VJIK 517
BBK 22.16
C23

ABTOpHBI:

B. C. BJIAJIMMUPOB, A.A. BAIIIAPUH, X.X. KAPMMOBA,
B. . MUXAIJIOB, [0.B. CUJOPOB, M. . IIIABYHUH

Co6opHuK 33734 10 ypaBHeHHsIM Maremarmdeckoil dbusuku / [Tox pes.
B.C. Baagumuposa. — 4-e uzj., crepeorun. — M.: ®USMATJINT, 2004. —
288 c¢. — ISBN 5-9221-0309-1.

CHopHUK 3a/1a4, COCTABJIEHHBIN KOJUIEKTUBOM MpenojiaBareseit MockoBckoro
(DUBMKO-TEXHUYECKOTO UHCTUTYTA, Oa3upyeTcsi Ha OOHOBJIEHHBIX KypCaX ypaBHE-
HUN MaTemaTn4ieckoit ¢usuku, untaembix B MO@TU B Teuenne muorux Jier.

B ominune or uMeromuxcsi 3aJ@YHUKOB 0 YPABHEHUSIM MATEMATHYECKOM
busuky, B JaHHOM COOPHUKE IINPOKO MPEICTABJIEHb] 33/1a491, B KOTOPBIX UCIOJIb-
3yercsi Teopusi 0600IIEHHBIX (PYHKIUN U METObI (DYHKIIMOHAJBHOTO aHAJIU3A.

Tperbe uznanne — 2001 r.

Jns cryneHToB (bU3UKO-MATEMATUYECKUX U MHXKEHEPHO-(PU3MYECKUX CIIeI-
aJIbHOCTEH BY30B.

Wn. 4. Bubsmorp. 8 Ha3s.

ISBN 5-9221-0309-1 © ®PU3MATJINT, 2001, 2003, 2004



COIOEP2KAHMNE

IIpenmciioBue K TPETBEMY M3IMAHIIIO . . o ovviteiitt it eaeeieeannennns
VI3 npenuciioBust K MEPBOMY MIBIAHIIIO « . oo vvvvneeineeenennneennennnnns
OCHOBHBIE OIPENETICHUS Y O00ZHATEHIMM . .« ¢ e v v eveeeeeeeneeennennennenn.

I’'masa I. ITocraHOBKM KpaeBBIX 3amad MaTeMaTUdecKoil ¢u-

§1. BrmBom ypaBHEHUI M MOCTAHOBKU KPAEBBIX 3AIHAYT . ...ovnvn...
§2. Kaccubuxanus ypaBHEHUA BTOPOTO TOPSIIKA « «vvvvvnvennn..
I'masa II. ®yHKIIMOHAILHEIE NIPOCTPAHCTBA M UHTErPDAJILHBIE
YPABHEHMSI. . ottt tttttit ettt ettt ittt e,
§3. Wsmepumbre dyuxiuu, narerpai Jlebera..........co.ooon....
§4. OYHKIUOHAIIBHBIE IPOCTPAHCTBA - « « v e v eeeeneeeneennnennnnn
§5. VIHTErPAJIBHBIC YPABHEHI .« ¢ o vt oveeeeeeneeneaneanennennenn.

I'mapa III. OGOGLIEHHBIE PYHKITUIIL . ..o otvnneteeeenneeenannnnenn
§6. OCHOBHBIE U OGOOIIEHHBIE DYHKIIMAM « v v vvvvveeeeaneeennnnn.
§7. IHuddepennupoBanue 0600IIEHHBIX QYHKIUAN .« .vvennenn....
§8. IIpsmoe mpowsseneHue u cBepTKa OGOOIIEHHBIX QYHKIUMA . . . . .

§9. IIpeobpasoBanme @Dypne 060OIIEHHBIX (QYHKIVI MEIJIEHHOTO
POCTA « e ettt ettt et e et e e e e e e e e et e e e e

§10. IIpeo6pasoBanme Jlamnaca 0600IIEHHBIX QYHKIWA - .. .ovn.. ...
§11. OdyHnamMeHTaNbHbIE DELIEHWS JIMHENHBIX OuddepeHnrnaIbHbIX

103 1] 0T Y u'e) o e ) - 3N

TF'masa IV. Bamawa Kommm. ...t
§12. 3amaua Kowwm mms ypaBHEHWsT BTOpDOro HOpsSAKa rumep6o-
JITIECKOTO THATIA « « « « e e e et e eeeeae e aee e et e e aee e aeeaeeennenn

§13. 3amaua Komu nist ypaBHEHUS TENIONPOBOOHOCTH « .« v vt
§14. 3amaya Komn mmst npyrux ypaBHeHu# u 3amada 'ypca ......

I’'masa V. KpaeBble 3amaumn njiss ypaBHEHUI 3JIJIMIITUYECKOTO

§15. Bamaua IITypMa—JIMyBAIIIA . .o vvvvvii i

§16. Meron pasmeneHus NepeMeHHBIX i ypaBHeHmin Jlamaca
T IIyacCoOHA. . vt e

§17. ®yukuus I'puna oneparopa Jlammaca. ........c.oovviueiion..
§18. MeETOM MOTEHIIMAIIOB . « « + .« vt v ttttteie ettt enenneanennennenns
§19. BapHAIMOHHBIE METOMBL . « « vttt vveit ettt enenneanennennennns
TF'masa VI. CMeIIaHHAT 3AHAUA . . ..t onveineiieea e
§20. MeTon pa3’mesieHUs IEPEMEHHDBIX .« ..« uuvennennneenneenneennns
8§21, IIPYTHIE METOMBL « -« e« evveeeeeeaee et e et e eaeeaeeanenns
Honomnueunue. IlpumMepbl peleHUNl HEKOTOPLIX TUIIOBBIX

39
39

66
89
89

104

114
122

126
134

134
159
170

183
184

193
207
213
232
241
241
271

279



IMPEONCIJIOBUE K TPETBEMY U3I1AHWIO

Tperbe nuznanne cOOpHUKA 3311 M0 YPABHEHUAM MAaTEMATUIECKON (Qu-
3MKM He OTIIn4YaeTcs oT BToporo (1982 r.) no comepxauuto. ABTOpHI UIIh
UCIIPABWIIU OTIEIbHLIE HETOYHOCTHU B POPMYIIMPOBKAX 331284 U yCTPAHUIIM
OlEYaTKH.

Bo BTOpoM m3nanuu 66110 n06aBieHO HEGOIIbIIOE YUCIIO 3amad (B Oc-
uosHOM B riaBy 11I) x mepsomy usmanuio c6opuuka (1974 r.).

ABTopHI BLIpaXaOT rIyO0OKYIO0 6IIArONaPHOCTH KOJUIEKTUBY Kadenpel
BLICIIIEN MaTeMaTUKu MOCKOBCKOTO (PU3UKO-TEXHUYIECKOTO UHCTUTYTA 33
KOHCTPYKTUBHYIO KDUTHKY, 33 NPEIJIOXKEHUS U 3aMEYaHUsl, KOTOPHIE CIIO-
COOCTBOBAIIU YIIYUINEHUIO COOPHUMKA U TO3BOJIUIIM YCTPAHUTb HETOUHOC-
TH ¥ ommbKM B OTBeTaxX. B mepBylo ouepemb, aBTOPLI NMPU3HATEIbHBI
T.®. Bonkosy, FO.H. Ipoxxunosy, A.Jl. Kyracosy, B.B. Jlunckomy,
A. ®. Huxudoposy, B. . Yexsosy.

Ausaps 2001 r. Aemoput



N3 ITPENNCIIOBHYS K ITIEPBOMY N3 AHWIO

Mupoxoe npoHUKHOBEHHE COBPEMEHHBEIX MaTeMAaTHUIECKHX METOIOB B
TeOpeTUUIecKyl0 M MaTeMaTHdeckKylo (U3MKy NOTpebOBaJI0O MepecMOTpa
TPAMUIMOHHOTO KypCa «Y PABHEHUS MaTEMaTUYECKON (GU3UKU®». OTO B
[IepBYIO o4Yepenb OTHOCUTCS K TaKOMY DYHIAMEHTAJIbHOMY MOHSITHUIO, KaK
pelleHre KpaeBoil 3anauu MareMarudeckoin pusnku. Konmenuus 060061en-
HOT'O peIlleHus 3HAUUTENILHO PAcUIupseT KPyTI' pacCMaTpPHUBAEMBIX 3a71ad,
[I03BOJIET U3yUaTh C €MUHOU TOUKM 3peHHs Haubollee MHTepeCHBIE 3aa-
9u, He MOMIAOIINECs PeLeHnIo KiaccuieckuMu Metonamu. C 5Tol nenso
Ha Kadempe Boiciiedn MaTeMaTuku MOCKOBCKOTO (DU3MKO-TEXHUIECKOTO
MHCTUTYTa OBLIM CO3NAHBI HOBBIE KYDCHI: «Y DABHEHUSI MaTEeMaTUIECKON
dusuku» B.C. Branumuposa u «YpaBHEHUS B JaCTHBIX ITPOU3BOMHBIXS
B.II. Muxaiinosa.

Hactosmmit  «COopHuK 3afad 1O ypaBHEHUSM MaTeMaTHIeCKON
(u3MKM» OCHOBAH HAa HTUX KypPCaX M CYILIECTBEHHO monojHseT ux. [lo-
MHMMO KJTaCCUYECKUX KPAeBBIX 33734 B COOPHUK BKITIOUEHO OOJIBIIIOE IUCIIO
KPAaeBBIX 3a1a4, UMEIOIIUX TOJILKO 00001eHHbe perenus. VccnenoBanue
TaKuX 3allad TpeOyeT IpUBJEUYeHNs METOIOB U Pe3yIbTATOB U3 Pa3Ind-
HBEIX 0OJlacTell COBpeMeHHOro aHaiin3a. 11osToMy B COOpDHHMK BKITIOUEHEI
3aadM 10 Teopuu WHTerpupoBaHus no Jlebery, mo GyHKIMOHAILHBIM
NPOCTPAHCTBAaM, B 0OCOOEHHOCTHU MPOCTpaHCcTBaM 00001eHHo nuddepen-
TUpyeMbIX QYHKIIUH, 110 0000IIeHHEIM QYHKITMSAM, BKII04as npeobpa3oBa-
Hus Pypre u Jlannaca, 1 M0 HHTErPAIHLHBIM YPABHEHHUSIM.

OTOT COOpPHUK pACCUNTAH HA CTYIEHTOB BY30B — MaTEMaTHKOB,
(PU3UKOB U WHXKEHEPOB C IOBBLIIIEHHON MAaTeMAaTUIECKON MOATOTOBKOM.

1974 r. Aemopbi



OCHOBHBIE OBO3HAYEHWS U OIIPENEJIEHUA

1.z = (z1,%2,--,%n), ¥ = (Y1,¥2,.--,Yn) — TOUKH N-MEPHOTO
BEIIIECTBEHHOT0 eBKIINIOBA IIpocTpaHcTBa R™.

2. dr = dz,dz,...dz,,
/f(a;)dx:/f(xl,xg,...,xn)dxl...dxn
RTL

3. a=(a1,as,...,a,) — MynbTuunnexc (o; > 0 menee);

al = aylayl. oy, z¢ =225 .z

4. (z,y) = T1y1 + TaYs + ... + TnYn;
r=|z|=+(z,z) = \/x% + 23+ ...+ 2.

5. U(zo; R) ={z: |z — 29| < R} — OTKPHITHI 1Iap ¢ LEHTPOM B TOU-
ke zo pamuyca R; S(zo;R) = {z : |x — z9| = R} — cdepa Ur =U(0; R),
Sr=S(0,R).

6. MuoxecTtBo A OymeM Ha3BIBATHL CMPO20 AEHCQUUM B OOJIACTH
G C R" u mucatb A € G, eciu A orpanudeno u A C G.

7. ®yukuus f () HA3BIBAETCS A0KAALHO URMeE2PUPYemot B obmactu G,
eciu oHa abCOIIOTHO MHTErpupyeMa mo Kaxmon momobimactu G' € G.
Dyuuuu, JTIOKAIILHO WHTErpupyembie B R™, OymeM Ha3bIBATBH 40KAIbHO
UHME2PUPYEMbIMU (pyHKunaMu.

a 91l f(z1,22,...,20)

8. D*f(z) = 0zt oxy2... 0T

9. CP(G) — xnacc QyHKIWH f, HEMPEPHIBHBIX BMECTE C MPOU3BONHBIMA
Def o) <p (0 < p < ), B obnactu G C R ®yuxkuuu f € CP(G),
y KOoTophIx Bce npoussomusie D®f, |a| < p, momyckaroT HenpepbIBHOE
nponoikenne Ha 3aMmbikanne G, obpasyior kiacc CP(Q); C(G) = C°(G),
C(G) = C°(@); dyuxmuu f € CP(G) upu Beex p obpasyior kiracc O (G).

10. PaBHOMepHAas CXOOMMOCTD MOCIENOBATENLHOCTH GyHKuuit {fi} K
¢dyukimu f Ha MHOXecTBe A 0603HaUaETCS

z€A
fr(z) = f(x),  k— oo

11. AU B — ob6benunenne muoxects A u B; A N B — nepeceue-

une A u B; A x B — npsmoe npousseneane A u B (MHOXecTBO map (a, b)
(a € A, be B)); A\B — nononuenue B no A.

Qn
n -
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12. Hocumesem HenpepbiBHOR GyHKIMU [ () Ha3LIBAETCS 3aMBIKAHUE
MHOXECTBa TexX To4eK %, B KoTopbix f(z) # 0. Hocurens dpyuknuum f
obosuauaercs supp f. Eciu usmepumas na obmactu G dyukuus f(z) o6-
pamtaeTcs B Hynb noutu seony B G/G', rne G' @ G, to f HasbiBaercs
Punumnot 6 G dyukuument; Gpyukuus, bunutHas B R", HaswiBaeTcs Pu-

HUMMOT.
2 82 82 82 9
A— o7 =—+ s =—+.. +6 — omnepartop Jlamaca; O, = @—aA —
BOJIHOBOU onepaTop; [y = [I; % —a?A — onepaTop TeIIoNpPOBOIHOCTH.
14. Tt = {z,t: at > |z|} — xomyc Gymymero.
&
1 2
15. ®(&) = — [ e */%dz.
© ==
— 00
Cee== /(1) g <, 1
16. w.(z) = - rme C, = e ™, — =
0, |z| > e, *

1
2
= / e /(-2 )dx; We — AOPO YCPEOHEHUsI, KIIAI0IKa>.
0
17. C — n0cKoCTb KOMIJIEKCHOTO TIEPEMEHHOTO0.

1, >0,
18. 6(x) — dyukuus Xepucaitna: 0(z) = -
0, z<0.
19 ds = 27 ;
. Op = / S = T(pyz) ~ 'WIOWAMb NOBEPXHOCTH eIMHMIHOR coe-
per 51 B R™.

20. B C?(G) sBenena HopMa
1fllor@y = Y maX|D°‘ z)|.

laf<p *

21. CoBokynHocTb (u3MepuMbix) byukimit f(z), mis koropsx |f|P
unTerpupyema Ha G, obosmauaercs uepes L,(G). Hopma B Ly(G) BBO-
IUTCS TaK: y

»

e = [ [1rPas] " 1<p <o
G

Ifllewie = viai sup If(z)], p=oo.

B L>(G) BBOOMTCS CKAJSIPHOE NPOM3BENEHHE
(f.9)= [ fade,  fig€ Lo(Q).
G

22. Mlycts p(z) — HempepHIBHAS MOJIOXKMTENbHAs QYHKIMS B 00Iac-
i G. CoBOKynHOCTH (M3MepuMbIx) GbyHKuuil f(x), 051 KOTOPBIX QyHKIUS
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p(z)|f(z)|? unTerpupyema Ha G, o6osnatum uepes Lo ,(G); Lo ,(G) —

TUILOEPTOBO MPOCTPAHCTBO CO CKAJISIPHBIM MPOU3BEIEHUEM
(£:9)1.,(G@) = [ pfgd.
G

23. Hunmuanpudeckue GyHKIUU:
a) (I)yHKI_[I/II/I Beccens

2k+v
Z1“(I~c+z/+1)1“(k+1) ( ) ’ TO0 < T <00
6) GbyuKIUM HeHMaHa
N,(z) = pr— [Jy(z) cosmv — J_,(z)], v #n,

No) = 1|25 cap 22Dy

B) QyHkunn XaHKens
Hx(/l)(x) = Ju(2) + Ny (2), Hx(/Z)(fE) = Ju(z) — Ny (2);
r) (QYHKIMU MHMMOTO apryMeHTa

L(z) = e ™2, (iz),  K,(z) = = ™2 HD (ig).



I'masa I

ITIOCTAHOBKU KPAEBBIX 3AITAY
MATEMATUYECKON ®U3UKN

§1. BpiBoxm ypaBHEHUII U MIOCTAHOBKM KPAEBBLIX 3a/a4

YcnoBuMcs B crenyoommx 0603HAUEHUSAX:

p(x) = p — WIOTHOCTH (JIMHENHAs, NOBEPXHOCTHAS, 00BEMHA);

Ty — HaTIXKEHUE CTPYHBI, MEMOPAHET;

E — wvonymns FOwra;

k — k03 duItMeHT yupyrocTu ynpyroro 3aKpersieHns: KOHIIOB CTPYHBL,
CTEPKHS UK KPasi MEMOPAHBL;

S — IUIOIIAb MONEPEYHOTO CEYEHUs CTEPKHS, BAIA U T.I.;

v = ¢p/cy, — moKasaTennb anuabaTEL;

D, Po — OABJIEHUE Ta3a, KUIKOCTH;

m, Mgy — Macca,

g — YCKOpEHHE CUIIbI TSXKECTH;

W — yTJ0Bas CKOPOCTh;

k,k(z), k(z,u) — xosddUINEHT BHYTPEHHEN TEIIONPOBOLHOCTH;

a — Ko3()OUIMEHT BHEITHEN TerIonpoBOMHOCTH (KO3(hduUIMeHT Temn-
s006MeHa);

D — xosdpdutnent nuddysuu.

IIpuBemeM HECKOILKO MPUMEPOB HA COCTABIIEHUE YDPABHEHWIA.

IIpumep 1. 3amadu 0 momepedHB X KonebaHUIX
cTpyHs. CrpyHa mmuHo# | HATSHYTA ¢ cuitoi To M HAXOMUTCS B MPs-
MOJIMHEHOM II0JIOXKEHUU paBHOBecus. B MoMeHT Bpemenu ¢t = 0 Toukam
CTPYHBI COOBITIAIOTCS HauallbHbIE OTKJIOHEHUs 1 cKopocTu. [locTaBuTs 3a-

Iatdy O olpenesleHus MaJlbIX II0IepeUHbIX KojeOaHU TOUKU CTPYHBL IpU
t > 0, eciiu KOHIBI CTPYHEL:

a) 3aKPeIJIeHBI XKeCTKO;

6) CBOGOMHEIL, T.€. MOTYT CBOOOMHO IEPEMEIIATHCS MO MPSIMBIM, IAPAJI-
JIeIbHBIM HallpaBJIEHUIO OTKJIOHEHUS U;

B) 3aKpEeIJIEHbI YIIPpyTro, T.e. KaX OB KOHEIl UCIBITHIBAET CO CTOPOHBI
3a0€eJIKU COIIPOTHUBJICHHUE, ITPOIIOPIIMOHAJIBHOE OTKJIOHCHUIO U HAIIPpABJICH-
HO€ IIPOTUBOIIOJIOXKHO €MY;

I‘) OBUT'AKOTCA B IIOIIEPEYHOM HaIIPpaBJICHUU II0 3adaHHBIM 3aKOHAM.
COl'[pOTI/IBJ'IeHI/IeM cpenel u OEVCTBUEM CHJIBI TSXKECTHU npeHe6peqL.
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Pemenue. IlycTs ochb z coBnamaeT c HanpaBieHUEM CTPYHBL B 110-
smoxeHun pasHoBecus. Ilon cTpyHO#! moHMMaeTCs TOHKAas HUTh, KOTOpAas
He CONPOTHBIIIETCS U3TUOY, He CBSI3aHHOMY C U3MEHEHHEM €€ IJIMHBL. OJTO
3HAUUT, YTO €ClIM MBICIIEHHO pa3pe3aTh CTPYHY B TOUKe I, TO IEeHCTBHe
OIIHOTO y4acTKa CTPYHHI HA Apyroi (cuia HaTsxkeHus 1) GymeT Hampas-
JIEHO 110 KacaTeJIbHOW K CTpyHe B Touke z. Iy BEIBOma ypaBHEHHS KOJle-
OGaHMI BBINEIIMM YYaCTOK CTPYHBI OT X IO % + AZ M COPOEKTHUPyeM BCe
IeNCTBYIOIIME HA STOT yUIACTOK CUIIBL (BKIIIOYAs U CUJIBL MHEPIMH) Ha OCH
kooprnuuatr. Cornacuo npuanuny Ilamambepa cyMMa HPOEKIIME BCEX CHII
[IOJIXKHA PaBHATHCS HYM0. MBI u3ydaeM TOJIBKO IMolepedHble KojeOaHus.
ITosTOMy MOXKHO CINTATDH BHEIIHNE CUJIBL U CUJIy WHEPIIUY HAIPABJIEHHBI-
MU BIOJb OCH u. lIpuMeM BO BHMMaHHe TakXe, 4TO PACCMaTPUBAIOTCS
MaJible Kojie0aHus CTPYHBI. JTO 3HAUUT, ITO B IPOLECCE BLIBOLA YpaBHe-
Hus MBI OyzeM npeHebperaTh KBaIpaTaMu BEJIUYUHBL U, (z,t). Houna S
nyru AB BBEIpaXaeTcs MHTETPAJIOM

z+Az

S = / V1+u2de = Az.

OTO 3HAYUT, YTO YIUIMHEHUs YUIACTKOB CTPYHBI B TpOIecce KoJieOaHus
He MPOUCXOOUT W, CIIeNOBATENbHO, 0 3aKOHY |'yka BelnuunHA HATSXKEHUS
To = |T'| He 3aBuCMT HM OT BpeMeHH, HU OT z. HailmeM mpoeximu Bcex

T(z+Ax)
B
alr T A
g —
A/a(w) 0z z+Az Iz
T'(z)
Puc. 1

CWJI B MOMEHT BPEMEHH § Ha OCH U. IIpOEKIINs CUITBI HATSXKEHUS ¢ TOYHOC-
ThIO 10 GeckoHeuHO MaIbIX (6. M.) mepBoro nopsnka pasua (puc. 1):

tg a(z+Azx)  tg o)
V1t+tgla(z+Az)  /1+tg2a(z)

To[sina(z+Az)—sina(z)] = To [

V1+u2(z+Az,t)  /1+u2(z,t)
= Tougs(z,t) Az.

Iycts p(z,t) — HenpepbIBHAs JIMHEHHAS IUIOTHOCTH BHENIHUX cuil. Torma
Ha yuacTok AB Bmonb ocu u meiictByer cwia p(z,t) Az. s Haxoxne-
HUs CWIILI MHepIMU yyacTKa AB BocHnosib3yeMcs BEIpaKeHHeM —Mit, TIe
m — Macca yuacTka. Fcmu p(r) — HenpepbiBHas JMHEHHAs INIOTHOCTD
cTpyHsl, To m = pAx. Takum 06pa3oM, MPOEKIUsI HA OCh U CUITBI HHEPIIUU
3allaeTCs BEIpaKeHHeM — puy AT, a IPOEKIUs BCeX CHIT Ha, OCh U UMeeT BUI
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[Tougze + p(z,t) — p(z) ug] Az = 0. (1)
CrenosaTenbHoO,
Totgs — p(T) uge + p(z,t) = 0.
OTo M ecThb Yypasuenue GbIHYNCIEHNHLIT Koaebanut cmpywbi. Ecom p =
= const, To ypaBHeHHe IPUHUMAET BUI
Ut = @ Upy + 9(,1),

roe a®> = Ty/p, g(z,t) = p(z,t)/p. Kpome Toro, dyrkmms u(x,t) ymos-
JIETBOPsIET HAYAJBHBIM YCIOBHSIM Ult—o = ©(Z), Ut|t=0 = (), rme (),
(x) — 3amanHble QyHKIMU.

BrBon KpaeBHIX YyCJIOBHIL

a) Ecau KOHIBI CTPYHBI XKECTKO 3aKPEINIEHBL, TO U|,—0 =0, u|z=; =0.

6) B ciyuae cBOOOMHBLIX KOHIIOB IJIs MOJIyueHUs yCiaoust mpu £ = 0
CIIPOEKTHUPYEM Ha OCh U CHJIBI, AeficTByromue Ha yuacTok KM (puc.2).

U
T
0 K um
T(Ax)
p
0 Az 1 T
Puc. 2

Tak kax HaTsKeHue B Touke £ = () HECTBYeET JIMIIb NAPAJUIEIIEHO OCH I,
TO NMPOEKIMs CUil HATsXKeHus Ha yuacTok K M pasua Tyu,(Az,t). IIpo-
ekiust BHeInHel cuibl pasHa p(0,t) Az, a NpOeKUus CUIIBL HHEPLIUY PABHA
—pu(0,¢) Az. lpupaBHUBasg HyJII0 UX CyMMY, IOy UM

TOUw (AIL', t) + p(oa t) Az — PuUtt (07 t) Az =0. (2)

Ycerpemum Az k mymio. Torma BerencTBue HENPEPLIBHOCTU M OTPAHUYEH-
HOCTHU BXOIAIIMX (QYHKIMA MOJYIUM YCIIOBUE Ugy|,—o = 0. AHamoruuno
HOJIyYaeTCsl YCIOBME Ha NPABOM KOHIIE Uy |,—; = 0.

B) IleficTBue ynpyrux Cuil 3a/lefIKu Ha JIEBOM KOHIIE MAeTCs BhIPaXKe-
uneM —ku(0,t). IlpupaBHUBaEM B 5TOM CIIyUae MPOEKIINIO BCEX CUIL, NECT-
Bywomx Ha yaactok K M, Ha ock v mHymo. K nesoit uactu ypasrenus (2)
nobasurcs wren —ku(0,t). Torma numeem

Touz (Az,t) — ku(0,t) + p(0,t) Az — pusu(0,t) Az = 0,

a ipu Az — 0 nomyuaem
(uy — hu)|z=0 = 0, h =k/Tp.

Ha npaBoMm xonie (puc. 3) NpoeKIust BCeX CUII UMEET BUIL
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v T(1-Az)
()
0 - Az l T
Puc. 3

—Tou, (I — Az, t) — ku(l,t) + p(l,t) Az — puy(l,t) Az = 0,

HOCKOIIBKY
sina(l — Az) = ug|p=1—Az-

IIpu Az — 0 monyuum (uy + hu)|y= = 0.

r) ulo—o = pn(t), ulos = pa(t), v Gysiamm pa (1), p(t) onpenens-
10T 3aKOH aBrkeHus KOHIOB (11 (0) = ¢(0), pu2(0) = ¢(1)).

ITpumep 2. 3amauyu o0 konmebaHUU CTepXKHs YIOpy-
U [PSIMOJIMHENHLIA CTEDXKEHb [IMHOW | BBIBENEH U3 COCTOSHUS ITOKOSI
TEM, UTO €rO NONEPEUHBIM CeUeHUsM B MOMEHT ¢t = () COODIIIEHBI MaJIble
IIPOIOIILHBIE CMeEIIeHUsT U cKopocTH. IIpenmonarast, 4To BO BpeMs IBIXKe-
HUSI TIOIIEPEYHBIE CEUEHNS OCTAIOTCS APAIIIEILHBIMY NIOCKOCTH, TIEPIIEH-
OUKYJISIPHON K OCK CTEPKHSI, IIOCTABUTD 33341y IJIs ONPENeIeHNs] MAJIbIX
IIPOMONIBHLIX KoJlebauuit crepxHs npu ¢t > 0. PaccMoTpers ciryuan, korma
KOHITBI CTEPKHS:

a) 3aKPEIUIEHBI XKECTKO;

6) OBUTAIOTCS B IPONONBHOM HAIPABIEHUN IO 33[JAHHBIM 3aKOHAM;

B) CBOGOIHEL;

I') 3aKPEIUIEHBI YIIPYTO, T.€. KAXKILIA U3 KOHIIOB UCIBITHIBAET CO CTO-
POHBI 3aJeJIKY IIPONOJILHYIO CUILY, IPONOPIUOHAIBLHYO CMEIIEHNI0 U Ha-
IIPABJIEHHYO IIPOTUBOIIOJIOXHO CMEIIIEHNIO.

Pemenwne. IlycTh OCh T cOBHamaeT C HAIPABIEHUEM OCH CTEPIKHS
(puc.4) m mycTh & — KOODAWHATA CEUEHUS! Pg, KOTAA OHO HAXONWUTCS B

p P1

0 T z+Azx l z
q q1
Puc.4

IIOKO€. MBI HSyqaeM MaJIbI€ IIPOOOJIBHBIC KOJ'Ie6a,HI/Iﬂ CTEPXHA. GTO 3Ha-
YUT, YTO BHEITHNE CUJILI ¥ CHIIBGI MHEPIMU MOXHO CUNTATDh HAIIPABICHHEI-
MU BOOJIb ocu crepxust. O6o3uaunm yepes u (1, t) CMEleHne 5TOro CeYeHnst
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B MOMEHT t; TOT/Ia B PAMKAX HAILErO MPEIJIOKEHN CMEIIEHUe CEICHUs B
Touke = + Az Oyner

u(z + Az, t) = u(z,t) + u,(z,t) Az.

ITosTOMy OTHOCUTENBHOE YIJIMHEHWE CTEPXKHs B CEUeHUM I OymeT pas-
HO U, (z,t). o zakomy I'yka HaTsXeHHE B 3TOM CEYEHUM DABHO
T = ESu,(x,t), rne S — momans nomepevHoro cedenus, £ — Momyis
VIPYTOCTU MaTePUasia CTEPXKHs. Y DABHEHUE KOJIEOAHWIT CTEPXKHS IOJIy-
YUM, €CJIM TPUPABHSIEM HYJIO CYMMY BCEX CHJI, BKIIIOUAS CUJIBI WHEPIINH,
IENCTBYIOIINE HA YIACTOK Pg, P1q1. PaBHONENCTBYIOIIAS CUII HATSIKEHUS
paBHa

T(x+Ax)—T(z) = ES[uy(z+Ax,t) —uy(z,t)] =2 ESuze(z,t) Ax.

IIycts p(x,t) — oOBEMHAsA IJIOTHOCTH BHEIIHUX CWi. Torma Ha ydac-
TOK pq, p1g1 OeUCTByeT BHemHss cuia Sp(z,t) Az m cuna uHEpUUN
—p(z) Sust(x, t) Az. Cymma Bcex cuin o npunnuny amambepa paBHA Hy-
JI10, T. €.
[ESuzy(z,t) + p(z,t) S — p(z) Suw(z,t)] Az = 0. (1)
Ozcrona
p(IL') utt(xat) = Euzz(xat) +p($>t); (2)

KpoMe TOro, u(z,t) yooBIeTBOpSAET HAUAJIBHBIM YCIOBUIM Uli—g = ¢(Z),
utli=0 = P (x), rme p(z),Y(x) — 3anamasie dyukuun. Eciu p(z) = p =
= const (OGHOPONHBII CTEPKEHD), TO YPABHEHNE IPUHAMAET BUL

Ut = azumm + g(.’E,t),
raoe
> =E/p,  g(z,t) = plz,t)/p. (3)

BrBon KpaeBBX yCJIOBHMIL

a) B ciaydae XecTKOrO 3aKpeIieHns OTKJIOHEeHUS KOHIIOB He TIPOMCXO0-
IAT, W, CIEOBATEIHHO, U|,—0 = U|y—; = 0.

6) tulz=0 = p1(t), ule=t = pa(t), roe p1(t), p2(t) — dbynxuun, onpene-
sarowmue 3akoH aBuxkenus KoHIOB (11 (0) = ¢(0), p2(0) = ¢(1)).

B) B cimyuae cBOGOMHBIX KOHIIOB COCTaBisieM OaJIaHC MEACTBYIOIIAX
cmit s 060ux KOHNOB. Ha JIeBOM KOHIIE pABHONEHCTBYIOMIAS YIPYTHX CUJT
marsxenus pasHa T (Az) = ESu,(Az,t), saemnsas cuna Sp(0,t) Az u
cwina urepiuy —pSuy(0,t) Az. Cymma Bcex cuil, HEMCTBYIOLINX HA BBIIE-
JICHHBLIN 3JIeMeHT, paBHa Hyo. OTcrona

ESug(Az,t) + p(0,1) SAz — pSuu(0,1) Az = 0, (4)

u npu Az — 0 nonydaem u, |,—o = 0. AHATIOTUYHO pacCyKaast, HA IPABOM
KOHIIE [OIIy9aeM YCIIOBHE Uy |z=; = 0.

r) B mesont wactu ypasuenus (4) mobasurcs cuna —ku(0,t). ¥ nocie
nepexona K npeneiy npu Az — 0 momydum
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ESu,(0,t) — ku(0,t) =0 wmm (uy — hu)|,—0 =0, tme h=k/(ES).
Ha npasom xoniie

—T(l— Az) = —ESu,(l — Az,t),
Sp(l,t) Az — Bremas cuna, —p(z) Sus (1, ) Az — cuna unepuun. Torma
nmeeM —ESu, (I — Az, t) — ku(l,t) + Sp(l,t) Az — ug(1,t) Sp(z) Az = 0,
u npu Az — 0 nony4aem BTOpoe rpaHudHOe ycioBue (u; + hu)|z=; = 0.

ITpumep 3. 3amaua o konmebauuu MmeM6pans. Memb-
PaHOU HA3BIBAETCS HATSHYTAas IJIEHKA, KOTOPAas COIPOTUBIAETCS PACTS-
JXKEHUIO U He COMpOTuBIsAeTcs u3ruby. PaboTa BHEITHEN CUIIbI, BHI3BLIBAIO-
e M3MeHEHNe VIO HEKOTOPOI'O yYaCTKa, IPOIOPINOHAIBLHA 3TOMY
n3MmeHeHuo. [lonoxurenbHbI K03GhdUIIMEHT NPONOPIMOHAIBEHOCTY 1 He
3aBUCUAT HU OT (HOPMBI 5TOTO YUIACTKA, HU OT €ro moyioxkeHus. OH Ha3bI-
BAETCSI HAMANCEHUEM MEMOPANDL.

BriBeneMm ypaBHeHUe paBHOBecHsl MeMODAHBI, IIPEANONArasi, YTO B Ha-
JaIbHBIE MOMEHT BDEMEHH B IOJIOXKEHWM DABHOBECHS MeMOpaHa COBIIa-
nama ¢ obnacteio G mockocTu (Z1,Z2), OCPAHUYEHHON HEKOTODOR IO-
CTATOYHO IIankoi kpusoi L. Pabora BHYTPEHHUX CUII yIPYTOCTH DaB-
Ha IO abCOJIIOTHOM BeJIMUWHE DPabOTe BHEIIHUX CUJI U IIPOTHUBOIOJIOXKHA
et mo 3uaKy. Ilycts f(z) — IWIOTHOCTH CWIIBI B TOYKE X, HEMCTBYIOLIEH
HNEPIEeHAUKYIAPHO K IUIOCKOCTH (%1, Z2). Ilom meficTBMEM BHEINHER CUIIBI
MeMOpaHa IepeineT B HOBOE IIONIOXKeHUe, KOTOPOe OMUCHIBAETCS yPaBHe-
aueM u = u(z). Bymem cumrars, uTo MeMOpaHa HE CHJIBHO M30THYTA,

4 4
TakK 4TO B PacCyxaeHusax Oynem NpeHeOperaTh WICHAMHU U, ,U,,. Kpo-

M
Me TOro, OyneM CUuTaTh, YTO TOYKM MEMODAHBL IIOX I[eI?ICTBI/aIc(lBM §HemHe1?1
CUJIBI TIEPEMEITIAIOTCS TOIBKO M0 MEPIEHANKYIAPAM K IIIOCKOCTH (X1, L),
U, CIIENOBATEIHHO, KOOPDOUHATEL (1, L) NPOU3BOIBHON TOUKM MEMODAHBL
IIpU 5TOM He MEHSIOTCS.
PabBora BHemHell Cuiibl, BEI3BABIIEH IEPEMEIIEHIE MEMOPAHEL U3 Iep-
BOHAUAJILHOTO noJioxkeHus (u = 0, € () B IONIOXKEHVE, 331aBAEMOE YDaB-

HeHnueM u = u(x), x € G, paBHa
/f(a;)u(x) dz.
fe!

W3menenue nomnanu MeMOpaHBL IIPX 9TOM MIEPEMEIIEHUN PABHO

/(,/1+u§1+u§2 —1) dz,
G

a paboTa BHYTPEHHUX CUJI YIPYTOCTU PABHA

—T/ [,/1+u§1 +u2, —1] dz = —%/(uil +u2,) dz.
G G

CrienoBaTenbHO, CyMMa Bcex paboT paBHA

T
Alu) = / [—5 (u2, +u2) + fu] dz. 1)
G
Bapuanusa dyukunonana (1) Bepaxkaercs hopmyIioin
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0A(u) = / [= T (uz,0up, + ug,bug,) + fdu] da.
G
CornacHo IPUHNINITY BO3MOXKHBIX [EPEMEIIEHNUI B IOJI0KEHUN DABHOBECHSI
dA(u) = 0 mpu Bcex momyctumbix du(z). Tak kak

/(uxléuxl + Uy, OUg, ) dr = g—z oudl — /Au du dz,
G L G

Tle 7 — BEKTOD BHEIIHEelW HOpMAaJu K KOHTYypy L, To

6A@w) =T [ g—z budl+ [(TAu+ f)duds = 0. 2)
L G

Tax xak mrob6ast HepepbIBHO nuddepeHnupyemas B G yHKUINA, paB-
Has HyJIIO Ha TPaHUIlE, ABJISETCS OOy CTUMON GyHKINER, TO, Ipeanoiaras
odysxumn u(z) n f(z) mocrarouno rmankumu, us (2) uMeem

TAu=—f(z), z €. (3)

KpaeBbie ycnoBus.

a) 3akpemennas mMemOpana. Eciu kpaii MeMOpaHBI XECTKO 3aKper-
JIEH, TO OTKJIOHEHWS TOUYEeK MEeMODAHBI Ha rpanune L He MPOMCXOOUT W,
CIIeNOBATENBHO, u|r, = 0.

6) Kpas meMOpanbl CBOGOMHBI, T.€. OHM MOTYT CBOGOIHO Mepeme-
IaTHCSA IO BEPTUKAIBLHON OOKOBOU IOBEPXHOCTH IIMIIMHIDPA C OCHOBAHU-
em L. B sTom ciyuae du Gymer mpousBonbHOU kKak B G, Tak u Ha L, n u3

ou
ycnosus (2) monmydaem a—n‘L =0.

B) Ecmu kx xpaio MeMOpaHbI IPUIIOKEHA CUIIA, C JIMHENHON IO THOCTHIO
f1, TO KPUBOJIMHENHBIN UHTETPAIT B hopMyiie (2) B 5TOM CIIydae 3aMEHUT-

Cs Ha
/ (-r g‘_z + 1) dudl,

ou
¥ BCJIEACTBUE MPOU3BOIILHOCTHU du Ha, L mosryumm (—T n + fl)‘ =0.
L

r) B cayuae ympyroro sakperueHust Kpas MeMOPaHBI CAIA, NEHCT-
BYIOIIAs HA KPalo, UMEET IUIOTHOCTbL —ku, rme k XapakTepusyer XKecT-
KOCTb 3aKPeIUieHuss MeMOpaHbl. [liis MONy4YeHus: TPAHUYIHOTO yCIIOBUS

HYXHO B IDAHUYHOM YCIIOBUI (—T g—z + f1)|L = 0 samenuts f; Ha —ku.

Torna momyunm

(%—i—hu)‘L:O, rue h:%.

BriBenem ypasuenue nsuxenus MeMOpassl. [lycts u = u(x,t) — ypas-
HEHUe, ONUCHLIBAIOIIEE TOJIOKEHNE MeMOpaHbl B MOMeHT Bpemenu t. Co-
raacuo npunnuny Hamambepa dyuknus u(z,t) ynosnersopser nuddepen-
muansaoMy ypasaenuto TAu = —(f — pug) (f = f(x,t) — mmorHOCTD
BHEIHEN cpenbl, —p(Z) Uy — IUIOTHOCTL CUIILI WHepIuu). Takum obpa-
30M, ypaBHeHNE KojleGaHu MeMODAHBI UMEET BUL
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a®Au — uy = F(z,t), rze a®>=T/p, F=—f(z,t)/p. (4)

W3 pusuueckux cOOOpaKEHUN SICHO, ITO MJIS OMHO3HAYHOTO OMMCAHUS
mporiecca kosebanuil, KpoMme ypasHenus (4) u yciosus Ha rpanune L (on-
HOTO U3 yCJIOBUI a)-T)), HYyXHO 3a[0aTh HAa4YaJIbHOE Hosoxenue (hopmy
MeMOpanbl ipu ¢ = () U HAYAIBLHBIE CKOPOCTU TOYEK MEMOPAHHI.

Taxum o6pasom, mMeeM Ui ypapHeHu:A (4) 3amady: HAUTH MBAXKIEL
HempepsBHO aubdepennupyemoe peuenue u(x,t), x € G, t > 0, Henpe-
pPBIBHO nuddepeHnmupyeMoe B G mpu t > 0, YIOBJIETBOPSIOIIEE

a?Au — ug = F(z,t), ult=0 = p(z), Utli=0 = P(z),

roe o(z), P(r) — sananuble dyukmuu. Kpome TOro, B 3aBUCHMOCTH OT
yCIoBuil Ha Kpaio MeMOpaHbl, GyHKums u(z,t) DOIKHA yIOBIETBOPSTH
OIHOMY U3 YCIJIOBUIL B)—T).

ITpumep 4. YpaBHeHUEe HEePaA3pPBIBHOCTHU. 3amadvda
obrTexaHuss. YpaBHeHUEe aKycTuku PaccmorpuMm nBuxe-
HIE UAEAIBHON XKUIKOCTH (rasa), T. €. )KUIKOCTU, B KOTOPO OTCY TCTBYIOT
cuer Bsskoctn® . Ilycrs v = (v1,v2,v3) — BEKTOP CKOPOCTHU IBUKEHUS
xunkoctu, p(z,t) — ee WIOTHOCTD, f(,t) — MHTEHCUBHOCTH MCTOUHU-
KOB. BeimenumM B XKUAKOCTU HEKOTOPLIN 00beM (), OTDAHUYEHHBIN TOBEPX-
HocThio S. Torma u3MeHeHne MacCHI XXKUAKOCTH BHYTPH () B €UHUILY Bpe-

MEHU PAaBHO
0 _ [Op
E/pdx —/de.
Q Q

C mpyroit CTOPOHBI, TO U3MEHEHUE HOJIXKHO PABHATHCS IPUPAIIEHUIO KO-
JIN4YECTBaA Q]_ XKNOKOCTH, BI:;II[eJ'IeHHOI?I UCTOYHUKAMU, MUHYC KOJIXTYECT-
BO (J2 XUIOKOCTH, BEITEKAOIEE Yepe3 MOoBepxHOCTh S. OueBumHo,

Q1= /f(i'at) dz, Q2 = /p('u-n) ds = /div (pv) dz,
O s )
rIe N — BHEIIHAS HOpMailb. Takum o6pa3oM, mMeem

/[pt+div(p-'u) — fldz =0.

Q
BCJ'Ie,T.[CTBI/Ie IIPOU3BOJIBHOCTH Q 1 HEIIPEPBIBHOCTHU IIOOBIHTET DAJIBHOT'O BBI-
paxeHus: HEOOXOIMMO

pt +div (p-v) = f(z,1).
OTO U €CTh YpasHeRUe HEPA3PLIBHOCTMU ITBUKEHUS UNCAITLHON KUIKOCTH.
Paccmorpum 3adauy 06 o6mexanuu TBepmoro Tena () ¢ rpanunein S

IIOTEHIINAJIBHBIM IIOTOKOM HECKMMaEMON OI[HOpOI[HOfI XKUOKOCTU, NUMEIO-
1Iell 33JaHHY0 CKOPOCTD Vg HA GECKOHEUHOCTH TIPUA OTCY TCTBUM UCTOUHU-
koB. Tax xak p = const m f = 0, TO 5Ta 3aMa9a TPUBOMUTCS K PELICHUIO
ypaBHEHUS

*)I[BH}KGHHG XKUOKOCTU PACCMATPUBACTCI B BﬁnepOBLIX KOOpOoUHaTaX.
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diveo =0 (2)
Ipu yCJIOBAU

vn|5 = 0, (3)

roe v, = (v,n), N — BHEIHA HOPMaJib. [lyCTh 4 — MOTEHIMAIl CKOPOC-
Telt, T.€. v = gradu. Torna ypasuenue (2) npunumaer sun div gradu =

u
= Ay = 0, a rPAHUYHBIM YCIIOBUEM CTAHOBUTCS Inle = 0, Tak Kax
nls

_ Ou

on’
W3 pusmaeckux coobpaxkeHU ACHO, 9TO v(Z) MDOIKHA CTPEMUTHCA K Vg
npu |z| — 00, rme Yo — CKOPOCTH MOTOKA, Ha GECKOHEUHOCTH.

Taxum 06pa3oM, yKasaHHAS 3314492 CBEIACH K PEIICHNIO 3a0a4K

Au =0, z & Q,

v, = (v,n) = (gradu, n)

Qul _ 0, lim gradu = vg.
onls |z]—o00
YpaBHeHUusT akKycCTHUKU IlIpennonoxuM, 4T0 HAXONAIIMICS
B HEKOTOPOM O0OBEME WUIEAJIbHBIA a3 [ON AEMCTBUEM BHEIIHHX CHWII C
mwioTHOCTEIO F'(2,t) coBepiaeT Masbie KOIeGAHMST OKOJIO TIOIIOKEHNST PAB-
HOBECHs. ¥ 4YTO ABIXKEHWE rasa anuabaTudeckoe, T.e. nasiieHue p(z,t)
7 IWIOTHOCTL P(Z,t) CBA3AHBI COOTHOIIEHUEM (yDABHEHMEM COCTOSIHIS)

(2. <4>

po

Po
Toe P, po — HAYAIBHBIE OABIIEHUS U INIOTHOCTD, & MOCTOSIHHA 7y > (.
O6osnaunm uepes u(z,t) = (ui(z,t),us2(z,t),us(x,t)) BekTOp CMe-

LIEHWs] Ta33a OTHOCUTENLHO IIOJIOXKEHWs DaBHOBeCUs, a uepes v(z,t) =
= (v1(x,t),v2(z,t),vs3(z,t)) — BEKTOpP CKOpPOCTH:

ou
Fri (5)

B mamux npennonoxenusx (p — po, %, ¥ U UX IPOU3BOLHBIE MAJILI) YPaB-
Henve (4) MOXHO NEPENNCaTh B BUIE

p=po(1+vﬂ)- (6)
po
a ypaBHeHUe HepaspbiBHOCTU (1) — B BUIE

pt+podive =0 (7

(cumraem, UTO MHTEHCUBHOCTH UCTOYHUKOB PABHA HYJIIO).
B coorBeTcTBUM ¢ 3aKk0oHOM HbBIOTOHA MOTHEBIM GAJIAHC CUIT, MEHCTBYIO-
X Ha MaJibiil 00beM rasa AV, paBeH Hyio, T.e.

p% AV +gradp AV = FAV,
OTKyIIa TIOCIIE 3aMEHBL p Ha po (B PAMKAX HAIIETO IPUOINKEHNS) Oy daeM

2 Ilom pexn. B. C. Bragumuposa
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v

Po ot

Huddepennupys (8) o ¢t u monb3ysics coorromenusMu (6) u (7), Haxomum
yPaBHEHUE IS BEKTOPA, CKOPOCTH ¥

82’0_ 2 . 1 OF
Sz = ¢ graddivo + o 9)

= F — gradp. (8)

roe a® = poy/ po-
Ecnu npeanosiokuTs, 9T0 B HAYAILHBIN MOMEHT BPEMEHU MMEET MEC-
T0 paBeHcTBo divu = —1, To u3 (7) u (5) mosmydymm, 4TO IS BCEX IO-
CIENYIOIMX MOMEHTOB BDEMEHN UMEET MECTO PABEHCTBO p + po divu = 0.
Orciona u u3 (5), (6) u (8) BEITEKAET ypaBHEHUE I BEKTOPA CMELLICHUS
82’11, 2 . 1
— =a“graddivu + — F. 10
52 g p” (10)
Hakonen, nuddepentupys ypasuenune (7) mo ¢t u ucnonssys (6) u (8),
HOJIyYMM yPABHEHUS IJIsl INIOTHOCTY 0 U AABJICHUS P

pit = a*Ap — div F, pu = a*Ap — a?div F. (11)

Ypasuenus (9)—(11) HASBEIBAIOTCS YPABHEHUIMY AKYCTNUKY.

ITpumep 5. 3amayum 0 PACOIPOCTPAHEHUU TEIJa.
BriBon ypaBHeHUs TemonpoBomHOCTH Oasupyetcs Ha 3akoHe Dypre, co-
[JIACHO KOTOPOMY KOJIMUECTBO TEIIA, IPOXOIAIee 33 BpeMs At uepes mMa-
ayto wiomanky AS, exalyio BHyTPI PAaCCMaTPUBAEMOTO TeIla, OIpene-
sseTcs GOpMYyJIIon

AQ = —k(w,u) 24 8u(x t)

re 1 — HOPMAJIb K IUIOIANKE, HAIIPABJIEHHAS B CTOPOHY IEPENadu Tell-
na, k(z,u) — ko3)GOUNMEHT BHYTDPEHHEN TEIIONPOBORHOCTH, u(ZL,t) —
TeMmepaTypa Tela B TOuke & = (X1, Z2,T3) B MOMEHT Bpemenu t. IIpen-
MOJIOKYM, UTO TEJI0 M30TPOIHO B OTHOUIEHUU TEILIONPOBONHOCTH. Torma
k(x,u) He 3aBUCAT OT HANPABIIEHUS IUIOIIANKY. [[7is BBIBOLA ypaBHEHUS,
KOTOPOMY YIOBJIETBODPSET TeMIeparypa u(x,t), BbLOEIUM BHYTDHU TEIa
ob6weMm (2, orpanndeHHblil moBepxHOCTHIO S. CormacHo 3akoHy Dyphe Ko-
JIMYECTBO TEIIa, BTeKawlee B () uepes MOBEPXHOCTDL S 33 MPOMEXYTOK
BpeMeHH [t1, t2], paBHo

to
/dt/k—ds_ /dtﬂ/dlv(kgradu)dx.

t1

AS At, 1)

Ecmu F(z,t) — MIOTHOCTD TEIIOBBIX HCTOYHUKOB, TO KOIIMIECTBO Tell-
s1a, 06pa30BaHHOE 33 UX CYeT B ) 33 YKA3aHHBIN MPOMEXYTOK BPEMEHH,

pPaBHO
to

/dtQ/F(x,t) dz.

t
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O6i111e€ KOMMUECTBO MPUTEKINETO B §) 33 BpeMs OT t1 MO to TEIUIa MOXKHO
MONCYNTATH TAKXKE U UYEPEe3 MPUPAIIEHNE TEMIEPATYPHL:
2]

eplu(z,te) —u(z,t1)]de = [ dt [ cp u dz,
/ [ ]

Q 0
rze ¢(z) u p(x) — TEmIoeMKOCTh U IIIOTHOCTH BewecTBa. ClIeNoBaTeNnbHO,
to
/ dt/ (cp ?9_1: —div (kgradu) — F(=z, t)) dz =0 (2)
t1 Q

(mpu 5TOM IpenmoNaraeM, YTO MOALIHTErPAIbHAL (PYyHKINS HEIIPEPHIBHA).
B cuity npoussonbHOCTE ) ¥ IPOMEXKYTKA BDEMEHH [t1, t2] 13 (2) BEITEKaeT

DPaBEHCTBO
cpuy — div (kgradu) = F(z,t), (3)

HA3LIBAEMOE YPAGHEHUEM TENAONPOE0IHOCTIU.
Ecimu k05pduUiuenT TennonpoBonHoCcTY k HE 3aBUCUT OT TEMIIEPATY-
pet u, k(z,u) = k(z), To ypasrenue (3) cTaHOBUTCs JMHENHBIM. Ecin
TeNno omHOpomHO, TO c¢(z) = const, p = const, k = const u ypaBHeHUE

IIPUHUMAET BULO
Ut =a2Au+f($,t), (4)

roe a®> = k/(cp), f(z,t) = F(z,t)/(cp). U3 dusmueckux coobpaxeHmit
CIlelyeT, 9TO IJIA ONHO3HAYHOTO OMUCAHWS IPOIECCA PACIPOCTPAHCHUS
Terna HeobxomuMmo, Kpome ypasHeHus (3) wiu (4), 3a0aTh HAYAIBHYIO
TEMIIEPATYDPY, T.6. Ult=p = ¢(Z), ¥ TEMIEPATYDHBI DEXUM HA TDAHU-
ue. Insa cayuas korma Ha rpanune [ Terma D monmepKuBaeTcs 3aIaHHAS
TEMIIEPATYPA, TPAHUYHOE YCIIOBUE BLITIIAIAT TAK:

ulr = 1/)
Iitst citygast kKOorma Ha IPAHUIE 330aH TEIJIOBOX IOTOK ¢, TPAHUYHOE yCIIO-
BUE€ BBITJISAOUT TaK:

ou

on ‘r o
roe h = q/k, n — BremHs s HOpMasb. B wacTHOCTH, ecim Teno G Temo-
M30JIMPOBAHO HA TPAHUIE, TO

ou

—1| =0.

onlr

B ciiyuae eciim oxpyxaroree Teino G IPOCTPAHCTBO MMEET 3aTaHHYTO

TEMIIEPATYPY, CIUTAEM, UTO HA TPAHUIE MTPOUCXOMUT TEMIO0OMEH IO 3a-
kony Heioroma, T.e. ¢lr = a(u1 — u)r, rme ¢ — TEIUIOBOU NOTOK, @ —
KOO PUIMEHT BHEIIHE! TEIIONPOBONHOCTH (TEII00OMEHA,), U1 — TEMIIe-
paTypa okpyxatoriero G mpocrpancTsa. C OPyroil CTOPOHBLI, B €NUHU-
1y BPEMEHU C eMUHUIILI IIOMANU TPAaHUIEl [ BHYTPh Tenma G 1m0 3aKOHY

. u
®Dypbe UAeT TEIIOBOR MOTOK ¢; = k ——. OTHU MOTOKU MOJIXKHLI OBITH PaB-
on
HEI, T.€.
ou
k—

_ _ Ou _
anlr = a(u; — u)|r, uim (— + hu)‘r = 1 (s).

on

2%
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ITpumep 6. 3amauum o nuddys3uu BrmBectu ypaBHeHue
muddy3un BeecTBa B HEIOABMKHON CPene, 3aHNMAOIIEN OrPAHNIEHHYIO
obnacts €} ¢ rpanuneit I', eciu 3amaHa WIOTHOCTH UCTOYHUKOB F'(z,t) n
nuddy3ust TPOUCXOAUT C TOTIIONIEHNEM (HATIPUMED, YaCTUILL nuddyHII-
PYIOIIIETO BEIECTBA BCTYHIAIOT B XUMUUECKYIO DEAKIINIO C BEIIIECTBOM CPe-
IIBD), IPUYEM CKOPOCTD MOTIIOIIEHNs. B KAXK IO TOUKE IPOCTPAHCTBA L € §)
IPOMOPIUOHAIILHA, INIOTHOCTY U (%, t) muddyHIUPYOIEro BEIEeCTBA.

IlonyuuTs KpaeBble yCIOBUS OJIs CIEAYIOIINX CIIyJIaeB:

a) Ha rpaHuie OOIACTH MONAEPKUBACTCS 3aJaHHAS IIIOTHOCTD;

6) rpaHULa HEIPOHUIAEMA;

B) TDAHULA IOJIyIPOHUIIAEMA, IpudeM quddys3us yepes TPAHuILy IPOo-
ACXOOUT IO 3aKOHY, nomobHOoMy 3akoHY HbioTOHA NOiIsi KOHBEKTMBHOTO
TeImIo00MeHa.

BriBon ypaBHeHUs OCHOBBLIBaeTCs Ha 3akOoHe HapHcTa, cormacHo KOTO-
POMY KOIMYECTBO BEIIECTBA, IIPOXOMIIIIEE 33 MAJILIA IPOMEXKY TOK BPEMEHU
At gyepes Manyto mnomanky AS, paBHO

AQ::—D@Q%%ASA@

roe D(z) — xosddurment nuddysun, n — HOPMaIL K dyeMeHTy AS,
HAIPABIIEHHAsA B CTOPOHY NepeMelleHns BemecTsa. 1lycts p(z) — xosd-
ureHT MIOTHOCTH cpenbl. Kak u Ipu BRIBOIE YPABHEHUS TEIIONPOBOI-
HOCTU, BBIIEIUM HEKOTOPHIA 00beM () ¢ rpanuneil S u cocTaBuMm GaJlaHc
KOJIMYECTBA BEIECTBA, IPUIIENNIErO B {) 32 IPOMEXYTOK BPEMEHH [t1, ta].

KomnuuecTso BerecTna, npuiieniero B {) uepes rpaHully S, COrIACHO
3akony HspmcTa paBHO

to to
/dt/D(w) g—st = /dt/div (D gradu) dx.
t1 S t1 Q
KomnuuecTBo BetiecTBa, 06pasoBasiierocs B {) 3a C4eT UCTOUHUKOB, PABHO
2]
/m/F@wm.
t1 Q
Komuaectso BerecTBa B §) yMEHBIIAIIOCH HA BETUIUHY

to

/dt/q(m)u(a:,t) dz

3a cuer moruyomenus cpensl (¢(x) — xosddunment norsomenus). [lo-
CKOITbKY TIPUPAIIEHNE KOIXIECTBA BEIIECTBA B () 33 IPOMEXYTOK [t1,ta]
PaBHO Takxke

/p(x)[u(x,tg) —u(z,t1)]de = fdt/pg—?dx,
Q Q

t1
TO
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to
/ dt/(put —div(Dgradu) — F + qu)dz =0 (1)
t1 Q

(mombHTErpaNbHAS QYHKINA CIUTACTCS HEIPEPLIBHOM ).
B cuity npomssonbHOCTH §) 1 IPOMEXYTKa BpeMeHu [t1, ts] u3 (1) BoI-
TEKAET PABEHCTBO
put + qu = div (D gradu) + F. (2)

OTO0 u ecThb UCKOMOe ypasuenue Juddysuu. W3 dusmueckux coobpakeHuin
SCHO, 9TO I OMHO3HAYHOIO ONMCAHUSA TIporecca aubdys3uu HeoOXOMuMO
3HATH HAUAJILHOE PACIPENENIeHNE INIOTHOCTH Uli—g = @(z), = € Q, u
pexuM nuddy3un Ha rpaHuUle 06JIaCTH.

Kak u B cinyuae npumepa 5, KpaeBble yCIIOBUS UMEIOT BUL:

a) ulr = uo;
Oou| _ ..
0) 8_n|r_0’

ou
B) D %| = a(u; — u)|r, rme ug,u; — 3amaHHbIe QYHKIAM, O —
r

KO03PGUIMEHT MTPOHUIIAEMOCTH TPAHUIIEL [

1.1. Haiitu cTaTudeckuit mporub CTPYHBI, 3aKPEINIEHHON Ha KOHIIAX,
on [NeWCTBUEM HEIPEPBHIBHO DPACIPENESIEHHON Harpy3Ku (Ha COUHAILY
IJTAHEL).

1.2. BoiBecTu ypaBHEHUE MAJBLIX IOMEPEUHBIX KOJIEOAHUN CTPYHBI C
HaCaXKEeHHOU Ha Hee B HEKOTOPOU BHY TPEHHEN TOUKe T OyCUHON MaCCHL M.

1.3. BriBecTu ypaBHeHUe KOeOaHUsI CTPYHBI, KOIEOITIOIENCS B yIIPY-
TOH cpene.

1.4. KpyTunbHbeIMU KOJIEOAHUSIMU CTEPXKHSI HA3BIBAIOT TaKue Kojieba-
HUS, IIPU KOTOPHIX €r0 IOINepevYHBle CeUeHUs ITOBOPAUMBAIOTCS ONHO OT-
HOCHUTEJILHO OPYTOTO, BPAIIAsSCh IPU 3TOM OKOJIO OCH CTepXHs. BriBecTu
YPaBHEHNE MAaJIBIX KPYTUIIBHBIX KOJeOaHWI ONHOPOMHOTO IIMIIMHIPUYEC-
KOoro crepxHs. Paccmorpers ciyuan:

a) KOHIBI CTEPIKHS CBOOOMHEI;

6) KOHIIBI CTEDXKHS KECTKO 3aKPEINICHBL;

B) KOHIIBI CTEPXKHSI YIIPYTO 3aKPEILICHBL.

1.5. ToukaMm yIpyroro OmHOpPOZHOIO IPSIMOYTOJIBHOTO CTEPKHSI, XKECT-
KO 3aKPENJIEHHOTO Ha JIEBOM KOHIlEe ¥ CBOOOMHOIO HA IIPABOM, B HAYAJIBHBIN
MOMeHT BpeMeHU ¢ = () COODIIIEHBI MAJIBIE TIONEPEYUHbIE OTKIIOHEHUS U CKO-
pOCTH, IapaJlIesIbHbIE IPONOIBLHON BEPTUKAIBLHON IIIOCKOCTH CUMMETDHUHI
CTEPXKHS.

ITocTaBuTh kpaeByio 3amady O OINpPeNeseHrs INOMEePEeUHBIX OTKJIIOHE-
HIAW TOYEK CTepxkHs npu ¢t > (, mpengmosyaras, YTO CTEPXKEHb COBEPIIAET
MaJible TIOIlepevUHble KOJeOaHus.

1.6. TpyGa, 3amonHeHHAS UOCATHHBIM Ta30M W OTKPHITAsS C OTHOTO
KOHITa, ABUXKETCA ITIOCTYNIATEJIBHO B HAIIPABJIICHUN CBOEM OCH C IOCTOSTHHON
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CKOpOCThIO v. B MOMeHT Bpemenu ¢ = 0 Tpyba MCHOBEHHO OCTAHABIIUBAET-
cs. [ocTaButs kpaeByio 3amady 06 ONMPENESICHUN CMEIIEHNS I'a3d BHY TPU
TpyOBI HA PACCTOSIHUU T OT 3aKPBITOTO KOHIIA.

1.7. 3akiIrOveHHBI B NMIXHAPUIECKON TPYOKe MOENbHBIA Ta3 COBEp-
IaeT MaJible IPONONbHBIE KOJIeOAHWs; IJIOCKUE IONEPEYHBIE CEUYEHUS,
COCTOsIIVE U3 YACTUI] ra3a, He nedOpMUPYIOTCS U BCE YACTUIIHI I'a3a JBU-
raroTCs MapajuleIbHO OcH HminHApa. [locTaBuTh KpaeByro 3amady s
ompenenenuss cMeienus «(x,t) JACTUIl Ta3a B CIydasX, KOTMA KOHITHI
TPyOKU:

a) 3aKPBITHI XKECTKUMU HEIPOHUIAEMBEIMU IIEPETOPONKAMU;

6) OTKDBITH;

B) 3aKDBITHI HOPIIEHHKAME C IIPEHEOPERKIMO MAJION MACCOU, HACAKEH-
HBIMU HA IPYXWHKYU € K03DPUIMEHTAMH XKECTKOCTH V U CKOJIB3SIITIME Oe3
TPEHUsI BHYTPHU TPYOKU.

1.8. Hauwnas ¢ momenTa BpeMenu t = 0 OnuH KOHEIT IPSIMOIUHEHHOTO
YIPYTOrO OOHOPOZHOIO CTEPXKHsS COBEPIIAET IIPOMOJIbHBLIE KOJeOAaHUs IO
3a[IaHHOMY 3aKOHY, & K OPyroMy mpuioxena cuwia ®(t), HanpasieHnHas mo
ocu cTrepxHs. B MoMeHT Bpemenu ¢t = ( mOIepeuYHBIE CEUEHUS CTEPKHS
OB HEMONBIXKHBLI U HAXOMUINCH B HEOTKJIOHEHHOM nojioxenuu. [locra-
BUTH KPAEBYIO 33a1y OJIs OIPeNeseHs] MAJIBIX IPONOIBHBIX OTKJIOHEHUH
TOYeK cTepxkHs mpu ¢t > 0.

1.9. IlocTaBuTh KpaeByIO 3amady O MAJIBLIX IIOMEPEYHBIX KOIeOAHUIX
CTPYHBI, 3aKPEIJIEHHON Ha 000X KOHIIAX, B CPENe C CONPOTUBIIEHNEM, IIPO-
TIOPIIMOHAJILHLIM IIEPBOM CTENEHU CKOPOCTH.

1.10. CocTaBuTh ypaBHEHHE NPONOILHBIX KOIEOAHUN CTEPXKHS, Yy
KOTOPOTO IJIOIIAAb IOMEPEYHOTIO CEUYEHUS €CTh 3alaHHAs PYHKIUSI OT T,
CUNTasd MAaTEPUAJI CTEPXHA OOHOPDOOHBIM.

1.11. TlocTaBuTh KpaeByO 3aa4y O IPOMOILHBEIX KOIEOAHUIX YIIPY-
TOTO CTEPKHS, UMEIOIIEro GOpMY YCEUeHHOTO KOHYCa, €CIIA KOHITBI CTePXK-
HsI 3aKPEIlVIEHbI HEMONBUXKHO U CTEPKEHbL BHEIBENIEH U3 COCTOSHUS ITOKOS
TEM, 9YTO €ro TO4YKaM B MOMEHT BDPEMECHU t=20 COO6H.I€HI:>I Ha4aJIbHBIC
CKOPOCTH ¥ TIPONOJIbHBIE OTKIIOHeHus. [inHa cTepXHs paBHA [, pamumychl
ocuoBauuit R,r (R > r), MaTepuain crepxkHs omHoponeH. edbopmanuein
TIOIIEPEYHBIX CEYEeHUN IpeHeOpeYb.

1.12. Haxomnsrascst B TOPU3OHTAIIBHOM MIIOCKOCTY HEBECOMAS CTPYHA,
C IIOCTOSIHHOM YIVIOBOM CKOPOCTBIO W BPAIIAETCS BOKPYT BEPTUKAIIHLHOU
ocu, IpUYeM ONWH KOHeI] CTPYHBI IPUKDEIIEH K HEKOTOPOW TOUYKe OCH,
a mpyrou cBobomeH. B HauanpHBI MOMeHT BpeMmeHu ¢ = () TOUKaM 3TOM
CTPYHBI COOOIIAIOTCS MaJIble OTKIJIOHEHUS U CKOPOCTH 110 HOPMAJISIM K DTOHN
minockocTu. [locTaBuTh KpaeByro 3amady OIS OIpPeNeNeHUs] OTKIIOHEHUH
TO4YE€K CTPYHELI OT INNIOCKOCTU PABHOBECHOT'O OBUXKECHUS.

1.13. Ilycts B Touke z = (0 GECKOHEUHON ONHOPOLHOW CTPYHBI HAXO-
OUTCA IIaPUK MaCCBI M. Ha,qa,anbIe CKOPOCTHU 1 HaYaJIbHBIC OTKJIOHCHUA
TOUYEK CTPYHHI PaBHBI HyJ0. [locTaBUTEL KpaeByro 3a0ady mJisl Onpenesie-
HUsI OTKJIOHEHUI TOUYEK CTPYHBL OT UX IIOJIOXKEHUS PABHOBECUS B CIIEMYIO-
mMuX CIIy4dadax:



§ 1. Bwisod ypasnenutd u nocmanosKu Kpaesuir 2aday 23

a) HauWHAA C MOMEHTa BpeMeHM t = ( Ha IIAPWK AEHCTBYET CHIa
F = Fysin Qt;

6) B HAYAJBHEIH MOMEHT BpeMeH ¢ = () IapyK MOTydJaeT UMITYIILC Do
B HOHepe‘IHOM HaHpaBneHHH;

B) IIApWK B cioydae 6) 3aKpemIeH YIpyro ¢ 3bdeKTUBHOR KeCT-
KoCTBIO k2.

1.14. TlocTaBuTh KPaeByIo 330341y O MAJILIX IIPOMOJILHBIX KOIEOaHMIX
ONHOPONHOI'O YIPYTOrO CTEPXKHS, ONWH KOHEII KOTOPOTO XXKECTKO 3aKpel-
JIeH, & OPYTOH UCHBEITEIBAET COMPOTUBIIEHNE, IPOIOPINOHAIBEHOE CKOPOC-
Tu. COnpoTUBIIEHNEM CPEnbl IPEeHeOPeUs.

1.15. Bo BuyTpennux TOukax r = Z;, ¢ = 1,...,n, HA CTPYyHE CO-
CPemoOTOYEeHBI MAcCCHl M;, ©+ = 1,...,n. IlocTaBUTL KpaeByio 3amady MIiist
OIIpEeNeNeHNsI MAJIBIX [TONIEPEUHBIX KOIeOAHU CTPYHEL IPU IIPOU3BOIBLHEIX
HAYAJIbHBIX NAaHHBIX. KOHIBI CTPYHBI 3aKPEIIeHEL.

1.16. JlBa mosiyOrpaHUYEHHBIX OTHOPOIHBIX YIPYTUX CTEPXKHSI C OMU-
HAKOBBIMU IIONIEPEYHBIMU CEUEHUSIMU COENUHEHBI XKeCTKO TOPIIAMU U CO-
CTABJISIOT ONVH HEOTDAHUYEHHEBI cTepXkeHb. IlycTh p;, 4 — MIOTHOCTDH
¥ MOOYJb YyIPYIOCTH ONHOTO M3 HUX, a pa, Fo — npyroro. IlocraButs
KDAeBYIO 331a4y IJIs ONPENeIeHNsT OTKJIOHEHWH [ONEPEYHBIX CEUeHn He-
OI'PAHMYEHHOTO CTEPXKHS OT UX IOJIOXKEHWS DABHOBECUS, €CIN B HAYAIb-
HBII MOMEHT BPEMEHU IIOIEPEYHBIM CEUEHUSIM COOOIIIEHBI HEKOTOPEIE IIPO-
IOJIbHBIE CMEIEHNS I CKOPOCTH.

1.17. Taxenas OMHOPONHAS HUTHL IJIMHOMA [, 3aKPEIJIEHHAS BEPXHUM
KOHIIOM (2 = |) Ha BEPTUKAJIBHOI OCH, BPAILIAETCS BOKPYT STOU OCH C TIO-
CTOSIHHOH yTJIOBO# CKOPOCTHIO w. Il0Ka3aTh, YTO ypaBHEHUE MAJIBIX KOJIe-
OaHUY HUTU OKOJIO CBOETO BEPTUKAJIBLHOTO IIOJIOXKEHUSI DABHOBECUS UMEET
. ou a< 6u)+ )

8t2_g8x m(?x Wt

1.18. TlocTaBuThb KpaeByIo 3a4a4y O MOMEPEUHBIX KOJIEOAHUX TSIXKe-
JIO OMHOPOIHOM CTPYHBI OTHOCUTEIBHO BEPTUKAIBLHOTO IOJIOXKEHUS DAB-
HOBECUS, €CITN €€ BEPXHUI KOHEIT XKECTKO 3aKPENJIEH, & HIKHUN CBOOOMIEH.

1.19. TloctaButs 3ana4dy 06 OUpeneieHny MAarHuTHOL'O [I0JIsI BHY TP U
BHE IIWINHIPUAIECKOTO IPOBOIHUKA, II0 IIOBEPXHOCTY KOTOPOTO TeUeT TOK
cuson J.

1.20. Kabenb, nuMeroruii TOTEHIUAI Vg, mpu ¢t = 0 3a3eMiseTcs Ha
OIHOM KOHIIE Yepe3 COCPENOTOYEHHYI0 eMKOCTH (WM MHIYKTUBHOCTD);
OPYToi KOHEIl m30iupoBaH. [locTaBuTs 3amauy 06 OnpeneseHnn 3JIeKTPr-
YeCKOro TOKa B Kaberjle.

1.21. Kosen z = 0 Kpyrioro OMHOPOIHOTO BaJIa 3aKPEIIeH, a K KOHITY
T = | XecTKO IPUKpPEIIeH OUCK C MOMEHTOM wHepiuu Jo. B HauanbHbIR
MOMEHT BPEMEHU IOUCK 33aKPYUMBAETCS HA YOI & U OTIycKaeTcs 6e3 Ha-
JaiabHOU CKOpOocTH. IlocTaBUTL KpaeByio 3amady IJIs OIpPeNeseHrs YIJIOB
TIOBOPOTA TMOMEPEYHBIX ceueHu Bajia npu ¢t > 0.

1.22. Taxenslii cCTepXeHb MOABEIIEH BEPTUKAIBLHO U 3aIlleMIIeH Tak,
YTO CMEIICHNE BO BCEX TOYKAX PABHO HYIJIIO. B MOMEHT BPEMEHU t=20
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cTepxkeHb ocBoboxmaeTcs. [locTaBuTE KpaeByo 3a1ady O BEIHYXKIEHHBIX
KOeOaHUSIX CTEPXKHS.

1.23. Ilycth Bce ycCmoBus TPEOBIAYINEN 33aUU OCTAOTCSI 6e3 m3Me-
HEHU, 33 UCKJIIOYECHUEM YCJIOBUS Ha HUXKHEM KOHIIEC: K HEMY IIPDUKPEIJICH
rpy3 (J, IpuyueM 3a MOJOXKEHNE PABHOBECUS IIPUHAMAETCST HEHAIPSIKEHHOE
COCTOSIHUE CTEPXKHs (HANPUMED, B HAUAIBHBLI MOMEHT BPEMEHU U3-TIOMN
rpy3a ybupaeTcs MOACTABKA U I'PY3 HAYMHAET PACTATUBATL CTEDPXKEHD).

1.24. IlocTaBuTh 3a4ady O OBMXKEHUU IOIyOrDAHUIEHHOW CTDPYHBI
(0 <z < o0)mpu t > 0, eciiu ipu ¢ < 0 no meir 6exut BonHa u(x,t) =
= f(z + at), a koHen cTpyHLL £ = ( 3aKPEIIEH XKECTKO.

1.25. IlocTaBuTh KPaEBYIO 3381y O MAJILIX PANUAIBLHBIX KOJIEOAHUAX
UEeaITbHOTO OIHOPOMHOTO I'a3a, 3aKII0UEHHOTO B IIMIIMHIPIIECKON TPyOKe
panuyca R HaCTOJIBLKO NIIMHHOM, UTO e MOXHO CUNTATH IPOCTUPAIOIIENCS
B 00e CcTOPOHHI 10 OeckoHeuHOCTH. HavuanpHbIE OTKIIOHEHUS U HAUAJILHBIE
CKOPOCTH €CTh 3aMaHHBbIC QYHKINUNA OT T.

1.26. IlocTaBuTh 3amauy 06 OOTEKAHWU I1apa CTAIMOHAPHBIM MTOTO-
KOM MOEAJTHHON XKUTKOCTH (HOTeHuHaJIbHoe TequHe). ITpusecTn smmekTpo-
CTATUIECKYIO aHAJIOTHIO.

1.27. IlocTaBUTBH KPaeByo 33034y O MaJIBIX PaAUaJIbHBIX KOjeOaHuU-
SIX MOEaIIbHOTO ONHOPOMHOTO I'a3a, 3aKJIIOUEHHOIO B CHepuiIecKoM cocyne
panuyca R, eciim HagaJbHBIE CKODOCTY U HaUaJIbHbIE OTKIIOHEHNUS 33 1aHE
KaK pyHKIIUU OT 7.

1.28. IlocTaBuUTH KpPAEBYIO 3amady O MONEPEYHBIX KOIEOAHUSIX MeM-
6paHbI, K KOTOPOH IPUIIOXKEHO HOPMAJIbHOE NaBiieHne P Ha enuHUIy mito-
LIaq7, €CIN B HEBO3MYIIIEHHOM COCTOSIHUM MeMOpaHa SIBIISETCS IIOCKOH, a
OKPY2KaIoIllasl Cpena He OKa3bIBAeT CONPOTUBJIIEHUS KOeOaHmsIM MeMOpa-
vel. PaccMmoTpers ciyuan:

a) MeMOpaHa XeCTKO 3aKDeIJieHa Ha rpaHune L;

6) memOpaHna cBoGomHa Ha Lj;

B) Ha vactu L; rpanunsr L MeMOpaHa 3aKPEIUIEHA XKECTKO, & HA OC-
TanbHOI yacTu Lo rpanuns: L ora cBoGOmHA.

1.29. IlocTaBuTb KpaeByIo 3a1a4y O KojiebaHuy KPYTJIoN OTHOPOLHON
MeMOpaHbI, 3aKPENJIEHHON 110 KPato, B CPENE, COIPOTURIIEHNE KOTOPOU IIPO-
IIOPLIOHAJILHO TIEPBOI CTemeHu CKOpocTu. B mMomeHT Bpemenu ¢t = 0 x
MOBEPXHOCTYU MEMOPAHBI IIPUIJIOKEHA BHEIIHA CUIIa IWIoTHOCTH f (T, @, 1),
IENCTBYIOIAS MEPIEHAUKYIISIPHO INIOCKOCTU HEBO3MYILIEHHOW MeMOpDAaHHL.
Ha,qa,anble CKOPOCTU 1 OTKJIOHEHUA TOYEK MeM6paHbI OTCYyTCTBYIOT.

1.30. 3akpenieHHAs MO KPasiM OSHOPOMHAS MPSIMOYTOIbHAsS MeMOpa-
Ha B HAUYAJILHBIA MOMEHT BpeMeHU ¢ = () mOIyd4aeT ymap B OKPECTHOCTHU
LEeHTPAJILHON TOUKU, TaK UTO

lim [ vo(z)dr = A, z = (z1,%2),
e—0
U
roe A — HEeKoTOpas MOCTOsHHAs, Ug(Z) — HavaibHasA CKOpOCThb. IlocTa-
BUTb KDPaeBYIO 3331y O CBOOOOHBIX KOJIeOAHMUAX.
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1.31. IlycTs siexTpuueckas Ilelb COCTOAT U3 CONpOTuUBIeHus R, ca-
momuanykiuu L u emroctu C. B moment Bpemenn ¢t = 0 B menb BKITO-
yaeTcs 9. I. ¢. Fy. Ilokasats, 4To cuia Toka i(f) B Lemu yooBIETBOPSET
YDaBHEHUIO

t
Li'(t) + Ri(t) + %/z’(f) dr = Ey, t>0.
0

1.32. PaccMmoTpuM 37eKTPOMArHUTHOE TIOJe B HEKOTOpou cperne. Uc-
Xonod U3 ypa,BHeHI/Iﬁ MaKCBeJ’IJ’Ia BBEIBECTU YPABHEHUS, KOTOPBIM yOOBJIETBO-
PSIOT KOMIIOHEHTHI BEKTOPOB HAIIPSXKEHHOCTH SJIEKTPUIECKOTO ¥ MATHUT-
HOT'O TIOJIEH NJIs CIIy4aeB:

a) mIOTHOCTDL 3apsanoB p = 0, € = const, A = const, p = const,
J = AFE (3axon Oma);

6) cpena — BaKyyM U TOKU OTCYTCTBYIOT.

1.33. IlocTaBuTh 3amady O IPOHMKHOBEHUU MATHUTHOTO IIOJIS B IIPa-
BO€ TIOJIYNIIPOCTPAHCTBO, 3AIIOIIHEHHOE CPEINON C IPOBOANUMOCTBIO O, €Cild
HauuHAs ¢ MOMeHTa BpeMmeHu t = () Ha moBepxHocTH & = ( mommepxKu-
BAETCS HANPSIXKEHHOCTh MarHuTHoro nomst H = Hj sin (0, HanpaBienHas
apaJIIeIbHO IIOBEPXHOCTH.

1.34. TlocraBuTh KpaeByio 3amady OO OIpPENeNIeHUN TEeMIEPATyPhI
crepxusa 0 < z <[ ¢ Temmon30IMpOBaHHON GOKOBOI MMOBEPXHOCTHIO. Pac-
CMOTDPETH CIIy4dan:

a) KOHIBI CTEPXKHS MONNEPKUBAIOTCS IPU 3ALAHHON TEMIEPAaTYpE;

6) Ha KOHIIAX CTEPXKHJ TOMIEPKUBACTCS 3aMAHHBIN TEMJIOBOM MOTOK;

B) HA KOHIIAX CTEPXKHs TPOUCXOAUT KOHBEKTUBHBIN TEIIOOOMEH IO
sakony HeroTOHA CO cpemoil, TeMmepaTypa KOTOPOR 3aIaHA.

1.35. BriBecTu ypaBHenue nuddy3un B HEMOABUXKHONW Cpee, MPEIno-
Jlarast, YTO MOBEPXHOCTSIMHU PABHOU INIOTHOCTY B KaXIBII MOMEHT BpeMe-
HU { SIBIAIOTCSI IJIOCKOCTH, TNIEPIEHOAUKYJIIAPDHBIE K OCH I. HaHI/ICB,TB T'pa-
HUYHBIE YCJIOBUsSI, NPENIONaras, IYTo nuddy3us NPOUCXOOUT B ILIIOCKOM
cioe 0 < z <. Paccmorpers ciyuan:

a) Ha IPAHUYHBLIX TIOCKOCTSIX KOHIEHTpaIus nuddyHIUPYIOIIEro Be-
I1IIECTBA, IO IEPKUBAETCSI PABHOM HYIIIO;

6) TPAHUYHBIE IIIOCKOCTU HEMPOHULIAEMET;

B) I'PAHUYHBIE INIOCKOCTY MOy IPOHUIIAEMEL, TpuueM nuddysus yepes
9T IJIOCKOCTH IIPOMCXONUT IO 3aKOHY, momobuoMmy 3akony HbioToHa mis
KOHBEKTVBHOI'O TeINIOOOMEHA.

1.36. BuiBecTu ypasuenue mudbdys3un pacnamaioierocs rasa (Komm-
YeCTBO DPACHABIINXCS MOJIEKYJI B EOWHUILY BPEMEHM B MOAHHOW TOUKe
IPONOPOUOHAJBHO IJIOTHOCTU C KO3(POUIIMEHTOM NIPONOPIUOHAIBHOCTH
a > 0).

1.37. Jlan TOHKUI OMHOPONHBIA CTEDPXKEHb IJINHON |, HAUAJIBLHAS TeM-
neparypa koroporo f(z). IlocraBurh kpaeByio 3amady 06 OIpeNesIeHUN
TEMIIEPATYPHI CTEPKHS, eCiiu Ha KOHIe £ = () mMOnmepKUBaeTCs IOCTOSH-
Hasl TEMIEPATYPa Ug, & Ha OOKOBOW MOBEPXHOCTHU M HA KOHIE T = [ mpo-
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UCXOMUT KOHBEKTUBHBIN TEMI000OMeH 1o 3aK0Hy HbI0TOHA ¢ OKpPYXKAIOITIe
Cpenoy HyJIeBON TeMIIEPaTyPHL.

1.38. IlocTraButs 3amauy 06 ompeneeHnu TEMIEPaTypPhl B O€CKOHEU-
HOM TOHKOM TEIIJION30JINPOBAHHOM CTEPKHE, IO KOTOPOMY ¢ MOMeHTa, t =0
B TIOJIOXUTENHEHOM HAIIPABIIEHUU CO CKOPOCTBIO Uy HAUMHAET IBUTATHCS
TOYEYHBIN TEINIOBOM UCTOYHUK, MAIOIINHN ¢ €OVHAI] TEIJIa B €NUHUILYy Bpe-
MEHH.

1.39. IlocTaBuTh KpaeByio 3amadqy 00 OCTHIBAHUU TOHKOTO OMHOPOI-
HOTO KOJIBIIA pamumyca R, Ha MOBEPXHOCTU KOTOPOTO IPOUCXONUT KOHBEK-
TUBHBIA TEIJIO0OMEH C OKPY2KAIOLIE CPENOoN, UMEIOIIEN 3aJaHHYI0 TeMIIe-
paTypy. HepaBHOMEpHOCTHIO pacupeneneHus TeMIEPATYPHL IO TOJIIIINHE
KOnbIIa TpeHebpeds.

1.40. BuiBectu ypasBuenue nuddy3un B3BEIIEHHBIX YACTUIL C YIETOM
OCemaHus, Ipenrnonaras, YT0 CKOPOCTb YAaCTHUIl, BHI3BIBaeMasl CUIION Ts-
XKeCTHU, IMMOCTOAHHA, a INIOTHOCTHh YaCTUIl 3aBUCUT TOJIBKO OT BBICOTEI 2 U
or Bpemenu t. Hamucars rpaHudHoe yciioBue, COOTBETCTBYIOIIEE HEIIPO-
HUIIAEMOU TIEPETOPOIKE.

1.41. TlocTaBuTh KpaeByio 3amady 00 OCTHIBAHUYN PABHOMEPHO Harpe-
TOTO CTEPXKHA POPMBI YCEUEHHOTO KOHYCA (MCKPUBIIEHUEM U30TEPMUUEC-
KX TIOBEPXHOCTEN MpeHeOperaeM), eCiiu KOHIIBI CTEPXKHSI TEIION30IIUPO-
BAHBI, a Ha OOKOBOHM IOBEPXHOCTU IMPOUCXOOUT TEINIOOOMEH CO Cpenmoun
HYyJIEBOI T€MIIEPATYPHI.

1.42. PacTBOpeHHOE BEIeCTBO ¢ HAYAJILHON IJIOTHOCTBIO ¢y = const
nuddyHOUpyeT U3 PACTBOPA, 3aKJIIOUEHHOIO MeXny miockocTsaMu z = ()
u £ = h, B paCTBOPUTEIb, OrPAHNYEHHEI TockocTsMu £ = h, © = [. Ilo-
CTABUTDH KPAEBYIO 330a41y IJIs IPOIECCa BEIPDABHUBAHUS IIJIOTHOCTH, IIPEL-
mosiarast, 9To rpaHuisl £ = 0, £ = | HEIPOHUIIAEMEI [JIsI BEIIIECTBA.

1.43. BryTpuU OOHOPOIHOTO IIapa HAYUKUHAS C MOMEHTa BpeMeHu ¢ = ()
IEWCTBYIOT UCTOYHUKY TEIIa C PABHOMEDHO PACIPENESIEHHHOM IMOCTOSH-
HOU TWIOTHOCTBIO (). IlocTaBUTEH KpaeByio 3a0ady O PACIPENETICHUN TeM-
mepaTypsl npu ¢ > 0 BHyTpU I1apa, €CIIM HAYAJIbHAS TEMIIEPATYPA JIIF000I
TOYKY I1aPA 3aBUCUT TOJIIBKO OT PACCTOSHUS 3TOM TOUKH [0 IIEHTPA IIapa.
PaccmoTpers ciygan:

a) Ha MOBEPXHOCTHU IIApa MONNEPXKUBAETCA HYJIEBas TEMIEPATYPA;

6) Ha MOBEPXHOCTU LIAPA IPOUCXONUT TeroobMeH (o 3akony HeroTo-
HA) C OKPYXKAIOIIEl CPENOil HyJIEBOI TEMIEPATYPHL.

1.44. Naun ogHOPOOHBIN mIap panuyca R ¢ HAYaJIBLHON TeMIepaTypon,
paBHO¥ HyI0. [locTaBUTEH KpaeByio 3aa4uy O PACIPENeSIeHNN TEMIEPATY-
pul mpu t > 0 BHyTpHU 1mI1apa, eciu:

a) 1Iap HArPEBAaeTCs PABHOMEDHO MO BCEHl MOBEPXHOCTY IOCTOSHHBIM
TEeINIOBBIM IIOTOKOM ¢;

6) Ha MOBEPXHOCTU IIAPA IPOUCXONUT KOHBEKTUBHBIA TEIIIO0OMEH C
OKPY2KaIOIlel CPeNol, TeMIIepaTypa KOTOPOH 3aBUCUT TOJIBKO OT BDEMEHU.

1.45. HauanpHas TeMmepaTypa HEOTDAHWUEHHON ILIACTUHBI TOJIIIIA-
HbI 2h paBHa Hyimo. [locTaBuTh KpaeByio 3amady O PACIPENETIEHUN TeM-
nepaTypsl npu ¢ > 0 IO TONIINHE IIIIACTUHEL, €CIIN:
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a) IUTACTWHA HATPEBAETCS C 00EMX CTOPOH PABHBIMHU MOCTOSHHBLIMU
TEIIOBEIMU [TIOTOKAMU ¢

6) B IIACTUHE HAYWHASI C MOMEHTa BpeMeHu ¢ = () meliCTByeT ucTod-
HUK TEIUIa C TIOCTOSHHON INIOTHOCTHIO (), & € OCHOBAHUS MOAIEPKABAIOT-
Csl IPY TEeMIIEpaType, PABHON HYJIO.

1.46. HeorpanwyeHHslil MuInHAp paguyca R mMeeT HAYAIIBHYIO TEM-
nepatypy f(r). [locTaBuTh KpaeByo 3am0ady O PAMUAIBEHOM PACIPOCTPa-
HEHUW TeIlIa, €CIIn:

a) GOKOBas MOBEPXHOCTH MONIEPKUBACTCS MPU MOCTOSHHON TEMIIe-
paType;

6) ¢ GOKOBOI MOBEPXHOCTHU MPOUCXOMUT JIyUEKUCILYCKAHUE B OKPY KA~
IIYIO CPeny HyJIeBO TeMIEepaTypPHI.

1.47. Ilana TOHKAas IPSIMOYTONIBHAS INTACTAHA CO CTOPOHAMI [, M, IIIs
KOTOPOH M3BECTHO HAYaJIbHOE DacCIpeleiieHre TeMnepaTypsl. IlocTaButs
KPaeBYyIO 337ady O PACIPOCTPAHEHWUM TeIUIa B IIACTUHE, eciin GOKOBBIE
CTOPOHEI IOMIEPKUBAIOTCS IPU TEMIIEPATYPE

uly=0 = ¢1(z), Uly=m = p2(z),

ulz:O = 1/}1(-'17), u|z:l = 1/}2(-'17)

1.48. HauampHOe pacmpenesieHre TEMIEPATYPHL B OTHOPOLHOM IIIape
sanano dyukumen f(r,0,¢). [locTaBuThb KpaeByro 3amady O paclpeneie-
HUU TeIUIa B IIape, eCIIA MOBEPXHOCTD MIAPa MONNEPKUBACTCS IPU TIOCTO-
SIHHOU TeMIIEpaType Ug.

1.49. JIBa mOMyOTrpaHUYEHHBIX CTEPXKHS, COCIAHHBIX U3 PA3HBIX Ma-
TEepuaJjoB, B HAYAJIbHBIA MOMEHT BPEMEHU IIPDUBEOECHBI B COIIPUKOCHOBEHUE
cBoumu koHIaMmu. [locTaBuTh KpaeByo 3amady O pacupeneeHny TEeIia B
6ECKOHEUHOM CTepIKHE, eCIIM N3BECTHBI HAYAIbHbIE TEMIIEPATYPHI KAXKIOTO
3 IBYX IOJIyOT'DAHWYEHHBIX CTEPXKHEN.

1.50. TlocTaBuThb KpaeByl0 3a4a4y O CTAIIMOHAPHOM PACIPENeIeHUN
TEMIIEPATyPHI B TOHKOU mpsiMoyronbrou miactuie OAC B co cropoHaMu
OA=a, OB =b, ecnu:

a) Ha GOKOBBIX CTOPOHAX INIACTUHLI TONIEPKUBAIOTCS 33JAHHBIE TEM-
epaTypHl;

6) na croporax OA u OB 3anaHbl TEIOBLIE IOTOKY, a CTOPOHBL BC
u AC Temmon30IupOBaHbL.

1.51. Ha mockyioo memOpaHy, OrpaHUYEHHYIO KPUBOW L, mercTByeT
CTalMOHAPHAS MONEPeYHas Harpy3ka ¢ mwioTHOCcThIo f(z,y). IlocTaBuTh
KpaeByIlo 3amady 00 OTKIIOHEHUN TOYEK MeMODPAHBI OT ILIOCKOCTH, €CIIU:

a) MeMOpaHa 3aKPEIUIEHA HA KPAlo;

6) xpail MeMOpaHbl CBOGOIEH;

B) Kpail MeMOGPaHBI 3aKPEMJIEH YIPYTO.

1.52. Jlag uwnuuanp ¢ panuycom ocHoBauus R u Beicoron h. Ilocra-
BUTH KPAEBYIO 33[a4uy O CTAUMOHAPHOM DACIPENENIEHUU TEMIEPATYPHI
BHYTPHU UWIXHAPA, €CIIA TEMIEPATYPa BEPXHETO W HIKHETO0 OCHOBAHUIA
eCcTb 3aJaHHas QYHKIUS OT T, a OOKOBas IOBEPXHOCTH:
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a) TeIOM30IINPOBAHA;

6) WMeeT TEeMIIEPATYDY, 3ABUCSIIILYIO TOILKO OT Z;

B) CBOOOMHO OXJIaXKIAETCS B CPELE HyKHOU TEMIEPATYPHL.

1.53. IlocTaBuTh KpaeByo 3a[ady O CTALMOHAPHOM PACIPENEIICHIN
TEMIIEPATYPHI BHY TPEHHUX TOYEK HOIyChHePHI, eciau cheprieckast moBepx-
HOCTB TIOMEPXKUBACTCSI IPU 3aMaHHON TemmnepaType f(p,d), a ocHoBauue
nostycepsl — IIPU HYJIEBOU TeMIlepaType.

1.54. IMap pamuyca R HArpeBaeTCs IIOCKOMAPAIUIEIBLHBIM IOTOKOM
TeIa MIOTHOCTH ¢, MANAIONIMM HA, €r0 MOBEPXHOCTH, U OTHAET TEeIlIo
B OKPYXAIOIIYIO Cpeny B cooTBeTcTBUU C 3akoHOM Hurorona. [locTtaBuTh
KPaeByIO 3alady O pACIpeNelleHHN TeMIepaTypbl BHYTPEHHUX TOYEK
mapa.

1.55. Ilycrs n(z,s,t) — IUIOTHOCTH YACTUIl B TOYKE T, JIETALIMX
C TIOCTOSTHHOW CKOPOCTBIO ¥ B HampaBieHuu S8 = (S1,82,83) B MOMEHT
BpeMmenu t; o6o3HaunM uepes a(z) xkosddurment normorienus u h(z) —
KO3GbUIIEHT yMHOXEHUs B TOuke . lIpenmosaras paccesiHue B KaXKION
TOUKE I M30TPONHBLIM, MOKA3aTh, UYTO N(%, S,t) YOOBIETBOPSIET UHTETPO-
nuddepeHnnaIbHOMY YPaBHEHNIO IEPEHOCA

1 on + (s,gradn) + a(z)n = B(z) / n(z,s',t)ds' + F,
v Ot dr
|s'|=1
roe F(z,s,t) — mwiornocts uctounukos, B(x) = a(z) h(z).

1.56. IloctaBuTh kpaeByio 3amady [UIsl ypaBHEHUs 3amaum 1.55,
CUYNTAs, UTO 3aMaHO HAYAILHOE DACIpeNeeHre IUIOTHOCTU ¥ 3a0aH
MAJAIONIN TOTOK YACTHIl Ha rpaHuny S obmactu G.

1.57. TlokazaTb, 9To mis pemeHus 7(x,s) CTALIUOHAPHON KDPAEBOIL
331491

(s,gradn) + a(z)n = % n(z,s')ds' + F(z),
[s']=1
nls =0, ecm (s,n) <0,

roe 7 — BHCIIHAA HOPMaJIb K S, CpenHdad IJIOTHOCTh

no(x) = % / n(z,s)ds

|s|=1
yIOBIETBOPACT MHTETPAILHOMY ypaBHeHuto [laliepiica
1

no(z) = — / el / aftz+(1—t) ') dt | [B(z) no(a')+ F(a')] da'.
0

i |z —z'|?

1.58. Pasmaras perenue n(z, s) cTannoHapHON KpaeBoit 3anaun 1.57
B pan 1o cheprdeckuM GYHKOUSM OT S, YIAEPKUBAS TOIBKO UJIEHBI C HY-
JIEBOU ¥ TIEPBEIMU TapPMOHUKAMMY, MTOKA34Th, YTO QYHKITHS

1
no(z) = — n(z,s)ds
o@) = o= [ nlas)
|s|]=1
€CTb pelleHne KpaeBou 3anaun (nuddysHoe npubiumxeHue)
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—%div (%gradho)-i-(l—h)hozi (no—i-iano)

o’ 3o On

S_

OrBeTrnl K §1

1.1. Tuge + f(z) =0, 0 <z <1, ulg=0 = ulp= = 0, rme f(z) —
IIJIOTHOCTH HanySKH.
1.2, puy = Touge, 0 < z <, T # 0, t >0, U|p=0 = t|e= = 0,
U/(.’IJO + 07 t) = u(xo - 07 t)? UZ(ZL'O + 07 t) - Ua:(xo - 01 t) = 71ﬂ utt($07 t)
0

1.3. pugyr = Tugy —au, 0 < z < I, t > 0, rme @ — KO3pPuImeHT
YIOPYTOCTU CPEIbL.

1.4. 0y = a%0,,, 0 <z <1, 0<t <00, 8(z,0) = f(z), 0:(x,0) =
= F(z), 0 <z <, rme 6(x,t) — yrom moBOpOTa CEUEHUSI CTEPKHS C
KOODIMHATON T B MOMeHT Bpement t, a’> = GJ/®, rne G — momyns cnu-
ra, J — MOJAPHBIA MOMEHT WHEPIUHN MOMEPEYHOrO CEYEHNs] OTHOCUTEIHLHO
TOYKM, B KOTOPOM OCh TIEPECEKAET HTO MOMEPEeYIHOe ceueHue, ¥ — oceBon
MOMEHT WHEPIUY €OUHUILI [INHLL CTePXKHA. [ pAHNYHBIE YCIIOBUA:

a‘) ew(ovt) = ew(l7t) =0;

6) 0(0,t) =0(l,t) = 0;

B) (0, — h8)|z=0 = 0, (0, + hb)|,=; = 0, tme h = k/(GJ), k —
KECTKOCTB YIIPYI'OrO 3aKPEIJICHUA.

1.5. us + aPUgger =0, 0 <z < I, t >0, u(z,0) = f(z), u(z,0) =
= F(z), 0 <z <1, u(0,t) = uz(0,t) = upo(l,t) = tgez(l,t) = 0, Tme
a’ = EJ/(pS), J — reomeTpwdecKuit MOMEHT WHEPIIUH TOTIEPETHOTO Ce-

YeHUs OTHOCUTEIJILHO €10 CpeI[HeI?I JIMHUN, HepHeHI[I/IKyJ'IﬂpHOf;I K IIJIOCKOCTHU
KOJIeOaHMI.

1.6. uy = a’ug,, 0 <z <1, t>0,a® =vpy/po — CKOPOCTb 3ByKa,
u(z,0) =0, u(z,0)=v, 0<z<I, u(0,t)=0, wu,(l,¢)=0, t>0.

1.7. uy = a®uge, a®> = Ypo/po, 0 <z <1, t > 0, u(z,0) = f(z),
ut(z,0) = F(z), 0 < z <. Kpaesnie ycioBus:

a) u(0,t) =wu(l,t) =0;

6) uz(oat) = uz(lat) =0;

B) (ug — ht)|z=0 = 0, (uy + hu)|z=; =0, rme h = v/(Sypo), rme S —
IJIOMIAAb TOMEPEYHOrO CeYeHUsT TPYOKN.

1.8. uy = @ugy, 0 < z < I, t > 0, u(0,t) = (t), us(l,t) =
=®(t)/(ES), t>0, u(z,0)=0, u(z,0)=0, 0<z<I, a*>=E/p.

1.9. uy = a’uge — 20%u, 0<z <, t>0, u(z,0) = ¢(z), u(z,0) =
=x), 0 <z <1, u0,t) =u(l,t) =0, t >0, rme 2v> = k/p, k —
KO3 OUIIMEHT TPEHUS.

0 a_u] _ 2 ®u 5 pS

1.10. % I:S(.'E) G a w, a” = E
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2 2
112, 2020 (x g“ w

T 5% )0<:1:<lt>0a :7,|u(0,t)|<oo,
u(l,t) =0, t >0, u(z,0) = f(z), u(z,0) = F(z), 0 <z <L

1.13. uy = a®uge, ¢ # 0, t >0, a®> = Ty /p, u(x,0) = 0, us(z,0) =0,
x # 0; ycnosue B Touke £ = () mMeeT BU:

a) —mou(0,t) + Tolu, (+0,t) — uy(—0,¢8)] + FosinQt =0, ¢ > 0;

6) u(—0,t) = u(+0,t), —mous(0,t) + To[uz(4+0,t) — uy(—0,t)] = 0,
t >0, u(=0,0) = u(+0,0) = 0, mous(—0,0) = mou¢(+0,0) = po;

B) u(—0,t) = u(4+0,t), t > 0, mou(0,t) + To[ug (+0,t) —uy(—0,¢)] —
—k2u(0,t) =0, mous(—0,0) = mous(+0,0) = po, u(—0,0) = u(+0,0) = 0.

1.14. uy = a®uye, 0 <z <1, t > 0, a®> = E/p, u(z,0) = f(z),
u(2,0) = g(z), 0 <z <1, u(0,t) =0, (ESuy — kut)|e= =0, t > 0, roe
k — xosdduueHT TPEeHUS ISl KOHIA CTEPXKHS & = [.

1.15. ug = a®Ups, T# 5, i=1,...m, 0 <z <1, t>0, u(0,t) =
=u(l,t) =0, u(z; —0,t) = u(z; +0,t), up(z; +0,t) — uy(z; — 0,t) =
= %utt(xi,t), t>0,i=1,...,n; ult=o = f(2), ut|t=o = F(z), 0<z <.

uh =asul,, —oco<z<0

1.16. L t >0, ul0,t) = u0,1),

uZ =adul,, 0<z<+o0
E1ul(0,t) = E»u2(0,t), t > 0, ul(z,0) = f(z), u}(z,0) = F(z),
—00 <z <0, u*(z,0) = f(z), u?(z,0) = F(z), © > 0, rne u',u? —
CMeIlleHe TOYeK JIEBOI'O U IIPABOIO CTEPXKHEN, a? =E;/pi;, i=1,2.

1.18. = _f’%(%) 0<z<l, t>0, [u0,)| < oo, ull,t) =
t>0, ult—o = f(), utlt=o = F(z), 0 <z <.
1.19.A<Ial)—0 r > R, Aq,i)_o 0<r<R gradd = H

lrer = 8 lor, 0 )or = (04 + Tiues )|, 1970,1)] < oo,

s = =——— — IIOBEPXHOCTHAS INIOTHOCTE ToKa, a ®(), &) — moTenmman
2 R b b
™

MAarHATHOTO IIOJIA BHYTPU U BHE IIPOBOOAHUKA COOTBETCTBEHHO.

1.20. J, = —cvt, v, = —LJe, 0 <z <1, t >0, v|t=0 = vo, v(0,t) =
t

1
= - / J dt ma 3a3zemiteHHOM KOHIE, v, (l,1) = 0 — Ha U30IMPOBAHHOM.
C
0

1.21. 64 = azﬂm, O<z<li, t > 0, 0|t—0 = aZL'/l 0t|t_0 =0,0<

<z <1, Olz=0 =0, Oylz= = _JG 04, rme moctosuHbe a2, ®, J, G

MMEIOT TOT e CMBICH, YTO u B 3amaue 1.4.
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1.22. uy = a®uge +g, 0<z <1, t >0, u(z,0) = us(z,0) =0, 0
<z <l u(0,t) =0, uy(l,t) =0, t >0, a®> = E/p.
1.23. uy = azum +g9, 0<z <, t>0, Ult:O = ut|t:0 =0,0

<2 <1, ulpmo = 0, gumw:l = —ESug|o_y + Q.

IN

IN

1.25. uy = a? (urr+%ur), 0<r <R, t>0, ulr,0) = f(r),
ug(r,0) = F(r), 0 <r <R, |u(0,t)| < o0, up|r=r = 0.

1.26. Ap=0,r>R, t>0, ‘99" -
= g, TJie Vg — CKOPOCTH TIOTOKA HargeCKOHe‘{HOCTI/I.

1.27. uy = a? (urr+%ur), 0<r <R, t>0 ulr0) = f(r),
utlg—o = F(r), 0 < r < R, |u(0,t)] < 00, up|r—r = 0, rme a® =

= ¥po/ po- ,
1.29. utt—l—kut:azAu—i—M, 0<r<R, 0<@<2mt>0,

p
u|t:0 = ut|t:0 = 0, |’U:(O,Q0,t)| < o0, U(Ra%t) = 0, roe a® = T/pa
k=a/p, o — Kostp(pHuHeHT YIOPYrOro CONPOTUBJIICHUS CPENEL.

=0,t>0, lim v= lim gradp =
T—00 T—00

2 4\ C2
1.32. a) uy — a*Au+ — ut—Oa—@;
2, _ Anc? 8 o pe Opo
6) (@_a A)@O—_Wp, @_(IA @—0,?8— le(P 0
rne E = (Ey, E2, E3) — HanpsXeHHOCTH dJeKTpudeckoro moms, H =

= (H,, Hy, H3) — HaNps2KEeHHOCTb MATHUTHOTO OIS, p(Z) — MIOTHOCTH
3apsnoB, € — OUJEKTPUYIECKas NOCTOSHHAS CPenbl, [t — KO3()OUIUEHT
MarsuTHON mponunaemoctu cpenst, I(x,t) = (I, I, I3) — TOK mpoBomu-
MOCTH.

B ciyuae a) mns xommnonenT E u H mosy4aeTcst OMHO U TO XK€ Teje-
rpadHOe ypaBHEHUE.

st cityuas 6) BBOOUTCS 9€THBIPEXKOMIIOHEHTHEIM HJIEK TPOMATHU THEI
moTeHuai (po, ), ¢ = (¢1,92,¥3), ¢ TOMOIIBIO KOTOpOI‘O pemeHne

1
ypaBuenuit MakcBesnna umercs B Bune F = grad o — = —(P H = ; rot .

¢ ot
1.33. Jermz‘“’—"lertJr - Hy, >0, t >0, Hlt 0 =0, Hils—o =0,

z>0, Hlp=o = Ho sin Qt, t > 0, Tie ¢ — CKOPOCTH CBETA.

1.34. up = a®ug,, 0 <z <1, t >0, u(z,0) = f(z), 0 <z < I,
KpaeBbIE€ yCJ'IOBPIfI:

) u|0c 02901( )7 Ulz I:(P2() t>0;

6) —kSugzlz—o0 = q1(t), kSuz|e=i = @2(t), t > 0;

B) Ugle—o = h[u(0,t) — ©1(t)], uzlemr = —h[u(l,t) — p2(t)], a® =
=k/(cp) — TemnoeMKoCTb, 1 (t), w2(t) B ciyuae a) — TeMmmepaTypa
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KOHIIOB CTEPXKHS, B Cllyuae 6) — TEMIepaTypa OKPYXKAIOIIETO POCTPAH-
CTBA Ha, KOHIIAX CTEPKHS, ¢; — TEIJIOBbIEe IOTOKW HA KOHIIAX CTEPXKHSI.

1.35. ug = Duge, 0 <z <1, t > 0, u(z,0) = f(z), 0 <z <,
TPaHUYHBIC YCJIOBUS:

a) u(0,t) =u(l,t) =0, t > 0;

6) uz(0,t) =u,(l,t) =0, t > 0;

B) Ug|e=0 = h[u(0,t) — 1 ()], t > 0, uzle= = —h[u(l,t) — v2(¢)], rme
a/D = h, @ — xk03bPUINEHT TPOHUIAEMOCTU HA KOHIIAX.

1.36. us = DAu—au, t >0, £ = (z1,72,73) € R>.

1.37. ut:azum—c(;—{;u, 0<z<l, t>0, ult= = f(z), 0 <z <,

U|g=0 = Ug, (ug + hu)|z= = 0, t > 0, p — mepuMeTp NOIEPEUHOrO
ceuernns crepxusd, h = a/k, a®> = k/(cp).

1.38. us = a?uy, + %6(1: —vot), —00 < = < 400, t > 0, u(z,0) =
= p(z), a® = k/(cp).

1.39. u; = a®ugzy — b(u —ug), 0 <z <1, t > 0, u(z,0) = f(z),

_ _ 2 _ k _ aP

0 <z <, ulp=0 = Ulo=t, Uzgle=0 = Ug|e=1, a® = —, b = —, rme
cp cpS

P — mepumeTp mONEPEYHOrO CedeHus: Konbla, £ = R, § — yraosas

KOODOWHATA.
1.40. uy = Du,, —vuy, 2 > 29, t > 0, (Duy — vu)|s=z, = 0, t > 0,
roe v — CKOPOCTBb OCEHAHMS YACTHIL.
2 2
z\* Ou 0 z\* Ou 20(1—z/H)
pan, (1o 20 @ [ ayou) aam), o oy
H/ 0ot * bz H) 0z €pro COS Y u, 0<z<
t >0, ult=o = uo, 0 < z <, Uglp=o = Ugle= = 0, ¢t > 0, rme
a’? = k/(cp), H — monHas BEICOTa KOHYCa, ¥ — TOJIOBUHA YTIIa PACTBO-
pa KOHyCa, Ty — PamIyC OOJBIIIOrO OCHOBAHUS, | — BBEICOTA, yCEYEHHOTO
KOHYCa.

¢y, 0<z<h,
1.42. ¢; = Degy, 0< 2z <1, t >0, ¢(z,0) =

0, h<z<l.
1.43. ut:a2<urr+%ur)+%, 0<r<R, t>0, ult=0= f(r), 0<

<t <R, |u(0,t)] < co; rpaHUYHbIE YCIIOBUS:

a) u(R,t) =0;

6) (ur + Hu)|,—r =0, H = a/k, a®> = k/(cp).

1.44. u; = a? (u,«r+%u,~), 0<r<R,t>0, ult—o=0,0<r<R;
FPAHUYHBIE YCIIOBUA:

a) |u(0,t)] < o0, ur(R,t) =¢q/k, t > 0;

6) |u(0,t)] < oo, (ur + Hu)|,=r = @(t), t > 0, H = a/k, a®> =
=k/(cp).
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1.45. a) us = a®Upy, —h <z < h, t >0, ult=0 =0, (kuy+q)|se—n =
=0, (—kuz + q)|z=n = 0;
6) ur = a®Uzy + Q, —h<z<h, t>0, ult=0=0, u|lg=1n=0,
@ = k/(cp).
1.49. uy = a(x) gy, z # 0, t > 0, u(z,0) = f(z), u(-0,t) =
a?, <0, I’
2 a; )
a5, >0, Cipi

=u(+0,t), k1uy(—0,t) = kou,(+0,t), a(z) = {
i=1,2.

§ 2. Kunaccudukanus ypaBHEHU BTOPOrO MOPSAAKA

YpaBuenue

Z a;ij(T) Ug;2; + P(z,u,gradu) =0
i,j=1
B KaXION (UKCHPOBAHHON TOUKE T( MOXKHO MPUBECTU K KAHOHUIECKOMY
BUIY HEOCOOLIM JmHeHHEIM mpeobpasosanueM & = BTz, rme B — rTakas
MATPUIA, 9TO peobpa3oBaHue Yy = B1 NprBooUT KBaAPATUIHYIO GOpMY
n

> aij(zo) yiy;
ij=1
K KaHoHWYecKoMy BuLy. (JI000y10 KBaIpaTudHyIo GOpMy MOXKHO IIPUBECTH

K KAHOHUYIECKOMY BULY, HAIIPUMED, METONOM BBLAENICHUS [IOIHBIX KBAIPa-
TOB.)

2.1. IlpuBecTu K KAHOHUYIECKOMY BUMY YPABHEHUS:

1) Ugs + 2Upy — 2Ugs + 2uyy + 6u,, = 0;

2) duge — gy — 2uy; + Uy +u; = 0;

3) Uzy — Uz + Uz + Uy —u. = 0;

4) Ugy + 2Ugy — 2Ug: + 2Uyy + 2u,, = 0;

5) Uze + 2Uzy — 4y, — OUy. — U, = 0;

6) Uze + 2Uay + 2uyy + 2uy. + 2y + 2u.. + 3uy = 05
7) Uzy — Ugt + Uz — 2Uzs + 2uy = 05

8) Ugy + Ugz + Upt + Uyt = 0;

9) Upy + 2Ugy — 2Ug: — 4uy. + 2uy + u.. = 0;

10) Upa + 2Ups — 2Ugt + Uyy + 2uyz + 2uys + 2u; + 2uy = 0;

n n—1
11) Ugyzy +2 Z Ugpzp — 2 Z Ugrzpsr — 0;
k=2 k=1

n

n
12) Uy, —2 > (=) ugy_ 2, =0; 13) 3 kugyz,+2>° lug,, =0;
k=2 <k

k=1
n
14) > uge, + O gz, = 0; 15) > ug,z, =0.
k=1 1<k I<k

3 Ilom pexn. B. C. Bragumuposa
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YpaBuenue
a(z,y) Ugz + 2b(2, Y) Uzy + (T, Y) Uyy = B(2, Y, U, Uz, Uy), (1)

rze |a| + |b] + |¢| # 0, npusanmexut (B TOUKe WK OGIACTH):
runepboauuecKkomMy Tuny, ecm b?—ac>0;
napabonumueckomy Tuny, ecm b2 —ac=0;
SANUINTHUIECKOMY Tuny, ecmm b —ac<O0.

Insa ypasrenus (1) xapakTepUCTUUECKOE YDABHEHUE
a(z,y)(dy)* — 2b(z,y) dz dy + c(z, y)(dz)* = 0

pacnamaeTcs Ha NBa YPABHEHMUSL:
ady—<b+\/b2—ac)d:1::0, (2)
ady—(b— bz—ac)dx:O. (3)

YpaBuenusa runepb6onumueckoro tuma: b>—ac > 0.
O6mme uarerpaiet p(z,y) = ¢1, Y(x,y) = ¢ ypasuenuii (2) u (3) meiict-
BUTEIbHEL U pa3nuyabl. OHU ONPENENAOT ABA PA3IINIHLIX CEMENCTBA, Nei-
CTBUTEILHBEIX XaPAKTEPUCTUK 1y ypasHeHus (1). 3aMeHol mepeMeHHbIx
¢ = p(z,y), n = ¥(z,y) ypaBuenue (1) OPUBOAUTCA K KAHOHUYECKOMY
BT

Y Ugn = (Pl(g?n’uvuﬁ’un)'

YpaBuenus mapabonumueckoro tuma: b —ac = 0.
Ypasuenus (2) u (3) comamator. O6mmit uarerpan o(z,y) = ¢ ypas-
HeHus (2) ompemenser CeMelCTBO NEUCTBUTEIBHBIX XaPAKTEPUCTUK I
ypasuenus (1). 3amenonn mepemerubx & = @(z,y), n = ¥(z,y), roe
P(x,y) — mobas rnankas GyHKIM TAKas, YTO HTA 3aMEHA II€PEMEHHBIX
B3aMMHO ONHO3HAUHA B paccMaTpuBaeMon obmactu, ypasHenue (1) mpu-
BOIMUTCS K KAHOHWUYECKOMY BUILY

Upy = P1(&, 0, u, Ug, Uy).
YpaBHeHUSs dAAUODTHIecKOTro Tuma: b —ac < 0.
ycts @(z,y) + itp(z,y) = ¢ — obumit uaTErpas ypasHeHus (2), roe
o(z,y) u Y(z,y) — meircTeuTenbure bysknun®). Torma 3aMeHoi mepe-

mennsix & = o(z,y), n = Y(z,y) ypaBuenue (1) OpUBOOUTCS K KAHOHU-

YeCKOMY BUOY
Ugg + Unn = q)1(57 ,u,ug, u'r])‘

2.2. B xaxmon o6iacTu, rie COXpaHsSeTCs TUIl YDPABHEHUs, IPUBECTHU
K KQHOHWYECKOMY BULY YDaBHEHUS:

1) Uzs — 2ugy — uyy + uy = 0;
2) Ugy — 6ugy + 10uyy + uy — 3uy, = 0;

*
)Eciu a,b,¢ — amammTudeckue (yHKINI, TO CyIIECTBOBAHIE OOIIEr0 MH-
Terpana ypaBHeHUs (2) BBITEKAET m3 TeopeMbl KOBaIEBCKOIL.
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3) 4ugy + 4ugy + uyy — 2uy = 0; 4) Upy — TUyy = 0;

5) Uze — YUyy = 0; 6) xum yuyy =0;

7) Yuge — TUyy = 0; 8) z? um + y2uy, = 0;

9) Y Ugs + 22Uy = 0; 10) y2ugzs — z%uy, = 0;
11) (1+22 )um—l—(l—i-yz)uyy—i-yuy =0; 12) 4y*ug, — e* uy, = 0;
13 m — 2sin 2ugy + (2 — cos 2 1) Uyy = 0;

)

) u
14) y Uz + 2YUgy + Uyy = 0;
15) 22Uy, — 2%Ugy + Uyy = 0.

IIycTb KOshduImMenTH ypaHeHus (1) HENPEPHIBHEL B HEKOTOPOM 00-
gactu D. ®yukuus u(z,y) HaspiBaeTcs pewenuem ypasuenud (1), ecnu
ona mpuHamnexuT knaccy C2(D) u ynonersopser ypasaermo (1) B 06-
nmactu D. MHoxecTBO Bcex pelenuit ypaBHenus (1) HasbBaeTCs 00wjum
pewenuenm ypasnenusg (1).

2.3. HaitTu obiee pelreHne ypaBHEHUN C TIOCTOSIHHBIME KOd(hDUiineH-
TaMu:

1) ugy = 0; 2) Upy — aPtuy, = 0;
3) Usa — 2Uay — Suyy = 0; 4) Ugy + au, = 0;
5) Bugy —Sugy —2uyy+3us+uy=2;  6) ugy+aug +buy+abu=0;

~J

Uy — 2y — Buy + 6u = 2eTY;
Uge + 20Uzy + azuyy + u, + auy = 0.

(*J

)
)
)
)

2.4. Jloka3aTb, YTO ypaBHEHNE C MOCTOSHHBIMU KO3MOUINEHTaMI
Ugy + QUz + by +cu =0

samenolt u(z,y) = v(z,y) e **~ % npUBORWTCA K BULY Vgy + (c—ab) v = 0.
2.5. I[oxa3aTb 4TO OOIIee pelleHne yPABHEHUS Uz, = U UMEET BUI

/f ) Jo (22 (:zr—t)) dt +
+/g ) Jo (2i/aly = 1)) dt + [£(0) + 9(0)) Jo (2iy/77),

roe Jo(z) — cpyHKunﬁ Beccens, a f u g — npou3BONbHBIE QYHKIUN KIIAC-
ca Ct.

2.6. IlokasaTs, uTO 00lllee pellleHNe ypPaBHEHWS Uy, = F(z,y), roe
F e C(lx — zo| < a, |y —yo| <b), umeer Bun

zy
u(e,y) = f(2) + () + [ [ F(En)dnde,
o Yo
roe f u g — mpousBoNBHLIE GyHKIME Knacca C?.
2.7. IokasaTs, 4T0 OOLLEe PelLIeHne YPABHEHUS Uyy + A(T,y) uy = 0,
rne A(z,y) € CY(|z — zo| < a, |y — yo| < b), umeeT Bun

3*
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u(e,y) = 1) + [ 9(€) exp{— [ A€.m)dn § de,

rae f u g — mpousBombHEIE byrKIuz kiaaccop C2 u C! coorBeTcTBeHHO.
2.8. JlokazaThb, 4TO OOlllee peleHne ypaBHEHUsI

1 1
Ugy — ——uy, =0
Ty z—y z+ -y Y
umeet Bup u(z,y) = M ,rne f u g — npou3BOIIbHBIE QYHKINY 13
T —
kiacca C2.
2.9. okaszaTs, 4TO O0IIee peleHne ypa,BHeHna
n
Ugy — + uy =0,
Ty z—y Uy —y Yy

roe n 1 m — HATYPAJBbHBIE YNCJla, UMEET BULL

an+m—2
U(way) = (99:"1_1(33/"_1 |:f($x) tz(y)]’

roe f mw g — mpomsBombHBEIE byHKIME U3 Kitaccos C™Fl uw O™ coor-
BETCTBEHHO.

2.10. Hoxa3aTh, 4TO OOIIee pelleHrne ypaBHEHUS

n m
Ugy + —— Uy — uy =0,
r—y r—y

TIe N ¥ M — HEOTPUIATENbHBIE [[eJIble YNCIIa, UMEET BUI

’U,(ﬂ} y) — (1‘ _ y)n-i-m-i-l gnm f(z) +4g(y)

’ oz oym T —y ’

rae f u g — mpomsBonbHLE byrKIIT 13 Kiaaccos C" 2 u C™*2 cooTser-
CTBEHHO.

2.11. B xaxmoit u3 obracTeil, Ine COXpaHsIeTCs TUI Y PABHEHUS, HANTH
ob111ee pellleHre ypaBHEHU:

1) Yuge + (T — Y) Ugy — Tyy = 0; 2) T2uzy — Y2 uy, = 0;

3) um—i-2xyuwy 3y Uyy—22u, =0; 4) x um+2xyuwy+y Uyy =0;

(S

)
) Upy — TU, +u = 0; 6) Ugy + 2zyu, — 2zu = 0;
7) Uzy+ Uz +yuy+ (y —1)u = 0;
8) Ugy + Uz + 2yuy + 22yu = 0.

OrBeTs! K § 2

2.1. 1) U§§+unn+U<<=0'€=w7n=y—w C=x—1y+1z'

l
2) uge — Upy +ucc +uy =0; f— z, n——x+y,C——§x—y+z

3) uge — upy + 2ug = 0; €—w+y, n=y—=z, (=y+2z;
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4) uge +upgy =0; =z, n=y—z, (=2 —-y+z

3 1 1
5) uge —upy —ucc =0; =, n=y—=z, (=5 —sy+32
6) uge + Upy Fucc F U =0 =z, n=y—x, (= —-y+2z
=2z -2y+z+t;
7) Uge —Upptucc+ur, =0 E=a4y, n=y—z, (=2 T=y+z+t;
8) uge —Upy +ucc — U =0 E=xty, n=x—y, (= -2y+z+1,
=z—-1
9) uge —upytuce =0; E=z, n=y—=z, (=2z—y+2, T=T+z+1
10) “££+“nn—0 £=u, n—y,C——w—erz T=z—y+t;

]‘]‘) Zugkfk_o gk_zmhk_l’Q:' 7
k=1 =1

(D) luge, =0, & = lz 2, k=1,2,...,n
-1

13) Zu’ﬁkﬁk_o €1=1‘1, gkzxk_xk—lv k:2737“'7n;

[ 2k 1
14) k; €k€k—0, &= k+1( k—klgxl), k=1,2,...,n

n

M:

12)

o

3
A

3 I

15) U§1§1_kz_:2u§k§k =0, & = \/ﬁ$1+ n—l Z-Tka
. =
=—x —V2z;, k=2,3,....n
&k Nk V2
1
2.2. 1) ugy — 5 (ug —uy) =0, { =z —y, n =3z +y;
2) uge + upy +ug =0, { =z, =3z +y;
3) ’U,7777+’U,§1:0,£::L'—2y,7)::1;’ )
4) ugn+m(ug+un) 0,&=3 3/2+y,n:§m3/2—y,$>0;
1
“éé"‘“nn"‘i“ézoaf=§(—$)3/2777=y,33<0;
1
5) ugn+m(U§—un):0,€=m+2\/ﬂ,nzm—Q\/ﬂ,y>0;

u&é"‘“nn_%“nzoaf:xaUZQ\/—ay<0;
1 1
6) uee — Upy — Eug—i- ;u,} =0, &=z, n = |yl (& > 0,
y>0mmx<0,y<0);u55+u7m—%ug—%un:0,§:\/|m|,
=yl (z>0,y<0nmz <0, y>0);
_ Lo 1. 113/2 e — (a]3/2
7) uff u7777 + 35 uf 317 u’? - 0 5 |$| , N = |y| ("E > 07

y>0mmz <0, y<O0); uge + upy + u§+ u, = 0, & = |z3/2,

35
n=1yl*? (>0, y<0umz <0, y>0);
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8) uge + upy —ug —uy, =0, £ =Injz|, n =Inly| (B xaxnom kBan-
pauTe); ) )

9) u§§+unn+iu§+2—un=0, §=1vy% n=2 (BKaxmOM KBai-
pauTe); ) g

10) ugy + grz—gzy (nue = €uy) = 0, & =y° —a®, n = y* + 2
(B KaXIOM KBAIPAHTE);

11) uge+upy—théug =0, =In(z+V1+2?),n= ln(y+ \/1+y2);

1

12) uep — =—— (ug —uy) + ug+uy) =0, E=y>+e¥, n=
=y?—e® (y>0ummy < 0);

13) u§§+um7+cos£u,7 =0,&=x, n=y—cosz;

14) upy —2ug =0, =2z —y°, n=y;

15) Unn — 5“’5 - 07 é._ xey7 n=yY;

_
4(¢+n)

2.3.1) f(z) +9(v); 2) f(y+az)+g(y — ax);
3) fz —y) + 90z +y); 4) f(y) +g(z) e
5) z—y+ flz—3y)+9Q2z+y)eB®¥=2/T 6) [f(z) + g(y)] e P

7) etV +[f(z) + g(y)] 372 8) fly—az)+g(y—az)e™
2.11. 1) fz+y)+(x—y)g@®—9?) (x> —ywm z < —y);
2) f(zy) + /|zy| g(g) (B KaXIOM KBAIPAHTE);
3
3) flzy) + |zy|*/*g (%) (B KaXIOM KBaIpaHTE);
4) zf (%) + g(%) (r; KaXKIIOM KBAJ[PAHTE);
5 zf(y) — f'(y) + /(az —8g&)etvdé (Yxkaszsamme. ObosHauas
0
Uz = v, TOJIyYUTb COOTHOLICHUS U = LV — Uy, Ugy — LUz = 0.);
y
6) 2yg(z)+ % g (z)+ /(y—f) f(&) e *"8d¢ (Yxasanue. Obosna-
0
Yasg Uy = v, TONYyUYUTHh COOTHOIICHUS U = % Vg + YU, Vgy + 2zyvy = 0.);
7)ey[yf +/y n)g “”’dn] (Yxazaunue. O6o-

3HAYASA Uy + U = VU, HOJ‘Iy‘{I/ITb COOTHOWIEHUSI U = Uy + YU, Ugy + Uz +
+yv, +yv = 0.);
Yy
8) e7™v [yf(x) +£'(@)+ [(y—m) g(n) e"”’dn] (Yxasanme. O6o-
0

3HAYAS Uy + TU = V, MOIYIUTH COOTHOIIEHUS U = Uy + 2yv, (vy +zv), +
+2y(vy + zv) =0.).



I'nmasa II

OYHKIINOHAJIBHBIE ITIPOCTPAHCTBA
N NMHTET'PAJIBHBIE YPABHEHUWUA

§ 3. Wsmepumbie pyukuuu. MaTerpasn JleGera

1. Uzmepumbie dyHkumm. Muoxectso FF C R"™ Ha3BIBAETCA MHO-
acecmeom (N-MEPHOIT) Mepbl HYab, eClu 10 moboMy € > 0 MOXHO Hal-
TU OKPBIBAIOIIEE €10 CIETHOE MHOXKECTBO OTKPHITHIX (N-MEPHBIX) KyGOB,
CyMMa, OOBEMOB KOTOPBIX MEHBIIIE €.

IIycte @ C R™ — obnactb. Ecnu HEKOTOpOE CBOMCTBO BBIIOIIHEHO
BCIOAY B (), 33 UCKJIIOUEHUEM, OBITH MOXET, MHOXECTBA MepHI HYIlb, TO
FOBOPST, YTO 5TO CBONCTBO BBLINOIHEHO noumu 6éciody B @ (m.B. B Q).
Sanannas B obmactu @ dyukuus f(x) HasBIBaeTCS uzmepumot B QQ, ecim
OHAa SIBJIIETCS IIPEHETIOM II. B. B () CXOISILENCS TOCIeNOBATEILHOCTA QY HK-
it m3 C(Q). Ecma f(z) = g(z) m.B. B Q, TO roBOpAT, 4TO DYHKINI
axsusasenmubt B Q.

3.1. YcTaHOBUTE, YTO CIIEAYIOLINE MHOXECTBA SIBISIFOTCSI MHOXECTBA~
MU MepHL HYJIb:

1) KOHEUHOE MHOXECTBO TOYEK;
) CueTHOE MHOXECTBO TOUEK;
) nepecevueHre CYeTHOTO MHOXECTBA MHOXECTB MEDEL HYJIb;
) OOBenMHEHne CIETHOTO MHOXECTBA MHOXECTB MEPHI Hyllb;
) raankas (n — 1)-MepHAas IOBEPXHOCT;
) raamkas k-mMepHas moBepxHOCTH (k < n — 1).

O U W N

B 3zamauax 3.2-3.9 nokasaTh yTBepXIEHUS.

3.2. ®yukuums Hupuxie x(z) (paBHas 1, eciiu BCe KOOPAUHATHL TOU-
KU T PalMOHAJLHLL, U ) B IPOTUBOMOIIOKHOM CIIydae) paBHA HYyJIO II. B.

3.3. Oyukmus f(z) = OYTHU BCIOAY HenpephiBHA B R".

1
1 — |zl

3.4. IocnenoBarensHocTs hyukuunit f,(z) = |z|"* B wape |z| < 1 cxo-
OUATCS K HYJIO IL. B.

3.5. Teopewma. Zlag moz2o uwmobvr muoxcecmeo E 6viao muo-
HCECNBOM MEPLL HYAb, HEOOTOOUMO u Jocmamouno, wmobvl cyuecm-
608a40 MAKOE €20 NOKPLIMUE CUEMHOT cucmemoli omrpermuir Ky6oe c
KOHeunot cymmott 06bemos, npu Komopom Kaxcdad mouxa E oxazviea-
emca noKpuimot 6eckoOHeUHbIM MHOHCECTNBOM KYO06.
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3.6. Oyuxmus f € C(Q) usmepuma.

3.7. Ecau f(z) u g(x) skBuBasientunl u g(x) usmepuma B @, To f(x)
TOXe u3MepuMa, B (.

3.8. Ilpenen mouTu BCIOAY CXOMSITIENCS TOCIENOBATEIHLHOCTY U3MEPU-
MBIX GYHKIIUN SIBISETCS N3MEPUMON DYyHKITHEN.

3.9. ®Oysxnus, HenpepeBHAA B () 33 UCKITIOUEHWEM MOAMHOXECTBA,
COCTABIIEHHOTO 13 KOHEYHOrO (MIIM CYETHOTO) YMCIIa, TIIANKUX k-MEPHBIX
nosepxuoctein (k < n — 1), usmepuma B Q.

3.10. YcTaHOBUTH U3MEPUMOCTD CIEAYIOIINX DYHKINN, 33 IaHHLIX HA
orpeske [—1,1];
a) y = signz;
1

.1 . .
6) y = sin —, z # 0, B) y = sign (sm ;), z #0,
0, x =0; 0, z =0

1 m

=, eci;u T = — IpPU B3aUMHO IPOCTHIX M, N,
r)y=4" n
0, ecnm T MPPALMOHAILHO.

3.11. Ilycts dyukuun f(z) u g(z) usmepumsl B (). YCTAHOBUTH W3-
MEPUMOCTE CJIEAYIOMNX (hyHKIINNA:

a) f(z)g(a); 6) % (mpu yenosan g(z) # 0, 7 € Q);
B) |f(z)]; r) (F(2))*®, ecmn f(z) > 0.

3.12. Ilycts f(xz) € C(Q) u B Kaxmont Touke T € () CyIIECTBYET
TIPOM3BOMHAS fzi. Iokaszars, 4TO fzi usmepuma B Q.
3.13. a) Iycrs dyuxuun f(z) u g(z) usmepumer B (). IokasaTs us-

MepuMocTh B () dyuknui max {f(x), g(z)}, min {f(z),g(z)}.
6) IlokaszaTh, 4TO BCAKas msaMepuMmas GyHkmus f(T) eCTb pasHOCTb
IIBYX HEOTPUIATEILHEIX N3MEPUMBIX (HYHKITHL

f(z) = max{f(z),0},  f~(z) = min{0,—f(z)}.
3.14. Jlokazarhb, uTo HeyOBIBawoIas (HEBO3PACTAWOIIAA) HA OTPE3Ke
[a, b] dyHKUMS N3MEpUMA.

3.15. Ilokasars, uro eciu f(z) usmMmepuma B (), TO CyIIIECTBYET MOCIIE-
LOBATEILHOCTH MHOTOYIIEHOB, cxonsiuxcs K f(z) m.B. B Q.

2. Nuarerpan JleGera. 3anaunywo B obmactu (Q dyskuuwo f(z) 6y-
IeM CuMTaTh MpuHaINexaei kaaccy L1 (Q), ecnu cymecTsyeT HeyObI-
BAOIIAS MOCIEIOBATEILHOCTh HENPEPLIBHEIX B () DUHUTHBIX ByHKIMIT
fn(z), n = 1,2,..., cxonsamascsa ¥ f(z) m.B. B () U Takas, 9TO MOCIENO-

BaTeIbHOCTDL nHTErpaiios (Pumana) / fn(z) dz orpannuena csepxy. Ilpu
Q
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sTom uuTerpai JleGera ot dyukmuu f(zr) € L1 (Q) onpenensercs paBeH-
CTBOM
L)/fd:z::sup/fndm: lim /fnda:.
n n— 00
Q Q Q

@Oyukuus f(z) HaswBaeTcsa unmezpupyemot no Jebeey no obnactu @,
€CIIA ee MOXHO TPENCTAaBUTE B Bume pasuoctu f(x) = fi(z) — fo(z) nByx
oyaxmmit f1(z) u fo(z) u3 LT(Q). Ipu atom unmezpaa Jlebeea ot dynk-
mun f(z) OnpemenseTcs. pABEHCTBOM

(L )/fdx— /flda:— )/fgda:.
Q

KOMnneKCHoe,HaHHon prHKLII/IIO f(z) = Ref(z) + iIlm f(z) Gymem
HA3LIBATL unmezpupyemoti no Jlebeey no obaacmu Q, ecmu dyHKIMN
Re f(x), Im f(z) uarerpupyemur no JleGery. Ilpu sToM 1m0 ompemenenuto

I10JIaraeM
L)/fdx: (L)/Refdx+i(L)/Imfdx.
Q Q Q

MuoxecTBo uHTerpupyeMmuix no JleGery mo o6mactu () KOMILIEKCHO-
3HAYHLIX (QYHKIAA, OTOXMECTBIAEMBIX B CIIy4ae WX SKBUBAJICHTHOCTH,
obosunauaercs L1 (Q).

Oyuxiuu u3 L1 (Q) xoreunsr . B. B (. Eciu ¢dyukius uaTerpupyema
o Pumany, To ona uurerpupyema u mo Jlebery u ee narerpasis Pumana
u JleGera cosnanator. [losToMy B mambreiiem 6ynem onyckats (L) mepen
3HAKOM MHTErpaJla; BCera IOJ MHTErDAJIOM IOAPA3yMEeBAETCS MHTErPA
Jlebera, a monm mHTErpumpyeMon GyHKImEN — (DYHKIUS, HHTETPUDPYEMast
o Jlebery. Bosee Toro, eciiu dyukims abCcoOTHO HECOOCTBEHHO MHTET-
pupyema o Pumany, To ona uaTerpupyema u 1o Jlebery u ee unTErpasint
Pumana u Jlebera coBmamarot.

Crenyrore TeopeMbl UTPAIOT BAXKHYIO POIb B TEOPUU JI€GErOBCKOTO
MHTETPUPOBAHUS.

a) Ecau gynwxyusg f(z) usmepuma 6 Q u |f(z)] < g(x), 2de g(z) €
€ L1(Q), mo f € L1(Q). B wacmuocmu, usamepumas 02parusennas Gynwr-
Yug 6 oepanuuennots obaacmu Q npunadaexncum Lqi(Q).

6) Teopema Jlebera. Ecau nocaedosamesprocmv usmepu-
moiz 8 Q Pynwxyud f1(x), ..., fn(z),... cxodumes x pynxyuu f(x) n. 6. 6 Q

u | fu(@)] < g(x), 20e g € L1(Q), mo f € L1(Q) u /ﬁz mv—»/fw
npu n —> 0.
B) Teopema ®yo6unu FEcau f(z,y) ELl(QxP), z = (.1:1,...
Zn) €EQ,y = (Y1,...,Ym) € P, 2de Q u P — nexomopvie obaacmu u3
R™ u R™ coomeemcmeenno, mo

[i@y)dee L(P), [ f@.y)dy € L(Q)
Q P
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/fxydxdy—/da:/fa:ydy—/dy/fmy

QxP

Ecau f(x,y) usmepuma 6 Q X P, dag n. 6. z € Q Pywxyug | f(z,y)| €
€ Ly(P) u [ |f(z,y)|dy € Ly(Q), mo f(z,y) € L1(Q x P).
P

B zamauax 3.16-3.20 noxa3aTh yTBepXKIEHUS.

3.16. Eciu f(z) >0mn /f(x)dx:O, 0o f(z) =0 m.B. B Q.

Q
3.17. Eciu f(z) =0 m.B. B Q, TO /fdx =0.

Q
3.18. Ecnu f,g € L1(Q), o af + Bg € L1(Q) npn mobbIX IOCTOSH-
HBIX . U [3.

3.19. Eciu f € L1(Q), o |f| € L1(Q) u
1| < [if1as
Q Q

3.20. Ecnu f € L1(Q), To mua mo6oro € > 0 Haiinercs Takas GUHAT-
Hag dyrkunsa g. € C(Q), aro /|f —ge|ldz <e.
Q

3.21. IlpoBeputs, uto pyukuus Hupuxie

f@={,

0, ecnu x UppaIUOHAILHOE,

€CJId T paluOHAJIBHOE,

unTerpupyema 1o Jlebery ua [0, 1], Ho He unTerpupyema no Pumany. Yemy
paBen ee uaTerpai JleGera?

3.22. Haittu unrerpansr no orpesky [0,1] ot cuenyromunx byHKImI
(IpenBapUTENBHO NOKA3aB UX UHTETPUPYEMOCTD):

xz, €CIN % MPPALMOHAIBHO,

a) f(2) = €CII I PAIMOHAIBHO;
€CIIN Z UPPAIMOHAILHO U Gosbiue 1/3,
€CIIN Z UPPAIMOHAIIBLHO U MeHble 1/3,
€CJIN T PAIMOHAJIBHO;
sin7mx, ecnu T UPPALMOHAIILHO U MeHbIe 1/2,
2?, ecnu T MppPANMOHAIBLHO U Gombie 1/2,
€CIIU T PAINOHAJIBHO;

{ 1/n eciu T = m/n, rOe m,n B3aUMHO IPOCTHI,

€CIM & UPPAIUOHAIILHO;
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z~1/3 ecnm z uppanmoHaNBHO,

m) f($)={ 3

z°, €CITN I PAIMOHAJBHO;

e) f(z) = sign (sin %)
3.23. Ilpu kaxux 3HAUEHUSIX ¢ MHTErPUPYEMEL 1o 1mapy |z| < 1 cie-
nymooime QyHKITIN:

a) f(z) = —; :

== 0 f(@) = 7= B) flz) = I
|z]« ) flz) (1= |z~ ) f(z) 2]
3.24. Ilycts g(z) — usmepumas u orpaHuueHHAs QYHKIUSA B OTPAHU-

yennoit obnactu (). Ilokaszare, uro dyukuus f(z) = / |wg—(£§)|a d¢ mpu-
Q

magnexut CF(R™) mpu k <n — a.
3.25. Ilycrs f € L1(Q). TlokasaTs, uTo dbyHKIML
f(z), ecmm B Touke z |f(z)| < N,
In(z) =
N, eciu B Touke z |f(z)| > N,

MHTErpupyeMa 1o () u CIpaBeIinBO COOTHOIIEHUE

lim /fN(a:) d:z::/f(:z:)da:.
Q Q

N—oo

3.26. Ilycts Q@ = (0< 21 < 1, 0 < 25 < 1), a dysxuus f(z) 3anaxa
B () cremymomuM 06pa3om:

r1T2
npn ($17$2) 7£ (0,0)7
a) f(.’l}) = |$|4
0 Ipu Ty = T2 = 07
2 _ .2
5 o) = x1|$|4$2 npu (z1,z2) # (0,0),
0 Ipun T3 = To = 07
i2 npu O<.'171<:I;2<]_7
T3
B) f(z) = _% mpu 0 < 22 < 27 < 1,
1

0 B OCTaJILHBLIX TOYKaX.

1) Ipunammexat au 5tu Gysknuu npocrpanctsy Li (Q)7?
1 1
2) Ipunannexart mu Ly (0,1) dyuxumn /f(:z:l,mz) dzy, /f(a:l,a:g) dzo?
0 0

3) BrinonHseTcs a1 paBeHCTBO
1

jdxl/f(xl,xg)dxg =/1d.’172/1f(1‘1,1‘2)d1‘1?
0 0 0

0
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3.27. Ha orpeske [0,1] 3amaHa HOCIENOBATENBHOCTH CTYNEHUATHIX
byukumi f,(z), n=1,2,...
1 mpn o <7< E2
falz) = 2 2
0 mns octambubx T € [0,1],
e Lesble GUCia 7, k, 1 CBI3aHbI COOTHOLICHUSIMA

n=2F+i, 0<i<2F—1.

1

Iokasare, uro lim /fn dr =0 u uro fu(z) - 0 mpum n — ©
n—oo

sz € [0,1]. 0

MHOXECTBO U3MepUMEIX B () QyHKINIA, KBAAPAT MOMYJIS KOTOPBIX IPH-
vamexut Li(Q), HaseiBaeTcss npocmpancmeom Lo(Q) (mpm sToM, kak

u B ciayuae Li(Q); sxBuBaieHTHBIE QYHKIMN CUATAIOTCI OTOXKIECTBIICH-
HBIMN).

B zamauax 3.28-3.33 noxa3aThb yTBepXKIEHUS.

3.28. Ecnu fi1, fo € La(Q), 10 afi + Bfs € La(Q) npu mobbIx mocTo-
SIHHBIX @ u

3.29. Eciu f € L2(Q) u Q — orpaunuennas obnacts (unu o6IacThb
¢ orpaHndeHHBIM 06BeMOM), TO f € L1(Q).

3.30. Hu omuo us Bkitouennit L1 (R™) C Ly(R™), Lo(R™) C L1(R™)

MeCTa HE MMEET.

3.31. Ecim f,g € L2(Q), To f-g € L1(Q).
3.32. Ecnu f, g € L2(Q), TO uMeeT MeCTO HEPABEHCTBO ByHAKOBCKOTO

/f-gda; < </|f|2dx>l/2</|g|2dx>l/2.
Q Q Q

3.33. Ecnu f, g € Ly(Q), TO umeeT MecTO HEPABEHCTBO MUHKOBCKOTO

1/2 1/2 1/2
(f1r+aPa) < (firPas) o+ ( [laPar)
Q Q Q

3.34. YCTaHOBUTH NPUHAIIEKHOCTE K Lo(Q)) crenyrommx ¢yHKImiL:

a)y=27 Q=01 6 y=7% Q=01
z7 /3 cosz, & MppaLMOHAIBHO,

B) y =4 z /3, T PaIMOHAJLHO, T # 0, Q=1[-1,1]
0, z =0,
sin xlxg) |x| £0,

r) y=< @ite Q= (Jz[ < 1);

0, |z =0,
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1
—— |z| #0, z # 1/k,
n y= z'/3sign (sin I) ] # 71/ Q =0,1].

0, z=0, z=1/k,
3.35. Ilpu xakux a u § dyukuus f(z)
L2(Q), ecnn Q = {|z1| + |z2| > 1}7

3.36. Ilpn xakux o bysxmms r—®, r = (z7 + 23)/?, npumammexur
L»(Q), ecnn:

a) Q= (r<1l); 6) @=(r>1)7
3.37. Ilpu xakux a QyHKIUSA
sin |z|?
npu |x| # 0,
fa)=d e ™ |z| #
0 opu |z| =0,

= ————  IIPUHJIJICKNT
loa]o + Jza]p PR

o = (a3 + 23 + 3)"/7,

npuHamneRuT Lo (Q), ecmu Q = (|z| < 1)7

3.38. Ilpu xakux o ¢ymkums |z|~%, rme |z| = (2F +... +x%)1/2,
npusamexut Lo (Q), eciu:

a) Q=(z[<1); 6) Q=(z|>1); B Q=R
3.39. Ilycrs dyukmus g € Lo(Q), roe () — orpaHmdeHHas 06IaCTb.

xuT npocrpancTey CF(Q) mpu k < g —a.

Iokasatb, uro dyskuus f(z) = / m!]_(—yy)ady ot o < g TIPUHAIIE-
Q

3.40. IlokasaTs, uro mua ¢dyukuuu f € Lo(Q) (Q — orpanuuenHas
obmactb) mo mobomy € > 0 malimercsa Takas ¢yukmusa f. € C(Q), uro

/|f—f5|2dx<s.
Q

OrBeTh K §3

3.21. 0.

3.22. a) 35 !

1 7
S T A T
3.23. a) a<n; 6) a<l; B) a<2n.
3.26. a) 1) Her; 2) mer; 3) Her;
6) 1) mer; 2) ma; 3) Her;

B) 1) mer; 2) ma; 3) Her.

1 1
3.35.0é>0, ﬁ>0, %+ﬁ<1

3.36. a) a<1; 6) a>1.

6) r) 0; n) g; e) 1-2In2.
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7
3.37. a > Z

3.38. a) a< g; 6) @ > —; B) HU IPU KAKUX Q.

|3

§4. ®dyHKHUOHAIBHBIE IPOCTPAHCTBA

1. JIumeiiHble HOPDMUPOBAHHLIE IPOCTPAHCTBA. KOMNAECKCHbIM
(6ewecmeennbim) AUKETHBIM NPOCPAHCMEOM HABBIBAETCS MHOXKECT-
BO M, mis 5IIEMEHTOB KOTOPOTO ONPENENIeHbI OMEpPALUU CJIOXKEHUS U
YMHOXEHUsI Ha KOMIUIEKCHBIE (BEIIIECTBEHHBIE) YUCIIA, HE BBIBOMAIIIAE
u3 M u obnamaroiire CBORCTBAMU:

a) fi+ fo=fa+ fu;

6) (fr+f2)+ fs=Ffi+(fot f3);

B) B M cymectyer Takon smement 0, uro 0-f = 0, mus mo6oro
feM;

r) (ca+e)f=af+cef;

n) c(fi + f2) = cfi +cfy;

e) (0102) =ci(e2f);

%) 1-f = f nna mobuix f, f1, fo, fs 13 M u m06BIX KOMIUIEKCHBIX
(BeILIECTBEHHEBIX) YUCeI ¢, Cq, Ca.

Cuctema 351€MeHTOB fi, ..., fr 13 M Ha3bIBaeTCs aunetinoli nezasucu-
MO, ecnu paBeHCTBO ¢1f1 + ... + cpfr = 0 mMeeT MeCTO TOJBKO HpU
c1 = ... = ¢ = 0. B nporuBHOM cityuae cucrema, f1,..., fr JTUHEAHO 3aBU-
cuma. beckoneunas cucrema fi, fo, ... HA3LIBAETCSI INHENHO HE3ABUCUMOI,
ecnu m06ast ee KOHEUHAsSI TIONCACTEMA, JINHENHO HE3aBUCUMA.

JIuneitHOE IPOCTPAHCTBO HASLIBAETCS HOPMUP 06 AHHbIM , ECITH KAKIOMY
€ro 5jeMeHTy f MOCTABIEHO B COOTBETCTBUE BEIIECTBEHHOe uucio ||f||,
HA3BIBAEMOE HOPMOT, f, YIOBIETBOPSIOIIEE CIEMYIOIINM YCIOBUSIM:

a) [|f[l = 0, mpmaem || f[| = 0 mume npu f = 0;

6) [If +gll < IIfIl + llgll, (mepaBencTso Tpeyronbuuka);

B) |lcf]] = |¢|||f|| mpm mpom3BOIBEHON MOCTOAHHOI C.
Iliis MUHENHOrO HOPMUPOBAHHOTO NMPOCTPAHCTBA MOXKHO ONPENENNTH
noHsTHE paccmognus Mexny snementamu p(f,g) = ||f — g|| u nmousTue

CTOOUMOCTNY N0 HOPME: TIOCIIENOBATEIBHOCTD f1, fa,... CXOOUTCS K HEKO-
Topomy snementy f (f, — f mpu n — o), eciu p(f, f,) — 0 npu
n — 00.

TMocnemoBaTensuOCTL f1, fo,... JMHENHOTO HOPMUPOBAHHOTO MPOCT-
PAHCTBA HA3BIBAECTCA PyHdamermasbroth, ciu miis moboro € > 0 cyrect-
Byer N = N(g) > 0 taxoe, ato ||fmm — fn|| < € mpm m,n > N.

JIuneiiHOE HOPMUPOBAHHOE NMPOCTPAHCTBO HA3BIBAETCS NOAHbIM, €CIIH
m06ast GyHIAMEHTAIbHAS MOCIEIOBATEIILHOCTD JIEMEHTOB UMEET B HTOM
mpocTpaHcTBe mpeneil. [[osHOoe NMHERHOEe HOPMUPOBAHHOE MPOCTPAHCT-
BO B masmiBaeTcs npocmpancmeom Banaza.
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MuoxectBo R € B mHaspBaeTCs naomubim B B, ecnu mis mio6oro
snemenTa f € B CylecTByeT moCIenoBaTEIbHOCTD f1, fa,... u3 R, cxoms-
wasca K f (fp, — f opu n — 00).

4.1. YcTaHOBUTE, UTO CIENYIOIINE MHOXECTBA, IBIISIOTCS JINHENHBIMUI
MPOCTPAHCTBAMU:

a) muOoxkecTBo C*(Q), 0 < k < oo;

6) MHOXECTBO TOYEK 7-MEPHOTO MPOCTPAHCTBA R™; MHOXECTBO TOYEK
koMIuiekcuou mockocTu C;

B) MHOXECTBO QUHUTHBLIX B () QyHKUWUIL;

I') MHOXECTBO OPDAHWYEHHBIX B () QyHKIWIL;

Il) MHOXECTBO AHAINTUIECKUX (QYHKIWI B 001acTH () KOMINIEKCHOM
mwitockoctu C;

e) muOxecTBO dymKmmit m3 C(Q), 06paIAONIXCS B Hyilb HA HEKOTO-
pom muOXecTBe F € Q;

x) muoxkectso C(Q\{2°}), rme 2° € Q;

3) muoxectBo Gyukuumit f w3 C(Q), mjst KOTOPBIX / fodx = 0,
_ Q
roe ¢ — nekoropas dyuknusa u3 C(Q), a ) — orpaHuveHHas 06JIACTD;

u) MHOXecTBO Oymkuumit f m3 C(Q), mIs KOTOPHIX / feods = 0,
S

rae ¢ — mexkoTopas dyukums u3 C(Q)), a S — orpaHUYEHHBIN KyCOK TIIal-
KOI TIOBEPXHOCTH, JIeXKAIen B (;

K) MHOXeCTBO (DyHKIWIT, MHTErpupyeMeix o Pumany (o obnactu Q);

1) MHOXecTBO mpuHamIexarmux C*(Q) pemenuit mureinoro mudde-
PEHIUAIILHOTO YPABHEHUS

Z Ay(z) D f =0, rze Ay € C(Q), la] < E;
o] <k
M) MHOXECTBO U3MEDPUMBIX B () bOyHKUMIL;
H) mpocTpancTso Li(Q);
0) mpocTpancTBo Lo (Q).
4.2. Y6enursCs, 4TO CIEAYIOIINE MHOXKECTBA GYHKIWI HE COCTABIISI-
0T JINHEWHOTO IPOCTPAHCTBA:
a) mHOXecTBO dymkimir u3 C(Q), paBHEIX 1 B HEKOTODOWl TOUKe
2’ € Q;
6) muOxkecTBo bynkmuit f € C(Q), mis KOTOPEIX / fder =1 (Q —
OrpaHMYeHHas O0IaCTD); Q
B) MHOXECTBO pemeHnin nuddepeHnnaasuoro ypasaenus Ay = 1.

4.3. JlokasaTb, 9TO CIEMYIONME CUCTEMBI (QyHKIW JIMHEHO HE3aBU-
CHMBI:
a) 1,z,2%... Ha orpeske [a,b] (a < b);
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6) x“ |a| =0,1,2,..., B obmactu Q;
B) e** k =0,1,..., ma orpeske [a, b];
r) [f ( )]’c k=0,1,..., Bobmactu Q, rme f(x) — HekoTOpas dbyHKIU

us C(Q), f # const.

4.4. JoxaszaTs, uTo MEOXeCTBO C(Q)) ABIACTCS TMHEHHEIM HOPMIPO-
BAHHBIM IIPOCTPAHCTBOM C HOPMOI:

D flleq) meaétlf( z)|; 2) Iflle ) =13I;1€ac_§<|f($)l-

4.5. JlokasaTs, uro mEOXecTBo CF(Q) ecTh nuHE#HOE HOPMUPOBAH-
HOE TIPOCTPAHCTBO C HOPMOM

1 fllor@) = D, max|D®f(z)|. (1)
lal<k *€Q

4.6. Tlycts E — mekoropoe MuOXecTBO m3 (). Iloka3aTs, 4T0 MHO-
KECTBO HENpepuBHEIX B () dyHkimit f(z), obpammaiommxcs B HyJIb B
Toukax E, eCTh JuMHEHOe HOPMUPOBAHHOE IPOCTPAHCTBO ¢ HOpMOU (1)
mpu k = 0.

4.7. YCTaHOBUTB, YTO CIEOYIOIINE MHOXKECTBA OIPEIEIIEHHBIX B OIDa-
HUYEHHON 00acTu () QYHKIUA ABIAIOTCS JIMHEAHBIMYA HOPMUPOBAHHBIMU
mpocTpancTBamu ¢ Hopmoit (1) mpu k = 0:

a) muOXecTBO bynkimit u3 C(Q), buHUTHBIX B Q;

6) muOx)ecTBO C™(Q);

B) MHOXECTBO AHAJUTHYCCKHX B () U HENPEPLIBHBIX B () (bYHKIMIL.

4.8. Ybenutncs, uTo B R” MOXHO BBECTU HOPMY CJELyIOIUM 06pa-
30M: n 1/2 n
) ol = o 0) ol =(302) + 9 llelh =Y

lsisn i=1 i=1
4.9. Yo6enutncs, uTo npu goboM p > 1 B R MOXHO BBECTU HOPMY

dopmymnon n 1/p
lell, = (2 |xi|”) .

. . i=1

Hairu lim ||z||p.
pP— 00

4.10. Iokasars, uTo mpu snwboMm p > 1 B kagectse HOpMEL B C(Q)

MOXKHO B35Th BEIPAXKEHUE

111 = ( [isras)” @)

(obmacts @ orparnuera). Hairu lim ||f]|p-
p—o0

4.11. Y6enuThCsi, 9TO JIUHENHLIE MPOCTPAHCTBA mpuMmepos 4.4, 4.5,
4.6, 4.8, 4.9 aBusaoTCca 6aHAXOBBIME (T.€. IOJIHBIMUA B COOTBETCTBYIOIIIX
HOpDMaX), a JIMHEHHbIE HOPMUPOBAHHLIE IPOCTPAHCTBA npuMepos 4.7, 4.10
[IPY KOHEYHOM P — HEIMOJIHBIMU.
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4.12. TlokasaTs, uto B mpocTpancTBax L1 (Q) u L2(Q)) MOXHO BBECTH

HOPMBL
Ifllz@ = [ 111de, 3)

Q
i = ([ 1) @
Q

NmeeT MecTo cremyrorias

Teopewma. Ilpocmpancmea L1(Q) ¢ nopmotii (3) u L2(Q) ¢ nop-
moti (4) 6anazoswr.

IMonmuoxkecTBO B’ 6amaxosa mpocTpancTBa B HasweBaercsa (6anazo-
8blM) NOINPOCTNPAHCMEOM TIPOCTPAHCTBA B, eciu oHO sBIsSeTCs GaHaXO-
BBIM IIPOCTPAHCTBOM C HOPMOU IPOCTPAHCTBA B.

4.13. Ilyctb obmacTs () orpanuuena. [lokazars, 4TO:

a) muOoxectso C (Q)) dynkumit w3 C(Q)), obparmaomuxcs B HyJlb Ha
rpanune obnactu ), ects 6anaxoso nopnpoctparcTeo C(Q) (¢ Hopmoi (1)
upu k = 0);

6) mommuOxecTBo byukmmit f m3: 1) C(Q); 2) L1(Q); 3) L2(Q),
LISt KOTopLIX/f(x) pi(z)de =0,1i=1,2,...,s, 1€ @1, ..., Ps — HEKOTO-

Q@ _
pee dyaknuu u3 C(Q)), ecTb 6aHAXOBO MOAIPOCTPAHCTBO MPOCTPAHCTBA,
C(Q) (¢ ropwoii (1) mpa k = 0), L;(Q) (¢ nopuoik (3)) u Lx(Q) (c xop-
Mmoit (4)) cOOTBETCTBEHHO.

4.14. IlokasaTk, YTO CUETHOE MHOXECTBO, COCTABIIEHHOE 13 JIMHEAHBIX
KOMOMHAIUI ¢ PAMOHAILHBIMEU KO3(DOUIMEHTAMN OLHOWIEHOB T, T =
=(z1,...,2n), @ = (Q1,...,a), || =0,1,2,..., Bcrony mIoTHO B:

a) C(Q) (sopma (1) mpu k = 0);

6) L1(Q) (mopma (3));
B) L2(Q) (mopma (4)), rme () — orpaHudeHHas 06IaCTb.

2. T'mab6epToBBI mpocTpaHCcTBa. llycTh M00BIM OBYM 3JI€MEH-
TaM f U g HEKOTOPOTO KOMILJIEKCHOTO (BEIIECTBEHHOTO) JIMHENHOTO TPOCT-
pascTBa H HOCTABIEHHO B COOTBETCTBUE KOMIUIEKCHOE (BEILIECTBEHHOE)
qncio (f,g), HA3EIBAEMOE CKAAAPHLIM NPOU3EedenUeM ITUX SIEMEHTOB,
obyragaoliee CIenyOIAMYA CBOMCTBAMME:

a) (f,9) =(9,f);
6) (f+g7f1):(f7fl)+(gvfl)7

B) (cf,9) = ¢(f,g) upu moboit MOCTOAHHOI C¢;
r) s moboro f € H uucio (f, f) seectsenno u (f, f) > 0, npuuem
(f, f) =0 Tonsko mpu f = 0.

4 Iloxm pen. B. C. BragumupoBa
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IIpoctpancTBo H MOXHO HOPMUPOSAMb, IOIOXKUB, HAIpUMED, || f|| =
= (f, f)'/?. Dra HOpPMA HA3BIBAETCS HOPMOM, NOPONHCOCHHOT CKATSIPHBIM
TIPOU3BEMEHUEM.

IIpocTpancTBo H HA3BIBAETCS 2U/AbOEPMOBHIM, ECIIM OHO IIOJTHO B HOP-
Me, TIOPOXKIIEHHON CKAJISIPHBIM MTPOU3BENEHNEM.

TTocnenoBaTensHOCTL 37EMEHTOB f1, fa,... u3 H HasweBaeTcs caa60
crodsuetica k snementy f € H, eciiu mys mo6oro h € H

(fesh) — (f, h) npu kE— oo.

OneMeHTH f 1 g HA3BIBAIOTCSA 0PMO20Hasbhbimu, eciu (f,g) = 0. Ome-

MeHT f HasbiBaeTcs nopmuposarnbim, eciu ||f|| = 1. Cucrema e, es, ...
HA3BIBAECTCS 0PMOHOPMUPOBaHHOTL, ecru (e;,er) = O, © = 1,2, ...
Mycts f € H, a ey, es,... — opToHOpMUpPOBaHHAs cuctema B H. Yuc-
na fr. = (f,ex), k = 1,2,..., HasmBawoTca koadduyuenmanu Pypve sae-
o0
mewma f, a cxomsmmiics B Hopme H pan . (f,er) ep — padom Dypve
k=1
saemenma f IO OPTOHOPMUPOBAHHON CUCTEME €1, €2, ...
Cucrema e1,€s,... HABLIBAETCA OPMOHOPMUPOSAHHLIM 0G3UCOM WITH

NOAHOT OPMOHOPMUPOBAHHOT CUCMEMOT, €CTIA OHA SIBISETCS OPTOHOPMU-
POBAHHOU M MHOXKECTBO 3JIEMEHTOB C1€1 + C2€3 + ... + Cper IpU BCEBO3-
MOXHBIX IOCTOSIHHBIX C1, ..., C, U k BCiomy mioTHO B H.

Pan ®@ypre snemenTa f 1m0 OpTOHOPMUPOBAHHOMY 6A3UCY CXOOUTCS B
mopme H x f.

4.15. Tlokasatb, uto L2(Q)) — rums6epTOBO MPOCTPAHCTBO CO CKa-

JIAPDHBIM IIPDOU3BEOCHUEM
(f.9) = [ fadu. ()
Q

4.16. Honmuoxectso dyukuuit f € Lo(()), OPTOrOHANBHBIX K HEKO-
TOPEIM (QYHKIUAM (1, ..., 9 13 Lo (Q), 06pasyeT NOMIPOCTPAHCTBO
npoctpancTsa La(Q).

Ilycts B o6nacTu () 3amaHa HENPEDPHIBHAS W TOJIOKUTENLHAS (QYHK-
unst p(z) (BecoBas dynkums). O6osnaumMm Ls ,(Q)) MHOXeCTBO m3MepH-

MeIX B Q dymkumit f(r), mis kotopix p|f|* € Li(Q).

4.17. TlokasaTs, uT0 Lo ,(()) — rums6epToOBO IPOCTPAHCTBO CO CKa-
JIAPDHBIM IIPDOU3BEOCHUEM
(f.9)= [ pfgde. (2)
Q

4.18. Ioka3aTb, 94TO:

a) La2(Q) C L ,(Q), ecnu p(z) orpanudera B (Q;

6) L2,(Q) C La2(Q), ecim p(z) > po > 0B Q (po = const).

4.19. YcTaHOBUTHL OPTOTOHAIBLHOCTH B Lo (0, 27) TpuroHOMeTpUUec-
KO cucTeMHl 1, sinz, cosz, sin 2z, cos 2z, ...
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4.20. okasarsk, uTo cucteMbl Gyukiwit sin (n +1/2)z, n = 1,2,...,
ucos(n+1/2)xz, n=1,2,..., oproronansusl B Lo (0, 7).
4.21. Hoxa3arb, 9TO MHOrOUIEHH! Jlexannpa

1 2n+1 d*
Pn(x):2nn!,/ CRRP D [(z* — 1)"], n=0,1,2,...,

06pa3yoT OPTOHOPMUPOBAHHYIO cuctemy B Lo(—1,1).
4.22. Jloka3aTb, 9TO CUCTEMA DYHKITII

Tn(z) = \/g cosn(arccos z), n=0,1,2,...,

€CTb CUCTEMAa MHOTOWIEHOB (MHOrOuseHs YeOhIesa), OpTOHOPMUPOBAH-
Had B L2, 1/m(—1, ].)
4.23. Iloxa3aTh, YTO cucTeMa, QyHKIUR

H”l(x) = (_l)nem2 dc:ll:n e_x27 n = 07 ]-a tey

€CTh CHUCTEMa MHOT'OYJICHOB (MHOI‘O‘{J'IeHI:I BpMI/ITa), OpPTOrOHaJIbHAsA B
L 2(—00,00).

2,e”®
4.24. Tloka3aTh, YTO OTBEYAIOIINE PA3IUIHBIM COOCTBEHHBIM 3HAUE-
2

HUAM COOCTBEHHBIE (YHKINU OMEPATOPa — g7 BANAHHOTO Ha byHKII-
ax uz C2((0,1)) N C*([0,1]) npu rpammunbx ycnosusax (hu — ug)|z—0 =
= t|y=1 = 0, h — mocTosHHAs, OpTOroHANBHEL B Lo (0, 1).

4.25. Tloka3aTh, YTO OTBEYAOIINE PA3IUIHBIM 3HAUCHUSIM COOCTBEH-

HEIe byHKIIHT orepaTopa —A, 3amannOro Ha hynkmuax f € C2(Q)NCH(Q)
[IpY IPAHUYHOM yCIIoBuu u|p = 0 unu (g—z + g(x) u)|r =0,rme g € C(T),
OopTOroHanbHEL B L2 (Q).

4.26. Iycts p € C(Q), p(z) > po > 0. lokazaTs, 9TO OTBeUAOIIHE

PaA3IIMYIHBIM COOCTBEHHLIM 3HAUYEHUSIM COOCTBEHHBIE q)yHKLU/II/I orepaTo-

pa —ﬁ A, samamsoro Ha C?(Q) N C'(Q) mpu rpaHWYHBIX YCIOBUIX

samaan 4.25, opTOroHaIbHEL B Lo ,(Q).
4.27. llycts p € C*0,1], ¢ € C[0,1], p € C[0,1], p(z) > po > 0.
[Toka3aTh, 9TO OTBEYAIOLINE PA3IMIHEIM COGCTBEHHBIM 3HAYEHUAM COOCT-
BEHHBIE (DYHKIAK OIepaTopa
1 d d q(z)
p(z) dz [ (2) dw] + p(z)’
samannoro xa C2((0,1)) NC*([0,1]) mpr TPAaHUYHBIX YCIOBUAX Uy |z—0 = 0,
(ug + Hu)|,—; = 0 (H — mocrosiHHast), OpTOrOHAIBHEL B Ls ,(0,1).
4.28. Tlycrs p € CH(Q), ¢ € C(Q), p € C(Q), p(x) > po > 0.
[TokasaTb, 9YTO OTBEYAIOIINE DA3IAYHBIM COOGCTBEHHBIM 3HAUEHUIM
1

@ div (pgrad) + ¢(z), samansorO

cOOCTBEHHBIE (DYHKIIUM OIEPaTOpa —

4*
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ua C2(Q)NC*(Q) mpy TPaHWYHLIX yCIOBUAX 3ama4un 4.25, OPTOTOHATBHET
B L2,p(Q)'

4.29. TokaszaTs, uto npuaamiexammme C2(Q) N C(Q) permenus B Q
ypasrerus Au = 0, yOOBIETBOPAIOIINE TIPU PA3IWYHLIX A TPAHUIHOMY

Y CIIOBUIO (g—z + )\u)|r = 0, oproronansusl B Lo (T).

4.30. IlokazaTh, 4TO MOCIIENOBATENLHOCTD sinkz, k = 1,2,..., cxo-
muTcs ciabo x uyio B Lo (0,27), HO He cxomnurcs B HOpMe Lo (0, 27).

B zapauax 4.31-4.39 noka3aTb yTBEpXKIEHUS.

4.31. Eciun mocnemoBarensHOCTh fp (%), n = 1,2, ..., dyHxumi
u3 Lo(Q) cxomures x f(z) mo mopme Lo(Q), To oHa cxomurcs u ciabo

4.32. Eciu mocnemoBarensHOCTh fp (), n = 1,2, ..., dyHxumi
u3 Ly (Q) cxomurcs x f(x) mo mopme Lo (Q), TO /fn dr — /fdx
n —> 00 (Q — orpaHmYeHHAs O6IACTB). Q

4.33. Ecmn uy, € Lo(Q), k= 1,2,..., u pan Z ug(z) cxomurcs
K u(z) mo mopme Ly(Q), ToO Z /uk de = /udx (£2 1— OTpaHUYEHHAS
06I1aCTh). Q

4.34. Eciau mocnenoBaTenbHOCTh fn_(x), n = 1,2,..., OyHKImMiA u3

C(Q) cxomures x f(r) paBEOMepHO B (), TO OHa CXONUTCS W MO HOPME
L2 (Q) (Q — orpanmuenHas 06IIaCTBD).

4.35. Ecau nocnemosatensuocts fn(z), n = 1,2,..., dyakuui u3
L2(Q) cxomurcs cnabo k f(z) € L2(Q), TO MOCIENOBATEIBHOCTD HOPM
[ frn(®)llzo(@), m = 1,2,..., orpanmyeHa.

4.36. Ecau nocnemosartensuocts fn(z), n = 1,2,..., dyakuui u3

L>(Q) cxomurea cmabo x f(z) € L2(Q) u [[fu(@)|| — [[f(2)]| mpm
N — 00, TO HTA MOCIEAOBATENBLHOCTE cXonuTcsa K f(x) u o Hopme Lo (Q).

4.37. Hua mobon dyukimu f(z) € Lo(()) uMeeT MeCTO HEPABEHCTBO
Beccens

[e.°]
DI < AP,
k=1
roe frx, k=1,2,..., — kosppurmentsr Pypobe pyskuuu f MO0 OPTOHOPMU-

POBAHHOU CHUCTEME €1, €2, ...
4.38. JTi06as OpTOHOPMUPOBAHHAS CUCTEMA, €1, ..., €p, ... B L2 (Q) cxo-
OUTCs CI1ab0 K HYII0, HO He CXOAUTCs 1o HopMe Lo (Q)).
4.39. s mo6oit f € L2(Q)
n
min — E CLek
C1l,.++5Cn
k=1

= ‘ =Y frex
k=1
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(T.e. n-1 wacTHas cymma psaga Pypbe HammyumuM o6pa3OM MPUOIIKA-
er f(z) B L2(Q)).

4.40. HaiiTu MHOTOWIEH 2-1 CTENEeHN, HAWIYJIITuUM 00pa3oM mpubiim-
)arouwit B Ly(—1,1) dyukuuo:

a) z°; 6) sinmz; B) |z|.

4.41. HaiiTu TPUTOHOMETPUYECKUN MHOTOUJIEH IIEPBOTO TOPSIKA,
HamtyqmmM 06pa3oM npubnuxatomwmit B Lo (—m, m) GyHKIMIO:

a) |z[;  6) sin g

4.42. HaiiTu MHOrOUYIEH IEPBOM CTENEHN, HAWIYJIINM O00pa30M IIpu-
Gnmxatommit B L2 (Q;) dyuxmuio 23 — z3, rie Q;:

a) Kpyr 7 + 123 < 1; 6) xBampar 0 < z1, zo < 1.

4.43. YcraHoBuTbh noaHOTY B Lo(Q) cucrem:

a) sinkz, k=1,2,..., Q =[0,7];

6) sin(2k+ 1)z, k=0,1,..., Q =[0,7/2).

B 3amauax 4.44-4.50 noka3aTb yTBEPKICHNUS.

4.44. Muorounens! Jlexannpa (sanaua 4.21) u muOrounens: YeGbi-
mesa (3anaua 4.22) 06pasyioT OPTOHOPMUPOBAHHBIE GA3UCHI TPOCTPAHCT-
Ba Ly(—1,1) u L, ; ; s=5=(—1,1) cooTBETCTBEHHO.

4.45. Yrobur oproHopmupoBanHas B L2((Q)) cucrema eq,es, ... Obuia
OPTOHOPMUPOBAHHBIM 6a3ucoM Ls((Q)), HeOGXOOMMO U NOCTATOUHO, UTOOLL
s qobont dyukuuu f € La(Q)) Bumonssuiocs HepasencTBo [lapceBasis—

Creknosa
I1£117 = Z | f .

4.46. Ecin f € Lo(a,b) /:I:kf z = 0 oz k = 0,1,..., TO
f(z) =0 8. na (a,b).

4.47. Ecrm f € Lo m /x"‘f(m)d:z: = 0 mus Bcex @, |a| =0,1,..., TO
fz)=0m3B.B Q. Q

4.48. Eciu fr v gi, k = 1,2,..., — xospdunuenter Pypre GyHK-
mit f u g u3 Lo(Q)) mo HEKOTOPOMY OPTOHOPMUPOBAHHOMY 6a3UCy, TO

9) = fidk-
k=1

4.49. Bcskas OpTOHOPMUPOBAHHAS CUCTEMA, €1, €2, ..., €y, JINHENHO He-
3aBUCUMA.

4.50. Ilns Toro uTobbl cucTeMa QYHKIAA @1, ..., pn 13 Lo(Q) Gbuia
JIMHENHO HE3aBUCHUMOMN, HEOOXOAMMO U IOCTATOYHO, UYTOOBI OIIPENeImTeb
I'pamma det ||(@s, @), 4,5 =1,...,n, OBLI OTIIMYEH OT HYJISL.
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Ilycts 1, ..., r, — HEKOTOpas IMHEHHO HE3aBUCUMAL CUCTEMA (HYHK-
muit w3 L2 (Q) (mm L; ,(Q)). Oyuknumio e;(r) ompenenuM CeLyOLIIM

ous es = C1€1 + cchg 6bLIa HOPMUPOBAHHOR U OPTOTOHAJILHOM B Lo (Q)
(B L2 ,(Q)) x dyskimu ey u 1. 1. IIpu ycnoBum, 9T0 MOCTPOEHBI (QYHK-
WX €1, ...,€,_1, QYHKINIO e, OymeM pa3bICKMBAThL B BUIE €, = [i1e; +
+ P22 + ... + Bn_1€n_1 + BnPn C TAKUMU TOCTOSHHEIMU f1,..., [ n,
4TOOBI €, OBblIa HOPMUDPOBAHHOW U OPTOTOHAJBLHON K (DYHKIUSIM e, ...

.y €n—1. DTOT CHOCOO OPTOHOPMUPOBAHUS CUCTEMEL 1(Z), ..., ¢ (z) HA-
spiBaeTcsa memodom I'pamma—IlImudma.

obpasom: e; = ——. IlonbepeMm mOCTOSIHHBIE ¢; U C2 TaK, YTOOBI QyHK-

4.51. Haiitu stBHOe BhIpaxkeuume GyHkumii ey, k = 1,2,...,n, uepes
byHKIHK @1, ..., Pp.

4.52. OproropmupoBath B Lo ,(Q)) meromom I'pamma-IImunTa cie-
OYIOILINE MOCIeNOBATEIbHOCTY QYHKINN, IPEABAPUTEILHO YOEnuBIINCH B
UX JINHEWHOU HE3aBUCUMOCTMU:

a) 1,z,z2 23 (p=1, Q= (-1,+1));
6) 1—z,1+2% 1+23 (p=1, Q= (-1,+1));
B) sin®mz, 1, cosmx (p=1, Q= (-1,41));
F) 17‘7;7’7;2 (p:e x’ ( w))’
) 1,2 (p=e"""7, Q= (~00,+00));

)
~

17$7$2 (p: V]-_xzv Q:(_171))7
x) 1,z,12 (p=1/V1-2%, Q=(-1,1)).

4.53. IlokazaTh, YTO B pE3yJbTATE OPTOHOPMUPOBAHUS CUCTEMBI
1, z, 22, ... meromom I'pamma-IlIMunTa B CKAIIPHOM IIPOM3BEICHUM

1 fa
-z
0
TOJTY 9AETCsT OPTOHOPMIPOBAHHBIL 6a31C IPOCTPaHCTBA Ly 1/ f=7 (-1,1),
cocrosumit u3 MEOrowienos Yebrwimesa T, (z), n = 1,2,
4.54. OpTOHOPMUPOBATHL CUCTEMY MHOTOWIEHOB 1, 1, Lo B KpyTe
|z| < 1 co ckanspHBIM IPOU3BENEHUEM
(u,v) = / ud d.
|z|<1
4.55. OpTOHOPMUPOBATL CUCTEMY MHOTOWIEHOB 1,Z1, %2, T3 B IIApe
lz| <1, £ = (x1,%2,Z3), CO CKAIISIPHBEIM IPOU3BENEHUEM

(u,v) = / ud d.
lz|<1
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4.56. O6osnauum uepes Lh(—00,00) MHOKECTBO TakKux (OYHKIUA
f(z) € Laipc(—00, 00), I KOTOPBIX CYLIECTBYeT KOHEUHBIN Mpenes

k
% / | f|2dz. MlokazaTs, uto L(—00,00) — rumb6epToBO MPOCTpaH-

—k
CTBO CO CKaJIAPHBIM IIPOU3BEICHUCM

lim
k—oc0

k
1 ~
(f,9) = Jm o /kfgdrc-

4.57. Ioka3zaTh, 4TO cucTeMa QyHkuui €', roe o — mioboe BerecT-
BEHHOE YUCJIO, SABJLETCS OPTOHOPMUPOBAHHOU cucTeMoun B Lb(—o00, 00)
(cM. mpenbimymIyo 3ama1y).

3. 'mnb6epToBBI HpocTpaHcTBa AudpdepeHUpPyeMbIX QYyHK-
muii. [lycts () — HEKOTOpas OrpaHUYEHHas O0JIACTh MPOCTPAHCTBA R™
¢ raagkon rpauunen . Hycts a = (ay,...,a,) — MyIbTUMHOEKC (CM.
obosnauenus). PyHxms f(a) € L1 10c(Q) HaspBaeTCI 0606WEHHOT NPO-
u3600n0t (0.1.) mopsanka « ¢ysxuum f u3 Lqj0c(Q), ecmu mis mo6oi
¢unrTHON B Q dynkimu g € C!*(Q) mmeer mecro pasencTso™

[1D%gdz = (-1)*! [ [ gda. (1)
Q Q

Ecmn dyskuus f € CloN(Q), To o.nm. f(®)(z) cymecrsyer u f(@)(z) =
= D®f(z) n.s. [HosToMy B manmbHe#meM o. 1. mopsaka « ¢yukmun f(z)
O6ynet ob6o3HauaThCs yepes D f.

MHuoxecTBo dhyukimit (GyneMm cauTaTh ux BewtecTBeHHbIME) f € L2 (Q),
HMEIOIIUX BCE O. II. [0 HNOPANKa k BKIIOUNTENLHO, npuHamiexamue L (Q),
HaswBaeTcs npocmpancmeom Cobosesa H*(Q). H*(Q) — rumsbepToso
npocTpancTio. CKaJApHOE IPOU3BENEHNE B HEM MOXHO 331aTh (GOPMYJIOi

(r9)= | ( > D%D%) daz, 2)
Q

lo| <k

a COOTBETCTBYIOLIYIO COIJIACOBAHHYIO C HIM HOPMY —

1/2
1l = [ / ( > ID"f|2>dw] . (2)
Q

lo| <k

lpu k = 0 mpocrpancteo H*(Q) cosmamaer ¢ Lo(Q) (H°(Q) =
= L5(Q)). Eciu rpanuma I' mocrarouno riankas, To mpoctparcteo H(Q)
ecTnb nonosaenue MEOkecTBa CF(Q) mo mopme (2').

*)Bomee obmee ompenesierue cM.: Bnamumupos B. C. Ypasuenus
MaTeMaTH4yeckon ¢umsuku. — 5-e m3n. — M.: Hayxka, 1985.
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Oycts f € HYQ), fr, k = 1,2,... — TOCIenoBaTeIbHOCTD ByHK-
it u3 C*(Q), cxomsmascs B mopme H'(Q) x f(z). His moboit riamKoit
(n — 1)-mepuoit noBepxHOCTH S (COCTOSAIIEH U3 KOHEYHOTO YUCIIA, KYCKOB,
KaXIBIl U3 KOTOPBIX ONHO3HAUHO NMPOEKTUPYETCS HA KAKYIO-HUOYAb KO-
OPIMHATHYIO TIOCKOCTE ), JIEXKAIIell B (), CyIeCTBYeT Takas MOCTOSHHAS
¢ > 0, me 3aBucsmas ot f(z) u fr(z), k=1,2,..., ato

[ 1= ful?ds < cllfi = funlltr o)-
S

W3 5TOro HepaBeHCTBA U IOITHOTHI IPOCTPAHCTBA Lo (S) BEITEKaET, 4TO MO~
CIIeJOBATEILHOCT cilenoB GyHkuumit f(z) Ha S cxomurcs B HOpMme Lo (S)
K HeKOTOpou dyukuuu g € Lo(S). Oynkuua g(x) me 3aBucut 0T BHIOO-
pa TOCIeNOBATENLHOCTH, Npubumkaomein dyaknuo f(z), 1 Ha3bIBaeTCs
caedom f|s dynxmmum f(r) ma mosepxHOCTE S € Q.

MuoxecTso dysxmmit Ha H!(Q), cien xoTopbix Ha rpasune I papen

o
Hymo 1. B. Ha I, 0603raumm uepes H!(Q). Ero MOXHO MOMyYnTH IIOMOJ-
HenmeM 1o Hopme (2') mpu k = 1 MHOXeCTBa (HDYHKIUI, MMEIOIINX HEmpe-
PBIBHBIE YaCTHBIE IPOM3BOMHEIE B () IEPBOTO MOPSOKA U OOPAIAIOIINXCS
B HyJsb Ha .

Hus gymxaun f € Ly(Q) coeprxa fu(z) = [wn(z —y]) f(y) dy, rae
Q

wp(]z — y|) — sopo ycpenuenus (cM. 0603HAUEHWS), HA3BIBACTCS cpednel
dynryuet dag f.

Mycts z; = @ (y), i=1,..,ny= (Y1, -.-,Yn) — k pa3 HEIPEPBIBHO
nmuddepernupyeMoe B () B3AUMHO OTHO3HAYHOE 0TOOpaxenue obmactu @
Ha 06macTh Q' ¢ sKkobuanoM, oTimunEM OT Hysa B Q. Torma, ecrm f €

€ H*(Q), To o
F(y) = f(e1(y), .., on(y)) € H*(Q").

IBa ckanspuerx npoussenenus (u,v); u (u,v) B runbbepTOBOM PO~

CTPAHCTBE U COOTBETCTBYIOLINE UM HOPMHI ||u||1 1 ||u||i1 HasbBatoTCS 9%-
BUBAACHMHLIMU, €CIM CYIIECTBYIOT IOCTOSHHBIE ¢; > 0 m ¢y > 0

Takue, 4TO M Jo6oro u € H cupaBemmuBbl HepaBeHCTBa c||ulll <
< ulln < eafjullr.

4.58. YCTAaHOBUTH, YTO CMEIIAHHAS O. 1. He 3aBUCUT OT TOPSIKA -
depeHInpOBaAHNAS.

4.59. IlokazaTb, 4TO U3 cyliecTBOBaHuUS O.1. D®f He cnemyer cy-
mecTBoBaHms 0. 1. D f mpm af <a;, i =1,..,n, [d| <|a

Ykaszanmne. Paccmorpers dymkumio f(z1,zs) = fi(71) + fo(z2),
rre fi(z;) HE UMEIOT O. II. IEPBOTO MOPSIIKA.

4.60. TlokasaTb, uTo eciu B obmactu ) dyuxmus f(z) uMeer o.1.
D* f, to u B moboit mopobiactu Q' C Q dyukuus f(x) umeer o.m. D f.
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4.61. Ilycte B obmactu ()1 3amama dbyHkums fi(x), uMeromas o. 1.
D® f1, a B obnactu Q2 — dyurUs fo(x), uMeromas o. . D f5. IlokasaTs,
uro eciu Q1 U Qy — obnacte u miig x € @1 N Q2 fi(x) = fa(z), TO

dyHKIINA
f(q;) _ {fl(m)a HAS Ql:

f2(z), T € Qo

umeeT o0.1. D*f B Q1 U @2, paBuyo D% f; B Q1 u D fs B Q5.
4.62. ITlycte

fla1,22) Z{

Y6enutbes, uto f(x1,%2) uMeeT 06OOIIIEHHBIE TPOU3BOMAHLIE TIEPBOTO TI0-
PAOKA B KAXIOM U3 [OIYKPYIOB, HO HE MMeeT O.II. II0 T2 B Kpyre |z| < 1.

4.63. IToxa3aTh CBOWCTBA CPeOHUX GYHKITUN:

a) fn € C(R");

6) frn(z) cxomarcs mpu h — 0 k f(z) B L2(Q), eciu f € Lo(Q);

B) B 000U CTPOrO BHyTPEHHEl nopobiactu @' € () mpu DOCTaTOIHO
MajioM h umeeT MecTo paBeHcTBO (D f) = D fh, T. e. 0600IIeHHAS TIPO-
M3BOMHAS OT CpefHelr GYHKIUU PaBHA CpenHel GyHKIUU OT 0OOOIEHHON
TIPOU3BOMHOM.

1, ecm |z| <1, z2 > 1,

—1, ecmm |z| <1, z2 < 1.

B 3amauax 4.64-4.72 noka3aTb yTBEPKIEHU.

4.64. Ecnu y dyuxnuu f(x) B obmactu () cymecrsyer o.1m. D f =
= w(z), a mna byskmnn w(z) cymectryer o.1m. D%w, To cymecTsyeT o. 1.
Da—i-ﬁf'

4.65. a) y =signz ¢ H'(-1,1);

6) y = lz| € H'(~1,1), y=|z| ¢ H*(-1,1).

4.66. Ecin f € H'(a,b) mw o.m. f'(z) =0, To f(x) = const m.B.

4.67. Ecin f € H'(a,b), To f(z) sxpUBaenTHA Ha [a, b] HEMPEPLIBHOI

dyHKIIAN.
4.68. Ecin f(z) € H'(—00,00), T0o lim f(z) = 0.

|z]—o00

4.69. O6o3unauum yepes H 1(0,27) mommpoCTPaHCTBO MPOCTPAHCTBA,
H'(0,27), cocrosmee u3 Beex dyukuuit f(x) us H'(0,27), 118 KOTOPBIX
£(0) = £(2r).

MokazaTk clemyolee yTBEpKACHNE: I TOrO0 9TOOB hyHkuus f ()
(w3 H(0,2r)) nmpuramnexana H'(0,27), HeoGXOMMIMO I JOCTATOUHO, 4TO-
6ObI CXOMUIICS TUCIOBOM pan ¢ obumm wierom n? (a2 + b2), roe

27 27
a, = / f(z) cosnz dz, b, = / f(x) sinnz dz, n=20,1,2,...
0 0
Pagenctso
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(o]
11871 (0,0 = D (i +0%) (K +1)
k=0
OTIPENEIAET ONHY U3 SKBUBAJEHTHBIX HOPM H! (0, 27).
4.70. Hna toro urobsr dyukuus f € Lo (0,7) npunammexasa H 0,m),
HEOOXOOUMO M MOCTATOYHO, YTOOBI CXOOWIICS PsO C OOIIMM YJIEHOM kzbi,

2 7 ,
== 0/ f(x) sinkz dz. pu sTom
2 - 2 /2 _T 2 5
[F{ S / PP e = 330 (0 1)

4.71. Ina moboin f € ig (a,b) umeeT MecTo HEPABEHCTBO (OMHOMED-
HBII BADUAHT HepaBeHCTBa Crexiosa)

/f2¢p<( )K/fadx

4.72. Haiitu q)yHKumo fo(z) £ 0, myst KOTOPOW HEPABEHCTBO 3ama-
qu 4.71 npespaiaercs B paBeHCTBO. [lokazars, uro ecnu f(z) # cfo(x),
rme ¢ — MOCTOAHHAS, TO MiA f(I) UMEeT MECTO CTPOroe HEPABEHCTEO.

4.73. IlokazaTh, 9TO mas moboi dymakmuu f € HY(0,27), nms KoTo-
poit f(0) = f(2m), uMeeT MECTO HEPABEHCTBO

27 27 1 27 2
/ﬁ@g/g%m+%</ﬂmm)
0 0 0

4.74. oxazaTs, uTo mis moboi dyskmmm f € H(0,27) mveer mecTo
HEPABEHCTBO (o,uHOMepHHﬁ BapMaHT HepaBeHCTBa Ilyankape)

/ﬁm<4/ 2dz + — (/fn)

YkasaHnue. BOCHOJ‘IB3OB&TI>C$I TeM, uto cucrema cos (kz/2), k =
=0,1,2,..., aBIsgeTcs OpTOTOHATBHEIM Gasucom mpocTpancTsa H (0, 27).

4.75. Iloka3aTb, YTO CyIIECTBYeT MOBYMEDHOE IMOAIPOCTPAHCTBO
npocrpanctsa H'(0,27), miIs Bcex 3I€MEHTOB KOTOPOTO HEPABEHCTBO
3amaun 4.74 mpeBpalaeTcs B PaBEHCTBO. HalTum 5TO MOAIPOCTPAHCTBO
U MOKa3aTh, UTO I Beex aeMeHToB u3 H1(0,27), He mpwHAmIexaImmx
5TOMY MOANPOCTPAHCTBY, HEPABEHCTBO 3amaun 4.74 cTporoe.

4.76. Tlycrs f € HY(|z| < 1), 21 = |z| cosp, 7o = || sing, f(z) =
2m
= f(|z|, ). HoxasaTs, aro lim / F2(|z|, o) dp = 0.
|z]—1—0 B

4.77. Hycrs f € H' (|z| <1), 1 = |z cosp, z2 = |z] sing, flzj=1 =
= h(p), 0 < ¢ < 27. [TokazaTsb, 4TO
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27
li h — 2dp = 0.
Jfim 0/ [h(e) = f(Jz], @) dp = 0
4.78. Ilycts f € H! (0<z <1, 0< 22 <1). HokazaTs, aTo
1
/fz(.’El,.’Eg)d.’El = o(z2) npu o — 0.
0

4.79. Ilycts z = (x1,22) = (pcosy, psin ) u dynkuus

f(z) = % + Z p" (ay, cos kyp + by, sin k)
k=1

npunamexut H! (|z| < 1). Berpasuts uepes ay, by, unTerpan

[ (grad f? + 117 da.

1
4.80. Ilycts =
(e o] [e.°]
P(p) = a2—O+Z (ag cosky + by sinky) u Zk(ai +b7) < oco.
k=1 k=1

HoxazaTh, uTo cymectsyeT dynkuus f(z1,72) € H' (|z| < 1) Takas, ato
flo=1 = %(p), =1 = pcosp, z2 = psinep.
4.81. Ilpu xaxux 3naveHusx a pyukuus f = |z|~%sin |z| npunamie-
wut H? (|z| < 1), z = (21,72)?
4.82. Jokaszats, uto |z1|(|z|? — 1) € H! (|z| < 1), z = (21, T2, 73).
4.83. Ilpu xakux sHaueHUsx o GyHkuus f = |z|~ %€ ~*2 npuname-
wut H (|z| < 1), 2 = (21, 72,23)7
oo
4.84. Tlycts f(w1,22) = 3. apsinkzie ™2 0 < z; < 7, 2o > 0.
k=1
[Ipu kaxux aj dyskmms f npusamaexut H! (0 < z; < m, 2o > 0)?

4.85. Hycts f € HY (|z| < 1), z = (z1,22,...,2,), n > 2. O6sa3ana
au pysxuus f(z) ObITH SKBUBAJIEHTHON HENPEPHIBHON (QYHKIMY B IIape
|z| <1 (cp. ¢ pesyabpraToM 3anaun 4.67)7

B 3amauax 4.86-4.90 noxa3aTb yTBEDKIECHUS.
4.86. Ecm f € HY(Q) n f(z) = const m.B. B Q' C Q, To grad f = 0

o.B. B Q.

4.87. Ecm f € HY(Q) u |gradf| = 0 m.B. B Q, To f(z) = const

mB. B Q.
4.88. Ecmu f € HY(Q), g € H*(Q), To mns Bcex i = 1,2,...,n cupa-

BemuBa GhOpMyIIa / f9z, dz = — / 9fz; dz  (dopmyra uHTErpUPOBAHUSL
Q

0 YaCTIM). Q
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4.89. Ecm f € HY(Q) n g € HY(Q), To nmst Beex i = 1,2,...,n

/fgzi dr = —/gfzi d:l:+/fgcos(nm,~)ds,
Q Q r

roe mox 3HakoM mHTerpasa no [N crost crensr byukumit f u g Ha I

4.90. H! (Q) ects monmpocTparcTBO TTpocTpancTBa H1(Q).

IIycrs dyukuus f € Lo(Q)) mpomoixena, Hampumep, HyjieM BHe Q.
Koneunopaznocmuvim omuowenuenm f(z) mo mepemensomy z;, + = 1,2, ...
...,n, 6yneM HaswBaTh npu h # 0 QyHKUIMIO

he  flzy,..,zi+h,.. ., zn) — f(z)
61 f — 9 ) h 9 ,
TaKXke MPUHAIIIEXKAIIYIO TPOCTPAHCTBY Lo (Q).

B sapauax 4.91-4.96 nokas3aTb yTBEpXKIEHUS.

4.91. Ina mo6ou duautaoi Ha (a,b) dyukuuu f us La(a,b) u mo6oi
dyukuw g € Lo(a,b) npu nocrarouno mansix |h| umeer mMecto dopmyiia
KUHTETPUPOBAHUA 110 YaCTAM>

(6" f,9) = (f,0"g), i=12,...,n
4.92. s mocTaTouHo Masbix |h| # 0 o1 IpOU3BONBHOM (GUHUTHOR

B ) dyukumu f € Lo(Q) m mpousBonbHOU GyHkimu g € Lo(Q)) umeer
MeCTO (hOPMyYJIIa, KMHTETPUPOBAHUS IO JACTIMS>

(68 f.9) =—(f,6;7"9), i=1,2,..,n.

4.93. Ecmn ¢unntHas Ha (a,b) dyskmms f npuramtexut H'(a,b), To
mpu h — 0 6" f(z) — f'(x) B HOpMe Lo(a,b).

4.94. Ecau nns ¢uautaoin Ha (a,b) dyukmun f € Lo(a,b) mpu h — 0
§hf —s f(z) B nopme Ls(a,b), To f(z) npunamnexur H'(a,b) u f(z)
ABIIsIeTCs 0. . byukuuu f(z).

4.95. Ecou ¢unntHas B @) dyukuus f € Lo(Q) umeer o.m. f,, €
€ Ls(a,b) npu mexoropom i = 1,2,..n, To mpu h — 0 0t f — f,,
B HOpMe Lo (Q)).

4.96. Ecnu duautHas B ) dyukuus [ npunammexut Lo(Q)) u npu
h— 0 & f — fz(x) B HOpMe Lo(Q) mpum mexkoTopom i = 1,2,...,m,
To f(r) umeer B () 0.11. TIO Z;, COBNAMAIOIIYIO C fz(az)

4.97. C momornsio pesynbrara 3anadn 4.71 mokasaTh, YTO CKAIIPHBIE
[IPOU3BENEHUS

™ Tl'

(Fgn= [ (fg+f'g)de.  (fou= [fgde
0 0

B mpocTpancTse H'(0,7) 5KBUBAJIEHTHLL.



§ 4. DPYHKYUOHAILHBIE NPOCTNPAHCMEA 61

4.98. Ioxazarhb ¢ noMorbio 3anaun 4.74, 4To cKaIspHbIE IPOM3Bee-
HUA on

(foh = /(fg+f’g’)dw, (fs9)u = /f dm+(/fdm)(7gdx>

0 0
B mpocTpancTee H! (0, 27) S5KBUBACHTHEL

4.99. Muoxectso H'(0,2r) gysxmmii f € H(0,27), o1 KOTOPBIX

/ f(z)dz = 0, ects monmpocTpancTBo MpocTpancTsa H'(0,27). Ioka-
3aTh, uTo B H1(0,27) cxam{pHoe MIPOU3BENEHNE MOXHO OMPENEIUThL COOT-
uowmenueM (fg) H1(02n) = / f'g'dx.

4.100. IIycte p(z) € C(Q) u p(z) > po > 0. [lokaszaTs, uTo hopmy-
goit (f,g)1 = / pfgdz, f,g € Lo(Q), onpenensercs CKaJspHOE IPOU3Be-

nerve B L2(()), 5KBUBAIEHTHOE CKAJSIPHOMY MPOU3BEAEHUIO / fgdz.
Q
4.101. Mycte p € C(Q), p(z) > 08 Q\z° u p(z°) = 0, tme z° —
HekoTopas Touka u3 (. Torma dopmymnoit wrs (f, g)1 3amaqn 4.100 ompene-
JIAETCA CKAJIApHOE TpousBenenue B Lo ((Q)), He SKBUBAJICHTHOE CKAJIADHOMY
[IPOU3BEICHIIO / fgdx (Q — orpanuuenHas o6IIACTD).

Q
4.102. Mycte p € C(Q\z°), rme 2° — mexoropas Touxka m3 Q u

p(z) > 0 mna z € Q\z°, p(x) — oo mpu z — z°, = € Q. Tloxasars,
910 B L3 ,(()) MOXHO BBECTH CKAJSIDHOE IIPOM3BENEHUE / fgdz, ne

Q
5KBUBAJIEHTHOE CKAJIIPHOMY IIPON3BEICHUIO / pfgdx.

Q
4.103. Tiyers f € H(Jo] < 1), & = (51,52) 1 f(@)]ai1 = h(p),
z1 = |z| cosp, T2 = |z| sin ¢. okasars, 4TO CyIIeCTBYyeT TaKas He 3aBU-
csast ot dyukiun f(z) mocrosHuas ¢ > 0, 9TO

/f2d$<cl/h2 Ydo + / lgrad f| da:]

|z|<1 lz|<1
4.104. ITokazaTh CyIIeCTBOBAHUE TAaKOW IOCTOSHHON ¢ > 0, 4TO mis

o
mo6oit f € H'(Q) umeeT mMecTo HepaseHCTBO CTEKIOBA

/fzda; < c/ |grad f|2dz.
Q Q
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4.105. TlokasaTb, 9TO BEIPAXKEHUE / (grad f,grad g) dz s3amaer cka-
o Q
napHOe TpomsBenerne B H1(Q)), KBUBAIEHTHOE CKAJIAPHOMY IIPOM3BEIe-

HUIO /[fg + (grad f, grad g)] dz.
Q

4.106. Ilycts p,q € C(Q), p(z) > po > 0, ¢g(z) > 0. HokazaTs, 4TO

ckasspHble npoussenenus B H1(Q)

(£,9) = [[fg + (grad f,grad g)] de,
Q

(f,o1 = /[qu + p(grad f, grad g)] dz

9KBUBAJICHTHEI. @

4.107. Ilycro BemecTBeHHBIe GYHKIMU D;j, Pij(z) = pji(z), i,j =

=1,2,...,n, u q¢ npunamrexar C(Q), ¢ > 0, u mus Bcex = € Q u Bcex
BEIIECTBEHHBIX BEKTOPOB & = (&1,...,&,) € R™ uMeeT MeCTO HEPABEHCTBO

n n
2
> i) && >0y &
i,j=1 i=1
Te TOCTOsHHAS Yo > 0.

HokazaTs, uto B H! () MOXHO OpenenuTh CKaIIPHOE TPOU3BEICHITE

n

(f,9)n = / < > pijfeie; + qu> dz,
Q 1,j=1

9KBUBAJICHTHOE CKAJIIPHOMY IIPDOU3BEOCHUIO

(f.9) = /[fg + (grad f, grad g)] dz.
Q

4.108. IIycts p,q € C(Q), p(x) > po > 0, ¢(x) > go > 0. Torna
ckassapHble npoussenenus B H1(Q)

(£,9) = [[fg + (grad f,grad g)] de,
Q

(f,o1 = /[qu + p(grad f, grad g)] dz

Q
9KBUBAJICHTHEI.

IIpu pemenun 3amau 4.109, 4.113, 4.114, 4.118 mosne3na ciemyomas

Teopewma. J[ag moeo umobvr mwoxcecmeéo M C H'(Q) 6viao
womnaxmuvim 8 Lo(Q), docmamouno, umobvr M 6biio o2paruuennbim

6 nopme H(Q), m. e. umobovr cywecmeosasa maxas nocmogunag ¢ > 0,
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umo ||ul| (@) < ¢ dag ecex u € M. (Komnawmmuocms M 6 Lo o3naua-
em, 4mo u3 10601 6eckoneunoti nocaedosamesbrocmu saemenmos us M
MOKHCHO 6bIOpaML Pyndamenmanvuyio 6 Lo nodnocaedosameavbrnocms.)

4.109. HOycte z° — mpomspombrasg Touka w3 Q, a U = Q N
N{|z — zo| < r} npu mekoropom r > 0. IlokasaTh, YTO CYIIECTBYET TaKasl
nocTosuHas ¢ > 0, 9To mia Bcex f € H'(Q) mmeeT MeCTO HEPABEHCTBO

Pz < [ lerad f?de + [ 12 ]
Q/ X C ({gra X l/ X

4.110. C nomomisio pesynbrara 3agaun 4.108 mokasaTh, 9TO CKAJIAP-
uele npouseenenns B H'(Q)

(.90 = [[fg+ (grad ,grad g)] da,
Q

(fi9)u = / [¢fg + p(grad f,grad g)] dz
Q

5KBUBAJICHTHBI, €C/TA HempepuiBHbIe B () byskimu p(z) u ¢(z) ymnosmeTso-
patoT yenosuaM: p > po > 0, q(z) > 0w ¢(z) Z0 B Q.
4.111. Ecnu B ycnousx 3amauu 4.107 g(z) > go > 0, To BEIpaXeHue

/ < Z pijfwing +qu>d;1;
Q

i,j=1
MOXKHO PUHATD 3a CKaJapHOe mpoussenenue B H(Q), mpuaem oHo GymeT
SKBUBAJIEHTHBIM CKAJIIPHOMY IIPOU3BEICHUIO / [(grad f,grad g) + fg] d=.

Q
4.112. Ecnu B ycnoBusx 3amaun 4.107 ¢(z) > 08 Q u g(z) # 0, To

BEIPAXKEHUE "
/ ( > pijfriba; + qu> dx
2

i,j=1
MOYKHO TIPUHATD 34 CKaJIApHOe pomssenerue B H1(Q), mpuaem oHO Gymer
SKBUBAJIEHTHBIM CKAJIIPHOMY IIPOU3BEICHUIO / [fg + (grad f,grad g)] d=.
Q
4.113. Iloka3aThb, YTO CYIIECTBYeT TaKas NOCTOSHHAS ¢ > 0, 4TO mis
mo6oit f € H'(Q) nMeeT MecTo HEPaBEHCTBO

/f%lx gcl/|gradf|2da:+/f2ds].
Q Q a9Q

4.114. Hyctes 2° — npomsBonbHasg Touka rparunsl 0Q, a U = 0Q N
N{|z — 2°| < r} mpu mexoropom r > 0. [loKa3aTh CyIECTBOBAHUE TAKOM
nocTosuHO# ¢ > 0, uTo musa Beex f € H(Q) cnpaBemmBo HEPABEHCTBO
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/fzda: < cl/|gradf|2dx+/f2ds].
Q Q U

4.115. Hokasats, uto ecnu 0 € C(0Q) u o(z) > 0, TO BEIpaxKeHue

(fr9h = /(gradf,gradg) d:v+/crfgd8
Q 2Q

samaer B H(Q) cxamspHOe TpOW3BeNeHWE, TPUYEM OHO OyNeT SKBUBa-

JIECHTHBIM CKAJIIPDHOMY IIPDOU3BEOCHUIO

(f.9) = /[fg + (grad f, grad g)] dz.
Q
4.116. Hokasats, uro ecnu 0 € C(9Q), o(z) > 0, o(z) # 0, To B

H'(Q) M0oxHO 3a1aTh CKaIAPHOE MPOU3BEICHIEe

(f:9)1 = [ (grad f.gradg)dz + [ ofgds,
2Q

Q
9KBUBAJICHTHOEC CKAaJIAPHOMY IIPOU3BCOCHUIO

(f.9) = /[fg + (grad f, grad g)] dz.
Q
4.117. Ilycrs p € C(Q), ¢ € C(Q), 0 € C(AQ), p(z) > po > 0,
q(r) > 0B Q, o(z) > 0 ma JQ, npuuem mwin q(z) Z 0, wm o(z) # 0.
Torna ckanspHbie npoussenenus B H1(Q)

(f9)1 = /[p(gradf, gradg) + qfg]dx +fcrfgds,
Q 9Q

(f,9) = [[fg + (grad f,grad g)] da

9KBUBAJIEHTHHI.

4.118. IlokasaTh, 94TO CylIecTByeT HOCTOsiHHAs ¢ > 0 Takas, 9TO Ot
moboit dyrxmmn f € HY(Q) (0Q € C') mmeeT mMecTo HepaBeHCTBO (He-
paBencTBo Ilyankape)

2
/f2d:1: < cl(/fda:) +/|gra,df|2d:cl.
Q Q Q
4.119. C momorrsio pesyabraTta 3anadn 4.118 moka3aTh SKBUBAJIEHT-

HOCTB CKaJIAPHBIX HpOPISBeI[eHPIfI

(£.9) = [[fg + (grad f,grad g)] de,
Q

(.91 = [(grad f.gradg) da + [ fdo- [ gda
Q Q Q

B mpocTpanctee H(Q).
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4.120. Iloka3aTb, 9TO MHOXECTBO I:Tl(Q) byuaxmuit f € HY(Q), nns
KOTODPBIX / fdz = 0, obpasyer monmpocTpancTso H'(Q).

Q
4.121. TlokasaTs, uTo B mommpocTpascTse H (()) MOXHO onpenennTs

ckasspuoe npoussenenue (f, g)1 = / (grad f,grad g) dz, skBUBaJIEHTHOE

CKAJIAPDHOMY IIPOU3BEOCHUIO Q

g9) = /[fg + (grad f, grad g)] dz.
Q

OtBeTnl K §4
4.9. max |z;|.
K2
4.10. max]|f(z)].

3 3 1522 | 3
4.40. a,) gilf, 6) ;ilf, B) 16 + R
T 4 8 .
4.41. a) 5~ CcosE; 6) 3, Sing.
4.42. a,) 0; 6) 1 — To.
n—1
n — > ex(pn,er)
4.51. e, = = :
$n — kZ_Dl ex(¢n,er)

4.52. a) Py, P1, P>, Ps, rne P, — muorounens: Jlexaunnpa (cm. 4.21);
31— 15 _ 2, k3.
6) \/;(1 2), /1 (l+2), |/ ox (2~ 2 — 522 + 52%);
B) 2 sin?rs 8 (sin2 L — §) COS TTX;
ﬁ 7 3 4 M M
z? T z? -1

~L1-24 v

F
\/7 \/7 \/7 42% — 1) — mHOrOuIeH YebbIIIeBa BTOPOTO POLA;

) To, Ty, T2, T,(x) — muOrounen Yebbiuesa.
1 2x1 2.’1)2
4.54. —, —=, —=.
N RV s

V3 V15z1 15z V1bzs

4'55‘2\/77’ RN RN
4.72. sin TF =)
b—a

z
4.75. IMommpocTpaHcTBO ¢ 6A3UCHBIMU 3jIeMeHTaMu 1 u cos 3

5 Ilom pen. B. C. Bragumuposa
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2 00 2 2 o0
4.79. 2 (‘12—°+ LYy k(a§+b§)).
k=1

2 RS
4.81. a < —1.
4.83. a < 1/2.

4.84. f k(af +b2) < o.
k=1

4.85. Her.

§5. WHrerpajbHble ypaBHEHU

YpaBuenue

p(a) = A [ A (2,9) py) dy + /(2) 1)
G

OTHOCUTENBHO HEM3BECTHON pyHKImu () B obnmactu G C R™ HaswiBaet-
CS AUHETHbIM UHMeESPaIbHbIM Ypashenuem Ppedzoabma (BTOPOro poma).
WsBectubie Gyukuuu £ (z,y) u f(z) HA3LIBAIOTCS A0pom U C60000HbIM

YAECHOM WHTErPAJILHOrO ypaBHeHUs (1); A — KOMIUIEKCHBIN IapaMeTp.
NaTerpansHoe ypaBHEHUE
p(@) =X [ A (2.9) oly) dy (2)
G

HA3BIBAETCA 00HOPOOIHbIM UHMESPAALHOIM YPABHEHUEM, COOTBETCTBYIO-
umm ypasaeruio (1), a mHTErpasibHOE ypaBHeHue (3nech #(z,y) = H(y,T))

@) =X [ A (@ y) wly) dy 3)
G

— €oW3nbIM K ypaBHEHUIO (2), 41po J£ (Z,1y) Ha3LIBAETC 9PMUMOBO CO-
NPARCEHHBIM SIPOM K anpy K (,vy).
Wurerpansuse ypasaenus (1)—(3) mHOrma 3aMUCHIBAIOT B OMEPATOP-
HOH ¢dopme
p=AKp+f, @=MKp, =AK"),
rue uHTerpanbubie oneparopel K u K* onpenenstorcs aapavu J (z,y) u
A (%,y) COOTBETCTBEHHO, T. €.

Kg= /%(z,y)g(y) dy, K'g= /e%/*(z,y)g(y)dy-
G G

Ecnu mpy HEKOTOPOM 3HAYEHUU MAPAMETPA A = Ag OMHOPOIHOE WH-
TerpanbHOe ypaBHeHVe (2) mmeer HeHyJeBhie pemteHus u3 Lo(G), To
YUCIIO A9 HA3BIBAETCS LAPAKMEPUCTNUYECKUM UUCAOM A0pa K (L, y)
(urTErpasbHOrO ypasHeHus (2)), a COOTBETCTBYIOLINE DELICHUS yDaBHE-
Hus (2) — cobemsennbimy dynryuimu g0pa H (z,y).

Paneom (kKpammocmpio) Xapak TEPUCTUUECKOTO YUCIIA A9 HA3BIBAETCS
MaKCUMAJILHOE YNCJIIO JIMHENHO HE3aBUCUMBIX COOCTBEHHBIX QYHKIUN, OT-
BEYAIOIINX DTOMY YUCIIY Ag.
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Bynmem mpenmosnarats, uto B ypasaeHuu (1) obmacte G orpanmdeHa
B R", dyukuusa f menpepwiBHa Ha G, a aapo £ (,y) HENPEPHIBHO HA
G xG.

B samauax 5.5-5.7 ucnonb3yoTcs cremyorme 0003HAUECHNUS:

M= max |[X#(z,y)], v = /dy.
z€G, ye@ &

5.1. Ilokasars, uro uHTEerpanbHbl oneparop K ¢ smpom J(z,y)
orpanuuer u3 Lo(G) B L2(G), eciin

/ | (z,y)>dz dy = ¢ < oco.
GxG

5.2. ITokasarh, 4TO UHTErPaIILHELN onepaTop K ¢ HENPEepPBIBHBIM SII-
poM % (z,y) sABusercs HyneBBIM B Lo(G) TOrma m TOIBKO TOTLA, KOTLA
H(z,y) =0, 2€G, yeq.

5.3. Ilycts agpo £ (z,y) mHTerpambHoro ypasuenus (1) mpunamie-
®uT Lo(G x G). TokasaTh CXOAUMOCTH METOAA TOCIENOBATENBHBIX IPY-
Grmmkenuit s mo6ont dyukmuu f € Lo(G), ecmm |A| < 1/|¢| (mocTos-
Has ¢ B3ITa U3 3ama4n 5.1).

5.4. Ilycts K — MHTErpajbHBLIN OMEPATODP C HENPEPBIBHBIM SIIPOM.
HokasaTs, uto onepaTopsl KP = K(KP~1), p=2,3,..., aBIA10TCA HHTET-
PaJIbHBIME ONEPATOPAMI C HENPEPLIBHBIMUA SOPaMu Ap(Z,y) U 5T sSOpa
VIOBIIETBOPSIIOT COOTHOIIEHUSIM

Hp(w,y) = [ H(@,) Hpor(Ey) de.
G

5.5. Ilokasarb, aTO simpa .#,(z,y), BBeOeHHEE B 3anade 5.4 (OHK Ha-
3BLIBAIOTCS N08MOPHbIMYU (ATEPUPOBAHHBIME) SAPAMU Anpa & (z,y)), yIOB-
JIETBOPAIOT HEPABEHCTBAM:

| Hp(z,y)| < MPOPTH, p=1,2,..

o _— —
5.6. Iokasarn, ato pam », A" Hn11(z,y), z € G, y € G, cxomurcs

m=0
B Kpyre |A| < ﬁ, a ero cymma Z(x,y; \) (pesoavsenma snpa JE(z,y))
menpepsBHa B G X G X Ui/(mv) B aHAIUTHIHA TO A B Kpyre [A| < ﬁ

1
ITokasars Takxke, 9TO mpu |A| < 17 PCLICHUE MHTETPAJIBHOTO ypan-
v

menus (1) enuncreenno B kiacce C(G) u mia moboi f € C(G) upencras-
JIIETCsI Uepes3 pesosbBeHTy X (%, y; A) dbopMmyoi

p(a) = f(2) + A [ #(w,y; ) f(y) dy.
G

5*
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5.7. Ilokasars, uTo pesonbBenTa Z(z,y; ) (cMm. 3amady 5.6) Hempe-

PBIBHOTO simpa J# (z,y) ymoBieTBopseT npu |A| < Ty KAKIOMY U3 ypas-
v
HEHU:

a) Z(v,y;N) = A [ H(2,6) R(E,y; N dE + H (2,y);
G

6) % (z,y;A) =A/%£, R, &5 N) dE + H (3,y);

6%’(06 y;A) _

) /ﬂ’ 2,6 0) R (E,y; A) dE.

B samauax 5.8-5.13 paccMaTpuBarOTCs MHTErDAJIBLHEIE YDABHEHUS BUIA

[ # @y o) dy = f(@), (4)
0

=X [ H(@,9) o) dy + f(a), (5)
0

KOTOPBIC HA3BIBAIOTCA UHMEZSPAALHBIMU YPABHEHUIMUY Bonbmeppa IIepBO-
T'O 1 BTOPOr'oO pooOB COOTBETCTBECHHO.

5.8. IlyCTh BBINOIHEHBI CIIEAYIOLINE YCIIOBUSL:

a) dyskuun A *(z,y) um H(T,y) HENPEPHIBHEI HA MHOXECTBE
0<z < y < a;

6) #(z,z) # 0 mua Beex ;
B)

feCH([0,a]) m £(0) =0.
HOK&S&TB, YUTO IIPU 3TUX yCJIOBUAX YPAaBHECHUE (4) PaBHOCUIIBHO ypaB-
HEHUIO T
_ ') [ Halzy)

5.9. Ilokasars, uro nuddepeHnranLHOe ypaBHEHNE
gy a(2)y" Y + .+ an(z)y = F(z)
¢ HenpepeBHBIMEU KOsbduuuentamu a;(z) (i = 1,2,...,n) npu HauaIb-
ueix yenosusx y(0) = Co, y'(0) = C,...,y» "1 (0) = C,_; paBHOCHIBHO
MHTErpajbHOMY ypasHenuto (5), rme

H (o) = Y an(a) LT

m=1

f(z) = F(z) — Cph_1a1(z) — (Cho12 4+ Cr—2) az(z) —

n—1
- (Cn_l h + .. +Cz+ Co> an(z).
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5.10. Ilycts £ € C(x > 0), () = 0 mpu z < 0. Ilokazars, aTo

0b6001IeHHAas QYHKIINS ~
Ew) =6(z) + R(z), tHe R=D HxHx.. K
m=1 m pa3
€CTb (QYHIAMEHTAILHOE PEIlleHne OmepaTopa BombTeppa BTOPOro pona ¢
sapoM JZ (z,y) (em. (5)), T.e.
E— HxE=.

IokaszaTb, uTO mpm 3ToM pam Mt () CXOOUTCA PABHOMEPHO B KaXK-

JOM KOHECYHOM IIPDOMEXYTKE U YIOOBJICTBOPAECT NHTETPDAJIBHOMY YPAaBHECHUIO
BonwsTeppa

= /,}5/(3: —y)Z(y)dy + #(z), x>0
0

(byukunsa Z(x — y) aABuAeTCa pe30onbBeHTOR Anpa & (z — y) mpu A = 1).
5.11. HaiiTu pe30osibBEHTY MHTErPAJILHOTO ypaBHeHus Bombreppa (5)
¢ anpom K (z,y):
) A(zy) =1  2) H(zy)=z-y

5.12. Pemnts cnenyloume WHTerpajibHbIE YDABHEHUS:

1) ¢ —a:+/ —z) o(y) dy;

2) ¢(z) =1 +>\/(w —y) p(y) dy;

0
T

3) w(z) =X [(z—y)ply) dy + 2>
0
5.13. Tlokasars, uto ecmn g € C1(z > 0), g(0) =0, 0 < a < 1, TO
dyHKIIUS -
sin a g ()
)= d
f( ) T J (.’L‘ _ y)l—a y

VIOBIIETBOPSIET MHTETPAILHOMY ypaBHEHUIO AGess

i) -
O/ D dz = g(z).

B samauax 5.14-5.30 snpo ¢ (z,y) MHTErPAILHOTO YPABHEHUS SBJIIS-
€TCST BBIPOXKIEHHBIM, T. €.

H(2,y) me ) 9m (y),

roe dysxkunu fr, () 1 gm(y) (m = 1,2,...,N ) HENpepBLIBHEL B KBaIpa-
Te g < z, y < b U JUHENHO HE3ABUCUMBI MeXOy coboii. B sTom ciyuae
UHTerpajibHoe ypapHeHue (1) MOXHO 3amucaTh B BUIE
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N
o(z) = f(z) + A Z Cm fm ()

TJle HEU3BECTHLIE Cpy, OIPENEIISIOTCS U3 CUCTEMEI aJIrebpandecKux ypaBHe-
HUN.

5.14. PemuTs uHTErpajbHOE yDABHEHUE

2) =\ [ H(@,y) o) dy + f(2)
0

B CIICOYIOIINX CIIy4YadX:
1) H(z,y)=z—1, f(z) =z;
2) %(:E,y) = 2ew+y, f(z) =e%;
3) H(x,y) =z+y—2zy, f(z)=2x+ 22

5.15. Pemmuth uHTErpaibHOE ypaBHEHME

p(2) = X [ H(@,9) 0(y) dy + f(z)

B CIICOYIOIINX CIIy4YadX:

1) A (z,y) = oy +2°y?, f(z) = 2> + 2%
2) H(w,y) =% +y'/3, f(z) =1 - 627
3) A (x,y) = z* + 5z3y, f(z) = 2% — 2%
4) A (z,y) = 2zy3 + 52%y%,  f(z) = Tzt + 3;
5) H(z,y) = 2% — 2y, f(z) = 2% + z;
6) A (z,y) =5+4ry—3z2—3y>+92%y>%,  f(z) =z.

5.16. Pemuth uHTErpabHOE ypaBHEHME

p@) =X [ H(w,y)y)dy + ] (@)

B CIICOYIOIINX CIIy4YadX: 0

1) H(z,y) =sin(2z +y), f(z) =m —2z;
2) A (z,y) = sin (z — 2y), f(z) = cos2z;
3) K (z,y) = cos(2z + y), f(z) = sinz;
4) H (z,y) =sin (3z + y), f(z) =cosz;
5) A (z,y) =siny+ycosz, f(z)= —2%;
6)  (x,y) = cos®(z — y), f(z) =1+ cosdz.
5.17. PemmuTh uHTErpaibHOE ypaBHEHME

27

)=\ [ Hlay)py)dy + /(@)

B CJICOYIONINX CITydIasdX: 0
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1) J(x,y) = cosz cosy + cos 2z cos 2y, f(z) = cos 3z;
2) A (z,y) = cosx cosy + 2sin 2z sin2y,  f(z) = cosz;
3) A (z,y) =sinx siny + 3cos2x cos2y, f(z) =sinz.

5.18. Haiitu Bce XapakTepUCTUUECKUE UUCIA W COOTBETCTBYIOIIINE
coOCTBeHHBIE QYHKINY CIENYIOIINX UHTErDAJIbHBIX yDABHEHUI:

1) o(z) = A 7 [Sin (z+y)+ %] o(y) dy;
0
[6082(w +y) + %] o(y) dy;
($2y2 - %) e(y) dy;

[(%)2/5+ (%)2/5] ¢(y) dy;

(sinz sin4y + sin 2z sin 3y +

+ sin 3z sin 2y + sin4z siny) p(y) dy.

5.19. Ilpy xaxux 3HAUEHMSIX MMAPAMETPOB G U b Pa3pEIImMO UHTEr-
pabHOE ypaBHEHUE

1
‘P(f’/’)=12/($y—xTw+%)<p(y)dy+a$2+b$—2?
0

Haiitu perenus npu 5Tux 3HadeHusx a u b.

5.20. Ilpr kakux 3HAUEHUSIX TAPAMETPA G PA3PEIINMO UHTET PDAIIHHOE
ypaBHEHUE

1
o(z) = V15 [[y(4a® - 30) + a(dy® — 3y)] () dy + av + 3 7
0

HaiiTu pereHus npu 3TUX 3HAUEHUSIX a.
5.21. BoiacHuTb, Ipu KaKUX 3HAUEHUSX A UHTErPAIILHOE yPABHEHUE

27
p(a) =X [ cos (20 —y) p(y)dy + f(2)
0

paspernmo 1yt moboir f(x) € C([0,27]), u HaiiTu pemenue.

5.22. Haiitu perieHusi CHEOYIONINX WHTETDAJbHBIX YDPABHEHUN MIPU
BCEX A U [IPU BCEX 3HAUEHUIX IIAPAMETDOB G, b, ¢, BXOOAIINX B CBOOOMHBI
WleH 3TUX YPABHEHUI:

w/2
1) o(z) =X / (ysinz + cosy) p(y) dy + ax + b;
—7/2
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2) o(x) :)\/cos(x+y)g0(y)dy+asinx+b;

0
1

3) p(x) = )\/(1 + zy) o(y) dy + ax® + bz + ¢;

—1

1) p(z) = X [(a®y +2y®) p(y) dy + az + ba®;
1
1

1
5) p(@) = A [ 5 (wy +2%) o(y) dy + az +b;
1
1

6) w(z) = [ [5(zy)'/® + 7(2y)**] o(y) dy + az + ba'/*;
-1
¢ 14z
)\/1+ ggo )dy + a + z + bz?;

1
)\/ &z + ) ey) dy + az® + bz + ¢;

.
9) p(z) =\ /(my + 22 +y% — 32%9y%) p(y) dy + ax +b.

5.23. Haiitu xapakTepUCTUIECKUE YNUCITa, M COOTBETCTBYIOIIIE COOCT-
BeHHBIE (QYHKIUU sAnpa £ (T, y) U PENINTh UHTETPAIBLHOE yDaBHEHUE

= / H (z,y) ply) dy + f(z)
-1

Ipu BCEX A, a, b, ecnu:

1) H#(z,y) = 3z + zy — bz>y?, f(x) = ax;

2) H(z,y) = 3zy + 522y, f(z) = az® + bx.

5.24. HaiiTu XapakTepUCTUIECKUE YUCIIA U COOTBETCTBYIOIINE COOCT-
BeHHble QyHKIMU sAnpa (T, y) W DPEIIUTh MHTETPAILHOE yDABHEHUE

o(@) =\ [ H(z,9) ov)dy + f(2)

—T
Ipu BCEX A, a, b, ecru:

1) #(z,y) =zcosy +sinz siny, f(z) =a+bceosz;
2) A (z,y) = xsiny + cosz, f(z) =az +b.
5.25. Haiitu pemenue u pe3onbBeHTy Z(x,y; A) CIEMYIONIIX UHTET-
PaJIbHBLIX yPaBHEHUII:
™

1) (@) =X [sin(z +y) o(y) dy + f(2);
0
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2) p(@) =X [(1—y+22y) o(y) dy + f(2);

3) pz)=A /(az siny + cosz) p(y) dy + ax + b;
o
4) p(z) = / (sinz siny + sin 2z sin 2y) o(y) dy + f(x).
0

5.26. HaiiTu Bce 3HaueHUs MapaMeTPOB a, b, ¢, IPU KOTOPBIX CIIEMYIO-
e HHTeraJIBHBIe YPABHEHUS UMEIOT DEIIeHUS IPU JIFOOBIX A:

—)\/xy+:1:y Yo(y) dy + az? + bx + ¢;

1
2) cp(a:):)\/(1+:1:y)cp(y)dy+aa:2+b:1:+c, roe a®+ b +c% = 1;

Sl
II
\n—l
="
+
N
s
S
&
+
IS
8
+
S
+
=

(sinz sin 2y + sin 2z sin 4y) p(y) dy + az® + bz + ¢;

8) p(r) = )\/(1 + 22 + %) o(y) dy + az + bz3.
1

5.27. HaiiTu Bce 3HAUEHUS TapaMETPa G, IPU KOTOPHIX HHTETPAIHHOE
ypaBHEHUE

p(@) = A [(az = y) ply) dy + J (@)
0

paspermmo npu Beex neiicrsuTensHbx A u Beex f € C([0,1]).
5.28. Haiitu xapakTepuCTUYECKUE YKUCIIA U COOTBETCTBYIOIIIE COOCT-
BeHHBIE QYHKINUN cnenyfomnx VHTErDAJIbHBIX yDABHEHUI:

3
1) ¢(z1,22) )\// [1‘1 to2t+ o5 (1 +y2)] ©(y1,y2) dy1 dys;
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2) p(@) =X [ (l2P + ) o) dy, == (21,22);
lyl<1

3) p@)=A [T W o)y, = (o1, 2,0).

5.29. BoiacHUTb, ©MeeT i WHTETPAILHOE yPABHEHME

p@ = [ (P ~yP) ew)dy, @ = (a2,22,23)
lyl<1
BellleCTBEHHBIE XapPAKTEPUCTUUECKNE UNCIIA, U €CIIN UMeeT, TO HANTH COo-
OTBeTCTBYIOIINE COOCTBEHHBIE (QYHKITUN.
5.30. HaiiTu xapakTepuCTUIECKUE YUCIIA U COOTBETCTBYIOIINE COOCT-
BeHHbIE GYyHKIMU A0pa J (T,y) = T1T2 + Y1Y2 U PEIIATH UHTETPAILHOE
ypPaBHEHUE

11
o(r1,22) = )\//(3311‘2 +vy1y2) ©(y1,y2) dy1 dys + f(z1, 22).
—-1-1

B zamauax 5.31, 5.33-5.35 sanpo ¥ (z,y) uaTerpanbaoro ypasaenus (1)
SABJIAETCS 2PMUMOGbIM, T. €. COBIATAET CO CBOMM SPMUTOBO COMPIKEHHBIM
SIIPOM:

H(z,y) = A (z,y) = H(y, ).
B YaCTHOCTH, €CJIN SPMHUTOBO AODO ABJIIACTCA BEILIECCTBEHHBIM, TO OHO CUM-
MeTpuuHo, T.e. JH (z,y) = K (y, ).

OpMuTOBO HenpepwiBHOE Anpo £ (z,y) Z 0 obnamaer Clenyommmn
CBOMCTBAMU:

1) MHOXECTBO XapaKTEPUCTUIECKUX YUCEII HTOTO AAPA He IyCTO, PACc-
TIOJIOKEHO Ha NeNCTBUTENBLHON OCHU, He Dojlee 4YeM CUEeTHO U He UMeeT KO-
HEUHBLIX MIPEIeiIbHLIX TOYEK;

2) cucTeMa cOGCTBEHHBIX GOYHKIMI {¢), } MOXeT GBITH BEIODAHA OPTO-
HODMAaJTLHOM:

(ony <Pm) = Okm-

5.31. Iokasarsk, 9yTo eciu & (x,y) — SPMUTOBO SLAPO, TO XAPAKTE-
PUCTUYECKME UYUCIIA BTOPOTO MTEPUPOBAHHOTO smpa Ha(z,y) (cM. 3ama-
qn 5.4-5.5) HONOXKUTENBHEL.

5.32. JlokasaTsb, 9TO ecau anpo & (r,y) SBISETCS KOCOCUMMETPUU-
HBIM, T.e. J(z,y) = —# (z,y), TO €ro XapakTepUCTUIECKUE UUCIA
4YnCTO MHHUMBEIE.

B samauax 5.33-5.35 npennonaraercs, YTO XapaKTePUCTUIECKIE TIC-
718, \j; 5PMUTOBA HEIPEPLIBHOTO AApa £ (T,y) 3aHyMEDPOBAHBL B IIOPSAKE
BO3pacTaHUs UX MOMYJIEH, T.e.

Al < [Ae] < [As] <
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U KaXII0e M3 3TUX UUCEeJI IOBTOPSETCSA CTOJBKO pa3, CKOJIBKO €My COOT-
BETCTBYET JIMHEHHO He3aBUCUMBIX COOCTBEHHBIX QyHkumid. Torma MOxXHO
CUMTATD, YTO KAXKIOMY XapPaKTEPUCTUIECKOMY UUCIY Aj COOTBETCTBYET
omHa cobcTBenHas dyHkius @r. Cucremy cobcrBeHHbIX byHKUMA {p)}
OymeM CIUTATh OPTOHOPMAJIHLHOM.

5.33. Ilycts J# (x,y) — 5PMUTOBO HENPEPEIBHOE sOpO, Hp(T,y) —
MOBTOPHOE Anpo sinpa £ (x,y). HokazaTs GopMyib:

b
5 el ey Py,
m=1

by ¢

1 2
2 2= /IJi’(wy)ldwdy,

Mg T

Q

3) (Kf,f)= Z [ o)l Sok)l , [ € La(G@), K — uHTErpalibHBII Onepa-

~—

TOp C AOpOM A (x y

//|J£/ (z,y)Pdedy p=1,2,...

o)

4) X2

N2p
m= 1)\p

Ilycts (2, y) — m-€ MOBTOPHOE AAPO I SPMUTOBA, HEIPEPLIBHOTO
anpa # (x,y). HazoseMm Benuuuny
b

an:/%(a:,m)dx, n=12,..
n-m caedom gadpa JE(z,y).

5.34. Ioxa3zarsb:
a2 2
1) orHomrenme —t2

2n
2) cywecrByer lim
n—o0 A2n+2
PAKTEPUCTUIECKOMY UUCILY AApa Ao (X, y);
(e o]
3) > )\Ln =, (n>2), rme Ay, m=1,2,..., — xapakTepucTIIeC-
— AR,

He yOBIBAET U OTPAHUUEHO;

¥ 3TOT Ipefes PaBeH HAMMEHBIIEMY Xa-

Kue ucra aopa K (z,y), M| <A <.
9 g = Jim /= i 2\"/—a2n
1

n— 00 Q2n n—oco

5.35. IlycTts A\ He gBiseTCS XapaKTEPUCTUIECKUAM UUCIIOM SPMUTOBA,
HenpepslBHOTO sanpa & (z,y). HokazaTh, uTo (EOMHCTBEHHOE) pElIeHue
YPaBHEHUA

b
= / H(z,y) p(y) dy + f(z)

MOXHO IIPpEOCTaBUThb B BUOE pPAOa
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AZ(fa‘PM) )+f( )

paBHOMEpHO cxomsmierocs Ha (7, a Ui pe3onbBeHTH Z(T,y;\) mMeer

MecTO popMmyna
Rz, y; \) = Z wm(w)som(y)’

rae OWIMHENHBIN DS CXOOUTCS B L2 (G x Q).
5.36. HaiiTu xapakTepucTUIeCcKre Imuciia u COOTBETCTBYIOIIIE COOCT-
BeHHBIe QYHKINY HHTETPAITBHOTO YPABHEHUS

1
T) = A/e/”i/(:v,y) o(y) dy
B CHIEOYIOLUINX CIIydasX: 0

z, ecmm 0<z<y<l1,
1) A (z,y) = _
y, ecm 0<y<z<I

z(l—y), ecm 0<z<y<l,

9) H(z,y) =
) (=9) y(1—1z), ecm 0<y<z<I;

—=z, ecm 0<z<y<l,
x
——vy, ecm 0<y<z<l

y—2), ecm 0<z<y<l,
z—2), ecm 0<y<z<I;

y, ecm 0<z<y<l1,

z(y+1), ecm 0<y<z<I;
(e“”—e_“”)(ey+e2_y), ecmu 0<z<y<l1,
(e””+62 ’”)(ey—e y) ecmu 0<y<z<I;
sinzsin(l1—y), ecm 0<z<y<l,

N Haw) = {

5.37. Haiitu xapaxTepucTuueckme UNCIa U COOTBETCTBYIOIIINE
COOCTBEHHBIE (DYHKIM MHTErPAJIBLHOTO yPaBHEHWS C snpoMm J (z,y) B
CHEYIOMINX CIIYYasiX:

1+z)(1—y), ecm —-1<z<y<l,

1) H(z,y) = {(1_$)(1+y)7 ecm —1<y<z<I;

sin(1—z) siny, ecm 0<y<z<l1.

cosx siny, ecm 0<z<y<m,

2) #e) = {

cosy sinz, ecm 0<y<z<m,
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sinz cosy, ecm 0<z<y<m,

) A ) = |

5.38. Haiitu xapakTepuUCTUYECKUE YKUCIIA 1 COOTBETCTBYIOIIIE COOCT-
BeHHBIE GYHKIUYM WHTETDAIBLHOTO YPABHEHU I

p(@) =X [w(z+y)p(y) dy

B CIIEAYIOLINX CILyYasX:

1) w(t) — uerHas 2r-nepuonuueckas dyHkuus, npuueM w(t) = t, eciu
t € [0,7];

2) w(t) — uerHas 2m-mepuonuyeckas GyHkys, npuueMm w(t) = 7 —t,
ecau t € [0, 7].

5.39. Haiitu Bce XapakTepUCTUUECKUE UUCIA W COOTBETCTBYIOLIINE
COBCTBEHHBbIE (DYHKIUM MHTErPAIBLHOTO YPABHEHUS C anpoMm & (z,y) =
= w(z —y), roe w(t) — HenpepbLIBHAS KyCOUYHO IIIafKas YeTHAs 27-[ePUo-
mwaeckas ¢oyukmusa, 0 <z < 27, 0 <y < 27

5.40. PemwnTs wHTErpaIbHOE YPAaBHEHUE

siny cosz, ecmu 0<y<z<T.

- A/%(w,y)w(y)dy + f(2),

ecmu f(z) € C?([0,1]) m 0

Ji”(wyy)={

z, ecm 0<zxz<y<l,
y, ecm 0<y<z<l1.

Ilycts J (z,y) — HEOPEPHIBHOE SADPO MHTETPAILHOTO yPABHEHUS

b
2) =X [ H (2,9) ply) dy + £ (). (6)
Bripaxemnune *
H(z1,y1) H(21,92) .. H(T1,Yn)

% T1 To ... Tp _ %(1'272-/1) jg/(gy%yz) %(-’I&,yn)
Y1 Y2 ... Y

H(Tn, Y1) K (Tn,y2) .. H(Tn,Yn)

HA3BIBAETCS CUMBOA0M DPpedeobma, a QyHKIUSI

D) =1+ 3 (-1 2oy, (7)

n=1

t1 t
//J{(l 2 )dtldtg dtn, (8)
t1 1o ..

Ha3BIBaeTCs onpedesumenem Ppedeosvma anpa K (r,y) WM THTETPATb-
HOro ypasHeHus (6).

rmoe
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5.41. IloxasaTh, yTo k03hdurmenTr A, omnpemenurens Openrombma
yIOBIETBOPAIOT HepasencTBaM | A, | < n™/2M™(b—a)™. BrBectn oTciona,
gro D(A) — menas ¢yHKIus OT A.

Y kasauune. Mcnonb3oBars HEpaBeHCTBO Anmamapa (cm. [2]).

Munopom @Ppedeosvma HaZLIBAETCS QYHKIASL

o
By (z,
D, i N) = At () + 3 (-1 Zr&d) jnts, (9)
e n=1
Pl (mtyity .ty
B,(z,y)=[...| X dty dts...dt,. 10
n(®:Y) // (ytth...tn> L& in (10)
a a
5.42. Tlokasars, uto ecimu J¢(r,y) — HENpepBIBHAS B KBaIpaTe

L:{a <z y < b} dyukuus, to D(z,y;\) — HenpepslBHas GyHKIUIL
nepemerHbIX Z,yY,A B L X C u D(z,y;\) (upu QUKCUPOBAHHBIX T U Y)
SIBIISIETCS 1EJION QYHKIMeR OT .

5.43. IokasaTh, 4T0 Ko3dduimenTs A,, dyakuuu B, (z,y) u aapo
H(z,y) (cm. (7)—(10)) cBsizanbl paBeHCTBAMU:

b
1) Bu(z,y) = A (2,y) = n [ Buoa(2,6) H (&,y) dé;

b
2) Bu(z,y) = At (z,y) —n [ H(2,6) Boor(&,y) dé.

Ykxasaunue. Pa3snoxurs onpenenurenb, BXOOAIINWIA B MTOMBIHTET-
pasibHOE BhIpaxkenue mis B, (z,y), o smemMeETaM mepBoro CToJbIa.

5.44. [loka3arTh mepBoe u BTOpOe GyHIAMEHTAJIbLHBIE COOTHOIIEHUS
®penronbMmar

b
Dz, y; ) = AH (2,9) DN) = X [ (2,€) D(E y: N) de;

b
Dz, y; ) = AH (2,9) DV = X [ A (6,9) Dl & N) de.

Y kasauue. Bocmomb3oBarhes pasnoxenueM (9), CpaBHUTH KO-
(UIUIEHTHI IPU ONWHAKOBEIX CTEIEHSIX A B JIEBOW U IIPABOU YACTSIX HOKa-
3BIBAEMBIX PABEHCTB W IPUMEHUTH PE3yIbTAT NPENBIAYIIeN 3aMa4n.

5.45. Hokasarb GopMyII

b b
A, = /Bn_l(x,x) dz, /D(:z:,a:;)\) dz = —AD'()).
a

a
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5.46. IloxasaTs GoOpMyITy 11))(—(/\)‘)) —Z ap A" 1 (xoadbdunmenTH vy
n=1

OIpEZIeTIeHbI Ha, C. 75).

5.47. Ilycts onpenenurens Openronsma D(\) uHTErpasbHOTO ypaB-
Henus (6) He paBeH Hymo. JlokasaTb, UTO B HTOM CIIyuae MHTErPAJIBLHOE
ypasHaenue s mo6oi f(x) € C([a,b]) nMeer perienne u Ipu TOM TOIBKO
OITHO ¥ UTO 3TO PEIICHUE TACTCS cpopMynoﬁ

o) = 1)+ | D) 1y)dy

5.48. Vcmonb3yst mpencTaBieHe PEIeHrs] HHTErPDAJILHOTO YPABHEHUS

npu < m uepes pes3onbBeHTy Z(x,y;A) (cM. 3amauy 5.6) u
PEsyNILTAT MPENLIIYIIe 3804491, TOKA3ATh (HOPMYILY
. _ D(z,y;\)

(sTa dopmyna ompenenseT AHAIUTAIECKOE MPOMOILKEHUE PE30IbBEHTHI,

3amaHHol mpu |A| < B Bume pana (cM. 3amaay 5.6)).

M(b—a)
5.49. Jloka3aTb, 9TO XapPaKTEPUCTUUECKUE UNCIA WHTErPAJIBLHOTO
YPABHEHUS C HEMPEPBLIBHBIM SAPOM COBIAMAIOT C HYISIMU ONPENeTUTes
®penronsma D(A) 5TOro ypaBHEHUsL.
5.50. JlokasaTb, YTO PAHT M XaPAKTEPUCTUUIECKOTO UMCIIA A9 MHTEr-
PAIILHOTO yPaBHEHUS C HENPEPHLIBHBIM sSApOM % (T,1y) KOHEUEH U MMEET

MECTO HEPAaBEHCTBO b b

m < ol [ [ 154 (@,y)Pdedy.
a a

5.51. Iloka3aTb, uTo onpenenuTenu PpearonbMa HEIIPEPHIBHOTO SAPA,
J(z,y) u cowosHOTrO ¢ HUM sAnpa J£ *(r,1y) COBHANAIOT U, CIIENOBATEIHHO,
IAHHOE U COIO3HOE YDABHEHUS UMEIOT ONHU U Te XK€ XapPaKTEPUCTUIECKUE
qucna (cM. 3amady 5.49).

5.52. IlokasaTs, YTO paHr XaPAKTEPUCTUIECKOTO UUCIIA, TSI JAHHOTO
HEIIPEPLIBHOTO DA U COIO3HOIO C HUM SIAPA OOWH U TOT XKe€.

5.53. okasarb, uro npu || < 1 mnTerpanbHoe ypaBHenue Muina

)\ o0 o0 e_t
x)—g/ / —dt w(y) dy
0 Ma—y|=0

UMeeT eQUHCTBEHHOe pelreHne ¢ = (0 B Kjacce OrpaHUYIEHHBIX QYHKINAN
Ha [0, 00).
5.54. Ilnsa MHTerpaanoro ypaBuenus Ilaitepica
—alz—y| d 0
x a >
471_ / | T — y|2 90 ) y7 b)

IOK33aTh OLEHKY
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A1 (1 - e_O‘D) > a,

rme D — mumamerp obmactu G C R3, A\ — HauMeHbIee IO MOIYITIO
XapaKTEPUCTUIECKOE UUCIO SIAPA.

5.55. Ilokasarb, 9To npu A < 1/2 peleHre MHTErPAIBLHOIO ypaBHe-
HIA

o0
p@) =x [ e " Hpy) dy + f(a)
— 00
eMVHCTBEHHO B KJIacCe OTPAHMIEHHEIX GyHKImit B R! u BEIpaxaeTcs dop-

MYJION
e~ VI—2\ |z—y|
w \/ﬁ / ) dy

OrBeTHl K §5
5.11. 1) Me—v),  9) %Shﬁ(m—y)

5.12. 1) sina; 2) ch (VAz); 3) ;(Chﬁx—l).

5.14. 1) Eciim A = —2, To pemenuit HeT; eciu A # —2, 10 p(r) =
_2z(A4+1) =X,
N A+2

2) ecnm A # A, Toe A\ =
HEHHE HE MMEET PEeIeHNH;

3) eciu A #2 u A # —6, TO
A = —6 ypaBHEHUE HE UMEET PEIICHUN.

5.15. 1)Ecmz1)\7é§14)\7é§

1 0 e’
e2—1" "~ 1—-Ae2-1)
12272 — 24z — A% + 42X .

6(A+6)(2 —N) ’

; TP A = A1 ypaB-

uiA=2u

5(7 + 2))
76 —2n) © o ta

T0o Cx + - :L' + z*, rme C — TIpOM3BOJILHAS TOCTOSHHAS; TIPU A =

4 ecm A = g,

5

ypaBHeHMe He UMeeT DelIeHn;

)12/\2 (5¢z +6)) +1— 622, ecnn)\;é:t,/ ,npn)\ :I:,/

ypaBHEHUE He MeeT DelIeHUl;

3)M 4+x,ecnn)\¢gn)\7£%; Cx3+x2—gx4npn

3(5-2X)
A= 5 C — TpOou3BOIBHAS IOCTOSHHAS; TIPU A = g YPaBHEHUE HE UIMeeT
peIIeHnH;
)1_2)\:5 + 7z +3,ecnn)\7é2p1)\7$2, +3 - 3.’10 + Cuz,
roe C — IpPOW3BOJIBHAS IIOCTOSHHAS, €CIH A = g; mpu A = 5 ypaB-

HEHHE He MMeeT DEeIeHNH;
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5) % + 23, ecim \ # :I:%; %x + 2% + Cz?, roe C — mpous-
BOJIbHAS TOCTOSAHHA, €CIIA A = g; npu A = —g PEeIIeHnl HeT;

6) ecmm A = A\ = é, to C + ga;; ecim A = Ao = g, To C5(32% —1)—

—gx (C1 m Cy — mpOM3BONIbHBIE TOCTOSIHHBIE); TIPU A = A3 = % ypas-

HeHUe He mMeeT pemieHuit; ecmu A # A; (1= 1,2,3), To ¢(x) = 3 EzS/\.
122 . 3
5.16. 1) sin2z +7—2x, eciu A £ =~ u \# —;7r—2:L'—
3—4X 4
—2sin 2z + C cos 2z, rme C — mpOU3BOIBLHAS TOCTOAHHAS, €CITT A = —g;
npu A = % YDaBHEHUE HE UMeeT DEeIeHN;
3T . 3 3 3 .
2) 3@ 13) sin 4 cos 2z, eciu A # —5H A# -7 cos 2z — e sinx +
3

+ Ccosz, rne C — mTPOU3BONbHAS TOCTOSHHAS, €CIU A = —7 P
A= —g YPABHEHUE HE UMEET PEICHUN;

3) sinx+ 8;):— (2)\c052:1:+ 3 sin2:1:), ecim A # + \/_; opm A =
= aABHEHNE HE NMEET eH_IeHI/II/I

2 \/— yp p
4) )‘2—7r sin 3z + cOS & IpH BCEX 3HAUEHUSX A;
2z Ar? 1 4 2z
-2 _AT 42,22

5) TEEE cos, ecnu A # +=; 3 -|-(8+7r cosm)C
rame C — mpOU3BOSIbHAS MMOCTOSIHHAS, €CIIA A = %; npu A = —5 ypas-
HEHUe He MMeeT DEeIleHU;

6) 3 y;m + 1+ cosdx, eciu \ # % uA# %; cosdx — 1+ Cy cos2z +
4+ Cysin 2z, rme C7; u Cy — IPOU3BOJILHLIE IIOCTOSHHBIE, €CIIM A = %;

2 .
Ipu A = = ypaBHEHUE HE MMEET PeIleHUi.
™

5.17. 1) cos3z, ecnu \ # l; cos 3z + C; cosz + Cy cos 2z, roe Cy u
™

C5 — IpOU3BOJIbLHLIE TIOCTOSHHBIE, €CIIN A =

3|

2) €8T ecmm A #+ 1 u\# i; 2cosz + C'sin 2z, rne C — mpo-
1—Am g 27

1 1
M3BOJIbHAS NOCTOSIHHASI, €CIIH A = 53 TpH A = = ypaBHEHWE HE UMeeT
. ™ ™
pELIeHnH;

6 Ilom pen. B.C. Bragumuposa
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) 15?:)\ ecim A # % u\# 3%; % sinz + C cos 2z, rne C — mpo-

1 1
M3BOJIbHAS TOCTOSHHAS, €CITH A = 3, 1P A = = ypaBHEHWEe He UMeeT
. ™ ™
peLIeHmiA.

5.18. 1) A\ = l, sinz +cosx, 1; Ao = —l, cos T — sin z;
T s
2) M = %, 1; A= %, cos2x; A3 = —%, sin 2x;
3) A= —45, 322 — 2 Ao = ‘%5 1522 — 1;
4) A\ = g, 322/ 4 £72/5; N\, = —%, 32/5 — x=2/5;
5) A1 = —2, sinz — sindz, sin2x — sin3z; Ay = g, sin 2z + sin 3z,
o s

sinz + sin4z.
5.19. a = —12, b = 12, —122% + C1z + Cs, rne C; u Cy — mpous-
BOJIBHBIE IIOCTOsIHHBIC.
5.20. a = V15 — 3, C[4V/T55° + 3(1 — V15)z] + = — 33, e C —
IIPOU3BONBLHAS TIOCTOSHHAL. z
5.21. YpaBHeHUe pa3pemnmo npu JIooM A,
27

p(x) =X [ cos(2z —y) f(y) dy + ().
0

3
A sinx +

am 2Ab
5.22. 1) 12(1 —2X) 1—2X\

+ azr + b, eciim A # % (a,b mro-

1
6ble); Ip A\ = - yPaBHEHUE PA3PELINMO B TOM U TOJBLKO B TOM CIIydae,

korma a = b = 0, p(z) = Cisinz + Cy, rne C1 u Co — IPOU3BOIBLHEIE
HOCTOSHHEIE;

2) 2a = 22b) sinx +b, ecmu A\ # :I:z (a,b mobwe); mpm A = 2
24+ A T ar — 4b T
yDaBHEHHUE DPa3peInuMo npu Jiobwix ¢ u b u p(z) = sinz + b+
+ C; cosz, roe Cy — IpoOU3BOJILHAA IOCTOSHHAS; €CII A = —%, TO ypaB-

HEHUE PAa3PeIIuMO B TOM U TOJBKO B TOM Cirydae, korma am + 4b = 0 u
p(z) = b+ Cysinz, roe Cy — NPOU3BOIIBLHAS IOCTOSHHAS;

3) ?)2(/\1(1_+2?;\c) + 331)2)\1‘ + az?, ecim A\ # % u\#£ g (a,b,c mmio-
Oble); mpu A = % ypaBHeHue paspemmmo, eciu a + 3¢ = 0, ¢(z) =
= %bx + az® + Cy, roe Ci — TPOW3BONbHAS NOCTOSHHAS, DU \ = g

1
ypaBHeHHUe paspermumo, ecin b =0 u p(z) = az® — 3 (a+c¢) + Coz, rme
(5 — TpOU3BOIBHAS TOCTOSHHAS;



§ 5. Humezpasvnvie ypasnenud 83

z + az + bz®, ecim A # ig (a,b

2
4) 2X(5a + 3b) 22 42*(5a + 3b)

15 — 4x2 5(15 — 4A2)

+

ypaBHeHue pasperumo, eciau ba + 3b = 0, u

a(x—%x)—i—Cl(\/gx +x>

V15

rae C; — Npou3BOJIbHAS MOCTOSIHHAS, TIPU A = —=,~ YpaBHeHue paspe-

mobBIe); mpun A =

8
R
Il ot

o(

wwuMo, eciu ba + 3b = 0 u

o(z) = a(a:— g:ﬁ) +Cs (:I: - \/?172),

rmoe Cg — IIPpOU3BOJIbHAA ITIOCTOAHHAA,

3a 5b 5 .
5)3 3Tt 3 30 )\)x +b, eciu A #3 u A#5 (a,b mobre);

mpu A = 3 ypaBHeHue paspemumo, eciu ¢ = 0, u ¢(z) = b( z? + 1) +Ch,

rae C; — OPOM3BOILHAS MOCTOSHHASL; IPU A = 5 ypaBHEHUE Pa3pernMo,
3
ecmn b =0, m p(x) = Coz? — 5 i, rae C> — IPOM3BOILHAS MOCTOSHHA;

30\a + 7b
7(1— 6X)
ypaBHEHHE paspemumo, ecim ba+ 7b =0, u p(z) = —% be + Crz'/? +

6) /3 +az, ecrm A\ # % (a,b mobble); mpm A\ = %

+ Co2?/3, rne C1 u Cy — IPOU3BOIIBHBIE IOCTOSHHBIE;
7) 20204 —m) 2

2 —Am 2—A4—-m)

(a,b mobbie); pu A = % yDaBHEHUE pa3peummo, ecim an + b(4d — 7)) =

2 2 2
:1:+b:1:,ecm/1)\;zé7r1z1)\;zré4_7r

=0,u p(z) = ﬁ z +bz? + C, rme C — IpPOM3BOIIBbHAS IOCTOSHHASL

npu A = 7 YPABHEHHE He nMeeT pellIeHnH;
— T

5A(14a +367b +42) /3 n 28\%a + 30\b + 35
21(5 — 12)2) 7(5 — 12)2)

A# :I:%\/g (a,b, ¢ mobeIe); IPU A = %\/g YPaBHEHUE Pa3permmo, eCiin
15v3b+7V5(a+3¢c) =0, u

o(r) = ar® + bz +c+ C; (x1/3+ \/%),

roe C; — TOpOM3BOJILHAA MOCTOSHHAS; IPU A = —%\/g ypaBHEHHe pas-
pemmmo, ecim 15v/3b — 7v/5 (a+3c)=0, n

8) + az® + bz, ecim

6*
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o(z) = ax® + bz + c + C» (x1/3 — g),
roe Cy — IPOU3BOJILHAS IIOCTOSHHAL;
30b—1)A , 3a? 36A%(b — 1) 15
9 22
) e L T3t @asyeooy M A #F g
A # g (a,b mobeie); mpu A = —g VPABHCHUE Pa3pEIIIMO, CCilH b=1,m

o(z) = g ar +1—20a+ C(z%+ 1), rne C — IpPOU3BOMBHAS TIOCTOSHHAS;

3
opum A = 3 YPABHCHUE PA3DEIIUMO, eCIllt @ = b=0, u p(z) = Ciz + Cs,
roe C1 u Co — IpOU3BOJILHLIE IOCTOSHHELIE.

5.23. 1) A = g, Y1 = T; A = 1 02 = 3z — 42% ¢(z) =

27

_ 3ax 3 1 . 3

= gogy eom A # 5 H A # 5 (a moboe); mpu A = 5 YypaBHe
uue paspemmmo, ecit a = 0, u p(z) = Ciz (Ci — npousBoIbHAL
NOCTOSHHAS); TP A = —% YPaBHEHHE Da3pelIumMO Opu J1o60M a U

o(z) = % ar + C2(3z — 47?), rne Cy — TPOM3BOIILHAS TIOCTOSHHAS;

1 2+b 1
2) )\1 = 57 (p(ll) =, (p(12) = $27 (p(.’E) = H7 ecim A 7& 57 npu

A= % ypaBHeHHIe paspermmmo, e a = b = 0 u ¢(z) = C1z2 + + Cor,

roe C1 u Co — IpOU3BOJILHLIE IOCTOSHHELIE.

21°\%b
1—Am
ecimu \ # % (a,b mobwe); mpu A = % ypaBHeHUe paspermmmo, ecim b = 0,

5.24. 1) A\ = %, w1 =sinz; p(x) =a+bcosz+ \brz + sin z,

u p(z) = a+ Csinz, rone C — IpOU3BONbHASL IOCTOSHHAS;
1
2) M = 3o 1= p(z) = % + b+ 2wbAcosz, ecnm A #
#* % (a,b mobbie); mpu A = - YPABHeHIE Da3speIuMo, ecnu a = 0
T

u p(z) = b(1 + cosz) + Cz, rone C — npou3BOIBLHAS IOCTOSHHASL.

5.25. 1) o(z) = A

T sin Am —
/° N2 D fy)ay + (@), e

2
A(N) # 0, tme A(\) = 1 — A2 %; mpu A = % yPaBHEHNUE Pa3peInMo,
ecnu f1 + fo =0, roe

fu=[fy) cosydy,  fo= [ f(y) sinydy,
0 0

o(z) = Ci(sinz + cosz) + %fl sinz + f(z)
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2
(C1 — mpomsBoIbHAS MOCTOSIHHASL); IPU A = —— yPaBHEHUE Pa3pelln-
T

Mo, et fy — fo = 0, u @(z) = Ca(sinz — cosz) — zf1:31n:L'+ f(z),
rpe C2 — TPOM3BONBHASL TOCTOSHHAS;
. A
_ sin(z+y)+ 5 cos(z—y)
‘Oj)(w7yﬂ)\) - A()\) I

—)\ 2z — 4T —
:)‘/ “ﬁm ) f(y) dy + f(z), ecm A(X) #0,

roe A(X) = (1 —-2X) (1 - %)\); mpu A = % yDaBHEHIE Pa3peIInMO, ec-
au fi = 3 f2, e

1 1
fi= [f@ds o= [ofe)ds o(@) = (o= 3) i+ f(@) + Co

3
(C1 — upoussBonbHAsL HOCTO;[HHa;[) mpu A = - 7 VPABHEHUE Da3permo,

ecmu fo =0, p(z) = —= f1 + f(z) + Ca(z + 1) roe Co — NpOM3BOIIBHAS
[IOCTOSTHHAS;
1-— §A+y(2x—4)\z—1)

A(N) ’

X (x,y; \) =

azx
1—27A +

_ zsiny .
3) o(x) )\/( )\+cos:1:)(ay+b)dy+a:z+b

+2wAbcosx + b, ecmm A ;é (a,b mo0BIe); mpu A = % ypaBHEHUE

paspemumo, eciin a = 0, o(z ) = b(cosx+1) + Cz, rone C — npoussoinb-

Has IIOCTOSTHHASI,
rsiny

+ cosz;

27
_ sinz siny + sin 2z sin 2y 1
4) p(z) = A 0/ T fy)dy + f(z), ecmm X # —;

1
npu A = — ypaBHEHUE PAa3PEIMO, eCiIn
™

27 27
/f(y) siny dy = /f(y) sin2ydy =0,  ¢(z) = f(z)+C; sinz + Cs sin 2z,
0 0

roe C1 u Cy — IPOU3BONILHLIE TOCTOSHHEIE;

H(x,y; ) =

sinz siny + sin 2z sin 2y
1— A '

5.26. 1) b=0, 3a + 5c = 0;

3 1 3
2 =—,0=0, c=——; =—-——
) @ V10’ ¢ V10 @ V10

|
S
I
L
o
I
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1 .

3)a:0,b:—§, 4) a = 6;
5) a=0,b=—-1; 6) a,b mobue;
7) a,b,c mobre; 8) Ta+5b=10

5.27. —<a<3

5.28. ].) M=1, pr=4(z14+x2)+1; Ao = =1, 9o =4(x1 +32) — 1
44/3 -6 4v/3+6

))\1: \/; ,Q01:1+\/?_)(.'17%+.'17§); AQZ_\/_T7 P2 =
=V3(}+zd) -1,
=3 o= v
))\1—47r7901—1+r71"ﬂe7'— $1+$2+$3'

5.29. YpaBHeHHE HE WUMEET BEIIECTBEHHBIX XAPAKTEPUCTUIECKUX
quCer.

5.30. XapaxTepucTUIeCKue Iuciaa Ay = % u A = —%, COOTBETCTBY-
fomre cobcrBenuble GyHKIMu @1 = 1 + 32122 u o = 3x122 — 1. Ecinm
A= :I:%, TO

o(r1,22) = A(A) [(fl + 4\ f2) T172 + < )\fl +f2] + f(z1,72),

roe
11

11
fi= // F(y1,y2) dyy dys, fo = // y1y2 f(y1,y2) dys dys,

—1 -1 —-1-1
16 ., 3
AN =1- 5 A% mpu A = 7 YPABHEHNE Paspernmo, ecin fi+3fe=0,
up(r1,22) = 3 122 f1 + f(x1,22) + C(3z122 + 1), rme C7 — mpoOU3BOIL-

4
3
Hasd [OCTOSHHAL; IPU A = —7 YPABHEHNE Pasperumo, ecim fi—3f2=0,

3
w (a1, 22) = =g a2 fi + f(z1,22) + C2(32125 — 1), rne € — npoms-
BOJIbHAS HOCTOSHHASL.
2

5.36. 1) \, = (g +7rn) , gn = sin (g +7rn) z (n=0,1,2,.);

2) Ay =n2n? o, =sinmnz (n=1,2,...);

3) A\n (n = 1,2,...) — mONOXUTENBHBIE KOPHY ypaBHEHHS tg VA =
= —VA, p, =sinVA, z;

4) A\, = _% w2 (n=1,2,...), rae fi,, — TONOKUTEIbLHBIE KODHU YPaB-
HEHUS [ — % = 2ctg @, pn = SIN UpT + by COS UnZ;

5 X =1, oo = €% N\, = —n?7x? (n = 1,2,...), ¢, = sinmnz+
+ TN COS TNX;
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_ m@2n+1)2 +4

6) A\, 301 ) (n=0,1,2,...), gon:sm(n-l- )wm,
_(nm)? -1 o _
7) )\n_—sinl , @n=sinmnz (n=1,2,...).
2 2
5.37. 1) )\(1):(“;) <p£11)—sm7rnx (n=1,2,...); A?:%Gﬂm) ,
cp%z = %+7rn)x (n=0,1,2,...);
2
1
2) \p=1-— (n+ ), cpn:cos(n+§):1: (n=0,1,2,...);
. 1 _
3) —< )—1, cpn—s1n<n+§>m (n=0,1,2,...).

2n + 1)2 1 _

5.38. 1) A\ = ( - o —sin@n + )z (n=0,1,2..);

;%2)::;_ (%T—i_l)z’ 90512) =cos(2n+ 1z (n=0,1,2,...); X = %,
))\O—ﬂl?,goozl AY = M, go,(ll):cos(2n-|-l):r (n =
=0,1,2,...); )\n2) = M, cp%z) =sin(2n+ 1)z (n=0,1,2,...).
5.39. \, = i, cp%l) = sinnz, cp%z) =cosnz (n=1,2,...), ecim
ap, = 7w(t) cosnt dt #0; Ao = al_o’ wo =1, ecim ag = 07rw(t) dt # 0.
5.40. ¢(z /1 y)dy + f(z), roe
0
sinvVAz cosVA(y—1
G(z,y) =1 . \/Xcog/\;j\(y oo
sin vy cos VA (z — 1) £>

VX cos VA ’



I'masa III
OBOBIIEHHBIE ®YHKIINN

§6. OcHoBHBIE 1 0600611IeHHbIE (QYHKIINN

O6o3naunm uepes 2 = ZP(R™) COBOKYIHOCTb BCEX OECKOHEUHO mud-
depennupyembrx ¢puauTHbIX QyHkuui B R™. IlocmenoBaTensHOCTH {cpk}
GyHKIME U3 9 Ha3LIBAETCA crodduetica ¥ yukiuu ¢ (u3 2) ecnu:

a) cyuecTByer Takoe uuciio R > 0, aro supp ¢ C Ug;

6) IpU KaXIOM o -

Dopu() 3 Dle), K —o0®)

IIpu sTom nutem @i, — ¢, k — 00 B 9. CoBOKynHOCTH ¥ QyHKIMIA
C BBEIEHHOI CXOAMMOCTBIO HA3LIBAETCS IPOCTPAHCTBOM OCHOBHLIL (k-
yuth 9.

O6o3uauum uepes ¥ = F(R"™) COBOKyNHOCTH BCeX OECKOHEUHO mud-
depennupyembx dyukuumit B R"| yOpBatommx npu || — 0o BMecTe €O
BCEMHU TTPOM3BONHLIMHI OBICTpee JTI060i cTermernn |z L.

TocenoBaTensHOCTh {@) } GyHKIME U3 . HA3LIBAETCS crodgujetica K
byuxunn ¢ (u3 ), ecnu nus Beex « u 3

zER™
P D%y (z) —= 2°D%p(z), k — oo.

IIpu sTom mummem pr, — @, k — oo B .. CoBOKynHOCTH & DyHK-
Uil C BBELEHHON CXOOMMOCTBIO HA3LIBAETCS NPOCTPAHCTBOM O0CHOBHbIT
dynxyutl <.

6.1. Ilyctes ¢ € 2. BoiacHUTSD, €CTh I CPENU MOCIENOBATEILHOCTEN:

1 1 1 T
D 3o 2) petka); 3) 1e(5);
k=1,2,..., cxomsurmecs B 4.

6.2. llyctrbn=1u
o) = {

Iloxasars, 9uTO QyHKIUS

1 mpu —2e<z< 2,
0 mpm |z|> 2e.

o0

n@) = [ x)w:(e —y)dy,

—0o0

*) Tlo moBony oB6osmauenmii cum. c. 6-8.
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Ilie w. — «IMaTlouKay, ABIAeTCs oCcHOBHOM m3 Z(RY), mpmuem 0 < n(z) <1,
n(z) =1 mpu —e <z < ¢, n(z) =0 opu |z| > 3e.
6.3. Ilycts Go. = |J U(z;2¢) — 2e-0KpeCTHOCTD OTPAHWYIEHHOMN 06-
z€G
gactu G u x(xr) — xapakrtepuctuueckas Gyukumsa obmactu Gae, T.e.

x(z) =1, 2 € Gac m x(z) =0, z € Ga.. HokazaTs, aT0 byHKIUS
n(@) = [ x()we(x —y)dy

ocuopHast u3 Z(R"), npuuem 0 < n(z) < 1, n(z) = lupuz € G.;n(z) =0
npu z € Gs..
6.4. Iycts dyukuus 7(z) yOOBIETBOPSAET yCIOBUAM 3a0a4u 6.2,
o0

H@)= Y n—ev),  ela) = g2

V=—00

Hoxazats, uro H € C®°(RY), H(z) > 1; e € 2(RY), 0 < e(x) < 1;
[e.°]
e(r)=1upu |z| <eme(x) =0mpu || >3e; > e(z—ev)=1.
v=—00
6.5. IlokasaTk, 9TO CyIIecTBYIOT Takue dynkum @5 € 2(RY), § > 1,
410 p5(x) = 1 mpu [z] < 6 — 1, @s(z) = 0 mpu |z] > & u |of™ ()] < Ca,
raoe nocrosaHas C, He 3aBUCUAT OT 0.

6.6. Ilycrs menpepeiBaas dyukuus f(z) dunurHa: f(z) =0, |z| > R.
IMokasars, uro hyuKIUS

@) = [f@uwa—y)dy  (<B)

ocroBHas u3 P(R™), npuuem f.(z) =0 npu |z| > R + . Ilokasars, 9T0

zER™
fe(z) = f(z), e—0.

6.7. 1) IokasaTs, 4To QyHKIUS

m—1 (k)
Y(z) = — lw(m) ) 3D w1y,
k=0

xm

ocuopnas u3 Z(R!), rme ¢ € 2(RY) un € 2(R'), n = 1 B oOkpecTHOC-
T x = (;

2) mokaszaTb, 4TO GOYHKIUS

_ #(@) —n(x) p(0)

ocnoenas u3 Z(R'), roe ¢ € 2(RY), n(z) — dynkuus us sanaun 6.7, 1)
u a € C®(R!), uMeeT emnHCTBEHHLIH HyIb Topsanka 1 B Touke T = 0.

6.8. 1) Mokaszars, uTo dymkuus @1 u3 Z(R') MoxeT GBITH HpenCTaB-

JIeHa, KaK IPOU3BOMHAA OT HEKOTOPOIA APYToi hyHKImI o m3 Z(R') Torma
7 TOJIBKO TOTZA, KOTZIa OHA YIOBIIETBOPSIET yCIOBUIO
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70901 (z)dz = 0;

2) mokas3aTb, uTO Beskas byrkmus ¢(z) uz Z(R') Moxer GBITE Tpen-

CTaBJIEHAa B BUOEC 00

p(@) = po(e) [ (a')da’ + i (),

roe o1 € 2(RY), a po(z) — mobas ocropras byskmma us Z2(RY), ynos-
oo

JIETBOPSIOIIAS yCIIOBIIO / wo(z)dz = 1.
— o0
Y xasauue BocnomssoBarbes sanaueit 6.8, 1).
6.9. Ilokasate, uto Y C .¥ U U3 CXOOUMOCTH B ¥ ClleAyeT CXOOu-
MOCTb B .&.
6.10. Ilycts ¢ € ¥ BBIICHUTD, €CTH I CPEOU TOCIIENOBATEILHOCTEN:

1 1 1 T
D 2o 2) petka); 3) 1o(3);
k=1,2,..., cxomsmecs B .¥.
6.11. Ilycts ¢ € S u P — nonuuom. Hokasars, urto pP € 7.
6.12. Hycts dynkuus 1p € C°(RY), ¢(z) = 0 npu z < a u orpanu-

YeHa BMECTE CO BceMu npou3BonubiMu. JlokazaTs, uTo dyukuus 1 (z) e 7%
ocHosHas u3 . (RY), ecin o > 0.

O6osraunM uepes 2' = 2'(R™) cOBOKYIHOCTD BCeX JIMHEMHBIX HEIpe-
PBIBHBIX (DYHKIIMOHAJIOB HA, TPOCTPAHCTBE OCHOBHBIX GyHKIMt 2. Beskuit
dbynaxmmonan f € 2' maszoBeM o0606uennoti Pynxyuei (13 TPOCTPAHCT-
Ba D').

O603maunm yepes .’ = ' (R"™) COBOKYIIHOCTH BCEX JIMHENHEIX HETIPe-
PBLIBHBIX (DyHKITMOHAJIOB HA, TIPOCTPAHCTBE OCHOBHLIX GyHKuMH .. Beskuit
dbyuxnnonan f € . mazoBeMm 0606wennoti Gynkyuet mediennozo pocma
(u3 mpocTpancTsa .7 ).

3uauenne GyHKIMOHANA f HA OCHOBHOU (DyHKIMU (0 06O3HAUUM Uepes
(f, ). UTo6LI yKa3aTh apryMeHT OCHOBHBIX (DYHKIIUN, WHOTAA BMECTO f
u (f,¢) Oynem macate f(z) u (f(z), ().

TocnenoBaTensHOCTE { fi: } 06001IIEHHBIX byHKIME 13 9' maspBaeTcs
crodawetica x ob6obwennoti gynwxyuu f (w3 2'), ecmm (fr, 0) — (f,¢),
k — oo mnst mo6oit ¢ u3 %Y. B wactHOCTH, psim 13 0600IIEHHBIX bYHKITII
Uy +us+ ... +up +... HaseBaeTCa crodawumca 6 D' 0606wennot Gymnx-

[e.°]
yuu f, ecnu nust m060i ¢ € P anucioou psan Y (ug, @) cxomurcst K (f, ).
k=1
CXOnMMOCTB TOCIIENOBATENBHOCTH U PAAA B . ONPENeaeT st AaHAJIOTMIHO.
ToBopsaT, uto o6obiennast byukius f pasua nyato 6 obaacmu G, eciu
(f,») = 0 nns Beex ¢ us 9 ¢ vocureneMm B G. O6o0IeHHEBE QyHKINN f)

u f HA3BIBAIOTCS Pasubimy 6 o6aacmu G, eciiu ux pasHoCTh f; — fo paBHA
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uymo B G; f1 u fo HaswmBatoTCa pasubimy, eciua (f1, ) = (f2, ) mua Bcex

p € D.
Hocumeaem 0600mmenton Gyukuuu f Ha3LIBAETCA MHOXECTBO BCEX Ta-

KUX TOUEK, HM B KAKOW OKPECTHOCTU KOTOPHIX f He 00pallaeTcst B HyIIb.
Hocurens f o6osumauaercs uepes supp f. Ecnu supp f — orpanuuensoe
MHOXECTBO, TO f Ha3BIBAETCA Punummot 000OIIEeHHON DYHKITIEN.

Peeyaspnoti o6o6mennonn dyrkmmeit u3 2'(R™) HA3BIBAETCS BCAKMIA
GYHKIIMOHAI BUOA

(f0) = [[@)pl@)dz, o€ DR,

roe f — nokanpHO mHTErpupyemas B R™ dyukuwms.
Ecnu f(x) — dyuxuus memmensoro pocra B R", T.e.

[1#@)1(1+ Jal) " < o0

npu HEKOTOPOM m > (), TO OHA OIpeneNnseT peTryasap HY 0 0000IIeH-

Hy10 dyHKIMO 13 . (MemIeHHOro pocTa).

Besxas obobiiiennas GyHKIMSA, HE SBIAIONIAICS PETYIISIPHON, HA3BIBA-
€TCsI CUHLYAIPHOT.

ITpumepoM cuHTYIAPHON OGOOIIEHHON GYHKIUY ABISIETCS O-GYHKIUS
Hupaka, onpenenseMas IpaBUIOM

(0,0) =¢(0), @€ I(R").
O6001ienreM  6-bYHKIUEM ~ SIBIISIETCST  TOBEPXHOCTHAS — )-(DyHKIWS.
IIycTb S — KyCOYHO riIanKas MOBEPXHOCTS U f4() — HempephIBHAsA QYHK-
mus Ha Heft. OGoOmIeHHYI0 GYHKIMIO [10g, HEHCTBYIOUIY0 1O dopMyIe

(nbs, ) = [ (@) p(@)dS,, ¢ € DR,
S

Ha30BeM npocmbim caoem. B gacTHOCTH, eciim S ecTh MWIOCKOCTL ¢ = 0 B
R (2,1), T0 pb(s=0)(,t) obosmaumm p(z) d(t), Tak aro

(u(@) 8(0),0) = [ u(x) p(2,0) do.
R‘n.

IIpu n = 1 npocroi cioit dg, () Ha chepe Sk 06osHamMM yepes §(R—|z|),
rax w10 (8(R — |z}, @) = ¢(R) + ¢(—R).

IIpouzeedenuenm f us 2'(R") n dyskum a(z) € C®°(R") masuBa-
ercst obobmennass Gyukmus «f, meicTByiomas mo dopmyrne (af,p) =
= (f,ap), p € D(R").

Mycte f(z) € 2'(R"), A — mHeocoboe nuHeitHOE TPEOGPA3OBAHME
u b — BekTop B R™. O606wennyo ¢dyukuuio f(Ay + b) onpenemum dop-
MYJION

(tay+ 00 = (R pe g,

ITpu A = I umeem caBur o60061enHoON GhyHKIUN f HA BEKTOP —b:
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(f(y +b),9) = (f,p(z —b)).

(6(z = @0), ) = (6, p(z + 20)) = @(0)
— cosur d(z) HA BEKTOp To. llpu A = —I, b = 0 uMeeM oTpaxenue

(f(=2),0) = (f, p(—2)).

Hampuwmep,

6.13. Iokasars, uto §(r) — cuHrysspHas o6OOIIEHHAsA (DYHKIUS.
Hare Gu3nueckyo MHTEPIPETALNIO €e.
6.14. ITare GuU3MUECKyI0 UHTEPIPETANU OOOOIIEHHBIM (DYHKIUSIM:

D 2@ —a0);  2) 5 mudle —op);
k=1
3) w(z)dg(z); 4) |z|bsp, (z — z0);

5) 20(Ry — |z — 1]) + 36(Rs — |z — 2|).

Haiitu ux HOCHTENN.

6.15. Ioka3aTh, 4TO:

1) §(z —v) — 0, v — 00 B 2'(RY);

2) 8s,(z) — 0, R— 00 B 2"

6.16. Ilokasars, uto . C 92’ m m3 cxomumocTu B . ciemyer cxo-
ouMmocTh B 9.

6.17. oka3ars, 4TO:

1) e € 2'(RY), e €' (RY); 2) el/* € 2'(RY);

3) e?sine® € '(RY).

6.18. IToxazaThb, YTO GYHKINOHAI ,@%, IeACTBYOMUE 110 GopMyte

L [ ¢(@) [ )e@
1 _ p(z — p(z
(ﬂz,w) Vp/ . dz sl—1>I—Ii-10</+/> . dz, pE D,
— o0 —0o0 €
— CHHIYJIsIpHas 0000IIeHHas QYHKITUS.
6.19. Brrumciuts npenener 8 2'(RY) mpu € — +0:

1/(2¢), |z| <e,

1 = 2 €
) (@) {0, |z| > €; ) m(z2+e?)’

L 2?4, 1, 2. L
3) 2\/Ee ; 4) S sin = 5) R

6.20. Hoxasats dopmyiry Coxomkoro

1 . 1
6.21. Brrumcnuts npenener 8 2’ (RY) mpu t — +oo:
eizt e—ixt eizt e—imt
1) z —i0’ 2) z —10’ 3) z+140’ 4) z+140’

5) tmet*t m > 0.
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coskx

6.22. Haittu npenen & , k— 00, B 2'(RY), rme

(72282 ) o ]2 e -

- . 7 cos kx
i [o] )2 e

—0o0 £

oo
6.23. IokasaTb, uto pan  », apd(z —k):
k=—o00
1) cxomutcsa B 2’ mpum mobLIX ay;
2) cxomurea B ', ecin |agx| < C(1+ |k|)™

6.24. Ilycte o € Z(R™), % >0, /1/1(33) dr =1. IHokasarb, dYTO
e " (%) — §(z), ¢ — +0 B 9'(R"); B wacTHOCTH, w.(2) — &(z),

e— 08 2'(R"). .
6.25. Ilokasatsk, uTo pyHKUMOHAT pok IedCTBYOUNH 0 dopMyIe

(39%,90) Vp / plz O)da: pE 9,

— CHUHIYJIsIpHas 000O0IIeHHas cpyHKuIm.

6.26. IlokasaTk, uTO:
a(z)dé(z) = a(0)d(z), a € C*®(R"); B wactHOoCcTH, 2d(z) = O,

1)

€ RY

2) x@l 1;
T

3) x 1 =™ 1 m>1.

6.27. 1) HyCTI: obobienHas GyHkus f paBHA HYJII0O BHE OTPE3KA
[—a, a]; mokasaTe, uto f=nf,tnen € C*(RY) un(z)=18[-a—e¢,a+el,
€ > 0 mr0boe;

2) mycts f € 2'(R™) mn € C®(R"), n(z) = 1 B okpecTHOCTH SUPD f;
nokasate, uro f =nf u f € ./ (R").

# o(z), a #0.

6.29. Ilokasars, uto (af)(z+h) = a(z+h) f(z+h), roe a € C*(R"),
feP'(R"), he R

6.30. Iloxazatsb, aTo 0600IIeHHAs DYHKINS

1
(Pf 1172 +y27 QO(:I; y))

w(z,y) — (0 0) o(z,y)
= PALY) — 00 q dy + dz dy
2+ 242
z2_;’_£<]_ r y 2+\£>1

6.28. Ilokasats, uTo d(azx) =

ynoeneTsopseT ypasaermo (2 + y?) Pf p i i 18 2'(R?).
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6.31. Ilycts f € . u P — mnonuuom. Iokaszars, uro fP € ..
6.32. Iycts f € 2'(R') dunurHa u 1(x) — TPOM3BOMbHAA (DYHKIIS
3 Z(R'), pasras 1 B OerCTHOCTI/I supp f. Tonoxum

For = o (1) 22L). smaan
Iokaszars, 4TO:

A
1) f (#) He 3aBUCKT OT BBIOOpPA BCIPMOTATENLHON OYHKIINHA 17];

2) ( ) — aHaJiuTUYecKas Gyukums mpu z € supp f;
1 .
3) f O(ﬂ)’ z — 00;
4) (:L' +ig) — f(:z: —ig) — f(z), e — +0 B 9'(RY).

6.33. Mycts f € 2'(RY), supp f C [—a,alun € 2(R'), n(¢) =18
okpectrocTu supp f. IlokasaTs, 4To HyHKIUS
f&) = (F©m© ™), z=uz+iy,

HE 3aBHUCUT OT 7), LIeJIasl U YIOBJIETBOPSET Ipu HEKOTOpoM m > 0 u mro60M
€ > 0 ouenke _
|Flaz +iy)| < CeltM(1 4+ Ja)

6.34. Tlycts f € 2'(R™) u supp f = {0}. IlokazaTs, uTo f omHO3HAH-
HO TIPENCTABIACTCS B BUIE
> CoaD*6(z)
0<lal<N

o0
6.35. Tlycts pan Y. a,0")(z) cxommres B 2'(R'). Iokaszars, uTo
ay, =0mpu v >y, V70

OrBeThl K §6
6.1. 1) Cxomurcs x mHymo; 2) um 3) e cxomsarcs, ecmu (z) Z 0.

6.6. Scuo, uro f.(z) € 2. Nanee, tak xak f(z) HenpepwiBHA U Gu-
HUTHA, TO I 06010 o > 0 ¥ Py BCeX NOCTATOYHO MAILIX € > 0 mmeeM

|f(z) — f(y)| < o nmpu |z —y| <e, z,y € R, Tax uTo
f@) = fe@| < [If@-IW)we-y)dy <o [ wle-y)dy=o,
lz—y|<e
z € R

6.7. 1) Pemenue OueBunno, pyuxmus (z) uautHa u 6ecKo-
meuno nubdepennupyema npu ¢ 7 0. Octamocsk nokasars, aTo 9(z) Gec-
koHeuHO nuddepenmupyema B Touke £ = 0. Ilycts n(z) = 1 npu |z| < e.

O6o3HauuB ml
0
f Z ( ) k

TIOJIy 1AM =
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$(0) = lim 3(z) = lim 1@ = F7°O)

z—0 z—0 ™ m!

™ (m)
'(0) = lim M — lim flz) - fm—|(0) _ FmtD ()

z—0 T z—0 xmtl T (m+1)!

u T.I.
Taxum obpasom, 1 (z) € C*®, u, 3Ha4uT, ¥ € 9.

6.8. 1) Yxkasaunue. Iua moka3aTenbCTBa IOCTATOYHOCTH IIPOBE-
PUTb, 4TO

po(x) = /cpl(:z:) dr € 9.

6.10. 1) u 3) cxomarcs K Hymo B .75
2) He cxomurcs B .7, ecnu p(z) Z 0.

6.19. 1) 6(z); 2) 6(x); 3) o(z); 4) wé(z); 5) 6(z).
6.21. 1) 2mid(xz); 2) 0; 3) 0; 4) —2mid(z); 5) 0.
6.22. 0.

§7. HuddepenmupoBanne o606IIIeHHBIX (YyHKIIII

IIpouzeodnoti o6obmennoit dyrkumn f u3 2'(R') maseBaeTca hyHK-
monas f’, onpenensemsrit dopmysoit (@) = —(f,¢"), ¢ € 2(RY).

Kaxnas o6obiiennas GyHKINUST MMEET IIPOU3BOMAHLIE JIFOOOrO MTOPSIIKA
u f (m) m >1, ectn (yHKIIMOHAJ, IEeRCTBYIOIINHA 10 HOpMyIIe

(f™,0) = (=)™ (f,9"™): (%)

B cayuae n > 1 dopmyna (x), onmpenensiorias npousBonuyo D f, npunu-

Ma€eT BUL
(Df,0) = (D)1 (f,D%), @€ D(R".

ITycTs S — KyCcOUHO TyafKas NBYCTOPOHHSS TIOBEPXHOCTH, 78 — HOP-
Mmanb K S u v(z) — HenpepsiHas dbyHkuus Ha S. OGOOIIEHHYIO bOYHKINIO

~3n (vdg), memcTByIOUIYIO O GOpPMYyIIE
9 _ dp(x) n
(35 Ws)¢) = [v(e) 5 as,  we DR,
s
HA30BeM 060TnblM caoem Ha TOBepxHOCTH S. B uwactmOCTH, eciim S ecThb
miockocTs ¢t = 0 B mpocTparcTee R mepemennex (z,t) = (71, o, ...

viey Ty, t), TO —% (Vd(4=0)(z,t)) obosmaxmm wepes —v(z)d'(t), Tak aTO

(~v(@) (1)) = [ v(z) 2220 gy,
Rn

[Iycts mokanbsHO mHTErpupyeMas B R"™ dyukums f(z) Takosa, 9To ee
KJIACCUYECKas MPOU3BOLHAS MOpaka & = (aq,...,Q,) — KyCOUHO HEmpe-
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poiBHas ¢yuknus B R"™. Perymsapryio 0000IeHHYIO GYHKINIO, OIpene-
JIEMYIO STON IPOM3BONHOM, 06o3HaunM uepe3 {D®f(z)} (B ornuunme ot
06o061enHoi npoussonHont D@ f(x)).

7.1. JaTh GU3MUECKYIO UHTEPIPETAUID OGOOIIEHHBIM (DYHKITUIM:
B RY —§'(z), —8'(z — 20);
0 0
3 _ 0 9 9 _ .0
B R o (vég), 28n ds,(z —2Y).
7.2. Mokasats, uto (6™ (z — 2o, p(z)) = (—1)™™ (zq), m > 1.
7.3. HOKasaTb aro B D'(R!):

1) p(z)d'(z) = —p'(0) d(z) + p(0) &'(z), rme p(z) € CH(R');

2) xé(m( ):—mé(m D(z), m=1,2,..;

3) ™6 (z) = (=1)™m!é(z), m=0,1,2,..;

4) k5m>( )—0 m—O,l, Lk—1;

5) a(z)s™ Z( 1)t Cs,am=(0)69) (z), roe a(z) € C°(RY);
6) zFo m>( )= (] DEEICE ™R (), m=k,k+1,...

7.4. IlokasaTs, uto ' = 0, rme § — pyukuusa Xesucaima.
7.5. 1) Tloxasars, uto 8 2'(RY)
(6(z) p(z))" = d(z) p(0) + 0(z) p' (z),
rne p(z) € CH(RY);
2) mokazaTb, uto B 2'(R?)
0 dp(x,t)
2.0(0) p(a 1)) = 8(t) pler,0) + 0(1) 225D,
roe p € C* (t >0).
Y x a3 auue. BocnonbzoBaThCst onpeneneHueM npocmozo cao4 (§6).
7.6. BorauciauTh:

1) ¢'(—x); 2) 8" (z — x4), m > 1 mnemnoe;
3) 00 (zg — ), m > 1; 4) (signz)™, m > 1,

5) (ssigna)’; 6) (jz)m), m > 2;

7) (6(z) sinz)’; 8) (6(z) cosx)';

9) (A(z)z™t*)™ m>1,k=0,1,2,..;

10) (A(z)z™ )™, m>1, k=1,....,m;

(
11) (6(z)e®)™, m > 1.

7.7. Boruucnurs npomsBomHbie nOpsnka 1, 2, 3 dyHKImii:

1) y = |z| sinz; 2) y = |z| cosz.

7.8. Ilokasars, uto

(D*f)(x+ h) = D%f(x + h), feo, h € R"™.

7.9. JlokasaTs, uTo 0606IenHble byHkmun 0,0', 6", ..., 6(™) muneitHo

HE3aBUCUMEI.
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7.10. JokasaTn:

1) 4 |z| = ,@%, roe Wi omperneneHa B 3anade 6.18;

dz
d 1 1 1

2) — P - =-F —, rne & — onpenenena B 3anaue 6.25;
dz z2 2
d 1 _ 1

) Gwrzo - @ =P
d 1 1

4:) %32;——232;,1‘116

(39:—3,@) =Vp 70de, 0 € 2(RY).

o0
7.11. Tokasats, uro pan Y. arpd®)(z — k) cxomures B 2'(R') mpm

JI00BIX G- —o0 o

7.12. Tlokaszate, ato ecmu |agx| < A|k|™ + B, To pan Y. ape*®
cxomurea B . (RY). k=—o00
7.13. Ilycts f(x) — Taxas KyCOYHO HEMpEPHIBHASA BOYHKIW, ITO

f el (x <zo)NCHz > x0).
Hoxasars, aTo

' =A{f' @)} +[fled(z —z0) B 2'(R), (%)
rze [flee = f(zo +0) — f(xo — 0) — cxauok ¢dyHKIMEU f B TOUKE Zp.

IMoka3aTh, 9TO €CIU KIIACCUIECKasA TIPOU3BONHAA GyHKImMu f(z) umeeT
N30JIMPOBAHHEIE PA3pBLIBHL 1-T0 poma B TOUKax {Zp}, TO dopmyna (xx)

l'IpI/IHI/IMaeT BULO
F={'@}+ > [fland(@ — zx).
k

7.14. Boranciurs ) nus dyHKmit

1) 6(a—|z|), a>0; 2) [z]; 3) signsinz; 4) sign cosz;

3mecs [z] 03HAUAET LEIYIO0 YaCTh &, T. €. HANOOIbIIeE [EeJI0e TNUCIIO, He
[IPEBOCXOISIIIIEE .

7.15. Ilyctes f(x) — 27-mepumonuueckas byukums, npuaem f(z) =

%, 0 < z < 2w. Hawrnm f'.

1
2
7.16. Ilycts f(z) =z, —1 < x < 1, — mepuonUYIECKas ¢ IEPUONOM 2
dyskmms. Hairn £ m > 1.
7.17. Hokasars, 94TO

1 Zoo ik _ Z
g I e = A 5(.1: - 2]{?7{')
7.18. Iloka3zaThb, 4TO
2 [e’s) B [es) o ~
p kE_O cos(2k+ 1)z = k_E_ (=1)%6(z — k).

7 Ilom pexn. B. C. Bragumuposa
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7.19. Ilycre f(z) € C®(z < zo) N C*®(z > z¢). Hoxazarsb, 4TO

B 2'(RY)
FU (@) = (£ (@)} + [f1ap 0" (@ = z0) +

+ [f/]zoé(m—Z) (z— o) +... + [f(m—l)] 5z — o),

Zo

rmoe

9], = P @o+0) = fP(@o—0), k=01,...,m—1,
CKAUOK k-1 IPOM3BOMHON B TOUKE L.
7.20. HaiiTu Bce mpou3BOmHBIE GYHKITA:

1) y= sinx, x>0, %) = cosz, = >0,
YZlo, z<o YZVlo, z<o;
2, —1<z<1, L =<0,
3) y= 0 o1 4 y=qr+1, 0<z<l,
> el > 22 +1, z>1;
<
0, vs -1, 2’2 322? 1
= 1)2, -1<z< = ’ = ’
5) Yy ("1;2':_1) ) >_0':L'_07 6) Yy (.'17—2)2, 1 S-T? < 27
x r T2 0, z > 2;
sinzg, —w<z<m, |sinz|, —7<z<m,
N y= , 8) y=
0, lzl=m 0, lz| >

7.21. JlokasaThn:

o0
1) |sinz|” +|sinz| =2 > d&(z—kn);
k=—o0

o0
2) |cosz|" +|cosz| =2 5(:1:—2k+17r).
k=—o0 2

Y kasanune BocnompsoBarncs sanaueir 7.14, 3) u 4).

IIycTs .
> ar(@)y™ = f (%)
k=0

— JnmmHelHOe muddepeHnaIbHOE YPABHEHNE TIOPIOKa M ¢ KO3 duimeH-
Tamu ai(z) € C®(RY) u f € 2'(RY). Ero o6o6wennvim pewenuem Ha-

3BIBAaETCA BCaKas o6oOiiennas dysknus y € 2'(RY), ynomeTsopsiomas
ypPaBHEHUIO (*) B 0BOOIIEHHOM CMBICIIE, T. €.

<Z aky(’“),cp> = (y,Z(—l)k(akcp)(k)) = (f,9)
k=0

k=0
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ns moboit ¢ € P(RY)™). Beskoe perrenne ypaBHeHus (%) MOXKHO TIpesi-
CTAaBUTH B BUOEC CYMMBI €IO YaCTHOI'O DEIIIECHUA 1 06H.Iel“0 pemeHus CoOoT-
BETCTBYIOIIETO OMHOPOMHOTO YDABHEHM.

7.22. Haiitu obmme perenus B 2'(R) cremyonmx ypaBHeHMiL:

1) zy =0;

2) a(r)y =0, rme a € C*°(R!') u uMeeT eMUHCTBEHHEIN HYIb B TOUKEe
= 0 mopsanxka 1;

3) a(z)y=0,rnea € C ua > 0;

4) (z-1)y=0;  5) z(z—1)y=0; 6) (z°—1)y = 0;

7 zy =1, 8) a:y:@i; 9) z"y=0,n=2,3,..;
10) z%y = 2; 11) (z+1)%y = 0; 12) (cosz)y = 0.

7.23. Haittu obmme pemrenns 8 2'(R') ypapuenmit:

1) y=0; 2)y™=0 m=2,3,..

7.24. Iokasars, uro obmmM pemesuem B 2'(R') ypaBHeHma
z"y(™) =0, n > m, sBasercs 0600ILEHHAs (ByHKIIS

m—1 n—1 m—1
y = Z arf(z) 2™ 4 Z brdF=m™) () + Z ek,
k=0 k=0

k=m
rme ag, b, cr — TPOM3BOINILHBIE IOCTOSHHELE.
7.25. Haiitn o6mme perrernus 8 2’ (RY) ypasrenmit:

1) zy' =1; 2) zy' = 32%; 3) 2%y’ =0;

4) 2?y' =1; 5) y" = d(z); 6) (z+1)y" =0;

7) (z+1)%y" =0 8) (zx+1)y" =0.

7.26. Iokasarsb, uro obumm pemernem B 2'(R') ypaBHenms zy =

= signz aBnsercs obobiennasn dyukuus Co(z) + &P L, rme

< . |790> / <p(ﬂ:) <p(0)d N / <p(ﬂ:) dr.

|z|<1 |z|>1

7.27. IlokasaTh, uTo ecmu f € 2'(R') nEBapmaHTHA OTHOCHTEIBHO
coeura, T.¢. (f,¢) = (f(z),p(z + h)), rne h — mo6oe BelecTBEHHOE
qucio, To f = const.

Ykxasanmue. JHokazars, uro f' = 0, m BOCIONB30BATHCA 3a1a-
uen 7.23, 1).

*
)Arorma ms KPATKOCTU BBIDaXKEHUE «YyIOBJIETBOPSAET ypaBHEHUIO B 0600-
IIEHHOM CMBICIIES 3aMEHSETCS BEIPAKEHNEM «YIOBIIETBOPIET yPABHEHWIO B D' >.

T*
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7.28. Haittu permenve B 9'(R') ypapHenus:
af" +bf' +cf =méd +nd,
rae a,b,c,m,n — 3aTaHHLIE YUCIA.
PaccmoTpers ciyvan:
)a=c=n=1 b=m=2;
2)b=n=0, a=m=1, c=4;
3) b=0, a=n=1, m=2, c=—4.

7.29. JokasaThb, 4TO CHCTEMA Z—z = A(z)y, rme marpuna A(x) €

€ C®°(R') umeer B 2’ TONBKO KITaCCHUECKOE PEITICHNE.
7.30. IlokaszaTb, uTo ypaBHeHme u' = f paspemmmo B 2'(R') mpn
mobott f € 2'(RY).
Y kasanue BocnompszoBarncs sanaueit 6.8, 2).
7.31. JlokasaTh, 4To ypaBHeHume ru = f paspemmvo B 2'(R') npm
moboir f € 2'(RY).
Y xasauue BocnomszoBarbes sanaueit 6.7, 1).
7.32. IlokasaTb, 4TO ypasHeHue z°u' + 2u = 0 He WMeeT perleHuit B
9'(RY) (xpome 0).
7.33. Ilycts O(x1, T2, ..., 2yn) = 0(x1)...0(zy). HokaszaTs, uTo
%a‘zﬁ = 5(z) = 6(x1, ..., 2n)
B 2'(R").
7.34. Ha mnockoctu (z,y) pacCMOTPUM KBAAPAT C BEPLUIMHAMEA
A(1,1), B(2,0), C(3,1), D(2,2).
Ilycrs dpyuxmus f pasua 1 8 ABCD u 0 BHe ero. Beruncnuts
fg,l/ly - alv,z'
7.35. Ilycts ob6macts G C R® orpaHmueHa KyCOYHO TIIAIKOI MOBEpX-

HocTeio S U mama dymxmuas f € C1(G) N CY(G,), rme G; = R™\G. Ioka-
3aTh GopMyILy

i ) .
ai {8;}+[f]scos(namz)557 1=1,2,3,

B 2'(R?), rme n = n, — BHemH:AsZ HOpMab K S B Touke 7 € S, a [flg —
cka4oK byHKiuy f() Ipu mepexone U3BHE 4epe3 MOBEPXHOCTH S:

lim f(z') = lim f(z') = [f]s(2), z €S
r —T r —T
' €Gy ' €G
7.36. Ilokasats, uto ecmu f € C%(G) N C?%(Gy), rne G; = R™\G, To0
cupasemyuBa dpopmyia ['puua

Af ={afr+ [3L] b5+ o= (1s0s)-
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7.37. IlokasaTs, ato eciu f(z,t) € C2(t > 0)u f =0 npu ¢t < 0, TO
B R"! cpasenmupsr GopMyIILL:

1) Oaf ={0af} +0(t) fi(2,0) +6'(¢) f(x,0);
2) H—war={ —war}+s0) 0.

OTBernl K §7

7.6. 1) —d(z); 2) (=N (z — z0); 3) — 6N (z — xp);
4) 26(m=1(z); 5) sign; 6) 20(m=2)(z);
7) 6(x) cosx; 8) d(z) — f(x) sinz; 9) (ml—:' k! 0(z) z*;

10) (m — k)61 (z);
11) 6 Y(z) + ad™=2(z) + ... + a™16(x) + a™(x) €.
7.7. 1) vy = signz sinz + |z| cosz, y"”
"= 46 (z) — 3signzx sinz — |z| cos x;

2) y' =signz cosz — |z| sinz, y" = 2§(x) — 2signx sinz — |z| cosz,
" =2¢'(x) — 3signz cosz + |z| sinz.

7.10. 2) Pemenue.

((c@i),NP)=—(9%,¢')=—Vp/@dx— hm</+/>90(w ~
:ehi%w lim o )(/+/>%_
([ ) E 0

-0 €

— lim (90(6)—90(0) 3 90(—6)—90(0)) N (9%&) _ (_9%’¢)’ veD.

= 2signz cosz — |z| sinz,

e—0 € —€
7.14. 1) Sz 4a) =6 D(z—a); 2 3 8" D(z—k);
k=—o0
) 2 Z 1)k5m=1 (z — kn);

k=—o0

1) 2k:z_oo(—1)k+15<m—1> (s-CE+1)Z).
715, f'= 4 Y bz 2km).
k——oo

7.16. f'=1-2 z Sz—2k—1), fOW=-2 3% 5 V(z-2k-1),

k=—o00 k=—o0
m=2,3,...
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7.17. Yxas3auue. Bocnonb3oBarncsa 7.15.
7.18. Yxasauue. Bocnonb3oBarncsa 7.17.
7.20. YxasaH"ue. Bocnonb3oBarsca samagamu 7.13 n 7.19.

[m/2]
1) ¢ = 6(z) cosz, y™ = 3 (=1)¥160m=28) () + §(z)(sin ) (™),
k=1
m =2,3,..., roe [m/2] — nenas 4acTb %;
[(m+1)/2]
2) = 6(z) — O(z)sinz, y™ = 3 (=1)k-150m=2k+1) () 4
k=1

y'
z)(cosz)™  m =23 ..
3) y =201—|z|)z+6(z—1)—d0(x+1), y" =20(1—|z|)—20(z+1) —
3

2o = D)4 1) =@ 1), y = 3 s 1)
x(@+1) =6 Rz —1)], m=34,.; "

4) y'=0(x)—0x—-1)+20z—1)z, y'=dx)+ 6(:5 —1)+20(z—1),
y(™) = 26(m=3) (g — 1) + 6(m=2(z — 1) + 5<m—2>( ), m=3,4,.;

5 ¢ = 20(z + 1)(z + 1) — 20(x ), y —26( ) + 20(z + 1),
y(m) = —260m=2) () 4 26(m=3) (z + 1), =

6) vy =20(x)z—46(z—1)—20(x — 2)(
—45(x — 1), y™ = 26m=3)(g) — 26(m—3) (g

3Z
2), y"=20(x)—20(x—2)—
—2) — 45<m—2>(x - 1),

m=3,4,..;

7y = 6(r —|z|) cosz, y™ = f(r— |$|)(Sln$) ) + Z Fx
x {50m=28) (x4 ) — o= 2k>(a;—7r} m=2,3,. =

8) y = f(m — |z|) signz cosz, ™ = 0(7r — |z|) signz sin(™ z —

z DE{25m=2K) (z) + §(m=2K) (g 4 1) + ("2 (3 — 1)}, m=2,3,...
7.

22. 1) Pemenmne. Ilycts pemernne y € 9’ cymecrsyer. Torma,
(y,zp) =0 L1t 10601 pE D (%)

Haitnem sTo y. Unmeem (y, @) = (y, ¢(0) n(z) +p(x) —p(0) n(z)), tne n € 2,
n(z) =1 B [—¢,¢] un(z) =0 Bre [—3¢, 3¢],

(1:9) = 9O 10) + (1.0 EL=EOUD) — 0)C 4 (290, (40

rme C = (y,n) u ¢(z) = w € 2 (cm. perenue 3amaun 6.7).

B cuny (%) (y,zt) = 0. Torna u3 (x*) umeem (y, @) = (Cd, ) ms Beakoi
p € 2, 1.e. y = C)(z). Ocranocs 3ameruts, uro Cd(z) ymoBIeTBOpPSIET
ypasHeHmUio Ty = 0;
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2) Cé(z) (Y xasauwue. BocrnonbsoBarses 3amaueit 6.7, 2).);
3) 0; 4) Co(z —1);

5) C16(z) + Cad(z — 1); 6) Cio(z — 1)+ Ca26(z + 1);

7) Co(x) + 9%; 8) Cé(z) + 9;—2,

m—1
9) 3 Cro®™(z) (Y ka3 amme. CBECTH K PEIICHIIO YPABHEHIS BAIA
k=0

xz(a:) f(z), obosmaums mocrenosaTenbuo £ Ly (z) = 2(x), 2™ 2y(z) =
( YU T.O., 1 BOCHOJ'II:3OB&TI>C$I pesynbTaToM 3amadn 7.22, 1).);
10) Coé(z) + C10'(z) +22 F’ roe & % — 0600111eHHAST (DYHKIWS U3
3amagn 6.25;

o0
11) Cod(z +1) + C18'(z +1);  12) 3 cka(x- u —kw).
k=—o0
7.23. 1) Pemenune. Iycrs pemenne y € 9’ cymectryer, T. e.
(y,¢') =0  mua moboit pE D (%)
B cuny pesynbrara 3amadu 6.8 (2) mob6ast ¢ € 2 MoXeT ObITH NPENCTAB-
JIeHA B BUIE
o0
p(@) = po(a) [ pla)dz + ¢ (),
—o0

roe ¢ € 9 a o (z) — mobast OcHOBHAsL DYHKINS U3 P, yIOBIETBOPSIONIAL

YCIIOBUIO / wo(z) dz = 1. CrenoBarensHo,

—00

(y,0) = <y,<po /sod:v+<p’1> = (¥, %0) /cpdw+(y,<p’1)-

—00 —00

Tax KakK, B CAITY (*)7 (y7 <pll) = 07 a (979‘70) = 07 TO

(y,p) =C / pdz = (C,p) 11t 10601 Y € 9,

T.e.y = C|

2) Co+Ciz+ ...+ Cp_12™ ' (Yrxazaumume. CsecTum Kk pemre-
HIIO ypaBHeHus Buma 2z’ = f(x), 06o3Hauas nocienosarensuo y( 1) = z,
y(™=2) = 7 u T.1., U BOCHONB30BATLCS pe3ymbTaToM 3amadn 7.23, 1).).

7.25. 1) C1+Cof(@)+Inz;  2) Oy + Cob(z) — 97%;
3) C1 + Cof(z) + C38(z); 4) C1 + Cof(z) + C6(z) — 97)%;
5) Co + Ciz + 6(z) o 6) Co+ Crz + Cof(z + 1)(z +1);
7) G+ Crz + Cob(z + 1) + C38(z + 1)(z + 1);

)

8) Co+ Ciz + Coz® + C30(z + 1)(z + 1),
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7.28. 1) 0(z)e *(1+ z); 2) %9(1‘) sin 2z; 3) O(z)e2.

Y xasaunue. Wckars pertenue B pumne 0(z) z(z), roe z € C?(RY) —
HCKOMasL.

7.34. —20(z—1,y—1)+25(x—2,y)+26(x—3,y—1)—20(z—2,y—2).

§ 8. IIpsmMoe mmpou3BeneHue U CBEPTKA 0GOGIIEHHBIX (YyHKITUAN

Hpsmvim npoussedenuem obobwennnr Gynwyut f(z) € 2'(R") m
g(y) € 2'(R™) maswBaercs o6obmennas dyakmnus f(r)-g(y) uz 2'(R™™),
onpenesnseMas GOpMyIIon

(f(@) - 9(), e(z,9) = (f(2), (9(), (=,9))), ¢ € 2R"™). (1)

IIpsimoe mpowseenenue xommymamuero, T.e. f(z) - g(y) = g(y) - f(z) n
aCCONMATHUBHO, T. €.

[f(z) - 9(»)] - h(z) = f(2) - [9(y) - h(2)].

Ecmn f € ' (R") u g € &' (R™), o f(z) - g(y) onpenmensercs 1o
dopmyse (1), roe ¢ € .Z(R™"), n npuramnexur . (R™).
[Ipou3BomHAsA MPAMOTO IPOU3BENCHUS OBIANACT CBOACTBOM

D3 (f(2)-9(y)) = D*f(2)-9(y);  Dy(f(z)-9(y)) = f(z)-D%(y)- (2)

Ecmu p(z) € 2'(R") u v(z) € 2'(R™), To obobuiennbe QyHKIAN
w(z) - 0(t) m —v(x) - §'(t) HA3BIBAIOTCA NPOCMbIM U DBOTUHBIM CAOLMU HA
noBepxHocTu t = 0 ¢ nuommnocmamu pu(x) m v(z) coorBercrBeHHO. B
Cllyyae HEIPEepPBIBHBEIX INIOTHOCTEN STU ONPENENIeHUs CIIOEB COBIANAIOT C
OIpeneNIeHNsAMY, IpuBeneHHbIMU B §6 u § 7, T.e. u(z) - §(t) = p(z)d(t) u
—v(z)-d'(t) = —v(z)d'(¢).

O606wennyo dynknuo d(at — |z]), a > 0, us 2'(R?) onpenemnm
DPaBEHCTBOM

S(at — |z]) = 6(t) d(at + z) + 6(t) 8(at — =), (3)

roe o6obmennsie dyukuun 0(t) §(at + z) u 0(t) 6(at — =) ecTb pesyinnb-
TATHI INHENHBIX 3aMeH mepeMeHHbX ¢ = ¢, € = at £z B 6(t') - 6(£), T.e.

(0(t)d(at +x),9) = [ @(—at',t")dt’,

(31)

0(t) 6(at — ), ) o(at',t') dt'.

0\8 0\8

8.1. Hokasars: supp (f(x) - g(y)) = supp f X suppg.
8.2. JlokaszaTs, uto B 2'(R""1(xz,t)):

1) (ur(z) -6(t), ) = (na(), o(,0));
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2) (u0(o) 80 9) = - (ua(w), 2220,

Y kasaunune BocnomssoBarscs dopmymnoir (1).
8.3. IlokazaTs:
1) 6:(z,t) — mpocroii croit Ha ocu t = 0 wiockoctu (z,t) ¢ WIOTHOC-
o0 O(2);
2) —0y(x,t) — mBoitHou cioli Ha ocu ¢ = 0 ¢ WIOTHOCTHIO §(1).
Y xka3auue. Bocnoms3oBarbcs 3anaueit 8.2.
8.4. IlokazaTs:
1) 6(z1) - 0(z2) - ... - O(xy) = 0(21,22,..., Tpn);
2) 6(z1) - 0(z2) - ... - 6(xp) = 0(z1, T2, ..., Ty).
8.5. IlokazaTs:
8"6(z1, ..., xn)
81‘1 81'28:1‘:71
8.6. Ilokasats, uto (f - g)(z + z0,y) = f(z + o) - 9(y)-
8.7. Tokasats, uto a(z)(f(z) - g(y)) = a(z) f(z) - g(y), rme a €
€ C*(R").
8.8. IoxasaTs, uto B 2'(R?):

1) 2 b(at ~ |a]) = abd(at — |z]);

2) % 0(at — |z|) = 0(t) 8(at + |z|) — 6(t) 6(at — |z|);
0

f(at — |zl), so) =-a (5(at— |z)), a_f);

0(at — |z)), ¢) = — (6()8(at +2), 32) +

+ (6 s(at - 2) g_:).

82
3 (5
62
Y (5
O6o6uiennyo dyuknuo Buna f(z) - 1(y) HazoBeM ne 3asucgued om y.
Omna meificTByeT 1Mo mPaBUITy

(f(z) - L(y), ») = /(f(fl?)ﬂﬁ(flf,y)) dy. (4)
8.9. IlokazaTs:
) [(f@)p@y)dy = (f), [ ey dy);
2) Dy(f(z)-1(y)) =0, rme f € 9", la| # 0.
8.10. Mycts g(y) € ' (R™) u p € S(R"™™). Iloka3aTs, 94TO:

1) ¥(z) = (9(y), p(z +y)) € L(R");
2) D*Y(z) = (9(y), D3p(z,y));
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3) ecm p, — @, k — o0 B L(R"T™), T0 b, — P, k — ©
B /(R"™);

4) ecn f € .S (R") u g € &'(R™), To f(z)-g(y) € ' (R"T™).

Ceepmixoti MOKaILHO HHTErpupyeMuix B R dyukuuin f(z) u g(z) Ta-

KX, 9YTO QYHKIINUSA
= [1fw) 9@~ y)l dy

TaKXe JIOKAJIbHO nHTerpupyema B R", HazbiBaeTCs QyHKIMS
(f*g)(z /f glz -y dy—/g y)dy = (g9 f)(z).

TocrenoBatensrocTs {N;(z)} dyukumit u3 Z(R™) HasbIBAETCA CL00A-
wetica k 1 B R™, eciiu oHa, 0651a1ae€T CBOMCTBAMMU:

a) mis moboro mapa Up Hafimercs Takoir HoMmep N, aro ni(z) = 1
npu Bcex £ € Up m k > N;

6) ¢ysxuuum {n;} paBHOMEpHO orpaHmueHbl B R BMecTe CO BCeMHU
IPOM3BOMHBIMI, T. €.

|D%ny (z)| < Ca, x € R", k=1,2,..,

a — moboe.

Oycts {nk(z;y)} — mobas nocnenosaTensrOCTL GyHKIMir U3 2 (R?™),
cxonsmmascs x 1 B8 R?™. Ilycts o6obmennsie dyuxmun f(z) u g(z) u
9'(R™) TaxoBbl, uTO Wi 060N ¢ € Z(R™) 4ucnoBas MOCTENOBATEh-

HOCTb (f(x) - g(v), ne(z;9) o(z + 1))

UMeeT Ipenes npu k —» 0O U 5TOT IPEell He 3aBICUT OT BBIOOPA MOCIIe-
LOBaTENBHOCTH {7y }. OTOT mpenen o6o3HaIMM Yepe3

(f(z) - g(y), p(z +y)).

Csepmxoti f *x g Ha3LIBaETCs (PYHKIMOHAI

(fxg,0) = (f(z) g(y), oz +y)) =
= lim (f(z) - 9(y), m(z;9) p(z +y)), peI2(R"). (5)

CeepTka Kommymamusna, T.e. fxg=gx* f.
ODubdbepennupoBanue cBepTKu. FKcau cBeprka f x g
CyLIECTBYeT, TO CYIIeCTBYIOT u cBepTku D*fxg m fx D%g, npuuem

D®fxg=D(fxg) =f*D%. (6)
CBepTKa MHBAPUAHTHA OTHOCUTEIBLHO CABUTA, T. €.
fle+h)xg(z)=(f+g)(x+h), heR"
HJocTaTouHbBIEe YyCAOBUSL CYIECTBOBAHMUA CBEP T-
K 1.
I. Ecnu f — mpousBosnbHast, a ¢ — ¢uHUTHAS 0600IIEHHBIE DYyHKIINN
B 2', 10 f * g cymecTByer B 9’ u IpenCTaBILETCS B BUIE
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(fxg,0) = (f(2)-9(y),n(y) p(z +y)), v €9, (7)

roe 1) — J1r006asi OCHOBHAS DYHKINS, paBHAs 1 B OKPECTHOCTH SUpPP g.

II. O6o3naunmm uepes 9_@ MHOXECTBO OOOOIIEHHBIX (YHKINN U3
2'(R"), obpamaonmxcs B Hyab npu z < 0. Ecmu f, g € QJ'F, TO UX CBEPT-
Ka IIPUHAIICKUT P M BEIPAKACTCS HOPMyYIION

(f*xg,0) = (f(z) 9(y),m(z) n2(y) p(z +y)), (8)
rmoe
me(t) = {(1) Zi:;’;k m € C¥(RY, k=1,2.

Taxum o6pa3oM, MHOXECTBO @J'r o0pa3yeT CBepTOUYHYIO airebpy.

8.11. Ilycrs f(z) u g(z) mokamsuo uaTerpupyemer B R™. IlokaszaTs,
YTO CBEPTKA [ * ¢ ABIACTCA JIOKAJIBLHO WHTETPUPYEMOU (DyHKIMEN, eCIIm:

1) fugé€ Li(R");

2) f wnn g punuTHA;

3) f=0ug=0mnmpuz<0;n=1.

B ciyuae 1) mokasats, uto fxg € L1 (R") u cipaBeninBo HEPABEHCTBO

If*glle, <NFllz, -llglle,-
8.12. Iloka3ars, 9TO B ycnommx samaun 8.11, 3)

(f *9)(@ /f )
8.13. IlokaszarTh:
1) dxf=fxd=f; 2) é(z—a)x f(z) = f(z—a);
3) 6(r—a)xd(z—b) =(z—a—b); 4) §m) x f = fOm);

5) 6 (z —a) * f(z) = f")(z — a).
8.14. Brrumciuts B 2'(RY):

1) 0(z) 6(z); 2
3) eIzl s e~ lel; 4
5) 0(z)z? *0(x )sinx; 6

7) 8(z) sinz * 0(x) shz; 8) O(a — |z|) * O(a — |z]).

B 3amauax 8.15-8.29 ,uoxa,sa,Tb yTBepmneHm{.

8.15. Ecim fu(z) = 6(z) Z—

T
=f0z+ﬁ‘ 1 ( )
8.16. Ecm fo(z) = me_m /207 >0, 10 fox fz= f\/m'

8.17. Eciu f,(z) =

0

2 2
e Y xre ", a > 0
0

e, a>0 — menoe, T0 fo* fg =

(6
vy @7 00 fut f5.= fars.

8.18. supp (f * g) C [supp f + suppg].
Y kasaunue Bocnonb3oBarncsa samagent 8.1.
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8.19. Ecimu f,g € 2, To e®* f x g = ™ (f * g).

8.20. Ecn f€ 92', o€ 2, To fxo=(f(y),p(r—1y)) € C°(RY).

Ykxasauue BocmomszoBarbesa dopmymnoin (7) m 3amauein 8.9, 1).

8.21. Ecim f € 2', f+g =0 nnaseex ¢ € P suppyp € [z < 0], T0
f=0mpmz <O0.

8.22. Ecnu cBeprka f * 1 cymecTByeT, TO OHA IOCTOSIHHA.

8.23. s mesaBucumocTy 0O0OIIEHHON QYHKIUN OT T; HEOOXOAMMA, 1
IOCTATOYHA €€ WHBAPUAHTHOCTH OTHOCUTEIBHO BCEX CABUTOB IO ;.

8.24. Ilns mesapucumoctu f(z) € 2'(R™) or r; HEOGXOMUMO 1 MOCTa-
=0.

TOYHO, YTOOBL
8@

8.25. Eciu f € ' me 3aBucut ot x;, TO 1 f % g He 3ABUCAT OT ;.
8.26. Pemenvem ypasuenus Lu = 6, raoe
dm m—1

L=—+4+n

d
dx™ ( )d m—1 +am(x)7

dx
ar € C*(RY), B 2'(R) apnserca u(z) = 0(z) Z(x), Z(x) € C™(R') —
pellleHre 31241
LZ=0, Z(0)=2'0)=..=2"20)=0, 2z™Y0)=1.
8.27. Pemenuem ypapuenus Lu = f, f € 9., B 9, spnserca u =
=0Z « f, rne Z(x) — dyukuus us 3anaun 8.25.
8.28. Pemenunem ypasuenus AGems

[ u(®)
0/(”3 a7 06 = 9(2),

rae g(0) =0, g € C*(z > 0), 0 < a < 1, sBnserca GyHKIUS

+...t+am_1(z) —

T

) = Sne [ SO

0

Ykaszauue. YpaBHEHHe 3alUCATH B BUIE CBEPTKU U * 0(x — o) =
= g(z) (cuuraem v = 0 u g = 0 mpu z < 0) U BOCHONIB30BATHLCS 3303
went 8.15 mpu =1 — a.

8.29. Pemrenvem ypapnenus (z) cosz x f = g B 9'(R'), rme g €
€ CY(x >0), g=0npu z < 0, asaseTcs

@) =g'@ + [ (&) dg
0

8.30. IlycThb syexTpudeckas menb COCTOUT U3 CompoTusieHus: R, ca-
vonanykuuu L u emxoctu C. B MmomenT Bpemenn ¢ = ( B [ienb BKITIOUAETCS
5. 1m.c. E(t). HokasaTs, uTo cuma ToKa i(t) B IeNu yOOBIETBOPSET yPaB-
HeHuio Z x4 = E(t), rne
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Z = Ld'(t) + Ro(t) + (t) — MMIENAHC TETN.

8.31. Ilycts f € 2'(R™1). IokasaTs:
) [6(z —m0) - 6(t)] * f(z,1) = f(z — 20, 1);
2) (3w —w0) - 8™ (0)] * (1) = LLE_ 200,
8.32. Borumcnuts cremyiomme ceeptku B 2’ (R"):
1) fx*ds,, rne f(z) € C udg, (z) — mpocroit cnoit Ha chepe |z| =
c IIJ'IOTHOCTI:IO 1 (cMm. §6);

2) f* 6SR,Pnef601 3) dg, *|z?, n = 3;
4) 5SR*6 l2I* = 3; 5) O, *sin x>, n=3;
1
6) ds, 1+|wl2,n 3;
7) |1|*p65,n 3; lnllﬂ*,ués,n_Q,
1.0 . 0 _ .
8) 1% n (vds), n=3; Inz]x o= (vdg), n =2;

S — orpamumuenHas moBepxHOCTh. Onpenenenne 0GOOIIEHHBIX (QyHK-

. 0
it p1dg u ~n (vog) cM. B §6 m §7.

8.33. Brruuciuts B 2'(R?):

1) 6(t) x * 6(x)t; 2) 0(t — |z|) *0(t — |z|);

3) 0(t)0(z) x0(t — |z]|)-

8.34. Ilycts f,g€ 2'(R™Y), f(z,t) =0mput < 0u g = 0 BHe A
HokaszaThb, 4To cBepTKa g * f cymectsyer B 2'(R"!) u Brpaxkaercs
dopmyioi

(9% f,9) = (9(&,1) - f(y,7),n(t) n(1) n(a®t* — |€*) (€ +y,t + 7)),

¢ € PR,
roe n(t) € C°(RY), n(t) = O0nput < - un(t) = 1 opu t > —¢
(0 <e<9).

8.35. Iycte g(z,t) € 2'(R™1), g=0 Bre T u u(z) € 2'(R").

Hokazars:

1) gxu(x)-0(t) = g(x,t)*u(x), npuuem obobennas Gyukus g(z,t) *
* u(Z) DEACTBYeT MO MPABUILY

(9(z, 1) * u(z),9) = (9(&: 1) - uly), n(a®t* — [€%) p(€ +y, 1)),
¢ € D(R™1);
K k

2) g ule) -60(t) = 2o (g(s,1) * u(z) = ZH20

T u(z).
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8.36. Brruuciuts B 2'(R?):

1) 6(at — |z|) * [w(t) - 6(z)], @ > 0, rme w(t) € C(t > 0) uw(t) =0
mpu t < 0; 5

2) b(at — |z[) = [6(2) - 6(2)]; 3) blat —|z|) x 5 [6(2) - 6(2)];

4) 0(at — |z|) x [6(2) - 0" (2)]; 5) 6(at — |z[) x [6(z) - 6(1)];

6) O(at — |z|) * % [w(z)-d(t)], rme w(z) e C(R') (Yxkasauue. Boc-

HOJIB30BATHCS 3anadeit 7.5, 2).);
0
7) O(at — |z[) x - [0(z) - 0(1)].
8.37. Brrumciuts B 2'(R?):
1) eo5(t) * % e /() 050, 2) B(t) eta x DL o—at/an),

av/mt 2Vt

2Vt
8.38. Mycts f € C*°(R™"\{0}) u g € 2'(R") ¢unnTHa. [lokazaTs,
aro f*x g€ C®(R™\suppg).
Y kxasauue. Bocmombsosarbes dhopmysnoir (7).
8.39. Ilycts f € . u g € 2' ¢unnTHa. Ilokasars, uto f*g € . .
8.40. Iloxasate: ecm f€ Z', t0 frw. — f, e —0 8 2.
Y xka3auue. BocnonpzoBarbes 3anaqeit 6.24.

Beenem o6o6itiennyo byHKuuo f,(x), 3aBUCSIIYIO OT mapamMeTrpa o,
—o00 < a < 00,

3) 0(x)d(t) * L\/t)_ e=e’ /(41

6(z) zo*
fa(ﬂ/‘) = F(a)
f(ﬂ}\,(m), a<0, a+n >0, N nemoe

a >0,

(cp. ¢ 3amaueit 8.15).
8.41. Ilokaszars, 910 fq * fg = fats-
8.42. Iloka3aTh, 9TO

d"
fox = 0%, f‘"*_dz_"*’ fax=0%0x% ... x0x.

n pas

Ceeprounas omepaius f_o* mpu « > 0, @ He PABHO IEIIOMY YUCITY,
HaseBaeTCs (Ipobrotll) npouseodnoti nopsaka a (3TY IPOM3BONHYIO 060-

smaamm wepes ul®), e, ul® = f_, % u); fox mpm a > 0 HaswBaeTCs
nep6006pa3noli mopsAaKa « (3Ty mepBoobpasHyio 0603HAUMM HYepe3 U(q),

T.€. Uq) = fo *u).

8.43. Brruucnuts npousBonuyio nopsanka 3/2 or 6(z).
8.44. Brruucnuts nepBoobpasuyo nopsanka 3/2 ot 6(x).
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8.45. Brruucnures npowssonuyio mopsnka 1/2 ot f(z), f = 0 npm
z < 0.

8.46. Brruucnuts nepBoobpasuyio mopsiaka 1/2 ot f(z), f = 0 npn
z < 0.

8.47. O6o3naunM uepes &' TPOCTPAHCTBO (DMHUTHLIX OGOOIIEHHEIX
dYHKIWI €O CXOmMMOCTBIO fr, — 0, k — 00 B &', ecim:

a) fr — 0, k—00B2";

6) cywmecrsyetr uncino R rakoe, aro supp fr C Uy npu Beex k.

Hokaszate TeopeMmy: ecau aunelinbili Henpepvierviti onepamop L
uz &' 6 2' xommymupyem c onepayues cdsuea, mo L — onepamop
ceepmru, L = fox, 2de fo = L

OTBern! K §8
8.8. 1) Pemenue. B cuny dopmyn (3) u (31)
<6t0(at—|x|) 0) =~ (e(at—|g;|),§):—/ /Mdtd:r:

—|z|/a

_/ ( )dx_afcp(—at’,t dt’ +a7ocpat t') dt' =
0

0
= (ab(t) 0(at + =) + ab(t) 6(at — ), ) = (ad(at — |z|), @).
8.14. 1) Pemenue. B cumy dopmyns (9)

0*02}9(3/)0( y)dy =46 /zdy—ﬂ

5 0
2) 6(z) 3 3) e "l(1+ Ja]);
4) \/Txe“” 5) 0(x) (:1:2 — 45sin® %),
6) 6(z)(3z% + 6cosz — 6); 7) @(shm—sm:p);
8) 0(2a — [z[)(2a — |zI).

8.21. Yxasauue. BocnombsoBarscs 3amauein 8.20, npuMeHUB ee
K ¢(—z) u monoxus z = 0.

8.30. Y xka3auue. Bocnonb3oBarnca 3anauein 1.31.

8.31. 2) Pemenmne. B cuny dpopmyn (2) u (6) u pesynbTaTos 3a-
naa 8.4, 2) u 8 13, 2)

[6(z — o) - 8" ()] * f(2,1) = atm [z — w0) - 5(0)] * flat) =

o O f (2~ 30,1)
- otm (5(1" $07t) f(:L' t)) otm
8.32. 1) / f(y)dSy;
le—y|=R
2) Pemeunue. B cuny popmymet (7) u onpenesnerust IBOMHOTO CIIOS

(cm. §7)
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(74 2 0500) = (1) = G5, (OO 9y +6)) =

= (10, (25 35,(©) (O 9y +£)) = / f(y)< / %nj“ d&) dy =

[€I=R

=/ (an JECEOE >da:>ds —( | L= as:. <P>

l§l=R |§|=R
3) [ WPds, = [ |o—yPds, =
lz—y|=R ly|=R
2w

= // (|z|*+ R*—2R|z| cos ) R*sin 6 df dp = 4w R*(|z|* + R?);
0

4) Tlii(e—<R—|z|>2_e—<R+|z|>2); 5) 28 gin (R? + |2|?) sin 2R)z|;

z| |z

6) T L el + R 7) S/%dsy; S/u(y) In

ol T (- dly;

o
|z —yl

ony |z —yl ony |z — yl

8) [v(y) so e dSy: [ v(y) o In .
S S

3) 200 + )z + 1 +6(z — t)(z — 1) — 20(z) 2?).

8.34. Pemenune. B cuny samaun 6.27 f(y,7) = n(7) f(y,7) n
g(&,t) = n(t)n(a®t? — |€?) g(&,t), Tax xak n(T) = 1 B OKpecTHOCTH
supp f(y,7) C[r > 0] u n(t)n (a®t*—[£|?) =1 B okpecTrOCTH Supp g(¢,t) C
c T (T — obmacts a2 — |¢2 > 0, t > 0). B cuny dopmymsr (5)

(g f,0) = lim (g(&,1) - f(y,7),me (&, 159, 7) (€ +y,t + 7)) =

= lim (n(t) n(a®t* = [¢%) 9(¢,1) - n(7) f(y, 7),

2 p—
8.33. 1) He cymecrsyer; 2) 6(t — |z|) th

Mty T) (€ +yst+ ) = lim (9(&) - fly,7),m(t) n(T) x
x 1 (@3 =€) m(6 by, ) @(§ + gt + 7)) =
= (9(& ) - Fly, 1) m@) () n (@ — [€7) @€ +y,t+7)),
rak xak 7(t) (1) n (a®t* — [€]?) e(€ +y,t+71) € D(R*T?).



§ 8. Ilpamoe npoussedenue u ceepmra o6obwennnz Gynxyud 113

8.35. 1) Pemenune. B cuny dpopmynsr samaun 8.34, acconnaTus-
HOCTH TPSMOro npousBenenus u Gopmysst (1)

(9% [u(x) - 6(t)], ) =
= (lg(&, 1) -u(y)] - 8(7),n(t) n(r) n (a®¢* — [€]%) (€ +y,t + 7)) =
= (9(&,0) - uly). O n (a8 — €P) 9(¢ +v,1))-

Hamnee, B cuny sanauu 6.27 g = n(t)g, Tak kak suppg(§,t) C [t > 0]
CrenoBaTenbHO,

(9% [u(z) - 6(2)], ) =
= (g(fv t) ' U(?J)ﬂ? (a2t2 - |€|2) <p(a: +¢&, t)) = (g(x,t) : ’U,(H,‘),(p),

rak kak 1) (a*t* — [€]?) p(z + &,1) € D (R*"T1);
2) B cuny dopmyn (2) u (6) u dopmynsr 3anaun 8.35, 1)
k k
5B = gx 2 (w@)-s() = 0" g(x,t)
gru(e) 60 (1) = g Do (u(@)-6(0)) = 2o (gl ) u(z) = T ).
8.36. 1) Pemenue. B cury dpopmymner sanaun 8.35, 1)

(I,0) = (8(at — |2]) - w(r), 0 (a8 — |2*) p(z,t + 7))

:/w </ O(at — |z|) p(z,t + 1) d:z:dt)
= / / cp(:z:,t')(Q(at' - |:1:|) / w(T) dT) da dt'.
0

t—|z|/a
I =6(at — |z|) / w(T) dr;
0

2) 0(at — |x|)(t - laﬂ);

CrienoBaTensHO,

)
3) O(at — |z|) (Y x azaunwue. BocnombsoBarbcs sanaueit 8.35, 2).);
1) ~6(at — |a]) T,
5) 0(t)[0(z + at)(z + at) — O(z — at)(z — at)];
6) ab(t)[w(z + at) + w(z — at)];
7) B(at — |z|).
8.37. 1) 6(t)e™ta’t;  2) 6(t) m(et —1);

) z/(2V%)

3) 60) 5= [ e = G(t)é(zi\/z).

8 Ilom pexn. B. C. Bragumuposa
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8.43. Pemenue.
00 (@) = f g k0= fly)%60= f{’/z #0=(fi2x0)" =

d? T d 1
= (r(1/2) F) = i (20y/%) = (00 o).
8.44. Pemenue.
/2 () = F2 %0 = (é)/\/x— dé = 6(a) 5 /Z.
8.45. Pemenue. 2 .
Y2 () = £ 1/2*f=f1/2*f=<f1/2*f)'=%(%’0/ 0 i),

0(z) f(€)
8.46. / \/F

§9. IIpeoGpasoBanue dypbe 0606IIIeHHBIX GYHKIIUI
MEeNJIEHHOTO pocTa

Omnepanus npeobpasosanus Pypre F[p] Ha QyHKIUIX @ U3 ¥ onpe-
nenseTcs GopMyIon

Flgl(©) = [ “Pp(a) do. 1)
IIpeobpazosanue Dypve F[f] npoussonbuOir 06obwennot dynrkyuu f

3 .’ (R") onpenenum hopMyoit
(U1 = U Fl) e

(obpaTHOE MpeobpasoBaHme fIDypbe), SABJISIETCS OOPATHBIM [MJIS OIIEPATO-
pa F, r.e. FHF[f]] = f, FIF ' [f]]=f, fe 7"
Crpasemmuss! cienyiommue hopumyist (f,g € '):
DeF(f] = F[(iz)* f],
F[Df] = (-i§)“F[f],
Flf(z — z0)] = "o F[f],
FIfl(¢+ &) = [ (z) €¥@:$0)](¢), (4)
Flf(en)) = 1 FIAI(E). e #0.

Fif(z)-g(y)] = F[f1(E) - Flgl(n)
Flfxg]=F[f]Flg] (f w g dunuTHa).

IIpeoGpaszoBanue Pypoe F, MO mepeMeHHOW T OOOOITEHHOW GYHKIIAN
flz,y) € L' (R™™), rme € R™, y € R™, onpenemam hopMyJIoi

Omnepatop
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(Eulf (2,01 9), 06 y)) = (F(z,9), Flo(&,9)](z,y)), )
v € S (RVT™).
9.1. 1) Mycrs f(z) € CF(RY), k>0, I/I/lf(a) z)|dz < oo, a < k;
nokasate, uto F[f] € C[RY] u |¢[F|F[f](¢)] < a;
2) mycrs f(z) € CH(R™), k > 0 u |a|™|D*f(2) < b, |a| < F,
[ > 1 memnoe; mokasarThb, 4TO
F[fle "' (R")  w  FID°FIFIOI<b, |l <i-1.

9.2. JlokasaTs, urto f = F~[F[f]], rne F~! onpemensercs popmy-
gioit (3), mis crenyroumx f:

1) f(z) € C(R™), |z["**|f(2)] < a, [E"|F[f](&)] < a, € > 0;
2) f(z) € C*(RY), /|f<a z)|dz < o0, a < 2;
3)

f(z) € C"FH(R"), [Df(2)]|2|" ™ < a, Jo| <n+1.
ITpoBepuTs, uTO Cityyail 3) BLITEKAET U3 citydas 1).
9.3. Hoxasars, uTo
"D Flpl(¢) = iMPIFID? (a29))(6), ¢ €S

9.4. 1) Hokasars, 4To eciun ¢ € ., To u Fp| € %

2) mokasaTb, uTO onepanus npeobpasosanust Pypre HenpeprBHA U3 S
B ¥, T.e. 4TO U3 ¢, — p, k — 00, B . cuenyet Flpi] — Fly] B .

Y xaszaunue. Bocnomb3oBarbcs 3amauert 9.3.

9.5. 1) Hokasats, uto ecnu f € &', rou F[f] € &;

2) mokazaTb, uTO omepauus npeobpazoBanus Dypbe HENPEPHIBHA
m.Y 8 remfr, — f,k— o0, 8. cnenyer F[fy] — F|[f]
B.7;

3) mokaszaTb, 94TO ecnu f — (QYHKIUSA MEIJIEHHOTO POCTA, TO

F[f1(¢) = hm /f &y B S,

4) nokasars, uto ecimu f € Lo(R™), To F[f] € L2(R"™) n

FIf)(¢) = Jim / Ff(z)el&Ddz B Ly(R")

|a:|<R
(Teopema Ilnmanmepesns);
5) mokaszaTb, uro eciu f u g € La(R™), TO CIpaBemIMBO PABEHCTBO

ITapceBass
2m)"(f,9) = (F[f], Flg));

6) mokasarb, uto eciiu f € L1(R™), To F[f] € Lo(R™") N C(R™) n
BEIpAXKaeTCs (popmyon

8*
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&= [ 1@z, NF ey < Iflley e,
FIf©] — 0, [é— oo

(reopema Pumana-JleGera), F[f * g] = F[f] Flg], f,9 € L1(R"™);
7) mokaszarb, uto ecmu f € .7 u ¢ € .7, TO

Flf ¢l = FIf] Flgl;

8) mycth f € Li(R') — kycouHO HempepeIBHAS DYHKIHA TaKas, UTO
{f'(z)} — Taxxke KyCOUHO HENPEPHIBHA; HOKa3aTh (GOPMyYILy OOpallieHus

Hed o= = Zvo [Pl e de, ae R

2
9.6. Ilokasats B .7(R"™):
1) Flo(z —zo)] =& 2) F[§] =1  3) f[1] = (2m)"8(¢);
4) F[é(w_$°);6(x+xo)] = cos zo&, n=1;
5) F[é(x—xo);ié(x—l—xo)] — sin 2, n=1.

9.7. Ilokasats B .7 (R"):
1) FID*0] = (=i&)*;  2) F[z°] = (2m)"(~=i)l*ID*5(¢).
9.8. Broruuciauth mnpeobpasoBanus DPypbe cuenyoommx QyHKIUR

1):
1) (R — |2|); 2) e~ 3) eit”; 4) e~ie”
f

5 f(x) =0 mpu z<0, f(z)=k, k<z<k+1, k=0,1,..
9.9. Ilokasars (n = 1):

1) Fl8(z)e ] = _lig, a>0;

2) Flo(-z ]=ai_i§, a>0;

3) F [—alw]:afT“e, a>0;

4) F [ $2] =2re~ 9kl 4> 0;

a—1

a>0, a>0.

—az T _ 1
5) F [9(1‘)6 I‘(a)] = Grae

9.10. Bocnonssosasumucs dopmynoit Coxorkoro (cMm. 3anady 6.20) u
pesynbraTamu 3anad 9.5 u 9.9, 1) u 2), nokasars:

1) Flo(z)] :7r5(£)+i39%; 2) Flf(—a)] :wa(g)-m%.
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9.11. Borumcnuth npeobpasoBanus Pypbe CHEMYIONTIX OOOOIIEHHBIX
¢byuxumi (n = 1):

1) 6, k=1,2,..; 2) 0(z — a); 3) signz;
1 1
4) ‘-@;7 5) 10’ 6) |z[; ,
7) O(x)2*, k=1,2,..; 8) |z|*, k=2,3,..; 9) .q:'ﬁ@;, k=1,2,..;
10) z*6, k=1,2...; 11) zF6 (z), m > k;

12) 32%, roe & i:, ompeneneHa B 3anaue 6.25;
T x
13) & ig, roe & i3 ompeneneHa B 3amade 7.10;
T x
o0
14) Y apd(z — k), |ak] < C1+ |k])™;
k=—o0
15) #1/2) () (ompemenenue APOGHBIX MPOM3BOIHEIX CM. B § 8).
9.12. loka3aTh, 4YTO
1
Flo—]=-2-2mlg|,
— €
1 oo
c= / $ du — / Cosu du — mocrosuHas Dilnepa,

1
A (z € R') ompenenena B 3amaue 7.26.

||

9.13. Hoxa3ars, 94TO
Flo

rmoe

1
|z[?

] = —2rln || — 2meo,

1 .
rae obobiennas Gyukius & PR z € R?, onpenensercs GopMyIIoit

() - | B e [ o
1

0/ JO(“)d 1/@alu

u Jo — dyukuus Beccemns.

!
9.14. Pemuts B . MHTErpajibHOE ypAaBHEHUE
o0

/ w(€) coséxdr = 6(1 — ).
0
9.15. BorunciuTs mHTErpad

dzx.

o} . -
/ sin az sin bz
22

0
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Ykxaszaunue. DBocnombzoBarecs pasercTBoM [lapceBanms u 3ama-
veit 9.8, 1).
9.16. Hoxa3ars, 94TO
P [ O(R — |2)) ] _opSBIEL oo pe
VR —|z]? [3
9.17. IoxazaTsb:

17_2n° .
1) F[W]_ﬁ’ £ € R%

r(*z)
2) Fllz|™*] =20 a2 22 jelbor e e R, 0<k <n.
r(s)
Yxazanmue. BocrmomssosaTecs dopmymoi (2) mpu f = |z|7F B
S (RY) u ¢ = e l2I°/2,
9.18. Ioxaszatn, uro F B] = %, (=¢&+1n.

9.19. Borumcnuts npeobpasoBanue Dypbe 006001eHHON GYHKIIUN
ﬁ ds,, n = 3, onpenenenHol B § 6.

9.20. Meronom mpeobpaszoparms ®ypwe moxazate B .7 (RY), uro:

1) y = cod(z)+c16* (a:) + ...+ 16V (z) — obree pemmenne ypas-
HeHM;Ix"y—O n:l 2,.

2) E apTk + Z brf(z) xR 4 E crdF=™) () — obrmee perre-
k=0 =0 k=m

HUe yPABHEHUS T y(m) =0, n>m.
Y xaszauue Bocnomb3oBarbes 3anavamu 7.23, 2) u 7.24.
9.21. Jokasars B .7 (R" 1 (z,t)), rme (z,t) = (z1,..., Ty, t):
1) Fplo(z,t)] = 1(§) - 5(t);
) B2 = 2 4o
3) F[f(at — |z))] = 20(t) sin &L, a >0, n=1;
)

)

3
4) F.[f(z)6(t)] = FIf](€) (1), f e L' (R").
9.22. Jloxaszats B .7 (R"T™):
1) D?Dng[f(x,y)] = Fx[(lx)aDgf]a
2) Fz[Dngf] = (—Zf)an[Dgf]
9.23. Iloxasats, uro B .7 (R?)

-1 o(t —a%e%t — 6(¢) —xQ/(4a2t).
[peyee] 2a/rt

Y kasaunue Bocnompszosarscs opmyioir (3) u 3anaueit 9.8, 2).
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9.24. JlokasaTs, uto B .¥' (R"1)
_ 1 7 2 2
-l [9 " _a2|£|2t] — 0t (_) —|z|?/(4a%t)
13 ( )6 ( ) 2(1\/7T_t €
Y kasauue Bocnonb3oBarhcsa samageinn 9.23.
9.25. Jlokasats, uto B .7 (R?)

o o) S“;‘gft] = o 6(at — Ja)).
Y kasauune. BocnombsoBarncs samaueir 9.8, 1).
9.26. Iloxaszats, uro B .7 (R?)
1 sin a||t 0(at — |z|)
Fe [9(” T ] = T
Y xasauue. Bocnomb3oBarbes sanaueit 9.16.
9.27. Jloxaszats, uro B .7 (R*)

Pt [G(t) sina|§|t] _ ) ()

al¢| T 4ra?t O

(3mech Sor = {z : |z| = at}).

Y xaszaunue. Bocnomb3oBarbcs 3amaueit 9.19.

9.28. Ilycty f — duunrHAT 0600IIEHHAs GYyHKUIUS U 1) — Ir00as
(I)yHKHHﬂ u3 9, paBHas 1 B okpectrHOocTU HOCUTeNs f. IlokasaTs, 4To PyHK-
was f(z) = (£(€),n(€) e*9), z =z +iy:

a) He 3aBUCHT OT 7;

6) wemnas;

B) f(z) = F[f].

9.29. Jlokasats, uto eciu f u g puuautHel 1 f * g = 0, TO ubo f = 0,
nubo g = 0.

Y xasauue. Bocnomb3oBarbes sanaueit 9.28.

9.30. 1) Hokasats, uto F[d(z) - 1(y)] = (2m)™1(§) §(n);

2) obosHauuMm J-GyHKIUMIO Ha runepriockoctu (a,z) = 0 mpocTpan-
crBa R™ uepes 6((a, z)), Tak 4TO

(@) )= [ eds, pea(R.
(a,z)=0
Hoxkasars, uro F[0(a121 + asxs)] = 278(a2éy — a162).

OrBeThl K §9

9.8. 1) QSingRs; 2) ﬁe—£2/(4a2); 3) ﬁe—i(ﬁ—ﬂ)m;
a

4) ﬁei(§2_ﬂ')/4;
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5) Pemenune.

00 k+1 00
= ’;k k/ e®tdy = Z % e (e —1) =

k=1 oo ,
_ ei§ — 1 ik§ _ — 1 d
iE I; het™ = e Z 2
ike
— pan cxomuresa B 9, Tak xak Y 7z~ CXONUTCS PABHOMEPHO B Rl.
k=1
9.11. 1) (—it)k;  2) ﬂ5(£)+iei059%; 3) 21'9’%;
4) insigné; 5) Fim +insigné;  6) 2(9%)’:—295%;
(k)
N (i) [ra) +izg]
(k)
8) (—i)*2mé*)(¢), k wernoe, (—i)k~ 12(3”2) , k HeueTHOe;
9) 2(—i)*tmotk- 1(5), 10) 0;
11) (—i)ktm gm=k; 12) —nléf;

(m k)'
13) Pemenwue. B cuny samaum 7.10, 4), Bropoit u3 popmyin (4) u
samaun 9.11, 12)
11 it _inklel
Flog]=rFl-5525]=5F[7 5] =-75%
14) Pemenue. B cuny pesynsraros 3amau 6.25, 2), 7.12 u 9.6, 1)

(p 3 adle k) ,w<s>) - ( > ak(s(x—k),F[so(f)]) =
k=—o0 k=—o0
= > (are™,0(9)) ( D are™ o ) ¢ € Z(R");
k=—o0 k=—o00

15) Pemenune.

F[0M2] = F[f_12%0] = F[f{ )5 %0] = F[(f12%6)'] =

9.15. — mln(a b).
s1nR|§|
el

9.19.
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9.20. Pemenune. U3 F[xny(m)] = 0, B cuity mepBoii u3 popmyi (4),
FMW[y(m] = 0. Orcioma B cumy pesyasTaTos samad 7.23, 2), 9.7, 2) n
dopmynsl (3)

F[y(m) (z)] = a0+ 1+ ... + a1 &Y,
Y™ = Bod(z) + B0 () + ... + P10V ().

Otcrona B cuity pesynbTaToB 3ama4 7.23, 2) u 7.6, 10)

m—1 m—1
y = Zakx + Zka(x)xm k=14 ché(k ™) (z).
k=0 k=0 k=m

9.21. 1) Pemenue. B cuny dopmymner (5) u onpenenenus mpsiMoro
npousseneHus (cM. §8)

(Fulo(e DI(E 1), 9(6,1)) = (3. 1), Fo(é, (. 1) =
= (300,01, [ €€ p(6.)de ) = [ o16,0)d€ = (1(©) - 600, (6.

2) Pemeunue B cuny dopmynsr (5) u onpenenenus: mpou3BOMHOMN
o6obienHol dyuknuu (cM. §7):

(7| 2420 €01 ) = (-1 (160,01, Pl 01) =
= (-0 (fto 0.5 | ZEE0]) - (2D R ls(o. 0 ).

9.27. F [%’Tﬂ] mpu t > 0 u n = 3 BEIUUCIAETCS TaK:
. r m
I [sn}ﬁﬂ] _ Rlim 27r/p sintp/e”pcosesinﬂdﬁdpz
2 o 1 ey
= _TﬂRhm 5 costp/e“’“dudpz
—00
2w 0 Pt ipu
= _TRhm 8_// costpedpdu =
— 0 o
:—%Bym 6_// cospu—t)+cosp(u+t)] dpdu =
—00 I
T
- ™ Yim 9 sinR(u—t)+sinR(u+t) du —
T r Rsoo Ot u—t u+t -
T
272 8

o’ 2m°

Ykxazarnue. Hpn mmepexofie K IpeeNly BOCIOJIb30BATHCS 3a1a-
ueir 6.19, 4).
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§10. IIpeo6Gpa3zoBanue Jlanaca 0606IEeHHBIX QYHKIIUA

O6o3uaunm yepes _@J'r(a) COBOKYTTHOCTB 0600IIIeHHBIX GyHKImi f(t) u3

2'(R'), obpamatormaxcs B Hysts npu ¢ < 0 u Taxux, aro f(t)e 7t € '
pu BCEX 0 > a.
o !
Ilpeobpazosanue Jlanaaca F(p) obobiennoit dynkuun f u3z 7, (a)
OIPENENAETCA PABEHCTBOM

F(p)=F [f(t) e_”t](—w), o> a.

IIpu 5TOM [ HA3BIBAIOT OpuUHAAOM, FF — u300paicenuem U STOT GaKT

3aIICBIBAIOT TaK:
f@) «— Z), o>a

3mech p = 0 + iw. Pyukuusa Z (p) aHATUTUYIHA B TIOILYIIIOCKOCTA 0 > G U
YIOBJIETBOPSET CIEAYIOIIEMY yCIOBUIO POCTA: IJist Jiobbx € > 0 1 0g > a
CyLIecTBYIOT Takue ucia c:(og) > 0 u m = m(op) > 0, uro

|Z(p)| < cc(00) e (L + p)™, o > ap.
CupasennuBel crienyorme GOpMyIIbL:
(=)™ f(t) «— F™(p), o>a, m=0,1,..;
f(m)(t) +—— p™F(p), oc>a, m=01,..;
f)eM = F(p—N), o>a+Re(N);
f(kt)H%ﬂ(g), o> ka, k> 0:

k
fG—71)+— e PF(p), o>aq
f(m)(t)H%, oc>a, m=0,1,...,
rze f(m) — m-s nepsoobpassas f us 7. (a);

(fxg)(t) «— F()9(p),0 > a,
eciu
g(t) «— Y(p), o> a;

)= o (& —a) Z )"

——

/ w—aymz P
0—100

— dopmyaa obpawenug s npeobpasoBanus Jlamnaca, MHTETPAI HE 3a-

BUCUT OT 0 > 0g > a, m = m(oy).

+2 o+ico

B zamauax 10.1-10.9 u 10.11-10.14 noka3aTb yTBEPKIECHU.

10.1. Ecmm f(t) — moxambrO maTerpupyema B R, f(t) =0, t <0 n
f(t) =0(e™), t — o0, T0 f € 7} (a) u

F(p) = / f(t) e Pidt, o> a.
0
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10.2. Ecmn f € 2. (a), f(t) «— F(p), 0 > a u dyskumsa Z (0 + iw)
abCOMOTHO MHTErpUpyeMa 1o w Ha R! mpu HEKOTOpOM o > a, TO B HTOM

citygae opmysa obparrieHus: IpUHIMAET BUIT
04100

I0=5 [ Z®etap.
10.3. 1) 2'.(a1) C 7' (az), cemn ar < as;
2) ecu f € L' NI, 1o f € D, (0).
10.4. Ecin f € 2. (a), TO
1) pf € 9. (a), roe p — monmHOM; 2) f(kt) € 2. (ka), k > 0;
3) f(t)er € ) (a+Re)).
10.5. Ecin f,g € 2. (a), T0 f*g € 9 (a) n CIpaBEeLIMBO PABEHCTBO
(fxg)e ™ = (fe=7') x (9e™7"), o >a.
Y xka3zaunue. BocnomszoBarses 8.20.
10.6. Ec f € 9., (a), TO:
1) ft—7)€ D (a), T > 0; 2) f™ € 2! (a), m=1,2,..;
3) fim) € Z24(a), m=1,2,...
10.7. 1) 5(t) s 1;
2) 6™ (t — 1) «— pme P 7 >0, p moboe, m =0,1,...;

3) 9(t)<—>%, o> 0; 4) G(t)ei“’t<—>p_1iw, o >0
5) 6(t) et p:iw, o>0;  6) O(t)cost ﬁ o> 0;
7) 6(t)sint «— Iﬁ’ o > 0;

8) %e’“(—) ﬁ, o>Rel, m=0,1,..;

9) (1) Jo(t) +—> \/%_p? o> 0.

10.8. Eciun f — (yHkmusa us @' (a), feC"(t>0) u f+— Z, 1O
{f™ @)} +— p"Z(») Zf(k)+0 nok-1 o> a.
k=0

10.9. Ecin f u g — dynkmum us 2. (a), g € C*(t > 0) u f +— Z,
g(—)% TO

/ fOg =)}y dr = pZ D)9 (D) —9(+0) F(). o >a.

¢
%/z dr = e(t), rme e(t) —
0

JIOKaJIBHO uHTerpupyemas Gyukuus, e(t) =0, ¢t < 0.

10.10. Peumnrs ypaBuenue L +R +



124 Ta. III. O6ob6wennvie ynryuu

10.11. dyunamenTanbHoe pemienne &(t) ypaBHEHUs
EM 1, 8M™ Y 4t anE=4

!
CyIIECTBYeT 1 eIUHCTBEHHO B KiIacce 7, (a) u yIOBIETBOPSIET COOTHOIIE-

HIUIO

E&(t) +— o> a,

1
Q(p)’
rne 6(p) = p™ 4+ a1p™ ' + ... + am, a = maxRe )\, \; — KopHE nonMHO-
Ma Q. J

10.12. Ecmu f,(t), —00 < a < 00, — 060011eHHast DyHKIUS, BBEIECH-
uas B §8 (c. 110), To:

1) falt) +— ia, o >0, rme p® — Ta ee BETBb, i1 KOTOpou p= > 0
mpu p > 0; p .

2) fa(t) €>\t — W, o > Re .

10.13. Ecmu |ag| < e(1+ k)™, k=0,1,..., TO
o oo
Zaké(t —k) +— Zake_kp, o> 0.
k=0 k=0

10.14. Ecmu f(t) — T-nepuopnmueckas GpyHKUUs, aGCONIOTHO WHTET-
pupyeMas Ha IIepuoie, TO

T
0(t) f(t) s ﬁ / f)ye P, o >0.
0

10.15. HaiiTu pemenus ypasHeHnit B kacce 7. (a) (mpm Hamexa-
eM a):

1) (fcost) x &= (t); 2) (ftcost) x &= 4(t);
0% uy + 6 xuz = 4(t),
d*xuyp +6" xuy =0.

10.16. Ilycts & — pemnenue ypasHerus g &1 = 6 B 2! (a), npmaem
& — nokanmbHO HHTErpupyemas gyuknus, & € C (¢t > 0). HokaszaTs, aTo
pemenue B 7., (a) ypaBHeHus g*u = f, e f — JOKAIBHO NHTETPUPyeMast
dysKIINA U3 @_’i_(a), BBIpaxaeTcs GopMyIon

3) &+ 2(0cost) x &= 4(t); 4) {

u(t) = E(+0) f(1) + [ F{E (-7} dr.
0

10.17. Boruncnuts npeobpasosanue Jlamnaca GyHkiun

o= {[% t<0
o= 28 k<t<k+1, k=0,1,...

o0
10.18. Pemmte ypapmenume x*a = Y. 2%5(t—k) B @_’i_(ln 2); dyHK-

mna a(t) onpenenena B samage 10.17.  ©°
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¢
10.19. Iokasats dopmydy: sint = / Jo(t — ) Jo(7) dr.
0

10.20. Pemwnts cienyromume 3amaun Kormm:
1) u' +3u =e 2, u(0) = 0;
2) u" 4+ 5u’ + 6u = 12, u(0) =2, u'(0) = 0;
"+ou+2v=e"",
y U TONTENEE L 0) = 1, v(0) = 0.
v +2v+2u =0,

OrBetn! k § 10

10.3. 2) Pemenue. Ilycrs n — mobGas dyskmus kmacca C™°(R!)
takas, aro n(t) = 0, t < =6, nt) =1, t > —g, 0 > 0 moboe. Tor-
nma mpu Becex o > 0, n(t)e °t € ., f =nf, u nostomy f(t)e 7t =
= f(t)nt)e 7t € ..

10.6. Y x a3 auue. Bocnonb3oBarbces 3amauern 10.5 u dopmynamu,
COOTBETCTBEHHO:

) ft—7)=frdt—1); 2 [V = from
3) fom)y =0x...x0xf.
m pas

10.7. 9) Yk a3 auue. BocnonbsoBarscs ypasuenuem Beccers.

— py(t—7) _ p—(t—7) __R ﬁ
10.10 \/_0/ pre p_e le(r)dr, ps o T or

d=R> L
10.15. 1) &'(t) +6(b), a=0;
2) §"(t) + 35(t) + 40(t)sht, a=1;
3) &(t) —20(t) et(1 —t), a=1;

4) up(t) = =8(t) — 0(t) et, ua(t) = 6(t) €, a=1.
10.16. Y x a3 auue. Bocnonb3oBaTrhes dopmyion 3amauu 10.8.
1—e™?

10.17. m, g > In 2.

o0
10.18. > ¥'(t — k).

k=0
10.19. Yk asaunue. BocnomsszoBarhes sanauenn 10.7, 9).
10.20. 1) e — e3¢ 2) 2;

9 ¢, 1 4+ 16 & 8 4 2 ot 8 et
3) 55 +5te +25e , —35¢ 5t +25e .
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§11. ®yumaMmeHTAaNbHBIE PEIICHUS JIMHEWHBIX
nuddepeHInalIbHBIX OIIEPATOPOB

Obob6wennvim peuwenuem B obnactu G C R"™ nuneitnoro nudbdepennn-

AJIBHOTO YPAaBHEHUA
m

L(z,D)u= Y aa(x) Du = f(x), (%)
|a|=0
rie aq(z) € C®°(R"), f € 2', naspiBaeTcs Besakas 0600IICHHAS hYHKITAL

U, YIOBIIETBOPSIOIIASL STOMY ypaBHEHUIO B G B 00OOIIIEHHOM CMEICIIE, T. €.
Iuist 0001 ¢ € 9, HOCUTENb KOTOPOU comepx)utcs B (G, mMeeT MecTo

PABEHCTBO
(u, L*(z,D) @) = (f, ),

m
rie L*(z, D) ¢ = 3 (=1)1*1D*(aqp).
|a|=0
O6o6mennas dyuxmus v npuramnexut knaccy CF(G), ecin B o6mac-
™ G oHa coBmamaer ¢ dynkmei ug(z) knacca CT(G), T.e. nna moboi
p € 9, supp ¢ € G, UMEEeT MECTO PABEHCTBO

(u:0) = [ uo(a) () d.

Oyctes f € C(G) N Z2'. Ilna Toro aTober 06obmennas byHKII U
yIOBJIETBOpsIa ypaBHEHUIO (%) B obmacTu G B KIIACCHUYECKOM CMBICIIE,
HeOOXOMUMO ¥ NOCTATOUHO, YTOOEL OHa mpuHamnexana knaccy C™(G) u
YIOBIIETBOPSIIA, 9TOMY yPaBHEHUIO B 000OIIEHHOM cMBbIcie B obnactu G.

Dyndamenmanvrvim peweruenm (GYHKIUEH BIUAHAA) JIMHETHOTO M-
(pepeHnmaIbHOTO OePaTOpPa

L(D) =Y anD"
|a|=0

C HOCTOSHHBIMU KO3DOULUEHTAMY Go(Z) = G, HA3BIBAETCS 0OOOIIEHHA
dyukust &, ynoBieTBOpsoas B R” ypaBHEHUIO

L(D) &= 6(x).
Y Beskoro smHeiHOrO nuddepernuansHoro oneparopa L(D) cymect-

ByeT GyHIAMEHTAJIbLHOE PellleHre MEJIEHHOTO POCTA U HTO PEIIeHre yI0B-
JIETBOPSIET anreOpandecKkoMy yPaBHEHUIO

L(—i§) F|&| = 1.
Iycts f € 9' Takopa, uro cBeprka &* f cymecrsyer B 2'. Torma
u==~&xf

ecTsb pernenne ypaerenus L(D)u = f. DTo peleHre eqUHCTBEHHO B KIIac-
ce Tex OOOOIIEHHBIX (DYHKIUA U, IJIsi KOTOPBIX CYIIIECTBYET CBEPTKA C &.
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11.1. Jloka3aThk, YTO EIMHCTBEHHOE B _@J'r dyHIaMeHTaJIbHOE DelleHne

omnepaTopa
dm

— t+ a1

dx™

dm—l

dm1+ -t an

BbIpakaeTcs GopMyio sanaun 8.26 (onpenenenme 2. cm. §8).
11.2. IokasaTb, uTo QyHKUUA &(x) ABIAETCA HYHIAMEHTAJLHBIM De-

LIIEHUEM OIIepaTOopa:

1) &(z) = 6(z) et

2) &(z) = o(x) 1222,
3) &) = o) 22,

4) &(z) = () eto”

(m

m—1 ( d
-1 dz

d
da::F
d2
dw2+a,
d? 5
dz ~ Y

:Fa)m, m=2,3,...

11.3. HaiiTy enuHCTBEHHBIE B %_ (yHDaMeHTaJIbHBIE DEIIeHus Clle-

OYIOUIUX OHEPATOPOB:

d? d d? d d2
d? d d? 3 d3 d2 d
d* 4. d* d?
11.4. Jlokasarb, 4TO:
1 1
1) &(z,y) = prile e B (OYHIAMEHTAJIBHOE PEIICHNE OePaTO-
0 170 .0
pa Komn—Pumana %3 (% +1 8_y)’
2) & A
) E(z,y) = Tz P b — OYHIAMEHTAIBLHOE PEIIeHe
9 k
omepaTopa (% — )\) ;
zgk—lzm—l
3) &(x,y) = e OIC] In|z|, k,m = 1,2,..., — dyHmameHTaIBHOE
k+m
pelIeHue ornepaTopa W,
4) E(z,y) = 2; Slygn% e HY — q)yHnaMeHTaanoe perierne 0606-
menHoro oneparopa Kommu—Pumana ; + )\ + w, Im X # 0.
11.5. HokasaTs, uto &(z) = 2i In|z| — cpsz[aMeHTaanoe pertenue
™

omepaTopa Jlannaca B R?. BEIICHUTH GU3UIECKUI CMBICI.
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11.6. JlokasaThn:

1
1) &z) = T (hyHImaMeHTaIbLHOE pellieHne oneparopa Jlamma-
|
ca B R3; BEIACHUTDL DU3MYECKUIT CMBICI;
1
2) z) =——————, n=23,4,..., — HIAMEHTAJILHOE pe-
) E(x) e y4,..., — oyun p
2r"/?
mrenue oneparopa Jlanmaca 8 R™, roe o, = / ds = T IJIOIIAb
n

[IOBEPXHOCTH equHUYIHON cheprl B R™;
_ (D T(/2 k) | opn
3) 6nr(®) = mmrrgy
UTepUpPOBAHHOTO omepaTopa Jlammaca AF mpu 2k <n, k=1,2,...,

1
Enk(T) = P )]

— (yHIAMEHTAJILHOE DellleHre

|z|?*=2 In |z, n=2.

Y xka3zaHuue BocnonbzoBarbes 3anaqe1?1 9.17, 2).
—zklxl

11.7. Hokaszars, uto &(z) = 4 | | E(x) = — ¢dyuna-

 dnlz]
MeHTaJIbHEIE perrenus onepaTtopa [empmronsna A + k2 B R3.

11.8. IlokasaTs, uTo ecim byrkmus u(x) ymosieTsopseT B R ypas-
mermio Au + k*u = 0 u ycnoBuaM usmydeHus

_ —1 ou o _ —1
u(z) = O (|z| ), o0l iku(z) = o(|z|™")
opu || — 0o, To u = 0.

11.9. NokasaTh, YTO (DYHIAMEHTAIBHBIMU DEIIEHUSIMI OIEPATOPA
Cempmrombia A + k2 apisioTcs dysxmam:

1) 8(z) = -1 H" (ko)) w &(z,y) = %H((,2)(k|x|) B R?, rme H,
k=1,2, — dyuxuvu XaHkemns;

1

11.10. Hoka3zaTh, 4TO GYHIAMEHTAJIBHBIMEA DEIICHUSIMU OMePaTOPa

A — k? apasiorcs byHKIAm:
e—kl:vl

1) &(z) = — B R3;

4|z
1 . .
2) &(z) = o Ko(k|z|) 8 R%, roe Ko(¢) = ’L%Hél)(lf) — GyHKIWL

XaHKeIs MHIMOTO apryMeHTa,;
—k|z|

3) &(z) = e% B RL;

9 6w = (g) (&) Kujsathlel) » B2

etlel g &(z) = —% e~iklzl g R1,
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11.11. HokasaTh, uTo eciu & (z,t) — QyHIAMEHTAIBLHOE PELIeHne
k—1

omepaTopa % + L(D,), To ;‘(_k) &1 (z,t) — byHOAMEHTAJILHOE DeIleHue

k

omepaTopa (% + L(Dz)) .

11.12. Hoka3aTb, 4TO:

0(t) 2 2
1) &(z,t) = — L e~ lel/(4a™t) HOAMEHTAJIILHOE DEeIleHne
) &(z,1) @av/ai)" by P
OIIepaTopa TeMIONPOBONHOCTH = — a’A B R"; BBLICHUTL (GU3MIECKUIL
CMBICIT; o1

2) L e~lzl?/(4a%t) pyHIaMeHTaIIBHOE PEIIeHNE OIIepaTO-

(2av/mt )T (k)
k

pa (% — azA) BR" k=1,2,...

Y xka3szauue. Bocnomnb3oBarwcs 3amaueir 11.11.

11.13. IokazaTs, uto &(z,t) = ) get—(a+pt)?/(4a0) _ byHaIa-

2a\/7t
9] 5 07 9]

MEHTAJILHOE PEIIEeHnE OINepaTopa — — a° — — b — — ¢.

ot Ox? 0
11.14. Ioka3aTkb, 4TO: ‘ ‘

1) &(z,t) = _ ) gie?/at)—m/a) dbyHIaMEHTATLHOE peIeHue

2Vt 92

omepatopa lllpénuurepa, i 3 + el

o0 .2 \/_ .
hopmyitoit / e du = Tﬂ e“r/‘*.);

0
7 mo n/2 | z)? . ™
2) & (z,t) = — G;lt) (27rht) exp {z [% (m +40) — T]} — ¢ys-

(y Ka3aHue Bocnonb3oBaThbcsa

2

0 h
MaMEeHTAaJIbHOE PelleHne onepaTopa ifi o + — A; n m060e€;
0

O(t)th 1 E B - :
3) Gayal) TR exp<+ yreriaak , k=1,2,..., — dynnamen

k
TAJILHOE PEILIeHNe OEePaATOPa (% + iazA) BR" (Ykxasaunue. Boc-

HONb30BaThCS 3amadeit 11.11.).
11.15. IMoka3aTk, 4TO:
1) & (z,t) = % f(at — |z|) — dyHOAMEHTAIBHOE pelIeHNe OLHOMEp-

HOT'O BOJIHOBOI'O onepaTopa U,; BEISCHUTH QU3NIECKUN CMBICIT;

f(at — |z|)
2) &(z,t) = ——m—t—
) &) 2wa+/a?t? — |z|?
MEPHOTO BOJIHOBOTO oneparopa ., £ = (1, 22); BEIACHUTEL (U3NIECKUI
CMBICIL.

Y kasauue Bocnonb3oBarnsca samadeinn 9.26.

— (yHIDAMEHTAJILHOE DelIeHne OBY-

9 Iloxm pexn. B. C. Bragumuposa
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11.16. I[oxa3aTb uTO:
ot t) 2,2 2

1) &3(z,t) = 47ra2t ds,,(z) = 6( t* — |z|?), roe Sat : 2| = at,
ABIACTCA (DYHIAMEHTAJILHBIM pemeHMeM TPEXMEDPHOTO BOJHOBOTO OIIe-
paropa O,, © = (r1,%2,%3); BEACHUTEL dusudeckuit cmbicn (Y K a 3 a-
Hue. BocnonbsoBarbces 3amadeir 9.27.);

1
2y ——_
) 8ma®

6(at —|z|) — dyunamenTanbHoe pemenue onepatopa 02 B RY;

1 2,2 2 k—2 _ o _
3) T LT () Tk = 1) (at? — |z|>)" " 60(at — |z|) — dynnamen

TasBHOE perenne oneparopa OF B R™;

4) ¢dynmameHTaIBbHOE permenne omepatopa O, B R* mMoxHO mpencta-
BUTH B BUOE

1
— O —
&3(z,t) = Sra3 Hlat —|z|).
11.17. HokasaTk, 4TO

1 (n—3)/2 2,42 2
Oy 0(t)d (a*t® — ,
(2(1)”_271_("_1)/21_‘ (nT_l) [ ( ) (a |$| )]

>
En(z,t) = n > 3 HeEUYeTHOE,

1 o(n-2)/2 [ 6(at — |z|)

(2a)ten/r (2) V@t — o]
sBIseTCS GyHIAMEHTAIBHBIM PelleHIneM BOJIHOBOTO omepaTopa .
Y kazauue. Ilpu HEeUeTHBIX N BOCHOIB30BATHCS HOPMYIION
_1 |sin|é|t
Enlz,t) = 0(t) Bt |2l
¢ &1
7 3amadeir 9.27; mIpy UETHBIX 1 IPUMEHUTH METOI CIIyCKa IO IIepEeMeH-
HOU Tpy1-
11.18. Iokasats, uto &(z,t) =
IaMEHTAJIbHOE PEIIeHre OIepaTopa

] , N YeTHOE,

L g(at — |a]) etl@t=)/C0%) _ gug

2 b0
O —p—= .
a %% a Bt roe a,b>0
Y xkasauue. Bocnonb3oBaTbes hoOpMyIon
a+ico oy
% . dZZG(T), a>0.

a—1i00
11.19. Hoxasars, 4TO:
1) &(z,t) = —0(t) 0(—x) e P — pymmameHTATBHOE pEIIeHWE Ofle-
paTopa 82 o o
m—aa—baﬁ'ab, roe b>0
(cMm. ykasaume x 3amaue 11.18);

2) &(z,t) = 0(t) 6(z) Iy (2m\/TY) — dyHmaMEHTAIBHOE PELIeHNE OTle-
2

—m? B R2.

0
paTopa =——,
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11.20. Hoka3aTh, YTO (QYHIAMEHTAJBLHBIM PpEIIeHHEM OIepaTOPa
0O, — m? aBngercs GyHKIHS

8wt = Wl (1 Jze —2),

2a

11.21. Hoka3aTh, YTO (QYyHIAMEHTAJBLHBIM PpEIIeHHEM OIepaTOPa
Kneitna-Topaora—®oka O, + m? apnaiorcs GyHKIMIN

(g)(.’lf,t) = —0(at _ |.’L‘|) JO (% AV4 a2t2 - $2), n = 1;

2a

m
g) P = 9(0,t—|:1:|) CcoSs (7 \/a2t2—x2)
($7 ) - 27‘!'0,2 /—a2t2 _$2 ’

E(z,t) = % § (a®t® — |z*) —

n=2;

m J1 (% Va?t? — |$|2)
— —— 0(at — |z|) , n =3,
4ma? a?t? — |z|?

roe Jo, JJ1 — dyukmun Beccess.
11.22. JToka3aThk, 9TO GyHIAMEHTAJILHBIMI PEIICHUSIME TejerpadHo-

ro omeparopa O, + 2m g ABIAOTCA byHKITIN

1 e 2 .’L‘2
é"(m,t):%e O(at — |z|) I { my/[t -= ) n=1;

e~ ™@(at — |z|) ch (m /12 — [z]2/a?
(g’(g;,t) = ( ) R n=2;

2wa?4/t? — |z|?/a?
e—mté(a2t2 _ |1‘|2) _
me™"8(at ~ |a]) Ir (m |/~ a*]a? )
_ ; n=3,
dwa?\/t? — |z|?/a?

roe Ip(&) = Jo(i€), I (§) = —iJ1(i) — dyukmun Beccens MHEMOTO ap-
IyMeHTA.

flat)

E(z,t) = o

Y xasauue. Bocnoms3oBarbes samauein 11.21.
11.23. 1) HokasaTs, uto &(z,t) = vl(t) e §(x — vts), roe
o0
(6(t) e~ 6(z — vts), p(z,t)) = / e~ (s, t) dt
0
— QYHOAMEHTAIBHOE PEIIEeHNE OEePATOPA IEPEHOCA,

%%+(S,grad€)+a£:6(m,t), [s]=1, v>0, a>0; n=3;

9*



132 Ta. III. O6ob6wennvie ynryuu

2) mokaszaTb, 4TO

6% = (G0 (5 & )ow) = [e=rotps)dp
0

— (yHIDAMEHTAIJILHOE pPEIlleHNe CTAIlMOHAPHOTO OIlepaTopa MEPEHOCca
(S,grad8°) + a8® = d(z), n=3.

11.24. Haitu ¢dhyHmaMeHTabHOE DEIeHue ypaBHeHus Z x & = 0,
rme Z u3 3amauu 8.30.

11.25. IokasaTs, uro eciu &(z,t) — GOyHOAMEHTAJIBLHOE DEIIEHUE
OIIEPATOPA MEPEHOCA

9]
L(D)—ala—zl—i-—i-ana—l-a, |a|§£0,
TO
1
L(k)al>*=1)
— dynnamenTansHOe pemenne omepaTopa L (D).

Y xka3auue BocnonbzoBarbes nHoyKIueH mo k.

(@121 + ... + Gnzn)" " &z, 1)

Oycte f(z,t) € 2'(R™1) u ¢(z) € 2(R"™). Beemem 0606miennyo
dyukumo (f(z,t),0(z)) € 2'(R'), nefcTByONIYI0 HA OCHOBHEIE (DYHKITAE
% € 2(R') mo dopmyme

((f(2,1),0(2)),9(t) = (£, ).
W3 onmpeneneHus BEITEKAET, YTO
k dk:
(22 t0)) = o FGat)gta). k=12

ToBopst, uTo 0606mwennas Gyukuus f(x,t) npunadaercum xaaccy CP
no nepemennoti t 6 unmepsase (a,b), ecnu mist mobon p € P (R™) 0606-

wennas yukuus (f(z,t), p(z)) € CP(a,b).

11.26. s dyrmamenTanbHBIX pemeHuit &,(x,t), n = 1,2,3, Bon-
HOBOTO OIIEPATOPa, PACCMOTPEHHBEIX B 3amadax 11.15-11.16, mokasaTs:

1) &u(z,t) € C* no t € [0,00);

2) &,(x,1) — 0, 200t
B 2'(R").

11.27. s dyHmaMeHTaIBHOTO pemieHus &(x,t) omepaTopa Termio-
nposonHocTH (cM. 3amady 11.12) mokasaTs, 4TO

E(z,t) — (x), t— 40 B P2'(R™).

11.28. ns dyHmaMeHTaAILHOTO perienus omepaTopa lIpémuuarepa

(cm. 3amaay 11.14) mokaszaTsb, 4TO

& (z,t) — —id(z), t—+0 B 2'(RY.
11.29. ns ¢yHmaMeHTaAILHOTO pertenus u3 3amadun 11.18 mokasaTs:
1) &(z,t) € C* mo t € [0, 00);

0 En(z,t)

— 6(1‘), 912

— 0 mpu t — +0
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2
9) &(z,1) —> 0, aggjt) — §(), % — =25(x), ¢ — +0
B 9'(RY).

11.30. Ons dyHmaMeHTANBHOrO pemreHus u3 3ama4du 11.13 mokasaTs,

qTO
&(z,t) — (), t — +0 B 2'(RY).

OrBern K §11

11.1. EI[I/IHCTBeHHOCTI: Ouesunuo, &(z) € 2. Ina u =
=&-&", rme & € P! | — IOpyroe QyHmAMEHTAJbHOE PEIleHne, MMeeM
L(D)u = 0. Ceeptka u * & cymectByeT (cMm. dopmyiy (8), §8). Umeem
u=ux*xd=ux*xL(D)&=LD)ux&=0. Cremosaremvuo, & = &

113. 1) 02) =5 9) 6(a) et

3) B(z) (e — e27); 4) 9(z) > sing;

5) 2 [e‘“— ~ar/2 (cosaf o +VEsin %Y )]
6) %2 (1 ey,

7 92( %) (shaz —sinaz);  8) * (zchz —sha).

11.12. Pemeunue. [Ipumenun Hpeo6pa3OBaHMe ®ypoe F, x paBen-
CTBY %—f — a?A& = §(z,t), B cuny pesynbrarop s3amauu 9.21, 1) u 2) un
dopmyn u3 §9 momyaum

06 L RUPE=19-00), e  F(&1) = Flé.b)

ons3ysce Gopmymnoin mis &(t) samaum 11.2, 1) ¢ 3amenoit a Ha a?[¢[?,

sakmoYaeM, 9To & &t)=0()e —a®lE’t Orcioma B cumy samadm 9.24

t) 2 2
E(m,t) = , _ ) 12/ (0t
(0:6) = [E(€60] = e
11.15. Ykaszauwue. Cwum. pemenne 3amaun 11.12. Jlnsg uckomoi
Z(t) € C? momyunm samauy Z" + a?¢2Z = 0, Z(0) = 0, Z(0) =

sin at
Orcropa Z(t) = —f U, CIIeNOBATEILHO,
a

> _ sin a&t
Fr(e.t) = 0(t) ot
Ianee Bocnonb30BaThLCA 3amadein 9.25.
11.24. ﬁ e~ Ft/(2L) (coswt — % sinwt), ecmn 4L — CR? > 0, roe

_ \/4L/C “R

2L




I'masa IV
3AIOJAYA KOIIIN

§12. 3amaua Kormm niis ypaBHeHUs BTOPOTO MOPSAKa
runep6oJIMYecKOro THUIa

1. 3anmaya Komm Ha mimockoctu. 3anaua Komw mis ypaBHeHus
a(,y) ez + 26(2,y) Uey + (2, y)uyy + d(z,y) us +

+e(@,y) uy + flz,y)u=F(z,y) (1)
C yCIOBUSIMA

0
U,|1-, = u0($7 y)7 a_l; r = ’U,].(ﬂf,y) (2)

cocrout B cienytomweM. Ilyctes B obnactu D 3amano ypasaenue (1) runep-
Gomrueckoro tuma (b — ac > 0) u Ha kpuBoit I', KOTOpas MPUHALITEKUAT
obsactu D wmim sBiseTCS 4acThiO rpaHuisl obmactu D, 3amaner GyHK-
uun ug(z,y), ui(z,y) u Hanpasnenue [(z,y). Tpebyercs HaTH DYHKINIO
u(z,y), xoropas B obmactu D saBusercs pemenueM ypasHeHus (1) u Ha
kpuBoit [' ynosrmeTBopsieT yciosusm (2).

Ecnu B kaxnou Touke kpusoi I HanpasiieHue | He ABIAETCS KACATEIb-
HBIM K KpuBOil I m xacaTenbHOe HampaBieHue K KpuBoil [’ He siBisieTcst
XapaKTEPUCTUYECKAM, TO B 00acTH D, OrpaHUYIECHHON XapaKTEPUCTUKA-
MU, TIPOXOISIIIIIMY Yepe3 KOHIEI KPUBOi [';, Ipu HOCTATOYHOM IIIagKOCTH
KOos(hdunmenToB ypasaenus (1) u maHHBIX ycioBuit (2) CyIiecTBYeT enuH-
cTBeHHOe perrtenne 3anaau Kommn (1), (2).

12.1. Ilycts Ha unTepBane (a,b) 3amambr ynxmm ¢ € C2, ¢ # 0,
up € C?, u; € C'. Iokazars, uTo 3anada Kommn

Ugy = 0, a<z<b, c <y <d;

Uly=p(z) = to(T), Uyly=p(z) = u1(2)
IMEET €NMHCTBEHHOE DEIeHne
¢ (y)
u(ey) = (@) + [ w(©)y'©de,
€T
rae ¢ = inf p(z), d = supp(z), ¢ *(y) — dbyuxumsa, obpaTHas K hyHK-
muu ().
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12.2. IlycTs Ha naTeppatne (—1,1) samansr dyskmn ug € C2, u; € CL.
Hokaszars, uro 3amaua Kormm

Uy — Uyy = 0; uly=o0 = uo(z), Uyly=0 = u1 ()
nMeeT eNUHCTBEHHOE pelreHue B kBampate {|z — y| < 1, |z + y| < 1}.

IMokazaTs, 4TO HTOT KBAOPAT SBISETCS HAUOOIBIIEN OOJIACTHIO €MUHCT-
BEHHOCTY DEIIEHNS IOCTABIECHHON 3a0aUN.

12.3. Jlokasarb, uTo pertenue 3amnadu Korm
Ugzy = 0, —oo < x, y < 00;
uly—o = uo(z), Uyly=0 = u1 ()

CYyIIECTBYeT TOJNLKO Torma, koraa ug(z) € C2(RY), a ui(z) = const. Io-
Ka3aThb, UYTO IIPU 3TOM DEILIECHUE HOCTAaBJICHHON 3a0a4Y HEe €AUHCTBECHHO U
BCE PEIeHNs 3TOM 331aUl MOXKHO PEICTABUTE B BUMC

u(z,y) = uo(z) + f(y) — £(0) + y[us (0) — f(0)],
rae f(y) — mobas dbymrknus u3 kiracca C2(RY).
12.4. JlokaszaThk, uTo perrenue 3anadn Komm

Ugy = 0, lz| < 1, 0<y <1,
u|y=w2 =0, uy|y=x2 = uy ()

CYIIECTBYeT TOMBbKO Toraa, kKorma ui(z) € C(—1,1), zui(z) € C1(-1,1),
w1 (x) — ueTHas GyHKIUS.

ITokaszaTs, 4TO IPU HTOM pEIIEHNE IOCTABIICHHON 33,0a4M €QUHCTBEHHO
VY
u(z,y) =2 [ Eur(€) dé.
T

12.5. IlokaszaTsk, uTo perrenue 3anadn Komm
Ugy =0, |z| <1, ly| < 1;
Uly:m3 = |$|aa uw|y:x3 =0

CYIIIECTBYET TOJBLKO Torma, korma « = 0 unum a > 6. IlokasaTh, 4TO mipu
5TOM peIlleHre TIOCTABICHHOM 3a1a4Yn eNnHCTBeHHO 1 u(z,y) = |y|*/3.
12.6. Jlokasarhb, uTo pertenue 3amnadn Korrm

Uge — Uyy = 6(z + ), -0 < T, y < 00;
uly=2 =0, Ug |y=2 = u1(2)

CYIIECTBYET TONMBKO Torma, korma ui(z) — 3z2 = const. IlokazaTs, 4To
[IPU 5TOM DEIlIeHNe TTOCTABICHHOM 3349l He eMHCTBEHHO U BCE PEIICHUS
5TON 3a0a491 MOXHO IIPEOCTAaBATH B BUOE

u(z,y) = 2° -y + f(z —y) — f(0) + (z — y)[u1(0) — F'(0)],
raoe f(z) — moo6as dyskmma u3 knacca C?(RY).
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B 3amauax 12.7-12.19 TpebyeTcs Hai T HAXOOIIBIIYIO 0OIACTD, B KOTO-

poit mocTapieHHas 3a0a4a Ko nmeeT eNMHCTBEHHOE PEIIeHre, U HANTH

3TO

peIeHue.
12.7. ugzy = 0;

uly=2> =0, Uyly=22 = V2], |lz| < 1.
12.8. ugzy +u, = 0;

Uly=y = sinz, Ugly=2 = 1, |z] < o0.
12.9. ugze — uyy + 2up + 2uy = 0;
uly—o0 = z, Uy|y=0 = 0, |z| < oo.
12.10. ugpy — Uyy — 2uz — 2uy =4
Ua=o ==Y,  Usl—o=y—-1,  |y| <oco.
12.11. gy + 2Uzy — uyy = 25
Uly=0 =0, Uyly=0 = = + cosz, |z| < o0.
12.12. ugy + yu, + zuy + zyu = 0;
uly=3z = 0, Uylymze = €757, z <1l
12.13. 1) Tuzy — Uyy + %uz =0;
Uly=0 = Z, Uyly=0 =0, x> 0;
2) TUgy — YUyy — Uy = 233
U|y=p = sinz, Ugp|y=z = COSZ, z > 0.
12.14. zuy, + (2 + y) Uzy + YUy, = 0;
Uy—1/s = 2%, Ugly—1je =227, x>0

12.15. ugp + 2(1 4 22) Ugy + 42(1 + z) uyy + 2u, = 0;

Ulz:O =Y, Uz|z=0 =2, |y| < 0.
12.16. 1) z%ugz, — y2uyy — 2yu, = 0;
u|z:1 =Y, uzlz:1 =Y, y < 0;

2) Ugy — 47Uy, — %ux =0;

Ulp=1 = y* +1, Uy |o=1 = 4, ly| < oo.
12.17. z2uy, — 2TYUgy — 3y2uyy =0;
uly=1 =0, Uyly=1 = VT, z > 0.
2%
1+ 2y

12.18. yug, +3(2y — 1) ugy — 227Uy, — % Uy + (uz +2zuy) = 0;

Uly—o = 7% Uyly=0 = 1, z > 0.
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12.19. yuge — (¢ +y)tay + Tuyy — % (ua —uy) = 0;

uly=o = 27, Uyly—0 = =, z > 0.

Samaum 12.20-12.24 Ttpebyetrcs permuTh MeTonoM PumaHa.
12.20. uzy +2u, +uy +2u=1, 0<z, y<I1;
Ulpqy=1 = T, Ug|aty=1 = Z.
12.21. zyugy + Uz —yuy —u =2y, 0<z, y <oo;
Ulzy=1 =1 —y, Uyley=1 =2 — 1.

1
12.22. uzy+m(uz+uy) =2, 0<z, y< oo

Uly=2 = z2, Uply=2 = 1 + 2.
12.23. um—uyy—i—%ux— zuy =0, |lz—y|<l, |z4+y—-2|/<]
uly=1 = uo(T), Uyly=1 = ui(z), uo € C*(0,2), wu; € C*(0,2).
12.24. 2ugy — e “uyy =4z, —oco <z, Y < 00;

— 5 _ .2
U|y=p = T° COSZ, Uyly=2 = 2 + 1.

2. Kmnaccuueckas 3agaya Komu. Knaccuueckoi#t 3anma-
guett Komum mgas BOMHOBOTO ypaBHEHUWS HA3BIBAETCS
3amada o Haxoxmenun bymrkmmm u(z,t) xmacca C2(t > 0) N CL(t > 0),
ynoBieTBOpstoiiel npu ¢t > 0 ypaBHEHUIO

uy = a”Au+ f(z,1) 3)

" HAYAJIBHBIM yCHOBHﬂM
Ule=0 = uo(x), Utlt=0 = u1(x), 4)

rmoe f,uo U u; — 3amaHHBIe QYHKINN.
Ecnu BEIONHAIOTCS yCIOBUS

feC(t>0), wuoeC*RY), wu €CYR'), n=1;
FEC(t>0), upe C*RY, weC2(RY, n=23,

TO peutenue 3anaur Komm (3), (4) cyiiecTByeT, eIMHCTBEHHO U BHIDA-
KAETCA:
1) upu n =1 gopmyaoii Jarambepa

(5)

u(z,t) = % [uo(x + at) + uo(z — at)] +

z+at t zta(t— 7')

to [wm@d+ o [ [ fendgdar (0

z—at 0 z—a(t—7)
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2) npu n = 2 gopmyaot IIyaccona

t
1 f(§ 7)d€dr
u(z,t) = =— /
2 204 — )2 _ £ — |2
Ta 0|§—z|<a(t—1’)\/a t—1) |€ — x|
1 u1(§) d€ 1 9 uo(§d§ |
+ 271'0/'5_ |< . 02t2_|£—.’l)|2 + Ié_ (< , ’a2t2—|€—z|2’ (7)

3) upu n = 3 gopmyaot Kupzzofpa
wot) = [ f(g,t— '5‘”“">d5+

4dma? |€ — z| a
[€—z|<at
1 1 0|1
4m2q2t / un () dS + 4ra? Ot l? / uo(€) dS] (8)
|é—z|=at |E—z|=at

12.25. Ilyctey ¢yukmms u(z,t) sBiaseTcs pernedueM 3amaunm Ko
2
Utt = G Uge;  Ult=o = uo(T),  Utft=0 = w1 ().
Hoxkazars, uro mus moboro T' > 0 cyuiecTByeT perrenre 3amadn Kot
2 1
Vit = A" Vggs t<T, T € R 'U|t:T = U|t:T, 'Utlt:T = Ut|t:T-
Iokasars, uro u(z,t) = v(z,t) mpu 0 <t < T.
12.26. Hoka3aTh, YTO €CIU CYyIIeCTBYeT peleHue 3amadu Korm
2
Utt = @ Uge;  Ult=o = uo(T),  Ut|t=0 = u1(z),
To u € C*(t>0), wuy€ C*RY), wu € CHRY).
12.27. Ilycty dyuknus u(z,t) seusercs pemeHweM 3amadn Kommm
2
Uy = a” Aug ult=o0 = ¢(z), Ut|t=0 = 0.
t
Hokasatb, uro dyukums v(x,t) = / u(z,T) dT ABIAETCS DEIICHUEM 3a-

nauu Komm 0
v = a*Av;  wlimo =0,  vli—o = p(z).

12.28. Ilycts dyukums u(x, ¢, to) Tpu KaxmoM GUKCUpOBAHHOM to > 0
SIBIIsIeTCsI pererueM 3amadu Korrm

uge = a” Au; ult=t, =0, Utlt=t, = f(7,t0)-
t
Hokasatb, uro dyukums v(x,t,ty) = / u(z,t,7) dT ABISIETCS pEIeHn-
eMm 3anaun Komm to
Vgt = a’Av + flz,t); 'U|t:t0 =0, 'Ut|t:to =0.
12.29. JlokasaTsk, uro ecnu byukumn f(x), ug(x), u1 () — rapmonu-
geckue B R, a g(t) € C(t > 0), To pemenue 3anaun Komm
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uye = a’Au+ g(t) f(z); ult=0 = uo(T), Ut|t=0 = u1(7)
BBIpaXKaeTcs opmyon

t
u(z,t) = up(z) + tuy(z) + f(z) /(t —71)g(7)dr.
0

12.30. Haiitu pemenne 3anaun Kormn
u = a’Au+ f(z); ult=0 = uo(7), utlt=0 = u1(7),
ecmn AVNf =0, ANug=0, ANu; =0.
12.31. IMoka3aTh, YTO OJs CYIIIECTBOBAHUs pelleHus 3amadm Korrm
ugt = a’Au, z € R?;
ult=o = f(z1) + 9(z2),  utl=o = F(z1) + G(22)
NOCTATOIHO, ITO0LI bynkmmn f (1) u (7o) npuaammexasm knaccy C2(RY),
a dyskmmu F(z1) n G(z2) — xmaccy C(RY). Haittu 370 permenue.
12.32. Iloka3aTh, YTO OJis CYIIIECTBOBAHUs peleHus 3amadm Korrm
ugt = a’Au, z € R3;
U’|t:0 = f(xl)g($27$3)7 U’t|t:0 =0

NOCTATOIHO, ITOOLI byHKIUS g(T2,73) Oblta rapmormyaeckoi u f € C2(RY).
Haiitu 510 peirerne.
12.33. Ioka3aTh, YTO OJis CYIIIECTBOBAHUs pelleHus 3amadm Korrm

ugt = a’Au, z € R3;
ule—o = a|z]),  wutle=o = B(|2])

nocraTouro, 9Tober a(r) € C3(r > 0), B(r) € C?(r > 0) u o/(0) = 0.
Haiitu 510 peirerne.

12.34. IMoka3aTh, YTO OJis CYIIIECTBOBAHUs pelleHus 3amadm Korrm

ug = Au, z € R3;
ule=o = 0(1 = [z)||*(1 = |z])?,  utlt=o =0

HEOOXONMMO U MOCTATOYHO, 4TOOBI @ > 2 u 3 > 3. HaliTu 5TO perenue.

Pesynbprar 5TOI 3amauu CPABHUATH C AOCTATOYHBIMU yCIoBuAMU (5)
(c.137)Bemywasix 2 < a<3,>3ua=2,2<p3<3.

12.35. Pemmnts 3amauy Kot

Ut = Ugg; u|t=0 = 0(1 - |$|)($2 - 1)37 utlt:() =0.
IMocTpouts rpaduku dyukumit u(z,0), u (x, %), u(z, 1), u(z,2).

Pewrenne 3amag 12.36-12.38 moxkuO Haxonuth mo dopmyinam (6)—(8),
HO MHOI'Oa y,T.[OGHee IIPUMEHUTHb METOO PA3OEJICHUA IIEPEMEHHBIX WUJIM BOC-
TIOJIB30BATHCS pe3ynbTaTaMu 3anad 12.27-12.32.

12.36. Pemmuts 3amaun (n = 1):

1) ug = uge + 6; ule=o = 22, Utle=o = 4a;

2) gy = Mgp + 2t Um0 = 2%, Uple—o = T3
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3) Uy = Ugy +sin; U|t=p = sin z, Ut|t=0 = 0;

4) U = Ugy + €75 U|t=p = sinz, Utlt=0 = T + cos z;
5) Ut = gy + sinz; im0 = 1, Ut|t=o = 1;

6) uy = a*ugy +sinwz;  uli—o =0, Utli=0 = 0;

7) ug = aug, + sinwt; ult=o = 0, ut]t—o = 0.

12.37. Pemnts 3amaun (n = 2):

1) uy = Au+2; uli=0 =z, Ut|t=0 = ¥;

2) uy = Au+ 6zyt; uli=o = z°— y?, Ut|t=0 = TY;

3) uy = Au+12°—31y?;  uli—o = % cosy, Utli—o = €Y sinz;
4) Ut = Au + tsiny; u|t:0 = IL'Z, ut|t:0 = siny;

5) uy = 2Au; uli—o = 22 —y?, Ugli—o = 227 +y%;
6) uy = 3Au+z3+y%  ul=o = 27, Uli=0 = y%;

7) ug = Au + 324y, uli—g = 32T Ugli—o = e37T4Y;
8) uy = a?Au; ult=p = cos(bx +cy), ut|t=o = sin (bz + cy);
9) uy = a’Au; uli—o = 1, Ut|i=0 = 745

10) ug = a®?Au+r2et;  uli—o =0, Utlt=o = 0.

12.38. Peumts 3amaun (n = 3):
1) uy = Au+ 2zyz; ule—o = 22+ =224 ugl—o = 1;

2) uy = 8Au + 227 uli—o =y, Ugli=o = 2%
3) uy = 3Au + 6r?; uli—o = 22y%2% Utt—0 = TY2;
4) uy = Au+ 6tez‘/§siny COS z;
uli—o = €Y cos 2v/2, Ut|i=o = €34 sin 55
5) ug = a®Au; ult=0 = wtlt=0 = 1*;
6) uy = a’Au+r2et; Ult=0 = Ut|t=0 = 0;
7) uy = a®Au + cosx sinye?;
uli—o = 22V, Ut|t=0 = sin ze¥t?;
8) uy = a?Au + zet cos (3y + 42);
U|t—0 = Ty COS 2, Utlt—o = yze®;
9) uy = a®Awu; Uli=0 = ut|t=0 = cosT.

12.39. Ilycte BeImONHEHBL nocTaTounbe yciosus (5) (c. 137) mia cy-
[IECTBOBAHMSA peleHns 3anaun Komm

uy = a’Au; Ult=p = uo(z), Ult=0 = u1 ()
u nycTs npu |z| > 6 >0
m|z|* <ug(z) < Mlz|*,  ml|z|*"" <wuy(z) < Mlz|*,

rme a > 0, 0 < m < M. oka3aTh, 9YTO IS KAaXKOOH TOYKU Lo CY-
IIECTBYIOT MOJIOXKUTENbHEBIE unciia, tg, Cp, Cs Takue, uTO mipu Bcex t > iy
BBIIIOJIHAETCA OILICHKA
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Clta S U(IL'(),t) S Cgta.

12.40. IlycTs BeImOsHeHB! nocrarounse yciaosus (5) (c. 137) mua cy-
II€eCTBOBAHUS PEIICHU 3a,0a4U KOH.U{I

ug = a®Au;  ulimo = uo(z),  utli=o = u1(z)
¥ nycTh st a > 0
uo () . w1 (z
— =4, lim % = B.
|z =00 |z] |z| =00 |2]

. u(x,t .
Hoxaszars, 9T0 . lim ulzt) _ C,, n mantu Cp, n =1,2,3.

—+oo ¢

3. OGobiennas 3amaya Komm nyisi BoJIHOBOTO ypaBHEHUA.
Ecnu pemenne u(x, t) knaccuueckoi 3anaqn Ko niis BOIHOBOTO ypaBHe-
uus (3), (4) n dyukumo f(z,t) € C(¢ > 0) npomomxuTs Hynem npu ¢ < 0,
TO0 5Ta dyHkmmsa u(z,t) ynosaersopser B R ypaprenmio (B 0606m1eH-
HOM CMBICJIE)

g = a®Au+ f(z,t) + uo(z) - &' (t) + ui(z) - 6(¢).

O6o6uwennots 3adaueti Kowu miis BOIHOBOTO yPABHEHUS C UCTOYHUKOM
F € 2'(R"), F(x,t) = 0 mpu t < 0, Ha3EIBaeTCA 331294 O HAXOXKIC-
Hun o606mienHoN dhyrKnmn u € ' (R™T1), ynosmeTBopsomieit BOIHOBOMY
YPaBHEHUIO

ugy = a>Au + F(z,t) 9)
u obpairafortieiics B Hyb nipu t < 0.

Pemwrenne o6obienson 3anaun Komu (9) cymecTByer, eIMHCTBEHHO U

omnpenesnseTcs GopMyIIon
u= &, x F, (10)

roe &,(z,t) — dyHOaMEHTAJILHOE PEIIEHNE BOIHOBOTO OMEPATODA,

& (z,1) = %O(at ), Ew ) = —et—lzD

oray/a2t? — |z[?’
o)

4ra2t St (2)-

Ceeprka V,, = &, * F' Ha3bIBaeTCsI 0006Uenubim 804106biM (3ana3dvi-
BANUWUM) NOMENYUAAOM C NAOMHOCTbI0 F.
B wactuocTu, ecniu F' = us () - 6(t) wmu F' = ug(z) - §'(t), TO cBEpTKM

VO = (@, t) * [us(@) - 6(8)] = En(m, 1) * ur(2),
A = 6 (x,1) * [uo(x) - 0'(1)] = (En(z, 1) * uo(2)):

HA3bIBAIOTCS 0000UEHHBIMY NOBEPTHOCTILIMY 604H08bIMY (3aNa30616a10-
wumn) nomenyuasamy (NPocmozo u 080UH020 CAOL € NAOMHOCTNIMY Uy
U Uy COOMBEMCMBEHHO).

BonzoBoil (3amasnriBarolIuil) MOTEHIMAN V;, yIOOBIETBOPSET yDaBHE-
Huio (9).

Cga3("1:7t) =
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12.41. Hoxaszats, ato ecmu F(z,t) € 2'(R"1), F =0 npu t < 0, To
ceepTka &, * F' cymecrsyer B 2'(R"T1).
12.42. JlokasaTs, uTo 0600weHHas 3ana4ya Komwm (9) umeer enuucT-

BEHHOE DellleHne B Kiacce o606mennsx dyskmuit u3 2’ (R™11), obpara-
fommxcs B Hydb mpu ¢ < 0.

12.43. Ioxa3aTb:
1) v vt npuHamexat kiaccy C* no t € (0, 00);

2) Vn(o) u V,Sl) VIOBJIETBOPSIIOT IPENEIbHBIM COOTHOIIEHUSIM IIPU
t— 40

(0)
0 (z,t) — 0, OV alfw’t) — u1(z) B 2'(R"),
Vi) (,t)

Vit (1) — uo (), —0 B 2'(RY.

12.44. Pemmts o606miernyio 3anaay Komm (9) (z € RY) co crnemyro-
uwMu uctouHukamu F(z,t):

1) 4(t) - o(z); 2) 6(t —to) - 6(z — z0), to > 0;
3) o(t) - 8'(z); 4) &'(t) - d(z);

5) §'(t —to) - d(z); 6) d(t) - &' (xo — x);

7) 8" (t) - 8(z); 8) 4o(t) - 0" (z);

9) 4(t) - a(z) 6(z), rme a(z) € C u a(0) = 0;
10) (¢) - B(z) 6(z), rme B(z) € C u B(0) = 1.

Huxe npm mocramoBke o606menHon 3amauu Komwm Gymem cumTarhb
ucrounukoM byukuuio suna F(z,t) = f(x,t) + uo(z) - 6'(¢) + ui(z) - 6(t),
f=0mpmt<O.

12.45. Pemutt 06061ieHny0 3amadqy Ko co caenyonmMu ncTou-
uukamu (z € RY):

1) f=w(t)- 0(z), roe w(t) € C(t>0), wt) =0 mpu ¢t < 0, ug =
=6(x), up = (z);

2) f=6(t) (x), uo = 0(z —x0), w1 = z0(x);

3) f=0(@)t-d(z), ug = 0(2 — z), up =03—1z); a=1;
4) f=0@)sint-0(x—xzo), wuo=0, u; = zd'(z);

5) f =06(t) cost- (), up =0, uy = 226" (z);

6) f=6(t)e™ 5(z), o =0(1—|a), w =0

7) f:%)-m—x), o = 0, w=3R—|z)); a=1;
8) f=0(t)t>- (), ug = C =const, u; =6(R—|z|); a=1;
9) f=0()Int-i(z), Ug = mé(z), u; = 0;

10) f=2=Y 50y, w=60@—|z), ui=0 a=1;
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1) f= w =0, u=60"2—|z|); a=1;
12) f= 1 6(:1: -1, w =0, 1w =sinzd(z—mr);
13) f= G(at —|z|), u =0, u3 =0
) f=0)(at+P) xd(x), up=0, wu=xd"(z); a=1.
12.46. [TokasaTb, 4TO eciu U1 (%) — JOKAIBLHO MHTErpupyemas QyHkK-
ms B RY, To Vl(o) (z,t) — menpepoiBHas dyHkuus B R? m BeIpaxaeTcs
dopmyon
G(t) z+at
V%8 =52 [ w©de (1)
z—at

12.47. IToka3aTb, 94TO €Ciu Ug (%) — JOKAIBLHO MHTErpupyemas QyHkK-

ms B RY, To Vl(l)(x,t) — HemnpepbIBHAA byHKINS B R? u BHIpaxaeTcs
dopmyon
v (2,1) = ( ) fuo(z + at) + uo(z — at)). (12)

Yxazanue DBocnomp3oBaTbCs TeM, ITO Vl(l) = 6_ [£1 * up(z)] B
cuny 3amad 8.35 m 12.46. t

12.48. Ilokasats, uTo eciu f(,t) — JIOKAIBHO MHTErpUpyeMast PyHK-
s B R?, pasras mymo npu t < 0, To morernunan Vi (z,t) IpuHALIEKAT
C(R?) u BeIpaxaeTcs GOpMyJIOit

1 t zta(t—7)
Vi) =5 [ [ fEndar (13)
0 z—a(t—71)

12.49. PemuTs 0600IIIEHHLIE 3a,1aUL:
1) ug = a*tge + 0(x) - 8'(t) + 6(x) - 8(t);
2) ug = aug, +0(t)(x — 1) + - §'(t) + sign (z) - 5(¢);

3) e = aus, + 00tz + L 50

4) Ut —um+ ( ) +9( ) 6(t)3

5) u t—uzz+0(t_ 2) Int + =] - 0'(t);

6) uy = a’ug, +0()t™ +0(2 — |x|) '), m=1,2,..;
7) ust = Uge +0(t) ™ + 0(z) e - 5(1);

8) wpt = Quge + 0(t — ) cost + 0(x —3) - §'(t) + 1(z) - §(t);
9) utt = ugz +0(t)0(2);

10) wgr = ugr +20(t) 0(x) z + €** - §(¢), a #0;

11) ug = uge +0(t — 1)(z 4+ t) + |z| - 6(F);

)
)
12) ugt = uge +0(t —2)t +60(z — 1) Inz - 6'(t);
13) ugr = ugy +0(z) 2™ - §'(t) + 0(z) 2™ - 6(t), m=1,2,..;



144 Ta. IV. Badaua Kowu
0(t)

14) uy = gy + w3 +6(z) cosz - §(¢);

15) gt = Ugs + 0(t) Vi + 0(—x) - 0'(t) + 0(—2) = - 6(¢);
16) use = Uge + 0(z) e~ VZ - 3'(t) + 22 - 5(t);

17) Uy = upe + 6(¢) sin(z + t) + sinz - §(8);

18) ust = uge +6(1 — |2]) - 0(2).

12.50. Hokaszatrs:

1) ecim ug € C?*(RY) n u; € C(R!), To morennmassr Vl(o) u Vl(l)
npuHamexat kiraccy C2(t > 0), ymosieTsopsioT mipu ¢ > (0 ypaBHEHHIO
O,u = 0 1 HAYAIILHBIM yCIIOBUAM:

V1(0)|t:+0 =0, (1/1(0))t|t:+0 = u1(x),
ViV li—s0 = uo(z), (Vi) le=s0 = 0
(Yxasaunue TpeGyeMmble CBONCTBA HEMOCPEACTBEHHO BLITEKAIOT U3
dopmyn (11) m (12).);
2) ecmm f € C(t > 0), To morenmman V; € C?(R?) ymoenersopser
mpu ¢t > 0 ypasaenuto O,u = f(z,t) 1 HAYATIBHBIM yCIOBUAAM
Vilt=10 =0, V)tlt=40=0
(Yxazaunue. TpeGyemble CBONCTBA HENOCDPENCTBEHHO BHITEKAIOT U3
dopmyner (13).).
12.51. IIycts B 3amaue Kommn (0606mmenHOI)
Ugt = @ Ugy + uo(z) - 8 () + ur () - 5(¢)

dbyuxmmm ug € C? u u; € C! nna Beex T, Kpome T = Tg, TIE Ug, u; (WK
X TPOM3BOMHBIE) MMEIOT PA3PHIB MEPBOrO poma. IlokasaTh, uTO perre-
HIE HTOH 33IaUM SIBJISETCS KJIACCUYIECKUM BCIONY B HMOJIYILIOCKOCTH ¢ > 0,
KpOMe TOYEK, JIEXKAINX Ha XapPaKTEPUCTUKAX, IPOXOMSIINX Yepe3 TOUKY
x = xg, t = 0 (pacman paspbiBa), IUIsl CIEAYIOMIAX CITyIAEB:

1) up = (z)w(z), rme w = C%(RY), w(0) # 0 u uy; = 0;

2) up =0, u; = 0(z — z9) w(z), Tme w € C*(RY), w(zo) # 0;

3) up=6(zx—1), uy =0(z —2).

12.52. Jlns samaau Komn (9) y6enurbes B TOM, 4TO:

1) or ucTouHUKA BO3MYIIEHUSL

F =wug(z)-6'(t) = 0(zo — |2[) f(z) - '(t),  z0 >0,

f € C?(R'), BO3HWKAIOT IBE BOJIHEI, KOTOPHIE UMEIOT B KAXKIbIl MOMEHT
Bpemenn t > 0 nepednuti powm B Toukax x = +(at+1y) COOTBETCTBEHHO
W B KAaXIBIA MOMEHT BpeMeHH i > —° zadwuti fpowm B TOUKax T =
= *(at — zo) (npuunun Iolirenca); ¢
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2) OT UCTOYHUKA
F =uy(z)-6(t) = 0(xo — |2]) f(z) -6(t),  z0>0,

f € C*(R'), BO3HMKAIOT IBE BOJHEI, KOTOPHIEC MMEIOT B KAXKIBIA MOMEHT
Bpemenu ¢t > 0 nepednuti powm B Toukax ¥ = *(at + o) U He UMEOT
3adnezo Pponma (pa3sMbIB 33mHEro GPOHTA BOIHEL WK JuP@y3ud 604n).

Y kxaszaunue Bocnoms3oBarbes dopmynamu (11) u (12).

12.53. Pemnts cnenyroime 0OOOIIEHHBIE 33na4ld M NOKA3aTh, UTO

HOJIyYEHHBIE DELIeHUs SIBILAIOTCS PEIICHUSIME U KIIACCHYECKOHN 3a[aduu
Koum (3), (4):

1) ug = a®ugze + 0(t)(z +t) + 2 - §'(t);

2) up = a®ug, + 0(t) tInt + 3% - §'(1);
3) ug = aPug, + 0(t)(z2 +12) + 2™ - 8'(t), m=1,2...;
4) ug = Uy + O(t) 2% + cosz - §'(t) + cosz - 6(t);

Utt = Ugy + O(t) cos (z +t) + 27 - §(t);

)
)
)
5) u = a®ugy + 22 In|z| - 6(2);
)
) g = tgs + O(t) sint + % - 8(1);

Ut = a2y + 0(

) L
9) ug = Uy + (ax® +8) -0 ()+:I:4/3 5()

10) g = tge +In(1+e%) -8 (1) + e -4(t);
11) wg = gy + 0(t) ™z + sinz - 6'(¢) + 2™(t), m=1,2,..;
12) ug = ugq + 0(t)arctgt + In(1 + z2) - 6'(¢);
13) wg = dug, + 0(t) cosz 4+ 1+ 22 - ' (t);
14) Ugy = Uy + 0(t) sint + z2e~ 171 5 (2);
15) uy = dugy, + e~ 0'(t) + e sinz - 0(t);
16) Up = Upy + sin’ - 5’(t) + ze~ 171 5(t);
)

1

].7 Ut = Uy +9(t) 1 +t2 7 cos (S (t),
18) st = Ugy + O0(t)(wel + te®) + \/1:——302 -4(¢).

12.54. Pemmnts 0606111eHHYI0 3amady Koim miist BOTHOBOTO ypaBHE-
uus (v € R?):

1) uy = a?Au+6(t) - 5( )+ 6(z)-8'(t) + 6(:1:) 5(t);
)2 urt = a?Au+0(t) t2 - §(z) + |z|™5(x) - 8" (t) + 6(z — 22) - §(t), m =
3) uy = a®Au+w(t)-6(x) +el®15(z) - 6(t), rrew e C(t>0) nw =0
npu ¢t < 0;
4) uy = a®Au+0(t)(at + () - 6(z) + 6(z — m0) - 6(¢).

10 IIoxm pex. B.C. Bragumuposa
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12.55. Pemutt o60611enHy0 3anauy Koimu mis BOIHOBOTO ypaBHE-
mus (z € R3):

1) ug = a’?Au+0(t) - 5(x) + () - §'(t) + 5(x) - 5(¢);

2) uy = a?Au+0(t —ty) - 6(z — x0) + d(x — ') - 6(¢), to > 0;

3) e = a?Au+w(t)-5(z)+ |of2 & ‘5(“ 6’(t)+%-6(t), k=1,2,3,

k

rnewEC(tEO)nw:Onpnt<0

4) us = a®Au + 6(t) sint - 6(z) + e~ 1=’ % L5(1).

k

12.56. IokasaTs, uTo eciu u (L) — JOKAIBHO MHTErpupyeMast hyHK-

0
uusi B R, n = 2,3, T0 Vn( ) nokambHO nmHTerpEpyemasd Gysknns B B!
7 BBIpaXaeTcs: GopMynaMu

(0) _® uy (§) d€
Vo ' (z,t) = ra / P (144)
lz—¢&|<at
© _ 6@
V%0 = oo [ w(©ds. (142)
le—¢l=at
Bameusanme. Tax kak Vi) = % (&n(z,t) * up(x)), TO, 3aMeHss
B (141) u (142) uy HA up U nUbDEPEHIUPYS 1O ¢, TOIYINM
(1) 6(¢) uo(§) d§
Vi (,1) = (m | ) (145)
le—¢l<at
(1) _ 96
I/3 (:L.)t) - at <47ra2t| { uo(ﬁ) dS . (144)
z—E|=at

12.57. IokasaTs, uto eciu f(zr,t) — JOKAIBLHO HHTErpUpyeMast hyHK-
ms 8 R"TY, n = 2,3, papras mymo npu t < 0, To Vo — HempepLIBHASL
GyHKIMI 1 V3 — JOKAIbHO MHTerpupyeMmas gyuknus B R"T! u onn Be-
paxarTca GopMynIaMm:

t
1 f(§,7)d€dr
Va(z,t) = 5— : (151)
2ma 0/ Y e T
Va(z,t) = 4m2| { W(ﬁ (15,)
r—¢|<at

12.58. HokaszaTs:

1) ecmn ug € C3(R"), w1 € C2(R™) mpu n = 2,3, 10 V. u VY,
n = 2,3, npuramiexat xnaccy C?(t > 0), ymonersopsior mpu t > 0
ypasreEnio O,u = 0 1 HAYAIBLHEIM YCIIOBHASIM
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BI7AS
Véo)lt:+0 = 0, ot = Ui (:L'),
t=+40
BA7ASY
Vn(1)|t=+0 = uo(x), En =0;
t=+40

2) ecm f € C%(t > 0), To V,, € C%(t > 0), n = 2,3, ynopneTsopseT
mpu ¢t > 0 ypasaenuto O,u = f(z,t) 1 HAYATBHBIM yCIOBUIM
oV,
ot
Yxasauue. TpebGyeMmbre CBONCTBA HEIOCPEACTBEHHO BHITEKAIOT U3

tdopmyn (14) u (15), ecnu B HUX COETATH 3aMEHY IIEDEMEHHBIX & — L = at1)
un & —z = a(t — T) 7 COOTBETCTBEHHO.

V0]t=10=0 =
| + ) =10

12.59. Pemnts 06061enny0 3anady Korum miist BOSIHOBOrO ypaBHe-
s (z € R?) u mpoBepUTH, YTO TONYUEHHBIEC DEIICHNs ABJIAIOTCS PeIIe-
HUAMHE Kiaccudeckon 3anadu Komwm (3), (4):

1) f=6(), ug = C, u; = C, C = const;
2) f=0@)zP, ug = |z, up = |z
3) f=0(t)t, ug = 0, up = 1+ |z|%

4) f=0(t) e t|z)?, up = 1+ |z|?, u; = 0.

12.60. Pemmts 3amauy Ko s BomHOBOTO ypapHerus (z € R3) co
CIenyoImnMu JaHHBIMUA:

) f =00kl =0, ur = [o;

2) f=00)tz?, wo=1, up = 1;

3) f=wlt), tnew € C2(t >0)uw =0mput <0, uy =0,
uy = alz|* + B3;

4) f=6(t)In|z, ug = 0, u; = 0; a=1;

5) f = 0), w=rpE  m=0

6) f=0, ug = sin |z|?, uy = sh|z|?; a=1;

7 f=00)t, uo = af?, u =

8) f=0(t)e *uw(z), tme w € C, ug=+/1+[z%, u1 =0; a=1;

9) f=6@t) e ", wy=0, uy = cos |z|%; a=1;

10) f =0, up =In(1+|z?), uy= e"’”'Q; a=1;

11) f=0, uO:e_|’”|2, u; = In|z|; a=1;

12) f = 0(t) sint, up = cos |z|?, uy = 0;

13) f =0, uo=COR—|z]), wu1 =0;

14) f =6(at—|z|), wuo =0, up = 0.

10*
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Sapaun Kommu ms ypasuennin 12.61-12.63 dopmynupyoTcs Tak xe,
KaK IJIsl BOJTHOBOTO yDABHEHUSI.

12.61. Pemuts 06061mennyto 3anaay Ko nis ypaBuenus rumnep6o-
JIMIECKOrO THUIIA

Dau:buz+gut+F(m,t), a >0, b>0,

Fo,t) = £(2,8) + uo(a) - 8'(6) + [ (@) = 2 uo ()] - 8(0),

CO ClIeOyIIIUMU OJAaHHBIMMA:

roe

1) f=6()- (), ug = 0(z), u; = 0(z);

2) f=6(1) =, ug =0, u; = 0(x); a=b=1;
3) f=0(i)t, ug = 1, Uy = T; a=b=1;
4) f=0(t)et, ug = e, up = e%; b=1;

5) f=0(t)e", ug = az + 3, u; = 0.

12.62. Pemuth o6o61iennyio 3amnauy Ko nns ypaBuenus Kieina—
T'opnoma—®oka
Ouu +m?u = f(z,t) + uo(z) - §'(t) + ui(z) - 6(¢)
CO CJIeoyIomyuMN OaHHBIMUA:
1) f=0, ’U'O:(S(w)a U1 :6(:1;)7 a=m=1;
2) f=w() -6(z), tne weC(t>0) mw w=0 mpu t <0, uy =0,
uy =x; a=m=1;
3) f=06(t), ug =1, uy =1, a=m=1;
4) f=0, ug = 0(x), u; = 60(x), a=m=1.
12.63. Pemuth o60611ennyto 3anauy Ko nmas TemerpadHOTO ypas-
HEHWSI
Oqu + 2mus = f(z,t) + uo(z) - 8" (t) + ua(z) - 6(¢)
CO CJIeoyIomyuMN OaHHBIMUA:
1) f=0, UOZ(S(:L'): U1 :5(:17)7 a=m =1,
2) f=w() -6(z), tne weC(t>0) mw w=0 mpu t <0, uy =0,
up =0; a=m=1;
3) f=0, wuy=1, u; = 0(x), a=m=1.

OrBeTnl K §12

12.7. % (y3/4 = |2/2); |2 <1, 0< y < 1.
12.8. siny —1+e"7Y —oco <z, y <oo.

12.9. x—y—%+%e2y; —00 < T, Y < 00.

12.10. %[1—x—3y+(x+y—1)62“7]; —00 <z, y < 00.

12.11. zy + g sin%y cos (:1:+ %), —o0o <z, Yy <o0.
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12.12.
12.13.

(y — 33;) @+v)/2, 3 < 1, y < 3.
1) x+zy;x>0, ly| < 2y/=;

4

2) x3y+sinx—%x —%:1:41/2; z>0,y>0.

12.14.
12.15.
12.16.

12.17.

12.18.
12.19.

12.20.
12.21.
12.22.

12.23.

12.24.

12.30.

12.31.

12.32.

12.33.

12.34.

2
x
—;z>0,y>0.
” Yy

2z +y — 2% —c0o < T, y < 00.
1) &+
§\4/xy(\3/_—1)‘:1:>0 y > 0.
4 y’ b

22 +2y2 +1; 2> 0, —%<y<:1:2.

2$y,x>0,y<0; 2) z* + 9% z > 0.

22+ zy +y% T > |y
% +(4—3y)el=*7Y — (2:1: + %) e21=2=Y); R = gr—&H+2(y—n),

_y R=Y
zy —y; R pot
x—y+xy,R—£+y
pr [(z+y—Dug(z+y—1)+(@—y+Duo(z —y+1)]+
z+y—1
toe [ [©+u©)ds
z—y+1

(y —z)(z® + 1) + 2° cos z.

N—-1 (at)2k Aku 2kt2k+1

2k ,2k+2
t
= | @k o®) + Grr1

AFuy (z) + m Akf(a:)].

% [f(z1 + at) + f(z1 — at) + g(z2 + at) + g(z2 — at) |+
zi1+at zo+at
+oo _/t F()de + o _/t G(n) dn.
9(z2,23)[f(21 + at) + f(z1 — at)].
1
2Ja]

N =

[(|z] + at) a(|z]| + at) + (|z] — at) a(]|z| — at])] +
|z|+at
X / rB(r)dr upu |z| #0 u u(0,t) = a(at) + ata’(at).
llz|—at]
[0(1 =[] = )(Jz| +)* T (A = |2 = )% +6(1 — [|z] — t]) %
x sign (|z| — t)||z| — t|*T (1 — ||2] - t])”]

1
—— X
2a|z|

2z]

mpu |z| #0 u u(0,¢) = 6(1 — ¢)t*(1 — )51 [(a + 1)(1 — t) — Bt].
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1 3 1 3
12.35. Z0(1 [z +t)[(z +)° 1"+ 5001~ Jo — t) [(z — 1) = 1]".

12.36. 1) (z + 2t)%; 2) x? +axt + 48 + %mt3;
3) sinz; 4) zt+sin(z +t) — (1 —cht)e”
5) 1+t+ = (1 — cos 3t) sin z; 6) 57 (1 — cosawt) sinwz;
7) L i sinwt

w  w? ’
12.37. 1) z +ty + 12 2) ayt(1+t2)+z% —y?%;
3) 1 tz(az3 —3zy?) +e® cosy +te¥ sin z; 4) 22 + 12 + tsiny;

5) 2x —y? +(2a: +y?)t + 262 + 235
6) 2* +ty’ + t2(6 + 2° +y)+t3+4 o +y);
7) 3z+4y[ ch5t—i+lsh5t]‘
)

8) cos (bz-+cy) cos (at Vb2 +c2)+ ) - sin (bz+cy) sin (at Vb2 +¢2);

L
9) (2% +y*)?(1 +1) +8a’t?(z” +y?) (1+% )+8 4t4(1+5t>
10) (;1;2+y2+4a2)(e —l—t)—2a2t2< % )

12.38. 1) 22 +y2 — 222 +t + t2xyz;
8 1 2
2 2 2,83 140, 2 6.
2) y® +1t2*+ 8t +3t +12t:1: +45t,
3) 22y?2? +tay + 32 (2 + y? + 2% + 2%y% + 2222 +y?2%) +

+3t4( + 22 +y? +z)+§t6;

T
~— — ~— ~—

et cos (2v/2) + eV sin 5z + t3e*VZ siny cos 2;
(1+t) (22 +y2 + 22)% + 10a°t? (1+ )(x +1y2+22) +attt(5+1);
(22 +y? + 22 + 6a%)(e! — 1 —t) — a®t>(3 + 1);

=)

i? (1 — cosat) e* cosz siny +

+z 1 H a’_t 2 .
+e¥ [a shat sinz + \/§Sh (atv2) + 2%ch (at\/i)],

EN{

8) zycosz cosat + % yze®shat +

z 1
T 12502 € By + 42)(6 — cos bat — — sin 5at>,

9) (cos at + % sin at) cos/z? +y? + 22+

+ 1 sin Vi +y?+ 22 (tcosat _atsinat— L sinat).
VaZ+y?+ 22 a
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B w/2 Brr/2
12.40. ¢y =ao‘(A+a), Cs =ao‘lA(a+1)/sina+1<pdg0+ E/sinagodgo ,
0 0

Cs = a® [A(a T 1)+ g]

12.41. Pemeunue. Cseprka &, x F cymecrByer B cuity 8.34 u
onpemensercs GOpMyJION 3TON 3amauu, rme g = &, u f = F, Tak Kax
F(z,t) =0 npu t < 0 u supp &p(z,¢) C T B cury 11.15-11.17.

12.42. Pemenue. Ilna w = u — u*, rme u*(z,t) € 2'(R"Y),
u* =0 mpu t < 0, — npyroe pemenne 3anaqu (9), mmeem w € 9’ (R 1),
w=0mpu t <0 wy = a*>Aw. CeepTka &, *w cymecTByeT B cury 12.41.
Torma w = 6 xw = (&) — a2AE,) xw = &, x (W — a?Aw) = 0.
CremoBaTensHo, u* = u.

12.43. Pemenne. 1) &,(z,t) € C®° mo t € [0,00) B cuiry 11.26.
Ilpu xaxmom ¢ > 0 HOCUTENBL Supp &, comepxkurcs B mape |z| < at u,

CJIeIOBATENIBLHO, PABHOMEPHO orpanuteH B R™ mpu t — tg > 0. IloaTomy
B CUJLy HEMPEPBIBHOCTU CBEPTKUA B 9 uMeeM

(Polt) i) 9t@) € Co0), k=01 ()

s Beex p € 2 (R™) (onpenenenue obobmennoi dyukunn (u(z,t),¢(z)) €
€ 2'(R™) cm. B konne §11). Ilanee, B cuiy pe3yisTaToB 3amaun 8.35

o* "

O V0 (a,1).(0) = (5 (62000 * 1s(2) - 0(0).0) =

_ (W *ul(x),go> € C[0, %)

B ey (¥). Crenosarensno, (Vi” (@,1),0(x)) € C*[0,00), T.e. V" € O
no t € [0,00). AHATIOTMYHO 115 V,gl);

2) B cumy 11.26 mpu t — +0
n(o)(x,t) =& (z,t) xui(z) — 0xu; =0 B 2'(R"),

oV (z,1) _ 0
) 01y
:%*m(w)—HS*Uq:Ul(m) B 7'(R").

12.44. Yk asauue. BocmombzoBaTsesa dopmymon (10) us §12; 3a-
naueir 11.15, dopmynamu (3), (31) u3 §8 u 3anagamu 8.31 u 8.8.

1) u:gl(x,t)=2ia9(at—|x|); 2) %G(a(t—to)—|x—x0|);

) % = %9(t)5(at+x) - %O(t) d(at — z);
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% _Lswte)i  5) Loatt—t) o)

6) 5= 0(t) 3(at +z — z0) — - 6(t) d(at — 7 — mo);

N o810 sl 8 22 =W arta)- st
0 0. 10) 5-8lat - |o]).

12.45. Cwm. ykasauus k 3amade 12.44.
1) Pemenune. Ypasuenue (9) mius uckomont u(z,t) umeeT BUL

s = a°ugy + f(z,1) + ug(@) - 8'(t) + ua(x) - 6(t) =
= Uy +w(t) - 8(z) + 6(x) - 8'(t) + 8(z) - 5(¢). (%)
B cuny ¢opmyinet (10)
u=Vi + VO + V9 = & «[w(®t) - §(z)] +
+& #[0(z) 6" (O)] + 1+ [6(z) - 6(H)]. (xx)
t—|z|/a

%z%ﬂ(at—kﬂ) [ wmar
0

B cuny 3amauu 8.36, 1)

B cuy samaun 12.44, 1) u 4)
Vi (z,t) = %G(at —Jal) w V@t =1 L 5at = |2)).

Iloncrasus V7, Vl(l) u Vl(o) B (*%), HOJly4nM pererne 0G0OIIEHHOM 330341
Komm (%). 3 12.2 cnenyer enquucTBeHHOCTD 3anaun (x). U3 samauu 12.43
CIENYIOT TpenenbHble cooTHOmenus u(x,t) — 0(t), ui(x,t) — O(t),
t— 0B 9'(R");

1 1
2) 55 0(at —|z|)(at —|z]) + 5 d(at — |z — o);

3) 700t = |2}t — |o)? + 5 6t — | = 3) + 5 6(¢ — o — 2));

4) 5 0(at — |z — mo)[1 — cos (¢ - 'x‘a—“')] ~ o b(at — |a]) (¥ xa-

3aHUE. :L'é’(a:) = —d(x).);

5) 5 (at—|x|)[2+s1n( Jz_')] (Yxasaume z28"(z)=20(z).);
6) 5 Olat— []) (X171 — 1) + 2 §(at — [z+1]) + 5 d(at — |z —1]);
) 00t — |z — 2|) m+;0(t—|x+R|)+;0(t—|z—R|)

8) 2Ot — [al)(t — |al)® + CO(t) + 2 6t — &+ RI) — 5 6(t — |z — )

Yka 3 anune. Cwm. samaay 7.14, 1).);
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1 _ || ) [ —1 ( || )] _
9) 5 6(at |x|)( D in et (¢ = BD)] + 5 8(at — al);

10) %0(t—1—|x|)(arctg (t—|gg|)—§)+5 6(t—|x+R|)—§ 5(t—|z—R|);

1) 3 6(5)3(t+3+2) =5 0()6(t—2—2)— 3 6(t) 8t +z—2)+

0(t)o(t —z+2) (Yxkaszaunue. Cum. 3amaun 7.14, 1) u 8.8, 2).);
1 |z —1]
12) 5-6(at — o — 1) In (1+¢ - 25 )+2a0(at—|$—7r|)

a’t? —2?

13) O(at — [of) T2
14) —i 0(t— |z|)[a(t —|z|)* + 2Bt —|z])] — 0(t) 5(t + z) + 0(t) §(t — z)
(Y xasaunune Bocnombsosarncs z0”(z) = —20'(x) u 3anmaueir 8.8, 2).).

+

N =

12.49. Yk asaunue. BocnomszoBarscs dpopmymamu (10)—(13).
1) Pemenune u="V +V(1) +V(O)' V1 = 0. B cuny dopmyaer (11)

Vl(O) t) / 0(t r/ o - x/at ]

— &? [0(z + at)(z + at) — 8(z — at)(z — at)],

v = th (*) / 6(¢) df] O 0z + at) + 0z — at)};

z—at

t? |z + at| — |z —at] .
2) 9(t)<x t5 (z—-1)+ T)’
3) 6(t) [%3 + %9(:1: + at)Vz + at — % 0(z — at)\/z — at];

4) e(t)[(t+1) In(t+1)—t+ 19(t—:1:)(t—:1:)+%9(—t—x)(t+x)]
(Yxasamme Vi=_26(t-|al) "(t 1))
5) 6(t—2) (t21n\/+ —t)Ind—(1—-¢t)%+ 4>+0(t (lz 4+t + |z —1t]);

s s 0m T

7) YO [rertt —enshi 400z + 1)(1— ) — bz — 1)(1 — 7))
8) ~6(t — m)(1+cost) + *D o(z + 31— 3) + 0z — 31— 3) + 21]
9) @ 0(z + 1)(z + 1) + 0(z — )(z — 1) — 20(z) 22];
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10) @ [0(3} +t)(z +t)° +0(z — t)(z — t)° — 20(x) z° + ge‘”shat],
a # 0;

1) 9(t6— 1)

Bz +t+2)(t—1)%+

+ @ [sign (JI + t)(:E + t)2 — sign (:L' — t)(m _ t)2];

(t+4)(t—2)%+

ot — 2)

12) =

9“)[9( 14t ln(@+ ) +0(—1—1) ln(z 1)
13) (2)[ @+0@+0m(1+ 228 0 - e - (1- 224,
(1

m+ 1

&

14)
15) 6(t) [14—5 ot5/% + O(—z — 1) @ + (”“’Z—t):)) +O(—z+1) @ - Lﬁ)}

16) (’g) [zet 263+ 30(z +t) e VI 4 30(z — t) e“”“t] ;

[8t3/2 + 30(z + t) sin (z +t) — 30(z — t) sin (z — 1)];

c)|

17) @ [cosz sint + 2sinz sint — ¢ cos (z + t)];

18) 6’(t)[¢9(1+ +t)14+z+t)—0Q+z—-t)1+2z—1t)+
+0(-14+z—t)(-1+z—t)—0(-1+z+t)(-1+z+1).

12.53. Y kasauue. BocnonbsoBarscs dopmymamu (10)—(13), 3a-
naueit 12.50 u perrennem 3amaun 12.45, 1).

3 2
1) 0(t)(% + ﬁ + e‘”chaat)'

2) 0(t)[t3(—1 t — —)+3“”chat] (YKa,?,a,Hne. = Ly

36 2a
x O(at — |z|) *0(t) t Int - 1(x). )
3) G(t [ 2)t* + 6t22% + 6(z + at)™ + 6(z — at)™];
4) ) [#4 4 61222 + 12 cos - (sint + cost)];

5) 1 , [3 (z +at)®In|z + at| — 3(z — at)® In|z — at| — 6az’t — 2a3¢3];
z+l _ gz—t
®) [tsm (r+1t) —sinz sint+i];
In2
t

o(t
7) 9(t)[

8) O(t){et—t—l—i— ! + 1 }

—sint + = arctg 14—2—2tt2]

2[1+ (z +at)?]  2[1+ (z—at)?] )’
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9) 9(t)[a(g;2 +2)+ B+ % ((z+1)7/ - (x—t)7/3)];
10 o(t) 2z T vt _ 2 .
)T In (1 + e** + 2e®cht) + / e dz|;
z—t

m'FSIHIII cost + 2(m+1) 3

[ ztmt? . (.’L‘ + t)m+1 _ (:L‘ _ t)m+1:|.
{

(> —1)arctgt+t—tIn (> + 1) +1In [(£* + 22+ 1)2 — 41222 ] };

o) (cosx sin?t 4+ /1 + (z +2t)2 + /1 + (z — 2t)2 )
14) 52 [2z(t — sint) + (z + t)2e~ 1o+t 4 (z — ¢)2e 1o —H];
15) 9(t){e—w2—4t"’ch4xt+
\/5 2t ™ _9ot ™ .
+?e [e cos( 2t—Z)—e cos(m+2t—z)] ;

16) 6(t)| sin® z cos® t + cos® x sin® ¢ +

+2 ~la— t|(1+|x—t|)— |’”+t|(1+|x+t|)]
[ _ 3 L 1 )
17) O(t)_a; (tarctgt —InvV1+t )+4—2cos(a:+t)+4—2cos(a:—t) ;

18) 6(t)|e®sht + z(et — 1) — zt — te® + % In

z+t+ 1+ (z+1)2
z—t+\/1+ (@ —1)2]

12.54. Ykaszaunue. BocnonssoBarscs dopmyimoir (10) u 3ama-
weit 11.15, 2).

1) 0(at — |z|) at + v/a?t? — |z|? n a " 085 (z,t)
2mwa? |z Va?t? — |z|? o’
0(at — |z|) 5 ﬁ at +/(at)’ — |z]* > 12

2) s [<2at + In 2] 3ty/(at)? — |z|? |+

+ & (z — 0, 1);
t—|z|/a
3) Yot —la) DI g, 0);
; a?(t—71)% — |z
_ 2 _ 122

2 0(a2t7m2|w|) [(at +8)In at + +/ (|axt|) |lz> % (al)? — |x|2] +

‘|‘Cg’2($ — Zo, t)

12.55. Ykasauue. Bocnonbsoarbcs dopmymnoin (10) u sama-
weit 11.16, 1).
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O(at — |z|) 08&s3(x,t)
1) “traTla] + & (z,t) + 5 The & = 4 a2t ds,, (2);
2) Ot —to) — o — wol) + &(x — o', t);

dra?|z — zo|

3) Pemenne. u:V3+V},(O)+V3(1).Bcnny8.35, 1)

(Varp) = (& *w(t),p) = ( O0) 5. (2) - w(r),n (22— |a]?) so(m,m)) =

4dma?t
= fw(T){/ / plat ) t+T) ds, dt}

0 |z|=at

Tax kak dS, d(at) = dr — smemenT o6Bvema B R, TO

e, 7+ |z|/a) _
(1/3a —/ l/ 47ra2|m| d.'I;l dr =

-/ /“’—(t‘“"'/“) o(z, 1) de dt.

dra?|z|
—oo R3
CrenoBaTenbHO,

_ w(t—l|z|/a) (0) _ 0&3(x,t) (1) _ o 0&3(x,t)
Vs = dma?|z| Vs = oz, Vs =2 ot
2 0%9(x)

0z}
sin (t—|z|/a) | O°&s(x,t) _le|? 06(z) _ 9é(z)

4ma?|z| + Oz, O, Tax Kax ¢ oz, Ozi

12.59. Yxaszauue. DBocnonbzoBarscs 3amauern 11.15, dpopmyna-
u (10), (141), (143) u (157).

1) e)(t)(ﬁ +COt+ 0);

TaK Kax |z|

= 26(z);

4) O(at—|z|)

a’tt

2) 9(t)[— + 2 a?t? + 202 + |zf? (g Tt4 1)];
3) 0045 + 222 111 +|aP)]

4) 0(7:)[% @t + (40> + [oP)(t = 1+ ™) + 1+ |oP]

12.60. Y x a3 auue. Bocmons3oBarscs 3amaueit 11.16 u dpopmyna-

2
1) 0(7:)("*" L T + |zt + a2t3>

6 4
2) 0(7:)(“ p e +t+1>;
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t
3) [w(r)(t - 7)dr +6(t)(aa® + ala’t + 5);
0
3
0 5 [ 0+ CE 2 e )2
) 2 |:1,‘|+at |$|_at
5) 2|_x(|x|t T3 (o +ad)? © 1+(If|—at)2)
6) Gt (1=l + 1) sin (1] + ) + (Ja] = ) sim (Ja| ~1)? +
+ 2 (fal 17— 2 eh(la] - 7]
o(t i i b
7) %(2 +12|a:|2-f'36‘12t2"'|_|1 %)
ikt zkl | _
8) 0 [% e+ B VTR T 7+
|z |<t |z| — ¢t
x| — —1)2|:
+ S VI+ (=0 ]

t
0(t) |2 . 2 a2l
9) Ta| l2e /e *sh 2p|z| dp + sin (|z| + t)* — sin (Jz| — ) ],

o(t)

10) 2la]

0
[(la] + 1) n (1 + (|l + 8)2) +
+ (Jol = 1) In (1 + (|al = £)2) + e (== Psn 2tja|;

1) ﬂ{se—<lwl2+t2>(|x|ch2t|x|  tsh2tlz]) +
+ [(Jz] + £)? In (2| + £)* — (|z| — t)zln(lwl — )% - 4t|$|]};
|z] + at | | - 2
cos (|z| —at)* );
o et cos (el — at)?)
9(t) ¢

13) S [(lal = at) 6(R—[o| —at]) + (la] + at) B(R~ la] ~a)] (¥ xa-

3aHue. Peuienne 3aBUCUT TOJBKO OT |z| ¥ ¢; HONCTAHOBKOM uq (7,t) =
= ru(r,t) cBectu 3amauy k 3amade Komwu mis ypaBHeHus KOyiebaHuMil
CTPYHBL U BOCIIOIBL30BATHCA opmyon (12).);
a’t® — |z

14) 6(at — []) L]0,

12.61. Ykasauue. Bocnonbsosarbcst dopmymnoin (10) m sama-
el 11.18.

1) Pemenue w1 =WV +V(O) +V(1), roe

— s f = ExO(t) = G(at |z|) [ ( b(x—at)) —exp (_b(a:—|$|))];

2a2 2a2

Vi = & [ua(2) .5(t) ~Lug() 6] = (1-2)e

12) 6(¢) (t —sint + cos (|z| + at)? +
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ViV = &4 fuolz) - (1) = 0 «[5(x) - 6(t)] = %2 =

_ %éﬂ_i_ (5(at |a:|) { b(ac—at)}7

2a?

rne &(z,t) onpenengeTcs GOpMyIO# 3anauml 11.18,
[ 2

2) 9()|(e! = )@+t —3)+3t — ot + =+ _

- +0(z+t)et —0(x —t) —0(t —|z|) et=2)/2;

9 001440 o b 3]

2 2_ -
4) 6(t) ail (e — aet/+a—1) 2@(12_101 rtattt/a_ % er—at|
a#1; i J
5) e(t) 61’ (12 ( (b+a2)t/a _ 1) + —at __ 1 +ﬂ+
bt2a |bta’\C e

2
+a(z —at) + % (ebt/a — 1)}
12.62. Y x a3 auue. BocmomssoBarbcsa samauen 11.21.

1y &-lzd [JO WE=27) - L (VE=? )] + 560t —lal);

t
/12 — 52

z+t
+40 Jen(V/E=a=er)ds

3) 6(t) [2—sint—cost+/tJ0(\/ —£2)d¢ - t/‘h\/_“€2 )df]
0

4) L“[o(x+t)+o(x—t)+

(
2
v /9:1:— )(do(vE=e) 2D g

12.63. Y x a3auue. BocmomssoBarbcsa samauen 11.22.

1) le—té —|z|) +e” (t_lxl)[IO(W)_"_Eh(\/t? — :1;2)];

2 2 12 — 12
t—|z|
2) %G(t — |z]) e~ / w(r) e Jo(i/(t — )% — 22) dr;
0

t
3) 0(t)(1 + % [o@ - et h(VE—E) dg).
—t
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§13. 3amaua Komwum niis ypaBHEHUs TENJIOIIPOBOXHOCTH

Knaccuueckoit 3amauvuein Komu mus ypaBHEHUs Temio-
IPOBOMHOCTY HA3BIBACTCA 3414498 O HAaXOXIeHuu GyHKmn u(z, ) Kiacca
C?(t > 0) N C(t > 0), ymnosnerBopsomiei mpu x € R™, t > 0 ypaBHeHMIO

uy = a’Au + f(z, ) (1)

ult=0 = uo(T), (2)
rae f u up — 3a0aHHBE QYHKIWN.

Ecmu dyskmus f € C?(t > 0) u BCe ee MPOU3BOMHBEIE N0 BTOPOTO
TOPSAKA BKIIIOUMTENBHO OrpaHuueHbl B Kaxmoi mosnoce 0 < ¢t < T, a
dyukums ug € C(R™) u orpanmyena, To pemenne 3anaqau Komm (1), (2)
B knacce dyukuuit u(z,t), orpanndeHHbx B Kaxnou mojoce 0 < ¢ < T,
CYIIIECTBY€ET, eMUHCTBEHHO U BhIpaxkaeTcs dhopmysoin [lyaccona

o o — ¢
u(x,t) = WRZUO(g) exp {_ 4a2t }d€+

e g
+// Ray/al-n] p{ 4a2<t—r)}d£d7'

7 HAYAJIEHOMY YCJIOBHIO

13.1. Ilycte oysxmus wu(z, t, to) npuamexut kmaccy C? mnpm
z € R", t > to > 0. IHokasaTsb, uro dyukims u(z,t,tg) TpU KaxmoM
to > 0 sBisercs perenueM 3anauu Ko

up = a’Au, uli=t, = f(z,%0)

TOrIa U TOJIBKO TOTZa, KOrAa (PyHKINs
t

v(x,t,tg) = /u(:z:,t, T)dr
to
npu KaxnoM tg > 0 sBisercs perenueM 3amaau Korm
v; = a®Av + f(z,1), |t=t, = 0.
13.2. Ilycts ug(zk,t) — pemenne sanauu Komm
ur = a’Au, ult=0 = fr(zr), k=1,2,...,n
HokasaTb, uto byHkums u(z,t) = ﬁ ug(Zg,t) SABIAETCA pEIleHUEM 3a-
k=1 .

up = a*Au,  ulmo = [ fi(an).

k=1

13.3. Mycte dymkmas f(z,t) € C2(t > 0) aBageTcsa rapMOHIYIEC-
KO mo z mpw KaxnoMm ¢ukcupoBanuoMm t > 0. Iokasars, 4To QyHKIUS
t

naun Kommm

u(z, t) = / f(z,7)dr aBngerca pemenuem 3anauu Komm
0
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ur = a*Au + f(z,t), ult=0 = 0.

oo sk
13.4. IIycts ug € C*°(R"), a pan kX—:O % AFug(z), § > 0, u Bce pa-

IBI, IOIyYeHHbIE U3 HETO MOWIEHHBIM nuddepeHnupOBaHUEM 0 BTOPOTO
MIOPSIOKA BKITIOUUTEIBHO, CXONSTCS PABHOMEDHO B KaXXIOW KOHEYHOU 00-
mactu. IlokasaTs, 9TO QyHKIUS
O ok g
a’ t k
u(z,t) = E o A ug(z)

k=0

ABIACTCA perieHueM 3anaau Komm
5 1
uy = a’Au, 0<t<—; Ult=0 = uo(x).
a

Pewennst 3amaa 13.5-13.8 moxkHO HaxonuTh no dopmyste [lyaccona, HO
MHOTA, yI0OHee MPUMEHUTh METOI PA3IEICHNs IEPEMEHHBIX UJITX BOCIIOIb-
30BaThCs pesynbTaramu 3anad 13.1-13.4.

13.5. Pemuts 3anaun (n = 1):

1) up = dugy +t + €t Ulp=0 = 2;

2) Ut = Uyy + 3t2, U|t=0 = sin x;

3) Us = Ugy +e teosz, U|t=o = cOS T;

4) up = Uy, + et sinz, u|¢—o = sin z;

5) ut = Ugq + sint, Ulimg = e

6) dus = Uyy, Ulp—o = 2",

T) ur = Uy, Ult=0 = :zte_“”2;

8) dus = Ugy, Ult=0 = sinze .
13.6. Pemuts 3anauu (n = 2):

1) uy = Au+ €, ul¢—o = cosz siny;
2) uy = Au+sint sinz siny, Um0 = 1;

3) us = Au + cost, Ulp—o = zye V",
4) 8uy = Au+1, Ulpmg = e~ @)%
5) 2u; = Au, ult—o = cos zy.

13.7. Pemnts 3anauu (n = 3):

1) ug = 2Au+ tcosz, U|t=0 = COS Yy cos z;

DN

ur = 3Au + et, Ult=o = sin (z —y — 2);

w

up = Au + cos (z—y+2), Uli—g = e~ (@ty=2)%;

us = Au, u|t=0 = cos (zy) sin z.

I

)

) 1

) 4duy = Au +sin 2z, U= = i sin 22 +e~*” cos 2y;
)

)

(S
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13.8. Pemuts 3amauy Korum
up = Au, Ult=p = uo(z), z €R"

JIJISL CIIEOYIOIINX UQ:

L 2
1) wo = cos Tk 2) ug = e 1%
k=1
L 2 L 2
3) ug = <Z xk> el 4) ug = (Sin > xk> eIzl
k=1 k=1
n 2
5) ug = exp —< Z $k>
k=1

Ecnu pemenne u(z, t) knaccuueckoit 3anauu Kommu (1), (2) u pyuxumo
f(z,t) € C npomomxurs Hynem mpu t < 0, To n u(z,t) yooBIeTBOPSET
B R"*! ypaprenmio (B 0606IICHHOM CMEBICTIE)

ug = a*Au + f(x,t) + uo(x) - (). (4)

O6obwennoti 3adaveti Kowu miiss ypaBHEHUs TEINIONPOBOMHOCTU C
ncrounukom F(z,t) € 2'(R"), F = 0 mpu t < 0, Ha3bIBaeTCA 33124

0 HAXOXICHNU 06GOOIIeHHOM byHKIMM u € %', obpalnamomeiics B Hyib
npu t < 0 u ymosieTBopsmomer B R™T! ypaBHEHMIO TeIIONPOBOTHOCTH

us = a’>Au + F(z,t). (5)

Ecnu cymecrByet cBepTka &* F', rme

) = ey = { i |

— (DyHIAMEHTAJILHOE PEIIIEHNE OMEPATOPA TEIIOMPOBOMHOCTH, TO
u=~&xF

ecTb pererre 0606mmenHon 3anaun Komu (5). 910 peuienne equHCTBEHHO
B KJj1acce 06001eHHbIX GyHKIuiA 4 (T, ), LA KOTOPHIX CYIIECTBYET CBEPT-
Ka &% u.

Ceeptka V = & F' HasbiBaeTCsa OGOOIIIEHHBIM MEN.A08bLM NOMEHUUA-
a0M ¢ naommocmuio F.

!
B wactrOCTH, eciim F' = up(z) - 6(t), rme up € Z'(R™), TO cBepTKa
0
VO = &(x,t) % ug(z) - 6(t) = &E(x, t) * uo(x)

(ecom oHA CYIIECTBYET) HA3BLIBAECTCS OGOOCIIEHHBIM 1L08EPTHOCTHbIM Ten-
A0BBIM NOMEHYUAAOM C NAOMHOCTIDIO Ug.

Temtosoit moTeHnmai V' ynosieTBopseT ypaBHeHuo (5).

O6o3uaunm yepe3 M kiacc BceX PyHKINIA, JIOKAIBLHO UHTETPUPYEMBIX

B R"!, paBubx Hymo npu t < 0 I OrpAHMYEHHLIX B KaXKIOH IOJIOCE
0<t<T, z€R".

11 Iloxm pexn. B. C. Bragumuposa
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13.9. Haiitu pewenue o6o6uennon 3amaun Komwu (5) ms crenyro-
mwmx F:

1) 6(t)-6(x);  2) 6(t—to)-d(x—m0), to>0; )5@)?f)
4) 9'(t)-0@); ) ot~ t)a;?% 20 6) 502,
0

7) 0(t)-0(x);  8) O(t—to)-d(z—mo), to>0; 9) §'(t) 0(z—zo);
10) w(t)-d(z), rme we C(t >0), w=0 npu ¢t < 0.

13.10. Hycte f(z,t) € M. Hokasars, uro cBeprka V = &+ f:
1) cymectByer B M u mpencrasiseTcs GOpMyIoi

f@7 |$—-ﬂ
Viz1) // PN "e"p{ prea )}dg‘” ©)

2) yIOBIETBODSET OLIEHKE
[V, )] <tsup [f(&)], >0
0<r<t

3) mpencrasnsieT coGoil enuHCTBeHHOE B Knacce M pemenune (0606-
mennoe) ypasaenus V; = a?AV + f(z,t).

13.11. Iyctsb ug(x) — orpannuennas byukuus B R"™. JlokazaTs, 4To
CBEpPTKa
VO = &, t) x up(x) - 8(t) = E(x,t) * ug(z):
1) cymectByer B M u mpencrasiseTcs GOpMyIoi

0) _ 6 =g .
V0@t = G R[ o (€) exp 4~k b d; (7)
2) yIOBIETBODSET OLIEHKE
VO(z,8)] <supluo(®)l,  ¢>0;
3

3) mpencrasnser coboil enquHCTBeHHOE B Kiacce M pemenue (0606-
mennoe) ypasuerns V" = a?AV©) + uy(z) - 6(¢).
13.12. Hoxaszars, uTo perrenue 06001eHHoN 3anaun Ko
ug = a?Au + f(z,t) +uo(z) - 6(t) (8)
BRIpaXXaeTcs Kiaccuueckon dopmynon Ilyaccona

o) = ey | 0@ s {- e+

(S0 |z — ¢
// [2a/7(t —1)]" exp{ 4a?(t — )}dng ©)

ecimu GyHKIMA f NOKanbHO mHTerpupyeMa B R™T! um pasma mymo mpu
t < 0, yHKIUA ug JOKAILHO MHTErpupyema B R™ m 06a claraeMbrx B
dopuymne (9) mokambHO nETErpupyemer B R
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13.13. HoxazaTs:

1) ecmn f € C?(t > 0) u BCe ee TPOM3BOMHEIE IO BTOPOTO MOPAMKA
BKJTIOUMTENILHO TIPUHAMIIEKAT Kiaccy M, To V = & f € C2(t > 0)N
NC (t > 0) ynosnersopser npu ¢t > 0 ypasreruo V; = a?AV + f(z,t) n
HAYAJILHOMY Y CIIOBIIO V| =10 =0;

2) ecam ug(Z) — HEMpPEPHIBHAS U OTPaHWYEHHAs QYHKIWS, TO
VO = Exupg=C®({t>0)NC(t>0)

YIOBIETBOPSET yYPABHECHUIO V;(O) = a?AV(®) yu mHavameEHOMY YCIOBHIO
VO, = uo(@);

3) npu BemomHeHNMN ycsoswii 1), 2) dyaxkimms u = V+V©) rre V, VO
ompenensaoTcs hopmynamu (6) u (7), €CTh pernenne KIacCuIecKon 3a,1aum
Koum (1), (2)

Ykxasauue. TpebGyeMmbre CBONCTBA HEIOCPEACTBEHHO BBITEKAIOT U3
dopmysr (8).

13.14. Haiitu perierne obobiennon 3amnauu Korru

Ut = Ugy + UO(:L') : 5(t)
IULSL CIIEMYIOIIUX Ug:

1) 6(z); 2) 0(1 —z); 3) 0(1 — |z]);

4) 6(z)e™%; 5) 0(z)(z + 1); 6) 0(z— 1)z

IokasaTe, uro Haiinenusie dyakuuu u(z,t) npu ¢ > 0 npuHAmLIEKAT

knaccy C°° u yOOBIETBOPSIOT YPABHEHUIO Up = Ugy, & Tpu t —> +0
HENPEPBIBHLL BO BCEX TOUKAX HEMPEPBIBHOCTU GYHKIUU Ug(Z) U B HTUX

TOYKAX yIOBJIETBOPAIT HAYAIBLHOMY YCIIOBUIO Uli=t0 = Uo(Z).

13.15. Haiitu pemenue o606ienHon 3anaan Ko

Up = Ugy + f(2,1)

IJIsL CIIEOYIOmX f:

1) 6(t—1)e; 2) O(t — ) cost; 3) 0(t—1)z

4) 6(t —2)e”; 5) 0(t) 6(x); 6) 0(t) - 0(1 — |z|).

IokazaTb, 9TO HalmeHHBIE GYHKIWME Uu(T,t) TPUHAIJIEKAT KIIACCY
C(R?), ynoBleTBOPAIOT HAYAIBHOMY YCJIOBHIO Ut—g = 0, a B TOUKaX He-
npepuiBHOCTY byrkimn f(z,t) mpurammexat kiraccy C?.

13.16. Pemmuts o606iennyo 3anaay Komm (8) mmst ypaBHeHus Temn-

nonposomHocTH (z € RY) ¢ HIKecHemyooImuMMm TaHHEIMA ¥ ITPOBEPUTH,
YTO HOJIyUYEeHHLIE DEIIeHNs SBIISIOTCS PEIIeHNEes MU KIaCCUIEeCKON 33,1a9u

Kou_m (1) (2):

0(t) z, Uo = Z;
2 f 0(t) x? up = 22;
3) f=6() 2:L't up =23+t a=1;
4) f=0(t) 3222, g =e?, a=1;

11*



164 Ta. IV. Badaua Kowu

5) f=0(t)Vt, uo = shz;
01-9 e
7 f=06(t) Int, up =z sinz, a=1;
8) f=0(t)xcosx, wup==zxzcosz, a=1;
9) f=10(t)e", ug = 0(x) x, a=1;
10) f = 6(t) ze®, up = 0(z) 2%, a=1.

13.17. Pemmts 06061ennyo 3anady Komn (8) mis ypaBHeHus Temn-
nonposonHocT (z € R?) ¢ HUKECIEMyOMUMA JAHHBEIMUA U TPOBEPUTD,
YTO IOJIyUeHHBIE DEIIeHUs SBIAI0TCS PEIICHNSIMI KIIACCUIECKOR 3a0aun

Komm (1), (2):

1) f=0(t)zye, up = 22— y%;

2) f=0t)(=+y?), uo=a2>+y%

3) f=10(t)4xzy, uo = 22y, a=1;
4) f=0(t)e®cosy,  wug=e"tY;

5) f=0, Uy = T COSY;

6) f=0(t)zy, Uy = COSY.

13.18. Pemuts o6obiennyo 3amnady Komm (8) mins ypaBHeHUs Term-
sonpoBomHOCTH (T € R3) ¢ HUXECTemyoumMy JAHHEIMA ¥ TPOBEPHUTD,
YTO IOJIyYEHHBIE DEIIEHUS SBIISTIOTCS PEIICHUSIMU KITACCUIECKON 3a1a4n

Kommn (1) (2):

1) f=6(t) zye?, uo = ze¥ cos z;
2) f=0(t)zy cos z, up = (22 +y?) cosz, a=1;
3) f =0(t)zyz cost, uo = zy22%;
4) f=0(t)(z%—2y%*+22) €, up = z+y?+ 2%

5) f =0(t)cost sin 3z cosdye®,  wup = sin3z cosdye*, a=1.

13.19. Peuuts o6obiennyto 3amady Komm (8) mins ypaBHeHUs Term-
sonpoBonHOCTH (z € R™) ¢ HUXKECHEAYIOIMMA TAHHBIMA U TPOBEPUTH,
YTO IOJIyYEHHBIE DEIIEHUS SBIISTIOTCS PEIICHUSIMU KITACCUIECKON 3a1a4n

Koum (1), (2):

D =000l o= o

2 f=60) £ ol w= 3

3 =0, u= { i xk};

4) f=0, u():imkexp
k=1

e
5 1-0 W:@i@m{



§13. Badaua Kowu dag ypasuerud menaonposoduocmu 165

YpaBHenne us — a’uy, — bu, — cu = f(z,t), roe a, b, c — MOCTOSHHLIE,
samenoit v(y,t) = e “tu(y — bt,t) CBOMMTCS K ypPaBHEHWIO TEILIOMPOBOI-
HOCTH.

13.20. Haiitu perienne 3amadn

Ut — azuzz - buz —Cu = f($7t)a Ult:o = "U,()(.'I?)

CO CITENYIOIIIMY TaHHBIME:

1) f=1, ug =1, c=1;

2) f=eél ug=cosz, a=c=1, b=0;

3) f=eél up =cosz, a=+72, ¢c=2, b=0;

4) f=tsinz, wg=1, a=c=1, b=0;

5) f = 07 Ug = e—zQ;

6) f=w(t) € C*(t>0), ug€ C uorpanudena.

13.21. Haiitu perierne obobiennon 3amnauu Korru

U — Uy — by — cu = f(z,t) + uo(z) - 5(2)
CO CIEMYIOIIUMY TAHHBIMU:

1) f=6@-1), ug = 0(x), ¢ # 0;

2) f=0(t-1), ug = 0(1 — z), c = 0;

3 f=0(-1)e, uo=0(1-|z), c#L

4) f=0(t—-1)et, ug=0(z)e, c=1;

5 f=0(t—-1)e*, wug=2zxb(z), a=2 b=c= -2
)

6) f=06(t)0(z), Uy = .
WccnenoBaTh riankoCTh MONIYUEHHBIX peleHni, kak u B 13.14, 13.15.
13.22. Pemmnts o60611eHHy0 3a0a1y Korru
U — G Uy — by — cu = f(z,t) + uo(z) - 5(2)
C HIKECIEeOYIOIMMMY TaHHBIMU U [IPOBEPUTH, UTO MOJIyUEHHBIE DEIICHUS
SABJIIAIOTCA PEIICHUAMU KJIACCUYECKON 3a0a491 KOH_II/I

U — Uy — buy — cu = f(z, 1), u|t=0 = uo(x):
1) f=0(t)z?, uy = x2, a=b=c=1,;
2) f = %7 Uo = ez;
3) f=10(t)te”, ug = ze®, a=2,b=-1, c=-2;
4) f=0(t) ze®, ug = ze*+shz, a=c=1,b=-2;
5) f=0(t)e"costsinz, wug=e”*cosz, a=1,b=-2, c=2;
6) f=0(t)=, up = z sinz, a=b=c=1.
13.23. Iycte u(x,t) — pemenne 3amnauun Komn

ur = a’Au, ult=0 = uo(z),
rre ug € C(R™) u |up(z)] < Me=%2F § > 0.
Hoxasars, uro npu Bcex t > 0, z € R"
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25\ —n/2 _ 8|z
lu(t, )| < M(1+ 4a*5t) exp{ T+ 4075t [

13.24. Ilyctb u(z,t) — peumenue 3anaun Kormn
2
ur = a”Au, ult=0 = uo(x),
roe ug(r) — uauTHAs HenpepbiBHAsS byHKUus. I[0Ka3aTh, 4TO I JIIO-

6erx T >0, § < 1 12T cymectrsyer M > 0 Takoe, 9TO

lu(z,t)| < Me_‘sl’”|27 z € R", 0<t<T.
13.25. Ilyctb ug € C(R") u |up(z)| < M;se?l# rpe 6 > 0. Hokasars,
]' n
uro mpu 0 < ¢ < 1ot T € R", dyuxuwms

o) = vy | 100 eo{-Ifle o)

npuHALIeKRUT kinaccy C°° u sBiseTcs pemerueM 3anadu Kommm
1
uy = a®Au, 0<t< 1275’ ult=0 = uo(x).
13.26. Hoxa3aTb, 94TO ecau ycioBre 3ana4u 13.25 BBEINOIHSIETCS NI
Bcex § > 0, To dyukuusa (10) mpunammexut knaccy C®° nput > 0, z € R”
U SIBJISIETCS PELIeHreM KIIaCCIUIecKon 3amaun Komm

up = a’Au, t > 0; ult=0 = uo(zx).
13.27. MeTonom 0600IIEHHBIX QYHKIIWEA PEITUTh 33,09y

U = a%Ugy, t>0, z > 0; w|t=0 = uo(z),
U|z=0 = 0, roe  ug(z) € C(z > 0).

OrBeTnl K §13
13.5. 1) 1+et+1t2; 2) 3 + et sin z;
3) (1+t)e tcosm; 4) chtsinz;

2
5) 1—cost+ (14 4t)~*/2exp {_1j—4t};

2
6) (1+1)~1/2 exp{wl—it_'—t};

2
7) (1 +4t)73/2exp {—ﬁ};

2
—1/2 4x” 4+t
8) (1+1) sm1+ ep{ (1+t)}'

13.6. 1) et — 1+ e 2t cosz siny;

2) 1+ % sinz siny (2sint — cost + e~ %t);
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2 2
. Ty T4y .
3) sint (1+4t)3 exp{ 144t }’

t 1 HCE At
4 8+\/1+teXp{ T+t |
1 Ty _t(a:2 +9?)
5) Jize Piie eXp{ 2(1+12) [
13.7. 1) % cosz (e7 — 14 2t) + cosy cos ze™*;

2) et —1+sin(z—y—2)e %

2
3) 411 sin 2z + \C/(% exp {—t— z—};

4) % cos(z —y+2)(1 —e 3 +

sin z Ty t(z? +y?)
5 cos expe—t — ——=~ 5.
) V1442 14 4t2 p{

L 2
13.8. 1) e "t cos 3 wy; 2) (1+4t)~"/2 exp {_ || };

k=1
3) (14 4t)~(+2)/2expl— 2l imk :
1+ 4t ’
n

_ . 1 nt + |z|?

n/2 _ .

4) (1+4t) sin <1 T k§:1 xk> exp { T o },
1

2
1 n
5 Vi O {_1 +dnt ,gl m’“) }
13.9. ].) (53( ) 2) g(ﬂ)—.’lﬁo,t—to);
Tk |z|? _n
3) — 27 &z, 1); 1) (o Zt) (z,) + 6(z, 1)
k — 2a? (t —to) _ .
5) 4a'(t — to)2 (.t —to);
Tk B m 08 (z,t)
6) 4a2t? (n+2 2a2t)éa(x’t) + Oz’
t t—to
/ x,7)dT; 8) / E(x — mo, T) dT;
0 0

|z —xo|* _ m _ _ .
9) [ 1o % E&(z — zo,t) + d(z — zo, t);

10) /tw(r) E(x,t —7)dr.
0

13.14. 1) 9(t)q><%>; 2) e(t)q;<1\/_§>;
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o) (G 0w (E)
sonff 5 o)

)

13.15. 1) 0(t — 1)(et —e); 2) 0(t — ) sint;
3) 0t —1)(t —1)x; 4) 0(t—2) (72 — 1) e%;

suojeli)en o[l ol

0

13.16. Yxasauwue. Ina nokasarenscTBa cM. 3amaay 13.13, mist
HaXOXIEHWs PeIeHns CM. TeKCT Iepen 3amaden 13.5.

D o)t +1); 2) 0(t)(2® + 22t + 2a%t + a?t?);
3 [m3+x4+6t(w+2x2) +t2(12 + 2));
4) (t) ( t4 + e“‘t) 5) 9(t)( t3/2 4 eo tshx)

o(t)

( 2t3

(t) (2\f+ a:+2a2t) m+a2t);
(t)

(t)

7
8

)
)
6) 0
) 0(t)[tInt —t + (zsinz + 2t cosz) e~ *];
) 0(t)[zcosz + 2sinz (e™! — 1)];

t 2 T
T(et — 1) VA C RT3 L |
[e ¢ \/;e :1: <\/ﬂ>]’
)

10) 6(t [(2 z)e® +(z+2t—2) zth+:z:\/; —/0) 4 (52 +2t)¢(%>].

13.17. Ykaszauue CwM. ykazanue B orBere K 3azmadue 13.16.
1) 0@)[z® — y* +zy(e! = 1)];  2) 0@)[(@*+y?)(t+1)+4a’t+2a°%];
3) 0(t)(22y2+ 2t (z +y)2+412);  4) 0(t)(te” cosy + ertyt2e’t);
5) O(t) ze¥ cos z; 6) 0(t)(zyt + cos ye_a2t).
13.18. Ykaszauue. Cwum. ykazanue B oTBeTe K 3amade 13.16.
1) 6(t)[ze? cos z + e 2zye (€2t — 1)];
t) cosz[zy(l— e t) + (2 + y? + 4t) e~ '];

)

2 )
t)[zyz sint + z(y* + 2a2t)(2* + 6a’tz));

)

)

)
3)
4)
5)

]z +y* + 2% + 2a%t(1 + 32) + (2% — 29> + 2°) (¢! — 1)];
t)[ sin 3z cos4ye** (e + sinte?)].

o(
(
(
(
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13.19. Ykaszauue. Cwum. ykazanue B oTBeTe K 3amade 13.16.
1) 6@)[(1+t)|z|* + na’t(2 + t)];

2) 9(t)< f} [(1+1t) 23 +3a%t(2+1t) mk]>;

k=1

3) 0(t)|et — 1+ exp (na2t + 3 xg ];
A k=1

4) 0(t) :<2na2t + an 1‘k> exp (nazt + kzijl m)];

k=1
[ n n
5) 6(t)| cos <2a2nt + > a;k) exp( 3 xk>]
I k=1 k=1
13.20. 1) 2e! —1; 2) te' + cosm;
3) e? —et +e 2t cosu; 4) et + %tz sin z;

2,\—1/2 _(z+bt) |,
5) (1+ 4a*t) exp [ct gl

t 2
6) /w(t —7)eTdr + —— Za\/_ / ) exp [ct - %] de.

0
13.21. 1) le(t —1)(et= — 1) + 6(t) ectq><“”t>,

NeT]
2) 9(t—1)(t—1)+9(t)<1><1 z— bt)

.
3) 0(1t__cl) (et _ ect—c—i—l) ( ) [ (z-;—\b/t;l—l) _ (I)(z:% 1):|;
4) Ot —1)(t—1) et +0(t) ex+H 1+b+a2)(1)<$+2t+\/_2a t>7

5) 0(t—1)(t — 1)ev +
+0(t)e 2t [2

16t

6) 6()

/\

+bt>
av2r,
13.22. 1) 6(t)(2z — 2® + 2[t — z + (z + 1)?] €');

t
z—i—t(a +b+c) +/ 1 T dr
\/— ;

0
A+ 2+ 7t) e — (1+1t) e”];

t
(x + bt) eCt—l—eCt/(I'
0

A

o(t
0(t)
)1 —z+ (z+t—1)e' + (z +1t) sin(z +t) + 2t cos (z + ¢)].

exp (— (a:—2t)2> + (z — 2t) @(Z;;:)],

)
(t)[z(t+1) e® +e* sh (z —2t)]; 5) 6(t)(cosz+sint sinz) e?;
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1 7 (z—y)° (2+y)*
13.27. —— 0/ uo(y)[eXP (‘ 102t )‘eXp <_ 407t >] -

§14. 3apmauya Komm mns gpyrux ypaBHeHuil u 3amada ['ypca

1. 3amaua Komm pns ypasuenus IlIpémuurepa. Ilns ypasue-
uus HIpénunurepa mocTaHOBKA KiIaccuueckon 3amadn Korm

Ut = iAu + f($7t)a u|t=0 = Uo(.’II) (1)
u 06001IeHHO 3anaun Ko
ur = iAu+ F(z,t) (2)

AHAJIOTUYHA COOTBETCTBYIOIIUAM IIOCTAHOBKAM [JI YPABHEHUA TEILJIOIIPO-
BoxHoCTH (CM. C. 159 u 161).
DyHnaMeHTAIBHEIM pelleHneM ypasHenus IlIpénuarepa sBiseTcs

pyHKITUASA
o) ilz)? g
&(z,t) = Vet exp( i T)

g samaau Komm (1) cnpaBemuBel pe3ynbTaThl, AHAJIOTUIHBIE TEM,
KOTOpHIE CHOPMYIIMPOBAHEL B 3amadax 13.1-13.4.
Bynem rosoputh, uto dyukums u(z,t) IpUHAIIEXRKUT Kiaccy &2, eciu
OHa, IOBJIETBOPSIET OLIEHKE
lu(z,t)] <c(l+]z])*,  zeR", t>0,

[IPY HEKOTOPBIX C U A.

14.1. Hoxkasats, uyTo ecnu ug(z) € S(R™), T0 dyHKIUA

_ 1 —itly|®—i(z,y) i(€,)
u(z,t) = (27T)"R[e R[uo(f)e dé dy (3)

ABJIsIeTCs perenneM 3anaun Komm
ur = iAu, ult=0 = uo(7); (4)
u(z,t) € C*®(t > 0); u(z,t) € S(R™) npu kaxnom pukcupoBaraoM ¢ > 0;
s moberx a u 3 dyskmun z° D%u(z,t) paBHOMEPHO OTPAHWYEHBI TIO
reR" t>0.
14.2. Mycrs u(x,t) — peumenue 3anaun Kommu (4). IJokazaTs, 94To nis

aro6oro T' > 0 dyukuus v(z,t) = u(z,T — t) sBIAETCS PEIIEHUEM 33a4K

Komm .
vy = —iAwv, 0<t<T; V=1 = uo(z).

14.3. Ilycrs u(z,t) n v(z,t) — pemieHus 3ana4
Ut = Ugg,  Ult=0 = uo(z);

(®)

U = — iUz, 0<t<T, Vlt=1 = vo(%),
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npuueM u(z,t) € P, a dynknusa v(x,t) HAXOOUTCS C MOMOIILI (HOPMYIT
samaua 14.1 u 14.2. Jloka3aTs, 4TO

/uo(x) v(z,0)dz = /u(x,T) vo(z) dx.
R! R!
Yxkasauue. B pasencrse

T 6
[ [ o) ps(@ [ue,t) — iusu(a, )] dedt = o,
0 -4

roe Gyuxuusa @s(z) Ta xe, 9TO U B 3ama4e 6.5, MHTErPUPOBAHUEM TI0 YAC-

TsAM U306aBUTHCA OT MPOU3BONHBIX QyHKIMU (X, t) U NEPERTH K IPENeLy
mpu § —» 00.

14.4. Jloka3aTh eqUHCTBEHHOCTH perenus 3anaqdu Kommu (5) B kmac-

ce A.

Y xka3auue. Bocnomp3oBaTbes pesynbraTroMm 3amadn 14.3.

Pewenne 3amaun Komwm (1) emunrcrsenno B knacce & (mus n = 1

cM. 3amauy 14.4). B samasax 14.5-14.10 paccMaTpUBAIOTCSA DEIICHUS
TOJIBKO M3 HTOrO KJACCA, NMpPUYEM CYIIeCTBOBAHUS Uy HE Tpebyercs.

14.5. Iycts ug(z) € C"HR™), |2[" P luo(@)| < M, ||+ Duo(x)| <
< M nmns Beex a, |a] <n+ 1.

Hoxkasars, uTo perterune 3anaun Kommn (4) cymecTByer i BHIPaXaeTCs
dopmyoit (3), KOTOPYIO MOXKHO 3aIACATH B BULE

__ 1 _mni ile — ¢
U,(.’E,t) - (2\/5)11 exp( 4 )R[/U’O(é.) eXp( At d&
14.6. Mycts uo(z) € C*(RY), a > 2, up(z) = 0 mpu |z| > 1 m
|u(()r)(a;)| <M, r<a.
HokaszaTb, uro pemrenue 3amauu Komm (5) NpUHAMLIEKUT KIacCy
C®(t>0)n
‘%u(w,t)| < CM(1 + |z|)>Tre, r=0,1,...,aa—2,

st Becex £ € RY, ¢ > 0.

14.7. Tycrs ug(z) € C*(RY), [ul”(z)] < C(A+ |z)>, r < a, a > 2,
A< a—5. 1 aycrs ug(x,t) — pemenne 3anaan Komm

Up = gy, ult=0 = uo(z) e(z — k),

rae dyukius e(x) Ta ke, 9To u B 3amaue 6.4. IfokazaTh, 4TO perreHue
samaqau Ko (5) cymecrsyer, BripaxkaeTcs (GOPMyIIon
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o0
U/(.’E,t) = Z ’U,k(ﬂf,t)
k=—oc
u |u(z,t)] < Ci(1+ |z)*? nng Beex x € R, t > 0.
Ykxasauue. Ucnonesys pesymbrar 3amaum 14.6, mokasars, 4TO
C1(2 + |k Cr1(1 + |z)*2(2 + |k
< < .
e O S T == < @+
14.8. Tlycts ug(z) € CH(RY) n /|xu6(:1:)|d:z: < o0o. IlokazaTs, 4TO
Rl
pemenue 3anauu Kommu (5) cymectsyer u BeipaxkaeTcs (GOpMyIIon
1 1 (—8)/(2V%) )
u(z,t) = = [uo(400) + ug(—00)] + —= e/ /uf)(f) / e dy d¢.
2 NZ:
R 0
14.9. Ilycrs ug(z) = ei@lzl” rne a — neitcruTensHoe wnCO, T € R™.
Hokasatb, uto npu a > 0 cymectByer perenune 3anaun Komm (4), a

1 .
mpu a < 0 pemenue cyiectByeT Toibko npu 0 < ¢ < —-—. Haiitu 310
pereHme. da
PesynbraTr »TOl 3amaum CPAaBHUTL C pe3yiabTaToM 3amauu 14.7 mpu
n =1 B cayuasx a = 0, £1.
14.10. Pemnts 3amaun:

1) up = ity + ta®; ultmo = o
2) up = gy, 0<t<z U|t:0=$6_m2;
3) us = iAu + zcost — y?sint; uli—o = 22 +
4) up = iAu+ 6z + y* +i2%; uli—o =i (2% + % + 2%);
5) up = iAu; Ui = e_|z|2’ zc R".

14.11. Haiitu pemenne o6obiennon 3anaun Kommm (2) mos cremyro-
mx F € 2'(R"H1):
96(x) .

1) 6(t) - 3(x); 2) o) - B2,
3) 0(t) - 5(z + x0), n=1; 4) 6(t —to) - d(z), n=1, to > 0.
14.12. Haitru pemenue o6061ennon 3anaqu Korrrm

Ut = WUgq + f(2,8) + uo(z) - §(2)

mpu t > 0 mus cnenyroumx f u ug (f = 0 npu ¢t < 0 u 3303€TCsT TOIBKO
st £ > 0):

1) f=6(z), w =0(x); 2) f=00-1), wuo=0(1-]z|);
3) f=0@t—m)sint, wug= 2> 4) f:%, Uy = COST;

5 f=6(t—1)(et —e), uo=xzsinz.

IokaszaTs, yTo GyHkuuu u(z,t), HalineHHse B 3amnade 14.12; 3), 4), 5),
SABIIAIOTCA PEIICHUEM KJ'Ia,CCPI‘IeCKOI?I 3a0a4Ymn KOH.U{I.
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2. 3amaua Komm mis ypaBHeHms uy = —A%u + f(z,t).

14.13. Tlycts u(z,t) € C*(t > 0). HoxazaTs, uto dymkmus u(z,t)
ABJIACTCA pelenneM 3anadn Korm

Ut = —A2u; Ult:() = QO(:I?), ut|t:0 =0

TOrOa 1 TOJIBKO TOrnga, Korma (I)yHKI_[PIﬂ
t

w(z,t) = u(z,t) +i/Au(a},7’) dr
0
ABJIAETCA pelenneM 3anadn Komm

wy = 1Aw; Wlt=0 = p(z).

14.14. Tycts dysxmas w(z,t) € C*(t > 0) aBusercs perrenueM 3a-
nagu Ko
wy = 1AwW; wli=0 = p(z),

roe ¢(x) — meictBurenbHas dyakuus. [lokazaTs, aTo dynkuus u(z,t) =
= Rew(z,t) sBnsercs pemennem 3anaun Koum

up = —A%;  ulimo = @(z),  ule=o = 0.
14.15. Myctb dyuxuus f(z,t) € C*(t > 0) asasercs GurapMoHTIeC-
koit (A2 f = 0) mpm xaxmom t > 0. Haiitu permenue 3amaau Kormm
u = —A%u+ f(z,1); ult=o = 0, utlt=0 = 0.

14.16. Ilycts uo(z) u ui(x) — Ourapmonudeckue dpyukuuu. Haiitu
petrenne 3amaun Korrm

Ut = —A2u; u|t:0 = Uo(m), Ut|t:0 = U1(1L')

14.17. Tlycts dyuxmus w(z,t) € C*(t > 0) apnseTcs perneHueM 3a-
naau Korn

wy = 1AwW; wli=0 = p(z),
roe ¢(xz) — neiicrBurenbHas Gyukumsa. Haitu pertenve 3amaun Ko
ug = —A%u;  ulimo =0,  uglimo = p(2).

14.18. Mycts dyskuus w(z,t) € C*(t > 0) aBageTcs pemeHneM 3a-
nagu Ko
wy = 1AwW; wli=0 = p(z),

roe p(z) — uucto muuMmas dyukuusa. Hasitu pemenue 3amaun Komn
2,.. _ —
Uy = —A%u; ule=0 = (), Utlt=0 = 0.

14.19. Mycrs ug(z) € C"H3(R), [z|"*5|u(z)| < M, |2|" | Duo(z)| <
<M, |al <n+3.
HokaszaTn, uTo pemrenne 3anaun Ko
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uy = —A%u,  uli—o =uo(z),  Utltmo =0

CYLIECTBYET U BBIPaXKaeTCs GOPMYIIOn

u(z,t) = ﬁ /uo(f) cos ('z ;tﬁl - Ln) d¢.

Y ka3 aunue. Bocnomb3oBaThbes pesynbTaTamu 3amad 14.5 u 14.14.
14.20. Permuth 3amgaun:

84
1) uy = e + 6tz?; uli=0 = 0, Utli—o = *;
2) uy = —A%u + zye'; uli=o = Y2, ut|t=o0 = 0;
3) Upp = —A%u+ 6.172 2 2 u|t:0 =0, Utlt:O = 0;

o'u 1
4) uy = — St 0<t< T uli—o = cosz?, ug|t—o = 0.

ou . 0

3. 3amauva Komm nns ypaBHeHUs rTi P('L %)u Kmaccu-

geckas 3amada Kormm s ypaBHeHus

Bu _ . 8 1
E—P(z%)u, t>0, z€R, (6)
rne P(o) = ago™ + a1oV "1 + ... +ay, agp # 0, N > 2, ¢ Ha9ambHEIM
yCIoBIEM
ult=0 = uo(z) (7
craButTcs B Kiacce pyukmuit u(z,t) € C(t > 0), y xoTopsix npu t > 0
aN

u
CYILUECTBYIOT HENDEPHIBHLIE IPOUSBOMHBIE —o 1 o .
z

Samaua Komwm (6), (7) HasbBaeTCa nocmasaernoti Koppexmuo B
kiacce . (onpenenenue kiacca % cM. §9), ecnm st Kaxmoi GyHKIAN
uo(x) € & cymecrByeT equuacTBeHHOE perenue sanaun (6), (7), koTopoe
npu KaxzaoMm t > 0 IPUHAIIIEKUT KIacCy ¥ 1 yOBIBaeT mpu |z| — oo
BMECTE CO CBOMMU IPOU3BOAHBIMU, BXOAAIMME B ypaBHeHue (6), 6picTpee
M060# cTemeHn ||~ pABHOMEPHO OTHOCUTENLHO t B KaXKIOM MHTEPBAIIe
0<t<T < o0.

14.21. Iycts 3amaua Komm (6), (7
ce S n

~—

IIOCTAaBJICHA KOPPEKTHO B KJIAC-

v(o,t) = Flu(z,t)] = [ u(z,t)e™ da,

é\g

roe u(z,t) — pemmenne 3anaun (6), (7). HokasaTs, uro dyuknus v(o,t)
npy KaxzaoMm t > 0 IpUHALIEXKUT Kiaccy . U sBISETCS DeIleHueM

3aa4u p
d—: = P(o)v, v]t=0 = Fluo(7)]. (8)
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14.22. Ilyctb ug(z) € S n
ReP(o) <C < (A)

IpY BCEX NEACTBUTENBHBIX 0. Jl0Ka3aTh, YTO QyHKIMS

1 7 o)—ixo 7 i
u(z,t) = 5 / etP @) /uo(f)e Sd¢ do 9)

sBisercs peutenueM 3anaau (6), (7), npunannexut xiaaccy C® (¢t > 0) u
npu || — oo yOBIBaeT BMECTE CO BCEMU IIPOU3BOAHBIMU GBICTPEE JII06O0I
crenenu |z|~! paBHOMepHO OTHOCHTENLHO t > 0.

14.23. Jlokasarb, uTo ycioBue (A) sBisieTcs HEOOXOMUMEIM U IOCTa-
TOYHBIM [JIsi KOPPEKTHOCTH nocTanoBky 3anaquu Ko (6), (7) B kiacce ..

Y xaszanune s nokazarenbcTBa HEOOXONUMO IOKA3aTh, YTO €CIIN
yciaoBue (A) He BBIOJIHEHO, TO CYIIECTBYET Takas GyHKuus ug(z) € 7,
IUIsL KOTOPO# perieHue 3ana4u (8) He IPUHAIIEKUT Kiaccy ..

14.24. Ilycts 3anaga Komwm (6), (7) mocrasieHa KOpPEKTHO B Kitac-
ce .. llokaszaTb, 4TO €e peleHue BeIpaxkaeTcs opmyioi (9), KoTopyio

MO2KHO 3alliCaThb B BUOE
00

u(e,t) = [ () Gla— &) de, (10)
G(z,t) = % fet%)—m do. (11)

Yka3amue. Bocrmombzosarscs onenxoit |G(x,t)| < Ct—/N.
14.25. Iycts ycnosue (A) Bomomnsero, ug(z) € CN1T2(RY) u

o
/ |“(()k)($)|dx<oo, k=0,1,....N +2.
— 00

Hokaszats, uro pemenue 3amaun (6), (7) cymecTByer, BhHIpaxKaeTcs
dopmymnoit (9) (wm dopmynamu (10), (11)) u dyukums u(z,t) orpanu-
ueHa rmpu ¢ > 0 BMECTE CO CBOMMU IMPOU3BOMHBIMHU, BXOAAIIUMY B yPaBHE-
Hue (6).

4. 3apaua Kommu nig ypaBHeHUs IepBOro MOPAIKa.
14.26. PemuTs 3amaun:

1) us + 2uy + 3u =0, Uli—o = 7%;

up + 2uy + u = xt, Ult=o = 2 — x;

2us = Uy + zU, Ult=p = 1;

x2/2;

ug + (1 +22)uy —u =0, u|t=p = arctgw;

)
)
4) 2uy = Uy — TU, u|t=0 = 2z€
)
) ug + (1 + 1) up +u=1, Uli—o = €7 %;
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2z
e

8) 2tus + zu, — 3x%u =0, uli=1 = 5z>.

u, U’|t:0 = ]-7

5. 3amaua I'ypca. ®opMynmpoBKy MOCTAHOBKE 3amauu ['ypca cM.
B kuure: Bonanumupos B.C. YpaBueHus mareMaTuueckonn ¢u-
3uku. — b-e m3n. — M.: Hayka, 1985.

14.27. HokasaTsk, uTo 3amaua ['ypca
Ugzy = 0, 0<y<ax, z >0, y > 0;

Uly:O = f(z), uly:ax =g(=)
nMeeT €OMHCTBEHHOE DEIICHNE

u(z,y) = f@) +9(L) - 1(L),

«
ecn dysxmun f(z) n g(z) npusammexat ximaccy C? (z > 0) N C (z > 0)
u f(0) = g(0).
14.28. Hoxaszars, uTo 3amada ['ypca
Ugy = 07 T > 0: Yy > 07 u|y:0 - f(:l?), U|z:0 = g(y)
uMeeT equHCTBeHHOE perenne u(z,y) = f(x)+g(y) — f(0), ecnu dysxumn
f(z) n g(x) npunannexar xiaccy
C*’(z>0)NnC(z>0) u f(0)=g(0).
14.29. Hoxasars, uTo perrenue 3amauu ['ypca
Uy = 0, Yy > ax, z >0, a < 0;
Uly:az =0, u|z:0 =0
HE eMUHCTBEHHO. [[0KA3aTh, UYTO MHOXECTBO BCEX DEIIEHUN STOU 3a1a9u

UMEeT BUI u(z,y) = f(z) — f(%)’

rae f(z) — mobGas dbynknus u3 kiracca C2(RY), pasmas mymo mpu z < 0.
14.30. Hoxasatsk, uTo 3amaua ['ypca

Ugy =0, 0<y<p(x), x> 0;

uly=0 = f(=), Uly:«?(w) = g(z)
MMeeT eNUHCTBEHHOE PEICHNE

u(@,y) = f(@) +9 (07 @) = f (¢ (v),
ecrmu byuxmmn f(z), (), p(r) mpunammexat kmaccy C?(z >0)NC(z>0),
f(0) = g(0), »(0) =0, ¢'(z) > 0, =" (y) — dynxmms, obparnas k
byuxunu ¢(z).
14.31. Mycts dyurkunn o(z), ¢ (z) npurammexat kmaccy C2(z > 0)N
NC(zx > 0) u ¢(0) = 1(0). Ipu kaxux NEACTBUTEILHBIX 3HAYCHUAX Q&
3amada ['ypca
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AUgzy + Uyy = 0, z >0, y >0,
uly—o = (),  ula=0 = (y)

uMeeT enuHcTBeHHOE pererue? HaiiTu 510 perenue.
14.32. s xakux MOJIOXUTEILHLIX 3HAUECHUA mapamMerpa b 3amaga

Ut = 02 Ugg; 0<t<bz, z >0,
ult=0 = 0, Ult=pe =0
MMEET TOJILKO HYJIEBOE pelieHue?

B samauax 14.33-14.55 Tpebyercs HalTH peIlleHUEe IOCTABIEHHON 3a-
naun ['ypca u mokaszaTb eIMHCTBEHHOCTH 3TOTO DEIIEHUs.

14.33. Ugy + Uy = T, z >0, y > 0;
Ulpg=0 = ¥2, Uly=0 = z2.
14.34. Ugy + T2yu, = 0, z >0, y > 0;
U|g=0 = 0, Uly=0 = 2.
14.35. Ugy + Uy = 1, z >0, y > 0;

Ulamo = (y),  uly=o =(z),
rae byskmum o(z), (x) npuramnexar knaccy C2(z > 0)NC(z > 0) n
©(0) = 9(0)
14.36. Ugy + TUy = 0, z >0, y > 0;
Ulamo = (y),  uly=o =(z),

rae byskmum o(z), (x) npuramnexar knaccy C2(z > 0)NC(z > 0) n
©(0) = 4(0)

14.37. 2Ugy — 2Uyy + Ug + Uy =0, y > |z|;
Uly—p =1, Uly——z = (z + 1) ”.

14.38. 2ugp + Ugy — Uyy + Uz + Uy =0, —%x <y<z, z>0;
Uly=o = 1+ 3z, Uly——p/2 = 1.

14.39. Ugy + 6ugy + Suy, =0, Tz <y <oz, z > 0;
“|y=x = (=), “ly:5x =(z),

rae dynkmu (), (z) mpunammexat kmaccy C?(xz > 0)NC(z > 0) u

©(0) = (0).

14.40. um+yuyy+%uy:0, —i:ﬁ <y <0, z > 0;
u|y:0 = 0, uly:_x2/4 = .172.
14.41. Ugy — €% Uyy = 0, y>e®, z > 0;
Ulp=0 = Z/za “lyz—eac =1+22

12 TIloxm pexn. B. C. Bragumuposa
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14.42.

14.43.

14.44.

14.45.

14.46.

14.47.

14.48.

14.49.

14.50.

14.51.

14.52.

14.53.

14.54.

YUoz+ (T —Y) Ugy — TUyy— Uz +uy =0, O0<y<z, z>0;
uly=0 =0, Uly—p = 4z*.
Uy + (T — Y) Uzy — YUyy = 0, 0<y<uz, z > 0;
uly=o0 =0, Uly=s = T.

YUups +Uzy =0, P -8<3z<y},  0<y<2

Uly=2 = 3z + 8, Ulzpmys = 2y°.
T2 Upy — YPUyy = 0, y >, z>1;
Ulp=1 =1, Uly=p = .
1
xzum—yzuyy—l-xux—yuy =0, = <y<uz, z>1;
Uly=2 = T, Uly=1/, = 1+1Inz.
1
312Uy + 2TYUsy — YUy, =0, z<y<-—x=, 0<z<1;
Iz
U’|z=y =Y, ulzy3:1 = yz‘
38%Ugy + 22YUgzy — Y Uyy = 0, l<y<uz, z > 1;
T
Uly—s =0, uly—1 = cos 5

Uy — 28IN TUgy — COS? TUy, — cOSTUY = 0,

ly — cosz| < z, z > 0;
Uf|y=x+cosx = cosz, U|y:—x+cosx = Ccosz.
1
“wy_w_y(“w_uy)zla y < —z, x> 2

1
U’|y=—x =0, Ulp=2 =2+ 2y + 3 y2.

Uor = Uy + 2y =0, y>1+al
Uly=ot1 =1 —x, Uly=1—2 = 1 + 2.
4 2
um—uyy—l—;ux—i-ﬁu:O, y>x, z>1;
uly= =1, Ulz=1 =Y.
Uzy = 1, azr <y < P, x>0, 0<a<p;
Uly=az =0, Uly=pz = 0.
Ugy = 0, 22 <y < 222, z > 0;

ulymy2 = 2%, uly—oge = 27
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14.55. Uypy = 0, ot <y < 22, 0<z<l;

Uly=p2 = 0, Uly—gr = z(1 — ).

6. 3anaua Komm niis xBa3sWjInHENHBIX ypaBHEHUN.
14.56. Haiitu pemenne 3anaun Ko
ug + uug = 0, t>0; ult=0 = signz,
menpepeiBHOE miist ¢ > 0, |z| + ¢ # 0 u HenpepwiBHO nUbdEpEHIUPYEMOE
upu t # |z|.
14.57. Haiitu perrenne 3anaun Kot
a opu z <0,
ug +uu, =0, t>0; U= =
B mpm z >0,
rme a,3(> a) — mocrosHHBIE, HenpepbiBHOe miust t > 0, |z| +¢ # 0 n
HenpepsIBHO nuddepenimpyemoe BHe npaMeix ¢ = z/a, t =z /.
14.58. Ioka3aThk, uTo 3amada Ko nns ypaBuenus bioprepca
Ut + UUy = a2um
C HAYAIIBHBIM YCIIOBUEM
ule=o = uo(z)

o .
[ONCTAHOBKOM u = —2a? —= cBommTCs K 3amade Komm
v

T
1
Ut = a*Ug0,  Ult—o = exp {—ﬁ /uO(f) di}-
0
14.59. Ilyctb u — permenue 3anauu Kot

Ut + Uly = EUgy, ult=p = signz,
menpepeiBHOoe npu ¢ > 0, |z| + ¢ # 0 u HenpepwiBHO HUbGEpPEHIUPYEMOE
npu ¢t > 0. oka3ars, uro 5T0 pemrenue mpu € —> +0 crpemuTcs x
pemreruio 3anaun 14.56 (Teopema O. Xonda).
14.60. IIpoBeputs, uTo perenuem ypaBHenus Kopresera—ne ®@pusa
Ut + 66Uy + Uzze =0
SABIISAETCS QYHKIINUS

u(z,t) = a

2ch? [4 (x — zo — at)] ’

OICHIBAOIIASL «YENUHEHHYIO BOJIHY» (COnuTOHHOE perterue). [lokasars,
YTO 5TO PELIeHNe ¢ KOHEYHON HHEPruen
o0

/ (uf +u2) dz < co.

14.61. Ons ypasuenus JluyBuis

a >0,

Utt — Ugy = ge“a g>0,

IPOBEPUTH CIICAYIOIINE yTBEPDXKIOCHUA:

12*
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1) yukuus

u(z,t) =In o’(1 - a?)

o ?
2g ch? [5 (r — 20 — at)]
SBIISIETCS PEIeHneM [IPU BCEX T U 1;

2) ¢dyHkuusa

0<a<l,

8¢ (z +t)¢'(z —t)
z,t) =In
(50 = oG+ D - =0P
ABJIAETCS PElIeHneM HpH JTOOBIX (¢ U 1) Takux, 9To @, € C°, @'’ > 0;
3) cpyHKuMﬂ

z+t
u(z,t) = [uo(a: +1t) +up(z —t)] — { l[ / (5)/2d§l}

SIBIISIETCSA pemeHMeM 3a,0a91 KOLHI/I C HaYaJIbLHBIMU YCJ'IOBI/IﬂMI/I
Ule=0 = uo(x), Ut|t=0 = 0,

eciin
z+t

\/gm[t ew0(®)/2g¢| <

14.62. IlpoBeputs, 9YTO OJIs ypPABHEHUS

ol

Upt — Uge = —gSINU, g>0
dyHKIIUASA
g (z — zo — at)
u(z,t) = 4arctg ex :I:‘/_— , 0<a<l,
SIBIISIETCS PEIIEHNEM C KOHEUHON HHEPTUen
o0
/ (uf +u2) dz < co.
—o0

14.63. Ilpoeputrs, 4TO peleHneM HeIUHEHHOTO ypasueHus [pénunrepa

it + Ugy + v|uPu =0, v >0,
ABIACTCA PYHKINS

o [ElE G

ch [ya (z — zo — at)]

OtrBeTnl K § 14

n/2 g ia|w|2
14.9. (1 + 4at)~ p{1+4at .

14.10. 1) z* + 1 (233 —12) itz (122 + 12);

9 T iz? |
) G PP\ o[
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3) xsint + 2% +y? cost + 2i(t + sint);
4) i (2 + 9> + 2%) — t (6y + 62 — y® —iz®) + ¢*(i — 32);

2
5 (VI+4it) "exp {— 2] ‘}, 0 < arg 1+ 4it < g

1+ 4it

14.11. 1) &z, 1); 2) i;—:é”(a;,t);

t t—to
/éa x + xo,T) dT; 4) / E(z,T)dr.
0 0

. e/ t ©/(2y7)
14.12. 1) ﬁe_’”/‘l / et dy+/ / eV’ dy dr |;
— 00 — 00
(x+l)/(2\/_)

1 . .2

_ _ 1 —mif4 iy .

2) 0t -1 —-1)+ NG e / eV dy;
(e-1)/(2V1)
3) z2 4 2it — 0(t — 7)(1 + cost);
4) 2/t + cosre™;
5) 0(t —1)(et — e — te) + (zsinx + 2it cosz) e .
t
14.15. /(t —7) f(z,7)dr.
0
14.16. uo(z) + tui(z).
t

14.17. Re /w(:z:,r) dr.

0
14.18. iImw(z,1t).

14.20. 1) tz* +¢* (2° — 4); 2) z2y? — 4% + zy(et — 1 —t);

3) 32?y?2%1? — 2 (2% + y? + 22) tY

4)l 1 cos i + L cos v’
2 \VI+4t 1+ 4t T—4t 1—4t)

14.26. 1) (z — 2t)%e3; 2) 4— 1z —2t+at—2e Y
3) exp { (4z + t)} 4) (2z +1t) exp {l xz}'
2 M
t —t L3
5) (arctgz —t) et 6) 1—e +exp{—m+§t};
1+ (z+1)% 5z° 3z%(t —1)
7 1422 7 8) i P 2t ’

14.31. ¢(z —ay) — ¢(—ay) +¢¥(y), a <0.
14.32. b < %
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14.33. 2 + %gﬂ(l +e7Y).
14.34. fexp {—% §2y2} de.
0
14.35. y +9(2) + [p(y) — ©(0) —yle™®.
14.36. o(y) + / P'(€) esvde.
0

14.37. (1 + %x - %y) exp {% (z — y)}
14.38. 1+ (z + 2y) exp {% (y — m)}

14.39. (,0(5954_ y) + w(y 7 x) — ¢(0).
14.40. 2z./=y.

14.41. 2% + (y — 1 + %)%,

14.42. zy(z +y)>.

14.43. y.

14.44. 3z + y°.

14.45.

x.
1 T
14.46. /7y + 3 In v

5
14.47. /L.
xr

14.48. ycos 22,

2y
14.49. — 1+ 2cos % cos w.
14.50. (r+y)% Yxkasanne Crenarszameny u = e

1
. Yxaszanuue. Cpemnars sameny u = — 0.
T

2

14.51. 2—y. Yxasauune. Cnemars 3aMeHy u = ~ V-
14.52. £
T

—5 (v~ ax)(Bz — ).
4 4 2, 1 o
14.54. 3% —% +y 3Y

14.55. =z — /Y.
14.56. —1 npu = < —t; +1 mpm z > t; % npu z < t.

14.53.

T
Y kxasauue. Hckars pemenne B Bune f (;)

14.57. a opu z < ta; § npu z > tS; % npu ta < z < tf.



I'masa V

KPAEBBIE 3AITAYU [IJIsI YPABHEHUNT
QININIITAYECKOI'O TUITA

ITycTs S — roamkas mOBEPXHOCTH, OTPAHUYMBAIOIIAA 00acTh G € R™,
7 N, — BHEIIHsIS HOpMaJib K S B Touke £ € S. DyHKIWS U UMEET NPasuab-

ou
HYIO HOPMAALHYIO NPOU3EOOHYI —— HA S U3HYTPU S, €CIIU CYIIECTBYET

on
. Ou(z') _ Ou(z) _ Ou
zl'lina: on, - on; - on
z'€GN(—mn,)

PaBHOMEPHO II0 BCeM T € S.

I. Buyrpeunuss 3amauva JHupuxme [mis ypaBHEHUs
Janmaca: maittu rapmormyeckyio B G C R® oyuxmmo u € C(G), npu-
HEMAOLIYIO HA S 3aIaHHbIE (HEIPEPEIBHLIE) 3HATCHIS U .

II. Buemuss s3amauva Hupuxmae: HAATH rapMOHUYECKYIO
B obmactu G = R3\G oyuxmmo u € C(G1), u(co) = 0, IpuHEMAOIIYIO
Ha S 3amaHHbIe (HEIPEPHIBHEIE) 3HAUCHMUS Ug .

IIl. Buyrtpeuuss 3amava He#Mmana: HalTH rapMOHU-
weckyio B G C R® dynkumio u € C(G), umerontyio Ha S 3ananHyio (Hempe-
PHIBHYIO) IPABUIIBHYI0 HOPMAJILHYIO IPOU3BOAHYIO U] -

IV. Buemusg 3angaua Helimana: HalTH rapMOHUYECKYIO
B G dynxmmo u € C(G1), u(oo) = 0, nverommyio Ha S 3amamnyio (Hempe-
PHIBHYIO) PABWILHYIO HOPMAJILHYO TTPOM3BOMHYIO U] .

Samauu I, IT u IV oguosnauno paspemmmer. Perenne 3amnaqu 111 onpe-
IIEJIEHO C TOUYHOCTBHIO 10 TIPOU3BOJILHON MOCTOSHHON, TPUYEM

/ul_dS:()
5

— YCIIOBHUE €€ Pa3PelInMOCTH.

Anasormuso crasarcs 3anaun 1-1V B R?, 3a HCKIIIOUEHNEM TOTO, UTO
IIJIsL BHEIIIHUX 334 OT PeLIeHUs TPeOyeTcCs UL OrPAHUYEHHOCTD IIPU
|| — oo. 3amaum I u II ognosnauno paspemnmvel. Pemenus sanaa 111
u IV omnpenenessl ¢ TOYHOCTHIO IO MPOU3BOJILHBIX MOCTOSHHBIX, IPUYEM

/ uy dS =0
s
— YCIOBUE UX Pa3pentuMOCTH.
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§15. 3amaua lItypma—JlunyBuisis

Paccmorpum kpaeByro 3amaay
Lu = —(p(=)y' () + q(x) y(=) = f(2), (1
{ a1y(a) - azy'(a) =0, @
Bry(b) + B2y’ (b) = 0,
roe of +a3 #0, f + 43 # 0, p € C'([a,0]), p(z) # 0, ¢ € C([a, b)),
f € C(a,b) N Lay(a,b).
OO6bIuHO B GM3UIECKUXK 330a9AX BHIIOIHIIOTCS YCIOBUI
Q10 Z 07 ﬁlﬁZ Z 07 p(ﬂ/‘) > 07 q(.’E) Z 0.

O6nacts onpemenenus M, omeparopa L cocrout u3 dyHkumit y(z)
knacca C%(a, b)NC*([a,b]), y" € La(a,b), yROBIETBOPAIONINX IPAHITHEIM
ycnosusiM (2).

3amaua O HAXOXIEHUM TeX 3HAUeHWN A (COOCTBEHHBIX 3HAUEHUI
oneparopa L), mpu KOTOpbIX ypaBHeHwe Ly = Ay uMeeT HeHyJIeBLIe
pemenus y(z) us obmactu onpenenenus M; (coGcTBeHHBIE GYHKIMU,
COOTBETCTBYIOLINE HTUM COOCTBEHHBIM 3HAUEHUSIM ), HA3BIBACTCS 2adauel
HImypma—JTuysuaas.

Ecmu A = 0 me ecTb cobcTBEHHOE 3HAUEHME omepaTopa L, To peleHune
kpaesoit 3anaun (I) B kiacce M eOMHCTBEHHO U BBEIPaXKaeTCs GOPMyIIOin

b
y(@) = [ Gla,0) 1(©) de,

roe G(z, &) — dyukuus I'puna kpaesoit sagaun (1)—(2) unu onepartopa L.
Dyuknus G(z, &) npencraBiseTcs B BUIE

Gla, :_l{m(m)yz(i), a<z<(,
O = @@, ¢<azh

rzoe y1(z) u y2(z) — Henynesbie pemenus ypasHenus Ly = 0, ynoBieTso-
PSIOIITE COOTBETCTBEHHO MEPBOMY U BTOPOMY TDAHUIHOMY YCIOBUIO (2),

k=p(z)w(z) =pla)w(e) #0,  z€]a,b],
_ y1(2) y2(z)
w(z) =

! !
y1(z) ya(z)
— ompenenuTenk BpoHckoro.
Kpaesas 3agaua

Ly =Xy +f,
rme f € C(a,b) N La(a,b) mpu ycnosuum, uro A = 0 He ecTh COGCTBEH-
HOE 3HAUEHUe Orneparopa L, SKBUBAJIIEHTHA MHTErDAJIILHOMY YPABHEHUIO

b b
y(@) = A [ G, y(©) de + [ Cla,6) F(©) de.
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OTOT METOM MHOTA MOXHO IPUMEHATH U K 334a49aM C BEIPOXKICHUEM,
korna p(x) obpalaercs B HyJlb Ui GECKOHEUHOCTD wiin ¢(z) obpalaeTcs
B GECKOHEYHOCTD Ha, ONHOM U3 KOHIIOB OTDE3Ka [a, b].

15.1. Hatitu ¢yukumio I'puna oneparopa L ma ummrepsasne (0,1) B
CIIEYIOMIAX CITydasx:

1) Ly = —y", y(0) = y(1) = 0;

2) Ly =—y", y'(0) = y(0), y'(1) +y(1) =05
3) Ly =—y", y(0) = hy'(0), h>0, y(1)=0;
4) Ly=—y" -y, y(0)=y(1)=0;

5) Ly=—y" —y, y(0)=y'(0), y(1) = y'(1);

6) Ly=—y"+y, y(0)= y(l) = 0;

7 Ly=-y"+y, y'(0)=y'(1)=0.
15.2. Hatitu ¢yukumio 'puna oneparopa L ma ummrepsasne (1,2) B
CITENYIOIINX CITy4asaX:

1) Ly = —x2y" — 2zy/, y'(1) =0, y(2) =0;
2) Ly = —zy" -y, y'(1) = 0, y(2) =0;
3) Ly = —z3y" —32%y —y, y(1) = y(2)+2y'(2) = 0;
4) Ly = —z*y" — 4%y’ —22%y, y(1)+y (1) =0, y(2)+3y'(2)=0.

15.3. Hasitu ¢yukuuio ['puna omepaTopa L Ha mHTEepBaje ( , Z) B
CIHEOYIOMINX CILYIasX:

_ 2 — A
1) Ly = —(cos?z ')’ s =0, y(§)=0

’ !
2) Ly = (COM), y(0) =0, y(4) 0;
3) Ly = —cos®>z-y" +sin2z-y', y(0) =y'(0), y(g)—ky'(g)zo.
)

15.4. Hatitu ¢yukumio I'puna oneparopa L ma ummrepsasne (0,1) B
CIHEOYIOMINX CILYIasX:

1) Ly=—(1+2%)y" - 2zy/, y(0) =4'(0),  y(1)=0;

2) Ly =—(1+2%)y" - 2zy’, y(0) =0, y(1)+y'(1) =0;
3) Ly = -3 +a2?)y" — 2zy/, y(0)=y'(0), y(1)=0;

4) Ly=—(z+1)%"-2(@+1)y'+2y, y(0)=y(1)=0;

5) Ly = - (L) + o yO =0, y1)=0;

6) Ly = —(4—27)y" +2zy', y(0)=y(1)=0;

7) Ly=—(y) + >y, y(0) =y(1) =0;

1 2 2 ,
8) Ly=—;y“+;y’—gy, y'(0) =y(1)=0.
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15.5. Haiitu dyukmuio ['puna oneparopa L ua uaTeppase (0, %) npu
yenosun |y(0)] < oo, y (%) = 0 B CHEOYIONMX CIydasx:
1) Ly =—(tg’z-y")'s  2) Ly=—(tgz-y')"

15.6. Hasitu ¢pyukuuio ['puna oneparopa L Ha mHTepBaje (0, g) B
CIIEOYIOINX CIIyYdasiX:

1) Ly — _Coszx.y“—i— SinQZL"Z//, y(o) = 0’ ‘y(g)‘ < o0
2) Ly = —sin®z-y" —sin2z-y’,  |y(0)] < oo, y(g) =0;

3) Ly = —sin’z-y" —sin2z-y',  |y(0)| < oo, y(g) +y' (g) =0.

15.7. Haiitu dyukuio ['puna oneparopa L ua uatepsaine (0, 1) npu
ycnosuu |y(0)] < 00 B CIENYIOIINX CITydasX:

1) Ly = —z%y" — 2zy + 6y, y'(1) +3y(1) =0;
2

2) Ly=—y"+ v, y(1) = 0;

3) Ly = —z?y" — 2zy’ + 2y, y'(1) = 0;

4) Ly = —(zy')’, y(1) =0;

5) Ly = —xy" -y, y'(1) +y(1) =0;
6) Ly = —z?y" — 2zy’ + 2y, y(1) +y'(1) =0;
7) Ly = —z?y" — 2zy’ + 2y, 2y(1) +4'(1) =0;
8) Ly =—y" + ae—b, 41, y(1) =0;

$2

9) Ly =—(zy')' + (1 + )y, y(1) =0.

15.8. Haittu dysxmmro 'puma onepaTtopa Ly = —zty” — 4x3y' — 222y
Ha unTepsatne (1,3), ecm y(1) + ¢'(1) =0, 2y(3) + 3y'(3) = 0.

15.9. Haiitu ¢yuxuuio I'puna omeparopa L ma ummrepsasne (0,1) B
CIENYIOMIAX CIIydasx:

1) Ly=—(e="/2y) + e /2y, y(0) =y(1) =0;

2) Ly =—e"y" - 2ze” y/, y(0) = 2y'(0), y(1) = 0;

3) Ly=—y"+(1+2%)y, y(0) =y'(1) = 0.

Ykazaumue. YacTHoe pemenue ypasaerus —y' + (1 + z2)y = 0
MOXHO UCKATh B BUANE Y = e*(@)

15.10. Haittu dyskumo Ipuna oneparopa Ly = — (y/zy') 4+ 3z73/2y
ua unTepsaie (0,2), eciu |y(0)| < oo, y(2) = 0.

15.11. Haiwitu pymkumo I'puna oneparopa Ly = —(z+1) y” —y', ecrm
ly(~1)] < o0, (0) = 0.

15.12. Haiitu pyuxuumio ['puna omeparopa Ly = —z
eciu |y(0)| < oo, y(1) = 0.

15.13. Haiitu dyskmmo ['puma oneparopa Ly = —[(z2 — 1) y']' + 2y,
eciu |y(1)| < oo, y(2) =0.

2y// _ xy’ 4 nZy7
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15.14. Csectu 3amaay Hltypma—JluyBumis Kk MHTErpajbHOMY ypaB-
HEHUIO B CIIEAYIOUINX CIIydasx:

1) Ly = —(1+e")y" —e™y' = Az’y, 0 <z <1, y(0) —2y4'(0) =0,
y'(1) = 0;

()) Ly()E —(@2+1Dy" —2zy' +2y = Ay, 0 <z <1, y(0) =0,
y(1) —y'(1) =0; 2

3) Ly = —VI+e@y — ———y' = day, 0 < 1, y(0) =
_\/%y'(y) y'(1) _"(‘)'e / my a:y e bl

4) Ly = —(1—-2)y" +2zy' -2y = Ay, 0 <z <1, ¢'(0) =0,
ly(1)] < oo;

5) Ly = —cos*z -y +4sinzcos®z -y = dzy, 0 <z < g, 29(0) —
oo )<

6) Ly = —2%y"—2zy'+(2cos’z+1)y = Ay cos 2z, 1<z <2, y(1) =0,
y'(2) =0;

7) Ly=-y"=Xy, 0<z <1, y(0)=y(1)=0.

15.15. CBecTu K MHTErPAILHOMY YPABHEHUIO HAXOXICHUE DELICHU
ypapHeRuA —2zy" —y' = 2\/zy, 0<z<1,
IIPU IPAHMYHBIX yCIOBHAX lir% Wz-y') =0, y(1)=0.

Tr—>

15.16. CBecTu K MHTErPAIILHOMY YPABHEHUIO HAXOXICHUE DELICHU
ypasuenusa —zy" +y' = Ay, 1 < x < 2, npu rpannuHBX ycyosuax y(1) =
=y'(2)=0.

15.17. CecTu K MHTErPAILHOMY YPABHEHUIO HAXOXICHUE DELICHUI
KaxXnoro u3 CJaenyrrormmx ypaBHeHI/II?I IpU YKAa3aHHBIX T'DAHUYHBIX YCJIO-
BUSX:

1) —(1+2%)y" 22y’ +ly =0, y(0)=y'(1)=0;

2) —e"y" —e"y' + Xy =0, y(0) =0, y(1)+y'(1) =0;

3) —y”+>\y—f( ) y(0) = hy'(0), h>0, y(1)=0;
4) —zy" —y' + Azy =0, ly(0)] < oo, y(1)=0.

15.18. 9 IIOMOU;II:IO dyuknuu ['puna pemmTsh CHEnyoMe 33Ma9u:
1) =~ =l = f(2), 1< <e, y(1) =0, y(e) —ey'(e) =0,

1+z (1+4z)?
re € — OCHOBAHUe HaTypaJ'IbHLIX sorapudMoB;

2) —aty" —dzPy' =22y = f(z), 1<z<2, y(1)=0, y(2)+y'(2) = 0;
€z n

3~ v —(1_1@21/' _ f(), ~1<a <0, 2y(~1)+y(~1) = 0,
ly(0)] < o0;
4) (].+COS:L') y'+sinz -y’ = f(.'I?), O<z< g, y(o)_2yl(0) =0,

)
) -

v Ny

—2 = f(z), 1<z<2, 2y(1) =4'(1), y(2)+2y'(2) = 0.



188 TI'a. V. Kpaesvie 3adauu 0ag ypasHenutli 344unmuveckoeo muna

15.19. Ioka3zaTh, 4TO KpaeBas 3a0a4a,
—y"+a(@)y=f(z), y'(a)-hyla)=c, y'(b)+Hyb) =
S9KBUBAJICHTHA TPEM 3adavaM KOH_II/I:
1) ¢'+¢* =q(z), g(a) = I
2) Y —g(@)Y = —f(z), Y(a) = a1

1 _ _c-Y(®
3) ¥ +g(x)y =Y (z), yb) = H—g0)

Y kxaszaunue. PakTopuszoBaTh OmepaToOp
d? d d
g te=— (- 9)(G+9)

OrBetnl K §15

IN

T

W]

{w( -9, 0<z<¢,
15.1. 1)

El—z), £<o <
(

5 1 z+h)(E-1), 0<z<E,
h+1 (¢ +h)(z-1), €<z<;

(z+1)(2-¢), 0
E+1)2-2), <z

5 1 sinz sin(l —¢§), 0<z<¢,
sinl | sin(1—z) sing, €<z <1;
. ctg 1 +1
: 1 —ctg 1 (31nw+cosw)(W51nf+cos£) 0<z<E,
2 ctg1+1 . .
(—ctg T3 s1n:1:+cos:1:)(s1n§+cos§), E<x <1,
6) 1 thSh(1_£)7 nggga
hl {sh¢sh(l—-2), {<z <1
7y (€ +e ?)(ef +e*7%), 0<z<E,
2(e* =1) |(ef+eé)(e* +e277), €<z <1
%_la ].<.'I7Sf, lng7 IS:L'S&’
15.2. 1) { ¥ i 2) g
5_;7 §<1‘<2, ln;7 €S$§27
—Inzx 1/1 2
, | rsese ) @) 15e2s
In¢ 11 2
e E<z <2 Z(F z) §<z <
tg z(1—tg &), 0<z<¢,
15.3. 1) .
tg {1 —tg o), (<o <4

IN

— o

INA

Iy

B
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.
4’

—sinz (V2sin¢ — 1), 0<z <¢,
2 —sin¢ (V2sinz — 1), {<z <
{(tg z+1)(tg €—3), 0

<z
3) B
(tg &+ 1)(tgz—3), (<=

=] =

4 1 (1 + arctgz)
15.4. 1) +
(1 + arctgé)

/\

a,rctga:——) E<x <1,

{arctgx( a,rctg£+ ) 0<z <,
2)
arctgf( arctgm + 1) E<z <1,
) ) {( + V3arctg \/_)(% — arctg %), 0<z<Eg,
T
™+ 2v/3 (1 + V/3arctg — )(% — arctg %)a {<z<1

aler e “*”H(+nz <z <l

{[ -2 - 25| (e - €- 27 o<es<s
e~ |

{%{H553@+Dngf53@+ﬂ}o<$<&
4) o

2 - 2[5 - -2 <oy

2+w 2+¢
6){ T3 2—a:(1n2—§ 1n3), O<zs<é

1 2+¢ 2+z .
41113lnz_g(ln ln3)7 E<z <1,

2—x
2

”U_l_2,0<ac<7 22(6 — €2
7){4( £), 0<s <t Y { (€ — ),

54—2(——93) E<z<l;

15.5. 1) . _
—ctgw—x+(1+z), fgxgz;

x2

In (\/isinf), 0<z <¢,
In (V2sinz), €<z<Z;
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—thL', 0S£S£7 Ct'g£7 OS$S£7
15.6. 1
"-tee c<as

{ctg€+1, 0<z<E¢,

ctgz+1, E<z< I
w?
ﬁa OS$S€7
15.7. 1) { 5 2)
= <z<lI;
5%37 €_$_17
s+ 5) o<es<e

3

£ 1 _ )

5) {l—lnf, 0<z<Eg, %(§+2§_2)7 0<z<¢,
l1—Inz, £<z<1. %(m+2x_2), E<z<1;

1
1—2a

ﬁfa(ma—l'l_a): <z <1,

z(§*—¢77), 0<z<g,

$0E7% 0<w<E,

s E<a<;

1 ot
ex+£/et dt, 0<z<E¢
9 61 —2t
ez+§/et dt, fS.’I;S]_
£2) 1S.’I?S€,
15.8. ””f
_ 1 @*+ed _ _
15.9. 1) ORI (2(z) = 2(0)(2(&) - 2(1)), 0<z<E,
o ; (27+€2) _ B
so—am e T F@O-20) @@ -21), f<a<l,

roe ®(z) = /6_52/2d§;

—0o0

1 -1, z 13
—(2 + /e‘tht> (/e—thtJr 2) /e‘tzdt, 0<z<E¢,
2) 0 0 1

T

1 1, ¢
—(2+ /e‘tzdt> (/e‘tht+2) /e‘tht, E<z <,
0 0

1
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1 -1
3 {Kyl(x) B 0<e<s <e—1 N /e‘tht> |
Ky1(§) y2(2), £ <z <1, o

T 1
() = [t ya(a) = e (e_l +f ‘f_tht>'
0 T
2
g 2 _ —3/2
— 8v2 , 0<¢<x,
w5 (& T8V2ET), 0<E<a
& (x2—8\/§x_3/2), E<z <2

15.10.

—In(f+1), -1<z<¢,
—ln(z+1), £<z<0.

{
{ﬂ(gngn), 0<z<¢,

15.11.

15.12.

15.13.

15.14. 1) y(z) = /G(x £) E2y(£) de,
0

z—In(l+e*)+1+In2, 0<z<¢,
—In(1+e¥)+1+In2, ¢<z<I;
(I1+zarctgz), 0<z<¢,
z(1+&arctgf), {<z<l;

rne G(z,§) = {

1
2) 4(o)=A [ G y(©d, e Glot)={

0

1
3) y(x) = A [ Gz, &) Ey(€) de,
0

Gl ) = —In(e+VI+e22)+1+In(1+v2), 0<z <,
rue T,
8 —In(e¢+vV1+e2€)+1+In(1+v2), £<z<1;
1+
1 5 In __17 OS$S£7
4) y(@) =X [G(z,6)y(€) d¢, rae G(x,€)={ (Z 115 )
0 x(alnl—_g—l>, E<zx<1;
7/2 tgsz—i-tgx—i-%, 0<z<¢,
=\ [G(2,6)&y(€)d§ rme G, =1 | ;
0 By tgerl e<a<h;
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6) y(x) = (A~ 1) [ G(x,€) cos 2y (€) d,
1

e Glo.6) = L {(w—w”)(€+4£‘2), 1<z <¢,
(€2 (z+427?), £€<z<2
1

7 —a) [ G(z,6) y(©) dg,

o1 [eosVarcosvale-1, 0ssse
e (x’g)__\/asmx/a_ cosy/al -cosva(z —1), €<z <1, ¢ 7
a # (mn)?, n uemnoe.

N [2(=1+V%), 0<w<g,

15.15. y(x)_AO/G(x,g)y(g) d¢, rne G(x,g)_{2(_l+ﬁ)7 <ot

1
15.16. y(z )\/Gaz£ y(g)dg, e G(z,6) = {f
2

; tgr, 0<z<E,
1517 1) o =2 Gl v0 6 e Gla= {100 205

0
(_e—m+1) e—ﬁ’ OS xS 67

2) y(x)=—\ 0/ G(2,€)y(€) d¢, rre G(z,) = {(_e-m)e—w, €<z<l;

1 1
3) y(@) = A [ Gz, y(©) dé + [ Gl,€) f(§) dt,
0 0

-£+1
(w+h), 0<z<E
rne G(x,o:{ htl

e+, <o
; In¢, 0<z<¢,
1) y(a) = > O/G(w,@fy(f)df, e Glnt) = {m’ S
15.18. 1) /G(xg (€) de,
ne G(w’g):{(m+lnm—l)(§+ln§), 0<z<E,
E+Iné—1)(z+1Inz), E<z<1;

1 1\ 1
- ) =, 1<z<
( a:) Ise<é,

z &2’

1 1

<E_§_2) E<x <]

1

2
2) y@) = [G(z,6) f(€) d, rme G(x,£>={
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3) yie) = [ Ge.&) F(©) dt, tre Gla.6) {ln'g”'_x’ isest
xT) = z, , rme Z, =
ve) = | 8 gl -¢ €<z<0;
w/2
4) y(@) = [ G(x,€) (&) dg,
’ %(tg—+l><l—tg §>’ 0<z <,
rne G(z,6) =9 | . ﬂ
(e 5+))(l-tw3) ¢<os
2 §_27 ]-nggv
5 y(e) =[Gl (O e, rre Gla.6) =1
1 35 E<e <2

§16. MeTon pa3gesieHUs ePEMEHHBIX IOJIsA yPaBHEHU
Jlanumaca u Ilyaccona

1. KpaeBrle 3amauym Ha IJIOCKOCTH. PellieHme KpaeBbIX 33134 B
Cllyuae MpoCTerImx o6acTeil (Kpyr, KpyroBoe KOJbIO, MPIMOYTOIbLHIK
n I[p) MOXHO IIOJIYYUTH METOOOM DA3OCJICHUA IIEPEMEHHBIX.

WsnoxuM sTOoT Meron peleHus 3amauu Iupuxne njs kpyra: Haii-
T GYHKIWIO 4 = u(r, @), YAOBIETBOPSIOLIYI BHYTPU KPYra YDABHEHUIO

Jlamnaca
Au =0 (1)
n HpI/IHI/IMa,IOH_[yIO 3a0aHHBIEC 3HAYECHNUS Ha ]."pa,HI/II_[e prra, T. €.
ulr:R = f(‘P) (2)

Ypaguenve (1) B nonspHbIX KoopauHaTax (T, @) UMeEeT BUL

10 Ou 1 0%u
ror (o)t g =0 ®)
Wiem wacTHbie pemienus ypasuenus (3) Buma
u=Z(r)®(p). (4)
Ioncraensas (4) B (3), nomyduaem
2" () + A2(p) =0, (5)
d dz

Tax xak u(r, p + 27) = u(r,p), To ®(p + 27) = ®(p), u u3 (5) HaxomUM
VA =n (n nemoe), a

b, () = Ay, cosny + By, sinng.

13 Iloxm pexn. B. C. Bragumuposa
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Torma u3 (6), momaras Z(r) = r®, nomyuaem o> = n?, a = £n(n > 0) nu,
CIIeNIOBATEIBHO, Zo(r) = ar™ + br—"
Ipu n = 0 (A = 0) us (6) maxomum Z(r) = Colnr + C.

s pertenus BHy TpeHHER 3anauu Jupuxiie Hy KHO TOIOXRUTD Zyp, (1) =

=ar" (n=1,2,...) u Zy(r) =C, Tax xax r~" — 00 u Inr — —o0 Tp;
r — +0. Pemenne puyTpeHneidl 3amaum Iupuxsie uiieM B Bume psana

u(r,p) = C + Z % (Ay, cosny + By sinng), (7)
n=1

riae kosbhdunuenTtsl A, u B, ONDPEmeisoTCcsa U3 KPaeBOTO yCIIOBUS (2):
1/ 17 1o
A= [f@) cosnpdy,  C=- [f@)dp,  Bu== [1@) sinmpdy.

Cymmupys pan (7), momyuaeMm pelleHue BHyTDeHHel samauum Ilupuxie
BHYTPU KPyra B Bume muTerpaia Ilyaccona

1 ki R2 _7,2
u(r, ) = ﬁ_/ f(@) r2 — 2Rrcos (¢ — ) + R?

.
Pemtenve Bremneit sanadau Iupuxie uiieM B BUge psna
> n
u(r,p) =C + Z I:—n (A cosny + By, sinng).
n=1

Hakonen, pemenne ypasaenus (1) B obmactu Ry < r < Rs mpu 3aman-
HBIX KPAEBBIX yCJIOBUAX HA OKPYXHOCTAX " — Rl nr = R2 UIneM B BHUOE
pana

o0 o0
u(r,p) = Z (Anr”+ %) cosnp + Z (Bnr"+ %) sinng +alnr + b.
n=1

n=1

16.1. Haiitu dpyHKINIO, TADMOHUYECKYIO BHYTPHU €IUHUIHOTO KPYTa,
U Takyo, 910 u|,=1 = f(¢), rme:
1) f(p) = cos® g; 2) f(p) = sin® p;
3) f(p) = cos p; 4) f(p) = sin® g + cos® p.
16.2. Haiitu @yHKIMO, TApMOHNYECKYIO BHYTPHU Kpyra panuyca R c
IEHTPOM B HAUYAJE KOODAUHAT U TAKYIO, YTO:
ou ou ou
1) — — = Acos2¢p; —
) or lr=r or lr=r cos2¢;  3) or lr=Rr
16.3. Halitu craumoHapHOE pacHpeneieHue TeMuepaTypsl u(r, @)
BHyTpu OECKOHETHOrO HNWIMHADPA panuyca R, ecnu:
1) Ha €ro MOBEPXHOCTHU TOANEPKUBAETC TEMIEPATYDA

u(r,@)|r=r = Asing;

=Acosyp; 2) = sin® .
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2) Ha omHOM nosnoBuHe nosepxHocTu munuenpa (0 < ¢ < 7) mommep-

xKuBaeTcsa temuneparypa —Tp, a Ha apyrou mosoBuee (—7 < ¢ < 0) —
TeMmmepaTypa 1.

16.4. HatiTu dyHKIMO, TADMOHUYIECKYIO B KOJbIe 1 <7 <2 U Takyio,
qTO

e ulr=1 = fi(p),  ulr=2 = f2(e),
1) fi(p) = u1 = const, f2(@) = us = const;

2) filp) =1+ cos’ g, fa2(p) = sin® .

16.5. Haiitu pemienune ypasuenus Au = A B xombue Ry < r < Rs,
€CIN U|p—R, = U1, U|r=R, = U2 (A, u1,us — 330aHHBIE YUCTA).

16.6. Haiitu pemenue ypasuenus Ilyaccona

Au = —Azxy (A = const)

B Kpyre pammyca R ¢ menTpoM B Hawasie xoopauHatT, ecinu u|,—gr = 0.

16.7. Haiitu pemenue ypasaenus Jlamnaca Au = 0 B mpsaMoyromib-
Huke 0 < £ < a, 0 < y < b, ecniy Ha TpaHWUIle YTOTO MHOTOYTOJILHUKA
u(x,y) IPUHUMAET CIEAYIOLINE 3HAUCHU:

. T
U|g=0 = Asin Ty’ U|g=a = 0,
uly=o = Bsin %, uly=p = 0.

16.8. HaiiTu pacmpenenenne MOTEHIINAIIA, IEKTPOCTATUIECKOTO TIOIISI
u(z,y) BuyTPU npsamoyrombHuKa [0 < z < a, 0 < y < b], ecnu moTenma
BIIOJIb CTOPOHBI HTOrO MPSIMOYTOJILHUKA, Jiexkartneil Ha ocu Oy, paBeH v, a
TPU OPYTUE CTOPOHBI MPSIMOYTOIBHUKA 3a3€MIIEHHI. [IpenmnonaraeTcs, 4To
BHYTDU IIPAMOYTOJIBHUKA HET JJIEKTPUYIECCKUX 3aPAOOB.

16.9. HaiiTu pacmpeneneHre MOTEHIINAIA HIEKTPOCTATUIECKOTO TIO-
aa u(z,y) BHYTPU KOPOOKM MPIMOYTOIBHOTO cedeHus —a < = < da,
—b < y < b, IBe MPOTUBOIOJIOXKHEIE IPAHA KOTOPO# (£ = a U £ = —a)
IMEIOT IIOTEHIUAI Vg, & n8e apyrue (y = b, y = —b) 3a3eMieHbL.

16.10. Haiitu cTanmoHapHOE paCOpenesieHne TeMuepaTypsl u(z,y) B
NpSMOYTONIbHOU omHOopomHOou miacTuike 0 < z < a, 0 < y < b, ecnu
€€ CTOPOHBL T = @ U Yy = b HNOKPBITHI TEIUIOBOW M3OJISIIUEN, B OPyrue
croponst (z = 0, y = 0) NIONNEPKUBAIOTCS IPU HYJIEBO TEMIEPATYDE, a
B IINIaCTUHKE BBIOCJISIETCA TEILIIO C TIIOCTOSIHHOM IJIOTHOCTBIO q.

2. KpaesBsble 3agauu B mpocTpaHcTBe. HaxoxmeHue pereHui 3a-
maa 16.11, 16.12 meTomoM pa3mesieHus epeMeHHBIX TpeOyeT IPUMeHEeHUs.
GecceneBbx GyHKIm (cM. c. 247).

16.11. Haiitu cranuoHapHyio TeMuepaTypy u(r,z) BHYTPEHHUX TO-
YeK [UINHIPA C PANIycoM ocHoBaHus R u BvicoTol h, ecnu:

1) TeMmepaTypa HUXHETO OCHOBAHUS U GOKOBOI OBEPXHOCTY IIVITHTI-
pa paBHa HYJIIO, a TEMIIEPATYPA BEDXHETO OCHOBAHYSI 3aBIUCUT TOJIBKO OT T
(paccrosiHEE OT OCH HWIIVHADA);

13*
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2) TeMmmepaTypa HHXKHETO OCHOBAHWS DABHA HYIO, OOKOBas MOBEPX-
HOCTB NMJIINHAOPA IIOKPBITA HEIPOHUIIAEMBIM OJIA TEIIJIOTHL Y€XJIOM, a TE€M-
nepaTypa BEepXHEro OCHOBAHUS €CTh PyHKIUS OT T

3) TemmepaTypa HUXHETO OCHOBAHWS DABHA HYIIO, OOKOBas MOBEPX-
HOCTh HMJIMHAPA CBOOOMHO OXJIAXKIAETCS B BO3LYyXE HYJIEBOU TEMIEPATY-
DHI, & TeMIIEpATypPa BEPXHETO OCHOBAHUS €CTh QYHKIUS OT T

4) TemmepaTypa BEPXHETO U HIKHETO OCHOBAHWI PABHA HYIIIO, & TEM-
rmepaTypa B KaXXOOU TOUKe DOKOBOM IIOBEPXHOCTH 3aBUCUT TOJILKO OT Pac-
CTOSHUSA STON TOUYKHU [0 HUKHETO OCHOBAHUA (T. €. OT 2);

5) OCHOBaHUS NWIMHIDPA TEILUIOM30JIXPOBAHEL, & TEMIEPATYPa GOKOBOI
IIOBEPXHOCTHU €CTh 33JaHHAs QYHKIUS OT 2.

16.12. HaiiTu cTamumoHapHOe pacupeneiieHne TeMIepPaTyphl BHYTPH
TBEPOOTO TeJIa, UMEIOIIEro GopMy HUIWHADPA C PAOIYCOM OCHOBaHUS R u
BBICOTOU h, ecyu:

1) x HuxHEMY OCHOBaHWIO z = () HOOBOOWTCS TOCTOSIHHBIA TEIIOBOR
IIOTOK ¢, & OOKOBasi MOBEPXHOCTH T = R u BepxHee OCHOBaHme z = h
IO IEPKUBAIOTCSI IIPU HYJIEBOY TEMIIEPATYDE;

2) K HIXHEMY OCHOBaHUIO z = ( MOOBOMUTCS TOCTOSIHHBIA TEIIOBOR
IIOTOK ¢, BEPXHEE OCHOBAHUE O AEPKNBAETCS IIPU HYJIEBON TeMIIEpaType,
a Ha OOKOBOHW MOBEPXHOCTU ITPOUCXOOUT TEIJIOOOMEH CO CPEeNoy HYJEBOU
TEMIIEPATYPHL.

IIpumenuM meTon pasmeneHus NepeMeHHBIX K ypaBHeHuio Jlammaca B
IIPOCTPAHCTBE IJIs I1apa panuyca R B ciiydae, KOTa pelleHne u He 3aBU-

cuT otT yria ¢, T.e. u = u(r,0). Torna

L 10 (p0uy, 10 (o0
I Au_r2 or (7’ 81")+r25in0 89(1 989) 0- (8)
oltaras
u=Z(r)W(®), 9)
u3 (8) momyuaem
1d (,dZ\ _
7 (%) = (10)
1 d (. dw
Wremp (00 ) = (11)

Beozst B (10) u (11) BMecTO A HOBYIO IPOU3BOIBHYIO MOCTOSHHYIO V,
rme A = v(v + 1), sanumem ypasuenune (10) B cienyromeM Buze:
24’7
dr 12
Ypasuenue (12) umeeT yacTHBIE pelleHUs BUga Z = %, rhoe o = V U
as = —(v + 1). CnenoBarensHo,

Z(r) = Cyr¥ 4 Cor~ v+, (13)

Ypasuenue (11) 3aMeHOI HE3ABIUCUMOl TIEPEMEHHOM TI0 hopmyie & = cos
NIPpUBOOUTCA K BUOY

+2r ——1/(1/+1)Z 0. (12)
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d

dg
rae y = W(arccos§). Ypasuenune (14) nassiBaercs ypaBHenueM Jlexamm-
pa; OHO MMeeT OrPAHMYEHHBIE HAa OTpeske [—1, 1] perenns B TOM 1 TOIBLKO
B TOM Citydae, korna v = n (n > 0 uesoe).

Pemenusvu ypasuenus (14) mpu v = n ABIAIOTCS TOIUHOMEL Jle-
KAHAPA y= Po(e) = L (¢ -n"
" 2np! dgn

Ipusenem dopmyist misa Pp,(§) npu n =0,1,2,3,4:

RBE =1, PO=¢ PO =3068-1),
Py(¢) = 3 (56 —30),  Pi(¢) = 5 (356" — 30¢> + 3).

IMonuuomer Jlexannpa 06pa3yoT OpTOroHaILHYIO cucteMy B La(—1,1),
T.€.

[( —52) ]+u(u+1) =0, (14)

[Pa@ Pu(©de=0  (n#m)

—1
2 2( 2
12 /P =

1, KpOMe TOTO,

OTMmeruMm errre, 9TO BCAKAs cpyHKunﬁ f € Ly(—1,1) pasnaraercsa B psn
®ypbe [0 MOINHOMAM J'IemaH,upa

f(£)=Z2"+1(fP) P.(9),

n=0

cxonsmmitcst B Lo (—1,1).
W3 (13), (14) maxomum wacTHbE pemieHus ypasueHus (8) Buma (9)

U (r,0) = [Anr" + Bnr_(”“)] P,(cos#),

roe Pp(§) — nomuuoMmer Jlexannpa.

DysKIMH Uy (r,0) yOOOHO HCIOIB30BATH IJIS HAXOXKIEHWUS DPEIICHUS
ypaBHenus Jlammaca B ciIydae, KOrIa KpaeBble yCIOBUS 3aIaHBI Ha cde-
pe (BHYTDEHHss X BHELIHss 334a4M) WIM Ha TPAHUIE IIAPOBOIO CIIOSL
(R1 <r< Rz) .

Perrtenne BHyTpenHeit 3anadu upuxne (1 Opyrux BHYTPEHHUX 3a8a<
Iuls ypaBHeHus Jlammaca) B ciiyuae, KOIa KPaeBble YCIOBUS 3a0aHbI HA
chepe 7 = R ¥ 3aBUCIT TONBKO OT 6, ClleoyeT NCKAThH B BUIE

0) = E A,r" Pp(cosb),
n=0
a pellleHne BHELIHEH 3a/1a49 — B BUIE

o
- Z B,r~ ("t P, (cosh).

n=0
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Ecnu xpaeBrie ycioBus 3aIaHbI Ha TPAHUIE IITAPOBOTO ¢jiost Ry < r < Ry
U 3aBUCAT TOJBKO OT 6, TO DEIleHne HYXHO UCKATH B BUIE
[ee]

u(r,0) = Z [Anr" + Bnr_(”“)] P, (cos?).
n=0

Kosdpdunmentsr A, B, ONpenensoTcs u3 KPaeBbIX yCIOBUI.

16.13. Haijitu pyHKUMIO 4, TADMOHIYECKYIO BHYTPH I1apa panuyca R
C IEHTPOM B HaJaJje KOOPOUHAT U TAKYI0, UYTO

uly=r = f(6),
roe:

1) f(8) = cosb; 2) f(6) = cos?¥b;
3) f(6) = cos26; 4) f(0) = sin?4.
16.14. Haiitu Gpyskuuio, rapMOHMYECKYO BHY TPH I1apa panuyca R u

TaKyIO, ITO (u+u)|yer = 1 + cos? 6.

16.15. Haitu dyHknuio, rapMOHUUIECKYIO BHe mapa paguyca R u Ta-
KYI0, 9TO:

1) upl,—gr =sin?6; 2) (u—u,)|,—p =sin®0; 3) u,|,—r = Acosb.

16.16. BoiicuutTh, pasperiuMa i BHYyTpPeHHss 3ana4da Heldimana mitst
mapa panuyca R, ecnu:

1) up|r=gr = Acosb; 2) up|r=gr = siné.
HaiiTu cooTBeTCTBYyIOIIIEE PEIIEHNE.

16.17. HaiiTu rapMOHMYECKYIO BHYTPM IIApPOBOTO ciosg 1 < r < 2
PYHKITAIO TaKyio, UTO

ulr=1= f1(0),  ulr=2 = f2(6),

ecrm:
1) f1 =cos?¥, fo= % (cos? 6 + 1);
2) f1 =cos?b, f2:4cos29—§;
3) fi=1-cos26, fo = 2cos#;
4) f1 = % cosf, f2 =1+ cos26;
5) f1 =9cos26, fo=3(1—"Tcos*0).

16.18. HaiiTu cTanuroHAPHYIO TEMIEPATYPY BHY TPEHHUX TOUEK TIOITY-
coepsl pamuyca R, eciiz chepudeckasi HOBEPXHOCTD MONIEPKUBACTCS [IPU
[IOCTOSIHHOM Temmeparype 1o, a OCHOBaHUE MOILyCchHepsl — IIPU HyJIIEBOM
TeMIIepaType.

16.19. HaiiTu cTanuoHAPHYIO TEMIEPATYPY BHYTPHU OMHOPOMHOTO
M30TPOMHOrO IIapa panmyca R, eciin HA MOBEPXHOCTHU IIAPA IMOMIEDIKU-
BaeTCs TeMIepaTypa

Uy IpH 0§9<g,
U’|T:R=

Us TP g<9§7r.
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Ypasuenue Jlamnaca Au = 0 B chepuueckux xooppuHaTax (r,¢,6)
NMEET BULO

19 2%) ;.E(- %) _ 1 Pu_

r2 or (7’ or + r2sinf 00 sin g a0 + r2sin29 0p? 0- (15)
Bynem naxonuTh pemenuns ypasHerus (15) MeTOmOM pasmeneHus nepeMeH-
ueix. Honaras u(r, 8, ¢) = Z(r) Y (6, ), u3 (15) maxonum

r2Z" +2rZ' —\Z =0, (16)
1 0 (. ,0Y 1 0Y _

ITorpebosas, uTobbr dyukims Y (6, @) Oblna OrpaHMYeHA HA €NUHUIHON
chepe, u yaursiBas, ato Y (6, ¢ + 27) = Y (0, ¢), 6ynem uckath perieHus
ypasaenus (17), nonaras Y (0, ¢) = W () - ®(¢). Mb1 nomyuum

"+ pu® =0, P(p+2m) = 2(p), (18)
otkyna g = m? (m memoe) u
D, (¢) = Cpy cosmp + Dy, sinmep (19)

— pertenus 3anaqn (18).

Oyuxusa W (0) onpenensercs u3 ypaBHEHUsI
L.i(singd_w)+()\_L)W:0 (20)
sinf do do sin? @ ’

OHa NOIXKHA ObITb orpanudeHa npu § = 0 u § = 7. Ionaras B (20)
20

& =cosf u obosuauas W(#) = X (cosf) = X (§), sanumem ypasrenue (20)
B CIIELYIOLIEM BUE:

%[(1_52) %] +(A—1T—;>X:o. (21)

=]

Ypasuenue (21) umeer orpanunuenHse Ha oTpeske [—1, 1] pemenus s
npu A = n(n+1), rme n — nenoe. YactubiMu perennsvmu ypasaernus (21)
npu A = n(n + 1) aBasoTcs GyHKIIM
(g = (1 -2 8,
dgn

roe P,(¢) (n=0,1,...) — momuaoMEr Jlexanmapa.

Boseparnascs x mepemeHHOMY 6, HAIEM UCKOMBIE YACTHBIE PEIICHUS
ypasuenus (20):

(m) —sinmg 4
P\ (cosf) =sin™ 6 Tooalm [Py (cos )], (22)
npuyeM pim™ (cos8) = 0 mpu m > n. Dyukuun pm (cos 8), onpenensiembie
dopmynoit (22), HA3LIBAIOTCS IPUCOENMHEHHBIMY TOIIMHOMAME JIexaHapa.
Taxum o6pa3oM, yacTHBEIE pemieHus ypasHeHus (17), orpaHuueHHbIE
Ha €OUHUYHON cdhepe, MMEI0T BUL
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Y, (0,9) = agP,(cosf) + Z(ak cos kg + by, sin kp) PF) (cosf).  (23)

k=1
Tax xak obiee pemenue ypasaerus (16) umeer Bun
By
Zn(T) = AnTn + m,

TO MCKOMBIE YACTHBIE PellleHns ypapHenus (15) TakoBhI:

0, Bn
n(r,0,0) = Zn(r) Y (8, 0) = (Anr" + —22) Y (6, 0),

sneck Yy, (0, p) onpenensgercs dopmyson (23).
Paccmorpum BuyTpenuioro 3amauy IHupuxite mis chepsr pamumyca R
C IEeHTPOM B Hauajle KOOPOWHAT: HAUTHU pellleHue ypasHeHus (15) mpm

yCIIOBUM, YTO
ulr=r = £(6,). (24)
Pertenue sToit 3amaun (1 OpYyrux BHYTPEHHUX 3a11a4) CIENyeT UCKATH B
BUIE 00
0,¢) = " v (6 25
u(r, m-;(ﬁ) +(0,9), (25)

npruyeM B ciryvae 3anaqn (15), (24) B kauecrse dyuxuuit Y (0, ¢) B (25)
HYKHO B3Tb T€ U TOJIBKO T€ DYHKINM, KOTOPHIE IPUCY TCTBYIOT B PA3JIO-
xeruu f(6,p) B psn mo chepuaeckum dyukumam Y (6, @)

F0,0) =D Yi(6,9).
k=0

Peenne 3anauu (15), (24) B Touke Mo (7o, o, po) MOXKHO IPENCTABUTD
uwmeepasom ITyaccona

1 27 ™ R2 'r2
_ -5 .
u(ro, 0o, o) = R O/O/f(e,go) (% —3Rrocosy +12)°7 sin 6 df d,

roe cosy = cosf cosby + sinf sin by cos (¢ — o).
Pewenune Brenneit 3anadn Hupuxie mis cheper panuyca R (u npyrux
BHEIIHUX 3371a4) CIIeyeT UCKATh B BULE

> /R
urb.0) =3 (3)  Yil0.9).
k=0
Haxkonern, ¢pyHKIMIO, rapMOHIYIECKYIO B chepudeckoM ciioe Ry < 1 < Ro
U IIPUHUMAIOIMYIO 330aHHBIE 3HAQUEHUA Ha T'DAHUNE 3TOTO CJIOA, HYXHO
UCKATL B BUIE

u(r,0,¢) = i (RLQ)k Yi(6,9) + i (%)k+1 Vi (6, ©),
k=0 k=0

rae Vi, (6, ) — chepudeckas Gyskims suna (23).
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BrinuieM HECKOIIBLKO IPUCOEMTUHEHHBIX TIONMMHOMOB JIexannpa u ¢hyHK-
uwit Yy (0, ) B asroMm Bupme miis k =0, 1,2, 3:

Pl(l)(COS ¢) = sin#; P3(2)(COS ) = 15sin®# cosb;
Pz(l)(cos #) = 3sinf cosb; P3f3)(cos ) = 15sin® 6;

29 — 1
Pél)(cose) =sinf 15cos2¢; Pr(zn)(COSO) = % sin” 0;

Yo(8, ¢) = ao,

Y1(0,¢) = a1 cosf + (by cosp + ¢ siny) sin b,

Y2(8,¢) = aa(3cos®> 6 — 1) + (ba cos ¢ + c2 sin ) sin @ cosf +
+ (dy cos 2¢ + ez sin 2¢) sin’ 6,

Y3(6, ) = a3(5cos® § — 3 cos f) + (b3 cos ¢ + c3 sin ) sin 6 (15 cos® § — 3) +
+ (d3cos 2¢ + ez sin 2¢) sin®8 cosf + (f3cos 3¢ + g3 sin 3¢p) sin®4.

16.20. Haiitu ¢yHKIINIO, TADMOHUYECKYIO BHYTPU €NUHUIHON CHEPHI
U TaKyIO, 4TO:

— TY n2p.
1) u|p=1 = cos (2<p + 3) sin” 6,
2) u|p=1 = (sinf + sin 26) sin (go + %),
3) u|r=1 = sinf (sinp + sinf);
4) up|p=1 = sin*® 0 sin 10, u|,—o = 1.

16.21. Haiitu QyHKIUO, rapMOHIYECKYIO BHYTPH chepsl panuyca R
C EHTPOM B Hauajle KOOPOUHAT U TAKYIO, UTO:

1) u|,=gr = sin (Qcp + %) sin” @ cos b,
2) u|p=p = sin (3cp + %) sin® 6
3) u|,—gr = sin® @ cos (2go — %) + sin 6 sin g;

4) (u+uy)|—p = sin® @ [\/§ cos(2<p + %) + 2 cos? <p];
5) (u+ up)|r=r = sinf (sinp + cosp cosf + sin b).

16.22. Haiitu dyHKIUO, TAPMOHUYECKYIO BHE €MUHUYHOU CHEpHI U
TAKYIO, 4TO:

1) Up|p=1 = sin (% - cp) sin 6; 2) ul,=1 = cos® 0 sinf sin (go + %)

16.23. Haiitu dyHKuUio, rapMOHUYECKYI0 BHe cdepnl pamuyca R c
OEHTPOM B HaYaJIe KOODAVWHAT U TAaKYI0, 9TO:

1) u|,—g = sin®# cos# cos (3cp+ %), 2) u|,—g = sin 100y sin'?°9;

3) (u — uy)|r=r = sinf cos? g sin (cp + %)
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16.24. Haiitu QyHKIINIO, TAPMOHUYECKYIO BHY TPU CHEPUIECKOTO CITOS
1<r<2m TaKyto, 9TO U’|7‘—1 = fl(evso)a U’|T:2 = f2(97 (p)a raoe:

1) f1 =sinf sin, fo=0;

2) fi = 3sin2¢p sin’ 6, f2 = 3cosb;

3) f1 =Tsinf cosy, fo =Tcosb;

4) f; =sin®6 (3 — sin 2¢p), fo=4f1;

5) f1 = 12sin@ cos? g cosp, fo=0;

6) f1 = sin2¢p sin® 6, fo = cos2¢p sin® 6,

7) f1 =cosyp sin26, f2 = sin ¢ sin 26;

8) f1 =31sin26 singp, fo = 31sin® 0 cos 2¢;

9) f1 = cosd, f2 = cosp (12sinf — 15sin> §).

16.25. Haiitu dyHKIINIO, TAPMOHUYECKYIO BHY TPU CHEPUIECKOTO CITOS
1 < r < 2 n raxyto, 4TO:

1) (3u+ u,)|,=1 = 5sin? 6 sin 2¢p, U|p=2 = — cosb;
2) u|p=1 = sinf sinp (5 + 6 cosh), Up|r=2 = 128in 26 sin p;
3) ulp=1 =1,  Up|r—2 = 15cos ¢ (cos? @ sin @ + sin psin® § cosf).

16.26. Haiitu dyHKIINIO, TAPMOHUYECKYIO BHY TPU CHEPUIECKOTO CITOS
1/2 < r < 1 n Takyro, 4To:

1) ulp=1/2 =0, u|,—1 = 6 cos? @ sin” 6,
2) ulr=1/2 = 30cos? ¢ sin®§ cosb, =1 = 0.

OrseTn K §16

16.1. 1) = (1472 cos2¢); 2) %(3Sincp—r25in2g0);

N =

3 7 r . 5 3 4
3) g+ 5 cos2p+ = cosdp; 4) g+ g7 cosdp.

16.2. 1) Arcosyp + C; 2) %73 cos 2p + C;
3
T

1 . .
3) 1 <3rsmg0 ~ 3R sm3cp) +C.
3mecs C — mpOU3BOIIBHASL TIOCTOSHHAS.

16.3. 1) %singo;

4Ty X (r V" lsin(@n+1)p 2T R? —r?
2) -ty (1) B - Tlaeg o,
) T =0 \R 2n+1 7 8y Rsim ® 0
Inr 3 Inr 2 1 2)
16.4. 1) ug + (u2 —uq) — ) 5 " Tn3 (—3T2 g1 ) cos 20.

1 —u2 + A(R3 — R})/4 1 B2
InR; —Iln Ry r

16.5. us + % (r2— R+ %
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16.6. (R2 7r?) sin 2¢.

Ar4 sin 2¢p
24

JacTHOE pelieHne ypaBuerus Ilyaccona, a w — pelienre ypaBHenus Jlam-

Azy
YKa3aH1/1e. U=Vt w, TV = ——o= Y (22 +9?) =

J1aca, yIOOBIETBOPSIOLIEE YCIIOBUIO W|p—R = 2 R*sin 2¢.

o mla—z) A )
16.7. A—b  gin ™Y +B—ab sin X%,
sh% b Sh% a

Yxasauue. Pemenne uckare B Bunme v = v + w, Tae v 1 W —
. T
rapMoHmueckue QyHKIUM TaKue, 9TO Ul,—¢ = Asin Ty’ V|g=a = V]y=0 =
T
=V|y=p =0, W|p=0 = W|z=aq = W|y=p =0, W|y= O_Bsm;
2n+1)(a—z)7m . (2n41)7
sh( +1)(a—z) SIII( +1) Ty

4vo b b
16.8. ==
T =0 (2n+1)sh M

ch (2n+1) 7z cos (2n+1) Ty

16.9. 22 3 (—1)n 2b 2b
n=0 (2n+1)ch 2L 7

ch (2n+1) (b—y)

16ga® X 1 2a . 2n+1) 7z
16.10. kw3 nZ::O (2n+1)3 ! ch (2n—;—1) 7h s 2a ’
a

k — x03pGUIIMEHT BHY TPEHHEN TEIIONPOBOIHOCTH].
Ykasauwue. 3amaua CBOOUTCS K PEIIEHUIO ypaBHeHus Ay = —
IPH YCIOBIMSIX U|g—0 = Uly—0 = 0, Uz|z=a = Uy|y=p = 0.
Mn
sh
16.11. 1) Z an JO( n —) roe py (n=1,2,...) — nonoxu-
R

ENI S

R
TenbHBIE KOpHU ypasHeHus Jo(u) =0, a, = #(M) / ruo(r) Jo (HLRT) dr;
1 \Hn
0

e sh “"

2) > ap h Jo (,un —), roe p, (n = 1,2, ) — TOJIOXUTENb-
n=1 sh M

HEIE KODHH ypa,BHeHna Ji(p) =0, a, = B J2 ) / ruo(r ( )dr

(Yxasaune. Kpaesre ycnosus umeroT Bun |u|r:0| < 00, Ulz=0 =0,
ur|r:R =0, ulz:h = UO(T)');
e sh £n2
3) > an Rh Jo (M;t’"), roe pn, (n = 1,2,...) — monoxurens-

2 p2\~1
uele kopHU ypasHenus pJi(p) —hiRJo(p) =0, a, = % <1 + h;f ) X

n
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R
X [Jo(pn)] 2 /ruo (r) Jo (”;{) dr (Y x a3aumne. Kpaesee ycnosus nve-
0

0T BUL |u|r=o| <00, uls=0=0, (ur+ hiu)|r=p =0, u|.=p =uo(r).);
2 X mnR . mné . Tz ™r .
4) 5 nZ::I [Jo (— z)] (/ f(€) sin . df) sin J0< z), roe

Jo(iz) — dyukums Beccens HymeBoro mopsimka OT YMCTO MHUMOTO apry-
MEHTA;

5) %Z [JO(@Z)] </f )cos—df)cosw—mJo(mei) (Yxa-

n=1
3aHue. Kpaesble ycioBus UMEIOT BUL Uy|,—0 = Uyz|.=p = 0, u|,=p =
= f(2).).
16.12. 1) 3 an

TR}L Jo (MLIJ)’ rme fy (n=1,2,...) — nono-
ChL
R

2aq k
kp? J1(pn)’
¢unmenT TemmonposonHocT (Y K a3 aH ue. 3amada CBOOUTCA K Pellie-
Huto ypasHeHus Au = 0 Ipu KPaeBBIX yCIOBUIX —kU.|,—0 = ¢, U|,=p =
= u|Z:h = 0.);

KUTeNbHbIE KOpHU ypasHenus Jo(u) = 0, a, = — k030-

R HnT
2) > an nd Jo (—), roe pn, (n = 1,2,...) — nonoxurens-
n—1 ch £ a

uele KopHu ypasHenus pJi(p) — RhiJo(p) = 0, hy — xosbdunument
Ternoobmena, a, = 2hZR3qk™ (R?h? + p2) [ J1(pn)] 2 (Ykasza-
Hue. Kpaeswle ycnoBus umetot Bug (u, + hiu)|,=r = 0, —ku.|,=0 = ¢,
ul.=p = 0.).

2

T . 1 r? T 2
16.13. 1) = cos b; 2) 5(1 ﬁ)"' Tz 008 0;
4 (rV 1 2 2
3) 3 (E) Py(cosh) — 33 4) 373 (—) Py(cos ).
4 2r?
16.14. § + m PQ(COSO).
2R> R* 9
16.15. 1) —— + — (3cos’f — 1) + C, rme C — mpomsBOsIbHAS
HOCTOSHHAL; s 9r

2 R? R?
2) C+ <§_C> B+ (Rt3)r

BOJIbHAs IIOCTOsSHHAA,

(cos2 0 — %), roe C — mpous-

A R
3) C— 3 57 cos #, rne C — IPOM3BONIBHAS MOCTOSHHASL.
T

16.16. 1) 3anmaua paspemmma: u = Ar cosf, rme C — npousBONbHASL
[IOCTOSTHHAS,
2) 3amada HE UMEET DEIIeHUs.
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16.17. 1) -+ 3“’2% 2) 3 [2-1+72@Beos? 8- 1));

3) 3?7 — % + (g - 2) Py (cosf) + (943 2 ;3283)]32((2080)

4) % (1 - %) + ﬁ (% - 7') Pi(cosb) + @ ( - —) Py(cosb);

5) % —-5+4 (% - r2) P>(cos6)

16.18. T, 20(—1)n ;iggz;;g (4n + :a)(%)%ﬂpm+1 (cosh),
0<6< g

16,19, U0 MW 20(—1)” 357 E;"Jr;; (4n +3) x

X Payy1(cosb) (R)2n+l.

16.20. 1) 12 cos(2p+ 3 )sin6;  2) (rsinf+r7sin26) sin (p+ % );

2 10
3) %— % (3cos20+1)+rsinfsing; 4) 1+ Tl_O sin'® § sin 10¢.

r 3 . ™ .2 . s 3 . ™ - 3.
16.21. 1) (E) sin (290—1— E) sin“f cosf;  2) (E) sin (3(,0—1— Z) sin”6;
r 2 .2 ™ T . . .
3) (E) sin® @ cos (2(,0 - Z) + 7 sin @ sin y;
2 r\? R 2 R . . 9
4) 3t (}_2) [ 30T (3cos?d — 1)+ TR (2 cos2¢p — sin 2¢) sin 9]
(YK azanume. (up + u)|l,=r = %P2(2)(cos¢9)(2cos2<p — sin2yp) + %—
- % Py(cos®), u = A+ Br?P(cosf) + r*(Ccos2¢p + D sin2yp) x
X Pz(z)(cos 0).);

)2 r . . r’sinf cosf cosp r? 3cos’fh—1

3T Ry st — e T3 RE+Y) (yKa"

samme. (u+u)hon = sing P{(cos) + 5 cosp PY(cost) + 2 -
— 2P2(cos0) u=A+ B (1) sinp sinf + C (L)2 cos<pP(1)(cos¢9) 4
3 ’ R R 2
"Y Py(cos
+D(}_2) 5 (cos ).).
1 . . by
16.22. 1) ~5.3 sin 6 sin (— — )

2) [15 1 Py (cos6) T2 Pl(l (cose)] sin (<P + %),

16.23. 1) (§)5sin 0 cos b cos (3cp+ Z); 2) (%)101sin 100¢ sin?4;
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R (1) 6 (1)
3) [2+R< ) Py (c089)+6(R+3) ( ) P, (cos&)] s1n<<p+3)
_ _ [1p® 150 . T
(YKa,3a,HHe. (u—up)|r=r = [2P1 ((:0:30)+6P2 (cosﬂ)] sm(go-l-G),
_ R\ (1) RN} (1) . T
u = [A (7> P}/ (cosf) + B (7> Py (cosf)| sin (go + E))

16.24. 1) % (—r n %) sin ¢ sin ;

12 1 96  3r’
2) - (r——) cosf + (31T2 - 31)31n2g0 sin? 6;

3) 4( )c050+(£—r) sin @ cos ;

)PO(COSO) +7r2(1 — 3cos? § — sin” 6 - sin 2¢);

12 4 12/8 r? o,
5) = cosy s1n9(r———)+31 (__Z) cos  sin 26;

7
8 1 8 32 .
[<3— cos 2¢p — sm2go)r +—( 3 cos 2¢ + 3 s1n2<p)] sin“6;

. 1 /32 8 . .
[ ( cosp + — smgo) (31 cosp — o= sin cp)] sin 26;
( — ) sin 26 sin ¢ + (87’ — i) sin? 6 cos 2¢;

32
r3

. _ .. 3
( )Cose—l-—( 3 i) 12sinf — 15sin” 0 cos .

) L
7 127 r4 2
( )cos + (r - T—3) sin” ¢ sin 2¢p;
( ) sin 6 sin ¢ + 3r2 sin 26 sin p;
3) 1+ 152 (r— T—) Pl(l)(cos 0) cosp + 9—3 <r3 - i) cosgoP?fl) (cosB) +

+5 (r — i) sin 2¢ P(z)(cos ) (y Ka3aHUE. Uplpmo = 2P3f1)(cos9) X
X cosp + = P(2 (cos @) sin2¢ + 3P( (cosf) cosp, u = (ar + i) X
x sinf cosp + C + g + (fr + )P( )(cos0) cosp + (lr + )
X P3(2)(cos ) sin 2cp.>.
_202(1 g0 @
16.26. 1) 4 r+31<r3 32r )PQ(COSG) (32r )P (cosB) cos2¢p

(Yxasanme. ulp—; =2—2P5(cosf) + P2( )(cosB) cos 20.);
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12 /1 8 (1 2) 48 1
2) 7(T——T)COSQ+127( )P3 (cosB) cos2<p+127( _F) X
x P3(cos6) (YKasaHne. Ulp=12 = —6P3(cosf) + 6P (cos )+

+ P?f2)(COSQ) cos2yp, u= (ar+ - )Pl (cosf)+ (cr + )P3 )(COSG) cos 2¢p +
+ (gr + )Pg(COSQ))

§17. ®yukuumsa 'puna omepaTopa Jlamsaca

Dynxyueti I'puna (BHyTperreit) 3adauu Jupuzae nns obnactu G € R®
HaswiBaeTcsa pyukuusa 4(z,y), ¢ € G, y € G, obnanaomas CBONCTBAME:

1) Y(z,y) = m

B G u menpepeBHag B G 10 z, npu KaxnoM y € G

2) 9(z,y)|ees = 0 npu xaxnom y € G, roe S — rpanuna obnactu G.
Ins meorpaunmuenusrx obmacreit G Tpebyem, urober g(z,y) — 0 mpm
|z] — oo.

Ecou G — orpanuuensas o6yacTs u S — HOCTATOYHO TIIANKAS TI0-
BEPXHOCTH, TO ¥ CyIIECTBYET, EMUHCTBEHHA, UMEET MPABUIILHY0 HOPMAJTb-

+ g(z,y), rme dyHKIUMS g — TapMOHUYIECKAS

HYIO IIDOM3BOIOHYIO I Ha S npu KaxnoM y € G ¥ CHMMETPUYHA, T.e€.
n

Y(z,y) =Yy, x), = EZG y € G; g(z,y) HempepBIBHA IO COBOKYIHOCTHU
nepemennbx (7,y) B G x G.

Ecnu pemenne BuyTpenneit 3amauu Hupuxie miis ypasaenus [lyaccora
Au = —f(z), uls = uo(z), rme f € C(G) u ug € C(S), nmeer mpasuiTs-
HYI HODMAaJIbHYIO MPOU3BOLHYIO HA S, TO OHO ONPENeNsaeTcs hopMyJioin

uw) = - [ Do) dsy + [F@y) F)dy. ()
S G

s pana obmactein Gyuknuio ['puHa MOXHO HAUTH MEMOJOM OMPa-
Hcernut.

17.1. TocTpouts dynkumo I'puHa mus cremyonmx obmacreir B R3:

1) momympocTpancTso x3 > 0;

2) mByrpamubil yrou zs > 0, z3 > 0;

3) okrant z1 >0, o >0, z3 > 0.

17.2. HocTpouts dpysxnmo 'puHa mig ciemyonmx obnacreir B R3:

1) wap |z| < R;

2) momymap |z| < R, z3 > 0;

3) uerBepTh wapa |z| < R, 2 > 0, 3 > 0;

4) BochMas "acTh mapa |z| < R, £1 > 0, z2 > 0, 23 > 0.

17.3. Ilonb3ysicb METOMOM OTPAaXKEHUH, MOCTPOUTEL PyHKIUO ['puHa
IJTSI 9aCTU MMPOCTPAHCTBA, 3aKIIIOUYEHHOTO MEXy MBYMsI MapaJUIeIbHBIMU
nnockocTsavu 3 = 0 u z3 = 1.
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Huxe manwr xpaeBnle 3anmauu nis ypaBHeHui Jlammaca u Ilyaccona,
PEIIeHnsT KOTOPBIX MOTYT OBITH HAWMEHBI C MOMOIIBI0 COOTBETCTBYIOIIEH
dbyukuuu puna us 3anaq 17.1-17.3 u dopmynsr (1).

17.4. Haiitu pemenne 3anauu Hupuxie

Au = —f(z), z3 > 0; U|gy=0 = uo(x),
LIS CIlenyommx f u ug:
1) f, uo — HEIPEPHIBHBL U OFDAHUYIEHEL;

2) f Uy = COSZ1 COS Z2;
3) f:e 3 8in 1 COS T2, ug = 0;
4) f=0, ug = 0(z2 — 71);
5) f=0, uo = (L+aF+a3) "%
6) f=2 [:L'1+x§+(x3+1)2]_2, uo = (1+ 27 + mg)_l ;
-1, =z <0,
7 f= =
) f Uo {—i—]., z1 > 0.
17.5. Haiitu pemenne 3anaun Hupuxie

Au =0, s > 0, z3 > 0, uls = uo(z),
% — KYCOYHO HEIIPEPBHIBHA U OTPDAHUYIEHA.
17.6. PemuTs 3amauy 17.5 CO ClEenyoOUIMME Ug:
1) Uglep=0 =0,  Ug|ss—0 = €41 sin 5x;
2) ’U,0|w2:0 =0, ’U,0|m3:0 = T (]. + 1‘% + x%)_g/z ;
3) Uolaes=0 =0,  Uolsz=0 = O(z2 — |z1]).
17.7. Haittu pemenue sagaun Hupuxne mis mapa |z| < R:
Au = —f(z), lz| < R, u||a7|=R = uo().
17.8. Pewmwnts 3amauy 17.7 mms cmenytommx f u ug:

1) f =a = const, ug = 0;
2) f=|z|™, n=0,1,2,..., uy = a;
3) fzelxl, ug = 0.

17.9. Pemwuts 3amauy Hupuxie nns ypaBHeHus Jlammaca miis mosy-
mapa |z| < R, z3 > 0.

17.10. Hasitu pemenve ypaerenus Ilyaccoma Au = —f(|z]), f €
€ C(a < |z| < b) B maposoMm cioe a < |z| < b, yoomersopsiolee Kpae-

BBIM YCJIOBUAM
y u||z|:a =1, ullzl:b =0.

Oynxyuetd 'puna zadavu ﬂupu:me dag obaacmu G C R? sgeas-

emca 1

rnez=xz+iy € G, ( = £+ in € G. Y(z,() obmamaeT BCeMU CBOMCTBA-
vu dyskmun Ipusa B R (cM. mawano §17). Pemenne samaun Hupuxie
Au=—f(2), z€ G; uls =ug(z2) B R? (ecmm oHO cymecTByeT) ompe-
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nensercsa GopMyJoi, cooTBeTcTByomein dopmyne (1) B R2. B cayuae,
korga 06macTh (G — OMHOCBSI3HAS C MOCTATOYHO TIIANKOW rpanunent S u
U3BECTHA HEKOTOpas GyHkuus w = w(z), koHGopMHO oToGpaxkatomas G
Ha eOUHUYHBLIA Kpyr |w| < 1, dymknus 'puna maxomurcs mo dopmyse
_ 1 1 _ w(z) —w(()
0= mhteor YC0 T Tumee

17.11. Hawitu dyukuuio ['puna s obnacren:

1) momymmockocTs Im z > 0;

2) wersepTs mnockoctu 0 < arg z < g;

3) kpyr |z| < R;

4) monyxpyr |z| < R, Imz > 0;
) deTBepTh Kpyra |z| < 1, 0 < argz < %;
) mosmoca 0 < Im z <
7) momymomnoca 0 < Imz < 7w, Rez > 0.
17.12. Haiitu perenne 3amaun Hupuxie

D Ut

Au =0, y > 0; Uly=0 = uo(x)
IUTSL CIIERYIOINX U (Z):
1) uo(z) KycouHO HempephIBHA U OrPAHUYEHA,;

1, = € [a,b],

2 =60(z — a); 3 = _
) o) =@ =0 B wl = {70

—_— 1 . —_— z .
4) up(z) = 522 5) uo(r) = T3 22

—_— z _1 . —_—
6) uo(x) = i 7) uo(z) = cosz.
17.13. Haiitu pemenue ypasuenus Au = (0 B mepBOM KBAIPAHTE

z >0, y > 0 co cnenyommMu KPaeBEIMUI YCIIOBUSIMU:

1) u|s = uo(z,y) — KyCOUHO HempepwIBHAsA, OrPaHUYEHHAs (YHKIIWS,
roe S cocrout us nonynpsMeix {z =0, y >0} u {y =0, z > 0};

2) ulz=0 =0, uly—o = 1; 3) ulz=0=a, u|ly—o=>b;

4) u|z:0 = 0', u|y:0 = 9'(11,'—1); 5) u|z:0 = 0, ’u,|y:0 = m;
6) ulz—o =siny, uly—o =sinz.

17.14. Haiitu pemenne sanauu [upuxne mist ypasuenus Au = 0,
0 <y <7 co crTenyomrMy KPAeBbIMU YCIIOBUSIMU:

1) u|s = uo(z,y) — KyCOUHO HempepwIBHAsA, OrPaHUYEHHAs (YHKIIWS,
roe S — rpanuna mosockr 0 < y < 7;

2) uly=0=0(z), uly=x=0; 3) uly=0=10(z), uly—r=10(z),

4) uly=0=0(z), wuly=r=-0(2); 5) uly=0="0(z), uly=r=0(-2),

6) uly—o = cosm, u|y—r =0.

17.15. Haiitu pemenue ypasuenus Jlamnaca Au = 0 B momymosnoce
0<y<m, >0, co crenymonuMn KPaeBEIMI YCIIOBASIMUA:

14 Tloxm pexn. B. C. Bragumuposa
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1) ulz=0 =1, uly=0 =0, Uly=r = 0;

2) ul|z=0=0, u|y—o =sinz, Uly=r = 0;

3) ulp=0 =0,  uly—o =thz, Uly=r = thz;

4) u|y=0 =0, Uly=0 =0, Uly=r = thz.

17.16. Hasitu pernenue ypasuenus Ilyaccona Au = —f(z) B kpyre
|z| < R mpu kpaesoM ycroBuu ul;j—g = uo(2z) mus cremyronmx f u ug:

1) f, up — HempepbIBHBIE QyHKINY; 2) f=a, ug = b;

3) f=1z", n=1,2,..., up=0; 4) f =sin|z|, ug = 0;

5) f=0, up=cosp, rme p=argz, 0<p<2m.

17.17. Hasitu pemenne ypasuenus Jlammaca Au = 0 B momykpyre
|z| <1, Imz > 0, npu ycaosuu u|s = ug(z), rme S — rpaHuia MOINyKpyra,
IJTA CIIEMYIONTAX Ug(2):

1) ugp(z) — KycouHo HempepwIBHAS (DYHKIWS;

2) wuolr=1 = sine, Uo|p=0 =0, Uolp=r =0, rTHE T = |Z],
p=argz, 0< @< 2m;

3) uolr=1 =0, Uo|p=0 = 1, Uo|p=r = 13

4) ug|y=1 = cos g, Uo|p=0 = /T, Uo|p=r = 0.

17.18. Haiitu pemenve 3anaaun Hupuxie Au=0, Rez>0, |z—5|>3;
ulRez:O =0, u||z—5|:3 =1
OrBernl K §17

B orBerax x 3amauam 17.1-17.10 BBenennr 0603HaYECHUS
Ymnk = ((=1)"y1, (=1)"y2, (—1)*ys).

1711y Ly G0 g 1 DT
4 =0 1T — Yoo ’ dr 0 1~ Yonrl’
3) i 1 (_1)m+n+k
4m m,n,k=0 |$ - ymnk:l )
1 1 R
17.2. 1) — — , TIe, KaK 1 BCIOAY B 3amaue 17.2
, Am \ |z —yl  |yllz —y*|
y:nnk = W Ymnk, |ymnk||y:nnk| = Rz;
1
) £ 3 (0 (- o)
ar 1= |7 = Yool [yllz = Ygor|
1
B 3y (e ),
am %o 1z = Yourl Yl — Y5l
1
4) i Z (_1)m+n+k< 1 _ R >
4m m,n,k=0 |Il7 - ymnk| |y||.’lf - y:znkl



§17. ®ynwyug I'puna onepamopa Janaaca 211

17.3. i 3 !

n=—oo0 <\/(w1 y1)? + (22 — y2)? + (z3 — (2n + y3))?

: >
V(@1 —y1)? + (z2 — 42)? + (23 — (2n — y3))?
Ykasauue (x 3amaue 17.4 u vuxke). B cmyuae, xorma f u ug
KYCOUHO HEMPEPBLIBHBI U OTPAHWYEHHI, a IIOBEPXHOCTHL S KYCOUHO TIIAJ-
Kasl, MOCTAHOBKA 3anaun [{upuxsie Moxer O6ITH 0600111eHa TaKIM 06pa3oM,
4TOOBI PEIIICHNE €€ TaKXKe onpe,uemmocr; cpopMynoﬁ (1).

174 1) 2 [ W gs, g L /fy)< —7 " L )dy;

27 " |z —yl|3 |z = Yooul
2) e~ V225 cos 21 cOS Ta; 3) (e“/_z?’ — e‘“) Sin Ty cos T2;
1 1 T2 — X1 5 P 1/2
4) = 4+ —arct ; 5) |1 +a3+ (23 +1
) B o g \/51.3 ) ) g 1 2 ( 3 ) ]
2 2 277 . - 1
6) [z} + 23+ (x5 +1)%] ; 7) —arctg 75
1 1
17.5. 22 [ 4 ( - ) dSy +
o [ o) |z =yl |z — yooul® Y
y2=0
y3>0
+ 2 w - ds,.
2w / o) <|$ —yl3 |z — y010|3> Y
y22>0
y3=0
17.6. 1) e o013 sin 5i; 2) @ [o7 + a3 + (03 + 1]
1 T2+ 21 —n
3) = arct + —ar rct
) T & T3 \/_ g $3\/_
1 R2—|flf|2 ( 1 R )
17.7. to(y) Sy + / - dy,
wE | oy ©W St |\ ) WY
ly|=R ly|I<R

roe y* = yR? / |y|2 — TOYKa, CHMMETPHUYHAas TOYKE Y OTHOCUTEIBLHO Chephl
lyl =

a (p2_ |.2). M
17.8. 1) ¢ (R2 |z[*); z) St T 13)
3) eR —elel — Z(eR-1)+ = (elzl —1).
1 R’
17.9. u(z) = 22 Uo\Y1, ( - >d dya +
@) =5 [ wn) (g~ ) e
ly|[<R
y3=0 R2 | |2 1 1
—|T
+ IR / UO(y)<|x—y|3 - |$_y**|3> dSy,
ly|=R
y3>0

rge |z| < R, z3 > 0; y* u y** — TOUKM, CUMMETPUIHBIE TOUKE § OTHOCH-
TenbHO chepsl |y| = R u mnockoctu y3 = 0 COOTBETCTBEHHO.

14*
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|z| a
ab—|z|) 1 b—|z|
17.10. T2l—a) m!(lwl—p)pf(p)dp+ |(b_a)0/(a—p)pf(p)dp—

b
le(b ozl (b—p) pf(p)dp.

a)
17.11 1)i111|z_5| rme z =z +iy, ( =&+
S e Mg AT AT
|22 —¢*] 1R =2
) 5 Gy DR R PR
p Ll == 1 2Ol - 07
T el - 2r 2 = IR = (07T
L |ez_eC|' |chz ch(|
6) 5-In o = —|Chz_chd
oo
3 1,1 z—a
17.12. 1) ¥ [ _w@df o 1.1 )
7 ) w ) G0ty ) 5+ —arctg T
2
y +@—a)(z—b y+1
3) arctg y(b—a) ) ) $2+(y+1)2’
i i 22— (y+1)° L
) 22+ (y+ 12 ) B Fy+ D 7) e Ycosz.
y 7 1 1
17.13. 1) = —
i “O/uo(f’o)[(ﬂf—é)”y? (x+€)2+y2]d£+
oo
x 1 1
+; ! UIO(Oan) |:$2+(y_,'7)2 - $2+(y+n)2] d'I],
2 T 2 y z
2) ;arctg;; 3) p <aarctg;+barctg§>;
L1 g+ sly+1)
4) 5 — —arctg 2y ) FrG IO
6) e ¥Ysinz +e “siny.
1 oo e
1 o uo (&, km)e .
17.14. 1) kZ::OWe smy / 62(3”_9_26$_€C05(y—k7r)+1d€’
—0o0
2) %_%arctg%7 3) §+%a‘rctgi§;
2 1 sin 2z 11 thz
4) ;arctgctgy——arctgm, 5) 3T -ar ctg—y

coszsh (m — y)
shm

6)

sin’y —sh’z sinzsh (r —y)

1
17.15. 1) §+;arctg T ;

2sinyshz ; 2)
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shz zsin 2y +ysh2z — wsinyshx
3) ———;  4) .
chz + sin y T (ch 2x + cos 2y)

1716, 1) oo fu@ LR dsc+ L [ rom EE=Cacay,

2
I¢I=R T=cP |<|<R
(R?
12’

2) 2(R2 —r?) +b; 3)

rnez=c+1iy, (=&+1n, F =

R"+2—T‘"+2

R (n+2)2 ~’
s inp , T

4) sinr 81nR+/ ) dp; 5) 7 Cos¢.

Ykasaunue. B szamauax 17.16, 2)—5) BOCIOIB30BATHCS (HOPMYIIONN
samaqu 17.16, 1), rme mepeidTu K IONSADHBIM KOODOWHATAM z = re'¥,
C=pe’ 0< g, §<2m.

1717, 1) & [ uo(C)<|z|2_1 l2l* — )dgdn+

_ 2 _
izt lz—¢? |z =2
Im £>0 1
- Y 1 _ 1
+ﬂ{u0(€70)<|z_§|2 |§z_1|2)d£7
roe z = ¢ + iy, ( = &+ in; -
2) rsingo; 3) 2ar ctg 21"531;‘0, 4) \/Fcos%.
4|
17.18. o EEL
|z — 4]

§18. MeTom moTEeHIUAIIOB

[ycts p € 2'(R™). Ceeprka V,, % * p, N > 3, HA3LIBAETCS

= &
1

HLIOTNOHOBLIM TLOMEHYUAALOM, 8 Vo = In Tl xp, n =2 — gocapupmu-
x

YECKUM NOMENYUAAOM C TUIOTHOCTHIO p (ONpemenenne CBEpTKA CM. B § 8).
[Morenunan V,, yonosmersopser ypauenuto [lyaccona

AV, = —(n —2) onp, n > 3; AVy = —2mp.

Ecnu p — dunutHas abcomoTHO mHTErpupyemas ¢yukius B R, To
COOTBETCTBYIOIINN HBIOTOHOB (JIOTapudMUIECKuil) TIOTEHIMAN V,, HA3BI-
BaETCS 00 EMHbIM NOMEHUUAAOM (NOMENYUALOM NAOULAIU).

IIycte S — orpanwueHHas KyCOYHO TJIANKAS MBYCTOPOHHSS IIOBEPX-

HOoCcTh B R", n — nHopmanb k S u pudg u ~an (vég) — mpocToit 1 OBOMHOM

cion Ha S € IUIOTHOCTSMY ft ¥ v (OLpenesieHue cioeB cM. B §6 u §7).
CeepTku

1 1 0
Vrgo) = 2 * 10 g u Vn(l) = —W * an (Vés), n >3,
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HA3LIBAIOTCS IIOBEPXHOCTHBIMU TNOMEHUUAAAMY NPOCTMO20 U 080UH020
cA04 ¢ WIoTHOCTAMU i u V. CBepTKU

©) _ 1y 2 (1) 9 _
V, —lnm*,ués u V, ——lnﬂ* (vdg), n =2,
HA3BIBAIOTCS, COOTBETCTBEHHO, 402aPUPMULECKUMY NOMEHYUAAALMU NPOC-
moz2o u 0601in020 ca04.

Ecau S — nosepxuocTs Jlamnynosa u v E C(S), To B R® mpenmenbubIe

1
3HAQUEHUS] IOTEHINAJIa TBONHOTO CJIOS V+ u VY uspme n u3HyTPU S
BBIPAXKAITC GOpMyIaMu

V(:l (z) = £271v(z) + VW2 = £270(z) + /1/( o8 (“le dSy, (1)

Tle Qg — YLOI MEXOY BEKTOPOM & — Y U HOPMAJIBIO 13, B TOUKE Y € S.

Ecnmu p € C(S), To moreHuunan mpocToro Ciios MMEeT IPABUIIBHEIE

v oV
n

on )+ ( on

(cMm. onpenenenue B Havase . V), IpudeM Ha S

(0) (0),,
<8V ) (z) = F2mu(z) + Wz _ = F2oru(z +/ o8 1/}” ds,, (2)
+

HOPMAJILHBIE TPON3BOMHEIE ( ) Ha S U3BHE U U3HYTPHU S

on on —y)?

[H€ Yzy — YTOII MEXAY BEKTOPOM Y — T U HOPMAJIBIO T0,.
oV (@

W)i(x) CIIPABEIJIUBHL U

Ananoruunsie HOpMyIILI MITs Vi(l)(x) u (
B R? ¢ 3amenoit 27 Ha 7 u |z — y|? HA |2 — Y.
18.1. Ilycts p — abcomroTHO MHTerpupyemas ¢yHkiusi, p = (0 BHe

G C R™. Noka3ars:
a) OOBEMHBIN IOTEHINAN BHIPAKAETCS HOPMYIION

|z —y["—?
6) V,, — rapMmonuueckas GyHKIUS BHE G;
1 1
m%w—ﬁ@ﬂw@+dmg,mvﬁw

BoisicHuTh usnueckuit CMBICIT 3TUX TOTEHITHAJIOB.

18.2. Ilycte p — abcomoTHo muTerpupyemas ¢yukiusa, p = 0 BHe
G C R?. JTokasaTb:

a) MOTEHIVAJ IIOLIAAN BEIPAXKAETCI (GOPMYIION

1
:pr”nﬁiﬂd“ (4)

6) Vo — rapMoHuueckas QyHKIWS BHE G;
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B) Va(z) = ln||/p dy+0<| |) |z — oo.

Boracaurn (I)I/ISI/I‘IGCKI/II/I CMBICJI 5TUX IIOTEHINAJIOB.

18.3. IlycTh S — orpaHmveHHas KyCOUHO IIIANKAS OBYCTOPOHHSIS IO~
BepxHOCTB U f, v € C(S). Hokasars:

a) MOTEHIMAIILI IPOCTOrO U JBONHOTO CJIOS BHIPAXKAIOTCS HOPMyIIaMu

vy = [ W)
O P
(1) 0 S COS Py (5)
(@) = [vl) g oy 48y = [ vlw) 22 S,
s s
rlie yroil ¢, OImpeneleH B Hawase § 18;
6) Vg(o) V(l) — rapMoHmIIeckue GyHKIUKM BHE S
0) Dy — 1
8) VO =5 |/“ dS+O<| |2) A (m)_o(W), || — oo.

Boracaurn (I)I/ISI/I‘IGCKI/II/I CMBICJI 5TUX IIOTEHINAJIOB.

18.4. Ilycte S — orpaHmyeHHas KyCOYHO TJIANKAsS KPUBAS U [I,V €
€ C(S). HokasaTs:

a) JorapudMmIecKre MOTEeHINAIBI IPOCTOTO U ABOWHOTO CJIOS BEIPA-
XKawTcsa hopMyiamMu
1
= /u(y) In Tl dSy,

) (6)

0@ = [vw) g In = dS, = [ vl) 2 S,
S S

Te YTONI Py ONPENeNeH B TEKCTE;

6) VZ(O) u V(l) — rapMoHmIIeckue GyHKIUKM BHE S
p) V3(z) = ln—/uC)d8+0(| ) vl = o(;

Brrsicauts cpmnqecxnn CMBICII 9TUX MOTEHIMAJIOB.
18.5. 1) BerumcnuTh HBIOTOHOB MOTEHIMAN V3 € IIOTHOCTBIO Jg, ;

) |z| — oo.

2) BBIMMCIUTH JOTapudMUIECKuil NOTeHImAl V2 ¢ INIOTHOCTBIO Jg, .

18.6. Boruucours o6bemubIl moTeHuman Vi mia mapa |z| < R co
CIEMYIONMMA TIIOTHOCT MU

1) p=p(lz]) € C; 2) p = po = const; 3) p=lz;
4) p =z 5) p=+/lzl; 6) p=elvl;

7 p= 8) p = sin |zl; 9) p = cos |z;

1+ =2’

10) p=1In (1+ %)



216  I'a. V. Kpaesvie 3adavu 0ad ypasnenuti 3A44UnNMuUUEcKozo muna

18.7. IIns chepuaeckoro cimost Ry < |z| < Ry BHIUUCINTH OOBEMHBIN
MOTeHIaa V3 Macc, pacupenesieHHBIX C IIIOTHOCT IMU:

1) p=po=const;  2) p=p(|z]) € C(R <|z| < Re).

18.8. Ilycts macca pacmpenmesniena B mape r < R ¢ INIOTHOCTBIO p.
Haijitu obbemublil moTennuan Vi B Touke, jexarnein Ha ocu § = 0
(0 <0 < 7) mus CHenyoImx WIOTHOCTEN:

1) p mponopuuoHaIbHA KBAAPATY PACCTOSAHUS OT INIOCKOCTH f =

7

SIE

2) p =cosb; 3) p=siny;

4) p = p(p) — HenpepriBHas, 2m-nepuopnueckas Gyukuus; 0 < ¢ <
< 2.

18.9. Ilycts Macca pacupenesieHa ¢ IOCTOSHHON MIIOTHOCTDIO po B IH-
muanpe {z? + 23 < R%, 0 < z3 < H}. HaiiTu 06beMHEI# TIOTEHIMAT B
Toukax ocu r3 > H.

118.10. Haiitu moTenuman miomany st Kpyra r < R co cnemyromm-
MU ITIOTHOCTSIMU:

1) p=p(r) € C([0, R]); 2) p=po=const;  3) p=r; .

— 2. — T, — .
4) p=r% 5 p=e"; 6) p= 1777
7 p=r; 8) p=sinr; 9) p = cosr;
10) p =sinp, 0<p<2m; 11) p = cos p;

12) p = p(p) — HenpepwiBHAs, 27T-IEPUOANIECKAsT DYHKINS.

18.11. Haiitu norapudMudeckuit TOTEHIUAI TIJIOMIAIA IS KOIBIA
R; <1 < Rs €O CIEOyIONUIME IIJIOTHOCT SIMU:

1) p=po=const;  2) p=p(r) € C([Ry, Rs)).
18.12. Iycre f(|y|) menpepwsra mpu |y| < R u f(ly|) = 0 upnm
ly| > R, y € R®. IlokasaTs:
a) obwvemubiil noreruuan Vs (z) ¢ mnorHocTeio f(|y|) 3aBuCcHT TONBKO
oT |z| n )
Vae)=r [ flubdy,  lal > R;
lyl<R

6) nmst Toro utobsr Vs () ob6paTuncs B Hynb npu |z| > R, HEOGXOMIMO
1 NJOCTATOYHO BBIIIOJTHEHUE YCJIOBUA

[ £ty dy = 0; (+)

B) IIPU yCJIOBUM (%) CIPABEIIINBO DABEHCTBO

[ Valayda = == [ #(luD)luldy.

IaTh GU3MYIECKYI0 MHTEPIPETAINIO MOy YCHHBIX DABECHCTB.
18.13. Hokasars: ecnu byukiuu fi(z) u f2(|z|) mHenpepwiBHBI npu
|z| < R; = € R3, obpamatoTcsa B Hydb Tpu |z| > R U yIOBIETBOPSIOT

YPaBHEHUIO Afi(z) = D°fo(|z)),
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To morenmman Vs(z) ¢ muotHOCTBIO fo(|z|) OOpamaercs B Hymb mpm
|z| > R.

18.14. MokasaTh pPe3yibTATHI, AHAJIOTUYHBIE DPE3YILTATAM 33139
18.12 u 18.14 g moTeHNUWAJIa, TIIOMIAIN, & UMEHHO:

D) Va(e) =In o [ F(ul)dy. ] > By
lyl<R

__r 2 =
2) [Va@)de =~ [ f(u)lyPdy, econ [ f(lyl)dy = 0.
18.15. Pacnpoctpanuts 3anaun 18.12-18.14 Ha ciyuaii, KOrga mioT-
HOCTBL [ ecTb 0boOIIeHHas dyuKimsa. [lon «uHTErpagoms / f(z)dz nna

dbunnTHOR f € 9' cnemyer nommmarts uucio (f,n), tmen € 2, =18
OKDPECTHOCTH HOCUTENsA f (9TO YUCIIO HE 3aBUCAT OT BBIOODPA BCIOMOTa-
TENbHOU GOYHKINH 7).

18.16. Haiitu moTeHImag IpoCTOTO CII0s, PACIPENEIEHHOTO ¢ TOCTO-
SIHHOW TJIOTHOCTBIO Lo Ha chepe |z| = R.

18.17. B rouke, nexameit Ha ocu § = 0 (0 < 6 < 7), HAliTH TOTEH-
[UIaJI TIPOCTOTO CJIOsl, PACIPENENIEHHOro Ha cdepe 7 = R co cuenyrommMu
MIJIOTHOCT IMU:

1) p mpomopumoHAIIBHA KBAAPATY PACCTOSIHUS OT IIIOCKOCTH 6 = 7/2;

2) p =sin g;

3y p=e?, 0<p<m, u p=e""9% 7<p<2m

18.18. Ha xpyrnom nucke pammyca R pacunpeneieH mpoCTOR CIION C
IJIOTHOCTBIO 4. HallTu MOTeHIMaN B TOUKe, JIEXKAIEeN Ha, OCU MUCKA IS
CITENYIOMINX TIOTHOCTEN:

1) p=po=const;  2) p=r;  3) p=r%

4) p = p(p) — HenpepuBHAS 27-TIEPUOANIECKAS BYHKIW.

18.19. Haiity moTeHIMA IPOCTOTO CIIOsI, PACIPENEIIEHHOIO C IIOT-
HOCTBIO f4 Ha [UIAHIPE

{23 + 23 =R’ 0< 23 < H}
B TOUKeE, JIeXKAIIEH Ha OCU T3 IJIs CIEAYIOIINX IIIOTHOCTEN:

1) p = po = const;

2) u = u(p) — HEIpEpLIBHAS 27T-NEPUONUIECKAA DYHKIIWSL.

18.20. Haiitu noTeHnumas MOBOWHOTO CJIOS C TOCTOSHHOM ILIOT-
HOCTBIO Vo Oiis chepsl |z]| = R.

18.21. Ha cdepe » = R pacupemeneHbl OUIONU C IJIOTHOCTHIO
MOMEHTA, V, ODUEHTUPOBAHHEIE BIOJIL BHENTHEN HOpMasu. HaliiTw moTen-

mmas aqBonHOro cios B Touke ocu § = 0 (0 < 6 < 7), musa cremyronmx
TIJIOTHOCTEN: 9
1) v = cosb,; 2) v =sin 3
Y v=e?, 0<p<7m, uw v=e""% 7<p<2m
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4) v = v(p) — HempepuIBHAS 2T-TIepUONUIECKas (DyHKIWSL;
T
5) v paBHA KBAaAPATy PACCTOSHUS OT ITIOCKOCTH 6 = 5

18.22. Ha xpyrsaom nucke panuyca R pacnpeneseHsl IUIOIA C IIIOT-
HOCTBIO MOMEHTA V, ODUEHTUPOBAHHBIE BIOIbL HOPMAJIX, HAIPABIIEHHON B
CTOPOHY OTPULIATEIBHBIX T3. HallTu MOTEHIMA NBOXHOTO CJIOSI B TOUKE,
JIeXAIeR Ha OCU NUCKA, IOJIs CIENYIOINX IIOTHOCTEMH:

1) v = const; 2) v=v(r) € C([0, R]);

3) v = v(p) — HenpepuiBHAs, 2T-NIEPUONUIECKAT DYHKIIVSL;

Hhv=r+p 0<p<m, uw v=r+2r—p, 7©<p<2n.

18.23. Haiitu morapubMudecKuit MOTEHNMAII MPOCTOTO CIIOS IS
OKPYXKHOCTH panuyca R cO CIenyronmmu miI0THOCT IMU:

1) pu = po = const; 2) p=cos’p, R=2.

18.24. Haiitu norapudMudeckuil MOTEHIWAII MTBOWHOTO CJIOSI IUIISL
OKDY2KHOCTH panuyca R co Clenyionmmu mIOTHOCT IMU:

1) v = const; 2) v =singp.

18.25. Haiitu morapudMudecKuii TOTEHITUAI IPOCTOTO CJOS It OT-
pe3ka —a < z < a, y = 0 CO CAenyIMME IOTHOCTIMU:

1) p = const;
2):“’:_/1'07 —a<z<0, n H = Ho, 0<z<gq
3) p=u=z.

18.26. Haiiru norapudmMuyecknil MOTEHINAJ IBOXHOTO CJIOS IJISI OT-
peska —a < z < a, y = 0 co ClenyonmMu IIOTHOCTIMU:

1) v = const;

Q) v=—yy, —a<z<0, u v=u, 0<z<a;

3) v=uz; 4) v =12
IIycts p(z) — QunutHas o6GoOeHHas dyukumsa. Ceeptkum V =
= —4n&xp u V = —4n& * p, roe
ezklwl _ e—ik|5'3|
- _47r|a:|’ - 4r|z|

— (GyHIAMEHTAJTBHLIE PelleHns omepaTopa Lembmromena A + k2 B R3,
SIBIIAIOTCS QHAJIOTAMY HBIOTOHOBA moTeHuaia. [lorennuanst V u V ynos-
neTBoOpsIOT ypasHeHmio [empMronbna Au + k*u = —4mp.
Tak xe ONpenengTCsa aHAJIOTU MOTEHIUAJIOB IIPOCTOTO U IBOWHOTO
CTI0€eB.
To xe mna omepaTopa A — k2. 3necs aHaJ'IOI‘(l)I\TI HBIOTOHOBA, TIOTEHIINA~
e—k x

na asusgerca V, = —4né, x p, roe & = —
4|z

perenne omepaTopa A — k2 B R3.

— (yHOaMEHTAJIbHOE

18.27. Ilycts p — abcomoTHO MHTErpUpyeMas pyukius u p(z) = 0,
z € G = R3\G. Hokasats:
1) V,V u V, Beipaxatorcs hopMmyamu
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—ik|z—y|

Wdy, V(@) = / L

—Klo- y| ¢
/ P y) dy;

2) V,V u V. c CYR®) N C°° (Gl) ynoBieTBopsoT B obnactu G
omuoponabM ypasaeruaM Au + k*u = 0 u Au — k*u = 0 COOTBETCTBEHHO;

3) V u V ymoBleTBOPAIOT YCIOBUAM M3IyUeHHs 30MMepbennbia

u@) =0 (o)), G F iku(e) = o (2| ).

|z] — oo u Vi(z) — 0, |z] — oo.

V(z) = —|;W oty
(7)

(8)

18.28. Ilnsa omepatopa A + k* BeramcnuTh moTennuan V omis mapa
|z] < R co cenymommMu Mo THOCT AMM:

1) p=p(lz]) € CTg);  2) p=po=const;  3) p=e .

18.29. Ilns omepatopa A + k? peramenuTs noTermman Vo mis chepu-
uyeckoro ciosd Ry < |z| < Rs € HOCTOAHHON INIOTHOCTBIO .

18.30. 1) IOna omeparopa A + k? BLMMCINTL HOTEHIMAI IIPOCTOTO
cinost VO, pacmpemeseHHOro ¢ MOCTOSHHOM INIOTHOCTHIO fig Ha ChEpe;

2) mis omepatopa A + k? BLIYMCITATD TIOTEHINAI MBOWHOTO CIIOS v,
PACIIPENEesIeHHOrO ¢ MOCTOAHHON INIOTHOCTBIO Vg Ha chepe.

18.31. Ilns omepaTtopa A — k? BeMumMCIMTL mOTeHIUAT Vi, IUIA IIapa
r < R co cnemyoummn mioTHOCT IMU:

1) p=p(z]) € C(Tg);  2) p=po=const;  3) p=e "l

18.32. 1) Ina omeparopa A — k? BLIMMCINTL TOTEHIMAI TIPOCTOTO
CII0st V*(O), PACIIPENENIEHHOrO C MOCTOSHHOW IIOTHOCTBIO [ig Ha cdepe;

2) mis oneparopa A — k? BLIMMCINTE TIOTEHINAT BOMHOTO cios Vi,
PACIPENEIEHHOTO ¢ MOCTOSHHOM INIOTHOCTRIO Vg Ha chepe.

18.33. 1) IIpemnomaras rpamuny S obmactu G C R? mopepxHOCTBIO
JlsnynoBa, noka3aThb, YTO

—4r, z € @G,
V(@) = [ 8 g5, = { —2m, z €S, (9)
g eyl 0, zeR\G

IZIe YOI Pgy onpeneneH B HauaJjie maparpada;

2) mpenmonaras rpammny S obmactu G C R? xpusoit JlamyHoBa,
IOKA3aTh, YTO

cos -2, z€Qq,
v (2) = /ﬁds ={-m, z€S8, _ (91)
Y 0, z¢€R\G

18.34. Ioxa3arsb:
1) momcraHoBKa U = v + Vg, rz[e

3
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CBONUT BHYTDEHHIE KDaeBbIe 3a[adu s ypasHeHus Ilyaccoma Au =
= —f K COOTBETCTBYIOIIAM BHYTPEHHUM KPAECBBIM 33Ia9aM IS ypaB-
wenms Jlamnaca, ecmn f € C1(G) N C (G);

2) TO Xe CHPaBEMNIUBO U IJisl BHEIIHUX 33434 MPU NONOIHUTEIHLHOM
ycnoBuu, 9To f — GuHUTHAS GQYHKIN.

18.35. C moMOIIbI0 MOTEHIINAIIA JBOMHOTO CJIOST PemuTh 3anady Hu-
puxie miis ypasHeHus Jlammaca BHyTPU U BHE KPyTa.

18.36. Haiitu cranronapHOe pacrupeneiieHne TEMIEPATYPhL BHY TPU U
BHE GECKOHEUHOrO HMIIMHADPA paguyca R mpu ycimoBuu, 4TO HA TpaHUIE
[OAIEPXKUBACTCS CIIEAYIOIA TEMIEPATYPA Uq:

1) wo = const; 2) ug = sin p; 3) U = COS ©;

2, u ug =0 mpu 5<(p<377r

18.37. Haiitu crammoHapHOe paCIpeneseHre TEeMIEPATYPHI BHYTDPH
HEOrpaHUYeHHOro Kpyrioro uminuaapa 0 < r < R mpum yciaoBuu, 4TO B
UWINHIPE BBLIEISETCS TEIIIO C INIOTHOCTBIO f(r, ) m Ha rpanune r = R

HONIEPKUBAETCA TEMIIEpaTypa ug (R, @) ons caenyromux f u ug :

4) up = C = const npum ——<<,0<

) f fO_ConSt U’O =0, 2) f_’r‘ ’U,O :0’

3) f=r? Uy = a; 4) f=e"", u; =singy;

5) f=sinr, Uy = COS ¥; 6) f=singp, uy =sin (904_%);
7) f=cosy, Uy :cos(go—%).

18.38. C moMoOmIbI0 TOTEHNHAJIA HPOCTOTO CJOS PEIIUTH 33039y
Hetimana nns ypaBrenus Jlamnaca BHyTpu U BHe KpyTa.

18.39. Haiitu mmoTHOCTH nubdyHAUPYIOIIETO BEIIeCTBA NpPU CTa-
uuonapuom npornecce U(r, ¢, z) BHyTpH U BHE GECKOHEYHOTO ILVIIXHIDA
pamuyca R mpu ycnoBuUH, UTO WMCTOUYHUKU BEIECTBA OTCYTCTBYIOT U

kosbdunument nubdysum D = const, a Ha TpaHUIE NONIEDPKUBACTCS
3a0aHHBIN NOTOK nubDy3un Uy I CIELYIOMINX U1 :
1) uy = const; 2) u; = sin; 3) u; = cos.

18.40. Haiitu crammoHapHOe paCHpeneseHre TEeMIEPATYPHl BHYTPH
HEOTPAHUUIEHHOIO KPYIJIOrO INWINMHAPA pamuyca R mpu ycioBum, 4TO B
UWINHIPE BBLOEISETCS TEIUIO C INIOTHOCTHIO f(T,¢) W HA TpaHune mom-
IEPXKUBACTCS 3a0AHHBIN MOTOK Temwta uy (R, @) mus cnenyronmx f u uj

1) f=fo=const, u; = fOR,
X 2k
2) f=r, u] =—=, ¥03OOUIKEHT TEIIIONPOBOAHOCTY k = 1;
1 - In(1+R? .
3)f—ma up =——F5— k=1
4) f =sing, u; = sin, k=1;
5) f =cosp, U] = COS, k=1.

18.41. C moMoIIbi0 MOTEHINAIIOB IIPOCTOTO U ABOWHOTO CJIOS HAUTHU
CTAIIMOHAPHYIO TEMIIEPATYPY TOYEK MOJIYIIocKocTH y > 0, ecmm:
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1) ma rpanune y = 0 IOMIEPKUBACTCS 33AHHAS TEMIIEPATYPA Ug(Z);
2) ma y = 0 mOmAEPXKUBAETCS 38 AAHHBIN TIOTOK TEIIA, T. €.

ou

-~ = U1(x).

WcTounukoB Temma HeT.

18.42. Haiitu pacnpeneieHne MMOTEHIIAATIA SIEKTPOCTATUICCKOTO
TI0JIA BHYTPU ABYTI'DAHHOTO YIVIa IIPU YCJIOBUU, YTO €TI0 'PAHUIA 3aPAXKEHA
o moTteHnuana Vo = const O Clenymoommx CIydaen:

T

1) >0, y>0, —o0<z<00; 2) 0< <o, wo<=, 0<r<oo.

18.43. C moOMOIIBI0O TOTEHIUAJIA [BOWHOTO CJIOS PEIINTH 3a0ady
Hupuxne nns ypasuenus Jlamnaca BayTpu u BHe mapa |z| < R.

18.44. Haiitu cranmoHapHOE PACIPENENIEHNEe TEMIEPATYPHI B IIape
r < R mpu ycmoBuu, 94TO B IIape BBIIEISETCS TEIUIO C MIOTHOCTHIO f u
Ha rpaHule r = R NONIepXKUBaeTCs TEMIEPATYPA U, NI ClIenyrommx f

U Ug:
1) f = fo= const, ug = 0;
2) f=m, Uy = a;
3) f =, g =2RP, k=1

18.45. Iloka3aTh, 4TO peleHune BHyTpeHHeln 3amaum Helimana mis
ypasuenus Jlamnaca mist mapa r < R onpenensercs: GopMmyIioin

T dp
U 797 =-R 797 >
(r.0.¢) 0/u(p 0

roe u — uHTerpad llyaccona mis mapa, T.e.

27
8,0) = = (R, By in 6y dfy d
U(p, 7‘)0)_5 //uO( ) 17‘)01) (R2+p2—2RPCOS’Y)3/2 sin vy 1a¥1,
00

rme 7y — yrod Mexnay pamuycaMu-BekTopamu Touex (p,6,¢) u (R,01,p1)
ou
% r=R
Yxaszaunue [okasars, uro ecnu u(p,d,¢), u(0) =0 — rapmonu-
yeckas QyHKIWs B OGIIACTH, CONEPKAIIEN HAUAIIO KOOPAUHAT, TO U (DyHK-
T

nu, = = ulp=r.

wua U(r,0,9) = —R / u(p, 8, p) % ABIseTCA rapMoHmnyeckoit. lanee Boc-

0
TIOJIB30BATHCS YCIIOBUEM PA3PEIINMOCTY 330a4Ul, & MMEHHO / ug dS = 0.

r=R
18.46. IMoka3aTh, UTO peleHume BHeITHEN 3amadn Heiimama mis
ypaBuenus Jlamnaca nis mapa onpenesnsercs: GOpMyIIon

r d
U(r,0,¢) = R/U(p,é’,cp) 7”,

roe u(p,8,p) — peumenne BHemHed 3amaun Jupuxse s mapa, T.e.
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™

R T[] 4 p? — R? .
u(p,0,¢) = . / ug (R, 01,01) (Z+ K2 —2pRcos 1) sin 61 d1 dp1;
00
ou
ug‘ = o = ul,=R

Ykazauue. Cwum. ykasanue K 3amaue 18.45.

18.47. PemuTh BHYTPEHHIOI0 ¥ BHEITHIOIO 3amaum Heiimama miis
r < R mna ug =ug = a = const.

18.48. C mOMOIIBI0 MOBEPXHOCTHBIX MOTEHIMAJIOB PEIIUTH 3a0a4Un
Hupuxse nu Hetimana mis ypasuenuws Jlammaca miis mosynpOCTPAHCTBA
z3 > 0.

18.49. Haiitu u(x1,2,23) — WIOTHOCTH NuddYHAUPYIOIIETO BEIECT-
Ba IIPU CTAIMOHAPHOM IIPOIECCE MPU YCIOBUU, YTO UCTOYHUKY BEIIECT-
Ba OTCYTCTBYIOT U Kosdbdurment nuddy3un D = const miis Caemyronmx
obnacteit G U TPAHUYHBIX YCIOBUH U|g:

1) 3 >0, u|zs—0 = ug = const;

-1, x1 <0,

2) 3 >0, ulpy=0 = {+1, 1 > 0;

3) za,23 >0, —00 < x1 < 00, u|s = ug = const.

Kpaesrie 3amaam s ypasaermit [embmrombina Au + k?u = —f(z) n
Au — k*u = —f(z) B IPOCTPaHCTBE CTaBATCA TAK XK, KAK W JJIS yPaB-
wenus Ilyaccona. IIpu sTOM pereHusi BHEITHUX 3ama4 HA OECKOHEYHOC-
THU NOJIXKHBLL yAOBIETBOPSTH YCIOBUIO u3iyueHust (cM. dopmyny (8)) mis

ypaprerus Au + k?u = —f u obpamaTsca B Hyab maa Au — k*u = —f.
18.50. Pemmnts 3amaay Hupuxme nus ypabmenums Au + k*u = 0
BHYTDH U BHe chepsl || = R npu ycnosun u|,|—g = a.
18.51. Pemmrs 3amauy Heitmama nmsa ypasmenms Au + k*u = 0
Ou
BHyTpU U BHE cdepsl |z| = R npu ycnoBum — =a
yTPp deper |z pu y onljir

18.52. Pemwnts 3amauy
Au+ k*u = — f(z), Uljz|=r = Yg (Z)
BHyTpH cbept! || = R nns crnenyroumx f u ug :

1) f = fo=const, uy =0, k=R=1;

2) f=1, uy =v2e="/Msin1-1, k=R=1

18.53. Pemmrs 3amauy Hupuxie mins ypasresus Au — k*u = 0
BHYTpU ¥ BHE chepsl |r| = R npu ycnosun u|,—g = a.

18.54. Pemmrs 3amauy Hupuxie mns ypaseemma Au — k*u = 0
BHYTpE 1 BHE cdepsl |z| = R npu ycnosmn u|jy—g = acosf, 0 <6 <.

18.55. Pemmrs 3amauy Heitvama mms ypasmenums Au — k*u = 0
BHYTpU U BHe chepsl |z| = R npu ycnoBun Ju =a

onliz|=r
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18.56. Pemmuts 3amauy
Au — kKu = —f(=), Ul|z|=r = g (Z)
BHyTpU chepHl || = R mua cnenyromux f u ug :
1) f = fo=const, uy =0, k=R=1;
2) f=1, ug =1—2e'shl, k=R=1.
18.57. Haiitu cranuonapHoe pacupeneienrne KOHIIEHTPAIUU Hey CTOM-

YUBOTO I'a3a BHYTPU OECKOHEYHOTO MIINHAPA panuyca R, eciu HA OBepx-
HOCTY IWIVHOPA MOANEPKUBACTCS IIOCTOSHHAS KOHIICHTDAIUS U .

OrBersl K § 18

18.3. Pemenue. B cuny dopmyns (7) us § 8 u onpenenenus npoc-
TOrO ci1os u3 §6

(‘/3(0) ‘P) = <i| (y) ds(y),m(y) w(§ +y)> =

B
_ (% () 55(0),n(y) (€ +y))) -

=/%</u(y)so(€+y) dSy) d = [ <f%d5y> ¢(z) dz.
R3 S

R® 'S
18.5. 1) B cuny dopmymnsr (5): 47R, |z| < R; 4nR?/|z|, |z| > R;
2) —2rlnR, |z| < R; —2nln|z|, |z| > R.
18.6. Y ka3 auue. BocnonbsoBarscs dopmyioir (3) u BBecTu che-
pUUECKUE KOODIUHATEL

R |z R
il 2 . A 2 :
Do / Py dr, Jo| > B o / plr)r2dr+4m [ p(r)rdr, |a| > R;

||

3
2) AR po, |z| > R; 27TR2/)0 — g7r|:1;|2poa |lz| < R;
3lal ’
TR* T
DG bz R -P), kSR
A7 RS 4 |a:|4
. _—— < )
4) 5|z| , |:1;| 2 R, 7T(R 5 ); |:L'| > R:
87TR7/2 81 5/2 5/2
. —_— - < )
) e 2B gy (TR =2, el < R:
6) % [2-e B@2+2R+R?)], |z|>R;
_ ozl
An [ZGTT) — e_R(l +R)— e_lzl]a lz| < R;
i ) _ arctg|z| 1+ R? .
7) m(R arctg R), |z| > R; 4w <1 2] +1In [EPE s |z < R;
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8) |4;| [(2— R?) cosR — 21— RsinR)], |z| > R;
[| | (cos |z| — 1) +sin |z| +sin R — RCOSR] |z| < R;
9) | T " [2Rcos R+ (R? - 2)sinR], |z| > R;
4| cos |z| — 2SI|2||$| + Rsin R + cos R), |z| < R;
10) 2J|R| (12In2—5), |z|> R;

%[<W+3R2 |x|2>1n<1+'””'> g|x|2+2|x|(R—3)—RZ], 2| <R.

3
18.7. 1) 27n(R3 — RY) po, |z| < Ri;  2mR3po — 2 3P0 <|33|2 + %)

Ry <ol < R g (R3 R}), la] > Ra;
Ro A ||
2) 4rx / p(r)rdr, |z| < Ry; Tl / p(r)r? dr+47r/ r)rdr,
Ry Ry Ro |z|
Ry < |z] < Ry; II/ r)r2dr, |z| > R.

18.8. 1) 14—571'R40<§+;}:—3>, r>R; 27rC< +15 R?r2— 79—07“4>,

r < R, C — k03 PuUIUIeHT TPONOPUAOHAIILHOCTH;

~R* 4

- >R = — 2 < R:
2) 3r2,r_R,37rRr mr?, r < R;
3 0'
) 3 27

/p Ydp, > R; (R2——)/pgo)d<p, r <R.

18.9. 7r[ —z3)\/R?+ (H —23)2 + 23/ R2 + 22 + H? — 2Hz3 +
+Rzln(H—xg—i—\/R?—i—(H—xg)?)—Rzln(—xg—l—\/Rz—l—x%)].
R 27
1
18.10. 1) dri dop;
// (r) \/ri’ +r1—2rr1cos(<p1 ®) rar e

2

2) —mR?poInr, 7> R; —7rpo(R2 mR-Z 5 — T ), r < R.

Pemenune. Ilycts r > R. Torna
R 2w

Va(rg) = po [ridn /

0

ln + In dpr =

\/1+ o —2 cos(<p1—<p)

= —mpoR%Inr,
TaK KaK
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2 27 A
l 2XA—2cos (p1— )

/ In {1+ X =2X cos 01 = )] dp :/ T+ X2—2)cos (1 — ) dAl "
0 0

2 A ) Aeile1—9)
/ /_X T eei—n P dv =
0
= -2 / l - cosn(gol )] dp1 =0,
rme A= % < 1;
T
3) —%szlnr, r> R; %"[mu—slnm—ﬁ], r<R

4) —§R4lm~, r> R; %[R‘*(l—éﬂnR)—r“], r<R
5) —2m [1 —(1+R) e_R] Inr, r>R;

-2 le"” —e Bilnr—(1+R)e

6) 2rlnrlnv1+R?, r>R;

R 2
-2 lann\/l—i-Rz—%/Wdrl , r<R;

T) —nR I, > By —2w [RPIMR+ 2 (192 - RP)], r<R;
8) 2nr(RcosR —sinR) Inr, r > R;
27r(RlchosR—lnRst+smr—st+/Smrld ) r < R;

9) 27lnr(l — RsinR —cosR), r > R;

2 llnr—lnR(Rs1nR+cosR)+cosr—cosR+/ Lsn rll, r < R;

3 2
10) R s1n<p’ r>R; T rR—L sin ¢, r < R;

3r 3

TR cos ¢ 2r2
) —5—, rzRk w(rR-—=cosp| 1<k

R? 27 R—r2 R? 2m
12) —WTlnrO/p(so)d% r> R; ( — —TlnR>0/p(<p)d<p, r<R.

15 Iloxm pexn. B. C. Bragumuposa
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18.11. Ykasauue. Cwm. pemenve 3anaun 18.10, 2).
T

2 2
1) mpo(R — R3) Inr, 1> Ro; TFpO(Rflnr—RglnR2+R22 >,

R; — R}

Ry <r < Ry; mpo <R2lnR1—R InR> + ), r < Ri;

2) —27r1nr/p x)dz, r> Ro; —27r<lnr/p(x)xdx +/p(x)xlnxdx>

R
1 R
Ry <r < Rp; —2m / p(x)zlnzdr, r < R;.
R
18.16. 4“?‘3;"* . |z| > R; 4mpoR, |z| < R.

Y kxasauue. BocmombsosaTbes dhopmysoi (5).
4rR*C 2R’ 4
il > R = — <
3 <1 5r2)’ r > R; 37rRC' <1+ 5R2) r < R,
C — k05D PUIUEHT TPONOPIIUOHAIILHOCTH;

2)”f<+R( Ry’ f+‘/_> r>R,

18.17. 1)

2R Vi- VR
TR (r—R)?> ., VR+r .
. <r+R W ln\/ﬁ—ﬁ) r < R;

2
3) M or _ 1), r>R; 2R(e" — 1), r<R.

T
18.18. 1) 2mpo (V2] + B2 - 33);
/ 2
2) mR\/x3 4+ R? — ma3In Rt w3+R

o msl
27

4 R’
3) ?ﬂ[wﬁ(z —xs)m]; 0 (VAR ~lasl) [ i) do.
0
H - $3+\/R2——-'1?3)2
18.19. 1) 2 1 )
8.19. ) 7TR,U,0 n _w3+\/m )
2) R[ln(H z3++/R2+ (H— x3)2>—ln( x3+\/R2+$3>] /N(‘P

18.20. 0, |z| > R; —4mvy, |z| < R; —2mwy, |z| =
Y kasanue Bocnompsosarscs opmyioi (5).
47 R? 8nr 2w

18.21. 1) =7 r > R; Y- r < R; ——,r:R;

9) I [R 3r+(R+3r<[ \/7> ?f\/“:] r> R;
[R 3 + (R + 3r) (\/g [) ‘/_J”[] r < R;
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3) 0, r > R, —4(67r — ]_)7 r< R; _2(67r _ 1)7 r= R,

27 o
4) 0, r>R; -2 /v(cp)dgo, r < R; —/y((p)d(p7 r=R;
0

0
167 R® 4w R? 6r2
5) == a2 r > R, - (]. W

55 3 >, r<R; 2w, r=R.

18.22. 1) 21voms (\/R+T |;—3|> 23 #0;
P / ll(r)rdr 25 # 0;

24 72) (22 1+ 12)3/2°

3) z3 (; - i) 7 v(p)dp, 3 #0;
0

VR + 23 |zs]
4) gy (2R T gy BEVEPREE) .
VR +z3 |73 el

18.23. 1) —2a7RupIln R, r<R; —2nRuolnr, r>R;
2) —27r1n2+%r2c0s2cp, r<2; —27r1nr+i—72r cos2p, r>R.
18.24. 1) 0, r > R; —7vg, 7 = R; —2muy, r < R;

2 2

r“—R R*4r? .
5hr [ 7rsmg0+ - arctg( 2ctgcp)] r>R;
2) Va(rp) =< v p2 . R2+r2 +r
5 —msing+ o, arctg(R_T 2ctg<p) , T<R;
0, r=R.
2ay (a+1z) 9 2
18.25. 1) o [2a—yarctg e R In ((a+z)? +y?) -

(a —x) :
- In((a—z)? + yz)],
a

Ll Y ((a —z)2+ yz)
2z(a® — z?) ]
y(z? +y° —a?)

2) o [a;wln((a+x)2+y2) —

— zln (22 +¢?) + éarctg

2ay

2,2 2 2 2
3) a’—a"+y (a+z)*+y -
+y2_a2

4 (a — )2+ 92

— gyarctg

18.26. 1) —up [arctg T + arctg T] y#0; 0 mpu y =0;
limV2 = Fym, y — 20, —a <z < a;
2) -1y [Qarctgg — arctg % + arctg %], y#0; 0 mpu y = 0;

lim Vz(l) = Fuym, y — £0, 0 <z <a; lim Vz(l) =xyym, y — £0, —a<x<0;

15*
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_ a—1 o+ (a+z)*+4°
3) x[arctg—y +arctg—y ]+ l—(a x)2+y2,y7$0

0 mpu y =0; limV2(1)(x,y) =Fzm, y — 10, —a <z < q;

2 2
4 2_g? (arct 277 4 arct —)+:1: In M’ 0;
) (y*—a?) arcte — &= yIn e Y

0 mpu y = 0; lim Vz(l)(x,y) =F2’m, y — 40, —a <z < a.

AT ik|a|

R
el /rp(r) sin krdr, |z| > R;

18.28. 1)

||

4m <zk|w| /rp ) sinkr dr + sin k| z| /rp i’”dr), |z] < R;

k|z| M
2) 22—@] ethlzl (—Rcos kR + smkkR), |z| > R;
:j_ﬁ [sin kla| (—iR+ ) e = Jo]], |al < R;
3) % ethlzl {—:;e—: (sink + kcosk) +
+ — (1+k2)2 [2k (1—eFcosk)— (l—kz)e_RSink]}, |z| > R;

27|TP|OZ [6_1COS (1 _ |IL'|) —92¢~lgin (1 _ |$|) + etz — \/561'(|Z|+1+i+arctg2)],
lz| <1, k=R=1.

sin kR> —sin le)

18.29. dmpo ’k|z|(R1coskR1—R2coskRz+ -

> .
k2| | 3 |1’|_R2,
;;rlpo| sin k|x|[ iRoe* Rz 4 iRy etkR1 4 % (ethR2 — ikFa )], |z| <Ry
41 po
k||

[ ik|z| (Rl coskRy — |z| cosk|z| — Sm]I:Rl

+ i|z| sin k|x|) +

1 eikRe (SIHTM”:| — iRy sink|x|)], R; <|z| < R,.

47er,o
klz|

47TR/L0
k|z|

%) 47;/0 eiklz| (Rcos kR — % sinkR), lz| > R;

18.30. 1) el sin kR, |z| > R; e*Rsink|z|, |z| < R;

4#%6“”% (iRsin k|z| — % sin k|:1:|), |z| < R;

471'1/0

— ’kR(z s1nkR+—coskR——smkR) |z| =
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—k|z| R
/rp(r) shkrdr, |z| > R;
0

4me

18.31. 1) =

||
Am [ o=klel kr ,
il ( / rp(r) sh kr dr + sh k|z| /rp(r)e dr) |z| < R;

||

Ampo kel _1 .
2) (RchkR shkR) |z| > R;
ot o) = (R+ ) e RshMal], 2] < B
3) 4—“ B (Rtkla)) (kchkR+shkR)+ﬂe—k<R+lwl> ,
k|z| 1 +1)2
|z| > R, k # —1.
18.32. 1) 47];|—1z‘|“’e—k|z|ShkR, 2| > R; 4Z|R$’|‘°e—k3shk|x|, |z| < R;

Anvo —kja| _1 :
2) Tt (RchkR kshkR), z| > R;

47rg

u e‘kR[RchkR (R+ )shkR] lz| = R

471'1/0

18.35. Yk asaunue. Bocmomb3oBarbes dopmynamu (1), (91) u (4)
u3 §8
1

R —|af? : N et
2le / [ uo |w T 480, ol <R =3 /Ruo W) =y @S lol> B
— y:

18.36. Y x a3 anue. Bocrnonb3oBarncs 3amauein 18.35.

1) wo, r < R; wp, > R; 2) %singo, r < R; gsingo, r > R;

—kR(R+ )shk|m| |z| < R.

3) %cosgo, r < R; Ecos<p, r > R;

4) = (1 + = arctg Rr il 2

r2

Rr cos g
_R2

18.37. 1) Pemenue. 3anmaua Au(z) = fo , 2] < R; uljp=r =

=wu, =0, rme z = (x1,22) u k — KoatpqmuneHT TEIIONPOBOIHOCTH,
MIONCTAHOBKOM u = v + Vs, rme

), r < R; (1+ arctg ), r>R.

1
27rk /fo V(z1—y1)? + (22 — y2)?

ly|I<R

Va(z) = dyy dys,

ceomures ¥ 3anade Av(r) =0, |z] < R; v|jz=r = (4 — V2)||z|=r- B cumy
sagaun 18.11, 2) umeem
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V)= L2 (B2 _peinp
P T2 ’
rzoe (7, ) — HOJSAPHBIE KOOPAMHATHL TOYKU Z. Torma u3 GopMyssl 3ama-

an 18.35 caenyer V(r,p) = fO R2 In R. Urak, u(r,p) = v+ Vo = fo

4k

(RZ_,,,),

R —r® R'—r!
2) ——: 3) a+ ——;

r9k . 16k Re—ﬂ
4) —sinpg+ (e B—e"+InR—1Inr— —d>;
) & sing k( / ——dp
5) %cos<p+%<smr—st+/smpd)

ro. rR 1’
6) 7 sin (go—i— Z) + (ﬁ_ﬂ) sin ;

r

2
D fenlo-D) 4 (8- 5) o
18.38. Yxazauue. Pelenue uckate B Buie INOTEHIUAIA IPOC-
Toro ciost (cMm. dopmyiy (6)). 3arem BoCmONIB30BaTHCA hopmyson (2) u
YCJIOBMEM DA3PEIIUMOCTH 3303UU / uy (y)dS, = 0.
r=R

1 - 1
- b <R _ '
lellRul (y) In 5] dS, + const, |z| < R; z = (21,22);
% / uf (y) In |z — y| dS, + const, |z| > R.
ly|=R

18.39. Y x a3 auue. Bocnonb3oBarbes dopmynamu 3anauu 18.38.

1) Hepaspemmma, Tax Kax / uy dS # 0;

r=R
2

2) rsing + const, r < R; _RT siny + const, r > R;

2
3) rcosg+ const, r < R; _RT cosy + const, r > R.

18.40. Ykxasauue. Sa,na,qa,Au——i, r < R, 9u = uy
k onlr=R
HONCTAHOBKOM ¥ = v + Vo (cM. pemenue 3amaqun 18.37) cBonuTcs K Kpae-
Boit 3amaue Av =0, r < R, v _Ou=W)|
67’1 r=R on r=R

fo (RP—r? . 3_ .3 2
1) o 5 —R’InR)+const; 2) = (R*-r3—3R?InR)+const;

O~

R 2
3) 1ann\/1+R2—%/@dp+const;



§18. Memod nomenyuanos 231

2

2
4) <r + % rR— %) sin o + const;  5) <r + % rR— %) cos ¢ + const.

1

—d¢.
V(E=8)?+y? ¢

18.41. 1) £ %; 2) %/ul(f) In

2w z Y.
18.42. 1) — [arctg y + arctg w],

vo. sin @o T Yy _ .
2) 5 <7r+ — +arctgy> . tg ©o;

Yo (Z/2—$2) sin ¢g + 22y €os o Vo
- t. = — F z t .
w e (y? —z2)cospo—2zy sinpo ™ (,9,90) mpm e <18 @o;

= (r+ F(z,y,00) mpm L>tg pp.
T
18.43. 4R /—" S(y)dS,, |z < R;

| 3

]. |.’L‘|2 - R2 +
ml I/RWUO (y)dSy, |z| > R.
y =
18.44. Cwm. ykaszauus k 3anmadue 18.37 u pesynbraTs 3anaun 18.6.
Jo rp2 2. R =1
1) ok (R* —r?); 2) a+ BETTR 3) 0.
18.47. Y xk a3z auue. Bocmonb3oBarbcs pesynbraramu 3anad 18.45
u 18.46.
R2
= T > R; Bob6mactu r < R 3amaua HEPA3PEIINMA.
18.48. 22 [ W g . L g ml) ¢

2 z—yl3 "Y' ogp T —
y3:0| yl y3:o| yl

18.49. 1) up;  2) %arctg 2 3) % (% + arctg i—z + arctg i—i’)

aR sink|z| aR et
18.50. — < R; > R.
|z| sinkR’ 2l < |z| e*R’ |zl = B
Ykxasanue. Pemenus sagad mieM B BUIE IOTCHIMAJIOB JBOMHOTO
CJI0s ( ) V(l)( ) / ( ) o eiklz—vl s ( )
u(z) = z)= | v(y) =— —— . *
Y on, Ta—yl
r=R
NckoMmas mIIOTHOCTE HAXOOUTCS U3 MHTETPAJILHLIX yPABHEHUI
ik|lz—y|
—y® 2 / 0 Y g -
ulp=p = V() = F2rv(z) + [ v(y) T Sy =a, z€{r=R}

r=R
akR
4n(kR + i) sinkR

Nmveem v(z) = IUisl BHYTDeHHen 3amaau u v(z)
ae‘ikR .
= IJIsI BHEIIIHE.

(cos kR — 7= sin kR)
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18.51. Y x a3 aH ue. Perlenne uckats B Buie IOTEHINAIIA IIPOCTOTO

CII04. i
aR? sin k|z| oR? ekl
Sh <p " SR
|z| (kR coskR —sinkR)’ |z < R; lz] (kR—1)’ lz| > R

18.52. Cwm. yxazanus k 3amade 18.37 u pesynbrars! 3amaun 18.28, 2).
1) & (sin|x| _ |1‘|), 2) \/iei(l_ﬂ./4) sin :1‘,'| _1.

|
|z| \ sin1 |z|

18.53. Cwm. ykaszauus k 3amade 18.50.

aR shk|z| ~ aR et
To] ShER’ lz| < R To] e lz| > R
R \? k|z| ch k|z| — sh k|z]
.04. — < R;
18.54 “(|a;|) iR kR —shkr %0 Tl < B

(5)3 klz|+1 chk|z| —shk|z|
kER+1 chkR—shkR
aR’? sh k|z| aR? FE-ID)

cosf, |z| > R.
||

. .« - —-— < . _ > )
1885 T tRakr - IS B T TeRr B2 R
_ shiz] ) o _15h|z|
18.56. 1) fo (1 o) D 1-2e R

Jo(kr)
Jo(kR)"

Ykazanue u ecTh pemenne 3amaun Au — k*>u = 0, r < R,
U|p=g = Ug.

18.57. u(z,y) = uo

§19. BapuanuoHHBIE METOIBI

IlycTe B orpanunuennoit o6nactu ) C R"™ 3amano ypasuenue Ilyaccona

—Au = f, (1)
a Ha TJIaOKou rpanuie I — OmHO U3 IPAHUYHBIX YCJIOBUI
U,|1—~ =9, (I)
ou|
el = (1)
ou
(e o), =9 (1

rne o € C(T). ®ynkmus u € H(Q) HasbIBaeTCS 0606UeHHbIM PeULeHUEM
3adauw (1) npu rpasuanom yesosuu (I), ecnu ee cien va I pasen g u ona

ymoBneTBopsieT mpu Beex v € H'(Q)) MHTerpaabHOMY TOXIECTBY

/(gradu-gradv) dr = /fvda;. (2)
Q Q

Cunraem, 9T0 GYyHKIUA g SBISETCA cienoM Ha [ HeKOTOpoit byHKum
m HY(Q), a f € L»(Q). ®yrkmma v € H(Q) masuiBaeTcs 060b6uenmvim
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pewenuenm xpaesoti 3adauu (1) npu rpanmanom ycnosuu (III) (umm ycimo-
sun (I1)), rne g € Lo(T') u f € Lo(Q), ecu pu Beex v € H(Q) ona
YIOBJIIETBOPSET HHTETPAILHOMY TOXIECTBY

/(gradu-gradv) dzr + /qu ds = /fvdx + /gvdS. (3)
Q r Q r

Ecnu dysxuuu f,g,0 moctaTodHo riankue (HAIpUMEp, HEPEPHIBHO
nubdepeHnupyeMbie), TO 0GOOIIEHHBIE PEIIEHNS SIBIISIOTCS KIIACCUIECKU-
MU PEMICHUAMU COOTBETCTBYIOIINX 3a0a4.

Baxuytoo ponb mpu mccienoBaHUU OOOOIIEHHBIX PEIEHUN KPAEBBIX
33081 UTPAET CIIEMYIOIIAs

Teopema Pucca. ITycmv na cuavbepmosom npocmpancmee H
3adan aunetinbit oepanuvennwvit Pywkyuonas l(u). Cywecmeyem edun-
cmeennbili aaemenm h € H maxoi, wmo l(u) = (h,u) (3decv uepes
(h,u) obosnauaemcsa cxaagpnoe npoussedenue ¢ H saemenmos h,u).

19.1. Iycts u(z) — maccuueckoe pemenne 3amaun (1), (I). Ioka-
3aTh, uto ecma u € CY(Q), To u(z) aBnsercs 06OGIEHHBIM peleHIeM
samaan (1), (I).

19.2. Ilyctes u(xr) — xmaccuueckoe pemrenne 3amaum (1), (III)
(mmm (II)). TlokaszaTs, uto ecim u € C1(Q), To u(z) aBaserca o6obIIeH-
ueiM pemenueM 3amaun (1), (III) (wmm (IT)).

19.3. Ecim u(z) — o6o6iennoe pemtenve 3amaum (1), (I) m u €
€ C*(Q) N C(Q), To u(z) ABIAETCA KITACCHIECKUM DEITeHueM 3TO# 3a-
naan.

19.4. Ecnu u(z) — obobwennoe perenne sanaqu (1), (III) (unu (1))
nu € C%(Q)NCHQ), To u(r) TBNIETCA KIACCHUECKUM DEITeHIeM STOi
33034,

19.5. JlokasaTh eOWHCTBEHHOCTH OOOOIIIEHHOTO peIeHus 3a1a-
au (1), (I) nmpu g = 0.

19.6. IlokaszaTe, uTo eciau GyHKUUS ¢ SIBISETCS CJenoM Ha ' HEKO-
Topoit dyskmmu w3 H'(Q) (B wactaoctu, g € CH(T)), To o6obIIeHHOE
peutenue 3amadn (1), (I) cymectsyer.

19.7. IlycTe B ob6nactu () 3a0aHO SIUTUITUIECKOE YPABHEHUE

L(u) = —div (pgradu) + ¢(z) u = f(z), (4)
roe p € CY(Q), minp(z) = po > 0,q € C(Q), f € L2(Q). Mpunan-
nexarmas mpocTparcTy H'(Q) dymknus u(r) HasbBaeTCs 0G0OIITEHHEIM

pemernem 3anaun (4), (I), ecmm npu Beex v(z) € H'(Q) ona ymoBmeTso-
psA€T UHTETPAJIBHOMY TOXIOECCTBY

/(pgradugradv + quv)dz = /fv dr

Q Q

u cren ee Ha [ paBer g. IlokasaTk, uro npuHamnexammee H'(Q) kmaccu-
ueckoe pertterne sanaun (4), (I) sBasercs 060OIIEHHEIM.
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19.8. Jloxa3aThb CyIIeCTBOBAHUE U €NUHCTBEHHOCTH ODOOITIEHHOTO pe-
wenns 3anaan (4), (I) ompu g > 0.

Y xa3auue. BocnonpzoBarbces pesynbraTom 3anaun 4.106.
19.9. Ilycts B o6nactu () 3a0aHO SIUIUITUYIECKOE YPABHEHUE

n

B =-3 5 (Pu@) ) + 0l u = £ (@), (5)
r/le BeIleCTBeHHbIE YHKINY p;j € CY(Q), pij(z) = pji(z) (,5=1,...,n)
u 1y Bcex £ € () um mobeix BemecTBeHHBIX (&1,...,&,) CcOpaBemuBO
HEPABEHCTBO Xn: pij(z) &€& > Y0l|€|? ¢ mocTosmuoit 79 > 0, ¢ € C(Q),
f€Lx(Q). Hp;];;ﬂnemamaa npoctpanctsy H1(Q) dysxmms u(r) nasebpa-

eTcst 0606mmensbM perernem 3anaun (5), (1), ecmu npu Beex v(z) € H(Q)
OHA YIOBIIETBOPSET MHTEIPAILHOMY TOXIECTBY

/ (Zpu(z‘) Ug,; Vg, + quv) dr = /fv dr
N Q

u ee cien Ha I’ pasen g. Iloka3aTh, uTo mpuHamnexariee H1(Q) xnaccu-
veckoe perenne sanaun (5), (I) aBasercs 060OIIEHHBIM.

19.10. Hoka3aTh CyIIECTBOBAHUE U EMUHCTBEHHOCTH OOOOIIIEHHOTO
pemenus 3anauu (5), (I), ecnm ¢ > 0.

Y xa3auue. BocnonpzoBarbes pesynbraTom 3anaun 4.112.

19.11. O6o6mmenssm pemenuem sanaun (4), (III) (uwmm (II)) HaseBa-
eTcs npuHannexamas H'(Q) dysxmus u(zr), yooBIeTBOPSIONIAs IPH BCEX
v(z) € € H*(Q) mHTerpagbHOMY TOXIECTBY

/(pgradugradv + quv) dz + /pauv ds = /fv dz + /pgv ds.
Q r Q r

HokasaTs, uro mpuHamiexkamee C'(Q)) Kmaccuueckoe peleHve 3ama-
qu (4), (IIT) (wmm (II)) sBaseTcs 0GOGIIEHHBIM.

19.12. oxa3aTh CyIIECTBOBAHUE U EMUHCTBEHHOCTH OOOOIIIEHHOTO
pemenns 3anaun (4), (III) (wnum (IT)) B npennonoxenun, uro f € L2(Q),
g € Ly(I), o(z) > 0ma T, g(z) > 0 B Q, npuuem nubo o(z) # 0, mubo
q(z) #0.

Y xa3auue. BocnonpzoBarbes pesynbraTom 3anaun 4.117.

19.13. Iycrs E2(Q) u H 1(Q) — monmpocTpaHCcTBa TPOCTPAHCTB
Ly(Q) u HY(Q), cocrosmme u3 Tex dynxmmit u3 L2(Q) 1 H(Q) cooT-

BETCTBEHHO, IJIS KOTOPHIX / fdz = 0. Hokazars, uro npu g(z) = 0,

~ Q
q(x) = 0, f € L2(Q) cywecTByeT equHCTBEHHOE OOGOOIIIEHHOE DELIeHUe
samaun (4), (II), mpurannexamee H!(Q).
Y xa3auue. BocnonbzoBarbes pesynbraTom 3anaun 4.121.
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Iycrs p € C(Q), ¢ € C(Q), 0 € C(T), minp(z) = po > 0, o(z) >0,
q(z) > 0 mwmm g(z) Z 0, wmm o(z) # 0. Torna (cm. samaum 4.105 u 4.113)

B H'(Q) n H'(Q) MOXHO BBECTHU CKaJIAPHbIC TPOU3BENCHNS, SKBUBAIICHT-
HBIE OOBIYHBIM, CIIEAYIOIIIME CIIOCODaMM’:

(£.9)g, = [[p(@)(grad f - gradg) + () fg) de, (+)
Q
(f,9)m = /[p(x)(gradf-gradg) +qfgldz + /pfffg ds. (%)
Q r

DyHKIMI U € jig (@), Ha KOTOPOI HYHKIMOHAI
E(v) = oIl - 2(/,v)r,

paccMaTpPUBAEMBIN [T U € jig (@), mocTUraeT CBOEro MUHNMAJBHOTO 3HA-
ueHus, ecTh 06061ennoe pemenue 3anadu (4), (I) npu g = 0, ecnu HOpMA
MOPOXKIAETCS CKAIIIPHBIM IIPOU3BENEHUEM (*).

®yrkmua u € H°(Q), Ha KOTOpOi hyHKIMOHAT

E(v) = |l — 2(f,0)z.,

paccMaTpuBaemblit s v € H(Q), mocTuraeT cBoero MUHIMAIIBHOTO 3Ha-
ueHus, ecTb 06o0ennoe pemenue 3anaqu (4), (III), upu g(z) = 0, ecnu
HOpMA ||v|| 71 TOPOKAAETCS CKAIIAPHBIM MPOU3BEAEHUEM (k).

O6o3maunm gepes A1, ..., Ap,... PACIOJIOXEHHEIE B TOPSIKE HeyOLIBa-
HUS COOCTBEHHBIC 3HAMCHUSA, a UEPe3 Ui, ..., U, ... — COOTBETCTBYIOLIUE
COBCTBEHHBLIC (DYHKIMU 3a034K

—div (p(z) gradu) + q(z) u = Au, z€Q, u|r = 0.

ABaAmOruYHO Yepes fi1, ..., fhmy - U VL, .nry Upy, ... OOO3HAUUM COOCTBEH-
HBle QYHKINU 330291
—div (p(z) gradu) + q(z) u = pu, z€Q, (% + au)‘rz 0.
Torna
111, A1
inf Q _ A . H'@) _
mn T 1 n 5
FEHQ) ||f||L2(Q) feH Q) ||f||L2(Q)

Kpowme Toro, mpu motom m > 1

I1£15%

2
. H'@Q) ||f||H1 .
1£1f W = )\m—‘,-l n lnlf ”f||2—(Q) = KHm+1, ZZl,...,m.
FEHYQ) L2 @) feH (@) L2 @)
(fui) Lo(@)=0 (f0i)za@)=0

19.14. Paccmorpum npu f € Lo(Q) dyukumonan

Ei(v) = /(gradv)zdz‘ - 2/fv dz
Q Q
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Ha MHOXecTBe dymkumit v € H'(Q), nma xoTopex v|r = g, rae dyHK-
s g(z) sengercs cienom Ha I' mexoropoit byrkmum u3 H(Q). [lokasaTs,
uto byHkums u (), Ha KOTOpou GpyukiuoHan F(v) mocTuraetT MUHUMAIIb-
HOTO 3HaueHus, eCTb 0000IenHoe pemnenue sanaan (1), (I).

19.15. Paccmorpum npu f € Lo (Q), p€ C(Q), ¢ € C(Q), minp(z) =
=po > 0, q(z) > 0 dyrxkumonas

Ei(v) = /p|gra,dv|2d:1:+/q(:1:) ’U2d:L'—2/f’Ud:L'
Q Q Q

Ha MHOXecTBe Gymkumit v € H'(Q), nna xotopex v|r = g, rae dyHK-
nus g(r) aengercs cienom Ha I HexkoTopoit dyskmm us H! (Q). [lokasaTs,
9T0 QyHKIUA u(Z), HA KOTOPOU OYHKIMOHAI AOCTUTAET MUHAMYMA, €CTh
o6o061enHoe pernenne samaqan (4), (I).

19.16. Ilycte pij, ¢, =1,...,n, g, f — dyHKIUM, BBeICHHEIE B 3213~
ue 19.9. Paccmorpum (pyHKHMOHa,JI

E2 / l Z pz]'Uzzvz]
Q Lig=1

Ha MHOXKecTBe (yHkmmit v € H(Q), mna KoToperx 'U|1" = g, rne QyHK-
nus g(r) aengercs ciaenom Ha I HexkoTopoit dyakmm us H' (Q). [lokasaTs,
uTo byskuus u(z), Ha KoTopoi yukumonan Fs(v) nocturaet MunnMyMma,
ecTb 0600mmenHoe pemenue 3anaqn (5), (I).

19.17. Paccmorpum npu f € Ly(Q), g(z) € Lo(T'), 0 € C(I"), 0 >0
Ha [, o(z) Z 0, dyaxkumonas

:/|gra,dv|2d:1:+/cw2dS—2/fvd:1:—2/gvdS, v e HY(Q).
Q r Q r

d:1:+/qv2dm—2/fvdm

TokasaThb, uto dyukums u(z), Ha koTopou dyukiuonan F;(v) mocturaer
MUHEMYyMa, eCThb 06001enHoe pemtenue 3anaan (1), (IIT).

19.18. Ilycts f € Ly(Q), g(z) € L), pe C(Q), q € C(Q), 0 € C(I),
minp(z) = po > 0, ¢(z) > 0, o(z) > 0 u unu q(z) # 0, wnu o(z) Z 0.
Paccvorpum Ha, H'(Q) dyrKumonan

Es(v /p|gradv| dx—i—/qv dx+/apv2d5 Z/fvdx — Z/pgvdS

HOKaSaTB, 9T0 GQYHKIIUS u(:L'), Ha KOTOPOH 5TOT q)yHKuI/IOHa,n IOCTUTaeT
MUHUMAJILHOTO 3HAYEHUs, eCThb 0000iennoe pemenne 3amaun (4), (III)
(unu (IT)).

Yxkaszauue. Cwm. 3amaay 4.117.

19.19. Pacemorpum npu f € Lo (Q), /f dr =0, pc C(Q), min p(z) =

= po > 0 dyHKIMOHAT
Ei(v /p|gradv| dz — 2/fvdx
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Ha nonmpocTpanctse H' (Q) (onpenenenus muoxects Lo (Q) 1 H(Q) cu.
B 3amade 19.13; cM. Takxe 3amaun 4.118-4.120) nmpoctpanctsa H(Q).
IMokaszars, uTo QyHKIMI U € H! (Q), HA KOTOPOW HTOT (PYHKIMOHAI
IOCTUraeT MUHUMYMa, €CThb 06001enHoe pemenne 3anaau (4), (I1).
19.20. Haiitu (pyHKumo V0, PEANIUIYIOUIYI0 MUHUMYM (DYHKIIIOHAJIA

1
/v + 02 dx+2/vda; B xmacce H'(0,1).
0

19.21. HOK&B&TB, aro misg Beex v € C1([0,1]) cnpasennuso Hepasen-
1

CTBO / (v'® + 2zv) dz + v*(0) + v2(1) > —24% Nmeer mm MecTo 3HAK
0

PaBEHCTBA IJId KAKOU-11u00 GyHKImMM?
19.22. JokasaTs, 9TO [ BCeX QyHKIMI v € C'0,1], v(1) = 0 umeer
1
v (0)
<2
MECTO HEPABEHCTBO / vdx 5 4 + 1

9TOro Kiacca, OJst KOTOpOI(I JOCTUT'aCTCA paBeHCTBO

4 / v'*dz. Haittu dyHKIHIO U3

veH'(Q)
:{Ofilfl Sﬂ', OSIL'QSTI'}

19.23. Haiitz inf { [(gradv)2+2sinm1 sina:zv] da:}, roe Q =
Q

19.24. Haiitu inf { /[(gradv)2+2|x|2v] da;}, rme T =
|z|<1

— (51,2) veH! (jo|<1)
- 1,42)-
19.25. Haitn veH}I(1|£:|<1)| |£1|gradv|2dx, rone x = (£1,%2), T1 =
€T

= |z cosp, 1z =|z[sing, vlz=1=¢(T—p)2T—¢p), 0<¢p<2m

19.26. Haitu inf / lgradv|? dz ®a MHOXecTBe (yHKIHH v €
|z|<1
€ H(|z| < 1), = = (x1,22), 71 = |z| cosyp, o = |z| singp, ymopme-
TBOPAIOIUX yCIOBUIO U |5=1 = @°, —7 < ¢ < .
19.27. Moxetr nu 3anaHHas Ha OKpyxkHOCTE || = 1, 21 = cosy,
o = sin, dyukuus ¢ (p) 6LITH FPAHUYHLIM 3HAUEHNEM KAKOU-JING0 (hyHK-
mum w3 H(|z] < 1), ecom:

a) P(p) =signp, —m < <m 6) P(p) = Y 27" cos 2% p;

oo n=0
B) Y(p) = X

n=1

cosnlyp
ns

19.28. IIycts @Q — xBampat {0 < 71 < 1, 0 < z» < 1}. Ilokasars,
qT0 mta moboit f € H'(Q) nmmeeT MeCcTO HEPABEHCTBO
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/fzdx < —/|gra,df|2d:1:
Q

1 YCTAHOBUTBH, UTO IIOCTOAHHAA B HepaBeHCTBe TOYHA.
19.29. IIycts Q —xy6 {0<z1 <1, 0<z2 <1, 0< 23 <1}. Hoka-
3aTh, 9TO miIs moboit dyskmuu f € H(Q) cmpaBemimBo HEPABEHCTBO

1
1£I13, < 55 llsrad £I12,.
19.30. Ilycts Q — xombuo {1 < |z| < 2}. Haiitn

inf { / [(gra,df)2+4f]da:+/f2ds}, z = (21, 22).
feH' (@)
Fljj=1=0 1<|z]<2 |z|=2

19.31. IIycts @ — xBampat {0 < z1 < 1, 0 < z2 < 1}. Haittm
QYHKINIO, DAIOLIYI0 MAHAMYM (QYHKINOHAILY

inf {/[(gradu)2 +4sinz; sinzou| dz + 2/sin:p1u(m1,7r) da:l}
Q 0

ucH?!

B xnacce dyrkmmit u € H(Q), tlrp—0 = tlzi—0 = Ul|z,=r = 0.
19.32. Ilycrs Q — xpyr {|z| < 1}, = = (21, 22). HoxasaTs, uTo A
moboit dyukumu u € H(Q) cupaBemimBo HEPABEHCTBO

2 1 2
lully, < oo llgradull,.

19.33. IlokaszaTs, uTo mus Beex bymkmmi v € C1(0 < 1 < 1, 0 <
< 5 < 1), yIOBIETBOPSIONINX IPAHUUHLIM Y CIIOBUSIM

U|z1:0 = u|z2=0 =0, u|z1:1 = T2, U|z2:1 = T,
CIIpaBEeIINBO HEPABEHCTBO

11
//(gradu)zdxl dzo >
00

OJIM

Wmeer mm MecTO paBEHCTBO IJIs1 KAKOU-HUOYOb U3 HTUX QYHKIWRA?

19.34. IokaszaTsb, uTto mia Beex byuxmuit v € Cl(jz| < 1), = =
= (21, 22) UMEET MECTO HEPABEHCTBO

2 / z1zou(z) dr < 1152+ /(gradu) dz.
|z|<1 |z|<1

19.35. IokaszaTh, 9To mia Beex byuxmuit v € Cl(|z| < 1), = =
= (z1, %2, %3) UMEET MECTO HEPABEHCTBO
2 m
radu)” +u|dz > ——.
[ lmta +alis> -2
Jz|<1
WmeeT mu MECTO paBEHCTBO IJIs KAKOU-IMOO U3 ONMCAHHBEIX BBIIIEC (DYyHK-
nmii?
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19.36. IlokazaTb, uTo mus Beex dynxumit v € CH(|z| < 1), =z =
= |z| cosp, z2 = |z|sinp, ynosneTBopsIommX yCIOBMIO V||y—=1 = Sin g,
roe ¢ = (1, %2), CIPABEININBO HEPABEHCTBO

63
/ [2|z*v + (gradv)?] dz > o
lz|<1
WmeeT 1u MeCcTO paBEHCTBO MIIsI KAKOH-InOO0 U3 OMUCAHHBLIX BHIIIE GYyHK-
nuit?

19.37. JlokazaTh, aTo mias Beex dymkmuit u € C1(0 < z; < 1, 0 <
<zp <1, 0<x3 <1), x=(x1,%2,%3), yOOBIETBOPSIOUINX IPAHNIHBIM
YCIIOBUAM

Ulgi=0 = T2T3,  Ulp,=0 = T1T3,  Ulzz=0 = T1T2,
Ulg,=1 = T2 + T3 + TaT3, Ulgy=1 = T1 + T3 + 7173,
u|z3:1 =T + T2+ 2122,
CIIPABEIJINBO HEPABEHCTBO
111

/// |gradu|2d:1:1 dxs dzs > ;

000

Wmeer num MecTO PABEHCTBO IS KAKOW-IMOO M3 ONMUCAHHBIX BHIIIE
byukumin?

19.38. IlokazaTs, uTo mias Bcex bymkmmit v € Cl(jz| < 1), = =
= (r1,22,%3), T1 = |z| cosy sinf, xs = |z| sinp sinf, z3 = |z| cos¥,
YZOBJIETBOPSAIONIAX YCIOBUIO ¥||;|—1 = COSf, CIPABEINIMBO HEPABEHCTBO

/ [2v + (gradv)?] dz > 55—;
lz|<1
Wmeer nu MecTO PaBEHCTBO IS KAKOU-TIMGO M3 OMUCAHHBLIX BHIIE (YHK-
uui?
19.39. IIycts @ — kBampar {0 < z; < 1, 0 < 2> < 1}. Iokasars,

yTO mWIa moboit dyskimn v € H'(Q), ynoBneTBOPSIOIEl yCIOBIIO
/sin 7wz sinmzov(z) dz = 0,

Q
CIIPpaBEIJINBO HEPABECHCTBO

1
loll3, < £= llgradelf,.
19.40. IIycts Q —xy6 {0 <21 <1, 0< 22 <1, 0 < z3 < 1}. Ioka-
3aTh, uTO WIa 060t Gysxmmm v € H'(Q), yIOBIETBOPSIONICH yCIOBIIO

/Sin w1 Sinwey sinwrgv(z) dr = 0,

Q
cnpaBenuBo HepaBeHcTso [[v]|7, < # llgrad |3, -

19.41. Mlycts Q — xy6 {0 < 23 < 7, 0 < 22 < m, 0 < z3 < 7}
Cpenn dysxmmit u € H'(Q), TpuHIMAONIAX IPAHIYHLIE 3HAUCHUS
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u|w1=0 = U’|w2=0 = U’|a?3:0 = ulxlzw = ulitQ:ﬂ' =0,

HAUTH Ty, KOTOPas NaeT MAHUMYM (DyHKIIMOHAITY
T T
E(u) = /(gradu)zdm‘ + // sinxy sin zou(x1, T2, 7) dzy dIs.
00

19.42. Ilycte @ — maposoit cioit {1 < |z| < 2}, z = (21,22, T3).
Cpemn dymkmmit u € H!(Q), TpUHEUMAONMX T'DAHUYHLIC 3HATCHUS
U||z|=2 = 0, HAWTH Ty, KOTOpAS NACT MUHUMYM (YHKIHOHAITY

E(u) :/[(gradu)2+2u] dz + / u?dS.
Q

lz]=1

OrBern! Kk §19

19.20. —1+4 2% (a: - 1).

e+1 2
39

19.21. Ha, nns i (z +1).
19.22. —z2 + %

2
19.23. -
9.23. —%

™
19.24. —

o0
19.25. 144r > k5.
1

o0
19.26. 167> k2.
1

19.27. a) Her; 6) Her; B) Ia.
19.30. T (51—94In2).

2(1 +In4) ] .
19.31. —sinz; sinzs — 2 SmglJ
19.33. Ila. of T

19.35. Ha, nnsa dyHKInm

12

. rt—1
19.36. Ha, ms rsing + TR
19.37. Ha, mins x1zo + 2123 + ToT3.
r?—1

19.38. Ha, mia r cosd + i
19.41. sinz sinzash (V2z3).

1
V2¢h (V2r)
lof* . 5 17
19.42. 6 + 2] i3



I'masa VI
CMENIITAHHASY 3AITAYA

§20. Meron pa3spgeiieHUAs MepPeMEHHBIX

1. YpaBHeHus runep6osmueckoro tuma. W3i0XuM KpaTKo Cy-
1ecTBO MeTona Pypbe Wi METONA PA3NEIICHUs IEPEMEHHBIX, PACCMATPH-
Bas 33034y O KOJIEOAHUSIX CTPYHHI, 3aKPEIJIEHHON Ha KOHIAX. DTa 330343,
CBOINUTCS K PEIICHUI0 yPABHEHUS

*u 9 &*u (1)
Y a2
NIPY HAYAJBHBIX yCIIOBUSX
Ou .
ot lt=o

ult=0 = uo(z), u1(z) (2)
U I'PAHAYHBIX yCJIIOBUAX
Ulz—0 =0,  u|,— =0. (3)
Bynem cuauana uckaTh 4acTHBIE DEIEHUs YPABHEHUS (1), HE pDaBHEIE
TOXIECTBEHHO HYJIIO U YIOBIETBOPSAIOIIME YCIOBUAM (3), B BUIe

u(z,t) = X (z) T(¢). 4)
Ioncraensas (4) B (1), mpuxonum X ypaBHEHUIM

T"(t) + a®AT(t) = 0, (5)

X"(z)+ XX (z) =0, (6)

rme A = const, IpuYeM IJIsl MOy YeHNs] HeTPUBUAILHBIX (HE PABHBIX TOX-
IECTBEHHO HYJII0) pelneHuil Buna (4) HeOGXOOMMO HANTH HETPUBUAILHEIE
PELLEHNsI, YOOBIETBOPSIOLINE YCIOBUIM

X(0) =0, X)) =0o. (7
Mer npuxonum k 3anade [lrypma—JIuysumis (6), (7) (cM. c. 184).
CobCTBEHHBIMY 3HAYEHUSIMY STOM 338a4¥l SBILIIOTCS IUCIIA

2
mk
(# TONBKO OHM), 5TUM COGCTBEHHBIM 3HAUEHUSAM COOTBETCTBYIOT (HOPMU-

POBaHHBIE) COOCTBEHHBIE (QYHKIINN
Xi(z) = % sin #

IIpu A = A\ ypaBuenue (5) umeer obliee perieHue

16 Iloxm pexn. B. C. Bragumuposa



242 I'a. VI. Cmewannag 3adaua

Ty (t) = ay cos @ + by, sin kT;at,
o3TOMY QYHKIIUS
kmat .
ug(z,t) = Xp(2) Tr(t) = (ak cos —— + by, sin i -

YIOBJIETBOPSIET ypaBHEHUO (1) U rpaHUIHBIM yCIIOBUM (3) IPH JIFOOBIX Gy,
n bk.

Pewenne ypasuenus (1), ynosnersopsromee ycnoBusam (2), (3), umem
B BUZIE PANA

o
u(z,t) = Z (ak cos @ + by, sin @) sin k# (8)
k=1
Ecmm 5TOT psan cxomuTcs PaBHOMEPHO M €0 MOXHO MBAXKILI MOUJICHHO
M hEepeHIIpPOBATE, TO CyMMa psana GyIeT yIOBIeTBOPITEL ypasHeHmo (1)
U FPAHUYHBIM yCIoBUIM (3).
Omnpenesnsas NOCTOSHHBIE a) U by, Tak, 9TOOBI CymMa psana (8) ymosie-
TBOPAJIA W HAYAIBHBIM YCIIOBUAM (2), MPUXONUM K DABEHCTBAM

kﬂ'at) . knzx
sin

_ . knzx
uo(z) = Z @ S ==, )
k=1
w(@) =3 ’“lﬂ by, sin "“’Tx; (10)
k=1

dopmyner (9), (10) mator pasmoxkenme GyHKImi uo(z) U ui(x) B pan
Dypre mo cunycam B uaTepsase (0,1). KoshdbunuenTo: 5Tux pasnoxenuit
BBEIUYUCIIAOTCA II0 N3BECTHBIM (I)OpMyJ'Ia,M

! !
ak:%/uo(w) sin kﬂTxdzz:, k:ki/ ) sin Td:r
0 0

B szamagax 20.1, 20.2 myxHO HaiiTu ¢ nomorsio Merona Pypoe kose-
6aHUs CTPYHBI, IPENTIOJIAras, YTO BHEIIHNE CUJILI OTCYTCTBYIOT.

20.1. Pemmwmts 3amauy o xonebanuu cTpyHbl 0 < z < [ ¢ 3aKpenseH-
HBIMUY KOHIIaMH, €CJIN HaYaJIbHBIE CKOPDOCTU TOYEK CTPYHBI DABHBI HYJIIO,
a HAYAJIbHOE OTKIIOHEHUE Uy UMeeT GopMmy:

1) cumycomnsr ug(z) = Asin # (n memoe);

2) mapaboJibl, OCBI0 CUMMETPUU KOTOPOR CILyXKUT NpsAMas T = a

!
1 2’
BEPINUHON — Touka M (5, h);

3) somanou OAB, rme 0(0,0), A(e,h), B(1,0), 0 < ¢ < l. Paccmor-
peThb ClIydail ¢ = 3

20.2. Pemmts 3amaay o xonebanuu ctpyssl 0 < z < [ ¢ 3akpenseH-
HBIMU KOHIIAMU, €CIIN B HAYAIBHOM TIOJIOKEHNA CTPYHA HAXOMUTCS B TIOKOE
(up = 0), a HAUAIILHASA CKOPOCTH U1 3a4aeTCsI (POPMYIION:
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1) uy(z) = vo = const, z € [0,1];
vo, ecmm x € [a, ],

2 =
) () {0, ecu z € [a, ],

m(x — x0)
3) un(z) = Acos Y
0, ecu z € [zg — @, zo + a,

rme 0<a<p<l;

, ecnu T € [Tg — o, T + a,

rme 0<zg—a<zog+a<l.

Ypaguenve (1) onucbiBaer CBOGOMHBIE TPONOIILHBIE KOIEOAHWS CTEPXK-
vsa. B samauax 20.3, 20.4 Tpebyercs HAWTH MOPOMOJIBHBIE KOJIEOAHUSI
CTEpXKHSI, IPUMEHSISI METOM PA3NEJIEHUs IEPEMEHHBIX.

20.3. PemnTs 3amady O NPONOIBLHBIX KOINEOAHUSIX ONHOPOLHOTO
CTEPXHA IIPpU IPOU3BOJIBHBIX HAYAJIBHBIX MOAHHBIX B KaXIOM H3 CJIe-
OYIOIIUX CIy9aeB:

1) omun xomer crepxusa (z = () XKECTKO 3aKPEIJIEH, a NPYTON KOHEI
(z = 1) cBoGomes;

2) oba KOHIIa CTEPKHS CBOOOMHBL;

3) omuH koHer cTepxHs (r = |) 3aKpEIUIEH yIpyro, a APYroil KOHell
(z = 0) cBoGomneH.

20.4. Haiitu npomosbHbIe KOIeOAHUsI CTEPKHS, €CII OOUH €ro KOHEIT
(z = 0) xecTKO 3aKpemnsien, a K Apyromy Kouny (z = l) npuioxena cuia P
(B MoMeHT BpemeHu t = ( CuIla EPeCTAeT NENCTBOBATS).

20.5. Haiitu cuiy Toka i(x,t) B IPOBOME MIIMHEL [, 10 KOTOPOMY T€UET
MIEPEMEHHBIN TOK, €CITU yTEYKa TOKA OTCYTCTBYET M OMUYECKAM COIPO-
THUBIIEHIEM MOXHO IpeHeOpeub. [IpennonaraeTcs, 4To HaYaIbHbIA TOK B
nposone (mpu ¢ = () paBeH HyIIO, & HAYAILHOE HANPSIKEHUE 330aETCs

o . T
dopmyont v|i—g = Ep sin o
a mpaBbIil KOHer (2 = [) 3a3eMiteH.

. JIeswiit koner nposona (z = 0) u30mUpoOBaH,

3amaua 0 HAXOXKIEHUY BBIHY X IEHHBIX KOJIeOAHUN OMHOPOIHON CTPYHEI
0 < x < I, XeCcTKO 3aKPEIJICHHON Ha KOHIIAX, IO MEACTBUEM BHEIITHEN
CHJIBL C IJIOTHOCTBIO P IPUBOOUTCS K PEIIEeHNIO YDABHEHUS
8211, 2 82u
5z = @ 3.3 +g(z,t) (11)
(9 = p/p, THe p — AVHENHAS WIOTHOCTL CTPYHBI) IMPU TPAHAIHBIX YCIIO-
BUsX (3) U HAUAJIBHBIX yCIOBUAX (2).

Pemenue sanaun (11), (2), (3) mmyT B BUme cyMMEL
u=v+w,

IZie v — pellIeHne HeOMHOPONHOrO ypasHenus (11), ynosaersopsiroiiee rpa-
HUYHBIM yCIIOBUAM (3) U HYJIEBBIM HAYAIBHBIM YCJIOBUSI
ov

V|¢=0 = 0, Bt oo — 0,

16*
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a W eCThb peIleHne OMHOPOMHOro ypasHeHus (1), yIOBIETBOpsIOIEe rpa-
HUYHBIM yCIOBUAM (3) M HAUAIBHBIM yCIOBUAM (2).

Pemenne v mpencraBiseT BBIHYXKIEHHBIE KOJEOAHWS CTDPYHBL (3TU
KonebaHms COBEPIIAIOTCS IO NEWCTBUEM BHEIIHEW BO3MYIIAIOIIEN CHITHI
OPY OTCYTCTBUM HAYAIBHBIX BO3MYIIEHUIT), 8 DEIICHUE W MPENCTABIIAET
cBOOOMHBIE KOIE6aHUs CTPYHBI (OHU 06y CIIOBIEHBI HAUAJILHBIMY BO3MYIIIE-
HUSIMT) .

OYHKIINIO U OTHICKIBAEM B Bm,ue psna

Z Ty (t) sin kiz (12)

1o coGcTBeHHBIM dyHKImaM 3anaun (6), (7).
Toncrasnas (12) B (11), nonyuaem

o0
> [t + (52 7o) sin 552 = gt (13)
k=1
Pasnaras ¢dyukumo g(z,t) B uarepsane (0,1) B pang @ypbe 1o curycam
oo
. krnz
g(z,t) = ;gk(t) sin —— (14)
u cpasuuBas (13) u (14), Haxonum nuddepeHNMAIbHBIE yPABHEHNS
k
7(6)+ (27) Ti(t) = 0, (15)

rmoe

NI[\)

l
2 e em e g1
0

Pemas ypaprenus (15) npu HyJIeBBIX HAYAIBHBIX yCIIOBUIX
Tx(0) =0, T.(0)=0 (k=1,2,...), (16)
maxonuMm T (t), a 3arem ompemensem v ¢ momowmbo dopmyinsr (12). 3a-

meTuM, uTo pemenus 1j(t) ypasuenuit (15) npu ycnoBusx (16) MoxHO

openCTaBAThH B BUOE
t

T(t) Imra /

Pewmenne 3anaqn( ) (2

t):ZTk( sm——i—Z(akcosk——i-bs klat)sink%z,
k=1

roe Gyukuuu Ty (z) ompemensiorcs dopmynon (17), a xosdduuesTH ay,
u by — (popmyna,Mn

1
/g(f, sm —_— (t — 7) sin k— df] dr. (17)
0
),

(3) mpencrasnsercs B Buze

| [\

l
/ ) sin kizdx by = 2 /ul(x) sin Imr_x dz.
0

l kma
0
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20.6. Pemmuts MeTOmoM pasmesieHusi TePEeMEHHBIX CIIEMYIOIne CMe-
IITaHHBIC 3a,0A49M:

1) ug = Ugy +2b (b = const, 0 < z < 1), ulpg=0 =0, u|s= =0,
ult=0 = utlt=0 = 0;

2) Uy = Uy +cost (0 < x < ), Ulg=o = Ule=r = 0, u|t=0 =
= Ug|=o = 0.

20.7. Pemnts 3amauy o konebanusax omHoponsou ctpyusl (0 <z <1),
3aKperyieHHol Ha KOHmax £ = (0 m z = [, mom meficTBUEM BHEIIHER
HEMPEPBIBHO PACIPENENIEHHON CWIIbL ¢ IWIOTHOCTHIO p(z,t) = Apsinwt,

w# kila (k=1,2,...). HauanbHbie yCIOBUs — HYJIEBLIE.

20.8. PemnTs 3amady 0 mpomoIbHBIX KOJEOAHUWSIX CTEDIKHS, MOMABE-
mennoro 3a kowery £ = 0 (komenm z = | cBOGOIEH), COBEPIIAEMBIX IOL
BIIASTHUEM CHUJIIBI TSIXKECTH.

3amaua O BBIHYXKIEHHBIX KOJEGAHWUSIX OTPAHWYEHHON CTPYHBI TIOA
IECTBUEM BHELIHE CUNIBL B CIIy4ae, KOTA KOHILI CTPYHBI ABUTAIOTCS
[0 HEKOTOPOMY 3aKOHY, NPUBOOUTCSA K pelneHuio ypasuenus (11) mpum
IPAHUYHBIX yCIOBUSAX BUIA

Ulg=o = p1(t),  ulo=r = p2(?) (18)
7 HAYAIBHBIX ycnoBusx (2). Pemenne 3anaun (11), (2), (18) mwmewm B Bune
u=v+uw,
x

rome w = p(t) + N (n2(t) — p1(t)) — dyHKUUS, YOOBIETBOPSIOMIAS 33 JAH-
HBEIM IPaHUYHBIM ycioBusaM (18).

Torna ¢yukuusa v(x,t) yHOBIETBOPSET HYJIEBLIM TDAHUYHBIM YCJIO-
BUAM V|z—9 = V|g=; = 0, ypaBreEmO vy — a?vy, = g1, THe g1(7,t) =
= g(z,t) — (W — A*Wyy), W CACAYIONAM HAYATBHBIM Y CITOBUSM:

Vlt=0 = uo(z) — wlt=o, Vtle=0 = u1(2) — wei=o- (19)
Mer npumumn k 3anade tuna (11), (2), (3) ot dyskmun v.

Sameuanue. MWuoorma ynaercs HalTu GYHKIWIO v, YIOBIETBO-
DAIOIILYI0 HEONHOPONHOMY ypaBHeHWi0 (11) um 3amaHHBIM TI'DAHUYHBIM
ycnosusm (18). Torma, oreickuBas pemenve 3amaum (11), (2), (18) B
BUIE U = ¥ + W, HAXOOUM, UYTO GYHKIVS W YIOOBIETBOPSET OTHOPOIHOMY
ypaBHeruio (1), HymeBBIM TPAHWYHBIM U HaualbHBIM ycioBusM (19).

20.9. PemnTs crienyromme CMEIIaHHBIE 331a9M:
1) upe = use, 0<z<I, ule=o =0, ule= =1, ult=0 = tt|t=0 = 0;
2) Upy = U, 0< <1, ulpmog =t+1, ulpms =42, ulymo =

ou
7Ot =0
20.10. PemuTh 3amady O BBIHYXIEHHBIX IMOMEPEYHBIX KOJICOAHUAX
CTDYHBL, 3aKPEIUIEHHO Ha, OnHOM KOHIE (z = () ¥ NONBEPXKEHHON HA, ADPY-
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rom KoHue (£ = l) melCTBUIO BO3MYINAOIIEH CHIIBI, KOTOPAs BLI3BIBAET

cMmerienue, pasuoe Asinwt, rme w # klﬂ (k =1,2,...). B MmomenT Bpe-

MeHu ¢t = () cMeIeHus U CKOPOCTU PABHEL HYJIIO.

20.11. Ilycts crepxeHb muuHOU [, KOHen KoToporo z = (0 XecTko
3aKPEILICH, HAXOOUTCS B COCTOSHUM TOKOs. B mMomenT ¢ = 0 x ero cBo-
GomHOMY KOHITy T = | mpuitoxeHa cuiia () = const, OeiCTBYIOIas BOOIb
crepxHs. Halitu cmernenve u(z,t) cTepxkus.

20.12. PemuTh 331349y O IPONOIIBHBIX KOJIEOAHUSIX ONHOPOLHOIO IIW-
JIMHIPUYIECKOTO CTEPXKHs, OOUH KOHEIl KOTOPOrO 33elaH, a K APYTOMY
KOHITy TpujiokeHa cuiia () = A sin wit, HanpaBieHue KOTOPO COBIANAET C

am(2k + 1)
— kE=0,1,2,...).

20.13. PermuThb 33034y 0 CBOGOMHBIX KOTEOAHUAX OMHOPOMHON CTPYHBL
IJIVHOM [, 3aKPEIJIeHHON Ha KOHIIAX U KOIEeOITIOIIENCs B Cpele, COIPOTIB-
JIeHNe KOTOPO¥ MPOIOPIIMOHAIIBEHO IIEPBOM CTeneHu ckopocTu. HauanbHbie
yCII0BU HYJIEBEIC.

OCBIO CTEPXKHS (w #

20.14. PemmuTh cleqyioime CMENIaHHbIe 331aUn:

1) U = Upe —4u (0 <z < 1); Ulp—o = tlo=1 = 0; uls=0 = 2* — 1,
utlt=0 = 0;

2) Ut + 2Up = Ugy — U (O <z < 71'); u|z:0 = u|z:ﬂ' = 0; ult:O =
=TT — .'172, ut|t:0 = 0;

3) up+2up=uzp —u (0<z<7); Uple=0=0, t|lz=x=0; ult=0=0,
Ut|t:0 =Z;

4) up +up = Uz (0 < 2 < 1); ttpmo = ¢, ulzz1 = 0; ult=o = 0,
Utli=0 = 1 — 3

5) U = Uge +u (0 < z < 2); ulzmo = 28, Ulp=2 = 0; ult—o =
= Ut|¢=0 = 0;

6) Ut = Uge +u (0 < 2 <1); t|lpgmo =0, ulp=; =t ult=o = 0,
Utlt=0 = %

20.15. PemuTh cremyioime CMENIaHHBIE 331aUn:

1) Uy = tge +2 (0 < 2 < 7); Ulgmo = t|e=r = 0; ult=o = sin2z,
Utlt=0 = 0;

2) U U = Uge +1 (0 < 2 < 1); tlpzo = te=1 = 0; ult=0 =
= Utlt=0 = 0.

20.16. PermuTh cremyioime CMENIaHHBIE 33IaUN:

1) U — Uge + 2up = 4z + 8elcosz (0 < 7 < m/2); Ug|ls—0 = 2t,
Ulp—r/2 = Tt; Ult=0 = COST, Ut|t=0 = 27;

2) Upt —Uge —2up = 4t(sinz —1z) (0<2<7/2); Ule=0 = 3, Uz|p=n/2 =
=12 +t; ulimo = 3, Ut|t=0 = T + sinz;
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3) ug — 3up = um—i—u—x(él—i—t)—i—cos%x (0 <z < m); Uglp=o =
=t+1, Ule=r =7(t+1); ult=o0 = utlt=0 = =;

4) up — Tut = Ugy +2uy — 2t — Tz — e *sindz (0<x <7); U|lz=0 =0,
Ulpg=r = 7Tt; Ult—0 = 0, Utlt=0 = T;

5) U+ 2us = Uz +8u+2x(1 —4t) +cos3z (0<z<7/2); Ug|z=0 = t,

7t

u|x:ﬁ/2 = 7; ult=0 = 0, ut|t=0 = ;

6) Uy = Upp + 4u + 2sin’z (0 < 2 < 7T); Ugle—mo = Ugle=r = 0;
ult=0 = utlt=0 = 0;

7) Ut = uge +10u+258in 2z cosz (0<z <7/2); ulp=0 = Uz|p=r/2 = 0;
ult=0 = Ut|t=0 = 0;

8) Uy — Bur = Uyy +2u, — 32 — 2t (0< 2 < 7); Ulpg=0=0, Ulp=r =
=7t; uli—o = € 7 sinz, utlt—o = .

B samauax 20.17-20.20 TpeOyeTcst NPUMEHITH METON PA3NeJIeHUs IIe-
PEMEHHBIX [Tl U3ydeHus KojebaHuit MeMOpaHbl. 3aadua O KOJeOaHMsIX
OIHOPOMHOM MEeMOPAHBI CBONUTCA K PEIIeHMIO YPABHEHNS Uy = a’Au + f
MIPU HEKOTOPHIX HAYAIBHBIX U TPAHUYHBLIX yCIOBUsX (CM. €. 14-16).

B wacTHOCTH, 3ama9a O CBOOOMHBIX KOJIEOAHUAX TPAMOYTOIBLHON MEM-
6pansl (0 < z < p, 0 < y < ¢), 32KPEIUICHHOU 110 KOHTYDY, CBOAUTCA K
PELIIEHNIO BOTHOBOTO YPABHEHU S

0’u o2 0*u n 0%u
o1 9z% " B2
HpI/I I‘pa,HI/I‘IHBIX yCHOBHﬂX
Ulp=0 = Ulz=p = U|y=0 = U|y=q =0
" HAYAJIBHBIX yCJ'IOBPI;IX

Ju

E‘t:O - ul($7 y)

u|t=0 = ’U,O(ﬂ/‘, y)7

20.17. PemuTh 3amady 0 CBOOOOHBIX KOJIEOAHUSIX KBAAPATHOW MEM-
6pansl (0 < z < p, 0 < y < p), 3aKPEINICHHON BIOJIb KOHTYDA, €CIIU
T . TY au‘

Ulg=o = Asin — sin —=, — =
|t 0 P P ) Ot =0
20.18. PemuTh crenyomiyoo CMEITaHHYO 331a9y:
Uy = Au O<z<m O0<y<m),
Ulz=0 = U|p=r = U|y=0 = U|y=r =0,
u|t=p = 3sinz sin 2y, Ut|t=0 = D sin 3z sin4y.
20.19. Pemuth 3amauy O CBOOOOHBIX KOIEOAHUSIX MPSIMOYTOIBHON
membpanbl (0 < z < p, 0 < y < @), 3aKPEIUICHHOU BHOJIb KOHTYDA,

u
ecmn ule—o = Azy(z —p)y ~ 0, | _ =
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3amaya 0 cBOOGOMHBIX KOIMEOAHUAX KPYTIIoN MeMOpaHsl panuyca R, 3a-
KPEIJIEHHON IO KPAalo, IPUBOAUTCS K PEIIECHUIO YDABHEHUS

1 0% 0% , 10u , 1 0%

Zor — o Trar T ag (20)
OPU TPAHUTHOM yCIIOBUL
ulr=r =0 (21)
1 HaYAJILHEIX YCIIOBUAX
_ Ou _
ult=0 = uo(r, ¥), Bt limo ug (1, ). (22)
IIpuMeHsAs METON pa3lelleHus HePEeMeHHEBIX, TTOIOXIM
u(r,p,t) = T(t)v(r, ¢). (23)
Ioncrasus (23) B (20), nonyunm ypasuenue mis T (t)
T"(t) + a®*X>T(t) =0 (24)

U CIIENYIOIIYIO KPAEBYIO 3anady st v(r, ¢):

0% 1 v 1 0%
—+t-—+—=-—+Av=0. (25)
or2  r Or  r? 0p?
13 dpu3uueckoro CMBICIIA 381891 BEITEKAET, YTO GYHKIUS V(T, () ABIACTCS
2m-nepronuIecKorn GyHKIUER OT , T. €.

v(r,p) = v(r, ¢ + 2m), (26)
1 9TO 5Ta QYHKIUS OTPAHNIEHA B [EHTPE KPYTa, T.e.
|v|r:0| < 00. (27)
Kpowme Toro, us ycmosus (21) cnenyer, ato
v|T:R =0. (28)
IIpumensa mMeTon pasnesneHus MepeMeHHBIX K 3amade (25)—(28) moso-
KM
vu(r, ) = ®(p) Z(r) (29)
u u3 (25) HaiimeMm, 4TO
2" () + 17 ®(p) = 0, (30)
2
2"(r) + = 2'(r) + (W = %) 2(r) =0, (31)
npuueM B cuiny (27) u (28) HOMKHBEL BHIOIHATHCS yCIIOBUSL
Z(R) =0, (32)
|Z(0)] < oo. (33)
13 (30) u (26) maxonum (v = n uenoe):
D, (p) = Ay cosng + By, sinng. (34)

Ypasuenue (31) mopcranoskont \r = z(Z(r) = y(z)) npusonurcs Kk ypas-
HeHutio beccens



§20. Memod pazdeaenud nepemennbis 249

2y +ay' + (2 —v7)y =0,

obIIIee pereHne KOTOPOTO MMEET CIICIYIOIINIA BUL:
yu(x) = C1J,(z) + C2Y, (x),

rae J,(z) n Y, (z) — dyskuuu Beccens 1-ro u 2-10 pomoB v-TO MOPSAAKA.
Csoiicrea dyukmui J,(x):
1) xopuu ypaBHeHUs T (4) = 0 (35)
npu ¥ > —1 — BeleCTBEHHBIE U HPOCTHIE (KPOME, OBITH MOXKET, KOPHS
1 = 0); OHM CUMMETPUYHO DPACIOJIOKEHBI Ha, OCU (4 OTHOCUTENILHO TOUKY
4 = 0 U HE UMEIT KOHEUHBLIX MPENENIbHBIX TOYEK;

R 0 i
2) zJ, Hil g, [Ed dx = R2 R? . .
(36)

THe [i; ¥ [ij — PA3IMIHEIE IONOXUTENbHbIE KOPHN ypaBHeHUs (35);

3) dyukumsa f(r) UpM HEKOTOPHIX YCJIOBUAX DA3/araeTcs B PaBHO-
MepHO cxomsumiicsa psan Pypbe mo cucreme dyukuuit J, (upz/R) (K =
=1,2,...), voe W1, pe,... — TOJOKUTEIbHEIE KOpHU ypaBHeHus (35).

Bepuemcs x ypasuenuio (31); ero obiiiee peuieHne mpu v = 7, UMEET

BUII
Zn(r) = Cpdn(Ar) + DY, (Ar).
Tax xak B okpectHocTH Touku = = 0 dymkuus J,(r) orpanudena, a
¢yukuua Y, (z) sasnsercs Heorpanuvenuoi, To B cuiy (33) D, =0, T.e.
Zn(r) = Cpdn(Ar). (37)
W3 ycnosust (32) maxonum J,(AR) = 0. Ilonaras
AR =4, (38)
(n) (n)
IPUXOAUM K yPaBHEHUIO (35); IyCTh f4; ) g ... — €rO IOJOKUTEIbHEIE
KODHU, T. €.
Jo(u) =0,  (m=1,2,..). (39)
Torpma u3 (37)—(39) nomyuaem, uTo byHKINMA
pinr
an("’) = Jn( R > (40)
SIBIIAIOTCA peutenusamu 3anadn (31)—(33).
DyHKIIUU
apt apt
Upm (T, @, 1) = [(Anm cos —— + B sin g > cosny +

(n)

(n)
m t . m
+ <Cnm cos GMR + Dy sin HR > sin n(p] JIn <,uR r) (41)
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B cuity (23), (24), (29), (34), (38), (40) ABIAIOTCS YACTHBIMUA PEIIEHUSIME
ypasrerus (20) v yIOBIETBOPSIOT TPAHUYHOMY ycioBuio (21).
Pemenne 3anaun (20)—(22) mueM B Buzie GOPMAIILHOTO PALa

’I’(p, Zzunm7¢7

n=0m=1
rae GYHKIUA Uy, ONpenessorcs dopmynamu (41).
3amaua CBOOUTCA K PA3JIOKEHWI0 HEKOTOPHIX (DYHKIMA B DPIA IO
cucreme GyHKIUR Jy, (u%l)r/R) (m=12,..).
B cuity (36) xosbduuuesTs a,, Pa3nOKeHUs

5

> (
o) = 3 and (15
m=1

OnpenensoTcs GopMyIaMu

R )

2 uﬁn T
O = ———————— rg(r) Jy ( > dr.
R2TZ 4 (i) 0/ R

20.20. Permuth 3amauy 0 CBOOOOHBIX KOJIEOAHUAX OMHOPOMHOW KPYT-
Joit MeMOpaHbl panuyca R, 3axperieHHON IO KPaio, B CIEOYIOIINX CIIy-
qasgax:

'
1) HaYANBHOE OTKIIOHEHVE ONIPENEIISIeTCSI PABEHCTBOM Uli—o —AJO('u 1’% )

rme pp — TMOJIOKWUTENbHBIA KOpeHb ypasHeHus Jo(p) = 0; HauambHas
CKOPOCTBH PaBHA HYIIIO;

2) HaYaJILHOE OTKIIOHEHVWE U HAYAJIbHAs CKOPOCTH 3aBUCAT TOJIBKO
oT 7, T.€.

’ uli=0 = f(r), utlt=0 = F(r);

3) HauambHOE OTKIOHEHHE mMeeT HOpMy MapaboIouna BPAILEHUS, a
HAYaJIbHAS CKOPOCTH PABHA HYJIIO.

20.21. HaiiTy pereHre CMENIaHHON 330a4U

1
Utt = Ugg + z Ug + f(t) JO(.Uka)a

rIe [y — TMOJOXUTENbHbI KOpeHb ypaprenus Jo(u) =0, 0 < z < 1,

Ulg=1 = Ult=0 = Ut|t=0 = 0, |t]z=0| < 00,
ecu:

1) f(it) =t +1; 2) f(t) = sint + cost.

20.22. HaiiTu perienue CMENIaHHON 33,0a9K

utt:fox'i‘%ua:, O<x<1,
|u|z:0| < 00, u|z:1 = g(t), u|t:0 = UO(:I?), utlt:() = ul(:L'),
eclinm: 1 J (2 )
2 _ 11, Jo(2z Y
1) g(t) = sin“ ¢, ug(z) = 5 [1 7o) ], ui(z) = 0;
Jo(?ﬂ?)

2) g(t) = cos2t,  wuo(z) = o)
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3) gty =t—1, ugp(z) = Jo(p1z) — 1, Te 3 — MONOKUTENBHBIN
kopeHb ypasrenus Jo(p) =0, ui(z) = 1.
20.23. HaiiTu pelieHne CMENIAHHON 330341

utt—i-f(t):um—i-%um, 0<z<l,
|t|z=0| < 00, ulp=1 = g(t), ult=0 = uo(x), Ut|t—o0 = u1(x),
ecnu:
D0 =cost,  uole) =1-PE, wla) =0
D fO=sindt,  gB=w@ =1  w=g[1- 20
3) f(t) = —2cos2t, g(t) =wui(z) =0, uo(z) = % [ﬁ(éﬁ) _ 1] "

+ Jo(p1x), Toe 1 — TOIOXKUTENLHBIN KOPeHb ypasuerus Jo(u) = 0.
20.24. PemuThb CMENIAHHYIO 33,049y

um+%uz:utt+u, 0<xr <,
|t z=0] < 00, u|y=1 = cos 2t + sin 3¢,
Jo (zV/3) 3Jo (22V2)
Ult=0 = ——=F, Utlt=0 = ———=—-
Jo (V3) Jo (2v2)

20.25. Pemuts 3amaay o0 KOeGaHUSIX OMHOPOMHON KPYTIIOin MeMOpa-
HBI pamuyca R, 3aKpemneHHON MO Kpaio, €Ciu 5TU KOIeOAHUS BBI3BAHBI
PaBHOMEDHO PACIIPENESIEHHBIM MaBIIEHUEM P = Pg Sin wi, TPUIIOXKEHHBIM K
omHou cTopore MeMOpanbl. [IpennomaraeTcs, 9ToO cpena He OKa3bIBAET CO-

a
MPOTUBJIEHUS U UTO W F %, rme pn, (n = 1,2,...) — HONOXUTENbHbIE

kopHu ypasrerus Jo(p) = 0 (mer pezoHamca).
20.26. Pemuts cMmemanuyo 3amady

utt:um+%uz—;—2, O<x <1,
[ulz=0] <00,  ule=1 =0,  ulz=o =uo(x),  utlt=o = ui(x),
eclin:
1) uo(z) = Ji(prr) + J1(pm), u1(z) = 0;
2) uo(z) = Ji(pxz), uy(r) = J1(pmz).
3,[[((%;» u% U [y, — IOBa PA3IUYUHBIX MOJOXUTEILHLIX KOPHS YPAaBHEHUS
1) =0

20.27. PemuTh CMENIaHHYIO 33049y
1 U
Ut = Ugz + — Uy — — + e' Ji(pr),

TIe i, — HOJOXUTENbHBI KOpeHsb ypasaerus Ji(u) =0, 0 <z < 1,
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[u]z=0| < 00, U|z=1 = Ult=0 = Ut|t=0 = 0.

20.28. PemmTh CMEMIAHHYIO 33039y

1 u

Utt = Ugy + — Uz — —3, O0<z <1,
T T

|t z=0| < 00, U|p=1 = sin 2t cost, ult=0 = 0,
ut|t:0 — Jl(:lt) § J1(3.’L‘)'
2:(1) 2 (3)
20.29. PemmuTh CMEMIaAHHYIO 33039y

1 4u
Ut = Ugg + = Ug — =5, O<x <1,
X X

[uls=o] <00,  ulz=1=0,  ult=o =uo(z),  Utlt=0 =w1(2),
ecm:
1) uo(z) = wa(z) = Jo(urz);
1 3
2) uo(z) = 5 So(urz),  uwi(z) = 35 Jo(ur).
3mech g, — HONOXKUTENBbHBIA KOpeHb ypaBHeHus Jo(u) = 0.
20.30. Permmurs cMemaHHyO 33139y
1 4
Uit = Uss + i — — + f(t) Pom),  0<z<l,

roe j1 — TOJIOXKUTENbLHBIN KOPeHb ypaBHenus Jo(u) = 0,

|u|z:0| < 00, u|z:1 = Ult:() = utlt:() =0,
eClinm:

1) f(¢) =t 2) f(t) = cost.

20.31. Permmurs cMemanuyo 3amady

1
Uttzum+—uz—9—z, O<x <1,
e e
|u|z=0| < 00, Ulz=1 =0, Utlt=0 = J3(p12),

Toe f41 — IOJIOXWUTEIbHBI KOPEHb YDABHEHU

J3(p1) =0, ult=0 = uo(z),
eClin:

1) uo(z) =0; 2) wo(z) = J3(p@).
20.32. PermuTh CMEIIaHHYIO 33,039y
1 9
utt:um—i-;ux—w—g—i-f(t)Jg(ukx), O<x<l,
|u|z:0| < 00, u|z:1 = Ult:() = utlt:() =0,
roe py — HOJOXUTENbHEI KOPeHb ypasuenus Jz(u) = 0, eciu:

1) f(t)=e% 2) f(t)=1t—t2
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20.33. PemuThb CMeNIaHHYIO 33049y

(TUg) e = U, 0<z< e

[u|z=0] < 00, Ulp=1/4 =0, uli=o = Jo (2p1VT), utlt=0 = 0,
rIe (1 — TOJIOXUTENbHBIN KOpeHb ypaBHeHus Jo(u) = 0.

20.34. Tsoxenas OmHOPOMHAS HUTHL IJIMHON [, MOMBEIIEHHAS 33 OIUH
13 CBOUX KOHIIOB (IL' == l), BBEIBOAUTCA U3 IIOJIOXKEHUA DABHOBECUA U OTIIyC-
KaeTcsa 6e3 HavaabHOU cKOpocTH. M3yuuTsh KonebaHus HUTH, KOTOPBIE OHA,
COBEPIIAET MO OEMCTBUEM CHIIBL TSKECTH; IPEATIOIATaeTCs, YTO CPena He
OKa3BLIBAET COIPOTUBIICHUSI.

20.35. Tsoxenas OMHOPOOHASI HUTH IJIMHON [, 3aKPEIJIEHHAs BEPXHUM
KOHIIOM (Z = [) Ha BEPTUKAJIBLHON OCH, BPAIIAETCS BOKPYT STOM OCH C
IIOCTOSIHHOM YIJIOBOM CKOPOCTHIO w. Hafitu orkmnonenue u(z,t) HATH OT
TIOJIOXKEHUST PABHOBECUSI.

20.36. PemuThb cCMeNIaHHYIO 330349y
Ut = (TUg ), 0<zr<l,
|u]z=0| < o0, Ug|z=1 = 0, ult=0 = 0, utlt=0 = Jo (Hr\/T),
TIe fiy, — TOJOXUTENBHBIN KOpeHb ypasuerus Ji(u) = 0.
20.37. PemuThb CMeNIaHHYIO 33049y

Utt = TUgy +fo+f(t) Jo (/1'1\/5)7 0<z <1,
|u|z:0| < 00, u|z:1 = u|t:0 = UtltZO =0,
TIe (11 — THOJIOXKUTENbHBIN KOpeHb ypasuenus Ji(u) = 0, ecnu:
1) f(t) =t 2) f(t) =sint.
20.38. Pemuts cMemranuyo 3amady

utt:xum+uz—%, O<x <1,

[ulz=ol <00, wle=1 =0,  wul=0=0,  utlt=o = Jo (uxV/7),
TIe i, — TMOJOXUTENbHEIN KOPeHb ypasHerus Jo(u) = 0.

20.39. PemuTh CMeNIaHHYIO 33039y
9u
E:

|u]z=o| < 00, Ufp=1 =0, uli=0 = 0, Utlt=o = J3 (1),
rIe (1 — TOJIOXUTENbHBIN KOPeHb ypaBHeHus Js(u) = 0.

Ut = TUgy + Uy — 0<x <1,

2. YpaBHeHus napaGoJIMIECKOro THUIIA.
a) 3amaua 0 paCOPOCTPAHEHUN TEIJIA B TOHKOM OMHOPOMHOM CTEDXKHE
0 < z < [, 60KOBas MOBEPXHOCTH KOTOPOTO TEIJION30JIMPOBAHA, & KOHITHI
z =0 u £ = | IOnOepKUBAIOTCS IPU HYJIEBOU TEMIIEPATYPE, IPUBOLUTCS
K DeIIeHNI0 YPABHEHUs TEIJIOPOBOLHOCTHU
U = Uy (1)
PY TPAHUIHBIX YCIIOBUAX
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U|y=0 =0, Ue=1 =0 (2)
U TPU HAYAIBLHOM yCIIOBAK
w|t=0 = uo (). 3)
IIpumensis MeTOn pasmeneHus MEPEMEHHBIX, UINEM JaCTHBIE PEIIEHUs
ypasuenus (1) B Buze
u(z,t) = X (z) T(t). (4)
Moncrasnsas u u3 (4) B (1), momyuaem nBa ypaBHEHUs
T"(t) + a®>XT'(t) = 0, (5)
X"(z) + \X(z) = 0. (6)

Hns HaXOXIEHUs HETPUBMAIBHLIX pelnenuit ypasuenuii (1) Buma (4),
YIOBIIETBOPSIIOIINX IPAHUYIHBIM YCIOBUSM (2), HYKHO HAMTYU HETPUBUAIIL-
HBIE pelleHus ypaBHeHus (6), yOOBIeTBOPSIOIINE yCIOBUIM (2).

Hns swauennit A, paBHbix (cM. § 20, m. 1)

2
nm
)\n: (T) (77,21,2,...),
U TOJBKO IV HTUX 3HAUEHWH, CYIIECTBYIOT HETPUBHAILHBIC DEIICHUS
Xn(z) samauu (6), (2) u npu sTOM
2 . Tnz

X, (z) = \ﬂ sin 7%

3uaueHusaM \ = A, COOTBETCTBYIOT CJIEAYIOIINE PelleHns ypaBuenus (5):
Tn(t) = ane_(”na/l)Qt.
Torna dyukium
un(z,t) = Xp(2) Th(t) = ane("1a/D%t gin #
YIOBJIETBOPSIOT ypaBHeHuto (1) u rpaHuIHBIM yCIOBUAM (2) mpu JTHOOBIX
MOCTOSTHHEBIX Uy, -

Pewenue ypasuenus (1), ynosieTBopsiolee yCioBuio (3), UIeM B Buie
popMaNIBLHOTO PO

o0 o0 2
- - —(mna/l)*t g, TNT
= nzlun(x,t) = ;ane Tmast) "t ¢in T (7)

W3 (7) u (3) mHaxonum

E an Sin —, rme

6) 3amaua 0 TeMmepaType OLHOPOMHOIO CTEPXKHs IJIUHOU [, GOKOBas
IIOBEPXHOCTH KOTOPOTI'O TEIJION30JINPOBAHA, & HA KOHIIAX €r0 IMPOUCXOOUT
KOHBEKTUBHBIN TEIIJIOOOMEH CO CPeNaMy, UMEIOIIUMY COOTBETCTBEHHO II0-
CTOSIHHBIE TEMIIEPATYDPHL 1] U Us, CBOOUTCA K pelleHuto ypasHeHus (1)
[IPY HAYAJIBHOM yCJIOBUM (3) U IPAHUYHBLIX yCIOBUAX BUIA

NI[\D

l
/ ug(z) sin T L d.
0
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uz|a::0 —h [ulx:O - ul] =0,

(8)

uz|a::l + he [ulx:l - ’U,g] =0,
roe hy > 0, hs > 0.
Ecnu hy = ho = 0, To ycnoBust (8) IprHUMAOT BUL
uz|z:0 = uzlz:l =0. (9)

Yenosus (9) 03HAUAIOT, YTO KOHIBL CTEPIKHSI TEINION30IUPOBAHEL.
Pemenue sanaun (1), (3), (8) nmem B Bune

u(z,t) = v(z) + w(z, 1),

roe v(z) — pemenue ypasrerus (1) (v”(z) = 0), ynoaersopsioiiee rpa-
HuuebiM ycioBuaMm (8). Ypasmenume v''(z) =0 umeer ofiuee perieHue

v(z) = Crz + Cs. (10)
Omnpenenssa Cy u Cy u3 ycnosui (8), nomydaem
o _hauz —w1) Cy =up + G (11)

" i+ o+ hihal’ i
@Oyukuus w(z,t) yOOBIETBOPAT ypaBHeHUO (1), HAUAIBLHOMY yCIIOBUIO
Wlt=o = ult=0 — vlt=0 = uo(z) — v(z) = Uo(z), (12)
rae v(z) ompenensercs us dopmyr (10), (11), u cenyoommm OTHOPOLHBIM
IPAHMYHBIM YCIIOBUAM:
(we — hiw)g—o = (Wy + how)z—; = 0. (13)
Pewas 3amauy (1), (12), (13) mMeTomom pasmeneHus MEPEMEHHBIX, HOJLY-

qaem )
wy(z,t) = Ape™* Mt X, (),

2
roe A2 = 7—;, tn (n=1,2,...) — IONOXUTEIbLHBIE KODHU yDABHEHU
hihol?
= (o 28,
S Ty B
Xn(z) = ”T" cos ”T"x + hy sin ”T"x

Torma oo
w(z,t) = Y Ane N X (2),
n=1

rae KoobduuueHTs A, HaXOMUM U3 HAYAJILHOTO yciosus (12), ucnonssys
OpPTOroHANBHOCTE GyHKIMI X, () Ha [0,1]:
l
1 ~ Hn Mn . Hn
A, = /u x(—cos—:z: hsm—m)da:
0= e J W@\ cos ot husin Th o) dr,
0
l

2
||‘I‘n||2 = / (MT" cos MT"J} + hq sin “T"a;) dz.
0
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20.40. am ToHKWIT OMHOPOOHBIN cTepx)eHb 0 < z < [, 60oKOBas 1mO-
BEPXHOCTHL KOTOPOro TemmonsosnupoBana. HaiTu pacmpenenenue Temie-
parypsl u(x,t) B CTEPXKHE, €CIiiu:

1) xoHnsr crepxHs £ = 0 U £ = | TONNEPKUBAIOTCS NIPU HYJIEBOM

TeMmepaTrype, a HadajbHas TEMIEPaTypa uli—o = uo(Z); paccMOTpeTh
clIydan:
a) ug(z) = A = const, 6) uo(z) = Az(l —z), A = const;

2) komenn z = 0 MONOEPXKUBAETCS NPU HYJEBOM TEMIEPATYDE, & Ha
KOHIIE T = | HIPOMCXOOUT TEIIOOOMEH C OKPYKAIOIIEell CPENo HyJIeBOi
TEeMIePaTypPHl, HAYAIbHAS TEMIIEPATYPA CTEPKHS Ult=o = Uo(Z);

3) ma oboux koHmax crepxHs (z = 0 mw z = [) mpoucXomUT Tem-
JI0OOOMEH C OKPY2KAIOIel Cpenoy, a HadaJlbHAsS TEMIIEPATypPa CTEPXKHSI
ult=0 = uo(T);

4) xouusl crepxkHg (2 = 0 u 2 = ) TENION30NUPOBAHEI, & HAUAILHAS
TEeMIepaTypa ult—g = up = const;

5) KOHIIBI CTEPKHS TEIION30IMPOBAHEI, 8 HAYAJILHOE PACIPENEIICHIE
TEMIIEPATYPHL 3303€TCsI POPMYITON

ug = const, ecmum 0 <z < é,

U’|t:0 = 1
0, ecmn o <z <l

U3y4dnTh noBenenue u(x,t) mpu & — 0o;

6) KOHI[bI CTEDXKHS TEILNION30IMPOBAHEL, 4
2ug l
— ecmz 0

l b 2 b
l

<z
2%(1—:1:), ecmun - <z <,

roe up = const; HaiTH tlim u(z,t).
— 00

ult:O =

o~

2

20.41. Permmuts cremyrolue CMEIIaHHBE 33Ia9N:

_ _ _ — 22 1.

1) Ut =Upy, 0< <1, Uplp=0=0, uUglp=1 =0, ult=0=2"—1,

2) ugp =urtu, 0<z<l, ulp=o=uls= =0, ult=o=1;

3) U =Upy —4u, 0<2< 7T, Ulpmo=1ulper =0, ult—o=12>—7z.

20.42. Jlam TOHKWIT OMHOPOOHBIN cTepx)eHb 0 < z < [, 6oKoBas 1mo-
BEPXHOCTh KOTOPOTO TEIJIOM30IMpOBaHa. HallTu pacopeneicHne TeMIie-
parypsl u(x,t) B CTEPXKHE, €CIiiu:

1) KOHIBI CTEPXKHS TOANEPKUBAIOTCS MPU MOCTOSHHBIX TEMIEPATY-
pax Ulz—o = U1, Ulg= = U2, & HAYAIbHAS TEMIEPATYDPA PABHA U|t—q =
= ug = const; HanTu lim wu(x,t);

t—o0
2) KOHIBI CTEPKHS UMEIOT MOCTOSHHYIO TEMIEDATYDY U|z=0 = U|z=; =
= w4, 4 HAYAJIbHASI TEeMIIEPATYPAa 3a0aeTCs (POPMyYJIOi
ult=o = up(z) = Az(l — z),
roe A = const; manTn lim u(z,t);
t—o0
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3) JeBBLIl KOHEIl CTEPXKHsS TEIION30JIMPOBAH, IPABLIA MOMIEPXKUBAET-

s TIPY TIOCTOSIHHOHA TEMNEPaType U|y—; = U2, HAYATbHAS TEMIepPaTypa
A
paBHA u|t=g = 7@ The A = const;

4) JeBBIA KOHEI CTEPXKH MONIEPKUBACTCS IPY 33, IaHHOM ITOCTOSHHOMN
TEMIIEPATYPE U|y—0 = U1, & HA IPABHIA KOHEI IONAETCS U3BHE 33IaHHbIIA
[IOCTOSIHHBIN TeINIOBO [IOTOK; HAYAJIbHASL TEMIIEPATYPa CTEPKHS U|t=g =
= ug(x).

20.43. IJan TOHKWII OMHOPOOHBLIN CTEPXEHbL IJIMHEBL [, ¢ OOKOBOM IIO-
BEPXHOCTU KOTOPOTO IIPOMCXOAUT JIyUENCIly CKaHNE TeIlNIa B OKPYXKAIOIIYIO
cpeny, UMEIIYIO HyJIEBYIO TEMIIEPATYPY; JIEBBIN KOHEI CTEPXKHS MOIIED-
JKUBAETCS IIPU IIOCTOSHHOM TeMIEpaType u|;—o = u;. Oupenenuts TeMm-
neparypy u(x,t) cTepxHsl, eciu:

1) MPABHI KOHEIl CTEPXKHS & = | IMOOepXKUBAETCS IIPU TEMIIEPATYPE
U|p=; = Uz = const, a HaYabHAs TEMIEPATypa paBHA Ul|i—o = uo(T);

2) Ha MpaBOM KOHIIE IIPOMCXONUT TEIFIOOOMEH C OKDYXKAaIIIel Cpe-
IOH, TeMIlepaTypa KOTOPOU PaBHA HYJIIO; HAYaJIbHASI TeMIlepaTypa PaBHA
HYJIIO.

B 3amaue o pacupocTpaHeHUN TEIIa B CTEPXKHE, KOHIIBEI KOTOPOT'O IO~
IEePKUBAIOTCS IIPU 33IAHHBIX TEMIIEPATYPAaX, 3aBUCSIINX, BOOOILIE TOBOPSI,
OT t, TDAHUYHELIE YCIIOBUS UMEIOT BUI

ulx:O =1 (t)7 U’|a?=l = Q3 (t) (83‘)
B sTom ciyuae pemenue sanaum (1), (3), (8a) MoxHO uCKaTh B Bnne
+ w, Tme byHKUMS w ompenenseTcs dopmyion w = a(t) + = X

x (s (t) — 0 (1)), g

20.44. Haiitu pacupenenenue temrnepatypsl B crepxie 0 < z <[ ¢
TEeNJION30JINPOBAHHON OOKOBOM ITOBEPXHOCTHIO, €CIIN Ha €0 IIPAaBOM KOHIIE
z = | mommepXuBaeTCs TEMIEPATypa, PABHAS HYJIO, a HA JIEBOM KOHIIE
TeMIepaTypa paBHa u|,—o = At, rne A = const. Hauanbuas TemnepaTypa
CTEPXKHA PaBHA HYJIIIO.

20.45. PemuTh cremyiomine CMEITaHHbIE 3a,IaUN:

1) up = tgs, 0<z <, Uglo—o =1, 6|z =0, ult=g =0;

2) up = Uge +u+2sin2zsinz, 0 <z < 7/2, Upla=o = Ulp—r/2 =
= ul¢=o = 0;

3) Ut = Upy —2up + 2+ 2, 0< <1, Ulpmo = tlo=1 =1, ul|t=0 =
= e*sinnx;

4) up = Upy +u — z + 2s8in2zcosz, 0 < = < /2, ul|g=0 = 0,
Uz|p=r/2 = 1, ult=0 = m;

5) Ut = Ugy +4u+ 2% — 2t —42%t +2c0os’x, 0 <z <7, Ug|lp—o =0,
uzlz:n = 2mt, u|t:0 =0;

17 Iloxm pexn. B. C. Bragumuposa
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6) Ut—Upe+2u;—u=e"sinz—t, 0 <z <7, Ulgmo =1+t Ulper =
=141t ult=o =1+ e*sin2z.

20.46. PeruTh creqyioime CMENIaHHBIE 331aUn:

1) up —uge—u=mt(2—1t)+2cost, 0<T <, Uy|lp—o = 1% Usy|oer =
=12, ult—o = cos2z;

2) Up — Uyy — Yu = 4sin’t cos3z — 922 — 2, 0 <z < T, Up|o—o =0,
Uz|z:ﬂ- = 27l', Ult:O = .'172 + 2;

3) Ut = Ugy + 6u + 2t(1 — 3t) — 62 + 2cosz cos2z, 0 < z < /2,
Ugla=0 = 1, Ulpmn/p =2 +7/2, ult—o = =;

4) up = ugy + 6u + 2%(1 — 6t) — 2(t + 3z) + sin2z, 0 < z < m,
Uglz=0 = 1, Ugle=r =27t + 1, uli=0 = z;

5) Ut = Upy +4uy + 7 — 4t +1+e 22 cos’mr, 0<z <1, ulp—o =t,
ulz:l = 2t, Ult:O =0.

3amaua 0 PaCHpOCTPAHEHUM TEIUIa B OSHODONHOM Iiape panmyca R
C IIEHTPOM B Hadajie KOODAWHAT B CiIydae, KOrZa TeMmIlepaTypa b0
TOUKH 11aPA 3aBUCUT TOJIHKO OT PACCTOSHUS STOM TOUKH OT IIEHTPA, 111apa,
NIPpUBOOUTCA K PEIICHUID YPABHEHUA TEILJIONIPOBOOHOCTHU

ou 5 (0% 2 0u
5 ¢ <W+FE) (14)
ult=0 = ug(r)- (15)

Ecnu ma moBepxXHOCTH ITIapa MPOUCXONUT TEIJIOOOMEH C OKPYXKAIOIen
Cpenoy HyJeBON TeMIIEPaTypPhl, TO TPAHUYHOE YCIIOBUE MMeEeT BUI

IIPpY HAYAJIBHOM YyCJIOBAU

(ur + hu)|,—g = 0. (16)
Tlomaras v = ru, nomyuaem
ov 2 821}
1
S M——) [vr + (h - E) v] =0 (18)
V|t=0 = ruo(r). (19)

Taxum obpaszom, 3anaua (14)—(16) npusonurcs k 3amaue (17)—(19) o
PaCIpPOCTPAHEHUN TEIUIa B CTEPXKHE, ONUH KOoHen koToporo (r = 0) mon-
IEPKUBAETCS TIPU HYJIEBO TEMIEPAType, a Ha APyroM KoHue (r = R)
MIPOMCXOMUT TEMIOOOMEH ¢ OKpyXKatolen cpenoit (cMm. samaay 20.43).

20.47. Ilau ogHOpOmHBIN map panuyca R ¢ eHTpOM B Hadajle KOOp-
nuuaT. OupenenuTh TeMIepaTypy BHYTPH MIAPa, €CIIN:

1) BHeIIHsA HMOBEPXHOCTH IAPA MOLNEPKUBACTCS NP HYJIEBO TEM-
mepaType, a HaYaJIbHAS TEeMIIEPATYPa 3aBUCUAT TOJIBKO OT PACCTOSIHUS OT
UEHTPA WIapa, T.e€. U|t=g = uo(r);
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2) Ha MOBEPXHOCTH IIAPa MPOUCXONUT KOHBEKTUBHBIN TEIIIOOOMEH T10
3ak0Hy HBIOTOHA €O Cpemoi, MMEIIell HyJIeBYI0 TEMIEPATYPY, & U|i=g =
= ug(r);

3) Ha MOBEPXHOCTH IIAPa MPOUCXONUT KOHBEKTUBHBIN TEIIIOOOMEH CO
Cpenoil, IMEIOLLell TeMIIepaTypy U1 = const, a u|i—9 = ug = const;

4) BHyTpbL mIapa, HaUuMHAs ¢ MOMeHTa ¢ = (), Yepe3 ero moBepXHOCTH
TOIAETCs MOCTOSHHBIA TEIJIOBOA MOTOK INIOTHOCTHM ¢ = const, a HaYaIb-
Has TeMIePaTypa U|i=o = uo = const.

20.48. Ilana Tomkas kBampaTHas miacTurka (0 < z <[, 0 <y <),
IUIsL KOTOPOU M3BECTHO HAYAILHOE PACIPENEIICHNE TEMIEPATYDHL Uli—g =
= wug(z,y). BokoBeie cTroponsr £ = 0, = = | U CTOPOHBI OCHOBAHWUIA
y = 0, y = | BO BCe BpeMsi HAOIIONEHUS YyIOEPKUBAOTCS DU HYJIEBOK
Temmeparype. Hafitu Temneparypy 000f TOUKM IUIACTUHKA B MOMEHT
Bpemenu ¢ > 0.

Haxoxnenue pemrennit 3amaa 20.48-20.52 Ttpebyer npumenenus Gec-
ceneBbix GOyHKImi (cM. c. 249).

B wactrOCTH, 330818 O PAOUAIILHOM DPACIPOCTPAHEHUN TeIa B Gec-
KOHEUHOM KPYTOBOM IUJIMHADE paauyca R, 6G0KOBas MOBEPXHOCTH KOTOPO-
rO TOANEPXKUBAECTCS IPU HYJIEBOU TEMIIEPATYpe, IPUBOLUTCS K PEIIEHUIO
ypaBHEHUS

Ou u 1 0u
IPU TPAHUYHOM YCJIOBUK
ul,—gp =0 (21)
1 HAYaJIBHOM YyCJIOBAU
Ult:O = uo(r). (22)

IIpumeHsss MeTOL DA3NeNeHUs [EePEeMEHHBLIX, HAlfeM, UTO DeIIeHue
sagaun (20)—(22) MOXHO HOIYyYUTD B BUIE

(o]
u(r,t) = Z anJo (MLRT) e_(a”"/R)2t,
n=1

roe fi, — IOJOXUTEeNbHEE KOpHY ypaBHeHus Jo(u) = 0, a xosddunues-
THI @, ONPENENSIOTCS U3 HAYaJIbHOrO yCioBus (22).

20.49. IJan HeOrpaHWUYEHHBLIN KPYroBO# muiauuAp panuyca R. Haitu
pacIpenesieHre TEMIEPATYPHl BHYTPU IWINHAPA B MOMEHT BpPEMEHWU t,
ecIm:

1) Ha MOBEPXHOCTU NWIMHADA MONIEPKUBACTCS BCE BPEMs HYJIEBAs
TEMIIEPATYPA, & TEMIEPATyPa BHYTPHU UWIMHADPA B HAYAIILHBIA MOMEHT

T o
paBHa u|i—¢ = AJp (HL), TIe [t — TOJOXUTEIbLHBI KOPEHb YPAaBHEHUS

R
Jo(p) =0;
2) NOBEPXHOCTH MWIMHAPA TOANEPKUBACTCS TP TOCTOSHHON TEMITe-
paType 4o, & HAYAIbHAS TEMIEPATYPA BHYTPY LIIMHIDA DABHA HYIIO;

17*
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3) ¢ HOBEPXHOCTY MWIMHADA IPOUCXOAUT IIYUEUCIYCKAHUE B OKDPY-
KAOIIYI0 CPENy, TEMIIEPATYDa KOTOPOI PABHA HYIIO, 4 HAYAIBHASL TEM-
nepaTypa paBHa Uli—g = uo(r).

20.50. HaiiTy perenve cMeMIaHHON 3a0a4u
1 1
Ut = Ugy + ;um - F’Uf + f(t) Jl(:ukx)’
rIe [y — MOJOXUTENbHbI KOpeHsb ypaprenus Ji(u) =0, 0 <z < 1,

|u]z=0] < 00, U|z=1 =0, Ule=0 = 0,
ecu:

1) f(t) =sint; 2) f(t) =et
20.51. HaiiTy perenve cMemIaHHON 3a0a4u
1
Ut = Upp + U + tJo(uar),
roe 1 — TOJIOXKUTENbHBEIN Koperb ypasrenus Jo(u) =0, 0 <r < 1,
|u|r=o| < o0, ulp=1 =0, ult=0 = 0.
20.52. PemuTh cremyoiime CMenIaHHbe 3a0a4n:
1

1) ut = Tupy +up — yrilin tJ1 (e V),

re [y, — HOJOXUTENbHEI KOpeHsb ypasuenus Ji(u) =0, 0 < z < 1,

[ulz=0l <00,  uleg=1=0,  ult==0.
2) ut:xum+uz—%u, 0<z <1,
|[ule=0| < o0, ule=1 =0, Ult=0 = J3 (,uk\/a?),

rIe pp — TOJOXUTENbHEI KOPeHb ypasaenus Jz(u) = 0.

Orsets! K § 20

20.1. 1) Asin # cos 7r7;at;
32h & 1 . (2k+1)7z (2k + 1) wat (
2) — -
) — kZ::O CTEEE sin 7 cos ; Yxa3sa
Hue. ug(z) = % z(l — x)),
) _2ME S L sin K7€ gin ETZ cop E7OL. 8h § D X
el —c) = ] ] (= A G AN E

2k +l1) Lo (2k +l1) wat

= h% mpu 0 <z <¢ wupx) = h(ll__:)

X sin

(HPHCZé) (YKa,?,a,Hne. uo(T) =

npu chSl.).
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4vy & 1 . 2k+ 17wz . (2k+1)mwat
20.2. 1) — ;
0.2. 1) &p L @rrp 7
vy X €08 Imlr_a — Cos ler_ﬂ . kmz . kmat
2) % k2::1 2 sin T sin i ;
wka . Tkzo
3) 8Aq X €0S 77— sm sin kz sin wkat
a2 K- (2ak)Z/1 ] ]
o0
20.3. 1) 5° |ag cos (k+1)mat o @kt Dmat] o @kt D)7
= 2l 2l 2l
I 1
2 2k +1) 7z 3 4
roe a = 5 O/uo(a:) sin 5 de, by = ra@k T D) Oful(m) X
X sin (2k -;ll)ww dr (Yxaszanmue. ulg—0 =0, uglo= =0, ult=0 =

= ’U,O(.’E), U/tlt:O = U’l(x)‘);

l o0
/ [uo(€) +tuq (&)] d€ + Z (ak cos @ + by sin @) cos k#,
; k=

o~ Do

1
roe ap = /uo(w) cos ImTTw dz, /u1 cos ™% 4g (Yxa-
0

3AHUE. Uylp—o = Uglemt =0, ult—o = uo(«%"), Utt=0 = u1(z )-)3
o0
3) > (ancosAyat + b, sin A\pat) cos Az, tme A, (n = 1,2,...) —
n=1
cobcTBeHHBIE 3HAUEHUs, a X, (r) = cos A,z — cobCTBeHHBIE DyHKIUN
kpaesoit 3amaum: X" (z) + A2X =0, X'(0) =0, X' () +hX (1) =0 (A, —
[OJIOXUTENbHEIE KODHU ypaBHeHU: tg Al = h/ )\)

I
/uo(a;) cos Apz dz, b, =

= T S o / () €08 Anz o,
2_ ! __h
<YKa3aH1/1e. Ugle=0 = 0, Ug|lp=1 = —hul|p=;, h = o THe E —

Monynb FOHra, 0 — mwiomans momepevHoro CEYeHns CTepXKHs, k — KO-
5hPUIKEHT, XapaKTEPU3YIOLINI XKEeCTKOCTD 3aKPEINICHUS; Ult=g = Ug(Z),

Ut|t=0 = UL\T
tlt=0 = u1(z). L @rlre (2k41) rat

20.4. u(z,t) lk 2 2 rme o —
( Z ( ) (Zk + 1)2 ) z
IJIOMIAIb TIONIEPEYHOTO CeueHus: cTepxkHus, K — monyns FOura.
P 0
Yrxazauue. ulyz=0 =0, Ug|lz=1 =0, u|t=0 = w Y

Eo’ 0t li—o
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. /C wr . mat 1
20.5. Z(ﬂf,t) = —EO f COS g sin 7, a = \/T_C’

Yxasauue Cunarokai(z,t) ynosnersopser ypasuenuto LCiy =

= i44, Tme L — camomunykuus, C — €MKOCTb, OTHECEHHAs K EeNUHUIE
IuHBL npoBona. Hawanbuble ycnoBus umeror Bup ili—o = 0, it|t=0 =
Eorm T . .
= =5 C0S 5> & TPAHMTHbIC YCIOBHS TAKOBBL: iz|z=0 =0, i]z= = 0.
. kmz k
412p (—1)* sin % cos Tﬂt

20.6. 1) bz(l — z) + — > - (Ykasza-
L k

Hue. Pemenne MOXHO MCKATh B BUIOE ¥ = ¥ + w, rae GYyHKOWS v =
= bz(l — z) yIOBIETBOPAET HEOMHOPONHOMY YDABHEHUIO U HYJIEBBIM
FPAHUYHBLIM YCIIOBUAM, 8 (QYHKIUSA W YOOBIETBOPSIET OMHOPOTHOMY YDAaB-
HeHHIO, HyﬂeBBIM I‘paHI/I‘IHI:IM n CHeI[yIOH.U{IM HaYaJIbHBIM yCHOBHﬂM:
V|t=o = bx(x — 1), v¢|e—0 = 0.);

X 4
= km(1 —k2)
lw . (2k+1)7wat

2) 2 tsint sinz + (cost — cos kt) sin kz.
™

44 & (2k+1)sinwt— osin —F— (9p 4 1)7g
20.7. —
T kE:O 2k +1)*(p — w?) Sm ! C
_ (@2k+1)7a
l ‘ ( ) 2 oo CS(ktlimat  (Qkil)ma
_gz(2l—=z) 16gl 2 2
20.8. u(z,t) = 502 ma? = (2k +1)3

Ykazaunwume. 3amaua CBOOUTCS K PEIIEHUIO YDPABHEHUS Uy =

= a%Uyy + g, Te § — YCKODEHMe CHIIBI TSXKECTH, IIPY CIIEAYIOMINX yCiIo-
ou ou .

— =0, u|t=0 = = = 0. Pemennue sToit 3amaun
0z lz=1 0t lt=0

MOXHO WCKaTh B Bume u = v + w, rne u = Az? + Bx + C (A, B,C
BEIOpPATL TakK, 4TOOLI (DYyHKIWS yOOBIETBOPSIIA HEOMHOPOMNHOMY ypAaBHE-
HUIO U 330aHHBIM TDAHUYHBEIM YCJIOBUSM ).

0o (_1)k
20.9. 1) a:_t+ > (=1)%21 . knz knt

BUSX: U|y—0 =

[ (= PR B B

2) t+1+z(t —t+1)+

s [ 2 [6CD* . (—1)k12¢ | .
" kzzzl{(ﬂkV [W 1| sinmhkt + *—ps— ¢ sin mkz.
v k—1 _: kmat . krx
"o 24wa 2 (1) sin 75— sin =5~
20.10. A Tl sinwt + i k§1 T
a

Ykaszauue. 3amaua CBOOUTCS K PELICHUIO YPABHEHUS Ugt = 0> Uyy
[IPY HYJIEBBIX HAYAIIBHBIX U CIEOYIOINX IPAHNYHBIX YCIOBUAX: U|z=0 = 0,
u|y=; = Asinwt. Pemenue 570l 3amaun uckaTs B BUIE 4 = U + w, IO
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v = X (z) sinwt. Pyukuuio v monobpaTs Tak, YTOOLI OHA, yAOBIETBOPSLIA
YPABHEHUIO U 33,JaHHBIM [DAHNIHBIM yCJ‘IOBI/IHM

Q 83l = Qk+ D) mat . (2k+1)wzx

20.11. S A
0.11. u(zt) =5 o 7B | 2 (2k+1)2 R T T
rme F — MOmysib yHOpyrocTW, ¢ — IUIOIIAMAb IOMEPEYHOTO CEUEHUs

CTEPKHS.

Ykaszanue. 3amada CBOIATCA K PEIICHUIO YDABHEHNA Usy = A Ugy
[PV HyJIEBBIX HAYAJIBHBIX U CIIEAYOINX PAHNIHBIX YCIIOBUAX: U|z—0 = 0,

Ug|p=i = o IMonoxuts u = v+ w, roe v = Az (A BEIGPaTH Tak, 4TOOLL
g
(GOYHKIUS v yOOBIETBOPSIA 330aHHBIM IDAHUYHBIM YCIIOBUSM ).

oW
Aq SIn Ea:smwt

20.12. u(z,t) = +
Eow o6 @l
@ . (k)7
2Aaw Z (—1)k1g TR sing k1)t
Eol =5 (2k+1)7m w? —[(2k + 1) wa/(20)]? 21 ’

Ykaszamue 3amada CBOOUTCA K PEIICHUIO YPABHEHUS Ugt = 0> Ugq
[IPY HyJIEBBIX HAUAJIBHBIX U CIEAYIOUINX TPAHUYHBIX YCIOBUSX: U|y—0 = 0,

A . .
U|g=y = T Sin wt. Perierne 5ToM 331241 MOXHO UCKATDH B BUIE U = ¥ + W,
(o2
rome v = f(z) sinwt; f(z) BEIGPATH Tak, YTOOLL PYHKIWSL U YAOBIETBOPSIIA
YPABHEHUIO U 33JaHHBIM FPDAHUYHBIM YCIIOBUSIM.

x . . kwz
20.13. wu(z,t) = e > (ay cos prt + by, sin pxt) sin 5 Tme

27T2k2
HE = 2 —CYZ,
I l
g/ sm—dm bkzgak+i/u1(az) sinkw—xdm‘.
l0 Lk lpk, J l

Yxaszarue 3amada CBOIUTCA K PEHICHUIO YPABHEHUS Uss + 20U =
= a%uy, (@ > 0 Majo) IpU CIERYIONMX YCIOBUAX: U|p—g = U|lys—; = 0,
ult=0 = uo (), Utlt=0 = u1(z).

8 & sin(2k+1)7m: T T
20.14. 1) - go D ( 2k + 1)2r t)

X 1 . .

- ;;o 2k+1)3 [cos(2k+1)t+2k+1 sm(2k+1)t] sin (2k+1) z

= 1 vk 2 . 2k+1 2k+1
3) 87 2 o Ok 17 (-1 ﬂ(2k+1)]s g LS T

4) t(1—=z) + Ele_t/2 o)

[2 cos A\t + =

sin Apt — 2] sin Tk,
Ak

o=/ (bm)2 = 3;
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& 4t km kﬂ'a; B k)2 .
5 2—=z)t+ Z (lm/\g - )\3 Sln)\kt) sin —= 5 Ap = (7> —1;

o0 k+1 . 2
0 5+ 5 20 (- ) an 252 = [(5)
k=1 k k

oo
20.15. 1) sin2z cos2t + k21(_1)k % (1 — cos kt) sin kx;

o0
2) => ek [—1 + e—t/2(cos it + % sin ukt)] sin (2k + 1) rz, rme
k=0 k

_ 4 — ./ 2.0 _ 1
cp = Ok e =1/ 2k +1)27 T

Yxasauune UWUckare pemenue B Bune psana u(z,t) =
X sin kmzx.

™2

T} (t) x

k=1

3aMeuanue K 2). MOXHO UCKATDb PEIlIEHUE B BUNE CYMMBI U =

1
= v + w, roe QyHKUUA v = 51‘(1 — ) YOOBIETBOPSET yPABHEHUIO U

3a0aHHBIM I'DAHUYHBIM YCJIOBUSIM. Tor,ua,

o0

u(z,t) = @ — Z (cosukt + ﬁ sin,ukt> e ?sin (2k + 1)
k=0

20.16. 1) 2zt + (2! — et — 3te™t) cos z;
2) 3+ z(t +12) + (5te! — 8et + 4t + 8) sinz;

3) z(t+1)+ (%65t/2 —et/? 4 %) cos gx;

4) :L't+<10 (15 2’5+ )e‘zsin3:1:;
5) at + (1 —e™t —te” )cos3:1:;
6) 1 (e?t 4+ e72t) — Lo cos 2;

8 4 2 ’

7) % sina(ch3t — 1) + sin 3z(cht — 1);
8) =zt + (2! — e?*) e *sinz.

20.17. Acos \/_tsm % sin ™.
p p p
20.18. 3 cos/5tsinz sin 2y + sin 5t sin 3z sin 4y.

2k +1 20+1
@k+l)mz o 241y

16Ap2q2 o0 s D q
™ 2k 1P+ 1P

2k+1)° | (21+1)?
Mz\/( p2> 4 ! qQ),

20.19.

cos mapr t,  rOe
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t
20.20. 1) Acos “b JO(%);

2) ni:ojl (an cos f at + by, sin &2 R ) Jo (”ET), rue

R
an:mo/rf(r)%c%)dr, b, = m/ JO(;%)d?"

(t4n, — momoxkuTenbHbIEe KOpHE ypasHeHus Jo(u) = 0);

(//fn"') ;
afin
3) rt)_SAZ AT R (+)
n=1
roe p, (n = 1,2,...) — nomoxurensHele KOpHU ypasrenus Jo(p) = 0.

1
(y Ka3aHue 3am0aua IPUBOAUTCS K PEIIEHNIO YPABHEHUS Uy + = Uy =
1 "
T
= Ly mp yenommax ul,_g = 0. Jul,—ol < oot ulg = A(1- 1),
A= const ut|t=0 = 0. IIpn Bblqncnemm K03hGUIIEHTOB p;u:[a, (x) BOCTIOIIB-

30BATHCS CIEMYFOITIME (DOPMYITAMME: / EJo (&) dé =z (), / &EJo(€)dé =
=222 Jo(z) + (23 — 4x) Jl(x).). ’ ’

20.21. 1) u(z,t) = [ *(2—p3) cosukt+uk2t2+uk (13 —2)] Jo (1)
(Y Ka3aHue. Perrenne MOXHO UCKATh B BUOE ¥ = ¥ + w, TOe v =
= (at? +¢) Jo(urz) — 9acTHOE pereHne HEOMHOPOIHOTO YPABHEHWS, W —
peIlleHne ORHOPONHOTO YPABHEHUS, W|i—g = —U|4—qg, Wt|i—g = —vt|t:0.);

2) u(z,t) = (u2 — 1)7*(cost + sint — cos pxt — py " sin pugt) Jo(ue)
(Y Ka3auue. Perrenne MOXHO MCKaTh B BUOEe ¥ = U + w, TLOe
v = (asint+bcost) Jo(purr) — 9acTHOE pElLIEHNE HEOTHOPOLHOTO yPABHE-
uust, w = (Acos gt + Bsin ugt) Jo(urr) — peleHne OqHOPOLHOIO ypaB-

HEHUS, wlt:O = _vlt:07 wtlt:O = _’Ut|t:0‘ .
1 Jo(2:1‘:) Jo(2.’t)
20.22. 1) = |1— cos 2t |; 2 cos 2t;
) 3 [ 7o) ] ) 5@

3) t— 1+ Jo(u1z) cos pat.

20.23. 1) [1 - JO(“:)] cost;  2) 1 +% sin 3t [1 - ‘{;(2;)];

3) % [JO(Zw) — 1] cos 2t + Jo(p1x) cos uqt.

Jo(2)
Jo (2v/3) Jo (22v2)
20.24. m cos 2t + (2\/_) sin 3t.
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UnT\ . olnt

: spoors & o () sin
- m —1| sinwt + R o ,
wp JO(ER) ap 57 pi(w —a?ud) Ji(un)

rae p — MOBEPXHOCTHAS TNIOTHOCTH MEMOPAHEL.
Yxasanue. 3amaua CBOIUTCS K PEIICHUIO yDABHEHUS
(11—2utt = Upp + " tu, + plsinwt, 0<r<R,
|u]r=o| < o0, ulr=r =0, ult=0 = u¢|t=0 = 0.
20.26. 1) Jy(urx) cos pgt + J1(pmx) cos pmt;
2) Ji(prz) cos prt + potJi (pme) sin gyt
20.27. (1 + p3) "t (et — cos pupt — puy; " sin pgt) J1 ().

1 .
20.28. A (1 Ji(z) sint + —— G J1(3z) sin 3t.

20.29. 1) (cos pxt + py * sin pgt) Jo(ur);

2) (% cos pupt + gugl sin ,ukt) Jo(pr)-

20.30. 1) (,u1_2t — py?sin pat) Jo (paz);

2) (4 — 1)~ (cost — cos put) Jo(p12).

20.31. 1) pytJ3(paz) sin pt; 2) (cos it + py ' sin pat) J3(py ).
20.32. 1) [pe(1 4 p3)] 7 (sin pgt — px cos prt + pre™t) J3(prz);

2) p? (20 +t — 2 — pp tsin gt — 25 % cos pit) J3(ui ).

20.33. JO (2/1,1 \/5) COS ,U,lt.
Yxasauune. Ilomaras u = X ( ) T'(t), mosmyunTs ypaBHEHUS

2
x4+ X4 L X =0, (+)

T" + X"T =0.
YpasueHue (*) OACTAHOBKOU 7] = 2\\/T CBECTH K ypaBHeHMIO Beccers

X"(n) + 1X'<n) +X(n) =0,

nmMeroreMy obiuee perterne X ( ) = aJdo(n) + bYo(n).
I & ( ) g Hnat l
20.34. - A, - roe Ap, = [ uo(z) X
l nzz:l Jl(ﬂn) 2\/_ " 0/ 0( )
X JO( ”ﬁ ) dr, pp (n = 1,2,...) — HONOXUTENBLHBIE KODHU yDABHE-
Hus Jo(p) = 0.
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Ykasanue. 3amaua NPUBOOUTCSA K DELICHUIO YDABHEHUS Uy =
=a?(2uy)s, 0 <z <1, a=./g, upm yenoBusx |ul,—o| < 00, ul,—; =0,
ule—o = uo(x), utle=o = 0.

20.35. Y (A, cosalpt + By sinaiyt) Jo (,un\/?), roe

n=1

- = gty [ b ) o
1
B, = mo/ul(m) JO( n\/?) dz,

tn (n=1,2,...) — momoxwurenbuble KOpHU ypasHenus Jo(u) = 0.

Ykasanune 3amaua NPUBOOUTCS K DEIIEHUIO YDABHEHUS Uy =
= a®(zuy)s +wiu, 0 <z <, a=,/g, npu yenoBmax |u|,—o| < 00,
Ulp=1 = 0, ult=0 = uo(z), ut|t=0 = u1(x).

20.36. Mi Jo (/) sim 5 ¢
k
20.37. 1) (4u12t—8,u1 sin )JO(m\/’)
2) 4(p2 —4)7t (sint —2u7 ! sin T) Jo(u1v/).
i sin —th(,uk\/_)
2 .
. m sin Tth(lll\/E)

00 2 {
20.40. 1) Z n€XP {—(@) t} sin WTM, roe an:%/uo(x) sin an:c dz;
0

n=1

ecmn up(z) = A= const, TO

2
4A 1 _(@k+1)ma . (2k+1) 7z
u(z,t) = — E T exp{ <—l > t} sin ~————,

k=0

ecmu ug(z) = Az(z — 1), To

_8AP 1 k+1)ma\,)| . (2k+1) 7z

2 & o+l wna\,| . pnt !
) in;“"mexp{_(T) t} sin 5 pae an = fuola) x

. T
X sin ”% dr, pn, (n =1,2,...) — NOJNOXWUTENbLHBIE KOPHU yPABHEHUS

tg p = —g, c=h>0 (y Ka3aHue ['paHuyHbBIe yCIOBUS MMEIOT

BUL U|y=0=0, (uy + hu)|p=1 = 0.);



268 I'a. VI. Cmewannag 3adaua

3 9 < , a2 p"cos%+asin‘u%w , !

) TnZ::I n€XP _( l ) o(c+2)+p2 » e n—o/uo(x)x

X (,un cos u,;w + o sin u,;w> de, p, (n = 1,2,...) — HDOIOKUTEIHL-
1/p o

HLIE KODHU yDaBHEHWs Ctg p = 3 (; — ;), o = hl, uo(xz) = uli=0

(YKa3aHHe. I'pannuneie ycnoBus umeroT Bun (u; — hu)lz—o =
= (ug + hu)|p= = 0.);

4) ug (y Ka3aHue ['paHUYHBIE YCIIOBUS UMEIOT BUL Ug|y—0 =
= uw|w:l =0.);

2
Zuo x 1 (2k+1) wa (2k+ 1) nz
5) -4 = (=1)" —— exp {— <— tpcos ————
= 2k+1 l l

. _ uo,
tllzgou(:B’t) - ’

2
2
uo  4uo & 1 _ (2(2k+1) 7a 202k + 1) mx
6) 5 = = @kt 1) eXp{ ( i by cos T

i — ¥
Jim (e, = -
32 & (-n” _(2n+1 ¥ 2n+1
20.41. 1) = nZ::O CTEEE exp{ (—2 7r) t} €os —— 7z;
o 2
%) 4 $ exp{ [((2k+1)7r> +1] }Sm (2k+1)7m:;
T (=0 2k l l
3) 8 i% L exp {—(2k + 1)?} sin (2k + 1) z.
T 120 2k +1)2
U2 — U1 2 &
20.42. 1) U1+T.’E+— Z —{(uo—ul)[l—(—l)”]-i-

Top=1 7
2

tllglou(:z t) =ug + (u2 —uy)

8AIZ X 1 k+1)ma\ ) . (2k+1) 7z

0
2
— 4uy E exp{ <M> t} sin M, lim wu(z,t) = u;

k=0 l t—o0

LA & (1) (2k+1) ma\ (2k+1) 7z
3) u e p{_< 2l )t}cos 2

2
84 & 1 (2k+1) Ta 2k + 1) 7z
7 2 Ty P { ( 2l ) t} ST

|8
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4) %+u1+ § [an—i (2n+1)7rul+lq/k] exp {_ ((2n+1) mz)zt}x

2 (@2ntl)? 2
. (2n+1) 7z (2n+1) 7wz
xs1n%, roe a, = /uo s1nT)dm (Yxasa-
Hue. ['panuunbie ycioBus I/IMeIOT BUL U|g—0 =11, kug|,_;, = q.).
h h
uash =z —wuysh — (z—1) o) 1)y —
20.43. 1) O + 2y (o C e )
sh21 =z \ An

7rna: )2 h\2 /

x exp {—(aX,)?t} sin —— ; rne A2 = (T) + (E) , ap = /uo(:p) X
. ™x 0

x sin —=dz (Yxaszamme. 3amaua IpUBOONTCS K PELIEHNIO ypaB-

HOHITA ug = a*Uyy — h2u (%)

[IPY TPAHUYHBIX YCIOBUAX U|yz—0 = U1, U|pz—; = Us U HAYAIBLHOM yCJIOBUU
ult=0 = ug(z). Peumenne stoit 3amaum uckars B Bune u(z,t) = v(z)+
+w(z,t), tme v — pemterme ypaprerus a’v”(z) — h*v = 0, ynosre-
TBODSIOIIEE 33LAHHBIM TPAHWYHBIM yCjoBusaM, a w(x,t) — pelieHue
ypaBHEHU: (*) IPU HyJIEBBIX TPAHIYHBIX YCIOBUAX ¥ HAYAIBHOM yCJIOBUM
Wi=o = uo(z) — v(z).);

h h

hch = (I —z)+ hiash = (I — z) 0 2 2

2) w 2 Al 7 - 2w Y —un2(u; +Z21)
hch 2 + hiash & n=1 (@®pi + B2)

m exp {—(a®pj,+1h?) t} sin pz, ume pn (0 =1,2,..) —

MOJIOXUTEIbHBIE KODHI ypaBHEHUs tg [y = e (y xkaszaunue. ['pa-
1

HIYHBIC yCJIOBUS MUMEIOT BUN U|y—0 = U1, (Uz + hiu)|,=; = 0. Pemenne
uckars B Buge u(x,t) = v(z) + w(z,t), roe v(z) — pelleHne ypaBHEHUs
a*v"(z) — h®v = 0, ymOBIETBOPSIONIee KPAEBLIM YCIOBUAM V|y,—o = Uj,
(vz + h1v)|e=1 = 0, a w(z,t) — pemenne ypasmenus () (cM. 3ama-
qy 40.43, 1)) npu yenoBusx wz—o =0, (wy +hw)|z= =0, w|t=0 = —v(z) )

_ 2 o 2
20.44. At . 2417 % {1—exp <—($) t)} sin 172

a2

n=1
8 X et m(2k +1)
20.45. ].) xr — l + F kz_:o W COS )\k(l;, )\k = —2l ;
2) tcosz + % (e78—1) cos3z; 3) ot +sinmzettTt

4) z+tsinz + % (1—e ) sin3z; 5) tx®+ % (e*t —1) + t cos 2z;
6) t+1+(1—et)e”sinz + e* *sin2z.

20.46. 1) zt? + el +sint — cost + e 3t cos 2x;

2) 22 + 2e% + (2t — sin 2t) cos 3z;
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3) x+t2+%

(€3t — 1) cosz + % (1 — e3) cos 3m;

= Cor—1

4) 2%t + 7 + Z I Ty {1 — e 5=t} gin(2k — 1) z,

2 1 1
Cop-1 = 3 <2k+1 B 2k—3)’
[1— e~ W™+ gin kra,

o0
C,
—92z k
5 tlx+1)+e k§:1 P

0, ecin k= 2m,

R

o0

20.47. 1) % nZ:jl a,e—(Tna/R)% iy 7%”", ap = O/mo(r) sin %’”dr;

9 = 242 - . R

2) 51«; aHMfz (kma/R)*t sm/% an = O/ruo( )sm—dr

tn (n = 1,2,3,...) — NONOXUTENbHBIE KODHU yDABHEHUS tg i = —g,
c=hR—-1 (o >—-1);

2 o0
3) w1 + 2(u1 — uo) hE” S (- ne_(””"/R)Qt sin M, by, — TIOJIO-
r n—1 R
KUTENbHEE KODHY ypaBHeHns tg u = —2, 0 = hR—1 (0 > —1), h —
g

K03 GUIMEHT TeII000MeHa B KpaeBoM yciaoBut [u, + h(u — uq)]|r=r = 0,
pn[pd +o(o+ 1))

3a 5r°—=3R* 2R’\ & e~ (ann/ Rt [nT
4 20 4 9T —olt  aft = sinEl =
)u0+k<Rt+ R 7’>n:1 Foosa SR M (n

=1,2,3,...) — HONOXUTEIbHLIE KODHU YPABHEHUS tg [ = (y Ka3a-

Ay =

Hue. 3amaua IpUBOMUTCA K pemtenuto ypasaenus (14) (c. 258) mpu rpa-

HUYHBIX YCIOBUSX |U|p—g| < 00, Up|r—p = %)

20.48. 3 3 ajpe (@GP HR gy j?”‘ sin kliy
j=1k=1

4 . grr .k
ajr = // uo(z,y) sin JWT sin %ydzr dy.
00

y Ka3aHUE. HpMMeHI/ITb METOMI pa3aeJICcHUA IEPEMEHHBIX IJId YPaB-
HEHUS Uy = a’Au IOpH yCNOBUAX Ulp—0 = Ule= = Uly—0 = uly= = 0,
ul=o = uo(z,y).

20.49. 1) Ae—(er/R)1t Jg (”g")

Jo( unr/R)
2) wg|l+2Y SRR,
) uo nzl pnJg (i)

J0XUTENbHBIE KOpHE ypasHeHus Jo(u) = 0;

aﬂn/R)zt:|’ rhoe Un (n = 1,2,) — IIO-
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2

X anp? _ 2 nT 1 R
3) ﬁ E —M e (apn/R) tJO (%)’ ap = m / 'ruo(’r) X
0

n=1 ki +h2R?
x Jo (HLRT) dr, rme pn, (n=1,2,3,...) — TONOXUTEIbHBIE KODHU yPaBHE-
must pJi(p) +hRJo() =0 (Y x a3 anne. I'paHndHBIE yCIOBUS UMEIOT
BUL |t]r=0| <00, (Ur + htt)|r=r = O.).

20.50. 1) (14 pf)~ (e "t + p2 sint — cost) Ji (uz);

2) (= 1)7H (et — e7) i ().

20.51. [uy 2t + pyt(e it — 1)] Jo(puar).

20.52. 1) (16p; e 4t/ 4 4u2t — 16p%) Jy (ur/Z );

2) e Hit/4 ], (,uk\/f)

§21. IIpyrue meronsl

21.1. Jloka3aThb, 4TO 33ma9a

Ust = QP Ugy, t>0, z > 0;
uli=0 =0, Ut|t=0 = 0, ulz=0 = g(t)
AMeeT eIMHCTBEHHOE PEIICHIE
0, T > at,
u(zr,t) =
(z,1) g(t—%), z < at,

ecim g € C? (t > 0), g(0) = ¢'(0) = ¢"(0) = 0.
21.2. JlokasaThb, 4TO 3a0a4a
Ust = QP Ugy, t>0, z > 0;
uli=0 = uo(z), Ut|t=0 = u1(x), Ulz=0 =0

nMeeT eMUHCTBCHHOE DEIlICHUEe
z+at

%[uo(x+at)+u0(x—at)]+% /tul(f)df, z > at,
u(z,t) = x;;:_m
%[uo(w+at)—u0(at—m)]+% t! ur(§)d¢, =z < at,

ecm ug € C%(z > 0), ug € C*(z > 0), uo(0) = u§(0) = u1(0) = 0.
Iloka3aTb, 9TO 3TO pEIIEHME MOXKHO MOIy4YuTb u3 GopMyisl amam-
6epa (c. 137), ecniu dyukmun ug(z) u u1(Z) DPONOIKUTH HEYETHBIM
obpasom misa x < 0.
21.3. Jloka3aThk, 4TO 33293
Ugt = AUy, t>0, z > 0;
ul—o =0,  wli=0=0,  Uzlo—o =g(?)

IMEET eMVHCTBEHHOE PEIIeHNe
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0, T > at,
t—z/a
—a / g(r)dr, =z < at,
0
ecm g € C (¢ > 0), g(0) = ¢'(0) = 0.
21.4. Moxa3aTh, YTO 33139

u(z,t) =

Ust = A Ugy, t>0, z > 0;
uli=0 = uo(z), Utlt—o0 = u1(x), Uy |e=0 =0
HIMeeT eIUHCTBEHHOE PEIIeHUe

( 1 1 r+at
a[uo(x—i-at)—i-uo(x—at)] + 2. / w1 (§)d¢, x> at,
1 z—at

u(z,t) = 3 [uo(z + at) + ug(at — z)] +
1 z+at at—x
+ o 0/ u (€) d€ + 0/ w(@)de|, z<at,
\

ecm ug € C?(z > 0), u; € C(z > 0), uy(0) = uj(0) = 0. Ioka-
3aTh, YTO HTO PELIeHNe MOXHO NOIy4IuTh u3 dhopmynsl Hamambepa, ecnu
byukuy ug(z) 1 u1(r) IPOKOIKUTEL YeTHBIM obpasoM st ¢ < 0.

21.5. Ioka3aTh, YTO 331394
Ugt = @ Uy, t>0, 0<z<l;
u|t:0 =0, ut|t:0 =0, u|z:0 = g(t), Ulz:l =0

nMeeT eMUHCTBCHHOE peIlICcHue
00

o) = 32 |7 (i £ - ) (o - )

n=0

ecim g € C? (¢ > 0), g(0) = ¢'(0) = ¢"(0) = 0.
21.6. IToxa3aTh, 9TO 331a4a

Upt = QP Ugy, t>0, O<z<l;
ult=0 = uo (), Ut|t=0 = u1(z), ulp=0 = 0, Ulg=1 =0
nMeeT €OMHCTBEHHOE DEIICHNE
z+at
u@,) = 3 [ie + at) +iio(z —at)] + o [ W(€)d,
r—at

rae Gyukuu Ug(x), U1(r) — HeueTHbIE, 2[-IEPUOANYIECKIE U COBIIAIAI0-
mme ¢ oyrkmuamu ug(z), ui(z) mpu 0 < z < [, ecmm ug € C2[0,1],
ur € C1[0,1], uo(0) = uo(l) = u1(0) = u1(l) = uf(0) = uf(l) = 0.
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B samauax 21.7-21.23 TpebyeTcs [OKa3aTh, UTO CYIIIECTBYET €OUHCT-

BEHHOE DelleHne IIOCTAaBIEHHON 3a0a4; HAUTU HTO pPeIeHNeE.
21.7. uy = a*uz,, t>0, z>0;
uli=0 =0,  Utli=0 =0,  (uz — Bu)|s=0 = g(t),
geC(t>0),  g(0)=g'(0)=0.
21.8. uy = a’ug,, t >0, > 0;
ult=0 = uo(T), utlt=0 = 0, (uz — Bu)|a=0 =0,
up € C% (z > 0), ug(0) — Bug(0) = 0.
21.9. uy = Uz, t>0, 0<z<I;
ult=0 = 0, utle=0 = 0, Ug|z=0 = (1), Ug|z=1 =0,
gelCt(t>0), g(0)=g'(0)=0.
21.10. uy = a’Uqy, t >0, 0< z <1;

uli=o = uo(x), Ut|t—o0 = u1(x), Uy |o=0 = 0, Ug|e=1 =0,

up € C*([0,1]), w1 € C*([0,1]),
ug(0) = w1 (0) = ug(l) = uy(l) = 0.
21.11. uy = a’Uqy, t >0, 0< z <]
uli=o = 0, Utl¢=0 = 0, ule=0 = g(t), Ug|z=1 = 0,
geC*(t>0), g(0)=g'(0)=g"(0) =0.
21.12. uy = a’uqz,, t>0, 0<z<;

uli=o = uo(x), Ut|t—o0 = u1(x), Ulp—0 = 0, Ug|o=1 =0,

ug € C?([0,1]), uy € C1([0,1)),
uo(0) = ug(0) = u1(0) = ug(l) = ui(l) = 0.
21.13. up = Uge, t >0, > 0;
uli—o = z2, Utlt=o = x, U|p—o = 1.

21.14. uy = 4ug, + 162, t >0, z > 0;

Ulpmo = %x‘*, Utlt—o = 2sinz, u|p—o = 4t*.
21.15. Yuy = Ugy, t >0, > 0;
uli—o = 272°,  Utlimo =0,  ufp—o = t°.

21.16. uy = Uy +2, £ >0, z >0

Ult=p = T + cosz, Utlt=0 = 1, Ug|e=0 = 1.
21.17. Ut = Ugy, t> 0, xr > 0,
ult=0 =T,  utlt=0 =1,  Ug|e=0 = cost.

18 Iloxm pexn. B. C. Bragumuposa
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21.18. uy = Qug, +ef, t >0, z > 0;

T
ult=0 = 1 + =z, Utlt=0 = 4 — 3cos 3 Ug|e=0 = 2 — cost.

21.19. uy = 3ug, +2(1 —6t2)e 22, t >0, x> 0;

uli—o = 1, Ut|i=0 = T, (uy — 2u)| gm0 = —2 + t — 422,
21.20. Uy = Ugy, t >0, > 0;
ult=o = 0, ut|t=o0 = 0, (ug + u)|z=0 = 1 — cost.
21.21. ugy = Uy +4, t >0, > 0;
ultmo = 1 —z, Ut|i=0 = 0, (ug + u)|p—0 = th.
21.22. Uy = Ugy, t >0, > 0;
uli—o = 22, Ut|t=0 = 0, (ug — u)|p—o = 2t — t2.
21.23. 1) uy = uge — 6, t >0, z > 0;
uli—o = 27, Uglt=0 = 0, (ut + 2ug)|e=0 = —4t;
2) up =4Auze +2, t>0, z>0;
Ultmo = 2 — z, Ut|i=0 = 2, (ug + 3uy)|p—0 = 3t — €.

21.24. Haiitr Hanbomnbiryo 0651acTh, B KOTOPO TOCTABIIEHHAS 33,03~
va, UMEeeT eNUWHCTBEHHOE PeIleHre, U HAUTKU 3TO PellleHne:

1) Utt = Uz

ult:0=$37 U’tlt:0=0 OSxS27 ’U,|m:0=t3, 0§t§27
2) Utt = Ugz;

uli—o =22, ugl—0 =0, 0<z<4, ul—3, =0, 0<z<1
21.25. IokasaThb, YTO 331343,

up = a?Au, t>0, |z > 1, z € R3,
uli=o = 0, Utl¢=0 = 0, Uljp|=1 = 9(t)
HIMeeT eIUHCTBEHHOE PEIIeHUe
0, |z| > 1+ at,
u(x,t) = 1 1-—
(2,2) mg(t+ lw'), 1< |z| <1+ at,

ectm g € C?(t > 0), g(0) = ¢'(0) = ¢"”(0) = 0. MokazaTs, uTO €c-
mu g(t) — owanTHAS DyHKUIUM, TO u(Z,t) = 0 musa M060ro0 GUKCUPOBAH-
HOro z, |z| > 1, mpu moctarouno Gombimx t. B ciyuae, xorma g(t) # 0
mpu 0 < ¢t < T, ¢g(t) = 0 upu ¢t > T, HaliTu MOMEHT BpEMEHH t,, B
KOTODHI uepe3 TOUKy z, |z| > 1 npoiner 3anHuil GPOHT BOIIHEL
21.26. HaiTu perrenue 3amadn
ug = a’Au, t>0, |z| > 1, z € R3;

ult=0 = a(|z]), utlt=o0 = B(|zl), U||x|:1 =0,
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roe a(r) € C2(r > 1), B(r) e C*(r > 1), a(l) =0, a"(1) + 2a/(1) =0,
B(1) = 0. Hokasars, uro ecmu dyukuuu «r) u [(r) ¢uauTHBE, TO
u(z,t) = 0 mua moboro ¢ukcupoBaHHOro Z, || > 1, mpum mocTaTouHO
OompImuX t.

21.27. HaiiTu pelieHune 3ama4u

uy = Au, t>0, |z| > 1, z € R3;
0
ult=0 =0,  utft=0 =0, % o=t g9(t),

rae g € C*(t > 0), g(0) =g¢'(0) =0.

IokaszaTb, uTo eciu g(t) — GuHUTHAA QYHKIU, TO CYIIIECTBYET TAKasd
dyukuus c(z), aro |u(z,t)| < c(z)e”t, a nua toro uTobur u(z,t) = 0
IUIsL KaXKIOro (MKCUPOBAHHOIO z, |z| > 1, mpm mocraTrodHo Gonbuiux i,

(o]

HEOOXOOUMO U HOCTATOYHO, ITOOBI / etg(t)dt = 0.

0
21.28. Haittu pemenue 3amadan

Ut = AU,, t> 0, |1’| > ]., S Rg;
ou
ult=o0 = a(|z]), utt=o0 = B(|z|), n e|=1 =V,

rnea € C*(r>1), peCt(r>1), o'(1)=p(1)=0.

HokasaTb, uto ecnu byukumu «(r) u 3(r) GUHUTHBIE, TO CYIIIECTBYET
Takas dyrkmmsa c(z), aro |u(z,t)| < c(r)e™, a mis Toro aTobwLr u(T,t) =0
IUIs KaXKIOro (GUMKCUPOBAHHOIO z, |z| > 1, mpu moctaToudo Gosnbuiux i,

o
HEOOXOMUMO 1 HOCTATOYHO, UTOOKI / re’la(r) — B(r)]dr = 0.

21.29. Pemmuth 3ama1y 0

uy = Au, t >0, |z| > 1, z € R®;
0
ult=o = 0, Utlt=0 = 0, (ku + %) o =g(t), k = const.

Pemwuts 3amaun 21.30-21.36.
21.30. u; = a®uy, + f(z,t), t >0, z > 0;

ult=0 = uo(z), U|g=0 = 0.
21.31. us = a®ugy, t >0, > 0;

ult=o0 = 0, ulz=0 = g(t).

21.32. u; = a®ugy, t >0, > 0;

U|t=0 = up(z), Ug|e=0 = 0.
21.33. u; = a®ugy, t >0, > 0;

U|t:0 =0, ua:lx:O = g(t)‘

18*
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21.34. us = Uge, t >0, > 0;
ult=o =0, (u — ug)|z=0 = g(t).
21.35. u; = a®ugg, t >0, z > 0;

U|t=0 = uo(z), (ug — hu)|z=0 = 0, h > 0.
*u | ' .
21.36.W+w—0,t>0,$>0, i
ou 0°u
w|t=0 = up(z), By = 0, U|e=0 = g(t), gyl M 0.

21.37. Pemuth 3am0a4ay
ug = () Uge, t>0, z # 0,
roe a(z) = a npu z < 0, a(z) = b upu z > 0;

U|t:0 = 0(33)7 ulx:—O = Uf|a::+07 Ux|a::—0 = kum|m:+0-

OrBetnl k §21

t—z/a
21.7. 0 opu z > at; —aeP@—at) / ePTg(T)dr npu z < at.
0
21.8. % [uo(z + at) + uo(z — at)] upu z > at;
at—x
% [uo(z + at) + uo(at — )] — Bel@—at) / ug(€) e%$d¢ mpu z < at.
0
> oz 2nly z  2(n+1)I .
219. 3 [f (t-2-2) - p(e+ 22220 )] rre f(z) = 0
T
opu z <0, f(z) = —a/g(T)dT mpu z > 0.
1 0 z+at
21.10. 3 [Go(z + at) + Up(z — at)] + 2a / U1 (€) d¢, rme dyukIwMM

z—at
Uo(x), U1 (z) wernble, 2l-nepuonuveckue u COBHANAIOUIME C (YHKIUIMU
uo(z), ui(z) mpum 0 <z <I.
o0
21.11. Y (-1)» [g (t - 2’—”) +§(t +Z- M)] g(t) =0,
n=0 a a a a

t<0, gt) =g(t), t>0. ot
21.12. %[ﬂo(z‘—i-at) + ug(z — at)] + % / w1(€) d¢, rme dyukimn

z—at
to(x), U1 (z) medernsie, coBmamaromme ¢ GyHkumamu ug(x), ui(z) nopu
0<z<I, aug(z—1), ui(x — 1) —uerHse pysxuun.
21.13. 2% + xt + 2.
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21.14. 44 + 4222 + Lot +sin 2 sinz.

21.15. 9zt% +272% npu = > %t; t3 +27tz? mpu = < %t.
21.16. =+t + 1% + cos cost.

21.17. x4+t upu z >t; 2t+sin(zx —t) opu z < t.
21.18. z + 3t +ef — 3sint cos % opu z > 3t;

2z + et — 3cost sin % mpu z < 3t.

21.19. 1+ zt + t2e~ 22,

21.20. 0 mpu z>t; 1—%6*’”—%[sin(m—t)—i—cos(x—t)] npu z < t.

21.21. 1— 2 +2% npu > t; 2t2—t—%(m—t)2+et_”” mpu = < £

21.22. o° +#°.

21.23. 1) 2% — 2t%

2) 242t —x + 1% mpu z > 2t; xt—ix2+2et_z/2 npu < 2t.

21.24. 1) 22 + 322 mpu 0 <z +t<2,0<z—t < 2; 32%t + ¢
mpu 0<z+1t<2, -2<z—-t<0;

2) 22 + 621> mpu 0 <z +t<4,0<z—t<4; (z+1t)°>+8(z—1)3
mpu 0 <z+t<4, —-2<z—-t<0.

21.25. tz=T+|””|T_1.

1

21.26. 5 (2] + at) a(jz] + at) Jrlz(llﬂt— at) a(|z| — at)] +
e [at €A e mpu [a] > 1+ at;

sy (el + at) a(lal +at) - 2 - ol ) a2 - el + )
2a1|$|2 J Ok 1<l <1

t+1—|z|

me"”' —t-1 / e"g(r)dr mpm 1<|z|<1l+t.
0

21.28. [(|x|+t) a(lz| +t) + (2| = t) a(|z| — )] +
|z|+t
Tl / ¢B(&)dé mpm x| > 1 +1;
== | lelt
o |[Ia:|+t) olzl+8)+ @ |zl +8) a2 |zl + O]+ 5 ", |{|+t£ﬁ §)d¢ -

2—|z|+t

i |e|z| —t=2 / Eetla(é) —B(&)]d¢ mpm 1< |z| <1+t
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21.29. 0 opu |z| > 1+t
t+1—|z|

%e(’“"’l)('z'_t_l) [ e®rg(nydr mpr 1<a] <1+t
0

ol {orp (~ L2 - exp (-2 b g+
0

(X)) (@—¢)’ (@ +9)°
* SavE 0/0/ T—1 {eXp <_ 12t - T)> TP <_ 2a2(t - T)>} dt dr.

S
én—n
3

2av/7t 4a?t
t
_a [9tt=1) _=
21.33 ﬁo/ NG exp{ WT}
1 fglt—1) _,»
_ - —22/(4r1)
21.34. -~ / = dr +
0 9 t [ee] )
+ \/—_e“?/g(t —T7)e’ / e~ dadr.
™
0 VT+a/(2V7T)

IS

0o (22 o (52E2)

0 2
—2h / exp (—% — hn) dn}df.
0

o0
21.35. — . /
0

1 7 (x—&>2 =« (z+€)? =
21.36. 2m!u0(£){cos[ 7 _Z]_ [ o —Z]}df-l-
x (t—1) 2 7
ey L cos (7‘2) dr
2ka T e .
21.37. m / e € dg npu < 0,

—z/(2avt)
z/(2bV%)

ka 2b 2
—¢
b+ka{1 ka\/m 0/ € df} npu  z > 0.




HJomomueHUeE

IIPUMEPHI PEIIIEHNN HEKOTOPBIX
TUIIOBBIX 3AI0AY

§1. Meron xapakTepUCTUK

3amauga 1. Haiitu pemenue sanaun Komm miis ypapHeHMS
2
y2uzy T+ Uyy — ;uy =0 (1)

B IOJIYIFIOCKOCTH > (), yIOBIETBOPSIOIIEE HAYAJILHBIM Y CIIOBISIM
Uly=1 =1-u1, Uyly=1 = 3. (2)

Pemenne. Cuauana naiimem obiee pernenue ypapuenus (1) B
nonymiockoctu y > 0. s sToro mpusemeMm ypasuenue (1) x xaHOHH-
JeckoMy Bumy. XapakTepuctmaeckoe ypaprerne —y2dz dy + (dz)? = 0
pacmagaercs Ha nBa ypaseenus dr = 0, —y2dy + dz = 0, m1a KOTOPBIX
z = C, 3z —y® = C spnsoTcs obummy nHTerpaiaMu. CIeIoBaTeNbHO, B
ypasrernu (1) HYXHO CIeNaTh 3aMeHy MepeMeHHBX & = x, 1 = 3z — y°.
Torna uy, = —3y2u,, Uzy = —3y>ue, — YUy, Uyy = 9ytuy,, — 6yu, u
ypaBreHue (1) IPHBONNTCS K KAHOHUYECKOMY BULY Ugy = 0. MHTErpupys
5T0 ypasHerue, HaxomaM u = f(&) + g(n) = f(z) + g(3z — y3).

Temnepsb BOCTIONB3yeMCsl HAUAIBHBIME yCIOBUAME (2):

f@) +9Bz—-1)=1-u,
—3¢9'(3z — 1) = 3.

Pewas sty cucremy, nonyuaem f(z) = 2z + C, g(x) = —z — C. Cneno-
BaTeNBHO, perenneM 3anaun (1), (2) seusercs dyHKIms

u(z,y) =22 +C+ (-3z+y> - C), t.e u(z,y) =1z

3anmaua 2. HaiTu perrenve 3anaau I'ypca nist ypaBHeHuUS

Uz + gy — dUyy — Uy + Uy =0 (1)
BO BC€il INIOCKOCTH, YIOBJIETBOPSIIOLIEE Y CIOBISIM
— z —
uly:4x - 5«7/' +e 5 U/|y:—x - ].. (2)

Pemenne. Haiinem obiee pemenne ypasuenus (1). Xapakrepuc-
tuueckoe ypasrerue (dy)? — 3dzdy — 4(dz)? = 0 pacmamaeTcs Ha nBa
ypaBHeHuss dy +dxr =0, dy—4dr =0, mna xoropex y+z=C),
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y — 4z = C ABRAIOTCS OOIIMMU MHTErPAJIAMA. 3aMEHOU ePEMEeHHBIX & =
y+x, n =y — 4z ypaBuenue (1) IPpUBOOUTCA K KAHOHUYECKOMY BULY

Ugy — 5 Uy = 0. InTerpupys 5T0 ypaBHeHNE, HAXOOUM

u=f(n)e " +g(&) = fly —42) eV 1 g(y + ).
Bocnonbsyemes ycnoBusivu (2):
f(0)e " 4+ g(bz) = 5z + €7,

f(=52) +9(0) = 1.
Pewas sty cucremy, moayuaem f(z) = 1 — g(0), g(z) = z + e
— £(0) e=*/5. CnenosarensHo,

w(z,y) =[1—g(0)] e FHV/5 4o 4y 4 V5 _ f(0) e~ (@H0)/5,
YuureBas, uro u3 cucremsl (3) mpu £ = 0 cienyer pasenctso f(0) +
+¢(0) = 1, okoruarenbHO HaxonuM pernenue 3anaan (1), (2): u(z,y) =

3anaua 3. HaiiTu pelienue cMeNIaHHON 33034 UL YPABHEHUS

Ut — 4:U,xw = 6zt (1)
B obnactu x > 0, ¢t > 0, yIOBIETBOPSIOIIIEE YCIOBUSIM

3)

z/5 _

uli=o = z°, utt=0 = 0, Ula=o = t°. (2)
Pemenue. O6uee pemenne ypasuenus (1) umeer Bun u(z,t) =
= f(z +2t) + g(z — 2t) + zt3. U3 ycnosmit (2) momyuaem

f(z) + g(z) = 2, z >0,
f'(@) —g'(z) =0, z >0, 3)
f@2t)y+g(=2t)=¢>, t>0.

3 mepBLIX OByX ypaBHEHWI 5TON CUCTeMBI HaxomuM f(z) = %x?’ +C,

g(z) = %x3 — C, z > 0. lloncrasnsas naitnennywo Gyuxkuuio f(z) B Tpe-
The ypaBHeHue cucTeMsl (3), momyuaem g(x) = %:1:3 —C, z <0. Caeno-

BaTeIbHO, pemenneM 3anaun (1), (2) asnsercs GyHkims

%(m+2t)3+%(x—2t)3+xt3, z > 2t,

u(z,t) = . 3
5 (z +2t)° + 3 (z =2t +at3, =z <2t
3anaua 4. HaiiTu pelenne cMeNIaHHON 33034 UL YPABHEHUS
Ut — 9um = 2 (1)

B obnactu x > 0, ¢t > 0, yIOBIETBOPSIOIIIEE YCIOBUSIM

U’|t=0 =z+ 3737 U't|t:O = _93727 (u— Ux)|ac:0 =t> -1 (2)
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Pemenune O6mee pemenne ypasuenus (1) umeer Bun u(z,t) =
= f(z + 3t) + g(z — 3t) + t2. U3 ycnosmit (2) momyuaem

f(z) + g(z) =z + 2, z >0,
3f'(z) — 3¢'(z) = 922, z >0, 3)
f(3t) +g(=3t) - f'(8t) —g'(=3t) = -1, ¢t >0.
. . 1
W3 mepBbix mByX ypaBHEHWIT 3TOR cucTeMbl HaxomuMm f(x) = 3T + C,
g(z) = %x + 23 — C, z > 0. Honcrasnas Haiinennyo dyHkmmo f(z) B
TpeThe ypaBHenue cucteMsl (3), momyuaem ¢'(z) — g(z) = C + % — %:L‘,

orkyna g(z) = Cie* + %:L' — C, r < 0. U3 ycnoeus HENPEPBEIBHOCTH
¢yuxumn g(z) npu z = 0 mvaxomum C; = 0, T.e. g(z) = %x —-C, z<0.
CrenoBaTenbHo, petennem 3anaan (1), (2) asnsercs GyHKws
(z —3t)2 +z+1t2, z>3t,
u(z,t) =
x + 12 z < 3t.

§2. MeTon pa3snesieHUs MEePEeMEHHBIX

3anmaua 5. PemnTh cMemannyio 3a0a4y 0iisi HEOMHOPOMSHOIO yPaBHE-
HUS TUIEPOOIMIeCKOTO THUIIA,

Ut — Ugy = 21, O<zr<l, t>0 (1)
[pPH HAYAIBHEIX YCIOBUIX
uli=o = 0, Utlt—0 = T (2)

U I'PAHUYHBIX yCJIOBUAX
u|z:0 = 0, uzlz:l =1. (3)
Pemeunue. Ilonbepem cuHauama Takyio (QYHKIUO w, ITOOBL OHA
yIOBIIETBOpsIa TpaHnuHbiM ycioBusMm (3). IlycTs, manpumep, w = zt.
Torma wy —Wey =0, wli—o =0, w¢|t—o =2z. CnemoBarenbro, GyHKIWS
v(z,t) = u(z,t) — zt (4)
YIOBIIETBOPSIET YPABHEHUIO

Vit — Upp = 2t, (5)
OLHOPONHBEIM I'DAHUYHBIM YCIIOBUSIM
V]z=0 =0, Vgl|z=1 =0 (6)
U HYJIEBBIM HAYAJBHBIM YCIIOBUAM
U|t:0 =0, ’Utltzo =0. (7)
IIpumensas MeTOR pa3meneHus NEPEMEHHBIX [JIs DELIeHUs OLHOPOLHOI'O
YDaBHEHUS Uy — Uy, = 0 mpu ycnoBusax (6), (7), momoxum v(z,t) =

= X (z) T(t). Hpuxonuwm x cuenytoweir 3anade llrypma—Iluysussa:
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X"(z) + XX = X(0)=0, X'(1)=0.
Pemas sty 3amauy, HaxonuM ee COOCTBEHHBIE 3HAUEHUS A\, = E + mn,
n=0,1,2,..., 1 COOTBEeTCTBYIOIINE COOCTBEHHEIE DYHKIIUU
Xn(z) =sin A, 2. (8)
Pewenue 3anaun (5)—(7) uwem B Bume psana,
oo
v(z,t) = Z T,(t) sin Az, 9)
n=0
roe
Moncrasnas v(z, t) u3 (9) B (5), nonyuaem
o0
D (TU () + AT (t)) sin Az = 2t. (11)
n=0

s maxoxnenus dyukuuit 1), (¢) pasnoxum dyukuuio 1 B pan Pypoe
no cucreme pyukimit (8) ua uarepsase (0,1):

1= Z ap, sin A, z. (12)
Tax xax n=0
/sin2 Az dr = %, TO @y = /sin)\na:dm = /\%,
0 0
u u3 (11) u (12) nomyuaem
Ty (1) + N T(t) = 1 (13)
O61ee pemrenue ypaBHeHI/IH (13) “MeeT BUI .
Tn(t) = )\—3 + Asin A\t + B cos A,t.
Ucnonpsys yenosue (10), momygaem B = 0, A = —4/\%. Tloncrasmsas
nm:%—%th

B dopmyny (9) m ucnombsys (4), HAXOOUM HCKOMOE DeEILEHVE 3aa-
qm (1)—(3):
U —wt+42 )\4 Ant — sin A, t) sin A\, z,
0
roe A\, = % + ™. "=
3amaua 6. PemuTh cMemranuyo 3a0a4dy s HEOMHOPOMHOTO yPaBHE-
HUS TApabOIMIECKOTO TUTIA
Ug — Uge = t(x + 1), 0<x<l, t>0 (1)
P HAYAJIBHOM yCIIOBAN
ul=0 =0 (2)

" T'PAHUYHBIX yCJIOBUAX
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uzlz:O = t2a ulz:l = tz- (3)

Pemenue ®Pyuknua w = £t yIOBIETBOPSIET KPAEBEIM YCIOBH-
aM (3), YPABHEHUIO Wi — Wy, = 221 ¥ HAYAJIBHOMY YCJIOBUIO W|i—g = 0.
ITosTomy dyuKIIMIS

v=u—zt’ (4)
VIOBJIETBOPAET YPABHEHUIO
Ut — Ve = (1 — 1)t (5)
7 yCIIOBUAM
vlt:O =0, 'Uazlx:O =0, 'U|a7:1 =0. (6)

IIpumenss MeTon pasneneHns ePEeMEHHBIX ISl PEIIEHNs OMHOPOLHOIO
YDaBHEHUS Uy — Uy, = 0 mpm ycnoBusx (6), momoxum v = X(z)T(t).
Monyunm 3anagy Hltypma—Ilnysumis

X"(z)+XX(z)=0, X' (0)=0, X(1)=0,

COOCTBEHHBIMU 3HAUEHWSMU KOTODOR SIBISIOTCS YUCIA A, = g + mn,
n=0,1,2,..., a cobcTBeHHBIMU QYHKIUIMUA — (DYHKIIAA
Xn(z) = cos \pz. (7
Pemenne sanaun (5), (6) uiem B Buze
o0
v(z,t) = Z Tn(t) cos A\p. (8)
n=0
IMoncrasnas v(x,t) us (8) B ypasuenue (5), momyyaem
oo
D (T(t) + A2Tu(t)) cos Az = (1 — z)t. (9)
n=0

Pasmoxum dyukumio 1 — x B pan Pypoe mo cucreme byukumii (7) Ha
nuTepsasne (0,1):

o0
1—z= Z Gy COS AR . (10)
Tak xax L =0
2
an = 2/(1 —x) cos \prdr = 3
0
To u3 (9) u (10) Haxonum
2t
T (t) + N2T(t) = VR (11)
Pemtennem ypasuenus (11) npu ycnosuu T, (0) = 0 sBasercs dyHKIus
T, (t) = 20,8 (et + A2t — 1). (12)

Ws (4), (8) u (12) maxonum pemenne 3amaun (1)—(3):

oo
u=at? +2) A (et + X2¢ — 1) cos Anz,
T n=0
roe A\, = 5 + mn.
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§3. MHTerpanbHble yPaBHEHUS C BHIPOXIEHHBIM SAPOM

3amaua 7. PemmuTh mHTErpajbHOE ypaBHEHUE

o(x) :)\/(a:siny+ycos:1:) o(y)dy +asinz + bz (1)
[IPY BCEX IOIYyCTUMBIX 3HAUEHUSX a, b, .

Pemenue O603maunM
v

C = /siny'w(y) dy, Cor = /yso(y) dy; (2)
Torga ypasaenne (1) mpumer Bup

p(z) = AC1z + AC2 cosz + asinz + bz. 3)
W3 (2) u (3) momyuaem
C, = / siny (AC1y + A\C> cosy + asiny + by) dy,

-7

™
Cy = / y(ACry + AC3 cosy + asiny + by) dy,
—T
OTKYla HAXOMUM
Cy = )Cy - 27r + am + 27b,

3 4)
Cy = )\Cl——i-a 27T+b—.

Cucremy (4) 3anuiiem B CIELYIOLIEM BULE:

C1(1 =27 )\) =ar + 2mb,

5
—)\—Cl+02—2a71'+27rTb )

Omnpenenurens A(X) cucrems! (5) paser A(A\) = 1 —27A. Eciim A(X) # 0,

T.e. A ;é , TO cucTeMa, (5) UMeeT eNUHCTBEHHOE DEIeHUe [IPY JIFOOBIX a
u b: 3 3
am + 27b 2> Aam + 27b) 27°b
= - =" 712 .
G=Tn @ 31 —2ry) 0Tt (6)

. 1
Moncrasnas C; u Cy u3 (6) B (3), Hatimem npu x # 3, CAMHCTBEHHOE
™

pellleHne MHTErpabHOro ypasserus (1).

IIycts A = i , Torna cucreMa (5) mpuMeT BUI
C1-0=(a+2b)m,
27r3b (7)

——Cl+02—2a71'+

Cucrema (7) UMeeT peleHne TOTOA U TOIBKO TOTAA, KOTA BBITIOIHSIETCS
ycioBue
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a+2b=0. (8)
Y cmoBue (8) SIBIIIETCSI HEOOXOONUMBIM U NOCTATOUYHBEIM YCIIOBUEM Dpa3pe-

1
muMocTu ypaBaenus (1) mpu A = o 3mechb 5. — XApaKTepUCTUIECKOe
7T
YICJIO MHTErPAJILHOTO YPABHEHUS

pr) =X /(:L' siny + y cosz) p(y) dy.
OO6111ee perieHre OTHOPOMHON JTMHEHHON CUCTEMBI
C1-0=0,

2
—%01+02:0,

COOTBETCTBYOIIEH cucreMme (7), UMeeT BUL
~ ~ g2
C]_ - C, 02 - ? C,
roe C' — IPOU3BOJIBHAS IIOCTOSHHAS.

B xauecTBe 4yacTHOro pereHus CUCTEeMsL (7) MOXHO B3STh

a7r3

C:?:O, CZOZQGW_T.

ITosTomy obrree perenve cucreMs! (7) uMeeT BUL
2 2
C, =0, 02:%C+a7r(2—%). 9)
Ioncrasnas C; u Cs u3 (9) B (3), Hallmem Bce pemreHus: ypasHenus (1)

npu A = L mpu ycaoBun (8). OTU PEIIeHnsT MOXKHO 3aMUCATh POPMYIIOn

2
2 2
p(r) = (A— %)x+ [ATﬁ +a(1 - %)] cosz + asinz,

rmoe A— IIPpOU3BOJIbHAA ITIOCTOAHHAA.

§$ 4. BapumanmoHuble 3amadyn

3amaga 8. Haiitu MurEMYyM QYHKIMOHAIA

I(w) = / [|gra,dv|2 + 3—”] dzi dzs (1)
P z3 + 3

cpenu GyHKIMMA, TPUHAIIEKAIAX KIACCY ¢ Y@G), roe G = {1 < |z| < 3},
z = (1, 22)-

OP emenune. M3BecTHO, UTO CymecTByeT (GyHKIUA vo(r1,%2) €
€ CY(G), naromas murumym dyrkuunonany (1). Oynkuus vo(z) asnsercs
PelIeHreM KDPAeBOU 3a0a91

Au ==, Uljg|=1 = U|z|=3 = 0;

3allACaB JIAIVIACUAH B IIOJIAPHBIX KOODAWHATAX, IIOJIyYUM
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(rur)l =2, Uf||z|:1 = u||z|:3 =0. (2)

. 4
Perenuem xpaesoii 3anaun (2) ssisercsa yskmms vg = 2(r—1)— o3 Inr.
Tax xak vy He 3aBUCHUT OT (p, TO
4 1Y
=(2-54)-
In3 r

dvo |
I(vg) = //{(2—%%)2+ [S(r—l)—%lnr] l}rdrchp:
01

or
2 16 16 1 16
:27r/< —+8r—8——lnr)dr:
In3
1

lgradvo|* =

In3 In23 r
: 16 16 1 1
:2”/<12r_ﬁ_8+1n23?_1 3 )dr_327r<ln3 1)'

Urak, munumym dyskimonana (1) pasen 327 ( )
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