4acTH cHCTeMbl (1.7) sBAsAIOTCH MEPHOAM-
YeCKHMH (YHKUHAMH (pa3el y; KakoBa Obl HH Oblla (yHKUHSA
(%, y).

3. Cxema B. M. BosocoBa. Uitak, BBeeM nepeMeHHnnle BaH-zep-
[Tons, aMnIutTyly X H ¢asy y, MH CBeJH 3afayy HCCAedOBaHHA
OJHOTO ypaBHEHHS BTOPOTO MNOPSAJAKA K H3VUEHHIO CHCTEMBl OBYX
ypaBHeHuit mepBoro mopsinka (1.7). OcyuiecTBasis 3Ty peLyKIUHIO,
MBI C/IefIOBaJIH KJAacCHYECKOH cXeMe MeTola BapHallMH MPOHU3BOJb-
HBIX OCTOSTHHBIX.

B. M. Bosiocos npemsioxuJ Apyrof cnoco6 3Toll peiyKIHH, aHa-
JIOTHYHBIH BBHIBOAY YPaBHEHHH IS OCKY/JHPYIOIMX 3JEMEHTOB B He-
6ecHoli MexaHHKe. [lepemenHule BaH-nep-Ilonsi cBsizambl ¢ BeJuyH-
Hoii 2 paBenctBaMu (1.3) u (1.4), KoTopble MOXKHO mepemHcaTb
B ¢JIelyIoleM BHIe:

—]/22 m2 , Y= —arctg%. (1.3)

Bnaronaps BoI6paHHOH BapHallHH NPOU3BOJBHBIX MOCTOSIHHBIX 3TH
COOTHOILUEHHS CNpaBelJIHBEI B PaBHOH CTEeNMEHH KaK JJIs MOPOXKaalo-
miero ypaBHeHHs, TaK W Ajsa ypaBHeHus (1.1). B mepsom ciyuae
BeJIMYMHA 2 MeHsieTcs B CHAYy ypaBHeHHit (1.2) M mpu 3toM BejH-
YyHa X OCTaeTcs MOCTOSHHOM, a J=w. HaiineM Temepnb 3akoH usme-
HeHHsl 3THX BeJHYHH B HHTepecywolleM Hac cayyae. [Tpomuddepen-
aupyem paseHctBo (1.3°) B cuiy ypaBHenus (l.1) m paccMoTpuHM
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CHayaJia nepBoe U3 3THX PABEHCTB

. b7 2z 2z 2(— 02248
%= + . =_+w=
X] 32 X wx
drgm @) Frg
P . e .
=oix = — 5 siny,
T. €,

i=Zoux, y)

TakuM oGpa3oM, Mbl MOJNYYHJIH NMEpPBOE H3 ypaBHEHHH CHCTeMbl
(1.7). Iuddepenunpys nonoOGHbIM 0o6pa3oM BTOpPOE H3 PaBeHCTB
(1.3’), Mbl MOAy4HM BTOpPO€ H3 YpaBHEHHH 3TOH CHCTEMBHI.

Paccyxnenuss B. M. BosiocoBa HMeEIOT TO MpPeHMYILECTBO nepen
CTaHAApTHbIMH, YTO OHH HCKJIOYaloT HeoO6XONHMOCTb pa3peuiath
cucremy ypaBHeHu# (1.5), (1.6) oTHOCHTeNbHO MPOU3BOLHBIX Z H J.

4. YKopoueHHbie ypaBHeHus. [lepBoe H3 ypaBHeHHHl CHCTEMBbI
(1.7) nokasbiBaeT, YTO MepeMEHHOE-X MeHseTcA MeIJeHHO, TaK Kak
ee NMpoH3BOJHasi HMeeT Nopsfok & CremoBaTenbHO, 3a OLHO KoJe-
GaHue (3a BpeMs, B TeueHHe KOTOporo ¢a3a y M3MEHHTCA Ha BeJiH-
4YHHY, PaBHYIO 2n%) aMOJAHTYAA H Xapakrep Ko/neGaHHi H3MeHsTCA
Mmajno. [ToaToMy MOXKHO OXHZaTh, YTO Mbl He chenaeM GoJblioi
owKG6KH, ecH 3aMeHHM NpaBble yacTH cucteMbl (1.7) ux cpegHumu
3HaYeHHAMH 3a mepHOn, T.e. BMecTo cHcreMnl (1.7) craHeM pac-
CMaTpHBaTb CHCTEMY

i
i (1.8)
)

rue
2n

P1(x)= % f @ (x cosy, — xosin y) sin y dy,
g ,
on (1.9)
Po(x) = 713— f ¢(xcosy, —xasiny)cosydy.
0

YpaBHenus (1.8) GyneMm Ha3biBaTb YKOPOUEHHbIMH YpaBHEHHS-
MH Hau ypaBHeHHusimMH BaH-nep-Tlons. Ouu 3HauuTebHO MpoOLLE He-
xonHo#i cucreMbl (1.7), mockonbKYy nepBoe ypaBHeHHe MOXET OHITb
TIPOHHTErPHPOBAHO He3aBHCHMO oT Broporo. B cucreme (1.8) mexn-
JIeHHble W OblcTpble JBHKEHHSl pasieneHbl. MHTerpupys nepsoe u3
ypaBHEHHH 3TOH CHCTEMbI, Mbl HaXOIHM 3aKOH H3MEHEHHS aMILIH-
TyAbl. QueHb 4yacTo B MPHKIAaAHbIX 3ajayaXx ObiBaeT AOCTATOYHO
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HafTH TOMbKO 3aBHCHMOCTb aMIUIMTYAL OT BpeMeHu. B paccmar-
pHBaeMOH TEODHH AJs 3TOr0 AOCTaTOYHO HaHTH pelieHHe ypaBHe-
HHsl IepBOro nopsiika (B o6LieM ciay4yae HeJHHEHHOro).

Omnpenenenne ¢asbl csogutes K kBaaparypaMm. HauGoabwmuit Hu-
Tepec OGBIYHO mpeicTaB/sieT He caMa (a3a, a CKOpPOCTb €€ H3Me-
HEHHSl B 3aBHCHMOCTH OT aMmiuTyAbl. OTBeT Ha 3TOT BONpOC AAET
HEeNmoCpeACTBEHHO BTOpPoe ypaBHeHHe cucteMbl (1.8).

Hrak, meron Ban-pep-Ilons peumtenuss ypaBHenuss (1.1) cocToHT
B MEpexoje OT NepeMeHHOH Z K MepeMeHHbIM X M Y (KOTOpble MBbl
6yneM Ha3biBaTh nepemMeHHbiMH Bau-gep-Tlonsi) u K 3amene Tou-
HbIX ypaBHeHH# (1.7) yxopouenHo# cucremon (1.8).

5. CrauuoHapHuie pexumbl. Cuctema ypasHenu#n (1.8) mosBo-
JsieT HaHTH BO3MOXHbIE CTalliOHapHble (aBTOKoJeOaTeJbHblE) pe-
XHMBbI, T.€. PeXKHMBbl, IPH KOTOPbIX aMIIHTyAa OCTAeTCs HEH3MEH-
Ho#. [Tomarasi #=0, HaXOAHM, YTO CTallHOHApHasi aMIIUTyZda JOJXK-
Ha GbITh KOPHEM TPaHCLEHJEHTHOrO yPaBHEHHs

2n
f@(xcosy, — @x sin y)sinydy=0. (1.10)
0

3ameTtuM, uto ypaBHeHue (1.10) coBmagaer ¢ TeM ypaBHEHHEM,
KOTOpOE Mbl MoJy4YwaH Obl, €CciH Obl pacCMaTpHBA/JH YpaBHEHHe
(1.1) xak kBa3H/HHEHAHOe H Pa3bICKHBAJH NMEPHOLHYECKHE DELICHHS
meroaom Ilyankape.

Bropoe u3 ypaBHenuii (1.8) mo3BossieT HaHTH 3aBHCHMOCTb yr-
JIOBOH CKOPOCTH § OT aMIIHTYJbl X

2n
y=w—2:(%!cp(xcosy)cosydy. (1.11)

PaccmorpuM B KauectBe npuMepa ypaBHenue ioddunra
i+ w2z=eco2s, (1.12)

B atom cayuae @(2) =a2?, u ypaBuenne (l.11) Ham nmaer

2n

jm0—522 [ woostydy=o— 22, (1.13)
0
OTKyZa
x=Vvle—y), (1.14)
rae

_ 80
V= 3eq °
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-KpuBbie, Aalollye 3aBHCHMOCTh aMILIHTYAH OT 4acTOTHi, Hasbl-
BAIOTCA aMILIHTYJIHBIMH KPUBBIMH. OHH MMeOT BHJ, H306pa)KeHHbm
Ha puc. 19.

XapaKTep KpHBOH 3aBHCHT OT 3HaKa y (T.e. 3Haka a). B cay-
gae q <0 cHcTeMa Ha3biBaercsi XecTkoll. B nmpoTHBHOM ciyuae cu-
cTemMa Ha3biBaeTcsi MATKOH. DTH Ha3BaHHA CBf3aHbBI C TeM, YTO
ypaBHeHHe (1.12). MBI MoXeM HHTepnpeTHpPOBaTh KaK YypaBHeHHe,

onHchiBamoulee KosebGaHHe NPYMHHHOTO

z MasiTHHKa
}l<ﬂ Z+F(Z) =
rie BO3BpalllaloIlas CHJaa MPYXKHHBI
F(2) rakoBa:
. F(2) =0% — ea2s.
/) w J

TpaHcuennentHoe ypasHenne (1.10)

Puc. 19. MOXeT COBCeM He HMeTb JAeACTBHTE/b-

HHX pelleHHHA. DTo GyleT 03HayaTh, 4TO

B-CiiCTeMe CTalHOHapHble KoJyieGaHHsi HEeBO3MOXHH. YpaBHeHHe

(1.10) MoxXeT HMeTb OJHO HJH HeCKOJbKO pelleHHH, B HEKOTOPBIX

cjiyuasix OHO YAOBJeTBOpsieTCs TOXJecTBeHHO. Tak, Hampumep, 06-

CTOMT Jle/lo, KOTrla CHCTeMa KOHcepBaTHBHA. B camom nene, B 3TOM

cayyae GYHKUHS @ 3aBHCHT TOJBKO OT NepeMeHHOH 2, MO3TOMy
ypaBHenne (1.10)-nmpuMeT BHA

n
’Jq;(xcosy)sinydy=0. (1.15)
0

Tak kak sinydy= —dcosy, TO NOA 3HAKOM HHTerpaja CTOHT
TONHLH AHPdepeHuHaT

f(p(xcosy)sinydy-——' ——}Jtp(xcosy)d(xcosy).
0 0

OG6o3naunm uepes F (§) — HeonpeneJeHHBII HHTErpaJ

13
FE)=[oman
0

Torna
21
. 1 1 n
¢ (xcos y)sinydy = — — dF=.—7F(XCOSy)0 =0,
0 0

T. €. ypaBHeHue (1.15) ymoBJjerBOpseTcs TOX/ECTBEHHO MO X,



§ 1 METOJ BAH-HEP-TONS 147

Hrak, teopuss Bau-pmep-ITonss mo3Bonsier OThICKHBaTb NPHO/H-
JKeHHble 3HayeHHs AaMIVIMTYJ CTaUHOHApPHBIX pelleHHH H, B yacT-
HOCTH, peliHTb 3ajauyy o6 aBTOKosieGaHHAX, NpHYeM 3HayeHHe aM-
NJAATYAbl, HalileHHOe COTIaCHO 3TOH TeOpHH, OyleT TakHM XKe, Kak
M 3HaueHHe aMIJIMTYIbl MepBOro MPHG/IHXKeHHS B Teopuu Jlamyno-
Ba — [lyankape, (ecau, pasymeercsi, Metoa IlyaHkape B stoMm cJay-
yae npuMeHuM). Ecan a<0, To ¢ yBesHYeHHeM CMelleHHs BO3Bpa-
umiaolias cuia pacTeT (KecTKOCTb NPYMKHHBI Bo3pacraer). Ecan
a>0, To C yBeqiHUeHHeM CMellleHHs BO3Bpallaiollast CHJla yMeHb-
waerc. B mepBoM cayyae cHcTeMa HasbiBaeTcfl XeCTKO#, BO BTO-
pOM ciyuae — MSATKOH.

Te e pe3y/ibTaThl Mbl MOJMYYWTH, HCcrenys ypaeHenue Iliod-
¢unra MerogoMm JlsnyHoBa — [lyankape u orpanuuHBasgch nep-
BLIMH TpeMsl NPHONHXKEHHAMH.

6. NMpumep pa3puiBHBIX NpaBbiX 4acTei. Mcnonb3soBanne merona
Ban-nep-ITons ans uccnemoBaHus ypaBHeHus Iliodpdunra Hac npu-
BeJIO K pe3yJbTaTaM, KOTOpble MOrYT GHITH MOJYy4YeHbl MeTonoM Jla-
nynoBa. OnHako Meton JIsinyHoBa mpuMeHHM TOJNBKO K TeM 3aja-
4aM, B KOTOPHIX mNpaBble 4YaCTH YPaBHeHWH — aHaJHTHUECKHE

(2)
y F

/.,
-d d ] -d dl

z+d

Pue. 20. Puc. 21.

¢yukuuu. Meton Bau-mep-Tlonss npumeHHM K ypaBHeHHAM Gonee
obutero tHma. as toro urobbl 3TO NOKas3aTh, PACCMOTPHUM OJIHH

npuMep, B KOTOPOM BO3MYyllialollas CHJAa @ He SBJAAETCA aHaJH-
THYeCKO#.

PaccMOTPHM MasiTHHK, omuchiBaeMblii ypaBHenueM (1.1}, B Ko*

TopoM GYHKUHA @(2, Z)=@(2) HMeeT BHI, H306pa)KeHHbIA Ha
puc. 20.

BosBpamawomasa cuna — ¢pyHkuua F(2) =0?%2 — e@(2) — u3o-
6paxeHa Ha puc. 21. CoctaBUM I/ 3TOH CHCTEMbl YKOpPOUYEHHble
ypaBHeHusn Ban-mep-Tlona. Tak Kak cHcTeMa KoHcepBaTHBHA, TO

+n
cp,(x)=%fcp(xcosy)sinydy=0. (1.16)
-TJT

CaenoBaTeJbHO, aMOJAKTY A x==const.
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Buiuncaum panee

+n
- 1
P2(x) =5 f @ (x cos y) cos y dy.
-7

ACUMNITOTUYECKUE METOIb! PA3JENEHNA ABHXEHUM

[ra. 1t

(1.17)

Paccmorpum nogpobHee ¢pyHKUIHIO

9*(y) =@ (x cos y),

x=const.

[IpennonoxuM cHayasna, YTO aMIUIHTY[bl, KOTOpEle Hac HHTEPeCyioT,
noctatouyHo Maabl x<d. Torga, Kak 3T0 BHAHO u3 pHuc. 20, ¢*(y) =
=0 nas moGbIX y, NOCKOJLKY B 3TOM caydae |z|=x|cosy|<x <d.
CnenoBaTenbHO, Ha KoneGaHHA C MaJblMH aMILIHTyJaMH BO3MY-
waouas cuna ¢ He 6yneT OKa3bliBaTb BJAHSAHHA, H KoJeGaHHA Ha-

cosy

v T T ¥
47( AN
| ! I

| |
ERRaRE
I | | |z-dl | I
-zl 41 %7 1
1 1 ‘y"?‘\i Yy
I I ' I I a-z
|1 Lo
Puc. 22.

ulero MaATHHKa GyayT coBnajgaTh €
OOBbIYHBIMH JIHHEHHLIMH KoseOaHHsA-
MH C MOCTOSIHHOH 4acTOTOH J=w.

CosceM unaue 6ymeT o6cToAThb

Jeqo AaasA KoaebGauuii ¢ gocra-
TOYHO GOJIbUIHMH  aMIJIHTYdaMH
x>d.

Kak 310 BHOHO H3 pHc. 22,
¢bynkuus ¢* (y) onpenensercs cae-
LYIOLHMH COOTHOLIEHHSIMH:

ye(—n4) ¢ =d+=xcosy,
y=W, ¥y ¢ =0,
Y=Y y3) @ =xcosy—d,
¥y v) ¢ =0,
Yy (yy ) ¢ =d+xcosy.

31ech 3HaueHHsl apryMeHTa y; Takue:

d
Yy, = arccos | — —J,

— arccos (£)
Yo = arc <’

- arccos ()
Yys = arccos {—/,

d
Ys= arccos(—— )

»
ITocsie TOro Kaxk COCTaBJIEHO BbIpaxKeHHe JJs ¢, JIErKo

we (L ).

MOXKHO
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BHIYHCJHTEL g (X)

0N Ys
P (x) = % j(d+»xcosy)cosydy+;—n J. (x cosy —d)cos ydy +
it Y2

T
+%j(d+xcosy)cosydy.
Y

TIpoBOoAR BHUYHC/EHHS, NMOJYYHM
P2 (%)= -21“— { d[sin y,—sin y3+sin yo—sin y,] +
+ 5 [2n+ g1+ g5 — Yo—yal + - [sin 2y, + sin 2y; — sin 2y, — sin 2y,].
O603HauuM arccos % =0; TOrna

yi=—(@—a), yY=-—0, y3=0, y=n—a
TloaTomy
y1+!/3—y2-y4=—2n+4a=—2n+4arccos%.

Hanee, ucnoJsb3ysi BBIpaXXeHHe Y;, MH HalfeM, uTO

siny, = — -l—sz—d{ siny, = — %-l/x2—d2,
sin y3=% V x2—d?, sin y4=-i—\/x2—d2,
sin2y,=2—f x?—d?, sin 2y, =—Td x2—d2
sin 2y; = 2d —d?, sin2y,=— i—d x?—d2,

Co6upasi Bce 3TH pe3y/bTaThl, MOJYYHM OKOHUYATeNbHO
W= |- VF—P+2x arccos“—} (1.18)

TakuM o6Gpa3oM, KoleGaHHe H3yYaeMOTO HEJNHHEHHOro OCHHJJATO-
pa B paMkax Teopun Bau-mep-Iloas MoxHO paccmMaTpuBaTh Kak
KoJleGaHHe TapMOHHYECKOTO MasTHUKA

2=x cos Qf

¢ noctosHHO#M yacToToi Q. OT/NHYME OT rapMOHHYECKOTO OCLHJJSA-
TOpa COCTOMT JIHIIb B TOM, YTO yacToTa Q

Q(x) =0 — 52 (), (1.19)
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cornacHo (1.18), 3aBHCHT OT aMIJIUTYAL X
o npu x<d,

Qx) = [2x arccos % - —2;— | d2] nmpH  x =>d.

T anlox
I'paduk 370N 3aBHCHMOCTH NMPHBE/leH Ha pHC. 23.

PaccMoTpeHHasi” HAaMH CHCTeMa, COIVIaCHO BBEJEHHOMY oOmpeje-
JIEHHIO, SIBJISIETCS MATKOH — C yBeMMUEHHWEeM aMIJIHTYIbl yacToTa ee
KoJieGaHHA yMeHbIIaercs.

7. duccunatuBHan cucrema. [lepeiineM Tenepb K H3yueHHIO AHC-
CHIIATHBHBIX CHCTEM, T.e. CHCTEM, B KOTOPHIX NMPOMCXOAHMT pacceH-

BaHHE 3HEPTHH.
[ PaccmorpuM ypaBHenue tuna (1.1)

It w’z=ep(2). (1.20)

w — — — — [Ilonnas 3Hepruss MasiTHHKa, [ABHXe-
HHEe KOTOPOrO OMHCHIBAeT YypaBHEHHe
(1.20), ompenpensiercss ¢opmyJoii

]
d z E= —;— (22 + 0%2?).

Puc. 23. Hnas Toro u4to6nl paccMaTpHBaemas
MexaHHUecKasi CHCTeMa Obijla AHCCH-
MaTHBHOM, T. €. AJA TOro 4ytoObl BAOJb TPAeKTOPHH NPOH3BOJHas

% 6bi1a OTPHLATENbHOH, AOCTATOYHO, 4TOOH GYHKUMS @(2) ymo-
BJIETBOPSJA yCJIOBHIO
sign @ (Z) =—sign 2. (1.21)

IOns noKasaTeNbCTBa BBIYHCJAHM NPOH3BOAHYIO MOJHOH 3HEPTHH
B cuny ypaBHenus (1.20)

%f— =25+ o%2=¢p(2)2.
Ha ocHoBauuu (1.21) noayuum

dE
T<O‘
PaccmoTpuM Tenepb ansi ypaBHeHHus (1.20) ykopoueHHble ypas-
genus (1.8). ®yHKUHA P2(X) UMeeT BHA

2n
®2(x)=%f@(—xmsiny)cosydyEO. (1.22)
0

Takum o6pa3om, auccunatuBHasi cuctema Buaa (1.20) o6nanaer
CBOACTBOM H30XPOHHOCTH — 4YaCTOTa KOJ€OGaHH# He 3aBHCHT OT
aMIVIUTY Ibl.



51 METOJl BAH-JEP-NOJIS 151

AtoT pe3ynbTar HOCHT NPUOJIHIKEHHBIi XapakTep, TMOCKOJbKY
OH MoJyuYeH He M3 moJHoro ypaBHeHus (1.20), a Ha ocHOBaHHH Hc-
c/iedoBaHus TpuOAHXKeHHBIX ypaBHeHuil Ban-pep-Iloas.

Bbiuucsium eile GpyHKIuio @, (x)

2n

_ 1 . .

P1(%) =57 f@(‘—- xesin y) sin y dy.
0

®ynxnua ¢ (u), cornacko (1.21), ob6a1anaer cBoficTBOM
sign @ (—u) =sign u.

Orcioga cpasy cjelyer, YTO NOABLIHTErpajbHOe BbipaXKeHHe BCEraa
nonoxurenbHo. Urtak, pyHkius §;(x) Bceria monsoxurenbHa. Cire-
LOBaTeJbHO,

-‘fi—f= — 251 (x) <. (1.23)

TakuM oGpa3oM, aMmiuryina KoseGaHHH X — MOHOTOHHO YOBIBalo-
mast ¢yHkius. Jdaa onpenesneHuss 3aBuCHMOCTH X(f) Mbl JOJXKHEI
MpPOUHTErpHPOBATDH ellle HesuHelHoe ypaBHeHue (1.23).

B kauectBe npumepa paccMOTpHM Kosie6aHHe MasATHHKA NMPH Ha-
JIHYHH MaJoro BA3KOrO TPeHHs

Q&)= —kz2.
Torpa .
on

¢ (x)= —-"2“;" f sinydy = k(;x .
0

Unterpupys 3atem ypaBHeHue (1.23), monyuum
_Ekt
—_ 2
X = Xp€
rie Xo — HauyaibHas aMIIuTyAa. TakuM o6pa3oM, ypaBHeHus Bau-
nep-ITons mo3BosslOT mpeAcTaBUTb KosebaTesqbHBI Mpolecc, OMu-
cbiBaeMblit ypaBHenueM (1.20), B cienyiouleM Buze:
ekt

x=xe ? cosot. (1.24)
Ias toro cayuas, Koraa ¢(z) =—Kk2z, Xxopouio U3BeCTHO TOUHOE peE-
teHye .
_ Bkt P
z=uxpe 2 cos ]/co’—e”Tt. (1.25)

Conocrabaaa (1.24) u (1.25), mbl BuguM, uto owmubka, KOTOpas
‘BO3HUKAET M3-32 3aMEHbI TOUHBIX YPaBHEHHH YKOPOUEHHBIMH, HMeel
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BTOPO# MOpPSAZOK MaJIOCTH MO OTHOLIEHHIO K HHTEHCHBHOCTH BO3MY-
IeHHH &.

B KkauecTBe BTOpPOro MmpHMepa pacCMOTPHM 3ajauy o KoJeba-
HHH MasiTHHKa B Cpejie, COMPOTHBJIEHHE KOTOPOH MPOMOPLHOHAJIbHO
KBaJpaTy CKOPOCTH. YpaBHEHHE JABHXXEHHS B 3TOM CJyyae HMEET
BHJ

i+ea|i|2+ w22=0,
T. €.
9 (2) =—az|z|.

CocTaBiM MepBOe H3 YKOpPOueHHHX YypaBHeHuit Bau-mep-Ilons.
[MpoBeas HeoO6XonuMbie BbIKIaAKH, MOJYUHM

H, cJlefoBaTeNbHO, 6YAEM HMETb CJAEAYIOLLYI0 3aBHCHMOCTb aMILIH-
TYAbl OT BPEMEHH!
Xo

1+ 4eanxg ¢
3n

X =

8. AprokoaeGareabHas cuctema. [TokaxeM, Kak metoa Ban-zep-
[Tons MoeT HCMOMBL30BATLCA [/l OTBICKAHHSI aBTOKOJ€GaTeNbHbIX
pexxuMoB. PaccMoTpuM ypaBHenue Bau-aep-Ilons

i+z=¢(1 — b22): (1.26)

OTo ypaBHEHHE Mbl y)Xe pacCMaTpHBa/JH{ B MpeibIAYIUEH rjiaBe Me-
togom [lyankape. [IpumeHum tenepr Metox Bau-gep-Ilons pns
OTHICKAaHHSl €ro CTalHOHapHBIX peieHul. CorniaCHO H3JNOMXKeHHOM
TEOpHH AJISl 3TOrO HaM JIOCTaTOYHO BbIPA3HTh QYHKUHIO @, (X)

2n
Qa,(x)=—%J.(l—bx?cos?y)xsin?ydy (1.27)
0

M OMpEeAEeNUTh KOPHH YPaBHEHHS
¢1(x) =0.
Buiuucnssa (1.27), naxonnm
=252 -1). (1.28)
Kopnu ypasuenus (1.28) 6yayt _
%,=0, x2=21/—f. (1.29)



§1 METOJZl BAH-JEP-TIOJISt 153

Takum o6pa3om, ypaBHeHue Bau-gep-Tlonsi ponyckaer mpu 5>0
IBa CTaLHOHAPHBIX peXHMa: COCTOsIHHe NMoKos X=0 u aBTOKOJe-
GaTte/NbHBIA peXHM C aMIVIMTYIOH

x2=2l/—;—.

Ecin 5<0, To eNHHCTBEHHBIM CTalMOHapPHBIM peuleHHeM Gymet co-
cTosHue nokoa x = 0.

AHasorHyHBIA pe3y/nbTaT Mbl YCTaHOBWJIH paHee, HCMOJb3YSl Me-
ton Ilyankape. Meron Bau-gep-Ilons mo3BosifieT MONIYYHTb TOT XKe
pesyJabTaT, HO 6o/iee SKOHOMHBIM croco6oM.

9. IKBHBAJEHTHAsA JHHEAPU3ALMA B KOHCEPBATHBHBLIX CHCTEMAaXx.
Ho cux nmop MH paccMaTpuBajnH KoseGaTesbHble CHCTEMH

#+F(z, 2)=0, (1.30)
rae yukunus F(z, Z) umena BuJ
F(z, 2)=0%2—ce@(z, %). (1.31)

Mertoj pelreHusi 3ajay TeOpHH KoJeGaHHH cyllecTBeHHBIM o6pa-
30M HCNO/Mb30Ban TOT (akt, uto yHkuus F(z, Z) 6nnH3Ka K JaHHEH-
Ho#i. OHa oTnHyaeTcss OT ®22 TONBLKO UJIeHAaMH, MOPALOK KOTOPHIX
paBen O(e). MMeHHo 3To obcrosiTesnb-

CTBO CJYXHJO HaM ONpaBJaHHeM [Js Fz)

npeacTaB/eHHs peuleHHss B ¢opMe 2= d
=XCosYy, rie X H Y — ol — BeJHYHHH],
MeAJIeHHO MeHsiolHecs. 3agaud TeOpHH

KosieGaHuil, B KOTOPbIX GYHKUHA F (2, Z) z

nmeer ¢opmy (1.31), MBI YCJOBH/IHCH

Ha3biBaTh KBa3HJIHHEHHLIMH. —_—
KBasuinHeliHasi TpaKToBKa 3ajaud

BMOJIHE OMpaBjaHa, ecJH peyb HLET O Puc. 24.

cHcTeMax, JABHXKeHHe KOTOPbIX MPOHCXO-

OAT MOJ, [eHCTBHEM CHJI, ABJAIOLIKNXCA aHaJMUTHYECKUMH (YHKUHSA-
mMH ¢asoBuix KoopauHat. Torga ¢yukuuio F(z, 2) Bceria MOXHO
npeacTaBUTb B BHJE

F(z, ) =02+ ké+ a2z +ay22+... (1.32)

KBa3unuHeiiHass TPaKTOBKa (T.e. BO3MOXHOCTb MpeACTaBHTb (PYHK-
uuto F B Buge (1.31)) Gynmer osHauaTb B 3TOM cC/yyae TOJNbKO
OJHO; Mbl OFpaHHYHBaeMCl pPacCMOTPEHHEM JIHIIb MaJbX Koseba-
HHH, MpPH JOMONHHTEJNbHOM YC/NIOBHH, HTO HHTEHCHBHOCTb CHJ, pac-
CEHBAIOLLMX SHEPrHuio, TaKxKe MaJa.

[TpennonoXHM Temepb, YTO BO3BpaLlalOLlasl CHAa HMeeT BHJA,
n3obpaxennbiii Ha pHc. 24. OPynkuua F(z) He gBasieTca aHaJHTH-
yeckoil. CienoBaTesbHO, /ISl Hee He CYLIECTBYeT TMpeAcTaBJeHHs
(1.32). Ha nepBuii Barnajg Kaxercss GeccMbIC/eHHBIM caM BOMpoOC
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0 BO3MOXHOCTH H3y4YeHHsI KoJleGaHHH TaKoil CyllecTBEHHO HeJHHEeH-
HOll CcHCTEMBI B paMKaX KBa3uJHHeHHOH rteopHu. C apyroi cropo-
Hbl, ypaBHeHHe (1.30) u B 3TOM c/ayyae omHcbiBaeT KoJieGaTesbHbIH
npouecc. st Toro yto6bl B 3TOM y6elHTbCS, HOCTATOYHO YCTaHO-
BHTb, YTO ypaBHeHue (1.30) momyckaer MHTErpa’s 3Hepruu

1 . 1 1
E5322+5V(z)=?c,
2
rie ¢ — APOH3BOJIbHAsl MNOCTOsIHHas, a V=2fF(z)dz, H no-
0

cTpouth $as3oByl0 mJa0CKOCTb (pHc. 25). Mbl BuIuM, 4To (hasoBble
TPaeKTOPHH paccMaTpHBaeMofl  CHCTEMBI
3aMKHYThle, T.e. BCe pellleHHsi ypaBHeHHs

i+F(2)=0 (1.30)

nepHolinyeckHe. KauecTBeHHBIH Xapakrep
peweHuit ypasHeHus (1.30), ecrectBeHHO,
HaBOJMT Ha MBICIb O [e/1eCO06pPa3HOCTH
-annpoKCHMHPOBATh €ro pellleHHs BbIpaKe-
HHEM

z 2=x cos Qt, (1.33)

rlle X — HeKOTOpas MOCTOsiHHasi. BennuunHa

Q TakXKe NOCTOsIHHAsl, HO OHa JOJIXKHA 3a-

Puc. 25. BHCETb OT aMOJHTYAbl X, TaK KaK CHCTeMa

(1.30") 'He H30XpOHHA M BpEMsA MOJIHOTO

o6xona H3o6paxkalolledl TOUKH BOKPYr HauaJa KOOpPAHHAT BJOJb

¢a30BOil TpaeKTOpHH 3aBHCHT OT MOJOXKEHHS ¢a30BOH TpaeKTOpHH.

JIpyruMH cnoBaMH, BeJHuMHAa Q JOJKHA CUMTaTbecs QyHKUHeH aM-
MJIHTY b

-

0

Q=0Q(x). (1.34)

Takum 006pa3oM, BONpoC O BO3MOXKHOCTH aNNPOKCHMHPOBAaTb pe-

wieHue ypaBHeHus (1.30) Bblpaxeuwnem (1.33) cBencsi K BO3MOX-

HOCTH ONpelenuTh Hajiexallum oGpasoM ¢yHkuuio (1.34).
®yHkuusa (1.33) yroBaeTBOpsieT YpaBHEHHIO

7 4+Q22=0, (1.35)
‘OfMHCbIBAIOLLEMY KOJleﬁaTeJleble JABHXKEHHS noa ﬂeﬁCTBHeM BO3Bpa-

uLaolLe CHJAbI
Q2(x)2=Q2%(x)x cos Q(x)t.

®yukuus F(2) B 3TOM cayuae umeer BuA F(x cos Qf), 1. e. siBasier-
csl YyeTHOH nepHOAHMYECKOH (yHKLHeld BpeMeHH H MOXeT GbiTb pas-
NnoxeHa B pag Pypobe

F(z) =a(x) cos Qf+ap(x) cos 2Qt+.. ., (1.36)
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rie
2n
a = ";Y J- F'(x cos y)cos ydy.
0
Tlonoxum Tenepb
F(2) =Q2(x)z — e@(2) (1.37)

n nonbGepem ¢yHKUHMIO Q(x) Tak, YTOOB. pellleHHEe YKOPOYEHHHIX
ypaBHeHHH ans cayuas, koraa ¢yHkuusa F(2) umeer Bug (1.37),
coBnafano 6bl ¢ pemenneM ypasHenus (1.35). Jlerko Buiers, uto
JJ11 3TOTO AOCTaTOYHO NMPHHATD

Q2(x) - x=ay(x), (1.38)

Qx) =) 2.

B camom pnene, B 3TOM ciayuae
ep (2) = — [as(x) cos 2y + az(x) cos 3y + ...].

CuaegoBaTtebHO,

OTKYZAa

o

8@2(x)=—28;J.tp(xcosy)cosydy=0,
0

§=Q(x).

Hrak, GuKCHPYS aMIUIATYAY X, Mbl HaXOJHM YacTOTY 3KBHBaJeHT-
"bIX JHHeHHBIX KosieGaHu# o dopmMyie

1
2nx

n
Q(x)= J‘ F (x cos y) cos y dy. (1.38%)
0

dta dopmyna onpegenseT 3aBHCHMOCTb YaCTOTH KoOJeOaHHH OT
aMIVIATY AbL.

Hrak, MeToJ 3KBHBaNeHTHOH JIHHeapH3alMH COCTOHT B 3aMeHe
ypaBHeHus (1.30) nuHefinbiM ypaBHenuem (1.35), rae Q(x) naercs
dopmysonn (1.38). HamomHuM, 4To aMniauTyda X 37ech CUHTaeTCsL
3aJaHHON MOCTOSHHOH.

MeToabl 3KBHBa/IEHTHOH JHHeapH3alHMH pa3paboTaHb ceifuac
He TOMbKO MJf KOHCEpBaTHBHHIX cHcreM. [loapoGHoe H3JOXeHHE
3THX BomnpocoB cofepxutca B MoHorpadpun H. H. Boroawo6oBa u-
0. A. Mutponoasckoro *).

*) H. H. Boroaw6os, I0. AL Murtpononsckuf, ACHMATOTHYECKHS
METOAM B Teopun HenHHERHHX KoneGawud, Quamarrug, 1958,



156 ACHUMIITOTUYECKHUE METOIbI PA3NEJEHHS NBHM)XEHHUH [TV, T

10. 3ameyanne 06 HCCaenOBaHHH YcToiiuuBoCcTH. Meton Bash-
nep-ITons nmo3BosisieT He TOJNBKO OTHICKATh CTaLHOHApHbIE PEXHMBI,
HO H H3YYHTb XapaKTep KoseGaHHMl CHCTEMBI B OKPECTHOCTH 3THX
pPEeXKHMOB.

[TycTh x* — HeKOTOpLI CTAalHOHADHBIA pPEXHM, H NMYCTh B Mo-
MeHT {=0 3HayeHHe aMIJIHTYAbl He cOBmajaeT ¢ X*; Torga BO3HH-
KaeT 3ajaya o6 HCCJAENOBAHHH NMOBEJEHHS aMILTHTYABI, €CJAH OTKJO-
HEHHe aMIVIHTYyAbl 8X=X — X* OT CTallHOHaDHOrO 3HaueHHs HeBe-
JIHKO.

CoctaBHM ypaBHEHHe B BapHAUHAX [Js YKOPOYEHHHIX YpaBHe-
Huii (1.8)

di=— 2 A0 5y (1.39)

Otciona cpasy CAeAyeT, 4yTO XapaKTep H3MEHEHHS BEJHUYHHH &x

., dp;(x
onpenenasieTcss TOJNbKO 3HAKOM NPOH3BOJHOH —q)dlx()

de, (x
IS CTallMOHAPHOTO 3HaueHHs aMIIHTYAB x* Ecan La‘,x(—)>0, TO

aMIuTyga X yObIBaeT M CTPEMHTCA K CBOEMY CTAlLlHOHAPHOMY 3Ha-
YyeHHIo, B MPOTHBHOM cilyuae x(f) pacrer.

[TpoBeneHHble paccyXXAeHHS OYeHb YacTO Ha3blBaIOT HCCJENOBa-
HueM ycrtofiunBoctH. OpHaKo YyKopoueHHble ypaBHeHHs Bau-gep-
[Tons sBAAOTCA NPHOGJIHKEHHBIMH, H Mbl HCCJAENYEM YCTOMYHBOCTH
He HCXOJHOro mpoliecca, a HEKOTOPOro pelleHHs ypaBHeHuii Ban-
nep-ITons. TeM He MeHee 3TO pacCyAeHHE MoOXeT ObLITb OYEHb mo-
JIe3HBIM /151 H3VUEHHS] TeHNEHUHH H3MEHEHHs X Ha HEKOTOPOM KO-
HeyHoM (M, BOOGlILe roBOPs, AOCTaTOYHO OOJbIIOM) HHTEPBaJe Bpe-
MEHH.

Cnenyetr 3aMeTHTh, YTO NpeaJaraeMasi mpoueaypa <HccaenoBa-
HHMs YCTOHYHBOCTH» OYeHb nmpocta. 15 penieHHs Bompoca o6 yCTOl-
YHBOCTH HaM AOCTATOYHO BHIYHCJHTb NMPOH3BOJHYIO B TOYKE X=x¥*,

PaccmotpuM, Hampumep, ypaBHeHHe (1.26). ®yHkuus @i(x)
onpeaeasercs GopmyJoi

, BBIYHCJIEHHOMH

b 2
0 () =4 (4--1).
Buiuncanm i R |
A9 _°p2
P 3 bx 5 (1.40)

Mbl 3HaeM, uTO JBHXKEHHE, KOTOPOE ONHCHIBAeTCs YDaBHEHHEM
(1.26), nmeet nBe cTalHOHAPHbIE TOYKH X=0 H X =2 V'1/b. Tak Kax

(d(i)x 1

7z )M* 7 <0
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TO MoJoXKeHHe paBHoBecHsi x={ HeycroiuuBo. BhiuHC/IHM Janee
( d¢, (x) )

dx T

x=2 V-T

TakuM o06pasoM, NpelejbHbI IHKJI OKa3blBaeTCs YCTOHYHBBLIM.
YpaBHenue (1.39) nerko uHTErpupyercs

6x=6xoexp{—%%x(x)t}. (1.41)

=1>0.

®opmyna (1.41) Ham naeT 3aKOH M3MEHEHHS aMIJIHTYAbl B CJyyae
MaJiblX OTKJOHEHHH OT cTanmuHoHapHoro pexuma. CTo/b e MPOCTO
MOXHO ONpeJesIuTh H3MEHEHHe YacTOThl CO BpeMmeHeM. JIMHeapH3ys
BTOpoe H3 ypaBHeHu#l (1.8), Mbl onpenenum

y * . [} P * d® dé
ot - S -0 {0
(1.42)

rune
Q(x) = 0 — — g2 (x).

dopmyanl (1.41) u (1.42) onuchiBalOT mepexoiHbIil mpouecc NpH
MaJiblX HayasbHBIX OTKJOHEHHAX. J[lig H3yueHHA NPOH3BOJIBLHOIO
NepexofHOro npomecca Mbl JOJMKHBI HAATH YHCJIEHHOE pelleHHe mep-
Boro M3 ypaBHeHuil (1.8), uTo HaM JacT 3aKOH H3MEHEHHS aMILIH-
TyAbl. BTOopoe M3 3THX ypaBHEHHH MO3BOJMUT TOTJa B SIBHOM BHJE
BBbIYHC/IHTb CKOPOCTb H3MeHeHHus (asbl y=Q (f).

§ 2. Meron Ban-nep-INoas B cucremax,
GJAM3KHX K KOHCEpBATHBHBIM

1. 3amena nepemennsix. BaH-mep-Tlonb H ero mnocaenoBaTesu
paspa6oranu 3pPeKkTHBHbIE METOJbl HCCJeNOBaHHA KBa3HJHHEHHBIX
3ajay TeopHu KosebGaHuii. B 3TOM ciyyae NopoXAalolllUM ABJAETCH
JAuHeliHoe ypaBHeHHe. OOHAKO He MNpeACTaB/sieT CYLIECTBEHHOrO
TpyAa pacnpocTpaHHTb Metoj Bau-mep-Tlona Ha Gosee o6uiue 3a-
Nauyd TEOpPHH HeJHHEHHHBIX KosebGaHuii. B 3ToM maparpage mbl Gy-
geM H3yyaThb KosebGaHHA B cHcTeMax, OJH3KHX K MPOH3BOJbHBIM
KOHCEPBATHBHBIM, KOTAa NMOPOXKAAlOLIUM fIBJAETCA yXkKe HeKOTopoe
HeJqHHeilHoe ypaBHeHHe. Mbl y6equmcs, 4To B TOM cJjvyae, KOTAa
ero oflilee pelleHHe H3BECTHO, pelleHHe HCXOJHOTO ypaBHEHHS Mo-
®KeT GbiTh MOJYYEHO NMPH NMOMOLIH CTaHAAPTHBLIX pacCyXJAeHH# mpe-
AblAyllero nmaparpada.

Wrak, paccMoTpuM ypaBHEHHE

i+ (2) =ep(21), @1y
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rie g — MaJblii napamerp. [lopoXpaalollUM ypaBHEHHEM fIBJISETCH
#+f(2) =0. (2.2)

OrtHocHTelbHO ypaBHeHusi (2.2). GyieM mpeAmoJarartb, Yto €ro o06-
IIHA HHTErpaJl HaM M3BeCTeH H MOXeT GbITh BBIMHCAH B IBHOM BHIE

2=Q*(x, t+1,), (2.3)

rje ¥ U fy— nmpou3BoJbHble mocTosiHHble. Kpome Toro, mMbl 6ynem
cuutaTth, 4to f(0) =0, u paccMarpuBaTh Ty obsacth (a30BbIX mepe-
MeHHBbIX, B KOTOpPOH BCe pellleHHs ypaBHeHus (2.2) — mepuoguue-
CKHe QYHKUUH BpEMEHH.

Urak, dyHkuus Q* Oyaer mepuoauueckoii dyHKuuedl f mepuo-
na T. Tlepuon Gynmer 3aBuceTb (B oflieM CJayuyae) OT MOCTOSHHOM
X, KOTOPYIO Mbl yC10BHMCS Ha3blBaTh aMmIUTYAOH. [{si TOro uto6hl
UMeTb fAeno ¢ (yHKUHeH OJHOro mepHola, BBeJeM HOBYIO mepe-
MEHHYIO

y=o(x) (t+h).

3mech MHOXHTeIb «(X) BbIOpaH TakuM o6Gpa3oM, 4ToObl GYHKuHS
Q(x, ) =Q*(x, t+1,)

6nuta mepuoAHYECKOl Mo y mepHoda 2;. DTHM YCJIOBHEM BeJHYMHA
o{x) omnpenensiercsi ogHo3HauHo. OHa sBASieTCST HOPMHUPYIOUIHM
MHoxkHTeJdeM. [lo aHa/OrHW C JIHHEAHBIMH CHCTEMaMH YCJOBHMCSH
Ha3blBaTh ee YyacToToH, a ¥y — da3oi.

3ameruM, uto GyHkuus Q (x, y) TOXKIAECTBEHHO, T. €. MpH JIOObIX
3HaYeHHAX X M ¢, YIOBJETBOPSET MOPOKIAOUIEMy YPaBHEHHIO
(2.2). Takum obpa3om,

i+f(2) = 0?Qyy+f(Q) =0. (2:4)

[MepBbifi Wwar npu peanusauud Mmerofa BaH-gep-Iloas cocrout
B'3aMeHe OJHOTO YpaBHeHHsI BTOPOTO MOPsSika CHCTEMOH JIBYX ypas-
HeHHH MepBoro mopsiika. /s 3TOro HCnoJib3yercsi KJacCHYECKHH
MeToJ 'BapHalMH MPOH3BOJIbHBIX MOCTOSIHHBIX.

B kauecTBe HOBBIX NMepeMeHHBIX B MpeAbliyllleM maparpade Mol
ucmosib30Basi aMmIMTYAY W ¢a3y. TouHo ‘Tak XKe MBI MOXKeM mo-
CTYynuTh H B JlaHHOM cay4ae. Mitak, Mbl uMeem

z2=Q(x, y). (2.5)

ITojoKuM, KpoMe Toro,

2=aQy(x, ¥). (2.6)
PasencrBa (2.5) u (2.6) onpenmensior 3aMeHy: fiefeMEHHbIX.- Cocra-
BHM Tellepb YPaBHeHHS, KOTOPbIM “YJOBAETBOPAIOT -HOBbIE HepeMeH-
ubie. Juddepenunpys (2,5) w npupaBHUBaAA NOTYYCHHOE BbIpaxe-
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HHe BhlpaxeHHi0 (2.6), cocTaBUM NepBoe M3 COOTHOLIEHHH MeXAay
MPOU3BOAHBIMH HOBBIX MepeMeHHbIX
thi"i'Quy - (.')Qv=0- (27)

9To ypaBHeHHe mpejacTaBjsieT co6Ofi yCIOBHe COBMECTHOCTH ompe-
penennt (2.5) u (2.6). Bropoe ypaBHeHHe HOJY4HM, MOACTABIAA
Bhipaxenue (2.6) B ypaBHeHue (2.1): ‘

(Qv(')’+0)qu)j:+0)yva+f(Q) =e@(Q, 0Qy), (2.8)
do (x)

dx '

Cucrema (2.7), (2.8) mpeacraBasier co6oit cHcteMy ABYX AHG-
(depeHUHaTbHBIX YpaBHeHHH OTHOCHTeJNbHO GYHKUMHA x u Y. Ias
JNaJbHefIlero HaM HafO pa3pelluTb 3TH YpaBHEHHS OTHOCHTEJNBbHO
npousBOAHBIX & M y. [locie oueBMAHBIX mpeoOpa3oBaHHH MOJTYYHM
#{[Q.Q,, —Q,Q, ] 0 — Q) —

- {d)zny + f (Q)} Qy = —¢&Q (Q' '(')Qy) Qy'.
y {sz’ - [Qnyy - Qnyy]-] -
- {(')Qy ((')’Qy + (')Qxy) + f(Q) Qx}‘= — &Q (Q' '..(')Qy) Q’x~
BBenem 0603HavyeHue
A=[Q.Q, — Qnyy] © —o'Qj.

Hanee sameuaeM, uTO B.CHJAY ToxpecTBa (2.4) Bropas ¢urypnHas
ckoOKa B mepBoM H3 ypaBHeHH#A (2.9) paBHa HyJi0. TOuHO Tak Xe
MoxeT ObITh YHpOLIEHO BTOpOe cjiaraeMoe BO BTODOM M3 YpaBHe-
Hui (2.9). Ons 3toro Mbl 3aMeHHM ¢yHKuH0 f(Q) ee BeipaxenueM

24
us (2.4) H(Q) =—0™Qyy;

rie @’ o3HayaeT NPOU3BOAHYIO

(2.9)

TOrjaa MmOJIYYHM '
0Q,(0'Q, +0Q,,) + Q) Q,=0[0'Q} + 0(Q,,Q, ~ Q,Q,)] = — A.

Hrak, cucrema (2.9) mMoxert -GbiTh TeNepb NepenHcaHa B BUAE:

i=—=9Q, J=0()+50Qx (2.10)

CucremMa AByx ypaBHeHHA nepBoro mopsinka (2.10) 3kBHBa/IeHTHa4
MCXOAHOMY YP4BHEHHIO BTOPOro mopsiaka (2.1) *)

2. YkopoueHHble ypaBHeHus. Cucrema (2.10) coBepiueHHO aHa-
JoruyHa cucreme (1.7). IlomoGHo eft oHa TakXKe npeacTaBJseT co-
6ot cucteMy ¢ Bpamaiwollefica dasoi. Ee npasrie 4actn siBaAsOTCH

~*) Mu npeanciarain, uto ¢yHknus Q saBasercs nepHoauueckod. Hus By-
Bopa ypasuenudt -(2.10) sto npemnosoxkenne ne Tpebyercs. 3amena (2.5), (2.6)
Hac npHeejeT K ypaBHeHusM (2.10), kaxkoBn Gbi M .ObuIH $yHKOMH Q H ©.
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NepUOAHYECKHMH (GYHKIUAMH y nepHoja 21, MOCKOJIbKY TaKOBbIMH,
no NpeAnoJoXKeHHo, aBnsercs GyHKuUs Q U ee yacTHble MPOM3BOA-
Hble. CiiefloBaTenbHO, AV HCCJAEAOBaHHA ITOH CHCTEMbl Mbl MOXEM
NpUMeHHTb paccyxaenus Bau-aep-ITons u 3amenuts cucremy (2.10)
YKOPOYEHHbIMH YPaBHEHHSIMH, KOTOPble B PacCMAaTPUBAaEMOM Cjyyae
6yayT uMeTb CielyIOLHi BUA:

2

. e

t=—5= f q)dey,
0

(2.11)

271
§=00)+ 55 [ 0Q.dy.
0

[pu BbimucbiBaHuu cucTeMbl (2.11) Mbl BbIHECAH (PYHKUHMIO A H3-
noj 3Haka HHTerpaja. Mbl He caenajd NpPH 3TOM OWIMOKH, MO-
CKOJIbKY, KaK Mbl cefiuac nokaxkeMm, QyHKIHs A He 3aBHUCHT OT me-
PEMEHHOH y.

Jlemma., dynkyus A 3as8ucutr TOALKO 0T 00HOL He3asucumoll
nepemenHol — 0T AmMnAuTYOobL X.

Jas noka3aTeqabCTBa BbIMHLIEM BbipaXXeHHe MOJIHOH 3HEPTHH no-
poxaallleil CHCTEMbI

E=Z 4 (1@ e
0

WUan, ucnonb3ys oOIMA HHTErpaj NOPOXKAAIOILErO YpaBHEHHS —
dyukuio Q(x, y), moaydyum

E=%w2Q§+ff(Q)dQ.

0

Ho ¢ynkuus Q yaoBiaeTBopsieT ypaBHeHuio (2.4)
szyy + f (Q) =0

Aas mobux X. IlostoMy, Buiuucass E,, OyaeM uMeTb
Q
d d
E,=0°Q,Q, + 7 | [(@dQ9L = @, (02Q,, +1(Q)) =0.
0

CaenoBatenbHo, QyHkius F He 3aBHCHT OT (a3bl Y, OHa 3aBHUCHT
TO/MIbKO OT aMmauTyaul X; E==E(x). Otciona caenyer, uto u A Takxe
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He 3aBHCHUT OT (1)a31>1 y. B camom jaeJsie, noc/jsegnas BE€JIHUYHHA CBA-
3aHa ¢ BesHuuHoll E oueHb NMPpOCTHIM COOTHOLIEHHEM. Briuncaum

Q
=2 (Laqz+ [ 1@ de) = 0@} + 00,0, + 0,1 (@.
0

3amensnn f(Q) ero BbipaxkeHHeM H3 (2.4), nOJyuHM
E =-0{[QQ,—QQ,]0—0Q=—0xA,

OTKYAa Cpa3y cjelyeT, YTO BejqHuuHa A sBasercs pyHkuueid oaHOH
TOJILKO AMIJIHTYAH X.

Hrak, Mbl nokasasu, 4To A/151 HeJMHEHHOro ypaBHeHHS BTOPOro
NOpAJKA TaKXKe MOTyT OBITb COCTaBJigHbI YKODOU€HHbIe YpaBHEHHs
Bau-pep-IToss, eciu ToNIbKO B HallleM pacnopsiXKeHHH ecTb HHTerpaJ
NOpPOXKAAIOLEro ypaBHeHH (TOYHBIA WAM NPHONHMKEHHBIR).

3. Mpumep. PaccMoTpuM B KauyecTBe NpHMepa 3aAauy o JHHeil-
HOM JeMn¢upoBaHHM HeJMHeAHBIX KosebaHuii. IlycTb ABHKeHHe
onuchiBaeTCs ypaBHeHHEM

#+f(2) = — ecs,

rie ¢ — HeKOTopas MOJIOXKHTe/NbHas TOCTOSHHAaA. IJTO YpaBHeHHe
ABJSIETCA YaCTHBIM CJy4YyaeM pacCMOTPEHHOro Bbillle YypaBHEHHSA
(2.1), korna pynxkuus ¢(2, z’)=—cé=——0u3Q,,. Hanunwem ans stoi
3aJlayy nepBoe M3 YKOPOUEHHBIX YpaBHEeHHH

i=gor f Q2 dy. (2.12)

B sBHOM BHAe MBI He MOXeM NpPOMHTErpHpoBaTb B o6llleM ciayuae
3TO ypaBHeHHe, HO MOXeM CJe/JaTh HeKOTopble 3akniouenus. Hure-
rpaa B ypaBHeHHH (2.12) — Bcerlia moJioXHTe/NbHOE YHCIO

2n
[Q@ay=0x)>0.

0

Hanee, o (x)>0 no cMmbicay coero onpeznejeHus. Tenepb OTMETHM,
YTO X — 3TO HEKOTOpPOe HOBOe nepeMeHHOe, KoTopoe npu €=0 npe-
BpalllaeTcsi B MOCTOSAHHYIO HHTErpHpOBaHHA MNOPOXKAAIOILEro ypas-
HeHusi. Mbl Ha3Ba/M ee YCIOBHO aMIIMTYAOH MO aHA/JOTHH C Teo-
pueli JHHeHHHIX KoJeGaHWH. B 3TOM ecTb onpeneseHHBIH CMBICI.
B camom jgene, Mbl TObLKO YTO YCTAHOBHJ/IH, YTO MOJHAS 3HEpPrus
NOpOXK/JAaIollero ypaBHEHHA 3aBHCHT TOJbKO OT 3TOH MOCTOSHHOM.
3HauyuT TOYHO TaK XKe, KaK aMIJINTyAa B JIHHEHHBIX Ko/JeGaHHusX,
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HMEHHO 3Ta MOCTOSIHHAsl WJH Jio6as ee OLHO3HayHas (YHKUHSA On-
pelensoT 3Hepruio cucreMbl. CienoBaTesNpHO, OHa Hrpaer Ty Xe
pOJib, UTO H AMIJIHTYAA.

[lpennosioXXuM Tenepb, YTO B HauaJIbHbIi MOMEHT BpeMeHH 3Hep-
rus E B cucreMe Oblia paBHAa HEKOTOPOMY 3HaueHH Ey H mycThb
B TeUeHHe HEKOTOPOrO BpeMeHH OHa HaxoJunach MOA JelcTBHEM
JUCCUMATHBHON CHJBI (= — eCZ. BBLIUHCIHM NpPOU3BOAHYIO B CHIY
YKOPOU€HHBIX ypaBHeHHH (2.12), mpuHHMas BO BHHMMaHHe HaifeH-
HOe Bhlllle BhipaxkeHde E,= — w(x)A:

dE . . 2
F=Ed=—oAi=—~ 220 x)<0. (2.13)

CnenoBatenbHO, NOJ A€ACTBHEM CHJIbl (= — €7 IHEPTHs CHCTEMbI
HenpepbIBHO yObIBaeT.

®opmyaa (2.13) nosponasieT AN KaXAOro GHKCHPOBAHHOTO 3Ha-
YEeHH <«aMMJHTYAbI» X ONpeAeNHTh CKOPOCTb YObIBAHHSI 3HEPTHH.
UTo KacaeTcsi BeJHYHHBl «aMIUIMTYABI» X, TO OHa B 3TOM cJyyae
MOXeT M He YyObiBaTb. XapakTep HM3MeHEHHS 3TOH BeJIMUHHBI, KaK
3TO cjelyeT M3 ypaBHeHHs (2.12), onpelensieTcsi TOJAbKO 3HAaKOM
A(x). D10 06GCTOATENHCTBO MOAYEpKHBaeT TOT (hakT, yTo (H3Hue-
CKHH CMBIC/ «aMIUIUTYJAbl» MOXKeT He HMeTb HHKAKOro OTHOLUEHHS
K MaKCHMaJIbHOMY OTKJIOHEHHIO OT MOJIOXKEHHsSI paBHOBECHS, KOTO-
poe Bceraa yObiBaeT nmoj NeHCTBHEM JHCCHMATHBHOH CHJIBL

4. Jpyro# noaxon K peweHuio Toil xe 3apa4yn. B stom naparpa-
e Mbl H3JIOXKHMIH ecTecTBeHHOe o0o6uleHHe MeroAa BaH-gep-Ilons
Ha KJacc 3ajay, KOTOpbleé MOXKHO Ha3BaTh CYILeCTBEHHO HeJIHHEM-
HbIMH. Mbl BBeJIH aHaJIOTH aMNJUTYAbl U Pasbl H COCTAaBHJIH ypaB-
HEHHsl, KOTOPBIM JOJUKHBI YHOBJETBOPSATb 3TH BeJNHuMHbL. Jus
BHIBOJA HAlLUMX YPaBHEHHH Mbl BOCMOJIb30BAJIUCh CTAHLAPTHOH Mpo-
1LeAypoii BapbHPOBAHHS NPOH3BOJILHEIX MOCTOSHHBIX. Bece 3t pac-
CyX/JeHHSl OCHOBBIBAJIHCh Ha MPEAIIOJIOXKEHHH O TOM, YTO HHTerpad
NOpOXJallero ypaBHeHHs HaM H3BecTeH B BHIAE, pa3pelleHHOM
OTHOCHTEJIbHO HeH3BeCTHOH QYHKIHH

2=Q(x, t+1,). (2.14)

IMopoxparwuiee ypaBHeHue (2.2) — sto oblliee HenHHeiiHOe ypaBHe-
HHe BTOpPOro MOpsAAKa, He cofepxalliee nepBoil mpouspogHoi. O6a
€ro MHTErpasa Moryt GbITb BCerja BelMHCaHbl B (opMe kBaApatyp.
OnHako siBHOe BbIpaKeHHe (2.14) MoxeT GBITb MOJYYEHO TOJbKO
B HCKJ/IOUNTENBHBIX Cyyasx.

Bo3MOXHbBI JBa NyTH NpeonoJeHHs 3Toi TpyaHocTH. [lepBbiii —
CTPOMTh NpHOJHXKeHHble npeacTaBaeHHs ana ¢yHkuud Q(x, f).
HOas storo Mbl MOXeM, HanpuUMep, paccMaTpHBaTh MOpoOXJaiollee
ypaBHeHHe (2.2) kakK KBa3W/JHHeidlHOe M HAXOAHTb ero OGLUHH HH-
TErpajq TeM HJH HHbIM CnocoGoM, B YaCTHOCTH METOAOM oOcpefHe-
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Hua. Takoli MOAXOL MPHroJeH TOJNbKO AJS CAy4Yas MaJbiX SHepruil.
Bropasi BO3MOXHOCTb COCTOMT B CJeldylollleM (oHa MNpelJoxeHa
B. M. BosocosbiM) *),

[Topoxnaiolee ypaBHeHHe (2.2) LomyckaeT chaeldylOllHe HHTe-
rpaJbl:

22+ U(2)=uq,
t

bz o= T@ J Va-U() T(a)+con5t g

(2.15)

rae
U(z)=2jf(z)dz.

[TpuMeM B KayecTBe HOBHIX MepeMeHHBIX NMPH H3yYeHHH ypaBHe-
Hust (2.1) BenuuuHbl oo ¥ B. OHH XapakTepu3ylOT KoJebaTebHbii
mpolecc ¢ TOfi Ke MONHOTOH, YTO M BEJHYHHBl X H Y, NPHHATHE B
stom naparpacde. Ho, auddepennupys (2.15), B cuny ypaBHeHHs
(2.1) MB Bcera MOXeM COCTaBHTb YypaBHeHHs aad o H B. Jas
3TOrO, KaK YBHAHM, HaM He Haf0 IBHOTO MpeACTaB/eHHs pelleHHs
B Bule 2=Q(x, t). Urak,

. . dU
a=22Z+ P
HO dU
2=—f@)+eplz 2, —-=2(2),
MO3TOMY

a=2ep(z, Va—U@R))Va-U(2). (2.15%)
AHAaJIOTHYHO HaXOJHM
v ., o .
ﬁ=-£z+ma~—”)+23 Yoz, Va—U @)Vae—-U(2).

[TockonbRy 2 siBJieTCA NMePHOLHYECKOH MO BPeMeHH, TO 3THM CBO#H-
crBoM obaajnaer W BeauunHa f. [losToMy Mbl MoXeM NpoBecTH
ycpelHeHHe MPaBbIX YacTedl 3THX ypaBHeHHH mo P:

Bot+T
d‘=T(m>f“’ Va—U(2)d,
' it (2.16)
1
P=7mt T(u) o Va-T@E B

rae T (o) — nepuon GyHKIMH z(t+t0, o).

*) B. M. Boaocos, Hekoropele BuHAH pacueToB B TEOPUH HeAuHeHHbIX
KoneGaHuH, CBA3AHHBIX ¢ chenueuuem XypHan BbMMCAHTEJbHOH MaTeMaTHKH H
MaTtemaTHueckolt dusukn, Ne 1, 1963,
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B ToM BHie, B KAKOM MbI MOJYYHJIH cHcTeMy ypaBHeHuit (2.16),
ee ellle Hesb3sl HEMOCPeACTBEHHO UCMOJIB30BaTh AJIA HCCAeR0BaHHSA
ypaBHedus (2.1), MOCKONBKY B mNPaBYIO YaCTb BXOAHUT (YHKUHSA
z(o, B). uHTerpupoBaHue BegeTc mo P, a CBA3b MeXAY 3THMH

BeJIMUHHAMH B $IBHOM BHAe HaM He 3ana-

4 Ha. Ho, Hcnoab3ys HHTerpan sHepruu

N T T%  (2.15), MBI MOXeM nepefiTH B ypaBHeHHAX

(2.16) oT mHTerpHpoBaHHA TO MepeMeHHO-

| My B K HHTErpHPOBAHHIO MO IlepeMeHHOMY

2. Ons Toro uto6bl mpoienaTb HeoGXOmH-
Mble BBIKJ4[KH, 3aMETHM, UTO

dz=Vo—U(z)d8—B Bepxue#i moJynJo-
CKOCTH (pa30BOH MJOCKOCTH

—— —— — e

H

Z dz = — Vo — U (2) dB — B HuXHeil nosymnJo-
CKOCTH.

Puc. 26. B camom nene, (cM. puc. 26), nso6paxaio-

as TOuKa JABHXKeTcs BAOJAb (a30BOH
TPAeKTODHH 110 YacOBOH CTpeJiKe, H cJeldOBaTe/bHO, B BepXHeH mo-
aynjaockoctd dz>0, a B HHXKHel dz<0.
HiMes B BuAY 3TO 06CTOATENBCTBO, NepenuileM ypaBHeHus (2.16)
B CJeAylolleM BHie:

G = T2(i) fq;(z,z’)dz—f&p(zz’)dz ,

. . (2.17)
1 % ap ap

ITepBeillt u3 nHTerpasos Gepercs mo BepxHeH BeTBH (a3oBOfi Tpaek-
Topuu (T. e. BAOMbL TOM BeTBH, rlle BeawunHa z=Va—U (2)),
a BTOPO# — BROMb HIXHell BeTBH (T. e.rae 2= — JVa— U (2)).

B ypasnenusix (2.17) nosiBUIHCL HOBble BeJHUMHB 2 H Z —

MaKCHMa/lbHOe M MMHHMaJIbHOE OTKJOHEHHsl OT MO/IOXKeHHS DPaBHO-
BeCHAl. 3aMeTHM TpeXJe BCEro, YTO 3TH BeJNHUHHBI He He3aBHCHMBL:
HM OTBeYaeT OJHO H TO XKe 3HaueHHe MOTeHLHAaJbHON 3Heprun U(2)

U()=U(z)=a. (2.18)
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Ilanee BMecTO 3Hepruv o yno6HO B3sAThb B KauecTBe MePEeMEHHOro
OJHY M3 3THX BeJHUHH, HanpuMep Z. Torma Ha ocHoBauuu (2.18)
. dU = -
= | — = 4
a=(%) _z=2%@z

H MO3TOMY ypaBHeHHe AJd z OyleT TaKuM:

- _ _ & 9 (2 2) -tp(z A 4
= Ta sz(z) o= [ SRz . @19

3ameuas elle, 4TO
o0 _ % ;s
%% =90 1@

Mbl MOXE€M aHaJOorHYHHM o6pa3oM npeo6pa3oBaTb H BTOpPOE H3
ypaBHenuit (2.17)

2e . [ .
3=1+W zf@(z,z)dz—j(p(z,z)dz . (2.20)

B cucreme ypasuenuist (2.19), (2.20) nepuon T(Z) Takxke ompene-
VisleTcsl KBaJpaTypaMu

N dz _ dz
r@= f Voo f Voo (2:21)

YpaBuenue (2.19) ompenensieT HaM 3aKOH H3MEHEHHS MaKCHMaJib-
HOTO OTKJOHEHHSI CHCTEeMB! OT MoJioXeHHs paBHoBecus. [TonyueHHbe
BhIpaXKeHHsl NMOKa3bIBAIOT, YTO 3Ta BaXKHasl XapaKTEPHCTHKA MOXET
6uiTh HafieHa 6e3 3HaHHs OOLLEro HHTerpaja MOpoXKMAAlOLIero ypaB-
HeHHus.

BerunciieHusi 3HauMTeNILHO YMPOLLAIOTCA, eclad KoleGaHHsi CHM-
MeTpHuHbl. B 3TOM cayuae HerT Heo6XONXHMOCTH ompejesifTh pelire-
HHe TpaHcLeHIeHTHOro ypaBHeHus (2.18), tak Kak

2=7z.

HanoxeHHass 3lech CXeMa PpacCyXIeHHH YXXe HCHoJb30Bajach B
§ | nas kBa3unuHefiHbIX ypaBHeHuil. OJHaKoO B 3TOM ciyvuae oHa
NpUBOAMJAA TOJBKO K YNPOWIEHHIO BHBOJA YpaBHEHHil Baﬂ-nep-
IMons, nHuyero He MeHAs 1o cywecTsy. B obuiem cayuae Henuuei-
HbIX ypaBHeHHii paccyxkaenns B. M. Bonocosa nossonsior NOMY4HTE
KauyecTBEHHO HOBHIE pe3yJbTaThl.
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5. Mpumevanus. 1) Mbl npeanosioxkunau, uto ¢yHkuus Q me-
puonuueckas. Ilig mocTpoeHHs YKOPOueHHBIX ypaBHeHHi1 BaH-mep-
ITons Mbl Hcnosib3oBajin Gosee ciaboe NpeanosoXKeHHe O TOM, YTO
NepUOAHYECKHMH @YHKUUAMH (a3bl — NepeMeHHOTO Y SBJSIOTCA
npousBoaHbie Qx H Q. IT03TOMY H3/0XKEHHBIA MeTod MOXeT OBITb
pacnpoctpaHeH Ha 6osiee C/IOXKHBIE CAY4aH M, B YaCTHOCTH, OH MO-
XKeT ObITb HCHOIbL30BAaH NMPH H3YYEHUH He TOJbKO KoJebaTe/lbHBIX,
HO H, Kak Mbl YBHAHM HHXe, BpalllaTeJbHbIX ABHXKEHHH HeTHHEH-
HOTO MasiTHHKA.

2) B a3tom maparpade ObL10 nokasaHo, KaKHM 00pa3oM MeTOJ
Bau-nep-IToasi MoxeT ObITh HCMOJAb30BaH A5 H3YyueHHs Cyllle-
CTBEHHO He/JHHEHHbIX KoseGaHHA. Mbl paccMOTpenad ciayuall KOH-
cepBaTHBHbIX cHcTeM. CoBeplIeHHO aHaNOrHYHO MOXKeT ObITh pac-
CMOTpeH H oOlui cayuall cHcTeM, GTH3KHX K cHcTeMaM [aMHJb-
TOHa, U ellle Gosee WHPOKHHA Kiacc 3ajay, AOMNYCKAIOIWIHUX MepBhLe
HHTErpaJbl THNA HHTErpasa SHePrHH.

§ 3. CucrteMbl ¢ MelJEHHbBIM BPeMeHEM

B 3Tom naparpade Mbl 6yfeM H3yuaTh CHCTEMbI C MepPeMeHHbLIMH
napaMetpaMHu. [lepBbie cyllleCTBEHHble pe3yJabTaThl 3TOH TEOPHH,
nosyueHHble MeTONOM YycpefHeHHsi, npuHapiexat 0. A. Mutpo-
MOJIbCKOMY, KOTOPOMY TaKXKe NPUHAMJIEKHT NepBOe MaTeMaTHUEeCKOe
M3JI0XKEHHEe TEOPHH Ko/eGaHWW CHCTEM, MapaMeTPH KOTOPHIX Mef-
JIEHHO H3MeHsoTCA *).

1. BeiBOA YKOpOYEHHBbIX ypaBHeHHii. PaccMOTpHM Tenepb ypas-
HeHHe c/ie[yIollero BUA:

i+f(z, 1) =e9p(z, i, 1), (3.1
rae T — «MelJeHHoe BpeMs»: t=¢t+4const. Takum o6pa3oM, B OT-
augue oT ypaBHeHHa (2.1) ypaBHenué (3.1) onuceiBaeT koneba-

Te/bHble MPOLECCH B CHCTEMe C MeJJIeHHO MeHSIIOLIMMHUCS napame-
tpamu. [Ipu e=0 ypaBHeHue (3.1) mpeBpalllaeTcsl B nopoxKiaioliee

i+f(z, ©) =0, 3.2)
rje T — HeKoTopasi NOCTOSIHHAS.

Mertonbl, pa3BuTbie B npefbiAylileM naparpade, 6e3 kakHX-1H60
CYlIeCTBEHHBIX H3MEHEHHH MOTyT ObIThb MCHOJNb30BaHH [J51 HCE/e0-
BaHHA ypaBHeHHs (3.1).

OO6uiuii HHTerpa/ NOpOoXKAAIOLLET0 YPaBHEHHSl, KaK U B MPEeMbl-

aylem naparpade, 6yfeM CuHTaTb H3BECTHBIM, OAHAKO TeNnepb OH
6yneT 3aBUCETb He TOJNbKO OT X H Yy, HO M OT MapaMeTpa T.

Z=Q(xv Y, T):

*) 10. A Murtponoabckufi, [po6reMbl acHMNTOTHYECKOA TeOpHH HeCTa-
unoHapubix konebannit, «Hayka», M., 1964,
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rie, Kak U paHplle, y=w(x, t) (£+£). 3aMeTHM mpH 3TOM, UTO Te-
nepp 4acrota o OyZerT QYyHKuHeH He TOJbKO aMmJIHTYAbl X, HO K
Me[JIeHHOTO BpeMeHHU T: w=w (X, T).

Gynkuua Q O6yzner yIOBNeTBOPATL ypaBHEHHIO

©?Qyy +/(Q) =0 (3.3)

TOXZeCTBEHHO M0 X H T.
Tak XKe, Kak v B nmpelblaylieM naparpade, pelleHue ypaBHeHHA
(3.1) 6ynem uckatb B BuIe (2.5)

z2=Q(x, Y ), (2.5)
¢=o0(x, 1)Q,(x, y, ). (2.6")
JIpyriMu CJ0OBaMH, BMeCTO MepeMeHHOH 2 Mbl BBeXEM HOBLIE

nepeMeHHbe X M y NPH moMollH paseHcTB (2.5") u (2.6”). Ypashe-
Hua (2.7) u (2.8) B Halwlem cayyae GYAYT HMeTb CAedYIOLUHH BHA:

Qi+ Quy — 0Qy+eQ. =0,
(0,Qy + 0Q,p) £+ 0§Q,, +(Q, 7) +2(0;Q, + ©Q,,) = &p.

Paspemiasi 3TH ypaBHeHHsl OTHOCHTeJbHO X H Y M HCNOJB3ys ompe-
neaenus A u toxjaectBo (3.3), ME MOJAYUHM

iA+efo, (Q.Q,,+Q,Q,)—0.Q)=—2pQ,
—JA+ oA + B{(o (Q-:Qxy - Qnyr) + meyQt - thny} = —epQ,

HJIH OKOHYaTEeJbHO
X = — %{@Qy""gl (x» Y, 7)}»

g=o0(x 1)+ {®Q+E(x g 1)

£ =0(Q:Q,~QrQ)—0.Q}
§2 =0 (Q-:Qxy - Qnyx) + meyQt - (')thQy-

Cucrema (3.4) otauuaerca ot cucteMbl (2.10) aAnwb TeM, uTo ee
npaBHe YaCTH 3aBHCAT He TOJMbKO OT MepeMeHHbIX X W Y, T. €. He
TOJBKO OT aMIJMTyAbl H ¢aswl, Ho H oT BpeMeHH. CyllecTBEHHO,
0JHAKO, YTO NMpaBble YaCTH ABAAIOTCA MO YCJIOBHIO MeLJEHHO H3-
MeHsOIKUMUCSE co BpeMeHeM. [loaToMy ocHOBHble cooGpaxeHus
0 BO3MOXHOCTH ycpelHeHHA MPaBbIX 4acCTeH MO MepHOLY H3MeHeHHs
GricTpoii mepeMeHHOH OCTAlOTCSl B CHJIE, TaK KaK 3a BpeMs, B Teue-
Hue KoTOporo ¢as3a H3MeHseTCAs Ha 2m, BeJNHYUHA T H3MeHsleTcA
Maﬂoh

(3.4)

rae
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Hrtak, v B 3TOM cjyuyae Mbi TaKXKe CMOXeM COCTaBHTb CHCTEMY
YKOPOUYEeHHHX YPaBHEeHHH

e

2%
= — o [ (0Q, + Tddy,
° o (3.5)
j=0lx 1)+ 5g f{q>Qx+§z}dy-
0

Takum o6pasom, npouenypa Bau-gep-ITons ¢popmanbHo npuMeHnma
K CHCTeMaM C MelLJIEHHO MEHSIOLlUMHCS MpaBbiMH YaCTSIMH NPH YycC-
JIOBHH, 4TO QYHKUHA Q(X, ¥, T) ONUCHIBaeT HEKOTOPLIH KoJe6Gartesb-
HblA npouecc (T. e. NpaBble 4aCTH cucTeMbl (3.4) ABJAAIOTCA mepHo-
auyecKuMH GYHKUHSIMH «GLICTPOi» nmepeMmeHHoi y). B 3toMm cayuae
MBl MOXeM 3aMeHHTb HCXOAHOoe ypaBHeHHe (3.1) YKOpPOUEHHBIMH —
cucteMoii (3.5).

2. AaunadarHyeckHe HHBapHaHTH. B cucreMax ¢ MeaJieHHO Me-
HAIIOLHMHCSL MapaMeTPpaMH pacCMaTpPHUBAIOTCS BeJHYHMHLI, Ha3biBae-
Mbie aduabaTudecKumu UHBAPUAHTAMU.

IMpeanonoxuM, 4To HekoTopas BequuuHa [(x,y) sABJAseTCA HH-
TerpajoM MOPOXKAAIOIEro YpaBHEHHSl. DTO 3HAYMT, YTO NPOM3BOA-
Hasa dl/d{, BblunCeHHass B CHJIY MOPOXKAAIOILEro ypaBHeHHs, paBHa
HYJI0.

IMpennonoxuM, uto cuctema (3.1) He monBepKeHa [eiCTBHIO
BHEIUHHX CHJ, T. €. =0, U BHYHCIMM B 3TOM CJaYy4ae MPOH3BOA-
Hyw dl/dt B cuny ykopoueHHHX ypaBHeHuii Banu-gep-IToas. B 06-
1IeM cJaydyae 3Ta BeduYHHA 6yleT 3aBHCETb OT NMEPEMEHHBIX X W ¥
H, ClefoBaTeNbHO, 6yfeT OTJIHYHA OT Hyas npu &+0.

YcanoBuMmcsi HasbiBaTh dyHkumio [(x, y) aaua6aTHYECKHM HHBa-
puantoM cucteMbl (3.1) OTHOCHTENBHO YKOPOYEHHBIX YpaBHEHHid
Bau-gep-ITons, ecau ee mosiHas npou3BOJHAsi MO BPeMeHH, BHIUKC-
JIeHHasi B CHJy 3THX YpaBHeHHil, paBHa HYJIIO.

Huxe 6yner nokasaHo, uto ypaBHenus Ban-mep-Tlons onpene-
JSIOT pelieHue ¢ TouHocTbio fo BeauuuH O (e). CaenosarenbHo, Be-
auuuny /(x, y, ©) Mb HasbiBaeM. ajHa6aTHYECKHM HHBAaPHAaHTOM,
€CJd

= QE), k>

Jpyrumu caoBaMH, aiHaGaTH4YeCKHii HHBAapPHAHT — 3TO HEKOTOpas
GyHKUMA aMIAHTYAB H (a3bi, KOTOpPasi H3MEHSETCH MelVeHHee, He-
XKeJd napaMeTpbl CHCTeMbl.
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3. Hurerpan peitcteun. Paccmorpum ¢QyHkuuio /(¥, 1), onpese-
JIEHHYI0 DABEHCTBOM
25

[0, ) =g [ @05 Q05 4, D)y (34)
0

Oyukuun (3.6) HasbiBaetca unTeepasom Oeticraus, Csoe HasBa-
HHe 3TO Bbipa’KeHue onpaBAbiBaeT TeM, Yto /(X, t) AB/AAETCA HH-
Terpa/ioM nopoxJjamwollero ypaBHenusa. B camom gesne, npu t=const
«aMIJIHTYyla» — BeJHYHHA MOCTOAHHaA, no3toMy H [(X, ) Takxe
ABJIAETCA MOCTOSIHHOM.

[TokaxeM, 4TO HHTerpan HReAcCTBHUA sABJAfeTCA aAHabaTHYECKHM
uHBapuauToM. JIia 3TOro HaiJeM MOJHYIO MPOU3BOAHYIO MO Bpe-
MEeHH

dl s
-zt-=1,x+l,e.

BhiuMc/aiuM yacTHble Mpou3BoaHbie [, M I, M MOACTaBUM HX B 3TO
BblpaxkeHHe. B pesysibTaTe Mbl MOJYYHM

d_ i f (0,Q2 +20Q,Q,) dy + = f (@20, +20Q,Q,)dy. (3.7)

[TpeoGpa3syem BTOpOe ciaraeMoe B NePBOM HHTerpaJie, POHHTErpH-
poBaB €ro no 4acTaM

2n 27
.[ Qngy dy= Qny y:(z)n - .[ nyQx dy'
0 0

Ho nepBoe cnaraemoe paBHO HYJIIO, MOCKOAbKY Q — mepHoauyeckas
GYHKUHA; C/ed0BaTeNbHO,

2 2n
[ Q@ dy=— [ Q,Q.dy.
0 0

Hcnosb3ys 3TO BbIPaXKeHHE, Mbl MOXeM npeoGpa3oBaTh MNepBbiil
W3 HHTErpaJioB, BXOAAIIHX B npasyio uactb (3.7)

an
L= [ (0,Q+20Q,Q,)dy =
0

2n
=5 | (0.0~ 0(Q,,Q.~ Q,Q.,)) dy
0
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Ho no onpenenenuio
©,Q; —0(Q,Q,— Qnyy) =—A

Takum oGpasom,
2n 2n
x x
o f (o)in + 20)Qnyy) dy= — ﬁj A dy.
0

Besnnunsa A oT ¢asel y He 3aBHCHT, MOITOMY
2n

o | (Qfos + 20Q,Qxy) dy = — A
0

AnaJjorunuso nposeaeM BbIYHUCJ/JAEHHE BTOPOro cCJaraeMoro

2n
l= 2 [ (@@} +20Q,Qur) dy =
0

on 2n
= [ (0@} = 0QuQc+ 00,y = — 2 [ 8165 4. ).
h 0

HTak, oKoHUaTEJNbHO

2n

dl .

R YR (3.8)
0

[Toxctasasis B (3.8) BHpa)keHHe A/ X, KOTOPOE JAETCS MEPBHM
U3 ypasHeHH# (3.4)

2 2n
== 2 00, dy— 55 [tiay,
0 0
Moy 4HM

2n

dl

it ftv(x» 9, V)Q,dy.
0

Otciona cpasy caeayer, yto ecan ¢=0, To BeqMuHHA HHTerpana
JNeACTBUsA coXpaHsieT cBoe 3HaueHue. Mrtak, unterpan meicTBusi sB-
Jasercss agnabaTHYeCKUM HHBAPHAHTOM MNOPOXKJAAIOLIEro ypaBHEHHS.

4. NippMep HcnoJb3oBaHHA anHMabaTHYeCKHX HHBAPHAHTOB.
Hcnoab3oBanue aanabaTHueCKHX HHBADHAHTOB MO3BOJIAET B HEKO-
TOPBIX CJydyasiX MOJYYyaTb OTBETHl Ha HHTEpecylollHe Hac BOMpOCHI,
MHHYSl HHTETPHPOBaHHE CHCTEMH.
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B kauecTBe npUMepa pacCMOTPHM YpaBHEHHE

i+ g (et)z=0. (3.9)
B sTOM cayyae
z=xcosy, i= — wxsiny,

o=V glel).
Takum o6pasom,

Q(xr y) =X C0s Y, Qy= — x sin Y.

CocraBum BblpaXcHHe aanabaTHYeCKOro HHBapHaHTa
+5

rae

+n

_ 2 gy ] f ol x2ein? y dy — Y EED

I=+- mdey—-W Ve (ef) x?sinydy= 5 . (3.10)
-3 -5

Ha ocHoBaHuM cka3aHHoOro Boille Mbl umeeMm [/ =Iy,=const. Takum

06pa3oM, ec/iH CTaBUTCA BOmpoc 06 HCCejOBAHHH 3aBHCHMOCTH aM-

NAATYAB X OT BpeMeHH, TO u3 (3.10) Mbl cpa3y HaxoAHM

= ot (3.11)
Vg (en

DToT pe3yabTaT MoKeT ObiTb MOJNYy4YeH pa3HLIMM METOJLAMH, HO
npMMeHeHHe TeOpHH aJHabGaTHUECKHX HHBApHAHTOB MO3BOJISIET €ro
NOMYYHTb, NO-BHAHMOMY, HanboJ/iee NpoCcTHIM cnoco6oM.

5. Boiuucnenne aMmnautyan u aHepruu. ®opmyaa (3.11) asnaser-
cAl BblpaXXeHHeM 3HayHTeJNbHO Gosee obuiero peayabrata. [1yctb Mb
MMeeM MPOH3BONbHOE HeIHHEHHOe ypaBHEHHE BHIA

Z+[(z, et)=0, (3.12)
2=Q(x, y, et) (3.13)

ABNAAETCA NepHOAHUECKOH (YHKUHeH y nepuona 2m. TorAa 3aBHCH-
MOCTb AMIMIUTYAbl OT BpPeMeHH MOXKeT OblTb moayyeHa OGe3 HHTe-
rpupoBaHHa ypaBHeHHs (3.12). B camoM pene, Ana ypasHeHHA
(3.12) wuHTerpan pefictBus OyldeT afHaGaTHUECKHM HHBapHAHTOM,
T. &

y KOTOPOTO pelieHHe

2n

J o (x, ef) Q3 (x, y, €t) dy = const. (3.14)
0

Boipaxenne (3.14) ABAfeTCA HEKOTOPbHIM TPaHCUEHAEHTHLIM
ypaBHEHHEM, KOTOPOE CBA3bIBA€T BEJHUHHBL X U ¢

®(x, {) =0 (3.14")

H npelcrasiaseT coboil HesABHOEe 3adanHe (yHKUHH X (f).
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IMosHas 3HeprHs cuUCTEMBl He siBAsieTCsl aHaGaTHUECKHM HHBa-
pHaHTOM, XOTSl OHa ompeJessieTcsi TaK €, KaK W HHTerpas neii-
CTBHS, TONBKO aMmiutyro#. OnHaKo, HMesi B pPacNOpsiXKEeHHH 3aBH-
cHMOCTD X (&f) H HCMONB3YS TO OGCTOATENBCTBO, YTO

dE

v — Ax+eE,,

MBI MOXXEM JIErKO MOJACYHTATh H3MEHEHHe 3HEePTHH CHCTEMHI BCJef-
CTBHe HM3MEHEeHHsi MapaMeTpoB cHcreMbl. HerpyaHno yGemuTtbcsi B
ToM, uto dE/dt uMeeT NOPANOK BEJSHUHHHI €.

[Mpouenypa BHIUHC/AEHHS 3HEPrHH MOXeT ObHTb H He CBsi3aHa
C HaxoXJeHHeM KOpHeH TpaHcueHAeHTHOro ypasHeHus (3.147). Has
9TOH UeJNH C/lefyeT HCHONb30BaTh PAacCYyXIEeHHs NpelblAyllero mna-
parpacda. Hajinem npou3BoiHylo BelHUHHH a=2F

a=z22+U(z, 1),
rae

Uz, 1)= f f(z, ©)dz.
Tak Kak “
i=—f(z, 1),

T0 mnpou3BoigHas do/df, BbUHCIeHHas B CHJAY 3TOro YpaBHEHUS,
6yner

a=eU,
HJIH TOCJIe YCpEeAHCHHA
ﬂo:T Z 2
. e __¢ f Uy dz _f Uy dz
T Tw ] Uiz v)ap T@ | Va-U, JVa-U@ |’

Bo

rie 2 ¥ z ABJasIoTcs KopHAMH ypasHenus U (2) =0.

6. Hekoropbie 0606uenns. Mpl paccMoTpesH Npoueaypy npuMe-
HeHusi cxeMmbl Ban-mep-Tlons aasi HaxoXJeHHs! MPHONHXKEHHBIX pe-
wennit ypaBueHus (3.1). OnHa Moxer ObiTb Jerko obollueHa Ha
IIHPOKHH KJlacC CHCTeM YpaBHeHHH, O/NH3KHX K TaMHJIbTOHOBCKHM.
OjiHUM H3 MpeiCTaBHTEJeH TaKHX CHCTeM SBJASeTCS ypaBHeHHe

Mm@+ D)=z 2 1), (3.15)

Ilns sTOro cayuasi MOBTOPHM BCE PacCyXIeHHsi NaHHOro mapa-
rpada. Cuntasi, KaK ¥ paHbllle, 4TO pellileHHe MOPOXAalollero ypas-
HeHHS

mi+f(z, ©) =0, v=const,
HaM H3BECTHO:
z2=Q(x, y, 1),
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crenaeM 3aMeHy nepemeHHoro (2.5°) u (2.6’). BrinucaB ypaBHeHue
COBMECTHOCTH H MNOACTaBHB 3TH (pyHKUMU B ypaBHeHue (3.15), mbl
NOJTYUHM

QX+ le/ - (')Qy= - tho
mx ((')ny + (')Qxy) + m(')nyg + f(Qr 1) =
=ep—e{o,/mQ, + omQ,, +m.0Q,}.
Paspewiast 3TH ypaBHEHHSi OTHOCHTEJbHO & H § M HCIONb3YS Bbl-

paxeHua miaa A, E; u Ep, Mbl npuieM K ciaelywouleii cHcTeMe ypaB-
HeHHH:
]

X= ‘—8A‘¢Qy - “Z—gn + miAmfo)Qi,
. (3.16)
!/ (0] + ‘:PQx A §2 - m’mther )

Cucrema (3.16) coBepileHHo aHanoruuHa cucreme (3.4). Ilpo-
BOJAS ONEpallHi0 OCPEIHEHHsl, Mbl MOJYUHM CHCTEMY YKOPOUEHHBIX
ypaBHeHHH

2“ n

x=- 2nmA fanydy 2nA J Sidy + 2nmA J. 0Qj dy,
2n on (3.17)

=0+ 45—~ 2,,,,,A J¢Qxdy+ EETN J Eody — 2mA meyQ,dy

HetpyaHo mpoBepuTb, uTo AJasi ypaBHeHHs (3.15) Bripakenue
2n
FHx, ©)= m(t) J‘co(x T) Q2 dy (3.18)
0
sIBJsIeTCS TaKXKe agHabaTHyecKHM HHBapuaHToM. Hafizem aJas atoro

dl
=l tel (3.19)

[ToBTOpsisi BHIUHC/EHHS HpeAbIAYILHX NYHKTOB 3TOro nmaparpada,
Mbl OJIyYHM

2n

2:[ fcon dy.J

0

il = — imA,
! (3.20)

I,=——f§1
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3aMeHss B 3THX BbIPaXKEHHAX BeJHYHHY & H3 cuctembl (3.17) H
noacrasasns BeauuuHsl (3.20) B paBeHcTBO (3.19), moayuum
2n Z‘II 2n
dl ] em em
O et [ 00y + 52 [ tay—42= [ 0Qzay -
o 0 0

21
em emy
~ o of Bidy +

2n

25
J ©Q2dy = 5- _f PQ, dy.
0 0

Takum o6pa3oM, NpH OTCYTCTBHH BHELIHHX BO3[0eACTBHH BeJHYHHA
I, onpenensiemas ¢opmysoi (3.18), ocraeTcs nocTosiHHOHM, ecaH
CYHTaTh, YTO BeJHYHHA X H3MeHsieTcs, caelys ypaBHeHuaM (3.17).

7. 3ajpaua o MasiTHUKE NMEPEMEHHON MacChl. PaccMOTpUM MaJble
KoseGaHHA MaTeMaTHYeCKOro MasiTHHKa, Macca KOTOpOro u3Me-
HsieTcs CO BpeMeHeM. Ec/M mpeAmosoXKHTb, 4TO CKOPOCTbL OTheJe-
HHsi YacTHl GeCKOHeYHO MaJja (MJIH YTO CHCTEMa PeaKTHBHBIX CHJI
o6pa3yeT HysneBOH 10pcop), TO ypaBHeHHe ABHXKEHHA TAaKOro MasTt-
HHKa HMeeT BHA

2 (m(x)2)+m(x) glz=0, (3.21)

rie g — HanpsiXKeHHOCTb I'PaBHTAILHOHHOTO MoAf, [ — NJHHA MasT-
nuka. PaccuntaTh NpHOIHKEHHO H3MeHEeHHs1 aMIVIMUTYAbl KoJebaHHi
TAKOro MasiTHHKa MOXHO, He HHTerpupys ypasHeHus (3.21). Hus
3TOro HajJo BCIOMHHTD, YTO BeJHYHHA

2n
I= —'"2(:) J ©Q; 4y
0

fBJsieTcsl aguabaTHYeCKHM HHBapHAHTOM.
B Hamewm cJayuvae
o=Vgl, Q=xcosy, Q,=— xsiny.
IMoacras/ass 3TH BeJUuHHb B BbipaxeHHe (3.18), Mbl mosiyuum

ypaBHeHHe [Jsi ONpefeeHHsl aMIUIHTYbI
mVel x%=const,
2
OTKyJaa
=__ %o
xX= Voo (3.22)

3aMeTHM, YTO 3aKOH H3MeHeHHS aMmJHTYIb (3.22) coxpaHser
CBOIO CHJIy TakxXe M 1/l ypaBHeHHA

_;_’t_(m (1) 2) + m (1) glz=eq(2),

rfie @ (2) — npou3BosbHaA (QyHKUHA.
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B camom: nene, H3MeHeHHe BeqHuHHBl | nomuHHsieTCH YpaBHe-
HHIO

21

dl e

i _[ 9Q, dy.
0

CnenosarenbHo, / coxpaHser CBoe 3HaueHHe He TOJNBbKO TOrAa,
koria @ =0, HO H NPU YCJOBHH OPTOTOHAJIBHOCTH ¢ H Q,, uTO
B HallleM cJiyyae cobJiofaercs

27 2%
Jq}dey= —xj&p(xcosy)sinydysO.
0 0

Mrtak, Mbl MOKa3aJjii, Kak MOXeT ObITb HCMOJb30BaHa Hies Ban-
nep-Tlonss 06 ocpelHeHHH B 3ajauax HeJHHeHHBIX KoaeGaHui. OHa
M03BOJISIeT HCCAeN0BaTh IUHPOKHH KPYr BONMPOCOB 3TOH TEOPHH MpPH
TIOMOILIH YKOPOUEHHBIX yPaBHEeHHH.

Takum o6pasom, teopusi BaH-nmep-Ilonsi no3BosisieT NOJMy4YHThb
TOJILKO HEKOTOpble mpHOHKEeHHble pellleHHs, NTPHYeM OoHa He copep-
JKMT HHKaKHX METOJOB, MO3BOJSIOIIHX OLUEHHTb CTemeHb TOYHOCTH
noJiyyeHHbIX pewieHH#A. TouHo Tak e B pamKkax TeopuH BaH-zmep-
[Tonst Mbi 1ie MOKeM YTOUHHTB roqayueHHble peieHHusa. HakoHel, ellle
ONHHM CVYILeCTBEHHBIM HEeJIOCTaTKOM H3JIOKEeHHOro moixoiaa sB-
JseTCA TO, YTO OH MpUcrmocobsieH AJi1 HCC/IEOBAHHA TOJNbKO OJHO-
MepHBIX 3ajflau W He JOMyCKaeT HemocpeACTBEHHOro o0OGLIeHHs Ha
MHOTOMepHble 3afayd B CHCTEMax C YHCJAOM cTemeHeH CBOGOIBI
Gosblie ueM OfHA.

Jlns npeonosieHHsl BceX YKa3aHHBIX TPyiHocTed HeoGxonuMa Go-
Jee obllas TeopHsl, COAepKalllags HOBBIA B3rasil Ha mpobJseMmy yc-
pentenuss. OHa BrnepBole Bo3HHKaeT B paborax H. M. KpbuioBa u
H. H. Borosto6oBa, ony6iiKoBaHHBIX B TPpHALATHIX rogax. K ee us-
JIOXKEHHIO MBI Ceiiuac H MepexoJluM.

§ 4. OnucaHue aJropuTMa aCHMNTOTHYECKOTO MHTErPHPOBAHUS
IJs cay4as OfHO#M ObICTPOi mMepeMeHHOoH

1. Mpeo6pasoBaHue nepemeHHbiX. BepHeMmcsi Temepb K 3ajnaue,
noCTaBJeHHOA BO BBelleHHMH. PaccMOTPHM YacTHBIA cJy4yal cHCTeMBI
(*), KOoTOpyI0O MBI YCJIOBHJ/ICh Ha3hiBaTb CHCTEMOM C Bpallaioulefics

tdasoi:
x=eX(x, y, €), }

g=o(x)+eY (x, y, €),

rie X — BEKTOpP Pa3MepHOCTH 7, a Y — ckaasap. Pynkuuu X u Y Gy-
JIeM TIpeAmojiaraTb NePHOAHYECKMMH (YHKUHAMH MepeMeHHOH Y
nepuoaa T. He orpannumpas oOLIHOCTH, MOXHO npuHATH T=2m.

(4.1)
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[Toctasum 3ajayy OTHICKAHHA TaKQi 3aMeHh MEPEMEHHBIX, KO-
Topas No3Bo/fiuja Obl OTAENHTb ObICTPLIE ABHXKEHHMS OT MeIJeHHbIX.
Ilns 3TOrOo BMECTO ¥ W Y BBe/ieM HOBBIE epeMenHble ¥ U J npH no-
MOWH hopmyn

x=%+eu (% §)+eu(z 7+ .}

y=g+ev (% 7 +ev (%, H+... (42)
Oyukunu u;(Z, §) 4 v;(Z, J) noka elle HEM3BECTHHl H [OMMKHbI
6LITb oMnpefiesieHbl B Npoliecce pellleHHs 3aJa4H.

[TorpeGyeM, uToGbl B pe3yJibTaTe 3aMeHLl MepPeMEHHbIX, omnpeje-
nseMoil opmynamu (4.2), Bektop-pyHkuus T (f) ymoBaeTrBopsna
cHCTeMe ypaBHeHHH, He colepxKaluell «ObicTpoi» mepeMeHHo# 7 ({).
TouHo Tak e norpebyeM, 4ToObl H cKanspHaa QyHkuus j(f) yno-
BJIeTBOPfJla YPaBHEHHIO, NpaBas 4aCTb KOTOPOTo He COMEPKHT y (1),
APYrHMH cloBaMH, moTpefyeM, 4TOOLl HOBble NepeMeHHbie T H J
yIOBJIETBOPSIIM CHCTEMe YpaBHEHHH BHAA

£=2eA(%, €) =¢A, (%) + €24, (%) +

. 4.3

§=0o (% e)=0(X)+eB () +eBy (%) + ... “3

®dyHkuuu A H ©, BXOAAILHE B 3TH ypaBHEHHs, a C/€I0BaTeNbHO,

H Ko3((DHIUUEHTbl HX pa3/NoXeHHil Mo CTeNeHSAM € TaKKe 3apaHee
HeH3BECTHBI.

Ecnu HaMm ynpactest HaliTH HHTepecyOILLYI0 Hac 3aMeHY nepeMeH-
HbIX, TO Mbl MPHUAEM K CHcTeMe ypaBHeHuii (4.3), KoTopasi 3HauH-
TeNbHO Mpollle HcXoAHOH. B camom gnene, B cucteMe (4.3) Measnen-
HOe JBHXeHHe, CKOPOCTb KOTOpOro HMeeT nopsfok O (&), MONHOCTbIO
oTaeleHo oT GbICTPOro, cKopoctb Kotoporo uMeer mopsiiok 1. Ilo-
3TOMY CHCTeMa YpaBHeHHi, onpejfefsiolllast BEKTOp I, HHTerpu-
pyeTcsi He3aBHCHMO OT ypaBHEHHsl, onpejelsiouero ckaasp g. [lo-

CKOJIbKY MPOH3BOAHAasi T Mana, a npaBble YacTH 3TOTO0 BEKTOPHOTO
ypaBHeHHsl He 3aBHCAT OT §, TO OHO MOXeT HHTerpHpoBaThCs
¢ 6oabiiHM ularom no BpeMeHu. OnpenenuB % (£), Mbl HailgeM ne-
peMeHHYIO 7 (), BLIYHCAHB KBaapaTypy.

Hnst toro urobbpl caenaTth 3ajgauyy onpefeNeHHOH, NOAYMHHM
GYHKUHN u; H U; AONOAHHTEJNbHOMY OrpaHuYeHHIO: GyleM HX CUH-
TaTb OTPaHHYEHHHIMH (QYHKUHSAMH § NpH ¥ — oo. Takoe orpaHuye-
HHe Ha KJacc JONYCTHMbIX (GYHKLHil ecTeCTBEHHO, MOCKOJNbKY OHO
no3BoJisieT AJs JIOOLIX §J CYHTAThb BEJNHYMHBI €fu, W €tup ManbiMu
nopsigka O (e*).

Urak, 3agaua oTbickaHusi npeoGpa3oBaHHs (4.2) COCTOHT B onm-
peneneHuu dyukuui u; (%, i), vi(%, ), A:i(F) u B;(Z). Oyukuun
A;(x) n u;(¥, y) —3T0 BeKTOp (GYHKLUHH CBOHX MePEeMEHHbIX,
a B;(x) nv;i(x, §) — ckaaspsbl.
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2. OnpeneneHHe yaeHoB pa3aoxenud. Bynem cuurath X, Y u o
AnddepennnpyeMbiMH QYHKIHAMH CBOHX MEPEMEHHBIX CTONBKO pas,
CKOJIbKO u/leHOB psijoB (4.2) MBl CoOMpaeMCsi BHIYHCAHTh.

Ins onpenenenns Qywxkuuii, BXOAALIMX B MNpaBble 4acTH pa-
BeHCTB (4.2) M ypaBHeHu# (4.3), IIO}J.CTaBHM paasl (4.2) B cHcTeMy

ypaBHeHu#i (4.1) u 3aMeHHM NMPOH3BOLHbIE ¥ M § HX BbIPaXKEHHSAMH
(4.3). Kpome Toro, 3aamerum, 4to

du _ 0y - duy = Ouy 2
a0 X+ == ay J=— % (GA[+GA2+..o)+

"“‘ (@ (%) +eB, +&By + ....).
[TepenumeM tenepb ypaBHeHus (4.1) c yqerom cheNaHHBIX 3aMe-

yaHH#
A () + A (D) +  telel (A () +...)+
+ea—“'-(co(x)+eB,(x)+e2Bg(x)+ D+
+ 292 (A, () + . )+e’au’(m(x)+ )=
—-eX(x+eu,+e’u2+ e Jrev +el+ L. e),
0(®)+eB () +By(D)+ eIl (e + ...)+
+e2"—'(m(x)+eB,(x)+3232(x)+ D+

+e2 0% ""’2 @+ ..)+2 2@ + ..)=
—(o(x+eu.,(x, y)+e2u2(x, N+ ..+
+eY(x+eu +eu+ ..., j+ev,+e2v+ ..., ¢€).

[TpaBbie yacTH 3THX YpaBHeHHA pPas3JIOXXHM MO CTENeHsiM mapa-
MeTpa & H CPaBHHM KO3(@OHIHEHTBl NpPH OIAWHAKOBBHIX CTEMEeHSiX
3TOro mapaMetpa. B pesynbrate Mbl MPHIAEM K CAeAYIOLIeH CHCTEMe
ypaBHeHuil, onpeneasiomed HcKoMbie QYHKIHH:

St o®=X(% g, 0)= A @) =g (% 9)— A (%),
""" (%) = Y(x, 7, 0)+ Dl(u.) — B (%) = Ay (%, §)— B, (),

au au
57 0(%) = ax Fu+ 2o+ —Sa— (4.4)
g“_n - Ag (F) = g2 (%, §) — A, (%),

_ oY 0
%v_—’(o(x)=%ul+ﬁ |+$ v, =B+
+ Dy (ug) + Do (uy) — B (X) = hy (%, §) — Bz (%)

HT O
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OO6uuit BMJA CHUCTEM YpaBHeHHEl AN oOmnpefesieHHs Uy, Up, As
u By 6yner Tako#:

o (%) G = g (2, 5)— A (3), ‘!
. oon o ) (4.5)
© () 55~ = e (%, §) — B (%). I
Tak kak ¢yHKUuH gp ¥ Ay onmpefensioTcss NpeAbIAYULMMH NPHOH-
XKeHHAMH, TO OHHM JO/XKHBI CUYHTATbCA 3aJaHHbIMH GYHKUHAMH
cBOMX mepeMeHHbIX. HamoMHuM, 4TO BeNuuUWHBl T, Uy U Ap — Bek-
TOPbHl C KOMMOHEHTaMH x(” i!’ u AY cootBercTBeHHO, F, Up H
By, — ckaasipp. Touno tak ke X — 3TO BeKTOpP-®YHKIUHS CBOHX ap-
ryMeHToB. a Y u © — ckaasipHble ¢pyHkuuu. ClenoBartenbHo, 0u;/dy,
0X/0y, 0Y[0x — 310 BekTOpH c KOMNoOHeHTamu Oull[dj, 0X‘”’0y
u 0Y/0x coorBeTcTBeHHO, OX/OF — 3TO KBajapaTHas MaTpHla
¢ anemeHTaMu 6XM/0x u 1. 1. Kpome Ttoro, B ypaBHeHusax ¢ury-
pupytot onepatopbl Dy(u) u Dy(u). OHu MMEIOT CleAYIOIHi CMBICI:

n

0w %@
—_ (
Diw)= a4  Dilu)=5 2 EYCE N
i=

[TpucyrcTBHe 3THX 4JIEHOB CB3aHO ¢ pa3JioXeHueM QYHKIMH o (T)
B psax Teisopa.

Bce npousBojHble B ypaBHeHusX (4.4) BbluucieHbl npu e=0.

PaccMoTpuM nepBoe u3 ypaBHeHuil (4.4). DTo ypaBHeHHe B
YacTHBIX MPOM3BOAHLIX MEPBOro MOPsIfKa, pa3pelleHHOe OTHOCH-
TeJbHO MPOHU3BOAHON HEHW3BECTHOH (YHKUHUM Ouy/0f, NpuHYeM 3TO
ypaBHEHHE CONEPIKHUT ellle OAHY HeusBecTHY0 ¢yHkuuio A((z). Un-
TErpupys 3TO ypaBHeHHE, NONYUHM

w(® =51 f @ - A @I +o®,  (6)

rie ¢(z) — npou3BosbHas QYHKIHA X.
Mbsl yclioBuAKMChL pa3blCKMBATh pellieHHe B Kaacce QYHKUME, YAO-
BJIETBOPSAIOLIHX YCJOBHIO OrPaHHYEHHOCTH

lim | u; (%, §) |<oo.
g> oo
[Ton 3HaKoM uHTErpaja B BblpaXKeHuH AJs 4 (Z, J) CTOHUT HeKOTO-

pasi mepuHoanueckas (GYHKLHA §, NOCKOIbKY &1(Z, §) — mepuopuue-
ckas ¢yHKUMA § M BeJduynHa A He 3aBucut ot y. [lepuon stoit
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¢yHkuuu no y paseH 2m. IlpeanonoXum Temepb, YTO ee CpejHee
3HayeHHe 3a NepHoj]

Yo+27

A= [ @@ D-A@) dy=c@#0.
Torna »

lim u, (%, §o+ 2nk)—— lim 2ne (X) k=

k> o0 ( x)

BriGop 3Haka nJlOC WIH MHHYC 3aBHCHT OT 3Haka ¢(¥). Takum 00-

pasoM, AJsi OTPAaHHYEHHOCTH u4; HeOOXOAHMO H HOCTaTOYHO, 4TOObI
c(x)=0 (4.7)

s jgoboro Z.

Hurterpan B paBeHctBe (4.6) comepXHT Heu3BecTHYIO (pyHKIHIO
A,(Z). Ycanosus (4.7) DocTaTOuHO A/1s ee OJHO3HAuHOro onpejele-
uus. B caMom nmese, U3 paBeHctBa (4.7) cpasy cieayeT, 4TO cpel-
Hee 3HaueHHe QYHKUHH g

gu=%ﬂg@w@
0

JAOoMKHO paBHATbea A (F). Utak,
A(Z) = gi(x) =X (x).

HMHuTerpupys Tenepb nepBoe U3 ypaBHeHHH (4.4), Mbl MOJYyYHM Bbl-
paxeHue aas ui(x, j) B Buue KBaZpaTyp OT H3BeCTHbIX (YHKUMUHA

u (X, §)= + @,(%). (4.8)

JX(x. g)dy — Xy

LI/

B BbipaxeHue (4.8) BXOAHT GYHKUHSA q>|(:f), ABJSAIOWANCH «IIO-
CTOSIHHOH» HHTErPHPOBAHHA H BbiOMpaeMasi MO MPOH3BOJY.

CyliecTBYIOT pa3/HyHble CNOCOOb PaUHOHAIBbHOTO 3aJaHHA 3TOMH
¢yukuun. HanpuMep, ecin mbl pelllaeM 3ajauy Koiy, T. e. OThICKH-
BaeM pellleHHe cucteMbl (4.1) mo yciosusm

t=t {x=x°'
NnmpH I =
P ° 1 y=vo

TO yacTo ObiBaeT yA06HO noTpeGoBaTb, 4TOOE (DYHKUHH T H § yAO-
BJETBOPSAJ/IH TeM Xe YC/JIOBHAM, YTO H OYHKUHH X H Y, T. e. 4uTOGbI

x(t) =Z(t), y(t) =y (k).

Orcioga cpasy caepyet, 4to ui(Zo, Jo) =0, T. e. @1(Fo) =0. Ecan,
kpoMe Toro, morpe6oBaTb, 4TOOB NPH Y=y, HMEJO MeCTO paBeH-
CTBO X=Z, TO GYHKUHIO @4(X) CleiyeT NPUHATbL PaBHOH HYJIO.

® (x)
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CyuectByioT H Apyrue cnoco6bl BblOOpa NPOH3BOJbLHBIX (YHK-
uuii. Hanpumep, npu uccaenoBaHuu cucteM [‘amuiabtoHa ObiBaer
nenecoo6pasHo norpe6oBaTb, 4TOObl cHcTeMa (4.3) 6buia Takxke
cucreMoii I'amunbroHa. D10 TpeGoBaHHe AAcT Apyro#l crnocob 3a-
nauuss Qynkuun @;(x). B nanvHefitmem 6yneT Moka3aHo, 4TO TOY-
HOCTb MOCTPOEHHsI MPHOIHKEHHOrO PElIEHUs HE 3aBHCHT OT Bbi6Opa
aTux Gynkuuit. Takum o6pa3om, npeo6pa3zoBanue (4.2) moxeT ObiTb
peanH30BaHO He eHHCTBEHHBIM 06pa3oM.

[Tpumedyanue. 3dech Mbl Bnepebie CTalKHBaeMcst ¢ TeM ¢ak-
TOM, YTO peajin3alus NMPoUeAypbl NMOCTPOEHHA PpelleHHsi BO3MOXKHA
He eIMHCTBeHHbIM o6pa3oMm. OJHaKo Takasi CHTYyalusi THNHYHA ANS
BCE€X aCHMNTOTHYECKHX TEOPHH. Mbl GyleM CTPOHTb KOHeuyHble arpe-
raTtel, Kotopbie H GyleM Ha3blBaTb MNPHOJUMKEHHBLIMH pELIEHHAMH.
YcTaHoBNeHHass HaMH lleeJHHCTBEHHOCTb peajiM3alliii  O3Hayaer
TOJAbKO OJHO: CYLIECTBYeT LeJoe CeMefCTBO arperaToB, COCTOslliee
M3 OLMHAKOBOr0 KOJHYeCTBa CJaraeMblX, NPUGIHIKAIOWHUX pelleHHe
C OLHOW H TOii JKe CTeNneHbI0O TOYHOCTH B TOM CMbIC/E, YTO Pa3HOCTh
TOYHOTO M NPHOJHIKEHHOTO PelleHHs] CTPEMHTCSi K HYJIO BMecCTe
C BeJHYHHOH & HE3aBHCHMO OT TOTO, KaKOH H3 NpeAcTaBHTeNel ce-
MeiicTBa aNNPOKCHMHPYIOLIHX arperaTtoB HaMH pacCMaTpHBaeTcH.

[TepefileM Tenepn K HCCAENOBaHHIO OCTaJbHbLIX YPaBHEHHH CH-
cteMb (4.4). Paccyxpaas coBeplleHHO aHAJOTHYHO TOMY, KaK Mbl
9TO HeJajii NPH HCCAeJOBaHWH NepBOro H3 ypasHeHHHl (4.4), Haii-
JeM, 4yTo

B| (f)=ﬁl= -};+ Dlﬁl,
g
ok, )= par] | (B D~ Ri(D 7L+ 0(D),
bo

rie $i(x) — TakKe NPOH3BOJbHAS (YHKIHS CBOEro apryMmeHTa.
B o6uuem cayuae
Ai=g, Bi=h,

7
- - 1 = e = = -
u (% 9 =5 jga (%, &) de — g7 ( + @u (%),
A L (4.9)

g
08 D)= ] [ e D dE—Fig |+ ).
¥o

Boipaxenus (4.9) ucuepnbiBaioT 3agauy, chopMyJHPOBaHHYIO B Ha-
yaje pasfena: OHH NAIOT BO3MOXHOCTH BHUYMCAHTL Bce QYHKIIHH,
BXolsillue B npeo6pa3oBanue (4.2), U onpeleinTb NpaBbleé YacTH
ypaBHeHu# (4.3).



§ 4] CJIYUAP OJIHOM BLICTPOFl MEPEMEHHOM 181

3. Moctpoenne npubauxenHoro pemenus. Mrak, npeanonoxum,
HTO Mbl OTMpPeNeNHIH HCKOMble QYHKIHH Ui, U;, A; u B;. Tenepb ans
NOCTPOEHHS MPHOJIHIKEHHOrO pellieHHSI Mbl [OJI2KHbI TMOCTYNHTb cle-
AYIOIIHM 06pa3oM: BO3bM&M MepBbie N YJeHOB B NMepPBOM H3 ypas-
HeHHHA cHcTeMbl (4.3) M 06Go3HayuM 4Yepe3 X, (QYHKIHIO, KOTOpas
6yner onpezejeHa HeJlHHeHHLIM YpaBHeHHeM

n
X, = :=21 el A, (%,). (4.10)

Ecnu Mbl XOTHM moOJNYuuTb npuOauKeHHoe pelileHHe 3anayu Koiuw,
TO cJaeAyeT TNpPOHHTerpHPOBaTb 3TO YypaBHeHHe (HampuMep, YHC-
JeHHo). [Tocie sToro QyHKIHIO ¥n(f) MBI onpeleJuM KBaapaTypoit

t
Gn (O)=go+ [ {0 (%) + 2By (%) + ...} dt. (4.10)
0

OnpenennB QYHKIHH Tn H ¥, NOACTaBHM .HX 3aTeM B psaabl (4.2);
B KOTOPbIX YAEPXHM TaKKe KOHeYHOe YHCJO YieHoB. Bbipaxenus

N,
X (t) =X, (t) + Z emum (X gn)r
o (4.11)
y(&) =5, (0)+ ,,fv:. "0 (%5, Fr)

Mbl pUMeM B KayecTBe NPHOJHMKEHHQrO pelleHHS HCXOAHOH CH-
crembl. YUnena Ny u Ny moaxHbl ObITh TaK¥Ke BhIGpaHbl Mo onpeje-
JIEHHbIM NIPaBHJ1aM, O KOTOPBIX peub GYJeT HATH HHXKe.

®opmyanl (4.11) npu onpeaeneHHbIX YCAOBHAX ABAAIOTCA aCHMII-
TOTHYECKHMH, T. €. QYHKIIHH, KOTOpble OHH ONMpeAesioT, CTpeMATCH
npH e — 0 K TOYHBIM pelLleHHAM.

IMTpumevaHnue. YpabHenue (4.10) o6blYHO OKa3bIBaeTcs CJIOXK-
HbIM HeJHHEAHbIM YpaBHEHHEM H TOJMbKO B HCKJIOUMTENbHbIX CJy-
yasgx MoxeT ObITb NPOMHTErPHPOBAHO B ABHOM BHIe. B o6uiem cay-
yae €ro NpPHXOAHTCSA HHTErPHPOBAThH YHCJIEHHO. 3aMETHM, YTO YHCJIEeH-
Hoe HHTerpHpoBaHHe cucreMbl (4.10) (Z, — 3To BeKTOp-PYHKUHA)
3HAUHTENLHO Npolle HHTErPpHPOBAHHA HCXOAHOH cHcTeMbl (4.1).
Heno naxe He B TOM, YTO NOPAAOK cHcTeMbl (4.10) Ha eaumuny
MeHblie nopsaka cucreMbl (4.1). Cucrema ypaBHenuit (4.10)
onpejensieT MelJeHHO H3MeHsloLecsl nepeMeHHnle. CienoBa-
TeJbHO, ee HHTerpHpoBaHHe MoXKeT ObiTb NpoBeleHO € OOJbIIHM
IaroM 1O apryMeHTy H, C/iel0oBaTeqbHO, C MaJoH 3aTPaTOil MallHH-
HOTO BpeMeHH. 3aMeTHM TaKXe, UTO BO MHOTHX NPHKJAJIHLIX 3aia-
Yyax OKa3biBaeTcsi AOCTATOYHLIM BBIUHCJAHTb BEJHUHHBI X, (/); Beau-
YHHH Yn YAacTO He NMPEeACTaBASIOT NPAKTHYECKOTO HliTepeca.
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PaccMoTpuM Tenepb TOT 4acTHbIY csiyyai, koraa X — ckansp,
a @ — BeJiHuHHA noctosiHHas. OrpaHHYUMCs NpH 3TOM paccMoTpe-
HHeM TOJIbKO MepBOro ujeHa psiaa (4.3); Toraa

x=f1' y=!717
npuyem

X =x=eX, hi=y=a+eY. (4.12)

YpaBHeHus (4.12) c TouHOCTblO 10 0603HAaYeHHI COBNafaloOT C YKO-
poueHHBIMH ypaBHeHHaMu Ban-nep-lTons (1.8). Hrak, meron Banu-
npep-ITons mna toro uactHoro caydas cucreM (4.1), Korga x — cKa-
JISIp aeT BO3MOMHOCTb BBIYHC/JHTb MepBble UJle€Hbl pasjoXeHHH
(4.3). Huxe 6ymer chopmynHporaHa TeopeMma, KoTopasi YTBep-
XKJaeT, YTO PAAbl, NOCTPOEHHBIE B 3TOM naparpade, siBAAIOTCA npH
onpejesneHHbIX YCJOBHAX acHMMTOTHYECKHMH: B obllleM ciyyae OHH
pacxonsTcs, HO UX KOHEUYHbIH oTpe3ok Jlo6oH AnuHBl faeT npuGIH-
JKeHHOe pelleHHe, T. €. QYHKIHA, KOTOpas HM onpejensieTcs, cTpe-
MHTCS K TOYHOMY pelueHdio npH & — 0. [ToaToMy ycTaHOBJeHHBIH
pesyabTaT BecbMa BaxeH. OH nokasbiBaeT, 4yto Meroi BaH-nep-
[Tonsi, BBeeHHBII YHCTO 3BPHCTHYECKHM 06pa3oM, sBAAETCH «mpa-
BHU/bHBIM»: B TeX C/aYyuyasX, KOrAa aJirOPUTM, H3JIOXKEHHBI B 3TOM
naparpade, naer npubiaHkKeHHOe perlieHHe, Meron Bau-nep-ITosns
Takxke AaeT NpHONHKEHHOe pellleHHe.

Takum o6Gpa3oMm, Mmeton BaH-nep-ITons nosBosnsieT nocTpouTh
npu6JMKeHHOe pellleHHe, ONHAKO OH He JaeT HMKAaKHX YKa3aHHil Ha
TO, KaKUM 06pa3oM MOXKHO YTOYHHTb 3TO pellleHHe. V3noxeHHbIi
a/NTOPHUTM MO3BOJISET, KAK Mbl YBHAHUM B c/ielyIOLLeM NYHKTe, C Jlo-
60i1 CTeneHbl0 TOYHOCTH NPOBOLHTL pacuyer.

4. OueHka TOYHOCTH. PaccMOTpHM Tenepb BOMPOC O TOYHOCTH
npu6NHXKEHHOTO pelLlleHHs, MOJYUYEHHOrO H3J0XKEHHEIM CcrnocoGoMm.
CornacHo o6uleii cxeMe GYHKUHMA T NoJXKHa ObITb 3aMeHeHa (YHK-
uuell ¥,, yaosaerBopsiolleli ypasHeHHio (4.10). 3ty annpokcuma-
uMio Mbl GyjJeM paccMaTpHBaTh Ha 6OJIBLIOM HHTEepBaJie BpEMEHH,
anHHa kotoporo uMeeT mnopsaaok O(l/e). Tak kak B ypaBHeHHH
(4.10) ot6poleHb 4neHnl, nopaaok kotopeix O(e™*!), To npHu BbI-
YyHCJAeHHH NPOH3BOJHOH MBI AOMNYCTHM OIIMOKY TOro e mnopsaka.
CnenoBartenbHO, NpH MHTerpHpPOBaHHH ypaBHeHHA (4.10) Ha uHTep-
Baje JJHHBI, PaBHOH l/e, MBI coBepluMM owHOKY mopsagka O (em).

Hrak,

T=Z,+0(e).
B uyacTHOM cayuyae
§=fi+0(8).

CnepoBaTenbHO, €CJAH OrPaHHYMTBCA MEPBbIM NPHONHXKEHHeM, TO
[PH HHTErpHPOBAHHH Ha GOMbLUIMX OTPe3Kax BpeMeHH OlHOKa B on-
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peneneHHH BekTOp-GQYHKuHH x () O6yAeT WMeTb MOPAJOK ee MPOH3-
BOJHOI.

OG6patumcs Tenepb K ypaBHeHuio (4.10). Ilpeamonoxum, yto
BeJIMYHHY T Mbl OMPEefeNHJAH C MOTPelIHOCTbIO MOpsifKka &"; Toria
BeIHUHHA o (Z) TaKxKe onpeaenseTcs C MOrpelIHOCTbIO MOPAAKa &,
T. e.

0 (%) =w(T,) +0(e).

CnenoBaTeNbHO, MPH MHTErPHPOBAHHH 3TOH BEJIHYMHBI Ha HHTEp-
BaJie, AMMHa Kotoporo umeer nopsaok O(l/e), mbl OGyseM umeTthb
C/le1yI0:1lyI0 OUEHKY:

t t

[o@at=[ o) dt+0e). (4.13)
0 0

CienosaTeNbHO, B MOABIHTErpajsbHOM BbipaxeHHH (opmyast (4.10%)
c/efyeT yAepXKaTb TOJbKO Te WIeHB!, MOPSAJOK KOTOPHIX mocJe HH-
terpupoBaHus Gyner paBeH O(e"~?). CnegoBaTesbHO, H B BBIpaXxe-

HHH 418 § ciaraemoe g"B,(X) AomxkHO GbiTh OTGpOLIEHO, TaK Kak
t
e" j B, (%,)dt = O ("),
0

T. €. OHO HMeeT MopsAoK ou6ku B (4.13).
CaenosarennHo, KBaapatypy (4.10°) Mbl 10/MKHBI MHCaTb B Ta-
KOM BHIE:

t
=y O+ [{0(Z)+eBi(B+  +e'B,(F}dt.  (4.19)
0

TouHo Tak Ke B psaax (4.2) Mbl JOJKHBI yAepXKaTb TOJNBKO Te
yjeHbl, MOPAJOK KOTOPHIX He MPeBOCXOAHT Mopsika own6ku. Ta-
KUM o6Gpa3oM, ecsii peub uaer o GopMynax n-ro npHONHKEHHS, T. e,
ecqM T onpejensieTcs C OWIKHOKOM mMopsajaka &”, a § — ¢ OWHOKOM
nopsaka O(e™1), To dopmyna (4.2) monxHa GbiTh 3amHcaHa B Cle-
AyIoleM BHIE:

x =X+ eu, ()Z', _17)+ +3n-]un-l(i, 57), }

y=g+ev (x g+ + &m0, , (%, §). (4.15)

HTak, ecniu BeKTOp X ompefensieTcs C TOYHOCTbIO A0 BEJHYHMH MO-
paaka O(e™), TO ckaasp y, KOTOpHIA Mbl GyaeM Ha3biBaThb (ha3oil,
onpejenserca ¢ MCHbLIEH TOYHOCTBIO.

PaccMorpum vacTHblil cnyuai, korna n=1, 1. e.

5=51+0(8).
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Torna ua ocHosaHun dopmyn (4.15) 6ynem umern
x=% k+eX(#). (4.16)
[Tpumeuarnue 1. Paccyaenus 3Toro paszena MOKaswuBalor,
YTO NpPH COCTaBJEHHH YKOPOUeHHEIX YypaBHeHuii Ban-gep-Iloas
(2.11) mas HenuHeHHBIX ypaBHeHHH, 6MH3KHX K KOHCEPBATHBHBHIM,
Mbl BK/1lOYaeM B MpaBble YacTH c/laraeMulé, NOpAAOK KOTOPHIX paBefl

NopsiiKy OTGPOLIEHHbIX 4/1eHOB. Tenepb Mbl YCTAHOBHWJH, YTO Ypas-
HeHus (2.11) 6e3 motepH TOYHOCTH MOr'YT ObITb 3aMeHEHH TAKHMH:

m
o e
k== 2:rz_A0f Qe dy, @.11)

gy=o(x),

€CJIH TOJIbKO YacToTa @ 3aBHCHT OT X.
CrneuHasbHOrO paccMOTPeHHs] TpeGyeT TOT cJyual, KOrja <«ya-
t

CTOTa» © He 3aBHCHT OoT X. B 3ToM ciyuae BeanunHa J(Didt = ot
0
BbIYHUC/SIETC TOYHO. DTO .JaeT. BO3MOXMHOCTb BEJIHUHHY Y BbIYHC-
JUThb C MeHblleli MmorpelIHOCTbIO. B 3TOM cayuae Bce BesHYMHBI
B;(Zn) BhiuMcAsiiorca ¢ norpewHoctbio O(e). CaenoBaTtenbHo, Be-

JIHUHHA efB.(ft)dt BbluHCAsieTcs: ¢ norpelHoctbio O (en). Bee

nmpoyue cjaraeMbie MOABIHTErpaibHOro BbipaxeHus (4.11) Gynpyr
BLIUHCJIEHB! C elle GoJblied TOYHOCTblo. B TOM camyuae, koraa o
npeinonaranach GyHKUHed ¥, MakcHMaJbHasg TOYHOCTb, KOTOPOii
MBI MOIVIH LOGHTbCS, BBLIYKHC/IAR BeAHUHHY 7, Gblia O (e !). B cay-
yae ow=const mopsigok owHOKH Ha eauHuuy MeHbiue. CrenoBa-
TeJNbHO, Mbl AOJUKHBI ylaepXatb B (4.11) Bce Te ‘ufleHbl, MOPSROK
koTopbix O (e 1). Tak Kak

t
e j B, (¥)dx = 0(e"),
0

TO B OTJIMYME OT MPeAbIAYLIero cjayuas Tenepb 3TO caaraeMoe J0JXK-
HO GbITb YAEpMKaHO.
Urak, B cnyuae o=const dopmyanl (4.15) umetor caenyioliui
BHA:
x=x+eu (x, )+ +evlu, (%, §),

y=g+801(f, g)+ +8n_lvn-l(fv g):
% =¢eA, (%) + + €A, (%),
j=o0+eB (x)+  +e"B,(%).

(4.17)
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B yacTHOM cayuae, Korga n=1, Mbl MONy4YHM CJelyIOIUH aHaNOT

¢dopmya (4.16):
x=z, zZ=eX(x). (4.18)

YpaBHeHus (4.18) B cayuae, Korjga pasMepHOCTb BEKTOPa X paBHa
e/lHHHLE, COBMAJAIOT C YKOPOUeHHbIMU YpaBHeHHsiMH Ban-gep-Tloas.

[Tpumeuyanue 2. 3aMeTuM, uTO H3JOXKeHHasd npouelypa co-
XpaHsieT useHbl GoJsiee BLICOKOrO MOpsijika, KoTopble 6e3 MOTepH TOY-
HOCTH Moryii Obt OblTb oTOpoiueHbl. [loficHEM cKa3aHHOe Ha NpH-
Mepe pacueta Broporo npubamkenus *). CHcTeMa ypaBHeHHH Aad
BEKTOpa ¥z B 3TOM Cayuae Gyjer

ng = GA] (22) + 82142 (fz). (4.19)

YpaBHenue (4.19) no3BoasieT BHIUHCAUTB T ¢ ownbkoi O (e?) (Tak

Kak NpOH3BOAHAf X ompeaeieHa c omwHGKoA O(ed)). Benununna
e?45(%;) cama umeer nopagok O(e?). CaenoBaTenbHO, BeNHUHHY
A(X2) Mbl MOXeM BbIYHCAMTBL ¢ norpemHocThio O(e). TakuM o6pa-
30M, BMecTo cucTeMbl (4.19) Mbl MoXKeM paccMOTpeTb TaKylo:

Za=eA|(T2) +e242(F)), (4.20)
rle Ty onpefiensieTcsl ypaBHeHHEM
:1—'21-"—"8:44(51), (421)

Takasi 3aMeHa MOXeT B HEKOTOPbIX c/ayyasiX OKa3aTbCSl MOJe3HOM
npu pa3paboTke cXeMbl YHCJE€HHOTO HHTETPHPOBaHHS.

B HekoTophiXx cayyasx YAO6HO HCNOJAb30BaTb METOAB TEOPHH
BO3MYLUEHHHA, NOJOXHB T2=Z1+0%. [loacTaBuB 3TO BbipaxeHnHe B
(4.19) u orGpacbiBas npou3sBefeHHs e26%, nockojbky 8x=O0 (e),
Mbl CBefleM 3afauy K pellleHHl0 ypaBHenus (4.21) W pelieHHio JH-
HeflHOro ypaBHeHHS

ddx dA
LALI (‘E) 8x + €24, (x)), (4.22)

T Xm %y

rae dA/dx — npousBoaHas onepatopa A B Touke X=X;. Bektop X
B pacCMaTPpHBaeMOM CJyyae Mbl MOXEM 3aNHcaTb B BHJE

X=X+ 0% +euy (X1, y1). (4.23)

Paccyxpaenuss momno6HOro posaa MOryr GbiTb MpOBefeHbl H /st aHa-
au3a Gosee OOLIHX Cayyaes.

5. HezaBHCHMOCTH TOMHOCTH NPHOAHIKEHHOro pelieHHs OT BbIGO-
pa dynxumii @; 1 P:**). Bepnemca Tenepb k Bonpocy o BbiGope npo-
M3BOJBHBIX QYHKUHH @; H P;, NOABJAIOLHKXCA NPH HHTETrPHPOBAaHHH

*) B.M Boaocos, )KBM u M®, Ne | (1963).
**) Cm. B.M,Boanocos, JKBM u MO, Ne 4 (1963).
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ypaBHeHH# (4.5), v mokKaxeM, uto BHIGOP 3THX GYHKIMA He BAHAET
Ha TOYHOCTb MOJNYyyaeMbiX NPHOAHAKEHHBIX dopmya. Dtor dakr aB-
JnAerca caelCTBHEM TOro OOCTOATENLCTBA, UTO OMpefefieHHe BeJH-
4yuH A;y1 ¥ Biyy NPOH3BOAHTCA C YUETOM BEJNHUYHH @; H ;.

[TpoBenieM Bce paccyx/eHH Ha NpHMepe pacuera BTOPOro MpH-
6nuxenus. [NpeanonoxuM, 4uto MBI HMeeM [Ba Pa3jiHUHBIX BbIpa-
KeHHs Ana QYHKLUHH Uy (T, §): Uy U Uyo, NPHUEM

uy=uyp+e(x), (4.24)

T. €. Mbl MPEANOJaraeM, 4TO 3TH BEJHYHHb OTJHYAIOTCA HA MPOH3-
BOJIbHYIO QYHKIHIO «MeLJE€HHOro» NePeMEHHOro ¥.

Tak KaK BejMuHMHa 4; He BXOJHT B BbipaX{€HHe NepBoro npubiu-
XKeHHs, TO BbIGOP MPOH3BOJNBHOA (QYHKIUHH @(X) He BJHAET HA TOY-
HocTs mepBoro npuGanxeHHA. OH MOXET CKa3aTbCA TOJIBKO Ha
3HaueHHH BTOpPOro npubJjHxKeHHda. B paMKax TOYHOCTH, rapaHTHpoO-
BaHHOW 3THM NpHOIHXKeHHeM, BbipaxkeHHe (4.24) Mbl MoXeM 3a-
MEHHTb yepes

Uy=u+e(x), (4.24)

rie ¥ onpeaensiercss ypaBHeHHeM
51=8A1(51).

PaccmoTpuM Teneps BoipaxeHue mis A,. Buinuuem B passepHytom
BUle ypaBHeHHe (4.9), KoTopoe onpefenseTr 3Ty G YHKUHIO; COIIaCHO
(4.4) mb1 6yneM uMeTb

A=y By g Top (495

Tlonarasa B cpopmyne (4.25) oauH pa3 u=uy, a Apyroﬁ u=uy,
Mbl HaHJeM BEJHYHHY
A=Az — Ag.

Ona onpenensercsi paBeHCTBOM
04y =X o (x) - 22
2= 37 P %
Tenepb paccmorpum dopmyny (4.23). llepenuiuem ee B caeayomux
IBYX BapHaHTax:
X=X+ 0% + euy (%5, 7)), }
=%+ 0% +eup (%, §))+eq (%)
H ycaoBumca, uto % (0) =z*(0). INepsasa u3 stux dopmyn onpene-
JsieT 3HaueHHe ¥, COOTBETCTBYIOULee Uy=Uuj, a BTOpaa uy=uy,. Ilo-

Ka)€M, 4TO C TOYHOCTLIO, KOTOPYIO rapaHTHpyeT BrOopoe mnpHOJiH-
XKeHue, x = x*. BeaeM o603HaueHus

2mdx* — §x.

(4.26)
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[Mpexne mcero 3aMeTHM, uto H3 ycjoBHa x(0) =x*(0) cpasy cue-
AyeT, YTo
2(0) = — ep(x1(0)). (4.27)

Jlanee, B paMKax TOUHOCTH BTOPOro NpHOJIHXKEHHSI BEJTHYHHBI OX H
0x*=0x-+2 yNOBJIETBOPAIOT CIEAYIOLIHM ypaBHeHHAM (cM. (4.22)):

X dA -
= (—'dx' ) 8% + &% A, (4.28)
d (0% A _
G2 — (L) (0% +2) + 0 (A + 84y). (4.29)

YupurbiBas (4.28) W npuHHMasa Bo BHHMaHHE BbIpaXKeHHe s
6A4,, Mbl MoXeM cocTaBHrb AH(pdepeHuHasbHOE ypaBHEHHE, KOTO-
pomy yaoBnerBopsiet BekTop-QyHKuus z(f):

de _ o (dA), @ oo apde
7:"8( T )z+e o o (x) eX oo, (4.30)
rie _

da _ X,

dx = dx’

coriiacHo (4.27) ¢yHkuus 2(f) HDOJMKHA YAOBJETBOPATH YCJIOBHIO
2(0)= — @(x(0)). 3amerum naaee, yto ypaBHeHHe (4.30) momy-

CKaer pelleHHe
2(H) = — e@(x). (4.31)

ﬂJlﬂ Toro 4tobbl MOKa3aThb CnpaBeJJIHBOCTb 3TOrO0 paBEHCTBA,
BbIYHCJIHM

dz _ 4o di  2de 4 _ 249y ,
= fma -t X (4.31)

[Toncrasnsa (4.31) u (4.31') B ypaBHenue (4.30), mMbl yGexnmaemcs,
yto HYHKUHA — €@ (T1) YAOBIETBOPsIET 3TOMY ypaBHeHHIO. Tak Kak,
KpoMe TOro, ¢yHKuHA 2Z(f{) yIOBJETROPAET HayaJbHOMY YCJOBHIO
(4.27), To Mbl 3akiiouaeM, uto (4.31) —3TO H ecTh HCKOMOe pe-
menHe ypaBHeHus (4.30).

[Moacrasnas tenepp (4.31) Bo BrOpoe M3 ypaBHenu# (4.26), Mbl
y6exaaeMcsl B TOX/JECTBEHHOCTH BEJIHYHH ¥ H X*. Mb nokasasn,
yTo BbLIGOp GYHKUHH @ He BJIHAIET Ha TOYHOCTb pacyeTa BejiH-
YHHBI X, €CJH HCHOJNb30BaTb BTOpPOe NPHO/HMXKEHHE, T. e. X=x*4
+ O (e?). AHanorHuHO JoKa3biBaeTc H oOUMA ¢aKT: BLIGOp ¢yHK-
WHA @; H P; HE BIHAET Ha TOYHOCTb ONMPEJENIEHHsl BEKTOpPa X H CKa-
aspa Y, €CIH OHH ONpeNensoTcs i+1 npnﬁnmxenuem,
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Hrak, BbiGOp GYHKUMA @; M {; coBepuieHHO npoussosieH. Cie-
IOBaTeJNbHO, BOMPOC O BbIOOP@ 3THX (QYHKUHH YKCTO METOLHYECKHH.
Ux cnenyer BbIOHpaTh, HCXOAs M3 yno6cTBa M Lesel HCc/leloBaHHS.
Panee Mbl yxe YyKa3sajdH HEKOTOpbie H3 cnoco60B Bbi6opa 3THX
QYHKUHH.

6. 3ameuanune o xapakrtepe NpHOAHKEHHbIX dopmya. Bompocam
060CHOBaHHSI H3JO0MEHHOTO METOAAa aCHMMTOTHUYECKOrO HHTErpupo-
BaHHA cHcTeMbt (4.1) mocssililed uwenblfi pan Hccnenosanui. [lepsoie
pa6oThl B 3TOM Hampas/ieHHH npuHazpnexand H. M. Kpbiiosy u
H. H. Boromo60oBy H. OTHOCHJIHCb K TOMY YaCTHOMY BHIY CHCTEM
(4.1), nns kotopeix =1, Y=0 (cHcrema HOpManbHOH ¢OpPMBI).
B panbpHeiimeM Iesbli Pl BaXKHbBIX pe3yJbTaTOB Obld MOJY4YeH
0. A. Mutponoabsckum, B. M. BosnocoBeim u npyrumu. B Hacros-
llee BPEMSi TEOPHA AaJNrOPHTMOB, MOJOOHBIX TEM, KOTOpbie H3ja-
raloTcs B 3Tom naparpade, npeiacrasiasieT co60i OOIIHPHYIO TIaBy
TeOpHH OOBLIKHOBEHHBIX AH(depeHIHaNbHbIX YPaBHEHHHA, B KOTOpOH
NOsABJSAIOTCA BCe HOBble U HOBBble pe3ynabTaThl. 37ecb Mbl He Gynem
uanaratb 3Tod TeopHH. OTMeTHM TO/MBKO OIHMH YaCTHBIH caydail,
NO3BOJISIOLIHA NMPeACTaBHTb ce6e KPYr BOMPOCOB, KOTOPbIM MOCBSi-
IeHa yka3aHHas Teopus. Bynem cuurath, uto X M Y — nmepuonuue-
ckue GYHKUHMH y nepHopa 2w, mpHYeM KaK QYHKLHH X OHH Orpa-
HHYEeHbl B HEKOTOpOi#l oGsacTH D BMecTe CO CBOHMH MpPOH3BOAHBIMH
no nopsigka n— | BKJAOYHTenbHO. Torga TeopHs, pas3BHUTas IJs
ypaBHeHH# Tuma (4.1) no3BosseT yTBepXKOaTb, YTO pEIIEHHE. X, H
Yn SABJISIETCS ACHMNTOTHYECKHMM B TOM CMbICJe, YTO AJs Jio6oro ¢
H3 HHTepBaJia JJIHHOH mopsiika l/e cmpaBefnuBa OLEHKa

|x —x2|=0(e"), |y—yn]=0(e"),

rlle X, U Yn ONpenensitorcs popmynamu (4.15).

7. Meroa nocaenosateNbHBIX NMPHOAHKEHHA. MeTon nocTpoeHus
aCHMNTOTHYECKHX DPfJNOB, KOTOpbleé HAIOT NpPHOJIHKEHHOe pelLIeHHe
cucrembl (4.1), omupancs Ha pasnoxeHnHe B psj ¢yHkuui X u Y,
H CJeJ0BaTejbHO, MPH ero peaiH3alliH MpeINoJaarajioch, YTO 3TH
GOYHKUHH HMEIOT MPOH3BOJHbIE HYXKHbIX mopsaKoB. OKOHUYATENbHbII
pesysnbtaT GOpPMYnHpOBaJcAs npH 3ToM B ¢opme uHTerpasnos. Ilo-
3TOMY, €CTeCTBEHHO, BO3HHKaeT BOMPOC O TOM, HACKOJbKO Heo6xo-
IHMbl BBeJ€HHble OrpaHHYeHHsi (MOCKONbKY OHH OblH CBA3aHbI
C CaMHM MEeTOJOM MOCTPOEHHS pelIeHHs, a He C OKOHYATe/NbHbIM pe-
3yabTaTom). MoxeT ObiTb, MpeAnonoKeHHss o NHdGepeHIHpyemMo-
cty ¢ynkuuit X u Y spastorcs aumHuMu? JleficTBUTeNbHO, OKa3bl-
BaeTCs, YTO NMpuONHMKEHHOe peliieriie MOXeT ObITb MOCTPOEHO Ge3
HMCMOJIb30BaHHs onepaunii nuddepeHunpoanus. las 3toro Hamo
TOJILKO BMECTO Pa3JIOXKEHHsi B PAfbl MCMOJb3QBATh METOJ MOCJAeHQ-
BaTeJNbHbIX MPHOMHMKEHHUH,
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PaccmotpuMm cHoBa cHcteMy (4.1), HO mpeoGpasoBaHue (4.2)
3anulieM Tenepb B popMe

x=)?+eu(£, g, 8)» }
y=g+ev(x, 7, e).

TouHo Tak Ke ypaBHeHHS ISl £ H J, KOTODble MBI XOTHM NOJY-
4uTh, 6yldeM nucaTh B popme

t=eA(%, e), }
j= o (%) +eB (%, e).

IToncraBum Tenepb BeipakeHus (4.32) u (4.31) B cucremy (4.1);
CoKpaias e, 6y11eM HMETb

A(x, e)+e A(x, e)+—-(m(x)+eB(x, g))=

(4.32)

(4.33)

= X(X+ eu, j+¢ev; &),
o (%) +eB (%, &) + e 2% A(%, e) + (4.34)
o T

-}-eg—;(m(i)+eB(fc, J))=o(x+eu)+
+eY (¥ -+eu, j+ev, e).

CucteMy ypasHenuit (4.34) 6ygeM H3yyaTb METOLOM TOCJe0Ba-
TeJbHBIX NPHOJIHMKEHHH, HCNOJAb3ys MJS 3TOrO CJENYIOILyl0 HTepa-
LIHOHHYIO CXEMY:

(k) ,
aa"—yma)=gk—A*>,
RN (%) = hy — B® (4.35)
a' ’

rue

*®- (k=1)
— y(z ®=1) (= ) _  Ou (= _, Ou (k=1
ge=X(E +eu™, g+eo™", &) —e5—14 5B,

ot o ®DY _ o (3
hy = o (i +eu®* ) -0 (%) +Y(z+eu™, g4 oo, ¢)—

e

Ov(" b 0v™ " -y _ Ov(" b 99F D pee-n
Tox - Ty *
CucrteMa (4.35) coBepiuueHHo aHaJjorudna cucteme (4.5). Cienopa-
Te/NbHO, MOBTOPAA PaCCyXKIeHHA, Mbl CHOBa NpHuieM K (opMy.iam

4.9).
Ecau dyukunn X u Y nocratouHoe kosuuecTso pas audpdepen-
UMpYeMEl, TO pellleHHe, KOTOPOE MDH ITOM MOJYYAeTCs, OTAHYAETCA
OT pellleHus1, KOTOpoe OblI0 HARAERO Bhillle, TOLKO ManbiMp Gosiee
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BeIcOKOro nopsigka. OfHako B OTVIHYHE OT MeTOAa MOCTPOEHHS, H3-
JIOXKEHHOTro Bblllle, JaHHBI/i METOJ HMEeT TO NMPEeHMYLIeCTBO, YTO OH
He Tpebyer MuddepenunpyemocTH ¢yHkuMid X u Y u npumenum,
BOOOLIe FOBOPS, K YPaBHEHHsIM Ja)Ke C Pa3pbIBHHIMHU MpPaBbIMH Ya-
CTSIMH.

8. Cucrema cranaapruoro suaa. H. H. Boronio6oBuiM 1 ero yue-
HHKaMH H3YYaJIHCb CHCTEMBI

=eX(x, ¢, e). (4.36)
Cucrembl (4.36) Ha3sbiBalOTCS cHCTeMaMH CT@HOapTHO20 BHia. He-
TPYAHO BHJAETL, YTO OHH NPHBOAATCA K CHCTeMaM C BpallaioLieiics

¢asoii *), npuueM fABJAAIOTCS YACTHBLIM caydaeM nocsneaHux. das po-
Ka3aTeJbCTBa JOCTATOYHO 3anucaTb cuctemy (4.36) B BHOe

—i=eX(x, Y, €), l!

gor |

(4.37)

Cucrema (4.1) coenamaer c cucremoii (4.37), xorma e =1, Y=0.
Eciu Bekrop-oyHkuus X (x, {, €) — nepuoguyeckasi GyHKIHsA apry-
MeHTa f, TO METOJI, H3/IOXKeHHbI! B 3TOM naparpade, 6e3 KaKHX-1HOO
OTOBOPOK MOXKeT ObiTb NPHUMEHeH [Jisi HCC/AeJOBAHHSI CHCTEM BHAa
(4.36).

[Tpumeuanue. I[lpeacraBnser onpeneneHHbli HHTepec pac-
CMOTpEHHE CHCTEM, B KOTOPbIX BeKTOp X He eCTb NepHOAHYECKast
dyHKIHs aprymeHTa y. [IpH H3BecTHBIX yC/lOBHSIX (HampHMep, eciH
¢yHKIMs X nouTH nepHopuyeckasi) NpHOIHIKEHHOe pellleHHe MBI MOo-
Jy4HM, NPOBOAA YCDelHEHHe MO 6eCKOHEYHOMY OTPe3KYy BpEMEHH.
Ananor ypasHenuii Ban-gep-Tlonsi B 3TOM ciyyae HMeeT BHJ

. 1
x= almlgf (x, y)dy,

-a

g= m+ellm—foy

9. O BO3MOXHbIX 0GoGmenusix. EctecTBeHHbIM 0GOGIIEHHEM CH-
creMbl (4.1) 6ymer cuctema, B KOTOPOH He TOJNLKO BeJIHYHHA X —
BEKTOp, HO M BeJIHUHHA Y — Takxke BekTop. Eme Gosee cioXHbIM
fBASIeTCA TOT CJaydaH, Korja H3MeHeHHe BeKTOpa Y OIHChIBaeTcs

CHCTeMOH
g=o(x, y) +e¥(x, y, e). (4.38)

*) Cucrembt ¢ Bpamarouleﬁca ¢a3of prnepsble  Hayajy M3yyaTb  yueHHK
H. H. Boroawo6osa JI. H. 3y6apes,
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Takue cayuau Takxe usydyajaucb. Psill pe3ynbTaToB, OTHOCSILIMXCSA
Kk cucremaM (4.38), nmpunamnexur B. M. Bosocosy. Huxe bl
OCTaHOBHMCS Ha HEKOTOPBIX YaCTHBIX Cay4yasX 3Tofl 3ajmauH.

10. 3ameyanne 06 HCCAeAOBAHHH CTALUHOHAPHBLIX PEKHMOB,
BepHeMcs cHoBa K cucteme (4.1). M3noxeHHblii Meron mossosisier
HCC/le0BaTh MEePHOJHUECKHE H CTallHOHApHbIe peluleHHst 3TOH CH-
CTEMBIL.

[Tpeanonoxum, yTo T, — KOpPEHb YpaBHEHHUS

A (Zn) +eAx(Tn) + +en'A(Zn) =0.
Torna (4.17) Ham maer
%.=0, 1. e. Tp=const. (4.39)
Inst GYyHKUHY §p, NOTYUHM

Ja=0%t+y(0),
riae
0*=0(Z,) +Ze*Br(xn).

OYHKUHH U; (Tn, Yn) U Ui(Tp, Yr) — NepHOAHYECKHEe (YHKUHH me-
peMeHHOH ¥, cneloBaTeJbHO, B JaHHOM cJiydae OHH TakKxe OyayT
nepHOAHYECKHMH (GYHKLHSIMH BpeMeHH nepHoaa 2m/w*. Takum 06-
pa3oM, QyHKLHS

x =%+ Xefup(x, §) =%+ 2e*up (%n, y(0) + 0 (Xo) 1) (4.39)

6yneT nepuoaHUECKOH PYHKIUHEH BPeMEHH,

B Hauane 3Toii riaBbl Mbl MOKasajH, UTO B TOM cCjyyae, KOTaa
MCCNEOBAHHsI MPOBOASITCS B paMKaXx MepBOro MNPHUOMHKEHHS, M3
ypaBHeHus (4.39°) ans T Mbl NoiyuaeM CTaLHOHApHOE pellEeHHE.
B o6iileM ciyyae 3TOT [pHEM MO3BOJfAET MOCTPOHTb HEKOTOPBIE Me-
pHopHyeckue peiieHH. OHH MOTYT ObIThb HCMONbL30BaHbl AJsi alnpo-
KCHMalLHH CTALHOHADHBIX PEXHMOB.

§ 5. AaroputM acCHMNTOTHYECKOTO HHTErPHPOBAHHS.
Cayuaih HeCKOJbKHX OBICTPBIX MepeMEeHHbIX

1. Cucrema ¢ aByms Bpamawmumucs daszamu. B npeabinyuienm
naparpacde Oblia H3/10XKeHa Npoluelypa aCHMITOTHYECKOTO HHTErPH-
poBaHHs CHCTEM HeJHHeHHbIX [dH(depeHUHANbHbIX YpaBHEHHH,
cojepxaliuX OAHY OBICTPO H3MEHSIOLLYIOCS MepeMEHHYI0 — OfHY
Bpauatowytocsi ¢paszy. Tam Mbl ykasaau Ha TO, 4TO ecTeCTBEHHHIM
06061leHHeM pa3BHTOH B HeM TeOpPHH OYyIeT TeOopHs, H3yuaiollas
CHCTEMBI, COJEPXKallHE HECKOJbKO ObICTPHIX MEPEMEHHbIX, T. €. CH-
creMbl THNa (4.1), B KOTOPBIX BEKTOPOM SIBJSIETCS He TOJbLKO mepe-
MeHHAA X, HO H nepeMeHHan y. [logo6Hoe o06oGLueHHe, Kak Mkl
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YBHAHM HHXe, OTHIOJAb He siBJsieTcsi TpHBHaJbHbIM. CHCTeMBbl BHAA
(4.1), B KoTOpbIX NepeMeHHasi Y SIBJSIETCS BEKTOPOM (pa3MepHOCTH
6oJbliefi ueM elHHHIbl), 06/MafalOT lEeNbIM PSAAOM HOBHIX oco6eH-
HocTel. TeopHs. TAKHX CHCTEM OKa3biBaeTcs BecbMa CJOXHOH. B Ha-
cTOflllee BpeMsl OHa ellie OYeHb JaJieKa OT 3aBeplieHHS.

B nanHoM naparpade Mbl YKaxkeM JIHIIb HEKOTOpble cMocoO0Hhl,
KOTOpbie B OTAEJNbHBIX cayyasX (mpaBja, HOCTaTOYHO BaXKHHIX C
NPHKAAJAHON TOYKH 3pEHHs) [Nal0T BO3MOXHOCTb NOCTPOHTb acHMI-
TOTHUecKoe pelueHHe. Iasa ompeneneHHocTH 6yaeM paccMaTpHBATh
CHCTEMY C ABYMs BpaulalouiuMucss pasaMu. DTHM TEPMHHOM YCJO-
BHMCSl Ha3bIBaTb CHCTEMY BHJA

x=eX(x, y, 2, ),
g=o(x)+eY(x, y, 2, &), (5.1)
2=A(x)+eZ(x, y, 2, ¢),

rie X — Mo-MpexHeMy BeKTOPHas NepeMeHHas MPOHM3BOJbHOA pas-
MepHOCTH, a ¥ (f) u 2(f) — ckanspHble QYHKLUHH.

Bynem cuutath X, Y u Z neprHonnyecKHMH QYHKUHSAMH NepeMeH-
HbIX y H 2z nepuonoB Ty=2x/l u T,=2x/m cootBeTcTBeHHO. 3alayuH
tuna (5.1) wacto BcTpevaloTcsl B TexHHKe H ¢u3uke. Hampumep,
K HX YHCJY OTHOCHTCS 3ajJa4a O NMOBeJEHHH HeJHHEHHOro OCIUHJ/JIA-
TOpa, NapaMeTpbl KOTOPOTO 3aBHCST OT BPEMEHH H KOTOPBIfi Haxo-
OMTCA NOJ AEeHCTBHEM NepPHOAHYECKOH BHeIHedl CHabl. [IBHXKeHHe
TaKOFO MasiTHHKA OMHCLIBAETCS YPaBHEHHEM

ito?z=eq(z 2, 1),

raie @ — nepuoauueckas QyHkuus BpeMenu { nepuona T =2m/m.
Hcnonb3ys nepemennbie Ban-nep-Ilons, 1. e. nonaras

Z=Xcosy, i=—@xsiny,

Mbl MOXKEM CBECTH YpaBHEHHE OCLH/IATOPA K CHCTEME CJeAYIoLlero
BHAA:

x=eX(x, y, 8),
g=o+eY(x, y, s), (5.1)
§=1.

®yukuun X u Y 6ynyr umerb nepuop T,=2n no nepemeHHolt y u
nepuox T,=2n/m no nepemeHHnoft s. B crcreme (5.1’) aBe GhicTpbie
NepeMEHHbIC Y H S.

B opHoMm u3 mpenblaymux naparpadoB mbl Tak XKe paccMaTpH-
BaJlH CHCTeMY, MapaMeTpbi KOTOPOii H3MeHsIOTcs co BpemeneM. Ho
TaM Mbl Mpeano/iarajii, YTo NapaMeTpbl CHCTEMbl H3MEHSIOTCSE Mef-
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JIEHHO. DTO MO3BOJIMJO CBECTH 3aja4y K H3Y4YeHHIO CHCTEMbl BHAA

1=eX(x, y, s),
g=w(x)+e¥(x, gy, 3), (5.1")
$§=e.

Cucrema (5.1””) comepXHuT TONbKO OAHY GBICTPYIO MEPEMEHHYIO H,
B OTJIHYHe OT cHcTeMbl (5.17), Moxer GLITb M3yueHa MeTOJaMH, H3-
JIO2KeHHBIMH B TpeAblayileM naparpade.

2. Meron, ®ypbe. Ha HekoTOpoe BpeMsi Mbl CHOBa BepHeMCsl
K cucreMe (4.1). B npeabiaymem naparpage Obl1 H3JOXKEH METOZ
ee aCHMITOTHYECKOI'O HHTerpHpoBaHusi. CyllecTBEHHBIM 3JeMEeHTOM
H3JIOXKEHHOTo a/JroputMa Obina 3ajava onpejedeHus QYHKLUHH
F(x, y), ynoeaerBopswomed caenylowemy auddepeHuHaibHOMY
YPaBHEHHIO B YaCTHBIX MPOH3BOAHBIX HlepBoro mopsjika:

L&D~y (x, )= D (x), (5.2)

rae V(x, y) — nepuonuyeckas ¢pyHkuusi y nepuona I. OcoGeHHoCTb
3TOM 3ajlayu cocTosiia B ToM, 4To ¢yHkuus D(x) Takxke Gbina He-
H3BECTHOH M HaxoJujach M3 YCJOBHSI OrpaHHYEHHOCTH (YHKLUHM
F(x, y) npu y — oo. B npeapiaymem naparpade Mbl H3JOKHIH CIO-
co6 pemenusi 3Toil 3afaud. Ee MOXHO pellMTh TaKXe M METOJOM
®ypbe, K H3/10XKEHHIO KOTOPOrO Mbl epexoJHM.

Tak kak ¢yHkuus V(x, y) nepHoAHyecKas Mo Y, TO OHa MOXKeT
6biTh NpefcTaBaeHa B Bufe paga ®ypobe

Rex 400

Vi 9= 2 a (x) e,

= =00

nl

rae ! =2n/T, npuuem ao—-— f Vix, y)dy= V (x). VY paBHenne (5.2)
~n
nepenuiueM 'reneph B CJeAyloleM BHIE:

Te= Y a® e +7 (1= D). (5.3)
k0
®yukuua F, npoHssoaHas Kotopoit mo y umeer BHA (5.3), mMoXer
6biTh npeicTabieHa B dopMe pala
k=400

F(x, y) = k=§» by (x) e'*Y + ¢ (x) y. (5.4)

Ecau noactraButh psifi (5.4) B ypaBHenHs (5.3) M cCpaBHHTb KO3¢-
dHIHeHTH NPH OAMHAKOBLIX CTeMeHAX 3KCIOHEHTHl, TO HaiifieM He-
H3BecTHble QYHKUHH by (X) U c(x)

belx) =28 (k3£0), c()=V()=D(x). (6.4
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dynknus be(x) ompeleneHa ObITb He MOXET — 3TO IPOH3BOJIbHAsA
NOCTOSIHHAs HHTErPHPOBAHHS.

W3 npeacraBnenus (5.4) cpasy caelylOT pe3ysbTaTbl, KOTOpbie
HaMH yxXe ObliM MoJYyueHbl APYrUM NyTeM: MJIsl Toro uroObl pellie-
HHe ypaBHeHHs1 (5.2) OblJIO OrpaHHYeHO NpH Y —> * oo, HEOGXOAUMO
H JocTtaToyHo, utoObl ¢=0, T. e. uTo6bl MMeJO MECTO PaBeHCTBO

D(x)=V(x).

[Tpu BLIMONHEHHHM 3TOro YCJOBHs pellleHHe ypaBHeHus (5.2), T. e.
byHkuus F(x, y), oka3biBaeTcsi NmepHOAHYeCKOH (YHKLHeH y.

3. Onucanue aaroputmMa B Hepe3oHaHCHom cayuae. [lepefizem
Temepb K PacCMOTPEHHIO CHCTeMbl C JABYyMs BpalllalollUMHcA ¢a-
3aMu. [Toqo6HO TOMy Kak Mbl 3TO [esaJlH B NpeabiayllieM Hapa-
rpade, cHoBa GyneM pa3biCKHBaTb HEKOTOPYIO 3aMeHY NepeMeHHbIX

x=X+teu (X, §, 2)+%u,+
y=1g+ev (%, j, 2)+ vy + (5.5)
z=Z+ew,(%, g, 2)+ew,+ ...,

KOTOpasi NO3BOJSIeT YPaBHEHHs /s MeJNJeHHBIX NBHXKeHHH OTIe-
JHUTb OT ypaBHeHHH st ObICTpbIX ABHMXKeHHH. JIpyruMH cJoBaMH,
CHCTEMa OTHOCHTEJIbHO HOBbIX NMEePEeMeHHbIX ¥, § H Z JOJXKHAa HMeTb
BUI

% =ed, (%) + €24, (%) +
§=o (%) +eB; (%) + e By (%) + , (5.6)
Z=MA(%)+eCy (%) + 2Co (D) + ... .

dyukuuu u; (%, 7,z), vi(%,7,z) ¥ wi(Z,y,z) OyleM cuuTaTb Orpa-
HHYeHHbIMH QYHKIHAMH § M Z NIPH § — = 00 H z — = oo.
[Moacrasass psaasl (5.5) u (5.6) B ypashenus (5.1) u cpaBHH-
Basi KO3(GULUHEHTH NPH OAHHAKOBbIX CTENEHAX NMapaMerTpa g, noay-
YHM ypaBHeHHs [IJsi OnpelleJieHHs HEH3BeCTHBIX (YHKIHH, BXOAd-
urux B BoipaxeHus (5.5) u (5.6).
BhinuiuieM ToAbKO YpaBHeHHst epBoro NpuG/InKeHHs

91 o () + D20 (D) =X (%, §, 2 0)— Ai(3),

05
%m(x)+-‘(’;’?'x(x)= Y g 2z 0)+

+ o, (%, §, 2)—Bi (%), (5.7)
awl ow

+ A'.\'ul (2', g» 2)—01(2')'

0y
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YpaBHeHHsI TNOCHENYIOIHX NPHONHXKEHHH HMEIOT TaKOH XKe ‘BHA.
TakuM o6pa3oM, BHIUKC/IEHHE KaXkIOro M3 4ieHoB psjgoB (5.5) cso-
IOUTCS K MHTErPUPOBAHHIO YpaBHEHHS

FEbD o)+ L DA()=U(x, 5. - D(x), (68)

rae U — dyHKIUHA nepHOAHYECKas Mo y H 2 ¢ nepuoxnamu T,=2n/l
211
uT 2=~ COOTBeTCTBEHHO.
Paccmorpum nepBoe u3 vpapHeHHii cucteMmb (5.7). ®ynkuus X

0 YCJOBHIO fIBJISIETCS] MEPHOAHYECKOA Mo mepeMeHHHIM j u Z. Cne-
JI0BaTeJNbHO, e MOXHO NMPeACTaBHTb B BuAe ABoiHoro psga Pypoe

k=400 §=+o00

X 5, 2= 2 X ap(x)e Givemd, (5.9)

k=—~00 §=—o00

Jlna oTbICKaHHSI OrpaHHYeHHOro peineHHsi ypaBHeHus (5.8) MH Mo-

XKeM Bocmonb3oBaTbcsi MeTogoM Pypbe, cxeMa KOTOPOro H3/noXkKeHa

B NpeAbioyllieM NMyHKTe AaHHOro maparpada. s atoro 3aMeTuM,

yto GyHKRUMA ui(ZE, §, Z), KOoTOpas YAOBJETBOPSIET 3TOMY YypaBHe-
HHIO, NIPeICTaBHMa B BHJE
k=400 gm400

u (%, g, 2= Z Dl bys(x)exp (iklg + ism2) +c (%) § + d (%) 2.
-—m S = —00

(5.10)

IMoxcraBass BbipaxeHusi nasi X u uy B nepBoe U3 ypasHeHHi (5.7)

H CpaBHHBas K03q)q)P[I.lP[eHTbl NMPH 3KCNIOHEHTAaX ¢ OJHHAKOBbLIMH MO-
Ka3aTeJqsaMH, IOJNYYHM

(x)
- agg (%)
bs (%) = rato 5wty (5.11)

c(¥) @ (%) + d (%)M (%) = ag (%) — A (%).
BennuuHa b (x) ocraercss HeonpeneseHHOM.
Kak mnokasmBaer BhpaxkeHue (5.10), I OrpaHHYEHHOCTH U

Heo6xonumo mnpuHATh ¢=0 u d=0. Ho 310 MBI MOXeM caenatb
JHIIbL B TOM CJy4ae, Koraa

A1=aoo=X(E).

31ech ycpeiHeHHe MPOBOAHTCA MO 00eHM ObiCTPHIM mepeMeHHbIM
Ty T,

)‘((x)=ﬁoj ofxo-c, g, 2, 0)djdz,
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AHanoOrHyHO HCCNenyIOTCs W ApPYrue YypaBHeHus cucrembl (5.7).
Hrtak, u3s paccMOTpeHHsi MepBOro MPHGMHIKeHHS MBI MOJyyaeM cie-
AylouiHe BHIPa’KeHHs:

A=X,
B, =Y + 0,4, (% i, 2),

Ci=Z+ M0, (% y 2),

%) (=
A ag] (x) . _ _ )
= 24 i(kl(: + smn) eXp i (klg + sm2) + af? (%),
s kA0 (5.12)
1 a¥ (%) ) ) ) )
U= 2‘ i (kl(:s+ smA) expt (kly + sz) + a(()y) (x)»
s, k#0

(2) (=
N ag, (%) . - S
w = ) ome"p (kL + sm2) + aff (%)

s, k#*

3nect a¥ u af) —xosbduunentst pasnoxenudi B pan Pypee
dyHkumit Y —o,uy W Z — A cOOTBETCTBeHHO, af?, a¥ u afd —
NpousBo/ibHble QYHKUHH. DTH QYHKUHH MOTYT GbiTb BbIGpPaHBl MO
NPOH3BOJY, H HX BBIGOD He OTpaxkaeTcs Ha TouHocTH pemeHus. Co-
BEpIIEHHO aHAJOTHYHO BHIYHC/IAIOTCA MOC/AeAylollHe NPHGAHMKEHHS.

Ins toro uto6ul dopmyawr (5.12), a Takxke H Bcs mpouesypa
HMEJNH CMbIc], HeO6XOAHMO, 4TOOB HH OAHH H3 3HaMeHaTesed He
obpauiajcs B Hyab, T. €. 4TOObl He CYLIECTBOBAJO LeNbIX 4Hcen K
H S TaKHX, 4TO

Rlo+smi=0.

AT0T cAyyall YCIOBHUMCSA Ha3blBaTh HEPe3OHaHCHBIM.

Hrtak, MBl H3JOXHIH cXeMy pacuera NPHOJHKEHHOro peLIeHHs
CHCTEMBbI, HMelolleil aABe ObicTpble NepeMeHHBHE B HEePe3OHaHCHOM
cayyae. Brimuiiem ypaBHeHusi, Onpefensioline MnepBoe mpuUGAHIKe-
HHEe X=F,

Ty T
’:‘=?f‘r:! ofxoz, 7, 3)djdz. (5.13)

YpasHenue (5.13) ecrectBeHHO Ha3BaTb ypaBHeHHeM Bau-zep-ITons
B c/iy4ae ABYX ObICTpBIX mepeMeHHbIX. [l ero cocrasieHuss Ham
OKa3a/ochb AOCTAaTOYHBIM MNPHBECTH OCPeIHEHHe He3aBHCHMO MO
06eHM nepeMeHHBIM.

OnpenenuB (HanpuMep, YHCNAEHHO) pelleHHe HeJHHEHHOro ypas-
Henus (5.13), Mbl MoXKeM HaHTH HEH3BECTHble ¥ H Z, KaK ¥ B MpQ-
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crefeM ciayyae oJHOH ObICTpON mepeMeHHOH, NPH NMOMOIIH KBai-
paryp.

4. Pe3oHaHCHBIA cayyali. Mb y>Xe 3aMeTHJH, 4TO A/ peasiu3a-
UHH H3JI0XKEHHOro cnocoGa pasjieleHHs1 ABHXEHHH BO BCAKOM Cay-
yae Heo6xoauMO, 4ToGb HH ONHH M3 3HaMeHartenell B dopmynax
(5.12) He ofpawmajcsi B Hyab. JIpyrHMH CJOBaMH, ajJrOpHTM IIO-
CTPOEHHl AaCHMITOTHYECKOrO peLIeHHs, CBOASIIHACA K He3aBHCH-
MOMY OCPeJHEHHIO MO0 0GeHM OBICTPLIM NepeMEeHHbLIM, HMeeT CMBICH
TONBKO B TOM C/y4ae, eciH B NpoLecce H3MeHeHHsl MeIJeHHOH me-
PeMeHHOH x MOCJeNHsAs He OKa)eTcsi KOPHEM YpaBHEHHS

klo (x) +smh(x) =0, (5.14)

rae B H S — NPOH3BOJIbHBIE Le/ble B3aHMHO MPOCThE YHCJAa — IMO-
JOXHTE/NbHbIE MIH OTpHuUATeJbHble. Tak Kak 3apaHee HeJib3si OIH-
cath 3Ty o6nacTh M3MEHEHHs NEePEeMEHHOH X, TO B Ipolecce HHTe-
rpupoBanus ypaBHeHHsi (5.13) MBI JOJXKHBEI BCe BPEeMsi NMPOBEPSiTh,
He OKasanachb JM BeJMYMHA X B OKPECTHOCTH KOPHfI YypaBHEHHS
(5.14). Tonbko B TOM YacTHOM cJy4dae, KOTIa BeJIHYHHBl @ H A He
3aBHCAT OT X, YCJIOBHE INPHMEHHMOCTH H3JIOXKEHHOTO aJropHTMa
MOXHO MpPOBEPHTb O HHTErpHPOBAaHHA cucTeMbl (5.13).

Cnyuyan, B KOTOPBIX MOXeT GbITb HCIOJAb30BaH JaHHBIH aJro-
PHTM, Mbl YCJIOBHJHCh Ha3biBaThb HEPE30HAHCHBIMH. PesoHaHCHOMN
Mbl GyneM Ha3bBaTh CHTYaUHIO, KOTOpas BO3HHKAeT B TOM CJjydae,
KOTJa «aMILIHTYJIa» X OKa3blBaeTcsl B OKPECTHOCTH KOPHS ypaBHe-
Husa (5.14). Eciu «4acToTel® @ H A HE 3aBHCAT OT X, TO PE30OHaHCOM
yCIOBHMCA Ha3blEaTh SIBJAEHHS, BO3HHKAIKOIIHE B CHCTEMe TOrAa,
KOFJ1a YacCTOTHl ® H A CBfI3aHLI YCJIOBHEM

klo+smAi=0,

rae B u s — mo6ble uUenble YHCAa, NMOJOXKHTENbHblE HJAH OTpHILA-
TeJbHLIE.
Curyauuio, npu Kotopoit (k| =|s|, 7. e. korna

loxmA=0,

GyneM HasbiBaTh 22a8HbiM pe3oHaHcoM. Cayyal mpOH3BOJMBLHBIX R
H § HasbiBaeTcsi OGLIYHO KOMOUHAYUOHHLIM pe3OoHaHCOM (B dacT-
HOCTH, pOGHBIM HJIH KPaTHBIM).
" 5. HccaenoBaHHe rJaBHOr0 pPe3OHAHCA B cJy4yae NOCTOSHHBIX
yacToT. Bennuuny
h*=Fklo (x) +smh(x)

OOBbIYHO HA3bLIBAIOT paccrpodlcoﬁ. YcnoBuMcs Ha3LIBATH OKpecCTHO-
CTbI0O pE30HaHCa TakKoe COOTHOLIEeHHEe mapaMeTpoB, NMPH KOTODPOM
BeIHuHHA PacCTPOHKK A* Mana: A*=gh. B oKpecTHOCTH pe3oHaHCa
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TaKXKe MOXeT ObITb MOCTPOEH MPOLECC aCHMNTOTHYECKOT'O HHTErpH-
poBanusi. OHaKO B 3TOM c/yyae acCHMNTOTHKa GyleT MHOM, HEXeaH
Ta, KoTopas naercs ¢opmynamu (5.12) u (5.13).

Hrak, 6ynem mpeamonarathb, YTO Mbl H3yyaeM [BHIKEHHE B OK-
PECTHOCTH TOYKH x=x* rpe x* — kopeHb ypaBHeHHs (5.14), KoTO-
poe Mbl MOXeM MHcaThb B dopme

o(x")= -sg Ax"), (5.15)

MOCKOJNbKY B3aHMHO MPOCThie Le/Nble YyKcaa S U kB MoryT ObiTh H MO-
JIOXKHTEJIbHBIMH H OTPHIIATE/bHbIMH. M3yueHHe pe30HaHCHBIX siBle-
HHH HayHeM C aHa/lH3a IJaBHOro pesoHaHca S=k=1 npH momnoJ-
HUTEJILHOM YCJIOBHH, YTO YacTOThl ®» H A He 3aBHCHAT OT «aMIJIH-
TyAb» x. Toraa nosnoxum

A= % +e -r%
M BLIMHIIEM HCXOAHYIO CHCTEMY yPaBHEHHH B BHIE
i=eX(x, y, 2),
g=o+¢eY(x, y, 2),

(5.
=—+e{Z(x, Yy, 2)+— } &40

rae X u Y ABAsIOTCA NEPHOAHYECKHMH (PYHKLIHSAMH Y W 2 mMepuoia
2n/l ¥ 2nt/m cOOTBETCTBEHHO.

B paccMaTpuBaeMOM cJyyae YacTOThl w H A YIOBJETBOPSIOT
ypaBHeHHI0 (5.15) TOXKIecTBEHHO MO X, T. €. Pe30HAHCHAs CYTyalus
HMeeT MecTo A1f JI00o# «aMniautynbly» x. IIpsiMoe Hcnoab3oBaHue
aJropuTMa acHMNTOTHYECKOrO HHTErPHPOBAHHS, H3JOKEHHOIO B
npenblAyLieM NyHKTE, CMbIC/Aa He HMeer. [Io3ToMy BMecCTo mepemeH-
HO#t y BBeleM HoBoe nepeMeHHoe O (caBur ¢dasnl)

0= % 2—y.
OHo Gyzner yIOB/IETBOPATbh YPaBHEHHIO
e=—w'(x, 22—, z), (5.17)
rae 9 umeer BHJI
®'(x, 0, z)=s{[Z(x, %z—-e, z)+n—’:]%— Y(x, T’"z-e, z)}
OcranbHble ypaBHeHHS cHcTeMbl (5.16) Mbl mepenuuieM Tak:

—eX(x, —_2— Oz)

z‘=—”% o{z(x G20, )+t
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Urak, cuctemy ypaBHeHu# (5.16) MOXKHO Tenepb MNpeiacTaBHUTb B
C/eAyIoLleM BHJE:

i=eX (x, 0, 2),
0=ed"(x, 0, 2),

o A (5.18)
é=7+8{z*(x, ev Z)—;},

rae cMbica oGo3Hauenuit X*, 0% u Z* coBepmeHHo oueBuieH. DYHK-
uud X*, 0% M Z* aBAAOTCA NepHOAHYecKHMH no 2. [lepemenHas 2
BXOJHUT B IpaBble 4acTH cucTeMbl (5.18) nBymsi cnoco6amu. Bo-mep-
BbIX, CIMOCTOSITEIbHO H, BO-BTOPbIX, B KoMOGuHauuu (m/l)z— 0.
[TpaBbie yactu cucteMbl (5.18) 6ynyt nepuoiHyecKUMH GYHKIHAMH
nepeMeHHOH 2, BbiCTynamwlliefi B cBoeM IepBOM KauecTBe, NepHola
T,=2n/m, a TaKXe mNepHOLMYECKHUMH GYHKUUSIMH KOMOHHAIHH
(m/lyz — 6 nepuopa T,=2n/l. CnenoBaTenbHO, OHH SBJASIOTCA Iie-

puoIuYecKHMH (YHKLIHSAMH NepPeMeHHOH 2, BbicTynalolied BO BTO-
21

poM KauecTBe, MepHOAa T;=%Ty=7n—. Hrtak, okasbiBaeTcsi, 4TO
byuakuun X*, 0¥ u Z*, paccmatpuBaeMble KaK (YHKUMH NepeMeH-
HOM 2, UMEIOT NepHox 2n/m.

CkaJsisipHasi BeJIHYHHA O fiBJAsieTCsl MeIJIeHHO H3MeHsIouledcs mne-
pemeHHo#. [Tostomy cucrema (5.18), B oTiinune oT cuctembt (5.16),
ABJSIETCA CHCTEMOM C ONHOM, a He ABYMs Bpaujalomumucs $asamu
H, C/le0BaTe/NbHO, ee H3yyeHHe MoXKeT OblTb NMPOBEZEHO METOLAMH
obuiell TeopHH, H3/M0OXKeHHOH B mpeabiayuiux naparpadax. Ecau mbi
OrpaHHYMMCSl H3yYeHHEM MepBOro NpHOGJIHIKEHHS, TO HOJKHBI BbINHU-
caTb yKOpoueHHble ypaBHeHHsi BaH-nmep-Ilodasi, kotopble HMelOT cile-
LYIOLIKH BHI:

, i=¢eX' (% 0), } 619

x=2Xx
0=0, 0=¢e0"(% 0).
st onpeneneHusi GbICTPOl mepeMeHHOH cJeldyeT BLIYMC/AHTb KBaj-

parypy t
z=zo+ A +e j Z*(%, 8, 2)dt. (5.20)
0

prCIlHeHHe B 3THX q)opmynax NPOHU3BOAHUTCA MO NMEpHOAY Tz, T. €.
2n/m

X (x, e)=-2%f X' (x, 8, 2)dz
0

HT. A
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[lpuMeuanusn. 1. BaXHbIM yacTHBIM cJayyaeM pacCMOTpeH-
HOH 3ajaun siBAsieTcsl TOT, B KoTopoM w=A H T,=T,. DroT cay4ah
6yner cnewHanbHO paccMoTpeH Huxe. K HeMy cBoauTcs 3ajaua
O IJIaBHOM pe3OHaHCe B KBa3HJHHEHHBIX CHCTeMaXx.

2. JlBuxKeHHsl, KOTOpbie OMHCHIBAIOTCH YpaBHeHWsiMH (5.19) o
(5.20), Ha3niBawoTcsi pedoHaHCHbIMH. CpelH 3THX IBHXKeHHHA ocoboe
3HayeHHe HMeEIOT YCTaHOBHBIIHeCs pe3oHaHCHble ABHXKeHHs. [loso-
#uB £=0=0, MBI MONYYHM CHCTEMY TPAHCLEHAEHTHBIX ypPaBHEHHH

X*(x, 8)=0, &*(x, 6)=0.

JleBbie yacTH 3THX ypaBHeHHH 3aBHCAT OT MapameTrpa /I pacCTPOHKH.
[naBHOe, uTO MpeACTaB/AsieT HHTepeC AASl TeXHHKH, 3TO 3aBHCHMOCTh
CTallHOHAapHBIX 3HaueHHA X H O OT 3HaueHHs mapameTtpa h.

Mbi paccMoTpesiH fIBJeHHe TJIaBHOTO pe3oHaHca JJis TOTO 4acT-
HOTO cJiyyasi, KOFla YacTOThl A H ® He 3aBHCSIT OT AMIJIHTYAH X.
OcHoBHasi ero 0cO6eHHOCTb COCTOHT B TOM, UTO Pe30HaHCHasi CHTya-
IIHsl He U3MEHsIeTCsl IPH H3MeHEeHHH aMIIHTYIbl X.

6. OGwuii cayvadi raaBHOro pesoHaHca. Paccmorpum Gosee
O6ILHA cayyaH, KOrjla 4acTOThl @ H A 3aBHCHT OT X, T. €. o=w(x),
A=A(x). IlpeanosoxuM cHauaJsa, uTO MEPHOAH 110 06eHM GLICTPBIM
nepeMeHHBIM coBiagaioT. Toraa ycnoBue raaBHOro pesoHaHca Gy-
JeT HMeThb BHJ

A(x)=0w(x) +eh(x).

O603HauuM uepe3 x* KOpeHb 3TOro ypaBHeHusi npu h=0 u orpaHu-
YHMCSi PaCCMOTPEHHEM TOJIbKO TOi 00JlacTH H3MeHEHHs aMIINTYAbI,
KOTOpasi HaXOJMTCS B OKPEeCTHOCTH TOUKH X*. JIpyrumu cjioBamy,
pasHocTb X — X* YCJOBHMCSi CYHTaTh MaJIOH BeJHYHHOH NepBOro
nopsiika.

PaccMoTpuM cuetemy

r=¢eX(x, y, 2),
y=o0(x)+eY(x, y, 2), (6.21)
2=A(x)+eZ(x, y, 2)
H CHOBa cllenaeM 3aMeHy y=2 — 0. Toraa, nosnaras
A(x) — o(x) =¢eh(x),
MbI IPHIEM K CHCTeMe ypaBHeHHH BHIA
x=eX"(x, 0, z",
6=¢08"(x, 6, 2), (5.22)
2=A(x)+¢eZ'(x, 0, 2),
rae cmbica oGosHauenusn X, 0* u Z* ouesufeH. Hanpumep,
O*=Z(x,2—0,2) —Y(x, 2—0, 2) +h(x).
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®opmanbHo cuctema (5.22) coBeplIEHHO aHAJOrHYHAa CHCTEMe
(5.18), U A MOCTPOEHMS aCHMNTOTHYECKOrO pelleHHsi HaM JoCTa-
TOYHO MNPOBECTH YcpeAHeHHe mno ObicTpoMy nepemeHHomy 2. On-
HaKo MO CYWECTBY 3TH 3alayH CYLIeCTBEHHO OTJHYAalTCA APYr OT
apyra. IlpeactaBuM ceGe, uTo MHl peliaeM 3agauy Kouwm ans cu-
cteMbl (5.22) ¥ mycTh B Haya/JbHBIi MOMEHT HMeJa MECTO Pe30HaHC-
Has cuTyauus, T. €. nyctb npu £ =0 pasHocts A(x(0))— w(x(0))
O6bina BenHuHnoM Masioil. OJHAKO C TeYeHHEM BpPEMEHHM BeJHYHHa
3TOM Pa3HOCTH MOXET KaK YFrOJHO M3MEHHTbCH, M TOTAa Bce paccy-
JKJAeHHsl motepsiloT cMbiCA. ToT -haKT, 4TO BCce HccmeloBaHHE MPOBO-
JIHTCA TOJNBKO B &-OKPECTHOCTH TOYKH X*, MO3BO/MAET cHAeNaTh HEKO-
Topble ynpouleHHs. IlpeAnonoXuM, 4TO Mbl OrpaHMYMBaeMCsl pac-
CMOTpeHHeM ypaBHeHHH mnepBoro npubauxenus. Torna

i=eX"(x, 0),

0=ed" (x, 0)=e{Z"(x, 8) =Y (x, B)} +eh(x), (5.23)

2=A(x)+eZ"(x, 6).
Ycpeanenne B cuctreme (5.23) nponsseseHo mo nepemMeHHoi 2. Mbl He
M3MEHHM TOYHOCTH MPHOMHIKEHHS, eciu B BennuuHax nopsajaka O (e)
gonyctuM OWHOKY mopsinka O(e). IMoatomMy B paMKax NpPHHATOMH

TOYHOCTH MBI MOXKEM MOJIOXKHTb eh(x) = (X — x*) (Ax(x*) — wx(x*))
1 3aMeHuTb cHcteMy (5.23) Takoii:

i=eX"(x°, 0),
0=(x—xYA, () —a,(x")+ e{Z—' (x*, ) —Y"(x*, 0)}, (5.24)
2=MA(x)+eZ"(x°, ).

Huxe Mbl elle He OfiMH pa3 GyjeM Bo3BpallaThcs K cucTeme (5.24)
H ybeIuMcsi B ee mpeuMyllecTBax mnepel cucremoit (5.23).

B 3ak/ioueHHe OCTaHOBHMCA Ha oOLUeM cJy4yae IJaBHOrO pe3o-
HaHca, Korja nepuoiwnl T, u T, He paBHB ApPYyr ApYry

25 2%
Ty=7> Te=7%0 I#m

B 3tom cjlyyae ycJjoBH€ IMIaBHOro pe3oHaHCa HMeeT BHA

lo (x) eh
—m vt = A (x).

O603HauuM CHOBA 4yepe3 x* KOPeHb YypaBHEHHs

—l"ik(x')—m(x')=0
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¥ BMECTO NepeMeHHO# y BBeleM CABHI ¢a3 0. 3aMeHa mepeMeHHHIX
Tenepb 6yaeT HMeTb BHA

0="F2—y. (5.25)

CaenoBaTenbHO, 3aBUCHMOCTL 0 (f) OyAeT OMMCHIBaTbCH CJEAYIOIHM
ypaBHEHHeM:

0=e%+e{z(x, Lapy z)——Y(x, 2z-0, z)}-—-:
=(x—-x')(—?l,,(x‘)—(o(x‘))+e{Z(x, i",—z—e, z)—';’—
—¥(x Tz-0, z)}+0(e2)=eﬁ‘ (x, z, 8). (5.26)

[Tocne 3aMeHbl (5.25) nepemeHHas 2 GyAeT BXOAHTb B MpaBLie 4a-
ctn ypasHenuit (5.21) caMocTosTesnbHO M B KoMGuHauuu (m/l)z — 6.
IpaBbie yacTu 6yAyT nepHoAHYeCKHMH QYHKUHSMH 2 nepuoaa 2m/m
M TMepHOAHYeCKMMH (YHKUMsMH BeauuuHsl (m/l)z nepuopa 2w/l
CienoBaTesnbHO, MEpHOA MO apryMeHTY 2, BXOAslleMy B KOMOGHHa-
IHIO (m/l)z—O, tTakke O6yner paseH 2m/m. Takum oGpasom,
¢yHkuun X*, 0* u Z* 6yayT uMeTh nepuoj Mo MepeMeHHOH 2, paB-
HBIl 27/m, W NpH Nepexoje K YKOPOUEHHOH CHCTeMe Mbl JAOJXKHBI
yCpeaHATb MO 3TOMY MepHOAY.

7. KomGnhaunoHnbie pe3oHaHchl. Mbl paccMoTpesn cnocoGel
MOCTPOEHHs1 aCHMNTOTHYECKHX YPaBHEHHH B CJyuae IVIaBHOrO pe3o-
HaHca. [locienHnii sBnsiercs Haubojee BaXHBIM C MPHKJ/IAJHOH
TouKH 3peHuss. OJlHAaKO B TeOpHH KoseOaHHH H HEKOTOPHIX APYTHX
ob6sacTaXx (U3HKH M MeXaHHKH Mbl CTaJKHBaeMcs C HeoO6XoAnMo-
CTbI0O H3YyYeHHA TaKke H KOMOHHAUHOHHbIX pe3oHaHCOB. B 3ToM
c/yyae COOTHOLLIEHHE YacTOT @ M A ompeaesasietcs ¢opmyaoi (5.15).
CiienoBaTesibHO, Mbl 6YAE€M CUHTATh, YTO

A(x)— (o(x)+e h(x)

rie 2 u s — Hesble YHCIa MOJNOXKHTENbHEE WJIH OTPHIIAaTeNbHble.
H3yueHHe KOMOHHALHOHHBIX PE3OHAHCOB MOXHO MPOBOAHMTHL MO
n3joxennon cxeme. [lpexpae Bcero clenaeMm 3aMmeHy Tuma (5.25)

9————-z Y,

eh

N (5.27)
preed x)( Ag(x®)— o),,(x‘)).
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Y paBuenue (5.26) 6yner Temepb TaKuM:
6=(x——x*)(sk—'7kx(x’)—o)x(x'))+
sm sm *
+e{k—lz(x, 22 -0, z) Y(x, —sz—G, z)}=e& (x, 2, 0).

Takum o6pas3om, mocne 3amenbl (5.27) mepemeHHass z 6ynmeT BXo-
IUTb B npaBble yactH (5.21) mBaXKABl: KaK caMOCToOsiTe/bHas mepe-
MEHHafl U MO 3TOH NepeMeHHOH npaBble yacTH OYAYT MepuUOAHYE-
CKMMH (QYHKUMAAMH nepuojga I,=2x/m u B Bule KOMOMHALMH
(sm/kl)z — 0. [TpaBble uyactH cuctemsl (5.21) 6ymyr nepHomuue-
CKMMH (YHKUMAMH nepeMeHHol (smfkl)z mepuopa T,=2gx/l. Cne-
JL0BaTeNbHO, N0 NePeMEeHHOl 2, KOTOpast BXOAUT B 3Ty KOMOMHALHIO,
¢yHKUHM OYAYT UMETb MepHOJ,

[&]l_ 2n|k|

T Tylslm |s|m

.

[Mepuon T, npaBbix yacrei cucteMbl (5.21) mo nepemenHol z 6ymer,
TakHM 006pa3oM, paBeH HauMEHbLIeMY KpPaTHOMY MepHOJ0B

_ 2= + 2n |kl
T’—W H T’_Islm

3HauuT, NpaBble yacTH cucteMbl (5.21) mocae 3aMenn! (5.25) ocrta-
HYTCA NMEePHOAHYECKHMH (YHKLUHAMH OBLICTPOIN NMepeMEeHHOH Z, HO HX
nepuoa T, 6yner Tenepb paBeH

= 2n | k
Tz= ,InI’

M TpH Nepexoje K YKOPOYEHHEIM YPaBHEHHAM YCpPeIHEHHE CJeayeT
NpoBOAMTHL No nepuony T,.

8. YcranoBuswuecs pexumbl. B pamkax Teopuu mepsoro mpmu-
6JHXeHHs PACCMOTPHM 3ajayy o6 OTHICKAHMH YCTaHOBHMBLIHXCH pe-
XHMOB B CHCTE€Max ¢ JAByMsl Bpamawouumucs ¢asamu. Ecin B cu-
creme (5.1) uacToThl @ (Xx) u A(X) He YHOBNETBOPAIOT COOTHOLUEHHIO
pe3oHaHca, TO COOTBETCTBYIOILIAsi YKOPOYEHHAsi CHCTEMa HMEET BHJ
(cMm. (5.13))

= eX (x), ]

y=o0(x)+eY (x), (5.28)
=A(x)+eZ(x), |
TAe ycpelHeHHE NMPOBEAEHO Mo 06eHM OLICTPHIM MEpeMEHHBIM ¥ H 2.

~

OTbicKaHHe CTAaUHOHAPHBIX «aMIJHTYA» % CBOAMTCH K OTHICKAHHIO
pellleHHsl TPAaHCUEHAEHTHOTO YpPaBHEHHS

X (&) =0. (5.29)
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Tak Kak x — BeKTOpHas BeJH4YHHa, TO ypaBHeHue (5.29) — 3T0 cH-
CTéMa TPaHCUEHAEHTHbIX YPaBHEHHH, KOJHYECTBO KOTOPHIX PaBHO
pasMepHocTH BeKtopa x. Iloc/iefHHe ABa CKaAspPHbIX ypaBHEHHs MO-
3BOJIAIIOT OMpeJeJquTh CKOPOCTb BpallleHHs (a3 kaK GyHKUMIO aM-
TWIHTY OBl

Q -~ —_ -~ Y -~
(%) = o (%) +eY (%), } (5.30)

A (&) =A(R)+eZ (7).

Takolt e cnoco6 paccyieHHs NMPHMEHHM H B PE30HAHCHOM CJay-
yae, TOJbKO K YHCJY BeJHYHH, CTALlHOHaPHOE 3HaueHHe KOTOPbIX MbI
JDOJKHBL 6yfieM onpefesuThb, CJAEAYEeT TeNepb OTHECTH TaKxKe H CABHI
dasml 0.

PaccmMoTpuM o6uuii ciyyaii KOMOHHALMOHHOTO pe30HaHCa

@ (x) =27 A (x) (5.31)

M BbIMHILEM YPaBHEHHs, ompelessiollie CTallHOHAPHBIE PEXHMBbI
X' (%, 6)=0,

- - (5.32)
2@ -0@=e{V 8- Z°F 0).

PaspemuB 3ty cucreMy, Mbl no dopmynaam (5.30) ompepensiem cko-
poctu BpauleHus ¢a3 Q(F) u A(F). 3ameTHM, 4TO HaM JOCTAaTOYHO
BBIYHCJIHTb TOJbKO OZHY M3 3THX BEJHYHH, TaK KaK CABHr (a3 no-
CTOSIHEH B YCJIOBHMAX CTallHOHAapHOro pexuma. Tak Kak

sm . .
O=Fr2=0

TO H3 3TOTO PaBEHCTBa Cpasy CjaeAyeT, YTo
Q%) =7 A(3).

Urak, B obleM ciaydyae 3ajaua ONpefeseHHs CTalHOHapPHBIX pe3o-
HaHCHBIX PEXHMOB CBOJHUTCH K OTbiCKAHHIO pelieHHA CHCTeMbl N1
TPAHCLUEHAEHTHOrO YPaBHEHHS.

B ToM cayuae, Korga CKOpoCTH BpaulleHHs ¢a3 o H A 3aBHCAT
OT X, Mbl JO/IXKHBI HCKaTb YCTAaHOBUBIUHHCS PEXHM B OKPECTHOCTH
BEJMYHHBI x*. DTO O6GCTOATENLCTBO AdET BO3MOXKHOCTb HECKOJbKO
YIPOCTHTb MPOLUEAYPY OTHICKaHHA CTalHOHapHoro pexkxuma. C atum
06CTOATENBCTBOM MbI IO3HAKOMHMCS Ha NMpPHMeEDe.

9. BuoinyxaeHnbie KojJeGaHus KBa3HJHHEHAHBIX cHCTeM. PaccMmoT-
PHM Tenepb 3ajavy, KOTopasi MOCJYXKHJa TOMUYKOM K CO3LAHHIO TEOo-
PHH, H3/10XXEeHHOl1 B 3TOM maparpade.



§ 5] ANFOPUTM ACUMMNTOTUUECKOTO WHTETPUPOBAHUSA 205

PaccmorpnM 3ajauy o KoJie6aHHH KBa3HJIHHEAHOTO OCLHJJIS-
TOpa, NMOJABEPXKEHHOTO ANEHCTBHUIO BHEUIHHX NEPHOAHYECKHX CHJ

E+o%=cq(E &) +ef(?), (5.33)
rie f(f) — nepuonnueckasi GyHKUUSI BpEMeHH {.
[Tonoxxum ansi ynpolueHHsi BbIKAaLOK

E=xcosy
cuctema (5.33), Kak usBectHo (cM. dpopmyay (1.7)), okaxercsi npH-
BeJIeHHOH K C/e/lYIOILEMY BHAY:
i=— "¢ (xcosy, —xmsiny)siny——e-f(t)siny, l
© © 5.34)
. e . e i (5.
y=m-—acp(xcosy, —xmsmy)c%y—mf(t)cosy.]
[Tonoxxum ANSI yNpoIEHHsI BBLIKJAaAOK ‘
f(fy=acos At (5.35)

H mepenumem cuctemy (5.34) B Buae
. e . ga .
xX= - cpsmy——m—coszsmy,

y=m—$q>cosy—%coszcosy, (5.34)

z2=A\

CnaBHbli pe3oHaHc Bo3HMKaeT B cucteMe (5.34) B TOM ciydae,
KOTZa A=, T. €. 4acTOTa BHelIHero BO36YyXJeHHs COBNAafaeT C ya-
CTOTOR KoJeGaHuA JuHeapH3oBaHHOH cHcTeMbl. PaccMoTpuM cHa-
Yajia 3TOT clyyai.
Hrak, nyctb A=w+eh. CrenaeM cTaHAapTHYIO 3aMeHy
y=z2-—190

H COCTaBMM YKOpDOUYeHHbie ypaBHeHH#1. [loc/ie oyeBHAHBIX BHIKJNAaN0K
nosnyyaem

b=— fqa(xcos(z—O), —xosin(z— (0)) X

X sin (z — 0) dz — ansin 0},
(5.36

j@(xcos(z—e), —xosin(z—0)) X

2nmc

X cos(z—-O)dz+a:r:cosB}+eh.
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[TockoNbKY 2 He BXOJMT B BHIPaXKeHHS @ SiNy H ¢ COS Y, TO B 3THUX
BbIpaXKeHHAX MOXHO He JenaTb 3aMeHbl Yy =2 — 0 H, Cel0BaTeNbHO,
3anucaTh ypaBHeHHs1 (5.36) Tak:

~

= — —— J ¢ (xcosy, —xcosiny)sinydy—ansinei,
0

21

e=2:x(,, f‘P(xCOSy, —xasiny) cosydy+ ancos 8 ¢ + eh.
0

Jins ompeleneHHsi CTaUMOHapHLIX pexHMOB %, § Gyaem uMeTb
CJIEAYIOLULYI0 CHCTEMY TPHIOHOMETPHYECKHX YpaBHEHHI:

21
. 1 .
sm.9=?aéf ¢sinydy,
} (5.37)

21
cos()=—-l h+f(pcosydy
0

na

CoBeplieHHO aHaJOTHYHO COCTABJAIOTCA YpaBHEHHSI B Clyyae KOM-
6HHAIIMOHHBIX PE30HAHCOB.

PaccMoTpuM Tenepb ABa IpHMepa, HIMIOCTPUPYIOLIUX NPHMEHe-
HHe yKa3aHHOH mpouenyphl.

10. PesonancHbie pemenns ypasHenus Jiodpdunra. PaccMorpum
ypaBHeHue THna (5.33)

£+ w?t= — et3+ea cos AL, (5.38)
rie ¢QyHKIHA
o= —F8.

CocraBuM ypaBHEHHS| OTHOCHTEJbHO aMIVIMTYAH H (a3bi

. e . .
= —TD-{xacosaysm y+ acos zsin y},

J= co—ae;{x?' cos?y + acos zcos y}, (5.39)

d=A\
PaccmoTpuM cHavasa ryiaBHBIA Pe30HAHC, MOJOXKHB

A=o+eh, y=z—0. (5.40)
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Hckarouasa nepeMenHylo y u3 ypaBHeHu# (5.39) m mposoas ycpen-
HEHHe, MOTYYHM
n
J‘c=2ﬂim fx3cos3¢sin¢d¢+ ansin® ¢,
0 (5.41)

0=— 2:®x{jx3cos4¢d¢—aucos 9}+eh.

Hurerpanbl, Bxoasuue B ypaBuenue (5.41), serko BBIYHCARAIOTCSH, H
MbI MOJyyaeM OKOHYaTeJNbHO

X=ansinb,
6=—ﬁ{%x3—aucose}+eh. (5.42)

Ilns OTbICKAHHA CTalHOHAPHBIX PeXHMOB nosoxum x£=6=0. OT-
CIofia C/leflyeT, uTo

. 8 4

sin8=0, £*——=mnohx—ancos®=0. (5.43)
[Tpu u3yyeHMH pe3OHaHCHHIX PeXXHMOB HaHOOMbLINA MHTEpecC npex-
CTaBJsieT TaK Ha3biBaeMas Pe3OHAaHCHas KpHBas, onpejensiolas
3aBHCHMOCTb AMILUIUTYAbl OT paccTpofiKH h. DTa KpHBas Xapakre-
pu3yer mnoBefeHHe Kose6aTeJbHOH CHCTEMbI
npHU NPOXOXKAEHHH yepe3 Pe3OHaHC.

ITonoxum B cucreme (5.43) 6=0. Toraa

A
HCKOMas 3aBHCHMOCTb MOKeT OBbiThb ornpeje-
JeHa H3 KyOHYyecKoro ypaBHEHHs /
F z

x3— -.g nohx — 34 an=0. (5.44)
Hetpynno y6enuTbcsi B TOM, YTO 3aBHCHMOCTb
x(h) B OKpecTHOCTH TOYKH h=0 uMeer BHI, Puc. 27,
n3obpaxenubli Ha puc. 27. [lo camoMmy cMBHI-

CJIy YCPeJHeHHs aMIVINTYIbl BeJHYHHA X MOJOXHTeabHa. [Toatomy
HaM JOCTaTOYHO PaccCMOTPeThb TOJbKO TY YaCTb KPUBOH h(X), KOTO-
pas H3o6paxeHa Ha ueprTeke. Mbl BHAMM, YTO NPH CTPEMJIEHHH
paccTpofiKH K HYJIO aMIJINTYIa CTPEMHTCH K KOHEUHOMY 3HaUeHHIO

7(0) = V 3 an. (5.45)

Cayyaili O=m, KoTOpblii Toxe yHaoBJeTBopsier cucteme (5.45), Mbl
paccMaTtpuBaTh He OyldeM, TaK Kak NPH MaJjbiX 3HaueHHsX pac-
CTPOHKH h mosnyyaloTcss OTPHLATeNbHbIE 3HAUEHHS IS aMIJIHTYHBL.

11. O KpaTHbIX pe3OHaHCax B KojeGareqbHbix cucremax. Kpart-
HbIAl PE30HAHC — 3TO YACTHBIA cyyali KOMOHHAIMOHHOTO Pe30HaHCa,
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Korpa orHoueHue k/s B popmyne (5.15) paBHO uenomy uucay. [To-
HAITHE O KPaTHOM pe30HAHCe Yy HaC yxke BCTPeyajoch He TOJBKO B
atom maparpage. B npeabiayilen riaBe Mbl pacCMOTPENTH HECKOJBKO
3ajlay TaKOro poja H M3JOXKHIH CXeMY BHIUMCJAEHHH MO METOLY
[Tyankape, koropas mo3Bojsier OOHapyXMTb YCTAHOBHBILUHICH pe-
*kHuM. B 3ToM maparpacde Mbl CHOBa Jafu ompejesieHHe KPaTHOTO
cesoHaHca. HerpynHo yGenuTbcs B TOM, YTO OHO HECKOJIBKO OTJIH-
YyaeTcs OT BBEJAEHHOTO B MpeabiayLief raase.
PaccMoTpuMm cHoBa ypaBHeHHe THHa (5.33)

E+ot=eq(E, &) +acos AL (5.46)

[Ipeo6pa3oBanue Bau-pep-Ilons Hac npuBemer K cHcTeMe YypaBHe-
HHH

i= —%q)siny——z—cos Atsiny,
{ (5.47)

. € a
y=m—aq>cosy—m—x-cosxtcosy. l

B stoM maparpacge MbB roBopHJ,iM, uto B cHcTeMe (5.47) BO3HHMKaeT
KPaTHHII PE30HAHC, €C/IH BLIMOJNHEHb ClefylollHe YCJIOBHS:

a) A=q¢o, ¢ — LeJ0e YUCJIO;

6) aMmnauTyIa BHELIHEro BO3MYLIEHHS @ — MaJjiasi BeJMYHHA Mo-
panka e: a=0/(g).

[Mocneanee yrBepKaeHHe Mbl He (DOPMYJHPOBANH B SIBHOM BHIE,
HO OHO HCMOJIb30BaJOCh CaMbIM CYILEeCTBEHHHIM oGpa3oM. B camom
Jese, Bcs Mpoueaypa OCPeAHeHHs, KaK Mbl 3HaeM, OCHOBaHa Ha
MpeanoNOXEeHUH O MeNJeHHOM H3MeHeHHH aMmIuTyabl. Takum 06-
pa3oMm, A5 (popMasbHOTO MPHMEHEHHS TEOPHH, H3JOXKEeHHOH B mpe-
OBIIYLIIMX MYHKTaxXx 3Toro maparpada, Mbli 06fi3aHbl MPEANONOKHTD
MaJIoCTb aMILIMTYIH 4.

B rnase Il Mbl paccMaTpHBaJH CHTYalHIO, KOTOpas BO3HHKAeT
B cucteMe (5.46), korna ammiutyaa a koHeuHa. [Tyctb A=qw. Torna
Mbl TOBOPHJIH, UTO HMEET MECTO Pe30HAaHC §-ro poja, eclH B CH-
creme (5.46) BO3MYyILAIOWIAs CHJA YACTOTH A=¢® HHIYUHPYET KO-
Jie6aHHsA YacTOThHl .

s Toro uto6Gul HCCJENOBATh 3TOT BONMPOC METOJaMH, H3J0XKeH-
HbIMH B JaHHOM maparpade, HaM HaJo CHaya/na MPeACTABHTb pe-
weHHe ypaBHeHus (5.46) B Buze

§=§O+n»
rae

§o = — 77—z COs AL.
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Torna HoBasi mepeMeHHasi 1 YAOBJETBOPAET ypaBHEHHIO

a

. : A .
n+02n=8<p(n—wcos7»t, n+ﬁsmf)5w (n, 0, AP).
(5.47")

K ypasHenuio (5.47°) Mbl MOXeM NPUMEHHTb CTaHIaPTHYIO MeETO-
IUKY. JLis 3T0Oro nojioXkum

n=xcosy, A=go+eh.

YpaBHeHHs I/l HOBBIX NePeMEeHHbIX GYIYT HMETb CJAefYIOLlMil BUA:
'=—-(%<p'(xcosy, —zxosing, 2)sing, |

J=0— é ¢'(xcosy, —xosiny, z)cosy, (5.48)

2=A
[TpaBble yacTH 3TOH CHCTEMBl SIBJAIOTCA MNEPHOAUYECKUMH (YHK-

UMAMH Y U 2 nepuola 2m. [nas uccaenoBaHus cucteMbl (5.48)
MOXHO YyXKe HCMNo/Nb30BaTh MeTOAb! AaHHoro maparpada. [loaaras

l .
G—Tz—y.

Mbl MpHIEM K cJefyoouiell cHcTeMe ypaBHEHHs OTHOCHTEJNbHO aM-
MJAXTYIbLI X 4 pa3HocTH ¢as 6:

x-—-—(—i—d(xcos(%—e); —xmsin(%—-e); z)cos(%z—e), l
e=e{é<p‘(x cos (%—6); — xosin (-:-—e); z)sin(%—e)+h}.]
(5.49)

[MpaBble yacTu cuctembl (5.49) — nepuoauueckne ¢yHkuuu 2. He-
TPYAHO YCTaHOBHThb, YTO nepHoi paseH 2ng. CieaoBaTenbHO, YKO-
poueHnble ypaBHeHus Ban-nep-ITons 6yayT uMeTb BHA

mq
. e . 2 — oY
X=— Inqe 6[‘ ) COS(F—e)dz=3X(x’ 6),

2nq

e . s z .
6=MJQ sin (7—9)d2+eh=36(x, ).

[Monaras £=0=0, Mbl npuaeM, pa3ymeercs, K TeM XKe pe3y./bTa-
TaM, KoTopble monyuaiorca Merogom [lyankape, eciu B HeM orpa-
HUYMTBCH BbIYHC/JAEHHEM HY/AEBOTro NpUG/IHKeHus,
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12. OauH npumep xoJjeGaTeNbHON CHCTEMBbI ¢ 6OJbIIUM YHCJIOM
cTeneneil cBo6oAbl. PaccMOTpHM CHCTEMY YpaBHeHH# BTOpOro Imo-
panka

Z;+Fi(2, 2,) =0 (i=1, 2, n) (5.50)

B KBa3MJIMHefHOM MOCTaHOBKe, MmpeamoJiaras, YTO Touka 2;=0 #B-
JSieTCsl YCTOHUMBBIM MOJIOXKeHHeM paBHoBecHs. s 3Toro MOXHoO,
HanpuMmep, CHayasna JHHeapH3oBaTh cHcteMy (5.50) H BbIUHCAHTDL ee
rJiaBHbie KOOPAHHATHI, KOTOPbIE CYLLeCTBYIOT B CHJY MPHHATHIX Mpen-
MOJIOXKEeHHHA. DTH BeNUYMHbI GYAYT JHHEHHBIMH KOMOHHALUHAMH mne-

pPeMEeHHBIX 2;
&= Z a; 2.

anHHB BE@JIHYHHBI gi ‘B KayecTBe HOBBIX MEPEMEHHBIX, Mbl MOJAYUYHUM
YpaBHEeHHd CJeAYIollero Buaa:

£, + 0%, =ep(E, £, i=1, 2, n). (5.51)
B cucreme (5.51) npousBenem npeoGpasoBaHue Ban-gep-Iloas
2;=X; COS Yy, Zi= — X;0; sin y;,

H TOorjaga 3Ta CHCTEMa ypaBH&HHl’l 3aMEHHUTCH CJIEJ.IYIOI.U.EI';[Z

N e 1 i
= — 5 @i (xicos gy, X, COS Yny — xy@Siny, ...)siny;,

Q=gi=0,— mm @ (xy cos yy, Xp COS Yp; — %10, sin yy,

— x,®, siny, ) cos y;. ]
(5.52)

Cucrema (5.52) OTHOCHTCS K TOMY THMY CHCTEM, KOTOpble H3YyyYaJHCh
B 3ToM naparpade. Ecniu «co6CTBEHHbIE 4aCTOTBI» HECOM3MEpPHMBI,
'TO AJISl MOJNYy4YeHHs1 YKOPOUEHHBIX YPaBHEHHA HaM JOCTaTOYHO ocpel-
HHTb MpaBble YacTH 3TOH CHCTeMbl MO BCeM OGBICTPBHIM MepeMeH-
HBIM §5, , Yn.

[NpeanonoX 1M, utTo PYHKLHH @; HMEIOT BHI

g (l) ()
P (2 - os z")=s21as’ g ,+ Z bslkzszlzk.

Torza HeTpyaHO 3aMeTHTb, YTO YPaBHEHHSI MePBOrO MpHOGJHKeHHs
(ykopoueHHbie YpaBHeHHs1) Mas cHcTeMbl (5.52) GYAYT TakHMH:
’%i:o'

- e N3] o) 20
Qi—mi_ZTA'[(Z bi]]"" L b[i[ lil)
J

+#1i i+
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Takum o6pasoM, Ji06oe KosebaTenbHOe ABHXKeHHe GYAET MPOHCXO-
AMTb C MOCTOSIHHOA aMMJIHTYHOH, a yacTtoTa KoJebGaHHsl KaxKIOH H3
KOOpAMHAT HHKaK He 3aBHCHT (B 3TOM NpUOMMKEHHH) OT KBajpa-
THYHBIX YJIEHOB Pa3JIOXKEeHHS.

§ 6. HccaenoBaHue cTauqHOHAPHBIX TOYEK M YCTOHYHBOCTH

B npeabinymux maparpadax 3TOH I/aBbl Mbi YXKe HECKOJNBKO
pas ofpallajy BHHMaHHe Ha BOMPOC HCCNEJOBAHHA CTAalHOHAaPHbIX
pexXHMOB H mpobJsemy ycrofiunBocTH. Torga Mbl paccMaTpHBaJH
TOJIBKO HEKOTOpbi€ cnenua/bHble cayyan. B naHHom maparpade Mbi
NpHBEAEM aHaJu3 oOllero ciayyass MPOH3BOJBHOIO UHC/IA CTEMEHeH
cBo6oabI.

1. NMpensaputeabHbie 3aMedanns. ByneM paccMaTpuBaTh CHCTe-

MYy ypaBHEHHH
r=eX(x, y, ¢), }
g = m(x) +eY (x’ Y, 8),

rne X — BEKTOP pPa3MEepHOCTH n; Y — BEKTOP pasMepHOCTH m; X H
Y — nepuoauyeckne ¢QyHkuuu y. OrpaHHYMMCs H3YUEHHEM TOJBKO
nepBoro MpHOJHXKEHHS H MPEANOJIOKHM CHayasa, YTO Mbl HMeeM
JeJo ¢ Hepe3oHaHCHHIM ciayuaeM. Torga BekTOp X YAOBJNETBOpAET
CHCTEMe ypaBHEHHH NMepPBOTro MpUOJIHKEHHS

i=eX(x, e), (6.2)

npHYeM yCcpeJHEeHHe MPOHU3BOAMTCA 110 BCEM KOMIOHEHTAM BEKTOpa Y
He3aBHCHMO ApYr oT apyra. TakuM o6pa3oM, MelJIEHHbIE MepeMEeH-
Hble B HEpPEe30HAHCHOM CJiyyae yAOBJETBOPAIOT cucteMe auddepex-
[IHaJIbHBIX ypPaBHEHHAR MePBOro MOpsAKa.

(UepToukn HaJ nepeMeHHbHIMH B ypaBHeHHAX (6.2) Mbl He cTa-
BHM, TaK Kak B paMKaX MepBOro npHOIHKEHHS X=ZX.)

[TpennosoxuM Tenepb, YTO Mbl HMEEM €O C Pe30HAHCHBIM CJY-
yaeMm. B npeabiayuniemM maparpade 6bJ10 MOKa3aHO, YTO TOrJa YHCJIO
MeJJIeHHbIX MepeMeHHbIX Bo3pacraer. Tak, HanmpuMep, ec1u pasMep-
HOCTb BEKTOpa Yy paBHa 2, TO pa3MEPHOCTb BEKTOpa Me[JIEHHLIX Me-
peMeHHBbIX Bo3pacTaeT Ha |, Bo BcAkoMm ciyuae, H B yC/IOBHAX peso-
HaHCa 3ajaya B MEepBOM NPHOGJIHIKEHHH CBOLHTCA K HCCJeJOBaHHIO
cucteMbl ypaBHeHHd TuHna (6.2). Tonbko B KauecTBe BeKTOpa X
3nech OyleT BLICTYmaTb BeKTOp Oosbliueli pa3MepHOCTH: €ro KOM-
MOHEHTaMH, TOMHMO KOMIIOHEHT BEKTOpa X H3 ypaBHeHu# (6.1), Gy-
AYT Takxe BEeJHYHHDBI, XapaKkTepHaylollue casur ¢as.

B npukiajgHbix 3amavyax oObiYHO OCHOBHOM HHTEpec mpejcTa-
BJSIET H3YUEHHE «MeJIEHHBbIX» MepeMEeHHbIX W 3aKOH M3MEHEHHs ya-
CTOThI «GBICTPLIX» MepeMeHHbIX. [l 3TOf UENH NOCTaTOYHO H3YyyYaTh
TOJMILKO CHCTEMY yCpefHEHHbIX ypaBHeHHH (6.2).

(6.1)
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Hrak, mbl 6yneM usyuath cucremy (6.2). YcaoBuMcs HasblBaThb
€e CTallHOHApHOH TOUYKOi x* KOPeHb ypPaBHEHHS

X (x*, &) =0. (6.3)

3HaueHHe KOOpAMHAThl X=x* yHOrjJa GyleM Ha3bLIBaThb CTaLHO-
HapHOM aMMJHTYAOM, TaK KaK NMpPH H3YYeHHH KojebaTelbHBIX Mpo-
LIECCOB aMIIUTYAA ABAAETCA OLHOH H3 MENJEHHbIX NepeMEHHBIX.

B cnyuae crauHoHapHOH TOYKH «ObicTpafi» nepemeHHasi y* 6y-
JeT ABAATbCA «PaBHOMEpHO Bpallatollerica ¢asoi». B camoM nene,
B 3TOM cJaydyae y* =const H, ci1e10BaTeNbHO,

y*=yo+ [0 (x*) +eY (x*, )] t=yo+Qt, (6.4)
Q=a(x*) +e¥ (x*, &) =Q(x*).

BBeneHHast TEpPMHHOJIOTHSA, KAK Mbl 3TO BHAENH NPH H3JIOXKEHHH
metona Bau-gep-Ilons, onpaBlaHa TeMm, 4TO BCe HCMOJb3yeMble MO-
HATHA (TaK e, KaK U MEeTOA) BO3HHK/IH H3 TEOPHH KoJeGaHHH.

Onpenenenne CTalHOHAPHBIX COCTOAHHA CBOAHMTCHA K peLleHHIO
CHCTeMbl TPaHCUEHAEHTHBIX YypaBHeuuil. CHCTeMa 3THX ypaBHEHHH
MOXKeT He HMeTb KOpHeH — 3TO 3HauMT, uTo cHctema (6.1) He umeer
cTauHoHapHbiX Toyek. CucteMa (6.3) MoXKeT MMeTb KOHEUHOe HJIH
GecKOHEYHOe YHCJO pelleHHil, a TaKKeé MOXKeT yIOBJETBOPATLCA H
toxaecTBeHHo. [TocneaHee o3HauaeT, 4yTo JI060E M3 COCTOAHHH CH-
crembl (6.1) craunoHapHoe. C 3THM fBJIEHHEM Mbl CTaJKHBaeMcA
BCAKHH pa3, KOTrla M3yyaeMas CHCTeMa SIBJAETCA KOHCEPBATHBHOL.

2. HccaenoBanue ycTonyuBoCTH. OCHOBHOH BOMPOC, KOTOPI
BO3HMKaeT NMPH H3YYeHHH CTAaLHOHAPHBIX COCTOSHHA — 3TO BONPOC
06 ux ycroiiunBocTH. Mbl He GydeM 3Jech AaBaTb KakHe-1ubo CTpoO-
rue OmnpeleseHHs M OCTAHOBHMCH TOJbKO Ha OJHOM NPOCTOM BO-
npoce. ITpeanonoxuMm, 4To HauaJbHOE COCTOSIHHE OTJIHYAeTcs OT

CTallHOHAPHOTO, T. €.
x(0) =x*+6x(0). (6.5)

Toria ecTecTBEHHO NMOCTAaBHTb BOMPOC O TOM, KaK HCCJAENOBAThL
M3MeHeHHe BeKTopa x(f), yroBaeTBopsiouero ycjaouaM (6.5). Ecau
BekTop O0x(0) Z0oCTaTOYHO MaJ, TO Mbl MOXEM IMOJOXHTb

x=x*+08x

rae

M COCTaBHTb s X JHHEeapH30BaHHblE YDaBHEHHA, T. €. COCTABHUTH
0as cucteMb! (6.2) ypaBHEHHA B BapHaLHsX.
[Tocne oueBHAHBIX BBIYHCJAEHHHA MOJMYUYHM
ox=Adz, (6.6)
rae A — marpuua _
dX
A=|qyl= (Tj;)xw:* .
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AJleMeHTH! 3TOH MaTpHUb! 6YAYT NOCTOSSHHBIMH BeJIHYHHAMH

- (5%)
Q= 0%j | yugr’

rie X; H X; — KOMIOHEHTH BeKTOpoB X W x coorBeTcTBeHHO. Takum
o6pa3oM, noBejileHHe YCPeJIHEHHOH CHCTEMhl B OKPECTHOCTH CTalHoO-
HapHOH TOYKH MOXeT OblTb H3yY€HO NMPH NMOMOIUH CHCTEMBbl JHHEH-
HblX Au¢¢epeHnHaNbHBIX YPaBHEHHH ¢ NOCTOSAHHBIMH Ko3ddHuHeH-
TaMH.

B Hauase 3Toft [ViaBhl MBI paccMOTpenH 3agauy o6 YCTOHUHBO-
CTH AJISl CHCTEMHE! € OJHOH cTeneHbl0 cBo6oALl. B ToM cayyae Bmecto
BeKTOPHOH cHcTeMbl (6.6) MBI HMeeM OIHO CKaJiipHOE ypaBHEHHe

8&=¢qéx. (6.7)

IOasi acuMnTOTHYECKON YCTOMYHBOCTH TPHBHAJBLHOI'O PENIEHHSI ypaB-
HeHust (6.7) HeoOXOAMMO H [OCTAaTOYHO BHINOJIHEHHS HePaBEHCTBa

9=(%) <o, (6.8)

T. €. VI HCCJAE€JOBaHHS YCTOHYHBOCTH HaM JOCTaTOYHO MPOBEPHTh
TOJILKO 3HaK NMPoH3BONHOM (PyHKUMH X (X¥) B Touke x=x*.
ITepefineM Tenepb K pacCMOTpPEHHIO o6lLero cayyas.

3. YcTo#uHMBOCTb TPUBHAJIBHOrO peleHHs cucTembl (6.6). YMHo-
XHM o6e yacTH ypaBHeHHs (6.6) ckajaspHo Ha BekTop 6x. Tak kak

(0% - 8x) = 5 -0 =+ 2 Y 812,

T0 ypaBHeHHe (6.6) MBI MOXKeM 3amucaTh B BHIE

20" ~2(A0x - bx). (6.9)
3neck yepe3 p o6o3HaueH paauyc cdepnl «BapHaLHii»

p=V ok
Hasnee 3aMeTHM, uTo
2(Adx - 6x)=§q,,6x,6x,+ gq,,ox,ox,—_-
= g;r,, 8x,8x; = (R 6x - 6x),

rie R — yxe cUMMeTpHYHasi MaTPHUA, TaK KaK rij=q;;+ q;i.
Hrak, Boipaxenne (6.9) uMeeT cleayOWHi BUA:

467 _ (Réx - 8x). (6.10)
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OTciona BHIHO, YTO IJIS aCHMITOTHYECKOH YCTOHYMBOCTH TPHBHAJb-
Horo peuieHus (6.6) (1. e. mns Toro uto6el p2— 0 npu t — oo) mo-
cTaToyHo, yToObl KBajpaTHuHas (opma (Réx:6x) Gbuia 3nakoon-
peneneHHo otpuuartenbHoi. C/iefoBaTe/NbHO, YCJAOBHAMH YCTOMYH-
BOCTH CTAallHOHAPHOTO PeleHHs GydyT YCJA0BHA 3HaKOONpejeJeHHOH
OTPHIATENILHOCTH 3TOH KBaJpPaTHUHOH (popMbl.

Bcenomuum TeopeMmy CuiabBecTpa: 044 To20 4T06b. K6adparudHas

popma Za,,x,x, bvira onpedenenHO hOA0KUTEAbHOU, Heobx00umo

u aocramtmo 4T0ObL ee KO3pPuyuentsl a;; yoosiersopal ciedyro-
Wum HepasencTsam:

Ay=a,;>0,
~ Jlay a
A= 1 12 >0,
Q1 Qg
. . (6.11)
ay  ap Ay
Ae=| >0.
Apr Ape Ak

Ins toro uto6bl KBagpatHyHas ¢opma (ROx:6x) Gbuia 3HaKO-
onpeaeneHHo OTPHUATENbHOH, HEOOXOJAHMO H JOCTaTOYHO, YTOOHI
¢opma — (R6x - 6x) Gbuia onpejesneHHO moJoxHuTenbHOH. Ho, ecan
NOJIOKHUTb — I'jj =04, TO

A A A ry Iy i
=1 = —— = =
1 1 b 2 ry e 2
u Boo6uje -

Ay = (—' l)k Ag.

[MosTomy u3 ycnosuit (6.11) Mbl cpa3y HaxoJHM LOCTaTOYHbIE YCJO-
BHA YCTOHYHBOCTH

A<O
A >0
. (6.12)
>0, ecau E yeTHoe,
{ <0, ecam k HeueTHOe,

rie k — pa3MepHOCTb MaTpHLb A.
[Mpu k=1 ycaoBus (6.12) ceomaTcs K oxnHOoMYy ycioBHIO (6.8).
4. 3ameuanus. a) M3joxeHHble paccyx[eHHs MOTYT OHITb HC-
NO/b30BaHbl H I H3YYEHHS YCTOHUHBOCTH HECTALMOHAPHBIX 3ajay.
Paccmorpum cHoBa cucremy (6.2), m nyctb x* — HekoTopoe
yacTHOe pelleHHe 37oi cucteMbl. [ToctaBuM Bonpoc 06 ycTOHYUBOCTH
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storo peuteHdsi. [TonoGHble BOMPOCHI BO3HHKAIOT BO MHOTHX [MPH-
KJ1aJHBbIX 3ajflayax, HampHMep MPH HCCJIeLOBAaHHH MEPeXOAHbIX pe-
JKHMOB B KoJie6aTeJbHbIX CHCTEMAX.

3amena (6.5) Hac cHoBa MPHBOAMT K YpaBHeHHio (6.6), HO
TOJNBKO Tenepb 3jeMeHTbl MaTpHlbl A GYAYyT yXe He MOCTOSTHHBIMH
YHCJAaMH, a HEKOTOPbIMH H3BECTHbIMH (QYHKLUHSIMH BpeMEHH.

[ToBTOpss pacCyJAeHHsI AaHHOTO pa3jiesia, Mbl ONSATh MOXEM CO-
cTaBuTh ypaBHeHHe (6.10). ®yHKuHs p? HrpaeT poab yHKuuu JIs-
nyHOBa A/s1 ypaBHeHHs C mepeMeHHbIMH K03 ¢HUHeHTaMH

i =A (1) bx. (6.6')

CorsniacHo TeopeMe JIsanyHoBa A/l aCHMNTOTHYECKOH YCTOHYHBO-
CTH TPHBHAJbHOTO pelleHHs ypaBHeHHsi (6.6”) AocraToyHO cylue-
CTBOBAHHMs TaKOH onpelesieHHO MONOXKHTeNbHOR GyHKuuH W (6x),
He 3aBHCsILeH OT BpeMeHH, uto AJA Jio6oro dx u Ja06oro MoMeH-
Ta BpPeMeHH ! HMeeT MeCTO HepaBeHCTBO

—(Rbx - x) > W (8x).
B kauectBe ¢pyHkunn W Mbl MoxxeM NpUHATbL QYHKIHIO
W=n(6x- b6x),
rae p — jaio6oe monoxutenbHoe uHucao. Torma ansi ycToAuHBOCTH
HaM JAOCTaTOYHO morpeboBaTh, YTOObl KBajgpaTHUHas ¢opmMma
— (R6x - 8x) — p(bx - bx)
Gblia ompejesieHHO NosoxuteabHol. OTclofa B CHJY HepaBeHCTBa

CunbBecTpa, MBI ToJy4YaeM CJefyIOLIHe [JOCTaTOYHbIE YCJOBHS
YCTOHYHBOCTH:

A=ru<—uy,
da=| |
(6.13)
m T re |<—mn*, ecam k HeuerHoe,
Ay =
Tt Tre ree | >0", ecin  k ueTHoe.

6) Ycnosus (6.12) onpenensiior Tpe6oBaHHS, KOTOPBIM AOJIKHbI
yaAOBJETBOPATh KO3 GHLUHEHTbl cucTeMbl (6.6) nisi TOro, 4TOGHI
o6ecrneyuTb YCTOHYHBOCTb peureHHsl. ManoxeHHbll cnoco6 wucche-
JIOBaHHS YCTOHYHBOCTH SBJsieTcsi BapHAaHTOM TMNpPSMOro Meroja
JIsanyHoBa, a QyHKUHA p2, KaK YKa3blBanoCh, sBAsETCH (yHKIMel
JlsanyHoB.a.

B npuxknaanbix 3ajayax WHPOKO HCNONB3YIOTCA W APYyrHe Me-
TOAb HcciefoBaHHMsi ycroHumBocTH. Hanpumep, ecin Marpuua
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MOCTOSIHHAs, TO MOMHO pa3bICKHBaTh pewieHHe ypaBHeHus (6.6) B

BHIE
dx=yer, (6.14)
IMoncraBnssa (6.14) B (6.6), MBI monyyaem ypaBHeHHe s A
|A—AE|=0.

XapakTepuctuueckuii onpepenutens |A — AE| npencrasasier co6oi
HeKoTophll mnosuHoM oT A. na acuMnroTHuecKoil yCTOHYHBOCTH
pewenuss 6x=0 HeoOXOAMMO M JOCTAaTO4HO, 4TOOBI KOPHH 3TOro no-
JMHOMA MMeJHM OTPHLATeNbHbie [IefACTBHTENbHbIE YacTH. YCJOBHA,
KOTOPBIM JIOJIXKHBI YJOBJETBOPATh KO3(PHIHEHTH 3TOro MOJHHOMA,
HeoOGXOMHMbEIe M JOCTAaTOYHbIe JIJs TOro, YToObl ero KOPHH HMeNH
OTpHIlaTe/NbHbie JefACTBHTENbHBIE 4YacTH, AalOTCA TeopeMoin T'yp-
Buua *). Meron, ucnoabsyoouiuit teopemy I['ypBHLa, cOBeplIEHHO
3KBMBAJIEHTEH H3J0XKEHHOMY C TOYKH 3DEHHsl OKOHYaTeJbHOrO pe-
3yJbTaTa.

B) Mgl COCTaBH/IH YCTIOBHA aCHMNTOTHYECKOH YCTOAYHBOCTH TPH-
BHaJbHOrO pelieHuss ypaBHeHus (6.6). ITo rteopum JlanyHoBa u3
atoro ¢akra cienyer H Gosee cHIbHbLIAA pe3ynabrar. Eciu yciaoBusa
(6.13) uMelor MecTo, TO Mbl MOXXeM YTBEpPXKJAaTh, YTO pelueHHe X*
HenuHelHoA cucteMbl (6.2) ycrofiunBo B cMbicae JlanyHoBa (HO He
aCHMNTOTHYECKH YCTOMYHBO).

5. TpaktoBka pe3yanTatoB. B nanHoM naparpade Mbi o6Cyx-
JaJli BO3MOXKHOCTH HCCJEJOBAaHHS YCTOAYHBOCTH HEKOTOPOro pedie-
HHf CHCTEMBbl YyCpeJHEeHHBIX ypaBHeHH# (6.2). Mbl nomowsn K 3TOMY
BOonpocy coBepuwieHHO ¢GopMaJibHO, onHcaB OOLENnpPHHATHIA cnocob
HCC/eIOBaHHA YCTOHYMBOCTH peWEHHA W NOHMMas Moj YCTOAYHBO-
CTBbIO YCTOMYHMBOCTb B cMbicje JIanyHoBa. YcTOHYHBOCTD B 3TOM
CMbIC/Ie NpeanoJiaraeT Hcc/ieIoBaHHe NOBENeHHs pelueHHsl Ha 6ecko-
HeYHOM HHTepBase BpeMeHH. Takoe HccienoBaHHe H GHLIO MpoBe-
JeHo masi cucteMbl (6.6). Ecnu peiuenue 3Toit cHCTEMBI acHMMTOTH-
YecKH YCTOMYHBO, TO, COTJIacHO TeopeMe JIsnyHoBa, 3 YCTOHYHBOCTH
JIHHeapusoBaHHOro YypaBHeHus (6.6) caeayer ycrofiuMBocTh B
cmbicie JlanyHoBa peweHusa x* cucreme (6.2). Ho cama cucrema
(6.2) aBnsercs npubamxenHoi. OHa ¢ HEKOTOPOH ToyHOCTBIO (MoO-
panka O(e)) omuchiBaeT pelieHHe HcXxoAHOH cuctembl (6.1), u TO
TONBKO Ha HEKOTOPOM KOHEYHOM OTpe3Ke BpeMeHH (MnopsiaKa
O(1/e)).

B cuny nepeuynciieHHbIX 06CTOATENLCTB 6e3 HOMOJHHTENbHBIX HC-
c/iefIoBaHH# HHKAaKHX CYXKAeHHH 06 yCTOMYHBOCTH B cMbicie Jlamy-
HOBa pelieHHA HCXOXHOH cHcreMbl (6.]1) M3 HawHx paccMoTpeHHi
HEMoCpPeICTBEHHO CAeJNaTh Henb3sd. TeM He MeHee HCnoJb30BaHHe

*) H. T. UeTaes, YcrofiunBocth ABHKeHHWs. Pa6GoThi 1o auanutHyeckof
mexannke, AH CCCP, 1962.
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onmucaHHoOro crnoco6a paccyKAeHHs RaeT MHOro AJsi TeXHHYECKHX
3anau. Mdeno B TOM, UTO aCHMNTOTHYECKHH MeETOR HCC/IEAOBAHHA
yPaBHEHHH HMeeT CMbIC/] NMPHMEHSATh TOJNBKO TOTJa, KOTAa Mbl XOTHM
M3yuyaTb MOBENEHHE CHCTEMbl Ha KOHEYHOM (XOTs# H OONBIIOM) HH-
TepBasne BpemeHH. CnemoBarenbHO, HH(GOPMalHus, KOTOpyl0 HdoCTa-
BJSieT MPUBEJAEHHBIA CMOCO6 PacCy’KAeHHs,, MOXKET 0Ka3aThCs BIOJIHE
AOCTATOYHO! AJA PeIeHHsi TeX HJH JPYTHX TEXHHYECKHX 3ajad.

[TpuMeuwanue. Creayer 3aMeTHTb, UTO B HEKOTOPBIX CMELH-
aJbHBIX chaydasx, udyyasmnxca H. H. Borono6GoBbiM u ero yuenu-
KaMH, MO YCTOMUHBOCTH PELIEHHsi YCPeNHEHHBIX YpaBHEHHH ynaercs
CYAHTb 06 YCTOMUMBOCTH pELIEHH HCXOAHBIX YPaBHEHHH.

§ 7. Bpamareabtbie IBHXKEHH MaATHHKA

1. 3ameyaHus 00 uayyeHHH KOJeGATEAbHLIX NBHXKEHHHA MasiTHH-
Ka. MasiTHHKOM MH YCJOBHMCS Ha3biBaTb CHCTEMY, ABHIKEHHE KOTO-
po#i onucbiBaeTc8 ypaBHeHHEM

i+f(2) =0, (7.1)

rae f(z) — nepuoanueckas PyHknus cBoero aprymenta. He orpa-
HUYHBasi OOLIHOCTH, Mbl MOXKEM MPHHATDb, YTO MEPHOA 3TOH PYHKIHH
paBeH 2r u f(0)=0; kpome .

Toro, Mbl GyJAeM CUHTATh, UTO 4

cpenHee 3HaueHue f Oyner

2n |
= [)dz=0. (7.2)
o - - —
Bce mBHXeHHA, OMUChIBae- z
Mble ypaBHeHHeM (7.1), yc- '
JOBHMCSI Ha3biBaThb COGCTBEH-
HBIMH  JABHXKEHHAMH  MasT-
HHKa.
Kpome co6cTBEHHBIX ABH- Puc. 28.
JKeHMH MasfTHHKa, Mbl OyaeM
ellle pacCMaTpPHBaThb BHIHYXKJIEHHbLIE ABHIKEHHS, MPOHUCXOASILIHME MOJ,

AelcTBHEM BHEIIHHX Bo3MyIlleHHH. Takne [ABHXKeHHsi Mbl OGyxeM
OMHUCHIBATH YPaBHEHHEM

i+f(2) =eq(z, 2, 1), (7.3)

rjae e — MaJbifi mapaMerp.

dazoBas naockocts ypaBHeHHA (7.1) umeer BuA, M30GparkeH-
Hbifi Ha pHuc. 28. 3aMKHYThle BeTBH cellapaTPHChi OrPaHHYHBAIOT 06-
JIaCTH 3HauyeHH#l Z U 2, COOTBETCTBYIOIIHE MEPHOAHYECKHM (Konaeba-
TeNbHBIM) NBHXKeHnsAM., HesaMkHyThie ¢a30Bbie TPAaeKTOPHH OMHUCHI-
BaiOT BpalllaTeAbHble ABHIKEHHS.
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Bo Bcex npuMepax 3Toi IVIaBbl Mbl pacCMaTpPHBaJH KojebGaTesb-
Hble ABHXKeHHs. MeTofbl, pa3BuTble B 3TOil IVIaBe, MO3BOJSIOT pac-
CMOTpeThb CJeAyIollHe 3aJauu:

a) Ksasuauneiinoie korebanus. B 3Tom ciydae KoneGaHusi CYH-
TalOTCsl MaJbIMH, H ypaBHeHHe (7.3) 3aMeHsieTCA TaKHM:

it o’z=ep(2, Z, ).

BbiGop MOCTOSIHHON » B TOM cJaydyae, Koraa f(2) — aHaauTHyeckas
GYyHKLHS, OYeBHAEH — 3TO KO3 (UUHEHT NpH NEPBOM 4YHCJE TeHJIo-
poBckoro paayoxeHusi @yHkuuy f(2). Ecau f(2) He aHanutHueckas
GyHKUHSI, TO BeJIMUHHA @ ONpefe/sieTcsl MeTOJOM 3KBHBaJeHTHOH
JuHeapusauuu. B 3TOM ciayuae BeJHUMHA ® 3aBHCHT OT aMILIH-
Tynsl x. PasHocTs

[(2) — o?z=ep*(2)

OTHOCHTCSl K BO3MYIIAIOIMM CHIAM.

6) Kosebanus c¢ manoi 3nepeueli. KBazunuHeiiHble KojeGaHHsA
AABJISIIOTCA YAacTHBIM cay4aeM Takux cucteM. OfHako Ha 3Ty 3ajgauy
MOXXHO MOCMOTpeTb H ¢ Gosee oblleil Toukn 3peHus. [1peanonoxum,
YyTO MBI CHOBa npeactaBuiau QyHkuHIO f(2) B BuAe

f(2) =0’z — pp*(2),

rae p — HeKOTOpHIH MaJblii mapaMeTp, He 3aBHcslluil or e. Toraa
M ypaBHeHHe BO3MYVIlleHHOro ABHKeHHus1 (7.3) 6yzmer

itz —py*(2) =eq(z, £, 1). (7.4)

YpaBHenue (7.4) comepXHuT ABa Majablx napamerpa. [Ipu e=0 Mbl
noJjiyuaeM Mopoxjalolilee ypaBHeHHe

I+ wlz=py*(2). (7.5)

Ecau 3Heprus cucteMbl MaJja, TO MOXHO NOCTPOHUTb NPHO/IHKEHHOE
pewerune (7.5) c /11060i TOYHOCTHIO OTHOCHTENBHO P

z2=Q(x, o(x)(t+0)). (7.6)

Hcnonbays peweHune (7.6), Mbl MOXXeM Telepb MOCTPOHTb pelleHHe,
aCHMINTOTHYECKOE 1O &.

Takoil NOAXOX K HcC/IeAOBaHHIO YpaBHeHuil (7.3) siBasercs Gosee
ru6KHM, YeM TOT, KOTOPbI AaeT KBa3u/juHelHasi Teopus. Hcnosb-
30BaHHe [ABYX MaJsblX NapaMeTpPoB MO3BoJisieT OGHAPYXHTb B Heas-
TOHOMHBIX CHCTEMax TakHe pelleHHsi, KOTOpble Hejlb3s ONpPefeHTh
MeTOJOM KBa3uJHHEHHOH Teopuu. TeM He MeHee ero BO3MOXHOCTH
orpaHHYeHbl TOJbKO MaJbIMH AMIVIHTYJaMH.

B) B Tom cayyae, ecqiH aMIJIMTYABl KoJebaTeqbHOro mpollecca
BeJiKH, (pa3oBasi TpaekTOpuA yxke G6Gau3ka K cCenapaTpuce, W Mbl
JOJIKHBl MCIO/Ab30BaTh AJfl NMOCTPOEHHs ACHMNTOTHKH o6llue Me-
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TOAbl, KOTOpble ObLIH H3jMoXKeHbl B § 2 3Tofi ryiaBbl. 3aMeTHM, of-
HaKo, YTO €C/IM NPH YBEJHYEHHH 3HEPruH nepuoj koneGaHUHA Oyner
HEOrpaHHYEHHO YBeJNHYHBaTbcA (NMEepPHOAL ABHXKEHHS BAOJb cemapa-
TpHChl GecKOHeYHO 6o/bLIOH), TO TOYHOCTb aCHMITOTHYECKHX npef-
cTaBJeHH# OyJleT ymMeHbLIaThCs.

Takum o6pa3om, MeTOIAbl NAHHOH IJiaBbl MO3BOJSAIOT C GOJbILOH
TOYHOCTbIO H3y4YHTb BCIO 06JacTb KoJsieGaTeNbHbIX ABHXKEHHH, 3a
HCKJ/II0YeHHeM Y3KOH MOoJIoChl, MPUMbIKaloOlled K cemapaTpHce.

B HacrosiieM naparpade Mbl pacCMOTPHM BpalllaTeJbHbIE IBH-
KeHud MaaTHHKa. OKa3sblBaeTCsi, YTO METOAbl OCpPeJHEHHS NO03BO-
JAI0T A/si OONBLIMX 3HEPrHii NOCTPOHTh TEOPHIO, NO MeHblIel Mepe
He GoJsiee CJNOXKHYIO, UeM H3JIOXKEHHasi TeopHsl HeJNHHeHHBIX KoJeba-
Huii. M3yyenue BpamaTenbHbIX ABHXEHHH Mbl HayHeM C paccMoTpe-
HUA COOCTBEHHBIX ABHXKeHHA (¢ ==0).

2. Hosbie He3aBHCHMBIE MepeMeHHBle. [lepeiineM Temepb K H3Y-
YeHHIO TeX ABHXKeHH# cuctembl (7.1), koTopble H3o6GpaKaloTcsi He-
3aMKHYTHIMH (pa30BbIMH TpaeKTOpPUAMH. OHH COOTBETCTBYIOT 0OJb-
[IHM 3HAYE€HHSM HAYaJbHOH 3HEPrHH.

Paccmo1pum ~HOBa pHC. 28 M KaKylo-THOO M3 KPHBBIX, ONMHCHI-
BalOIHX BpaliateabHoe nBHxKeHHe. OHa nepecekaeT ocb OZ B TOUKe
i=Q, u ¢da3oBas T 1EKTOPHA, COOTBETCTBYIOLLAs 3TOMY YPOBHIO
3HEpruM, mpeacTans; I co0oii BOMHOOGPA3HYIO KPHBYIO, JEXKaLlylo
B OKpecTHOCTH mnpsmoi z=Q. IlosTomy B ypaBHenuu (7.1) ecre-
CTBEHHO CAeJNaTh 3aMeHY [lepeMeHHbIX

d
F=Q+x (7.7)

[onoxum eue f=es, rae e=1/Q. Torna ypasHenue (7.7) Oynet
UpHBEIEHO K CHCTeMe ABYX ypaBHeHHIl nepBOro nopsiaka

’=—8f('2),}

2Z=14ex, (7.8)

rae npuHATO oGo3HayeHHe ¢'=dg/ds. dta cucTeMa ypaBHeHHH OT-
HOCHTCS K pacCMaTPHBaeMOMY THIY YpaBHEHHH: OHAa CONEPMHT OfHY
MEeNJIEHHO H3MEHAIOILYIOCS nepeMeHHYI0 — YIVIOBYIO CKOPOCTb Bpa-
IIEeHHS X ¥ OJHY ObICTPO H3MEHSIOULYIOCA NEepPEeMEHHYIO 2, KOTOPYIO
MOXHO HHTEPNPETHPOBAaTb KaK YroMl MeXAY HHTbI0O MasiTHHKa H
HeKoTopofi npsamoi, GHKcHpoBaHHOW B npocTpaHcTBe. Kpome Toro,
npaBble YacTH SABJAIOTCHA NEPHOLHYECKHMH (YHKIHMAMH <«ObICTPOW»
nepemeHHol 2. Takum o6pasoM, 115 H3y4eHHs cucTemsbl (7.8) moryt
6bITh HCMOJIb30BAaHbl METONbl, Pa3BHThbie B 3TON rJiaBe.

Jlns cucrembl (7.1) yc/loBHMCSL paccMaTpHBaTh CAEdYIOLLYI0 33-
Aauy Koum: ' )

npu t=0: %=9, 2=0Q
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HJIH
npu t=0: x=0 2=0. (7.9)

Tak kak cucrema (7.1) He cOLepXHT SIBHO BPEMEHH, TO' pacCMoTpe-
HHe TaKoil crnenvanbHOi 3afnauu Kolld He orpaHuuyuBaeT oGIIHOCTH.
Ecau MH HaliieM ee pellleHHe

z=2(t, Q),
TO 06IIKi HHTerpaa ypaBHenus (7.1) 3anuiercs B ¢opmMe
2=z (t+1y, Q), (7.10)

rae Q u fo — NpOH3BOJNbHEE NOCTOSHHBIE.
3. MMocTpoenne acuMNTOTHKH mopoxkjawomero pewenus. Caenys
ob1ileil cxeMe, NOJNOKHM

x=Xx+eu, (%, 2)+e%uy(x, 2)+

z=Z+ev (% 2)+e,(%, 2)+ ..., }

rae QYHKUMH T H Z YRAOBJAETBOPSAIOT CJAEAYIOILHM YypaBHEHHSIM:
x=2eA, (%) + €A, (%) +

Z=14¢B,(X)+ B, (%) + }

Kak u BO Bcex ApPYrHX caydyasiX, Mbl OyfeM cYHTaTbh QYHKUMH U; H

v; orpaHuYeHHbIMH. Jlanee, aasi Toro 4toObl YIOBNETBOPHUTb YCJ]O-
BUAM (7.9), npuMem

(7.11)

(7.12)

u; (:E, 0) =U,'(:'f, 0)=0. (7.13)

YpaBHenue ans onpeneneHnss GYHKUME 4;, v;, A; u B; 6ynyr B sToit
3ajjaye TaKHMH:

B =f @)= 4i(R), Zt=%-B, (),
%=—3§ a”‘ 57 A a“‘ B,— A, (%), (7.14)
L L. N ¢

HT. O
PaccMoTpuM nepBoe u3 ypaBHeHHH cucreMbl (7.14). Has orpa-
HHUYEHHOCTH QYHKUHH U; HeOOXOAHMO H AOCTATOUHO, YTOOH
Ai(:‘?) =—f
Ho, coraacho ycaosuio (7.2), f=0. Takum o6pasom,

1,=0, (7.15)
Orciopa

w (% 2)=— [ f@)dz+C (B),
0
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rae C(z) — npousBosibHas ¢pyHkuua ¥. OnHako ycaoBue (7.13) HaMm
cpasy Jgaet
C(z)=0.

BBegeM oGo3HauyeHHe

n n
[fan=¥m, [¥@dn=0@). (7.16)
0 0

Torpa Mbl MOXeM HanmHcaTb
u(z)= — ¥ (7). (7.17)

[ToBTOpAsA paccyXIeHHs MJIS BTOPOro M3 YpaBHEHHA CHCTEMBI
(7.14), nonyunm

Bi=x (7.18)
H, C/IeJIoBaTe/bHO,

v;=0. (7.19)

Ucnonbays pesyabratel (7.17), (7.18) u (7.19), nepenuineM TpeTbe
ypaBHeHue cucTeMbl (7.14)

e 1)
OTKyZa
a@H=F o 5=0 (7.20)
H, CJeloBaTe/bHO,
Uy (%, 2)=1x ff(z) dz = %Y (2). (7.21)
0

[MepenuiieM, HaKoHew, Noc/efHee H3 YPaBHEeHHH cucteMbl (7.14)
C YYeTOM NOJyYeHHBIX pPe3yJabTaToB

99 — — W (3)— By (%),

0z
OTKYyAa _
By(%)= —V, (7.22)
H, c/efloBaTeNIbHO, HCNOMBb3Ya oOo3HavyeHus (7.16), monayuum
(%, )= —D@@F)+V¥- % (7.23)

Mpononxus 31y npouenypy, JA€rko -noayunth, 4to A3=0, u 7. 4.
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OrpaHnuHBasich B HalHX BBIYHCJAEHHAX uieHamu nopsiaka O (e?),
npufaaum ypasHeHusm (7.11) u (7.12) Bun

x=x—e¥(2)+ ¥ (2) +
=z—-e2(@(2)— ¥3),

=0,

Z=14ex— eV,

Hnterpupys TpeTbe M3 ypaBHeHHil (7.24) ¥ YuuTbIBasg HauyaJbHble
ycaoBus (7.9), noayuum

(7.24)

F=0. (7.25)

Ha ocHoBanuu paBeHcTBa (7.25) ocCTafbHble YpaBHEHHSi CHCTEMbl
(7.24) 6yayT umeTb caelyIOLHH BUA:

x=—e¥(3),
z=2+e2(3¥ - ©(3)), (7.26)
Z=1—¢V,

MMepenuwem ¢opmyasl (7.26), Bo3ppallasich K nepeMeHHOMY &= s/Q,
H NoNoXHuM &= 1/Q

z=(2-4 )¢,
2 =(g—%¢)t+ %{?(g-%?)t-@((g —-%W)t)}, (7.27)
x=—%w“g—%wﬁy

TlpooaXXuB 3Ty mpoUeRypy, Mbl MOXEM MOJYYHTb pellieHHe C Jlo-
Goii cTeneHbio TOUHOCTH OTHOCHTENbHO 1/Q.

Tak kak W sBAsieTcs NOCTOSHHOM, He 3aBHcAlle OoT @, TO
y106HO BBECTH HOBYIO NOCTOSIHHYIO

1
A=0-L ¥,

Torna acumnroTHueckoe npejcTaBieHHe oOLIero HHTerpana ypaBHe-
uus (7.1) pas caydass GONbIIHX SHepPrHil GyaeT MMeTb BHA:

e=alt+1)+ e { T A +1) -0+ +0(5) 7). (.28)

Pemwenne (7.28) comepXuT JABe NPOH3BOJbHbIE MOCTOSIHHbIE A H fo

*) Tlpu BuBoge (7.28) Mbl HCMOBb30BAJH TO OGCTOATENBLCTBO, 4TQ

e ol
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[Ipumeuvanus. 1. Mrak, acuMnToTHYeCKOe mpeacTaB/eHHE
o6uiero uHterpaja ypaHeHHs (7.1) nnis cayyas GOMbLUIMX 3HEPrHil
MoxeT OblTh mpHBefieHo B ¢opme kBaapatyp. Takum oGpasoM, B
3TOM CJyyae Mbl HMeeM Ty XK€ CaMyI0 CHTYalHIO, KOTOPYIO Mbl
HMeJH IJs ManblXx 3Hepruii. B camom jene, ecqin paccMaTpHBaTh
ypaBHeHHe (7.1) kak KBa3H/JHHeHHOe

ito?z=ep(2)=—(f(2)— 0%2),
TO MBI AOJI2KHBI NPHHATDH
2=xcos Y, x=const.

Toria y ynoB/ieTBOPsSeT YPaBHEHHIO
on

J=0+ 27;0) I[f(xcosy)—co”xcosy]'cosydy,
0
T. €.
2n
. 1
y=9(x)=%+ T J‘f(xcosy)cosydy
0

¥ aCMMOTOTHYECKoe NpejcTaB/eHHe obuiero uurerpajna Oyaer
2=xcos Q(x) (t+1,), (7.28%)

rae x U f{p — JBe NPOH3BOJIbHBIE NOCTOSIHHBIE,

CaenosatenbHo, ¢opmyna (7.28) sasaserca auasnorom (7.28),
a ¢opmyna (7.7) urpaer Ty Ke PoJib NPH H3YYEeHHH BpalllaTeabHbIX
IBHXEHHI MasATHHKA, KaKylo HrpaeT npeo6pa3oBaHne BaH-nep-Ilond
B cyyae Kosie6aTeJbHbIX JIBHXKEHHH.

2. Jins noctpoenus ¢opmya (7.28) Mbl HCNOJNB3OBAMH pasjioxe-
Hue QYHKUHA B PAdbl M CBfi3aHHble C 3TOH mpoLedypoll omepauHH
nuddepenunpoanus. B § 4 stoit rmasbl O6bl10 nokasaHo, yTo op-
Mysna tuna (7.28) MoxeT ObITb MosyyeHa METOJOM MNOC/€eN0BaTe/b-
HbIX NPUOJHXKEHHH, peasnH3alHsi KOTOpPOro He TpebyeT npeamo/noxe-
HH 0 JAud¢epeHUHPYEMOCTH (M JaXxe HenpepLHIBHOCTH) npaBoi
yactd ypaBHeHus (7.1). Cxema Merola nocsefoBaTe/IbHbIX NMPHGJIH-
JKeHHH TPHMEHHTEJNbHO K JaHHOMY C/Ay4alo CBOJAUTCA K Cjelylo-
mieMy.

Bmecto 3amenbl nepemensblx (7.11), (7.12) mb nosnaraem

x=X+eu(x, z, &), } ,
z=2+ev(x, 2 ¢), (7.11)
).:"‘:8-4(2: 8)’

. _ (7.129)
Z=1+¢eB(%, e).
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Moacrasasia (7.117) u (7.12’) B ucxoxuble ypaBuenus (7.8), Mbl
nonyyaeMm
A+euzA+us; (1 +eB)=—f(Z+ev),

B+eviB+ v:(l +eB)=x+eu.

Peluenue’ 310l CHCTEMBI NMPOBOAUTCS MO cJjaelViollell HTepaUHOHHOM
cxeMme:

U = — f (2 + ev®D)— eut-DAR-D — gy-DBE-H — A®),

o = % + eutt-) — gol-D Ak-) — goG-H Bk~ _ B,

HeTPYIlHO yéemnbca B TOM, UTO, HCNIOJIb30BAaB 34dAdHHbie HaYaJbHbIE
YCJIOBHSl, a TaKXe YC/OBHsl OTPDaHHYEHHOCTH PYHKUMA 4 M U H Tpo-
BOAA ABa llara HUTEPAauUHOHHOro npouecca, Mbl NpHAEeM K cbopmy.ne
(7.28). ‘

4. BpamareabHble ABHXXEHHS MaTEMAaTHYECKOro MassTHUKa. B ka-
YecTBe NpocTefllero NpuMepa pacCMOTPHM BpalllaTe/bHble ABHXKe-
HHA MaTeMaTHYECKOro MasiTHHKa

Z+sin 2=0. (7.29)
B 3ToM cayudae

f(z) =sinz
H, C/eJ0BaTe/bHO,

¥(z)=1—cosz, W¥=I1, @()=z—sinz.

Wcnonb3ys 3TH BbIpaxKeHHsl, COCTaBUM BbipaxkeHue (7.28)
1 . 1
z=A+ grsindt+0 (35). (7.30)

Pemienne ypaBHeHus (7.29) BblpaxkaeTcsi uepe3 3J/JIMNTHYECKHE
¢(yHKUMH, TO3TOMY AaCHMITOTHKY YpaBHeHHMs (7.30) MoXHO mo-
CTPOUTh, ONMHPAasACh Ha CBOHCTBA 3IJVIMNTHYECKHX (YHKIMA.

[Tpumeuanune Ecau npaBas 4actb ypaBHeHus (7.1) — aHa-
AuTHYecKas (YHKUMA 2, TO NPUOJNKeHHOe pellleHHe B c/ydyae Gob-
IIMX 3HepPrHil MoXeT GbIThb NMOCTPOeHO M APYrHMH cnocobamu. Ha-
npuMep, nojaras B ypasHeHuu (7.1)

1

z2=Qt+a, Qt=s, a=8
Mbl NIpHBEAEM €ro K BHAY
d*a
F=—82f($+a).

ﬂpaBaﬂ YyacCTh AaHHOro ypaBHEHHs 3aBHCHT OT MaJOoro napaMeTpa e,
npuyeM 3Ta 3aBHCHMOCTb AaHa/IHTHYECKas, NMO3TOMY €ro pellleHHe
MOXXHO HCKaTb B BHAE psila MO CTENEeHsAM €, OMHpasicb Ha Teopemy
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Myaukape. [puMenss noaoGuble paccyXaeHus K ypaBHeHuio (7.29),
Mbl NOJYYHM

z=Qt+sinQt{ gr —qr + .-+
+sin29t{ﬁ+ ...}+sin39t{4TlQ;-+ }+ (7.31)

INepsbie uienbl pasnoxenudt (7.30) u (7.31) cosnagator.

5. Mpumep MaATHHKA, BO3BPALLAIOUIas CHJAA KOTOPOro pasphis-
wa. B § 4 3toil raaBbl Mbl yxe o6CcyXaJH NPHMEHHMOCTb MeTOLOB
ycpenHeHHss K TOMY ciy4alo, Koraa ¢yskuus f(2), BXoAswas B
ypaBHeHue (7.1), He momycKaeTr pasJioxeHus B psibl. [Tokaxem Ha
npuMepe, KakHe pe3yJbTaThl MOTYT
6LiTh MOJyYeHbl B TOM CJayuae, fa)
Koria ¢yHkuus f(2) paspbiBHa.

Myctp  f(2) — neproanueckas ) 2
¢yHKIMA 2z nepHoaa 2m, mNpHYEM z = z -
+1, ze(0, n), -
f(z)={ -1, ze(-=x, 0).
Cpaduk ¢yHkuun [(2) naobpaxen Puc. 29.

Ha pHuc. 29.

Tak kak f=0, To ¢asoBas naockocTb ypaBHeHHs (7.1) Gyner
B 3TOM CJyyae mepHOJAHYECKas, T. €. HMeTb CTPYKTYpPY, H306parKeH-
HYI0 Ha pHc. 28.

Bbluncaum
2
2, 2&(0, m),
Y= ff(z)dz={ —2, 2&(—m, 0)
0 ? b} .
CaepnoBaTeJbHO,
n 0
F 1 n
\F=E[ Izdz— fde} =7
0 -7
Janee
22
? ’ e (O’ J'[),
D)= 22
| -f2—, ZE.(—'J'[, O).

Tenepb Ans 3TOrO cayuyas COCTaBHM BbipaxeHue (7.28)

bl 2] o)
2=

u+—k'7[%m +%’2-] le(-%, o).

(7.32)
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IBuxenus, Koropeie onpepensitorcss ¢opmynamu (7.32), usobpa-
Kenbl Ha puc. 30, rae

rA=tgo.

6. Cucrema ¢ BpamawWUMCa 3BEHOM. MeTOAHKa, H3JOKEHHAA
B 3TOM naparpade, MoxeT ObiTb HCNOJb30BaHa 6e3 KakHX-THGO CY-
L1eCTBEHHBIX H3MEHEHHH [J/151 UCC/e0BaHHs YPaBHEHHH 3HAUHTENbHO
Gonee oObliero BHAa, 4eM paccMo-
TPEHHbIH.

[Tpeanonoxum  temepb, 4TO
BMeCcTO ypaBHeHHA (7.1) Mbl pac-
CMaTpPHBAaeM TaKoe:

¢ i+f(z, £)=0, (7.33)

rae & — BEKTOp, H3MeHeHHe KOTO-
poro OmnuchbiBaercsl cHcTeMOl auH(-
(depeHUHANbHBIX YDaBHEHH i

Puc. 30. E=R(E, 2). (7.34)

[To-npexuemy GyaeMm npemnosarath, 4o GyHkuus f(2, §) nepuoau-
yeckas 110 2 mepHoja 2x s no6oro §, npHueM

1O=9 |1z 9dz=0,

KaKoBO Obl HH Obi0 E.

®dyukunio R takxke OyleM CcuuTaTbh MNepHOAHUYEeCKOH (yHKuHeh
nepeMeHHOH z mepHoja 2n (B yacTHOCTH, He 3aBHcAulell ot z). By-
JeM MpeAnosarath Aaljee, uTo

2(0) =Q

€CTh HEKOTOpoe GOJblIoe YHCIO.

Cucremy (7.33), (7.34) npu 3THX YCJAOBHAX Mbl OyneM Ha3bl-
BaTb CUCTeMOL ¢ 8pawjarouumcs 38eHom. TakdHe cHCTEMBl UacToO
BCTpeualorcsl B IPHJOKeHHsX. HanpuMep, Kak Mbl 3TO yBHAHUM B
cnenywolemM naparpade, obuias 3ajaua ABHMKEHHS CNYTHHKA, T. €.
3ajlaya HCCJ€JOBaHHA COBMECTHOrO [ABHXKEHHA LEHTPa HWHEPUHH
CIYTHHKA H €ro JABHXXEHHS OTHOCHTEJbHO LEHTPa HHEPLUHH BO MHO-
FHX CJ1yYasix CBOLHUTCA HMEHHO K HCCJEeJ0BAaHHIO CHCTEMBl C BpAllaio-
(ILHMCS 3BEHOM (HJiH C BPallalOLUMHCS 3BEHbSMH).

[Tocne 3aMeunt

t=¢es, e=
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Mbl nmpHBeleM cucreMy (7.33), (7.34) k caedylolleMy BHIY:

¥ =eR(, 2),
X =—¢f (& 2), (7.35)
2 =1+4ex,

rae ' — WITPUX O3Hauaer AWddepeHuUHpPOBaHHE MO HOBOMY He3aBH-
CHMOMY mepeMeHHOMY .
Has cucrembl (7.35) paccMotpuM 3agady KoulM ¢ HayaJbHBIMH

JaHHBIMH
£(0)=a, x(0)=0, z(0)=0. (7.36)

Sra 3amauya MoxeT ObiTb H3yyeHa CTaHAAapTHbIM MeToJAOM. BhicTpas
nepeMeHHast 2 NPH 3TOM MCKJIOYAETCHA, H Mbl MPHXOJHM K CHCTeMe
ypaBHeHH#, MOpsAoK KoTopoil paBeH n+1. OnHako B 3TOM cayuae
pe3yJbTaT yXe He MoxkeT ObiThb MpelcTaBjeH B CTOJb KOMMaKTHOM
topMe, KaKyl0o HaM yAa/joch MOJYYHTb B 3ajaye O BpalilaTeJbHOM
JBHXXEeHHH MasiTHHKA.

7. Masituuk c nepemeHHoli Bo3Bpamiawmed cuiaol. YacTHbiM
c/lyuaeM CHCTeM C BpallaloIKMCA 3BeHOM fIBJSEeTCH MAasTHHK, ABH-
JXeHHe KOTOPOTrO HMeeT BH]

i+f(z 1) =0 (7.37)

NpH YCJIOBHH, YTO €ro HauajbHas HePrHs BeJHKa. JTa 3alauya CBO-
AuTCA K cucreme tHna (7.33), (7.34) sameHod

t=f,  E=1.

Torna cucrema ypaBHeHH# THna (7.35), cOOTBeTCTBYIOIlAas 3TOMY
ypaBHeHHI0, GyleT HMeThb c/elyIOUHA BHA:

g/ =8,
x'=—¢gf(z, ), (7.38)
2’=1+ex.

[ToBTOpSIA HOC/OBHO BCe Te DAacCyXAeHHs, KoTopbie ObiiH MpHBe-
IeHbl B Hauyale naparpada, Mbl Jerko nojy4yuM /sl 3TOrO Cjayuas
¢opmyab TtHma (7.15), (7.17)—(7.19), (7.20), (7.22) u (7.23).
BoaBpaulasich 3aTeM K CTapbiM nepeMeHHbIM, HafijeM

1 | & | &
2(t)= (p . ‘I’(to))t+ m{qf(t)t(g - g‘lf(to))—
1
—o[t, (@ -5 ¥t)¢]}
WJH, BBOAs HOBoe 0G03HaueHHe AJs MPOH3BOJBLHOH MOCTOSIHHOM

]—
A=Q-2 Tty
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NONIYUHM OKOHYATEJNbHO I/Sl BEJHYHHbI OTKJIOHEHHS MasiTHHKA cje-
AYIOULYI0 aCUMNITOTHYECKYIO GOPMYay:

2(t) =AMt + 55 (T () At — D (2, M) (7.39)

3ameruMm, yto acumnroruyeckas Qopmyaa (7.39) O6nuia nmonyuena
6e3 Kakux-1H60 NPEANONONKEHHH O CKOPOCTH H3MEHEHHs mnapame-
TpoB MasTHHKa (7.36). 310 06CTOATENLCTBO ABAAETCH OTJIHYHTE/b-
HOH OCOGEHHOCTbIO 3a/lay aCHMNTOTHKH Ooabllux 3IHepruii. B atux
3ajlayax YyCpelHeHHe NPOM3BOJAUTCA MO MNepHoAY BpallaTeNbHOro
KBHXKEHHA, KOTOPLIA MaJ, H, CJeJOBaTeNbHO, MapaMeTPbl CHUCTEMBI
3a BpeMs oJHOro oGopora He YCNeBalOT MOJYYHTb 3HAUHTEIbHBIX
NpUHpalleHul, aXKe ecqd HX NMPOM3BOJAHBIE H He SIBASIOTCA MaJbiMH
B «peasibHOM Maciltabe BpeMeHH».

B kauecTBe mpuMepa paccMOTPHM BpallaTe/ibHble JBHXEHHS Ma-
TEMAaTHYECKOrO0 MasiTHHKa B mnoJjie nepeMeHHoH rpasutauuu. Ero
ypasHeHHe MOXHO 3aMUCcaTb Kak

i+ g(f)sin 2=0. (7.29")

INpumenss ¢opmyay (7.39), mbl nonyyuM ciaepylouuil anaaor gop-
Myasbl (7.30):

2=+ &0 sinat, (7.30))

[Ipumeuaunue Pewenne ypaBHeHus (7.29) mbl Morau mony-
YuTb B 3AJHUNTHYeCKHX PyHkuuax, u dopmyay (7 30) MoxHO GbLIO
BHIBECTH M H3 TOYHOro pelleHHsi, He npuberas K acCHMITOTHYECKOH
Teopud. ¥YpasHenue (7.29”) yxe He HHTErpupyercs B 3JeMeHTaPHbIX
QyHKIHAX.

Kone6arenbHble NBHXKEHHUS, H3YyeHHble B MPEeAbIAYIIHX maparpa-
dax, — 3TO HEKOTOPHIN KJAacC ABIXKEHHS B OKPECTHOCTH MOJIOXKEHHS
paBHoBecus. JIBuXKeHHs, KOTOpble MBI PaCCMaTPHBaeM B 3TOM Napa-
rpad)é, — 3TO KJAacc ABHXKeHHH, OIU3KHX K PaBHOMEDPHOMY Bpallle-
HHIO M HMEIOIHX Takxe KojebarenbHblil Xapakrep. [TosToMy u 3aech
YMECTHO BBECTH TNOHSITHE aMIUIMTYIbl — MaKCHMaJbHOTO OTKJIOHe-
HHAl OT PaBHOMEpPHOro BpallleHuss. B NaHHOM ciyuae, Kak 3TO cJje-
ayer u3 ¢opmyanl (7.30°), amnautyny a(f) MoXHO onpeienHTtb
dopmynoii

1
a=-7g ()
M3 3toro Bbipa)keHHs BHJHO, YTO AMIVIMTYAa NPH BpallaTeibHOM

JABHXK€HHH pacTeT C YBeJHYEHHEM HANpPsXKEHHOCTH rPaBHTAIlHOHHOTO
nons. HanomuuM, uto B ciiyyae KoneGaTeNbHbIX ABHXKEHHA aMIJIH-
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Tylda ¢ yBeJlHYE€HHEM HHTEHCHBHOCTH FPaBHTAaLHOHHOrO mojg yMEHb-
waJnacp no 3akoHy

—__ %
a=- .

Ve

ConocraBnense 3THX ABYX (opMyJ yKa3biBaeT Ha CyLUeCTBOBaHHE

KaueCTBEHHbIX pas/iHuHil B XapaKkTepe KoJebaTelbHbIX ABHXEHHA B

OKPECTHOCTH TMOJIOXKEHHSI PaBHOBECHS! W PaBHOMEPHOrO BpalleHHS.
8. Teopua BoamymeHHit. PaccMOTPHM Tenepb ypaBHeHHe

i+f(z, T =pe(z i 1), t=pi+T (7.40)

u GyaeM npeanosnaraTtb, YTO 3HEPrHsA 3TOH CHCTEMBl JOCTATOYHO Be-
nuka. Takum o6pasoMm, mpeanosnaraercs, uro npu p=0 aBUXKeHHE
masatHuKka (7.40) BpallaTenbHoe.

[TapaMeTpn Q, xapakTepH3yIOLLH 3HeprHIO CHCTEMBI, H p, Xa-
paKTepH3yIOLHil BO3MYLaloLHe BO3JeHCTBHA, CYHTAIOTCA He3aBHCH-
MbIMH; NMO3TOMY ANA HCCJeNOoBaHHA ypaBHeHHa (7.39) MoXHo Mo-
CTPOHTb TEOPHIO, aHAJOTHYHYIO TO#, KoTopas Obina pa3BuTa B § 2
3TOH TrJaBbi, ONHPaAChb Ha aCHMMTOTHYECKHE pellleHH MOPOoKAalo-
uwero ypaBHenus (7.1)

2'+f(z, 1,’0) =0.

Bynem cuurtath, 4YTO pellleHHe NopoXKaaioulero ypaBHeHHsa (7.1)
HMeeT BHJ
Z=Q(x' Y, 1),

Q=y+Z(x, y, 1), (7.41)

allech X — NPOH3BO/bHAA MOCTOAHHAA, a
y=o(x, 1) (t+t),

rae

@(X, T) — HOPMHpYIOWHA MHOXHTe/lb, BHOpPaHHbIH TaK, 4TOObI
¢ynkuua Z Obnla NEPHOAHYECKOH (YHKUHEH MepeMeHHoro y ne-
pHoaa 2n. ComocraBnss BbipaxeHnue (7.41) ¢ acHMNTOTHYECKHM
npeacrasienneM (7.28), Mbl nonyu4nm

1 ‘1
m=}\'v xX= —l._” o= ; ’

_ (7.42)
Z(x, 4, 9=Y@y-B@. 9+0(35) =20 9+0(5). I

Takum o6pasoMm, ¢ TouHocTbio A0 O(1/A%) ¢yukuus Z He 3aBHCHT
or x. Onpenenum ewe 2: ‘ '
Z=uwZy, (7.43)
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HJIH, Ucmoab3ys dopmyan (7.42),

: 1

Z= Ve Z,. (7.44)
Hcmosnb3ys 3aMeHy nepeMeHHBIX, onpeleleHHyl0 ¢opMyaamH (7.41)
H (7.44), cocTaBUM ypaBHEHHS OTHOCHTE/JbHO HOBHX NePeMEHHbIX X

H y (cMm. § 3 3roii rnaBm):
X=— — {(pr + gl} p‘X(xr Y, ‘E'), ]

(7.45)
j=o+E@Q +E}=nY(x 4 7) |

e El = thi + (Qtoy - Qthy) o, l
B =—0.Q,Q+ 0,Q,Q + 0(Q:Qy — QueQ.) (7.46)
A=0(QQ, - Q,Q,)~ Q)
Hcnoabays nanee dopmyan (7.42), moayunm
Q=y+xZ(y, 1)

Q,=1+=xZ, Q=1+ 2xZ, +x%Z},
ny=xzyy’ Qxy—Zy, (0(-—0,
Qr=va Qy‘t=nyv

H, cJefoBaTeabHO, BbipaxeHHsi (7.46) MOXHO mepemucaTth B cJe-
IYIOILEM BHIE:

A=%#+Vx_( z ——22)—— o+ — (zzy—%zg),
=Vx [— Zy+x(Z z,,J ~Z,.Z,), (7.47)
By =— V‘ +Vx ( v —zz,,,)
Hs ¢opmya (7.47) caemyer, uto
s=oro(L) )
nan (7.48)
A=SyE O/, |

9. Ypasuenne Ban-pep-Tloas. B sToii KHHre MH He pa3 o6pa-
waJnaneb Kk ypasHeHHIio Ban-mep-Iloas

2tz=p(l—b62?)2. (7.49)
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Hcnonb3yem ero B kauecTBe npHMepa AJsA W/JIIOCTPalHH H3Jarae-
MbIX MeTOAOB. HamoMHHM HeKOTOpble pe3y/abTaTbi, -OTHOCALLHECH
K ypaBHeHHIO (7.49).

Ecnn pasbicKHBaTh pellleHHe 3TOrO YPaBHeHHs B BHJe

2=Co0S Y,

TO nepBO€ H3 YKOPOUECHHBIX ypaBHeHuﬁ 6y11eT HMETb BHA

x=%{—1§y (7.50)

OTKyJa Cpa3y cjielyeT, YTO CYLLECTBYIOT ABe CTalHOHAapHble aMILIH-
TYAbI

X, =0, @=$%. (7.51)

s npoBepKH YCTOHYMBOCTH CTallHOHapHbIX pelueHuit (7.51) Ham
JIOCTaTOYHO ONpeleJHTb 3HAaK NPOH3BOAHON MpPaBOH 4yaCTH ypasHe-

Hua (7.50) \
(%h@—%ﬂhw=wﬂ

(le1=2)) <o

x=2/Vb

M3 3Tux HepaBeHCTB cjiefyeT, YTO CTallHOHapHOe pellleHHe X; He-
yCTOHUYHBO, a Xz YCTOHYHBO.

YpaBHenue (7.49) — 310 KBasu/iuHeliHoe ypaBHeHHe. Ero ana-
JIOTOM /15l [IPOU3BOJIbHBIX OTKJOHEHHM 2 eCTeCTBEHHO CUHTaTb ypaB-
HeHHe

#+sinz=p (1 — bsin22)z (7.52)

[Topoxpalolllee ypaBHeHHe, KoTopoe mnosyyaercss npH p=0, Hamu
yKe usyueHo. Ero obuiee peuieHne MOXHO npeACTaBHTb B BHJe

z=y+xZ(x, y), (7.53)

roe y=of, o= %, Z — nepHoinyecKas (GyHKUHA nepeMeHHOH y

nepHofa 2n. BenuunHy x — OTK/JOHeHHe 01 PaBHOMEDHOro Bpallle-
HHA — GyleM Ha3bBaTb aMILJIHTYAOH.

Peurenne (7.53) nmomyckaeT, Kak Mbl 3HaeM, aCHMITOTHYECKOe
npexcTaBleHHe

z2(x, y)=siny+0(;la-).
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Bennuunbl x u y 6yaeM paccMaTpuBaTh KaK HOBble MepeMeHHhLIE H,
NpHUMEHss. METOJIHKY MpeAblAyLlero myHKTa, NOJy4yHM

2=Q(x, y) =y+xsiny,
2=0Q, = V_ (I1+xcosy), A= 1./3

BuinuiieM nepsoe M3 ypaBHeHH#I cHCTeMH (7.45)

i=— —(pQ,———2ux {1 —bsin?(y+xsiny)}{l + xcosy}>. (7.54)

[TpaBas wacTp ypaBHeHus (7.54) — mepHomHyecKas QyHKLHS nepe-
MeHHO#N y nepuona 2x. [Ipex e ueM NMpOBOAHTL OCpefHEHHE MO 3TOMH
nepeMeHHO#, MpeACTaBHM MpaBYI0 YaCTb ypaBHeHus (7.54) B Buge
pana pPacnoJIOKEHHOTO MO CTeNeHsAM X:

= — 2ux{l — b sin? y+x(2cos y — 4b cos y sin? y) +
+x2(cos? y+b sin®y cos y — 6b sin? y cos?y) +x3(...) + .. .}

YcpenHsst npaByio 4acTb 3TOrO ypaBHEHHs, HMEEM
J’c=—2p.x{l—%+x2(—;-—%b)+x‘(...)+ }

YaepxuM B (pUrypHblx CKOOKax TOJNbKO BEJAHYHHB HY/NE€BOH U BTO-
po#i cTéneHH OTHOCHTEbHO aMMJIHTYAbl X

. _ b 2(1 3

P 2px{1 >+ x (3 T)b} (7.55)

H B 3TOH npUONHIKEHHOA MOCTAHOBKe HafileM CTalMOHaDHble aMIJIH-
TYIbI

% =0, xg—]/ 2 2=5 (7.56)

Tak Kak NpH BbIBOAE ypaBHeHHsi (7.55) MBl NpHUHANH mpeano/ioxe-
HHEe O MaJOCTH aMmiauTyabl, To ¢opmyna (7.56) umeer cCMuIcA
TOAbKO ANIst 3HAaYeHHA KOIppHUHeHTa b, ONU3KHX K 1BYM (HO b<2).
s vccnenoBaHHsl YCTOAYMBOCTH BBIYHCAHM

#(=xfi—g e (b=t o} == —H)-ae (1),

Orciola chiegyer, YTO pelleHHe X; YCTOAYHBO, a pelleHHe Xp He-
YCTOAYHMBO,

10. OcoGeHHOCTH PE3OHAHCHBIX AABJEHHHA B CHCTEMAaX C BpaHiaio-
IMMHCA 3BEHbAMH. 3ajgayH HCC/JEIOBaHHA PE30HAHCHBIX SBJEHIN
B CHCTEMAaX ¢ BpalllalOUIMMHCA 3BEHbSIMH HMEIOT Leablil psix ocobeH-
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Hocteil. [IpomeMoHCTpHpyeM 3TOT (aKT Ha OAHOM MNPOCTOM IMpPH-
Mepe.
PaccMOTpHM YacTHbI cnyyah ypaBHeHH# (7.39)

i+f(2) =9, 1), (7.57)
(i, ) =p(ot) — 2v2,

3fiech v — HEKOTopas MOJOXKHTe/NbHasl MOCTOSIHHAS, a YHCAO ¢ Mo-
no6paHo TaK, uto pyHkuHa P (ol) sABAsSETCA nepHoAHYECKOH (PYHK-
nHed nepuona 2n 1no nepeMeHHomy of. [1peanonoxuM, KpoMme Toro,
YTO CpefHHe 3HayeHHs NMepHOoAHYEeCKUX QYHKLHA $ U Z paBHH HYJIO

$=0, Z=0.

rae

OrpaHHuHMCSi pacCMOTPEHHeM CJaydyasi TJIaBHOrO pe3oHaHda H BOC-
nonnayemcs obuei metoaukoi § 5 3toit rnasul. as 3toro caenaem
npexie BCEro 3aMeHy

2=Q(x, y)=y+xZ(y), 2=0Q,= V.(l+xZ,)

u 3aMeHuM YypasHenue (7.57) caeaylowe#t cHcreMoit (cM. ypaBHe-
uus (7.45)):

x___“_¢Qy___mw%{¢@y-V1(1+xzp}(r+x2ﬂ,
=0+ % Q, = x~"s + 2ux'’ {w(:-. V‘ (1+xZ,) } (7.58)
t=o.

Mbl YCIOBHAIMCH pacCMaTpHBaTh CJayyal [JIaBHOTO pe3oHaHca.
3710 3HAUHT, YTO aAMILIHTYAa X H3MEHSeTCd B OKPECTHOCTH 3Haue-
HHs X0, ABISAIOLIErocss KOPHEM YpdBHEHHS

1
Vo

IMpu 3TOM MNpeanosoxkeHHH mnpeo6pa3yeM CHCTEMY YpaBHEHHi
(7.58), caenaB CTaHAAPTHYIO 3aMEHY NepeMeHHbIX

y=t+6. (7.60)

[Mocne samenw (7.60) npaBeie uyacThH cHcteMbl (7.59) okaxyTcs
NepHOAHYECKMMH (QYHKUHAMH nepeMeHHoR § nepHona 2. Hanee
nposeleM ycpeaHeHHe Mo ObICTPoii nepemenHolt E, B pesyabTaTe

=0. (7.59)
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MOJYUHM CJeLyIoluYyiI0 CHCTEMY ypaBHeHH}»{ fnepsoro l'lpHGJlH)KeHHﬂI

£ — 2t {%fw g + fw )2, (& +0) dg ~

, &+ 8) + x2Z2(E +0)) dg] . (7.61)

0= =+ 2 {%fw(g Z(g+0)ds—
2n

Vs on (Z(§+9)+ny(§+9)Z(§+9))d§].

0

Cucremy (7 61) MOXKHO 3HAUHTENbHO YIPOCTHTb. Tak Kak B pac-
cMaTpuBaeMOli TeopHH npeanoJaraercs, 4to x — x°=0 (p), T

‘ =2 40w

—_— =

Vx 2 V¥

IMockonbKy Mbl H3yuaeM YPaBHEHHSi MepBOro MPUGIHMKEHHS, TO
cnaraemoe mopsaka O (p?) moxkHo or6pocuth. Ha 3TOM ke oOcHo-
BaHHW B MPaBblX 4acTAX cHcTeMbl (7.61) MBI MOXeM 3aMeHHTb X
Ha x0. Jlanee Mbi Gynem mpeHeGperaTb BeJHUHHaMH X% mo cpaBHe-
HHIO C eJIHHHIIeH.

3aMeTuM, KpOMe TOro, YTO:

1) mo ycnosuio

2n
L[ v@a=o
0

2) B cuay Toro, yto ¢yHkuus Z(y) nepHojaHyeckas, HMeeM
2n
1 1
o [ 2,6+ 00z = (ZCn+ 0)— 2@} =0;
0
3) Ha TOM XKe OCHOBaHHH

2n
2,60 ze+0a=0;
0
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4) 1o ycJIOBHIO H B CuJy NepuouyHocTH Z (y)

2n
%IZ(§+9)d§=O.
0

BeeseM eue ciaeayiouine oG03HaueHHA:

= [v®z,E+0=F ),
0

2n
= [voze+oa=F.
0

Ucnosbaysi 3TH 3aMeYaHHsi M BBeJeHHble 0G03HaueHHd, NepenuiIeM
cucremy (7.61) B dopme

o VP 2v
pm— V| 7 )
- — (7.62)
b=— 275 _+2qu°3F2(e).
x

Bo3MoXHbIe CTallMOHapHble Pe)XHMbI Pe30HAHCHBIX «KoJieGaHUM»
.

X" u 0" ompenensloTCA CHCTEMOH ypaBHeHnﬁ

F,(6 _—_,
@) % (7.63)

x" = x0+ 4ux®F, (6°),

KoTOpasi mosiyyaercs u3 (7.62) npu £=0=0.

[TepBoe u3 ypaBueHu#i (7.63), ompepensiouiee cABuUr (a3 npu
pe3soHaHce, ABJAETCA HeNHHEHHbIM YypaBHeHMEM H MOXeET HMeTb
CKOJIbKO YTOfIHO KOpHeH (B TOM uucje M HM onHoro). Onpenenus 6%,
HaXOJHUM Pe30HAHCHYIO aMILIUTYAY X* OJHO3HauHO.

B kauecTBe mpuMepa paccMOTpuM ypaBHeHue (7.57), B KOTOpPOM

f(z)=sinZ, +(ot)=sinot.
Torma
Z=siny, Zy=cosy,

Fi (@)= | singcos (5 +6)dg = — Lsine,
0
2n

Fz(8)= 3= f sin & sin (& + 8) d§ = 5 cos 6.
0
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Bennunna x° onpenesiseTcs paBeHCTBOM

1
0
x—cg

.

COOTHOHleHHﬂ, ONMHCBIBAIOIHE CTaUMOHApPHOE pelleHHe B AaHHOM
caydae, MBI MOXeM NPEACTABHTb B CjeAYylollleM BHAE:

sin 8* = — fy_s = — 4vg3,
xo
LI 1 (7.64)
cos 0’ =212 =°—(x‘——-).
2ux®®  2u o?

[epBoe n3 ypaBHeHH#l (7.64) HaM moKa3bIBaeT, YTO CYHIECTBYIOT
TONBKO /1Ba PE30HAHCHHIX pexuMa 0] u 62 OTH BeJHYHHEI JexXaT
BO BTOPOM H YeTBEPTOM xBanpaHTax T. e. cos O] u cos @, uMelOT
pasubie 3HakH. CieaoBaTenbHO, OAHA H3 peSOHaHCHblx aMIVIUTY A
6osbie YyeM x% a BTOpas MeHblle.

PaccMoTpuM Tenepbh YCTOAYHBOCTb CTallHOHApDHBIX pellleHHH x™*
# 0%, koropee ompeaensiiorca dopmynamu (7.63). Has sroro Ml
JOJIKHE! COCTAaBHTh CHCTEMY YpaBHEHHMH B BapHaUHAX AJs CHCTEMbI
(7.62).

[Monoxum

=x*+8x, 0=0*466.

IMoacraBass 3TH Beau4HHB B (7.62) M JHHeapH3ys OTHOCHTEJbHO
papuauuii dx u 60, nonyyaeM

O=——% o Vx°‘ "F"‘”oe.

2 Vx°3

CocTaBMM XapaKTepHCTHYECKOE YpPaBHEHHE STOA CHCTEMB

& dF, (@)
A2V S0

1 aF, @) | =0 (7.65)
4

2V x93

BuiyucanM npoussoanyio dF,/d® pns 3Hauenwit 0 =0°, yaosaeTso-
PAIOHAX nepBomy H3 ypaBHeHu# (7.63):

ar, _%%j¢(g)z<g+e)dg= fwg)z (& +0')ds = F, (0.
(1]
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3amensis panee Fi(6*) mo ¢opmyaam (7.63), Ml npHBOgHM ypa-
BHeHHe (7.65) K BHAy
A2 — dpvi — pr 2EL <0, (7.66)
s Toro uto6bi BLIYHCAHTD MPOU3BOAHYIO dF,/d6B, Heo6x0AMMO KOH-
KpeTH3upoBaTh 3ajgauy. Hanpumep, B TOM yacTHOM cJyuae, KOTO-
pbiii Mbl pacCMaTpPHBAJH B KayecTBe NpHMepa
dF, 1 9

a ~ g0

v ypaBHeHHe (7.66) uMeeT cieayloluuii BHA:
A% — 4pvh + "—;o— cos 6° =0. (7.67)

3aMeTHM, OIHAKO, UTO AJA CYXKJA€HHA 00 yCTOHUHBOCTH HeT He-
06x0JHMOCTH KOHKpeTH3HpoBaTb BHA ¢yHkuuu dF,/d6. KakoBw 6bl
HH ObiH BeauyuHa W 3Hak dF,/d6, o6a KopHa ypaBHenus (7.66)
HMEIOT MOJIOXHTe/NbHbie NEHCTBHTE/NbHBIE YaCTH, T. €. Mbl HMeeM B
3TOM CJiyyae COBCpLIEHHO OGLUHA pe3y/abTaT: CTallHOHapHBIE pe3o-
HaHCHBIE peXHMb Y Bpallalollerocs MasTHHKAa MpH HaJAHUHH
TPEeHHSl HEYCTOHUYHBBHI.

BnepBble 3TOT pesyabTaT AJsl 4AacTHOrO cJjydyass MaTeMaTHue-
CKOTO MasITHHKA, KOTAa pelieHHe MoOXKeT GhiTb MOJYYEHO B 3JLIHIM-
THYeckux $yHKuuax, 6oi1 ycranosnen ®. JI. Yepnoycbko. Hcnons-
30BaHHe aCHMITOTHKH GOJbIUMX 3HEPTHH MOKa3biBaeT ero yHHBep-
CaJIbHOCTh.

Ha ocHoBaHuu o6uiux coo6paxeHHH Mbl MOXKeM BbiCKa3aTb
TOJNBKO CYXAEHHe O HeyCTOWUHBOCTH. KM3yueHue xapakrepa pa3BH-
THA M3MEHEeHHs aMIAUTYAb M da3bl TpeGyeT ucloab3oBaHHs Gosee
JaetaJbHOi HHPOPMALHH.

PaccMOTpHM CHOBa mpHMep BpalllaTeabHbIX ABHXXEHHH MaTeMa-
THYECKOro MasATHHKA. Mbl 3HaeM, uTo 3Ta CHCTeMa HMMeeT [Ba CTa-
uHOHapHbIX pexxuMa X;> x° u x;<x? [TlepBoMy H3 3THX pexH-
MOB, COTJ1acHO ¢dopmynam (7.64), oTBeyaer tTakoe 3Hauenue 0, 4ToO
cos 0, >0.

CnenoBaTesbHO, B 3TOM C/yuae

Ap, o=2uVA £ ]/ 4uv? — "—;; cos 6’

B 3aBHCHMOCTH OT COOTHOLIEHHSl BeJHYHH, BXOAAILHX B MOAKOPEH-:
HOe BblpaxKeHHe, HeYCTOHYHBOCTb MOXKeT GbiTb JHGO KosebaTeldbHOM,
au6o anepuoauueckoii. Ecau

4 < -"2L° cos 67,
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TO A, 2 GYAYT KOMIJIEKCHO COMPSXKEHHBIMH H Mbl HMeeM KoJsie0a-
TeJbHYIO HEeycTOHYHBOCTb. B MpPOTHBHOM cayuae HeycTOH4YHBOCTB OY-
JeT anepHOAHYECKOH.

PexxuMy x* oTBeyaeT Takoe 3HaueHHe CTallHOHAapHOH ¢a3bl
0, uto cos0,<0. Jlerko BHIeTb, YTO 3TOMY CJyyaio BCeria OTBe-
yaeT anepHoHyYecKas HeyCTOHUYHBOCTbD.

Hrtak, pe3oHaHCHble peXXHMbl B YCJOBHAX BpallaTeJbHOro JBH-
JKEHHs1 MasnTHHKa Bcerja HeyCTOHYHMBBI, €C/IH TOJbKO Ha MafiTHHK
JeficTByeT aHccunaTHBHas cuna (v>0). Ecan v=0, To Mbl HMeeM
HelTpanbHbIi caydail. O6a KOpHS XapaKTepPHUCTHYECKOTO YpaBHEHHs
YHCTO MHHMble. DTO 3HAYHT, 4TO AJA CYXJAeHHUs 06 YCTOHYHBOCTH
Mbl JOJUKHBI paccMoTpeTb 0OoJjiee CJOXHYIO 3ajauy o KoseOaHHH
C YueTOM HeJIHHeHHbIX uieHoB. Bo BcAKOM cayuae, W3 H3/M0XEHHOH
TEOPHU cJIeyeT, uTO AHCCHMNATHBHbIE cJaraemble HrpaloT AecTabH-
JIU3HPYIOULYIO POJib. 3TO OOCTOATEJNbCTBO YKa3hiBaeT Ha CyLIECTBO-
BaHHe KayecTBEHHbIX pa3iHuyHii Mex]y kKoseOaTesNbHbIM JBHXXEHHEM
OKOJIO MOJIOXKEHHsI PaBHOBeCcHs H KoJieOaTeNbHbIM ABHXKEHHEM OKOJIO
pPaBHOMEPHOrO BpallleHHs.

[IpHunHa 3Toro pas3iuuMs OyeBHAHA. B mepBoMm csyuae auccHma-
THBHble CHJIbI HHKaK He BJIHAIOT HAa caM XapaKTep HeBO3MYLIEHHOTro
_IBHXEHHs (COCTOsIHHE MOKOs), a BO BTOPOM CJlyuyae OHH pa3pyiuaior
CaMO HeBO3MYIIECHHOe ABHXXEHHeE.

Jns Toro ytoObl Obl1H MPaBOMEPHO pPacCMOTpPEHbl aHAJIOTHH Me-
XKAY 3THMH ABYMs THnammn ABHXCHHH, HeOOXOQHMO B cjyuyae Bpa-
H1aTeJIbHOIO [BHXXEHHS NPHJOXKHTb K MasiTHHKY HEKOTOpbIA mo-
CTOSIHHBIH MOMEHT, KOMNEHCHPYIOUIHH B cCpelHeM JeHCTBHE JHC-
CHMATHBHBIX CHJ.

11. Meroa B. M. BoaocoBa 8 TeopuH BpamareabHbiX ABHXKEHHH.
Jlo cHX nop Bce HallW paccyXk/[eHHS OCHOBBIBAJHCb Ha MpPeAnoJo-
JKEHHH, 4TO SHEpTHS BeJHKa W TeOpHs, KoTopasa Oblla pa3BHTa, —
3TO acCHMNTOTMYECKas TeOpHA OoJbiinx 3HepruA. Ee BmiBOAB TeM
TOyHee, YyeM OoJibiie YrJoBas CKOPOCTb BPallaTEJbHOrO ABHXKEHHA.
[TosTomy H3naraeMylo 3ech TEODHIO MOXHO ellle Ha3BaTb acCHMITO-
THKOWN ObICTpbIX BpallleHHH.

Tenepb npeacraBum cebe, yTo peub HAET 00 HcclelOBaHHH Bpa-
HlaTeAbHbIX ABHXKEHHH, Y KOTOPbIX YIVIOBAasi CKOPOCTb BpAILlEHHA el
He HACTQ/bKO BeJIHKa, uTOObi MOXHO ObLIO HCMO/Ab30BATb acCHMNTO-
THYECKYIO TeOpHIO ObICTPbIX BpalleHHH. B 3ToM cayyae MoxHO Boc-
noab3oBaTbess Metoaom B. M. BojocoBa W HaWTH npuGiuKeHHoe
BbipaXKeHHe HHTErpaJjioB HeBO3MYLIEHHOro JBHXeHHA. B § 2 ston
r7aBbl Mbl YXKe H3J0kHau noxxon B. M. BosocoBa nnisi usyuenus
CYLIeCTBEHHO HesMHHeHHbIX KosJebOaTeJbHbIX ABHXKEHHH. TOT moaxon
MoxeT ObITb C ycmexoM MpHMeHeH H JJIfl HcC/iefOBaHHsl BpallaTesib-
HbIX ABHX<eHHA. Bosee Toro, B TeopuH BpallaTe/bHbIX NBHXKEHHH
peaJii3allHsl 3TOH CXeMbl Aaxke mpollle, ueM B cJaydyae KoJsebaresb-
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HbIX nBHXKeHuil. [loBropum paccyxieHus n. 4 § 2 3Toii raasbl
C yueToM TeX ocoGeHHOCTeH, KOTOpbie CBA3aHbl C BpalllaTelbHbIM
XapaKTepoOM H3yYaeMbiX JBHXXEHHH.

Urak, paccMOTpHM CHOBa ypaBHeHHe

5+ (2) =eq(22), (7.68)

rae e>0— Mmanbiii napametp, f(2) — nepHonHyecKkas ¢GYHKUus ne-
pHona 2m.
Tak kak Mbl paccmarpuBaeM _— __ __ ““/7,
BpalllaTe/bHbie JABHXKEHHA, TO : |
peub HAeT 06 H3y4eHHH 4YacTH
¢a30Boii MJIOCKOCTH, 3aMOJIHEH-
HOH HeOrpaHHYEHHbIMH [BHXe-
Husimu  (puc. 31). Tlpu p=0
ypaBieHde (7.68) nmomyckaet
clelylOlllHe ABa HHTerpafa:

2+U(2) =

rae
U@R)=2 j f(2) dz,

S N I
'II)(Z, (l)— T(O.) f VU.—U(Z) -

=+ const =§. r/\-‘/\‘

[IpuMeM B KauyecTBe HOBLIX Ie- Puc. 31.

pPEMEHHbIX NpH H3yYeHHH YpaB-

HeHHs1 (7.68) BeNHYHHBI o M B, H BBIYHCJAMM NpPOH3BOAHBIE 3THX Be-
JIMYHH B CHJly ypaBHeHHs (7.68)

a=2:(+[(2)=2e0(2, Va-U@R))Voe-U(z) =
=2e<p’(z a) Va—-U (2), (7.69)

b=+ Pam o+ 260" 2, ) S V=T
[TpaBbie yacTu cucreMbi (7.69) sBAsAIOTCA NEPUOAMYECKHMH (YHK-
uusiMu ¢ nepuoga T(a), a cregoBatenbHo, H nepeMenHoi P. Io-
3TOMY AAs TOro, YTOGbl MOJNYYHTb YpaBHEHHs mepBoro mpubsuKe-
HMsl, OCTAaTOYHO OCPENHHMTb mpaBble 4acTH cHcTeMbl (7.69) mo ne-
peMeHHo# B

T
= T2(Z) J’q)' (2, @) Va—U(z) dB,

(7.70)
g= T:a) T(a) fq)(z a)d V(l U () 4p.



240 ACHMITTOTUYECKHE METOIbI PA3NEJEHUS ABUXEHURN [ra. i

Ho muddepenunansl dz v dff cBA3aHbl COOTHOLIEHHEM

dz=+Va—Ulz2) d, (7.71)

rlte TMJAIOC COOTBETCTBYeT [JBHXKEHHIO B BepXHell MOJNYMIOCKOCTH, MH-
HYC — ABHXKEHHIO B HHXKHeH MOJYMIOCKOCTH.
[MpousBoass B ypaBHeHusx (7.70) 3ameny (7.71), monyuum

4

R
|

(L]

(7.72)

5-_-.1__~) J%—q;* (2, @) dz.
2

HUuTerpupoBaHie B 3THX BbipaKeHHAX MPOH3BOAMUTCA BAOJb ¢aso-
BOH TpaeKTOpHH, OPAHHATA KOTOPOH B cjyuae BpalleHHs sIBJsieTCH
nepuoaHueckoli ¢yHkuueldl nepeMeHHol 2z mnepuoaa 2n. [lostomy
B KayecTBe 2 MOXHo B3aTbh 2=0, Toraa z=2mn.

Beiuncnienne nepuosa T (a) TakakKe CBOAMTCH K KBaapaType
2n

T(a)= ;Vaum (7.73)

I BenHUHHBl @ H  MOXHO MOJNYYHTb H ApPYrHe MpPHOJIHNKeH-
Hble GOPMYJbl, onupasich Ha ypaBHeHus (7.69).

Tak kak 1npaBble YaCTH 3THX YypaBHeHH#l fABJISIOTCA B cJayyae
BpalllaTenbHbIX ABHXKeHHH nepHOAHYeCKHMH (PYHKUHAMH Z mepHoaa
2m, To, yCpeAHsis MO 2, MB NoJAyuydM aHaaor ¢opmya (7.72)

2n
a=2 j (2, 9) Va=U2) dz,
° (7.74)

2n

ﬁ=ﬁ +%J. * (2, a) Va-—U(z ) dz.

0

[ToMumo & H f§, MOXKHO BBIYHCJMTH ellle UeJblil psifi BaXHBIX Xapak-
tepuctuk. HanpuMep, npeacraBasier HHTepec 3HaTh H3MeHeHHs
MaKcHMaJabHo# Beauuunbl 2=2(0). Tak kak

a5 = — 1)
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H, Mo mnpexnonoxeHuio, f=0, To, ocpeaHss MO 2, Mojyyaem cne-
AyIOLLYIO IBHYIO dopMmyany:
2n
dz e *
22 [ ¢ ad. (7.75)
0

12. 3akaiouenne. Mitak, Mbl BHJHM, YTO H3yYEHHE BpallaTeJbHbIX
IOBHXEHHI MOXET, HECMOTPA Ha HX CYILEeCTBEHHO HeNHHEeHHBbIA Xa-
pakTtep, GbiTb MpOBeJEHO CTAHAAPTHBIMH METOAaMH HeJHHeHHOH
MexaHHKH. B HeKOTOpOM OTHOUWEHHH H3YueHHe BpalllaTe/IbHbIX IBH-
JKeHHll naxce serye, yeM KoJeGaTesbHbIX.

H3yueHue BpallaTeNbHbIX IBHXKEHHA B MOCAEIHHE TOJbl 3HaYyH-
TeJIbHO MPOABHHYJIOCH: pacCMOTPEeH HeJAblH PAM NPHKAAAHLIX 3ajgay
M, B YaCTHOCTH, 3HAYHTENBHO YCOBEPIIEHCTBOBAHA METOJHKAa HX pe-
weHus. IIpoaBHHYT BNepea W ueNbli PAA TEOPETHYECKHX BOMPOCOB,
YTO Kacaercs Mpex1e BCero TEOPHH Pe3OHaHCHbiXx peweHul. U3
YHC/ia aBTOPOB, BHECINHX CYIUECTBEHHbIA BKJal B 3Ty o06sacTh,
cnenyet mpexnae Bcero ynomsHyth B. M. Bonocosa, B. . Mopry-
Hosa u P. JI. UepHoycbKo.

§ 8. Mpuaoxenns K 3agayam AHHAMHKH
OpGHTaNLHBIX annaparos

1. Mpeasapureabubie 3ameyaHus. ACHMNTOTHYECKAs TeopHs pas-
neneHUfi ABHXKEHHS BbIPOC1a H3 TeoprH KojgebaHuil, KoTopas moJ-
roe Bpemsi Oblla €THHCTBEHHbIM MMOCTABILHKOM MaTepuazia ais ee
¢opmupoBanus. OgHako B mocieJHHe rojbl MeTOdbl H3Jaraemo#
TEOPHH MPOHHKJH B caMble pazHooOpasHbie o6acTH QH3HKH U Me-
xaHuku. Hacrosuuii naparpad nmeer cBoei ueNbiO MPOHJJIOCTPHU-
poBaTL €e BO3MOXHOCTH B TakOi HOBOH o6JlacTH MeXaHHKH, Ka-
KOH fABAseTCH JHHaAMHKa KOCMHUECKHX 0p6HTaJ1belx annapaTOB.
3agayl, KOTOpbIE 3[1eCb BO3HHKAIOT, MO CYILECTBY ABJAIOTCA MHOTO-
MepHbIMH. [103TOMY OHH OueHb TPYIHbI AJsi KAKOro-NHOO KauecTBeH-
HOro aHanusa. B IHHaMHKe KOCMHYECKHX amnmapaToB Mbl MpPaKTH-
YeCKH He HMeeM aHaJMTHYeCKHX pelleHuii. Jlaxke B cnyuae kenJe-
POBCKOTO ABHKEHHfI B MoJieé OLHOrO MPHTATMBAIOLLEro LEHTPa CBA3b
KOOPAHHAaT H BPEMEHH CBOJAHMTCA K rpoMosnkoi kBaapatype. [To-
3TOMY B JHHAMHKE KOCMHYECKHX annapaToB OCOGYIO pOJb HrpaioT
yHcAeHHble METO/bI.

OzxHa M3 BaXHbIX 3aJay, KOTOPYIO B TEOPHH konebaHHii pewan
MeToJ pa3jefeHHs JBHXEHHH, — 3TO [aTb Takoe npHOJIHKEHHoe
onucaHue KoJebGaTesbHOrO mpoluecca, KOTOpoe obecneuHBalo Gbl
HarisiHOe MpeAcTaBieHHe o ero nmpupode. [Tockonbky B JHHaMHKe
KOCMHYECKHX amnnapaToB nogoGHbie 3ajJauyH He HrpaioT CYIIeCTBEH-
HOM PpOJIH, TO METOAbl pa3jeleHHsi [IBHXEeHHsl 3[eCb B NepBylo



242 ACHUMITTOTUYECKHE METO/Ibl PA3JEJIEHUSI IBWKEHHUHA [TJI. 111

oyepelb HCMONB3YIOTCA AJiS MOCTPOEHHS PAIHOHAJbHBLIX BHIYHCIIH-
TEJIbHbIX CXEM.

B nanHoM naparpade paccMaTpHBaeTcs psif mpoOCTEHIIMX MJIO-
CKHX 3aJay AHHAMHKH, BbIGOD KOTODBIX OMNpPEAe/SeTCs HCKJIOUH-
TEJbHO METOAHYECKHMH co0OpaXKeHHsIMH. 3afaud, ¢ KOTOPbIMH
NPHXOMHUTCH CTAJKHBATbC HHXKEHEPY MPH pacueTe H IMPOEKTHPO-
BaHHH OPOHMT, 3HAYMTENLHO CJIOXKHEE PAacCMOTPEHHBIX 31ech. ABTOp
ciefoBajl B OCHOBHOM cBoeMy AoKJaaay Ha XIV MexayHapomaHoM
KOHrpecce no actpoHaBTHKe B I. BapHa B 1962 r., uenbio KoToporo
6bLIIO MPOMJIJIIOCTPHPOBATb BO3MOXKHOCTH METONA YCpPeAHEHHs A/
nocTpoeHHsl 3¢ ¢eKTHBHLIX BbIYHCIHTENBHBIX cXeM KaK B mpobjaeMe
pacuetra opOUT BHe aTMochepbl, TaK M MNpPH HCCAEJOBAHHH aTMO-
cepHoOro yuactka TpaekTopHH *). B nocnenHue rombl ObUIH mOJy-
YeHbl HOBbl€ H BaXXHbl€ pe3yabTaTbl B 3TOH obOsacTH. B uyucae asTo-
pOB, BHeCLIHX BKJad B 3Ty o6JacTb, B MepBYK ouepelb CjAedyeT
nassath MMeHa lO. M. Eerymwenko, I'. E. Kyamaka, ®. JI. YepHo-
YCbKO.

B03MOXHOCTH H mepCneKTHBbl acCHMNTOTHYECKHX METOJOB B 3TOM
TEOPHH OCHOBBIBAIOTCA Ha caeaylolleM obcTosiTeqabcTBe. CyllecTByer
60JIbIIIOe YHC/AO 3343y JHHAMHKH KOCMHYECKHX ammapaTtoB, B KO-
TOPLIX HMe€eTCs Mo MeHblled Mepe [Ba pas3/HUHBIX XapaKTepHbIX
Macmita6a BpemMeHH. Hanpumep, neiicTBHe BO3MYIIAIOUIHX CHJ
BHEIIHHX MJaHeT MaJo, U pe3ynbTaT HX NeHCTBHS CTAaHOBHMTCHA 3a-
METHbIM TOJIbKO MO MpPOIIECTBHH 3HAUHTENBLHOTO OTpPe3Ka BpPEMEHH,
B TeueHHe KOTOPOro CHYTHHK COBEPILIMT MHOTO BHTKOB MO CBOeH op-
6ute. TakuM o6pa3oM, B TeueHHe OJHOrO BHTKA mapaMeTpbl OPGHTbHI
M3MEHSIOTCS OYeHb HesHauuTenbHo. [pyro#i npumep: BciaexcTBHE
cayyaifiHbIX HMOYJAbCHbBIX MOMEHTOB, AEHCTBYIOLIMX Ha anmapaTr B
MOMEHT €ro OTHAEJEeHHs OT mocjaeiHell CTYNeHH, ABHXKeHHE HecTalOH-
JIH3HPOBAHHOrO ammapaTa HOCHT BpalllaTe/ibHblil Xapaktep. Moxer
OKa3aTbCsl, UTO MEPHOA 3TOro BPallaTeNIbHOTO JBHKEHHS BO MHOro
IEeCSITKOB pa3 MeHbllle BPEMEHH nosHoro o6xoaa opOuthl. Yucno
TaKHX MPHMEPOB MOXXHO 3HAUHUTENbLHO YBEJIHYHTb.

CylllecTBOBaHHE HECKOJbKHX XapaKTePHHX MacmtaGoB BpeMeH
M03BOJIIET Pa3BHTb COOTBETCTBYIOLIHE acCHMNTOTHUECKHE TEOPHH H,
csefoBaTeNbHO, BO MHOTHX cjyyasiX MOJYUHTh MoJie3Hylo MHpopMa-
HHi0 o mpHpoge nBHXKeHHsA. Kpome Toro, u 3To eille 6oJiee BaXHO,
C MOMOLUIbI0 ACHMMNTOTHYECKHX METOJOB YAAeTCS MOCTPOHTb 3KO-
HOMHBIE H GoJsiee TOUHBlE CXeMbI YHCJAEHHOTO pacyeTa.

2. Bo3MyuleHHs KemyiepoBCKHX OpOGHT. PaccMOTpHUM mJockoe ABY-
JKeHHe MaTepHa/ibHOH TOYKH B rpaBMUTallHOHHOM noJse 3emiaH. Eciu
ee JBHXXEHHE MPOUCXOIHUT BHe aTMoc(epbl, TO OCHOBHOH CHJIOH, meii-

*) H. H. MouceeB, Methods non-linear mechanics in the problems of the
dynamics of setellites, Trans of XIV-th Astronautical congress, 1962,
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CTBYIOIleil Ha TOYKY, Gymer cusa nputsikeHus 3emuau. [Toaromy
ABHXeHHe paccMaTpHBaeMOH ToukH OYy/J€T OMUCHLIBATbC YpaBHe-
HHeM

d’r B
JE=—r+ef, (8.1)

rfe r— palHyC-BeKTOP TOYKH, W — IPaBUTALlHOHHAsi MOCTOSIHHAA,
ef — BeKTOp BO3MYUIAIOWIHX CHJ, &— MaJjbliii napamerp (o6o3Ha-
yeHHs daHbl Ha puc. 32). [lepBoe cnaraemoe, crosiliiee B npaBoH
yacTH ypaBHeHHs (8.1),—3TO HampsiXKeHHOCTb T[PaBHTaLlHOHHOTO
noJjis OJHOrO MPUTATHBAIOILEro LeHTpa. B JeficTBHTENbHOCTH, CHJLI
NPUTAXKEHH 3eMJIH HeCKOJIbKO OTJIH4Ya-
I0TCSl OT 3TOH BeJIHYHHbI, MOCKOJIbKY 3eM-
A8 He mnpejcraBiasieT co6oil TOYEYHYIO
maccy. PasHocTb BekTOpa HampsiKeH-
HOCTH peasbHOro mnoJssi 3eMJH H BeJH-
uydHbBl {p/r¥)r aBasiercs OAHOH M3 co-
crapasowux Bekropa ef. Kpome Toro,
K YHCJY COCTaBJSIOUMX 3TOro BeKTOpa
Mbl OTHeceM NpHTsXKeHHe JIyHbl M nJa-
HeT, CONMPOTHBJeHHe aTMocdepnl H T. A.
MoxKeT Oka3aTbCsl TakXKe, YTO ammapart
(KOTOpBIfi Mbl CXeMAaTH3HPYeM Kak Ma-
TePHAJIbHYIO TOYKY) HAaXOAHTCA MOA JdeH- Puc. 32.
CTBHEM TSITM [BHraTessi «Majiofi TArH».
B 3ToM cayuae yckopeHHe, KOTOpOe CO3MaeTCsi 3THM /[BHTaTeseM,
Mbl TaKXe OTHEeCeM K YHCJY BO3MYULAIOLIHX CHJI.

[Tepennmem ypasHenue (8.1) B npoekuHsix Ha OCH MNOJSPHOH
cHCTeMbl KOOpJHHAT

dv, g n
= e
a = 7t

(8.2)

dv v v
—W=—r_w
dt r +ef‘l>'

3nechb 0, B Vg — NPOEKLUHH BEKTOPA CKOPOCTH
V= 2 = 0’ + v, p° (8.3)

#ia HanpaBJsieHHe pallHyca-BeKTOpa W TpaHCBepcaJb

dr |

= —r a9
U, = dt ? vq)_rﬁo (8.4)

Benuuuna h, onpefeneHHasi paBeHCTBOM
h=VXr,
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HOCHT Ha3BaHHe CeKTOpPHaJbHOW cKopocTH. Mcnosb3ysi paBeHCTBa
(8.3) u (8.4), nerko HalaeM, UTO

h=r"ZL(p° X F).
BBsoasa oGo3HaueHue

’

1

u=—

r

MOXHO BbIpaXXeHHe YyIJIOBGH cKopocTH dg/dt sanucaTh Tak:

d
¥ =uh. (8.5)

PaccmoTpuM nepeoe H3 ypaBHeHHii (8.2). 3aMeTHM npeXje Bcero,
yTO, HCNOJb3Ysl (8.5), ero MOXHO NMpeACTaBHTb B BHIE

d (d

T (—') = y3h? — pu? + ¢f,. (8.6)

dt
CocraBuM Tenepb ypaBHEHHE, KOTOPOMY YAOBJeTBOPseT ¢(YyHKIHA
u(@). dns sToro npozenaem cilelylOLiHe BhIYHC/IEHHS:

ar _dr oy .2 i(_l\__ du

dt_dcpuh_uhdcp u,)_ hdcp’
F_d_'___d_ﬂz__z{d_h_‘i& d_z"}
dt(dt)_ dcp(hdcp)uh-— Wh\Go Ge T h G |-

Hcnonbsys 3TH BcnoMoraTelbHbie BbipaXeHHst W ypaBHeHHe (8.6),

NOJY4HM
d?u 1 du dh u ef,

@ T E e de TE TR T ®.7)

CocTaBuM JaJsiee YpaBHeHKHe, KOTOPOMY YAOBJIeTBOpsieT BeJH4HHa ;

TaK Kak
_ . dy _ _dr _ du
Vo=T—75 =uh, Ur=r ——h_dcp’

TO BTOpOe M3 ypaBHeHuH cucTeMbl (8.2) MBI MoXeM mnepenucartb
B BHIE

%— (uh) = uh® Z—'; + &f.
ITepexoas K nepeMeHHOMY @, HalaeM
%(uh) = [Z—; h+ % u] u?h.
M3 3THX ABYX BbIpa{eHHi MOJYYHM HCKOMOe ypaBHeHHe

dh Bi@

o= W (8.8)
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Hcnoab3ys B cBOlO ouepelb ypaBHeHHe (8.8), Mbl MoOXeM HCK/IO-
uuTh U3 ypaBHeHus (8.7) npoussoanyio dh/de

d*u fro du fo }

B
W+u=7—'8{w+d—q"w (8.9)

YpaBHenus (8.8) u (8.9) o6pa3yioT 3aMKHYTYIO CHCTEMY ypaBHEHHH
OTHOCHTENbHO 4 M h. B peaynbraTe ee HHTErpHPOBAHHA Mbl MOMY-
yaeM 3jeMeHThl OpOHTH KaK GYyHKUHH noispHoro yria ¢. Jas
TOro 4TOOb! MEepefTH K apryMeHTty {, Heo6XOQHMO ellle BBLIYHC/IHTH
KBaApaTypy

|14
t=fu—,‘fl. (8.10)
0

ITpn e=0 cucrema ypaBuenuit (8.8), (8.9) uMeer TouHOe pelueHHe

u(cp=7p;—+xcosq>, (®.11)

h = const = Ay,

riae x u hg — HeKoTopble MOCTOAHHBIE,
Cnenysa ofuefi cxeMe MeToJa YCpeIHEHHM, peIIEHHE CHCTEMbl
(8.8), (8.9) 6Gynem uckatb B Buze

u=-:—,+xcosy, Z—;=—xsiny, (8.12)
rie x v y — HeusBecTHble pyHKuHH yraa ¢. U3 (8.12) Haxomum

x=y (- £+ (-3;‘7)2 8.13)
! (8.14)

v=—arctg‘;—;- e
u——

h2
INuddepenuupys (8.13), B cuay ypasuenuit (8.8) u (8.9) nosyunm

dx_l[ d(p.) du(f, du fq,)]
BTl TS\ T w\wm T ) | =

2ufecos y . . x sin
=g m L4 3 + sin Yy m fr 3 - y f(p 3
(717+ xcosy) ht (71?+xcosy) h? (J,:'T+xcosy) h3
H OKOHYATEeJbHO

dx { 2ufoh? cos y f-h2siny xfqh! sin? @
do & (1 + xh2 cos y)3 + (B +xh2cos g2~ (i + xh? cos g)? }=

EeFl (x) h) Y ‘P)- (8°15)
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IMponnddepenunpyeM Tenepn paseHcTBO (8.14)
w_ Sl

2
TR
I

OTKyZa mocJe 3aMeHul (9.12) noayuum

>

dy _L fr
0= xcosy[—xcosy—e 5 —
(h—u;+xcos y) h?

x sin yf . . 2pef,
- s +xsiny [ —xsiny— Wle
(h’ +xcosy) h? h? (h’ +xcosy)
HJIH OKOHYaTeJbHO

dy 1 { frh? cosy foht sin 2¢ 2ufph? siny }_
d_q:»— =I+e x(k+xh2cosy)? 2 (B+xh?cosy)® ' x(m+xhicosy)? )

= 1+eFs(x, h, y, 9. (8.16)

Cucrema ypaBHenuii (8.8), (8.15) u (8.16) Moxer OnIThb mpeacra-
BleHa B BHIe

dx

d_(p=eFl(xt ht Y, q))’ .

dh

a9 =& (% by, 9) (8.17)
dy

T

0 =1+4+¢eF3(x, h, y, @),

rae
Foh®

Fa= (n + xh%cos y)? *

Ecnn ¢yskunn fq,, fr ABAAIOTCA NepHOAMYECKHMH (QYHKUHAMH [O-
JSIPHOTO yrJa ¢, To cHcteMa ypaBHeHu# (8.17) oTHocuTCca K THIY
ypaBHeHHH, H3y4yaeMoMy B 3Toii rnaBe. OHa cofepXKHT JABe MeJJeH-
Hble epeMeHHble X H h H J1Be ObicTpbHe y H @, IO3TOMY MJIA ee HC-
C/IeJIOBaHHST MOTYT OHITh HCIO/Mb30BaHbl H3JI0XKEHHbIE BbIIIE METOb
aHannsa. [Ipn H3yueHHH 3TOf CHCTEMBI MOXET BCTPETHTbCA BCA
raMma cjyyaeB, H3YYEHHBIX B 3TOH ryiaBe. B cucreme (8.17) moryt
BO3HHKAaTh Pe30HAHCHbIE CHTYAIlHH.

B ToM cayyae, Koria BoaMyulaioulpe CH/Ibl He 3aBHCAT OT IMO-
JAspHOro yria ¢, cucrema (8.17) — 370 cHcTeMa ¢ OAHOH Bpawlalo-
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wefics ¢asoil. YKopoueHHble YypaBHeHust Ban-mep-TTons MoxHO
3amucath A/l Hee B C/eylOLLEeM BUJIE:

d —
7% =gF,(x, h),

d —_—

%= 1 +eF;(x, h), (8.18)
dh _ =

%-_—'BFQ(X,_ h).

[Mepexon ot cucremnul (8.17) Kk cucteme (8.18) cBsizaH c onmepauueit
ycpeaHeHuli mo GuicTpoil mepeMeHHoHl y. 3ameTuM, uto F; B obluieM
cjayyae, Koraa f; 3aBUCHT OT X, B H Y, — 3TO HEKOTOpble JOBOJLHO
cnoxHble KBaapaTypel. TakuM o6pa3oM, nepexon ot cucreMul (8.17)
K (8.18) npuBOAMT K OTHEJEHHIO MeNJNEeHHBIX MepeMeHHbIX, UYTO
no3BosisieT MPH TOH JKe TOUHOCTH NPOBOAHTL HHTErpHUpoBaHHE C
6O/IbLIMM 1IArOM M, CJeJOBaTeJhHO, YMEHBIUHTh YHCJO LIaroB YHC-
JIEHHOTO WHTErpHpoBaHHusi. B To e BpeMs Ha KaXXIblfl liar yHcieH-
HOTO HHTerpHpoBaHHsi B cucteMe (8.18) 3aTpauuBaeTcss 3HauuTeNb-
HO GoJsiblliee YHCAO MAIHHHBIX Omepaiuii, MOCKOJbKY OH Tpebyer
Ha KaXJOM Iuare Bbluuc/aeHHs Ksaapatyp. Otcioga cienyer, yTo
BOMPOC 0 lesecoo6pa3HOCTH Mepexofa OT ORHOH cUCTeMHl K JAPYroi
B KaXXIOM OTAEIbHOM c/yyae AOJXKeH GBITb mpeiMeTOM chelHalsb-
HOT'O HCCJefO0BaHHus.

[TpuMeuvuanue. Meron uuc/aeHHOr0 HHTErPUPOBAHHUA, MO HIee
6/M3KHI K H3J10XEHHOMY, HO He HCMOJb3YIOLIMH HemocpeACTBEHHO
NPHEMOB TEOPHH YyCpeJHeHHH JABHXeHHs, Obwl paspaboTaH elle
B 1960 r. I'. I1. TapaTbiHOBO#H *). MeTox ocpelHeHUH B ero craH-
JapTHOM BHJe B TPAaeKTOPHBIX 3afayax TEOPHH HCKYCCTBEHHBIX
CMyTHHKOB 3€MJH, MO-BHAHMOMY, BnepBble Obln npHMeHeH Jlaccom
u Jlopeasom **).

PaccmorpuMm cHoBa cucTemy (8.17) W mpenmosnioXum, 4to Tpe-
60BaHHA TOYHOCTH OMpelensloT BeJHYHHY wiara no ¢$asoBLIM ne-
pemenubiM. [TycTb war Ax~9, Ay~ 96, Ah~8. Torga war no spe-
MeHH Af, eciu MPHHATb NPOCTEHIIYI0 Pa3HOCTHYIO CXeMy, ompepe-
JITCS H3 PaBEHCTBa

At.=min{ Ax . Ak .
emax|Fi(x, y, h)|° emax|F,(x, 4. h)|’
Ay }= ) ~d
1 +emax | F;3(x, y, h)| 1 +emax | F; | ’

*) I.Il. TapaTuHOBa, MeToAH YHCJAEHHOTO pelIEHHs ypaBHeHH B KO-
HeYHBIX PasHOCTAX W HX MPUMeHeHWe K pacyeTaM OpOHT HCKYCCTBEHHHX CIyTHHKOB
3emau, c6. «HckyccTBeHHble cyTHURH 3eMau», Ne 4, 1960.

**) H. Lass, J. Lorell, Low acceleration takcoff from a satellite
orbit, J. Amer Rocket. Soc., vol. 31, Ne 1 (1961},
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KOTOpO€ CNnpaBemHBO AJs AOCTATOYHO MaJbIX 3Hayeduit e. Takum
06p330M, YHCNO HIaros Nl ONpeneNHuTCa Tak:

T
NI=T)

rae T — npoMe:KyTOK HHTErpPHPOBaHHA.

OGo3HayuM uepe3 k; YHCJAO MalUHHHBIX omepauuil, Heo6XodH-
MbIX IJIA peaNH3alHH OJHOTO lIara YHCJIEHHOTO HHTerpHPOBAaHHA
cucrembl (8.17). Torma R; — ofliee yucno omnepauui, Heo6XonH-
MBIX OJIfl BHIYUCJIERHA X H h, OyneT

T
RI=T k;.

Paccmorpum Tenmepb cucteMy (8.18) u mocraBum cebe Ty ke 3a-
nauy: suuncautb x(T) u A(T).
Tenepy Benuunna Afp mI1ara YHCJAEHHOTO HHTErPHPOBAHHA OyaeT

)
Ma=F
rae

F = max {-Fl (xv h)» F2(x’ h)}'

OGo3snayasn yepes Kk, YHCAO MaUIHHHBIX onepauHi, HEoGXOAHMBIX
I/ peajii3alHH ONHOTO [Iara YHCJIEHHOTO HHTErpHPOBaHHA CH-
crembl (8.18), Mb moayuyaeMm Takyio oueHKY R; — uHclia onepauHii:

R2 = —:—Spkz.

Bonpoc o uesnecoo6pa3HOCTH 3aMeHbl B NPOLECCE YHCAEHHOTO HH-
TerpupoBaHusa cucteMbl (8.17) cucremoir (8.18) moxer ObiThb B faH-
HOM C/ly4ae peuieH cpaBHeHHeM yHcea Ry u R,.

Mpumeuanun. 1. [lna u3yuenHsa 3amauH, paccMOTPeHHOMH
B JaHHOM naparpade, Mbl COCTaBHJIH ypaBHEHHS IJA BEJNHUYHH X
H h, KoTopnie B ciayyae e=(0 SABJIAIOTCA HHTErpajaMH H3yyaeMofl
cHCTeMH ypaBHeHHH. Takue Be/HUHHBI B HeGeCHOM MeXaHHKE HOCAT
Ha3BaHHE OCKYJMPYIOLIHX 37eMeHToB. BhiGpaHHHe ocKyaHpylolwHe
3/1eMeHThl GblIH OYeHb YAOOHBI JJISi JeMOHCTpaLHH NPOUEAYyPH IpH-
MeHeHHA MeTonoB ocpenHeHHA. OIHaKO ypaBHEeHHs IS 3THX 3Je-
MEHTOB OKa3a/IiCh JAOBOJIbHO CJOXHBIMH: NPH YCPeIHEHHH BO3HH-
Kana npoGseMa BbIYHCJEHHS CJAOXKHHX BCHOMOTaTeNbHHX KBal-
patyp. [lo3ToMy B NpHKJNafHBIX pacyeTax HCHONB3YIOT OGBIYHO
IpYrHe OCKYJHPYIOLIHE 3JIeMEHTHI.

2. 3aMeTHM, 4TO €CJIH BeJIHYHHbI BO3MYILAIOIUHX CHJ MOCTOSHHBI
(unu He 3aBHCAT OT y), TO KBaApaTtypel B ypaBHeHHaX (8.18) Bul-
YHCAAIOTCS B ABHOM BHAE,
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3. 3anaua o TpaHcBepcaabHOH TaAre. PaccMOTpHM 3ajauy o JABH-
JKEeHHH KOCMHYECKOro annaparta Majiodl TATH, CUMTasd, YTO CHJa JBH-
raTtejisi HanpasjieHa NO TpPaHCBepcaJid, T. €. NMepneHJHKYJspHO pa-
JNHYCY-BEKTOPY KOCMHYECKOro annapara, KOTOpHIfi cuHTaercs Ma-
TepHaJbHOH TOuKoH. ByaeM cuHTaTh, uTO JBHXEHHe annapara
NPOHCXOAHT B MNoJie OAHOTO IPHTATHBAIOLLEro LEHTpa, T.€e. eJHH-
CTBEHHO/ BO3MYylUalollell CHoi ABasieTcs TsAra ABuratens. Cucrema
ypaBHeHHH (8.2) GymeT B 3THX NPeANO/NOXKEHHAX HMeTb CJeJYIOLHH
BHA:

dr do Vg
T=0 @ T
dv, vz, 1 dvq, v,Ug (8.1 9
— ——— — — —_— e —— + ef
dt r r2? dt r ’

rae [ teneph 0603HayaeT BEJHUYHHY «MOTOPHOTO YCKOPEHHSI» — OT-
HOILIeliHe CHJIBI TATH JBHraTe/is K Macce anmapara.

B 3roii 3amaue ymo6Hee HCNO/Mb30BaTb OCKYJIHPYIOLIHE 3JeMEH-
Tbl, OTJIHYHbIE OT TeX, KOTopbie OblJIH BBeJEHbl B NpeAbAylLleM pas-
aeje, H Mbl MOJYYHM NPHMEP HHOH peajiH3aliid NpOLEeAypH Ocpel-
HenHus. [IpoBeieM BbIUHCJ/EHHs, CJelys B OCHOBHOM MoOHorpaduu
B. H. JlebeneBa *).

B 370t 3amaue Mbl NpPHHAAH p=1, yTo Bcerga MOXHO CHeNaThb
BHIGOPOM COOTBETCTBYIOUIHX MacuiTaboB.

B cucreme (8.19) nepefineM K aprymeHTy @; Torja OHa NpuUMeT
cjeaylomui BHA:

dr _ ur dv, _ v 1

dp vy’ dp ® rug’

dug rf dt r (8.20)
dp ——v,+e;;, H=W.

BwmecTto r, v, H Uq, BBEJIEM HOBbI€ 3dBHCHMbLIE€ NEPEMEHHbIE

A=——T

2= (e ed)
@ = rog, (v, cos ¢ + v, sin @) — cos @,
B=rog (v, sin @ — v, cos @) — sin .

(8.21)

BBencHHbie NepeMeHHbIe HMEIOT onpejeedHbli (PHU3HYECKHHA CMbICA.
Kak nokasbiBaetcsl B Kypcax HebecHOll MexaHMKH, A — OTHOLIEHHe
60JbLION MOJNYOCH OCKVYJHPYIOIIEro 3JIHNCA K ero HadajJbHOMY
3HaueHHIo, o H P — 3TO KOMMNOHeHTbl BexTopa Jlanjmaca, BecbMa

*) B. H. J1e6epnes, Pacuer ABHXKEHUA KOCMMYECKOro annapata ¢ MaJod
raroli, Maa. BLL AH CCCP, 1967.
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MpOCTO CBSiI3aHHBIE C BEJIHYHHOM 3KCLUEHTDHCHTETAa, NMpHYeM IJs 3J-
auntuveckoro aBukeHua o’+4p2<1. Ecau BeanuuHn A, o up 3a-
AaHbl, TO paiMyc-BEKTOp M BeJHYHHbI CKOpOCTell Jierko ompene-
JSIIOTCA N0 CJAeAYIOIHM popmyaam:

(a sin @ — B cos @)? )

Ur= Al—a?—py °*
_ (@ cos @+ B sin o+ 1)?
Vo= ‘/ A(l—a—p?) ’ (8.22)
r=A —a'—p"

acosp+Psing+1 °

®opMyanl (8.22) nerko BBHIBOAATCA H3 qbopmy.n (8.21). Bruiuncaum
nponaaonﬂue A, o u B B cuay ypaBHeHu# (8. 20)

dv
2, 2 P
dA q> [2—r(v,+vq,)]+r[——(v +vq,)+2r( +vq, o )j
dy - [2—r (2 +o))?
9 dr ( dov, dvq,)
_ %+2r Uy —— a0 +v Yo 9
[2——r v,+v%)]2 :
IlopcraBnsis 3HayeHHs: MPOM3BOAHHIX H3 (8.20), moayyum
dA e 2r3f

—dt)—w [2—r(v?+vi)]2 )
Ilanee, nepBasi u3 ¢popmya (8.21) Moxer GuiThb nepenHcaHa B BHIE
r
2—r(vi+o})=4.
ITosTomy
dA _ 2
d_q> = 2er A f

3amMeHssl, HaKOHell, BeJHYHHY 7 1o mepBoil u3 ¢opmya (8.22), mo-
JYYHM OKOHYATeJbHO

dA _ 2f(1-at—pY) A°

dp = " 1+acosp+Psing ’ (823)
AHanornyHo cocTaBAAOTCA BhipameHus gasa de/de u df/de
do _ . f(l —a2—~p2)2(2cos +acos? ¢+ Psingcos ¢+ a)A?
dp (1+acos @+ psin )3 ! 893"
ii_ﬁ__ef(l-—a’ ﬂ’)z(Qsmq>+Bsm2q>+asmq>cosq>+B)A' i (8.23')
dp (1 + acos ¢+ B sin @)? ]

Cucrema (8.23), (8.23°) comepXHT TpH Mel/eHHble MepeMeHHble
A, oo u B ¥ OaHY ObLICTPYIO Q.
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CocTaBHM A/ 3TOH CHCTEMbl YPaBHEHHS NMEPBOTO MPHG/IHKEHHS

x )
ﬂ_BfA"(l-a’-ﬁ“)J‘ dg
dep b1 l+acosp+Psing ’
2n
da _ [A? (1—a?—p2) 2_cosq>+acos"'q>+Bsinq>cosq>+ad
d 20 p (1 +a cos ¢ + B sin ¢)° P [
o

.

dap _ jA*(l—a*—p?) J’ 2sin p+Psin?p+asin@pcos ¢+ P
dtp-"3 P2 (1 + acos @ + B sin B)?

(8.24)

Ycpennenue 3gech 3aKOHHO, eciH (YHKuMs [ — BenHyHHa MoO-
CTOSiHHAs MJH He 3aBHCHT oT ¢. OHO ocTaercss 3aKOHHBIM TakKXKe
M B TOM CJyyae, €C/iH [ — MeNJeHHO MeHsIWasaca QyHKUHus mogasp-
Horo yriia. Jleno oOCTOHMT C/OXKHeEe, eciH BeJHYHHA THATH 3ajaHa
Kak MeMJEeHHO H3MeHsoulascs (QyHKuHMs BpeMeHH. B stom cayuae
Mbl JO/IXKHbBl €llle MpHBJEeYb MoC/aeJHee M3 YPaBHEHHH CHCTEMbl
(8.20). CucreMa ypaBHEHHH, NOJYYEHHAs NpPH TaKOM MPEANoJo-
JKEHHH, OKaXKeTCH YXKe 3HauHTeNbHO GoJiee CJI0XKHOH, MOCKOJIbKY
BpeMsi { OTHOCHTCH K 4YHCay ObICTpbIX nepemeHHbiX. Takum obpa-
30M, OKaxeTcs, YTO CHCTEMa YpaBHEHHH CONEPKHT JBe OblCTpble
epeMEHHbIE ¢ H Q.

PaccMOTpUM ToMbKO TOT cayya#t, korga [ moctosinHa. Hure-
rpaabl B mpaBoM yacTH cHcTeMbl (8.24) orHocaTcs K uHcay Tab-
JIHYHBIX H BHIYHCJASIOTCH B siBHOM BHAe. Omyckas BbIK/1aJKH, BbIIH-
LIEM OKOHYaTe/bHbl{l Pe3yJbTarT:

= 2fA3 V1 —a2—p2,

=% sz2 Vi—-2—f -0 (8.25)

j—“=—— efA?YT—a? = -B.

P

UxcieHHOe HHTErpUpPOBaHHE 3TOH CHCTEMbl HE MpeACTaBJsieT HH-
KaKoro TpyAa H MOXeT ObiTh BHIIOJIHEHO ¢ OOJNBLIHM 1AaroM Mo ap-
rymenty ¢. M3yunm HekoTopble cBoHicTBa pelieHHi cucteMbl (8.25).
3aMeTHM TNpexjae BCEro, YTO 3Ta CHCTEMa YpaBHEHHH JOMycKaeT
IBa MEpBLIX HHTerpasa. B camMoMm Jese, mepexoas K aprymeHty A,
Mbl MOJNIYYHM CJIefyiOllHe JBa YPaBHEHHS, KOTOpble He cojepxkar
BO3MYylLamouies cuabl f:

do 3 a a4 __ 38
dA - 4 A dA -~ 4 4"



252 ACHUMNTOTUYECKHUE METOAbl PA3AEJIEHHUSI ABHU)XEHHRA [ra. 11

DTH ypaBHEHHs JIerKO MHTErPHPYIOTCA, H Mbl HAXOAHM JBa NEPBHIX
uHTErpana
a=agd~%h, B=PBeA, (8.26)

rie oy ¥ Pp — HavajibHBE 3HAUEHHA BEJIHUHH o U B COOTBETCTBEHHO.
Hcnonb3ya 3TH GopMyJibl, Mbl JIEFTKO CBeJe€M HHTErpHpPOBaHHE CH-
cTeMbl (8.25) K HHTErpHPOBAaHHIO He/JIHHEHHOrO ypaBHEHHUA NEPBOro
nopajaka

% —2f AV 1—(R+R) A" 8.27)

Ecnu ¢yHkuua [ mocTofsHHa HAH asaseTcd ¢YyHKUHEH TOJAbKO MO-
JIAPHOTO yrsia ¢, To B ypaBHeHHH (8.27) nepeMeHHbie pa3fiesfloTcs
H 3ajJiaya CBOJHTCS K KBaJpaTypaM.

PaccMoTpuM moppobHee ofHH wacTHhi cayuaidl. [Ipeanonoxum,
uyto op=Po=0. Torma, xak 3to cnenyer u3 (8.26), ToxmecTBEHHO
ana Jaboro ¢-

a=p=0.

dusuueckoe comepxkaHue 3Toro ¢akra ciaexpymwouiee. Ecin a=
=p=0, To 3TO 03HayaeT, YTo KCUEHTPHCHTET =0, T.e. IBHXKeHHe
NPOMCXOAHT Mo KpyroBofi opbute. TakHM o6pasoM, ecian crapT
annapaTa NMPOHUCXOJHUT C KPYroBofi opOHTH, T.e. ecin ay=Ppp=0, TO
H B TedeHHe BCEro BpEMEHH [BHXKEHHA ammapaTta moj AeACTBHEM
TpaHCBepcaibHOH TArH OYAYT NPOHMCXOAHTb MO KPyrosofi opbure.

DTOT BHIBOA Cle/siaH Ha OCHOBE HCC/eJIOBAaHHA ypaBHEHHH mep-
Boro npuGaixkenus. CienoBaTesqbHO, Mbl MOXEM TOBOPHTb TOJbKO
O TOM, Y4TO B TeueHHE OTHOCHTEJbHO GOJBIIOrO NMpOMEXYTKa Bpe-
MeHH nopsajaka l/e ockynupymooutasa op6buta annaparta 6yner Guiuska
K KpYropo#.

YpaBuenue (8.27) B 3TOM Ciiy4ae npHMeET BHI

dA
G = 26 A (8.28)

Ecau [ — BeMYHHAa NOCTOAAHHAasA, TO YpaBHEHHe HHTerpHpyertcs

B ABHOM BHJIE
1

=

3amertuM, uto npH e=0 BesHuHHa GOJBIIOA MOJYOCH OCKYJHPYIO-
el op6uUThLi ammapaTa — 3TO NPOCTO paJgHYC-BeKTOpP amnmapara.
Takum o6GpasomM, popmyna (8.29) maer 3sakoH H3MEHEHHA pajHyca-
sektopa (puc. 33). Ilpu ¢=¢*, rae

A= (8.29)
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pamuyc-BekTop obpaiuaercsi B OeckoHeyHOCTb. dTa ¢opmynaa mepe-
ctaeT GbiThb CipaBeAaHBON NpH @ — @*. 3aMeTUM npex e BCero, YTo
¢@* HocTaTouyHO BenHko (mopsiika l/e), a Bcs TeopHs OCPeNHEHHS
HMeeT CMBbICJ TOJNBKO Ha HHTepBasiaX H3MEHEHHA He3aBHCHMOro nme-
peMenHoro nopsiika l/e. Takum o6pa3omM, ycl10BHe @=@* O3Ha4aer
TOJNBKO TO, YTO Mbl MOAXOAMM K rpaHHLE HAONYCTHMOro HHTepBana,
H, C/leoBaTelbHO, TEOPHSi B OKPECTHOCTH @=@* TepseT CMbICI.
Jlerko noHsTh TaKKe H ¢H3Hueckoe cojJepxkKaHHe 3Toro ¢akra.
C yBeanuueHuem pajfHyca opOHTHI Bpe-

Mst moJHoro o6opoTa HenmpepuiBHO A

BO3pacTaer H, CJel0BaTe/bHO, TeE Be-

JHYHHBI, KOTOpbie 3a OAHH 00xo0l

OKPYXHOCTH MaJioro pajuyca He yc-

nead 3HAYHTENbHO H3MEHHTbCH, CHJb-

HO H3MeHSIOTCA NpH 06Xofe OpOHTHI

6oabLioro pajauyca. 9°*
dopmyna (8.29) naer 3aBucu-
moctb A(¢). Ilpencrasasier ompeje- Puc. 33.

JIeHHbIi HHTepec HaHTH TaKXe 3aBH-
cumoctb A(f). Jdas storo BepHemcs cHauana K dopmyaam (8.22).
[Tpu a=p=0 Mb HMeeM

r=A, vW=A"/s, v,=0.

Hcnonb3ys (8.30), MOXKHO nepenmucaTb MocjelHee M3 ypaBHEHHH
cucrembl (8.20) B BuIe
dit 3. .
0= A", (8.30)
Has toro 4TOObl MOJYYHTb HHTEPECYIOLLYI0 HAacC 3aBHCHMOCTbD,
caellyeT HCKJIOYHTb M3 ypaBHenuit (8.28) u (8.30) nepemennywo @

dA R
ar = 28fA )
OTKy/Ja NpH NOCTOAHHOM | monyyaem

1
A= “—_W . (8.31)

Pasymeercs, KauecTBEHHbIH XapaKTep MOJYYeHHOH 3aBHCHMOCTH
Takofl Xe, KaK H TOH, KoTopas AaeTcs c¢opmy.aoii (8.29).

4. 3anava 0 ABHXKEHWH CNYTHUKAa Ha MOCAEAHHWX oGoporax. 3a-
Jay, pacCMOTPEHHbLIE B nmepBbiX pa3fienax 3Toro naparpacda, OTHO-
CHJIHCb K TEODHH BO3MYILUEHH# KemaepoBckoro aBuxenus. Ilpu co-
CT@BJICHHH 3THX YPaBHEHHH Mbl HrHODHPOBAaMH UEAbIH psAL Bax-
HbIX 0OcrosTedbcTB. Hampumep, Mbl He NpHHHMalW BO BHHMaHHe
npucytcTBHe aTtmocdepbl. Ha nocrenHunx oGoporax, KoTopbie mnpo-
HCXOAAT Ha BbicoTaXx nopsaaka 100 kM Hajl NOBEPXHOCTBLIO 3eMJlH,
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BJHSAHHE a3POJAHHAMHUYECKOTO CONPOTHBJEHHS MeEpecTaeT Hrparthb
posib Bo3MyLlalouiero Gakropa ¥ CTAHOBHTCH OLHOH M3 CHJ, Ompe-
HeNSIIOUINX BeChb XapaKTep ABHXKEHHs.

B 3THX yC/0BMsX anmapaT yXXe He/b3s pacCMaTpHBaTb Kak Ma-
TEpHaNbHYIO TOYKY, MOCKOJbKY BeJHUHHA a3POJAHHAMHYECKOH CHJIbI,
ToyHee KO3D(HUMEHT a3POLHHAMHUECKOrO COMPOTHBIEHHS, 6yneT
CYLIECTBEHHO 3aBHCETb OT OPHEHTALIHH CNyTHHKA OTHOCHTEJbHO €ro
CKODOCTH.

Ecan cnyTHuk He cTaGuinH3HpoBaH cneuHalbHBIM 06pa3oM, TO
OH GydeT HaxXOJWTbCS B COCTOSIHHM BpalllaTeJ]bHOTO J[BHXKeHHS.
PaccMoTpuM 3TOT Kaacc ABHXEHHH, KOrga BpalleHHe NPOHCXOAHT
¢ J0CTaTOyHO GOJbUION YroBO#H CKOpOCTbIO. B 3TO moHsiTHe BKJa-

. JblBaeTcs CJAeAYIOIHH CMBICA: YT-

n JIOBasi CKOpPOCTb BpalLleHHsl CHyT-

. HHKa BO MHOro pas GoJibuie yrJo-

P BOH CKOpPOCTH BpallleHHsl CNyTHHKa

A BOKpyr 3eMaH. 3 3ToM cayuae B

() 3ajaue NOsiBJsieTCs MaJbli napa-

- MeTp — OTHOILLIEHHe BpeMeHH Ol-

Horo o6opoTa CHyTHHKa BOKPYT

CBOEro lLleHTpa HHEpUHH KO BpeMe-

' HH mnoJHoro o06xoJa COYTHHKOM
cBoell OPOHTHI.

Hrak, GymeM paccMaTpHBaTh

Puc. 34. MJOCKOe ABHXEHHe anmnapara [MOf

JeHCTBHEM TPaBHTALHOHHOTO MNOJIf,

a3pOAHHAMHYECKOH CHJB H ee MOMEHTa OTHOCHTENbHO LeHTpa
MHepLHH annapara.

JIBHKeHHe LeHTpPa WHEPUWH amnapara ONMHCHLIBAETCS BEKTOPHBI-
MH ypaBHEHHSiMH

“

dr dv
G=V. G=—5r+F (8.32)
rie r — pagHyCc-BeKTOp LEHTpa WHepLMWH annapara, a ¥V — ero cko-
pOCTb.

Ins coctaBneHHs CKaJsipHBIX YpaBHEHHH BBeLeM CHCTEMY KOOp-
IuWHaT, H306pakeHHYI0 Ha puc. 34. [lepennieM nepsoe W3 ypaBHe-
uui (8.32) B BHAE

r°+r p°—vV°

rae r°, p% V0 0603HaualoT eJMHHUHbIE BEKTOPbI COOTBETCTBYIOUIMX
HanpaBneHud. M3 puc. 34 cpasy HaxoAWM BeJHUYHHBI CKaJsipHbIX
Npou3BeAeHUH

(r’'v9) =sin8g, (p°V% = —cosb, (8.33)
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yron 6 o603HauaeT Yron HaK/JIOHA BEKTOPAa CKOPOCTH K TOPH3OHTY
B JaHHOl TOYKe.
Hcnonbaya (8.33), nonyunm ckansipubie YpaBHEHHs!

& —vsing, L=—2coso. (8.34)

YpaBuennsn (8.34) OyaeM HaspiBaThb KHHEMATHYECKHMH COOTHO-
lueHHsIMH. PaccMOTpHM Tenmepn BTOpPOe H3 YpaBHEHHH CHCTEMBI
(8.32). [lpoekuus Bektopa F Ha Hanpas/jeHHe CKOPOCTH Ha3shbl-
Baercsi 1o6oBuM conporusiendeM. [1poekuns sekropa F Ha Hampa-
BJE€HHE HOPDMaJH K TPaekTOpHH (Bektopa n’) Ha3biBaeTcs MOABEM-
HOM CHJION. YCJAOBHMCSI AJs NPOCTOTHI, YTO BEJHYHHOH MOABEMHOH
CHJIBI MOXKHO mnpeHeGpeun. Toraa Bhipa-
JKeHHe Aasa Bektopa F 3anuuieM B che-
AylolieM BHje:

— (r) p2
F=—Ff ér)nLSc,(v, r, a) Vo,
3necs p — naotHocTh atMmocdepnl (oHa
3aBHCHT OT BLICOTH OpPOHTH H, CJeL0Ba-
TeJbHO, OT BEJHYHHBI r), M — Macca
annapara, S — xapakrepHas MNJOLLAAb Pue. 35.
(vanpuMep, nJsouiaAb ceueHHs Muae-
Js), Cx — a’pojHHaMH4yeckHi Kos(ppuunent. Kpome apyrux Beau-
YHH, 3TOT KO3(DPHUHEHT 3aBHCHT OT yrJja aTakH o — Yria, KOTOPHIi
COCTaBJsieT HEKOTOpoe BhIOpAaHHOE HaNpaBJeHHE Ha annapate ¢
BEKTOPOM CKOpocTH (pHuc. 35); cx ABJasieTcs ueTHON QYyHKUHeH yraa
aTakH o.

[lepenunwem tenepr BTopoe H3 ypaBHeHHil (8.32)

dV . dv 0 dA 0 4] 0 pU2 0

=g V' toggn'=—5r—5- SV

3neck A 0603HauaeT YroJ HaK/JOHA BEKTOPa CKOPOCTH K HEKOTO-
poMy (HKCHPDOBAHHOMY B MNPOCTPAaHCTBE HanpasaeHHIO — ocH Ox
(cM. puc. 35). 3ameuasn, yto

(r°+ n%) =cos 0,
M Hcnoap3ys (8.33), nepenuweM 3TO ypaBHEHHE B MPOEKUHAX Ha
Hanpas;aeHue v° u n®

do __p

== —

T ﬁ-sine—%&xsil(n v, 0, ),
" " ] (8.35)

ar = T cos .
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HOas nanbhefimero YIOoGHO HCK/IIOYHTb M3 ypaBHeHuit (8.35) Beiiu-
yuHy A. Jls 3TOrO 3aMeTHM, 4TO (CM. pHc. 34)

n
0=A+ (—2‘ - ‘P) )
OTKYJa Cpa3y HaXodHM

do

dT——cosO(

v
At =) =h( o 0. (8.35')
YPaBHeHHe, OMHChIBAIOLILee JABHXKEeHHe annapara OTHOCHTEJNbHO HEH-
Tpa Macc, Mbl NNOJIYYHM, IlpPlMeHﬂﬁ TeopeMy MOMEHTOB

dt’ =M(v, r, @), (8.36)
rae M o6o3HayaeT a3poJHHaMHYeCKHH MOMEHT, OTHeCeHHbIH K elH-
HHIle Macchl H TaKXe 3aBHCAIIMH OT yrsia ataki. BeaununHa @ Ha-
3piBaeTcs YIVIOM TaHraxa. JTo YroJ, NoJ KOTOpPhHIM OCb ammnapara
HakJoHeHa K ocH Ox. VI3 puc. 35 HaxoAuUM cBfi3b

O=a+A.
Hcnonbsys ypashenus (8.34) u (8.35), BuiuHcaum d2)/df?
%%=rfv sin 0 fy(r, v, 9)+ sin 26 + “f,(r v, 0, a).

[ToxactaBasins 3TO BbipaxKeHHe B ypaBHeHHe (8.36), Mbl MoXeM
3aluCcaTh ero B BHIE

L2 —1s(r, v, 6, ), (8.37)
Tae
fa=M(r, v, a)— {———smefg(v r, 0)+

+r—3$in26+r,—':,,f|(r, v, 0, a)}.

HUrtak, cucrema ypaBHenuit (8.34), (8.35) u (8.37) onucniBaer
MJOCKOe ABHKEHMe amnmapaTa. JTO CHcTeMma lectoro mopsaaka. On-
HaKo B CHJY TOro, utTo GYHKIHA ¢ He BXOJHT B NpaBble yacTH YpaB-
HeHHH 3TON CHCTeMbl, HaM [JOCTAaTOYHO pa3paboTaTb METOJ HHTe-
TPHPOBAHHsI CHCTEMbI MATOrO MOPAAKA.

BBenem o6o3Hauenue

do.

i =@®,+ 2,

rge wo— yrioBas CKOpPOCTb BpalleHHs annapata B HeKOTOPbiii
(hHKCHPOBAHHBIA MOMENT BpeMeHH fo.
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CornacHo HauieMy OCHOBHOMY TMpeANMOJIOXKEHHIO BpeMs 1=
=2n/wo MaJO MO CpPaBHEHHIO CO BpeMeHeM MoJHOro obxoja amia-
patoM cBoeH OpOHTHI BOKpPYr 3eMJH (32 OAHH 060pOT BOKPYr
3eMaH anmapar coBepiaeT MHOro o60pOTOB BOKPYI CBOEro LEHTPa
HHEpPLHH), T. €. o BEJHKO.

BBeneM maawift mapamerp

1

e=—

O]}
H caenaeM 3aMeHy HE3aBHCHMOIoO nNepeMeHHOro
‘I7=0)ot.

Torna cucrema ypaBHenuit (8.34), (8.35) u (8.37) mnpumer cue-
AyIOWHA BHA:

do
L —efi(r, v, 8, @),  S-=¢fa(r, v, 0),
%;— =egvsin 9, % =efy(r, v, 6, a), (8.3¢)
%= 1 +ez.

YpaBHeHHe OTHOCHTE/NBHO MOJISPHOTO yI/ja ¢ B CHAY cOOGpaKeHHH,
BbICKa3aHHbIX paHee, Mbl He BHIMHCHIBAEM.

Cucrtema (8.38) conepxHT oaHY Bpalamllyiocs ¢asy — yroa
@ ¥ YeTbipe MeaJeHHbIX nepeMeHHbX. [l ee HccielOBaHHA Mo-
®er ObITh HCMOMb30BaHA CTAaHJAAapTHAA Mpoieaypa.

OcTaHOBHMCA TOJIbKO Ha aHa/iu3e YpaBHeHHH MepBoro npuoJH-
KeHus

%=Bf1(rr v, e)y I

d
= =¢fs(r, v, 0).

(8.39)

OcTajbHble YpaBHEHHA Mbl He BBLIMHCHLIBAEM, TaK KaK HX mpaBbie
4yacTH He COJepXaT yrJja aTakH o H, C/1eJ0BaTesNbHO, MocJje ocpel-
HeHHs OCTaHyTcs Ge3 H3MEHEeHHH.

PaccMoTrpum nepBoe M3 ypaBHeHuil cHcreMbl (8.39). Benwuuna
fi HMeeT BHJ

filr, v, 9)=—f—;sin9—g—::—85x(r, ).

Tak Kak Cx — OObIYHO uYeTHas (YHKIHA YrJa aTakH, TO BeJHYHHA
Cx 3aB€JOMO He paBHa HYJIO.

Bennunna Momenta M (v, r, o) o6bluHO ObiBaeT HeUeTHOH (yHK-
uuell yrjia atakH o, mMo3TOMy QYHKIHIO f3 Mbl MOXeM 3alHcaTh
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B CJe/yiolleM BHIE:
1i(r, v, )= —{ £ sin0f(r, 0, )= B-sin20+-L 1,7, 0, e)}.

Takum o6pa3oM, B nepBoM MPHOGAHKEHHH Mbl JOJ/IKHBI MPOHHTE-
rpHpoBaTb CHCTEMY TPeX ypaBHeHHil. BbinuuiemM 3TH ypaBHeHusi,
BO3Bpalllasich K CTApOMYy MacliTaly BpeMeHH:

d do
_‘%zfl(r, o, e)’ —d_’_=f2(r’ 9, e)’

(8.40)

dr .
4 = vsin 0.

Onpenenus 3TH BeNHYHHbI, Mbl HAXOAHM OCTaBIUHECS MPH MOMOLUH
KBaapatyp

d.
’d_j'fﬁl(r’ v, e)’

da
H=o)0+z.

(8.41)

Hrak, B nepBoM NpHOGJHXEHHH YpaBHEHHS [ABHXKEHHs LEHTpa
Macc MOryT GbiTh OTH€/eHbl OT YPaBHEHHH ABHXKEHHS OTHOCHTENbHO
teHTpa Macc. [1pu aToM aspoaHHaMuuyecKas CH/aa, KOTOpasi BXOAHT
B 3TH ypaBHEHHs#, MOJyyaeTcsi MPOCTHIM YCpeAHEHHEM ee Mo yray
aTakH.

Onpenenus ABHXKEHHE LEHTPa MacC, Mbi MOXEM 3aTeM pacCyH-
TaTh XapaKTep H3MeHeHHs BpaiaTtenbHoro ABHXKeuus. OcoGeH-
HOCTE 3TOrO MPHO/NHIKEHHsi COCTONT elle H B TOM, UTO BEJHUHHA
yrjia aTakd W YIJ10Bas CKOPOCTb BpallleHHsi amnmnapata He OKa3bl-
BalOT HHKaKOro BJIUAHHUSA Ha /[BHXKEHHe UeHTpa Macc. B cBow oue-
peab xapaKTep BpallaTeqbHOrO /BHXEHHS alMapata UEJHKOM
onpejlensieTcsi 0COGEHHOCTAMH ABHXKeHHMsi ueHTpa Macc. s Gosee
TOHKOro H3y4yeHHsi B3aHMHOrO BJIUAIHHS JBHXEHHS LEHTpa Macc H
BpallleHHsi BOKPYr LEeHTPa Macc Heo6XOJAHMO paccMoTpeTb GoJee
BbICOKHe MPHOIHMKEHHS.

[Tpumeuanue Mo npeanosaranu, yTo aspoAHHaMHYyecKas
CHJla CBOAMTCA TOJALKO K CHJe J060BOro CONMPOTHB/EHHS YuecTb
BAiWsiHHe MOABEMHOH CHAL He NpeActaBasier ocoboro TpyAa (3To
6yner cmenaHo B caenyiomieM mnaparpade). OaHako B paMKax
nepsoro npHO/MNKEHHA €e YueT NpHBeAeT K HYyJeBOMY 3pdekry,
MOCKO/ILKY MOABEMHAsi cHJa fBJAsieTcs HedeTHOH (yHKuue#d yraa
aTaku W ee cpelHee 3HaueHHe Oyaer HyneMm. Takum obpa3som, CH-
creMa ypaBHenui (8.40) u (8.41) MoxeT ObiTb HCNOJAb30BaHA AN
H3YyueHHus ABHXKEDHsi annapaTta B aTMocdepe, eC/iH TOJNbKO Mbl CUH-
TaeM AOCTATOMHO TOYHBIMH YPaBHEHHsi MEPBOro MPHOJTHIKEHHS.
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5. 3agaua 0 ABHXKEHWH CNYTHHKA B KOHLUE NOCAeAHero o6opord.
ByneM H3yyatb ABH)KEHHE OCECHMMETPHYHOTO CIYTHHKa, ‘BXOAdA-
Iero B MJOTHble CJOH aTMocdepbl. YCJOBHMCS CYHTATb, YTO CMYT-
HHK MMeeT GOJibLIOMA 3amac CTaTH4YeCKOH YCTOH4YHBOCTH. Kak Mbi 3TO
YBHAHM HHXe, JaHHOE MpPeANOoJOXKEeHHe CYIUECTBEHHO.

3anaya, paccMaTpuBaeMass B 3TOM pasjene, oueHb OunH3Ka
K MpelblAylledi: TOYHO TaK Ke OCHOBHBIMH CHJaMH, Je#crBylo-
[HMH Ha CNYTHHK, O6yleT CHJa TAXKECTH M a’pPOJAHHAMHYECKHe
cunbl. Oanako B 3TOM 3ajaye eCTb OAHA CYLIeCTBEHHas ocoGeH-
HOCTb, KayeCTBEHHO OTJHYalollasi XapaKTep H3yuaeMoro ABHXEHHS
OT TOro, KOTopoe 6blj0 H3y4yeHO B mpe-
AbinyweMm pasgene. Ecau annapat, 06- ¥
Jajalowuil a3poAHHaMHyecKoil cTabuaH-
3aielf, BXOAHT B MJOTHblE CJIOH aTMO- ¢
cdepbl, TO XaOTHYeCKoe BpalleHHe NocTe- n’ J
NMEeHHO 3aMeNJsieTCsl H MepeXoJHT B KO- 5
ne6atenbHoe ABHMeHHe. CJenoBaTeb- 4
HO, B KOHIle mocjeaHero o6opora (mpH
noiaxoje Kk 3emJse) ABHXEHHE CMYTHHKA
6yleT HOCHTb He BpallaTeJbHbIH, a KO-
nebatenbHbll  Xapaktep. JTo 06CTOsI~
TeNbCTBO KAayeCTBEHHO OTJHYyaeT OCO-
6eHHOCTH aCHMNTOTHKH, KoTopas G6yher
H3yuaThCs B 3TOM pa3jeje OT TOH, YTO Puc. 36.
6bla pacCMOTpeHa paHee.

YpaBHeHHe J[BHXEHHs Mbl CHOBa MOXEM 3anucaTb B BHIE
(8.32). Onnako nmocneaHHH OTPe3OK TPAaeKTOPHH ammapaTa, MpOXo-
OALWHA B MJOTHBIX CJ0siX aTMoc(epb!, HEBENHK, H Mo0Jie TATOTEHHS
MOXXHO CYHTaTb MOCTOSIHHBIM, IIO3TOMY HeT HeOGXOAHMOCTH HCMO/b-
30BaThb NOJISPHYIO CHCTEMY KOOpPJAHHAT.

BBeneM 0OObIUHYIO 1eKapTOBY cHcTeMY KoopAHHaTt (puc. 36), u
ypaBHEHHs JBHXEHHS 3amulieM TOria B BHIE

d d
F=9 p=—gy+F (8.42)

rie r ¥ U, KAK U paHee, 0603HAualOT PauYC-BEKTOP H, CKOPOCTb
IIEHTpPa Macc alnapara OTHOCHTeJbHO BLIOPAaMHOrO Hayaja OTCHETa;
BeJHYHHA g — 3TO HANPAKEHHOCTb PaBHTALMOHHOrO moas, a F—
a’pofiuHaMHyecKasi cuia. KnHeMaTHyeCKHe YCJIOBHS Mbl MOJIYYHM,
3anuchbiBasi NepBoe M3 ypaBHeHHH cuctembl (8.42) B mpoekuusx Ha
OCH J€eKapTOBOH CHCTEMbl KOOPAHHAT

_ZT" =vcos, % =ysin0. (8.43)
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AspoaunaMuyeckyto cuay F, feficTBYIOLLYIO HA anmapaTt, Mbl Npej-
CTaBHM B cjefylolueM BHJE:

F=—p(y)v SCx(U Y, a)V0+ P(y)v SCy(U Y, a)no

[MepBoe cnaraemoe, cTosliee B NPaBOH YacTH, — 3TO YyXKe H3BeCT-
Hoe HaM Js1000BOe CONpOTHBJIEHWe. B ero BbIpaXKeHHH cOXpaHEHH
o6o3HaueHHs MNpeAbiAylllero nyHkTa. BTopoe cnaraemoe — 3Tto
nofibeMHas CuJia, BeJHYHHA C, Ha3biBaeTca KO3 HUHEHTOM
NOABEMHON CHAbL, DTy Ge3pasMepHYIO BeSIHUHHY GyNeM CuHMTaTb He-
yeTHOH ¢yHkuMeH yrna ataku o. [loabeMHas cunia HampaBfAeHa no
HOpMaJIH K TpaeKkTOpHH BAOJb BekTopa n®. Ha puc. 36 nyHKTHDHHIH
BEKTOpP & MAaeT HamnpaBJieHHe OCH a’3POJHHAMHYECKOH CHMMETDHH.
Ha 31O0M ueprexke mnokaszaHo TakXe HanpaBleHHe oTcyera Yria
aTaki o; m, KaK M paHee, obo3HauaeT Maccy anmaparta. Tak Kak
B NaHHOH 3ajauye JHHHS MeCTHOTO FODH3OHTa COBMAjaeT C Hemno-
IBHXHO# ocbio Ox, TO

do _dv _, de 0
F v tvgn

H, Clef0oBaTeIbHO, JHHAMHYECKHe YpaBHEHHSA, KOTOpbie moJy4aloTcs
M3 BTOPOro ypasHeHHs cHcTeMnl (8.42), ecniu ero samucatb B POEK-
uusx Ha och Ox u Oy, 6YAYT B 3TOM C/y4yae TaKHMH:

L o —gsin®— 8- Sc,(y, v, =1, (v, 6, y, a),
do gcos® | pu (8.44)
= tor Sy, v, Q)=/(v, 8, y, a). ;
YpaBHeHHe MoMeHTOB aHajioruyHo (8.36) sanumem B Buje
d*0 dd
712—=M(Uy y a, -‘E—)' (8.45)

Otaunuve ypaBHeHHs (8.45) or (8.36) cocroumt B TOM, uTO Te-
fepb MH HeoOXOAMMO MOMKHBI YYeCTb 3aBHCHMOCTb a3POAHHAMH-
YeCKOro MOMEHTa OT YIJIOBOH CKOPOCTH KosneGaHH#, NOCKOJbKY MO-
cAelHAA BeJuka, a atMocdepa AOCTATOUHO MJAOTHAS.

B npHKknanHOH a3poJHHAMHKE BEJHYHHY a3pPOAHHAMHHECKOTo
MOMeHTa OObIUHO npencmanmor B BHAe IBYX cjaraeMbixX
M(v, Y, @, iidﬂT)

[lepBoe cnaraeMoe HHOrga Ha3bLIBAETCA CTAaTHYECKHM MOMEHTOM,
BTOpOE — AeMnHpYIOWHM, J — NOJAAPHbIE MOMEHT HHepUHH anna-
pata, m,(v, y, &) — 6espasMepHbIil KO3dGHUUHEHT a3pPOAHHaMHYye-

Slmz(v Y, a)+ Slmz (v, y) dt . (8.46)
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CKOro MOMeH1a, [ — HEeKOTOpbIfi XapaKTEpHbIH JHHelHblll pa3mep
(nanpumep, AauHa annapata). Bennunna m? (v, y)-d—t onpene-

JisieT OCHOBHYIO XapaKTePHUCTHKY AeMndHpyloliero MoMeHta. 3aBH-
CHMOCTb BeJIHYHHBI AeMNOHPYIOLIET0 MOMEHTa OT YIJIOBOH CKOPOCTH
OGbIYHO cuHTaeTcs JHHeHHOH. BenuuuHy & NMPHHATO Ha3bIBaTh yr-
JIOM TaHraxa.

Tak Kak yriaol ¢, o 4 0 cBS3aHbl KOHEUHbIM COOTHOLIEHHEM (CM.
puc. 36)

$=a+0, (8.47)
TO
a9 d?a d20 d?a da
W=‘dt7+w='d7+¢(9' v Y 9 T;)'
rage

_df _gcosB , pv }=d_f2
‘P_Ti?{ o Taom Seuy= G-

Hcnonb3ys paseHctBa (8.46) u (8.47), nepenuuieM ypaBHeHHe MO-
MEHTOB B BHJE

A 120, v, g ) =d (v, B, g), (8.48)
rge

f3=%Slm?_§—;‘S%,

=2 stm, — 5 { pg sin® — = (o)},

Cucrema ypaBHeHu#i wectoro nopsinka (8.43), (8.44) u (8.48)
[aeT MOJHOE OMHCaHHE MJOCKOro ABHXKEHUS. Mbl yC/MOBH/HCH H3Y-
yaThb JBHXXEHHE annapaTa, o6jalalollero GoMbLIHM 3amacoM cTa-

*
THYecKoil ycrtoiiunBocTH. B 3TOM cnyuae BennuuHa f; Bcerza no-
JOxXHTeNbHa H Bennka. ClefloBaTesibHO, Mbl MOXKEM MOJIOXKHTD

f; =M,

rae A2 — HeKOTOpbIil 60JbIIOH mapaMeTp.
Ilanee Mbl CHOBa clleJlaeéM 3aMeHY He3aBHCHMOH nepeMeHHOM

t=%=8‘t.

lMocae stofi samenn cucrema (8.43), (8.44) u (8.48) npuser
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CJeXYIOLHA BHA:

%=8UC059. %z—=evsin 0,

d d0

d—: = 8f| (Uy ev y, a), E‘ = sz (U, 9' y' a)' (8.49)
d* d -

d—; +ef3d_: +f4(v, 6, y, a)=¢ed.

Ipu =0 u3s cucremnl (8.49) nonyuaem

d%a
ey ’ 9, , @)= Ov = t= ’
7o H1(0, 6, 4, @) v = const = v l (8.50)

@=const=0;, y=const=y,.

Bynem cuutaTh, uTO peiieHHe cHcTeMbl (8.50) npu ycsioBHH, YTO
BCe BEJHUYHHBl U, O H Yy — HEKOTOpble NMOCTOSIHHLIE, HAM H3BECTHO
H YTO OHO HMeeT BHJ
a=q(c, ¥, v, 6, y),
i (]
\IJ:(D(C' v, 6, y) (T+TO);

3/ileCb ¢ — TIOCTOSIHHAsl HHTErpHPOBAHHS, KOTOPYIO Mbl OyneM Ha3bl-
BaTb aMIUIHTYIo#, To — aAJHTHBHAsA TocTosiHHAsA. Tak Kak [BHIXKe-
HMe, N0 NpeANoJOoXeHHIo, siBisieTcss KosebaTenbHbIM, TO GYHKLHSA
6yner nepuoiHuecKoit yHKIHEH NmepeMeHHOH T HEKOTOPOro nepHo-
na T(c). BenuuuHa o(c, v, 6, y) CAy>KHT HOPMHPYIOLIHM MHOXHTe-
JgeM: (QYHKUHSI ¢ TO nepeMeHHOH § HMeeT NepHOJ, PaBHbIH 2.
3HaHue oOLLero pelleHHsi CHCTEMb! B MpeANoJiOXKeHHH, 4To v =const,
0=const u y=const no3BoJsigeT HCnoJb30BaTb CTAHIAPTHYIO NpO-
LHeAypy MeTOAa OCPeJHEeHHS.

Hsis Toro uToObl He YC/NOXKHATb H3JIOXKEHHSl, OTPaHHUMMCS H3Y-
4YeHHEeM TOJIbKO TOro cjyuasi, koria KoseGaHHA Manbl H GYHKLHIO
[« MOX<HO MpeJCTaBHTL B BHAE

fo(v, 8, ¥, @) =w0?(v, 6, y) .
B atoM ciyuae

a=ccosy, Y=awl(v,8,y)(T+70), (8.51)
u ypaBHenHe (8.50) Oyner Tenepb TakuM:
d2
S — 0% (8.50)

Tak kak y Tena, o6najaiollero a’poAHHAMHYECKOH CUMMeTpHeil,
m, ¥ ¢y, — HeueTHble QYHKUHH yrja aTakH, TO JHHeapH3allHs 3THX
GyHKUMA AOIYCTHMA M B TOM cCJyuae, Korja Mbl paccMaTpHBaeM
KBa/JpaTHUHYIO TEOPHIO, NOCKOAbKY, OTOpPOocHB B- ypaBHeHuu: (8.50)
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qjeHbl TPeTbero MOPsiKa MaJsioCTH OTHOCHTEJNBHO yrJja aTakd o,
Mbl TeM He MeHee MDHAeM K ypPaBHEHHIO (8.50").

B cucreme (8.49) nepéiizem Temepb OT NepeMeHHOH o K mepe-
MeHHBIM ¢ H . [ns storo k paBencTBy (8.51) no6aBuM elie Takoe:

Z_‘:_ —co (v, 8, y)siny. (8.52)

W3 pasencrs (8.51).u (8. 52) HaxonnM
Va M) ®? (v, e ¥) ( ) I} (8.53)

b= —arCtg{ oa dt } l

Brlunc/iuM NpPOM3BOAHYIO NMEpBOH M3 BEJHYHH, OmpelessieMbiX paBeH-
creom (8:53), B cuny ypaBHenuit (8.49)

da da d%o 1 (da)'i{ do dv o d0 do d'y'} |

P A i i 3 A T I L O T R

it —T T da\? =
‘/az+?(dt)
AT B B el
= —ecsin® Y {f3+_[av f.+ 30 f2+ ® vsin G]}

— e sin Y& = —ec sin?¢f; (v, 6, y, ccosy).  (8.54)
Flpoanddepennnpyem BTOpOE H3 ypaBHeHuﬁ (8. 53)

d%a da \2 da .
ﬂa_d—ﬂ-ma—(d—t) o—e_—a {61: h+ efz-l-ay vsme}e
-dt [l+ 1 (da )7] ol

o2a? \ dt

I d C G 22 ECPQ . de
=——O)Tc,—{—co202+?fasm21p-c’co‘-—~—2—sm2a[wf|+
o 00 Lopll_f g :
+ 5o fet 3, vsmBJ} ——dcosy
# OKOHYaTeNbHO

dyp . _
i —sm21|;{f3

%[g—?h a0 f2+ USIHB]}

—wicdcoswEw—e{fs_(-v» 0, v, cco_sxp)sin2\p+m%&cosmp}.
(8.55)

Takum o6pasoM, pMecTo cHcTeMbl (8.49) MBI MPHUH K APYrof
cucteme, B KOTOpoii MocJielHee. ypaBHeHHe...BTOPOFO [IOPAAKA:
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3aMeHHJH JByMs ypaBHeHHsIMH mepBoro nopsiaka (8.54) u (8.55),
a B MpaBsIX YacTsaX BTOPOTO H TPeTbero ypaBHeHHIH BMecTO o MOA-
CTaB/ieHO ero Bbipa)KeHue c¢ cosy. I[Ipeo6bpa3oBaHHas cucreMa
BMOJIHE 3KBHBAaJieHTHA HCXOJHOH, HO sBJsleTCS CHCTEMOH C Bpa-
mawomencss ¢asoil; oHa CONEpPXKHT NATh MeAJEeHHbIX NepeMeHHBIX
X, Yy, v, 0, ¢ u ogHy O6bicTpyio — . [IpaBble yacTH 3TOH cHCTeMb
npeiAcTaBasOT coGoli mepHomHueckHe (yHKUHH  mnepHoaa 2m.
3aMeTHM, YTO MepBOe ypaBHEHHE 3TOH CHCTEMbl HHTErpUpyeTcs He-
3aBHCHMO OT JIPYIHX, TaK Kak X He BXOAHT B MpaBble YaCTH OCTaJb-
HbIX ypaBHeHHH. Tenmepb ee HcciefoBaHHe MoXeT ObiTb MpoBeaeHO
C HCNOJb30BaHHEM CTaHAAPTHOH MNpoLeAYPH pasjeseHHs ABHXKe-
HHus. OrpaHHUMMCs pacCMOTPeHHEM TOJILKO MePBOrO MpPHG/HIKEHHS;
IJIS 3TOTO JOCTATOYHO OCPEAHHMTb MpaBble yacTH no ObicTpoil me-
peMeHHOH .

[TepBbie nBa ypaBHeHHs He COAepXKaT Yryla atakH H OCTaHyTCs
Ge3 M3MeHeHHsl; HX YyAoOHO 3amucarb, BO3Bpalllascb K MepeMeH-
HoMYy [: 4 p

ZF=vcosh, L =osinb. (8.56)
PaccMoTpUM TpeTbe ypaBHeHHe 3Toli cHcreMbl. Mcmoab3ys Bhipa-
JKeHHe AJs fy, mocje ycpedHeHHs Mbl ero MpPHBeIAEM K cjeayiolieMy
BHAY:

2
’Z_;’ =—gsinb— %ﬁf f cx(y, v, ccosP)dy. (8.57)
0

Kosd¢uineHT nogbeMHON cHAB AJs MajablX 3HaueHHA yria ara-
KH o BbipaXKaercsl Kak
Cx=Cxo+kRa?, k>0.

CiepoBarenbHo, mnocsae ycpeaHeHHss ypaBHeHHe (8.57) npumer
dopmy

d . S kc?

d—f=—gsm9—%—(0m+—;—) (8.58)
HJIH, ec/JH Mbl OrpaHHYHWBaeMCs JIHHEHHOH TeopHei, TO

dv . v2S

Sr=—gsin8—E—=1c (v, y, 0). (8.58)

PaccMoTpHM Tenepb uerBeproe ypaBHeHHe cucteMbl (8.49), no-
narast B HeM ¢, = ¢y - a. [locie ocpelHeHns oHO MpUMeT BHA

do gcosH

Hrak, ecaH Mbl NPUHHMaeM JIHHEHHYIO TEOPHIO, TO JBHXKEHHe
LIeHTPa Macc B MepBOM MpPHUO/NHIKEHHH MOXKeT ObiTb OMHCAHO He3a-
BHCHMO OT JBHXKEHHWs OTHOCHTE/NbHO LEHTPA MacC, MpHYeM YpaB-
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HeHHe B NpOeKUHssX Ha HopManab (8.59) 3anucbiBaeTcs TakK, Kak
ecid Obl JBHXeHHe MPOHCXOAMIO B MYCTOTe H Bce JeHCTBHe a3po-
NHHaMHYECKHX CHJ1 CBOAMJIOCH K JJOOOBOMY CONMPOTHBJIEHHIO, BblYHC-
JiieMOMY IJIsl HY/1eBOro yrjia ataku. B kBagpaTHUHOH TeOpHH ypas-
HEeHHe [/15 mpoeKuuil Ha KacaTeabHYIO K TpaeKTtopuH (8.58) co-
JNepXKHUT KBaapaT aMmnautynbl. [loaTomy B 3TOM cayuyae yxe B
nepsoM npHONHXEHHH HeJb3sl pa3fleJTh [BHXKEHHe LUEHTpa Macc
H JBHXeHHEe OTHOCHTEJIbHO LleHTPa Macc.

PaccMoTpuM ypaBHeHue (8.54). [Tocsie ocpelHeHHS OHO MpPHUMeET
clenyollHi BHA:

d ec [ 0w 0w 0® .
d—i=——2b'—2—:){75'f1+wfz+a—yvsm 9}. (8.60)
[1pu OCpelHEHHH cJlaraeMoro, cojepixalllero fl, 6blla NpHHSTA

JuHeliHas TeopHf: f; O3HauaeT, YTO B BbIpaXeHHH Jo6osoro co-

cos 0
NPOTHBJEHHS Mbl NPHHAJH Cy= Cyg, =-—2%9%7 ' Takum obpa-
2 o

1 do
30M, BeJHYHHA, cTosillasg B (UrypHoi ckobke, paBHa T ar The

NpOK3BOAHAN YIJIOBOH CKOPOCTH ® BbIYHC/JEHAa B CHIY ypaBHEHHH
(8.56), (8.58) u (8.59). Ha 3toM ocHoBanuu YypaBHeHue (8.60)
Mbl nepenHuieM B Buie (BO3Bpalllasicb K apryMeHty f)

lde __1e 1 do
c dt 2137 99 df °
B 3TOM )’paBHeHHH nepemeHHble paane.neHbl, H noche uHTerpupo-

BaHHA MbI Noay4yaeM
t
- ffzdf
Co 0

Vo ©

rae Co— NPOM3BOJNbHAsi MOCTOSIHHAs — B JAHHOM cJyyae Haualb-
HOe 3HaueHHe aMIVIHTYAbl YrJla aTakH.

Takum o6pa3oM, B JIHHEHHOH TeODHH nepBoe mnpuUONHKEHHE
OCpeiHeHHbIX yDaBHEHHI MO3BONAET PACCYHTAThb TPAEKTOPHIO LEHT-
pa Macc He3aBHCHMO OT KoJie6aTeNbHOrO JBHXKEHHs annapaTa H
HafiTH, C/lefoBaTelbHO, 3aBHcHMOCTb o () u fs(f). Hns pacuera
AMMJHTYAbl KO/Me6GaTeNbHOTO JABHXKEHHA Mbl JOJKHBl TOJbKO BbI-

YHCAUTb OAHY KBaapaTypy jfsdt, nocje yero AJAs AMMJIHTYAH

KoneGaHHi ¢ NOJAYYHM sIBHOE BbIPaXKeHHe.

B KBajpaTHuUHOH TeOPHH nepeMeHHble B ypaBHeHHH (8.60) yxe
He pasjensiorcs. PaccMOTpHM cHoBa ypaBHeHHe (8.59) u nepenu-
uleM ero ¢ yueTOM UJ€HOB BTOPOro nopfjka

_ Y csin?fy do  csin?y po?
E— S{Cfasln 1p+ ® di ® "_2m

0o =

C =

(8.61)

Skc? cos? 4’} ,
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tie do/dl no-npexxHeMy oO3HauaeT MpPOHU3BOAHYIO BETHYHHBl ©
B cuay ypaBHeHui (8.56), (8.58’) u (8.59). Ilocne ocpeaHeHus 31O
ypaBHeHUe NPHHHMAET BHA

de ¢ c_do , % pviSk
= th v e (8.62)

Mpl BuauM, uto B ypaBHeHHH (8.62) nepeMeHHble yXe He pasje-
asoted. aa onpefeneHHss 3aKoHa H3MEHEHHsT aMIJHTYIAbl HaM
fipuJeTcss B 3TOM cJyyae YHCJAEHHO MHTErpHpoBaTb YpaBHeHHe
(8.62). '

PaccMoTpuM, HakoHell, Moc/efiHee W3 YpaBHEeHHH, OMNHCbIBalO-
HIMX ABHXeHHe anmapaTta — ypaBHeHue {8.55), Kotopoe HaeT 3a-
KOH H3MeHeHus (a3bl. B /HHeHHOM ciay4yae OHO BBHITIIAHT OYEHb
TIPOCTO

dy _
B =@
OTKY A t
YH=t+1 [0t (8.63)
0

B paMKax kBaJpaTH4HOUl Teopud BbipaxeHue (8.63) HeckONbKO
YCJAOXKHHUTCS 3a CYeT CaaraeMoro B BblpakeHHH [, KOoTopoe comep-
JKHT MHOXHTE/NEM BeaHuuHy ¢2k? cos? 4.

[TonBenem tenepb HeKOTOpble HTOTH. [IpeANosOXKHM, YTO Mbl
orpaHuuMBaeMcsi nepebiM NpubauxkeHueM. Torga B JHHEHHOH Teo-
pHH HaM JOCTaTOYHO YHCJIEHHO pacCUHTAaTb pellieHHe CHCTEMbI TpeX
ypaBHeHUii mepBoro nopsiaka (HanoMHHM, YTO ypaBHeHHe, ompeje-
Jsiiolee 1aabHOCTb X, HHTErpHpyeTca HE3aBHCHMO), MocJie 4ero pac-
yeT KoJse6GaTeNbHOTO [ABHXKEHHUS NpPOU3BOAUTCH 0o ¢opMyaaM
(8.61) u (8.63), TpeCylowuM pacyeta KBaApaTyp.

B KkBaapaTH4HON TEOPHH Mbl BBIHYXIEHbl COBMECTHO HHTETpH-
poBaTb CHCTEMY YeTbipeX ypaBHeHuU#

4y

af = 9sin 6,

dv . v2S kc?

= —gsing—L3 (e, + 55),

dd _  gcos® (8.64)
dr v !

de _ _ ¢ Ldo) o po?

d—t__?(fa_i_(o dt) 8w 2mSk'

HanbHocTb ¥ 1 $as3a ¢ onpelenslOTCs KBaJApaTypaMHu.
HOas uccnenoBaHua Oonee TOYHBIX 3PQEKTOB, HaNpHMep AAA
M3YYeHHs BJHSAHHA NOABLEMHON CH/IbI Ha BENHYHHY [ajbHOCTH B
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ApPeANoJOXeHHH Ko/e6aTelbHOTO ABHXKEHHs, Mbl JOJIKHbI H3YYHThH
caenywoolllee npHOaHIKeHHe. 3aMeTHM TakXe, YTO MepBoe MNPHOJIH-
JKeHHe JHHeHHOH TeOPHH He MOXeT RaTh HHKaKoOH HHGOpPMalHH
O pacceHBaHHH 37€MeHTOB TPAeKTODHHU BCJeCTBHE KoJiebGaTeqBHOro
JABHXEHHS, MOCKOJNbKY CpejHee 3HaueHHe MOJBEMHOH CHJIbl B 3TOM
npHOJHXEHHH paBHO HYa:0. Bce nomoGHble BOmpochl MOJXKHLI pe-
1aTthes B CJedYIOLULeM NPHOTHKEHHH.

6. PesoHaHCHbIEe 3aJlauH B JHHAMHKE HCKYCCTBEHHBIX CHYTHHKOB.
B npexpiaymux pasgenax 3Toro maparpacda Mbl pacCMOTPesH Le-
Jblit psal 3agay AHHAMHKH HCKYCCTBEHHBIX CIYTHHKOB, KOTOpbIe
OMHCHIBAIOTCH CHCTEMOIl ypaBHeHHH c ONHOI Bpalllawollefics da3soil.
OnHako cyllecTBYyeT MHOTO HHTEPECHBbIX 3alay, KOTOpble CBOASTCH
K CHcTeMe ¢ [IByMs BpallawliyMHca ¢a3amu. B Hayane 3Toro
naparpada Mbl yXe 3aMeTHJ/H, YTO e€CJH BO3Mylialollass cuia 3a-
BHCHT OT BPEMeHH, TO Mbl NPHXOAHM K CHCTEME€ ypaBHeHHH C ABYyMHA
6bicTpLIMH nepeMeHHbIMH. TakHe 3agauyH ecrecTBeHHBIM 06pa3oM
BO3HHKAIOT B JHHAMHKe HCKYCCTBEHHBIX cnyTHHKOB 3eMau. K ux
YHCAY OTHOCHTCS, HampHMep; 3afaya BO3MYLUeHHS OPGHT BLICOKHX
cnyTHHKOB JIyHOH. B 3TOH cuTyallud BO3MYIUeHHs, Bbi3biBaeMble
JlyHo#, 6yayT HEKOTOPbIMH MEepHOJHYECKHMH (PYHKUHSMH BpeMeHH
H, C/leJOBaTeJbHO, MOJHA# CHCTeEMa YpaBHeHHH OyleT colepXKaThb
nBe OnicTpble nmepeMeHHbie. B ToM cayuyae, Koraa nepuoa obpalie-
uua cnytHuka T u JIyHel T OyAyT cBfi3aHbl COOTHOLUEHHeM

Tn= kT,

rae k — uesoe 4dcja0, Mbl OyAeM UMeTb pe30HAHCHBIH cay4ai.

MOXHO npHBecTH ellle LeTbifi P HHTEPECHBIX Pe30HaHCHBIX
3afgauy mogo6Horo poma. MHOro HOBbIX 3ajfay, B KOTOPbIX HMeeT
MeCTO pe3OHaHCHasi CHTyallus, HaM [JOCTaBAsieT H3yyeHHe OTHOCH-
TeJIbHOTO ABHXKEHHS CNYTHHKA B LEHTPaJbHOM MoJe.

Ecnu Tesno He ob6nanaer chepHueckoill cHMMeTpHell, TO Ha Hero
B LIEHTPaJbHOM moJjie JeACTBYeT HEKOTOPbIH MOMEHT, TaK Ha3biBae-
Mblil rpaBuTauuoHHbii MoMeHT. [log melicTBHeM 3TOro MoMeHTa
Tes0, ABHXKYIlleecs mo opOuTe BOKPYr 3eMJH, cOBepillaeT koJeba-
TesqibHOE ABHKeHHE. DTO ABHXEHHE B MIOCKOM CJyyae MOXKeET OblTh
ONMHCAHO CJAEAYIOILHM ypaBHEeHHeM *):

2
(1 +ecos 9)—5—9—2— —2esin @ Z—g'+ 3a’sind=4esinB. (8.65)
31ech NPUHATDE CefylolHe 0603HaYeHHS !

_A-cC
a= B’

*) B. B. Beaeukufi, O anbpaunn cnyTHuka, ¢6. «HckyccTsenHble cmyT-
uukn 3eMman», No 3, 1959.
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B — MOMEHT HHepUHH anmapaTa OTHOCHTEJNbHO OCH MEepNeHAHKYJIsAp-
HOH mJiocKOCTH OpOHTHI CHyTHHKa, A u C — MOMeHTbl HHepUHH an-
napaTa OTHOCHTEJIbHO OCeH HHepLHH, JeXallMX B MmI0CKOCTH Op6u-

1, npuieM A>C, T.e. a < 1; 6=2¢, rae Y — 310 yroa Mexay
pannycom BEKTOPOM LEHTpPa HHEepLUHH ammapaTa H OCbl0O HHepLHH,
OTHOCHTE/NIBHO KOTOpOii MoMeHT WHepuuH paBeH C, T.e. HanGousee
OAuHHOL u3 oceli uHepyull, NexalllMX B MJIOCKOCTH OpGHT (CM.
puc. 37, rae naHbl 0603HauyeHHs), O — yrVIOBOe paccTOsiHHEe MeXAay
pPaauycoM-BEKTOPOM LEHTpa HHEpUHH
amnapaTta M HampaBJieHHeM Ha [epH-
redl, e — SKCUEHTpHCHTET OpOHTHI
CNYTHHKA.

3ametuM, yto ecau e=0, To ypas-
HeHue (8.65) npuHHMaeT BuA

B 43asins=0.  (8.66)

YpaBHeHne (8.66) gonyckaer jBa
CTalHOHapHbIX pexxuma 0=0 u d=m.
YertoliyusbiM - AiBasieTCs  mepBBIH pe-
*KuM 0=0, cooTBeTCTBYIOLIHi TOMY CJaYyuyalo, Koria HanboJsee AJ¥H-
Has Ocb MHEpLHH KOJJIHHeapHa pajHycy-BeKTOpy. DToT (dakT Bmep-
Bble Obl YCTAHOBJIEH H3BEeCTHBIM (paHIly3CKHM acTpoHOMOM THc-
cepaHoM. B cayuae d=m (uau Yp=mn/2) Gonee ANHHHAA OCcb HHEp-
IIHH MepHneHJHKY/AIpHa paauycCy-BeKTOpY.

[lpeanonoxXHM Tenepb, YTO SKCLEHTPHCHTET € — BeJHYHUHA Ma-
Jasi, Toraa ypaBHeHde (8.65) mepemuineM Tak:

Puc. 37.

d9,+ 3a’sind=e (4sm 0 + 2sin 9 +3a2 cos Osmé) + O(e?). (8.67)

YpaBHenue (8.67) nonyqaerca u3 (8.65), ecau crenatb 3aMeny

ecosO —ecosO(—-3a sind + O (e)),

OHO TipelCTaBJ/sieT COGOM THNMHYHBIA MpHUMep AJIS MPHJIOXKEHHA H3-
naraemoii teopud. Ilpu e=0 oHo mepexoaur B ypaBHeHHe (8.66)
M MOXeT OblTb MPOHHTErPHPOBAHO B 3JJIHNTHYECKHX GYHKUIHAX

6=q(xPy)b

rie X — MakCHMaJibHoe OTK/JOHeHHe, a y — (da3a; y=0+40, Bce
BbIYHC/IeHHA MOryT ObiTb MNpojenaHbl, caeays OOLIeH MeTOAHKe.
3aech Mbl OrpaHHYMMCA pacCMOTPEHHEM TOTO YacTHOro cayyas,
Korja ocb HHepUHH ¢ MoMeHTOM WHepuud C coBepumaer MaJjble
Kojie6aHHs OKOJIO CBOEro nosoxeHus paBHoBecus (6=0). dtorcay-
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yaii Gbl MpoaHaNM3KPOBaH B yXKe UHTHPoBaHHOH pa6orte B. B. bBe-
Jeukoro *).

JIuneapuays ypasHeHHe (8.67) u oTGpacbiBasi maJjible, NOPSIAOK
KOTOPBIX Bbllle NepBOro OTHOCHTEJNbHO €, Mbl MOJYUHM

d?
d0?

0d=e (4 sin 6 + 2sin 9%3-+m2cos 96), (8.68)

rue
@? = 3qa2.

3aMeTHM, 4YTO 4acToTa « ONpefessieTcsi HCKAIUYHTENbHO Treo-
METPHYECKHMH XapaKTEPHCTHKAMH CMYTHHKA — COOTHOLIEHHEM ero
MOMEHTOB HHCPLHH.

[Monaras kak OO6bIYHO

dd .
0= xcosy, 26 — —oxsiny,

3ameHuM ypasHehue (8.68) cienymolueil cHcreMoii:

dx
av
% =©— ?ex—(4 sin 8—2sin 0 sin y@x + cos Bcos y w?x) cos y, { (8.69)

48 _
dv ~

= - %(4sin9—-2sinesiny wx =+ cos 0 cos y @?x)sin y,

Cucrema (8.69) — 310 cucteMa ¢ ABYyMs GbICTPBIMM nepeMeHHbIMH
0 u y. B 3aBucuMocTH oT uyactoThl @ (T.e. OT COOTHOLIEHHA MO-
MEHTOB HHepuHH) B cucreMe (8.69) MoxKeT BO3HHKATb WJIM He BO3-
HHKaTb Pe30OHAHCHAas CHTYalHs.

[1pu oTcyTcTBMUH Pe3OHaHca nepBoe MpHOJHIKEHHe AJsi CHCTEMbl
(8.69), kotopoe mosnyyaeTcs ycpeaHeHHeM no oGeum ObICTPHIM ne-
peMeHHbIM, HaM JAaeT

x=const, Yy=yo+wl,

T.€. ¢ TOYHOCTbIO A0 BesiHuuHbl nopsaka O(e?) cnyTHuk Gymer co-
BepliaTb rapMolHUeCKHe KoJeGaHHS OKOJIO MOJIOXEeHHS paBHOBe-
cus 6=0.

Ecan a=V3[3, 10 w=1, u Mb uMeeM caydaji raBHOro pe-
3oHaHca. Hccieayem 3to siBnenne. [lns 3TOro npexie Bcero cue-
JlaeM CTaHAapTHYIO 3aMeHy

y=0+z2, o=1+eh

*) B. B. Beaeukni, [suxKenHe HCKYCCTBEHHOTO CMYTHHKA OTHOCHTELHO
uen1pa Macc, «Hayka», 1965.
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v nepenuuieM cucreMy (8.69)

%— — —i—{4sin 0sin (6 + 2) — 20x sin?(8 + 2) sin 6 +

+ @? x cos 0 cos (B + 2)sin (0 + 2)},
dz (8.70)
de= - ——{4sm Bcos(8+2)—

—20x sin 0 sin (6 4 2) cos (0 + 2) + w?x cos 0 cos (6 + 2)}. |

Cucrema (8. 70) COMIePXKHT Terepb TOJNbKO OMHY GLICTPYIO mepeMeH-
HYi0 6, MO 3TOM NEPeMEeHHOH Mbl H LOJIKHBI MPOBECTH yCpPeJHEHHE.

Hpeoépasyem npaBele 4acTd YypasHeHuit (8.70), Hcnonb3ys
3aMeHy

sin 0 =sin (0 + 2) cos 2 — cos (6 + 2) sin 2,

cos 6 = cos (8 + 2) cos 2 + sin (8 + 2) sin 2.
[Tonyuum
% = — —(% {4sin?(0 + 2) cos z—4 cos (0 + 2) sin (0+2) sin z—
—20x sin®(0 + 2) cos 2 + 2@x cos (0 + 2) sin%(0 + 2) sinz +

+ @®x cos?(0 + 2) sin (0 + 2) cos 2 + o« sin%(8 + 2) cos (0 + 2) sin 2},

Z—:= - —{4sm(9+z)cos(9+z)cosz—4cos2(9+z)smz—

— 2w0x sin?(0 + 2) cos (6 + 2) cos 2 + 2wx cos?(0 + 2) sin (6 + 2z) cos 2+
+ 02x cos? (0 + 2) cos 2 + @2k sin (0 + 2) cos? (0 + z) sin 2} + eh.

Tak kak
2n+2

f@(e+z)de—— f D (&) de,

TO Mbl MOXEM NpPOBECTH YyCpeJHeHHe MO nepeMeHHOH E=04 2,
B pe3yJbTaTe MoJAYyYyHM

dx 2e

v T T @ o8&

A % ®.71)
F-__ ——3S8Iinz +eh. J

Cucrema (8.71) moriyckaer ABa CTalHOHApHBIX peXHMa
[ 2=2 -2
“E=g *=Gn
7 2

II. z= — o X = — oh "
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Mbl BUIUM, 416 mpu A=0 3Tu pellieHHs TEPSIOT CMbIC]A: CHCTEMa
He JOMyCKaeT YCTAHOBMBLUHXCS PEXHMOB. JTOT pe3yJbTaT CJeNl0-
BaJO OXHJaTb, MOCKOJIbKY HCXOfHOe ypaBHeHHe (8.68) Onlno Jau-
HEeAHHIM, a B paMKax JHHeilHO#l TeopHH HcCAeNoBaTh MOBEAeHHE
CHCTEMbl B TOUKE Pe30HAHCa HeJb3fl.

Hdasi Toro utoObl MccnenoBaTb XapakTep KojeGaHHsi NpH HydAe-
BOA paccTpoiiKe, NpH YNpolleHHH ypaBHeHHs1 (8.67) MbI HOMKHBI
yaepxaTb ujeHbl GoJjiee BBICOKOTO MOPSilKa OTHOCHTENbHO §. 3ame-
HHUM B JI€BOH 4acTH 3TOTO ypaBHEeHHUs

sin6=6—%63.

B npaBoi#t yactH moJoxXuM sin §=0 (3To 3HAaYUT, YTO MH IIpe-
He6pernu BeanuuHoH ed® mo cpaBHeHHIO ¢ 8%) W mpoaenaeM oO6bIY-
Hble [/ KBa3uauHeNHOH Teopuu HpeoODa3oBaHHUs, MepernHcas
ypaBHeHue (8.67) B ciepyiolleM BHIe:.

2
%+m26=e(4sin9+2sin9%+m2écos 6+a63),-
rue
02
a=—,
e

B atux nmpennosoxeHHsax cucrema (8.70) sanMiuercs Tak:

& o £ {4sin@sin (0 +2) — 20xsinOsin?(0 +2) +

+ @?x cos B cos (8 + 2) sin (8 + 2) + ax® cos® (8 + 2) sin (6 + 2)},

%:— = — ——{4sinBcos(6+2)— (8.72)
— 2@x sin 8sin (6 + 2) cos (8 + 2) + @%x cos B cos? (0 + 2) +

+ ax® cos* (6 + 2)} + eh. .

[Mocne ycpenHenusi cucrembl (8.72) Mbl MONYy4YHM CaelyiOLHi aHa-
Jor cucteMbl (8.71):

dx _ 2

T T e 083 ©79
dz _ 2 (. 3 .3 .
= T ex (smz+8ax)+eh.}

Cucrema (8.73), B otauune ot cucreMbl (8.71), nonmyckaer cramuo-
HapHble peXHUMbl K PH HYJeBOH paccTpoiike h=0:
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Hrak, ogHH cayyail, Korga ypaBHeHHe (8.65) Moxer OBITb HC-
yepnbiBalOUWHM 006pa3oM H3yyeHC METOJAMH acCHMNTOTHYECKOH Teo-
pHH, — 3TO CJyuyali ManblX 3KcLUeHTpHcHTeToB (e<1). B knaccuue-
CKOil JiMTepaType MO acCTPOHOMHH mOApPoOHO H3yueH cayuyafi e=0.
Cayuaii MaJjbIX 3KCHEHTPUCHTETOB OpPOGHTHI, KaK MOKa3aj BNEPBBIE,
no-suauMoMy, B. B. DBeneukuii, ne o6HapyXHBaeT HHKaKHX HO-
BbIX KauyeCTBEHHBIX 0OCOGEHHOCTEH. YUeT 3KCLEHTPUYHOCTH OpOGHTHI
HECKOJIbKO H3MEHsIeT XapaKTep mapaMeTpoB KoJjeGaTeNbHOro [BH-
JKEHHS OpOHThbl, He H3MEHAS B CVYILHOCTH OCHOBHOTO XapakTepa
nBuxkenusi. Tak, Hanpumep, B ciyuae e=0 ycTOHUHBBIM OYyIeT TO
MOJIOXKEHHE Tesla, NPH KOTOPOM ero HaHGoJibliasi OCb HHEPLUHH KOJ-
JIHHeapHa palHycy-BeKTopy. B cnyuae e<| ycToiuMBBIM siBASETCA
TO MOJIOXKEHHE PAaBHOBECHS, NMPH KOTOPOM HaHGoJbllas ocb HHeEp-
LHH KOJJIHHEapHa PafHyCy-BEKTOpPY LEHTpa HHEpPLHH B amoree H
nepuree. Bo Bcex ocTanbHBIX THMAax OpOGUTHI och 6YIET COCTABJATH
HEKOTOPBbIH MaJibli yroJ ¢ PpagHuyCOM-BEKTOPOM. IDTOT pe3yJabTaT
CNpaBeJ/HB, Pa3yMeeTCsl, TONbKO A/ MaJsblX 3HAUEHHiIl SKCUEHTPH-
cutera. VanoxkeHHass TeopHs 6e3 KaKUX-TH60 MNPHHIMMHAIBHBIX
TPYOHOCTEN MOXET H3yUYHUTb CAy4yaH NpPOH3BOJBHLIX YIVIOB §, O/Ha-
KO MpPH OJHOM YCJOBHH MaJIOCTH 3KCLEHTPHCHTETA.

®. JI. YepHoycbKo 0o6paTH/ BHHMaHHE, UTO aCHMITOTHYECKHE
METOAbl YCPEAHEHHS1 MOTyT OBITb MCHOJB3OBAaHbI €llle B OJHOM CJy-
yae, Korga a<l. B 3tom cayuae coGcTBeHHble KosieGaHHMa Tena
MPOUCXOAAT C OYEHb MaJsioli yacroTofl. Eciu mepuon stux KoneGa-
HHH 3HAUMTENbHO OOoJibllle mMepHoaa oOpallleHHa Tesa mo op6HTE, TO
3a BpeMsa OZHOro o6xofa OpOHTHl OpPHEHTALUA Tela B MPOCTPAHCTBE
CYILIECTBEHHO He M3MEHHTCH. DTO OOCTOATENBCTBO H HMCHONb3YETCH
A5l TOCTPOEHHS1 aCHMINTOTHYECKOH TEOPHH.

Cnyuait a<| He CONEPXKHT OrpaHHYEHHH Ha BEJHYUHY IKCLEH-
rpucHTeta. B paMKax Takoro paccMOTpPeHHAi MOryT ObITb H3YUE€HHI
KojieOaHHs TeJsa, JIETAILIEr0 MO OYeHb BBITAHYTOH 3JTHNITHYECKOR
op6ute. HccnenoBanue 3Toro ciayyas mno3BosiseT OOHapyXHTb [e-
JIBIAl Pl HOBBIX CBOHCTE JBHXXEHHS, KAaYECTBEHHO OTJIHYAIOLIMX €ro
OT C/lyyas MaJiblX 3KCLEHTPHUCHTETOB, KOTOPbIH Obl M3yuyeH BhILle,
Hanpumep, ecin e>e;=0,68, To yCTOHYHBBIM MOJIOXKEHHEM PaRHO-
BecHs OKasbiBaeTc TO, MPH KOTOPOM B MEpHree H anoree HaHOOJb-
mwas ocb HMHEPUMH NEPHEHIHKYJIsipHa paauycy-BeKtopy. Hanoxe-
HHe 3TOH HMHTEpeCHOH palboTbl BLIXOAHT AA/EKO 332 paMKH NaHHOH
KHHrH. 32 MOoJPOBGHOCTSIMH Mbl OTChIJIa€M UHTATENsl K OPHTHHaMy *).

Mbl HM3/I0XKHIH HECKONBKO NPHMEPOB, NMOKa3biBAWIIHX 3ddek-
THBHOCTb MPHMEHEHHs METONOB YCPEIHEHHS B 3aJauyax AUHAMHKH

*) ®. JI. YepHoycbko, PesonaHcHHe ABNEHHA NpH ABHXKEHHH CNYTHHKA
OTHOCHTeJIbHO UenTpa Macc, JKypHaJ BHUHCAUTENLHON MAaTeMaTHKH H MareMaTH-
yecxont ¢usuku, T. 3, Ne 3 (1963), 528—538.
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KOCMHYECKHX anmapartoB. YUHC/A0 3THX NMPHMEPOB JIEFTKO YMHOXHTb.
Ho yxe H3/0XXeHHOro [0CTaTOYHO /ISl TOro, 4robbl MPOAEMOH-
CTPHPOBaTh BO3MOXHOCTH HCMOJb3YEMOrO MaTeMaTHYeCKoro af-
napara.

§ 9. AcumnToTHYeCKHE METOALI YCPeAHEHHs B 3aAayax
TEOPHH ONTHMAJBLHOrO ynpasJeHus

1. YacTHuHoe ycpeaAHeHHe. PacCMOTPHM CHCTEMY ypaBHEHHH
a=eX(x, t, u), 9.1)

rae X — nepuoauueckass (yHKUMS BpeMeHH ! mepuona 2m, a 4 —
HeKoTopas MelJieHHO MeHswowasics QYHKUMA X W { (ynpaBjeHHe).
Ee u3MeneHune Moxer ObITb ONHCAHO YPaBHEHHEM

u=¢eq(x,t u), (9.2)

3leCb X H 4 — 3TO HEKOTOPHI€ BEKTOPbl pa3MepHoCTeH n H m CooT-
sercTBeHHo. s uccnenoBanus cucreMbl (9.1)—(9.2) Moxer GbiTb
ucnonb3oBaH Meron Bau-gep-Ilonisi: Tak Kak 3a BpeMsl OJHOrO ne-
pHola NepeMeHHble X H 4 HM3MEHATCA MaJjo, To ypaBHeHHe (9.1)
MOXHO 3aMEHHTb YCPEAHEHHBIM

T=eX(x, u), (9.3)
rae

2n
X, w)=o [ X(x 1, wat,
0

u BMecto cHcreMbl (9.1), (9.2) paccmatpuBath cucremy (9.3),
(9.2).

MoxHo ¢(opMabHO MOCTPOHTL MPOLECC, aHANOrHYHBIH TOMY,
KOTOpbli Obli H3/M0XKeH B § 4 HacTosilleH raiaBbl; AJS 3TOrO JOCTa-
TOYHO CJeNaTh 3aMeHy

x=x+eki(x, t, u) +eka(x, , u)+...,

rae
i=eAy(x, u)+e2Ax(x, u)+...
Toraa _
Al =X)
X ad a
Ay= 551‘% A ‘%‘P,

t
§ = [ XG4 w)=-X(z w)at
0

H T. O.
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B nepsoM mnpHG/HXKEHHH Mbl MOJYYHUM CHCTEMY YpaBHEHHH
(9.2), (9.3). Ona BTOpOoro mnpHOGIHKEHHA MBI NOJYUHM CHCTEMY
ypaBHeHHH

;ég == EAl (22, u) + 82142 (22, u), }
T A u=¢ep(%+E&, 1)

[TpencraBnsier onpefefeHHbIi HHTEPeC TakXKe pacCMOTPeHHe

cHcreM H Gosee obluero BHIa, HanpuMmep

i=eX(x, t, y, u),

g=o(x, u, t)+e¥(x, ¢, y, u), (9.5)

n=eqp(x, t),
rae npaebie yacTH X M Y — nepHomnueckHe (YHKUHH CKajisipPHBIX
aprymeHToB [ u y. Takue CHCTeMBbl comepXaT YXe JBe ObICTpbIE
nepemenubie ¢ u y. Aas ux uccnenosanua Moxert ObThb GopMallbHO
KCMO/Mb30BaH Becb anmapaTt JAaHHOH ryiaBbl. B cucteMax ypasHe-
Hu# tuna (9.5) BO3MOXHO cylllecTBOBaHHE PE30HAHCHBIX PEXHMOB.

2. O BO3MOXHLIX MOCTAHOBKAax 3a/ay ONTHMAJAbHOrO ynpasJje-
HHS JAs ypaBHeHu#d B cranjaptHoit ¢opme. [TocTpoenne Tteopui,
MO3BOJIAIOIIMX HaHTH NPHOGIHXKEHHOE pellleHHe 3afay ONTHMAJb-
HOro YMpaBJIeHHSI I/ CHCTEM YPaBHEHHH, cojepXXalllux MaJible ma-
paMmeTphl, NpeicTaBJAse€T HHTepeC BO BceX OTHolleHuax. [lpexne
Bcero, cyllecTByeT GoJiblIOA K/aacc TeXHHYECKHX 3aJay, B KOTOPHIX
nuddepeHnHalbHble YPaBHEHHsl, OINHCHIBAIOLIHE JBHXEHHe YyIpa-
BJSIEMOA CHCTEMBl, COIepXKaT MaJjble NapaMeTphl, H NO3TOMY BO-
Mpoc O COOTBETCTBHH PeLIeHHs, KOTOpOe MOJYYeHO MPH HYJEBhIX
3HAyYeHHsiX MapaMeTpoB, TOYHOMY peIIeHHIO BCerja akTyaJjeH. Bo-
Jee TOro, NPaKTHYECKH BCeraa Mbl HMeeM [eJ0 C HIeaJH3HPOBaH-
HBIMH MOJE/NSIMH YNPaBJsieMblX CHCTEM, H NO3TOMY pa3BHTHE Teo-
pHH ONTHMAaJNbHOTO YNpPaBJ€HHA B TOM CJyuyae, Koria audpoepen-
UHaJbHble OrpaHHUYEHHs COAEPXaT MaJible NapaMeTpbl, MpelcTa-
BAsieTCA BaXXHBIM ¢ TNpPHKJAagHOH ToukH 3peHus. [anee, samauu
ONMTHMAJIbHOTO YNpPaBJEHHA OTHOCATCA K YHCIY HEKOPPEKTHbIX 3a-
nay. [To-Buaumomy, oT6pacbiBaHHe MaJiblX BeJHYHH B HEKOTOPBIX
C1yyasX MOXeT NPHBECTH K MOSABJEHHIO HOBBIX KayeCTBEHHBIX 0CO-
6eHHOCTEH.

B nmaHHo#i pabore Mbl paccMaTpHBaeM TOJNbKO OJHH NpoOCTed-
Kl NPHMEp TAaKHX CHCTEM, KOTOPBIH OTHOCHTC K YacTHOMY THIY
3aJay4, OXBATbIBaeMbIX H3J1araeMoi TeopHeH.

PaccMotpuM 3anady OTbicKaHHA Takod OQYHKuHH u(f), KoTO-

pas 1OCTaBJsieT MHHHMYM QYHKLHOHANY
T

I= j F(x, u)dt (9.6)

o

(9.4)
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npH CAeAYIOUHMX OTPaHHYEHHSAX:
a) auddepeHaIbHbIe CBA3H

i=eX(t, %, u), (9.7)

6) ¢asoBble orpaHH4YeHHA

x=G,, (9.8)
B) orpaHH4YeHHsl Ha ynpas/ieHHe
usG,. (9.9)

3mech ¥ H 4 — HEKOTOpbie BEKTOPbHl pa3MepHOCTeft f U M COOTBeT-
CTBEHHO, BEKTOD X Ha3blBaeTcsi ¢a30BbIM BEKTOPOM, 4 — YNpasJsio-
WHM BeKTOpoM HJM ynpasiaeHuem, Gy u G, — HeKOoTOpble MHO-
XKecTBa.

K nepeunc/ieHHbIM YCJIOBHAM ROMXKHB ObiTb H06aB/jeHH eLle
ycnosus npu £=0 u {=T. YcaoBuMca HX QHKCHPOBAThb

t=0 x=ux, }

t=T x=xg. (9.10)

B ftakofi mocTaHOBKe pacCMaTrpHBaeMasl 3ajauya Jomyckaer MNpo-
CTYI0O MeXxaHHYeCKYI0 HHTepNnpetTauHio: HaATH TaKoe YMNpabJjeHHe
u (), KOTOpO€E MepeBOAHT CHCTEMY, ABHKeHHe KOTODPOil OMHChIBaeTcA
cucremoll ypaBnenuit (9.7), 3a BpemMs T H3 €OCTOAHHA Xy B CO-
CTOfIHHE Xr TaK, YTOOb PyHKuuoHnan / (CTOHMOCTb Mepexoga H3 Xp
B xr) Obln MuHHManed u 4toO6H ()a3oBdsi TPaeKTOPHA 3TOH CH-
CTeMBl He NOKHAata aonyctuMoi o6aactu Gy.

[peanonoxkum Tenepb, 4tro MHOXecTBO (, BK/IOYaeT TOJAbKO
takHé ¢yHKuuH u(f), NPoH3BOAHAsA KOTOPBIX MaJja, a CYHKUHA
X(¢, x, u) ABasieTcs nepHoAaHueckoi ¢yHKuued BpeMeHH { nepuo-
Aa 2n. Toraa BO3HMKaeT Ta CHTyalHfi, O KOTOPOH TOBOPHJOCH B,
npeapiaymeM pasjiedne,

B 3toM caydae MBI MoXeM MoAyuyHTh NPHOGAHKEHHOe pelleHHe
3ajayH, 3aMeHss ypaBHeHus (9.7) ocpeaHeHHbBIMH

i=eX(x, u). (9.11)

[MpeanonoxuM, uto G, He CONEPXKUT OTPaHHYEHHH HAa MNPOH3-
BoaHylo ¢yHkuHio u(f). Torma MeTOAbl yCpPeaHEHHSi MOXHO HC-
No/Mb30BaTh OAHHM H3 CJAEAYIOLHX CIOoCOGOB.

a) Pemaem 3apauy, B KOTOpO#i cucrema ypasHeHuit (9.7) 3a-
MeHeHa cucreMoii (9.11); B pesyabrate HaxoauM OyHKuHIO 4 (f).
Ecan okaxercss anocTepHOpH, 4TO NPOM3BOAHAA QYHKuus u(f)
MaJja, TO Yy Hac eCTb HHTYHTHBHas YBEPEHHOCTb B TOM, uTO YM-
paBJjeHHe, HafileHHOe MNpH NOMOIUH MNpOUEeAYPbl YyCPeAHEeHHs CH-
crembl (9.7), ecTb HeKkoTOpoe HONMYyCTHMOe ynpaBjeHHe, G6JH3Koe
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K ONTHMAaJbHOMY. 3aMeTHM, 4TO A WIHPOKOTO Kjaacca TeXHHYECKHX
3a]lau TaKoe «pellieHHe 3aflauH» OKa3blBaeTcsd AOCTaTOYHLIM.

6) Ecau B pesysbTaTe peilleHHi ONTHMaJbHOH 3afauH NpPOHM3-
BofHasA ¢GyHKuMsa u(f) oxasbiBaeTcs 6oJbmOH (Hampumep, GYHK-
uHs u(f) MoOXKeT MPOCTO OKa3aThCA pa3pblBHOI), TO MeTOH ycpen-
HeHHA HenpHMeHHM. TeM He MeHee OnHcaHHas NPOUEAYPa MOXKET
0Ka3aTbCA MNOME3HOH [J11 MNOCTPOEHHA BO3MOXHBIX YnpaBJicHHH.
[Tpennonoxum, uto u aBnsercs ckanapoMm. BeeaeM npu nomoli
ypaBHeHHs

u=e@(f), (9.12)
*

rae |@j < ¢*, HoBoe ynpasneHue @(f), a dyHkuuio u(f) oTHeceM

K uYHcny (a3oBbIX KOOPAHHAT, @* — HEKOTOpPOe 3aJaHHOE YHCJIO.

[TpeanosoXHM, 4YTO BapHALLHOHHYIO 3a-

Aauy c orpaHuuenuamu (9.11), (9.12)

Mbl MOXeM pelHTb 3G(PeKTHBHO a8

\ ao6oro 3HaueHuna ¢*. Torma xaxpomy

3HaueHHI0 ¢@* OGyfeT oTBeuaTb HEKOTO-

poe 3HaueHHe dyHkuuonana /(¢*). Ec-

., JI{ 3Ta 3aBHCHMOCTb MMeeT BHJ, U306pa-

#”  xeHublll Ha puc. 38, T. e. BeJIHYHHA NpO-

Puc. 38. u3Boauo# dl/de* oxasbiBaetca MaJof,

TO B 1EJOM pfijle TeXHHYECKHX 3ajgau

3Toro (akra OKasbiBaeTcs [JOCTAaTOYHO M/ NMOCTPOEHHS BO3MOX-

HOrO ynpasjeHHs, GJH3KOro K ONTHMajabHOMY (no (byHKLIHOHaJlé).

B) BBeneHue orpaHauenus (9.12) cyxaer MHoxectBO Uy

OcraHoBuMcsi moapobHee Ha TOM chayuae, Korga mnojpoGHoe cyxe-

nue MHoxectBa (, coxpaHseT 3ajauy B Takoil ¢opme, uto aad

Hee OKa3blBaeTCs BO3MOXHBIM HCMOJb30BaTb NPHHUHN MaKCHMyMa

JI. C. lMoutpsruna.

CorjiacHO NpUHUMDY MaKCHMyMa ONTHMaJbHOe ynpaBJeHHe

onpegessiercs H3 YCAOBHS MaKCHMYMa QYHKLHH

=eX(x, u)p+epq — F(x, u), (9.13)

rie p H ¢ — MHOXuTeJu Jlarpanxa (HMNy/abChl), KOTOpble YI0-
BJETBOPAIOT C/elylolleli CHCTeMe YpaBHEHHH:

s _OH _ . 0X(xu) oF |
P=—"%x~ Jx Ox’! o.l4
._ _oH _ __ 0X(r,u) oF (9.14)
I== s =" % Pto: l

U3 suga ¢yukuuu H cneayer, uto HOBoe ympaBJeHue ¢(f) moa-
HO 6bITb BHIOPAHO H3 YCJAOBHH

=9, ecan  ¢>0, }

o=—¢", ecan ¢<O. (3.15)
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Urak, B paccMaTpuBaeMOM cJyuae 3a/aya CBOAHTCSH K pPelleHHIo
HEKOTOPO# KpaeBOW 3ajayu [AJs CHCTeMbl YypaBHeHH# (9.11),
(9.12) u (9.13). KpaeBble yca0BHS — 3TO YCJAOBHSI TPaHCBepcalb-
Hocru. Hanpumep, ecau paccMarpuBaercsi 3ajada O MNepPexojie CH-
CTEeMBl H3 COCTOSIHHSI Xy B COCTOsIHHe X7, TO KpaeBas 3anaua 6yaer
dopMysHpOBaTLCA CielyiolluM 06pasoMm:

0{x=x°’ ¢ T{x=xT’ 9.16
=01 4=0, ~ " lg=0. (5.16)

ITpuMmeuaHue., Ecau HCXOAHAA TNOCTAHOBKA BapHALMOHHOM
3ajayd JONYCKaeT NpHMeHeHHe MPHHLHNA MAaKCHMYMa, TO MOXHO
CHayajia BbIMKCATh BCIO CHCTEMY YpPaBHEHUH CONpsi)KeHHOH 3ajauH

. X

p=—8e5-P (9.17)

rAae u onpenensaetrca H3 yCJIOBHA
H=max H (x, p, u, t)=max{eX (x, u, t)p— F(x, u)}. (9.18)
u u

[TpaBble yacTH MoJyueHHOH CHCTEMBbl YpaBHeHHH O6yAyT nepHOAHuYe-
cKUMH QyHKuHAMH f. MHoxurtenu Jlarpanxa OyAyT QYHKIHAMH,
KOTOpble H3MeHSIIOTCA MedJeHHO. YcaoBue (9.18) HaM mnokaxer,
6ynet au ¢GyHkuus u(f) Takke W3MeHATbCH MedJeHHO. B nocaen-
HeM cayyae Mbl CMOXKeM NPHMEHHTb MeTOJ YCpPelHeHHs Hemocpen-
crBenHo K (9.7) u (9.17).

3. Npumep. B kauecTBe npuMepa paccCMOTPHM 3ajnauy O ABHXKe-
HHH KOCMHYECKOro amnmnapata NOA JAeHCTBHEM TpaHCBepcasbHOM
TArd. TIpeANnosOKHM JONMOJNHHTENBbHO, YTO HayasibHas opOHTa Koc-
MuuecKoro anmnapara Oblia kpyroBofi. B mpeabiaymem naparpade
6bI0 NMOKa3aHo, 4TO ypaBHeHHe, ONpejensioniee H3MeHeHUe pa-
auMyca op6uThl A, mocae ocpenHeHus npumer Bun (cM. (8.28)).

A . 2ef sy, (9.19)

rie ef — tara asurartens. Bo Bce BpeMms 3Bosonud opOuTa (Kak
3T0 6bIIO NOKa3aHO) B NMepPBOM NPHOJHXKEHHH OCTaeTcsi KPYrosoh.

[TocTaBuM cneAyiOllyl0 BapHAlHOHHYI0 3ajauy: OMNpeNeHTb
ynpasneHue — QYHKUHIO f(@), KOTOpas MepeBOAMT anmapaTt ¢ op-
6uThl, paauyc Kotopoit Ao, Ha op6uty paauyca A*, 3a Bpems, B Te-
yeHHe KOTOPOrO apryMeHT ¢ H3MeHHTCH Ha @r, PHUEM YnpaB/eHHE
f(@) nOAXKHO JOCTAaBHTH MHHHMYM QYHKLHOHAMY

q))
1=ef 2 de.
0
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CocraBum ¢yHKUHio FamunbTona H

H=2¢efA3%p — gf?, (9.20)
rne p — MHoXutenb Jlarpanxa, yaoBneTBOpAIOLIKI ypaBHEHHIO
d oH
ﬁ = — =1 = — 6efA?p. 9.21)
M3 ycnoBus maxkcumyma ¢yHkUMM H HaXoAWM yrnpaBiaeHue
f=A3p. (9.22)

Paccmorpum Tenepb ypasHenus (9.19) u (9.21). U3 3tux ypas-
HeHH M JErKO HaXoouM

d _ _ 3p
dA A’
OTKyZa
[
P=—

Iae ¢ — HeKoTopas NOCTOsiHHaA: ¢=(p(¢))qy=o. [oncrasans nony-
yeHHOe BbipaxeHue B (9.22), Haxoaum

f=c.

Hrtak, onTHManbHOe ympaB/leHHe B 3TOM CJydyae [OCTOSHHO.
[TocTosiHHan ¢ ompefenseTcs H3 yC/JOBHSA

(A ((P) )q;.q;T = A.'

Hurterpupys ypasnenue (9.19), Haxoaum
o A
Vl "eng‘PT
OTKyJa NoJyuaeM OKOHUaTe/JbHO
AuQ_Ag

=— 9.23
f eAgAd(pT ( )

DTOT TpUMep HMeN CBOEH Leabl0 MOKa3aTh, YTO HCIOJNb30OBaHHE
yCpeAHeHHbIX YPaBHEHHH MO3BONAET B OTAENbHBIX CAYy4asix MoJay-
UMTh pellleHHe B SBHOM BHAE. DTOT MpHMep ouedb MPOCT H pe3yJib-
tar TpuBHaseH. OJHAaKO TeM e MPHEMOM MoxKeT OLITb pacCMOTpeH
M ueabiii psa 6osnee CNOXKHLIX 3ajauy. HekoTopbie W3 HHX MpHBe-
nedst B MoHorpaduu B. H. JleGemea, uuTHpoBaHHOH BhillEé Ha
cTp. 249.
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ACUHMNTOTHYECKHE METOAb!
B TEOPHUHU JIUHENHbBIX YPABHEHHH,
COLEP)XALWIUX BOJIbILOA NMAPAMETP

B 3TOfi riaBe HM3/1araloTcsi acHMITOTHYECKHe MeTOAbl HHTErpu-
poBaHHs JHHEHHBIX ypaBHeHH{l ¢ NepeMeHHBIMH KO3DdHLHEHTaMH,
colepXallUMH Gonbliol mapaMeTp. STa TeOPHA BO3HHKNA B CBA3H
¢ o6ocHoBaHHeM MeToaa @Dypee, KoTOpoe noTpe6OBAIO H3YyUYeHHS
aCHMNTOTHYECKOrO MOBeJeHHs cOOGCTBEHHBIX (YHKIHII H cobCcTBeH-
HbIX YHcea JuHelHbX AuddepeHUHaNbHBIX OmepaTopoB. YacTHbIM
ciyyaeM 3TON 3aJauyH sBaAseTcs 3ajaya O TMOBeJeHHH peLIeHHA
ypaBHeHHUs

i+Ao?(l)y=0, 0>0 (%)
npu A — oo. [lepsble cucTeMaTHYeCKHe PacCMOTPeHHsi 3THX 3ajaau
6bliM mpoBeneHbl JIMYBH/AJEeM B TPHALATbIE ToJbl NMPOILJIOrO BeKa.
B XX Beke BOmpochl MOBefleHHs pelleHHH ypaBHeHHH THna () mnpH
A—> oo ObLIM MpPeAMETOM HCCJAeNOBaHHS pslla BbIAAIOUIMXCH Mare-
MaTHKOB. OCHOBHbIE pPe3y/JbTaTbl 3TOH TEOPHH CBS3bIBAIOT OGLIYHO
c uMenamu Bpukxodda u 9. [1. Tamapkuua *).

OnHOBPEMEHHO C 3THMH HCCAENOBAHHAMH YHCTO MaTeMaTHue
CKOro XapakTepa H He3aBHCHMO OT HHX H3YYaJ/HCb pa3jHYHbIE CMO-
cobbl MPpHOJIHMEHHOr0O MHTErpUPOBAHHA ypaBHeHHH Buaa (). Ilep
BOM M3 pa6oT 3TOro HHKaa Obll MeMyap KanuTaHa ¢paHily3ckoh
aptuanepun fe Cnappa, KOTOPbIH MOCTPOMJ NPHOJNHMEHHBI cno-
co6 HHTErpHpOBaHHA YypaBHeHHH 6aJJHCTHKH Bpallaioulerocss ap-
THaJIepuiickoro cHapsija. Jle Cnapp o6paTua BHHMaHHe Ha TO, YTO
NPH HM3BECTHbIX HHTYHTHBHO ONPaBJAaHHBIX THNOTE3aX [ABHXKEHHE
apTUANEPUHCKOrO CHapsAla OTHOCHTEJNbHO CBOEro LEHTPa TsXKeCcTH
MOKeT ObITb ONMHCAaHO ypaBHeHHeM Tuma (#). DTO MO3BOJWJIO e
Cnappy pa3BHTb TeOpHIO, ONMHPalOUlylOCs Ha crnoco6 npub/HKeH-
HOro HHTErpHpOBaHHUs YypaBHedHs (») npH GoabllHX A. B pajb-
HefimemM noaxon Ae Cnappa K MOCTPOEHHIO GaJJIMCTHKH Bpalialo-
[Herocst CHapsiia cTaj TPagHLHOHHLIM.

3HauuTeNbHOe Pa3BHTHe MOAOOHAs KOHLEMUHS MOJYyuM/aa 3aTeM
B paforax MokoiHoro mnpodeccopa Akaaemuu uM. KykoBckoro

*) . I. Tamapkun, O HEKOTOpHIXx OOMHX BONpocax Teopuu AuddepeH-
UHa/bHHX YpABHEHHA H O pa3noxeHHH QYHKUuA B psanwl, [lerporpaz, 1917.
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. A. Benrtuens. B. C. [lyraues, onupasicb Ha pesyabTathl Bpur-
xodda — TamapkuHa, npHAaJ TEOPHH JBHIKEHHS apTHJJIEPHHCKOTO
CHapsila BMOJIHE COBPEMEHHBIA BHJ H NpPeBPaTH]1 MHTYHTHBHO Oue-
BHIHYIO CXeMYy B CTpPOTyl0 MaTeMaTHYecKylo Teopuio. C HMeHeM
B. C. [lyraueBa cBsidaHO Tak)Ke MOSIBI€HHE TEOPHH, MO3BOJIsAIOLIEH
CTPOHTb aCHMNTOTHYECKHE MpEeACTaBJEeHHs BecbMa obuiero BHaa *).

B mocneBoeHHOe BpeMsi mosiBHJCA P paGOT, B KOTOPbIX H3Yy-
Ya/uChb «CKBO3Hble acCHMOTOTHKH» ypaBHeHHWH Tuma (=) B cayuae,
Koraa OYHKUHH o(f) MOrH B OTAeNbHBIX TOYKAaX obGpallaThbes
B HyJb (cM., HanpHMep, pabGory A. A. lopoaHuubiHa *¥). Beisic-
HHIaCb TaKXe BO3MOXHOCTb HCMNOJb30BAHHA  ACHMMOTOTHYECKHX
npeAcTaBJeHHH AJs1 MOCTPOEHHsS pPallHOHAJbHBLIX YHCJEHHBIX CXEM.

HesaBucumo ot 3THX HccnefoBaHuH, HauHHas ¢ pa6or Crokca
B (H3HKe, MOAPOOGHO H3yyascs caydyaHl ONHOTO ypaBHEHHsS BTOPOTO
nopsiaika BHAa (). Paspa6GoraHHbli mpHOAHXKEHHBIH cmoco6 moay-
yun HasBaHue Mertoma WBKJ (Wentzel, Brillouin, Kramers, Jeff-
reys).

B pa6ortax, mocBsueHHblx Metony WBKJ, rnaBHoe BHHMaHHe
yIensJioch H3yYEHHIO MOBeJeHHs pelleHHH ypaBHeHHs (x) B pas-
JIMYHBIX O6J/1ACTAX MJIOCKOCTH KOMIJIEKCHOTO MepeMeHHOro A, orpa-
HHYeHHbIX JHHUSIMH CTOKCa

t
lmfvmdt=o
0

3HauHTe/bHBIA BKJIAd B Pa3sBHTHC aCHMNTOTHYECKHX METOMOB pac-
CMaTpHBaeMOro THMa ClesaH B MOC/AEBOEHHble T'OAbl YKPAaHHCKHMH
matematukamu M. M. Pannonoptom, C. ®. delueHKO H HX y4eHH-
KaMH.

KosnuectBo pabor, MOCBAIIEHHBIX MeTOAaM O6OJBLIOTO napa-
MéTpa, OTPOMHO, H 3aMeYaHHf, KOTOpble Mbl CHesnaJsH, OTHIOAb He
npeTeHAYIOT Ha posib HaydHoro o63opa. bosblias 6ubauorpadus
noMeiieHa B MoHorpadusx Y. M. Pannonopra ***) y C. ®. deuien-
Ko ****)_ [lepeuHeM ¢daMuIHA aBTOPOB Mbl MPOCTO OTMETHJH TOT
KPYr BOMPOCOB, KOTOPbIH HMEeT OTHOIUEHHE K TEOPHH, H3siaraeMoi

*) B. C. Iyrauyes, O6mas 3agaya o ABHXKEHHH BPALLAIOLIErOCH apTHJ-
Jepuiickoro cHapsfa B Bo3ayxe, Tpyabt Boenno-BosaymHoh akagemun um Ky-
KOBCKOTO, Ne 70, (1940).

) A A Llopo;umublu AcuMntoTHyeckHe 3aKOHBI pacrnpeaeseHus co6-
CTBEHHBIX 3HAYeHHH [/fi HEKOTOPBIX OCOGHIX BHAOB AH(depeHUHabHLIX YypaBHe-
Huit BTOporo nopsinka, VMH, 1. VII, Bun. 6, (1952).

***) U. M. Pannonopr, o} HEKOTOPBIX aCHMNTOTHYECKUX METOAAX B Teo-
puH nuq)q)epeuuua.nbnux ypaBuenni, U3n. AH YCCP, Kues, 1954.

*¥#xt) C. ®. demenko, H U Illknaes u Jl. I Huekonenxo,
AcuMntoTHyecKMe METOAbl B TEOPHH JIMHEAHHX AUP(EpPEeHUHANLHBIX YDPaBHEHHH,
Kues, «HaykoBa aymka», 1966.
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B 3To# rnase. BoiGop BonpocoB 3TOH TeopHH, KOTOpble paccMaTpH-
BaloTcA B AaHHON MoHorpaduu, onpejesed npexjie BCEro HHrepe-
caMu 3ajfiay AHHaMuKH. [lo3ToMy Bce paccMOTpeHHsi Mbl GyleM Be-
CTH TONBKO B AeficTBUTENbHON 06J1aCTH H3MEHEHHs MepPeMEeHHOro A.

§ 1. OgHo ypaBHeHue BTOPOro MOpsiAKa

1. WBKJ-pewenus. [lono6Ho TOMY Kak u3yueHde MeETONOB
OCpefHEeHHs Mbl Hayalu C PacCMOTPEHHS MPOCTEHLIHX MPHMEPOB H
metona Bau-nep Iloasi, uH3J0XeHHe aCHMNTOTHYECKHX  METOLOB
60/IbILOTO MapaMeTpa Mbl HAaUHEM TaK)Xe C PACCMOTPEHHs mpocTeil-
IWHX aCHMNTOTHYECKHX peweHud U MPoBeJeM paccyXAeHHs, OMH-
pasicb Ha HHTYHTHBHbIe COOOpaKeHHs.

PaccmorpuM ypaBHeHue (=)

i+ Meo?(f)y=0. (1.1)
3necb A>0 — Goabuwiol napamerp A > 1 U 0*(f) 2 a>0. Ecau

6bl QYHKUHA o(f) Obl1a MOCTOsIHHON BeNHYHHOMH, TO pelueHHs ypaBs-
Henusa (1.1) umenu 6ul BUA

y1’ 2=exp (ii}\ﬁ)t).

Kaxerca, uTo nmpu A0CTAaTOUHO GOJBIIOM A MOBejeHUe peleHuid npu
o= (f) LOJXKHO XOPOLIO ONHCbIBaTbCs HYyHKUHUeEH

t
exp :ixjm(t)dt .
0

B caMoM pnene, ecid A JOCTaTOYHO BENHKO, TO PELUCHHS ypaBHe-
Hua (1.1) 6yayt ObLICTPO OCUHUANUPYIOIWIUMU QYHKUHAMH U 32 OAHH
nepuoA OCUMANSAUMH QYHKUHS o (f) GbICTPO H3MEHHTbCH HE CMOXKET.
3HAUHT, B KaXXAbli MOMEHT BpeMeHU JHMHEHHO He3aBHCHMblE peuie-
HHA MOXHO aNMpPOKCHMHUPOBATb G YHKIHAMH

Y, 2 =~ exp(xird!),
rie ® — cpenxee 3HaueHHe GYHKUHMH w(f), npuueM &¢ MaJo oT/H-
yaercs or f@(t) dt.

Hcnoab3ys 3TH HaBogslHe coobpaxceHus, GyieM HCKaTh pewie-
nusa ypasHenus (1.1) B Bune

t .
g1 2= exp imfm(t)dt z(t, A). (1.2)
0

DKCMoHEHIHaNbHBIH MHOXUTENb B Bbipaxeuuu (1.2) omnuceiBaer
GoicTpylo ocunasuuio. [103TOMy MOXHO OXHAaTh, 4TO (YHKUUA
z(t, A) MeHsieTcs MeIJIEHHO,
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Huddepenunpys ABAXK /b (1.2), noacrasass B (l.1) u cokpa-
Wasi IKCMOHEHUHabHbIH MHOXHTE/Nb, Mbl MOJYYHM YypaBHeHHE OT-
HOCHTENbHO Z (£, A)

2 + 2ih02 + iAoz =0
HJIH

+ 5 % 2ot % ioz=0. (1.3)
ITepsan npousdBogHas GpyHKuuu 2(f, A) Mana, BTopasi NpOH3BOJAHAS,
Nno-BHAHMOMY, AO/XKHa ObITh elle 6ojee MaJoH BeNHYHHON, K TOMY
e OHa yMHOXaeTcsi Ha BeJM4YHHY |/A, KOTOpas Majla mo YyCJOBHIO.
ChnenoBaTenbHO, Mbl He caesaeM Go/bLIOH OWHGKH, ecid OTOPOCHM
B (1.3) cnaraemoe (l/A)z. YpaBHeHue (1.3) nocne 3toii npouenypbl
npeBpallaeTcs B ypaBHeHHe mnepBoro nopsaka. [lepemeHHble B HeM
pasfensioTcs, H Mbl moJayyaem

C
Z(f)=—=,

Vae()
rie C — npou3BOJibHAA MOCTOSTHHAA.

Takum o6pa3oM, Mbl NGJY4YHJH CledyiollHe NpUOAUKEeHHBIE Bbl-
paXeHHs 115 060HX JIHHEHHO He3aBHCHMBIX HHTErpaJsioB ypaBHeHHs
(1.3):

t q
- — Cl»z P ; 3
Yy o= Vol exp [i tl.z!‘ o (2) dt] (1.4)

WM B TPHTOHOMETPHUYeCKOH dopMe

r t
Yy = —'%éos (L f o) df) ,

0

: (1.5)
%=7%ﬁn01mmmy

rie A ¥ B — npousBosibHble MOCTOSTHHBIE,

®yrkuun (1.4) u (1.5) o6biuno HasviBaloTcs WBKJ-peltenusimu.
Mul npeanonaranu, uto o?(f)2> a>0. Ho Bce paccyXaeHns coxpa-
HSIIOT CBOIO CHAY H B TOM cayuae, Korfa o?(f)< a<0, T. e. Koraa
BMecTo ypaBHeHus (1.3) paccmaTpHBaeTcs ypaBHeHHe

j— Mt (f)y=0
npH o?(f)=a>0.
Has storo ypaBHeHus WBKJ-peureHusi 6yayT HMeTb BHA

t
- CI»Z : J‘ 15/
Yio Vol exp (il. ) m(t)dt). (1.9
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2. CBsi3b C MeTonoM YycpeaHeHHs. PaccyXieHus, KOTOpble Mbl
HCNO/b30BaH Ans BbiBoga Gopmyn (1.5), He ABAAIOTCH CTPOTHMH.
B cnenyoweM naparpage Mbl yCTaHOBHM NOrPEWIHOCTb 3THX ¢op-
mya. Ilanee 6yner mokasaHo, YTO NpHEM, KOTOPbIi Mbi HCIOJ/b30-
BaJM, fBJASIETCH YacCTHHIM cJyuaeM o6Lero Meroaa NOCTPOEHHS
ACHMNTOTHYECKUX TpeACTaBjeHHH pelwieHHd AHbGepeHLHaNAbHbIX
ypaBHeHHH, coaep:xalux 6oabluoil napamerp.

3ameTtuMm ewe, uto popmyan (1.5) Moryr O6bITb mosyueHbl MeTo-
I0M ycpeaHeHus. B camom nene, caenaem B (1.1) 3ameHy He3aBu-
CHMOr0 NepeMeHHOro

1
A’
Torna ypaBHenue (1.1) nepeiiner B caeayouiee:

t =er, e=

<L +el(er)y=0. (1.6)

Kak Mbl 3HaeM, H3 TEODHH MeTOAA YCPEAHEHHS CAEAYeT, YTO HH-
Terpan AeHCTBHA
2n

1= [ olen Qgav (1.7)

0

6yner anHaGaTuueckuM HHBApHAaHTOM, T. €. €r0 NPOH3BOAHAS B CHAY
ypaBHeHHil nepBoro npubjuxKeHHss paBHa Hyqal0. B BbipaxeHuu (1.7)
Q u Qy o3Hauaer QyHKUHH

Q=xcos , Qy= —xsiny.

CuienoBatenbHo,
25
o (eT .
J(x)= ( ) fx2,sln2xpd1p=const,
0
OTKYyAa
____const
Vo e
Hanee, ypaBHenHe nepsoro npubauKeHHs Aas ¢asst umeeT BHI
d
d—i’ = @ (et),

H3 KOTOpOro cjaeiyer, UuTo
t

y()=xcosPp=——= V__- cos A J o (f)dt.
(]
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[ITpumMeuaHnne. 3 3Toro npumepa TeM He MeHee COBCEM He
cJelyeT, YTO MeTOJ OCPeJHEeHHs B KaKOM-TO CMbICJI€ 3KBHBa/eHTEH
MeTOofaM, KOTOPbIM 6yaeT NOCBsILEHa 3Ta raBa. MeTol ycpelHeHHs
He CBsi3aH C JIHHEHHOCTbIO 3allauH: Tak Xe, Kak ¥ Merod IlyaHkape,
OH MO3BOJISIET UCC/IE0BAaTb HEKOTOPble 3aJauH A/ HeJHHEHHBIX CH-
cTeM, GJIM3KHX K 3TaJIOHHbIM (pelleHHe KOTOPbIX HaM H3BECTHO H
KOTOpble B CBOIO OYepelb TOXKe MOFyT ObiTb HeqHHeHHbIMH). B TO
JKe BpeMsi MeToJ YCPeJHeHHsi MOXKeT ObITb HCNOJb30BaH JIHLIb AJIS
H3YYeHHs NpolleccoB, GH3KHX K NepPHOAHYeCKHM. MeToabl, KOTOpble
paccMaTpHBAIOTCA B ITOH IjiaBe, OTHOCATCS K JIHHEHHBIM 3ajauyaM,
HO 3aTO HHKAK He CBSI3aHbl C NPeJNOJIOXKEHHSIMH O NepPHOAHYHOCTH
pelieHHH.

3. AcumntoTHueckuit xapakrtep NpuOAMKeHHbIX $opmyn. BriBon
dopmya (1.5) u (1.5°) 6b1 OCHOBAH Ha NPeANOJOKEHHH O TOM, 4TO
B ypaBHeHuH (1.3) MoxkHO oTGpocHTb cmaraemoe (1/A)Z, ecan A Jo-
CTAaTOYHO BEeJHKO. DTO YPaBHEHHe OTHOCHTCS K Kjaccy ypaBHeHHH,
colepIKalllMX MaJiblii NapaMeTp MPH CTapIIHX npou3BoAHbiX. OT6pa-
CbiBaHHE Y/IEHOB, COJepXKallliX MaJblii MmapaMeTp, NPHBOJLHMT K NO-
HHXKEHHIO MOpsiKa CHcTeMbl. PelleHHe TaKOH CHCTEMbl MeHbIIErO
yhcaa creneHel cBoGOAbI MOXKeT, BooOlle roBOps, He HMeTb HHKa-
KOrO OTHOLIEHHS K PelIeHHIO MCXOJHOH 3ajaud. TeM He MeHee, KaK
Mbl YBHIHM HH2Ke, NPH H3BECTHBIX YCJIOBHAX dopmyabl (1.5) u (1.5%)
JeHCTBHTENbHO SBJSIOTCS XOPOLIeH annpOKCHMallHell TOYHbIX pele-
Huil ypaBHenus (1.1).

[Tpexkie 4eM nepexoiHTb K JOKa3aTeJbCcTBY 3TOro ¢akra, BBe-
JeM OJIHO onpejeJsieHHe.

®yukuun 2(f, ) OyleM Ha3biBaTb A™-QCUMATOTU4ECKUM Dellle-
HueM (MJIH MPOCTO pellleHHeM, aCHMNOTOTHYECKHM [0 MapaMeTpy A),
ecan aas Jqioboro f & [0, T] uckoMoe pellleHHe MOMKHO NPeACTaBHTDb
B BHIe

yt, W=zt 1)+2EH (1.8)

rie ¢ (£, ) orpaduyeHa npH A — oco.
Liear nanHoro naparpada GyneT cOCTOSiTb B J10Ka3aTe/bCTBE
CJeyIOILero yTBepKAeHHs
Teopema. ITycro ¢pynxyus w?(t) dsaxndor Oudpdepenyupyema
na orpeske [0, T] u cywecrsyer takasa nocroannas a>0, 4o 01
arbozo t =0, t]
o(t)> a.

Tozda dara atobozo t [0, T] gpynxyus (1.5) asaserca A acumnrto-
Tuveckum pewenuem ypasrenusa (1.1).

IlokasaTenbCTBO 3TOM TeopeMbl OMHpaeTcs Ha JBa BcCnoMora-
TeJIbHLIX YTBEPXKIeHHS.
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Jdemma L. lTycro u u v — noaoxureavrole pyukyuu u C — no-
A0XHCUTEAbHAA NOCIOAHHaAs. Ecau 0aa awb6oco t 2> 0 umeer mecro
HepaseHcT8o

t
u<C+ [uvat, (1.9)
0

TO 048 A06020 t =0

t
u<0exp(judt). (1.10)

0

Hoka3zaTenbcTBO 3TOM JieMMbl mpuBefieHo B § 4 ruasnl I,

Nemma II. Ecau o 2 >0 dan awbsix t [0, T}, To dan aro-
6020 A > B >0 momro ykasate Takyw nocroaxnyro D >0, 3asu-
CAWYIO TOAbKO OT HAYAAbHbIX Ycao8ul u wucer o, P u T, uro
npu aro6om t < [0, T] pewenue 3adauu Kowu daa ypasHenus

j+re?(f)y=0 (1.11)
ydosaergopsaer HepaseHcTsY

ly|< D.

Ilasi nokasatenbctBa yMHOXHUM (l.11) Ha § W npouHTerpupyem B
npenenax ot O Jo £, B peaysnbTate NOAYUHM

t
L ived = [ foadi+E 0 (1.12)
0
rae

_ g +2%%0) i

d— Az >0.

3aMenum paBeHcTBO (l.12) HepaBeHCTBOM

t
Koty <aNC + [ 2% o |dt,
0

rjie
c_bo + 204
Tt T @
HJH

220101 4 (1.13)

y'z

VA
(@)
+
Ce—0,
<
f,
=
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HepaseHncrso (1.13) ynosnetBopsier BceM ycuaoBHsM JeMMbl I, rue
20 | ®
u=y?, v= azlﬁzl . CremoBaTe/bHO, MBI HMEEM OLEHKY

cf 2";2'5";' dt=D. (1.14)
JleMma nokasaHa.

IlepefineM Temepr K 10Ka3aTeabCcTBY TeopeMbl. PaccMortpum
dyuxunu (1.4)

t
Y) .= V'_2 exp{iihj.mdt
0

H coctaBuM aHbdepeHuHaNbHOE ypaBHeHHe, KOTOPOMY OHa YHIO-
BJIeTBOpﬂeT anmc.naa BTOpyIO NPOH3BOAHYIO, HAXOAHM

- [_m o7 — 5 06 — v] (i=1, 2).

dt’
CaenoBatebHO, QYHKIHH y; yJOBJIETBOPAIOT yPaBHEHHIO
d%;
i+ (WP? + 9 () y; =0, (1.15)

rue .
| 3 o
) =g 0b—F 55

Takum o6pasoM, ypasHeHuio (1.15) ynoBaerBopsior o6e QyHKUHH
Y, ¥ y,. 3HAuuT, 3TOMY YyPaBHEHHIO YIOB/IETBOPSIET TaKKe HX MPo-

U3BOJIbHAA JIHHeHHan KOMOWHaIHs
* L] *
y =Cy +Cyy,

Ilyctb Temepb y — TO uacTHoe pellieHi:e ypaBHeHus (1.11), koropoe
yAOBJIETBOPSiET TeM JXe HauyaJbHbIM YCJiOBHAM, uTo H y*. O6o3Ha-

9HM
=y—y* (1.16)
u nepenHilem ypaBHeHue (1.11) Tak:
i+ (Mo’+e)y=gy. (1.17)

Boiuuras u3 ypaBHeHus (1.17) ypaeHenne (1.15) u Hcnoabays
(1.16), nonyynM ypaBHeHHe, KOTOPOMY YyAOBJeTBOPSeT QYHKUHA U:

i+ (Me?+o)v=9p(f)y. (1.18)
®YHKUMA U MO MOCTPOEHHIO YIAOBJETBOPSIET HYJNEBBIM HauajbHbIM

YCNOBUAM
v(0) =v (0) =0. (1.19)
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YpasHenne (1.18) MOXHO paccMaTpHBaThb KaK HEOAHOPOAHOE ypaB-
HeHHe OTHOCHTEJNbHO v. acTHble pellleHHs OJHOPOIHOrO ypaBHeHHs
(npi @y ==0) HaM wu3BecTHbl — 3T0 QYHKuHH y; U y,. Caenosa-

TeJbHO, QYHKIIMIO U Mbl MOXEM BbIpa3HTb NPH NOMOWH GOpMy.bl
Jlarpanxa

t
o()= [ G(t, Doy (x)ax, (1.20)
0

rae G (¢, v)—usBectHasa HaMm ¢yHKuHA [pHHa

G (t, D)= (5 (1) 4, () — 4} @) g3 (1),

A —onpenesiutenb BpoHCKOro Aas OYHKUMH y; H y,:

Yy Y
dt dt
Nudoepennupys (1.5), ybexnaemcs, 4to

g;=0(@).
CsienoBaTesbHO, HMEEM OLEHKY

A=0(),
OTKyZa cpasy cJefyer H OlieHKa AJs GYHKUHH ['pHHa

G=0(").

B camom gene, dopmyan (l.4) nokasbiBaloT, UTO GYHKLHH y;
orpaHH4eHbl NpH A — oo. _

Paccmorpum Tenepy Bbipaxenne (1.20). ®ynkuua ¢(f) orpanu-
yeHa B CHJY YCJOBHH, Ha/MoXeHHBbIX Ha o(f). Hna ¢yHkuuu y(f)

anpuopHas oleHka faHa jaemmoii lI. CnenoBatenbHo, Ans moGoro
te|0, 7]

A=

0(t)=0(5).
Hrak,
y=9'+0(5), (1.21)

4yTO U Tpeb6oBasOCh JOKa3aTh.

®opmyna (1.21) naer oueHxy TOYHOCTH MPHONHKEHHOrO pelie-
HHA, NQocTpoeHHoro npu nomouiu Gopmya (1.5). I[TosgHee Mbl yBH-
JHMM, UTO 3TO pelleHne MoxeT GbITh YTOUHEHO, a CaM MeToJ omnpene-
JeHds1 MPUOMHAKEHHbIX pelleHHss MOXeT ObiTb BHAOH3MEHEH TaKHM
06pa3oM, UTo OH OKa)keTcsi MPHIOJHBIM M/l MOCTPORHHA aCHMNTOTH-
YeCKHX PelIeHHii CHCTeM NMPOH3BOJBHOTO NOPAAKA.
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4. pyroii METOX MOCTPOeHHs] MPHOIAHKEHHHIX pewennii. Cyiue-
CTBYeT c¢noco6 mosydeHHa npubanxeHHblx ¢opmyn (1.5), orauuHBHA
OT H3/JI0XKE€HHOro B Hayale maparpada. JToT cmoco6 OCHOBaH Ha
CpaBHEHHH HCXOAHOrO ypaBHeHHsl C HEKOTOPbIM 3TaJoHHBM. Tako#
MOAXOJ, KaK Mbl B 3TOM y6eIHMcs, MO3BOJIUT HaM MOCTPOHUTb aCHM-
NTOTHYECKHE PElIeHHA B TeX cJayyanaX, koraa ¢yHkuua o(f) obpa-
IaeTcsl B HYJb.

B 3ToM maparpage Mbl paccMaTpHBaeM ypaBHeHHE

§+4%f (H)y=0, (1.22)

rie A — Gosnbluoii mapamerp, a ¢yHkuus f(f) He MeHseT 3HaKa Ha
paccMaTpHBaeMOM HHTepBaJie BpeMeHH. PelueHne 3TOro ypaBHeHHs
Mbl pasbicKHBaJiH B ¢opme (1.2), Apyrumu cjoBaMH, mpenmnoJiara-
JIOCb, YTO HCKOMOe peleHHe GJIH3KO K PeIleHHIO VpaBHEeHHA BHJAA

x"xx=0,
rje WTpHX o3Hayaer AH¢depeHIHpOBaHHEe MO HEKOTOPOMY ME€pPeMeH-

Homy t(f). YpaBHeHHe
X" +x=0 (1.23)
yCIOBHMCA Ha3blBaTh 3TaJIOHHBIM.
CaenaeM 3aMeHY He3aBHCHMOTO nepeMeHHOro
t=t(7),
TOrAa

y=ti L el (1.24)

Yy=—1 — 2
Hcnonbsya ¢opmyny (1.24), nepenuiuem ypaBHeHnue (1.22)
=Y 4 4y =0, (1.25)

CnenaeM temnepb TaKylo 3aMeHy 3aBHCHMOrO MepeMeHHOro, KoTopas
MO3BOJHUT UCKIIOUHTD Y’
y=Vtz

IMTocne sto#i 3amennl ypaBHeHue (1.25) mpumet BHI
2"+ [MfVF+o@]z=0, (1.26)
rae
o =T T T
[lorpe6yem Temepb, uToGel ypaBHeHHe (1.26), ecau oTOPOCHTB

@(f), coBnagano ¢ 3tanoHunM ypaBHeHHeM (1.23). Ins 3toro no-
craTto4Ho BbiGpaTh PyHKuMIO {(t) TakHM o6pa3oM, 4TOOHI

My =1, (1.27)
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OTKyZa ,
== Vidat. (1.28)
0
Oueunm ¢ynxkuuio ¢(t) Ha ocHoBanuu (1.27)
a1
av AVI®

Hcnonb3ys 310 paBeHCTBO, Mbl MOXeM BHIPa3HTb (yHKUHIO @(T)
yepes dyHKuuio f(f) U ee NpoU3BOAHBIE

_o 1

At10 BHIpaXKeHHe NOKasblBaeT, 4TO ecan OyHkuusa f(t) H3Me-
HeTCd MeAJIeHHO, T. e. ee ﬂpOH3B0}.'leIe MHOroO MeHbllle eAHHHIbI,
a ee 3HaueHHe Ha HCCJelyeMOM HHTGPBasie BpeMeHHM He oOpalllaer-
CA B HYJb, TO

lelxl

u B ypaBHeHuu (1.26) cnaraemoe, comepxailee ¢Gysruuio @(f),
MOXHO OTGPOCHTh, MOCKONBKY MepBoe cnaraeMoe A% (f) (#)? umeer
nopsaok eauHuunl. Toraa ypasHenue (1.26) ympoulaercs

27+ A2 (v) (¢')%2=0

u nocse Boibopa f(t), cornacHo ycnoBuio (1.27), Mbl nonyyum sta-
nouHoe ypaBHeHue (1.23). CnenoBarennHo,

z=exp {*it}

WM, BO3BPallasiCh K CTAPOMY NepeMeHHOMY,
t

z=exp{ + QA f Vf(_t)dt}.
0

Takum oGpasoM, Ans HeusBecTHOH OyHKUMH y(f) MH mOayuaem
t

y=2% expl e in [ VTWat], (1.29)
Vim q

T. €. Mbl CHOBa NPHUAH K dpopmynaam (1.5).

O6a cnoco6a pacCyX/eHHs, KOTOphIe Hac NPHBeNH K hopmynam
(1.5) uau (1.29), BO3HHKAM NPH H3yYeHHH NPHKAAAHBIX 3ajgau u
KaXAbll U3 HUX uMeeT CBOH JOCTOHHCTBA.
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§ 2. OgHopoJHble CHCTEMbl BTOPOro MopsAAKa.
Cayyaif mpocThiX KOpHe#l

1. ACUMNTOTHYECKHE DPEWIeHUs] AJsi OJHOr0 YPaBHEHHWS BTOPOro
nopsaka. B npeabiayileM maparpade Mbl pacCMOTpPenH ypaBHeHHE
(1.1)

i+Me?(f)y=0

npu ycloBuH, 4To @?(f) (KoTOpasi MOXKeT ObiTb KaK IMOJOMKHTEb-
HOM, Tak M oOTpulaTeNbHOH (YHKUHEH BpeMeHH) COXpaHsieT 3HaK
A5 u3yddeMoro npoMmeKytka BpeMeHH. [nsi 06oMX uyacTHbBIX pelle-
HUH 3TOr0 ypaBHeHHs Mbl BbiBeqH NpubaHKeHHble ¢opMynast (1.5).
Takum o6pa3oM, Mbl HaYYHJIHCh HaXOAWTb MpHOJNHIKEHHOe MpeiacTa-
BJeHHe Ans1 obulero pelueHusi ypaBHeHus ¢1.1). Ilanee ‘Mbl moka-
3aJl4, 4YTO 3TO pellieHHe HOCHT aCHMNTOTHYECKHH XapaKTep: OHO
CTPEMHTES K TOYHOMY mpH A — oo, OpHoBpeMeHHG O6bina gaHa
OlleHKa OCTATOYHOrO -UjleHa; Mbl MOKa3aJjHu, YTO OH MMeeT MOp#AoK
O(1/)). -Dror-naparpad OyaeT MOCBAILLEH H3J0XKEHHIO aJTOPHUTMOB,
NO3BOJIAIOLIHX OThiCKHBATb peIlleHHs ¢ TNPOH3BONbLHOH TOYHOCTHIO.

BepHeMcsi cHoBa K ypaBHeHHIO (l.1); ero pellleHHe Mbl MCKaJIH
B opme

t
y'*—"exp{ A f\u(t) dt - 2(t, &), @.1)
0

rie | — KOpeHb «XapaKT€PHCTHYECKOTO ypaBHEeHHs»
2+ w2=0.

BoiGepeM omnpenefleHHOe 3HaueHHe KOPHS |, HampuUMEp INOJOXHM
u= +io. Toraa ana ¢yHkuuu z nosydiuMm ypasHeHHe (cM. (1.3))

4+ 2iohi+ilo2z=0. (2.2)

EcTecTBEHHO MNOMBITATLCS OTBICKATb pelleHHe 3TOrO ypaBHEHHS B
BHJE psifia o oGpaTHLIM CTeNeHAM NapaMeTpa A

2(t, W) =2o(t) +A'2,(t) +A-222() + (2:3)

Tloacrasnsia psag (2.3) B ypaBHeHue (2.2) 1 cpaBHHBasi Ko3d-
¢dUIHeHTH TIPH OJMHAKOBbIX CTENEHAX A, MOJy4YaeM cjelyloLiHe
ypaBlEHHs 1Js ONpeleJeHHs HEH3BECTHbIX QYHKLHA 2;(f):

20 (t) &)+ 02y =0,
20)(t)z‘l+(;)zl=iz.o,

. . (2.4)
20(t) 2, + dz,=i2,,
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WnTerpupys mepBoe M3 ypaBHeHHHA CHCTeMbl (2.4), HaXoauM
20=C(1)-l/’,

rae C — npou3Bo/ibHasK MOCTOSIHHAS. .
Hcnoab3ys Mmeton BapHalliM MOCTOSHHOH, HAaXOJHM pellieHHe
BTOpPOrO ypaBHeHHsi cHcTeMbl (2.4)

t
2 (t) =Co™" [Do + = f ~'h (‘iitz o~ dt]
0

rae Do — HOBAasi MPOH3BOJIbHAA MOCTOsAHHAaA, H T. O.
Takum o06pa3oM, yacTHOe pelleHHe, COOTBETCTBYIOLee KOPHIO
p,+iu), MOXKHO MpeaACTaBUTb B BAJE
"/z dt) +

c®
(1) — (1) '/z
¥ )=y [1 ( +3 I

t
b () + ...]exp{mofm(t)dt . @5)

Jlerko MpoBepHTb, YTO YacTHOe pellende ypaBHeHus (1.1), coot-
BETCTBYIOlle€ BTOPOMY KOPHIO XapaKTEePHCTHUECKOTO YypaBHEHHs,
HMeeT clelylolllee MpeACTaBJeHHe:

t
c@ i
_ =5 [l + = (D(Q) _ L fm"’*%m"h dt) +

0

t
+%(...)+ ]exp —ihjm(t)dt- (2.6)
0

Buipaxenus (2.6) u (2.5). cogepXat «IOMOJHHTEJbHbIE» MPO-

H3BOJIbHbIE TOCTOsIHHbIE DY, KOTOpble BO3HHKAIOT NMPH HHTETPHPO-
BaHHH cHCTeM YypaBHeHHH (2.4). DTHMH NOCTOSIHHBIMH Mbl MOMKEM
pacrnopsiIHTbCA 1O HalleMy YCMOTPEHHIO, MOCKOJNbKY KaXao# co-
BOKYMHOCTH 3THX MapaMeTpoB GyleT OTBeuaThb CBOE YAaCTHOe pelle-
HHe, T. e. psabl (2.5) u (2.6) 6YAYT acCHMNTOTHUECKMMH NpeaCcTaBJe-
HHUSIMH TOTO HJIH APYroro pelleHHs ypaBHeHHsi (1.3) B 3aBHCHMOCTH
OT 3HauYeHHH NMOCTOSHHBIX Dﬁk).A He orpannHuuBasi o6LHOCTH, MBI MO-
JKeM MpPHHSTb UX PaBHBIMH HYJIO.

CocTaBHM ellle BbipaxeHHe AJst OGLIero HHTerpaja ypaBHCHHA
(1.1) pas cnyyass ©2>0. I1pu 3TOM Mbl 3aMeHHM

exp{iihvfmdt.}=cosh det+isinl.jmdt
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H BBelleM HOBble MOCTOSIHHbIE A—C.+C2 H B=i(C,—C,). Toraa
y= L__{coshfmdt— smhfmdtf (o-'/ dt}
(0]

+7%—lsin7»fmdt+2—-cos7»fmdtf dzm"/dt}+0( )
0

(2.7)

Touno Tak ke npH nomolin cdopmya (2.6) moxer O6biTb NO-
CTpoeHo oflllee pellleHHe 3TOrO ypaBHeHus s cayyas o2<0. Ias
3TOro B 3THX (QOpMYJax AOCTATOYHO MPHHATb ©=iy, rle P=|0|.

®opmyna (2.7) naer npubiuKeHHoe pelleHHe ypaBHeHus (1.1)
yxe ¢ Goabwell TouHocTblo, y4eM WBKJ-pewenus. Ero norpeisocts

1
uMeeT nopspok O (F) PaccmatpuBas caenywoline ypaBHEHHsl CH-

creMbl (2.4), Mbl MOXeM MOJYYHTb DelleHHs, MOrPelHOCTb KOTO-
pbix Oyler HMeTb ellie Gojiee BLICOKHI MOPSLOK.
PaccMoTpHM Temepb HeckoJibko OoJjiee oOlLuit cayudai

G+AF (¢, A)y=0, (2.8)
rhge

1
Ft, N =ho()++fi () +
Huxe Mbl cTOAKHEMCS C OLHHUM BaxHblM NPHMeHeHHEM YypaBHe-

uus (2.8). [lono6HOMY TOMY, KaKk Mbl 3TO AeJand B NpelblAyLIeM
NyHKTe, YaCTHOe pellleHHe ypaBHeHHs (2.8) Oyaem HCKaTb B BHfe

: ]
y(t, 7»)=exp{7» fu(t)dti(zo (t)+—;ljzl(t)+ ), (2.9)
0

rae p(f)—omHH W3 ABYX KOpHeil ypaBHEHHs
(@) +fo(t)=0,
KOTOPOEe Mbl YCJOBHJIHCb Ha3blBaTb XapakTepHCTHuecKHMM. Urak,

pt)=xiVi 0.

[Moacrasnssa pasnoxeHue (2.9) B ypaBHeHue (2.8), noayuuMm cJae-

AyIOlllHe ypaBHeHHs AJs onpefeneHHss QYHKUHHA Zo(f), 21(¢) u T. A
M2+ fo(8))zo=0,

W+ fo(8)) 21 = —[22 + fuzo + fi20],

2.10
(W +fo(f)) z2= Lz, (2.10)
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rae uepes Lz; obGo3HaueH aud¢epeHUHaNbHBI omepaTop NepBOro
nopsiika OTHOCHTeNbHO GYHKUMH 2;. KoaddHuuHeHTBl 3TOrO BBIpa-
JKEHHs] SIBISIOTCS M3BECTHHIMH (PYHKIUSIMH BpDeMeHH: OHHM Ompefe-
JSIOTCS NPeJblAYILHMH NPHOTHKEeHHAMH.

PaccMorpuM nepBoe H3 ypaBHeHMi cucteMbl (2.10). Tak kak
p2+fo=0, To, mAA Toro uTtoGB 3TO ypaBHEHHE HMENO CMbICH, BbI-
paxeHHe, CTosilllee B NMPaBOH YacTH, TakxKe MAOJKHO oOpallaThest
B HYJb, T. €. QYHKLUHSA Z, AOJIKHA VAOBJETBOPATh AU PepeHLHaANb-
HOMY YpaBHEHHIO

2i0[.l']'[120+f120=0. (211)

D10 ypaBHeHHe OTJHYaeTcsi OT HEePBOr0 H3 YDaBHEHHH CHCTEMBI
(2.4) cnaraembim fi2o. Unterpupys (2.11), noayuum

[ t
zo(t)=rcp_lexp{l—%o L‘—g%dt . (2.12)

®dyHkuusa 21(f) 6yner onpeneneHa H3 BTOPOTO ypaBHEHHsI CHCTEMBI
(2.10), xoTtopoe HaMm paer

Lz,=0. (2.13)

Ypasueuue (2.13) — 3to nuHeiiHoe nuddepeHHaIbHOE YpaBHEHHE
MepBOro Mopsiika ¢ nepeMeHHbIMH Ko3DdHUIHEeHTaMH, KOTOPbIE MOJ-
HOCTBIO ONpenensioTcss GYHKUHSIMH fo, fi 1 fo.

drtoT mpolecc MOXKHO NPOROIKATL HEOTPAHHUEHHO, H JI0GOM
yneH psiaa (2.9) mMoxer ObiTh onpejeneH. TakuM o6pa3oM, KaxJA0MY
M3 KODHEH XapaKTePHUCTHYeCKOTO ypaBHEHHS Mbl MOXXEM [OCTaBHThb
B cooTBercTBHe psd (2.9), KoTopblf ompenensier opmasnbHOe pe-
meHue. DTOT PSL onpefeseH He eAHHCTBEHHBIM o6pa3oM. [ToCKOABKY
GYHKUMH 2; ONPeaensioTCs KaK pelleHHs AuddepeHIHaNbHbIX YpaB-
HEHHH, 3TH PAABI COAEPKAT NMPOH3BONbHBIE MOCTOSIHHEIE, KOTOPBHIMH
MOJXHO pacnopsilHThCs KaK YrOAHO.

NanoxeHHbli MeTod NOCTPOEHHS aCHMNOTOTHYECKHX peIleHHi
NPHroleH B PaBHOH CTeNeHA IS H3ydeHHs YPaBHEHHiH, HMEIOUIHX H
KoseGnioluecss pemenus (fo>0) u Hekonebmowuecs (fo<0).

2. YpaBHeHHe NMPOH3BOJBLHOTO paHra. [IpeacTaBasieT H3BECTHBIN
MHTEpec PaccMOTpeTh ypaBHeHHe GoJiee obLiero BUaa

j+APF(t, A)y=0, (2.14)

rae dynkuus F (£, A) HMeeT TOT XKe BHA, YTO H paHbllle. Y paBHEHHE
(2.14) ycnoBuMmcsi Ha3biBaTh ypaBHeHHeM paHra p (p Bcerga Gynem
CYUMTATh LEABIM MOJOXKHUTENbHBIM YHcA0M). COOTBETCTBEHHO MpPHHSA-
Toit TepMuHoNoruk ypasHenns (1.1) um (2.8) 6yayr ypaBHeHpsMH
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nepsoro panra. Pasnoxenue (2.9) ciaenyer B 3TOM cayuyae 3aMe-
HHTb TAKHM:

y=exp [ (Puo@®)+2"w @B+  +M () dt X
X () +27"2, )+ ...). (2.15)

31ech po — Mo-MpexHeMy KOpPeHb XapaKTePHCTHYECKOTO ypaBHEHHUs.

MMoncraBassi pa3noxenuss (2.15) B (2.14), MBI moayuum ypas-
HeHHus 115 OnpeleNeHHs] HEM3BeCTHbIX GYHKUMH Wi, Mo, ..., Wp—t
20, 21 u T. 1. flepBole (p — |) ypaBHeHHii 3Toil cucTeMbl onpele-
A10T QYHKUHHM w;. BbinuiieM ans npumepa mepeBoe u3 3THX ypaB-

HeHHH
M2+ F)) 2, = — (ugu, + 1)) 2, (2.16)

Hast Toro utoGbl 3TO ypaBHeHHE MMEJO CMBICA NMPH 2,50, Heo6xo-
IHMO, 4TOOBI
fi(d)

M=o

Dynkuusa p(f) onpenensieTcs M3 CJAEIYIOLIEro ypaBHEHHS H T. [.
3ameTuM, uTo QYHKUHA 2o(f) He onmpenensieTcss ypaBH€HHeM (2.16).
B ocTadbHbIX ypaBHeHHsiX, KOTOpble onpenensioT QYHKUHH
K2, U3, -.., Wp—t, MOCAEIHHE TaKxe He MOryT ObITb ONpeleseHbl.
OyHKuHs 2o onpeensieTcs H3 ypaBHeHHS, KOTOpPOe Mbl MOJMYYHM,
npupaBHuBas Ko3dduuueHTH npu*mepBOl CTeNeHH MNapamerpa A.
YpaBHeHue 1519 2o(f), Kak 3TO HeTPyIHO npoBepuTb, Oyner audde-
peHUHaNbHBIM ypaBHeHHEM MEepBOr0 MNOpPsAKa THNA YpaBHEHHS
(2.11). Octanbuble dyHKunH 2;(f) OyLYT HaxoLHTbCS U3 aHaJOTHY-
HBIX ypaBHEeHHI1 MepBOro NopsiaKa.

YpaBHeHHs, KOTOpBIE MBI 10 CHX MOP paccMaTpHBa/H, He colep-
*aJu nepBoil npousBonHoi. OIHaKO ypaBHeHHs1 Gosiee OGlIero BUAA

G+ 20PD(t, A g +APE(t, A)y=0 2.17).

JIeTKO CBOJSATCS K PacCMOTPEHHOMY CTaHNapTHOH 3aMeHOil AepeMeH-
HOTO

t
y=exp{—7&”f®dt}x, (2:18)
o
Ypasuenue aas x(f) Gyner
5&+A2”{F(t, M- 02(, 1) — Lo, h)}x =0.  (2.19)

PaccMOTpHM /19 npuMepa ypaBHeH
J+re(t)g +Mf(t)y =0, (2.20)
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IMocne npeo6pasoBaHus (2.18) oHo npumer dopmy
. d,
x+7\,2(f(t)-q>2(t)——dqti)x=0.
Ina storo ypaBHeHus WBKJ-peuienne umeer BHJI
|
= exp‘+tAfo q>—q>dti

Vf ¥—¢
CuenoBate/ibHO, NpuUGJHKeHHble peliueHHsi ypaBHeHus (2.20) Gyayr

y=4;exp{f[q>+t1/f ¥ —m]dtl (2.21)
VP—*—¢ 0 J
Bennunny

t
- [oat
__Ce 0
a=y__— — (2.21')
V- -¢
B cayyae KoJsebaTesbHbix ABHXeHHA (f — @2 — @ >0) ecTecTBeHHO
Ha3biBaTh aMmiautynod. Takum o6pasom, dopMyna (2.22) onpele-
JIsleT 3aKOH «3aTyXaHHA» aMIVIHTY/BI.

I[Tpumeuanue. [N mocTPoeHHSs aCHMNTOTHYECKOTO pelIeHHs
ypaBHeHus (2.17) samena (2.18) He sBaserca HeoOxoaumod. Ero
MOXHO pa3biCKHBAaTb HeMocpeAcTBeHHO B Buge (2.15).

3. Cucrema BrOoporo nopsaka. [lepefiiem Tenepp K H3y4eHHIO
CHCTeMbl BTOPOTO MOpPsAKa, coAeprKailleil GoJiblioH mapaMeTp

Gi+an(t, Ny, +ap(t, A)y.=0, }
Yot ag (t, M)y, + ax(t, A)y.=0.

Ilpepnonaraercs, 4tro GYHKUHMH @;; NpeAcTaBHMBI B cJjeiylolled
tdopwme:

(2.22)

ay (t, A)=ral) () + ai; () + + A7 Ry (8, A),

rae h;; — GYHKLHA orpaHHYeHHass npH |A|—> oo,
Y paBHenue

aff +u  af
o aftw|”

GyneM Ha3biBaTh XapaKTePUCTHYECKHM ypaBHeHHeM cHCTeMbl (2.22).

Ero kopeu p;(f) # po(f) GyleM cuuTaTh He paBHbIMH HYJIO H Pas-

JUYHbIMH Ha BceM HHTepBade [0, T], Ha KOTOPOM npOBOAATCA HC-
cJ/e0BaHus,

(2.23)
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YacTHble pellieHHsi cHCTeMbl (2.22) 6yneM WcKaThb B BHIE

t
1= exp Aj'p(t)dt 2 (1, 7\,),}
° (2.24)
p=cxph [nO)dt 1 5, 1),
0

rie p(f) — oonH u3 KopHell ypaBHenus (2.23), a 2; U 2, MBI npex-
cTaBjsieM B GopMe pALOB

2, (t, =2 () +27"2" +

- (2.25)

2, (¢, A)—z(o) )+ '2(2” +
INoncraBasisi BeipaxkeHus (2.24) w (2.25) B cucreMy ypaBHeHHH
(2.22) u cpaBHHBas Ko3(pHUHEHTH NPH OAHHAKOBBLIX CTEMEHAX Ma-
pameTpa A, MPHXOJHM K CJeAYIOIIUM CHCTeMaM ypaBHeHHH AAR OIN-
penenenns GpyHkuui 2

n © 4 D0 —
(aff + ) 2" + afyzd) =0, ] (2.26)
1) (0 1 0 _ o
afPz + (afy +n)2) =0
1 1 Do) — — 50 — ) 50) — (0)(0)
O A R
) — 50 _ — (0) (0 .
a2 + (af) + p) 20 = — 2 — a2 — a2
{ (k -1)
Q k Dorlk) e — 0 k=1
(af + 1) 2 + a2 = +afz +
+ aQz¢ + + ak-D20 + gr{k-DzP },
2.28)

(k=1)

dz
1) (k) (1 B) — {2 (0) » (k-1
afiz? + (af) +u) 2’ = { g tayt T+

O (k=) ~(k=1)z(0 4 g=(k=1)z(0)
+ ajyz* " + + aj 7V + a2y }

PaccmotpuM cuctemy (2.26). Tak kak B — KOPeHb ypaBHeHHs
(2.23), To oHa mpeicTaBiseT co6oil CHCTeMY JHHEHHBIX OHOPO-
HBIX anreépanqecmx ypaBHeHHil, oOmpeleqnTeNb KOTOPOH paBeH
nyno. CieloBaTesbHO, OHa MOXeT JOMYCKAaTb HeHY/eBble pelleHus,
npHueM OfHA W3 HEHW3BECTHBIX, HanpuMep dyHKuusa 2{¥, Moxer ObITh

3aJaHa NpOM3BOJbHO, Torda GyHKIua 2 onpejesieTcs oxHO3HAYHO
O = pz(0
2{0 = k2",
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rae
af) +p

k=— (2.29)

-
‘152)

Takum oGpa3om, cucrema (2.26) He mo3possieT onpenenuTb (QYHK-
umio z{, koTopas B 3TOM NPHOIHXKEHHH OCTAETCS MPOH3BOJIbHOM.

PaccMorpuM Ttenepn cucreMmy (3.27), npeactasasioulyio co6oi
CHCTEMY ABYX HEOJHOPOIHbIX ypaBHeHHH OTHocHTeabHO 2{!), npHuem
onpefeNHTeNb CHCTEMbl paBeH Hyaio. [lnd ee pa3peuwiHMOCTH HeoO-
X0AMMO M JOCTAaTOYHO, 4TOObl MEXKAY BEJIHUHMHAMH, CTOSIHMH B
npaBsblX 4acTsX cHcTeMbl (2.27), Obl1a Takas XKe 3aBHCHMOCTb, KakK
H MexJy 3JeMeHTaMH CTPOK MaTpHubl (2.23). JIpyruMmu cJOBaMH,
AJ15 ee pa3pewiiMOCTH Heo6XOJHMMO H AOCTaTOYHO, YTOOL paHr pac-
IUMpeHHOH MaTpHubl Gbll paBeH paHry Matpuusl (2.23). dt0 ycao-
BHE MOXKHO 3amucaTh B CJelyIolleM BHAE:

aaf? a9
(0) (0 00 = C {22 4 40050 4 4020,
i +az? + a2 =C T az + af)z ), (2.30)

rae (
I 1
aj +p a

(2.30)

ay o} +u’
Ilpunumas Bo BHHMaHHe paBeHCTBO (2.29), npeoGpa3yeM ypasHe-
Hue (2.30): '
420
(1—-Ck)——=F, ()20, (2.31)
rie
Fy(t)=Ck+ Cal — af) + k(CaQ — a).

Takum oGpasoM, ¢yHkuus 2{¥ ynoBneTBOpsieT OQHOPOAHOMY JIH-

HeifiHOMY AH}depeHUHaNbHOMY yDaBHEHHIO MEPBOr0 NOpPSAKA H,
c/€0BaTesIbHO, NpeAcTaBHMa B (opMe KBagpaTypb

t
20 = CO exp{ ‘?_‘;’C‘:‘] (2.32)
0
rae C¥ —nponssosnbHas nocTosHHas.
Hrak, obe dynkuun 20 u z{ onpenenenb. 3tu GyHkunH pawor
«HYJIEBOH UjieH» aCHMNTOTHYECKOrO psija.
Onpeneans ¢yukuuio 2% no dopmyne (2.32), Mbl TeM caMbiM

obGecrneudM pa3pellHMOCTE cHCTeMbl (2.27). Tak kak ompenenuTtens
3TOH CHCTEMBl paBeH HY:I0, TO OAHA H3 HCKOMBIX BEeJHYHH (HaAmMpH-
Mep, 2{V) octaercs Heompene/neHHOH.
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[MoBTOpSAst aHANOTHYHblE PACCYXKAEHHS N/l YPABHEHHS CHELYiO-
ILHX npuOAHIKeHH#, Mbl ybexxnaeMcss B BO3MOXKHOCTH ONpeNeNHTb
Mo6oi uneH pasnoxenus (2.25). I1pu 3TOM cnepyer WMeTh B BHAY,
yto dyHkuuu 2 HaxoaaTcs Kak peumiexns AHddepeHLUHabHOTO

ypaBHEHHMA M, cjeloBaTelNbHO, OYAYT colepKaTh MPOH3BOJIbHbLIE TO-
crosiHHbie. Tak Kak GyHKuuu C, B H 3KCTIOHEHLHaNbHBII MHOXHTED
B (2.24) 3aBHMCAT OT 3HAuYeHHs W, TO ABYM DPas3/HYHbLIM 3HAUEHHAM
KOPHSI XapaKTePHCTHYECKOTO ypaBHeHHsi OylyT OTBeuaTb [Ba pas-
JIHUHBIX YaCTHBIX pemneHusi cucteMn (2.22). CnemoBatenbHo, KdK H
B C/llyuae OJHOTO YpaBHEHHMs BTOPOro MOPsiAKa, NaHHbIX METOA MO-
3BOJISIET MOCTPOHTbL OOILHH HHTErpas, T. €. COCTaBHTb MaTpHuy GYH-
JaMeHTaNbHbIX pPelieHHH.

4. Hekotopbie yacTHble cay4yan. Oco6eHHO MPOCTOH BHA MPHOO-
peTaloT BhIPAXKeHHs AJs1 ONpelleNeHHs1 YNEHOB pasnoXeHHH (2.24),
(2.25), ecnn matpuua |af}| auaronanbHas:

a 0
T
[a“ "" 0 a‘2‘2’ '
Torpa us (2.26) cneayer, uto nu6o p=—al?, 6o p=—afl .

[TycTtb, HanmpiiMep, HMeeT MeCTO MePBbIH ciayuyal, Toraa cpasy Haxo-
aum 2z =0, u cucreMa (2.27) npHHMMaeT clelyIOLHH BHA:

dz(lo)
—_ — (050
0= P a9,

1) . 41 1) — — [{0)(0)
(e — a)2{) = — afz{.

W3 nepBoro ypaBHeHHs 3TON cHcTeMbl Haxomum 20:

t
z<|o>=cexp[—jag°,)dt},

0

M3 BTOPOro ypaBHeHHs *) ompelenseM z{:
©,0
© ay' 2

L ="m_m:
ajy — ayp

Tak Kak BCsKOe ypaBHeHHe BTOPOro Mopsiika MoxkeT OGbiTb CBeIEHO
K CHCTeMe [BYX YpaBHeHHil mepBoro nopsjaka, To GopMmysbl, noay-
yeHHble B HauaJse maparpacda, Kak 4YacTHbIl cJaydail ciaeaylT H3

*) HanomHHM, 4TO MO YC/OBHIO KODHH XapaKTePHCTHYECKOrO ypaBHEHHA pas3-
JUYHBL A8 BCeX 3HaYeHWH ! W3 HCCAeLYeMOro MpoMeXXyTKa BpeMeHU M B HYJb
e obpautalorcs. CaefoBaTenbho, HANHCAHHOE BRIPAXEHAE HMEET CMbicA AAA Jig-
bero t |0, 7.
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tdopMyJ, yCTaHOBJEHHbIX B npeabiaylilem nyHkte. [lokaxem 310 Ha
npocredlieM MpHMepe.
YpaBHeHHe
i+Me?y=0

3KBHBAJIEHTHO CHCTeEMe
i+Ae0ly=0, §—Ax=0.

CueoBaTenbHO, XapaKTepHCTHUECKOe ypaBHeHHe 3TOi CHCTeMbl Ta-
Koe:
oo’

M

[TosoXKHM AJaA ONpefeNeHHOCTH W=p4=Ii® H BbIMHIIEM CHCTEMY
(2.26)

0z + 0?2 =0,
e 0 1 Fr (O —
20+ izl = 0.
JaJaee,

0 — o0 N
23 kzI , k o

Ilas onpefenenus Gyskuuu 2%, cornacHo obuied cxeme, ciepyeT
onpeAeuTb PYHKIHIO

©
ay; +
c=21"F _ e
(2231
®yukuua F, B ypaBHeHuH (2.31) HMeeT BuR Fo=—%. Hanee
Ck=—1. CnegoBare/ibHO,

t

. . o C(O)
2 =cexp J —2%dt =CPexp{—1In Vo) ='V_l—~
, (0]

Takum 06pa3om, Mbl CHOBa NMPHILIH K pe3yibTaTam § 1.
5. Cucrema npoussoabHoro panra. Cucrembl ypaBHeHu# (2.22),
K03 P HLHEHTbl KOTOPbIX HMEIOT BHJ,

p-1 -1 0) -1 _(-I
ay=A"a) + 2"+ +al) +a7"e" +
Oyaem Ha3eBaThb cHcTeMaMmu paHra p. [loctpoenue acumnToTHYe-

CKHX pas3/IoXKeHHii pelieHHH TaKHX ypaBHeHHi TpeOyeT He3HAUHTENb-
HOH MoAHdHKALHK H3/10XKEHHOH CXeMbl,
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YacTHble pelleHHs1 cucTeMbl (2.22) 6GymeM HCKaTb B BHAE

t
Yyr=exp [ f [APu+ 27, + + Mlp—l] dt ] 25
0

, (2.33)
Y2 =exp { ‘[ [A'pll + A"HMI + + Mlp-l] dt } 2y,
0
rie GYHKIUHH 2; pasblcKuBaloTcsl B (popMe psina
[ =20+ o2+ (2.34)

®yHkuuA p 6GyZeT KOpPHEM XapaKTePUCTHYECKOro ypaBHEHHS, KOTO-
poe B 3TOM clyyae HMeeT BHJ

ap e i =0 2.35
af a4yl (2.35)
Oyukunu p; (i=1, 2, ..., p— 1), Bxoasiune B BoipaxkeHue (2.33),

JIOJIKHBI GBITh ONpefieJleHbl B Ipoliecce pelleHHs 3aauH.

Jas toro uto6bl moka3aTb 0COGEHHOCTb 3TOH 3ajauu MO CpaB-
HEHHIO C PacCMOTPeHHOH, HaM JOCTAaTOYHO MPOaHaJH3HPOBaTb CJY-
yafi p=2. Cnyuaft p>2 nayyaercs aHa/JOrHUHO.

Uraxk, nyctb p=2. CocTaBuM nepBbie TPU CHCTEMbl YpaBHeHHH,
npupaBHUBas KO3(Q¢HUHEHTH NpPU BTOPOH, NepBOfi M HYJeBOH CTe-
NeHH napaMeTpa A

@ﬁ+m%®+4%9=0.] -
a@z0 + (a@ +p) 20 =0. )
M%mw+@w=—wwww9m%”} 2.37)
aQ2 + (a@ + ) 2 = — {a=z® + (aQ + ) 200). '
dzfo)
(a +w) 20+ affe = —{ T + a0 + 92y +
+(aff +uy) 2 + afgey) } ’ (2.38)

dz(zo)
dt

(2) > ( —_— 0) »(0 0) »(0)
aa(n + (o + )22 = — { T + a0 + aay +

+afle) + (o +w) 2}

Tax e, Kak H B NpeAblAyileM cayyae, u3 cucreMmn (2.36) Mb Mo-
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KeM HalTH TONbKO OTHOLUeHHe HCKOMBIX ¢yHkuuit 20 n 2. Ta-

KHM o6pasoMm, ¢opmyna (2.29) ocraercs cnpaBeAJHBOM.
Ycnosue paspelwinmMocTH cHeteMbl (2.37) MOXHO 3amucaTb Tak:

(@) + )20 + a2y =C [af)2 + (af) + 1)) 2], (2.39)

rae mHoxuTeab C onpenensiercs ¢opmyaoit (2.30). Mcnoabays Bbl-
paxeHHe (2.29), Mbl nepenyileM 3TO yCJIOBHE B BHAE

20 {a) +u, +kal) — C [a) + k(al + 1,)|} =0. (2.40)

Tak kak 2 =0, 10 paBeHcTBO (2.40) Ham mosBoasieT ompeje-

JIUTb (l)YHKU.HlO 153 (t): 1 (1) (1 (1)
C ( ) + kall)— ) — k
(0 (azl t:zz) ka“ 012' (2.41)

TakuM 06pa3oM, B 3ToM npuOamKeHHH OyHKuHa 20 (f) Takxke He

onpejensieTcsl, OHa HaXOAHTCS U3 cHcTeMbl (2.38).
[TepenuiieM ycioBHe pa3pelIHMOCTH YKa3aHHOH CHCTeMBI C yue-
TOM paBeHcTBa (2.39)

0
dz(, )

dt

PaseHctBo (2.42) — 310 nuddepeHuHanbHoe ypaBHEHHE NEPBOro
NOpsAZKAa OTHOCHTE/NbHO HeH3BecTHo# 20,

YpaBHeHHs1 oOcTa/bHbIX NPHOJIHXKEHUH oOmpeaensioT QYHKIHH
2P (i=1, 2; k>0).

Cayuail mpoH3BOMIBHOTO paHra p>2 Mano OTJIHYaercs OT pac-
cmotpenHoro. [loactaBass pa3noxeHHs (2.33) B HCXOAHYIO CHCTEMY
ypaBHEHHH, Mbl MOJYUHM CHCTEMbLI YpaBHEHHH, KOTOpble ONPEAeasioT
HCKOMbIe (PYHKIIHH. JIerko mpoBepHTb, UTO MEpBble p ypaBHEHHIi oc-
TaBAsioT QyHkuun 20, 2, ... 2{P~) HeonpeaeneHHBIMH, HO 3aTO
yc/10BHE pa3pellUMOCTH 3THX CHCTEM HaM AaAyT aarebpaHueckue
COOTHOILUEHHS, M3 KOTODHIX Mbl MOXKeM HaHTH yHKUHH py(f),
pe(t), ...,up—1(f). Ileppas M3 cuctTeM, MO3BOJAIOLIASN BLIYHCAHTH
dyunkunio 2, Gyaer Ta, KoTopas nojyueHa cpaBHeHHEM Ko3(pdHu-

I[MEHTOB NMPH 3HAUEHHH NMapaMeTPOB B HYJAEBOH CTeNeHH.

6. B0o3MOXHbIE MOOHPHKAMH ANTOPHTMA NOCTPOEHHA acCHMNTO-
THYECKHX DPAROB. [JOMHMO H3J0XEHHOrO, CYLIECTBYIOT pa3/iHUHble
Apyrue MoAH(HKaIHH METOJ0B MOCTPOEHHS ACHMNTOTHUECKHX pas3-
JIOXKEHHH pelleHHH auddepeHUHaNbHEIX ypaBHEHHH, coepKatlux
Goublloil mapamerp. PaccMOTPDUM OAHY H3 TaKHX MOAMPHKALHH Ha
NpHMEpPE CHCTEMbl NMEPBOro paHra

g+ (Aal) + a0+ .. )y + (Al +aQ + ...y, =0,
Yot (Aayy + af + .. )y +(Aaf + el + .. )y,=0.

dz)
0) (0 0) — 2 0)5(0) 0) (0
+a},’z‘,’+al.‘z§)—C( 2 T a2l +aR2P ). (2.42)
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O603H4uMM Yepe3 p(f) KakoH-1HGO H3 KOPHe#l XapaKTepUCTHUECKOTO
ypaBHeHHs H pelleHHe 6yleM HCKaTb B opme

t
yl—_-exp[ I(Au+uo+h'lul+ ...)dt}zl(t, A), l
0

t (2.43)
Y = €Xp l J M+ po+a"w + ...)dt } 2, (L, A),
0
rle ¢GyHKUHH Z; (¢, A) 3adaloTcst B Buie panoB (2.11).
YpaBHeHHs] nepBOro NpHOAHKeHUs1 OYAYT TAKHMH:
(aff +1) 20 +ayzp =0,
a2 + (af) + ) 2® =0. } (2.44)

Gynkumsa 20 (f) u 20 (f) cBa3aHbl APYr ¢ APYrOM COOTHOLIEHHEM

(2.29). Hdasa toro uTo6bi YAOBJAETBOPHTbL CHCTeMe (2.44), Mbl MOXeM

COBepIIeHHO MPOM3BOJbLHO 3a4aTh OAHY U3 ¢yHkuuit. Hanpumep, cu-
cteMe (2.44) yaoBIeTBOPSAIOT CJEAYIOIIHE (YHKLHH:

20 (t)=al) +n, 20 = —all. (2.45)

PaccMOTpHM Tenepb CHCTEMY YpaBHeHHH BTOPOro NpPHOJIHIKEHH s

©

dz)
(af) + ) 2+ affef) = —{ S+ (el + )20+ a0 |
o (2.46)
22
af)z) + (af) +p)z) = — { — +afz0 + (a +u)) zg”} .

YcioBHe paspellMMOcTH cucTeMbl (2.46) HaMm AacT ypaBHeHHe Aaf
onpejeneHus GYHKUHH pi, TOCKOALKY GpyHKuHH 20 (f) n 20 (f) yxe
nogo6paHbl NP NOMOLIH COOTHOLIeHHs (2.45).

Tak kak ¢yHkIHIO py(f) Mbl Bbi6pasjiH Tak, 4ToObl CHCTEMa
(2.45) Gbina paspemnMa, TO, 3a4aB OAHY H3 QyHkuui 2{"(f) uan
zg“)(t) Nno npou3BOJy, OJHO3HAYHO oNpefaensieM APYrylo (QYHKIHIO
no ¢opmy.ae (2.29).

Paccyxaas nogo6ubiM o6pa3oM, Mbl y6exaaeMcs B BO3MOXKHO-
CTH OnpelendTb Bce ujieHbl pasjoxeHuil (2.43): U3 TpeTbero npu-
GJaHMXKEeHHsT Mbl HaxodHM OYHKUHIO pq(f) (oHa O6yleT OZHO3HAUHO
onpenenena Qynkuuamu 20, 20, 20 u z{, n 3ateM MoXHO BbI-
yHcauTh QYHKUMH 22 M 2, onIHa H3 KOTOPbIX 3ajaeTcs MO Npo-
M3BOJY H T. A.

UsnoxeHHbIH cnoco6 NOCTPOEHHS aCHMIITOTHYECKHX psAOB MNpH-
BOJMHT B OOGILEM Cayyae K APYroMY BbIPaXKEHHIO AJs NPHOIUKEHHOrO
pelieHHss. D10 OTpa)kaeT 10T OOILMH (haxT, 4TO ACHMNTOTHYECKHE
npeAcTaB/eHHs ONpeleasloTcs He eJIMHCTBeHHbIM obpa3oM. OnHako
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OJJMHAKOBble OTPE3KH ACHMNTOTHUYECKHX PsNOB OOECMeYHBAIOT OJHY
H TY Xe TOYHOCTb.

B § 1 370i rmaBbl Mbl BbiBeaH mnpocteiime npubiauxennoie dop-
MYJibl M YCTAHOBHMJH JJS HEKOTOPbIX YACTHBIX CJyyaeB HX acHMIMTO-
THYECKHH XapakTep: ObL1O MOKa3aHO, yTO OIIKGKA, KOTOPYIO OHH
naiot, umeer nopsigok O(1/A). B stom maparpade Mbl manu ¢op-
MaJibHOE OMHCaHHE AJTOPUTMA, MO3BOJSIOLIEr0 NOCTPOHTh-TRO60e AP
acHMMNTOTHYecKoe peiieHde. Jloka3aTenbCTBO TeopeMbl, KOTOpas
060CHOBLIBAET ACHMITOTHYECKHH XapaKTep MOCTPOEHHBIX PsAJOB,
MOXKHO HalTH B u3BecTHON MoHorpaduu SI. II. Tamapkuua, uuTUpo-
BaHHO# Ha cTp. 279.

§ 3. OnHopoLHbIe CHCTEMbI BTOPOro MOpsAKa.
Cayuvait KpaTHbIX KOpHeil

1.MpeasaputeanHbie 3ameyanusi. Mbl uayuanu cucreMboi mudode-
pPEeHLIHAJbHLIX YpaBHEHHH BTOPOro nopsijka

Ui+ any + apy, =0, }
Yo+ any) + any, =0,
Y KOTOPbIX KO3(G®HIHEHTb @;; HMeJNH CJeAYIOLIHEe MpeACTaB/IeHHs:
ayt, N =Aaf) O +2""a " () + el )+

Pa3BuTblit MeTOJ CylleCTBEHHBIM 06pa3oM OmMpaJics Ha MpeRnoJo-
JKeHHe, YTO NPH M3MeHeHHH ¢ B pacCMaTpHBAeMOM HHTepBaJje Bpe-
MeHH 00a KOpHSI XapaKTepHUCTHYECKOrO YpaBHEHHs

(
af+u af

(3.1)

=0 3.2
af  af+ep ¢
OblIH pa3/IHYHBI U He 06paliajiuch B HYJb.

CyliecTBOBaHHE KPAaTHHIX KOPHEH MOMKET MPHBECTH K NMOSIBJEHHIO
BHYTPEHHHX PE30HAHCOB; MPH 3TOM HACTYMAeT KauyeCTBEHHOE H3Me-
HeHHe mMOBeJleHHS pelIeHHH: KoJje6J/IolHecs] pelleHHs] HauHHAKoT
npuo6peTaTh BEKOBble H3MEHEHHS, Y anepHOJUYECKHX pelleHHH Me-
HsieTCsl XapaKTep pocTa U T. .

Onnako He BO BCEX C/VYasix KpaTHbie KOPHHU ObIBAIOT HCTOUYHH-
KOM MOSIBJE€HHs BHYTPEHHHX pe3oHaHCOB. MoKeT OKasaTbCs, 4TO
CHCTeMa, HMeoLash KpaTHble 4acToThl, BeleT ce6st nogo6HO cHcTeMe
¢ HeKpaTHbIMH yactoTaMH. [IpuMepoM Takofl CHCTEMbI sIBJASETCS
CpepHueCKHH MafTHHK: HaJHYHE KPATHLIX YacCTOT He MPHBOAHT K MO-
SIBJIEHHIO BEKOBBIX JABHXXEHHH.

[Tpex e yeM MepexoJHTb K M3JIOXKEHHIO HEKOTOPBIX pe3y/JbTaToOB
3TOH TEOPHH, HAMOMHHM Dsill GaKTOB H3 JHHeliHOH anre6pol.

[MycTh Mbl MMeeM HEKOTOpOe JIHHEefHOe HeBbIPOXKAEHHOe Mnpeol-

pa3oBanne
y=Ax, (3.3)
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rje X U Yy — BEKTOPbI n-MEPHOro eBK/JAH/A0Ba mpocTpaHcTBa R,. O6o-

3Ha4UM 4epe3 Aq, A2, ..., A KOPHH XapaKTEPHCTHYECKOTrO YypaBHe-
Husi

|A — AE|=0,
rie E — epunuunas matpuua. Matpuuy |[A — AE|| 6yaem HasviBaTb
XapaKTepUCTHYECKOH.

B kypcax nuHeiiHoit anre6pbt ¥) gokasbiBaeTcsi, 4TO B MPOCTPaH-
cTBe R, BCerja MOXKHO BLIOpaTb CHCTEMY KOOpPAHHAT TakuM ofpa-
30M, 4TOGbI MaTpHLa JHHeiHOro npeoGpasosanusi A umena B 3TO#
CHCTEME KOOPAHHAT CAEIYIOUHi BUA:

A, 1O 0
0 A 1 0
. S| CTPOK 0
0 0 O 1
0 0 O A
Ay 1 0
0 A
Sp CTPOK
0 0 Ay )
A, 1 0 0
0 0 A 1 .0 S CTPOK
0 0 O Ag

JpyruMu cnosaMu, CYIIeCTBYET TaKOe HEBBIPOXKAEHHOE JHHeiiHOe
npeoGpasosanue C, yro matpuua C(A — AE)C-! umeer Bul

AM—A L | s

| A—2, 1 |

| Ap—2, 1 :sk

*) Cm., nHanpumep, U. M. Teabd ana, Jlesuun no -axuelinoh aare6pe.
Mocksa, 1948.
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rae
A, — A 1 0 0
0 Ar—A 1 0
A=A, 1 | 8= S, CTPOK.
[— 0. 0
0. . A, — A

3necb s;+So+ ... +Sp=n. Cpeln BeJHYHH A, MOTYT ObiTb paBHbe.
Martpuubl Takoro Braa Mbl OyAeM Ha3blBaTb JKOPAAHOBLIM fILLIHKOM
WJIH KopAaHOBo# kijeTkoH. M3obpaxkenHas ¢opma Matpuub A Ha-
3biBaeTcsl HOpMaJsbHOH opaaHoBoit ¢opmoii. [IpencraBienne Mmar-
puubl A B HOPMaJbHON KOpAaHOBOH (OpMe eqHHCTBEHHO.

O6Goanauum uepes D, (A) obwuit HaubOJbLIMH AeaHTeNb MHHO-
pos Marpuubl ||A — AE|l nopsaka k. Ilyctb Ttenepb matpuua A
MMeeT p FLIMKOB MOPsAJKa Ny, Hg, ..., Np, COOTBETCTBYIOLLHX COG-
CTBEHHOMY 3HAYeHHIO A; (NpHUEM Ny 2> Ny 2> ... 2> Np), ¢ SILLHKOB
Nopsiika My, me, ..., mq (M) 2> My 2> ... 2> My), COOTBETCTBYIOLLHX
coO6CTBeHHOMY 3HaueHHIO0 A, M T. 4. Toraa xopaaHoBa ¢opma Ma-
Tpuubl A Takas:

A }n, CTPOK

| A }nz CTPOK

l Ay }n,,I CTPOK
A= .
Ao } m, CTpOK
| Ao } mp, CTPOK

[TonnHoMbl Dy (A) HMeIOT B 3TOM cJayuae cjelylolHil BHA:
Dn (A) - (A _— Al)nl+n2+ oo +l‘lpl (A] — Az)mli-mzi- LR +mszn (A),
Duoy(A)=(A—21)"" To(d — a2 T TF L (B),
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rae Fp(A) — HekoTopbie MOJUHOMBI OT A, He fAeJsiluuecs Ha A— M H
Ha A — Aq.

IokasaTenbcTBO 3TOro (pakTa yuTaTelb MOMKET HAWTH, HalpH-
Mep, B yKa3aHHO# Bhille KHure ['eqandanna (aas ero gokasarednb-
CTBA MCHOJIb3YETCS METO HHAYKLHH).

Bosabiyio poib urpalor MHorousenwn Ex(A), onpenensieMble nmpu
NOMOILIH PaBeHCTBA
_ _De(d)

B =5, 0y -

E,(A) Ha3biBalOTCS HHBAPHAHTHBIMH MHOXHTeNSAMH  MaTpHIUbI
A — AE. B cuTyauuu, KoTopas TONbKO 4TO Gbll1a pacCMOTpeHa, HH-
BapHaHTHble MHOXKHTE/IH HMEIOT B[

Ep=(GA—A)" (A —2)™
Epoi=A—2)"(A—2)™
[TocnenoBaTebHOCTh HMHBAapPHAHTHBIX MHOXHTEJEH MOJHOCTbIO

onpejeiseT XKOPAaHOBY HOpMasbHylo ¢opMmy matpuub A, a pas-
Mepbl SIIMKOB, COOTBETCTBYIOLIMX COOCTBEHHOMY 3HAUEHHIO A,

paBHbI 1, g, AHanorM4HO pas3Mepbl AUIMKOB, COOTBETCTBYIOIMX
COBCTBEHHOMY 3HAUEHHIO Ay, PABHBI My, My, M T. 1. Beipaxenust
(A =A)", (A—A)™, M T. A. Ha3biBAIOTCA 3JeMeHTapHbIMH

IeJUTeNSIMH UHBAPHAHTHOrO MHOXHUTeas E;(A).

PaccMoTpiM OnHH mpuMep, KOTOpBII HaM moTpeGyeTcss MpH u3-
JIOKEeHUH OJHOTO W3 MOC/JeAYIOLIMX pa3jesoB 3TOH J1aBh.

IMycts XKopaaHoBa ¢opMa MaTpuubi A uMeeT BUA

Mol 0
A=10 M .
00 A

Torpa nerko y6eaurtncs, uto Dp= (A — M)™, D,py=1 u, caenoBa-
TenbHO, Ep= (A — M), Es=1 (s < n).

M3 ckaszaHHOro Bbillie Mbl NOJYYa€M c/aeiyIollee BaXKHOE Caef-
CTBHE.

Ins toro 4To6Gbl MATPHIY MOMXKHO ObIIO MPHUBECTH K AHaroHa/b-
HOMY BHAYy, HEOGXOJHMO W IOCTATOYHO, UTOGH HHBApHAHTHbIE MHO-
KHMTEJAH 3TOH MaTPHIbI UMEJH NMPOCThie KOpHH. B 3ToM ciayuae age-
MEHTapHble IeJHTEJNH BCeX HHBAPMAHTHBIX MHOXHTeJeH MaTpuupl
GyAyT NpOCTBIMH, T. €. GYAYT HMETb BHI

(}\1—7\1). (7\—}»2),..,
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ITocsie 3THX 3aMeuaHHR CIPaBOYHOrO XapakTepa BepHEMCs CHOBa
K U3y4aeMOMY NpeiMeTy.

Bonpoc o ToM, kak Bener cebsi cucTeMa NpH HaJHYHH KPaTHbIX
KOpHEH, 3aBMCHT OT TOTO, SIBJSIIOTCS JIH 3JI€MEHTapHbie AedHTeNH
MaTpuubl |al? | KpaTHLIMHM WM MPOCTBIMH, T. €. OT TOrO, KAKOH BHI

uMeeT KOpAaHOBa GOpMa 3TOH MaTPHLEL.
Eciu aneMeHTapHbie A€NHTENH MPOCTbie B HMEETCss KPaTHBIH KO-
peHb y1=Y;, To MaTpuua |a®)| umeer Bua

Y1
0 v

rle y; — KOPHH XapaKTepHCTHYecKoro ypaBHeHus (3.2).
Eciy KpaTHOCTb 3J€MEeHTapHOro JenuTe]sl PaBHa ABYM, TO XOp-
JaHoBa opMa HMeeT BHI

|a@|=

(3.4)

| e

gl
o (3.5)

Xours B 06ouX caydasix, KOria y;=Yz=Y, KOPeHb XapaKTePUCTH-
YeCKOro ypaBHeHHs] UMeeT KPaTHOCTb, paBHYIO JBYM, MOBefleHHe pe-
meHui cucTeMbl (3.1) W acumMnToTHKa NMpH A — oo OYAyT pasziHy-
HBIMH.

O6uiee ucciegoBayde CHCTEM B TOM Ciyuae, KOrja XapakTepH-
CTHUECKOe ypaBHeHHEe MOXeT HMeTb KPaTHble KOPHH, peACTaB/sAeTCA
He TOJIbKO 'POMO3JKHM, HO W TPYIAHBEIM. [lockOnbKy KO3 G HIHEHTH!
XapaKTepPUCTHYECKOrO YpaBHEHHsS! 3aBHCAT OT BpeMeHH, 3leCb MOTYT
BO3HHKaTb pa3HooOpa3Hble cuTyauud. B 3aTom naparpade ™Mbl pac-
CMOTPHUM TOJIbKO CaMble MPOCTbIE C/yday, OTHOCSIIHECS K TOMY Xe
K CHCTeMaM BTopore mnopsiika. Hekoropbie BOMpOCH, OTHOCSIILIHECH
k obleMy cayyaio, 6YAyT pacCMOTPeHbl B KOHLE TJaBbl.

2. Cayuyaii mpocTblX 9JeMeHTapHbIX AeauTened. [IpedmosoxUM
¢Hauana, uto paHr cucreMmul (3.1) paBeH eauHuLe.

HOunsa toro utobbl He YCJOXHATb H3J0XKEHUS, MPeANOoOXHM
cpasy, UTO He3aBHCHMble MepeMeHHbie BbiOpaHbl Tak, UTO MaTpuua
jai®| yxe npuseneHa K XOpAaHOBOH QoOpMe.

PaccmorpuM mocnenoBatenbHo cayuan (3.4) u (3.5). [ockonbky
XapaKTep KOPHeil, a cieloBaTeJqbHO, H BHJ XKOPAaHOBOA (opMbl 3a-
BHCAT OT BPEMeHH, TO TakOH MOAXOJ HMEET CMbICJ TOJbKO B TOM
cayuae, ec/qd paccMaTpuBaeMasl CHTyalusi He HU3MeHsileTcsl B Tevye-
Hue BCEro HCCJAeAyeMOro NMpoMexkyTKa BpeMeHH.

Ecann KOpPHH KpaTHbie, HO 3JIEMEHTapHble JeJHTeNH MPOCThbie, TO
cucTeMy ypaBHeHHui (3.1) MoxHO mepenucaTh B cienyromel popme:

g+ ad+ )y @@+ )y, =0;
g, +(af] + ..)yl+(7»p,+a‘2%’+ )Yy =0.

(3.6)
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Toukamu 0603HayeHb! UneHbl Gosiee BHICOKOTO MOPsiAKa OTHOCHTEJb-
HO 1/A.
CnenaeMm 3aMeHy mepeMeHHbBIX

t t
Afuwat - fuwat
y=e ? 2, th=e 29. (3.7)

Cucrema ypaBHeHuit (3.6) mocse Takoil 3aMeHnl yXe He OyfeT co-
Jep:KaTb cjaraeMblx NMepBOro MOpsiiKa OTHOCHTENBHO A

5 © © =

Z+@Q+ ...)z+ @@+ ...)z,=0, }

; 0 © =

Z+ @R+ ... )z, +(aQ+ ...)2,=0.
Ecau 661 K0O3QdHIHEHTH a;; HE cOLepaali claraeMbix nopsiika Al
u Gojiee BBICOKOTO, TO 3ajauya MOCTPOEHHS ACHMMTOTHKH Obia Obt

ucuepnaHa. B camom nene, cucrema (3.8) B 3TOM cayuae Gblia Obl
caeAyIoLlero BHAA:

(3.8)

2, +afYz, + a2, =0, } (3.9)

3 0 0 —
2,+ a2, +aQz,=0.

OGoanaunM uepe3 2zj; U 22; (i=1, 2) bysnaMeHTanbHble pelleHHS
cucteMbl (3.8). DTH GYHKUHH MOTYT GbITb MOJYYeHb KaK pe3yJbTaT
YHCJAEHHOTO pelleHHs ABYX 3agauy Kown co cielyolMMH Hadajb-
HbIMH JaHHBIMH:

{ 2;1(0)=0, 1 { z;2(0)=1,
‘ 291 (0) =1, ’ 299 (0) =0.
Torza acHMNTOTHYeCcKHe MpeJCTaBjeHHs OOLIero HHTerpaja CH-
cTeMbl (3.6) 6yayT HMeTb BHA
t
- fumat
yy=e ?° (Ciz9n + Co21),
‘ 3.10)
A fwwat
ye=e ¢ (C1291 + Cy2p9).
Ecnn pasnoxennsi Ko3dp¢HUHEHTOB a;; cOlepXaT OTpHLATEb-
Hble CTeNeHH mapamerpa A, TO AJASl NOCTPOeHHs (PYHKIHII 2; MOXKHO
MCMOJIb30BATh METOJbI TEOPHH BO3MYIUEHHH, T. €. HCKaThb pelleHHe
cucteMnl (3.7) B BHJe psALOB MO cTeneHsam AL
[Tpumeuanue. Ilpeanonoxum, yTto 3/7eMeHTapHbE AeNHTENH

He MpoOCThle H XKOpAaHOBa HopmaJjbHas (popma umeer BHIL (3.5),
T. e. cucteMa (3.6) Gynmer Takoi:

Gt(tad+ . )y +R+al+ .. )g,=0, ,
BH@E@+ . )y +Outal+ .. )g,=0. | &8
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Ecau peuieHne cuctemb (3.6”) uckatb B ¢opme (3.7), TO cH-
cTeMa ypaBHEHHHl OTHOCHTeJbHO 2; OyldeT colepxkaTb NepBbIe CTe-
neHH MapaMerpa A H, CJeJ0BaTeJNbHO, NPEACTaBJAATb pelleHHs B
¢dopme (3.10) B o6lueM cayuae yKe He/b3sl.

3. OauH npuMep MEXaHHYECKOH CHCTeMbl € ABYMS CTENEHAMM
csoGoabnl. Cpend 3ajay AHHAMHKH MeXaHHYeCKHX CHCTeM C OJHOMH
cTeneHblo CBOGOAbI TPYJHO HAHTH MHTEDeCHbIH NPHMepP CHCTEMbI,
y KOTOpO#H KOpeHb XapaKTEPHCTHYECKOTrO VDaBHEeHHS JABYKDaTHbIH,
a 3jieMeHTapHble JeJHTeJH NpocThle. B NHHaMIiKe CHCTEM CO MHO-
rHMH CTeneHsMH CBOOOJbl MPHMepPOB TaKHX CHCTEM OYeHb MHOrO.
Ilpexae Bcero 31O J10ObIE KOHCEpBa-
THBHble KoJieGaTesibHble CHCTEMBI C
KPaTHbIMH COOCTBEHHBIMH YacCTOTaMH.
IlosTomMy B KayecTBe mnpuUMmepa, HJ-
JIIOCTPHDPYIOLLErO MNDHJIOXKeHHe pa3BH-
BaeMON TEODHH, Mbl PacCMOTPHM
C/eJyIOLLyI0 CHCTEMY ypaBHEHHH:

%+ Me?(t) x + May =0,
A 3.11)
J+Ae?(t)y +Arbx=0.

Cucrema (3.11) BcTpevaercsi B pas-
HOOODa3HbIX TEXHHUECKHX 3ajayax. Pue. 39.
PaccmorpuM, HanpuMep, KoseGaTesb-

Hoe JABHXXeHHe onepeHHOro cHapsiia. Ecsau Tteso, nzobpaxkeHHOe Ha
puc. 39, nBHXKeTcA B BO3JyXe B HampaBjieHHH Bektopa 2° TO Ha
Hero AeHCTByeT a3pOJHHaMHuecKHil MomeHT M. DTOT MOMEHT NpH
HaJHyuH cTabuaM3aTopa co3jaeT BOCCTAHABJIMBAWOILMH a3pOJHHA-
MHYECKHH MOMEHT, NeHCTBYIOIUMH B NJIOCKOCTH YIJa aTakH v-yriaa,
3aKJ/IOYEHHOrO MeX/Jy BEeKTOpPOM 2° M OCbl0 CHMMETPHH 3TOro Tena
£, ecqin oHO el o6sajgaer. YCJOBHMCS CYHTaTh, YTO TEJO He Bpa-
waercs BOKpyr ocH &% Torga paccMaTpHBaeMasi cHCTeMa MMeeT [Be
creneHd cBob6oanl. B kauectse 00061eHHBIX KOOPAHHAT 3TOH CHCTe-
Mbl €CTECTBEHHO MPHHATbL HaNpaBJAloOllHe KOCHHYChl BekTopa &%
x=cos (&°%°) u y=cos (&%°).

Ecnu Tteno oOnajgaer oceBOM CHMMeTpHel, TO B JIHHeiHOH mo-
CTaHOBKe (MNDH MaJsibIX yrJiaXx aTakH v) CHCTeMa ypaBHEHHH [BH-
JKEeHHSl pacnajaercs Ha ABA He3aBHCHMbIX YPaBHEHHSI OTHOCHTENLHO
06enx 006001LEeHHbIX KOOPAHHAT

£+ Mo?(f) x =0, }
§+22e%(f) y=0.

&

(3.12)

3pecb A?@2 — OTHOIIEHHE BOCCTAHABJHBAIOLLEr0O MOMEHTa K 3KBa-
TOPHAJbLHOMY MOMEHTY HHepPUHMH. Bo MHOrux ciayuyasx 3TOT MOMEHT
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npeamnosaraerca OOJbIUHM, H CJelOBaTeNbHO, ABHXKeHHe sBJseTCA
BbICOKOYAaCTOTHBIM,

Ecam Teno ob6aajzaer Masaoil acHMMeTpHeH, TO Mbl JO/MXKHbBI YyXkKe
paccMaTpuBaTh BMecTo cHcTeMbl (3.12) cucremy (3.11). O6osHa-
YUM

X=Xy, Yy==x3
b7\ nepenuiieM 3Ty CHCTEMY B CjiedylonieM BHJE:
xl = }\«xg, XQ = — A(!)le —axs,
L . \ (3:13)
X3=MAxy, Xy=—h@%x3—bx|.

Cucrema (3.13) aBasierca o6oGlueHHeM pacCMOTPEHHOH: OHa HMeeT
JBa KODHfl, KPaTHOCTb KaxJOro H3 KOTOPHIX paBHa AByM. [Ipu 3TOM
3AeMeHTapHble Je/IHTeJH XapaKTePHCTHUECKOH MaTpHIlbl INpPOCTHE.

B 3TOM MOXHO yGeAHTLCs clepyloliuM o6pa3oM. CaenaeM B cH-
cteMe (3.11) 3aMeHY nepeMeHHbIX

x=5+E&, X =il (& — &),
y==5+E&, §=iro(E—&y).
Torna cucrema (3.11) npeobpa3yerca Tak:

£ = iAOE, +

& = iA0E +

Ey=—iloEz+ ..., (3.17)
E = —iloE +

ToukaMHu 3Jecb 0603HaueHbl Y/eHBl, He colepxaliue A. XapaKTepH-
CTHYeCKaa MaTpHLa 3TOH CHCTeMbl NpHBeJeHa K JAHaroHa/bHOH

dopme

—io—p
—io—p
BepueMca cHoBa k cucteMe (3.13), koTopas yldoOHée pisi HCIOJb-
3o0BaHHa, yeM cHcteMa (3.11). Ee xapakrepucruyeckoe ypaBHeHHe
HMeeT BHI
p =1 0 O

o p 0 0
Alp)= 0 0 p —I =0. (3.14)
0 0 & 4§
Kopxu ypaBHeHHs (3.14) TakoBbI:

1L AN = -|—iw,v po= +iw, Hz= — im, W= — io.
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Hrak, nycTb g — OAHH M3 KOpHeil 3Toro ypaBHeHus. Crnenys 00-
el cXeMe, clesaeM 3aMeHY MepeMeHHbIX
t

x,=exp’h Iu(i)dt}z, (i=1, 2,3, 4). (3.15)
0

[Tocnie 3amennt (3.15) cucrema (3.13) npumer dopmy

1 .
MRy —2e=— =21
0)22|+Ll22=—';—'[2'2+023], |
- (3.16)
H23 — 2= — 7 &,
0223+uz4=——%[é4+bz.].

Peutenne cucreMbl (3.16) 6ymem HCKaTb B BHAe pSANOB, pacnotio-
JKEHHbIX MO OGpaTHBIM CTeNeHAM nmapaMerpa A

Z[=Z[0+%2“+ (3.17)

IOnst GyHKUUA 249 Mbl TOJTy4aeM CHCTEMY
B2 — 220 =0,
2
[0 AT + U299 = 0,
(3.18)
H230 — 240 = 0,
0)2230 + Ll240 = 0.
Tak kak p’=0?, 1o cicteMa (3.18) Bcerna paspelliuMa, npHYeM JIBa

H3 4YeTbipeX HEH3BECTHbIX MOT'YT 6GLITb BblépaHbl 0 MpOH3BOJY.
Ycanosumces nist onpenesieHHOCTH, YTO

p=io,
TOrjaa )
Zon = I:O)Z]o, 20 = i(l)230. (3.19)
CocTaBHM Temnepb yYpaBHeHHSl AJA 2y
B2y — 22 = — 2o,
@%2) + n2y = — 299 — a2y,
11T Uegy . 20 30 (3.20)
W23 — 24 = — 230
0’23 + P2y = — 24 — b2)0.
Cucrema (3.20) pacnanaercs Ha [Be He3aBUCHMbIC CHCTEMH, ypaB-
HEHWH, ONMpEAENHTeNb KAKIOH H3 KOTOPHIX PaBeH HYMI0. YCA0BHA
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MX Da3pelIHMOCTH MPHBOAAT K CHCTeMe ABYX IAHddepeHiHaJbHBIX
ypaBHeHHI1 mepBoro Nopsiaka

— 2100% + u2y + apzy =0,
R ® (3.21)
— 230° + g + bpzi=0.
Henas 3aMeny (3.19), moayuum
—22,00% — 02 + iawzy =0,
O, e } (3:22)
— 22500° — 002y + iboz = 0.
CrenaeM B 3TOM YPaBHEHHH elle OAHY 3aMeHY
2,y=iZ},
nocJsie yero cHcreMa (3.22) Gymer BuIrAAAeTb Tak:
—22] 0 — 002} + a0z, =0,
—22,,0° — 002, — boz), = 0. (3.23)
Teneps B ypaBHenun (3.21) nosoxum
n=—iw
H COOTBETCTBEHHO
290 = —iw2)o, 240 = —I®230, (324),

B pe3y/bTaTe Mbl OJYYHM

bl 2é|0 et (O(bzm et ib(l)230 = 0,
- 2é30 - (0(;.)330 - ib(l)zlo =0.

B aTtHX YPaBHEHHAX ClleJ1aeM TaKylo 3aMeHYy:
*
2= 12

Torpa sta cucrema Oyaer cHoBa cBefeHa K cHcteMe (3.23). Cu-
crema ypasHeHH# (3.23) — 3To cHcTeMa ABYX JIHHeHHbIX ypaBHeHHH
nepsoro nopsiaka. O6o3uaunm yepes
m R ¢ )
20, 2 2, 2§
cucteMy ee GpyHAaMeHTaJbHbIX pelleHHH. B obiueM .ciayvae 3TH pe-
IUEHHs1 HeNMb3sl OJYUHTh HH B KBajJpaTypax, Hu TeM Oosee B ABHOM
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Buge. OnHako peweHus cucteMnl (3.23) — 3To MelJIeHHO MeHsI0-
mHecs (QYHKUHH, 1 HX oONpefe/eHHe YHCAEHHBIMH METOJaMH He
npeacTaB/seT TpyAa.

[Toctpoum Tenepp cucTeMY GYHAaMeHTalbHBIX pelleHHH AJf
ypaBHenus (3.13). 3aMeTuM cHayana, 4To GYHKUHH

3

), =iz} exp { 7 j o(t)dt ] ,

0

t
%5 = 2§ exp { iA J o(f)dt ]
0

H (YHKUMH

t
K =—i2"exp { — ik f o (t) dt ] ,
0
t
x50 = 2{" exp [ — A J' wo(t)dt }
0

ABJNSIOTCA YaCTHbIMH pelleHHIMH cHcTeMbl (3.13). Bmecto 3THx
¢byHKuMii BBEAEM ApYyrue

t

X‘ +x' .
x,,=—%=sm hfm(t)dt 20,

0
t

X3+ x

x3,=—¥——-cos{)~f@(t)dt 20,
0

L
1

. t
x12=Tm=cos[hfm(t)dt z';“’,
0

* L t
xl"x .
x32=%=sm )»fo)(t)dt FAOR
0

Boiypeass nogoGHbiM cnocoGoM oOcTasbHEIE YacTHble pelleHus,
Mbl NPHAEM K CJENYIOIeMYy BbIPaXKeHHIO [ aCHMMOTOTHUYECKOro
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npeacraBi€HUsA obuiero pellIeHHs:

t t

= Asin {Aj«.(t)dt}z;“’ (t)+Bcosl;~jm(t)d{} 29 () +
0 0
4

t
+ CSi"‘A’I(”(t)dt}z',(2’(t)+Dcos{A,fm(t)dt} 2 (1),

0 0
t t
xs.—.—Acos{A_[o)(t)dtlzg)(t)+Bsinll,fo) dtlz“)(t)—
0 0
t t

—Ccos{kjm(t)dt}zgf’(t)+Dsin{A j m(t)dt]z?’ 0.

0 0

(3.25)

AHanorHyHble BblpaXKeHHS] Mbl GyleM MMeTb M AJifi MEePeMEeHHbIX Xg
u x;. 30ecb A, B, C u D — npou3BoJbHbIE NOCTOSHHBIE,

Hrak, npuMeHass acHMOTOTHYECKHE METO/bl, YHCJIEHHOe HHTErpH-
poBaHHe cHcTeMbt uyeTBeproro nopsinka (3.11), pelueHHe KOTOpOro
6bICTPO OCLMINHPYET, Mbl CBEIH K YHCAEHHOMY pellleHHIO CHCTeMbl
Broporo nopsiika (3.23) OTHOCHTENbHO «Me[JeHHbIX» MepeMeHHBIX,

[Tpumeuanue. Cucremy aByx ypaBHeHuit (3.11) ™Mbl 3a-
MEHHJIH CHCTeMOii yeTbipex ypaBHeHuii (3.13). Pasymeercs, Bce BbI-
YHC/IEHHS] MOTJIH GbITb MpPOBENEHbl H AJNS HCXOAHOH cHCTeMbI.

4, CucreMbl NpoM3BOJLHOro panra. PaccMoTpuM Tenepb cHCTEMY
NpOH3BOJNLHOTO paHra p>1, nonarasi mo-mpeXHeMy, 4TO XapakTe-
PHCTHYECKO€ ypaBHEHHEe CHCTEMbl HMEET NPOCThie d1eMEeHTapHbIE fe-
JIUTEH; MAaTpPHLY KO3((QHIHEHTOB, NOPALOK KOTOPbIX paBeH p, Oy-
€M CUMTATh MpPHBENEHHOH K JHAarOHAIbHOMY BHLY

i+ @A+ a2 L )+ (@B L) =

3.26
B+ @@V L)+ A+ a8 L)y =0 } (3.26)

CrenaB 3aMeHy nepeMeHHbIX (3.7), Mbl MONYYHM CA€YOUIYIO CH-
CTeMY ypaBHEHHH OTHOCHTeNbHO QYHKUHH 2;(f):

21+ (lp‘la?i—” + .. ) 21+ (l.""a(é"” + .. ) 2o=0

(e o o T (3.27)
2+07%E+ ) a+0 @S + L) 2 =0. }

Sta cueTeMa ypaBHeHHI MMeeT yXKe paHT, paBHbIH p — |; mpi 3TOM
MOXET HMeThb MEeCTO OJHH W3 CJefyloWMX Tpex cayudes:. KopHw
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XapaKTEepHCTHYECKOro ypaBHEHUSA

(p-1) {p-1)
afi +x% ay) 0 308
o agn | 028

MOFyT ObITh: a) Bce pa3nuuHble, 6) KpaTHble, HO 3JeMeHTapHble je-
JIUTEJIN NPOCTHIE, B) KPaTHbIE U 3J€MeHTapHble JeJUTeNH HEnpocThie,

Ecan kopuu xapakrepuctuueckoro ypasHenus (3.28) Bce pas-
JIMYHBI, TO A MOCTPOEHHS ACHMMNTOTHYECKHX peUleHHA CHCTEMBI
(3.27) MBI MOXKeM BOCHOJIb30BAaTbCS TeOpHeH, KOTOopas Gblia H3JO-
JKeHa B mpeablayliux naparpadax 3Toi riaBbl

Ecnu KOpHH KpaTHBIE, HO 3JeMeHTapHble NEeMUTENH MPOCThIE, TO
IS MccsenoBaHus cucTeMbl (3.27) MOXHO MOBTOPHTB yXe mpoje-
JaHHYI0 Tpouenypy: npousdBecTH 3aMeHy (3.7) M MOHH3HUTH paHT
CHCTEMH! ellle Ha eAHHHILY.

OOGwuit ciyuaft cHCTeM, HMEIOUHX KpaTHBIE KOPHH, 3/MeMeHTap-
Hble IEeJMIUTENIH KOTOPLIX HEMpOCThie, MOKA OCTaBJISIEM B CTOPOHE.

5. MpuMep koneGaTeNbHOM CHCTEMDb!, 3TIEMEHTAPHBIE JE€JHTENH KO-
Topoii Henpocthie. [Ins TOoro uToGHl MPOXEMOHCTPHPOBATH HEKOTO-
prle 0cO6eHHOCTH aCHMNTOTHYECKHUX MPeACTaBAeHHU i pElIeHHHA H BO3-
MOXHOCTb WX NOCTPOEHHSI B TOM OoJiee CIOXKHOM ClAyuae, KOraa
KOPHH CHCTEMBI KpaTHble, HO 3/JeMeHTapHble JNEeMHUTENH HemnpocThie,
pPacCMOTPUM NpPHMEpP NHCCHMNATHBHOH CHCTEMBl C/AEAYIOLUIEr0o BHAA:

g+2(Aay+a)g+(Nai+Ab)y=0. (3.29)
XapakTepucTHuecKoe ypaBHeHHE 3Toil KoseGaTebHON CHCTEMBI
u2+2ap+a2=0 (3.30)
MMeeT IBA PaBHLIX KOPHS'
1, 2= — Q.
Jlerko mpoBepHuThb, UTO 3JEMEHTapHble AendTenu cHcteMbl (3.29) He-

npocThle.
Hns storo mocratouHo B ypaBHeHuu (3.29) caenaTh 3aMmeny

y=xi+x3, y=— Aaofg. + (1 = ao) x.
ITepeMeHHBIE X3 U X2 YLOBNETBOPSIOT CHCTEME
X =—Aax, + Ax, +
Xg=—M\ax, +

ToukaMi 0603HAUECHBI u/leHbl, MOPSIAOK. KOJOPEIX, HUXe A.
Cnenaem B ypaBHeHuH (3.29) samen¥y népemenHoro

" t
y=exp) =% [-a(t)dt } a(t.h), (3.31)
0
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POyukuua (3.31) ya0BIeTBOPAET ypaBHEHHIO
£+2a,2+A0?2=0, (3.32)

rae w?=do+a,a9 — b,.

B cncreme (3.32) BO3MOXHBI ABe pa3iuuHble cUTyaluu. Bo-
nepBbIX, MOXKET CAYUHTbCS Tak, uTo o = 0. Torna ypasHenue (3.32)
NnpuUMeT BHI

£+2a,2=0. (3.33)

O6uee pewenne ypaBHeHus (3.33) MoxkeT ObIThb BBIPaXKEHO uepes
IBe KBaApaTyphl

t £
z=A+Bfexp{ —2J'a,(1:)d1:]d§,
0 0

rie A u B — npousBosbHble mocTOsiHHbe. Takum 06pa3om, acuM-
NTOTHYECKOe NpelcTaBjieHHe oO6llero pemeHus ypaBHenusa (3.29)
B 3TOM C/1yuae UMeeT BHJ

t t 3
y=expl—7«. fao(g)dgl -[A+Bfexp{—2 fa,(r)dr}dg],
0 0
’ (3.34)

Takum o6pa3oM, B 3TOM HCKJ/IOYHTEJBHOM cJyyae, Koria o == 0,
npouenypa MNOCTPOEHHA AaCHMNTOTHYECKHX pellleHHi#l coBmajxaer
C TOH, KOTOPYIO Mbl MPHMEHANH NPH OTBICKAHHH PelLIeHUH B cayyae
CHCTEM C TMPOCTHIMH 3/J1€MEHTaPHBIMHU JeJHTE/SIMH.

Ecau Ttenepp »?(f) He obpamaercs B Hyab ana t [0, T], to
1151 TIOCTPOEHHs pelLleHHsi MOXeT ObiTb MPUMEHEH MeTOH, H3JOXKeH-
HbIi B mepBeIXx maparpadax. Mbl Ge3 Tpyma HaxonuM, (moJiaras

A.=7Lf), yto 06Ga JIHHEeHHO He3aBUCHMBIX pellleHHsl ypaBHeHHsa (3.32)
BbIpaxaioTcsi B hopme
t

expl — [ o) = n*o (0 + ...]dt{.

0

_ 1
21,0= V'm

HUrak, B 3TOM cayuae pemenusi ypasHenus (3.29) Gymyt
t

1 i '
= — =+
Y2 Ve exp 6([1a0+a1_z7t. o+ ...]dt . (3.35)

Takum o6pa3oM, acCHMNTOTHYECKHE Pa3JIOXKEHHSl B 3TOM cayyae Gy-
IyT colepxaTb NpoOHble cTeneHd napamerpa A. dtor dakT, no-Bu-
aumomy, nepsuiM yctanosua . JI. TamapkuH.
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§ 4. HeonHopoaHbie ypaBHEHHS

1. OnHo ypaBHeHue BTOporo nopsiaka. [lpeaniayuiie naparpagsl
3TO# IVIaBbl COMEpKaJH H3J0XKeHHe cnoco6oB, KOTOpble MO3BOJAIOT
MOCTPOHTh aCHMMIITOTHYECKHE NPeJCTaBJeHHA A7 GyHIaMeHTalbHbIX
pelleHH# OMHODOJHOH CHCTEMBl H, C/EJOBaTe/bHO, NOJYUHThb IIDH-
GJHXKeHHOe BblpaXKeHHe oO6llero HHTerpajsa OJHOPOJHOH YAaCTH ITHX
ypaBHeHHA. Mbl MOKeM MOCTPOHTb YacCTHOe DelleHHe HeOJHOPOJHOH
CHCTEMBI, cjenys oblleMy MeToAy BapHallMM NpPOH3BOJBHBIX IO-
cTosiHHBIX. [IpMeHeHHe TakoH MpoLeAypbl NMpHBeAeT Hac K HeobXo-
JMUMOCTH BBIUHCJIEHHS KBaJpaTyp.

OnHnako 3Ta mpoienypa Moxer ObITh ynpollleHa, ecJH Mbl Orpa-
HHYHMMCSi OThICKaHHeM nNpHOJHXKEHHOTO pelleHHs B BHIe OTpe3Ka
aCHMNTOTHYECKOrOo pfJa, PAacloJOXKEeHHOTO MO CTemeHAM MaJoro
napamerpa. OkasbiBaercs, YTO aCHMITOTHYECKOe TpeJCTaBJIeHHe
HEKOTOPOTO YacTHOTO pelleHHs HeoJHOPOJHOrO YpaBHeHHA (HJH
CHCTEMBl yDaBHeHHH) MoxkeT OrITb HAHAEHO TOJBLKO NPH NOMOILH
OJIHO# onmepauuH AHGdepeHIHPOBAHHA.

PaccMoTpiUM cHayana cayyad OJHOrO ypaBHEHHA BTOpOTo IO-
paaka

i +2hag + Moy =A% (1). 4.1
ByneM uckarb pemense B BHIe Paaa
y=A"2uo+2"3u,+ (4.2)

[TopcraBassa pan (4.2) B ypaBuenue (4.1) u cpaBHHBas Ko3pdu-
IIHEHTbl MPH OAHHAKOBBIX CTEMEHAX A, CPa3y HaXOAHUM

ho=g»
20!10
u] = - @2
= — 281t (43)
Wy '
. 2adm_y +iim—y
Uy = — — oz -

Ecau peub uaer o6 ypaBHeHHH KoseGaHHit Ge3 meMnduUpOBaHHs
§+1e?y=27 (1), (4.4)
TO YaCTHOe DelleHHe MOXHO 3alHcaTbh B KOMIAKTHOH ¢opMe
— )2 L__'__i(L) L iy R (L
y="» {0)2 war ar \or) T Wer aE o ar 0)2)]_ }
(4.5)
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2. Cuctema npou3BOJILHOrO panra. Manoxennas cxema nocrpoe-
HHSA pﬂ,lIOB, KOTOpre ABJAIOTCA q)OpMaJIbeIMPl YaCTHbIMH peme-
HHUSIMH, JIETKO PacClpOCTPAHSAIOTCA Ha CJay4ah JIHHEHHBIX CHCTEM MpO-
M3BOJBHOTO paHra. PaccMoTpuM cHcreMy

i+ (vPal + AN + L)y + (e HAPNaf T L)y, = )
= AT+ AT L
Gyt (W0 +27laf 0 + )y, + (APa) + AP laB kL) g, =
= Asfg) + as-! f(2s-l) +
(4.6)
YacTHoe peleHHe cHcTeMbl ypaBHeHHH (4.6) GyldeM HcKaTtb B BHAE

paIoB
yi=A""Puo + AP+ o

~ 4.7
Yo=2A""ug+A° o+

Jlerko Buneth, ute0 GyHKOUH u;(f) ¥ 0;(f) yHOBIETBOPSIOT Cienyio-
el cucreMe anreGpauuecKMX ypaBHEHHH:

(p) ( ($)
aituo + 02’5)00=f1 ,

(p) ( (S)
azy uo + azg)vo= f2,

p) (p) (s—1) p-1 (p-1)
attur +aBvi=f"—uafl ' — voaly ™",

(p) (p) (s—=1) (p-1 (p—=1
afur + af'vy = f$" — upafi " — voath

H T I

Ecau marpuna “ a({})“ HEBbIPOXJEHH2S, TO 3afaya OnpeeeHus
dyHRuMHA 4;(f) U v;(!) cBOAMTCH K onepamHH Ju(¢epeHIHPOBaHHUS
H TOCJeIOBATENbHOMY PpEIIEHHI0O CHCTEM aJjreGpa’HyecKHX YpaBHe-
HHH.

3. OcHoBHas Teopema. Pannt (4.2), (4.5) u (4.6) B o6meM ciay-
yae pacXOJSTCH, OAHAKO OHM HOCAT aCHMNTOTHUECKHH XapakTep H
KOHEYHble OTPE3KH 3THX PANOB MOTYT ObITh HCMOJIb30OBaHb! AJS MpPH-
GJMIMIKEHHOr0 NpPEACTaBJEHHS] YaCTHBIX pelleHHd. DTO YTBEPKAEHHE
JIETKO J0Ka3blBaeTcsi MJisi camoro obiero cayuasi. OnHako asst TOro,
yro6pl HE 3aTPOMOXKJATh H3JOMXKEHHS, Mbl NOCTYMHM TakK Xe, Kak
H NpH HCCIeNOBAaHUH ONHODONHON 3afauH, ¥ NMPOBEAEM JOKa3aTelb-
CTBO TOJABKO JJsfi C€aMOro MNpPOCTOrO cJayuyas — ypaBHeHHs (4.4).
Hrak, 10oKaxXeM CleqYIOLIYI0 TEOPEMY.

Ecau pynxyuu f(t) u o(f) docrarouroe xoauwecrtgo pa3 Oug-
pepenyupyemor na orpesxe [0, T] u, kpome TO20, CYUeCT8YET TAKASA
NOAQIHCUTEAbHAR NOCTORAKHAR o, 4TO 0an awboix t < [0, T)

o Za,
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10 ypasnenue (4.4) donyckaer wacTHoe peluenue euda
y=2Z(u () + 22, () +  +A" U+ A7 (), (4.8)

ede pynxyuu u;(t) onpedesaroTCst pABEHCTBAMU

b= (L), (4.9

a ¢pyukyus n(A, t) oeparudena dasn arboeo t [0, T] npu A — oo.

Idas mokasaTtenbcTBa COCTaBHM ypaBHeHHe, KOTOPOMY YHOBJe-
TBopsietr dyHkuus (A, f). IloacraBass psan (4.8) B ypaBHeHue (4.4)
H ucnonb3yst popmyant (4.9), nonyuum

i+ A2 =A%y, (4.10)
rae "
Up—
L’ (t) =TT an ?

Iasi noka3aTenbCTBa TeOpeMbl HaM JOCTAaTOYHO MOKa3aTh, YTO
aio6oe uacTHoe pelleHHe ypaBHeHus (4.10) paBHOMepHO orpaHu-
yeHo Ha oTpeske [0, T] npu A — oo.

3ameTum, uto HyHKuHUA P(f) He 3aBHCHT OT A: OHa olpefensieTcs
NoNHOCTbI0O (PYHKUHAMH @, [ ¥ X nponsdBogHbiMH. CiemoBaTenbHO,
cyuiecTByeT Takasi noctosHHas P >0, yto mas aoboro ¢t < [0, T]

() 1< P.

O6o3Hauum uepe3 A BpOHCKHAH 0GOUX JHHEHHO He3aBHCHMBIX
pelleHH# ypaBHEHHs

i +A20%n=0.
CunenoBatenbHo,
A=‘ N M2
M

DYHKIHH My U Mg, COMVIaCHO pe3yJbTaTaM NPeABLAyLlMX naparpa-
¢$oB, HMEIOT ClelyIollHe NpeACTaBleHH s:

n (¢, A)=sin {7\. f ® dt} D, (¢, A), \
0 :

t (4.11)
(¢, 7\.)=cos{7\. j (odt}d)'z(t,l.), ‘
0

rae ¢ynkuuu. @y 1 Oy orpaHUYeHbl NpH A — oo,
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Hcnonbsys nanee ¢opmyay Jlarpanxa, Bbinuumem obliee peiue-
HHe ypaBHeHus (4.10)

t
n=n+2 [ Lon@-n@uoene @)
0

rie n* — peiueHHe OJHOPOJHOTO ypaBHEHHH.
[NpunuMas Bo BHMMaHHWe paBeHcTBa (4.11), omeHUM BeJaHUHHDI,
Br.osaumue B (4.12). Boiuncaum

A=x(%+m4ﬂu,my

rae Fi(t, ) — pyHKIHA, OrPaHHUYEHHAA NPH A — 0o, C/ieJOBATE/EHO,
MOXKHO HAa3HAUHTb TaKoe Ag, UTO I BCEX A>Ag

1 1
7 Al<4g-
Ha 3TOM OCHOBaHHH NOJy4aeM OLEHKY

1 -
181> (5 = AP W)= 5

®yukuua n* onpelensieTcs HayaJbHBIMH YCJIOBHSMH: OHa 3aBHCHT
oT A, HO, cornacHo semme II § [, n. 3 cyuiecTByeT Takas mocTosiH-
Has C, He 3aBucsllas OT A, UTO

In*|<C.

Tak kak QyHKUIHH N1, N, Dy, @2, ©® U ® OrpaHHYEHHbIE CO CBOMMH
npou3BonHbiMH nipu t & [0, T] u A — 0o, TO MOXKHO Ha3HAaYHTb TaKoe
ypcao D, uto ans Bcex A > Ao Gyler

Im|<D, |n2|<D, |®|<Durt n

Torna Ha ocHoBaHHH (4.12) 6ynem HMeTh C/IeldyIOLIYIO OLEHKY:
t T t I
J' sin| A J' o dt,
0 Lo A

q)| (T) dx

¢
J' Ccos
0

+

n”<c+2m0{

@, (v) dv

+

hfmw,
0
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OluleHnuM HHTErpajH, BxoJsliye B NMPaBYI0 4aCTb HEepPaBEHCTBA; HH-
Terpupys Mo 4acTsM, MOJYYHM

. _
=| [ sin j o (®)dt | D, (v) dr |=
0 L. o -
o, -
|1 (1) , Di(0)
= Tl—cos A!mdg (t)l(t) too
A TR
+fcos A od Wdf} <
0 - 0

{ +J’20 ] 20(14__)

AHa/OrMYHyl0 OlleHKY MoJyd4aeM M AJs BToporo uurerpaja. CoGu-
pasi 5TH OLeHKH, HaAXOAHUM CKOHYATeJNbHO

Ini<c+8p?(1+28).

KoncraHTa, cTosilias B NpaBofl yacTH HepaBeHCTB, He 3aBHCHT OT A.
Teopema nokasaHa moJiHOCTBIO. MeTol n0Ka3aTe/bcTBA Ge3 KaKHX-
160 CcyliecTBeHHbIX M3MeHeHHH MepeHOCHTCs M Ha oOwuA cayvai.

4, Cayua#t, Korja BHEIIHHE CHJBI OCUMJANUPYIOT. PaccmoTpum

ypaBHeHHe
t

ir (k@) at
J+2ay+r’y=2A(t)e © (4.13)

YpaBHenne (4.13) saBaseTcs NpUMepoM, Ha KOTOPOM Jerko Mpoje-
MOHCTPHPOBaTb BCce OCOGEHHOCTH aCHMNTOTHYECKHMX NpeacTaBJeHHi
B TOM cJydyae, Korja NpaBas 4acTb NpeicTaBasieT coGoi 6LicTpO

OCLUWIJIHPYIOILYIO & YHKIHIO.
YacTHoe pewleHHe ypaBHeHHs (4.13) GyfeM HCKaTb B BHIe

t
y=2(t, A)expli?t jk(t)dt],
0

ans QyHKUMH z(f, A) MOJyuHM cJjedylolee ypaBHeHHe:

24+ 2irk () 2+ irk () 2 — A2R%2 +
+2a (2 + ik (f) 2) + Moz = A% (£). (4.14)
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ITpeanonoxum cHauana, uyro 2(f, A) — QyHKUMA, KOTOpam H3Me-
HAeTcsi MeAsneHHO. Ilpyrumu cJoBaMu, npumeM, 4to

2t =2+l +... (4.15)

Torma nns ¢yHKuuit 2;(¢) Mb HWMeeM cJeaYiOlllHe YpaBHEHHS:

(@*(t) — k2 (1)) 20 =[ (),
(@2 (t) — k2(¥)) 2, = —izy (£ — 2ak), (4.16)

®opmyabl  (4.15) MN03BOAAIOT NOCAENOBAaTENBHO BbIYUCAHTBL BCe
ujeHbl pa3noxeHus (4.15), ecan TObKO Ha paccMaTpuBaeMOM MH-

TepBaje BpeMeHH
k(t)+w(l).

Ecau ectb xorsa 6bl 0fHa Toyka {={*, rje
k(t*)=o(t*),

10 H3JIOXMeHHasi mpoueaypa tepsier cMmbicia. CjieloBaTeNbHO, B 3TOM
cayuae ¢yHkuuio 2(¢, A) yKe HeJab3sl CYMTATb MeLNEHHO M3MEHsSIO-
uiefica.

Jng nocTpoeHuss aCHMNTOTHKH B 3TOM Cjaydyae pacCTpoilky Gy-
JIeM CUHTaTh MaJoil. [Ipyrumu cioBaMu, MoJOKHM

w?(t) — R2(1) ="y (), (4.17)
a ¢yHKuHio 2 6ylemM HCKaTb B BHle
2(t, A)=Azo+21+A 122+ (4.18)

[Moacrasasa (4.17) u (4.18) B ypaBHeHus (4.14) u cpaBHuBas Ko-
3¢ (UUHEHTB! TPH OHHAKOBbIX CTEMEHAX A, PHXOAHM K CJIELYOLIHM
ypaBHeHUsIM, KOTOpble MO3BOJAT OMPENeNHTb UJeHbl pa3foXKeHHs
(4.18):
ikzy+ (ik+ ¢+ 2ak) 2o =,
} (4.19)

2ikz; + ik + ¢ + 2ak) 2, = — 2, + 2a3,,

Ka)kpoe W3 3THX ypaBHEeHHil sBAsieTCS QObIKHOBEHHBIM JIMHEHHbIM
anddepeHunasbHbIM YpaBHEHHEM NMepBOro Mopslika M ero peueinue
MoXKeT ObITb MoayueHo B kBajpatypax. Tak, HanmpuMep, yacthoe
pellieHHe NepBOro M3 ypasHeHHfi cuctembl (4.19) nmeer Bua

t t
20= [ (&) exp {— [o@ d;} dt, (4.20)
0 13
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rae

1@ _kE+xE)+2a@)k ®
‘b (g) 2k (E) ’ P (g) - 2k (g)

Ecnu orpaHHudTbCsi MEPBbIM YJIEHOM pasJioXKeHHsd, TO 4acTHOE
peluenne ypaBHeHHsa (4.13) Mbl IpeacTaBUM B Buje

t
y=2,(t) exp {m j k() dt]. (4.21)
0

Ecau ¢yHkuuu, Bxoasiue B ypaBieHue (4.13), 6yAyT mOCTOSHHbIMH
BeJuuMHaMH, To dopmyaa (4.20) mepexoAHT B HU3BECTHOEe Bbipaxe-
HHe, OMHUChiBalolllee pe3OHAHCHble IBJEHHSI B KosebGaTeqbHbIX CHCTe-
Max C NMOCTOSTHHBIMH MapaMeTpaMH.

Hasa toro yro6ul B 3T0M y6eauThes, nonoxuMm k=0. Kpome Toro,
npuMeM aiaa npoctothl, yto x=0, a=0. Toraa ¢=0 H, caenosa-
TeJBHO,

y == texp{iMkt). (4.21)
PaccMOTpHM Telepb ypaBHeHHe
t
j + 2a5 + A%y = A% () cos {7\. f k(t) dtl .
0

IMTonarasa

t —
cos {Afk(t)dtl=3li—
0 L
H HCIIOJIb3Y A JIHHEe HHOCTD 3ajgaydyH, IMOJOXHM

y=um + Yo
rjge y; U Yp— 4aCTHbIC PEIICHHUSA ypaBHEHHﬁ

t t 1
exp {m 10 dt]+exp {—m j k() dtl |
0 0 2

¢
§ + 2ay + A%y = A% () exp {ii\. j k(%) dt] ,
0

t
§+ 2ay + Mo’y = A% (f) exp { — A I k(t) dt} ,
0

Fo=12-

Mrak, Mb NpPoAeMOHCTPHPOBANH MPOLEAYPY MOCTPOEHHS aCHM-
NTOTHYECKHX [peJCTaBJeHHA YacCTHbIX pelleHHH HeOJHOPOAHBIX
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ypaBHEHH#H, KOrjla BHEIIHHE CHJBbl SBJIAIOTCA OCLHIJHPYIOLIHMH
({YHKUHSIMH BpeMeHH. Mpbl OTPaHHUHAHCh TOJBKO TeM CJayuaem,
KOrja cHCTeMa HMeeT OJHY cTeneHb cBo6Gojbl. Bce mpoBeneHHble
paccyX/JeHHsi PacIpOCTPaHSAIOTCH H Ha MPOU3BOJbHbBIE JTHHEHHbIE CH-
CTeMHl BHAA

t
G=RA(, Ny+ftyexplir [ k(p)dtl, (4.22)

Tae y u [ — BeKTOpbl pa3MepHocTH n, A — MaTpuua
A(t, A)=Ap(t) +A"A, (1) +A245(8) + ...
Ecau vu anas kakoro t [0, T] ksp;, rae p; — KOpPeHb ypaBHEHHS
| Ao — pE| =0,

TO pacyeT YaCTHOTO pelleHHsi ypaBHeHHs (4.22) CBOAMTCA K mocJe-
JOBaTeIbHOMY peLIeHHIO CHCTeMbl anre6panuecKHX ypaBHEHHH; ecsH
nJsi Hekotopbix t & [0, T] k=p, To Mbl HMeeM pe30OHaHCHBIH cayuai,
H pacyeT acCHMNTOTHYECKHX NpeAcTaBJeHHA MPHBOLHUT K HeoOXonaH-
MOCTH YHCJEHHO peliaTb HEKOTOpYIo cHcTeMy AH(depeHUHATbHBIX
ypaBHEHHH.

§ 5. OOmmi cayvail JUHEHHOH cHCTeMbl MPOH3BOJIBHOrO MOPAJKa

1. OGuiee peuleHHe OJIHOPOAHOH CHCTEMbl B TOM Cjy4yae, KOraa
KOpHu mpoctbie. [Ipenniayiive nmaparpadnl cogepxkaJji H3JN0KEHHE
MEeTOJOB MOCTPOEHHS AaCHMITOTHUECKHX pellleHHd aas auddepen-
IIHaJIbHBIX YpPaBHEHHH BTOpOro nopsiika. Mbl moKa3aJi, YTO HpPH H3-
BECTHBIX OTPaHHYEHHSX, HAJOXKEHHBIX Ha KO3Gh(HIIHEHTBl 3THX YpaB-
HeHH#, uX obliee pelieHHe MOXKeT ObIThb BLIMHCAHO B ¢opMe KBajpa-
Typ. B HekoTOpbix clyyasx OHO MoxeT ObITh BBINMCAHO AaXe B
SIBHOM BHJe.

TakuM o6pasoM, Mbl ONVYHIAH 3PDEKTHBHOE CPEACTBO pelleHHs
3agauu Komn ansi cuctem BTOporo mopsiika. B ogHoM ciyuae Mel
paccMOTpeJsiH TaKxkKe CHCTeMY YeTBepTOro nopsjka.

HManoxenHas Meroauka G6Ge3 KaKHX-JTHOO OC/NOXHEHHH, MepeHo-
CHTCH M Ha OOLIH# cayyaH cHCTeM JIHHEHHbIX OGBIKHOBEHHBIX AHG-
(depeHUHaANbHBIX yPaBHeHHH, coaepxallux Goabwo# mapametp. [o-
3TOMY IpPH H3JI0XKeHHH OOllero cayyas OrPaHHYMMCS TOJbKO Kpart-
KO#H CBOJKOH NMPaBHJ MOCTPOEHHs] MPHOJNHKEHHbIX PelleHHH.

CucteMy n-JHHeHHBIX YPaBHEHHH MNePBOro Mopsiika

j+Ay=0, (5.1)
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rae y — BekTop-®VHKuus pasmepHoctd n, a A=l|la;;ll — kBanpar-
Hasi MaTpHUA, yCJOBMMCsi Ha3blBaThb CHCTEMOH paHra R, ecin Ma-
TpHua A nmeer Bui

AN, t) =AM (AR(E) +A1TARD(E) +
cFATARI () FATIHE ) (5.0)

3fdecs A() — MaTpuubl, 3/1€eMeHThl KOTOPBIX 3aBHCAT TOJNBKO OT Bpe-
meHu, a Matpuua H(f, A) ocraercs orpaHHYeHHOH NpH A — oo AAf
aio6oro t = [0, T]. [peanonaraercs, uto Matpuua A® HeBbIpOXK-
HeHHasl.

YactHble pemieHus cucteMul (5.1) OymeM nckaTb B BHIE

t
Y= exp | j M () + A () + . .o+ Mgy ()] dt} z(A, t), (5.1)
0

rie p — KOpeHb XapaKTepHCTHYECKOTO ypaBHEHHUS
| A® +pE| =0, (5.3)

E — eannuuynasi matpuua. [lpennosnaraercsi, uto ypaBHeHue (5.3)
umeer Ha BceM otpeske [0, T] pasnuuHbie kopHu. HoBas HCKoMasn
(QYHKLHA 2 HLUIETCH B BHAE

z(M, B =2 () +A"'2 (D + ... (5.4)

Llenb anroputMa COCTOMT B TOM, 4TOGBl yKa3aTb mpoLecc, KOTO-
pblil KaXXJOMY KOpHIO ypaBHeHHSi (5.3) CTaBHT B COOTBETCTBHE MpPH-
6aKeHHOe (aCHMNTOTHYECKOE) BbiPaXXeHHe YaCTHOTO pelUeHHs CH-
crembl (5.1).

[TpoBenem BHuHCIeHHs s cayuas k=2. Iloacrasnsa pasno-

xeHust (5.2) u (5.4) B (5.1), monyuum caepyioLiHe YpaBHeHHsI
OTHOCHTE/NBHO HCKOMBIX BEeJHUHH:

(A® + uE) 29 =0, (5.5)

(AD 4 pE) 20 = — (A 4 pE) 2®, (5.6)
(A®+pE) 2@ = — {704 (AN + pE) 21 + AOZ0) (5.7)

Tak kak p(f) — KopeHb XapaKTE€DHCTHYECKOrO YPaBHEHHSI 3TOH CH-
CTEMBI, TO OHa pa3pelliiMa, H KOMIOHeHTH BeKTopa 2 MoryTr GLITH
onpejesieHbl C TOYHOCTbIO A0 MPOH3BOJILHOTO MHOXHTeas. [locien-
Hee 3KBHBAJIEHTHO TCMY, YTO OJAHA H3 KOMIOHEHT Bekropa 2
ocTaeTcsi HeoNpele/NeHHON (HampHMep, 2(10)), a4 OCTaJIbHbIE MOryT

6bTh uepe3 Hee BbipaXKeHbl,
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B camom nene, cucrema (5.5) MoxeT ObITb Tenmepb nepenucaHa
B CJIEeqYIOLLEM BHAE:

2) 0) (2) »(0) = — ) 0)

(0 + )20 +aR20 + ... = — a2,
2) »(0 2 (0) = — 20

a@2) +(af +w)2P + ... = — ap2?, (5.8)
2) »(0) 2 0) — — 2)x(0)

aBzd + ... +(a@ +u1)2Q = —a?2.

O6o3snaynm yepes Aj; anre6panyeckHe AOMONHEHHS 3/1EMEHTOR Nep-
BOi cTpoKH omnpejenautenss (5.3); torma peuieHHs cucteMbl (5.8)
MOXHO NPEACTaBHTb TaK:

A
20 = —T:’:—z(lo) k=2, 3, ..., n). (5.9)

Paccmorpum Tenepb cucreMy (5.6). ITockoibky omnpeaenutenb
3TOH CHCTEMBl PaBEH HYJIO U PAHT €€ MAaTPHLUBI, MO NPEANON0XKEHHIO
(KpaTHble KOPHH OTCYTCTBYIOT), paBeH n— 1, TO /sl pa3pelInMOCTH
cucteMbl (5.6) Heo6XOAMMO M AOCTAaTOYHO, UTOGLl PaHr pacClLIHPEH-
HOM MaTpHubl (MaTpHUbl ¢ 106aBJAEHHBIM CTONGLOM NMpaBbIX yacTek)
Takxe Obls1 paBedH (n— 1).

Paur Matpuubt A+pE pasen n— 1. CirenoBaTenbHO, MEXAY
3/IEMEHTAMH €€ CTPOK CYLIECTBYET JIMHEHHAs 3aBHCHMOCTb, KOTO-
pyIo, eciM BOCNO/Nb30BATbCs Pas/ioxeHHeM onpenennrens |A@4pk|
M0 3J€MEHTaM NepBOH CTPOKH, MOXHO 3aNHcaTb, HalmpHMep, cJe-
LYIOIHM o6pa3soMm:

a® 4 p=cad + c,ad + +¢,a3, (5.10)

A/x
THe BeMMUHHB ¢;= — 7.

CanepmoBaTenbHO, /5 paspemiuiMocTH cucteMbl (5.6) Heo6xoauMO
M JOCTAaTOYHO, YTOObI MEXAY 3JeMEHTaMH cTonbua, CTOSLIEro B
NnpaBoi YacTH, TaKXKe HMesna MecTo 3aBHcUMOCThb (5.10)

(al) + 1) 20 +af2d 4 ... +afz) =
= ¢, {af)2" + (a@ +p,) 2 + +afz0} +
+ ¢, {afz? + +(a® +u,)20). (6.11)

Ecan tenepp 3amenuts B (5.11) Beqnuunb 290, 20, ..., 29 ux
BbipaXKeHusMH (5.9), To BeNHuHMHA z§°’ MoXeT ObiTb BbIHECEHA 3a
ckOGKY H Ha Hee MOXHO COKPaTHTb, MOCKOJbKY Hac HHTEPECYIOT
HeHyneBble peuieHusi. B peaynbTaTe Mbl NONYYHM COOTHOLUEHHE, KO-
TOpoe sBjsieTcsi anre6panyecKHM YPaBHEHHEM MepBOil CTeNeHH OT-
HOCHTE/NbHO HEH3BECTHOH BEJNHYHHBI pj. 3aMETHM, 4TO GYHKUHSA Ofn-
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penessieTcsi ToAbKO KoaddHUHEeHTaMH MaTpuubl W (¢) W He 3aBHCHT
oT BekTopa 2.

OnpenennB BeJHYMHY W), Mbl MOXKeT Telepb BbIPa3HTb KOMIIO-
HeHTol BexTopa 2 uepes dyHkuuio 2 (f). Tlpn 3TOM KOMNOHEHTHI
BekTopa 2(0(#) cHoBa MOryT GbITb OnpejesneHbl ¢ TOYHOCTbIO 0 Mpo-
H3BOJbHOH (YHKUMH. B KauecTBe Takoi MNPOH3BONBHOH (YHKUMH
MoXeT paccmaTpuBaTbes GyHkuus 2{P(¢). TlepeiimeM Tenepb K cH-
creMe (5.7). BrinuiieM ycjoBHe ee pa3peUIHMOCTH

(0)

Tt +ald-
= cz{d:—%m + a2 + + a&{zﬁ”} +
420 '
+ ¢ {d—'; + a920 + + agg;zgg)}.
(5.12)
Uckaouas 2z, 2, 29 wu3 (5.12) npu nomomwwm (5.9), nony-

yaeM OJHO ypaBHEHHe OTHOCHTEJbHO HensBecTHOH GyHkuun 2z (f).

D10 ypaBHeHHe OGyAeT JHHEAHBIM NHO(epeHUHaNbHBIM YpaBHEHHEM
nepsoro nopsiaka. CiemoBaTtenbHo, ero peuleHne GyaeT COmepXKaTb
OJIHY MPOU3BOJbHYIO MOCTOSHHYIO.

YpaBHeHust cjelyOUHX NPHOIHKEHHH HaM NafiyT BO3MOXKHOCTb
onpefeants Gyukunu 2, 2®, ... w 1. 1. [aa onpeneneHus 3THX
GYHKUHH MBI KaxkAbii pas OyzeM noayuaTb auddepeHUHaNbHbIE
ypaBHeHHsi nepBoro mopsnka. CjemoBaTesibHO, Ha KaXXJOM wiare
y Hac GYAYT NOSIBAATbCS HOBBIE NMPOH3BOJbHBIE MOCTOSIHHbIE, KOTO-
pbie MOryT GbiThb BbIOPaHBI M0 HallleMy yCMOTpPeHHIO. 3adaB HX Ofl-
peleseHHbIM 06pa3oM, MBI NPOCTO (HKCHPYEM HayaJjibHble 3HAUEHUS
AJSl TOFO BEKTOpa 2, KOTODPHIA onpefensieT 4aCTHOe pellleHUe, COOT-
BETCTBYWOLee BLIOPAaHHOMY 3HaueHHIO KOPHSl XapaKTepPHCTHYECKOro
ypaBHeHUs.

Tak kak nofo6Hble pacCyX/[JeHHs MOXKHO MPOBECTH LJfl JOOOro
KODHSl XapaKTepHCTHYECKOro YpaBHEHHS H, MO MPEeAlNoNoXKeHHIO, BCe
€ro KOPHH Pas3/H4YHbI, TO H3JIOXKEHHbI npolece no3BoJsieT NOCTPOHTD
MOJIHYI0 CHCTEMY JIHHEHHO He3aBHCHMBIX pelleHHHA cucteMbl (5.1).

2. Cayyaih KpaTHbIX KOpHeH. 3aJaya CTaHOBHMTCS 3HAYHTENbHO
CJIOXKHEe, eC/H Cpelld KOpPHEH XapaKTEePHCTHYECKOrO YPaBHEHHS eCTh
KpaTHbie. B 3TOM cayyae NpHXOAHTCA HCHO/NBL30BATb PAaCCYXIEHHs,
aHaJorHuHble TeM, KOTopble OblJIH npoBelleHbl paHee LIS cayyas
ypaBHeHUs1 BTOPOro Nopsiika.

Ecnn Mbl HMeeM CHCTEMY paHra R u HekoTopasi GYHKUHS pu(?)
fIBASIeTC KPAaTHBIM KOPHEM XapaKTepPHCTHUECKOrO YpaBHEHHs, HO
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TaKHM, YTO €My COOTBETCTBYeT MPOCTOH 3JIeMEHTapHBbIH JeNHTeNb,
TO peuleHHe ypaBHeHHsi (5.1) Bcerma MOXKHO HcKaTh B dopme

gt n=e MNP0 ). (5.13)

Bekrop 2(f, A) 6yner yHOBJeTBOPSATH CHCTEME TOro e IOpsJKa,
HO paHr cucteMbl GyAeT Ha eIuHHLNY HHXKe. Ecau xapakrepHucTHye-
CKOe YypaBHEHHe 3TOH HOBOH cHcTeMbl He OyJeT HMeTh KPaTHbIX KOp-
HeH, TO, HCNOJbL3YA OOLLYIO METOJHKY, Mbl MOXKEM JOBECTH 3ajfauy
Io koHua. Eciln okaxeTcsl, 4TO XapaKTepUCTHYECKOE ypaBHEHHE CH-
CTEMBI

i+B (), t)z=0, (5.14)

KOTOPOH YAOBJIETBOPSIET BEKTOP 2, HMEeT KPATHbIE KOPHH, TO MBI MO-
)KeM MOHM3HUTh ee PaHT, CHOBa IpHMeHssi mpeo6Gpa3oBaHHue (5.13).
Takum o6pasoM, ecsiM 3JieMeHTapHble JMEJHTENH OCTAaloOTCs IMpo-
CTBIMH, TO MOCJeJOBaTeNbHOe [IDUMeHeHHe mpeobGpaszosaHus (5.13)
HCYepNbIBaeT 1pobieMy.

Ecin sneMeHTapHuble AeNHTENH He MPOCTble, TO AeT0 MOXeT 06-
CTOSITh COBeplLIeHHO HHaue. ITpuMep, KOTOPBIAI OB paccMOTpeH B
KoHIe § 3, moKa3biBaeT, 4TO B 3TOM CJyyae He BCe CJaraemble CTap-
Ilero paHra OKa3blBalOTCs CKOMIEHCHPOBaHHBIMH. B 3tom ciyuae
Mbl CTaJKHBaeMCA C aJbTepHAaTHBOH: JHOO Ko3pdHIHEHTH ypas-
HEeHHUsl TaKoBbl, UTO mocJje npeo6pa3osanus (5.13) xkoadpdumuenTs!
NpH 4WieHax CTapllero paHra o6pamaioTcs B HyJb, JH60 OHH B HYJb
He obpalaloTcsi. B mepBoM ciyyae paHr CHCTEMBl OKa3blBaeTcs IO-
HHXKEHHBIM Ha eHHHIY H Mbl MOXeM MpPOJoJKaTh NPOLecC AaJblie.
Bo BTOpOM c/iy4ae Mbl TaKiKe MOKeM MOCTPOHTb aCHMITOTHYECKHE
Npe/JCTaBJeHHsl, HO DU 3TOM pellleHHs yiKe MPeJCTaBAAIOTCS B BHAE
PSIIOB, PACHOJIOXKEHHBIX MO APOGHBIM cTemeHAM mapamerpa A. He-
KOTOPbiE BOMPOCLI TEOPHH JJfl 3THX CHelLHaJbHbIX ciaydyaeB OYyAyT
M3JI0XKEHbl B OJTHOM H3 cjefylouiux maparpacdos.

3. YacTHbie pelieHHS HEOAHOPOAHBLIX CHCTEM. PaccMoTpuM Te-
nepb HEOJHOPOJHYIO CHCTEMY

y+Ay=x, (5.15)
rje X — BeKTOP-QYHKIHSA BPEMEHH
x(t, A) =APxp (L) + AP Xy (£) +

a matpuua A umeer Bug (5.1).

Ins Toro yto6bl HalTH o6llee pellleHHe ypaBHeHHus (5.15), Ham
HEOGXOMHMO MOCTPOHTh aCHMOTOTHYECKHe MPeJACTaBJIEHHs JJisl 4act-
HOTO pelleHHst 3Toro ypaBHeHHs. [lis aToro Moxer' GBITH HCNOJb30-
BaHa CXeMa, H3/I0XKeHHas B npeablayuieM naparpade.
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Himem pewenne B Buae psia
y(t, A)=Ar~RzD) 4 pAP—2-12@) |
rae GyHKUUH 2() yAOBJIETBOPSIOT CACAYIOLIHM CHCTEeMAaM ypaBHEHHI:

AR =X,
AR 22 = AR-D 1) 4 Xpet,

AP Pkl o g3 4 A1 2B Yt x

B stom maparpade Mbl OCTaHOBH/IHCH TOJLKO Ha (POpPMaJILHOH
cropoHe Bompoca. OnHaKo MOMXHO J0Ka3aTb, YTO MPU H3BECTHBIX
YCAOBHAIX Ti1afkocTH Marpuusi A Bce paccyxjieHus 3Toro napa-
rpada MOTYyT ObiThb CAesaHbl BMOJHE CTPOTHMH: MOJYUYEHHblE PAALI
ABJISIIOTCHA ACUMINTOTHYECKHMH.

§ 6. 3amaya o NBHMXKEHHM THPOCKONAa MOA AeHCTBHEM
MOMEHTA, H3MEHSAIOILEroCs 30 BPEMEHH

1. Buison ypasHennid. Mbi y)Ke ToBOPHJIM O TOM, UTO METOABI,
H3JlaraeMbie B 3TOH rJiaBe, HaXoAAT pa3HooOpa3Hbie MPHIAOKeHHs
8 ¢usuke n texnuxe. OfHa U3 NepBbIX 3aay MeXaHUKH, PaccMo-
TPEHHBbIX ACHMNTOTHYECKHMH MeToAaMH, Obla 3agaya O ABHXKEHHH
rupockona McA AeACTBHEM OMPOKHALIBAIOLIEr0 MOMEHTa B MpeAno-
JIOXEHHH, YTO 3TOT MOMEHT Me[J/eH:0 H3MEHseTCa co BpeMeHeM. J1a
3ajlauya BO3HHKJIa B cepeauHe XIX Bexa B cBA3u C MosABJISHHEM Ha-
pe3Hoil aptuasepuu. Hape3nl Ha BHyTDeHHEH NOBEPXHOCTH CTBO.JA
NPHAAT ClAPAAY BpallaTeabHOE IBHXEHHE BOKPYT OCH CHMMETPHH.
Bnaronaps stomy cHapsa npHoOpeTaeT rHPOCKONHYECKYIO cTabuH-
3auui0. Kpususia TPaeKTOpPHH CHapsiia oObiYHO Majia, a U3MeHeHHe
yrjoBofl CKOpOCTH BpAULEHHUs 3a CYeT TPeHHS O BO3AYX He3Hauu-
TeqbHo. Bor noueMy Asns o6bAcHeHHA PasiHuHbBIX ocoGeHHOCTEdH
ABHXEHHS apTHAAEPUHCKOro CHapstla MOXHO HCMOJAb30BaTh TEOPHIO
cBoGoHOTO rupockona. IlepBast Teopust ABHKEHUS apPTUIEPHACKOTO
cHapsja, HCMOJb3YIOLas TaKkyl KOHLeNuuto, Oblia co3faHa B cepe-
IWHE NMPOLIJOro BeKa DPYCCKHM apTHANEpPHICKHM TreHepasoM Maiies-
ckum. OjHako B ero pafoTax napaMeTpsl IHpockona (cHapsia) Bo
3ce BpeMsi ero JBHXEHHS CYHTAJHCh NocTossHMbIMH. Kanutan ¢pan-
nysckoit aptuanepun e Cnapp Oula, no-BUAUMOMY, MEPBHIM, KTO
0TKa3asacsi OT NGA00HOTO NPEANOIOKEHNHs H PAsBHA TEOPHIO, MO Cy-
utecTBY 6JKM3KYIO K TOH, KCTOPasi Pa3BMBAaeTCs B 3TOH IViaBe,

Mmb Oyjem paccMatpiBaTh KJaCCHYeCKylo 3ajauy Jlarpasma —
ITyaccoHa © JBHMKeNHII OCECHMMETPHUHOrO BOJYKA, HEMOJBHIKHAs
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TOYKA KOTOPOrO JIEXKHT Ha OCH COGCTBEHHOro BpaulleHus. [Ipeanosa-
raercs, 4YTO €ro [ABHXKEHHE MPOMCXOJAHMT MOJd AeHCTBMEM ONPOKHIbI-
Balouiero MoMeHta M, HanpaBJeHHOTrO MEpPMEHANKYJISPHO MIOCKO-
CTH, mpoxojsilieil yepe3 ero ochb
CHMMETPHH, HanpasJjieHHe KOTO-
po¥i onpefesisieT eIMHHYHBIH BeK-

€° Top E0 (puc. 40).

v 0O603HauuM uyepes Q MrHo-
BEHHYIO YFJIOBYIO CKOPOCTb TH-
pockoma, uYepe3 @ — CKOPOCTb

f COGCTBEHHOTO BpaLleHHs

®=0g. (6.1)

z°

g Y Tlosnoxum
T 4 Q=0+0;. (6.2)

Puc. 40. PaccMmoTtpuM noapoGHee, uTo

co6oil nmpeacTaB/seT BEKTOP ®j.

BpalueHue rupockona MOMKHO paccCMaTPUBATh COCTOALIMM H3 ABYX

BpallaTeNbHBIX [BHXKeHHHA: cOGCTBEHHOrO BpalUEHHUs BOKPYr BeK-

topa & u BpaumieHus Bektopa &°. TakuMm o6pasoM, @ — 3TO MrHo-
BeHHas YrJoBasi CKOpPocThb BekTopa E’.

. o
Besaununna dg%/dt — ckopocTb KOHLa BekTopa EC. a§
Tak kak &) — eIMHHYHBI BEKTOp, TO di
g o |
dt —(‘)lt ) I
rae v0 — eIMHUYHBIH BEKTOP KacaTesbHO#l K rolo- 7°

rpagy Bektopa & (puc. 41), a o — abconoTHaA
BEJMUYHHA BeKTOpa ®). Tak Kak t°— eJHHHYHBbIH
BEKTOp, TO

d 0
P I (6.3)
dt &
BekTop @; MrHoBeHHOi YrJOBOH CKODOCTH Bpallie-
HHA BekTopa E’ mepmeHAMKYJspeH MJIOCKOCTH, MPO- Puc. 41

xolslleli yepe3 BeKkTop E° M BEKTOP JMHEHHON CKO-
poctu ero KoHua. CjieJloBaTesIbHO, HampaBJeHHe BeKTOpa @; COBMa-

Jaet C HampaBJeHHEM BEKTOpa
dg
E X5 (6.4)

C apyro# ctopoHbl, 06a BeKTOpa, BXOAsLHE B 3TO MPOH3BeAEHHE,
nepneHAHKYIApHbL ApYyr Apyry. [losTomy

o |-
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ConocraBnsis 310 paBeHcTBO ¢ (6.3), Mbl y6exzaaeMcs, 4To M MO
BeJHYNHE, U MO HanpaBJieHHIO BEKTOD @) COBNAaJaeT C BEKTOPOM
(6.4). Uraxk,

‘é

=5 X — (6.4")

M, C/le[I0BaTebHO, BEeKTOp @ MoxeT ObiTb NpeAcTaBJeH cjaeaymolleil
bopmyaoii:
Q=B+ 80 x &, (6.5)

CocTaBuM BbIpaxKeHHe AJs KHHETHYECKOro MOMEHTa rMpockKona
K=/Q,

rae J — rensop uHepuun. OGosHauum uyepes A 3KBaTOpHA/bHBIH,
a uyepe3 C — nossipHbii MOMEHT HHEPLHH PacCMaTPUBAEMOrO CHM-
MeTpHuHOro rupockona. Torga o4eBHAHO, YTO

K=A0,+Co.

OnucbiBaTh ABMXKEHHE THpocKona OyLeM NpH MOMOLIH ypaBHEHHS

MOMEHTOB

dK
=L (6.6)

rie L — mMomeHT BHemHeit cunbl g(f). Bynem cuurath, yto 3Ta
CHJla NMOCTOSIHHA MO HampaBJ/eHHIO, KOTOPOe 3afaeTcsi €IHHHYHBIM
BekTopoM 2°. Torna MOMEHT 3TOil CH/IbI OTHOCHTENbHO HEMOJBHIKHOMH
touku 0 B6yzner

L=1g(t)(§* X —2%) =x(t)(2° X §). (6.7)
Bbiuncaum tenepb d K /df. [Insi 3Toro 3aMeTuM, 4to
do, 4280 do g
TG T e 68

Ucnonbays Boipaxkenus (6.7) u (6.8), MoXxHO nepenHcatbh ypaBHe-
nue (6.6) B Buae

AR xEE)+c(Rr+od)—x@xE). 6.9

YpaBHeHHe (6.9) — oflllee BeKTOpHOE ypaBHeHHe, OMYCbIBalollee
BpaulatenbHoe ABHXKeHHe rHpockona COCTaBUM KBMBAJIEHTHYIO eMY
CHCTEMY CKaJIIPHBIX ypaBHeHHuil.

O6o3HauuM yepe3 ¥, ¥ U 2 MPOEKiUH BeKTOpa & Ha HEMOABHK-
e och Ox, Oy u Oz (cMm. puc. 40), cBs3aHHblE C HENCABUMKHON
toukoit O. Cuctema xoopauHat Oxyz BBeleHa Tak, uto ocb Oz co-
BMajaer ¢ HanpaBieHHEM AENCTBYILLEH CUJIbL.



332 ACHUMIITOTHYECKHE METOAB B TEOPHMH JIMHEMHbBIX YPABHEHUHA [IJI. IV

YMHOXHM ypaBHeHHe (6.9) ckansipHO cHayana Ha €IMHHYHBIH
BeKTOp X°, a 3aTeM Ha y°:

A(yz — zj)+ Cox + Cox =—x(t) y, } (6.10)

A —x2)+ Coy + Coy=x(f)x.

Hepocralouiee Tperbe ypaBHeHHe Mbl MOJYYHM, YMHOXHB CKaJisipHO
ypaBHeHHe (6.9) Ha BekTOp £°:

do
C i =0 6.11)
M3 ypaBHeHus (6.11) cpasy HaxoguMm o=const. [lonyuenHoe BbI-
pPaxkeHWe sBJSI€TCS WHTErpPajoOM CHCTEMbI: CKOPOCTb COGCTBEHHOrO
BpallleHHsi OCTaeTcsi MOCTOSIHHOH He3aBHCHMO OT XapakTepa H3Me-
HeHHsi BHELLIHErO MOMEHTA.

Hrak, 3agaua CBOAUTCS K MCCIEAOBaHHUIO CHCTeMbl ABYX AHdde-
peHLHa/ bHbIX YPaBHEHHH OTHOCHTENIbHO ABYX (I€H3BECTHBIX (YHK-
muit x(¢) u y(¢). Tepenuuiem ypaBHeHus (6.10) c yuerom (6.11)

A(yé—-zy)+C(o)’c=—x(t)y,}

6.12
{2k —x2)+ Coy =% (1) x. ( )
B cucremy (6.12) Bxoaut eille onHo HeusdBecTHoe 2. Ho Tak Kak x,
Y M 2 — 3TO NMPOEKUHH eJUHHUYHOro BekTopa £°, 1o yHruus 2(i)
onpejensieTcsi U3 COOTHOLIEHUS

z=Y1-x2— 4

Takum o6pasom, cucreMa (6.12) — 3To 3aMKHyTasi cucTeMa ABYX
HeJIMHeHHbIX ypaBHeHH#l BTOPOro MOPsiiKa OTHOCHTENbHO IBYX HEH3-
BECTHbIX BEJHYMH X M Yy, OHA Npesactarasier coboil TOuHble ypaB-
HeHHsl, OMHMCBHIBAIOLHe JABHXEHHE OCEeCHMMETPHYHOr0 rHpOCKOna
BOKPYr HENOJABHKHOH TOUKH, Jexallled Ha OCH CHMMeTpPHH. EcJn Be-
JIHYHHA % NOCTOSIHHA, TO MOJYYEHHasi CHCTeMa MOXKeT OblTb MPOHH-
TerpupoBaHa B 3aMKHYTOM BHfe (cayuait Jlarpanxa — [lyaccona).
3amertuM, uto cuctema (6.12) Bceraa aonyckaeT TpuBHaAbHOE pe-
imeHHe X == y==(, COOTBETCTBYIOLlleC TOMY CJaYy4yal, KOrga ocb ri-
pocKolla HampaBJeHa B0Jb BeKTopa BHeluHe#d cuabl g(/). B stom
ciyyae NBHXKeHHe FHPOCKONA — 3TO PaBHOMePHOe BpalieHHe BOKPYr
ocn Oz.

2. JiuHeapu3auus. Mayuum 3amauy B JNiHeliH0l mocTaHOBKe, AaA
3TOr0 YCJOBMMCSi CUMTaTb YIoJl HyTauud v (Yyros, 3aK/IOYEHHbLI
MeXAy BekTopamu 2° u %) MaJofi BesiMuMHON MepBoro mopsiika Ma-

JIOCTH
v=0 (g).
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Torna BeJHUYHHBl x 1 y — npoekuuH E® Ha ocH Ox n Oy — Mbl Takxe
NOJDKHbl CYMTATb BeJHYMHAMH I[I€PBOrO MOPAAKA MaJoCTH (CM.
puc. 42, 11a KoTopom H300pa)keHa MJOCKOCTb, MPOXOAsllas 4epes
Bepiindy D BekTopa E° nmepneHAMKYJsIPHO OCH
02)

x=0(e), y=0(e).

Orciona cneayer, 4To
z=V1-2—y =1-0(.

IMpoussonHbie & H y Takxe OyAeM CuMTaTh
MaJbMH mepBoro mopsiaka. Toraa

. 0z . dz . P
z—a-xi-ayy—O(e). Puc. 42.

Coxpansis B ypaBHeHUsiX (6.12) uneHbl mepBoro mopsiika MaJjoCTH,
Mbl MPHUXONHM K CJeAYIOlleli cHCTeMe ABYX JIMHeAHbX OHGdepeHH-
aJibHbIX YPaBHEHHUH:

— Ail + Coi -0,
j+ Cox +ny } (6.13)

Ak + Coy —xx =0.

Cucrema ypaBHeHu# (6.13) siBasercAd npuOIHXKEHHOMH, OMHCLIBask
JNBHXEHHe THPOCKOoMma MNpd MaJgblXx yraax Hytauud. Ecaw yron Hy-
Talldd paBeH HYJIO, TO TOBOPAT O CHSALIEM TMOJIOXKEHHH BOJIYKA.
B 3tOM ciyuae BHeWIHMH MOMEHT paBeH HyJsio. CJae10BaTenbHO,
ypaBHenus1 (6.13) onucheiBalOT ABHXEHHE FHPOCKONA B OKPECTHOCTH
€ro «CHsLero noJoXeHus».

Cucrema ypaBHenu#i (6.13) — 370 cucreMa ypaBHEHHH 4YeTBep-
toro nopsaka. ONHaKO OHa CBOJAMTCA K OQHOMY YPaBHEHHIO BTO-
poro nopsifika, HO ¢ KOMMJEKCHbIMH KO3(hG®HUHEHTAMH H OTHOCH-
TeJbHO HEKOTOPOH KOMMJEKCHO3HAYHOH (PYHKUHH AEHCTBHTENBLHOTD
aprymenra.

BBeneM HOBOe HeudBecTHOe

t=x+iy (i=yV—1)

YMHOXHM nepBoe U3 ypaBHeHHi cucTeMbl (6.13) Ha i u cl0XKHM CO
BTOPBIM

A+ Co(g—ix)+xL=0.
Ho
—ixtyg=—i(x+ig)=—Iig,
M MO3TOMY OKOHuYaTelbHO cHcTeMa (6.13) npuBoanTCs K Crienyio-
leMy ypaBHeHHIO BTOPOro MopsiaKa:

Af — iCot — xZ =0. (6.14)
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OGbiuHO BBOAATCA 0603HaYeHHUsA

X 2 L _
A= 94 ¢

H ypaBHeHHe (4.14) sanuckiBaercs B C/eAYIOILEM BHJE:
{— 2iewl — n2g =0. (6.15)
Hrak, nocraBneHHas 3ajavya cBeJeHa K M3YYEHHIO YpaBHeHHs
(6.15).
3. Cayuait nocrosiHHbLIX napameTpoB. JJeMEHTapHas Teopys
rupockona. Ecin ¢pynkuus n(f) He 3aBuCHT OT BpeMeHH, TO ypaBHe-

HHe (4.14) — 3T0 ypaBHeHHe C MOCTOAHHBIMH KO3((dHUHEHTaAMH H
ero peieHue sneMentapHo. [lonaras

{=zeM,
MONY4HUM XapaKTepHCTHYECKOe ypaBHeHHe
u2 — 2iewp — n?=0,

OTKYyAa
p=iew + Vn?—el (6.16)
PaBenctBo (6.16) mokaabiBaer, YTO ec/iM ycJa0BHe
e?w? 2> n? (6.17)

He BHINOMHEHO, TO OJMH H3 KOpHefl XapaKTePHCTHYeCKOro ypaBHe-
HUa OydeT MMeTb MOJIOXKHTENbHYIO AeHCTBHTENbHYIO 4YacTb H, cle-
J0BaTeNbHO, «Clisilliee MOJIOXKeHHe» FHpockona 6ylAeT HeyCTOMYHBBIM,
Ycnosue (6.17) HasbiBaeTcsi yCJOBHEM YCTOAYHBOCTH THPOCKOmA.

[NpeanonoxuM, uto ycJjoBHe ycToiunBocTH (6.17) BHNOJHeHO;
Torga o6iuee pemeHue ypaBHeHHsi (4.15) MOXHO npeacTaBuTh B
BH/le

t=Cexp {ileo+ Va2Z=n?)t) + Cyexp |i (0 — Vo2 =n?)t },
rie C, u Cy — npou3BO/ibHble MOCTOSIHHBIE, SIBJSIOLIMECS KOMIIEKC-
HbIMH YHCJIaMH )

C,=C;+iCy3, Cy=Cy+iCy.

Tak Kak {=x+iy, To o6uiufi uHTerpan cHcreMn (4.13) MoXHO
npeACTaBHTb B CJAeAYIOLIEM BHIE:

x=C, cos(ea+ Vela®—n?)t — Cyysin(eo + Veo?—n?)t +
+ Cy cos (e0 — V20 —n? )t — Cysin(ew — V e2o? — n?)t,
y=Cy sin(eo + Ve*o?l—n?)t 4 Cyycosleo + Veo?—n?)t +

+ Cyy sin (e@ — J €20?—n?)t + Cycos (eo — | e?0® — n? )t.
(6.18)
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®opmyanl (6.18) MoxHO mepenHcaTh ellle H Tak:
x=xM4x2 Y=y +y,

{(co+V—n?)t+g), |
yW = Asin {(ea + Vo —n?)t + g},
@ = Bcos {(e0 — Vm)t+¢}'
y@ = Bsin {(e@ — V02— n? }t + ¢},

anech A, B, ¢ H ¢y — NpPOH3BOJIbHbIE NMOCTOSIHHbIE, CBSI3aHHBIE C MO-
crosiHHbIME Cj, hopMysaMHu

rie
xW = Acos

(6.19)

Acosgo=C,, Asing=0C,,
B COS‘lI) = CQ], B sinll) = C22

@®opMynbl (6.19) moka3blBaloOT, 4TO JBHXKEeHHE TOUKH Illepeceue-
Husi §° ¢ MJIOCKOCTBIO, MepneHaHKyaspHoil ocH Oz, ONHCHLIBAIOT He-
KOTOPYIO KPHBYIO, SIBJSIIOLLYIOCS CYNEPNO3HLHEH ABYX BpallaTeb-
HBIX [BHXEHHHA. BpaliaTesbHoe IBHXEHHE M0 OKPYXKHOCTH C pa-
JHYCOM, PaBHLIM A, H yrioBOH CKOpOCTbIO W= ea+ V e%a?—n?
MMeHyeMoe GLICTPOIi npeleccHed, MPOHCXOAHT BOKPYr TOYKH, KOTO-
pas B CBOI0 ouepelb BpALLAaeTCsi BOKPYr Hayajga KOOPAMHAT MO
OKPYXKHOCTH pajuyca B ¢ yrioBo#t cKOpOCTbIO iy = ea — V ea?—n?.
TMocaenHee NBHXKEHHE Ha3blBaeTcsl MeIJIEHHOH MpeLeccHed.

4. Tnpockon g noJje nepeMeHHOH HanNPsAXEHHOCTH. [Ipeanoso-
XHM Telepb, YTO HANPSIKEHHOCTb BHEUIHEH CHIBLL & (CJEN0BaTENbHO,
¥ BEJIHUHHBI 1) MEIJIEHHO H3MEHSIeTCs CO BpPeMeHeM

n=n(et),

rie & — MaJjablil napametp.
BBeneM HOBYIO He3aBHCHMYIO NlepeMeHHYIO

T=¢t

4 nepenuileM ypaBHeHHe (6.15)

d2§ . dg 2.9

- 218(07\.-‘1—1: —An (17) = 0. (620)
DTo ypaBHEHHE MMeeT HECKOJIbKO 6osiee CIOXKHBIA BHI, YeM Te ypas-
HeHHs1, KOTOopble OblIH pacCMOTPeHbl B NepBbIX mnaparpadax 3Toi
rJaBbl, NOCKOMbKY [ — KOMIJekcHo3HayHas ¢yHkuusi. OaHako o06-
11asi cXeMa paccyxJeHHH ocTaeTcss HEH3MeHHOH.

[Tpexne Bcero B ypaBHeHun (6.20) cpenaeM 3aMeHy nepeMeH-

HBIX

L=mexp{itent}.
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[locne oueBHAHBIX MpeoGpa3oBaHHil A HOBOH HeH3BeCTHOM MBI MO-
JyuHuM ypaBHeHHe, KOTOpOe YXKe He COAEPXKHT NepBOH NMPOHU3BOAHON

_ZL-:; 4 A"Z (ezmz p— n2) 4'] = 0‘ (6.21)

YpaBHeHHe (6.21) oTHOCHTCA K TOMY THNY YpaBHeHHH, KOTOPbIM
6bl1H nocBsAllleHb! nepBble naparpadbl 3TOH IMaBbl:

d
A F A (@)n=0.

Ero nuHeiiHO He3aBHCHMble pelIcHHA HMEIOT BHA

N =5——exp {‘Ftlf ViG) d'r] (t=12).
Vf )
Tak Kak B HaumeM cJayyae
f=e2a?—n2>0,

70 o0lWHM pellleHHeM ypaBHeHHsi OyleT

T
n=—-=—c {i}-,f lfezco'*’—nZdt] +

0

T
+ L exp |—i7LJ ‘/'czco?-—nzdr}.
Y e’w? — n? o

Tenepr MBl MOXeM BbIIHcaTb ofiee penieHHe ypaBHeHHs (6.20)

t= 4—6 exp !zhecol + iA f V ee? — nzd‘r}
Veta? — n?
+ 4;- exp lz}»emt — L}»f Velo?— n2d1:l
Vet —n?

(6.22)

HUmes B pacnopsikeHuu dopmyay (6.22) u moBTOpAfl paccyKueHus,
npHBefleHHBE B KOHLE MPeAbIAYIUero MyHKTa, Mbl JIEFrKO YCTAHOBHM,
YTO, KaK U B CJyyae MOCTOSIHHHIX KO3 HLHEHTOB, THPOCKON COBep-
aeT CJOXHOe JBHXKeHHe, KOTOpoe NpeacTaBdser coboil cynepnosu-
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HHI0 MeMJIeHHOM M GbicTpoi mpeneccHH. Bosspaiuasck ot mepeMeH-
HOTO T K MCPeMeHHOH f, JIerKo YCTaHOBHTb, 4TO ObLICTPAs npeneccHs
B L4HHOM CJyyae OomucblBaeTcs CJaeLYIIUMH dopMy/aaMmu:

xW=— A o5 eat+ J. Vela’—ndi+op,

V e’w?*—n (6.23)

t
y = 4; sin |eof + J Vet —nldt+q
0

o

I[Jlﬂ MeIJeHHOM’ NnpenecCHH Mbl noJydyaeM caeAylollHe BblpaKeHHA:

t
x@ = —4——3— cos jew! — j l/e20)2 —ntdt+%
0

V ea? - n? (6.24)

Yy =0 5 sin { eat — J. Velo?—n?dt+pg,
Vm

rae A, B, b 1 ¢ — npou3BOJIbHBIE NOCTOSIHHBIE,

B orsuune oT ciayyas, pacCMOTPEHHOrO paHee, KaK 3TO MOKAa3bl-
Bator ¢opmyan (6.23) u (6.24), DBMXKEHHEe NPOUCXOAHUT C mepe-
MeHHO! aMMIMTYAOH U nmepeMeHHOH yacTOTOM.

Mpbl paccMoTpesid caMyl MpPOCTYIO 3a4ayy O [OBHXKEHHH THpPO-
CKOma MNPH YC/JOBHH, YTO €ro mapaMeTpbl MeNJeHHO H3MeHSIoTCH.
OnHako M3J0XKeHHBIH MeTO Aonyckaer pasHooGpasHble 060GieHHs
4 NO3BOJisieT pellaTb 3HAYUTENbHO GoJsiee C/AOXKHBIE 3aJayH, BO3HH-
Kaloulde B TEOPHM TMPOCKONA, KOTJa MOMEHTbl BHEWIHHX CHJ H €ro
napaMeTpsl MeIJeHHO H3MEHAIOTCA BO BpeMeHH. K OJHOM M3 Takux
3ajiay Mbl U MepPexXOoaUM.

5. YpaBHenns 6anauCTHKH. PaccMoTpuM npocTefimyio U3 3agau
6a/HCTMKH BpallaloLIErocs apTuAJNepUHCKOro cHapsfa. Byxem
CYMTaTh, YTO HA Bpamalomuﬁm apTHAJIEPHICKHA CHapsd medcTBYeT
e[IMHCTBEHHBIH BHEIUHHIl MOMEHT — a3poAMHaMuueckuhi. B Taxofli no-
CTaHOBKe 3Ta 3ajaya SBJAAETCA MOJENbI0 O4eHb JaJjekoit OoT mel-
cTBUTeNbHOCTH. Hala elMHCTBEHHas LeJb — MOKasaTb HEKOTOpble
yCTAaHOBHMBUIMECS NOAXOAbl /s pelleHH noJoGHBIX 3ajad, palHo-
Ha/lbHOE COJepXKaHHe KOTOPHIX MOATBEPXKAaeTCA MHOTOJETHEH npak-
THKOH.

JlBiKeHHe apTH/INEPUIACKOro CHapsAda OMHUCHIBAeTCs ABYMS BeK-
TOpHBIMH YDABHEHHSIMH: ypaBHEHUEM KOJHYECTBA IBHIKEHHS H YpaB-
HeHHeM MOMeHTOB. [lepBoe H3 9TUX ypaBHEHHH onMcbiBaeT ABHIKEHUE
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LeHTpa Macc, a BTOpoe JBHXEH)e OTHOCHTEJNbHO I[€HTPa MacChl
d’r R

=&+ (6.25)
d2
2K =L (6.26)

3nech r — pafiHyc-BEeKTOD LEHTPa MacChl CHapsija, g — HampsiXkKeH-
HOCTb TPaBHTAUHOHHOTO moJjs, R — BeKTOp BHEIWIHHX CHaA, M —
Macca cHapsjga, K— kuHeruyeckKuil MomeHT, L — MOMeHT BHew-
HHX CHJI.

Buewnne cuap  R— 310 a3pojHHaMHYeCKHe CHJbl, 3aBHCSLIHE
or yraa HytauuH v. OcHOBHOH 3ajaueli BHeluHedl GajJIMCTHKH Ha-
3biBaeTcsl 3ajflaya onpeJeNeHHs TPaeKTOPHH leHTpa Macc B Mpef-
MOJIOXKEHHH, UTO YroJ HyTalHH PaBeH HYJ10. DTa TPaeKTOPHs Bceria
fiBAsieTCs MJIOCKOH. BHemHsiss 6anyiHCTHKAa HCNOJAb3YeT CaelYIOIYIo
runoTe3y: JBHXKeHHWe OTHOCHTENBbHO LEHTPa TsXKEeCTH MOXeT ObITh
H3yuyeHo ¢ OO/IbIUOH CTeMeHbIO TOYHOCTH, €C/IH MPEANOJOXKHTb, YTO
caM UEHTP TSKeCTH JABHKETCS MO TPAaeKTOPHH, siBjsiIOllefics pelue-
HHEM OCHOBHOIi 3a/lauH BHelluHeil 6aJJTHCTHKH.

DTa runortesa Hrpaer BaXKHYIO POJib, MOCKOJNBKY OHa M0O3BOJISIET
H3YyuHTb ypaBHeHHe (6.26) HezaBHCcHMO ot (6.25).

Urtak, Mbl npHLIK K 3aJaye HCCNEJOBAHHSA [ABHXKEHHS TMPOCKO-
na B NOABHXKHOH CHCTeMe KOOPAHHAT 0Xy2. DTy CHCTEMY KOOPIHHAT
CBSI)KEM C HamnpaB/leHHeM BeKTOpa CKODOCTH LEHTPa Macchl (cM.
puc. 40). Baoap BekTOpa CKOpPOCTH Hampas/ieHa OCb 02, OCb OX Ha-
npasJjieHa MO [epeceyeHHI0 BepTHKa/JbHOM nmockoctd XOY u mio-
CKOCTH, HOpMaJbHO# K ocH o2. Ocb Oy JIeXHT, TaKHM 06pasoM, B
ropusoHtanabHoll miockoctH YOZ. CucreMa koopauHat OXYZ me-
MOABHXKHAs, CHCTEMa KOOPAMHAT OxyzZ BpalllaeTcsi C HEKOTOPOMH
MTHOBEHHO/l YIJIOBOH CKOPOCTbIO @F.

O6o3naunm uepes dK/dt npoussoanyio sektopa K  oTHOCH-
TeJbHO MOABHXHOH cHcTeMbl KoopiuHat. Toraa ypaBHenHe (6.26)
MOXHO 3alHCaTh B CefyiolleM Buze:

X +o' X K=L. (6.27)

CornacHo mpefblayieMy
K=A0+Ceo, (6.28)

rie @ — MFHOBEHHasi YIyoBas CKOPOCTb BpallleHHS BeKTopa
o=0t’ [TosToMy /HHeiliHas CKOpPOCTb KoHLa BeKTopa & GyneT

____=(|)l Xeo'
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Mepeiinem Tenepb K Bpaulatouieiica cucreMe koopaunar. Toraa

"g +o XEB=0, X .

OG6e uacTn 3TOro paBeHCTBA yMHOMXUM BEKTOPHO caeBa Ha §°
X (0 XE)=0"(E-E)—E'E 0)=a"—EE: o),
X (0, XE) =0, —F (8- a).

Ho nocsienHsis cko6ka paBHa HyJIO, NOCKOJbKY BeKTopbl E% H @
oproroHaabHble. Utak, popmyay (6.4'), koTopylo Mbl HMeeM B cay-
yae HEMmOJBHXKHOM CHCTEMBbl KOOPAHHAT, Mbl NOMXHB 3aMEHHTb Ta-
Koii:

o =B XL L0t pE. W) (6.29)

Hcnoab3yst sbipaxcenus (6.28) m (6.29), npeobpasyem (6.27). [1pn
3TOM Mbl YCJOBHUMCSl CYMTaTh, YTO ONPOKHIABIBAIOUIMA MOMEHT
onpeaensiercs ¢opmynoii (6.7), rae »(f) — xapakrepucTuka aspo-
NHHAMHYECKOH CH.TBI, KOTOpas 3aBHUCHT OT CKOPOCTH H, CJeloBa-
TeJbHO, MeJJIEHHO H3MeHsieTcs co BpeMeHeM. B pesyibraTte BMecrto
ypaBHeHHﬂ (6.9) MBl MOJYYUM cJjaefyiolilee:

Afgox 4T B o oy _po( 4 o) -
—p(e L) U o[ 0 B ) (@ x B -
— e x{Co)E°+A[E° X:ﬁl_gogo,m.)]}.
Cob6upas 1'101106Hb[e 4JieHbl, NOJNYYHM OKOHYATEJbHO

clLprols +(o((o x )+ a8 x “f:-

-5 g 0, 40\ do*
28 (@0 07 B (g0 D)4 don

—(§°- 07 (0® X E) =x(f) (2° X §). (6.30)
B ypasHenuu (6.30) dpyHKunu %(f) u @*(f) ZOMKHBI CUHTATLCH U3-
BECTHBLIMH, IOCKOJIbKY OHH OMpe/le/ieHbl pellieHHeM OCHOBHOH 3ajlayu

BHelIHe#l 6annuctuku. Tak xe, Kak u cucreMa (6.9), cucrema (6.30)
JOMyCKaeT nepBblil HHTErpaJ

o=const. (6.31)

HUcnosib3ys 3TO COOTHOLIEHHE, Mbl MOXEM YNpPOCTHTb COOTHOLIEHHe
(6.30) u sanucath ero B npoekuusx Ha ocu Ox u Oy. ITpoexuuu
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dz'go dg"
W B —dt— BbIYHCJ/ICHBI paHe€e MpH BbIBOLE ypaB-

BekropoB §0 X
Henu# (6.12).

PaccmoTpuM Tenepb BeKTOp ©*; MOABHXKHAs CHCTEMa KOOPAH-
HAT MOXET COBepliaTh BpalllaTeNbHOe [BHXXEHHE TOJIbKO BOKPYT
ocelt Ox u Oy

* * *_0
o =o X"+ oy

Bpaiienue Boxpyr ocH Ox NMpHBOAHT K H3MeHEHHIO yIJia 1 — yraa,
KoTophlil 06pa3yer ocb Oz ¢ BepTHKAJAbHON MJIOCKOCTbIO. DTOT yron
yca0BHMCH OTCUHTHIBaTh OT ocH Oz. Toraa

o, = — .
Ananoruuno
o, =0.
Yy
Hrak,
o*= —px®+06y°.
Tenepb Mbl JIETKO BBLIYHCJAHM MPOEKLUHH OCTAJbHBIX BEKTOPOB H
npou3Be/leHHs1, BXOAsAIlHe B ypaBHeHHe (6.30):
o X E%= 0240+ p2y® — (hy + 6x) 20,
de*
dat
(°- @)= — $x + 6y,

(g0 45 ) = — e + 0.

Wcnonbayst aTH paBeHCcTBa, nepenuileM ypaBHeHHe (6.30) B apoek-
uusax Ha ocu Ox u Oy

= - {5-"’0 + Gyo’

A (yz — jz)+ Cox — 2A% (6y — px) — Ax (By — Ppx) —
— AP — Cwbz — A6z (6y — bx) = — % (D) y,

A(kz — 3x) + Coy — 247 (0y — dx) — Ay (By — bx) +
+ A8 + Caopz — Apz (0y — px) =« (£) x.

(6.32)

Ot 1Ba ypaBHEHHMs COBMeCTHO ¢ HHTerpasioM (6.31) u ycnoBuem
HOPMHPOBKH
?+y?+22=1

MOJHOCTBIO OMHCBLIBAIOT JBHXXEeHHe THPOCKONA B CHCTeMe KOOpAHHAT,
KOTOpasi JIBHXeTCs 3aflaHHbIM 06pa3oM.

Tenepb JNuHeapusyem 3Ty cucreMy. I[1pu atom Mbt Gyaem cuu-
TaTb, YTO M CHCTEMa KOOPAMHAT OXyz BpalllaeTcsl MeAJIeHHO, T. €.
YTO BeJUYMHBl NPOH3BONHBLIX YIJOBOH CKOPOCTH TaKXe Masbl,
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Kpome Toro, Mbl npumem, uyto P == 0. locnennee osnauaer, uro B
KauecTBe BepTHKaJbHON miockocTH. OZX npHHATA MJIOCKOCTb TPaeK-
TOPHH, HalJEHHOH MNpH pelleHHH OCHOBHON 3agauyd. B pesynbrare
Mbl IOJYYHM cJjenyloulylo cucreMy ypaBHeHuid (cpaBuum ¢ (6.13)):

Ak + Coj — % (t) x = AB, } 6.33)

Ajj — Cox —x(t) y = Cawb.

Cucreéma (6.33) ornuuaercs ot cucrembl (6.13) Tosnbko TeM, 4TO
B €e NpaBoil YaCTH CTOSIT HEKOTOPLIE H3BECTHLIE (QYHKIHMH BPEMEHH.

6. Hccaeposanme cucrembl (6.33). Pewenue cucremn (6.33)
MOXKHO NPEACTaBUTbL B BUAE

X=E+x* y=j+y*, (6.34)

rae ¥ u § — pelleHHe OJHOPOJHON CHCTeMBI, onpeaeasieMoe Gopmy-
aamu (6.23) u (6.24); x* u y* — uacTtHoe pelleHUe HEOAHOPOLHON
cucreMbl (6.33). Jlns oTbickaHHsi 3TUX (QYHKUHA CHOBa MOXKHO HC-
N0Jb30BaTh METOJ aCHMNTOTHUECKOrO HHTerpupoBanusi. B § 4 stoi
ryaBbl OHH faHbl npubaNKEeHHble (OPMYJIbl AN ONpefedeHust yacT-
HbIX peweHuil. Mcnonbsys atu GopMyanl, noaydHdM

. Ab * Cwb

x (1)’ U x (6 °

(6.35)

HanbHeliiiee uccnegoBaHHe YypaBHEeHHH GanJHCTHKH BeAETCS
o6bluHO Mo caeayrolleld cxeme. YpaBHheHus (6.25) BbimucbiBalOTCSs
B MpPOEKLHAX Ha OCH HENOABHXKHOH cucTteMbl KoopauHat OXYZ u
Ha OCH MOJBHXHOA CUCTEMbl KOOPAHHAT OXYZ.

CucreMa CKa/lsipHbIX ypaBHEHHH HMeeT OPH 3TOM CJAEAYIOLLHH
BHI:

dv _ . oa_ R(x, 4y X)

= gsinf— ——=—,

49 _ _ geos® | Qitx v X)

a T mo (6.36)
dp _ Qe (x, y, X) ax . v . .
dt = mu » T—USlnGy 7—08111'\[3,
%=0‘/1—(Siﬂze+sin2¢)=0Vcos2e—sin21p,

rae X, Y, Z — koopanHaThi LEHTPa Macchl B HHEPLHAJAbHON CHCTEME
koop/uHaT. IlepBbie TpH ypaBHEHHSI 3TON CHCTEMbl HOCAT Ha3BaHUE
AHHAMHYECKHX YPaBHUEHHH: OHM OMNHCBLIBAIOT H3MEHeHHe BeKTopa
¥ — CKOPOCTH UeHTpa Macc chapsja. [locaennue 1pu ypaBHenus
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HOCAT Ha3BaHHe KHHEMAaTHYECKHX: OHH 03BOJAIOT ONMpeleuTh Mo-
JIOXKeHHe LeHTPa Macc, ec/id H3BeCTeH BEKTOP CKOPOCTH.

B nunamuueckue ypaBHeHHs] BXOAAT PYHKIHH R, Q, u Qo R —
cWia J1060BOro COMpOTHBJIEHHS, 3aBHCsALLAas OT KBajpara yria Hy-

TalUHH
R=Ro+R* (2+4?),

Q; v Q2— 370 cocTaBasAIIHe BeKTOpa noibeMHO# cHabl. C 6osib-
IIOA CTeMeHbiO TOYHOCTH HX MOXKHO CUMTATb JHHEAHbIMH QYHK-
LHSMH NMepeMeHHbIX X H Y

Do, Loy (6.37)

m

[TpennosnoxuM Tenepp, YTO B HalleM pacCnoOpsiKEHHH HMeeTcs pe-
lIeHHe OCHOBHOH 3ajaud BHeLIHeA OaJuIMCTHKH H pelleHHe 3ajaun
06 OTHOCHTEJbHOM [BHXXEHHH OKOJO I[leHTpa Macchl, T. €. (QYyHK-
LHH X W y, onpejeseHHble dopMynamu (6.34). Crnenyomuit stan
pelieHus oOuied 3amayd 6anNHCTHKH COCTOUT B TOM, 4TOOBI ompe-
JeJIMTh BJIHsIHHE OTHOCHTENbHOTO ABHXXEHHS Ha TPAaeKTOPHIO LEeHTpa
Maccel. DTOT Bonpoc NoapobHO H3yueH B psije KHUr *). BecbMma 06-
IMHA MOAXOA K PpelIeHHIO TMOCTaBJeHHOH 3ajaud TpefJOXeH
B. C. IlyraueBbiM **). PemeHue MoxeT ObiTb MPOBENEHO TaKXe B
paMkKax TeopHH Bo3MyuleHHH. [ssi 3TOro [40CTaToOuyHO MPHHATHL

=0 =° A — a0
v=0"+Av, 0=0"4 A0, p=19"+ A4, } (6.38)

X=X4+AX, Y=Y4AY, Z=2°+AZ.

[ToncraBumM BeipaxkeHus (6.38) B cucreMmy ypaBHeHHi (6.37) n
JIHHeapH3yeM 3Ty CHCTEMY, CUMTasi MaJ/ibiIMH BeJHYHHAMH MepBOro
nopsjka Bce npupawenus Av, A8, Ay, AX, AY, AZ u cocrasasio-
IlHe Yraa HyTauud — BejiHudHbnl X u y. OT6GpaceiBas MaJjible BTO-
poro mopsiika, Mbl MPHAeM K CHCTeMe JHHEeHHBIX ypaBHEHHHA OTHO-
CHTEJbHO 3THX NepeMeHHbIX. AHa/Jh3 NOJYYEHHBIX TaKHM Crnoco6oM
VDaBHeHHil TO3BOJA€T DPacCYHTaTb BJAHAHHE OTHOCHTE/bHOrO MBH-
’KEHHsl BpaIlnawuierocss cHapsajga Ha ero rpaexkropuio. CylectByiot
pasHooGpa3Hble npuOJiKeHHble crnocoObl MOAOGHLIX pacueToB. 3a
BCeMH MOJPOGHOCTAMH Mbl OTChblJlaeM YHTaTeas K CHelHaJbHbIM
pyKoBoAcTBaM Mo OanjMCTHKe, LUTHPOBAHHLIM Bbille. 31eCh Mbl
cllenaeM TOIbKO HECKOJIbKO 3aMedyaHHH.

*) Cm., Hanpumep, 1. A. Bentuennb, Bremnsas Gamractuka, M., 1940.

**) B. C. [lyragesn, O6umas 3anaua o ABHXEHHWHM Bpalawulerocs apTui-
AEPHACKOr0 CHapsia s BO3dyXe, Tpyas BoeHno-Bo3aymHoii akanemuu uMm. JKy-
KoBckoro, Ne 70 (1940). ’
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PaccMOTpHM BHauaJsle ReNHYHHB AO M AYp; HX MOXHO mpencra-
BUTb B BHIE

t

AG = I Ko(t, ©) x (v) dr,

° (6.39)

A= I Ky (¢, ©)y (¥ dr,
0

rie Ko u K,— 31emeHThl MaTpuubl I'pHHA 1/ JHHEapH30BaHHON
cucrembl. Dynkuuu Ky u K, onpeensiorcs TOMbKO XapaKTepoM
TPaeKTOPHH B OCHOBHOH 3ajaue BHeIIHed GaJJIMCTHKH H He 3aBHCAT
ot Bo3MyuleHul. Bennuunnl x(f) u y(f) B 3THX BbIpaXKeHHsX oOlpe-
genstorcs popmynamu (6.34). OnpenenuB Beauuuubst AB H Ay npu
noMouty ¢opmya Ttuna (6.39), MBI MOXKeM 3aTeM paccyuTaTh Be-
auunabl AX, AY u AZ, T. e. onpeleNHTb. NOJHOCTbIO BCe 3(deKThl,
cBsi3aHHble C BpallleHHeM CHapsja.

B paMKax H3JI0XKeHHOH TeOpHH MOXeT ObITh pellieH H ellle OJMH
Ba)KHbIi BOMpPOC — KaKoOH MOJIKHA BbIOMPAThCS YIVIOBasi CKOPOCTb
cOGCTBEHHOTO BpallleHHs CHapsifa. Bo-nepBbiX, oHa HOJMXKHa ObITh
JNOCTAaTOYHO BesHKa, YTOObI, BO BCAKOM CJyuae, YAOBNETBOPHTb YCJIO-
BHIO YCTOHUHBOCTH, TaK KaK B NPOTHBHOM cJiyuae CHapsi HauyHeT
KYBbIPKaTbCsl HA TPAeKTOPHH H ero ABHXeHHe GyaeT AajleKo OT pac-
cyerHoro. OHaKO YrjioBast CKOpPOCTb He JOJIXKHA GbITh H OCOGEHHO
GonblIOH, TaK KaK B 3TOM CJyyae YIJioBasi CKOPOCTb M :IJIEHHOH
npeneccHu GyaeT CTo/Ib MaJsia, UTO CpeJHee 3HaueHHe KOOPAHHAT X
H y GydeT HMeTb HEKOTOpHie HEHYJieBble COCTaBJAIOUIHE H OCh CHa-
psiga GyldeT MJOXO ClAeJHTh 3a KacaTeJbHOH K TPaeKTOPHH.

Hrak, Mbl BHAHMM, YTO aCHMNTOTHYECKHe MeTOAb! GoJbLIOrO ma-
paMeTpa ABJISIOTCS €CTeCTBEHHbIM H oYeHb 3P PeKTHBHEIM CPefCTBOM
IJis pellleHHs] MPaKTHYECKHX 3ajay THMa 3anay GaJUIHCTHKH.

§ 7. Oco6bie cayyan (ACHMNTOTHKA M OKPECTHOCTH
TOYEeK BO3BpaTa)

1. MpeasapureanHbie 3amedanns. 1o cux nop Mbl H3yyaJau ToNb-
KO Te CHCTeMbl YPaBHEHHH, Y KOTOPBIX KOPHH XapaKTePHCTHYECKOro
ypaBHeHHsi He 0OpallalOTCs B HYJNb BHYTPH pacCMaTPHBAEMOTrO HH-
tepBana Bpemenu [0, T]. Kpome Toro, mpu usyuenuu ciayuas Kpar-
HbIX KOPHe#l Mbl MpeanoJiarajii, 4To paccMaTpPHBaeMas CHTYallHs
(HanpuMep, KpaTHOCTb KOPHS H CTPYKTYpPa 3JIeMEHTAPHBIX [efuTe-
Jieil) coxpaHsiercs Ha BceM oTpe3dke BpeMeHH [0, T). Touku, nexa-
e BHYTPH HHTepBastia WJIH Ha ero KOHIaX, TIe paccMaTpHBaeMas
CHTyallHsi HapyulaeTcs, yCJNOBHMCH Ha3biBaTh TOYKAaMH BO3Bpara.
AcHMOTOTHYECKOE MOBelleHHe pelleHHH B OKPECTHOCTH 3THX TOYeK
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y)XXe He MOXeT ONHChIBAaThbCA (QOpPMYJaMH, KOTODhIE Mbl BhIBEIH B
npenbIAyIIMX naparpadax 3Toi riasbl.

Bonpoc o noctpoeHHH mnoAOGHBIX AaCHMOTOTHK TECHO CBf3aH
¢ ApyruM ob6uiuM BonpocoM. J1o CHX NOp Mbl H3y4alH acHMIOTOTHYE-
CKHe MpeACTaB/JeHHs 3KCIOHEHUHAJbHOTO THIA, HAPHMEP TaKHe

t
y~expiA fp,(t)dt z (¢, A), 7.1)
0

rie z(f, A) — HekoTOopas BeKTOp-QYHKIHA, NpeACTaBJeHHAss OTpe3-
KOM psAlla, PachoJ0XKEeHHOr0 MO HeJNblM CTENeHSM BeTHYHHB 1/A.
Crpykrypa BbipaxeHnus (7.1) nokasbiBaer, 4TO NpHpoAa pelieHHH
H3YyuaeMblX CHCTEM TakKas }Ke, KaK H Y CHCTEeM JIHHEHbIX ypaBHEHHil
¢ NOCTOSAHHBIMH KO3 (dHLHEHTAMH, NOCKOJAbKY DYHKLHSA

exp{Ag} - z,

rie 2z — NOCTOSIHHbIA BEKTOp, a ¢ — JIHHeHHasd (PYHKLHA BpEMeHH,
MOXKEeT pPacCMaTpUBaTbCA KakK 4acTHOE pelleHHe HEKOTOPOH CHCTEMbI
ypaBHEHHH C MOCTOAHHBIMH KO3 (HIHEHTaMH

99 _ 4y, (7.2)

raie A — nocTtosHHaa MaTpHLa.
EcTecTBeHHO, BO3HHKaeT BONpoc 06 HCC/AeNOBAaHHH acHMOTOTH-
YyeCcKHX Npencran/eHHi 6osiee 001ero BHaa

y=0 (M)z(t, A), (7.3)
rae k — yhcno, a M (x) — peuiedHe «3TAJOHHOTO» YypaBHEHHA

d

<L =By, (7.4)

B KOTOpOM MatpHua B — 310 HekoTopas (YyHKUHA BpeMeHH. Mbl
YBUIWM HHXKE, 4TO aCHMNTOTHUeCKHe MpeACTaB/JeHHA pelleHHH B
OKPEeCTHOCTH TOYeK BO3BpPaTa OKaXKYTCA CpelH NpelcTaBJeHHH BHAa
(7.3).

B. C. [IyraueB 6bli1, NO-BHAHMOMY, NEPBHIM, KOTOPbIAi nmpennpu-
HAJ CHCTeMaTHYecKoe H3yuyeHHe mpeicTaB/jeHHH Buaa (7.3) *). Hwm
6bia pasBuTa o6ilas TeopHa NpeAacraBieHHH Buaa (7.3) B mpen-
NOJIOKEHHH, YTO Ha paccMaTpHBaeMOM OTpe3ke BpPeMeHH CHCTeMa
He MMeeT HHM TOYeK BO3BpaTa, HH KPaTHbIX KOpHeH.

B 1948 r. aBTOpoM 3TOH MoOHOrpadHu ObIIH H3y4eHbl HEKOTO-
pbie CrerHaNbHOIO BMJa CHCTEMbI BTOPOTO W YeTBEPTOro MOPsilKa,

*) B. C. Myrayes, O6 acCHMNTOTHYECKHX TpeACTaBJIEHHSX HHTErpasiOB CH-
cTeM OOLIKHOBEHHBIX JHIeAHbX AH(depeHunaNbHBIX ypaBHeHnHl, coAepXKawux na-
pamerp, MaTemar. c6opHuk, T. 15 (57), Ne 1 (1944).
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HO B oTiiH4ue oT pabotel B. C. IlyraueBa Gblsia paccMOTpeHa CTPYK-
Typa AacCHMNTOTHYECKHX TIpPeNCTaB/JeHHil B OKPeCTHOCTH TOueK
Bo3BpaTa. [TosgHee HEKOTOpbIe M3 3TUX Pe3YyJAbTAaTOB ObLIH HCNOJb-
30BaHLl A/ NOCTPOEHUsi NMPHOJHIKEHHBIX METOJOB YHCJEHHOTO HH-
TEerpupoBaHus *).

B 1953 r. A. A. dopoauuubii ony6aHKOBan noapoGHoe HCcaeno-
BaHHEe aCHMNTOTHYECKOTO TNOBefeHHs COOCTBEHHBIX (YHKUHH s
sagauu lrypMa — JluyBunisi B Tex caydasix, Korja paccMmarpuBae-
MOe ypaBHeHHe HMeeT TOYKHM Bo3Bpara **). B aroii paborte paccMa-
TPHBAJCS TOT CHENHAJBHBIA caydall, KOrla KOpDHH XapaKTepHCTHYe-
CKOro ypaBHenHs ofpauialoTcd B HYyJb Ha TIpaHHLE WIH BHYTPH
paccMaTpUBaeMOro oTpe3Ka BpeMeHH.

B 1954 r. Boimia Mouorpadus K. M. Panmomopra ***). Jra
KHHra fIBUJIach NpPEXJe BCEro CBOAKOH pe3y/abTaToB, B KOTOPOH 1oO-
c/lieJoBaTe/1bHO IPOBOJAU/NACh HEKOTOpasi elHHAsi KOHUEMIHUsi H3ydye-
HHSI acHMITOTHYeCKHX CBOMCTB pellleHUil; KpoMe TOro, OHa cojep-
3KaJjia Ueblil psil OPUrHHAbHBIX Pe3Y/bTaTOB.

[TapaanenbHo ¢ nepeudHcieHHBIMH paGoTaMH Ha 3amaje NMOsiBUJICS
pAA MCCJeOBaHHi, NOCBSILIEHHBIX TEM Ke BONPOCAM H COJdepiKaiIux
6/H3KHe pe3yabTaThl. OTMETHM 3[eCh TOJNLKO OOHY W3 paboT 3TOro
uHkaa — paboty JlaHrepa ***¥).

3a mnocjaelHee AecATHJeTHe onmyOJHKOBAHO AOBOJBHO MHOrO pa-
60T, MOCBALICHHbIX TEOPHH ACHMITOTHUYECKHX IpelCTaBJeHHH pelle-
HUl OOBIKHOBEeHHBIX NH(depeHUHANbHBIX ypaBHeHHH. B 3ToM mapa-
rpage Mbl pacCMOTPHUM TOJbKO CaMble NMPOCTHIE CY4YaH CHCTEM BTO-
poro mopsijKa.

2. Jranonnoe ypasHenue, hopMajbHOE MOCTPOEHHE ACHMINTOTH-
4YeCKMX PAJOB. YCJOBHMCHA paccMaTpUBaTb YpaBHEHHs BHIa

i+[A2a(t) +b(t)ly=0. (7.5)

Mgl BUJENH, YTO K PACCMOTPEHUIO YpaBHeHHUsl (7.5) CBOILHUTCS HEJBIH
psl BaXKHbIX cayvyaes. Hanpumep, ypaBHeHHe

jj+A2 a+Ably=0

NPUBOAHTCS K BUAY (7.5) 3aMeHoi t=1:/1/f H A=Al

*) H. H. MouceeB, O npuGauxeNHOM HHTerpHPOBAHHH JHHeAHHX aub-
depeHuHaNbHBIX YPaBHEHHA BTOPOro MOpsjKa. YueHsle 3anmucKH POCTOBCKOrO yHH-
sepcutera, 1. XVIII, B. 3 (1953). :

**) A, A. JlopoaHuub H, ACHMNTOTHYECKHEe 3aKOHbI pacnpefe/ieHHs cob-
CTBeHHBIX 3HAYEHHH AJIA. HEKOTOPHIX OCOGHIX BHIOB AHdepeHIHANbHHX ypaBHeHuil
BToporo nopsaaka. YMH, t. VII, 8. 6 (1952).

**+) 1. M. PannonopT, O HEKOTOPHX acCHMNTOTHYECKHX MeTOAAX B Teo-
pun guddepenunansunix ypasnenud. Usp. AH YCCP, Kues, 1954,

*#x*) Langer R, The asymplotic solution of ordinary linear differential
equations of the second order with special reference to a turning point, Trans.
Amer. Math. Soc., 67 (1949),
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Beenem B paccmorpende ¢yHkuuio @ (x), ynosiaeTBopsiolLylO
ypaBHEHHIO .
T +ix)@=0. (7.6)

YpaBHenue (7.6) ycioBUMCS Has3biBaTh 3TaJOHHbBIM ypaBHEHHEM.
®yHkyusA f(X) TakoBa, YTO HHTErpajbl CHCTEMbl MOTYT ObIThb BbI-
nHcaHbl Yepe3 M3BeCTHble (YHKUMH. BOo Bcex tex cayuyasx, Kotopbie
y2e paccMaTPHBAJHCh B 3TOM IJiaBe, 3TaJOHHLIM ypaBHeHHeM GblIO
TaKog;

42 +d=0. (7.7)

Pellenne 3TanoHHOro ypaBHeHHsi 6yaem cuurtath M3BecTHhIM. Cie-
nys ofuiell cxeMme, pellileHHe ypaBHeHusi (7.5) ullieM B BHIe

y=D(x(f))2(t, A), (7.8)

rae @ (x) — Kakoe-1u60 M3 YaCTHBIX pelleHHH 3TaJOHHOro ypaBHe-

Hus (7.6). @yukuus x(f) HaM 3apaHee Heu3BecTHa. B rtex cayuasx,

KOTOpPHE YyxKe ObUIM paccMOTpeHbl, posb x(f) urpaja ¢yHKUMA
t

i‘[p.dt, BbIGOPOM KOTOPOH MBI KOMIEHCHPOBAJIH ujieHbl, ColepiKa-
0

{llHe cTapllide CTENeHH mapaMerpa A.
[MoncraBuB BhipaxeHHe (7.8) B ypaBHenue (7.5), MH MOJyuuM
vDaBHEHHEe OTHOCHTeNbHO QYHKUHHU Z(Z, A)

E‘I) + 22.‘1)351.3 + Z[‘I)xsz + ‘I)xi. + (A2a + b) ®]= 0.

INpunumasi Bo BHHMaHHe, uTo QyHKuUHs D(X) yLoBJAeTBOpsET
ypaBHeHHUI0 (7.6), nonyuum

50 + 22D %+ 2 {[— 2 (x) + Ma (D] D + D% + 6D} =0. (7.9)

MHb cKOMNEeHCHpYyeM WieHbl NoOpsiiKa A%, eciu BhGepeM (YHKIHIO
x(f) tTakuM o6pa3oM, uroObl BblpaxKeHHe B KBaJpaTHBIX CKoOKax
06paTHaOCh B HYb, T. €.

GV =2a®. (7.10)
VYpasuenue (7.10) B ToM c.nyqae,t korma f= 1 nepexoxHuT B ypaBHe-
rue ¥ =A)a. Tonaras x=ihfudt nas u(f), mosyuuM ypaBHe-
une p+iYa =0, koropoe M:I Ha3biBaJH XapaKTePUCTHUECKHM.

Ha 3tom ocHoBaHuu ypaBHeHHe (7.10) TakxKe yc/JoBHMCSI HashBaTh
XapaKTep HCTHUECKHM.
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YpaBHenue (7.10) B ofilieM cayyae — 3TO HEKOTOpPOe HejUHEN-
HOe ypaBHeHHe OTHOCHTe/qbHO Heu3BecTHOH ¢yHkuuu x(f). Ilpeano-
JIOXKHM, YTO HAM YAa/s0Ch €ro PeliHTb B TMOJYYHTb pellieHHEe B BHIE

x(t) =25 (D),
toraa ypasHeHne (7.9) MoxHo 6yler mepenucaTb B ¢opme
7@+ 2D A5 + 2 [P AP 4 bD]=0. (7.11)

Peutenne ypaBhenus (7.11) ecTecTBeHHO MOMBITATbCH pa3bICKaTb B
BHJE psifia, PACMOJIOXEHHOro MO OOPAaTHLIM CTEMEHAM BEJHUYHHBI AS

2=20(t) + X5z, (£) +A225(8) + . . . (7.12)

[Moncrasass 3toT psaf B ypaBHeHue (7.11), Mbl mosyuuMm cienyroille
ypaBHeHHs 1J1f onpeneneHuss GyHKUH#A 2o, 2, .. .

2¢$2y + 209 =0, (7.13)
o . 20D + b.
2z, + 2= — 2o (7.14)
HT A
Pewenune ypaBHenus (7.13) MoxkeT ObITb MOJyueHO B IBHOM BHIE
1
= T =" 7.15

PeleHus ypaBHeHHst AJA 2j, 22 U T. A. MOTYT ObITb NpeACTaBJ/EeHbI B
tdopMe KBappatyp.

O6o3nauum yepe3 @, u @, yacTHble pellueHHss ypaBHeHHs (7.6).
Torpa BhipaxkeHHe

y(t, N)=Ci0 A1) [20 +a2" + ... ] +
+ Co®, (% (t))[zf,"’ﬂ" @4+ ..., @.16)

rae ¢yHKuus 20(t) u 22 (1) yId0BJeTBOPSAIOT JHPDepeHLHaNbHBIM

ypaBHenusMm (7.13) u (7.14) npu ycnoBuu, uto D=0, u O =,
COOTBETCTBEHHO, AaeT (opMaJsbHOe NpeacTaBjeHHe 1151 o6LIero pe-
uieHHst ypaBHeHus (7.5).

B o6uwem cayuae paa (7.16) He TonbKO He fABJAs€TCH CXOAs-
IIMMCS, HO OH H He acHMOTOTHYecKUA. UneHnl 3Toro psiga Boobile
MOryT He cylllecTBOBaThb. [IpHUHHA 3TOro 06CTOATENLCTBA COCTOUT
B TOM, UTO B KayecTBe 3TaJIOHHOrO YPaBHEHHS Mbl NPHUHSAJIH MPOH3-
BOJIbHOE ypaBHeHHe BTOPOro mopsiaka. EcTecTBeHHO MpeamnosoXuTh,
YyTO H3JIOXKeHHas Mpolelypa HMeeT KaKOH-TO CMbICJ JIHUIb B TOM
cjyyae, KOTAAa PpeLIeHHs 3TajOHHOTO YpaBHEHHS B HEKOTOPOM
cMbic/ie «OM3KH» K pelleHHAM H3yuaeMbix. Tak o6crosno geno
B Tex maparpadax 3TOH riaBbl, KOTAa U3yuaJUCh YpaBHEHHUS, BJH3-
KHe K YDaBHEHHAM C MOCTOSHHBIMH Ko3(dHIHeHTaMHu.
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3. ACMMNTOTHKA PelIeHHit B OKPECTHOCTH TOYEK BO3Bpara, B KO-
TOPHIX KOPHH XapaKTePHCTHUYECKOTO ypaBHEHHs 06Painaiorcs B HY b.
PaccMoTpuM Temepb CcHOBa YypaBHeHWe (7.5), mpeamnoJsaras, 4TO
¢yukuus a(t) obpauiaercs B Hy1b B Touke {=0. B 3rtoM cayuae
XapakTepUCTHYECKOe ypaBHeHHe (B TOM CMbIC/Je, B KaKOM MLl ero
[MOHMMAaJH B NepBbLIX Maparpadax 3To riasbl)

u?+a(t) =0

Gyler UMeTb HYJeBble KODHH, W CJeJOBaTelbHO, TEOpHs, pa3BuTas
B HayaJje 3TOH T.iaBbl, HenpuMeHuma. [To3ToMy s MOCTPOEHHs
aCHMNTOTHKM B OKPECTHOCTH ToukH {=0, Bocmonb3yeMcs coobpaxe-
HUSIMM 3TOTO maparpada.

B KauecTBe 3TaJIOHHOrO ypaBHeHHs Mbl NnoilOepeM ypaBHeHHe,
K03 uLHEHTbl KOTOPOro MMeloT B Touke ¢=0 TaKyio ke 0COG2H-
HOCTh, Kax W (yHKuHs a(f). PaccMoTpuM Ans onpejefeHHOCTH [Ba
cayyas:

A) a(t)y=tq(t), ¢q@O0)+#0;
B) a(t)=1q(t), q(0)=+*0.
B KauyeCcTRe 3TaJIOHHLIX ypaBHeHuﬁ eCTeCTBEHHO NpHHATL CJAEeAYI0-

ljee:
aas cayuas A)

22 +x0=0, (7.17)
aas cayuas B) ,
L2 + 0 =0, (7.18)

Xapakrtepucraueckde ypabHeHHs (7.10) OyAyT cCOOTBETCTBEHHO
HMeTh CleAYIOWHUA BUA:

LYy =i, (7.19)
L =MV ). (7.20)

Paccmotpum cHauana ypaBHeHnHe (7.19); OHO J1IerKO WHTerpHpyercs
B KBaJpaTypax, H Mbl HAXOAHUM QYHKUHUIO

t 2y
x(t)=x"’=(%j Vig) dt) (7.21)
0

TakuM o6pasoMm, ¢yuxkuus P (f) 6yder Takoil:

t s
v - (%f Via® dt) 7.2

0
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Botuucaum ewie ¢yHxuuio P (f)

b(t)= Vu® (7.23)

3 t
% Vig(® dt
1]

Takum o6pasom, Ha ocHoBaHuu dopMysabl (7.16) u (7.15) Ml
MOXKEM HamHcaTb caeiywooulee NpuOAHKEHHOe BbIpaxKeHHe I JH-
HeflHO HE3aBHCHMbIX HHTErpajioB ypaBHeHus (7.5) B TOM cayuae,
Koraa a=tq(t):

o/

5 2V %.[a(t) @ t "
seam I q,l.,‘,(ﬁ,(% f Va® dt) ) (7.24)
Valt) 0 /

dta dopMyna naer MOrpelIHOCTb, MOPALOK KOTOpoil paBeH O (A~s).

Oyukuun @;2(x) — 3TO JHHeAHO He3aBHCHMBble pellleHHs ypas-
HeHuss (7.17), xotopoe HaspiBaeTcs ypaBHeHHeM J¥pH. DyHKUHH
@;(x) HasbiBaloTcA GyHKUMAMH Jiipu. OHH [OCTATOYHO XOPOIIO
H3y4YeHBl, H HMelorcsi Ta6Gauubl 3HAaueHHH 3THX O(YHKUMHA, NOYTH
CTOJIb K€ MoJApoOHBbe, KaK H TabJHIA TPUrOHOMETPHYECKHX (YyHK-
Ui,

Oyukuuu y;(f), onpenenenuole popmynamu (7.24), sto npsiMoit
anamor WBKJ-pewennit, Kotopoie paccmaTpuBaiucb B § | 3rto#
1J1aBBI.

PaccmotpuM teneps cayuait B). Tak xe, kak u B ciyyae A), xa-
pakTepucTHyeckoe ypaBHeHHe (7.20) Jerko HHTErpupyercsl, H Msl
HaXoauM

: t
@) =AM (), ()= 1/2 [Va® at,
0

B0 = W_ s (7.25)

2J’Va(t) dt
0

Ot6pacbiBast ujeHbl, MOPAAOK KoTopbix O(A~'2), MH moiyyaem cJe-
ayouue npHOMIHKEHHbIe TpPeACTaBNeHHS JJis YaCTHBIX pelleHHH
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ypaBHenus (7.5) Ans Toro cayuas, Koraa a(f)=it2q(f):

‘/ f Va) dt _
Y, 2= C| 2 (D[, 9 (A'/z ‘/_2 f ‘/G_W dt) . (7.26)

T a)

Oyukunu @, (), koTopule BXoasT B dopmyay (7.26), sto Ju-
HeAHO He3aBHCHMUIE pellleHHs ypaBHeHnus (7.18). [TonyueHHoe ypas-
HeHHe B CBOIO ouepelb CBOAHTCH K ypaBHeHHI0 DBeccens. O6luee
peiieHue ypaBHenus (7.18) MOXHO npeAcTaBUTh B BHAe

O =C,D,(x)+C,0,(x)= V2, (% xz) i (7.27)
rae
Zys (x) =Cl ya (x) + CoN i (x),

Jia 1 Niys— dynkuun Beccens u HefimaHa cooTBeTcTBEHHO.
Hcnone3yss paseHcTBo (7.27), Mbl MOXeM nepenucaTb Gopmyay
(7.26) B dopme

T t
y= ﬁM z, (A f Val(t)y dt) . (7.28)

Va() 0

Mkl paccmorpenn ABa ypaBHeHusi Tuna (7.5), m/isi KOTOPHIX Obli
BbIGpaH CneumHadbHbli BMJ 3TaJOHHBIX ypaBHeHuit. Herpyauo no-
KasaTh, YTO B 3THX Cayuasx psfabl (7.16) SIBASIOTCH acHMITOTHYE-
CKHMH.

4. ACHMNITOTHYECKHE Pa3JI0XKEHHA B OKPECTHOCTH TOYKH BO3Bpa-
Ta, rie JeMeHTapHble JeJUTeJn NepecTaloT GbiTh NPOCcThHiMH. B on-
HOM u3 naparpadoB Mbl paccMaTpHBa/JH aCHMNTOTHKY YypaBHeHHS

i+ 2hay +A2by =0, (7.29)
npeanoJsiaras, 4To Ha BCeM HHTepBaJse BpeMeHH
b=a. (7.30)

Ecau ycnoBue (7.30) BbIMOJNHEHO, TO XapaKTepPHCTHYECKOe ypaBHe-
Hue GyAeT HMeTb KPaTHble KOPHH, @ 31eMeHTapHble JejuTenH He 6y-
YT npocTeiMH. FIX KPaTHOCTb paBHa ABYM.

ﬂpennonomum Tenepb, 4To ycaosde (7.30) BbINOJHAETCH TONbLKO
B HEKOTOpO#H Touke fo. He orpanuunBasi OGLIHOCTH, Mbi MOXeM NpH-
HATb, YTO TAaKOH TOUKOH siBJsieTcs TouKa [=0. I[Jm ynpouieHHs BEI-
KJA3J0K NPeanoaoxKuM, UTO

a=const.
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B Tako# mocraHoBke ypaBHeHue (7.29) omuchiBaet KoneGaHHe ManT-
HHKA B epeMeHHOM I'DaBHTALlHOHHOM MOJe, HO C MOCTOSHHBIM JeMI-
(HpoBaHHEM.

Cnenaem cHayana 3aMeHy

y=z(t, r)exp{—hrat};
toraa ana z(f, ) Mb GyneM HMeTb caelyiolilee ypaBHeHHe:
F+22(b — a?)z=0. (7.31)
[Ipennonoxum Ttemepnb, 4TO
b*=a*+1q (1),
rae ¢(0)=0. Torma ypaBHewue (7.31) MoxHO paccMaTpHBaThb Kak

OTHOCHflleecs K cay4aio A) npenblayliero MyHKTa H Mbl cpa3y Mo-
»KeM BHITHCATb OKOHYATeJNbHbIH pPe3y/abTaT

6 t
J Vb—a? dt

s
yr.2=Crzexp{— af}—5 m.,z{h’“(%J'Vb—awt) }
Vbo—a?

(7.32)

Mbl paccMoTpeaH HeCKOJNbKO NMPHMEpPOB, KOTOpble MOKa3blBaIoT,
uto 3(peKTHBHOE MOCTPOEHHE ACHMNTOTHYECKHX MpeICTaB/eHHH Tpe-
Gyer CyleCTBOBAaHHA MOAPOOHBbIX TaGJHI peumleHHH 3TaJOHHBIX
ypaBHEeHHH.

3aMeTHM, YTO aCHMNTOTHKAa pacCMaTpHBaeMOro BHAa siBJsieTcs
paBHOMepHBIMH aCHMNTOTHKaMH Ha BCeM pacCMaTpHBaeMOM HHTep-
Bajie BpeMeHH. [103TOMY HX Ha3bIBalOT TaKxkKe HHOTJa «CKBO3HBIMH»
aCHMIITOTHKaMH, NO3BOJIAIOIIHMH MOCTPOHTh aCHMIITOTHYECKHE Mpen-
CTaB/ieHHs Ha BCEM HHTepBaJie, BK/AlO4Yad OKPECTHOCTb TOYKH BO3-
Bpara.

§ 8. O HekoTOpBHIX crnoco6ax MOCTPOEHHS
ACHMNTOTHYECKHX MpeACTaBJeHHH B cjy4Yae KPaTHBIX
3JIeMEHTaPHLIX JeJuTenell XxapaKTrepucTHYeCKOH MaTpHIbI

B § 3 artoit raBbl Mbl yXe HMeNH [eJI0 C TEeM cAydyaeM, Korma
3JleMeHTapHble [Ee/HTeNH XapaKTepPHCTHYeCKOH MaTpHIBI KpaTHble,
6b110 PaCCMOTPEHO HECKOJIbKO CJyyaeB, KOTOPble BCTpedaloTcs MpH
UCC/IEeIOBAHHH CHCTEM BTOPOro MOpfAKa.

B uncne paccMorpeHHbpix 6uiat npumep . II. TamapkuHa, Koro-
pblii HHTEepeceH Npex/J€ BCEro TeM, YTO OH BCKPbIBA€T HOBBbIE OCO-
6eHHOCTH aCHMNTOTHKH, KOTOpble TMOABJAAIOTCA B CJaydasx, Koria
3/eMeHTapHble feauTeNMH KpaTHbie, OKa3plBaercsi, YyTo pPas3lioKeHHs
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Tenepb yXe MOryT cojep:xKaTb ApPoOHble cTeneHn napamerpa. Ha-
KOHell, yXKe H3 NpHBeJeHHOro NpuMepa CTaHOBHJIOCH ICHBIM, YTO MpPH
M3yUeHHH aCHMMTOTHYECKOro MOBeJEeHHs, Mbl CTaJKHBaeMcs ¢ 6o/b-
KM pa3sHooOpa3HeM BO3MOMHBIX CHTyallHii, AJAf KaxJOH M3 KOTO-
PbiX BO3MOXEH CBOM THN aCHMNTOTHYECKHX MpeJCTaBJeHHiIl.

B Hacrosiiem naparpade Mb pacCMOTPHM HEKOTOPbIH oOGIIMi
MOAXOJ K MCCJEAOBAaHHIO ClYyuyaeB KPAaTHbIX 3JIeMEHTapHbIX Ae/HTe-
Jiel, OrpaHUYHBASICh NPH 3TOM aHAJIH30M HECKONbKHX NPHMepOB *).

1. CucTeMa C OQHMM 3JEMEHTAPHbLIM JACJHTENEM MPOH3BOJbLHOM
KPaTHOCTH. PaccMoTpHM cHCTEMY

m
% =Ap(t) x, +xx,+1§ ay; () x;,

S 8.1
Eme1 =ML () Xy + Ay + Elam-l. () x5, )

m
Xm= M (2) x,,,+12l am; (D) x;.

XapakTepucTHyeckas MaTpuua cucremsl (8.1) uMeeT OAHH 3/ieMeH-
TapHbIil AenuTeNb p — u*, U ero KpPaTHOCTb paBHa m.
ITonoxum

t
xp= (A, t) exp[ f [An()+o(t, M]dt;. (8.2)
0

Toraa HeusBecTHble (yHKUHH 4, (R=1, 2, ..., m) u @(f, M)
LOJIKHBI YJOBJETBOPATL C/AEAYIOUIHM CHCTeMaM ypaBHEHHH:

m
iy + uyp = Auy +lZl ayip

m
. 8.3
Upy+ Up @ = )'um +I-Zl A1y JU s ( )
m
Uy + Un® =;-Zn Al
[TpeanosioXuM, 4To Mbl CTaJH HCKaTb pPelleHHe B BHJE
w=Ay, 1), =A@, 8), (8.4)

*) Hsnomenne storo maparpagpa caenyer yamerke FH. H. Monceesa, onyGau-
kosannoft 8 JIAH CCCP.
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rie u; H " oOrpaHHueHbl H He O6pallalOTC B HyAb NPH A —> oo.

[loTpe6yeM, uTo6bI u/eHbl, CTOfIIHE B MNPaBbiIX YacCTAX CHCTEMBI
(8.3) u uMelolIMe BhICIIHE CTENEHH A, KOMIEHCHPOBAJHCh NPOH3Be-
JEeHHSIMH u;Q.

[MpeanonoxuM, HanpuMep, YTO B NMEePBOM YPaBHEHHH CHCTEMBb
(8.3) cnaraeMbiM, cofepiKallUM CTaplUylo cTeneHb A, OyJeT ujeH
AUy, TOTAA 3TO BbipaXKeHHe MOJKHO ObITh KOMIEHCHPOBAHO cjarae-
MbIM 4@, OTCIOZA Mbl MOJAYYHM

Ri+k=ko+1.
Paccyxnas aHasoruyHo, /s BTOPOrO ypaBHEHHMs HalaeM
ky+k=Fky+1

u T. 4. UTak, Mbl NPHXOAMM K CJeAyiolleli cHCTeMe PaBEeHCTB:
b —ky=1—F,
ky—ky=1—F,
. (8.5)
km—l—km= 1—&,
by — by = — k.

PasencrBa (8.5) 6yaeM paccMaTpHBaThb KaK CHCTEMY YypaBHEHHi
OTHOCHTENbHO R;. Onpenenutenb 3Tofl CHCTEMbI, KaK JIErKO NpoBe-
PHTb, PaBeH HYJIO, a PaHr MaTpHUK cHcTeMbl paBeH m — 1. [To-
3TOMY AJs Toro 4ytoGbl OHA HMeja pelleHHe, HEOGXOAHMO H JocTa-
TOYHO, 4TOGBI PAHT pacuUIHPeHHOA MaTpHIBI TaKXe paBHaAJAca m — l.
PacunpenHas MaTpHLla B 3TOM c/lyyae HMeeT BHJ

1 -1 0 0 0(1 — k)
0 1 —1 © 0(l —k)
0 0 1 —1 0(1 — k)

0 0 0 —1(1—%)

-1 0 0 0 1—-k

Mbl BHAHM, YTO CyMMa 3JIeMEHTOB KaXJOro M3 nepBHIX M CTOJG-
uoB paBHa Hymo. CiefoBaTesIbHO, 3THM CBOHCTBOM [0JXKeH o6Jsa-
aate ¥ m—+1 cron6en. M3 aToro yc/oBHA HaXoAHM BeJNHYHHY R

h="mr (8.6)
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He orpanuunBas o6uHocTH, npuMeM k;=0. Toraa

I 2
o k= k= —

k2=—

Wrtak, clenaB HEKOTOPbie NPEANOJOKEHHS OTHOCHTE/IbHO CTpYK-
Typbl npeacTaBieHnit (8.4) QyHKUMA 4; M @, MB MPHUNIH K cJe-
AYIOLIMM BBIpAXKEHHAM AJs8 QyHKUHH Xp (¢, A):

=) 4 mt
X, (8, N =2"" u (A, f)exp f[m(t)ﬂ m 9 (A, t)] dt
0

Mpbl BHAHM, 4TO OHO COMEPXKHT Le/ble CTENeHH BeNHUHHEI Allm,
[TockonbKY GYHKUHH 4, W @* OTpaHHYEHbl MpH A —»00, GyAeM HX

HCKaTb B (OpMe psi0B, PACNOJNOXKEHHBIX MO OTPHUATE/bHBIM CTemne-
HSIM 3TOrO MapaMerpa
I 2
u,(t, V=u yO)+2 mu,(O)+r mu,()+ . ®.7)

-L -2
oA =g ) +A me () +r " (f)+

IMoacrasasia paasl (8.7) B ypaBHeHus (8.3) u cpaBHHBas Ko3(-
(HULHEHTB! NPH OAMHAKOBBIX CTENEHsX A, MOJNYYHM cleaylolliye ypas-
HEeHHsl [/l ompelesieHHs] QYHKUHH ugp H Qo

U@ —Un=0, }

UsgyPo — Uz =0,
(8.8)

Um-1, 0Po — Umo =0,
Umo@o — Qmithip = 0.

YcnoBuMcsi cHauasna paceMaTpHBATh JHWb TOT caydya#, Korga Aas
mo6eix te[0, T] kospPHUHEHT amF0. Huke MBI yBHANHM, 4TO OTKA3
OT 3TOTO MpEeANOJIOXKEHHs MpHBeJeT K ADYFHM BHIpaXKEHHAM [4
aCHMNTOTHYECKHX MpeACTaBJIeHHH.

Cucrema (8.8)— 310 cHcTeMa OJHOPOAHLHIX aJreGpaHyecKHX
ypaBHeHHH. [I1s TOro uTo6bl OHa JONYycCKajla HeTPHBHAJLHBIE pelne-
HHs, HEOOXOJHMO H JOCTaTOYHO, 4TOObl (YHKUHA @y Obla KOpHEM
ypaBHeHHS

% ~1 0 0
0 @ -1 01=0, (8.9)
—am 0 0 Po
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OTKyZa
m

P = Mo
YpaBHenHe (8.9) Gynem Ha3blBaTb Pa3pelLAOIHUM.
O6osHaunm uepes ¢f (s=12,...,m) Kakoii-1h6o M3 Kop-
Hell pasperaiolllero ypaBHeHHst H npuMeM @, = @{". Ecan opHy u3
¢yuknufi (Hanpumep, uj) OCTaBUTb MPOM3BOJILHOM, TO CHCTeMa

(8.8) nosBoJsisier npu TakoM BbIGOpEe @o BLIPA3HTb BCE U YEPE3 Ujg

Ugp = Qoo = Vaml Uy,

Uyy=Quy=V @& Yo} (8.10)

= qom-! -1 U .
U =@y Up= Va 10

s ¢yHkuui u; OyAeM HMeTb CJeYIOWLYIO CHCTeMy aJreGpau-
YyeCKUX ypaBHEHHH:

U Qo — Ugy = — U@y, )
Um-2, 1®0 — Um-1, 1= — Um-2, 0P1» 8.11)
Up-1, 190 = Um1 = — Up-1, 0®1 T Am-1, 14105
Umn1®o — Qmithi) = — U@ + Apmaliz0-
OTHOCHTE/IbHO MCKOMBIX (YHKUHH Uiy, Uy, ..., Um cHcTeMa (8.11)

Gyder HeOLHODOAHOH cHCTeMOil anre6paMyeCcKMX ypaBHeHHH, omnpe-
JenuTesib KOTOPOH paBeH HyJo. Jlsist Toro yrto6bl 3Ta cHcTeMa Gblia
coBMecTHa, HeOOXOAHMO H [0CTaTOYHO, YTOOBl pPaHr pacluHpeHHOH
MaTpHIBl PaBHS/CS PaHry MaTpHubl cucrembl (8.11).

3aMeTHM, 4YTO eCJIH NepByIo c‘rpoxy onpenesnurens cureMn (8.11)
Mbl YMHOXHMM Ha |, BTOpylo —Ha @', TpeTbio —Ha @2 H T. I., TO
CyMMa 3jIeMEHTOB Ka)xJoro cronbua craHer pasHo# HyJio. Cieno-
BaTe/IbHO, TOMY K€ YCJAOBHIO [OJIXKHbB yNOBJETBOPSTb 3JE€MEHTBHI
cronbua NpapbX 4acTeil. YMHOXas COOTHOLIEHHE, KOTOPOe MBI MO-
JYYHM TaKMM 00pa3oM Ha @f', IPHXOAHM K CJaeaylolleMy Bblpaxke-

HHUIO:
~1 m-=2 _—
Oy (P71 + @5 Py + T Up) = Gy 810% T Qpalisg,

KOTOpOe SIBJSIeTCS1 yPaBHEHHEM OTHOCHTEJIBHO ).
[Npunumas Bo BHHMaHHe paBeHcTBO (8.10), umeem
am-1, 1+ 8m,
Q= m—1, 1 m 2 (8.[2)

m(p{,"‘z
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Onpesenus ¢yHkuuio @, no ¢opmyae (8.12), moxxHo HaillTu pemle-
Hue cucteMsl (8.11) ¢ ToyHOCTBIO NO Mpou3BoAbHOH yHKuuu. Cuu-
Tasg NPOU3BOJBLHOH (pYyHKUHMIO uy;, n3 ypaBHeHuil (8.11), nerko ompe-
JIEeJUTb OCTaJjbHble HeW3BeCTHbIE

Ug = Uy Po + UyoP1s }

8.11)
iy = Uy, Q5 + 20,9,
H T. A
Paccyxpnas panee, Ge3 Tpyna YyCTaHOBHM, YTO HJas Jo6oro
i=1,2, ..., m—2
am-j, 1+ am—ji1, 2+ ... +am, jn1
= . 8.13
Py m(p(’)"-’—l ( )

ITocsie Toro Kak BesiH4YHHA @; onpefieseHa, QYHKIHS Us; ONpenenser-
cs1 B ABHOM BHJE.

PaccMoTpuM Tenepb CHCTEMY JJisi ONpefeseHHs Ui m—i. IDTa CH-
cTeMa MMeT BH]

Uy, m-1@o — U, m-1 = — [0 + 1), @m-2 + U12Pm—3 +
+ Uy, mo@i] + @y = By,
Up, m-1Q0 — U3, m-1 = — [loo + UsiPm-2 + UppPp-3 + (8.14)
+ Uy, mo@i1] + @rouy + agliey = By,
U, m-190 = Bmitls, m-1 = — [Umo + UmiPm-2 + UmoPpm—3 +
+ U, m-2®1]F Qpolia, m-o+ Apalls, m-at . . . +Aumlbmo=Bpn. )

YcnoBue paspemiMMOCTH cHcTeMsl (8.14)
Bor'+Bwr?+  +B,=0
MOXXHO MepenucaTh B CJeAYIOLIeM BHAE:
{‘pl [(p(’)"“ul' me2 T O Uy ot tu, m-2] -
= Qpally, m-2 — Polm-1, 141, m-2} +
+ {0, [0 g T 00Uy, st F il py] = Bally s —
— @y, oy, 3 ™ PoBmes, 1y, mea) T
+ (@ (95710 + 0720y + +y] ol +
+ o agu,, + ‘p(')"‘zazl”u] = (tyo— ayty) 5t —
— (tlyg — @pyltey) P2 — = (8o — - mo) = 0. (8.15)

Ucnonbsys dopmynsbl (8.13), Mbl ycTaHOBMM, 4TO BbIpa)KeHHd,
cToslllie B (GHUrypHbIX CKOOKax, paBHB HyJ/I0, H paBeHcTBO (8.15)

um‘l
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MOXXHO Nepenncartb Tak:

. 1 . § -1
Lulo = Ujpg~— 71';' uw[au +a22+ oo a,,,,,,] +%§‘ m2 u10=0. (8.16)

Takum o6pasoM, pyHKUHSA ujp YAOBIETBOPSET OOLIKHOBEHHOMY AH(-
(epeHHaNbHOMY ypaBHEHHIO MEpBOro MOpsAKAa H, C/l€A0BATEe/NbHO,
onpeaeasercs KBaapatypoit

t
Cc 1
U= —Wexp { ™ 6’. (au + axp+ + Apm) dt ] , (8.17)

rae C — npousBoJbHAA NOCTOSHHAA.
OnpenenuB QyHKUHIO ujo no GopmyJe (8.17), HaxodUM 3aTeM ;o
no ¢opmyaam (8.10).
Ha caenyomeM wmare Mbl onpefieiHM u;;, KOTOpPas yAOBJETBO-
psieT ypaBHEHHIO BHIA
Luyy=F (u0)

H T I

Urak, nokasaHo, 4yTo Bce ujeHbl pasaoxeHus (8.7) moryr GbiTh
3¢ deKTHBHO BBIYHC/JEHH JaHGO B SIBHOM BHie, Mu0O B (popMe KBa-
Apartyp.

OnpenenuB N uneHoB pa3noxxenust (8.7), Mbl MOXeM NOCTPOHTDb
caenyouine QyHKUHH:

N-1
b,———C
k i
X = {7\' il + +A "™ uP } X

! 1
X exp | {Au-i-h”q)‘o’)-i- FATQE), z}dt, (8.18)
0
rae ¢F u uf) 03HauaT QYHKUHH, COOTBETCTBYIOLIHE KOPHIO ypaB-
HeHus (8.9) Homepa s.
Marpuua
B354 (8.19)

MoXeT GHTb MPHHATA B KayecTBe MPHGJHKEHHOrO NpeAcTaBJeHHs
MaTpHlbl QyHIaMeHTaabHEX pewedHd cucteMbl (8.1). OcHoBaHHeM
IJisl 3TOTO CJYXKHT Caelyiolasi Teopema,

Teopema. ITycro @mi(t) #+0 0dasa awboeo t<[0, T], To2da ma-
tpuya (8.19) daer pasnomepryio Ha [0, T] annpokcumayuio marpu-
yvl yndamenrarvhoix peuwienuti cuctemvr (8.1) 8 caedyroujem
cMblcAe: ecau 4acTHOe pewerue cuctemst (8.1) x; (f) u pynkyus x3)
ydoamﬁaopmor O0UHAKOBbIM HAYANLHBIM YCAOBUAM, TO O 106020
t=[0,

N
% (8)— x5 ()] =0 (n’*r m ) (8.20)
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2. MNpumep 1. PaccMoTpuM ypaBHeHHe

4+ A2 =20uz -+ Aa*x.
3aMeHoit
X=x1, £=AX2+Apx

3TO ypaBHeHHWe CBOJHMTCS K CHCTeMe ABYX ypaBHEeHHil mepBoro mo-
psifiKa

X = AMx, + Ax, } (8.21)

)22 = )vl»"xg + ax,,
rae
a=a"—p.
Cucrema (8.21) OTHOCHTCS K pacCMOTPEHHOMY THIY, €CJH TOJAbKO
a*=n.
CornacHo TeOpHH, H3JI0XKeHHOH B 3TOM pa3sjesie, aCHMIOTOTHKY
pemenuit cucreMsl (8.21) cnemyer nckarh B BHle

t
X = (u,o + A‘l/’u“ + h-lum + .. .) exp J (All + A%(Po) dt,
0

t
Xog= (h-‘/zugo + h-]uzl + .. .) exp J (M" + AIIQ(P()) dt,
0

rze == Va. »
Iins GyHKUMA o U Ugg MONYYAIOTCS BHIPAXKEHHUS!

4
U= fO"St , uy = const Va(f).

Va(y

TakuM o6pasoM, nepBble Y/eHbl pa3fioKeHHH 060MX JHHeHHO
HE3aBHCUMBIX pellleHUH OyAyT HMeTb CJeRyIOLIHH BUA:

t
s =S exp [ () +A"Va®) ar,

Va@® 0

. t
X9 = C[VWeXP j (A (t)'!'x/zb a(t)) dt,
0
t

f= o exp [ Gu () - A"Va®)
Valt) 0

4 t
tn=CaV @@ exp | (() 2"V a(D) dt.
0

(8.22)
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MpumeuaHnue Bboipaxenus (8.22) Moryr okasaTbcsi Heyno6-
HbIMH, €CJIM BeJHUHHA @ OTpHUATe/bHasA. Toraa cieayer nepedTH K
AEeHCTBHTENbHbIM BBIpaXKeHUsiM. Jlerko y6eaHTbCs, 4TO B 3TOM CJy-
Yyae aCHMNTOTHYECKOe MpeAcTaBJieHHe OOLlero HHTerpajga CHCTEMbl
(8.21) 6ymer Takum:

t
exp{xfp(t)dt
0

X =

t
1 [Mcos[}»’/’fl/a(t) dt}+
Va(t) 0

t
+Nsinlx"=fva(t) dt}},
0

rae M u N — npou3BoJibHbBIE NOCTOSIHHbIE,
B HamHx paccyXAeHHsX ObLIO CYLECTBEHHBIM Mpeano/oxKeHue
o ToM, uto a0, T. e. p5~a*. AtoT cnyyall 6Gyger pacCMOTpeH HHIKe.
3. MNMpumep 2. PaccMoTpuM ellle OAHH NpHUMep NOAOOHHHA CH-
CTeMBI
X =Apx, + Axy,

%o = Mixo+ Axy+ bx;, V' (8.23)
X3 =MAuxs+ ax; + cx,.

AcHMITOTHYECKHE npeacraBaCHHUA OOJXKHbBI HMeTb BHA

t
X = (u,o + A."”u" + A.'z”um + .. ) exp J (A.p. + A”‘% + A."’qa,) dt,
0
t
xg = (A" 190 + A Puy + A Mg + .. ) exp j (A + A + A7) dt,
0

t
X3 = (A‘zl’uao + A."us. +2" a4+ L) exp f (A + Az"qao + A.'/’qal) dt.
0

B 3toM cayuae
Qo= a'/s
u yvpaBHeHue (8.10) maM nact use=a'u,o, usp=a"u,o u 1. 4. Ypas-
HeHUs] OTHOCHTEJbHO MepPeMEeHHbIX Uy, U W Uz, GYAYT TaKUMH:
U Qo = Uy — U1oP1s
Upi @ = Uz + buyg — @iz, (8.24)
U3 1Qo = altyy + Cllgg — @y li3.
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YecaoBue paspelwiMMOCTH cucreMbl (8.24)

@, (4,0@5 + Ug®, + Uy) = bu, Py + clty,

aact
b+c b+c¢
q)l ] ] 3 .
390 3Va

CocTaBHM Tenepb ypaBHEHHs, KOTOPBLIM JOJXKHBI YIOBJETBOPATH
GyHKIHE U;9:

U9 = Ugp — Uy Py — Uy,
UgoPo = Uzp — Uy — U + bun, (8.25)
UsoPo = Qg — Uz Py — Ugg + Clyy.
Ycaosue paspemnMoctH (8.25) Bripaxkaercss COOTHOLIEHHEM
0 _ e e e
@, (1 Py + Uy Py + Uy)) = buy @, + ctty — i (@F — ity @ — iy,
Ecnu Tenepb MOACTAaBHTL B 3TO BbipaKeHHE 3HAUEHHe ¢ M BeNHUHH

Ugy == Uy 1Pp + UioP1y
gy = Uy, @ + 20, PP, — by,

H NpPHBECTH NOAOGHbIe YJeHbl, TO MblI YBHIAHM, 4TO BCe cCJlaraeMeie,
He COJepXKallHe NMPOH3BOJHBIX, ob6paTaTcs B Hyas. Hrak, yciaosue
pa3pelmiMocTH OyJeT NPHBEJEHO K CJAeAyIolleMy BHAY:

gy + P50 + Loy = 0. (8.26)
3ameHsas B ypaBHeHUH (8.26) ugo M uzo no popMynam
Ugy = U1xPo»
Mgy = Uy Pyr

Mbl nonyuHM oaHO AHGdepeHnHaNbHOe YpaBHEHHE NepBOro mo-
psllKa OTHOCHTENbHO QYHKIHH U0

10@o + U100 =10,
oTKyna
1 _ 1
=5
Po — 0

Hrak, nepBbie ujeHbl pa3fjIOKeHHA peweHus cucreMmbl (8.23) bl

Up=
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MOXeEeM INpPEACTaBUTb B CjeAylOllleM BHIE:
t

. 3
X= 1 epr [l,p.+l%‘/a Q) Y b‘(g)+c(t) dt,

Vaiy ¢ Va()
Xy = f_ - exp f{luHL"Va B +ah 0@y (8.26")
Ve Va(®

¢

A~k /s b () +c(t)
x3=mexp6f{lp+l Vai)+r e }dt

IMpunaBas kopHio u3 a(f) Bce ero TPH BO3MOXHBIX 3HaUeHHS, Mbl
MOJIYyYHM MOJHYIO CHCTEMY JIHHEHHO HEe3aBHCHMBIX pelLleHHH CHCTeMLI
(8.23).

[MTpuMmeuanue, Popmyan (8.26) maioT HaM ToONBKO mnepBble
yJeHbl pa3fioxeHHH Kaxpaof u3 PyHkuui x; Ias toro uto6bl Hc-
101b30BaThb HX AJf pellleHUs KOHKPETHHX 3ajau (Hanpumep, 3a-
Aaun Komu M KpaeBo#t 3ajayu), HAaJAO BHINHCATb BEJHUYHHH X;
(i=1,2,3) ¢ omMHaKoBofi norpellHOCTbIO. EciH MH yCJOBHAHCH
yIAepKHBATb UJeHbl NMOPSIAKAa A~h, TO B Pa3/OXKEHHH X; Mbl JOJIXKHbI
BLIYHC/HTb TPH NepBLIX YJeHa, B X2 — [Ba, a4 BbIpaXKeHHE X3 3alu-
caTh B TOM BHJe, B KaKkoM OHO AaHo dopmyJoii (8.26).

4. Cayvai, koraa a,, =0, no @, .+ 0. Hccaenys cucremy (8.1),

Mbl MpEeAnoJaaran, 4To am¥0. dTo npeanosoxeHue Ob0 BeCbMa
cylllecTBeHHbIM. KaK Mbl yBHAHM HHXe, CTPYKTypa YacTHHIX pelle-
HUE NPH Am;=0 Gyzer, BooGie roBops, apyras. TeM He MmeHee HC-
NoJb30BAHHAsl cXeMa paccyKAeHHii 6e3 KaKHX-NHGO CyIeCTBEHHBIX
H3MeHeHHH M03BOJNIHT HaM MOCTPOHTb CHCTEMY JIHHeHHO He3aBHCH-
MbIX pellleHHA H B 3TOM cJyuyae. PaccMOTPHM aJsi onpeAeeHHOCTH
TOT cAyualt, KOraa am =0, HO @pa+~0.

Hrak, paccmotpuM cuctemy ypaBHeHH# (8.2), B KoTopo#t @y, =0:

m
)'c,=7Lp.(t)x,+7tx2+,zla,j(t)x,«,

m
Tg= Mt (f) xa+ Ax3+ ,Z‘ as; (8) x;,
. 8.1
m
-im-l = }"p’ (t) Xm-1 + A'-xm + IZI Am-1, j(t) xj»

m
m = }"u(t)xm + 22 A jX jo
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Peuienne 3Tol cHcTeMbl Mbl cHoBa OyjneM HckaTb B Bufe (8.2) n,
c/e0BaTeNbHO, s QYHKLHH U; H ¢; NONYy4YHM CHOBa cucTeMy (8.3).
Onnako B nocjelHeM YpPaBHEHHH 3TOH CHCTEMBl CTapluiHe cJjarae-
Mble B NMpaBoil yacTH OYyAyT Tenepb AmeXs. CorsiacHo oGmei cxeme
OHO JIOJI’KHO GHITh KOMNEHCHPOBAHO C/AaraeMbiM Umg. JTO HaM AacT
caenylolilee COOTHOIIEHHE JJisi NoKas3aTelell Ry, kB 1 R

kyntk=k,.
Takum o6pasoM, cucrema ypasHeHHuil (8.5) Tenepr Oyaer Takoi:
ki—ky=1—k,
ky—hy=1—k,
. (8.27)
kpy— k=1 —k,
ky—ky=—Fk.

3aMeTHM, 4TO B 3TOH CHCTEeMe NepBoe ypaBHEHHE MOXeT GhbiTh pac-
CMOTPEHO HE3aBHCHMO OT JpYyTHX, KOTOphie 00pa3yloT CHCTEMY
m — 1-ro nopAlKa OTHOCHTEJbHO HEH3BECTHHIX Rg, ks, ..., Rnm. Onpe-
Je/NHTeNb TOH CHCTEMbl paBeH HYJII0. YC/OBHE ee pa3peliuMOCTH,
KaK Mbl BHIE/H Bbillle, TpH H3yueHHH cHcTeMbl (8.5), cocTouT B
TOM, YTO CyMMa 4/EHOB B NpaBoM cToqabue JOJ/IKHA paBHAThCA
HyJqo. OTciofla Mbl NoJiyyaeM 3HaueHue R

m-—2
k= prgm el
[Tosnaras cHoBa B;=0, MBIl HaX0JUM
1 2 m-—1
b= k= moT kn=—pr=—1L
Tenepr nnst GyHruHH X, GyleM MMeThb cjelylOllHe MpelcTaB/eHHA:

LT ! m=2
xp=4 ™ tu, (A, t) exp {Ap )+ Arm=lg*(a, t)}dt.
0

Haa dyHkunit uy 1 @  noctpouM pasjoxenus tuna (8.7). [loa-
CTaBJisisl 3TH BhIpaXKeHHs B ypasHenus (8.1°), Mbl nojyuuM caeayio-

LLyI0 CHCTEMY ypaBHEHHH OTHOCHTENBbHO QYHKUMH upo:
UyPo— Uz =0,
UgnPo — tz =0,

(8.28)
Um-1Po— Umn =0,

UmoPo = Apalizy = 0.
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CoctaBHM pa3pemraioniee ypaBHeHHe

(1) —1 0 0
0 Qo —1 0

0 - QAo 0 Po
CaepTHiBasi onpefeHTeNb, MOJYUYHM
9y (P! —a,,)=0. (8.29)

YpaBHenne (8.29) uMeer oAHH HyJdeBoH KopeHb Q=0 u m—1

HeHyJIeBHX KOpHe#H
m~1

Po = Vam2 .

Ilycts cHauana @ % 0. Torna, cuuras u;y NpoH3BONLHOH (YHK-
I[Heil, HaXOAHM

- — m=1
Ugpy=Ui@Pgr « v +r Upg=UPy -

KopHio ¢=0 orBeuaer cjepyouias cHcreMa pelleHHH YypaBHEHHS
(8.28): ujo— npousBosibHas QYHKIHA, Uz =uz=...=0. Pacuer
NOC/MeAYIOUIHX YIEHOB Pa3/1oXKeHHS1 MOXKeT ObiTh NPOBEJEH MO CXeMe,
KoTtopasi Oblla H3JI0XKeHa Beille,

5. Cayyait, xorna a,,=a,,=0, voa, +0 npu §>2. Iror
cayuail HMeeT HeKOTOopbie OCOOEHHOCTH, IIOCKOJbKY MpPH S$>2 acHM-
NTOTHYECKHE Pa3J/IoXKeHHsl CoJepxaT «BeKoBble» caaraeMbie. Pac-
CMOTPHM [J151 ONpefe/eHHOCTH TOT cayuai, KOTAa ama+0.

Paspemaroiliee ypaBHeHHe GyAeT TAKHM:

o} (o2 —a,,;)=0. (8.29)

YpaBHeHne (8.29”) umeer m — 2 pa3qHYHBIX KODHS, COOTBETCTBYIO-
m-2

WHX 3HAYEHHSM KOPHSI V Gn3(f). B 3Tom cayuae BMecTo ypaBHe-
Huit (8.27) moanyuum

k|_k2=l—k,
ky—ky=1—Fk,
by —ky= —k,
OTKYyZIa
m—3 1 m—1
=m—z =L k=-g, e
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Tenepb m — 2 — pellenns, oTBeyalollHe HEHY/N€BLIM KOPHAM, pa3pe-
waromero ypasHeHus (8.29°), Mbl MoXeM NOJYYHTb CTaHAapTHOM
npouenypoH, onHcanHoit B 3ToM maparpade.

Jnas Toro uro6Ghl MPOJEMOHCTPHPOBATh NPOUEAYPY NOCTPOEHHA
HEJOCTAIOMHX YaCTHHX pelleHHH, OrpaHH4YHMCH paccMOTpPeHHeM
npuMepa

)2[ = Ap,xl + AX2, )

’€2 = Al‘l'x2 + A'xsy

x'a = Al.lcxa + A:x,‘, (8.30)
x'4 = Ap«x,; + Axs,

xs = Allxs + axs.

Cucrema (8.30) OTHOCHTCH K DacCMaTpHBGEMOMY THNY CHCTEM.
3aMeTHM, uTO CTapliHe YJeHbl Pa3JIOXKEeHHS HCXOZHON CHCTEeMBI Kak
pa3 x ynosJjerBopsitoT cucteMe (8.20). IMoaToMy Bce oco6GeHHOCTH
METOHKH NOCTPOEHHS aCHMNTOTHYECKHX pelleHHH B cayyae H3yuae-
MOTO BHIPOXKJEHHSI OYIYT yKe SCHbl H3 PACCMOTPEHHS JaHHOTO NpPH-
Mepa.

3ameruM, uto (8.30) pmomyckaeT CHCTeMY 4YacTHBIX pelleHH,
rae x3=x4=x;==0, a X| H X YNOBJETBOPAIOT CHCTEME BTOPOIrO MO-
paaka

Zy=Apx;-FAxy,  Ea=Apxs (8.30")

OnHo M3 yacTHbX peuleHHil cucteMbl (8.30°) nonyyaercs cpasy

t
x9=0, x;,=C exp Ajp(t)dt .
0

Ilpyroe uactHoe pelleHHe Mbl NOJYYHM, HHTEIPHPYS BTOpOe H3
ypaBHeHHH cucteMbl (8.30")

t
iy = Cyexp A_[u(t)dt )
0
[MoacraBasis Tenepsb Xy B NepBoe H3 ypaBHeHHH, Mbl MOJYyYHM
t
d=hux +ACoexpia [t dty,
OTKylIa JIE'KO HaxoJHM ’

t
%, =ACqt exp Ajp(t)dt .
0

Takum o6pa30M, Mo/iHaa CHCTeMa 4acCTHBIX pemeuuﬁ onpene/neHa,
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§ 9. ACHMNTOTHYUECKHE MeTOAW GoJabuioro hapamerpa
M TEOPHS ONTHMAJbHOH KOPPEKLHH

B npeapiayuieit riase MH yKe BCTPETHJHCh € NPHIOKEHHAMH
aCUMNTOTHYECKHX METONOB K 3&JaYaM ONTHMAJbHOrO ynpasJ/eHHs.
Meroapl, XoTopbie pa3BHBalOTCA B 3TOH rviaBe, NpelHA3HayeHbl AJA
pemieHus auHeRHbIX 3afay. COOTBETCTBEHHO C 3THM Mbl ByJeM pac-
cMaTpHBaTh ONUH CNENMaJbHbIA KJacc 3ajlay ONTHMAaJbHOrO yHpas-
JIEHU S, KOTOpbI# CBOJAMTCH K MCCJAEIOBAHHIO CHCTEMbl IHHEHHBIX AH(-
(epeHUHaNbHbIX YpaBHEHHH.

1. Mocranoska 3anauu. Ipumepn. 3anaueil onTHMaJNbHOH KOp-
PeKUHH Mbl Gy/leM Ha3biBaTh CJAEAYIOUIYIO 3a/layy TEOPHH ONTHMallb-
Horo ynpasJjenusi. Onpenenutb BeKTophl x(f) (dha3osBmii BekTOp) H
u(t) (ynpaBJaenue), NOCTaBAAIOLIHE MHHHMYM HJIH MAaKCHMYM QYHK-
uvoHaay J(x, u) npu ciaenylOUIMX OTPaHHUYEHHSX:

a) nup¢epeHuHaNbHBE CBA3H

2=Ax+ Du; (9.1)

6) ycnoBHs Ha KOHLAX

X(O)Eeo, X(T)EST. (92)

rge go H er — HEKOTOpbIe 3aJlaHHBIE MHOXKECTBA,
B) OrpaHH4Y€HHA Ha ynpaBJ/I€HHUA

=te (9.3)

rae G, — TakXKe HEKOTOpPoe 3allaliioe MHOXKeCTBO. B yacTHOCTH, OHO
MOXKeT ObiTb OTKPHITHIM, COBNAafaTh CO BCEM MPOCTPAHCTBOM, a MO-
)KeT ObITb H 3aMKHYTBIM.

BpeMmsa nporekanus npouecca T nu6o ¢puxkcuposano, nu6o 3apa-
Hee He 3anaHo; A u D — 310 HekoTOpHIE 3aJlaHHble MaTpHIUbI, 3Jje-
MEHTB! KOTOPHIX B ofuieM ciyuyae — QYHKIHH BpeMeHH.

Takum o6pa3oM, 3afilauedl KOPPEKLHH MBI Ha3blBaeM TOT 4YacT-
HBIA c/iyyall 3ajlayd ONTHMAJbHOTO YNpaBJeHHS, B KOTOpOM nudde-
peHlIHa/bHbie CBSA3H — 3TO JIHHelHble aHddepeHnHanbHBIe Yypas-
HeHMA.

B aroM nmaparpade paccMOTPHM TOT crenuaJibHbIH KJacc 3afgay
ONTHMAJIbHOH KODPEKIHH, /S KOTOPHIX cHcreMa JH¢depeHuHaNb-
HbIX YpPaBHEHHH, NOJYYEeHHbIX NMPHUMEHEeHHeM NPHHIHMIA MaKCHMyMa
JI. C. TloHTpsrHHa, TaKXKe SABJAAETCH JHHEHHOH. DTO HaKJaabiBaer
onpejneJeHHble OrpaHHYeHHs Ha BbIGOp d¢yHKuHOHAMOB. I[Ipexae
BCEro YCJOBHMCS pacCMaTpHBaTb TOJBKO HHTerpaJibHble (pyHKUHO-
HaJIbl

T
I=[ F(x, wat. (9.4)
0

Toraa k Hameil 3ajaye NPUMEHHM NPHHIUI MaKCHMyMa,
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Ilas Toro uto6bl BeKTOp-OYHKUMA X (f) u ynpaBJenue u(f) pea-
JU30BalH MHHUMYM ¢yHKIHOHaNa (9.4) npu ycaoBuax (9.1)—(9.3),
HeO6XOAHMO cylllecTBOBaHHE (QYHKLHH p (I)

. oH
p ()=— ox ? (9.5)

rae ¢oyHkuusa I'aMunbToHa
H=(Ax-p) + (Du-p)—F(x,u), (9.6)

a ynpasjeHHe 4 onpeneasieTcs H3 ycaoBus MakcumyMma H no u(f)
s N06bIX X U p, T. e. u=u(x,p).

Takum o6pa3om, 3agaya onNTHMAJbHON KOPPEKLUHH CBOAHTCH K
pelleHHI0 HEeKOTOpOH KpaeBoi 3afayd AJsl CHCTEMbl ypaBHeHH#
(9.1) u (9.5). Jlunefinoctb cucremb (9.1) He rapaHTHpyeT B O6lleM
caydae auHeliHocTH cucteMbl (9.1) u (9.5). A1y cHcTeMy ypaBHeHu#
Mbl YCJIOBHMCSI Ha3bIBaTb fT-CHCTEMOII.

Ecau pa3MepHOCTb BEKTOpa X paBHa 7, TO pa3MepHOCTb T-CHETe-
Mbl paBHa 2.

HeTpyaHo y6enuTbcs, uTo CyllecTByeT LIHPOKHi KJaacc 3ajad,
IJsl KOTOPHIX f-cHCTeMa sBAsieTcs JuHedHoM. [lpuBeaeM HekoTopble
npuMepbl.

3anauya A. YnpasjeHHe c KBaJpaTHYHHIM (QYHKLHOHAAOM

T
/= [(Cu—uat, 9.7)
0

rae C — HekoTOpasi MaTpuua. 3afaya ynpasJjeHHs C KBaJpPaTHUHLIM
GYHKLLHOHANIOM JOBOJIbHO 4acTo BCTpeyaeTcs B TexHuke. MHTepec-
HbIM MPHMEpPOM SfBJSIETCA 3a4auya ONTHMAJbHOH KOPPEKUHH KOCMH-
YecKoro annapara, CHa6xeHHOro HAeaJbHO peryjHpyeMbiM siIepHbIM
asurartenem *).

CocraBuM o¢yHkunio H

H=(Ax.p) +H*,
H*=(Du.p)—(Cu-u).

rae

Cuyuras, uto G, coBnajaer co BceM NPOCTPAHCTBOM, Mbl JIeTKO Haii-
geM u(f) u3 ycaoBusi MakcumyMma H no u. OTo yc/aoBHe MOXHO 3a-
f1ucaTh CAefyIOlHM 06pa3oMm:

Dp=Wu,

*) O nmocraHoBke MoAoOGHLIX 3apau cM. moppoGuee I'. JI. FTponsoecknuf,
0. H Uesauos, B. B. Tokapes, MexaHHka KOCMHUECKOro moseta ¢ MaJjodl
Tarofl, u3p. «Hayka», Mocksa, 1966,
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rae W=C+C (D u C 0603HaualoT TPAHCIOHHPOBAHHLIE MaTpPHLbI).
Takum o6pa3om,

u=W-1Dp.
Boinuiem tenepp m-cucremy
x=Ax+ Bp, .
AR e } 9.8)
p=— Ap,
rge -
B=DW'D.

YcnoBHs TpaHCBepCaJbHOCTH HaM AalyT 2n KpaeBbiX YCJOBHH.
Hanpumep, 3agaua nepexosa cHCTeMbl H3 TOYKH B TOYKy 3a Bpe-
Ma T HaM gacT caeaywoulee ycsaosHe THna (9.2):

x(0)=xo, x(T)=xr. (9.9)

3apgaua B. PaccmotpuM 3agauy Mailiepa: onpeaeauTb MHHH-
MyM ¢yHKUHOHANA

J=(e-x(T)), (9.10)

rae e—HEKOTOpbIfl 3aJaHHBII BEKTOP.

Ecan G, coBnagaer co BceM NpPOCTPaHCTBOM, TO paccMaTpHBae-
Masi 3agaua cMmbicaa He HMeeT. Ecan G, — 3aMKHYTOe MHOXECTBO,
TO ynpaB/aeHHe HOCHT peJeiiHblii XapaKTep M 3ajaua OKa3blBaercs
HesHHeliHON. OaHako nogoOHble 3aJauyH SBJASIOTCA HEKOPPEKTHbIMH
B cmbicie A. A, TuxoHoBa. DTo CBOHCTBO 3aJayu COCTOHT B TOM,
YTO MaJsibiM H3MEHEHHSIM (YHKLHOHA/NA COOTBETCTBYIOT GO/bIIHE H3-
MeHeHHsi ynpasasioulell ¢ynkuuu u(f). Bmecto 3amauun B Gynmem
paccMaTpHBaTh 3ajaauyy B’: onpeaeanTb MHHHMYM (yHKUHOHaMa

T
J=(e-x(r))+aj(0u.u)dt. (9.11)
0

HOans 3agaud (9.11) n-cucrema Gyger JHHEHAHO.
CoctaBuM ¢YHKUHIO

H=(Ax - p)—(e: Ax)+ H*,
H* =(Du - p)—a(Cu - u)—(e- Du).
Tenepnr ynpaB/ieHHe MoOXeT ObiTb OlNpeldeseHO H3 ypaBHEHHSA
D(p—e)=aWu.
BroinuieM f-CHCTEMY
x=Ax+ Bp — Be,
} (9.12)

ﬁ=_Apo
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rae
B=—DW'D.
a

3ameHoit p —e=¢q 3anaua b’ npuBoxuTcs K 3ajmaue A.

MoxxHO NpHBecTH ellle Lieabifi psiJ MOAOGHBIX NPHMEPOB, MOKa3Hl-
BaIOIIUX, YTO KJacC BapHAlLlHOHHbIX 3ajay, CBOJMIIMXCSA K HCCJeno-
BaHUIO M-CHCTeMbl THna (9.8), JOCTaTOUHO WIHPOK AJSI TOTO, YTOOHI
CTaTh OOBEKTOM CIeNHaJBHOTO HCCJe/OBaHHS.

Ecnn matpuust A u B nocTosiHHble, TO OGLIMA MHTErpan CHCTe-
mMbl (9.8) Moxer GbiTh 3amHcaH B fiBHOM BuJIe. [lo3ToMy pelienue
KpaeBofi 3amaud (yIOBJeTBOpeHHE YCJIOBHA TPaHCBEPCAJbHOCTH) H
BbIYHCJIEHHEe YNPaBJSIOLLer0 BO3JEACTBHS CBEeNeTCSl K PeLIeHHIO He-
KOTOpOH CHCTEMBbl JIHHEHHBIX aJre6paHyecKHX ypaBHEHHH.

Ecin ko3¢ puuyents matpun A 1 B 3aBHCAT OT BpeMeHH, TO 3a-
JIaya CTaHOBHTCH 3HAuUMTeJbHO Gosiee CIOXKHOHA. B obiiem BHIe ee
pelieHHe MOXKeT ObITb NMOJNyYeHO TOJNbKO YHCJICHHBIMH METOJAaMH.

Cayuali cHCTeMbl C NMOCTOSHHBIMH Ko3(dpHIHeHTaMH Obla Ipej-
METOM MHOTOYHCJEHHbIX HCCJeJOBaHHH H ABJSAETCS XOPOLIO H3yYeH-
HbIM. MeTronbl, pa3BHTHeE B 3TOH TIJaBe, NMO3BOJSIOT CTOMb Xe Je-
TaJbHO M3YuUHTb TOT cayuyal, Korga Matpuua A u B 3aBucar or
MeJJIeHHOTO BpeMeHH &f=1:

A=A(7), B=B(1).

AtoT C/yuyai IOCTATOYHO PACNpPOCTPAaHEH H 3aCJayXKHBaeT BHHMaHHUS.
K HeMy cBoasiTcs, HanpHMep, MHOTHe 3aJlaiH KOPPEKIHMH OpGHT
MCKYCCTBEHHBIX CMYTHHKOB, 3aJayd YMNpaBJeHHs B 3KOHOMHYECKHX
cHcTeMax H T. A. VI3yueHuio 3toro ciyuasi H 6yJeT MNOCBSLEH 3TOT
naparpad.

B cucreme (9.8) cmenaem 3aMeny

T=¢l (9.13)
H NOJNIOXKHM A=l/e.
[Tocne 3amenn (9.13) cucrema (9.8) npuMer ciaenyromui BHA:

4 _AA@) x+AB () p, ]
t (9.14)

:—’T’=—M~l(t)p. l

Cuctrema (9.14) sBasieTcs YacCTHbBIM CJyyaeM CHCTEM, COMEPKaLIMX
GosbLION NMapaMeTp, — CHCTeMoii nepBoro panra. Jlis nocTpoeHus
ee 00OLlero HHTerpaja MOryT ObiTb MCINOJb30BaHbl ACHMITOTHYECKHE
MeTOJbI.
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dopMa acMMNTOTHYECKHX MpeACTaBJeHHHi o6LIero HHTerpasa 3a-
BHCHT OT CTPYKTYPBI 3/]€MeHTapHbIX AeauTened MaTpuubl I' — pE

[ 5

0o —4

IMoaToMy cHayasa Mbl AOJIXKHBI YCTAHOBHTh HEKGTOPBIE CBOMCTBA Ma-
tpuupl I' B saBucumoctu ot csoficts Matpuu A u B, Kpome Toro,
nas yno6cTBa fasbHeANIUX HCCAeNOBAHUNA npHBeneM cucteMmy (9.14)
K TOMY WJIM APYrOMY KaHOHHYECKOMY BHAY.
3aMeTuM B 3akiioueHue, yto cucteMy (9.14) MoxHO mepenucaTth
B Buje
d
= =A,H+B,
dp (9.15)
4= AV, H,
rae

d
H=(Ax-p), V.o=-T3-.

PaccmorpuM HekoTopble cBofictBa MaTpuubl I':

A B
r= |

.

0 —-A4

Jlemma. CosoxynnocTd KopHel XapakTepucTu4eckozo ypasHe-
tua \I'— pE| =0 npedcrasaser coboii 06vedurenue cosokynrocret
kopred ypasuenud {A —pE|=0 u |A+pE|=0.

JdokaszartenbcTBO. B camoMm pnerne, mo teopeme Jlamnaca,
pasnarasi ompefenuteab |I'— pE| no BCeBO3MOXHBIM MHHOpaM
MepBBIX 1 CTOJNGLOB, MOMYUHM

IT—pE|=|A—pE|-| —A—pE|=—|A—pE|| A+ pE|=
=—|A—pE||A+pE], (9.16)

OTKyJla M CJelyeT yTBepPKAEHHE JieMMBI.

OrmeTHM HEKOTOpble OCOGEHHOCTH CMeKTpa Matpuibl I', BhITe-
Kamoumue u3 ypaBsHeHus (9.16).

1) Ilycte ps— xopenb ypaBHenus |A —pE|=0 kpatHOCTH K.
Torna —ps ABAseTcs KopHeM ypaBHeHHst |A+pE| =0 Toii xe xpar-
Hoctu. Ecau npu 3TOM HU ofuH U3 xopHeR ypaBHeHus |A — uE|=0
He sBasieTcd KOpHeM ypaBHenus |A+pE|=0, To Mb 6yaeM roso-
pHTb, UTO HMeeT MeCTO YCJOBHE .

2) Tlycte ycoBue o He BbIMONMHeHO. B 3TOoM cayuae cpeam xop-
Hell |, XapakTepucTuyeckoro ypasHeHus |A — pE|=0 Haiizyrca
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TakHe KopHH MWgBs, KpaTHocTH B KaxnablH, uTo
l"lsl = i l"lsz’

Torpa p, u p, OyLYT KOPHSAMH XapaKTEPHCTHYECKOTO ypaBHEHHs
|IT'— pnE} =0 kpaTHOCTH 2R KaXAbIH.

Bonpoc o npuBefeHnH matpuubl [' k HOpMaJibHOH KOpAaHOBOMH
dopmMe B obLieM ciyyae sBJSETCH CJAOXKHBIM, TaKk KakK CTPYKTypa
37Ol (hopMBbI OnpenesisieTcss He TOJNBKO CBOHCTBAMH MaTpHubl A, HO H
cBoiictBaMH MaTpuubl B. [lokakeM Ha HEKOTOPHIX NMPOCTBIX MpHMe-
pax, KaK MOX<HO OCYyILIleCTBHTb TAKOe NPHBEJeHHe.

1) Tycte ps— pasanunble KopHH ypaBHeHus |A —pE|=0 u
cBOMCTBO o BbinosiHeHO (ps#0). Torpa I' Bcerna npuBoguTCs K aua-
roHasbHoMy BHAY. [loka)keM, Kak 3TO cHeaaThb.

[Mycte A yxe npHBeleHa K AHaroHaibHomy BuAay. Torma B Ho-
BbIX MepeMeHHbIX E; H m; HMeeM

n
g =wE + 2:1 dimi,
n
En="Hnkn + igl dpimis 9.17)
;= — Wnp
Nn= — UpNp,
rae ,
ldyyll= F™'BF,

agech F—MaTpuua nepexofa or craporo 6asuca K HOBOMY.
JIuneliHoe mpeo6pasoBanue

n
dij .
Pt=§i+l_Zl;l:p—I"lﬂ n=m

npuBoauT MaTpuuy cHcteMmsl (9.17) K AuaronasnbHOMy BHLy. [Jleii-
CTBHTEJ/IbHO, HMEEM

n n n
) dyjhy ey
i =% +§ TR =p& +121dim1 _121 T = W;p;.

2) Tlyctb cBOHCTBO o He BBLIMOJNHEHO M CPelH KOPHEH |, ypas-
Henusi |A — puE|=0 uMeercs napa KopHeH W, Pr KPATHOCTH €AH-
HHUA KaXJIblH, npHyeM

Uor=2%a  (a#0).
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Marpuua I' B 3TOM cayyae HMeeT aBa COGCTBEHHBIX 3HAaUeHHS BTO-
po#i KpaTtHocTH Ka)kaoe. IlpH 3TOM B 3aBHCHMOCTH OT CTPYKTYpbI
mMaTpuubl B matpuua I' MokeT npHBOAMTCA /HGO K KOpAaHOBOMH
(dopMe, coleprkallell OQHY HNH [JBe KJETKH BTOPOrO MopsijaKa, Ju60
K JHAroHanbHOMY BHIY.

Cpenu ypasHeHuii cuctembl (9.17) HalinyTcs caelylollHe yeTbipe:

n
Es=at, + ,=Z] ds]njv
o= am,,
Ne Nk ) T (9.18)
Ee=— af, + i§l drjmj»

Ns= — aAN;.

a) IMycrb dg, 5= 0, dps 7= 0.
Torpa snMHeliHOe mpeoGpasoBatHe

Q1 dgm N d,m

- sify — 2‘ ki"y

05 §S+za+u]' Or §k+ a"'ll,-'
j=1 j=1

n=dgn, n,=d,n, (9.19)

npuBoauT (9.18) K caenyooumemy BHAY:

ps = aps + n;' n; = ank'
p,= —ap,+ n;v 7]; == an:-

Takum o6pasom, matpHlla I', mpHBegeHHass K HOpMaJbHOH Kopaa-
HOBOW (popMe, NOJKHA COJEepP}KaTh B ITOM CJAyuyae JBe KJETKH BTO-
poro mopsiika.

6) Tycte dg=0, dps#0. Torma Bmecto (9.19) noaaraem
M, =1, B 3TOM C/yyae, KaK HeTpyAHO BHIETb, XOpjJaHOBa dopma
ma1puubl ' COepKHT oaHy KneTKy BTOporo nopsaka. To e Gyner,
ecan dps=0, da#0.

B) Ecau, HakoHeu, dg=dk,=0, 10, Nonaras 7m,=n,, "ls="l:v
npuBegeM [' K OHaroHanbHOMy BHAy. DTOT Cayyal HMeeT MecTo,
Hanpumep, Toraa, korna B=vyE. Torma |ld;;ll=vE, 1. e. Bce BHe-
JAMAaroHaJjbHble 31€MeHTbl PaBHBl HYJIO.

3) Ilyctb ycnoBHe @ BBIMOJNIHEHO, a CpPeIH KOpHeH ypaBHeHHil
|A — uE|=0 umeerca Kopenb w;#0 KpaTHocTH 1QBa, mpHueM crap-
LIMfi  HHBADHAHTHBIE MHOXKHTEIb Matpuusl A —pE comepxut
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(w— m1)?, a Bce ocTa/NbHbIe HHBAPHAHTHBIE MHOXKHTEJNH pPaBHbI €1H-
Hulle W Bce p; (i>1) pasauunn, B 3TOM cayyae BMeCTO CHCTEMBI
(9.17) nmeem

n
Ei=mbi+HE+ 121 dimp

n
Er=ut+ '§ dajm;,

n
&=k + ]gl dimjs (9.20)
m=—pumn +n
ﬁ2 = = U1M2»
i = — WM.

B 3tom cayuae >xopaaHoBa ¢opMa MaTpHubl [' TakKe COAEpPKHT
KJeTKH BTOPOTO MOpsJKa

5wl %
0 w 0 —m
HeTpyaHo npoBepHTb, YTO COOTBETCTBYIOLLEE JHHEHHOe npeo6paso-

BaHMe, npuBoasllee [' K xKopaaHoBoit popMe, HMeeT BHI

n

Y dij +ay; .
pl=§l+z_l' ”l,=”lp

- Btu;
rupe
) ay = — l:f:» a;,=0 (E=2),
=y (A= dm = 2.
ap=St  (i>9),
ay=——=  (j>3).

D10 npeobpazoBaHHe eIXMHCTBEHHO.
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2. Hekoropble cBoficTBa ynpasJ/eHMs KOHCEDBATHBHLIMH CHCTE-
mamu. PaccMotpum cucremy

i=A*z+u*, (9.21)

rie A — cummerpuuHas marpuua. He orpaHHunBasi oGLIHOCTH, Mbl
MOXKEM CYHTaTb, YTO MaTpHUa A HMeET BHUI

A=A+ A+
rie Ao — nuaroHasbHas MaTpula
 (8) I
po (£)
Ao= .
K, ()
Ilna toro uto6Get npusecTH cucteMy K BHAY (9.16), monoxum
Zi=y, VAN, (9.22)
Toraa i-e ypaBHeHue cuctembi (9.21) npumer Bua
o reve __1_ LA i 1
=V 2 5 BB ’yt+2a1121+—l/1—.-(~-)+ (9.23)

e a, — 3JeMeHTH MaTtpuubl Aj.
Tenepb BMeCTo 2; U y; BBEEM HOBbIE MEPEMEHHble Xo; H X2i41

X2i-1=2i+Yi, Xoi=2;— Y.

Oth QyHKUHMH GYLYT YAOBAETBOPATH CJAEAYIOLIHM YpABHEHHAM:
gy =V Ny Xy +

Yoy = — VN 2y +

Touku oGosHauawT uneHn mopsaka O (1), O(#) u T. 4. Ilono-

(9.24)

KuM A= VA’ u sanumem cucremy (9.24) B Buze

si=@Ad4+ A+ ...)x, (9.25)
rae

g1
il

Ay = o
il




374 ACHUMOTOTHMYECKHE METOJAbl B TEOPUM JIMHEMHLIX YPABHEHUM [T IV

Cucrema (9.25) yxxe OTHOCHTCA K H3yyaeMOMy BHay. [laxe ecnu
BCE W; — NPOCThie KOPHH XapaKTE€PUCTHYECKOrO YpaBHEHHs MaTpH-
ubl Ao, n-cHcTeMa

J'C = Aon + ABpr

p=—AAop

MoxeT 006/1aflaTb KPaTHBIMH 3JIeMEHTapHbIMH AesHTensiMH. [TocTpoe-
HHe AaCHMNTOTHYECKHX TNpeACTaBJeHHil pelieHHA cucteMbl (9.25)
MoxeT ObiThb NpHBEJEHO MeTOJaMH, H3JI0XKEHHbIMH B NpelblayLieM
naparpade. OZHAKO A/ NPAKTHYECKOTO MOCTPOEHHS Pa3JIOXKEHHH
peweHHit cucteMbl THna (9.21) MOXHO pa3BHTb MeTOAH!, He Tpebyio-
UuiHe cBelleHHsl 3To#l cucTeMbl K BHAy (9.25).

3. AcuMnToTHYECKOE MpeNCcTaBJeHWe pPeLIeHHH OAHOH YacTHOM
3ajgauu Koppekuuu. [1peanosokuMm, uTo peyb HAeT 06 ynpaBJeHHH
cucTeMo#

F=MMx+Ax+22u, (9.26)
raie M — nuarouasbHasi MaTpHua
ui (t)
us (2)
M) = ’
w? (f)
a A=|la;;(¢)|l — npou3BsosbHAsA MaTpHLa.

Ynpasnenue u(f), nepeBoasiliee CHCTEMY H3 MOJOXEHHS Xo B
xr 3a Bpema T, BbiGMpaeTcss W3 YCJOBHA MHHHMyMa (yHKLHOHana

T
7= wdt. (9.27)

0
Jlns cocTaB/ieHHsl M-CHCTEMBl MOJOXKHUM &=y, Muoxurtenu Jlarpanu-
*a (MMNyJbCbl), COOTBETCTBYIOLIHE MNEpPeMEHHbIM X;, 0003HauHM

4epe3 p;, a COOTBETCTBYIOUIHE NepeMeHHbIM y;— 4yepe3 g;. B 3Tux
66o3HaueHusax GyHkuns H Gyaer HMeTb CAeAyIOUHHA BHA:

H=2yp, +12pxgq, +§a”x,q,+7t22u,.q‘—h2§u2. (9.28)
¢ ¢ » ¢

YenoBne MakcumyMma H ycTaHaBAHMBaeT CBs3b MEXAy yNpaBJeHHs-

MH il EMIYJbCaMH

1
U=3 q
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Mcnonv3ys 3TH BhipaXKeHHsi, BbINHLIEM CHCTEMY HEOGXOAHUMBIX ycso-
BHH

OH 2"
i
q;= ayi - pi

l'loc.nenHee H3 3THX ypaBHeHHﬁ MO3BOJIIET HCKJIIOUHTbL pP;
G, =V, + A a,q, (9.29)

[lepenuwem eme ypasHeHue (9.26)

o A2
E,=Nute, + Y a0, + g, (9.30)
)

HMrtak, B [NaHHOM cJydyae m-CHCTEMA —3TO CHCTEMA YPaBHEHHH
(9.29), (9.30).

OrpaHHuuMcsi pacCMOTPEHHEM TOJNbKO TOTO Cjyuasi, Korga Bce
u?(f) mnsa mo6oro ¢[0, T] pasubie. Torna xapakTepHCTHYECKAs Ma-

TpHULA 3TOH cHCTeMbl 6yJdeT HMeTb ABYKpaTHbie KopHH. KpoMe Toro,
ypaBHeHUsl 1N ¢; He COLEpKAaT KOMMOHeHT Bekropa x. Caegnosa-
TeNbHO, MBI CTaJKHBaeMcsl 3leCb C OJHHM H3 C/ly4aeB BLIPOKIEHUS,
pPaccMOTpeHHbIX B npeablayllleM naparpacde, CornacHo pasBuTOM
TaM o6llell TEOPHH Mbl MOXKEM HCKaThb YACTHble PELIEHHS B BHJE

t
xu= 0y (t, A)exp{n [uiyar, ]
0

‘ i (9.31)

gr =g (£, h)exp{k fu(t)dt ,
0 )

[Ie p coBnajaer ¢ oAHMM W3 snauennit Vp2(f), a vy M ux npen-
CTaBMMbl B BHJE Df/0B, PACHOJNOXKEHHbIX MO OGPATHbIM CTeNeHsM
napamerpa l/A.

Jlas  onpefesieHHOCTH NOCTPOHM  pelleHHe, COOTBETCTBYIOIlee
KOPHIO W1, MyCTb, KpoMe Torop?>0u V2= + |p,|. Toraa nepsbie
ypasHenus cucreM (9.29) u (9.30) nocne noicraHosku (9.31) npu-
MYT BH]

. . . A?
U +2AH|UI+AHIUI=E allvl"‘TU], (9.32)
1

al + 2h|,l.|l.tl + Mllul = ?‘ allu_j‘ (9.33)
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OcTanbHble ypaBHEHHA 3THX cHcTeM GyAyT MMeTb TaKoM BHA:

. , . . A2
A (p'l - p's) Vs + Us + 2A’l"lvs + A'l"lvs = 2 al]vl + T Usy (934)
i

A'2(l"l - p's) Ug + ﬁs + 2%[11118 + A'l"'us = ? a]lu]- (935)

3ameTtuM, uto ypasHeHus (9.32)—(9.35) momyckaioT cucTeMy yact-
HbIX pelLleHufl, B KoTopolt us (s=1,2,...,n)=0. B stom cayuae
cucrema (9.32) u (9.34) npumer BHUI

0y + 2Mu0; + Aoy = 2 a vy,
AZ(y — W) U5+ 05+ AU, 4+ 200, = X as;v;.

[Mosoxum manee

] (9.36)

vs=vso+7rlvs|+
U3 cucremn (9.35) mnsa crapiluxX uJeHOB Pa3JiOXKEHHS MOJVYHM
2u0y0+pv10=0,
(t1 — ps) Us0=0 (s=2,3,...,n).

OTtcona cpasy cienyet

u10=%, ugy=20 (s=2,38,..., n.
1

Takum o6pa3oM, mepBble UYJieHbl DPa3JIOKEHHs HCKOMOro 4acTHOro
pelieHusi 6yayT TaKHMH:

t
x1=-SL exp xfp(t)dt . x=0 (s=23,...,n)
Vlh Iy

T. e. 418 x| noiyyaem o6biunbie ¢opMmyanl WBKJ-metoma, a Bce
Npoune KOOPAHHATBI TOXAECTBEHHO PABHbI HYJIO.

Jnsi BbIUMCJIEHHSI TOCJELYIOUIMX UYJEHOB Pas/ioXeHHs (QYHKIHH
u, mosyyaeM OObIKHOBEHHble JHHefiHble AuddepeHnHaIbHble ypaB«
HeHHsi [IepBOro NopsKa

2uittin +piun=9(f),

pelleHKe KOTOPLIX HaXOAMTCA B KBaJApaTypax.
[Mocnenyiouye uaeHbl pasioxeHHo# QyHKUMM Us (§=2,3,...,1)
JaTcH KOHEYHbIMH (opmynamu. Hampumep,



§ 9] ACHUMMTIOTUYECKHE METOAbl BOJIBIUOT'O MAPAMETPA 377

Wrak, Mbl monyyuM OHY CHCTEMY YaCTHBIX peLIeHHil, COOTBETCTBYIO-
mux KopHio ;= + J p2. BTopylo cHCTeMy pelieHHil MOXHO BBIYHE.
JIUTb TE€M 2Ke CMOCcOGOM, ecsH MONOKHTh P =—,.

JIBa Apyrux 4acTHHX pelleHHs, COOTBETCTBYIOLUIHX Wi, Mbl MOJY-
YHUM H3 paccMoTpeHHs ypaBHeHu# (9.33) u (9.35), koTophie momy-
CKaloT ABa JHHEHHO He3aBHCHMHIX peLIeHHs BHIa

U = ']— +A"u.. +
K

=

=1 _@ukp -2
Ug=»A 1 +A7(.. )4

[MoacTtaBnsis 3ateM 3TH BHIPaXKeHHS B MPaBYl0 YacTb ypaBHEHHH
(9.32) u (9.34), HalineM HEKOTOpYIO CHCTEMY HEOJAHOPOAHLIX YypaB-
HeHHi, YacTHOoe pelleHHe KOTOPOH MoOXeT ObITb MOJy4eHO H3BECT-
HbIMH METOaMH.

Hrak, Mbl yKa3ann cnoco6, KOTOPHI MO3BOJISET A5 KaXAOTO H3
yHcea W} MOCTPOUTb TPYNMy YeTHIPEX YACTHHIX PelIeHHI,
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