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N A X A B A N

�n�erco�i ow�adrow�yan� nerkayacvo� < �ptimizaciayi
me�odner> dasagirq� hayerenov hamapar�ak  
�avalown dasagrqi hratarkman a�ajin �or�n �: Ayn
�ndgrkowm � hamalsaranakan �ragrov naxatesva�
�ptimizaciayi me�odner a�arkayi gre�e bolor
ba�inner�:

Dasagirq� �ndgrkowm � Er ani petakan hamal{
sarani informatikayi  kira�akan ma�ematikayi
fakowltetowm he�inaki kardaca� dasaxosow�yownner�:
Dasagrqi npatakn � tal �ptimizaciayi himnarar
me�odneri bavarar �a�ov hamakargva�  
�amanakakic �aradranq  �ano�acnelow �n�erco�in
ayd algori�mneri praktik irakanacowmneri het, or�
ays grqi kar or a�an�nahatkow�yownneric �:

Dasagirq� a�qi � �nknowm �aradranqi hstakow�yamb
 apacowycneri ��tow�yamb, low�va� �rinakneri
bazmazanow�yamb: Nyow�er� nerkayacvowm en ambo�{
jakan  bovandakalic  trvowm en haskacow�yown{
neri erkra�a�akan meknabanow�yownner: 
aradrva�
me�odner� praktik en  he�t iragor�eli algo{
ri�makan lezowneri �gnow�yamb:

Dasagirq� ba�kaca� � yo� glowxneric:

A�ajin glxowm hama�otaki �aradrvowm en �qstre{
mowmi a�ajin  erkrord kargi anhra�e�t ow bavarar
paymanner� o� paymanakan �ptimizaciayi xndirneri
hamar verjavor �a�ani tara�ow�yownnerowm:

Erkrod glxowm ditarkvowm en grakanow�yan mej
a�avel haytni mia�a� �ptimizaciayi zroyakan  
a�ajin kargi me�odner�:
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Errord glowx� nvirva� � paymanakan  o�
paymanakan �ptimizaciayi motavor me�odnerin:
Nkaragrvowm en gradientayin me�odner�  nrancowm
qayli �ntrow�yan a�avel ha�ax �gtagor�vo� kisman,
apriori  amenaarag vayr�jqi e�anakner�:

�orrord glxowm apacowcvowm � Kown- Takkeri �eorem�
orpes minimowmi anhra�e�t ow bavarar payman
ow�owcik �ragravorman xndirneri hamar: Ays glxowm
trvowm en na oro� himnarar �eoremner ow�owcik
analizic, oronq ownen kira�akan layn n�anakow�yown:

Hingerord glxowm �aradrvowm � ma�ematikakan
�ragravorman xndirneri low�man Lagran�i anoro�
gor�akicneri me�od�, erb sahmana�akowmner� trva�
en havasarow�yownnerov  anhavasarow�yownnerov:

Vecerord glxowm ditarkvowm en variacion ha�vi
parzagowyn  izoperimetrik xndirner�  arta�vowm
� �yleri havasarowm� orpes �qstremowmi anhra�e�t
payman:

Yo�erord glxowm �aradrvowm � �ptimal ka�avarman
aragagor�ow�yan xndir� g�ayin hamakargerowm:
Orpes �rinak ditarkvowm � fizikakan �o�anaki
�ptimal ka�avarman xndir�:

Yowraqan�yowr paragrafi verjowm bervowm en
xndirner  var�ow�yownner, oronc low�owmner� �n{
�erco�in k�gnen aveli lav yowracnel �aradrva� nyow��:
Kan bard xndirner, oronq n�va� en ∗ simvolov, isk oro�
xndirneri hamar trva� en cowcowmner:

Grqowm kan na a�ajadranqner  xndirner, oronq
karo� en linel kowrsayin  avartakan a�xatanqner
ow irakanacvel hamakarg�i �gnow�yamb:

Vecerord  yo�erord glowxneri nyow�er� kareli
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� �gtagor�el magistrakan kowrserowm kardacvo�
variacion ha�vi  �ptimal ka�avarman das�n{
�acnerowm:

Tesow�yan  xndirneri dasakargman layn spektr�
hnaravorow�yown � talis dasagirq� �gtagor�el o�
miayn fizikama�ematikakan fakowltetnerowm, ayl 
texnikakan  tntesagitakan bowherowm:

�eoremi apacowyc� sksvowm � I n�anov, isk �
n�an� azdararowm � apacowyci avart�:


norhakalow�yown enq haytnowm EPH �vayin ana-
lizi  ma�ematikakan modelavorman ambioni a�{
xatakicnerin` �e�narkowm nerkayacva� nyow�i bo-
vandakow�yan  �aradrman e�anakneri het kapva�
harcerowm �gtakar a�ajarkow�yownneri  dito�ow-
�yownneri hamar:

�.A. Xa�atryan
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HIMNAKAN N
ANAKOWMNERI CANK

� x ∈ X− x tarr� patkanowm � X bazmow�yan�

� X ∩ Y− bazmow�yownneri hatowm

� X ∪ Y− bazmow�yownneri miavorowm

� X\Y− bazmow�yownneri tarberow�yown

� X + Y = {z/z = x + y, x ∈ X, y ∈ Y }−
bazmow�yownneri hanraha�vakan gowmar

� X− X bazmow�yan �akowm

� intX− X bazmow�yan nerqin keteri bazmow�yown

� Rn− n �a�ani �vklidyan tara�ow�yown

� (x, y) =
∑n

i=1 xiyi− x, y ∈ Rn vektorneri skalyar
artadryal

� ‖x‖ =
√

(x, x)− x ∈ Rn vektori norm

� Br(a) = {x ∈ Rn/‖x − a‖ ≤ r}− a kentronov r
�a�av�ov gownd

� Sr(a) = {x ∈ Rn/‖x − a‖ = r}− a kentronov r
�a�av�ov sfera

� C1[a, b]− [a, b] hatva�i vra oro�va� an�ndhat
diferenceli fownkcianeri tara�ow�yown het yal
normov.

‖y(·)‖1 = max{max
x∈[a,b]

|y(x)|, max
x∈[a,b]

|y′(x)|}
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� o(α)− �vayin fownkcia, or� bavararowm � het yal
paymanin.

lim
α→0

o(α)

α
= 0

� AT - A-i transponacva� matric�:
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Glowx 1

Himnakan ga�a�arner  �eoremner

�ptimizaciayi xndirneri �ndhanowr drva�q�
het yaln �: Trva� � oro� M bazmow�yown  nra vra
oro�va� f(x) fownkcia: Pahanjvowm � gtnel ayd
fownkciayi minimowmi kam maqsimowmi keter� ayd
bazmow�yan vra: Ayd xndir� grvowm � het yal kerp.

f(x) −→ min(max), x ∈M:

Ayste� f-� ko�vowm � npatakayin fownkcia, isk M-�
�owylatreli bazmow�yown:

Dicowq trva� � f(x) fownkcian Rn-i vra,  M-�`
en�abazmow�yown � Rn- ic:

Sahmanowm 1.0.1: x∗ ∈M ket� kanvanenq

1) f-i global minimowmi (global maqsimowmi) ket
M bazmow�yan vra, e�e

f(x) ≥ f(x∗) (f(x) ≤ f(x∗)) ∀x ∈M:
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2) f-i lokal minimowmi (lokal maqsimowmi) ket M
bazmow�yan vra, e�e goyow�yown owni ayd keti
aynpisi V �rjakayq, or

f(x) ≥ f(x∗) (f(x) ≤ f(x∗)) ∀x ∈M ∩ V :

Fownkciayi minimowmi  maqsimowmi keter�
ko�vowm en �qstremowmi keter (tes g�.1.1):

�rinak` a�ajin g�apatkerowm global maqsimowm
fownkcian hasnowm � x∗ ketowm, isk erkrordowm ` b
ketowm: Nranq ownen na lokal  global minimowmner,
oronq tarber en iraric: �ptimizaciayi xndirneri

G�. 1.1: Fownkciayi lokal  global �qstremowmner

low�man �amanak a�ajin her�in harc � �agowm low�man
goyow�yan veraberyal: Ayd tesaketic hi�ecnenq het yal
kar or ardyownq� ma�ematikakan analizic:

�eorem 1.0.1 (Vayer�tras:): Dicowq M ⊆ Rn

kompakt bazmow�yown �, isk f-� nra vra oro�va�
an�ndhat fownkcia �: Apa goyow�yown ownen f-i
global minimowmi  maqsimowmi keter M-i vra:

Ays glxowm bervowm en oro� sahmanowmner  �eoremner
ow�owcik analizic: Ditarkvowm � o�ork fownkciayi mi{
nimizaciayi xndir� Rn �vklidyan tara�ow�yan vra:
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aradrvowm en �ptimalow�yan a�ajin ow erkrord kargi
anhra�e�t ow bavarar paymanner�:

En�adrvowm �, or �n�erco�� �ano� � ma�emati-
kakan analizi  g�ayin hanraha�vi himnarar ga�a-
�arnerin:

1.1 Naxnakan sahmanowmner

Dicowq f(x) = f(x1, x2, ... , xn) n �o�oxakani fownk{
cia �` oro�va� Rn �vklidyan tara�ow�yan vra: E�e
f fownkcian �st bolor �o�oxakanneri owni masnaki
a�ancyalner x ∈ Rn ketowm, apa nra gradient� ayd
ketowm n�anakvowm � het yal kerp.

f ′(x) ≡ (f ′x1(x), f ′x2(x), ..., f ′xn(x)):

Sahmanowm 1.1.1:Dicowq f(x)-� erkow angam dife-
renceli fownkcia � x ∈ Rn ketowm:
Het yal simetrik matric� ko�vowm � hesian`

H(x) =


f ′′x1x1(x) f ′′x1x2(x) ... f ′′x1xn(x)
f ′′x2x1(x) f ′′x2x2(x) ... f ′′x2xn(x)
... ... ... ...

f ′′xnx1(x) f ′′xnx2(x) ... f ′′xnxn(x)

:

Dicowq

A =


a11 a12 ... a1n
a21 a22 ... a2n
... ... ... ...
an1 an2 ... ann


kamayakan matric �:
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Sahmanowm 1.1.2: A matrici k-rd kargi glxavor
minor ko�vowm � i1 < i2 < ... < ik hamarnerov to�eri
 ayd nowyn hamarnerov syownneri hatman te�erowm
gtnvo� tarreric kazmva� oro�i��:

Sahmanowm 1.1.3:A(n × n) simetrik matric� ko�{
vowm �

� drakan oro�yal (A > 0), e�e (Ax, x) > 0 ∀x 6=
6= 0, x ∈ Rn,

� drakan kisaoro�yal (A ≥ 0), e�e (Ax, x) ≥
≥ 0 ∀x ∈ Rn,

� bacasakan oro�yal (A < 0), e�e (Ax, x) <
< 0 ∀x 6= 0, x ∈ Rn,

� bacasakan kisaoro�yal (A ≤ 0), e�e (Ax, x) ≤
≤ 0 ∀x ∈ Rn:

Kar or kira�akan n�anakow�yown owni het yal
pndowm� (tes, �rinak` [27]):

�eorem 1.1.1 (Silvestri haytani��) :
Dicowq A(n× n) simetrik matric �:

1) Orpeszi A matric� lini drakan oro�yal,
anhra�e�t �  bavarar, or nra glxavor
ankyownag�ayin minorner� linen drakan`

∆1 = a11 > 0, ∆2 =

∣∣∣∣ a11 a12
a21 a22

∣∣∣∣ > 0, ...,

∆n =

∣∣∣∣∣∣∣∣
a11 a12 ... a1n
a21 a22 ... a2n
... ... ... ...
an1 an2 ... ann

∣∣∣∣∣∣∣∣ > 0:
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2) Orpeszi A matric� lini bacasakan oro�yal,
anhra�e�t �  bavarar, or ∆1 < 0, ∆2 >
> 0, ..., (−1)n∆n > 0:

3) Orpeszi A matric� lini drakan kisaoro�yal,
anhra�e�t �  bavarar, or nra glxavor
minorner� linen o� bacasakan:

4) Orpeszi A matric� lini bacasakan kisa{
oro�yal, anhra�e�et �  bavarar, or zowyg
kargi glxavor minorner� linen o� bacasakan,
isk kent kargi glxavor minorner� linen o�
drakan:

Sahmanowm 1.1.4:M ⊆ Rn bazmow�yown� ko�vowm
� ow�owcik, e�e cankaca� x1, x2 ∈ M keteri  
cankaca� α ∈ [0, 1] �vi hamar te�i owni het yal�.

αx1 + (1− α)x2 ∈M:

Sa n�anakowm �, or bazmow�yan� patkano� erkow
keter� miacno� hatva�� �nka� � ayd nowyn baz{
mow�yan mej:

G�.1.2-owm patkerva� en ow�owcik  o� ow�owcik
bazmow�yownneri �rinakner: M2 bazmow�yown� ow�owcik ��,
orovhet , �rinak` a ket� M2-in �i patkanowm:

�eorem 1.1.2:Dicowq M ⊆ Rn �ak bazmow�yown �  
kamayakan x1, x2 ∈ M keteri hamar goyow�yown owni
aynpisi α ∈ (0, 1) �iv, or

xα = αx1 + (1− α)x2 ∈M:

Ayd depqowm M-� ow�owcik �:
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G�. 1.2: a) Ow�owcik bazmow�yown, b) o� ow�owcik bazmow�yown

I En�adrenq haka�ak�: Ayd depqowm goyow�yown
kownenan aynpisi x1, x2 ∈M keter  α0 ∈ (0, 1) �iv, or

y ≡ α0x
1 + (1− α0)x

2 /∈M:

N�anakenq

M1 = M ∩ [x1, y], M2 = M ∩ [x2, y] :

Ays bazmow�yownner� kompakt en, �nd orowm`

y /∈M1, y /∈M2 :

Het abar, kgtnven aynpisi y1 ∈ M1, y
2 ∈ M2 keter,

or
min
x∈M1

‖x− y‖ = ‖y1 − y‖,

min
x∈M2

‖x− y‖ = ‖y2 − y‖:

Aknhayt �, or (y1, y2) mijakayqowm �kan keter M
bazmow�yownic, in�� hakasowm � �eoremi paymanin: �
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�eorem 1.1.3:Dicowq M ⊆ Rn- ow�owcik bazmow�yown �
 x ∈ intM, y ∈M : Ayd depqowm

(1− α)x+ αy ∈ intM, ∀α ∈ [0, 1):

I Qani or y ∈M, apa kamayakan ε > 0 hamar

y ∈M +Bε(0):

Ayd depqowm bavakana�a� �oqr ε > 0 hamar kownenanq`

(1−α)x+αy+Bε(0) ⊆ (1−α)x+α(M +Bε(0)) +Bε(0) =

= (1− α)[x+ ε(1 + α)(1− α)−1B1(0)] + αM ⊆

⊆ (1− α)M + αM = M: �

Erkra�a�oren �eorem 1.1.3-i ezrakacow�yown�
n�anakowm �, or [x, y) kisamijakayqi bolor keter�
M bazmow�yan nerqin keter en (tes g�.1.3):
Menq ays hatkow�yown� hamarowm enq ow�owcik
bazmow�yownneri himnakan topologiakan hatkow�yown:
Ays hatkow�yownic het owm �, or e�e ow�owcik
bazmow�yown� owni nerqin keter, apa nra ezrayin
keter� kareli � motarkel nerqin keteri mijocov:
Hetagayowm ays �ast� kar or n�anakow�yown kownena
ow�owcik bazmow�yownneri ba�anman ayn �oremnerowm,
orte� nranq hatvowm en ezrerov: N�enq na �eorem
1.1.3-owm M bazmow�yan ow�owcikow�yan payman� �akan
�: �rinak, e�e M = [0, 1] ∩ 2, apa M = M, bayc
intM = [0, 1]:
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G�. 1.3: Ow�owcik bazmow�yan himnakan topologiakan
hatkow�yown�. [x, y) ⊆ intM

Sahmanowm 1.1.5: f(x) fownkcian M ⊆ Rn ow�owcik
bazmow�yan vra ko�vowm � ow�owcik, e�e cankaca�
x1, x2 ∈ M keteri  cankaca� α ∈ [0, 1] �vi hamar
te�i owni

f(αx1 + (1− α)x2) ≤ αf(x1) + (1− α)f(x2) (1.1.1)

anhavasarow�yown�:
G�.1.4-owm patkerva� � mek �o�oxakani ow�owcik

fownkciayi grafik:
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G�. 1.4: Ow�owcik fownkciayi �rinak

�rinak: Cowyc tanq, or f(x) = x2, x ∈ R fownkcian
ow�owcik �:

Stowgenq ow�owcik fownkciayi anhavasarow�yown�`

f(αx1 + (1− α)x2) = (αx1 + (1− α)x2)
2 =

= α2x21 + 2α(1− α)x1x2 + (1− α)2x22 ≤
≤ α2x21 + α(1− α)(x21 + x22) + (1− α)2x22 =

= αx21 + (1− α)x22 = αf(x1) + (1− α)f(x2):

�eorem 1.1.4:Dicowq f-� ow�owcik fownkcia � M ⊆
⊆ Rn ow�owcik bazmow�yan vra  diferenceli � x∗ ∈M
ketowm: Ayd depqowm

f(x)− f(x∗) ≥ (f ′(x∗), x− x∗) ∀x ∈M: (1.1.2)

I �st ow�owcik fownkciayi (1.1.1) sahmanman`
kamayakan x ∈ M vektori  cankaca� α ∈ [0, 1] �vi
hamar ownenq

f(αx+ (1− α)x∗) ≤ αf(x) + (1− α)f(x∗)
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anhavasarow�yown�: E�e α-n zro ��, apa ays anhava{
sarow�yown� karo� enq grel het yal tesqov.

f(x)− f(x∗) ≥ f(x∗ + α(x− x∗))− f(x∗)

α
:

Ayste� ancnenq sahmani, erb α → 0,  ha�vi a�nelov,
or f fownkcian diferenceli � x∗ ketowm, kstananq

f(x)− f(x∗) ≥ lim
α↓0

f(x∗ + α(x− x∗))− f(x∗)

α
=

= (f ′(x∗), x− x∗): �

(1.1.2)-� ko�vowm � ow�owcik fownkciayi himnakan
anhavasarow�yown: Hi�ecnenq, or

l(x) = f(x∗) + (f ′(x∗), x− x∗)

fownkciayi grafik� ko�vowm � �o�a�o� hiperhar�ow�yown`
tarva� f fownkciayi grafikin (x∗, f(x∗)) ketowm:

Het abar (1.1.2) anhavasarow�yown� n�anakowm �,
or e�e f ow�owcik fownkcian diferenceli x∗ ketowm,
apa nra grafik� gtnvowm � (x∗, f(x∗)) ketov tarva�
�o�a�o� hiperhar�ow�yownic ver (tes g� .1.5): Kareli
� cowyc tal, or te�i owni na hakadar� pndowm�.
aysinqn` e�e cankaca� x∗ ∈ Rn ketowm te�i owni (1.1.2)
anhavasarow�yown�, apa f-� ow�owcik � Rn-i vra (tes
[24], �eorem 3.6, �j 89):

Ayspisov, (1.1.2) anhavasarow�yown� kareli �
�ndownel orpes ow�owcik fownkciayi sahmanowm:
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G�. 1.5: Diferenceli ow�owcik fownkciayi grafikn �nka� �
grafikin tarva� �o�a�o� hiperhar�ow�yownic ver :

Sahmanowm 1.1.6: f(x) fownkcian M ⊆ Rn ow�owcik
bazmow�yan vra ko�vowm � ow�e� ow�owcik θ > 0
hastatownov, e�e

f(x1)−f(x2) ≥ (f ′(x2), x1−x2)+θ‖x1−x2‖2 ∀x1, x2 ∈M:

Erkra�a�oren sa n�anakowm �, or f fownkciayi
grafiki  nra kamayakan ketowm tarva� �o�a�o�i
mi� kareli � <nkarel> qa�akowsayin fownkciayi
grafik (tes g�.1.6): Ays sahmanowmic het owm �, or
e�e f(x) fownkcian ow�e� ow�owcik � Rn vra, apa
f(x)→ +∞, erb ‖x‖ → +∞ :

E�e fownkcian erkow angam an�ndhat diferenceli
�, apa nra ow�owcikow�yown� ambo�j tara�ow�yan vra
kareli � stowgel hesiani n�ani mijocov: Ayd masin �
het yal pndowm� (tes, �rinak` [14], �eorem 3.9, �j 91 ):
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G�. 1.6: Ow�e� ow�owcik fownkciayi erkra�a�akan
meknabanow�yown�. I-� y = f(x) fownkciayi grafikn �, II-�
ow�e� ow�owcik fownkcian �, isk III-� y = f(x) fownkciayi
grafikin (x0, f(x0)) ketowm tarva� �o�a�o�n �:

�eorem 1.1.5:Dicowq f-� erkow angam an�ndhat
diferenceli � Rn-i vra: Ayd depqowm

a) e�e H(x) ≥ 0 ∀x ∈ Rn, apa f-� ow�owcik
fownkcia � Rn-i vra;

b) e�e (H(x)h, h) ≥ θ‖h‖2 ∀x, h ∈ Rn, apa f-� ow�e�
ow�owcik � θ hastatownov Rn-i vra:

Ays �eoremi kar or het anq � het yal pndowm�:
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Het anq 1.1.1:Dicowq A(n × n)-n drakan oro�yal  
simetrik matric �: Ayd depqowm f(x) = 1/2(Ax, x) +
(b, x) fownkcian ow�e� ow�owcik �:

Iroq, qani or f ′′(x) = A, apa

min
x∈S1(0)

(Ax, x) = θ > 0:

Orpes �rinak ditarkenq f(x1, x2) = x21 + x1x2 + x22
fownkcian: Ayn karo� enq nerkayacnel het yal tesqov.
f(x1, x2) ≡ f(x) = 1

2
(Ax, x), orte�

A =

(
2 1
1 2

)
:

Qani or A matric� simetrik �  drakan oro�yal, apa
f fownkcian ow�e� ow�owcik �: Nra grafik� nerkayacva�
� g�.1.6-owm:

G�. 1.7: f(x1, x2) = x21 + x1x2 + x22 ow�e� ow�owcik fownkciayi
grafik�
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�rinak: Ditarkenq f(x) = ex fownkcian: Ownenq
f ′′(x) = ex: Ayn ow�e� ow�owcik � [α,∞] bazmow�yan
vra, orte� α− n kamayakan �iv �: Isk (−∞,+∞)
bazmow�yan vra ayn ow�e� ow�owcik ��, qani or ex →
0, erb x→ −∞:

�eorem 1.1.6:Ow�owcik bazmow�yan vra ow�owcik
fownkciayi lokal minimowmi ket� handisanowm � na 
global minimowmi ket:
I Dicowq x∗-� f ow�owcik fownkciayi lokal minimowmi

ketn � M ow�owcik bazmow�yan vra: Da n�anakowm �, or
goyow�yown owni x∗ keti aynpisi V (x∗) �rjakayq, or

f(x) ≥ f(x∗) ∀x ∈M ∩ V (x∗):

Bavakana�a� �oqr α > 0 �veri hamar ownenq

αx+ (1− α)x∗ ∈M ∩ V (x∗):

Het abar,

f(x∗) ≤ f(αx+ (1− α)x∗) ≤ αf(x) + (1− α)f(x∗):

Ayste�ic f(x∗) ≤ f(x): Aysinqn` x∗-� global minimowmi
ket �: �

�eorem 1.1.7:Ow�e� ow�owcik fownkcian �ak ow�owcik
bazmow�yan vra owni miak minimowmi ket ayd
bazmow�yan vra:
I Nax cowyc tanq minimowmi keti goyow�yown�: Dicowq

x0 ∈M fiqsa� ket �: Ditarkenq

P = {x ∈M/f(x) ≤ f(x0)}
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bazmow�yown�  cowyc tanq, or ayn sahmana�ak �: �st
ow�e� ow�owcik Fownkciayi sahmanman, e�e x ∈ P, apa

x ∈ Q ≡ {x ∈ Rn/θ‖x− x0‖2 + (f ′(x0), x− x0) ≤ 0}:

Het abar, e�e cowyc tanq, or Q-n sahmana�ak
bazmow�yown �, apa sahmana�ak klini na P -n:
En�adrenq, or Q-n ansahmana�ak �: Da n�anakowm �,
or goyow�yown owni aynpisi {xi} ∈ Q hajordakanow�yown,
or ‖xi‖ → +∞: Ayste�ic kstananq`

θ‖xi − x0‖+ (f ′(x0),
xi − x0

‖xi − x0‖
) ≤ 0: (1.1.3)

N�anakenq`

hi =
xi − x0

‖xi − x0‖
:

Karo� enq en�adrel, or hi → h0 6= 0:
(1.1.3) anhavasarow�yan mej ancnelov sahmani`

kstananq hakasow�yown, qani or

θ‖xi − x0‖ → +∞, (f ′(x0),
xi − x0)
‖xi − x0‖

)→ (f ′(x0), h0):

Ayspisov, qani or P -n kompakt bazmow�yown �, apa
f-� hasnowm � ir �oqragowyn ar�eqin ayd bazmow�yan
vra: Myows ko�mic aknhayt � na , or ayd ar�eq� henc
fownkciayi �oqragowyn ar�eqn � ambo�j tara�ow�yan
vra: Ay�m cowyc tanq minimowmi keti miakow�yown�:
Dicowq en�adrenq, or f-� owni erkow tarber minimowmi
keter` x∗  y∗: Ow�e� ow�owcik fownkciayi sahmanowmic
het owm �, or cankaca� x 6= x∗ depqowm f(x) > f(x∗):
Ays anhavasarow�yan mej te�adrelov x = y∗`
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kstananq f(y∗) > f(x∗), in�� hakasow�yown �, qani
or f(x∗) = f(y∗):�

�eorem 1.1.8:Dicowq M ⊆ Rn- ow�owcik kompakt 1 �,
isk f(x)-� ow�owcik fownkcia �` oro�va� Rn-i vra:
E�e f-� M-i vra hastatownic tarber �, apa na
ayd bazmow�yan vra hasnowm � ir me�agowyn ar�eqin
miayn M-i ezrayin keterowm:
I En�adrenq haka�ak�: Dicowq Br(x

∗) ⊆ M  
x∗ ketowm f fownkcian �ndownowm � me�agowyn ar�eq:
Apacowcenq, or Br(x

∗) gndi vra f-� hastatown �:
En�adrenq goyow�yown owni aynpisi x ∈ Br(x

∗), or f(x) <
f(x∗): N�anakenq

δ ≡ ‖x− x∗‖, x̃ = x∗ − δ x− x∗

‖x− x∗‖
:

Ownenq`

f(x∗) = f(
1

2
(x∗ + δ

x− x∗

‖x− x∗‖
) +

1

2
(x∗ − δ x− x∗

‖x− x∗‖
)) ≤

≤ 1/2f(x) + 1/2f(x̃) < 1/2f(x∗) + 1/2f(x∗) = f(x∗):

Stacanq hakasow�yown:
Het abar\

f(x) = f(x∗) ∀x ∈ Br(x
∗):

Ay�m cowyc tanq, or f(x) = f(x∗) ∀x ∈ M : En�adrenq
haka�ak�, or goyow�yown owni x ∈M aynpisin, or f(x) <

1�ak  sahmana�ak
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f(x∗): Ayd depqowm bavakana�a� �oqr drakan α �veri
hamar

αx+ (1− α)x∗ ∈ Br(x
∗):

Ayste�ic, qani or n�va� gndi vra f fownkcian hasta{
town �, apa

f(x∗) = f(αx+ (1− α)x∗) ≤ αf(x) + (1− α)f(x∗) <

< αf(x∗) + (1− α)f(x∗) = f(x∗),

in�� hakasow�yown �: Ayspisov stacanq, or f fownkcian
hastatown � M-i vra, or� hakasowm � �eoremi
paymanin:�

XNDIRNER

1. Dicowq M-� ow�owcik bazmow�yown �:
Apacowcel, or

(α1 + α2)M = α1M + α2M ∀α1 ≥ 0, ∀α2 ≥ 0:

2. Ardyo?q hnaravor �, or erkow o� ow�owcik bazmow{
�yownneri hanraha�vakan gowmar� lini ow�owcik
(berel hamapatasxan �rinakner):

3. Ardyo?q hnaravor �, or ow�owcik  o� ow�owcik baz-
mow�yownneri hanraha�vakan gowmar� lini ow�ow{
cik:

4. Dicowq M-� ow�owcik bazmow�yown �:
Apacowcel, or

a) intM = M,
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b) M-� ow�owcik �,

g) intM = intM :

Cowcowm: �gtvel �eorem 1.1.2-ic:

5*. Apacowcel, or erb bazmow�yown� �ak �, ansah{
mana�ak  ow�owcik, apa nra kamayakan ketov
kareli � tanel �a�agay�, orn ambo�jovin �nka�
klini ayd bazmow�yan mej (tes g�. 1.8):

G�. 1.8: �a�agay� ansahmana�ak ow�owcik bazmow�yan mej

6. Owsowmnasirel het yal fownkciayi ow�owcikow�yown�.

f(x1, x2) = x21 − 4x1x2 + 4x22:

7. Owsowmnasirel het yal fownkciayi ow�owcikow�yown�.

f(x1, x2, x3) = x1x3 − x21 − x22:

8. Cowyc tal, or

f(x1, x2) =
√

1 + x21 + x22

fownkcian ow�owcik � R2-i vra:
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9. Nkaragrel bazmow�yown, ori vra

f(x1, x2) =
x21
x2

fownkcian lini ow�owcik:

10. a, b, c, parametreri in�pisi? ar�eqneri depqowm

f(x1, x2) = ax21 + bx1x2 + cx22

fownkcian klini ow�owcik R2-i vra:

11. f(x) fownkciayi vergrafikM ow�owcik bazmow�yan
vra ko�vowm � het yal bazmow�yown�.

epi(f) ≡ {(α, x) ∈ Rn+1/x ∈M, α ≥ f(x)}:

Apacowcel het yal pndowm�: Orpeszi f-� lini ow-
�owcik M ow�owcik bazmow�yan vra, anhra�e�t
�  bavarar, or nra vergrafik� lini ow�owcik
bazmow�yown (tes g�.1.9):

12. Dicowq f(x)-� ow�owcik fownkcia �` oro�va� M
ow�owcik bazmow�yan vra  

xi ∈M, αi ≥ 0, i ∈ [1 : m],
m∑
i=1

αi = 1:

Apacowcel, or

f(
m∑
i=1

αix
i) ≤

m∑
i=1

αif(xi):

Ays anhavasarow�yown� ko�vowm � Yenseni an-
havasarow�yown:
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G�. 1.9: Stverag�va� mas� fownkciayi vergrafikn � (epi(f)):

13. Dicowq f(x) ow�owcik fownkcian sahmana�ak �
ver ic Rn-i vra: Apacowcel, or f-� hastatown �:

14*. Dicowq f(x) ow�owcik fownkcian oro�va� � M ⊆ Rn

bac ow�owcik bazmow�yan vra: Apacowcel, or ayn
an�ndhat � ayd bazmow�yan vra:

15*. Dicowq f(x) ow�owcik fownkcian diferenceli � M ⊆
Rn bac ow�owcik bazmow�yan vra: Apacowcel, or
f ′(x) gradientn an�ndhat � ayd bazmow�yan vra:

1.2 �qstremowmi a�ajin  erkrord kargi anhra{
�e�t ow bavarar paymanner�

Erb �ptimizaciayi xndri �owylatreli M bazmow{
�yown� ham�nknowm � ambo�j tara�ow�yan het, apa
xndir� ko�vowm � o� paymanakan �ptimizaciayi xndir.

f(x) −→ min(max), x ∈ Rn:
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Ayd paymanneri kar orow�yown� ayn �, or nranq talis
en �qstremowmi keteri bnow�agir  nranc mijocov
himnavorvowm en �vayin ayn me�odner�, oronq ka�owcvowm
en �ptimal keter� gtnelow hamar: Stor nerkayacvowm
en a�ajin  erkrord kargi �ptimalow�yan paymanner�:

�eorem 1.2.1 (�qstremowmi a�ajin kargi anhra{
�e�t payman�):Dicowq x∗-� f(x) fownkciayi lokal
minimowmi (lokal maqsimowmi) ket � Rn-i vra  f-�
diferenceli � ayd ketowm:

Ayd depqowm f fownkciayi gradient� x∗ ketowm
havasar � zroyi, aysinqn` f ′(x∗) = 0, kam, or nowynn
�`

f ′xi(x
∗) = 0, i ∈ [1 : n]:

I Qani or x∗-� lokal minimowmi (lokal maqsimowmi) ket �,
apa �gtvelov fownkciayi diferenceliow�yan paymanic,
kamayakan h vektori  bavakana�a� �oqr α �veri
hamar kownenanq

0 ≤
(≥)

f(x∗ + αh)− f(x∗) = (f ′(x∗), αh) + o(α):

Ba�anelov ays anhavasarow�yan erkow maser� α > 0
�vi vra  �gtecnelov α-n zroyi` kstananq

(f ′(x∗), h) ≥ 0 ((f ′(x∗), h) ≤ 0) ∀h ∈ Rn:

Ayste�ic anmijakanoren het owm �, or f ′(x∗) = 0: �

�eorem 1.2.2 (Minimowmi a�ajin kargi anhra�e�t
ow bavarar payman� ow�owcik fownkciayi hamar):

Dicowq f-� ow�owcik fownkcia � oro�va� Rn-i vra
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 diferenceli � x∗ ketowm: Orpeszi x∗-� lini f-i
minimowmi ket Rn-i vra anhra�e�t �  bavarar,
or f ′(x∗) = 0 :
I Anhra�e�tow�yown� het owm � �eorem 1.2.1-ic:

Apacowcenq bavararow�yown�: �gtvelov ow�owcik fownk-
cayi himnakan anhavasarow�yownic` stanowm enq

f(x)− f(x∗) ≥ (f ′(x∗), x− x∗) = 0, ∀ x ∈ Rn:

Ayste�ic het owm �, or x∗-� f-i minimowmi ket � Rn-i
vra: �

�eorem 1.2.3 (�qstremowmi erkrord kargi an{
hra�e�t payman�):Dicowq x∗-� f fownkciayi lokal
minimowmi (lokal maqsimowmi) ket � Rn-i vra  f-�
erkow angam diferenceli � ayd ketowm:

Ayd depqowm H(x∗)-� drakan kisaoro�yal � (ba{
casakan kisaoro�yal �), aysinqn`

H(x∗) ≥ 0 (H(x∗) ≤ 0):

I Qani or x∗-� lokal minimowmi (lokal maqsimowmi)
ket �, isk f-� erkow angam diferenceli � ayd ketowm,
apa kamayakan h ∈ Rn vektori  bavakana�a� �oqr
α �veri hamar ownenq

0 ≤
(≥)

f(x∗ + αh)− f(x∗) = 1/2(H(x∗)αh, αh) + o(α2):

Ba�anelov ays anhavasarow�yan erkow maser� α2 �vi
vra  �gtecnelov α-n zroyi` kstananq pahanjvo�
anhavasarow�yown�: �
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�eorem 1.2.4 (�qstremowmi erkrord kargi ba-
varar paymanner�):Dicowq f(x) fownkcian erkow
angam diferenceli � x∗ ketowm  te�i ownen het yal
paymanner�`

f ′(x∗) = 0, H(x∗) > 0 (H(x∗) < 0):

Ayd depqowm x∗-� f-i lokal minimowmi (lokal maq{
simowmi) ket � Rn-i vra:
I En�adrenq haka�ak�: Da n�anakowm �, or go{

yow�yown owni aynpisi {xk} hajordakanow�yown, or

xk → x∗, f(xk) < f(x∗) (f(xk) > f(x∗)) :

N�anakelov αk = ‖xk−x∗‖, hk = (xk−x∗)/αk‘ kownenanq

xk = x∗ + αkh
k:

Qani or ‖hk‖ = 1, apa �ndhanrow�yown� �xaxtelov
karo� enq en�adrel, or hk → h0 6= 0: Ha�vi a�nelov
�eoremi en�adrow�yan f ′(x∗) = 0 payman�` kownenanq

0 ≥
(≤)

f(xk)− f(x∗) = 1/2(H(x∗)αkh
k, αkh

k) + o(α2
k):

Ba�anelov ays anhavasarow�yan erkow maser� α2
k-i

vra  ancnelov sahmani` kstananq

(H(x∗)h0, h0) ≤ 0 (H(x∗)h0, h0) ≥ 0),

or� hakasowm � �eoremi en�adrow�yan�: �
Parzagowyn depqerowm �qstremowmi a�ajin  erk{

rord kargi anhra�e�t ow bavarar paymanner� �fek-
tiv mijocner en fownkciayi �qstremowmi keter� ��grit
gtnelow hamar:
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�rinak: Gtnel

f(x) = x31 + x22 + x23 + x2x3 − 3x1 + 6x2 + 2

fownkciayi �qstremowmi keter� R3-i vra:
Low�owm: �st minimowmi anhra�e�t paymani` ownenq

f ′x1 = 3x21−3 = 0, f ′x2 = 2x2+x3+6 = 0, f ′x3 = 2x3+x2 = 0:

Low�elov ays hamakarg�` kstananq erkow stacionar
ket`

x1 = (1,−4, 2)  x2 = (−1,−4, 2):

Ownenq na , or

f ′′x1x1 = 6x1, f
′′
x1x2

= 0, f ′′x1x3 = 0,

f ′′x2x2 = 2, f ′′x2x3 = 1, f ′′x3x3 = 2:

Ay�m yowraqan�yowr stacionar keti hamar kareli �
kazmel hesian�  stowgel nra n�an�: x1 keti hamar
hesian� owni het yal tesq�.

H(x1) =

 6 0 0
0 2 1
0 1 2

 :

Qani or

∆1 = 6, ∆2 =

∣∣∣∣ 6 0
0 2

∣∣∣∣ = 12 > 0, ∆3 = 18 > 0,

apa x1-� lokal minimowmi ket �: Owsowmnasirenq x2 ket�:
Ayd ketowm hesian� owni het yal tesq�.

H(x2) =

 −6 0 0
0 2 1
0 1 2

:
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Qani or ∆1 = −6 < 0, ∆2 = −12 < 0, ∆3 = −18 < 0,
apa �qstremowmi bavarar paymanner� te�i �ownen:
Stowgenq erkrord kargi anhra�e�t paymanner�:
A�ajin kargi glxavor minornern en` −6, 2, 2 �ver�:
Erkrord kargi glxavor minornern en` 3, −12, −12:
Errord kargi glxavor minor� havasar � ∆3-i, or�
bacasakan �: Ayspisov, x2 ketowm �qstremowmi erkrord
kargi anhra�e�t paymanner� �en katarvowm: Het a{
bar x2 ket� �qstremowmi ket ��:

XNDIRNER

1. Gtnel f(x) fownkciayi �qstremowmi keter�.

f(x) = x31 + x22 + x23 − 4x1x2 + 3x1 + 2x3 → extr:

2. Stowgel, ardyo?q (1, 1) ket� het yal fownkciayi
�qstremowmi ket �, �e o�.

f(x) = (x2 − x1)2 + (1− x1)2 + 10(x2 − 1)2:
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Glowx 2

Mia�a� �ptimizacia

Sovorabar n �o�oxakani f(x1, x2, . . . , xn) fownk{
ciayi minimizaciayi iterativ algori�mnerowm
anhra�e�t � gtnel mek �o�oxakani ϕ(α) = f(x + αh)
fownkciayi minimowmi ket� [0,∞) bazmow�yan vra, orte�
h-� f-i nvazman ow��ow�yownn �, aysinqn` bavakana�a�
�oqr α drakan �veri hamar

ϕ(α) < ϕ(0):

Sahmanowm 2.0.1: f : R → R fownkcian ko�vowm �
ownimodal1 [a, b] hatva�i vra, e�e na ayd hatva�i
vra owni minimowmi ket` x∗ ∈ [a, b],  kamayakan
α, β ∈ [a, b], α < β �veri hamar te�i ownen het yal
anhavasarow�yownner�.

f(α) > f(β), β ≤ x∗,

f(α) < f(β), α ≥ x∗:

1Fownkcia, orn owni miak �qstremowm trva� mijakayqowm
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G�. 2.1: a) ownimodal fownkcia, b) o� ownimodal fownkcia

Ays sahmanowmic het owm �, or ownimodal fownkcian
owni miak minimowmi ket: G�.2.1-owm patkerva� en
ownimodal  o� ownimodal fownkcianeri �rinakner: He�t
� nkatel na , or hatva�i vra oro�va� ow�e� ow�owcik
fownkcian ownimodal �:

Haytni � or, f fownkciayi minimowmi ket� gtnelow
hamar petq � low�el f ′(x) = 0 havasarowm�: Sakayn
fownkcian karo� � diferenceli �linel  baci dranic`
ayd havasarman armatneri gtnelow xndir� karo�
� linel bavakana�a� bard: Ayd pat�a�ov kar or
n�anakow�yown ownen minimizaciayi, ayspes ko�va�,
zroyakan me�odner�, oroncowm anhra�e�t �� imanal
fownkciayi a�ancyal�: Ayd me�odner� sovorabar
kira�vowm en ownimodal fownkcianeri minimizaciayi
�amanak: Ownimodal fownkciayi sahmanowmic het owm �,
or ayn �i karo� ownenal hastatownow�yan mijakayqer:
Ownimodal fownkciayi parzagowyn �rinak � ow�e�
ow�owcik fownkcian: Ayn karo� � a�ancyal �ownenal  
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nowynisk an�ndhat �linel: Ownimodalow�yan hatkow�yown�
�owyl � talis erkow �or�ic heto n�el minimowmi ket�
parownako� aveli �oqr interval qan skzbnakan�: Ayd
mijakayqer� ko�vowm en anoro�ow�yan mijakayqer: Iroq,
dicowq x1 < x2: Ayd depqowm hnaravor en het yal elqer�.

1. f(x1) > f(x2),

2. f(x1) < f(x2),

3. f(x1) = f(x2) (tes g�.2.2):

G�. 2.2: Anoro�ow�yan mijakayq� erkow �or�ic heto

He�t � tesnel, or fownkciayi minimowmi ket� �i
karo� gtnvel stverag�va� intervalnerowm: Het abar,
�or�eric heto kaxva� elqi ardyownqic kareli � den
gcel hamapatasxan intervalner�: Menq ayste�
ditarkelow enq mia�a� minimizaciayi a�avel haytni
me�odner�: Dranq, ayspes ko�va�, simetrik me�odnern
en:

Ay�m en�adrenq, f fownkcian ownimodal � ambo�j
�vayin a�ancqi vra: Nkaragrenq mi algori�m, or�
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talis � minimowmi ket� parownako� [a, b] mijakayq: Da,
ayspes asa�, <hajo�> e�yaki �ntrow�yan me�odn �:
x1, x2, x3 keteri e�yak� ko�vowm � hajo�, e�e

x1 < x2 < x3 =⇒ f(x1) > f(x2) < f(x3):

Hnaravor � erkow tarberak, or fownkcian ancni ayd
keterov: Amen depqowm fownkciayi ownimodalow�yownic
het owm �, or nra minimowm� gtnvowm � [a = x1, b = x3]
hatva�owm (tes g�.2.3): Hajo� e�yak �ntrvowm � het yal

G�. 2.3: x1, x2, x3 keteri hajo� e�yak

algori�mov:

� A�ajin qaylowm vercvowm � patahakan x0 ket  
ayd keti hamar oro�vowm � fownkciayi nvazman
ow��ow�yown�: Dra hamar vercnowm en kamayakan
h �iv  ha�vvowm en fownkciayi f(x0 + h) ar�eq�:
E�e f(x0 + h) < f(x0), apa x1 = x0 + h  ancowm
� katarvowm erkrord qaylin` k = 1 paymanov :
E�e f(x0 + h) ≥ f(x0), apa h := −h  ha�vvowm
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en f(x0 + h) ar�eq�: E�e, f(x0 + h) < f(x0), apa
�ndownowm en x1 = x0 + h  ancnowm erkrord qaylin`
�ndownelov k = 1: E�e f(x0 + h) ≥ f(x0), apa
�ndownowm en h := h/2  krknowm en naxnakan qayli
ha�varkner�: A�ajin qayli �n�acqowm stacvowm �
aynpisi h �iv, or x1 := x0 + h  f(x1) < f(x0):

� Erkrord qaylowm h-� krknapatkvowm �  �ndownowm
en xk+1 = xk + h:

� Errord qaylowm ha�vvowm en f(xk+1) ar�eq�: E�e
f(xk+1) < f(xk), apa �ndownowm en k := k +
1  ancnowm en erkrord qaylin: E�e f(xk+1) ≥
f(xk), apa algor�mn avartvowm �` �ndownelov a =
xk−1, b = xk+1:

2.1 Zroyakan kargi me�odner

A) �ntrman pasiv me�od
Ays me�od� fownkciayi minimizaciayi parzagowyn

e�anakneric �: [a, b] hatva�� trohowm enq k havasar
maseri

xi = a+ i
b− a
k

, i ∈ [0 : k]

keterov  gtnowm enq xm ketn aynpes, or

f(xm) = min
i∈[0:k]

f(xi):

xm ket� hamarvowm � f fownkciayi minimowmi ket: Akn{
hayt �, or pasiv me�odov fownkciayi minimowmi ket� ε
��tow�yamb gtnelow hamar anhra�e�t � [a, b] hatva��
ba�anel k ≥ (b− a)/ε havasar maseri:
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�rinak: Dicowq petq � gtnel f(x) = x + 2/x
fownkciayi minimowmi ket� [0.5, 3.5] hatva�i vra
ε = 1/2 ��tow�yamb: Ownenq

k ≥ b− a
ε

= 6 :

Het abar

x0 = 0.5, x1 = 1, x2 = 1.5, x2 = 2, x3 = 2.5,

x4 = 2.5, x5 = 3, x6 = 3.5,

f(x0) = 4.5, f(x1) = 3, f(x2) = 2.83, f(x3) = 3,

f(x4) = 3.3, f(x5) = 3, f(x6) = 4.07 :

Ayste�ic
xm = x2 = 1.5 :

N�enq na , or x∗ =
√

2 -� f fownkciayi ��grit minimowmi
ketn �:

B) Dixotomiayi (kisman) me�od� δ parametrov:
Ays me�odi yowraqan�yowr iteraciayowm ka�owcvowm �
minimowmi ket� parownako� hatva�, ori erkarow�yown�
�oqr � naxord iteraciayowm ka�owca�ic  hamarya
erkow angam �oqranowm � anoro�ow�yan mijakayq�:

Katarvowm en het yal qayler�:

� �ndownowm enq a1 = a, b1 = b, δ > 0,

c1 =
a1 + b1

2
− δ

2
, d1 =

a1 + b1
2

+
δ

2
:

� Ha�vowm enq f fownkciayi ar�eqner� c1, d1 keterowm
 hamematowm irar het: E�e f(c1) ≤ f(d1), apa
a2 = a1, b2 = d1: E�e f(c1) > f(d1), apa a2 =
c1, b2 = b1 (tes g�.2.4-�):
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� Aynowhet , ha�vowm enq

c2 =
a2 + b2

2
− δ

2
, d2 =

a2 + b2
2

+
δ

2

ar�eqner�  hamematowm f(c2), f(d2) �ver�
oro�elov nor keter` a3, b3  ayspes �arownak
min� or te�i ownena

εi =
bi − ai

2
≤ ε

anhavasarow�yown�, orte� ε-� naxapes trva�
��tow�yown �: Isk f fownkciayi minimowmi ket ε
��tow�yamb hamarowm enq xm = (ai + bi)/2 ket�:

Me�odi anvanowm� kapva� � ayn bani het, or
�oqr δ > 0 �veri hamar minimowmi ket� te�aynacno�
(lokalizacno�) mijakayq� �oqranowm � hamarya erkow
angam yowraqan�yowr qaylic heto: Sakayn nkatenq, or
bavakana�a� �oqr δ-i �ntrow�yan depqowm petq
� f fownkciayi f(ci), f(di) ar�eqner� ha�vel me�
��grtow�yamb: Orovhet hnaravor � aynpisi depq,
or fownkciayi minimowmi ket� gtnvi (di, bi) mijakayqowm,
bayc fownkciayi ar�eqneri o� ��grit ha�varki depqowm
stacvi, or f(ci) = f(di) (bayc irakanowm f(ci) > f(di)):
Ev ayd �amanak nor te�aynacno� mijakayq� klini
[ai, di] hatva��, or� arden �i parownaki minimowmi
ket�:
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G�. 2.4: Fownkciayi minimowmi ket� te�aynacno� hatva�i
(anoro�ow�yan mijakayqi) ka�owcowm� dixotomiayi me�odov

�rinak: Gtnenq f(x) = x+2/x fownkciayi minimowmi
ket� [0.5, 3.5] hatva�i vra ε = 0.5 ��tow�yamb  dicowq
δ = 0.1:

Kira�elov dixotomiayi me�odi qayler�` kownenanq
het yal ardyownqner�:

� A�ajin qaylowm a1 = 0.5, b1 = 3.5,

c1 =
0.5 + 3.5

2
−0.1

2
= 1.95, d1 =

0.5 + 3.5

2
+

0.1

2
= 2.05,

f(c1) = 2.976 < f(d1) = 3.026:

� Erkrord qaylowm a2 = a1 = 0.5, b2 = d1 = 2.05,

ε2 =
2.05− 0.5

2
= 0.775 > 0.5 :
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G�. 2.5: y = x+ 2/x Fownkciayi grafik�

Owremn kanga�i payman� te�i �owni. het abar
iteracian �arownakowm enq.

c2 =
0.5 + 2.05

2
− 0.1

2
= 1.225,

d2 =
0.5 + 2.05

2
+

0.1

2
= 1.325,

f(c2) = 2.858 > f(d2) = 2.834:

� Errord qaylowm a3 = c2 = 1.225, b3 = d2 = 2.05,

ε3 =
2.05− 1.225

2
= 0.4125 < 0.5:
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In�pes tesnowm enq kanga�i payman� katarvowm
�, het abar iteracian avartowm enq �ndownelov`

xm =
2.05 + 1.225

2
= 1.638:

G�.2.6-owm patkerva� en dixotomiayi me�odi
yowraqan�yowr iteraciayowm den netva�
hatva�ner�:

G�. 2.6: Anoro�ow�yan mijakayqer� y = x + 2/x fownkciayi
hamar

N�enq, or ays me�odov minimowmi ket� ε = 0.5
��tow�yamb stanalow hamar anhra�e�tow�yown e�av
ha�vel f fownkciayi ar�eqner� vec keterowm: Isk
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pasiv me�odov nowyn ��tow�yown� apahovelow hamar
petq �r ha�vel f-i ar�eqner� yo� keterowm:

G) Oske hatman me�od�: Dixotomiayi me�odi
yowraqan�yowr iteraciayowm anhra�e�t �r ha�vel
fownkciayi ar�eqner� erkow ci, di nor keterowm: Oske
hatman me�odi yowraqan�yowr iteraciayowm ha�vvowm
en fownkciayi ar�eq� miayn mek nor ketowm  dranov
isk aveli qi� angam en dimowm fownkciayi ar�eqner�
ha�vo� �ragrin:

Kasenq, or D ∈ [A,B] ketov katarvowm � [A,B]
hatva�i oske hatowm, e�e

AB

AD
=
AD

DB
(tes g�. 2.7):

Dicowq AB = 1  AD = x: Ayd depqowm

1

x
=

x

1− x
:

Ayste�ic

x =

√
5− 1

2
:

G�. 2.7: Hatva�i oske hatowm�

Kentroni nkatmamb D-in hama�a� ket� n�anakenq
C-ov: Aknhayt �, or

AC =
3−
√

5

2
:
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C ket� ko�vowm � oske hatman a�ajin ket, isk D-n`
erkrord: Ayd keter� ��tva� en het yal hra�ali
hatkow�yamb.

� C-n o� miayn [A,B] hatva�i oske hatman a�ajin
ketn �, ayl ` [A,D] hatva�i oske hatman erkrord
ket�:

� D-n o� miayn [A,B] hatva�i oske hatman erkrord
ketn �, ayl ` [C,B] hatva�i oske hatman a�ajin
ket� (tes g�.2.8):

G�. 2.8: Hatva�i oske hatman hra�ali hatkow�yown�

Oske hatman me�odi yowraqan�yowr iteracia
ha�vowm � fownkciayi ar�eq� miayn mek nor ketowm:

Nkaragrenq oske hatman me�odi algori�m�:

� �ndownowm enq a1 = a, b1 = b  ha�vowm`

c1 =
3−
√

5

2
(b1 − a1) + a1, d1 =

√
5− 1

2
(b1 − a1) + a1:
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� E�e f(c1) ≤ f(d1), apa �ndownowm enq, or

a2 = a1, b2 = d1, d2 = c1,

c2 =
3−
√

5

2
(b2 − a2) + a2:

E�e f(c1) > f(d1), apa` a2 = c1, b2 = b1, c2 = d1,

d2 =

√
5− 1

2
(b2 − a2) + a2:

� Hamematelov f(c2)  f(d2) ar�eqner�` oro�owm enq
a3, b3-i nor ar�eqner�  ayspes �arownak min� or
te�i ownena

εi =
bi − ai

2
≤ ε

anhavasarow�yown�, orte� ε-� anhra�e�t ��tow{
�yownn �:

Yowraqan�yowr qaylowm minimowmi ket� te�aynacno�

mijakayq� �oqranowm �
√
5−1
2

gor�akcov:
Het abar

εi =
1

2
(

√
5− 1

2
)i−1(b− a):

�rinak: Ditarkenq naxord �rinaki fownkcian.

f(x) = x+
2

x
, a = 0.5, b = 3.5, ε = 0.5:

Kira�elov oske hatman me�odi algori�m�` kownenanq
het yal ardyownqner�:
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� A�ajin qaylowm a1 = 0.5, b1 = 3.5,

c1 =
3−
√

5

2
(3.5− 0.5) + 0.5 = 1.646,

d1 =

√
5− 1

2
(3.5− 0.5) + 0.5 = 2.354,

f(c1) = 2.861 < f(d1) = 3.204:

� Erkrord qaylowm a2 = a1 = 0.5, b2 = d1 =
2.354, d2 = c1 = 1.646,

c2 =
3−
√

5

2
(b2 − a2) + a2 = 1.208,

ε3 =
2.354− 0.5

2
= 0.927 > 0.5:

Het abar, algori�m� �arownakowm enq, qani or
kanga�i payman� �i katarvowm. f(c2) = 2.864 >
f(d2) = 2.861:

� Errord qaylowm a3 = c2 = 1.208, b3 = b2 = 2.354, c3 =
d2 = 1.646,

d3 =

√
5− 1

2
(b3 − a3) + a3 = 0.573 = 1.916,

ε3 =
2.354− 1.208

2
= 0.573 > 0.5:

Owremn kanga�i payman� ays qaylowm nowynpes te�i
�owni, owsti proces� �arownakowm enq.

f(c3) = f(d2) = 2.861 < f(d3) = 2.96:
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� �orrord qaylowm a4 = a3 = 1.208, b4 = d3 =
1.916, d4 = c3 = 1.646,

c4 =
3−
√

5

2
(b4 − a4) + a4 = 1.478,

ε4 =
1.916− 1.208

2
= 0.354 < 0.5:

In�pes tesnowm enq ays qaylowm arden kanga�i payman�
te�i owni, owsti �ndownowm enq

xm =
1.916 + 1.208

2
= 1.562

 algori�m� avartvowm �: G�.2.9-owm patkerva� en
oske hatman me�odov yowraqan�yowr iteraciayowm
den netva� hatva�ner�: N�enq, or ayste� trva�
��tow�yown� apahovelow hamar anhra�e�t e�av dimel
fownkciayi ar�eqner� ha�vo� �ragrin hing angam,
aysinqn` aveli qi� qan dixotomiayi me�odowm:

N�enq, or oske hatman me�odi yowraqan�yowr
iteraciayic heto anoro�ow�yan mijakayq� kr�atvowm
� β = (

√
5 − 1)/2 angam: Het abar, ε-��tow�yamb

minimowmi ket� stanalow hamar anhra�e�t
iteracianeri N qanak� kareli � oro�el

ε < (b− a)βN

anhavasarow�yownic: Ardyownavetow�yan tesaketic
oske hatman me�od� mijankyal dirq � gravowm
dixotomiayi  Fibona�ii me�odneri mij : Fibona�ii
me�od� k�aradrvi stor :
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G�. 2.9: Hatva�i oske hatman me�odov den netva�
mijakayqer� y = x+ 2/x fownkciayi hamar

D) Fibona�ii me�od�:
Fibona�ii hajordakanow�yown� ka�owcvowm � het yal

�ekowrent a�n�ow�yamb`

F1 = 1, F2 = 1, Fn+2 = Fn + Fn+1, n ≥ 1 :

Dowrs berenq Fibona�ii hajordakanow�yan Fn �nd{
hanowr andami bana� �: x-� �ntrenq aynpes,
or xn hajordakanow�yown� bavarari Fibona�ii
hajordakanow�yan �ekowrent a�n�ow�yan�:
Ownenq

xn+2 = xn + xn+1:

Ayste�ic het owm �, or x-� petq � bavarari het yal
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qa�akowsi havasarman�.

x2 − x− 1 = 0:

Ays havasarman armatnern en`

τ =
1 +
√

5

2
∼= 1.618, −1

τ
=

1−
√

5

2
:

Het abar, τn, (−1
τ

)n hajordakanow�yownner� bava{
rarowm en Fibona�ii hajordakanow�yan �ekowrent
a�n�ow�yan�: Aknhayt �, or ayd a�n�ow�yan� bavararowm
� na 

c1τ
n + c2(−

1

τ
)n

hajordakanow�yown�, orte� c1, c2-� kamayakan �ver en:
c1, c2 hastatownner� �ntrenq aynpes, or bavararven
F1 = 1, F2 = 1 skzbnakan paymanner�:
Ayste�ic

c1 + c2 = 1, c1τ + c1(−
1

τ
) = 1:

Het abar Fibona�ii hajordakanow�yan �ndhanowr
andam� kownena het yal tesq�.

Fn =
τn+1 − (−τ)−(n+1)

√
5

=
(1+
√
5

2
)n+1 − (1−

√
5

2
)n+1

√
5

:

Ayste�ic kstananq

Fn ∼
τn+1

√
5

:

Het abar

lim
n→∞

Fn
Fn+1

=

√
5− 1

2
:
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N�anakenq

c1 = a1 + (b1 − a1)
Fn
Fn+2

,

d1 = a1 + (b1 − a1)
Fn+1

Fn+2

, n > 1:

Ays erkow keter� kentroni nkatmamb hama�a� en
dasavorva�: Iroq, ownenq

c1 − a1 = (b1 − a1)
Fn
Fn+1

= (b1 − a1)(1−
Fn+1

Fn+2

) = b1 − d1,

in�� n�anakowm � n�va� keteri hama�a� da{
savorva�ow�yown kentroni nkatmamb: Aynowhet 
hamematowm enq f(c1)  f(d1) ar�eqner�` den netelov
[a1, c1) [d1, b1) kisamijakayqeric or � mek�: E�e
f(c1) < f(d1), apa den enq netowm (d1, b1]-�: Ays depqowm
c1 ket� minimowmi ket� te�aynacno� [a2, b2] ≡ [a1, d1]
hatva�� ba�anowm �

c1 − a1
d1 − a1

=

Fn

Fn+2

Fn+1

Fn+2

=
Fn
Fn+1

haraberow�yamb: Aknhayt � na , or

d2 ≡ a2 + (b2 − a2)
Fn
Fn+1

= c1 :

E�e f(c1) > f(d1), apa den enq netowm [a1, c1) mijakayq�:
d1 ketov minimowmi ket� lokalizacno� [a2, b2] ≡ [c1, b1]
hatva�� ba�anvowm �

d1 − c1
b1 − c1

=
d1 − c1
d1 − a1

=

Fn+1

Fn+2
− Fn

Fn+2

Fn+1

Fn+2

=
Fn−1
Fn+1

:
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haraberow�yamb: Het abar ays depqowm

c2 ≡ a2 + (b2 − a2)
Fn−1
Fn+1

= d1

Ayspisov, �ndownelov a1 = a, b1 = b, ka�owcowm enq
{ci}, {di} hajordakanow�yownner� het yal bana� erov.

ci ≡ ai + (bi − ai)
Fn+1−i

Fn+3−i
,

di ≡ ai + (bi − ai)
Fn+2−i

Fn+3−i
:

N�enq, or yowraqan�yowr iteraciayowm ha�vowm enq
fownkciayi ar�eq� miayn mek nor ketowm (ci kam di)  
baci dranic

b2 − a2 = (b1 − a1)
Fn+1

Fn+2

,

b3−a3 = (b2−a2)
Fn
Fn+1

= (b1−a1)
Fn
Fn+1

Fn+1

Fn+2

= (b1−a1)
Fn
Fn+2

:

Het abar

bn − an = (b1 − a1)
F3

Fn+2

:

Ayste�ic het owm �, or minimowmi ket� ε ��tow�yamb
verakangnelow hamar anhra�e�t n qayleri qanak�
petq � bavarari het yal anhavasarow�yan�.

(b− a)
F3

Fn+2

≤ 2ε,

aysinqn`

Fn+2 ≥
b− a
ε

:
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G�. 2.10: Fibona�ii me�od� N = 6 depqowm: N�va� en na 
yowraqan�yowr qaylowm den netva� hatva�neri �a�er�:

�rinak: Dicowq

f(x) = x+
2

x
, a = 0.5, b = 3.5, ε = 0.5:

Fibona�ii me�odov gtnenq f fownkciayi minimowmi ket�
[a, b] hatva�i vra ε ��tow�yamb:

Ownenq Fn+2 ≥ b−a
ε

= 6: Ayste�ic n ≥ 4, aysinqn`
Fibona�ii me�odov petq � katarel �ors qayl minimowmi
ket� ε ��tow�yamb stanalow hamar: Kira�elov
Fibona�ii me�odi algori�m�` kownenanq het yal
ardyownqner�:
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� A�ajin qaylowm n = 4, a1 = 0.5, b1 = 3.5,

c1 = 0.5 + (3.5− 0.5)
F4

F6

= 0.5 + 3 · 3

8
= 1.625,

d1 = a1 + (3.5− 0.5)
F5

F6

= 0.5 + 3 · 5

8
= 2.375,

f(c1) = 2.856 < f(d1) = 3.217:

� Erkrord qaylowm a2 = a1 = 0.5, b2 = d1,= 2.375, d2 =
c1,

c2 = 0.5 + (2.375− 0.5)
F3

F5

= 0.5 + 1.875 · 3

5
= 1.25,

f(c2) = 2.85, f(d2) = f(c1) = 2.856,

f(c2) < f(d2):

� Errord qaylowm a3 = a2 = 0.5, b3 = d2 = 1.625, d3 =
c2,

c3 = 0.5 + (1.625− 0.5)
F2

F4

= 0.5 + 1.125 · 1

3
= 0.875,

f(c3) = 3.161, f(d3) = f(c2) = 2.85,

f(c3) > f(d3):

� �orrord qaylowm a4 = c3 = 0.875, b4 = b3 =
1.625, c4 = d3 = 1.25,

d4 = 0.875 + (1.625− 0.875)
F2

F3

= 1.25,

xm = c4 = d4 =
a4 + b4

2
= 1.25:
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I tarberow�yown dixotomiayi  oske hatman me�odi,
Fibona�ii me�odowm qayleri qanak� trvowm � naxoroq
(anhra�e�t �� yowraqan�yowr iteraciayowm stowgel
kanga�i payman�): Fibona�ii me�od� �ptimal �
fownkciayi ar�eqneri qanaki ha�vman tesaketic:
Ayspes, mer ditarka� �rinakowm mi nowyn ��tow�yown�
apahovelow hamar dixotomiayi me�odov anhra�e�t
e�av ha�vel fownkciayi ar�eqner� vec keterowm,
oske hatman depqowm` hing, isk Fibona�ii me�odov`
�ndamen� �ors keterowm: Nkatenq na , or me� n-i
depqowm Fibona�ii me�od� vera�vowm � oske hatman
me�odi:

A�ajadranq: Kira�elov ver owm �aradrva� �ors
me�odner�` pasiv, dixotomiayi, oske hatman  
fibona�ii, kazmel �ragir or � mi algori�makan lezvov,
or� kirakanacni

f(x) =


−e3x/2, 0 ≤ x ≤ 0.45,

2.3x− 3, 0.45 ≤ x ≤ 0.7,

x2 − 1, 0.7 ≤ x ≤ 1

ownimodal fownkciayi minimizacian ε = 0.01 ��tow{
�yamb:

2.2 A�ajin  erkrord kargi me�odner


o�a�o�neri me�od�: Dicowq f(x) fownkcian
ow�owcik �  diferenceli [a, b] hatva�i vra: Dicowq
f ′(a) < 0, f ′(b) > 0: �ndownenq a1 = a, b1 = b: Grafiki
A(a, f(a))  B(b, f(b)) keteric tanenq �o�a�o�ner  
gtnenq nranc hatman C keti abcis�: N�anakenq ayn
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c1-ov: E�e f
′(c1) > 0, apa �ndownowm enq a2 = a1, b2 = c1:

E�e, f ′(c1) < 0, apa �ndownowm enq a2 = c1, b2 = b1: E�e
f ′(c1) = 0, apa hamarowm enq, or c1-� oroneli ketn �:
Ays procedowran krknowm enq aynqan angam min� or
te�i ownenan

| bk − ak |≤ ε

kam
| f ′(ck) |≤ ε

anhavasarow�yownner�: Ays depqowm ck-n hamarowm
enq orpes fownkciayi minimowmi ket  algori�m�
avartvowm �: Ays me�od� dasvowm � a�ajin kargi
me�odneri �arqin, qani or fownkciayi minimizaciayi
�n�acakargowm �gtagor�vowm en miayn nra
a�ajin kargi a�ancyalner�: Haskanali �, or ays
me�odi iragor�owm� �gtakar � ayn depqerowm, erb
fownkciayi a�ancyali ha�vowm� kapva� �� oro�aki
d�varow�yownneri het: N�enq na , or ays me�odi
irakanacowm� henva� � ow�owcik fownkciayi ktor
a� ktor g�ayin motarkman ga�a�ari vra: Ir
parzow�yan pat�a�ov ays me�od� ha�ax kira�vowm
� bavakana�a� o�ork ownimodal fownkcianeri
minimizaciayi �amanak:

G�.2.11-owm trva� � �o�a�o�neri me�odi
erkra�a�akan meknabanow�yown�:
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G�. 2.11: 
o�a�o�neri me�odi erkra�a�akan
meknabanow�yown�

Nyowton-�afsoni me�od�: Mer npatakn � gtnel
f ′(x) = 0 havasarman armatner�:

Skzbnakan x0 ketic tanenq �o�a�o� f
′ fownkciayi

grafikin: Gtnenq ayd ow��i  OX a�ancqi het
hatman ket�: N�anakenq ayn x1-ov  ayd ketov
noric tanenq �o�a�o� f ′ fownkciayi grafikin: Ays
procedowran krknowm enq aynqan angam min� , or te�i
ownena | f ′(xk) |≤ ε anhavasarow�yown�, orte� ε-�
naxoroq trva� ��tow�yown �: Ays depqowm xk-n hamarowm
enq fownkciayi minimowmi ket  algori�mn avartvowm
�: {xk} hajordakanow�yown� ka�owcvowm � het yal kerp:
Growm enq xk ketowm f ′ fownkciayi grafikin tarva�
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�o�a�o� ow��i

y = f ′(xk) + f ′′(xk)(x− xk)

havasarowm�  gtnowm ays ow��i  OX a�ancqi hatman
ket�, or� oro�vowm � het yal bana� ov`

xk+1 = xk −
f ′(xk)

f ′′(xk)
:

Ays me�od� ko�vowm � erkrord kargi me�od, orovhet 
ayste� �gtagor�vowm en fownkciayi erkrord kargi
a�ancyali ar�eqner�: Nyowton-�afsoni me�odi
grafikakan meknabanow�yown� trva� � g�. 2.12-owm:

G�. 2.12: Nyowton-�afsoni me�odi erkra�a�akan
meknabanow�yown�

�rinak: Gtnel f(x) = x + 2
x
fownkciayi minimowmi

ket� ε = 0.5 ��tow�yamb, x0 = 0.5: Qayl a� qayl
nkaragrenq Nyowtoni me�od� ays �rinaki depqowm:
Ownenq

f ′(x) = 1− 2

x2
, f ′′(x) =

4

x3
:
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� A�ajin qaylowm f ′(x0) = −7, | f ′(x0) |> ε, owremn
kanga�i payman� te�i �owni: Owsti ha�vark�
�arownakowm enq.

f ′′(x0) = 32, x1 = 0.5− −7

32
= 0.719:

� Erkrord qaylowm f ′(x1) = −2.869, | f ′(x1) |> ε:
Algori�� �arownakvowm �, qani or kanga�i
payman� ays qaylowm nowynpes �i katarvowm:

f ′′(x1) = 10.762, x2 = 0.719− −2.869

10.762
= 0.986:

� Errord qaylowm f ′(x2) = −1.057, | f ′(x2) |> ε,
het abar, ha�vark� �arownakowm enq.

f ′′(x2) = 4.173, x3 = 0.986− −1, 057

4.173
= 1.239 :

� �orrord qaylowm f ′(x3) = −0.303, | f ′(x3) |< ε:
In�pes tesnowm enq ays qaylowm kanga�i payman�
arden te�i owni, owsti algori�m� avartvowm �  
�ndownowm enq

xm = x3 = 1.239:

Verjowm n�enq, or fownkciayi minimizaciayi
procesowm orqan �at informacia imananq fownkciayi
masin, aynqan arag khasnenq anhra�e�t ardyownqin,
aysinqn` minimizaciayi procesi aragow�yown� me�anowm
�: Sakayn dran zowgahe� �atanowm � na anhra�e�t
ha�varkneri qanak�: Ayspes, ver owm ditarkva�

61



me�odneric boloric danda� zowgamitowm en zroyakan
kargi me�odner�, heto` a�ajin kargin�, aynowhet `
erkrord kargi me�odner�: Bayc, �rinak, �o�a�o�neri
me�odowm, i tarberow�yown oske hatman me�odi,
anhra�e�t � ha�vel o� miayn fownkciayi ar�eqner�,
ayl ` nra a�ancyali: Isk Nyowtoni me�odowm lracowci�
petq � ha�vel na fownkciayi erkrord kargi a�ancyali
ar�eqner�:

Hark enq gtnowm na asel, or mek �o�oxakani
fownkciayi minimizaciayi �n�acakargeri veraberyal
aveli manramasn ow ambo�jakan �aradranq kareli �
gtnel [7, 24] a�xatanqnerowm:
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Glowx 3

Bazma�a� �ptimizacia: Gradientayin

me�odner�

Sahmanowm 3.0.1: f(x) Fownkciayi makardaki gi�
ko�vowm �

VC = {x ∈ Rn/f(x) = C}

bazmow�yown�, orte� C−n kamayakan �iv � (tes
g�.3.1):

Fownkciayi makardaki g�erin anvanowm en na 
makardaki bazmow�yownner:

Sovorabar fownkciayi makardaki g�er� �ak korer
en: Dranc mijocov hnaravor � linowm grafikoren
meknabanel fownkciayi minimizaciayi algori�mner�,
oronq k�aradrven ays glxowm: Oro� dasi fownkcianeri
hamar kka�owcven ayd korer�: �ndhanowr depqowm nranc
gtnelow harc� bard �:
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G�. 3.1: Fownkciayi makardaki korer� C = 1, C = 2, C = 3
ar�eqneri depqowm

�rinak: Ka�owcel f(x) ≡ f(x1, x2) = x21 + x1x2 +
x22 fownkciayi makardaki korer�: f-� nerkayacnenq
het yal tesqov.

f(x1, x2) =
1

2
(Ax, x):

Ays depqowm

A =

(
2 1
1 2

)
:

Aynowhet A matric� berowm enq kanonakan tesqi: Dra
hamar gtnenq nra se�akan ar�eqner�.

det(A− λE) = 0:
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Ayste�ic λ1 = 3, λ2 = 1 : Het abar ayd ar�eqnerin
hamapatasxano� se�akan miavor vektornern en`

e1 = (
1√
2
,

1√
2

), e2 = (− 1√
2
,

1√
2

):

N�anakenq` {
y1 = 1√

2
x1 + 1√

2
x2,

y2 = − 1√
2
x1 + 1√

2
x2 :

Ayspisov, koordinatayin nor {y1, y2} hamakargowm f
fownkcian nerkayacvowm � het yal tesqov.

f(y) =
3

2
y21 +

1

2
y22:

Aysinqn` f fownkciayi makardaki g�er� �lipsner en,
oronq nerkayacva� en g�.3.2-owm:

G�. 3.2: x21 + x1x2 + x21 fownkciayi makardaki korer�
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3.1 Koordinatayin ijecman me�od�

Ays me�odov f(x1, x2, . . . , xn) fownkciayi minimizacian
iragor�vowm � n qaylani ciklerov:

Dicowq
xk = (xk1, . . . , x

k
n):

� Amragrowm enq xk2, x
k
3, . . . , x

k
n ar�eqner�  katarowm

enq minimizacia �st x1 �o�oxakani` stanalov
(xk+1, xk2, . . . , x

k
n) ket�,  dranov isk a�ajin qayl�

avartvowm �:

� Amragrowm enq xk+1
1 , xk3, . . . , x

k
n ar�eqner�  

katarowm minimizacia �st x2 �o�oxakani`
stanalov (xk+1

1 , xk+1
2 , . . . , xkn) ket�:

� . . .

� n-rd qaylowm amragrowm enq xk+1
1 , xk+1

2 , . . . , xk+1
n−1

keter  katarowm fownkciayi minimizacia
�st xn �o�oxakani: Ardyownqowm stanowm enq
(xk+1

1 , . . . , xk+1
n ) ket�:

Ayspisov, n qayleric heto a�ajin cikln avartvowm
� stanalov` xk+1 = (xk+1

1 , . . . , xk+1
n ) ket�: Proces�

�arownakvowm � min� or katarvi kanga�i qayl�.

| f(xk+1)− f(xk) |≤ ε kam ‖xk+1 − xk‖ ≤ ε:

Koordinatayin ijecman me�od� grafikoren
patkerva� � g�. 3.3-owm: N�enq, or kan fownkcianer,
oronc hamar koordinatayin me�od� �i berowm minimowmi
keti: Da ha�ax te�i � ownenowm ayn depqerowm, erb
fownkciayi makardaki bazmow�yownner� ownenowm en,
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ayspes ko�va�, kir�ayin tesq, aysinqn` erb nranq
xist �gva� en in� or mi ow��ow�yamb: �rinak` g�. 3.4-i
depqowm x1 ketic koordinatayin x2 a�ancqin zowgahe�
�ar�owm� �i berowm ijecman` ayd ow��ow�yamb kamayakan
�ar�owm berowm � fownkciayi ar�eqneri a�in: Ayspisi
depqerowm asowm en, or ijecman proces� argelakvowm �:

G�. 3.3: Koordinatayin ijecman me�odi erkra�a�akan
meknabanow�yown�. koordinatayin a�ancqnerin zowgahe�
katarva� �ar�man hetag�er� �o�a�owm en fownkciayi
makardaki g�er�:
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G�. 3.4: Koordinatayi ijecman procesi argelakowm

�rinak: Gtnel f(x) = 9x21 + x22 fownkciayi minimowmi
ket� ε = 0.5, ��tow�yamb: Orpes meknarkayin ar�eq
vercnenq x0 = (1, 1) ket�: Isk kanga�i qayl hamarenq

‖xk+1 − xk‖ ≤ ε

payman�:

� Amragrenq x2 = x02 = 1  katarenq fownkciayi
minimizacia �st x1 �o�oxakani: Aysinqn` petq
� minimizacnel f(1+α, 1) = 9(1+α)2 +1 fownkcian
(−∞,+∞) mijakayqi vra: Aknhayt �, or α = −1-�
minimowmi ketn �  het abar x11 = 0:

� Amragrenq x1 = x11 = 0  katarenq minimizacia
�st x2 �o�oxakani: Aysinqn` gtnenq f(0, 1 +α) =
(1 + α)2 fownkciayi minimowmi ket� (−∞,+∞)
bazmow�yan vra: Aknhayt �, or α = −1-� minimowmi
ketn �: Verjnakanoren a�ajin ciklic heto
stanowm enq x1 = (0, 0): Bayc kanga�i payman�
te�i �owni, qani or

| x1 − x0 |=
√

2 > 0.5:
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Owsti ha�vark� �arownakowm enq:

� Naxordin analog stanowm enq`

x2 = (0, 0):

Myows ko�mic, qani or | x2 − x1 |= 0 < 0.5, apa
algori�m� avartvowm �  �ndownowm enq, or xm =
x2 = (0, 0)-� fownkciayi minimowmi ketn �, or� tvyal
depqowm ��grit minimowmn � (te|s g�.3.5):

G�. 3.5: Koordinatayin ijecman me�od� (f(x1, x2) = 9x21 + x22
fownkciayi depq�)

69



XNDIRNER

1. Ka�owcel het yal fownkcianeri makardaki g�er�.

a) f(x1, x2) = x21 + x22,

b) f(x1, x2) = x22 − x21,
g) f(x1, x2) = x21 − x1x2 + x22:

Koordinatayin ijecman me�odov low�el het yal
xndirner�  grafikoren cowyc tal ijecman
procesi �ar�man hetag�er�.

2. f(x) = 2x21 + x22 → min:

3. f(x) = 2x21 + x22 + x1x2 → min:

3.2 Gradientayin me�od�

Gradientayin me�od� dasvowm � diferenceli
fownkcianeri minimizaciayi �vayin himnakan
me�odneri �arqin: Ayd me�odi �ow�yown� �at parz
�: E�e f(x) fownkcian diferenceli �, apa nra
hakagradient�` h = −f ′(x) vektor�, yowraqan�yowr
x ketowm cowyc � talis fownkciayi nvazman
ow��ow�yown�: Vercvowm � skzbnakan ket  katarvowm
o� me� qayl hakagradienti ow��ow�yamb: Ardyownqowm
stacvowm � nor ket, orowm fownkciayi ar�eq� �oqr
� skzbnakanic: Ays ketowm procedowran krknvowm
�: Ays procesi �n�acqowm �ar�owm � katarvowm
fownkciayi nvazman ow��ow�yamb: Da himq � talis
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en�adrel, or kamayakan skzbnakan x0 ketic sksvo�  
xk+1 = xk − αkf ′(xk) (αk > 0) �ekowrent a�n�ow�yamb
ka�owcva� hajordakanow�yan andamner� me� k
indeqsneri depqowm mot klinen f-i minimowmi ketin
(te|s g�.3.6):

Petq � n�el, or me� qayleri �ntrow�yan depqowm
hnaravor � proces� lini taramet, isk �oqr qayleri
depqowm zowgamitow�yan proces� karo� � erkarel:

G�. 3.6: Gradientayin vayr�jqi proces

Ays glxowm gradientayin me�odi zowgamitow�yown�
himnavorvowm � oro� dasi fownkcianeri  αk �veri
hatowk e�anaknerov �ntrow�yownneri depqerowm:
Fownkciayi minimizaciayi bazmazan algori�mneri
 nranc praktik irakanacowmneri het aveli
manramasn kareli � �ano�anal [1,5,10,20,29]
a�xatanqnerowm:
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3.3 Fownkciayi minimizaciayi gradientayin
e�anakneri �ndhanowr nkaragrow�yown�

Sahmanowm 3.3.1: h vektor� ko�vowm � f fownkciayi
nvazman ow��ow�yown x ketowm, e�e bavakana�a�
�oqr drakan α �veri hamar te�i owni

f(x+ αh) < f(x)

anhavasarow�yown�:
Ayl xosqov, h-� ayn vektorn �, ori ow��ow�yamb

bavakana�a� �oqr �ar�velis kareli � fownkciayi
ar�eqner� �oqracnel:

Lemm 3.3.1: Dicowq f-� diferenceli � x ketowm  h-n
aynpisi vektor �, or

(f ′(x), h) < 0:

Ayd depqowm h-� f-i nvazman ow��ow�yown � x ketowm:
I Qani or f-� diferenceli �, apa

f(x+ αh) = f(x) + α[(f ′(x), h) +
o(α)

α
]:

Ayste�ic bavakana�a� �oqr drakan α �veri hamar
mijak �akag�erowm gra� artahaytow�yown� da�nowm �
bacasakan: Aynpes or kstananq

f(x+ αh) < f(x): �

Dito�ow�yown: Masnavorapes, orpes nvazman ow��ow{
�yown kareli � vercnel h = −f ′(x), or� ko�vowm � ha-
kagradienti ow��ow�yown: Kareli � cowyc tal, or ha-
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kagradient� talis � fownkciayi amenaarag nvazman
ow��ow�yown�:

Gradientayin vayr�jqi me�odner� ka�owcvowm en
het yal kerp: �ntrvowm � kamayakan x0 ket Rn ta{
ra�ow�yownic  ka�owcvowm �

xk+1 = xk + αkh
k, k = 0, 1, 2, ... (3.1.1)

�ekowrent a�n�ow�yown�: Ayste� hk = −f ′(xk), isk αk
�ver� ko�vowm en qayler, oronq �ntrvowm en oro�aki
�rina�a�ow�yamb:

�rinak: Ditarkenq f(x) = ax2 fownkciayi hamar
gradientayin me�od�.

xk+1 = xk(1− 2αka):

Aknhayt �, or ays proces� zowgamet klini zroyi, e�e
αk <

1
a
: αk = 1

a
-i depqowm proces� ciklik �`

x1 = −x0, x2 = x0, x3 = −x0, . . . (tes g�.3.7):

Isk αk >
1
a
-i depqowm proces� taramet �:

In�pes er owm � ays parz �rinakic, gradientayin
me�odi zowgamitow�yown� kaxva� � αk qayli erka{
row�yan �ntrow�yownic: Ays paragrafowm trvowm en
qayli �ntrow�yan mi qani e�anakneri �ndhanowr
nkaragrow�yownner: Ayd e�anakneric oro�neri
zowgamitow�yan  zowgamitow�yan aragow�yan harcer
ditarkvowm en a�an�in paragrafowm: Haytni en qayli
�ntrow�yan mi qani e�anakner, oronq nerkayacvowm en
stor :

1. Qayli �ntrow�yan apriori e�anak�: Ays depqowm
αk qayler� drakan �ver en, oronq bavararowm en
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G�. 3.7: Ciklik gradientayin proces

het yal paymannerin.∑
αk = +∞,

∑
α2
k < +∞:

Masnavorapes, ays paymannerin bavararowm en

αk =
1

k + 1
, αk =

ln(k + 1)

k + 1
, k = 0, 1, 2, ...

�vayin hajordakanow�yownner�:
2. Qayli �ntrow�yan amenaarag vayr�jqi e�a{

nak�: Ays depqowm αk > 0 qayler� �ntrvowm en het yal
kerp: Kazmowm en g(α) ≡ f(xk +αhk) fownkcian  gtnowm
nra minimowmi ket� (0,∞) mijakayqi vra: Ayn ket�,
orte� minimowm� hasaneli � hamarvowm � αk, aysinqn`

αk ≡ argmin
α>0

g(α):

N�enq, or ays me�odowm �ar�man ow��ow�yownner� erkow
hajordakan iteracianerowm irar �oxow��ahac en:
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Iroq, qani or αk qayl� �ntrowm enq g(α) ≡ f(xk + αhk)
fownkciayi minimizaciayi paymanic, apa

g′(αk) = −(f ′(xk+1), f ′(xk)) = 0:

Ayspisov, xk ketic �ar�man ow��ow�yown� �o�a�owm
� makardaki bazmow�yan� xk+1 ketowm (tes g�.3.8):
Ays me�odi a�avelow�yown� ayn �, or e�e k-rd qaylowm
minimowmi ket� �nka� lini xk + αhk �a�agay�i
vra, apa amenaarag vayr�jqov ayd qaylowm ��grit
kgtnenq fownkciayi minimowmi ket�: Hetagayowm menq
ktesnenq, or ays parz �ast� kar or n�anakow�yown
owni hamalow� gradientneri me�odowm qa�akowsayin
fownkciayi minimizaciayi hamar verjavor algori�mi
m�akman �amanak: Isk ays me�odi �erow�yown� nranowm
�, or yowraqan�yowr qaylowm petq � katarel mia�a�
minimizacia anverj mijakayqi vra, in�� praktik
tesaketic he�t iragor�eli xndir ��: Ayd xndir�,
sovorabar, low�vowm � motavor` kira�elov �vayin
oro� me�odner: Bayc, aynowanenayniv, praktikan
cowyc � talis, or ays me�od� pahanjowm � aveli
qi� gor�o�ow�yownner, qan mnaca� gradientayin
e�anakner�  nra zowgamitow�yan aragow�yown� me� �:

Parzagowyn depqerowm hnaravor � linowm gtnel αk
me�ow�yown� bacahayt tesqov:
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G�. 3.8: Amenaarag vayr�jqi me�odi erkra�a�akan
meknabanow�yown�. �ar�man ow��ow�yownnern erkow hajordakan
iteracianerowm irar �oxow��ahayac en:

�rinak: Amenaarag vayr�jqov gtnel f(x) = 9x21 +x22
fownkciayi minimowmi ket� ε = 0.05 ��tow�yamb, orpes
skzbnakan motavorow�yown vercnel x0 = (1, 1) ket�:
Kanga�i qayl� vercnel ‖f ′(xk)‖ ≤ ε payman�: Ha�vark�
katarowm enq storaketic heto ereq ni�i ��tow�yamb:
Ownenq f ′(x1, x2) = (18x1, 2x2): Het abar

� a�ajin qaylowm ownenq x1 = x0 − αf ′(x0) = (1, 1) −
α(18, 2):

Ayste�ic

f(x0 − αf ′(x0)) = 9(1− 18α)2 + (1− 2α)2:

Owsti

α0 = argminα>0(f(x0 − αf ′(x0)) = 0.056,
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x1 = x0 − α0f
′(x0) = (−0.008, 0.888):

� Erkrord qaylowm f ′(x1) = (−0.144, 1.776): Stowgenq
kanga�i qayl�.

‖f ′(x1)‖ =

√
(
∂f(x1)

∂x1
)2 + (

∂f(x2)

∂x2
)2 < ε :

Ays anhavasarow�yown� te�i �owni, het abar
ha�vak� �arownakowm enq.

α1 = 0.475, x2 = (0.06, 0.044):

� Errord qaylowm ownenq`

f ′(x2) = (1.087, 0.089), ‖f ′(x2)‖ > ε, α2 = 0.056,

x3 = (0.000, 0.039):

� �orrord qaylowm kstananq`

f ′(x3) = (0.000, 0.078), ‖f ′(x3)‖ > ε, α3 = 0.456,

x4 = (0.000, 0.003):

� Hingerord qaylowm kanga�i ‖f ′(x4)‖ < ε payman�
katarvowm �, het abar �ndownowm enq xm = x4

 aygori�mn avartvowm �: G�. 3.9-owm patkerva�
� �ar�man hetagi��: In�pes er owm � g�agric
erkow me� qayleric heto hetagi�� haytnvowm �
kir�i hatakowm: Aynowhet bavakana�a� �oqr
qaylerov ayn motenowm � minimowmi ketin:
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G�. 3.9: Amenaarag vayr�jqi me�od� (f(x1, x2) = 9x21 + x22
fownkciayi depq�)

Oro� dasi fownkcianeri hamar kareli � stanal
analitik bana� er αk qayleri oro�man hamar, in�pes
het yal �rinakowm:

�rinak: Dicowq f(x) = 1/2(Ax, x) + (b, x), orte� A-n
(n × n) �a�ani simetrik, drakan oro�yal matric �,
isk b-n n �a�ani vektor �: Kareli � cowyc tal, or f-�
ow�owcik �, owni miak minimowmi ket Rn-i vra  nra
gradient� oro�vowm � het yal bana� ov. f ′(x) = Ax+ b:
Ays depqowm ownenq

g(α) ≡ f(xk + αhk) = 1/2(A(xk + αhk), xk + αhk))+
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+(b, xk + αhk) = 1/2(Ahk, hk)α2+

+(Axk + b, hk)α + (1/2Axk + b, xk):

D�var �� nkatel, or stacva� qa�akowsayin e�andam�
hasnowm � ir �oqragowyn ar�eqin Rn-i vra

αk = −(Axk + b, hk)

(Ahk, hk)
= −(f ′(xk), hk)

(Ahk, hk)
≥ 0 (3.1.2)

ketowm: Het abar

f(xk + αkh
k) = min

α≥0
f(xk + αhk) = min

α∈Rn
f(xk + αhk):

3. Qayli �ntrow�yan kisman e�anak�: Fiqsowm enq
or � drakan ε �iv (0, 1) mijakayqic  α = 1 �vi hamar
stowgowm enq

f(xk − αf ′(xk))− f(xk) ≤ −εα‖f ′(xk)‖2 (3.1.3)

anhavasarow�yown�: E�e ayn te�i owni, apa αk-n
hamarowm enq havasar α-i: Haka�ak depqowm α-n
kisowm enq  noric stowgowm (3.1.3) anhavasarow�yown�
 ayspes �arownak: E�e or � p-rd qaylowm bavararvowm
� (2.1.3) anhavasarow�yown�, apa αk = 1

2p
: Ays me�odov

�ar�owm� katarvowm �, oro�aki zigzaga� x0x1x2 . . .
hetag�ov, �nd orowm` yowraqan�yowr xk ketowm hetagi��
ow��ahayac � hamapatasxan makardaki bazmow�yan�
(tes g�.3.10):
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G�. 3.10: Qayli kisman me�odi erkra�a�akan
meknabanow�yown�. {xk}-owm �ar�man hetagi�n ow��ahayac �
hamapatasxan makardaki bazmow�yan�:

XNDIRNER

1. Gtnel het yal fownkcianeri �qstremowmi keter�
amenaarag vayr�jqi me�odov.
skzbnakan x0 ketic sksa� ka�owcel {xk}
hajordakanow�yown� (3.1.1) �ekowrent a�n�ow�yamb
 qayleri �ntrow�yown� katarel (3.1.2) bana� ov:
E�e ‖f ′(xk)‖ < ε0, apa procesn avartel  xk-n
hamarel fownkciayi �qstremowmi ket:
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Ayste� ε0 > 0 �iv� naxapes trva� ��tow�yownn
�:

a) f(x1, x2) = 5x21+5x22−6x1x2 → min, x0 = (1, 1), ε0 =
= 0.01,

b) −3x21 − 2x22 + x1 + 6x2 − 15→ max, x0 = (0, 1), ε0 =
= 0.1,

g) 3x21 + x22 + 2x1x2 + x2 → min, x0 = (1, 0), ε0 = 0.01:

2. Dicowq f-� erkow angam diferenceli � x ketowm  

(f ′(x), h) = 0, (f ′′(x)h, h) < 0:

Apacowcel, or h-� f fownkciayi nvazman ow�{
�ow�yown �:

3. Dicowq H(x) = f ′′(x) hesian� drakan oro�yal �  
f ′(x) 6= 0: Apacowcel, or

h = −H(x)−1f ′(x)

vektor� f fownkciayi nvazman ow��ow�yown �:

A�ajadranq: Grel �ragir, or� minimizacnowm � f(x) =
= 1/2(Ax, x) + (b, x) fownkcian Rn-i vra: Ayste� A-n
(n × n) �a�ani simetrik, drakan oro�yal matric
�, isk b-n n �a�ani vektor �: Mowtqi tvyalnern en
A, b, x0, n, ε, ε0 parametrer�: Ayste� ε0-n ��tow�yownn
�: Ka�owcel {xk} hajordakanow�yown� gradientayin
ijecman ereq me�odnerov  hamematel dranq qayleri
qanaki tesaketic: E�e ‖f ′(xk)‖ < ε0, apa procesn
avartel  hamarel xk-n minimowmi ket: Hamematel
stacva� ardyownqner� x∗ = −A−1b vektori het, or�
f-i minimowmi ketn � :
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3.4 Aragacva� gradientayin me�odner�

Gradientayin me�odner� zowgamitowm en �at
danda�, erb fownkciayi makardaki bazmow�yown� xist
�gva� � mi ow��ow�yamb: Ays depqowm gnalov qayli
erkarow�yown� �oqranowm �  zowgamitow�yan proces�
erkarowm � (tes g�.3.11):

G�. 3.11: Gradientayin me�odi �ar�man hetagi��, erb
fownkciayi makardaki bazmow�yown� nman � kir�i:

Nman depqerowm kira�vowm en hatowk mijocner, oronq
hnaravorow�yown en talis katarel me� qayl minimowmi
keti ow��ow�yamb  dranov isk arag motenal nran: Ayd
mijocneric en het yal erkow me�odner�:
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G�. 3.12: p-rd kargi aragacva� gradientayin me�odi
erkra�a�akan meknabanow�yown�

A�ajin� ko�vowm � p-rd kargi aragacva�
gradientayin me�od: Ays me�odowm xk ketic katarowm
enq p qayl amenaarag vayr�jqi me�odov` hasnelov
yk ket: xk+1 ket� stanalow hamar katarowm enq
mia�a� minimizacia yk − xk vektori ow��ow�yamb
xk ketic: Sovorabar vercnowm en p = n, orte�
n-� tara�ow�yan �a�o�akanow�yownn �: Ayste�
yowraqan�yowr iteraciayowm petq � low�el n + 1 hat
mia�a� �ptimizaciayi xndirner (tes g�.3.12):
Aysinqn, ays me�od� aveli <�ankar�eq> �, qan
amenaarag vayr�jqi me�od�: Ays me�od� meknabanenq
het yal �rinaki mijocov:

83



�rinak: Gtnel f(x) = 9x21 + x22 fownkciayi mini{
mowmi ket� ε = 0.05 ��tow�yamb: Orpes skzbnakan
motavorow�yown vercnel x0 = (1, 1), isk kanga�i payman
hamarel ‖f ′(xk)‖ ≤ ε anhavasarow�yown�:

Skzbnakan x0 = (1, 1) ketic amenaarag vayr�jqi
me�odov katarenq erkow qayl: Ardyownqowm kstananq
y0 = (0.06, 0.044): Aynowhet , gtnowm enq f fownkciayi
minimowmi ket� x0 + α(y0− x0) �a�agay�i vra: Aysinqn`
katarowm enq mek �o�oxakani ϕ(α) ≡ f(x0+α(y0−x0))
fownkciayi minimizacia [0,∞) mijakayqi vra: Ownenq

f(x0 + α(y0 − x0)) = 9(1− 0.94α)2 + (1− 0.956α)2:

Ayste�ic
argminαϕ(α) = 1.062,

 het abar

x1 = (1− 0.94.1.062, 1− 0956.1.062) = (0.002,−0.015):

Qani or ‖f ′(x1)‖ = 0.043 ≤ ε, apa

xm = (0.002,−0.015):

Nkatenq, or ays me�odov katarvowm � mia�a�
minimizaciayi mek qayl pakas, qan amenaarag
vayr�jqowm: G�. 3.13-owm patkerva� en amenaarag
 aragacva� gragientayin me�odneri hetag�er�
ditarkva� �rinaki hamar: f Fownkciayi makardaki
bazmow�yownner� �lipsner en �gva� OX2 a�ancqov:
In�pes er owm � g�agric, e�e kira�owm enq amenaarag
vayr�jqi me�od�, apa erkow qaylic heto ijnowm enq
kir�i hatak  dranic heto �oqr qaylerov zigzaga� 
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�anaparhov motenowm enq minimowmi ketin: Isk
aragacva� gradientayin me�odi depqowm, erkrord
qaylic heto me� qayl � katarvowm minimowmi keti
ow��ow�yamb:

G�. 3.13: Amenaarag vayr�jqi  aragacva� gradientayin
me�odneri hetag�er� (f(x1, x2) = 9x21+x

2
2 fownkciayi depq�)
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Erkrord e�anak�, orn aragacnowm � gradientayin
me�od� krowm � Gelfandi anown�  ayn ko�vowm �
kir�ayin e�anak: Ayste� vercnowm enq skzbnakan
x0 motavorow�yan� motik x̃0 ket�  ays erkow keteric
katarowm enq gradientayin ijecowm` stanalov y0, ỹ0

keter�: Aynowhet katarvowm � mia�a� minimizacia
ỹ0 − y0 vektori ow�ow�yamb y0 skzbnaketov` stanalov
x1 ket�: Dranic heto x1 ketic katarowm enq
gradientayin ijecowm` stanalov y2 ket�: g�.3.14-owm
trva� � ayd me�odi erkra�a�akan meknabanow�yown�:

G�. 3.14: Gelfandi me�odi erkra�a�akan meknabanow�yown�

�rinak: Gelfandi me�odov minimizacnel f(x) =
9x21 + x22 fownkcian: Orpes skznakan motavorow�yown
vercnel x0 = (1, 1) ket�: Kanga�i qayl hamarel
‖f ′(xk)‖ ≤ ε = 0.05 payman�:

Vercnenq x̃0 = (1.1, 1.1)  x0, x̃0 erkow keteric
katarenq amenaarag gradientayin ijecowm` sta{
nalov y0 = (−0.008, 0, 888), ỹ0 = (−0.009, 0.997) keter�:
Aynowhet , katarenq mia�a� minimizacia ỹ0 − y0

vektori ow��ow�yamb y0 skzbnaketov:
Ownenq

f(y0 + α(ỹ0 − y0)) = 9(−0.008− 0.001α)2+
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+(0.888 + 0.089α)2 = ϕ(α):

Ayste�ic
argminαϕ(α) = 9.975,

 het abar
x1 = (0.002, 0):

Qani or ‖f ′(x1)‖ = 0.036 ≤ ε, apa

xm = (0.002, 0):

Ayste� nowynpes katarvowm � mek mia�a� minimizaciayi
qayl pakas, qan amenaarag vayr�jqi me�odowm (tes
g�.3.15):

G�. 3.15: Gelfandi me�od� (9x21 + x22 fownkciayi depq�)
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3.5 Fownkciayi minimizaciayi Nyowtoni

me�od�

Sovorabar, erb f fownkciayi makardaki bazmow{
�yownner� xist �gva� en in� or mi ow��ow�yamb, apa
nra minimizaciayi hamar �gtagor�owm en, aypes
ko�va�, erkrord kargi me�odner: Ays depqowm, erb
f ′′(x) hesian� drakan oro�yal �  f ′(x) vektor�
zro ��, apa orpes fownkciayi nvazman ow��ow�yown
kareli � vercnel −f ′′(x)−1f ′(x) vektor�: Grakanow�yan
mej sa haytni � orpes fownkciayi minimizaciayi
Nyowtoni me�od  ayn mia�a� depqi �ndhanracowmn
� bazma�a� depqi hamar: En�adrvowm � f fownkcian
erkow angam an�ndhat diferenceli �: Skzbnakan x0

ketic sksa� ka�owcowm enq andradar� a�n�ow�yown
het yal bana� ov.

xk+1 = xk − (f ′′(xk))−1f ′(xk):

Tanq ays bana� i erkra�a�akan imast�: Ditarkenq
qa�akowsayin het yal fownkcian.

f̃(x) ≡ f(xk) + (f ′(xk), (x−xk)) +
1

2
(f ′′(xk)(x−xk), x−xk):

Ays qa�akowsayin � � owni miak minimowm  ayn

f̃ ′(x) = 0 = f ′(xk) + f ′′(xk)(x− xk)

havasarman low�owmn �, or� ham�nknowm � xk+1-i het:
Het abar Nyowtoni me�od� meknabanvowm � orpes
f̃(x) tipi qa�akowsayin fownkciayi minimowmi keteri
hajordakan �ntrowm: Erkra�a�oren da n�anakowm �,
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or xk ketowm f fownkcian motarkvowm � f̃(x) parabolov
 orpes xk+1 hajord motarkman ket hamarvowm � ayd
paraboli minimowmi ket� (tes g�.3.16):

G�. 3.16:

In�pes tesnowm enq ays me�odowm qayli erkarow�yown�
yowraqan�yowr iteraciayowm vercvowm � hastatown`
havasar meki: Ayd pat�a�ov me�odi zowgamitow�yan
harc� kaxva� � skzbnakan keti �ntrow�yownic: Ow�e�
ow�owcik fownkcianeri hamar n�vowm � ayn tirowy��,
orin e�e patkana skzbnakan ket�, apa me�od�
klini zowgamet, isk zowgamitow�yan aragow�yown�
klini qa�akowsayin (tes [24], �eorem 2.1, glowx 5,
paragraf 2, �j 192): Gradientayin me�odi  Nyowtoni
me�odi hamematow�yown� trva� � g�agir 3.17-owm:
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In�pes nkateli � gradientayin ijecman me�odowm
�ar�owm� katarvowm � f fownkciayi makardaki
bazmow�yownnerin ow��ahayac, isk Nyowtoni me�odowm`
motarko� qa�akowsayin f̃ fownkciayi makardaki
bazmow�yownnerin ow��ahac: Ays depqowm �ar�owm� aveli
� ow��va� minimowmi keti ow��ow�yamb:

G�. 3.17: Gradientayin  Nyowtoni me�odneri hamematow{
�yown�

Nyowtoni me�od� meknabanenq naxord paragrafowm
ditarkva� �rinaki hamar  hamozvenq, or zowgami{
tow�yan proces� xist araganowm �: Dicowq f(x1, x2) =
9x21 + x22, x

0 = (1, 1):

Owsti

f ′(x0) = (18, 2), f ′′(x0)−1 =

(
1
18

0
0 1

2

)
:
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Ayste�ic`

h = −(f ′′(x0))−1f ′(x0) = (−1,−1):

Owremn x1 = x0 − h = (0, 0): Het abar minimowmi (0, 0)
ket� stacvec mek iteraciayi �n�acqowm (tes g�.3.18):
He�t � hamozvel, or owri� skzbnakan ketic sksa� ays
me�odov noric mek qayli �n�acqowm galis enq (0, 0)
minimowmi ket: Aysinqn` ays �rinaki hamar Nyowtoni
me�od� skzbnakan keti nkatmamb kayown � (zowgamet �
bolor skzbnakan keteric sksa�):

G�. 3.18: f(x1, x2) = 9x21 + x22 fownkciayi minimizacian erk{
rord kargi me�odov
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Nyowtoni me�odi himnakan �erow�yown� ayn �, or petq
� ha�vel fownkciayi erkrord kargi a�ancyalner�, in��
karo� � linel �akanoren d�var: N�enq na , or proces�
karo� � taramet linel, e�e npatakayin fownkcian
ow�e� ow�owcik �� kam skzbnakan ket� bavakana�a�
he�ow � minimowmi ketic:

XNDIRNER

Nyowtoni erkrord kargi me�odov low�el het yal
xndirner�  grafikoren cowyc tal ijecman procesi
�ar�man hetag�er�:

1. f(x) = x21 + 3x22 − x1x2 + x1 → min:

2. f(x) = 2x21 + x22 + x2 → min:

A�ajadranq: Ditarkenq het yal fownkcian.

f(x) = 100(x2 − x21)2 + 5(1− x1)2:

Ayn grakanow�yan mej haytni � �ozenbroki fownkcia
anvanmamb: Nra grafik� patkerva� � g�. 3,19-owm:

Orpes skzbnakan motavorow�yown vercnel
x0 = (0, 0) ket�: �gtagor�elov ”Matlab” �a�e��`
minimizacnel ditarkvo� fownkcian amenaarag
vayr�jqi, aragacva� gradientayin, Gelfandi  qayli
kisman me�odnerov ε = 0.003 ��tow�yamb: Hamematel
ayd me�odner� iteracianeri qanakneri tesaketic:
Nkarel yowraqan�yowr me�odi �ar�man hetag�er�:
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G�. 3.19: �ozenbroki fownkciayi grafik�

3.6 Hamalow� gradientneri me�od�

Ditarkenq

f(x) =
1

2
(Ax, x) + (b, x) + c

qa�akowsayin fownkcian, orte� A(n × n)-� simetrik
drakan oro�yal matric �, b-n n �a�ani vektor �, isk
c-n �iv �: Qani or f(x)-� xist ow�owcik fownkcia �,
apa arden gitenq, or ayn owni miak minimowmi ket
ambo�j tara�ow�yan vra: Na handisanowm � f ′(x) = 0
havasarman low�owm�: Qani or f ′(x) = 0 ⇔ Ax + b = 0,
apa xm = −A−1b: Aysinqn, e�e haytni � hakadar�
A−1 matric�, apa karo� enq gtnel xm minimowmi ket�:
Ay�m nkaragrenq mi me�od, orn amena�at� n qayleri
�n�acqowm gtnowm � minimowmi x∗ ket� a�anc matrici
hakadar�� ha�velow: Da hamalow� gradientneri me�odn
�: Nkaragrenq ayd me�od� n = 2-i depqowm  tanq
nra erkra�a�akan meknabanow�yown�: f Fownkciayi
VC = {x ∈ Rn/f(x) = C} makardaki bazmow�yownner�
�lipsner en har�ow�yan vra: Vercnowm enq kamayakan
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skzbnakan x0 motavorow�yown  katarowm enq arag
vayr�jq −f ′(x0) hakagradienti ow��ow�yamb` stanalov
x1 = x0 − α0f

′(x0) ket�: Menq arden gitenq, or f ′(x0)
gradient� ow��ahayac � Vf(x0) makardaki bazmow�yan�:
N�anakenq p0 = −f ′(x0)  ditarkenq

(Ap0, x− x1) = 0

gi�� har�ow�yan vra: Ayn ancnowm � x1 ketov  nra
normaln � Ap0 vektor�: Cowyc tanq, or ayd gi�� ancnowm
� na x∗ minimowmi ketov: Iroq, qani or x∗ = −A−1b,
apa

(Ap0, x∗ − x1) = (p0, AT (x∗ − x1)) = (p0, A(x∗ − x1)) =

= (p0,−b− Ax1) = (f ′(x0), f ′(x1)) = 0:

Ay�m, e�e ayd g�i vra gtnenq mi p1 vektor  x1 ketic
p1 vektori ow��ow�yamb katarenq arag vayr�jq, apa
ardyownqowm kstananq x∗ minimowmi ket�: p1 vektor�
ka�owcenq het yal bana� ov.

p1 = −αf ′(x0)− f ′(x1):

α �ivn �ntrenq aynpes, or ayd vektor� zowgahe� lini
n�va� g�in: Owremn α-n petq � �ntrel

(Ap0,−αp0 − f ′(x1)) = 0

havasarow�yownic: Owsti`

α = −(Ap0, f ′(x1))

(Ap0, p0)
:

Me�odi erkra�a�akan meknabanow�yown� trva� �
g�.3.20-owm: Ay�m nkaragrenq �ndhanowr algori�m�:
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� Skzbnakan x0 ketowm ha�vowm enq −f ′(x0)  
n�anakowm` p0 = −f ′(x0):

� k-rd qaylowm oro�owm enq αk-n amenaarag vayr�jqi
me�odov.

αk = argminα≥0f(xk + αpk):

αk-i hamar, hama�ayn (3.1.2)-i, ownenq het yal
bana� �.

αk = −(f ′(xk), pk)

(pk, Apk)
:

Ka�owcowm enq xk hajordakanow�yown� �ekowrent
het yal a�n�ow�yamb.

xk+1 = xk + αkp
k

� E�e f ′(xk+1) = 0, apa algori�m� avartvowm �
 xk+1-� minimowmi ketn �: Haka�ak depqowm pk+1

vektor� ha�vowm enq het yal bana� ov.

pk+1 = −f ′(xk+1) +
(f ′(xk+1), f ′(xk+1))

(f ′(xk), f ′(xk))
pk

 ancowm katarowm hajord iteraciayin:

p0, p1, . . . , pn vektorner� ko�vowm en hamalow�
gradientner: Ays algori�m� gtnowm � f-i minimowmi
ket� o� aveli qan n iteracianeri �n�acqowm:
Grakanow�yan mej ayn haytni � orpes Flet�er-�ifzi
me�od (tes [16,24]):

Hamalow� gradientneri me�odi erkra�a�akan
imast� het yaln �: Skzbnakan x0 ketic katarvowm
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� arag vayr�jq p0 = −f ′(x0) vektori ow��ow�yamb`
stanalov x1 ket�: f ′(x1) vektor� ow��ahayac �
p0 vektorin: Aynowhet �ntrvowm � p1 vektor�, or�
hamalow� � p0 vektorin` (p0, Ap1) = 0: Aynowhet 
katarvowm � ijecowm p1 vektori ow��ow�yamb  ayspes
�arownak (tes g�.3.21):

G�. 3.20: Hamalow� gradientneri me�odi erkra�a�akan
meknabanow�yown�
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G�. 3.21: Hamalow� gradientneri erkra�a�akan imast�

�rinak: Hamalow� gradientneri me�odov gtnel
f(x1, x2) = 2x21 + x22 fownkciayi minimowmi ket�:
Skzbnakan ket� hamarel x0 = (2, 2) ket�: Katarowm
enq het yal qayler�:

� Gtnowm enq fownkciayi gradient� x0 ketowm
 katarowm enq amenaarag vayr�jq −f ′(x0)
vektori ow��ow�yamb: Ownenq f ′(x0) = (4x01, 2x

0
2) =

(8, 4) : Owsti p0 = −f ′(x0) = (−8,−4): Katarelov
amenaarag vayr�jq vektori ow��ow�yamb`
kstananq

x1 = x0 + α0p
0,

orte�

α0 =
(f ′(x0), f ′(x0))

(Af ′(x0), f ′(x0))
= 0.278:

Owremn x1 = (−0.22, 0.88):

� Ays qaylowm ka�owcowm enq p0 vektorin hamalow� p1

vektor�` �gtagor�elov (Ap0, p1) = 0 payman�:
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Ayste�

A =

(
4 0
0 2

)
:

Ayste�ic p1 = (0.22, 0.88): Aynowhet katarelov
arag vayr�jq x1 ketic p1 vektori` ow��ow�yamb
stanowm enq x∗ = (0, 0) minimowmi ket� (tes
g�.3.22):

G�. 3.22: Hamalow� gradientneri me�od� f(x1, x2) = 2x21 + x22
fownkciayi hamar
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XNDIRNER

1. Hamalow� gradientneri me�odov gtnel f(x1, x2) =
x21 + 2x22 − 4x1 − 4x2 fownkciayi minimowmi ket�:

2. Hamalow� gradientneri me�odov gtnel f(x1, x2) =
x21 + 2x22 + x1x2 + x1 + x2 fownkciayi minimowmi ket�
 grafikoren cowyc tal ijecman procesi �ar�man
hetagi��:

3.7 Qayli kisman e�anaki zowgamitow�yan
�eorem�

Lemm 3.7.1:Dicowq f fownkciayi hamar �i�t en
het yal paymanner�.

1) f fownkciayi gradient� bavararowm � Lip�ici
paymanin, aysinqn` goyow�yown owni aynpisi L >
> 0 hastatown, or

‖f ′(x)− f ′(y)‖ ≤ L‖x− y‖ ∀x, y ∈ Rn:

2) f-� nerq ic sahmana�ak �, aysinqn` goyow�yown
owni aynpisi m > 0 �iv, or te�i owni

f(x) ≥ m ∀x ∈ Rn

anhavasarow�yown�:

Ayd depqowm qayli kisman e�anakov verjavor qay-
leri �n�acqowm �ntrvowm � αk-n  

αk > (1− ε)/2L > 0, k = 0, 1, 2, ... :
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I Dicowq hk = −f ′(xk): Hama�ayn Lagran�i mijin
ar�eqi veraberyal �eoremi` goyow�yown owni aynpisi θ ∈
(0, 1) hastatown, or e�e α > (1− ε)/L, apa

f(xk + αhk)− f(xk) = (f ′(xk + αθhk), αhk) =

= (f ′(xk + αθhk)− f ′(xk), αhk) + α(f ′(xk), hk) ≤

≤ ‖Lαθhk‖‖αhk‖ − α‖f ′(xk)‖2 ≤ Lα2‖f ′(xk)‖2−

−α‖f ′(xk)‖2 = −α‖f ′(xk)‖2(1− αL) ≤ −εα‖f ′(xk)‖2: �

�eorem 3.7.1:Dicowq f fownkcian bavararowm �
Lemm 3.7.1-i bolor paymannerin  {xk}-n kisman
me�odov ka�owcva� hajordakanow�yownn �:

Ayd depqowm f ′(xk)→ 0, erb k →∞:
I Ownenq

f(xk+1)− f(xk) ≤ −εα‖f ′(xk)‖2: (3.7.1)

Ayste�ic het owm �, or f(xk+1) ≤ f(xk): Aysinqn` {f(xk)}
hajordakanow�yown� monoton nvazo� �  nerq ic sah{
mana�ak �: Het abar hajordakanow�yown� zowgamet �,
aysinqn`

f(xk)− f(xk+1)→ 0:

(3.7.1)-ic het owm �, or

‖f ′(xk)‖2 ≤ f(xk)− f(xk+1)

εαk
:

Ayste�ic, qani or αk > (1−ε)/2L > 0, apa f ′(xk)→
0 : �:

Dito�ow�yown: N�enq, or qayli kisman e�anakowm
�akan d�varow�yown� himnakan (3.1.3) anhavasarow�yan
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stowgowmn �: E�e hayti lini L parametr�, apa
harmar � �gtagor�el hastatown qaylov gradientayin
ijecman e�anak�: Ayste� bolor iteracianerowm qayli
erkarow�yown� kareli � vercnel hastatown.

αk = α ≡ 1− ε
2L

, k = 0, 1, . . .:

Sakayn n�enq na , or L hastatowni ar�eq� kaxva�
� f ′′(x) hesiani maqsimal se�akan ar�eqneri ver ic
havasara�a� �st x gnahatakani het, orn �ndhanowr
depqowm d�var xndir �:

�eorem 3.7.2:En�adrenq goyow�yown ownen aynpisi
drakan D > 0, d > 0 hastatownner, or

D‖h‖2 ≥ (f ′′(x)h, h) ≥ d‖h‖2 ∀x, h ∈ Rn : (3.7.2)

Ayd depqowm kisman e�anakov ka�owcva� {xk}
hajordakanow�yown� zowgamitowm � f-i miak x∗

minimowmi ketin erkra�a�akan progresiayi ara-
gow�yamb:

Aysinqn` goyow�yown ownen aynpisi C > 0  q ∈ (0, 1)
hastatownner, or

‖xk − x∗‖ ≤ Cqk, k = 0, 1, ... :

I Qani or f ′(x∗) = 0, apa �st �eylori bana� i

f(x)− f(x∗) =
1

2
(f ′′(x∗ + θ(x− x∗))(x− x∗), x− x∗),

orte� θ ∈ (0, 1): Ayste�ic, ha�vi a�nelov (3.7.2) an{
havasarow�yown�, stanowm enq

d

2
‖x− x∗‖2 ≤ f(x)− f(x∗) ≤ D

2
‖x− x∗‖ : (3.7.3)
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Ha�vi a�nelov ays payman�  nerkayacnelov f
fownkcian �eylori bana� i tesqov x ketowm` kownenanq

f(x∗)− f(x) = (f ′(x), x∗ − x)+

+1/2(f ′′(x+ θ(x∗ − x))(x∗ − x), x∗ − x) ≥

≥ −‖f ′(x)‖‖x− x∗‖+ d/2‖x− x∗‖2:

Ayste�ic kstananq

f(x)− f(x∗) ≤ ‖f ′(x)‖‖x− x∗‖ − d/2‖x− x∗‖2: (3.7.4)

Ha�vi a�nelov na (3.7.3) anhavasarow�yan �ax mas�`
(3.7.4)-ic kstananq

d

2
‖x− x∗‖2 ≤ ‖f ′(x)‖‖x− x∗‖ − d/2‖x− x∗‖2:

Het abar,

‖x− x∗‖ ≤ ‖f
′(x)‖
d

: (3.7.5)

�gtvelov (3.7.3)-(3.7.5) anhavasarow�yownneric` sta{
nowm enq

f(x)− f(x∗) ≤ ‖f
′(x)‖2

d
− d/D(f(x)− f(x∗)):

Ayste�ic

‖f ′(x)‖2 ≥ d(1 + d/D)(f(x)− f(x∗)) : (3.7.6)

Kira�elov (3.7.6) anhavasarow�yown� kisman me�odi

f(xk+1)− f(xk) ≤ −εαk‖f ′(xk)‖2
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anhavasarow�yownowm` kstananq

f(xk+1)− f(x∗) ≤ [1− εαkd(1 + d/D)]((f(xk)− f(x∗)):

Ayste�ic, ha�vi a�nelov αk > ᾱ ≡ (1− ε)/L > 0
anhavasarow�yown�, kstananq

f(xk)− f(x∗) ≤ (f(x0)− f(x∗))q̄k, (3.7.7)

orte�
q̄ = 1− εαd(1 + d/D):

Verjapes, �gtvelov (3.7.3)  (3.7.7) anhavasarow{
�yownic, kstananq

‖xk − x∗‖ ≤
√

2

d

√
f(xk)− f(x∗) ≤ Cqk,

orte�

C =

√
2

d

√
f(x0)− f(x∗), q =

√
q̄ : �

Qayli kisman e�anaki praktik irakanacowmneri
�amanak sovorabar �gtvowm en nra het yal mo{
difikacva� tarberakic:
k-rd qaylowm orpes fownkciayi nvazman ow��ow�yown
vercnowm en

hk = − f ′(xk)

‖f ′(xk)‖
vektor�, isk αk qayli erkarow�yown� �ntrvowm � kisman
e�anaki het yal paymanic.

f(xk + αhk)− f(xk) ≤ −αε‖f ′(xk)‖: (3.7.8)
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Hajord xk+1 ket� ka�owcvowm �

xk+1 = xk + αkh
k (3.7.9)

�ekowrent a�n�ow�yamb:
Ay�m qayli kisman e�anak� meknabanenq het yal parz
�rinaki mijocov:

�rinak: Qayli kisman e�anakov gtnel

f(x1, x2) = 4x21 + 4x22 + 6x1x2

fownkciayi minimowmi ket� R2-i vra: Orpes skzbnakan
motavorow�yown vercnel x0 = (−2, 1) ket�: ε parametri
ar�eq� vercnel havasar 0.5-i: Katarel iteraciayi
mek qayl:

Low�owm: Qayli kisman e�anaki iteraciayi (3.7.9)
bana� � ays xndri hamar owni het yal tesq�.

xk+1 =

(
xk+1
1

xk+1
2

)
=

(
xk1
xk2

)
+ αk

(
hk1
hk2

)
: (3.7.10)

Masnaki a�ancyalneri  gradienti normi hamar
ownenq het yal bana� er�.

f ′x1(x1, x2) = 8x1 + 6x2, f ′x2(x1, x2) = 8x2 + 6x1, (3.7.11)

‖f ′(x)‖ =
√

(8x1 + 6x2)2 + (8x2 + 6x1)2, (3.7.12)

hk1 = −8xk1 + 6xk2
‖f ′(xk)‖

, hk2 = −6xk1 + 8xk2
‖f ′(xk)‖

: (3.7.13)

A�ajin iteraciayowm k = 0:
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�gtagor�elov (3.7.10) − (3.7.13) bana� er�` ksta{
nanq

f ′x1(x
0
1, x

0
2) = 8x01 + 6x02 = 8(−2) + 6 = −10,

f ′x2(x
0
1, x

0
2) = 6x01 + 8x02 = −4,

‖f ′(x0)‖ =
√

(−10)2 + (−4)2 ≈ 10.77, h01 =
10

10.77
≈ 0.93,

h02 =
4

10.77
≈ 0.37:

Dicowq α = 1: Ayd depqowm, ha�vi a�nelov ays ar-
dyownqner�, meknarkayin (−2, 1) ar�eq�  (3.7.10)-�,
kstananq

x ≡
(
−2
1

)
−
(

0.93
0.37

)
=

(
−1.07
1.63

)
:

A�ajin iteraciayi hamar α0 qayli �ntrow�yan pay{
man� owni het yal tesq�.

f(x)− f(x0) ≤ −0.5α‖f ′(x0)‖:

Katarelov hamapatasxan ha�varkner` nkatowm enq,
or ays anhavasarow�yan �ax mas� motavorapes
havasar � −1.6-i, isk aj mas� havasar � −5.4-i:
Het abar ayn te�i �owni: Ay�m kisenq α �iv�  noric
stowgenq anhavasarow�yown�: Ays depqowm

x = (−1.58, 1.18):

Qani or f(x0) = 8, f(x) ≈ 4.16, apa anhavasarow�yan
�ax mas� havasar � 4.16−8 = −3.84, isk aj mas�, he�t
� nkatel, or havasar � −2.69-i:
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Ayspisov, n�va� anhavasarow�yown� te�i owni  he{
t abar`

α0 = 0.5, x1 = (−1.54, 1.18):

XNDIRNER

Qayli kisman e�anakov low�el het yal �qstremowmi
xndirner�: Vercnel x0 = (1, 1), ε = 0.5:
Katarel iteraciayi mek qayl:

1. 2x21 + 2x22 + 4x1 + 6x2 − 2x1x2 → min:

2. −2x21 − 2x22 − 2x1x2 + 2→ max:

3.8 G�aynacman me�od�

Ditarkenq paymanakan �ptimizaciayi het yal
xndir�.

f(x)→ min, x ∈M: (3.8.1)

Ays xndrowm f-� diferenceli ow�owcik fownkcia �, isk
M ⊂ Rn-� kompakt ow�owcik bazmow�yown �:

Tanq g�aynacman me�odi hama�ot nkaragrow�yown�:
�ntrowm enq kamayakan x0 ket M bazmow�yownic  
ka�owcowm enq {xk} hajordakanow�yown�

xk+1 = xk + αkh
k, k = 0, 1, ...

�ekowrent a�n�ow�yamb: Ayste� hk vektor� f-i aynpisi
nvazman ow��ow�yown � xk ∈M ketowm, or bavakana�a�
�oqr αk qayleri depqowm x

k+1 ∈ M : hk vektori oro�man
hamar k-rd qaylowm low�owm enq het yal mijankyal
xndir�.

(f ′(xk), x− xk)→ min, x ∈M:
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En�adrenq x̄k-n ayd xndri or � low�owm �: N�anakenq

ηk = (f ′(xk), x̄k − xk), hk = x̄k − xk:

hk vektor� ko�vowm � paymanakan hakagradient:
Aknhayt �, or ηk ≤ 0: Iroq

ηk = min
x∈M

(f ′(xk), x− xk) ≤ (f ′(xk), xk − xk) ≤ 0:

E�e ηk < 0 , apa �ntrowm enq αk qayl� kisman me�odov:
Vercnowm enq α = 1  stowgowm

f(xk + αhk)− f(xk) ≤ αεηk (3.8.2)

anhavasarow�yown�: E�e ayn te�i owni, apa hamarowm
enq αk = 1, haka�ak depqowm α-n kisowm enq  
noric stowgowm n�va� anhavasarow�yown�  ayspes
�arownak: Erb a�ajin angam te�i ownena (3.8.2) an-
havasarow�yown�, apa ayd α-n hamarvowm � αk-i ar�eq
 cikl� avartvowm �: Aynowhet ka�owcowm enq xk+1 ket�
�ekowrent a�n�ow�yamb.

xk+1 = xk + αkh
k:

�eorem 3.8.1:Dicowq

a) M ⊂ Rn-� ow�owcik kompakt �,

b) f(x)-� diferenceli �  ow�owcik M-i vra,

g) f ′(x) gradient� M bazmow�yan vra bava{
rarowm � Lip�ici paymanin:

Ayd depqowm
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1) e�e or � k-erord qaylowm ηk = 0, apa xk-n (3.8.1)
xndri low�owmn �  algori�mn avartvowm �,

2) e�e ηk < 0, k = 0, 1, 2, ..., apa

f(xk)→ min
x∈M

f(x):

I Dicowq ηk = 0: �st ow�owcik fownkciayi himnakan
anhavasarow�yan` ownenq

f(x)− f(xk) ≥ (f ′(xk), x− xk) ≥ ηk = 0 ∀x ∈M,

aysinqn` xk-n (3.8.1) xndri low�owmn �:
Cowyc tanq, or hk ow��ow�yamb bavakana�a� �oqr

�ar�velis mnowm enq M bazmow�yan mej: Iroq, qani or
M-� ow�owcik �, apa

xk+αhk = xk+α(x̄k−xk) = (1−α)xk+αx̄k ∈M, ∀α ∈ [0, 1]:

Qani or f-i gradient� M kompakti vra bavararowm
� Lip�ici paymanin  xk ∈ M , apa kareli
� cowyc tal, or verjavor qayleric heto (3.8.2)
anhavasarow�yown� te�i owni  het abar αk qayl�
�ntrvowm �: Mia�amanak goyow�yown owni aynpisi ᾱ > 0
�iv, or αk > ᾱ > 0, k = 0, 1, ... (tes, �rinak` [14], Lemm
3.1, �j 229):
Ay�m apacowcenq, or

f(xk)→ min
x∈M

f(x):

Hama�ayn (3.8.2) anhavasarow�yan` ownenq

f(xk+1) ≤ f(xk) + εαkηk: (3.8.3)
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Gowmarelov (3.8.3) anhavasarow�yownner� k ∈ [0 : m− 1]
indeqsneri hamar` kstananq

min
x∈M

f(x)− f(x0) ≤ f(xm)− f(x0) ≤
m−1∑
k=0

αkηk:

Ayste�ic het owm �, or bacasakan andamnerov∑
αkηk �arq� zowgamet �: Het abar, nra �ndhanowr

andam� �gtowm � zroyi`

αkηk → 0: (3.8.4)

Qani or αk > ᾱ > 0, apa (3.8.4)-ic het owm �,
or ηk → 0: Ayste�ic, �ntrelov xkj → x∗ ∈M zow{
gamet en�ahajordakanow�yown�  �gtvelov ow�owcik
fownkciayi himnakan anhavasarow�yownic, kstananq`

f(x)− f(xkj) ≥ (f ′(xkj), x− xkj) ≥ ηkj ∀x ∈M: (3.8.5)

Qani or ηkj → 0  xkj → x∗, apa (3.8.5)
anhavasarow�yownowm ancnelov sahmani` kstananq`

f(x)− f(x∗) ≥ 0 ∀x ∈M,

aysinqn` x∗-� f-i minimowmi ketn � M bazmow�yan vra:
Ayspisov, apacowcvec, or {f(xk)} hajordakanow�yan
{f(xkj)} en�ahajordakanow�yown� zowgamitowm �
minx∈M f(x): Myows ko�mic, qani or {f(xk)} hajorda{
kanow�yown� monoton nvazo� �, apa ayn nowynpes
kzowgamiti minx∈M f(x)-in: �


at depqerowm αk qayli �ntrow�yan hamar
katarvowm � f(x) fownkciayi minimizacia [xk, xk]
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hatva�i vra, in�pes het yal erkow �rinaknerowm:
�rinak: G�aynacman me�odov low�el het yal xndir�.

x21 + x22 → min,

−1 ≤ x1 ≤ 2,

−2 ≤ x2 ≤ 1 :

,

Skzbnakan motavorow�yownn � x0 = (1,−1) ket�:
Ownenq f ′(x0) = (2,−2):

Kazmenq mijankyal g�ayin xndir�.
2(x1 − 1)− 2(x2 + 1)→ min,

−1 ≤ x1 ≤ 2,

−2 ≤ x2 ≤ 1 :

Ays xndri low�owm� x = (−1, 1) ketn � (tes g�.3.23):

G�. 3.23: Mijankyal g�ayin xndri low�owm�

Gtnenq α0 = min{1, α∗} �iv�, orte�

α∗ = argminα>0f(x0 + α(x− x0)):
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Qani or

x0 + α(x− x0) =

(
1
−1

)
+ α

(
−2
2

)
=

(
1− 2α
−1 + 2α

)
:

Ayste�ic kstananq

α∗ = argmin((1− 2α)2 + (−1 + 2α)2) =
1

2
< 1:

Het abar

α0 = α∗, x
1 = x0 + α0(x− x0) = (0, 0):

Owremn, η1 = 0, in�� n�anakowm �, or x1 ket� xndri
low�owmn �:

�rinak: G�aynacman me�odov gtnel f(x1, x2) = (x1−
2)2 + x22 fownkciayi minimowmi ket�

M = {(x1, x2) ∈ R2/− 1 ≤ x1 ≤ 1, −1 ≤ x2 ≤ 1}

bazmow�yan vra: Orpes skzbnakan motavorow�yown
vercnel x0 = (−1, 1) ket�:

Qani or f fownkciayi makardaki bazmow�yownner�
hamakentron �rjanag�er en �ndhanowr (2, 0) kentronov,
apa parz �, or (1, 0) ket� xndri low�owmn � (tes g�.3.24):

Ay�m qayl a� qayl nkaragrenq g�aynacman me�od�`
talov erkra�a�akan meknabanow�yownner:

� A�ajin qaylowm ha�vowm enq f ′(x0) gradient�  
minimizacnowm enq (f(x0), x−x0) g�ayin fownkcian
M bazmow�yan vra: Ownenq f ′(x0) = (−4, 2):
Het abar

(f(x0), x− x0) = −4(x1 + 1) + 2(x2 − 1)

:
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G�. 3.24: xndri low�owm� grafikoren

� Gtnowm enq −4(x1 +1)+2(x2−1) g�ayin fownkciayi
minimowmi ket� M bazmow�yan vra: Erkra�a�oren
low�elov ays xndir�` stanowm enq x0 = (1,−1) ket�:

� Gtnowm enq f fownkciayi minimowmi ket� [x0, x0]
hatva�i vra: Low�elov ays xndir� erkra�a�oren`
stanowm enq x1 = x0 = (1,−1) (tes g�.3.25):

� Aynowhet minimizacnelov (f ′(x1), x−x1) fownkcian
M bazmow�yan vra` stanowm enq x1 = (1, 1) ket�:

� Ays qaylowm gtnowm enq f fownkciayi minimowmi ket�
[x1, x1] hatva�i vra` stanowm enq x2 = (1, 0) ket�,
or� �ndhanowr xndri low�owmn �:
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G�. 3.25: Hajord keti ka�owcowm� grafikoren

XNDIRNER

1. Apacowcel pndowmner� het yal xndri hamar.

(c, x)→ min, x ∈M:

a) E�e M = {x ∈ Rn/‖x− x0‖ ≤ r},
apa

x∗ = x0 +
c

‖c‖
r

vektor� xndri low�owmn �:

b) E�e M = {x ∈ Rn/aj ≤ xj ≤ bj, j ∈ [1 : n]},
apa

x∗j =

{
aj, e�e cj ≥ 0,
bj, e�e cj < 0

koordinatnerov vektor� xndri low�owmn �:
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2. Gtnel f(x) = x21 + x22 fownkciayi paymanakan
hakagradient� x = (2, 3) ketowm M = {x ∈
∈ R2/x1 + x2 ≤ 6, x1 ≥ 0, x2 ≥ 0} bazmow�yan
vra:

3. G�aynacman me�odov low�el het yal xndir�.{
x21 + x22 → min,

(x1 − 2)2 + (x2 − 2)2 ≤ 8 :

Orpes skzbnakan motavorow�yown vercnel x0 =
(2, 2) ket�:

A�ajadranq: Kazmel �ragir, or� irakanacnowm
� f(x) = 1/2(Ax, x) + (b, x) fownkciayi minimizacian
M = {x ∈ Rn/Cx ≤ d, x ≥ 0} bazmow�yan vra payma{
nakan gradienti me�odov: Ayste� A-n (n× n) �a�ani
simetrik drakan oro�yal matric �, isk C-n (m × n)
�a�ani matric �: k-rd qaylowm �gtagor�elov simpleqs
algori�m�` stanal

ηk = min
x∈M

(f ′(xk), x− xk)

xndri or � low�owm: Algori�mi kanga�i hamar �ndownel
|ηk| < ε0 payman�, orte� ε0 > 0 naxapes trva�
��tow�yown �: E�e n�va� payman� katarvowm �, apa xk

vektor� hamarel xndri low�owm  avartel algori�m�:
Skzbnakan x0 ∈M keti �ntrow�yown� nowynpes katarel
simpleqs algori�mov:

3.9 Apriori me�odi zowgamitow�yown�

�eorem 3.9.1:Dicowq f-� ow�owcik fownkcia �`
oro�va� Rn-i vra  M∗-� nra minimowmi keteri

114



bazmow�yownn � Rn-i vra: En�adrenq M∗ 6= ∅: Dicowq
{xk}-n het yal �ekowrent a��n�ow�yamb ka�owcva�
hajordakanow�yown �.

x0 ∈ Rn, xk+1 = xk − αk
f ′(xk)

‖f ′(xk)‖
, k = 0, 1, 2, ..., (3.9.1)

orte� αk-er� drakan �ver en` bavararo�∑
αk = +∞,

∑
α2
k < +∞ (3.9.2)

paymannerin:
Ayd depqowm

xk → x̄ ∈M∗:

Aysinqn` {xk} hajordakanow�yown� zowgamitowm � f-i
or � x minimowmi keti:
I N�anakenq vk = f ′(xk): Vercnenq or � x∗ ∈M∗ ket

 ha�venq nra he�avorow�yown� {xk} hajordakanow�yan
andamneric:
Ownenq

‖xk+1−x∗‖2 = ‖xk−x∗‖2 +
2αk
‖vk‖

(vk, x∗−xk) +α2
k: (3.9.3)

Qani or x∗-� f-i minimowmi ket � M-i vra, apa

(vk, x∗ − xk) ≤ f(x∗)− f(xk) ≤ 0:

Ha�vi a�nelov ays payman�  (3.9.3)-�` kstananq

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 +
m−1∑
i=0

α2
i : (3.9.4)
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Qani or
∑
αk

2 �arq� zowgamet �, apa (3.9.4)
anhavasarow�yownic het owm �, or {xk}-n sah{
mana�ak hajordakanow�yown �: Ayste�ic het owm �,
or sahmana�ak klini na {vk} hajordakanow�yown�:
Aysinqn` goyow�yown owni aynpisi C > 0 �iv, or

‖vk‖ ≤ C: (3.9.5)

Cowyc tanq, or goyow�yown owni indeqsneri aynpisi {ks}
en�ahajordakanow�yown, or

(vks , x∗ − xks)→ 0, erb ks →∞: (3.9.6)

En�adrenq haka�ak�: Ayd depqowm goyow�yown owni ayn-
pisi N > 0 �iv, or in�-or K hamaric sksa� te�i owni

(f ′(xk), x∗ − xk) < −N < 0, ∀k > K (3.9.7)

anhavasarow�yown�:
�gtvelov (3.9.3)-(3.9.7) anhavasarow�yownneric` k�s-

tananq

‖xk+1 − x∗‖2 ≤ ‖x0 − x∗‖2 − 2N

C

k∑
i=0

αi +
k∑
i=0

α2
i : (3.9.8)

Ays anhavasarow�yan mej ancnelov sahmani, erb
k →∞, kstananq, or nra aj mas� �gtowm � −∞, isk
�ax mas� o� bacasakan �iv �, in�� hakasow�yown �: Ay�m
{xks} en�ahajordakanow�yan keteri hamar, kira�elov
ow�owcik fownkciayi himnakan anhavasarow�yown�,
kownenanq

0 ≥ f(x∗)− f(xks) ≥ (vks , x∗ − xks):
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Ayste� ancnelov sahmani, erb ks →∞  ha�vi a�nelov
na (3.9.6)-�, kstananq

f(xks)→ f(x∗) = min
x∈M

f(x):

Qani or {xks}-� sahmana�ak hajordakanow�yown
�, apa nranic kareli � anjatel zowgamet en{
�ahajordakanow�yown: �ndhanrow�yown� �xaxtelov, en-
�adrenq, or xks → x̄: Ayste�ic, �gtvelov f-i
an�ndhatow�yownic, kstananq

f(xks)→ f(x̄) = f(x∗) = min
x∈M

f(x),

aysinqn` x̄ ∈ M∗: Cowyc tanq, or xk → x̄: Qani or
xks → x̄, apa kamayakan ε > 0 �vi hamar goyow�yown
owni aynpisi K hamar, or erb ks > K, apa te�i owni

‖xks − x̄‖2 < ε

2
(3.9.9)

anhavasarow�yown�: Karo� enq na hamarel, or can{
kaca� p hamari hamar te�i owni

ks+p−1∑
i=ks

α2
i <

ε

2
(3.9.10)

anhavasarow�yown�: �gtvelov (3.9.3)  (3.9.9)-(3.9.10)
anhavasarow�yownneric` stanowm enq, or erb ks > K ,
apa cankaca� p bnakan �vi hamar te�i owni het yal
anhavasarow�yown�.

‖pks+p − x̄‖2 ≤ ‖xks − x̄‖2 +

ks+p−1∑
i=ks

α2
i <

ε

2
+
ε

2
= ε:
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Isk sa n�anakowm �, or

xk → x̄: �

XNDIRNER

Apriori me�odov low�el het yal xndirner�:
Vercnel x0 = (1, 1), αk = 1/k + 1, k = 0, 1, 2, ... :
Katarel iteraciayi erkow qayl:

1. 3x21 + x22 + 11x2 + 3x1 → min:

2. −2x21 − x22 + 8x1 + 6x2 − 25→ max:

3.10 Gradienti proyektman me�od�

Dicowq M ⊆ Rn-� �ak ow�owcik bazmow�yown �:
N�anakenq ΠM(a)-ov a vektori proyekcian M
bazmow�yan vra: Aysinqn` ΠM(a)-n M bazmow�yan
amenamotik ketn � a vektoric:

��marit � het yal pndowm� (tes, �rinak` [24], Lemm
2.1, �j 225):

Lemm 3.10.1: ΠM �perator� bavararowm � Lip�ici
paymanin L = 1 hastatownov, aysinqn`

‖ΠM(x)− ΠM(y)‖ ≤ ‖x− y‖ ∀ x, y ∈ Rn (3.10.1)

(tes g�.3.26):
Ditarkenq ma�ematikakan �ragravorman het {

yal xndir�.
f(x)→ min, x ∈M:
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G�. 3.26: Proyektman �perator� ow�owcik kompakti vra
(se�melow hatkow�yown�)

Ayste� f(x)-� diferenceli fownkcia �, isk M-� ow�owcik
bazmow�yown �: Gradienti proyekman me�odov ays xndri
low�man hamar ka�owcvowm � {xk} hajordakanow�yown
het yal �ekowrent a�n�ow�yamb.

x0 ∈M, xk+1 = ΠM(xk − αkf ′(xk)), k = 0, 1, 2, ...

(tes g�.3.27):
Owsowmnasirenq ayn paymanner�, oronc depqowm ays

hajordakanow�yown� kzowgamiti f-i or � minimowmi
keti:

Lemm 3.10.2:Dicowq f-� θ hastatownov ow�e�
ow�owcik fownkcia � M ow�owcik bazmow�yan vra:
Ayd depqowm te�i owni het yal anhavasarow�yown�.

(f ′(x)− f ′(y), x− y) ≥ 2θ‖x− y‖2 ∀ x, y ∈M : (3.10.2)
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G�. 3.27:

I �st f fownkciayi ow�e� ow�owcikow�yan (1.1.2)
sahmanman kamayakan x, y ∈M keteri hamar ownenq

f(x)− f(y) ≥ (f ′(x), x− y) + θ‖x− y‖2,

f(y)− f(x) ≥ (f ′(y), y − x) + θ‖x− y‖2:
Gowmarelov ays erkow anhavasarow�yownner�` kstananq
(3.10.2) anhavasarow�yown�: �

Henvelov ays ardyownqneri vra` apacowcenq pro{
yekman me�odi zowgamitow�yan het yal �eorem�:

�eorem 3.10.1:Dicowq f-� θ hastatownov ow�e�
ow�owcik fownkcia � M �ak ow�owcik bazmow�yan
vra: En�adrenq na , or f ′ gradient� bavararowm
� Lip�ici paymanin M bazmow�yan vra L > 0
hastatownov, aysinqn`

‖f ′(x)− f ′(y)‖ ≤ L‖x− y‖ ∀x, y ∈M:

Ayd depqowm, e�e proyektman me�odowm orpes
αk qayler vercnenq mi nowyn hastatown� (0, 4θ

L2 )
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mijakayqic, apa {xk} hajordakanow�yown� kzow-
gamiti f-i miak minimowmi ketin erkra�a�akan
progresiayi aragow�yamb:
I Ditarkenq het yal �perator�` Aα : M →M,

Aα(x) ≡ ΠM(x− αf ′(x)):

Cowyc tanq, or ayn se�mo� �perator �: �gtagor�elov
(3.10.1)− (3.10.2) anhavasarow�yownner�` kownenanq.

‖Aα(x)−Aα(y)‖2 = ‖ΠM(x−αf ′(x))−ΠM(y−αf ′(y))‖2 ≤

≤ ‖x−αf ′(x)−y+αf ′(y)‖2 ≤ ‖x−y+α(f ′(y)−f ′(x))‖2 =

= ‖x− y‖2 + 2α(x− y, f ′(y)− f ′(x)) +α2‖f ′(x)− f ′(y)‖2 =

≤ ‖x− y‖2(1− 4θα + α2L2): (3.10.3)

�ntrenq α aynpes, or

q ≡
√

1− 4αθ + α2L2

�iv� �oqr lini mekic: E�e α ∈ (0, 4θ
L2 ), apa q < 1  

het abar Aα �perator� klini se�mo�: Dicowq x
∗-� nra

an�ar� ketn � M bazmow�yan vra, aysinqn`

ΠM(x∗ − αf ′(x∗)) = x∗ : (3.10.4)

Cowyc tanq, or ayd an�ar� ket� f-i minimowmi ketn �:
Iroq, qani or proyektman �perator� bavararowm �

(ΠM(a)− a, x− ΠM(a)) ≥ 0 ∀a ∈ Rn, ∀x ∈M (3.10.5)

anhavasarow�yan� (tes, �rinak` [24], lemm 2.1, �j
225, tes. na g�. 3.28: α ankyown� sowr �), apa ayste�
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G�. 3.28: Keti proyekcian ow�owcik bazmow�yan vra ow nra
hatkow�yown�

te�adrelov a = x∗ − αf ′(x∗), ΠM(a) = x∗  ha�vi a�{
nelov (3.10.4)-�, kstananq`

(x∗ − x∗ + αf ′(x∗), x− x∗) ≥ 0⇒

⇒ (f ′(x∗), x− x∗) ≥ 0 ∀ x ∈M : (3.10.6)

Verjapes, ha�vi a�nelov na ow�owcik fownkciayi
himnakan anhavasarow�yown�, (3.10.6)-ic kownenanq

f(x)− f(x∗) ≥ (f ′(x∗), x− x∗) ≥ 0 ∀x ∈M,

aysinqn` x∗-� f-i minimowmi ketn �:
Baci dranic, (2.5.3)-ic het owm �, or

‖xk+1 − x∗‖ = ‖Aαx
k −Aαx

∗‖ ≤ q‖xk − x∗‖ ≤ ...

≤ qk+1‖x0 − x∗‖:
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Isk sa n�anakowm �, or {xk} hajordakanow�yown�
zowgamitowm � x∗ ketin erkra�a�akan progresiayi
aragow�yamb: �

�rinak: Dicowq petq � proyektman me�odov gtnel
f(x1, x2) = x21 + x22 fownkciayi minimowmi ket�

M = {(x1, x2) ∈ R2/1 ≤ x1 ≤ 3, −1 ≤ x2 ≤ 1}

bazmow�yan vra: Parz �, or (1, 0)-� minimowmi ketn �:
E�e orpes skzbnakan motavorow�yown vercnenq x0 =
(1, 1) ket�, apa ayd ketic amenaarag vayr�jqov galis
enq �rjani kentron` (0, 0) ket�, or� M bazmow�yownic
dowrs �: Aynowhet ayn proyektelov M bazmow�yan vra`
stanowm enq xndri low�owm�` x∗ = (1, 0) ket�:

G�agir 3.29-owm trva� � ays procesi erkra�a�akan
meknabanow�yown�:

G�. 3.29:

123



XNDIRNER

1. Dicowq a ∈ Rn kamayakan ket �: Apacowcel, or e�e

a) M = {x ∈ Rn/‖x− x0‖ ≤ r},
apa

ΠM(a) = x0 +
a− x0

‖a− x0‖
r,

b) e�e M = {x ∈ Rn/bj ≤ xj ≤ cj, j ∈ [1 : n]},
apa

(ΠM(a))j =


bj, e�e aj < bj
aj, e�e bj ≤ aj ≤ cj
cj, e�e aj > cj,

g) e�e M = {x ∈ Rn/xj ≥ 0, j ∈ [1 : n]},
apa

ΠM(a) = (max(0, a1), ..., max(0, an)):

2. Gradienti proyektman me�odov gtnel f(x1, x2) =
2x21 + x22 + x1x2 fownkciayi minimowmi ket�

M = {(x1, x2) ∈ R2/x1 + 2x2 ≤ −8}

bazmow�yan vra: Orpes skzbnakan motavorow�yown
vercnel x0 = (−5,−3) ket�:
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3. Gradienti proyektman me�odov gtnel f(x1, x2) =
x21 + x22 fownkciayi minimowmi ket�

M = {(x1, x2) ∈ R2/− 7 ≤ x1 ≤ 5, −5 ≤ x2 ≤ −2}

bazmow�yan vra: Orpes skzbnakan motavorow�yown
vercnel x0 = (−6,−1) ket�:

A�ajadranq: Kazmel �ragir, or� gradienti pro{
yektman me�odov kirakanacni

f(x) = 1/2(Ax, x) + (b, x)

qa�akowsayin fownkciayi minimizacian gndi  
zowgahe�anisti vra: Orpes proyektman �peratorner
vercnel ver owm n�va� bana� er�: L hastatown�
vercnel A matrici norm�, ow�e� ow�owcikow�yan θ
hastatown� vercnel matrici minimal se�akan ar�eq�,
isk

αk =
2θ

L2
:

Kanga�i qayl hamarel ‖xk+1 − xk‖ < ε0 payman�, orte�
ε0 > 0 naxapes trva� ��tow�yown �:

3.11 Towganqayin fownkcianeri me�od�

Ditarkenq paymanakan �ptimizaciayi �ndhanowr
xndir�.

f(x)→ min, x ∈M:

Sahmanenq het yal fownkcian`
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� H(x) > 0 ∀x ∈ Rn,

� H(x) = 0⇔ x ∈M,

� H-� an�ndhat fownkcia �:

Ays fownkcian ko�vowm � towganqayin fownkcia:
Ditarkenq r parametric kaxva� ϕ(x, r) =
f(x) + rH(x) fownkcian Rn-i vra: Te�i owni het yal
�eorem� ([24], �eorem 5.1, �j 242):

�eorem 3.11.1:Dicowq

� M ⊂ Rn-� kompakt bazmow�yown �  

H(x)→∞, erb ‖x‖ → ∞ :

� f(x)-� an�ndhat �  f(x)→∞, erb ‖x‖ → ∞:

� rk+1 > rk, rk →∞:

Ayd depqowm x(rk) = argminx∈Rn(f(x) + rkH(x)) hajor{
dakanow�yan sahmanayin ket� xndri low�owmn �  
H(x(rk))→ 0:

E�e X bazmow�yown� trvowm �

X = {x ∈ Rn/gi(x) ≤ 0, i = 1, 2, . . . ,m,

hj(x) = 0, j = 1, 2, . . . , l}
tesqov, orte� gi, i = 1, 2 . . . ,m, hj, j = 1, 2, . . . , l fownk{
cianer� an�ndhat diferenceli en, apa, sovorabar,
orpes towganq vercnowm en het yal fownkcian.

H(x) =
m∑
i=1

[max(0, gi(x))]2 +
l∑

j=1

h2j(x):
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Ays fownkcian an�ndhat diferenceli �: Iroq, a�ajin
gowmari yowraqan�yowr andami hamar karo� enq grel`

[max(0, gi(x))]2 =

{
g2i (x), e�e gi(x) ≥ 0,

0, e�e gi(x) < 0
:

Ayste�ic

([max(0, gi(x))]2)′ =

{
2g′i(x)gi(x), e�e gi(x) ≥ 0,

0, e�e gi(x) < 0
=

= 2g′i(x)max(0, gi(x)) :

Het abar

H ′(x) =
m∑
i=1

2g′i(x)max(0, gi(x)) +
l∑

j=1

2h′j(x)hj(x) :

Ayspisov, mijankyal o� paymanakan �ptimizaciayi
xndri low�man hamar kareli � �gtagor�el gra{
dientayin ijecman me�odneric or � mek�:

Ay�m nkaragrenq towganqayin fownkcianeri me�odi
�ndhanowr algori�m�:

� Vercnowm enq monoton a�o� drakan �veri aynpisi
{rk} hajordakanow�yown, or

rk+1 > rk, rk →∞:

Dicowq x(r0) = x0  ε > 0:

� x0 = x(rk−1), x(rk) = argminx∈Rn(f(x) + rkH(x)):
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� E�e H(x(rk)) < ε, apa katarowm enq kanga�
 �ndownowm` xm = x(rk): Haka�ak depqowm k-n
avelacnowm enq mekov  verada�nowm naxord
qaylin:

G�.3.30-owm trva� � ays me�odi erkra�a�akan mek{
nabanow�yown�:

G�. 3.30: Towganqayin fownkcianeri me�odi erkra�a�akan
meknabanow�yown�

�rinak: Towganqayin fownkcianeri me�odov low�el
het yal xndir�.{

f(x) = x21 + x22 → min,

g(x) = 2x1 + x2 + 4 ≤ 0 :

Vercnenq x0 = (0, 0), r1 = 1, rk+1 = 10rk, ε = 0.01:
Mijankyal o� paymanakan �ptimizaciayi xndirner�
low�enq ε1 = 0.001 ��tow�yamb: Ownenq

ϕ(x, r1) = f(x) +H(x) =
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= x21 + x22 + [max(0, 2x1 + x2 + 4)]2, x10 = x0:

N�anakenq xij-ov ayn ket�, or� stacvowm � j
iteraciayowm o� paymanakan �ptimizaciayi i xndri
low�man ardyownqowm amenaarag vayr�jqi me�odov n�va�
��tow�yamb: Ayspisov,

ϕ′(x, r1) =

(
2x1
2x2

)
+ 2max(0, 2x1 + x2 + 4)

(
2
1

)
:

Ayste�ic

x11 = x10 − α0ϕ
′(x0, r1) =

(
1− 30α0

1− 16α0

)
,

orte� α0 = argminϕ(α, r1),

ϕ(α, r1) = (1− 30α)2 + (1− 16α)2+

+[max(0, 7− 76α)]2:

Het abar

α0 = 0.083, x11 = (−1.501,−0.334),

‖ϕ′(x11, 1)‖ > ε1 :


arownakelov analog � ov` kstananq

x12 =

(
−1.326
−0.661

)
, ‖ϕ′(x12, 1)‖ > ε1,

x13 =

(
−1.333
−0.665

)
, ‖ϕ′(x13, 1)‖ > ε1,

x14 =

(
−1.333
−0.666

)
, ‖ϕ′(x14, 1)‖ < ε1:
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Ayspisov, x(r1) = x14 : Kanga�i payman� de� s te�i
�owni, qani or

H(x(r1)) = 0.444 > ε:

Owsti ancnenq erkrord iteraciayin: �ndownenq x20 =
x(r1)  ka�owcenq

ϕ(α, r2) = f(x) + 10H(x) =

= x21 + x22 + 10[max(0, 2x1 + x2 + 4)]2

fownkcian: Erkrord iteraciayowm kstananq

x21 =

(
−1.568
−0.784

)
, ‖ϕ′(x21, 10)‖ < ε1

Het abar x(r2) = x21,

H(x(r2)) = 0.006 < ε:

Owremn kanga�i payman� katarvowm �: Owsti �ndownowm
enq, or xm = x(r2)  algori�m� avartowm enq:

XNDIRNER

Towganqayin fownkcianeri me�odov low�el het yal
xndirner�.

1. {
f(x) = x2 → min

g(x) = x− 1 ≤ 0,
,

x0 = 5, r1 = 1, rk+1 = 10rk, ε = 0.01:

130



2. {
f(x) = x1 + x2 → min,

x21 + x22 ≤ 1,
,

x0 = 0.5, r1 = 1, rk+1 = 10rk, ε = 0.1:

Verjowm n�enq, or paymanakan �ptimizaciayi
�vayin me�odner�  algori�mner� bow�n zargacowm
stacan miayn ayn �amanak, erb ste��vecin
�lektronayin ha�vi� meqenaner�: Da kapva� �r ayd
xndirneri ha�vo�akan d�varow�yownneri het: 20-rd
dari 60-akan �vakanneric sksa� ayd bnagava�i
veraberyal bow�n owsowmnasirow�yownner katarvecin
a�xarhi tarber ma�ematikakan dprocnerowm:
�rinak, towganqayin fownkcianeri veraberyal
layna�aval  ambo�jakan owsowmnasirow�yownner
katarecin amerikaci ma�ematikosner �. Fiakkon
 G. Mak-Kormik�: Nranc menagrow�yown� o� g�ayin
�ragravorman �vayin me�odneri veraberyal hamarvowm
� dasakan (tes [28]): Gradienti proyektman
me�od� a�ajin angam a�ajarkvel � amerikaci
ma�ematikos �ozeni ko�mic 1960 �vakanin:
G�aynacman me�odi veraberyal sistematik  
ambo�jakan owsowmnasirow�yown katarvel � Owkrainayi
azgayin akademiayi kibe�netikayi institowtowm B.
N. P�eni�nii ko�mic 1970-1980 akan �vakannerin:
Bavakan � n�el miayn nra menagrow�yown� g�aynacman
me�odi veraberyal(te|s [23]):
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Glowx 4

Ow�owcik analiz

Ow�owcik analiz� ma�ematikakan analizi ba�in �,
orn owsowmnasirowm � ow�owcik bazmow�yownneri  ow�owcik
fownkcianeri hatkow�yownner�:

Ow�owcik analizi ga�a�arner�  �aster� fown-
damental n�anakow�yown ownen �ptimizaciayi �vayin
me�odneri tesow�yownowm: Dranq layn kira�ow�yownner ow-
nen na kira�akan ma�ematikayi aynpisi bnaga-
va�nerowm in�pisiq en` xa�eri tesow�yown�, gor�owy�-
neri hetazotowm�, ma�ematikakan �konomikan  ayln:

Ays glowx� kareli � ditarkel orpes ow�owcik analizi
nera�ow�yown: Ayste� berva� �aster�  pndowmner�
�gtagor�vowm en hetagayowm ma�ematikakan �ra-
gravorman xndirnerowm Lagran�i anoro� gor�akicneri
me�od� himnavorelow hamar: N�enq, or kan na lracowci�
�aster, oronq � akerpva� en xndirneri tesqov:

Hark enq hamarowm n�el, or ow�owcik analizi tesow{
�yan skizb� drvel � Minkovskow(1891)  Fenxeli(1949)
a�xatanqnerowm, isk ow�owcik analizi �amanakakic
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me�odneri het �n�erco�� karo� � �ano�anal [18, 22,
26, 30] a�xatanqnerowm:

4.1 Ow�owcik bazmow�yownneri anjatman
�eoremner�

Sahmanowm 4.1.1:Dicowq p ∈ Rn-n o� zroyakan
vektor �, isk α-n irakan �iv �:

H = {x ∈ Rn/(p, x) = α}

bazmow�yown� ko�vowm � hiperhar�ow�yown, isk

H+ = {x ∈ Rn/(p, x) ≥ α}, H− = {x ∈ Rn/(p, x) ≤ α}

bazmow�yownner�` ayd hiperhar�ow�yamb �nva� ki{
satara�ow�yownner:

Sahmanowm 4.1.2:M1, M2 ⊆ Rn bazmow�yownner�
ko�vowm en anjatvo� hiperhar�ow�yamb, e�e go{
yow�yown owni aynpisi p 6= 0 vektor, or

(p, x) ≤ (p, y) ∀x ∈M1, ∀y ∈M2:

Sa n�anakowm �, or goyow�yown owni aynpisi H hi{
perhar�ow�yown, or

M1 ⊆ H−, M2 ⊆ H+:

G�.4.1-owm trva� � erkow ow�owcik bazmow�yownneri
anjatman erkra�a�akan meknabanow�yown� har�ow{
�yan vra:
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G�. 4.1: Ow�owcik bazmow�yownneri anjatowm� hiperhar{
�ow�yamb

�eorem 4.1.1:Dicowq M1, M2 ⊆ Rn aynpisi ow�owcik
bazmow�yownner en, orM1∩M2 = ∅: Ayd depqowm nranq
anjatvowm en hiperhar�ow�yamb:
I �eoremi apacowyc� henvowm � het yal erkow p�n{
dowmneri vra:

Lemm 4.1.1:E�e M-� �ak ow�owcik bazmow�yown �  
a /∈M,apaayd ket� hiperhar�ow�yamb anjatvowm
� M bazmow�yownic:
I Gtnenq a keti proyekcian M bazmow�yan vra:
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Cowyc tanq, or ayn goyow�yown owni  miakn �: Vercnenq
a kentronov  r ≡ infx∈M‖a− x‖+ ε �a�av�ov Br(a)
gownd�, orte� ε > 0 fiqsa� �iv �: Qani, or gownd� �ak
sahmana�ak bazmow�yown �, apa M ∩ Br(a) hatowm�
kompakt �: Het abar, a keti he�avorow�yown� ayd
hatowmic hasaneli �: D�var �� hamozvel, or ayd ket�
amenamotikn � na M bazmow�yownic, aysinqn` da ΠM(a)
ketn �: Cowyc tanq ΠM(a)-i miakow�yown�: En�adrenq
goyow�yown owni erkow amenamotik ket: Dicowq dranq
b, c ketern en (tes g�.4.2): E�e a, b, c keter� e�ankyown
en kazmowm, apa ayn havasarasrown �, ori srownq�
havasar � d ≡ infx∈M ‖x− a‖, isk himq� [c, b] hatva�n
�: Qani or M− � ow�owcik �, apa [c, b] ∈ M : Het abar
a gaga�ic tara� bar�ow�yan himq� [c, b] hatva�i
mijnaketn �: Qani or bar�ow�yown� �oqr � srownqic
 srownq� minimal he�avorow�yownn �, apa stacanq
hakasow�yown: N�enq na a, b, c keter� mi nowyn g�i
vra gtnvel �en karo�, qani or a /∈M :

Ay�m [ΠM(a), a] hatva�i g mijnaketov tanenq
hiperhar�ow�yown, ori normal� a− ΠM(a) vektorn �
(te|s g�.4.3): Cowyc tanq, or ayd hiperhar�ow�yown�
anjatowm � a ket� M bazmow�yownic: Dicowq H+-�
ayn kisatara�ow�yownn �, or� parownakowm � a
ket�, isk H− kisatara�ow�yown� �i parownakowm
a-n: Cowyc tanq, or M ⊂ H−: Nax parz �, or g
keti proyekcian M bazmow�yan vra ΠM(a) ketn �:
En�adrenq, or goyow�yown owni e ∈M ∩H+ : Ayd depqowm
g, ΠM(a), e gaga�nerov e�ankyan mej g gaga�ic
tarva� bar�row�yan himq� kpatkana [ΠM(a), e] ⊆ M
hatva�in  ayd bar�row�yown� �oqr � [g,ΠM(a)]
hatva�i erkarow�yownic, or� hakasow�yown �, qani or
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G�. 4.2: Proyekciayi miakow�yown�

ayn g keti minimal he�avorow�yownn � M bazmow�yownic:
�

Lemm 4.1.2:Dicowq M−� ow�owcik bazmow�yown �, isk
a /∈ M : Ayd depqowm a ket� hiperhar�ow�yamb
anjatvowm � M bazmow�yownic:
I E�e a /∈ M, apa hangowm enq naxord depqin, qani
or ays depqowm a ket� kareli � hiperhar�ow�yamb
anjatelM bazmow�yownic, het abar`M bazmow�yownic:
Ay�m en�adrenq, or a-n M-i ezrayin ket �: Ayd depqowm
goyow�yown owni aynpisi {xk} /∈ M hajordakanow�yown,
or xk → a: Hama�ayn lemm 4.1.1-i yowraqan�yowr xk ket
kareli � anjatel M bazmow�yownic hiperhar�ow�yamb:
Da n�anakowm �, or goyow�yown ownen aynpisi pk miavor
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G�. 4.3: Keti  ow�owcik bazmow�yan anjatowm� hiper{
har�ow�yamb

vektorner, or

(pk, x) ≤ (pk, xk) ∀x ∈M:

�sahmana�akelov �ndhanrow�yown�, kareli � en�adrel,
or pk → p0 6= 0: Ancnelov sahmani` kstananq

(p0, x) ≤ (p0, a) ∀x ∈M,

in�� n�anakowm � a keti  M bazmow�yan anjatowm
hiperhar�ow�yamb: �
Ay�m ancnenq �eoremi apacowycin: N�anakenq M ≡
≡ M1 − M2: M-� ow�owcik �  qani or M1 ∩ M2 = ∅,
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apa 0 /∈ M : Hama�ayn Lemm 4.1.2-i` 0 ket� kareli �
anjatelM bazmow�yownic: Da n�anakowm �, or goyow�yown
owni aynpisi p 6= 0 vektor, or

(p, x− y) ≤ 0 ∀x ∈M1, ∀y ∈M2 : �

Ayste�ic

(p, x) ≤ (p, y) ∀x ∈M1,∀y ∈M2:

Het anq 4.1.1:Dicowq M ⊆ Rn-� ow�owcik baz{
mow�yown �, isk a-n nra ezrayin ket�: Ayd depqowm a
ketov kareli � tanel aynpisi hiperhar�ow�yown, or
Mbazmow�yown� �nka� lini ayd hiperhar�ow�yamb
�nva� kisatara�ow�yownneric or � mekowm:
Aydpisi hiperhar�ow�yown� ko�vowm � henman hiper-
har�ow�yown:

Sahmanowm 4.1.3: Dicowq M1  M2 ⊆ Rn: Kasenq, or
ayd bazmow�yownner� xist en anjatvowm hi{
perhar�ow�yamb, e�e goyow�yown ownen aynpisi p
vektor  ε > 0 �iv, or

(p, x) ≤ (p, y)− ε ∀x ∈M1, ∀y ∈M2:

�eorem 4.1.2: Dicowq M1  M2 ⊆ Rn bazmow�yownner�
xist en anjatvowm hiperhar�ow�yamb: Ayd dep{
qowm nranq iraric gtnvowm en drakan he�avorow{
�yan vra: Aysinqn`

d(M1,M2) = inf
x∈M1, y∈M2

‖x− y‖ > 0:

G�.4.4-owm trva� � bazmow�yownneri xist anjatman
erkra�a�akan meknabanow�yown� har�ow�yan vra:

138



I Dicowq M1, M2 bazmow�yownner� xist en
anjatvowm hiperhar�ow�yamb: Ayd depqowm goyow�yown
ownen aynpisi p, (‖p‖ = 1) vektor  ε > 0 �iv, or

(p, x) ≤ (p, y)− ε ∀x ∈M1, ∀y ∈M2:

Ayste�ic kstananq

ε = inf
y∈M2

(p, y)− sup
x∈M1

(p, x) = inf
x∈M1, y∈M2

(p, y − x) ≤

≤ inf
x∈M1, y∈M2

‖p‖‖x− y‖ = d(M1,M2): �

G�. 4.4: Ow�owcik bazmow�yownneri xist anjatowm� hiperhar{
�ow�yamb

Hetagayowm Lagran�i anoro� gor�akicneri me�odi
himnavor �aradrman hamar kar or � het yal pndowm�,
or� berowm enq a�anc apacowyci (tes, �rinak` [24],
�eorem 2.1-i het anq 1, �j 71):
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�eorem 4.1.3:Dicowq M1 ⊂ Rn �ak ow�owcik baz{
mow�yown �, isk M2 ⊂ Rn ow�owcik kompakt �  

M1 ∩M2 = ∅:

Ayd depqowm nranq xist anjatvowm en hiperhar{
�ow�yamb:

XNDIRNER

1. Grel ayn hiperhar�ow�yan havasarowm�, or� an-
jatowm � (−1, 2, 1,−3) ket� M ⊆ R4 bazmow�yownic,
or� trvowm � anhavasarow�yownneri het yal
hamakargov.

5x1 + x2 − 5x3 − 3x4 ≤ 1,
−3x2 − 2x2 + 5x3 + x4 ≤ 2,
3x2 + x3 + 2x4 ≤ 0,
x1 + x2 + 3x3 − x4 ≤ 9:

2. Apacowcel het yal pndown�: Orpeszi M ⊆ Rn

�ak bazmow�yown� lini ow�owcik, anhra�e�t �  
bavarar, or cankaca� b /∈M ket xist anjatvi
hiperhar�ow�yamb M bazmow�yownic:

3. Dicowq ow�owcik bazmow�yan trva� ketov kareli �
tanel erkow henman hiperhar�ow�yown: Apacowcel,
or ayd ketov ancnowm en an�iv bazmow�yan henman
hiperhar�ow�yownner:
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4. Dicowq M1, M2 ⊂ Rn aynpisi ow�owcik baz{
mow�yownner en, or

intM2 6= ∅  M1 ∩ intM2 = ∅:

Apacowcel, or M1  M2 bazmow�yowner� anjatvowm
en hiperhar�ow�yamb:

4.2 Kara�eodorii �eorem�

Sahmanowm 4.2.1: Dicowq M-� Rn-i en�abazmow�yown
�: Ayd bazmow�yan ow�owcik �a�an� ko�vowm � het yal
bazmow�yown�.

convM ≡ {y ∈ Rn/y =
k∑
i=1

αix
i, xi ∈M,

k∑
i=1

αi = 1, αi ≥ 0, i ∈ [1 : k], k = 1, 2, ...}

(tes g� 4.5):

G�. 4.5: Bazmow�yan ow�owcik �a�an�i �rinak
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Lemm 4.2.1:Dicowq o� zroyakan x ∈ Rn vektor�
nerkayacvowm � X = {x1, x2, ... , xm} hamaxmbi
vektorneri g�ayin o� bacasakan kombinaciayov
(g�ayin kombinaciayi gor�akicner� o� bacasakan
�ver en): Ayd depqowm x-� nerkayacvowm � na ayd
hamakargi g�oren ankax mi en�ahamakargi
vektorneri g�ayin o� bacasakan kombinaciayi
mijocov:
I Dicowq

x =
m∑
i=1

αix
i, αi ≥ 0, i ∈ [1 : m]:

E�e X hamaxmbi vektorner� g�oren ankax en, apa
pndowmn apacowcva� �: Dicowq ay�m X hamaxmbi vek-
torner� g�oren kaxva� en: Ayd depqowm goyow�yown ownen
aynpisi λ1, λ2, ..., λm �ver, oroncic gone mek� zro ��, or

x =
m∑
i=1

λix
i:

Karo� enq en�adrel, or ayd gor�akicneic or � mek�
drakan �: N�anakenq

α0 ≡ min
λi>0

αi
λi

=
αs
λs

:

Ownenq

x =
m∑
i=1

αix
i − α0

m∑
i=1

λix
i =

m∑
i=1

(αi − α0λi)x
i:

Aknhayt �, or

αs − α0λs = 0  αi − α0λi ≥ 0 ∀i:
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Ayste�ic het owm �, or x vektor� nerkacvowm � X-i
in�-or vektorneri o� bacasakan kombinaciayov, oronc
qanak� �oqr � m-ic: Ayspes �arownakelov` khangenq
g�oren ankax hamakargi: �

�eorem 4.2.1:Dicowq x ∈ Rn vektor� nerkayacvowm
� het yal tesqov.

x =
m∑
i=1

λix
i, λi ≥ 0, i ∈ [1 : m],

m∑
i=1

λi = 1, m > n:

(4.2.1)
Ayd depqowm X = {x1, ..., xm} hamaxmbi mej goyow�yown
owni aynpisi mi {xi1 , xi2 , ..., xin+1} en�ahamaxowmb  
o� bacasakan αi1 ≥ 0, αi2 ≥ 0, ... αin+1 ≥ 0 �ver, or∑n+1

j=1 αij = 1  

x =
n+1∑
j=1

αijx
ij:

I Ditarkenq (x, 1) ∈ Rn+1 vektor�: �st (4.2.1)-i`
ownenq

(x, 1) =
m∑
i=1

λi(x
i, 1) :

Hama�ayn Lemm 4.2.1-i goyow�yown ownen vektorneri
g�oren ankax aynpisi {xi1 , xi2 , ..., xik} hamaxowmb  o�
bacasakan �ver αi1 , α2, , ..., αik , or

(x, 1) =
k∑
j=1

αij(x
ij , 1):
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Aysinqn`

x =
k∑
j=1

αijx
ij , αi1 ≥ 0, αi2 ≥ 0, ..., αik ≥ 0,

k∑
j=1

αij = 1:

(4.2.2)
Bayc, qani or n + 1 �a�ani tara�ow�yownowm g�oren
ankax hamakargi vektorneri qanak� n+ 1-ic avel ��,
apa k ≤ n+1: E�e k = n+1, apa �eoremn apacowcva�
�: E�e k < n + 1, apa avelacnelov zroyakan andamner
(4.2.2) gowmari andamneri qanak� dar�nowm enq n+ 1: �

Het anq 4.2.1 (Kara�eodori �eorem): DicowqM-�
Rn-i en�abazmow�yown �: Ayd depqowm`

convM = {y ∈ Rn/y =
n+1∑
i=1

αix
i, xi ∈M,

n+1∑
i=1

αi = 1, αi ≥ 0, i ∈ [1 : n+ 1]}:

XNDIRNER

1. Gtnel het yal bazmow�yownneri ow�owcik �a�an�{
ner�:

a) M = {(x1, x2) ∈ R2/x1x2 = 1};

b) M = {(x1, x2) ∈ R2/x2 = exp(−x1)};

g) M = {(x1, x2) ∈ R2/x1, x2 ∈ [0, 1]} ∪ {(x1, x2) ∈
∈ R2/x2 = x1}:
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2*. Apacowcel, or bac bazmow�yan ow�owcik �a�an��
bac bazmow�yown �:

Cowcowm: �gtvel ayn �astic, or e�e bazmow�yown�
ow�owcik �, apa nra nerqin keteri bazmow�yown�
nowynpes ow�owcik �:

3. Apacowcel, or kompakt bazmow�yan ow�owcik �a{
�an�� kompakt �:

Cowcowm: Vercnel hajordakanow�yown bazmow�yan
ow�owcik �a�an�ic  ayn nerkayacnel Kara{
�eodori �eoremi �gnow�yamb: Aynowhet ancnel
sahmani ayd nerkayacman mej:

4. Ardyo?q anjatvowm � (1,−1, 0) ket�

M = conv{(−1, 1, 2), (2,−1,−3),

(−2, 3,−1), (−5,−1, 3)}
bazmow�yownic hiperhar�ow�yamb:

5. Apacowcel, or convM-� minimal ayn ow�owcik
bazmow�yownn �, or� parownakowm � M-�:

6. Apacowcel het yal pndowm�: OrpesziM ⊆ Rn baz{
mow�yown� lini ow�owcik, anhra�e�t �  bavarar,
or

convM = M:

7. Dicowq M = conv{x1, x2, ..., xm}, isk f(x)-�
ow�owcik fownkcia �, oro�va� M bazmow�yan vra:
Apacowcel, or

max
x∈M

f(x) = max
i∈[1:m]

f(xi):
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Cowcowm: �gtvel Yenseni anhavasarow�yownic:

8. Gtnel f(x1, x2) = 25(x1 − 2)2 + (x2 − 2)2 fownkciayi
me�agowyn ar�eq� het yal bazmow�yan vra.

x1 + x2 ≥ 2, x1 − x2 ≥ −2,
x1 + x2 ≤ 6, x1 − 3x2 ≤ 2,
x1, x2 ≥ 0 :

4.3 Hellii �eorem�

�eorem 4.3.1 (�adon):Dicowq trva� � vektorneri
X = {x1, x2, ..., xk} (k ≥ n+ 2) hamaxowmb� Rn-owm: Ayd
depqowm ayd bazmow�yown� kareli � trohel aynpisi
erkow en�abazmow�yownneri` Y  Z , or

convY ∩ convZ 6= ∅:
I Ditarkenq vektorneri

{x2 − x1, x3 − x1, ..., xk − x1}

hamaxowmb�: Qani or ays bazmow�yan vektorneri
qanak� me� kam havasar � n + 1, apa nranq
g�oren kaxva� en: Het abar goyow�yown ownen aynpisi
α2, α3, ..., αk �ver, oroncic gone mek� zro ��, or

k∑
i=2

αi(x
i − x1) = 0⇒

k∑
i=1

αix
i = 0, orte� α1 = −

k∑
i=2

αi:

Ayspisov, goyow�yown ownen aynpisi α1, ..., αk �ver,
orocic gone mek� havasar �� zroyi, or

k∑
i=1

αix
i = 0,

k∑
i=1

αi = 0 : (4.3.1)
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Ayn αi gor�akicner�, oronq havasar en zroyi den gcenq
 �ndhanrow�yown� �xaxtelov en�adrenq, or

α1 > 0, ..., αk′ > 0, αk′+1 < 0, ..., αk < 0:

N�anakenq

ν =
k∑
i=1

αi = −
k∑

i=k′+1

αi:

(4.3.1)-ic kstananq

k′∑
i=1

αi
ν
xi =

k∑
i=k′+1

−αi
ν
xi : (4.3.2)

N�anakelov

Y = {x1, ..., xk′}, Z = {xk′+1, ..., xk}

(4.3.2)-ic` kstananq

x ≡
k′∑
i=1

αi
ν
xi =

k∑
i=k′+1

−αi
ν
xi ∈ convX ∩ convY : �

�eorem 4.3.2 (Helli):E�e {Aα}-n Rn tara�ow�yan
kompakt ow�owcik en�abazmow�yownneri aynpisi
�ntaniq �, or nra cankaca� n + 1 qanakov
bazmow�yownneri hatowm� datark ��, apa⋂

α

Aα 6= ∅ (tes g�. 4.6) :
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G�. 4.6: Hellii �eoremi erkra�a�akan meknabanow�yown�
har�ow�yan vra

I Qani or Aα bazmow�yownner� kompakt en, apa
bavakan � cowyc tal, or ayd �ntaniqi cankaca�
verjavor qanakov bazmow�yownneri hatowm� datark ��:
Apacowyc� katarenq indowkciayov �st bazmow�yownneri
qanaki: Dicowq A1, A2, ..., Ak (k > n+ 1) bazmow�yownner
en �ntaniqic  ayd bazmow�yownneric cankaca� k− 1-i
hatowm� datark ��: Apacowcenq, or

k⋂
i=1

Ai 6= ∅ :

N�anakenq

Di = A1 ∩A2 ∩ ...∩Ai−1 ∩Ai+1... ∩Ak, i ∈ [1 : k]: (4.3.3)

�st en�adrow�yan Di, i ∈ [1 : k], bazmow�yownner�
datark �en: �ntrenq kamayakan xi ∈ Di �lementner
 � avorenq X = {x1, x2, ..., xk} hamaxowmb�: �st
�adoni �eoremi ayd hamaxowmb� kareli � trohel
aynpisi erkow maseri, or X = Y

⋃
Z, Y

⋂
Z = ∅  

convY
⋂

convZ 6= ∅:
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En�adrenq

Y = {x1, x2, ..., xk′}, Z = {xk′+1, ..., xk}:

Cowyc tanq, or e�e

x ∈ convY
⋂

convZ,

apa x ∈
⋂k
i=1Ai: Ownenq

x =
k′∑
i=1

λix
i,

k′∑
i=1

λi = 1, λi ≥ 0, i ∈ [1 : k′]:

Ayste�ic qani or

xi ∈
k⋂

j=k′+1

Aj, ∀i ≤ k′

 Aj, j ∈ [1 : k], bazmow�yownner� ow�owcik en, apa x ∈⋂k
j=k′+1Aj: Myows ko�mic, qani or

x =
k∑

j=k′+1

λjx
j,

apa x ∈
⋂k′

j=1Aj: Ayspisov, x ∈
⋂k
j=1Aj: �
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XNDIRNER

1. Dicowq R2 har�ow�yan n hat keter bavararowm
en het yal paymanin. nrancic cankaca� ereq�
gtnvowm en miavor �a�av�ov in� or �rjani nersowm:
Apacowcel, or bolor ketern en gtnvowm miavor
�a�av�ov mi nowyn �rjani nersowm:
Cowcowm: Dicowq a1, a2, ..., an-� trva� keter en:
Ditarkel

Ai = {x ∈ R2/‖x− ai‖ ≤ 1}, i ∈ [1 : n]

�rjanneri bazmow�yown�  ayd rntaniqi nkatmamb
kira�el Hellii �eorem�:

2. Dicowq M ⊂ Rn ow�owcik kompakt bazmow�yown�
�a�kva� � bac kisatara�ow�yownneri �ntaniqov:
Apacowcel, or ayd �ntaniqic kareli � �ntrel n+1
hat kisatara�ow�yownner, oronq nowynpes �a�kowm
en M-�:

3. Dicowq M ⊂ R2-� d tramag�ov kompakt
bazmow�yown �: Apacowcel, or goyow�yown owni d/

√
3

�a�av�ov �rjan, or� parownakowm � M-�:
Cowcowm: Nax cowyc tal, or ayd bazmow�yan
cankaca� ereq keteri hamar goyow�yown owni d/

√
3

�a�av�ov �rjan, or� parownakowm � ayd keter�:
Aynowhet ayd �rjanneri nkatmamb kira�el Hellii
�eorem�:

N�enq, or �n�erco�� Hellii �eoremi bazma�iv kira{
�ow�yownneri het karo� � �ano�anal [26]-owm:
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4.4 Ow�owcik fownkciayi sowbdiferencial�

Sahmanowm 4.4.1:Dicowq f-� ow�owcik fownkcia
�` oro�va� Rn-i vra: v vektor� ko�vowm �
sowbgradient x0 ketowm, e�e te�i owni

f(x)− f(x0) ≥ (v, x− x0) ∀x ∈ Rn (4.4.1)

anhavasarow�yown�:
f-i sowbgradientneri bazmow�yown� x0 ketowm
ko�vowm � sowbdiferencial  n�anakvowm � ∂f(x0)
simvolov:

G�.4.7-owm cowyc � trva�, or mek �o�oxakani f
ow�owcik fownkciayi depqowm v sowbgradient� grafiki
(x0, f(x0)) ketov tarva� henman y = f(x0) + (v, x − x0)
g�i  x a�ancqi het kazma� ankyan tangesn �:

G�. 4.7: Sowbgradienti erkra�a�akan imast�
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�eorem 4.4.1: ∂f(x0) bazmow�yown� o� datark ow�ow{
cik kompakt �:
I Nax cowyc tanq ∂f(x0)-i ow�owcikow�yown�:

E�e v1 ∈ ∂f(x0), v2 ∈ ∂f(x0), apa

f(x)−f(x0) ≥ (αv1+(1−α)v2, x−x0) ∀x ∈ Rn, ∀α ∈ [0, 1],

orte�ic het owm � ∂f(x0)-i ow�owcikow�yown�:
∂f(x0) bazmow�yan �akow�yown� aknhayt �: Apacowcenq,
or ayn datark ��: Ditarkenq f fownkciayi vergrafik�.

epi(f) = {(β, x) ∈ Rn+1/β ≥ f(x)}:

Qani or ays bazmow�yown� �ak �  ow�owcik, apa
nra ezrayin (f(x0), x0) ketic kareli � tanel henman
hiperhar�ow�yown: Da n�anakowm �, or goyow�yown owni
aynpisi o� zroyakan (c, v) ∈ Rn+1 vektor, or

cβ + (v, x) ≥ cf(x0) + (v, x0) ∀(β, x) ∈ epi(f): (4.4.2)

E�e c = 0, apa (4.4.2)-ic stanowm enq

(v, x− x0) ≥ 0 ∀x ∈ Rn

anhavasarow�yown�: Ayste�ic het owm �, or v = 0, or�
hakasow�yown �, qani or (c, v) 6= 0: Cowyc tanq, or c > 0:
(4.4.2) anhavasarow�yown� x = x0 depqowm owni

c(β − f(x0)) ≥ 0

tesq�, orte�ic anmijakanoren het owm �, or c > 0: Ay�m
(4.4.2) anhavasarow�yan erkow maser� ba�anenq c > 0
�vi vra  aynowhet te�adrelov β = f(x) kstananq

f(x)− f(x0) ≥ (−v
c
, x− x0),
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orte�ic het owm �, or

−v
c
∈ ∂f(x0) :

Apacowcenq, or ∂f(x0) bazmow�yown� sahmana�ak �:
En�adrenq haka�ak�: Ayd depqowm goyow�yown kownena
aynpisi {vk} (vk ∈ ∂f(x0)) hajordakanow�yown, or
‖vk‖ → ∞: (4.4.1) anhavasarow�yownowm te�adrelov x =
x0 + vk/‖vk‖, kstananq

f(x)− f(x0) ≥ ‖vk‖: (4.4.3)

Qani or f-� an�ndhat �, apa (4.4.3) anhavasarow�yan
�ax mas� sahmana�ak �, isk aj mas� �gtowm �
anverjow�yan, erb k →∞, in�� hakasow�yown �: �

Fownkciayi minimizaciayi algori�mneri m�akman
hamar kar or � nkaragrel  ha�vel fownkciayi nvaz-
man ow��ow�yownner� yowraqan�yowr ketowm: Diferen-
celiow�yan depqowm ayd harc� mexanikoren low�vowm
�` nvazman ow��ow�yown� hakagradienti ow��ow�yownn
�: Sakayn erb fownkcian diferenceli �� ayd xndir�
bard �: Bayc ow�owcik oro� dasi fownkcianeri hamar
sowbgradienti �gnow�yamb hnaravor � nkaragrel
fownkcianeri nvazman ow��ow�yownner�  ka�owcel
minimizaciayi algori�mner: Stor berva� pndowmner�
nkaragrowm en ayd fownkcianer�  nranc nvazman
ow��ow�yownner�: �i�t en het yal pndowmner�:

�eorem 4.4.2 [12] (�eorem 2.1, �j 71): Dicowq
f1(x), f2(x), ..., fk(x) diferenceli ow�owcik fownkcianer
en: N�anakenq

f(x) ≡ max
i∈[1:k]

fi(x):
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Ayd depqowm

∂f(x) = conv{f ′i(x), i ∈ I(x)},

orte� I(x) = {i ∈ [1 : k]/fi(x) = f(x)}:

�eorem 4.4.3 [12] (�eorem 3.3, �j 85): Dicowq te�i
ownen �eorem 4.4.2-i paymanner�  

0 /∈ ∂f(x):

Ayd depqowm

h = −
Π∂f(x)(0)

‖Π∂f(x)(0)‖
vektor� f fownkciayi nvazman ow��ow�yownn � x
ketowm:
Ver� n�va� �eoremner� hnaravorow�yown en talis
amenaarag vayr�jqi me�odov oro� depqerowm gtnelow
ow�owcik o� diferenceli fownkciayi minimowmi keter�:
Meknabanenq da �rinaki mijocov:

�rinak: Dicowq

f(x1, x2) ≡ max
i∈[1:3]

fi(x1, x2),

orte�

f1(x1, x1) = 2x1 + x2, f2(x1, x2) = −x1 − 2x2,

f3(x1, x2) = −x1 + x2 − 3:

Petq � gtnel f-i minimowmi ket� R2-i vra: Orpes
skzbnakan motavorow�yown vercnenq x0 = (0, 0) ket�:
Qani or

f1(x
0) = f2(x

0) = 0, f3(x
0) = −3,
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apa I(x0) = {1, 2},  het abar �st �eorem 4.4.2 -i
kownenanq`

∂f(x0) = conv{f ′1(0, 0), f ′2(0, 0)} = conv{(2, 1), (−1,−2)}:

Parz �, or
0 /∈ ∂f(x0),

owsti, �st �eorem 4.4.3-i`

h0 = (−
√

2

2
,

√
2

2
)

vektor� klini f-i nvazman ow��ow�yown� x0 ketowm (tes
g�. 4.8):

G�. 4.8: Ow�owcik fownkciayi nvazman ow��ow�yown�

Ay�m amenaarag vayr�jqi me�odov gtnenq α0 qayli
erkarow�yown�  ka�owcenq x1 ket� het yal bana� ov.

x1 = x0 + α0h
0:
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Ownenq

g(α) ≡ f(x0 + αh0) = max{−
√

2

2
α,−
√

2

2
α,
√

2α− 3} =

=

√
2

2
max{−α, 2α− 3

√
2}:

Ayste�ic

α0 = arg min
α∈(0,+∞)

f(x0 + αh0) =
√

2:

Het abar x1 = x0 + α0h
0 = (−1, 1):

Qani or
f1(x

1) = f2(x
1) = f3(x

1) = −1,

apa I(x1) = {1, 2, 3} :
Het abar

∂f(x1) = conv{f ′1(x1), f ′2(x1), f ′3(x1)} =

= conv{(2, 1) (−1,−2) (−1,−1)}:

He�t � nkatel, or 0 ∈ ∂f(x1) (tes g� 4.9):
Ayste�ic het owm �, or x1 vektor� f ow�owcik

fownkciayi minimowmi ket �:
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G�. 4.9: Ow�owcik fownkciayi sowbdiferencial�

In�pes er owm � �eorem 4.4.3-ic ow�owcik fownkciayi
nvazman ow��ow�yownner� gtnelow hamar kar or xndir
� oro�el 0 keti proyekcian ow�owcik kompakti vra:
Nkaragrenq mi iteracion algori�m, ori mijocov can-
kaca� ��tow�yamb kareli � gtnel 0 keti proyekcian
ow�owcik bazmanisti vra: Dicowq trva� � n �a�ani
vektorneri X = {x1, x2, ..., xm} hamaxowmb�: Petq �
gtnel 0 keti proyekcian M = convX bazmow�yan vra,
aysinqn` ΠM(0)-n:

Ka�owcowm enq {vk} hajordakanow�yown� het yal
kerp:

� Orpes v0 skzbnakan motavorow�yown vercnowm enq
ayn vektor� X hamaxmbic, or� bavararowm �
het yal paymanin.

(v0, v0) = min
i∈[1:m]

(xi, xi):
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� En�adrenq arden ownenq vk ∈ M vektor�:
Nkaragrenq vk+1 ka�owcman algori�m�: �ntrowm
enq X hamaxmbic ayn xk vektor�, or� bavararowm
�

(xk, vk) = min
i∈[1:m]

(vk, xi)

havasarow�yan�:
Aynowhet ha�vowm enq

δ(vk) ≡ (vk − xk, vk), tk =
δ(vk)

‖xk − vk‖

me�ow�yownner�:

� vk+1 vektor� ka�owcowm enq het yal �ekowrent
a�n�ow�yamb.

vk+1 = vk + tk(x
k − vk):

��marit � het yal pndowm�, or� berowm enq a�anc
apacowyci (tes, �rinak` [12], �eorem 2, �j 340):

�eorem 4.4.4:Dicowq {vk} hajordakanow�yown� ka-
�owcvel � ver� n�va� algori�mov:
Ayd depqowm vk → ΠM(0), erb k →∞:

A�ajadranq: Katarel ver� n�va� algori�mi �ra-
grayin irakanacowm� C++ lezvov:
Gtnel ΠM(0) vektor�, e�e

M = conv{(1, 1, 1), (2, 2, 2), (̇1, 1.5, 1), (2, 3, 4)}:

158



G�. 4.10: {vk} hajordakanow�yan ka�owcman �n�acakarg�

XNDIRNER

1. Dicowq f ow�owcik fownkcian diferenceli �
x0 ketowm: Apacowcel, or

∂f(x0) = {f ′(x0)}:

2. Dicowq f(x) = ‖x‖: Cowyc tal, or

∂f(0) = B1(0):

3. Ha�vel het yal ow�owcik fownkcianeri sowbdi-
ferencialner�:

a) f(x) = |x− 1|+ |x+ 1|,
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b) f(x) = max{4x+ 1, x− 2},

g) f(x1, x2) = |x1 − 1/2|x2|+ x2|,

d) f(x1, x2) = |x1 + x2|,

e) f(x1, x2) = ||x1|+ x2 − 1|:

4. Apacowcel het yal pndowm�: Orpeszi x0 ket� lini
f ow�owcik fownkciayi minimowmi ket Rn-i vra,
anhra�e�t �  bavarar, or

0 ∈ ∂f(x0):

5. c parametreri bolor ar�eqneri depqowm low�el
het yal xndirner�.

a) ‖x‖ − (c, x)→ min, x ≥ 0, x ∈ Rn,

b) 1
2
‖x‖2 + ‖x− c‖ → min, x ∈ Rn,

6. f(x1, x2) = x21 + x1x2 + x22 + 3|x1 + x2 − 2| → min:

Low�owm: Orpeszi (x1, x2) ket� lini f-i minimowmi ket,
anhra�e�t �  bavarar, or goyow�yown ownena aynpisi
v ∈ ∂g(x1, x2) vektor, or

0 ∈ ∂f(x1, x2)⇔ (2x1 + x2, 2x2 + x1) + 3v = 0, (4.4.3)

orte� g(x1, x2) ≡ |x1 + x2 − 2|: D�var �� tesnel, or

∂g(x1, x2) =


(1, 1), e�e x1 + x2 > 2
(−1,−1), e�e x1 + x2 < 2
conv{(1, 1), (−1,−1)}, e�e x1 + x2 = 2 :
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E�e x1 + x2 > 2, apa (4.4.3) paymanic kstananq{
2x1 + x2 + 3 = 0,
2x2 + x1 + 3 = 0

⇒ x1 + x2 = −2,

aysinqn` hamakarg� hamate�eli ��:
E�e x1 + x2 < 2, apa hamakarg� nowynpes low�owm �owni:
E�e x1 + x2 = 2, apa

2x1 + x2 + 3α = 0,
2x2 + x1 + 3α = 0,
α ∈ [−1, 1]:

Ayste�ic kstananq α = −1, x1 = x2 = 1, aysinqn` (1, 1)
ket� xndri low�owmn �:

7. x21 + x22 + 2max(x1, x2)→ min:

8. x21 + x22 + 2
√

(x1 − 1)2 + (x2 − 2)2 → min:

9. x21 + x22 + 4|x1 + x2 − 1| → min:

10. Amenaarag vayr�jqi me�odov gtnel

f(x1, x2) ≡ max
i∈[1:3]

fi(x1, x2)

fownkciayi minimowmi ket�: Katarel iteraciayi
erkow qayl` orpes skzbnakan motavorow�yown
vercnelov (−2.5, 0) ket�: Ayste�

f1(x1, x1) = x1 + x2, f2(x1, x2) = −2x1 − x2,

f3(x1, x2) = −x1 + x2 − 5:
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4.5 Kown-Takkeri �eorem�

Dicowq fi(x), i ∈ [0 : m] fownkcianer� ow�owcik en
Rn-i vra: Ditarkenq f0(x) fownkciayi minimizaciayi
xndir� M ≡ {x ∈ Rn/fi(x) ≤ 0, i ∈ [1 : m]} bazmow�yan
vra.

f0(x)→ min, x ∈M): (4.5.1)

He�t � cowyc tal, or M-� ow�owcik bazmow�yown �:
(3.5.1) xndir� ko�vowm � ow�owcik �ragravorman xndir:
f0(x) fownkciayi minimowmi keter� M bazmow�yan vra
ko�vowm en (3.5.1) xndri low�owmner: Kazmenq Lagran�i
fownkcian.

L(x, λ) = λ0f0(x) + λ1f1(x) + ...+ λmfm(x),

orte� λ = (λ0, λ1, ..., λm) ∈ Rm+1:

�eorem 4.5.1 (Kown-Takker: Anhra�e�tow�yown�):
Dicowq x∗ ket� handisanowm � (4.5.1) xndri low�owm:
Ayd depqowm goyow�yown ownen aynpisi λ0 ≥ 0, λ1 ≥
0, ..., λm ≥ 0 �ver, oroncic gone mek� zro ��, or

1) L(x, λ) ≥ L(x∗, λ) ∀x ∈ Rn,

2) λifi(x
∗) = 0, i ∈ [1 : m]:

I �sahmana�akelov �ndhanrow�yown�, kareli �
en�adrel, or f0(x

∗) = 0: Haka�ak depqowm kditarkenq
f̃0(x) = f0(x)− f0(x∗) fownkcian, or� nowynpes ow�owcik �
 f̃0(x

∗) = 0: Ditarkenq het yal bazmow�yown�.

C = {(µ0, µ1, ..., µm) ∈ Rm+1/∃x ∈ Rn :

162



f0(x) < µ0, fi(x) ≤ µi, i ∈ [1 : m]}:

Ays bazmow�yown� ow�owcik �: Ayn anmijapes het owm �
sahmanowmic: C-n datark ��: Iskapes, qani or

f0(x
∗) < 1, fi(x

∗) ≤ 1, i ∈ [1 : m],

apa
(1, 1, ..., 1) ∈ C:

Aknhayt � na , or 0 /∈ C, qani or haka�ak depqowm
goyow�yown kownenar aynpisi x ket, or

f0(x) < 0, fi(x) ≤ 0, i ∈ [1 : m],

in�� hakasow�yown �:
0 ket� anjatenq hiperhar�ow�yamb C ow�owcik
bazmow�yownic: Da n�anakowm �, or goyow�yown ownen
aynpisi λi, i ∈ [0 : m] �ver, oroncic gone mek� zro ��, or

m∑
i=0

λiµi ≥ 0 ∀(µ0, µ1, ..., µm) ∈ C : (4.5.2)

Cowyc tanq, or λi ≥ 0, i ∈ [0 : m]: En�adrenq, or in� or
i0 indeqsi hamar te�i owni λi0 < 0 anhavasarow�yown�:
Aknhayt �, or cankaca� δ > 0  µi0 > 0 �vi
hamar µ ≡ (δ, 0, .., µi0 , 0, ..0) ∈ C: Te�adrelov µ vektori
koordinatner� (4.5.2) anhavasarow�yownowm` kstananq

δλ0 + µi0λi0 ≥ 0: (4.5.3)

Ayste� ancnelov sahmani, erb δ → 0  µi0 → +∞
kstananq, or (4.5.3) anhavasarow�yan �ax mas�
�gtowm � −∞, isk aj mas� zro �, or� hakasow�yown �:
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Ay�m apacowcenq �eoremi erkrord pndowm�:
(4.5.2) anhavasarow�yownowm te�adrelov

µ0 = δ > 0, µ1 = 0, ..., µi = fi(x
∗), µi+1 = 0, .., µm = 0

�ver�` kstananq

δλ0 + λifi(x
∗) ≥ 0:

Ayste� ancnelov sahmani, erb δ �gti zroyi` kstananq

λifi(x
∗) ≥ 0 : (4.5.4)

Bayc, qani or λi ≥ 0  fi(x
∗) ≤ 0, apa (4.5.4)-ic het owm

�, or
λifi(x

∗) = 0 : (4.5.5)

Ay�m apacowcenq �eoremi ezrakacow�yan a�ajin
ket�: Iroq, cankaca� x ∈ Rn-i hamar (4.5.3) an{
havasarow�yownowm te�adrelov

µ0 = δ + f0(x), µ1 = f1(x), ..., µm = fm(x)

koordinatnerov µ vektor�, kstananq

λ0(δ + f0(x)) + λ1f1(x) + ...+ λmfm(x) ≥ 0:

Ancnelov sahmani, erb δ → 0, kstananq`

λ0f0(x) + λ1f1(x) + ...+ λmfm(x) ≥ 0 ∀x ∈ Rn : (4.5.6)

(4.5.5)-(4.5.6)-ic het owm � or

L(x, λ) =
m∑
i=0

λifi(x) ≥ 0 =
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= λ0f0(x
∗)+λ1f1(x

∗)+...+λmfm(x∗) = L(x∗, λ) ∀x ∈ Rn : �

Anhra�e�tow�yan erkrord payman� ko�vowm
� pasiv-aktiv sahmana�akowmneri payman:
Ays paymanic anmijapes het owm �, or ayn
sahmana�akowm�, ori depqowm fi(x

∗) < 0, apa nran
hamapatasxano� λi gor�akic� havasar � zroyi:
Aydpisi sahmana�akowmner� ko�vowm en pasiv, isk
fi(x

∗) = 0 paymanin bavararo� i-rd sahmana�akowm�
ko�vowm � aktiv:

�eorem 4.5.2 (Kown-Takker: Bavararow�yown�):
Dicowq x∗ ket� bavararowm � (4.5.1) xndri bolor
sahmana�akowmnerin.

fi(x
∗) ≤ 0, i ∈ [1 : m],

 goyow�yown ownen aynpisi λ0 > 0, λ1 ≥ 0, λ2 ≥
≥ 0, ..., λm ≥ 0 �ver, or te�i ownen �eorem 4.5.1-i
1)-2) paymanner�:
Ayd depqowm x∗ vektor� (4.5.1) xndri low�owm �:
I �sahmana�akelov �ndhanrow�yown�` karo� enq

en�adrel, or λ0 = 1: Ayd depqowm, ha�vi a�nelov 1)  2)
paymanner�, kownenanq`

f0(x)+
m∑
i=1

λifi(x) ≥ f0(x
∗)+

m∑
i=1

λifi(x
∗) = f0(x

∗) ∀x ∈ Rn :

(4.5.7)
E�e x vektor� aynpisin �, or fi(x) ≤ 0 ∀i ∈ [1 : m], apa
(3.5.7) anhavasarow�yownic stanowm enq

f0(x) ≥ f0(x
∗): �
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�egowlyarow�yan payman�: Ays payman� (4.5.1) xndrowm
het yaln �. goyow�yown owni aynpisi x̄ vektor, or

fi(x̄) < 0, i ∈ [1 : m]:

Cowyc tanq, or ays paymani depqowm λ0 gor�akic�
kareli � vercnel havasar meki: Iroq, e�e λ0 = 0, apa
�eorem 4.5.1-i 1)  2) ezrakacow�yownneric het owm �, or

m∑
i=1

λifi(x̄) ≥ 0,

or� hakasow�yown �, qani or

m∑
i=1

λifi(x̄) < 0:

N�enq, or e�e fi(x), i ∈ [1 : m], fownkcianer� an�ndhat
en, apa �egowlyarow�yan payman� ow�owcik �ra{
gravorman xndrowm nowyn � in�-or M bazmow�yown�
owni nerqin ket: �

Diferenceli fownkcianeri depqowm tanq
Kown-Takkeri �eoremi  s mi apacowyc  erkra�a�akan
meknabanow�yown: Ditarkenq f0(x1, x2) ow�owcik
diferenceli fownkciayi minimowmi xndir� f1(x1, x2) ≤
0, f1(x1, x2) ≤ 0 sahmana�akowmneri depqowm, orte�
f1-�  f2-� nowynpes ow�owcik en  diferenceli:
En�adrenq, or x∗-� xndri low�owmn �  f1(x

∗
1, x
∗) =

f2(x
∗
1, x
∗
2) = 0: En�adrenq na te�i owni �egowlyarow�yan

payman�  f0(x
∗) = 0: Ditarkenq g�ayin anhava{

sarow�yownneri het yal hamakarg�.

(f ′0(x
∗), x− x∗) < 0,
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(f ′1(x
∗), x− x∗) < 0,

(f ′2(x
∗), x− x∗) < 0:

Nax, qani or te�i owni �egowlyarow�yan payman�, apa
goyow�yown owni aynpisi x vektor, or fi(x) < 0, i =
1, 2: Ayste�ic, ha�vi a�nelov na ow�owcik fownkciayi
himnakan anhavasarow�yown�, kstananq

(f ′i(x
∗), x− x∗) ≤ fi(x)− fi(x∗) = fi(x) < 0, i = 1, 2:

Ayspisov, ver owm ditarkva� hamakargi erkrord
 errord anhavasarowmneric kazmva� hamakarg�
hamate�eli �: Nkatenq mia�amanak, or �ndhanowr
hamakarg� hamate�eli ��:

Iroq, e�e hamakarg� low�owm ownena, apa
bavakana�a� �oqr drakan α �veri hamar kownenanq

fi(x
∗+α(x− x∗)) = fi(x

∗) +α((f ′i(x
∗), x− x∗) +

o(α)

α
) < 0,

in�� hakasow�yown �, qani or x∗-� f0 fownkciayi
minimowmi ketn � fi(x) ≤ 0, i = 1, 2 sahmana�akowmneri
depqowm: N�anakenq

K = {x ∈ R2/(f ′1(x
∗), x− x∗) < 0, (f ′2(x

∗), x− x∗) < 0},

H = {x ∈ R2/(f ′0(x
∗), x− x∗) < 0}:

K bazmow�yan mej mtnowm en har�ow�yan ayn bolor x
keter�, or x∗ ketic h = x − x∗ vektori ow��ow�yamb
bavakana�a� �oqr �ar�velis mnowm enq �owylatreli
low�owmneri bazmow�yan mej: Isk H-i �lementner� ayn
vektornern en, or h = x − x∗-i ow��ow�yamb �ar�velis
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G�. 4.11: Kown- Takkeri �eoremi diferencial tesq�

f0 fownkciayi ar�eqner� �oqranowm en: Aypisov, H  K
bazmow�yownnern �ndhanowr �lement �ownen, aysinqn`

K
⋂

H = ∅ (tes g�.4.11):

Ay�m hama�ayn �eorem 5.5[24]-i (tes glowx 3, �j117)
goyow�yown ownen aynpisi λ1  λ2 o� basakan �ver, or

f ′0(x
∗) + λ1f

′
1(x
∗) + λ2f

′
2(x
∗) = 0:

Sa n�anakowm �, or minimowmi ketowm npatakayin
fownk ciayi  sahmana�akowmnerowm masnakco�
fownkcianeri gradientner� petq � linen o� baca{
sakan gor�akicnerov g�oren kaxva�, or� Kown-
Takkeri �eoremi diferencial tesqn �: Kam or nowyn �`
npatakayin fownkciayi hakagradient� petq � �nka�
lini aktiv sahmana�akowmneri artaqin normalneri
vra �gva� koni mej:

Ay�m ditarkenq konkret mi �rinak:
�rinak: Ditarkenq ow�owcik �ragravorman het yal
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G�. 4.12: Qa�akowsayin fownkciayi minimizacian
anhavasarow�yowneri tipi hing sahmana�akowmneri
depqowm

xndir�.

f0(x1, x2) = (x1 − 2)2 + (x2 − 2)2 → min,

x21 + x22 ≤ 4,

x2 ≤ x1,

x2 ≤ 1, x1 ≥ 0, x2 ≥ 0:

In�pes er owm � g�.4.12-ic �owylatreli vektorneri
bazmow�yown� koragi� se�an �, isk minimowmi ket�
gtnvowm � ver i aj ankyownown: Ayd keti koordinatner�
bavararowm en havasarowmneri het yal hamakargin.{

x21 + x22 = 4,

x2 = 1 :
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Ayste�ic x∗1 =
√

3, x∗2 = 1: Kown- Takkeri �eoremi
paymanner� grelow hamar sahmana�akowmner� berenq
kanonakan tesqi.

f1(x1, x2) = x21 + x22 − 4 ≤ 0,

f2(x1, x2) = −x1 + x2 ≤ 0,

f3(x1, x2) = x2 − 1 ≤ 0, f4(x1, x2) = −x1 ≤ 0,

f5(x1, x2) = −x2 ≤ 0:

G�.4.12-ic er owm �, or aktiv en a�ajin  errord
sahmana�akowmner�: Ha�venq npatakayin fownkciayi
 sahmana�akowmneri gradientner� minimowmi ketowm:
Ownenq

−f ′0(x∗) = (4− 2
√

3, 2), f ′1(x
∗) = (2

√
3, 2), f ′3(x

∗) = (0, 1):

Verlow�elov −f ′(x∗) hakagradient� f ′1(x
∗), f ′3(x

∗)
vektorov` kstananq

−f ′(x∗) = λ1f
′(x∗) + λ3f

′(x∗) :

Ayste�

λ1 =
2
√

3− 2

3
> 0, λ3 = 12− 4

√
36 > 0:

Ayspisov, λ1, λ2 �ver� drakan en, het abar x∗ ket�
irakanowm xndri low�owmn �: Isk �rinak x∗∗ = (2, 0)
ketowm, or� xndri low�owm� �� aktiv en a�ajin  �orrord
sahmana�akowmner�  te�i owni

−f ′0(x∗∗) = 0 · f ′1(x∗∗)− 4f ′4(x
∗∗)
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G�. 4.13: Kown-Takkeri �eoremi fizikakan meknabanow�yown�

havasarow�yown�: Ays verlow�ow�yan erkrord gor�akic�
stacvec bacasakan: Aydpes �l petq � liner, qani or
x∗∗-� xndri low�owm� ��:

Kown-Takkeri �eorem� owni na �at parz
fizikakan meknabanow�yown: En�adrenq ownenq gndik,
or� �anrow�yan −f ′0 ow�i azdecow�yan tak �ar�vowm �
mi maker owy�ov, or� ba�kaca� � f1(x) = 0, f2(x) = 0
o�ork maker owy�neric (tes g�.4.13):

�st Nyowtoni errord �renqi` yowraqan�yowr
pahi gndiki vra azdowm � o�ork ayn maker owy�i
hakazdecow�yan ow��, orin na ayd pahin ��vowm
� (aktiv sahmana�akowm): Ayd ow�er� ow��ahayac
en maker owy�nerin  het abar hakow��va� en
hamapatasxanabar f ′1, f ′2 gradientnerin: Gndik�
kangnowm � stacionar x∗ ketowm, orte� nra vra azdo�
bolor ow�eri hamazor� havasar � zroyi.

−f ′0(x∗)− λ1f ′1(x∗)− λ2f ′2(x∗) = 0,

�nd orowm` ays verlow�ow�yan λ1, λ2 gor�akicner� o�
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bacasakan en:

Het anq 4.5.1: Dicowq

M = {x ∈ Rn/aj ≤ xj ≤ bj, j ∈ [1 : n]},

orte� −∞ ≤ aj < bj ≤ +∞, j ∈ [1 : n]:
Orpeszi x∗ ∈ M-� lini ow�owcik  diferenceli
f(x) fownkciayi minimowmi ket M bazmow�yan vra,
anhra�e�t �  bavarar, or kamayakan j ∈ [1 : n]
hamar

f ′xj(x
∗)


= 0, e�e aj < x∗j < bj,
≥ 0, e�e x∗j = aj 6= −∞,
≤ 0, e�e x∗j = bj 6= +∞:

Ays paymanneri erkra�a�akan meknabanow�yown�
trva� � g�.4.14-owm:
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G�. 4.14: Minimowmi anhra�e�t  bavarar payman�, erb
sahmana�akowm� ow��ankyown �:

Qani or Kown-Takkeri �eorem� minimowmi anhra�e�t
 bavarar payman �, apa oro� depqerowm ayn �owyl �
talis bacahayt tesqov gtnel anhavasarow�yan tipi
sahmana�akowmnerov ma�ematikakan �ragravorman
xndirneri low�owmner�:

�rinak 1: Low�el het yal xndir�.

f(x1, x2) = 2x21 + x1x2 + x22 → min, −1 ≤ x1 ≤ 1, x2 ≥ 2:

Qani or f-� ow�e� ow�owcik fowkcia �, isk sahma{
na�akowmnerov trvo� bazmow�yown� �ak �  ow�owcik,
apa ays xndir� owni miak low�owm  ayn bavararowm
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� het yal erkow paymannerin.

f ′x1(x1, x2) = 4x1 + x2


= 0, e�e − 1 < x1 < 1,
≥ 0, e�e x1 = −1,
≤ 0, e�e x1 = 1,

f ′x2(x1, x2) = x1 + 2x2

{
= 0, e�e x2 > 2,
≥ 0, e�e x2 = 2:

Ay�m ays paymanneric kareli � kazmel vec hamakarger
 low�el dranq: Sakayn d�var �� hamozvel, or{

4x1 + x2 = 0, e�e − 1 < x1 < 1,
x1 + 2x2 ≥ 0, e�e x2 = 2

hamakarg� hamate�eli �  (−1/2, 2) vektor� nra
low�owmn �: Het abar ayd vektor� na minimizaciayi
xndri miak low�owmn �:

�rinak 2: Low�el het yal xndir�.

x21 + (x2 − 2)2 → min,
x21 + x22 − 1 ≤ 0,
x1 ≥ 0, x2 ≥ 0:

Qani or �owylatreli ar�eqneri bazmow�yown� owni nerqin
ket, apa Lagran�i fownkciayowm λ0 gor�akic� kareli
� vercnel havasar meki: Kira�elov Kown-Takkeri
�eorem�` kstananq.

L′x1(x, λ) = 2x1 + 2λ1x1 − λ2 = 0,
L′x2(x, λ) = 2(x2 − 2) + 2λ1x2 − λ3 = 0,
λ1 ≥ 0, λ2 ≥ 0, λ3 ≥ 0,
λ1(x

2
1 + x22 − 1) = 0, λ2x2 = 0, λ3x3 = 0

x21 + x22 − 1 ≤ 0, x1 ≥ 0, x2 ≥ 0:

(4.5.8)

Ditarkenq het yal depqer�:
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1) λ1 = 0, λ2 = 0, λ3 = 0: Ayd depqowm (4.5.8)
hamakargic stanowm enq x1 = 0, x2 = 2, or� �i
bavararowm x21 + x22 − 1 ≤ 0 anhavasarow�yan�:

2) λ1 6= 0, λ2 = 0, λ3 = 0: Ays depqowm (4.5.8)
hamakargic kstananq

x21 + x22 − 1 = 0,
2x1(1 + λ1) = 0,
2(x2 − 2) + 2λ1x2 = 0:

E�e λ1 = −1, apa errord havasarowm� te�i �owni:
E�e λ1 6= −1, apa kstananq

x1 = 0, x2 = 1, λ1 = 1, λ2 = 0:

Qani or minimizacvo� fownkcian ow�e� ow�owcik �,
isk �owylatreli vektorneri bazmow�yown� �ak �  
ow�owcik, apa (0, 1) ket� xndri miak low�owmn �:

4.6 Ma�ematikakan �ragravorman x�n{

dirneri low�man grafikakan e�anak�

Grafikakan me�odov (g�apatkerov) gtnowm enq
erkow �o�oxakani z = f(x1, x2) fownkciayi mini{
mowmi (maqsimowmi) keter�

M = {x ∈ R2/gi(x1, x2) ≤ α1, i = 1, 2, . . . k}

bazmow�yan vra: Katarowm enq het yal gor�o{
�ow�yownner�:
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� Har�ow�yan vra ka�owcowm enq �owylatreli
ar�eqneri M bazmow�yown�:

� Ka�owcowm enq na f fownkciayi makardaki
VC = {x ∈ R2/f(x1, x2) = C} bazmow�yownner�
C parametreri tarber ar�eqneri depqowm:

� Oro�owm enq makardaki g�eri nvazman
(a�man) ow��ow�yownner�:

� Gtnowm enq C parametri ayn amena�oqr (a{
mename�) ar�eq�, ori depqowm

M∗ ≡M
⋂

VC

bazmow�yown� datark ��: Ayn f fownkciayi
minimowmi (maqsimowmi) keteri bazmow�yownn �:

Ma�ematikakan �ragravorman xndirneri low�{
man grafikakan e�anak� meknabanenq �vayin
�rinakneri mijocov:

�rinak 1: Low�el het yal xndir�.

z = f(x1, x2) = 2x1 + x2 → max,

x21 + x22 ≤ 36,

x1, x2 ≥ 0:

Ka�owcenq �owylatreli ar�eqneri tirowy��,
aysinqn` sahmana�akowmnerov trvo� bazmow�yown�:
Da 0 kentronov  6 �a�avi�ov �rjani ayn masn
�, or� gtnvowm � a�ajin qa�ordowm (tes g�. 4.15):
Ha�vi a�nelov, or f-i makardaki bazmow�yownner�
2x1 + x2 = C g�er en, apa petq � gtnel ayn
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amename� C �iv�, ori depqowm ayd gi�� hatowm
� �owylatreli ar�eqneri tirowy��: G�.4.15-ic
er owm �, or ayd depqowm f fownkciayi makardaki
bazmow�yown�  �owylatreli tirowy�� hatvowm en A
ketowm: Gtnenq ayd keti koordinatner�: Ownenq

G�. 4.15: Xndri grafikakan low�owm�

| tgα |= 2, tgβ = ctgα =
1

2
:

Het abar A(x1, x2) keti koordinatner� petq �
bavararen havasarowmneri het yal hamakargin.{

x21 + x22 = 36,
x1
x2

= 2 :

Ayste�ic

xmax1 =
12√

5
, xmax2 =

6√
5
:
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�rinak 2: Low�el xndir�.
z =

√
x21 + x22 → max,

3x1 + 4x2 − 24 ≤ 0,

x1 ≥ 0, x2 ≥ 0 :

�owylatreli ar�eqneri tirowy�� 6  8 ko�erov
ow��ankyown e�ankyown � (tes g�. 4.16): Ha�vi
a�nelov, or z fownkciayi makardaki g�er� 0
kentronov

√
c (c ≥ 0) �a�av�ov �rjanag�er en,

apa petq � gtnel ayn amename� �a�avi��,
orin hamapatasxan �rjanagi�� hatowm �
n�va� e�ankyown�: G�.4.16-ic er owm �, or da 8
�a�avi�ov �rjanagi�n �: Ayste�ic kstananq
xmax1 = 8, xmax2 = 0:

G�. 4.16: Xndri grafikakan low�owm�

Ay�m berenq tntesagitakan mi xndir, ori
ma�ematikakan � akerpowm� ma�ematikakan
�ragravorman kotorakag�ayin xndir �,  ayn
low�enq grafikakan e�anakov:

178



�rinak 3: Dicowq gor�aran� A  B tipi
artadranqneri artadrow�yown� kazmakerpowm
� ereq tipi sarqavorowmneri �gnow�yamb:
A�yowsakowm (tes g�.4.17) nerkayacva� � A  
B tesaki miavor artadranqneri artadrow�yan
�amanakner�  �axser�: En�adrenq a�ajin
 errord tipi sarqavorowmner� kareli �
�gtagor�el hamapatasxanabar o� aveli
qan 26  39 �am: Isk erkrord sarqavorowm�`
o� pakas 4 �am: Pahanjvowm � gtnel, �e orqan
petq � artadrel yowraqan�yowr tipi apranqic,
orpeszi miavor artadranqi mijin inqnar�eq�
lini �oqragowyn�:

Ka�owcenq ays xndri ma�ematikakan model�:
x1-ov n�anakenq a�ajin tipi artadrva�
artadranqi qanak�, isk x2-ov` erkrord tipi
artadranqi qanak�: Artadrow�yan �ndhanowr
finansakan �axs� klini` 2x1 + 3x2, isk miavor
artadranqi mijin inqnar�eq� klini

2x1 + 3x2
x1 + x2

:

Het abar, petq � low�el minimowmi het yal xndir�.

z =
2x1 + 3x2
x1 + x2

→ min,


2x1 + 8x2 ≤ 26,

x1 + x2 ≥ 4,

12x1 + 3x2 ≤ 39,

x1, x2 ≥ 0 :
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Grafikoren nerkayacnenq xndri �owylatreli
ar�eqneri tirowy��: Ayn patkerva� � stor 
(tes g�.4.18): Ayn ABC e�ankyownn �: Npatakayin
fownkciayi bana� ic ownenq

x2 =
z − 2

3− z
x1 = kx1 :

Ow��i k ankyownayin gor�akic� havasar �

k =
z − 2

3− z
:

Ayste�ic
dk

dz
=

1

(3− z)2
> 0,

in�� n�anakowm �, or k fownkcian a�owm �  x2 = kx1
ow�i�� ayd a�man procesowm pttvowm � �am slaqi
haka�ak ow��ow�yamb: Het abar npatakayin
fownkcian ir �oqragowyn ar�eqn �ndownowm � C
ketowm: Ayd keti koordinatner� gtnelow hamar
low�enq het yal hamakarg�.{

12x1 + 3x2 = 39,

x1 + x2 = 4:

Ayste�ic kstananq` x1 = 3, x2 = 1: Het abar
�ptimal plani depqowm gor�aran� petq �
artadri 3 miavor artadranq A tipi apranqic
 mek miavor` B tipi apranqic: Isk ayd
depqowm miavor artadranqi minimal inqnar�eq�
havasar klini 2.25 dramakan miavori:
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Սարքավորման 
տիպը 

Միավոր արտադրանքի վրա ծախսված 
ժամանակը (ժամ) 
 
 
 

                A     B 

                           I 
             II 
             III     
                     

               2 8 
                1 1 
               12                                3                

Դրամական 
ծախսը միավոր 
ապրանքի 
արտադրության 
վրա (դրամական 
միավոր) 

                     2                                          3 

 

G�. 4.17: Artadrow�yan texnologian

G�. 4.18: �owylatreli ar�eqneri tirowy��

4.7 Kown-Takkeri �eoremi kira�ow�yown�

gradienti proyektman me�odowm

Ay�m qnnarkenq gradienti proyektman me�od�
masnavor depqerowm, erb bazmow�yown� trvowm
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� havasarow�yan kam anhavasarow�yan tipi
g�ayin sahmana�akowmneri tesqerov:

Qnnarkenq gradienti proyektman me�od�, erb
M-� afinakan bazmow�yown �, aysinqn`

M = {x ∈ Rn/Ax = b}:

N�anakenq H = {x ∈ Rn/Ax = 0}:
Te�i owni het yal pndowm�:

Lemm 4.7.1 Dicowq A(m × n) matrici to�er�
g�oren ankax en: Ayd depqowm y keti
proyekcian H bazmow�yan vra oro�vowm �
het yal bana� ov.

ΠH(y) ≡ x = (I − P )y,

P = AT (AAT )−1A:

I Nax cowyc tanq, or (AAT ) matric�
hakadar�eli �: En�adrenq haka�ak�: Ayd depqowm
goyow�yown kownena aynpisi o� zroyakan z vektor,
or (AAT )z = 0: Ayste�ic

zT (AAT )z = (zAT )TAT z = (AT z, AT z) = ‖ATx‖2 = 0,

aysinqn` AT z = 0: Bayc qani or A matrici to�er�
g�oren ankax en, apa ayste�ic kownenanq z =
0, in�� hakasow�yown �: P matricn owni het yal
hatkow�yownner�.

P 2 = P, P (I − P ) = 0, P T = P :
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Ayste�ic het owm �, or kamayakan y vektori
hamar te�i ownen

y = Py + (I − P )y,

(Py, (I − P )y) = (y, P (I − P )y = 0

havasarow�yownner�: Ayspisov, yowraqan�yowr y
vektor havasar � erkow �r�ogonal vektorneri
gowmari, oroncic mek� y-i proyekcian � H-i vra,
myows� patkanowm � nra �r�ogonal lracman�:
Dicowq ay�m y-� kamayakan vektor �, isk x ∈ H⊥:
Ayd depqowm

‖y − x‖2 = ‖Py − x+ (I − P )y‖2 = ‖Py − x‖2+

+2(Py − x, (I − P )y) + ‖(I − P )y‖2:
Qani or x ∈ H⊥, (I − P )y ∈ H , apa

(Py, (I − P )y) = 0, (x, (I − P )y) = 0:

Aynpes or

‖y − x‖2 = ‖Py − x‖2 + ‖(I − P )y)‖2:

Ayste�ic het owm �, or y keti he�avorow�yown� H⊥

bazmow�yownic klini �oqragowyn, e�e x = Py:�

�rinak: Gtnel y = (3, 0) keti proyekcian M =
{x ∈ R2/x1 + 2x2 = 4} g�i vra: Ayste� A = (1, 2),
isk proyektman matrican het yaln �.

I − AT (AAT )−1A =

(
0.8, −0.4
−0.4 0.2

)
:
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Ayste�ic` ΠH(y) = (I − P )y = (2.4,−1.2):
Het abar h = ΠM(y) = (0, 2) + (2.4,−1.2) =
(2.4, 0.8):

Ay�m kazmenq xndri Lagran�i fownkcian.

L(x, λ) = f(x) + λT (Ax− b):

Ays depqowm Kown-Takkeri �eoremi diferenceli
paymanner� kownenan het yal tesq�.

L′x(x, λ) = f ′(x) + ATλ = 0, Ax = 0:

Dicowq gtnvowm enq xk ketowm: Ayd ketic orpes �ar�man
ow��ow�yown vercvowm � −f ′(xk) vektori proyekcian H
bazmow�yan vra, aysinqn` hk = −(I − P )f ′(xk) vektor�:
Hajord ket� oro�owm enq het yal �ekowrent a�n�ow�yamb.

xk+1 = xk + αkh
k:

Ays �ekowrent a�n�ow�yown� ��tva� � het yal kar or
hatkow�yownnerov.

a) kamayakan αk > 0 �veri hamar xk+1-� pat{
kanowm � �owylatreli keteri bazmow�yan�:
Iroq,

Axk+1 = A(xk + αkh
k) = Axk + αkAh

k =

= b− αkA(I − AT (AAT )−1A)f ′(xk) =

= b− αk(A− A)f ′(xk) = b:
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b) E�e (I−P )f ′(xk) = 0, apa xk-n xndri low�owmn
�: Iroq,

(I − P )f ′(xk) = (I − AT (AAT )−1A)f ′(xk) =

= f ′(xk) + AT (−(AAT )−1Af ′(xk)) = 0:

N�anakelov λk = −(AAT )−1Af ′(xk), stanowm
enq, or xk ket� bavararowm � Kown-Takkeri
�eoremi paymannerin.

f ′(xk) + ATλk = 0, Axk = b:

Het abar xk-n xndri low�owmn �: αk qayli
erkarow�yown� �ntrvowm � amenaarag vayr{
�jqi me�odov:

g) E�e hk 6= 0, apa ayn fownkciayi nvazman
ow��ow�yownn �: Ditarkenq mek �o�oxakani
het yal fownkcian.

ϕ(α) ≡ f(xk + αhk):

Ha�venq nra a�ancyal� 0 ketowm: �st
bard fownkciayi a�ancman kanoni` ha�vi
a�nelov na P �peratori ver� n�va�
hatkow�yownner�` kstananq

ϕ′(0) = −(f ′(xk), hk) = −(f ′(xk), (I−P )f ′(xk)) =

−(f ′(xk), (I − P )2f ′(xk)) =

= (f ′(xk), (I − P )T (I − P )f ′(xk)) =

= −((I − P )f ′(xk), (I − P )f ′(xk)) < 0:
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Ayste�ic` qani or ϕ′(0) < 0, apa
bavakana�a� �oqr drakan α �veri hamar
ϕ(α) < ϕ(0):

Owremn hk-n f-i nvazman ow��ow�yownn �:

Ay�m qnnarkenq gradienti proyektman me�od�, erb
M-� trva� � g�ayin anhavasarow�yownneri mijocov:

Ditarkenq ow�owcik �ragravorman het yal xndir�.

f(x)→ min,Ax ≤ b:

�ptimalow�yan x ketowm te�i ownen Kown-Takkeri
�eoremi paymanner�.

1) L′x(x, λ) = f ′(x) + ATλ = 0,

2) Ax− b ≤ 0,

3) λi(Ax− b)i = 0, i = 1, 2, ..,m,

4) λ ≥ 0 :

Nkaragrenq gradienti proyektman me�od� ays xndri
hamar:

� A�ajin qaylowm �n�acik xk ketowm stow{
gowm enq Kown-Takkeri �ptimalow�yan
paymanner�: Dra hamar naxapes oro�owm
enq aktiv sahmana�akowmner�: Te�adrowm
enq xk ket� anhavasarow�yownneri mej:
En�adrenq a�ajin q hat� da�nowm en
havasarow�yownner, isk mnaca� anhava{
sarow�yownner� xist en.

aTi x
k = bi, i = 1, 2, . . . , q,
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aTi x
k < bi, i = q + 1, . . . ,m :

Ayste� aTi , i = 1, 2, . . . ,m vektorner� A(n ×
m) matrici to�ern en: Ayspisov, aktiv en
a�ajin q sahmana�akowmner�:

E�e aktiv sahmana�akowmner kan (q ≥ 1),
apa nranc himqi vra ka�owcowm enq
proyektman het yal �perator�.

P̂q = I − ATq (AqA
T )−1Aq,

orte� Aq-n aTi , i = 1, 2, . . . , q to�eric
ba�kaca� matricn �: Hama�ayn Kown-Takkeri
�eoremi` xk ket� klini �ptimal ayn  miayn
ayn depqowm, erb te�i ownenan het yal erkow
paymanner�.

a) P̂qf
′(xk) = 0:

b) Aktiv sahmana�akowmneri hamapasaxano�
Lagran�i gor�akicner� o� bacasakan en`
λ = −(AqA

T
q )−1Aqf

′(xk) ≥ 0: Isk e�e aktiv
sahmana�akowm �ka, apa �ptimalow�yan
payman� owni parz tesq` f ′(xk) = 0:

� Erkrord qaylowm, e�e �ptimalow�yan payman�
te�i �owni, apa petq � �ar�vel aynpisi
ow��ow�yamb, or fownkciayi ar�eq� �oqrana,
mia�amanak mnalov bazmow�yan mej: Ayste�
hnaravor en het yal tarberakner�:

Tarberak a�ajin: E�e aktiv sah{
mana�akowmner� bacakayowm en, apa
orpes �ar�man ow��ow�yown vercvowm �
hakagradienti ow��ow�yown�. hk = −f ′(xk):
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Tarberak erkrord: P̂qf
′(xk) 6= 0: Ays depq�

hamapatasxanowm � ayn iravi�akin, erb
1 ≥ q < n:

Ays depqowm xk ket� gtnvowm � ezri vra, or�
handisanowm � afinakan bazmow�yown  ayd
ketic` orpes fownkciayi nvazman ow��ow�yown,
�ntrvowm � hk = P̂qf

′(xk) vektor�:

Tarberak errord: P̂qf
′(xk) = 0  Lagran�i

λ1, . . . , λq gor�akicneric mek� bacasakan
�: Ays depq� te�i owni ayn �amanak, erb
q = n: Het abar afinakan bazmow�yown�,
ori vra petq � katarel proyektowm
mi ketic � ba�kaca�: Ays depqowm
aktiv sahmana�akowmneri cowcakic
he�acnowm enq ayn sahmana�akowm�, orin
hamapatasxano� Lagran�i gor�akic�
bacasakan �: He�acnelowc heto stacvowm �
Aq−1 matic�  ka�owcowm enq proyektman nor
matric.

P̂q−1 = I − ATq−1(Aq−1ATq−1)−1Aq−1:

Aynowhet orpes �ar�man ow��ow�yown �ntrowm
enq hk = −P̂q−1f ′(xk) vektor�:

� Errord qaylowm oro�owm enq �ar�man
ow��ow�yamb αk qayli erkarow�yown�:
Nax oro�owm enq, �e ayd qayl� ver ic
in�ov � sahmana�ak: Da ayn T pahn
�, erb xk + αhk �a�agay�� dowrs �
galis �owylatreli ar�eqneri tirowy�ic:
G�ayin sahmana�akowmneri depqowm ayd
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�iv� he�tow�yamb oro�vowm �: E�e i-rd
sahmana�akowm� aktiv ��, apa ayn Ti
pah�, erb �a�agay�� hatowm � (ai, x) = bi
hiperhar�ow�yown� oro�vowm � het yal
havasarowmic.

(ai, x
k + αhk) = bi:

Orte�ic,

Ti =
bi − (ai, x

k)

(ai, hk)
:

Isk ayn T pah� erb �a�agay�� a�ajin
angam hatowm � pasiv sahmana�akowmner�
oro�vowm � het yal bana� ov.

T = min
i∈[q+1:m]

max(0, Ti):

Verjapes αk qayli erkarow�yown� kareli �
oro�el arag vayr�jqi me�odov.

αk = arg min
0≤α≤T

f(xk + αhk):

Ay�m ditarkenq �rinak, ori mijocov lowsabanenq
ver owm qnnarkva� algori�m�:

�rinak:

F (x1, x2) = (x1 − 2)2 + (x2 − 1)2 → min,

x1 + x2 ≤ 2,

x2 ≤ 1,

−x1 ≤ 0,
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−x2 ≤ 0:

Ays �rinakowm

A =


1 1
0 1
−1 0
0 −1

 , b =


2
1
0
0

:

Xndri erkra�a�akan low�owm� trva� � g�ankarowm:

G�. 4.19: Gradienti proyektman me�od� g�ayin
sahmana�akowmneri depqowm: Sahmana�akowmner� n�va� en
hamarnerov �akag�eri mej:

Orpes skzbnakan motavorow�yown vercnowm enq x0 =
(0, 0) ket�:

� A�ajin iteraciayowm oro�owm enq x0 ketowm
aktiv sahana�akowmner�: Te�adrelov
anhavasarow�yownneri mej` tesnowm enq,
or aktiv en errord  �orrord sahma{
na�akowmner�: Het abar

Aq =

(
−1 0
0 −1

)
:
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Qani or Aq matric� qa�akowsayin �,

apa proyektman P̂q = I − ATq (AqA
T )−1Aq

�perator� zroyakan �: Oro�enq Lagran�i
gor�akicner�.

λ = −(AqA
T
q )−1Aqf

′(x0) = −(AT )−1A−1q Aqf
′(x0) =

−(AT )−1f ′(x0) = (−4,−2):

Erkow gor�akicn �l bacasakan en, owsti
x0 ket� �ptimal ��: Hakagradient�
−f ′(x0) vektorn �, or� ow��va� � tirowy�i
nersowm: Aktiv sahmana�akowmneri cowcakic
he�acnenq �rinak errord�: Stanowm enq mi
to�ic ba�kaca� Aq−1 = (0,−1) matric�:
Ha�venq proyektman �perator�.

P̂q−1 = I − ATq−1(Aq−1ATq−1)−1Aq−1 =

(
1 0
0 0

)
:

Ayspisov, �ar�man ow��ow�yown� klini

h0 = −P̂q−1f ′(x0) = (4, 0)

vektor�: Qayli maqsimal T erkarow�yown�
ha�velov` stanowm enq T = 0.5: Isk qayli α0

erkarow�yown� ha�vowm enq het yal bana� ov.

α0 = arg min
0≤α≤T

f(x0 + αh0) = 0.5:

� Erkrord iteraciayowm mek qaylic heto
te�a�oxvowm enq x1 = x0 + α0h

0 = (2, 0)
ket�: Ays nor ketowm aktiv en a�ajin
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 �orrord sahmana�akowmner�, isk nranc
hamapatasxano� Aq matric� het yaln �.

Aq =

(
1 1
0 −1

)
:

Qani or matric� qa�akowsayin �, apa
proyektman �perator� zroyakan �:
Oro�owm enq aktiv sahmana�akowmnerin
hamapatasxano� Lagran�i gor�akicner�.

λ = −(ATq )f ′(x1) = (0,−2):

Qani or erkrord gor�akic� bacasakan
�, owremn x1 ket� �ptimal ��: Aktiv
sahmana�akowmneri cowcakic artaqsowm
enq �orrord sahmana�akowm�: Stanowm
enq mi to�ani Aq−1 = (1, 1) matric�, isk
hamapatasxan proyektman �perator�
klini

P̂q−1 = I − ATq−1(Aq−1ATq−1)−1Aq−1 =

=

(
0.5 −0.5
−0.5 0.5

)
:

Aynowhet proyektowm enq hakagradient�
a�ajin sahmana�akman vra  stanowm enq
�ar�man ow��ow�yown�.

h1 = −P̂q−1f ′(x1) = (−1, 1):

Nowyn kerp in�pes a�ajin iteraciayowm
stanowm enq qayli erkarow�yown�` α1 =
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0.5: Katarelov hamapatasxan qayl`
te�a�oxvowm enq

x2 = x1 + α1h
1 = (1.5, 0.5)

ket�:

� Errord iteraciayowm stowgowm enq, or x2

ketowm aktiv � miayn a�ajin sahmana{
�akowm�: Nran hamapatasxan matric�
het yaln �. Aq = (1, 1), isk proyektman
�perator� klini`

P̂q =

(
0.5 −0.5
−0.5 0.5

)
:

Het abar

P̂qf
′(x2) = (0, 0),

λ = −(AqA
T
q )−1Aqf

′(x2) = 1:

Ayspisov, Kown Takkeri �eoremi paymanner�
katarvowm en, owsti x2-� minimowmi ket �:
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XNDIRNER

1. Kown-Takkeri �eoremi �gnow�yamb low�el het {
yal xndirner�.

a)

(x1 + 2)2 + (x2 + 2)2 → min,
x21 + x22 ≤ 1,
x1 ≥ 0, x2 ≥ 0:

b)

x21 + x22 → min,
2x21 + (x2 − 4)2 ≤ 1:

g) 4x21− x1x2 + 4x22 → min, 4 ≤ x1 ≤ 8, −1 ≤ x2 ≤
≤ 2:

2. Stowgel, ardyo?q (0, 4) vektor� het yal xndri
low�owmn �, �e o�.

x21 + (x2 − 2)2 → min,
x21 + 2(x2 − 2)2 ≤ 8,
x21 + 2x22 ≤ 32:

3. Stowgel, ardyo?q (0, 1) vektor� het yal xndri
low�owmn �, �e o�.

exp(x1 − x2)→ min,
x1 + x2 ≤ 1,
x1 ≥ 0, x2 ≥ 0:
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4. Grafikoren low�el ma�ematikakan �ragra{
vorman het yal xndir�.

x2(x1 − 5)→ extr,
x21 + x22 ≤ 3:

5. Grafikoren low�el ma�ematikakan �ragra{
vorman het yal xndir�.

(x1 − 4)2 + (x2 − 2)2 → min,
x1 + x2 ≤ 3,
x1 + 2x2 ≤ 4:

6. �gtagor�elov Kown-Takkeri �eoremi pay{
manner�` gradienti proyektman me�odov
low�el het yal xndir�.

(x1 + 1)2 + (x2 − 4)2 + 1→ min,
2x1 − x2 − 2 ≤ 0,
x1 ≥ 0 x2 ≥ 0:
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Glowx 5

Lagran�i anoro� gor�akicneri

me�od�

Lagran�i anoro� gor�akicneri me�od� �pti{
mizaciayi ayn himnarar skzbownqneric �, ori mijocov
paymanakan �ptimizaciayi xndirner� bervowm en
o� paymanakan �ptimizaciayi xndirneri: A�ajin
angan ays skzbownqn a�ajarkvel � Lagran�i ko�mic
1797 �vakanin  ayn himnavorvel � havasarow�yan
tipi sahmana�akowmnerov o�ork �ptimizacion xn{
dirneri hamar:

Ays glxowm ditarkvowm en ma�ematikakan �ra{
gravorman aynpisi xndirner, oroncowm sahma{
na�akowmner� trvowm en havasarow�yownnerov  
anhavasarow�yownnerov: En�adrvowm �, or npatakayin
fownkcian  sahmana�akowmner� nerkayacno� fownk{
cianer� o�ork en: Cowyc � trvowm, or aydpisi xndirneri
�qstremalner� gtnvowm en Lagran�i fownkciayi
stacionar keteri bazmow�yan mej:
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Verjin �amanakners, �or� � arvowm himna{
vorel Lagran�i me�od� ma�ematikakan �ra{
gravorman o� o�ork xndirneri hamar: Nman ow{
sowmnasirow�yownneri het �n�erco�� karo� � �ano�anal
[12, 22] a�xatanqnerowm:

5.1 Lagran�i anoro� gor�akicneri me�od�
(havasarow�yan tipi sahmana�akowmneri
depq�)

Sahmanowm 5.1.1:h ∈ Rn vektor� ko�vowm � M
bazmow�yan� x∗ ∈ M ketowm �o�a�o�, e�e goyow�yown
owni aynpisi

ϕ : [−1, 1]→ Rn, ϕ(α) = o(α)

artapatkerowm, or bavakana�a� �oqr α > 0
�veri hamar te�i owni het yal payman�`

x∗ + αh+ ϕ(α) ∈M :

�rinak: Cowyc tanq, or x a�ancqi kamayakan h
vektor handisanowm � �o�a�o� miavor S1(0) �rjanag�in
x∗ = (0, 1) ketowm: Parzow�yan hamar en�adrenq, or
‖h‖ = 1: 
rjanag�in tarva� �o�a�o�i  hato�i masin
haytni �eoremi hama�ayn` ownenq

‖ϕ(α)‖(2 + ‖ϕ(α)‖) = α2 (tes g�. 5.1) :

Ayste�ic kstananq`

‖ϕ(α)‖ =
√

1 + α2 − 1 =
α2

1 +
√

1 + α2
= o(α) :
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G�. 5.1: 
o�a�o� vektori erkra�a�akan meknabanow�yown�

KM(x∗) simvolov n�anakenq M bazmow�yan� x∗ ketowm
tarva� �o�a�o� vektorneri bazmow�yown�:

Sahmanowm 5.1.2:E�e K-n kon �, apa

K∗ ≡ {y ∈ Rn/(y, x) ≥ 0 ∀x ∈ K}

bazmow�yown� ko�vowm � K-i hamalow� kon:

Aysinqn`K∗ hamalow� koni mej mtnowm en ayn vektorner�,
oronq K-i bolor �lementneri het sowr ankyown en
kazmowm:

G�.5.2-owm berva� � hamalow� koni �rinak:
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G�. 5.2: Hamalow� koni erkra�a�akan meknabanow�yown�

�eorem 5.1.1 (Lyowsterniki �eorem� �o�a�o�
har�ow�yan masin):Dicowq

M = {x ∈ Rn/fi(x) = 0, i ∈ [1 : m]},

orte� fi, i ∈ [1 : m], fownkcianer� an�ndhat
diferenceli en:
Dicowq x∗ ∈ M  en�adrenq, or f ′i(x

∗), i ∈ [1 : m]
gradientner� g�oren ankax en:
Ayd depqowm

KM(x∗) = H ≡ {h ∈ Rn/ (f ′i(x
∗), h) = 0, i ∈ [1 : m]}:

Aysinqn` H en�atara�ow�yown� �o�a�o� kon � M
bazmow�yan hamar x∗ ketowm:

G�.5.3-owm patkerva� � e�a�a� tara�ow�yan mej
f(x, y, z) = 0 maker owy�in P (x0, y0, z0) ketowm tarva�
�o�a�o� har�ow�yown�:
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G�. 5.3: 
o�a�o� har�ow�yown

I Cowyc tanq, or H har�ow�yan kamayakan vektor
�o�a�o� vektor �:
N�anakenq

A =


f ′1x1(x

∗) f ′1x2(x
∗)... f ′1xn(x∗)

f ′2x1(x
∗) f ′2x2(x

∗)... f ′2xn(x∗)
... ... ...

f ′mx1(x
∗) f ′mx2(x

∗)... f ′mxn(x∗)

:

Kazmenq havasarowmneri het yal hamakarg�.

gi(α, r) = fi(x
∗ + αh+ A>r) = 0, i ∈ [1 : m], (5.1.1)

orte� r-� m �a�ani vektor �: Cowyc tanq, or ays
hamakarg� bavararowm � anbacahayt fownkciayi
veraberyal �eoremi bolor paymannerin:

200



Iroq,

gi(0, 0) = 0, g′iα(0, 0) = (f ′i(x
∗), h) = 0, i ∈ [1 : m]:

Aknhayt � na , or {g′irj} koordinatnerov fownkcional

matric� (0, 0) ketowm havasar � B ≡ AA> matricin,
orn owni hakadar�:

Het abar goyow�yown owni r(α) artapatkerowm,
oro�va� zro keti in�-or �rjakayqowm, aynpisin, or
ayn ayd �rjakayqowm bavararowm � (5.1.1) hamakargin  

r(0) = 0, r′(0) = −B−1g′α(0, 0) = 0,

orte�
g′α(0, 0) = (g′1α(0, 0), ..., g′mα(0, 0)):

Het abar

lim
α→0

r(α)

α
= lim

α→0

r(α)− r(0)

α
= r′(0) = 0: (5.1.2)

N�anakelov ϕ(α) = A>r(α), (5.1.1)-(5.1. 2) payman-
neric` kstananq

ϕ(α) = o(α)  gi(x
∗ + αh+ ϕ(α)) = 0 ∀i ∈ [1 : m]:

Isk sa n�anakowm �, or h ∈ KM(x∗):
Ayspisov, apacowcvec, or H ⊆ KM(x∗):
Ay�m cowyc tanq, or KM(x∗) ⊆ H: Dicowq h ∈
∈ KM(x∗): �st �o�a�o� vektori sahmanman goyow�yown
owni aynpisi ϕ(α) = o(α) artapatkerowm, or
bavakana�a� �oqr drakan α �veri hamar

fi(x
∗ + αh+ ϕ(α)) = 0, i ∈ [1 : m]:
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Ayste�ic, hama�ayn diferenceliow�yan paymani`
kamayakan i-i depqowm kownenanq

0 = fi(x
∗ + αh+ ϕ(α))− fi(x∗) = α[(f ′i(x

∗), h) +
o(α)

α
]:

Owsti

(f ′i(x
∗), h) +

o(α)

α
= 0⇒ (f ′i(x

∗), h) = 0⇒ h ∈ H: �

Het anq 5.1.1:Ays �eoremic het owm �, or f
fownkciayi gradient� x∗ ketowm ow��ahayac �
makardaki Vf(x∗) bazmow�yan�:

In�pes tesaq, ays �ast� kar or der xa�ac
fownkciayi minimizaciayi gradientayin me�odneri
m�akman �n�acakargerowm: Ditarkenq paymanakan
�ptimizaciayi �ndhanowr xndir�.

f(x)→ min, x ∈M: (5.1.3)

�eorem 5.1.2 (Minimowmi �ndhanowr anhra�e�t
payman�): Dicowq f fownkcian diferenceli �, isk
x∗ ∈M ket� (5.1.3) xndri low�owm �:
Ayd depqowm

f ′(x∗) ∈ K∗M(x∗):

I En�adrenq

f ′(x∗) /∈ K∗M(x∗):
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Ayd depqowm goyow�yown owni aynpisi h ∈ KM(x∗) vektor,
or (f ′(x∗), h) < 0: Ayste�ic` qani or f-� diferenceli �,
apa bavakana�a� �oqr α > 0 �veri hamar kownenanq

f(x∗ + αh) = f(x∗) + α[(f ′(x∗), h) +
o(α)

α
] < f(x∗):

Sa hakasow�yown �, qani or x∗-n f-i lokal minimowmi ket
� M bazmow�yan vra: �

Ays �eorem� meknabanenq �rinaki mijocov:

�rinak: Dicowq f(x1, x2) = x1 + x2, isk

M = {x ∈ R2/0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1}:

Aknhayt �, or (0, 0) ket� f-i minimowmi ketn � M-i vra:
He�t � tesnel, or ayste� KM(0, 0)-n a�ajin qa�ordn �,
 het abar K∗M(0, 0) kon� nowynpes a�ajin qa�ordn �:
Minimowmi �ndhanowr anhra�e�t payman� nowynpes te�i
owni, qani or f ′(0, 0) = (1, 1), or� a�ajin qa�ordi ket �
(tes g�.5.4):

Ayspisov, �qstremowmi konkret xndri hamar
minimowmi anhra�e�t payman stanalow hamar petq
� sahmana�akowmnerov trva� bazmow�yan hamar
ka�owcel �o�a�o� ow��ow�yownneri kon�  gtnel nra
hamalow��: Stor bervowm � hamalow� koni ka�owcman mi
�rinak, erb bazmow�yown� trva� � havasarow�yan tipi
sahmana�akowmnerov, isk ayd sahmana�akowmnerowm
masnakco� fownkcianer� an�ndhat diferenceli en:
Aynowhet grelov minimowmi �ndhanowr anhra�e�t
payman�` anmijapes stanowm enq grakanow�yan
mej haytni Lagran�i anoro� gor�akicneri me�od�,
orn a�ancqayin der owni �qstremowmi anhra�e�t
paymanneri tesow�yan mej:
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G�. 5.4: Minimowmi �ndhanowr anhra�e�t paymani erkra�a{
�akan meknabanow�yown�

�eorem 5.1.3 (Hamalow� koni ka�owcowm�): Dicowq
te�i ownen �eorem 5.1.1-i paymanner�:
Ayd depqowm`

K∗M(x∗) = H⊥ = A ≡ {y ∈ Rn/y =
m∑
i=1

λif
′
i(x
∗),

λi ∈ R, i ∈ [1 : m]} :

I Nax, qani or H-� en�atara�ow�yown �  KM(x∗) =
H , apa

K∗M(x∗) = H⊥ :

Ay�m cowyc tanq, or
A ⊆ H⊥:

Iroq, dicowq

∀h ∈ H, ∀y ∈ A⇒ y =
m∑
i=1

λif
′
i(x
∗)⇒
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⇒ (y, h) =
m∑
i=1

λi(f
′
i(x
∗), h) = 0⇒ y ∈ H⊥:

Ay�m en�adrenq, or goyow�yown owni aynpisi b ∈ H⊥

vektor, or b /∈ A: Qani or f ′i(x
∗), i ∈ [1 : m]

gradientner� g�oren ankax en, apa A-n m �a�ani
en�atara�ow�yown �, or� �ak ow�owcik bazmow�yown �:
Anjatenq ayn b ketic: Hama�ayn xist anjatman
�eorem 4.1.2-i` goyow�yown ownen aynpisi p vektor  ε > 0
�iv, or

(p, a) ≤ (p, b)− ε ∀ a ∈ A: (5.1.4)

Cowyc tanq, or
(p, a) = 0 ∀a ∈ A:

E�e or � a ∈ A-i hamar (p, a) > 0, apa te�adrelov
αa ∈ A (α ≥ 0) vektorner� (5.1.4) anhavasarow�yan mej
 �gtecnelov α-n anvejow�yan` kstananq hakasow�yown,
qani or anhavasarow�yan �ax mas� k�gti +∞, isk
aj mas� verjavor �iv �: E�e (p, a) < 0, apa katarelov
nowyn dato�ow�yownner�, noric kganq hakasow�yan:
Ayspisov, (p, a) = 0 ∀a ∈ A :
Ayste�ic`

(f ′i(x
∗), p) = 0, i ∈ [1 : m]⇒ p ∈ H ⇒ (p, b) = 0: (5.1.5)

Bayc (5.1.4) anhavasarow�yownic het owm �, or (p, b) >
> ε > 0, in�� hakasowm � (5.1.5)-in: Ayspisov,
apacowcvec, or

K∗M(x∗) = H⊥ = A: �

Ay�m ditarkenq havasarow�yan tipi sahmana{
�akowmnerov paymanakan �ptimizaciayi het yal
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xndir�.

f0(x)→ extr, fi(x) = 0, i ∈ [1 : m] : (5.1.6)

En�adrvowm �, or fi, i ∈ [0 : m], fownkcianer� an�ndhat
diferenceli en Rn-i vra: Pahanjvowm � gtnel f0(x)
fownkciayi �qstremowmi keter�

M ≡ {x ∈ Rn/ fi(x) = 0, i ∈ [1 : m]}

bazmow�yan vra: Ayd keter� ko�vowm en (5.1.6) xndri
low�owmner:M bazmow�yan keter� ko�vowm en (5.1.6) xndri
�owylatreli keter:
Dicowq λ = (λ0, ..., λm) ∈ Rm+1: Kazmenq Lagran�i
fownkcian`

L(x, λ) =
m∑
i=0

λifi(x):

�eorem 5.1.4 (Lagran�i anoro� gor�akicneri
me�od�):Dicowq x∗ ket� (5.1.6) xndri low�owmn �:
Ayd depqowm goyow�yown ownen aynpisi λ0, λ1, λ2, ..., λm
�ver (anoro� gor�akicner), oroncic gone mek�
zroyic tarber �, or

m∑
i=0

λif
′
i(x
∗) = 0,

kam or nowyn �

L′x(x
∗, λ) = 0⇔ L′xi(x

∗, λ) = 0, i ∈ [1 : n]: (5.1.7)

I En�adrenq, or x∗ ket� (5.1.6) xndrowm lokal minimowmi
ket � (lokal maqsimowmi depq� qnnarkvowm � analog
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� ov): E�e f ′i(x
∗), f ′2(x

∗), .., f ′m(x∗) gradientner� g�oren
ankax en, apa �st minimowmi �ndhanowr anhra�e�t
paymani  �eorem 5.1.3-i` kownenanq

f ′0(x
∗) ∈ K∗M(x∗) =

= {y/y =
m∑
i=1

λif
′
i(x
∗), λi ∈ R, i ∈ [1 : m]}:

Ayste�ic anmijakanoren het owm �, or goyow�yown ownen
aynpisi λ1, λ2, ..., λm �ver, or

f ′0(x
∗) =

m∑
i=1

λif
′
i(x
∗):

Ays depqowm �eoremi pndowm� apacowcva� �:
E�e f ′i(x

∗), f ′2(x
∗), .., f ′m(x∗) gradientner� g�oren

kaxva� en, apa goyow�yown kownenan gor�akicner
λi, i ∈ [1 : m], orocic gone mek� zro �� aynpisin, or

m∑
i=1

λif
′
i(x
∗) = 0:

Ayste�ic het owm �, or

0 · f ′0(x∗) +
m∑
i=1

λif
′
i(x
∗) = 0: �

Ay�m tanq Lagran�i anoro� gor�akicneri me�odi
erkra�a�akan meknabanow�yown� erk�a� depqowm:
Dicowq petq � gtnelf(x1, x2) fownkciayi �qstremowmi
keter� g(x1, x2) = 0 sahmana�akman depqowm:
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En�adrenq, or f  g fownkcianer� an�ndhat
diferenceli en: Har�ow�yan vra ka�owcowm enq
M ≡ {x ∈ R2/g(x1, x2) = 0} o�ork kor�  f fownkciayi
makardaki VC g�er� C parametri tarber ar�eqneri
depqowm: Aknhayt �, or e�e (x∗1, x

∗
2) ket� f fownkciayi

�qstremowmi ketn �M bazmow�yan vra, apa makardaki
Vf(x∗1,x∗2) gi��  o�ork M kor� (x∗1, x

∗
2) ketowm �o�a�owm en

irar: Iroq, e�e ayd korer� hatven or � o� zroyakan
ankyan tak, apa (x∗1, x

∗
2) ketic �ar�velov tarber

ow��ow�yownnerov` menq khasnenq makardaki VC g�eri,
oronc C parametr� me� � f(x∗1, x

∗
2)-ic aynpes �l

makardaki g�eri, oronc C-n �oqr � f(x∗1, x
∗
2)-ic: Owremn

(x∗1, x
∗
2)-n �qstremowmi ket linel �i karo�: Ayspisov,

Vf(x∗1,x∗2)  M korer� (x∗1, x
∗
2) ketowm ownen �ndhanowr

�o�a�o�: Isk sa n�anakowm �, or f ′(x∗1, x
∗
2)  g′(x∗1, x

∗
2)

gradientner� petq � linen zowgahe�, qani or �st
Lyowsterniki �eoremi` makardaki Vf(x∗1,x∗2) bazmow�yan�
�o�a�o� g�i normal� f ′(x∗1, x

∗
2) gradientn �, isk M

korin�` g′(x∗1, x
∗
2)-n: Ayspisov, goyow�yown owni aynpisi λ

�iv, or
f ′(x∗1, x

∗
2) = λg′(x∗1, x

∗
2),

in�� n�anakowm � f ′(x∗1, x
∗
2)  g′(x∗1, x

∗
2) gradientneri

g�ayin kaxva�ow�yown (tes g�.5.5):
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G�. 5.5: Lagran�i anoro� gor�akicneri me�odi erkra{
�a�akan meknabanow�yown�

�rinak: Gtnenq f(x1, x2) = x21+x22 fownkciayi minimowmi
keter� g(x1, x2) = 9x21 + x22 = 0 sahmana�akman
depqowm: Arden gitenq, or g(x1, x2) = 0 bazmow�yown�
har�ow�yan vra �lipsner en, isk fownkciayi makardaki
VC = {x ∈ Rn/f(x1, x2) = C} bazmow�yownner� (0, 0)
kentronov

√
C �rjanag�er en: Het abar C-i ayn

ar�eq�, ori depqowm �rjanagi�� k�o�a�i �lipsin, da
klini f fownkciayi minimal ar�eq�, isk �o�a�man
keter� klinen nra minimowmi keter: G�.5.6-ic er owm �,
or C = 1/3, isk minimowmi ketern en` (−1/3, 0), (−1/3, 0):
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G�. 5.6: f(x1, x2) = x21 + x22 fownkciayi minimowm� g(x1, x2) =
9x21 + x22 = 0 bazmow�yan vra: G�apatkerayin low�owm�

�rinak: Gtnel A(ξ1, ξ2) keti proyekcian

x21
a21

+
x22
a22

= 1

�lipsi vra: Da n�anakowm �, or petq � low�el het yal
xndir�.

f0(x1, x2) = (x1 − ξ1)2 + (x2 − ξ2)2 −→ min,

f1(x1, x2) =
x21
a21

+
x22
a22
− 1 = 0:
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Kazmenq Lagran�i fownkcian

L = λ0f1(x1, x2) + λ2f2(x1, x2):

Grenq minimowmi anhra�e�t payman�.

Lxi = 0⇔ λ0(xi − ξi) + λ1
xi
a2i
, i = 1, 2:

E�e λ0 = 0, apa λ1 6= 0, qani or Lagran�i
gor�akicneic gone mek� petq � lini zroyic tarber: Ayd
depqowm stanowm enq, or x1 = x2 = 0: Bayc (0, 0) ket�
�lipsi vra ��: Het abar λ0 = 0 depq� hnaravor ��:
Owsti karo� enq �ndownel, or λ0 = 1: Ayste�ic`

xi = ξi
a2i

a2i + λ
, i = 1, 2:

Ay�m te�adrelov ayd ar�eqner� �lipsi havasarman
mej` λ-i nkatmamb stanowm enq

ϕ(λ) =
ξ21a

2
1

(a21 + λ)2
+

ξ22a
2
2

(a22 + λ)2
= 1

havasarowm�.

Xndri stacionar keteri qanak� havasar � ays
havasarman armatneri qanakin, or� �i gerazancowm
�orsi: Dicowq ket� gtnvowm � �lipsic dowrs: Ayd depqowm

ϕ(0) =
ξ21a

2
1

a21
+
ξ22a

2
2

a22
> 1

 xndirn owni erkow stacionar ket (te| g�.5.7):
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Qani or �lips� �ak sahmana�ak bazmow�yown �, apa
hama�ayn Vayer�trasi �eoremi` xndir� owni low�owm:
Anhra�e�t � low�el ϕ(λ) = 1 havasarowm�, gtnel
stacionar keter�  te�adrelov dranq f0 fownkciayi
mej` gtnel ayd �veric amena�oqr�:

xi − ξi +
λ1xi
a2i

= 0, i = 1, 2

havasarow�yownner� ownen parz erkra�a�akan
meknabanow�yown. ξ − x vektor� �lipsi normal vektorn
� x ketowm: Ay�m nkaragrenq har�ow�yan ayn keter�,
oronq ownen mek, erkow, ereq kam �ors normal �lipsi vra:
Dra hamar gtnenq ϕ′(λ) = 0 havasarman armatner�  
nranq te�adrelov ϕ(λ) = 1 havasarman mej` kstananq

(ξ1a1)
2/3 + (ξ2a2)

2/3 = (a21 − a22)2/3:

Ays havasarown� astroidi havasarowm �: Astroidic
dowrs yowraqan�yowr ket owni erkow normal, nersi keter�`
�ors, isk astroidi vrayi keter�, baci gaga�neric,
ownen ereq normal �lipsi vra (tes g�.5.8):

G�. 5.7:
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G�. 5.8:

Ay�m en�adrenq, or (5.1.6) xndrowm bolor fownkcianer�
erkow angam an�ndhat diferenceli en: �i�t � het yal
pndowm� (te|s, �rinak` [5]):

�eorem 5.1.5 (�qstremowmi erkrord kargi an{
hra�e�t payman�):Dicowq x∗-� (5.1.6) xndrowm
lokal minimowmi (lokal maqsimowmi) ket �  
f ′1(x

∗), f ′2(x
∗), ..., f ′m(x∗) vektorner� g�oren ankax en:

Ayd depqowm goyow�yown ownen aynpisi λ0 = 1, λ1, ..., λm
�ver, or

(L′′xx(x
∗, λ)h, h) ≥ 0 ((L′′xx(x

∗, λ)h, h) ≤ 0) ∀h ∈ H =

= {h ∈ Rn/(f ′i(x
∗), h) = 0, i ∈ [1 : m]} :

�eorem 5.1.6 (Erkrord kargi bavarar payman�):
Dicowq x∗-� (5.1.6) xndri �owylatreli ket �  
goyow�yown owni aynpisi λ ∈ Rm+1 vektor, or te�i
ownen het yal paymanner�.

1) λ0 = 1,
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2) L′xi(x
∗, λ) = 0, i ∈ [1 : n],

3) kamayakan o� zroyakan h ∈ H vektori
hamar te�i owni

(L′′xx(x
∗, λ)h, h) > 0 ((L′′xx(x

∗, λ)h, h) < 0)
(5.1.8)

anhavasarow�yown�:

Ayd depqowm x∗-� (5.1.6) xndrowm lokal minimowmi
(lokal maqsimowmi) ket �:
I E�e x∗ ket� M bazmow�yan a�an�nacva� ket �,
apa �eoremi ezrakacow�yown� trivial �: Dicowq ay�m
x∗-� M bazmow�yan sahmanayin ket �  ayn xndrowm
lokal minimowmi ket ��: Ayd depqowm goyow�yown kownena
aynpisi {xk} hajordakanow�yown, or� bavararowm �
het yal paymannerin.

xk ∈M, xk → x∗, f0(x
k) < f0(x

∗): (5.1.9)

xk -n nerkayacnenq het yal tesqov.

xk = x∗ + αkh
k, orte� hk = (xk − x∗)/αk:

Qani or, ‖hk‖ = 1, apa �ndhanrow�yown� �sah{
mana�akelov karo� enq en�adrel, or

hk → h 6= 0:

Ha�vi a�nelov (5.1.9) payman�` ownenq

0 = fi(x
k)− fi(x∗) = (f ′i(x

∗), αkh
k) + o(αk), i ∈ [1 : m]:

Ba�anelov ays a�n�ow�yownner� αk-i vra  ancnelov
sahmani` kstananq

(f ′i(x
∗), h) = 0, i ∈ [1 : m]:
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Aysinqn` h ∈ H: Qani or �st en�adrow�yan λ0 = 1, apa
(5.1.9)-ic stanowm enq

L(xk, λ) = f0(x
k) +

m∑
i=1

λifi(x
k) ≤ f0(x

k) ≤

≤ f0(x
∗) = f0(x

∗) +
m∑
i=1

λifi(x
∗) = L(x∗, λ): (5.1.10)

�eoremi paymanneric het owm �, or L(x, λ) Lagran�i
fownkcian erkow angam diferenceli � x∗ ketowm:
Het abar nerkayacnelov ayd fownkcian �st �eylori
bana� i` x∗ ketowm stanowm enq

L(xk, λ) = L(x∗, λ) + (L′x(x
∗, λ), αkh

k)+

+
1

2
(L′′xx(x

∗, λ)(αkh
k), αkh

k) + o(α2
k):

Qani or, �st en�adrow�yan, L′x(x
∗, λ) = 0, apa

ayste�ic  (5.1.10) anhavasarow�yownic het owm �,
or

α2
k

2
(L′′xx(x

∗, λ)hk, hk)) + o(α2
k) ≤ 0 :

Ays anhavasarow�yan erkow maser� ba�anelov α2
k �vi

vra  ancnelov sahmani` kstananq

(L′′xx(x
∗, λ)h, h) ≤ 0,

or� hakasowm � �eoremi (5.1.8) paymanin: �

Parzagowyn depqerowm Lagran�i anoro� gor�akicneri
me�od� �owyl � talis bacahayt tesqov gtnel
ma�ematikakan �ragravorman xndirneri low�owmner�
havasarow�yownneri tipi sahmana�akowmneri
depqowm: Dra hamar petq � katarel � het yal qayler�.
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� Kazmel Lagran�i fownkcian:

� Grel �qstremowmi a�ajin kargi anhra�e�t
payman� Lagran�i fownkciayi hamar  
stanal havasarowmneri hamakarg, orov
bnow�agrvowm � xndri stacionar keteri
bazmow�yown�:

� Gtnel stacva� hamakargi low�owmner�:

� �qstremowmi erkrord kargi bavarar pay-
manneri mijocov ayd low�owmneric anjatel
�qstremowmi keter�:
Ays algori�m� meknabanenq �rinaknerov:

�rinak 1: Low�el het yal xndir�.

f0(x) = x21 + x22 → extr,

f1(x) = (x1 − 1)2 + x22 − 4 = 0:

Low�owm: Kazmenq Lagran�i fownkcian

L(x, λ) = λ0f0(x) + λ1f1(x) =

= λ0(x
2
1 + x22) + λ1((x1 − 1)2 + x22 − 4):

�st (5.1.7) anhra�e�t paymani` ownenq
L′x1(x, λ0, λ1) = 2λ0x1 + 2λ1(x1 − 1) = 0,
L′x2(x, λ0, λ1) = 2λ0x2 + 2λ1x2 = 0,
f1(x) = (x1 − 1)2 + x22 − 4 = 0 :

(5.1.11)
E�e, λ0 = 0, apa (5.1.11) hamakargic stanowm enq

2λ1(x1−1) = 0, 2λ1x2 = 0, (x1−1)2 +x22−4 = 0: (5.1.12)
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Qani or λ0  λ1 gor�akicner� mia�amanak zro �en,
apa λ1 6= 0:

Het abar (5.1.12) hamakargi a�ajin erkow
paymanneric kstananq

x1 = 1, x2 = 0,

or� �i bavararowm errord havasarman�: Ayspisov,
λ0 6= 0: �ndhanrow�yown� �sahmana�akelov, karo� enq
en�adrel, or λ0 = 1: Ayd depqowm (5.1.11) hamakarg�
k�ndowni het yal tesq�.

2x1 + 2λ1(x1 − 1) = 0,
2x2 + 2λ1x2 = 0,
(x1 − 1)2 + x2 − 4 = 0 :

(5.1.13)

Ditarkenq ays hamakargi erkrord havasarowm�: E�e
x2 = 0, apa errordic kstananq x1 = 3, x1 = −1, isk
a�ajin havasarowmic` λ1 = −3/2:

E�e x2 6= 0, apa erkroric kownenanq λ1 = −1:

Ayd depqowm a�ajin havasarowmr te�i �owni, aysinqn`
(5.1.13) hamakarg� hamate�eli ��:
Ayspisov, stanowm enq erkow stacionar keter`

x∗1 = 3, x∗2 = 0, λ1 = −3
2
;

x∗1 = −1, x∗2 = 0, λ1 = −1
2
:

Stowgenq erkrord kargi (5.1.8) bavarar paymanner�
ayd keteri hamar: Ownenq`

(L′′xxh, h) = 2(1 + λ1)h
2
1 + 2(1 + λ1)h

2
2,

h ∈ H = {h = (h1, h2) ∈ R2/2(x∗1 − 1)h1 + 2x∗2h2 = 0:
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Ayste�ic he�t � tesnel, or A(3, 0) keti hamar te�i owni

(L′′xxh, h) < 0 ∀h ∈ H, h 6= 0

anhavasarow�yown�: Owsti A-n lokal maqsimowmi ket �:
Nman � ov hamozvowm enq, or B(−1, 0)-n lokal minimowmi
ket �: Myows ko�mic, qani or f0 fownkcian hasnowm � ir
me�agowyn ow �oqragowyn ar�eqnerin, apa B ket� global
minimowmi ket �, isk A-n global maqsimowmi ket �:

�rinak 2: Low�el het yal xndir�.

f0(x) = x21 + x22 + x23 → min,
f1(x) = x21 + x22 − x3 = 0,
f2(x) = x1 + x2 + x3 − 4 = 0:

�st (5.1.7) anhra�e�t paymani` ownenq
L′x1(x, λ) = 2λ0x1 + 2λ1x1 + λ2 = 0,
L′x2(x, λ) = 2λ0x2 + 2λ1x2 + λ2 = 0,
L′x3(x, λ) = 2λ0x3 − λ1 + λ2 = 0,
f1(x) = x21 + x22 − x3 = 0,
f2(x) = x1 + x2 + x3 − 4 = 0:

E�e λ0 = 0, apa kstananq havasarowmneri het yal
hamakarg�. 

2λ1x1 + λ2 = 0,
2λ1x2 + λ2 = 0,
−λ1 + λ2 = 0,
x21 + x22 − x3 = 0,
x1 + x2 + x3 − 3 = 0:

(5.1.14)

E�e λ1 = 0, apa (5.1.14) hamakargi errord
havasarowmic het owm �, or λ2 = 0, or� hnaravor
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��, orovhet bolor gor�akicner� mia�amanak zro �en:
E�e λ1 6= 0, apa (5.1.14) hamakargi a�ajin ereq
havasarowmneric stanowm enq

x1 = x2 = −1

2
:

Te�adrelov ays ar�eqner� hamakargi verjin erkow
havasarowmneri mej` stanowm enq hakasow�yown:
Ayspisov, λ0 6= 0: �ndownenq λ0 = 1: Ayd depqowm
hamakarg� k�ndowni het yal tesq�.

2x1(1 + λ1) + λ2 = 0,
2x2(1 + λ1) + λ2 = 0,
2x3 − λ1 + λ2 = 0,
x21 + x22 − x3 = 0,
x1 + x2 + x3 − 4 = 0:

(5.1.15)

(5.1.15) hamakarg� owni het yal erkow low�owmner�.

x∗1 = 1, x∗2 = 1, x∗3 = 2, λ1 = 2
3
, λ2 = −10

3
;

x∗1 = −2, x∗2 = −2, x∗3 = 8, λ1 = −20
3
, λ2 = −68

3
:

Stowgenq erkrord kargi (5.1.8) bavarar paymanner�
A(1, 1, 2)  B(−2,−2, 8) keteri hamar:
Ownenq

(L′′xxh, h) = 2(1 + λ1)h
2
1 + 2(1 + λ1)h

2
2 + 2h2h3,

h ∈ H = {h ∈ R3/2x∗1h1 + 2x∗2h2 − h3 = 0,

h1 + h2 + h3 = 0}:
Ayste�ic A(1, 1, 2) keti hamar kstananq

h1 = −h2, h3 = 0⇒ (L′′xxh, h) =
10

3
h22 > 0 ∀h 6= 0:
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Aysinqn` A-n lokal minimowmi ket �: Nowyn � ov stanowm
enq, or B(−2,−2, 8)-n lokal maqsimowmi ket �:

XNDIRNER

1. Grafikoren low�el het yal xndir�.

x1 + x22 → min,
x21 + x22 − 8 = 0:

2. Grafikoren low�el het yal xndir�.

x21 + x22 → min,
x21 + 2x22 − 8 = 0:

3. Stowgel, ardyo?q (0, 2) ket� het yal xndri
low�owmn �, �e o�:

x21 + x22 → min,
x2 + x21 − 2 = 0:

4. Stowgel, ardyo?q (−2, 2) ket� het yal xndri
low�owmn �, �e o�:

x1x2 → min,
x21 + x22 − 8 = 0:

5. Lagran�i gor�akicnerov low�el het yal
xndir�.

2x21 + x22 + 2x23 → extr,
2x1 + x2 + 2x3 = 12,
x1 + 2x2 + x3 = 10):
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6. Lagran�i gor�akicnerov low�el het yal
xndir�.

x21 − x22 + x23 → max,
x1 + 2x22 − x3 = 4,
2x1 + 2x2 + x3 = 14:

5.2 Lagran�i anoro� gor�akicneri me�od�
(xa�� sahmana�akowmneri depq�)

Ay�m ditarkenq paymanakan �ptimizaciayi
�ndhanowr xndir�, orte� sahmana�akowmner� trvowm
en havasarow�yownnerov  anhavasarow�yownnerov`

f0(x)→ extr,

fi(x) = 0, i ∈ [1 : k], fi(x) ≤ 0, i ∈ [k + 1 : m] : (5.2.1)

Ayste� en�adrvowm �, or fi(x), i ∈ [0 : m] fownkcianer�
an�ndhat diferenceli en Rn-i vra:
x ∈ Rn ket� ko�vowm � �owylatreli, e�e ayn bavararowm �
(5.2.1) xndri bolor sahmana�akowmnerin: x∗ ∈ Rn ket�
ko�vowm � (5.2.1) xndri low�owm, e�e ayn f0(x) fownkciayi
�qstremowmi ket �

M ≡ {x ∈ Rn/ fi(x) = 0, i ∈ [1 : k],

fi(x) ≤ 0, i ∈ [k + 1 : m]}

bazmow�yan vra:

Hi�enq na aktiv-pasiv sahmana�akowmneri
sahmanowm�, or� in�pes tesanq �akan der xa�ac
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ow�owcik xndirnerowm minimowmi keti oro�man
gradienti proyektman �n�acakargowm:

Dicowq x̄-� �owylatreli ket � (5.2.1) xndrowm: fi(x) ≤
0 (i ∈ [k + 1 : m]) sahmana�akowm� ko�vowm � aktiv ayd
ketowm, e�e fi(x̄) = 0: E�e fi(x̄) < 0, apa ayd sahmana{
�akowm� ko�vowm � pasiv: Ia(x̄) simvolov n�anakenq
x̄ ketowm aktiv sahmana�akowmneri indeqsneri
bazmow�yown�.

Ia(x̄) = {i ∈ [k + 1,m]/ fi(x̄) = 0}:

�i�t en het yal pndowmner� (te|s, �rinak` [20]):

�eorem 5.2.1 (�qstremowmi a�ajin kargi anhra{
�e�t payman�):Dicowq x∗ ket� (5.2.1) xndrowm lokal
minimowmi (lokal maqsimowmi) ket �: Ayd depqowm
goyow�yown ownen aynpisi λ0, ..., λm �ver, oroncic gone
mek� zroyic tarber �, or

a) L′xi(x
∗) = 0, i ∈ [1 : n], orte�

L(x, λ) =
m∑
i=0

λifi(x),

b) λi ≥ 0 (λi ≤ 0), i ∈ [k + 1 : m],

g) λifi(x
∗) = 0, i ∈ [k + 1 : m]:

g) havasarow�yown� ko�vowm � pasiv-aktiv sahma{
na�akowmneri payman:

Het anq 5.2.1:E�e f0, fi, i = k + 1, . . . ,m fownk{
cianer� ow�owcik en, isk fi, i = 1, . . . , k fownkcianer�`
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g�ayin, apa �eorem 5.2.1 paymanner� handisanowm
en global minimowmi bavarar paymanner:

�eorem 5.2.2 (A�ajin kargi bavarar pay-
man�): Dicowq x∗ vektor� bavararowm � het {
yal paymannerin.

1) x∗- � (5.2.1) xndri �owylatreli ket �,

2) goyow�yown owni aynpisi λ = (λ0, λ1, ..., λm)
λ0 = 1 vektor, or (x∗, λ) zowyg� bavararowm
� �eorem 5.2.1-i a), b), g) paymannerin,

3) x∗ ketowm (5.2.1) xndri aktiv sahmana{
�akowmneri  havasarow�yownneri qanak{
neri gowmar� havasar � n-i:

Ayd depqowm, e�e λi > 0, i ∈ Ia(x∗), apa x∗-� (5.2.1)
xndrowm lokal minimowmi ket �, e�e λi < 0, i ∈ Ia(x∗),
apa x∗-� (5.2.1) xndrowm lokal maqsimowmi ket �:

Ay�m � akerpenq qayleri ayn her�akanow�yown�, oronc
mijocov kareli � low�el xa�� sahmana�akowmnerov
ma�ematikakan �ragravorman xndirner�:

� Kazmel Lagran�i fownkcian:

� Grel �qstremowmi a�ajin kargi anhra�e�t
payman� Lagran�i fownkciayi hamar  
stanal havasarowmneri hamakarg, orov
bnow�agrvowm � xndri stacionar keteri
bazmow�yown�:

� Grel pasiv-aktiv sahmana�akowmneri
paymanner�  anhavasarow�yownnerin ha{
mapatasxano� Lagran�i gor�akicneri o�
bacasakan (o� drakan) linelow paymanner�:
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� Low�el stacva� hamakarger�` ha�vi a�nelov
Lagran�i gor�akicneri n�anner�:

� �ptimalow�yan a�ajin kargi bavarar
paymanneri mijocov ayd low�owmneric anjatel
�qstremowmi keter�:
Ays algori�m� meknabanenq �rinaki mijocov:

�rinak: Low�el het yal xndir�.

x1 − x22 → extr,
x1 − x2 − 1 = 0,
x21 + x22 − 5 ≤ 0 :

Kazmenq Lagran�i fownkcian

L(x, λ) = λ0(x1 − x22) + λ1(x1 − x2 − 1) + λ2(x
2
1 + x22 − 5):

�st �qstremowmi anhra�e�t paymani` ownenq hava{
sarowmneri  anhavasarowmneri het yal hamakarg�.

(a) L′x1(x, λ) = λ0 + λ1 + 2λ2x1 = 0,

(b) L′x2(x, λ) = −2λ0x2 − λ1 + 2λ2x2 = 0,

(c) x1 − x2 − 1 = 0, x21 + x22 − 5 ≤ 0,

(d) λ2 ≥ 0,

(e) λ2(x
2
1 + x22 − 5) = 0:

Ditarkenq erkow depq.

1) λ0 = 0,

2) λ0 6= 0:
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A�ajin depqowm hamakargi (a)  (b) havasarowmneric
kstananq {

λ1 + 2λ2x1 = 0,
−λ1 + 2λ2x2 = 0

(5.2.2)

hamakarg�: E�e λ2 = 0, apa (5.2.2) hamakargic
kstananq λ1 = 0, aysinqn` bolor gor�akicner� zro en,
or� hakasow�yown �:
E�e λ2 6= 0, apa (g)  (e) paymanneric kstananq{

x21 + x22 − 5 = 0,
x1 − x2 − 1 = 0

hamakarg�: Ays hamakarg� owni erkow low�owm.{
x1 = 2,
x2 = 1

(5.2.3)

kam {
x1 = −1,
x2 = −2:

(5.2.4)

Gowmarelov (5.2.2) hamakargi havasarowmner�`
kstananq

2λ2(x1 + x2)⇒ x1 = −x2,

or� hakasowm � (5.2.3)  (5.2.4) hamakargerin: Het abar
a�ajin depq� hnaravor ��:
Ditarkenq erkrord depq�. λ0 6= 0: �ndownelov λ0 = 1`
(a)  ( b) paymanneric kstananq{

1 + λ1 + 2λ2x1 = 0,
−2x2 − λ1 + 2λ2x2 = 0:

(5.2.5)
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E�e λ2 = 0, apa (5.2.5) hamakargic  (g)
havasarow�yownic kstananq

1 + λ1 = 0,
−2x2 − λ1 = 0,
x1 − x2 − 1 = 0:

Low�elov ays hamakarg�` stanowm enq stacionar
het yal ket�.

A(3/2, 1/2), λ1 = −1, λ2 = 0:

λ2 6= 0 depqowm ownenq
x21 + x22 − 5 = 0,
x1 − x2 − 1 = 0,
1 + λ1 + 2λ2x1 = 0,
−2x2 − λ1 + 22x2 = 0

hamakarg�: Low�elov ays hamakarg�` stanowm enq  s
erkow stacionar keter.

B(2, 1), λ1 = −5/3, λ2 = 1/6,

C(−1,−2), λ1 = 2/3, λ2 = 5/6:

Ays ereq keteri hamar stowgenq �qstremowmi a�ajin
kargi bavarar paymanner�:

B keti hamar aktiv � x21 +x22−5 ≤ 0 sahmana�akowm�
 nran hamapatasxan Lagran�i gor�akic�
drakan �: Myows ko�mic, aktiv sahmana�akowmneri
 havasarow�yownneri qanakneri gowmar� havasar �
erkowsi, or� anhaytneri �ivn �: N�anakowm � B-n lokal
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minimowmi ket �: Nowyn � ov` C-n lokal minimowmi ket
�: Bayc qani or xndri sahmana�akowmneri bazmow{
�yown� kompakt �, apa npatakayin fownkcian owni
global minimowmi  maqsimowmi keter: Ha�velov stacva�
keterowm npatakayin fownkciayi ar�eqner�` parzowm
enq, or A ket� global maqsimowmi ket �, C-n global
minimowmi ket �, isk B-n lokal minimowmi ket �:

XNDIRNER

1. Low�el xa�� sahmana�akowmnerov het yal
xndir�.
x21 − x2 → min,
x1 + x2 − 6 = 0,
1− x1 ≤ 0,
x21 + x22 − 26 ≤ 0:

2. Low�el xa�� sahmana�akowmnerov het yal
xndir�.
x21 + x22 + x23 → min,
2x1 − x2 + x3 ≤ 5,
x1 + x2 + x3 = 3:

3. Gtnel �o�a�o� KM(x) kon� M bazmow�yan
hamar x ketowm:

a) M = {(x1, x2) ∈ R2\int(R2
+) : x21 + x22 ≤ 1},

x = (0, 1):

b) M = {(x1, x2) ∈ R2\int(R2
+) : x21 + x22 ≤ 1},

x = (0, 0):
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g) M = {(x1, x2)/x21 ≤ x32}, x = (0, 0):

d) M = {0, 1, 1

2
, ...,

1

n
, ...}, x = 0:

Cowcowm: Dicowq

ϕ(α) =

{
−α + 1

n
, α ∈ (1

2
( 1
n

+ 1
n+1

) 1
n
]

−α + 1
n+1

, α ∈ (1
2
( 1
n

+ 1
n+1

) 1
n+1

] :

Apacowcel, or α + ϕ(α) ∈ M, ϕ(α) = o(α),
aysinqn` h = 1 vektor� �o�a�o� �: Owremn
KM(0) = R+:

e) M = {0, 1, 1

2
, ...,

1

2n
, ...}, x = 0:

4. Apacowcel het yal pndowm�. orpeszi K ⊆ Rn

kon� lini ow�owcik, anhra�e�t �  bavarar,
or ∀x, y ∈ K ⇒ x+ y ∈ K:

5*. Dicowq K ⊆ Rn �ak ow�owcik kon �: Apacowcel,
or K∗∗ = K:

6. Dicowq K1, K2 ⊆ Rn-� �ak ow�owcik koner en:
Apacowcel, or

a) (K1 +K2)
∗ = K∗1 ∩K∗2 ;

b) (K1 ∩K2)
∗ = K∗1 +K∗2 :

Low�owm: Ownenq

(K1 ∩K2)
∗ = (K∗∗1 ∩K∗∗2 )∗ =

= ((K∗1 +K∗2)∗)∗ = (K∗1 +K∗2)∗∗ = K∗1 +K∗2:
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Glowx 6

Variacion ha�iv

Variacion ha�iv� �ptimizaciayi ba�in �,
orte� owsowmnasirvowm en integralayin tipi
fownkcionalneri minimizaciayi xndirner� oro�
fownkcional tara�ow�yownnerowm: Leonard �yleri
fowndamental a�xatanqneri �norhiv variacion
ha�v� da�nowm � inqnowrowyn ma�ematikakan a�arka
 trvowm � ayd dasi xndirneri low�man �ndhanowr
me�odika: Aydpisi xndirnerowm �qstremalneri
bnow�agrman hamar trvec �ndhanowr anhra�e�t
payman: Variacion ha�vi xndirneri low�man
me�odneri m�akman gor�owm irenc kar or nerdrowmner�
ownecan na sovetakan ma�ematikosner M. A.
Lavrent �, S. L. Sobol �, N. N. Bogolyowbov�  ayloq
(tes [6, 25]):
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Ays glxowm ditarkvowm �

I(y) =

x1∫
x0

L(x, y, y′) dx

tipi fownkcionali minimizaciayi (maqsimizaciayi)
xndir� C1[x0, x1] fownkcional tara�ow�yan vra:
Cowyc � trvowm, or ayd fownkcionali �qstremowmner�
bavararowm en ezrayin paymannerov erkrord kargi
mi diferencial havasarman�, or� ko�vowm � �yleri
havasarowm: Ayd havasarowmov kap � ste��vowm
variacion ha�vi  diferencial havasarowmneri
tesow�yownneri mij : Ayd isk pat�a�ov variacion
ha�vi me�odner� �gtagor�owm en ezrayin paymannerov
diferencial havasarowmneri low�owmneri goyow�yan
apacowycnerowm: Ays glxowm variacion ha�vi par-
zagowyn xndirneri �qstremalneri bnoro�man hamar
trvowm en oro� bavarar paymanner: Variacion ha�vi
tesow�yan aveli xor� owsowmnasirow�yownneri het
kareli � �ano�anal [3, 4, 31, 32] a�xatanqnerowm:

6.1 �yleri havasarowm�

Dicowq L(x, y, y′)-�` orpes ereq �o�oxakani
fownkcia, erkow angam an�ndhat diferenceli � R3-i
vra: Pahanjvowm � gtnel aynpisi y(x) ∈ C1[x0, x1]
fownkcia, or� bavarari y(x0) = y0, y(x1) = y1 ezrayin

paymannerin  handisana I(y) ≡
x1∫
x0

L(x, y, y′) dx

fownkcionali lokal minimowmi (lokal maqsimowmi) ket
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C1[x0, x1] tara�ow�yan normi imastov: Ays xndir� � a-
kerpvowm � het yal kerp.

I(y) ≡
x1∫
x0

L(x, y, y′) dx→ extr, (6.1.1)

y(x0) = y0, y(x1) = y1,

or� ko�vowm � amracva� ezrerov variacion xndir: Ayn
variacion ha�vi parzagowyn xndirn �:
Ay�m tanq I fownkcionali lokal minimowmi (lokal

maqsimowmi) sahmanowm� C1[x0, x1] tara�ow�yan normi
imastov:

Sahmanowm 6.1.1:Dicowq

M ≡ {y ∈ C1[x0, x1]/y(x0) = y0, y(x1) = y1}:

y∗ ∈M ko�vowm � I fownkcionali lokal minimowmi
(lokal maqsimowmi) ket M bazmow�yan vra, e�e
goyow�yown owni aynpisi δ > 0 �iv, or bolor y ∈
∈ M fownkcianeri hamar, oronq bavararowm en
‖y − y∗‖1 < δ paymanin, te�i owni

I(y) ≥ I(y∗) (I(y) ≤ I(y∗)

anhavasarow�yown�:
y∗-� ko�vowm � na (6.1.1) xndri low�owm:

�eorem 6.1.1:E�e y∗(x) fownkcian (6.1.1) xndri
low�owmn �, apa ayn bavararowm �

− d

dx
L′y′ + L′y = 0 (6.1.2)
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diferencial havasarman�, or� ko�vowm � �yleri

havasarowm:

I En�adrenq, or y∗-� (6.1.1) xndrowm lokal minimowmi ket
� (lokal maqsimowmi depq� qnnarkvowm � analog � ov):
Dicowq h(·) ∈ C1

0 [x0, x1]: Aysinqn`

h(·) ∈ C1[x0, x1]  h(x0) = 0, h(x1) = 0:

Ditarkenq mek �o�oxakani het yal fownkcian.

ϕ(α) =

x1∫
x0

L(x, y∗(x) + αh(x), (y∗(x))′ + αh′(x)) dx: (6.1.3)

Qani or y∗-� I fownkcionali lokal minimowmi ket �, apa
bavakana�a� �oqr α �veri hamar te�i owni

ϕ(α) ≥ ϕ(0)

anhavasarow�yown�: Aysinqn` 0 ket� ϕ fownkciayi lokal
minimowmi ket �:
Het abar

ϕ′(0) = 0:

Ayste�ic` �st parametric kaxva� integrali
a�ancman kanoni, kownenanq

ϕ′(0) =

x1∫
x0

(L′yh+ L′y′h
′) dx = 0: (6.1.4)
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Katarenq maserov integrowm, ha�vi a�nelov h(x0) =
0, h(x1) = 0 paymanner�` kstananq

x1∫
x0

L′y′h
′dx = L′y′(h(x1)− h(x0))−

x1∫
x0

d

dx
L′y′h dx =

= −
x1∫
x0

d

dx
L′y′h dx:

Ayste�ic  (6.1.4)-ic` kstananq

x1∫
x0

(L′y −
d

dx
L′y′)h(x) dx = 0 ∀h(x) ∈ C1[x0, x1],

h(x0) = 0, h(x1) = 0: (6.1.5)

Ay�m cowyc tanq, or (6.1.5) paymanic het owm � �yleri
havasarowm�:
N�anakenq

a(x) ≡ L′y(x, y
∗, (y∗)′)− d

dx
L′y′(x, y

∗, (y∗)′):

Cowyc tanq, or

a(x) = 0 ∀x ∈ [x0, x1]:

En�adrenq, or in�-or ξ ∈ [x0, x1] ketowm a(ξ) 6= 0:
�ndhanrow�yown� �xaxtelov` en�adrenq, or a(ξ) > 0:
Qani or a(x)-� an�ndhat fownkcia �, apa goyow�yown
kownena ξ keti aynpisi �rjakayq` (ξ − δ, ξ + δ) ⊆ [x0, x1],
or

a(x) > 0 ∀x ∈ (ξ − δ, ξ + δ):
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Dicowq

p = ξ − δ, q = ξ + δ:

Ay�m ditarkenq het yal h(x) fownkcian.

h(x) =


0, e�e x ∈ [x0, p]
(x− p)2(x− q)2, e�e x ∈ [p, q]
0, e�e x ∈ [q, x1]:

(te|s g�. 6.1)

G�. 6.1: h fownkciayi grafik�

Parz �, or h(·) ∈ C1[x0, x1]  h(x0) = h(x1) = 0:
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Ownenq
x1∫
x0

a(x)h(x)dx =

q∫
p

a(x)h(x) dx > 0,

or� hakasowm � (5.1.5)-in: �

�rinak (�yleri havasarman low�owm� handisanowm �
�qstremowmi xndri lokal minimowmi ket):

I(y) ≡
1∫

0

(y′)3 dx→ min, y(0) = 0, y(1) = 1):

Kazmenq �yleri havasarowm�

d

dx
3(y′)2 = 0⇒ 3(y′)2 = C ⇒ y′ = const⇒

⇒ y(x) = C1x+ C2:

Ha�vi a�nelov xndri ezrayin paymanner�` kstananq
y∗(x) = x, or� xndri miak �qstremaln �: Cowyc tanq,
or ayn lokal minimowmi ket �:
Dicowq

h(·) ∈ C1
0 [0, 1]:

Ayd depqowm

I(y∗ + h) =

1∫
0

(1 + h′)3 dx =

1∫
0

dx+ 3

1∫
0

h′ dx+

+

1∫
0

(h′)2(3 + h′) dx = I(y∗) +

1∫
0

(h′)2(3 + h′) dx:
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Ayste�ic` aknhayt �, or e�e ‖h‖1 < 3, apa

3 + h(x) > 0 ∀x ∈ [0, 1]:

Het abar
I(y∗ + h) ≥ I(y∗),

aysinqn` y∗(·)-� lokal minimowmi ket �:

XNDIRNER

1. Low�el variacion ha�vi het yal parzagowyn
xndirner�.

a)

1∫
0

((y′)2 + y2) dx→ min, y(0) = 0, y(1) = 1:

b)

0∫
−1

(12xy − (y′)2)dx→ min, y(−1) = 1, y(0) = 0:

g)

π/2∫
0

((y′)2 − y2) dx→ min, y(0) = 1, y(π/2) = 0:

d)

1∫
0

(y2 + (y′)2 + 2y exp(x)) dx → min, y(0) =

= 0, y(1) = 1:

e)

3/2∫
0

((y′)2 + 2y) dx→ min, y(0) = 0, y(3/2) = 1:
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z)

1∫
0

(4y sinx−y2− (y′)2) dx→ max, y(0) = y(1) =

= 0:

�)

π/2∫
0

(6y sin 2x + y2 − (y′)2) dx → max, y(0) =

= y(π/2) = 0:

2. Amenaarag vayr�jqi xndir�: Ow��a�ig har-
�ow�yan mej mi nowyn ow��a�igi vra �gtnvo� A(x0, y0)
 B(x1, y1) keter� miacnel aynpisi o�ork korov, orov
�anrow�yan ow�i azdecow�yamb �ar�vo� nyow�akan ket�
ver i A ketic a�anc skzbnakan aragow�yan khasni
nerq i B ket amenakar� �amanakowm (tes g�.6.2):

Low�owm: Dicowq y(x)-� o�ork kor �, or� miacnowm � A  B
keter�: Dicowq M(x, y(x))-� kamayakan ket � kori vra:
�st �nergiayi pahpanman �renqi` ownenq

mv2/2 = mgy(x),

orte� m-� nyow�akan keti massan �, isk v-n`
aragow�yown�M ketowm, g-n` azat ankman aragacowm�:
Ayste�ic kstananq

v =
√

2gy(x):

Myows ko�mic, ownenq

v =
ds

dt
=

√
1 + (y′)2dx

dt
,
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G�. 6.2: Amenaarag vayr�jqi xndir�

orte� ds-� �lementar a�e�i erkarow�yownn �: Het abar

T (y) =
1√
2g

x1∫
x0

√
1 + (y′(x))2√

y(x)
dx,

orte� T (y)-� ayn �amanakamijocn �, ori �n�acqowm
ket� trva� korov A ketic hasnowm � B ket: Qani
or 1/

√
2g > 0 hastatown �, apa T (y) fownkcionali

minimizaciayi xndrowm kareli � ayn ha�vi �a�nel:
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Verjnakanoren kstananq �qstremowmi het yal xndir�.

I(y) ≡
x1∫
x0

√
1 + (y′(x))2√

y(x)
dx→ min, (6.1.6)

y(x0) = y0, y(x1) = y1:

Kazmenq �ylei havasarowm�: Qani or (6.1.6)-owm
en�integral L fownkcional� bacahayt kaxva� ��
x �o�oxakanic, apa �yleri havasarowmn owni het yal
tesq�.

L− y′L′y′ = C (tes, �rinak` [2]):

Ayste�ic mer �rinaki hamar kownenanq

L− y′L′y′ =
1 + (y′)2
√
y
− y′ y′√

1 + (y′)2y
= C:

Parzecnelowc heto kstananq

y(1 + (y′)2) =
1

C2
= C1:

N�anakenq

y′ = ctgt⇒ y =
C1

1 + (ctgt)2
= C1sin

2t⇒

⇒ dy = 2C1sintcostdt:

Ayste�ic kstananq

dx =
dy

y′
=

2C1sintcostdt

ctgt
= 2C1sin

2tdt⇒

⇒ x(t) = C1/2(2t− sin2t) + C2:
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N�anakalov p = 2t` kstananq cikloidneri �ntaniq

x = C1/2(p− sinp) + C2, y = C1/2(1− cosp):

C1, C2 hastatownner� oro�vowm en ayn paymanic, or
cikloid� petq � ancni A  B keterov: Cikloid� ayn
korn �, orov �ar�vowm � �rjanag�i fiqsa� ket�, erb
�rjanagi�� a�anc sahqi glorvowm � horizonakan
ow��ov (tes g�.6.3): Kareli � cowyc tal, or yowraqan�yowr
(x1, y1) (x1 > 0 , y1 > 0) keti hamar ka miayn mek
cikloid, orn � ancnowm A(x0, y0), (y0 > 0)  B(x1, y1)
keterov (tes g�.6.4):

G�. 6.3: Cikloidi kamar

G�. 6.4: Amenaarag vayr�jqi xndri low�owm� yowraqan�yowr
(x1, y1) keti hamar

3. Bolor o�ork koreri mej, oronq miacnowm en har�ow�yan
A(2, 1)  B(1, 0) keter�, gtnel ayn kor�, orov v = x
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aragow�yamb �ar�vo� nyow�akan ket� A ketic khasni
B ket amenakar� �amanakowm:

6.2 Lagran�i me�od� variacion ha�vi
xndirnerowm

Ditarkenq het yal xndir�.

I0(y) ≡
x1∫
x0

f0(x, y, y
′) dx→ extr, (6.2.1)

Ii(y) =

x1∫
x0

fi(x, y, y
′) dx = αi, i ∈ [1 : m], (6.2.2)

y(x0) = y0, y(x1) = y1: (6.2.3)

Ays xndir� ko�vowm � variacion ha�vi izope-
rimetrik1 xndir: En�adrvowm �, or fi, i ∈ [0 : m]
fownkcianer�, orpes ereq �o�oxakani fownkcianer,
erkow angam an�ndhat diferenceli en R3-i vra, isk
α1, α2, ..., αm hastatownner� trva� �ver en:
y∗1[x0, x1] fownkcian ko�vowm � �owylatreli, e�e ayn
bavararowm � (6.2. 2)  (6.2.3) paymannerin:

Sahmanowm 6.2.1:Kasenq, or �owylatreli y∗

fownkcian (6.2.1)-(6.2.3) xndrowm lokal minimowm �
(lokal maqsimowm �), e�e goyow�yown owni aynpisi δ > 0
�iv, or bolor �owylatreli y fownkcianeri hamar,

1mi nowyn parametr owneco�
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oronq bavararowm en ‖y − y∗‖1 < δ paymanin, te�i
owni

I0(y) ≥ I0(y
∗) (I0(y) ≤ I0(y

∗)

anhavasarow�yown�:
Kazmenq Lagran�i fownkcian

L(x, y, y′, λ) ≡ λ0f0(x, y, y
′) + λ1f1(x, y, y

′) + ...+

+λmfm(x, y, y′),

orte� λ = (λ0, λ1, ..., λm) ∈ Rm+1:

�eorem 6.2.1:Dicowq y∗(x) fownkcian (6.2.1) xndri
low�owm �: Ayd depqowm goyow�yown ownen aynpisi
λ0, ..., λm �ver, oroncic gone mek� zro ��, or y∗(x)-�
bavararowm �

− d

dx
L′y′ + L′y = 0

diferencial havasarman� y(x0) = y0, y(x1) = y1
ezrayin paymannerov:
I Dicowq y∗ fownkcian (6.2.1)-(6.2.3) xndrowm lokal
minimowm � (lokal maqsimowmi depq� qnnarkvowm � analog
� ov): N�anakenq

δIi(y
∗, h) ≡ lim

α↓0

Ii(y
∗ + αh)− Ii(y∗)

α
:

He�t � cowyc tal, or

δIi(y
∗, h) =

x1∫
x0

(− d

dx
f ′iy′ + f ′iy)h(x) dx, i ∈ [0 : m]:
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Ayste�ic het owm �, or δIi(y
∗, h) fownkcional� h-i

nkatmamb g�ayin �: Ditarkenq het yal g�ayin
�perator�.

A : C1
0 → Rm+1,

Ah ≡ (δI0(y
∗, h), δI1(y

∗, h), ..., δIm(y∗, h)):

ImA-ov n�anakenq A �peratori patker�: Hnaravor �
erkow depq.

1) ImA ⊂ Rm+1,

2) ImA = Rm+1:

A�ajin depqowm ImA-n Rm+1 tara�ow�yan se�akan
en�atara�ow�yownn �: Het abar, goyow�yown owni o�
zroyakan aynpisi λ = (λ0, ..., λm+1) vektor, or�
ow��ahayac � ayd en�atara�ow�yan�, aysinqn`

(λ,Ah) = 0 ⇒ λ0δI0(y
∗, h) + ... + λmδIm(y∗, h) = 0

∀h ∈ C1
0:

Ayste�ic kstananq

x1∫
x0

(− d

dx
L′y′ + L′y)h(x) dx = 0 ∀h ∈ C1

0: (6.2.2)

In�pes parzagowyn xndrowm, ayste� nownpes kareli �
cowyc tal, or (6.2.2)-ic het owm �, or

− d

dx
L′y′ + L′y = 0:
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Ditarkenq erkrord depq�: Dicowq {e0, ..., em}
hamakarg� bazis � kazmowm Rm+1 tara�ow�yownowm:
�ntrenq aynpisi h0, h1, ..., hm fownkcianer, or

δIj(y
∗, hi) =

{
1, e�e i = j,
0, e�e i 6= j:

Kazmenq havasarowmneri het yal hamakarg�.
ϕ0(β0, ..., βm) ≡ I0(y

∗ +
∑m

j=0 βjhj) = I0(y
∗)− ε,

ϕi(β0, ..., βm) ≡ Ii(y
∗ +

∑m
j=0 βjhj) = αi, i ∈ [1 : m]:

(6.2.3)
Ays hamakargowm ε-� parametr �: Ownenq.

∂ϕi
∂βj

(0) = δIi(y
∗, hj):

Ayste�ic heteowm �, or (6.2.3) hamakarg� bavararowm
� hakadar� artapatkerowmneri masin �eoremi bolor
paymannerin (te|s, �rinak` [3], �j 31): Da n�anakowm
�, or goyow�yown owni aynpisi β(ε) ≡ (β0(ε), ..., βm(ε))
vektor fownkcia, oro�va� zroyi in�-or mi �rjakayqowm,
or� aydte� bavararowm � (6.2.3) hamakargin  β(ε) →
→ 0, erb β → 0: Het abar, e�e ε parametr� drakan �,
apa kstananq hakasow�yown, qani or y∗-� (6.2.1) xndri
lokal minimowmi ket �:
�
�rinak (�yleri havasarman low�owm� izoperimetrik
xndrowm global minimowmi ket �):

I0(y) =

1∫
0

(y′)2 → min,
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I1(y) =

1∫
0

y dx = 0, y(0) = 0, y(1) = 1:

Low�owm: Kazmenq Lagran�i fownkcian

L = λ0(y
′)2 + λ1y:

�yleri havasarowm� ays fownkciayi hamar het yaln �.

− d

dx
L′y′ + L′y = 0⇒ −2λ0y

′′ + λ1 = 0:

E�e λ0 = 0, apa λ1 = 0  Lagran�i bolor
gor�akicner� havasar en zroyi: Ayd depqowm
�owylatreli �qstremalner �kan: �yleri havasarman
mej te�adrenq λ0 = 1: Ayd depqowm ayd havasarman
�ndhanowr low�owm� klini y(x) = C1x

2 + C2x + C3

fownkcian: C1, C2, C3 anoro� gor�akicner� oro�enq
ezrayin  izoperimetriayi het yal paymanneric.

y(0) = 0⇒ C3 = 0,
y(1) = 1⇒ C1 + C2 = 1,
1∫
0

ydx = 0⇒
1∫
0

(C1x
2 + C2x) dx = 0⇒

⇒ C1/3 + C2/2 = 0:

Ayste�ic kstananq miak �owylatreli �qstremal�`

y∗(x) = 3x2 − 2x:

Apacowcenq, or ayn global minimowmi ket �: Dicowq y(·)-�
�owylatreli fownkcia �: Ayd depqowm

y(·)− y∗(·) = h(·) ∈ C1
0 [0, 1]  

1∫
0

h dx = 0:
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Ownenq`

I0(y(·))− I0(y∗(·)) =

1∫
0

((y∗)′ + h′)2 dx−
1∫

0

((y∗)′)2 dx =

=

1∫
0

2(y∗)′hdx+

1∫
0

(h′)2dx ≥ 2

1∫
0

(y∗)′h′ dx:

Katarelov maserov integrowm` kstananq

1∫
0

(y∗)′h′ dx =

1∫
0

(y∗) dh = y∗h|10 −
1∫

0

(y∗)′′h dx =

= −6

1∫
0

h dx = 0:

Ayspisov,

I0(y
∗(·)) ≥ I0(y

∗(·))

cankaca� �owylatreli y(·) fownkciayi hamar:

�rinak (Didonayi2 xndir� maqsimal makeresov se�a{
nakerpi masin):

Trva� � f(x) fownkcian [−x0, x0] hatva�i vra: Grafik�
nerkayacno� kori erkarow�yown� hastatown �: Gtnel
grafiki tesq� aynpes, or koragi� se�ani makeres�
lini me�agowyn:

2Kar�ageni �agowhi, m.�.a. 8-rd dar
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Ays xndir� � akerpvowm � het yal kerp.

x0∫
−x0

y(x) dx→ max,

x0∫
−x0

√
1 + (y′)2 dx = l, y(−x0) = y(x0) = 0:

Low�owm: Kazmenq Lagran�i fownkcian.

L(y, y′, λ) = λ0y + λ1
√

1 + (y′)2:

Qani or Lagran�i fownkcian bacahayt kaxva� ��
x �o�oxakanic, apa �yleri havasarowm� kownena
het yal tesq�.

L− y′L′y′ = C ⇒ λ0y − C =
−λ1√

1 + (y′)2
: (6.2.4)

Ayste�ic het owm �, or e�e λ0 = 0, apa kam λ1 = 0 kam
y′ = 0:
A�ajin depq� hnaravor ��, orovhet Lagran�i
gor�akicner� mia�amanak zro linel �en karo�: Erkrord
depqowm, ha�vi a�nelov ezrayin  izoperimetrayi
paymanner�, kownenanq

y∗(x) ≡ 0, l = 2x0:

E�e λ0 = 1, apa n�anakelov y′ = tgt, (6.2.4)-ic
kstananq`

y(t)− C = −λ1 cos t: (6.2.5)

Myows ko�mic, ownenq
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dy

dx
= tgt⇒ dx =

dy

tgt
⇒ x(t)− C1 = λ1 sin t: (6.2.6)

(6.2.5)-(6.2.6) havasarow�yownneric het owm �, or

(x− C1)
2 + (y − C)2 = λ21:

Ezrayin paymanneric stanowm enq, or C1 = 0: Ayspisov,
e�e l < 2x0, apa xndir� low�owm �owni: E�e l = 2x0,
apa y∗(x) ≡ 0: E�e l > 2x0  xndir� owni �ptimal
low�owm, apa nra grafik� petq � ownena �rjanag�ayin
a�e�i tesq: Ayd �rjanagi�� ancnowm � (−x0, 0)  (x0, 0)
keterov, isk nra kentron� gtnvowm � OY a�ancqi vra:
Kareli � cowyc tal, or e�e l > πx0, apa xndir� �ptimal
low�owm �owni:

XNDIRNER

Lagran�i gor�akicneri me�odov low�el variacion
ha�vi het yal izoperimetrik xndirner�:

a)

1∫
0

(y′)2 dx→ min,

1∫
0

y dx = 0, y(0) = 0, y(1) =

= 1:

b)

1∫
0

(y′)2 dx→ min,

1∫
0

xydx = 0, y(0) = y(1) = 0:
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g)

π∫
0

(y′)2 dx → min,

π∫
0

ysinx dx = 0, y(0) =

= y(π) = 1:

d)

π∫
0

(y′)2 dx → min,

π∫
0

ycosxdx = π/2, y(0) =

= 1, y(π) = −1:

e)

π∫
0

ysinx dx → min,

π∫
0

(y
′
)2 dx = 3π/2, y(0) =

= 1, y(π) = π:

6.3 Variacion ha�vi dasakan izoperimetrik
xndir�

Xndir: Apacowcel, or l erkarow�yan ktor a� ktor
o�ork, parz har� �ak koreri mej amename� makeres
zba�ecnowm � �rjanagi��:

Low�owm: Dicowq

x = x(s), y = y(s), s ∈ [0, l]

kori parametrakan havasarowmnern en: Ha�vi
a�nelov �o�oxakan a�e�i erkarow�yan diferenciali
 makeresi haytni bana� er�` kareli � tal xndri
het yal ma�ematikakan � akerpowm�.

S(x, y) =

l∫
0

x(s)
dy

ds
ds→ max, (

dx

ds
)2 + (

dy

ds
)2 = 1:
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x(s)  y(s) fownkcianer� nerkayacnenq Fowriei �arqov`

x(s) =
1

2
a0 +

∞∑
n=1

(an cos
2πn

l
s+ bn sin

2πn

l
s), (6.3.1)

y(s) =
1

2
c0 +

∞∑
n=1

(cn cos
2πn

l
s+ dn sin

2πn

l
s)): (6.3.2

Ayste�ic` ays fownkcianeri a�ancialneri hamar
kownenanq het yal bana� er�.

dx

ds
=
∞∑
n=1

(−2πn

l
an sin

2πn

l
s+

2πn

l
bn cos

2πn

l
s), (6.3.3)

dy

ds
=
∞∑
n=1

(−2πn

l
cn sin

2πn

l
s+

2πn

l
dn cos

2πn

l
s: (6.3.4)

Haytni � na , or e�e αn, βn, n = 0, 1, 2, ... �ver� f
fownkciayi Fowriei gor�akicnern en, isk γn, δn, n =
0, 1, 2, ... �ver�` ϕ-i gor�akicnern en, apa

2

l

l∫
0

f(s)ds =
α2
0

2
+
∞∑
i=1

(α2
n + β2

n),

2

l

l∫
0

f(s)ϕ(s)ds =
1

2
α0γ0 +

∞∑
n=1

(αnγn + βnδn):

Ayste�ic` nkati ownenalov na (6.3.3)  (6.3.4)
bana� er�` har� patkeri makeresi hamar kstananq
het yal bana� �.

S = π
∞∑
n=1

n(andn − bncn) : (6.3.5)
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Qani or
l∫

0

((
dx

ds
)2 + (

dy

ds
)2) ds = l,

apa, ha�vi a�nelov na a�ancialneri (6.3.3)-(6.3.5)
bana� er�, kstananq, or kori l erkarow�yown� petq �
bavarari het yal havasarman�.

l =
2π2

l

∞∑
n=1

n2(a2n + b2n + c2n + d2n): (6.3.6)

Makeresi (6.3.5)  kori erkarow�yan (6.3.6) bana� eric
het owm �, or

l2

4π
− S =

π

2

∞∑
n=1

((nan − dn)2 + (nbn + cn)2+

+(n2 − 1)(c2n + d2n)) ≥ 0: (6.3.7)

Ayspisov, stacanq hanhrahayt het yal izoperi-
metrik anhavasarow�yown�.

S ≤ l2

4π
: (6.3.8)

Parz �, or (6.3.7) anhavasarow�yown� kvera�vi
havasarow�yan, erb

a1 = d1, b1 + c1 = 0, an = bn = cn = dn = 0,

n = 2, 3, ...:

Ayste�ic`

x =
1

2
a0 + a1 cos s+ b1 sin s,
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y =
1

2
c0 − b1 cos s+ a1 sin s,

aysinqn`

(x− 1

2
a0)

2 + (y − 1

2
c0)

2 = a21 + b21 =
l2

4π
:

Het anq 6.3.1 (Didonayi a�ajin xndir�): L er{
karow�yown owneco� bolor ow��eli koreri mej gtnel
ayn kor�, ori �ayrer� gtnvowm en l ow��i vra  ,
or� [A,B] hatva�i het verin kisahar�ow�yownowm
sahmana�akowm � amename� makeresov patker
(tes g�.6.5 ) :

G�. 6.5: Didonayi a�ajin xndir�

Dicowq ACB-n kamayakan a�e� � A  B skzbnaketerov
 [A,B] hatva�i het sahmana�akowm � S makeres
(tes. g�.6.5): ACB a�e�� hama�a� artapakerelov l
ow��i nkatmamb` stanowm enq 2L erkarow�yamb �ak kor,
or� sahmana�akowm � 2S makeresov patker: Hama�ayn
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arden haytni (6.3.8) izoperimetrik anhavasarow�yan`
kstananq

(2L)2 ≥ 4π2S:

Orte�ic

S ≤ L2

2π
:

Het abar, S-i maqsimal ar�eq� havasar klini L2

2π

 ayn hasaneli klini, erb ACB a�e�� lini [AB]
tramag�ov kisa�rjan:

Het anq 6.3.2 (Didonayi erkrord xndir�): Dido{
nayi a�ajin xndrowm a�e�i A,B �ayraketer�
kamayakan en l ow��i vra (nranq �ar�akan
en): Ay�m ditarkenq nowyn xndir� miayn ayn
en�adrow�yamb, or a�e�i A,B �ayraketer�
amragrva� en l ow��i vra:

Dicowq AĈB a�e�� �rjanag�ayin a�e� � henva�
[A,B] lari vra (te|s g�.6.6): Lracnenq ayn ADB
a�e�ov min� �rjanagi�: ADB a�e�i erkarow�yown�
n�anakenq λ-ov, isk ayd a�e�ov  [A,B] hatva�ov
sahmana�akva� segmenti makeres�` σ-ov: Dicowq
ACB-n kamayakan a�e� �` bavararo� xndri
paymannerin  [A,B] hatva�i het ezra�akowm �
S makeresov patker: ACBD �ak kor� owni L + λ
erkarow�yown  sahmana�akowm � S + σ makeres: �st
izometrik (6.3.8) anhavasarow�yan` ownenq

4π(S + σ) ≤ (L+ λ)2:

Ayste�ic`

S ≤ 1

4π
(L+ λ)2 − σ:
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G�. 6.6: Didonayi erkrord xndir�

Het abar S-� khasni maqsimowmi, erb ACBD kor� lini
�rjanagi�:

XNDIRNER

1. Dicowq ownenq erkow qa�ankyownner, oronc
ko�eri erkarow�yownner� mi nowyn a, b, c, d
�vern en: En�adrenq nrancic mekin kareli
� artag�el �rjanagi�: Apacowcel, or nra
makeres� me� � kam havasar myows qa�ankyan
makeresic:

Cowcowm: A1B1C1D1 qa�ankyan ko�erin
<kpcnel> ABCD qa�ankyan hamapatasxan
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G�. 6.7:

ko�erin kic segmentner�  �gtvel izoperi{
metrik anhavasarow�yownic (tes g�.6.7):

2. Cowyc tal, or �rjanin nerg�va� n ankyown
bazmankyownneri mej amename� makeres owni
kanonavor�:

Cowcowm: E�e A1A2 6= A2A3, apa L (L ‖ A1A3)
ow��i vra �ntrel D ket�

| A1D | + | DA3 |→ min

paymanic: Aynowhet , cowyc tal, or CD
�a�agay�i vra kareli � vercnel A′2 ket�
aynpes, or

SA1A′2A3
> SA1A2A3 (tes g�.6.8):
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G�. 6.8:

3*. Trva� parag�ov ow�owcik n ankyown bazm{
ankyownneri mej gtnel ayn bazmankyown�, ori
makeresn amename�n � (Zenodori xndir):

4. Cowyc tal, or mi nowyn himqov  trva�
paragi�n owneco� e�ankyownneri mej
amename� makeresn owni havasarasrown
e�ankyownin:

6.4 �qstremowmi bavarar paymanner�
variacion ha�vi xndirnerowm

Ay�m berenq variacion ha�vi parzagowyn xndri
�rinak, orte� �yleri havasarowm� owni miak low�owm, or�
�qstremowm ��: Aysinqn` �yleri havasarowm� �qstremowmi
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miayn anhra�e�t payman �: Ditarkenq het yal xndir�.

I(y) ≡
3π/2∫
0

((y′)2 − y2) dx→ min, y(0) = y(3π/2) = 0:

�yleri havasarowm� owni het yal tesq�.

y′′ + y = 0⇒ y(x) = C1 sinx+ C2 cosx:

Ha�vi a�nelov xndri ezrayin paymanner�` kstananq
y∗(x) ≡ 0: Ditarkenq fownkcianeri

yn(x) =
1

n
sin(

2x

3
)

hajordakanow�yown�: Aknhayt �, or ays fownkcianer�
�owylatreli en  

yn(·) C1

→ y∗(·) :

Myows ko�mic ownenq

I(yn) = −5π

n2
< 0 = I(y∗),

aysinqn` y∗-� lokal minimowmi ket ��:
Ay�m berenq bavarar mi payman, orov stowgvowm �, �e
erb �yleri havasarman low�owm� klini lokal minimowmi
ket: Dicowq y∗(x)-� variacion ha�vi parzagowyn xndri
�yleri havasarman low�owm �: N�anakenq

P (x) ≡ L′′y′y′(x, y
∗(x), (y∗(x))′),

Q(x) = − d

dx
L′′yy′(x, y

∗(x), (y∗(x))′)+
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+L′′yy(x, y
∗(x), (y∗(x))′):

Kazmenq het yal diferencial havasarowm�, or� ko�vowm
� Yakobii havasarowm.

d

dx
(P
dh

dx
)−Qh = 0 : (6.4.1)

Dicowq y∗(x) �qstremal� bavararowm � het yal erkow
paymannerin.

� y∗(x)-� bavararowm � Yakobii paymanin,
e�e (6.4.1) havasarowm� skzbnakan h(x0) =
= 0, h′(x0) = 1 paymannerov owni o� trivial
aynpisi h(x) low�owm, or

h(x) 6= 0 ∀ x ∈ (x0, x1]:

� y∗(x)-� bavararowm � Le�andri paymanin,
e�e

P (x) > 0 ∀x ∈ [x0, x1]:

��marit � het yal pndowm� (tes, �rinak` [2-3]):

�eorem 6.4.1: Dicowq y∗(x)-� (6.1.1) variacion
ha�vi parzagowyn xndri �yleri havasarman
low�owmn �  bavararvowm en Yakobii  Le�andri
paymanner�:
Ayd depqowm y∗(x)-� (6.1.1) xndrowm lokal minimowmi
ket �:

�rinak (Kar�agowyn �anaparhi xndir�):

1∫
0

√
1 + (y′)2 dx→ min, y(0) = 0, y(1) = 1: (6.4.2)

258



Low�owm: Qani or ayste� L fownkcian bacahayt
kaxva� �� x �o�oxakanic, apa �yleri havasarowm�
owni het yal tesq�.

L− y′L′y′ = C ⇒
√

1 + (y′)2 − (y′)2√
1 + (y′)2

= C ⇒

⇒ y(x) = C1x+ C2:

Ha�vi a�nelov (6.4.2) ezrayin paymanner�` kstananq

y∗(x) = x:

Stowgenq Yakobii payman�:
Ownenq

Q(x) = L′′yy −
d

dx
L′′yy′ ≡ 0,

P (x) =
1

(1 + (y∗)′)3/2
=

1

2
√

2
:

Yakobii havasarowm� owni het yal tesq�.

d2h

dx2
= 0:

Ayste�ic het owm �, or

h(x) = C1x+ C2:

Owsti h(x) = x fownkcian h(0) = 0, h′(0) = 1 skzbnakan
paymanov Yakobii havasarman o� trivial low�owm
�, or� zro �i da�nowm (0, 1] kisabac mijakayqi o� mi
ketowm: Het abar Yakobii bavarar payman� te�i
owni: Le�andri payman� nowynpes te�i owni, qani or
P (x) ≡ 1/(2

√
2) > 0: Ayspisov, y∗(x) = x fownkcian

kar�agowyn �anaparhi xndri low�owmn �:
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XNDIRNER

�gtagor�elov Yakobii  Le�andri paymanner�` low�el
variacion ha�vi het yal xndirner�:

a)

π/2∫
0

((y′)2 − y2) dx→ min, y(0) = 0, y(π/2) = 1:

b)

π/2∫
0

((y′)2 − y2 + 4ycosx) dx → min, y(0) =

= 0, y(π/2) = π/2:

g)

∫ 1

0

((y′)2 + y2 + 4ysh(x))dx → min, y(0) =

= −1, y(1) = 0:

d)

π/2∫
0

((y′)2 − 4y2) dx→ min, y(0) = 0, y(π/4) = 1:

e)

π/2∫
0

(y2 − 2(y′)2 + 2y) dx→ min, y(0) = y(π/2) =

= 0:
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Glowx 7

Ka�avarowm  �ptimal ka�avarowm g�ayin

hamakargerowm

�ptimal ka�avarman xndirner� �ptimizaciayi
tesow�yan xndirneri layn das �  ownen kira{
�akan kar or n�anakow�yown: �ptimal ka�avarman
tesow�yown� henva� � Pontryagini maqsimowmi
skzbownqi vra  intensiv zarganowm �: Hark enq
hamarowm n�el, or �ptimal ka�avarman tesow�yan
himnadirnern en L.S. Pontryaginn ow nra dproc�
(Boltyanski, Mi�enko, Gamkreli�e  owri�ner, 1953-1961,
tes [19]), isk ayd tesow�yan tarber aspektneri  
dranc veraberyal layn grakanow�yan het kareli �
�ano�anal [3, 4, 15, 31] a�xatanqnerowm:

Ays glxowm menq k�ano�ananq ka�avarman  �ptimal
aragagor�ow�yan xndri het g�ayin hamakargerowm:
Henman fownkcianeri �gnow�yamb ayd dasi xndirneri
hamar kapacowcenq Pontriagini maqsimowmi sk�z{
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bownq� orpes �qstremowmi anhra�e�t  bavarar
payman:

7.1 Ka�avarman  �ptimal ka�avarman

xndirneri drva�qner�

Ditarkelow enq �byekt, ori �ar�owm� nkaragrvowm �
diferencial havasarowmneri het yal hamakargov`

dx

dt
= f(t, x, u),

orte� u-n parametr �  ko�vowm � ka�avarowm:
Ka�avarvo� �byekti konkret �ar�owm� nkaragrelow
hamar anhra�e�t �

� tal u = u(t) ka�avarowm� orpes fownkcia t
�amanakic:

� N�el �byekti skzbnakan vi�ak�` x(t0)-n:

� Low�el Ko�ii xndir�.

dx

dt
= f(t, x(t), u(t)), x(t0) = x0: (7.1.1)

Aknhayt �, or �ar�man x(t) hetagi�� kaxva�
� u(t) ka�avarowmic:

En�adrvowm �, or ka�avarman u(t) vektor�
yowraqan�yowr t pahi bavararowm � u(t) ∈ U paymanin,
orte� U ⊂ Rm kompakt bazmow�yown �: u(t) ka�avarowm�
vercnowm en fownkcianeri tarber daseric` diferenceli,

262



an�ndhat, ktor a� ktor an�ndhat, �a�eli  ayln:
En�adrvowm � na , or ka skzbnakan mi M0 bazmow�yown,
oric sksvowm � �byekti �ar�owm�, aysinqn` �ar�man
x(t) hetagi�� skzbnakan t0 pahin petq � bavarari
x(t0) ∈ M0 paymanin: Ayste� drvowm � ka�avarman  
�ptimal ka�avarman het yal xndirner�:

� Anhra�e�t � �byekt� skzbnakan M0 baz{
mow�yownic �owylatreli u(t) ∈ U ka�avarman
�gnow�yamb te�a�oxel npatakayin M1 ⊂ Rn

bazmow�yown: Aysinqn` petq � �ntrel
aynpisi �owylatreli u(t) ka�avarowm, or
ayd ka�avarman� hamapatasxano� ko�ow
xndri low�man x(t) hetagi�� or � t1 pahi
hati M1 bazmow�yown�`

x(t1) ∈M1:

Sa ka�avarman xndri �ndhanowr drva�qn �:

� �ptimal ka�avarman aragagor�ow�yan
xndir� het yaln �. petq � �byekt� M0

bazmow�yownic te�a�oxel verjnakan M1

bazmow�yown minimal �amanakamijocowm:
Aysinqn` u(t) ka�avarowm� �ntrel aynpes,
or

x(t1) ∈M1, t1 − t0 → min:

�rinak: Ditarkenq fizikakan �o�anak, or� gtnvowm
� havasarak��ow�yan vi�akowm: E�e t pahin y(t)-n
�o�anaki �e�owmn � havasarak��ow�yan vi�akic, apa
nra �ar�man havasarowm� nkaragrvowm � het yal
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G�. 7.1:

diferencial havasarowmov.

d2y

dt2
+ y = 0:

En�adrenq �o�anaki vra kareli � azdel mi u ow�ov, or�
ow��va� � nra �ar�man g�ov  me�ow�yamb sahmana�ak
�, asenq` | u |≤ 1: Ayd depqowm u ka�avarowmov ayspisi
�o�anaki �ar�man havasarowm� klini het yal�.

d2y

dt2
+ y = u

(tes g� 7.1):

N�anakelov x1 = y, x2 = dy
dt
` havasarowm� berenq

a�ajin kargi diferencial havasarowmneri het yal
hamakargi. {

dx1
dt

= x2,
dx2
dt

= −x1 + u:

Ayste� fazayin vektori x = (x1, x2) a�ajin
koordinat� cowyc � talis �o�anaki �e�owm�
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havasarak��ow�yan dirqic, isk erkrord� nra
aragow�yownn �: Havasarak��ow�yan vi�ak� (0, 0)
ketn � fazayin har�ow�yownowm: En�adrenq mi
in�-or artaqin ow�i azdecow�yamb �o�anak�
te�a�oxvel � x0 = (x01, x

0
2) vi�aki: En�adrenq

�o�anaki gtnvel� ayd vi�akowm cankali ��  
anhra�e�t � artaqin u ow�i azdecow�yan tak nran
amenakar� �amanakahatva�owm noric te�a�ar�el
havasrak��ow�yan vi�ak: Sa aragagor�ow�yan xndirn
� ka�avarvo� fizikakan �o�anaki hamakargowm:

7.2 Oro� te�ekow�yownner diferencial ha{

vasarowmneri tesow�yownic

A) Skalyar depq: Ditarkenq ko�ow xndir� g�ayin
diferencial het yal havasarman hamar.

dx

dt
= ax+ u, x(t0) = x0, (7.2.1)

orte� x(t)-n skalyar fownkcia � t argowmentov, a-n
hastatown �, isk u(t)-n an�ndhat fowncia �: Haytni
�, or ays xndri low�owm� artahaytvowm � het yal
bana� ov`

x(t) = e(t−t0)a(x0 +

t∫
t0

e−(s−t0)au(s)ds): (7.2.2)
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Dranowm kareli � hamozvel anmijapes te�adrowmov:
Iroq parz �, or x(t0) = x0: Ownenq na 

dx

dt
= ae(t−t0)a(x0 +

t∫
t0

e−(s−t0)au(s)ds)+

+e−(t−t0)ae(t−t0)au(t) = ax(t) + u(t):

(7.2.2) bana� � ko�vowm � Ko�ii bana� : E�e u(t)-n ktor
a� ktor an�ndhat fownkcia �, isk τ1, τ2, . . . , τs-�` nra
xzman keter�, apa x(t)-n ktor a� ktor diferenceli
�  ayn bavararowm � (7.2.1) diferencial havasarman�
�amanaki bolor t 6= τi, (i = 1, 2, . . . s) paherin (tes
g�.7.2):

G�. 7.2: Havasarman ktor a� ktor dif. low�owm�

B) �ndhanowr depq (n > 1): Ditarkenq Ko�ii
xndir� g�ayin diferencial havasarowmneri het yal
hamakargi hamar.

dx

dt
= Ax+ u, x(t0) = x0, (7.2.3)
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orte�

x =


x1
.
.
.
xn

 , A =

 a11 ... a1n
... ... ...
an1 ... ann

 , u(t) =


u1(t)
.
.
.

un(t)

:

(7.2.3) xndri low�owm� artahaytvowm � het yal
bana� ov.

x(t) = e(t−t0)Ax0 +

t∫
t0

e(t−s)Au(s)ds, (7.2.4)

or� ko�vowm � Ko�ow bana� , isk e(t−t0)A-n �qsponencial
matric: Ayn sahmanvowm � het yal kerp.

etA = E+
t

1!
A+

t2

2!
A2+ · · ·+ tk

k!
Ak+ · · · =

∞∑
0

tk

k!
Ak: (7.2.5)

Cowyc tanq, or ays �arq� fiqsa� t ∈ R1 depqowm
bacar�ak zowgamet �: Iroq, e�e aij-in A matrici
�lement �, apa | aij |≤ ‖A‖, orte�

‖A‖ = max
x∈B1(0)

‖Ax‖:

Matricayin (7.2.5) �arqi kamayakan p �lement
nerkayacvowm � �vayin �arqi tesqov.

p = p1 + p2 + · · ·+ pk + . . . ,
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orte� pk-n
tk

k!
Ak

matrici hamapatasxan �lementn �: Ayspisov,

| pk |≤ ‖
tk

k1
Ak‖ ≤ | t |

k

k!
‖A‖k,

 het abar matricayin (7.2.5) �arq� bacar�ak
zowgamet �:

�qsponencial etA matric� owni het yal kar or
hatkow�yownner�.

(a) etAesA = e(t+s)A:

Iroq, qani or bacar�ak zowgamet �arqer�
kareli � bazmapatkel, apa

etAesA = (E+tA+
t2

2!
A2+. . . )(E+sA+

s2

2!
A2+. . . ) =

= E + (t+ s)A+
1

2!
(t2 + 2ts+ s2)A2+

+
1

3!
(t3 + 3t2s+ 3ts2 + s3)A3 + · · · = e(t+s)A:

(b) (etA)T = etA
T
:

(c) d
dt
etA = AetA = etAA:

Cowyc tanq g) hatkow�yown�: Nax etA matrici
yowraqan�yowr (etA)ij �lement an�ndhat diferenceli
fownkcia �, qani or

(etA)ij =
∞∑
k=0

tk

k!
(Ak)ij:
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Owsti asti�anayin �arq� andam a� andam a�ancelov`
kownenanq

d

dt
etA =

d

dt
(E + tA+

t2

2!
Ak + · · ·+ tk

k!
Ak + . . . ) =

= A+ tA2 + · · ·+ tk−1

(k − 1)!
Ak + · · · =

= A(E + tA+ · · ·+ tk−1

(k − 1)!
Ak−1 + . . . ) = AetA = etAA:

Ays hatkow�yown� �owyl � talis anmijakanoren stowgel,
or (7.2.4) bana� ov trvo� fownkcian Ko�ow xndri
low�owmn �: Iroq

dx

dt
= Ae(t−t0)A(x0 +

t∫
t0

e−(s−t0)Au(s)ds)+

+e−(t−t0)Ae(t−t0)Au(t) = Ax(t) + u(t):

Berenq �qsponencial matricneri ha�vman mi qani
�rinakner:

�rinak: Gtnel etA, e�e A =

(
0 1
0 0

)
:

Parz ha�varkov hamozvowm enq, or A2 = 0: Het abar,
Ak = 0, k ≥ 2:

Owremn

etA = E + tA =

(
1 0
0 1

)
+ t

(
0 1
0 0

)
=

(
1 t
0 1

)
:
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�rinak: Gtnel etA, e�e

A =

(
0 1
−1 0

)
:

He�t � tesnel, or

A2 = −E, A6 = −E,

A3 = −A, A7 = −A,

A4 = E, A8 = E,

A5 = A, A9 = A,

. . . . . .

Het abar

etA = E + tA+
t2

2!
(−E) +

t3

3!
(−A) +

t4

4!
E+

+
t5

5!
A+

t6

6!
(−E) + · · · =

= (1− t2

2!
+
t4

4!
+ . . . )E + (t− t3

3!
+
t5

5!
+ . . . )A =

= cos(t)E + sin(t)A:

Ayspisov,

etA = cost

(
1 0
0 1

)
+ sint

(
0 1
−1 0

)
=

(
cost sint
−sint cost

)
, etA

T

=

(
cost −sint
sint cost

)
:
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�rinak: Low�el diferencial havasarowmneri het yal
hamakarg�. {

dx1
dt

= x2 + u1(t),
dx2
dt

= −x1 + u2(t)

x(0) = (1, 0) skzbnakan paymanov, isk u(t)- n [0, π]
hatva�i vra oro�va� het yal vektor fownkcian �.

u(t) = (u1(t), u2(t)) =

{
(0, 1), e�e t ∈ [0, π/2]

(−1, 0), e�e t ∈ [π/2, π]:

�st Ko�ii bana� i, e�e t,∈ [0, π/2], apa

x(t) =

(
cost sint
−sint cost

)(
1
0

)
+

+

t∫
0

(
cos(t− s) sin(t− s)
−sin(t− s) cos(t− s)

)(
0
1

)
ds =

=

(
cost
−sint

)
+

t∫
0

(
sin(t− s)
cos(t− s)

)
ds =

=

(
cost
−sint

)
+

(
1− cost
sint

)
=

(
1
0

)
:

Isk, e�e t ∈ [π/2, π], apa

x(t) =

(
sint+ cost

1 + cost− sint

)
:

Ayste�ic kstananq

x21 + (x2 − 1)2 = 2,
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or� (0, 1) kentronov  
√

2 �a�av�ov �rjanagi� �:
Ayspisov, �bekt� min� π/2 pah� �i �ar�vowm` gtnvelov
skzbnakan x0 = (1, 0) vi�akowm: Aynowhet [π/2, π]
�amanakahatva�owm katarowm � �rjanag�ayin
�ar�owm` �ar�velov ver� n�va� �rjanag�ov �am slaqi
haka�ak ow��ow�yamb: 
rjanag�ayin a�e�i mi ktor
patkerva� � g�agir 7.3-owm:

N�enq na , or hamakargi x(t) low�owm� ktor a� ktor
o�ork �, qani or nra a�ancyal� xzvowm � t = π/2 pahin:

G�. 7.3: Hamakargi ktor a� ktor dif. hetagi��
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7.3 Henman fownkcianer

Ow�owcik kompakt bazmow�yownner� nkaragrvowm en
henman fownkcianeri �gnow�yamb:

Sahmanowm 7.3.1:Dicowq F -� kompakt en�abaz{
mow�yown � Rn tara�ow�yownic: Ayd bazmow�yan
henman fownkcian sahmanvowm � het yal hava{
sarow�yamb.

C(F, ψ) = max
f∈F

(f, ψ):

G�. 7.4: Henman fownkciayi erkra�a�akan meknabanow�yown�.
henman hiperhar�ow�yown� tara�ow�yown� ba�anowm �
erkow kisatara�ow�yownneri: Henman fownkciayi ar�eq�
0 skzbnaketi he�avorow�yownn � ayd hiperhar�ow�yownic
vercra� + kam − n�annerov` kaxva� �e ayd ket� drakan
kisatara�ow�yownowm �, �e bacasakan:

273



�rinak: Dicowq F = {x ∈ R2/x21 + x22 ≤ 1}:
Ayd depqowm

C(F, ψ) = ‖ψ‖ =
√
ψ2
1 + ψ2

2 :

�rinak: Dicowq

F = {x ∈ R2/ | x1 |≤ 1, | x2 |≤ 1}

(tes g�.7.5):

G�. 7.5: Qa�akowsi

Ayd depqowm

C(F, ψ) = max
|f1|≤1,|f2|≤1

(ψ1f1 + ψ2f2) =| ψ1 | + | ψ2 |:

Ow�owcik kompakt bazmow�yown� nerkayacvowm � nra
henman fownkciayi mijocov: Te�i owni het yal pndowm�:
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�eorem 7.3.1:Dicowq F -� ow�owcik kompakt
en�abazmow�yown � Rn tara�ow�yownic: Ayd depqowm
te�i owni het yal nerkayacowm�.

F =
⋂

ψ∈S1(0)

{f ∈ Rn/(f, ψ) ≤ C(F, ψ)}: (7.3.1)

Ayste�

Gψ ≡ {f ∈ Rn/(f, ψ) ≤ C(F, ψ)}

bazmow�yown� kisatara�ow�yown �, or� �nvowm � ψ
normalov F bazmow�yan hamar ka�owcva� henman
hiperhar�ow�yamb (tes g�. 7.6):

G�. 7.6: Ow�owcik kompakti nerkayacowm�

I Dicowq f ∈ F : Ayd depqowm, �st henman fownkciayi
sahmanman, kamayakan ψ ∈ S1(0) vektori hamar
kownenanq`
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(f, ψ) ≤ max
g∈F

(g, ψ) = C(F, ψ) :

Het abar f-� patkanowm � (7.3.1) havasarow�yan
aj masin: Ay�m en�adrenq, or f0 /∈ F : Ayd depqowm,
�st ow�owcik bazmow�yownneri xist ba�anman �eoremi,
goyow�yown kownena aynpisi ψ0 ∈ S1(0), or

C(F, ψ0) < (f0, ψ0),

in�� n�anakowm �, or f0-n �i patkanowm (7.3.1)
havasarow�yan aj masin: �

Het anq 7.3.1:Dicowq F,G ⊂ Rn bazmow�yownner�
ow�owcik en  kompakt: Ayd depqowm

F = G⇐⇒ C(F, ψ) = C(G,ψ) ∀ψ ∈ S1(0):

I C(F, ψ) = C(G,ψ) ∀ψ ∈ S1(0)⇒

⇒ (f, ψ) ≤ C(G,ψ) ∀f ∈ F, ψ ∈ S1(0)⇒

⇒ f ∈ G⇒ F ⊆ G :

Analog � ov stanowm enq

G ⊆ F:

Het abar F = G : �
�rinak: Gtnel F1 = Br1(a1), F2 = Br2(a2) gnderi

hanraha�vakan gowmar�` F = F1 + F2: Ha�venq F
bazmow�yan henman fownkcian.

C(F, ψ) = C(F1 + F2, ψ) = C(F1, ψ) + C(F2, ψ) =
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= (a1 + a2, ψ) + (r1 + r2)‖ψ‖ = C(Br1+r2(a1 + a2), ψ):

Het abar �st naxord �eoremi`

F = Br1+r2(a1 + a2):

Hetagayowm ka�avarman paymani stacman �amanak
kar or der � xa�alow het yal pndowm�:

�eorem 7.3.2:Erkow ow�owcik kompakt F, G
bazmow�yownner hatvowm en ayn  miayn ayn depqowm,
erb

C(F, ψ) + C(G,−ψ) ≥ 0 ∀ψ ∈ S1(0):

I F ∩G 6= ∅ ⇔

⇔ 0 ∈ F + (−D)⇔ C(F + (−G), ψ) ≥ 0 ∀ψ ⇔

⇔ C(F, ψ) + C(G,−ψ) ≥ 0 ∀ψ ∈ S1(0):

N�enq, or apacowyci �n�acqowm kira�vec ayn pndowm�,
or erkow ow�owcik kompakt bazmow�yownneri gowmari
henman fownkcian havasar � bazmow�yownneri henman
fownkcianeri gowmarin: Ays �ast� xndri tesqov
a�ajarkvowm � nerq owm (tes xndir 6):

XNDIRNER

1. Dicowq G ⊂ Rn kompakt bazmow�yown �: Apacowcel,
or

C(G,ψ) = C(conv(G), ψ) ∀ψ ∈ Rn :

2. Dicowq G ⊂ Rn kompakt bazmow�yown �, isk A(n ×
n)-� matric �: Apacowcel, or

C(AG,ψ) = C(G,ATψ) ∀ψ ∈ Rn:
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3. Gtnel ow��ankyan henman fownkcian, ori ko�mer�
zowgahe� en koordinatayin a�ancqnerin.

M = {x ∈ R2/a1 ≤ x1 ≤ b1, a2 ≤ x2 ≤ b2}:

4. Gtnel F bazmow�yan henman fownkcian, or�
nerkayacvowm � het yal bana� ov.

F = {x ∈ R2/ | x1 + x2 |≤ 1, | x1 − x2 |≤ 1}:

5. Gtnel �lipsi henman fownkcian, or� har�ow�yan
vra trvowm � het yal bana� ov.

x21
a2

+
x22
b2

= 1 :

6. Dicowq F,G ⊂ Rn ow�owcik kompakt bazmow�yownner
en: Apacowcel, or

C(F +G,ψ) = C(F, ψ) + C(G,ψ) ∀ψ ∈ Rn:

7.4 Hasaneliow�yan bazmow�yown

Ditarkenq g�ayin havasarowmneri het yal ha{
makarg�.

dx

dt
= Ax+ u:

Orpes �owylatreli ka�avarowmneri bazmow�yown
vercnenq �st Lebegi integreli fownkcianeri das�:

Hasaneliow�yan bazmow�yown ko�vowm � fazayin
tara�ow�yan ayn bolor keteri bazmow�yown�, orte�
hasnowm en diferencial havasarman low�owmneri
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hetag�er� t pahin bolor hnaravor �owylatreli u(t) ∈ U
ka�avarowmneri �gnow�yamb: Ayn n�anakenq X(t)-ov:
Owsti`

X(t) = {x(t) = e(t−t0)Ax0 +

t∫
t0

e(t−s)Au(s)ds, x0 ∈M0,

u(s) ∈ U}
(tes g�.7.7):

G�. 7.7: Hasaneliow�yan bazmow�yown�

Te�i owni het yal kar or pndowm�, or� berowm enq
a�anc apacowyci:

�eorem 7.4.1 [15]: E�e M0  U bazmow�yownner�
ow�owcik en ow kompakt, apa �amanaki kamayakan
t pahin hasaneliow�yan X(t) bazmow�yown� nowynpes
ow�owcik �  kompakt:
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�eorem 7.4.2: Hasaneliow�yan X(t) bazmow�yan
henman fownkcian nerkayacvowm � het yal
bana� ov.

C(X(t), ψ) = C(M0, e
(t−t0)AT

ψ) +

t∫
t0

C(U, e(t−s)A
T

ψ)ds:

I Ays himnakan �eoremi apacowyc� henvowm � het yal
pndowmneri vra:

Lemm 7.4.1:Dicowq U ⊂ Rn kompakt en�abaz{
mow�yown �, isk η : [a, b] → Rn an�ndhat vektor
fownkcia �: Ayd depqowm

f(t) ≡ C(U, η(t))

fownkcian an�ndhat � [a, b]-owm:
I Dicowq t1, t2 ∈ [a, b] fiqsa� keter en: Qani or U-n

kompakt �, apa, �st Vayer�trasi �eoremi, goyow�yown
ownen aynpisi u1, u2 ∈ U keter, or

(η(t1), u1) = max
u∈U

(u, η(t1)),

(η(t2), u2) = max
u∈U

(u, η(t2)):

Qani or U bazmow�yown� sahmana�ak �, apa goyow�yown
kownena aynpisi m > 0 �iv, or

‖u‖ ≤ m ∀u ∈ U :

Het abar

f(t2)− f(t1) = C(U, η(t2))− C(U, η(t1)) =

280



= (η(t2), u2)− (η(t1), u1) ≤ (η(t2), u2)− (η(t1), u2) ≤

≤ ‖η(t2)− η(t1)‖‖u‖ ≤ m‖η(t2 − η(t1)‖:

Analog � ov kstananq

f(t1)− f(t2) = C(U, η(t1))− C(U, η(t2)) ≤

≤ m‖η(t2)− η(t1)‖:

Ays erkow anhavasarow�yownneric het owm �, or

| C(U, η(t1))− C(U, η(t2)) |≤ m‖η(t2)− η(t1)‖,

in�� n�anakowm �, or f(t) fownkcian an�ndhat � [a, b]
hatva�i vra: �

Lemm 7.4.2 (�a�eli �yow�i anjatman masin):
Dicowq U ⊂ Rn kompakt en�abazmow�yown �, isk
η : [a, b]→ Rn an�ndhat vektor fownkcia �:

Ayd depqowm goyow�yown kownena aynpisi �a�eli
u(t) ∈ U ∀t ∈ [a, b] vektor fownkcia, or

C(U, η(t)) = (u(t), η(t)) ∀t ∈ [a, b]:

I Yowraqan�yowr t-i hamar vercnenq aynpisi v(t)
vektor

Ω(t) = {v ∈ U/C(U, η(t)) = (v(t), η(t))}

bazmow�yownic, ori a�ajin koordinat� amena�oqrn �:
Aydpisi vektor ka, qani or U kompakt �: E�e nman
vektorner� mi qani hat en, apa dranc mijic �ntrowm
enq ayn vektor�, ori erkrord koordinatn amena�oqrn
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�,  ayspes �arownak ka�owcowm enq miak u(t) ∈ U
vektor�` bavararo�

C(U, η(t)) = (u(t), η(t))

paymanin: Cowyc tanq, or u(t)-n �a�eli � [a, b]-i vra:
Apacowyc� katarenq indowkciayov: En�adrenq u(t)
vektori u1(t), . . . , us−1(t) komponentner� �a�eli en:
Apacowcenq, or us(t)- n nowynpes �a�eli �: �st Lowzini
�eoremi �ntrenq �ak El ⊆ [a, b] bazmow�yownneri
aynpisi �ntaniq, or

µ([a, b]\El) < 2−l

 u1(t), . . . , us−1(t) fownkcianer� linen an�ndhat El l =
1, 2, . . . bazmow�yownneri vra: Vercnenq kamayakan α
�iv  cowyc tanq, or

Aα = {t ∈ El/us(t) ≤ α}

bazmow�yown� �ak �, oric  anmijakanoren kbxi us(t)-i
�a�eliow�yown� ambo�j [a, b] hatva�i vra: En�adrenq
haka�ak�: Ayd depqowm goyow�yown kownena aynpisi
{tk} ∈ El, tk → t hajordakanow�yown, or

us(tk) ≤ α < us(t):

Qani or U-n kompakt �, apa karo� enq en�adrel, or

u(tk)→ u ∈ U:

Qani or u1(t), . . . , us−1(t)  η(t) fownkcianer� an�ndhat
en El bazmow�yan vra, apa

ui(tk)→ ui, i = 1, . . . , s− 1,

282



η(tk)→ η(t):

Aynpes or
C(U, η(t)) = (η(t), u):

Myows ko�mic
us ≤ α < us(t),

or� hakasowm � us(t)-i ka�owcman�: �

Lemm 7.4.3: Dicowq

YU ≡ {u(t) ∈ L1[a, b]/u(t) ∈ U, ∀t ∈ [a, b]}:

Ayd depqowm kamayakan ψ-i hamar

C(

t∫
t0

e(t−s)AYUds, ψ) =

t∫
t0

C(e(t−s)AU, ψ)ds :

I Iroq dicowq u(t) ∈ YU : Ayd depqowm

(

t∫
t0

e(t−s)Au(s)ds, ψ) = (

t∫
t0

(e(t−s)Au(s), ψ)ds ≤

≤
t∫

t0

C(e(t−s)AU, ψ)ds :

Owremn

C(

t∫
t0

e(t−s)AYUds, ψ) ≤
t∫

t0

C(e(t−s)AU, ψ)ds ∀ψ :
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Haka�ak anhavasarow�yown� bxowm � naxord lemmayic:
Iroq, �st Lemm 7.4.2-i` goyow�yown owni aynpisi u(t) ∈ YU ,
or

t∫
t0

C(e(t−s)AU, ψ)ds =

t∫
t0

(e(t−s)Au(s), ψ)ds =

= (

t∫
t0

e(t−s)Au(s)ds, ψ) ≤ C(

t∫
t0

e(t−s)AYUds, ψ):

�eorem 7.4.2 apacowyc�: �st Lemm 7.4.3` ownenq

C(X(t), ψ) = C(e(t−t0)M0, ψ) + C

t∫
t0

(e(t−s)AYU , ψ)ds =

= C(e(t−t0)M0, ψ) +

t∫
t0

C(e(t−s)AU, ψ)ds =

= C(M0, e
(t−t0)AT

ψ) +

t∫
t0

C(U, e(t−s)A
T

ψ)ds: �

�rinak: Gtnel {
dx1
dt

= x2,
dx2
dt

= −x1 + u,

hamakargi hasanelow�yan X(π) bazmow�yown� t = π
pahin, e�e M0 = (0, 0)  | u |≤ 1: N�anakenq

U = {u = (u1, u2) ∈ R2/u1 = 0, | u2 |≤ 1}:
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Ayd depqowm
C(U, ψ) =| ψ2 |:

Menq arden gitenq, or

etA
T

=

(
cost −sint
sint cost

)
:

Het abar �st hasaneliow�yan bazmow�yan henman
fownkciayi bana� i` kownenanq`

C(X(π), ψ) =

π∫
0

| ψ1sins+ ψ2coss | ds:

Ayste� te�adrelov ψ1 = cosα, ψ2 = sinα` kstananq

C(X(π), ψ) =

π∫
0

| sin(α + s) | ds =

α+π∫
α

| sin(θ) | dθ = 2:

Ayste�ic stanowm enq X(π) = B2(0):
G�.7.8-owm patkerva� � hamakargi hasaneliow�yan

bazmow�yown� τ pahin, orpes

B2(1 + cosτ,−sinτ), B2(−1− cosτ, sinτ)

�rjanneri hatowm fazayin har�ow�yan vra: Isk
g�.7.9-owm patkerva� � hasaneliow�yan X(t)
bazmow�yownneri �ar�man dinamikan [0, π] �amana{
kahatva�owm:
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G�. 7.8: Hasaneliow�yan bazmow�yown� τ pahin

G�. 7.9: Hasaneliow�yan bazmow�yownneri �ar�man dinamikan
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XNDIRNER

1. Gtnel u ka�avarowmov{
dx1
dt

= x2,
dx2
dt

= u

hamakargi hasaneliow�yan X(t) bazmow�yownner�,
e�e 0 ≤ u ≤ 1, M0 = {(0, 0)}:

2. Gtnel u ka�avarowmov{
dx1
dt

= x2 + u1,
dx2
dt

= −x1 + u2

hamakargi hasaneliow�yan X(t) bazmow�yownner�,
e�e

u = (u1, u2) ∈ B1((0, 0)), M0 = {x ∈ R2/ | x1 |≤ 2, x2 = 0}:

7.5 Ka�avarman anhra�e�t  bavarar

payman�

Ditarkenq ka�avarvo� hamakarg, ori �ar�owm�
nkaragrvowm � diferencial havasarowmneri het yal
hamakargov.

dx

dt
= Ax+ u:

�owylatreli ka�avarowm� kamayakan �a�eli
u(t) ∈ U fownkcia �, orte� U-n ow�owcik kompakt
en�abazmow�yown � Rn tara�ow�yownic, isk diferencial

287



havasarman low�owm� kamayakan bacar�ak an�ndhat
fownkcia �, or� hamarya amenowreq bavararowm
� diferencial havasarman�: Dicowq trva� en
skzbnakan  verjnakan ow�owcik  kompakt M0, M1

bazmow�yownner�: Ka�avarman xndirn �. goyow�yown
owni ardyo?q �owylatreli u(t) ka�avarowm, oro�va�
in� or mi verjavor [t0, t1] hatva�i vra, or nran
hamapatasxan x(t) hetagi�� bavarari

x(t0) ∈M0, x(t1) ∈M1

paymannerin:
Sahmanenq ϕ(ψ) fownkcian het yal bana� ov.

ϕ(ψ) = C(M0, e
(t1−t0)AT

ψ) + C(M1,−ψ)+

+

t1−t0∫
0

C(U, esA
T

ψ)ds: (7.5.1)

�eorem 7.5.1 (ka�avarman masin): Dicowq te�i
ownen ver� n�va� paymanner�: Orpeszi hamakarg�
lini ka�avareli [t0, t1] hatva�i vra anhra�e�t �
 bavarar, or

ϕ(ψ) ≥ 0,

kam or nowyn �`
min

ψ∈B1(0)
ϕ(ψ) ≥ 0:

I Aknhayt �, or �byekt� klini ka�avareli [t0, t1]
mijakayqowm miayn ayn depqowm, erb

X(t1)
⋂

M1 6= ∅ :
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Ays payman� hamar�eq � het yalin`

C(X(t1), ψ) + C(M1,−ψ) ≥ 0 ∀ψ ∈ B1(0):

Te�adrelov ayste� hasaneliow�yan X(t1) bazmow�yan
henman fownkciayi bana� �` kstananq ver� n�va�
anhra�e�t ow bavarar payman�: �

�rinak: Ditarkenq fizikakan �o�anaki �ar�man
havasarowm�. {

dx1
dt

= x2,
dx2
dt

= −x1 + u,
,

| u |≤ 1, M0 = {x ∈ R2/x1 = −5, | x2 |≤ 1},

M1 = {(0, 0)}:

M0, M1, U bazmow�yownneri henman fownkcianer� ownen
het yal tesqer�.

C(M0, ψ) = −5ψ1+ | ψ2 |, C(M1, ψ) = 0,

C(U, ψ) =| ψ2 |:

Ownenq na 

etA
T

=

(
cost −sint
sint cost

)
, ψ = (cosα, sinα):

Het abar
ϕ(ψ) = ϕ(α) =

= −5cos(α− τ)+ | sin(α− τ) | +

+

τ∫
0

| sin(α− s) | ds ≥ 0,

289



e�e τ = t1 − t0 ≥ 3π: Iroq, kareli � cowyc tal, or

τ∫
0

| sin(θ) | dθ = 2[
τ

π
] + 1− cos(τ − [

τ

π
]π)

(tes g�.7.10): Het abar hamakarg� ka�avareli
� kamayakan [t0, t1] hatva�owm, ori τ = t1 − t0
erkarow�yown� me� � 3π:

G�. 7.10:

�rinak: Ditarkenq het yal hamakarg�.{
dx1
dt

= x2 + u1,
dx2
dt

= −x1 + u2,
,

u = (u1, u2) ∈ B1((0, 0)), M0 = Bπ((3π, 0)), M1 = Bπ(0):

Anhra�e�t � gtnel [t0, t1] hatva�, orowm hamakarg�
ka�avareli �: Dicowq τ = t1 − t0:

U, M0,M1 bazmow�yownneri henman fownkcianern en`

C(U, ψ) = ‖ψ‖, C(M0, ψ) = 3πψ1 + π‖ψ‖,
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C(M1, ψ) = π‖ψ‖:

TE�adrelov ays bana� er� ka�avarman ϕ fownkciayi
bana� i mej` kstananq

ϕ(ψ) = 3π(ψ1cosτ − ψ2sinτ) + 2π‖ψ‖+ τ‖ψ‖:

Ayste�ic,
min

ψ∈B1(0)
ϕ(ψ) = τ − π:

Het abar hamakarg� ka�avareli � amen mi hatva�i
vra, ori erkarow�yown� me� kam havasar � π,  
ka�avareli �� yowraqan�yowr π-ic �oqr erkarow�yown
owneco� hatva�i vra:

Ay�m oro�enq hamakargi hasaneliow�yan X(t) baz{
mow�yan �ar�man dinamikan �amanaki �n�acqowm:
Te�adrelov bazmow�yownneri henman fownkcianeri
bana� er� hasaneliow�yan bazmow�yan henman
fownkciayi bana� i mej` kstananq

C(X(t), ψ) = 3πcosτψ1 − 3πsinτψ2 + (π + τ)‖ψ‖ =

= C(Br(t)(a(t)), ψ),

orte� r(t) = π + t, a(t) = 3π

(
cost
−sint

)
:

Het abar hasaneliow�yan X(t) bazmow�yown� r(t)
�a�av�ov  a(t) kentronov �rjan �, or� �amanaki
�n�acqowm pttvowm � 0 kentronov  3π �a�av�ov
�rjanag�ov �am slaqi ow��ow�yamb: Aknhayt �, or

X(0) = Bπ((3π, 0)) = M0, X(π/2) = B3π/2((0,−π)),

X(π) = Bπ((−3π, 0)):
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G�. 7.11: Hasaneliow�yan bazmow�yan dinamikan t = 0, π/2, π

paherin

G�.7.11-owm patkerva� � hasaneliow�yan X(t)
bazmow�yan �ar�man dinamikan [0, π] �amanaka{
hatva�owm:

XNDIRNER

1. Ditarkenq �byekt, ori �ar�owm� nkaragrvowm
� diferencial havasarowmneri het yal
hamakargov. {

dx1
dt

= x2,
dx2
dt

= −x1 + u,

orte�

u ∈ [0, 1],M0 = {(2, 0)}, M1 = {(0, 0)}:
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Cowyc tal, or �byekt� ka�avareli � [0, 2π] hatva�i
vra:

2. Ardyo? q ka�avareli � �byekt� [0, 3] �a{
manakahatva�owm, ori �ar�owm� nkara{
grvowm � diferencial havasarowmneri het yal
hamakargov. {

dx1
dt

= u1,
dx2
dt

= −x1 + u2,
,

orte� | u1 |≤ 1, | u2 |≤ 1, M0 = {(−3, 4)}, M1 =
{(0, 0)}:

7.6 Pontryagini maqsimowmi skzbownq� �p{

timal aragagor�ow�yan g�ayin x�nd{

rowm

Ditarkenq aragagor�ow�yan xndir� g�ayin hama{
kargerowm.

dx

dt
= Ax+ u, u(t) ∈ U,

x(t0) ∈M0, x(t1) ∈M1, T = t1 − t0 → min:

Lemm 7.6.1: Dicowq T = t1 − t0-� �ptimal
�amanakamijocn �: Ayd depqowm goyow�yown owni
hamalow�

dψ

dt
= −ATψ

hamakargi aynpisi o� trivial ψ(t) low�owm, or

C(X(t1), ψ(t1)) + C(M1,−ψ(t1)) = 0:
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I Qani or T -n �ptimal �amanakamijocn �, apa

X(t1)
⋂

M1 6= ∅, (7.6.1)

X(t)
⋂

M1 = ∅ ∀t ∈ [t0, t1): (7.6.2)

(7.6.1) payman� hamar�eq � het yalin.

C(X(t1), ψ) + C(M1,−ψ) ≥ 0, ∀ψ ∈ S1(0): (7.6.3)

Ditarkenq t0 < tk < t1, tk → t1 hajordakanow�yown�:
(7.6.2) paymanic het owm �, or

X(tk)
⋂

M1 = ∅:

Aysinqn` goyow�yown kownena aynpisi pk ∈ S1(0) hajor{
dakanow�yown, or

C(X(tk), pk) + C(M1,−pk) < 0, ∀k: (7.6.4)

Qani or pk ∈ S1(0), apa �ndhanrow�yown� �xaxtelov,
karo� enq en�adrel, or pk → p∗:
(7.6.4) anhavasarow�yan mej ancnelov sahmani, erb k →
∞ kstananq`

C(X(t1), p∗) + C(M1,−p∗) ≤ 0 : (7.6.5)

(apacowyc� tes [9]-owm, �eorem 1, �j 59):
Nkati ownenalov na (7.6.3) anhavasarow�yown�`

kownenanq

C(X(t1), p∗) + C(M1,−p∗) = 0:

E�e vercnenq hamalow� hamakargi low�owm� ψ(t1) = p∗
paymanov` kstananq lemmi pndowm�: �
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�eorem 7.6.1 (Pontryagini maqsimowmi sk�z{
bownq�) : Dicowq (u(t), x(t))-n �ptimal proces �
aragagor�ow�yan xndrowm: Ayd depqowm goyow�yown
owni hamalow� hamakargi aynpisi o� trivial ψ(t)
low�owm, or te�i owni

1. maqsimowmi payman�.

(u(t), ψ(t)) = C(U, ψ(t)) ∀t ∈ [t0, t1]:

2. Transversalow�yan payman� M0 bazmow�yan
vra.

(x(t0), ψ(t0)) = C(M0, ψ(t0)):

Ays payman� n�anakowm �, or ψ(t0) vektor�
henman vektor � M0 bazmow�yan hamar x(t0)
ketowm:

3. Transversalow�yan payman� M1 bazmow�yan
vra.

(x(t1),−ψ(t1)) = C(M1,−ψ(t0)):

Aysinqn` −ψ(t1) vektor� M1 bazmow�yan henman
vektorn � x(t1) ketowm (tes 7.12):
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G�. 7.12: Transversalow�yan paymanner�

I �st Lemm 7.6.1-i` goyow�yown owni hamalow�
hamakargi aynpisi o� trivial ψ(t) low�owm, or

C(X(t1), ψ(t1)) + C(M1,−ψ(t1)) = 0 :

Ays havasarow�yownic andam a� andam hanelov
aknhayt

(x(t1), ψ(t1)) + (x(t1),−ψ(t1)) = 0

havasarow�yown�` kstananq

[C(X(t1), ψ(t1))− (x(t1), ψ(t1))]+

[C(M1,−ψ(t1))− (x(t1),−ψ(t1))] = 0:

Ays gowmari erkow gowmareliner� o� bacasakan en, qani
or

x(t1) ∈ X(t1), x(t1) ∈M1:

Het abar

C(X(t1), ψ(t1))− (x(t1), ψ(t1)) = 0, (7.6.6)
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C(M1,−ψ(t1))− (x(t1),−ψ(t1)) = 0: (7.6.7)

(7.6.7)-� transversalow�yan paymann � M1 bazmow�yan
vra: Cowyc tanq, or (7.6.6) paymanic het owm �
maqsimowmi skzbownq�  transversalow�yan payman�
M0 bazmow�yan vra: Hama�ayn Ko�ii bana� i` ownenq

x(t) = e(t−t0)Ax(t0) +

t1∫
t0

e(t−s)Au(s)ds : (7.6.8)

Qani or hamalow� hamakargi low�owm� owni

ψ(t) = e(t0−t)A
T

ψ(t0)

tesq�, apa (7.6.8) paymanic kstananq`

(x(t), ψ(t)) = (e(t−t0)Ax(t0), e
(t0−t)AT

ψ(t0))+

+

t∫
t0

(e(t−s)Au(s), e(t0−t)A
T

ψ(t0))ds =

= (x(t0), ψ(t0)) +

t∫
t0

(u(s), e(t0−s))A
T

ψ(s)ds =

= (x(t0), ψ(t0)) +

t∫
t0

(u(s), ψ(s))ds: (7.6.9)

Te�adrelov hasaneliow�yan bazmow�yan henman
fownkciayi bana� i mej` ψ-i �oxaren hamalow�
hamakargi ψ(t) low�owm�` kstananq

C(X(t), ψ(t)) = C(M0, e
(t−t0)AT

e(t0−t)A
T

ψ(t0))+
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+

t∫
t0

C(U, e(t−s)A
T

e(t0−t)A
T

ψ(t0))ds =

= C(M0, ψ(t0)) +

t∫
t0

C(U, ψ(s))ds: (7.610)

(7.6.6) havasarow�yan mej te�adrelov (7.6.9)  (7.6.10)
bana� er�` kstananq

[C(X(t0), ψ(t0))− (x(t0), ψ(t0))]+

+

t∫
t0

[C(U, ψ(s))− (u(s), ψ(s))]ds = 0:

Ays havasarow�yan erkow gowmarelinern �l o�
bacasakan en henman fownkciayi sahmanman
hama�ayn: Owremn

C(X(t0), ψ(t0))− (x(t0), ψ(t0)) = 0, (7.6.11)

t∫
t0

[C(U, ψ(s))− (u(s), ψ(s))]ds = 0: (7.6.12)

(7.6.11) payman� transversalow�yan paymann � M0

bazmow�yan vra, isk (7.6.12) paymanic anmijapes
bxowm � maqsimowmi skzbownq�.

C(U, ψ(t)) = (u(t), ψ(t)) ∀t ∈ [t0, t1]: �

�rinak: Gtnel �ptimal ka�avarowm�  �ptimal
hetagi�� aragagor�ow�yan het yal xndrowm.

A =

(
0 1
−1 0

)
, U = B1(0),
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M0 = Bπ((3π, 0)), M1 = Bπ(0) (tes. g�. 7.13):

G�. 7.13: Skzbnakan  npatakayin bazmow�yownner�

�ptimal(u(t), x(t)), t ∈ [0, t1], x(t0) ∈ M0, x(t1) ∈ M1

zowyg� bavararowm � maqsimowmi skzbownqin.

1. (u(t), ψ(t)) = C(U, ψ(t)), t ∈ [0, t1],

2. (x(t0), ψ(t0)) = C(M0, ψ(t0)),

3. (x(t1),−ψ(t1)) = C(M1,−ψ(t1)):

Grenq U,M0,M1 bazmow�yownneri henman fownkcianer�.

C(U, ψ) = ‖ψ‖, C(M0, ψ) = 3πψ1 + π‖ψ‖,

C(M1, ψ) = π‖ψ‖ :

Maqsimowmi skzbownqic stanowm enq

(u(t), ψ(t)) = ‖ψ(t)‖, ‖u(t)‖ ≤ 1:
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Ayste�ic`

u(t) =
ψ(t)

‖ψ(t)‖
:

Qani or ψ(t) = e−tA
T
ψ(0), apa ‖ψ(t)‖ = ‖ψ(0)‖ = 1:

Owremn u(t) = ψ(t): Transversalow�yan paymanneric
stanowm enq

x(0) =

(
3π
0

)
+ πψ(0), (7.6.13)

x(t1) = −πψ(t1) (7.6.14)

(tes g�.7.14 ): Ha�vi a�nelov (7.6.13) payman�` �ptimal

G�. 7.14: Transversalow�yan paymanner�
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x(t) hetag�i hamar kownenanq het yal tesq�.

x(t) = etAx(0) +

t∫
0

e−sAu(s)ds =

= etA[

(
3π
0

)
+ πψ(0) +

t∫
0

e−sAe−sA
T

ψ(0)ds] =

= etA[

(
3π
0

)
+ (π + t)ψ(0)]:

Te�adrelov ayste� t = t1` (7.6.14) payman� karo� enq
grel het yal tesqov.

et1A[

(
3π
0

)
+ (π + t1)ψ(0)] = −πe−t1AT

ψ(0):

Ays havasarow�yan erkow maser� bazmapatkelov et1A
T

matricov` kstananq(
3π
0

)
= −(2π + t1)ψ(0) : (7.6.15)

Vercnelov ays havasarow�yan erkow ko�meri modowlner�`
kstananq

3π = 2π + t1 ⇒ t1 = π:

Het abar ψ(0) = (−1, 0): Ayste�ic`

ψ(t1) = e−t1A
T

ψ(0) = e−πA
T

ψ(0) = −Eψ(0) = (1, 0):

Ayspisov, �ptimal hetagi�� owni het yal tesq�.

x(t) = etA[

(
3π
0

)
+ (π + t)

(
−1
0

)
] =
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= (2π − t)
(
cost
sint

)
:

Isk �ptimal ka�avarowm� kownena het yal tesq�.

u(t) = ψ(t) = e−tA
T

ψ(0) =

=

(
cost sint
−sint cost

)(
−1
0

)
=

(
−cost
sint

)
:

G�.7.15-owm patkerva� � x(t) �ptimal hetagi��:

G�. 7.15: �ptimal hetagi��
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XNDIRNER

1. Low�el �ptimal aragagor�ow�yan xndir�
ka�avarvo� �byekti hamar, ori �ar�owm�
nkaragrvowm � diferencial havasarowmneri
het yal hamakargov.{

dx1
dt

= x2,
dx2
dt

= −x1 + u,

| u(t) |≤ 1, t ∈ [0, T ], x(0) = (1, 0), x(T ) = (0, 0):

2. Low�el �ptimal aragagor�ow�yan xndir�
ka�avarvo� �byekti hamar, ori �ar�owm�
nkaragrvowm � diferencial havasarowmneri
het yal hamakargov.{

dx1
dt

= x2 + u1,
dx2
dt

= −x1 + u2,

u = (u1, u2) ∈ B1((0, 0)),M0 = {(0, 0)},

M1 = {x ∈ R2/x1 = 2π, | x2 |≤ 1}:
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