ITPEANCIIOBUE R TPETbEMY N3JAHUIO

Co BpeMeHHN BbIXOJa B CBET BTOPOr0 W3[AHUs 3TON KHETH
npouuto yxe Gonee 15 ner. 3a 310 BpeMsa MOABHAOCH HEMa-
N0 3HAUATENLHHX paboT mo TeopHH Lennlx QYHRUUE, W ai0-
6y Mororpadmio no Teopud Heanix PYHKIHME mpmiuioch 6s1
CYUIeCTBeHHO MONOJIHWTh HOBHIMH  peayinbraraMmu, Opmaxo
dTa KHHAra — #e MoHorpadus Ho Teopum Nennix (QyHKIUIL.
B meit me GbuI0 U3NOMKEHHA COBPEMEHHOIO COCTOSHUA TEO-
pum 15 ner masam, Her ero u ceiiwac. I[{eap kmurm — pac-
CKa3 0 «TEXHHYECKOM BOODY/KEHUM» MareMaTHka, paboralo-
Iero B Teopmu Ienplx (QyHRumi (Za W BO MHOTHMX APYrHX
pasmenax MaTeMaTHKM). JTa «TeXHUKAa» MeNJIeHHO ycrape-
BaeT H emle Memnennee oboramaerca. OcroBHOW mporpece
CBORATCA 3/€Ch, INABHLIM 06pa3oM, K OTHICKAHHMIO JYSIINX
crocofoB manomenusa. B ato mamamue kHurm mobasieHa ria-
Ba 0 METOfaX ONEHOK rapMOHHYeCKO# Mepsl H ACUMITOTHKE
KoH(PODMHEIX oTolpamenuit, Ita rmasa HRobaBieHa HMEHHO
[OTOMY, YTO A HAIeJ IydIHi CU0ocO0 H3N0MKUTE peayiabra-
Tel. 3a c4er HoGaBIEeHHA HOBOW ruapsl yAaJ0oCh YIY4IIHThH
n manomenne 1II-eft (pamee Bropoit) rnaeel. Marepuan mep-
BOil W 4erBepTOfl IrIaBBl MOYTH He H3MeHeH *).

Hax » npempge, KHura paccuuTaHa Ha JOBOJLHO KBaJii-
¢unupoBagHOr0 uWUTATENSA — CTYREHTOB CTAPUIHX KYDCOB,
ACMHPAHTOB, HAYYHBIX DabOTHHKOB (MaTeMATHKOB W OpPH-
knapamkos). Ot udratena npepmosnaraerca suHanue TOKIT
B oGBbeMe ymmBepcHTeTCKOro Kypca. CmenuanbHBIX 3Hanui
13 TeOpMH HEeJBlXx PyHKNuil He Tpeﬁye'rcﬂ.

M. Eszpagios

*) IIpuxeuwarue npu xoppextype. Ilo TexmmieckuMm coobparkeEn-
AM OPRONIOCH BHIGPOCHTD 3aKMWuuTeNBHBIE npuyep § 4 ri. [V,



Faasa 1

METOAbI IOJYYEHHA
ACUMIOTOTHYECKHX OUEHOK

§ 1.1. AcumnroTigecKkaa dopmyaa u pag

B srom maparpade MBL gorosopmMcA O HEKOTOPHX HOHS-
THAX, KOTOPHIME OygeM 9acTo OLepHpOBaTh B fAaibHelmmeM.
Onmaxo mpeskge 9eM IepeXOmuTh K PopMynaM M K CTPOTMM
OLpeflesieHAAM, CKaKeM HECKOIBKO CJIOB O POJH aCHMITOTH-
gecKHX OLeHOK B MaTeMaTHKe.

HomyetusM, 910 MBI M3ydaeM senmamHy f(z), KOTOpymO
MOKEM BHIUHCJIUTEH NpH M000M 3HAUEHMA HmepeMeRHOH# Z, HO
qeM Oamme ¥ K HEKOTOPOMY HpefelbHOMY 3HAYCHMIO, CKa-
MeM K HyII0, TeM CJoHee Bplumcienme mamei f(x). B stom
cayvae HaM OYEHBb BAKHO 3HATH ACHMITOTHYECKYI0 fopMymy
maa f(x) mpm z— 0, 1. e. TaKyw Bexmdmuy fi(r), Koropag
MPOCTO BBITHCIAAETCA NpHM BCeX ¥ H oTamyaercsa oT f(z) Tem
Memblire, geM OmnKe T K HYIIO.

PaccmorpaM mpocrefimiuii nmpmmep. IlpemcraBEM ~cebs B
POJE CTAPHHHOrO BEITUCAMTENS, He HMeomero Tabaur mora-
puPMOB, KeJAOWETy COCTABUTL TabNUIy 3HAYeHMHA HOOKasa-
tensroli pyarmma 10%, [aa uerbix sEadenmit z 9ta QyHRIuA
BBIGHCIAETCA NPOCTO, a AJA APOOHBIX I BLIYACAEHHE (QYHK-
IHA CTAHOBHTCA TEM CJOKHee, 4UeM Ooiblile 3HaMeHaTenb
apo6u. ITostromy acummroTHyecKue OPMYIB, HOMYdalOIIHe-
ca us paga Teiinopa

10+ ﬂi_I_a:]nio_}_(xlr;!lO)’ + ol

HMeIOT [JiA HaC HEeOUEHHMOe 3Ha4YeHHS.

VMenno morpe6HOCTH B Takoro poja QopMydax npnnena
K cosmanmio AuddepeHIRaisEOT0 B HHTEIPATLHOTO HCYHC-
negna. [lInpoxoe mnpuMeHeEHMe ACEMOTOTHYECKHEX (opMyn
mpuBeio K OypHEOMY pAasBETHIO MaTeMATHYECKOr0 AHAMH3A
nocne Hroloroma. HemapoM maTeMaTudeckmd aHaaW3 J0Jiroe
BpeMa HOCAN HasBaume HCImCIeHHA GECKOHEIHO MAMLIX,
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[loarn BCce MeToUbl ACUMITOTHYECKHX OIEHOK, KOTOpPBIE
Mu 6ynem msnarath B 9Tol raape, OpIH Cosganpl GoJiee
100 nmer wasanm,

[TepeitgeM K onpegeleHHI0 HOHSATHE, KOTOPBHIME OymeM
9aCTO DOAL30BAThCH Ha IPOTAMEHWN BCell KHUTH,

Ilycrs MBI EMeeM - MHO;KecTBO S M3MeHeHHA [epeMeH-
goil x @ yHRnmo f(xr), Koropas oHmpefeNleHA HA 3TOM MHO-
secTBe, H NMYCTh TOYRA @ ABAACTCA MPeNeNbHOI TOYROM MHO-
wectBa S. Popmyrnl

[ (x) =0 (@ (1)), x—a, ¥ES,
f(x) ~ @ (2), x>a, xE5,
F(x) =0 (¢ (), xS,
12) =0 (g (@), v, v,
03HATAET COOTBETCTBOILIIO:
{r((:;)) ' w 2E8,
g L e
{ (f;) <M L o, xE8,
(;(( LM < oo, [x—al<p, xES.
HappuMep:
1
e? =0 (1) x->0, x>0,
sinz ~ z, . x-0,
sinz =0 (), . d<x<oo,
cos z = O (x), %t
{—e2=0/2), Re >0,

lnnl~nlnn, nwo, 7=, 2, 8, .0
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B caygae, xorga 3To He MOKET BHI3BATH HeAopa3yMeHmii,
YKasaHEHe Ha MHOeCTBO S, a MHOI[A H Ha TOUKYy a MH Gy-
JleM OHYCKaTh. ’

Bce ¢opMyabl yKasaHHOIO BBIIIE BHAA HA3BIBAITCHA
ACUMRTOTUNECKUMY  HOPMYAAML WIX  ACUMRTOTUYECKUMU
oyernkamu (mocaejuee BhIpasKehne OyReT daile BCOTO OTHO-
cuthed K opMynam ¢ o mau O B mpaBoit wacra).

AcEMOTOTHUECKNM DAKOM "HA30BEM COBOKYMHOCTH GecKo-
HEUHOr'o YICHA acIMOTOTHYECKUX (OpPMYJT, H3 KOTOPHIX KaK-
Kasa clemylollas yTouHACT BCe NpeAbgymMe. Dbodee ToIHO!:

[Iycrs MBI uyeem mocicnoBaTcabrocTs Qyurumit ¢,(z),.
n=0, 1, 2, ..., oSaajalomux csoiicrsamu

Un+1 (x)

(W) > 0 xes: lim 22~ =
Qn( )/ X1, ¥ES qn (:l:)

Mg GygeM roBopuTb, 4TO d)ymcuxm f(z), onpenescaras na S,

HMeeT acuMnToriyeckull pad 24 a,i, (), © 3andchisarh
Ti=—

a1o Qopmy.ioil

- f(.l‘) ~ 2)0 a,u, (‘t); -1, X&E8,
n=
ecJint
—— 1 (x) .
1. lim —“—”—i—’ =c, 0<e< oo,
x—a, x€8  Tp %)
n1 ,
2. f(r) - ”1{“’1 .L') =0 (qn (J‘)) x—va, xE8.

4 E! oupene.uemm BUjHO, YTO JJf aCHEMIOTOTHYECKOTO pAma
BOXIPOC O €0 CXOJMMOCTH He Hrpaer HEKaKod poiH, a CMBICHK
NOHATHA ACUMITOTEYECKOr0 pPAfa B TOM, 9TO Pa3HOCTh MeK-
ay f(x) m gacrHO@l cyMMolt pAga Maxa Mo CpaBHEHHIO ¢ Ham-
MEHBIIEM 4JIeHOM 370l dYacTHoO# cymmul. flecmo raxsHe, uTO
pasioskenne (PyHEKOUA B cXofAmmiica pay He 065a3aH0 HaBATH
HaM acHMIITOTHYECKHH. PAR A oTofl QyHKnHM.

TeMm He Menee mpocTeifliime IpHAMepH ACHMIOTOTHIECKHUX
PAMIOB RAIOT HaM CXONALIMECS CTEHeHBH® PHAbI. ‘Hamprmep,
u3s gopMya

o0 o0
= 2 z" | e 2 n—{ "
= e In({+2) = -1 o fxt<1

- n=0 PN n={
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cirenyer
cem XL, hl+na (=)D, e

n=_ n==1

BooGme Bamo orMermrs, 9T0 HamGoiee pacmpocTpaHEeH-
HEIMU QCUMUTOTHIECKOME DANAMH ABIAKTCA DANLl 1O CTe-
NeHAM HeKoTopoll gymkumm p(z), T. e. Ra(Z) = [u(z)]*
(ne o6s3aTensBO cxozmm;ueca)

IIpmBeeM HeCKOABKO CBONCTB 4CHMNTOTHYGCKHX PAIOB.

Teopema 1.1.4. Jwbas dyrnryus f(x) moxer uners
He Gosee 00HO020 acumnToTuueckozo pada (c oOHUML U Te-
Mu e S, a u pa(x)).

Hoxasareasecrso, I3 cymecrsoBamua ABYX acHMil-
TOTHYECKUX PAa3I0KEHHH Aasa OZHON M TOH e DYHKIHH Cle~
moBajo 6Bl CymECTBOBaHIile Pa3NOKEHIA

o0

0~ X appy (<), x-sa, XES,

rie He Bee @, Hynm. Ilycth a, — mepBuil oTanumeli oT Hyaa
koappumenT., 113 onpexgeseBMA  acHMIOTOTHYECKOTO pARa
umMeeM

0 = a,p, (=) + 0 (g, (), x—a, XES,

T. €. Ua(z)=0(g¢.(z)). AT0 mpormsopeunt cBoicTBY 1 PyHK-
nui W, (z). Homygenroe mpoTEBOpeure AoKasbiBaeT TeupeMmy.,

Hauporus, ase pasamuanle GyHKOUHM BOOJHE MOTYT HMETh
OHH ¥ TOT Ke ACHMITOTHYECKHE DN, HAIpAMED:

0~01-+0-24-0-2%..., %0, x>0
u 1
*~01+0.2+0.224..., %0, %30,
' .
TaK Kak , x npd x>0, >0, cTpeMnTca K myaio GoicTpee

aAwbol cremenm r. . !

Ilag acEMHTOTRYECKEMH pANAMH BO3MOKHBl Da3nHYHbIE
aeitersus. llpaBma, B ofmieM caydae muuIb CIOKEHHE He Me-
gaeT ux BHAa. OQHAKO JIA CTEOEHHBIX AaCHMOTOTHIECKUX
PALOB HMeIOT MecTo H Oosee comepraTeldbHble TEOREMEL.

Teopema 1.1.2. Ecau

~ D azh, gr)m X buat, a0, w50,
n=0 n=) .
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TO :
f@+e@m~ 3o, [@e@)~ 3 duan, w00

" ede
n
en =a, + bn’ dn - E akbn—h-

k=0

. Y
Teopema 1.1.3. Ecauh(z) = Dl a,2" — anaauTuveckad
n=0

PYHKYUR, DEYAAPHAA 6 ORPECTIOCTU TOUKU 2 == 0, U

/(.’L‘) El a2, x-+0, x>0,
M=
T0
oo
h(f (@) = X c,am, x~+0, 2>0,
n=0

ede koadduyuenrtvr ¢, noayuwaiorca PopmasvHoli nodera-
00

noekoll pada X b,x™ 6 pad das h(z) u npueederiem uae-
n={

HO8 ¢ OOUNHAKOGLIMIL CTEREHAMU X.

HorxasatenbcTBo., OrpaEmamMcsa [0KAa3aTEILCTBOM
TONBKO TIOCAERHEr0 YTBEDJEHHA, KaK CaMOro CHOKHOIO,
Bosnmenm Kah‘oe-nuﬁo N>0 n nanumrem

N—1 A
24 baat 4+ O (zN), h(2) = 2 a,z° + O (zN).
n=1

n=1

Ouepupgno, ¥MeeM
N—t N—1 n N—1

h(f(z)) = 26 an ( 2 bkx"\) + 0 (zV) =" 2 cpa™ + O(zV).
n= h=1 m=0

fcno; uro ¢, He 3aBUCAT 0T N W 970 OHH IOAYYaOTCA DMOH-
Ho YKa3aHHEIM B TeopeMe cmocoboM. TeopeMa aokasama,
Crour cKaszaTh HECKOJILKO CJIOB O TOM, Kak Mhbl Gymem
0TMCYAaTh PAaBHOMEPHOCTb ONEHOK IO IapPaMEeTPaM, XOTH BO3-
MO)KHOCTb 3TOC0 HEABHO LPEAYCMOTPEHA yiHe B HAIIAX OI-
pefelieHAsX.
Ecnu ¢pynsmus f(z, y) onpeneneua mpr ze S, y=S; u

1@, )0, 5w, €8,
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paBHOMEPHO 00 ¥, y&Ss, To ME MOMKeM HamHcalb -

f(z, y) =0(1), x—+a,, XESYy, VETs.

OpHaKo MBIl MOMKEM CUMTAThH HMepeMeHHOR mapy (z, J), MHO-
JKeCTBOM S — mpamoe mnpousBefieHme MHo:ecTB S; m Sp,
a TOMKOW a — mpoussenesue a; Ha S2. Torma To e yTBEpH-
NeHHe 3apfllIeTcA B BHE

flz,y) =0 (i), (=, V)-*a, (x, Y)ES.

Uto6sl mOAYEPKHYTH PABHOMEDHOCTEL ACHMUTOTHIECKOH OleH-
KH, MbI 4ame OyfeM MHOJb30BATHCA HEPBHIM 0603HATEHHEM.
IIpmBegeM teopemy o6 uuTerpmpyemoctd m puddepeBun-
PyeMOCTH aCHMNOTOTHYEGKHX DPANOB, HCHNOABIYOILYI HOHSA-
THEe PAaBHOMEDPHOCTH OIeHKIL.
Teopema 1.1.4. Ecau

- o0

flz, y)= ; an (y)‘ Pa (Z), =, xES, ex<y<es,

n=>0
T0

C, o

ff(x, y)dy =~ 20 ,S'an (1) dy-pn (2),  =—a, xe8.

o n=U g

Ecau oce f(z, y) Oupgdepenyupyena u

s

f;,l (JE, y) ~ Eobn (y) K (‘t)7 x>a, &8, €, <Y<y,
n=

mo b, (y) = an (y).
Horkasatenscétso. I3 paBencTsa
N

f(.t, y) = ngl() a, (y) Un (1:) + 0 (QN (‘t))’ x—va, XEF; LYY,
O€BHUIHO, HMEEeM
Cy

] N G .
1@ ndy= 32 Ja,0) dypta @ + o0 an (@), s xes,

€1

'H HepBoe YTBep;KIeHHe TOODPeMHl JOKa3aHO,
Lnia - qoKasaTenscTBA BTOPOTO YTBED:KAEHMA HYMMHO OpH-
MEHHNTb mepBoe yrBepsxfeEne m teopeMmy 1.1.1.
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SANAHYHY N JONOJNHEHUA K §-114

1°. Hycre Qyarnus f(r) xienpepbmﬂa opu z = a @

o0
o 4,
f($)zz AL 2 &> - oo,
n=0

Moxaaars, uTo

S’f(t)dl lInhlI '}_cn_S‘ (_W x = -} oo,

2°. Mycts npr awedoM z e S dyununa f(z, z) perynnpﬂa oo 2
B odmacti D. llorasars, 4yT0 ecan
Hz, 2) = o(l), x-~a, x€8, z€ E
onga .711(;601‘0 3aMKEYyTOrG MHOoMectsa E < D, o '
f;(z,z)—_—o(i), s—=a, x&85 2€E
ang apdoro 3aMEHyToro MHoMecTBa E < D).

3° Ilokasarb, 9TO ecxu (bym\mm f(z) peryaapsa B GecLKOHEUHOM
cexrope [z| > R, |argz] < @

Rl ﬂ
j() ‘ IL'I’ z—»ao,lal‘gl[<ﬁ,
I
71—0 ¢
T0
V
f —A—n—g’ 2> 00, [argz!l <O —T

upm nodoM 1 > 0.
_— n
4°. Oycts ¢pyasnana F(z) peryrapea B moxoce|lm z1{ <=3~ a quc-

Ta Ax YAOBJAETBOPAIOT ycloBUAM 0 < Ay < Ay < ..., Aa >+ o0, Ilo-_
KasaTh, 4TO eclIy :

- .
—lz

F(z)chne ™, ReZ-—-+oo,[Imzl<,—:»~,

=0

10

F’(z)N—che z, Rez> 4o, {In?2j<e

n
upy aofox ¢ < 5

5° Ilycte q)ynxmm f(=z) perylapHa B TOUKe Z = 0o. Hox&aaarb,-
970 cymiecTBYyeT, He Gollee NBYX pelleHNH YPapHEHEA Y. (a:) + y¥(z) =

«
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= f(#), OAA KOTOPHX NMEeT MeCTO ACUMOTOTHYOCKOE 'DasloiKeHUe
BIJA

Ty = Ec z ", &= + oo

n=0

6°, Iycte Qymxnma p(z) perydspea B HexoTopoi obamactm D, a
dyrknun w(z, A) ynoBrerBopaeT ypaBECHn0 W, — A%p (z) w = 0.[Ipen-
DOJOKMEB, 9T0 IN7 PYEKOER 10 w MMOET MecTO aCHMUTOTHIECKOe paa-
A0KeHMe BHAA

Inw(z, M)~ 2 ¢, (2 Al 1.;.+oo,
n=0

00Ka3aTh, 4TO KOPEOHIUERTE ¢, (2) 3TOT0 pasJOKCHUA YIOBACTBOPA-
10T COOTHOMEBMAM
h

002 (z) = p (3), Ck_1 (2) + P cn ck_"( 3) =0, 1),

n=0
§ 1.2. Metog Janaaca

- BecbMa BajkupIM O0ImMEM METOZOM HOJNYTIeHHA ACHMITOTIl-
vecKkHx opMyn sBaserca xerod Janaaca. 3ToT Merod Gwia
Hafien JlamnacoM B ero M3HICKaHUAX HO TEOPHH BepOATHO-
cTeil, CBA3AHHLIX ¢ 3aKOHOM OONBIINX THCE.

Merox Jlanmaca mpuMenseTca A HOJNYyYeHAs aCHMITO-
tuueckux gopmMyn ana QYHKUMHA, mpeRCTABIEHHBIX HHTETPA-
naME BHJA

0]
[ F(z, t)az,

a(t)

rae pysknna F(z, ¢), rpyfo roeops, coxpaHAeT 3HAK Ha OT-
pesKke MHTEIPHDOBAHUA H HMe€ET Ha ITOM OTpPesKe MaKCH-
MYM, BHAEIAKIOAACA TeM peade, ueM GOIblle 3HaYeHWe OA-
pamerpa ¢ Cam Jlammac mpuMeHAX JTOT METOA B OCHOBHOM
R HHTerpaxaM BUAa

&
9@ 17 @)dz,

rae f(z) >0, a n — GosnbIoe Iexoe IACIO.
Metopn Jlanmaca ocofeHBO HHTEpECEeH TEM, 4TO OH BXOAHT
B KadJecTBe CYmeECTBEHHOH COCTRBHOH WacTH B MeToA mepe-
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pana, apeunoxsennbiii Pumanom. [Ipumenenne meroma Jlam-
naca fABJIAETCA B MCTORE HepesBajia Kak Ol 3aBepIIalollAM
MOMEHTOM,

CyugocTs MeTofa Jlamnaca COCTOHT B TOM, 4TO BeCh HH-
Terpal 3aMeHserca aCHMOTOTHYECKA HEKOTOpOH BeJIRYANOIi,
3aBHucAmell JMMEL OT JOKAJALHOTO HOBEAEBHA NONHHTErpajb-
no#l QyHKUEA B TouKe MaKcumyMma (T. €. BRIpamawumeiics
vyepe3 3HAYeHAA NONMHTEIpaidsrHOH (YHKNUE B ee IpOM3BOJ-
HEIX B TOYKe MakcmMyMa), JTY BenXHUMHY Mul GyjeM Ha3bl-
BaTh @Kaadom Toukm MaKcmMmyMa B maTterpan. (Toumoe om-
pefeleHne TOT0 HOHATHA JafEM HECKOIbKQ Mo3ike.) .

IIpaMenerme Meroma Jlammaca pacmagaerca oOLMHO Ha
ABe 9acTH: ofHA — HAfiTH BKAAj TOYKH MaKCEMyMa, ApY-
rag — moKasaTh, 4TO BeCh MHTErPaj acCUMNTOTHYECKH DaBeH
BKIAZy TOUKH MaKCOMyMa.

BoaMmosxnocT MeTofa o9enb MHOTo00OpasHEl M He MOIYT
6blTL HCYEpHAHB HEGOJALIIAM KOJAMIECTBOM JETKHX TeopeM.
Mbi nonbiTaeMcs JaTh HpeficTaBiende 00 OCHOBHBIX HJIEAX
MeTOoJa U IONYTHO JOKaMKeM HECKOJBKO pesyibTaToB i
HanGojlee yooTpeGUTENbHBIX CIYIaeB.

Teopema 1.2.1. Hycre

e .
F () = | ¢ (z) e=~dz, a0,
0

z0e @ (x) — anaauruneckas PYHKYUS, pezyrspHas 8 TOUEAT
orpeska 0<<z < a, a @ okpecrhocru Towku z = 0 npedcra-
guman padom ¢(x) = 2*(ap +a;x+...), a > —1. Toz0a

QT (@ n)

e An—1, t oo (1)

F(l) =~

n=4 -

Joxasatenbcreo. [logmBrerpancHas ¢QyHKnEa AB-
AfercA Npom3BefieHAeM QYHKOEE e~ mMeomed MakcAMyM
npr z = (, BuyendiomEiica TeM pe3de, deM Goabime I, Ha
Mano MeRspyloca ¢yskumo @ (z). Ecam Mp xoTEM RailiTn
BKJajJ B HHTerpan TOUKH =0, To Mp! JONKHHl HCCIEJOBATH
sror mHTerpax mo orpesky (0, &), rme £>0 cxoap yrogHO
MaNo, TaK KAaK BKIAJ 3aBUCAT JAIIb OT JOKAJNBHHX CBOHCTB
@(z) mpr r = 0. M MosxeM B3aATH &€ > ( HacTouIbKO Ma-

AbIM, 9TO0B psAf
: @ (x) =z*(ac+az+...)
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cxonmues nopn |z| < 2e. Torna, ovesnauo,

.

cp(z}‘- T¥(dy + 412 4 oo + daya?) =0(.1:f‘+1+°‘), Xl <e,

n
e n e &
¢ (2) e=xtdz — ¥ a, | 23+he=—xidz = 01 | arintte—xigy),
Hf k=0 0 v
0
e K
.S g%t bextdy == (=@ rhi D | wrthe=udy —
0 0 [t k4
R e
!

~

u nocroiabry O(e™*)=o(t™") upu mwdux QurcHpoBaHUbIX
£>0 u 1, TO Mbl MOKEM HANUCATD
3

* x‘ a
j ¢ (7) e—xld;zkzuf‘(oc-{— k+ 1)75_$—+1, t—+ oo
4 =

Ecan cunTaTh BKIamoM To4xkE z = ( B mepBOHAYAIbHLIH HH-
Terpal UHTErpall [0 CKOJbYrogHo Maziomy umTepsaiy (0,),
TO MBl NOJYYMIIH JJiA BKIAJA TOYKEM & = () acAMIOTOTUYCCKOY
pAR. '
Ho
a
fo@eai=oe =,
[
Taxum o6pasom, nHTerpax mo scemy orpeaky (0, a)} ormmua-
ercA or BRIaga 1ok £ = 0 ma Benmummy O (e~*), kuropas
opmE t<> -F oo MeHblle, YeM JIO00H WIeH ACHMITOTHYECKOIO
pafga mas Bkaaja. TeM caMhiM TeopeMa moKasaHa.
Yacro ynoGHee mmcaTh 1A BKIafa ToukE r=0 B mm-
Terpan He Bech acmMuToTHIeckmit pag (1), a Goxee mpocryio
aCHMHTOTHYECKYI0 (hopMyIy, JaBaeMyl0 ero ICPBBIM YJEHOM:

F(t) ~ aol' (@ + 1)t t>to (2)

Cronp e HpPoCTo AOKASEIBAETCA M CHEIYIOINE pesyib-
TAT.
Teopema 1.2.2, Hycrs

a

\ F)= 9@ ez, s>0,
—
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_efe @(x) — anaiuruveckas PYHKYUR, peeyAAPHAS 8 TOUKAT
orpeska (—a, a). Tozda

t
t)~Vﬂ2“’(2)(°’—“. (~+= (3)

1227

HorasateabcrBo. IIpoBoma Te me paccy:xaerms,
9T0 ¥ IOpH [OKa3aTeNLCTBe HpefBIAymied TeopeMsl, aaMeda-
eM, 9To

—

8
5 z2htle—t*dr =

-8

n

-h- >

j T2he— ¥ dx = ( + = ) + 0 (et =

—8
L
=o-» @2, 0T (%) + O (t2he—).

9710 npmaonm‘ Hac ¥ (popMyIe

) ¢ (0) (@K1 —
y @ (z) e~ *dx ~ Vnz T e t .

-

ana skaafa roukm r==0. To, aTo Becs uBTErpan papeH BKna-
Ry To4KH & = (, OKAa3LIBAETCA COBEPUIEHHO TAK iKe.

Ecng 3aMeHHTh acCHMOTOTHYECKHH pHA A BEIajga ero
OEPBBIM YIEHOM, TO MbI MOJIYYNM aCHMOTOTHYECKYIO POpMyny

F@)~¢(0) l/ﬁr twto. (4)

3amevsannme. Herpynmo samernts, uro opmynm (1) —
(4) ocrasorca B cuse W npm [— 00 B KOMIUIEKCHOH OJIOCKO-

crH, ecnu |argt| g% —1, 1> 0. JeficTBATENBHO, OLEHKH

zhe—*tdz = O (the &) = o (1~ 7)

ﬂL,;g

. ‘ n
ocTaloTcA COpaBefiuBHIMA B mpu ¢ oo |argt|lF—m,
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¢ samenoit ¢ Ha Ret = [t|sinn, a aToro gocrartouso mus
AOKAa3aTeNbCTB.

IlepeiineM temeps K HecKoabKo Godee obleMmy ciaydaro,
PaccMoTpuM mETerpai Biifa
b

J' @ (z) eM=)dz, {5)

a

rae a, b, p(z) u h(z) nme sasucar or {. B arom cayuae, Kak
U B CIyd4asX, PACCMOTPEHHBIX BEIIIEe, BRIAJOM TOUKH MAKCH-
MyMa eCTeCTBeHHO HA3HIBATH MHTErpaJ MO CROJb YTOAHO Ma-
JI0if OKPECTHOCTH TOUKH MAKCHMYMA.

Has muterpanos supa (5) 06BYHO 0YeHb JETKO ZOKASHI-
BaeTCH, YTO ACHMOTOTHIECKOE IOBEREHME BCEro MHTErpaja’
ompefensercsa CYyMMOM BKIAaJOB TOYeK MAKCAMYyMa ¢ HAUOONb-
muMY 3HaveEuAME Qyaxumm A(z). I1o OUEBHAHO, HAUPH-
Mep, ecadm murepBan (a, b) xomeuen, a ¢(z) u h(z) — ama-
auTHYecKue QYHKIUA, peryaapHBe OpH ¢ < T < b,

Teopema 1.23. [Mycre ¢@(x) u h(x) — anasuruue-
ckue Pynxyuu na orpesre (a, b), x==c — roura maxcumy-
sa h{x). Ecau ¢ cognadaer ¢ o0num uas xonyos u h’(c) 0,
70 Oas 6kaada V. (1) Touku z=c @ uwreepas (5) umeer
MECTO acuMnToTURECKUl pad

o0
rla
Vc(t)ze"’(c’z ,n:l’ £ -» o0, larztl<2£—n. (6)
0

Ti=z

20e mosdPuyuentsr a, onpedeasioTca U3 PAINONKEHUR
e+ V)V (W) = 2 apun,

a dynryus (u) onpedesena ypasnenuem h(ctyp(u))=
=h(c)—u, $(0)=0.

Hoxasatenbctrpo., Ilockonsky h(x) — amanmTmue-
ckasg (yHKIASA, peryispras B TouKe £ = ¢, # h/(¢) %= 0, 10
o TeopeMe 0 HeABHOH (YHRUUH CYyIECTBYeT eZMHCTBEHHOE
pemesne ypasHerusa h(c+¢(u))=~h(c)—u, ymosaersops-
oee yexoBuio H{0)=0, u 3Te pelenme — aHATHTHIECKAsS
dbyBEKOHMA, perynsApEas B HEKOTOPOH OKPECTHOCTH TOYKH W ==
=0. Bsap -e>0 mHacrompko ManmM, ITOGH 3HAdYeHUA
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h(z) — h(c) npm |z—c| < € naxogmamch B 3TOH OKPECTHO-
“cTH peryunapHoctH P(u), Ml PACCMOTPHM HHTErpajl mo TOM
'YyaCTH HalHero oTpe3ka WHTEIDUPOBAHHA, KOTOpaAa JEKAT Ha
murepBase (a, b). [na ompefelleHHOCTE MOJOKHAM (=4,
h'(c) <<0. Torna, cnenas sameny h(z)=h(c)—u, moxyaum
z==c+$(u), dr=19"(u)du,

ct-e

j @ (2) ez = ¢th© X @ (c + b () ¥ () e~rudu

1, mpuMenus teopemy 1.2.1, mpumem K pasenctsy (6).

Ecin Mpl orpaHNYIMCH JHIIB DEPBBIM WIEHOM ACHMIITO-

* THIECKOTO PANA, TO, TPERUONOKNB, dTO ¢ (c) #0, momyunm

A BKIAfa TOURM I == ¢ (ollee TPOCTYI0 ACHMIOTOTHYECKYIO
dopmyay:

@ (¢) ethie)’
th' (¢)

Ve(t) ~ t—w, jargti <z —n.  (7)

Teopema 1.2.4 Hycry ¢(z) u h(zx)— anasurudeckue
Pynryuu Ha-orpeske (a,b), a = c— Touka Makcumyma
Pyuryuu h(x). Ecau a<dc<<b u h”(c) % 0, 1o Oaa eraa-

da V.(t) Tousu x = c 6 unrezpaa (5) umeer MeCTO ACUMN-
ToTuneckull pad

1 a
Ve meno )T (%Z iyt i<z -n (8)

2de koagpduyuentol a, onpedessiorca U3 DPA3AOKEHUR

Qe+ @)y (u) = Eau"

a gynrkyus Pp(u) onpedesena ypasuenuen
h(c+Hb@))=h(c)—u, $(0)=0, ¢'(0)>0.
HorasarenscTBo. Tak Kak Qymwias
(@) =VEE) =h (@) = |
=(z—¢) V:—h”_z(c)‘(i-l—ag(z—-c)—i— ce)

2 M. A. Ecrpagos
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peryiApHa B Touke & = ¢ 1 hi (¢) =0, To mo Teopeme o He-

ABHKX (QyHKOMAX ypaBEeHue Ana Y(u). AMeeT emgARACTBeH-

Boe pemeHwe (tak Kak ' (0) >0, To 3mak KkopHA ompene-

ner) m H(u) peryaspHa B okpecTHocTH Todkm u==0. Baas

ZOCTATOYHO MAJyI0 OKPECTHOCTH TOYKN T£==C N CfeJaB 3aMe-

By h(z) = h(c) — u?, nonyuum z = Pp(u), dr = ¢ (u)dy,
-8 £q

wm¢umx=emﬂ5eﬂww®+¢0m¢%wd¢

c—8 —8,

IlpaMennB k NociefHeMy LHTerpany reopemy 1.2.2, mpngeM
K dopmyae (8).

OrpaHMYABOINCE HEPBHIM WIEHOM ACHMITOTHYECKOTO DA-
na (8) m mpepmonoxus, ato @{c) =0, Me moaydmm Golee
OPOCTYI0 ACHMOTOTHYeCKYH0 opMyIy [id BRIafa TO9-
KE & = ¢

V) ~0@ Y — e @n), O

rme

t— oo, fargtfg%—n.

Veaosue amanmtuunoctE pynkumit @(z) m h(r) manexo
He ofAsaTelpHO Jake AuA copasefnuBocTH opmya (6) u
(8). Bmoame "gocTaTouHO, ecaH i 3THX (QYHROHE “MerOT
MeCTo acHMOTOTHYECKME CTeOeHHLIE pa3loMKeHAA, aHAIOTHY-
HHE CXOMAMMMCA CTemeHHBIM DANaM, CYIECTBOBAHME KOTO-
PHIX HpefloXaralock B Teopeme 1.2.4.

IlpnvMeBenne Metona Jlamnaca 3aMeTHO YCIOKEHseTCH,
KOTAa OOABIHTErpajdbHadA (yHKUASA 3aBHCHT OT mapaMerpa !
mHMM ofpazoM. OOCHYHO peKOMeHAyeTcsa ChelaTh HONXOAA-
mMy®w saMeHy HepeMEHHOX HBTErpUDOBABHA K, ecAl HYMKHO,
BBecTH HOBBIA mapaMerp. OgHaxo MOMKHO MOKa3aTh HEKOTO-
phle pe3yABTATH H [is HHTerpataoB Oosee mnum memee ofie-
ro Bufa. Ilpeskme gem GopMyIEpOBATL PE3YALTAT, MBI AOMH-
HH OOpefleNUTh OOHATHe BRIAfA TOYIKM Z==C (i)' B UHTerpan

o)
: \ @ (2, 8) eh=0daz. (10)
a(t)

Orpaumammca caydaeM, Korga & == ¢({) — mpocrasa ToUKa
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maxkcunmyMa ¢ywruun h(z, t), neskaman BHYTPH OTpesKa
(a(t), b(t)). B atom ciyyae Beamunna hy(c(l), t) orauuna
oT Hyasa. Beayunny -

1

pe ()=l he(c (), 0] *
™,
MBI GymeM HageBaTh paduycom eAUAHUA TOUYKN MaKCIMyMa
z = c(¢). [lo cux ndp MH onpepeasin BKAAJ TOYKH MaKCII-
MyMa KaK MHTEIrpPaN, OpPefelis] KOTOPOrO 3aBHCENH OT HeKo-
TOPOIro ~IIPOU3BOJILHOTO [OJNORUTENbHOro napaMerpa & Te-
nepb MB OyAeM cullTaTh BKIaX UHTEIPWIOM, NPENIeNEl KOTO;
poro 3aBUCAT OT HEKOTOPOd LPOU3BONbLHOR (yHKIHN 1:(!),
YIOBJETBOPAIOUICH YCJAOBILAM

T(l) > 400, T()<T0(t) -t-oo.

Qopmyna ana BRAAAE MMECT BHJ

() +PeltrTd)
FeW= | o ewods,
c(t)—Pclt)n(d)

B ompepenenmm BKIagd EMeeTCA ONHO HOBOE 0OCTOATENBCT-
Bo, cBsisannoe ¢ pyHEEnUed To(f) (Bxomamed B ycaopug HaA
Pyuruuo 1{t)). Jero B ToM, IT0 UpHBEJEeHHOE BHILIE Ompe-
Heiaenye BKIgfa KODPPEKTHO JMIIB TOCHA, KOTAAa aCHEMOTOTH-
yeckas ¢dopMyna MIsS BKiIafa He 3aBHCHT OT BHGopa (pyHK-
nun 1(t). Bubpare Taxywo dyExumo 1o(t), 4TobB ompepmene-
HUe BKaafa OBIO KOppeKTHO, He Bcerpa BoaMokHO. Ecam
8T0 HEBO3MOKHO, To Merof Jlamnaca HempumenmM. B pac-
CMOTPEHHOM BEIIIE CIy%ae MOKHO B3ATH To(l) = eV?, a pa-
AAyC BAMAHEA TAM paseH afYt.

Mu npmBemeM cefidac yCaOBHA, mPE BHIOONHEHHH KOTO-
pux QopMyla AJAA BKIaJa -TOYKH MaKCHMyMa KODPEKTHO
onpefieieHa, U MOIYYEM B 8THX YCAOBHAAX 4CAMOTOTHYECKYIO
dopMyny ana BKIafa.

Teopema 1.2.5. Hycrv evinoanensl ycaosus:

1) Ipu arobom A > 0 u npu t > to(A) orpesok

Li(t) ={zic(t) — Apy(t) < = < c(t) + Ap.()}
- exur ¢HyTpu orpeska (a(t), b(t)).
2 )
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2) Hpu wiobom A>0 umeior MecTo COOTHOWEHUS

0oz, )
—___(P(x't) -1, ——,,x e t{» + oo, te’A(l).
P (c(),?) h (c(t), 1)
Tozda exaad Touku marxcumnyma x==c(t) é unrezpas (10)
KoppekTHO onpedesen u npu t— +oo duan ngzo cnpagedau-
ea acumnroTuveckan gopmyaa

T 2n
~ A(e(t). 1) ——
()~ (c(t)t)e l/ TS (11)

HoxasaTteabcrtpo. [Ana coxkpamenua 3amnucy obo-
3HaYHM

L) =L, ¢(c@), t)y=¢*@t), h(c(t), 1)=h*().

Wz yenosuit 1) m 2) snjwo, d9to cymecrsyer ¢ynkuna
To{t) = oo, ana Koropoih npr t-—> o0 A T [, umewr
MCCTO COOTHOIIEHHUSA

Tuw e @@, b @), T 1, ol he(z, 01,

Ilooromy mpu t—ro0 u z&€ 1y, rHe 0<T(f)<< 10(8),
HMeeM _
@ (z, 1) eh=D) =

= [¢* (£) + o ()] exp{A* (1) + (z — ¢ ()25 2 (&) (= + o ().
: 2 J

Otcloga HeTpYAHO BHIBECTH, 9TO
OO -
, Y -—,’7 utog %)
5 @ (2, t) er=Ndr ~ @* (2) et _Y e du.
It —uUDpct)

Ecam Brimonneno ycaosme T(t) — 00, T0 cCOpaBeIHBa acaMo-
Torudeckas popMyna

T(1)Pe(D)
1 5, 2 n
ex —_—— t ~ —
p(— o)~ Y/ EG

7 ™Mbl OPAXOAHEM K yTBepm)ieHmo TeopeMbl, uGo P 2 (1) =
= — hx(c (), 7).

—T()P(8)
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HecKounbko cil0jkHEE JOKa3piBATh, 4TO BECH-HHTErpal pa-
BeH BKIafy TOUKA MaKcEMyMa. TeoperuvecKda BUOONHE MOMK-
HO OpeAcTaBHTh cebe caydail, Korga ¢ yBeauuesneM ! 9uc-
70 NOKaJbHEIX MAaKCEMYMOB pacTeT, a 3HaueHds QyEKDuuU h
B HIX pasnpmyaioTcAd Bcé MeHbINe B MeHpHle (BIp eine Ka-
Kkywo-1u60 TpyZHOCTH Takoro posa). B aTtom orEOmeRHH
‘0YEHD 9acTO ORBaeT HoJE3HA CIeJyIOIAs TeopeMa.

Teopema 1.2.6. Iycrs h(x)— nosoxuresvnan 0eaxic-
vt menpepuigno Ougfepenyupyemas @yuryus, ybdoeaerso-
DAIOWAR YCAOBUAM:

1) 2" (z) > 4 o0, =z—+ -+ k' (z) > + 00, ==+

2) npu awobox A>0 )

._1/’
h'(u) ~ k" (), x4 oo, ju—x}< AL @)

Toeda Pynkyua h(z,t) = xt — h(x) uneer npu docra-
TOUHO Goabwux ¢ eduncreennviii makcumym r = c(t) u un-
Teapaa

evt—hadg = F (1)

Qg

ACUMNTOTUMECKU PAGeH §KAADY ITOU TOLKU MAKCUMYMA.

Hoxasareasctro. Cormacuo ycaosuwo 1) dymrmna
h’(x) Bospacraer mpm KocTaTouHo Goabmmx z. Ilosromy mpm
KocTaTOYHO Gonblinx ¢t ypaBmeume ! == h’(r), momyyaioumee-
¢A IIpH OTHICKaHMH MaKcuMyMa dQyurumm h(x, i), umeer
CAMACTBEHHOE DellleHHe, KoTopoe Mbl GyaeM oGos3nauarh ¢ (f).
NmeeM p.(t) =[h"(c(t))]~"; B us ycnopmit 1) m 2) caeny-
eT BHOONHeHHe yciaoBuit 1) m 2) reopemmt 1.2.5, Tar uro
A BKIaga HMeer Mecro gopmyna (11).

OLeHEM HETErpajsl

e(l)—APe(t) oo
Il (A) — 5' ed—=hX)dxr n [2 (A) — J ext—nx\dx.
a e()+Apy(H)

Iunn ompepeneHHOCTH OIPAHHYHMMCH KaKMM-IUGO OTHIM, CKa-
meM I3(A). CaenaeM sameny xt—h () =—u. dT0 AacT IaM
- 00

»

e Ydu
IZ(A)= 5' h’(x(u))—':’
u(s, A)



22 I71 I METOAW ITOJYYEHNA ACHMITOTHYECKHAX OLEHOHK

rre u(l, A)=h(c(t)+4p.(1)) — (c(t) +4p.(1))t. B cuy
MOHOTOHHOIO BoapacTaHua h'(z) B cornacuo ycinosuwo 2)

mMeeM
—u({,A)

LA <p TOT A N —t :
_exp {—=h(c(t) -} Ap () + (c () 4~ Ap_ (D)) ¢}
- W (e () + Ap, () — R (¢ (8)) -
exp {h{c (1)) —h(c (&) + Ap () + A" (¢ (1)) Ap, @)
Al (e () + Ap, () — W (e (1) B

= e—h(c(!)+1e(t)

1 ;
exp {-7 > A2l (0 A7 (e () + O, 4p, (t))}
= g—h(c(t))+tc(d) - - ~
Ap, (1) k" (e (1) 4 B, Ap, (1)

A
e s

~ p, (1) e~ he@)rtted)

Crenosarennno, npit 4 = 0o WHTErpanhl II(A) n Iy(A) ma-
JBl 10 CPABHCHINO C BRJIAJOM TOYKD T=c (), I\UTOprH o
dopmyne (11) pasen

VZﬂp e—n(cu)H tect),

Teopema gokasana.

Teopemur 1.2.5 n 1.2.6 gacto HalT BO3MOMKHOCTH Cpasy
HaINCATh acHMOTOTHYECKHe (POPMYJbl i HHTePeCyIOmux
Hac METerpaJos.’

IIprMep. 1. Hailgpem acumMnroTnyeckoe HOBeAeBUe ipH
2 — 400 raMMa-gyurunn Jinepa

T (s)= yus"ie—udu = j‘ e~ txdz.
0 — 00
3necy h(z) = e* m yeaosun 1) w 2) teopemsl 1.2.6, ove-

BU/IHO, BEIOOJIHEHBl. TO04Ka MakcuMyMa Z = Iln§, ee BKIaj
coraacHo TeopeMme 1.2.5 paBen

Vz_nste—s. . N
$

IMoatoMy Teopema 1.2.6 maer Ham Tak Ha3blBaeMyio opmy-

ay Crmpamnara , :
I'(s+1) ~V 2nss%e—3, s Tt (12)
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Cnenap samefly u==zs, Mol Morid OB DPHBECTH WHTErpad
ans I‘(s-H) K sugy (5) u monywurs maa I'(s+1) achnTo-
tudeckuid pax. Ml me Gymem aroro AenaTh, TaK Kak B§ 1.4
moayduM Goiee ynoﬁubm acuumomqecm{n pax maa InI'(s)
APYrEM cmocoGoMm.

IlpuBefennbte TEOPEMBI, KaK MBI YK€ NDPeAYIOpe:KRaajd,
RajeKo He HCYepOHIBAIOT BCeX BO3MOKHoCTeH MerTofa Jla-
onaca. Haopumep, ana usrerpanoB suga (10) wacto GeiBaeT
BO3MOKHO HOAYYHTb Gojiee TOYHBIE aCHMOTOTHMYECKHe ¢op-
MYJBl ANA BKIafa ToYKM MakcmMmyMa. IloxaykeM, Kak aTo fe-
NaeTeA, HA OJHOM HPOCTOM OpHEMEpe.

Hpumep 2. Haiigem acmMuoroTAdecKoe LOBENEHHE npu
T + o0 Pysrnum

-3

F(t) = bf 2oe—F+3tdy, a> =1
CrmenaeM saMeny z == u =+ In{. Torga moxyaam

F(t) =etint S . (ln t +’u)ae—-t(¢“—-u)du.

-—Int

Kak ofbni9HO, HETPYQHO OOKa3aTh, WTO Bech HHTErpaj acAMI-
TOTHYeCKHM paBeH BKAaZy Touku u==0, T. e, WHTerpaiy mo
CKOJMb YFOJNHO Mamod oxpecTHOCTH 3TOHM Touku., Ofoszmauiry
‘gepes P(v) pelrcHHe ypaBHEHUA

e — p(v) =v?4+1, P(0) =0, ¢'(0) >0

CoofipameHHd, HcUOJIb30BAHEEI® HPH [HOKasaTedbCTBE TeO-
peMbI 1.2.4, moxasuiBaioT, uro Y(v) ABAAETCA AHATHTHICC-
Kot d:ymnmen B HeKoTOpOi OKPECTHOCTH TOUKH v=0. [le-
naf 3aMeRy

e*—u=141% u=y(v), du=y’'(v)dv,
HaxomHM

F (t) = ¢! 1nl-—t{j‘ (Int 4+ (U))“e‘w’q)’ ) dv + 0 (e_glt) .
Ho -
(In ¢+ @)Y (v) = (In = i - i Ap,mV* (In £)—™,

k=U ms==(
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IToatomy -

T e N (2R
Fiymte—t)) Z(lnt)2 Yy 2‘ 1 oy mt—* (Int)—m,

rme KoapdunueHTs! a,,» 6e3 0co6oro Tpyma MOryT GBITH BHI-
paskeRbl depe3 Koa(QIIieHT pasnomeHns Y(v) B8 pAX
Taitxopa.

Hntepecnsle 3amadu, npusojdimmue K APYruM opmynaam
oA BRIaja TOIKM MaKCHMMyMa, BOSHHKAIOT, KOTga [BE HIM
GoJbIIe TOYKE MaKCHMyMa HAXONATCA Ha PacCTOAHUH APYT
OT Apyra TOTO Ke HOpHAAKa, YT0O O NX pajuychi BIMAHNA.
Taxroro e poga TPYIHOCTH BO3HMKAIOT X TOTLHA, KOLZA 0CO-
6ere Togkm @(z, t) wim A(x, t) HaXOmATCA Ha PacCTOAHHI
OT TOYKE MaKCHMyMa NODAAKa ee pagmyca pianaHma. Pac-
CMOTpHMM [Ba IpAMEDPA TAKOro poja. »

IMMpumep 3. Iafigem acuMITOTHYECKOE MHOBEfEHHE MPI
t— 4+ oo dpyarmim

o

F(t)='§ 2

¥ 1+ t%x

—ix
dz, a>0,

3necy dyurmaa @(z, t) = (14+1%z)-! nmeer ocolyo Tou-
Ky = —1* pacHoJoKeHHYI0 BOIA3A TOYKH MAaKCHMyMa T==
=0 ¢yaxoun h(z, t)=—tz. [lna TOUKH MaKCHMyMa, B KO-
TOpOR NepBas HPOHM3BOJHAA OTIMIHA OT HYIA, TOHIE MOMKHO
BBECTH MOHATH® pajMyca BAHAHHA. B mamem cinywae pagmyc
pauArns Toukd x=0 paser t~!. [loaToMy MBI QO/KHHE pac-
CMOTDPETHb TPH BO3MOM{HOCTH: mepBag a<C{, sropagm a>1 u
TpeTsa a=1.

Ilpn a<<1, Ba3as T(t) = 400, T(¢)t*' =0, Ml MosmeM
HaOHCATh

10 e 0
Fo= | st S " gz =
- 1+ t% 14+ t%
0 w1 .

' =+ o) +0(Fem0),

1
F(t) ~Ti

t—>+too, 2 <1,
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Ilpr &>>1 MomHO HafucaTh
C g

F= (5 1+z°‘ T+ Si-i:-:: =

~0(%) + (1 + 0 (1)) S =t dz

x
21—
OTHYIa HaXoaAnMM
F@)y~(@—1)¢t""Int, =t oo, 6>,

Haxomnen, npu a=1 nmeem -
o0
1 { e¥du
Fiy=1)
0

Mpumep 4. Halimem acumMmToTHYECKOe HOBemeHNe NHpPHA
! — +oo yHRUIYN

Fy=§

P |
3meck HMEMTCA ABe TOUYKH MAaKCHMyMa:Z==—1% '‘m

Te=t"" ‘, HAXOJALIMCCHA Ha PacCTOAHHMA TOIO me ‘nopmma,
4TO M WX pajuycsl Bauauusa, Jemas 3amenyx = wl” ', mpe-
ofpa3yeM Halll HHTerpald K BHUAY
-t -5
F(y=t ° [ e~w—trui Ty

— 0 .

n Gea Tpyaa Haligenm ana F(f) acuMmumroTnyeckuit pap
_Zn-H
£ (t) 2 b=t oo,
n=0 -

o0

r | wmemwr-ra,

— 0

n ().n

HanGonce umTepecHH 3afa¥m Takoro poja, B KOTOPHX
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DpPHXOJATHCA BCKATH GOPMYTH, TAOIMUe paBHOMEPHYIO OLeHKY
oo napaMerpy (B opumepe 3 oo o). Pasymeercsa, ruasmmit
wieHE B Takux GOpMyNax BLIPAKaeTCA UePea CHemNalbHES
¢yaxnnm,

- BAODAYY M NONMOJNHEHHNA K § 12

1°. Mycrp p(z) — apanmTEYeCKan QYHKOWA, Perynapras upn 0 <
< r < 6, & B OKPeCTHOCTH TOYKE z == ( mpejcTaBUMasg PsIOM

B
q;(:):x“(ln%.) (ag+ayx 4 ...}, a>—1,

Mokra3aats, 9T0
g

§Q(z) e ra T+ Mngf 3o, ho)™,  aw,
n=0

npmieM by = ay.

2°, MMycrs (%WK!IHK t(z) menmpepriBEA Ha oTpe3ke (0, o} u crpe-
MHTCA K HYJNIO OpH £ — + oo GHcTpes Jboii cTenenn r, a ¢(z) orpa-
Ep4eHa NIpH z— 4 00, a npn |z| « k upeactaBuma pagom @(z) =
= 1%(ag + a1z +...). [Torasars, 910

®© o
j@ (—';5-) T (7) dr' E @, t T t— 4 oo,
0

rme ¢, = gz""'at (z) dz.

0 e
3°, Mycrs D — wexoropas ofnacTs B mirockoeTs (2, y). a h(z, y) —
mBaKAN HenupepeiHO antdepenunpyeman GyHEKIHA, AOcTirAlONIAN
cBoero HauGoasmero B D 3Eavedus B TOuUKe (ro, Vo), Nemalmeil BEYT-
p= D. Beepem o6o3matenna:

= BT |ymxy’
y=Yo

ox By x:xo’
Y=Vo

=TT |xsco”
Y=Vo

Tlokasarp, aro ecan AC — B? = 0, 10

S 5 gy gy 1
5 L YAC =B
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§ 1.3. [IpaMenenna Teopnu BHIYETOB

Ouens Goanryio poidkh UPH ACHMOTOTAYECKAX OICHKAX
EHTerPATOB 0T AHANUTHYECKHX (QYHKUAR @ArpaeT BOSMOMK-
HOCTB OPOU3BONBHO NeHOPMEPOBATE KOHTYD HHTErPHPOBAHUA
B 00nacTH perynapHocTH nofuHTerpanbHod ¢ynxmmu, Hemxo
B TOM, 4TO, ONEHEBAs MOLYJIb MHTErpaja BHTEIPAJIOM OT MO-
LyAA OONEATErpafbHON (DYHKOUH, MBl [OOAy4aeM OHCHKY,
O4eHb CHJLHO 3aBUCAUYI0 OT Bbifopa OYTH HHTErpUPOBA-~
HHA, B To BpeMA Kak caM WHTerpan ot Beifopa myTm He 3a-
pucuT. IIpn aToM MOMeT oKasaThes, YTO MOIXONAIINI BhIGOp
KOHTYpA HHTeTPUPOBAHHA NACT HAM BO3MOKHOCTh HOMYSHThH
He TOJLKO XOpOUIYIO OLNEHKY CBepXy AAA HHTerpaia, HO M
acCUMITOTAYIECKYIO hopMYaTy.

IIpamep 1. Onernm koadpduuuents a, nemol (PyHKIAH

F(2) = Q) a,z" npu n— oo depes penmiuny M (r) =
ne-0 ’
== m[ax] F(z)].
fz|=r

Tlo gopmyne Romm umeem

OTKy/IA
ja.f < M(ryr—
Tar xar r miof6oe, Mbl MoiieM BLIGpaTh ere Tak, 9To0BI 9Ta
OUeHKa 0OLiia BO3MOMKIIO Jyuuie, JTo AacT HaM
la,|<< min M (ryr—.

0<r<oo
Ina dyuxuma F(z)= e’ sTa omenra faer |a.| <e™n~",
B TO BpeMsa Kak Ha caMmoM fJexe, coriacHo gopmyne Ctmp-
nuura (cM. opumep 1 § 1.2),

1
a, =S ~emn

n 1 5"

2nn

Hpumep 2. Haiimem acuMnrormdeckoe noBefenue upn
n — 00 xo3(PHUINEHTOB a, B paanomeﬂnn

(1—'2)""‘[-2“‘1 In (1—2)]ﬁ 2 a,z"
O<a<t —o0 <p <o),
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(M5t BhiGiipaeM BeTBb (YHKIUIM, MNOMOMKATENbHYI0 0PI

0<z<1)
Hanuumem oosts B
1 A—"*[ ma—2]F
=g | |- J A

{z]=r

Eeam octaBHTh Kak KOHTYP MHTErPHPOBAHIA OKPYAXHOCTLIO
|z| =r, T0O MBI He cMoeM cpenaTh r GONBINHM eMHUIIBL,
a ¥3-3a MHOKUTeNA z-"~! B momuuTerpajbHOH (YHKIEM HaM
BHIFOJHO OTOABUIATH KOHTYD BO3MOMKHO [alibllle OT TOYKH
z==10. B TaxoM mnOJOEHHH ecTeCTBEHHEE BCEro B3ATbL 3a
KOHTYD MHTerpHpoBaHMA TpaHULy Kpyra |[z] <a, a>>1{,
¢ pagHajabnHRIM paspesom (1, a) (B cmay ycaoua o << 1 mH-
TerPHPOBATH MOKHO M [0 UYTH, IPOXOAANIEMY 4epe3 TOUKY
z = 1). Taxum ofpasoM, mHTErpaJ, BRIpA/KAMUN a,, CKIA-
AniBaeTCA M3 TPeX dacTeil: mHTErpafda MO OKPYMKHOCTH |z[.=
= a, AHTerpasa mo sepxuemy Gepery paspesa (1, a) u nu-
. Terpasa Mo HM:KUeMy 6epery aToro paspesa. SHaYeHMA MO[-
unterpantbHOd (QyHKUHM Ha Oeperax paspesa Mbl JOMMKHBI
B3ATb Te, KOTOPbie MOJYYAOTCA H3 BHIGDAHHBIX HAMH 3Ha-
genuil mpu z = ( HempephiBHBIM npogoxkenneM. [lockonb-
Ky B faibHeiimeM HaM OpUAETCA -fedaTh TaKhe BemM [0-
BOJIBHO YacTO, TO B NMePBbI# pa3 MBI NPOBeleM OpOAOIKEHUE
moAposHo. . ,

BuiGepem mns dyarmuit (1 --2)"° # —In{1 —2z) Te
BETBH, Koropble noJdomurtensabl npu 0 <<z << 1. Torma npan
z> 1 ¢yarmau (1 —z2)~° n —In(1 — 2) wmeroT BUI

(Z _— ,1)_ae—ia. aTS(I"z)’ -—ln(Z _— 1) - iarg (1 - Z),

TaK 970 N[O CYIIeCTBY HaM HYMKHO ONpeNelddTh JHIIb
arg (1—z) Ha BepxHeM M ma HmKHeM Geperax paspesa (1,a).
CornacHo clelaHHOMY HaM#¥ BHIGODY BeTBeil MBI MoMeM card-
TaTh, uto arg(1—z) =0 npn 0<<z<<1. Yrofsl momacrs ¢ 071-
peaka [0, 1] ma Bepxmmit Geper paspesa (1, a), MBI TOMKHBI
npoiity W3 TouKkM 2 =1 — ¢ B TOWKy Z = 1 -+ ¢ mo noxy-
okpyxkBocTE |2 — 1| =¢, Im 2= 0. Ilpm Takom obxoge
arg (1 — 2) ymeHbmaerca Ha 7. AHAJIOTHUARO OPE IEpPeXofe
Ha HuHHUR Geper paspesa (1, a) ¢ otpesra [0, 1] aror ap-
ryMeHT yBeiuumBaerca Ha m, IlooToMy ma BepxmeM Gepery
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paapesa HMeeM -
(1 . z)~al_ In (1z— Z)]ﬁ — (Z . 1)—aem'a.[ In (Z 1) + T[l]

a Ha HmEKHeM Oepery
(1 _ z)-—a[__ In (1 — z):lﬂz (Z _ 1)——ae—-n_ia[_ In (zz——- 1)-'2'“:]6.

z

Tak KaKk HHTErPajd MHO OKPYHCHOCTH ]z]~=a paBen
O(a™), 10
. 4
pricied ?
2ni )
1

2" +1 -

(@ — 1)—0(.[_ In (xx—— (1 m.rs dz

a

—ie - In(z —1) B d
~ G (= “[———Iz—‘_m] S +0@™)
1 B

t

Nad, mocje 3aMeHblZ — 1 = -

n(a—1)

L ettt S‘ —«fInn—Int i dt
= ) U T e e -
0 (1 —}-—n')

1+
i 1 mazh
o T E g2~ —«fIlnn—1lnt 8 dt
- 25 S t ;o T Tl T
0 1+ (1 + —,;)
+0(@™)
Ho
n(a—1) o
I e e e [oe—tar=
t t \ntt
0 L+ (1 + 7) 0

=(lnn)fl'(1l—a), n-=
# MBl IoJy9aeM OKOHYATENLHO

dnfvi“;—ﬂa['(i—a)n“_‘ (on)f =2
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C momomwio anddepeannpopanus HeTpymHo yGegutbes,
qro 21a QopMyia cHpaBeUIlIBA A Opn JoGeIx o > 1.

IMIpamep 3. Haiinem acumnrornveckoe MoBeReHIe mpn
z— oo Qynrnun

=]

Fry= |\ = a1,
e VI+e
Tak kax Qysemns V14 (2 verra, MBI MOJKeM HRMHCATh
B N
F(z) = S — e
R Vi+ e

3aMeTuM, ITO0 NPAMCHAThH NMPAMO K 3TOMY WATErpady MeTOR
Jlamnaca Henmbas, TaK Kak nogunrterpansnad QyRKUHA CHIb-
HO OCIHHIIIHDPYET. '

~ Bymem pedopmuposats ronrTyp. ®Pynmxuma e*' crpemnt-
¢ K HYJI0O OpPE T —> -+00 <reM cuUiAbHee, deM Gojbme.:Im £,
TloaToMy HanM BBIO;iHEE TONHATH KOHTYD BO3MOMKHO BHILIE,
droMy mpemATcTBYeT ocofasd TOUKA MOJAMATErpaibHOl Pymic-
nun nope t==1i. EcrecrBeHRee BCero B3IATL 3a KOHTYD
AHTerpupoBaHNMA nBa Gepera paspesa (i, -+ ioo). (Taree
cMeiioe ofpauleniie ¢ GeCKOHeYRHIM KOHTYDOM HWHTErpHpoBa-
HEA JONYCTHMO, Tak Kak B Tolt ofmactH, roe Mul gedopmu-
pyeM KOHTYp, Halla MOAMHTerpalrHasdA (QYHKUUA cTpeMuTcs
K HYJII0, ¥ IOpHTOM noBoabHO OHcTpo.) Paceymmas takr e,
KdK B OpeBIAYIIEM [pUMepe, NErko mogydaeM, 49To mPH me-
pexome ¢ OTpeaKa [O i] ma mesnr Geper paapeaa (i, +ioo)

BEJIMYEHA arg ———— Vi—-f-_t”' =1 sarg (t + ) — —ﬂl'g (t —i) yze-

JIA4YABACTCA HA 2 —,a Upu mepexofe Ha mpaBsiil Geper paspe-
R . >
83 — yMeHbIIAeTCHA Ha . CregoBaTenbHO,

4
Vi dy I dy
F(z) = : I =

—i Yy —1 iV y: —
g iVyE—1 1z}/y 1

o0 o

—XY —XU

=ZS c dy —_'_23-38‘.———_6’ du .
1 Vyi—1
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OcTaeTcA NPEMERHTh K QOCIe[HEMY RETETPaJy TeopeMy
1.2.1, 9to pacT mam

o1/ T = [en)lr
F(.’L‘)~ l/? Eo_(n!)szlnn—l =", ® >+ o

OcobeEHO XopomWlM JNA NONYYeHHA ACAMOTOTHYECKHX
dopMyn Te cayuam, KOria OpeNATCTBHEM A MepeHeCeRHns
KOHTYpa B CTOpDOHY YMeHbOIeHNA HONUHTErpaabHOR (yHK-
mirn ABNAIOTCA nomockt, Torma MbI ‘MosKeM OepeHOCHTb KOH-
Typ M 3a MOJNIOC, KOMOGHCHPOBAB 9TO mpuGaBiIeHKeM BEIIETA.
OGpryro mepshiil ke BbhIY4ET [3eT HAM ACHMOTOTHIECKYIO
.bopmyay.

IIpumep 4 Haljgem acuMoToTiueckoe LOBeJeHHe HNPB
& 400 Pyrxiuun

o0

cos &t dt
F@= | oy

Kax u B mpemslaymieM mpiiMepe, H&IIHIIEM cHadYaja

oo

N e'xt dt
F(.l) = 5‘ Eh—t—-——vm.

OnaATe BaM BBIFOAHO WNONHATH KOHTYP BO3MOKHO BHIME. JTO-
i
MY MEII&IOT NOTI0C NpU ¢ = % I TOYKA BETBICHOA UpH ! ==

= ni. Beauyuny
o it oo .
ixt x¢
e dt e dt
I(x)-:jcht Vlz-f-ﬂz— 5‘ cht~}/ta+ﬂn
—_ i ~o00 : :
MOKHO DAacCcMaTpwBaTh KaR HHTerpal MO 3aMKHYTOMY KoH-
Typy (B cHIy cCTpeMiIeHHA NOAHHTErpanbHOM (PYyHKIHE K
HYJII0 Ha 6ecnouetmocm) Bryrpr momocst 0 < Imt << =,
OTpaHUYEeHHON 3TMM 3aMKHYTHIM KOHTYDOM, DOAEHTETpaTbHASA

“ m
¢yuxuma umeer opmH mpocTod moawC OpR = > ¢ BH-

n
——

qeToM € ¢
' ny3

. [(@)=—ee T

, ) Vg

; TAK 49TO COI‘JI&CHd TEOpEMEe O BHIUETAX

~
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1

HKpowme Toro, ..
tti4-o00
s . e{xi dt _
cht 3 7
7l —oo VL +n
=~
ixu
=2 — p— X j‘ € __L_ =0 (e—:tx), &> Loo;
chv 14w 2m)

roe u = t — ni, CregosaTenbHo,
PR
F@)= == *+0(™ ® = o
( ) V3 + : ( )’

Eme omup OyTh HpUMEHOHMA TEOPHH BBIIETOB COCTONT
B TOM, 9To0BI HAXOAWTH HEKOTODHE MHTerpajibi B KOHETHOM
BHAe H, Hao060pOT, BHIpaKaTh KOHEUI’He BEIMINHH depes
nurerpaiasl, llepeoe mutepecHo, Ho He 0YeHbL CBA3AHO ¢ Ha-
UIAMH 3afgadaMH, 2 Bropoe mMeer 0ONblIOE 3HadeHHE JIA HO-
Ay4eHAs acMMOToTHIeCKUX omeHoK. [IpmBenem pam mpumepos
TAKOro pofia.

Hagmem ¢ ¢opMyns! fis oRHOro BHJa HHTErpajoB, KOTO-
Pyi0 paccMOTpEM JHMIIb [O TO# HpHYMHE, 49TO METErPalbl
TaKoro BMja 6yayT dacTo BcTpedaThcA HaM B raase 11,

IMpumep 5. Hoxamem dopmyry

o0

jz“"Q (z) dz = = 2 BEY. (— 2)°71Q (2),

sinan
0

rie Q(z) — panmonanneax GyEROUA, He MMeIOUAA TONIOCOB
Ha TOJOMKHUTEALHON 9acTH JeACTBUTENbHOH OCH, a a4 — TaKoe
neiicTBUTONBHOE THCI0, ITO MATErPa] CXORZATCA W B HyXe, H
B GeCKOHETHOCTR.

PaccMmoTpuM HETerpad

I={(—2""'0() d,
L

P

B3aThIA mo nByM GeperaM paspesa (0, 4 oo), xax mmTerpan
mo- 3aMKEyTOMY ROHTYPY. (Jua ¢ymxnmm (—z)°' BpbH-.
paeM BeTBb, HOJNOMHTeJNbHYI0 OpE orTpEmaTeabEsix 2.) Ilo
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TeopeMe O BBIYETaX AMeeM

I =2z ) Bor. (— 2)° 10 (2).

C Ipyroit CTOPOHBI, HA BEpXHEM 6epery paspesa (— z)* b=
= —z""le™™ a Ha HUAHEN (—z)¢ 1= —z¢~1le™, u cue-
HOBaTEIBHO,
oo 0
= —e—Ma S r*—1Q (v) dx — e"i“S r*—1Q (z) dx =
A 0 0o

o0

= 2isinna S z¢—=1Q (z) dx
b

CpaBruBas 5TH [Ba BhIpaxieHMsA, HodydaeM HcKoMyIo dop-
MYyJay.

IMpuMep 6. IToraskenm, ato ecau

dn AY;]
P, (z) = ,zndnﬂ )",
T0
.—w n —_ 1
F o) -,ZOZ Po® =y

Hawmem ¢ Toro, 410 mo ¢opmyae Homu mpepcrapmm
P, (x) narerpaioM

1 (1 — )"
Pr (@) = o 27 (¢ — )Tl
[t—x1=R

YMHOMUM Temeph o0e JacTH ITOTO paBeHCTBA Ha z™ ® Hpo- -
cyMMmupyeM oT HyJaa go Gecxomeumoctu. IIpm durcmposan-
HOM R ¥ 0mpu [OCTaTOYHO MajiblX Z MOXKHO OOMEHATH HOPSA-
OOK CyMMHDOBaHHA M mETerpupoBanud. Ilomygaem
1 24t
F(.’Z, Z) =2— 5'

i 2@ —z)m~s(l=13) °
lt—x]=

TlogmaTerpaisuas (ﬁynxnna AMeeT IBA HOJI0CA!

—-(V1+2xz+z=—1) ntz————(]/1+2:cz+z’+1)
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Cpasy BuJHO, 9TQ OPH JHOCTATQIHO MAJBIX Z TOIBKO TO-
n0¢ ¢ == 1| JC/UT BEYTPE KOHTypa uHTerpmposaruA. Ilo-
3TOMY )

2 1 1
GIG—o 0= 1t Vit

F(z,2) = qu

ITprmep 7. HalimeM acHMOTOTHYeCKO® MOBejeHHe OpH
Z— 400 QyRKIAR ¢ (z)-— eIRHCTBEHHOTDO -MOJOMHTEILHO-
ro KOpHA ypaBHeRusa Wwlnw = z.

IToxaxem cmauana, aro ¢ (x) ~——— (.c—>—r 00). leiicr-

BHTENbHO, IPA XOCTATOYHO Ooapmumx x HMeeM O9eBHJHOE He-
paseHcTBO @ (2) < z. Us HEro Jerxo Haxomm

lho@<lnz o@>ps 1 ¢ <

Ingz ln z

OTKyna ® crexyer ¢ (x) ~Tz

Hanee, ¢pyaxnma wlnw s monymnockocrn Rew > 1 1eit-
CTBHTENBHA NUIIE TIPH AeHCTBATENBLHBIX L, TAK KAK €0 MHH-
Mafg JacTth

Im{pe”®In(pe'®)} = plnpsin® + pBcosf =
= psinB (Inp+Hctg )
npr 0 <0 <-n?, p>1 B Bynp He obpamaetca. Iloaromy

B Kpyre l w —l—n%- <—;—1{;— dyBrknua wln w—a mMeer pos-
HO ONME HyAb W = ¢(z), ¥ DO TeopeMe 0 BHIYETAX

1 w(lnw+ 1)
T ( who—z W= 9
lw__‘_'_’_.".
Inx 21Inx

CnenaeM B mETerpante samery w = (1 4 ) E:_x # oBosHa-

In'lnz

A4
9YBEM JAA KPATKOCTH O = Tnz ! T = oz TTocne mecaoREBIX
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npeo6pa3oBaHMd HOXYTUM

1 A+Hft—o+s@+Int+ 1)) de
¢ () = lnz‘2m§ T+t 11¢ T

H|=%j 1—o—t—-+ ——ln(i—{-t)

r 1 ’
=l__§— j‘ (D(t,U,T)dt.
iti=7

Ilpa x— +oo BeanvmBH o a t crpemarca k Byqgo. Ilosro-
My Ha OKpymuoctH |{| =3 ¢ymxmua O (¢, 0,T) pasnaraer-
CA B DPaBHOMEpHO CXO,lIHmPIHCK PAR OO cTeHmeHAM ¢ U %3

D (t1 b’, T) 2 2 Chm (t) okTm

k=0 m=0

rae e

(— )"ty (t) = Ciim (—_i-—)k‘HML1 o (148" —
~ Cim—1 (—+-) [In(t+ 0" —
Chem (i +t)kwrl 1+ 0" [+ In (1 + ).

CaegoBaTeabno,

Inl h
9 (z) = Itz Z Z_‘l km Elz ;;h?m’ \S‘ ahm 0 de.

ST

AcHMOTOTHIeCKUH DAL AuA @ (z) cXoAATcA OPH focTa-
T09HO GONBHINX Z.

3AMAYN M MONOJHEHUA K § 13

1°. Ilycrs N s
1@ =01— z)m[ In (1z )] Q(z) = 2 anz", m=0,1,2 ..
n=0

“rhe @(z) peryiapma B upyre |z} << a, ¢ > 1 m @(1)% 0, [loxasars,
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qT0
. {m— 1)l _ -
",,~(P(1)'-7n¢1‘-B(lnn)ﬁ 1 ne oo
. . ﬂ
2°. Hcmonsaya coorromesue [ (2) I' (1 —z2) =5—~=,  moxasars,
710
1 1 24
N Z‘t_iL tTedt,

rae L — rpaEmna monymoaockl [Imi| << a, Ret << b, b > 0.
38°. TMMoxasaTp, 910 ecau Y (r) — aEagmTHIeCKasg (QYHKORA, pery-
aspHasa B obxactu D, 10 npn z =D u OpE AOCTATOYHO MAJNBIX 2

00
S0, @=L 0,0 =1L [y @),
l dz"
n={ .
Tne !{z, z) — pemeHne ypaBHeHus ! =z + z¢(t), t(z, 0) = z. i
4°. OGosEagmM 1epe3 @(x) NOTORNTEALELIA KODeHb YpaBHEHHSA
whev = g, .— 00 < 0 < %, cTpeMAMmiliica k + oo mpu z — 4 oo, Ilo-
KazaTh, 910

e ] e -] m
(@) ~Ilnz—alnlnz+ 22 (lnln:-:gm x> + .
oy gt ™ (In z)

§ 1.4. ®opMyIH CyMMHpOBAHHA

MeTogsl TeOpHHE BBIYETOB € yCHEXOM HOPHMEHAKTCA NI
npeolpa3oBaHMA KOHEYHBIX CYMM ¥ GECKOHEYHMX DATOB
B HHTErpaisl, 9To AMeer (OJbiIoe 3HAYEeHHE A HONYIeHHA
acHMIOTOTAYeCKHX ~-PopMYI. M3l goRaM(eM ‘1Be OCHOBHBIE Te-
opeMBbl, 9acTo ynoTpefnsgeMsie ¢ 3T0il 1eNbI0, B PacCMOTPHM
HECKOILKO IPHMepPOoR MX HPUMEHEHMI,

Hagmen ¢ susoga dopmynst Ilyaccona. Mt MOKameM ee
OpR AOBONBHO CHIBHEIX OTPaHUIeHUAX, BIOJIHE [PHEMIIeMBIX
nna GonbIIMHCTBa 3afad. sHeqaomque 03HaAKOMUTHCA ¢ Gojee
o6IIUMHE  yclOBHAMH mpuMenuMpcT® QopMmyast Ilyaccora
MOryT HalTH HCYepOHBAOIYX® HHPOPMANAH .B KHHre
E. K. Turamapma «Beegennme B Teopmio muTerpana QOypbey,
Tocrexnspar, 1948 r. .

Teopema 1.4.1. Obosnauum uepes Doy obaacre, noay-
HaWYCa ydaseHueM us NAOCKOCTL y2A06

arg (2 —1a) — FI< G —n un |argc+ o) + Ti< g — .

-
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Ilycry anaautuveckaa dynryus j(z) peey./mpna 6 -0bagcrtu .
Dy ¢ karwmi-nubyds ¢ >0 u >0 u yaoe./zef’ewpﬂer
ycaQeuo

@+ ) |<e(zhem, siwevm (1)
ede vy <<2n,a s(u)—>0 npu w400, Tozda

. S orm= S jf(:c)ehmdx @)

n=—uwe kr=—ox

ecau pad @ aegoli uactu pagencrea (2) crodurcs.
Horasarenx LCTBO. lipesne Bcero poraxes cxolm-

MOCTh HHTEIPaJIoB S f (z) ehixdy, HaM npujeTca BBECTH He-
—00

roTOphIe 0Go3HageHns. BosbMen aBa DeBIX HOTOKHATENLHbIX

ugcna Ny u Ny 1 oBoanasum aepes Cn,n tpammny sacTi oG-

nactu D,,, nexameit B noxoce — N, — 5 <Rez <N;+ 5.

Yepes C)LV,N, n Cn,n, o0603maunM  CoOTBETCTBEHHO BepX-
HIOK H IIFKHIOW nojoBuusl KoHTYpa Cn,n,. Yepes C* u C-
0603RAYHM BepPXHIOI N HIDKHIOW Tpaniubr obaacts D., (B
otauyme ot C{,n, n Cnn,, THC MBI coXpaHdeM TO e Ha-
npasgenne, 910 # na Cy,n,, vanpaBaeane wa C* u C- Mmb1”
Gyes cauTaTh OIMHAKOBLIM: OT —00 K +-00).

Ha yeaosus. (1) caedyeT, uTo iHTerpassl. E J(2) e2kizds.
.ct. .. .
npn k= S f-(z) e2hnizdz npn k < —1 cxoparcd. Bo-

jee TOro, oueunnan ¢ MOMOUILIO ycnonnﬂ (1) ﬂnTerpaJm no
RePTHKAJBLABIM FaCTAM KOHTYPOB CN Ny» MBI J€TKO OOTy4BeM
(coraacno Teopeme Romu) npit k= 1

=+ lim | f@estndr= [ j)etmngs (3
N‘.N,—ooo 01% N Ci

dro nmaer HaM cxonuuoc'rs BETepeCylomux Hao HHTErPaoB
npn k-7~ 0 : . .

s A e g e et v~ . e
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Yrolm RoXasath CIOREMOCTL WETerpaia mpd k = 0, pac-
CMOTPHM HETOTPan

Inn, = ‘ii“{ 5‘ f (z) ctg nz dz,
CN.N,

N,
RoTopMik 0O TeopeMe 0 suverax paser Y f(n). C gpyrokt
NN,

CTOPONAL,
= & | 1@ (gm+0ds+
CR.,
+-§1? S f(z)(ctgm—-i)dz—-—;— f f(z)dz+%- Sf(z)dz.
e, e

Ho ”

NN, CN.N,

{ . ¢2ﬂiz
5 (ctgnz +0) = M=
1 . e‘-zﬂilv
5 (ctgnz — i) = (-—-—1 —
& moclejEHe JBa HETerpaia mwo reopeme Homw me zasmear
or nytu. [loaToMy

Nyt
Ny L
tm= | f@a=
naeN, )
()
_ f(z) 2" f (g) e720
- ..5 { — 22 @+ 51 § — 2R z.

CN;N. c;st

B cwry omemrm (1) mwrerpanm B mpasoit sactm apm N,
Ny~ 0o crpeMarea K REterpanaM mo C* m C-. Orcmoga:
. BEgHO, 1To UETepecyOmiuk mac umTerpar cxogurea. Hpowe
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TOro, Mel nonydaeM gopmyny

f Iniz -zuu
S i = 5 f(@)de + j et [
(9]
Ha C* ameem -
c2.'['12 X
= e27iz A einiz + gbiz +.

{ — 20z

amacC-

e—ﬂm‘r

— g—oni2 —4niz ~—Onir

————-1__e_zm_.e + e~z 1 @ <+ e
[ToacraBnaa 3te paziowernda B dopmyry (4) B WETOTrpApYA
O0YNeRAO, ITO 3AKORAO BBAAY PaBHOMEDWOH CXOZEMOCTU DA-
10B, Mbl DoJydaeM yTBep:JIeHme Hamieli TeopeMsl.

[lpnBeneM mBa HeCAOMABIX npHMepa upuEMewemum ¢op-
mynas [Iyaccoma.
Mpavep 1. Hasinem 4CAMOTOTHTECKOS HOBeSeNEe HDE

z—+ 4 (bym(unn

' (— )"

n=0

3amymem F(zr) kak cymMMy or — oo 3o + oo, OgenmaHe,
uMeeM

Fa- M +T E v

IIJm dyernan f(z)=e"* (22 4+ 22)~" ycaosma reopeum
1.4.1 emnoneerm ¢ Y= n. [losromy dopuyaa [yaccons
upnueanua, B MBI fOTy9aeM

2 S ¥ [ S o (@bt
A= e ——

ot Vit ad e Ly Vit ot
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3/ieChb

e " . ? elxlyy
e =\ ) .‘
? (2) S vET _

AcumuToTHueckoe momefenue pyHrnun @(r) mpu ‘z— 4 00
MBI YiKe Hceaenosasin B npuvepe 3 § 1.3, rae moayunny
acAMOTOTHYECKUIl pﬂu

-~ e )T e—x\‘mrh, i

Hl] (n‘ \;)ut—i

H3 KOTOPOro BUARO,-9TO B BbIpai:KeHun 1A Haulell CyMMbl
cuaraeMuMu ¢ k> 0 Mokuo unpemebpeus. Rpome toro, sc-
HO, uTO PyHKINA p(x) WeTHa. 3HATNT, aCHMOTOTIIUECKOe NO-
ﬁme'ﬂ'vie"l'aéefi CYMMDI BIOZGE oTIpeieisgeTcA IBYMa caarac-
suima! ¢ (nz) i (p( nr) ) (Toe b= O u k= —1). Cielona-
TeJb o,

X — + 0

33 (— 1)" =T N @mytyz
S ~ " Z ‘ l (n.l) m’
me—

~ - o
n——-oo V :rz n,- ] |/'_p ! (m!)32"”‘“1

.

1

1 CoeT T ) [(2m)1}2
F ()~ i p
(I) 21| + Vs mfu (m!)"z‘m_l

-—m

(:I.L') y X -+ 4 oo,
. - 13 M -

. INpumep 2. Haiinem acuMoToTHHECKOe I[IOBejeHHe LpR

z—0, > 0, dyrruan .

oo

Y@= 3 e

Nn=—oo

e s . ‘ : - - .
. -3aect yorosusa TeopeMs 1.4.1 Brnoxmesu ¢ -y =40 upm
M < i,:- [Tpumenenne dopuynsl [lyaccona agaer ’ ’

v 3. evma

h=—00 _¥
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Ho
® ° (: km‘)’ A s
Y e—txrarmitdl o Y e =/ = d‘t = -:—e *
< Lo -

R Mbl OPHXOIIM R HHTEPCCHOMY COOTHOLUEHUIO
" (e
v =V ¢<;)-

Herpyano saveruTs, 910 Opi z — 00 AMeeM

'lp(l') "‘1 ~ e-:. . :
Hoaromy
1[3(1‘)——1//1;-~ —:-e-;, £—0, x> 0.

Mopuyny ditnepa — Mawraopena ot ToMe norxa,ﬂe\g upn
noBoibHO KeCTRMX orpanmucnnnx. (JlokasaremdserBo aToil
GopMynbl DPR MEHLINIX OTPARIMEHNNX MUKHO HAilTH B KHH-
re I, Xapau «Pacxogaiuneca pagsi», UJI, 1951 r.)

Teopema 1.4.2. llycre anaautuueckas gyuxyus Rie3)
pezyasprua ¢ noaynaockoctu Rezz2 0, —1 <8 <0, nHe-
npepelénHa enaote Jo e€e zpanuysl u yaoe.aereopﬂe'r yca0-
BUAM:

[f(z + ry)[ Me?ll“ v<2n

(M eooﬁzqe zoeopﬂ .3agucur or:x), .

f(m—H) (n)
!;-l-flalo f(m)()

(M, ne sasucur or n). . -
Toz0a e '

=0, [f™(n+ i) | <MerVi|[ fm) (n) |

Yiwa{fodstim+om+ 2 B0,
8 . m=

k=1

. - (1]
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2de .
Ol f—im
_Jads dz f(z)dz
C (e) S‘ -nz: + st ¢!
[]
N

@mE DT ) 9.

B, =

HDoxkasatenscrTeo. ObosmasuM uwepes Lgze KOHTYP,
COCTOANHE M3 BepTHKAMbHBX oTpéakos [0 — iR, 6+ iR],
n+ie, n+iR), [n—ie, n—iR], ropusoHTaNLEBX OTPE3KOR
8 —iR, n— iR}, [0+ iR, n+iR] 8 pBoayoKpyHHOCTH
jz—n| =¢, Rez >n. ﬂepeqncnenaue Buline sactd obpa-
S8YOT 3aMKHYTRIM KOMTYp, HUHTErp@poBaTb 0O KOTOPOMY Mbl
OyzeM, KaK 0o6bINHO, B OJOKHTENbHOM Hampaeneadd. Yepes
Lis oBosuasEM wacTL aToro KOHTYpa, COCTOAMYI B3 OpS-
MONBNEHNBIX OTPe3KOB, JeKAaMmEx Bbllile AeficTBATENbHOU
ocR, 4epe3 Lye — CEMMETPEUHYK 98CTh, JeKaMYW BE:Ke
deficTeETeNbEOR ocH, & Jepe3s K, — OCTaBWIVIOCA %acTh, T. €,
DOMYOKPYAKHOCTS.

Paccuorpum mETerpad

Irs =,21‘, S‘ fa)etgneds = I'ge + Ige -1 p,
LRs

rxe weped /Ze. Igem 1, 0603Eavenyl anTerpagst no /5e, Iy
8 K, coorsercrseEno. 1lo TeopeMe 0 smiveTax mMeex

n
Ipe= 3 f(R).
=1
Hafaeu gna Ip, apyroe swpaxenme. B[], zofcTaREN
. 2
23 /n
i

ctg &2 al+—25;;-:1—.
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J10 pacr msaM

nie n—is orin
) i
=4 [ rward Drwas Lty
e
e——zR "+’:R ’l'—'in
| /() dz f(z)ds flzds
-+ M _q j Mz ey Pl
' n+ie e
ﬂ+1n n—iR -~
e 4
- S -f-g‘)nz + 5 é:i:z) - %{ S‘ f (3) ctg nzds.
6--iR 6—iR 'x.

Tono:xum temepr H— + 00, ¢ >0, Tlpr e — 0 nocaeimmik
{
MATErpan CIPEMHATCA K -2—/ (n) — nonosrEe BEITeTA PYRRONE

nf(z)etg nz B TouKe z =n, a [Ba NPeABIAYINAX MATErpaia
npu R— - oo cTpeMATCA K HYJI0 B CANY YCIOBREX TEOpeMkl,
B artore moxysaem

n n 9»}:‘1'»
, 1 F(2)e .
g,‘f(k)=éf(x)dz-r7f(n)+§ T
f—ise
5) dz f( -Lx)—-f(n-{—z d )
-+ ‘ ”uz +2S - . 2 2 ‘Zl'tv!__" (b)

Yross moKasaTh Tenmeps popMyay (9), M AOMKNEM yGe-
RHTHCA, ITO DOCHEAARH HETOrpaj JaeT acEMATOTNYecKEHE PAX

> B, f*™ " (n). C stok meapio samersM, uro no dopuy-
ma=(

e Taitnopa
—1

. p
f(n+iy)—~f(rn—ly) (=™ :
T 4 Empor Ve )<

\

p .
< (-};)T max | {2 (m - iB)
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-

lIpumenan yciaorua teopemur K [ (n -+ iy), nordyqaewm, qto
OpH J11050M (PUKCHPOBAHHOM P . :

* . S : p—i
Jn+iy) —f{n—iy) dy \ m
J = —— — 3 B, fem0(n)
0 : -m=0 .
o < M, 19 ()],

OTKYAa | cIeIyeT yTBepHIeHIle TEOpeMbl.
.. 3auedanue . UYacto aaa oupeienenun C(G) Obl-
BAET BBITOIHO moioKuTh 8= 0. Te e paccy#ienus ¢ Ma-
NeHBKOH mOaYGRpY;RHOCTHIO nawt waM mas C(0) dopuvay

o0

. ) Cf i) — fl— i) d
C0) = —f(0) — 2 | T ()
ere. . PR ] el .

1 .t - . - . B -
-3amewanne 2. [na Koagdumuentos B, Ha3pbae:
Mulx gAcaaMu DBepryaan, momuso ‘aati o Jogaee ylodHbe
dopmynsl, Haopusmep, oHn ayoryt GuiThL oapeiededwl U3 pa-
BEeHCTBA .. -

L o
al alt e l
Butimtt =2 S50 2

m=0

Ina mosiydeHusa atoro pasu;cma MOZKHO HOTOHKUTS B d)op-
"+

myne (9) f(z) = e'* u Ba3aTL paagoOCTL > fk) — 2 f(k)
E=0

* B RavecTBe MINIOCTPALNH OPAMEHEHHA d)opmy.um Sitne-
pa'—rMamepena ucc.uenyem “cBofictBa ¢ynxkuui I'(z) g

£(2): | .

., fee -

I"(z) = jtl—‘e—’dt, L(z) = i n—z,
h r=1

¢ KOTOPHIMA HaM 9YacT0 HPEAETCA CTAlKHBATBCA B Jaib-
Heiimem.

. .Haumem ¢ d)ymsmm I‘(z) C KOTOPOH MBI ysKe HEMHOro
noauaxommncs (opu pelicTBHTEJNBERIX 2Z) B OpuMepe 1
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§ 1.2, roe monyumI®m ANA Hee acnun'ro'mqeéxylo dopmyry
[ (z + 1) ~ V 27z 25—, setm (8)

Ilpamep 3. Hecnmegyem acuMnToTEIecKOoe MTOBOJENEO
dyraknne I'(z) npr KOMIONEKCHSIX, Z, |2] —- o,

[Ipemae Bcero ¢ moMomnsio GopuMynst dinepa — Maxio-
peHa [OTyIdAM ORHO BAMKHO® WHTEIPANBHOS HPEACTABJICHHO
ana InT' (z). :

Paccmorpum cymmy

S(z,n) = Z In(z -+ k).

C opnmoit croporsl, u3 paBeHcTsa I'(z + 1) = 2I'(z) (omo
JerKo [OIyYaeTcs, HANPEMep, WHTEIPHPOBAHUEM L0 9acTAM
B uaterpate anda I'(z)) maxogmy

S(z,n) =WnT(z+n+1) —InT'(2).

C apyro#t croponsl, mo QopMyre Jitrepa — Marnopena

S (z, n)=S‘ln(z+t)dt+—;—-'ln(z+n)+C(z)+o(1),~
0

- n — oo,

OTi{yna
Sz, n)=(z+nIn(z+n)—zlnz—n+
+glnE+n+CEAFod) nowm

CpaBRUBan B& BHIpaKeHUA Jaa S(z, n')‘, noTyvaeM
lnr(z+n+1)—(z+n+—;~)1n(z+n)+(z+n) =
‘=Inl(z)—zlnz4 24+ C@E)+o0(l), n-w

ITepexoaa K mpefelly OpY n-—+00 W HCOONE3YyA QOpMYyILy
(8), maxonmm mpm z > 0: :

1;1I‘(z);-é—ln2n +zinz'-#'z—C(z)‘
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Cornaceo saMedanmio 1 mMeeM

1y In@+ty) —1In(z—iy) dy
C(s) =4-lnz— [ EEW o

faan, ogocae AETErpApPOBaBEA OO FaCTAM,

2z 7 — —2ny'
C(z)=._;.lnz+—55‘———————-ln(:,+ey2 ) dy
‘ 0

Urak, mp mamng ana In I'(z) uaTerpansuoe npejacrasnenne:

InT(3) = (z—-—)lnz—z—i——%—ann—-

In (1 — e=2nt :
- 4Rtz ®

dTo nperf¢TaBneHAe RoKa3aHo HAMH mpHd 2z > 0, HO mo mpum-
LUHOY @QHAAATHYECKOTO MDPOJOIKEHHA OHO I[pPUroJHO OpI
Rez > 0. Ograko konTyp HHTerpHpoBanus B ¢opmyite (9)
pH XeACTBHETENBEBIX 2 > ( MOKHO mOBOpAdIBATE 1A Yroa ,

T - 1 4
fol<< - TaK xax mpu|arg?|{< =~ — 1 DOUIATerpadbHas
CI)) HKIAA CTPEMUTCA K HYJAWO H He HuMeeT 0coOBIX TOWCH

IIpeacraBnenne .

InT (2) = (z——é—)lnz—z%—

dt (10)

yae npurogso npm Re(ze™™) > 0. Tarum o6paszom, dop-
myaa (9) naeT Bo3MOKEOCTE HccxepoBats InI'(z) opu
|arg 8| < m — 1, rae 1 > 0 cxoxs yrogmo mamno,

Harerpan B dopmuyne (10) opu mobom [y paBeHO(Ti-).
TMoatoMy R
InT (z) =( ——;—)lnz—z+—;:-1n2n + 0(—:-), (11)

>, largzi < {H ="
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ITpm xenamMu HeTPYAHO HOAYYIHTH N ACHMOTOTHIECKHEH P

. { 1 < B,
lnl‘(z)N(z—--—z—-)lnz—-z—}- Tln?ﬂ +m2=02_'n—$1 z~m,

z>o00, [Qrgz| <N —1

Wz dopmyast (11) Mbl MOKeM HOTyIHTH, B TaCTHOCTH,
4TO0 mpH (PUKCHPOBARHOM £ H OpU y—> 4= 00 aCEMUOTOTHIE-
ckoe mosefenue In|['(z + iy)| smipamaerca Hopmyioit

In|T (z 4 iy)| = RelnT (x 4 iy) =
=Tl (e O ese (12)

- Ilaa montoro sHakoMcTBa ¢ I'(z) Ham ocralioch elne Bbl-
ACHUTh ee moBefeHme BOIMBM OTpPUUATENBHOHR dacTm geicr-
BETensHO# ocd., C aToif Uenplo Ml BhiBeaeMm dopmyay

r(Z)r(i—-Z)—m.

.

(13)

‘n
Jlas atoro BoabMeM Kakoe-auo z, 0 <argz<<g < -

1 noupoSyem Haiitu In I'(—3z), canTas arg(—z) == argz—n
ITo dopmyae (10) uveem

mr&—n=(—z—%Hﬂnz—nﬂ+

wt-—’w

5‘ In (1 —e~2) ",

1
+z+-2—ln2n+-:7 P .

IlopepHeM KOHTYD HRHTerPHDOBAEHA Tak, 9ToOel OH OHATH
COBI&J ¢ MOJORETEJNBHOR 4acThI0 AeficTBuUTesbHOM ocu. Ilpu
3TOM OH HepelileT uepea HONIOC HOREHTErpanbHol GyHruuH
t == —iz, TARK YTO HAM OPHJETCA yd9ecTh BHYeT B 9TOM HO-
Jioce, 31O JacT

lnI‘(-—-z)=(—z—-—;—»)(lnz—ui)+z-{—-é—ann-{—

In (1 — e~ 2)
13+ 23

T

dt —1n (1 — ent),
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CrnagnBag aty dopmyny ¢ dopmymoir (9), M momydmEMm

InT (z) + InT (—2) =miz41n 25— In (1—e27) — Inz + 3,

OTKY A2

S

) 2nie™? n
F(Z) r (— Z) = 2 (1 — ez;(iz) :_ Zsin ﬂz’.
uro 1 gaeT dopyyry (13), ecnin BcooMHHTE, yTo ['(1 — 2] =
= —z['(—2).

Na gopmyast (13) BugHO, B 4aCTHOCTH, 9TO 0COGHIMA T0Y-
ravy ['(2) ABAAITCH AVILE MPOCTBIC OOJIIOCH B TOYKAX Z ==
== —n ¢ pagetamn (—1)"/rl, n=20,1, 2, ..., w at0o Pynr-

i .

onsa m neJaasn,

-

Opumep 4 Hafizem acumnToTRYeCKOe mOBEJeHUE
GyHRIUK

oo

L 3@ =2 : (14)

Mpn 2 — 00 MO pasnudHblM HANPABIEHUAM BO BCel KOMI-
JEeKCHOH HJAOCKOCTH.

®opmyra (14) paer npexcragmemnme ama §(z) npn
Rez > 1. Ua nee Buino, uro §(z) orpammuena npu Rez =
=Za > 1. Urobm cyguts o mosegennu §(z) B JeBo#l noxay-
IJOCKOCTH, HYKHO HalTH a4 Hee Jpyroe mpejcTaBlIeHlNe.
Haufonee yooGuo mia 3Toil uenM Tak HaspiBaeMoe (QyHKIH-
oHAJBHOE ypaBBeHUe

L —2) =2(20) T () { (2) cos 2%, (15)

BEIBOJOM KOTOPOTO MBI ceifyac u 3aiiMeMcH.
PaccMorpny cymmy

S(n,z) = k1, 0<Rez<<1.

=1

Ilo dopuyne Jitmepa — Maxnopena mpr 0 << 6 <1 umeeu

S(n,z)=';—z—%i+6;(z,6)+o(1), n -,
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e
0—ico -

0+ioo l

t*~ dt
C(z0) = S —2:ut — T § iy
o

»

Herpyanro zaMernTs, uro npu aoGom 0 > 0 dyrknua C(z, 6)
ABAeTCA nedofi dyurunen z. Hoatomy PyHKIUA

¢ (z) = llm {S(n z)——z—} C(z, 0)———-

peryispHa BO BCeHl INIOCKOCTH 2, 38 HCHIIYEHAEM TOUYRM
z = 0, B KOTOpO# OHa HMeeT mPOCTOi mOakC ¢ BhYeToM —1.

« Ho npr Rez << 0
¢ (2) = lim {S (ﬁ, z) — —"i} =
oo z

. =Hm 8 (n, z)_2k1‘1~§(1—z).

n-—+o0

tak uTo Gymruma §(z) peryngpHa Bo BCeil IVIQCKOCTHE 2
3a MCKJIOYeHMeM OPOCTOro mommoca mpu z = 1 ¢ BegeToM 1.

C apyro#t cTOpOHBI, npu Rez > 1

9(2) =C (2, 9)——~—C(210)

s Fig]
Za—1
- yz-—le 2 _ yl-——le 2 dy .
i e g
o0 oo ¢
nz I W\
- = 2 CcOS Iz Syl—le—zkﬂydy E
2 2
0 h=1g

o0

— 2cos & Stz-le ‘dtz @yt =2 T @ L) cos &
0

7 dopmyma (15) mokasama.
Tax wax §(z) orpammiena mpz Rez=a > 1, 10 ¢ mo-

mompio dopmynmr (15) MerKo HAXOJHTCA LOBE/ICHHe C(z)

4 M, A. Esrpagos
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npE Rez < b << 0. Hanpumep, u3 dopyya (15) z (12) aer-
KO HDOJYYUTH ~

) 1
—_X
[+ i =0(lyl.z ) v=tw, —o<z<0. (16)
Ouerxz §(z) B moaoce 0 < Rez <, 1 sHauurensuo ciaosx-
Bee. Tax, HanpEMep, BOIpOC O cnpanemunocm onengn (16)
npa O<x< -— He pemleH g0 CEX Oop (TaK BazblBaevasd rH-
moreaa .Hmmenetba). Oxnako Gonee ciaabasa omeRKa

|t(e+iy)|=0 (mzu ”+), o tw 0<x<t (17)

Moz¢eT GHITH DmONydeHa Ge3 0co060ro TPyla € HOMOMbI Teo-
pem @Dparmena — Jlusgeneda (cm. § 3.4, 3agawm m j0-
oonEerns). Cefivac MBI DOKaKeM TOIbKO, 49TO

. 3
[C(z+iy)l=0([y[z), y>+o 0Sx<t.

1o caeayet u3 GopMyIsl

o« oo

6@ = umdiu = (e = s,
0

0

naome# cpasy |§(z+iy)|=0(ly|) upm x>-—;-, g u3
dopuyan (15). ’

BAJTAYN. 1 JONOJHEHNA K § 14

1°. ycrs Q(z) — pagmonanbBEan PYHROHA, He EMeIOIIAA LOJIOCOB
Ha geficTRuTeNbHOM och, OGo3EaTmM Tepes 2, ee DOJIOCH, Jedamue

B BepXHeil MOAYNNOCKOCTH, & 9eped z, — HOJIOCH, JA&/KAIMHS B HEMi~
Beit moaymrockoctn. ITorasarp, aro mpr 0 << B0 < ;0

DRCTAES PR e

Nux—2% Z==Zh =z

OCRE PAA B NEBOR 9aCTH CXQQHTCH,
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2°, Ilycts
. e

o= a"nnfs"  a>—1 —w<p<m
n=2

Hafite ama’RTEYecKOe NPONOMKEHH® j(z) Ha BCIO IOCKOCTh 2 C pas-
pesoM (1, +oo) m DoKazaTh, 4TO

1

1—:2

B . .
1) ~T(@+1) =2~ (ln ) Gty (A B T T,

3*, loka3aTs, 4970

o=l o)

- p .

rias 4

n
2—:‘--—11171‘.

k=1

4°, Tloka3ars, 910 Opr Rez > a > { smagerma {{(z)| orpammie-
Hbl He TOJIBKO CBEPXY, BO M CHI3Y.

§ 1.5. ITpoussopamme pysrumn

Mosier moxasarTLca CTpaHHBIM, 4T0, W3jIarafd MeTOAHM NO-
Jy4eRNA 8CHMIITOTIIYECKHX OLEHOK, Mbl BCIOJY rOBODHM TOJb-
Ko 06 amaguTHuecknx (yHruuax. llpuanna aroro ge B TOM,
YTO KHHETa OOCBALICHA [1aBHBIM 00pa3oM uedbiM QYBKIEAM.
Ona cropee Bo B3riAjax aBTOpa (MOKeT ObITh, HECKOJIBKO
cyOoberTuBHbIX). MBe KasKeTCH, dYTO €CAHM MBI HCCAeAYeM
ACHMITOTHYECKOE MOoBefeHHe KaRoi-im0o PyRxmmm (He 06A-
3aTeAbHO AHAJNTHYECKOIl), TO HaM MOYTH BCETAd BHIOIHO
CBA3aTh ¢ 3TOH YHKIUEH HEKOTOPYH &HAMMTHIECKYI0 PYHK-
LHI0 H HCCIeNOBATL ee, HCHONLAYA Bech MOmMHEBIN, Xopomo
passuTeIl anmmapaT Teopmll amanMtrHyecknx ¢GyBKmui, a 3a-
TeM BepHEyThCA 06paTHO,

TumuaasiM DpuMepoM Takoro obpasa nelicTBmii ABIAETCA
OpEMeHeHHe UpPOMSBORAMEX (yHKOHMA HIA MHTErpalbHEX
npeobpasoBanmit. Bopodesm, cOpPaBeAIHBOCTE pPajE CleXyeT
OTMOTHTb, YT0 HPUMEHAMOCTb STHX METOROB BCerja MOMKES&
6biTh 00YCNIOBI6HA BO3MOJKHOCTBI0O HANTH OPOH3BOAAIMYIO
$yRKIAK BAH EHTETpaibEOe HpeobpaaoBaHde, '

@ o
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IToumTaeMcs pasbACHAT: B ofIMEX deprax copepKammEe
MeTOoma mpomspofammux (pyuxuui. IIycts HaM HYRKHO HCCle-
ROBaTH HEKOTOpYI0 mocaefoBaTenbnocTh {a.}. Yacro cayva-
eTcd, 9TO (}HOCOﬁ 3aJJaHNg OOoCJIeA0BaTEJbHOCTE IDO3BOJAET

Raitre  ymxmmo f(z) = O a,z". 3mamme ymrumm f(z)
- n=0 .

O1A TOYHOIO ONpeJeNeHHsA HOCIeI0BATENLHOCTH {a.} MOMeT
JaTe He 0oabllle, YeM NEePBOHAYAJBLEBIH cIocol 3ajaHUA, TaK
KaKk TOYHOe HAXOEJeHHe Ko3(PPUOHEHTOB AHAIUTHYECKOI
(yEKOAN — cjIoMiHAA 3afgada. lHade oOCTOMT fgemo’ ¢ Ha-
XOI{eBHeM ACHMITOTHYECKMX (GOPMYN RIA @, IPH 71— 0O,
CnomHEOCT, HAXokAeHHNA Koapduuuento ¢GyHRouE f(2)
CBA3aHA CO CIMKHOCTBIO camoif f(z). OpgHAKO CIORHOCTB
f(z) ompenensercA 9mcaoM ee 0coOBIX TOUEK M UX XapaKre-
poM, a Ha acCEMITOTHYECKoe MoBefeEme KoadQPUIUEeHTOB 0cCo-
Oble TOUKE BIMAIOT JajleKo He 0JIMHAKOBO. I'pydo .rosops,
q9eM Janbme oco0ad TOYKA, TeM MeHbIHe OHA BIMAeT HA KO-
3(pPUUUeHTE, a OPH OZUHAKOBOM PACCTOAHMH — TeM MeHb-
me, aeM caabee pacreT GyHKOUA NP NPAGHMKEHUN K 9TOR
touxe. IloatoMy mccaegoBamMe GmMIOKAHMIOX OCOGHIX TOYeK
f(z) oOnraRO mo3BonAeT Jerxo HaliTH acCUMOTOTHYecKyl Gop-
MyJXy InA d.. Hpome Toro, B nm60M clyuae MBI mOJydaeM
BBHIDa’KeHMe A @, B BAJe KOHTYPHOIO HHTerpaia, KOTODBIi
-MOMXHO OIGHHEBATL, HAIpHMep, meTogoM mnepeBana. (Coocoh
NCCNeROBAHUA, NPEJIO/KEHABH BHIIIe, @O CYIMECTBY, COBMA-
faeT ¢ HCCIefoBaHHEM MeTORAMH TEODHH BBITETOB.) .

IMMpamep 1. Haiipem acuvorormvecKoe moBejeHNe mpu
QUKCEPOBAHEOM z B NPE n—> oo PyRknuit P, (zr):

o [ dmdz, Pi@ =1,
1
T

x ¢ Xn—1{

Po)={
- 01 i n
+?(—-1’)

“TlomslTaeMca HafiTH nponanonamy}o ¢ynruuo, Homomam

F(z, z) = 3 2"P, (2).
. n=0 .

Tar ran

Py(2) =Ppy (@), Pn(0)=0, n>t Pi(1) =0, nxs,
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T0- M Ges TpyAa moaydaeM ana F(z, z) undpdpepennnausﬁoe
ypaBHEHHE

Frx(z, 2) =22F (3, 2), F(z,0) =1, Fi(z, 1) =z

-

Pémaﬂ ero, HaxoamM .
F(z, 2)=Ci(2)e*+Ca(z) ™,
Ci(2) 4 C2(2) =1, Ci(z)e— Ca(z)e~* =1,

0TKyJa .
chir —1)z +shzxz

F (z, I) = chz
~Mpr BnauM, uTo ocoGBIMH TOUKaMNI F(z I) fBnA0TCA Opoc-
THIG MONIOCH B TOuRax z = (2k + 1) y k= O +1, £2, ...
Mo:kro Hammncats
. 1 . : dz
Pa@ =g [P 02 =

[ fel=r

I OpAMEHNUTH AJAA IOAYIeHHA AacCOMATOTIIecKoil Gopmyant
Teoptio Bbideron. 11a-3a MEokETena z "' B mogmmTerpaib-
_HOIi (QyHKIMH HaM BHIFOJHO OTONBMIATH KONTYD BO3MOMKHO
mampmie or Havana, IlepBerM mpematcTBueM amnAloTca 6im-

L1113
salimae k =0 monioce 2 = = —-. Ileperocn Koutyp depes
_HOX, IOJyYaeM - T

F(Z, 1') F(o —
P, (z) = — BHY. —=p — BHL 2 z)—{ O (r-m,
= 3 Tz
2 2
: n 3n
—2—-<r,<-2—
HiIg
n
cos%(z—i)-f-isin?z cos%(z—i)—-isin-ﬂzﬁ
Pn(x)=—'

T (—)
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Vunresan -m Golee mateKme HOMIOCH, ME Moram 6w moxy-
IATh acnunromqecxnﬁ pAX.

IpaMep 2 Hycts my, my, ..., — nexkle OONOMKHE-
TelbHBIe YHCJIA, He HMewIHe oﬁmero neereJm. Hafinem
acEMATOTAYECKOe HOBEJeHWe HpM Nn—> oo BEIAYAEW A, —
qHcaa pemenwﬁ ypaBHeRHEa myZ|.+ ... meZ, == n B Henhnx
HEOTPUNATENHLHHIX YACAAX Iy, Tz, ..., L.

Pacemorpmy npomsBogamyno $yHRKOIMIO

F(z) = X A,z
n=0 ’

Herpya®o coofpasars, 710 y
F(g)=(1—z™)1...(1—32"9)7",

o0
Tak Kak (1 —z™)~l= 3 7™ 1

x,=0
(1—s™) "t (=) = -
-] a0 ap
= xgﬂ T xE-—o zm'xrk -+m¢tq = nzo Anz",
1= q= =

HOCKOJbKY, OPHBOAA WIGHH C ONHHAKOBLIME CTeNeHAMH 2,
MLI nmoaydaeM B KauecTBe KoypdummeRTa IOpm 2z” YHCIO
cnocoB0B, KOTODHIMH 7 MOMHO MNpeNCTaBATh B BHe n ==
== mx) + ... +mgx,.

Bee ocobrie Touku F(z) nesxaT Ha OKpymHOCTH |z]| = {
3Tu ocofbie TOUKH — MONIOCH PA3NHIHOH KpaTHocTH. B cm-
Ny HpeRuONOeHAA 00 OTCYTCTBEE OGmMeEro AeauTe]A HaH-
GONBIIVIO KPATHOCTL ¢ EMeeT TOJBLKO modioc 2 == {. 3maumr,’
ACHMNTOTHYECKO® TmoBeReREe A. JROMMHO ONPEACNATHCA
AMEHHO 3THAM NOIIOCOM,

Kax HeTpyZAHO 8aMeTETh, B paaunoxenme F(z) B panx Jlo-
PaEa B OKpeCTHOCTH TOUKE z == { crapmuii waen (1 —3z)~¢
pofiner ¢ KoadpdunEeRTOM -

lim U—z? !
g—1 (1’—3 (i_z q) ml...mq .
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Koagpunment npu z" B pasnomernmd (1 — ze~*)~? mo cre-

—impnp—l
OeHAM Z aCHMOTOTUYECKH paBeH -(;T”g_ HO3TOMY
q—1
A, ~ = N -0,
P Otmyomg

B cayuae, xorma mayvaeMsle yHKOEH 3aBHCAT He OT
NeJIOYUCACHAOr0, a8 OT HeOPEePHIBHO MOHAKINErocH OepeMeH-
HOTO, BMECTO OPOU3BOAANIeil QYEKONH paccMaTpHBAITCA
HETerpaibHble mpeoOpasosanmsa, Poab dopwynn Howm pua
K03 PEOUenTOB UrpaloT Tak HasbiBaeMsie Qopmynasl ofpa-
IOeHHs.

HanGomee 9acTo mprMeHAKTCA clefyloUIEe TPA mpeodpa-
30BaHHMA, OTJIHYAOINHECA APYr OT APYra HeCYIIECTBEHHHLIMU
saMeHaMd nepeMeHHbIX. [IpuBegeM gopmyan atux mpeolpa-
30BaEH BMecTe ¢ opMynaMBE ofpallennd,

Ilpeobpasosanue Janaaca: ~

¢+ico

F (z) =jf(r) exdr, f(z)= é}i?{ Y F (2) ex'dz.
[ g--io
Ilpeobpasosanue Pypoe:
o0 . B . ) ’ .
F(z) = j‘ f(z)ei*dz, f(z)= 5 Y F (z) e*x7dz.
Ilpeo6pasosarue Meaauna;
L) g-tis
F(z)= s‘ j (&) z:=Ydz, " (z) =-21?‘. 5‘ F (z) x=dz.
0 o—ioe

[puseney Gea RoKa3aTenbCTBA MPOCTEMILME YCIOBHA, [0-
CTATOUHSIE A4 cOpaselTMBocTE dopmyn obpamenms. (ITon-
HOe H3J0MeHEe Bompoca MO:HO HaiTH B kEmre E. K. Turu-
mapima «Beemerne B Teopuw mHTerpana Qypue», I'ocrexms-
aart, 1948 r.)

Jdan mpeobpasosamms Jlannaca: f(r) HempepsiBHA ¥

§ |f(2) | e-9dz < oo,
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Han mpeobpasosamma Dypre: f(z) Hénpepmnﬂa n

fr@lds<w.

Aan opeoGpasoBanga Mennruna: f(x) menpepriBra n

o

55‘ [f(2)] I""l'dl‘ < oo.

Hpumep 3. Hafizem acmMOTOTITHECKOE TOBEICANME Npu
z—0, z > 0, ¢yurunn

o

folz) = X em=n%, o> 0.

Paccmorpim  mpeoGpasopanue MennmHa oT QyHKIIR
1
fa(z) — 1. Ilpu Re 2> — nveen

FG (Z) = j‘ (fa (.27) - 1) IZ—’dI = i s‘zz"ﬁ —xn'ld‘[ -
0

n=1j

ac

o0
= X n™ S e dt = C(az2) I (z).
n=1 0
(B03MOMHOCTL MOWICHHOTO AHTErPHPOBAHNA ClEAyCT N3 CXO-
-1

IWMOCTH MOCHeAHero PAAA, TaK KAK OpW % = 6 > —— Bee be-_
JEYHAR 00A0NTeabRb.) [lo dopMyne obpamenna opn ao-
Gom 0 > ~

[* 3

o+ioo
1 —z
fale) =14 | T@L@) e

o—foo

Ha omermox, monywenmsix B npuMepax 3 u 4 § 1.4, mu sma-
eM, 9T0 IpH (EKCHPOBARHOM Z B IpPH § —- 00

[T+ i) L (az+tay)| =0 (l y ice_?“”)
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A OOAMHTErpalbHaA (QYHKUMA HMeeT CBOUMH OCOORIMH TOYU-
' 4
KaMH IIpOCThIe IOMIOCH npR z=-— (moawoc f(az)) @ z=0,

—1, =2, ... (momocer I'(z)). Wa-3a mnoxmrens z~* Ham
BHITO{HEE TEpeHeCTH OPAMYI0 HHTErpPAPOBAHMA BOIMOMKHO
nepee, IlepeHoca KOHTYp wepes moxiochl, cirelyer opubas-
Lh . )
JNATH BHIYETH B 3TAX Noixiocax. B moaioce 2 = —- Bhiver pa-
1
Lr(Ll)z?, a = =0, 1, 2
BEHT‘- o zZ , & B poJdwcax z=-—n, n=\y, PGy ey

n
(= }U 2", HNostomy

BHIYETHl paBHBI § (—na)

1 0o

fe@r S0 (L)e ® 1+ 3EN (et

x=+0, x>0

C nmomousw dysranonareroro ypasmesua ana §(z) (dop-
MYyIa (la) § 1.4) maxoanu

L) =— ) L(—ha) =

= — 2 @) (ha + 1) L (ke + 1) sin 22

0, OKOH4aTeLHo,
A1y, 1
fa(.t)~—gl-'(;—).z Ty T

-+ 2(- 1) (2my ™ “U“";;(kwr 1) sin 22,

f=
: x40, 2> 0.

WNRTepecHo cpaBHATH moCaegHILT peaynbrar opn o =2

c peaynmarou OOXTYdeRALIM B npu.wepe § 1.4. flcmo, qT0
f,i (.2:) =5 + \,p(z) Na uan}leﬂuou HaMD dwop\tyma cnenyer

@ ]/ +4 +20x 50,230,



58 A 1. METOAB IIONYYEHRA ACHUMIITOTHYECKHX OLEHOK

a pe3yanTaT, nodydeEHwii B upuMepe 2 § 1.4, Gonee Touen:

| o
Lty ~_ 1 _’-l/-” TE 230,20
h@O—gVz-—g~7V 55 =00

Ilpamep 4 Haitzem acuuoToTHIecKOoe OOBEXeHHe UpH
r— + oo PyBEKOHE

oo

Y _tn
Ep (I) = 2& n ! p> 0.
n=0 ' (—p— 1)

PaccmoTrpmy npeofpasosanue Jlannaca or  @yaruua
|

E, (IT>. [Ipr Re z > 1 nyeem

s L = %o
9 w=o p (_"_ - 1)'
P
{
oo -—-—:}—'! °‘i n oo‘ n__1 ‘B““’
—z—i———\t“e"’c]t-~ z P =1
n=0 F(LT 1)‘6 n= .:)_
p z" —t

BRIy ODOA0RHTEABHOCTH BCeX BEIU4IRH (OpH JeficTBATENb-
HOM Zz == ¢) 1efiCTBMA 33KOHHLI, H 03 CXOIAMOCTE paja Cae-
1

ayet abcomoTHas unTerpupyemocts Ep\x " /e mpuo > .
CnemosarenbHO, MOKEO NpuMeHNTh (opsmyny oOpamenus,
KOTOPag jJaer .
g-tice o iee -:;—1
i xf i 2xf 2 ds

g-—~i%e g—ioe

HayM BRIrOHO mepeHOCHTL KOHTYDP HHTEDHPOBRHHEA BO3MOJK-
HO NeBee. [lepsHIM npenmATCTBHEM ABAASTCA HpOCTOX mOidiOC
OopR £ == {, BTOpHM — TOYRA BeTBIEHEA upH z == 0 mam eme
HEKOTOPO® KOJHIECTBO HPOCTHIX HONIOCOP NPE 3 == ed

(om: MOI'yT OKAasaThCA npapee, deM z =0, npnp<1’-)-

[4
-
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IlepemeceM KORTYp HHTerpHpOBAHHMA HaJeBO A0 COBOAREHHA
¢ MHEMO# OCLI0. YUHTHIBaA BHI9eTHl B HPOAXEHALIX MOAIOCAX
(momiocnl HA MHAMOG och 06oiileM cleBa), TOTydaeM

[%ﬁ] {o0 l——i
E,(z)=p 2’ eFetnie | L 5 = e ds.
. h=—[:.‘ﬁ] L

Tenmeps opeofpaayeM KOHTYp WHTETPAPOBAHHA B OCTaBIIeM-
¢ uHTErpane, nosepHyB ofa ayda (0, ico) m (0, —fco) Ha
CTOML MaNHHE Yrod, ¥To0bl HE MHPOXOAUTH HOBHX MHOJIOCOB.
Kaxk u B redpeme 1.2.1, pomy4aem

1

T ——t . 1e1Moo n
1 xP 2 e =" g’ z '5._1
P ) —————te N, t——
o 5 i dz ~ 2 sar ) €% dz,
0 3 n= 0
s —~1
% -+ 4 o
3
0 1 { 3 1
1 0 2° I L
b 2 e 1, P
m— ~ —
ET 5 ' T dz ~ 2 o ez dz,
—tove—i =0
{ooe in 2 P —_1 n
X =+ o
Ho
1oweln L MM m
n
e2® dz= j' e2° dz=e °F(—p-),
0 0
—ice— N e n
z *a-“*l -5-——! —ﬂl-a‘ n
S e’z dz = S ez dz=c¢e Yy
0 0
TaK 49TO
ioe _:)—1 o
1 =xP 2z 1 n s B _--n
T € T dzz—-—n—zl‘ -P—~ SlDTI ,"8-’-{'00‘
T =i [ n={ : ’
2z —~1
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-

'
[%] -
E(z)~p 2 PP _ Tix' 2 r (L) sin ﬂé’- z ",

1 n=1
=—{4p

B wacrrocTH, npm p>%

X =+ oo,

o

J— o] Ql . _

E, (z) =~ pc” ———:‘—ZF(%—)sm%’x S P
=1

HeMHOro yCnoRHHB pacCy;KA€HUA, MOM{HO [OOJYYHTH
acEMOoToTHIecKHe GopMmynn ana E,(z) opm awdbix KoMo-
nexcHbix 2. JexaTe ato ceiivac Mpl He Oyjaes, Tak KAk B ria-
‘e 111 Gymer mogpobuo mnccaepoBan Godee obiquit caydgail.

NMpamep 5 Haitgenm acoMoroTirdeckoe noseacHue npn
g =0, ¢ > 0, pewenna f(z) = f,(x) unTerpasbHOro ypas-
HeHHEA

x©

{fe—petia=

ke —

{ .
chex’

aGCOMIOTHO MHTEIPHPYeMOrp Ha NiuTepBajge (— 00, 00).
Bseieym oboanagenne

F(z) = j. f () e™dz.

Ipamenasa npeoGpasoBanme Pypre K obemm macTam unTer-
PaIBHOrO yPaBHGHHEA, HAXOJEM

a0 oo
. N ixz .
—gititz e . | e
Fo | evvivg = [ 22 g
. —c0 . —
Ho
a0 oo
—(bitikzge _ 2 ﬁ' e, a1
j.e L3 {421 J chezdx—'~e ns
o0 —00 cb2e
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(mocnenHE# mETErpan JErK0 BRITHCAAETCA, HADPAMep, HpPH
IOMOWIM 3aMBIKAHUA KOHTYPa B BepXHell IOJNYILIOCKOCTH;
DONy9YaINHACA GeCKOHeYHBI PAj BHIYETOB JETKO CyMMHUpY-

erci). CrefoBaTexsHo,

F (z) n i -+ z3
ﬂl
Z2e
B no gopMyne obpaleHAA
o * 4e? 28
14+ =13 —y22=
_ 1 1422 ajwz, 14 nz 7T
f& =% ) ¢ %= | = e,
— 5 - '
nng
) Uﬁ? 262 oo -—{t??
1 <&” tle .
1@ =% | Gra+s | S
-—0 —00
Orcrona
. 1-L O (e? R
f(z)z-f‘c'h—‘e%z; 80, —00 <3< 00
TaK Kak
P
e tu n
s cht dt = ch =8
—00 2
a
oo
t’e-“u ds H1 %
S a4 = —gal| T
ch-f-

—co
SATAYH I NONOJHEHUA K § 15

1°. Mycte NOCAe/IOBATELHOCTD @n 88/QHA PEKYPPOETHHME COOT-

HONeHEAAMHA

(Rt 1)ans1— (R4 @)an = bn, bn = 0(a"), a<i se=1i adb
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7

[Toxasars, 9410
a—1

o~ .2_.._ <

L NN ()]

2° Ilycrs mocfaeloBATeNLHOCT: 4n OUpefelieHa peKyppeHTHO:

n
2n—-1 '

an s 4y z
ntmgt Ty e TR T A

;

[ToraaaTs, 9710 /

S
¢y~ & % (Inn)?

3°. Nyctrs Pyaxnmuon y(z) ymoBaersopraer AmpdepeRnmaiLHOMY
YPaBHERHK .

zy’ —(a+ )y =0, ey =1, a>0
[lorasats, 410

a
y(1)~1‘(—;—>12¢x; &~ 4 %,

"4°s[lycrs P, (z) ompeReleHEl paBeHCTBOM
d7l

2"n! dz"

P, (2) = [tz — ™).

[Toxa3aTs, 970 Ipu PUKCHPOBAHHOM T > { U 1IpH n — oo

1
—_—
P~ et VaE=1) %

§ 1.6. Merox nepesana

Metog nepesana aABiAerca OAHEM H3 Haumbodee ymoTpe-
fHTENbHBIX METONOB MONYYEHMA ACHMIOTOTHIECKUX Qopmyn
ana GyHKOE#, npeAcTaBleHHBIX HHTerpajlaMu BHAA

F(t) = | Vs

c

oT amanuTHiecKEXx $yrxkumi, CymHOCTH MeToja mepesaa
COCTOUT B TOM, 9TO HMCHOAL3YA Teopemy Homwm o Hesasmcu-
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MOCTH HHMTerpana oT OyTH, M jAedopMEpyeM KOHTYpD HHTEr-
PHPOBAHUA TAKHM 06pasoM, 4ToOLI MOMEO ObIIO IPHMEHHTH
meton Jlammaca.

IIpuMenna merog Jlamiaca, molxywaeM acUMIOTOTHUECKYIO
opMyay NIA MATErpana B BHAe CyMMsI BKIAJOB TOYeK MAaK-
cumyma. Ilpu manoennm MmeToja nepesana OCHOBHOH sama-
qeii ABIAETCA ONpejgeleHHe CBOICTB TeX TOUeK, KOTODHIE MO-
ryT GbITh TOUKaMH MAKCAMYMa HA KOHType, IPHFOXHOM NIN
opuMeHeHHn MeToaa Jlamaaca.

Bpenem pan momatmii, ¢ KoTOpsIMH OpHIeTcs padoTats

B MeToJle. lepeBasa.

Touxamu nepesaaa avanuTHUECKOW (yHKIHM h(z) Ha-
30BeM TOYKH, B KOTOpHIX h’(z) obpamaertca B Hyas. Hopad-
KOM TOYUKHM Iepesaja Ha30BeM KpaTHocTh Hyas k’(z). Hom-
Uel KOHTYpa 6yZeM MHOI[a TOXe OTHOCHTL K TOUKAM mepe-
Bana, IPHIMCHLIBAA UM HYJNeBoil HOPATOK.

HaspaHNe «TOTKM mepeBana» OGBACHACTCA TeM, 4TO €CIHM
cyATaTh, mMoBepxHocTh U == Re h(z) maofpameBmeM TropHOK
MEeCTHOCTH, TO TOUKH, B KoTopeix k'(z) = 0, 6yayT moxoxu
MMeHHO HA ropHbIe Hepesaiisl, (ITH TOYKU 06A3aTenbHO 6y-
IyT CeNNOBBHIMHA TOYKAMHE, TAK KAK rapMOEHYeckad QYRKOHA
Re 7 (z) He MOMeT MMeTh HH MAKCHMYMOB, EH MWHHMYMOB.)

Ham BajkEO MMeThb IpejCTaBlIeHNe 0 XapaKTepe ImOBepX-
socTtu u == Re h(2) B OKpeCTHOCTH TOWEK IepeBana.

Jdemyma 1. B rouxe nepesasa z == c nopadxa p nepe-
cexarorca p+ 1 .aunuti Reh(z) = Reh(c), xoropvie pas-
6usaloT QoCTATONHO MAAYID OKDECTHOCTL TOUKU Z==C Ha
2p+2 cexropa. B p-+1 us arux -cexropos Re h(z) <<
< Reh(c), ¢ ¢ dpysux Reh(z)> Reh(c), npuvex npu
06zo0e no Kpyzy raxue CexToOpl YepedyroTcs.,

JorazarenbcTno. Ecim z==c— T0UKa mepesana
nopsaaKa p, 10

H(e) =...=hP(c) =0, R (c)sk0.
IToaromy (bygxuua

L

hy(2) ={h (z) = k()P

yrosieTBopreT ycaosHio hi(c)s=0 m oroSpamenme Le=
=Ah,(z) B3aNMEO OJHO3HAYHO ¥ KOHQOPMHO IePeBOTAT MAa«
Ay10 OKDPECTHOCTb TOYKH Z == C B MANyK OKPEeCTEOOTh TOYKE
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t = 0. HKpmsale, mnepexofamme npz 9TOM B OPAMES
224 . .

Im(§92p+2 )=0, k=1,2, ..., p-+1, asasorca anain-

THYECKUMH KPUBLIMM, IeNALMMHU OKPECTHOCTh TOUKH 2 == C

Ha 2p -+ 2 cexrTopa.

Ho h(z)—h(c) = EP*!, TaK uTo HA OOCTPOGHHEIX KpU-
Brix Mu mMeeM Re(h(z)—h(c)) = 0. B cexropax, saxmio-
YeHHHX MEXJIY OTPEe3KaMI NOCTPOeHHBIX xpnamv nepexopn-

- dm—t =dm k=01,
mEMH B Tygn arg g p‘znnargg 2m+2 nk=
2, ..., p), Mt umeem Reh(z) > Reh(c), a B ocramrpBHX
Reh(z) << Rek(c). Jlemua moxazama.

Juruamu HaubvicTpetiuwezo cnycka aaa QyHRUHU A(z)
MH Ha30BeM KpmBble, BAoMs KoTopbix Im k(z) coxpasser
HOCTOANBEO® 3Havenme. llog nuumedr nHaudwicTpeiilnero .cuy-
CKa, 6blrodawell us TOYKU z = zo, MBI OyIeM HOOHUMATH Ty
gacTh aToit KpuBoil, Ha xoropoii Reh(z) < Re k(z0).

Temn ke paccy:mernaMy, uTo W B JdeMMe 1, Mpl Jerxo
OKaeM . Ceflylomee yTBePKIeHIe.

Jdemma 2. Hs rouru nepesasa nopadka p ewlrodur

P -+ 1 aunus naubsictpetiweszo cnycka. B rawmdom cexrope,
e(?e Re 2(z) << Reh(c), npoxodur POSHO 00HA AUHUS HAU-
6oicTpetiwezo cnycra.

Jlmamn Im A (z) = const noayumam Ha3pamme JdWHAHN
BauGHCTpeifllero coycra, Tak Kak Baoas mux Re k(z) ybu-
Baer GpICTpee, YeM IO APYrUM HANPABICHEAM.

PaccymoTprid ocHoBHEIE 33jauM MeTO[a IepeBaja HA HH-
Terparax BUAA

F(t)= Y @ (2) ™2z, t>+0 (1)
c

Buifepem kxoETYp C TakmM 00pasoM, uTo6bl K WHETErpaty
MOKHO OBlIO DPEMEHHUT: Metox Jlammaca. BoracuuMm, Karum
YCIOBHAM ROJBKEH yIOBIETBOPATh Taxoit koHTyp. Ecam kom-
Typ Bubpar u Re h(z) mocturaeT MakcmMyMa Ha HeM B TOY-
Ke Z = 7o, TO ACHUMIOTOTIIeCKam (opMyna, NOTYJeHHAA Me-
romom Jlamnaca, Gymer mets sux F (1) ~ At™e™®), 9y
BHAYHT, UTO, cilerka RedopMMpys KOETYD, M5l H8 CMOKeM
OOMydYATHs HOBHIM KONTYpD, Ha KOTOpoM Hambonabimee sHade-
rue Re h{z) 6nno 6sl MeHnlue, TAaK KaK TOTHa yme rpybas

- OeHKA WHTerpana NPOTHBOpeUMaA O aCEMOTOTHIECKOH
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dopmyne. Takum o6pa3oM, KOHTYp, OPUIOJHBIA AIA IPHME-
Hen#sn MerTofa Jamunaca, A0d:KeH YAOBIETBOPATL YCIOBHIO:

(A) IHpu wwboi maroli deopmayun KowTypa Haubo.ib-
wee snavenue Re h(z) na Konrype ne ymenvuiaercs.

" 3aMeTuM, YTO KOHTYp, YAOBIeTBOpAomuil ycaoeuio (A),
Boo0we roBopA, He obAaan cyuiecTsoBath, Moser okasartncs,
yro Haufoabimmee 3uadenne Qyuruun Re 2(z) Ha KoOHTyp®
MOMCHO C/NaTh TeM MeHblie, ueM OJuKe B3ATh, KOHTYD K
ocoGoft Touke ¢(z) wam h(z). IT0 03HAUAET TPOIBKO TO, UTO
K TAKOMy MWHTerpajlly MeToj IepeBala HeOpUMEHMM, HI,
HNIBIMHE CIOBAMM, YTO ACHMITOTHYECKOC TOBEJEHHME MHTEr-
pajla OmpeRelNAeTCA He TOUKAMU OepeBana, & OCOOBIMH TOU-
raMu mogmurerpansHoit ¢yuxumu. C mpmMepaM®E MOXOGHOIO
poja MBI BCTPeYalWCh B IIPIMEIIEHIIAX TeOPUU BHIYETOB.

Japuy BaKHbIH KpUTEpHIl TOro, 9TO KOHTYD YIOBIETBOpA-
eT ycaoBuio (A), BBe[s mpeBapUTENbHO elile OIHO NMOHATIE.

Bynem roBopuTh, UTO KOHTYD RpOXOOUT uepes TouKy
nepesa.a, eClli B OKPECTHOCTH 3TOU TOUKH OH JEMHT B IBYX
pasauuHBIX CeKTopax, B KoTopeix Re a(z) << Rek(c). 910
COOTBETCTBY®T TOMY, YTO MYTH HA mOBePXHOCTH u = Re 4 (z),
n306pakeHHbIl KOHTYpPOM, [eilCTBUTEIbLHO BeJeT 4epe3s
mepesan, a He MPOCTO IONHHMAETCA Ma IepeBal, & HOOTUM
ciiyckaerca ofpatmo B Ty e CTOpOHY.

Teopema 1.6.4. Juas rozo urobu xowuryp C ydos.ie-
Teopan yeaosuio (A), HeoGrodumo u docraroumno, uTobnl
nauboavwee shauenue Re h(2) na C docruzaroce & konye
KOHTYDA ULU 8 TOUKE Nepeesa.sa, uepes KOoTOpYw nporodur
kontyp C.

JorasarteascrBo. [loCTAaTOTHOCTH CilefyeT H3 TOIO,
urto Mamgoll medopMamuedl KoHTYpa C MBI He MOM{EM YMEHb-
muTh Hanbonpiree srazenne Re k(z) B TouKe mepesasta, we-
pe3 KOTOPYIO IIpoxoxmT KoHTYp C (reorpaduduecku aTo o3Ha-
waeT, 4TO OyTH Hepea NepeBas caMbli HHBKHHA), a 3HavenHe
Re 2(z) B HOBue KOHMTypa BooOUle He MeHseTca npH aedop-
MalU¥ KOHTYDA, .

HeobSxomrM0CTs ClelyeT H3 TOTO, 4TO €CIH KOHTYp He
OpOXOQUT Tepes MepeBaj, TO OH PACIOJNOM{eH, FOBOPA reorpa-
$ugecky, Ha OJHOM CKIOHE IODBl, W Mbl BCErHA .MOMEM
HeMIHOTo ONYCTAThH €T0 BHA3 IO CKIOHY. . .

Ecan upt mMeem muterpan supga (1) m wromtyp C ymos-
1eTBOPAET ycaoBuHio (A), To 3TOT KOHTYD Y7Ke COBCEM IIpO-
¢10 mpeo6pasoBaTh K BUAY, OPUTOJHEOMY IiA IPHEMEHEHMS

5 M. A. Esrpadon
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meropa Jlamnaca. Ilpm atoM ToukamM Makcumyma GyxyT
TOYKM NIepeBasia, depe3 KOTOPHE OPOXONHT KOHTYD, WIH KOH-
e KOBTypa, [is 9Tl meanm HaM HYKHO TONBKO BCE 9aCTH
KOHTYpa, KpoMe HeBONbIIAX OKPECTHOCTEH TOUYeK IepeBaia
I KOHIOOB KOHTYpa, ONYCTUTh HUKEe YDPOBHA HAUGOJBLIEro
3HAUEHHA, 8 B ITHX OKPECTHOCTAX MOBECTH KOHTYp IO JH-
HHAM HaubhlcTpeitmero coycka., MuTerpan no jauHum Hau-
OblcTpeilniero cmycka AONMyCHaeT OneHKYy MeTogoM Jlamnaca,
TaK K&K Ha JMHMM HAuOHICTpeiillero cmycKa (QYHKINA
Im ~2(z) coxpaEseT DOCTOAHHOE 3H3UeHMe, T, €. APryMEHT
dyrxuun e mocrosmen.

WNnterpan mo Mamnoil OKPeCTHOCTH TOYKH MAKCUIMyMa, T. €.
BKJIAM TOUKM MAaKCHMyMa, HaM eCTeCTBEHHO HA3BAaTh Telepb
gxaadom Touku npepesase. IloHATHE BKIaga TOUKH Hmepesaxa
ompeleneH0, KOrAa HaM jad KOHTYD, DPOXOAAIIHE depes aTy
TOUKYy Oepepaja, WIW, 4TC TO Ke, KOrIa 38TaHBEl JB& CEKTO-
_pa, B Kotoprix Re 2(z) << Rek(c). Brnag Tourm nepesana
BHIAMCAAeTCH OOBIGHBIMM JA Meroda Jlamiaca NPHeMaMi.

pmeegem copmyar ams BKIaZa TOUKA HepeBana Iiad
KOHIA KOHTypa B HaTerpad suga (1) B aByx HanGoxnee ynor-
pebuTeILHBIX CIydasax.

Ecan z = ¢ — mavayno romtypa n h’(c) =0, 10 ¢yan-
mig V. (f) (Bkman Toukm z =c¢ B murterpax (1)) uwmeer
ACHMIOTOTHYECKUH pAQR

-

V, () ~ ™ 3 nlg, 7, oo, (2)
=0

mnr (ecrE mpeAmonoxiuts @(¢) = 0 M orpaHHYNTHCA Hep-
BBIM YICHOM)

. 1 9l
V. (t) ~ T;% U tow. (3)

Rosppunmentsr B Popmyne (2) HaXoIATCA M3 pasiloKeHUS

.

S 0=+ v @) ¥ @,

rae dymxkoua P (u) OIpejleieHa ypaBIICHHeM
h(c+9(u)) =h(c)—y, $(0) =0,

Cronr 0c060 mOmYEepKHYTH, 4TO (OPMYABl ANA BKIAAA HO
MOHAIOT CBOEr0 BMAa B 3aBHCUMOCTH OT argi,
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Ecnm z==c¢— ToYKa mepeBajla NepBOTo MOPAAKA, TO
dbyuruua V(1) (mma;], TOYKA 2 == ¢ B uHTerpaa (1)) ume-
€T acIMOTOTHIECKHIT PAX

(2n)! agn
L h(c)
Vc(t)z]/ et z e tn’ t> o0 (4)

wr (ecnn mopefmono:kuTh @ (c) =0 u orpaHWYNTHCH mep-
BBIM TIEHOM)

”2 =
Vet~ V = i 00 ™, = (5)
Hoadbduumentor 8 popmyne (4) HaXOAsgTcA M3 Das3NoeHNA

S e =0+ @) ¥ @,

rae dyuruus $(u) ompenenena ypaBHEHUEM

h(o+w() =h(e)—uz, $(0) = 0, O=)/ — Tw(c).

HOan xopua B dopMmyrax Geperca TOT HIE HHOH 3HAK B
3aBHCHMOCTH OT HampasleHudg KOHTypa. DBomee TouHO,
arg Y—h’ (¢) Geperca DaBHBIM YILIy MEXKAY OJOKHETENIb-
HbIM HaOpaBleHHeM [eHCTBUTENLHOH OCM M HANPaBIeHHEM
KacaTeJbHOH K KOHTYPY, HAYLIEMY B OKDECTHOCTH TOYKIl
gepeBata Mo JUHHAM HAHGHEICTpeiIIero CIycka.

3ayerny, 9TO, X0TA BN GOPMYN IJIA BKIAJa TOUKN Mepe-
BAJa He MEHAETCA B 3aBHCHMOCTH OT arg f, 9TO ele He 3Ha-
guT, 9TO 8CHMIOTOTHYeCKOoe MoBefeHme HHTerpaxa (1) momm-
HO OLITh OJHHM H TeM jKe IpH pasamuunix argt. Jlemo B ToM,
49TO pA3THUYALIM argt MOTYT OTBeYaTh PA3NUYHLIE KORTYPH,
ymoBneTBopsaooinne ycaosuno (A). '

OcuoBHO# peayibTaT, KOTODHIM MH 9acTo GydeM mOib-
30BaTHCA, COCTOUT B CIEAYIOILIEM.

Teopema 1.6.2. Ecau mut umeem roneunwlli xouryp €,
Yeaurom sexawuil 8 obaacru pezyasproctu Pynryul ¢(2)
u h(z), u nHauboavuree anavenue Re h(z) na C ocTuzaercs
8 TOYKAT nepeeana, uepes KoTopble nPoTodur 9TOT KOH~

5%
»
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Typ (UAL 6 €20 KOHYAI), TO ACUMNTOTUHECKOe nogederue
unrezpasa (1) npu t-—> - oo Oaerca cymmoi exaados sTur
Touek nepeéaaa (UAl KOHY08 KOKTYDA).

Horasarteascreo. Ilpeae Bcero Mml ciaerxa je-
dopmupyeym koutyp C, uTobn HauGonbinee suagenne Re h(z)
Ha HeM JOCTHTalock TOJNBKO B TOUKAX Oepesana UIH B
KOHI@X KOHTYpa. 3T0 BCerja BO3MOMKHO B OKPECTHOCTH Kaik-
HOH TOYKM, OTINYHOM OT TOUKM HEPEeBasta, a IJIA JOKA3aTexb-
CTBa BO3MOJKHOCTH Takoil gedopMamuu B uelroM clefyer
opuMennTh Jdemmy [eiine — Bopenn o KoOHewyHOM HOXpBITHIL
B oxpecTtHOCTH TOYEK mepeBasa II KOHIOB KOHTYpPa, B KOTO-
pEIX pocruraerca wanGonblues amadenue Reh(z), MBI Mo-
’KeM IOBECTH KOHTYD IO JHHHAM HAaHOBICTpefillero cmycka.
Ilocae aToro umrTerpas mo mONYyYEHHOMY KOHTYpPY pasfmBaer-
CA HAa CYMMY HHTETDaJOB II0 OKPECTHOCTSM TOYeK C Har-
GoabimuM 8uavennmeM Re 2(z) 1 Ha mHTErpaJ OO OCTABIIelcH
vyact#, llHTerpassl mo OKpecTHOCTAM. JAalOT CYMMy BRIAJOB,
a HMHTerpaJ II0 OCTaBIUeficA YacTil IKCIOHEHIWAJIBHO . Mad.
Teopema poxasana.

JoxasaHHag TeopeMa Jerko IEPEHOCHTCA Ha - ciaydail,
Korga ¢ cTpeMuTCA R (eCROHEYHOCTH yiKe He IO IPAMOI,
a B HEKOTOpOM yrie,

eopema 1.6.3. IIycrv umeerca roneunwtii kouryp C,
yeaukom sexawyui e obaacru peeyasprocTu ¢(z) u h(z),
u Hauboavuee snavenue Pynryuu Re{e®h(z)} na C npu
arobom 6, B < 0 << 0y, GocTucaerca 6 OOHOU U3 Touek ne-
pesaaa, uepes roropwvie nporxodur sror  kowryp. Toeda
acumnroruveckoe nogedenue unTezpasa (1) npu t-—> oo,
0r < argt < 0y, Oaerca cymmoli exnados asTuz TOUER ne-
pesaaa.

Hdna materpanos Godee ofmero BHAA MOKHO, KAK H B
MmeTome Jlammaca, BBeCTH MOHATHMe PAJAUYCA BJIAMAHMA TOYKH
mepenada W COOTBETCTBYIOINEE HMOHATHE BKIAJa TOYKH Iepe-
pana. K coskanenmio, paa HmuTerpaia ofiiero BHAa, HOCTPo-
HB KOHTYp ¢ HauGompmuM sHauemMeM Rek(z, t) B Tourax
mepesana, MH, Booflle roBOpg, HO MOMeM YTBeDMAATH, 4TO
ACHMIITOTAYECKO® OOBeJeHMO WHTOrpala OmpeJelAeTCH CyM-
Moff BKIaJ0B TOYeK mepesana. IIppuuHA B8TOr0 B TOM, 9TO
OpE yBEINUeHNHN ! YHCIO TOYeK MepeBala MOMeT yBeIdYH-
~BaThCA W MOJKeT QKa3aThCfA, 4TO BHRIAJAMH TOYEK Hepesala,
sHaveHus Re k(z, t) B KOTOpEIX MeBbIe BaufombmIero, Helb-
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3a npeBefpeus. B SonbimuHCTBe ClIyuaeB OT 8TOH TPYABOCTH
MOKHO O0CBOGOJHTBCA, CBelA WOAXOAAINSH 3aMeHoit mepe-
MeHHo#t mam mHTerpaax K BERY (1) ¢ dyuruueir ¢(z), 3asn-
cammedn ot ¢, Ho cnado,

Boofige, cnexyer oTMeTHTH, YTO MOIyYeHHE MeTOJO0M mHe-
pepaia aCHMNTOTHYECKUX (bopMy:I Ama mHTErpajnoe Oolee
olulero Bnga, veM BuA (1), OpHHIHONAALHO Malo OTIMYaeT-
cA OT TOH sKe 3ajgaum ana murTerpajsos supa (1), Ho Tpedyer
foslee BBICOKOI TeXHHKHM OUEHOK. JTY TEXHHUKY MOKHO HPII-
00pecTi, TOJbLKO pPEIINB CAMOCTOATENBHO PAL JOCTATOUHO
CIO/KHBIX 3aJa4. MsI mHe mpecaegyeM Iedb ZaThb YUTATeNIo
BO3MOJKHOCTE OCBOIITL TAKYI TeXHHKY H 0JTOMY OIDAHII-
quMcs pa3dopoM CPABEHTEIBHO IPOCTHIX 3aAad, OCBEHIAO-
IUX JHIUb OCHOBHEIE NDHMILMOUANbHEE BOIPOCEH METOMA.
H\GJ’[E\IOILUI\I O3HAROMHTLCA C TG\HHI\OH OPUMSHEHHA MeToja
mepeBasia Goxee noIpoGHO MOKHO PEKOMEHIOBAThH OGpATITH-
ca & wuure H. I'. ne Bpeitna «AcuMnroTudeckie MeTogsl B
amammze», UJI, 1961 r.,

IMMpuvep 1. Hailgem acuMmuroTnveckyn (GopMyay ans
$yuruun beccens J,(f) mpm t— o0 H mpu M060M LEAOM
HeOTPHUATENBLHOM S.

Dyurmna Beccens J,(¢) Mmomer GmiTh ompejleneHa ITH-
TEIrpaaoM

| -5
J (1) =% S‘ e 7 gz, (6)

f2[=1

OTCIOLla JJeTKO MOJYYIITE H PAa3nToMeHIle B pAX 10 CTele-

HAM i
_ bt t 2n+a (_ 1)71
Jo(f) = ZO (—2—) nl (s -+ n)l°

n=
[na moMydYeHHS ACHMOTOTHYECKOH (OPMYyTsl HpPUMEHHM
y —8—1 h — 1 .
meron mepesana. Ifonomnm ¢ (z) = z7*~Lh (z)= =2 ——)
a B KavecTse oHTypa C Bo3bMeM OKpYMXKHoCTh |z]| = 1.
TowraM¥ OepeBaja SABIAIOTCA 2 =1 ¥ zp = —i, llpu mio-

6pix 6 mamGoabmee sHaTCHHS (bygmnn Re {_ ¢/, ( _ % )} -
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= — sin0sin ¢ (¢ = arg z) Ha oxkpy:xHocr¥ |z| = 1 pocTu-
raeTcA B OAHOM M3 ToweK mepemaia. IloaTomy cormacuo Teo-
peMe 1.6.3 acuMmmroTuteckoe moeefenme J,(I) mpu f— oo
JaeTcsa CyMMOil BKJIAIOB TOYEK MEpeBala z; == i H 2y == —I,
T. €, aCHMOTOTHYECKIH DA TAKOB:

.

oo

2 a4
n=_

' -1 tx—i )

N (it) *e

J. ()=

—L e @

+(—it) “e 2 b7 (D)

n=0

LI ol

(ana (it) 2y (—it) 2 OepyTcA rIaBHBIE 3HAYCHUA; HEOTHO-
3HAYHOCTH IJ2BHOT0 3HAYeHHUA ODPH OTPHIATENbHBIX 3HaUe-
HHAX it W —il He HrpaeT poJH, TAK KaK TOTJA COOTBETCT-
BYIOInie CcJaraeMbie DKCIOHEHNMAXBHO Majhl).

Ecan orpammunTLCA IIABHBIMH 4lIeHAMH JTOr0 aCHMITO-
THYeCROTO pAJA M OPEelUONOAUTL ! JIeKalluM B yIue
largt| < m—m, n >0, To Mol moaysuM Goumee OPOCTYIO
acHMOTOTHYeCKY™ PopMyay:

J,(t) = 71?:' {cos (t — “T‘—%) . 0(—3-)} 8)

t—+oo, largfl<m—1.

IIpumép 2. Haiigem acuMOTOTHNECKOE HOBejenHe IPH
t— o0 QyHRIII

pad

1 3+
Qn (t) =5 Yz"e dz,
c

rie C — GecKomeUHHIi KOHTYp, HaYMEAKMEiicA B yrie
1 " 14
— %< argz < — -5~ H KoHuanouptics B yrme & <argz <

.

<5 :
Tlpa £+ n<largz| <5 —n, 0<n <, Mueen

Re—?— = -[-;i cos (3argz)< — _l_za_!’ sin 37.
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TAK 4YTO HHTErpal CXOJUTCA HOPH BCEX KOMILUIEKCHHIX [ M
opeacTaBasger cofoi meaywo QyHKIUO.

Hia monygeHHa AcUMOTOTHYECKOH (OPMYJNHI IPIMEHIM
Metol mnepesana, Ecau arg? ¢uxcuposan, TO 3aMEHOI
z=1{|t|"» mn vomem mpmBecTu uuTerpan k sugy (1). 1o
J43CT BO3MOM{HOCT: NpUMeHHTH Teopemy 1.6.2, a Tawxke mo-
Jy4lUTh ACHUMOTOTHYECKHE PAIBI NJA BRJI&IOB TOYEK HepeBa-
na, Taknm oBpasoM, 0CTaeTCH JINIIL MOCTPOUTE KOHTYD, Ha

23
KOTOPOM HauboJIbIIee 3HATEHUE Re {—3—+zt IOCTUTAETCA B

TOYKe IepeBaa.

PaccMorpum cmawana caywait, woraa |arg(—t)| < n— —",
1>0. Touex mepesana ase: 2, (t) =V =tuz, )=~V — )
(nna wopua Oepem raaBHoe 3HaueHnue). IlompoGyeM B3ATh
B KavecTBe KOHTYPA BePTUKAIBHYI0 HPAMYI0, MPOXOIAIIYIO
aepes Touky z;(t). Ha aToit mpasoit nmeem 2=} —t+ iy,
—o0o < y<C oo, 1

Re[4-+at} = Ret)/ =% —y*Re}/ 1.

—— -~ 3
Takrax Re)/ = ¢ >0, To Handoxbluge 3HAYeHIE Re(%—+ zt)

HA HalleM KOHType AeficTBUTENBbHO jnocTiraercs mpm y = 0,
T. . B ToYKe mepeBasa z == z;(t). [ToaToMy MBI MO;KeM IpH-
Menutb Teopemy 1.6.2, (XoTa KOHTYp M OecROHEUHHIH, Ho
HEeTPYANO YyOEeJHTLCH, 9TO HHTErpajoM OO YacTH ero, Jeska-
meidl BHe Kpyra ¢ LIeHTPOM B TOYKe mepesBaja H PagmycoM
nopaaka V[t], mommo mpeneSpesn.)

C momombio 3amernt Z2=1C') — ¢ § npuMeHeHHA dop-
Myasl (4) FAA BRIAJa TOYKM llepeBaja Ml Jerko [OJydaeM
aCHMIOTOTUYECKUH pAX

1
20

n
Les 2
‘ (—p2 & th tV __h
" 2y nn k‘_-(‘) k

t»o0, Jarg(—DnHi<n—n
31ecy Ko UUEEHTH g, ompefenanTca QopMyTaMm
(—1)F 4% (L "

ay = Wl o2h ik = \Erl
)",
W=l
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Ecny smavemma ¢ 6am3ku K [JeHCTBHTeNBHBIM HOJOMKH-
TeNpHKIM, TO HamIa acuMuToTHIeckas dopMyna mepecraer
6eITh BepHON, TaK KAK K HamleMy KOHTYDY OpROIMMaeTcs
BTOPas TOYKa [OPeBANA M ee BIMAHHEM VK6 HeIb3A IPeHe-
6peusn.

YroGHl MOMYyINTs ACUMIOTOTHIECKYIO tﬁopMyny ans t—- oo,
larg t| < m, moCTpoUM KOHTYp HeCKONBKO Gomdee CTOKHBIM

oﬁpaaou. PaccMoTpum nmosegenue Re (T+Zt) Ha npAMoil
’ nl

1=iVt+ye’ , —o<y<oo (z1n V't feperca riaBmoe
anayenue). MmeeM .

(5 ) < S ety - % = el F )

38

::]

Ampamoruuno Ha npAMoit 2= —1 Vitye °, —oo < y << 00,
nMeeM
. ) : _at

Be(% + zt) =— -S—He(itlft) - -y3— — y%Re (e 8 Vt)

. . . 3
Dyurnma — _y3_ — ay?®nmeer MakcHMyM npu y =0 u orpm-
naTenbHa npi y = —3a. IloaToMy, B3AB KOHTYp, COCTOAMUL

m m

13 oTpearos npavsxz =iV i+ ye® m z=— iVt + ye

JMeHAINX HANPABO OT MX TOYKM [IEePeCedeHHA, MH TOJYYOM
(mpu [goCTaToyHO MajloMm 1), 4TO Hauboapimee 3HaYenHe

z8 "
Re (-3-—{- zt) JOCTHraeTcs B ONHOH U3 Todex mepemarna. (3a-
METHM, 4YTO MOCHe 33MeHH z2=1)"t Komryp CTAHOBUTCH
OOYTH HE3aBUCHMBIM OT t.)

ITo Teopeme 1.6.2 CHMITOTHYECKO® MOBEISHIe @.(1)

JaeTca CyMMoif BKAIaZOB 00eHX TOUeK mepeBala. Orpammn—
BAACH TIABHEIMA 9ICHAMH ACHMOTOTHRECKUX DAJOB, OPUXO-

aaM K dopmyme
{cos (—t +Z 5 = ——) 4 0( 3)}’

t»o0, Jlargtl<m.

Ll

n_
2

t
Vi

Qn (1) =
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Hdo cux mop Mul HE KacCaJHCh OLIPr0 YPE3BLIYAHHO Ba-
-~ Horo Bompoca. VIMEHHO MK He rOBOPUIH O TOM, HA OCHOBA-
HHY KaK#EX coo0pameHnit MoMHo, BLIOMpaTs TOUKH IEpeBaia,
gepe3 KOTOpble HyMKHO BecTH KoHTYp. O6 aroM eme 6ypmer
naTa peus B § 3.1 (1A HHTerpadoB COENUANBLHOTO BHAA).

BATAYI ¥ JOMNOJHEHHUA K § 16

1°, Mlyers h(z, t)— MHOTOYNEH OT 3, CTENECHH KOTOPOTO He 3aBUCHT
oT mapamerpa !, @ KOETyp C cocTaBleH M3 ABYX JHEWH HanOwicTpeil-
meto cHycKa, BBIXOJAMEX M3 TOYKM Nepésana z = c¢(t). Ecam mpa
Beex f, NMeRAallIX B HEKOTOpOii GeckoEedHo# ofmactu G. TOUKa mepe-
Basla 3 == c(¢) UMeeT mepBbIli mopsagoR ¥ mpH aofom 4 > 0 B Kpyre

1

—_— -

” 2
[z—c < Alh(c(®), )] v [tI>1h(4), tec

HeT JpPYTrUX TOYER Ilepesata, TO

e S 2 e
AT, L —_— e tso0, tEQG.
| V " #ewn vt te

c

2°, [Iycre aBamuTmdecraa QyEROUA h(z) per;nﬂpna B HEeROTODOH
6ecromeuroil ofmactu D, a ee npomasojmas h’(z) ogmomucTHa B D.
IIpexmososuy, uto npy xoboyn 4 > 0

i

h(z)~h(D), t-+m, z€D, teD, |z—1{<Alb )%

ﬂpezmono,mm eme, 4T0 AdA &, JNeRammXx B Hexotopoil GeckoHed-
HOH 00NacTil G, BHIOOJHAIOTCA VCIOBHA:

1. llpn mocraToumo GomblmMx f ypapHeHWe h'(z) = ¢ uMeeT B
obmactn D peutenne z = c(t) (TaxKoe pelieHEme Mo:KeT OHITH TONB-
KO 0JHO).

2. MIpu mocraroymo Gonpmux ¢ & G koHTYD C (saBucAmuE OT ?)
fewsuT B D W cocTaBmeRE ®3 dacTedl AuERWi Haubnictpelimmero cmycka,
BLHIXOMAIHX M3 TOIKH OmepeBalla z = c(t).

3. Ipn moboMm A> 0 m npu [¢|> t,,(A te G, kpyr [2—c(t)| <<

< A|R”(c(t))|~" He comep:RHT KOENOB nomypa C W OelIMKOM JIeKHT
B o6nacm D

IToxasatp, 910

5 —h(z)+4zt dz ~ .Vh// ( ( )) e—h(c(t))+t¢(t) y 15, Q.
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3°. ITomomum

22

exp{z+7+...+im—}=

2
g8
[ =)
o
-
.:":

ITorasate, 910

1 m
a =__1‘+._o(1)_(n[) mepr__’%_z_%_f_

" = |
Vm (@an) 2™ he2




Taasa 11

KOH®OPMHBIE OTOBPAJKEHUA
1 FAPMOHMYECKASA MEPA '

§ 2.1. IlpegpapuTenvusie cpegeHns

Bo MHOTHX KOHCTPYRIJAX Teopuu menblx (QyHKuul mmr-
palOT CYINECTBEHHYIO poOAb KoH(OpMHBEE 0TOOpasKeHHsa Tex
M uHBIX obmacreill. Haie Bcero HOPHXOJUTCA UMeTh HE€I10
¢ oTofpameHHAMY objacTel, aHAUOrHYHbIX YrAy — Ha yrod,
w1y of1acreif, aHaJOTHYHBIX [OJT0ce — €A molocy (Tak, 4T0-
Obl GeCKOUETHOCTH Hepexoamna B feckoHeunocts). IIpm me-
CJIeIOBAHNM ACUMOTOTIMMECKOTO HOBEJeHus NOoI0OGHEIX KOH-
CTPYKUHIt €CTECTBEHHO BO3HHKAeT HEOOXOAUMMOCTS MONYIeHHUA
ACHMOTOTIYECKIX OLEHOR IJIA KOH(QOPMHBIX 0TOOpaeHmil
B6anay GecroneunocTH. MerojaM poiydeHHA TAKHX OLECHOK
U [OCBALIEHA HACTOAIIAL IJ1aBa.

Mpt HayHEM ¢ TOro, YTO HAUOMHMM PAX XOPOIIQ H3BECT-
HbIX (PAKTOB H3 TEOPIM AHAMMTHMYCCKHX U rapMOHHYECKHUX

dyuxrmiit.

IIyety ¢pyuruna f(z) perynmapHa mim MepoMopdHa B 05-
nactd D xoMmNexCHOR IIOCKOCTIL.

QOyuxnus f(z) nassiBaerca odHoaucTHol 8 obaacTu, ecan
OHA MOPHHMMAET PA3JIMYHBIC 3HAYCHHUA B PAJIMUILIX TOTKAX
8TOjf 06aacTi.

QOyuruua f(z) HaselBaeTcA 0OHOAUCTHOU 6 Touke, eCIOR
OHA OJHOJUCTHA B HEKOTOPOH OKPECTHOCTH 3TOH TOUKH.

OueBnfuo, 910 QyHKIHA, OAHONUCTHAA B 0obJacTH, OJHO-
JMUCTEA B RaMmIoM Touke  atoli obunactu. Opgmako mpmmep
¢yuKun f(z) == e* mOKA3RIBAET, 4WTO CYUIECTBYT (YHK-
UM, ONHOJECTHbIE B Ka)kJo# Touke obnacTu U He ozmomac'r-
HEle B ofxacTu.

Ecan ¢ynxnus f(z) peryaspua B TouKe a 5= 00, TO IJIA
ee ONHOJMCTHOCTH B 3TOH TOYKe HeOGXOAMMO M [JOCTATOTHO,
gro6H f'(a) == 0.

Hongopunvim orobpasenuem obnacrm D wWassiBaercs
orodpa;Kenue, coBepmaeMoe ¢QyHKIuedr w = f(z) Mepo-
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MopdHOt ¥ oxHORMCTHON B 3Toil obumactH., Ob6pasom obnactu
D npm kourgopMBOM 0To0pameHnd w = f(z) ABAAGTCA MHO-'
mecTBo G, cocTosAmee W3 3HAUEHW !, NpPUEAMaeMHX (QYHK-
nueil f(z) 8 o6nactm D, UasecTHO, 9T0 MHOKECTBO G TaKIKe
ABifeTcA 06JaCTHIO,

OcHOBONOJATAIOMUM pe3yAbTaToM TEOPBH KOHEQOPMHBIX
0TOOpaKeHNil fABIAETCA XOPOIIO H3BeCTHAs Teopema Pumana:

Ecau D — odrnocsessnaa obaacts, epauuqa KOTOpOU Co-
depacur Boaee 0dHOl Touku, To cyupecteyer dyuryus f(z),
KOHPOPMHO oro6pa9/carow,aﬂ, obaacty D na xpye 'Tw[ < 1.
Dyuryus f(z) onpedeasiercs eduncreennvly 06paszom, ecau
sadars Toury a obaactu D, neperodauyio 6 yentp Kpyea
u geaununy 0 = arg f'(a).

Iycre w = f(z) — Kakoe-1u60 KoudopMmuoe orobpaske-
rue obaactu D ma emgmimuusli Kpyr, a z = ¢(w) — obpar-
HOe oToBpaskende. BooOue rosops, ¢ynnuua f(z) me ompe-
JeleHa Ha rpanine obmacru D, a ¢yuruusa ¢(w) ne ompe-
meJeHa HA efMHHYUHOH OKpy:HocTH, OgHAKO IPH HEKOTOPBIX
JONONMHUTENLHEIX YCJAOBHAX Ha odnacte D arm  QyrRmun
MOKHO goompexeiurs, O6 3T0M LOBOPIT CIeIYIOWAA XOPOLIO
H3BECTHAA TeopeMa, ilocAMmas Ha3BaHIe nNPUHYUnRA CooTeeT-
CT8USR 2PAHUY:

Ecau obuaactv D oepanuvena npoctoli samrHyTOU KpU-
goil, T0 KOHgopmuoe oTobpaixcenue obaactu D Ha Epye
Jw| < 1 MoaHo npodoanurs o HenpepvieHO3O U E3AUMHO
00HO3HAUHO20 OTO6paxceHus 3amviranus obaacru D Ha rpye
Jw] < 1.

Wusmu caosamn, dyuxmnio f(z) MOKHEO paccMaTpUBaTh
KaK HeNpPepBIBHYI0 (PYHKHU B 3aMbikaEuy ofmactn D,
a ¢(w) — KaKk (QyHKIMIO, HeNpePHIBHYK B 3aMKHYTOM KpYy-
re lw| < 1. .

Ecan ¢ynkuma § = f(z) xoudopmuo ortobpamaer of-
aacts Dy ra obmacte Dy, a ¢pyukuua w = g(§) xoundopmuo
otobpakaer obnacts D; ma ofaacts Di;, To QyHRuEA w =
= g(f(z)) ozesmpmo XomdopMHO oToOpaskaer obmacts D
na obnacts D;. IloatoMy us reopeMnr PmnMana caefgyeT cy-
LIeCTBOBAHNE KOHPOpMHOro orobpaseHms ofHoll ojHOCBA3-
-Boit ofnacTu HA NMPyryw, ecnid rpaEunbl 8THX ORHOCBASHEIX
obracTeit cofep)KaT He MeHee JABYX TodueK Kaykgas. Ilo Tolt
’Ke OPUIMHS OPUHIMI COOTBETCTBHA TIDAHUI] COXPAHAST CH-
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Ay ¥ gna oToOpaskenns APYr 11a APyra ModblX OJHOCBABHBIX
obnacreil, OrpaHHYEHHbIX MPOCTHIMH JAMKHYTHIMH KDUBBI-
mu. Bouxee Toro, mpuHusm cooTBETCTBHA TPAaHMI Jerko pac-
IPOCTPaHACTCA M Ha oTolpaseHua MHOTOCBA3HBIX obmacreit,
Tak Kak QyErumA, KougopMHO oTofpamarnmas J1pyr Ha
Jpyra fBe MHOrOCBH3HBEE 08IacTi, oTodpaaeT 1 gofsle
O0JHOCBA3HEIE 9aCTH 3THX objacTeil. ’

Huas orodpamenitn ofanacTeli, OrpaHIIYeHHBIX NPOCTLIMI
3aMKHYTBIMA KpPHBBIMH, IMeeTCs O0oJbliee pasHoolpasite B
cuocofax BHIIEANTH efHHCTBeHHOe oToOpaskenme. Yame Bce-
ro HCIOJNE3YIOTCA ClAefyIOIIlie ABA Crocoda:

1. Bapaercs ofpas ogmol BHYTpeHHe#l Touru odaactu D
i1 00pas olHOH ee rPAHHIION TOYKH.

2. 3apanoTca of6pass Tpex rpaHIYHBIX Todek obmactu D.

Oxauy T3 OCHOBHBIX METOJOB LCCIENOBARIA 38381, CRA-
3aHHBIX ¢ KOH(OPMHBIMN OTOOPAMEHUAMH, fBIAEGTCA CBeie-
HIfe 3TUX 3a1ay K peimenmio 3agadud lupuxme s rapmo-
nir9ecKux (QyHKuE, Mbl H310MHUM HUME PAA A0BOJABHO XO-
pOLIO H2BECTHHIX Pe3YJILTATOB O pelneHAn 3ajzauu Jupuxie,
HO cHadaja HANOMEAM HCKOTOpBIe dJIeMeHTApHBIe CBeEeHIlS,
OTHOCAINHECH K FADMOHHTeCKIM (DyHRUMAM.

Coraacuo ompenenenno (QyvHKNAA w(r. y) HasbpBaeTCA
2apmoHuueckoli 8 obmactit D, ecnit oRa 1IMeeT HelpephIBHbIE
YacTHbIE OPOHABOLAIIBIE BTOPOrO HIOPAIKA II yIOBJIAETBOpAeET
ypapnennw Au(z, y) = 0 B KaKuo#f Toure 3Toif ofaacTi.
31ecy A — onepaTop Jlamnaca pia ABYX NepeMEHHHIX, T. €.

ik 3%
A -—%'; -+ W' .

JleficTBATE/IFHAS M MHIMAafd 9acTh aHATHTIMECKON (yHK-
MUY ABAATCA TapMOHHYecKUMH (YHEKOUAMH H, 06paTHO,
KaIyl0 TapMOHMUECKYI0 B ONHOCBA3HON 06j8CTH (DYHKOMIO
MOKHO [PEACTABHTH, KAK MeHCTBHTEIBHYID WIH MHUMYIO
yacTh (PYHKIUD, AHAJIMTUYECHOH B  3Toi obmacTm (MBI He
fyneM OPOBOANTL DA3NHMIMA MEKJY KOMINIEKCHOH IepeMen-
HOll z ® mapoil AeHCTBUTEJbHBIX IEPOMEHHHIX % W ¥).

. OcuoBEHEe (OPMYAB], OTHOCAMmMMECH K TapMOEHIECKEM
$yHROAAM, BHIBOJATCA M3 XOPOMO U3BeCTHOH opMyaH
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T'puna — OCTporpéncxoro
apP

§P<x )z + Qe y)dy—j“f(———-)z dy

(Ha yCJIOBIAX COPABEAIMBOCTH 3ToiT opMyusl Mbl He Gy-
JeM OCTAaHABJIUBATLCH, XOTA HAM OYAYT HYIKHBL J0BOJLHO
CHJIBHBI® Pe3YIBTATH; HX MOMKHO HAMTH B XOpOMMX yuelHI-
Rax aHamusa HJIH B Moelt KHHre «Amamuriueckie QyHE-
num» ). OGHIYHO MCIOAB3yeTCA YACTHBIA CJAy4ail OpHBEJEIl-
Holi (hopMyasl, HocAIlelr Hassauue gopmyavr ['purna

ov g (20 2w acp&p) {
j‘(pan ds “(az az+ 0 2 )azdy + | | oavdeay.
oD D . ‘D
(1)
Me: 6yaeM nMerb jedo ¢ o01aCTAMH, OTPAHNTEHHBIMO KY-
COYHO-TAIAJKUMU KPUBBIMM, I MOTOMY HAIPaBIeHlle BHeuIneit

a9
mopmaan n (a sHavmT, M auddepeHnupoBaHue %, DO aToMy

HaOpapjeLuio) onpegeneHo HA Beell rpaHune odmactn 3a
HCKIOYEHIIeM KOHeUIIOro guciaa Ttouer. Jepes ds B dopmy-
ae (1) ofosunaven nuddepenHmuan NIUHLL Iyrd KpuBO# mnu-
TerpHpOBAHUA.

IMycTs QYHKUUI u W v rapMoERHYHL B obaactd D n me-
mpepeiBHO nmgdepeHnupyeMsl B ee aaMblRaHmii, Torma s
dopmyunr (1) HeTpyaHo BhiBeCTH QOPMYITY

é&(ug—:-—zfg—:)ds=0. (2)

B mactrocTH, mpu v=1 nMeem

f 2L 45 = 0. 3)

8D
IIyets (zo, yo) — Kaxam-mubo toura olmacte D, |

r=V(z—z)*+ (4 — ¥o)*

Herpynmmo y6eamtbca, aro GyHREA Inr ABIAETCA rapMOER-
9eCKOH BO BCeH IVIOCKOCTH 3a MCKIOYeHHeM TOUKHE (Zg, Yo).
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Ws dpopmyan (1) aerxo susopmtca dopmyna

7} fu
j(u-aqlnr—alnr)ds:.—. .
8D
= 2nu (24, Yo) + j‘yAu.lnr dx dy,
D

(4)

KOTOpAs A7A TrapMOEMUecKodl (YHKUUE u OPAHHMAET BILY
dlnr du

f(u lo —Elnr)ds=2nu(xo, y,). )

oD

Bospmem B wauectse obnacts D kpyr Kz ¢ meETpom
(zo, yo) u papmycom R. Torma MBI momyduMm amf rapMoHA-
gyeckoil GyHRUHN U PaBeHCTBO

u (g, Yo =-2—:§ 5 uds. (6)
oKg

Insa npomapoabHoit (HerapMouudeckoit) ¢yHxmum u Mb
TaKMe MOMeM HOAyYuTh us popMyasl (4) paBeHCTBO

u(Z0, U) = 5ug S' ‘uds——z—iﬁfj‘lu-?—ﬂudxd/. %
okp Ky

Qopuyay (6) maa rapMorRnIecKHX QYHKIRHE MOMHO 3a-
MeHITH CJIelyImedl PaBHOCHIBHON caoBecHO# QOpMyIHpOB-
KO

Cpedunee apugpmeruvecxoe snavenull 2apMonUHecKol
PYHREYUL KA 210600 OKPYICHOCTU PABHO €€ 3HAUEHUID 6 YEHT-
pe Epyea.

OTa TeopeMa HOCHT HA3BAHHE Teopembl 0 cpeduem. s
Hee JIerKO BBIBECTH ONMH BaKHBIH peayabTaT (0 HEM Oygem
roBopuTh eiile B § 2.3). IToT peayiabTAaT HOCHT HA3BAHHE
NPUHYUNG MAKCUMYME U MUHUMYMG [JIA TAPMOHUYECKHX
dyaRUMiE: .

. [apmonuueckan e obaactu D ynryun, orauumnas or
TONOLCTEEHKOIL NOCTORHHOU, He MOXET NPUNUMATL 8HYTPU
004acTU HU Hauboablieeo, HU HAUMEHbLULE20 BHAYEHUSA,



80 IVI. II. KOHOGOPMHBLIE OTOBPAMEHUA

OTMeTuM, 4TO OPUHOUD MAKCUMyMa M MHHEMyMa He
" Tpe6yeT HUMKaKMX OpeamoaokéEmit o rpaEume obmactm D
HI¥ O OOBeJACHUR TapMOHEHMYECKOH (YHKOHH B 3aMBIKAHHU
aroll obnacrtu,
B pansueiiimem pgna yopomeHus samucu Mbl GydAeM 3a-
OUCKIBATE rapMoHUdecKyn (yHxmumo u(r, y) CHMBOIOM
(z—l—zy) JTO0 H03BOAMT EaM HMMeTh Jel0 He ¢ [eiiCcTBH-
TeJABHOM MIOCKOCTBIO (Z, y), & ¢ KOMINIEKCHOH IIOCKOCTLIO 2.

IlepeitpeM k obcympenuto aagaan Jupuxie.

Ipocreitmuii sapmaut 3agaum Jupuxne gna rapMmoHmHe-
cxux GyHKIEA cocTonT B caeaywieM. IlycTh Ha rpanune 0D
obnactu D sanama senmpepuisuag ¢yuxnusa ¢(§). Tpebyerca
maiity dyurumo u(z), rapMonngeckyo B obractm D n me-
HpPEPHIBHYIO B ee 3aMBIKaHMH, coBHajanuyio ¢ pyErnui ¢ (§)
Ha rpaunne obaactu D,

‘Ws mpusnuna makcnMyMa U MHUHHUMYMAa JJIA rapMoONuvye-
cKux (PyHRUmE HeMeQJeHHO BRTEKaeT, 4T0 mpocTeidmuit Ba-
puaHnt 3agau JJupuxie mmeeT He Gonee omHoro pemenus, OI-
HAaKO BOIPOC O CYINECTBOBAHHH XOTA OBl OTHOrO pemIeHId
cyntecTsenno ciaoxkuee, s ofRoceAanoil odaacTu D cymect-
BOBaHLE pelleHnA 3aladu HHPIIXJIG MOHO BBIBECTH H3 Teo-
pembl Pumana u, Hao60poT, U3 CYLIECTBOBAHUA PEIIeHHA 3a-
maud [Iupuxie MOHO BHBeCcTH Teopevy Pumana. Mer npu-
seneM (Ges JokesaTenberBa) ogun mn3 Haubolee OOBITHBIX
pesyiLTaTOB 0 CYLIECTBOBAHNM pemrenus 3amadm [wmpnxne.
Opuako Ham Oyjder yao0Hee NpHBECTH pe3yJabTAT, OTHOCA-
mufica He K OpocTeiilleMy BapnaHTy, & K HECKOJAbKO Goiee
obmemy.

O6o6meEnang 3afgaga Jupuxjge COCTOMT B Cle-
IVIOTIEM.

IIycrs wa rpammne 4D obnactu D sanama orpamuueHnsas
dynkmua ¢ (%), uMeroman He Oojlee cieTHOro Iueaa TOUEK
paspuisa, Tpebyerca HafiTh QyHKuMIO U (2Z), rapMOHHYECKYIO
H orpaH¥ueHHEYI0 B obnacti D n tarywo, 910

u(z)—> ¢ (L), :-(,z€D, LoD,

B RamAol Toure &, rae dpymxuns ¢ (§) HenpepssHa,
OcHOBHOf pe3yabTaT o paspeminMoctn ofofmeHHON 3ama-~
au [Tupuxme Taxos:
Ecau obaacry D ozpanunena xoHeiHVIM YUCAOM NPOCTLLE
8AMEHYTOLL KPpUSHIZ (He 8B pONOBIOWUTCA 8 TOUKL), TO 0606-
wennas sadavu Jupuzae uxseer pasro 0dKo peuierue dag
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arboti gynryuu ¢(t) (obaadaroweri ceoticreamu, Tpebyembvl-
MU 8 nocTanosxe 3adauu), )

IIycrs o6aacts D orpanmieHa KOHEUHBIM WHCIOM IPOCTHIX
3aMKHYTHIX KDHBBIX, a £ — MH0KeCTBO, COCTOAmEe U3 CIeT-
HOT'O YHCJA OTPe3KOB 3THX KpHBHIX. Bosbmeym B xauecrse ¢ (§)
(hyHKIUIO, PABHYIO elHHUIE B TOYKAX MHOMdeCTBa £ H HYJNIO B
ocTaJdbHBIX Toukax rpaEuus D obnacru D. Peimenus zanaqu
HOupuxae ¢ Taxoit dynxrumuein ¢(f) mur Gygem obosHavaTh
CHMBOJIOM

o(z; E, D).

ITo pellleHHe HA3BIBACTCH 2aPMOHUHECKOU MePOll MHOMKECTBA
E ornocureabno obnacty D. CirefyeT noMHHTH, 94TO rapMOHU-
gecKaA Mepa — He 4Hca0, a (PYHKOMA, onpejneleHHas B 00-
aactu D,

Pemenune sagaun [lipnxige ¢ mpousBoabHOH (yHEKmHei
¢ (%), sapannoit ua rpaunue obxactu ), MOKHO HamucaTh B
BUjle MHTerpana

u(@®) = | ¢ d, D). (8)

D

D,

B oroit ¢opMyne Mu obo3EataeM cuMBoioM (3; df, D)
[IaBHYI JAHHe#dHyo gacTh (OpE ManblX df) rapMoHMYecKOH
Mephl oTpe3aKa TpaHHUEl obaacTH D), 3aKNI0TEHHOro MEXKAY
toukamu § u §-+df. ’

Mu yke rosopwim, 4TO pelmeHHe 3agaam [mpuxie aiasa
rapMOHUTEGKUX (QYHKOUN MOMKHO HCIOJNB30BATH JJIA HcCIe-
JOBAaHHA BONPOCOB, OTHOCAIIMXCA X KOH(ODMHBIM oTobpane-
uaaM. Opmako B xoHQopMHANIE oTOOpaKeHAA MOXMKHO ¢ ycHe-~
X0M HMCHONB30BATH A pemeHma sagasu” Jupmxme. OGrrumo
HCIIONTh30BAHMe KOH(DOPMHEIX oToOpameHuil omdpaercs Ha
cAelyIOmuMil peayabTar:

Hycry Ppynnyua w = f(z) korgopmro orobpaxaer 06-
‘aacty D na obaacre G. Ecau gpynryus u(w) seaserca pe-
wenuem 3adavu Jupuzae ¢ obaactu G ¢ eparuwrol GYHEYU-
et @(t), 7o dynwyus u(f(z)) seanerca peuwleruem 3adaiu
Aupuzase ¢ obaactu D c epanuunold pynryued ¢ (f(§)).

6 M, A. Esrpagos
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Mpuvep 1. Ilycrs 6, << 0y << 6) + 2n. Haitgem rapmo-
HUYECKYI0 Mepy AyTH OKDPYKHOCTH

= {z=12¢" 0, <0<0y}

OTHOCHTEJIBHO Kpyra |z]|<<{.
Herpyano uposeputs, 9T0 QyHKHHUA

6;—6,

19,12

w = z—¢
z — ¢its

xoEdopMEO oTOBpaskaer Kpyr |z] <! Ha BepxmwI0 momymio-
CKOCThL MIOCKOCTH w, IpHYeM Ayra Y HePeXoAHT B OTpHIa-
TENBHYI0 9aCTH ASMCTBHTENbHONR ocu. [lamee, odeBmAHO, |TO

1
$yHKIUA — arg WnpeacTaBiger cofo0 rapMOHHIECKYI0 Mepy

OTpHLaTENbHOM w9acTH JelCTBUTEJNbHOIl OCH OTHOCHTEIBHO
BepXHeil momymidockocTd. [losTOMy COINIACHO OpHBegeHHOMY
BBIIIIE Pe3dylbTaTy HMMeeM

1 7 —elbs "';—el
oz 2| <l) =—arg{ —=g €. .

z—eit

3AJAYT U AONOJUHEHMNA K § 2.1

1°. Ilyers ofnacts D onmchiBaeTCs HEPABEHCTBOM
—o <z <+ gr) <y < Pz),

rge ¢i(z) ® ¢z(z) — OBe HETPEpHIBHEBIE nepnommec}\ne ¢yEKDON ©
OMMHAKOBSIM TepuoTom @, OOosHauum wHepes w(z) QYERUMW, KOH-

19
dopmuo oroSpamaiomyn ofaacts D ma modocy [lm w| < 5 rakmm
o0pasowm, 4TO

Rew (2) » + =, + Rez—+ o,

Hokasats, 910 GyERONA w'(z) DepEOANIHA C DEPHOROM ®.

2°, Ilycrs q)ym\uuﬂ w(z) KoEGOpMHO oTo0pa)kaeT ORWH HpH\IO-
YLOJABHHEK Ha ADPYroii TarmMm 06pasoM, YTO BeDIIWEELI iIepeXOHsAT B Bep-
muHEsl, JokasaTh, 4T0 QYHEKIAA w(z) TEHe#HHA, 4 UPAMOYTOMbHUKY —
nono0HEL.

8°, Ilyctes D — o6nacTs, OTPaHAYEHHAS DPOCTOd BaMKRYTOH KpH-
BOM, 2 21,2, & Zs — Tpn (PERCEpOBAHNWLIE TOYKY HA ee rpagmune, OGoama-
UM wepea w(z) QymErumio, KOEGopMEO oToSpakaomyo ofnacts D
EQ OpAMOYTOABEHK 0 << Rew < 1, 0 << Imw < k, # TepesoasAmyO
TOYRH z;, 23 B %3 B BepmuHH 0, { a ik upﬂMoyroannxa.'ﬂoxaaau,
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-

9T0 OpN HE3MeHeHAMH Beauunsnl k or 0 go + oo mpoofpas werseprodt
BEPIUHEL! OPAMOYTOAbHIKA MOHOTOHRO JIBIDKeTCA O rpaHmIe obnac-
T D OT TOYKH zp K TOYKE z3.

4°, Tycts D — oOnacTh, orpaHMYeHHAA KOHEYHBIM 9HCJAOM IIaf~
KIOX B3aMRHYTBIX XpHBBIX, 8 @({) — HempepoIBHAA pJeiflcTBHTEAbHAR
dyHKOuA, 3agaHHan Ha ee rpaAnue. OGosHaguM wepes A MEOMECTBO
IeiicTBATennbHbIX ByH:IHE u(z), BempepuIBHHX B obilacTk D m pas-
HBIX @(%) Ha ee rpaHsue. IIpenmonomuB, 9170 B KiIacce A ecTh "XOTH
Obr 0Ha (PYEKIUA Uo(Z), ZAA KoTopoil nﬂ‘rerpa.n

Y Bug \2 6u
D

KOHedeH, 0KAa3aTh, 9T0 HaWMeHbLUIee 3uaueHne [(u) JocTiuraerca A
pellieEuA 3agaun Jupixae ¢ rparugHoil gyarmnel ¢(§).

§ 2.2, MHrerpaa Hyaccona

Mo nposemem cefivac Gosee HompoGHOE HMCCIeROBAHUE
sagaun [upuxne HIA caydas, Korga obmacts D aABagerca
eJUHIMHBIM KpyroM. Mbl moaydmM pia 3Toro caydaa He-
CKOJILKO Goslee TOHKHE peayiabTaThl 110 CPRBHEHMIO ¢ OOIIM
caydaeM. HpoMme Toro, Haloy HCCAEHOBAHNA NIPEACTABIAIOT
He3aBICIMBIA DHTepec, TAR Kak Mbl He OyAeM omHMpaThes Ha
Te rayGokde o0illife Pe3yabTaTLl, O KOTOPHIX TOBOPMUIOCH B

mopesbiayinemM naparpade.

Nycre g(6) — npousBosLHAA OTpaHMIEHHAA H3MepHMand
$YHKIHUA, oNpEfeleHHAaA Ha BCeil [eHCTBUTENbHOE oOcH n
nmetoman nepuop 21, Ilo dymxmuu g(8) ME ompenemsim
dyuxuoio u(z) (i)opmy.wloiz'(2

2n

1—r2 \ g (0)do

u (re"“’) = o 1 r2—2rcos (CP — e)s r<i. (1)

9ta ¢opmyaa uasviBaerca gopmyaoti Ilyaccona unm uxre-
epasox [lyaccona nan kpyra |z] << 1.
Teopema 2.2.4. Pyuryus u(z) 2apMoruuna & Kkpyze
{z] << 1. Ecau gynryus g(0) nenpepviena @ rouke 6 =0/,
70 u(z)— g(0’) xoeda rouka z cTpemurca K rouke e“"locm-
eascv @ kpyze |z| < 1.
. HoxkasarteabcTso. Beenem o6osnatenne

(1—r?) g () .
1+ r¥—2rcos(p—29)

K (reiv, 8) =
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Ha paBencrsa
’ - 2 i0 {p
5 i—r —=Re-2_1T
1+ r2—2rcos(p—8) ei0 __ pgi®

BUAHO, 9T0 QysKuua K (z, 8) apasetca rapMoniYeckoi Pynk-
nuek z B xpyre |z| << 1, Kak feitcTBuTembHasm 9acThb pery-
napuo#t B 5ToM Kpyre ¢ymnum. Ilostomy u ¢pymrmua u{z),
noiydaeMafd HHTETPHPOBaHHeM IO Napamerpy 0 rapmounue-
cxoit pymxnuu K(z, 0), rapmMonndna B ToM e Kpyre. Ilep-
BO@ YTBeD;KMeHUe TeopeMbl [OKA3aHO.

Jasa morasaTedLCTBa BTOpOro YTBep/KAEHHA Mbl 3aMeTHM
cravana, 410 gaa r << 1 nmeer Mecto gopmyaa

on
1—-r2i1 dn .
2n 1 r2—2rcos(q:—6)__1’ (2)
0

JIerKo [oKaabiBaeMasd HeNOCPeJCTBENHBIM BLIYHCIEHIEM HH-
Terpala (HampuMmep, ¢ IIOMQIIIBIO BLITeTOB). B cumay sroir
dopmyIBl UIMEEM

20

. (9 —
u(rete) — g (¢) = Y T '—2rcf)s((ﬂ)p-—9) do.

o,

Hockoabky mETErpan or uepuommecuoﬁ QYyHEKOMA DO mepmn-
ORY He 3aBMCHT OT MeCTa, ¢ KOTOPOr0 HaYNHAETCA UHTErpH-
poBaHMe, MOKHO HAMHCATh

n
_ 1—r gloLoa)—g(g) '
u (reiv) — g (i) = n_(i LN

Boasmem npomsBonbHOe umcio §, 0 <8 <n # pasobrem
OpPOMEKYTOK WHTErPHPOBARMA HA TPHM OTpedka: —d<Sa << §
% 8 < |a| < n. Beenem o6oaraverus

1(8, ¢) =l§‘u<glg (¢+a)y—¢g cp)_l, M = sup|g ()]
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Haa materpaia oo orpesky (— 6, 6) umeeM omemry

8
t—r2 {glat9) —g(q) ~
T 5 TFri—2rcosa da| <<
[¢]
1— 2 det
(5, 9 : 5 1+ ri—2rcosa <n(5, o)

a Aan CYMMEBl HHTeEIrpajloB 110 [ABYM OCTaBIUNMCA OTpe3raM
JIlerKo moay4daeM HepPaBCHCTBO

S| RS o <orrl<ontsE
Hoatomy

Julretn) — g (@) | < n (6, ¢) + 2M- 157 3)
lockonbKy

16, @)+ lg(¢)—g(8") | <20 (6 + |@— 0], 6)
MBI BRIBOUM H3 (3), 4TO

fu(reiw)— g (0) | <2 (8 + |0 — 0 L0) + 20122 (4)

Ecan 0 — rouka mnenpepomroctn  ¢yurguu g(6), To
n(e, 0 )—»O npu e—>0. Iloaromy, mnonomus B (4) 6 ==
= (1—r?*)", MBI nerso MoJyusyM BTOPoe yTBep#eHHe Teo-
peMsL.

3ameganue Ecay gua Ppymkouu g(B) umeior Mmecto
HEPaBeHCTBa

m<g(6)<HM, —o0 <0<+ oo,

10 w3 $opMyasl (2) Jerko BHBecTH CIPABEgIRBOCTL Hepa-
BEHCTB
m<u(z)s M, <.

W3 goxazaHHO# HAMM TeopeMEHI BHITEKAaeT, .9To MHTErpas
ITyaccoma pmaer peimemne oGoOujenHO# samauu dupuxie B
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Kpyre |24 <1 ¢ rpanuunoit ¢ymxmueir () = g(8).
(EnMACTBeHHOCTL pelleHHA TpebyeT OTAENLHOr0 HOKa3aTelb-
crBa. MBI JajuM 3T0 OKA3aTCNLCTBO B CAEIYIOMEM mHapa-

rpage.) '

B cBasit ¢ Teopemoit 2.2.1 ecTecTBeHHO BO3HHKAET BOIPOC
o nosepeHin uHTerpajda llyaccoma BOsm3m TOUeK paapbiBa
¢yrxnun g(6). Cirenywoman TeopeMa B 3HaunTensHoli Mepe
OTBeYaeT HA 9TOT BOMPOC.

Teopema 2.2.2. Hycre gynkyus g(0) umeer e rouxe
8 = 0’ pasprie nepsozo poda u

A+ = lim g(0), A-= lim g(®).
0—-+6'40 8-6'—0

Tozda pyrnkyus

uy () = u () + 2—L arg (z — ¥

71
(6 kauecree alg(z—e*e) gvl6upaeTcs npouU3GOAbHAA €€T6b
37Ol MHO203HaUKOT PYHEYUL, HEnpePbleRaa 8 KpYyze |3] <C
< 1) crpemurca k nexoropomy npedeay npu z— e,
HoxasarteabcTtBo. PaceMoTpum  BcmoMoraTenbHyIo
dyrrnuwio g*(0). Upu & —a <8< O 4 n mm ompegeaum
ee paBeHCTBAMH

g*(e/) = 0; g*(e) =g(9)'—A—v 8 — <8<y
6’*(6)=£’(0)—A+, 6 <00 4 1,
a 3aTeM lepPHOANTECKH MPOROHM HA BCIO AeHCTBHUTENLHYIO
och. Jlerio BupeTs, uto Pyrxnua g*(0) HempephlBHa B TOU-
xe 8 = 0. O6ospauum wepes u*(z) nurerpan Ilyaccona, no-
crpoennnit no gyskmun g*(0). C momouero Gopamyasr (2)
HeTpYEHO y0eauThed, 4TO
u*(2) = u(z) — At 4

9’

R e de
At — A7) o 51+r!-—-2rcos(cp—9)

8'—n
(aaech, ®ak ofBTHO, 2 == re®). HOCKOJILKy

{—p Gy w’e
TFrA—2rcos(g—0) = Re> L 2]“‘ T,

- v

—1,
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MBEl JIETHO HaXO0gUM, 4TO
0 8’

f—r? j“ 49 1 m de® 1
2n 1+r2—2rcos(¢g—0) =n 40 _z 2
'—n §’—mn

1 1 e —
= "—2‘+ ?K—IIII 1n;§:-;——

= % + 2v + %arg (z — ei8) — T_it-arg (z 1 €8,

rae v — HeKOTOpoe meloe wuciao (B 3Tux dopMmynax maa Jo-
rapudMa BHIOUpaeTcA BeTBb, peryimpras B Kpyre |z] << 1
U paBHaa Bymo mpu z = 0, a gua aprymenToB — mobasa ma-
pa BeTBeit, HempepHIBHELIX B Kpyre |z| << 1; wucio v ompepe-
AseTcAa BHIGOpoM 8T10# maphr BerBedt), OTcloga MBI mOTydaeM
ana GyHEROUE ug(z), BBeJeHHOH B (OpMynIHMPOBKe TEOpEeMEI,
BEIpaREHHE

u, () = u*(z) + ff—;—A—— arg (z + e®’)
44 A v (AF — A7),

Iockonbky ¢ymrmua g*(0) HeupepsiBEa B TOURe 0= 0,
¢dyuxnua u*(z) mo teopeme 2.2.1 mmeer mpegea upm z—-ei?’,
OcranbHEe claraeMble BbIpOKEHNA [uA ;(z) O09eBHIHO
Tare MMelT mpeged. TeopeMa HOJHOCTBIO JOKAa3aHa.

daMeTuM, 4TO BHYMCIHTH Opefed, K KOTOPOMY CTPEeMHT
1
ca dpyuruma u; (z), He cocrasiasAer Tpyaa, OH paBeH 7A++

+ 2v'- (4t — A~), rme v/ — HexoTOpoe heroe UHCIO, 3aBH-
cAmee OT BEIGOpA BeTBHM apryMemTa. -+

B xavectse mpuMeHeHUA [OKA3AHHBIX TEOpPeM MEl pac-
CcMOTpHM celigac Bompoc 0 HMOBeJeHHH IpoM3BOAHOA KoEOD-
MHoro otofpaskemmsa B6aMaum TpaEMUb oToOpasmaemoi obaa-
ctu. Bes ocoGoro orpammuenus oO6mHOCTH MOMKHO OrPAHH-
9UTHCA JUIIL OTOOPaKeHUAMHU ONHOCBA3HBIX obmacteil.

Hycrs D — womeunas ogHOCBA3HAA 00JacTh KoMOJIeKcHOM .
IJIOCKOCTH 1, OTPAHMYeHHAA HpOcTO#l 3AMKHYTOH KyCOYHO-
rmagrod xpusoit €., Hax oGsIuHo0, ME cuuTaeM HampasieHue
KpuBO# ( DONOMUTeNbHHM IO OTHOMICHHI K obnactu D, T. e
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OpH IBHMKeHHM Oo Kpusoit € obmacts D goakHA 0CTaBATHCH
caeBa. OGosmaumm dwepes w(z) Karylo-mubo QyHKIuIO, KOH-
dopuro orobpamatomywo kpyr |z| << 1 ma obmacrs D. Cor-
JaCHO MPUHOULY COOTBETCTBUA I'DAHHI 3Ty (GYHKIHKIO MOKHO
CYUTATH OmpeNeNeHHOH ¥ HeNmpepsIBHOH B 3aMKHYTOM Kpyre
|z] < 1.-Acuo, aTo ypaBreHie

w=w (e, 0<0 <2

MOKHO paccMarTpHBaTh Kak NapaMeTpHYeCKOe ypaBHEHHe
xpusoit C.

Mui  ompegemmm cefe‘mac HeKoTopyw ¢yurmuwo k(8),
3HaYeHNA KOTOpOH paBHBI YIiIy HAKJIOHA KacaTelbHOHl RpH-
Boft C B Touke w(e'®) K geficTBHTeNBHOH OCH, €CIH TOUKA
w(e'®) He aABiAercs yruoBoir Touko# Kpusoit C. TpymmocTi
ompefeseHHsA CBA3AaHBl C HEONHO3HAYHOCTHIO B BHbOpe aHua-
9eHUA yrja. : .

Crauana maguM ompefeneHue rbym\mm h(B) ma marom-
nu6o oTpesKe, He COmepKallieM YIVOBLIX Touer KpuBoj C.
BriGepeM mpoH3BOIBLHYIO TOUKY 00 M3 3TOr0 OTpe3Ka M IONO-
UM

h(80) = arg ©(8o),

rae T(0) — KOMIJIeKCHOe 9HCI0, COBIANAoNiee ¢ eIHHUIHBIM
BeKTOPOM KacaTenbHO# K kpuBoi C B Toure w{e™). fcmo,
9ro BenuuuHa h(0p) ompemensieTcA ¢ TOYHOCTBIO o ciarae-
Moro 2mv, roe v — ueaoe umncesao. Toit me opMymoit Mul om-
peneanm seamunny h(0) m mis mo6Gofl Apyro# TouKM oTpes-
Ka. JlomOJHUTEeJLHOE YCIOBHE HEIPEPHLIBHOCTH, HAJOMKEHHOE
Ha QyEKuuio h(0), MO3BONMT HaM ONpeJenuTh (YHKINIO
h(0) exnHCcTBeHHEIM 00pa3oM mo BHIOpaHHOMY 3Ha4eHHIO A (By).
Uro6sl oKOHYaTeNbHO ompefenuTs dyurmuio h{0) =Ha
Bcell meMCTBUTENBHON OCH, MH [OJGKHBI Temeph 3afaTh ycJo-
B HA €8 CKagKu B yriIoBBIX Toukax kpusoii C, Mm morpe-
OyeM, 4TOGH BeJIWUMHA CKAYKA OBLJIA PaBHA & — T, IfIe O -~
BrHemmENE yroa obmactu D B cooTBeTcTByOmed yrioBod TO9-
Ke (BeJMUWHA 3TOr0 BHEIUHETo yria ONpefelifeTcA eguHCT-
BeHHBIM 00pa30M — MBL cuuTaeM, 110 0 < a < 2n).
Teopema 2.2.3. Pyunyus -

u(z) = arg w’(z)

Asaferca pewenuen sadawu Jupuzae ¢ kpyze |z| <<{ daa
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. 2PAHUNKOT PyHEYUL

Pe®)=h(0) —06—I, 0<8<2m

(Har gyuryus ¢ (§), rax u Pynryua u(z) onpedeasrorcs
C TOYHOCTBIO 00 caaeaemozo, Kparwozo 2m. ru cadzaemble
doanrel GblTb CO24ACO8AHDL,)
HoxasareabcTso. BossMmeMm mpoussonsuoe € >0
paccMoTpIM PYHROHIO
w (zew) —w(z)

fe(2) = In'—z;w———.

-—2

B cuny opwomuctmocti ¢ymxmum w(z) B wpyre |z} <1
SHCAUTeNb ApoOH, CTOAMEH IOJ 3HAKOM Joraprngma, MoKer
ofpaTuThCcAa B HyXb ToAbKo Hpm 2 ==0, u 3Haduenne IpobH
npun z =0 raxme oTAHYHO 0T HYIA. ClefoBaTenbHo, PyHK-
nus f,(z) perynspra B xpyre. |z| << 1. Wz npurnuna coot-
BETCTBHA TIDARHUIN BHITEKAaeT, YTO 3Ty (DYHKITID MOMKHO CIH-
TaTh HeOpepEBHO# B 3aMKHyToM Kpyre |z| < 1. IToaTomy
dyHKIIA .
wpl
e (5) = I f, (2) —arg £ )= )

- e —12
rapMoENTHA B Kpyre |z| << 1 m mempepsiBHA B ero 3aMHIKa-
mui. Ortcioma caeayer, 4To byHruua u.(z) ssaseTcA pelie-
HueM sagauu Jupuxne B kpyre |z| << 1'¢ rpamudnoii dyuk-
muen ‘

w (188 _ 1 (£18)

% (619 = g: (0) = arg gy

Msr oTMmeuann, uTo peileHmne 3ajaim [UpHXJe ¢ HempepsIB-
Ho#t rpamnuHOi (yHkmued egmucTBemHo. [loaromy dyuruns
u.(z) cosmagaer ¢ umHTerpatioM [lyaccona, mocTpoeHmhM mo
¢yurnun g.(6), To ecTh CHPABCIINBO PABEHCTBO
on
. w (2¢®) — w (2) 1 — rzj g (0) at
arg z2e'% — 3 = T 1+4r?—2rcos(p—9)° ()

Tlepefinem B paBeHCTBE (5) K mpejieny opu e—0. B nesoi
CTODOHE MHl HofTydaeM, oueBugHo, arg w’(z). Ana OTHCKAHUA
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Oopefiea UpPaBOl 9acTH paBeHcTBa (D) RamHmIeM COIVIACHO
onpeneNeEnIo

g:(0) = arg{w(e"®*¥) — w(e®)} — arg {e®** — €'°}

(ana ofomx ujeHoB B mpaBOil FacTH MBI BhIOHpaeM Hempe-
peiBEBe 10 B BeTBM apryMmemta). Jlerko mpoBepuTh, 9TO

lim arg {e¥®+®) — ¢i0) = ¢ | —1—21— + 2nv,
e=0 -

rie v — HeKoTopoe uejoe uucao. Ecan touka w(e®) me as-
aserca yraoBoil Touko#t Kpuso#nt C, To npexesn

lim h, (8), (6)
e—»0
rge
he(8) == arg{w(e'“*¥) — w(e'®)} (7

cymecTByeT M oTauvaerca oT h(0) ma caaraeMmoe, RpaTHoe
2n. 310 caegyeT u3 Toro, uto sHavenne Qyurmun A (9)
PaBHO BEJIMINHE YIia, 06pasOBAHITOrO HOJOMHTEIbHbLIM Ha-
npaBlienHeM OelcTBHTeNbHON ock U ceKymell kpusoit C, umy-
meit 13 Toukm w(e'®) B Toury w(e’®*¥), a upecjeanHbIM HO-
JomeHMeM TaKofl cerymien upu € — 0 siBrAeTca KacaTejbHad
K kpusoit C B Toukre w(e'’®).

flcno, uto mpemea (6) cyumiecTmyer pasuoMepno no 6 Ha
KamaoM 3aMKHYTOM oTpeske /, He cofepiauieM YrIOBHIX
ToueX KpuBo#t C, m 9T0 2TOT upejesa— HelpepblBHaa Ha [
¢yarnua. HosroMy ua ramgom TaxkoM orpesxe / cupasegiu-
BO paBeHBCTBO '

lim g (8) = & (B) + 2nV/, (8)
e>{0.

rie nexoe IMUCIo v/ HE 3aBHCHUT 0T TOYKM oTpeska I,

PaccmoTpum Temepb yuxnuio A.(0) #a OponsBolbHOM
orpeske I. Ilpm mwbom e >0 sra ¢ymkuua HempepoiBHA.
Beenem senuaury V.(/), paBuywo pasHocTH MeKAY HauGOMb-
muM W HAMMEHbIUMM 3HAYeHwaMH QyHEOUE k. (0) opu
yeaosn, uto ofe Toukm e m e °*® geswar ma orpeaxe [
(B cayuae, Korga & Goablue pAuEbLl orpesxa I, Mer BynmeM
cunrarb, ato V,(I) = 0). Ua reomerpudeckux coobparenuii
O4eBHIHO, UTO IPH yMeHbIIeHUU & Beaadmpa V,(/) me y6wI-
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Baer. Ha manoix oTpeskax I xpusas C Majo OTIHYEETCHA OT
cBoeit KacareapHOll miam oT yria, o6pasoBAHHOIO JBYMA Ka-
caTeJbHBIMU B yrioBoil Touke. IloaToMy mpu mocraroumo Ma-
JasIx oTpeskax / u mpm Bcex & >> () copaBeMIHBO HepaBEHCTBO

0<V.() <. )

Msr yecramoBummn, 9to mpepen (6) cymecrsyer mna Bcex
0 3a uckIOUeHHEM, MOMKeT ObITh, KOHEUHOT0 dHCIA TOYER,
OTBEYAMIIUX YIVIOBHIM TOUKAM KpHBOH C, mpiudeM Ha Kam oM
3AMKHYTOM OTpe3Ke, He cofgepsKallleM VYIJIOBEIX TOUeK, Ipe-
gea cyuiecrsyer pasHoMmepHo mo 8. llpepensmas ¢yHruus
onpefelieHa, TAKHM o00pa3oM, OAA Bcex 6, 3a MCRIOGeHMEM
VIJIOBEIX TOYEK, M Ha Kas/KIOM UHTEpBaJe MEMRAY yTIOBBIMU
TOYKaMyl lpefenbHas (QYHKIHA oTaHIaeTca oT 2(0) Ha mo-
CTOSHHoe ciaraemoe, kpaTuoe 2n. Ha mepaBenctsa (9)
BHITEKAET, 4TO BeJUUHHA CRAYKA MNPefeNbHOH (YHRHHHI Ha-
XoguTea B upepenax oT —m go n. CommacHo onpepeseHIO
BeNMUYHHA CKAYRA y Gyermuu A(P) obnamaer Tem sKe CBOMH-
ctBoM. OTcropa cieayeT, 4To upefetsHas QYHKIIA Bo Bcex
TOYKaX HempPepHBHOCTH OTIAMYaeTcA orT A (0) ua omHy u Ty
e HOCTOAHHYIO.

Hraxr, Mb1 yeragoBIntm, 910

ge (0) >k (0) —0—F, e,

npu¥YeM CTpeMieHHe K IpeleJy paBHOMEPHO HAa OTPE3Ke
[0, 2n] sa umcwmIOYeHHEeM CKOTbL YrOAHO MaJbIX OKpECTHO-
cTelf KOHEYHOrO YHCIA TOUER; B UTO

[ge (8) | <M < oo, 80, 2n,

rae M — mexoTopoe uYMcI0, HesaBucaIee orT €. lloaTomy,
nepexoga B dopmyne (5) ® mpedeny upu e—-0, Mpl mOIy-
4aeM, 9TO

2n

argw’ (z) = 1'2':2 S‘

R(B) —0— 5
14 r2—2rcos(p—

iy de -+ 2Zmv*,

Tem caMbiM Teopema pHoKaszaHa, u00 Mb 3HaeM, 4TO
materpaa IlyaccoEa gaer pemieRue sagasu upuxie,
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© 3aMeTuM, UTO MBI [JOKAa3aJu jame HeMHoro 0ojblie ofe-
IMAaHHOTO — NpeACTaBUMOCTs (yHKIHM arg w’(z) Hurerpa-
Joxm Ilyaccona uepes yrasanmyio rpaHmdnyl GyHROHIO. ITO
pasanyile He OYeHb CylIeCTBeHHO, TaK KAK BCKOpe MEl Jl0-
KajkeM eJMHCTBEHHOCTb pemlenns obobmenBoll 3agaun
Hupuxae. Tem me MeHee asror danxrt 3acayKHBaeT ymoMHHa-
HIA, TOCKONbKY OH [aGT HAaM BO3MOIKHOCTL YyiKe ceiiuac ¢
IOJHBIM OCHOBaHIEM HPHMeHATL TeopeMy 2.2.2 JIH HcCTe-
Ropauid oTobpamawmell Qydrmun BO/M3N YIVOBBIX TOUEK
TPAaHIIBL,

3aMeTHM ele, 10 HCOOJMb3YA Te e HIeH MOMHO ObLIO
65 OpH sKeJdHWW NOKasaTh CIPaBeJUBOCTL TEOPEMH 22.2
Opu 3HAUHTeNbHO Gonmee cIafplX MpemosnoKeHHAX O IPAHI-
ne obxactu D.

Teopema 2.2.4. Hycrv D — koneunan obaacrs, ozpa-
HUHEHHAR NPOCTOU 3AMEHYTOL KYcouno-2Aa0KOl XKpueoil, a
w(z) — Pynryua, Kongopuno orobpaxarowyan rpyz |z| <1
na ary obaacts. Ecau roura w(el’) asaserca yza060i
roukoil obaactu D, a anyrpenHuil yzoa e aToll TOuke pageH
nh, 0 << A <2, 70 geqaununa

arg {u' (z) (z — £19)1=7)

umeer npedes npu T—+e% no awbomy nyru, aexawpemy
¢ kpyee |z] < 1.
Horasarteans creo. CormacHo Teopeme 2.2.3 uMeeM

1—r22:'rI h(ﬂ)—-ﬁ—%
, .
argw’ (z) = T j

1+ r2—2rcos(p—0) 40,

rae $yaxmuaa h(0) pasHa apryMenTy egMHHYHOLO BEKTOpa
KacaTenrbHoit K rpaminme oGmactu D B Touke w(e®), ecau
KacaTelbHad B JTOH TOYHe cymiecTByeT. ITa (YHKIMA HE-
mpephLiBHA Ha Kay{IOM OTpeske, He copep:KameM Opoobpasos
YIIOBEIX TOY€K, a B mpoobpasax YIMOBHIX TOUeK 3Ta QYyHKIMA
HMeeT CKAdY0K, PABHBIL & — 7, TAe O — BHEWIAHH yrod o06-
nacty D B coorBercTBylomeil yriaosoir Touke, Ilpumerum
TeopeMy 2. B cmay crasamHoro shime

At —A"=a—n=(1—Mn,
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TAK YTO BETHUYHMHA
arg v’ (z) .+ (1 —A)arg (z — €i®)

TOMKHA MMeTh mpejed npm z— €%’ mo awlomy umyTH Jne-

samemy B kpyre [z| << 1. Tem caMbiM Teopema ToKa3aHa,

TAaK KAaK HamHCAaHHOE BBIpa’KeHHe Jerxo mpeobpasyeTca K

HY/KHOMY BIHJIY. : : ‘

Crour ocofo BeIIeanTh cayTait A = 1, 1. e. cayuai, Kor-
ma TouKa W (e'®) wme saBmAeTcA yIrIOBON TOWKOMN rpaHMIBI
obractu D, a mesmuT Ha TTafKOM Y9acTKe IDAHULEL

Cuaegcraue. lycrv D u G — koneunvle obaactu, kaxc-
daa u3 KOTOPHLT 02panUuena npocToll 3aMERYTOU KYcouHo-2aa0-
kol wkpueol, a F(t) — fyuryus, rongopmno -orobpaxaro-
wan G na D. Ecau roura a u ee o6pas b= F(a) nonada-
0T HA 24a0KUE YHACTEU 2PAHUYLL COOTEETCTEYHUWUT 064a-
creti, To eeaununa argF’'({) umeer- npedes npu t—»a no
arobomy nytu, aexcawyemy 6 obaacru G,

Jlns noxasaTelqbeTBAa CJACTBIA Mbl OPeJCTABHM WHTEpe-
cyiomee Hac orobpamenne w = F(t) B suge w = w({(?)),
rie § = §(t) — otoGpamenue obmactn G ma xpyr |G| < |,
mepeBofAAINee TOUKY {==a B TOUKy § =1,a w=w(f) —
otobpamenune Kpyra |§} << 1 ma obmacts D, nepesopamiee
rouky § =1 B Touky w = b. B cuay teopeMs Pumana Ta-
Koe mpejcTasienme Bcerga BoaMoncno. Dyrruuu, obpartuse
k §(¢) u w(l), Ma ofosmauny uwepes £(§) u z(w) coorser-
CTBEHHO,

Ilo Teopexe 2.2.4 nyeem .

arg t/ (C)-—»A, L1, (10)
argw’ (L) — B, -1

Coraacro dopmynam auddepeRUIIpoBaHAA cnoKHuo# GyHK-
mud g oGpaTHoll QYHKIHI MBI MOMEM HalCcaTh
1 1
¥ t)) = 7 F{t)y=uw’ 1) 5.
B cmay unpAEUADAG COOTBETCTBHA [pPAHHI YGIOBHE {—-a 0O
roGoMy OyTH, JdesKameMy B oGaacTH (, PABHOCHIRHO YCJIO-

a0 §{— 1 mo nobomy myrm, memamemy B xpyre |§| << 1.
CpenaB B cootHomennax (10) sameny { = [ (), M Jaerxo

OOJTYIUM, 9TO
' arg F’ (t)— B — 4, (o

Ten caMblM_ CleJcTBde JORa3aHO, -
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3amMeuanue. Bce mpemmosomenus o xapaxrepe rpa-
Huge obnacteit D ¥ G 3a BcHAOY9erHMeM CKoJAb YPOAHO Ma-
JABIX OKpeCTHOCTed TOYeK @ M b WM3NWIUAM, TaK KAK MBI
MOKeM OTPaHNUUTBLCA paccMOTpeHMeM O0ToOpameHud (QYHK-
nueit w = F(t) nume Maloi OKPECTHOCTE TOYKM ! = a.

3aMeruM Temepb, 9Yro caydgail, rorga A > 0, moBoaBRO
OpOCTO CBeCcTH XK ciywalo A == 1, cfenaB BcmoMoraTejdbHOE
orobpaeRile

>

4= (w—b)"

PesyarTupymoimee otobpamenile
1

3(2) = (F (1) — by"

GyxeT B3aUMHO OJHOSHaYHO o KOHQOpPMHO B HEKOTOpOM
JOCTATOYHO MaJioil OKPECTHOCTH TOYKN ¢ ==« (TOYHee rOBO-
pA, B IepecedeHiln 3Toik okpecTnocTH ¢ obaacthio G). Ilpm-
MeHAA CJe[ICTBlle 113 TeopeMbl 2.2.4, MBl HOJyYaeM, 4TO

rd

!
arg{F’ O (F (@) — b)'A} - A* 10 (11)

Bosubmenm B rkawectse obmactn G rpyr |z] <1, a B ka-
qecTBE ¢ — TOYRY 2z == ¢!’ u cpanunm dopmyny (1!) cana-
aorugHo# gopmwioil Teopemur 2.2.4. llecnomupiMu npeobpa-
B0BaHUAMH MbI mpliteM K dopmye

; —w('®
e

IpoBems paccysiaeHus, COBepHIeHHO AHAJOTHYHHE TeM,
KoTOphie OBINM HCHONB30BAHEI NP JOKA3AaTeNLCTBE CleACT-
BHA U3 TeopeMbl 2,2.4, Mu IOJIyYUM CHeRyIOUINH peaynbTaT:

Teopema 2.2.5. Ilycrv D u G — Koneunvle obaacru,
Kaxdas ua KOTOPHLLL O2pAHUYEHA NPOCTOU BAMEHYTOU Ky-
couno-zaadkotd kpusot, a Ww(3)— PyHrylts, KOHFOPMHO
orobpaxarowyas G nHa D. Ecau Touka z=a u ee ofpas —
TOuka W = b = w(a) A64R0TCA YeA06bIMU TOUKAMU 2PAHU-
yo obaacteii G u D ¢ enyrpennumu yeaamu np >0 u

-
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nh > 0 coorsercreenno, 7o geautUna

f (w (2) — O)M
arg { ————
Bl e—ar
umeer ‘npeaezz npu z—>a no awobomy nyru, sexcauyemy ¢ o6-
dacru G,

Hs Teopemm 2.2.5 B coueramum ¢ ¢opmyroft (11) Mb
HeMeJJIeHHO HOJYyYaerM HeCKodsKo Gojee ofbmyio dopmy
TeopeMbl 2.2.4:

Teopema 2.2.6. -flpu svinoaneruu ycaosut Teopembl
2.2.5 ge.tuyuna . '

arg{w’(z) (z — a)*™'}

umeer npedes npu z—a no awbomy nyru, aexcauemy ¢ ob-
aactu G.

YraoByo- TOUKY TPaHNOH 00JACTH ¢ BHYTDEHHHM YIIOM,
PaBHEIM HYJIO, MBI 0yIeM Ha3hkIBaTh ocrpuem. B oTamume or
Teopemnl 2.2.4 Teopemst 2,25 m 2.2.6 copaBeAnuUBEI JNHIND
IS YIUOBBIX TOYEK, He ABIARUUIXCH ocTpiamu. daa momy-
YeHusa TeopeM Gonee o0utero BuAa, OTHOCAMIMXCHA K OCTDHIO,
waM OyneT yaoOHee pacCMATPHBATh CJayd4alf, KOrga ocCTpHe
PaCcHOJIOKeHO B GeCKOneYHOCTIH.

Teopema 2.27. Hycro kaxdasn uas obaacreit D u G
oepanunena na cepe Pumana npocroll 3amrnyTol Kycouro-
2aadkoll wkpueol u umeer 6 Geckoneunoctu ocrpue. Hyctey,
daaee, w(z) — Ppynkyun, koHgopuno orobpaxarwyaen G Ha-

TaK, uTo G6eckoHeunocTy nepexodur 6 OECKOHEeYHOCTH.
Tozda deaununa arg w'(z) umeer npedes npu z—» 00 no AK0-
Gomy nyru, aexcauemny 8 obaacru G.

Hoxasartenscrso. Cuawana paccMOTpUM caydad,

a T
Koraa ofnacts G aBaserca moaocolt |Imz| < <~ & HHTepe-

cylolllee HAC OCTpMe OTBelaeT (ECKOHeTHOCTH, JeKalei B
upaBoil HOAYIIOCKOCTH. MBI ‘HOCTPOMM HEKOTOpOe BCIOMO-
raTeqbHOe OTofpajykeHue, KOTOPOe MO3BOJIT HAM IPHMEHHTD
teopemy 2.2.4. '

BoseMmem kaxyo-1rG0 TOUKY ¢, Jemamyio.BHe ofilacTH
D, u nonoxumM

-0 =u;(ln%-t-) —-c.
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Qyrknua 2=In— -H ; KOH(OpPMHO oroopamaeT kpyr [t] <1

ra momocy |Im zl <:—, a Pyurmua § = wi_ - KongopM-

HO orobpamaer obmacte D Ha HoHeurywo- obviacts D,
uMeromy®o octpme B Touke § = 0. IToaromy ({)ymunm L ()
xoudopMHO oTo6pasaer kpyr |t| << 1 ma obmacts D', mpu-
9eM mpooGpaszoM octpua § = 0 sABaAeTcA, Kak HETPYyIHO
ybemarbesn, Touka ¢t = 1. Cormacmo TeopeMe 2.2.4 mmeeM

arg{T' (=D} >4, a1, 1p<t. (13)
Uz toro, uto Touka § = 0 mpasercs ocTpueM, cjaegyer, 4TO

arg § (1) > o, t-1, 1t1<t, (14)

B MOCKOIBRY
, _ 2, 1-Lt) 1
£ (o) = — @ (10 ) L
Myl moayzaeM ua dopmya (13) u (14), =ro

arg w’ <1111+2)—>A*, t~1, 1<t

Yeaosue
t—>1, |[t] <{,

PABHOCHJ/IBHO YCJIO0BHIO

BelnfH >t oo, [ImlnpE| <,

g Mbl BHANM, 9TO BequuuHa arg W' (3) WMeeT mpefea u0pn
o n
z—>00 B HHTepecywlieil Hac momoBune mosocs |Imz} < -

Us dopmyast gna upousBogHoM oﬁpamon $yHKRIHH He-
Me/IeHHO BHITEKaeT, 4To ¥ BenmuuHa argz’ (w), rme z(w) —
$yurnusm, obpatHags Kk w(z), uMeeT mpeded OpH W—» 00 IO
a06oMy yTH, nemameMy B obaactm D. Orciofa, xak u upu
AOKA3ATENbCTBE CJAeACTBUA U3 TeopeMbl 2.2.4, MBI BHIBORUM
CHpAaBeIMBOCTh JOKA3hBaeMOil TeopeMsl B ee obmieit "¢op-
MYJAUPOBKE,
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JoxasanEble TeopeMbl WMET OOJLLIOe BHaYeHHe JJIA
HCCTeA0BAHNA ACUMITOTHYECKOTO IOBEACHHA KOHQOPMHOIO
oTofpassennn BOausm rpauupbl obmacTH. B merotophix cay-
YasgX OHU HEIOCPeACTBEHHO AAal0T HeoOXOAUMEIA pesyabTaT,
HO 4Yame HeoGXOJWMEH JONOJHHTETbHBIE UCCHeJ0BAHHA, OT-
HOCAITHEeCH K IoBefenuo Beamuuen |w’(z)|. Hecroanko
HIPKe MBI OpOBefeM 3TH HCCJAeJ0BAaHUA NJA Hambomee JMHTe-
PECHOTO CJIy4Yaf, KOIfa YIJOoBad TOURA TIPAHUIE ABISETCH
oCTpIIeM.

SAJTAYN W NJOMNOJHEHUA K §22

1° Hycts u(z) — QyHROUA, TAapMOHHUECKAA B NpPaBOil Hoxyuioc-
KOCTH U HeUpepLIBHAA BIIOTH J0 MHUMoH ocg. Jloxasath, 910 ecan
YHRINA u(z) yOOBIETBOPAET YCIOBUIO

u(z)::o(z)’ z—0, Rez> 0,

TO JJIA HOe HOMeeT MeCTO IHTerpajJbHoe UpeJCTaBJAeHHe

x>0,

z s u (i&) dE
u<x+iy>=—,;5 P b ool

2°. Ilycts u(z) — QyHKIUA, TapMONHIecKas B TpaBoif momymIOC-
LOCTH, HempepslBHAA BIFIOTH JO MHEMOH 0CH I YNOBISTBODPMIOUIAN
YCJI0BIIO

u (2) = 0'(a), 2o, Rez>0,

a A(z) — RelpeprHBHO miﬁ)(bepenunpyenaﬂ mpn z > 0 GyHKOUA, ¥10B-
JI@TBOPAOIIAA YCAOBAAM

.

Az) >+ =, x'&}:—((xf)')-—-»o, & >+ oo.

Jlorasarh, 9T0 M3 PABEHCTB

o u(if) . u(—=if)
Jn ae =4 Mmoo g =8
BRITERAeT, 9T0
: Lou (ret®) A+ B 0
r}.lfw A(n 2 +(A‘B)E" <3

3°. Myere u(z) — QyArmmA, rapMoHMYecKaa B UpaBof mOAymIoC-
KOCTM U HEeNpepsIBHAA BIJOTH A0 MEAMOH ocu. JloKasate, 4To eCAd

7 M, A. Esrpados
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u(z) orpagu4era cBepxy B mpaBoii NOJAYMAOCKOCTH, TO

j‘ 1u SIEE: dE > — @,

§ 2.3. CyGrapmonunveckne ¢yurumun

Mycry U(2) — peiicrearenban QyRKIisA, oiipefeneHHAA
B BeKoTopoil ofmactn D KoMOIeKCHOR INIOCKOCTH, LpHYEM
TNA Hee [AONYCKAIOTCR BHAUYeHHMA, paBHEEe —oo (HO e
+ oo). Qyurmmno U(z) smer 6ymem Ha3bIBaTh cyb2apmonu-
yeckoli B oGaactu D, ecan BHIMOTHEHB! CIEMYIOITUE YCHOBHSI:
1. Man xakgoro § & D cymecrpyer Takoe p = 0, aro

2n

t
vo<is | valal= waew)d
2t =p

2. Qynruua exp U(z) neupepsiBra 8 ofaacty D.

B crampapruom onpejeienunn cyorapmonnveckoii $ysk-
OAl BMeCTO yciaoBls 2 HCOONb3YeTCHA HECKONLKO Memee or-
PanUdIrTebHOC YC/IOBle HOMYHENPePHIBHOCTH CHH3Y. Hon
meneil NpHMEHEHIA K TEOPUM aHanuThdeckKuX ¢yRruuil oj-
Holi KOMIJIEKCUOH UepeMelnuoil BUOJAHE MOMKHO OrpaHuglTL-
cil H OpiBeNenublM Bblllle (oaee OPOCTHM YCJI0BLEM.

Hs teopesmsl o cpejgHeM MIA rapMomumyecknx QyHKmui
(eM. § 2.2) mnauo, wro ynkyus, sapmoruveckas 6 06.aa-
cru D, asanercs u cybeapmonuvecrotl 8 aToll obaactu HyHk-
yuet.

Bitguo Tarske, uto ecan @yuxuna U(z) rapmonuuma B
obnactn D 3a mcxmovenueM KOHeYHOro 4ucjia TOYEK, B KO-
TopbIx U(z) == — 00, TO 0Ha OHATbL-TAKH HABJIAETCA CyOrap-
Monmdeckol ¢ynkmued B obracTe D, mpu YyCAoBHH, UTO
upepex U{z) upn crpeMieHUHN Z K HCKIIOYHTEIbHBIM TOTKAM
CymecTsyeT M paBeH — 0o, [leHCTBHTeNbHO, yclioBHe 2 BhI-
OONHAETCA BBHMAY HNOCHeAHed OroBopKH, yciaosme 1 asTo-
MATHYEeCKN BBHIMOJHEHO B HCKIINYUTENLHBHIX TOYKAX H3-3a pa-~
BegcTBa U(z) = — o0 B 9THX TOYKAX, 4 B OCTAJHHBIX TOY-

Kax — Q0 TeopeMe O CpegHEM OJA FaPMOHHUYECKHX (bYHKILHﬁ.
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Ecan ¢ynxnua F(z) perynspra B obnactn D, To
In[F(2)| aBnseron rapmommueckoit ¢ymxnuedr Bo BCeil 06-
“mactn D sa uckmodesnem Ttex Touex, rae F(z) = 0. Ilpn
CTPeMJIEENH Z K 3THM MCKIIOYHTENLHHIM TOYWKAM MBI HMEeM,
ogeBnARo, In|F(z)| > — co. Cornacmo Teopeme eaMICTBEE-
HOCTH TAKHX HCKIIOYHTEALHESHIX . Touek (ecnm F(z) = 0)
TOJNBKO KOHeUHOe THCI0 B KaXKHo# 3aMREYyToll wacTH obna-
ctn D. Iloatomy cnpaBemiuBo ciefyiollee yTBepKeHIe:

Ecau pynryus F(z)- peeyaspna e obaacru D, ro pynr-
yua

U(z) = In|F(z)]

cybeapmonuuna ¢ obaacru D,

JTO yTBep:ifelie B 3HAYUTENLHOI amepe 00BACHAET 3HA-
qeHUe TeopHM cyOrapMomuuecknx GynKumil A1 OMEHOR,
OTHOCAIIIXCA K ANAJITHISCKIM (DYHRIIHAM,

Mu goramem ceilgac pag mpocreiinmnux csoficTs cybrap-
MOHIYecKUX QyHRI(II,

1°. Cymma (o Be pasmocTL!) deyx cybzapmoHuveckuz
8 obaacru D gynryull rarice sedserca gynryuet, cybeap-
Monuyeckoll @ arot obaacTu. YMHONEeHUE HA NROAOIKUTEAL-
HYI0 NOCTOANRHYIO TAKNe ocragaser GyHEYuio cybeapMoru-
ueckoll. )

HeiicTBiiTeNbHO, HeMOCPEACTBEHHO BUAHO, 9TO ycioBiia 1
n 2 BHIOEPKUBAIOT Ci0jKeRue (PYHRNMUII o yMHOMeHHe Ha
NOJ0IKUTENBIYIO HOCTOSIHYIO.

2°, Ecau gynryuu U,(z) u Us(z) cybetpmonuyune e 06-
aacru D, ro u gynryus R

U(z) = max{U.(z), U:(z)}

cybzapmonuuna 6 obaacru D,
JleficTBuTebHO, BHINOJIIEHIE YCJAOBHA 2 BBITEKaeT ©3
paBeHCTBA :

€U® = max {eUuD), eUx))

m #3 Toro (axra, 4T0-HauOOXbLIaA W3 NBYX HemPepPLIBEBIX
QyHEKnUN TakkKe ABNAETCA HempepsiBHOW. [ mpopepku ye-
-noBus 1 BosbMem mo6ele gomyctumele § uw . [Ipegnomomus,

7* ’
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ato U(E) = Us(E), rme k pasmo 1 IIJII.I 2, MBI HOJYYIIM
- o
U©)=Ua <5 | Un+ ey do<
’ 23
<2%§ U (£ + pe©) dg.
b

3°. Ecau nocaedosareavrocre {U.(z)} cybzapmonuue-
ckux & obaacru D gpymkyul rarxoea, uTo nocaedoearedn-
nocrs {exp U.(2)} pasuomepno cxodurca e obaacrit z K
npedeay V(z), to ln V(z) — cybeapnonuveckasn 8 obaacru D
Pynryua. ’ ) :

Iasa morasateabcTBa 0003HATNM Yepe3 E MHOMECTBO TeX
touek obGractu D, rae V(z) = 0, 9To MHOKeCTBO 3aMRHYTO
B D, Tar Kax 3 ycaoBus 2 BbITeKaeT, uTo V (2) — HempepbIB-
Has QyHrkua. Muokectso D\ E — 0TKpBITOR, M HAa Ramaoi
ero 3aMRHYTO# 9vacTH mociemoBatenbnocts {U.(z)} paBHO-
MepHO cxogutca. [na { & E ycnosue 1 Belmoanserca aBTO-
mariaeckn, nbo In V() =—oo. Ecan { =D\ E, 10 MomHO
Haitirn takoe p > 0, 4o kpyr |z — | < p aeswur B MHOMKe-
ctBe D\E; u Ha BCceM 3TOM Kpyre nociemoBatensnocts {U,}
pasHOMepHO cXopmurcsa. Torma MOHO oAauycate ycaosie |
ana ¢ysknnu U, U CcOBepIINTH Opejenbiblii Hepexos.

OcHOBEYIO poNL B HIpHMeHERIAX Teopuu cyfrapMoHive-
c¢kIX QYHKOUA HTpaer caeAYIOMIIA De3yNbTAT, HOCAIMMHA Ha-
3BaHMe NpHHIHOA MakKcHMyMa. O ero WacTHOM cay-
9se Mbt roBopuan B § 2.1 B ¢BA3N ¢ rapMoHIYecKuMu QyHE-
niamu. TaMm MBI -He CTAJNH OCTAHABIMBATBCA HA ero JoKasa-
TEIBCTBE, HO ceffyac MBI HOTOBOPHM 00 3TOM U AHAJTOTHIHRIX
€My pe3yJbTaTaX CO BCOMM MOAPOOHOCTAMH.

Teopema 23.4. Hyers U(z) — cybeapmoruieckas 6
obaactu D dynryua, a M — seprnas epand gynryuu U(z)
8 obaactu D. Ecau 6 raxoii-aubo touke obaactu D unmeer
mecro pagererso U(zg) = M, ro U(z) nocroanna & obiacru
D (u pasna M).

WNupiMu coBamu:

Cyb6eapmonuneckan fyrnkyusn, OTAUYHAR OT NOCTOAHHOLL,
re* moacer Qocruzarv HauboablUie2o SHAYEHUS GHYTPU O06-
4acTU. .
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Horasarenbcrpo. Paccmorpum mmomecrso E, co-
cToAmlee M3 TeX TodeK 0OJacTH D), B KOTOPHIX HMEET MeEcTO
paBeIicTBO U(z) = M. 910 MHOmecTBo 3amrHyTo B D, Tan
rak exp U(z) — menpeprieaag ¢gynrnua. Ecmr MHOKECTBO
E menmycro 11 oramuHo ot Beeit ofmactu D, To y wero Haiimer-
¢l TPAHITHAA TouKa §, Jemkanias B obmactn D. B cury sam-
rkayToctn MyomecTBa £ uMeem U(L) = M. Ilo ompeaeaennio
rPAHHTHON TOUKI CYHIeCTBYOT CKOJIb YILOZHNO Mamsie p > ()
Takue, YTO 14 oRpy:KHoCcTH |2 — G| = p ectn XoTam 6n opua
toura £ € D™ K. Ho D\E — oTRpBITOE MHORECTRO, TAK 4TO V
TouKIl & IMeeTcsH I HeKOTOpAas OKPeCTHOCTh, Jeialias 8
vrokectse D\ E, a Bo Bcex TOTKAX 3TOH OKPECTIIOCTH TOMN-
10 BHIMOJANATHCA mepaBenctso U(z) << M. PaceMorpmv
oxpysuiocTs |z — ¢} = p. Bo Bcex Toukax 3tofi OKPYHHOCTIL
cnpapesuiso nepasencteo U(z) < M, a ma HBI\OTOPOH ee
TyTe — HEePaBeHCTBO U(z) < M, Hoaromy

| U(e)|dz]| < Smp-M.

Ho
1

T s‘ U (2) l dz| < M.

[z=3]=p

M=UQO<

Honyuennoe npotinopedile HOKa3blBAET TeOpeMY.

OrmernM oapin Gojlee CHENNAJLHEBIT BAPMAHT NPUHIINIOA
MakcIMYMa, Imorga Gojee yvmoOmHBIT gig mpuMeHeHI.

Teopema 2.3.1*% Hycrv U{z) — cybeaprnonuyeckan @
obaacru D dyuryua. Jasa ecex suavenuti T, aemawur HA
epanuye 0D obaacru D, mur onpedeaux pynwyuro ¢(§) pa-
8eHCTEOM

@ (%) =@U(z>, teop.

Bo gceii ob6aactu D umeer mecro nepasencreo
U< sup @ (@),

npudem DAGEHCTBO G03IMONCHO AUWL 8 caydae, Kozda Pyrk-
yusa U(2) nocroanna 6. o6aactu D,
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Moxaszareancrso. OGosmawum gepes M BepxHIONL
rpanb ¢pymrmun U(z) B ob6nactu-D. CorracHo ompefeneHuio
BepXHeil TpaHd CYLeCTByeT IOCAENOBATEIBHOCTL- TOUER
2, €D, gua KoTOphIX

U(z,) > M, noo

Ilyery §o — karam-nu6o mpemedbHas TOYKA HOCIENOBATENb-
roctH {2.}. Ecan Lo < D, to Mpl monyyaeMm m3 TeopeMmbl
234, uaro U(z2)= M, n wotomy ¢ ()= M. Eéau §ry=dD,
To Mbl uMeeM @ (§o) = M, a amazur u sup ¢ (§) = A

an

Jorasaumbil BapuaHT OPUHULUOA MaKcHMyMa ygaoleH ellle
II TeM, 4YTO OH MO3BOJAET OfHO CYINECTBEHHOe YCHICHIE,
CMBICTT KOTOPOTO B TOM, 4To 3Hawsemnamu ¢yurmuua ¢(f) B
CIeTHOM UYHCJE TOYeK MOMKHO npexefpedsb, €CIH H3BECTHO,
4YTO OHH KOHEYHBI. ,

Teopema 2.3.2. Hyere U(z) u @(§) — re e, uto u
6 reopeme 2.3.1% a S — rakoe-aubo cuernoe MHOMECTEO TO-
uex zpanuyst 8D obaactu D, oTmocureavro KOTOpoU Mbl
6ydem npednoaazars, ¥T0 oA UMeEET XOTR 6bl OOHY BHEWHIOIO
Touky. llpednoaoxcui, uro

sup ¢ (§) < oo, -sup @ () =M.
aD an\S

Tozda 60 sceil pbaactu D umeer mecro nepasencreo U(z) <
< M, npuuem pageHcT80 BO3MONCHO AUWbL 8 CAyude, K020Q

dynryus U(z) nocroauna e obaacru D.
JloxasaTteascTBo, Ofo3mauum depes b Karyw-1ndo
BHeIIHWI0 TOIKy obaactu D, a wepes a, as, ...— TOUKH, 00~
pa3ylomme MHOMKeCTBO S, I ompemenus Bexuuunsl A, pa-

BEHCTBOM '
An=1+511pl—z—-=—a”—l-, n=1,2 ...

:ep 12— 0li

BoabpmeM mpousBosbHOe £ >> (0 H PAaCCMOTPAM BCIOMOTATEIb-
By QYHKLHIO
o0

- 1 (z—an!
Ue(2) U(z)+.ez zn.Anln ATz—b]

Herpymro yGepurses, 9To0 psa, BXOEAmEE B 9Ty PyEKIHEIO,
PaBHOMEDHO CXONHTCA B KaKJod 3aMKHYyTOH dacTu obxa-
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.

ct® D 1 910 ero cymMa ABIAeTCA rapMoHHdecKoi B ofia-
ctu D dyaxuues. Tosromy ¢ysxusa U, cyGrapMonydna
B obnactu D. llockonbky ciaaraemble paja oTpUIATENbHB!
opH Beex z & D, Mu umeeM mepasencTso

limU, 2) <Tim U (2) < M, t€aD\Ss.
=y =g

Kpome Toro, oaesugsoe, 4o

lim U, (5) = — oo, tes. (1)

Mosronmy, npomensia Tcopeny 2.3.1% Mbl moTydaem, 4to
U, (2) < M, ieD.

Orcwja,” 1mepexoas K mnpegeay mnpu e—0, HaXogum
U(z)< M, uro u rpeboBanoch 1oKa3aTh.

Ha reopemnr 2.3.2 Jserxo splpectu, 9T0 000GLIEHHAA 3a-
nava Hupuxae (em. § 2.1) mmcer ne Gosce offHOro: pelleHus.
HeiicTsureabro, ecau u;(2) u Ug(z) — aBa pemenunsa 0606-
mennoil 3agavu upuxie ¢ ommoil m To#f ke TpannyHoil
dyuxuieit, To HX pasmocte UL(2z) obmagaer caxepyrImUMU
cBoficTBaMu: -

1. Qyurnus u(z) rapmoynusa s obaacru D 1 orpannue-
Ha 1o HGC(JJI}OTH()ﬁ BeJp4uniicC.

2. lpepen lir{lu(z) CYNIECTBYCT II paBeH HYJIO AJA Bcex

Toyex § & 0D sa MCKIIOUCIUCM HEKOTOPOTO CYETHOIO MIIO-
FHECTHA,

Tlockonbry Qyuruisa u(z) rapMoHMIHA, TO oua H cyb-
rapMOHMUHA, TAK 4TO HPLMCHsA TeopeMy 2.3.2, MBI HOZyTaeM

u (Z) < 0, tE D,
C npyro#t cropossl, cyGraMonnuna n gyErumua —u(z). Ho-
3TOMY COINIACHO Toll e Teopeme 2.3.2 umeeM

u(z) =0, . €D
Y13 monygeddslXx HepaBeHcTB ciegyer, ato u(z) = 0,

3aMeTuM ellle, 4TO HE MEHAA paccyJeHHH, MB Moran OBt
3aMeTHO ocaabuTh ycaoBua Ha dynkumio U(z) B Teope-
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me 2.3.2. ImeHHo, MBl Mornu OBl IPCANOIOMHTH QYHKRIMIO
U(z) He orpaHuvenHoldl BOJAUSH NCKIIYHTEIBHHX TOYeK
4, =S, a fake crpeMAleiics K 00, Ho YAOBAETBOPALOLIEH
YCIOBUAM

U(z) = o(ln l__i—u—[) 2ot (2)

¢ nl/

B stoM cayuae paBeiereo (14) Bce paBHO ocTajoch OBl copa-
BEIJIMBBIM, I Mbl HO-Hpe;KHEEMY Ooayumnn Omi, uto U(z) <M.
Boaee Toro, ycaosna (2) Mokgo saMeunrs H eme Gosee caa-
ObIMIL, ecdll CAedaTh HEROTOpbhle AOMOJIMITEILILe Mpelnono-
REHNA 0 Xapawkrepe rpagullbl o6aacti D BOIH3N TOYER d,.
Peayavratm nopodHoro pofa vocar uassamnc teopeM Dpar-
smena — Jinupenéda. Mbl 6ygeM roBopuTs 0 HEX nogpodme?
B Caeyiouieil riane.

Ilpesxme weM roBopHThL 0 APYTrHX -CBOWCTBAX cydrapMomnu-
geckUX (DYHRINE, MbI AOKanieM jBa TPOCTHIX DPE3YIbLTATa,
. MO3BONAOIMINX JIy4lle MOUATL CTPOEHHE 3TUX PYHKIWi,
Jdemuma 1. Jeawder menpepsieno Oudgepenyupyenas
Pynryus U(z) cybeapmonuuna ¢ obaactu D ¢ Tom u Toavko
¢ Tom cayuae, ¥o2du 8 kaxwdoil Touke obaactu D umeer me-
cro nepagencreo AU (z) 2 0 (3decsy, kax u panbvuwe, uepes A
Mt 0003HAuaen oneparop Jlanaaca no nepeMenHviM T U Y,
ede x = Rez,ay=1Imz).
HorasarteanbcerBo. C nomonpio gopmyn I'puna (cM
§ 2.1) merro yecraHOBHTD, 4TO AIA Kakiaod dyurmun U(z),
HBAKIB HempepbiBuo Aug@epenuupyeMoil B kpyre [2—{|<
< p, copaseitsa gopayaa
t U
= | U@ldsl=U@© +

2ap
lz—~¢l=—0

+ o ﬁ AU (z) - In -y« dady.
lz—§l<o

CpaBHuBaa a1y QOpMYyay ¢ HCPABEHCTBOM

| velezve,
lz—{l=p

onpefendonmMM CcyOrapMOHMYHOCTh, MBI JIETKO IOJy4aeM
Halle yTBEpHACHHUE,
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Jdemma 2. Iycre U(z) — npouseosvnas @Hynryus,
cybzapmonuveckan 6 obaacru D. Cywecreyer nocaedoea-
TEAbHOCTS TAKUX cybeapmonuveckur 0eaxdsl HenpepbieHQ
dugpepenyupyemoir Pyuryui U.(z), uro nocaedosaress-
rnocto- {exp U.(z)} paswomepro cxodurcs » Pynkyuu
exp U(2) na xasxedoii samxnyroi vacru obaacru D.

HorxasareadnbcTBo. Bo3bMeM DpousBolpbHYI TOURY
2o D n npomssoxbno mamoe € > 0. OGosmaunn uwepes D,
COLepsRAINyi0 TOURY Zo CBSBHYI0 YACTb MHOMKECTBA TeX TO-
UeR Z, AJIA KOTOPHIX KDPYT € 1IEHTPOM B Z II PajllycoM € Je-
wur B ofmactu D. flcro, uto wakoBa OB HIT OBLTa BaMKHY-
Tasg udcth obmactn D, oma comepirutes 8 D, ecau e > 0
AOCTATOMIIO MAJO.

1oaosin
) 0, lz| >,
&) = 1 a a
As(") Fe_.(l--_b-)i‘ [Z|<E,
rie

\ S‘ ([z]F — e¥'dxdy.

[<ce

%
No dymrumum U(z) mbt nocrpoum ¢pyuruuio Ue (2), ompe-
RejeHHY0 B obxactin D,, paseHcTBOM

(O—HM&—DUmﬁmL 3)

I, ITO PABHOCIVILHO, PABCHCTROM

Ui = [[Ue+ 0k @dam. (3%)

gi<e

Ecgn ¢ymruna U(z) orpamudena camay B obmactm D, To m3
_dopmyasr (3) BHZHO, 4TO PYHKUHEA Ue (3) nmBasisl Hempe-
priBHO andgepeHuupyema B obxactu D,, a u3 dopmyasl (3*)
JIETKO BBIBECTH, 9TO OHa cyGrapMoHHMdHa B oGnacra D.. [la-
aee, ecan pyuruws U (z) orpaHMyYeHa cHU3Y, TO OHA Hempe-
PHBHY, a 1aA enpepeisHoll  GyHrmum U(z) HeTpyaHO
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DOXYy494Th, 94TO

lim Ue (2) = U (2) -
£~0 - )
PaBHOMEDHO Io z B Kafoil 3aMKHyToii gactu obmactm D.

Ecau ¢yurnua U(z) me orpanmdyesa cauay B obmacri D,
TO MBI MOKEM pAaCCMOTPeTh BCIOMQraTeJLHYH IOCIefoBa-
TeJIbHOCThL (pyHRIUil

Un(z) = max {U (2), — n}.

Ua menpepererocTr dynrmm exp U(z) caenyer, ato nocne-

mosatemsnocts {6xp Un(z)] paBHOMepHO cxomuTcs K yHK-
umn exp U(z) wa rampmoll saMkHyToll yactm obamacru D, a co-
rracuo csoifictey 2° gyrkmumn Un (2) cyGrapMoHmuss B 06-
mactt D. Cornacro ckasamHovy Beime Qyusmun Uy (2)
MOMKEO ¢ a1060i TOTHOETHI0 HPUAH3HTD CyOrapMOHNICCKIMA
DBaKABl HempepuiBHO puddepeHuupyeMbIME DY HRUIIAMI
B KajKHo#i saMKHyToHl wacth obxacrn D. Orcooga MuI JCTRO
nonyyaeM yTBep:KAeHHe JeMMb, '

OyeHb CymMECTBEHHYIO pOXb B NPHMEHEHHAX TEOPUH cvi-
TapMOHMYECKAX (PYHKMUE K AHATUTHICCKHEM (PYHKIHAM
Urpaer crefylomiee HX CBOMCTBO:

4°, Ecau pynryus U(w) cybeapmoruuna e obaacru G,
a pynxyus w(z) pesyasapra ¢ obaacru D u npunuxncer sna-
yenus, aexauie ¢ obaacru G,ro Pynryus V(z2)=U(w(z))
cybeapmonusrna 6 obaacru D.

B cmny memme 2 u cnoficTBa 3 HaM [JOCTATOYHG OTPAaHU-
IHTBCA paccMOTpeHmeM cAydas, Korma ¢ymruma U(w) gea-
#asl HempepunsHo nuddepenunpyema B obmactu G. B atowm
cIy4yae Haume yTBeps;ilenHe Jerko OoIydaercsa H3 JdeMMH |
H HeCIOKHO HpoBepsaeMoil GopMy Il

AV (z) = AU(w) -{w'(2) |2
OTMeruM ele OfHO CBOWMCTBO.
. 5% IHycre gynryus U(2) cybeapmonuuna e obaacru D,
a ee sHauenus aexcar na orpeske (a, b). Ecau Pynryua
¢(x) ewnykaa KHu3y u ke ybvreaer npu a <z <b, 1o
gﬁyuwun ¢ (U(2)) cybeapmonuuna ¢ obaacru D,
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- .
Jna poka3aTenbcTBa ONATH CIENYeT OPAMEHHTH JEMMy 2
. T HCHOAb30BaTh GopMmyny

Ag (U (2) = AU - ¢” (U) + ¢ (U) Uz + U}).

Tlonstae cy0rapMOHUYHOCTH BO MHOTOM AHAJIOTHYHO LO-
HATHIO BBIOYKIOCTY KHU3Y ‘Aasa (yBEKWA - ommol pe#crsn-
TeqbHoll mepemerHoil. Hanpumep, ycaoBme BRIDYKIOCTH KHli-
3y COCTOMT B.TOM, 4TO 8HadeHue (QyHKIUM B cepeinHe JIio-
foro gomycTHMOro oTrpesKa He IPEBOCXOAHT cpefgHero apud-
MeTHYECKOr0 €€ SHAYEHWl B KOHI@X 3TOI0 OTpe3Ka. ¥YCIOBHC
Cy6rapMOHHYHOCTH COCTOMT B TOM, 4TO 3HAU€HHE B LEHTpPC
na1060T0 JONYyCTHMOTo Kpyra He IPCBOCXORHT cpegHero apud-
METHYECKOro ee 3HageHId Ha OKPYHOCTY sroro Kpyra. lipu-
Tepuil BBIOYKIOCTH KHUBY [JIA NABAKABL HempephBHO Audde-
peHnupyeMsIx (QYHKOUH — HEOTPANATENBHOCTH BTOPOH HPpO-
U3BOAHON, TaKKe AaHAJOrMUeB KPATEpHI0. cyOrapMOHRYHO-
CTH — HEOTPHUATENbHOCTH Jamjacuana. Cy6rapMoHHYHOCTH
YHKUME ABYX OepeMEHHBIX B HEKOTODHIX OTHOUIeHUAX 6au-
JKe K BBIODYKIoCTH PYHRuuii ofHON mepeMeHHOMR, YeM BLIOYK-
a0cTh PYHKIMA JBYX NEPEMEHHBIX,

CiAsH MeMay cyOrapMOHHYECKIMA H BHIIYKILIMM DyHK-
UMAMY HE OTpaHMYMBAKTCA Numb aHajgordeid. OrMersm cae-
AyoIMuid peaynbrar.

Teopema 2.33. Ecau cybeapmoruuecsas @Hynryus
U(z), onpedeaennan & nosoce a << Rez < b, He sasucur
or Imz, 70 ona AsaseTcs 8vinyrpol KHU3Y dyrryuel
ot Rez,

JoxasartenbcTBo. Mpl OHATH MOKeM OTPaHHYHTHLCA
ciyzaem, korga ¢yuruua U(z) ABaKABl HenmpepblBHO AuD-
depenmupyema. 13 pmoxasareanctsa nemmel 2 BHLHO, 4TO
npubnmkalone dysxnmn U.(z - iy) He 3aBHCAT oT Y, ecau
eama yurnusa U(x 4 iy) or y He zasmcur.

Cornacuo memMe 1 umeer Mecto Hepasenctso AU(z)=0.
B cayuae, rorna ¢ynxuma U(Z - iy) 3aBUCHT TONBKO OT Z,
aT0 HepaBeHcTBo mpumHMaer supg U”(r) =0, a aro oama-
9aet, Y70 QYHKIWA BHINYKJIa KHHAZY.

B cBasm ¢ cybrapMomMdYecKREME (i)ynmmymn 9acTo OpH-
XOIUTCA DACCMATPUBATL PAMUIHbIe o6oomeHna BBIUYI(JIO-
CTH KHU3Y.

.
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QDyuruus f{r) uaspiBacrcs Jo02apudmuyecKyu blnyKAOLL,
ecIH OHA SIBAfETcH BBHINYKION Kumsy ¢yuruuein ot Inx.

Crepmyoniag TeopeMa CoBEpLIEHHO AaHAJOIAYHA Teope-
ae 2.3.3. )

Teopema 2.3.3% Ecau cybeapmonuveckan Pynryus
U(z), onpedeaennan ¢ koavye r << |z| << R, ne sasucur
OT arg 2,70 OHQ n84S€TCA A02apurutecku evinyraol Pyrk-
yueii or |z|.

Eme ma 011oM 08600LICHIN BRITYRIOCTII Mbl OCTAHOBIINCH
Oonee mompolIio, TAK KaK OHO, ¢ OIHOM CTOPOMBI, MeéHce 00-
njeM3BecTHo, a ¢ JPYroi CTOpPOHBI, UTpAaeT Ba:KHYK pOIb
B TEOPHH NEdblX QymRiui.

IIycrs p = 0. QOyuxnua /(@) Hasplsacrca TpueonoMer-
puvecku p-guinykaoll Ha orpeake (o, B), cclIU oHa orpaHIi-
d¢Ha CBCPXY Na 9TOM OTPC3KC H CCJIH HAa KaKAOM OTPE3KC
(@1, @3), BXOJAINEM B oTpe3ok (o, P) 1 mMCIOLIEM IMHY,
MCHBLUIYIO f1/p, BBIIQIHACTCA HEPABEHCTBO

H{p) < A cos pp + Bsin pyp
¢ modmimu A 11 B, s koropuix

H{g) < 4 cospgi + Bsinpegy,
H (¢3) < 4 cos pps -+ Bsin pgs. .

Boanme seero nac Oypmer mgrepecoBarh Kiacce (byHKUni
H(g) TpuromoMerpuuccKll p-BRIIYKIBIX Ha Beell jioicTsu-
TeabHON 0CH II MePUONHYCCKHX ¢ HOEPIOJOM 27. JT0T KiIace
MbL 0G03HAUNM cuMBosoM T, -

OrmeruM pPajg cBoflcTB TPUIOHOMCTPUYECKU D-BHITYRIBIX
dyarnmi.

1. Jaa Ttozo utober Pynryus H(gp) 6eraa Tpueonomer-
punecku p-guinyraa Ha orpeske (o, B) Heobrodumo w do-
CTaTouno, 4To6bl 0as AGLLY Tpexr TOYeK @1, Pz, ¢3, NOOYU-
HCHHBLE YCAO8UAM

‘

@0 0 (@ By <@< <o+ (4
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UMELO MECTO HEPABEHCTED
H (1) sin p(@s — @2) + H(gpz) sinp (@1 — ¢3) +
+ H(gs) sinp(@2— @) = 0.
[elicrBurenbHo, Haiiaa 4 u B us ycnosuit
I (@) = A cos pyp, + Bsin pgy,
H(pa) = A4 cos pgs + Bsinpps
I HOACTABHB HX B HCPaBEHCTBO

H(g2) < A cos pgz + B sin pge,

-

MBIl HpHjieM Iiocle HecloMHHX IpeolpagoBaHuil ¥ Tpedyemo-
My HepaBeHCTBY.

3aMeTHM, 9TO mpH
k11

P =0—0, ¢,=0, @=0¢+6, 0<b< =
HEPABEHCTBO cBolicTBa | Jerko mpuBecTn K BHIY

H (g8 —2H (¢) ~ H(p— 2 . pb\°
@O Wi (20 >0

I1. Jeaxdwvr nenpepvieno Ougdepenyupyemans Pyrnnyus
H (@) rpueonomerpunecku p-svinyraa na orpeske (a, p) roc-
da u Toavko To2da, Ko2da

H” (¢) + p*H (¢) =0, ' a<o<B.

CrpaBefIBOCTh STOI0 YTBEPIKAEHHS B OAHY CTOPOHY
JIeTKO JI0KA3bIBAeTCA UPEReTbHEIM mepexofoM mpu 6§ -0 8
HepasedcrBe (D). [lia moxasateiancTBa €ro clipabBejiHBOCTI
B APYTYIO CcTOpOHY o003HauMM

w(o) = 4" (¢) 4 p*H ()

7 Gygem paccmarpuBath ynKunio H (@), Kark pelieHue cJje-
gyomero aagdepeHnuaiIbHoro ypaBHeHus

V(@ +ey(e)=p(e), yl@)=H(p:)), y(e)=1U(gs).
Pemenve opaopogHoro andgepernuasbHOr0 ypaBHEHHAA C
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TeMR K@ KpAaeBLIMH YCIOBHAMHE MH oGoazmaamm wepea Ho(@).
fcuo, uro

Hy(p)=Acos pcp'-}— Bsinpg, *
Ho(p1) = H(91), Ho(ps) = H(gs).

Herpyzmo mpoBepnTh, 9To s pemicrus H (¢) cmopasepinsa
dopmyana -

H) = Hy() — Hnoe=n Suw) Sin p (¢ — 6) 4B —

Qs

_ _sinp (g — Y _
pbmp(crs—cpl) w (O)sin p (8 — ¢,) d0.

-

Tlockonbky cormacuo mpepnonoxenno W (0).2 0, Mp momy-
qaeM, 4To Ha BceM oTpeske (@i, ¢3) CIpaBeAINBO HEpaBeH-
creo H(g) < Ho(p). 10 m o3magaer, 4ro (byuhu,uﬂ i (p)
TPHTOHOMETPHUIECKH P-BBUIYKIA,

Crenymomue cBodicTBa Mb OygeM AoKaabiBaTh YHRe ne
OA BCeX TPUTOHOMETPHUCCKA P-BHINYKIbIX yHKUMH, a TONb-
Ko Jiaa krmacca 7.

111. Jaa l.aJ/caod gynryuw H(p) e T, cnpasedauso ne-
pasencrso

inf H (@) > —supH(cp)

'

uan H(g) = —oo,

Haa poxasaTcancTBa 3aMeTHM cHauaga, dTro  ecau
H(g;) = —oo, T0 u3 HepaBeHcTBa cBoiicTBa | B cmay orpa-
HUWIeHHOCTR eBepXy fyrxuam (@) BoTexaer, ato H(@g) ==
= —o0 gua Jawboro P E (@i, P3). HOBTOMy, ecn¥ GyHKIuA

H(¢) o6pamactca B —oo, Xota Obl B ORHOH TOYKe, TO OHA
TOMMECTBEHHO PaBHA -0° Jlanee, BoapMeM B HePABEHCTBE
cBoiicTa [

=@— g5 & ®=@ Q=0+t —e
' LY 2 1 3 % ’
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v

® mepeiifieM K mpefeny upm & - -0, 310 AacT HamM

i n L .
El_{r; (H((p -5 -}-.b) + H (q) + % e)) =0.

IMockoabky ¢ — OPONaBoOALHO, OTCIONA CHeyeT Hame yTBep-
HAeRxe,

IV. Kaxdas gyneyus (@) = T, nenpepviena u dasxe
ydoesereopaer ycaosuto Jlunwuya.
Jdns gorasarenncrsa BeegeM o003HadeHAS

Ky (@ @) = H (@) cos (¢ — @) + H @ + 25 sinp (e~0)

n
Ky (@, @) = H (@) cosp (@ — q,) —H (‘Po - 5%) sin p (@—1).

HOI(EJ.}KOM, q9TOo 0PI KaA{QoM g HMEI0T MeCTO HepaseHCTBRa
, > : = -
Ko(@ @) SH (@S K1 (@) @)y wo<e<etg (6)

K, (o, fPo)<H(‘P)<Kz (@5 Py)s Q‘l’"%) <c<g. (7)
3
HelicTeuTensHo, noJ0KOB B HepaBeHcTBe cBojicTBa |

P =@ =1, (Pa=q)u+‘2%'a

MBI Cpasy Ke MOAywHM mpanoe mepaBcHeTBo (0), a momoxmns

n
(P1=(Po_§p“’ P =@, Pg= Qg

MBI Toay4uM mpaBoe HepaseHcTBO (7). [lomomwms e
n .
P =@y — 3 Qs = Qgs P35 =¢
It
- — — n
1= =@, P3=0 + ‘5;‘*

MH noayunoM Jesbie wepapenctsa (6) m (7) coorsercrsesHo.

*
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O6osnauns Teneppr H =sup|H (¢)|, MH noaydYoM u3
nepabescTs (6) u (7), uro

[|H(p) — H(po)| < .
< {|1—cosp(p—qo) | + [sinp(¢—qo) |} - H.

Orciofia HeMe[JeHNo BHITEKAaeT Hallle yTBep:K eHue,
P

V. Kaxadyro $ynxyuro H(p) = T, moouno ¢ awboii Tou-
HOCTB}0 DABHOMEPHO Ha 6cell ocu npubausursy deawdur He-
npepvleHo OupepeHyupyembini GYHRYUAML U TO20 He
kaacca.

HelicTBATENABHO, BO3bMEM B KadecTBe NpHGAWEKeHIA

dyHRUIIO

e
H, (9) = 4o [H@+nE—vpa, e

Kak n npu morasatenvcTBe JNEeMMBL, MBI Jerko yOemaacMcd,
yro H.(¢@) — pBaskasl  HenpepsiBHe  AnddepeHipyeran
¢yurnua ua wiacca T a1 uro

lim H, (¢) = # ()
PaBHOMEPHO HO ¢ Ha Bceit ocu.

VI. Qyuryus H(g) npunadaexur kaaccy T, rmo2da u
TCAbKO Toeda, kKoeda Pymryus

U(re®) = r°H(g)

cyb2apMOHUYHA 80 8cell NAOCKOCTU.

B cuny cpofictea V u JgeMMBl 2 MBI MOMKEM OTPAHVIHTBCH
OpH J0KAa3aTelbcTBEe OBAMBl HempepsiBHo AuddepeHnupye-
MuMB pyrrnuamm. Onmeparop Jlamnaca B MOAAPHBEIX KOOp-
ARHATAX 7' M (¢ AMeeT BUJ -




.
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* [Toaronmy
AU (re®) = r=2(p?H (@) + H" (¢))

o MBI HeMe[JIeHHO [ONyyaeM Halle yTBepAAeHlIe M3 CcBOii-
+ctBa 11 ¥ memmer 1.

B crenyromieii rnaBe Mpl JoKaseM enie HCKOTOphle Mpejd-
craptenng aag $yurnmil wmaceca 7, a celfiyac oTMeTIM
TOJHKC CIe HCKOTOPBlE CBOIICTBA, BHITEKAIOUINE OUEBIITHBIM
obpasoM 13 ceoifictea VI 1 coorsetcTBylouuIx csoficTs cyl-~
TapPMOIITICCREY (DYHRRIIIL,

VIL. Ecau gynryuu 1, (@) u Hy(¢) npunadaexar raic-
cy T,, To Pynryuu

F(¢) = max{H:(¢), H2(9)}, G(¢) = e (@) + ez ()

(c1 u €3 — nOAONHUTEALHBIE NOCTOAHHVIE) TaKxe npuhddie-
acar kaacey T,

3AJTAYN UM JONMOJHEHWA R § 23

1°, JloraszaTh, 970 He CYIIECTBYET OTAUYHBIX OT TO/RIECTBEHHOIT
mocToAHHOM PVIKIUME, cyOrapMOHNYECKIX H OTPAHNYEHHEIX CBEPXY
BO Beeill INTOCKOCTIL,

2°, Myers obmacts D pasmenena Ha jaBe odaactin Dy m D, viagkoii
rpasoit €, Oupepeany dysrmnio u(z) B ofaactn D paBedcTBaMH

__Iu,(z), ze D UC,
_l uy (), ze& Dy,

rae u;(z) n up(z) — dyaxgmn, rapMoEuYecke B obaactAx Dy m D,
‘cOOTBETCTBEHHO II HenpepslBHO AnddepernnpyeMble B 3aMBIRARII OTHUX
obnacreit. Jlorasatn, 910 QyERUNA u(z) cybrapmoEmyHa B objactim D
B TOM U TOJBKO B TOM CIydae, OT7la B RaXA0i Todke KpuBoi C uMeer
MeCTO HepPaBeHCTBO

u (z)

duy _ du,

on on <

i)
(amecn 3o~ AuddepeRnnpoBaHne OO0 TOJOKOTETHHOMY HAIDPABJIEHIIIO

HOPMAJMM K KDHBOH C; DOMOKUTENBELIM CUIITaeM HANPABIEHNC HOD-
Manu, BeAymee u3 obxacrn Dy B ofmacts D).

3°. Tlyctb pysruua f(z) peryiapea B kpyre |z| << R. [Hokasats,
q10 npyu aodoM a > 0 gyHRIuA

27
: 1) = {11 (%) ["dg
0

8 M. A. Errpadon
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14 f1. it wOubOPMHBIE OTOLD HEHIA

ABIAGTCA aeyﬁmnaromeu ® BHIOYRJIOH KHH3Y cbym\rmen or lnr ga ot~ *
peske 0 L r < R

4°, Tlyers cb) HROMA f(z) peryaApEA K oOrpaguyeZa B Kpyre
{2{ << R. lorazaTh, ¥TO BeJMTNHA

mn

si In|f(re'®) dg:
0

WMeeT KOHeTHEIH npeden mpu r— R.
5° Iycrs gyEruna F(z) peryAapEa B OpaBoil moTymNockocTd, a

M ()= sup |F(Fe??)].
[ﬁ[<-é-

Ilpegnomnosmy, 310 .

M (r)

dr < o,

Jloraszats, 4T0 yEROUA

oo

18) = j | F(ret®) |- &
0

B 7
ABNAeTCA BHOYRAOH wHu3y ¢yurmueli 6 Ha orpeare — Fl <0< FR

'§ 2.4. OueRkn rapMonnyeckoii Mepsl

OcHOBHEIM JOCTOMHCTBOM HOHATHA FapMOHHYECKOH Mephl
ABAACTCA BO3MOKHOCTb HOJMY4UeHHA [ HEe OLEHOK O09elb
HAMNATHBIME reoMeTpuYecKuMn cnocobamn, OQmucaduem aTnX
cimoco0oB MBI ceiffqac U saiMeMcA.

B § 2.1 Mu onpegennan rapMoHHIECKy0 Mepy o (z; E, D)
B CilydYae, KOrja MHO;ecTBo E saBasercA d9acthlo rpaHmnH
obanacra D. Yacro ymobuee roBopmTh 0 rapMOHHYECKOH Mepe
awboro!) MuomecrBa E, me uMelomero ofmux To4ex ¢ oG-

L)

1) PasyMmeertca, cOCTaBAeHHOr0 U3 CUETHOLO MHOMRecTBa ayT.
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apacreio D, nonaras
w(z E, D)=o0w(z; E', D), E'=EN&D.

Ilpeswae Bcero, MBI OTMETHM HepaBeHCTBA
0<o (@ B, D)<, en. (1)

copaBeqiuBhe AiaA aGoro Mmomectsa E. Eeam mpm atoM
mHOMecTBo E cogepsxur XoTA 6u ONHY Ayry TPAHHYHOR Kpu-
Bo#t obmactm D, To 7meBoe HePaBEHCTBO ABJIAETCH CTPOTHM,
a eca® TaKyw AYry cofdep:kmr MEOMectBo 0D \E, to crpo-
roM SABIAETCA HpPaBoe HEDABEHCTBO. OTH YTBeD/KEEHHA He-
Me[JTeHHO BBHITEKAT m3 0000MeHHOro mpUHOUIA MaKCAMyMa
I MHHAMyMa [ rapMoHMYecKnMX GyHKOu#l, TOKA3AHHOTO

B § 2.3.

Tpeswkae wem mepexo#Th K OLEHKAM TapMOHWYECKOH Me-
PH B KaKUX-THOO CIOKHEIX 0GNACTAX, MBl BBIACHHM TeOMET-
pHMUYecKHIl CMBICI TapMOHHYECKOM Mepsl MHOKeCTBa, pacHo-
0KEeHHOTO HA JAeHCTBUTENBHON OCH, OTHOCHTEIBHO BepXHCH
MOJYINIOCKOCTIL.

Nyecrs I — orpunartensyas 9acTh JefCTBATCALHON OCH.
Torpa

w(z; I, Imz>0) =-:t—argz.

- -1 .
HeiicTsarensno, GYHKUEA — 8rg 2 rapMOHMYEA B BepxHeil

OOJYII0CKOCTH, OFPAEUYEHa, ¥ ee 3HAYEHNA HA HOIOKHTEJNb-
Hoil yacTm fgeiicTBUTENBHONH OCH DABHH HYJ, & Ha OTpHIA-
TeabHOH — efuHEHE. B CUIy eJUHCTBEHHOCTH pelIeHHs 3a-
gatu upuxme sta QyHKuma o0sgsaHa COBHAJATH ¢ apMOHII-
yecKoll Mepoil oTpunatenabHoii wacTm peiicTBUTENLHOH ocn
OTHOCHTENIILHO BepXHeil MOMYIOIOCKQCTH.

Ilycts remeps I — Komeunsldt orpesor (a,b). @yrxuus

_z—a
w= 3—5
Ha cefa ® mepeBOAT o0TPe3ok I B OTPHOATEABHYI0 4YacTb
‘meficTBuTenbROM ocu. IloaTomy

KOH(QOPMHO 0T00pasniaeT BEPXHIOK MOIYIIOCKOCTH

0(z;I,Rez>0)= %arg(z—a)——i—arg(z—b).

8%
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Momyvennas BemmuumHa mMeeT MPOCTOH rcomerpmecmm
CMBICT — OHA paBHA YIMy, IOf KOTODPBIM BHAEH oTpe3ok [
U3 TOUKH 2, AeJeHHOMy HA 7. JTa BeJHYIIHA, 0IeBHIHO, CO-
XpaHAeT CBOM CMBICA M IpH JI000M IHONOMKEHHH NOIYIIOCKO-
cT. Takum o6pazoM, MBI OIPHUIUIH K yTBEDKACHHIO:

Jdemma 1. Tapmonuueckas mepa mwosxcecrsa E, pacno-
AOHEHHO20 HA NPAMOl | OTHOCUTEAbHO NOAYNAOCKOCTU, 02pi-
HuuwenHot npamotl l, pagna yeay, nod kKoTopvlM SUOHO MHO-
aecreo E us rouru z, deaennomy ma .

Jra DdieMeHTApHAH JeMMa HIPAET JOBOJIHHO 3HAYLTENDL-
HYI0 POJp B OHEHKaX TapMOHMYECKOH Mepbl.

-

Cuenylomui ocHOBHON pesyiabTaT, HOCALIMII Ha3saHIIE
RpURYURA pacwuperus obageru wnu npunyuna Kapaemana,
XOTSI M He CTOJb DIIeMeHTapPCeH, HO JOKA3BIBaeTCA He CIOMKIee,

Teopema 2.4.1. Ilycrs obaacre D’ codepamur obaacts
D, a muoncecreo E’, aewcaujee na epanuye D', codepicur
muoaxcecreo E, nemawee na epanuye D. Tozda

oz E, D)oz L7, D), 1e D,

JloxasareasctBo., O6e rapMoHWUecKHe Mepsl rap-
MOHHYHEI M orpaHwyeHsl B obmactm D. Paccmorpum nx Ha
rpandye aroil o6mactu. B Touxax MHoKectBa E 06e paBubI
enuunue. B ocTadbHBIX TOuKax rpamMubl obmacta D ¢yHK-
mug o (z; E, D) paBua Hyao, a dyHrmua o (z; E', D) —
neoTpunarcapaa. CremosarcasHo, PyHRmMA o (z; K, D) —
— w(z; E, D) na rpannne obnacru D HeorpunaréapHa. Ilo

OPUHOMIY MAKCHMyMa OHa NeOTPHUATENbHA M BHYTpH 06-
nactu D. Teopema poxasana.

IMMpusmun pacumpenna ofJacTd NO3BOAAET OLCHHBATDH
rapMOHHYCCKYIO Mepy e TOIbKO cBepXy, Ho M crnsy. Ouen-
Ka CHH3y Nodyiaercd ¢ IMOMOUIBI0 OLEHKH CBEPXY FapMOHM-
qeckol Meppt Muoskecrsa 0D\ E. Mm npuBeseM cefiuac
ApYryl ¢OpMyJIMpPOBKy NpHHINOA pACOIMpDEHHA ofaacTy,
"B KOTOpPOR 8T0 0GCTOATENLCTBO BBIPAKEHO HECKOJNLKO fCHEE
(Xota cama QOpMYIMPOBKa HECKOJNbKO Ooliee pacIiBIBUATAA).

Teopema 2.4.1*, Ilpu pacwupenuu obaccru D sa cuer
TOUL HACTU ee 2pANHUYbL, KOTOPAA HE COOePICUT TOUEr MMHOXMce-
crea E, zapmonuuecran Mepa o(z; E, D) yeeauuusaerca,
a npu pacwupenuw obaactu D 3a cuer wacru eparuybl, 6r0-
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Oaweti 6 Muomecreo E, sra sapmomuueckas Mepa YmeHb-
waerca.

C moMoIblo HNPNHINNA pacii¥pennsa o6JacTH MBI JA0Ka-
meM ceffiac ogHO ROBOIALHO rpydoe, HO OUYeHL HANIAZHO
HEepaBeHCTRBO,

Tcopema 2.4.2, Iycre D — sunyraan obaacts, a E —
Kakas-aubo Oyea epunuvmol kpusoll arot obaacru. Ioeda

o (5 £, D)< (2, B), ren,

ede @ (z,E) — yeoa, nod koropein dyea E sudna us rouku z.

Horazareascrpo. Obo3HAaUTM depces EI Xopay, co-
CANHAOLIYI0 KOHNB Jyru E, a uepeas D, — obuacty, oTce-
Kaemyio o1 ofaactu D xopmoit E; u cogepiRamyo TouRy 2.
Moryt npencraBuThca mBe BO3MOMHOCTH: WM ayra E nemur
ga rpamiue obractu D; nau mer. B mepsoM caywac goxassl-
BaeMoe nepanencmo 3aBCOMO CIPABEAIMBO, TAK KaK TOTXA
¢ (2, E) = n. Bo BTOpoM ciiy4ae MBI MOKeM CONIACHO MPHII-
OIIY paclullpeHUA of6MacTH HANUCATH 11EPABCHCTBO

o(z; E, DY< o(z; Ey, D)), ze Dy

(mpumensem Teopemy 2.4.1%*: obaacth D momyuaercs pacmiu-
peruem oGaactu Dy 3a cuer Toff 4acTu ee rpaHHUBI, KOTOpad
sxoaur 8 E;). [anee, ofosnaunm wepea P momymmockocts,
OTPAHIYCIHYIO IHPSIMOM, COGIMHAIONMICH KOUHB! Hamlei my-
ru E, u cojepamyio obaacts Dy. Tlpumenss eme pas npun-
LI paclUInpeHUA o0JacTH, MBI MOJyYacs HEpPaBeHCTBO

w(z; E;, D))< 0 (z; Ey, P), . zE Dy

(sa ator pa3 obmacts D) pacuiupsercst 3a cueT uacTi rpa-
HUnBl, lic copepialledr Touer MHoikecrsa E), Tpefyemoe
HepaBeNCTBO MBI HOIyYaeM Temeph II3 jemMsi 1, Tak Kak ay-
ra £ u xopaa L BUIHBI H3 TOUKH 2 HoJ OJHMHAKOBBIM YINIOM.

Hapagy ¢ mpuHnumoM pacliupeHNs ofmacTH 9acro mpn-
MEHAETCA elle ONUH, CTOJb Ke HECIOKHbIH pesyabTar, Ho-
CANTMIT Ha3BaHHE NPUHYUNA CAPMOHUYECKOT, Mepbl:

Teopema 243, IHycry w(z) — Pynkyua, peeyinpras
6 obaacru D u nenpepvisnasn e ee sambixanuu. O60snauum
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uepes D* o6pas obaactu D npu orobnamenuu w = w(z)
(ne obasareabno e3aummo-odnosnauHoM), a uepes E* — 06-
paa muomecrea E < 0D u noaoxcum

u(z) =0(z E, D), v(w) = 0(w; E* D*).

Ecau E* < 0D*, 1o unmeer mecro 1epadencTeo
v(w(z))= u(z), e D.

Kozba orobpaxccrue w = w(2) 63aUMHO-00HO3HAYHO, UMeET
MECTO pagemncreo. '
HorkasarteancTso. Pacemorpum pyHKLIN
u(z), w(z) =v(w(z)).
.

OGe atm QyHKUMM rapMOHIYHEB M orpaEMYcHB! B obnacru D:
B rouykax wmmomectBa £ < 0D Mp umeem u(z) =.1 u
ui(z)==1. B Tourax Muomecrsa 0D\ £ mu umeeM u{z) =0,
HO 3HaYeHUA U;(z) MOryT, BooOIle roBOpS, OKAa3aThCA LOJO-
AUTETBHBIME, TaK KaK 0o6pas Toukd 13 MuomecrBa 0D\ E
upn orofpaseHHn W = w(z) MoMKeT HOmacTb ¥ BHYTPb 06~
aactu D*, 1 na MuomecrBo E*. CiaeloBatensio, Ha rpaHine
obnmactm D mnl mmeem HepaBeHcTBo Uy (2) — u(z) =0, a oo
OpUHNMIY MaKCUMYMa B8TO HEDABEHCTBO COXDAHAETCA H
BHyTpY ofmactu. TeMm caMbIM MBI JOKAa3alll MHTEpECYONIEe
Hac HepaseHcTBo. Ecam orofpaskennme w == w(z) sBsamMHO
0JHO3HAYHO, TO HA rpaHdne obmactu D, a caemoBaTesLHo,
H BHYTPM Hee HMEET MeCTO DaBeHCTBO U (z) == u(z).

K rteopum amanurnyecknx QyHKONA ONeHKH TapMoHHYe-
cKOff Meph! HPUMEHATCA O0BIYHO C HOMONIBI0 Tax HAasHl-
BaeMoil TeopeMmbl 0 06Yx KOHCTAHTAZX:

Teopema 244 Ilycrs dynkyus F(z) peeyrapha s
obaactu D u Henpepoléha 6 ee 3AMBIKAHUU, & HA 2pawuye
obractu D Oasn pynryuu F(z) umernr mecro HepageHcraa

’ 1P )<< M, i€
O FRISm cer, )

20e E — nexoropoe MmHowecrgo epanuybl obaacru D, a M
u m << M — HekoTopble noAoKUTEAbHbIE NOCcTOAHHBLE, T02-
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da cnpasediueo HepasencTeo
: | F (5) | < m¥Par =7, zeD,

20e
¥(z) = o(z; E, D).

HoxasarennecrBo. QPyunmus In|F(z)| cybrapyo-
HEYHA U orpa}mqena csepxy B obmacti D, a gyuxnua

u(z) =w(z £, Dylum 4+ o (z; GDN\E, D)In M

rapMoHHYHA B obaacTi D 11 orpamEmdena taM 1o abcoToTHOI
Beauunre, [losroMmy yHRUMA

In|F{(z)|—u(z)

cyGrapMonudHa M orpannieHa ceepxy B obmactun D, B cmny
HepaBbeHcTBa (2) mimeeu

lim {In|F (2) | —u(2)} <0

ana Bcex Touek § & 4D 3a HCKIYIEHAEEM CYCTHOrO WHCIA
(MBl cuMTaeM, Kak o0BIYHO, ITO 00JacTh D orpanndeHa Ko-
HEYABIM YHCIOM KYCOMHO-TJAAKNX KPHUBBIX, a MHOMecTBo F
COCTOHT M3 CYETHOTO 4Mcia AYT I'PaHMYHBIX KpmBheX). [To-
BTOMY U3 DOpUHOHOA MaKcHMyMa [UiA CcyOrapMoHUYeCKHX
dyuRuni cregyer, uro

| F@)<u@, v,

Otcioga memocpeficTBEHHO BBITEKACT YTBEPIMKICHHC TEOPEMBL

Mporue 3agaum Teopmm MeJabIX (HYHRUMA HpPHBOTATCS
K Tak HaswpiBaeMoii mpobaeme Hapaemana — Mwuro. Mul mamo-
UM ceitgac NOCTAHOBKY aroii npobaeMBl M OpUBENEM OAHH
U3 OTHOCAL{HXCcA K HeH pesyabTaroB. i

IIycts D — uerotopas ofsacTh KOMIUIEKCHO NI0CKOCTH,
MMEIOMIAA KOHEYHOE M HeIycToe Iepec€deHHe ¢ Kaykmoil
npamMoit Rez=2z mpn a <<z <{b (o0m9HO DpHHAMAIOT
b =, 4-o0). OGosuaunm uepea D, casuyw gactb obaacra D,
aeamyio B moaymmockoctu Re z <z ® copepsxanryio 3a-
ZaHHYI TouKy § (MBI cumrtaeM, 910 Re§ <C z), UYepea h,
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~

MBI 0603HAUNM 4YacTh rpamHust obmacru D, mXemamyo ma
npaMoit Re z == x, a acpes h(x) — Mepy MHOMKecTBa h, (MBI
OymeM Opexmolaararh, 9T0 MHOMCCTBO 2, COCTONT M3 CUCTUOLO
4IHCJa OTpe3sKoB; Torma h(Z) — cyMMa HX JUIHH),

ITpo6umema Kapnemana— Muwo cocront B onen-
Ke rapaonnueckoii mMepst ©(§; A, D:) no sapamnoll (ynK-
nup h(l), a <t <=z

Rapaemanonm 6n1a nomyden caeIyiomIuil pe3yianLTar:

Teopema 2.4.5. ycre =%t+insED u a<<i<<r<hb,
Toeda

X

. 4 dt

O+ by DY <espi— & SWJ'

JlowasarenscTso. BosrMem mponssoanbuoe siade-

HIle 0, 3ALJIOUCHHOE MCMAY & M T, U paccMoTpuUM B odia-

et D, agse rapyonmucerne ¢gynkumn o (G A, D) wu

o (%; ko, Dy). Ha Toil uactu rpaunnst obmactn D, sotopas

OTMHYHA OT OTPE3ROR h, (pacHodoiNieHHABIX ta MpsMol

Re z = o), ofic $yurumn parunt nynio. [loatomy cormnacio

dopyyne (5) § 1 aTi QYIRGNM MOS0 BOCCTAHOBUTDL 0 X
3HA4eHIfIN Ha oTpesrax Ak, caejynoinam olpasoM:

‘0l h,, D)= \n w (o +iy;h,, D)o (E; dy, D)

hU bd

® (& ko Dg) = | o (S5 dy, Do)

"'0
(pyuruma o (z; ho, D,) paBHa exnnune npn z < h,). Buiun-
TaAd #3 IEepBOro pABEHCTBA BTOpoOe I [ietd HA T — O, MBI HO-
nygaeMm

o(h,D)y—aolh, D)
r—0aq

r—a

. ’ s D —_—
=\Y 0)(0+fys lx x) 1 W (C; dy, DG)' (3)
h
g

OLeHAEM rapMOHHIECKYIO Mepy d(o + iy; ks, D), crosmyio
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mox amakoM umTerpana. Ilo mpusmuny pacmumperna ofmactn
nMeeM

o (0t iy; hs, D) < 0 (0t iy; ks, Rez < 1),

a mo ndemMe 1 Beawunua o (¢; h., Rez < z) pasra jemenmoit
1a T cYMMC YIJ0B, IOJ KOTOPBIMHU BHIIHBI OTPE3Ki, COCTaB-
AAMINE MHOKECTBO M., M3 TourM f. Ilpm sazamHOil cyMae
IJIHH OTPE3KOB cyMMa yriioB Oymer HamOoubmeil, Korga MHo-
#ecTBo h. 00padycT eNMHCTBCHHEIN OTPE3OK, PACmoT0Ke-
HEIl CUMMeTPUYHO OTHOCHTENbHO mpaMoll Im 2z == y. Bric-
a8 yrod LJIA 3TOT0 SKCTPEMAJILHOTO cnyqaﬂ HaXOZAM

2(1:.— 33}

0 (0 + i 7oy D) S Faretg 5 =1 — S arctg 17

(z —0)

IloncraBasaa moaytucHuoe uepaBelictBo B gopmyay (3), Ml
moaydaey, 9T

2(x — o)
el ————
© (G hoD)=0 (G he DY _ 2 8 T i}
ey St o= —)o& dy: Do)=
ho
2(zx—o0)

.2 al'Ctg A (l’)
EREE

o (5 gy D).
Qrcroaa, mepexoaA K npp}mny OpH £ — 0, IMEeCM
1

d e 4
Elnm(;9 hu’a Do)g*? '—(—07)

(anA aKKYpAaTHOCTH CJICMOBAJNO OBl HAMMCATHL BODPXHIOW NpO-
U3BOJHYI0, TAK KAK IPON3BOXHAA, BoOOIIE TOBOPSI, MOMET
u He cymectBoBarh). [IRTerpMpys mocnenice HepaBeHCTBO
M ydYuTHIBaf, 4TO

o (E; ks, Do) -1, g8,

MBl OPUXOAMM K YTBCPKICHUIO TCOPEMBI.

Yro6Bl ONEHNTH TOYHOCTH TeopeMEl 2.4.5, MBl cpaBHHUM
momydYaeMyio M3 Hee ONeHKY ¢ ToyHOHM QopMmysoit pna mpo-

o I
creilmero ciydas, Korga obxacts, D — moaoca |Ilmz| << 5
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B arom cayuae hiz) = m, m Teopema 2.4.5 zaer BaM
4 B
@ (& sy D) < exp(—~ 75 (@ — Re D). (%)

-

Jna orelckaung TouHO# (opMyaBl A DHTEpecylollell Hac
rapMOEHYECKON MepBl paccMoTpuM oToOpajkeHue

_1-tiexp(z—2) -
w= {—iexp(z—uz)°

’

Herpyamo mpopepurs, uTo obpasdom obmactn D npn atom
. 14
otobpamenin ssaserca yroa G:0 arcw < . a opa-

30M oTpeaka k., — BeprHKaApHasi cropoua [ aroro ymia, 1o
otobpaikcrEne KOHMOPMHO, TAK UTO U0 UPIHILILY TApPMOUIe-
cKoil Mepbl HMeeM

® (§; ke Do) = 0(w(T); H, G).

Tapmoruteckan Mepa, cTosninaa B upasoll 1acT, HaM U3BECT-
Ha, U MBI moxyuaeM QopMy.Iy

{ - 7exp(c—a) )

92
%, .= ap _
o (& ]"x’ D,) = w are 1—iexp({—a)’

03 KoTopoli BujaHo, 4ro Opnm (gHKcHposaHuoM § m gpn
z— 400 .

© (5 hyy D) ~ S Ré 6", (5)

Qopmyaa (4) osuauaer, 4To

Ino (5 ky, D) < — 5 2+ C,

a @3 gopMyanl (5) BHAHO, 9TO B JeHCTBUTENLIICCTH

Ine (C; h,t’ Dx) ~ —Z, x—r--00

JdTo o3Havaer, UTo [JaKe B HmpocTeiineM ciydae OLeHKa, IO~
aygaeMan @3 TeopeMsl 2.4.3, foBoabHo rpyba. B pannmeitmen
Mbl DonyauM Gosiee TOUHBIE OIEHKHM, HO IIPH 3aMeTHO Gollee
MKeCTKAX DpPeJUOoNIOKeHHAX OTHocHTenbHo obmactu D,
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Mporo fHTEpeCHHX W IyGOKHX OIEHOK TAPMOHAIECKOIT
MEpH MOKHO HOXYINTH, MCIONbAYSL HEKOTOPHie 3IKCTPEMAllb-
Hble coofpaenusa. OpuuM 13 Hambolee WIBECTHBIX ABIAETCH
TAK HA3bIBAEMBIl RPUHYUN CUMMETPU3AyUL. ITOT TPAHIUHL
BEJ8T CBOE IPOMCXOMKIEHWE OT H30MepuMeTpHYEcKAX 3a]ad
aneMenTapHo# reomerpun. Bemreperue Matematuru Iloana
u Cere HaualH NPUMEHATH Cro B aHAIN3E, a IOTOM DTUT
OPHHOUO HAme] MHOTO TPHMEHCHIH{l B TEOPHH aHAIHTH4C-
chnx Qyuxmumit. Mo me cMolkeMm UBNOKATH TPIINEUID CRBM-
MeTpH3aIH BO Bceil ero INOJHOTEe, HO OTPAHHIHMMCA HOCKO -
RUMH TeopeMaMmi, [ONyCRAOUMMII Gomee NpocToH MeToX
JOKA3aTeNhCTRA,

HayueM ¢ monasarenwcTBa OXHOL JCMMBL.

JJesmma 2. Hycrs E* — muowecrgo, cocrofujee ug Ko-
HEYH020 HUCAQ MENEPECERMIOUUICA OTPEIK08, AEHAUUL HA
orpeaxe [0, R], a D* — kpyz |z| << R, us xoropozo 6616po-~
weno mnoxecrso E*, -Toeda

: [ R2— 2z ]
 (z; E*, D¥) = S‘ (@) In Tt_r_—ldx te D%,
F*

ede p(x) = p(x, E*) — nexaropas neorpuyareavnas ng/HJC-
yus, onpeae./lennaﬂ Ha muoxwecrge E*,

Hoxaaatrensctro, J[lam snomommn secta EBefesm
ofboanavyennsa

0@ % DY) =o@), b=l -k @,

13 ¢opmyan Fpuua (cM. dopmyasr (2) u (5) § 2.1) Mmu mo-
aydaeM, 9T0

0@ =7 | (Km0 5

6p*

T'pasnna 6D* ofnactt D* cocront m3 ORpyHocTn || =

7 MHOKecTBa (E*), mpexcrasaswomero cofoit cononvnﬂocn
paspe3oB mHo OoTpeakaM, ofpasylomumm MHOMKecTBo E*, Myt
BBEJH [NA COBOKYHNHOCTH paspesoB oTAenbHOe ofo3mavenme,
TaK KaK KaKAplii paapes cllefyeT paccMaTpyBaTh, Kax [Ba
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aK3eMIiApa OTPC3Ka,— IO onHomy DK3EMILIAPY HA KAKAYIO
CTOpPOHY pa3spe3a.

Ha OI\pyH'.HOCTl'I &l =R umeem @(f) = 0 u K,(%)=0,
Tak 470 B ‘Qopmyie (6) or Bcero HHTerpaja IO TpaHHIle
obnactn D* ocraercs Awiib WHTErpaJg IO MHOMeCTBY paspe-
aoB (E*). Bosee Toro, 0T 9TOr0 MHTErpajda OCTaeTcs JUOIb
OfIHO cJaraeMoc, Taxk Kak

[o@Z jag) -

(Ewy

JeiicrButensro, QyHKONa o ({) cormacHo onpegeneHmio pas-
HA eJIHIIC TTa 00eHX CTOpOHAX pa3pesa, a 3HAYEHUA HOP-
Manbsnolt npoussogHoil gyaruni K, ({) B COOTBETCTBYKIINIX
TOUKaX Ha PA3HBIX CTOPOHAX paspesa OTJIMTAITCA TOJADLKO
BHAKOM, IOCKOJbRY HAaNpaBjieHHMA BHelneil HOpMAdU K rpa-
Hnie obaactu D* B aTUX TOYKAX HPOTHMBONMOJOM(HBL TakriM
oGpasomM, gopmyna (6) mpusBoguTCca K BHIY

1 8w (D)
= | o K Q) ]dE], e D,
(B

Oyuriua K. (L) ompeneneda Bo Bcem kpyre |E| << R, u ce
3HavYeHHsA B TOYKAX paspesa He 3aBHCAT OT TOTO, Ua Kakoil
CTOpoHE paapesa jeskaT dTH TouyrH. Dynruma o (§) npuunu-
MACT OQMHAKOBBIC 3HAYEHIIA B TOYKAX, CMMMETPHUHBIX OTHO-
CNITeALHO [CHCTBHTENBHOH ocH, Tax kax n obmacte D¥ n
muoecTBo  E*  cmyaerpuunnl. I[lockonoRky Hamparieniia

BHEIIHell HOPMAaJII TaKH#ie CIIMMETPHYHBI, 3HAUYCIIHA HOpPMaJb-

. . 8w ()
11011 HpOH.BBOIUIOH o B COOTBETCTBYKOIOHX TOUYKAX Ha

o (2) =

PAa3HBIX CTOpOIAX paspesa HONAHBI OBITL ONUIAKOBHL (€CaH
OHH CYILIECTBYIOT; CYINECTBOBAHHME IPOM3BOAHHIX y (YLKMIH
®({) BO BHYTpeHHHX TOYKAX OTDE3KOB HETPYJHO BEIBECTII
13 npununa cummerpuu Pumama — [lleapna; B cuay aroro
TOPAHITALTA (bym{umo ®(§) MOMHO AHAJIUTHIECKU IIPOLON-
MUATH Yepes KaKABI OTPeBoK). JHAYEHWA HOPMAJBLHAIX NpO-
H3BOMHBIX QyHKuuUM ® (§) B TouKax paspe3a HeOTPULATENb-
HEl, TaK KAaK B TOYKAaX paape3a »Ta (YHKIUA OPUHUMAET
cBoe HauGoabuwee suavenue. Homomus

1 am@

P'( ) - 6!1 :=x9 xcE*,

MBE OpHAeM K YTBEDHOCHUIO JeMMAKIL.
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~ Teopema 2.4.6. Hycre obaacre D npedcrasaser co-
6ot kpye [z} << R, us koropozo ewvifpoweno MHoxecTeo E,
COCTORUee U3 KOWEUHO20 HUCAL KYCOUHO-2AA0KUT KPUGHIT
U KoHewnozo uucaa’ obaacTeil, 02paAHUMEHHBIT TAKUMU Epli-
goinu. Muoowecreo E* u obaacre D* mm 6ydem cuurars une-
RWUML TOT e cuulea, yTo U 8 semme 2. Ecau 0ar waxcdozo

z = E* na oxpywnocru |z} =z aexur xors 6w 09Ha TOU-
ka MHoxcecTsa E, To uMeaer mecTo Hepagercrso
(‘)(Z; E’ D))‘”( ——[ZI;E*,D*), zeD.

HowasateabcTBo. llyers 2 & E* Bmfepem na or-
PY:KHOCTH |z]| =.z karywo-anbo TouKy MuoskectBa E 1 06o-
awaunM uepes 9(r) ee apryMment. B cmiay Hammx mpenioxo-
JAeHni 0 MHOMKeCTBe £ MBI MOYKeM CIHMTATL PyHKnuio 0(zx)
HenpepbIBHOH Ha MuoMecTBe E* 3a nCKI0OUeHHEM KOHEYHOIO
qicsa ToYeK paspbiBa mepsoro poxa. Ilomoxum

| R — zze_ie(x’l
Q;(z) =In m—, xgE¥,

\

H pAaCcCMOTPHUM BCHOMOTATCILHYIO (YHRIUIO

u(z) = { () Q. (2)dz, BI<B,
E*

rae p(x) — QyHKUmUA, TOCTPOEHHAR B JeMMe 2 JNA MHO-
HECTBa

GOyrxuua Q.(z), rax QyHruua z, upu Iodom T & E*
rapMOHWYHA BO BCEHl MNIOCKOCTH 3a HCKIIOYEHHMEM JBYX TUYEK

, R? ;o0
N xe:()(x), — ezG(jc)’

‘ 2 = =4

He momajgapinux B obmacts D, Tak Kar 2y € E, a 29 IGKAT
sre kpyra |[z| ¢ R. Ilootomy dymruua Q.(z) mpu Bcex
.z e E* rapmonuuna B obnactu D. Ha oxpyxuoctn |z| =.R
dyrruea Q.(z) ofpamaerca B HyJIb,
Wa crasamporo ciaenyer, 9T0 QYHKIMA 4 (2Z) rapMORHYHA
B obnacte D m ofpamaeTca B HyJb Ha OKDYMKHOCTH [z|=R.
Jlerko mporeputs, wro mpu aoboM p, 0 < p << R, umeewn

: _ R? - 2p
[I;Illirpl Qx (z) - In -‘F.{ (x _i_p) 3 0<x<R, (7)
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n
R? —
'Iz'll‘fx Q:(3)=1In 71—]1‘—;‘:)\ o<z<r. (8)

113 gopmynsr (7) BmiTexaer nepaBeHcmo

”) j‘ yw .2‘) lv H (T -f—:cllzzll dr, 12}<R, (9)

a 13 gopmyan (8) — HepaBeHCTBO

Z) 5‘ w (1‘) In H_[.p—l% d.’l‘ 121<R. (10)

CornacHo onpefeneruio GyRrumz [ (z) (cM. geMMy 2) mHTe-
rpafi, croAmui B npasoid dacTE HepaBerctsa (9), paBen
o(—|z|, E*, D*), @ MB MomeM HpHjaTh 9TOMY HEpABeH-
CTBY BN

u@@)=w(—Izl; E*, D¥*), zen. (9%)

Ilo Toil sxe mpUuNEe WHTErpaj, CTOsINMIl B MpaBoil gacTH me-
pasenctBa (10), paser w(]z]; E* D*), u noroMy ue upe-
BocxoguT enuunusl, Orcloga BHITRKAeT, ¥TO .

u@r<t, <R, (10%)

Tlockoarry ¢ymrima u(z) rapmonmuna B obmacru D n
paBHA HYJI0 Ha OKpyMHoCTH |z|=R, ua nepaBencrsa (10%*)
B CHJY IPUBNWIA MAaKCHUMyMa BEITEKaeT HEDPABEHCTBO

u@@) <oz E, D), ren. (1)

s mepasermers (9*) m (11) MBI HemepsneHRO mOTydaeM yT-
BepIKAEHNE TeOpeMH,

Ouenka, mpegnaraemas teopemoit 2.4.6, xopoma Jasfexo
He Bo Bcex ciygasx. [eao B ToM, ITO FaPMOHHMYECKYI0 Mepy
w(z; E*, D*) me tax mpocro Haiitu. IloaToMy "acro GBaer
LOJIP3HO - YIPOCTRTH HOJNYYEHHYR ONEHKY ¢ MOMOMLIO Clte-
Aylomeil jesmmbl,
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Jdemma 3. Hycrs E* u D* — 7e ore, uro u ¢ sesre 2.
Obosnauum uepes & cymmy Oaumn O0Tpeakos, 06pa3yOYUT
mroxecreo E*, a depes E® — orpesok (R — 8, R). Yepes D?
" mul 060sHawum’ Epye |z) << R ¢ paspesom no orpesry E°.
To28a umeer mecTo HEPAGEHCTBO

0)(-—-(1; E*1 D*) 2(,)(-(2; E°1 DU)’ (;<a<R.

Horxasareabcrso., Mu mcnombayem Tor e mpuew,
QO B OpH JOKA3aTEABCTBC TeopeMsl 2.4.6.

OGosnauum vepes g(r) ¢yHKNH, ONACHBAIMYI0 0TOO-
pamenie mHoecTBa E* Ha otpesor (A—O8, R), cocrosmes
B TOM, YTO OTPE3BKH MHO)KecTBa E* CHBMramoTcA BIJIOTHYIO
OpYr K Kpyry, a 3aTeM HOJNYUHBIUMIICA OTpE3OR HepelBHIaeT-
cA Ha Hy:RHOC MccTo. Jlerko BHAeTh, 9TO TpPH TAKOM OTOG-
pasKeHuH paccTOAHUe OT HyaA Ao Tioboil Touxm z & E* me
YMEHLIIAETCHA, &  paccToAHMe MeXAy atwofof mapoit Touek
13 MHoecTBa E* we yseamumBaercs, JTO 03HAYaeT, 4TO
¥MEIOT MCCTO HepaBCHCTBA .

g (2) = =, seg, (12)

lg (@) —gW i<z —yl, xeer, yepr. (13)

Toaoanum .

* R? —g (2)
Q:(2) =1In '7,‘,5,—”(;)'(_9“_—;{—' xEE¥,

I PACCMOTPHM BCIHOMOTATEIBNY0 (PyHKUMIO

u(8) = | 1(2) Qx2) do, . usm,
E*

rae w(z) — QyHRUHA, TOCTPOEHHAA B JeMMe 2 JUIA MHOMKe-
crea LE*

HKarx u -opum pokasdreabctBe Teopemsl 2.4.6, MBI Jerko
yGempaemcs, uto GyHruma U;(z) rapmomwuna B obmacti D°
D ofpamaeTca B HyIb Ha OKpy:HoCcTH |2] = R.

HenocpencrBenmniM puddepeRnupoBaEueM Jerko IpoBe-
psietcs, 9ro upu mobom duxcuposanHoM a =2 0 GyEKUMA

WG
FO = yr
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MoHoTORHO yOnisaer ua orpeske (0, R). [losromy n3 mepa-
BerncrBa (12) Mpl momysaeM, 9To

"y (—a) << o(—a; E*, DY), o<a<n. (14)

C npyro# cropousl, 3 uepapencr® (12) u (13) wHerpyamo
BhiBECTH, 9TO

" Rz —
Q= (g() = 7”—5_—71‘ weE*, yeb*,
I NOJYYOTh HEepaBeHCTBO ’
u (g 0) > f p@) I gr=ddr, e (15

CornacHo onpefencHUWI0 (GyHRumH W (L) HHTErpas, CTOAIMII
B npasoft sacty HepaBencTBa (15), coBmagacer ¢ w(y; £*, D*)
I noroMy OH paBeH ejuHnue. l[lockoabky Jmo0as Touka
z & E* Momer GuTh mpefcTaBieHa B Bume 2 =.g(y) (co-
rj1acHo onpefeneHnto Qysruunr g(x)), MBI HOIyJaeM U3 He-
paBenctsa (13), 4ro

.. [22% (Z) > 1.1 ’ zeEo. (16)

Qyaxuua u;(z) rapmonwnuna B obmactu D°, paBua Hymo Ha
OKpy#HOCTH |z| = R u He MeHbIIe e HHHUL! HA OTpe3ke E°,
Ilo mpunuuny MaKcMMyMa Mbl HOJdydaeM OTCIO[A, 49TO

ul (Z):>0) (Z, Eoy D )1 ZGDG.

13 storo ucpasencrsa u nepaseHcTBa (14) meMeficuHEo BLI-
TEKAET YTBCP/KJCHIIE JIeMMBbIL.

Tapmonnuceryo mepy o(z; E°, D°), Bxogamyw B yTsep-
JHIEHIE JCMMB J, MOMKHO 1IpOCTO BBIYACAOTH, JleHCTBiITemb-
HO, HETPYAHO OPOBEPUTH, YTO QYHKIMA

VG—R+-OR~VRE—(R—298)z
Ve—R+8R+-VR—(R—0)z .

w(z)_;

rougopMHO oToGpaxaer D® ma yrox S={w‘-0 <argw< —;— ;
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npraem paspes E° mepexomut nmpu  sToM  orobpaskermunm B
BepTHKANbHYI cTopody H atoro yrma. Ilo mpummumy rap-
MOHMYECKOH Mepbl

(s £ D) = o (w(z); H, S),

a noclefHAA TrapMOHNYeCKas Mepa, KAK MH yiKe 8HaeM,
paBHA .

2

—argw (z).
IloatoMy ¢ moOMONILI HECTIOHIHBIX npeoopasonannu MOKHO
ooayuurb QopMyay

- (R—a)b
o(— lll; bo, Do) =— arctg—(zﬁ_—a)—(z%_—é)-, oa<r.  (17)

OGrvennuan teopemy 2.4.6 ¢ aemmoit 3 nm popmymoit (17),
MBI OPAXOMUM K CAEQYIOLIEMY Pe3yabTaTy:
TeopeMma 2.47. [lycre obaacre D npedcrasaner coboil

kpye |z2] < R ¢ ewbpowennvin us Hezo muoxecréon E,

a A — nexoropoe nodmmoxecrso orpeska (0, RH), umewujee

mepy 8. Ecau das xawdozo x & A na okpyxcnoctu |z2| = z

ecTv xoTR 6bl 0dHa Touka, npunadaexwawas muoxcecrey E,To
R—]z])8

w(z E,D)> arctg R R=5" zeD.

IpoBemernrie BhIle PACCYKAEHIA JOKA3HIBAIOT Teope-
my 2.4.7 B ciyuae, Korza MHOMecTBO I COCTOMT M3 KOHed-
HOro 9HCIAa KYCOTHO-IIASKHEX KDUBHIX M KOHEYHOro 9mcia
o6nacTeil OorpaHMYEHHBIX TAKHMH KDMBLIMH, 8 MHOMKECTBO ‘A
COCTOMT H3 KOHEYHOTo Unciaa oTpeaxoB, OfHAaKO ¢ MOMOMIBIO
AaOOpOKCHMALUA M OPefeJbHOrO IepexqAa 3TH YCJIOBHS MOMK-
HO CYIIECTBEHHO OCIabHTh,

BAJAYM M JOMNOJHEHUA K § 24

1°, ITyery PyHKOMA f(z) peryiApHAa m OrpaEdYeHa B LpPaBod Hoxy-
IIOCKOCTH H CTPEeMHTCA K Ipefedy 4 OpH z —> oo OO0 HEKOTODOH KpH-
BOji, JeKameii B arodl momyndockoctd. [loxkasars, 910 TorAa f(2) crpe-
MRTCH K Tpeflenly A upm z — co B J06oM_yrite, PacloN0KeHHOM BHYT-
pH upaBoi nonynnocmc'm.
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2°, Tlycte 66nacte D onECHIBAETCA HePABEHCTBAME

—_—e Lz < 400, @r) < y< Pa2f2).

O6o3maunM wepe3 D, mepecevense ofxactm D ¢ HOMYyOIO0CKOCTHIO
Re sz < z, a 2epes O« — ee mepecederue ¢ mpaMOil Re z = z, Jokasars
CUpaBefIHBOCTh HepaBeHCTBa

o (G0, D)< 4 o eXP {max Rew (z) — Rew (;)},

€0y

rae w(z) — pyurnus, kougopmuoe orofpamatoman ofractk D Ha mono-
4
eyl Imw] < 5~ TaKHM ofpaaoy, 3T0 Re w(z) — & o mpz Rez > too,
3. Iycts oﬁnacm D u D* omuceiBaIOTCR HEPaRBEHCTBAME

—w<z<+e, ly—g@)] <o),

—o<zr<+oo, [yl <O(z)

de o
coorsercTBenH0. O603EatuM depes Dx m D, nwnepeceuemma obracrteit

-
D 7 D* ¢ monynadckocroio Re z < z, & 9epes Bx 1 6, ~ mx mepece-
9eHHA ¢ UpAMOH Re z = z. [loxasats, 210 )

o6, D)<o(Rel; 0y, D))
§ 2.5. Moayan u 9KCcTpeMajbHbIE [IIHHBL

Harnanuste TeOMCTPIECKHe METO[bl ONSHOK OTHIOAL HE
ABIANTCA MOHOIONIHEH rapMouHudeckoi Mepsl. B sroM mapa-
rpade MBI GyneM roBODUTH O ADYTWX reoMeTPUIECKHX MeTo-
Aax, KOTOPHE AT BO3MOMKHOCTH IIOIYIATHL (olIee TOHKUS
" rayGoxue peaynbrarsl, C WX IOMODILI0 MBI IOJY4IMM, B da-
CTHOCTH, ACUMITOTHIeCKNe HOPMYABl AAsl KOHPOPMEHX 0T06-
pParReHUI.

Haunem ¢ paaa dopManbHEIX ONpeeleHui.

Hyc'rs D — oamoceasnag o6macTs, orpaHHIeHHAA OpO-
croit aamkmyToit xpupoit, Jersipezryzoavnuxon D c eepuu-
wamu A, A, B’, B M1 OymeM Ha3elBaTe ofgacts D, Ha
rpaEHWOe KOTOPOfi yKasamW dereipe Toukm A, A’ B’, B,
3aIMCAHHBIE B NMOPAAKE HX CIEJI0BAHUA 110 IPAHMIE B HOJO-
AUTEILHOM Halpapilenun (yKa3aHAe IepPBOH TOUKHM TOWNe
cymecTBerHo). Jlyru rpanmuHoll KpmBOH obxactH D, pacuo-
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Jo/KeHHRIe MeKAY NBYMA COCEXHUMH BEpHIHBaMH, MBI OyjleM
HA3BIBATh CTOPOHAMU YeTHIPEXYroAbHAKA,

Modyasemn uervipexyronbauxka D ¢ sepmumama A, A,
B’, B bt Gygem HasplBATh TAKoe IIONOMKUTEILHO® dICJIU
m = m(D), nna roroporo cymectsyer pynruma w == w(z),
roEQopMHO oToGpaskatomana obaacts D ma upAMOYTONLHNK
0<<Rew <1, 0 < lmw << m takum oGpazoM, 910

w(d) =0, w(4d)=1, w(B)=im, wB)=im+1

" Ecnm obmacts D — 370 o6muERI mpaMonumefinnidt mps-
MOYTOJpHEEK, 8 BepliuHK YeTnipexyroabuunka D m ero cropo-
Hpl COBNAMAIOT C BEPIIMHAMY I CTOPOHAMH B HX OOBIYHOM
HOHEMAaHAM, TO Moayab m (D) paBeH OTHOUIEHHIO JIUHBL
CTOPOHBI AB aauHe ctoporsl AA’

Conpaxcennvim modysem m*(D) gernpexyronsaura D
c sepumnamu 4, A’, B, B mul GyneM uaseBaTb MOLYJIb de-
reipexyroasuuxa D ¢ sepmunamu 4°, B, 4, B. Jlerko Bu-
nerb, 94T0

m(D)-m*(D) = 1. (1)

Cpenm reoMerpmieckn mpocTHx obgacrteid modtm wer Ta-
KNX, KOTODHE OToOpa;KAIOTCA BdIeMEHTADHBIMA (yAKIHAMM
Ha UPAMOYroabHWK. [loaTOMY JHIUL 1A HEMIOTHX YeThblpex-
YTONbHUKOB MOAYJb MOKeT OLITh Haliiled B 3JIGMEHTAPHOM
puge. CroMT YOOMAHYTH, NOMKANYH, TOJNbLKO OAMH caygsall
(oTaMUHBIA OT NPAMOYTOMLHUKA).

Iycrs o6nacts D — KoabueBoil ceKTop

r<<lzl <R, o<<argz<<1.
Bepummman uwernpexyroaniura D seifepem cacayioumm 06-
pasom;
A = Re® A’ =re®, B =re®, B = Re™.
Dyrxuna w = Inz hombopMHO oToOpaskaer Takoi qe'mpe\-
YTOJbHAK HA DPAMOYTOJIbHEK

Inr<<Rew <IlnR, ¢<<Imw <1,
npuieM obpasamm Bepumu A, A’ B’, B dersipexyroibHu-
g*
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Ka D aABasAwTCA COOTBETCTBCHHO BEPMIWHB
InR4ig, Inr4iq, Inr4ip, InR+iyp

apaAMoyroibuuKa. [TosToMy mel mosnyyaem. aaa Mopyna m(D)
yersipexyroabauka D dopmyay

; - %=
it (D) = %(T/ry‘

Ws-3a masoro wncaa siaemMeATapHBIX OPAMEPOB, TIe MO-
AYTh MOKHO BBIYMCJANTbH, HEe CTOUT HOHITATHCA YCMOTPETh Ka-
Kne-Te00 HATEpecHble TeoMeTpHIeCKHEe CBONCTBA MOZYJIA He-
DOCpeACTBEHHO U3 ompedeleHud, Jlydine moka caMTarh aTo
ompefenennme IHCTO QopManbAbM. B gelicTBuTennRocTH 3a
aTUM opMaNbHEIM OUpefeleHENeM KpoeTcA odeHb €Boeolpa3-
HHH reoMeTpmYecKuil cMBICH, NO3BONAMUI DONy4aTh Ha-
INAJHBIE B B TO Ke BpeMAa ray(0KO HeTPUBUATLHBIE OLEHKI
ANA MORyJei deTBIpeXyrolbHAKOB, [[JIA paccKasa o HeM HaM
norpeGyerca HexkoTopas noArotoska. C 5To# Heapo ME! BBe-
OeM eme OJHO MOHATAE — SKCTPEMAIbHYI0 ANUHY ceMeiicTea
kpusHXx, O6a NMOHATHA — M MOAYJIb, H OKCTPEMANHHAS AIWHA
6Hn  BEEJEBHI  3aMevYATEIbHHIM INBEACKAM MATEMATHROM
JI. AaegopcoM, mael KOTOPOro IIPOHEIBLIBAIOT BCI0 rEOMET-
PUIECKYIO TEOpili0 aHARATHUeCKHX (yRKUAH.

[Iycre mam gama ueorpunarenbeaa Gyskuma p(2), oupe-
JeleHHAA A BCeX KOMIJIEKCHBIX Z M WHTErpupyemas ¢ Ksa-
ApaToM mo Bceil koMmmaexcHoH maockoctH. C dynrmued p(z)
MHl CBAJKEM MeTPUKY B KOMIOJEKCHOH MJIOCKOCTH, ONpEjeIns
arddepernAaT AIEHEH AYTH PABEHCTBOM

ds = p(z)|dz].

flceo, wro gamma KpuBo# Y ¥ mIomafk obmactm D B sroii
MeTpHKE BLIPAKAKTCA (OpPMYyTaMH .

l(y) = [p@|dzl, D)= | (p*(2)dzdy
Y D

(a8 AMEEHE KpUBOH# MBI omyckaeM sHaweHHe [, (y) =-o0),

PaccMorpuM Temeph HeKkotopoe cemelcreo I' cupamise-
MEIX KpHBEIX Y, JieyKaliux B NaEHO# obmacrm D (m ypomner-
BOPSIOMIAX KAKAM-TO JIOMOJHWTEIBHHKIM YCIOBWAM, OMpefens-
fomam ceMeiictBo I'). Ixcrpemasvroti daunoii cemencrsa I
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MBI HA30BeM BeTHIHHY -
i () =sup {inf I (v)}z,
p lyer

TMle BepXHAA TrpaHb (epeTcs MO BCCM METPHKAM, JAIA KOTODPBIX
dyaruua p(z) YROBIETBOPAET YCIOBUIO

‘

ﬂ p?(2) dz dy < 1. )

Ty MeTpunry, Ana KoTopoil BepXHAA rpaHb B ompefelleHAN
HKCTPEMATLEO! IJIWHBI JoCTHraeTcsa, Mn OyneM HA3HIBATL
akcTpemansuoti, Oyurnuo p(2), 0TBEYANMYI SKCTpeMalh-
HOH Merpuke pmaA cemeicrBa I', mal Oygem ofo3Hagath 4e-
pea pr(2). fcuo, uro pyHRumMI0O Er(z) MH MOKEM CYHTATh
pasHO# Hymio BHe o6nactuy D m ymoBierBopAmeil YCIOBHIO

| [ ob(2) dzdy =1,
D

TAK KaK B OPOTHBHOM CIYWYae MBI MOTJIN OBl yBeJAMYATE: 3HA-
venme enmunusl inf lo (y) yMBoskenwem ¢yHxmum pr(z) Ha
yeT

HeKOoTOpyIo mocroaunyw, - HeTpyaso mokasars, 9ro skerpe-
MAJIbHAA METPMKA B CYIIeCTBeHHOM efuHCTBeHHa. [lelicrsu-
TeIbHO, NYCTh P1(2) U p2(2) — QyHKIUM, OoTBevamOIME ;[Byl\l
3KCTpeMaldbAnM MeTpHKaM. OGozmaumm

0(0) =5 (010 + . (@), AE) =501 — p, (2)).

OwennpHo, aro ’

. 1. 1.

int 1, () >+ inf b, (¥) + + inf b, (v) =2.(D),
yel yel ‘

a

fS p*(2) dz dy + ff A?(2) dz dy =

= %-fbj‘ipf (z) dz dy + %ﬂ 03 (2) dz dy =1,
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Ecnm 651 mMeI0 MeCTO HEPaBERCTBO

ij A?(z)dxdy > 0,

-

TO METPHKM, oTBewannue QyRrunAM p;(2) ¥ po(z), He MoI-
au O OBITh axcTpeMadbEbIMH, ClefoBaTeNbHO,

‘ fj (012) — 0 (9)* d dy = 4f§ A (z) dz dy =0,

a 970 03Hawaer, 4r0 QyEKuny p;(2z) # p2(2) Moryr oTAHIATH-
CH NWIIb HA MHOKECTBE MEDH HYNb.

Teopema 2.5.1. Modyav uervipexyzosvnuka D c eep-
wunamu A, A’, B/, B pagen srcrpemaavroll Gaune cemel-
craa T, cocroaujezo us kpugviz, aemawur ¢ obaacty D u
coedunsroyuzr croporvt AA' u BB’ 3T020 ueTvlpexye0AbHuKA.

HowrasarennbcTtpo. HerpymHo 3aMeruTs, UT0 B Mo-
IyJab 4eTHpeXyrolLHHKA, W DKCTPEMANbHAA MANHA yKa3aH-
HOro ceMelficTBa He MEHAIOTCA TP KoHQODMHBIX 0To6paske-
Huax ob6mactn D. IlosroMy naM [OCTATOYHO JAOKa3aTh yT-
BepKIeHNEe TeOPeMBl JHINL B CIy9ae, KOTAd TETHIPEXYFOMb-
HEK D sBisercs 1pAMOYTOTbHEKOM

*={z: 0<<Rez<<1, 0 < Imz<<m},

A4=0, A’=1, B=im, B =im+1.

B srom caysae m(D*) = m. HailneM sxcTpeMaIbEYIO LIl-
Hy A(I') cooreercrtBywmero cemeicrsa I', KoTopoe cocront
M3 KPUBBIX, JeRamux B npamoyroabEMke D* u coennmsio-
mux ero croporst (0, 1) m (mi, mi+41).

Ouna ouenku A(I') cEE3Y BO3BEMEM

1

0,(2) = m 2, ze=D*,
d 0,  2eD*.

Torga
(D) = sup (inf I, (1)} (inf Iy, (1) 2= 7 (L ()"

-
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rae !(Y) — eBknuaoBa mnnmEa kpusoit Y. Jlna KpusHX ceMei-
crBa I' umeeM, oveBugno, I(y) = m. CaegosatensHo,

A(T)= m. (3)
Ana onenkn A (') cBepxy Bo3bMeM B KadecTse Y OTPE30OK

Y. coefuHgiomuil Toukn z uw x4+ im, e 0 <<z << 1. Jlaa
moﬁofi‘nonycmMoﬁ Pyuxmun p(z) umeem

x-Fim m
infly () <) = | p(z)ldz1=0§p<x+ty>dy

Wurerprpys norydennoe HepaBeHcTBo mo r oT 0 sio 1, mMeen

;gflp Xﬁp z) dz dy.

Orciona, npuMeHUB HepaseHcTBo Dymsarosckoro — IlIeapua,
MBI HOJIY'TAM B CHIIY yCIOBUSA (2), aro

{mflp }2<H 2)dz dy- ”ﬂxdy<

*

910 HepaBeHCTBO, CNpaBeIMBOe JUIA NMIOGHIX  JOMYyCTHMBIX
p(z), osmagaer, gto A(I')<< m, u Bmecte ¢ (3) omo paer
Hau, 910 A(I') =

3aMeTHM, 9TO N3 HALIXX pACCYKAEHUll BEITEKaeT TAKIKE,
qaTo SKCTpeMasbHAas QYHRIuA pr(z) A1 NPAMOYTONbLHUKA
D* parma m~". Orcrofa HeTpYAHO BHBECTH, UTO A WMCXOJI-
HOTO TETHPEXyrolpHika D 3rcrpemansHag GyEKmUA pr(z)

pasna m 2|w’ (2)|, rme w(z) — Pynxuua, konpopMHEO 0TOG-
paskalomiasg deThipexyrolpEAK D) Ha mnpamoyronsEMk D*.

JoxasaHHYI0 TeopeMy JeTKo ,UCHONL30BAaTh A OLEHOK
Monyiell geTblpexyrolbHAKoB., JJA Hadala OTMETHM CJIe-
IyOIIni aBaJor NPUHOYINA paclIupeHdsa oblacTu.

Teopema 2.52. Hycrs D/ u D — déa uerviperyzons-
ruka ¢ coenadarowumu eepuumamuy A, A’, B’, B. Ecau o6-
aacty D seaserca wacrvio obaactu D, Ho croponet AA’ u
BB u uerbzpexyeo.mwuhoe D u D’ seamworca obwyunu, 1o
m(D, < m(D"), '
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HorasareascTBo. CeMeiictso [, cocrosmee m3 Kpu-
BHIX, dekamux B obnactm D u coegmEAIOmMAX cropoHs A4’
u BB’, cogepsrur amamoruvsoe cemeiictBo [V, B woropoM 06-
aacts D zamenena mHa obuacrs D', Iloatomy

inf I, {y) < inf L, (y).
yel velv
Orcma HemocpPeaCcTBEeHHO BLITCKRAaeT YTBEP:KIAeHIle TeOpeMBl.

oxasaTenscrBo Caemyiomeil TeopeMsl COBepIIeHHo AHa-
JOTUYHO. '

Teopema 2.5.2*% Ecau gepwunst A, B u B’ uervipezx-
yeoavnurxa D gurcuposanel, 7o ¢ npubsuiceHUEM 8ePULLIBL
A" ® gepwune A modyas uervipexyeoavrnuka D eospacraer.

PaccMoTpM pea mpumepa OUEHKH MOAYIA ¢ HCOONB3O-
paEueM teopeM 2.5.2 m 2.5.2%,

IMMpumep 1. Onmerum moayas, m(D) gweTHpexyrodbHUKaA
D, rne o6nacty D onuchiBaeTca HepapBeHCTBAME

a<<z<<b, 91(I)<y<92($)

(8i(x) m O3(z) — HempepHBHble (DYUKUIN), & BepLIUHB
9eTHIPEXYrOIbHIKA HAXOOATCHA B TOUKAX

A=a+i8(a), 4’ =a+ 9 (a),
B ==1b+4i0,(b), B = b+ iBy(b).

OQo3sauum

87 = max 0, (z), 0 = min 0, ().
a<x<b a<x<h

TToxasem crawama, aro ecau 97 << 03, To
b—a

ST e

Ilycre
A =a+i0;7, Ai=a+0F, Bi=b+ i, B=b+ib;.

PaccMoTpum 1nBa BCHOMOraTeJNBHEIX YeTHIPeXyrolbHHKA D,
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r Di. YernpexyrombEuk' D) orTamdaeTcs 0T 9eTHIPEXYrodb-
guka D aumme TeM, UTO ero BepIOWHAME ABIAKRTCA TOTKH
4, Ay, B, Bi, a deTnipexyroibhbank D} umeer Te e BepIIK-
HEI, 9To w 9wetsbipexyroasHuk D, mo Bmecro obmactm D'y
HEero HpAMOYTONLEAK

a<z<b, Of <y<o;.

Na reopemer 2.5.2* umeem m (D)= m(D), a us Teopemur
252—m (D1)> m(D,}, Takr 9ro

m(D)<m (D) ===
2T

ConepmeHHo aHATOrn4YHble pacCy¥aeHHEd al0T HaAM

OlIeHKY
b—a
m (D) 2 ———=

A MOjyA ueTHIpexyrodsHoKa D cumay.

- B rtex cayuasx, Korga He ygaercAd OPUMEHHATh Teope-
Mul 2.5.2 m 2.5.2*%, umorga ymaerca HeNOCPeACTBEHHO IpWMe-
HAThH Teopemy 2.5.1.

IMIpumep 2. [Iycrs croporu AA’ u BB’ weThpexyronnb-
Anka D jmejar Ha ABYX HAPA/UIENbHBIX NPAMEX, PACCTOA-
HHe MeiiIy KOTopHME paBHO A > 0, a gBe Apyrme ero CTO--
POHBL — 5TO IPOUSBOJNBHO PACIONOKEHHBI® MEWAY 9THME
TNpAMEIMA KpuUBble, PACCTOAHAE MEMKIy KOTOPHIMU paBHO d.
OnenuM MOOyab YeThIpeXyroabHEEKa 1) cHuUaY,

OCTDOMM  BCIOMOTaTeJbHbIl  4eTHIPEXYTOIbHUE D, ¢
pepmuEamMu Ay, 4i, By, By, pacuonosenmHbIME HA Tex iKe
OapaLTeNbEBIX HPAMBIX, 9TO W BepIIAEH YeTHIPOXYTOIBHUKA
D . Yerpipexyronsuuk D Mul GyneM cauTaTh oOLIYHKIM mps-
MOJIUHeNRHEIM TIpaAMOyrodbHAKOM., Ero pacmonosxeHme u pas-
MepHl MBI BHIOEpEM CIeTYIOIMAM oﬁpaaom. Hatinem 6am:xaii-
mue Apyr k Apyry Touky { E AB u ' A’B’ (paccrosunne
MeKAY BWMA PaBHO d) H pPACHONOMKHM IPAMOYTOIBHHK D)
Takr, aTo6el Touky § m T/ memanm BHYTPH HEro u 9T00BI WX
paccTogEue ot cropon A;B; u AiB; 6suto He MeHbme A.
Jlerko mopcamTath, UTO LiA 3TOH HeAW HAM AOCTAaTOYHO,
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qTOGH. ZamHa cTopoHN A;4] NpAMOyroIbHmKA D, Geua
paBEa d 4 2A. Ilockonkky miusa cTopoEM A1B; Opamo-
yroneEAKA D, pasma A, ero mlomann . Gyfer paBHOHR
(d + 2A)A.-

BosomeM ¢yERum0 p(z), paBHO# ¢ B UOPAMOYroJbENKE
D, n mymio Bre Hero. [na BHIOONHEHHs ycloBia (2) M=t
moJaraeM

¢ = [(d 4 2A) A2,
CornacHo Teopeme 1

m (D) > {inf I (Y2, '

ver J

rie [' — ceMelicTBo KpumsIX, Jdeamnx B obmactm D m co-
eMUHAINEX Mexay coboil cropomst AA’ uw BB’ weruipex-
yronouuka D,

Onenmm ,(y). llepecegennme ¥; KpuBOo#l ¥ ¢ HPAMOYroib-
auxkoM D; memycto, Tak Kak D| U0 DOCTPOGHWIO COAEPIKHUT
orpesok (§, §’), a ragan kpuBag Y < I obasama mepece-
KaTb BTOT oTpe3ok. [lpm mamem sriGope p(2) senwamma [ (Y)
pasHa cl(v1), roe l(Yi) — eBkIugoBa ONAEHA MHOMKECTBA Y.
Ms1 nokaem cedfuac, uto I(y;) = A,

PaccMoTpuM [Be BO3MOKHOCTH: HJIM KDPHBAA Y HETHKOM
JeRET B OpAMoyronbEuke D), HIM oHa BEIXOJUT 33 €ro Impe-
penbl. B mepBom cnyuae JOKA3BIBAEM06® HEPABEHCTBO HeENO-
CPefCTBOHHO BHITeKaeT U3 ompefeqeHus ceMeiictsa I', u6o
paccrosinue Mexay AA’ uw BB’ mo ycmoBumw He Membiue,
geM A. Bo sropoM ciyuae MHOMKECTBO Y; COAEPMKHT CBA3-
HEI{ KYyCOK KpUBOH# Y, HaYMHAKIOAHCA B TouKe ee mepece-
gegua ¢ orpeakoM (§, §’). Tarkux yvacTkoB — gBa, H XoTa
Obn ONUH H3 HAX KoHYaeTcA Ha cropoHe A8, mam mHa cTo-
pore A1B; upamoyronsmka D;. Ilo mocrpoemmo mpso-
yronsEEKA D) 9TOT y9acTOK . HMeeT AJIMHY He MeHsINe, 9eM A,
Hrak, B ofomx cayvasx [MOKa3biBaeMOe HEPaBEHCTBO Clipa-
BEIHBO, .

Bosspamascy k l,(y), MH BuguM, uTo aaa Bcex y=T
EMeeT MeCTO0 HeDABEHCTBO

A /s
b= =(5m)
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o, ¢liefoBa&TEJIbHO,

A

m (D) 2 5733

Ilpu oneunxax mojyueii uacto GBIBAIOT yNOOHH pasiuvHLIE
BnponaMeneHua (OPMyN A BKCTPeMAaJbHHX MIMH H AJA
Moxyned. Mol oTMeTuM cefiuac HECKOTBKO ., BO3MOMKHOCTEIT
TAKOTO pofa.

- HauweM ¢ ofHOro cOBepIIEHHO 0YEBUJHOIO 3aMeYaHHA.
B onpepenenun sKcTpeMaabHOR NMVHEL COBCEM HeoGA3aTelb-
HO paccMaTPEBATL METPIKH, yUOBIeTBOPAIOMYE HODMHPOBOY-
HoMy ycnosro (2), Bmomme gocraTowro TpeGoBaTh BBEITOJ-
HeHHe YCJIOBEA )

So={{p@asdy>o. (2)

Ixerpemaneras jnHEa A (') onpenemserca Torma  cuerka
nHOM dopMyIoH

{mf ( (y))}
AMI) = sup -L——————

Hanee, kak MBI V:He OTMeYadH, SKCTPEMANLHAS METPMKa
paBHa HYJIO BHE obnacrr D, ecu peudp umeT of IKCTpPeMAalb-
. HOil piMEe ceMeifcTBa KPHBHIX, Jdeamux B obmactu D, Ho-
3TOMy ycmoBue (2*) MOMKHO 3aMEHHTH YCIOBHMEM

o) = {pydzay>0 (2*%)
D

B HamEcaTh G skcTpeManbHOH pumHEH A () dopmyry
inf 1 (v)}!

ver P

A(T) =su {—————— 4

() = sup S “
91y dopmyny MoMKHO eIle HeMHoro Ipeofpa3oBaTb.

OGosnauum gepes Kr Takoll Klace MeTDHK, JJIA KOTOPHX

npn Beex Y & I' ©MEIOT MecTo HEpPaBOHCTBA

lP(’Y)> 1» PEKv. ;&5)
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Qopuyny (4) MomHoAaaﬁucaTL B Buje
(D) = sup (S, (D))" (4%).
peEKp

Mer Bocmombayemcs ceitsac gopmymoit (4*), wtoGel Ha-
OicaTh ele OZHY NMOJNe3HYI0 (GOPMYNy A MoXLyIA yeThipex-
yrompamka D. Mbr pame Beimenmm sty opmyny B Buje
JTEeMMEL.

Jemma 1. HIyerv D | — HETBIPETY2OAbHUK C 8ePULULHAMU
A, 4’, B', B, a I'* — cemeiicreo Kpueblz, sexawuz ¢ obadc-
Tu D u coedunaowuz memdy coboi CTOPOHYL AB u A'B’
aT020 ueTvlperyzoavnuka. Toz0a

m (D)= inf S,(D),

PEKx

28e Kr. — kaacc nerpur, 844 KoTOpbHLL

Liyy=1, yel* psKr.

JorasateabcrBo. CornacHo OmpejeleHHI0 3KCTpe-
MagpHAA AaMHA ceMelictBa [* paBma cONpSIKeDHOMY MOAY-
mo m*(D) mamero wernipexyroasuuxa D. IlosTomy nute-
pecyomas Hac QopMyla HeMeQIeHHO NodydaeTcA ma ¢op-
mya (4%) m (1).

Bo MBoOrmx ciaygasx ObiBaeT yf00HO MOAB30BAThCA TAK
HaasiBaeMoit memMoit I'pega. [na ee opMyIMPOBKY MBI OTM-
IeM CHauajJa HEKOTOpOe MOCTpOeHNe.

[IycTb MBH 1UMeeM 9eTHIDeXYroAbHHK D ¢ sepmmmamn,
KOTophle MBI 06o03HaumM wepes 4, Ay, A4, 4,. Pacemorpuy
crenyoomee pasfHeAue STOTO UeTHIPEXYTONbHMKA HA N 9e-

Thipexyronsuukos D, k=1, 2, ,.., n. Bubepem Ha CcT0-
poHe AOA, Toaku A, ..., A,.-1 ¥ AHAJOTHUHBIe TOYKA
Ay, ..., 4n_y Ha CTOpOHe Ayd,. Mu 6ymeM CYHTATH, 9TO

HoMepa Touek A, m An OTBEYAOT MOPANKY MX ClefoBaHMA
II0 COOTBETCTBYIOIIIUM CTOPOHAM deThIpeXyronbHmEa D. la-
Jee, KAMKAYO ToUKy A, MBL cOeAUHAM ¢ TouKO#l Aj mpocroit
KpHBoO#l ¢, Aesameldl B o6xacra D (remeps k=1, 2, ...
«ve n—1, HO gan ezmnoo6pa3mﬂ MBI MOKeM 0603HB‘IIZITI> ge-

pes Co m C, ctoporst A,Agu A A, zerstpexyroasamsa D).
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Bce mpuspie Cp Mmui GyaeM cuuraTth, mOOapHo Relepece-
KalOUIMMHECA, OTH KpuBHe 'paaéusator obmacts D ma n 00-

aacreit Dy, k=1, 2, ..., n. U3 arux obaacreil ME # HOMY-
.qaeM qerupexyronbmnm D, ¢ sepmunamn B Toukax A,_i,
Ah—h Ahi Ah'

Teopema 2.5.3. pu awbom onucamrnorm 6vliue pa3bu-~
(2127277 'leTblper‘JO./leuﬁd D UMeerT MECTO HepaGeHCTa0

n

m(D)}Ei m (D).

Hoxasareasctso, [lycrs I'* — cemeiictBo KpuBBHIX,
nemamux B obuacta D u coenunsiomux mexay coboét cTo-
pount ApAd, n AoA, uermpexyromvrura D. Ofosmazum we-
pes p*(z) QyHKuUBIO, OTBEYAIOMYI0 SKCTpeMalLHO#l MeTPHKe
una cemeiictea I'*. Cornacuo nemme 1

n

m (D) = Sy« (D) = kzi So+ (Dy). (6)

OueBuano, 9to ceMeiictBo I'* srmouaer B ceGa amagorudmble
-

cemeiicrsa ['x,. mocTpoewsble nua 4eThIpeXYrodbHAKOB D,
IlosTOMY )

p*EKP*’ =42y my
[

u 73 demMbl 1 BHTEKaeT, 9TO

-

m (Dy) < Spv (D), k=12 .00 (7)

Us dopmyn (6) u (7) HEMCIUIEHIO HONydaeM yTBepHieHHe
TEOPEeMBL,

TlorameM, KaKk MCIIONBIYETCA TeopeMa 2. 5 3 Iaa oneHKH
MOAYJae# 4eTHPeXyroJbHAKOB.

Ilpamep 3. Haiinem Gonmee TOMHYW OUEHKY CHE3Y A
MOAYAA YeTHIPeXYyrOJbHMKA, PACCMOTPEHHOro B TIpEMepe 1.

O6xacts D mas HeTHPeXyroAbERKA NpHMepa 4 ommchiba-
nace HEPaBeHCTBAMYU

e<x<b Bi(z) <<y <8i(2),
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Msr pasmenuM oTpesor (a, b) ma n paBHHX uwacTeit TOUKaMuU

. ah=a+—:—(b—a),_ B=0, 1, vy

¥ pasobreM obnacrs D Ha n obnacreit D, mpaMuIMU; IpOXo-
OAIYMYA Yepe3 TOYKU ¢, NapauIedbHO MHUMo# ocu, O6macTb
D, M0HO onucaTs HEPaBEHCTBAMH

Gho) <2< a5, 01(7) < y < 6:2(x),

a.pepmuHAaMM vernipexyroabHuKa D, spimorea toury A,-i,
Ap—y, Ap, 4,, e

4, =aqa, +L62(a) A; =a, + i0, (a,). .

lIermpexyro.umm}m D,, BHOJHE HOAXONAT IOJ KaTeropHi
verhlpexyronsunkos D), paccmorpeHnsix B mpuMepe 1, ecair
TMONOMUTE dy—)] = a, a, = b. [lod3ToMy MBI MosKeM HamcaThb
HepaBeHCTBO

0,(E,) = max 0,(z), 6,(8)= min 0,(2).

Ay |SXx<ap ap_ |SXKoy

CornacHO TeopeMe 3 uwhaeem

m (D) = Zm (D) = 2 (gh)_gx-(lak)

3

Tlepexonsa K Ipegeay Npn n—>00, MBI JIeTKO IojaydaeM He-
PABCHCTRO

b
. dx
n0)> | 5 s ®

flcHo, 4T0 HepaBeHCTBo (8) CymIecTBeHHO TOYHee Hepa-
BeHCTBa, modyYerHOro B mpuMepe {. OnHako m HepaBeHCT-
Bo (8) mamexko He Bcerfa jlaeT peayinbTaT, GIM3KMIl K HCTH-
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ne. Hanpamep, paccmorpmum cayuaii, korga obwmacts D mpep-
cTaBasgeT coboil molocy @ << x < b ¢ HeKOTOpPHM 9HCJIOM
PaspesoB 10 BePTHKAJLHBIM JyYaM, NPHYEM, MMEIOTCH pPas-
pesbl, @Aymde BBepPX, M pa3pe3sl, Begylijie BHM3. B Kagecr:
Be cropor AA’ u- BB’ uwermipexyroapEmka D Mm BO3LMeM
npamsle Rez =a u Rez = b. Herpynuo moxazats, 910 MoO-
AYJIh TAKOTO YeTHPeXYTOJbHUKA MONOMATENEH ¥ 9TO OH MO-
eT OBITH CKOJB YrofHo GoabIOnmM, eciium paspesoB JoCTATOH-
Ho muoro, G apyroit croponsl, gna awboit tTaxoit obiactm D
ME mMeeM pasenctBo 0p(r)— 6, (z) = oo, Tax YTO HEpaBeH-
ctBo (8) He paer B 3TOM ciyuae HHKaKol ooeHKH.

Jlemma I'pewa ovens ynob6Ha miA oLOeHOK MONYJA, HO OHA
IO3BOJIAET NOMYdaTh TOJBKO OLlEHKH cHM3Y. HodedHo, mia
ONEHKE MOAYJA HYeThIPeXyrojbHHKA CBEPXY MOMKHO OI[EHII-
BaTh CHA3Y CONPAMKEHHBIH MOAYJL 3TOr0 JeTHIPEXYTOJILHHULA,
HO YCTpOHCTBO UETHIPEXYTOJABHHKA WACTO IMO3BOJIAET €CTecT-
BeHHBIE pa30HeHMA JIMIUL B OJHOM HAIpPABIEHUH (CKaKeM,
B UeTHIPEXYTOJbLHHKAX BUJA, PACCMOTPEHHOTo B mpuMepax |
un 3, pasbuendme B gpyroM HaUpaBjaeHHH GeUIo 65l Ilemeseco-
obpasno).

Has Gosee TOHKUX ONPHOK MORYJIA HYETHPeXyTOILHHRA
(xkax cBepxy, Tak ¥ cHm3y, 00 A 3TOro mpHEMa MOAYJL
¥ CONpSKeHHBIH MOLYJh HMYEeM He pa3iamqaloTc) HCIOJMb-
ayerca apyroil npuem. OB cOCTOMT B TOM, 94TO MBI CTPOMM
oToOpajienne JAHHOTO YeTBIPEXYTOJbHMKA HA IIPAMOYTOJIh-
gk, Ecaun ypaercs mocTpouts KoEQopMHOE oTOGpasieHne, TO
MBI HoJy4aeM TogHyIo opMyay miasg moxyaa. Otobpamenne,
He ABIAKOLICeCA KOHPOPMHEIM, NO3BOJACT MOJYYATEH OMENKIL,
KoTophle TeM TouHee, YeM OJm:Ke MocTpoeHHoe oTofpakenie
K KoEPOpPMHOMY.

M moxaskeM ceifuac oguH peayianTaT momobHOTO pofa,
HOTOPHH BO MHOTHX CJAY4YaAX 0YeHhL yNoGeH B IPUMeHEHMH,

JMemma 2. Iycre D — uervipexyeoaviuk ¢ 6epuiLHaMu
4, A’, B’, B, a t(z)— deiicTeuresvnan Pynryus, Henpe-
poiano dugdepenyupyeman ¢ samvikanuu obaacru D. Ecau
dynwyusn t(z) orobpasaer obaacrs D na orpeson (0,1)
rakum o6pa3om, uro cropona AB uerviperyzoavnuxa D ne-
pexodur ¢ roxky 0, a cropona A'B’ — B Toury 1, To

YA (SN, P
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Morasatennctso. Obosmaumm wepea w(z) dynx-
nuo, kKoEPopMHO oTobpaskamyl obaacts D Ha mpaMoy-
roasENK G: 0 < Rew < 1, 0 << Im w << m TtaruM obpasom,
9710 ' ’

w(A)=0, w(d)=1, w(B)=im, w(B)=im+ 1.

Yepea z(w) bl 0603magumM obpatEyw QysriiHp. ILomosum
Rez(u+ ivy=z{(u, v), Imz(u—+ iv)=y(u, v)

B paccMOTPEM (YHKIHIO
) Lo(u) =) =1(z(u+v)).

Oyaruna t(z(w)) orobpaskaeT mpaMoyroabHuk G Ha oTpe-
sok (0, 1) u umepesonmr ero cropory (0, im) B Toury 0,
a cropory (1, 14 im)— s _touxy 1. Ilostomy npm moGon
ve (0, m) nmeem

1—&(1)—§(0)—-

i 1
S‘E’(u)du X{E’(u)[a’u—sv v bz O gy
0 0 h

dx ou dy éu

b 819%8

2
ot r'):t 0t dy
va or du dy cu du} =1

TlpuMeHNB K DocieflHEMY RHTeTpPany HepaBeHCTBo BywHaKoB-
cxoro — lllsapuma, MBI npujeM OTCIOfa K HepaBeHCTBY
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P

IToatoMy

5 K%Y + (‘Z’})z] Iz (w4 i) Pduz>t.

Wurerpupys 310 HepaBeHCTBO mo mapamerpy v or 0 fo m,
HaxouM '

SS‘[(‘%Y + (%)1 |2’ (u 4 i) Pdudv=m.
G

Crenaem sameny z(w) = 2. [locroabry o6pasom IpAMOYTOJab-
guka G ABigerca obmacTh D, MBI HONYyYEM HepaBeHCTBO

j‘Dj‘ [(2—2)2 + (%;-)2} drdy >=m.

Cornacro ompepmeneniio Mogyasa m = m(D) wmu nprmau K
YTBEPSK/IEHIIIO JIeMMBI,

BAJLAYY N JONMOJHEHUA K §25 '

1°, Oycrs D — gBycBaA3HEAA ofNacTb, a C; B (2 — CBA3HBIE KOMIIO-
HeHThl ee TpaHANb (MBI OyjaeM cYmMTaTh, 9TO KaKAana M3 HHAX COCTO-
ut Gosmee Iem m3 ofHo# Tourm). OGosmatmm depez I' cemeiicTBO KpH-
BhHIX, Jewamux 8 obnacty D m coeqmHAOmMUEX MeKZy coboit pasnud-
HbIe KOMIOHERTH ee TrpaEENH. J[loxasath, 910 (QyHKnEA p(2),
0TBEUAOmAan 3KCTPeMaJbHOH MeTpHKe 1A ceMeitcrBa I', mMeer BHJ
Jw'(z)/w(z)], rne w(z) — byuruna, romcdopMBO oTobpasaloman 06-
nacts D Ha wodeno r < Jz| < R.

2°, Mlycrs p-cBAsHag oOnacts D orpaEmyena mpocroil aaMKEyTOR
xpuBoit Cy ® eme p — 1 komuosentamm C,, ..., Cp_;, BrijenrmM Ha
kpasoit Cp ABe nyram E| u Ep He uMenomue o0mAX ToYeK, H 0603HAYAM
gyepea I' cemeficTBO KPHBLIX, Jexiamux B obnacta D # COSAHHAIOIIAX
Me:xay coboit aru ayrm. Jloxasarh, 970 SKCTPeMAaJbHAA METPHKA AJA
cemeiictea T' umeeT Bapg {w'(z)]|dz|, roe w(z) — dyHrumA, KoBPODPM-
Ho orobpakaomas 061acTe D Ha NpAMOYTOABEHK

<Rew <, O<Imwv<m

¢ BeprAKadnEuIMA paspesamm. [Ipw 3TOM oToGparkeEmm xpmBaa (p
mepexofinT B IPAaEMLY NpPAMOyronesHuKa, Ayra E; m E; —B ero ropm-
30HTaNbHple CTOPOHBI, & KOMHOHeHTH (i, ... Cp_;— B BePTHKAJLHEIE
pa3peshl. . ’

. 3. Hycrte o6nacta D m D* onmacuiBaloTCA HODABEHCTBAME

a<z<b, |y—o()| <8,
10 M. A, Esrpagos '
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a<<z<bh |yl <0(2)

co0TBeTCTBeHHO., Bepmuren 4, A’, B', B wersipexyroasHuiioB D n D*
Myl BpIGepeM Tak, 31066 croporst A4’ u BB’ y 06ouX YeTHIpeXyroib-
HUKOB COBIANANH C BePTHKAJBHBIMI OTPE3KAMY, BXOAALKNMA B IPaHA-
aul obnacreit D u D*, [loxasats, 9to m (D) == m(D*),

§ 2.6, OrobpasxeHHa KPHBOARHENHBIX MOI0C

Hyers @* (2) 1t ¢~ (z) — ABe PYHKUMH, HEIPEPHIBHO AND-
depeRUEPYyeMble TP X = @ ¥ YIOBIETBOPAIN{Ne YCIOBIAM

¢t () > 9 (2) x»a
lim (¢ (2)) = lim (¢~ (z)) =x. (N
x—+-4-00 x-»+00

Yepes €* MH 0603Ha4¥M KPHBHIE ¢ yPaBHEHHAMH
y =9t (z), x>a

a gepes B, — MpAMOINHERHEA 0TPE3OK, COCHAIIMESR TOTRE
z+ig=(z) u 2+ Ig* ().

O6aacty D, orpanuvennyio kpmeoit C*, kpmeoit C~ u oT-
peakoM @, (M copmep:Raulyi0 Kasapii orpesok 0.mpu z > a),
MBl 6yneM HasbiBaThb KPusoaurelinoi noaocoi. Obmacts D
MOKHO ONIcaTh HOPABeHCTBAMU .

z>a ¢ (2)<y<o'(2).

Hac 6yayr mnHTepecoBaTs KOHQOPMHNE OTofpaKeHHns
AEBYX KPHBOJHMHEHRHEIX IONOC ADPYr Ha ApPYyra, OPH KOTOPHX
fecKoHEYHOCT: HepexofuT B GeckomedHocTh, fleHo, wro mua
3TOr0 A0CTATOYHO HBYYHMTH KOHGOPMHBIe OTOGpaKeHHA IPO-
MSBOABHEIX KPHEBOIMHEHHEIX IOJOC Ha HEKOTOPYI0 KaHOHH-
geckyo. Takyo kaHoEWYecKyr momocy P mmr ceitvac u om-
penenanXM,

IIycre I — HeKOTOpAR HOHEUHAA OPOCTAA KPHBAA, Je-

. n o
maman B monoce | Im w | << —-m coepunsioman Memuy cofoik
ee rpaHEuHbie mpsamsie, M oGosHawmMm wepes P wacte mo-
, T N o
nocm{lmw[<—2—, JeAAITYI0 cOpaBa 0T KpuBoi /.
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Bceogy B mambHeimeM MHI Oygem o6o3HagaThs 1epes
W(z) ¢yexnuio, xoEfopMHO oTGGpakaromyir ofracte D
ga_ofmacte P Tak, 4To6nl ofpasoM GeckoHedHoctTE G6BLIa
GeckoBedTHOCTH, a 06pasoM oTpeska O, — xpuBas L. CormacHo
TeOpEMaM o KombopmmM orofpa;ReHNy 9TH YCJIOBAA OJHO3-
HauHo ompejenalot ¢ymxnmw W (z), Tak Kak OHE 3aNaloT
06pa3sl Tpex rPaHAYHBIX TOUEK.

Qyurymio, o6patEylo K W (z), MbI,0ymeM ofo3HadaTsh
uepes Z(w). -

Hapany ¢ ¢ysrkuuamo ¢*{zr) M OyaeM IcHoNB30BaTh
dyaruEn

0 = ¢t (@) — = (), o) = TEETED (g

Jlerxo Buaers, w10 8 () — minua orpesra 0.
Beenem eme o6iacts Do s, Tie a << o << 3, onuculBae-
MYI0 HepaBeHCTBaMH

a<<z<<f, ]y—cp(x[< 8 (2). 3)

WNaviMur crosamy, oGnacts Dg, s — 3T0 wacrs obaacrm D, ne-
saman B moaoce o << Rez <CB. Mu Gygem paccMaTpHBaTh
TakKe dereipexyronssuk Da s ¢ Bepmumamn 4, 4°, B, B,
BHIGPAHHBIME TAKAM oGpaaoM 9T06H CTOpPOHA AA” cosma-
mana ¢ orpeakoM B,, a cropora BB’ — ¢ orpestom 0s.

HTemma 1. Hoaowun
ut (z) = sup ReW (2), u~(x) = inf ReW (z). (4)
€0, 20,
Aas modyan m(D, Y uerwpezyzosvhura D, o umeror
MECTO HEPAEEHCTEA .

u” (B~ ut (=) <m (Da ﬂ) < ut (B) — ™ (@)
g ~ .

7T == ' n
HoxasarensctBo. OGosgaumm depes /. ofpas orpea-
- Ka 0. mpm orofpamenmm w = W (z). OueBupgmo, uro ¢op-
Myasl (4) paBHocHALHBI GOpPMyTaM

ut(z) = sup Rew, u~(x)= inf Rew. (4*)

Wiy weEl, :

10+
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06paaom weThIpexyronbAnKa Da s Opr orofpaesun w ==
= W (z) aBnsercA 4eThipexyroibHUK (a5, BEIpe3aeMBI B3
1

HoJXocH [Imw[<7 kpaBuMA [, B ly— ofpazaMu cTopon

AA’ n BB’ ucxonnoro gersipexyroimbHnika D s IIpa ron-
dopMHBIX 0TOGpasKeHUAX MOAYAb He MEHAETCH, TaK 4T0
umeeMm paBercTBo m(Dg ) = m (G, ). Us dopmyn (4%)
BUJHO, 9TO 9UeTHIPeXyrodbHN® G e s COAEPKUT NPAMOYIONb-
HUK -

_G;.B={w: ]lmw[<_;‘_, u+(a)<Rew<u-(ﬁ)}

H ColepKATCA B NIPAMOYrodnHUKS

G;,ﬁz{w: [lmw[<’,17, u~ (o) <Rew < ut (ﬁ)}.

Hostomy
m (G;,ﬁ) K m (Do g) <K m (Gaﬂ)

Brraueaan Mofyiu mpaMoyronsHukoB Ga,g B Go,g, Mu npE-
XOANM K YTBEDMIHHIO JeMMEI. )

damevanme. Ecmm u-(f) <u*(a), o mpamoyroabrux
Go.p OTCYTCTBYeT U CBABAHHLIC ¢ HHM ONHKE HempasoMep-
rel. OpnHAKO 9TO He ABIACTCA IOMEXOil MOKAa3aTeNbCTBY, Tak
Kak npmE u~(B) << u*(a) Han@camHasA B JeMMe Ol¢HKAa CHHO-.
3y GecconepsKaTeasHa.

Jdemuma 2. Jas dynryuli u*(z), onpedesennuiz gop-
nyaot (4), umeer mecro coornowenue

lim {u* (r) — u~ (2)} = | %],

x—-00

20e % — eeauduna, erodauyan ¢ ycaosue (1),

Jorasarteascrso, Obmacta D m P, kKak gerko mpo-
BEePHTH, HMEIOT B GecKOHEYHOCTH OCTPHE (cM § 2.2), Ilos-
TOoMY H3 TeopeMH 2.2.7 BHITEKaer, 94T0

“arg Z' (w) — v, w-®, weP. (5)

BHiACHAM, K4K CBA3aHH MedIy CcOGOH BeXMYHHH b ¥ X.
C oroif membjo paMeTEM, UTQ (ONBIIME HONOHHTEILHBIC 3HA-
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deHdA W Jemar B objactn P, ¥ gT0 mpu 4 — -+00 EMeeM -

) \
arg Z (u) ~ arg | 2’ (t) dt ~ arg Z' (u) > ¢
Uo

coraacHo (5), nockoabky Z(u)—>oo upnm u— +oo. G mpy-
vo#t croponn Z(u)e D, a u3 ycmosusa (1) HerpynHo BHI-
BecTn, 9To

arg z—arctg x, 1w, zED.
Cpasnusas nBe Hocaejuie QopMy/Ibl, MBI TOJy4aeM MUCKOMYIO
cBS3b

% =tg . (6)

BaMeTuM emie, 9To U3 (YOPMYJHI IJIA mpollaBoaHOHR ofpat-
Holl DYHKIHH BhITEKaeT COOTHOUIEHNE

arg W (z) > — v, 122, 1€D, N

PacemorpEM Tedeph KpuByio I, — ofpas orpeaxa 0. mpm

otobpamenny w = W (z). Ilapamerpuuecroe ypaBHeHHe

aToll KpHBON MOMKEO HallMCaTh B BHE :
w=s(y), 9 ()<y<g*(a),

rie

s(y)= W(z +iy).

OTtciofa MBI Jerko moiayyaeM Aas T(y)— eJUHNIHOrO BEKTO-
pa KacaTeJbHOW K KpuBofl I, — ¢opmymry

() =]—::—8;’;—' = exp{;—l—{— iargW' (z + iy)}.

W3 310t dopmyast u us dopmyast (7) BugHO, 4TO

argt(y) > 5 — ¥, 5ee o0,

WaniMp cloBaMd, HpR OONBIIEX HOJMOMHTEILHEIX, T KDHBAA
l. mano oTaugaercas oT HPAMOJHHEHHOTO OTpe3Ka, Iepece-
- 1 T
Kaomero moiocy |Im w | <5 mox yrioM 5 — . Toaromy
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MH JIETKO IoJdyTaeM yTBep:K/ieHNe JeMMbl ua dopmya (4*)
r (6),

Crencraue. Ecau o6aacTe cUMMETPUYHA OTHOCUTEAb-
Ko GelicreureabHoll ocu, TO

lim {ut(z) —u—(2)} =0.
x>0

Bo MBorux caydasx GeiBaer HoJ€3Ha rpybas omenxa pis
BEeJMIAHBl U~ (B)—u*(a) He TpebywUlag MOYTH HUKAKHX
npennoyokenndt o dyuruuax @ (z) n 6 (x).

Jemma 2% Ilycte @(x) u 6(x) — npoussosvivie He-
npepbignble Ppynryuu. Ecau evlnoareno ycaosue

B \

. ds
5 g =
a

TO UMECT MECTO HEPABEHCTE0
B
- (B) — u+(a)>n5—ds—~—3n -
Z1) 780 :

[+ 1

Hoxasarteannbctso. O6ozmaanm depes G.p obpas o6-
nactd Dep npu otoGpasxenun w=W{(z), a gepes I, u [y —
‘oGpaasr oTpe3koB 8. u 6p. fAcmo, uT0 l; ¥ [y — mpocTHe Kpu-

4
BHe, Aeamue B moroce |Imw| < —5~ U COSJHHAMIILE MesK-
ny coGoit mpsaMHle, OrpaEAYHBAIONTE 3Ty Hosocy. O6macTs Gy,
n
BEIpesaeTca ¥a mogockl | Imw| < =~ KpEBmIME I m Jp.

PaceMoTpEM weThipexyrodbHEK Gap, ABIMOmImitcH obpa-
30M YeTHPOXYTOTLHHEKA D, s npm orobpasmenmm w=W(z),

R TeTHIPEXYIONLHAK Gq .8, HOJYYaIOmMEicA H3 Hero mepeme-
Holt poOvIM CTOpPOH. Coracio ONpeJeJeHUI0 CONPAKEHHOTO
Mofyias (cM. Hagajxo § 2.0) mMeem

m* (Gap) = m (Guip) = m (Dap).

B npmmepe 2 § 2.5 mul pacCMaTPRBANH YeTHIPeXYToJIbHAKH,
aHAJOTAYHEIO qenﬂpexyroﬂmm{y Gup, m OONMyqund Hepa-
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.

BEHCTBO A WX MoAynell, KoTopoe AJA HANIETO CIyIad OPH=
HHUMaeT BH[

m(Gap) > ﬁgﬁ,

rae d — paccTosiHIie MEMKAY KpEBBIMH [, u Iy (paccrosarume A
MEHAY IAPAISTbESIME CTOPOHAMH TeThIpexyroabumKa Go.p
B HameM ciytae paBHo 1), C gpyro# ‘¢cTopoHH, B mpAMe-
pe 3 § 2.5 MBI paccMaTpHBaJdH deTHIPeXYIOJLEHKH, aHAJIO0-
THYHbIe YETHIPEXYTOABHAKY Dy 5, M MOXy9Imad AJIA HX MOAY-
jeit HEePaBEHCTBO, KOTOPOE B HALUEM CJIydae MMEeT BHL

<4

'od
m(Da) > | .
o

IocKoMBKY COrMAacHO OIpPeNeJNeHHI0 CONPSMEHHOTO MORYIA
m*(G)m(G) =1, Mu molIywaem, 9T0

8
d ds
2'*’7?5 8 "
[+

Ha reoMeTpuvecKux coofpakeHHit BULHO, ITO

u=(§)—u*(a) = d—n

ecmu d = n. Orciofa cpasy clAefyeT YTBep:HAEHEE JeMMEL.

3aMeruM, 9TO [JOKA3aHAYI JEeMMY MOHHO HCTOJKOBATh
KaK acUMOTOTHYECKYI0 OLEHKY [JA AeHCTBHTENHEOH YacTH
¢yuxnumr W (z), xoedopmuo orobpamatomeit obracts D Ha

uonocy[lmw]<—;-‘-.

Creacreme. Ecau obaacte D onucvigaerca wepasek-
creamu

2>, |¥—q@]<58()

ede @(x) u 8(z) — npoussosbrvie Kenpepulsnvie Pynryuw;
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ydoenergoparuue Yycioeusm

. w’

0(@)>0 254 K;

TO

d
(x+ty n e&) +0(1)v x = {00,

a

pagromepro no y npu z-iyesD.
JeftctBuTenbHO, - HaM JOCTATOYHO B3ATH B JdeMme 2*
2

a=ga, § = 2. Yciosne S‘ =3 upm pocraTovHO GoTB-

ds
0 (s)
a ~
mux x 6yIeT BBIIOJHEHO BBUJY NPENNOJIOMKEHIIS O Pacxoli-
MOCTM HHTerpa’ia. ’

Temeps MBl MO)KeM TepeiiTH K HONYIEHHIO acUMITOTHURE-
ckux dopmyn mia gyrkouv W(z)} npm z—» oo, z&D, Hau-
HeM ¢ JOKasaTeJbcTBa Hambosee NDpocTod QOpMyasl njaA
dyaxnun Re W(z).

Teopema 2.6.1. ITpu gvinoanenuu ycaosua (1) ¢ x=0
cnpagedausa acumnroriieckan gopryaa

x

d
ReW(x+zy)~nS e(ss) x -+, x+iye D,

HonasareancrBo. Us nemm 1 m 2 BmpEO, ITO UETE-
pecyomui HAC BOHPOC CBOAWTCH K TMOJYICHHMIO ACHMITOTH-
gecKoMt QopMyasl A8 MoAyiAa deTsipexyroabmmka D, . npu
Z=> 400, leficTeUTENIbAO, BO3EMEM IPOMSBOJIBHYI0 TOYKY Zg
Ha oTpeske 0, Torga mMbi moaydum m3 gemM 1 u 2, 9ro0

ReW (z 4 iy) — Re W (z)) = wm (Do) + O(1), x—~+

paBEOMepHO 1o y mpx z-+iyeD. Ecam
m (Dg5) > + 00, e—=tw, (8)
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To HanoncaEHas PopMysNa 03HaTaeT, 4TO
ReW (z+iy) ~m(Duz), x=tew, e+wen. (9)

Cnei0BaTellbHO, HaM OCTaeTCA NOJYYATH aCHMATOTHIECKYIO
dopmyany ans moayaa m(D, <) m yGegutses B cHpaBemiu-
BOCTIL cooTHOWenna (8).
Ouenky nmTepecylouiero Hac MORYJIA CHH3Y ME (PaKTH-
geckH yke Hamam B mpumepe 3 § 2.5. Oma mmeer Bag
/

m (Do) = | <. (10)

JIna oueHry MoAyAA CBepxXy Mbl BOCIOAB3yeMCH meMmmod 2
§ 2.5. Paccnorpnm dyrknuo

Tt ) =+

Onra ompeaenena Bo Beeit obmactu D) m HempepeIBHO Jmcb(be-
penIupyeMa B ee 3aMblKaHAH, JIerko mpoBepHTH, IT0 PYHK-
uua t(z) orTobpaskaer oGnacts D-ra otpeaok (0, 1), mpmaem
scio kpuBylo C~ oma mepepogur B Touky 0, a BCIO KpH-
By C*—3B touky 1. flcmo, wro sra ¢yEKmMA cosepmiaeT
fnojixoannIee oroﬁpameﬂue geTsipexyroapanka D, .. Cormac-
HO JcmMe 2 § 5 cnpaBefIiBO HEepPaBEHCTBO

m (D) < S‘S‘ {(%}) + (dr) }d.t dy.
D

Ho o
or\t (ot 14+ 9% @ y—9(z) /
(Tz‘) -+ (7);) - 0% () - ~93 (@) ¢ (.'C) 0 (x) -+
[y — @ (x))? 5,2
+ 0% () 9" (z)
H TJOTOMY 3TO HEDPAaBEHCTBO MOKHO 3agncarb B BHAL
)
x 2
. 1 2 ’ er 2 (
m (Do) < | Y{ T — T £+ g }dsdt.

e —-ée(s) ..
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Brrancaans nETErpa; mo f, MH IPUXONHM K HEpaBEHCTBY

. x 2 1 2
d. @ (s) + 12 9% (s)
m (D ""‘)<S 5 5‘ )
a

«°

ds. (11)

U3 ycmosua (1) ¢ x=0 nmeen

' (z) >0, ¢’ (z) >0, 2>+ (12)
Ua (12) caegyer, B 9aCTHOCTH, 4TO
0 (z) == 0 (), x>+,
OTKyJa BBITEKaeT, 310
R
a

Orcioga B cuny mepasencrsa (10) BriTexaeT cmpasemn-
BocTh coeTHomenua (8). Kpome toro, ua (12) u (13) ue-
TPYRHO BHIBECTH, 9TO

1
bt + 0t ; Coas
S B0s) $=09 5W PoEmte,

a

IToatomy ua mepapencete (10) m (11) BeiTekaeT acumuToTH-
geckan ¢opmyna

T x

ds
m(Da'x)Nj“—e(F, a:-»+w,

o +
Jra gopMyaa BMeCTE C Gopmyaoit (9) Raer mam yTBep:xe-
HHE TeopeMbl,

3amevanmme 1. B peficTBUTETBHOCTH, pacCy:;KmeHus,
OpoBefeHHBlE IpU JOKa3aTeabCTBE TEOPEMBI, HO3BOJAWT TiO-
JY4YHTh 3HaYMTeApHO Gonpure. IMEHHO, 3aMeHWB a4 M z Ha
IpoU3BOABHEIe o ¥ B, MBI MOMEM YTBEPIKAATH, ITO ACUMOTO-
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tudecKan dopmyra

B
ReW (B + iy) — Re W (& + iy') ~ -5%-
a

cIOpaBeZTHBa OpH M00OKX @ W §, yIOBIETBOPAIOIIAX YCI0-
BHAM

a<a<<p, B—+oo

8
ds
§ g = ¢ > 0
2

Il ¢ — [pOoU3BONBHAA IMOJOMKATENIbHAA MmoCToAHHAN. I[lpm
ATOM acHMOTOTHYeCKams (OopMyJa HMMeeT MECTO PABHOMEDHO
mo y u y' (pasymeercsa, mpm ycaosuM, 9ro «--iy’ED m
p+iysD).

3amewanme 2. Ilpeanmonoskenwe Teopemsl, 94To ycio-
pue (1) Bmimonmserca ¢ x=0, ve ouendb cymecrsernno. Ilo-
pepuyB obaacte D Ha yroa jp==arctgx, MB HOIyIHM 06-
JlacTh, yaoBierBopawoumyio yecaosuio (1) yme ¢ x=0. Ha-
mucas MIA HOBOM o0jMacTH acHMOTOTUKY oTobpasKamomiei
GYyHKINY, a 3aTeM BO3BPATHMBLIUCHL K MPEKHAM 0603HAYEHU-
AM, Mbl Oe3 Tpyla HOAYYHM aCHMOTOTHUECKYI (POPMYTy ANA
obmero cirysas. OHa umeer BHJ

ds

ReW(x+ i)~ (1+xY=n Ok

e

Hama cnegyoman 3afaga — HccheJ0BAHHE acHMOTOTHYE-
croro mosegenua ¢yexumik W’ (z) m Im W(z).
O6iacTs, omUcHIBaAGMYI0 HEPAaBOHCTBAMY
z>a, ly*-(v(:c)|<%—9(:c). ~ 0<nst

Mu GyheM oGosmauars wepes DY, flcmo, wro D! —3ar0 cama
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o6nacts D, a mpu 0<<p<<1 obnacrs D* nemut BEHYTDE 00-
nacte D. Mu1 6yneM mcmonn3oBaTh Takyke o6o3HadeHHE Db s
CMBICTT KOTOPOro aHANOIHYeH. :

Teopemnr o ¢ymxmuax W’(z) u Im W(z) wmsl Gyzem
dopmynupoBats TONMBKO A caydaa x=0. I[loaTomy.BHImI-
IHeM IJIAl CCRUIOK HECKOJbRO (OopMYJ, OTHOCAMHXCA K 3TOMY
ciIydalo. )

Ilpessme Bcero, mamoMEmMM, uto mpm x==<0 umeem

8’ (z)— 0, ¢’ (z) >0, x wt . (14)

Orcoona Jerko BBIBECTN, 4TO

8(z)—0(t)=0(0(2)), ¢(z) — @(t) = 0(8(z)),

KOrga ]
z—>4oo, lz—t] <K-0(2), (15)

rne X — npoussonbHoe QHKCAPOBAHHOE THCJO.
Hanee, mpi fmoKasarejgbCTBE JE€MMEL 2 Mbl YCTAHOBINIIL,
4970

arg W’ (z) -0, z~w, z&D  ([0)

(omats e, ecan x=0),

Jlemma 3. Hycre gvinoarernvl ycaosus
teDr,  yeD, [t-U[<M-8(Ret), (17)

20e 0 < u<<1uM>0-—rarkue-1ubo gurcuposarnuste no-
croannvie. Tozda
W (&) . o
W,(g)_)'iy C ’Ce[-)ul
npuuem CrpemacHue K nbeae/ty pasiomepno no ¢, ydos-
aergopaowum ycaoguro (17). .
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HoxasateabctBo.  Xopouro ussectHa opMyaa
Hisapma !}

FO—Feg=g [ o —venitize o

t—z—z,t—12z,"’
{t—zif =R

no3BoAAlOMmAaN -BoccTaHoBETH yHKuuio F(z), anaruTmie-
CKYI0 B Kpyre 0o 3HAQ4eHRMAM ee MamMol dactd V(2z) ma Ok~
PYRHOCTY BTOTO Kpyra. Ws dopmynn HIBapua JerKo HOJy-
9HTh OHEHKY

-

max | F(z) — F(3,)| << = max |V (@) =V (z)]
lt—2zd<r -r [t—2, I <R
Qyrkona arg W’(z) sasnsercsn MHAMOH %acThlo yHK-
nae In W'(z), amammTtuueckoit 8 obnactu D, UWUs dop-
mya (15) merpyaso yCMOTpeTb, 9TO Kpyr

Ko@) =fz: [2—C)|<M(Rel)),  teom

nexur B obnactu D, ecaim A<<1—p, a Rel gocraroumo se-
anko. [losToMy m3 cymecTBOBaHHA npemena (QyEKOAT
arg W/(z) nerko BbiBeCTH YTBep:KIeHHE JIeMMEl, [paBJa,
TOAbKO A caydaf, Korfa M<1—p. Ouesupmana dopMyaa

w (zn).‘= w (2n) W (z5)
W (2,) W (2p—y) """ W (2))

o3BOJISET NMepeHecTH yTBep:AeHHe Ha ciaydail mwoboro M.

Teopema 2.6.2. Ecau esinosneno ycaosue (1) ¢ » =
=0, o npu J4wdon gurcuposarnnon p, 0 << pn <1, cnpa-
gedausa gopmyaa

n
. W’(Z)Nme—'z-)-, z = 00, Ier'.

NoxasaTeabcTpo. [an kaxmoi Touxkm z&D* mo-
JOHM ’

ze =2+ K-0(2)7 %= Rez.

*) Ee BoiBOj MOKEHO Haiita Ba crp. 173.
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Wa dopmyr (15) merpymmo yemortpers, uro 2x & D' mpm

moGom p'>p, ecan K ¢uremporano, a £ — ZoCTATOYHO BE-

JAKO.
Hannmem .

g

W(sg) — W (&) = | W (Q)dL =W LAy
(2x) (2) (8)dg @) - ) ey 96

z

z
B cany memmu 3 m3 HamncarHOE QopMyNnl BhITEKAET, 9TO
W (sg) — W (@) ~(2x — D) W’ (z), 4o, ze D (18)

3ameruM Temeps, uTo cornacuo gopmyre (15)

Rezg x-+ Ko(x)

ds o ds 1

T =) T K@ g =K xese
Rez x

B cuny sameuanns 1 k teopeme 1 cmpasegiuBa ¢opMmyaa
i Rezg

d
Re W (z5) — Re W (2) ~ S Wi)wz[c.
Rez

IIpurnMman Bo BHUMaHWE,” UYTO JnaA Bcex z=D ouermano

19 »
copaBenBo HepaBercTso |lm W (2) | < ~» MOMKEM HamucaTh

HEepaBeHCTBO )

[W (25) — W (2) — nK | << 7+ 0(l), 2= 2o Dk

Bumecre ¢ dopmymoit (18) aro HepaaeucTBo JaeT Ham
[n-—-G(x)W’(z)[ K +0() >0, z& DM,
HocRonmcSr K npomsBoabHO BeIHKO, MBI OPHXOAUM O0TCIOAA

K YTBEDHKACHHAIO TEOPEMEL.

Teopema 2.6.3. Ecau evinoaneno ycaogue (1) ¢ x=
=0, 70
Q)+ 5 6

S ‘W’(:c+ zy) w——ldy =0(1), x—+o.

P(x;— 7 8(x)
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Hoxazareancrtno. lIyers O0<<p < 1. OBoamagum de-
pes I,=1I,(z) orpesor
0@ —50@) <y<o@+50()

-
u BBefeM eute obozmavenme I, = I\ /.
Wmeem oueBAgHOE paBEHCTBO

Wz + io* (1)) = W (z + ip™ (2)) = if W’ (z + ty) dy.
Is ’

Vuanresan, ato
n

ImW(:c—}‘— 9 (2)) = & 5

MBI HOy9aeM

(ReW’ (¢ + ty)dy =+ o (1), et oo
I,

B cany ¢opmyaw (16) orciopna cmepyer, uTo 1

(1w @+ w)1dy=n+o), 5o oo
I,

Hanee, u3 teopemst 2.6.2 09eBHEOHO HETPYNHO BHIBECTH, 4TO

f1w @+ midy=mptot),  evte
Iy
opE Ioboum d)zxcupoﬁanﬂom u, 0<p<<1. Creposareasmo,

[Iw@+m)ldy=at—p+od), =+im

n

P&CCMOTpHM OUeBUJHOEe HEPaBEHCTBO

W@ +w—ggr|a<

<||We+w-5

dy—{—S{]W’(:c«}-iy)]—}--e—z-;—)-]dy.
I P

#
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IIepnmﬁ. HHTETpaq B OpaBol 9acTH 3TOro HEPARBEHCTBA WO
Teopeme 2.6.2 pasem o(1), a Bropoii He mpeBocxomuT
2n(1—p)4-o0(1). Hockonsky amcao . MOMHO B3ATH CKOAb
YyrogHO OMM3KAM K eAMHHALE, MH OPAXOAAM XK YTBeP/KACHHIO
TEOPEeMEL

Teopema 2.6.4 Ecau sunoaneno ycaosue (1) ¢ x=.
=0, 70 umeer Mecro acumnroruveckas $opuy.a

) . y— ()
ImW (& 4 iy) = = 50— + o (1),

enpagedauean npu x —» 4 oo, ¢ 4 iy € D, pasnorepio no y..
Joxasarteavctbo., llyetb z4iysD. Torza mo
ompefieJIe HUIO

1
9 (@) — 5 0(2) <y <)+ 0()
B CHJIYy OYeBHIHBIX PaBEHCTB

. ImW (z +i@= (z)) = — -T—}f-
u

L&

Wix+iy) — W +ip(x) =i g W (z + in) dy
ex)~ Bx)
MBI MOKEM HAUNCATL
y—o(x

lm W(z 4+ iy) — n J—O(—l—)—)'g
Hd
< f lW’(r+ ) — 57 | 90

‘D(I)'—g 6(x)

-Otcioga B cuay teopemst 2.6.3 HeMemieHEO mojydaeM Hamre
VIBEpIKTAEHUE.

Acumnrornueckas gopmyna maas Im W(z+iy) obaana-
eT OCTATOYHOM TOYHOCTHIO MPAKTHYECKH MUIA JIOGHX mpH-
aoskernmit. Uro Kacaerca gopmyast mia Re Wz + iy), mony-
YeuHo# B TeopeMe 2.6.1, TO BO MHOrMX CIy9afAX QHA OKA3hi-
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BAGTCA CAMIIKoM rpyloii. Ee ocTaToumEHH wier HMeer BuJ

fe(s) ’ e

I

a WHTErpay, CTOAMmUH MON 3HAKOM 0, IIPU BCEX MOIYCTHMBIX
0(z). crpemurca K —+o0o. EcTecTBeHHO BO3HHKaeT KeNaHME
MOJYIUTH ACUMIOTOTHYECKYI0 (opMyny ¢ OCTaToUHBIM UIe-
HoM o(1) u mua Bceit orofpaskaromenn ¢pyaxmuum W(z). Iro
BO3MOKHO, HO, pasyMeercs, OHpE GoJee CYpOBHIX OrpaHmde-
nuax Ha ¢ymxkoun ¢ (z) u 6(z). B ogmom moBoaBHO BaKHOM
crydae murepecywmas Hac gopMysa MoKeT OBTh IOJYyde-
Ha 0e3 IpeofoseHHA HOBLIX TpPyRHOCTE.

Teopenma 2.6.5. llyere obaacry D cummerpuyna oTHO-
cureavHo Oetictéureabnoli ocu, a gynkyua 6(x) nomumo
yeaocsua (1) ydosaersopaer ewye ycaosuro

-]

9’2
S ) ds < oo. (19)

Toz0a umeer mecro acumnroruieckas gopmuyra ’

x

W (z + iy) —nj‘e(s) 4+ in — e(z) +Aad+o0(1),

20e A — HekoTopas OelicTeureavHas nocroanHas. Ira gop-
Mmyaa cnpagedauga npu r —» —+o0o, x + iy € D, pagrorepro
no y.

Horasarenscerso. B cuny reopemm 2.6.4 (a oma
B YCAOBUAX JAOKA3biBaeMOM TeOpeMbl 8aBeIOMO cOpaBelTuBa)
HaM JOCTATOYHO JOKA3aTb JHMIb ACHMITOTHIECKYIO hopMyTy

Be W (@ + it) =5 | o 44+ 0() (20)

s dyexumn Re W(z).
N3 nemMm 1 ¥ 2 caemyert, 4TO

Re W (3+iy) —Re W (a-+iy’) =nm (Da ) +0(1) (21)
11 M. A. Esrpados
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opm JM06eX @ ¥ §, YA0BAETBOPAIOILIX YCJIOBHAM
a<lB, a—=-4oo.

Hepasenctba (10) n (11), momyvenmpie mamm npn fOKasa-
TenbcTBe TeopeMmst 2.6.1, Mo:KHO 3anmcars B BH1e

B g g

' ds ds 14 0°2(s)

| s <m @< |5l + | s
(e @ (e

TaK Kak Jan cuMMerpnuHoii oGnacrn D ¢ynruna ¢(x) pan-
Ha Hymo. M3 sTux HepaBeHCTB i ®3 npcimonoskenns (19)
clefyeT, 4T0

B
ds
m(D“-ﬁ)=§'(3_(;)“+0(1), B>a, &—+w,

e

a otcloma cornacho gopymyae (21) mu uonyliéem
B )
ReW (B4 iy) —ReW (@ +iy)=n Y%+o(1). (22)

e

Hewmonwsya ¢opmyny (22) u xpurtepuii Homm, wmerpymmo
ybeguTheA, 410 (PYHKIUA ’

ReW (z +iy) — = 5 G[i:)

nMeer Up® I —> 00, & + iy € D KoHeuHLIH Tpenes, ue3aBl-
camuii or y. OGosHawuB 3TOT Hpedena 4epes A, M UPHACM K
dopmyne (20).

3ameuanne. Ecan ofiacte D He ABiaseTcs CHMMeT-
PUTHOR UTHOCHTEILHO AeHCTBUTENBbHOR 0CH, RO

o0

2 —n
o8 < @)



.

§ 2.6. OTOEPAMKEHHA KPMBOJIMHENHBIX II0JI0Q 1683

TO BCO® PACCYR[EGHNA, MPOBeJieHHEIE BEHINIE, OCTAIOTCA B CHI,
I MBIl HOJTYSRM Ty Ke caMmyio ¢opMmyny miasa -ooTOpaRamornei
¢dyHKIHA.

ITomyweRrne cToab ke TowHOH acmMmroTmdeckod dopmy-
JBl 1A clIydas, Korga yciaoBHe (23) He BHIHOJHEHO, 3HAYA-
TeMbHO TPYRHee. TpYIHOCTH CBA3aHA -¢ TeM, UTO MERIY
OLeHKaMA [J1A MOAYIA cBepXy W cHusy (dopmyast (11)
(10)) Bo3HmKaer 3a3Qp, ¥ HYKHO HaWTH HOBHHE mOAXOA K
OLleHKAM MOZYJA, YTOGB CYMOTH JHUKBHIUPOBATH 9TOT 3a30D.
O6 omHOM M3 TaKHX OOAXOAOB M HOHJeT ceddac pedub.

Mg mauneM ¢ HoBoro cmocoGa sagamua oGracta D.
ITyers C° — Hexoropas mpocras KpuBafd, a

z={ (s) 0s <00
— e mapaMeTpHYeCKOe ypaBHEHWe, Ifie B Ka§eCTBC mapa-
MeTpa § BeIGpaHA JAMHA AYTH 2T0# KPHBOH, OTCIMTHIBaEMAasd
or ee mHavara. Pysrumo [(s) Mm OGygem mopegmoxarath
OBaKIK HempeprBHO auddeperRUUpyeMoii.

O6GosnaunM gepes n(s) KOMIIEKCHOe HIC]O, H300pajKaio-
Ilee eIWHUYHBINA BexTop HOpMany K Kpusoii C°Broure §(s),
a uepes e(s) — KpusMaHy Kpmeoit C° B Toit :xe rouke, 13-
BECTHQ, 1TO

n(s)=it’'(s),  t”(s)=e(s)n(s). (24)

IIyers vi(s) m v-(s) — mse moxoxmrexsusle opn s =0
$yurnun, a v(s) — nx cymma. M1 0ygeM mpepmonarars, 9TO

' OICIOIES s20. (25)

Ha mopmanm k xpmsoit C° B roure §(s) OTNOKHM OTDE3OK
IIUHBL V4 (s) or Toukm §(S) B CTOPOHY "HONOKHTEILHOTO Ha-
OpaBjieRdsg HOPMATH M OTPE30K IJIHEBI V-(§) — B CTOPOHY
OTPHUIATENBHOTO HampasleRUsA. Bech orpe3ok Mbl Gymem o6o-
8HAYATh 4Yepes v,.

IBe GeckoHeuRO ONMM3KHE HOPMaiM ImepeceKaloTCsa B IeHT-
pe Kpyra KpHBH3HBI, DPagAyc KoToporo paseH [e(s)[~L.
B cnny yenosua (25) orpesku v, mpm J0cTaTouHO GIM3KHX
BHAYEHUAX § HE HepeceKaloTcA. Mel morpeGyeM QOmMONHHA-
TENTbHO BHINONHEHNA YCIOBHA:

(A) Orpesku v, u v, “He ‘nepecekalTca KU Npu KAKUT
DPA3AUNHBMIZ SHAHEHURZ 8 U §',

11 -
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Ecan suimonmeno yciosHe (25), TO MOMHO NPEIIOHHATH
HpOCTEIE MOCTATOYHEI® YCIOBAA [JIfA BHIOIHEHAA YCIO-
Bug A. Hampnmep:

Ecau umeéer mecro nepasencreo (25) u abcoaroTHas ge-
AuvuHa usmenenus Pynryuu arg&’(s) na arobom orpesre
xpusoti C° ne npesocxodur n/2, 7o ycaosue A sbvinoanexo.

Ilycts ycmoBue A Boimonmero. Torma mpu u3MeHEHHH S
OT HYJAA 70 GEeCKOHEUHOCTI! KOHIIBI OTpe3ka v, OMHCHIBAIOT
opoctele RKpuBble €7 u C~ ¢ mapaMeTpPHHYeCKHMH YypaBHe-
HOAMA

2= () Fva()n(s), 2=1() +v-()n(s), 3o,

COOTBETCTBEHHO.

Mu 6ygeM o6oamauate gwepes D ofiacTh, OrpaHNYEHHYIO
oTpeskoM vo M KpmeeiMa C* m €~ (Ty ma ABYX, KOTOpasg co-
" Dep/RHET BCe OTPE3KH v, mpm s >>0).

Yepes D;,g M ofo3naunm wacTe ofmactm D, 3aximo-
YCHHYIO MMy OTPEe3KAMH Vg U V. Buecte ¢ ofmactamn
Dq,p  MB GymeM paccMaTpHBATL HETHIPEXYTONBHUKH D;,[J,,
BepmmuHbl Kotopeix A, A, B’ n B BubupanTca TakaM 06-
pasom, -9T06b1 cropomot AA’ cTan OTPE3OK vg, & CTOPO-
HOli BB’ — oTpesox v.

C obaacTaMu, onmpefeleHHLIMH TaKHUM COOCOGOM, €CTeCT-
BEHHO CBA3aTh CHUCTeMy KoOpAHMHAT (S, !), TAe § W ¢ cBA3AHKE!
¢cxny (mmmc z=z4iy) dopmymnoit

z=={(s)+it’(s) (26)

(s u ¢t — pelicTBATeNBHBIE wYHCTA).
. L4
Jlerxo BageTs, 9T0 B KoopawmHATaX (S, t) 0GIacTs Da,ﬁ
OUUCHIBAETCA HEPABEHCTBAMIIL

a<<s<<P, —v-(s)<t<<v,(s). @

B ofmem ciaydae meAb3s HAUNCATh SBHOE BEIDAMEHHUE §
u ¢ gepes z. Ogmaro wepes § u ¢ Bce HeobGxoguMsle opMy-

abl numyTcAa Ges Tpyma. o
Hduddepenunpya pasenctso (26) W.MCHOXB3YA COOTHO-

meHdsA (24), MH HaXon®M, 9TO

m=U—e@)L (), 5 =i ()
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Otciona aerko noxyuaeM opmyny mas Axo6mdHa .

vy 4 ()
g—(s, ) ——'2—‘:6(3' ) —1——8(8)t. (28)
Hanee, BBena o0BuYHO® 0G03HaveHNe
S ro P00 1.0, 10
oz 2 or 2 0y’ g 2 oz ' 2 @8y’
MBI JieTKO HaiigeM, 9TO
s _ 1 TE) o i
= ST Teme % =T O (29)

Hosutit ciocod aaganms ofaactm D Bo MHOTOM aH&JO0TH-
yeH mpeRHeMy. Ponb oTpeskoB 0, HIpaldT OTPE3KH V.,

w
a poib YeThipexyroibEUKOB D, s — gernipexyronsunxn Dg gp.
YrBepmaenun, aHaJorudIHbe JieMMaM 1 u 2, T0Ka3BIBAIOTCA
DOYTH JOCIOBHO TaK e, V3 HHX COBEepIIEHHO TAKAME e
paccyKIeHHAMH BLIBOAATCA, YTO
w
Re W (z) — Re W (2') = m (Dg- o) + o (1) (30)
npH '
2 &= Vg, Z'EEva:, a >, o -+ oo,

Tarmm 06paaoM, KaK H Opeijae, 23agada CBOAUTCA K ONEH-

L]
KaM MOAYIR YeTHIpeXyroJbHuKa — temeps Dy, p.
Jevuma 4. Edau svinoaneno ycaosue (25), ro daa mo-

*
dyan uerwpexyeoavnuxa Dgg cnpasedausv nepasencrsa

* e (s) ds
m(Da,ﬂ)>fm (31)
@ B T () v.(5)
u
B . )
. S v, (s)—wv_(s) V. @O+, (s)]
m(Da,p) <S{v EIOR A i i,
a .

(32)
JHoxaszaTenncTno. BoarMem ma oTpeake (a, B) ToukE

a=oy<<o <...<d<Gt =0
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CornacHo Teopeme 3 § 5 mmeem HepaBeHCTBO~
n

» * Y

m(D30)> 3 m(Dhy_ )

IIpr Majbix 3HAYEHHAX S—S§  YeTHIPEXYTOJHLHAK D). wom-
HO paccMarpuBaTh KaKk KOAbUeBONl CEKTOp, rhie HeHTD Kolb-
Ia copmajfaeT ¢ HEHTPOM Kpyra KDPHBHM3HEI,, a PAgHychl KOMb-
114 PABHHI

1
| L +v.© |
Monynes KompIeBOro CexTopa JIerKo BhIgHCHAeTca (CM. na-
a0 § 2.5), # MBI HMeeM

* (s —s") e (s)
m(Dy,;) ~ R ETIOERGE ¢ s, <,
" 1 — e (5) vi(s)

o=

v, (9) l’ r.= o)

Ilepexoas ¥ mpefexy Opn N3MeabueHUN pa36ueHIsA, MBl 110-
ayvaem (31).
Yro6et monmyauth oenky (32), paccMoTpEM (DYHKIIII

- +t
T(Z):‘uv(z(—i)(m(—zl, €D,

rae s(z) u t(z)— pyHxkunnm, HegBHO ompelensemsie ¢op-
mymoit (26). I3 dopmyn (27) BHJHO, 4970 pysrnus t(z)
oro6paaeT Jw00yI0 13 obmacTeit D,s ma orpesor (0, 1),
OpHYeM TPAMHYHYW Kpusylo ('~ oHa mepeBOAHNT B TOoYKy O,
a rpaHR9RyK KpuByl C*—~ B Touaky 4. Cormacro memme 2
§ 5 nMeemM HepaBEHCTBO

m(Dap) <4 H | & ,2 dz dy. (33)
Dag
s (bopMyn (29) maxopum

. o V() t v ()Y, (5 =¥, (¥ ()
F=—7 0 ( ok T =m0 )

", npnmmaﬂ BO BHHMAHH®, 9TO [{‘,’(s)l=1 moaydaeM

[t v (P4 [t —v, ()] -
l vz (s) + [V (s) + v. (s)] V()11 —e () fE .




§ 2.6. OTOBPAREENA KPABOIMHENHEIX IT0JI0C 167

Czeras B mpaBoif wactn HepaseHcTsa (33) saMémy mepe-
MEeHHBIX HHTerpupoBaHua (Z, y) Ha (s, ), MB DOTydmM,
yanteiBag ¢opmyny (28) mma Axobuanma aToH aaMeHbl, UTO

g V.8
m(D;,s),—S S 1—:%—\;;” dt ds <
@ —v_(s)
g vil®
e [t +v_(s)]2 L [t —w, ()]
<;5_ S * (s ) Vi(s) (I — e (s) £] dtds.
OTciofa, HCIONB3YA npeanosomerie (235), Bbléomm, 970
AL
» {—e(s)t
m’(D“,B)—S S —va dt ds <<
o —v_(8)
RNCY
<2S S )+ v (o) R Bt OF gy g,
o —x_(s)

Beimosinus  nHTCrplpoBauie mo I, ONpHAEM K HepapeHCT=
By (32). ~
Teopenma 2.6.6. Ecau 8bLNOAHAETCS uepaaencreo

[e(s)]v(s) <c<Y, >0, (34)

U Ycaoeus

fe@veds<o, (2020000 @)
- 0 N

0

TO UMEET MECTO ACUMNTOTUYECKAR opMYysa

Re W (3 ='ﬂ§f7§§)——”2-§[v+ ® ~v. @1 ";,(é) B+ o),

ede A — nexoTopas nocroannas. B srot gopmyae s— + oo,
Q@ 3EV,, U OHA CNPAsedAUEA PAGHOMEPHO RO Z&=Vy



168 #1. II. KOHOOPMHBLIE OTOFPAMKEANA. -

Hoxaszarenscrso. B cmny (34) compasegiuso pa-
BEHCTBO

14-8(s)v.(s) _ 1
ISt m =@V + g V() [ ()~ v+
+ 0 (€% (s) ¥v* (s)).
Movaromy copmyna (31) npm awbeix 0<<a<<P gaer HAM

B
m (Dq,p) = j‘v(s) j‘[v () — v. (5] *(9)

B
+0 (S g2 (s) v (s) ds)

g Opm o < B, ¢ — 400, MHl ImOIYyIaeM COTIacHO OepBOMY
u3 ycaosnii (33), ato

B
)11(D;'5)>5';%::)- 5[\1 (s) —v_ (s)]e(9 ds 4 o (1).

C nmpyroit cropous, m3 ¢opmyuasr (32) m BToporo ycio-
Bug (3D) MbI moayuaeM, 49TO

-

o)

il
m (D)< | 2 A fiv, (9~ v. o)) S ds +00)

¢

IOpH Tex e yclosuax Ha o i §. CnegoBarenbHo,
p g
m (Da,p) = g‘ i S v, (s) —v_ (s)] £ (s) d +o0(1),
(1: [

a B cuny opmynn (30)
Re W (z) — Re W (2') =

ﬂ=S_‘.if__.§’;j [v+(s)-—v_(s)]%d5+0(i)v

KOTa Z26Vy 2 EVery a a <o # w400, llosToMmy
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¢ynrnus
RetW () — 1 [ 2 [ 1vy § —v- @155 48, e
0

uMeer (cormacHo kparepuro Hommu) mpepen mpm s— +-oo.
OGosmauas 3TOT mpefesa qepe3 A, Mbl HPHXOZUM K YTBEpPHi-
AEHHIO TEOpEeMBL.

C pmomombio TeopeMst 2.6.0 HETPYAHO HONYSUTH ACHMII-
rorudeckne HopMyas! mius oTofpamaromeil QyRKEUY H B Cay-
qae, Korjia obnacts D 3anama mepBoHadatbHEIM CHOCOGOM —
yepes ¢yrxuun 0(z) u @(z). Jaa storo ciegyer B3ATH B
xagectse C° Kpusywo y== cp(x), 3amHcaTh €€ ypaBHEHIE B Ila-
paMeTpHYeckoM BHAe C NIMHOH Ayru B KawecTBe mapaMeTpa
H BHIDA3ATh Bce TpeGyeMble BeIMYMHE 4epe3d QYEKLUHA ¢ ()
n 6(x). IIposoauts BCe »TH omepanuMm B ofIEM BHIe He
09eHb IeJeco00pa3no, TaK KaK B ABHOM BAJe STH BeJHYNHE!
He BHIDA)KANTCA, a4 NPA 3aMEeHe MX aCHMNTOTHYECKHMH ¢op-
MYJNaMM HMeeTCA CJIUIIKOM MHOTO pa3JdYHBIX BO3MOMKHOC-
tefi. B KomkpeTHnix 3agavax mopoGHbI mepexod me mmpep-
cramugeT ocoforo Tpyaa.

Ha oporseRnn Bceit raaBbl MBI JeNaTd MHOIO H3JIHII-
HHUX OPeImoNoKeRdil 0 TIAKKOCTE TeX MU MHHBX QYHRIAH
(unm rpaHmYEBIX KPHBHIX ob6nacreit). ITo Aenanoch pamd
' fonbuIeit NPO3PAYHOCTH H3NOMeHHA. jRenamomme m03HAKO-
MUTBCA C Oollee TOYHBIMH pe3ylbTaTaMH MOTyT HalTE HX
B Gomee cmenmanbHoil aureparype. Ilo BompocaMm, orHOCA-
HIUMCA K ACAMOTOTHKE KOH(ODMHBIX OTOOpasKeHUil, MOMHO
PEKOMEH[(0BATh MHTEPECHYIO M COMEpMaTeIbHYI0 CTATLIO Ka-
Hagckoro Maremarmra C. Bapmasckoro, mMenomyocsa B pyc-
cxom mepesome (CBopumk mepeBomoB «Maremarmra», 1. 2,
Ne 4, 1958).

BaMeTuyM emie, 9TO B HEKOTOPbIX OTHOLIEHHAX TeopeMa 2.6.8
HajaraeT Ha oGmactes D gmame Gonee cnaGele orpaRMYeHns,
geMm teopema 2.6.1. Craswem, B Teopeme 2.6.6 oGmacts D me
o6sa3aRa ACAMOTOTMYECKH OOAXOJUTH K HEKOTODOMY JYydy.
.Oma MOMeT yXOAHT: B (ECKOHEYHOCTH Jaske IO COHDAJH C
GecroHeYHBIM 4YHCIOM BHTKOB. Bnuio 651 mATepecHO (BepoAT«
HO 3TO He€ 09YeHb TPYAHO) HONYYATH B YCIOBHAX TEOPE-~
Me 2,6.6 acuMOToTHUecKHe tbopmynm AnA dyurnmit W’ (z)
u Im W(z).
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BAJAYHN N JTONOIHEHHNA K § 28

1° Mlycrp C- u C* — gBe mpoctsle KpdABHe, HAVIIe A3 TOYKH
= 0 B GecKoHegHOCTH, He MePeceKas XPYr APYra X OCTABAfACH B yIie

n
largz| <A< 7 O6nacTp, neKamylo B ToM sKe yIJie M OTpaHHYeH-

HYI0 KPHBBIMH C~ . C*, mbt oGo3nagusm gepes D. Ilpy arux ycnoBuax
nepeceuenne obnactn D ¢ mpamoir Re z = z mpu aobom z > 0 He-
nycto, B aToMm. mepeceIeHHM COJEPAHTCA KOHEYHOE UHCAO OTPE3KOB,
¥ KOTOpBIX OINMH KoHer Jexut Ha C—, a BTOpoil — Ha C*. Mu o00o3Ha-
1M d9epe3 O, TOT W3 HIX, KOHOBI KOTOpOro pacmolo;keHH Gamske Bce-
10 K BEagary Kpusslx C— m C+. JlnuRy ortpeska 6. obosmagnmm wepes
8(z). Yepes W(z) Mbl obosraanym (yERIUo, KoEGOPMHO oTOdpaKal0-

I
myio obnacts D Ha monocy jImw| < < takuM ofpaszox, 410

R‘*W(Z)—"—‘”. -0,z D
Re W (z) > + =, 2+, z& D,
oxasaTs, 910
x
ds
ReW(z+iy) = "Se(s) +0(n, x—-+ o, x+iy&D.
Q

2°, TlycTb 0GnacTh D ounchiBaeTcA HePABEHCTBAMH
1
— x> a, Iy-'(P(I)I<TZ_e(I)v

a dyskonn ¢(z) u 6(z) yIOBNETBOPAIOT YCIOBHAM
lim ¢ (@)= lim & (z)=0; |6(@@)|<e¢ < oo
x—>-to00 X-+4-00
(o2

X(th>|+|e"(zn>dr<w, | Ty dr <
a

a -

OGozmaanmM wepes W (z) dbyErmiio, koEdopmHaO oTOOpamkaomyic ob-

n
nacts D Ha mosocy j{Imw| < T TaKiM o6paaoM, 910 Re W(z)—>+ o0

upu z o0, z € D,
,T.[m\a.sa'rb 49T0 TOrJa HMeeT MecTo acHMITOTHIeCKAS dopyyaa

(z+zy)-nf‘+"’2 © g5 4 it gt a4 o),

-

Ige A — HeKoTopaa HKeficTBHETeNLHAs focTosHHAA. (DopMyla cmpasef-
A¥BA OPH z — + 0, z -+ iy & D, paBHOMEPHO 1O .
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METObl TEOPHM IEJIbIX ®YHKIHUN

§ 3.1. llIxana pocra meabix Gynxkonit

Hak msBecTHO, mesniMn QYREKIHAMH HA3LIBAIOTCA aHATH-
To9ecKAe (QYHKIWY, He AMeIOUIA6 0COOBIX TOYEK B KOHEYHOI -
qactn mnockoctn. OHU 00pasylT CpaBHHUTENIBHO Y3RUH, HO
Ba)KHBIH MOJKIACC BCEro Kiacca asalnTHYecKux QyHKIIL.
Onmmako fgas meclefoBaHUA OONBIIMHCTBA BOOPOCOB H 9TOT
OOJKIACC CIMIIKOM mnpox' CIUIIKOM MaJI0 COJepRaTelL-
HEIX 3aKOHOMEpHOCTe# Mo3keT ObITH CPOPMYNEPOBAHO JiH
Bcero Kumacca neianx pyurmmit. O6nraHo upm GOpPMYNHpOBLE
peaynbTaToB OPRXOOATCA BBITENATEL Gonee y3KHe KJIacChHL.
B GoabmmacTBe BompocoB TeopmE Hedulx (YHRLUAHE ecrecT-
BeHHO [IPOH3BONHTDH [JeleHMe IeJbiX QYHHKOHE Ha KIACCH IO
X pocTy. dTo Jenednme MokeT ORITb Gojlee TOHKAM MIE Go-
nee rpyGsIM B 3aBHCHMOCTH OT HamuX HagoOGHOCTeil.

ITpocreiimeit knaccuduranyeir Leisix QyHKOuUE mo po-
CTY ABIACTCA ClefyloIa.

Hopadkonm nenoit pyuruun F (z) MBI Ha30BeM YHACJIO

— InlnM
p = lim - nln F(r), rme My (r) —max]F(z)]

00

Ecan mopamok Ienodl ¢yHKIUM paBeR P, TO STO O3HATAeT,
rpy6o rosops, ato F(z) pacrer, kax e’’. Bce meane gynx-
. NI, pacTyIqme MevIeHHee, weM ¢’ mpm moboM o>>0, Mbl
HAa3BIBA6M [EJBIMH tbynmmfmn‘ HYyste8020 nopadka, a BCe
¢ysknnm, pacrymue GuicTpee €™ npn iofoM a>0,— PyRK-
unAMn Geckoneurnozo nopadra. Taxras }maccnquanna ABHO
mpucmocoGieHa [NA H3YYeHHA KNOJbX (QYHKOMH KOHOTHOIO
IOJI0RATEABAOT0- HOPAJKA.

. Hacro Takoro AenenmsA GHIBaeT HEJOCTATOYHO.

INycrs ¢dyarana k(r), onpenenennas AaA Bcex ROCTaTO-
HO GONLIUNX NONOKHTeJNBHRIX. JHAYCHHA I, HOI0KUTE/IbHA,
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MOHOTOHHO BO3pacTaeT ¥ jorapudMmuecKm BeImyKra. Ecaxm

h_m In Mp(r)

r->+oo h() =0 <o

TO MBI 6ynemM ropoputh, uro Nenas ¢ymxmna F(z) ameer
poct h(r). Eciu npm atom 0>0, 7o MBI GygeM TOBOPHTS,
aro pyrruna F(z) umeer rounvni pocr pasmEmit k(r). (9ot

TepMHH He HBJIAETCA OﬁmerHBHTHM qanie NCOoJdbL3yeTCA

Ink (r)
dysxuua p (r) = a7+ KOTOPaA HA3BIBAETCHA YTOUHEHHbIM

nopsadxom.)

Beegernoe moHATHE pocTa Lenofl PYHKIUM [O3BOJIAET
nposecTH Gonee TOHKYIO rpagallMio B JIeJIEeHHH LEInX (PYHK-
i Ha Kjacchl, 4eM IORATHE IMOpAAKa. JTa rpajganua Gyaer
Gonee TOHKOH He TonbKO 1A YHKuui mymesoro m Gecko-
HeTHOIo MOpAIKa, HO W JiA JI060F0 KOHEYHOro NOpATIKa.
Hanpuwmep, nensle QymEKNuM ¢ TOYHBIM pocroM h(r}==r n
h(r) = rlnr uMenT ofMH M TOT K€ MOPAAOK p = 1,

Ycnosme norapudmuyeckoif Beimykmoctn gyuruuu h(r),
o3mavaloiiee, 4yto rh’(r) MoHOTOHHO cTpeMuTCE K +-00, Ha-
KIIaJblBAET HEKOTODPOE OrpPaHUUeHHEe Ha CKOPOCTEH CTpeM.e-
aua Qyaruum h(r) ® GeckomewmocTn. MeiicTBUTENLHO, U3
norapndMUYECKON BHINYKIOCTA (PYHKUUE A (r) HeTpyAHO BHI-
Bectd, 9ro h(r)/lnr—+4-0co. 3To orpammMuYERHEe He CyMKaeT
Rrracca nessix QYHKUMH, ecqM MBI HCKIYAM H3 paccMoTpe-
HHA MHOTOWJIEHBI JTO BUJHO M3 XODOIIO H3RECTHOHR Teope-
MH JIrysnnna:

Teopema 3.1.1. Hyere ry— 400 npu k— 05, Ecau

Mp (r) =0(r%), B+ oo,

To yeaas Pynryus F(z) assaerca muozoureHom crenenu He
evluie o.

HecmoTpa Ha 0o06nIem3BecTHOCTH TeopeMBI JIMyBEANA MM
cefizac ee mokaxkeM. Ham Oyner yxoBuee qokasaTs pame 6o-
jlee CWIBHYIO TeOPeMY, KoTopas noHAnoGHTCA HAM B Mallb~
HeHIeM,

Teopema 3.1.2. Ilycrs- {r} — npoussoavras nocredo-
6aTEAbHOCTD NOLONUTEALHLIX HUCES, CTPEMAWAACH K Geckos
HeurocTu, Ecau

Re F (rye'®) =0(r%), R~ +oo,
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‘npu ecex 0elléTEUTeAbHbIZ ¢ PAsHOMEPHO no ¢, To F(2) —.
MHO20%ACH CTENEHU, He npesocxodauelt o,
Hoxrasateanctno. Iyers

oo

F(Z) Haz.

n=0

-

CHavana MBl yCTaHOBUM OfHY (OPMYIY, MO3BOIAIOITYI0 BOC=
cTaHOBUTH F (z) mo ee geiicTBHTeabHOR wacTu u(z). Tar xKak

~u(z)=ReF (2) =—;—(F(Z) +F (@),

TO MBl MOMeM HamucaTb gopmyny

00

u(Reie)____%_ o% aaneinG v E n -—ine

[==]

=

C apyrofi cTopoHH, HETPYAHO y6eTUTLCH, UTO

;?{ete =1 + 2 E npn, me (2] <R
z

Ilepenmoyxan BTH ABa pAjila M OOWIEHHO HHTETPHPYA HX
mponssefenue mo 8, oT —x go m, MbI y6emmaeMcA B CHpa-
BEJJIHBOCTH TAaK HassipaeMolt gopmyaw: Hlsapya

T
: 10
F(z)=iImF (0) + 5 X u(Re’e)%Fi—:dB, l21<R.
—n

IDuddepennupys oty dopMyry p pas, molyiaeM
n
(= p 2L j‘ i0 %9 .
F (z) R T u (Re ) ) W.
—n
Hono;mm renepy R=r,, p=[a]+1 n ycrpemmm k x Gec-
romegnogtu. U3 ycaosun Re F (rke"’) 0(r%) aerxo nomay-
gaem F®(z) =0, Caegosarensno, F(z) — muorounen cre-
menn ue spimre p — 1, Teopema goKasama,

HanGonee wacto BcTpevaercA ciydail, Korga TOYRBI pocT
ABIAETCA CTELEHBIO Ty, T. €. h(r)=1°, DyHKUUH T0YHOIO PO+
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cTa I Ha3HBALTCA QYHKIAAME nopadka O U KOHeuHo2o TU-
na. Ecax ® toMy e p==1, TO HX HAa3pBaT (QYHRIUAMI
SKCNOHERYUAAbHO20 TUNA WIA YeablMU PYHKYUAMU EOHEU-
Kol cTeneHuU. )

(QyHKOAN 9KCHOHERNAAJIBHOTO0 TAOA BCTPEYAIOTCA B MpI-
JIOMEHHAAX Tallle BCEro.

PaccMoTpnM 3HaKoMble HaM Iedble QYRKRIAA ¢ TOYKH
spennsa nx pocra. DyRKUUH €, coOS 3, Sin 2z ABIAITCA QYHK-
nHAMA BRCIIOHGHHHaJIBHOI‘O THIA, Tak RaR aaa max Mg(r)

PaBHO COOTBETCTBEHHO €', ——(ef + e_’) - (er —e™).

Qyaxnus Beccens J,(z ) mopAmKa n npu neaoMm n =0
TOKe ABIAETCH Ienoil (YHKIHEeH dKCHOHEHIIHATLHOTO THIA.
B aroM MokEO yOeguTnsca ¢ momomislo opMmynam (6) § 1.6,
KOTOpafA NpH (UKCHDPOBAHHOM M1 CIDaBeAJUBa [IA BCEX
KOMILIeRCHBIX Z.

QOyuKIHA ‘I% n (z—1)%(z) rTome umensls GyRKIER

mepBoro HOPAfKa, HO OHM YyHe He ABIAKNTCA (DYHKINAMH
SKRCHOHEHIHATbIOr0 Tuma. 3 omeHOK, modyueHEEIX B § 1.4
(mpumepsr 3 u 4), cnepyer, 4To TOYHBI pocT STHX (yHRIU
pasex rlnr.

Qyurnus

EO(Z ==2

2

COrjiacHO ONEHKaM, monydeHHRIM B § 1.5 (mpmmep 4), mme-
€T HopAmoK p B T 1.

MeTogoMm § 3.2° mosEO CTpOHTL opuMepsl  QymKmmit,
AMEIOmUX TOYHRIM pPOCTOM OYeHb IOIMPOKUE Kiacc (yHEK-
uni k(r).

IoroBopAM, KCTATH, 0 QYHKIAAX, KOTODHE PAa3yMHO BHI-
Gupars B KadecTBe h(r) flcHO, KOHOYHO, HTO IOCKOJBKY
I{MEeT CMBICH ONpPERENATs TOYHBIA POCT JHIIb € TOYHOCTLIV
J0 -aCEMOTOTHYECKOTO PABEHCTBA LPH I'—» 00, TO MH MOMKeM
cuatath QyHKnmm. k(r) cKONBKO yrogHO pas mRgdepenmu-
pyemsiMa. Ho mmelpTea pasyMHHe oCHOBaHHR TpeGOBATH OT
¢yuruuit h(r) =@ ropasgo Gomsurero. Helo B ToM, uro PyHK-
wun h(r) mamT HaM IIKAIy. pOcTa, ¥ eCTeCTBEHHO BHGHpATH
B KaYecTBe WIKiIbI Hayloidee OPOCThie M HPABHUILHKS (PYHK«
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I, CRAMKEM
<,
r* (Inr)P, er®r r* (Inr)* (In Inr)*, eet"" anlnr®

ITpakTHYecKmE Tak B OOCTYHAKOT. 3a MCKIOGEHOEM IpHMe-~
- poB, DPUIYMAHHHX CHELWATbHO A OTOH HeJH, MBI HUKOT-
na He BcTpewaeM (QYHKOUH, ONA KOTOPHIX B KAa9eCTB® TOYHO-
I'0 pocTa Hexb3d B3ATh KOMOMHAIIIO DORA3aTeIbHMX (DyHK-
muii, cremeweit m JorapudMoB. O;HAKO ¢ TEOPeTHIECKOIl
TOUKI 3peHEA Takoil moaxoj K BHGOPY h(r)’nocrasm ObI
amyoro meyznobers. Hampplit pas mpmuntoch Obl BHIACHATS,
BBIPA/RAIOTCA JIH IOAYYAKOLIMeca WHTErpatsl WId o0paTHEIe
)yHKOMD aCHMOTOTHIECKE B TOM e BHIE. anro“y yacTo Obl-
BaeT IpoIne oGXoANThCA TeMil MAHIMALBHBIMU' TPeGoBaHUAMI,
KOTODble MHEl HQIOKRJIM Bbimre, Teu He MeHee IOBHINMIEHHE
rTpefosannii Ha A(r) MOMeT CIILHO YUPOCTITL J0Ka3aTelb-
¢TBO (I JasKe IPOCTO CHeNATh ero BO3MOKHGIM). B Tarux
caydaax OymeM HaKIaJbiBATh OrpaHiNdeHnsA (e3 BCAKUX KO-
sredamuii.

Haubonee wacro Mpl 6ymeM npemmonarats, 9to h(r) ==

= r®l(r), tme l(r) — Tax HaspBacMas QHAAUTUYECKAR Med-
AeHno pucTyujan @PyHryuf, T. €. Taraa (QYHKINA, KOTOpas
pery.ifpHa U Hempepsisua B o0mxacTil (2] = g, largz| < =,
u ansa roropoil

Iim T ) =0,

o0 ")

(3mauenna [(z) ma ORYX cTOpoHaxX paspesa (—oo, —a) He
00f3aHBl COBOANATE.) -
3amernM, 910 ecau [(z)— aHAAUTHYECKAd MeTJIeHHO

1
pacrymaa ¢$yHRONA, TO TaKoBa u (QYHRUIA T+ Ta® Raw

()
l’(‘z)‘)_ U (z)
ZZ-F)‘""ZW
@/

(Mennenno pacrymue GYHROEE He 06S3aHE BO3PAcTaTh, OHH
MoryT OBITh B yOBIBAIOIIAMA, ¥ KOMeGTIOMUMUcA).

HpKMepaMH AHUTHTHYOCKAX MEIJIEHHO paccrynmx (I)ylm-
U MOUYT CAYKHTb .
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(nr)* =w<a<o (lnlnr)% —w<a<x

e(Inr*(nin L
, .

JoKaxeM nBe JeMMBI 0 MeJeHHO PACTYIIAX (PYHKIHAX,
Ha KOTODHIEe MH 9acro OyJeM cchuIaThCH B jalpHeRiieM,

JJemma 1. Hycre [(z2) — anaauruueckan medaenno pace
rywas gyuxyus. pu awbor ¢ 70

I(cz) ~ I(z), zo0, |arg z{ K n—Jarge|.

Horasareaberso, Iloonpeaenerao Meqnenno pacry-
mefl GyHxIEU

V (2) 1
m‘—‘o wak £ o, larg z[ < 1T

TloaTomy

ez i cz

ey _ {0V () 5, 1 .
' 1nm._5mdt_§o(7)dt—o(1),

TAK KaK KOHTYD WHTErPHPOBAHHA B IIOCIE(HEM MHTErpale
MOMKHO B3fITh OTCTOALNM OT Toukm 2z ==( He MeHLMme TeM
ma C;|z|, a naumoit me Gombwe C2lz|. CaegosarensHo,

fez) o)
'l_(zT =€ , B JIeMMa JOKa3agna.

Cnepctene. Ecau h(r)= rl(r), ro npu awbom ¢ %0
R (cr) ~ c®h (1), T+,

3amevanne, Temu e cpemcTBaMm- JeTKO HOKa3aTh,
a
YiTO Ipil mg U < 00 U Np¥ jocTaTo4Ho DOoABHINX Z
1 (uz)

1@
KaKkoBo 61 HE 6bL10 £ > O, _

Jemuma 2. Hycrs I(r)— anaauruveckas medaenno pac-
rywas PyHryua u @(u) — abcoalOTHO UHTezpupyeMas Ha
orpeske (0, o0) Pynryua, peeyaspuas 6 obaacru |u| < 1,
largu| < m, u ydoeaersoparwan yeaosuan (Y > 0)

ICP(u)[=0(|u|V“1), u~0, larg ul < &
le| =0, u~+ oo,

<M£ ee[ln u].
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Tozda

l‘% P () du=§‘P(u) duto(l), z-e gz <n
0

~

N|nt_.—3'§'

HorkasareabcTBo. Bossmem Kakme-mubo o.>0 n
m A > o 1n pasobneM DepBHIl MHTerpa] Ha YeThIpe 9acTH: OT
a a a a
~ Ao rymo okpyskmocTa | U | =Tz °T 7] A0 & OT & o
A mor A o oo, It MHTErpansl 0603HAUUM COOTBETCTBEHHO

1
gepes lo, Iy, 1o, I3. Tax wak I(z) n (5 DPacTyT mennenHee
moboit crenenn, mmeem Ip== 0 (|z|~"[I(z)]"")=0(1). Huan
Iz (cornacHo Jemme 1) MOMeM HaoucaTh
A

I, ={ o (du o).

[0/

IOna anemxn I; m I3 Bo3bMeM € =—z— A BOCHOJIB3YEMCA 3a-
MeuaHHeM K Jemme 1. 910 pacr

X - )
2 2
llll+lls]<M(°‘ +4 )
Tax Kak o NPOM3BOTLHEO Mano, a A IPOM3BONLREO BENNKO,
TO MBI IOJIyYaeM YTBEDHKIEeHHUE JTeMMBL.

Jenenue Ueablx GYHKUMH HA KJIacchl TOJBKO MO HX POCTY
He eJMHCTBEHHAA BO3MOKHOCTS,

B teopun 0606menHBIX (QYRKIHHA DOoMyduam IIHPOKOR
pacnmpocTpaHeHUe KIacchl Ieablx GyHKIMIA coBepIleHHO APY-
FOTO Pofa.

[lycts ¢(z) m P{(z)— OBe DodoxUTeNBHEle Ha MHTEpBa-

e (0, o0) Brumyxiabie krusy (r. e. ¢'(r) m Y’ (z), MoHOTOR-
HO BO3pacTas, CTPEMATCA K -Foo mphm Z—--+oo) ¢yHKIAIM,
Mu Gymem roB (pmb 4yro nedafd ¢ymxnma F(z) npmrapie-
RIT X;Iaccy Wq;(x) , €CTW OPH Kaxux-1u6o HONOMMTEJpHBIX
a, b i r | ¢ ¥

In|F(z +iy)| < —glaz])+pGly)+ M. (1)
Iloneano wmMmery B Bumy, ut0 ecam F(z) YROBIETBOPAET
12 M, A. Esrpagos '
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- HEPaBeHCTBY
In|F(z+iy) | <—Cpa|z]) +Cp (bly)) + M, cueiso
" 2

TO OHA yHoBIAeTBOpAer W HepaBeHcTBY (1) (KoHewHo, C He-
KoTOpeIMu apyruMu a4, b u M), [eitctenrensno, opu C << 1
mMeeM Cy(z)<< y(z), Tar kak ¢(z)=0, a npa £ >1
nMeeM

Cx

F(Ca)=p(CA) + | v () dt =
cA

= (€A +C [ ¥ (Cwdu> ¢ (CA) £ C [ ¥ (w)du=
A

A

=Y (CA) — Cy(4) + Cy(z) =M, + Cp (7)

B CILTy MOHOTOHHOrO Boapactramms ¥ (x). AHajJormunsle pac-
CYM/IEHUA COPABEINBE I LI ¢ (I).

Haubonee Tacto pacecMaTpuBarTcsa mpocreiiinne KIaccs
W3, orevaromue cayuaio @ (z)=z?, p>1, §(x)== 19,
g> 1. :

Knacess WE2 yCcTpoeHst (olee CIOMBO, €M KIACCH
$yHRuWi TaEHOro TOYHOrO pocta. Tak, HampHMep, yiKe BOIPOC
0 TOM, COTepHKHUT JIN KIACC WY xors 6m opry neaywo dyak-
OHIO, OTJIMYHYI OT TOMAECTBEHNIOr0 IYIA, HBIAETCE He
BOONHe TpusHadpHbIM. 06 aToM MBI OymeM rosopuTh B § 3.5.

K ¢ymrumam ¢(zr) m ¢(zr) B DOTHOH Mepe OTHOCHTCA
BCe, 9T¢ MBI ropopuin o GyHRuuAx h(r),

BAJAYR N JONOJHEHNA K § 31

1°, llycts F(z) — nenasa yHKOHA KOHeYyHOro mopanxa. ITorasartn,
910 F(z) 1 F'(z) HMeT OOQUHE K TOT }Ke TOYHRIN MOPAJION H THO.

2°, TokaaaTh, 9To echau uedag QYAKOAA KOHeIBOI0 UOPHAKA He
uMeeT HyJeil, To 0HA paBHA e¢P(Z), rme p(z) — MHOroYJeH.

3° Myerb Au) = (Inu)*(lnu), @ > 0, oxrasars, 410

A(n) du Inz A(z) _
u(u+z)~ z a+1' - z-+00, |arg 7j«< m.

Py 8
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&, Nyers A(z) = (In 2)*(Iln z),-a > 0. [lokasars, IT0 _
- s " N
Im A (ty) ~ 5 yA" (v)s eSS

5°. IloxasaTs, 9TO yMEOMKEeHNe Ha CTelleBb U puddepernupoBaHue
Ee BLIBOAAT 3 aacca WHE)

.

§ 3.2. Kosddnunenrn paga Teitaopa

[Mockonbky Lenble GyHKIUE 9acTo 3aJalOTCa CTeHEHHEI-
MHE DAjfaMH, GElBaeT HOJe3HO YMeTh CYJHTh O POCTe I[eNoit
dyurnuu oo ee roaddrimentaM. Bompoc o casm pocra Ine-
Aoit PyHkUMA #H y6hBaHUA ee Kod(hdUUMENTOB M3ywaNCH
MHOTUMHE ABTOPAMH € CAMBIX DAa3MMYHHIX ToueK 3peHnsa. Mer
mpuBefeM HeCKOIBKO Pe3yJMbTaTOB B ABYX OCHOBHHX HAIDAB-
JeHNAX.

- PeayapTarsl mepBOr0 HAUDABIEHUA IpICHOCOGIEHEH, FiaB-
HBIM 06pasoM, QAf YMCTO NPaKTAYeCKHX Iedeil, T. e, mag
BO3MOMKHO Golee TOWHOFO OmpefeleHHA pOCTa LeRoit QyHK-
IU#A ¢ JOBOJbHO IPaBHIbHEIM INOBeJeHHEM Ko»punueHTOB.
ConepsaHre TAKUX Pe3yJIbTATOB COCTOAT B CIEYIOLNEM,

Jlama Hexoropasg oOdYe€HB IpaBUIBHAA byRRIUA, craMmeM
", apamomanca Mamopantolr mra |F(z)|. Mu maxommm
CTONL #ie MPABHIBLHYI0 MAKODAHTY MIA la,.l, rae

F(z) = X a,z"
n=_

Bropoe maupamienite mpeciefyer Apyrue, ropasmo Goxee
OTBJedYeHHble HeIIl. B peaynbTaTax aToro. HAIPABIERHA
HIeTcs CBASH He Mexny MaopaHTaMm |F(z)| u |aa.],
8 MEIKIY CAMEMH STUMW BEIMYMHAMH. 37eCh OCHOBHAm 3a-
Ja4a B TOM, 4TOGHI BRHIACHATH COOTHONIEHHS, OCTAIOIIHEC IpIt
1:060if ‘HeNPABUIABHOCTH MOBOJCHHA (.

MeTops! mCCIeRoBAaHNR, ymorpebiaseMsle B 06omx HaOpas-
Jenuax, dieMeHTaDHH, OHE. OCHOBaHBI Ha CHenyomux ,rmyx
HepaBeHcTBax. o

. Mg (r)~<ngofan[r”v (1)
128
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panmeM oneHKY My (r) cBepxy, m
My (r) > max|a,|r", 2
: n>0

natomeM oueRKy Me(r) crmsy. )
HepasencrBo (1) ouesugHo, a mepaBeHcTBo (2) moxy-
vaercad U3 dopmyan Hommnm ansa Roatb(bmmeu'roa CTemCHHOIO0

pasta
1 F (z)
a, = -?‘ 5 | d.
[z]=r

[

HenmocpeacTBeHHOH OHEHI\OH (MBI yiKe rosopmiam o6 3TOM B
ragaine § 1.3).

Hoxaiem CHaYala HECKOIbLKO pe3yJibTAaTOB IEePBOIO Ha~
npaBaeRnA. ’

Teopema 3.2.1. IIyems F (3) = Z@ a,z". Ecau

Tm Mr() e = M, 3)

To .
T |4, (ope) P <M, @
lun[a [( ) V2:rtpn M. (5)

JorasaTeabcTBOo. M3 HepaseHCTBa (2) nBMeeM
1

|a.| <minr "Mpg(r). B wactrOCTH, IpH F= (Lp) P omo pmaer
>0 [of

il o ((2))

Ho cornacmo ycaosmio (3)
1

MF(( )B) < (M + 0(1))63,' n - o0,

HaM
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N §3.2. RO3OOQUOMEHTH PANA TEATOPA

=

TOTOMY
n

)_p’ ne e,

lenl< O + o) (25

oTKYZa B ToJyYaeM HepaBeHCTBo (4).
HepaBenctBo (D) pmoxaskem oT DpormBHOro. [omycTHM,

910 OHO HeBepHo. Torja mpm HekotopoM €9 >0 m npm Bcex
n > Ny MBL IMEEM HePaBEHCTBO
A"I — Bn

!“nl<—n—-

np s
0pe> V 2npn

-

Cornacro dopmyse Crupammra mis ramMma-gyERumm (cM.
npumep 1 § 1.2) 3snamenatenn 3Toil Apo6uM acHMIOTOTHYECKH

n

n
pasen pI’ (-p'~+ 1)0‘ p. IToaToMy MBI MOMkeM HammcaTh

N n
|0, | <=7 o, .
pF(—p—-Jri)

C momompio HepaBeHcTBa (1) moaywsaem

Metiy o
Me(n) < ! . + 0 (rm) =
n=_ pP (‘p‘ -+ 1)
1
=24 E, (rop) +0 ().

z
———— HmcCIefoBANACh HAMH
n=0 I|{— 1)

(5
B § 1.5 (mpumep 4), rme Mul BrgcHMmIE, aTo0 E, (1) ~ pe’.
Clle1oBaTeIbHO, MOMYIeHEOe HEPABEHCTBO JaeT HAM

Mpr)<(M — &) ee” (1 4 0 (1)),

Ho ¢pyaruua E, (z) =

T — 00,
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Hm Mg (r)e=o® < M — &,

r~ro0

a »1o mpormsopeunt yciaosmwo (3). lloiydennoe mpormsope-
uye OKAa3BIBAeT CIpaBeIaNBOCTH HepaBeHcTBA (5). Teopema
JOKazaHa.

Hepasencrsa (4) u (5) B ¢opryInpoBKe TeOpPeMH yTO1-
HETHL Belb3da, UTo6H y0eiOThCA B 3TOM, AOCTATOYHO pac-
cMOTpeThb OBe QYHKIAN:

Fiz)=¢, F,(z) = Zéz"’ (nil)m. )

Has obemx QyRKIuE COPABEAIIBO PAaBERCTBO

Hm Mp(r)em =1.

r—>x

Kaxr nerko mposepuTh, A xodddunuentos dysrnum Fi(z)
EMeeT MecTO 3HAK paBeHCTBA B (D), a miaa Koad@uleHTos
dyurunn F;(z)— smax paBeHcTBa B (4).

Mnporpa OGsiBaer ypobuee cuepywomas ¢opma TeopeMsl

321,
Teopema 3.2.2. Hyere F (2) = Za z". Eeau

ne=0
T 0 | (22 207 = M,
TO '
IF M (1) —
u

lim My (r)e—o"p V 2nor® > M.

r—»o

9ta TeopeMa NOKA3LIBAOTCH COBEPIIEHHO TEMH e pac-
.- CYMHeHAAMH, 9T0 N IpebIyIasn.

[lpu ponasarenscrse Teopemsr 3.2.1 pematomyio poas,
CHIrpallo To, 4To Aaa dyuxnmum E,(z) MBI BHATM 4 acAMETO-



$ 3.2. HOSDOUINIEHTE! PAXA TEANOPA {83

raieckoe mosegerue E, (r) = max |Ey;(z)| mpa r—oo m
Z|=r

aCEMIOTOTHYECKOE NOBeXeHHE €e KodadhHIEenAToB mpu n —>- o,
Ucnonbays ¢$yrrnumu, Kotopnle cTposaTtca B § 4.4, Mbl cMor-
auz 6Bl JoKasaTh pesyabTATHI, aHa’ordvabe TeopemMam 3.2.1
u 3.2.2, ¢ samenoit or’ ga o6y h(r). Pesyannrar, amamo-
ruYHH Teopeme 3.2.1, Buirasigen Onl Tak,

N3 ycaosusn

Tim Mg (r) e=h" = M
r—>x

«

creayer 3

T [ @, [[r (m)]" e=hore) < M

H
Tim | a, | [r (n)]" e=ho VD (n F- [r ()P R (r (n))) == 3,

rae r(n) — dymruua, obpatrasa k rh’(r).
WNnorga 6rBaer yjo€Hee MOML30BATRECH ClAeAyKlleil Teo-
peMoit,

Teopema 3.2.3. ﬁ;cer (z) = 0a,,z". Ecau

==

limr=f 1n Mz (r) =0, (6)
TO .

o4 i 1

limnf|a,|" = (cep)’ (7

n-»o0

u, naobopor, uz (7) caedyer (G).

HorkasaTteancrBo. Ham pnocratoamo mokasats, =TO
nu3 (6) ciaegyer (7) ¢ saMmeHoll 3HAKa paBeHCTBA Ha B3HAK
< u w10 m8 (7) ciaemyer (0). Takke ¢ 3ameHoif 3HaKa pa-
BeHCTBA HA BHAR <.

Ecau (6) smmonmemo, To npm aio6oM € >0 u mpa Bcex
r (sa cueT BuGopa gocraTowro Goasmoro M)

My ()<< Myew tor®,

»



184 1. 1t METONE! TEOPHM IEJILIX OVHEITI

n teopeMa 2.2,1 maer mam ‘
n n
la, | < Men P{(0 + e) ep)’.

Tar rak ¢ > 0 npouspoabEO Mato, To OTCIONA CIEAyeT
1 1

1
lim n®|a, |" < (oep)’-

C npyroii cTopousl, ecnd suinonneno (7), To opu moloM
¢ > 0 o opir scex n (onaAThL 3a cuer seiGopa M)

la, | < M,V Znpn (——(" te) *p)a,

n

7 reopema 3.2.2 naer Ham

lim Mg (r) e—to+er® < M.

Tax kak ¢ > (0 npon3soiLHO MaNo, TO OTCWA Caeyer

limr=rlnMp(r)<o. ’

T—30

TeM caMBIM Teopema JOKa3aHa.

Ucnonnsys ¢yuxuni, nocrpoeHuble B § 4.4, MBI MOrIm
6b1 yCTAHOBITL H TeopeMsl, anajorugnsie teopeme 3.3.3, on-
HAKO HeTPYAHO yOeIHTHCS, UTO DPesyabTaT MojkeT GHITH ITO-
XOJKHM JHIUL A (PYHROMI KOHEYHOro IOpPAKA. ,IEeﬁcTBﬂ-'

TeanHo, npu -p—>0 man mpa p—- oo seduuuna (gep)’ nepe-
CTaeT 3aBHCeTH OT G pa3yMEBIM o6pasoM.

IlepeiimeM K pesynbraTam BTOporo EBampasiesud. Oc-
HOBHOW OTJIHYUTENBHOI TepToil 3THX pe3yabTaToOB ABAAETCH
BBeJeHHe QYyHKOHU

ry=maxj|a,r"
U'F( ) n>0 ] n I ’
. o
Raomel BeIHYNEY MaKCHMaAbHOTO aeHa pafa F (2)= D a,
* M n=0

Ha oxpyxHOCTE |[Z2| =r, Oyasuusa pr(r) sneMeHTApPHO CBA-
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BaHa C IOCAENOBaTeNbHOCTLIO |@.] © B TO e BpemA HO CBO-
uM cBolicTmaM 6nm3ka K QyEknua M.(r). lmeruo cBass
MesREy We(r) mw Mp(r) aABAsieTCA comepaHHEeM TeopeM BTO-
poro HampaBnenusa. JlokarkeM mpocTefimIyld TeopeMy TaKOro
poJa.

Teopema 3.2.4, Jasa yeaoli pynwyuu F(2) roneunoeo
nopadka cnpagedilso COOTHOWEHUE

In pr(r) ~ 1n Me(r). (8)

HoxasareansncTBo. BospMem umeno y Gonsmee, wem
nopagok F(z). Torna Mp(r)<CMe™ mn cormacno Teopeme
n

3.2.4 ]anlg‘ll(%)i Honomum n(r)=ye(2r)'. Torma

> e <y Y (Ynf)grﬂ<n} 2.2‘"<M

n>n(r) n>n(r) n>n(r)

u, CaeoBaTeqbHO,

Mp(r) < n2=]0 lap I M + <2(> la.jrn<
KM+ (n(r)+ 1) pr(r).

C npyroi cTOpOHHI, HePaRBEECTBO (2) ,ﬁ;ae-r HaM M:(r) = pe(r),
TaK 4TO

; Inpr(r)< InMe(r)<lnu-(r)+ O(Inr).
Ho ecaum F(z) me Mporoumen, To mo TeopeMe Jlmysumns
(reopema 3.1.1) mmeem Inr = o(ln My(r)). 3naumt, ccau
F (z) me muorouwnesn, To cooTHomenue (8) cmpaBeunuso. Tak
KaR [IA MHOrOYJIeHa OHO W OOJABHO CHpaBeJINBO, TO Teope-
Ma JoKasaHa. .

Wa moxasartenscTBa BHIHO, YTO e€cAE cooTHomeHue (8)
M HapyaeTca NIA Janpoi ¢yHKnAm GecKOHeTHOro mopspgKa,
TO OHO HApYWIAeTCA [JIA TeX r, AJIA KOTOPRIX B wr(r) u Ms(r)
MAQJIH 10 CPRBEEHAK CO CPeAHHEM YPOBHEM HX pOCTa.

B cBA3E ¢ TeopeMaMd BTODOro HAaIPaBIeHUA eCTECTBEHHO
BO3HEEKAeT 3alava o0 omemKe |a.| mo pr(r). daam obeymse-
HHUA 9Toll 3aadu MH BBeJeM ellle 0RO HoNe3Hoe UOHATHE,
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MNycre Ppyrruna ¢(zr) ompenenena MIa AOCTATOIHO GOMb-

mEx T o %E?—» + oo npm z - +o0. Oyaxnuw

@ (8) = max (2 — ¢ (2))
x>0

MBI Ha30BeM O0g0UcTéeHHOU no Hney ¢ dynknneit ¢(z).
Jemma 1. Qyuryus cp(E,) gulnyKAd KHU3ZY.
HoxasartensncTso. OrpammummMcd clydaeM, Kolfa

¢ (z) menpepsisuo juddepenuupyema u godoi orpesox (0, 4)

MOKHO Pa3GnTh Ha KOHEYHOE YLCJIO YTACTKOB MOHOTOHHOCTH

¢’ (z). Mo1 MoxeM mamucaThb

¢ (&) = Ez(E) — ¢(z(8)), (9

-
’

rie z(E)— HeroTopslit KopeEb ypasHemma ¢'(z)=§. U3
reoMeTpUYeCKHX coolpakeHnit scno, wTo ¢ynxnusa r(E) He-
y6uBaromana u uaro z(§)—+oo mpm §—>-4oo. [eficrBi-
TeNbHO, Mo onpejeneur @(§) npamaa y—@(z(E))=
=E(x— z(8)) nemutr mume upusoir y = ¢(z). Iloatomy
npamasa, npoxoasman geped Touky (z(E), ¢ (z(§))), ¢ yr-
n10BbIM KodPdunienToM E; > &, MoMeT IepeceKaTs KPUBYIO
y = ¢(x) Iums npu z > z(&). dto Tem Golee BepHO OTHO-
cutesbHO fpsMoit Y — @ (x (1)) = Ei(r—z (1)), mexaluei,
0O OMNpeNeleHNIO (p(E,l) ellle Hue, 3HaudT, r(E) >z (),
a cTpeMienne z(E) K oo cleayer W3 TOro, YT0 B HPOTHB-
HOM cCJydae KpuBaf y = () Jaeskana Gul cieBa 0T HEKO-
TOpOii BEPTUKAJTHHOH IPAMOH.

Qyurygua (&), Boobme roBops, paspblBHa, HO U3 Ipel-
T0JI0}KEHAA KOHeTHOCTH YHCJIA YYaCTKOB MOHOTOHHOCTH ¢ (T)
BHITEKaeT, 9TO 9UCJIO pPa3phiBoB T (&) Toe KOHEUHO (Ha JIo-
6oM xomegHoM muHTeppase). Ma Tex e reoMerpudecKnx
paccMoTpeRHi BUIHO, UTO €CIH z(E) HenpepHBHA Ha WHTep-
pane (&, &), 10 @' (z) MoHOTOHHO Boapa(;'rae'r #a MHTEPBa-
ae (z(&1), z(&2)).

BosoMeMm E 7 £ 4+ & ma opHoM uHTEpBase aenpepmnaoc’rn
z(&). Torma u3 (9) momygwaem

(R —¢ (8) =ha (8+h) + (E—¢’ (1)) (2(E+h) —2(E)),

e z(§) <z, <z(t{+h). Ho z(§) mouotomme Boapacraer
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ga matepsane (§, & 4 R), Tax wro
zi=zx(E+6k), ¢(z) =t+60b (0B <),

CrnenoBatensno, ¢(E) AndpepenunpyemMa Ha yYacTHax He-
npephisHocTH z(E), a B Touxax paspwiBa r(E) mMeer npa-
BYI0 U JIeBY}0 HPOR3BOJHBIE, T. €. 5(%) abcolloTHO ERempephiB-
Ha 1 ¢'(§)==z(E) mouru scony. Tak kax ¢ymrmma z(§)
peyGesanigaa 1 z(8)— +oo npn §— F00, To cp(E) BEI-
OyKaa KHESY, 4TO I TpeGoBaloch JOKA3aTh,

Jemma 2. Pynryua cE( z) cosnabaer ¢ gSyum;ueu
¢* () — Hauboavutell ebinykaoll PyHnryuel, e npegocroda-
wetl @(x). B uacrnocru, ecau @(zr) evinykaa KHU3Y, TO

@(z) = q(z).

HoxasateascrBo. [obmyctum cuagada, 9To @(zx)
mBajKnbl HempepsiBHO muddeperunpyema m ¢’ (z) MOHOTOH-
Ho Bo3pacraer. loraa

P(E) =2z (8)E — @((E)),

rae z (&) — dyHxmusa, ofparHas k ¢’ (z), o

~

() ==tE(t)— @(E(2)),

rae E(z) — Pywrmusa, ofpaThHas X N(p’(E). Ho ¢'(t) = z(&),
Tak 910 §(z) = ¢'(z), u MB DoXyuaeM
P () =1t¢' (1) — 0 (¢ () =

=t (1) —z (@' () ¢ (1) + ¢ (z (¢’ () = (D).
Yrober MOKa3aTe 3TO e YTBEPHAEHHWe NIA HPOMBBONLHOIM
BHNYKJIOH KAH3Y GYyHKOER ¢(x), 3aMETHM, UTO ee MOMKHO
CKOJAb YrOJHO TOYHO UPHONM3ATEL ABAMALI HEOPepbIBHO mH-

depennupyemsiMn GyERumMAME @;(z) m ¢z(z) ¢ MOHOTOH-
HBIMO IPON3BOJHBIMA, IPUYEM TAK, ITOGEI

91(z) < () < @2(x).
HO H3 9THX HepaBeHCTB OYeBHIHO ClenyeT

02(8) < 9(8) < 31 (8),
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m mo Toki swe mpmimEe @1 (2) < ¢ (2) < @2(z), . e @i (2) <
< @(z) < p2(z), Tar xar @i(x) =m @2(z) croms yrogmo
6nmsrm K @(r), TO MH DoaydaeM E(z)s.q)(x) ana aioboi
BLRIOYKJIOH KHuM3y @(z).

Ecnu ne tpeboBats 0T ¢ (z) BHIOYKIOCTH KHIBY, TO MO~
HO HalHcaTh

¢(3) =2t — @(2) >0 E>0

OTKYZa ACHO, 4TO

@ (@) > 28— § @) > max{at — G ) =9 (@)

Taxum ofpasoM, ¢(z)< @(z) n ¢ymsums @(r) semywIa
weE3y (Do gemme 1), Ecam ¢ (z) — nofas BHIOYKIAA KEH-
3y QyHRIHUs, He NPeBOCXOASIRs ¢ (z), T0 U3 HepaBeHCTBA

@1 (%)< @(x) momyuaem <P1(§)>~(P(§) 1 oi(z) < o(z), . e
@1 (%) < @(z). Cuenopatessno, ¢(z)==@*(z), u TeMMa [0~
KasaHa. .

Teopema 325 [Hycre $(z)— Heroropas ewinyraas
kHu3y dynryus, a P(r) — dyukyus, O06olicTeéenHans c Hell
no IOney. Toeda us coornowenus

Inpe(r) < ¥(lnr) (10)
caedyer
Ina.] < —y(n) (1)

u, Haobopor, us (11) caedyer (10).
oka3aTeabcTso. Vs ¢gopmynsr

Inpr(r) =max{ln|a,|+ nlnr}
: n>0

BURO, uTo Pymxuna Inur(et) saBisercs nBoiicTBENHOE TO
Oury ¢ dyurumeit —In|an|. Teneps yrsepmpense rteope-
ME! CPa3y MONYTAETCA M3 JIeMMH 2,

Bee, uTo MH fefaiy BhINe, NPUMEHMMO He TOABKO NI
OUEHKE pocTa CTeNeHHHX pagoB. G TeM e ycmexoM MH
_MOTIIH 6m OLleRNBAThL, HaIpUMep, POCT HHTerpajoB. B Ka-

s !
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wecTBe IpEMepa TAKOLo PoXa PACCMOTPEM 3ajady o npeo6-
pasoBauEy Qypre QyHKUME B3 KIacca W&z; (cM. KoHen

§ 3.1
Teopema 3.26. Ecau F)e WY u @ (z) — npeob-

pasosanue Pypve gyhkyuu F(z), 7o D (2) = W%((Z;.
HokasareascTro, UMeen

@)= | Ftyewar,
Ho npr ¢umrcrnpoBarHOM 1)
FE+ in) = 0 (e—‘v(ﬂlil)), x> £ >,

tak wro maTerpan mia @ (z) Momuo Gpats mo mooit mpa-
Moit Im t = . Iloatomy

o0

D (z + ty) = 5‘ F (& + i) eit=tin@ringe

-—0Q

n, BuOupas m Tak, 9To0H T E 1 GHUIN ONNOTO A3HAKa, MHO-
nyuaeM

| @ (2 + iy)| < Me~nilsi+yem S e—alDHEVIGE <

—00

2

1
¥i—5 G(alk))
< M, min {e—" [=+¥(M)} max {em PA }
Ll * E

riae

) 1
— 5 g(ait))
M=M [ ¥

—00
3HaunT, COMIACHO OTpeAeeHAL ¢ (z) H n (y)

|© (z+ iy)l<MxeXP{—TP(l%fi) + 2 (2’_!&1.1)}

Ho B § 3.1 Ml BEenn, uTo (YHKLHA, yHOBIETBOPAIOLIAK
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BN

TAKOMY HEPaBEHCTBY, YIOBIETBOPAST W HePABOHCTBY

|®(z+iy) | < Msexp {—P(ai|z]) +o(bi]y])}.

Cnenosarensso, O (2) = Wffgc)) Teopema gOKa3aHa,

BAJTAYN 1 JNONOJHEHUA K § 32
1°, Iyets k(r) = r°l(r), 0 < p << oo, IlorasaTe, 970 ecam
I Mg ()
reo B0

TO

( 1{
Tm k (n)|a,|™ = (gep) ¥,
n—00

1 rao6opor. (3zeck k(n) — dyarmus, obpatrasg x L(r).)

2°, IIycrb F(z) — menag PymrNuA KoHeumoro mopaixa p. Ilora-
38Thb, 4T0, KAKOBO Ont Hu Osnisio 2 > 0, cylllecTByeT HOCHe 0BATENBHOCTD
ry — 0o, OJA KOTOPOi

Mp () <0+ O VIRTRE () B ().

3°. Ilyers F(z) — uponssonsHan nenag QyErmuA. ITowazaTs, 970,
KaroBo Opl HEH OblT0 € > 0, cymecTBYeT IOCHENOBATENLHOCTD Iy~ 00,
MIA KOTOPOH

1
5+
Mg (r,) <wp () (10 Br ()] 2
£, Mycets h(r) = (Inr)=l(Inr), rme & > 1, u I(r) — MeTenBO pac-_

rymana QyRrUHA. [TorkasaTs, 9TO eclH .
InM In Mg () (r)
Tm ——— =%
> D) .
TO

—In}a __1
ﬁ———l—"L=(1—i)(aC) a—l

neoo 11007 (0)

] Hao6opo'r (3aecy, r(n)— dyrKOUA, o6pamaa~ K rh’(r).)
: . Ilycre menas ¢yERNUA F(z) NPUHaATEARET KakoMy-i1ubo Kiac-

cy W“ . Monoxam i

-

) F () = 5’ (@) ez <
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®

o BBejeM o0o3EadeHHA:

M}V (y) = max |F(a)}], p.I,p,V(y) = max |f(z)]e%,
Tmzi<y —oo<x <o
Ilorasats, 91O ’
Inpy () ~1n MY (3), Y=o,

6°. B ycropuax sazavy 5° DOKA3aTH, UTO eCad
Iimy~PIn MY (y) = q,
Yoo
70

: 1
Tim Injf(x)] _ 1—i)(0p)_9"1.
x—t o [4 p
p—1
x

- § 3.3. OucHka KaHOHAYECKHX Tpou3BeaeHuil

Pacupenencaue Hyweil Apngerca ojuHnM u3 manGonee TOH-
KHX BoOpocoB Teopun ueislx ¢pyuxnuil. Poct nexoit ¢pyaxroun
3aBUCHUT He TOJABKO OT 9HMCIa ee HyJeil, HO M OT MX B3aUM-
Horo pacmoosioskenusa. [meloTca HeroTophle HOBONBHO HpO-
- ¢Thle, XOTA 1 BecbMa Ipy6GBIe 3aKOHOMEDPHOCTH, CBS3BIBAIOIIIIE
pocT PYHKRUUN ¢ anciIoM ee HyJIel. Bce 3T 3aKOHOMEPHOCTH
KAcaloTCA IMaBHBKIM ofpazoM (YHKIMI KOHeUHOr'o NOpAIKA.
Ilna Hux, Kak MBE OOKa:KeM BOOCHEJCTBUN, MMEETCA Ipej-
CTaBlIeHIE BIjA

f(z) = z"ePPF (3),

rae P (z) — muorownen, a F(z) — Tak pmasbiBaeMoe KaHOHIYE-
CKOe TMpoM3Belele. :

Karnonuveckum npoussedeHuem MH HA3HIBaeM PYHRIIIO
BUga '

4
FO=T(t=2)ow{t+ S+t 2

n={ n Zn pk '
o0
Ife amcao p BHGpaHo Tak, AToOH pAX Xz, |=P—! cxoammes,
¢] n
n==i )
. [- -3 -

a pag Zi]zn |~Ppacxonmaca. 310 4HCIO p HA3HIBAGTCHA poO-
N= R

0oM WM KHarpom KaHORAYECKOTo HPOM3BOJeHHS,



192 IJI. 111. METONH TEOPHH IIENBIX. ®VHKIIHA

flcwo, uro KaHOHMYecKoe HpouaBefeHue olpamiaeTca B
HyAb JAMb B TOYKAX Z == Z,. lloaTomy Mml gacto Gylem ro-
BOPHUTh, UTO KAHOHMIECKOE NPOHIBEJIGHA® LOCTPOSHO MO 3a-
JAHHBIM HYJXAM,

Haunem ¢ omenku ceepxy ¢ymenum Me(r) mna KaHoHI-
9eCKuUX Npom3BefeRmY npu moMomu QyHKOHE nr(r), paBHON
aucay myned F(z) B kpyre |2| <<r (kaxgn# HyJdb cumTa-
eTCH CTONLKO Pa3, KAKOBA €ro KPaTHOCTh).

Teopema 3.31. Jas kaunowuueckoeo npouszéedenis
F(z) poda nyav umeen

lnMp(r)< f ln'(i + %) dng (1), ‘)

JorkazarenncTBo. _3aMeraM, 910  QyBKIHA
Inj1 + se®| npm mo6oM MmONOMKMTENbLHOM § LOCTHraeT HaH-
Gonpmero 3navenua npu ¢ = 0. Iloatomy

'lnMF‘(r)=max2 ln[1—-z-z- <

lz|=r n=1 n

& i ~
Q;;l rg?xln‘i—}-zine“’" =§ ln(i +tL)an(t),

YTO ¥ JOKa3blBaeT TeopeMy,

3aMeTHM, uTO NOCHe[HRH HATerpal CXOANTCHA, ecam pOf
KaHOHUYECKOT0 OPON3BeJeHAsA paBeH HYII0, TaK Kak

1n (1 + e~
ﬁpu Gonsminx ¢ m

cﬁidn ) -
(2l = Fnrri<w
0

n==1

1o ompejeeHAI0 POAA. .
Hemnmorum caosuee ofctonr [Aelo ¢ KaHORMYeCKEMH
IPOH3BeJeHUAME POJia eHHHALA,
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Teopema 3.32. Jua KaHOHUYLECKO20 npouaeeaeuuﬂ
F(z) poda edunuya C

{ln (;5— 1) + tL] dnp (£) + f% dng(8).  (2)

I
2

In ﬂ/fp (r) <

Ottt

HoxasaTenncTso. PaccaoTpuM BblpaeHue -

In l(i + seiv) e—“’,"l = —é— In (1 +2scos @ + s%) — scos @,

8> 0.
Jlerko 1mpoBepuTh, 9T0 OpH § < 2 MAKCHMYM 3TOTO BblpajKe-
HAsA, pasHBUl - 5%, pocTmraeres IpH @, AR KOTOpOTO"

COos @ == — ; , & IpA § = 2 MAKCHMYM, paBHbIH ln(s—— )+,

AocTEraeTcH HpE @ = T [Moatomy

»
L
n
_T_eig

(1 +%ei”)e f

In My ()< 2 max In

[z]=r
-]
wj max In
¥ @

{ln (—:- + 1) + tL} dng () + f.z’tiz dnp (2).

ot
2

an (t) =

QL’—)N,_'

Tlocnenan# METErpan OMATH-TAKN CXOTUTCA COIVIACHO O~
pexeneHnI0 pona. TeopeMa KokasaHa.

- Jlna wanOHWYecKHX NpOMBBeneHHH moloro posma p TOMe
MOMHO OOAYIHTH U0f06HEe onenAkn. ONHAKO TOYHOCTE TAKHX
onernok He GyfeT Ba)kHa B panbHedmem. Ilostomy ana ka-
HQHHYECKHX NpOH3BeCHMH poma p MHI [ioKaeM Gonmee mpo-
CTYI0 H IPyGyI0 OMeHKy,

13 M. A. Esrpador
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Teopema 3.33. Jas raumonuuweckozo npous3sedenusn
F(z) poda p

(t
In My (r) < Ar” j""" )t + B P+1f O gt Cnetr), 9
0, r
2de A, B, C — Hekoropble nocrodarHble, 3AGUCIUUE TOALKEO
or p.
JorxasateancTtpo., OueHIM MaxkcHMYM IO ¢ BbIpa-
JKeH!A

Qp(s,9)=In

2,2

5 sy sy 222

sPepie
o (=12

, >0,

.

Ecam s Mmamo, To 3TOT MaxcEMyM He mpesocxoant CysPti,
TAK KAK IpPY MAJHIX §

' +1
0 (5, ®) ~ (= 17" T cos(p + D)

Ecam s senuko, To 08 He upesocxoiuT C,sP, TaK Kak Opuw
p>0

)P
SP cus po. .

Qp (5, 0) ~ =

HaKOHeI.(, IIPH KOHCYHHIX § ITOT MAKCHMYM €CTh HEKOTopas
KOoHedYHasg BeJUIHWHA. IIO::)TOMY MBI MO}KEeM HaNHNcaTh

sp+1,

max Qp (s, 9) < Cy s<t;  MaxQy(s, (p)QCésp, 8> 1}
) ) )

OTKYy/Ia BAXOAUM, Kak 00bIuHO,

It My (r) < cif (£ ane @ + ¢ f(})" e (8).
; b

Urrerprpya mo =actam, moaygaeMm (3).

Onerra Mr(r) uepes ng(r) cEE3Y MoeT GHIT, mOAyTe-
Ha W8 HECKOJIbKO npyrux coobpaskeHWil. B ocmoBe ee JEKHT
Tak HaastpaeMas opmysa Hencena, KoTopylo ME cedqac
IOKaMKeM.
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Jleémma 1. Hycre F(z)— anaauruveckas * PyHEyus,
peeyaapnas 6 kpyee |z| <1 u He obpayarowyascs 6 Hyab
HA OKPYIHCHOCTU f |=ru npu z=0. Tozda

P

2a
2%5ln[F(reW)ldcp=ln|F(O)|+jlntLdnp(t). (4)
0 b

‘HorkasateasctBo, OGospauum uyim F(z) B Kpyre
[z] <<r wepes 21, ..., 2, (KaABIA HYJIb IULIETCH CTONBKO
pa3, KaKOBa ero KpaTHOCTL). PacGMOTpnM GyHKIA0

r —Z.-
Fi(z) = F()II ,_z“
Ona perynspHa B Kpyre |2z} =<r u He uMeeT TaM HyJIeir.

CnenoBatensno, Qyuxoasa In F1(z) Tome peryiaspHa B Kpy-
re |z| <r, o no Teopeme Homn

In P (0) = 21? ‘S‘ m—fﬁdz,
2j=r

In F, (0) = -Z%S In Fy (re'®) do,
0

IUIH, ecll¥ OTJEeAETh JeHCTBHTEJLHYI TacTh,

2n
In| Fy (O] = & | In| 7, (eto) | dop.
8
Ho r%-z—_-z—:-%[ =1 npm |z} =r, Tax uto
) In|F\(re®) | =In|F (re®)|.

Kpoxe Toro,

o] £ (0)|=lo|F Q)|+ X In— =
. R=1

=In| F (0) |+ b( In = dng (2),

o MBL monydaeM gopMyny (4).
13*

~
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Teopema 3.3.4. Aas KAHOHUYECK020 nMpoussedenlis
#106020 poda

.
In Mr (1) > f a2y (5)

0

HoxasarteanscTBo, IIpmmennm ¢opmyny UWencera.
Tak war |F(re¥)| < M:(r ), a F(0) = 4, T0, HETErpAPYH IO
TacTAM HEHTErpajl B NMpaBoil wacTE paBeHGTBa (4), MOMydIHM
dopmyay (5). -

Wmes omenxu aaa My(r) wepes ne(r) cmepxy u cmusy,
MBI MOeM J0Ka3aTh.HECKOJIBKO ODIIHX TeapeM.

Teopema 3.3.5. Ecau F(z)— kanonuueckoe npousse-
denue, T0O

— Inln Mg (r) ——1n ng (r)

——— == im
lm Inr ! Inr

r—>0o0 T=» 0

(UmbiME cloBaMH, HOPAJOK KAaHOHIMECKOro MpOH3BefeHHA
onopefenseTcA ero HyJAMH.)
I.on\aaaTeJILcTBo Iycre
= Inng(r)
lim —£
. r—>co
OuennM Me(r) csepxy. Us (6) caenyer, uto mpm mmo6om
e>0 |

= p. (6)

Inr

ngp(r) < crete,

Ecmm p<<p-+1, To 1mpnm & fgocTaTosHo MaloM P+ & <<
<< p+ 1, tak uro Teopema 2.3.3 maer

ln Mg (r) << Merete,

HocRoOTBERY € cKOMs YyrogHo Majo, IHoaydaeM

— Inln My (r)
113’12 —ln_rF— <p. 0]

Ecawm xe p = p 4+ 1, To Ta ke Teopema 2.3.3 naer

ng(t)
In My (r) < Mgre+e 4 Bre+t S ; =
[ 4

= MrPte 4 o (rett),
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- : C np (1)

TaK KaK 10 OIpeJelleHmI0 POja . HHTErpaj X i at  cxo-
b

HHTCA, ¥ ONATH monyduM (7).

Jlaa oleHKH CHHE3Y BOSLMEM IIOCIEJOBATENBHOCTH Iy—>00,
IJH KOTopoH
In ng (r h)

lim —p=m=s TlInr, Ty

k~+oo

Mpe nwo6oM &> 0 mmeem Ny (ry) > cerh °, & 10 TeopeMe
2.3.4

In MF-(2rh) >
’ 2ry 2ry 2ry
t t .
>{20as(tlazne | ey
¢ T Ty

B cony mpoussonbHOCTR € > 0 910 03Hawaer, 9T0

— Inln Mg (r) — Inln My (2r,)
AT P TR, 2P
910 HepaBeHCTBO BMecTe ¢ HepaBeHcTBoM (7) JoKasHBaeT
TeopeMy.
Teopema 3.3.6. Hycrs F(z)— KaHoHuueckoe npousee-
denue poda p u h(r)=rl(r). Ecau
ce—Rp 69 .
,lie—h(’) =0, 0<o<», (8)
TO npu A060M p : -
— ln M ) ¢
lim ———— > 0. . 9
T @

Kpome ro20, o
lun _n___F(—r)- < wr (10)
oo P (T) '

ede h\(r)==h(r) npu p neyesom u h (r)=rli(r) npu p
yeaon, ) '

r )
(3386!: ll (r) = §L:ﬂ dt npu p = p’ ll (T) — S‘ lz(_t) dt
?

npup=p+1j)"
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JdorxasaTenscTBo., [N OHERKH CHH3Yy BO3BMEM IIg-
clel0BATEIBLHOCTE Iy — 00, NIA KOTopoi

. (h)

lim A2

k> h (rh)
Toraa mo reopeme 3.3.4
2rp

InMgz(@2r,) = S‘
0

::0, 0<og< .

np (t)

—dtZ=np(r) In2>ch (ry), e>o

Ho cornacmo cnegeramio m3 deMmul 1 § 3.1 umeem h(2r) ~
~ 2°h(r;), Tak uTo mepaBemnctso () morasaHo.
Jlna oHeHKH cBepxy HalMImeM, COTJIacHo Teopeme 3.3.3,

In My (r)<01ArPShm dt + o,Br p+15 L gt oiCh (o).
ITpn menenoM p orcrona mo memme 1 § 3.1 monygaem
lnMe(r) < Mh(r),

7. . HeparercTso (10} ¢ ki (r)y=h(r).
IIpn p==p moaywaem mo memme 2 § 3.1

Brot! S "5 a4 Cre () < MA (1)

]

o { Ut = o1, 0) = 1, ),

.
np (1)
rnS ;H at<<
a

npudeM [ (r) ==+ o npn r—- -+ 60 1o oNpexeTeHHI0 PORa u

l(r)_ )--l rl’ (r)_O
hm ll r} i—nw li (I‘) r->oo : (r)
CreposartensHo, HepaseHctso (10) moxasamo ¢ hy(r) =r°l; (r).
Comepiienno aHajgorgyHo obcTouT Aeno mpu p==p-+1.
TeopeMa HoKazaHa,
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O6pamaer Ha ce6a BHIMaHHe TOT (AKT, 94T0 IPH MEJIOM p
3HaHNA QYRKUMA np(r) HEZOCTATOUHO OJIA HaXO;KIlEHKH TOY-

1
goro pocra. CpasHuM QYEKNAN o E sm . Oasa nux oBe-
1
#x np(r) ~r (r—»o0), Ho T FMeer TOYHELT poct rlnr,

a sin 7” — TouHMH poCT 7.

ITpuunrna aroro ABAeRIA B TOM, 9T0 Ha POCT HEX0il PYHK-
UM BINAET He TOIBKO 4HCIO ee mydell, HO M IIX B3aMMHO®
pacHoXoKenne.

Teopema 3.3.7. Ilycry F(z) — Kanonunecroe npousge-
denue poda p u h(r) = r°l(r), 2de p — yesoe wucao. Beeden
o6usHaierHusn:

v(r) =

—np(r)
Ecau }E:W

o

L4

Zn
r

npu p=p, ¢

N

0

M

zn | npu p=p+1.

T

A\

f=al’
=0, 0<<o<<oo, 710
InMe(r) <rv(r)+0(h{r)), ——

JlokasaTexbcTBo. OrpasuauMca gaA OpPOCTOTH JHIML
cryuaeMm p==1 u JomycTHM s onpeieleHROCTH, 9TO p=p=1,
JT0 3HAYNT, 4TO

© z
F@i)=1]I (1 - —z-) e’n
n={ In

00

1 pal X |2, 7! pacxozmtea. Mul Momser mamHcars
n={

“n

Be{ln 1*'~(z') -z ¥ l} =
el

l:n[gr

+,2 In .

[za]>r

Z
1=5)

Te e coobpakenns, KoTopbie Mb HCIONb30Bald NPA JOKA3A-

=y ln[i-—é

lznl<r
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TeabCTBO TeopéMsu 3.3.3, nawoT

g}glnli—i <C11nl—:—-—n'l, AR
A

A MH NOJyTaeM

maxRe~1nF(z) -z ¥ H <
tefe=r |;nT<" an '

<Gl mldn @+, Fanety =000
Q r

nart

InMg(r)=maxRelnF(z) <
{zf=r

<r

) zil +O0GE) =rv()+ 0 ().

|znl<r n

Teopema mora3zana.

IToxa MB modyvani JHINp caMele rpy0ble ONGHKA KaHOHO-
YeCKHUX MPOM3BeNeHHH, Tak KAK JenajM TOAbKO rpy6me mpes-
HOJIOMKEHHA OTHOCHTENbHO QYHKOEE nr(r). Ecam gomonmu-
TCABHO OpPefNONOKHTHL [NAZKOCTh ne(r) W eme wro-nuGo
0 pacmpegeieHEE EyJieil 0o HADpAaBIeHHAM, TO MOKHO HOJIY-
YHThH TEMH 3Ke cpemcTBamu fojiee TouHBle OmOHKH. Paccior-
PHM OgWH OpHMep TAKOro poja. :

. Teopema 3.38. Hycre ne(r) ~ oh(r) u h(r) = rol(r),
0 <<p<<i. Illpednosoxcum ewe, uro arg(—z,)—>0 npu
n—oo, Tozda npu awbox @, |p] <m, u ro-oco umeen

fifi-47)

n=1{ Zy

JokasatedscTso. PaccMOTpHM Bermaumy
' In |1+ se'®=2],

noh (r)

In| F (rei?)| = In ~ Soap COSPP

e >0, |0] <e, e <<¢<<n— e IlprBcexsara BeIRINEA
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HOCTraeT MaKCHMyMa mo 8 mpu 8 = — ¢, a MPEEMYMA — npR
0 == e. Taxk Kak Do ycaoBm Teopemul arg (—3z,) =0 npm
‘n—>00, MH MomeM umpu mawofom & >0 BmOpaTs Takoe
N= N(e), arobul |arg (—2z.)| < e opm n= N, Ioatomy
oppesgp<sn—e

0(r, @+e)+0(Inr) <In|F(re") | < Q(r,¢— ) +O(In7),
rge

Q(r, @) = Zln 1+

n={

> i
S' ln[i +ij-3l'dnp(t).
v .

Weccnenyem mosenerme Q(r, ) mpa r=» oo, OGosrazad cHo-
Ba z = re®, mMmeeM

Qr,e)= Bej‘ ln<1+ )d”F(t)“”B f:u+z

-

Nenonbays yenosme ng(t) ~ oh(?), maxomum

Q(r,9) = o Rez f,"(f"fi Foh() =

_ h (zu) du
“°R°Su(u+1) (h (1))

INpumeBnm nemymy 2 § 3.1. 3To mact

Q(r; ) = o Reh( z>§ E o ().

Ho mo cnepcremo us nemmui 1 § 3.4 h(2) ~ e h(r), a ua-
TErpat HAXONUTCH C nouonu:xo dopMynsl, HoNyIeHHOM B OpA-

mepe 3 § 1.3. O=m paBeH o up, H MH DOXyd9aeM

Q(r, @) ~h () =202,

5i0 7p
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TakmyM ofpason,

H FE S 0 BN | F ) <

TO COS P (P — &)
vy 7 r)).
<h ()22SR ED 4o ()
Hockonbky & > () DpOM3BOABHO Maso, MBI DOJNYTaeM OTCIORA
3 p ;
yrBepikgenie TeopeMul g ¢ > 0. Jaa o <0 uw g ¢ =10
paccy:KAeHUua COBepIUIeHHO aHAJOrHYHbl. TeopeMa JOKa3aHa.

3ALAYY M JOODOJHEHMA K §33°

1°. Iloxa3areasM CXOZHMOCTH HOCIEJOBATEJIBHOCTH 2z, HABKBAKT
9cA0 T, o0NajalHiee CAEAYOIINM CBOHCTBOM: HpPE § > T PAY

@0
Z |2, |”° cxomuten, a mpm s < T pacxogurca. IHoxasaTs, 910
n={

— Inng()
T=lim ———

roo  ADNT

2°. [Tokaaats, 9T0 HHTErPANIBI>
o0 o0
S ng (r)r%dr, f In My (r) r—%r
i i

CXOATCH WIN PACXOXATCH OJHOBPEMEHHO.

3°, Ilyers BCe 2zn DOJOMHTEABHBL, np(r) ~ oh(r) B h(r) ==
= r(lnr)*l(lnr), Tne a < —1, a I(r) — MenJeEHo pacrymasd (yHK-
nua. Ilokasars, 910 npu JdofoM ¢, |@| << m, B Opu r—+oco

kad rel® ch(r)Inr
1

=——————cos@+o(h(r)lnr).
4° Ilycts Bce rn, UONOKHTENABHB, ng(r) ~ gh(r), tRe h(r) =
e

In

o+ 1

= rl(r), 1 QETErpaa (n ) t72dt pacxogmres. Bremes oboaEaveRue,

0
-
L) 2 e
F(z)=H(1+T)’ .
n={ n
Tlokasars, 910 upn (@] < 7 u OpH r— oo HMeeM
. T ( )
np(t .
ln[F(re*‘P)[—i-rcoscpj‘ i! dt ~ ch(r) gein @

¢



§ 3.4. TEOPEMBl ®OPAI'MEHA — JUHAEJIED®A 203

§ 3.4. Teopemn ®parmena — Jluunereda

Cefivac MbI mepeiiieM K M3d0KEHHIO TPYINE Pe3yIbTAaTOB,
He CBA3AHHBIX ¢ HEJBIMH (PYHKIMAMH HENOoCpPeACTBEHHO, HO
HrpalIIAX oYenb Ba)KHYI0 pOJb HOYTH BO BceX 3afavax
TEOPHI HMeJbIX QYHKIUH, N

IIpuAnunuanLEas OCHOBA BCEX dTHX PE3yAbTaTOB COCTOMT
B CIAEIYION[eM. . .

[IycTs HaM yaadoCh MOAYYNTH A AHAJNTIIIECKOH PyIK-
mun F(z) B raxoii-tndo obaactu D omenky

|F (@) <exp® (2), ren. (1)

PaccMorpum  Rlacc cyOrapMonudecknx ¢ysurnuit  U(z),
yaoBaeTsopalX B vGnactu D repaBeRCTBY
U< o(2), z€ D.

-~

ockoapy Hanbodpiiasgs N3 HECKONBKHX CYGrapMOHIIYECKIX
Qysxuui tawre cybrapvonmana (ca. csoiierso 2° § 2.3),
B 3TOM KJacce CylnecTByer HauGoabmasa QYHKIU, KOTOPYIO
Mbl oGoaHauuy wepes ®*(z). 1lo pymxmus In}F (z)} cybrap-
Moumuga B obaacrn D, Tak uro F(2) 06a3ana yAOBACTBOPAThH
HePaBCHCTBY

. | F (2) ]| << exp O* (2), €D, (2)

TakuM ofpazoM, Mb moayuyaem u3 omeukn (1) omeuxy (2),
KOTOpas MOMeT o0Kas3aThCA 3HAYMTEAbHO Oojee CILIBHOM.

ITogo6usle paccy:KACHIA MBI HCHONB30BAJIM B HANINX
feficTBuAX ¢ BeOyRIpiMA QyurnumamMe B § 3.2, o amadorin
¢ BBeNeHHOH TaM TepMHHoJorHeH MBI GymeM Ha3bIBaTh PyRK-
yuw O*(z) cybeapmonuveckoil munopantoil gpynrmun O (z).

K coskajzeHmoo, TPYRHO HPeIOMMUTE CKOMbKO-HEOYZEL 0f-
puit (B K TOMYy jKe, KOHCTDYKTMBHBIH) CmoCo§ IOCTPOEHHA
cy6rapMoEHYECKO# MHHODAHTHL. Pasiuumble wacTHBIE npife-
Mbl, ACHONb3YEMbie JUIA 9TOM meJu, ¥ COCTABIAIT COmepa-
Hue TeopeM PparMena — Jnupereda.

IIponemorcTpupyeM ofamH u3 Hauboiee Ba)KAbIX IPUEMOB
Ha J0Ka3aTelbCTBe MpocTeiimefl TeopeMsl TaKoro popa.
Teopema 3.41. IHyecre Pynryus F(3) pezyaapua
8 npABOl MOAYNAOCKOCTU U HERPepuléHA 8NAOTL G0 MHUMOU
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ocu. Ecau gynryus F(z) yabenereopne'r ycrosuan
| F@y) | <M, -® <Y< tos (3)

In|F (z)] =o0(z]), t->08, Re:20, (4)

o [F(2)| < M 60 ecet npagoii nosynaockocrw.
HdorxazarenbcTBo. ITo ycloBHAM TeopeMEI MBI IMe-
eM n ¢ynrman F(2) omemky

Inj{F(2)|<D(2), Rez> 0,
rie
@(iy):lﬂ;l[, —oo LYy <+ oo,
5§
D(z) =e(z]) ]3], Rez>0

(31ech £(r) — HeroTOpasm (YHKOUA, CTpeMAIUAACH K, HyJIO
npn r— +o0). Honsraemecs TOCTPONTS cy6rapMOHATECKYIO
smuHopanTy @ *(2). J[laa 3Toit mend BO3bMEM HPOH3BOIBHO
Gonsuroe R > 0 u moctpouM QyHKOMIO Ugp(z), TapMOHEYeEC-
ryio B moaykpyre Kp: |z] << R, Rez > 0, u wMeomywo Ha
ero TpaHMIe Te 3K BHAYEHHA, UTO H q)ymuum ®(z). Cor-
TacU0 NPHHOANY MAKCHMyMa AJR cyGrapMOHHYECKHX (YHK-
Uit GyAeT BBHINOMIHATHCH HEPABEHCTBO

*(2) S up (2), te Ky (5)

3aTeM MBI HOCMOTDHM, 4TO HaM JacT mpepmeasHHE mepexoj
upu R — +- oo (m npum QUKCHPOBAHHOM 2).

Jan  nmocTpoeHmMsa mnHTepecyomle# Hac rapMoRmuecKoil
dyuroAn  ux(2) o6oaHawmM dWepes Y LOJYOKPYKHOCTH
Rez =0, |z] == R. Jlérxo BumeTs, 9TO

uﬂ(z) = Re (R) o (2; {a, Kz) + (1—0(z; Yz, K;))In M,

rne ©(2; Yr, Ka)— rapMoHHMUecKad Mepa OOJYOKPYKHOCTH
Yr OTHocHMTeabHO NOIyKpyra Kp (B Touke ze Ki). [laa
OTHICKAHHA TaPMOHHYECKOH MepHl CJEfYyeT, KAK MEl 9TO He-
ONHOKPATHO fefajd B mpefbiyumedl riase, KoHQopMHO oTo-
6pasEThL DOMYKPYT Ha mePBHIA KBaJPAaHT INIOCKOCTH I U B3ATH

¢ynrnmo — arg w. Jlerko npoBepHTs, IT0

I l i + (lz/R)
1—Gz/R)

2
(7% a5 —
m\"’_’le’ KR) ﬂ
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TIpn $uKCHEpOBaHHOM Z OUEBMIHO HMeeM

In 14 (iz/R)

=@~ R Rk

Hoaromy m3 yenosnsa e(R) - 0 mu1 BBIBOZMM, UTO
up(z)=lo M+ o(1)

npn R— 400 n npy dnmcuponannou z. Ecin rtemeps me-
peiitn B mepasenctse (5) K mpegeay mpu R — + 00, To Ml
noTydnM

O*(z)<In M, Rez>0.

CoraacHo ompe1eneHuio ‘cyGrapMOHIueCKoi MIHODAHTHI BTO
naer HaM Hepamsenctso In [F(z)| <InM, n TeopeMa po-

Ka3aHa.

3avmeganue Ycaosne (4) MoMHO 3aMEHHUTh OoNee
craduiM yeJosleM
InM_ (r)

lim —F— =0, (4%)
r—++o00 r
rje
Me(r)= max |F (reiv)].
F1d n
_—z—gfp<7

IokasaTenbcTBO He HOTpeSyeT NMOUTH HMKAKNX H3MeHe-
Hupt, [esicTeutensHo, QyHruua e(R) OGymer no-mpesxmemy
CTPEMITBCA K HYJO, IPaBaa, JHIL IO HEKOTOpO# mocaeno-
BaTeNbHOCTH 3Hayenmit R,— 4 co. Mil MoskeM npoBecTH
Bce pacCyMeHHA HMEHHO [JIA dTOH HOCI6J0BATEALHOCTIL

3aMeTuM emle, uTo Teopema 3.4.1 nosoasHo Touma, OHa
CTaHOBATCA HeBepHoH, eciam 3aMeHHUTE yCIOBHE (4) ycno-
BHEeM

n|F @) <alsl, Re >0,

‘Ka® moKasmBaeT npumep Qymrnmm F(z) = exp (mz).
[preeneM omEo mOBOMBHO OdYeBBIHOe o6ofmenme Teo-
peMur 3.4.1,

o - -
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Teéopema 3.4.1.* Ilycrv D — npoussoavnaa Gecko-
HeuHas 064aCTb, JEHKQWAL 6 NPAGOIL NOAYNAOCKOCTU, O
dynryus F(2) pezyaapna 8 obaacru D u Henpepvisia ¢ €€
sampikaruu. Ecau evinoanensl ycaosua

|F (<M, e 8D, (3%%)
u
In|7 ()] =o0(z]), iww D, (4%%)
ro |F(z)| < M 6o éceii obaactu D. '

HowraszaTeabcTso. Bossyem 'npouasonbnyro TOURY

zneD u R > |z|. O6o3mauum wepes Kk CBA3HYI0 9aCTh
nepecedeHUs oGnacm D c xpyrom |z| <R, cogepsamyio
TOURY Zo, @ 4epes Y — Ty 9acTh OKpYRHOCTH |z| = R, ®o-
TOpasd BXOAUT B CPAHHNY ofGiacTH Kx. .

IleficTBys, KaK u npH pokasareanscrse 3.4.1, MBI mOCTpO-
M QYHKIIIIO

Up (z) =Re(R)w (z; y;;, K}}) + (1 —a (z'; y;;, K;{))lnM.

Tlo mpmunnny pacuupenus ofaacte (ca. Teopemnl 2.4.1 n
2.4.1 *) nmMeeT MeCTO HEPABEHCTBO

@ (Z; Y;h I{;?)<(0 (Z; Yr- I(R)’ E2= K;p

. -
OTKYla BHAHO, 9T0 QyHKIuA Ug (2) He npesocxoaut PyHE-
oud  up(2), NOCTPOSHBOH UDPH [0KAa3aTENBCTBE TEOPEMbI
3.4.1. Otcioma merko BEIBOLAIM YTBep:KACHHE TEOPEMEL

CyumjecTBeHEHYI0 DOTH B [OKA3aTeAbCTBE TeopeMmpl 3J.4.1
CHIFPAJI0 TO OOCTOATENBCTBO, 4TO MBI CMOI/IM HAINCATh B
ABHQM BHJI® TapMOHMYECKYI) Mepy o (Z; Ya, Kz). Momno
Optio Gl ommcaTs Te OOMACTH, IJe YRAACTCH OPUMEHHTH aHa-
doruunsli npuem. OpHako 2To He WMeeT 0cofOro cMelcna,
TAK KAK Npolle NPNMEHATH APYrod mpmeM, COCTOAUAH B
WCIIOL30BAHME yiKe [OKadaHHoH Teopembl 3.4.1 u xomdopm-
Horo oroOpaieHun. IlpuBemeM B kadvecTBe IpuMepa OfHYy
‘TeopeMy, KoTopo#t Mm O6ymeM IOJB30BATLCA vale BCero.

Teopema 3.4.2. Hycrv gyuryua F(z) pezysapus @
yese

S, ={z: larg (z -- zy) — @ | <21p}
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u Henpepbléna 6naotv 80 €20 CTOPOH. Ecau swinoanenwvt
yc&oe’uﬂ

|F(z)l<M, B z €88,

ln[F(z)]=o(lz]P), 1>, zE 8,
TO |F z)| < M 6o scen yeae S,.
JlokasateanscTBo, PyHRmus

w = ((z —_3 ) e—'i(Do)D

xoudopiBo oToGpazkaer yrox S, Ha moAymI0CcKoCTh Re w>0,
PaccMmorpuM PyERIEI

1
Fl(w)=F(zo+w°ei‘P°), Rew > 0.

Herpyano yGemntscs, 910 OHa YAOBAETBOPAET YCIOBIAM Te-
opembl 3.4.4. [llosromy |Fi(w)|<M wupn Rew =0,
a oTCoga HeMeJIeHHO BHITeKaeT YTBeDKJeHHe HaIIei
TEOPEMBI.

Teopemsr Pparmena — Jluugeneda, mpocreitmme Ipmde-
Pl KOTOpPBIX GHINM OpUBeHEHHI BHINIE, MOM{HO BOCMDHHHMATD,
kar oGoGimennme npuHmuna Maxcumysma. [leficTBuTenbHo, HX
conepHianue takono. Vimeercs obnmacts D m omma HMCKIIOUA-
" Tesibllaf TOYKa [ Wa ee rpanume. Bo BceX HEHMCKAWEUTeNb-
HBIX TOYKaX rpaHHUBl MBI mpejuonaraeM QyHruubo F(z),
peryiaapuyo B ofGmactu D, HempepsIBHOA u oOrpaEHYeHHO{l
(onmo#t u Toif me mocTogHHO# M). Ilpm cTpeMiIeBMH TOYKH
Z K MCIIIOYUTENsHOM Touke § rpanmust obiactu D dyHrumI
F(z) a priori paspemaercs pacT¥ ¢ HeKOTOpPoil CKOPOCTHIO.
Ecan s7a CKOpOCTH HHKe HEKOTOPOHR IpefebHON CKOpPOCTH,
10 PyHEKuUA F(2) B HeACTBHTENBHOCTH OPOCTO OrpaHHYeHa
1 BOIM3H UCKTIOUUTEALHON TOYKM IpaHMILL.

OcHoBHan 3afaua, BO3HHKAKINas B CBA3H C TeopeManu
@parmena — JImHgeneda,— 8T0 OmMEHKa npenenbnon CKOpo-
CTH DOCTAa B 3aBHCHMOCTH OT TEOMETPHUECKHX CBOHCTB 00-
nacte D BOAU3H UCKIOYHUTONBHOH TOYRM IpaHHNBL. Jra 3a-
Aaga HaXOQUTCH B TecHoil cBa3u ¢ mpoOaemoin Hapremana —
Mumo (cM. § 2.4) o6 oueHre rapMoHEMYecKoll Mepel I ¢
samaueft 06 acEMHTOTHIECKAX OMEHKAX KOH(QoOpMEHEIX oTobpa-
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seruil. [Tocneannas sagava, Kak mu nHjean 8 § 2.6, pasuo-
CHIBLHA 3apade o006 olleHKe Moayleill YeTHIPeXYTOABHHKOB.
W3 pesyasTaTos, moilydeRHEX Hamu B §§ 2.4 u 2.6, seTpyn-
Ho BBIBeCTH PAR rayGoxkux teopem Dparmena — Jluageteda.

Haumem c¢ Gomee 1:py60r0 pe3yJanTaTa, BLITEKAlOINero I3
onesox Kapnemana B npoGneme Hapnemana — Muso.

Teopema 3.43. lycry obaacte D raxosa, uro ee ne-
pecenenue h, ¢ npamoti Rez =z npu ecex z = a Henycro
u Oaxe coldepucur HekoTopblil orpedok. Jlunelinyw mepy
MHoXKecTéa h, mbi obosnauum ueped h(z). Eciu gdynryus
F(z) peeyaapua ¢ obaacru D, Henpepvisna 6 ee 3aMbLRAHUY
U ydosaergopaer ycaosusam

[F )<< M, 2€6D
u A\ ]
x
- 4 d
InMF(:c)=:o(\e.\'p TS—{T) ) x>t oo
2de

Mg(x) =sup|F(3)]|,
2ech,

70 |F(z)| < M 60 aceii o6ractu D.

HoxasateabctBo. BospMeM mpousBodbHyl TOURy
zo€-D ¥ nponssonsHoe guciao z, Gonwmiee a u Reze. O6o-
sEaquM vepe3 D, cBasHyo 9acTh mepecedeHHA obmactun D
¢ moaymaocKocTbio Rez <<z, a wepes by — Ty 4acTs npAMoit
Rez == 2, KoTopaa BXopgHT B rpaHHNy 06JacTH B,. Hana co-
KpPameHUs BATHCH MBI HONOMINM

dt

4
H@ =2 \m -

Ry

g Oymem cudrtarp, uro M =1 (a€érko BHJETH, YTO TAKOO
npeamojodkeEde He orpaHAzusaer o0muocTu). Eme o6o-

3HATAM _
e(z) = Mr(2) exp (— H¢z)).
CormacHo TPeANOMOMEHHIO TEODEMEL

e(z) 0, x—r @y
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OnpepennM $ymrmuio ®(z) B samukarmd obracte D
paBeHCTBAME
0, - 2 0D,

®(Z)={e(z)§epo(,z), x—}-iy:zED

7 o6osHaunM uepes B* (z) cyGrapMOHHYECKYI0 MUHODaHTY
¢ynkuun @ (z). B enny npuBnuna makcmmyma mmeeM

O* ()< e(2)exp H (2) - (25 ke, Dy), 1€,

a 1o teopeMe 2.4.5

x

* 4 d .
@ (z; ky, D,) < exp (— - S r%) <exp(— H (2)).

Rez

-

IloaToMy, Hepexofs K Lpefeny HpH T —> + 00, ME nonyqa-
eM, 9TO

O* (2) <0, teD,

CaepomatensHo, |F(z)| <1 mpz z€D wm Tteopema fo-
KasaHa.
IlpaMenenue ciaemctBuA H3 deMMH 2 * § 2.6 maer pas
AOBOJNbHO OJH3KOrO Clydad SHAYHTEABHO JY4UIYIO ONEHKY.
Teopewma 3.4.4. IHycre obaacre Dy aexawan ¢ yeae

- n
argz| <y < —5~» ORUCDIEAETCA HEPABEHCTEAMU

>0, |y—9@)| <40, t=s+u,

2de @(z) u 6(z) — Henpepvianble npu .= a PYHKYUU U
8(z)>0 (x=a). Ecau gynryus F(z) pecysspna s ob-
aactu- D, nenpepvigna eénaorv 8o ee -zpanuywr u ydosaerso-
PAET YCAOBURM

[F )| <M, r<op, (6)

In[F(x%—iy)[=o <exp <nj‘ed7's))), ® >+ 0 :(7)

(paswomepro noy npu z -+ iye D), 1o [(F(z)| S M npu
ze= D,

1% M, A. Esrpagos -
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Hoxasarteabcrso. Ofoanaunv uepes W(z) dysk-
UK, KOHQOpPMHO otolfpaxatomyo oOmacts D Ha momocy

n .
|Imw| < - rarum oBpasoM, 4r0

Re W (2) > + oo, t-x, z&D (8)

(a mpoobpas BTOPOI feCROHETHOCTH MBI OygeM CYHTaTh Je-
aamuM Ha upamoii Rez=a). Torma ¢yaruua §(z) =
== exp W(z) xomdopmHo oToGpamaer obGracts D Ha moay-
niockocts Re§ > 0. Uepea Z () Mol ofosmaxzum ¢QyHKIIIO,
obpatayio K §(2).

Pacemorpuy  dyurunw Fi(§) = F(Z(E)). Ora dyuk-
LUUA ompeneieHa M peryispHa B NPaBOHW HOAYIIOCKOCTH, |
[0 TeopeMe O COOTBETCTBHU TPAHIN mpu KOHGOPMHOM OTO-
OpaskeHMHM OHa HempepsiBHA BIJIOTh Ho MHHMo# ocm. Ilo-
CKOABKY ofpasoM rpanumel obnacty D mpn orodpameHii
Qyurmuent §(z) ABIACTCA MHHMAA 0Ch, MBI HMECM

|Puig) | < M, —o0 <y <+ ()

VYenosie (7) oamadaet, 410

ran(Z@m=e(ReZ(c>)exp{n s

a

Re Z(]) }

tae, €(r) — nexoTopas pyHKOHA, oUpefedeHHAA UpH r > rg
H CTpeMAIaAca K Hymio upu r-—- -+ oco. Ilockoabky B3 ycino-
Bua (8) ua ortofpamawmiyio gysrmmo W (z) nerko Buise-
CTH, UTO

ReZ(t) - + oo, {—>c, Re [>0,

MBI MOXeM Hanucatb, 4YTO

r Re Z(1)
d
nfF @] =e(therpn j m} (10)
a

rae e (r) =0 mpu r— 4 oo,

Cornacho caeicTBulo u3 memmbl 2* § 2.6 cnpasepiuso
HepaBeHCTBO

Rez

ReW (z) > = j',g‘(%-+0(1), 1> ®, 1@ D,
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KOTOPO® HEeTPYAHO IPABECTH K BHAY
ReZ(%) ’
- e(q <In|{|+0(1), t-= Rel>0

a

B cmny aToro HepasencTBa Mel mosygaeM u3 (10), aro
In|Fy Q)| =o(E] {—o, Rel>0.

Wrar, b noxrazannm, uro ¢yukoua F(§) ynmosiersopser
BceM yCaoBUAM TeopeMel 3.4.1, ¥ mOTOMY CHOpaBemIMBO He-
paBenctso |Fi(£)| <M Bo Bceit mpaBOH HOTYIIOCKOCTH.
Orcioa HeMe[leHHO BHITeKaeT YTBep:KIAeRHe Haumed Teo-
PEMEL.

Cpasnusas peayiasrarsl TeopeM 3.4.3 m 3.4.4, MH BHAMM,
410 [epBaf TeopeMa HAalaraeT MEHee JKeCTKMe OrpamHYeHHs
Ha of;acte D, HO ycnoBHA Ha BpefedbHEBIH pocT PyHKOER
F(z) Bo BTOpo#l Teopeme saMerHo ciaGee. B peiicTBmTEnDB-
HOCTH, MCHOOJIb3YA NPHHIMIO CHMMeTpH3amiu (0 KOTOpOM
Mpl ymoMmHand B § 2.4), MoKHO 6BUTIO OBl HONYYUTH Teope-
My, B KOTOpOl cOYeTAalTCH OpeMMYmecTBA 00CHX TeopeM.

TeopeMy 3.4.4 nmo HeKOTOpO# CTeHmEHH MOKHO GCUATATH
To4YHOH, IpaBfa, OHa TOYHA JMIIE B CIOYY4€, KOIZJA BHIIOJ-
HAIOTCA YCIOBUA

I8 c‘?9'2(:«‘)
(56(0) ds < oo ;S—B(s) ds < oo.

IIpy BoimomEeHHU THX ycaoBuit GyHKUUA
exp (8W (z)), 3>0,

JaeT HaM OpUMep, MOoKaablBalommil, 9To ycmoBue (7) Henn3s
¢ymecTBeHHO ocnalurh, AcuMnroTHueckyw ¢opmyry, mo-
8BOJIAIOIYI0 3TO YCTAHOBUTH, naeT Teopema 2.6.5, Ecnm
UpPefIOoN0KHUTb TOALKO, ITO

¢ (x)—>0, 0 (z)—0, 5 = + oo,

To #3 TeopeMul 2.6.1 BRITeKaeT, 9T0 MHOKETeNb 1 B PopMy-
4% .
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me (7) Henbss 3aMEHHTh MeHpUIAM YHCAOM, He HApYIIAB
<COPaBeUIHBOCTH TEOPEMBIL.

Bonee ToYHble OLEHKM MIA HPeREIBHOTO POCTA MOMHO
6pu10 6B OOMYYHTHL ¢ mOMOMIBIO Teopemsl 2.6.6.

-IlpuBegem eme OoXWH BapMaHT TeopeMbl (DparMeHa —

Jlungenega, nderxko mosygaemulii ua TeopeMu 3.4.4 ¢ moMo- -

mMbLI0 37eMeHTapHOT0 KOHPOPMHOI0 0TODpaKeHH.
Teopema 3.4.5. Mycro G — obaacrs naockocru § =
== re'®, onucvigaeMas HepaseHCTEAMU

r>re W —B)] < 4o,

ede gynxyus a(r) u B(r) menpepuianvr npu r=ry u 0 <
< a(r)ysn. Ecau dynryua F (L) peeyanpra e obaacru G,
Henpepbléha enaotv Jo ee epanuywvt U ydos.ereopser yc-
A06UAM

FE(G) <<, t< oG,
u
4]
ds
| F @) = o exp|s | 2], tem e

To

ro |F(t)] < M so saceti obaacru G.

Hokasarenbcrso. @Pyurnua z=1In{ peryaspua
B obxactn G n. koBdopMHO oToGpakaeT ee Ha obiacts D,
ONMCHIBAEMYI0 HEPABEHCTBAMHE

x> Inr,, ]y.—ﬁ(z)}<—;—-a(z), z=x+iy.

ToaroMy upumeHuB Teopemy 3.4.4 K Qynsnuu Fi(z) ==
= F(¢*), MBI Jerko moxygaeM Tpebyemoe yTBep:KIeHuUe.

IIpuseneHBhie BellIe pe3yihTaThl ajdeKO He HCYEpIEIBa-
1or Beero MHoroofpasms Tteopem Dparmena — Jlunneneda.
WNsnoxeBnpi# MeTON HAOKa3aTeJbCTBA TaKiKe He ABIAETCH
eHHCTBEHHO BO3MOMKHHM. Bosee Toro, oH W He caMuIff ynmo-
tpe6uteabubid. Yame Bcero HCmONB3YeTCA OAUHE BIIEMOR-
TapHB mpueM, KOTODHI# MBI OHAMKAB yiKe HPEMEHANN NAR
[0Ka3aTelsCTBA NPUHNUIA MaKCUMyMa B § 2.3. Hpm;e,ueu
€m® ABa OpPEMepa €ro MCHOJALIOBAHUS,

I3
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B KauecrBe mepBoro mpuMmepa MBI JOK&mKeM cjaexyownl
peay/IbTaT, HEMHOro yTouHAlmMit TeopeMy 3.4.1. -

Teopema 3.4.6. Hycre Ppynryus F(z) pesyaspra &
npagoll NOAYRAOCKOCTL U HEnpepuléna 6naore 0o MHUMOU
ocu. Ecau gvinoanensr ycaosus

|F(iy) | <M, =w<y<tm, (11)

In|F(z+iy)|=o0(@+y?), >0, s+, (12)

ro |F(z)| <M npu Rez = 0. _ -
HokasarenscTBo. BossMewm npoussoapHoe & >0
B PacCMOTPHM BCLOMOTaTedbHY0 (PYHKIHIO
’ Fo(z) = F(z)e~"".
OueBdH0, 9TO
[Fe (i) | <M, —o<y<+o (13)

Hanee, ns ycnoaﬁa (12) caenyer, gro

| Fe ()| < M, £>0,
rae M, — Herotopag DOCTOAHHAA. IJTO0 O3HAYaeT, 49T0 Ha
croponax yrma 0 <argz < -g—pmeeT MeCcTO - HepaBeHCTBO

| Fo(2)| < M¢ =max (M, M,). BayTpu aroro yria corIacHo
yeaosnio (12) umeem

In|F(z)] =0(2]?, -y

ITo Teopeme 3.4.2 MEl BHIBOAHM OTCIOAA, YTO

1FE(Z)‘</W;, 0<argz_<%.

Conepmermo AHAJIOrH9HO MB OOJY4YaéM HODABEHCTBO

[Fe (3) | < Me, —r<agz<0.

OTE ABa HePABEECTBA 03HAYAIOT, YTO
[Fe‘(z)[QM;, Rez: 0.,
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U3 nmonyuemmoro mepaBeHCTBa clefyer, B HacCTHOCTH, 4TO
' In|Fe(2)| =o0(z]), 2> Rez>0 (14)
Ha ¢opmya (13) u (14) Mt BEauwm, uTo dynkmna F,(z)

YAOBIETBOpAET BceM ycnosuxM Tteopemsl 3.4.1, 1 moromy
¢HpaBeJIUBO HEpPaBEHCTBO

| Fe (2) l gﬁ[, Rez3>>0,
o3navawomuiee, 910 ‘
| F (z)| << MeeRez, Rez> 0.

ockoapky & > 0 mpousBosbHO Majio, Mbl HOTydaeM OTCK-
1a YTBEDKAECHHE TEOPEeMKL.

B kagecTse BTOpOro HpMMepa MBI pPaccMOTpHM ofoduie-
nge teopembl 3.4.1 Ha cuyuwail, Korga Qynrnoua F(z) ywme
He ABIACTCH OLDAHMYEHHON HA MHIMOI OCH.

Teopewma 3.47. Ilycre dyuryus F(z) pecyaapna e
6ecroHeuHoM cexTope

S={2:Rez>0, |z| > 1}
u mHenpepbléha 6naote do ezo zpanuyvl. Ecau svinoanens
yeaosua
[F =0, [F(—in =0, vt (19

In|F )| =o0(z]), == :=5 (16)
mo

1 P
—{(a+bHt—(a—b)
2 n ) T, [91< 5

|F(re‘°?)|=0(r 3

JorasaTteabcTBO. PaccMOTpEM  BCHOMOIATEABEYIO
dyrxnzo

1 .
Fi(z) = F(2) z"i(a+b)exp (i az_nb In? z).

Jlerko BEAeTh, 9TO
lnIFl(Z)’=O(lZ[), 00, 1E8. (17)
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Jlanee, NOCKOXBKY
[exp (ta 1n2(re'®)) | =exp(—alm{inr+ig)?) = —2%e (18)

dysroua F(z) yrosnerBopfer yCIOBUAM

=01, [F(—w)|=0(1), . 19)

Qopmyast (17) u (19) nDorasmBator, aro ¢yurums Fi(z)
yA0BJIETBOPAET BCEM YCIOBHAM TeopeMBl 3.4.1%* n moroMmy

[F(2) | <M < o, 2€8,
miIH

—(0 +b)
rz

a—b
exp (— i 72w In? (re‘“’)) :

A Y

rel®es,

‘IF(re <

B cuny dopmyast (18) Mul momydaem oT€iofa YTBEp:KIEHHE
TeopeMmsl,

B sakmouenue maparpada cfenaem emie OZHO 3aMeYaHHe.

Ho cux mop mu dopmyauposanu teopemst Oparvena —
Jlungeneda, Kak teopeMbl 00 aHATMTHYECKHMX (PYHKIHMAX,
Onrako B [OeHCTBHTENBHOCTH KajKAaas M3 OTHX TeopeM
aAslAAeTcA TeopeMoil o cyOrapMormueckux ¢PyHrmuax. B go-
KasaTenbcTBe Teopemsl 3.4.1 310 samerno ocofeHHO XOpo-
[0 — Mepexojl K aHalHTHIeCKHM (YHKIMAM TaM COBepImal-
csi JHIOb B MOCTeNHME MOMeHT. [lA 3TOro mepexofa MsI
HCOOJL3OBANH TO, 9TO JA0rapudM MOAYJAA aHATATHIECKOi
$yHKoun fABnAercsas cybrapmorudeckoii ¢ymkmmefl. B gpy-
TIX TeopeMax MBI CBOJMIHE felo K Tteopeme 3.4.1 ¢ mo-
Momblo KoHdopMHOTO oToOpameHHs. ITOT IpHEM TaKKe
mpurofen B pgaa cybrapmonmdeckux dynkouit, ubo KoH-
¢opMHEOe oToGpasKeHHe, KaK MBI 3HaeM, coxpaHser cybrap-
MoHEMgHOCTh, Hemmoro cioskHee oGCTOMT fesio ¢ TeopeMaMH,
TOK&BAHHBIMH 96pe3 PacCMOTPeHHe BCIOMOTATeNBbHBIX (PyHK-
nnis. Tam nemocpemcTBeHHOX cBa3u Her. Opgnako aio6oe
TaKoe J0KasaTeNbCTBO MOKeT OBITH HOYTH HOCIOBHO BOCHIPO-
H3BEIeHO U [AA CYOrapMOHHYECKUX (yHKLUH,

HAas ygobersa cellok MBI copMyampyeM OAHy H8 Ham-
Gonee oOmux TeopeM H B TepMUHAX CyOrapMOHEYeCKEX
(I)ynuum
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Teopema 3.44*. Mycre obaacre D, aemawyan 6 yaae
- : .
largz | <<y << 5 ORUCEIGAETCR HEPABEHCTEAMU

= 1
z>a, I.’/—' P (2)] <'§‘9(1): x4iy—=z,
ede @(r) u 0(x) — nﬂenpepbleuble npu z=a @Gyukyuu

w 0(z) >0 (x=2a). Ecau gynryus ©(z) 0J6eapmonuuna
.6 obaacru D u yaoe./ze‘reopﬂe‘r yeaosuan

hm (D( ) 111 teab,
27
u
. . g‘ ds 1
D(x+iy)<Lolexp m | "_“—)J ) @400

(pasnomepno no y npu z+iyeD), 10 D)< M
npu z D,

3a0qR0 OpHEBefeM ¥ AHAJOTAYHY TEopeMy IJIA rapmo-
nudecknx ¢yHKIEA,

Teopema 3.4.4%*. Ilycrv o6aacte D u gynryuu @(z)
u 0(z) —7re e, uro u ¢ rTeopeme 3J.44*. Ecau @Pyrx-
yua U(z) eapmonuuna ¢ obaacru D u yaoeﬂereopner ye-
AOBUAM

T | U ()| < M, teon,

U (x + iy)|=o (exp (nS tf%)), 2t

a

(pasnwomepno no y npu z+iysD), 1o |U@)|<M
npu zex D,

Iina poxasarenbcTBa TeopeMmn 3.4.4** pmocratodHO IpH-
MeHHTh TeopeMmy 3.4.4* K ¢yurmmam U(z) u —U(z),

BAJAYN U JOHNOJHEHHNA R § 34

Tl Jlokasate, 9TO cyﬁrapuommecxaa MuHOpaETa (PyHKOEE
@ (re'?) = ro®) papaa r% *(®), rre a*(p) — Harboarman aunyruxu
kER3Y QYHKOHA, He OPEBOCXONAINAA .a(¢).
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N\

2°. Iokazath, 4gTO cy6rapuonnhéexas MBHOpaBTa (PyEKIHE
' @(re’®) = ra(g) pasEa rfa;(p), rRe @,(¢) — BepxEan rpaEs_Gymax-
nuii, B¢ TPEBOCXONAMAX G(P) @ YHAOBISTBOPANMEX ycioBmio o, (¢) +-

+ p%a () = 0.

3°. Mycry ¢ymxnma F(z) peryaspua B noiynonoce 0 < Imz < 1,
Rez > 0, n HempephIBEA BIJIOTL Ao o¢ rpammEnul. Ecaw ¢ymrnms F(z)
yAOBAETBOPHET YCAOBHAM '

F(z):O(za), f'(i—{-x):O(xﬁ), @ ~» 4 o0,
InfF(x+iyf=0(e"), ax-two 0<y<t,
T0 .

F(rfiy) =0 HE—W), o 1o ogy<t.

4°. llycte D — obnactk, OuicuiBaeMas HepaBeHCTBAMY

1
z>a, ly‘q’(z)]<‘§0(3). z=2x+ iy,
rpe Gysxunn ¢(r) # 0(z) yloBAeTBOPAOT YCJIOBIAM
lim ¢'(z) = lim 6'(z) =0, 0<&x)<m, «©>a,
x~>4-00 x~>--c0 : .
o0 o0 . ,2
f(w"(znﬂe” (@) dz < oy H—(gidm o,
a a

Ioxazats, 910 ecam ¢yrruua F(z), peryaapHas B o6aacts D n menmpe-
pPHIBHAA BIVIOTH [0 €6 TPRHANLI YXOBJIETBOPAET YCIAOBEAM

|F ()| < M, z € 8D,

x
It Pz i)l = ol exp | x{ 1+ 92
n|F (1 iy O(XP( gwds)), % — 4 oo,

10 [F(z)| << M Bo Bced obaactm D.

§ 3.5. YouBanue nenvix Gynxnmit

Ecam ¢yarnua F(2), otnmeEag OT TOMASCTBEHHOTO
HYyJA, peryisapHa B GeCKOHEYHOCTH, TO HE IO OKHOMY MyTH,
. BegymeMy B 0€CKOHEYHOCTh, OHAa HE MOMKBT CTPOMHTLCA
K Hymo Onicrpee oo cremesm 1/z. [leiicrsarensno,
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H3 pa3oMeHns
F(z) = E CnZ 12I>R,

BOnHO, uTo F(2) ~ cn2™™, TOE M — HamMeHBIINH HOMED,
OpR KOTOpPOM KO3(HUIHEHT C. OTIMYER 0T HYJA,

Hdaa menof yuknnu GeckoeyHOCTS — ocobad  TodKa,
A 10 OTAeJLHEIM HYTHM, BeAyIInM B GeCKOHEYHOCTh, Ienas
(DYHRIUA MOMKET CTPEeMHTHLCA K HYAI ¢ J060H CKOPOCTBIO.
CraMeM, HpH cTpeMieHdd z K GeCKOHETHOCTH OO MeHCTBH-
TeabHo# OCH (B HOJOKMTEALHOM HANPABIEHHH) IMIpHMEpHI
¢yHKIUA, CcKOIb YroAHo OBICTPO CTPEMAINUXCA K HYJIIO,
MOKHO IOCTPOHTL B BHJC

e, exp (—e'), exp (—expe’),...

Ha aTix npuMepax HCTPYAHO 3aMCTHTH OAHY HMHTEPECHYH
33aKOHOMEPHOCTh, Rakgad w3 (QYHRUHH CTPEMHTCA K HYJWO
He TOJABKO II0 caMOdl HeHCTBHTCIALHOH OCH, EO W B HEKOTO-
poit obGaacrit, comeprkalieii XCHCTBUTEAbHYI O0Ch. ITa 06-
JAacTh TeM YiKe, deM OoabLIC CKOPOCTE CrpeMienus QyHRIMN
K Hymo. Haipumep, QysKuna e~* CTPEMATCA K HYIWO
B Ueloil nNoaymiockocT#, a ¢ysxnua exp (—e’) — yxe
TONBKO B Iojoce mupuHofi mn. B macroamem naparpadge
MBI J0KamKeM PAA TEOPCM, MAOIEX KOIUYECTBCHHBE BLIPU-
WeHHA JJIA OTMEYEHHOH 3aKOHOMEpPHOCTH.

Peayaprarsl nacroaimero maparpadga oyeHb TECHO CBH3a-
usl ¢ peayJibTaTaMd Opeapigymero naparpadga. Vx rtaxke
MOKHO paccMaTpUBaTh, KAK WMOCTpoeHHme cy0OrapMoHHYecKoft
MHHOpaMTH., Hax HpaBmno, sra MUHOPAaHTA TOMKAECTBEHIIO
paBHa — 00,

Mpb HagneM ¢ AOKA3aTEALCTBA ABYX NPOCTENMINX Teo-
peM, B KOTODHIX TOBODHTCH © BO3MOKHOH CKOPOCTH CTpPEM-
NeuuA K HyN©0 ¢OyHKanil, peryAAPHHX W OTPaHUTIEHHMIX
B IOJYIJIOCKOCTH.

TeopeMa 3.5.4. Ilyere gynkyus F(z) peeyasapha
é npaeou ROAYRAOCKOCTU U Henpepbi6Ha 8nA0Tb do MHU-
Molt ocu. H3 ebinoaneHus Ycaoduii

|F(z) | < M, Rez>0, (1)
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lim
x—s—+-00

Lﬂ%ﬂ__,_w )

caedyer, uto F(z) == 0. A
JowrasaTenscTBo. BoabMes mnpomsBolbHOE HECIO
A >0 1 paccMOTPHEM BCOMOTATEbHYI (YHKIHIO

F,(z2) = F(2)e*’,
Ha ycaosua (1) Bmamo, uto
[Faliy) <M, —so<y<to, (3)
a Tarme, 9TO
In[Fa@]=0()=0(2), som, om0 (4)
Kpome Toro, 3 ycaosasa (2) HOTPYAHO BHIBECTH, HTO
JFa(n)| < Ma<<oo, | #>0.
Taxam oGpaaoM; $ynRIIA FA(2) ‘ne mpemocXommT MO0 MOAY-
a0 mocrosEHoi M4 = max (M, M,4) ma cropomax yraoB
O<argz<< -g—- n —% <argz<< 0, a REYTpm 3TUX yIJIOB

BeIoJIHAETCA yeqaoBne (4). [loaToMy, mpumenasn teopemy 3.4.2,
MBI [OJYTaeM, 9TO :

[Fa@ <M, Re £30.

B cnny teopemnt 3.4.1 ma aToro HepaBeHCTBa E U3 Hepa-
senctBa (3) M» Doaydsaem OGosiee CHILHOE HEPaBEHCTBO

[ Fa®) i< M, Re 230.
ChegoBaTensHo,

|F (z)| << Me™? B2, Re >0,

B orciofa, momarad A — 400, MB HONyJIaeM yTBEPIKIEHHE
TEOpEMBHL. 3

Teopema 3.5.2. Iycrv ¢pyuryus F(3) peeyssapHa
€ npaeoli NOAYNAOCKOCTU U HENDEPLIEHE &NA0Tb G0 MHU-
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Mot ocu, Ecau ewinoaneno ycaosue
| F @) < Mexp(—elz]), Rez>0, (9)

efe e — KAKAA-AUGO0  NOAOKUTEABHAR NOCTOAHHAR, TO
F(z) = 0.

JdorkasaTteascTBo. PaccMOoTpuM BCOOMOLATEIbHYIO
$ynrnuio

Fl(z)=F(z)exp(—3§z1nz)

s dopmyan .
Re(re®In(re®))=(rlnr)cos ¢ — resin g
BEJHO, 970
exp (—-znizlnz) Lexplelz|+ 1), Rez>0.
IToatomy
[Fi(9)| < Me, Res>0.

Kpome Tore, 04eBANHO, uTO

In|F
Jl_;i‘ﬂ > —o00, ——
CaemoBaTenbHo, GyEkmua F(z) TompecrBeHHo paBHa Hy-
a0 mo teopeme 3.9.4, a moromy u F(z) = 0.

dameuanne, Teopemy MOKHO HEMHOTO YCHJIHTH,
OpENNOJIOKHB  ycrnoBAe ~ (J)  BEINOJHEHHRIM  TOJBKO
Ha MHEMOfl 0CH, HO IPeANONOMKHB MOUOJNHHETEABHO, UTO

In[F@)|=o0(]z]ln2[),  tuo, Re>0.

O6e moxasaHIble TeopeMHl MOJKHO 3aMeTHo 0606mHTH
7 [ajke HECKOABKO YTOYHATH, HO MJA 3TOT0 HY}KHBI HOMHO-
ro Gojsee CHIBHHE CpeICTBA.

Teopema 3.5.1* Ilycre Pynxyus F(7) pezysapha
6 npasoli NOAYRAOCKOCTU U Henpepvléna 6nAdTy 00 MHU~
Mol ocu, a L — xarasn-aubo xpusan, udywyas us rouku
£=m( g 6ecKOHEWHOCTY, "0CTABAACH -.@ -Npasoli noaynaoc-



§ 3.5. YEBIBAHNE LEJIBX OVHHKIHR 221

xoctu. Ecau evinoanenw ycaosus

;. |F ()| < M, Re>0, (6)
u
niF(z)]
—-J[T[_' — 00, 700, zeL.. (7)
10 F(z) =0

JdorkasareabcTBo. OJTy TeopeMy, Kagk H npegsiay-

mywn, Mbl oOATh cBefeM K Teopeme 3.5.1, C sroli measio
mbl omenum |F(z)| mpm z > 0.

3amernm cnaqana, aro m3 ycaoBua (7) cruegyer cy-
HIeCTBOBAHME MNOJORHMTEIBHON (yHKuUEE v (r), MOHOTOHHO
-crpeMameiicas K 400 mpu r— 400 u rTaKoii, 4T0

In| F.(2)[<< —[z]v(]z]), L. (§)

Eme saMeraM, 9TO MEI MOKeM CYHTaTh, He OIPaHHIABAA
ofmuocTH, mocToAHHYlO M ms yemosma (6) paBHoi
eIMHHIE. '

Boasmem wnpoumssonnuoe z >0 m ofozmaumM depes S.
CEKTOP

S, ={z:|z|>%, Rez>o},

a uepes AT ¥ Ay — BepTHKAJIBHBIE Jy4H, BXOMAIIHEE B €T0
rpaguiy.

Kpusan L pasbuBaer cexrop S, HAa K8KOE-TO WHACIO
obaacreit. Ty m3 HEUX, B KOTOpoH JEKHT TOYKA 2 = Z,
MBl 0603Hag¥M dYepes D, (ecim aTa TOYKa JEHMUT Ha KpH-
poit L, to mMu oGo3Hazaem uepes D, nobyio m3 obaacrefi,
Ha TpaHMUOy KOTOPHIX momajaer aTa Touka). Ty uacth
KpEBOil L, KoTOpam BXOAMT B TrpamENY ofxactE D, MH
o6osrauum 4epes L., a. oCTaJbHYI0 9acTh rpaHMOn o61a-
cra D, —vuepez E.. flcHo, uto MHOKecTBOo E, sBasercs
9acThI0 T[PAHMIEI CEKTOpa S.. . -

Pacemorpum B obmacta D, cybrapmomEveckyo (PyBK-
nmio In |F(z)]|. B cuay nepaseHctsa (8) ® MOHOTOHHOCTH
$yurnmn v(r) mMeem

In|F(a)| < — £v (.;_) ety

a B cmry .HepaBeHcTBa (6)
ln|F (Z)IQO, @k,
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(mpt  mpemnmonoxuan, wro M =-1). ITockomsky cyGrapmo-
HE9eCKAA  (YHKUEA He  DPEBOCXOANT TapMQHHYeCKOIl
PYHKOEH ¢ TeMM ’Ke 3HAUEHMAMH Ha TpaHmEle obJacTH,
MH OojydaeM HepaBeHCTBO
r T
lan(z)lg——?v(?)m(z; L, D,), €, (9)

e o(z; L, D.) —rapmomndecras wmepa MHoXKecTBa L
otHocuTenbHO OOsacta D.. Ho

o(z; L, D.) =1— o (z; E;, D:),

a COTNIacHO DOpPHMHNMONY pacmupenuA obnactn (cM. Teope-
My 2.4.1)

O)(Z; Ex7 Dx)gm (Z, Exv S;c)v ) zEDx'

Tockonsry Muomecrso S, \ E, pmomxio cofepsxaTbh Xo-

A OH OJHMH U3 ABYX Jaydeil AY manm AT, mB ooxyd9aeM
OTCI0Ja, dYTO HMMeeT MeCTO OfHO H3 JIBYX HepaBeHCTB

o (z; Lx’ Dx)?“)(z; ?";'{-1 Sx]’ €Dy,

aian
o(z; L, DY) > 0(z A, S,), ren,

TapMorngeckyo Mepy ® (z; AT, Sx) JIOBOJILHO OPOCTO BHI-
9HCANTE, HO 3T0 He HYKHO. DBIoaHe H0CTAaTOYHO 3aMETHTh,
9T0

® (a:; AL, Sx) =m(a:; Ax , Sx) =1,

rie Y — HEKOTOpPas WOJOKHTENbHAA NOCTOAHHAA, HE3aBI-
cAmlad oT z. B cmiIy »TOr0 3aMedaHUM MEB HOXydaeMm
n3 depasesctBa (9) omeHKY

1n1F(z)]<—%v(§), £>0.

Ha Hee BBITeraer, aTo

In]F (z)| —

lim — 00

x—+ 00
n, npaMenaa k yExnum F(z) rteopemy 3.5.1, mm1 mpuxo-
AEM K YTBeP)KAGHHI0 Hamed TEeOPEeMEI,
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N \

Peayabratel § 2.6 06 acumntoTnke KoHQOPMHHX 0T06-
pRIKEHMH I103BOJAIOT IIOJYYNTh, KaK M B NPOABIIYIIeM
naparpade, MHOTo pasaweHbix obGobuieHm# Teopemmr 3.5.1*
Ha caywaid, Korma ¢Qyuxuas F(z) onpenelena He B IOdy-
mIOCKOCTH, a B Gomee caoskHoi obaactu. OcnoBHoe pasin-
que ¢ pesyJbTaTaMH NpegbiAymiero maparpada B TOM, 9TO
Tedepp HaM OyOyT HYIKHBl OUEHKA JeHCTBUTENBHON 9acTH
oroOpakawineil ¢yHKNMA cBepxy, a He CHH3Y,

Mur orpanpyuMcA oJHAM TipuMepoM Takoro ofofumenns.

Teopema 3.2.3. Hycro obaacte D onucelsaerca we-
paBeHCTEaAMU

1
z>a, ly“(9(1)|<—2‘9(l‘)’ xHiy=2,

a L — kpusas,. HauuHarwwaicad 6 kakol-aubo xoHeuHoll
Touke epanuybl obaactu D u udywas e Beckoueunocrms,
ocTasancy ¢ obaactu D. Mwr 6ydem npednosazats Pymk-
yuu @(z) uw 6(x) HenpepuisHo Ouddeperaupyemvimu
npu z=2a u YGo6aeTEOPANOWUMU YCLOGUAM

8(z2)>0 e lim ¢ (z) = lim0 (z) =x.

x—»-}-oo x->+w

Ecau dynryus F(z) peeyaapra e obaactu D, menpepvigna
I 0ZPAHUYEHO 8 €€ 3aMBIKAHLU U YG084€T80DALT YCAOBUIO

InfF(z
R"(Ri .3)[ = %0, 2—e0, 2L, (10)
20e »
1
FE () + 5 072 (s)
N (z) = exp nS 5 dst,
a

ro F(z) = 0.
HoxasateabcrBo. [Ilyets W(z) — bynrnmsa, Kom-

¢opmHo oTofpazkanoman obracte D ma monocy |Imw | <%

takaM 0o0pa3oM, YTO .
Re W (Z) — - 00, z-poe, -2+ D

(mpoo6pasoM Bropoll GeCKoHeYHOCTH MH OymeM cIuTaTh



224 T ML MﬁTOJIH TEOPUt NENBIX OVHKORRX

~

magaio Kpusodr L). Tlomommm §(z) = expW(z) m ofo-

sEaupM uepes Z({) ¢ymrumo, obpatayi kK {(2).
Pacemorpum  ¢pymknmo Fy(§) = F(Z(%)). Jlerko s8D-

Jeth, 4TO OHa onpefeleHa H peryiApHa B NpaBofi Hoay-

INOCKOCTH, a TAaKMe HempephiBHA ¥ orpandviena B ee '3a-

MuEKaBEEE. OGosmagny ,aepes L, ofpas wpmeoit L mpm oTob-

pamesEn t=§{(z) n omemmm |F,(%)]| ma xpuso#t L,
3anumem ycaosme (10) B BHAE

In|F (z)|<—v(Rez) N (Rez), tel,
rae v(r) — QyHKNHEA, MOHOTOHNO CTpeMANIafcA X -} oo

opr x— - oo, Cpenas 3ameny 2z =Z({), MH noxydmm
OTCIOla HEPABEHCTBO

In[FiCH< —v(BeZ (D) N ReZ(8)), ter,. (1)
B -Teopeme 2.6.1 6wvlio0 mokasamo, 4ToO

Rez 1
y 1+ o)+ 5 0%

ReW (z) <1 In)

ds + 01), €D,

a.

3 KOTOPOTO JerKo HOMyTaeM, 970
N(ReZ(t)) = M exp {Re I’V_(Z(C))},

rae M — HeKOTOpad HOJOMATENLHAAS NOCTOAHHAA, HE3aBH-
- cAam@aa ot §. Ho corsmacuo onpepgenennio

W(Z(t)) = Int
1 MB OPHXOJNIM K HCPaBelCTBY
N(ReZ(t)) = M|t].
JdTo HEpaBeHCTBO BMecTe ¢ HepaBepcTBoM (11) paer mam

n|[F () [<—MvReZ ()]l tel..

llockosinky -u3 onpemenesma ¢yuxuna W(z) wmerpyano
_ BBIBECTH, 49TO

Re Z (§) =+ oo, -0, Rel30,
MBI' 10JIy4aeM

A @, o

C—’&O, -;ELV
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Tarum ofpasoM, MH nNokasamn, dro ¢yarmua F((})
YAOBIETBOPAET BCeM YcloBHAM Teopemn J.0.1*. Crnemoma-
renbEo, ¢yuxnEa Fi(§) TompmecTBeEHO paBEa HYJIO,
a motoMy u F(2) =0,

IlepeiinemM Ttemeps K ofofmenHuam Teopemsr 3.5.2. Hax
n ¢ Teopemoir 3.5.1, MH CHauzaja J[oKaMeM HeKoTopoe ee
yTO4YHEHHE,

Ham nomamo6mtca omEa JeMMa, i

Jdemma 1. Ecau @Pynryus f(2), orauunas or rox-
decTeenHozo Hyas, pecysspra 6 wkpyze |z| <1 u nenpe-
PYIGHA 8 €20 3AMBIKAHUWL, TO (BYHKYUS

2n

< I(r) =5 lnlf(rei")[dcp
b .

aeanerca  HenpepulgHoll U weybwiearoupell  fynkyueil
npu 0<r<it,

HorkaszateabcTBo. Dynknua In|f(ze®)| npm kam-
JoM JeACTBATCIBHOM 3HAYEHHM ¢ ABAAETCA CyGrapMoHm-
gecKoil ~pynknmeit z mpu Jz| < 1. Orcioga ¢ mnoMomso
ceoitcts 1 m 3 (ecm. § 2.3) cyGrapMommuecknx ¢yHrmmi
HerKo BBIBECTH, 410 (yuKmus

on

I(2) = g In}f(2e'®)| do
0

TaKkme apnAerca cybrapMmommueckod mpmr |z << 1. Herpyn-.
Ho yGemurhest, 94To PyEKnma I(z) saBmcHT TOABKO OT |z,
B § 2.3 Mu oTtmevanm, 410 cyOrapMoBHMYecKada (QyHKIUA,
3aBECAmad TONBKO OT |z|, ABIAeTCA BHIOYKIOH KHH3Y
¢ynknmeir or In|z|. Beminykiag kmusy ¢ymrnms menpe-
pHBHA Ha OTpe3Ke, ociH OHa KOHeYHa XoTA OH B OAHOH
ero touxke. Pyskuna 7(z) KoHeuma B KaKmo#W TOUKE OT-
peska (0,1), ecau f(z) ¥ 0, Tar kak mHyIm peryaspHoi
(YHKIHE HE MOryT WMeTh NpelelbHHIX TOUYeK BHYTpE 00-
NacTH pPeryiApHOCTH (B NOPAAOK KajKAOTe HYJIs KOHEHYeH).
CnemoBaTenbHo, M3 CHeJaHEHX NpeNNONOMKEHHH BHTEKaeT
HenpepusHocTh ¢pyrrnumn J(r). Ee MomoTOHHOCTE BEITEKA-
eT N3 UpPHEENMNA MAKCHMyMAa NIA CcyOrapMoHHYeCKEX
byrHnmi, .
15 M. A. Esrpagos
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Teopema 3.5.2*. Ecau dPynryus F(z) peeyanpua
6 npasoil NOAYRAOCKOCTU, HenpepbléHa U O2ZPAHUYEHA
6 ee 3aMbIKAHUL U YB0BAETEOPRET YCAOBUIO

00

. ln[F tyH
To F(z) = 0.

HorasareasctBo. Paccmorpmm QyHKUHD
_ 14w
fwy=F (Et‘w‘)

KoHJopMHO oTolpaKaeT

1L
Tlockonbry yHENRA 2= T

Kpyr |w| <1 Ha npaByw moaymiocKocts, QyHKuua f(w)
peryispaa ‘B Kpyre |w| <1 ® HCOpCpHIBHA B ero 3aMEl-
kannn, Iloatomy

2n

2n
()= nn}j In|/(re®®)|do = [ 1n]7 () [do
r=ig 4]

" Mbl NOJy4aeMm

2z s an
1+ i .
I\ —_—j In 1«‘( 1_:w)ld(p = j' In F(zctgiz’i)ldq?.
0 _ 0
Ho
. n - oo ]F( )]
. . P _ In iy
jln]F(zcth—)[dcp—Z X T dy,
0 oo
Tak 410 cormacHo ycnosuio (12) J(1) = — co. B cmay

aeMmMe 1 aTo BoaMOMHO aMms TOTHA, Korfa f(w) = 0.
CJIBJ.IOBaTB.TIbHO n F(z)=0.

Ecam
A ID[F(Ly)I<—BIyI’ ooy <400,

rae & — KaKag-am0o moJoHUTEeNbEAA IIOCTOAHHAA, TO yé-
aosde (12) saBegoMo BHIDONHAETCHA. DTO OBHAYaeT, 4TO
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i
teopeMa 3.5.2* mHelCTBHTENbHO ABIAETCA YTOTYHEHHEM Te€O-
pemar 3.5.2.

PaccmMorpuM Bompoc © TOYHOCTE TeopeMH  3.5.2%.

Ilycts BaM [aHa mpousBeiibHas ¢ymREnuA g(y), Beupe-
pHIBHafA M OrpaHMYeHHad CBepXy Ha Bcell JeHCTBATENBHOU
OCH, & TAKKe yIOBAETBOPAIOIIAA YCAOBHIO

g()dJ
S Tog =

-—00

_L

Torza murerpan Ilyaccona
o0

, : d
wetw) =% | TS

cxopurca npm scex x> (0 m paer pemmenme sagaum dupux-
1€ B HOpaBoif MOJYNJIOCKOCTH ¢ rpaHudHON ¢yurnueir g(y).
Herpyano y6emutbea, 910 $yAKuuA u(2) rapMoHMYHa H OT-
paHMdYeHa CBepXy B HpaBOil IOMYINIOCKOCTH, a B Kammoll
KOHEYHO# TOYKE MHHMOH Ocu OHa HenpepbiBEa. [lo ¢ymEx-
uaE U (zZ) MOMKHO HOCTPOMTH COUPMKERHYI0 € Hefl rapMmo-
HUYeCKy0 (QYHKUMI v(z), HO ee moBeJeHMe BONM3H MERMON
OCH HCCJIeA0BAThE MHOrO clIoMiHee. PyHKOUA

F(z) = exp(u(2) + w(2))

peryispEa H OrpasMdeHa B NPaBOX HONYIIOCKOCTH, W

lxilréln[F(:t-{-iy)l:g(y)

Ouesngno, ato F(z) 5= 0.

Tarkum oGpasom, ecam ycaosrme (12) He BHmonHEAETCH,
To cymectsyeT Qynxnua F(z) s= 0, perynsapHaA u- OTpaAEm-
¥eHHaA B OpaBoli moaymiaockocTH., EXMECTBeHHOe ycioBHe,
BBIIOJHEHHe KOTOPOro MBI He MomeMm 06ecHeduTs — 310 He-
npepstBHOCTs GyHEKuum F(z) B 3aMBIKaHAM OpaBoil OOXY-
IIOCKOCTH, JTOT HeGOMBINOH Pas3pPHB MEMAY YCIOBHAMHE Teo-
PeMEl M IIPAMepOM, NOKasHIBAIILKM €€ TOYHOCTH, MOMSHO OBi-
n0 06 JTHKBEAMPOBATH, OTKA3ABIOMCh B YCIOBHAX TeODeMEH
OT Tpe(oBaEmA HenpepEIBHOCTIH. /

15 -
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O6o6merne teopemsl 3.5.2 mam 3.5.2* ma ¢yErnEm, pe-
rynfApHble He B DOAYILUIOCKOCTH, & B obmacTax Gomee THOK-
HOTO BH/A, MoeT OHITh NpOBENEHO JOCIAOBHC TAK #Hie, Kak
n OpE [oKasaTeanctBe TeopeMu 3.5.3. Mu me Gymem mos-
TOPATH AOKA3ATENALCTBA, HO npuBefeM (OPMYTHDPOBKY OJHO-
ro M3 BO3MOMKHHNX PE3ylNsTaToB,

Teopema 3.5.4., IHycrs obaacte D onucvlgaercs He-
DPABEHCTEAMU

2>a [y—0@[<50(), iy,

ede @(r) u 6(x) — Henpepvigrno Ougiepenyupyemvie npu
Z = a gynryuu, yooeieTaopAIOUUE YCAOBUAM

0(x)>0 .5 lim ¢ (2) = lim 0’ (2) =% oo,
T~»4 00

x-»-}00

Beedenm obosnawenun

t(x) =z +i[o@) = 737,

5 44t Loy 000
N (z) =exp nj' IGER ds

a

Ecau gynryus F(z) peeyaapna u ozpanunena e obaacru D,
HENpPEPLIGHA ¢ ee 3AMbIKARUU, 4 KpOoMe T020, yO08.4€TE0pA-
erT ycaoeuro

j’ln[F(tﬂx)F(t ()] dx—-

N (@) 0 @) - %

o F(z) =0, ~

O6GpaTuM BHEMaHMe HaA. elje OXHO DAa3iBYNe B YCIOBAAX
reopeM 3.5.2 u 3.5.2*. B mepsoX M3 HUX MbI OPeANONATanNH,
910 ¢yRKnuA F(2) paBHOMeDHO CTPEMHTCA K HYII0 BO BCei
OpaBoii MOAYyMIOCKOCTH, Bo BTOPO# BHYTPA NONYHAOCKOCTH
npeRionaraiack TONLKO orpaEmueRHOCTh |F(z)|, a yenopus
CTPEMICHAR K HYJNK OTHOCHIANCH NUMIbE K 3HATEHHAM (yEHK-
muu F(z) ma MEuMMoi ocu. B cBA3M ¢ 3THM BOBHHEKAEeT BOH-
poc, Henb3A M paspemuts QYHKOHE F(z) pacTE BHYTpA
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poaymaockocrn? Taxofi reGpua Teopem 06 yOmpammm ¢ Teo-
peMamr @parmena — Jlungeneda BoaMOMEH, U MBI IpHBeE-
_JgeM cefidac OAWH pe3yabTaT TakKoro poja. Mmes B BHEAy
HEeKOTODHE JaiIbHeHAINNe NpHI0KeHAS, Mbl OygeM Tedepsb
paccMaTpuBaTh (YHKONM He B OpaBoif, & B BepXxHed moxy-
III0CKOCTH,

Ham omare opHmetca HadaTh ¢- I0K83aTelbcTBA OHOM
JeMMHL

Jemma 2. Ilyerv gynryus q(E) onpedesaena u He-
npepvléna Ha Gcell JelicTéureavHod ocu, a npu §-—»+oo
dynryus |q(8) | pacrer He bvicTpee HekoTOpOL crenenu
|E]. To2da zﬁyuwuﬂ

® ch 7 (= —3)

7
Uz +iy) = smH jl(sh_(x_g) (sm%)z

[

dg

daer pewerue 3adayu ﬂupu:mé 8 noaoce
Py={2: 0<Imz < H} (13)

¢ epaHuuHol Pymryuel, npunumarowell oduHakoesle 3hayue

KA, pasuvie (&), 6 Toukar E u § 4+ iH.
HoraszarteabcrBo. C nOMOmBI0O HECTOMHEIX IIpeod-

pasoBaHUE MOMKHO yO0eQUTBCA B CnpaBeTMBOCTH (OPMYJBI

14
1 ny chyp (z—¥)
= * sin = . =
2H A (sh Fa— g))2 + (sin%’-)z
nf n (4 iH)
=Re 1_ XPEH _ P (14)
2Hi _nE iz n (g 4 (H) Mz

epo —exXpy eXp —f—— —eXPF

(mur ofospavmiaH, Kak o0u4BO, z =z +iy), Ilockoabkry
dynKIAA ‘
% n @+ iH)

1 PR A

2Hi

- - iH
exp;;_§ - exp%z exp ﬂg_—%—z_) - exp%y-
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IOpHE Bcex NeHCTBUTENHHHX E perymapsa B moidoce Py, ee
JeHCTBUTEIBHAA 9YAcTh APMOHMYHA B 3TOH momoce. Bsuay
PAaBHOMEDHOM CXOQMMOCTH MHTErpaza I (bym«nnn U(z)
3Ta QyHKIAA TaKmKe rapMORN4HA B RHTEpecyIoIei Hac no-
noce Py,

Hanee, ¢ moMompw opvynsl (13) xerxo pokasats, 9TO

1 « sin+= y :.S? o ﬁ". (x _ g)
PYi] i 7 .
. (sh T(@— g)) + (si..%)

dt = 1.

ITosromy

. 1 s [q(ﬁ—q(xlchH —3%
U(z+ i) — U (2) = g sin 3 T
_w(sh 7 (z~—E) ) (sin -H—)

U UPOBOLA MOUTH TOCTOBHO Te (e PACCYKICHIIA, KOTOpHIE
Goltn mposegenst B § 2.2, mpu BmiBode dopmynst Ilyaccona
AJds Kpyra, MBI NOXYIHM, 9TO

Ulz+iy)—q(z'), xex, Yyt 0,

3d 8

n 4910
Uz + iy) - q (2), x—=x, y—=>H—0,

BBy cootHomenna U(z+iy) =U(x -+ i(H—y)), meno-
CpefCTBeHHO BHITeKaioulero u3 ompegenenus ¢ynkuum U(z).
JlemMMa porasama.

Teopema 3.5.5. Iycre pynkyua F(z), peeysspuas a
geprHell nOAYNAOCKOCTU U HEnpepwuieHas 6naotv 0o OeiicT-
8UTEIbHOU OCU, YyO0BAETEOPAET HEPAGEHCTAY

ln[F(z+iy)[<—cp(x)+\p(y), Y20, —o<x <+ oo

2de @(z) u P(y) — HEKOTOPblE ROAOHUTEALHBIE Henpepula-
nule PYHEYUL (nepaaﬂ npu ecex OelicTeuTeAbHUZ T, 4 4TO-
pas — npu y = 0). Otnocureavno gﬁynnquu @(z) mw 6y-
dex npednoaazarts, wTo

@ (z) = O (z%), >t (15)
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Ecau

i 1 @ (&) ch H§
im —_ > = — 00,
H=Foo H an _-[ (— sh E) J

ro F(z) = 0.

JorasarteascTBo. IIpoBesem moctpoenme cydrap-
MoHudeckoit MnHopautel O*(z) PyrRuuu O (z 4 iy) =
=—¢(z) + ¢(y). C aroit meaplo MBI BO3bMEM HPOUBBOIb-
poe H > 0 u nmoctpoum B momoce Py, onpeneneHHoi ¢op-
smynoit (13), rapMoHmYeckyw QyHKOUIO Uy (2), TPHHEMAIO-
IIyI0 HA CpaHHNe Oodockl Py Te Ke 3HAUYEHHA, 9TO H PYHK-
ousa O (z).

Hochonmy y-A4, rme A — MOCTOAHHASA, SBAAETCA rapMo-
HI4eCKON BO BCeil mIockocTH (QyHKIMeHd, Halma 3agada CBO-
AUTCA K DOCTPOEHHI0 YHKITNU

uk (2) = ug (2) — % ¥ (H),

(16)

.

rapMoHUUecKoH B monoce Py M mpHHMMajomeidt B TOUKAax §
u E-+iH ec rpaunnsl OJUHAKOBEHIE B3HAYEHMA, paBHHE
—q@(&). Cormacuo nemme 2 umeeM
H 1
Y (H 1 9 (§) Chﬁ'(”-g)

uH(z)=yT)—TsmH 5 Eme dg.
Yoo (shH x-§)) +(sinﬁ)

N3 ycnosua (15) nerko BeiBecTm, 4TO
3

max |ug (2 + )| =0 (29, eaiton

IlosroMy ¢ mOMOLIBK TeopeMBl 3.4.4* (mOMOMUB Tam
H
Q(z) = 5 u 0(r) = II) Mp1 nonyyaeM HepaBeHCTBO

) D* (2) S ug (2), repg (17)

W3 toro me. ycmosma (13) HeTpyAHO BHIBECTH TAKiKe,
970
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? e@mu \
{ 7 0 =0 (H)

—o0 (sh T) +(sm I )

npr aoGom ¢urcmposarHoM y >0 m npa H — 4 oo, Ilo-
aTOMY '

= ng
¢ (&) ch 5
ug () =y | 20— L § = L dgy+0 (1).
oo ——sh )
Eme n3 ycnosma (13) merpynmo BBIBECTH, 4TO

o0

o (§) ch-né

¢ tmi)ch—§
S oe i

dt =0(1).
sh I

JT0 JaeT HAM OKOHYIATEIBHYI0 DOpPMYyny

: oy 1 [ o@chg
up (iy) =y _H—_ES‘ T 48+ 0 (1),
—00 1+(Tsh—)

(18)

cOopaseTHUBYI0 npH Jd0foM (urcnposannoM y >0 m npu
H—+ oo. U3 dopuyn (17) m (18) BBugy ycaosma (16)
MBl HOJy9aeM, 9TO

(D*(ly)=—°°, y>0.

dto osmagaer, aro F(iy) = 0 opm mcex y > 0. Orcoma ¢
HOMOIIBI0 TEOPeMbl EIUHCTBeHHOCTH Mbl OPUXOJAEM K yT-
BePHACHAI0 TeOPEMEL

3ameuanite. Ycaosme (15) B pelicrBmTensHOCTH
HYHO JHIIL [AA TOro, 11006l HEMEOr0 YHPOCTATH BBIpa:Ke-
gue [aa QyEKOAR ux(z) Opm Gonbmux sEadeEdax H, Mu
HCHONB30BaJM ero elme OpH JOKa3aTeqsCTBe HEpAaBEHCTBA
(16), mO TaM MOMHO OBIO 6B OrPAHHYATECA SHAYHTEIHHO
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Gosxee ciabnM yciaoBueM
Ing(z) =o(|z]), >t (15%)
Ilpr wenammm ycaosue (186) MoxHO samenats Goaee

IpOCTHIMH, HO 3aT0 4 Golee rpyGhiMu yciaoBuamua. Hanpumep,
BOCTIONIb30BABIINCEH JJETKO OPOBePAEMLIM HepaBeHCTBOM

g
1 (1 +8&% ch 7 ~_Tchan
2n H _ng\2 = 2shin’ —H<i<H,
1—{—(—7_[—511—-

H

Mbl MoOriE 6B 3aMeHATh yciaoBMe (16). yemopmes

H
: Y(H) achn pE)ds | _ i
lel%o{ i} _zmzng T }" ©0- (16%) .

Xota ycuosue (16*) samerno rpyGee, wem ycaosge (16),
HO fa’ke OpH TaKoil 3aMeHe TeopeMa 3.5.5 copmepuT B Ce-
e, Kak JACTHHUA clydail, Teopemy 3.5.2%,

OrmerEM eute, 4TO TeopeMa 3.5.0 B 3HAUMTeJRHON Mepe
0TBEYAET HA BONPOC, MOCTABJIEHHHI B Koune § 3.1, o mycTo-
Te ® HemycToTe Kraccos W ). Mmerno, u3 teopemur 3.5.5 (c
3aMeHoli ycnosms (16) ycmoBuem (16*) HemocpencTBeHHO
BHITEKAET CIEAyIONIee yTBEeDKACHHE: o

Ecau swvinoansercs ycaosue

H
Tim & P (8) a8 ’ ;
lim j‘ > = 1 oo, 19
ot ¥OD ) T T (19)
ro wkaace WYD ne moower codepwars wu odnol yedot
dynryuu.

[IpuBefieEHOe [JOCTATOUHOE YCHOBH® NYCTOTH KiIacca
WY  nosoisEO GaMako K HeoGxoXEMOMY. Onmo cTaBOBHT-
¢ HeoGXOAMMEIM, eCE NPEAmON0AUTh HeKOTOPYI0 HNpaBHIAE-
HocTs moBeNeHms (ymxkumir @(z) = Y (y), cxamgm, npegno-
fomurs, uto omm mueor sEp [z[|°l(|z]) = ¥”'L(y), rme
Li(x) u lo(y) — aBarUTATECKAe MELIOHHO pacrymue dyrH-
ouu,



t
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Pan mHETepecHEIX © KOHCTPYKUHUH pasaHYHEIX NPHMepOB
OenwlX (QYHKOUHA, HO3BOJAKOIAX CYAMTh O TOYHOCTH [OKa-
3aHEBIX BmIIIe TeopeM, MomEo Halita B kEHre C. Mamngenn-
Gpota «TeopeMsl BaMKHYTOCTH H TeOpPeMbl KOMIO3HMIIHHY»
Mocxksa, 1JI, 1962 r.

B sakaoueRHe MEI JOKa@eM eme OJHH De3yJNLTAT 0 CKO-
POCTH CTpeMJIeHMS K HYJK Ieidoil (QYHKIIN, HO Yie He-
CKOJIbKO ILHOTO Poja.

Teopema 3.5.8. Ilycrs F(z) — L;e.rtaﬂ Pdyrryua, a

Mp(r) = rtniax|F(z)|, mg (r) =min| F (z)}.
2{=r 2{==1

3adadum HenpepushHyro Pynryuro q(r) >1 u obosnauum
uepes §(r) mepy muonecrsa A, COCTOAUE20 U3 Ter Todex !
orpeska (0, r), 04sa KOTODBHIT BLINOJHAETCS HEDPABEHCTEO

Inmp ()< —q(r) IndMgp(r), tea,. (20
Ecau umeer mecro cooTHourenue /

T Mﬂﬂ >2, (21)

r—>oo

o F(z) = 0.

HorasateasctBo. OGoamaaum deped K, Kpyr
|z] <r, a wepea E,— ero mOAMHOKECTBO, COCTOAIee M3
TO4eK, B KOTODHIX BHINOJHAETCA HePABEHCTBO

In|F(z)] < —q(r) mMe(r),  E. (22)

IlokasweMm, u9To OpH AOCTATOYHO GOJBIAMX I MHOMKECTBO
K.\ E, mnenycro, ecim toapko ¢yErmua F (z) oramuHa or
TOM/ecTBeHHOK mocroamHoil. B cuny Tteopemsr JImyBumns
toraa In Mg(r) = oo mpu r— -+ oo. Orcioga BbITEKaeT, 4T0
MHOmectBO K, E, cocTomT ®m3 MajablX OKPEeCTHOCTEH HY-
e pysxmunr F(z), nemamux B K. Ilosromy opu gocraros-
HO GOJIBLIMX I' MHOMKECTBO Kl\(KlﬂE,.) HEeOycTo M CBA3-
HO. OTO MHOMeCTBO COJepmHTCA B MHOMecTBe K.\
TaK YTO M NOCJHeTHee HeIycTo.

‘TlpegmonomuMm Temeps, uwro F(z)=const, m BrGepeM
qHCI0 r HACTOALKO OoapmmuM, 49To0nI  MHOmkecTso K\ E,
OnllI0 HeOycTo M CBA3HO, Q6oanatmm yepes D, Ty cBA3HYKW
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qacTy MuomecTsa K.\ E,, KOTopas COZEPKHT MHOMKECTBO
K. \E..

B cuny onpegemenua MEomectsa E, ¢ynruua In|F(z)|
He TNPEBOCXOJUT HA HeM BeTMIMHH —q(r)ln Mq(r), a Ba
oCTadbHOH vyacTu rpapumsl obmactu D, »Ta ¢yrrmus He
npesocxoaut ln Me(r). Corzacso TeopeMe 0 ABYX KOHCTaH-
rax (reopema 2.4.4) MEromyuaem oTcIOfa

F@)| < (Mp(r))t—ttamre,  zep, (23)

rae
= w(z; E,, D).

Jlis omeHKN rapMoHIIIeCKOH MeDHl () Mbl HDMMEHMM Teo-
pemy 2.4.7. Tlockonbxy mpm waskmoM : €& A, Ha OKPYHKHOCTH
|2| =t nemur xors Gs oiua Touka MHomectsa E,, MH mo-
nTydaeMm u3 TeopeMu 2.4.7, 9T0

4 (r—]=1)6(n .
027 I b () #S o
TaK Kak tgz 4z/n upn 0 < z << m/4, MBI MOMKEM 3aMEHIITE
3Ty OIEHKY Gosee mpocroi
- (r=Jz)o()
©= 2(r-f-IZI)r ! ¢ € Dr.

Topcrasiss Haftgenmylo omeHKy ANA © B HepaseHcTBO (23)
I mepexofis K mpeieiy OpH r-—~-+ 0o, Mbl HaXOQUM #3 yC-
aosua (21), uro F(z) = 0 paa moboro z us rpyra |z] <1
(roTopbiit Mbl obozHauuay K;). I[lo TeopeMe emMHCTBEHHOCTH
3T0 03HauaeT, 910 F(z)==0, n MH OPHIUIMY K -OPOTHBOPEURIO
¢ mpexnonomenuem F(z) $00nst " Jlerko mpoBepuTh, 4TO IO-
CTOSHHASA, OTAMYNAA OT HyJdA, HE MOKET YAOBIETBOPATHL yC-
aosuaym (20) w (21). Cnemomatenvno, F(2)=0 m Teopema
JOKa3aHA,

Yrols! MOACHHTH COJEPIKAHHE JHOKA3AHHOH TeOPEMBI,
npiiBejieM HeKOTODHe CleJCTBHA M3 Hee.

Cnepncrsue 1. IHycre F(z) — yeaas ¢Pynryus, or-
aunHas “oT TowdecTeennozo HYy#Aa, a g > 1 — nexoropas
nocrosunan. Obosnayum weped o(r) Mepy MHOMeCTEA Tex
rouex t us orpeska (0, r), Ous KoTopuix uMeer Mecro
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Hepasercrsao

- Inme(t) >—q In M ().

Tozba

- o(Ne_g—1
1m = >m .

r—+00

—

Jlna aoKkasaTedbCTBa HTOr0 CAENCTBUA JOCTATOYHO 3aMe-
TATH, 9T0 OPE ¢(r) =g B0 Bcex Togkax muEomectsa (0, r)\A,
BBLIOJIHAETCHA HEPABEHCTBO

In me(t) > —qln M(r)

O, TeM Gonee, HEPABEHCTBO
Inmz(t) > —qlnM:(t)

(160 t < r, a Mr(t) — MoHOTOHHO BO3pacTawmaa QYHKONA),

Cnencreme 2. Iycre F(3) — yeaans ¢Pyrnryua, or-
AUYHAR OT ToXcOecTeennozo nyaa, a A > 1 — nekoropas no-
croannas. Tozda cywecrdyer beckoneunas nocaedogarern-
HOCTt {rn} ROAOKUTEALHBIT HUces, YO0BAETEOPAIOWUT Y-
A0GUAM

Fp=—> + 00; rn~—_1<rn<7"rn——1a n=1,2, ..

U Takaf, yTo

. Inmg(n A1
Sl ry e v

—
r—+o

-TIGI‘RO BHAJEeTH, 9TO 3TO CJAEJCTBHUE ABIAETCA NRIObL HEKO-
ropo#t mepedopMynrpoBKROHA crexcTBna 1,

Canemcraue 3. Jus woboi yeaoti Pynryuu F(z)
— lnmg (r) '

lim — =
- r-lboo ln MF (r)

>—1. .
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3A0AYH U JOMNOJHEHUA K §35

f°. Myctes ¢yHxnma F(z) perynapHa B NpaBod NOJYMIAOCKOCTH,
HeOpPePEIBHA BILIOTH IO MEMMO# OCH U YJIOBJeTBOPAET YCIOBEAM

In|F(ipi<alyl —o0 <Y < oo
InjF@El=0(]z]2),
IntF(z)| < —pzlos, 0> 2

z2-» o, Rez> 0,

T
Jloxa3saTts, 4TO ecan & < Tp' o F(3) =0.

2°, Mlycts ¢pynknua F(3) peryaspHa B mMpaBoll MOJYIIOCKOCTH, He-
opepeiBHA BIVIOTH [0 MHEMOL OCIf B YJOBIETBOPAET YCJIOBHIM

In|F(iy)] < ah(ly)), —w<y <o,
In[#F @) =0(]2}?),
x

InjFx)<— p:l:S‘ ht;t) dt, > xy,

z— o, Rez>0,

a

rne h(t)=t(In¢)¥(lnt), 1> — 4, a I(¢) ~— aBannTUvecKan MeATeH-

ap
Ho pactymas QyEknua. Jloxasars, 110 ecam & <5 . TO F(z)mm Q.

3°, Mycte n(r) —uHcil0 TOYeK mochAefoBaTesbHOcTE {zZ.} ¢ no-
JOKUTENBHLIME AeHaMn HA orpedke (0, r). IIpeamonoxuy, 910

n(r)Nrpl(r)’ 1g€p<,
rae I(r) — aBannTHYeCKaR MeNJeHHO pacTymas (YHKODA, NpEIeM
L

ecau p = 1, To unETErpan 5‘ n(t) ¢ 2t pacxopuTca. OGo3mavnM

a0 ty \—i
Fo=1] (1 + i;—) exp (j2/x,).
n={ n

IToxasats, 910 MpE — 0© < z << o0 B y > 0 BEMEOT MeCcTO HPAaBOHCTBO

v
In|F @+ iy 1> — An(]2]) + By | 201
’ 0

¢ HeKoToprME 4 > 01 B> 0. . : .
&, Hycts f(z) — pyusnus, Gecxonewsno nuddepermupyeMan ma
Beelt MeficTBETENLHON OCE A paBHAA HYMW BHe OTpesKa (— g, a). O6o-

sBagEm M_ = max | f™(z)] oxasars, 970 ecam BHEOIHASTCA
- L ) - ’ v

-
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YCJOBH® ~
3
2 M:i/na + o,
n=1

70 f(z) == 0.

5° Ilycts F(z) — menasn dymarnoma, a
mp(r)=min|F(z)|, My(r)=max|F ()]
lzj=r jzl=r

JlokasaTs, ¥TO €CIH
mpl<m< «, r>0,

T0
ln 1‘/1 F r

r—+o0 r

§ 3.6. Hugnkrarop pocra nexoi ¢yrruan

B atom maparpade MB KOCEeMCA OJHOTO KPYra BOIpPOCOB,
KOTODHIY, DOManyil, MOKHO CHUHTATH JEKAIIHM B IEHTpe
HHTEPEeCOB COBPEMEHHOTO HONOMCHHA TEOPHH NENHIX (PyHH-
nui. ITOT KPYr BOIIPOCOB CBA3a ¢ LCOHATHEM WH;HMKATOpPA
menol ¢yHEKDUM, I3T0 OOHATHS MBI MOTIH OBl OHpeleSHTh
U Cpasy, HO MH OTJIOKHM 3TC Ha HEKOTOpoe BpeMsa, a ceii-
4ac moroBopuM o6 OJHOH CPaBEUTENHHO HNPOCTOH E XOpOLIO
H3BECTHOI Teopeme, ’

9Ta TeopeMa TOBOPUT O IpeACTaBIeHHA menoll QyHKUHN
KOHEYHOTO NOPARKA B BHJAe OeCKOHEWHOIO IIPON3Be]eHUSH,
OOCTPOEREEOro mo ee HynsaM. Ee poap B ToM, 4T0 OHA mHO-
3BOJIRJIA, CBECTH HCCJIeIOBaHFe NPOH3BOJBHHIX [ENHX (yHK-
nafi KOHEeYHOr0 MOPANKA K HCCIeLCBAHHUI0 KANOHHYECKHX
OpOR3BeIeHNA. o

Teopema 3.6.1. Kawdyr yeayrwo gynryurw F(z) no-
padka p << 00 MOXCHO npefcTasuTs & sude

F(z) = 270 (3)exp(P(2)) ,.

20e P(z) — HexoTopvli MHozousen, @ (z) — Kanowuueckoe
npoussedenue, nocrpoenHoe no Hytam gymxyuu F(z), or-
aunsiy or Touku 3 =0, a m — Kparnocry Hyss GyHxyuu
F(z) e rouke z =0, IIpu srom crenens mHozotsena P(z)



{ .
| §36 VHIIKATOP POCTA METOR OGVEKIHK 239

U pod KamoHuueckozo npoudsedenus, ©(z) He npegoczo-
dur o. ' " .
Horazareancrso. Tak Kak or HereRER (yRKNHE
F(z) ma Az™ ee DOPANOK He HBMEHHTCA, MBI MOMEM, He OI-
paAuguBag obmmuoctu, cumrath, 910 F(0) = 1. ObosmawiM,
Kar O00bI4HO, depe3 np(r) qmero myneft Qyuxmmu F(z) B

xpyre |z] <r, a

M (r) = max| F (3)].
Iz =r

Ilo nemme 1 § 3.3

Mg (r) > ne (02 > np (-g-) In2.
0

W3 aToro HepaBeHCTBA J€rKO BHIBECTH, UTO

— Inn, (r) —— InlnM_(r)
- F - AN
ST T 0

Obosnaunm Temeph Yepe3 @ (z) KAHOHHYECKOE OPOH3Be-
JeHMe, HOCTPOEHHOE N0 HyjaaM Hanreir ¢yarnum F(z). Torza
ne(r) = ne(r), 1 Mb Doaydaem u3 (1) B cHIy TeopeMmnl
3.3.5, qro «

— Inln Mg (1)
— lim ———m—r&——\p. (2‘)

Tr—+oo
Tarum ofpasom, MBI ybegunmch, 9TO NOPANOK, a 3HAIAT M
pod KaHOHHUeCKore npoussegenad ™ @ (z) He npeBoCXoZAT
incaa p.
Haum ocraerca gokasars, 9to QyBKnus
F (2)
P(z)=1nQ(z) ¥ In =
(& =1 Q@) g3
ABIAETCA MHOIOWIEHOM CTemeHW, HE HDPeBOCXOAAmIel dYHCaA
p. Cpasy MOKHO 3aMeTHTh TONbKO, 9t0 P(2) — nenan PyHK-
nus, Tak Kak Q(z) — mesas QyHRNuA, He UMelomias Hysei
(®(z) mo mocTpoeEMI0 HMeeT Te e Hyam, dro u F(z)).
Onenmm poct ¢pyErnmr Q(z). Mmeem ovueBHEHHIE Hepa-
BEHCTBA

In Mq(ry <lnMe(ry—In mo(r) <
‘ L=< 2max{In Mx(r), =Inmo(r)}.
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Hosrouy A 1000 MOCAegoBATENbEOCTH I'n—> _+ o0 HMeeM

im
rp—~o n

— inloM
li ——,.Qirl‘_)"'<max (o, p,)v 3)

Tae .
—— ln max {1, —Inmg, (rn)}

1z
¢’ = lim nr,

" nex

Cornacro caegcrsuio 2 ma TeopeMut 3.5.6 mna rasmmoro A > 1
cymectsyer GecKoHedHAaA DOCIEeXOBATENBHOCTb {r,} moJo-
AHHUTEIbHAIX YHCEJ, CTpeMAmMMXCA K GGCKOHB‘IHOCTH, ANA KO-
TOPOH

— —Inmg (r)) A1
lim ig(ry) Sh—1

Ma (2) Bmamo, 4TO IIs1 KUKROH TaKo# mOCTeA0BATENbHOCTH
p’ < p, € noTOMY
—IninM, (r
Tim 20 Mo () (4)

N oo In T,

Ilepexona k QyEKIEH P (z), umeem
In Mg (r) = max Re P (z).

2l=r

IlostoMy cooTHomenue (4) gaer HaMm -
max Re P (z) = O (r), o,
Izj=ry

npa abom p; = p. ITo Teopeme 3.1.2 oTcioma BITeRaer, 41O
P(z) — MHOrOwIeH cTemeHN, He NPEBOCXONAIGAA w=HCIa p,
Teopema moxrasama.

Temeps MBI yKe MoMeM C WHCTON COBECTHI0 HAKOHeI
nepefiTE R onpefefeRHI0 HOEATHA WEANKaTOopa pocra., Ilep-
BOHAYATBHO STO WOHATHE BBOAWIOCH NAA HENHX QYERmE
OpARKA P << 60 U KOHEYHOTO THOA, HO OHO ABTOMATHYGCKH
gepeHocATcA ® Ha QyEKOmE gioboro TouHoro pocra h(r),
‘MH cpasy gegum ompefienieRde AaA obmero crydas. -

D

. L -
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Ilyers F(z) — dyrrnma rtoumoro pocra h(r). Qymrnus

In| F (re'®) |
Hp (@) =Tim =55

HAsnBaercs uHOukaropom pocra ¢yEknum F(z), orHoCH-

. TelbHO A (r).

B ompenmerenun ne TpebGyercs, 9robu ¢ymEKnua F(z) Ow-
na nenoil GyHKUMEH KOHEYHOro M HOJOMKUTENBHOIO MOPAJKA,
HO TeM He MeHee HOHATHEe MHIMKATOPA OKA3LIBAETCA IIOJIea-
HEIM TOJNbKO B 8TOM Ciydae. UToGbl MOHATh NPWSMEREI 3TOTO,
MB Haiifiem cemac MHIUKATOP MJIA HEKOTOPHX KOHKPETHHIX

pyBrIui.
Bo oepsuix, BaiifleM WHIHKATOP POCTa A1 KaHOBUYECKO-

I'0 OpOH3BEIeHHA
o0
n=1 n

rae Bce 2, OOJOMITENbHBI U
ne(r) ~ ch(r), h(r) = rl(r), o<t

J1a ¢yBENuaA Obna HccaemoBaHa B TeopeMe 3.3.8. VrtBep-
AIeHUEe 9TOM TeopeMbl 03HAJAET, 4TO

no ’
H (@) = g cO8 PPy lol<m

Bupno, uto npe p—0 npAnKaTop DepecTaeT 3aBHUCEThL OT .

DTo BepHO M HE TONLKO AJA Hamel KOBKPeTHOH (yHKuMH.

-Heckonpko Hme Mnl DOKameM, 9TO IPH LOPAJKE, paBHOM

HyJq0, MHAUKATOD He 3aBHCAT OT @, T. €. OH HE JaeT HHKA-
Kol fomonmuTedbHONT mEQOPMADMHE O DOBEJEHUH IieJd0i
dysKun.

Bo Bropmx, HafileM HEJHKATOp POCTA MIA d)ymumn
F(z) = expe®, nonoxkns, ecrecTBeHBo, k(r) ==expe’. Oue-
BUIHO, HMeeM HF(O)—L IIpu 9550 (mod 2n) mMm nerxo
gaxonuM, aro H.(¢p) =.0. . -

. . ‘U3 mocnegmero mpmMepa BHAHO, 4T0 y QYHKmui Gecko-

--He4YHOro NOpAnKa He HMeeT ocoGoro CMBIC/IA HCCJIeJOBATH 26 3

poct B sasmcmmocTd or ¢. Pymrmua F(z) = exp e* pacrer
%6 M. A. Errpados - ”
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ope Re z— 4 oo B nonocax S

[Imz—2lm[<fg-, =0, £1, £2 .0y

H crpeMHTCA K Bymwo npHE Rez— + oo B momocax

[Imz—(2k-}—1)nl<-—z—, B=0, =1, £2 .0t

Bce 3To ocraercsa mesaMeueRHEIM pymkmueit Hr(p). Herpya-
HO [ajie HOOCTPOHTEH mpuMep ne’oil ¢yHKumn OeCKOHelHOro
HOpAJLRA, A KOTOPOIt

Mpg(r)~ h(r), 7>,

a ee urguKatop Hr(g) pasen Hym npu Bcex ¢. flcmo, wTO
OpH HATUYMA OOXOOHBIX CHTYAIld HUIMKATOP Takme Oec-
oJe3eH.,

B ciaysae KOHEYHOTO NOMOKMTENBHOTO [IOPANKA HHAUKA-
TOp [AaeT PagyMHYI0 H COJAep/KATeIbHYI0 XapawrTePHCTHKY po-
cTa medol QyHKIUM 00 HANPaBIeHHAM. ~

-

OCHOBO} BCeX HMCCIeIOBaHMI, CBA3AHHBIX € KH:{HKaTOpOM
ABIAETCA CAEeAYIOIEee ero CBOKCTBO.

Teopema 3.6.2, Hycre F(z) — yeaasn ¢Pynryus no-
padka p << oo u.Tounozo pocra h(r}, 2de h(r) = r'i(r),
a l(r) — anaauTuveckans Mmedaenno pacTywyas Pyrryus,
Tozda undukarop Hr(¢) dyuryuu F(z) oTnocuTeavHo po-
cra h(r) aeasercs gynkyued raacca T,. Huwmu caoeamu,
Hi (@) — oepanuuennas ceepry Tpueono.uerpuuecnu p-6ebl-
nykaas @ynkyua, onpedeseHHAs HA 8cell OCU U UMerujast
nepuod 2.

HJoraszarteascrso. flcmo, 94T0 OpZ KelaHHWW HHIH-
KaTOP MOMKHO paccMaTpUBaTh, KaK QYHKIHIO, ONpefeleHHYI0
Ha Bcell ocm ¥ uMejomyo mepuor 2m. Ero orpafmqezmoc'rb
cBEPXy CleIyer M3 HepPABEeHCTBA

In M (r)

A TC R

He(p) << lnm

6o h(r) — rounmii poct ¢ymrmmm F(z). B pgorasaresncrse
Hy/KJaeTcH JHAOE TPEATOHOMETPAYECKAA P-BRINYKIOCTH HHH-
Karopa.
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BoabMeMm mpowsBolbHBIE @) M @3, HOJIMHEHHBE® YCIOBHIO

<P;<<p3<<p+7“,- (5)

¥ PacCMOTPAM BCIOMOTATENbHYI0 PYHRKIHTIO
Fy(3) = F (z) exp {— Ah (ze—%1) — Bh (ze—ivs)}

B yrae @ << argz << @3. Ilockonbky ¢yaxuma F(z) umeer
To4HLIH poct A(r), mpu awobom & > 0 uMeer MecTO Hepa-
BEHCTBO

nfFi@)=0R(2]) =0(z[Pt%), ¢ ,<argz<on.

ITostoMy, ecim Pynruua F(z) orpaEmuena (no mMoaymwo) Ha
CTOpOHAX HALIEro yrjia, To mo teopeMe 3.4.2 oHa Gynmer or-
panuueHa u BHyTpu Hero. W3 ckasamHOro ciegyer, 410 He-
PaBeHCTBO

Re h (re!(@—04))

im o)

00

HF(‘P)<A1im———,;(—r)——+

T 00

Reh (rel®@—0) | o
) T

GymeT BBIDONHATLCA OPI @) <= @ <X (3, €CJIH OHO BLIOOJHEA-
eTca (Kax CTPoroe HePaBeHCTBO) UPH ¢ == @1 H @ == @3. Co-
riacHo odefcTeuio u3 demmur 1 § 3.1

Re h (rei®)

X0 = cos 0,

lim

T 00
1 MBI BIOAM, 4TO HEpPABEHCTBO
He(p) < Acosp(o—g1) + Beosp(p—q3) =
= A’cos pg + B’ sinpyp
capaBejJauBo, ecin CleaBeJI.TIHBBI nepanengraa

He (1) < A cospg: + B’ sin pey, .
H(p3) << A’ cos pps + B’ sin pps.

910 m oaHasaeT, ar0 QyHKuMA He(@) TpHTOHOMETpHYeCKHm
Q-BBIIYKJIA. )

16*
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3aMevanue, Ilouarue mmaMKaTopa MOKHO OH7T0 Obl
BBECTH HE TOJIBKO AAA LeabiXx QYHKmuH, Ho @ aas DyHKuUHH,
peryiaApHEbIX B HeKotopoM yrie. U “B aTom ciayuae Te e
pPaccy:;KaeHuA HO3BOJHIN On1 OKa3aThb Tpurououe'rpnqecxym
P-BbIIYKJI0CTh HWEAHKATODA,

Wz ceoiicts dyuxmmit Kaacca T,, goxasanupix B § 2.3,
BHITEKAIOT MHOIMe HOJe3Hbie CBOIiCTBA MEAWKATOpa. B gact-
HOCTM,. I0J1e3H0 OTMETHTBL ero henpepvlénocTb, HanoMuEIM
TaKMe, 9TO IpH JIO0KX @1, ¢z, Q3, TOTYIHEHHBEIX YCJIOBHAM

(P1<(Pz<%<%+—g—,

uugukatop He(@) nenoit GyEKuuu Oopsizka p OTHOCHTENBHO
Kakoro-au6o ee TOYHOTO POCTA YJOBIETBOPAET HEPABEHCTBY

He(g1)sinp(@a—2) +
+ Hr (2} sinp(9i—@s) + Hr(9s)sin p(pz—q1) = 0.

n
[Moraram B 3TOM HepaBeHCTBe 01 =9, P, =0+ by

T
Py=P+ < Ml OPUXOAMM K cAcaylonieMy d9acro LpHMe-
HAEMOMY HepaBeHCTBY:

HF(‘D)'*"HF((P—F—:')}O’ —w << p <o, (6)

3aMeTuM eme, 4TO N3 HEPABEHCTBA, NOJYYeHHOrO B
§ 2.3 mpm foKaszaTeasCTBe HeNpePHIBHOCTH (YHKIEA ua3
riaacca T, BHITeKaeT, 4T0 Kiacc J¢ COCTOHT TOJNBKO H3 OO-
croaEENX ¢yExnmit. Iloatomy WHAUKATOD dyEKOEN HyJe-
BOTO NOPAAKA — IOCTOAHHASA.

Teopema 3.6.3. Iycro F(z) — yeaan gynryus no-
pAdka p << oo u Tounoz20 pocra h(r),-m I — npouasoashulil
orpesok BelicrgureavHoll ocu. Beedem o6o3nauenue

. Mg (r, I) =sup| F (reiv)|.
oEl

HAan ar06oz0 orpesxa I cnpasedaueo pasencreo

o Mp(r, I)

11 h() :g? HF ((P),

r—%
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20e He(p) — undurarop yeaoli gynkyuu F(z) no orHowe-
KUM K ee TouHomy pocty h(r).

HoxrxaszareanscTBo. Ecaum orpesok I paséur Ha cym-
My KOH@UHOIO 9HCIa OTPe3KoB [y, ..., [, TO U3 ompejeneHHs
BepXHero mpejeja HeTPYIHO BRIBECTH CIPABeJJIMBOCTb (OP-
MYJIBI

—_—InM_{(r, ) — InM(r, T )
T 2Ye 0 D ey [ 200 g
L ¢

dra dopMyna mo3BOTHT HAM OTPAHUINTHCH PACCMOTPEHHEM
CKOJIb YTOZHO MAJbBIX O0Tpe3xoB . '

Bosbyem npomssoabueiil otpesox I’ BU/I (p'—8, 9'+96),
rae amcao O >0 pgocrarounmo Mamo, ofosHavuM uepes S’
yroa

S' = {z: argz=I'}

i paceMoTpuM B yrae S QyHKuil0
Fi(2) = F(z)exp{—Ah(ze=")}.

W3 teopemst 3.4.2 HeTpyaHo BbiBecTH, ¥To Qymrmma F((z)
GymeT orpaHudeHa B yrae S’, ecH OHA OTPAHHYEHA HA €ro
cropoHax (u ecau § goctarouno mano). las orparudeHHo-
CTH HAQ CTOPOHAX [OCTATOYHO, 9T06H BLINOJHATINCH HEpa-
BEHCTBA

'—.—.] Py (ret@'£8)
Tim 12 lﬁjfr) ) 0. (8)

r-»00

C moMomsio caefcrsua u3 demMsr 1 § 3.1 maxommm, uTO

iot0)|
lim lanlir(er)W )] =Hg(¢' + 8) — Acosd.

ITosTomy mepaseHcTsa (8) 3aBemoMo GyjayT BSINONHEHH, ec-
A@ B3ATH

Acos 8> sup Hy ().
pEl’

Hrax, opr mobux A, yHOBIeTBOPAIOJNUX 3TOMY HeDaBOHCT-
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BY, EMeeM )
| F (2)| < M 4 exp (Ah (] 2]))s re 8.
CrefoBaTeasHo,
—InM_ (r, I 1 .
Hm — 75— < 75 5B Hr (9). ©)

Ilycrs pauna nexommoro orpesxka I pasma. A, Pasofesem
~ero Ha 1 OTPE3KOB DaBHOI [JUINHBI M ODHMEHUM K KayRIOMY
M3 BUX HepaseHcTBo (9), a 3aTeM BocmOJb3yeMcH (opMmy-
Jaoi (7). 916 pact Ham

—1n 11] (r,
lim h 7 < ! 3 sup Hyp(9).

r—>3

_— el
cos 5n

Tax Kax 9IICAO n OPOWABOJALHO BEIIIKO, TO OTCIOJA Clegyert,
qTo
—_—Ind i, T)
lim ——r D < sup H (9).
h(r) eel

r-»oc

ITockonbKy ofGpaTHOe HepABEHCTBO O4eBUIHO, MBI NPHXOTIIM
K yTBepRIEHUI0 TeOPeMBl.

W3 noxasaHHOH TeopeMsl BHABO, 9T0 MHIMKATOD Ieloif
(YHRIUN KOHEUHOI0 HMOPAAKA gaeT HaAM HCTHHHY® HHPOp-
MAIHI0 O pOCTe BTOi d)y}mmm B KaKAOM yrae (HADOMHIIM
0 mpumepe meuoit ‘GyRKIEM GECKOHETHOr0 MOPAAKA, Y KOTO-
PO MHIMKATOD OTHOCHUTEILHO €e TOYHOr0 POCTA PAaBEH HYIIio
npu Bcex Q).

Ilpesxpne weM roBopHUTH O elje ONHOM B3KHOM ITANe B
PA3BUTHU TEOPHE HENHX (PYHKIHMA, MBI JIOKAa)KeM OAHY Teo-
peMy He o neasix QyHKIHMAX, & 0 PyHKOUAX Kaacca T\,

Teopema 3.6.4. Ecau p — He yesoe uucao, 7o Gyux-
yus H(p) npunadaewcur kaaccy T, To20a u Toavko To20a,
xoz8a ee moxcro npedcrasury 6 eude

2n

Ho)={ Q@—0)dv(®),
0

ede v(0) —gﬁynni;uﬂ, HeyGblearoujas U 02PAHUYEHHAR HA
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orpesxe (0, 2n),.a adpo Q,(p) — nepuoauuécnaﬂ ¢ nepuo-
dom 2m Pynryus, onpedesseman Ha Orpeske (—m, m) pa-
8EHCTEOM )

Qo (9) = cosp(t—fe()

2sinnp —agesw

HoxasateascTso. PaccMoTpuM crHavajza JBaan
HeupepeiBHO aupdeperiupyemole gynwunu H(p) na xraac-
ca T,. OGoauauus

w(e) = H"(¢) + p".’H(?),

MBI MoOkeM paceMaTpuBaTh QyHkiuiio I/ (@), xar perieH#e
angepennuaingoro ypasuenna y” -+ p?y = p(gp), ompese-
JeHHOE Ha BCCHl ocH ¥ HMelomee mepHox 2m. IJTH pPemieHHA
MOMHO HOJYYHTb U KAK PCUIeHHA Kpaesoil sagauu

v’ + 0%y = pu(e), y(0) =y(2xn), ¥ (0) =y (2n), (10)

pocTasaennoit Ha otpeake (0, 2m). IeilcTBuTenvHO, KaskI0e
HepPHOAMYECKOE pelleHHe ¢ HePHOJOM 21 ABJIAETCH pelleHH-
em kKpaeBou sagaun (10). C apyroit cropomm, Kamiioe pe-
menue kpaesoit aajauu (10) MOKHO mepHOAMYECKH HPOAOJ-
JKHUTH ¢ HEPHOAOM 21 Ha BCI0 AEHCTBUTENBHYIO 0Ch (C COXpa-
HeHHeM HEUPEPBIBHOCTH ABYX mpon3soisbix). HemocpemcT-
BeHHHM AunddepeHUUpoBAHNEM HeTPYAHO NIPOBEPHUTH, 9YTO
dopmyna
@ 2

H®) =g | 2O cosp(@—0—-mds (11)

T 2sinnp
Q

JaeT mHTepecylolllee HAC pelmeHNe, JTO PelmeHHe efWHCTBEH-
BO, TAK K&K OJHOPOJHO® YpAaBHeHNEe He MMeeT HETPHBMAIb-
HBIX pellenuii ¢ mepmoaoM, PAaBHRIM 27 OpH HeumeaoM p.

Bregem ¢yurmio @.(p), ompenenerHyio B GopMyITHPOB-
Ke TeopeMsi, H QyHKOUIO !

v (@) =§u<e> de.

3aMeTAM, 9TO WHTErpa® 0T nepuofudecKoi $yEKmEM mo me-
PHOAY He 3aBHCHT oOT BH(Opa HAZalbHOX TOYKE OTPE3Ka
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HHTErpHpPOBAHHEA, MH Opuiem K dopMyie, npemioxeBHOH
B yTBepkIeHUM TeopeMsl. (DyHEmus v (@) He yOsBaer Ha
orpeske (0, 2n) BBHAY NOJOKHTENBHOCTH QYHKHMH W (Q).
Ang maubosbimero sHaYeHMA (QYHKHUHA Vv{P) — OHO DABHO
v(2n), MBI MOKeM HOXYYHTH MPOCTYio POPMYydy. Ans aroro
J0CTAaTO9HO npouHTerpEpoBath Qopmyny mia H(g) mo or<
peaxky (0, 2n), Iloce HeCI0KHBIX BHIGIMCACHAN MOJTYHHM

2n

ven = | o de. (12)
0

Tenmeph HaM OCTaeTcd OCBOGOAMTHCA OT HPEANONOKeHHA
0 CylecTBOBAHMH ABYX HENPePHIBHBIX MPOU3BOAHBIX Y QyHK-
uau H (). '

Myers H(¢) — npouspoisHan QyHxmua us Kaacca Ty,
a H.(p) — mociefoBaTe bHOCT, fABA/Abl HenpePHIBHO aundg-
depenuupyeMsix QYHKIME u3 Kracca T,, nma KOTODHIX
i, (p) - H(p) pasHOMepHO Ha Bcedi ocd. Hepes v.(0) Ml
oGo3HagnM HeyOBiBalolmue (YHKIUM, HoCTPOeHHABIe OHHMCAH-
HEIM Boime oGpasoM ana Qymxuuit H.(@). Vs dopmynn (12)
BUAHO, 4TO Bce (yHKOUE v,(0) orpaHW4eHHl Ha OTpe3kKe
(0, 27) HeKOTOpOH MOCTOAHHOH, He3aBUCAIIEH OT 7. Na Teo-
peMbl XeJNIH 0 HOCIENOBATEILHOCTAX MOHOTOHHBIX OrpaHH-
yeHHBIX (PYHKNUA Jerxko BHIBECTH, 9TO CYUIECTBYeT Ipejel
limv,(0) == v(0), m uro mepexoj K mpeJely B PaBveHCTBE

= 2n

H, (@) = | 0y (9 — 8) v, (6)

[ S

BO3MOMeH.
Jns OKOHUATENLHOrO 3aBEpPHIEHBA JOKA3ATEJbCTBA HAM
ciaefoBasio GHl emle NpoBepHTH, 4T0 Kamuxaa ¢yrrumsa H(g),
OpecTaBEMasg WHTerpaJbHOH (opMynoi, HpeJio;KeHHOH B
Hame# Teopeme, npuHamie;kut waaccy I, Jam sroro mocra~
TOYHO NOKAa3aTsh, 970 GyHKIMA Q,(p) DPUHALIEHUT KIacCy
T,. Oror darT BHTEKaeT U3 HAIMMX pACCYKAeHWH, HO HpHE
JREJIAHAY €ro MOMKHO IIPOBEPUTH ¥ HEIOCPeACTBEeHHO.

=" AmajoriiuHoe HpejcTaB/eHle CYLIECTBYeT H I NEJHX

P, Bo.TaM -PoPMYIIE HeMHOro CiloKHEee, .
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Teopema 3.8.4* Mycrs p > 0 — yeaoe uucao. Pynx-
yus H(p) npunadaexcur waaccy T, To26a u Toavko roaaa
Kozda ee MONHO npedcTasurs 6 euﬁe

H(cp)=§ 0 (v — 8) dv (9),
0 N

2de v(0) — meybulearowaa U 02pAHUHEHHAA HA OTpedke
(0, 2n) Pynryusa, ydosaergopaouas Ycio8uw

25
{ eivoav (8) =0,

d
*

a adpo Qp (@) — nepuoduuecxas @Gynryus ¢ nepuodom 2,

onpedeaerHas Ha oTpeske (—mx, 1) paseHcTEoM

5 -_ (7T —
Qo (9) = i) S;;g WI) —n<osm

IJoraszareascTBo. MK omATh paccMOTPEM IBaRJIbI
nuddepernupyemyto pyrruuio H(p) ms wracca I, ¥ omATH
o0vaHaIaM

w(e) = H"(p) + p*H ().

BoabMeM Heuetoe pj, CKOIB YrogHo 6iIu3Koe K p, B BMeCTO
kpaeBoit 3afaun (10) paccmMoTpHM KpaeBylo 3anagy

Vel =pr), v =ym), ¥ O =y @, 107
rie

w* (@) = (@) + (0F — 0°) H40).

TTockoabry ¢yHrnua H (@) ABIAeTca pelleEAeM 5TOH Kpae-
BOH 3a7a9¥, TO LiIA Hee HMeeT MeCTO NOIYIeHHOE HaMy
paHee OpeJCTABICHHS

2n
H (¢) =0S Qo, (® — 6) u* () d. (13)

.

Mu coBepmuM cCeliiac’ B 3TOM HPEACTABIEHAA OPENTBHHIH
‘mepexox pi—>p. C sroft meanie 3aMeTHM, 9TO EMEET MeCTO
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acEMOTOTEReCKAan opMyaa

Qv I((P) il s S Qo (9) + 0 (p —py), P>

2sin np; g,

C nmoMombio 3TOH ACHMITOTHYIECKORA (OPMYJAbI MBI mOJydaeM
u3 ¢popmyas (13)

H(q>)= o
—Sop ®— 0) 1(8) 0 +—L (— 1)° | cos p(g—0)- H (6) db+
. 0

1
+ -Zmp—laj 1 (0)cosp (@ —8)db + O(p—py), p-+0; .

JleBag wacTh HANKCAHHOIO BRIDaKCHUA MU IepBble [ABa HH-
Terpana B ero HpaBOﬁ YaCTH He 3aBUCAT OT Q. HOBTOMy
opefes OOCIefHero HHTerpanla AoJaKeH CYIIeCTBOBATH. Oxn
CylecTEyeT JUILIp OPA YCAOBHH, 9TO0  °

27 2T

[ 1 (8)cosp0dd =0, | pu(0)sinpodd =0.
0 0

3TH YCIO0BMA PABHOCHIbHLI OJHOMY YCJOBITIO

an on

{ e 0y a8 = [ ewody (0) =0. |
0 ]

3aMeuas eme, 9T0

2n

%(— 1)"5 H (8)cos p (p — 8) dO = A cos pp + B sin pg,
b

MH OPUXOAUM K YTBep:KueHuio reopemel. OT npeamososxe-
guaA, ro ¢yuxuus H (@) asasrasl HempepsiBHO . guddepen-
uupyeMa, OOATH OCBODOMKIAEeMCH C HOMOLBI0 OPEAETHHOrO
nmepexopa.

BasKuEIR 9Tanm B pasBHTHH TeOPHM Ieablx QYHKOUHA, pagn
pacckaza O KOTOPOM Ml AoKasamu teopeMul J.6.4 m 3.6.4%
COCTOAN BO BBOJGHUH B DAcCMOTPEHHE Kiacca UeablXx QyHK-

-
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ouid, cBOMCTBA KOTODHIX OYEHH HOJHO OIPEIeNAIOTCA MX HH-
nukaropamu. dtor kiaacc Onim BeemeH A. Ildmworepom u He-
sasucuMo, ot Hero B. fI. JdesunniM. OH momyuyusn masBamue
Kiaacca menplx QyHKNui gnoane pezysaproeo pocra. Touroe
orpeJesieHNe 3TOre Kiacca moTpeboBano Gel JOBOJLHO MHOIO
MecTa, ¥ MHl OT Hero YKJOHHMCA. BMecto ompeneneHHa Mol
IIOmbITaEMCA JAaTh HEKOTOpoe IpeJCTaBiIeHNe O CylecTse
nedaa.’

3aMeTuy, 4TO AMA mpousBoabHOlt mexoit pyuxmmm F(z)
ee HHuKaTOp Hr(p) mO caMOMY CBOEMY CMBICIY He HpeTeH-
AyeT Ha XapaKTePUCTHKY ACHMITOTHYCCKOIO MNOBEJeHHH
¢yuruuu F(z), B ero ompenemenyi cTOMT BepXHUHA mpener,
O MHIUKATOD yKaspiBaeT TaKHM o0pa3oM JHIIG BEPXHIOI0
rpaEMNy pocta MoAyia ¢yuxmun F(z) mo KammoMy aydy.
Ecnu mpu xakoM-nubo ¢ B opMyne Id MHIMKATOpA MMeeT
MecTO TOUHBI, a4 He BepPXHUI mpejeN, TO MHEl yiKe MOKeM
HampcaTh AaCHUMUTOTHUeCKyw  QopMyany a8 DYHROUE
In |F(re®)| npm r— 4-co. CymecTBernO GOABLINE BO3MOK-
HOCTH HOABIMIOTCA, KOrja TOYHEIA mpegen B QopMyne s
HHAMKATOpa HMeeT MeCTO HA ILEIOM OTPe3re W K TOMYy sKe
pasHOMepHO To @. IIpesnme weM mpoTO/IKATH HALU pas3roBop
0 QYHKUMAX BIIOJAHE PeryJIApPHOr0 pOCTa, MBI AOKAXEM JBe
TeopeMsl, M3 KOTOPuIX GymeT BHAHO, 0 KAKMX BO3MOKHOCTAX
uger pevb. i

Teopema 3.6.,5. Hycrs F(z) — yeaaa @Pyrryua no-
padka p << oo u rounozo pocra h(r). Ecau na orpesxe
(a, B) paswoMepro no @ cyyecrsyer npedes

. In|F(re!®)}
Hy(9) = lim LD co<h
F (CP) r—30 h(r) a=e
T0
Hy (9) = A cos pp + B sin py, a<o<b.
R'PO-W T020, cyuyecTéyer u npedes
¢ sehlrGe]
ot 6] = Hr (9), % <o <B

npuuex 3decy crpemsenue K npedery PAGHOMEPHO NO @ Ha
Kaxdom orpeske, aexcauyenm’ Crpozo eKyrpu orpesxa (o, B).
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HokasatensctBo. M3 paBHOMepHOro CymecTBoBa-
HEA Opefena AAA HHEIMKATOPA BHITEKAeT, B YACTHOCTH, 4TO
dyRkinua F(z) He uMeeT Hyiedl B CEKTOpe

2] >Ry, a+e<<argz<<pP—e

opn aiobom & > 0 u mpu AocratouHo Goasmiom Ry = R;(e).
910 osmavaer, wro ¢ymrnua lu|F(rz)| rapMonuuma no z
B KOJIBLI[EBOM CEKTOpe

p<<z<<R, ate<<argz<<fP—e

npu ao6erx ¢purcuposarEEx € >0, p >0 1 R << o0, ecan
TONBKO yuesao r > 0 gocratouno seauko. ITockomabKky TOUHEIA
poc'r h(r) Mn ompegmonaraeM, Kak Bcerga, MMEIOUIMM BIHJ

h(r) =r°l(r), roe i{r) — AHATUTHYECKAA ME[IEHHO pacTy-
mas pyHKuuA, TO

h (ra) ~ aPh (r), r-o, p<a<R.

Orcroga MBIl BUIHM, UTO

. In| F(r3)}| “In|F(ra)f . h{rfz])
Hm = = lim ey - lim ==
=|z|PH (arg z), a<argz <B,

OpuueM CTpeMileHHe K Ipefely PaBHOMEDHO N0 Z B yKAasaH-
HOM BBIUIe KOJBI[€BOM Cextope ¢ Jio0biMp ¢ >0, p >0 n
R < o0, CaegoBarenbno, gynkuna |z|°He(argz) rapMornms-
Ha B yriae o << argz << B, KaK mpeaes DPaBHOMEPHO CXOMA-
L{efiCA TOCIeN0BATEeJIBHOCTH TrapMoHuMYeckuxX (HyHKuud. Bpi-
qucauB omeparop Jlannaca aua gyHKuun

U(re®) = r'li=(q),

MBI DONYIAM, 9TO
0 =AU =r-2(p*H(¢) + H" (9)).

Urak, mu noxasanm, aro H” () + p?H(9) = 0, otkyaa me-
MeIJIeHHO HodydaeM IepBoe YTBep;HIeHHE TeopeMHl. Bropoe
yTBepAIeHUe TeOopeMH cjegyeT i3 _Toro ¢akra, 4¥TO paBHO-
MEpHO CXOJANYICA HOCIeNOBATEIbHOCTh TAPMOHHTIOCKHEX
¢yarumii mMokEo mounenuo pupdepennmponars (ubo- gud-
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depeHIpoBaHEe rapMOHMYeCKOoll (PYHKOHH CBOAHTCA K HH-
TErpEpPOBaHUIO U0 rPaHEINE CKOJb YTOAHO MAJIOTO Kpyra ¢ mo-
-Momplo nETerpaa llyaccoma).

Bropas Teopema, KoTopylo MBI ceiiyac foKajkeM, CTABHE
CBOEH IeNbl0 OTBET Ha CleAyINail eCcTeCTBeHHO BO3HHKAIO-
muit Bompoc. IlycTs Mp1l MMeem gBa mpulerapoummux KOHIAMH
OTpe3Ka, BHYTPM KAaMKAOT0 H3 KOTODHIX DABHOMEPHO MO @
cyllecTBYeT TOYHHI Opemea B ¢opMyne AMA HHEAKATODPA.
YTo. ApOMCXOAUT Ha CTHIKe 3THX oTpe3koB? lna mowasaTens-
CTBA 3TOH TeopeMHl HAM MOHAAOGATCA IBe NPOCTHIE JEMMBL

Jemma 1. Ilyerv v(r) — monoTONHO 603pacrauyan
Pynryus, h(r) =r°l(r), p > 0. Ecau 0das awbozo & >0
CywecreyerT RoCAeA08ATEALHOCTY Iy —>00, J4R KOTOPOU In S
Sraas{(l4e)ru

T0

HokazartersncTBo. BoabmMem Karoe-nmbo € >0 n
COOTBETCTBYIOLIYIO €My HOCJe/0BATENbHOST: F,. M3 CBOHCTEB
IIOCIe10BATENLHOCTA I, W U3 OOpefieleHUA MeJTeHHO pacTy-
mei QyHKNOO cregyeT, uTo OPH JI0GOM p; > p HMeeM

(4™ h () > () > (1 + &)k (rats)
KoTZa
'n ST S Thyt, B> no.
Ho ¢ymkund® v(r) momorommo Boapactaer. Iloatomy mpm
Fa ST S Tnyi

—pl n) v(rn) v(r) (71+1) P1 (71+1)
(1+e £) h(r) < h(r) <m< h(r) <{+e h(r +1),

OTKyJa ciaelyeT .

s +0 "< lim A< T 5 H<a(l 40

«
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(r —v
Hockonbky e > 0 npomssonsEo, a hmh(,; u _lﬂﬁ:) He

3aBHCAT OT €, MbI OOJNYy9aeM YTBepH{IeHHEe JIeMMEL,

JTemma 2. Ilycrs n(r) — neybuisaroyas GynrEyus,
h(r) =r°l(r), p> 0. Ecau

. 1 nt) .
EL‘?‘,mSTd’-S’
0

TO

lim 20 8.

roveo R (T

t
I{oxaaarenbcrno OGosnaumy  ny (r) = Eﬂ)dt

0
Tax wax h(Ar) ~A°h(r), To H3 OPEAUOTOKEHUA JEMMEl ODPH
n1060M QUKCHPOBAHHOM k MBI JIErKO HOJTy4aeM

hmh( )[nl(i\,r)—nl "] =("—1)S,

hmh()[nl(r) (;)]:(1—-7»—’))5.

Ho n(r) — neyOuiBaoman ¢yrrnua. Iloatomy n(Ar)lni =
2 ni(Ar)—ny(r) 2 n(r)ln A, otryna

r
ny (r)—nl (I)

ny (Ar) — ng ()

. I )< X . A1
1n-x
CrnegoBarennHo, 3
{—3" . n{r) n(r) AP —1
.ln_i S<;l—_]_£»m<}_f£h(r)<—m-s’ ?.y>i
A

Hocxonbny A MOKHO B3ATH CKOJb YrofHO GJH3KHM K edH-
n(r) n{r)

HA hm g lim 2
B3 10 Bl 10

yrsepaﬂ,qenne JIeMMBI,

He 3aBHCAT OT A, MBI DOJNyTaeM
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Teopema 3.6.6. Hycrv F(z) — yeaan @Pyuxyus no-
padxa p << 0o u Touko20 pocra h(r). O6oanavum uepes I
u Ie orpesxu

IT = (9, + &, 9 + M),
I =(p;— 1M, 9, —&), o<e<n, (14)’

wepes So— cexrop
Sy ={z: |z] <r, largz— g, [< 0}, (15)

a 4epea Ng(r) — wucao nysel Pynsyuu F(z) ¢ cerrope
S8 Ecau npu wexoropom n>0 u npu cxoav yeodno ma-
aox & > 0 na orpeskax I u Ie paenomepro no ¢ cyuecr-
ayer npedea

In {-F (rei®) (

HF ((P) = lim G s

r—>00
T0 npu awobox 0 < 8 << n cnpagedausa gopmyaa

o) & (Hr (9 + 0) — Hi (3 — ).

r—oo

HoxasarteascTBo. Ila pasHOMepHoCcTH CyimecTBOBa-

mUA Opegeda B GopMyide [IA MHJEKaTOpa Ha oTpesKax g
u /g BpITEKaer, 9TO B yriax

—n<arg z—Qp<<—e, e<<argz—@o<<i

NeRHT AL KoOHewHoe vicao myaeit gymkumn F(z). Iloarto-
My npu awobod e<<0<n n npum aodom >0 nmeem

ng (r) = n (r) + O (1), oo (16)

e o
Cunrtafd, 4To Ha IpaHule CeKropa S, HeT Hylell QyHKIUH
F(z), M mMoxeMm Hanmcath QopMysny

L)

1 F (z)
ne(r)-_—_m S‘ mdz, N
e

o8;
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KoTOpoH BBHAY ACHCTBHTENALHOCTH Ylicda N.(r) MOMKHO npn-
A8Th BHRX

S F’ ()
(2 (r) =2—n- S Im {‘F'(z—)- dZ}. (17)
osy
O6oamaTmym
U(r, o) =In| F(re'@+9)],
Ham menarenrHO Bulpasuth n.(r) uepes dyskmuo U(r, @),
TAK KAK 3HAHWMe HHJAMKAaTOpa /aeT HAM AaCHMITOTHYECKHE

dopmyast Tonsko ana Hee. VI3 ypaBHenm# Kowrm — Pumana
HeTPYAHO BHIBECTH (OpMyIy

P (ret(@rte))

(@ot0) __ 17’ i s
F (aloTey ¢ T =Ur(r,9) — = Ug (1, 9).

B cmiy aToit dopMyabl Ba nydax argz == @o-t €t uMeeM
dt

Im [F( )) dz} == U:v (t, x ) T 2= 1ei0od®),
a Ha OKpYMKHoCTH [2] =T

IIn {Il (z) dz} = rU (r ‘P) dCP, 2z = rel(Qet®),

]
IoaTomy (bt-)pmy.na (17) mpummmaer Bug

ne(r) = Ae(r) + We(r),

rie
Ag(r)=2LS (te) —Ug(t, — )} &,
]

8
- r) = 5
"= 3 S (r, @) do.
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3 reopemn 3.6.5 caexmyer, aTo

M (r) ~ 50 He (90 + 0) — Hr (9 —9)l.  (18)

Onerra OyEKUMH 4, (r) cymmecTBeHHo cioskHee. Mmerno nas
Hee HY;KHBI ZOKA3aHHBIE BBIIIE JeMMBI.
Paccmorpum dyurmmo -

di
14

ne () = ne(t)
0

* *
M aHATOTHYHO mocTpoeHHsle PyHRAR Ae (1) @ pe (r). Cunran
naa upoctoth, uro F(0) =.1, Mpl monyuaem man ¢pyHKRUNA

He () dopmysy .

W =g | U0 0. -

e —e

Iinr ymrumEn Ae () uma Gopmyas (18) mserko moayuaew,
YTO

7~e( 2np + &) — Hr (9, — )} (18*)
O6os3HaulM
Tig P M In 111 (r)
o = lim —5—

. ) .
C oamoii CTOPOHBI, MBI #MeeM OAIA QYHKUME e (r) odeBUR-
HYIO OLEHKY

fe (1)
Tim =— < 2e0. 19
AmEE S 49
C npyroft CTOpOHBI, COTJIACHO CHAEGACTBHIO M3 TeopeMsl 3.5.8
A Kakjgoro k>1 ‘cymecrByer HOCIeOBATeALHOCT
I'n—> —+00, YAOBIETBOPAIOIMAA YCHAOBAAM Iyl <Kkra-i,
¥ TaKaf, yto

o dnm (r C k41
lim el > —o 12

17 M. A Esrpados

-
-
D
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OTOIOJIa BRITEKaeT HepaBeHCTBO

. He () k41 a
g Z(rn) >-—2€ok—i—T. (20)

W3 mepasencts (19) u (20) Buecte ¢ dopmymoir (18*) Mm
HOJIy4aeM, 4TO

T o < U (00 4 € — H (5, — 0] 4 200 (20
B
lim > \
> ga (7 (@0 9) = Ui (= ©)) = 2002 (22)

Us ti)opwynm (16) mngno, 9TO npn rrxooou d)mcnponalmou
0<<O<n
.li_m ng (r _ rm n: (r) ng (r")

o B0 T BT ) S SO

310 3HAYUT, YTC HEPABEHCTBA ("l) n (22) ocrawrTen B cuae,

€CIM 3aMeHHMTb B HHX (YHKIIHIO ne (r) Pyuruei ng(r). Ho
BeIMIMHEI

’

—_— ne() . n; (rn)
AR R

yiKe He 3aBHCAT oT €. [lo3Tomy, monaras e —- 0, Ml moxyda-
eM, 9T0

tim 5808 LT, 50+ 0) = Hr (50— O @9

[pu BHIGOpPe DOCTEAOBATEIBHOCTH 7', MBEl MOIIH B3ATE k=
= 1+ §, rge ancao § > 0 croas yrogro mMano. [Toaromy, mpm-
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-
MeHAR AeMMy 1, HaxoguM

. ng () 1 , ,
lim s = oo (H (@0 + 0) — Hi (90— O)-

IIpuMeHUB Temepn JeMMmy 2, Mbl DOTYYHEM YTBEeDKIGHHE TeO-
peMul, i}

Ecan Becs oTpesor (0, 2n) MomEO pa3buTs Ha KOHEYHO®
IUCI0 HHTEPBAJNOB, BHYTPH KasKAOr0 M3 KOTOPHIX CYIIecT-
ByeT paBHOMEDPHO W0 z TOYHHEIA fipefen B (opMyne JI8 HH-
amKatopa mexoit yuruum F(z), To gaa taxoir uenoi PyHk-
unu Teopema 3.6.6 maer xopowee acHMOTOTHYECKOe ONMUCA-
e pacimpejeleHRsa ee HyJdel. [eiicTauTenbHO, B3 TEOPEMBI
3.6.6 caeayer, uro B atoM caywae myam Qyuxmuu F(z) pac-
nonoKeHsl BOMM3NM Tex mydeil, KOTOPble OTBEYAIOT TOTKAM
paapbiBa mpoussofHOW uHAUKaropa. Boaee Toro, gnn wmcia
3TUX HyJeA MOKHO HamHcaTh ACHMUTOTHYecKHE (OPMYJIB.
Mm opupagum ceifzac aToMy yTBep:kueHulo Gomee yROGHBINM
BUA,

OGosrauuM uepes nr(r; o, B) wucao Hyreir ¢GyHROUH
F(z) B cexrope

lz] <1, a<argz<<p.

Toraa ms reopemu 3.6.6 caenyer, aro nmpegen

’ ne (r;a, B) :
llm—ﬁz-(—r)-——=x(a, B)

—~>0

‘cyuiecTByeT, ecid HA o, HY B He cOBIajaloT C TOYKAMH pas-
pbeiBa mpomssofHO mEEMKaTtopa He(@), KoTOpEIE MH 0603-
BaguM dgepes @, JlomycTmM, IIA ompefeleHHOCTH, 4TO HH
OfAHA M3 TOYeK ¢, He DABHA HYJIO, ¥ PAcCMOTPMM (DPYHKIIHIO

Ae(8) = 2% (0, 6).

9ra QyHKOEA KycouHo-moctogHHA. OHa uMeer CKauKK
B TOYKaX (=@, & BEeIMYHHA 3THEX CKAYKOB pAaBHA
He(pr+0)— He(pn — 0). Uloatomy, wmcmoandys pgeanra-
17*
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dyrrnmo Qupaka §(z), MH MokeM HallucaTh
W (@) = 3 (Hp(on +0) = Hy (04— 0)) 8(9— ).

Ho n3 Teopemn 3.6.5 HeTpyano BeBeCTH, 94TO H
Hy (9) + p*H p (9) =

m

=2 (He(@a+ 0) = Hr (9 — 0)} 8 (o = 9y),

Hy (@) + 0°H () = My (9).

B nokasatembcreax teopeM 3.6.4 m 3.6.4* Mml cTpounm mpej-
crarerue ¢yaxmuu H(p) us kiaacca I, ¢ moMoubio QyHK-
ruu v (0), ceasanHoit ¢ ¢ynuuueidr H(p) mmeHHo TakuUM of-
pasoM (MBI oBosnazanm Tam v’ (0) gepes u(8)). Taxum of-
pasoM, Mbl BBIACHWIH, 9TO AJAA ONACAHHOIO HAMM Bpllie
kiaaccea wennlx QyHrumi F(z) gX HAINKATOP CBA3aH ¢ PyHAK-
nueit Ar(0), omuceHBawlell pacopefeneHne Hyleldl QyHKrum
F(z) oo yrnam, dopMyaoi
2

He(@ = | Qo9 —8)drp(8) .

0
ana Hemexoro p u QopMymoi
) 2n

Hy (@) = Acos pp + Bsinpg + [ Q5 (9 — 0) dhy (6)
. 0 -

AR uexord p. 3mecs, ®aK A B reopeMax 3.6.4 m 3.6.4*, axpa
*

Q. (9) u Qo(9) mpeacrasasior coboit mepnoAmIecKne PyHK-

IHUE C NIepHOAOM 27, ONpefeleHHble HA OTpe3Ke (—, 7)

PaBeHCTBAMO ¢

Qo (q) = 2BE=lol) —a<osn
. o
O (q) =T —lelisine—lgh —r<o<n.

2np L
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It QopMydabl cOopaBegnMBH B A 6olee IMAPOKOro
K1acca, 0 KOTOPOM yHNOMHHAIOCH Bbllle,— JMA KIacca QyHK-
OHi BOOMTHE peryiaspHoro pocra. Maes, xoropas meraa B oc-
HOBY "OIpeJeleHNA 9TOr0 KJIacca, COCTOMT B TOM, 9TO HYJIH
nexoit PyHKIMY B JeHCTBUTEABHOCTH He M3MEHAIT OPaBUJIb-
MOCTA MM HENPaBUJBHOCTH ee HOBeHeHHA Ha (eCKOHEeYHO-
ct. HyKHO nHINb HCKIIYHTL N3 PacCMOTPEHHH HEKOTOpPHe
MAJIBIE OKpecTHOCTH Hynel, ¥ GpaTe mpefea B gopMmyre anus
HHANKATOPA 110 OCTaBIIeMycs MHOecTBy. Ilogpo6Hoe mamo-
JHReHIle TEOPHH Lenslx (PYHKOUI BOOIHe PEryJIaApHOLO POCTa
MoxEO Haiitu B xmumre B. f. Jleswna «Pacopegeneuure xop-
ueit meavix gywinuiiy, Mocksa, ['TTH, 1956 r.

SAJAUYN H IIOI'IO.TIHE.HHH K § 36

1°. Mycte F(z) — dyurnuda, peryaspraa B mojynnocroctn Re z>
> 0 # yIoBIeTBOPAIIIAA YCIQOBAIO

In| Fix+iy| = 0(™), x>0,
Tlorazars, 9ro dyvALINA

hp(y) = Tim e~ P In|F (z + iy)|

x —»-j-00

TPUTOROMETPRUECKH “P-BRUTYKIR (HO He 00A3aTelbHO OCPHOXAYHA).
2°, Ilycts ynknua F(z) peryaapaa B moioce |Rez| <C a & ynos-
NeTBOPART YCIAOBUIO -

[F(x+iy| =0y, =1 oo,
Mona3aTs, 970 QyURHSA

— In|F{z+ i}
hy(z) = im —————
r (@ y->-+oo Injyl
BEIIYKJA KHH3Y.
. 3. Joxrasars, dto Teopema 3.6.6, ocraercm B cmme, ecin F(z) —
He nenasd QYHKOEA, a TONBKO pery.ispHA B yriae largz— ¢ << n m
YAOBIOTBOPAET YCIOBHIO
) In[F (z)] = 0(h(lz])).
4. Mloxasats, aro ¢yEKnua H(g) mpmEagiemmt kiraccy T, Tor-
Ia ¥ TOJABKO TOI7la, KOTZa OEA fABAsAeTcd OUOpHOH Qyurnmedl Kawoi-rmm-
60 BRIDYKJIO# orpaHHYeRHOl 001aCTA Ha MIOCKOCTH.
6°. Ilycts F(z) — amanutuveckag QYEKOUA, peryiapsag B fOxy-
-mosoce Rez >0, |Imz{ <<, # nycts mpy moGou a > 0 pasnoMep-
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BOmO y, & < |y < 1, CYIecTBYeT Hpefen
in| Fiz+iy |

ho(y) = lim
F J) x— {00 em
‘(kpoMe Toro, In|F(z + iy)| = O{e®*), z — + o). Obo3maanM Tepe3

ng(z) 49mcio Hyneit F(z) B npavoyronnLaare 0<< Rez < z, |Im z]<n.
IIorasats, 4TO

e (%)

N 1 ’ { ’
lim == =.2?é(hp(+ 0) — hp(—0)).

x—00 €

§ 3.7. Marepnoaauns mesusix Gpysxmumi

Ceitaac MbI KOp(‘)TKO pacckajkeM elrje 00 OJHOM HaIIpaB-
NAeHUH Teopum mensix OyHxusi, OGypHO pa3BUBABLIETOCH
25—-50 mer masag. JTo HappaBsienHe XOBOJLHO TECHO CBA-
3aH0 €O MHOTMMH [PYrMMU O0JacTAMM aHAMM3A W TeOpHI
$ysroui (pagsr [lupuxise, HOMHOTA ¥ 3aMKHYTOCTH CHCTEM

¢ysrngit 1 1p.).

OcHoBras mocramopka 3ajgavd (MHOTOKpaTHO oGoGmas-
masca pasdMuYHBIMU cIoco0aMM) COCTOMT B Cclegylomem,

Mana wocnegosaTenbHOCTH Todek {A.}, rme A,—oo.Tpe-
fyeTcs HaliTH YCAOBHMA Ha Kjaacc (PYHRuui (meJBIX HIM XO-
A Obl PETYAAPHBIX B HeKoTopoill o6xacTy, cofieps;alileil Bce
TOYKH A,), 4TOOBl 3TOT Kiyacc copepan He Oonee OmHOH
. yurnun F(z) c sapaunmiMy 3padenuAMu F(A,). Teopemut
TAKOTO POJia HA3bIBAIOTCH TeopeMamu eJUHCTEENHOCTU.

Horja TeopeMsl eJHHCTBeHHOCTH y’Ke MOJyYeHBl, BO3HH-
xaloT # Gojee chnoxHple 3agasd. Hampumep, BOCCTAHOBHTGL
dyrrnmio F(2) ua knacca eXMHCTBEHHOCTH HO ee 3HAUEHMAM
F(\.), nnm HafiTH ycaosusa Ha wucaa A,, utobn cymectso-
Bana -pynxkmua F(z) u3 Kracca eMHCTBEHHOCTH, AJTA KOTO-
poit F(A.) = A,.

Mn Gyzem rosopute o6 ofHoM Ha HaumGojgee HPOCTLIX
ciygsaes, Korjga mocieioBaTenbuocTs {A.} yAoBIETBOpsET
YCIGBHAM

.

0<<Rei, <<Rer, < ...; lim-+ =g, (1)

rie 0'<<o<<oo. C pocrenoBaTedbHOCTBI0 {An} 0OBITHO
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BCOT/1a CBA3LIBAIOT PYHKIMIO

(D’(z) ~1I (1 - ;\7)

n=

Ycaosng '(1)', KaK HeTpyaHo ybGegurncs, oﬁecneqnsaror cXo0-
AMMOCTh (eCKOHEeYHOr0 LpOH3BeIeHUA.

BoT opgHa 113 OCHOBHBIX TeopeM efIHCTBEHHOCTH.

Teopema 3.7.4. Hycre dynwyua F(z) pezyaapna 6
npagol nOAYNAOCKOCTU, Henpepulena 6naotb 90 MHUMOU
ocu u yOdoeaereopaer ycaosuam

|F (i) | << M exp {(no — ¢) |y ]}, —w<y<ew, €0, (2)
" .
[ F(z)| << Mexp(4]|z]), Rez>0. (3)
Ecau F(A) =0 npu n=1, 2, ..., a nocaedosareabhocrs
{An} ydosaersopser ycaoeuam ( ), To F(z) ==0.
NorkaszartexbcTso. Cravana onemnmdynrmuio @ (z).
HUcmonsaya teopeMy 3.3.8, MoHO mOiAyuuts GopMyIy
lim l.“"pr"’w)l

r—oo ¥

=nolsin(p], o<ipi<m  (4)

B cuay HempephlBHOCTH ITHANKATOpA COXPAHAETCH DPaBEHCT-
BO M Bcex OCTANBHRIX @, HO Y:Ke IOCJIe 3aMEeHHl TOWHOIO
npejesa BepXHHM. :

Qopmyny (4) uacto GsiBaeT ynoOHee HCHOIB30BATH 3a-
MCAHHON B BHJ®

. lnld)(z-l-iy)]fvnq]y], y -+ oo, l%l>n>o. ()

PaccMoTpuM Temepb (QyHKIIUIO

S
Fi(a) = g

Onra perynapaa B npaBofi monymiockoctn, ubo F(A,) =0,
‘M AelpepHBHA BIVNIOTH X0 MHEMo# ocu. Ma dopmyn (2) u
(5) smpHO, 4TO

|Fi(iy) | < Meexp(—eily])
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mpu aoGom &; < &. OneHum poct ¢ysrnme Fi(z) B opasok
nonymirockoeTu. G arTolf Neablo BuifepeM HOCAe0BATeNb-
HOCTS {ra}, AAA KoTOpoH

Tn=> 00, Fpu) < Tn << 2rn_y, n=1, 2, ..,
:
min |® (z)| > M exp (— 4or,), M >0
jri=ry,

CymecTBoBaHHe Takol HOCTEOBATEAbHOCTH {r»} BHLITEKAeT
u3 cnefcTBuA 2 TeopeMs! 3.5.6. Torpa Mel mDomyvaeM oLEHKY

[F1(z) | < Miexp{(4 + 4oc)r.}

Ha [OTYOoRpyHOCTAX |z| =r,, Rez = 0. Ecan npuvennrs
K ¢yEkmue F((2) DpuHIMO MaKCMMyMa Moayia B OONy-
KoJAbIe .

o < |zl <r., Rez>0,

TO MBI JIETKO OOJIyYUM H3 HANIMCAHHOH OlleHKHn Hepaﬂencmo
IFi(z)| < M exp{2(4 + 40) |2]},

cnpaBelJIuBOe Y:e BO Bceit mpasoit moaymmockoern. Uz mo-
JydenBnx HepaseHctB aaa |F\(iy)| u |F\(z)| suamo, uto
dyrknua F,(z) ynoBueTBopAer ycmosuaMm TeopeMsl 3.5.2
(c yueroM 3ameuanEma K mHeit). CorsacHo 3TOit TeopeMe
Fi(z) == 0. Ilostomy = F(z) = 0.

Ecau npegnonomuts, 9ro F(z) — pnenaa pyHKIus, ¥ mo-
TpeGosaTs, 9To0H OHA ofpamasack B HYIb BO BCeX HYJIAX
Pyrenun O (z), To MOKHO nOAyYUTH CcymecTBeHEO {odee
TOVHBIE ONEHKHM BO3MOMHOro pocra pyHrmue F(z} (orams-
HOH OT TOMKZECTBeHHOro Hyid). Mpl OpuseieM ceiinac ogun
TaKOH pe3yibTarT.

MocnemoBaTensBocTs {An} MBI mo-mpekHeMy OypmeM cum-
TaTh yAoBAeTBOpAKINEil ycacsuio (1), Ho oboszgauuM pomod-
HUTeJAbHO ' '

)\,9=0' k_p :—-;\,n’ Tt==i!2; veny



§ 3.7. RHTEPIIONIANINA UEJLIX OVHRKIIHZ -~ 265

E BMeCTO QYHKIHR ®(z) GyneM paccCMaTpHBATH (YHKIHIO
D, (z) = z®(z2). CBer STOr0 Mbl BBeJeM BeJIMIMHEI

on= 5 BRe(hy +Anp), M=o ElE2 ..

n GyaeM mpexmoiaraTth, 9To npu Bcex n==0, 1, £2, ...
# npil BceX JeHCTBHTeNBbHBIX J BHIOONHAIOCH HEPABEHCTBO

| @, (2 + ty) | = M| 20 |* exp (na | y|) (6)

¢ onpefeneHHON TOCTOAHHOA o ¥ € KaKoH-1HOO0 mOJIOKHUTE b=
HO# mocronrHo# M. , -

Cnenyer aamerurh, wro yciosue (B) BechMa OrpaHHvH-
TeIbHO, M YTO OPOBEPUTH €ro BHIDOJHEHHe OO AAHHOK mO-
cregosatensrocT {A.} nmamexo He mpocro. MokHO moKa-
aaTh, 4TO YCJIOBHE (6) BBIONHAETCA JJsA MOCHEHOBATEHAb-
Hocte {A.}, EMelomeii Bug

Rn=u¥—g, n=0, k1, 2, .0
MoaHO Jajke OOKA3aThb, YTO H3MeHmeHWe TOYeK A, aToil
OOCIe[OBATEIbHOCTE HA BEJMYHHH, He NPEBOCXONALLIe
(2|n| 4 1)~!, me Bapymar ycmosua (6). Opamaxo,c npyroit
CTOPOHBI, BHUAHO, 4TO J0GaBieHHe K HOCIEROBATENLHOCTH
{A.} ToNBKO OmHOM maphl TOUEK CPa3y IPHBONHT K 3aMEH®
B ycaosun (6) moctoaHHoil o Ha a + 2.

TeopeMa, KOTopyI0 Mbl cefidac JOKaseM, 4aeT HO TOJIBKO
yeiopua eauncteenHoctH. Oma jaer m gopmyny, BoccraHa-
prupawyo Qyeknuio F(z) no ee aHaveHuaM F(A.), n =
=0, =1, £2, ... ~

Teopema 3.7.2. Ilycrv yeaasn Pynryus F(2)ydosae-
T80pAET HEPABEHCTAY

|F(z+iy) | < M[z]**'6(]z]) exp ((no —€) [y]), (7)
2f0e & — KakaAa-aubo noaoxureivbras nocroamnas, a 0(t) —

Kakan-aubo Pyrryus, crpemawyancs K Hyso npu t— - oo,
Ecau nocaedosareavroctd  {ha} yaoeaereopner ycaoeuss
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[ 2
(1) u (6), 7o npu ecex z umeer mecro pasewncreo

Al

Foy= 3 i) | 90
Nn=—00 (’Di (An) z— }‘n

{HamucauwmEbIf pAga HA3BIBAETCH UKTEPROLAYUOHKbLY PAOOM

Jaepanxa.)

" Mokaszarteasctso, PaccMoTpuM mHTerpan

N1 . F(Gy 4t
Inmp (3) =55 5 D, [—2

Ly,m,R
rae L, m s — rpanina npaMOyrolbHHKA
i m<Rel<az, |[Im{|<R.

M=z mokaseM cradana, 9To 3TOT HHTETPA]d CTPEMHTCH K HY-
AKX, Korga z — Opoli3BoibHOe (QHKCIPOBAHHOE UHCIO, &
n—+-+4o0, m-—+4o00, R>n-+m,
2
C 3Toif meaplo 3aMeTHM, YTO OpHM G, JeKameM HA TOPHU30H-
TAALHBIX CTOPOHAX NpaAMoyronbuuka, ua dopmyn (5) a (7)
HeTPYAHO BBHIBECTH OLEHKY

F (b 1 '
== —— I M'e-&R

(Dl © L—z|™s !

rae )] << € — HPOM3BOJNIBHOE HOMOKUTEeNbHOE JHCAO, a ILo-
crostinan M’ zasmenr or &) ¥ ot z. Hpu §, nemameM Ha
BEPTHEANBHBIX CTOPOHAX NPAMOYTLONBHMKA, Mbl IHOJyYaeM
a3 Hepaserers (6) i (7) omemEky

. < Mremtimit . (8 (|27 n]) + 6 (|22 ])).
1 (o}

S
—z

3nech onaTh &; < & — NPOM3BOJBHOE HOJOKHMTEIbHOE HIIC-
jo, a moctoanuas M” asaBucET or e; 1 z. Ma arux omeHok
HeMe/eHO BbITEKAET, UTO-

Iﬂ,m,R‘ (Z) - 0

npu JwdoM (PHKCHPOBAHHOM 2z M HDHE n —> -+ 00, m— -+ o0,
R + o0,



§ 3.7. UHTEPIIONAUNA HEJBIX OYVHRIIUR 267

C apyroit’ cTOpoHbBl, BHIYHCAARA HHTErPAT I,mp ¢ MOMO-
b0 BHIIETOB, HAXOAHUM IpI 10CTaTOYHO OombmioMm R
n
_ ey () 1 F (z)

In,m,H (Z) - ’ ’
e Emp @ () 2T D

CienoBaTenbHO, mepexoqa K Opeledy OpH /21— 00, m—» 00,
R > m -+ n, noxrysaem

r (}"k) 1

ki m‘
Fa) =) X TRl

R==—o0

Teopema noxkasaHa.

O6pamaer na ce6g BHUMasHe TOT (paKT, 9TO jJIA BOCCTA-
HoBienus F(z) B reopeme 3.7.2 MCHON530BAHO 0¥eHb MHOIO
J'[H/I.I.IHHX (¢ Touxm 3penuA Teopemsl 3.7.1) manHBIX, Heobxo-
TUMBIX, OHAKO, AJIA CXOJHMOCTH HHTEPUOIANUOHHOIO pAAa
Jlarpansxa. Bonee Toro, B ycimoBuAx cxoguMmocTH papma Jlar-
paH:a Helnb3d BHIOPOCHTH Jame ONHY TOYKY, TaK KaX yaa-.
TeHWe ONIOHM TOYKM yMeHbINaeT o Ha eIMHHIY B HepaBeH-
ctpax (6).

B ciaywae, korga cXommMOCTh Ppajga Jlarpamka Heib3n
ofecleanTs, 3amada BoccramoBienua F(z) mo F(A,) crano-
BHTCA 3HAUNTEJBHO clokHee. MBI pemmM dry 3ajaily H
3aaly o Xxapakrepueruke F(A,) B ycnoBHAX, JOBOJBHO
OGnuskux K yeiaouaM Tteopembl 3.7.1. PeaynbraTni, Koropble
'MBl MCOOJb3yeM HJA 3TOH 1enM, BCKPHBAIOT HHTEPECHYIO
CBA3b MEKAY POCTOM aBalXMTHYIecKo#l (yHKIMH, perylapHOR
B TONYIUIOCKOCTH, H CBOMCTBaMH HekoToporo psaga dupuxie,
CBA3aHHOIO ¢ 3T0H PyHKIIHMeit,

HagneM ¢ HoKa3saTenbCTBA ABYX TeOpeM.

Teopema 3.7.3. Illyers F(z) — anasuruueckas ¢ynn-
yus, pesyaspras 8 noaynaockocru Rez > 0, nenpepvistas
énaoTv 00 ee 2panuysl U Y0084eT8OPAIOWAR HEDPABEHCTEAM
(2) u (3), a hy— nocaedosareavrocrs, ydosaersoparouyas
yeaoguam (1). Tozda, ecau pad Jupuzae

P@—EW Lokt G

n={

L 4 .
abeoatoTho cxodurca ¢ Hekoropol moaynaockocru Rez << a,
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TO €20 cyMma Moxer 6uiTh anaauTuvecku npodoaxena ¢ no-
aocy |Imz| << e, npunem e a1060iL sHyTpenHeld noaoce ona
02PaHUYEHU. )

Hoxrasareascrso. Paccsorpum dyrruino

‘ ico
—_t [ F@®
P ==z ) G it ©)
1100 .
Tax wax coraacho (2) u (5) mpn mwpdom e, 0 <<ey <e,
HMeeM

'(II‘)((‘I.'/)) l < Me—el —co<y<on,

TO WHTerpall paBHOMEPHO cXojuTcA B d00offi moxoce
Imz| < e, e <e.

I'Iona,ﬂem qTO0 MPH OTPHUATENbHBIX Z, AOCTATOYHO GONL-
X M0 a6comorr{ou BeJMYHHE, CYIECTBYeT Takas HBocle-
IOBATEILHOCTD I'y —> 00, IUIfl KOTOPOH.

14 T E> 0.
l®(§ e l<Me Itl=rn Ret>0. (10)

Bue ymia Jarg| <m, 0<n< %, BHIIOIHEHHA 3TOro
paBeHCTBa MO;KHO HoOHMThCA HpH Beex |G|, Tak Kak HMujpu-
ratop-H (¢) dynrnuu

P =ggret,  H@ =Tm [ Fyeo),

: . - 11
B cuy (2) m™(5) oTpHNaTeNeE mpHE Q=< 3, & UpA @ = k1)
BrO TOMKe MOKHO CleJaTh OTPUIATeIbHBIM 3a cder BhIGopa z
[loaToMy u3 cBoiiCTBA TPHUrOHOMETPHYECKOH BRINYKIOCTH CJe-
AyeT, 9TO NpPH OTPHUATENbHBIX 2, NOCTATOYHO GOABMIMX WO
aGconoTHO Besmuune, nagukatop H(p) Gymer orpHuarenen
k14

B yriax 1 < larg§| < R

" Buyrpr yraa coofpaieBMs ¢ MHIMKATOPOM NPHMEHHTH
Helb3d, Tak Kak y ¢ymxnum Fi(f) uMewrca momoch, HO
CymecTBOBaHME HYKHOE HOCIEI0BATENLHOCTH I, CIEAYST U3

TeopeMBl 3.5.6 B M5 BO3MOMKHOCTH B3ATH Z OTPHIATESbHBIM
H CKO3b yroguo GonbmuM no abcomoTHOR BelMYuHE,
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Obosnasas vwepes C, rpamuny moaykpyra |§|-=rn,
Re{ > 0, Mul MoiKeM HamuCaTh

P(z)="ﬂ75 T = ,LE 2m (D(O et dz,

Cn

Tak Kak coriacHg  (10) mATerpan mo mOXYOKPYKHOCTR Opm
1N —-00 CTPeMHUTCA K Hynio. Borauciasa mociaeZHuit mHTETpan
¢ HOMOIIbIO BhI9ETOB, HAXOMHM

D (z) = lim 2 T (}‘k) e,

RIS A<

F*)

Ho cormacmo ycaosmwo pag (D’ 0 e™ cxogmres upm

Re z << a. CiegoBaTenbHO, BTOT pnn H Hall WHTEerpaj npen-
CTABIAIT ONHY U TY ;Ke aHanuTHiecKyio pyExnuo. NobiMp
CIOBAMH, CYMMa PANA aHANHTHYECKH IPOJOIKAETCA B IOJO-
cy |Imz| << e npu nmomomm umrerpana. TeopeMa noxazaHa.

Bropoit pesynbTaT, KOTOpHIf MBI JOKA;KeM, ABJIAGTCH B
HEKOTOpOM cMEicie o6paTHEIM K TeopeMe 3.7.3.

Teopema 3.7.4. Hycrv nocaedosareavrocts A ydos-
aergopser ycaosuar (1), a pad Jupuzae

P(z) = ngi ‘zneﬂvn

abeoaroTHo czodurca & noaynaockoctu Rez'<< a, ezo cymma
anaaurusecku npodoaxaerca ¢ nosocy |Imz| <e u ocpu-
ruyena 8 arol noaoce, Toeda gyrnryus

F@=0@6G@, G@=_{ P@exds,

—0

pezyasapra @ noaynaockoctu Rez > 0 u ydosasersopaer He-
pagencream .

[F(n+ iy)| < Mea—enin, | F (z) | << Medid,
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ey <<e,m>0 Rez2n

Ipu arom F(A,) = a, @' (A,).

JHoxasartenscTso. B momoce |Imz] < & mm1 mmeen
ans cyMMbl pima Jupnxae mepasemctso |P(z)| < M), mo
cornacHo yciaosmaM (1) mpm mocrarouso GoasmioM b Gymer
BRIONHATLCA elle U HePaBeHCTBO

[P (2)] < Me~, {Imz|<e, Rez< —b.

sle

TlosToMy uHTerpan
oot1i1y
o= [ Pwena, 1<

—m+iTl

pasronmepro cxopntca npu 0 <<ai<Rez<ax <o ® mO
treopeme Howu me sasucut ot 1. Ha moboit npamoit Rez =
=1, o << i < g, MBI 0e3 Tpy/Na moJdydYaeM IS HEro oleH-
Ry, BoIOupaA t== ==& (B 3aBUCHMOCTHM OT 3HAKa Jj):

|G+ iy)| < Mee®¥, —w<y<w (11)

Haitnem amanntnueckoe mpogomxenue G(z) Ha mony-
miockocTs Rez > 0. lasa atoit nenu pamuniem

a

Gl = [ P@e=dat | P(@)e>de=6,(2) + G, (a).

—0

Oyuknun e*Gq(z) peryaspHa u orpapndena npd Rez >
=1>0, a IIA HaXOMIEHHA AHATUTHIECKOIO MPOJOILHe-
HiA d)ymuum .G (2z)  mopcraBuM B uETerpan BMecto P(r)
ee pasioikeHMe B pan Jlupuxne H OpPOMHTErpHpyeM NOWIeH-
HO, YT® BOOJHe 3akoHHO npu Rez > 0. Ito gacr Ham

a(kn 2)
Z)—z a,,——__————-—-e"“y an, e
' n=1

n=1

k

n

3amernyM, uro ¢$yuruua e*G,(z) orpaHEmYeHa BHe KDPYTOB
o

[z —As| <6, § >0, Tar rax pimzianek"a Ho ycaoBmio af-
n= : .

COJIOTHO CXOAUTCH,
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Taxum o6pa3oM, Mul BHauM, ¥To Qynknoua e*G(z) pery-
aapRa B HoaymaockoctH Rez =1 >0, aa ucknoveHAeM
HIPOCTHIX HOJNIOCOB HDPH Z-== A,, H OrpaHmdeHa B 9TOol MOJMY-
IUIOCKOCTH BHe KpyroB |z — A.| < 8. IlockoanKy (yHKIHEA
@ () uMeer B ToUKax z==A, HyAIHM M YAOBIETBOPAET Hepa-
BEHCTBY :

[ D (z) | << Mediln, A, > 70,

to dyurnua F(z) = O (3)G(2) perynapHa B MOJYIIOCKOCTU
Fez > 0 n yaoenersopaeT HepaBeHCTBY

| F (2) | << MeAn, Rez>1>0.

Kpome toro, ma $opmyn (11) u (5) cxeayer, 9t0 mpm nm0-
OoM &;'< & BBLINOJINAETCA HePaBEHCTBO

[F (n + [y)[ < Melmo—edlyl, —n<y<w,

Haxonern,
F () =@ (A,)Buu. G (2) = D (A,) B0a. Gy (z) = @' (A,) a,,,
=ip =kn

H TeopeMa NoKa3aHa.

Tlocaennne TeopeMbl IOSBOJIAKT HOJHOCTHIO DEIIATH BO-
opoc o BoccTaHOBIeHMM F(z) mo F(MA.) m o6 ycmoBuax Toro,
4roOpl yMcna A, ABIAIMCE 3HAYEHMAMH B TOYKAX A, PyHK-
nqun  F(z), ynposnersopsionieii mepaBencrBam (2) u (3).
TIpaega, or HociegoBATEIBHOCTH A, HAM mpugercs morpelo-
BaTh Koe-uTo cBepx ycuaoBmit (1). MeREo MBI Gyaem mpep-
oJIaraTh BEITOJHEHHBIM YCJIOBHE

n 4
LS N "

n—roo n

Mo:xro mokazaTh, 4To u3 Goxee NMPOCTOrC NPERNONOREOHUA
Ay —Agl=|n—m|h r>0 n=t2 . m=12.. (13)
caenyer BeinoiHeHse ycaoBua (12), u oputoMm ¢ y=.0.
Teopewma 3.7.5. ycry nocaedosareavnocrs A, yodosae-

reopsaer ycrosuax (1) u (12), a F(z) — ycaosuan (2) u
(3). To2da npu docrarouro Goavwom g Pynryus F(z) Mo~
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xer 6viTo npedcragaena 8 sude

£ (ry,) e Pn

F (2) -—(D(z){ SP(x)e—‘xdz-l— eqzz Ty =T

2de P(z) — anaauTuueckaa @Gynryus, npedcrasumas 8 do-
crarouno Gaaekoll noaynaockocru Rez < a padom Jupuzae

) A,
P (2) = 2 (D’((A ))

NorasareaverBo. Cormacao teopeme 3.7.3 panx du-
puxjde P(z) aHanuTHYECKHM HOpOJONIKAETCA B MOJOCY
|[Imz| << e B orpaEWdYeR B 3TOiHl WmOJOce (CXOMUMOCTH pAAA
nerro crepyer a3 (3) m (12)). ARanuTHYECKOE NPOJONKEHEQ
P(z) ocymecrBiaserca npy HoMoin GopMyIsl

- io00
_ 1 FQO
Pl)=—gg 5 T ¢ s

—300

Pacemorpum ¢pynxifiio

© o joo
- - 1 F -
T (z) = jP(x)e wdr= Sﬂ; 5 0 ex(t—2) dr di.
—q —q i
Npu Rez > 0 nopagok HHETCrPIDOBAHIA MOMHO H3MEHNTh,
M MBI DOIy9aeM

foo

=1 9] _p df
I(z)._z—n; 'Y o()e ot )C-z'

Har u B Teopeme 3.7.3, Mm Mokem BufpaTh Takoe ¢ u Ta-
KYIO IOCIef®BATENBHOCTE I, —> 00, 4TO -

Fo - —e,
T e 9Cl<Me gL, [Pty Rel>0,

Ob6osravan wepes C, rparuny noaykpyra [{| < r,, Re{>0,
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oojlry1aeM

R ey
Ie)= l‘fl m‘Sw(Q"“ =

Fy) e~ =) _ 2
T ("A) 2=y

N3 ycaosua (12) caepyer, wTO nocnennnﬁ PHI CXOTATCS
OpH JOCTATOYHO GOMBLIMX ¢ I DpeACTaniAeT ARATHTHIECRYI0
$yurmw z. ClegoBaTesbHO,

- & F(A) e=thn
z) = ._z) gz —
1(2) oo T € n}:.lcb (yi—12,

-1 TeopeMa AOKa3aHa.

U3 reopem 3.7.3 n 3.7.4 HeTpyAHO mONYIHTH KAk He0O-
X0JMMble, Tak U JAOCTATOYHEIE YCIAOBHA A TOro, 4TOGHR dHC-
na A, Obnn sHaveHuamn ¢yuxnuu F(z), ymosnersopawimeit
yexoBaam (2) u (3), B ToUKax MOCHeAOBATEILHOCTH Ay, YHO-

piaetBopanmei yeaosuaM (1) u (12).

HOna uaydenus pagos JupuXie MOMHO HPUMEHATH TeO-
pemsr 3.7.3 u 3.7.4. IlpuBegem mpocreiflunii mpumep Teope-
MbI TAKOTO poja. )

Teopema 3.7.6. Ilycre nocaedosareavroers A, -ydo-
eaereopser ycaosuanm. (1), Ecau pad Jupuxae

o0
= 2 a, elnz
n=1

abconioTno czxodurca npu Rez < a, a ezo cymMa anaauru-
yecku npodoarcaerca ¢ nosocy |[Imz| < a, a > no, u oe-
panuvena ¢ aToll nosoce, To eéce KoaffuyuenTsl aT020 PA-
da cyrv HyAU. _

Hoxaszarenscrso. Cormacro Teopeme 3.7.4 Pynrmua

F(@)= @) f P (z) e~*dz

18 M. A. Esrpados *
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yROBIeTBOpAeT HepaBeHCTBAM

IF(Z)I<]‘13MZI, Rez> >0,
|F(n+iy)l<Me—EW), 0 <t<a-—ng.

Ho mo Teopeme 3.5.2 (TouRee, IO 3aMe¥aRNIO K 3TOH Teope-
me) F(n+z)==0. 310 Boamouno numsb, korga P(z) =0.
Teopema pokasaHa.

3AJAUYHN U NJONOJHEHNA K §37

1°, [IycTe mociefoBaTeAbBOCTE An YROBJIETBOPHET YCAOBHAM

o~
0<M <M< ..oy DA =+ .
n=1

’

Ecng apanuradeckad yarnusa F(z) peryiaspHa # orpaHndYeHa B MONY-
nrockoctd Rez >0, to ms yeaoBuih F(A,)=0, n=1, 2, ..,
caenyer F(z)= 0. .

2°, IlycTe mocnemoBATEABHOCTE A, YAOBJCTBODSET YCJOBHAM

oo

0<h <A< o A=+ 0.

. n=1

. [ LA
Hoxasars, 4T0 cucTeMa (gyHKNANl {*} wonma ma orpegke [0, 1], =.
He cymecTByeT HenpepHBHOHi Ha 3Tom oTpe3re ¢ymxumm f(z) % 0,
OAA KOTOpOi

1
(1@ atmaz=o, n=12...
0 ~

3°. IlycTs moCMenoBATENLHOCTE A, YLOBIETBOPHET YCAOBEAM

-+
O<y <A<y An"—‘n(; a—,LO(%'), n— 4 ®; heep = Ap.

loKasaTs, 910 ectk @ << 0, To cucTema dysxumi. [e*n*] (n =0, +1,

+ 2,...) nonBa Ha oTpe3xe {— ng, noj.
4°. IlycTs moCnefOBATENBHOCTE A, YAOBIETBOPAET YCHOBUAM

n .
Al>01 A,;H,}ln+5, 5>0, T~0’ n— 409,
n
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TToxasars, aTo panx Jdupuxae
N ]

A
i P(x)= apetn’,  [m

n={

nl n -0,

n

Ha KaKAoM oTpeake Rez=¢, b<Imz < b +a a> 210 uMeer
xoTa 611 oARY ocobyw TOWKY,
6° Hycrs mocaeRoBaTeNsHOCTh An YAOBAETBOPAET YCIOBHAM -

0<ReA <Redy< ..., 3=~ no 4o,
' n

00
a pag Jupnoxiae P{z)—:—-z ane"'ﬂz abCcol0THO CXOANTCA IPR BCEX Z B
n={

. kel px”
IP@| <M, I fa, [T, —o<a<e

n=4{

n
Tlorasatb, 9T0 €can p < — 10 F(3) = 0.



Taasa IV

ACHMIITOTHYECKOE HCCJIEJOBAHHE.
KOHKPETHBIX ITPUMEPOB

:

§ 4.1, Oysxuun, npepcrapreHHLIE AHTErPAIAMA

[loBonbHO mpoCTO MOIYT GBITH MOJYUEHBI TOYHBIE ACIMI-
TOoTEIeCKHe OPMYNIBl OJA HeabiX (GYHKIHH, fpeJcTaBJMCHHbIX
MHTOrpajaMy BHAA

F(t) = [+, (1)
C

rge h(z) — BexoTopas JHOCTATOIHO XOPOUIAS AHATATHYIECKAS
dynrnma, a C — Kouryp, yxoaamuil B Geckouesgocts obou-
MH CBONMH KoOHNaMu wiIH ofsuM u3 HuX. Qywxunua F(f),
upefcraBieHHan wurterpajoM Bupa (1), Oymer nemoi, ecan
B Tex HAIDABJIeHHAX, e KOHTYP C yXO0IUT B 6@CKOHETHOCTS,
dyrxuma Re h(z) crpemurca k oo Grictpee, yem Jjiolan
HOCTOAHHAA, yMHOeHHan Ha |3].

A monydeHms acMMUTOTHAeCKHX (DOPMYyN LpAMeHSETCA
MeToJ HepeBaja, I4CTO B COYETAHHM ¢ METOJAMH TEODHH Bbl-
9eToB, BaiKHOe mpeMMymiecTBo mHTerpaioB Bmaa (1) mepeg
KaKAME-THOO . [DYTEME COCTOMT B TOM, 9TO JJA HHUX MOMKHO
JZarh BecbMa o0IMe yKa3aHHA HA TO, KaKMe TOIKH HepeBajia
oLpefeAAI0T HX ACHMITOTHIECKOE TOBefeHHUE.

Mn no-npe:kneMy He GymeM ymenATh GONBIIOTO BHUMA-
HUA caMO#l TeXHMKe IHpHMEHeHHA MeToja Iepesara. B zact-
HoCTH, 8afava 06 oHpeJeNeHMH ACHMITOTHYECKOrO MHOBefe-
HHA mHTerpaia (1) Gypmer cumraThes pememnHol, KOrga Haii-
JMeHBl TOYKH HepeBajla ¥ IPOXOJANINI dYepe3 HHX KOHTYp, Ha
KoTopoM Hamuboxbmree sHauenme Pyuxumu Re (— h(z) + 22)
MOCTHraeTcs WMEHHO B BTHX To9KaXx. MH He OyneM ocTaHaB-
JuBaTbcA Ha mOAPOOGHOCTAX BEIYMCIGHWA BKJIAJa TOUKA Hepe-
Bajia, a TAKIKC HA CBEJCHUM HAIINX HHTErpanoB K HMHTErpa-
- JaM BMJA ' .

fow, et Vo -
Cy.
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- Ilop, BwagoM Touwrd uepesaja z = c(f) Mul GyaeM HMOHH-
MaThb HHTEerpajd 0o 9acTH KOATYpa, Jexamed B Kpyle
|z2—c(t) | <t(t)pc(t), rme T(f) = 400, a p.(t) — paguye
BIMAHHA TOYKH Oepesaina, T. e. |A”(c(t)) ]|~ B Goabwmmcr-
Be cAy4acB JJA BKIafa TOYKH ICpeBaJa COpaBeHBa acHMI-
ToTAYeCKana ¢gopmyia

2n —h(e()VFte(t)
Vc(t)~l/me e, @

a AnA BKIaja Hadana wouTtypa C — acmmnrormueckasa gop-
Myla

Vc(t)~'iTe—h(c(t))+tcEt). 3)

Yrofsr nyuile pagbACHUTH XQA PaCCyH(ICHUI, [OKameM
cHayajla OgHY COoBCeM NPOCTYIO TeopeMy.

Teopema 41.1. Hycre k(z)=2*"4a;z?" 4., Fagm.
Acumnroruneckoe nogsedenue unTezpaia

F(t)= [ ez,

npu x— oo onpedeaserca cymmoil 6Kiados 8cex TOUEK
nepesasd, PACROAONEHHGLL 8 GePIHEl NOAYNAOCKOCTU.

JorkasaTeascTBo. BHACEEM mnpepe Bcero, KakKoB
xapaKrep muosepxHoctH U == Re(—h(z)) mpm Goapmmx z.
Tar Kak h(z) ~ z*mopm z~» 00, 10, modaraa z == re®, mo-
nyvaem Re(—h(z)) =—r?mcos 2me + o(r*m). Orcioga sap-
Bo, 9r0 Re(—A(2)) - —o0 mpm z -~ co BHyTpH yra0B

®

]q,_l‘mﬁi<%n, R=0, £y 2m — 1,
8 Re{—A(z)) — -} oo mpu 2 — 00 BHYTPH YIIOB
|¢_2_"2;"__!nl<z%, =0, sy 2m =1,

Ecaz Bocmons3oBaTheA reorpadi@ueckoll repMmHEOMOrmeli, TO
MOKHO CKAa3aTh, 9TO 3T& NOBEPXHOCTH LpeAcTaBIneT coboi
2m ymenmii, pasfeleHHLIX 2m. TOpHLIME XpeGTaMmu,
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PaccmoTpum, Kak H3MeNMTCA XapaKrep HOBEpXHOCTH OT
pobapnenun cmaraemoro Re(irz). Hac Oymer uuTepecoBath
ANIIb 9ACTh DOBEPXHOCTH, PAcIoNoKeHHAA HaJ BepXHEH MHo-
AymIoCKoCThI0, B BepxHelt monymiockoctn Beanmdrna Re(izz)
oTpunarenbra. llosromy B ymenbax obmas KapTuHa oCTa-
HEeTCA Toit Hte, TONbKO OHM CTaHYT eme ruyGxe, Ha xpebrax
Zeno obcTouT HeckONbKQ crodkHee. CHagala OPH ABMKEHUUY
BaoAb xpeGta BricoTa Gy[eT MOHMMKATHCA, TAK KaK T BEIWKO
I T7IaBHYI0 poib Hrpaer ciaraemoe Re(izrz). Opmaro npu
JanpHeWNIeM ABWKEHNMH BA0JAb XpefTa BEcOTa Roliner Ao Mi-
HEMYMA M HAYHET BospacTaTh, TaKk Kak Re 22" pacrter GbiCcT-
pee, ueM |z|. Touxku xpeGTOB, UMEIOLINEe HAKMEHBUIYIO BHICH-
Ty, 7 ecThb TOYUKH mepeBaia. lerpyaro mDpoBepHTh, 4TO B
BepPXHeil HONYIIOCKOCTH TOYeK OepeBasa CTOJBKO e, CKOMb-
Ko xpeOToB, ¥ 9T0 pacmodoeHBl oHX Ha xpeOrax. Jluunu
HauGHICTpelIero coycKa, BHIXOAAIIME M3 3THX TOYEK ILepe-
Bajla, 0YEBHHO, YXOUAT B GECKOHEYHOCTb MO YIIENbAM, IpPH-
MBIKAKIINM ¢ 06eHX CTOpPOH K XpebTy, Ha KOTOPOM pacmono-
sKeHa TouKa mepesada.. ' :

Iyets 2 == ¢, (x) — oiHa U3 Todvex mepesana, OBozwagnm
gepea C, KOHTYp, COCTaBIeHHBIH W3 ABYX AuUHHU{I HAMOBICT-
peiilrero coycka, BRIXOAAMMX M3 3TOK Touykd. 3afafuM Ha-
opanrinenue KoATypa C,: GyneM cumraTh, 910 KoHTYp C) Hauu-
HAETCA B TOM H3 YIIeNuif, KOTopoe OnuMiKe K OTPHIATEJIHHOMN
gacTH JefcTBHTENbHOM ock. HMHTerpanm Do geitcTBUTENBHOI
0CH paBeH cyMMe uHTerpasoB no Cj, 8 acCHMOTOTHYECKOE IO-
BeleHde MATerpasa mo C, gaeTca BKJAJOM TOYKH IepeBaia
cx(?). Tem camMuiM Teopema [joKa3aHa,

fleHo, 910 Te e paccy:AeHUA NPUTORHEI He TOJIBKO IA
TaKEX MHTErpajioB M He TOJBKO AJA caydas, Korga h(z) —
MHOrOWIeH. PemaionmuM 3fgech ABIAETCA JHUIL TO 06CTOA-
TONbCTBO, YTO TOYKH HmepeBaja YXONAT B GEeCKOHeYHOCTh H
uto B GeckoHedHocTH moBepxHoCcTh U = Re(—A(2)) umeer
BEJl depefylOINEXCA XpeOToB m yuleauii, MaJo OTIMIA0I[HX-
cAa Apyr OT Apyra.

Ilpn 3rom pae me obmsareabHo, 9ToGB QyRKUAA —h(2)
6bima peryiaapHa, obAsarenbHA JIAINL DErYJIAPHOCTh e~
B Bepxmell momymiockoctu (T. e. PyHKOHA e ™ moer o6-
pamarscs B Hyuab)., OclloiKHeHHA BOSHEKAOT TOIBKO TOINA,
Koraa Hyn@ €% momajaT B ofnacTs BAMAHAA TOYKH Hepe-
Bafta, T. €. KOTAA X PACCTORHMe OT 3TOH TOIKE TOTO e Io-
PARKA, 49T0 H ee pajEyc BABAHUA, DBmpoueM, mame u 8
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3TOM clIydae AaCHMIOTOTHYECKOe IIOBeJeRHe 4YacTo YHaercs
HadTH,

Mpumep Haitnem acuMOTOTHHECKOe NOBeJeHHe IpA
1 —» 0O BEIUTNH 4,, ONpeHeNsieMbIX PaBeHCTBAMH

Coritacao dopmyne CTupinHTa (cm. § 1.4, Hprmep-S)

lnI‘(z)=zlnz—z——-12—lnz+—;—ann—{—O(-%-)

Horjia
200, largz| <a—n

Tak 4T0 momepxHocTh U =.—In|T'(z)| opeacraBaser coboi
‘oguo yienve (npu Re 2>>0) u ogun xpeber (upm Re z2<C0).
K comanennio, Ha xpebGTe, KaK pa3 TaMm, Ije AOMKHa ObITh

TOUKa HepeBalla, PyHKIHA e mmeeT Hyau, Urobsl ocBo-

GOIATLCA OT 3TOI0 IIPenATCTBHA, 3aMETHM, 4T0 4YACTb KOHTY-
It

pa, Memaman B ymie|argz| <-—- — 7, HetymecTBeHHA RIA

OLEHKH, ¥ 3aMEHHUM HHTEIPUPOBAHMe IO OKPYKHOCTA |Z| =T
AETErpApOBaHMeM nNo L, — rpamume cexropa |z >,

larg(—2) | < -%——{- 1. HKpome TOro0, BocHomb3yeMca ¢op-
mysoit I'(z2)T'(1—2) =

AacT HaM

— )" . —
e
L

a .
TR Ilocae zamensr § = —2 aTo

a, =

. L%

- ('— 1)‘" j‘ I\ (c + ,1) e-—ni;—(n-{-l)[n;dt.

L,
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K atum gByMm dHTErpanaM Bce HAITH PACCYiKAEHHA QOTHOCTHIO
OpEMeHBMBI, B [O3TOMY KaKARIN U3 HHX aCHMITOTHYECKH
paBeH BEJAaAy cBoell Toukn mepemrada. Omycras BBRIRTAafKH,
CBA3AHHBIE C BHIYACAeHMEM 3THX BKIAJOB, HpUBeJeM OKOH-
YaTeJbHBIH pEe3yIbTaT:

(— 1) e~ In p(ne)—p(ne™i)4o1)
ap = ]/ Inn +

4 e—nln ulne—74) —y (ne=i)1o(1) .

3necy pu(z) — ra Bersp Pyuxrumm, obpatHOH K z In 2, KoTopas
NOJIOKHTEJIbHA JJAA IOJOMKUTEIAbHEIX 2. ’

Temepp MBI HECKOMBKO YCIOMKHEM HAIOM paccy mnetms a
RokaxeM Gosee o6umit pesyibrar.

Teopema 4.1.2, Ilycre

h(z) =, Z?m-[— alzzﬂl“ + PP + (22

AcumnroTuneckoe noeedenue unTe2pasa

oQ

F(t)y= j' g herr g,

-_—0

npu L — 0o onpedesncrcs cyMMOU 6KAA008 DYy TOUEK nepe-
€aAa, DACNOAOHEHHBIT Oauie écer Opyzur m Jelicreuress-
Mol ocu.

HorasareasrcrBo, llpn gokasateancTse upeablgymei
Te0peMbl MBI BBIAICHMJIM, KaKHE H3MEHEHHA R BHJ NOBEPXHO-
cru u=Re(—h(2)) BHocuT ciaraemoe Re(st), ecan ¢ wucro
mHEMOe, HeMBOI#M ClOH{Hee pelNTh 3TOT BONPOC M JJNA JIo-
6rix t. T'py6o roBops, UMEITCH TAKHE BO3MOMKHOCTH:

B JAHHOM YH[eNbe WIA HMEeeTCH XYY, BROJAb KOTOPOTO
Re zt ~— — oo, wian takux aydeit Het, m Re 2t — 00 10 BCeM
HAODABIGHUAM B 3TOM YINeJIbe;

Ha JaHHOM XxpeGTe HWIHM HMeeTCda NYY, BAROAL KOTOPOrd
Re 2t — + 00, man Takux nyqeﬁ Het, 1 Re zt - —o0 mo Becenm
HaOpaBAeHHAM HA 3TOM Xpedre.

Eean ® ymease ectb siyy, Bpoib kotoporo Re z! > —00,
AIH Ha xpedTe ecTh Jyd, BAOJNb KoToporo Re zt— 400, 7o
O0AA KapTHUA B TAKOM VINCAhe HJIM HA TakoM Xxpebre co-
XPAnAETCA — YIelIbe CTAHOBHUTCA LECKOABLKO THybme, xpeber
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HecKoAbKo Bolme, Ecau Bo Béem yenrse Rezt— -+-o0o, Tto
KapTHHA MeHAETCH — yIlelbe OKashiBaeTCA Kak Obl mepero-
POMEeBHBIM IJIOTHHOH, KOTOpAA TeM BHImIe, 46M GoJbING 3HA-
geHusn t. Ecan Ha Bcem xpebte Re 3t — —oo, To xpeber BHa-
gaje Kak OBl pa3MbiBaeTcd, ¥ 9TOT Pa3MEBIB TeM IIyGike, YeM
Oonblne 3HaYeHuA i,

B nByx mocaegmHux cayvadx Mul o6A3aTeIbHO- HOJY1HM
TOUKH mepeBasa. IMm OynyT camas HHM3KaA TOYKA IUIOTHHEI,
peperopaskuBalomeil yumense, M caMasa HM3KaA Touka xpe0ra,
HaXofAIlafACA B €ro pasMblToil wacTu. B aByx mepBEIX ciIy-
4afax B ymieabe n Ha xpelrTe Todex nepesansa He OyJer.

BeiAcHMM, Kyfa MAYT JAHHA HAuOBICTpeilnero CHycka,
BHIXOfinIIMe N3 Touex mepesata. IlycTth Touka mepesama Ha-
xogutrcad Ha pasmbitoM Xxpebre. Ha BceM oatoM xpebre
Re zt &> —o00, TaK 9T0 MIA yeauil, IPUMHKAOIAX K Halbe-
My xpe0Ty, UMelTCH Jy9H, BIOJb KOTOpBIX Re 3t - —o0,
TlosToMy nmHEUM HauGHICTpefilmero cmycka yXojaar B Gecko-
BEeYHOCTh MMEHHO N0 3TUM. yineanaM. (OcobbiM sABIAeTCA
caywait, xorga Re 2/ Menser sHaK Kak pas HA rpaEaue xpe6-
Ta W yllenbsa. B 3ToM caydYae Bompoc 0 TOM, KyJa Hoiijer JH-
giia HanGBICTpeilinero cnycka, noTpebopa 651 H3y4eHusa cie-

Ayomux kKoaggnuuestos MHOrowreHa h(z). Ommaxo Mbl
VBHAHUM, 4TO 3TH TOHKHE BONDDOCH He HMEIOT 3HAaUeHMA [IA
ouenpok.) Ecau Touka mOepeBalla HAXORMTCA B yIIENbe, TO,
paccy:kfaf amaJOTHIHEIM 00pasoM, MbI IOpHAEM K BHIBOAY,
yTO OfiHA JHHUA HauOblcTpeilIero cmycka yxoguT B Gecko-
EEYHOCTh IO YIIeNblo, a BTopas — B 00JacTh CPaBHUTEILHO
HeOoNBIINX 3HAYEHHMi _ 2, TIAe BHA NOBEPXHOCTH U ==,
== Re(—h(z) + 3t) onpenennerca Toabko ciaraeMbiM Re z2.
J710 8HAYHT, 9T0 B 0GIaCTH ReOONLINWX 3HAUEHHH g JNHAUA
HapGLIcTpeiilIero cOycKa fIoifaer Mo HaOpaBJIeHHIO, BAOAE KO-
Toporo y6niBanue Re zt mambosee cmiabHO, T. 6. GIHSKO K AY-
qy arg 2 =.n — arg ¢. Ilpoiins obmacts mebonbmmx 8sHgMC-
HWHA 2, AAHUA HAawOHICTpelillero cnycka yiimer B GeckoHeu-
HOCTh [0 ymEIslo, JeKameMy OJNmke Bcero K Jydy arg z =
=5t — arg {. (Ecim takmx ymenu#t nea, To BOUPOC CHOBRA .
CTAHOBHTCA BeCbMa TOHKUM, HO MH ONATb e YBHJUM, 4TO
V1A ONMEHKH.3TH TOHKOCTH 3HAYGHHs He HMET.)

Ipexne weM nmpmerymarh K 3aMeHe HMETeTDHDOBAHHA OO
nedCTBETENBbHOR OCH HHTErpHPOBAHHEM IO KOHTYDY, COCTaB-
JMIeHHOMY M3 J@HUH HamGnIcTpefimiero CHycKa, HAM INIOHAO-
6mTca rpy6o oneHHETH BKJAafBl TOYEK Iepesaia, '
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Touku nepesana.z = ¢,(t) onpegensoTca u3 YpaBHeH1A
kK (2) =.t, u upm t — oo mMeem
1
o .{ argt 2kn
~ o |2m—1 -
e () l 2m l TTlexp L{Zm -1 2m— 1}’

e
k=0,1,...,2m—2,

IIa dopmynst (2) cremyer, 4T0o AIA BRIajA TOVKH Hepesala
Ve, (£) MBI MoIKeM HamHCaTh

e 2 K
ln\V’ch(t)‘NAm'Jtlb Icos{ﬂ%(argt—%)}-

Taruym ofpasoM, ecin

-

]argt—%|'<largt——lf"—z—!,

TO BRJAX TOYKH Nepesata ¢,(!) Mam mo CpaBHEHHIO ¢ BKIa-
AOM TOUKH nepesaia ¢.(f), U UM MOKHO npeHebpeus,

Yepea C, 0003HAUNM KOHTYp, COCTOAUMA M3 JUHUE HaM-
GeicTpeliiero cliycKa, BHIXOAAINIAX H3 TOYKM IepeBaia
7 == ¢,(t). On HayWHAETCA M KOHYAETCH B JBYX Da3dHNYHBIX
yinenbax. Beibepem HallpabieH#e 3TOI0 KOHTYPA TAKUM, UTO-
Obl ‘OH BaYHHAJCH B TOM yIejibe, KOTopoe GiamMe K oTpulla-
TEeJHLHOM YACTH ReHCTBHTEJBHOR OCH.

ITepefifeM K HOCTPOEHWI0 KOHTYPAa HHTEIDHPOBAHEH, BK-
BUBAJEHTHOro0 NEHCTBUTENBbHOH OCH M COCTaBIEHHOTO M3 He-
KOTOPOT0 KojMdecTBa KOHTYpoB C,.

Houycrnm, aro Ret < 0. B ymease, cogepxameym otpu-
[ATeJAbHYI0 9acTh JAeHCTBUTENbHON OCH, HIH HA CKIOHE OJHO-
ro B3 OPAMEIKAOIIUX K HeMy XpeOTOB HMeeTCd.TaKad ToduKa
nepebajia, 4TO BHIXOJAILIaA M3 Hee JAHMA HAUGHICTpeiiero
CHyCKa YXOmUT B GECKOHEUHOCTH HO 3TOMY Ymiedblo. Kcim
TAKHX TOYEK [IBe, TO MKl BhiGepeM Ty W3 HAX, KoTopas OIiike
K nydy arg 2z =q —argtl. ITy TOYKy o0003HAIEM Tepes
e, (£). BeiacHuM, Ky#a yXOgdT BTOPOH KoHenm KOHTypa (.
MoryT opejcTaBuThLCH IBe Bo3MOmHocTH. [lepmam — BTOpON
korell Cp, yXomHT B 6eCKOHEYHOCTH IO COCETHEMY YIUIEJbIO,
AT0 cocefHee yulense obasatensEo Oyaer PacHOoNOMKeHO
¢ TOHl e CTOpOHBI, 4TO0 M JIyd argz == 7 — argf, Tak Kay
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¢ 37O CTOPORB BCA NOBCPXHOCTH HRIKe, BTopas BO3MOMK-
HOCTH — BTOpOit Komel komtypa Ch, yxoauT B Geckosey-
HOCTh HO ORHOMY N3 ABYX ympenuii, jekauux Gnume Bcero
K aygdy arg z = — argl.

. IlepBasg BO3MOMKHOCTD COOTBETCTBYET TOMY, YTO TOYKA Ie-
peBafia JeKHT Ha XpelTe, pasjeidmoIileM Hame X cocefuee
yitensa. Ta sie xaprmma Gyner HAGMIOJATBECA M BO BCEX
OCTAJbHBIX YIISNBAX, PACHOJNOMKEHHBIX B TOH jKe HOIYHJIO-
CKOCTH (BepxHe#l RnMl HIDKHEH), 9YTO0 R JyY args =J —
—arg ! (mockombry ®3 ycmosma Ret? << (0 cuaegyer, 910
yilenbe, COepalee OTPUHATENBHYI0 I4CTh AeHCTBUTENbHOM
ocu, ABiAeTcd CaMBIM BBICOKMM M3 HEX), B aroM ciywae
ACHMATOTHIECKOE IMOBEXEHME WHTETpaNa [JaeTcA CyMMofl
BKTAKOB BCEX TOYEK MEpeBayia, JNeKallMX B TOH e HOMy-
HIocKoCTH (BepXHEH WM HIMKHEH), 970 K- IyY arg 2 == —
— arg . VI3 monyYeHHBIX BHIIIEe OHEHOK BHAHO, 9TO BKIAJbBI
BCEX TOYEK, KpoMe MepBoil M HocaAexHed, mpeHe{peKuMO Ma-
nst, Bxnagsl mepBoit m mociefmedl Touek OyayT HPUMEpPHO
0HOTO NOPAAKA, ecau { GIMBKO K YHCTO MHUMBIM 3HAYCHM-
am. TeM caMBIM XA IepBOH BO3MOMKHOCTH TeopeMa Jo-
Ka3aHa. )

PaccMoTpEM BTOPYIO BO3MOKHOCTH. MEI MoMeM mnpume-
HUTH T€ Ke DACCyJIeHud, KO HAaIWHASA C QNHOTO M3 CAMBIX
HU3KUX yINeauil, B KoTopoe Hac mpuseneT KoHTYp Ci,. flcwo,
9TO0 YTBEp)KJcHHE TeopeMbl MBI IIONYYHUM U B 3TOM Ciydae.

Ecau Ret > 0, To MBI [OMKHBI IPOBECTH T€ KE PACCYH-
NCGHHA, HO HAYMHAA C YIUIEJNbH, COHCPRALIET0 HOJOKUTENb-
HYK) 9aCTh JCHCTBHTEIBHOUR OCH.

Taknm 00pazoM, Bce BOSMOKHOCTH HCYepHaHbL, H Teope-
Ma joKasaHa.,

AHATOTMYHYI0 TEOpeMY MOMKHO J0KA3aTh B RJIA RHTErpa-
0B 00 MOAyOGeCKOHEYHOMY UHTEpBATY.

Teopema 4.1.3. Hycre

h(Z) =za(zm+alzm—-1 4+ .. +am), a>0, m+a>1.

Acumnroruueckoe nosedenue UHTEe2para
“+o0

F(t) = 5' e~ AT gy
0

npu t — oo daerca cyMMmoil 6K1ad0s nauata KONTYpa u (ecau
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’
TaAKAAR ecTb) TOUKoU nepegadq, Aexaujed 8 Yyaae

. n(m+a—1) . <=
largz|<_(_m_—v+’7_._)_+_n, O<ﬂ\m.-

Jorasareascrso. Ilosepxmocts U == Re(—h(z))
npr GOMBIINX 2 MMEET BHJI NOITH OANHAKOBHIX ymlenui, pas-
AeneHHEHIX ropasiMA xpeGramm. [lpaspa, Temeps m3-38 MHOCO-
8HAYHOCTE (YHKUIUM 2z* 3Ty HMOBEPXHOCTH CIAEAYeT HpeuCrTa-

_JiATH NOCTPOEHHOH HE HPOCTO HajJ KOMIVIEKCHOH IIOCKOCTBIO,
a HaJ PUMAHOBOH MOBEPXHOCTBI Jorapudma. B ocmosuoMm
Hac OymeT HHTEpecoBaTb TA 9YACTH IIOBEPXHOCTH, KOTOpas

aCHOJIO/KeHa HAJ IIOCKOCTRIO ¢ paspedoM (—oo, 0), 1. e.
Targ z| < @, ofHAKO HMROIA HaM HPHUAETCA 3ardAbIBATH

U Ha JApyrue JHCTH PAMAHOBOH MOBEPXHOCTH.

Yimeass acAMOTOTHYECKR COBIARAKT C YyIIAMHE

iargz—”?f’:a[<z(m_‘ a R=0, £1, +2,..,
- ,
a xpelGTel — ¢ yIIaMH )
larg.,z— l<2(m+a B=0,41, +2,..
B cayuqae —’zt—-—sgarg I<n, L m,acnbfnrom-

JecKoe NOBefeHHe HANIETO HHTETpaja ONpPefeNAeTCA TOMbKO
BRJAAKOM Hadala KOHTypa MHTerpupoBaHuf. B aToM mpome
Bcero y0eguTbCA, B3AB B KayecTBe KOHTYDA HHTErDHPOBAHHASA

Ayd argz= g, &L < 2('71%75, Il NPAMEHUB Teope-
My 1.6.2. To me yTBep/EIcHUe COpPABEIINBO W KId

o n
— t< — - —_—
m<garg 5 + 8, e<2(m+a)
3aiiMeMca BLIACHCHAEM ACHMOTOTHYECKOI0 MOBEleHHRA
N P . T
HHTEerpajsa Hpu I —» oo, [argt( = - e Ina togexr nepesa-
la HMeeM acHMITOTHIECKUe dopmyasl

r‘rl?czl:_lex ; argt + 2kn
p m+a—1t ' m4a—1

Ch(t)"'!mia
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‘THe
' k=0, =1, £2, ..,

a paa ux Braagos V., (f) — acumnroruueckue $opMyant

m-o

, Py m -+ a ) 2kn
ln\‘c,‘(t)l""Am,a“l e 1cos{m~{—a—1(argt—‘m-«i-a)}'

Jlaa Braaja mauana xoutypa Vo(t) umeem
In{Vo(t)| ~ A ln |t].

Yepes C; mpl GygeM mo-mpexsHeMy 06o3HagaTh KOHTYD,
cocTaBleHHBIH M3 AMEME HaubpICTpeillero CIOycKa, BhIXOAA-
OMX M3 TOYKE Hepesana z == ¢,(f) (C, ounrh HaunHAETCHA
B yieiabe, JeaileMm Oiume K oTpHuUaTeNbHOH JacyH AeiicT-
pATeabHOM ocu). Boofie rosops, MoKeT CIyIATbCH, 9TO
KoHTYp C, BBIXOQUT 3a Ipejensl Hamed HIOCKOCTH C paape-
30M, T. €. 32 mpejensl yriaa |argz| < m.

Mory'r OpECTABUTBCA [JBE BOSMOMKHOCTH! WJIH B HONY-

wrockoctd 0 < argz <{ 7 ecTh TOUKa nepeBand, WM ee HeT.

Ecan npm 0 << argz < A TOYKM mepeBajla HET, TO MBI
CTPOMM KOHTYD WHTErpPHpOBaHHA CcxepylomuMm ofpasoM: or
rouk z =0 mpgeM moO Ay4y arg 2z ==1 {0 TOYKH Z-= 3,
B KQTOpoil fgocTuraerca Muuumym Re {—h(z) + zt}, a or
3TOH TOYKM — 1o JUHAMU HAHOBICTpeiurerg coycka. Ecim npu
0 << arg z << a1 TouKA DepeBajla HET, TO JHMHAA HamOMCTped-
HIero CIOyCKa yXOjuT B GeCKOR@THOCTD 110 VINEeNbIo, CoAep-
skamemy aye arg 2 = 0. IlocTpoeHAmi#i KOHTYp SKBHBAJEH-
treH KoRTypy (0, 400), H mHTErpa; mo HeMy acHMOTOTHYe-
CKM paBeH BKIAJy Hagala KOHTypa.

Ecan npun 0 << argz << @ ecTh TOUKH HEpeBasa, TO MEI
BO3bMEM Ty M3 HHX, KOTOpaf 6nuike Bcero K NOJIOMKATENHHOI
qacTH JAeHCTBATENbHON ocH, CKameM z = ¢y, (£), ® paccmor-
puM KORTYP Cp,. ITOT KOHTYD KOHWAeTCH B yIeNse, COHep-
MameM Jy% arg z = 0, a HAYHAAETCH B KAKOM-TO JPYroM
ymense. Ecau Cp, UeauKOM JdeMHT B NOAYMIOCKOCTH
0 << arg z << @, To M5! HepexoauM K KOHTYpPY Cp,, CO@ZBHSA-
0meMy yienke; B KOTopoM HauWHAeTcs KOHTYp Ch,, €O cie-
AyoniM, 6olee AANTEKUM OT MONQKHTENBHON JacTH AefcTBH-
TeNbHOH ocH. JTOT Hpomecc MHl NPOROIMAEM 10 TeX IHOop,
HoKa He fgoitaeM A0 ymensbs, Oaumaiimero K ayqy arg 5 =
=.n —arg !, BaM NoKa He [oiifieM flo KomTypa Cj,, mepe-
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ceKalImero JAydY arg z = #.. B mepsoM caydae MB Ho6aBRM
em{e HHTerpaJ no JuMnun HauOecTpedimero coyCka, BbIXOJA-
meit u3 Touku 2 =0 (oEHa TOme yxomur B GecKOHeYHOCTB
oo ymeasw, GamxaiimeMy K ayay argz = % — argf). Bo
BTOPOM CJIyd4ae MBI BO3bMeM NOCJe[HMIl MHTerpag He OO0 KOH-
Typy Ch,,» & Do KOHTYDY C;s, cocroamemy B3 gactE Cy,
nekamied B monymiockoctu 0 << arg z << 7, XOMONHMB €€ OT-
pe3KoM Jayda argz ==m oT 2 = 0 [0 TOUKM HepeceIeHUs
¢ Cp,- B ofoux caygaax Mpl moJydaeM, 9TO aCHMITOTHIe-

CKO€ IMOBeJeHHe MHTErpaja OmpefeNderc CYMMoOH BRIANOB
BCeX NpOXOMMMBIX TOYEK HepeBajia M Hadajga KoHTypa., M3
OpHUBEeleHHEBIX BBIE IPpyORIX acHMOTOTHYeCKUX GopMyn Aid
BRJIAJ0B BHAHO, YTO BKJAANAMH BCEX TOYEK IIepeBala, Kpome
camMoll mepBoil, MoHO HpeHe6peunr. CaMas HepBasx TOUKA me-
peBana aewuT B yrre 0 < arg z < m ¥ jaeT BKJIAJ, CPABHH-
MBIE ¢ BRNAJOM H4a9aJa KOHTYpA, JHING €CIAM OHA JIGTKMUT
B yrae fargz| < 'n(mni:a b+ M. Tem campim Teopema
HOKAa3aHa.

flcHo, w10 paccysieHHs, TpoBeJeHHEIE NP NOKasaTeldb-
CTBE TEOpeMbl, HPUIOAHEl HE TOJLKO [JIA MHOTOWIEHOB, HO M
AJdA MHOTHX Apyrux QyHERUEE.

SAJAUYN.H JNONOJHEHHA KR § 41

1°, Honxomum

)
F(t) = J' e~—22m+ztdz

—_—0

(m — memoe umcyo). Hokasars, 9To- npa ¢ — oo

m—1

- 2m 2m
Fit)y= A, .{t 2m—{ exp (”m‘ m—1 4 o (t 2m——1)) + ]

. _ m— 2m __°m
+ (=1 ! exp(c,,, (—g 2t -,Lo(t =t ))}

rae
1
om —1 2m-—1

A, =Vim 2m—1), om =" (2m) ’

& AR cremeRei ¢ m — ¢ Geperca riaBHOe 3HATEHKE.
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P

2°, MonoskeEyM

o
F(2)= ZS ua—pueuzdu, a>—1{, p> 0.

Mokaaartk, ato npn Rez — + oo, |Im z| < np,

F@a)=(—2'"*d+o() +
——
+ (1 +o()} Enpexp {(a +7‘)(% - 1)+pe° }
a npu z — oo BHe noaynoncckt Rez > 0, {Im z| < np,

Fa)=(—a)t=(1+o(1)).

3°. Nonoxam

a0
euz
F(Z):S—.——.du, >0,
w
r‘ —_—
3 (p +1)
Tlokasate, 9To mpa Rez — + oo, |Im z| < np,

F(z)=— -1- + 0(272) + exp (pe—°~ +0 (e_’)),

a npn z — oo BEe moaynoiockt Rez > 0, |Im 2] << np,

F(z)=—_:..+ 0(:—2).

4&°, Ilycts

F@) = | e hortig,,

c
e k(z) = apz™+ amt+ .. .'\—f- @, @ C — IPDREANA yriaa

1 . 1
< (argt —arga, + 2kn) < argz < y (argt — arg a, + 2sm),
‘. N
TloxasaTs, 9T0 aCHMOTOTHYeckOe moBefeEHe F(t) mpm ¢-» oo ompeme-
AASTCA CyMMOH BKIafoB TOSOK mepeBana, Onmmalimux k cropomam
9TOIQ yria,
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5° Ilycreh (3) = ™% —a;e™* 4 ... + gpe™p®  me>my> ..,
o+ > my. TloKa3aTh, 9T0 ACMMOTOTHYECKOe NOBENeHNe HETerpa’ta

o0

Fo) = [ehrtoias
0

Jaerca C}\i\IOl’l BHJIAN0B HavYaja HOWTYpPAa H TOYKH lepeBanda, pacno-
J0KeBHOK OnHxe Ipyrux R HOJIOA\HTGJILHOK 9acTH INeHCTBUTENbBOR
ocH.

§ 4.2. Paan u nponssepeHusn

Yacto nexabie QyHKIMH 3HATITENBHO HPOILE 3aJaK0TCH HO
B BUJe HHTErpajioB, pPACCMOTPEHHBIX B NpeJBIAYIUEM uapa-
rpace, a B Buge 6eCKOHEUHBIX PAJOB WIH QeCKOHETHHX HPO-
uaBefenuit. B atEX cayuasx 3ajavty DOJMyYeHUS ACHMITOTH-
TeCKAX QOpMYT MOMHO CBECTH K METONY INepeBana, mpHMe-
umB  ¢opmyry Jiimepa — Maknopema wmim Kakyo-HuUGYAb
Apyrywo, cxofuymo ¢ Heit. Iloxamem, kak sTo pemaercs, Ha
HECKOJABKHX -THNHIHHIX 3agavaX. Hawmem ¢ naubodee upo-
crodl,

Jdemma 1. Ilycrs f(3) — amaauruieckan gynryua, pe-
2yaapuas e noaynaockoctu Re 22 o (6 — ne yeaoe uucao)
1L YDOBAETGOPAIOUAR TAM YCAOEUIO

lf(x+iy){<e(;z:)e"m, a< I, B(x) » 0, x =+ 4 oo

Ecau unrezpaa yf(x) dr cxodumcsn, mo
A .

g+ioa

Ef(n) j‘f(x)dx-i-j _fzgidz +S ﬁu(lzz)dz'

n>g

Oo Ka3ATENABCTRO. Creflya J0Ka3aTeNbCTBY reopeMLI
1.4.2 po momyduemua ¢opmyast (6), .coBepmaeM B Heill mpe-
AeIbEBIE Hepexof HpA 1 —> 00, ITO W [A€T HaM yTBepije-
HIIG JIEMMBI, )

Teopema 42.1. Ilycre p(z) — anasuruveckas Pynx-
yus, pecysapres 6 noaynockocru Re3 =0 (0 << 0 — He



§ 2. PANEl W NPON3BENEHNA 289

yeaoe wucao) u ydosaeTgoparoujan ycaosuro
|p(z 4 iy) | < M 4o~ 450 a<n (1)
npu awbom gurcuposannon A > 0. Tozda

0 o0 ["-0]
Zeme=lp@ea— LR o) @
c h=0

n=0

(844 Int Geperca eaasnan eerav),

HJoxrkaszarteaxsctBo., [uaa ¢ymrnun f(z) = p(z)¢
npu ai06oM ¢ (msl Gepem maa In ¢ rmaBHYI0 BeTBB) BBITOTHE-
BBl ycnosua adeMMu 1. IToatomy

2 pin) =

n>ag,
o+l g—1too

- -

xInt i (2) eflnt p(z) ettt
5 n(x) e Vdr + S "‘—"—-zmz dz + ey dz.
pA o

Ho. ua npamoit Re z =. ¢ uMeem

\ @ (2) ezlnti J < Ml ¢ ’qe—(Zu—a—[arg MHitmz) _

efznil —

=M=\t s>,

Taxk 9TO mociefEMe xBa mETerpana pasHn O([t[°). Ilepemo-
CA YACTH .CYMMBI, DACHPOCTDAHEHHYI H& OTPUIATENHHbIO
3HAYEHHA, B NPaByI0 9acTh, moixydgaeMm ¢opmyny (2). Teo-
peMa foKa3aHa.

llokazamEag HaMu TeopeMa HO3BONAET CBOCTH 3aRaTy
06 acEMNTOTHIECKOR OLeHKe CYMMH PAAA K 3agaue o6 acmM-
NTOTRIECKOHR OleHKe WHTErpasa. ‘ameTEM, dYTO BHTErpal
¥MeeT KaK pas TOT BHA, xompsm PACCMATPUBANCA B HpOMLI-
IymeM naparpade.

Yro6bl HEMHOTO YACHHTh cefe Hpegeqsl NUPAMOHHEMOCTH
aroil GopMyisl, pasbepem ofuH mpocTo# mpmMmep.

Mpumep 1. HaitmeM acEMUTOTHIOCKOS noneuenne 1902 ]
t — oo PpyHKIIN

FOy =3¢ <nr)"7. o>

19 M A Eurpa@os
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Ilpm p > —5- ycloBEA TeopeMbl BHIOOMHEHB!, TaK Kak CoO-
LJIacHO (bopmy.ue (10) § 1.4

’-—IUI

{T@+w)|<M;e .

ITosTomy
1

Fty= | FGz+1)] Pe™™dz+0(L)
) ;\1{( ) Ted (Itl)

1
(Hpn JKeJIAHUM MOMKHO HOOJYIHTH BMECTO O(T) Gonee Tou-

gyl OLeHKY:

— ‘:T sin—- ¢~ (In t)~% (1 +0 (init)))

JHanpreitiryio oLeHKy MBI OPOBOAMM METOROM mepesana (Tod-
Hee, IpuUMeHAeM paccymaeuua Teopemsl 4.1.3). Omycran
NORpoGHOCTH, TPHBE/EM OKOHTATENBEEL pesymbTar:

p—tp=t L
D&D

F(ty=@2n)* (1 +0( tr")) +o(t™)

npn t—»oo,largtlg.—;——i—'q, u

F(t) = (1~ sin3) S (149 (i)

B OCTANBLHON TaCTH ILIOCKOCTH.

B sToM mpuMepe HaM BaMHO TONBKO OXHO OGCTOATENL-
ctBo. OxaseiBaeTcd, 4T0 ycaoBue (1) mpmBogur K cyutecrt-
BEHHOMY OTDAHHYEHHIO HA POCT ONEHMBAEMEHIX (YHKUAA na-
e upH MobMx TpeGoBaHEAX IMAagKocTH. EcTecTBeHHO Bo3-
HHKAeT BOIIPOC, HEJb3A AU ocaaburh 310 ycnosue. Cmemaem
9TO 34 €IeT HEKOTOPOTO BHJOHM3MEHEHMA JeMMH 1.

Jemuma 2. Hycrb f(2) — anaauruueckan Pynxyus, pe-
eyaspras 8 Herortopoli obaacru D, codepacawel noaynoaocy
Rez >0, |Imz| <h (0 >0 — He yeaoe uucao), u yaos-
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AETEOPANOUAA YCAOSUKD

[fl@e+iy)] <e(z) e, xiiyeD, a<zn, (3)
ede

Pl
e(z) >0, x = 4 oo,

o9
Ecau unrezpan 5 f (z) dx cxodurca, To
(2 20

—smiz__ PEITa
g € 1 e 1

Sim={r@ar | Lok o [ 10
¢ C+

(4 CG

20e Ct — moboii KOHTY D, udywuti us Touxu z = o 6 6ecko-

HeYHOCTb ghbllue delicTeureavhol ocu, ocrasascy ¢ D, aCqy —
QHAAORUYHBUL KOHTYD, Aexcawull nuxe JdellcTaurensiol ocl.

HogasaTeabcTBO, ITa JeMMa ROKA3BIBAETCA HOITA
TaK ’Ke, KAK 4 NpeasAyINasi, ¢ TOM JUmMb pasHUIEd, IT0 pac-
CyMAEHUA, UCHONb30BAHHBIE IPH [OKA3ATETBCTBE TEOPEMBEI
1.4.2, npumensawTca He K upaMoyroiabHuKy 0 << Rez << N,
|Imz| < R, a ¥ xoHTYpY, 00pasOBaHHOMY 9YACTAMM JHHUM

— . 1
CT u €7, nesamumu depee mpsamoit Rez = N+ —-, = or-

peaKoM 3TOj MPAMOi, COSAUHAIONMM KX KOHIBL

Teopema 4.22. Hycre p(z) — anasuruveckan Pynx-
yus, pezysapras 6 nexoropoll obaacru D, codepxcawei no-
aynoaocy Rez >0, |Imz| <h (0 <0 — ne yesoe uuc-
40}, U YO08AETEOPAIOWAR YCAOBUID

Ax

Wiz +iy)| <Mae ™, £+iye D,
npu arbor A. Tozda
2 w(n)t" =
n>g

e—2niz__ 4 e2miz 4

8

zint 21
petna 4 [ EET L [ RO, ()
+

Cq Co

20e C,',*' — A060i KonTYp, udywuil us roiku z =0 ¢ becxo-
19* ’
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HeUHOCTD ablule delicTaureasnoli ocu, ocragascveD,a Cq —
AHAAOURHBIL KOHTYD, JAexawuil Huxce JelcTeureabHol ocu.

HJorasaTeabecTBo. YTBep/K/JeHHE TEOPEMHE Cpasy HO-
JAyHaercd, ecau NPUMEHHTL JEMMy 2 x dyurumEm [(z) =

= p(z)e‘ lnt

Hpea npuMenenna opMmyast (5) COCTOMT B TOM, 4TO Me- .
TOA mepesajia MOKHO HPHMEHATL [UIA HOJYYEHMA ACHMIITO-
THYECKOR OIEHKHM He TOJbKO HePBOro, HO M JBYX HOCAeNHHX
nHTErpaJoB. Hanuawe momocoB y mopMaTerpainEoil GyHEKINH
HaM He HOOMEINAeT, eCdH 3TH HOAICH! OYAYT HaXOMUTbCA BHE
o0nacTH BIMAHMA TOYKM HepeBaja, T. €. ecidd pacCToAHME
0T TOYKHM HepeBajta [0 AeHCTBUTENLHOM OCH BEJIMKO HO Cpas-
HEeHNIO C pajuycoM BIWAHHA dTOl Toukm mepesana. [locmor-
puM, ITO HOBOTO HaMm A00aBHT MciionbaopaHHEe (GOpMYJIRl ()
A1 oneEky GyHKRUEE npuMmepa 1 ¢ MeHBMUMHU p.

Ilpmmep 2. Haiimem acuMOTOTHYECKOE MHOBEJAEGHHS
dbyaroum

o 4
’ F(ty= X t"(nl) °, p>0,
n=0

opn ¢ —- oo,
Tenepb ycnoBHSA OpUMeHAMOCTH TeopeMsl 3.2.2 BrINONHe-
Hel mpu gawbom p, IloaTomy

oo 4
F@)= 5 [T(z+ 1)) °e™™dz +
=4
1

(L {z+ 1))'—7ez<lni+2nf) J
+ S e2ﬂiz+1
Cij

(L4 1) " Ont—md 1
‘ + i T dz+0(t).

.

K nepBoMy mETerpaily Mbl MOXKeM Cpady ODPUMEBHTL paccyiK-
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nenns TeopeMul 4.1.3, aro mact HaM

oo l
\ T (z -+ 1)] eIy —
)
p—1p=1 1 o
)

=en T T (4400 +0 (i)

t(In t)”p

npu |argtl<%+n, >0, n

oo

5 T+ 1’)]_%e““’dz - 0(__1__)

2y i(Inp)t/®

upu n>argt/ 2 +T]

C nByma NOCIeNHAMN RHTETPANAMH BONPOC HECKOIBKO
CNojkHEee, TaK KaK y HHX NOAUHTErpajbHEe QYHKIUM UMEIOT
ocofple TOYKUM Ha AeHCTBUTENBHOW ocH. (OaHaK0.BO BTOPOM
3 RUX BexmuuHa In f 4 2ni, urpalomas ponb ¢ B Teopeme
4:1.3, uMeeT MONOKUTENBHYI0 MHUMYIO 9acTh, TAK 9TO B pac-
cysIeHAAX TeopeMsl 4.1.3 MOMHO o60ATHCH TONBKO PaccMOT-
penueM Bepxiell NoJYIIOCKOCTH, THe ocobeHHOCTeR Y MOAMH-
rTerpadbHoil GYyHKNEM HeT. AHAJIOTMIHO B TPETheM HMATerpale
MORHO 000HTHCH HIKHel HoaynnockocTblo. OrpaEmIuMCH
paccMOTpeHMeM OLHOTC RHTErpaja, CKaskeM BTOpOTO.

[Ina Touxky mepeBana HMeeM ypaBHeHUe

-‘%[——%(z Inz—z)+z(lr_1t+2ni)+0(-%-)_+

+ 0 (ezmz)} — 0'“

H3 KOTOPOTO HaXOoauM

-p—lnz lnt+2m+0( )_*_0(8211{:).

s=c t = P2 ({ £ O (em“oezmp)) 0 (t_p).

- Papgmyc BIMAHHA 3TOH TOYKM MmepeBajla paBeH

. aw=old)
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Tax kar cormacEo Teopeme 4.1.3 B acmMOTOoTMYecKyo ¢op-
Myny BXOHT JIHMEL TOYKA HEPEBaJIa, JeMKAUlad B CKOJIb yroJ-
Ho Majom yrie |argz|<<m, TO TOUKa mepeBala WX He BXO-
DMT B aCHMOTOTHKY, WIM HAXORUTCA OT JeHcTBUTENbHOH OCH
Ha DACCTOAHMHM HOPAKA [°, 9TO 3HAYATENLHO Gosblie, 9eM
€e pagKyC BIHAHHSA,

Takum of6pasoM, B HallleM ciaydae MeTOA MepeBaja mpil-
MeHHM K ONeHKEe BCEX TPeX RHTEerpasios.

Ecan p < —;— m |argt| <m—m, T0 ocHOBHO BRIanm B

OIIeHKY paeT TOJBKO TOYKa IepeBajla HepBoro HMHTerpana,
# MbI OHOnNydaeM

g—_—._iP:.:.i. .1_19
Fitym(@r)?®t2e® (14+0(t7"), 1o penca—n

1
Ipr p < 35— W arg !, 6AU3KAX K —+7, ONMH U3 OCTABHIAXCH

HHTErpajioB JaeT BKJAaJ TOTO jKe mOpATKa. ITy (opMyay mul
OpUBORMTH He OymeM.

Hpumep 3. Haitpem acmMATOTHYECKOe HOBEEHUE HPH
t - oo PyHKuIHRA ‘

F(t)y= 2 e %", t<a<2.

n={

TlonmTaemMcas ONATH UPHMERHTH TeopeMy 4.2.2. 3pmecoh

—z
p(z) =¢ uMeeT ocobemnocts upH z==0, Tak YT0 HaM
npugerca B3ATL 0<<o<<1. Iloaromy

00
o —2%4 2(Ini4-271)
F(t)=§e 2 +Zlntdz+ S .e__l_—m_m—dz_i_
a C;"

20 :

e +2(In¢-~2mi)

-+ 5 Wdz-{—o@“).

Co

BoiacHIM BO3MOMKHOCTH NPHMEHEHHA METOJa MepeBasa K no-
cregnum gaByM muterpanaM. Te coobpaskenus, 49ro, mpmme-
HAA paccyKaeHHMA TeopeMH 4.1.3, ME MOMeM OrpaHMAUTHCA
NOTYIJIOCKOCTHIO, MO-IpeKHeMY chpaBefimBel. HysxHO BBHI-
ACHATH TONBKO, HE OOMaJaeT XX AeHCTBATEIbHAA 0Ch B 00-
JacTh BIMAHMA TOYeK HePeBada AAA BTOPOro M TPEThbero HH-
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terpanos (cormacHo Teopeme 4.1.3 Hac EATEpECYOT TOIBKO
TOYKH DepeBaia, Gamkaiimye K MONOMKHTENIbHOR 9JACTH Hei-
cTBATENbHOR ocH)., OrpaHmuMMCH pacCMOTDEHHEM BTODPOTO
HHTErpana.

Jlnsa Touxy mepeBajia MMeeM ypaBHEHHE

—az* "t 4 Int 4 2ni = O(e**7),

13 KOTOpor'o HaXO0AHM

Cy 1
z=c(l)= a—a_—_i(lut +2ni 40 (eZniz))a——l —

- A
= o F1(Int] 4 (9 + 2n) L 4 O (emin)F=T,

rae
/
=argz, — N < Q= 1.

Pajuyc BIHAHHA 3T0# T0YKH HepeBasNa paBeH

2—a
p.(t) ~ A(ln|t])Ha—D

a paccTtosHHME OT 3Toll TOYKM mepeBana [0 OCH HMEeT fo-
PAROK

1 I—a
(In)t])==T " = (In|¢])*=T.

3maunt, npa 1<<a<(2 paccTofiHMEe -OT TOYKH mepemajia 0
ocH cTpeMUTcA K GeCKOHETHOCTH OpPM [—-00 W BeIUKO NO
CPABHOHHIO ¢ paguycoM Baugnna. Meron Depesana OpHMe-
unM. Ecan e a>>2, To ocobbie TouKH Ha felicTBUTENbHOR
OCH NONAafalT B 00MACTh BJAMAHHA TOYKH mepeBasia W OpH-
MEHEHHEe MeTola HepeBajJa HATAJKHBAETCH HAa CEPLE3HBIE
TPYAHOCTH.

Ounyckas BHIKIAAKH, MpHBEaEM aCIIMHTOTH!IGCI\yIO ¢op-
Myay IR F(t) mpn 1<<a<<2:

2—a

F(t) =Ko (In|t|) 5% {exp[c (In]t] + i) = + 0(1)]
- expealln ] 4 (@ + 20 )FT +o(t)] +
+ eXP[ca (In]¢] + (@ — 2m) iy + 6(1)]}-

1
Buech ¢ =argt, ca =(a — )& 1, Ko =) 2na(a —1).



208 TJI. 1V. ACHMIITOTUYECKOE HCC/IEXOBAHUE IIPUMEPOB -

Paao6pamEuil mpuMep /aeT AOBOJILHC TOYHOE IPEACTaB-
MeHAe 0 mpefienax HPAMEHUMOCTH TeopeMu 4.2.2 (KOHEUHO,
€CIH TOBODHTHL He 0 riaagkocT¥ dymrmui u(z), & TOABKO 0
CKOPOCTH HX y61>manm1)

C nmoMompbio To# e JeMMB 2 MOMKHO SCUMNTOTHUECKH
OneHnBaTh M GecKOHeYHBIE IPOM3BEJICHHA, HAIPHMEp KaHO-
HUYOCKAE MPOM3BEJGHUA C NTAAKO PACIOJIOKEHHBIMH HYIAMH.

Teopema 4.23. Hycre gynryua w==u(z) pezysapna
8 obaacru D, codepraweil noroxuresvhyro wacrsy delicTeu-
TeabHOU Ocu, U oTOBpaxcaer ee 63QUMNO OOHO3HAUHO U KOM-
gopmro Ha yeon |arg w| <o, npuvem rax, yro Rew — +oo
npu Rez— 400, O6osnawum uepes L, rpueyr, nepexoda-
wyro npu orobpaxenuu w=p(z) ¢ ayr argw==r),

Ecau evinoanenst ycaosus

dt
5—_Iu(t)l_<

u na wo6oi kpusoti L., 0<[n]| <a,
ll]lM(Z)l=0(’[n12[), €Ly, 7—00, (6)

TO
o0 * t
== S — — t
1 ( ) exp‘{j- In (1 m (Z)> dz + R (o, )}
4 :
npu
t—oo0,-n< |largt| <nm

20e

R (o, t)z(o—-—;—)ln(— t)_i

k=0

¢, (0)
h ?

t

npuuenm c,(a) onpedeaaiorca gopmysanu

d 1 d
a)= [ Gt | B2
Lom
d kq
key (0) = j‘ _“l_(i,iiz ~ 4 j “;,E,z,” z:k;l,Z....
'LVI'l
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(3nece 0<<0<<1 m L, w— KoOHTYp, o6pa3oBaHEHIL BepTH~
KaJAbHBIM OTPe3KoM, HAYUWHMM M3 TOYKH z=C [0 liepecede-
* #ufA ¢ Ly, u gactnio L, upymeii or atoft ToUKm nepecedeHHA
10 6eckoHeunoCTH.)

HoxasatenbcTso. I[IpuMennm jsemMmy 2, B3fgB B Ka-
qecTBE KOHTYPOB CiuCy KOHTYpH! L, 4 ¥ L, —y cooTBETCT-
senno. Ilockonbky o6nacTh, 3axmodeHHAs MemAy Lo -o 1
L, ., orobpamaerca  ¢yurmueit w = pu(z) B wactes yraa
|argw|<<m, To mpum 3maveEMAX ¢, JeKamuX BHE Yria

¢
largt|<mi, m;>mn, dyaxnua In (1 — —“——(;))He uMeeT 0COGHIX
TOUEK MERRY KONTYpaM® Lo _ ¥ Lo .. Jlpyrue yciosua
JeMMbl 2 ana 3Toli PYHKUME To)ke BeimodHenHl. [Toatromy

"

: dz
[

o.n
| t dz
+ ) ()
0,—1
Ho ¢ nosompyio yeaosua (6) HeTpyamo moKasaTh, 4TO
[ dz ~ dz
fult-rotmmm et § = -
Lgm Lo
C _Inp &L s
s oz — 1 dZ‘LZ:-tT j’ e—nir _y’
Lmﬂ an

W aHaJOTHYHO AnMA uETerpana mo L, _. Ortcioga moaywaercs
yTBep:/eHne TeopeMbl, TaK Kak )

dz dz . 1
V=t ) wemer
Lo ) L

HeMROro NONOAHUB HAIOH PACCYMJAEHHA, TETRO MOAYIHTDL
acemorotuueckue dopmynsl aasa F(¢) BOGinau ee myneir.

Teopema 4.2.4. Hycre dynryus u(z) ydossersopaer
ycaosusm Teopemvr 4.2.3, a v(z) — dynryus, obparnas K
1n(z) (ra eeres, xoTopas cosepuiaer obparnoe orTobpasce-
nue). Tozda npu t us yeaa |argt| << mn cnpasedauses gop-
MYAbL:

g,—n



208 171 IV, ACHMOTOTHYECKOE HCCIEXOBAHWE INPHMEPOB

npu t, aexcawyur eviue Ly,

1 — e2miv(D) R
F@)~ 1 — g2miv0)y exp j‘ln(
]

(z)) dz + R (o, t)};
npu t, ﬂéxawux nuxce Ly,

F ; {'—e —27iv(1) T l 1 )
( )~ _-a'liy([)) exp ( + (z))dz + R (07 t) ?
[

npu t, aexawur Ha Ly,

=]

~ sin mtv (f) ¢
F()~ FTY IO exp {f In li + e
(]

dz 4+ R (g, t)}.

(3mecs R(o, t) — TOT e ACEMOTOTAYECKH# DA, 9TO B B
teopeme 4.2.3.)

HoxazareabcTro. OrpagnumMca [0Ka3aTEdLCTBOM
mepBoit  dopmyant. IIycTe Touka ¢ neskUT Ha KpmBO# Ly,
0<n<mi<a. Torpa, npmmenaa Jaemmy 2 K QyHKIRH

f(z) = — m: + Mbl IDOJNyuaeM

e . 1 _( a
F(t _23 t— K1 (2) “:St——p(z) +
dz

b dz
+ j t—p(z) g—2miz _ + 5‘ t—p.(z) et ¢

Lo,n Lo,—n

Me:xny wpuBbiMu L,y ¥ L; o B TOUKe 2z == v(I) HaxoquT-
ca monoc yusunus (! —p(z))~'. Briver B mem pasen

— ——— e, T 4
TATIO) v/(t). [TosToMy 0O TeopeMe o BbIgerax

FFay v 9z
F{t) = {—e—2mivd +j. F—p@ T

- _ 1
+ | tgpla s | oepeiy,

Lsa Lo, —a
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N

Hrterpupys ot Hyast ;1o t, nonyvaeM

{—e¢ —2niv{?)
In F () = tn = fln(i —

—zmz( 0

)dz+

3
i) (151
N B (2) W (z) _
) —mm; 2t j ~—zw -
0,0 U,—‘G

ITocronery mocaenHlie gBa WATErpasNia HMEIOT TOT K€ aCHMMI-
TOTHYECKHH pAA, 4TO H B TeopeMe 4.2.3, Mbl moaydaeM mep-
Bylo 43 mamnx gopmyn. Bropas pgokassiBaeTcs coBepHIERHO
aHaJOT¥YHO, a TPETLI0 MOMKHO DOJYIMTH M3 coobparkenwmif
HempepHIBHOCTH. TeopeMa [OKA3AHA.

fipumep 4. Haligem acuMOTOTHIECKO® HOBOJleHAE NPH .
[~ o0 (pyHKHHH

N

F(l) = H (1 — te=%), a<.

n._..

B nposepke myspaercs toabko yciosme (6). Ina kpm-
Boii L., monyuaem ypasrerue Im z*=n. Hoxaranz=z(r)=
== re’™", HaxoquM, 9TO IpH T —* 0O

@ (r) ~-ja‘r]r"’u.v Rez(r) ~r* Imz (r) ~ gri—a.

1 -
Orciona sAcHO, 9T0 HpH & < 5 YCIOBHe (6) sumoamemo.
Onyckas BBIKIAJKH, NpUBeIeM OKORYATedbHY0 (opMyny:

mF)~ (Il —te=)de — 4 In(~ 1) —
0

9 0
—_ Z — ¢ ), 1+ o0, larg(— Nl <n—m,
e
e

2 R sin (ky"‘ s'n Zl) Ky o0s ™%
00(0) =§(— a), Ch(O) =—k—j‘-7,a—;—1—e, ¢ dy.
’ Q



800 I IV. ACHIMOTOTHYECKOE UCCIHEIOBAHHE TIPHMEPOB

‘Ha aTOM mpumepe BHAHLI Opejessl HPHMEHUMOCTH Teo-
pex 423 m 4.24.

B3AAYHN M JIOINOJNHEHHUA K § 42
1°, Ionomam

n

F@=n2=0 (o (n+2)"

Mokaaars, ato

NlA

F(2) =V 3nzexp {%—*— eI g (l)} + 0(

)

opit Rez—>+ oo, |Imz| <m, &
1
F(:)=0(7)

opn z —» oo BHe moAymodocsl Rez > 0, |Imz| < m.
2°, Ilycte p — He nmemoe gwuciao u p = [p]. lloxasars, ato ecan
o6o3HauHTh

R
. oo .__:’_ r zkn__p
l"p(z)z-n 1 —zn exp 2 ; )
=l h=1
™
InT, (s) = :‘;n —5 In(—2)— 2 oz
- P h=—p
z-s00, |arg(— <A —1,
e ! k
1
co=—23111231, chzTC(-——p-), B0,

3% Ilycre amanuradeckre QyExmEy ¢(z) A p(z) peryasapust B 05-
facte D, copepamed DOJOKUTERARHYO TacTh AeiicrBuTeALHOl ocwu,
7 ¢yEKoEA w = u(z) otobpamaer D ma yroa jargw|<<a. B ofo-
3Ha4YeHAAX TeopeMul 3.2.3, ©C/M BHIIOJHEHb! YCHOBMA:

oo

[ HIOTErpan S
o

@)
B ()

dt CXOmMTCH,
-
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8 Ra nwo6ol xnanoi Ly, 0 5 0,
Inf@)=o0(|Imz}), lD!P«(Z)}—O(lImZI) 1>, &Ly,

TO
-]
F(y= ¢ _20) [ gnd: _ N 29
wy—t T Jum—t t“'H
n=} : p .
t—=oo, fArg(—ILR—n,
e 0<< o< 1m
n
= o@) e, ) (1)
¢ (0) —2ruz_ dz + zmz
e i —1
La.'l

§ 4.3. Hynm neasix pynrupmit

B aByx mpegmiaymmx maparpagax MBI pacCKA3RIBAIM O
TOM, KaK MOMHO HOJAYIATH acHMOTOTHIecKUe HOpMYTB! 1A -
‘Heanx QyHKN@A, OpefcTABIeHHLIX MHTErpATaME WIM PALA-
- mu. Cefizac MBI KODOTKO HOKa)KeM, KaK HAXOZATh aCHMIITO-
TH9ecKne GopMynHl LA HyJdell TaKAX QyHKIUI.

Bce acumnToTrHueckue GopMyibl, KOTOPEIE Mul HOXYJaNR,
HOCHNH CAeAyIOIAR XapaKTep:

F (z) = esr(@)+ell) | egu(lH-o(i), 2+, 2& D, (1)

rie D — mexotropan Geckomeumas obnacth,a g(z) u g3(z)—
ABe aHaNUTUIecKHe (DYHKIHM, peryJaapHble B aTod obiacTi.
YacTo B TAKAX ACHMITOTHYECKMX (opmMylax OO TOIBKO
ofino caaraeMoe, Ho Ttorga F(z), ogseBupgHO, He oﬁpam;a.nacb
B HyJb OpH gocraTouno Gonvmux zeD,

Hcxopa H3 TOro, ‘9TC aCHMOTOTHYSCKM® (opMydasl maa
F(z) mmenr BRA (1), MBI monmTaeMcA HafiTH acHMOTOTHYe-
ckue gopmyast ana Hyned F(z),

Pasymeerca, gamdame acmMuroravecknx gopmyn sapa (1)
He mBaAeTcA 06A3aTeNbHBIM MIA JOMX neasx Qyuxmuil,
Buoame Mojer CEyIRTHCA, TO B ACHMIOTOTHIECKYI0 dopMy~
Ay BXOZAT HE 1Ba, & (ojbmee MUCI0 KPUMEDHO DPABHOLEH-
HHIX ciaaraeMsix. Torga, KOHeYHO, 3aada HOJYIeHHA acHM-
u’romqecxnx PopMyn oA Hyfe# dUpe3BLITAHEO YCIOMKHEAET-

. ML orpaRuvmMcs nccne,uonannem TOTBKO CaMOro mpo-
cTenmero cIydas. ‘

. CHauama ROKaseM COBCEM TpPOCTOl DeayaIbTar.
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Teopema 4.3.4. Hycre F(z) — anasuruveckan @yux-
yus, pezyasapras e obaacru Dv,, roropas orobpaxaerca
dynryued {=1v(2) 83aummo 0dHO3NAYHO U KOHPOPMHO Ha
noaynosocy Ret>a, |Im&|<mo, npuues Ref— 4o npu
r—oo, O6osnayum uepes D, n<mn,, o0baacrs, xoTopas
orobpaxcaerca gynxyueld t=1y(z) na noaynoaocy Rel>a,
IImt]<n, a uepes (L) — Pynryuro, ocyupecrsasowyio
obparnoe orobpaxerue.

Ecau das F(3) umeer mecro acumnroruieckan gopmyiq

F (z) = 2e™9 cos (y (z) + e (1)), 1, 2 E Dy,

28e a(z) — npoussoavnas -anaauTuieckas Gymkyus, pezy-
aapras 6 Dun,r0 Pynxyus F(z) umeer ¢ obaacru Dy,
Mm<<no, Oeckoneunylo nocaedosaresbHocTy HYael An, 0as
KOTOPUIX Ccnpagedauda AcUMRTOTUYECKAR PHopmuyaa

ln=m(n(n+no+%> + 0(1)), n o,

(3necs ng — HeKoTOpOe LeJoe YHCJI0, 3aBUCAMEE 0T 1) H 4.)
HJorxasaTeabcTso. Pacemorpum ¢yrrnuio

Fy (§) = = e~%0® F (0 (1))

N3 ycnoBuit TeopeMsl ciengyer, uro Fi(f) = coso(t), roe
dyrxnna ¢(%) s moaymomoee Re{>>a, |ImT|<<ng, pery-
anpHa u pasHEa [+o0(1) mpm {—-oo. C OOMOIIBI0 Teope-
mul Pynte ne’rpynno HOKa3aTh, 4TO B moaymoioce Rel>gay,
|Im¢|<<m, dyErnusa w=¢({) oamonucrHa um BpH n06oM
M <1) H UpH JOCTATOYHO foapIoM @y, & B HOJYHOJ0CE
Re w>as, ﬁ)lm w| <<t obpaTHa#g K W (pyEEDUA P(W) pe-
rynApEa ® paBHa w-+o(1) npm w— oco. CiegosaTeanno,
B noxynonoce Re§>a), |Im¢| <ni, dyrxuma F,(L) obpa-
maercsa B HYJIb TOJBKO B TOYKax

6 =W (n(m+ ) = (m+ ) + o),

rie n; oTJAAYAETCA OT 1 Ha HEKOTopoe (HUKCAPORAHHOE He-
d0e IACHO Mo. Tak Kak An —-m(;,.), MEl HOJXYRaeM y'rnepm-
JfeHUe TeOpeMbl.

Hpynueim HOOCTATKOM noxaaanuoﬁ TEOPOMHE ABJIAETCA
HaIuude B, aCHMITOTHH4ecKod opmyie mia myaxeit Heompe-
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AeIeHHOTO 4HCI2 Ng. JTOT HEJOCTATOK HEJNB3A YCTPAHOTS,
He BHOCA CYIIeCTBEHHO HOBBIX IpefI0oNOieHHH, TaK KaK HO
acuMarToTudeckoid Qopmyne mra ¢Qyrxkunm F(z) He Bcerga
MOKHO CYJUThH O 4HC]IE ee HyHeif, JeKalluXx B KOHeYHOH da-
cre minockoctH, Opnako eciau F(3) — menaa QYHKUMA H HaM
H3BECTHO €e aCUMITOTHHECKOe IIOBefleHHe IpH JaI000M CTPeM-
JIeHMH Z K OO, TO 9Ta 3aja¥a paspeniuma.

Ilpesme Bcero copMmyaupyeM TpeGoBaHUA, HAJATAeMbI®
Ha aCUMITOTHYeCKie (opMyanl [iA uelod Gymruum F(z)

UPH z— 00,
Hycrs MBI MMeeM m [ONApPEO He OEPeKpHIBAMHEXCA 00-
aacreir Dy, Dy, ..., D, yxogsaumx B GecKoHEYHOCTH I Pasfe-

aAouuEx obnacts [z| >R ma m aacreit G, Gs, ..., Gm. 3a-
HyMepyeM o8JdacTA TaK, 9To0bI HpH o6Xofe B MOJOKUTENb-
HOM HuaOpapleHHd mocite D, ciegosana G, a 3a meir D,y
IIpu sToMm pgust ymoOcrBa samucH Mpi OygeM 10IaraTh

D"/+'1’=D1, Gm+1=G1.

C rampgoir ob6nactsio D, cBaeM aBaIUTHYECKYI0 QyHK-
nuo Y.(2), orobpamawmyo D, B3aUMHO OJHO3HATHO U KOH-
_dopmuo Ha ofmacts, xexamyio B yrre |arg§|<<m, Ho co-
pepaamylo noxynosocy Ref>a, |Imt|<<t, npm aobom 1
4 Opa gocTatoqHo GoabmoM a. Ilpu stoM moTpeGyeM, 9T0GHI
Rey,(2z) >+ mpm z—>oo, z&D,, m GygeMm mDojararhb
Ym+1(2)—-'{1(Z)

Yepes LYY oBosmaunM nmHmH, Oepexoffline HOPH OTO-
Opamenmn {=1y,(z) B npaupie Re{>a, Im{ =n. Bynex
Opegmoaarath, 9T0 3TH JUHEK OePECeKAalTCA OKPYKHOCTBIO

z| =r nopu J:[OCTaTO‘IHO GONBIIOM F TOJNBKO ONHH Pas, H ypas-
penme Kpusodi LY’ sammmewm B sEme z=z,(r).

Hamu opepmonoskends  oTHOCHTENRHO ¢Qymrpmm F(z)
CBOJATCA K CJHENYIOIIEM:

ope 26,

F (Z) = egh(zH—a(l), z-» 00, (2)

rae gx(z) — amanutudeckue QYHKIAHW, perynapHble B 00Bbe-~
JUHEeHHH Tpex cocefnnx obmacredt Gy, Dy, Dyyy;
npn zeD,
F(z) = 2 cos (v, (2) +0 (1)) = 25, (3)

rae o, (z) — HeKoTophle aMaTHTHYeCKHe® (PYHKUHH, peryiap-
aste B Dy (Gmy1(2) = oy (2)). Oyurumn ¥,(z), o (z) u gx(3)
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CBA3AHB!I MEXAY cololf COOTHOLIERUAME

8 (2) — Er+1(2) =2t 41 (2)y, k=12, m,
Er(@)=ay(2) — iy, (2), k=t 2....m 2€ Dy,

3ameruM, uro, 3amapan g;(z) 7 y,(z), ..., 'y,,.(z); MBI 3a-~
naem Bce GyHKUME g, (2) B ax(z). JelicrBrrentno,

g2(2) =g (2) —ina(2),  an(2) =8n(2) +ivu(2).

Bonee Toro, oGoinAg Bech Kpyr, MH BEpPHEMCA CHORA K TOMY
e mecty. IIpn stoM MBl momywum, Boo0Ome roBopf, ApYryo
*
dynruo, g1 (2).Ho dockonsky dyuruma F(z) menas, To Ta-
Koil 00XoX He MOKeT U3MEHHTH g€ 3Ha4YeHHA, H MK RaXOAHM
»
g, (z)to(1)
F (Z) = egl(l)‘\"o(i) = ¢ 1 R 1>, 1€ G,.
N »*
JT0 3HAYUT, 4TO NPH KOCTATOYHO GONBINEX 2 HMeeM g1 (2) =
= g(z) + 2nvoi + 0(1), roe vo— HeKOTOpOE NeN0e UHUCHO,
Teneps MBI B COCTOAHEE C(OPMYJIEPOBATE OCHOBHOA pe-
3yJIbTAT. .
Teopema 4.3.2. Hycry yesran Pynryus F(2) obaadaer
nepevucAeHHbIMU @blute CeolicTéami, a Ng(r) — HuUci0 Hy-
aeti F(z) e kpyze 2] <<r. Tozda

ne () =Y+ [0 )+ 4+ o).

(3necy [u] osmavaer meayw JacTs u.)
HAorxazareascTro. Ectu Ha okpyskmocrn |z]=r mer
nyaneit F(z), ro

ng(r) = '24? }‘{z?__\:qr arg F (z) =—§151§|2(; Im In F (z).

ppaucm maMeneHde Imln F(z) MOKHO BHIYHCAMTE He TOMB-
KO M0 OKPY’KHOCTH |z|==r, Ho ® mo m0GoMy KOHTYpY, B KO-
TOpBIH MOMHO NePOPMEPOBATH STy OKPY:KHOCTb, He HEPEXO-
as gepe3 Hyar F(z). Ecam sacre aToro KoHTypa, cKameM 8,
TemUT B ORHOCBASHOH ofnacTm, He cofmep:mameis Hyded
F(z), To ‘ . : :

m3M. ImInF(z) = IminF(z3) — Im1a F(z),
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rge z; — HadaJgo §, a 23 — Komen. M3 acmMmroTHyeckmx (op-
Mya (2) u (3) smamo, uro B G, Qymkmus F(z) me mMeer
myned, a B D, Moer EMeTh HUX JHOIb MEKAY KDPHBLIME
L™ v LYY (Bce »T0, KOHeWHO, BEDHO BHE HOCTATOYHO
Goupmoro kpyra). IlostroMy m1a mDojcueTa H3MeHeHHA
ImlnF(z) Mu pasoGbeM Ham KOHTYD Ha 9aCTH Tin B Sp n

Ty, n— OTO AYTH, HOepeXofAmHe HPH oToOpameHAH [==
==Y,(2) B BepTHKAILHLIE OTPE3KH

Ret=mn, —n<Imi<n,

rje mejoe WECJO 1, BIGpaEO TakEmM 00pazoM, 9TOOBI MemIY
AYroit OKpyKHOCTH |z|=r M T, , He Oniyio Hyme#t F(z); ms
acmMnrorudeckoit dopmynasr (3) BHgHO, 9TO UHCAO Ry HOMK-
HO YIORJIETBOPATE YCIOBHIO

7 (mn =) <mla @) + o) <s(m+ )

= [ ) + g+ o]

n) —1)

KOHIE JYT Ty v, JEKaDIHe Ha JUHHAX L u L, Mt 060-
BHAYMM COOTBETCTBEHHO 9Yepe3 Z, n M Z —,; B KAUECTBE ) o
MBI BoabMe\{ Kakde-HEOYIb KPUBEIE, 3aKIIOYCHHBIe MEKIY

L v LTV ¥ COPAMHAOLIEE TOYKH Zy q B Zayi, -

Hanmuiem
; . m .
nF(,-)=2L2n3M ImInF z)+2i2 uaM. Im In F (z).
R=1 Th,n =1 %&M

Ina nepsoit cyMMHE! ¢ moMombio acEMOTOTHYecKoii dopMmy-
an (3) maxommM

mam. Im In F (2) =
TR

— Tm {0ty (2n,n) — @t (28,—0)) + mow. arg cos (v, (2) + (1)
Tk,

Cornacmo BHGODY JEEEE T, , EMeeM

' B3M. arg cos (yy (2) + o0 (1)) =o(1),
"

20 M. A, Esrpadon
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H clTefoBaTeNIbHO,

%znau Im InF(z) =

k=1 TR,7
=2 Z Im {ot, (2a,n) — o (— Z,—n)} + 0(1).  (4)
h=

Hanee, KpuBHle s, o JeKAT B ONHOCBA3HKIX ofiacrAx, He
copep:xamux nynedr F(z). [ostomy

m

-—2 mem. Im In F (z 2 m {InF (2 41,—n) — 10 F (23,0)}-

h=1 Sp.n h=1
U3 acumutormueckux dopmyn (2) m (3) BEARO, ¥TO HpH 3z,
nesxameM Meskny Ly® ® LiTP,
InF(z) — g, (2) = o0(1) + Be™™, e1<t.
3HavnT,
Im{ln F (2411, ~) — In F (24, 4) } =
=1Im {gk(zhﬂ, —'n) - gk(zh. n)} + 0(1) + Be~"

(3

IToaromy
m

1 1 L
?{hzl??: ImInF(z =T§ Im {gy 1 (21, -‘I'l)_gh(zh W}t

+ o T {5, (21,—0) — & (21,0} + 0 (1) + Bme—.
Ho )
Im {g, -1 (2,—n) — & (Zr,)} = — lm {a, (21,n) — 4 (24, —n)} +
+ Re{ys (Zp,n) + Y2 Gr,—n)}y n2>2,
Im{gm(z1,-n) — 81(21,0)} =
' = 2avo — Im {1 (21,0) — @1 (21, -n)} +

A+ 39{1’1(21'71)‘# 1i(z1 —0)} +o(1);

COTJTACHO OMpEeNENICHAI0 TOYEK Zy 4 B 2y, —n

Re Ya(2, n) =Re 1a(2s, -n) =0an,
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Cienobaresnbro, .

-_3’ gam. Im In F (z) _vo+2 n - 0 (1) 4+ Bme—",

Ll P
CxaanbiBag »To BbIpaykeHlte ¢ BolpaskenneM (4), Haxopmm
m . .
ng(r) =v,+ kz_‘,i ny -+ o (1) + Bme—", jel <.

Tak Kak 1 MOKeT GbITH CROJb YIOOHO GONBHIIM, TO OTCIOAA
claemyer

np(r) = v, + Einh+0(1), el

ITockonbKy ng(r), vo H n, — Hejvle 4iCHa, TO 3TC ‘03HAUACT,
9TQ IpH AOCTATOMHO GOMBIIMX F

m
F(r)=v0+’§1nh.

BenoMumas onpepeselne n,, MB OPHXOAUM K YTBeDMEEHEIO
TeOPEeMBL.

flcne, 4to, uMea Oonee TOUHBIE acEMOTOTHYeCKHMe ¢hop-
myasl aaa F(z), mbr monydaeM B Gonee TOWHB® ACHMOTOTH-

yeckre (GopMYyJIH MIA ee HyIeil.

IlokameM Ha ABYX HECHAOMHBIX NpEMEpax, KaK NPAMe-
HAKTCA NOKA3aHHLIE TEOPOMBI. )

Ipumep 1. O6osHaunM 4epe3 A, , BEIHYHHY R-TO MO~
aoxurensHoro Hyas ¢yaroan J,(z) — yarunE  Beccens
HOpAJKa § (s — Hesoe HEeOTPHHATeIbHOe YHCIO).

Jaa ¢yakumn J,(z) meromoMm mepeBama MoskeT OHITh mo-
aydeHa acmMmmroTmuecKad dopmyaa (cM. § 1.6, mpmmep 4)

0=V T THE)

tiw

> o0

el
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~L
(s u 26epeTca BeTBB, HOJOMETENbHAA OPH HOJOMHTENb-
mpix ). Hcmoabayem cmavuana teopemy 3.3.1, mosiosxus
s n

v =25 T

: Fa n )
Tak rax o (§)={ + 75 -+ 7» TO MBI moxywacM

3

Teneps mompoGyes ODPENEANTb 7y ¢ HOMONILI Teope-
Mmbr 4.3.2, O6osmaunym uepes n,(r) uucio uyneit J,(z) B Kpy-
re |z|<<r. B ofosmaweHnax Teopems 3.3.2 HMeeM

s s

, . . 1 ,
g1(2) =1z -5 —%‘ln(zz), ge(2) = — iz + —2----;2-ln (—iz),

@ =:1—5-7 nm@=—z2+F-7,

HOSTOMY gr (2) = g, (2) u vo=0. CnegoBatenbHo, UO Teope-
me 4.3.2

ns(r>=[nl—%+%+o(1>>]%[ni+g+%+o(1>].

Ho /J,(z) mMeer s-xpatHpiz Hyas nopm z==0, u $yHxmus
"'z7°J,(z) werHa, TaKk 9T0 Hy(An .+ e€) =2n 45 (npn 0«

<e < %) Hoacrasassa Ans = n (R 4 ng) + ’; + E,;.—i- 0 (%)

B aCUMITOTHYECKYIO (GopMyny ana n,(r), MEl HAXOREM Ry ==
= — 2. CregoBaTeabHO,

}«n,s=“(n +‘21—%)+0(':T)’ —~- M.

MIpamep 2. HaligeM acuMOTOTHYeCKoe HOBefeHH® HPH
-+ — 00 BCJAUYHHDBI Np(r) ANA

- o0
y Fqz) = Eo e—%gn, j:-< a<32.
. — _
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B npumepe 3 § 2 MBI UOJNYYHIH acHMNTOTUYeCKY® ¢hop-
3 o
myay mas F(z) opn 1<<a<<2. Ecau o >, To aroli gop-
MyJde MOXHO OpHAATh Gollee IpocTod BHA:
1 2—a

F(5) = M, (Inz)* ! exp{ca (ln®)* ' +o (1)}

}am,mmHQn—ﬂ

H

’

o [

expeain 9 " —

(]
(|

1
2

F(z) = 27, (In (— 2))2*

o e, R
(a o 2 (In (— z)* ’}cos (————n(ln(—a)) “‘4-0(1)),

rage -
i o’ o

Ma=]/ziia 2ol o = (@ —1a *L

a

B o6osnauennnx teopemsl 4.3.2 umeem m==1n

@) =¢ T T =%lnns,

1

v.(2) = ()= —r.

Herpynuo yGemurbes, 9to vo==0. [ToaTomy
ac _1; q{
nF(r)=[a_“1 oL'—i-l-——}—o(i)J=

[ et enn]

1 —_1.
-

Ay =e . n- o,
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B3ALAYH U JAONOJHEHHA K §43
1°. Hoaonum )

L
ami

L

rie L —rparuna moaymoxocsl Rel > a, |Im{| < m, a > |z|. Mycrs
Ap — By F(z), aeyame B Bepxﬂen NOJMYIIOCKOCTH, 3aHYMepoBaH-
HEI® B NOPAJKe BospacTaHma Mopyneit, [lokasathb, 110

zlnlnn
+_27+0(n1nn)

F2¢1
ln=lnn+ln2n+—2—-_

§ 4.4. [IBa npueMa mOCTpOeHuA IpAMEPOB

B 3ariwueHne KHHUrE OOTOBOPHM O METORAX HOCTPOEHMA
OpEMEpPOB LeXbIX (YHKIWE, MMEUMX OpPegIMCcaHHO® IOOBe-
neHMe B GeckomewnocTm. Pasymeercs, BCe, 4To A0 CHX MOp
n3naranoch B 9TOi TJIaBe, TOKEe B 6OJLIIOI CTEHeHH OTHOCHTCA
K 9TOMY BOIpOCY. 3[6Ch Mbl HaJHM OBA METOJa, 9aCTO IPUBO-
JAIHX K HYKHBIM pe3yibTataM [JOBOJLHO INPAMBIM IYTEM.

Peus Gyget uatu o sagave traxkoro popa. Jlawma meKotopas
necrearensnaa Qynxuaa O (z), ompeneneHHas BO BCei mio-
ckoctH 3. TpeGyercH BHACHUTH, MOMET JH CYIIeCTBOBATH I(E-
Aas QymEKuMA, He Opesocxopsamas mo Moayyo ©(z). Ilpn
aroM ofsrago @ (z) samaerca He TOYHO, a ¢ HEKOTOPOi cre-
mensio opoussona (ecau @(z) sagama TOYHO, TO 3afaga BeCh-
ma Tpyama). IlepBoe, 4TO MBI ROKHBI CHeJIATh, KOTHA BO3-
HOKAeT TaKasf 3afada, 3TO OLEHHUTH cy6TapMOHHYECKYI0 MHHO-
parTy. Omemka cyGrapMomEYecKoii MUHODAHTH — BOIPOC
JOBONBHO CJOMKHEIA, M ACHO, 4YT0 OH He CTAHOBHTCA WPOIle,
ecTA HaM HYKHO CTPOHTh He cyGrapmommueckyio $YHKIUIO,
a Moxyiab nexol dyarumu. IlosToMy ecTecTBeHHO CYHTATh,
yro cybrapMoHHYeCKas MUHOpAaHTa y:Ke Ha#ifneHa, T. e. Hc-
xonmaa ¢yarmus P(z) yme AsiaAeTcA cyGrapMonnqecxoﬁ
K MBI pellaeM 3a/ia¥y 0 HOCTPOeHHH nexo#t Ppymkmuu F(z),
YIQBISTBOPAKIIEHR YCIOBUIO

In[F(z)| < ©(2).

Ecnr ¢ynxnna O (z) 3agana T09HO, TO 3aa9a OHATH YPE3BHI-
wafigo cI0XHA M, BooGme roBopA, HepaspelumMa, TaK 4TO MH!
HO-Ope)KHeMY HO/UKHH CYMTATH, 9YTO B 3afaHNN (HyHKOUH
@ (2) mMeeTca HeKOTODHI# mPOM3BOIL.
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Bymem ewre npegmonarars, ato ¢ynrnua D(z) me npons- -
BoJbHAA CyGrapMoHHYECKasd, a yCTPoeHA CASAYIOIHM o6pa-
3oM. Ilnockocts z pasbura kpusmMu L, Ha KoHeYHoe WHCIO
obnacreir D,. B’ kampoit obnacra D, dyrxmua @ (z) rapmo-
HAYHA U OPH Iepexoje U3 OZHOH olmacTd B APyrym ocTaer-
CA HeNpepHIBHOM.

IIpu »THX DpepmoNOMEeRHAX MBI GyAeM OEITATHCA CTPOUTH
OeJyio QYHKIHIO, He TOJBKO YROBIETBOPAKINYIO HEPABOHCTBY
In|F(z)| < ®(z), mo, mo Bosmomnocm, Boo01ie Majio OTIR-
qalomylocﬂ or D(z).

HamGomee mpocteim sBnsmercs cayvait, korga @ (z) =0
OpE BCeX Z, TaK KaK 8aj{aua HOOJHOCTHIO pacOafiaeTcd B TOM
cMBICTe, UTO €e JOCTaroYno PeINHTh RAA Kampol obGlactd
D,, maiias penyo ¢ymxnumo, orpammyernyio sre D, (unm,
BO BCAKOM cJydYae, Malyl0 HO CPAaBHEHHIO ¢ ee SHaUeHHAMH
B D)), a sryTpr D, Mano oTIH9aOIIYIOCH OT 3a{aKHOH aHA-
nutHgeckod ¢yurnumu (ue obszartensHo mHedoit). Jokadtem
HeCKONBKO DE3YIbTATOB, HO3BOJAIOIIMX OCYLIECTBIATH TAK0®
NOCTpOeHHe NJIA NOBONBHO BaKHOro Kiacca o6iacreit D, u
3anaRpEHX B HEX Qyrxuui. HaurieMm ¢ mpocreiimmeft TeopeMel.

Teopema 4.4.1. Hycre anasuruveckas gynryus ¢(z)
ydosaeraopser Ycaoeuam:

1. IIpu Bocrarouno 6oAblULLT NOAOKUTEALHBIT X PYHK-
yua ¢’ (z) noaoxuresvra u @(x) crpemurca K + o bvicrpee
a06oti crenenu x npu x —> -+ 00,

2. Ilpu wmobom A u npu docrarouno GoavWom T PyYHKYUS
@ (z) pesyaapra 6 kpyze |z —z| < A ;’,(Z;)).

3. Ipu mwbom gurcuposarnnom A

.

¢ 9@ b el
e T e e k<A
O6osnauunm uepes Dy o 0baacts 2 > R, |y| <o (p,(( pa e

pes Ly o — ee 2panuyy. Pynryus

LS N o
;‘-'ng’ R > max (Ro, 12} -—2‘<G<ﬂ.

F(z) =

Zm
LR,

aenaercs yeaoli Pynryuel z, ne sasucayeorRua, udis
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Kee cnpagediuevt acumnroruieckue Hopiyavi

o0
F (z) =~ 2 anz——n_l' z— », qz é‘DR.G.: a‘>%c
P(z) —n—1
F(Z)NB —f—ZGnZ ’ z—rw,zEDRa:a<n,
n=0 ’
ede
1 s
anz—‘m j C"e"’cdg.
LR,a

HDoxasareancTBo. JJokaskeM mpeie BCETO, YTO HH-
rerpaanl, onpegensoiine F(z) u a4, cxoasrca. [as storo
$(§). B cuny yenosusa 2
(bynmma ¢ (%) peryaspra opu mobom A B xpyre [ —E| <
<A42=L (5 M Mbl MOMeM RammcaTh

omeruym |e**+™| ma kpuBO@ 1 = o

n
) — —i | ¥Etm @
IngE+ ) —Tng@) l‘oS‘ eET 1) dt, Int<aLh

CornacHd ycioBuw 3 oTciofa HorydaeM

1ncp(§+ it ""2) Ing®) -+ ia + o (1)

uwn

K28

e (5’ M) I — ¢¥(® (cos o (1)

E->+ w(1)

Tak kak ¢ (&) = + oo 6bicrpee mo6oit cremenn §, a cos a <<
<0 (MH npeJIIoNOMRMAH, YTO MHTETPUPOBAHTE HPOUCXOJUT

n 5
oo Ln’a,? <a < n), TO CXOMMOCTh HUHTErpAJIOB obecmedena.

‘Voegumea, uto F{z) — nenas QyHKI#HA, He 3aBUCAMmAN
or R u o« Mu onpepemunu F(z) unTerpanoM mo Lgp. Aas
{z]| << R. Ognaxo mas R>R no reopeme Homn umeeM

1 PR 1 LIt
2l Y r—; 9t =51 S Tz 9% F<a<n F<a<m

R,« LRr,a,
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TaK KaKk IORUHTerpanbHAaA (YHKIUA peryispHa B KOHTYP
MOEO IPoU3BOASHO Nehopmupobats. Homurterpanno Lg,a,
ompefenseT QYHKIHIO, PETYIAAPHYI0 yake IpH Tzl < It;. Ho-
ckoubky R, Mo)kHO GpaTh Opod3BOAbHO GombiiuM, To F(2)
AHATHTHYECKU OPOJI0JKAETCHA HA BCIO IUNIOCKOCTL.

Iepeiimem K BoIBoAy acuMmrormiecKux gopmyn. Boapbmem

n
Kakoe-nubo a, o; >a> <+ @ OPONUOJOMIM, YTO 2 JeHUT

BHe Dpg, o,. OveBugno, aro ecau z Jessur sHe Dp, g, 8 C—
Ha Ly o, TO

—- m(g)
: z,l> Ve
Iopcrasnaa B dopmyny
. 1 o(%)
F2) == %_—z ' Ri > B
LR a

cOpaBeJIHBY0 A BceX Z, aeawnx sHe Dp, o, BeIpaiieHUO

S SR W SO S\l S B
t—z z 22 v 2N N {—12°
HAaXOOHM
N—{
—n—t =N 1 eHELN
2 dn2 2 L~z at,
n=0
Lp,,a

yto B cany oumenxy (1) maer mam

N-—2 -
= 2 a,,z_"‘—i'-f‘ 0 (Z_N)9 o0, 2€ Dpo,a4.

=0

dro OOKa3pIBaeT 0OepBYI0 H3 HAIINX AacCAMOTOTHYECKUX

q)opmyn
¢th Temepb z AMAT B Dp o, ay << a < m. Torma mpu
Rl> z| >Ro MH MOMeM HaICaTh COTJIACHO TEOpeMe O

BblueTax

= = e®(®) Rasly
F (2) j = dc o o [ =t
LR..G LR;M
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Jna mocienHero WHTErpaja T ke pacCyXIeHHA, YTO U BH-
Ile, MAIOT HAM TOT e caMbiil acuMnoToTHaeckudl pan. Teopema
ROKa3aHa.

CoopMmynupoBarsble ycnopua Ha §(2) MOMHO BHAOHBME-
HATh CaMbIMH Da3dmInbIMu cmocobamm. Mpr BriGpanm mpo-
cTefilime paXe HO JIA OPOCTOTHI JAOKAsaTelLeTBA, a AAA’
opoctotsl opMysnnposox. IlpuBegem opum Goltee oOmyuit
pe3yJbTaT, KOTOPHI HOKa3blBaeTCA HOCIAOBHO TAK He.

Teopema 4.4.2. Hycrs kpusas Co sadana ypasHenuem
2 == 20(x) (ede 20(z) =z +iy(z), r > Ry) u yrodur e bec-
KOHEYHOCTb npu X — -+ 00, u nycTo umeerca Pyuryus @(z),
PeCYAIPHAR 8 HeKOTOPOl- OKPecTHOCTU 3Tol kpueoil. [Jas
kamdozo o oboanavum uepea C, Kpueyw ¢ ypasHewuem
2 == 2,(x), 20e 2, (%) =z, (z) +la —;ﬁ (é‘; ((3; » U npednoao-
wum, uro npu > Ry, —n << a << n, kpusste Co 1e nepe-
cexarores dpye ¢ dpyeom. Yepes Dy, 0603Hayum o6aacre,
sanumaenyto xpustiny C,, —a <n<a, 6 noayniockocTu
x> R, a uepes Lp o— 2panuyy aroii obaacru. Mst 6ydem
npeano./zaearb, yro gynryus ¢ (2) ydosaereopser Ycaosusm:

1. lIpu docrarouno Goavwuzr z Pyrryus @(2) nosoxu-
resvha Ha Co u MOMOTOMMO CTpEMUTCR. K -} 00 npu z-—» 00,
z & Cy, 6bicTpee, uem Mmobas crenens 2.

2. Mpu arobor A u npu docrarouno Goavuion r Gynkyus

“9(2) peeyaspua s npyee |2 — 3 (2) | < 4| Tl

3. Hpu awbom gurcuposannon A

R(z) _ @ (30 () ot 12— © (2o (£))
0@ Q@) 2ot li—n @< 4| FEEES |

Toz0a Ppynryus

1 Pt .
F(Z 2a0 t—zgg’ R>max(n°,|z—|), F<e<m

LR,

yeqas, He sagucawyas or R u o, u 0aa nee cnpagedaugrl e
ae acumnroruweckue dopmyast, uro U 8 npeduidyweli
Teopeme.

B ofenx reopeMax MBI rOBOpMAM TOJABKO O TAKHX CJydafX,
rorfga ¢ (z) pacter Guctpee mioboii cremenm 2. Bromme Boa-
MOMHO ObLTo GHI paccMoTperh M ciydait, xorga ¢(z) pacrer,
Kax cTemeHs, G6ubwman '/o. Oprako Ans PyHxumi, pacTywax,
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KaK CTemeR, ¥ MelleHHee, MOMKHO NPEIIOMKUTL APYToi
cnocof moctpoerus., JH HECKONBKO CJOMKHE®, HO ero<IpuMe-
Henus Gosmee mupoxd. CocromT 5TOT cmocob B caepyiomeM.

O6o3navsaem gepes P(t) dyrrnmuio, obpaTHy® K ¢(2), u
paccMaTpuBaeM HHTerpal

) g Fioo .
1 Y (1) e
Fo=2= ). so—7%

g—ioo

rze g BeiGEpaeTcAa cronb GomsmmaM, uwto6el mpmRet = o
$yuaruus P(¢) me obpamanach B 2. /s mOIyYeHUA acuMI-
TOTHYECKHX (POPMYN MBI MCHOJNb3yeM Te e MEeTOALI TeopHH
BLI1ETOB.

JOoKasHBATE TeOpeMEBI, OTHOCAIMECHA K 9ITOMY CHOoCOBY
DOCTPOeHMA, MBI He OyfmeM, a paccMOTPHM ABa HpPHMepa.

IMpumep 1. Halinem acumuroTudecxoe moBefeHHe ODH
z— 0 QyHRUHH :

ag+ioo —1

i
, 'y .
F(z)=%Ep(z)= i y ti e'dt, gs 100,
0

2nip i
o—io 40 __,
C s1oit dyuxnueil ME cTAJKUBAXICH IPH REHACTBUTEIBHBIX
z B § 1.5. ¥Y6enumca npexge Bcero, 9ro Qyurmus F(z) ue-
aag. HurerpupoBanueM TO HYaCTAM JIETKO HPOBEPHTH, 4TO
nuterpan cxonnrtcs npu awbom . Kpome Ttoro, B moGoit mo-
aynrockocrs Ret << ¢ mopmHTerpaibHag QyHEKIMA CTpeMUT- .
CA K HYJII, OpUYeM AOCTATOYHO GBICTPO, WTOOHI TaM MOMKHO
OBLJIO HPOU3BONLHO nedOPMUPOBATE KOHTYDP UHTETPHPOBAHUH
(roHewRHO, He IepexoxA Yeped ocobwie Touxu). Ilosromy mpu
0 > |z|° umTerpan He 3aBUCHT OT O, H, B3AB O [OCTATOYHO
GonbLIMM, MBI IOJyd9aeM aHaJIATWIeCKoe mpopomxenue F(z)
Ha CKONIb YyrofHo Goabllle Z. :
OcobsiMr TOYKaMA HOJMHTErpajbHOH QYHKOUUA ABIAAIT-
¢ TOMIOCH 1y == z°¢2*"* § rtouka BeTBienma t==0. AcuM-
torugeckana gopmyna pas F(z) ompemeasercs ocobuMu TOY-
KaMH HOJUHTErpaabHOd (QYHKIUH, JeKAIUMHE NIPaBee MHH-
Mot ocH (HO YYHTHIBATH CTOMT M 0CO0LIe TOYKH, Je;KamIHe
6143R0 K MHUMOIl OCH, Jake ecliZ OHH JieBee ee), Ecau
-B momymrockocTE Ret > —n}z|, n >0, mer momwocos &,
To MH MOMEM 3aMeHUTH Hall KOHTYp WHTErPUPOBAHASA

>
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JOMaHOM -
Ly(=n|z]—ico, —nlz|--i0, 0, —n]z]| 40, —n]z|+ic0)

B OOXYYHTH

ine

‘

n
an =—-2i— "t"e’dt=—— %Esm——-l‘( )

n

Ecnm me B momymiaockoetu Ret > — nlzl, >0, ects
HOAI0CH MOTAHTErPANbHOR (BYHKLHHM, TO, 3aMENHB HAlH mep-
BOHAYAJBHBLIE KOHTYP HOTerpAPOBANAA KOHTYPOM L,, Mot
RoKHN GyfieM R06aBATH K HAlICHHOMY aCHMITOTHYECKOMY
PAAY CyMMy BHI9€TOB B I0JIOCAX, JIMKAIUX B 9TOH momy-
mwrockocT#. HeTpynHo 3aMeTHTB, 9T0 BLIYETH! B HOAKCAX iy,
Ne;KamuX JeBee, npeHeOpeKUMO Manpl O CPABHEHHIO
KaM/IbIM YIEHOM aCHMIOTOTIYEeCKOro pAxa, HPOHCXORAINEro
oT TourH Berpixenus { = 0. , ‘

Taxum ofpasoM, OAA HATHCAHHA ACHMITOTHIECKUX (pop-
MyJd HaM OcTaeTcA TMPOM3BeCTH HECIOMHBI IMoJcdeT — ompe-
AeduTh, TPHM KaKUX 2 KakKiHe MOMIOCH BOHAYT B ACHMITOTH-
9eCKYI0 q)opMyJIy Onycxaﬂ 3T0T MOJICYET, MPUBeJeM OKOHYa-
TeJbHHI pe3yibTar.

Ilpm p>%

E@~— =
s

KOTZA
2> 00, o+ n<|argz| <7
H ¢
it 1 —an /N in
~ Ey(z) = pe —?giz F(p)sm——
Korga
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—-—

lpz p< 5

-]

B (2) 0 2pnip 4 Q) _1_!1_1
o () pZe e ﬂ‘_llz r{— sin o
n=

Korga
z2—o0, |argz|{<nm

TAé DepBas CyMMa pacopocTpaneHa Ha Te aHadenAns k,
1 .
]k} < [—p-J, AA KOTOpHIX |arg z 4 2kni| < 2—’:) “+ 1.

Hpn p = -1"7 (m — uenoe wucao) Jynruua Ey,(z) merwo

HaXOMHUTCA B KOHEUHOM BHJE.
Iipumep 2. HaiigeM acuMiToTHYECKOE MOBEJeHUdEe NPH
2= 00 (PYHKIHUH -
g+ioo
( et t® 1
F(z) 2m j = dt, o>dnd+izi®, F<a<t.
g—ioo e —z
B cxopuMocTH HHTErpasia ¥ B BO3MOSKHOCTH IPOU3BOJIBRO
gedopMHUpOBaTL KOHATYP MHTErPpMpOBAaHHA B JI060H moay-
mnockocta Ret < a (He mepexoma ocolbix TOYEK HOOMHHTE-
rpaiabHOfl PyHKUHN) Mbl Jlerko yOe:REaeMcA TeM e IyTeM,
49To W B OpefblayleM IpuMepe. 3aMeHMM HWHTErpUpOBamHe
o HalgeMy HCXOZHOMY KOHTYDY MHTErPHPOBARBHEM OO paape-
3y (— oo, 0). ITo TeopeMe 0 BHYETAX HOJYYHM
: 1
o = 0
F(Z) ~ 2 e Inz+2hai) + E anz—n-—l’ z—+o00, largz| <@,
L. h=—o0 © on=0
rae
a, = — — eltni%a~14s
n - 2n ‘
(~00,0)

Herpynro 3aMer#th, 4YTO mepBHEt pAg mopH JOGHX 2z,
jarg z| < x, ABAAETCA AcHMOTOTHYECKEM pAROM (CXOXAL[MM-
¢} M 9T0 Kas/bid ero 4iewm Goxbine jio0oro wiesa BToporo
pana. Hoatomy

1

. . .y
— = = R
& @& . o
~ -2k
F() =~ e(ln z‘) + h=§:‘ (e(ln_z—{-zmu) + ebln z—2kai) ),
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E .
Korzia
. z—>o0, |argz|<nm.

Hanoxennsle gBa MeToZa [AOT HEKOTOpoe Npefcrasie-
HHE O TOM, Ha 9TO MH MOMKeM DacCIHTHIBaTh, HEITAACH pe-
IIHTh 3afady, 0 KOTOPOil MBI TOBODIUIH B HauaJje maparpadga,
ecan O(z) peorpumaTenspHa. 3aMeTHM, 4TO INIAKKOCTH PYHK-
uum ¢ (z), X0TH MH ee W HCIOJB30BAIH B B3HATHTEIHHOIM
Mepe, He MrpaeT Taxoit yx Godbuioil poiu, ecid He Wpefb-
ABNATh CHHOIKOM Goabiumx TpeGoBamMit K 0CTATOYHEIM
9IeHaM,

3HaUATeILHO cJAOKHee oO0CTOMT JReJo B cjydae, Korja
@ (z) Momer GmniTh oTpumatenbHOA. Mb1 KOPOTKO pacCKareM
00 OflHOM IOXXOfAe K PelleHHI0 3a4a9d B 3TOM cCJydae.

Bygem mpeamnonarare, uro cyGrapMmonuueckas QyHKIMA
@ (z) ynosieTBopseT YCJIOBUIO @

@ (z) = O (z7), 2~ 00,

d UTO BCA NJOCKOCTH 2 pasfeleHa KPUBBIMK L, BEIXORALUI-
MU M3 OfHO# TOYKH, Ha n GeckoHewHHX obmacreit Dy, B KaM-
moit ®3 KoropHx @ (z) paBHa TapMOHHYECKOHR (YHKIMM
u,(2). Ilpu sToM Mbl 6ymeM CYHTATh, 4TO OOJACTH TrApMO-
RHuRoCTH U;(z) mHeckombko mupe D, Ha xpmeoit L,, pasge-
nmomei obracra Dy 1 Dy, MBI TJOJUKHB HMETDH

u,(2) = tpy1(2).

Ilyers v — manpasjende HOpMand K KpuBo#t Ly, oTBedamwlllee
nepexogy ¥z D, B Di;; B Touke zZ == z,(s) Ha KpuBoii L,
, BeeneM oGosnauenie

6u du
R+1
Pr(s) = ™ |z=zk (s

Mo:xH0 mOKa3aTh, TTO

+

®(z) = Re P (3) + kgﬂ% {10 l1—m

Ly
zP
+ Re( CREER (s))} pu (5)ds,

rie P(z) — RexkoTophli MHOrOWIeH OT Z CTeNEHH He BBIlle
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p. B camom mene, B Teopuu morapuMugecKoro HOTpHOMA/A
noxassiBaerca (cm., manpmmep, C. JI, CoGones, Jlexmmu mo
TeOpEH JEPdepennuanbHEIX ypaBHEHNH MaTeMaTHIECKOH
¢usnku, Focrexuamar, 1950 r.), uto morapuMudecKuiE mo-
TeHIIHaJ MPOCTOTO CIOA HONPepHIBeH, 4 er0 HopMaJbHAA Mmpo-
H3BOMHAA TPH Tepexoge Yepe3 CJOH NMMeeT CKAYOK, PABHBII
2np(s). Ilostomy pasnocrs Mexny O (z) ® mmTerpaloM B
npaBoil wacTH ABNAETCA rapMOHUYeCKoi (ymkmueil Bo Bceid
mJ0CKOCTH, 3a MCKIOYeHIeM, Moser Owrth, kpuBnX L,. Ho
HA 9TUX KPHBHIX HETPEPLIBHEI M CaMH (YHKIUH ¥ HX HOp-
MaJbHBIE TPOH3BOANBIE, JTO 03HAYaeT, 4TO HAIIA PA3HOCTD
TAapMOHIIMHA II Ha 3THX KPHBHIX. Hpome TOr0, PacCyKIeHHnA-
MI TOI'0 ’Ke poja, 9To I B § 2.3, MBI JIerKO YCTAHOBHUM, 4TO

f 2 -
é‘lln {———!+ Re % 6) +...+pz£(s) Py (s)ds
k
=0([Z‘p), z ~* o,

TlosToMy, mpMMeHss K Hamleir pasmRoctu Teopemy 3.1.2, Mul
HOJTYYNM, 9TO OHA MHOrOWICH CTQUEHM He BEHILIE D,

Moo moxasaTe Tawme, 4TO NFA cyOrapMoOHMYROCTH
®(z) wmeobxoauMO N HOCTATOYHO BHIIOJHENHA YCJHOBHMH
pa(s) = 0. Obosnaqan .

- 1
e =§—Spd 0,
MEl MOJKeM 3amlcaTh CD(z) B BHIG

®(z) = BeP(z)—{—ZS{lnl1 =5

h={ Ly

-+ Re +...+—-z;—- duy (s).
(5) Pz, (s}

-

+ '

B kauecrsBe mejoit QyHKnum, piaa Koropoit In|F(z)| me
o4enb CcHABHO oraugaeTca oT P (z), eCTECTBEHHO B3ATH

dyaryuo - _a .
. F(z)= e"(”HtFu (),
&=
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" 6o

- PR 3 37
mo =11 (1- m)e m+  + g)

rme  A(m) = z(sh(m)), s:(¢) — dyEknua, obpaTHan K
pa(s), TaK Kak pia 3T0d PyHKUUM

| Py @] = {{In |1~ ]+
Ly -
+Be(z%7+"'+ng< )} [ O,
a ana pysrguit
= ] a1 '
Ly

Rt ) ) — i @)

k()

TOM jKe METOROM, UTO M OPH AOKa3aTeabcTBe TeopeMb 4.2.4
0GBLITHO YRAOTCA MOAYYHTh OLEHKY

R, ()<O(1), .

Bee cxaszarHoe BHIIe MO3KHO cTporo obocHoBaTh. 3ajmaya
0 TOCTpoeRMM mesiol OYHKIOEM, Malo OTAAYAKIIEHCA BHAR
GeCKOHEUHOCTE OT JaHHOK CyGrapMOHmYecKoi QyHKuME, Ol1a
noapobHo mceaenosaHa B paborax B. C. Asapmma. MM 6uam
mony4eHbl BecbMa ofLiue pesyabraTH *),

&

© *) CM., HaOpHMep, €ro CTATHIO B Mareu Co. . 79 (121), B 4
{1969 r.). -




