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Preface

The name of the game

Jacobi operators appear in a variety of applications. They can be viewed as
the discrete analogue of Sturm-Liouville operators and their investigation has many
similarities with Sturm-Liouville theory. Spectral and inverse spectral theory for
Jacobi operators plays a fundamental role in the investigation of completely inte-
grable nonlinear lattices, in particular the Toda lattice and its modified counterpart,
the Kac-van Moerbeke lattice.

Why I have written this book

Whereas numerous books about Sturm-Liouville operators have been written,
only few on Jacobi operators exist. In particular, there is currently no monograph
available which covers all basic topics (like spectral and inverse spectral theory,
scattering theory, oscillation theory and positive solutions, (quasi-)periodic opera-
tors, spectral deformations, etc.) typically found in textbooks on Sturm-Liouville
operators.

In the case of the Toda lattice a textbook by M. Toda [230] exists, but none
of the recent advances in the theory of nonlinear lattices are covered there.

Audience and prerequisites

As audience I had researchers in mind. This book can be used to get acquainted
with selected topics as well as to look up specific results. Nevertheless, no previous
knowledge on difference equations is assumed and all results are derived in a self-
contained manner. Hence the present book is accessible to graduate students as
well. Previous experience with Sturm-Liouville operators might be helpful but is
not necessary. Still, a solid working knowledge from other branches of mathematics
is needed. In particular, I have assumed that the reader is familiar with the theory
of (linear) self-adjoint operators in Hilbert spaces which can be found in (e.g.)

xiii



xiv Preface

[192] or [241]. This theory is heavily used in the first part. In addition, the reader
might have to review material from complex analysis (see Appendix A and B) and
differential equations on Banach manifolds (second part only) if (s)he feels (s)he
does not have the necessary background. However, this knowledge is mainly needed
for understanding proofs rather than the results themselves.

The style of this book

The style of this monograph is strongly influenced by my personal bias. I
have striven to present an intuitive approach to each subject and to include the
simplest possible proof for every result. Most proofs are rather sketchy in character,
so that the main idea becomes clear instead of being drowned by technicalities.
Nevertheless, I have always tried to include enough information for the reader to
fill in the remaining details (her)himself if desired. To help researchers, using this
monograph as a reference, to quickly spot the result they are looking for, most
information is found in display style formulas.

The entire treatment is supposed to be mathematically rigorous. I have tried to
prove every statement I make and, in particular, these little obvious things, which
turn out less obvious once one tries to prove them. In this respect I had Marchenko’s
monograph on Sturm-Liouville operators [167] and the one by Weidmann [241] on
functional analysis in mind.

Literature

The first two chapters are of an introductory nature and collect some well-
known “folklore”, the successive more advanced chapters are a synthesis of results
from research papers. In most cases I have rearranged the material, streamlined
proofs, and added further facts which are not published elsewhere. All results
appear without special attribution to who first obtained them but there is a section
entitled “Notes on literature” in each part which contains references to the literature
plus hints for additional reading. The bibliography is selective and far from being
complete. It contains mainly references I (am aware of and which I) have actually
used in the process of writing this book.

Terminology and notation

For the most part, the terminology used agrees with generally accepted usage.
Whenever possible, I have tried to preserve original notation. Unfortunately I had
to break with this policy at various points, since I have given higher priority to
a consistent (and self-explaining) notation throughout the entire monograph. A
glossary of notation can be found towards the end.

Contents
For convenience of the reader, I have split the material into two parts; one

on Jacobi operators and one on completely integrable lattices. In particular, the
second part is to a wide extent independent of the first one and anybody interested
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only in completely integrable lattices can move directly to the second part (after
browsing Chapter 1 to get acquainted with the notation).

Part I

Chapter 1 gives an introduction to the theory of second order difference equa-
tions and bounded Jacobi operators. All basic notations and properties are pre-
sented here. In addition, this chapter provides several easy but extremely helpful
gadgets. We investigate the case of constant coefficients and, as a motivation for
the reader, the infinite harmonic crystal in one dimension is discussed.

Chapter 2 establishes the pillars of spectral and inverse spectral theory for
Jacobi operators. Here we develop what is known as discrete Weyl-Titchmarsh-
Kodaira theory. Basic things like eigenfunction expansions, connections with the
moment problem, and important properties of solutions of the Jacobi equation are
shown in this chapter.

Chapter 3 considers qualitative theory of spectra. It is shown how the essen-
tial, absolutely continuous, and point spectrum of specific Jacobi operators can
be located in some cases. The connection between existence of a-subordinate solu-
tions and a-continuity of spectral measures is discussed. In addition, we investigate
under which conditions the number of discrete eigenvalues is finite.

Chapter 4 covers discrete Sturm-Liouville theory. Both classical oscillation and
renormalized oscillation theory are developed.

Chapter 5 gives an introduction to the theory of random Jacobi operators. Since
there are monographs (e.g., [40]) devoted entirely to this topic, only basic results
on the spectra and some applications to almost periodic operators are presented.

Chapter 6 deals with trace formulas and asymptotic expansions which play a
fundamental role in inverse spectral theory. In some sense this can be viewed as an
application of Krein’s spectral shift theory to Jacobi operators. In particular, the
tools developed here will lead to a powerful reconstruction procedure from spectral
data for reflectionless (e.g., periodic) operators in Chapter 8.

Chapter 7 considers the special class of operators with periodic coefficients.
This class is of particular interest in the one-dimensional crystal model and sev-
eral profound results are obtained using Floquet theory. In addition, the case of
impurities in one-dimensional crystals (i.e., perturbation of periodic operators) is
studied.

Chapter 8 again considers a special class of Jacobi operators, namely reflec-
tionless ones, which exhibit an algebraic structure similar to periodic operators.
Moreover, this class will show up again in Chapter 10 as the stationary solutions
of the Toda equations.

Chapter 9 shows how reflectionless operators with no eigenvalues (which turn
out to be associated with quasi-periodic coefficients) can be expressed in terms of
Riemann theta functions. These results will be used in Chapter 13 to compute
explicit formulas for solutions of the Toda equations in terms of Riemann theta
functions.
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Chapter 10 provides a comprehensive treatment of (inverse) scattering the-
ory for Jacobi operators with constant background. All important objects like re-
flection/transmission coefficients, Jost solutions and Gel’fand-Levitan-Marchenko
equations are considered. Again this applies to impurities in one-dimensional crys-
tals. Furthermore, this chapter forms the main ingredient of the inverse scattering
transform for the Toda equations.

Chapter 11 tries to deform the spectra of Jacobi operators in certain ways. We
compute transformations which are isospectral and such which insert a finite num-
ber of eigenvalues. The standard transformations like single, double, or Dirichlet
commutation methods are developed. These transformations can be used as pow-
erful tools in inverse spectral theory and they allow us to compute new solutions
from old solutions of the Toda and Kac-van Moerbeke equations in Chapter 14.

Part 1T

Chapter 12 is the first chapter on integrable lattices and introduces the Toda
system as hierarchy of evolution equations associated with the Jacobi operator via
the standard Lax approach. Moreover, the basic (global) existence and uniqueness
theorem for solutions of the initial value problem is proven. Finally, the stationary
hierarchy is investigated and the Burchnall-Chaundy polynomial computed.

Chapter 13 studies various aspects of the initial value problem. Explicit for-
mulas in case of reflectionless (e.g., (quasi-)periodic) initial conditions are given in
terms of polynomials and Riemann theta functions. Moreover, the inverse scatter-
ing transform is established.

The final Chapter 14 introduces the Kac van-Moerbeke hierarchy as modified
counterpart of the Toda hierarchy. Again the Lax approach is used to establish
the basic (global) existence and uniqueness theorem for solutions of the initial
value problem. Finally, its connection with the Toda hierarchy via a Miura-type
transformation is studied and used to compute N-soliton solutions on arbitrary
background.

Appendiz

Appendix A reviews the theory of Riemann surfaces as needed in this mono-
graph. While most of us will know Riemann surfaces from a basic course on complex
analysis or algebraic geometry, this will be mainly from an abstract viewpoint like
in [86] or [129], respectively. Here we will need a more “computational” approach
and I hope that the reader can extract this knowledge from Appendix A.

Appendix B compiles some relevant results from the theory of Herglotz func-
tions and Borel measures. Since not everybody is familiar with them, they are
included for easy reference.

Appendix C shows how a program for symbolic computation, Mathematica®,
can be used to do some of the computations encountered during the main bulk.
While I don’t believe that programs for symbolic computations are an indispens-
able tool for doing research on Jacobi operators (or completely integrable lattices),
they are at least useful for checking formulas. Further information and Mathe-
matica®notebooks can be found at
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Chapter 1

Jacobi operators

This chapter introduces to the theory of second order difference equations and
Jacobi operators. All the basic notation and properties are presented here. In
addition, it provides several easy but extremely helpful gadgets. We investigate the
case of constant coefficients and, as an application, discuss the infinite harmonic
crystal in one dimension.

1.1. General properties

The issue of this section is mainly to fix notation and to establish all for us relevant
properties of symmetric three-term recurrence relations in a self-contained manner.

We start with some preliminary notation. For I C Z and M a set we denote
by £(I, M) the set of M-valued sequences (f(n))ner. Following common usage we
will frequently identify the sequence f = f(.) = (f(n))nes with f(n) whenever
it is clear that n is the index (I being understood). We will only deal with the
cases M = R, R?, C, and C2. Since most of the time we will have M = C,
we omit M in this case, that is, ¢(I) = ¢(I,C). For N1, Ny € Z we abbreviate
U(N1,N3) = L({n € Z|N; < n < Na}), £(N1,00) = {({n € Z|N; < n}), and
{(—o00, N2) = £({n € Z|n < Na}) (sometimes we will also write ¢(N3, —o0) instead
of £(—o0, N3) for notational convenience). If M is a Banach space with norm |.|,
we define

(I, M) = {f € (I, M)| Y _|f(n)]" <o}, 1<p< oo,
nel
(1.1) (I, M) = {fEE(I,M)|SL£|f(n)|<oo}.

Introducing the following norms

1/p
(1.2) 1fllp = (Zlf(n)|p> , 1<p<oo,  [flle= §z5>|f(n)|,

nel

makes ¢P(I, M), 1 < p < oo, a Banach space as well.

OJI



4 1. Jacobi operators

Furthermore, ¢o(I, M) denotes the set of sequences with only finitely many
values being nonzero and ¢/ (Z, M) denotes the set of sequences in ¢(Z, M) which
are P near o0, respectively (i.e., sequences whose restriction to £(+N, M) belongs
to P(£N, M). Here N denotes the set of positive integers). Note that, according
to our definition, we have

(1.3) Co(1, M) C (I, M) C LI, M) CL>(I,M), p<gq,
with equality holding if and only if I is finite (assuming dim M > 0).

In addition, if M is a (separable) Hilbert space with scalar product (.,..)s,
then the same is true for £2(I, M) with scalar product and norm defined by

(f.9) = D _(f(n).g(m))ar,

nel

(1.4) £ = 1flla = VA{f. ) fog €21, M).

For what follows we will choose I = Z for simplicity. However, straightforward
modifications can be made to accommodate the general case I C Z.

During most of our investigations we will be concerned with difference expres-
sions, that is, endomorphisms of ¢(Z);

R: 0z) — ((Z)
f = Rf
(we reserve the name difference operator for difference expressions defined on a

subset of £2(Z)). Any difference expression R is uniquely determined by its corre-
sponding matrix representation

(1.5)

(1.6) (R(mm))mmel? R(m,n) = (R6,)(m) = (6,n, R5,),
where
(a7 R S A

is the canonical basis of £(Z). The order of R is the smallest nonnegative integer
N = N+ N_ such that R(m,n) = 0 for all m,n with n—m > Ny and m—n > N_.
If no such number exists, the order is infinite.

We call R symmetric (resp. skew-symmetric) if R(m,n) = R(n,m) (resp.
R(m,n) = —R(n,m)).

Maybe the simplest examples for a difference expression are the shift expres-
sions

(1.8) (S*f)(n) = f(n+1).

They are of particular importance due to the fact that their powers form a basis
for the space of all difference expressions (viewed as a module over the ring ¢(Z)).
Indeed, we have

(1.9) R=>"R(,.+k)(SHF () =57
kezZ

Here R(.,.+ k) denotes the multiplication expression with the sequence (R(n,n +
k))nez, that is, R(.,. + k) : f(n) — R(n,n+ k)f(n). In order to simplify notation
we agree to use the short cuts

(1.10) fE=5%f frt=5%5tf etc.,
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whenever convenient. In connection with the difference expression (1.5) we also
define the diagonal, upper, and lower triangular parts of R as follows

kEN
implying R = [R]+ + [R]o + [R]-.
Having these preparations out of the way, we are ready to start our investigation

of second order symmetric difference expressions. To set the stage, let a,b € £(Z,R)
be two real-valued sequences satisfying

(1.12) a(n) € R\{0}, b(n)€eR, n ez,
and introduce the corresponding second order, symmetric difference expres-
sion
T: UZ) — LZ)
fn) = an)f(n+1)+an—1)f(n—1)+bn)f(n)

It is associated with the tridiagonal matrix

(1.13)

(1.14) a(n—1) b(n) a(n)
a(n)  bn+1) aln+1)

and will be our main object for the rest of this section and the tools derived here
— even though simple — will be indispensable for us.

Before going any further, I want to point out that there is a close connection
between second order, symmetric difference expressions and second order, symmet-
ric differential expressions. This connection becomes more apparent if we use the
difference expressions

(1.15) (0f)(n) = f(n+1) = f(n),  (9"°f)(n)=f(n—1)— f(n),
(note that 0,0* are formally adjoint) to rewrite 7 in the following way
(7f)(n) = =(9"adf)(n) + (a(n — 1) + a(n) + b(n)) f(n)
(1.16) = —(9a=0"f)(n) + (a(n — 1) + a(n) + b(n)) f(n).
This form resembles very much the Sturm-Liouville differential expression, well-
known in the theory of ordinary differential equations.
In fact, the reader will soon realize that there are a whole lot more similarities

between differentials, integrals and their discrete counterparts differences and sums.
Two of these similarities are the product rules

(0fg)(n) = f(n)(9g)(n) + g(n +1)(9f)(n),
(1.17) (0" fg)(n) = f(n)(8"g)(n) + g(n —1)(0"f)(n)
and the summation by parts formula (also known as Abel transform)

9()@F)() = g(n) f(n +1) = g(m = 1) f(m) + Y (09)(§) £ ())-

(1.18)

n
j=m j=m
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Both are readily verified. Nevertheless, let me remark that 0, 0* are no derivations
since they do not satisfy Leibnitz rule. This very often makes the discrete case
different (and sometimes also harder) from the continuous one. In particular, many
calculations become much messier and formulas longer.

There is much more to say about relations for the difference expressions (1.15)
analogous to the ones for differentiation. We refer the reader to, for instance, [4],
[87], or [147] and return to (1.13).

Associated with 7 is the eigenvalue problem 7u = zu. The appropriate setting
for this eigenvalue problem is the Hilbert space ¢?(Z). However, before we can
pursue the investigation of the eigenvalue problem in ¢?(Z), we need to consider
the Jacobi difference equation

(1.19) TU = zu, u € l(Z), € C.

Using a(n) # 0 we see that a solution w is uniquely determined by the values u(ng)
and u(ng + 1) at two consecutive points ng, ng + 1 (you have to work much harder
to obtain the corresponding result for differential equations). It follows, that there
are exactly two linearly independent solutions.

Combining (1.16) and the summation by parts formula yields Green’s formula

(1.20) (£(r9) = (7£)9) () = Walf.9) = Wan-1a(£.9)

n
j=m

for f,g € £(Z), where we have introduced the (modified) Wronskian

(1.21) Wa(f.9) = a(n) (F()g(n +1) = g(n) f(n +1)).

Green’s formula will be the key to self-adjointness of the operator associated with
7 in the Hilbert space ¢?(Z) (cf. Theorem 1.5) and the Wronskian is much more
than a suitable abbreviation as we will show next.

Evaluating (1.20) in the special case where f and g both solve (1.19) (with the
same parameter z) shows that the Wronskian is constant (i.e., does not depend on
n) in this case. (The index n will be omitted in this case.) Moreover, it is nonzero
if and only if f and g are linearly independent.

Since the (linear) space of solutions is two dimensional (as observed above) we
can pick two linearly independent solutions ¢, s of (1.19) and write any solution u
of (1.19) as a linear combination of these two solutions

W(u, s) W (u,c)
W (e, s) W (e, s)

For this purpose it is convenient to introduce the following fundamental solutions
¢, s € U(Z)

(1.22) u(n) =

c(n) —

(1.23) Tc(z,.,n0) = z¢(z,.,n0), 78(2,.,n0) = 2 8(2,.,n0),
fulfilling the initial conditions

c(z,mg,np) =1, c(z,ng + 1,n9) =0,

(1.24) s(z,np,n0) =0, s(z,ng + 1,mg) = 1.



1.1. General properties 7

Most of the time the base point ng will be unessential and we will choose ng = 0
for simplicity. In particular, we agree to omit ng whenever it is 0, that is,

(1.25) c(z,m) = ¢(z,n,0), s(z,n) = s(z,n,0).

Since the Wronskian of ¢(z,.,n9) and s(z,.,no) does not depend on n we can eval-
uate it at ng

(1.26) W(c(z,.,n0),5(%,-,n0)) = a(no)
and consequently equation (1.22) simplifies to
(1.27) u(n) = u(ng)e(z, n,no) + u(ng + 1)s(z, n, no).

Sometimes a lot of things get more transparent if (1.19) is regarded from the
viewpoint of dynamical systems. If we introduce u = (u,u™) € £(Z,C?), then (1.19)
is equivalent to

(1.28) un+1) =U(z,n+ 1u(n), uln —1) = U(z,n) tu(n),
where U(z,.) is given by

1 0 a(n)
U(z,n) = a(n) (_a(n —1) z— b(n)) ;
. B # z—"0b(n) —a(n)
(1.29) U= (zm) = a(n —1) (a(”_ oo >

The matrix U(z,n) is often referred to as transfer matrix. The corresponding
(non-autonomous) flow on ¢(Z, C?) is given by the fundamental matrix

_ C(Zanan()) S(Z,TL,nO)
®(z,m,m0) = (c(z,n—i—l,no) s(z,m+1,ng)

U(z,n)---U(z,mo+1) n>ng
(1.30) = 1 n=ng .
U Yz,n+1)---U1(2,n0) n < ng

More explicitly, equation (1.27) is now equivalent to
u(n)

(131 (i) =m0 (e s)

Using (1.31) we learn that ®(z,n,ng) satisfies the usual group law
(1.32) D(z,n,n9) = ®(2,n,n1)P(2,n1,n0), ®(z,n9,n0) =1
and constancy of the Wronskian (1.26) implies

a(no)

a(n)

Let us use ®(z,n) = ®(z,n,0) and define the upper, lower Lyapunov exponents
1 1
7 (2) = limsup — In ||®(z,n,ng)| = limsup — In||®(z,n)],
n—+oo ‘Tl| n—+oo ‘Tl|

(1.33) det ®(z,n,n0) =

1 1
(1.34)  77(2) = lim jnf 7 n [ (2, n, n0)|| = lim fnf o2 In [[2(z, )|
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Here

(0]
(1.35) |8 = sup 12l
ueC2\{0} llul|c:

denotes the operator norm of ®. By virtue of (use (1.32))
(1.36) 12 (2, no) I [@(2, Il < [[@(2,m,m0) || < [|®(2,m0) [ @(2,n)|

the definition of ¥ (2), v*(z) is indeed independent of ng. Moreover, y%(z) > 0 if
a(n) is bounded. In fact, since ¥ (z) < 0 would imply lim;_, 1 [|®(2, 75, 10)|| = 0
for some subsequence n; contradicting (1.33).

If v%(2) = 7*(2) we will omit the bars. A number A € R is said to be hyperbolic
at £oo if yF(A\) = FE(\) > 0, respectively. The set of all hyperbolic numbers is
denoted by Hyp. (®). For A € Hyp_ (®) one has existence of corresponding stable
and unstable manifolds V*()\).

Lemma 1.1. Suppose that |a(n)| does not grow or decrease exponentially and that
|b(n)| does not grow exponentially, that is,

(1.37) im —Inja(n) =0,  lim — In(1+ [b(n)]) = 0.

n—>ioo| | n—>ioo| |

If X € Hyp,(®), then there exist one-dimensional linear subspaces VE(\) C R?
such that

veVEQ) & lim f|1r1||<1>(A )l = =N,
(1.38) pgVEQN) & lim —llnnw ;n)ull =N,
respectively.
Proof. Set
(1.39) A(n) = ( ; a(on) )
and abbreviate
U(z,n) = A()U(z,n)A(n — 1)~ = ﬁ (_a(no_ 1)? 2 —1b(n)> ;

(1.40) ®(z,n) = A(n)®(z,n)A0)~L.
Then (1.28) t
(1.41) a(n+1)=U(z,n+ Da(n),  a(n—1)=0U(z,n)  a(n),

where % = Au = (u,au™), and we have

ranslates into

(1.42) detU(z,n) =1 and lim —ln||U(z n)|| =0

2 Tl
due to our assumption (1.37). Moreover,

min(lLa(n) _ [0 _ max(1,a(n))
max(1,a(0)) = [|®(z,n)|| T min(1,a(0))

(1.43)

and hence lim, 4o [n|~" In||®(2,n)|| = lim,, 400 [n| =" In [|®(2,n)|| whenever one
of the limits exists. The same is true for the limits of |n|~!In||®(z,n)v| and
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|n|~'1In||®(z,n)v|. Hence it suffices to prove the result for matrices ® satisfying
(1.42). But this is precisely the (deterministic) multiplicative ergodic theorem of
Osceledec (see [201]). O

Observe that by looking at the Wronskian of two solutions v € VE()\), v ¢
VE()) it is not hard to see that the lemma becomes false if a(n) is exponentially
decreasing.

For later use observe that

znmfl:a(n) z,n,m)J ! = 0 -1
) aam = S m T o= ()

(where @ denotes the transposed matrix of ®) and hence
(1.45) la(m)[[|®(z,n,m) | = la(n)[[|@(z, n, m)]].

We will exploit this notation later in this monograph but for the moment we
return to our original point of view.
The equation

(1.46) (r—2)f=g

for fixed z € C, g € ¢(Z), is referred to as inhomogeneous Jacobi equation.
Its solution can can be completely reduced to the solution of the corresponding
homogeneous Jacobi equation (1.19) as follows. Introduce

(1.47) K(z,m,m) = s(z,(:;)m).

Then the sequence

f(n) = foc(z,n,n0) + f1s(z,n,n0)

(1.48) + Z* K(z,n,m)g(m),

m=ngo+1

where

n—1
Z f(g) forn>ng

n—1 j=no

(1.49) > fG) = 0 forn=ngy ,
Jj=no no—1
— Z f(4) for n < ng
j=n

satisfies (1.46) and the initial conditions f(ng) = fo, f(no + 1) = f1 as can be
checked directly. The summation kernel K (z,n,m) has the following properties:
K(z,n,n) =0, K(z,n+1,n) =a(n)™!, K(z,n,m) = —K(z,m,n), and

u(z,m)v(z,n) —u(z,n)v(z,m)

W (u(2),v(2))

(1.50) K(z,n,m) =

for any pair u(z), v(z) of linearly independent solutions of Tu = zu.
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Another useful result is the variation of constants formula. It says that if
one solution u of (1.19) with u(n) # 0 for all n € Z is known, then a second (linearly
independent, W (u,v) = 1) solution of (1.19) is given by

(1.51) v(n) = u(n) Z POTOIEESIE

It can be verified directly as well.

Sometimes transformations can help to simplify a problem. The following two
are of particular interest to us. If u fulfills (1.19) and u(n) # 0, then the sequence
d(n) = u(n + 1)/u(n) satisfies the (discrete) Riccati equation

a(n—1)
1.52 a(n)p(n) + —= =z — b(n).
(1.52) (n)on) + =3 == = b0
Conversely, if ¢ fulfills (1.52), then the sequence
n—1
IT ¢(j) formn >nyg
n—1 Jj=mno
(1.53) u(n) = H* o(j) = 1 forn=mngy ,
=no no—1
! IT #(G)~' forn < ng
j=n

fulfills (1.19) and is normalized such that u(ng) = 1. In addition, we remark that
the sequence ¢(n) might be written as finite continued fraction,

B a(n —1)2
(1.54)  a(n)p(n) =z —b(n) — 2 —bn—1)—
a(ng +1)*
z—bng+1)— ;EZE;
for n > ng and
(1.55) a(n)p(n) = aln)
z—bn+1)—
_a(ng — 1)
2 —b(ng) — a(no)d(no)
for n < ng.

If @ is a sequence with a(n) # 0 and w fulfills (1.19), then the sequence

(1.56) () = ulo) [T ),
fulfills
(1.57) ggzgﬂ(n +1)+a(n—1an—1)a(n — 1) +b(n)a(n) = za(n).

Especially, taking a(n) = sgn(a(n)) (resp. a(n) = —sgn(a(n))), we see that it is no

restriction to assume a(n) > 0 (resp. a(n) < 0) (compare also Lemma 1.6 below).
We conclude this section with a detailed investigation of the fundamental solu-

tions ¢(z,n,ng) and s(z,mn,np). To begin with, we note (use induction) that both
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c(z,n + k,n) and s(z,n £ k,n), k > 0, are polynomials of degree at most k with
respect to z. Hence we may set

k k
(1.58) s(z,ntk,n) = Z sjax(n)z?, clz,ntk,n) = Z cjar(n)zd.
§=0 j=0

Using the coefficients s; +1(n) and ¢; +x(n) we can derive a neat expansion for
arbitrary difference expressions. By (1.9) it suffices to consider (ST)*.

Lemma 1.2. Any difference expression R of order at most 2k + 1 can be expressed
as

k
(1.59) R=Y"(e+s5" ), ¢js; €0(T), k€N,
=0
with ¢; = s; = 0 if and only if R = 0. In other words, the set {17,577} ;cn, forms

a basis for the space of all difference expressions.
We have

k
(1.60) (5% =3 (cn + 55,008 )77,
§=0
where sj +1(n) and cj +x(n) are defined in (1.58).
Proof. We first prove (1.59) by induction on k. The case k = 0 is trivial. Since

the matrix element 7%(n,n + k) = H?;& alntj— (IJ) # 0 is nonzero we can choose

sg(n) = R(n,n+k+1)/m%(n—1,n+k—1), cx(n) = R(n,n —k)/7%(n,n — k) and
apply the induction hypothesis to R — (c; — 5,57)7%. This proves (1.59). The rest
is immediate from

(1.61) (R(s(z,.,n))(n) = Zsj(n)zj, (R(c(z,.,n))(n) = ch(n)zj.

As a consequence of (1.61) we note

Corollary 1.3. Suppose R is a difference expression of order k. Then R = 0 if
and only if R|er(r—z) = 0 for k + 1 values of z € C. (Here R|ker(r—z) = 0 says
that Ru =0 for any solution u of Tu = zu.)

Next, ®(z,n9,n1) = ®(z,n1,n0) " provides the useful relations

( c(z,m0,M1) s(z,mo,m1) )

e(z,ng+1,n1) s(z,no+ 1,n1)

_a(n) [ s(z,ng 4+ 1,n0)  —s(z,n1,n0)
(1.62) ~a(ng) (—c(z,nl +1,n0) c(z,n1,n0) )
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and a straightforward calculation (using (1.27)) yields

B a(ng + 1)

s(z,n,mg+1) = (o) c(z,n,ng),
z —b(ng)
1) = 2 A%)
s(z,m,ng — 1) = c(z,n,m0) + a(no) s(z,m,np),
- 1
c(z,n,ng+1) = Za((zo)—’—)c(z,n,no) + s(z,m,ng),
0
-1
(1.63) e(z,n,mg — 1) = —%s(z,n,no).

Our next task will be expansions of ¢(z,n, ng), s(z,n,ng) for large z. Let Jy, n,
be the Jacobi matrix

b(n1 +1) a(ng+1)
a(ny +1) b(ny+2)
(1.64) Jnine = )

b(ne —2) a(ne —2)
a(ng —2) b(ng —1)

Then we have the following expansion for s(z,n,ng), n > ng,

k N _k—7j
det(z — Jpuon 2 =S p, ()2
(1.65) s(z,n,mp) = en(iz1 J, 0,') _ Z]zj—lp 0 (])
[li=n,+100) [1;=1 a(no + j)
where k=n—ng—1>0 and
tr(J3 ) = S g (Otr(JI L
(166) pno,n(j) _ I'( no,n) Z£_1bp 05 ( ) I'( no,n)7 1 §]§ k

J

To verify the first equation, use that if z is a zero of s(.,n,ng), then (s(z,no +
1,m0),...,8(z,n—1,n0)) is an eigenvector of (1.64) corresponding to the eigenvalue
z. Since the converse statement is also true, the polynomials (in z) s(z,n,n) and
det(z — Jy,,n) only differ by a constant which can be deduced from (1.30). The
second is a well-known property of characteristic polynomials (cf., e.g., [91]).
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The first few traces are given by

no+k
tr(‘]noﬂlo-‘rk-i-l) = Z b(])7
Jj=no+1
no+k not+k—1
tr(J?m,no-‘rk-i-l) = Z b(j)* +2 Z a(j)?,
Jj=no+1 Jj=no+1
no+k no+k—1
(T merksn) = Y. b +3 D a(h)?(b() + b + 1)),
Jj=no+1 Jj=no+1
no+k no+k—1
(i) = 30 B0 =4 D a()?(b()? + b0 + ()
Jj=no+1 Jj=no+1
a0y LN
(1.67) +b(j+1)2+—) +4 ) a(j+1)%
2 )
j=no+1
An explicit calculation yields for n > ng + 1
—a(ng)z" 02 1 = ) 1
lzmmg) =~ LS g o]
(i) e
j=no+1
Znno—l 1= 1
(1.68) s(z,n,ng) = ———— |1 — = 4 Z b(j) +O(§) ;
a) \ Tt
j=no+1
and (using (1.63) and (1.62)) for n < ng
Zno—n I~ 1
c(z,m,n0) = P 1*; Z b(J)JFO(;g) ;
[T aG) \ o5
j=n
—a(ng)zm "1 e 1
(1.69) s(z,n,ng) = (noo_)l— 1-— 2 Z b(4) +O(z—2)
IT a(y) g=n+l
Jj=n

1.2. Jacobi operators

In this section we scrutinize the eigenvalue problem associated with (1.19) in the
Hilbert space ¢(Z).
Recall that the scalar product and norm is given by

(1.70) (f.9)=>_f)gn), =V 1) f.gel?),
neZ

where the bar denotes complex conjugation.
For simplicity we assume from now on (and for the rest of this monograph)
that a,b are bounded sequences.
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Hypothesis H. 1.4. Suppose
(1.71) a,b € (*(Z,R), a(n) # 0.
Associated with a, b is the Jacobi operator
H: *(z) — *2)
N

whose basic properties are summarized in our first theorem.

(1.72)

Theorem 1.5. Assume (H.1.4). Then H is a bounded self-adjoint operator. More-
over, a,b bounded is equivalent to H bounded since we have ||alloo < ||H||, ||b]]co <
|H|| and

(1.73) 1] < 2ljallco + [[blloc,
where |H|| denotes the operator norm of H.

Proof. The fact that lim,, .+. W, (f,9) = 0, f,g € (*(Z), together with Green’s
formula (1.20) shows that H is self-adjoint, that is,

(1.74) (f,Hg)=(Hf,9),  f.g€()
For the rest consider a(n)? + a(n — 1) + b(n)? = ||H6,||*> < ||H||? and
(1.75) [(f H ) < 2llallos + [1lloe) ILF1-

O

Before we pursue our investigation of Jacobi operators H, let us have a closer
look at Hypothesis (H.1.4).

The previous theorem shows that the boundedness of H is due to the bound-
edness of a and b. This restriction on a,b is by no means necessary. However, it
significantly simplifies the functional analysis involved and is satisfied in most cases
of practical interest. You can find out how to avoid this restriction in Section 2.6.

The assumption a(n) # 0 is also not really necessary. In fact, we have not
even used it in the proof of Theorem 1.5. If a(ng) = 0, this implies that H can be
decomposed into the direct sum H,,,+1,— @ Hp, + on £2(—00,ng+1) &£ (ng, 00) (cf.
(1.90) for notation). Nevertheless I want to emphasize that a(n) # 0 was crucial in
the previous section and is connected with the existence of (precisely) two linearly
independent solutions, which again is related to the fact that the spectrum of H
has multiplicity at most two (cf. Section 2.5).

Hence the analysis of H in the case a(ng) = 0 can be reduced to the analysis
of restrictions of H which will be covered later in this section. In addition, the
following lemma shows that the case a(n) # 0 can be reduced to the case a(n) > 0
or a(n) < 0.

Lemma 1.6. Assume (H.1.4) and pick € € U(Z,{—1,4+1}). Introduce a., b by
(1.76) ac(n) = (n)a(n), bo(n) = b(n), n €.
and the unitary involution U, by

n—1

(1.77) Ue=U;"= ( " s(j)5m,n)

g m,nGZ.

<.
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Let H be a Jacobi operator associated with the difference expression (1.13). Then
H. defined as

(1.78) H.=U.HU !

is associated with the difference expression

(L79)  (7f)(n) = a-(m)f(n+ 1)+ ac(n — 1) f(n — 1) + b.(n) f(n)
and is unitarily equivalent to H.

Proof. Straightforward. O

The next transformation is equally useful and will be referred to as reflection
at ng. It shows how information obtained near one endpoint, say +oo, can be
transformed into information near the other, —oo.

Lemma 1.7. Fiz ng € Z and consider the unitary involution

(1.80) (Urf)(n) = (Ug' f)(n) = f(2n0 —n)
or equivalently (Urf)(ng + k) = f(ng — k). Then the operator
(1.81) Hp =UrHUg",

is associated with the sequences
(1.82) ag(ng —k—1)=alng + k), br(ng—k)=>bno+k), kez,
or equivalently ar(n) = a(2ng —n — 1), br(n) = b(2ng — n).
Proof. Again straightforward. ]
Associated with Ug are the two orthogonal projections
1
(1.83) PE = S@EUR), P + P =1, PP =PiP, =0
and a corresponding splitting of H into two parts H = HE ® Hp, where
1
(1.84) Hf = PYHP; + PLHPE = 5 (H = Hp).

The symmetric part HE (resp. antisymmetric part Hjy) commutes (resp. anticom-
mutes) with Ug, that is, [Ug, Hjt] = UrH} — HLUg = 0 (vesp. {Ur,Hp} =
UrHp + HRUr =0). If H = Hj we enter the realm of supersymmetric quantum
mechanics (cf., e.g., [225] and Section 14.3).

After these two transformations we will say a little more about the spectrum
o(H) of H. More precisely, we will estimate the location of o(H).

Lemma 1.8. Let

(1.85) ct(n) =b(n) £ (|a(n)\ + |a(n — 1)|)
Then we have
(1.86) o(H) C [inf c_(n),sup c4(n)].
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Proof. We will first show that H is semi-bounded from above by supcy. From
(1.16) we infer

HS) =Y (—am)f(n+1) = f)

nez
(1.87) + (an = 1)+ afn) + b)) £ () ).
By Lemma 1.6 we can first choose a(n) > 0 to obtain
(1.88) (£ Hf) < supes(n) 1112
Similarly, choosing a(n) < 0 we see that H is semibounded from below by infc_,
(1.89) (FHP) 2 inf e () [P,
completing the proof. O

We remark that these bounds are optimal in the sense that equality is attained
for (e.g.) a(n) =1/2,b(n) =0 (cf. Section 1.3).

We will not only consider H but also restrictions of H; partly because they are
of interest on their own, partly because their investigation gives information about
H.

To begin with, we define the following restrictions H4 ,, of H to the subspaces
02(ng, £00),

Hyo fn) = a(ng +1)f(no +2)+bng +1)f(no+1), n=mng+1
o L@ NHn), n>ne+1 ’
_ Jalno—2)f(no —2) +b(no —1)f(no — 1), n=mng — 1
(1.90) H_,,f(n) = {(Tf)(n), n<mng—1 .

In addition, we also define for 5 € R U {oo}

HY . =Hy g1 Hf,ng =Hy ny — a(n0)f~ (Ongs15 )0not1, B #0,

(1.91) H>®, =H_,,, H’, =H_ .1 —ano)B0n, )00, B # 0.

—No

All operators Hino are bounded and self-adjoint.
Last, we define the following finite restriction H,, ,, to the subspaces £2(ny,ns)

a(ni+1)f(n1+2)+bn1+1)f(ni+1),n=n1 +1
(1.92) Hyy o f(n)=<¢ (tf)(n), mi+1<n<ng—1
alng —2)f(ne —2)+bng — 1) f(ne —1), n=ny — 1

The operator Hy, n, is clearly associated with the Jacobi matrix Jy, », (cf. (1.64)).
Moreover, we set H2>2® = H,,, ,, HYP2 = H®P2  and

ni,n2 ni,ng ni1+1,nz?
Hgll,’gi = Hﬁ?:gz - a(n1)61_1<5n1+1a '>6n1+17 61 7é 07
(1.93) HEBe = H = a(n2) Ba(Ony, )0y, B2 # 0.

Remark 1.9. H—E,no can be associated with the following domain

(1.94) D(HY ,,,) = {f € £*(no,00)| cos(a) f(no) + sin(@) f (o + 1) = 0},
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B = cot(a) # 0, if one agrees that only points with n > ng are of significance and
that the last point is only added as a dummy variable so that one does not have
to specify an extra expression for (7f)(no + 1). In particular, the case § = oo
(i.e., corresponding to the boundary condition f(ng) = 0) will be referred to as
Dirichlet boundary condition at ng. Analogously for H A HP1:52

—M0? ni,nz’

One of the most important objects in spectral theory is the resolvent (H—z)"1,

z € p(H), of H. Here p(H) = C\o(H) denotes the resolvent set of H. The matrix
elements of (H — z)~! are called Green function

(1.95) G(z,n,m) = (6, (H — 2) " 0,), z € p(H).

Clearly,

(1.96) (1 —2)G(%,.,m) = 0m(.), G(z,m,n) = G(z,n,m)

and

(1.97) (H=2)7"f)(n) =Y G(znm)f(m), feZ),zep(H).
meZ

We will derive an explicit formula for G(z,n,m) in a moment. Before that we need
to construct solutions u4 (z) of (1.19) being square summable near +oo.
Set

(1.98) u(z,.) = (H — 2)"'6(.) = G(z, .,0), z € p(H).

By construction v fulfills (1.19) only for n > 0 and n < 0. But if we take u(z, —2),
u(z,—1) as initial condition we can obtain a solution u_(z,n) of 7u = zu on the
whole of ¢(Z) which coincides with u(z,n) for n < 0. Hence u_(z) satisfies u_(z) €
(%2 (Z) as desired. A solution u(z) € ¢3(Z) is constructed similarly.

As anticipated, these solutions allow us to write down the Green function in a
somewhat more explicit way

(1.99) G(z,n,m) =

)

1 us(z,n)u_(z,m) form<n
W(u_(2),us(2)) | ur(z,m)u_(z,n) forn<m
z € p(H). Indeed, since the right hand side of (1.99) satisfies (1.96) and is square

summable with respect to n, it must be the Green function of H.
For later use we also introduce the convenient abbreviations

us(z,n)u_(z,n)

W(u—(2),us(2))’

h(z,n) = 2a(n)G(z,n,n+1) — 1

a(n)(us(z,n)u—(z,n+ 1) + uyp(z,n)u_(z,n + 1))
W(u—(2), ut(2)) '

g(z,n) = G(z,n,n) =

(1.100) =

Note that for n < m we have
G(z,n,m) = g(z,n0)c(z,n,n0)c(z, m,ng)
+ g(z,n0 + 1)s(z,n,n9)s(z, m, ng)
c(z,n,ng)s(z,m,ng) + c(z, m,ng)s(z,n,ng)
2a(ngp)
c(z,myn0)s(z,m,ng) — c(z,m,ng)s(z,n,ng)
B 2a(no)

+ h(z,np)

(1.101)
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Similar results hold for the restrictions: Let
(1.102) sg(z,n,ng) = sin(a)c(z,n,ng) — cos(a)s(z,n,ng)
with 8 = cot(a) (i.e., the sequence sg(z,n,ng) fulfills the boundary condition
cos(a)sg(z, o, no) + sin(a)sg(z,no + 1,n9) = 0). Then we obtain for the resol-
vent of Hﬁ,no

(1.103)  ((HY,, -2 'wn)= > G, (zmn)u(m), z€p(H],),

<

where

1o (zmym) = ——————— 3
(1.104) GZL,,,(z,m,n) W(sg(2),us(z))

+1 s(z,m,n0)ux(z,m)  for mZn
sg(z,m,no)us(z,n) for n=m
(use (Hﬁn0 — 2)7! to show the existence of u4(z,.) for z € p(HﬁnO))

Remark 1.10. The solutions being square summable near +o0o (resp. satisfying the
boundary condition cos(a) f(ng) + sin(a) f(no + 1) = 0) are unique up to constant
multiples since the Wronskian of two such solutions vanishes (evaluate it at £oo
(resp. ng)). This implies that the point spectrum of H, Hi’no is always simple.

In addition to H in , we will be interested in the following direct sums of these
operators

(1.105) HS =H o H]

) +,n07

in the Hilbert space {f € ¢*(Z)|cos(a)f(ng) + sin(a)f(no + 1) = 0}. The reason
why Hﬁo is of interest to us follows from the close spectral relation to H as can be
seen from their resolvents (resp. Green functions)

G(Zv n, nO)G(Za No, m)

Goo(z,n,m) = G(z,n,m) —

G(z,n9,mn0)
Grﬁm(zvna m) = G(Z7TL,TI’L) - ’yﬁ(za nO)il(G(zvna noy + 1) + ﬂG(Z,’I”L,TLo))
(1.106) X(G(z,no—l—l,m)+ﬁG(z,n0,m)), B ER,
where
,yﬁ(z n) _ (U+(Z,TL + 1) + ﬁUJr(Z,TL))(U,(Z, n+ 1) + ﬁuf(zvn))
’ W (u—-(2),ut(2))
(1.107) =g(z,n+1)+ a(ﬂn)h(z, n) + B%g(z,n).

Remark 1.11. The operator Hﬁo is equivalently given by

(1.108) Hf =1-PP)H(1-P?)
in the Hilbert space (1 — P7 )(2(Z) = {f € (*(Z)|(65,, f) = 0}, where P? denotes

the orthogonal projection onto the one-dimensional subspace spanned by 550 =
cos(a)dp, + sin(a)d,, 11, B = cot(a), a € [0,7) in £3(Z).

Finally, we derive some interesting difference equations for g(z,m) to be used
in Section 6.1.
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Lemma 1.12. Let u,v be two solutions of (1.19). Then g(n) = u(n)v(n) satisfies
(@t)2gt* —a%g  a2gt — (a~)2g™

(1.109) S —

=(z—=b")g" — (2 —b)g,

and

2 2 2 \? 2 2 2
(1.110) (a gt —(a )9 +(2—0) g) =(z-0) (W(u,v) +4a gg*).
Proof. First we calculate (using (1.19))
(1.111) a’gt —(a7)?g" = —(2 = b)*g+alz — b)(wwt +utw).

Adding (z — b)%g and taking squares yields the second equation. Dividing both
sides by z — b and adding the equations corresponding to n and n + 1 yields the
first. (]

Remark 1.13. There exists a similar equation for v#(z,n). Since it is quite com-
plicated, it seems less useful. Set v%(n) = (u(n + 1) + Bu(n))(v(n + 1) + Bv(n)),
then we have

(@470 - @ AP0 + 857
(1112) = (A BP (W, u)? + 42 (1)),
with
A=a+p(z-b")+p%t,
B = a™(z~ %) + Az~ )z~ ) + ata” —a?)
(1.113) + B%at(z —b).

It can be verified by a long and tedious (but straightforward) calculation.

1.3. A simple example

We have been talking about Jacobi operators for quite some time now, but we
have not seen a single example yet. Well, here is one, the free Jacobi operator
Hy associated with constant sequences a(n) = a, b(n) = b. The transformation
z — 2az + b reduces this problem to the one with ag(n) = 1/2, by(n) = 0. Thus we
will consider the equation

(1.114) %(u(n—kl) Fu(n— 1)) = zu(n).

Without restriction we choose ny = 0 throughout this section (note that we have
s(z,m,ng) = s(z,m — ng), etc.) and omit ng in all formulas. By inspection (try the
ansatz u(n) = k") ux(z,.) are given by

(1.115) us(z,n) = (z £ RY*(2))",

where Ré/Q(z) = —vz—1yz+ 1. Here and in the sequel ,/- always denotes the
standard branch of the square root, that is,

(1.116) Vz = |V/z|exp(iarg(z)/2), arg(z) € (-m,n], ze€C.
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Since W(u_,uy) = R;/Q(z) we need a second solution for z? = 1, which is given
by s(41,n) = (£1)"*!n. For the fundamental solutions we obtain

(z+ Ry*(2))" — (= — RY* ()"
2Ry/*(2)
s(z,n—1)

(1.117) c(z,n) = e =—s(z,n—1).

s(z,n) =

)

Notice that s(—z,n) = (=1)"Tts(z,n). For n > 0 we have the following expansion

[n/2]
S(Z7n) = Z (2]1 1> (22 - 1)jzn_2j_1

j=0
[n/2] 2, i

1.118 = —1)k n—2k—1

(1.118) > | >§(2j+1)(k) 2ot

where [z] = sup{n € Z|n < z}. It is easily seen that we have |Hp|| = 1 and
further that

(1.119) o(Hp) = [-1,1].
For example, use unitarity of the Fourier transform
U: #(z) — L*(—m,n)
un) = Y,epu(n)e™

which maps Hj to the multiplication operator by cos(x).
The Green function of Hy explicitly reads (z € C\[-1,1])

(1.120)

1/2 m—mn
(1.121) Golzym,n) = C 1t ()

In particular, we have

RY?() I
_ oz > (2§ 1
(1.122) ho(z,n) = R (%) = (j)(zz)?ﬂ"

Note that it is sometimes convenient to set k = z + Ré/ *(2) (and conversely z =
1(k+ k1)), or k = exp(ix) (and conversely z = cos(k)) implying

(1.123) us(z,n) = k" = eHrn,

The map z — k = z + Rém(z) is a holomorphic mapping from the set I, ~
(CU {oco})\[-1,1] to the unit disk {z € C| |z| < 1}. In addition, viewed as a map
on the Riemann surface of R% 2(z)7 it provides an explicit isomorphism between
the Riemann surface of R;/ ?(z) and the Riemann sphere C U {oo}.
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1.4. General second order difference expressions

We consider the difference expression
(1.124) #1n) = s (£ -+ 1)+ (0= 1) +-d(a) (),

where w(n) > 0, d(n) € R, and (w(n)w(n + 1))~!, w(n)~td(n) are bounded
sequences. It gives rise to an operator H, called Helmholtz operator, in the
weighted Hilbert space ¢2(Z;w) with scalar product

(1.125) (f.9) =D wn)flng(n).,  f.gel(Zw)

neEZ
Green’s formula (1.20) holds with little modifications and H is easily seen to be
bounded and self-adjoint. There is an interesting connection between Jacobi and
Helmholtz operators stated in the next theorem.

Theorem 1.14. Let H be the Jacobi operator associated with the sequences a(n) >
0, b(n) and let H be the Helmholtz operator associated with the sequences w(n) > 0,
d(n). If we relate these sequences by

T a2
w(2m) = w(0 e g
(1.126) o) = w0 }_[=0 a1 i) = w(n)bn),
1
w(2m + ].) = m
respectively
(1.127) ! (n) = M,

a(n) = ——————e,
Vwn)w(n +1)
then the operators H and H are unitarily equivalent, that is, H = UHU!, where
U is the unitary transformation
. 2 7 2 7
(1.128) U: ClZw) — £2Z) .
u(n) = yw(n)u(n)

Proof. Straightforward. U
Remark 1.15. (i). The most general three-term recurrence relation
(1.129) 7f(n) = a(n)f(n+1) +b(n)f(n) + én)f(n — 1),

with a(n)é(n+1) > 0, can be transformed to a Jacobi recurrence relation as follows.
First we render 7 symmetric,

(1.130) #f(n) = w(ln) (clm)f(n+ 1)+ cln — 1) (n = 1)+ d(m) 1(m),
where
R ()
i = 1"y



22 1. Jacobi operators

Let H be the self-adjoint operator associated with 7 in ¢?(Z;w). Then the unitary
operator
U: 2(Z;w) — 02(Z)

(1.132) u(n) = Jw(n)u(n)

transforms H into a Jacobi operator H = UHU ™! in (%(Z) associated with the
sequences

c(n)
vw(n)w(n + 1)

(1.133) b(n) = Z((Z) -

a(n) = — sgu(a(n))v/a(me(n + 1),

S

(n).

In addition, the Wronskians are related by

e(m)(f(n)g(n+1) = Fln+ Dg(n)) =

(1.134) a(m) (UN M) Ug)(n+1) = (UH(n+ 1)(Ug)(n) ).
(ii). Let ¢(n) > 0 be given. Defining

s 27)e(25 + 1)
w(2m) e e LR
(1.135) 1;[ (2 2j+1)> ,d(n) = w(n)b(n),
c(2m)?

wZm+1) = a(2m)2w(2m)

the transformation U maps H to an operator H = UHU associated with the
difference expression (1.130).

1.5. The infinite harmonic crystal in one dimension

Finally, I want to say something about how Jacobi operators arise in applications.
Despite the variety of possible applications of difference equations we will focus
on only one model from solid state physics: the infinite harmonic crystal in one
dimension. Hence we consider a linear chain of particles with harmonic nearest
neighbor interaction. If z(n,t) denotes the deviation of the n-th particle from its
equilibrium position, the equations of motion read

2

m(n )%I(n t) = k(n)(m(n +1,t) — x(n,t)) + k(n — 1)(:5(71 —1,t) — z(n, t))
(1.136) = —(0*kdz)(n, 1),

where m(n) > 0 is the mass of the n-th particle and k(n) is the force constant
between the n-th and (n + 1)-th particle.

m(n—1) m(n) m(n+1)

k(n—1) k(n)
z(n,t)

This model is only valid as long as the relative displacement is not too large (i.e.,
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at least smaller than the distance of the particles in the equilibrium position).
Moreover, from a physical viewpoint it is natural to assume k,m,m~! € £>°(Z,R)
and k(n) # 0. Introducing conjugate coordinates

(1137) pln, 1) = mln) Tan 1), qn,1) = x(n.1),

the system (1.136) can be written as Hamiltonian system with Hamiltonian given
by

(1.138) H(p,q) = Z (p(n)2 + @(Q(n +1)— Q(n))2>

= 2m(n) 2

Since the total energy of the system is supposed to be finite, a natural phase space
for this system is (p, q) € £*(Z,R?) with symplectic form

(1.139) (P10, (2,02)) = Y (m(Was(0) = p2(m)as ().

ne”Z
Using the symplectic transform
(1.140) (p,q) — (v,u) = (%’ﬂq)
we get a new Hamiltonian
- 1
(1.141) Hivuw) =35> (v(n)2 + 2a(n)u(n)u(n + 1) + b(n)u(n)2),
neZ
where
(1.142) a(n) = ———F -y K E A=)
m(n)m(n+ 1) m(n)
The corresponding equations of evolution read
d B OH(v,u) B
&U(mt) = ot v(n,t),
d OH (v, u)
1.14 — t)=———F—"+=-H t
(1.143) dtv(n7 ) du(n,t) u(n,?),

where H is our usual Jacobi operator associated with the sequences (1.142). Equiv-
alently we have
2

(1.144) ﬁu(n,t) = —Hu(n,t).
Since this system is linear, standard theory implies
sin(tv/H)
u(n,t :cost\/ﬁun,() + ———v(n,0),
(n,t) (tVH)u(n,0) VB (n,0)
sin(tv/H)

1.145 v(n,t) = cos t\/ﬁvn,o — ————Hu(n,0),
(1.145) (n,t) (tVH)v(n,0) i (n,0)
where

= t% sin(tvVH) ét%‘*‘l
(1.146) cos(tVH) = ; ‘ i ; E
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In particular, introducing
(1.147) S(A\,n) = (c(\,n),s(A\n))

and expanding the initial conditions in terms of eigenfunctions (cf. Section 2.5,
equation (2.133))

(1.148) u(N) = u(n,0S(\,n), vA) =Y v(n,0)S(\n)

NeZ nez
we infer

u(n, t) = / - (u(A) cos(tVX) +v<A>Sm“ﬁm)S<A,n>dp<A>,

(1.149)  wv(n,t) = / (v(\) cos(tV/A) — Q(A)MA)Q(A, n)dp(N),
o (H) VA
where p(A) is the spectral matrix of H.
This shows that in order to understand the dynamics of (1.144) one needs to
understand the spectrum of H.
For example, in the case where H > 0 (or if u(A), u(A) = 0 for A < 0) we clearly
infer

[[u(t)

| < Ju(@)]] + tho(0)],
(1.150) lo@l < flo

[0(0)| + [VE(0)],

since |cos(tvVA)| <1, |%| <lforteR, A>0.

Given this setting two questions naturally arise. Firstly, given m(n), k(n) what
can be said about the characteristic frequencies of the crystal? Spectral theory for
H deals with this problem. Secondly, given the set of characteristic frequencies
(i.e., the spectrum of H), is it possible to reconstruct m(n), k(n)? This question is
equivalent to inverse spectral theory for H once we establish how to reconstruct k,
m from a, b. This will be done next.

Note that u(n) = \/m(n) > 0 solves 7u = 0. Hence, if we assume k > 0, then
H > 0 by Corollary 11.2. In particular,

(1.151) o(H) € [0,2(|kllscllm™ [lso)]

and 0 is in the essential spectrum of H by Lemma 3.8. Moreover, since

1 1
) 2 Sttt 1) 2 K

ne€xN n€EN
(recall k € £>°(Z)), H is critical (cf. Section 2.3). Thus we can recover k, m via
(1.153) kE(n) = —m(0)a(n)u(n)u(n +1), m(n) =m(0)u(n)?,

where u(n) is the unique positive solution of 7u = 0 satisfying u(0) = /m(0). That
m, k can only be recovered up to a constant multiple (i.e., m(0)) is not surprising
due to the corresponding scaling invariance of (1.136). If the positive solution of
Tu = 0 is not unique, we get a second free parameter. However, note that for each
choice the corresponding Helmholtz operator H = m~10kd* is unitary equivalent
to H (and so are H, and Hy).

From a physical viewpoint the case of a crystal with IV atoms in the base cell is
of particular interest, that is, £ and m are assumed to be periodic with period N.
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In this case, the same is true for a, b and we are led to the study of periodic Jacobi
operators. The next step is to consider impurities in this crystal. If such impurities
appear only local, we are led to scattering theory with periodic background (to be
dealt with in Chapter 7). If they are randomly distributed over the crystal we are
led to random operators (to be dealt with in Chapter 5).

But for the moment let us say a little more about the simplest case where m
and k are both constants (i.e., N = 1). After the transformation ¢ — /7t we can
even assume m = 2k = 1, that is,

d 1
(1.154) p7e] x(n,t) = 2(x(n+1,t)+x(n— 1,t)) —z(n,t).
The so-called plane wave solutions are given by
(1.155) wt(n,t) = (kN EV(R)T),

where the wavelength x~! and the frequency v are connected by the dispersion
relation

(1.156) = /1 — cos(k) = V2| sin( |

Since u® (n,t) is only meaningful for n € Z, we can restrict x to values in the first
Brillouin zone, that is, k € (—m, 7).

These solutions correspond to infinite total energy of the crystal. However,
one can remedy this problem by taking (continuous) superpositions of these plane
waves. Introducing

(1.157) u(k) = Z u(n,0)e 161 v(k) = Zv(n,O)ei“n

neL neZ
we obtain
(1.158) u(n,t) = € /7T (u(/f) cos(v(k)t) + U(H)M)e_mndm
’ ’ 2 . v(k) '
Or, equivalently,
(1.159) u(n,t) =Y enom(Hu(m, 0) + sn_m(t)v(m,0),
meZ
where
1 [ i
en(t) = 2—/ cos(v(k)t)e M dr = J2|n|(\/§t),
T J -7
_ L 7 sin(u(8)t) ikn _/t
sn(t) = xS e"dr = ; cn(s)ds
2+ 2n|+1 2n|+3 t2
1.1 = ; 2 1);——).
( 60) 2|”|(|n\ + 1)| 1 2( 2 7( 2 ) |n‘ + )a 2)

Here J,(z), pFy(u;v; ) denote the Bessel and generalized hypergeometric func-
tions, respectively. From this form one can deduce that a localized wave (say
compactly supported at ¢ = 0) will spread as ¢ increases (cf. [194], Corollary to
Theorem XI.14). This phenomenon is due to the fact that different plane waves
travel with different speed and is called dispersion.

You might want to observe the following fact: if the coupling constant k(ng)
between the ng-th and (ng + 1)-th particle is zero (i.e., no interaction between
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these particles), then the chain separates into two parts (cf. the discussion after
Theorem 1.5 and note that k(ng) = 0 implies a(ng) = 0 for the corresponding
Jacobi operator).

We will encounter chains of particles again in Section 12.1. However, there we
will consider a certain nonlinear interaction.



Chapter 2

Foundations of spectral
theory for Jacobi operators

The theory presented in this chapter is the discrete analog of what is known as Weyl-
Titchmarsh-Kodaira theory for Sturm-Liouville operators. The discrete version has
the advantage of being less technical and more transparent.

Again, the present chapter is of fundamental importance and the tools devel-
oped here are the pillars of spectral theory for Jacobi operators.

2.1. Weyl m-functions

In this section we will introduce and investigate Weyl m-functions. Rather than
the classical approach of Weyl (cf. Section 2.4) we advocate a different one which
is more natural in the discrete case.

As in the previous chapter, u4 (z,.) denote the solutions of (1.19) in ¢(Z) which
are square summable near +o0o, respectively.

We start by defining the Weyl m-functions

(2.1) m(z,m0) = (Ongt1, (Hing — Z)_15n0i1> =Gyne(z,mo£1,n0£1).
By virtue of (1.104) we also have the more explicit form

U4 (Z, no + 1)
a(no)u+ (2, no)’
The base point ng is of no importance in what follows and we will only consider
m4(z) = my(z,0) most of the time. Moreover, all results for m_(z) can be obtained
from the corresponding results for m (z) using reflection (cf. Lemma 1.7).

The definition (2.1) implies that the function m4 (z) is holomorphic in C\o(H4.)
and that it satisfies

u_(z,ng — 1)

(22)  ma(zn0) = - m_(2,m0) = —

a(ng — Du_(z,n9)

b
[Tm(2)|"

Moreover, m4(z) is a Herglotz function (i.e., it maps the upper half plane into
itself, cf. Appendix B). In fact, this is a simple consequence of the first resolvent

(2.3) me(z) =me(z),  Ima(2)| < [[(He —2)7' <

27
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identity

Im(ma(2)) = Im(2) (041, (He —2) Y (He — 2) " 1641)
(2.4) = Im(2)||(Hs — 2) " 641 |*

Hence by Theorem B.2, mL(z) has the following representation

(2.5) m4(z) = d;&ifA), z € C\R,
R z

where py = f(_oo A dp+ is a nondecreasing bounded function which is given by
Stieltjes inversion formula (cf. Theorem B.2)

A+6

1. . .
(2.6) pr(A) = - l(slﬁ)l 151?01 Im(my (x + ig))dz.
Here we have normalized py such that it is right continuous and obeys py(A) = 0,
A< O'(Hi).

Let Py(H+), A C R, denote the family of spectral projections corresponding
to Hy (spectral resolution of the identity). Then dpy can be identified using the
spectral theorem,

d(0+1, P—oo,n) (Hx)d41)

(2.7) my(z) = (041, (Hy —2) '641) = /R N_ 2 ‘

Thus we see that dpr = d(0+1, P—oo,(H+)d+1) is the spectral measure of Hy
associated to the sequence 4.

Remark 2.1. (i). Clearly, similar considerations hold for arbitrary expectations
of resolvents of self-adjoint operators (cf. Lemma 6.1).

(ii). Let me note at this point that the fact which makes discrete life so much
easier than continuous life is, that §; is an element of our Hilbert space. In con-
tradistinction, the continuous analog of d,,, the delta distribution ¢,, is not a square
integrable function. (However, if one considers non-negative Sturm-Liouville oper-
ators H, then §, lies in the scale of spaces associated to H. See [206] for further
details.)

It follows in addition that all moments m+ ¢ of dp4 are finite and given by
(2.8) mae = [ Ndpa(3) = (b2, (H2)'6).
R

Moreover, there is a close connection between the so-called moment problem (i.e.,
determining dpy from all its moments m4 ;) and the reconstruction of Hy from
dpy. Indeed, since my g = 1, my 1 = b(E£1), my o = a(£1 — )2 + b(£1)2, etc., we
infer

(2.9) b(£l) =maq, a(£l— 92 =myo— (meq1)?, ete. .

We will consider this topic in Section 2.5.
You might have noticed, that m4 (z,n) has (up to the factor —a(n — (1))) the
same structure as the function ¢(n) used when deriving the Riccati equation (1.52).
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Comparison with the formulas for ¢(n) shows that

n—1

(2.10) ut(z,n) = ux(z,np) H* (—a(j — ?)mi(z,j))il
j=no
and that m_ (z,n) satisfies the following recurrence relation
1
my(z,nF1)
The functions m4(z,n) are the correct objects from the viewpoint of spectral

theory. However, when it comes to calculations, the following pair of Weyl m-
functions

(2.11) a(n — (1))2mi(z,n) + + 2z —b(n) =0.

ug(z,n+1)
a(n)us(z,n)’
is often more convenient than the original one. The connection is given by

a(n)®>m_(z,n) — 2z + b(n)

(2.12) g (z,n) = F g (2) = iy (2, 0)

(2.13) my(z,n) =my(z,n), m_(z,n) = a(n = 1)2
(note also m_(z,n+1)"! = —a(n)?m_(z,n)) and the corresponding spectral mea-
sures (for n = 0) are related by
_ a(0)?
2.14 dpy =d dp_ = dp_.
(2.14) Pt = dps, =

You might want to note that m_(z) does not tend to 0 as Im(z) — oo since the
linear part is present in its Herglotz representation
2=b(n) [ dp()

a(0)2 R A—2z

Finally, we introduce the Weyl m-functions mi(z,n) associated with Hin

(2.15) m_(z) =

They are defined analogously to m4(z,n). Moreover, the definition of H fn in

terms of H ,, suggests that mf_ (z,m), B # 0, can be expressed in terms of m4 (z,n).

Using (1.91) and the second resolvent identity we obtain
ﬁm+ (Zv ’ﬂ)
B —a(n)my(z,n)

(216)  m(zn) = (s, (HY = 2) 7 16,00) =

Similarly, the Weyl m-functions m? (z,m) associated with H A .y B # 00, can be

expressed in terms of m_(z,n + 1),

8 6 -1y m_(z,n+1)
(2.17) =(2,m) = (0, (HZ 5, = 2) ™ 0n) 1—Ba(n)ym_(z,n+1)

2.2. Properties of solutions

The aim of the present section is to establish some fundamental properties of special
solutions of (1.19) which will be indispensable later on.

As an application of Weyl m-functions we first derive some additional properties
of the solutions u4 (z,.). By (1.27) we have

(2.18) ws(z,n) = a(0)ug (z,0) (a(O)_lc(z, n) Ty (2)s(z, n)),
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where the constant (with respect to n) a(0)u(z,0) is at our disposal. If we choose
a(0)ug(z,0) =1 (bearing in mind that ¢(z,n), s(z,n) are polynomials with respect
to z), we infer for instance (using (2.4))

(2.19) ug(z,m) = ug(Z,n).

Moreover, uy(z,n) are holomorphic with respect to z € C\o(Hx). But we can do
even better. If p is an isolated eigenvalue of H, then m4 (z) has a simple pole at
z = p (since it is Herglotz; see also (2.36)). By choosing a(0)u(z,0) = (z — p) we
can remove the singularity at z = p. In summary,

Lemma 2.2. The solution uy(z,n) of (1.19) which is square summable near £0o
exist for z € C\oess(Hy), respectively. If we choose

c(z,n)

(2.20) ug(z,n) = a(0)

F m+(2)s(z,n),
then ug(z,n) is holomorphic for z € C\o(Hy), uy(z,.) £ 0, and uy(z,.) =
u+(z,.). In addition, we can include a finite number of isolated eigenvalues in
the domain of holomorphy of ux(z,n).

Moreover, the sums

n

(2.21) ZU+(217J'>U+(22J)7 > u (2, u(22,4)

Jj=—00
are holomorphic with respect to z1 (resp. zo) provided u(z1,.) (resp. uy(z2,.)) are.

Proof. Only the last assertion has not been shown yet. It suffices to prove the
claim for one n, say n = 1. Without restriction we suppose u(z,0) = —a(0)~! (if
uy(z,0) = 0, shift everything by one). Then u, (z,n) = (Hy — 2)"161(n), n > 1,
and hence

(2.22) > up (21, i) ug(22,5) = (O, (Hy = 21) " (Hy = 22) " 00) o).
j=1
The remaining case is similar. (I

Remark 2.3. If (Mg, \1) C p(H), we can define uy (A, n), A € [Ag, A\1]. Indeed, by
(2.20) it suffices to prove that my () tends to a limit (in RU {oo}) as A | Ag or
A T A1. This follows from monotonicity of m4 (X),

(2.23) m’i()\) = _<6i17 (Hi — )\)_25i1> <0, AE ()\0, /\1)

(compare also equation (B.18)). Here the prime denotes the derivative with respect
to A. However, uy(X,1,n) might not be square summable near +oo in general.

In addition, the discrete eigenvalues of H f are the zeros of % —m4(N) (see
(2.16)) and hence decreasing as a function of 5. Similarly, the discrete eigenvalues
of H? are the zeros of ﬁ —m_(A) (see (2.17)) and hence increasing as a function

of 3.
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Let u(z) be a solution of (1.19) with z € C\R. If we choose f = u(z), g = u(z)
in (1.20), we obtain

(2.24) [w(2)]n = [W(2)lm-1— " Julz )P,

where [.],, denotes the Weyl bracket,

W (u(2), u(z)) n(u(z, n)u(zn + 1)

(2.25) [u(2)]n = 2iTm () =a(n) T(2)
Especially for u4(z,n) as in Lemma 2.2 we get

5 fur ()P
(2.26) [us ()], =4 =" .

- 3 fu(za)P

and for s(z,n)

(2.27) [s(2)]n=1 4"

> Is(z )7 n<0
j=n-+1

s(z, /)% n>0

r

Moreover, let u(z,n),v(z,n) be solutions of (1.19). If u(z,n) is differentiable
with respect to z, we obtain

(2.28) (1 —2)u'(z,n) = u(z,n)

(here the prime denotes the derivative with respect to z) and using Green’s formula
(1.20) we infer

n

(2.29) Y vz g)ulzg) = Wa(v(z),d'(2)) = Wino1 (v(2), 4 (2)).

Jj=m
Even more interesting is the following result.

Lemma 2.4. Let uy(z,n) be solutions of (1.19) as in Lemma 2.2. Then we have

o0

d - _72 u+<z,j)2
(2.30) Wi (uz(2), s (2)) = N
5 ey
Proof. Green’s formula (1.20) implies
(231) Walu (s () = (5= 2) 3 s (2, f)us (,5)

j=n+1
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and furthermore,

W (21, 2)) = i W (2), "))
(2.52) = Z uy(z,4)%

j=n+1
]

As a first application of this lemma, let us investigate the isolated poles of
G(z,n,m). If z = )¢ is such an isolated pole (i.e., an isolated eigenvalue of H), then
W (u—(Xo),us+(Ao)) = 0 and hence uy(Ag,n) differ only by a (nonzero) constant
multiple. Moreover,

iW(uf(Z% ui(2)) = Wa(u—(Xo), vy (M) + Wi (u”(Xo), ut (Ao))

dz z2=MXo
(2.33) == u_(Ao,f)us (X0, )
JEL
by the lemma and hence
P
(2.34) G(z,n,m) = _PQo,n,m) +0(z — \o)?,
Z — )\0
where
Ut (Ao, n)us(Ag, m)
2.35 P(Xp,n,m) = -
( ) ( ’ ) Z u:l:()‘Oaj)2
JEL
Similarly, for H. we obtain
, s(p, n)s(p, m)
2.36 lim(z — u)G+(z,n,m) = ————"——-".
(236) lim (2 = )G (2., m) = L

JEEN

Thus the poles of the kernel of the resolvent at isolated eigenvalues are simple.
Moreover, the negative residue equals the kernel of the projector onto the corre-
sponding eigenspace.

As a second application we show monotonicity of G(z,n,n) with respect to z
in a spectral gap. Differentiating (1.99), a straightforward calculation shows

7.L+(Z, n)QWn(u— (Z)’ U (Z)) —u— (Zv n)QWn(u-F(Z)a 'U,+(Z))

(2.37)  G'(z,n,n) = W(u_(2),uy(2))? ’

which is positive for z € R\o(H) by Lemma 2.4. The same result also follows from

d

G'(z,n,m) = £<§n, (H —2)716,,) = (0, (H — 2)725m>
(2.38) = ZG(z,n,j)G(z,j,m).
JEZ

Finally, let us investigate the qualitative behavior of the solutions uy(z) more
closely.
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Lemma 2.5. Suppose z € C\oess(Hy). Then we can find Cy, v£ > 0 such that
(2.39) lut(z,n)| < Cyexp(—y*n), =+ncN.
For ~* we can choose

SUPBeRU{ o0} dist(o(HY), )
2sup,, ey |a(£n)|

(2.40) Vi:ln(l—i-(l—s) ) e>0

(the corresponding constant Cx will depend on ¢).

Proof. By the definition of Hﬁ it suffices to consider the case § = oo, § =
dist(c(H4), z) > 0 (otherwise alter b(1) or shift the interval). Recall G4 (z,1,n) =
uy(z,n)/(—a(0)uy(z,0)) and consider (y > 0)

ev(n_l)GJr(Zﬂ 17”) = (01, P*“/(HJr - Z)_1P75ﬂ> = <517 (P*WH+P"/ - Z)_1§n>

(2.41) = (61, (Hs — 24 Q1) 7'40),

where

(2.42) (Pyu)(n) = e™u(n)

and

(2.43) (Qu)(n) = a(n)(e” — Du(n+1) +a(n — 1)(e™” — u(n — 1).

Moreover, choosing v = In(1 4+ (1 —€)d/(2sup,,cy |a(£n)|)) we have
(2.44) Q4] < QSug la(£n)|(e” — 1) = (1 — &)é.
ne

Using the first resolvent equation

[(Hy =24 Q)M < II(Hy —2) M+ I(Hy —2)7 |
(2.45) < QyII(Hy — 2+ Q)7
and ||[(Hy — 2)7 Y| = 6! implies the desired result
1
(2.46) (VG (2, 1) < (Hy =2+ Q)7 < 5
O

This result also shows that for any solution w(z,n) which is not a multiple of
ux(z,.), we have
const _+

(2.47) V0wlz,n) 2+ Ju(z,n +1)2 > |a(n)|e7 "

since otherwise the Wronskian of v and u4 (z) would vanish as n — +oo. Hence,
(cf. (1.34))

(2.48) N ERNH(N) =0} C oess(Hy)

since YE(A) > 75, A € 0egs(Hy).
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2.3. Positive solutions

In this section we want to investigate solutions of 7u = Au with A < o(H). We will
assume

(2.49) a(n) <0
throughout this section. As a warm-up we consider the case A < o(H).

Lemma 2.6. Suppose a(n) <0 and let X < o(H). Then we can assume

(2.50) us(\n) >0, nez,

and we have

(2.51) (n—mno)s(A\,n,ng) >0, neZ\{no}.

Proof. From (H — \) > 0 one infers (Hy , — A) > 0 and hence
1

(2.52) 0 < (Onsr, (Hym — N)2onpy) = A ED

—a(n)uy (A\,n)’

showing that w4 (A) can be chosen to be positive. Furthermore, for n > ny we
obtain

uy (A, n)s(A, n,ng)

—a(no)us(A, no)

implying s(\, n,ng) > 0 for n > ng. The remaining case is similar. O

(2.53) 0 < (On, (Hyng = A)"0n) =

The general case A < o(H) requires an additional investigation. We first prove
that (2.51) also holds for A < o(H) with the aid of the following lemma.

Lemma 2.7. Suppose a(n) < 0 and let u # 0 solve Tu = u. Then u(n) > 0,
n > ng (resp. n < ng), implies u(n) > 0, n > ng (resp. n < ng). Similarly,
u(n) >0, n € Z, implies u >0, n € Z.

Proof. Fix n > ng (resp. n < ng). Then, u(n) = 0 implies u(n = 1) > 0 (since
u cannot vanish at two consecutive points) contradicting 0 = (b(n) — Au(n) =
—a(n)u(n +1) —a(n — Lu(n — 1) > 0. O

The desired result now follows from

(2.54) s(A,n,no) = liﬁ)l s(A—¢g,n,mg) >0, n>ng,

and the lemma. In addition, we note
(2.55) b(n) — A =—-an)s(A,n+1,n—-1)>0, X<o(H).
The following corollary is simple but powerful.

Corollary 2.8. Suppose uj(A,n), j = 1,2, are two solutions of Tu = Au, A < o(H),
with uy (A, ng) = ua(A, ng) for some ng € Z. Then if

(2.56) (n— no)(ul()\,n) . uQ()\,n)) >0 (resp. <0)

holds for one n € Z\{no}, then it holds for all. If ui(A,n) = ua(A,n) for one
n € Z\{no}, then u; and uy are equal.

Proof. Use u;(A,n) —uz(A,n) =cs(A, n,ng) for some ¢ € R. O
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In particular, this says that for A < o(H) solutions u(A,n) can change sign
(resp. vanish) at most once (since s(z,n,ng) does).
For the sequence

s(A,n,m)
2. =
(2.57) Um (A, 1) SO0 0,m) m €N,
this corollary implies that
s(A,1,m)
2. m = Um 71 = N A~
(259) bu) = (A1) = S0

1
0
is increasing with m since we have w41 (A, m) > 0 = wu, (A, m). Next, since
a(0)s(A, 1,m) + a(—1)s(A\, —=1,m) = (A — b(0))s(A, 0, m) implies

A —b(0)
(2:59) 6nN) < Zo
we can define
(2.60)
G+ (V) = Tim 6u(N), ue(An) = I (A ) = c(An) + o (N)s(An).

By construction we have u4 (A, n) > u,, (A, n), n € N, implying uy (A, n) > 0, n € N.
For n < 0 we have at least uy (A, n) > 0 since uy, (A, n) > 0 and thus ug (A, n) > 0,
n € Z, by Lemma 2.7.

Let u(A,n) be a solution with u(X,0) =1, u(A, 1) = ¢(A). Then, by the above
analysis, we infer that w(A,n) > 0, n € N, is equivalent to ¢(\) > ¢ (\) and hence
u(A,n) > ugp(A n), n € N (with equality holding if and only if u(X) = uy(A)). In
this sense u4 (A) is the minimal positive solution (also principal or recessive
solution) near +oo. In particular, since every solution can change sign at most
once, we infer that if there is a square summable solution near +oo, then it must
be equal to us (A, n) (up to a constant multiple), justifying our notation.

Moreover, if u()) is different from w4 (\), then constancy of the Wronskian

up(An)  ur(An+1) W (u(A), uq(A))

u(A, n) uA\n+1)  —a(n)u(\,n)u(\,n+1)

together with W (u(A),us (X)) = a(0)(¢+(A) — ¢(N)) > 0 shows that the sequence
us (A, n)/u(A, n) is decreasing for all u(\) # uy (N if and only if uy (A) is minimal.
Moreover, we claim

(2.61)

(2.62) lim 2 A7)

=0.
n—00 u()\, n)

In fact, suppose lim,, oo uy (A, n)/u(A,n) =& > 0. Then ui(A,n) > eu(A,n), n €
N, and hence u, = (u4 (A, n)—cu(A,n))/(1—¢e) > 0,n € N. But ur(A\,n) < us(A,n)
implies u(A,n) < uy (A, n), a contradiction.

Conversely, (2.62) for one u(A) uniquely characterizes uy (A, n) since (2.62)
remains valid if we replace u(A) by any positive linear combination of u(\) and

Summing up (2.61) shows that
- 1 1
(2.63) = < 0.

— —a()uX HuA i+ 1) a(0)(9+(A) — o(N))

Jj=
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Moreover, the sequence

= 1
(2.64) v(A,n) =u(An) Z: e g + 1) >0

solves Tu = Au (cf. (1.51)) and equals u4 (A, n) up to a constant multiple since
lim,, 00 v(A, 1) /u(A,n) = 0.

By reflection we obtain a corresponding minimal positive solution u_ (A, n) near
—00. Let us summarize some of the results obtained thus far.

Lemma 2.9. Suppose a(n) < 0, A < o(H) and let u(A,n) be a solution with
u(A,n) >0, £n > 0. Then the following conditions are equivalent.

(). u(\, n) is minimal near +oc.
(if). We have

u(A,n) _ v(A0)
wOun) = a0y =0

for any solution v(A,n) with v(A,n) >0, £n > 0.
(iii). We have

(2.65)

(2.66) lim

= 0.
n—zxoo v(\, n)

for one solution v(A,n) with v(A,n) >0, £n > 0.
(iv). We have

(2.67)

1
je%:N —a(j)u(f)ulj +1)
Recall that minimality says that for a solution u(A, n) with u(\,0) = 1, u(\, 1) =
@(A) to be positive on N, we need ¢(A\) > ¢4 (A). Similarly, for u(A,n) to be pos-
itive on —N we need ¢(\) < ¢_(N). In summary, u(n) > 0, n € Z, if and only if
P+ (N) < P(A) < ¢_(A) and thus any positive solution can (up to constant multiples)
be written as

1-— 1
T (An) + 2

(2.68) u(A,mn) = uy(A,n), oel[-1,1].

Two cases may occur
(1). u—(\,n), us-(A, n) are linearly dependent (i.e., ¢+ (N) = ¢_(\)) and there
is only one (up to constant multiples) positive solution. In this case H — A
is called critical.
(i1). u—(A,n), uy (A, n) are linearly independent and

_1+J 1—0

(2.69) Ug (A, n) = up (A, n) +

u- (A n),

is positive if and only if o € [—1,1]. In this case H —\ is called subcritical

If H— X > o(H), then H — X is always subcritical by Lemma 2.6. To emphasize
this situation one sometimes calls H — A supercritical if H — XA > o(H).
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In case (ii) it is not hard to show using (2.62) that for two positive solutions
uj(A,n), j = 1,2, we have

+0o l1—0

up(A,n) +

270)  ug(An) =2 ) >0 o oel-1,1]

if and only if the solutions u; > equal w4 up to constant multiples.

Remark 2.10. Assuming a(n) < 0, the requirement H — XA > 0 is also necessary
for a positive solution to exist. In fact, any positive solution can be used to factor
H—)X=A*A>0 (cf. Corollary 11.2).

Similarly, if a(n) > 0, the requirement H — X\ < 0 is sufficient and necessary for
a positive solution to exist (consider —(H — A) > 0). If a(n) is not of a fixed sign,
no general statement is possible.

2.4. Weyl circles

In this section we will advocate a different approach for Weyl m-functions. There
are two main reasons for doing this. First of all this approach is similar to Weyl’s
original one for differential equations and second it will provide an alternative char-
acterization of Weyl m-functions as limits needed later.

Let sg(z,.),c3(z,.) be the fundamental system of (1.19) corresponding to the
initial conditions

(2.71) 55(2,0) = —sin(a), sp(z, i) = cos(a),

cg(z,0) = cos(a), ca(z,
where 5 = cot(a). Clearly,
(2.72) Wi(es(2),85(2)) = a(0).

The general idea is to approximate Hi by finite matrices. We will choose the
boundary conditions associated with 3, By at n = 0, N, respectively. The corre-
sponding matrix H& ﬁN will have eigenvalues \;(N), 1 < j < N, and corresponding
eigenvectors sg(A;(IV),n) (since sg(z,n) fulfills the boundary condition at 0). We

note that A\;(N), 1 <j < N, depend also on §.

If we set
- Wi (s5(Aj(N)) ¢5(2))
(2.73) 1 (z) = sgn(N) ,  Nez\{0}
N a(0)Wn (s3(X;(N)), s5(2))
(independent of the eigenvalue chosen), then the solution
(2.74) un(,m) = a(0) a2, m) — sgn(N) ()3 (2 )
satisfies the boundary condition at N, that is, Wi (sg(A1),un(z)) = 0. The func-

tion m?\,(z) is rational (w.r.t. z) and has poles at the eigenvalues A;(NN). In par-

ticular, they are the analogs of the Weyl m-functions for finite Jacobi operators.
Hence it suggests itself to consider the limit N — o0, where our hope is to obtain
the Weyl m-functions for the Jacobi operators Hi

We fix \g € R and set

_Sﬁ()\o,N +1)

(2.75) fv ==L
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implying Mg = A;(V) for one j. It will turn out that the above choice for Gy is not

really necessary since m%(z) will, as a consequence of boundedness of H, converge

for arbitrary sequences Oy. However, the above choice also works in the case of
unbounded operators.

Before we turn to the limit, let us derive some additional properties for finite
N. The limits

lim )WN(SE()‘J'(N)),CQ(Z)) = —a(0),

z— X (N
@70) tim FEEREN (5,0, (1), 550 (V)

imply that all poles of my(z, ) are simple. Using (2.29) to evaluate (2.76) one
infers that the negative residue at A;(NV) is given by

N
0

(277) B = (X stu@n?) . Nz

1
N= N1

The numbers 75 (X;(N)) are called norming constants. Hence one gets

N 3 BgF: F1
- v (A (V) a0)’ pT#00
(2.78) () = =y T2y a0, N 20,
jzz:l zZ — )\](N) a(%()g)’ 5:F1 = 00
and with the help of (2.24) we obtain
o s
- Im (i (2))
2. E o NN 2
( 79) ‘ |UN(Zvn)| Im(z) ) < 0,
N=Nt1

that is, m]ﬁv (z) are Herglotz functions.
Now we turn to the limits N — +o00. Fix z € C\R. Observe that if A\, varies
in R, then Sy takes all values in RU {oco} N times. Rewriting (2.73) shows that

sen(N) es(z, N)By + s N + 1)
a(O) Sﬁ('z7 N)ﬂN + 3,3(27 N+ 1)

(2.80) i (z) =

is a Mobius transformation and hence the values of ﬁlﬁ,(z) for different By €
R U {oo} lie on a circle (also called Weyl circle) in the complex plane (note that
z € R would correspond to the degenerate circle RU{oo}). The center of this circle
is

> e =sm() g

and the radius is

_ Wies(z),55(2)) _ 1
(2.82) N 2a(0)m(2)[s(2)]w |~ 2im(2)[sp(2)]n]°

Using
(2.83) [a(0) " es(2) — sen(N)mss(2)]w = [s5(2)]n (I — en|* = %)
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we see that this circle is equivalently characterized by the equation
(2.84) {m € C|[a(0)"'ep(2) + sgn(N)mss(z)]ny = 0}.
Since [.|n, N > 0, is decreasing with respect to N, the circle corresponding to N +1

lies inside the circle corresponding to N. Hence these circles tend to a limit point
for any sequence (fy € RU {00})nen since

(2.85) 1\}211 —[ss(2)]n = Z lsg(z,m)]” = o0
(otherwise H f would have a non-real eigenvalue). Similarly for N < 0. Thus the
pointwise convergence of fn]ﬁ\, (2) is clear and we may define

(2.86) il (z) = Jim i (2).

Moreover, the above sequences are locally bounded in z (fix N and take all circles
corresponding to a (sufficiently small) neighborhood of any point z and note that
all following circles lie inside the ones corresponding to N) and by Vitali’s theorem
([229], p. 168) they converge uniformly on every compact set in Cy = {z € C| =
Im(z) > 0}, implying that /m/ (z) are again holomorphic on C..

Remark 2.11. (i). Since m]’i,(z) converges for arbitrary choice of the sequence 8y
we even have
N
lim — ) (z, N)
N—zco a(0)sg(z,N)

Moreover, this approach is related to (2.60). Using (1.62), (1.63) shows ¢, (\) =
—c(A,m)/s(A,m) and establishes the equivalence.

(ii). That the Weyl circles converge to a point is a consequence of the boundedness
of a(n),b(n). In the general case the limit could be a circle or a point (independent
of z € C\R). Accordingly one says that 7 is limit circle or limit point at +c0. (See
Section 2.6 for further information on unbounded operators.)

(2.87) m(z) =

As anticipated by our notation, mi( ) are closely related to mi( ). This will
be shown next. We claim that

(2.88) uz(z,n) = a(0) " cp(z,n) F il (2)ss(z,n)

is square summable near +oco. Since ﬁ@f_ lies in the interior of all Weyl circles the
limit im0 [t (2)]y > 0 must exist and hence uy € ¢2 (Z) by (2.24). Moreover,
uy € (3 (Z) implies [uy]oo = 0. Similarly for u_(z). In addition, (cf. (2.4))

oo

2 m(m (2
(289 > et = PR

1
n=

—oo

)

implies that fni (z) are Herglotz functions (note that u (z,n) depends on [ because
of the normalization u(2,0) = a(0)~! cos(a) £ fni (2) sin(c)). In particular, their
Herglotz representation reads

AR ALY

- 0
(2:90) mi<z>a(0)+/w_z, gt
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This finally establishes the connection

2% (2) — i () — T D)
(2.91) mi (2) = ma(2) a(0)u(z,0)

as expected. Furthermore, m/} 7 (%) can be expressed in terms of fniz (2) (use that
ug is unique up to a constant) by

P (5) = 1 a(0)cos(az — 061)mi2 (2) Fsin(az — a1)
292 £ ia(o) a(0) sin(az — 041)mf[z (2) £ cos(ag — )

where 1 2 = cot(a,2). Specializing to the case 81 = 3, f2 = oo we infer

oy = P 0O m_(z.1) + a(0)"1
293 M) = G T T~ Ba(0)m_(=.1)

which should be compared with (2.16), (2.17), respectively.

zn) =

2.5. Canonical forms of Jacobi operators and the
moment problem

The aim of this section is to derive canonical forms for H, H4 and to relate the spec-
tra of these operators to the corresponding measures encountered in the previous
sections.

Since s(z,n) is a polynomial in z we infer by induction (cf. Lemma 1.2)

(2.94) s(Hy,n) ZSM 0)H.61 = by,

implying that d; is a cyclic vector for Hy. We recall the measure
(2.95) dp4(N) = (61, Poor (H1)31)

and consider the Hilbert space L?(R, dp+) Since dp; is supported on o(H ) this
space is the same as the space L?(o(Hy),dp ). The scalar product is given by

(2.96) (f.ghe = / FOVa(N) dp (V).

If f, g are polynomials we can evaluate their scalar product without even knowing
dp+ () since

(2.97) (fr9)2 = (f(H )01, g(Hy)01).

Applying this relation in the special case f(\) = s(A,m), g(\) = s(A\,n), we obtain
from equation (2.94) that the polynomials s(z,n), n € N, are orthogonal with
respect to this scalar product, that is,

(2.98) (sOvm). sz = [ s m)sn) dpi () = i

We will see in Theorem 4.5 that s(\,n) has n — 1 distinct real roots which interlace
the roots of s(A\,n + 1).
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Now consider the following transformation U from the set £y(N) onto the set
of all polynomials (eigenfunction expansion)

UHA) =Y fn)s(An),

(2.99) (UT'F)(n) = /R s(A,n)F(N)dpy (N).

A simple calculation for F(A\) = (U f)(\) shows that U is unitary,

(2.100) >l = | 1P, .

This leads us to the following result.

Theorem 2.12. The unitary transformation
(2.101) U: A(N) — L*R,dp,)
f) = 30 f(n)s(An)

(where the sum is to be understood as norm limit) maps the operator Hy to the
multiplication operator by A. More explicitly,

(2.102) H, =U'HU,
where
(2103) f{: LQ(R,dp+) - LQ(Ra dp+) .

F(\) = AF())

Proof. Since dpy is compactly supported the set of all polynomials is dense in
L?*(R,dp,) (Lemma B.1) and U extends to the unitary transformation U. The rest
follows from

HF(\) = UH, U 'F(\) = UH+AS(A,n)F(A)dp+(A)

(2.104) = ﬁ/RAs(A,n)F(A)dp+(A) = AF()\).
0

This implies that the spectrum of H; can be characterized as follows (see
Lemma B.5). Let the Lebesgue decomposition of dp, be given by
(2.105) dp+ = dp pp + dp4ac + dpy sc,

where pp, ac, and sc refer to the pure point, absolutely continuous, and singularly
continuous part of the measure py (with respect to Lebesgue measure), respectively.
Then the pure point, absolutely continuous, and singular continuous
spectra of H, are given by (see Lemma B.5)
o(Hy) = {\ € R|\ is a growth point of p },
opp(H4) = {\ € R|X is a growth point of pi ,,},
0ac(Hy) = {X € R|\ is a growth point of p4 4},
(2.106) osc(Ht) = {\ € R|\ is a growth point of py s}
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Recall that o,,(H,) is in general not equal to the point spectrum o,(H,) (i.e.,
the set of eigenvalues of H, ). However, we have at least

(2.107) opp(Hy) = 0p(Hy),

where the bar denotes closure.
An additional decomposition in continuous and singular part with respect to
the Hausdorff measure dh® (see Appendix B) will be of importance as well,

(2108) dp+ = dp+,ac + dp+,as~
The corresponding spectra are defined analogously
Oac(Hy) = {A € R|A is a growth point of p ac},
oas(Hy) = {\ € R|\ is a growth point of p4 o5}
They will be used in Section 3.3.
Finally, we show how a2, b can be reconstructed from the measure p,. In fact,
even the moments m4 j;, j € N, are sufficient for this task. This is generally known

as (Hamburger) moment problem.
Suppose we have a given sequence m;, j € Ny, such that

mo my o e Mi—1
ml m2 e mk
(2.109) C(k) = det . . } >0, kel
mg—1 Mg -+ M2k-2

Without restriction we will assume mg = 1. Using this we can define a sesquilinear
form on the set of polynomials as follows

(2.110) (PN, QN2 = > mykPiar,

j,k=0
where P(z) = 327 (p;jz/, Q(2) = 3272 ¢;27 (note that all sums are finite). The
polynomials

mo m1 e M1
1 ml m2 ce e mk
(2.111) s(z,k) = ——=det : : : ,keN
Ck—1)C(k) : : :
mg—2 Mg—1 -+ M2k-3
1 z P Zk_l

(set C(0) = 1), form a basis for the set of polynomials which is immediate from

Clk=1) ( 41 D(-1) ) 5 k—3
2.112 k)= ———— —_—
( ) s(z, k) 0 (Z + Clh = l)Z +0(z""7") ),
where D(0) =0, D(1) = m;, and
mo my o Mi—2 mg
my ma v Mpg—1 Mgyl
(2.113) D) =det| . . , ,  keN.

mrg—1 Mg -+ M2kg—3 M2k—1
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Moreover, this basis is orthonormal, that is,

(2.114) (s(A\7),8(A k)2 = 6jk,
since
mg My mME—1
) mq mo ‘e mp
(s(\ k), V) = ———=—det
C(k—1)C(k)
Mmig—2 Mg—1 -+ M2k—3
ms o Mgy1 - Mytpk—1

2.11 =
( 5) C(k) j=k-1

Clk—1)°

In particular, the sesquilinear form (2.110) is positive definite and hence an inner
product (note that C'(k) > 0 is also necessary for this).
Expanding the polynomial zs(z, k) in terms of s(z,7), 7 € N, we infer

k+1
zs(z, k) = Z(s()\,j),)\s()\,k‘))Lzs(z,j)
3=0
(2.116) = a(k)s(z, k+ 1) +b(k)s(z, k) +alk —1)s(z,k — 1)

(set s(z,0) = 0) with
2.117)  a(k) = s\ k + 1), As(\ k)b ze,  b(k) = (sOL k), As(A k)2, Kk € N.
In addition, comparing powers of z in (2.116) shows

Ok -1)C(k+1) D(k) D(k-1)
- C(k) ’ Ck)y Ck-1)

In terms of our original setting this says that given the measure dp (or its
moments, m4 j, j € N) we can compute s(A,n), n € N, via orthonormalization of
the set A", n € Ny. This fixes s(A,n) up to a sign if we require s(\, n) real-valued.
Then we can compute a(n), b(n) as above (up to the sign of a(n) which changes if
we change the sign of s(\,n)). Summarizing, dp; uniquely determines a(n)? and
b(n). Since knowing dpy () is equivalent to knowing m (z), the same is true for
m4(z) (compare also the proof of Theorem 2.29). In fact, we have an even stronger
result.

(2.118) a(k) b(k) =

Theorem 2.13. Suppose that the bounded measure dp, is not supported on a finite
set. Then there exists a unique bounded Jacobi operator Hy having dpy as spectral
measure.

Proof. We have already seen that the necessary and sufficient condition for our
reconstruction procedure to work is that the sesquilinear form generated by the
moments m; of dp is positive definite. Pick any nonzero polynomial P(X). Due
to our assumption we can find € > 0 and an interval I such that pi () # 0 and
P(M\)? > e, A € I. Hence (P(X\), P(\)) > epy ().

As a consequence we can define a(n), b(n), s(A\,n), and the unitary transform
U as before. By construction H, = U~YHU is a bounded Jacobi operator associ-
ated with a(n), b(n). That ps is the spectral measure of Hy follows from (using
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(Us)(N) =1)
(2.119) (61, PA(H1)61) = (Uby, PA(H)UG,) = /RXA()\)dM()\)
for any Borel set A C R. |

If dpy is supported on N points, the reconstruction procedure will break down
after N steps (i.e., C(N + 1) = 0) and we get a finite Jacobi matrix with dp, as
spectral measure.

We also remark

(2.120) c(z,n) = —a(O)/ s(z,n) —s(An)

dp+(N), €N,
. R p+(A), n

since one easily verifies 7yc(z,n) = zc(z,n) — a(0)dp(n), n € N (use (2.98) with
m = 1). Moreover, this implies

_c(z,n) [ s(\n)
(2.121) uy(z,m) = a(0) —m4(2)s(z,n) —Aﬁdp+(k)
and it is not hard to verify
[ s(An)s(A,m)
(2.122) Gi(z,n,m) = /R =, dp+(N).

The Jacobi operator H can be treated along the same lines. Since we essentially
repeat the analysis of Hy we will be more sketchy.
Consider the vector valued polynomials

(2.123) S(z,n) = (c(z,n),s(z,n)).
The analog of (2.94) reads
(2.124) s(H,n)d1 + c(H,n)og = dy,.

This is obvious for n = 0,1 and the rest follows from induction upon applying H
to (2.124). We introduce the spectral measures

(2.125) dpi; () = d{0s, P—co, ] (H)d;),
and the (hermitian) matrix valued measure
dpo,o  dpo,1
2.126 dp = ’ ’ .
( ) p ( dP1,0 d01,1

The diagonal part consists of positive measures and the off-diagonal part can be
written as the difference of two positive measures

(2.127) dpo.1(A) = dp1,0(A) = dpo.1.+(A) — dpo1,—(N),

where
1
dpo,+(A) = §d<(50 +61), P—oon (H)(60 + 61)),

(2128)  dpos—(A) = 2 (@80, P ()30} + dldr, Py (H)1)).
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Moreover, dp is a positive matrix measure and we have a corresponding Hilbert
space L?(R,C?,dp) with scalar product given by

(2.129) (F,G) 2 = Z /F Ndp; (A /F dp(\)

i,j=0
and if F', G are vector valued polynomials, then
(2.130) (F,G)2 = (Fo(H)dp + F1(H)b1,Go(H)do + G1(H)d1).
By (2.124) the vector valued polynomials S(A,n) are orthogonal with respect to
dp,
(2.131) (S(.,m),S(sn)) 2 = dmon-
The formulas analogous to (2.117) then read
(2.132) a(n) = (S(A\,n+1),AS(\,n))r2, b(n) = (S(A\,n),AS(\,n))r2, neZ.

Next, we consider the following transformation U from the set £o(Z) onto the
set of vector-valued polynomials (eigenfunction expansion)

=3 Fm)SOun
nez
(2.133) (- / SOLRIEN)dp(N).
Again a simple calculation for F(A) = (U f)(\) shows that U is unitary,
(2.134) D olf(n / ENE(Ndp(N).

nez
Extending U to a unitary transformation U we obtain as in the case of H, the

following

Theorem 2.14. The unitary transformation
(2.135) U: *(Z) — L*R,C? dp)
fn) = X0l f()S(A,n)

(where the sum is to be understood as morm limit) maps the operator H to the

multiplication operator by A\, that is,

(2.136) H=UHU!,

where
H: L*R,C%dp) — L3*R,C2dp)

(2.137) E() — AE() |

For the Green function of H we obtain

(2.138) G(z,n,m):/ﬂkw

By Lemma B.13, in order to characterize the spectrum of H one only needs to
consider the trace dp'" of dp given by

(2.139) dp"" = dpo,o + dp1 1.

dp(N).
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Let the Lebesgue decomposition (cf. (2.105)) of dp'" be given by
(2.140) dp'" = dpyy, + dpl. + dpl,

scr
then the pure point, absolutely continuous, and singular continuous spec-
tra of H are given by
o(H) = {\ € R|\ is a growth point of p"},
opp(H) = {\ € R|A is a growth point of p} },
oac(H) = {\ € R|\ is a growth point of p’’},
(2.141) ose(H) = {\ € R|\ is a growth point of p%}.
The Weyl matrix M (z) is defined as

M(z) = 7?93 - 2a1(0) <(1) (1))

g(z,O) };(Z(’(;)))
(2.142) - h(Z,O) @ 5 z E C\O—(H).
2a(0) 9(= 1)
Explicit evaluation yields
1 _ ((1))2 m+(22)—(6?)1—(2)
2.143 M(z) = —————= | m (% ¢ ;
(2.143) B = om0 G G ()
and the determinant reads
1
2.144 det M(z2) = ————.
( ) € (Z) 4@(0)2
In terms of the original Weyl m-functions we obtain
-1
9(z,0) =

2= b(0) — a(0)?m.(2) — a(—1)*m_(z)’
(2.145) h(z,0) = (z —b(0) + a(0)*m4 (2) — LL(—1)277L(,7;))g(,27 0).
Finally, notice that we can replace ¢(z,n), s(z,n) by any other pair of linearly

independent solutions. For example, we could use cg(z,n), sg(z,n). As in (2.123)
we define

(2.146) Ss(z,n) = (cﬁ(z,n),SQ(z,n)) =U,S(z,n),

where U, is rotation by the angle a (8 = cot «), that is,

(2.147) U _( COoS (v sina)

—sina  cosa

Hence all objects need to be rotated by the angle «. For instance, introducing
MPB(2) = U,M(2)U; " we infer

[0

mf (2)-m (2)

1 _ 1
(2.148)  MP(z) = —— a(0) 2a(0)

N 78 (2)—® . .
mf (2) +m” () % m? ()i (2)
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Note also
-1
(2.149) = sin?(a) v (z,0).
a(0)2(] (=) + m? (2))
If we restrict ourselves to the absolutely continuous part of the spectrum, we
can do even more. We abbreviate m4 () = lim. o M4 (A +i€), A € R, implying (cf.
Appendix B)

I () 0D,

000X = 00 () + -V
_ Im(m(A))Re(m (/\)) —Re (m+( NIm(m—(N))

ke = ra@)1 () + (V) "
(2.150) dp11.e(N) = 1m<'m—<§3|'m"3§;>+ﬁlm@g|g' + ) gy
Choosing the new basis
(2.151) ( me% ) =V(\) ( 283 )
with

L -

(2.152) V) = M( éﬁ; m+(A))\) )
we get
(2153) (VL) dpac(N) V-L(N) = % ( e () i ﬁ?+ o) )d/\.

Note that V(\) is not unitary. We will show how to diagonalize all of dp in Sec-
tion 3.1.

2.6. Some remarks on unbounded operators

In this section we temporarily drop the boundedness assumption on the coefficients
a,b. This renders H unbounded and implies that we are no longer able to define H
on all of ?(Z). Nevertheless we can define the minimal and maximal operator
allied with 7 as follows

A ) N 2 . . 2
(2154) Hnnn : Q(H»,,”n) V4 (Z) H’mal : Q(Hmou) — f (Z)

f = oTf f = Tf
with
(2155)  D(Hpin) = (Z),  D(Har) = 1f € L@)Irf € (@)},
By Green’s formula (1.20) we have H},. = Hypq, and
2.156) How— T+ DU - o
with

(2.157) D(H ) = {f € D(Hmaz)| nEr:EOO Wn(?v 9) =0, g € D(Hmaz)}-
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Here H*, H denote the adjoint, closure of an operator H, respectively. We also
remark that lim,, 4, W, (f,g) exists for f,g € ®(H,u4z) as can be easily shown
using (1.20). Similar definitions apply to Hx.

Since we might have HY, . # Hmaz, Hmae might not be self-adjoint in general.
The key to this problem will be the limit point (I.p.), limit circle (l.c.) classifi-
cation alluded to in Remark 2.11 (ii). To make things precise, we call 7 .p. at +oo
if s(20,.) € (*(£N) for some zy € C\R. Otherwise 7 is called l.c. at fo0.

In order to draw some first consequences from this definition we note that
all considerations of Section 2.4 do not use boundedness of a,b except for (2.85).
However, if } _x s(20,n) < oo (considering only # = oo for simplicity), then the
circle corresponding to my(zp) converges to a circle instead of a point as N — oo.
If M4 (20) is defined to be any point on this limiting circle, everything else remains
unchanged. In particular, uy(zo,.) € £2(N) and s(zo,.) € £*(N) shows that every
solution of Tu = zgu is in £2(N) if 7 is l.c. at +o0.

This enables us to reveal the connections between the I.p. / l.c. characterization
and the self-adjointness of unbounded Jacobi operators. We first consider H.

We recall that Hyyn + is symmetric and that (Hpin,+)* = Hmaz,+- We need
to investigate the deficiency indices dr = dimKer(Hpaq,+ — 24+), 22 € Cg, of
H,pin,+. They are independent of z1 € Cy and equal (i.e., d_ = d) since Hypin +
is real (cf. [192], [241], Chapter 8). Thus, to compute dy it suffices to consider
Ker(Hyae,+ — 20)- Since any element of Ker(Hpnqq,+ — 20) is a multiple of s(zp) we
infer d_ = d; = 0 if s(29) & (2(N) and d_ = d; = 1 if s(29) € ¢*(N). This shows
that Hqq 4+ is self-adjoint if and only if 7 is I.p. at +o0o. Moreover, s(z) € ¢*(N)
implies s(z) € £2(N) for all z € C\R since d+ = 1 independent of z € C\R. Or, put
differently, the l.p. / l.c. definition is independent of z € C\R.

If 7 is l.c. at o0, then our considerations imply that all solutions of (1.19) for
all z € C\R are square summable near +o0o, respectively. This is even true for all
z e C.

Lemma 2.15. Suppose that all solutions of Tu = zu are square summable near
+o00 for one value z = zy € C. Then this is true for all z € C.

Proof. If u fulfills (1.19), we may apply (1.48) to (7 — zo)u = (z — zo)u,

u(n) = u(no)e(zo,n,no) + ulng + 1)s(zo,n, ng)

B zZ— 20
a(0)

Z * (e(z0,m)s(20, 5) — e(20,7)5(20, n) Jul3)-

j=no+1

(2.158)

By assumption, there exists a constant M > 0 such that

o0 oo

(2.159) Yo ez )P <M, Y Js(z0, ) < M.

Jj=no+1 Jj=no+1
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Invoking the Cauchy-Schwarz inequality we obtain the estimate (n > ng)

n

S (el m)s(z0.) ~ elz0,3)s(z0.m))u(s)]
j=no+1
S Z |C(ZO’n)S(ZO7j)70(207‘7')5(20777’”2 Z ‘u(])|2
j=no+1 j=no+l
(2.160) §M(\c(zo,n)\2+|s(zo,n)|2) ST ()

j=no+1
Since ng is arbitrary we may choose ng in (2.159) so large, that we have 4a(0)~ ]z —
20| M? < 1. Again using Cauchy-Schwarz

n n

S () < (o) + fulno + D)3+ 22202 5 )2

j=no+1 a(()) j=no+1
I )
(2.161) < ([u(no)* + |u(no + 1)[*)M + 3 > G
j=no+1

where M is chosen such that > et le(z0, 4, no)|? < M, > et I8(20, 7, no)|? <
M holds. Solving for the left hand side finishes the proof,

(2.162) Y [l < 2(fulno)l® + ulng + 1)) M.

j=no+1

In summary, we have the following lemma.

Lemma 2.16. The operator Hp,qz + 15 self-adjoint if and only if one of the follow-
ing statements holds.
(i) 7 is l.p. at £oo.
(ii) There is a solution of (1.19) for some z € C (and hence for all) which is
not square summable near £oo.

(iil) Wioo(f,9) =0, for all f,g € D(Hpmaz,+)-

To simplify notation, we will only consider the endpoint 4+oc in the following.
The necessary modifications for —oo are straightforward.

Next, let us show a simple but useful criterion for 7 being l.p. at +oo. If 7 is
l.c. at +00, we can use the Wronskian
a(0)
a(n)

to get (using the Cauchy-Schwarz inequality)

(2.164) % \a(1n)| < |a(20)‘ %|c(z7n)‘22 |s(z,n)|2.

neN

(2.163) =c(z,n)s(z,n+ 1) —c(z,n + 1)s(z,n),

This shows that a sufficient condition for 7 to be l.p. at +oo is

(2.165) > @ = 0.
neN
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The remaining question is: What happens in the [.c. case? Obviously we need
some suitable boundary conditions. The boundary condition
(2.166) BChy.o(f) = cos(a) f(no) + sin(a) f(ng +1) =0
of Remark 1.9 makes no sense if ng = +oo. However, (2.166) can be written as
Wi (v, f) = 0, where v is any sequence satisfying BC),, »(v) = 0 and |v(ng)| +
|[v(ng + 1)] # 0. Moreover, all different boundary conditions can be obtained by
picking v such that W, (v,v) = 0 and Wy, (v, f) # 0 for some f. This latter
characterization of the boundary condition may be generalized.

We define the set of boundary conditions for 7 at 400 by
(2.167) BCL (1) = {v € D(Hmaz,+)| Wioo(T,v) =0, Wioo(T, f) # 0 for some

f €D (Hpap,+) if 7is l.c. at + o0}

Observe that the first requirement holds if v is real. The second is void if 7 is l.p.
(at +00). Otherwise, if 7 is l.c., there is at least one real v for which it holds (if
not, (iil) of Lemma 2.16 implies that 7 is [.p.). Two sequences v1 2 € BC(T) are
called equivalent if W, o (v1,v2) = 0.

Lemma 2.17. Let v € BC (1) and set
(2.168) D4 (v) ={f € D(Hmaz,+)|Wioo(v, f) = 0}.
Then
(1) W"FOO(Ua f) =0 < W+OO(U, f) = 07
(ii) Wioo(g,f) =0 for f,g € D4 (v).
Moreover, W, o (v1,v2) = 0 is equivalent to D4 (vi) = Dy (va).

Proof. Forall f1,..., fs € D(Hpae) we can take the limits n — +oo in the Pliicker
identity

(2.169) Wi (f1, fo)Walfs, fa) + Wil f1, f3)Wa(fa, fo) + Wa(f1, fa)Wa(f2, f3) = 0.

Now choose f1 = v, fo = f, f3s =0, f4 = f to conclude Wioo(v, f) = 0 implies
Wi (D, f) = 0. Then choose f1 =wv, fa = f, f3s = f, f4 = g to show (ii). The last
assertion follows from (ii) upon choosing v = vy, g = vs. O

Combining this lemma with Green’s formula (1.20) shows

Theorem 2.18. Choose v € BC (1), then
(2170) H+Z ©+(’U) — fz(N)
f = 7f

is a self-adjoint extension of Hyin +.

In the l.p. case the boundary condition Wy (v, f) = 0 is of course always
fulfilled and thus D4 (v) = D(Hpag,+) for any v € BCL(T).

Clearly, we can also define self-adjoint operators H,,, + and Hﬁo) . correspond-
ing to Hy as we did in Section 1.2 for the bounded case.

Now, that we have found self-adjoint extensions, let us come back to the Weyl
m-functions. We fix v(n) = sg(A\,n), A € R, for the boundary condition at +oc.
Observe that

(2.171) 5P (Z) ! lim Wn(sﬁ(/\)v Cﬂ(z))

a(0) n=oo Wi (s5(A); 55(2))
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lies on the limiting circle. This is clear if 7 is l.p. at +00. Otherwise, 7 [l.c. at
+oo implies cg(z), sg(z) € D(Hmaw,+) and both Wronskians converge to a limit
as pointed out earlier in this section. Moreover, if W, (sg(\),ss(z)) = 0, then
sg(z) € CD(H_E) and hence z € O'(H_[:). In particular, W, (sg(\), sg(z)) # 0 for
z € C\R and we can call Thi (z) the Weyl m-function of Hf

In addition, the function

(2.172) uy(z,n) = cs(z,n) $7hﬁ(z)55(z,n)
a(0)

is in ¢3 (Z) and satisfies the boundary condition

(2.173) Wiso(s3(A),us(2)) = 0.

The boundary condition uniquely characterizes u4(z,n) up to a constant in the l.c.
case.

We have seen that the question of self-adjointness is simple if 7 is [.p.. One the
other hand, the spectrum gets simple if 7 is [.c..

Lemma 2.19. If 7 is l.c. at +oo, then the resolvent of Hy is a Hilbert-Schmidt
operator. In particular, this implies that Hy has purely discrete spectrum, o(H,) =
oq(Hy), and

1
A€oa(Hy)

Proof. The result is a consequence of the following estimate

2 1 2 2
> [Gi(zmn) =|W|27%(|u+<z,n>| > Is(zm)]

(n,m)€Z? m<n
2
+s(zm)* Y |u+(zvm)‘2> < |W|2||U+(Z)H2 Is(=)11%,
m>n
where W = W (s(2), us(2)). O

Our next goal is to find a good parameterization of all self-adjoint extensions
if 7is l.c. at 4-o00.

First of all note that any real solution of 7u = Au, A € R, is in BCy (1) (since
W (u, @) # 0 for any linearly independent solution of 7u = Au). Now fix

(2.175) Vo (n) = cos(a)c(0,n) + sin(a)s(0,n), aecl0,m),

and note that different o’s imply different extensions since W (vq,, Va,) = sin(ag —
o1)/a(0).

Lemma 2.20. All self-adjoint extensions of Hynin,4+ correspond to some v, with
unique « € [0, ).

Proof. Let Hy be a self-adjoint extension of H,yin + and Ao € o(H4) be an eigen-
value with corresponding eigenfunction s(Ag,n). Using Green’s formula (1.20) with
f=5s(X), g€ D(Hy) wesee D(H;) C D1 (s(Ao)) and hence D(Hy) = D4 (s(Ng))
by maximality of self-adjoint operators. Let o € [0,7) be the unique value for
which

(2.176) Wioo(va,s(Ao)) = cos(a)Wios(c(0), s(Ao))+sin(a)Wiso(s(0), s(Ao)) = 0.
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Then D1 (s(Ao)) = D4 (va)- O

Now we turn back again to operators on ¢?(Z). We use that corresponding
definitions and results hold for the other endpoint —oco as well. With this in mind
we have

Theorem 2.21. Choose v+ € BCL(T) as above, then the operator H with domain

(2.177) D(H) = {f € D(Hmaa)|Wioo (v, [) = Weoo (v, f) = 0}
is self-adjoint.

Again, if 7 is l.p. at +oo, the corresponding boundary condition is void and
can be omitted. We also note that if 7 is [.c. at both +oc0, then we have not found
all self-adjoint extensions since we only consider separated boundary conditions
(i.e., one for each endpoint) and not coupled ones which connect the behavior of
functions at —oo and +o0.

As before we have

Lemma 2.22. If 7 isl.c. at both o0, then the resolvent of H is a Hilbert-Schmidt
operator. In particular, the spectrum of H is purely discrete.

Most results found for bounded Jacobi operators still hold with minor modifi-
cations. One result that requires some changes is Theorem 2.13.

Theorem 2.23. A measure dp4 which is not supported on a finite set is the spectral
measure of a unique Jacobi operator Hy if and only if the set of polynomials is dense
in L*(R, dp.).

Proof. If the set of polynomials is dense in L?(R,dp, ) we can use the same proof
as in Theorem 2.13 to show existence of a unique Jacobi operator with dp as
spectral measure.

Conversely, let Hy be given, and let U be a unitary transform mapping H
to multiplication by A in L?(R,dp,) (which exists by the spectral theorem). Then
|(US1)(N)]? = 1 since

Q178) [ dpy = (61 PA(HOR) = (Wa PANUS) = [ 150 dp ()

for any Borel set A C R. So, by another unitary transformation, we can assume
(U61)(N) = 1. And since the span of (H, )61, j € Ny, is dense in ¢2(Z), so is the
span of (U(H4)781)(\) = M in L3R, dp). O

A measure dp; which is not supported on a finite set and for which the set of
polynomials is dense in L?(R, dp,) will be called Jacobi measure.
There are some interesting consequences for the moment problem.

Lemma 2.24. A set {my j}jen forms the moments of a Jacobi measure if and
only if (2.109) holds.
Moreover,

(2.179) supp(p+) € [-R,R] & |my | <R, jeN.
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Proof. If (2.109) holds we get sequences a(n), b(n) by (2.118). The spectral mea-
sure of any self-adjoint extension has m. ; as moments.

If supp(p4) € [~ R, R], then [my ;| < [|A\?dp(N) < R [dp4(N) = R/. Con-
versely, if supp(p4) € [—R, R], then there is an € > 0 such that C. = py ({\||A\| >

R +¢}) > 0 and hence |my 9| > f\AI>R+s A2dp, (\) > C(R +¢)%. 0

Finally, let us look at uniqueness.

Theorem 2.25. A measure is uniquely determined by its moments if and only if
the associated Jacobi difference expression T (defined via (2.118)) is l.p. at +00.

Proof. Our assumption implies that H,,;, 1 is essentially self-adjoint and hence
(Humin+ — 2)D(Hmin,+) is dense in £?(N) for any z € Cy. Denote by $o the set
of polynomials on R and by $ the closure of $)g with respect to the scalar product
(2.110). Then (A —2)$o is dense in $ and hence there is a sequence of polynomials
P, n(N\), z € Cg, such that (A — z) P, ,,(\) converges to 1 in §). Let p be a measure
with correct moments. Then

— 2
@180 [ 1P = P < [ 'fm()' Pon) =~ 1 Pdp(3)

shows that P, ,,(\) converges to (A — 2)~! in L?(R, dp) and consequently the Borel
transform

(2.181) /dp(’\) (1) = lim (1,P.)

A—2z D n—oo

is uniquely determined by the moments. Since p is uniquely determined by its Borel
transform we are done. (|

We know that 7 is l.p. at o0 if the moments are polynomially bounded by
(2.179). However, a weaker bound on the growth of the moments also suffices to
ensure the [.p. case.

Lemma 2.26. Suppose
(2.182) Im4 ;| < CRIjl, jEN,
then T associated with {m ;};en is L.p. at +oo.

Proof. Our estimate implies that e** € L*(R,dp) for [Im(z)| < 1/R. Hence the
Fourier transform

(2.183) /Rei”dp(A) => my, (iz.,)]
=0

Vi

is holomorphic in the strip [Im(z)| < 1/R. This shows that the Fourier transform
is uniquely determined by the moments and so is the Borel transform and hence
the measure (see (B.9)). O
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2.7. Inverse spectral theory

In this section we present a simple recursive method of reconstructing the sequences
a?,b when the Weyl matrix (cf. (2.142))

h(z,n)
(2.184) M(z,n) = 9,553 20 ) e C\o(H),
St g(z,n+1)

is known for one fixed n € Z. As a consequence, we are led to several uniqueness
results.

By virtue of the Neumann series for the resolvent of H we infer (cf. (6.2) below
and Section 6.1 for more details)

gm) = — - Lo,
(2.185) h(z,n) = —1— 2ai721)2 +0(Zi3).

Hence a(n)?, b(n) can be easily recovered as follows

b(n) = — lim 2(1 + zg(z,n)),

1
(2.186) a(n)? = —3 lim 2%(1 + h(z,n)).
Furthermore, we have the useful identities (use (1.100))
(2.187) 4a(n)?g(z,n)g(z,n + 1) = h(z,n)* — 1
and
(2.188) h(z,n+ 1)+ h(z,n) =2(z —b(n+1))g(z,n + 1),

which show that g(z,n) and h(z,n) together with a(n)? and b(n) can be determined
recursively if, say, g(z,ng) and h(z,ng) are given.

In addition, we infer that a(n)?, g(z,n), g(z,n+ 1) determine h(z,n) up to one
sign,

(2.189) h(z,n) = (1 + 4a(n)?g(z,n)g(z,n + 1))1/2’

since h(z,n) is holomorphic with respect to z € C\o(H). The remaining sign can
be determined from the asymptotic behavior h(z,n) = —1+ O(z2).

Hence we have proved the important result that M(z,ng) determines the se-
quences a?,b. In fact, we have proved the slightly stronger result:

Theorem 2.27. One of the following set of data

(i) g(-,m0) and h(.,no)

(i) g(.,no + 1) and h(.,ng)

(Z”) g('anO)y 9(-7710 + 1)) and a(n0)2

for one fized ng € Z uniquely determines the sequences a® and b.

Remark 2.28. (i) Let me emphasize that the two diagonal elements g(z,no) and
g(z,mo + 1) alone plus a(ng)? are sufficient to reconstruct a(n)?, b(n). This is in
contradistinction to the case of one-dimensional Schrodinger operators, where the
diagonal elements of the Weyl matrix determine the potential only up to reflection.
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You might wonder how the Weyl matrix of the operator Hg associated with
the (at ng) reflected coefficients ag,br (cf. Lemma 1.7) look like. Since reflection
at no exchanges my(z,ng) (i.e., mp,+(z,n9) = mx(z,n9)) we infer

gr(z,n0) = 9(z,n0),
hr(z,n9) = —h(z,n0) + 2(z — b(ng))g(z,no),

~a(ng)? z —b(nop)
gr(z,no+1) = a(noiil)Zg(Z’no +1)+ m (h(z, no)
(2.190) + (2 = bno))g(2,m0) )

in obvious notation.
(ii) Remark 6.3(ii) will show that the sign of a(n) cannot be determined from either
g(z,m0), h(z,np), or g(z,no + 1).

The off-diagonal Green function can be recovered as follows

nt+k—1
(2.191) G(z,n+k,n)=g(z,n) H

Jj=n

1+ h(z,75)

N k > 0,
2a(j)g(2,7)

and we remark

a(n)?g(z,n+1) —a(n — 1)%g(z,n — 1) + (z — b(n))’g(z, 1)
(2.192) = (z = b(n))h(z,n).

A similar procedure works for H,. The asymptotic expansion

2 2
(2.193) my(zm) = L Al el D74 A1)
z z z

+0(Y

shows that a(n + 1)2,b(n + 1) can be recovered from m (z,n). In addition, (2.11)
shows that m.(z,mg) determines a(n)?, b(n), my(z,n), n > ng. Similarly, (by
reflection) m_ (z,ng) determines a(n —1)2, b(n), m_(z,n—1), n < ng. Hence both
mx(z,m9) determine a(n)?,b(n) except for a(ng — 1)%, a(ng)?, b(ng). However,
since a(ng —1)%, a(no)?, b(ng), and m_(z,ng) can be computed from m_ (z,ng) we
conclude:

Theorem 2.29. The quantities m (z,n9) and m_(z,ng) uniquely determine a(n)?

and b(n) for alln € Z.

Next, we recall the function 7%(z,n) introduced in (1.107) with asymptotic
expansion

g1 + 32 _b(n+1) +2Ba(n) + 3%b(n) —|—O(i)
)

(2.194)  ~P(z,n) = 2t . > -

Our goal is to prove

Theorem 2.30. Let 31,82 € RU {oo} with B # B2 be given. Then % (., ng),
j = 1,2, for one fived ng € Z uniquely determine a(n)?,b(n) for all n € Z (set
v (z,n) = g(z,n)) unless (B1,32) = (0,00),(00,0). In the latter case a(ng)? is
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needed in addition. More explicitly, we have

~ 7(z,n) +972(2,n) + 2R(2)

g(z,n) - (52_51)2 9
_ B3P (=) + B (1) + 26152 R(2)
g(Z,?’L+1) - (62_51)2 ?

_ By (z,m) + i (2,n) + (b1 + Ba) R(2)
(2.195) h(z,n) = (2an)) (% — B1 )2 ,

where R(z) is the branch of

/2
(ﬁQ - ﬁl)Q 3 3 ! ﬁl + 62 1
2.1 = _— 1 2 — -
2196 R = (BB ) =G o),
which is holomorphic for z € C\o(H) and has asymptotic behavior as indicated. If
one of the numbers By, B2 equals oo, one has to replace all formulas by their limit

using g(z,n) = ﬁlim B7248(z,n).
— 00

Proof. Clearly, if (81, 02) # (0,00), (00,0), we can determine a(n) from equation
(2.194). Hence by Theorem 2.27 it suffices to show (2.195). Since the first equation
follows from (2.187) and the other two, it remains to establish the last two equations
in (2.195). For this we prove that the system

B e
209" Ta(n)?

has a unique solution (¢%,h) = (g(z,n + 1), h(z,n)) for |z| large enough which is
holomorphic with respect to z and satisfies the asymptotic requirements (2.185).
We first consider the case §; # 0,00. Changing to new variables (z1,22), ; =
(2a(n)/Bj)g" + h, our system reads

B152 2 Fi(z,
(2.198) 22 —1= 25-2 “(27_ g n)

Picking |z| large enough we can assume 7% (z,n) # 0 and the solution set of the new
system is given by the intersection of two parabolas. In particular, (2.197) has at
most four solutions. Two of them are clearly g™ = 0, h = 1. But they do not have
the correct asymptotic behavior and hence are of no interest to us. The remaining
two solutions are given by the last two equations of (2.195) with the branch of R(z)
arbitrarily. However, we only get correct asymptotics (g7 = —271 + O(272) resp.
h = —1+ O(272)) if we fix the branch as in (2.196). This shows that g(z,n + 1),
h(z,n) can be reconstructed from v, 72 and we are done. The remaining cases
can be treated similarly. 0

(2.197) (g7)* +2 (R? = 1) = gTPi(z,n), j=1,2,

(ry —22), j=1,2.

Finally, we want to give an alternative characterization of the sequences g(z),
h(z) respectively m4 (z). This characterization will come handy in Section 12.2.

Theorem 2.31. Consider the two conditions
(i). Suppose the sequences g(z), h(z) are holomorphic near oo and satisfy

da?g(z)g* () = h*(2) -1, g(2) = —271+0(z7?),
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(ii). Suppose the sequences m(z) are meromorphic near oo and satisfy

) Ly () =240
(2.200) a®m(z) + e F(z - b), mf(z) =a’z+ 0(2°)

Then (i) (resp. (ii)) is necessary and sufficient for g(z), h(z) (resp. my(z)) to be
the corresponding coefficients of the Weyl M -matriz (resp. the Weyl m-functions)
of H.

Moreover, if g(z), h(z) and mi(z) are related by

o) — —a(n)~? . _ my(z,n)m_(z,n)
9(zm) my(z,n) +m_(z,n)’ glzn+1) iy (z,m) + m_(z,n)
_ ~+(z,n)—ﬁz_(z,n)
(2.201) h(z,n) = — NETET MET)
respectively
(2.202) o (2,m) = 1+h(z,n)  2g(z,n+1)

" 2a(n)%g(z,n)  1F h(z,n)’
then one condition implies the other.

Proof. Necessity has been established earlier in this section. The relation between
the two sets of data is straightforward and hence it suffices to consider (e.g.) m(z).
Since M4 (z) are both meromorphic near co they are uniquely determined by their
Laurent expansion around oco. But the coefficients of the Laurent expansion can
be determined uniquely using the recursion relations for m4 (z) (see Lemma 6.7 for
more details). O






Chapter 3

Qualitative theory of
spectra

In the previous chapter we have derived several tools for investigating the spectra
of Jacobi operators. However, given a(n), b(n) it will, generally speaking, not be
possible to compute m4(z) or G(z,m,n) explicitly and to read off some spectral
properties of H from a(n), b(n) directly. In this section we will try to find more
explicit criteria. The main idea will be to relate spectral properties of H with
properties of solutions of 74 = Au. Once this is done, we can relate properties of
the solutions with properties of the coefficients a,b. In this way we can read off
spectral features of H from a, b without solving the equation Tu = Au.
The endeavor of characterizing the spectrum of H is usually split up into three
parts:
(1) Locating the essential spectrum.
(2) Determining which parts of the essential spectrum are absolutely contin-
uous.
(3) Trying to give a bound on the number of eigenvalues.
We will freely use the results and notation from Appendix B. The reader might
want to review some of this material first.

3.1. Locating the spectrum and spectral
multiplicities

We begin by trying to locate the spectrum of H;. By Lemma B.5, A € o(H) if
and only if m (2) is not holomorphic in a neighborhood of A. Moreover, by (B.27)
we even have

(3.1) o(Hy) = TN € R Tm(m (A £ i6)) > 0},

Note that by equation (B.41), the point spectrum of H is given by

(3.2) op(Hy) = {Xo € R|lim §m+(A0 +ie) > 0}
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Now let us relate the spectrum to the asymptotic behavior of s(\,n). Let us
first show that s(A, n) does not grow too fast for A in the spectrum. More precisely,
we have

Lemma 3.1. Let f € (?(N), then the set
(3.3) St.+(1) = {X € RIf(n)s(A\,n) € L2(N)},

is of full Hy spectral measure, that is, p+(S;+(7)) = 1. The same is true for the
set

1 n
A4 = {)\ € R|liminf — A 2 .
(3.4) Si(r)={ e Ilnrglcg n,;M ,m)|* < oo}

Proof. Since the polynomials s(\,n) are orthonormal, one verifies

(3.5) 1] = / S ()50 m) dpy (V).

neN

Hence Y, .y |f(n)s(A,n)|* < oo a.e. with respect to dpy. Similarly, by Fatou’s
lemma we have

(3.6) /nmmfl D Is(Am)Pdps(A) < liminf/ 1 D s m)Pdpy (M) =1,
R M n n—oo R n oo

m=1

which implies the second claim. (I

Choosing f(n) =n"1/27% § > 0, we see for example

[s(A, n)l

(3.7) S

<00, Aae. dp;i.
neN

As a consequence we obtain

Theorem 3.2. Let § > 0, then

—_— s(A,n
o(Hy) = Sy (1) = {)\ € ]R|:1é§|n(1/2+3| < oo}

(3.8) -

—N

1
A € Rllimsup — In(1 + [s(A,n)|) = 0}'
n

n—oo

The spectrum of H is simple.

Proof. Denote the last tow sets (without closure) in (3.8) by S1, Sa. Then we need
to show o(H,) = S. = S; = S2. By equation (2.47) we have S;, 57 C So C o(H)
and since S, 1 2 are all of full spectral measure, the claim follows as in the proof of
(B.27).

That the spectrum of H is simple is immediate from Theorem 2.12. O

Now let us turn to H. Here we have A € o(H) if and only if g(z,0) + g(z,1) is
not holomorphic in z near A\ and

(3.9) o(H) = {} € R[TmTm(g(A +ie,0) + g( + ie, 1)) > 0}

To obtain again a characterization in terms of solutions, we need the analog of
Lemma 3.1.
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Lemma 3.3. Let f € (*(Z), then the set

(3.10) Si(1) = {N € R|f(n)ss(\,n) € (*(Z) for some B = B(N\)}
is of full H spectral measure, that is, p'" (S§(7)) = 1. The same is true for the set

n

(3.11) S(t) ={X eR] llnlr_l)lOIéf% Z lsg(\,m)|> < 0o for some B = B(N\)}.

m=1

Proof. We use U(\) from (B.62) which diagonalizes dp and change to the new pair
of solutions

(3.12) U\ n) = UNSO,n).

Now, proceeding as in the proof of Lemma 3.1, we obtain

(3.13) ||f/R< ) ST FOUL )2+ 720 S [F()Us(2,m)| >dptr(A).

ne”Z nez
Hence for a.e. A with respect to dp' we have Y, r;(N)|f(n)U;i(A,n)]* < oo for
i =1,2. Since 1 (A) +r2(A) = 1, 7,(N)U; (A, n) is nonzero for one i. The real part is
the required solution. The second part follows from Fatou’s lemma as in the proof
of the previous lemma. O

As before, choosing f(n) = (1 + |n|)~'/279, § > 0, we obtain the following
result.

Theorem 3.4. Let § > 0, then

o(H) = 8(r) = {)\ € R| sup%\iz’_:?' < oo for some = ﬂ()\)}
(3.14) A € R|limsup — ln(l + Isg(A,n)]) =0 for some 8 = ﬁ()\)}.

The spectral multiplicity of H is at most two.
Before scrutinizing the spectral multiplicity of H, let me remark a few things.

Remark 3.5. (i). The point spectrum of H can be characterized by
(3.15) o, (H) = (A € B|lim ?(g()\ +ie,0) + g(A +ie, 1)) > 0}.

At each discrete eigenvalue A € o4(H) either my(z,n) and m_(z,n) both have a
pole or m_(z,n) + m4(z,n) = 0.

(ii). It is interesting to know which parts of the spectrum of H can be read off
from dpp o alone, that is, from g(z,0). Since g(z,0) = —a(0)~2(m_(2) +m4 ()71,
we know oess(H_) U 0ess(Hy) and it will follow from Lemma 3.7 that g(z,0) de-
termines the essential spectrum of H. Moreover, if X € o4(H), we either have
u_(A,0),ur(X,0) # 0 and hence m_(z,n) + m4(z,n) = 0 (implying a pole of
9(2,0) at z = A) or u_(A,0),us(A,0) = 0 and hence poles for both m4(z,n) (im-
plying a zero of ¢g(z,0) at z = \). Summarizing, g(z,n) determines o(H) except for
the discrete eigenvalues which are also (discrete) simultaneous eigenvalues of H_
and H+.
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To say more about the spectral multiplicity of H, we need to investigate the
determinant of R = dp/dp'". By (B.61) we infer

L Im(M; (A +ig))
(3.16) Ri j(A) = lim Im(g(A +iz,0) + g(A + ie, 1))

Hence, using (2.143) we see
det R(\) =
(317) lim Im(my (A +ie))Im(m_ (A + ig)) 1
’ <10 a(0)2|mo (A +ie) + m_ (A +ie) ]2 Im(g(\ + i, 0) + g(A +ig, 1))2

Observe that the first factor is bounded by (2a(0))~2. Now Lemma B.14 immedi-
ately gives

Lemma 3.6. The singular spectrum of H has spectral multiplicity one. The ab-
solutely continuous spectrum of H has multiplicity two on o4c.(Hy) Nog.(H-) and
multiplicity one on cac(H)\(0ac(Hy) Noge(H-)).

Proof. Recall from Appendix B that the set
(3.18) Ms;={) eR| lifroﬂm(g()\ +1ie,0) + g(A+1ie,1)) = oo}
€

is a minimal support for the singular spectrum (singular continuous plus pure point
spectrum) of H. Hence the singular part of H is given by Hy, = H,, & Hy. =
Py (H)H and the absolutely continuous part is given by H,. = (1 — Py, (H))H.
So we see that the singular part has multiplicity one by Lemma B.14.

For the absolutely continuous part use that

(3.19) Maer ={XeR|0< hF& Im(m4 (A +ie)) < oo}
g

are minimal supports for the absolutely continuous spectrum of Hi. Again the
remaining result follows from Lemma B.14. U

3.2. Locating the essential spectrum

The objective of this section is to locate the essential spectrum (which by the
way is always nonempty since H is bounded) for certain classes of Jacobi operators.
Since our operators have spectral multiplicity at most two, the essential spectrum
is the set of all accumulation points of the spectrum.

We first show that it suffices to consider Hy. In fact, even H is enough since
the corresponding results for H_ follow from reflection.

If we embed H2 into (*(Z) by defining (e.g.) H:ou(ng) = 0, we see from
(1.106) that the kernel of the resolvent corresponding to this new operator I:Ifjf)’ is
given by

G(z,n,n0)G(z,n9, M) _}5 (1), (M)
z 0 o .

(3.20) Gno (z,n,m) = G(Z,TL, m) — G(z,n0,m0)

Hence H ~° is a rank two resolvent perturbation of H implying ess(H) = 0css (f[ o).
However, the last term in (3.20) is clearly artificial and it is more natural to consider

Hypo as rank one perturbation.
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Lemma 3.7. For any Jacobi operator H we have
(3.21) Oess(H) = Oess(HG®) = Oess(H-) U 0ess(Hy)

and, in addition, oess(Hy) = UeSS(Hi,nO) for anyng € Z, B € RU {oo}.
Moreover, for \og < A1 we have
(3.22)
dimRanP()\O)\l)(Hg‘;) -1 < dimRanP(Ao)\l)(H) < dimRanP(/\o))\l)(Hij) + 1.

Proof. The first part follows since finite rank perturbations have equivalent essen-
tial spectra.

For the second claim, there is nothing to prove if (Ao, A1) Noess(H) # 0. If this
is not the case, let us view g(.,ng) as a function from (g, \;) — RU {oco} = S
Then g(\,ng) = oo implies that A is a simple eigenvalue of H but not of H;>. On
the other hand, if g(\,no) = 0, then either ) is a single eigenvalue of H>° (but not
of H) or a double eigenvalue of H;¢ and a single eigenvalue of H. Combining this
observation with the fact that g(.,n¢) is monotone (cf. equation (2.37)) finishes the
proof.

Note that o(Hy) N U(Hf) = Oess(H4 ) for 8 # .

The following lemma shows that A is in the essential spectrum of H if there
exists a non square summable solution which does not grow exponentially. This is
a strengthening of (2.48).

Lemma 3.8. Suppose there is a solution of Tu = Au such that

1
(3.23) Jim — In(u(2nk)? + u(2ny — 1)2) =0
—o0 N
for some increasing sequence 0 < ny < ngt1. Then N\ € oess(Hy). Similarly for
H_.

Proof. Normalizing u(0)® + u(1)> = 1 we have u(n) = sg(A\,n) (up to sign).
Altering b(1) we can assume 8 = oo and shifting b(n) it is no restriction to set
A =0 (ie., u(n) = s(0,n)). We will try to construct a Weyl sequence (cf. [192],
Thm. VII.12) as follows. Set

s(0,n)

(3.24) un(n) = { Ty S N

0 , n>N
Then |luy]|| =1 and

H iy (n) = ———t—(a(N)s(0, N} (n)
23:1 s(0,7)?

(3.25) + (a(N = 1)s(0, N — 1) + b(N)s(0, N))6N+1(n)>.
Hence
(3.26) | uaw? < const—S )

i=1f()
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where f(n) = s(0,2n)% + s(0,2n — 1)2. If the right hand side does not tend to zero,
we must have

(3.27) f(n) > er(j% e>0,

and hence f(n) > (1 —¢)!™". But this contradicts our assumption (3.23)

1 1-—
(3.28) 0= lim —In f(ng) > hm i In(l—¢)=—-In(1—¢) > 0.

k—oo N nk

Hence ||Hiuan|| — 0 implying 0 € o(Hy) by Weyl’s theorem. If 0 were a discrete
eigenvalue, s(0,n) would decrease exponentially by Lemma 2.5 and the limit in
(3.23) would be negative. So 0 € o.55(Hy) as claimed. O

Next, we note that the essential spectrum depends only on the asymptotic
behavior of the sequences a(n) and b(n).

Lemma 3.9. Let H; > be two Jacobi operators and suppose

(3.29) lim_ (Jaz(n)| — lai(n)]) = lim_ (b2(n) = bi(n)) = 0.
Then
(330) Uess(H1,+) = Uess(H2,+)'

Proof. Clearly we can assume aj 2(n) > 0. The claim now follows easily from the
fact that, by assumption, Hy  — Hy 1 is compact (approximate Hy y — Hy 4+ by
finite matrices and use that norm limits of compact operators are compact). ([

Finally, let us have a closer look at the location of the essential spectrum. We
abbreviate

(3.31) ct(n) =b(n) + (|a(n)| + |a(n — 1)|)
and

(3.32) c_ =liminf|c_(n)|, ¢4 =limsup|cy(n)|.
Lemma 3.10. We have

(3.33) Oess(Hy) C [c_,C4].

If, in addition, a(n),b(n) are slowly oscillating, that is,

(3.34) nler;O(|a(n +1)| = |a(n)]) =0, nler;o(b(n +1)—=0b(n)) =0,
then we have

(3.35) Gess(H1) = [c_,24].

Proof. Clearly we can assume a(n) > 0. But we may even assume cy(n)
¢, and c¢_(n) > c_. In fact, consider H, associated with the sequences a(n)
min{a(n), ¢, —a(n—1)—b(n), —c_—a(n—1)4b(n)}, b(n) = b(n). Since a(n)—a(n) =
max{0, c; (n) — ¢4, — c_(n)} we infer oegs(Hy) = 0ess(Hy) from Lemma 3.9.

I IA



3.3. Locating the absolutely continuous spectrum 65

For the first claim we use

oo

(fiHef) = —a@)f P + ) (—a)lf(n+1) = f(n)

(3.36) + (a(n = 1) + a(n) + b(n) £ ()

and proceed as in Lemma 1.8, proving (3.33).

Suppose (3.34) holds and fix A € (¢_,¢4). To prove (3.35) we need to show
A € 0ess(Hy). By Weyl’s criterion (cf. [192], Thm. VII.12) it suffices to exhibit an
orthonormal sequence uy € ¢(N) with [[(Hy — Muy| — 0 as N — oo. For each
N € N we can find ny > N(N — 1)/2 such that
(i). there is a Ay € [c_(ny), ¢t (ny)] such that A — Ax| < 1/v/N and
(ii). |a(n) —an| + |a(n — 1) —an| + [b(n) — bn| < 1/V/N for ny < n < ny + N,
where ay = (a(ny) + a(ny — 1))/2), by = b(ny).

If we set

_ )\NbeJr\/()\N*bN)Qflla?v
o 2aN

we have |ky| = 1 since |[A\y — by| < 2an. Now define uy(n) = (ky)"/VN for
ny <n <ny+N and uy(n) = 0 otherwise. Then |Juy|| =1 and uy(n)ur (n) =0,
N # M. Moreover, we have

I(Hy = Nun|| < [[(Hy+ = An)un|| + [|(A = An)un || + [|(Hy = Hy 4 Jun|]
flafe | 11

—_— —_—
VN VN VN
as N — oo, where in the last estimate we have used 75 (kn)"™ = An(kn)™, (i), and
(i), respectively. This proves A € oeqs(H) and hence (3.35). U

(3.37) kn

b

(3.38) <

3.3. Locating the absolutely continuous spectrum

In this section we will try to locate the absolutely continuous spectrum of H in
some situations. We will first investigate the half line operator H; whose spectral
properties are related to the boundary behavior of m (A +ig) as € | 0 (see Appen-
dix B). Our strategy in this section will be to relate this boundary behavior to the
behavior of solutions of Tu = Au.

But first we start with a preliminary lemma which shows that the absolutely
continuous spectrum of H is completely determined by those of H_ and H.

Lemma 3.11. For any ng € Z, 8 € RU{oo}, the absolutely continuous part of the
spectral measures corresponding to Hy and Hing, respectively, are equivalent. For
fixed ng and different B, the singular parts are mutually disjoint. In particular,

(3.39) Gac(Hy) = 0uc(HY ,.,)-

The same is true for the trace measure dp'™ corresponding to H and dp, +dp_. In
particular,

(3'40) Uac(H) = Uac(H—) U Uac(H+)'
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In addition, let us abbreviate g(A,n) = limsup, o Im(g(\ +ie,n)), m+(\,n) =
lim sup, o Im(m (A +ie, n)), and (A, n) = n~ ' limsup, | arg g(A+ie,n). Then for
any fized ny € Z the following sets

Macq = {A € R0 < Im(g(X,no))},
Maco = {AeR|0 < &N no) < 1},
(3.41) Moz = | {A€RI0 <Im(mo (A no))}
oce{+}

are minimal supports for the absolutely continuous spectrum of H.

Proof. Using (2.16) and (i) of Theorem B.8 we infer

62

~ 18— a(no)my (\ no

(3.42) dpf—,no,ac(A) >‘2dp+,ng,ac(>‘)

and since Hy ,, = HY , ., the equivalence of the absolutely continuous parts of
the spectral measures follows for the + sign. That the singular parts are disjoint
follows from (2.92) since mf_l()\) = oo implies mff (M) # oo for all B2 # (1. The —
part is similar.

It remains to establish the claims for H. It is no restriction to set ng = 0.
By Theorem B.8 (ii) the set L of all A € R for which both limits lim.|gm4 (A +
ie) exist and are finite is of full Lebesgue measure. For A € L we can compute
lim, o M (A +ie) from (2.143). Hence we obtain Mye1 NL = MyeoNL = My 3NL.
Moreover, Mye1 N L = {A0 < Im(g(A,0) + g(A, 1))} and the claim is immediate
from Lemma B.7 and Lemma B.12. d

In particular, this says that if limsup, o Im(my (X +i€)) < oo, A € (Ao, A1),
then the spectrum of H is purely absolutely continuous in (Mg, A\1). Note that we
could replace m(z,n) by m4(z,n) in the above theorem.

Now recall the split-up (2.108), dp+ = dp+ ac + dp+. as, With respect to the
Hausdorff measure h®, a € [0,1]. In view of Theorem B.9 a support C*(p;.) of
dp+ ac can be found by investigating the boundary values of my (A +ic) as ¢ | 0.
We set

(3.43)

and extend this definition for real n > 1 by linear interpolation of | f H%l ny- Lhat
is, we have [ f||?, ) = Jo 1f([=] + 1)|?dx, where [.] denotes the integer part (see

(4.14)).

1,n)
Lemma 3.12. Let e = a(0)(2|[s(A\)||1,n) lc(N)[[(1,0)) ", then

(3.44) 5— V24 < |a(0)my (N + ie)|”i8§|”$’"; < 5+/24.
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Proof. Let n € N, then by (2.158)

ur(A+ie,n) = CEL)EE)?;) —m4 (A +ie)s(A, n)
(3.45) —% 3 (e n)s(h5) — e(h §)s(hn) Jur (A + i, ).

j=1
Hence one obtains after a little calculation (as in the proof of Lemma 2.15)

MAA+@mUnZHi8WuO+EﬁO>@m

c(A .
(3.46) -—2swxx>ulm)ngagH<Lmuu+<A+-wnuLny

Using the definition of £ and (2.89) we obtain

c(A . .
IS5 s A+ SOOIy < s 3 -+i2)
< Afluy (A +i8) 1) o)
4

< —TI A+i

< - m(m+( —|—15))
(3.47) < S | 5 34 20l
Combining this estimate with
(348) 1S o 04105 By = (19 00y e 3 i9) 5O 1 .0)

a(0) 0)

shows (1 — )% < 8z, where z = |a(0)m, (X + i£)|||s()\)||(1,n)|\c()\)H(IIn). O

We now introduce the concept of a-subordinacy, « € [0,1]. A nonzero solu-
tion u of Tu = zu is called a-subordinate at +o0o with respect to another solution
v if

(3.49) lim H i

=0.
na+w\wn1m

Moreover, u is called a-subordinate at +oo if (3.49) holds for for any linearly
independent solution v.

An a;-subordinate solution is also an as-subordinate solution for any a; < as
and if there is no as-subordinate solution, then there is also no aj-subordinate
solution.

For example, if u € ¢%(N), then u is a-subordinate for o € (0,1] (there can
be no 0-subordinate solution). In fact, let v(A) be a second linearly independent
solution. Since W, (u(X),v(\)) is a nonzero constant, we infer that v(n) cannot be
bounded since otherwise W, (u(A),v(A)) — 0 as n — £oo. Moreover, by (2.47) we
see that the set of all A € R for which no a-subordinate (a € (0, 1]) solution exists
must be a subset of the essential spectrum.

A similar definition applies to —oo.

The following theorem is an immediate consequence of our previous lemma and
Theorem B.9.
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Theorem 3.13. Let a € [0,1], A € R. Then A € C%p4) if s(N\) is not a-
subordinate with respect to ¢(\). If a € [0,1), the converse is also true.

In particular, if no a-subordinate solution at +oo exists for any A € (A1, A2),
then p is purely a-continuous on (A1, A2), that is, [A1, Aa] C 0ac(Hy) and (A1, A2)N
as(Hy) =0, a € (0,1].

The case a = 1 deserves special attention, since 1-continuous is the same as
absolutely continuous. We will call v subordinate with respect to v if

lullam _

(3.50)
n—+oo [|v]|(1,n)

We use the ordinary limit (instead of liminf) in the case @ = 1 for convenience
later on. We will infer from Lemma 3.14 below that, for our purpose, this makes
no difference.

It is easy to see that if u is subordinate with respect to v, then it is subordinate
with respect to any linearly independent solution. In particular, a subordinate
solution is unique up to a constant. Moreover, if a solution v of Tu = Au, A € R, is
subordinate, then it is real up to a constant, since both the real and the imaginary
part are subordinate. For z € C\R we know that there is always a subordinate
solution near oo, namely u4(z,n). The following result considers the case z € R.

Lemma 3.14. Let A € R. There is a near +oo subordinate solution u(X\) if and
only if my (X +1ie) converges to a limit in R U {oo} as e | 0. Moreover,

. L u(A, 1)
(3.51) l;g)mu.(z\ +ie) = “a0)u(n0)

in this case. A similar result holds near —oo.

Proof. If u(\) = s(A) is subordinate or m4 (A +i0) = oo, the claim follows from
Lemma 3.12. Similarly, if u(\) = ¢()) is subordinate or my(A +i0) = 0. If
u(A) = sg()) is subordinate or my (A +1i0) = 8/a(0), we can reduce it to the first
case using the transform b(1) — b(1) — a(0)/f3 (see (2.16)). O

We are interested in Ny (7), the set of all A € R for which no subordinate
solution exists, that is,

(3.52) N4 (1) = {) € R|No solution of 7u = Au is subordinate near +oo}.

Since the set, for which the limit lim. o m4 (A +i€) does not exist, is of zero spectral
and Lebesgue measure (Theorem B.8 (ii)), changing the lim in (3.50) to a liminf
will affect N+ (7) only on such a set (which is irrelevant for our purpose).

Then, as consequence of the previous lemma, we have

Theorem 3.15. The set N.(7) is a minimal support for the absolutely continuous
spectrum of H.. In particular,

— €SS

(353) Uac(Hi) = Ni(T)

Proof. By Theorem B.8 (ii) we may assume m4 (A +10) exists and is finite almost
everywhere. But for those values A we have 0 < Im(my (A +10)) < oo if and only
if A € Ny (7) and the result follows from Lemma B.7. O

Using Lemma 3.1 we can now show
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Theorem 3.16. Let f € (*(Z) and

(3.54) By +(1) = {N € R|f(n)u(n) € (*(£N) for all solutions of Tu = Au}.
Then we have

(3.55) Oac(Hz) € Bri(r)™

Choosing f(n) = (1+|n|)~Y/279, 6§ > 0, we even see

(3.56) ouc(He) C{AERFE(N) =0}
In addition, let

n

(3.57)  Bi(r) ={X € R|liminf — Z u(m) < oo for all solutions of Tu = Au}.

n—oo
m:l

then By (1) C N1(7) and
(358) Uac<Hi) = Bi(T)

€SS

Proof. We only consider the + sign. By Lemma 3.1 the sets
(3.59) SP 4 (r) = {A € R|f(n)sp(A,n) € ((£N)}

are of full Hfi spectral measure. Next, note that By (1) = S, () HS?,+(T) if B #
00. Moreover, since dpy q. and dpiac are equivalent, we infer p+7ac(R\S?’+(7‘)) =
p’f_vac(R\S?,Jr(T)) = 0. Thus 57, (7) and S?7+(T) are both supports for dpy ,. and
so is their intersection.

The second assertion follows since A € Sy (7) implies v7(\) = 0 for our
particular choice of f.

Finally, as before By (7) is a support for o,.(H1) and hence, by the previ-
ous theorem, it suffices to verify By (7) C Ni(7). Suppose A € Bi(7) is such
that a subordinate solution u exists, that is, limn_,Jroo lull(1,n) /Il (1,0) = 0. By
assumptlon there is a subsequence n; such that n; Yvll(1,n,) is bounded. Hence

Ml (1,n;) must tend to zero. But this contradlcts constancy of the Wronskian

1 nj+1)

v
(3.60) 0 < |W(u,v) Z W (u,v) < const\/” lan+n) ol

(use Cauchy-Schwarz). The case A € B_(7) is similar. O

Now, we want to extend our results to operators H on ¢?(Z). The spectrum
of H is related to the boundary behavior of g(A + ie,n), n = 0,1, which again is
related to the boundary behavior of my (A + ie) by equation (2.201).

Lemma 3.17. Suppose liminf. o Im(m, (A +ig)) > 0 and limsup, | |my (A +ie)| <
oo for A € (M, A2), 0 = — oro =+. Then [\, A2] C guc(H) and (A, A2)Nos(H) =
0. Here os(H) = 05c.(H) U opp(H).

Proof. Consider (e.g.) o = 4+. Our assumption implies that [A1, A2] C 0ess(H1) C
0ess(H). Moreover, using (2.201) one easily shows

(3.61) lim sup Im(g()\ + ian)) <oo, n=0,1.
€l0
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Together with Lemma B.7 this implies that the singular spectrum of H is not
supported on (A1, Aa). O

This last result is the key to our next theorem.

Theorem 3.18. On every subinterval (A, \s) € Ni(7), the spectrum of HY is
purely absolutely continuous in the sense that

(3.62) i de] Caae(HE), (A, o) Nog(HE) = 0.

In addition, the spectrum of H is purely absolutely continuous on every subin-
terval (A1, 2) € N_(7) U NL(7), that is,

(363) [/\1, >\2] - O'ac(H)y (>\17 )‘2) N UG(H) = @

Proof. Clearly Lemma 3.12 (and all other considerations) holds for any other
boundary condition 8. Hence only the claim concerning H needs to be proven.
If A € Ny (7), we know limsup, |T~ni()\ +1ie)| = C(B) < oo and we need to show
liminf, o Im(m4 (X +ie)) > 0. Suppose that we can find a sequence ¢, — 0 such
that Im(my (X + ie,)) — 0 as n — oo. Now set m4 (A + ie,) = x, + iy, and
Brn = a(0)x,. Since limsup |z,| < co we can pass to a subsequence such that xz,
converges. This implies (2, Yn, Bn) — (20,0, Bo = a(0)xo) and by (2.92)

1 1+ a(0)Bo(zn + iyn)
la(0)[ | Bo — a(0)(zn + iyn)

P\ +ie,)| =

1 1
a(0)] \/(Bo — Bn)? +y2
contradicting our assumption. The case A € N_(7) is similar. O

The relation between the absolutely continuous spectrum and (non-)existence
of subordinate solutions is often referred to as principle of subordinacy .

Finally, let us show how these results can be applied. Note that A € BL(7) if
all solutions of 7u = Au are bounded near Fooc.

Theorem 3.19. Suppose the sequences a(n) > 0,b(n) satisfy

(3.65) Z la(n +1) —a(n)| + [b(n+ 1) — b(n)| < o
nez
and set
(3.66) lim a(n)=asx, lim b(n)=by.
n—=4o0o n—=4o0o

Then for any A € (—2a4 +by,2aq +by) all solutions of Tu = Au are bounded near
+oo. Hence we have

Ocss(He) = 0ac(Hy) = [-2ax + b1, 2a+ +bs], os(Hs) =0,
(3.67)  opp(Hx) C (—00, —2ax +bi] U [2ax + by, 00).
Moreover,
Oess(H) = 04e(H) = 04c(Hy) Uoac(H-), 05c(H) =0,
(3.68)  opp(H) C Ria.(H).
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Proof. After the transformation z — 2a4z + by we can assume a4 = 1/2, by = 0.
Consider the quantity

(3.69) K(n) = a(n)(u(n+1)% + u(n)?) + (b(n) — Nu(n)u(n + 1),

where u is a solution of 7u = Au. For A € (—1,1) we can find N € N, ¢ > 0 such
that

(3.70) Az;(bg) <l-¢, n>N
Whence
Z{((:)) > u(n+1)2 +u(n)? — (1 — )2u(n)u(n + 1)
= e(u(n +1)? +u(n)?) + (1 — &) (u(n + 1) —u(n))?
(3.71) > e(u(n+1)% +u(n)?).

Thus to show u bounded near +oo it suffices to show this result for K. One
computes

K(n+1)—K(n) = W(K(n) + (a(n+ 1)+ a(n))u(n + 1)2)
a(n)(b(n +1) — b(n))
(3.72) o+ 1) u(n)u(n +1)
which implies using (3.71)
(3.73) K(n+1) < (14+C(n)K(n), C(n)e (),
where
_ Ja(n+1) —a(n)| a(n+1)+a(n)y  [b(n+1) —b(n)|

(3.74)  Cln) = a(n+1) (1 + ea(n) ) 2ea(n+1)
Hence
(3.75) K(n) < K(no) [[ 1+ C(m), n > ny,

is bounded. A similar argument shows u bounded near —oo. The rest follows from
Lemma 3.10 and Theorem 3.18. (]

Note that (3.65) does not exclude eigenvalues at the boundary of the essential
spectrum. For example, taking

1 2 — 3n?
(3.76) a(n) = bR b(n) = Arnd

there is an eigenvalue at 1 with corresponding eigenfunction ug (1,n) = (1+n?)~1.
The reason is that the first moment > __, |nb(n)| is not finite. We will learn more
about this case in Chapter 10.

ne”z
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3.4. A bound on the number of eigenvalues

In this section we will derive a Birman-Schwinger type bound on the number of
eigenvalues below the essential spectrum of certain Jacobi operators.

Theorem 3.20. Let Hy, H be operators in a Hilbert space $). Suppose Hy > g
and Ny € 0ess(Hp). Let H be such that H— Hy is Hilbert-Schmidt, then, for A < Xg
we have

(3.77) dim Ran P(_ o x)(H) < tr((H — Ho)(Ho — N)™')*
Similarly, if Hy < Ao and Ao € 0ess(Ho). Then

(3.78) dim Ran P o) (H) < tr((H — Ho)(A — Ho)™')?
for A > Xp.

Proof. Since H — Hy is compact we have oess(H) = 0ess(Hp). Using the same
notation as in [195], Theorem XIII.1 we infer as in the proof of the proposition
after Theorem XII1.2 that u,(Hy + B(H — Hy)) is monotone nonincreasing with
respect to 3 € [0,00). Now we use that

(3.79) (Ho + B(H — Hp))u = Au, ueERN, A< A,
is equivalent to
(3.80) v = BK)v, vE N,

where Ky = /(Ho — A\)~1(Ho — H)\/(Hop — A\)~! and u = /(Ho — A)~1v. Notice
that K is a self-adjoint operator. By [192], Theorem VI.25 we have tr K3 =
tr((Ho—H)(H—X)"1)? < co. Denote the nonzero eigenvalues of K by 1/3,,. Then
each eigenvalue u, (Ho+G(H—Hy)) with p,,(H) < X passes A when 8 = 3, € (0,1).
Hence

. 1
(3.81) dimRan P ) (H) <> i tr K3
concluding the proof of the first assertion. Using P_oo x)(—H) = P_) o) (H) one
obtains the second. (I

Finally, let us consider a case where this estimate can be made somewhat more
explicit. Namely, we will assume that we can find a function Go(\,n, m) such that

(3.82)  |Go(\,n,m)| < Go(A\,n,m) and  Go(\,m—+n,m) < Go(\,m,m).
This assumption seems reasonable since Go(A,n,.) € £2(Z). Then we have

(3'83) |G0()‘7 n, m)| S min (90()‘7 n)7 gO()" m)) S \/§0()‘7 n) \/gO(/\7 m),
where Go(\,n) = Go(\,n,7n).

Corollary 3.21. Let Hy and H be two given Jacobi operators for which the as-
sumptions of Theorem 3.20 hold. Moreover, suppose there is a go(\,n) such that

(3.84) |Go(A,n,m)| < V/Go(X, 1)/ Go(A, m).
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Then we have

dim Ran Py zoc) (H) < (D 2la(n) = ao(n)|V/Go( n + 1) v/Go(A, )
nez

(3.85) + [b(n) — bo(m)lgo (A, )
for A < Ao < Hp, A > \g > Hy, respectively.
Proof. The kernel of (H — Hy)(Hy — A\)~! is given by
K(An,m) = (a(n) —ap(n))GA,n+1,m) + (b(n) — by(n))G(A,n,m)
(3.86) + (a(n—1) —ap(n —1))G(A\,n — 1,m)
which can be estimated by
K\ n,m) = |a(n) — ao(n)|\/go(\ n + 1)1/Go (X, m)
+ |b(n) = bo(n)|v/Go (A, m)\/Go (N, m)

(3.87) +la(n — 1) = ag(n = D|\/go(A,n — 1)v/o (A, m).
Now
tr((H — Ho)(A— Ho)™")? = > K(A\n,m)K(X\m,n)
n,mez
< Z (A, n,m)K (X, m,n)
n,mez
(3.88) = Y KK mm) (ZK)\nn)
n,mez neE”Z

concludes the proof.

Applications of these results will be given in Section 10.2.






Chapter 4

Oscillation theory

There is a close connection between the number of sign flips of solutions of Jacobi
equations and the spectra of the corresponding Jacobi operators. The investigation
of this interconnection was started by Sturm (in the case of differential equations)
and is now known as oscillation theory.

4.1. Priifer variables and Sturm’s separation
theorem

In this section we will study oscillation properties of solutions of (1.19). To be
more precise, we are interested in the number of sign flips of solutions. It will be
convenient to assume

(4.1) a(n) < 0, b(n) € R.

In the sequel, a solution of (1.19) will always mean a real-valued, nonzero
solution of (1.19). Given a solution u(A,.) of Tu = Au, A € R, we introduce Priifer
variables p, (], .),0.(}\,.) via

u(A,n) = pu(A,n)sinby, (A, n),
(4.2) u(A,n+1) = p,(A,n)cosb, (A n).
Notice that the Priifer angle 6, (A, n) is only defined up to an additive integer

multiple of 27 (which depends on n).
Inserting (4.2) into (7 — A)u = 0 yields

(4.3) a(n) cot 0, (A, n) +a(n —1)tand,(A\,n — 1) = XA — b(n)
and
(4.4) pu(A,n)sinb, (A, n) = pu(A\,n — 1) cos O, (A, n —1).

Equation (4.3) is a discrete Riccati equation (cf. (1.52)) for cot 6, (n) and (4.4) can
be solved if 6,,(n) is known provided it is replaced by

(4.5) a(n)py,(A\,n) =a(n—1)p,(A,n—1)=0
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if sin 6, (A, n) = cos B, (A\,n — 1) =0 (use 7u = Au and (4.8) below). Explicitly,

n—1
. cosO,(A,m
1o i = pn0 T ot
m=0 u I

where cos 8, (A, m)/sin 0, (A, m+ 1) has to be replaced by a(m+1)/a(m) whenever
sind,(A\,m+1) =0.

The Wronskian of two solutions w;(A;,n), i = 1,2, reads
(4.7) Wa(ur(A1), u2(A2)) = a(n)pu, (A1, 1) puy (A2, 1) sin(0u, (A1, 1) = Ou, (A2, n))-

The next lemma considers zeros of solutions and their Wronskians more closely.
In particular, we will show that a solutions (resp. their Wronskians) must switch
sign at a zero.

Lemma 4.1. Let u; 2 be solutions of Tuj o2 = A 2u1,2 corresponding to A; # g,
respectively. Then
(4.8) ui(n) =0 = w(n—Nu(n+1)<0.
Moreover, suppose Wy, (u1,u2) =0 but Wp,_1(u1, us) Wiy (ui,ug) # 0, then
(49) anl(uh UQ)Wn+1(’LL1, UQ) < 0.
Otherwise, if Wy (u1,us) = Wyi1(u1,us) = 0, then necessarily
(4.10) uiln+1)=u2in+1)=0 and Wy_1(u1,us)Wpia(ui,ug) <O0.
Proof. The fact ui(n) = 0 implies u1(n — ui(n+ 1) # 0 (otherwise u; vanishes
identically) and a(n)ui(n + 1) = —a(n — Dui(n — 1) (from 7u; = Aug) shows
ur(n —Lui(n+1) < 0.

Next, from (1.20) we infer
(411) Wn+1(U1,UQ) — Wn(U1,UQ) = ()\2 — )\1)U1(n + 1)’LL2(TL + 1)

And W, (u1,us) = 0 is equivalent to uj(n) = cua(n), ui(n+1) = cuz(n + 1) for
some ¢ # 0. Hence applying the above formula gives

(4.12) Wn,l(ul,UQ)WnJrl(ul,ug) = —02()\2 — )\1)2u1(n)2u1(n + 1)2,
proving the first claim. If W, (u1,uz2), Wy41(u1,us) are both zero, we must have
ui(n +1) = ug(n + 1) = 0 and as before W, _1(uy, ug)Whpia(ui,uz) = —(A2 —

A1)2ug (n)ug (n + 2)ua(n)us(n + 2). Hence the claim follows from the first part
(4.8). O

We can make the Priifer angle 0,,(),.) unique by fixing, for instance, 6,,(},0)
and requiring

(4.13) [0u(A;n) /7] < [0u(X,n +1)/7] < [0u(A,n) /7] + 1,
where
(4.14) [x] =sup{n € Z|n < x}.

Since our solutions u(\, n) will usually depend continuously on A, the same should
be true for 6, (A,n). In particular, continuity in A should be compatible with the
requirement (4.13).
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Lemma 4.2. Let A CR be an interval. Suppose u(A,n) is continuous with respect
to A € A and (4.13) holds for one Ao € A. Then it holds for all A € A if we require
0.(.,n) € C(A,R).

Proof. Fix n and set
(4.15) Ou,(An) =kmr+5(N), O, An+1)=kr+AN), keZ,

where §(\) € (0, 7], A(N) € (0,2x]. If (4.13) should break down, then by continuity
we must have one of the following cases for some Ay € A. (i) (A1) = 0 and
A(A) € (m,2m), (ii) (A1) = m and A(A\) € (0,7), (iii) A(A;) = 0 and §(\) €
(0,7), (iv) A(A) = 27 and §(N\1) € (0,7). Abbreviate R = p(A1,n)p(A1,n + 1).
Case (i) implies 0 > sin(A(\1)) = cos(km) sin(km + A(A1)) = R~ u(A,n+1)2 > 0,
contradicting (i). Case (ii) is similar. Case (iii) implies (A1) = 7/2 and hence
1 = sin(km + 7/2) cos(km) = R~ 1u(A1,n)u(A1,n + 2) contradicting (4.8). Again,
case (iv) is similar. O

Let us call a point n € Z a node of a solution w if either u(n) = 0 or
a(n)u(n)u(n + 1) > 0. Then, [0,(n)/7] = [6.(n + 1)/x] implies no node at n.
Conversely, if [0, (n+1)/7] = [0u(n)/7] + 1, then n is a node by (4.8). Denote by
#(u) the total number of nodes of u and by #(m, ,,)(u) the number of nodes of u
between m and n. More precisely, we will say that a node ng of u lies between m
and n if either m < ng < n or if ng = m but u(m) # 0. Hence we conclude that
the Priifer angle of a solution counts the number of nodes.

Lemma 4.3. Let m < n. Then we have for any solution u

(4.16) o (1) = [0u(n) /7] Lm0, (m) /7 +-€]
and
(4.17) #(w) = Tim (10u(n)/7] = [Bu(—n)/7])

Next, we prove the analog of Sturm’s separation theorem for differential
equations.

Lemma 4.4. Let u; o be solutions of Tu = Au corresponding to A\ < Ag. Suppose
m < n are two consecutive points which are either nodes of uy or zeros of W.(u1,us)
(the cases m = —oo or n = +oo are allowed if uy and ug are both in (3 (Z)
and Wioo(u1,us) = 0, respectively) such that uy has no further node between m
and n. Then uy has at least one node between m and n + 1. Moreover, suppose

mp < --- < my are consecutive nodes of uy. Then us has at least k — 1 nodes
between m1 and my. Hence we even have

Proof. Suppose us has no node between m and n + 1. Hence we may assume
(perhaps after flipping signs) that ui(j) > 0 for m < j < n, u1(n) > 0, and
uz(j) > 0 for m < j < n. Moreover, ui(m) <0, uj(n+1) <0, and us(n+1) >0
provided m, n are finite. By Green’s formula (1.20)
(4.19) 0< (Ma=M) D w(f)ua(i) = Walus,ug) — Wi (us, up).

j=m+1
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Evaluating the Wronskians shows W, (u1,u2) < 0, Wp,(u1,u2) > 0, which is a
contradiction.

It remains to prove the last part. We will use induction on k. The case k = 1 is
trivial and k£ = 2 has already been proven. Denote the nodes of us which are lower
or equal than my,q1 by ng > ng_1 > ---. If np > my we are done since there are
k — 1 nodes n such that m; < n < my by induction hypothesis. Otherwise we can
find ko, 0 < kg < k, such that m; =n; for 1+ ko < j < k. If kg = 0, we are done
and hence we can suppose ky > 1. By induction hypothesis it suffices to show that
there are k — ko nodes n of uy with my, < n < my4q. By assumption m; = nj,
1+ ko < j <k, are the only nodes n of ug such that mg, <n < myy;. Abbreviate
m = mg,, n = Mmy41 and assume without restriction ui(m + 1) > 0, ug(m) > 0.
Since the nodes of u; and uy coincide we infer 0 < 327 ) u1(j)uz(j) and we can
proceed as in the first part to obtain a contradiction. [

We call T oscillatory if one solution of 74 = 0 has an infinite number of nodes.
In addition, we call 7 oscillatory at +oo if one solution of 74 = 0 has an infinite
number of nodes near +oo. We remark that if one solution of (7 — A)u = 0 has
infinitely many nodes, so has any other (corresponding to the same A) by (4.18).
Furthermore, 7 — A1 oscillatory implies 7 — Ay oscillatory for all Ao > A; (again by
(4.18)).

Now we turn to the special solution s(A,n) characterized by the initial condi-
tions s(A,0) =0, s(A,1) = 1. As in Lemma 2.4 we infer

n

(4.20) Wa(s(A),s'(\) = D% s(A )%

Jj=1

Here the prime denotes the derivative with respect to A\. Evaluating the above
equation using Priifer variables shows

1 n
(4.21) 0(An) = —————= > " s(\ )%
° _a(n)pS(A’n)2 j=1
In particular, 8, (A, n) < 0forn < —1, 6,(A,—1) = 0.(X,0) = 0, and 0,(\,n) > 0 for
n > 0. Equation (4.21) implies that nodes of s(\,n) for n € N move monotonically
to the left without colliding. In addition, since s(A,n) cannot pick up nodes locally
by (4.8), all nodes must enter at co and since 6%,(A,0) = 0 they are trapped inside
(0,00).
We will normalize 65(X,0) = 0 implying 05(\, —1) = —x/2. Since s(A\,n) is a
polynomial in \, we easily infer s(\,ng) 2 0 for fixed np 2 0 and A sufficiently

small (see (1.68) and (1.69)). This implies
(4.22) —m < 0s(\,ng) < —7/2, ng < =1, 0<bs(\,ng) <m, mg>1,

for fixed n and A sufficiently small. Moreover, dividing (4.3) by A and letting
A — —o0o using (4.22) shows
cot(05(\, n))*! 1 > +1

4.2 i =
(4.23) e A a(n)’ 1o
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and hence

_x _ a(n) 1 _
(4.24) 0s(\,n) = a(%) /\1+0(A), n< -1
5o T o(3), n>1

as A — —oo.

Now what happens with 05(A,n) as A increases? Suppose n > 1 for simplicity.
We already know that for A small, 65(A, n) starts near 0. Then it increases as A
increases by (4.21). It crosses m/2 at the first zero of s(A\,n+1). Next it crosses 7 at
the first zero of s(\, n). This process continues until it finally crosses nm at the last
zero of s(\,n + 1). Here we have assumed that s(\,n), n € N, has precisely n — 1
distinct real zeros. However, this is easily seen to hold, since s(\g,n) = 0 implies
that Ao is an eigenvalue for Hy,, (see (1.65)). Hence Ay must be real and simple
since Hy ,, is self-adjoint and its spectrum is simple (cf. Remark 1.10), respectively.
Let us summarize these findings. The interlacing of zeros is a classical result from
the theory orthogonal polynomials.

Theorem 4.5. The polynomial s(A\,n), n € N, has n — 1 real and distinct roots
denoted by

(4.25) AT <AY < A7
The zeros of s(\,n) and s(A\,n+ 1) are interlacing, that is,
(4.26) AP < NP < AT <A < AL
Moreover,
(4.27) o(Hon) = {N\}}2).
Proceeding as for (4.24) we also note
(2n+1)w a(n) 1 .
(4.28) 0,(\,n) = 2 a(:)‘ ) j_o()‘)’ n<-—1
nﬂ-_T—’_O(X)’ nZl

as A — +oo.
Analogously, let uy (A, n) be solutions of 7u = Au as in Lemma 2.2. Then
Lemma 2.4 implies

Z(;C:nJrl U’+(A? j)z

9/ )\, n) = < 07
H) = e )2
e u—(AN4)?
4.2 ! = ===
29 - = ey 7
where we have abbreviated p,, = p+, 0y, = 0+.
Since H is bounded from below we can normalize
(4.30) 0<0:(\n)<m/2, neZ, AI<info(H),
and we get as before
a(n 1 T  aln 1
(431) 97()\,71) = (T)—’_O(X)’ 9+()\7n) = 5— (A) +0(X), nGZ,

as A\ — —oo.
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4.2. Classical oscillation theory

Before we come to the first applications we recall a lemma from functional analysis.
It will be one of our main ingredients in the following theorems.

Lemma 4.6. Let H be a bounded self-adjoint operator and n;, 1 < j < k, be
linearly independent elements of a (separable) Hilbert space $).
(i). Let X € R. If

(4.32) (n, Hn) < Aln|?
for any nonzero linear combination n = Z?:l cjn;, then
(4.33) dimRan P_o x)(H) > k.

Similarly, (n, Hn) > X||n||* implies dim Ran Py ooy (H) > k.
(ii). Let Ay < . If

A2+ A A2 — M
(4.34) I(H — )nll < il
2 2
for any nonzero linear combination n = Z?:l cjn;, then
(4.35) dimRan Py, x,)(H) > k.

Proof. (i). Let M = span{n;} C $. We claim dim P_, »)(H)M = dim M = k.
For this it suffices to show KerP_ »)(H)|n = {0}. Suppose P_ \)(H)n = 0,
n # 0. Then, abbreviating dp,(v) = d(n, P(_o,2)(H)n), we see that for any nonzero
linear combination 7

Wﬂmémmmﬁwmmm

(4.36) > A dpy(x) = Allnl|*.

[A,00
This contradicts our assumption (4.32). (ii). Using the same notation as before we
need to show KerPy, x,)(H)|a = {0}. If Py, 2,y (H)n =0, n#0, then,

Ao+ A A2+ A A2+ A
07 = 25200 = [ (o= 2 0) = [ adpyo+ 2

Qe —A)?
4

2
5 1Bl

where A = (—00, —(A2 — A1)/2] U [(A2 — A\1)/2,00). But this is a contradiction as
before. O

2 R
- 2
wim 2 B0 [
A

Using this result we can now show that the number of nodes of s(\,n) equals
the number of eigenvalues below A\. We begin with the case of finite and half-line
operators.

Theorem 4.7. Let A € R. Then we have

(4.38) dim Ran P(—oo,)\) (Ho)n) = #(O,n)(s(/\)), n>1,
and
(4.39) dim Ran P(_ oo 5) (H+) = #(0,400) (8(A))-

The same theorem holds if + is replaced by —.
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Proof. We only carry out the proof for the plus sign (the other part following from
reflection). By virtue of (4.21), (4.24), and Lemma 4.3 we infer
(4.40) dimRan P_ o x)(Hon) = [0s(X\,n)/7] = #0,0)(s(N), n>1,

since A € o(Hy ) if and only if 5(A\,n) =0 mod 7. Let k = #(s(N)) if #(s(\)) <
00, otherwise the following argument works for arbitrary & € N. If we pick n so large
that k nodes of s(\) are to the left of n, we have k eigenvalues A\; < --- < Az < A of
Hy,,,. Taking an arbitrary linear combination n(m) = 25:1 ¢;s(\j,n), ¢; € C, for
m < n and n(m) = 0 for m > n a straightforward calculation (using orthogonality
of 5(5\1)) verifies

(4.41) (1, Hom) < A

Invoking Lemma 4.6 shows

(4.42) dim Ran P_ s ) (Hy) > k.

For the reversed inequality we can assume k = #(s(\)) < oo. Consider Hy, =

Ho,, @ M on £2(0,n) @ >(n — 1,00). Since Hy, — H strongly as n — oo this
implies ([116], Lemma 5.2)
(4.43) dimRan P_ »)(Hy) < lim dimRan P_ »)(Hon) =k

completing the proof. O
Remark 4.8. (i). Consider the following example

1
a(n) = —=, neN,

2 b
1
(4.44) b(L) = ~1,b(2) = ~b2,b(3) = —5,b(n) =0, n>4.
The essential spectrum of H is given by o.ss(Hy) = [—1, 1] and one might expect

that Hy has no eigenvalues below the essential spectrum if by — —oo. However,
since we have

(4.45) s(-=1,0)=0,s(-1,1) =1,s(-1,2) =0,s(—1,n) = =1, n > 3,
Theorem 4.7 shows that, independent of by € R, there is always precisely one
eigenvalue below the essential spectrum.

(ii). By a simple transformation we obtain the corresponding result for H f
B #0,

(4.46) dim Ran P x) (HY 1) = #0400 (55(, . 0)),

where sg(A,.,np) is the solution satisfying the boundary condition in (1.94) (see
(2.71)). Similar modifications apply to Theorems 4.13, 4.16, and 4.17 below.

no?

As a consequence of Theorem 4.7 we infer the following connection between
being oscillatory or not and the infimum of the essential spectrum.

Corollary 4.9. We have
(4.47) dim Ran P_ »)(H+) < 00
if and only if T — X is mon-oscillatory near oo and hence

(4.48) inf oess(Hy) = inf{\ € R| (7 — A) is oscillatory at + oo}.
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Moreover, let \g < --+ < A\ < ... be the eigenvalues of Hy below the essential
spectrum of Hy. Then the eigenfunction corresponding to A, has precisely k nodes
inside (0, £00).

In a similar way we obtain
Theorem 4.10. Let A < inf oes5(H). Then
(4.49) dim Ran P ) (H) = #(u+ (V) = #(u_ (V).
Proof. Again it suffices to prove the first equality. By virtue of (4.29) and (4.31)

we infer

(4.50) dimRan P_ o\ (H_ ) = [0-(\,n)/7], ne€Z

We first want to show that [0_(A\,n)/7] = #(—cc,n)(u—_(A)) or equivalently that
lim;, oo [0— (A, n) /7] = 0. Suppose lim,, o [0—(A1,n)/7] = k > 1 for some A\; € R
(saying that u_(.,n) looses at least one node at —o0). In this case we can find n
such that 0_(A\1,n) > km for m > n. Now pick A\g such that 6_(\g,n) = kn. Then
u_(Xo,.) has a node at n but no node between —oco and n (by Lemma 4.3). Now
apply Lemma 4.4 to u_(\,.), u—(A1,.) to obtain a contradiction. The rest follows
as in the proof of Theorem 4.7. O

As before we obtain

Corollary 4.11. We have

(4.51) dim Ran P _ »)(H) < o0
if and only if T — X is non-oscillatory and hence
(4.52) inf oes5(H) = inf{\ € R| (7 — \) is oscillatory}.

Furthermore, let \g < -+ < A\ < ... be the eigenvalues of H below the essential
spectrum of H. Then the eigenfunction corresponding to A\, has precisely k — 1
nodes.

Remark 4.12. (i). Corresponding results for the projection Py o)(H) can be
obtained from Py o)(H) = P(_so,—x)(—H). In fact, it suffices to change the defi-
nition of a node according to u(n) = 0 or a(n)u(n)u(n+1) < 0 and P_ »)(H) to
Px,00)(H) in all results of this section.

(ii). Defining uy (A, n) as in Remark 2.3 for A = inf o.45(H), one sees that Theo-
rem 4.10 holds for A < inf 0. (H).

Theorem 4.13. Let \; < A\o. Suppose T — Ag is oscillatory near +o0c0. Then
(4.53) dim Ran P, ) (H) = lim inf (#(O,n)(s(Az)) — o (S(Al))).
The same theorem holds if + is replaced by —.

Proof. As before we only carry out the proof for the plus sign. Abbreviate A(n) =
[0s(A2,n) /7] = [0s(A1,n) /7] = #(0,m)(8(A2)) — #(0,n) (5(A1)). By (4.40) we infer
(4.54) dimRan Py, x,)(Hon) = A(n), n> 2.

Let k = liminf A(n) if limsup A(n) < oo and k € N otherwise. We contend that
there exists n € N such that

(455) dim Ran P(>\1,)\2)(H07") > k.
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In fact, if &k = limsup A(n) < oo, it follows that A(n) is eventually equal to k and
since Ay & 0(Ho,m) N o(Hom+1), m € N, we are done in this case. Otherwise we
can pick n such that dimRan Py, x,)(Hon) > k + 1. Hence Hy,, has at least k
cigenvalues \; with A\; < A} < -+ < Ak < Aa. Again let n(m) = Zle cjs(;\j,n),
¢; € C for m < n and n(m) = 0 for n > m be an arbitrary linear combination.
Then

A2+ A\ Az — Ay
(456) e e ]
together with the Lemma 4.6 implies
(4.57) dim Ran Py, x,)(Hy) > k.

To prove the second inequality we use ffoyn = Hy ., @21 — Hy strongly asn — oo
and proceed as before

(4.58) dimRan Py, »,)(H4) < lim inf Py og)(Hon) =k
since P[/\l,)\z)(ﬁO,n) = P[Al,)\z)(HO;n)' |:|

4.3. Renormalized oscillation theory

The objective of this section is to look at the nodes of the Wronskian of two solutions
u1,2 corresponding to Aq 2, respectively. We call n € Z a node of the Wronskian if
Wi (ug,u2) =0 and Wi, p1(ug,uz) # 0 or if Wi, (ug, ue)Wig1(u1,uz) < 0. Again we
will say that a node ng of W(uy,us) lies between m and n if either m < ng < n or
if ng =m but W, (u1,us) # 0. We abbreviate

(4.59) Ay, us(n) = (Oyy(n) — 0y, (n)) mod 27.
and require
(4.60) [Aus un () /7] < [Auy un (0 + 1) /7] < [Auy iy () /7] + 1.

We will fix A\; € R and a corresponding solution u; and choose a second solution
u(A, n) with X € [A1, A2]. Now let us consider

(4.61) W (ur,u(X)) = —a(n)pu, (n)pu (X, ) sin(Au, (A, n))

as a function of A € [A\1, \2]. As in the case of solutions, we first show that the
normalization (4.60) is compatible with continuity in .

Lemma 4.14. Suppose Ay, (A1,.) satisfies (4.60), then we have
(4.62) Ay w(A 1) =0, (A, n) — 0y, (n),

where 0, (X, .), 04, (.) both satisfy (4.13). That is, Ay, u(.,n) € C([A1,A2],R) and
(4.60) holds for all Ay, (X, .) with A € [A1, X2]. In particular, the second inequality
in (4.13) is attained if and only if n is a node of W (u1,u(X)). Moreover, denote by
#(mn) W (u1,u2) the total number of nodes of W.(u1,uz) between m and n. Then

(463)  Hmn W (1,12) = [Auy i (m) /7] = BBy (m) /7 4]
and

#FW (ur,u2) = #(—oco,00) W (U1, us2)
(4.64) = lim (B (0)/7] = [y, (=) /] ).

n—oo
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Proof. We fix n and set
(4.65) Ay W) =kn+5(N), Ay An+1)=kr+ AN,

where k € Z,6(\1) € (0,7] and A(A1) € (0,27]. Clearly (4.62) holds for A = A\;
since W (u1,u(A1)) is constant. If (4.60) should break down, we must have one
of the following cases for some Ao > A1. (i) d(Ag) = 0, A(Ng) € (m,27], or (ii)
(o) = m, A(Ng) € (0,7, or (iil) A(Xg) = 2w, §(Xg) € (m, 7], or (iv) A(Ng) = 0,
d(Mo) € (m,w]. For notational convenience let us set & = §(Ag), A = A(Xg) and
Oy, (n) = 01(n), 0, (Ao, n) = 02(n). Furthermore, we can assume 60 2(n) = ki om +
(5172, 9172(7’7/ + 1) = kil,gﬂ' + ALQ with k‘172 €7, (51’2 S (O,ﬂ'] and A172 € (O,QTF}.

Suppose (i). Then
(4.66) Wht1(u1, u(Xo)) = (Ao — A)ur(n + Du(Xg,n + 1).
Inserting Priifer variables shows
(4.67) sin(Ay — Ay) = pcos?(6;) >0

for some p > 0 since § = 0 implies 6; = d2. Moreover, k = (k2 — k1) mod 2 and
km 4+ A = (ko — k1)m+ Ay — Ay implies A = (Ag — A7) mod 2. Hence we have
sinA > 0 and A € (w,2n] implies A = 27. But this says é; = d = 7/2 and
Ay = Ay = 7. Since we have at least (A2 — ) > 0 and hence d2(A2 — &) > 7/2,
As(Ag — &) > m for € > 0 sufficiently small. Thus from A(X2 —¢) € (7, 27) we get

(4.68) 0>sinA(Ay —¢g) =sin(Ax(A\g — &) — ) > 0,

contradicting (i).

Suppose (ii). Again by (4.66) we have sin(As — Ay) > 0 since d; = d2. But
now (k+1) = (k1 — k2) mod 2. Furthermore, sin(As — Ay) = —sin(A) > 0 says
A = 7 since A € (0,7]. Again this implies d; = do = /2 and Ay = Ay = 7. But
since () increases/decreases precisely if A()) increases/decreases for A near A,
(4.60) stays valid.

Suppose (iii) or (iv). Then

(469) Wn(ul, U(/\())) = —(/\0 - )\1)’&1(71 + l)u()\g, n + 1)
Inserting Priifer variables gives
(470) sin(§2 — 51) = 7pSiH(A1) SiIl(AQ)

for some p > 0. We first assume d2 > d1. In this case we infer k = (ko — k1) mod 2
implying Ay — A; = 0 mod 27 contradicting (4.70). Next assume d2 < §;. Then
we obtain (k+ 1) = (k2 — k1) mod 2 implying Ay — A; = 7 mod 27 and hence
sin(da — 61) > 0 from (4.70). Thus we get 61 = d2 = 7/2 A1 = Ay = 7, and hence
Ay — Ay =0 mod 27 contradicting (iii), (iv). This settles (4.62).

Furthermore, if A(X) € (0,7], we have no node at n since 6(A) = 7 implies
A(X) = 7 by (ii). Conversely, if A(\) € (m, 2] we have a node at n since A(X\) = 27
is impossible by (iii). The rest being straightforward. O

Equations (4.16), (4.62), and (4.63) imply

Corollary 4.15. Let Ay < Ay and suppose uq 2 satisfy Tuj 2 = A1 ,2u1 2, respectively.
Then we have

(4.71) | () W (w1, u2) — (FF(n,m) (U2) — Fnm) (u1))] < 2
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Now we come to a renormalized version of Theorem 4.13. We first need the
result for a finite interval.

Theorem 4.16. Fiz ni < ng and Ay < Ao. Then

(4.72) dim Ran Py, x,)(Hny ny) = #(ny o) W(S(AL, -, n1), 5(A2, ., n2)).
Proof. We abbreviate
(4.73) A()\,n) = AS()\L.’nl)’S(Aan)(n)

and normalize (perhaps after flipping the sign of s(A1,.,n1)) A(A1,n) € (0,7]. From
(4.21) we infer

(4.74) dimRan Py, x,)(Hnyny) = — lgilrgl[[A()\g, ni)/m+ €]

since A € o(Hp, n,) is equivalent to A(A,n1) =0 mod 7. Using (4.63) completes
the proof. 0
Theorem 4.17. Fix A1 < Ay. Then

(4.75) dim Ran Py, x,)(Hy) = #(0,400) W (5(A1), 5(A2)).

The same theorem holds if + is replaced by —.
Proof. Again, we only prove the result for H,. Set k = #g,00)W(s(A1),5(\2))

provided this number is finite and k € N otherwise. We abbreviate

(4.76) A1) = Agn),s00)(n)

and normalize A(A1,n) = 0 implying A(A\,n) > 0 for A > ;. Hence, if we choose
n so large that all k nodes are to the left of n, we have

(4.77) A(A\n) > kr.

Thus we can find A < \; < -+ < A < \g with A(S\j,n) = jm. Now define

)

' _ S(S\j,m) —pjs(A,m), m<n
(4.78) n;(m) = { 0. m>n
where p; # 0 is chosen such that s(\;,m) = p;js(A1,m) for m = n,n + 1. Further-
more observe that

. ~f Ajs(Njym) = Mipis(A,m), m<n
(4.79) ™, (m) = { 0 m>n
and that s(A1,m), s(j\j7.)7 1 < j <k, are orthogonal on 1,...,n. Next, let n =
Zle cinj, ¢; € C, be an arbitrary linear combination, then a short calculation
verifies
Ao+ M\

2

Az — A
(4.80) I(H ~ il < =il

Invoking Lemma 4.6 gives
(4.81) dim Ran Py, x,)(Hy) > k.
To prove the reversed inequality is only necessary if # o 00)W (s(A1),5(X2)) < oo.

In this case we look at Hgfj;ﬁ with 8 = s(A2,n+1)/s(A2,n). By Theorem 4.16 and
Remark 4.8 (ii) we have

(482) dim Ran P(A1,k2)(gg?r;ﬁ) = #(O,n)W(S(Al)v S(Az))
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Now use strong convergence of flgff = Hgfn’ﬁ ® A1l to Hy as n — oo to obtain

(4.83) dim Ran Py, »,) (H) < liminf dim Ran Py, ) (Ho,”) = k

completing the proof. O
As a consequence we obtain the analog of Corollary 4.9.

Corollary 4.18. Let u; o satisfy Tu1,2 = A oui 2. Then

(484) #(O)ioo)W(ul,ug) <o < dimRan P()\17/\2)(Hi) < o0.
Proof. By (4.18) and Corollary 4.15 we learn that # o, +oc)W (u1,uz) is finite if
and only if # (0, +00) W (5(A1), 5(A2)) is finite. O

Finally, we turn to our main result for Jacobi operators H on Z.

Theorem 4.19. Fiz A} < A2 and suppose [A1, A2] Noess(H) = 0. Then
dimRan Py, x,) (H) = #W (ug (A1), us(A2))

(4.85) = #W (us (M), ux(A2)).

Proof. Since the proof is similar to the proof of Theorem 4.17 we will only outline

the first part. Let k = #W (uy(A1),u_(A2)) if this number is finite and k € N

otherwise. Pick n > 0 so large that all zeros of the Wronskian are between —n and
n. We abbreviate

(4.86) A1) = Buyn)u- (1)

and normalize A(A,n) € [0,7) implying A(A\,n) > 0 for A > A;. Hence, if we
choose n € N so large that all k nodes are between —n and n, we can assume

(4.87) A\ n) > k.

Thus we can find \; < A\ < -+ < A\, < \g with A(;\j,n) =0 mod 7. Now define
‘ ~—f u_(,m) m<n

(488) wilm) = { pjut(A,m) m=n "’

where p; # 0 is chosen such that u,(S\j,m) = pjuq (A1, m) for m =n,n+ 1. Now
proceed as in the previous theorems. ([

Again, we infer as a consequence.

Corollary 4.20. Let u; 2 satisfy Tu12 = A oui2. Then

(4.89) #W(ui,uz) <oo <« dimRan Py, x,)(H) < oo.
Proof. Follows from Corollary 4.18 and dim Ran Py, ,)(H) finite if and only if
both dim Ran Py, »,)(H_) and dim Ran Py, ,)(H ) finite (see (3.22)). O

Remark 4.21. (i). Lemma 1.6 shows that all theorems remain valid if our hy-
pothesis a(n) < 0 is replaced by a(n) # 0.

(ii). Defining uy (A, n) as in Remark 2.3 for A at the boundary of o.ss(H), one sees
that Theorem 4.19 holds for [A1, As] Noess(H) C {A1, A2}



Chapter 5

Random Jacobi operators

Up to this point we have only considered the case of Jacobi operators where the
sequences a and b are assumed to be known. However, this assumption is often not
fulfilled in physical applications. For example, look at the one-dimensional crystal
model in Section 1.5. In a more realistic setting such a crystal will contain impuri-
ties, the precise locations of which are in general unknown. All one might know is
that these impurities occur with a certain probability. This leads us to the study
of Jacobi operators, where the coefficients are random variables. These random
Jacobi operators serve also as a model in solid state physics of disordered sys-
tems, such as alloys, glasses, and amorphous materials in the so called tight binding
approximation.

5.1. Random Jacobi operators

To begin with, let us introduce the proper setting for this new model. We consider
the probability space (2, F, ), where F is a o-algebra on  and p a probability
measure (i.e., 4(©2) = 1) on (2, F). A random variable f is a measurable functions
on 2 and its expectation is E(f) = [, f(w)du(w).

If you are not familiar with the basics of probability (respectively measure)
theory, you might want to refer to any textbook (e.g., [39]) first.

We will choose

(5.1) Q= = {w = (W())jezlw(j) € R},

where Qg is a bounded Borel subset of (R\{0}) xR, and F is the o-algebra generated
by the cylinder sets (i.e., by sets of the form {w € Q|w(j) € B;, 1 < j < n} with
B; Borel subsets of Q).

On 2 we have a discrete invertible dynamical system, namely the shift
operators

(5.2) T : Q — 0
w(j) = w(j—i)

Since the shift of a cylinder set is again one, T'(= T"!) is measurable.
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The measure p is called invariant (or stationary) if u(TF) = u(F) for any
F € F. Alternatively, T is called measure preserving. In addition, our dynamical
system T is called ergodic (with respect to u) if any shift invariant set F = TF
has probability u(F') zero or one.

Given (Q,F, u) as above we can define random variables

a:Q — £°(Z,R\{0})

w(j) = au(n) =wi(n)
(5.3) b:Q — (Z,R\{0})

w(j) = bu(n) = wa(n)
and a corresponding random Jacobi operator
(5.4) H,=a,S"T+a,S +b,.
Since we assumed €2y bounded, there is a constant C' (independent of w) such that
|Hy|| < C. The simplest example is to take a probability measure po on Qg and
consider the product measure pu = X;czug- It is easy to see that p is ergodic. This
is known as Anderson model.

Now what are the questions we should ask about H,? Clearly, if we look for
features shared by all operators H,, w € 0, we could as well think of w as being
fixed. So we will look for properties which only hold with a certain probability. For
example, properties which hold almost surely (a.s.), that is with probability one.

From now on we will assume the following hypothesis throughout this entire
chapter.

Hypothesis H.5.1. Let (Q,F, i) be as described in (5.1) and let T', as introduced
in (5.2), be ergodic with respect to p.

As a warm up we recall a simple lemma concerning invariant rar_ldom variables.
A random variable f is called invariant (with respect to T7) if f(T'w) = f(w).

Lemma 5.2. An invariant random variable f : @ — R U {oo} is constant almost
surely (i.e., there is a set with probability one on which f is constant).

Proof. Let I =[5, 5, I, = {oo} and QF = f71(I]") = {w|s& < f < &1},

ﬁ? 2n
Q1 = f~1(00). The sets QF, i € Z U {oo}, are disjoint and p(Q) € {0,1} due to

7
ergodicity. Moreover, since

(5.5) Yoo =p |J @=pe=1
i€ZU{oc0} i€ZU{oo}
there exists i, € Z U {oo} such that (€2} ) =1 and u(2}') =0, i # i,. And since

the nesting intervals Iﬁqﬂ C I}* must converge to a point {zo} = (), oy If. we have

(5.6) u(f (o)) = pl( () 22) = lim p(QF) =1
neN

O

This result clearly suggests to look at properties of H,, which are invariant under
the shift 7*. Since we have

(5.7) Hypi, = S'H,S™,



5.1. Random Jacobi operators 89

we see that Hri,, and H, are unitarily equivalent. Hence, one might expect that
the spectrum is constant a.s.. Since the spectrum itself is no random variable we
need to look for random variables which contain information on the location of the
spectrum. Promising candidates are traces of the spectral projections

(5.8) tr(Pa(H,)) = dimRanPy (H,,).
Based on this observation we obtain the following theorem.

Theorem 5.3. There exists a set X C R such that

(5.9) o(H,) =% a.s..
In addition
(5.10) oi(Hy,) =0 as..

Proof. We start by claiming that the function w +— Py (H,,) is weakly measurable
(ie., {f, Pr(H,)g) is measurable for any f,g € ¢?(Z); by the polarization identity
it suffices to consider the case f = g). In fact, w — H,, is weakly measurable and so
is any polynomial of H,,, since products of weakly measurable functions are again
weakly measurable. Approximating Pa(H,,) by (w-independent) polynomials in the
strong topology, the claim follows. As a consequence, the trace

(5.11) tr(Pa(Hy)) = (0n, Pa(Ho)dn)
neZ

is an invariant (by (5.7)) random variable and hence a.s. constant by the lemma.
Moreover,

tr(Pa(Hy)) = E(tr(Pa(Hy)))

= E( D" (0, Pa(Ho)d0) ) = S B((6n, Pa(HL)3,))

nez nez
(5.12) = > E({(do, Pa(Hrnw)d0)) = > E((00, Pa(H.)do))
neZ nez

is zero or infinity depending on E((dg, Pa(H,)dp)) = 0 or not. Here we have used
invariance of p with respect to T™ in the last equality.

For any pair of rational numbers (p, q) € Q* we set d(p,q) = 0,00 if the almost
sure value of trP, ,y(H,) is 0, 00, respectively. Set

(5.13) 2= [ Qg = wltrPpg(He) = dipg -
(p,q)€Q?
Then () = 1 for #(Qp,q)) = 1 and the intersection is countable.
Now for wi,ws € Q we claim o(H,,) = o(H,,). Indeed, if \ & o(H,,), there
exist two rational numbers A1 < A < Ay such that
(514) 0= dimRanP(Ah)\Q)(le) = d(A17A2) = dim RanP(Al,M)(le)

implying A\ € o(H,,). Interchanging w; and ws finishes the first part.
For the remaining one suppose A € o4(H,). Then
(5.15) 0 < dimRanPy, z,)(H,) < 00

with A1 < A < Ao sufficiently close to A. This is impossible for w € Q. So
oq(H,) =0, w e Q. O
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Considering the corresponding projections onto the absolutely continuous, sin-
gular continuous, and pure point subspaces we expect a similar result for the corre-
sponding spectra. The tricky part is to establish measurability of these projections.

Theorem 5.4. There exist sets Xqc, Lsc, and Xy, such that
Oac(Hy) = Loe a8,
Usc(Hw) = 2sc

(5.16) opp(Hy) = Xpp  a.s..

a.s. ,

Proof. Given the proof of the previous theorem, we only need to show that two
of the projections P*(H), P*¢(H), and PPP(H) are weakly measurable (for fixed
w, which is omitted here for notational simplicity). Indeed, we have P{°(H) =
Pae(H)Py(H), etc.. We will show that P¢(H) = P (H) + P**(H) and P*(H) =
P*¢(H) 4+ PPP(H) are weakly measurable.

By the RAGE Theorem ([50], Theorem 5.8) we have

T
/ eitHXNPC(H)efitH
0

where xn(n) = 1if [n| < N and xny(n) =0 if |n| > N. Hence

1
1 lim —
(5.17) m

T—o00

:O,

1 [t :
P = 5 [T 0= ) P g

1 :
= Jim 7 [ ) P )i
0

T—oo T
= lim 1/T<f (1 — xn)e " g)dt
it ), VW XN 9
1 [T .
(5.18) — lim —/ (f, e (1 — xn)PPP(H)e " g)dt
T—oo T 0

Now we estimate the last term using PPP(H)g =Y ;95 where g; are eigenfunctions
of H, that is, Hg; = A;g;.

(f, (@ = xw) PPP(H)e ") < [le™ T FIII(D = xav)e™ " PPP(H)g]|
(5.19) < [IAI Z(]l —xw)e Mgyl < |I£]l Z 11— xn)g; -

Hence we have

1 [t 4
(5.20) (f,P°(H)g) = lim lim —/ (f,e™ (1 — xn)e ™ g)dt
N—oooT—oo T 0
which is measurable since e = 372 ((itH)’ /!
Finally, P*(H) is measurable because of

(5.21) (f,P*(H)g) = lim  sup (f, Pr(H)g)
=X reT |II<1/n

(see Lemma B.6). O
Since eigenvalues of H,, are simple we get another interesting result.

Theorem 5.5. For any A € R we have p({w|A € o,(Hy)}) = 0.
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Proof. Since trPp,y(H,,) equals zero or infinity a.s. its probability of being one is
Z€ro. ([l

This does not say that ¥, is empty. But if it is non-empty, it must be locally
uncountable.

5.2. The Lyapunov exponent and the density of
states

In this section we will need that a,, is bounded away from zero.

Hypothesis H. 5.6. Suppose Qg C [M 1, M] x [-M, M] for some M > 1, that
is,

1
(5.22) Mgang M <b, <M.
In particular, we have ||H, || < 3M.

We recall the definition of the Lyapunov exponent of H, from Section 1.1
+ . 1
(5.23) Y2 (z) = lim — In||®,(z,n)|
n—+oo m
provided this limit exists. For its investigation we need some standard results from
ergodic theory.

A sequence of random variables f,, : 2 — R is called a subadditive process
if

(5.24) frman(W) < fn(w) + fu(TTw),

where T is measure preserving. If equality holds, the process is called additive.
Then we have the subadditive ergodic theorem by Kingman [148] (see [214]
for a simple proof).

Theorem 5.7. If {f,}nen is a subadditive process satisfying B(|fn]) < 0o, n € N,
and inf,, E(f,)/n > —oo, then f,(w)/n converges almost surely and, if T is ergodic,

1 .1 1
(5.25) T —fu(w) = lim —E(f) = inf ~B(f,) as..

In the additive case we have f,(w) = Z:;_:lo f1(T™w) and the theorem says
that lim, . fn(w)/n = E(f1) almost surely if E(|fi]) < oo. This is known as
Birkhoff’s ergodic theorem.

Now we can prove the following result.

Theorem 5.8. For each z € C there exists a number

1
5.26 = inf —~E(In||®,(z,
(5.26) 1(2) = inf E(n (= n)])
(independent of w) such that

1
(5.27) lim T In||®,(z,n)|| =~(2) a.s..

nﬁim||
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Proof. Abbreviate f,(w) = In||®,(z,n)||, then f, is a subadditive process since
by (1.32)

fm+n(w) =1In ||<I>w(z, n-+m, m)q)w(zv m)”
(5.28) < fo(T7"w) 4 frn(w).
Moreover, for n > 0 (recall (1.33))

(5.29) 77 SPu(z ) < H 10w (2, DIl < (M (M +|2[))"

implies E(|fn|) < nM (M + |z|) and inf,enE(f,)/n > 0. Since the same consider-
ations apply to n < 0 we infer from Theorem 5.7

(5.30) im ) e Lgr

n— o0 |n\ ne+N \n|

almost surely. It remains to show that both limits are equal, provided both exist.
This follows using (1.32), (1.45), and invariance of our measure

E(f- ) E(In || ., (2, =, 0)[|) = E(In ||, (2,0, 1) "|])
E(In || @700 (z,7,0)7H]) = E(In || @, (2,n,0) 1)
E(

(5.31) Ina,(n) —Inay,(0) +1n|| P, (z,n,0)]) = E(fn).

O

In particular this result says that for fixed z € C we have v} (2) = 75 (2) = 7(2)
almost surely.

We call y(z) the Lyapunov exponent. It has several interesting properties. First
of all, by the considerations after (1.36) we have y(z) > 0. Before we can proceed,
we need to review the concept of a subharmonic function.

A measurable function f : C — RU {—oo} is called submean if max(f,0) is
locally integrable and

— 27ir?

/ f(z)dzndz, r>0.

|z—z0|<r

It is called uppersemicontinuous (u.s.c.) if for any sequence z, — zo we have
(5.33) limsup f(z) < f(z0).

Zn—20
If f is both, submean and u.s.c., it is called subharmonic. As an immediate
consequence we obtain that

(5.34) f(z0)

1
i _
lim & 2 / f(z)dzNdz
|z—z0|<r

if f is subharmonic. The properties of being submean or subharmonic are preserved
by certain limiting operations.

Lemma 5.9. (i). Suppose f, are submean and f,11 < fn. Then f(z) = inf,, f,.(2)
is submean. If, in addition, f, are subharmonic, then so is f.

(ii). Suppose f, are submean and sup, max(f,,0) is locally integrable. Then
sup,, fn and limsup,, f, are submean.
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Proof. (i). Switching to f,, — f1 it is no restriction to assume f,, < 0 and hence
the first assertion follows from the monotone convergence theorem. The second one
follows since the infimum of u.s.c. functions is again u.s.c..

(ii). Since
sup fn(20) < 912 SUP / fn(z) dZ Ndz
|[z—zo|<r
1
(535) < W / sup fn(Z) dzZ Ndz,
|z—zo|<T

we see that sup,, f, is submean. Combining this result with the previous one and
limsup,, f, = infy sup,, >y fn finishes the proof. (I

As a first observation note that the norm ||®,(z,7n)|| is subharmonic. In fact,
|®,(2,n)|| > 1/M is continuous and submean by
(5.36)

19 (20, )

T / B (2, n)dz A dz|| <

2mrir?

oz [ Itz ade

[z—20|<r |[z—20|<r

Moreover, since the logarithm is convex, In ||®,(z,n)|| is submean by Jensen’s in-
equality.
This is already half of the proof that v(z) is subharmonic.

Lemma 5.10. The Lyapunov exponent y(z) is subharmonic. Furthermore, the
upper Lyapunov exponents ¥ (z) of H,, are submean.

Proof. By Fubini’s theorem the function
(5.37) E(ln ||y (z,n)|)

is submean. By the estimate (5.29) and the dominated convergence theorem it is
also continuous and hence subharmonic. Thus, ¥(z) is the limit of a monotone not
increasing sequence of subharmonic functions

1 n
(5.38) on B [0 (2, 27)[) N (2).
The rest follows from our previous lemma. O

This result looks pretty technical at the first sight, however, in connection with
(5.34) it says that in order to show y(z) = 4(z) for some subharmonic function ¥(z)
it suffices to show equality for z € C\R. This will be used in what follows since the
case z € C\R is usually easier to handle as we will see below.

For z € C\R we know the asymptotic behavior of the solutions of 7,u = zu.
There are solutions u, 4+ (z,n) which decay exponentially as n — +oo and grow
exponentially in the other direction. Hence it is not hard to see that

1
(5.39) ¥(z) = lim 5, (Juw (2, n)|* + uw (2, n + 1))
n—-=+oo 2N

for any solution w,(z,n) which is not a multiple of w,, +(z,n) and the limits exist
whenever the limits in (5.27) exist. Based on this observation we obtain.
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Theorem 5.11. Let By = min Y and E,, = max X with ¥ from (5.9). For z € C\R
we have

1 1
v(z) = ”Egloo Tl In|uy +(z,n)| = — HEIEOO Tl In fuy 4 (z,n)]
(5.40) = —E(lnay,) — E(ln|m,, +(2)|)
almost surely. In addition,
P g(N)
(5.41) v(z) = —E(lnay,) +In|Ex — 2| — Re/ ——=d\,
Eo A—z

where £E(A) = E(&, (A, n)) and &, £ (A, n) are the &-functions associated with the
Weyl m-functions my, +(z,n) (see Theorem B.11).

Proof. We first compute

n—oo

1
lim > I (|ue,+ (2,7)]* + |uw 4 (2,0 + 1)]?) =

1
= lim o (In(1 + [me 1 (2,7) %) + 210 [ug 4 (2, + 1)])

n—1
1 . .
(5.42) = lim — Eoln\a(J)mw,+(z,J)|,
]:

where we have used (2.3). Since my, +(z,n) is measurable and satisfies (2.3) we can
invoke Birkhoff’s ergodic theorem to see that the limit is E(Ina,,) +E(In |my, +(2)|).
Moreover, using (compare (6.56) below)

E
w, 00 w )\7
(5-43) nm,4(2,n) = —In(Byco —2) + / Sotn) gy
Eu o )\ —Z

and Fubini’s theorem we see

E
= E(&w,+ (A

(5.44) E(ln|me +(2)]) = —In|Ewx — 2| + Re/ Md)\.

Eo )\ —Z
Computing the remaining three limits in a similar fashion the result follows from
(5.39). O

Note that (5.41) implies

(5.45) (A +ig) = v\ —ig), eeR

Next we want to shed some additional light on the function £(\) which appeared
in the last theorem. To do this we first introduce the so-called density of states. We
consider the finite operators H,, o, with Dirichlet boundary conditions at 0 and n.
The integrated density of states for this operator is defined by

1 . 1
(5.46) Ny (A) = —dimRanP(oo ) (Hoo.n41) = 1P o0 ) (Hov0.041)-

That is we take the number of eigenstates below A and divide it by the total number
of eigenstates. In particular, N¥(X) is zero below the spectrum of H,, 0,41, One
above the spectrum of H,, ¢ +1, and increasing in between. By Theorem 4.7 we
also have

(5.47) NE() =~ #0 ) (5 (V)
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which is why N (A) is also called rotation number.
Our hope is that N¥ () will tend to some limit as n — oo.
If the process

(5.48) Jn(w) =trP oo x)(Huw0,n41)

were subadditive, the desired result would follow directly from Kingman’s Theorem.
Unfortunately this is not true! To see this observe

(5.49) Hoontm+1 = Hoom+1 D Hr-my 0041 + M m,

where My, = aw(m)({Om, Y0m+1 + (Omt1,-)0m). In the simplest case m =n =1
the above equation reads

s ()= o )e (o n)ra()y)

Let by = max(by,b2) and b_ = min(by, by). Then the eigenvalues of this matrix are
b_ — c and b4 + ¢ for suitable ¢ > 0. Hence

0, A<b_—-c¢
1, b —c<A<b
(5.51) faw) = fi@) + AT 'w)+4 0, b <A<by

—1, b+<)\§b++c
O7 b++C<)\

shows that neither f,(w) nor — f, (w) is subadditive in general.
However, since M, , is a rank two perturbation, we have at least

(5.52) fratm(W) < fn(w) + fu(T™"w) + 2

and hence f,(w) = fn(w) + 2 is subadditive. Clearly f,(w)/n converges if and only
if f,(w)/n converges in which case the limits are equal. Summarizing,

(5.53) Tim NZ(A) = N())

almost surely. The quantity N()\) is called integrated density of states. Because
of (5.47) it is also known as rotation number. Some of its properties are collected
in the following lemma.

Lemma 5.12. There is a set Q C Q of probability one such that for continuous f,

)t [ FNANTO) = [ FOVN) =BG, f(HL))). e

In other words, dN¥ converges weakly to dN almost surely. Moreover, N(\) is
continuous and (5.54) also holds for f = X(—oo,x,)-

Proof. Note that f +— E({do, f(H,)dp)) is a positive linear functional on the space
C([-3M,3M]) and hence by the Riez-Markov Theorem there is a (positive proba-
bility) measure dN such that

(5.55) / FOVAN () = E((6o, f(H..)b0))-
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We begin by showing that (5.54) holds with dN replaced by dN. Let us choose
f(\) = A\F, k € N, first and consider the process

<5m7 (Hw,O,n+1)k5m>.

M=

(5.56) falw) = tr (Hw,O,nJrl)k =

=1

3

Since each summand depends on n (unless k = 0, 1) it is not clear that this process
is (sub)additive. Hence we will try to replace it by

(5.57) fulw) =tr (Hy)* = > (0m, (H

m=1

which is additive. By Birkhoff’s theorem we have lim,, o fn(w)/n = [AFdN())
for w in a set O of probability one. Now what about the error we make when
replacing f, by f,? The matrix elements (6,,, (H,)*6,,) and (6,,, (H,)¥6,,) only

differ for m = n,n — 1,...,n — n(k) and the difference can be estimated using
a, < M and |b,| < M. Hence we obtain
(5.58) (@) = fol(w)] < Cr(M)

and so fy,(w)/n converges if and only if fn(w)/n converges in which case the limits
are equal. Choosing Q = N OQk we see that (5.54) holds if f is a polynomial.

Now let f be continuous and choose a polynomial f.(\) such that the difference
|f(A) = fe(N)] is at most £/2 for all A € [-3M,3M]. Then we have

[ ivas )—/f(MdNﬁ(A)‘S'/fE(A)dN“ /fe s +
559+ [1F0) = £OIaNZ) + [ 1700 = £OIaN )

Performing the limit n — oo we see

[ ras - [ f(A)dN;”(A)' <e

and letting e | 0 establishes (5.54) for continuous f.
Let f-(\) = &2/(A? 4+ £?). Using dominated convergence we obtain

N (o)) = lim [ £(NAN () = EmE(Go, £.(H.)5)
(5.61) = E(lgigl(éo,fg(Hw)éo)) = E((do, Pray} (Hw)do)) =0

(5.60) lim

n—oo

where the last equality follows from Theorem 5.5. This shows that N ()) is contin-
uous.

To show (5.54) for f(A) = X(—oo,n¢)(A) We approximate f by continuous func-
tions f. given by fo(A) =1 — (A= Xg)/d for Ag < A < Ao+ 6 and f.(A) = f(N)
else. The parameter § is chosen such that N((Ag—d, Ao —8)) < £/2 (this is possible
since N is continuous). Now observe

(5.62)
T [170) = £OIaNz ) < i [ g anz o) = [ a.0av0) <5,

where g.(A) = (1 — [A = Ao|/0)X(xg—5.10+5) (1), and proceed as before.
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Equation (5.54) for f = x(_ay) finally tells us N(\) = N(\). 0

Remark 5.13. (i). The proof of the previous lemma shows that

1
(5.63) N(A) = lim —tr(X(0,n+1)P(—o00n) (Hw)) =

1
n—oo N, n

where the right hand side is an additive process.
(ii). We can replace Hy, 0.n+1 by Huy,—n—1n+1, that is,

. 1
(564) N()‘) = lim 1trp(—oo,/\)(Hw,—n—l,n+1))a

or we could choose different boundary conditions.
In particular,

(565) N(A) lim # 0 n+1)(uw(/\))

n—oo N

for any real (nontrivial) solution 7,u,(A) = Auy,(A) (compare (4.18)).

Note that N(A) can also be viewed as the average of the spectral measures
dpuwm,n(N) since by (5.54) for f = x (o)

(5.66) N(A) = E((80; P~o0,3) (Hw)d0)) = E(pu,nn((=00,A)).

In particular, we obtain the following corollary.

Corollary 5.14. We have o(dN) = X. Moreover, N(A) = 0 for A < Ey and
N(A) =1 for A\ > E

Another consequence is the Thouless formula.

Theorem 5.15. For any z € C we have

Es
(5.67) v(z) = —E(lnay) + / In |\ — z|dN(X)
Eo
and N(\) = £(N).
Proof. Invoking (1.65) we get
1
(5.68) ~In|su(An) Z In a,,(m /ln|)\— Z|dN¥ ()

for z € C\R. Using (5.39) with u, = s,, to compute y(z) proves (5.67) for z € C\R.
Since both quantities are subharmonic (replace In|\ — z| by In(e + |A — z|) and
let € | 0), equality holds for all z € C. Comparing (5.41) and (5.67) we obtain

N(A) = £()N) after an integration by parts. O
There are a few more useful formulas. Set
_ dN (A
(5.69) 3(2) = Blgalzn) = Blau(0)) = [ 500,

then

(5.70) %y(ﬂis) = / w = Im(FA\ +ic)), e > 0.
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In particular, the moments of dIN are the expectations of the coefficients of the
Laurent expansion of g,(z,0) around infinity (compare Section 6.1 below)

(5.71) B((f0, (HL)'00)) = [ MdN (.
Explicitly we have ([ dN()\) = 1)
(5.72)/>\dN()\) = E(b,(0)), /)\2dN(>\) = 2E(a,,(0)?) + E(b,(0)?), etc..

In addition, solving (2.11) for the m term, taking imaginary parts, logs,
and expectations we find
€

ay( _01 Mm(my, 1 (A + i€))

(5.73) 2y(\ +ic) = E(ln(l n )), | > 0.

Finally, let us try to apply the results found in this section. To begin with, note
that we know ﬁ(z) = 75(2) = 7(2) a.s. only for fixed z € C. On the other hand,
to say something about H, we need information on the (upper, lower) Lyapunov
exponents of H,, for all (or at least most z).

Lemma 5.16. The Lebesgue measure of the complement of the set {\ € Ruj A =
FE(A) = v(N\)} is zero almost surely. The same is true for X € C. Moreover,

(5.74) FE(2) < (2) for all z a.s..

Proof. The set L = {()\,w)h/i[(z) = 7%(2) = v(2)} is measurable in the product
space R x Q. The bad set is B = (R x Q2)\L and the corresponding sections are
B, = {\|(\,w) € B}, By = {w|(A\,w) € B}. Since we know u(B)) = 0 we obtain
from Fubini’s theorem

(5.75) () (B) = [ 1Buldnte) = [ u(Bayir =0

that |B,| = 0 a.s. as claimed. Similar for A € C. To prove the remaining assertion,
we use that 7+ (z) is submean

1
4 < 4 —
75 (20) < 27rir2/| 5 (2) dz A dz

z—zo|<r
1
5.76 = — / Y(2) dz A dz = v(29).
(5.76) = MRS (=)

O

Now we are ready to prove the following theorem which should be compared
with Theorem 3.16.

Theorem 5.17. The absolutely continuous spectrum of H,, is given by

(5.77) Yae = {A € R[y(A) =0}

€SS

almost surely.

Proof. Combining Theorem 3.16 and the previous lemma we have immediately
Yae C{NER[y(N) =0} . The converse is a little harder.




5.2. The Lyapunov exponent and the density of states 99

Abbreviate N = {\ € R|y(\) = 0}. Using z(1 +z/2)"! <In(l1+z), x > 0, we
obtain from (5.73)
€

(5.78) E(m

) <E((+ ) =21\ + ),

nw’i()\"_ii‘:) 5

where n,, +(2) = a(_ol)Im(mw,i(z)) + % Moreover, we have by (5.70) and

Fatou’s lemma

1 1
E({ liminf ———— ) < liminfE{ ———
(H?lbn nwyi()\qtie)) = "0 (nw,i(ﬂig))
. (A Fie) _ .
(5.79) = 211mlbnf = Im(g(A +1i0)) < o0
€

for A € N for which the limit lim. o Im(g(X + ie)) exists and is finite. Denote

this set by N’ and observe |[N\N’'| = 0 (see Theorem B.8 (ii)). Thus we see

p({w|limsup, o Im(m, + (A +ie)) = 0}) = 0 for A € N’. And as in the proof of the

previous lemma this implies [{A|limsup, o Im(mg, + (A +i¢)) = 0} N N| = 0 almost

surely. A look at Lemma B.7 completes the proof. O
Next, let us extend this result.

Lemma 5.18. If v(A\) =0 for X in a set N of positive Lebesque measure, then we
have

a(0)Im(my, + (A +10)) = a(—1)Im(m,, — (A +i0)),
(5.80) Re(; o) = 0-
almost surely for a.e. A € N.
Proof. Let us abbreviate ny = ny, 4+ (A + i€) (see the notation from the previous
proof) and n = ny,(\ +ic) = —g,(\ +ig,0)"L. An elementary calculation using
Im(n) = ny + n_ verifies

() B () ()

1
5.81 = — 4+ — +4Im(—).
(581) — o dTm()

Invoking (5.70) and (5.78) we see
(5.8) E<<1+1) (n+—n)2+(Re(n))2> §4('y()\+is) - B'y()\—i—is))'

ny  n_ |n|? 5 Oe
Moreover, since for a.e. A the limits n,, + (A+i0) and n,, (A+10) exist by Theorem B.8
(ii), we are done. O

The condition (5.80) says precisely that my, (A +i0) = —1hy 4+ (A +10). This
should be compared with the reflectionless condition in Lemma 8.1 (iii) below.

Theorem 5.19. If v()\) vanishes on an open interval I = (A1, A2), the spectrum of
H,, is purely absolutely continuous on I almost surely, that is, (5. UX,,) NI = 0.

Proof. By (5.80) and Lemma B.4 we see that —g,, (A +10,0)~! is holomorphic on
I and nonzero. So the same is true for g, (A + i0,0) and the result follows from
(3.41). O



100 5. Random Jacobi operators

As a consequence we have that the class of random Jacobi operators where
~(A) vanishes on a set of positive Lebesgue measure is rather special.

Theorem 5.20. If v wvanishes on a set of positive Lebesgue measure, then for
almost surely w € §, the sequences (ay,(n),b,(n))nez are determined by either
(@w(n), b (1)) n>ne 07 (aw (1), by (N))n<n, for any ng € Z.

Proof. It is no restriction to assume ng = 0. By (5.80) and Lemma B.4 we learn
that m, 1 (2) uniquely determines m,, _(z) and vice versa. Hence the claim follows
from Theorem 2.29. O

Sequences (a,(n),b,(n))nez of the above type are referred to as determin-
istic sequences. Hence the theorem says that for nondeterministic sequences we
have ¥,. = (. In particular this holds for the Anderson model. An example for
deterministic sequences are almost periodic ones which will be discussed in the next
section.

5.3. Almost periodic Jacobi operators

Now we will consider the case where the coefficients a, b are almost periodic se-
quences. We review some basic facts first.

Let ¢® = (a%,b°) € £°(Z,Ry) x £*°(Z) and let us abbreviate ¢ = S™c¥ =
(S™a®, S™0) (S™ being the shift operator from (1.8)). We set Q(c°) = {¢™} ez
and call the closure the hull of ¢, hull(c®) = Q(cY). The sequence c° is called
almost periodic if its hull is compact. Note that compactness implies that (H.5.1)
holds for almost periodic sequences.

For an almost periodic sequence ¢ we can define a product
(5.83) o: Q) x Q) — Q) ,
(Cm, Cn) — cm o cn — cm+n

which makes Q(c") an abelian group. Moreover, this product is continuous since
chl o™ — M0 o CmOH < chl+m1 _ cn1+m0|| + ||Cn1+m0 _ CnoeroH

(5.84) = [[e™ =™ 4 [l* — ™|,

where we have used the triangle inequality and translation invariance of the norm

in (>°(Z) x £>(Z). Hence our product can be uniquely extended to the hull of c°

such that (hull(c”), o) becomes a compact topological group. On such a compact

topological group we have a unique invariant

(5.85) / FleYdu(d) = / FE)dp(d), e e hull(),

Baire measure p, the Haar measure, if we normalize pu(hull(c?)) = 1. The invari-
ance property (5.85) implies
(5.86) w(S"F) = u(F), F C hull(c?),

since S™c = ¢" o c. If we knew that p is ergodic, we could apply the theory of the
first section with Q = hull(c®). Now let S"F = F, n € Z, and consider

(5.87) A(G) = /G o
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Then [ also satisfies (5.85) and hence must be equal to g up to normalization
by uniqueness of the Haar measure. Hence i(G) = j(hull(c))u(G) and using
A(F) = a(hull(c?)) = u(F) we obtain for G = F that u(F) = u(F)? implying
w(F) € {0,1}. Thus p is ergodic.

As a consequence we note

Theorem 5.21. Let (a,b) be almost periodic. For all Jacobi operators correspond-
ing to sequences in the hull of (a,b), the spectrum is the same and the discrete
spectrum is empty.

Proof. By Theorem 5.3 the claim holds for a set of full Haar measure. Since such
a set is dense we can approximate any point (a, b) in the hull by a sequence (a,, by,)
within this set in the sup norm. Hence the corresponding operators H, converge
to H in norm and the result follows. (I

Since the absolutely continuous part is not stable under small perturbations,
Theorem 5.4 cannot be directly extended to the the entire hull of an almost periodic
sequence.

Theorem 5.22. Let (a,b) be almost periodic. For all Jacobi operators correspond-
ing to sequences in a subset of full Haar measure of hull((a,b)), the pure point,
singular continuous, absolutely continuous spectrum is the same, respectively.

One way of constructing examples of almost periodic operators is to choose
periodic functions p (), p2(x) (with period one) and consider

(5.88) (ag(n),ba(n)) = (p1(2main + 61),p1(2maan + 6s)), a € R? 6 € [0,27)%.

Note that such sequences are even quasi periodic by construction.

We will restrict our attention to the most prominent model where p; (z) = 1 and
pa(x) = Bcos(z). The corresponding operator Hy is known as almost Mathieu
operator and given by

(5.89) (ap(n),bp(n)) = (1, Becos(2man +0)), «a€R,0€[0,27).

Since by, = —byg we can assume 3 > 0 without loss of generality. We need to
distinguish two cases.
If a € Q, say a = & (with N minimal), then bg(n + N) = by(n) and

(5.90) hull(1,bg) = {(1, bos2ran) oy
The underlying group is Zy and the Haar measure is the normalized counting
measure. This is a special case of periodic sequences and will be investigated in
Chapter 7.

The case we are interested in here is a € Q. Then

(5.91) hull(1,bg) = {(1,b9)]0 € [0,27)},
where the right hand side is compact as the continuous image of the circle. The
underlying group is S* = {0 € [0,27)} and the Haar measure is 22. Note that

the shift satisfies S™by = bgtr2ram.-
We start our investigation with a bound for the Lyapunov exponent from below.

Lemma 5.23. Suppose a & Q, then the Lyapunov exponent of Hy satisfies

g
(5.92) () =g,
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Proof. Observe

(5.93) bo(n) = g(e%rianw + ezmanw_1>7 w = 2™,

and (cf. (1.29))

1 0 w
(594) UH(ZVn) - ; ( —w  zw — g(eQﬂ'iaan _|_e27'riom,) ) .
Hence f,(w) = w"®y(z,n) is holomorphic with respect to w and we have by
Jensen’s inequality that
1 o 27if ﬂ
(5.95) — [ In[[fu(e”)|[d0 = In|f(0) =nlnZ.
271— 0 2
Using (5.26) we compute
o1 P e omigy 40 8
. = - n = — n 71'1 — > e
690 2= jnf cBlAD = it - [ @Ol 2
since || (2, n)|| = || fn(w)]]- 0

In particular, applying Theorem 5.17 we obtain
Theorem 5.24. If 8> 2 and a € Q, then c4.(Hy) =0 for a.e. 6.

Moreover, we can even exclude point spectrum if « is well approximated by
rational numbers and hence by is well approximated by periodic sequences. The
key observation is the following lemma.

Lemma 5.25. Let a(n) > 6~ > 0. Suppose there are periodic sequences ax and

br, k € N, with (not necessarily minimal) period Ny tending to infinity as k — oo

such that

(5.97) sup |a(n) —ar(n)] < (Cp)™,  sup [b(n) — by(n)| < (C)™
[n|<2Np+1 [n|<2N}

for some positive sequence Cy, tending to zero as k — oo. Then any (nontrivial)

solution of Tu = zu satisfies (see the notation in (1.28))

. lu(n)]| + [[u(=n)||
(5.98) hTILILS;p )l > 1.

Proof. It is no restriction to assume 6~! < |ag(n)| < supla(n)| and infb(n) <
br(n) < supb(n). Setting M (z) = d max(||a||s, ||b— 2||cc) We obtain for the transfer
matrices

(5.99) J@(z,mm)ll < M(2)", @y (2 m,m)| < M(z) .

Now using

(5.100) @(z,n) — P(z,n) = Z* D (z,n,m)(U(z,m) — Ur(z,m))®(z,m — 1)
m=1

(5.101) | ‘sg)N |®(2z,n) — ®p(z,n)|| < 20N M(2)(M(2)*Cy) N

which tends to zero as k — oo.
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Abbreviate z; = ||u, (jNk)| = ||Px(z, jNi)u(0)||. Periodicity of ax, by implies
det @4 (2, Ni,) = 1 and @y (z, jNi) = ®r(z, Ni)? (compare also Section 7.1). Hence
using the characteristic equation (A? + tr(A)A + det(A) = 0) and the triangle
inequality it is not hard to show (set A = ®(z, N},)™!) that z; +x_; > 7 and
Tao + Txx1 > 1, where 7 = tr®y(z, Ni). Hence max(xo + x_o9,21 + x_1) > 1
proving the claim. O

In order for by to satisfy the assumptions of the previous lemma we need an
appropriate condition for a. A suitable one is that « is a Liouville number, that
is, & € R\Q and for any k € N there exists My, N, € N such that

M, 1

5.102 - — —
( ) Ni | — ke

«

Theorem 5.26. Suppose « is a Liouville number, then o,,(Hg) = 0.

Proof. For by ;(n) = ﬁcos(27r%—:n + 0) we estimate

M,
sup |bg(n) —bgx(n)| = B sup |cos(2ran +6) — cos(27rﬁn+¢9)|

|n|<2N% |n|<2N, k
Mk 47TﬂNk
5.103 <2rf3 sup |n||la——|<
(5.103) o In] N, i
and the result follows from the previous lemma. O

Combining Theorem 5.24 and Theorem 5.26 we obtain the

Corollary 5.27. The spectrum of Hy is purely singular continuous for a.e. 0 if a
is a Liowville number and [ > 2.






Chapter 6

Trace formulas

Trace formulas are an important tool for both spectral and inverse spectral theory.
As a first ingredient we consider asymptotic expansions which have already turned
out useful in Section 2.7 and are of independent interest. In the remaining section
we will develop the theory of xi functions and trace formulas based on Krein’s
spectral shift theory.

6.1. Asymptotic expansions

Our aim is to derive asymptotic expansions for g(z,n) = G(z,n,n) and v°(z,n).
Since both quantities are defined as expectations of resolvents

g(zvn) = <5n7(H_ Z)_15n>a

(6.1) 2P(zm) = (1+ )68, (H — =) 68y - 2

a(n)’

all we have to do is invoking Neumann’s expansion for the resolvent

N-1 ;
_ Z HY 1 _
(H—Z)lz— F—F’ZiNHN(H—Z)l
=0

(6.2)

o .
Hi
I E P ()
j=0
In summary, we obtain the following result as simple consequence (see also Sec-
tion 2.1) of the spectral theorem.
Lemma 6.1. Suppose § € (*(Z) with ||§|| = 1. Then
(6.3) 9(2) = (6, (H — 2)7'4)
is Herglotz, that is,

(6.4) o) = [ s dns)

105
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where dps(A\) = d(0, P_o,\](H)0) is the spectral measure of H associated to the
sequence 6. Moreover,

Im(g(z)) = Im(2)||(H — z)~*4]%,

(6.5) 9@ =9(2). 9@ <INH = 2)7 < mey
and
(6.6) o5 =-3 <5’sz15>.

=0

We note that solving (1.107) for h(z,n) shows that h(z,n) can be written as
the difference of two Herglotz functions.

Lemma 6.1 implies the following asymptotic expansions for g(z,n), h(z,n),
and v?(z,n).

Theorem 6.2. The quantities g(z,n), h(z,n), and ¥*(z,n) have the following
Laurent expansions

N9 _
g(Z,n) - 720 Zj+1’ gofla
j:

— h;(n)
h(z,n) = 7172 ij+1 . ho=0,
§=0

o B
(6.7) VP (z,n) = —a(ﬂn) - Z ljj(ﬁ), ¥ =1+p2
=0

Moreover, the coefficients are given by
gi(n) = (0n, H’4y),
hj(n) = 2a(n){0nt1, H'6n),
“Yjﬁ(n) = ((Ons1 + B80n), H (8n 1 + B5))
(6.8) =g;(n+1)+ Lhj(n) + B%gj(n), j € Ny.

a(n)

Remark 6.3. Using the unitary transform U, of Lemma 1.6 shows that g;(n),

h;(n) do not depend on the sign of a(n), that is, they only depend on a(n)?.

The next lemma shows how to compute g;, h; recursively.

Lemma 6.4. The coefficients g;(n) and h;(n) for j € Ny satisfy the following
recursion relations

hj + h;
gj+1 = R + bgj,
(6.9) hian —hiey = 2(%g7 — (@ )g; ) +(h; by ).

Proof. The first equation follows from
hy(n) + hy(n— 1)
2

(6.10) gi+1(n) = (Héy, H'6,) = +b(n)g;(n)
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using Hé,, = a(n)dn4+1 + a(n — 1)8,-1 + b(n)d,. Similarly,
Bysa(n) = bn)hy(n) + 2a(n)2g5(n + 1) + 2a(n — 1)a(n)(bar1, Hidn 1)
(6.11) = b(n + 1)hj(n) + 2a*g;(n) + 2a(n)a(n + 1){6,+2, H75,)
and eliminating (8,41, H’d,_1) completes the proof. ]
The system (6.9) does not determine g;(n), h;(n) uniquely since it requires

solving a first order recurrence relation at each step, producing an unknown sum-
mation constant each time

n

hjy1(n) —hjti(ng) = Z * (2a(m)2gj(m +1) — 2a(m — 1)%g;(m — 1)

m=ng+1
(6.12) + b(m)h;(m) — b(m)h;(m — 1)).

To determine the constant observe that the right hand side must consists of two
summands, the first one involving a(n + k), b(n + k) with |k| < j and the second
one involving a(ng + k), b(no + k) with |k| < j. This follows since the left hand side
is of this form (use Hé,, = a(n)dn4+1 + a(n — 1)d,—1 + b(n)d, and induction). In
particular, the first summand must be equal to h;41(n) and the second to hjy1(no).
This determines the unknown constant.

Since this procedure is not very straightforward, it is desirable to avoid these
constants right from the outset. This can be done at the expense of giving up
linearity. If we compare powers of z in (2.187) we obtain

J J

1 .

(613) hj+1 = 2&2 E gjfeg; - 5 g hjflhfv JE N7
=0 £=0

which determines g;, h; recursively together with the first equation of (6.9). Ex-
plicitly we obtain

go=1 g=0b g=a+(a)+0,
(6.14) ho =0, hy=2a? ho=2a%(b" +)
and hence from (6.8)
Yo =1+8% 27 =b" +2a8 + b5,
(6.15) 5 = (aT)2+a? 4+ (b1)? + 2a(bt + ) + (a® + (a7)? + %) 3%
Remark 6.5. (i). Let us advocate another approach which produces a recursion

for g; only. Inserting the expansion (6.7) for g(z,n) into (1.109) and comparing
coefficients of 27 one infers

go = ]-7 g1 :b7 g2 :a2+(a_)2+b27
g3 = a®(b +2b) + (a7)*(2b +b7) +b°,

1
1 J
_ 2 + —\2 - 2
gj+1 = 2bg; —a“g;_; +(a”)7g; 4 —b°gj—1 — 3 ;kjféflké
j-1 -2 j-3

(6.16) + 242 ( > Gi—em1gf =20 gi—i—2gf +12D gjfffiig;) 7
=0 £=0 =0
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for j > 3, where ko(n) = —b(n) and
(6.17) kj = a2gj+_1 — (a_)2g;_1 +b%g;—1 — 2bgj + gj+1, JEN.
If gj(n) is known, h;(n) can be determined using
(6.18) hjt1 = bhj + gj12 — 2bgj11 + a’gl — (a7)%g; +b%g;, j € N.

Equation (6.18) follows after inserting the first equation of (6.9) into the second.
(ii). Analogously, one can get a recurrence relation for 'yjﬁ using (1.112). Since this
approach gets too cumbersome we omit further details at this point.

Next, we turn to Weyl m-functions. As before we obtain

Lemma 6.6. The quantities my(z,n) have the Laurent expansions
o~ M,j(n)
+.j
(6.19) my(z,m) = — Z T«JH’ myo(n) = 1.
j=0

The coefficients my. j(n) are given by

(6.20) my j(n) = (Ont1, (Hen) 0ns1), JEN,
and satisfy

+
myo=1, mq=0>",
j—1

+ .
(6.21) My jy1 = bimtj + (a—-)? thj_g_lmi’g, jeN
£=0

Finally, we consider the solutions ¢4 (z,n) = Fa(n)mi(z,n) of the Riccati
equation (1.52). We will show uniqueness of solutions with particular asymptotic
behavior.

Lemma 6.7. The Riccati equation (1.52) has unique solutions ¢4 (z,n) having the
Laurent expansions

(6:22) pu(zim) = ((m)i i Basln)

z

The coefficients ¢4 ;(n) satisfy

pro=1 ¢y1=0b",
j—1
(6.23) br g1 =0T+ (@)Y by 16l 521,
=0

and

¢—,0 = 17 ¢—71 = _ba

J
(6.24) - jp1 = —bo_ ; — Zﬁb—,j—@rl(b:’g —(a7)*6,, j> 1L
=1
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Proof. Existence is clear from
_1\2
(6.25) ¢4 (z,n) = —a(n)my(z,n), 6_(2n) = z+b(n)+a(n—1)*m_(z,n)

a(n)

)

and the previous lemma. Moreover, inserting (6.22) into the Riccati equation (1.52)
produces the relations (6.23), (6.24) which determine the coefficients ¢4 ; uniquely.
Since ¢4 (z) is uniquely determined by its Laurent expansion we are done. O

Explicitly one computes

z a")? a= )2~ a2 ((a——)2 9
¢—<Z’->:g(1*§f(zﬁ _ z)sb (@) Zz +(67)2)
+0(3)),
di(z,.) = %(1_,_ E + (a+)2z_|;(b+)2 N (a+)2(2b+ +ZZ++)+(b+)3

L (@2 + (012 + (@G 467 4 (@)

(6.26) + 0(%)).

This lemma has some interesting consequences for uy(z,n). If we have a so-
lution ¢4 (z,n) of the Riccati equation with asymptotic behavior (6.22), we know
that ux(z,m,n0) = ¢(z,n,n0) + P+ (z,m0)8(z,n, np) are square summable near +co.
Moreover, we obtain

u_(z,n,m0) = H o | [Pz o) |
J=no
1 - * . 1
(6.27) uy(z,m,m9) = ; b(j) +O(;)
] no Jj=no+1

Remark 6.8. If we reflect at a point ng (cf. (1.82)) we obtain from (6.8)

(6.28) 9rj(no + k) = gj(no — k), hrj(no+k) =h;(no—k—1)
and thus

(6.29) Vo (o + k) = 827)% (ng — k).

In addition, since we have mg 4 (2,n9 + k) = m_(z,n9 — k) we infer
(6.30) Gt o2(no + k) = —ar(no — k)’ ¢r,— ¢(no — k).

6.2. General trace formulas and xi functions

The objective of the present section is to develop trace formulas for arbitrary Jacobi
operators. Applications will be given at the end of Section 7.5 and in Section 8.1.
Our main ingredient will be Krein’s spectral shift theory (for the special case
of rank one perturbations). Hence we will recall some basic results first.

Consider the following rank one perturbation

(6.31) Hop=H+0(8,, )8, 0>0,
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and abbreviate

(632) 90(2777’) = <§n> (Hn,e - z)_15n>-
By virtue of the second resolvent formula one infers
(6.33) (Hpo—2)" = (H -2 = 0{(Hpp —2) 0, )(H—2)"15,
and hence
9(z,n)
34 __9&n)
Furthermore, we compute (H,, ¢ — 2)7 18, = (1 + 0gs(z,n))(H — 2)~16,, and thus
0
. Hyg—2)'=H-2)""-———(H-2)"6,, . )(H—2)""
(635)  (Hup—2)7" = (H = 2)7! = g (= 2) 80, )(H = )15,

(a special case of Krein’s resolvent formula). We have oess(Hp0) = 0ess(H) and
an investigation of the discrete poles of (6.35) shows

(6.36) 0a(Hpyp) = {\ € R\0ess(H)|g(A, n) = %}_

Moreover, since g(A, n) is increasing (w.r.t. A) in each spectral gap, there can be at
most one discrete eigenvalue of H,, ¢ in each spectral gap.

Computing traces we obtain
0

tr((ng )l (H - z)*l) - fmwn, (H — 2)725,)

(6.37) = —dizln(l +6g(z,n)).

Next, note that g(z,n) and hence 1 + 6g(z,n) is Herglotz. Hence we have the
following exponential representation (cf. Lemma B.12 (iii))

o 50(>‘7 TL)
(6.38) 1+ 0g(z,n) = exp (/R ﬁdA),
where
(6.39) (A, n) = %181?01 arg (1 + 0g(\ + ie, n))
Now we can rewrite (6.37) as
— — _ 59(>‘a n)
(6.40) tr((Hao —2)7" = (H = 2)7") = —/Rmd/\-

Moreover, £p(A,n) (which is only defined a.e.) is compactly supported (see also
Lemma B.12 (iii)) and [; & (A,n)d\ = 6. Comparing the Laurent expansions
around oo of both sides in (6.40) gives (formally)

(6.41) tr((Hn,g)E - Hf) - e/ ALe (A, m)d.
R

However, (6.41) can be easily obtained rigorously by comparing coefficients in (6.35)
and then taking traces of the resulting equations.
More general, Krein’s result implies

(6.42) te(#(Hn0) = £01)) = [ V&)
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for continuously differentiable f (f can be assumed compactly supported since only
values in the support of y(.,n) contribute). The functions 1+ 60g(z,n) and &(A,n)
are called perturbation determinant and spectral shift function of the pair
(H, H, ), respectively.

Let us collect some parts of these results in our first theorem.

Theorem 6.9. Let £g(\,n) be defined as above. Then we have

(6.43) bY) (n) :tr((H o) — H”l) = (€+1)/)\e§9()\,n)d>\,
R

with (cf. (6.8))

(6.44) b (n) =0, by (n) = 0(L+ 1)ge(n) +oZgM by P(n), eN.

Proof. The claim follows after expanding both sides of

(6.45) In(1 + 0g(z,n)) / So() d)\

and comparing coefficients using the following connections between the series of
g(z) and In(1 4 g(2)) (cf., e.g., [185]). Let g(z) have the Laurent expansion

- ge
6.46 — I
(6.46) 9(z) 2
as z — 00. Then we have
0o ¢
(6.47) I+ 9(:)) = 3 3
where
-1 i
(6.48) c1=g1, Co=gp— Z 796~ > 2.
=1
O
In the special case £ = 1 we obtain
1 0
(6.49) b(n) = ] / Ap(A, n)dX — 3
R

Next, we want to investigate the case where the coupling constant 6 tends to
oo. It is clear that Hy, f will only converge if f(n) = 0. On the other hand,

1
9(z,n)
converges (in norm) as  — oo. Comparison with (1.106) shows (H, g — 2)"! —
(H® — 2)71 if we embed (H® — 2)~! into ¢*(Z) using (HZ® — 2)~15,, = 0, that
is, (H® —2)7t = (1 — P>®)(H — 2)7Y(1 — P°) (cf. Remark 1.11). In particular,
(6.40) is still valid

(6.50) (Hpp—2)"t — (H—2)"" — (H—=2)" 00, )(H — 2)714,

(6.51) tr((H2 =)™ = (H=2)7") = f/R (i(i’ :))2 dA.
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Here the xi function £(\,n) is defined by

(6.52)  g(z,n) = |g(i,n)] exp (/R (% _ 1_:\)\2>§(>\,n)d/\) . zeC\o(H),

respectively by
1
(6.53) EA,n)=— hﬁ)l arg g(\ +ie,n), arg(.) € (—m, 7).
T e
Since £(.,n) is not compactly supported, the asymptotic expansions require a some-
what more careful analysis. We abbreviate
(6.54) Ey =info(H), E. =supo(H),

and note that g(A,n) > 0 for A\ < Ey, which follows from (H — \) > 0 (implying
(H —X\)~! > 0). Similarly, g(\,n) < 0 for A > E,, follows from (H — \) < 0. Thus
&(A\,n) satisfies 0 < &(A,n) <1,

£\ n)
r 1+ A2

' 0 for z < E,
d\ =argg(i,n), and £(\,n) = { 1 foi z > Ezo

(6.55)
Using (6.55) together with the asymptotic behavior of ¢(.,n) we infer
1 Eee ¢(X,n)d\
(6.56) g(z,n) = Fop— exp (/EO N |
As before we set H3°6, = 0 implying
tr( FIH®) - / 7O\

(6.57) = [ FOVE A — f(Ex)

Eo

for continuously differentiable f with compact support (again compact support is
no restriction since only values in [Ey, Es| contribute).

Theorem 6.10. Let £(\,n) be defined as above. Then we have the following trace

formula

Ex
(6.58) b (n) = tr(H* — (H®)") = BY, — € NTLe(N n)dA
Eq

where

b (n) = b(n),

(6.59) b (n) = Lgi(n de n)bW(n), £>1.

Proof. The claim follows after expanding both sides of

(6.60) In ((Eoo - Z)g(z,N)) = /EEN %

and comparing coefficients as before. O
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The special case £ = 1 of equation (6.58) reads

Eo Ex
(6.61)  b(n) = Ba — /E €0 n)d) = % + %/E (1= 260\, n))dA.

Similarly, HY can be obtained as the limit of the operator H + 6(0%,.)65 as
6 — oo. We have

B £\, n)dA
662)  2(m) = =5 ew ( / SO, ze Qo)) 8 e R\{0},
where
(6.63) P(\,n) = %leiﬁ)larg (*yﬁ()\ + ie,n)) —08, 8P = { (1): ZZEg ; 8

and 0 < sgn(—a(n)B) (A, n) < 1. The function (), n) is compactly supported
and we get as before
Theorem 6.11. Let £%(\,n) be defined as above. Then we have
(6.64) VO (n) = (£ + 1)i/)\€§5()\,n)d>\, (€N,
a(n) Jr

where

¥ O (n) =144

14
(6.65) 5B (n) = (L+1)7) (n) — a(ﬁn) > yp (), CeN.

Specializing to £ = 0 in (6.64) we obtain
1
6.66 a(n) = /gﬁ A, n)dA.
(6.66) )= 555 [ €0
Finally, observe that £7(\, ng) for two values of 3 and one fixed ny determines
the sequences a(n), b(n) for all n € Z.

Lemma 6.12. Let 31 # 32 € RU {00} be given. Then (3;,£% (., ng)), j = 1,2, for
one fized ng € 7 uniquely determines a(n)?,b(n) for all n € Z.

Proof. If we know (3 and £°(z,ng), we know a(ng) by (6.66) and 7?(z,ng) by
(6.62). Hence the result follows from Theorem 2.30. O






Chapter 7

Jacobi operators with
periodic coefficients

Some of the most interesting Jacobi operators are those with periodic coefficients a,
b. In this chapter we will develop Floquet theory to investigate this case. This will
allow us to give a complete characterization of the qualitative behavior of solutions
and hence also a complete spectral characterization. Especially, we will see that
all important quantities associated with periodic sequences have a simple polyno-
mial dependence with respect to the spectral parameter z and can be computed
explicitly. In fact, this feature is shared by a much larger class of Jacobi operators
to be considered in the next chapter. In addition, this chapter also provides the
motivation for definitions being made there.

7.1. Floquet theory

For this entire chapter we will assume a, b to be periodic with period N (for N =1
see Sections 1.3 and 7.4).

Hypothesis H. 7.1. Suppose there is an N € N such that
(7.1) a(n+ N) = a(n), b(n+ N) = b(n).

In addition, we agree to abbreviate

N N

N N
(72)  A=]Jamo+i) =]]al), B=> bmno+i) = bG).
j=1 j=1

j=1 j=1

We start by recalling the transfer matrix ®(z,n,ng) (cf. (1.30)) which transfers
initial conditions u(ng), u(ng+1) at ng of a solution u into the corresponding values
u(n), u(n+1) at n. It suggests itself to investigate what happens if we move on N
steps, that is, to look at the monodromy matrix

(7.3) M(z,ng) = ®(z,n0 + N,ng).

115
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A first naive guess would be that all initial conditions return to their starting
values after N steps (i.e., M(z,ng) = 1) and hence all solutions are periodic. How-
ever, this is too much to hope for since it already fails for N = 1 (see Section 1.3).

On the other hand, since it does not matter whether we start our IV steps at
ng, at ng + N, or even ng + ¢N, ¢ € Z, we infer that M (z,ng) is periodic, that is,
M(z,no + N) = M(z,n0), no € Z. Moreover, we even have ®(z,ng + ¢N,ng) =
M(z,n9)*. Thus ®(z,n,n0) exhibits an exponential behavior if we move on N
points in each step. If we factor out this exponential term, the remainder should
be periodic.

For this purpose we rewrite M(z,np) a little bit. Using periodicity (7.1) we
obtain from (1.33)

(7.4) det M(z,n0) =1
and hence we can find a periodic matrix Q(z,ng) such that
(7.5) M(z,np) = exp (iNQ(z,no)), trQ(z,np) = 0.

Now we can write
(7.6) ®(z,n,n0) = P(z,n,n0) exp (1(n — nO)Q(z,no)), P(z,n0,m0) = 1.
A simple calculation

P(z,n+ N,ng) = ®(z,n+ N,ng)M(z,n0) " exp ( —i(n —np)Q(z, no))
®(z,n+ N,ng+ N)exp ( —i(n —ng)Q(z, ng))
(7.7) = ®(z,n,ng) exp ( —i(n —np)Q(z, no)) = P(z,n,n0)

shows that P(z,m,ng) is indeed periodic as anticipated.
Next we want to turn this result into a corresponding result for the solutions
of Tu = zu. The key is clearly to investigate the Jordan canonical form of M (z, ng)

(resp. Q(z,np)).

From (1.32) we see
M(z,n1) = ®(z,n1 + N,ng + N)M(z,n0)®(z,n9,n1)
(7.8) = @(z,nl,no)M(sz)(I)(z,nl,no)_l

and hence the discriminant

1 1
(7.9)  Alz) = JtrM(z,m0) = 5 (c(z,no + N,no) + s(z,n0 + N + 1,n0)),

plus the eigenvalues m* (z) (resp. £q(z)) of M(z,ng) (resp. Q(z,n0))
(7.10)  m*(2) = exp(£iNg(2)) = A(z) £ (A(2)2 = DY2, mT(2)m™(2) = 1,

are independent of ng. The branch in the above root is fixed as follows
IN—1

—1
(7.11) (A(2)2 - 1)Y2 = 71 Jl:[o Vz - Ej,

where (Ej)?fo_l are the zeros of A(z)? — 1 (cf. Appendix A.7). This definition

implies the following expansion for large z
1 A B 1
112) ) = AT (1+0(50) = (5) 7 (1= 2+ 0(5)

and will ensure |m™(z)| < 1, |[m™(z)| > 1 later on.
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The eigenvalues m*(z) are called Floquet multipliers and ¢(z) is called Flo-
quet momentum.
For later use we note

m*t(z) —m™(z) = 2isin(Nq(z)) = 2(A(2)? — 1)/,
(7.13) mT(2) + m~(2) = 2cos(Ngq(z)) = 2A(z).

Remark 7.2. Tt is natural to look at (A(z)?—1)/2 as meromorphic function on the
corresponding Riemann surface. The two functions associated with 4(A(2)%—1)1/2
can then be viewed as the two branches of this single function on the Riemann
surface. This will be exploited in Chapter 8 and Chapter 9.

Now we are able compute the Jordan canonical form of M(z,ng). We need to
distinguish three cases.

Case 1). A(2)? # 1 (and hence m™*(2) # m™(2)). If s(z,n0 + N,ng) # 0 we
set

(7.14) e*(zm0) = ( 0&(21, no) )

where

m*(2) — c(z,n0 + N,ng) c(z,mp + N + 1,np)

s(z,m0 + N, no) - mE(z) —s(z,no+ N +1,ng)

(7.15)  ¢+(z,n) =

If s(u,no + N,ng) =0, then s(u, n,ng) is periodic with respect to n and s(u,no +
N,ng) = m?(n) for some o € {£}. Moreover, det M(u,ng) = 1 says ¢(u,ng +
N,ng) = s(i,no + N + 1,n0) "t = m~7(u) and hence ¢_,(z,n0) tends to a finite
limit ¢_,(u,n0) as 2z — p. Thus we can set € (u,ng) = (0,1) and e~ 7 (u,ng) =
(1a¢—0(,u‘7n0))‘

Now the matrix

(7.16) U(z,ng) = (e+(z,n0),e_(z,no))

will transform M (z,ng) into

(7.17) U (2,m0) " M(2,m0)U (2, 9) = ( m+0(z) m,o(z) )
Moreover, we have two corresponding solutions (Floquet solutions)
(7.18) u(n, z) = et (z,n0)c(z,n,n0) + e (2,m0)s(2,n,no),
satisfying

(7.19) ut(z,n + N) =m* (2)us(z,n).

They are linearly independent and unique up to multiples.
Case 2). A(z) = £1 (and hence m™(2) = m™(z) = £1) and M (z,ng) has two
linearly independent eigenvectors. We necessarily have

(7.20) M(z,ng) = %1
and there is nothing to be done. All solutions satisfy

(7.21) u(z,n+ N) = tu(z,n).
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Case 3). A(z) = £1 (and hence m*(z) = m™(z) = £1) and M(z,ng) has only
one eigenvector. If s(z,ng + N, ng) # 0 we set

s(z,n0 + N, no) . 0
(7'22) e(z,no) = < s(z,no+N+1,n0)—c(z,m0+N,ng) ) ) 6(2,’[7,0) = ( 1 )
2

).

or, if ¢(z,m0 + N + 1,n9) # 0 we set

c(z,no+N,ng)—s(z,no+N+1,n9)
2 = 2 & =
(7.23) e(z,ng) ( —e(zn0 N +1,mp) ) ,  é(z,n0) (

If both are zero we have Case 2.
Then U(z,ng) = (e(z,n0), é(z,n9)) will transform M (z,ng) into

O =

(7.24) U (2,m0) ™ M (2,n0)U (2, 10) = ( io1 s )

Moreover, there are solutions u(z), @(z) such that
(7.25) u(z,n+ N) = tu(z,n), a(z,n+ N)==xi(z,n)+ u(z,n).
Summarizing these results we obtain Floquet’s theorem.

Theorem 7.3. The solutions of Tu = zu can be characterized as follows.
(i). If A(2)? # 1 there exist two solutions satisfying

(7.26) us(z,n) = pi(z,n)eF9" 5o (z;n+ N) = pi(z,n).
(i). If A(z) = £1, then either all solutions satisfy

(7.27) u(z,n+ N) = tu(z,n)

or there are two solutions satisfying

(7.28) u(z,n) =p(z,n), d(z,n)=p(z,n)+np(z,n)
with p(z,n + N) = +p(z,n), p(z,n + N) = +p(z,n).

If we normalize the Floquet solutions by u4 (z,n¢) = 1 they are called Floquet
functions ¢4 (z,n,ng) and a straightforward calculation yields

7/&(277% no) = C(Zan7n0) + (bi(Z,ﬂo)S(Z,ﬂ,ﬂo),

¢i(za n+ 1a nO)
729 ¢i 2’77’], = —
( ) ( 0) ’l/}:I: (Zv n, TL())
Observe that ¢4 (z,ng) is periodic, ¢1(z,n9 + N) = ¢1(z,n0), and satisfies the
Riccati equation (1.52).
Moreover, using our expansion (7.12) we get for large z

s(z,m+ N+1,n)
s(z,m+ N,n)
c(z,n+ N,n)
s(z,n+ N,n)

¢_(z,n) = —I—O(zl_QN),

(7.30) b(z,n) = + O(z+2N).
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7.2. Connections with the spectra of finite Jacobi
operators

In this section we want to gain further insight by considering finite Jacobi matrices.
The results will also shed some light on our trace formulas.

First, we look at the operators Hﬁi ﬁg We are mainly interested in the special

case HB = HfoﬂnOJrN associated with the following Jacobi matrices (cf. (1.64))
Hzﬁ - Jno,n0+N7 H’Sg - Jn0+1,’no+N+1a

l;noJrl QAng+1

Ung41 btz
(7.31) Hp = :

’ . b’n,()JrN*l a’r}0+N71
Ung+N—-1  bng+N

(abbreviating a(n), b(n) as a,, b,) with ZA)nOH = bpot1 — any 371, no+N = by, —

any 3, and 0 € R\{0}.
Second, we look at the operators

bno +1  Qng+1 € Tln,

Ung+1  Dpgt2
(7.32) ot = ,

no

b’I’L()JrN*l an0+N71
i0
e' G Ano+N—-1 bnngN

with @ € [0,27). These latter operators are associated with the following coupled
boundary conditions (6 € [0, 27))

u(no) exp(if) —u(ng + N) = 0,

(7.33) u(no + 1) exp(if) —u(ng + 1+ N) = 0.

The spectrum of Hﬁ is given by the zeros {)\ﬁ (no) Y| (where N = N —1 for

6 =0,00 and N=N otherw1se) of the characteristic equation
N
(7.34) det(z — Hﬁ H (z — )\’6 (no))

In the special case 3 = oo we set A\5°(ng) = p;(no) and consequently )\?(no) =
uj(no +1) by (7.31).

Asin (1.65) we can give an alternate characterization of the eigenvalues )\f (ng).
Recall from Remark 1.9 that f[ﬁo can be obtained from H by imposing boundary
conditions at ng, no+/N. Hence any eigenfunction must satisfy these boundary con-
ditions. The solution satisfying the boundary condition at ng is (up to a constant)
given by

(7.35) sg(z,m,no) = sin(a)e(z,n, ng) — cos(a)s(z,n,ng), B = cot(a).
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It is an eigenfunction of f[ﬁo if and only if it also satisfies the boundary condition
at ng + N. Thus we infer for 8 € R\{0}

cos(a)sg(z,mo + N,no) + sin(a)sg(z,no + N + 1,n0)

N
el )
(7.36) =——— =),
j=1
where the leading coefficient follows from (1.68). For 5 = 0,00 we have

) TT e — gl 1),

Jj=1

e(z,ng+ N+1,n9) =

-1

H (= — (o))

Since the function satisfying the boundary condition at one side is unique (up to a
constant), the spectrum U(ﬁﬁo) is simple (cf. Remark 1.10).

For later use note that standard linear algebra immediately yields the following
trace relations (recall (7.2))

(7.37) s(z,no+ N,ng) =

N-1
Z wi(no) = trfI,‘;;’ = B — b(ny),
1
jN
(7.38) Z = ttH? =B~ (3+ 5 alno).

Higher powers can be computed from (1.67).
Next, we turn to HY . Again the spectrum is given by the zeros {Ef};-v:l of
the characteristic equation

N
(7.39) det(z — HY ) H (= — EY).

Our notation suggests that U(ﬁzo) is independent of ng. In fact, extending the
eigenfunctions of HY f to a solution of (1.19) on Z, we get a solution with the
property u(n + N) = el®u(n). Conversely, any solution of this kind gives rise to an
eigenfunction of Hz o+ In other words, the spectrum of ﬁg , can be characterized by

(7.40) Xe J(Hﬁo) s (mt\) =) (m (N —e?) =0 & A(N) = cos(d),

where the independence of n is evident. Moreover, we have o(HY ) = o(H,?) (—6
is to be understood mod2r) since the corresponding operators are anti-unitarily
equivalent.

In the special case § = 0,7 we set HY = H;, HT = H, and similarly for
the eigenvalues EY = E;r, ET = E;.
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By the above analysis, EJi are the zeros of A(z) F1 and we may write

A LT £
(7.41) () F1= ﬂ};[l(z - E5).

Since the N — 1 zeros of dA(z)/dz must interlace the N zeros of both A(z) F1 we
infer

(7.42) Ef < EF <EF <Ef <Ef<...<piV" o ptev”
for sgn(A) = +(—1)N. The numbers in the above sequence are denoted by Ej,
0<j<2N —1. A typical discriminant is depicted below.

tam

+1

Ey Eq Ey E3 Es/ Es

/—1

This also shows (using (7.42)) that for § € (0, 7)U(m, 27) the spectrum is simple.

The case when the spectrum of HF is degenerated can be easily characterized.

Lemma 7.4. The following conditions for E € R are equivalent.

(i). E is a double eigenvalue of HE.
(ii). All solutions of Tu = Eu satisfy uw(E,n+ N) = +u(E, n).
(ii). M(E,n) = +1.
(iv). E = Ey;_y = Ey; € o(HP) for all B € RU {o0}.
In particular, if one of these conditions holds for one n € Z, it automatically
holds for all.

The trace relation for ffg reads

N 2N-1
(7.43) > E!=tH}=B, or > E;=2B.
j=1 Jj=0

It can be used to eliminate B in the previous two trace relations (7.38) which
produces the same trace relations already found in Section 6.2. This will become
clear in Chapter 8 (see (8.11)).

Now, let us use this information to investigate H. Our choice for the branch in
(7.11) implies [m™(2)| < 1 for |z| large (see also (7.12) and Appendix A.7). Thus
14 is square summable near +oo for |z| large. But since 1 is holomorphic for
z € C\R it is square summable for all z € C\R (see Lemma 2.2). So we must have
Im*(z)] < 1 for z € C\R and hence by continuity |[m*(z)] <1 for z € C.

In particular, we can use 11 to compute g(z,n). For the Wronskian of the
Floquet functions we obtain

2a(ng) (A(2)? — 1)1/2

(T40) W wy) = = 2R = alng) (64 (2,m0) = 6 (2,7m0))
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and if we evaluate (1.99) at m =n = ng (uyx = 1) we get from (7.37)

_amgt TS G- )
(45) o) = ) = PN T e

Since ng is arbitrary we must have

a(ng) s(z,n+ N,n Nﬁlz—jn
o) sent ) 7 2=t

(7.46) 4 (2,m,m0)¢—(2,n,n0) = a(n) s(zng + Nong) L4 = 1(n0)’

Similarly, we compute

oy _ @) £ D)6z +9)
’ a(n)(¢+(z,n) — ¢—(2,n))

)s

2a

(m*(2) —sin"*(a)sz(z,n + N,n))(m™(2) —sin~*(a)sg(z,n + N, n))
(W)s(5n + Non)(AR)E - D12
cos(a)sg(z,n+ N,n) + sin(a)sg(z,n + N +1,n)
—2sin?(a)a(n)(A(z)2 — 1)1/2
- ﬁ HN:1('Z - )‘@ n))
N DSV
where we have used (7.15), det M (z,n) = 1, and m™ (z) + m™(z) = 2A(2).
By (2.141) and (7.45) the spectrum of H is given by

(7.48) o(H) = {\ e R||A(X U [Eaj, Bajii]
and it is purely absolutely continuous (o,(H) = JSC(H) = 0).
The sets
(7.49) Po = (=00, Eol, pj = [E2j-1,E2], pn = [Ean-1,00),

1 <j < N —1, are called spectral gaps. In addition, since g(z,n) and v?(z,n) are
Herglotz functions we infer (compare the argument in Section 8.1)

(7.50) Nmyep;, 1<j<N-1,BeRU{oo},
and
(7.51) )\]‘i,(n) € py for a(n)B <0, )\?V(n) € Py for a(n)g > 0.

The most important case is § = oo, X]X’(n) = p;j(n) and the typical situation looks
as follows.

pa(n) 2 (n)
—I BN « BN
Eqo FE1 Eso Es E, Es

The fact that 85()\5- (ng),n,ng) satisfies the same boundary condition at ng and
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ng + N implies that 8,3()\5 (ng),n,np) is a Floquet solution. Hence we can associate
a sign Uf(n) with )\f(n) such that

(7.52) M(n,Af(n))< Sin(a))>m”f(”)()\?(n))< sin(a) )

—cos(a — cos(a)

If B = oo we abbreviate 05°(n) = o;(n). Moreover, if )\f(n) does not coincide
with one of the band edges Ej, then the corresponding Floquet solution is an

eigenfunction of H A 5 and consequently

o (n),n
(7.53) o(HE) = o(H) U {N (n)}Y,.

This characterization of the pairs ()\f (n), o (n)) will be useful later on because it

[
does not rely on periodicity.

Remark 7.5. Another way to investigate periodic operators would be a (constant
fiber) direct integral decomposition of H

) & d9 &, do
(754) 14 (Z) = 4 (’n(],n() + N + 1) H= Hn077
[0,27) 2m [0,27) 2m
compare [195], Chapter XII1.16. However, since this approach will not reveal any
new information for us, we will not investigate it further.

7.3. Polynomial identities

In the previous section we have seen that several objects exhibit a simple polynomial
structure with respect to z. The present section further pursues this observation.
We first define the follovving polynomials
G(z,n) =

s(z,n+N,n) = c(z,n+ N,n—1)

A
( a(n) a(n—1)

N—1
1= mn
=1

H(z,n):A( z,n+ N+1n (szan))

) —
2N —
(7.55) R(z) = 4A%(A( H

In terms of these polynomials the monodromy matrix reads

AA(z) = 3H(z,n)  a(n)G(z,n)
(7.56) M(z,n) = 1 ( —a(n)G(z,n+1)  AA(z) + LH(z,n) ) '

Using (7.56) and (7.52) we get
(7.57)  H(n,pj(n+1)) = =RY2(@(n+ 1)), H(n,puy(n)) = RY?(;(n)),

where we have set R'/2(z) = 2A(A(2)?—1)"/? and used the convenient abbreviation

(7.58) RV?(X](n)) = o] (m)R2(N] (), A](n) = (X] (n), 0] (n)).
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Thus Newton’s interpolation formula yields
N—1

N-1
z,n) = V20 (n Lk(n) z—b(n zZ,n
) = 3 RG00) TT 2520 + = bo)Gtenn

N-1 e, N-1 L Mk(n L 1)
:_;R (Mj(n+1))]£[jﬂj(n+1)uk(n+l)
(7.59) +(z=b(n+1))G(z,n+1),

where the factor in front of G(z,n), G(z,n + 1) follows after expanding both sides
and considering the highest two coefficients. In addition, we obtain from (7.59)
H(z,n)+ H(z,n—1) = 2(z — b(n))G(z,n),
N-1

N-1
z,n)—H(z,n—1) = 2(h(n 2= pk(n)
e ARy 2]‘2::1 ) ,g pj(n) = p(n)

Next, from (7.56) and (7.60) we obtain
N1 N-1

= 1204 (n, z — pk(n)
A~ B (Bsm) kl;[j p(n) = ()

=c(z,n+N—-1,n—1)—c(z,n+ N,n)
s(z,n+ N+1,n)—s(z,n+ N,n—1).

(7.61)
Finally, we have
H(z,n)+ RY?(z)  2a(n)G(z,n+1)

(7.62) bx(z,m) = 2a(m)G(zn) H(zn) T RV2(2)
and thus
(7.63) 4a(n)*G(z,n)G(z,n + 1) = H(z,n)* — R(2),

which is equivalent to det M (z,n) = 1.
Remark 7.6. In the case of closed gaps the factor

(7.64) Q(z) = [[ (- Ex)
Jer’
cancels from all equations since ,uj(n) =FEyj_1=Eyifje I'V. Here

(765) F/ = {1 S j S N — 1‘E2j_1 == E2j}7 I'= {1 S j S N — 1|E2j_1 < Egj}.

In particular, observe \/z — Eyj_11/z — Eaj = z — p;(n) for j € I”.

7.4. Two examples: period one and two

In this section we consider the two simplest cases when the period is one or two.

We start with period one. We assume a(n) = 3, b(n) = 0 and consider them
to be periodic with period N. By inspection, the Floquet functions (ng = 0) are

given by
Vi(z,n) = us(z,n) = (z £ RY?(2)",
(7.66) bi(z) = 2+ RY?(2).



7.4. Two examples: period one and two 125

Hence the discriminant and the Floquet multipliers read

A@y:%@@JV+D—$@JV—D):%Qﬂﬂﬂ+nfwn,
(7.67)  mE(2) = Alz) + (A(z)2 = 1)V/2 = (2 £ RY?(2))N.
Next we calculate

Az)* -1 =

I
—~
IS
|
—_
~—
0
—~

n
3
[V

(7.68)

Therefore we have
(7.69) Eg=-1, Ey1=Ey=p =)= —cos(%), Eono1 =1,

1 <j <N —1, and all spectral gaps p;, 1 < j < N —1 are closed. We can now
verify the first relation in (7.38) directly and from the second we obtain
p+67"

(7.70) A= — "

Which shows that )\?\, € py for B <0 and )\JB\, € Py for 0 < B.
Now let us consider the case of period N = 2. In this case A = a(0)a(1) and
B =b(0) + b(1). Moreover, one computes

i
2A

b(0) — (1))

(7.71) A(z) = , C?=a(0)®+a(1)?+ ( ;

and hence

R@):4A%A@ffly:«zf§V4{ﬂPA4A2

(7.72) — (2 — Bo)(z — B1)( — Ea)(= — E),
where

B B
(7.73) Eoi =5 —VOTEA], Epg=— + /224

Conversely, we have B = Eg + Ey = E1 + E3, C? = ((Ey — Eq)? + (E1 — E3)?)/8,
and |A| = ((Eo — E2)? — (BE1 — E3)?)/16. Our trace formulas (7.38) produce

(T74)  m(0)=b(1), m(1)=b0), N(n)=B-(3+5 aln)

and we observe A(u1(0)) = A(pa(1)) = (“1(0)7";5‘1))27402 = A(p1). A short
computation shows

o1 _ a(l) o1(1 _ CL(O)
(7.75) m? O (1) = o ™ M) (1) = o
where m* (11) = m*(u1(0)) = m*(u1(1)). Moreover, we have ;(0) = —0oy(1)

) = -
+sgn(|a(0)| — |a(1)|) and a(0) = a(1) implies A(u;)? = 1. Solving m* () for a(n)
shows
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a(0)? = —Am~ "' (u1) = —A(A (1) — 01(0)(A(m)* — 1)),
(7.76)  a(1)® = —Am™ O (1) = —A(A(u) + o1(0)(A(p1)* = 1)?).

In particular, this shows that the coefficients a(n), b(n) are expressible in terms of
E;,0<j <3, and (e.g.) #1(0), 01(0). This result will be generalized in Section 8.1.

7.5. Perturbations of periodic operators

In this section we are going to study short-range perturbations H of periodic oper-
ators H,, associated with sequences a, b satisfying a(n) — a,(n) and b(n) — by(n)
as |n| — oco. Our main hypothesis for this section reads

Hypothesis H. 7.7. Suppose ap,b, are given periodic sequences and H,, is the
corresponding Jacobi operator. Let H be a perturbation of H,, such that

(7.77) > In(a(n) = ay(n))| < oo, Y In(b(n) = by(n))| < oc.
neL neZ
We start with two preliminary lemmas.

Lemma 7.8. Consider the Volterra sum equation

oo

(7.78) fn)=g(n)+ Y K(n,m)f(m).

m=n+1
Suppose there is a sequence K(n, m) such that
(7.79)  |K(n,m)| < K(n,m), K(n+1,m)<K(n,m), K(n,.)ec(0,00).

Then, for given g € £>°(0,00), there is a unique solution f € £>°(0,00), fulfilling
the estimate

(7.50) £ < (sup lom)) exp (3 Kmm),

m>n m=n+1
If g(n) and K(n,m) depend continuously (resp. holomorphically) on a parameter
and if K does not depend on this parameter, then the same is true for f(n).

Proof. Using the standard iteration trick

o0

(7.81) fon) =g(n), fir(n)= Y K(n,m)f;(m),

m=n+1

we see that the solution is formally given by
oo

(7.82) ) =3 £(n).
j=0

To prove uniqueness and existence it remains to show that this iteration converges.
We claim

1) )< 2R 0O S ) e
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which follows from

framl < 3 Knm 2 2enl 0Ol S~ fen )’

< |
m=n+1 J: l=m+1
< SUPLW Z f((n,m)( Z f((n’l))J
J: m=n-+1 l=m+1
SUPpn |9(M)] . i+l
— e K(n,l
<o 2 Een)
0o . i1
_ ( Z K(n,l))J )
l=m+1
SUPpsn |9(M)| 1 o i+l
_ SWPm>n 9| Km,0)
G+ 1)! (l_;l ( )>
where we have used (s = K(n,m) >0, S = > et K(n,t) > 0)
J
(7.84) (S+s) Tt — 59 =559 3 (1 + %)‘ > (j+1)sS7, jeN
=0

This settles the iteration and the estimate (7.80). The rest follows from uniform
convergence of the series (7.82). O

Remark 7.9. A similar result holds for equations of the type
n—1

(7.85) fn)=g(n)+ Y K(n,m)f(m).

Lemma 7.10. Assume (H.7.7). Then there exist solutions uy(z,.), z € C, of
TU = zu satisfying
(7.86) lim  |mf (2)"N (ug(z,n) — up+(2,n))| =0,

n—4oo

where up +(2,.), mg:(z), and N are the Floquet solutions, Floguet multipliers, and
period of Hy,, respectively (cf. (7.19)). In addition, us(z,.) can be assumed contin-
uous (resp. holomorphic) with respect to z whenever u, +(z,.) are and they satisfy
the equations

oo

(7.87)  ui(z,n) = atn =) upt(z,m) £ Y atn ) K(z,n,m)us(z,m),
1 _n+1 1

m

where
(= ) () (o) — () (7 Ty (2)) )
K mm) TATARERNE)
sp(z,n,m)

ap(m)

(a(m = 1) = ap(m — 1))

_sp(z,n,m+1)am —am
— 2t () = ay ) +

sp(z,m,m — 1)

(b(m) = by(m))

(7.88) =T
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(Wy(.,..) denotes the Wronskian formed with a, rather than a).

Proof. We only prove the claim for uy(z,.), the one for u_(z,.) being similar.
Using the transformation a4 (z,.) = m;(z)”/Nqu(z, .) we get a sequence which is
bounded near +oc.

Suppose 44 (z,.) satisfies (disregarding summability for a moment)

U = ap(n)ﬂ zZ,n
U+(Z,?’L) - G(TL) P7+( ) )
(7.89) + Z Mmg (2)=™/NEK (2, n,m)a (z,m).
m=n+1 CL(?’L)

Then u4(z,.) fulfills 74 = zu and (7.86). Hence, if we can apply Lemma 7.8, we
are done. To do this, we need an estimate for K(z,n,m) or, equivalently, for the
growth rate of the transfer matrix ®(z,n,m). By (7.6) it suffices to show

(7.90) |(m,, (2)Mp(z,m))"|| < const(z,m)n, n€N.

Abbreviate M(z) = m, (2)M,(z,m) and note that the eigenvalues of M(z) are 1
and m,, (z)?. After performing the unitary transformation U(z) = (e(z),e*(2)),
where e(z) is the normalized eigenvector of M (z) corresponding to the eigenvalue
1 and et (2) is its orthogonal complement, we have

(7.91) M) = U(=) " M(2)U () = ( 1 ‘;(Z) )
Using

(7.92) M (2)" = ( L a(z) i my () > neN,

and |m,, (2)] < 1 we see | M (2)"]| < max{1,|a(2)|n} < (1 + |a(z)|)n, which is the
desired estimate. Since e(z) and a(z) are continuous with respect to z, the constant
in (7.90) can be chosen independent of z as long as z varies in compacts. ([l

Theorem 7.11. Suppose (H.7.7) holds. Then we have oess(H) = 0(H,), the point
spectrum of H is finite and confined to the spectral gaps of Hp, that is, o,(H) C
R\o(H,). Furthermore, the essential spectrum of H is purely absolutely continuous.

Proof. That ocss(H) = 0¢ss(H,) follows from Lemma 3.9. To prove the remaining
claims we use the solutions u4 (A, .) of Tu = Au for A € o(H,,) found in Lemma 7.10.
Since u+(A,.), A € o(H,) are bounded and do not vanish near £oo, there are
no eigenvalues in the essential spectrum of H and invoking Theorem 3.18 shows
that the essential spectrum of H is purely absolutely continuous. Moreover, (7.86)
with A\ = Fy implies that H — Ej is non-oscillatory since we can assume (perhaps
after flipping signs) up +(Eo,n) > € > 0, n € Z, and by Corollary 4.11 there are
only finitely many eigenvalues below Ej. Similarly, (using Remark 4.12) there are
only finitely many eigenvalues above Fony1. Applying Corollary 4.20 in each gap
(E2j-1,E2;), 1 < j < N, shows that the number of eigenvalues in each gap is finite
as well. O

These results enable us to define what is known as scattering theory for the
pair (H, H,), where H is a Jacobi operator satisfying (H.7.7).
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Since we are most of the time interested in the case z € o(H,), we shall
normalize u, +(A,0) =1 for A € o(H,). In particular, note that we have u, +(\) =
up,+(A), where the bar denotes complex conjugation. Since one computes

2isin(g(A)N)

(7.93) W (us (3 usN) = Walupe (V). 1p2 (V) = F=55=2,

A€ o(Hpy),
(sp(A, n) is the solution of 7,u = zu corresponding to the initial condition s,(X,0) =
0, sp(A,1) = 1) we conclude that u4(A), ut(A) are linearly independent for A in
the interior of o(H,) (if two bands collide at E, the numerator and denominator of
(7.93) both approach zero when A — E and both have a nonzero limit). Hence we
might set

(794)  wx(hn) = a(Nuz () + G Nus(An), A€ o(H,),
where
oy = W) 0N
oo WG s
(7.95)  fBi(z) W) 5l i?isin(q()\)N)W( +(A), ux(N).

The function a(X) can be defined for all A € C\{E, ;}. Moreover, the Pliicker
identity (2.169) with f1 = ug, fo = us, f3 = Uz, f1 = Uz, implies

(7.96) e =1+ |B(N and  Br(N) = —B£(N).
Using (7.87) one can also show
(7.97)
W (u—(A), ws (V) = Wy(up,— (), tp, 1 (N) + D us A n) (7 = 7)) up 5 (V) (1)
ne”L
and
(7.98) W (ug(A), us (V) = F Y us(An)((T = 7)up,+ (V) (n).
nez

We now define the scattering matrix

(7.99) SO = ( D% ) N € o(H,),

of the pair (H, Hp), where T'(A) = a(A\) ™! and Ry ()\) = a(A)~!BL(A). The matrix
S(X) is easily seen to be unitary since by (7.96) we have |T'(\)|? + |[R+(\)|> = 1
and T(A) Ry (X) = =T(A)R_(X).

The quantities T'(\) and R4 (\) are called transmission and reflection coeffi-

cients respectively. The following equation further explains this notation:
(7.100)

T(A)up,:‘:(Aa n)7 n — +oo
T(Nug (A, n) = . A€ o(Hp).
Up + (A, n) + Re(Nup (A, n), n— Foo
If we regard wu, 4 (A, n) as incoming plain wave packet, then T'(A)up +(A,n) and
R+ (N)up + (A, n) are the transmitted and reflected packets respectively.
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The quantities T'(\) and R4 (\) can be expressed in terms of my (z) = m4(z,0)
as follows

(7.101) Ri()) = — ; € o(H,).

Here we have set m4 () = lim.jgmy (A +i€), A € R as usual. In addition, one
verifies (A € o(H,))

oy = OO o s ON)
ST = ) ne ) T Vst )
o SP(A,N) 2 U (A,?’l)
(7.102) = ety ) (1+Ri(A)7m).

We can now give a first application of the trace formulas derived in Section 6.2.
Denote by Fyg < F1 < Ey < -+ < FEop < Fopry1 the band edges of H, where
equality holds if and only if Fo; = Es; 41 is an eigenvalue of H. That is,

M—-1

(7103) U(H) = U [EQj,EQjJ,_l].
7=0

Furthermore, define the number pu;(n) associated with each spectral gap p; =
(Egj-1, F2;) by (compare Section 8.1 for further details)

(7.104) pj(n) = sup{Ez;j_1} U{A € pjlg(A,n) <0} €p;, 1<j<M.

Then we infer

1 1
€)= SX(EoEa) (V) + 5 D (X(Ezj-fl,ujm))@) - X(uj(n),Ew)()‘))
j=1
1 Ui()\,n)
7.105 X s V) + —arg (14+ Re (V)L
(7.105) Koo (V) + 2 ang (1 R ) 2 )y ()

since we have
1

(7.106) En) =3

+ %arg (1+ Ri(A)Zi:\\’Z;), X € o(H,).

Hence we obtain from (6.58)

2M+1 M—-1

1
09n) =5 > Ej= > ()
7=0 j=1
‘ A
(7.107) + = / N1arg (1 + Ri(A)M)d)\.
T Jo(h,) ux (A, n)

Remark 7.12. If H is reflectionless, that is Ry (A) = 0, then H can be obtained
from H, by inserting the corresponding number of eigenvalues using the double
commutation method provided in Section 11.6 since this transformation preserves
the reflectionless property (cf. Remark 11.22).
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Finally, we will write down the eigenfunction expansions for this case. We set
(cf. (2.123))

o ur(An) c(A,n)
(7.108) U(A,n) = ( uj(Am) ) =UM) ( s(A,n) > ’
where

_ o ugr(N0) —uyp (A 0)my(N)
(7.109) U = ( u_(X,0)  u_()\0)m_()\) )

By the considerations at the end of Section 2.5 this choice of basis will diagonalize
the matrix measure in the eigenfunction expansion. A short calculation (using
(7.93)) shows

—sin(g\)N)

(7.110) us (A, 0)* = a(0)2s, O\, N)Im(rivs (A)’

A€ o(Hp),

that us (A, n) are not correctly normalized. However, this can be taken into account
easily. Transforming the spectral measure to this new basis yields (use (7.101))

dﬁac()‘) = (U_I(A))T dpac(/\) Uﬁl()‘)

—s,(A\, N) 10
111 = P2 7()))? .
(r111) B TR (§ ) xata (0
For the pure point part we can choose (e.g.)
- E;) 0
(7.112) = 5 (D )aenn- £y,
Ej€op(H)

where 4 (E;) is the norming constant corresponding to the eigenvalue E;, that is,

(7.113) 1 (By) = (3w (Bgm)2)

n€e”Z

and ©(\) = 0 for A < 0 respectively ©(\) =1 for A > 0.
Transforming (2.131) shows that U(A,n) are orthogonal with respect to dp =
Aac + dfpp,

WO m) U )z = 3 [ TOm, ()i (3

§,j=0
(7.114) - / TO U O 1) dF(A) = S
R
Moreover, we obtain a unitary transformation U : £2(Z) — L?(R,dp) defined by

THN) =D F)UAn),
nez
(7.115) (T F)(n) = / TOnmEN (),

which maps the operator H to the multiplication operator by A,
(7.116) UHU ' =H,
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where
(7.117) HF(\) = AF()\), F(\) € L*(R,dp).



Chapter 8

Reflectionless Jacobi
operators

In this chapter we are going to look at a class of operators for which the trace
formulas of Section 6.2 become particularly simple. Based on this fact we are able
to give a detailed spectral and inverse spectral analysis.

8.1. Spectral analysis and trace formulas

In this section we discuss the direct spectral problem for a certain class of reflec-
tionless bounded Jacobi operators.
A Jacobi operator H is called reflectionless if for all n € Z,

(8.1) &\ n) = % for a.e. X\ € gess(H),

where £(A,n) is the xi-function of H introduced in (6.53).

For instance, periodic operators and operators with purely discrete spectrum
are special cases of reflectionless operators. The following result further illustrates
the reflectionless condition (8.1).

Lemma 8.1. Suppose A C o(H). Then the following conditions are equivalent.
(i). For alln € Z, £(A\,n) = 3 for a.e. X € A.
(ii). For some ng € Z, ny € Z\{no,no + 1},

1
EAng) =&\ nog+1) =N m) = 5 for a.e A € A.
(i4i). For some ng € Z,
my(A+10,n9) = —m_(A+10,ng) for a.e. X € A,

or equivalently a(ng)?m. (A +1i0,m9) = —a(ng — 1)2m_ (A +1i0,n9) — X + b(ng).
(iv) For some ng € Z,

Re(g(A,no)) = Re(h(A,no)) =0 for a.e. X € A.

133
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(v) For some ng € Z,
fn'f_()\ +10,n90) = —m fora.e. X € A.
(vi). For some ng € Z and uy(z,n) as in (2.20),
uy (A +10,19) = u_ (A +10,n9) for a.e. X € A.

Proof. Without restriction we choose ng = 0. Moreover, for a.e. A € A we can
assume that both /s (X +i0) exist and that |m_ (X + i0)|? + |4 (A +10)[* > 0,
s(A,n1)e(A, ny) # 0. Hence we fix such a A and abbreviate my = my (A+i0). Using
(2.20) we see that the requirement (A, n) = %, that is, g(A+1i0,n) = —g(A + 10, n),
is equivalent to

Re((m, Ty (c(hn)? + aln)(— — g )s(\, n)e(A, n))
(8.2) — a(n)2(m_1ny)s(, n)2) =0.

Clearly (i) = (ii). In order to prove that (ii) = (iii) we first pick n = 0 in
(8.2) yielding Re(m—) = —Re(my). Furthermore choosing n = 1 shows Im(m_) =
Im(my) or Re(m—_) = Re(my4) = 0. In the latter case, Re(m_) = Re(my) = 0, we
obtain for n = ny that Im(m_ +m4)Im(m_ —m4) = 0 and since Im(m4.) > 0 again
Im(m_) = Im(/my). This completes (ii) = (iii). The case (iii) = (i) is obvious
from (8.2) and the rest is evident from (2.20) and (2.92). O

The last condition (vi) implies vanishing of the reflection coefficients Ry (\) (cf.
(7.99)), explaining the term reflectionless (see also (7.106)). Moreover, condition
(iii) allows us to strengthen Theorem 2.29 for reflectionless Jacobi operators.

Lemma 8.2. Suppose H is reflectionless and ooss(H) is of positive Lebesgue mea-
sure, then H is uniquely determined by one of the Weyl m-functions my(z,ng) or
m_(z,n0). The result still holds if the reflectionless condition only holds for a set
of positive Lebesgue measure.

Proof. Combine Lemma 8.1 (iii) and Theorem B.8 (iii). O

Since the spectrum of H is closed, it can be written as the complement of a
countable union of disjoint open intervals, that is,

(83) oH)=S=R\ |J »,
jEJoU{o0}
where J C N, Jy = J U {0},
pPo = (700,E0)v Poo = (EOO,OO),
(84) Ey < Egj_1 < E2j < Eooa Pj = (E2j—1aE2j)a .] € ']7
—00 < By < Exe <00, pjNp,=0forj#k.
We emphasize that the notation employed in (8.4) implies that Es; = Egqq for
some k € Jo U {oo} whenever Ey; € 0q(H).

Next, we turn to Dirichlet eigenvalues associated with each spectral gap p;.
Formally p;(n) is the zero of g(z,n) in p;. Unfortunately, this definition causes
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trouble since p; could lie at a boundary point of p; where g(.,n) is no longer
holomorphic. Hence we use the more sophisticated one
(8.5) pi(n) =sup{Eay_1} U{X € pjlg(\,n) <0} €p;, je
Strict monotonicity of g(A,n) with respect to A € p; (cf. (2.37)) then yields
g(A’n) <07 A€ (Ezj—huj(n))v
Q(Avn) >Ov A€ (:uj(n)aEQj),
Moreover, let 1 € R\oess(H), then g(p,n) = 0 implies u_ (1, n) = 0 or uy(u,n) =0
(if p € oq(H) we have u_(p,n) = uy(u,n) =0). Thus p € o4(HS®) and hence we
infer
(8.7) o(Hy") = 0ess(H) U{p;(n)}je-
However, observe that 11;(n) is not necessarily an eigenvalue of H;° unless u;(n) ¢
Cess(H).

Equation (8.6) shows that £(A\,n) = 1, A € (E2j_1,;(n)), and £(A\,n) = 0,
A € (pj(n), Eq;), j € J. Thus we know &(\, n) for A € R\oess(H) and if we assume
E(A\,n) =1/2 for \ € o.55(H) we obtain (see also Section 6.2)

Lemma 8.3. Let H be reflectionless. Then

—1 Eee (X, n)d\

gzn) = —gee| | T
_ -1 11 z— pj(n) .
\/Z—EO\/Z—EOOJ_GJ \/Z—Egjfl\/Z—EQj

In particular, denoting by xa(.) the characteristic function of the set A C R, one
can represent (A, n) by

(8.6) jeJ

(8.8)

1
) = 5 (X0 V) + X (B0 (V)
1
+ 5 Z (X(Ezjfhoo)()‘) + X(Eszo)()‘) - 2X(u1(n)oo)()‘))
jeJ
1 1
= X B V) + 5 2 (X100 (V) = X 1,82 ()
jeJ
(8.9) + X(Boo,00)(A)  for a.e. X €ER.
In the case of two gaps the situation is depicted below.
teoum)
4 N — -
Ak1/2 — — —
1 * .
pa(n) p2(n) A
Ey Ey E; E3 E4 E5

For later purpose we observe that evaluation of (6.58) shows

1
= 5 (B6+ BL + Y (B + B — 2u,(0)))
jeJ

(8.10) b (n)
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and in the special case £ =1
1

(8.11) b(n) = 5

(Eo + FEs + Z(E2j71 + Eyj — Q,Uj(n)))
jed

Now we consider the inverse spectral problem associated with reflectionless op-
erators more closely. To reconstruct H we need (e.g.) m+(z,n). However, given E;,
pj(n) we only know g(z,n) and thus only a(n)?(m—(z,n)+my(z,n)) = —g(z,n) L.
Thus it suffices to split —g(z,n)~! into a(n)?m, (z,n) and a(n)?m_(z,n). Rather
than treating —g(z,n)~! directly, our strategy is to consider the Herglotz represen-
tation

(8.12) —g(z,n)" =2z —b(n) + /R dPn ()

A—z

and to seek the corresponding split up of the measure dp, = dp_ ,, + dp4 . For if
we have dpy ,,, we also know (see (2.13))

(3.13) o = [ g aln=17= [ dp,

and

_9 d/ﬁ:l:,n()\)

(8.14) m4(z,n) = a(n—?) Ta o

1
Invoking Theorem 2.29 will then show that H is uniquely determined.

The process of splitting up dp,, can be reduced to splitting up the pure point,
absolutely continuous, and singularly continuous part, respectively.

We start with the pure point part and introduce

(8.15) op(H?) = {fij(n)};e7 = {w € RIpn({n}) >0}, JCN.

Note that o, (H;°) is known from dp,. Even though the two sets {/ij(n)},.; and

{1;(n)}je are closely related, unfortunately neither {fi;(n)};. 7 C {#;(n)};es nor

{nj(n)}jes € {f;(n)};c 7 is true in general. We have observed before that 1; might

not be an eigenvalue if it lies at the boundary of its gap. On the other hand, an

accumulation point of the 1;’s might be an eigenvalue (see Remark 8.11 (i) below).
Moreover, we introduce the numbers

(8.16) Rj(n) = limieg(ji;(n) +ie,n) ™" = pu({5(m)}) > O,

and

o o B ~ Uy ()
(SAD i) = B e = 5 o

Equivalently, we have (use (2.201))
_156;(n) R(n)a(n)~>

(8.18) m+(z,n) = 5 e~ )

+0(z — fij(n)°.

In particular, 6;(n) is either £1 (depending on whether fi; is an eigenvalue of H, ,,
or H_ ) orin (—1,+1) (if ; is an eigenvalue of both Hy ,, and hence also of H).
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The numbers R;(n) can be evaluated using (8.8)

R;j(n)? = (ij(n) — Eo)(i;(n) — Eso)(jij(n) — Eaj_1)(fij(n) — Ea;) x
H (f1j(n) — Eog—1)(fij(n) — Ea)
(f15(n) — pr(n))? '

If i = pr = Eor, = Eaj_1 for some k (resp. fij = pr = Eap—1 = Ebyj) the
vanishing factors (fi; — p1x)? in the denominator and (fi; — E2j—1)(fi; — Eok) (resp.
(ft; — Eak—1)(ftj — E2;)) in the numerator have to be omitted.

By now we know how to split up the pure point and the absolutely continuous
(which is being taken care of by the reflectionless condition) part of dp,,, that is,
(820)  dpns () = D5, (3, 0)), Bt ae = L

Since we do not want to bother with the singularly continuous part, we will assume
0sc(H®) = 0, that is, py, s = 0, for simplicity. In this case the spectral data E;, j €
JUA{0, 00}, plus pj(no), j € J, plus 6(nog), j € J, for one fixed ng € Z are minimal
and uniquely determine a(n)?, b(n). Without this assumption we would need to
introduce o(n,.) : 05.(HX) — [—1,1] such that dp, + sc(N) = Mdﬁn’sc()\).
The corresponding modifications are straightforward.

Now let us focus on the actual reconstruction of a(n)?, b(n) from given spectral
data as above and present an explicit expression of a(n)?, b(n) in terms of the
spectral data.

As a preparation we observe that dp, + — dp,, — consists only of a pure point
part. In fact, due to the reflectionless condition, the absolutely continuous part
cancels and the singularly continuous part is absent by assumption. As a conse-
quence a(n)?(m_(z,n) — m4(z,n)) is meromorphic and we obtain an interesting
expression for h(z,n) (cf. (2.201)).

(8.19)

keJ\{j}

Lemma 8.4. Suppose H is reflectionless and os.(H2®) = (. Then we have

(8.21) h(z,n) = g(z,n) (z —b(n) + Z m)

Proof. Since the (signed) measure dp,, + — dp, — is pure point, the integral in the
corresponding Herglotz representation can be easily computed. O

Our idea for reconstructing a(n), b(n) is to express the moments of m4y (z,n) in
terms of the spectral data. Once this is done, the rest follows from (2.118). Since
we already know g(z,n) and h(z,n) in terms of the spectral data, it suffices to
relate these quantities to m4 (z,n). But this is the content of (2.202) from which
we infer

a(n)®my(z,n) £a(n —1)*m_(z,n) = F2 £ b(n) — { %

C:b
(8.22) = fz sz :
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where the coefficients c4 ;j(n) are to be determined. From (8.21) we infer
(8.23) c_y(n) = Zéj(n)]:lj(n)ﬂj(n)é, ¢ € Np.

jeJ
Moreover, ¢ ¢(n) can be determined from (cf. (6.56))

(8.24) 1 = —z exp ( — i bO(n) ),

g(z,n) — ot

which implies

C+,—2(n) = 17
1o 4
(8.25) cro2(n) = chﬁe,j,z(n)bm(n), {eN.
j=1

Thus cy ¢ are expressed in terms of Ej, u;(n) (by (8.10)). Here ct _2(n) and
¢4,—1(n) have been introduced for notational convenience only.
In particular, combining the case £ = 0 with our previous results we obtain

@ (n) — b(n)? gi(n) =
(8.26) a(n—9)* = i )4 b(n) iZ Jé )Rj(n).

Similarly, for ¢ =1,

1 26(3) (n) — 3b(n)b? (n) + b(n)?
b(n+1) = a(n_?)Q( 12
(8.27) +3 @Rj(n)ﬂj(n)).
jej

However, these formulas are only the tip of the iceberg. Combining

e o(n) = / X (a(n)?dp. (N) £ aln —1)%dp_ (V)
R
(8.28) = a(n)*my(n) £a(n —1)*>m_¢(n), £€ Ny,
with (2.118) we obtain the main result of this section.

Theorem 8.5. Let H be a given bounded reflectionless Jacobi operator. Suppose
the singular continuous spectrum of HL° is empty and the spectral data (Ej), (u;),
and (6;) corresponding to H (as above) are given for one fixed n € Z. Then the
sequences a2,b can be expressed explicitly in terms of the spectral data as follows

Cink+1)Cyna(k—1)

+ k- 0\2 — s )
a(n ) Con(h)? ;

Dy (k) Dyn(k—1)
8.29 b(n+k) = ’ — : , keN,
( ) ( ) Oi,n(k) Ci,n(k - 1)
where Cy (k) and Dy (k) are defined as in (2.109) and (2.113) using my ¢(n) =
cqe(n)fe_ o(n)

2a(n7$)

terms of the spectral data using (8.26), (8.25), and (8.23), (8.10), respectively.

. The quantities a(n)?, a(n—1)2, and c+ ¢(n) have to be expressed in

In addition, we get the neat
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Corollary 8.6. Let H be a reflectionless Jacobi operator with spectrum consisting
of only one band, that is o(H) = [Eo, Ex]. Then the sequences a(n)?,b(n) are
necessarily constant
2
(8.30) a(ny? = B~ E0) -y Bt B
16 2

If J is finite, that is, H has only finitely many spectral gaps, then {fi;(n)},;. ;7 C
{1j(n)};es and we can forget about the fi’s. This case will be investigated more
closely in Section 8.3.

Finally, we turn to general eigenvalues associated with H?. Associated with
each spectral gap p; we set

(8.31) )\f(n) =sup{Fs_1}U{\ € pj|'yﬁ()\,n) <0}ep;, je
The strict monotonicity of v#(\, n) with respect to A € p;,j € Jo U {oo}, that
is,
d
(8.32) 7 An) = (1+ 8205, (H = \)7207), - A€ pj,
then yields

'yﬁ()\,n) < 0, A€ (E2j 17)‘jﬁ(n))

(8.33) Y3 (A,m) > 0, A€ (X (n), Eay),
)8

jed

Since v#(\,n) is positive (resp. negative) for a(n
|A| — oo, there must be an additional zero

_ { sup{Bx}UfA € pacy?(Am) <0}, a(n)B <0
(8.34) Ag@‘{ sup{A € pol1(Am) <0}, a(n)8 >0

for A > E (resp. A < Ep). Summarizing, £°(\,n) is given by

1 1
fﬁ(/\vn) = §X(E07Ew)(/\) + ) Z (X(Ezj_l,xf(n))()‘) - X(Ajf?(n)ﬂzj)()‘))

0 (resp. a(n)B8 > 0) as

jeJ

(8.35) + X(EOO7)\€0)()\)7 a(n)B <0,

and

3 1 1
(A n) = _EX(EO,E(X,)(A) + D) ZJ (X(Ezj,l,xf(n))()‘) - X(Af(n),E%)()‘)>

je

(8.36) — X2 5N, a(n)B > 0.

Thus we have for 8 # 0, co,

82— )

(8.37) ’Yﬁ(z’n) - 7a(n) Vz—Egyz— Ex jeJ \/Z — B \/Z - E2J"

and we remark that the numbers )\f (n) are related to the spectrum of HP as follows

(8.38) o(Hp) = Oess (H) ULN] (1)} jesu o0y

Again observe that )\? (n) is not necessarily an eigenvalue of H? unless )\f (n) &
Oess(H).
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Evaluation of (6.58) shows

b0 (n) = 2;51) (Eé+1 + Eﬁjl — 2)\50(11)“1
(8.39) + Y (B + ES - 2A§’(n)”l))
jeJ

and in the special case £ = 0,

(8.40) a(n) = m (EO + Ea — 202 (n) + J_GZ;(EQJ»,1 + By — 2Af(n))).

8.2. Isospectral operators

In this section we will use the results of the previous section to characterize the
isospectral class of certain reflectionless Jacobi operators.
Before we can do this, we need a condition which ensures o,.(H:°) = 0.

Hypothesis H. 8.7. Suppose X is infinite and the set of all accumulation points
of the set of band edges {E2;_1, F2j}jes is countable.

We will denote the set of all accumulation points of the set of band edges by
(8.41) {Ej}jej’ JCN.
Let us first note some consequences of this hypothesis.

Lemma 8.8. Condition (H.8.7) holds if and only if o(H) is a countable union of
disjoint closed intervals (which may degenerate to points).
Explicitly, we have

(8.42) o(H) = ( U ZJ) Y ( UE])

J€Jo jeJ
where
(8.43) S, = By, B, jedo, B5=1E,E7), jeld,
with
(844) x(r) = lnf{EJ‘.’E < Ej OT'j = OO} S {Ej}jEJU{oo} U {Ej}jej'

Proof. Denote the right hand side of (8.42) by ¥. Since (") = inf{\ € p(H)|z <
A} we see X C o(H). To show R\X C p(H) pick 2 ¢ ¥. There are three cases 2(") =
E,;j, 2z = Eyj_4, or () = E‘j. In the first case we have x € (Eq;_1, Ea;) C p(H)
which is what we want. In the second case we set E = sup{FEsx|Eo; < E2j_1}. By
minimality of z(") = Es;_1 there cannot be an Eoy, in [z, E5j_1) and we either have
Ey;_1 = Eyy, reducing it to the first case, or E < z and hence z € [E, Ey;_1] C X
contradicting case two. Case three is similar to case two. Thus o(H) = ¥. The
intervals in (8.42) are disjoint unless Es; = E), in which case the corresponding
intervals are equal. Hence after throwing out the superfluous intervals we obtain a

disjoint union.
Conversely, let o(H) = Ujej[EQj, Eng] be a countable union of disjoint closed
intervals. Then we have {E;} C {E;}. and the claim follows since {F,} is closed.
O
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Since the spectral measure of —g(z,n)~! is purely absolutely continuous on
the interior of each of the intervals 3, 2]» the singularly continuous part must be
zero (since it is supported on a countable set). The considerations of the previous
section indicate that we can choose a number p;(n) for each spectral gap and a
number &; for each Dirichlet eigenvalue. Since the set of all Dirichlet eigenvalues
is contained in the set {u;(n)}jes U {Ej}jej we will specify o;(n),d;(n) for each
1 (n),Ej, j € J,J, respectively. However, the previous section shows that o;j(n)
(resp. 6;(n)) is not needed if y1j(n) (resp. E;) is not in o, (H®), we will get rid of
all superfluous ¢’s by an equivalence relation later on.

We first introduce the following hypothesis.

Hypothesis H.8.9. Suppose the set {((,uj, U]-))
requirements.

e (&j)jej} satisfies the following

() (/,6],0']) S [Egj_l,Egj] X [—1,1], jed, and &j S [—1,1], jed.

(11) If RS (EQj_l,Egj) then g; € {:l:l}

(iii). If pu; = Egj_1 = Egy (resp. pj = Egj = Eo_1) for some j,k € J then
(j,05) = (/ik,Uk) and 0; € (—1,1).

(iv). If p; = Ej, for some j € J,k € J we have oj = &}

(v). For both +, at least one of the sets {j € J| +a; <1} or {j € J|£45; < 1} is
infinite.

Given Hypothesis (H.8.9) we define the set
(8.45) Dy(E) = {{((ﬂﬁaj))ﬁj, 57),e 1(H8.9) holds}

Furthermore, for each element in Dy(X) we can define g(z2) as in (8.8) and R;, R;,
jeJ Jasin (8.16) with fi;(n) replaced by uj,Ej, respectively. We will set

(8.46) {((5:01.3)) je g0 G10)je5} = (15, 025)) se g0 (625) e 5

if 0y ; = 0o forallj € {j € JIR; > 0} and if 6, ; = 69 ; for all j € {j € J|R; > 0}.
The set Dy(X) modulo this equivalence relation will be denoted by D(X).

For any set ¥ satisfying (H.8.7) the isospectral set of reflectionless Jacobi op-
erators H in ¢?(7Z) is denoted by

(8.47) Tsor(X) = {reflectionless Jacobi operators H on (*(Z)|o(H) = ¥,a > 0}.

With each H € Isor(X) we can associate an element in D(X) by fixing a base point
n € Z. In fact, defining p;(n) as in (8.5) and o;(n),d;(n) as in (8.17) with fi;(n)
replaced by p;, F;, respectively, we obtain a mapping

(8.48) I,: Tsop(¥) — D).

Theorem 8.10. Suppose ¥ satisfies (H.8.7) and fiz n € Z. Then the map I,, is a
bijection.

Proof. It suffices to show that I,, is surjective (since Dirichlet data uniquely de-
termine an operator). Let an element of D(X) be given. Define g(z,n), dpn,
Rj(n), R;(n) as in (8.8), (8.12), (8.13), respectively. Since dp, ,p is supported
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on {1} jes U{E; }je (as noted before), we can split it up according to

A ((13Y) = 5 g (13}),
(8.49) A (LB 0)Y) = T2 0y (5)).

Similarly, the absolutely continuous part splits up according to dp,, + qc = %dﬁmac.
Due to (H.8.9) this splitting is well-defined and by virtue of (8.14) and Theorem 2.13
this defines an operator H. It remains to show o(H) = ¥. By Remark 3.5(ii) it
suffices to consider all points p; for which both /m4(z,n) have a pole (ie., o; €
(—1,1) and R; > 0). Near such a point we infer using (8.18)

R;
(8.50) g(z,n+1)=—(1- sz)z JM +0(z — p;)°
—H

showing p; € o(H). This proves o(H) = X. O

We conclude this section with a simple example illustrating an explicit con-
struction to the effect that an accumulation point of eigenvalues of H may or may
not be an eigenvalue of H.

Remark 8.11. (i). Suppose H is reflectionless and has pure point spectrum only.
Pick an accumulation point F of eigenvalues and define

(8.51) R= lgnln(f)l ieg(E + ie,0)7!
and
(8.52) 95(2,0) = — (—g(z, 01— (6 — R)(z — E)*l)_l . 8>0.

Then g5 is a Herglotz function corresponding to a pure point measure. Computing
the zeros ps,; of gs(z,0) and choosing o5 ;, 65,; € [—1,1] according to our require-
ments yields a corresponding Jacobi operator Hs by Theorem 8.10. Since

(8.53) Rs = lifrol iegs(E +ie,0)" = 4,
15

one obtains the following case distinctions (6 the sigma corresponding to E)

(1). 6 =0, then E ¢ O'p(H(;,:t).

(2). §> 0,6 € {£1}, then E € 0,(Hs4), Ej, & 0p(Hs).

(3). §>0,6 € (—1,1), then E € 0,(Hs.4) No,(Hs).
(ii). Let us further comment on (H.8.9). If (ii) should not hold, then p; would be
an eigenvalue of the operator obtained from I,;! (by (8.50)). Similarly, if we drop
condition (iii), then Es; = u; might not be an eigenvalue.

8.3. The finite-gap case

In this section we will prove some additional results in the case of reflectionless
Jacobi operators with finitely many gaps. This class is closely connected to the
Toda hierarchy (to be studied in Chapter 12) and hence deserves special attention.
Given (Ej)?fol and ((1£5(no), 0j(no)))j=; for one fixed ng we will reconstruct the
sequences a, b recursively. We will derive all results without using information from
the previous two sections.
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Our approach will be modeled after the information gained in the previous
chapter about periodic operators (in particular Section 7.3). However, note that
for periodic sequences (with no closed gaps) (Ej)?;‘gl is already too much ((EQ);"’%
for some 6 plus A would be enough). If H has no eigenvalues, that is Ey; < Egj41,
the constructed sequences will turn out to be quasi-periodic and to be expressible
in terms of Riemann theta functions. This case will be investigated more closely in
Section 9.2.

Let r € Ny and
(8.54) Ey<FEi<Ey<E3<BE4<--<FEoy 1 < Fy < Eyrp

be given real numbers. Here we have excluded the case Iy; = FEy;41 since the
corresponding factors would cancel from all equations. In addition, we will assume
that Ey; < Fo;4q1 for at least one j.

Define R;fw(z) as

2r+1

(8.55) Ry%,(2) H Vz—Ej,

where /- is defined as in (1.116). It is most natural to consider R;ﬁ_z(z) as a
function on the associated Riemann surface M which is the same as the Riemann
surface of

(8.56) Rypio(2) = =[] V2 = EayV/z = Bayn,

jer

where I' = {j|0 < j <, Ey; < E3j+1}, g=|I'| =1 > 0. As a set, M is given by all
pairs

~1/2
(8.57) p=(5%Ry%5(2), 2€C,
plus two points at infinity, coL. We will denote by 7 the projection on M and by
RQQ * 2 the evaluation map, that is,
1/2 1/2 51/2
(858)  wp)=z Ryla() = +Rypla(2), p = (2 ERy ().

The points {(Es;,0), (E2j+1,0)|j € I'} € M are called branch points and g is called
the genus of M. In addition, we define

(8.59) Ry25(p) = By (o) [ (w(p) — )
jgr

and p* = (z, :I:R%éiz( N* = (z, $R2é+2( )), ook = oog. Clearly, any polynomial
P(z) gives rise to a function P(p) = P(mw(p)) on M. For additional information on
Riemann surfaces we refer to Section 9.1 and Appendix A.

To set the stage, let

(8.60) (i5(10))j=1 = (15 (no), 75 (n0))j=1
be a list of pairs satisfying (cf. (H.8.9))
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Hypothesis H.8.12. Suppose f1;(ng), 1 < j < r, satisfy
(i)
[Lj(no) S (Egj_l,Egj) and O'j(no) S {:tl} or

(8.61) pj(no) € {E2j-1, FE2;} and o;j(ng) € (—1,1).
If Ezj_g < Egj_l = ,uj'(’l’},o) (resp. E2j < E2j+1 = uj(no)), then O’j(ﬂo) is superflu-
ous and we will set ¢;(ng) = 0 in this case.
(ii).

Esjn = Ezj1=pj(no) = fj-1(no) = i1;(no)
(8.62) ! !

Ehj = Eajr1 = pj(no) = fj11(no) = f;(no)
for 1 < j < r. In particular, pu1(ng) # Eo and u,(ng) # Eory1.

b

In the notation of the previous section we have

(8.63) D(Z) = {(jij(n0))}_1|(H.8.12) holds}
with
(8.64) S = | JB2j, Bajisa]

§=0

and Theorem 8.10 is valid.

We require (H.8.12) (ii) without loss of generality since otherwise the construc-
tion below would give p;(n) = p;j(no) for all n and the factor z — p;(n) would
cancel with the factor \/z — Fa;_2\/z — Egj_1 (vesp. \/z — Ezj\/z — Eaj11) from
all equations. For convenience we set

1/2 /a 1/2 1/2
(8.65) Rziw(lh’(”o)) = Uj(no)RziJrz(Nj(no))a Ror12(2) = ( 2£+2(3))2~
To begin with, we define the polynomial associated with the Dirichlet eigenval-
ues

r

(8.66) G (z,n9) = H (z - uj(no)>

j=1
and the residues
. i\ M = 1m z — (n, _Lrrer 2
T o) patro Gr(z,n0)
It Nj(no) # Mj—l(n0)7 Mj+1(n0) we have
RL/2 _
(8.68) Rj(ng) = 2r12(#4;(10)) > 0.

Ty (15(n0) = px(n0))

If pj(no) = pj—1(no) or pj(no) = pj+1(no) the vanishing factors in the numerator
and denominator have to be omitted. For notational convenience we set in addition

5 () = | im0 Ri(no),  1;(no) # pj—1(no), Hjs1(no)
(8:69) Fsno) = { %) Ri(no),  pj(no) = pj-1(no) or w1 (no)

The factor 1/2 in the case where two Dirichlet eigenvalues coincide will ensure that
we do not count the corresponding residue twice.
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Using this notation we define a second polynomial
T

H,11(z,n0) = ZRj(no) H (z — ,uk(no)) + (z = b(ng))Gr(2,m0)

k=1
k#j

N Ry
(870) = GT( ) 0)( b( O) +J§::1 Z—p,j(n()))’
where

2r+1

(871) o) = 5 D Br = 3 (o).
j=0 j=1

This definition implies
H,1(2,m0)

(8.72)
(o) Ryl%(2)

:O'j(no), 1§j§7‘.

Our next task is to define fi;(ng + 1). This will be done using a procedure
motivated by the approach of Section 2.7. The last equation (8.72) shows that we
can define a polynomial G, (z,ng + 1) by (compare (2.187))

(8.73) 4a(no)*G(2,m0)Gr(2,m0 + 1) = Hoy1(2,n0)* — Rarya(2).

As we want the highest coefficient of G.(z,ng+ 1) to be one, we have introduced a
nonzero constant a(ng)? # 0.

First of all, note that G,(z,ng + 1) does not vanish identically (H?,, is non-
negative and Ra,42 is not since Ey; < Egji1 for at least one j) and that it is a
polynomial of degree at most r (since the highest two powers of z on the right
cancel due to the definition of b(ng)).

We claim that there are at least two zeros of G..(.,n9)G,(.,no+1) in the interval
[Egj_l, EQj]. Since

4a(no)*Gr(E2j—1,10)Gr(Eaj_1,m0 + 1) > Hy11(Faj—1,m0)* > 0 and
(874) 4a(n0)2GT(E2j,nO)GT(E2j, no + ].) > HT+1(E2j,n0)2 >0,

this is clear if p;(ng) € (Egj_1,E2). If pj(ng) € {Es_1,Es}, say pj(ng) =
E5;_1, we have to consider two cases. First, let Ep;_o < FEp;_1, then Rorio(.)
has a first order zero near Es;_1 and hence H,i1(z,m0)® — Roy42(2) < 0 for
z € (Eyj_1,E2;—1 + €) and some ¢ > 0 sufficiently small. Implying one zero in
(Eaj—1, E2j]. Second, let Es;_o = Esj_1, then the same conclusion applies because
of (8.72) and o;(ng) € (—1,1).

Since G,(z,n0 + 1) is of degree at most r we conclude that it must be of the

form
T

(8.75) Gr(zmo+1) =[] (2 = ws(no + 1)),
with
(8.76) pj(no + 1) € [Eaj_1, Eaj).

Observe that Eoj_o = E9j_1 = pj(no) (resp. Eaj = Eaj11 = p;(ng)) implies
Egj_l 7é uj(no + 1) (resp. EQJ‘ 7é ,uj(no + 1)) MOI‘GOVGI‘, if EQj_Q = Egj_l =
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Mj(no + 1), then /1,](77,0 + 1) = ,U,j,l(no + 1) and if Egj = E2j+1 = /LJ(TLO + 1), then
wi(no +1) = pjqy1(no + 1) (since the left-hand side of (8.73) has a double zero in
this case). In addition, p1(no+1) # Eq (resp. p-(ng+1) # Ea,.11) since otherwise
we must have Fy = F; implying that the left-hand side of (8.73) has a single zero
and the right-hand side a double zero. It remains to define

H, .
(8.77) oilno+1) = — lm rrEmo) g oo
ot Ryl (2)

Clearly, if Hyi1(pj(no +1),n0) # 0 we have oj(ng + 1) € {£1} by (8.73). If
H,p1(pj(no +1),n0) = 0 we have pj(no + 1) € {Eaj_1, Ea;}, say Eoj_1. Then, if
Egj_g < Egj_l we get O'j(’rlo + 1) =0 and if Egj_g = Egj_l we obtain O'j(’/lo + 1) €
(—1,1) since (8.73) is negative near Eo;_;.

Thus we have constructed the list (fi;(no + 1))7_; from the list (i1;(no))j—,
such that (fi;(no + 1))}_, satisfies (H.8.12).

The coefficient a(ng)? can be calculated by expanding both sides of (8.73) (using
(8.66), (8.70), and (8.55)). Comparing the coefficient of 229 shows

I~ A b3 (ng) — b(no)?
2 ) 0 0
(8.78) a(ng)® = 3 ; R;(no) + 1 >0,
where
1 2r+1 r
(8.79) MOm) =5 > B =D ui(n)?
§=0 j=1

That a(ng)? is positive follows from a(ng)?G,(F2r11,10)Gr(E2r41,m0 + 1) > 0. In
addition, we obtain

H,1(z,m0) = ZR (no +1) H(Z—Nk(%‘f'l))
k#j
(8.80) (z —b(ng +1))G,(z,n0 + 1),
implying
1 b(z)(no + 1) — b(no + 1)2
(8.81) = Z_: (no +1) 7 >0,
and
(8.82) Hep1(z,n0+ 1) = —Hpp1(2,n0) + 2(z2 — b(ng + 1))Gr(2,n9 + 1).

As (8.70) is symmetric in G,(z,n0 + 1) and G,(z,n9) we can even reverse this
process using (8.80) as definition for H,i; (which only differs from (8.70) by
the sign in front of R2r +2( )) and defining o;(ng) with reversed sign, that is,
fij(n0) = (1(no), .y, (ng) Hr41(2,m0)/Ry)32(2)). Thus given (f;(no))j_; we
can recursively define the set (f1;(n))7_; for all n € Z. In summary we have proven
the following theorem.

Theorem 8.13. Given the list (f1;(no))j—; we can define the list (ji;(n))5_, for all
n € Z, which again fulfills (H.8.12). In addition, we get two sequences a(n), b(n)
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defined as
r 2r+1 r
1 . 1 1 b(n)?
2 _ 2 2
a(n) = 3. Rj(n)+§ZEj_ZZMj(n) —=7 >0,
Jj=1 7=0 Jj=1
1 2r+1 r
(8:83)  bm) = 5 > Bi— > mn),
=0 j=1

(cf (8.69)). The sign of a(n) can be chosen freely. The sequences a(n),b(n) are real
and bounded.

Proof. It remains to show boundedness of a(n) and b(n). This is clear for b(n) by
virtue of (8.83). Combining (8.78) and (8.81)

2 _ 0@ (n) —b(n)?
-

we see that a(n) is bounded as well. O

(8.84) a(n)? +a(n —1)

Remark 8.14. (i). The question when a(n)?, b(n) are periodic will be answered
in Theorem 9.6.

(ii). Suppose pj_1 # p; # pj+1 for a moment. Using the residue theorem we may
write

(885)  pj(n+1)+p;(n)

1 / ZQHTH(Z,n)H;H(z,n) — Ry, 5(2) iz,
Ly

27 Hyy1(2,n)? — Rapya(2)

(here the prime denotes the derivative with respect to z) where I'; is a closed path
in the complex plane encircling (once) the interval [E9;_1, Ea;] counter-clock-wise.
Further we may also write

1 Gr(z,n+1
(8.86) 1) = py) = 5= /7 ~dn CE(Z:))
J

Let me point out another interesting observation. The procedure for cal-
culating p;(n) from pj(ng) with n > ng differs from that with n < ng only
by two signs! One in the definition of H,;; and one in the definition of f;.
These cancel in each intermediate step but not in the first and not in the last.
This means calculating fij(no + k) from fi;(ng) yields the same result as cal-
culating fi;(no — k) from fi;(ng)* after switching signs in the last result. Here

f15(no)* = (15(no), oj(no))* = (1;(no), —o;(no)).

Lemma 8.15. Denote the sequences calculated from {fi;(no)* i=1 byagr, bg. Then
we have ag(ng + k) =a(ng —k — 1), br(ng + k) = b(ng — k) (¢f. Lemma 1.7).

In addition, if all pj(ng) coincide with band edges, that is if {p;(no)}i—; C
{Eaj—1, B2}, then we have fij(ng + k) = fij(no — k)*, 1 < j < r, and hence
alng + k) =a(ng—k—1), b(ng + k) = b(ng — k).

Proof. Our observation says in formulas that fir j(no + k) = f1;(no — k)*. From
this the result for bg is clear from (8.83). For the corresponding result for ag use
(8.78) and (8.81). O
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Our next task is to investigate the spectrum of the Jacobi operator H associated
with the sequences a,b. To do this we need solutions of the Jacobi and Riccati
equations first.

Using our polynomials we define two meromorphic functions on M,

H,1(p,n) + RY/? 2 1
(8.87) d(p,n) = #1(o)  Fyr(0) = sn)Crlp, 7114/-2 )
2a(n)Gy(p,n) Hyi1(pyn) — Ryl to(p)
and, the Baker-Akhiezer function,
n—1
j=no
Notice
Gr ,’I’L—Fl H’r‘ 1\p,n +R1£2 p
(889) (b(pa n)Q — Cgp ) + ( ) 5/32( )
r(p,n) Hy11(p,n) — Ry’ 5(p)
and hence
2 Golpn) T Heni(pd) + Rol2(p)
(8.90) b(p,m,m0)? = 11

Gr(pno) 2y Hoi1(p,j) — Ryl 5(p)

Theorem 8.16. The function ¢(p,n) fulfills
(391) am)olp.m) + S = w(p) ~ bl
and hence ¥ (p,n,ng) satisfies
a(n)y(p,n+1,n0) + a(n — 1)(p,n — 1,n0) + b(n)(p, n, no)
(892) = W(P)w(P,nanO)'

Proof. A straightforward calculation (using (8.82)) yields

am)p(pn) + =) Henpn) + Ry/2,(p)

¢(pan7 1) 2GT(pa n)
H,1(p,n—1) — RY?
(8.93) | Hrnlp ZG (1)9 > 2r22() ) bn),
and the rest follows from
1
(5.94) op.m) = L),

O

With 94, ¢+ we mean the chart expression of ¢, ¢ in the charts (ITL,7) (cf.
Appendix A.7), that is,

H, 1 (2,m) & Byl (2)
2a(n)G(z,n)
Now Lemma, 6.7 together with ¢4 (z,n) = (a(n)/2)*(1 + O(z7')) implies

(8.95) $x(z,n) =

, etc..
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Theorem 8.17. The functions ¥ (z,n,ng) are square summable near oo and the
Green function of H is given by (recall the notation from (1.100))

Gr(z,n)

(z,n) = —7—"» z € p(H),
! R2£+2(z) g
2n) = HT+1(Z7n) .

Hence the spectrum of H reads

T

o(H) = U [Baj, Bajal,

(8‘97) JaC(H) = ‘LGJF[EjﬂEjJrl]v USC(H) =0, UP(H) = {EJ‘J 4 F}~

In addition, if pj(n) # pj(ne), we have Vo, () (1j(n),n,ne) = 0 if 05(n)* = 1 and
(o (:U’j(n)’n7n0) = ¢+(/uj(n)an7n0) =01 Uj(n)2 <L

The facts concerning the spectrum of H can be read off from the following
lemma:

Lemma 8.18. The Weyl M-matriz is given by

) — 1 2a(0)G(2,0)  H,y1(2,0)
(8.98) M( 2@(0)R;ﬁ2(z)< H,11(2,0)  2a(0)G,(z, 1))

and the associated matrix valued measure dp by

G-(\0
dpo,o()\) = .1(/72)XUM(H)()\)CD\ + Z P(Ejvoao)de()‘ - Ej)7
TRy 5 () Ej€o,(H)
Hr+1()‘70)
dpoa(A) = —— X, (NdA+ Y P(E;0,1)d0(\ — ),
27r1a(0)R§£12(>\) Ej€op(H)
G-\ 1
dp1i(A) = .1(/72)Xoac(H)()‘)d)‘Jr Z P(E;, 1, 1)dO( — Ej),
7T1R2T+2(>\) Ej€o,(H)
(8.99)

where —P(E;,n,m) is the residue of G(z,n,m) at z = E; (cf. (2.34)). Here O(\) =
0 for A <0 and ©(A\) =1 for A > 0.

Proof. The M-matrix easily follows from (8.96) and dpg o, dpo.1, dp1,1 are imme-
diate from (B.31) and (B.41) (cf. Remark 3.5(i)). O

We remark that o;(ng) in the case of p;(n) = Egj_s = E3;_1 can be alterna-
tively interpreted in terms of Weyl m-functions

Ceizn)  14oy(n)
= lim = > 0.
a(n)?  z—pjn)y m_n(z)  zouin) o—(2,n)  1—o0j(n)
Last, we collect some useful relations. First note

a(n)?*G.(z,n +1) —a(n — 1)2G(z,n — 1) + (2 — b(n))?G,(2,n)

(8.101) =(z—=b(n))H,y1(z,n).

wa0) ATy el
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Further, from (8.87) we get

G, (p,
and hence
G, (p,
(8,108 Hm )0 o) = S22
Moreover,
R/

o(p,n) = ¢(p",n) = anigz((ﬁ)n)

(8.104) d(p,n) + d(p*,n) = H,1(p,n)

a(n)Gy(p,n)’

8.4. Further spectral interpretation

In this section we will try to relate (fi;(n))j—; to the spectra of the operators H:°
associated with a, b. In fact we will even be a bit more general.
We first define a polynomial KE_H(Z, n) for 8 € R by

Hyy1(pn) + 2a(n) G, (p,n) + Ryl (p)
2a(n)G,(p, n)
2a(n)K), (p.n)

H,41(p,n) + 2a(n)BG,(p,n) — Ry, (p)

d(p,n) + B =

(8.105) =

Thus we have

Kf+1(z,n) = Gr(z,n+1)+ a(ﬁn)HrH(z,n) + %G, (2,n)

X (n)), BeR\{0},

i1
(8.106) =

where ()\’8( n))j_y, with # = r if § = 0 and 7 = r + 1 otherwise, are the zeros
of KH_l(z,n). Since we have KT_H(Z n) — Gr(z,n+ 1) as 8 — 0 we conclude
A (n) = pi(n+1)+0(B) for 1 < j <rand X, (n) = a(n)B~ 1 +b(n+1) + O(B).
Also note that the analogue of (8.96) reads (z € p(H))
Kl () _ (W (ent 1) + B (z0n) (- (20 + 1) + B (2,n))
RYZ,(2) W (- (2),¢+(2))
(8.107) = 7%(z,n),

where we have omitted the dependence of ¥y on ng (which cancels).
As in the last section we can use

(8.108) (H,41(2,n) +2a(n)BG,(2,n))* — Ropia(2) = 4a(n)2Kf+1(z, n)G.(z,n)
to show

(8.109) N (n) € [Byy1,Byy),  1<j<r,
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and (8 € R\{0})
(8.110) )\f+1(n) > Eory1 for a(n)pf <0, )\f+1(n) < Ey fora(n)g >0,

(whether )‘r+1( n) > Eg,41 or )\fﬂ(n) < Ey follows from the behavior as 8 — 0
together with a continuity argument). Evaluating (8.108) at z = )\f (n) yields

(8.111) Royi2(N)(n)) = (H,1(N] (n),n) + 2a(n) G, (N] (n),n))?,
and hence we define

. Bin) = — i Hyyq1(z,n) + 2a(n)BGr(z,n).
(8.112) a;(n) Hf?(m PENE

This implies (use (8.106))
R%, (N () = —Ho1 () (n),m) = 2a(n)8G, (X (n), n)
(8.113) Hyp1 (N (n),n) + 2a(n) 371G (N (n), n + 1).

For the sake of completeness we also state the trace formulas in the finite-gap
case.

Lemma 8.19. The zeros )\ﬁ(n) H_l(z,n) fulfill for B € R (cf. (6.64))

2r+1 r+1
B

B, (Z) - 4 ,8 )¢
(8.114) b = 5t ( Z B 22/\ “).
Especially for £ =0
2r+1 r+1
(8.115) a(n) = ﬂ+ﬁ ( Z E; 22Af(n)).
j=1
We further compute
* _ Krﬁ-H(p; n)
(8.116) (o(p,m) + B)(d(n,p") + B) = Colpon)

and

a(n+1°K7, (z,n+1) = a(n)*Gr(2,n) + bg(n + 1) Hy41(2,n)
(8.117) +bg(n+1)*Gr(z,n + 1),
where bg(n) = b(n) — Ba(n).

The next theorem characterizes the spectrum of HP.

Theorem 8.20. Suppose § € RU{oo}. Then

o(Hf) = o(H)U{N (n)}]_y,
(8.118) Tac(H)) = 0ac(H),  0usc(H)) =0,
where 7 =1 for B = 0,00 and 7 = r + 1 otherwise. Whether )\f(n) is an eigenvalue
of an or HEH depends on whether Uf(n) = +1 or af(n) = —1, respectively.
If U?(n) € (—1,1), then /\?(no) is an eigenvalue of both Hino if /\]ﬂ(n) € o,(H)
and no eigenvalue for both otherwise. Moreover, for all f12 € RU {0} we have
5\51 (n) # 5\]52 (n) provided (3 # (2.
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Proof. The claims concerning the spectra are immediate by looking at Weyl m-
functions and applying Lemma B.7 and the following considerations. It remains
to show 5\?1 (n) # 5\52 (n) provided 1 # (2. Suppose the contrary. Then we have
b1 = ¢>(5\?2 (n),n) = ¢(5\§?1 (n),n) = B2 a contradiction. Nevertheless we remark
that the case )\fl (n) = )\52 (n) (but a?l (n) # O’?z (n)) can occur. O

Next, we will investigate how /\f (n) varies with 3. Therefore we use (8.106) to
calculate

(8.119) 0

%Kil(z,n)

—\8
z=A} (n)
in two ways

0 ﬁ (M (n) =\ (n))ix? (n)
a(n) oy J k o8

(8.120) - (H,.H(Af(n), n) + 2a(n) 3G, (X} (n), n)).
This yields

Lemma 8.21. The variation of the zeros )\]’B(n) of Kfﬂ(z,n) with respect to 5 €
R\{0} is described by

1/2 /3B
(8.121) %Af(n): T+?2r+2()\j(n)) 1<j<r+l
8 L = X)
J

If )\J’G(n) = )\]@H(n) the vanishing factors in the numerator and denominator have
to be omitted.

Finally, we note that the connection with (8.23) is given by

(8.122) c_p(n) = Z,uj(n)ef%j(n), feN.



Chapter 9

Quasi-periodic Jacobi
operators and Riemann
theta functions

In the previous chapter we have seen how Riemann surfaces arise naturally in the
investigation of reflectionless finite-gap sequences. However, there we have only
used them as a convenient abbreviation. In this chapter we want to use Riemann
surfaces as an independent tool which will help us to gain further insight. For
simplicity we will only consider the case of nonsingular surfaces, that is, r = g in
(8.59) (i.e., Rogia(2) = Rary2(2)). The corresponding sequences will turn out to
be expressible in terms of Riemann theta functions and are hence quasi-periodic.

The present chapter is entirely independent of Chapter 8 in the sense that
one could take Theorem 9.2 as a definition for the Baker-Akhiezer function. But
without our knowledge from Chapter 7 and 8 there is no reason why this object
should be of any interest. Nevertheless we will show how all major results from
Chapter 8 can be obtained using only methods from this chapter.

9.1. Riemann surfaces

The purpose of this section is mainly to clarify notation. For further information
and references we refer the reader to Appendix A.
We consider the Riemann surface M associated with the following function

2g+1

(9.1) Ry%5(2),  Rogia(2) = [[z-Ej) Eo<Ei<- < By,
=0

g € N. M is a compact, hyperelliptic Riemann surface of genus g. Again we will
choose R%QH(Z) as the fixed branch

2g+1

9.2) Ry =~ ] V= B
j=0

153
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where /- is defied as in (1.116).
A point of M is denoted by

(9.3) p=(z iRégig(z)), 2€C, or p=ooy
and M comes with three holomorphic maps on it. The involution map
x: M - M
(9.4) (2 ERyta(2) = (5 ERy15(2)" = (5. FRyta(2))
004 = 00x

the projection

T M — CU{oo}
(9.5) (£ Ry 35(2)) = 2 :
004 — 0
and the evaluation map
Réﬁﬂ : M — CU{oo}
1/2 1/2
(9.6) (. £Ry)%5(2)) — £Ry%,(2) -
004 = 00

The sets 111 = {(z, iR;éi_Q(z)ﬂz € C\o(H)} are called upper, lower sheet, respec-
tively.
Clearly, the eigenvalues )\f (n) can be viewed as points on our Riemann surface

M(n) = (N (n),c? ()R, (N (n))) € M,
(9.7) Ry% (N () = o )Ry, (N (n)).

The divisor associated with the eigenvalues 5\5 (n) is defined by

and 0 otherwise, where § = g+ 1 if 5 € R\{0} and § = ¢ if 5 € {0,00}. We have
(9.9) deg(DXa(n)) =7

and since o,(H?) is simple, D5, is nonspecial,

(m)
(9.10) (Do)

= O7
by Lemma A.20. We set Dss = Dig(o).

We proceed with considering the function ¢(p, n)— 8 with 5 € R\{0}. Equation
(8.105) shows that there is a simple pole at co_ and that all further poles are also
simple and can only be at fi;(n), 1 < j < g. A closer investigation using (8.105),
(8.113) shows that the divisor of ¢(p,n) + 5 is given by

(9.11) (6(p,n) +B) =Dss,) — Di(n) — oo, B € R\{0}.

If we want to include the case = 0 we have to add an ’additional’ eigenvalue at
004 (the eigenvalue )\5 +1(n) disappears at infinity)

(912) (¢(pa n)) = Dﬂ(nJrl) - Dﬁ(n) - Doo, + Doo+~
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In principal, some of the poles and zeros might still cancel, but Theorem 8.20 shows
that this does not happen.
By taking Abel’s map «,,, on both sides we get (3 € R\{0})

Ly (DX’(”)) = Gy, (Dﬁ(n) + Do),
(9‘13) gpo (Dﬂ(n-&-l) + DOO+) = on (Dﬂ(n) + DCX)_ )'

This shows that a,, (Dss (n)) is independent of § € R\{0} which can also be shown

using (8.121) (compare (13.52)).
Combining the last two equations yields for arbitrary

(9.14) a,, (D + Dooy ) =y, (Dss () + Poo)-

S\ﬁ(n-i-l)

A result we will soon investigate further.
Next, we are interested in the poles and zeros of the Baker-Akhiezer function.
Because of (8.88) the divisor of ¢(p,n) = 1(p,n,0) reads

and by taking Abel’s map on both sides we obtain
(916) Dy, (Dﬂ(n)) =Gy, (Dﬁ) - nAoo_ (OO+)

9.2. Solutions in terms of theta functions

We first fix the representatives of a canonical homology basis {aj,bj}?zl on M.
We require a; to surround the points Eq;_1, Ea; (changing sheets twice) and b; to
surround Ey, Ea;_1 on the upper sheet. The corresponding canonical basis {(; }gzl
for H1(M) (the space of holomorphic differentials) has the following representation

(9.17) (=

) —m—

g .
= ldn

1/2
=1 R2g+2

and we have

(918) / Ck = 5j,k7 / gk = Tj,k.
a; bj

To every compact Riemann surface of genus g € N belongs a Riemann theta
function (cf. Sections A.5 and A.6)

(9.19) 0(z) = Z exp 2mi <<m, z)+ <m,27m>) , zeCI,

meZI

with (Z,2) = Z§:1 Z;z; and T the matrix of b-periods of the differentials (9.17). It
has the following fundamental properties

0(—z) = 0(2),
(9.20) O(z+m+1n) = exp2ni ((n, z) — (n,;n)) 0(2), n,m € 729.

We introduce

(9.21) z(p,n) = A, (p) — &, (Dagny) — Epy €T, 2(n) = 2(c04, 1),
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where =, is the vector of Riemann constants

2, ]. — g_ Tik
(9.22) Epori = % po = (Eo,0),
and A, (a,,) is Abel’s map (for divisors). The hat indicates that we regard it as a

(single-valued) map from M (the fundamental polygon associated with M) to C9.
z(p, n) is independent of the base point pg and we note that z(co4,n) = z(co_,n+1)
mod Z9. We recall that the function 6(z(p,n)) has zeros precisely at the points
ﬂj(n)a 1 S] <y, that i57

(9.23) 0(z(p,n) =0 < pe{p;(n)}i,.

Since divisors of the type Dy with u; € [E2j—1, Eaj] are of special importance
to us, we want to tell whether a given divisor D € M, (My, the g-th symmetric
power of M) is of the above type or not by looking at a,, (D).

Lemma 9.1. Introduce two manifolds
MP = @f_ 7 ([Bajo1, Byjl) = @15,
(9.24) JP = {[A] € J(M)| [ Im(A + E,,)] = [0]} = &{S",

where [.] denotes the equivalence classes in the Jacobian variety J(M). Then the
mapping

. MP JP
(9.25) Gpot 007
H = on (DE>
is an isomorphism.
Proof. Let p; € [E2j_1, Es;] and observe
(9.26) 1Im(,21p0,k(ﬂj)) - Tjé’“.

This can be shown as in Section A.7 by taking all integrals as limits along the real
axis (we may intersect some b-cycles though we are required to stay in M , but we
only add a-cycles which are real). Thus a,, (MP”) C JP. Since divisors in M are
nonspecial by Lemma A.20 we see that a,, is an immersion by (A.86) and injective
by Lemma A.9. Moreover, a,, (M DY is open (since holomorphic maps are open)
and compact (since M is). So a,, (MP) is both open and closed, and hence must

be the whole of J” by connectedness. [

As a consequence we note that when n changes continuously to n+1 in (9.16),
w;(n) changes continuously to p;(n + 1), always remaining in its gap. Thus we
obtain

(9.27) 0(z(p,m))8(z(p,n)) >0

for w(p) € (—o0, Ep) U (Eag+1,00) U{oo} and m,n € Z. Moreover, since the set of
all possible Dirichlet eigenvalues MP? is compact, we infer that there are positive
constants C7 < Cy such that

(9.28) C1 <10(z(n))| < Ca.
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Finally, we recall woo, ,oo_, the normalized abelian differential of the third kind
with simple poles at ooy and residues +1, respectively (cf. (A.20)). We can make
the following ansatz

g
1( >‘j)
(9.29) Wooy 00 = = T 172 dm,
2g+2

where the constants A\; have to be determined from the normalization

H Z - )\k)
(9.30) / Weos 00 = / 2oy, o,

j 29+2

which shows A; € (E2j_1, Ea;). With these preparations we are now able to express
the Baker-Akhiezer function ¢ (p,n) in terms of theta functions.

Theorem 9.2. The Baker-Akhiezer function 1 is given by

(9.31) Y(p,n) = C(n, O)W exp (n /p LDOO+,OO_),
and ¢ is given by
(9.32) (p,n) = C(n)W esp / Gneo ).

The hat indicates that we require the path of integration to lie in M. The base point
po has been chosen to be (Ep,0) (any other branch point would do as well). The
constants C(n) and C(n,ng) are real and read

_Oen-1) o T
(9.33) Cor =Gy = 1T e

Proof. The function ¢ is at least well-defined on M since changing the path in M
can only change the values of the integral in the exponential by 27i. But by

(934) / Weoy,00_ = 0,
the b-periods are given by (cf. (A.21))

(9.35) Woos oo = 2 A j(004),
b;

<

which shows together with (9.20) that it extends to a meromorphic function on M.

Since v is fixed by its poles and zeros up to a constant (depending on n) it remains

to determine this constant. This can be done using (oo, n)(co_,n) = 1, which

follows from (8.103). From Section A.7 we recall Apo(oo+) = —Apo(oo_) mod Z9
P

and similarly we obtain f;} Wooy 00 = — o Woo 00 for m(p) < Ep. This justifies

our choice for C(n,0)%. By (9.27), C(n,m)? is positive and the formula for ¢ now
follows from ¢(p,n) = ¥(n + 1,p)/v(n,p). O

The sign of C(n) is related to that of a(n) as will be shown in Theorem 9.4
below. Next, let us prove some basic properties of ¢ and .
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Lemma 9.3. Set o(H) = ]_o[E2j, Eaji1]. The functions ¢ and ¢ have the
following properties

(i). ¢ and hence ) is real for m(p) € R\o(H).

(ii). Let z € R, then we have

(9.36) [Ypx(2,n)| < Mk(2)*", M >0,

where

(9.37) k(z) = exp (Re(/p Gooy o)) > 0, p= (2 By0(2)
Po o 7

and k(z) =1 for z € o(H) and k(z2) < 1 for z € R\o(H). Furthermore, k(z) has
minima precisely at the points \j, 1 < j < g, and tends to 0 as |z| — oo.

Proof. We begin with realvaluedness of ¢ (which implies realvaluedness of ). Let
[ir, be an arbitrary point with 7(fix) € [Ear—1, Fax]. Proceeding as usual we get
from (9.35) for the differential of the third kind

Ak .
(9.38) iIm(/ dzoo+,oo,) = —Tido_ x(004)

Po

and, similarly, iIm(z;(fix,n)) = 5% (cf. (9.26)). Now we recall theta functions

with integer characteristics (cf. [81], VI.1.5)

(9.39) 6 m (2) = mzzg exp 27i ((m + %ﬁ,g+ %m + %(er %ﬁ,z(er ;ﬁ)>> :

z € CY9, which are clearly real for z € RY. Inserting
. 1 1 .
0(z(juxsm)) = exp2mi( 2 (0(k), 28(k)) + 5 (8(K), Re(z(jun, m))) )

(9.00 <0 gy | (Reletin, )

into ¢ shows that the complex factors cancel since C(n) € R and z;(fg,n + 1) =
2j(fix,n) + Aso_j(004). The argument for p > Fog1q and p < Ey is even easier
since Im(z(f1, n)) = Im( p‘; Woo 00— ) = 0 in this case.

Now we turn to the second claim. Since the theta functions are quasi-periodic
we only have to investigate the exponential factor. For the asymptotic behavior we
need to know Re(f;)0 Woo, ,00_ ). We first assume p € I, 7(p) = A € R, and choose
as integration path the lift of the straight line from Ey 4+ ie to A + ie and take the
limit € | 0 (we may intersect as many b-cycles as we like since all a-periods are
zero). Hence

B A Hg:1(77 — j)dm

P
(9.41) / Booy 00 =
Po ’ Eo R;éig

Clearly, (9.41) is negative for A < Ey. For A € [Ey, E1], (9.41) is purely imaginary
and hence the real part is 0. At Fy our real part starts to decrease from zero until
it hits its minimum at A;. Then it increases until it reaches 0, which must be at
E5 by (9.30). Proceeding like this we get the desired behavior of k(z). For p € TI_
we have to change the sign of Re(f;; Woo 00 )- (|
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Next we are interested in expanding ¢ near oot (in the coordinates (IIi,z)
induced by the projection on the upper/lower sheet II1). We start with

(9.42)  exp (/p@mm_) - —(g)ﬂ(u Z + Z% +O(Zi3))ﬂ, pelly,

Po

where @,b, ¢ € R are constants depending only on the Riemann surface (i.e., on Ej).
We have

Po Tl (2 = A))
( =1 )

dz) >0
- Rééiz(z) )

1
(9.43) a= )\lim — exp

*)OO)\

and for b we get from (9.30)

(9.44) b=

z)
bpn+1) _ Oem+ D) ([ 1,
e ED) (”z;BJ( w
+2;<(ZBj<n+1>)2
j=1
s Ey | cilg—1)
(X mey
(9.45) +iiBBj,k(n+ 1)) + O(Zl3)>,
j=1k=1
with
D (Pt )
B0 = 59) 5 (50 5 20— 13)) o
B > B + 2(n))
(9.46) BB;k(n) = c;(g)cr(9) DDy, (9(M+§(n— 1)))’%0‘

Near co_ one has to make the substitutions ¢(n) — —c¢(n) and n — n — 1. The
constants ¢(g) come from (9.17). In summary,

Theorem 9.4. The functions ¢+ have the following expansions

(9.47) ox(em) = (D) (12 b("” +o(3).

z
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where the sequences a(n), b(n) are given by
2 0(z(n + 1))0(z(n — 1))
0(z(n))? ’
PN 9 0w+ 2(n))
13050 (g 20— 1)

Jj=1

(9.48) b(n)

The sings of a(n) and C(n) must be opposite
O0(z(n+1))
0(z(n))

The sequences a(n),b(n) are obviously quasi-periodic with g periods (i.e., their
Fourier exponents possess a g-term integral basis).

(9.49) a(n) =—aC(n)

We remark that we have
(9.50)  {nj(no)t=y C{E2j—1, Eoj}i_y & [z(p,no + k)] = —[z(p", 0 — K)].

Inserting this into (9.48) yields again a(ng+k) = a(ng—k—1), b(ng+k) = b(ng—k)
(compare Lemma 8.15).

The expansion coefficients @, b can be interpreted as averages of our coefficients
a(n) and b(n) as follows.

Lemma 9.5. Suppose a(n) > 0 and 7(p) € (—oo, Ey), then

P
N _ .
(9.51) ngnoo P(p, N) = —exp (/ww+,oo7).
Po

In particular, we obtain

(9.52) a= lim

that is, @ is the geometric mean of the a’s and b is the arithmetic mean of the b’s.

Proof. The first claim follows from limy_, Y/|0(z(N))] = 1 (cf. (9.28)). The
second follows by comparing asymptotic coefficients with (9.47) respectively (6.27).
O

Now we want to know when our sequences are periodic.

Theorem 9.6. A necessary and sufficient condition for a(n), b(n) to be periodic
is that Rag2(2) is of the form

1
(9.53) ngngz(z)Q(z)Q =A(2)” -1,

where Q(z) and A(z) are polynomials, Q(z) has leading coefficient one, and A% > 0
(compare (7.64)). The period N is given by

(9.54) N =deg(Q)+ g+ 1.
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Proof. Necessity has been shown in Chapter 7 (see (7.55) and Remark 7.6). For
the remaining direction note that in the above case weo ,o_ is given by

1 2AA" dn

RL/2

2£+2Q
where N = deg(Q) + g + 1 and the prime denotes the derivative with respect to z.
We only have to check that the a-periods are zero

/a_%"*’“* N / 71 1/2

J

(955) Wooy,00- =

Eaj_1
(9.56) = 2 At + aG)2 -2 o,
N FEaj 1
For the b-periods we get
20 A)a
— 2)dz
s =78 | worom
J k=0
Eap
-1 Eop+1 ,
_ % (—1)s* A(z)dz
N~ 5 V1= A(z)?
2k
(957) — B S it anesna @) = -2
. = aresin(A(2))| ==
k=0
Which proves the assertion, since we infer 2V Apo (co4) € Z9. O

Further we obtain in the periodic case for the Floquet multipliers
P
(9.58) m(p) = ¥(p, N) = (—=1)Vsgn(A) exp (N/ "Doo+,oo_>

Po
and a = \/[A], b= s
Next we will show that the Baker-Akhiezer function is even fixed by its (finite)
poles and its behavior at infinity

Lemma 9.7. Let Dy € M, be nonspecial (i.e., i(Dp) = 0). Then there is a
meromorphic function ¥(n,.) on M fulfilling

(9.59) (¥(n)) =2 =Dji +1(Peo, — Deo_ ).

Moreover, 1¥(n,.) is unique up to a multiple depending only on n and the divisor
Dyer(n) € My defined by
(9.60) (¥(n)) = Dyex(n) — Dﬁ + n(Doo+ — Do),

is also monspecial.

Proof. Abbreviate D,, = Dy — N(Doo, — Doo_). The Riemann-Roch theorem (cf.
Theorem (A.2)) implies existence of at least one Baker-Akhiezer function since
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r(—=Dn) = 1+ i(Dj — (D, — Ds_) > 1. Moreover, since there is a func-
tion satisfying (9.60), we obtain i(D,e(n)) = i(D,) = 7(=D,) — 1 by (A.39) and
Riemann-Roch.

There is nothing to prove for n = 0, since L(—D;) = C and D, (0) = Dj.
Next let us consider n = 1. From £(—D;) = C we see L(—D; + Do) = {0} and
hence r(—D;) < 1 (otherwise, if 7(—D;) > 1, a proper linear combination of two
elements would lie in £(—Dj + D« _), a contradiction). Now suppose the claim
holds for n > 1. Then it also holds for n+1 since (=D, 11) = r(=Dp i1 — ((n))) =
7(—Dger(n) + (Do, — Doo_)) = 1 again by (A.39). So by induction the claim holds
for n € N. Similarly, one can show that it holds for n € —N. O

Now using (9.47) it is not hard to show that (near ooy )
a(n—1)

aln—1) 1
d)(pan - 1) Z

(9-61) a(n)é(p,n) + +b(n) —7(p) = O(5)

or equivalently

(962) a(n)(p,n+ 1) +a(n — 1b(p,n — 1) ~ (x(p) ~ b(m)b(p,m) = 27"0().

The function on the left fulfills the requirements for a Baker-Akhiezer function
(9.59) and Dy, + Do _ is part of D,e(n). Since D,er(n) is nonspecial, this is
impossible (by Lemma A.20) unless the left hand side is zero. This is clearly an
independent proof that ¢ (p,n) satisfies 7¢(p, n) = w(p)Y(p,n).

Remark 9.8. From (9.61) we also obtain a different representation of b(n). If we
choose p = pg it reads

0(z(n 1)) 0(z(po,n+ 1)) . 0(z(n)) 6(z(po,n—1))
0(z(n))  0(z(po,n)) 0(z(n—1))  0(z(po,n))
We note that (8.101)—(8.104) can be easily verified independently by considering

poles, zeros, and the behavior at coy. In particular, by expanding (8.104) around
oot and comparing the second term in the expansion we get our trace relation

(9.63) b(n) = Ey+a

2g+1

(9.64) bn) =5 S By > s,
§=0 j=1

Upon evaluating the integral

1
9.65 I=— JdIn(6(z(.
(9.63) i [, OO ),

we get from the residue theorem

(9.66) I= Z,uj(n) + Z resp(ﬂ(.)dln(@(g(.,n)))7

pE{ocos}

and by direct calculation (using (A.83))

g
(9.67) I= Ci
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Which yields the relation

2g+1 g

1 d 0 O(w + z(n
(9.68) b(n) = 3 ;o B — ; /a,- G+ ;cj(g)a—% In (e(w(;;(n()i))) ’EO,

and thus
g g
(9.69) Z/ TG= > A
j=1"4%j j=1

9.3. The elliptic case, genus one

In this section we will show how the formulas of the last section can be expressed
in terms of Jacobi’s elliptic functions if ¢ = 1. All integrals are evaluated using the
tables in [38].

Suppose Ey < Ey < Ey < E3 are given and Rim(z) is defined as usual. We
introduce

E;, — E, E5 — Ey , \/EgEQElEO
. k= 1 kK = 1
(9:70) \/Eg—El E;, — Ey €1, Es — E, By — E €©.1),

such that k2 + k' = 1, and

E3—E1E0—Z 2
9.71 u(z) = | 2= . C= .
( ) ( ) Es—EyEy —2 \/(ES_El)(EQ—EO>

Furthermore, we will use the following notation for Jacobi’s elliptic integrals of the
first

# dx
9.72 = F(z,k),
( ) /0 \/(1—x2)(1—k2x2) (2 k)
second
1— 22
(9.73) 1_ 522 dx

and third kind

(9.74) de

/0 (1—a222)/(1 —22)(1 — k222)
We set F(1,k) = K(k), E(1,k) = E(k), and II(1,a2, k) = (a2, k), where k €
(0,1), @®> € R and all roots are assumed to be positive for x € (0,1). We remark
that II(z, 2, k) has simple poles at 22 = a2 and that E(z, k) has a simple pole at
0.

First we determine (, the abelian differential of the first kind (in the charts
(Hi, Z))

=TI(z,a?% k).

dm dz
9.75 =c(l)—— =
(9.75) ¢ =elt) 73 = elt) [
The normalization ([38], 254.00)
B2y
. = —_— = K(k) =
(9.76) al( 2¢(1) /E1 Ri/Q(z) 2¢(1)CK (k) =1
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yields
(9.77) (1) =
' YT 0K (k)
In addition, we obtain ([38], 252.00)
B da K (k')
9.78 Ty = 4:—2c1/ — W 9ie(1)OK(K) =i .
( ) 1,1 by ( ) B Ri/Q(m) ( ) ( ) K(k)

Next we are interested in Abel’s map A, , po = (Eo,0). Let p = (z, :I:Rl/z( ),
then we have ([38], 252.00)

dx F(u(z),k
(9.79) / 0 = [+ / prembde (ﬂﬁ&) )
and especially for p = ooy
F(\/ 55 k)
(9.80) Apy(004) = [ —

The vector of Riemann constants is independent of the base point py and clearly
given by

- 1—7’1,1
_[ 9 ]'

(1]

(9.81)

Now we turn to the Dirichlet eigenvalue p;(n). We recall

(9-82) Apq (f1(n)) = Apy (11(0)) — 2nAp, (004).
If we set Ap,(f11(0)) = [0 + T5*], where § € [0,1), we obtain

T1,1 1™ (1) da T ( Ei:E;ak)
(0.83) Ay, (i(n)) = [ +01(n) /E Rg/gf(i)][(; Tt fn%’

with f1(n) = (ul(n),Jl(n)Riﬂ(ul(n))). Evaluation of the integral yields ([38],
254.00)

E>—F (n)—FE
(9.80 [ i PRGSO

B RYz) 2K (k)

and hence we infer

1— Z=R 2oan? (2K (k)§ — 2nF (| B=5 k)

Ey—Eq [ E3—F;
E;iEbnz(QK — 2nF E;—Eo 5 k'

where sn(z) is Jacobi’s elliptic function (i.e., the inverse of F(z, k)). The sheet can
be read off from the sign of sn(2K(k)d — 2nF(...)).




9.4. Some illustrations of the Riemann-Roch theorem 165

Now we search a more explicit expression for the differential wo,_ oo, . We first
determine the constant A; from ([38], 254.00, 254.10, 340.01)

Eo _ A
/ Weo_ 00y = 2/ 7«%1/2 ! dx
ai Eq R4 (.’17)

(9.86) = 20((By ~ E)I(F =5,k + (Bo ~ M)K (k) = 0.
which implies
(Ey — Eo) . By — E
. =F 1I .
(9.87) A1 0+ K (E2_ank)

The b-period is given by (cf. (9.35))

E,—E,

By .%'—)\1 F( E3—E0’k)
9.88 / Woo_ 00, = —2/ —de = —2mi(1 - —2_ ).
95 b : 5 RY*(2) ( K (k) )

And for p = (z,£RY?(2)) near py we have ([38], 251.00, 251.10, 340.01)

P Z o\
/ Woo_,004 = :l:/ xl/2 ! dx
Po By Ry'"(7)

(=5t k
= +0(m - Bo)((1 - "B pu) )
(9.89) ~ H(u(2), %k))

To complete this section we recall that Riemann’s theta function can be expressed
as a Jacobi theta function, namely

(9.90) 0(2) = U5(2) = Z oTi(2nz + man?)
neL

9.4. Some illustrations of the Riemann-Roch
theorem

In this section we give some illustrations of the Riemann-Roch theorem (Theo-
rem A.2) in connection with hyperelliptic Riemann surfaces not branched at infinity
and obtain a basis for the vector space L(—nD_o — D;), n € No.

Theorem 9.9. Assume Dy > 0 to be nonspecial (i.e., i(Dy) = 0) and of degree g.
Forn € Ny, a basis for the vector space L(—nD_, — Dﬁ) is given by,

(9.91) {ﬁ ¢(.,£)}::0,
£=0

or equivalently, by

(9.92) L(—nD—_o — D) = span {4, )}, -
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Proof. Since the above functions are linearly independent elements of the vector
space L(—nD_o — D;,) it remains to show that they are maximal. From i(Dy) =
0 =i(nD_o + D;) and the Riemann-Roch theorem we obtain

(9.93) 7(-nDe — Dy) = 1+n,

which proves the theorem. [



Chapter 10

Scattering theory

In Section 7.5 we have considered perturbations of periodic Jacobi operators, that
is, we have started developing scattering theory with periodic background. In
this chapter we will investigate sequences a(n) > 0, b(n) which look asymptotically
like the free ones (compare Section 1.3).

10.1. Transformation operators

To begin with, we state the main hypothesis which will be assumed to hold through-
out this chapter.

Hypothesis H.10.1. Suppose a,b € ¢(Z,R) satisfy a > 0 and
(10.1) n(1 —2a(n)) € £1(2), nb(n) € £(Z).

In addition, it will turn out convenient to introduce

(10.2) A_(n) = 1:[ 2a(m), Ai(n)= H 2a(m), A=A_(n)Ai(n).

m=—0oo

From Section 1.3 we know that it is better to consider the free problem in terms of
k =z —+/z—1y/z+ 1 rather than in terms of the spectral parameter z itself.

By virtue of Lemma 7.10 we infer (upon choosing a,(n) = 1/2 and b,(n) = 0)
the existence of solutions fi(k,n) of (7 — (k+ k=1)/2)f = 0 which asymptotically
look like the free ones, that is,

(10.3) fe(k,n) = k(1 +0(1)) asn — oo,

respectively, lim,, . 1o fa(k,n)kT™ = 1.
They are called Jost solutions and their properties are summarized in the
following theorem.

Theorem 10.2. Let a(n),b(n) satisfy (H.10.1), then there exist Jost solutions
f:l:(k,n) Of

k+k=t
(10.4) Tfe(k,n) = i

2

fe(k,n), 0<|k| <1,

167
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fulfilling
(10.5) liril fe(k,n)k™" = 1.

Moreover f(k,n) = Ay (n)kF" fy (k,n) is holomorphic in the domain |k| <1, con-
tinuous for |k| < 1, and satisfies f(0,n) = 1.

Proof. For the case £ # 0 everything follows from Lemma 7.10. To show that
the singularity of f(k,n) at k = 0 is removable, one needs to investigate the
limit & — 0 in (7.88). To do this, use ay(n) = 1/2, by(n) = 0, mi(z) =
kL, sp(z,m,m) = i (k"™ — k™~") (see Section 1.3) and compute the limit
limg_,0 k"™ K(z,n,m) = 2a(m) — 1. O

The previous theorem shows that we may set
(10.6) fi(kyn) = (HZKH W), Ik <1,

where K j(n) are the Fourier coefficients of fy (k,n) given by

1

~ -dk
(10.7) Ky s(n) = /lk|1 Frtkmpi %, jen

2mi

Taking the limit n — oo in this formula (using the estimate (7.80) and dominated
convergence) shows lim, .o, K4 j(n) =0, j € N.
Inserting (10.6) into (10.4) (set K (n) =1, Kj(n) =0, j <0) yields

Ky jy1(n) = Kq jia(n—1) = 2b(n) Ky j(n) — K4 j—1(n)

(10.8) +4a(n)?Ky j—1(n+1).
Summing up (with respect to n) using lim,,_ Ky ;(n) =0, j € N, we obtain
Kia(n) =— > 2b(m),
m=n+1
Kia(n) == 3 (200K a(m) + (da(m)? ~ 1)),
m=n+1
Kign(n) = Kpjam+1) = Y (20m)Ky (m)
m=n+1
(10.9) + (da(m)? — 1)K, j_1(m + 1)).
A straightforward induction argument shows
(10.10) K1 j(n)] € Day(MCiln+[51+1), jeEN,
where
o) m—1
(10.11) Ci(n) =Y c(m), Dymmn) =[] 1+Cin+y)),
m=n Jj=1
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and c(n) = 2|b(n)| + |4a(n)? — 1|. It is important to note that C. € ¢4 (Z). In fact,
summation by parts shows

(10.12) > me(m) = (n—1)Ce(n)+ Y Ci(m)

since

(10.13) lim nCy(n+1) < lim Y me(m)=0.
m=n+1

Moreover, 1 < Dy ,(n) < Di(n) =limj_,oc D4 j(n) and lim, o D4 (n) = 1.
This gives also an estimate for
(K4 j1(n) = Ky ja(n = 1) < 2[b(n)|| K4 5 (n)] + |4a(n)® = 1]| K4 j-1(n)]
+ Ky j1(n+1) = Ky joa(n)

(1014) < e(m)Dy (C (0 + L]+ 1)+ 1K yaln+1) = Ky ya ()]
Using induction we obtain
J—1 J
(10.15) |K+ 4(n) — Ky 5(n— 1] < Do (m)C (m)C: (n+ 2]+ 1)+ e+ [2]).
In addition, the estimate (10.10) for K4 j(n) gives us an estimate on the rate

of convergence in (10.3)

k
b (1), k<1
I
iDL (n) 3° Co(m). K <1

m=n

(10.16) |[fr(k,n)A(n)k™ — 1] <

Moreover, since K j(n) < Coo(l 4 Cx)?™ !, Coo = limy—.— oo C4(n), we can
take the limits (Ko = 1)

Ky = lim Kii(n)=-2) b(m),

n——oo

meZ
Ko = B Kia(n)=— > <2b(m)K+,1(m) + (4a(m)* — 1))
meZ

K = Jim Ky () =Ko — Y (260m)K 5 (m)

(10.17) + (da(m)? — 1)K ;1 (m + 1)).

(It will become clear later why we have dropped the + subscript.)
Associated with K4 (n,n + j) = K4 ;j(n) is the operator

(fm+ > Kilm)fm), fe (@),

m=n+1

(1018) (K4 f)(n) = ﬁ

which acts as a transformation operator for the pair 79, 7.

Theorem 10.3. Let 1y be the free Jacobi difference expression. Then we have

(10.19) K f=Kirof,  felX(m).
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Proof. A straightforward calculation shows that 7, = Ki7y is equivalent to

(10.8). O
By our estimate (10.10), K4 maps £ (Z), p € [1,00) U {oo}, into itself. More-
over, by Lemma 7.8, K, is an automorphlsm of (5°(Z). Considering f € ly(Z) we

see that its inverse £ is given by

(1020 (£ ) = A (Fm+ Y g e ),

m=n+1 Jj=n a’(])

with
m—1
Li(n,m) = —K(n,m) Z K (n,0)Ly(¢,m)
l=n+1
m—1
= —Ki(n,m) Z Li(n,O)K;(¢,m), m >n.
l=n+1

From L7 = 70L we infer that the coefficients L, j(n) = Ly (n,n + j) satisfy

Ly j1(n) = Ly j1(n —1) = =2b(n + j) Ly j(n) — 4a(n+j — 1)2Ly j-1(n)
(10.21) + Ly a(n+1)
as well as an estimate of type (10.10). In particular, K is an automorphism of
2 (Z), p e[1,00) U {oo}.
Similarly, we set

(10.22) fo(k,n) =

(1+ZK kf> k| <1,

which yields after inserting it into (1.19) (set K_o(n) =1, K_ j(n) =0, j <0)
K_jpi(n+1) = K_;pi(n) = =2b(n)K_ ;(n) + K_;_1(n)

(10.23) —da(n —1)*K_ ;_1(n—1).

As before we obtain (lim,,_._. K_ ;j(n) =0, j € N)

K_71(7’L) = — i 2b(m),
K_s5(n) = — i 2b(m)K_ 1(m) — (4a(m — 1)% — 1),
n—1
K_jia(n) = K—ja(m) = > (2b(m)K-;(m)
(10.24) — (da(m —1)2 = 1)K __;_1(m — 1)).

Furthermore, K_ j(n) = K_(n,n — j) satisfies an estimate of type (10.10) and
we can define an associated operator

1 n—1

A (n) (fo+ X K-(mfm)), fex@),

m=—0oo

(10.25)  (K_f)(n) =
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with inverse £_.

10.2. The scattering matrix

Our next objective is to introduce the scattering matrix. For |k| = 1,k? # 1, the
Jost solutions f1(k,n), f+(k~!,n) are linearly independent since we have

(10.26) W(fa(h), falk™) = £
In particular, we may set
(1027) f:l:(kﬂn) = a(k)f#(kilan) + ﬂi(k)f#(k,n)v |k| = 171/”'2 7é 1a
where
W (f=(k), fx(k 2k
oh) = e s ~ T W k) f-(0),
(10.28)  Be(k) = ggig:;ﬁ’;:lg) = +7 3kk2W(f:F(k)7fi(k‘1))

Note that we have

(10.29) a(k) = ak), (k) =p+(k), By(k™') =—-0_(k),

and k = k™! for [k| = 1. Moreover, the Pliicker identity (2.169) with f; = fz,
f2 = f:tv f3 = fZFv f4 = f:tv 1mphes

(10.30) a(b)? =1+ 1B:(k), 18+(k)| = B-(k)].

The function «(k) can be defined for all |k| < 1. Moreover, the power series of a/(k)
follows formally from

2k

alk) = =5 lm_a(m)(fy(kn)f-(kn+1) = fr(kn+ 1D f-(kn))
1. - 1 S .
(10.31) = — Tim fe(k,n) = Z;Kjkﬂ,

where K; = lim,,_.z K1 j(n) from (10.17). To make this precise we need to show
that we can interchange limit and summation in the last line. This follows from
|K1 ;(n)] < Coo(1+ Coo)?™ 1t at least for |k| < (1 + Cx)~!. Hence it follows for all
|k| < 1 since a(k) is holomorphic for |k| < 1.

The function «(k) has even more interesting properties. To reveal its connection
with Krein’s spectral shift theory, we compute its derivative. By virtue of (2.29)
we obtain

W), T (K) = Won (7 (R), 7 (K) + W £ (B, 7 ()

1— k2 . .
(10.32) — oz > Fe)f- (k).

Jj=m+1
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From (10.6), (10.22) we get - fy (k,n) = £% fi(n, k) + k*"0(1), n — oo, and
fx(k,n) = k¥ (a(k) + o(1)), n — Foo, respectively. Hence we see
2
Win( 1 (B), - () = —m i a(k) ~ o
d 1— k2
(10.33)W (= fr (k). f- (k) = n—pa—
and using this to evaluate the limits m — —oo, n — oo shows

(10.34) d%a(k) - % S (F Oy m)f— (k) — a(k)).

nez

(k) +o(1), m— —o0,

alk) — %a(k) +0o(1), n— 4o

Next, observe that, due to (H.10.1), H— H is trace class. Indeed, the multiplication
operators by b(n), 2a(n) — 1 are trace class and trace class operators form an ideal
in the Banach space of bounded linear operators. So we can rewrite this equation
in the form

_ 4 Ina(k(z)) = Z (G(z,n, n) — Go(z,n,n))

dz =t
(10.35) = tr((H—2)"" = (Ho—2)7"),

that is, A a(k) (since Aa(0) = 1) is the perturbation determinant of the pair
H, Hy. This implies ([155], Theorem 1)

where
(1037) £a(0) = ~ limarga(k(\ +i) € [1,1

is of compact support. However, the reader should be warned that «(k(z)) is not
Herglotz since we do not have 0 < £,(A) <1 in general.
In addition, Krein’s result implies

(10.38) tr(H' — (Ho)") = z/ N, (V)dA.
R

The spectrum of H can be easily characterized upon specializing to the case
ap(n) =1/2, by(n) =0 in Theorem 7.11.
Theorem 10.4. Suppose (H.10.1). Then we have

Uess(H) = Uac(H) = [—1, 1]7

k+k=t

2

Moreover, the essential spectrum of H is purely absolutely continuous and the point
spectrum of H is finite.

(10.39) oy (H) = {\ = [IA] > 1, (k) = 0}

Hence we can denote the number of eigenvalues by N € N and set

kj+k;!
2
Note that because of (10.30) all zeros of of «(k) lie inside the unit circle. Moreover,

there can be no non-real zeros (otherwise H would have a non-real eigenvalue).

(10.40) op(H) ={)\; = h<j<n-
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(Note also a(0) = A~! > 0 by (10.31).) Using Theorem 3.20 we can even provide
a bound on the number of eigenvalues.

Theorem 10.5. Suppose (H.10.1). Then

(10.41) dimRan P41 100y (H) <1+ (Z Ci(n)> ,
nez

where

(10.42) cx(n) = v/n(n+ 1)1 — 2a(n)| + |n| max(Fb(n), 0).

Proof. We only prove the first bound, the second being similar. Upon replacing
b(n) by min(b(n),0) we can assume b(n) < 0 (cf. [195], Theorem XIII1.10). Our
goal is to apply Theorem 3.20. Since the limit of Go(\, n,m) as A — —1 does not
exist, we will consider H1 and use

dimRan P_o _1)(H) < 14 dimRan P_,, _1)(H)
(10.43) +dim Ran P_o _1)(H-).
Where the last claim follows from the fact that between two eigenvalues of H, there
can be at most one Dirichlet eigenvalue (see Lemma 3.7). Hence we need to consider
Hy . From (0 <m<mn, A< -1)
1— k2m
1—k2

knfm

(10.44) Go+(A\,n,m) = -2k
(k=X—+VvA—-1¢€(-1,0)) we infer

(10.45) |Go,+ (A, n,m)| < 2min(m,n) < 2¢/mn, A< -1
Evaluating Theorem 3.20 as in Corollary 3.21 gives

(10.46) dimRan P_o _1)(H) < (Z c+(n)> .

The bound for H_ follows from reflection. O

We now define the scattering matrix

(10.47) S(k) = < gf% 1;*(55) > k| =1,

where T(k) = a(k)™! and Ri(k) = a(k) '8+ (k). Equations (10.29) and (10.30)
imply

Lemma 10.6. The scattering matriz S(k) is unitary and its determinant reads

T
(10.48) det S(k) = LK)

T (k)
The coefficients T'(k), R+ (k) are continuous except at possibly k = £1 and fulfill
(10.49) [T(k)P? + |Re(k)* =1, T(k)Ry (k) + T (k)R- (k) =0,

and T(k) = T(k), Ry (k) = Ry (k).
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The quantity T'(k) is called transmission coefficient and Ry (k) are called re-
flection coefficients with respect to left respectively right incidence. We remark

(10.50) IT(E)*>=1—|RL(k)|> > C?1 — K*|?,

where we can choose C' = maxy =1 [W(fy(k), f-(k))[/2. In particular, In(1 —
|R+(Kk)|?) is integrable over the unit circle.

We proceed with a closer investigation of T'(k). Using the Laurent expansion
for a(k) one computes

(10.51) T(k) = A(l B> 26(m) + 0(k2)).

meZ
The only poles of T'(k) are at k;, where A\; = (k; + kj_l)/Q € 0,(H). The residue
can be computed from (10.34) which yields (cf. (2.33))

ki,

(10.52) res, T(k) = ————= = —k;u;v_ j,
Hj
where
1
(10.53) o o lfe(m k)P o (nky) = pify(nkj).
J

mEZ

The constants v+ ; are usually referred to as norming constants. The sets
(10.54) S (H) = {Re(k), [kl = 1; (kjy7ey), 1< < N}

are called left/right scattering data for H, respectively. We will show that they
determine the sequences a,b uniquely in the following sections. As a first step
toward this result we note

Lemma 10.7. FEither one of the sets S1(H) determines the other and T(k) via
(Poisson-Jensen formula)

N ok (k— kT o "
(10.55) T(k) = (HW) exp (417“/ In(1 — |Re(x)[?) +’€d>’

j=1 K|=1 k—k K

(for |k| < 1) and

R_(k) _ _T(k) _
. mo TR

resy,, T'(k) ) 2
k; '

Proof. It suffices to prove the formula for T'(k) since evaluating the residues pro-

vides p; and thus y¢ ; = ufzfyi,j. For this purpose consider

o kky

(10.57) t(k) = ] o
j=1

T(k)

which is holomorphic for |k| < 1 and has neither poles nor zeros inside the unit
disk. In addition, ¢(k) is continuous for |k| < 1 and has at most simple zeros at
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k = +1. Applying the residue theorem in a circle with radius r < 1 we obtain

o [ )R < gn(i(k) — n(1(0)).
1 |k|=r KR KR
(10.58) 2% " _1ln(t(/{_1)):i—:d—: — In(#(0)).

Letting r — 1 (dominated convergence), using t(k) = t(k~!), |k| = 1, and adding
up the resulting equations yields

k+kdr
k—k K

(10.59) In(|t(x)|?) =2In(t(k)) mod 2i,

2mi |k|=1

where In([t(x)|?) € R. Thus we conclude

2 1 w K+ kdk
10.60 t(k)*=exp| =— In(|t(k — .
(10.60) (k) p< Lﬁ_lq<>nm_kﬁ)

27i
This proves the claim upon observing [t(k)| = |T'(k)|, |k| = 1, and T'(0) > 0. O
Comparing coefficients in the asymptotic expansions of (10.55) and (10.36)

gives another trace formula

1 T N o gm o pom
10.61 Ky =— [ In(1 —|Ry(e',t)|? °)d 47
(10.61) = [ 1= R ) cosmety o+ 3 =

Jj=1

= 14 7 . .
where K,, = K,,, — E;"Zl L KK are the expansion coefficients of

(10.62) na(k)=-mA+> Kk
j=1

Moreover, expanding In a(k(z)) one can express the traces tr(H* — (Hy)?) in terms
of the coefficients K,,, for instance,

tr(H—(Ho)) - —%Kl,
tr(H2 - (HO)Q) = —1*16(2K2+K%>7
(10.63) etc. .

10.3. The Gel’fand-Levitan-Marchenko equations

Now we want to set up a procedure which allows the reconstruction of H from its
scattering data Sy (H). This will be done by deriving an equation for K (n,m).
In addition, the decay condition (H.10.1) is reflected by the estimates (10.10)
and (10.15). These turn out to be equivalent to the corresponding estimates for
K4 (n,m) and will lead back to (H.10.1) when reconstructing H from Sy (H).

Since K (n,m) are essentially the Fourier coefficients of fi (k,n) we compute
the Fourier coefficients of (10.27). Therefore we multiply

(10.64) T(R)f- (k) = (674 m) + R (k) 1. (k)
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by (2mi) " tA4 (n)k" -1 (j € Np) and integrate around the unit circle. We first
evaluate the right hand side

Ai(n) -1 +j 4k K ;
n =
27_[_1 /k|_1 f+(k 7n)k k +(n7n+j)7

2mi

A+<n)/l R+(k)f+(k7n)/€”+j% - i Ky (n,n+m)F*(2n +m+ j),

kl=1 m=0
(10.65)
where
(10.66) Ft(n) = i/ R (k)k"% € *(Z,R)
' T2 Jiger k ’

are the Fourier coefficients of Ry (k~!). By Parseval’s identity we have

- 1 dk

+N2 L 2 UK

(10.67) > Frn)? = = R (k)P < 1.

neZ

Next we evaluate the left hand side using the residue theorem (take a contour inside
the unit disk enclosing all poles and let this contour approach the unit circle)

o /kl_lT(k)f(k,n)k +J?

ke e ntj—1
= f A
110 f (k€7 n)kf + +(n) A (TL)

M=

=-A,(n)

~
Il
—

Vo f i (keyn)k} T + Ay (n)260(5)

M=

=-A4(n)

¥
X

N

(10.68) == Z Ky(n,n+m) Z%r,ék?nmﬂ + Ay (n)?60(7)-
m=0 (=1

Defining the Gel’fand-Levitan-Marchenko operator

(10.69) FriG) =Y Fr@n+m+j)f(m), ferNy),
m=0

where

) N
(10.70) Fr(n)=FT(n)+ > ve.oky,

=1
leads us to the Gel’fand-Levitan-Marchenko equation
(10.71) (I+FHKy(n,n+.)= A, (n)*s.
Similarly, multiplying

(10.72) T(k)fo (kyn) = (f- (74 m) + R (k) (k,m))

by (27mi) "t A_(n)k~"t~1 (j € Np) and integrating around the unit circle we get
for K_(n,m)

(10.73) (I+F, )K_(n,n+.) = A_(n)*,
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where

(10.74) Fof@) =) F @n-m=jf(m), feN),
m=0

and

(10.75) )= -1 [ rogrnE ﬁ: k™
2mi |k|=1 k — +e

Our next objective is to consider the Gel’fand-Levitan-Marchenko operator F,"
a little closer. The structure of the Gel’fand-Levitan-Marchenko equation

Ki(n,n+j)+Ft(2n+j)+ iF+(2n+€+j)K+(n,n+£)
=1
(10.76) = A4 (n)do(j)

suggests that the estimates (10.10) and (10.15) for K (n, n+j) should imply similar
estimates for F*(2n + j). This will be shown first.

As a warmup we prove a discrete Gronwall-type inequality.
Lemma 10.8. Suppose C1,Cy, f € (°(Z,[0,00)), C3 € 0} (Z,]0,00)), C1C5 < 1,
and

(10.77) F(n) < Ca(m)(Calm) + 3- Cs(0)F())-

Then we have

—  C1(j)C2(1)C5(4)
. n Ci(n)( Ca(n ; '
(10.78) f(n) < Ci( )( 2( HJZZ; ;zn(lCl(ﬁ)Cs(f)))

Proof. Using g(n) = Zjoin C3(5)f(j) one computes

(10.79) g9(n) —g(n +1) < C3(n)Ci(n)(Ca(n) + g(n))

and hence (solving for g(n))

(10.80) o(n) < i C1(H)Co()Cs)
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Solving the Gel’fand-Levitan-Marchenko equation (10.76) for F}(n) = |F T (2n+
I, 3 =1,2, and using the estimate (10.10) we obtain

Dy (n) (20+(n +1)+ i (|FT2n+ L+ 1)+ |FT(2n+ ¢ +2)|)
{=1

xCy(n+ [[g}] + 1))

F(n)

IN

IA

Dy (n) <2C+(n +1)+ f: IFt©2n+0+2)|Cy(n+k+1)
£=0

+23 [FF@n+ 0+ 1)[Crln+k)+ > [FF(2n++2)|Cy(n+k)
(=1 (=1

(10.81) < 2D, (n) (C’+(n IS C+(€)F(€)>,
l=n
where F(n) = Fi(n) + Fa(n). And hence by the lemma
|[FT(2n+ 1)+ |FT(2n +2)| < 2D4(n)Cy(n +1)

2D, (7)C+(5)
(10.82) (”Z .00

for n large enough. In summary we have
(10.83) [F+(2n+ )] < O(W)C(n+ [5] + 1),

where O(1) are terms of order zero as n — oo. Next we want to derive an estimate
for OFT(2 - +j), j = 1,2. Set Gj(n) = |[FT(2n+j) — Ft(2n+j+2)|, j = 1,2,
then

Gi(n) < |Ky1(n) — Ky 4(n+ 1)
+Y IFT@n+j+ 1)Ky j(n) — FF(2n+j+3)K  j(n+1)]

j=1

cn+1)+ > [FH@n+j+ 1)Ky ;(n) — Ky j(n+1)]
j=1

IN

Y IFT @+ +1) — FH2n+j + 3)|| Ky j(n +1)]
j=1
e(n+1)

ZO+ n+ [4] + 1)(Cy(n+ 1)Cy(n+ [Z]) + e(n + [2]))

Jj=1

I /\

1) i |[Ft(2n+j+1) - FT(2n+ 5+ 3)|Cs(n + [£] +2)

(10.84) <O ( )+ Z (G1(J) + G2(5))C+ (G + 1))
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where é(n) = ¢(n+ 1) + C(n)Cy(n + 1). Similarly, we obtain
(10.85) Ga(n) < ( )+ Z (G1(J) + G2(4))C (5 + 1))

Adding both equations gives an estimate for G(n) = G1(n) + Ga(n) and again by
the lemma

(10.86) G(n) < O(1)(&(n +Z )C4(+1)).

j=n

As a consequence we infer
(10.87) nG(n) < 0(1)( )+ Cy(n ch ) € (Y(N).
Similar results hold for F~. Let us summarize the conditions satisfied by
S+ (H).
Hypothesis H.10.9. The scattering data
(10.88) Se(H) = {Ry(k),[k] =15 kj,ye;, 1< j< N}

satisfy the following conditions.
(i). The consistency condition

R_(k T(k resy, T'(k)\ 2
T (e
Ry(k)  T(k) j

where T'(k) is defined using (10.55).

(ii). The reflection coefficients R (k) are continuous except possibly at k = £1
and fulfill

(10.90) Ri(k) = Ry(k), C?1 - K*?> <1—|Rs(k)]?

(10.89)

for some C' > 0. The Fourier coefficients F'* of Ry (kF!) satisfy
(10.91) > IFE(E) = FE(£5 £2)] < 0.

(iii). The values k; € (—1,0)U(0,1), 1 < j < N, are distinct and the norming
constants v+ j, 1 < j < N, are positive.

Finally, we collect some properties of the operator F, .

Theorem 10.10. Fizn € Z and consider F,I : {?(Ng) — (P(Np), p € [1,00)U{o0},
as above. Then F,7 is a compact operator with norm

o0
(10.92) 12l < D 1P (m)
m=2n
For p =2, FI is a self-adjoint trace class operator satisfying

(10.93) 1+FF>¢e, >0, lime,=1.
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The trace of F," is given by

o0 N 2
(10.94) tr(FH) = Z F*(2n+2j) + ; VT

Proof. The inequality for the norm of F," is a special case of Young’s inequality.
Moreover, cutting off F'™ after finitely many terms gives a sequences of finite rank
operators which converge to F," in norm; hence F," is compact.

Let f € ¢2(Np) and abbreviate f(k) = Z] o f(5)k7. Setting f(j) = 0for j <0

we obtain

ey 1 an 208 -
(10.95) > fNFIfG) =5= | Ry(R)E"|f(k |*+27+eke | (ke)|?

=0 2mi Jj)=

from the convolution formula. Since R (k) = R, (k) the integral over the imaginary
part vanishes and the real part can be replaced by

Re(R, (F)K*") = 3 ([L+ Ry (K" — 1~ R, (R*"]?)
(10.96) = % (|11 + Ry (k)K" > +|T(k)[?) — 1

(remember |T'(k)|? + |R+(k)k*|?2 = 1). This eventually yields the identity

MS

FOM+FDHf Z%éke |f (k) ?
0 =

(11 + Ry (k)R> [2 4 1T () | (R)

j
(10.97) — \2%,
47 |k|=1
which establishes 1+F,F > 0. In addition, by virtue of |1+ R4 (k)k*" |2+ |T'(k)|?> > 0
(a.e.), —1 is no eigenvalue and thus 1+ F, > ¢,, for some ¢,, > 0. That ¢, — 1
follows from ||| — 0.

To see that F; is trace class we use the splitting F; = Fif + S0, Fibt
according to (10.70). The operators .7}2‘ * are positive and trace class. The operator
Fif is given by multiplication with k**R. (k) in Fourier space and hence is trace
class since |R4 (k)| is integrable. O

A similar result holds for F,, .

10.4. Inverse scattering theory

In this section we want to invert the process of scattering theory. Clearly, if
St (H) (and thus F,[) is given, we can use the Gel'fand-Levitan-Marchenko equa-
tion (10.71) to reconstruct a(n),b(n) from F,

1 (o, (1 + F;F)~'do)

a(n)* = 4 (8o, (L + FF 1)~ 160)
10, (M4 FN T (G, (M + Fy) o)
098 b = 5 (G e o (T T
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In other words, the scattering data S, (H) uniquely determine a,b. Since F, is
trace class we can use Kramer’s rule to express the above scalar products. If we
delete the first row and first column in the matrix representation of 1+ 7, we obtain
1+ F,F, ;. If we delete the first row and second column in the matrix representation
of 1+ F,; we obtain an operator 1+ G;'. By Kramer’s rule we have

det(1+ F, ;)
do, (1 + F1)7150) = —— 2,

(90, (I+F)™"do) det(1+ FT)

_ det(1+G;1)

10.99 O, (1 4+ FH 1)) = ——2n2

( ) (61, (M + F7) ™ do) det(1+ 7

where the determinants have to be interpreted as Fredholm determinants.

These formulas can even be used for practical computations. Let FY, G be the
finite rank operators obtained from F,, G, respectively, by setting F'(2n + j) =
0 for j > N. Then we have 7Y — FFf GN — G+ in norm and hence also
(1+FY)~' - (1+F)~* as N — oco. Furthermore,

(60, (M + F;7)~100) = (80, (M + FV)~"b0)

- det(1+ F2. ;)
N—oo det(l1+ FN) "’
<51’(ﬂ+fviv)_150>

lim
N—oo

(01, M+ F,F)~160) =

lim
N—o0

det(1+ g%
(10.100) = NgnOOM,
where
FN _ (F+(2n+r+s), r+s§N)
n 0, r+s>N 09,57
Ft@2n+s+1)—0dps, r=0
(10.101)  GN = Ft@n+r+s+2), r>0r+s<N

0, r+s>N

0<r,s

For this procedure it is clearly interesting to know when given sets Sy are the
scattering data of some operator H. In the previous section we have seen that
Hypothesis 10.9 is necessary. In this section we will show that it is also sufficient
for S to be the scattering data of some Jacobi operator H. We prove a preliminary
lemma first.

Lemma 10.11. Suppose a given set Sy satisfies (H.10.9) (i) and (iii). Then
the sequences a4 (n), by (n) defined as in (10.98) satisfy n|2a,(n) — 1|,n|by(n)| €
Y(N). In addition, fi(k,n) = AL(n)™'Y >~ K.(n,m)k™, where Ki(n,m) =
Ay ()26, (1 + FF)75) and AL (n)? = (8o, (1 + FF)"100), satisfies 7o f =
ktk™?! f.

2

Proof. We abbreviate

(10.102) Cln) =D IF (n+j) = Fr(n+j+2), Ci(n) =3 C()

=0
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and observe C(n+ 1) < C(n) and

[FE )+ [FF(n+ 1)) < Y0 1FF (n+25) = FF(n + 2 +2)]
7=0

(10.103) +§:|F+(n+2j—|—1)—F+(n+2j+3)| = C(n).
=0
Moreover, let Ky ;(n) = (6, (1+F)"18) —do,; = Ay (n)> Ky (n,n+j) —do.-
Then
(10.104) Ky j(n)+FT2n+j)+ ik+,z(n)F+(2n +0435)=0
=0
or equivalently K, j(n) = (14 F;)~'F*(2n + j). Using

(10.105) YK e(n)] < N(n)Ci(2n),  N(n) = [[(1+F5) 7L,

we obtain

Ky j(n)] < C@n+j)+C@n+4) Y |Ki(n)
£=0
(10.106) < C@2n+ j)(1+ N(n)Cy(2n)).

Taking differences in (10.104) we see
Ky j(n) = Ky j(n+ 1| < [FT(2n+j) — FF(2n+j +2)|

+ 3 (IFF@nt i+ 0) = F* @0+ j+ £+ 2)||Ky o(n)]
£=0

(10.107) FIFH @+ j+ 0+ 2)||K 4 0(n) — Ky oln + 1)|)
Using
M+ FHNKy j(n) — K j(n+1))=F2n+j+2)— FH(2n+ )

(10.108)  +> (FT@n+j+0+2)—F @n+j+0))K (n+1)
=0
and hence

D Ky (n) — Ky j(n+1)] < N(n) Z(\F+2n+j+2) Fr(2n + )|
; =

+S P @nA £ +2) — FF 20t j+ 0| Ky o(n + 1)|)
(10.109) < O(gl_)OC(Qn)
we finally infer
Ky j(n) = Ky j(n+1)] < [FF2n+j) = F*(2n+ j +2)]
(10.110) +0(1)C(2n)C(2n + j).
Thus n|K j(n) — Ky j(n+1)| € £/(N) and the same is true for 4a (n)? —1, by (n).
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Next we turn to f4(k,n). Abbreviate

(AK)(n,m) = 4ay(n)>’K(n+1,m) + K(n —1,m) + 2b, (n) K (n,m)
(10.111) - K(n,m+1)— K(n,m—1),

then fi (k,n) satisfies 74 f = (cf. (10.8)). We have K, (n,n) =
1l and Ky(n,n+1) = — Zm ntl 2b+( ) by construction. Moreover, using the
Gel’fand-Levitan-Marchenko equation

(10.112) Ki(n,m)=—F*(n+m)— Z K (n,O)F*({+m)
l=n+1
one checks
(10.113) (AK ) (nm) == Y (AK)(n,OF T (L+m), m>n+1.
l=n+1

By Lemma 7.8 this equation has only the trivial solution AK; = 0 and hence the
proof is complete. O

A corresponding result holds for given data S_. Now we can prove the main
result of this section.

Theorem 10.12. Hypothesis (H.10.9) is necessary and sufficient for two sets Sy
to be the left/right scattering data of a unique Jacobi operator H associated with
sequences a,b satisfying (H.10.1).

Proof. Necessity has been established in the previous section. Moreover, by the
previous lemma we know existence of sequences a4, b, and corresponding solutions
f+(k,n) associated with S, respectively. Hence it remains to establish the relation
between these two parts. The key will be the equation T'(k) f+(k,n) = fi(k™,n)+
Ry (k)f+(k,n) and the consistency condition.

We start by defining

(10.114) P+,(n n)Et(2n +m+ j)
implying
(10.115) Z ¢4, (k™" = Ry (k) f1(k,n).

j=—00

Using the Gel'fand-Levitan-Marchenko equation we further infer

o0 N
rs(n) = Ay(hin(3) = s (o) + 32 Ko 3 k)

£=0

(10.116) =A+<n)6o<j>——ﬂ Zwm ke, )k

K,
As(n
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Next, computing the Fourier series we see

k) f+(k,n) Z¢+ i)k 4 Ay (kT = fy (k7 n)

(10.117) - ;%,eﬂ(kz,n)%

and hence

(10.118) T(k)h—(k,n) = fr.(k™"n) + Ry (k) f1(k,n),
where

(10.119) h_(k,n) =

(=1

. o0 X kpk
k) <A+(n) + D b (MK = D vy ef s (ke n) = kz)'
j=1

Similarly, one obtains

(10.120)  hy(k,n) = Tk(;)(A_(n) +Z¢ J Zv of—(kesm) ke_nk )
where
(10.121) d—;(n) = 1 l(n) K,ym(n)ﬁ‘*@n —m—j).

- m=0

In particular, we see that k¥"h,(k,n) are holomorphic inside the unit circle. In
addition, by virtue of the consistency condition (H.10.9)(i) we obtain

(10.122) (ke ) = (resy, T(k) g e f (ks )
and (use also |T(k)|> + |R+(k)|> = 1)
(10.123) T(k) 5 () = (k1 m) + R (ks (5, ).

Eliminating (e.g.) R_(k) from the last equation and T'(k)h, (k,n) = f_(k=',n) +
R_(k)f-(k,n) we see

f—(Ev n)h’— (k‘,’fl) - f- (k’n)h—(E7 ’I’L) =
(10.124) T(k)(h_(k,n)m_(k,n) ff_(k:,n)f+(k:,n)) = G(k,n), |k|=1.

Equation (10.122) shows that all poles of G(k,n) = 3_,, G; k7 inside the unit circle

are removable and hence G; = 0, j < 0. Moreover, by G(k,n) = —G(k,n) we see
G_; = —G; and thus G(k,n) = 0. If we compute 0 = limy_o h_(k,n)hy(k,n) —
f=(k,n)f+(k,n) we infer A_(n)Ay(n) =T(0) and thus a_(n) = a;(n) = a(n).

Our next aim is to show hy(k,n) = fi(k,n). To do this we consider the
function

J _ k ’I'L) — f+(k7n>
(10.125) JZE;H k (k IR R(EDE k| <1,

which is meromorphic inside the unit disk with Hy = 1. However, if we choose
—n large enough, then k" f_(k,n) cannot vanish and hence H(k,n) is holomorphic
inside the unit disc implying H; = 0, j < 0. And since H(k,n) = H(k,n), |k| =1,
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we even have H; = 0, j > 0, that is, H(k,n) = 1. Similarly, considering H (k,n)~!,
we see H(k,n) =1 for +n large enough.

Thus we know hi(k,n) = fi(k,n), |[k|] < 1, at least for |n| large enough. In
particular, hy(k,n) € ¢3.(Z), |k| < 1, and hence hy(k,n), f—(k,n) and f,(k,n),
h_(k,n) can be used to compute the Weyl m-functions of H_ and H, respectively.
Since the Weyl m-functions of H_ and H, are equal for some n, we conclude
H_=H;=H (ie, b_(n) =by(n) =b(n)).

Up to this point we have constructed an operator H which has the correct
reflection coefficients and the correct eigenvalues. To finish the proof we need to
show that our operator also has the correct norming constants. This follows from
(cf. (10.34))

(10.126) > f-(ke,n) fo (ke,n) = ko(vesy, T (k)™

neZ
and (10.122). O






Chapter 11

Spectral deformations —
Commutation methods

11.1. Commuting first order difference expressions

The idea of this section is to factor a given Jacobi operator into the product of
two simpler operators, that is, two operators associated with first order difference
expressions. Since it is not clear how to do this, we will first investigate the other
direction, that is, we take a first order difference expression and multiply it with
its adjoint. The main reason why we take the adjoint as second operator is, since
this choice ensures self-adjointness of the resulting product (i.e., we get a Jacobi
operator). In addition, changing the order of multiplication produces a second
operator whose spectral properties are closely related to those of the first. In fact,
we have the well-known result by von Neumann (see, e.g., [241], Theorem 5.39 and
[54], Theorem 1).

Theorem 11.1. Suppose A is a bounded operator with adjoint A*. Then A A* and
A*A are non-negative self-adjoint operators which are unitarily equivalent when

restricted to the orthogonal complements of their corresponding null-spaces. More-
over, the resolvents of A A* and A*A for z € C\(c(A*A) U{0}) are related by

(AA* — 2t = 1(1 —A(ATA - z)’lA*),

z

(11.1) (A*A —2)7! = l(l—A*(AA*—z)*lA).

z

Let po, pe be two real-valued sequences fulfilling

(11.2) Pos Pe € L7°(Z), —po(n), pe(n) > 0.

187
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The second requirement is for convenience only (it will imply a;(n) < 0 below).
Now consider the (bounded) operators

A 2Z) — ©2)
f(n) = po(n)f(n+1)+ pe(n)f(n),
A R(Z) — 22
(11.3) f(n) = po(n—1)f(n—1)+ pe(n)f(n),

where A* is the adjoint operator of A. Using them we can construct two non-
negative operators H; = A*A and Hy = AA*. A direct calculation shows

(11.4)  H;f(n) =7;f(n) = a;(n)f(n+1) +a;(n—1)f(n—1) +b;(n)f(n),

with

as A= ean) )= gl 10 ()
. az(n) = po(n)pe(n +1) ba(n) = /)0(77)2 =+ Pe (n)2

Due to (11.2) we have a;,b; € £*°(Z) and a;(n) <0, b;(n) > 0. Next, observe that
the quantities

_ 7/7&(”) n) — — Po(n)
(116) d’l(n) - p0<n)a ¢2( ) pe(n+ 1)
satisfy

() 4 B
(11.7) a;j(n)o;(n) + bi(n—1) bj(n).

Hence our approach gives us positive solutions

(11.8) Tju; =0, uj(n) = ﬁ* ¢j(m) >0

m=ngo

for free. Moreover, it shows that a given operator H; can only be factorized in this
manner if a positive solution u; of mpu; = 0 exists. On the other hand, since we
have

poli) = =~ 543 = V(.

(11.9) peln) = Ve = [~ 2=,

a positive solution is the only necessary ingredient for such a factorization. Together
with Section 2.3, where we have seen that positive solutions exist if H; > 0 (see
also Remark 2.10) we obtain

Corollary 11.2. Suppose a(n) < 0. Then a Jacobi operator is non-negative, H >
0, if and only if there exists a positive solution of the corresponding Jacobi equation.
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11.2. The single commutation method

In this section we invert the process of the last section. This will result in a method
for inserting eigenvalues below the spectrum of a given Jacobi operator H. It is
usually referred to as single commutation method and a detailed study is the
topic of this and the next section.

To assure existence of the aforementioned necessary positive solutions, we will
need a < 0 throughout Sections 11.2 and 11.3.

Hypothesis H.11.3. Suppose a,b € £*°(Z,R) and a(n) < 0.

Let H be a given Jacobi operator. We pick o7 € [—1,1] and A\; < inf o(H). Fur-
thermore, recall the minimal positive solutions u4 (A1, n) constructed in Section 2.3
and set

_1+0’1

1—
(11.10) oy (A1) = ——ug (Arn) + o

u_ (A, n).

By the analysis of Section 2.3 (cf. (2.68)), any positive solution can be written in
this form up to normalization.
Motivated by (11.9) we consider the sequences

_ a(n)ugy, (A\1,n) _ a(n)uy, (A\1,n+1)
(11.11)  poo, (n) = —\/—W, Pe,oy (M) = \/_

ual (>\1? n)

which are bounded because of
a(n)ug, (n+1)

Ug, (1)

a(n — Dug, (n —1)

Ug, (1)

(11.12) |

[+ | = [\ = b(n)].

Thus we can define a corresponding operator A,, on ¢?(Z) together with its adjoint
A*

o1

Ag f(n) = poo, (n)f(n+1) + pe,o, (n)f(n),
(1113) Azlf(”) = Po,o1 (’I’L - l)f(n - 1) + Pe,o1 (n)f(n)

For simplicity of notation we will not distinguish between the operator A,, and its
difference expression.

By Theorem 11.1, A7 A, is a positive self-adjoint operator. A quick calcula-
tion shows

(11.14) H=A% Ay + A

Commuting A} and A, yields a second positive self-adjoint operator A,, A} and
further the commuted operator

(11.15) Hy, = Aqs A, + A1
The next theorem characterizes Hy, .

Theorem 11.4. Assume (H.11.3) and let \y < info(H), o1 € [-1,1]. Then the
self-adjoint operator H,, is associated with

(11.16) (76, F)(n) = ag, (n) f(n+1) + ag,(n = 1) f(n = 1) + bs, (n) f(n),
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where
0o, (n) = — \/a(n)a(n + Dy, (A1, n)ug, (A1,n +2)
& uo'l ()\lvn + ].) ’
_ —aln Uy ()\1,77,) Ugy ()‘17n + 1)
ba‘l(n) = )\1 ( )(’U’O'l()\l;n‘i' 1) uol()\lan) )
(11.17) = b(n) + g+ An)te, (A1, n)

Ugy (A1, m+ 1)

satisfy (H.11.3). The equation 75, v = A\jv has the positive solution
1

\/fa(n)u(,1 (A, n)ug, (A1,n+ 1) ’

which is an eigenfunction of H,, if and only if o1 € (—1,1). H— Xy and H,, — \1
restricted to the orthogonal complements of their corresponding one-dimensional
null-spaces are unitarily equivalent and hence

(11.18) Vo, (A1,m) =

(11.19)
o(H,) = { J(HU)(LIJ{{)C,)\IL Zi E % :11)} Oac(Hy,) = 0ac(H),
UPP(Hal) = { Upp(o—l;;)(%;i?)\l}’ Zi E g 11:11)} Usc(H<71) = Usc(H)'

In addition, the operator

n g1 A I
(11.20) Ay, f(n) = Wi (to, (M), f)
V=a(n)ug, (A1, n)ug, (A,n+1)

acts as transformation operator

(11.21) Toy Ao f = Ay TF.
Moreover, one obtains
(11.22) W (Aoyt(2), Anyt(2)) = (= — M)W (u(2), v(2)

for solutions u(z), v(z) of Tu = zu, where Wy, n(u,v) = ax, (n)(u(n)v(n +1) —
u(n + Dv(n)). The resolvent of H,, for z € C\(o(H)U{A1}) is given by

(1 An -2,

or, in terms of Green’s functions for n > m, z € C\(c(H) U {\1}),

(11.23) (Hy, —2)"' =

Aﬂlu— (z,m)A{,lu_,_(z,n)

(z = A)W(u—(2),us(2))

Hence, uy, +(z,n) = £ A5, us(z,n) satisfy uy, +(z,n) € L+ (Z) and are the minimal
solutions of (Hy, — z)u =0 for z < Ay. In addition, we have

1125) 3w, (yn)? = 1_40%W(u_()\1),u+()\1))1, o€ (=1,1),
nez

and, if Tu(X) = Mu(N), u(N,.) € £2(Z),
(11.26) > (A u(An)® = (A=) Y u(rn)

nez neEZ

(11.24) Gy, (z,n,m) =
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Proof. The unitary equivalence together with equation (11.23) follow from Theo-
rem 11.1. Equations (11.20) — (11.22) are straightforward calculations. Equation
(11.24) follows from the obvious fact that A, ,u4(z,n) € ¢4 (Z) and (11.22). More-
over,

1Fo0q

(11.27) Agur(A,n) =F W(u— (A1), ur(A1))ve, (A1, n)

shows that v,, (A1,n) is in £2(Z) if and only if o1 € (—1,1). In addition, we infer
+A,,usr(A,n) > 0 since W(u_(A1),us(A1)) < 0 (by G(A1,n,n) < 0) and hence
a simple continuity argument implies +A, us(z,n) > 0 for z < ;. Next, if o1 €
(—1,1), we can use (11.27) to compute the residue of (11.24) at z = A\; and compare
this with (2.34) to obtain (11.25). To see (11.26) use (Aq, u, Ay u) = (u, A5 Ay u).
The rest is simple. O

Remark 11.5. (i). Multiplying u,, with a positive constant leaves all formulas
and, in particular, H,, invariant.

(ii). We can also insert eigenvalues into the highest spectral gap, that is, above the
spectrum of H, upon considering —H. Then A > sup(c(H)) implies that we don’t
have positive but rather alternating solutions and all our previous calculations carry
over with minor changes.

(iii). We can weaken (H.11.3) by requiring a(n) # 0 instead of a(n) < 0. Everything
stays the same with the only difference that u4 are not positive but change sign
in such a way that (2.52) stays positive. Moreover, the signs of a,, (n) can also be
prescribed arbitrarily by altering the signs of p, », and pc o,.

(iv). The fact that v,, € ¢3(Z) if and only if o7 € (—1,1) gives an alternate proof
for

+oo 1 _

11.28 < it and onlv if . [
( ) 7;0 _a(n)ual ()\1,n)u01 ()\1’" + 1) OO 1T and only 1I o1 (_
(cf. Lemma 2.9 (iv)).

(v). In the case 07 = %1 the second minimal solution for z = Ay is given by (cf.
(1.51))

1,1)
1,1]

)

n+1

n

(11.29) Uoy, 7 (A1,1) = Vo, (1) Z Ugy (A1,1), o1 ==£1.

j=to0
(vi). The formula (11.22) can be generalized to
Wo, (Ao, u(2), Agyv(2))
(z—2)v(Z,n+1)
u(A,m+ 1)

= (z = AW (u(2),v(2)) + Wi (u(A1), u(2))

a(n)a(n + 1)

11. =— " su(2),v(2)),
(11.30) O e Cnlu(A) u(2), ()
where C),(...) denotes the N-dimensional Casoratian
(11.31) Cplu,...,uy) = det (ui(n+j — 1))1%,@.

In the remainder of this section we will show some connections between the
single commutation method and some other theories. We start with the Weyl m-
functions.
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Lemma 11.6. Assume (H.11.3). The Weyl m-functions mq, +(2) of Hy,, 01 €
[—1,1] in terms of m(z), the ones of H, read
a(l)ucfl (>‘13 2) 1F %mi(z) ? Uoy (>‘13 0)

Proof. The above formulas follows after a straightforward calculation using (11.24)
and (2.2). O

(11.32) 1ty +(2) =

From Lemma 8.1 (iii) we obtain the useful corollary
Corollary 11.7. The operator H,, is reflectionless if and only if H is.

Moreover, we even have the following result.

Lemma 11.8. The operators H® — A1 and (H, )ﬁ”1 — A1 (resp. HP — X\ and
(Hy, )2 —)\1) are unitarily equivalent when restricted to the orthogonal complements
of their corresponding one-dimensional null-spaces, where

Ugy (/\17 1) 6 - Voq (/\17 1)

ugl ()\170)’ L Ual (/\1,0)

Proof. We recall Remark 1.11 and we set Ay = 0 without loss of generality.
Choose AU1 = P, Ay, P+ pe,0, (N)(0n41, -)0pn, then one computes A AU1 =P,HP,
and A, A* = Pﬁ”1 Hgle”ll Similarly, choosing A(,1 = PyAs, Py + pe,oy (0
1){0n, .>5n,17 one obtains AUIAU1 = PSHP? and flglfl(’;l = P,H,, P,. O

(11.33) B=—

Finally, we turn to scattering theory and assume (H.10.1) (cf. Remark 11.5).
We denote the set of eigenvalues by o,(H) = {\;};cs, where J C N is a finite index
set, and use the notation introduced in Chapter 10.
Lemma 11.9. Suppose H satisfies (H.10.1) and let Hy, be constructed as in The-
orem 11.4 with
1+o l-0
1f+(l<?1, n) + = f-(ky,m).

Then the transmission Ty, (k) and reflection coefficients Ry -, (k) of Hy, in terms
of the corresponding scattering data T'(k), R+ (k) of H are given by

(11.34) oy (A1, n) =

1—kk1 +1 k kl
T, (k) = T(k), (k) =k —1,1),
()= 2B, R 09 = R W), e -1

kY —k”Fl
(1135) 710-1 (k) = T(k), R:t,01 (k) = WR:‘:(]C), o1 € {71, 1},

where k1 = A\ + \/)\2 1 € (—1,0). Moreover, the norming constants V,01,5
associated with \; € app(Hgl) mn terms of v+,j, corresponding to H, read

1—kik .
V01,5 = |k |ilﬁ’7ijﬂ ]EJ, 0'16(_].,1),
]

+1
1—0’1
o1l = 1— kP2 T(ky), € (—1,1),
T (1+al) =PI TR, o€ (-1,)

(11.36) Vo = |k =k ey, jeJ o e{-11}.

Proof. The claims follow easily after observing that up to normalization the Jost
solutions of H,, are given by A,, f+(k,n) (compare (11.24)). O
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11.3. Iteration of the single commutation method

From the previous section it is clear that the single commutation method can be
iterated. In fact, choosing A2 < A; and o9 € [—1, 1] we can define

140 1-—
(11.37) A 2ty o, (A2, 1) +

g
2u 5y (A2, )

and corresponding sequences po oy .0y, Pe,oq,00- As before, the associated operators

Aoy 00y Ay, o, satisfy

(11.38) Hoy = A5, 5,401 .00 — A2
and a further commutation then yields the operator
(11.39) Hy\ oy = Aoy oy AL 0y — Do

Clearly, if one works out the expression for as, », and by, », (by simply plugging
in) we get rather clumsy formulas. Moreover, these formulas will get even worse in
each step. The purpose of this section is to show that the resulting quantities after
N steps can be expressed in terms of determinants.

Theorem 11.10. Assume (H.11.83). Let H be as in Section 11.2 and choose
(11.40) )\N<-'-<)\2<)\1<ian(H), 056[—1,1], 1</<NeN

Then we have

oo ) = —atmyal g W) YOz O]

n+1(Uo1,.»-,0N)
Cn+2(U01,...,o—N4)Cn(Uol,..‘,aN)
Crs1WUsy...on1)Cn+1Usy,....on)
Co(Usy,...on1)Cn+1(Usy,....on)
Crit1(Us,ccoon—1)Cn(Uo..coon )
Dy (Uy,
Cn-i-l(UUl,m,aN)

bol,..‘,aN(n) - >\N - a(n)

—an+ N —-1)

= b(n) + 9% a(n)

Dypi1(Ug,..on)
(11.41) (n+ N) = aln+ N) =5
where (Ug, ,....on) = (u.:lrlv""u{‘VN) and
1 1—
(1142) b () = = ) + ()T (),

2
Here Cy(...) denotes the Casoratian (11.31) and

ui(n), j= 1>
Dn u a"'?u = det j b ’
(uq N) <ui(n+])7 3>V ) cijen

2

~ w;(n+j—1), j<N)
11.43 Dy (uy,...,uy) = det . .
( ) (uy N) < wn+N), j=N) .y

The corresponding Jacobi operator Hy, . - is self-adjoint with spectrum

(11.44) 0(Hg,...on) =0 (H)U{\ | 00 € (=1,1), 1 <L < N}.
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In addition, we have

Po,o1,....0n (n) =

— _a(n) 07L+2(U0'1,...,<7N,1)On(UJI’MJN)
Cn+1(U0'1,‘..,0'N,1 )Cn+1(U01w"UN) I

Cn(Ual U'N—I)Cn“rl(UUl UN)
11.45 —a(n+ N —1 o . .
( ) \/ ( )Cn+1(Um,n-,owfl)Cn(U01,~~-,0N)

and
(L v=al 1)l on-

\/Cn(Um,...,aN)Cn+1(UU1,m,UN)

The principal solutions of T, ... o, =M for 1 <€ < N, X < X are given by

(1146) Aol,...,O'N T AUlf(n) =

(11.47) Ugy....opt (M) = (D) A0, oy Agyusr (N, n)
and
1+ 0y 1—o0y
(1148) Uoy,....00 (Abn) = 9 uUl,m,Uz{—l,Jr()‘f?n) + Tuffl,m,o’e—l,*()‘bn)

is used to define Hy, .. o,

To prove this theorem we need a special case of Sylvester’s determinant identity
(cf. [91], Sect. I1.3, [128]).

Lemma 11.11. Let M be an arbitrary n X n matriz (n > 2). Denote by M) the
matriz with the i-th column and the j-th row deleted and by M“7H™) the matriz
with the i-th and l-th column and the j-th and m-th row deleted. Then we have

detM("’") detM(n_l’n_l) _ detM(n_l’n) detM(n’n_l)
(11.49) = det M n=1n=D) get M.

Proof. Obviously we can assume M to be nonsingular. First observe that inter-
changing the i-th row and the j-th row for 1 < 4,5 < n — 2 leaves the formula
invariant. Furthermore, adding an arbitrary multiple of the j-th row to the i-th
row with 1 < j <n -2 1 <17 < n, also leaves the formula unchanged. Thus we
may assume M to be of the form

M11 Mlg Mln

M22 .
(11.50) . : ,

Mn—l,n—l Mn—l,n
Mn,nfl Mn,n
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if M n=bn=1) g nonsingular, and of the form

0 My ... ... My,
11.51 . ,
( ) 0 Mn—2,2 .
Mn—l,l Mn—l,n
Mp: oo i ei M

if M =br=1) g singular. But for such matrices the claim can be verified directly.
O
Proof. (of Theorem 11.10) It is enough to prove (11.41) and (11.46), the remaining

assertions then follow from these two equations. We will use a proof by induction
on N. All formulas are valid for N = 1 and we have

(11 52) \/uol,...,o'N()\Nan)ual,...,a'N()\Nan+2)
. ual,...,oN(AN7n+1)

)

where fo,, .0, = Aoy,....on Aoy f. Equation (11.46) follows after a straightfor-
ward calculation using (by Lemma 11.11)

Cn<Uo—1,...,0N7f)CnJrl(Ual,...,UNJrl) - Cn+1(U01,...,0N7f)Cn(Ual,...,oN+1)
(1153) == n+1(U0'1 ,,,,, O'N)C’n(Ua'l ..... G‘N+17f)'

The formula for a,, ... o, is then a simple calculation.

The first formula for b,, . ., follows after solving the corresponding Jacobi
equation (7o, ... .oy —AN)foy1,....0n = 0 for it. The remaining two follow upon letting
A — —oo in (11.47) and comparing with (6.27). The rest is straightforward. d

For the sake of completeness we also extend Lemma 11.9. For brevity we assume
oy € (*1, 1).
Lemma 11.12. Suppose H satisfies (H.10.1) and let Hy, . oy, 0¢ € (—1,1,),
1 < ¢ < N, be constructed as in Theorem 11.10 with

_l-l-(fg
2

1-o0
Fe(keon) + (=) == f (ke ).
Then the transmission Ty, .. oy (k) and reflection coefficients Ry, .. oy, (k) of the
operator Hy, . 55 in terms of the corresponding scattering data T(k), Ry (k) of H
are given by

(11.54) ul (n)

O

No1—kk
Toon (F) = (H P— ‘) T(k),
/=1 14

(11.55) Boy...o (k) = £V (ﬁ ’“'”) Ra(k),
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where ke = M\ + /A2 —1 € (—1,0), 1 < ¢ < N. Moreover, the norming constants
Vo1, 0w Gssociated with Nj € opp(Hyy .. on) i terms of v4 ; corresponding to
H read

lfo'j H |1 k ké‘ N
V01 onsd = (ng) |kj| 2RV mT(kj)v I<j<N,

— kjke

(11'56) Y+,01,....0n,F — |k |iN H I =N jed.
i=1 |kj — kel
Proof. Observe that
l1+o
u01,02(/\27n) = 2A<T1f+(k2a ) o1 —(k27n)
1+0
(11.57) = (=52 fron (k) + o2 (h2,m) ).

where ¢ > 0 and o3, 69 are related via

1+62 1140y
1—6’2_]4:21—0'1.

(11.58)

The claims now follow from Lemma 11.9 after extending this result by induction.
O

11.4. Application of the single commutation method

In this section we want to apply the single commutation method to Jacobi operators
associated with quasi-periodic sequences (a,b) as in Section 9.2 (cf. (9.48)). We
choose p; = (A, UlRégiQ (A1) and ¢(n) = ¢(p1,n). To ensure ¢(n) > 0 we require
m(p1) < Ey, o1 € {£1}. Using the representations of a,b,¢ in terms of theta
functions

)

. \/ O(z(n + 1))f(z(n — 1))
e@m»?

zg: ( (w + 2( )‘
= [“)wj 0w+ z(n— 1 =0
B(zo(n— 1)) B(z(p1,n + 1 ([
11.59 n) = Too
O ENCE S A E TR T
(where all roots are chosen with positive 51gn) yields
a(n)
pO»Ul (n) - n
0(z(n —|— 1 0(z(p1,n)) /pl Too 00—
= exp | — —= ),
\/ 9(z 0(z(p1,n+1)) p 2 )
pec (n) = v/=a(n)g(n)

_ [50z0(n — 1)) O(z(py,n+1) PL Tooy 00
(11.60) - \/ 0(zo(m)  O(prm) T (/p )
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Next we calculate

_ _Pooi(n)
R ey
_ [ _0(z(p1,n) 0(z(n+1)) L
(11.61) ~\ ot 2) s ( /po o0 )
This suggests to define
(11.62) Zg, (Pi1) = Apo (P) — 4y, (Dﬂal) + 2nApo (004) — Epo’

associated with a new Dirichlet divisor D;  given by
b,

(11.63) a, (Dp ) = a,, (D) — Ay (1) — A, (004).

Loy

Lemma 11.8 says that we have p; = 5\§+1(0) and
(11.64) fio, (0) = N)(0), 1<j<y,

where 8 = ¢(0). This can also be obtained directly by comparing (11.63) and
(9.11).
Upon using

(11'65) §<p17n) :gal(OOJran_ 1)) §<Oo+7n) zgal(p’{,n),
we obtain (again all roots are chosen with positive sign)
o [ 1), (= 1))

0(z5,(n))? ’

o O(w + 2,,(n))
In (9(@ —&—eral (n — 1)))@:0’

0(z,,(n = 1)) b(z,, (P, n + 1)) P
(11.66) oo, (n) = 0(z,, (n+ 1)) 0z, (p],n)) exp(/p0 Too+,oo,).

Remark 11.13. If we choose m(p1) > FEag49 instead of 7(p1) < E; the operator
H,, is well-defined but the sequences p,. ¢, , pe,s, become purely imaginary.

Now let us choose m(p1) € [Ea;_1, E2;]. Then neither p, o, pe,s, n0r Hy, are
well-defined. But if we ignore this and make (formally) a second commutation at
a point py = ()\Q,O'QRééj_z()\g)) with 7(p2) € [Ea;_1, E9j], we get an operator Ho
associated with a Dirichlet divisor Dy given by

—01,92

QPO(Dﬂ ) = on(Dﬂ ) _Apo(pl) _A:DO(OOJF)

—91,92 -1

(11.67) = a, (Da) — A, (p1) — A, (p2) — 24, (004).

Since 2[iIm(A, (p1))] € J(M), Hy is a well-defined operator. Moreover, choosing
p1 = fi; in the first step implies that the Dirichlet eigenvalue fi; is formally replaced
by one at co_. The second step corrects this by moving the Dirichlet eigenvalue

/iQ(u))) and the factor 24, (coy) shifts the sequences

to the point p} = (u,oRég
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by one. We will undo the shift and denote the corresponding sequences by a(,,q),
b(u,0)- From Theorem 11.10 we know that they are equivalently given by

a(u,o)(nJrl —v/a n+2)

\/ waj 15): Vo (1) Cnra (Y, (115): ¥—o (1))
n+1(1/)aj (15), V-0 (1))? ’
%J (pj,n)Y—o(p,m + 1)
Con(to, (1), -0 (1))
where the n + 1 on the left-hand-side takes the aforementioned shift of reference
point into account. Thus, applying this procedure g times we can replace all Dirich-

let eigenvalues (u;,0,) by (fij,6;) proving that the sequences associated with fi;,
1 < j <g, are given by

(11.68) b(y,0)(n+1) = b(n) —

A(fi1,61),.. 7(ug,(rg) \/a ’n—|—g)

\/O"_g(\Ij(ﬂl75'1)7---a(/1g7&g))0"_9+2(\Ij(ﬂh&l)v---a(ﬂgv&g))
Cn—g+1(¥(1,61),....(9,55))

X

)

D"_9+1(\I](ﬁh&l)vmv(ﬁgv&g))
Cn_g+1(ql(ﬂlr&l)""a(ﬁg’&g)) 7

D(fi1,61), (g ,59) (M) = b(n) — 0" a(n)
(11.69)

where (q](ﬂl,&l) ----- (ﬂg,&g)) = (wtn (M1>7 ’(/}751 (/]’1)7 ce- 7’(!]051 (:ug)7 ¢f&g (lag)) We will
generalize this method to arbitrary operators in Section 11.8.

11.5. A formal second commutation

Our next aim is to remove the condition that H is bounded from below. To do this
we apply the single commutation method twice which will produce a method for
inserting eigenvalues into arbitrary spectral gaps of a given Jacobi operator (not
only into the lowest). This method is hence called the double commutation method.

Let H be a given operator (a < 0 for the moment) and let uy (A1,.), Ay < o(H),
be a positive solution. Define

Af(n) = po(n)f(n+ 1)+ pe(n)f(n),
(11.70) A" f(n) = po(n —1)f(n—1) + pe(n)f(n),

where

(1171)  poln) =

a(n)ugx (A1, n) _ | amug(M,n+1)
Cur(A,n+1)° pe(n) = \/ ux(A1,m) '

Then we have H = A*A + \1 and we can define a second operator
(11.72) H = AA* + ).
Fix v+ > 0. Then by (11.18) and (11.29)

Cys ()‘17 n)

(11.73) vl n) = V—am)ur (A, n)ur(A,n+ 1)
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solves Hv = A\jv, where

(11.74) ey (A,m) = — - Z +(A\1,7)

Now define

Cyy (/\17 n)

pona(m) = peln+ I o Ty
Y+ ’

Cys (A1, 1)
and introduce corresponding operators A, , AZ  on (*(Z) by
(Ar . 1)) = porys(n)f(n+1) + peyy (n)f(n),
(11.76) (A2, F)(R) = porys (1= 1)F(n = 1) + pery. (0)f():
A simple calculation shows that A%, A, = A, A7 and hence
(11.77) H, =A% A, + A
Performing a second commutation yields the doubly commuted operator
(11.78) H,, =A, A, +\.
Explicitly, one verifies
ALT9)  (Hoy £)() = ayy () F(n+ 1) +ars (0 — 1) f(n — 1) = by, () f(n),
with

(11.75) Peys (1) = po(n)

Ve (A n)ey, (A, +2)
CWi(A17n+1)
a(n)ug (A, n)ur(A,n+1)
C’Y:(:()‘lvn)

ay, (n) = a(n+1)

)

bra(n) = b(n+1) F (

(11.80) a(n+ ug (M, n + 1)Ui(>\1,n+2)>
. C’Y:t(>\17n+ 1) ’
Note that
1
(11.81) ey (A1) = ugp (A, +1)

\/C’Y:t (A1, n)C’H: (A1,n+1)

is a solution of H., u = A\ju fulfilling u., (A1) € £?(£00,n0) and because of

1
11.82 AMn)P=vL+ lim ————,
e 2 TGl = B )

we have u., (A1) € ¢*(Z). Furthermore, if u is a solution of Hu = zu (for arbitrary
z € C), then
1
Uy, (2,n) = E— AA,, u(z,n)
Cve (M, n)u(z,n+1) Z_l/\l ut(z,n+ D)Wy (ux(A1),u(z))
\/CVi (A1, n)c’Yi (A,n+1)

(11.83) =
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is a solution of H, u = zu.

Now observe that H,, remains well-defined even if u4 is no longer positive.
This applies, in particular, in the case where ui (A1) has zeros and hence all in-
termediate operators A, , A, i,ﬁ , etc., become ill-defined. Thus, to define H,,,
it suffices to assume the existence of a solution us (A1) which is square summable
near +oo. This condition is much less restrictive than the existence of a positive
solution (e.g., the existence of a spectral gap for H around \; is sufficient in this
context).

One expects that formulas analogous to (11.19) will carry over to this more gen-
eral setup. That this is actually the case will be shown in Theorem 11.16. Hence
the double commutation method (contrary to the single commutation method) en-
ables one to insert eigenvalues not only below the spectrum of H but into arbitrary
spectral gaps of H.

11.6. The double commutation method

In this section we provide a complete characterization of the double commutation
method for Jacobi operators. Since Theorem 11.1 only applies when A\ < o(H),
we need a different approach. We start with a linear transformation which turns
out to be unitary when restricted to proper subspaces of £2(Z). We use this trans-
formation to construct an operator H,, from a given background operator H. This
operator H,, will be the doubly commuted operator of H as discussed in the pre-
vious section. The following abbreviation will simplify our notation considerably

(11.84) (f,g)m = Z F)9G).

Let u € (2(Z) be a given real-valued sequence. Choose a constant v €
[—]|ul[ 72, 00) or ¥ = oo and define

(11.85) cy(n) = % +{u,u)” o, Y#0

(setting oo™ = 0). Consider the following linear transformation
U,: 32(2) — 2)

(11.86) fn) - Con(f)n (n) —uy(n){u, )"’

(Up = 1), where
¢y(n = 1)cy(n)

(up = 0). We note that U, can be defined on ¢2 (Z) and U,u = v 'u,, v # 0.
Furthermore,

(11.87) Uy (n) =

3

(11.88) uy(n)? = 0 ——,
and hence

(11.89) Jlus |1 =
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implying u, € (*(Z) if —|lul|™2 < v < 0. If v = —|jul| 72, v = oo we only have
uy € (2(Z), uy € (3(Z), respectively. In addition, we remark that for f, = U, f
we have

_ plmhne
uy(n)fy(n) = =0 o (n) ,
(11.90) |y (n)|? = |f(n))? Lol el

¢y(n)
Summing over n and taking limits (if v = oo use Cauchy-Schwarz) shows
C,Y(n)71<u,f>7_7‘oo, v E R
— Coo(n) T u, f)75 1, 7 = 00

n N (T D
11.91 = - ——.
( 9 ) <f"/af’y>—oo <f7f>—<x> cv(n)
Clearly, the last equation implies U, : ¢*(Z) — ¢*(Z). In addition, we remark that
this also shows U, : (2 (Z) — (2 (Z).

Denote by P, P, the orthogonal projections onto the one-dimensional subspaces
of (*(Z) spanned by u, u, (set P, P, =0 if u,u, & (*(Z)), respectively. Define

U7l 2(Z) — ((Z)

7

flwll?

(Uys fry) oo = { (u,f)

cy(n—1 n
(11.92) g(n) ci(n))g("H“(”)@wg)fw v€R
Coci:z;)l)g(n) - u(n)<uoo,g>z°+l7 vy =00
and note
— n R
11.93 e L(n) = 7=y 7 E
( ) K ( ) { ||UH 2+<u007uoo>n+17 ¥ =00

As before one can show U : (11— Py)¢*(Z) — (*(Z) and one verifies

U Ut =1, U0, =1, v €R,
(11.94)

U Ul =1, U Uy =1 P, v = 0.
If P =0, e (—|ull~2 00), then U,U " = T should be understood on (11— P, )¢*(Z)
since U uy, & 12(Z) by

1 YU, veR

(11.95) Us tuy = { =20, 4 = o0
Summarizing,
Lemma 11.14. The operator U., is unitary from (1— P)¢*(Z) onto (1— P,)¢*(Z)
with inverse U;l. If P, P, # 0, then U, can be extended to a unitary transformation
U, on (*(Z) by
(11.96) U, =U,(1— P)+ /1 +~[[ul2U,P.

Proof. The first identity in (11.91) shows that U, maps (1 — P)¢*(Z) onto (1 —
P,)¢*(Z). Unitarity follows from (11.91) and

(11.97) i [ %ol

n—oo <u’ uyioo

=0
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for any f € (?(Z) if u € ¢£*(Z). In fact, suppose || f|| = 1, pick m and n > m so large
that (f, /)¢ < /2 and (u,w)" ' /{u,u)" ., < /2. Splitting up the sum in the
numerator and applying Cauchy’s inequality then shows that the limit of (11.97) is
smaller than e. The rest follows from (11.89). O

We remark that (11.91) plus the polarization identity implies
(11.98) o) = () oo — (fru) oo, 9)" o

cy(n)
where f, = U, f, gy = Uyg.
Next, we take a Jacobi operator associated with bounded sequences a,b as
usual. We assume (A1,71) to be of the following kind.

)

Hypothesis H.11.15. Suppose (), ) satisfies the following conditions.
(). u—(\, n) exists.
(ii). v € [=llu—(M)]7?, 00) U {oo}.

Note that by Lemma 2.2 a sufficient condition for u_(A1,n) to exist is A €
R\0ess(H-).

We now use Lemma 11.14 with w(n) = u_(A1,n), v = 71, ¢y, (A1, n) = ¢y (n) to
prove

Theorem 11.16. Suppose (H.11.15) and let H,, be the operator associated with

(11.99) (T F)(n) = aq, () f(n 4 1) + a5, (n = 1) f(n = 1) + by, (n) f(n),
where
a- (n) = aln \/6710‘17”_1)071()‘17”"’_1)
1 (n) = a(n) SREw ,
o) — ca(mu_ (A, n)u_(A,n+1)
(11.100) by, (n) = b(n) —0 o Onn) .
Then
(11101) H’Yl(]l_P’Yl()‘l)) = U’YlHUA/_ll(]l_P“h()‘l))
and Ty, Uy, — (A1) = Ay, — (A1), where
u_(A1,n)

(11.102) Uy, — (A1, 1) = .
! \/671()‘17n - 1)0% (A1, n)

Proof. Let f be a sequence which is square summable near —oo implying that 7 f
is also square summable near —oo. Then a straightforward calculation shows

(11.103) T (Un f) = Uy (7).
The rest follows easily. (I

Corollary 11.17. Suppose u_(\1) & (*(Z).
(i). If y1 > 0, then H and (1 — P, (A\))H,, are unitarily equivalent. Moreover,
H.,, has the additional eigenvalue A\ with eigenfunction u., —(A1).
(i1). If y1 = oo, then H and H,, are unitarily equivalent.

Suppose u_(\1) € (*(Z) (i.e., \1 is an eigenvalue of H ).
(i). If 11 € (—|lu—(\)||72,00), then H and H.,, are unitarily equivalent (using U.,
from Lemma 11.14).
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(ii). If v1 = —|ju—(M)| "2, 00, then (1 — P(\))H, H,, are unitarily equivalent,
that is, the eigenvalue A1 is removed.

Remark 11.18. (i). By choosing A\; € 04.(H) U 0s.(H) (provided the continuous
spectrum is not empty and a solution satisfying (H.11.15) exists) we can use the
double commutation method to construct operators with eigenvalues embedded in
the continuous spectrum.

(ii). Multiplying ; by some constant ¢? > 0 amounts to the same as multiplying
u_(A1,.) by ¢t

The previous theorem tells us only how to transfer solutions of 7u = zu into
solutions of 7,,v = zv if u is square summable near —oo. The following lemma
treats the general case.

Lemma 11.19. The sequence

3 O )z, m) = i ()W (1 (M), u(2))
\/C’Yl )\17 C’yl()\lu )

z € C\{\1} solves 7, u = zu if u(z) solves Tu = zu. If u(z) is square summable

near —oo, we have u., (z,n) = (U, u)(z,n), justifying our notation. Furthermore,
we note

(11.104) Uy, (2,m) =

)

(L105) gy (o) = (o) o PRI
and
(11.106) W (e (M), sy (2)) = Wh(u—(A1), u(2))

Cyy (>‘1’ n) ’
where W, n(u,v) = a, (n)(u(n)v(n + 1) — u(n + 1)v(n)). Hence u,, is square
summable near 0o if u is. If 4, (2) is constructed analogously, then

1 z—Z

W’Ylﬂl(u’h (Z)v’a’h (2)) = Wn(u(z)v’&(é)) + cy ()\1 n) (Z— )\1)(2_ )\1) X
(11.107) W (), (=))Wl (), (2)).

Proof. All facts are tedious but straightforward calculations. O

As a consequence we get.
Corollary 11.20. The Green function G.,(z,n,m) of H,, is gien by (n > m)

U,y (z7 n)u—,w (zv m)

W(u-_(2),us(2))

(11.108) Gy, (z,n,m) =

where

Cy (A1, n)u(z, n)—ﬁu (A, )W (u— (A1), ux(z))
\/CVI )‘17 671()‘17 ) .

Next, we turn to Weyl m-functions. Without loss of generality we assume
u—(A1,n) = sg(A1,n,0), that is,

(11.110) u_(A,0) = —sin(a), u—_(A1,0) =cos(a), «€][0,m)
(change =, if necessary — see Remark 11.18 (ii)).

(11.109)  us ~, (2,n) =
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Theorem 11.21. Let m/;(z), ﬁ%fli(z) denote the Weyl m-functions of H, H,,
respectively. Then we have

Cy (/\170) 1+ BZ (mﬁ (Z) F Cy (/\h 0)_1 4 ﬁc’h (/\lv 12_1)
ey (A1, =1) 1+ B2 2=\ a(0)(1+32) /'
where § = cot(a) and

(11.111) il (2) =

5 C 1()\1,—1)
(11.112) 8= mﬂ

Proof. Consider the sequences

\/C’Yl (/\1’ _1)6"/1 ()‘17 1)

S, (2,m),
e (A1,0) By ( )
¢y (M, 1) 1432
(11.113) L (e (5:) = 85, (2m))
(where § is defined in (11.116) below) constructed from the fundamental system

cg(z,n), sg(z,n) for 7 (cf. (2.71)) as in Lemma 11.19. They form a fundamental
system for 7., corresponding to the initial conditions associated with 3. Now use
(11.106) to evaluate (2.73). O

As a straightforward consequence we obtain the following lemma.

Corollary 11.22. (i). The operator H, is a reflectionless if and only if H is (cf.
Lemma 8.1).
(#i). Near z = A\ we have

V(A1) + ey, (A\1,0) 71

-~ B _
iy, 4 (2) = — N +0(z = \)°,
~ -1 —1
(11.114) mgh_(z) _ _(071(/\1’0)(72671;)‘150) )) —|—O(Z— )\1)0’
- Al

where 'yfi()\l) = ({(u—(A1),u_(A1))°)~t > 0 is the norming constant of Hf at Aj.
As a direct consequence of Theorem 11.21 we infer

Theorem 11.23. Given H and H., the respective Weyl M-matrices MP(z) and
MP (z) are related by

5 ey, (A1, 0) 1+ 32

MP = —Mp
71,0,0(’2) cy (Al,l) 1 +ﬂ2 0,0(2)7
; AL, 0)
MP z) = ey (A1, MP (2) +6MP (2 )
() = = (MU () + 00 (2))
A ey (M,0) 132 g 3
M,Y1 1, 1(2) = ey On—1) 143 (M1,1(Z) +25M071(z)
(11.115) +52M§0(z)),
where
—1 1 —1
(11116) 6: a<0)c'\/1()\170) _ ﬁc'Yl()\17 )

Z*)\l 1+32
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The quantities M»él,o,o(z) and M,ého,l(z) are both holomorphic near z = \1. More-
over, M51,1,1(Z) has a simple pole with residue —(y1c4, (A1,0))7! at 2 = Aq.
Using the previous corollary plus weak convergence of 7~ Im(F(\ + ig))d\ to

the corresponding spectral measure dp(\) as € | 0 (cf. Lemma B.3) implies

Corollary 11.24. The matriz measures dp®, clpg1 corresponding to MP(z), Mgl (2)
are related by
5 ey (M1,0) 1+ 8% 45
dpl o o(N) = 50 —d
Pvl,o,o( ) (M, —1) 1 + 2 Po,0
_ n ()‘17 0)
\/C’Yl ()‘17 _1)6"/1 (/\17 1)

Cyy ()\1’0) 1+ﬂ2 8 3
(A, —1) 1+ 32 (d’olvl()\) + 26dp071()\)

),

a7, 01 (N) (0810 + ddofo())

dpfl,l,l(A) =

(11.117) + 52dpg70(/\)> + (1169, (A1, 0) 71O — Ay).
FEquivalently
(11.118) dof () = UdpP T4 — L (00

m Y1Cy,y ()\1, 0) 0 1 ’
where

3 1 52 ¢ (>‘ 7_1)
(11.119) U= \/ cn(A1,0) 1462 ( i Vo O ) ,
5 1

Cy ()‘17 _1) 1+ ﬁQ

Remark 11.25. We can interchange the role of —oco and oo in this section by
substituting —oo — 00, (.,..)" o — (., )01, U— — U

Our next aim is to show how the scattering data of the operators H, H,, are
related, where H.,, is defined as in Theorem 11.16 using the Jost solution f_(k,n)

(see Theorem 10.2).

Lemma 11.26. Let H be a given Jacobi operator satisfying (H.10.1). Then the
doubly commuted operator H.,, v1 > 0, defined via u_(A\1,n) = f_(ki,n), \ =
(ky +k71)/2 as in Theorem 11.16, has the transmission and reflection coefficients

T% (k) = Sgn(kl) kkk%k_llT(k)’

(11120) R (= R_(b).  Reo(b)= () RoGh),

where z and k are related via z = (k+k~1)/2. Furthermore, the norming constants
v—,; corresponding to \; € op,(H), j € J, (cf. (10.53)) remain unchanged except
for an additional eigenvalue \; with norming constant v_ 1 = v if u_(\1) ¢ ¢*(Z)
respectively with norming constant ¥_1 = v_1 + v if u—(A\1) € £*(Z) and v_1
denotes the original norming constant of Ay € o,(H).

Proof. By Lemma 11.19 the Jost solutions f4 ., (k,n) are up to a constant given
by

Cm (>‘1’ n-— l)fi(k7 TL) - z_1>\1 U— ()‘h n)Wn—l(u— (Al)’ fi(k)) .

11.121
( ) \/C’Y1 (/\1,71 - 1)6% ()\1,’[1)
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This constant is easily seen to be 1 for f_ ., (k,n). Thus we can compute R_(\) us-
ing (11.107) (the second unknown constant cancels). The rest follows by a straight-
forward calculation. O

11.7. Iteration of the double commutation method

Finally, we demonstrate how to iterate the double commutation method. We choose
a given background operator H and further (A,7;) according to (H.11.15). Next
use u_(A1) to define the transformation U,, and the operator H,,. In the sec-
ond step, we choose (A2,72) and another function u_(A2) to define u_ ., (A2) =
U,,u—(A2), a corresponding transformation Us, ,,, and an operator H,, .,. Apply-
ing this procedure N-times results in

Theorem 11.27. Let H be a given background operator and let (Ag,7ye), 1 < < N,
satisfy (H.11.15). Define the following matrices (1 < ¢ < N)

67’3
Cm) = (%2 w0 )
Tr 1<r,s<t
C’e*l(n)m, r,s<fl—1
¢ o (f,u,()\s)ﬂoo, s<t—1,r=¢
CUDM) =1 000, s reet st :
<f’ g>ﬁoo’ r=s=t 1<r,s<4
C'Z(n)r ) r,s<At
¢ - ’U,,()\S, n— ]), s<tl,r=0+1
Dj(n) = u_(Apyn),  r<ts=e+1 ’
507j, r=s=(+1 1<r,s<f+1
Ce(n)r,s, r,s<Atl
¢ - <’U,, ()\5), f>7oo7 s<tl,r=0+1
(11.122) U'(f(n) = wOun)s rtsmtin
£, r=s=ttL /o s<itt
Then we have (set CO(n) =1, U(f) = f)
n det C*(f,9)(n)
(11'123) <U"/17---,’Yzf1 e U’Ylfv U’Yl7---;"/2—1 e U’Ylg>—oo = m
and
det Uz(f)(n)
11.124 U - U n) = .
( ) T nf () V/det Cf(n — 1) det C%(n)
In particular, we obtain
1 n
Cypyeoe Ay 1) = % + Uniroooyes = Uyyu—(Ae), Uy, Ye-1 U'nuf(AE» o
det C*(n)
11.12 = —
( ) det C*=1(n)
and hence
N
(11.126) [T Aesn) = det CV (n).
(=1
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The corresponding operator H. 18 associated with

Y13 YN
V/det CN(n —1)det CN(n + 1)
a’Yl vvvvv YN (n) = a’(n) det CN (n) )
. Y153 YN n) = n a{n det CN(TL) )
and we have
N
H717--<7’YN(]1 - Z Py on ()‘J))
j=1
N
(11'128> = (U’Yl7~~;’YN T U’YI)H<U’y_11 U U'y_l%...,WN)(]l - Z P’n,...,'yN ()‘j))'
j=1

Here P, .~y ();) denotes the projection onto the one-dimensional subspace spanned
by
B det UM (n)

V/det CN(n — 1) det CN(n)’

(11.129) Uy, — (Ao, )

where UN (n) denotes the matriz UN (u_(\¢))(n) with £’th column and row dropped.
Proof. We start with (11.123). Using Lemma 11.11 we obtain

det C* det C*(f, g) — det C*(u_(\e), g) det C*(f,u_(\r))
(11.130) =det C*"tdet C**L(f, ),

which proves (11.123) together with a look at (11.98) by induction on N. Next,
(11.125) easily follows from (11.123). Similarly,

det C*det U7 (f) — det U (u_(\g)) det C*(u_(Ne), £)
(11.131) = det C*" L det U*(f),

and (11.92) prove (11.124). To show the formula for b,, ., we use that (11.124)
with f = u_(z) has an expansion of the type (6.27). Hence we need to expand
U (u_(z)) in powers of z and compare coefficients with (6.27). We can assume
u_(2,0) = 1 implying (u_(\),u_ ()", = (= — A" Wy(u_ (), u_(2) = O(=")
as |z| — oo. Now we see that (u_(N\),u_(2))" o = u—(A\,n)u_(z,n) + u_(A,n —
Du_(z,n — 1)+ O(2"2) and thus

(11.132) det UN (u_(2))(n) = u(z,n) det DY (n)+u(z,n—1) det DY (n)+0(2"~2).

Using (6.27) to expand u(z,n) and comparing coefficients as indicated above shows
det D{¥(n) = det CN(n — 1) plus the formula for b, ... The rest follows in a
straightforward manner. O

Remark 11.28. (i). Using (11.107) instead of (11.98) one infers that

det UM (u(z,n))

11.133 Uy (2,1) = :
( ) e (2271) V/det CN(n — 1) det CN (n)
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where
CN(n)rs <N
LW, (u_(Ns),u(z)) s<Nr=N+1
N - Z—A. n s/ -
(11134) U (u(z,n)) - u_()\r’n) r<N,s=N+1
u(z,n) r=s=N+1

1<r,s<N+1

satisfies 7, . yyu = zu if u(z,.) satisfies Tu = zu.
(ii). Equation (11.129) can be rephrased as

(u'Yla~~7"/N7—(A1? n)) s 7u"/17---7’)’N7_()\N? n)) =
det CN (n)

(C’N(n))fl(u_(/\l,n), oo u— (AN, n)),

where (C*(n))~! is the inverse matrix of C*(n).

(iii). The ordering of the pairs (A;,v;), 1 < j < N, is clearly irrelevant (inter-
changing row ¢, j and column 4, j leaves all determinants unchanged). Moreover, if
Ai = Aj, then (A, 7vi), (Aj,7;) can be replaced by (A;, vi +7;) (by the first assertion
it suffices to verify this for N = 2).

Finally, we also extend Lemma 11.26. For simplicity we assume u_(\;,n) &
*(Z),7;>0,1<j < N.

Lemma 11.29. Let H be a given Jacobi operator satisfying (H.10.1). Then the
operator H, ., defined via u_(\e,n) = f—(ke,n) with \p = (ke + k;)/2 in
R\o(H+, ... n 1), 1 <L <N, has the transmission and reflection coefficients

.....

N
T B) = (T ssnth) 52 10
(=1

R—771,-~~77N (k) = R—(k)v

Nk — Ky \2
(11.136) Ry, (k) = (H(kkgl) >R+<k>,

{=1

where z = (k + k=) /2. Furthermore, the norming constants v—,; corresponding to
Nj € op(H), j € J, (cf (10.53)) remain unchanged and the additional eigenvalues
A¢ have norming constants y_ ¢ = .

Remark 11.30. Of special importance is the case a(n) = 1/2, b(n) = 0. Here
we have fi(k,n) = k™", T(k) = 1, and Ry (k) = 0. We know from Section 10.4
that Ry (k), |k| = 1 together with the point spectrum and corresponding norming
constants uniquely determine a(n), b(n). Hence we infer from Lemma 11.12 that
H,, . x constructed from u_(A;,n) = k,™ as in Theorem 11.27 and Hy, o,y

constructed from uf, = 2Lk + (—1)F1 =22k, ™ as in Theorem 11.10 coincide if
1—o;\ " N - kjk
(11.137) v = (er) ijlflwa7 1<j<N.
L+o; ITes [kj — el
ezi Y
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11.8. The Dirichlet deformation method

In this section we will see that the method of changing individual Dirichlet eigen-
values found in Section 11.4 for quasi-periodic finite-gap sequences works in a much
more general setting.

Let us formulate our basic hypothesis.

Hypothesis H.11.31. (i). Let (Ey, E1) be a spectral gap of H, that is, (Ey, E1)N
J(H) = {EQ,El}.

(ii). Suppose g € 04(Ha,) N [Eo, Er].

(iii). Let (1, 0) € [Eo, Er] x {£} and p € (Eo, E1) or p € o4(H).

Remark 11.32. If g is an eigenvalue of two of the operators H, H_, Hy, then it
is also one of the third. Hence, if g € 04(He,)\oa(H—0s,), then po € (Ey, E1) and
if po € 0q(Hyy) Noa(H-o,), then pg € {Eo, E1}. (The choice of og in the latter
case is irrelevant). Condition (ii) thus says that py = Ep 1 is only allowed if Ey ;1 is
a discrete eigenvalue of H. Similarly in (iii) for p.

Our next objective is to define the operator H, ) asin Section 11.4 by perform-
ing two single commutations using ug, (ft0, .) and u_g (1, .). Since H(,, »,) = H, we
will assume (u,0) # (po, 09) without restriction.

Due to our assumption (H.11.31), we can find solutions v, (o, .), 4—s (g, .) (cf.
Lemma 2.2) and define

W, (“Uo (HO):“*G (F‘))

(11.138) Wiy (n) pme S
. o)) = n
(h:2) Z qu(/’[’07m)27 (M:U) = (/-L07_UO)
m=0ogoo
where >0 = —> " ;. The motivation for the case (u,0) = (po, —00)

follows from (assuming u_, (@, m) holomorphic w.r.t. p — compare (2.32))

tim Woltea(t0) uon(10) _y S g (,m)

— — —
K= ko H— Ho pomo

n

(11.139) = Yty (po,m).

m=onoco

From the proof of Theorem 4.19 we infer
Lemma 11.33. Suppose (H.11.31), then
(11.140) Wioy(n+ )W, 5(n) >0, ne€Z.

Thus the sequences

Wipo) (n = DWpio)(n + 1)
ac, »(n) = aln ,
(o) (1) = a( )\/ W ()2
L a(n)ug, (o, n)u—q(p,n +1)
11.141 biuoy(n) = b(n)—0 ,
( ) (Pq )( ) ( ) W(u,g-)(n)

are both well-defined and we can consider the associated difference expression

(11.142) (1(p,yu)(n) = agu,o)(n)u(n +1) + ag o) (n — Du(n — 1) + be, o) (n)u(n).
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However, we do not know at this point whether a(, »)(n),b(, ) (n) are bounded
or not. This will be ignored for the moment. The next lemma collects some basic
properties which follow either from Section 11.3 (choosing N = 2 in Theorem 11.10)
or can be verified directly.

Lemma 11.34. Let

W) ()12, 1) — =2t (1, 1) Wt (1) (2))
VW) (0= D Wip0) (1)

where u(z) solves Tu = zu for z € C\{uo}. Then we have

(11.144) T(wo) (Au,oyw)(2,n) = 2(A,eyu)(2,n)

and
(11.145)

(11.143)  (Agyoyu)(z,n) =

b

L ug(p,n) o [Wa (g, (ko) u(2))]?
|Z - M0|2 Ugq (Movn) W(#vf’)(n)

|(A(u,a)u)(zvn)|2 = |u(z,n)\2 +

Moreover, the sequences

m (n) — U*U(Mv ’I'L)
" VWoio) 0 = DWeo ()]
(11.146) u,,(n) oo (Ko, ™)

VW) (0= DWW ()
Satisfy T(u,o)U = flolU, T(u,m)U = pu respectively. Note also ug,(fto,0) = u,(0) = 0
and

.1
(11.147) Upo (P)uy(n) =0 m

In addition, let u(z), 4(z) satisfy Tu = zu, then
Wa(u—o (), u(2))
W(H7U) (Tl) ’
Z—H Wn(udo (Mo)a ’LL(Z))
2=po Wpe(n)

)
Wiy (Ao t(2), Aoy 8(2)) = —= W, (ulz), ()

W([L,O‘),TL(’U’HO? A(/L,U)u(z)) =

W(/L,a),n(uuv A(u,o)u(z)) =

Z = Mo
z—3 Wi (e (1), w(2)) Wi (u—e, (10), 4(2))
(11.148) + = 110)C — 10) W(u,a)(”) )

where W, 5y n (U, 0) = a(,,q)(n) (u(n)v(n +1) —u(n+ 1)v(n))

Since we do not know whether a, »)(n), b(,,»)(n) are bounded or not, we need
to (temporarily) introduce suitable boundary conditions for 7, , (compare Sec-
tion 2.6). They will soon turn out to be superfluous.

Let w € {#+} and

lim W, (u,, f)=0if 7/, ) is l.c. at woo
(11.149) BCL(f) = { M, Wit /) (.9)

0 if 7(,,0) is L.p. at woo

where wu,, 1S Uy, = Uy OF Uy, = Uy,
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Using this boundary conditions we define
H( Q(H(u,a)) - 42(Z)
= TS

where the domain of H(, ) is explicitly given by
(11'151> Z)(I{(,u,a)) = {f € ZQ(Z)lT(;L,U)f € EQ(Z)v BC,(f) = BC+(f> = O}

Furthermore, H, ,) + denote the corresponding Dirichlet half-line operators with
respect to the base point ng = 0.

We first give a complete spectral characterization of the half-line operators
H(, 0),+- In addition, this will provide all necessary results for the investigation of

(11.150) o) *

Hu,0)-
To begin with we compute the Weyl m-functions of H, ).

Theorem 11.35. Let m+(z) and m, »)+(2) denote the Weyl m-functions of H
and H, 5 respectively. Then we have

(11.152) o) (2) = 75 iw) (’ZZ:’Z’ e (2) F Z(‘%Z)
where

—o(p = po)ii—o (1), 1 # Ho
(11.153) Vo) = —% (1) = (o, ~00)

In particular, H, o)+ and thus a(, ), b(..0) are bounded.
Proof. We first note that

Chuo)(2:m) = T Ay (z:m) = ZEDa(0)(Ay) (2, m),
(11'154> S(p,0) (Za n) = 1+ ’Y(,u,a)(A(,u,a)S)(zv n)

constructed from the fundamental system ¢(z,n), s(z,n) for 7 form a fundamental
system for 7, ) corresponding to the same initial conditions. Furthermore, note

W0 (1) Wi,1.00(0)
(11.155) Tl gy el g
Wi, (0) el W (<1)
Now the result follows upon evaluating (cf. Section 2.6)
il W o),n o y Yw
(11.156) oy a(2) = —o Tl 2 (¢(u.0) (7)) uw)

a(u,a)(o) n—=+oo W(M,U),n(s(u,a) (Z)7 ’U,w) .

Using (11.148) one obtains for u, = u,(n), uu,(n) and v, = g, (1o, n), Ue, (Lo, 1),
respectively,

(11.157) m(mg)’i(z)

1 (Z — po *£1 . Wh(c(z),v.) 7(#"’))

= im F
T4+ Ypuo) \ 2= p a(0) n—too Wi (s(2),00) 2 —p
Hence the claim is evident. O

In particular, since H(,, o is bounded (away from p, po the spectrum of H,, , +
is unchanged), we can forget about the boundary conditions (11.149) and H,, . is
defined on ¢?(Z). As a consequence we note
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Corollary 11.36. The sequences
(11.158) Up,o),+(2,n) = (Agoyus)(z,n), 2z € C\{u, po},

are square summable near +oo. Moreover, the same is true for

n

u(u,a),—a(;u'vn) = W(u,a)(n)uﬂo(n) —’LL#(TL) Z u,g(u,m)2,

n

(11'159) u(u,a),ao(“Ovn) = W(u,a)(n)uu(n) _U'Mo(n) Z uUO(MO’m)2

m=opoco

and

u(u,a),a(uv n) = uu(n)a M g O-d(H)v
(11160) U(p,0),—00 ([Lo, TL) = Upy (TL), Ho ¢ Jd(H)'
If 1w or po € o4(H) one has to replace the last formulas by

n

u(u,o—),a(/lvn) = W(#,U)(n)uuo(n) _uu(n) Z u_(,(u,m)Q,
n

(11'161) U(p,0),—00 (/,Lo,n) = W(/L,J)(n)uu(n) - uuo(n) Z Uog (:u07m)2’

m=—o0poo
respectively.
Proof. Follows immediately from

— Ccuo)(z,mn
(11.162) t(upys(zim) = —EE)_Z to (“. )(z,m)

01 (500 (257

1+ Yoy 2= 1\ (00 (0)
if
e(z,n)
(11.163) ug(z,n) = ci(z)( 2(0) F mi(z)s(z,n)).
If z = p, o one can assume wu4(z) holomorphic with respect to z near pu, uo and
consider limits (compare Section 2.2). O

Next we are interested in the pole structure of 1, ) +(2) near z = u, yuo. A
straightforward investigation of (11.152) using the Herglotz property of 1, ») +(2)
shows

Corollary 11.37. We have

3 —7—*‘4—0(2—#)0, w=0
= 1
(11.164) M) 0 (%) { O(z — p)°,

where

+
e , we {£},

(1= po)(my () +m—(n),  p# po

11.165 = u_(p,—1 2 u ,1 2
( ) T { Efif(uu,()u,nﬁ + +§2M+(L,n)2’ (N?U) = (,LL(), 70’0)

In addition, v, = 0 if p € oq(H)\{po} and v, > 0 otherwise. If pn # o, then
(11.166) .0y, (2) = O(z — o),

and note 5, = a(0)~2(u — uo)g(p,0) .
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Using the previous corollary plus weak convergence of 7~ Im(m4 (X + ic))d\
to the corresponding spectral measure dp+(\) as € | 0 implies

Lemma 11.38. Let dp+()\) and dp(,,0),+()\) be the respective spectral measures of
m4(z) and My, o) +(2). Then we have

~ B 1 A=l . VudOAN—p) o==
(L16T) d7s60) = 1 — (5 dpei+{ g ]

where Y0y, Y are defined in (11.158), (11.165) and d© is the unit point measure
concentrated at 0.

Let Py (o), Piu,e),+ (1) denote the orthogonal projections onto the subspaces
spanned by us, (1os-), u,(.) in £2(£N), respectively. Then the above results clearly
imply
Theorem 11.39. The operators (1— Py (uo))Hx and (1— P, o) + (1)) H o)+ are

unitarily equivalent. Moreover, u & o(H(, »),—o) and pio & o(Hu0)+)\{1}-
If p & oa(H) or (u,0) = (o, —00), then pu € 0(H,q),5) and thus

(11.168) o(Hy0),4) = (U(Hi)\{ﬂo}) U { {57} Z - i
Otherwise, that is, if p € oq(H)\{po}, then p & 0(H(u,0),0) and thus
(11.169) o(Hpo),+) = o (He)\{po}

In essence, Theorem 11.39 says that, as long as u & oq(H)\{po}, the Dirichlet
datum (ug, 09) is rendered into (p, o), whereas everything else remains unchanged.
If € oq(H)\{o}, that is, if we are trying to move po to an eigenvalue, then pg is
removed. This latter case reflects the fact that we cannot move g to an eigenvalue
FE without moving the Dirichlet eigenvalue on the other side of E to E at the same
time (compare Section 8.2).

Remark 11.40. (i). For f € ¢(N) set

(A 1)) = || g2 s )

— U_qq,(p,0) (MOv n) Z Ug (NOa J)f(])v
=1

Wioy(n—1)
A—l — (p,0)
( (;,L,o‘),-‘,-f)(n) W(u,a-) ('I’L) f(n)
(11170) _u—a(/”'an)Zua,(u,a)(uaj)f(j)'
j=1
Then we have A(M70),+A(_;Lla)+ = A(_ﬂla) +Awoy+ = Ly and A, 0 4 acts as

transformation operator

-1
(11.171) To) it = Auo) 4 T+ A0 4
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Similarly, for f € ¢(—N) set

Wi,y (1)

Wepo(n = 1) f(n)

(A(u,a),ff)(n) =

1
U—cq,(p,0) No, E Ug, ,Uo, )
j:n+1

(11.172) — o (lm) Y oo (1)),

Then we have A, ) A(_u o)m A(_LL{U)’_A(M’U),, = ly_n) and

~1
(11.173) T(,J’U)’, = A(Hv"’)a*T*A(u,o),—'
(ii). Note that the case (i, 0) = (uo, —00) corresponds to the double commutation
method with 7, = oo (cf. Section 11.6). Furthermore, the operators A, ,) + are
unitary when restricted to proper subspaces of £2(+N) in this case.
(iii). Due to the factor % in front of M, ) +(2), all norming constants (i.e., the
negative residues at each pole of M, ) +(2)) are altered.
(iv). Clearly, by Theorem 11.35, the Dirichlet deformation method preserves reflec-
tionless properties (cf. Lemma 8.1).

Having these results at our disposal, we can now easily deduce all spectral
properties of the operator H, ,). First of all, Theorem 11.35 yields for the Weyl
matrix of H, o).

Theorem 11.41. The respective Weyl M-matrices M(z), M, »(2) of H, H(,
are related by

1 zZ— U
(1 + 7(/1,0))2 Z = Ho

M(,u,o-),O,O(Z> = Mo’()(z),

1 Vipo
Mipor0a(2) = 75— (Mo (2) + T2 a(0) Mao(2)),
) Y(w,o
M 1(2) = T=E000(2) = 270 a(0) Mo (2
Viwo)
11.174 w9 02 M '
(1174 e =@ Mool?)

Moreover, M(,, o) ;,k(2,m,n), j,k € {0,1}, are holomorphic near z = pu, .

Given the connection between M(z) and M, »)(z), we can compute the corre-
sponding Herglotz matrix measure of M(, ,)(2) as in Lemma 11.38.
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Lemma 11.42. The matriz measures dp and dp, ») corresponding to M(z) and
M,,,0)(2) are related by

1 A—p
1+ 7(#,0))2 A— Ho

dp(;L,U),0,0()‘) = (

V(o
Ap(,0),0,1(A) = F—— . 0)( po,1(A) + )\(fﬂ)oa(o)dﬁo,o@)),
A — Y(p,o
Aoty 1) = 5= Pipra ) = 257 a(0)dpo, ()
Vo)
11.1 aiid 2dpo.o(N)-
( 75) + (A—ILLo)(A—,LL)a(O) p070( )
Equivalently
1
d = — —
P = T )

it L =
(11.176) < e )dp(A)<1+m,(,) a(o)w,a))_

a(o)’Y(u,cr) Z = Mo 0 Z — o
This finally leads to our main theorem in this section

Theorem 11.43. Let H, H, ») be defined as before. Denote by P(uo) and P(pu)
the orthogonal projections corresponding to the spaces spanned by uq,(uo,.) and
u_q(p1,0) in (*(Z) respectively. Then (1—P(uo) — P(p))H and H, ) are unitarily
equivalent. In particular, H and H, » are unitarily equivalent if i, po & oq(H).

Remark 11.44. By inspection, Dirichlet deformations produce the commuting

diagram
/ (p1,01) \

(110, 00) (12, 02)

for (p;,05), 0 < j < 2, according to (H.11.31). In fact, this can be easily verified
using (the first two) formulas for the spectral measures (11.175) which uniquely
determine the corresponding operator.

Remark 11.45. We have seen in Theorem 11.39 that the Dirichlet deformation
method cannot create a situation where a discrete eigenvalue E of H is rendered
into a Dirichlet eigenvalue (i.e., moving po to the eigenvalue E). However, one can
use the following three-step procedure to generate a prescribed degeneracy at an
eigenvalue F of H:

(i). Use the Dirichlet deformation method to move p to a discrete eigenvalue
E of H. (This removes both the discrete eigenvalue E of H and the (Dirichlet)
eigenvalue p of H_ @ H ).

(ii) As a consequence of step (i), there is now another eigenvalue ft of H_®H in
the resulting larger spectral gap of H. Move [i to E using the Dirichlet deformation
method.
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(ili) Use the double commutation method to insert an eigenvalue of H at E
and to change o( into any allowed value.

Theorem 11.16 then shows that the resulting operator is unitarily equivalent
to the original operator H, and Theorem 11.21 proves that the remaining Dirichlet
eigenvalues remain invariant.

Finally, we briefly comment on how to iterate the Dirichlet deformation method.
All ingredients have already been derived in Section 11.3. Suppose

(11.177) (Eojs Erj),  (Hoj,00,5), (1), 05) € [Eoz, B ] x {£}
satisfy (H.11.31) for each j = 1,...,N, N € N. Then the Dirichlet deformation
result after N steps, denoted by H(,, o,),....(uy.0n)» 15 @ssociated with the sequences
Uur).. (o) () = Va(n — N)a(n + N)
o VCn-~NUi,. N)Cr-n12(U1,. .. N)
Crn-n4+1(U1,...N) ’

(11178) b(Ml;UI)y~~<7(MN7UN)(n) = b(n) — 8* a(n)

Dy_ni1(Usr,. n)
Cr-n+1(U1,..N)’

where (UL---,N) = (qu,l (,UO,l)a Ugy (:Ul)7 o auUO,N(,uO,N)a Uo N (HN))




Notes on literature

Chapter 1. The literature on second order difference equations is enormous and tracing
all results would require a historian. Hence I can only give some hints which serve as
starting points. Classical references are the books by Atkinson [19], Berezanskil [27]
(Chapter 7), and Fort [87]. A more recent reference would be the book by Carmona and
Lacroix [40] which focuses on random operators. Clearly, there are far more books on this
topic available, but these are the ones I found most useful for my purpose. However, note
that not everything in the first chapter can be found in these references. I have added
some results, needed in later chapters, which I could not find in the literature (e.g., I don’t
know a reference for Lemma 1.2).

In addition, recent and easy introductions to difference equations can be found in,
for instance, Jordan [141], Kelley and Peterson [147], and Mickens [171]. A book which
contains numerous examples and special results is the one by Agarwal [4].

Chapter 2. The theory presented in this chapter is the discrete analog of what is known
as Weyl-Titchmarsh-Kodaira theory for Sturm-Liouville operators. The continuous theory
originated in the celebrated work of Weyl [244] with subsequent extensions by Titchmarsh
([227], [228]), Kodaira and numerous others (see any book on Sturm-Liouville operators
for further details). The origins of the discrete theory go back to Hellinger [131] and
Nevanlinna [182]. Many results have been rediscovered several times and the literature
on this subject is far to extensive to be quoted in full.

Again classical references are Atkinson [19], Berezanskil [27] (Chapter 7), Fort [87],
and the more recent monograph by Carmona and Lacroix [40]. My personal favorite
though is Berezanskii [27]. For connections with spectral theory on the half line and
the moment problem I suggest the classical book by Akhiezer [9]. There is also a very
good and recent survey article on the moment problem by Simon [209]. For the view
point of orthogonal polynomials, the standard reference is the book of Szegd [217]. You
might also have a look at [211], which has emphasis on applications, or [57], which uses
a Riemann-Hilbert approach.

Especially for relations between Weyl m-functions and the theory of continued frac-
tions see Atkinson [9] and also [24], [240]. A paper which closely follows the original
ideas of Titchmarsh is [18]. There is a large bulk of papers on the question of essential
self-adjointness of Jacobi operators (i.e., limit point, limit circle criteria). See for instance
[9] (addenda and problems to Chapter 1), [19], [27], [110] (Appendix E), [132], [135],

217
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[188]. The characterization of boundary conditions in the limit circle case can be found in
[242], [243] (however, a much more cumbersome approach is used there). A paper which
focuses on the contributions by Krein is [186].

The investigation of positive operators respectively positive solutions has attracted
quite some interest and many results have been discovered more than once. Our section
compiles results from [26], [111], and [188]. I have streamlined most arguments and
simplified the proofs. Further references are [6], [133], and [191].

The section on inverse problems is taken from [222]. Additional results can be found
in [88], [89], [92] and, in the case of finite Jacobi matrices, [104].

There are extensions of many results to block Jacobi matrices (i.e., Jacobi matrices
whose coefficients are again matrices). The interested reader might look at (e.g.) [5], [7],
or [245].

Chapter 3. The first section summarizes some well-known results, which however are
often hard to find. Some of them don’t seem to be written up at all and I can’t give a
good reference for this section. For the continuous case you should look at the beautiful
paper of Simon [204] and, again, at the book of Berezanskii [27].

The second section extends results of [215] to the case a(n) # 1 and provides a few
basic facts for easy reference.

The absolutely (resp. singularly) continuous spectrum is one of the most investigated
object in spectral theory. The contents of this section clearly has its origin in the beautiful
theory of Gilbert and Pearson [120] which is known as the principle of subordinacy. This
theory has since then been simplified and extended by various people (see e.g., [119], [48],
[145]). I follow ideas of [68], [139], [163], and [207]. For some general results on singular
continuous spectra see [208].

Bounds on the number of eigenvalues are considered in [95] and [96] (see also [195],
Theorem XIII.10).

Additional topics like embedded eigenvalues, slowly decreasing potentials, or some
explicitly solvable problems can be found in [179], [180], [58], [149], [215], or [77]. A
different approach to find classes of operators with absolutely continuous spectral measures
is presented in [71] (see also [72]).

Chapter 4. Oscillation theory originates in the work of Sturm [216]. Numerous papers
have been written on this subject in the case of differential equations and several mono-
graphs are devoted solely to this topic. In the discrete case there is a large amount of papers
investigating whether a given Jacobi equation is oscillatory or not (e.g., [128], [132], [133],
[134], [188], and [189]). The case of finite matrices is treated (e.g.) in the textbook by
Fort [87]. For the case of infinite matrices only the connection between (non)oscillation
and the infimum of the essential spectrum was known ([121], Theorem 32). The precise
connection between the number of oscillations and the spectrum was only clarified recently
in [223]. This article is also the main reference for this chapter. Additional references are
[19], [26], and [147].

Chapter 5. The first main theorem, that the spectrum is a.s. the same for all operators
is due to Pastur [187]. The results concerning the Lyapunov exponent are mainly taken
from [49], the ones for the integrated density of states respectively the rotation number
are mainly collected from [69], [70], and [22]. It is sometimes claimed that the process
(5.48) is subadditve (which is true for differential operators) so I tried to clarify this point.
The results on the absolutely continuous spectrum originate from work of Kotani and are
taken from [205]. The section on almost periodic operators summarizes some results from
[21] and [122]. There have recently been some efforts to prove uniform spectral results
(i.e, for all operators in the hull), see, for example, [51], [52] and the references therein. In
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this respect, it should be mentioned that the absolutely continuous spectrum is constant
for all operators in the hull ([163], Theorem 1.5). It is also known that the other parts
need not be constant (see [140]). If you want to find out almost everything about the
almost Mathieu operator, I suggest [138] and [162].

The reader who wants to learn more about this subject should consult the monograph
by Carmona and Lacroix [40] which is devoted entirely to this subject. Another brief
introduction can be found in Cycon et al. [50] (Chapters 9 and 10). For some recent
generalizations to orthogonal polynomials on the unit circle see [100].

Chapter 6. The first trace formulas for Schrodinger operators on a finite interval were
given by Gel'fand and Levitan [93]. Since then numerous extensions have been made. In
particular, recently Gesztesy and Simon showed [105] that all main results can be viewed
as special cases of Krein’s spectral shift theory [155]. Most parts of this section are taken
from [222].

Chapter 7. Floquet (resp. Bloch) theory is one of the classical results found in most
textbooks on differential equations. In the case of periodic Jacobi operators the first
spectral characterization was given by [173]. The first two sections contain the analogs
of several results from periodic Sturm-Liouville operators. The third section is somewhat
inspired by [169] (see also Chapter 8). Further results on perturbed periodic operators
can be found in [98], [121] (Section 67), [150], and [197]. For extensions to complex or
operator valued coefficients see [176] or [165], respectively.

Chapter 8. Reflectionless operators have attracted several mathematicians since they
allow an explicit treatment. In the first two sections I follow closely ideas of [113] and
[222]. However, I have added some additional material. Complementary results to this
sections, namely for the case of Cantor spectra, can be found in [12] — [14], and [212],
[213].

The remaining sections are of importance for the second part. The approach is in-
spired by ideas of McKean [169]. Some parts are taken from [35] (see also [173]), but
again the material has been extended to a larger class of operators and augmented.

Chapter 9. The use of Riemann surfaces usually appears in connection with the Toda
lattice. The first results seem due to Krichever (see, e.g., [156] — [160]). The main
reference for this chapter is again [35]. Additional references are [74], [169], [173], [230],
and [175]. This technique can also be extended to surfaces with infinitely many branch
points [12] — [14], [212] and [213].

For the explicit calculations in the genus one case, I have used the tables for elliptic
integrals in [38]. In addition, you might also find [10], [123], and [127] useful.

Chapter 10. Discrete scattering theory has been first developed on an informal level by
Case in a series of papers [42] — [47]. The first rigorous results were given by Guseinov
[124], but unfortunately without proof. Additional results are given in [125], [126], and
[224]. This chapter extends the results of [124] and gives (to the best of my knowledge)
the first proof in print. Most of the other results are also new and have not previously
appeared elsewhere. Further references are [80] (Chap. 2.III), [94], [95], [97], [102], and
[230]. For generalizations to polynomials on the unit circle see [99].

Chapter 11. The single commutation method for Jacobi operators first appeared in
Gesztesy et al. [117]. A special case of the double commutation method can be found in
[235]. The general case of the double commutation method seems due to [110] which is
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one of the the main sources for this chapter. It also contains the analogue of the FIT-
formula (Section 11.4) derived in [83] for Schrodinger operators. The second main source
is [221] where the discrete Dirichlet deformation method is introduced.
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Chapter 12

The Toda system

This chapter is devoted to the Toda hierarchy. The first section gives an informal
introduction and is mainly for background and motivation. The following sections
contain a rigorous treatment based on the Lax pair formalism. The basic existence
and uniqueness theorem for solutions of the initial value problem is proven and the
connection with hyperelliptic Riemann surfaces is established.

12.1. The Toda lattice

The Toda lattice is a simple model for a nonlinear one-dimensional crystal. It
describes the motion of a chain of particles with nearest neighbor interaction. The
equation of motion for such a system is given by

(12.1) m%az(n,t) =V'(x(n+1,t) — x(n,t)) = V'(x(n,t) — x(n — 1,1)),

where m denotes the mass of each particle, x(n,t) is the displacement of the n-th
particle from its equilibrium position, and V(r) (V'(r) = %% (r)) is the interaction
potential. As discovered by M. Toda, this system gets particularly interesting if

one chooses an exponential interaction,

mp? ; _ r mp? [, r

(12:2) V() =5 (7/P o )= Tg((;)? + 0(5)3), rpER.
This model is of course only valid as long as the relative displacement is not too
large (i.e., at least smaller than the distance of the particles in the equilibrium
position). For small displacements it is equal to a harmonic crystal with force
constant 7 (cf. Section 1.5).

After a scaling transformation, ¢t — t/7, x — x/p, we can assume m =7 = p =
1. If we suppose z(n,t) —z(n — 1,t) — 0, ©(n,t) — 0 sufficiently fast as |n| — oo,
we can introduce the Hamiltonian (¢ = z, p = &)

(12.3) Hip,q) =Y (M + (e (an+1,8) —q(n,t)) _ 1))

2
neZ

223
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and rewrite the equations of motion in the Hamiltonian form

d _ _9H(D.q)
= e_(Q(nvt) - q(n - Lt)) — e_<Q(n + Lt) - Q(n7 t))

)

D) = TUD )

(12.4) dt dp(n,t)

We remark that these equations are invariant under the transformation
(12.5) p(n,t) = p(n,t) +po and g(n,t) — q(n,t) + o+ pot, (po,q0) € R?,

which reflects the fact that the dynamics remains unchanged by a uniform motion
of the entire crystal.

The fact which makes the Toda lattice particularly interesting is the existence
of soliton solutions. These are pulslike waves traveling through the crystal without
changing their shape. Such solutions are rather special since from a generic linear
equation one would expect spreading of wave packets (see Section 1.5) and from a
generic nonlinear wave equation one would expect that solutions only exist for a
finite time (breaking of waves).

The simplest example of such a solitary wave is the one-soliton solution

1+ yexp(—2kn £ 2sinh(k)t)
1+ vyexp(—2k(n — 1) £ 2sinh(k)t)’

(12.6) g1(n,t) =qo — In K,y > 0.

It describes a single bump traveling trough the crystal with speed + sinh(x)/x and
width proportional to 1/k. That is, the smaller the soliton the faster it propagates.
It results in a total displacement

(12.7) nhHH;O (ql(n,t) — ql(—n,t)) =2k

of the crystal, which can equivalently be interpreted as the total compression of the
crystal around the bump. The total moment and energy are given by

Zpl(n,t) = 2sinh(k),
nez
(12.8) H(p1,q1) = 2(sinh(k) cosh(k) — k).

Existence of such solutions is usually connected to complete integrability of the
system which is indeed the case here. To see this, we introduce Flaschka’s variables

1 1
(12.9) a(n,t) = 5e—(q(" +L)—am0)/2 pn ) = —5p(n.1)
and obtain the form most convenient for us

aln,t) = a(n,t) (b(n +1,8) - b(n,t)),

(12.10) b(n,t) = 2(a(n,t)2 —a(n— 1,t)2).
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The inversion is given by
p(n,t) = —2b(n,t),

qg(n,t) = q(n,0) — 2/0 b(n,s)ds

t n—1
— 4(0,0)—2 /0 b0, 5)ds — 23" * In(2a(j, 1))
=0

n—1

(12.11) = ¢(0,0) — 2/0 b(n,s)ds — 2> * In(2a(j,0)).

Jj=0

To show complete integrability it suffices to find a so-called Lax pair, that is,
two operators H (t), P(t) such that the Lax equation

(12.12) @H(t) = P(t)H(t) — H(t)P(t)
is equivalent to (12.10). One can easily convince oneself that the choice
H(t): ¢*(Z) — (*(Z)
f(n) = a(n,t)f(n+1)+a(n = 1,0)f(n = 1) + b(n, 1) f(n)’
: 2(Z) — 12(2)
fn) = aln,t)f(n+1) —aln-1,0)f(n - 1)

does the trick. Now the Lax equation implies that the operators H (¢) for different
t € R are all unitarily equivalent and that

(12.14) tr(H(t) — H]), je€N,

are conserved quantities, where Hj is the operator corresponding to the constant
solution ag(n,t) = 3, bo(n,t) = 0 (it is needed to make the trace converge). For
example,

(12.13) T®

tr(H(t) — Hy) = 3 b(nt) = —% S p(n, ) and

nez neZ

1 1
12.15 tr(H(t)? — H?) = b(n,t)® 4+ 2(a(n,t)? — =) ==
0219) (B - H) = bt + 2alm = D = 3P0
correspond to conservation of the total momentum and the total energy, respec-
tively.

This reformulation of the Toda equations as a Lax pair is the key to methods
of solving the Toda equations based on spectral and inverse spectral theory for the
Jacobi operator H.

Using these methods one can find the general N-soliton solution

det(1 + Cn(n,t))

n
det(14+ Cn(n —1,t))’

(12.16) gn(n,t) =qo —1

where
(12.17)
Cn(n,t) = ( VTG —(ki + Kj)n — (o sinh(k;) 4+ 0; sinh(;@))t)

— o (Rit+K;
1 — e~ (mitns) 1<ij<N
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with x;,7; > 0 and o; € {£1}. One can also find (quasi-)periodic solutions us-
ing techniques from Riemann surfaces (respectively algebraic curves). Each such
solution is associated with an hyperelliptic curve of the type

2g+2
(12.18) w?= [[ (- E;), E;€R,

j=0
where E;, 0 < j < 2¢ + 1, are the band edges of the spectrum of H (which is
independent of ¢ and hence determined by the initial conditions). One obtains

(o — 20, (504) — 21c(9))

0(zo — 2(n — 1)A4,, (c01) — 2tc(g))’
where z, € R9, § : RY — R is the Riemann theta function associated with the
hyperelliptic curve (12.18), and a,b € R, A, (004),c(g) € RI are constants de-
pending only on the curve (i.e., on E;, 0 < j < 29+ 1). If ¢(n,0), p(n,0) are
(quasi-) periodic with average 0, then a = %, b=0.

The rest of this monograph is devoted to a rigorous mathematical investigation
of these methods.

(12.19)  q(n,t) = qo — 2(tb +nIn(2a)) — In

12.2. Lax pairs, the Toda hierarchy, and
hyperelliptic curves

In this section we introduce the Toda hierarchy using a recursive approach for the
standard Lax formalism and derive the Burchnall-Chaundy polynomials in connec-
tion with the stationary Toda hierarchy.

We let the sequences a, b depend on an additional parameter ¢t € R and require

Hypothesis H.12.1. Suppose a(t), b(t) satisfy
(12.20) a(t),b(t) € £°(Z,R), a(n,t)#0, (n,t) € Z xR,
and let t € R +— (a(t),b(t)) € £°(Z) @ £>°(Z) be differentiable.

We introduce the corresponding operator H(t) as usual, that is,

H(t): 2(2Z) — ((Z)
fn) = alnt)f(n+1)+a(n—1,¢)f(n—1)+b(n,t)f(n)

The idea of the Lax formalism is to find a finite, skew-symmetric operator Pa,12(t)
such that the Lax equation

(12.21)

d
(12.22) %H(t) — [Parsa(t), H(t)] =0, teR,
(here [., ..] denotes the commutator, i.e., [P, H] = PH — H P) holds. More precisely,

we seek an operator Ps,yo(t) such that the commutator with H(t) is a symmet-
ric difference operator of order at most two. Equation (12.22) will then give an
evolution equation for a(t) and b(t). Our first theorem tells us what to choose for
Poryo(t).

Theorem 12.2. Suppose P(t) is of order at most 2r + 2 and the commutator with
H(t) is of order at most 2. Then P(t) is of the form
(12.23) Py =Y (cr_jP2j+2(t) + d,,_jH(t)jH) tdp ],

j=0
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where ¢j,d; € C,0<j <r, dry1 € UZ), and
(12.21) Pajalt) = [H( 1], — [H{5™]

(cf. the notation in (1.11)) is called homogeneous Lax operator. Moreover, denote
by Poryo(t) the operator P(t) with co =1 and d; =0, 0 < j <r+1. Then we have

1225)  Praalt) = —HO™ + YEa(0)5" = hOHO" +ar1a ()
where (gj(n,t))o<j<r+1 and (h (n,t))o<j<rt+1 are given by

t) = ch_mn,H(t)%%
£=0

J
(12.26) hj(n, t) = Za(n, t) Z Cj_g<5n+1, H(t)£5n> + Cj+1
£=0

and satisfy the recursion relations
go =1, ho = c1,
2gj+1—hj —h; —2bg; =0, 0<j<m,
(12.27) hjiq —hy —2(a’g) —(a7)%g;) —b(h; —h;) =0, 0<j<r
For the commutator we obtain
[Parsa(), HE)] = al))(g71(8) = graa (0)SH +a= (B)(gr1(8) — g7y ()5
(12.28) (e (8) = By (1)),

Proof. By Lemma 1.2 we can write
(1229)  P(t) = —h_o(VHE)™ + 3 (2a(t)g; (115 — hy () H(E)™ + gr41(0),

where g,41(¢) is only added for convenience and hence can be chosen arbitrarily.
Now we insert this ansatz into [P, H]. Considering the term (S7)"*2? we see that
h_1(t) must be independent of n, say h_1(t) = ¢ — dg. Next, we obtain after a
long but straightforward calculation

[P, H] = 2a<go+ — g0)STH"™ " — (hg — hg )H™ !

— Za( (29541 — —h; — 2bgj))S’+H7"_j

- Z (hye1 = sy = 2(2gf — (a7)g;) = b(hy — b)) H™
=0

(12.30) + a(gj+1 —gr41)ST + Sfa(g;;l = grt1) + (hry1 — By y),
where g,4+1, hy4+1 have been chosen according to
8(29r+1 — hy h ngr)

0,
(1231) eyt — iy, — 2a%g) — (a7)%g;) — by — hy) = 0.
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(Recall 9f = f* — f.) But (12.30) is of order 2 if and only if (compare Lemma 1.2)
go = co, ho = c1 — du,
2gj41 —hj —h; —2bg; =2d;41, 0<j<r—1,
(12.32) hjp1 —hyyy —2(ag] — (a7)?g;) —b(hj —h;) =0, 0<j<r—2,
where cg, c1, dj, 1 < j < r, are constants. By Lemma 6.4
(12.33) Gi(n,t) = (0, Ht)75,), hj(n,t) = 2a(n,t)(6ns1, H(t)?5,)

is a solution of this system for cp =1, ¢;j =d; = 0,1 < j < r. It is called the
homogeneous solution for if we assign the weight one to a and b, then g;(n,t),
hj(n,t) are homogeneous of degree j, j + 1, respectivgly. The general solution of
the above system (12.32) is hence given by g; = Y 7_ceGj—e, 1 < j < 7, and
i = Z%:o cohj_¢ 4+ cjp1 —djr1, 1 < j < r — 1. Introducing another arbitrary
sequence d,11 it is no restriction to assume that the formula for h; also holds for
j=r.
It remains to verify (12.24). We use induction on r. The case r = 0 is easy. By
(12.25) we need to show

(12.34) Pyryo = Py H + (203,ST — hy) — G- H + Gry1.

This can be done upon considering ((5m,P2T+2(5n> and making case distinctions
m<n—1lm=n—1m=nm=n+1,m>n+ 1. Explicitly, one verifies, for
instance, in the case m = n,
<§n7]52r+26 >
= (On, Par(adn—1 +a” 6ng1 +b3,)) — hr(n) = b(n)Gr(n) + Gry1(n)
= (0n, ([H"]4 = [H"]-)(abdn—1 + @ Opq1 + b0n)) — hr(n) = b(n)Gr(n) + Gri1(n)
= (0n, [H"]+ @ 0ns1) — (0n, [H']— abp—1) = hr(n) = b(n)gr(n) + Gr11(n)
= a(n){(0n, H 0p41) — a(n — 1)(6n, H 6n—1) — hr(n) = b(n)gr(n) + Gri1(n)
(

_ 7h,,« n) + h”f‘(n — 1) —_ b(n)gr(n) +§r+1(n) =0

r
h

2
(12.35)
using (12.27),
y | (6m, HIS,), E(m—n)>0
(12.36) R iy e S
and Hé,, = a(m)dms1 +a(m—1)d,,—1 4+ b(m)d,,. This settles the case m = n. The
remaining cases are settled one by one in a similar fashion. (I

Remark 12.3. It is also easy to obtain (12.28) from (12.23) and (12.24). In fact,
simply evaluate

<57m [P2j+2vH]6n> = <H6m7 [Hj+1]+6n> + <H5nv [Hj+1}+6M>
(12.37) — (HOp, [HTTY_6,) — (HS,, [H Y] _6,)

as in the proof of Theorem 12.2.
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Since the self-adjoint part of P(t) does not produce anything interesting when
inserted into the Lax equation, we will set d; =0, 0 < j <7+ 1, and take

(12.38) Poria(t) =Y crjPajya(t)
=0

as our Lax operator in (12.22). Explicitly we have
Py(t) = a(t)ST —a (1)S~
Py(t) = a(t)a™()STH +a(t)(bT () + b(t) ST —a” (£)(b(t) + b~ (£))S™
—a (t)a "~ (t)S™" +ca(at)ST —a(t)S7)
(12.39) ete. .

Clearly, H(t) and iPs,y2(t) are bounded, self-adjoint operators.

Even though the expression (12.25) for Ps,.42(t) looks much more complicated
and clumsy in comparison to (12.24), we will see that this ruse of expanding Py, y2(t)
in powers of H (t) will turn out most favorable for our endeavor. But before we can
see this, we need to make sure that the Lax equation is well-defined, that is, that
H(t) is differentiable.

First of all, please recall the following facts. Denote by B(¢?(Z)) the C*-algebra
of bounded linear operators. Suppose A, B : R — B(¢?*(Z)) are differentiable with
derivative A, B, respectively, then we have
A + B is differentiable with derivative A + B,

AB is differentiable with derivative AB + AB,
A* is differentiable with derivative A*,
A~ (provided A is invertible) is differentiable with derivative —A~*AA~1,

In addition, f: R — ¢°°(Z) is differentiable if and only if the associated multi-
plication operator f : R — $B(¢%(Z)) is (since the embedding ¢>°(Z) — B(¢*(Z)) is
isometric).

For our original problem this implies that H(¢) and Ps,2(t) are differentiable
since they are composed of differentiable operators. Hence the Lax equation (12.22)
is well-defined and by (12.30) it is equivalent to

TL, (a(t), b(t)1 = a(t) — alt) (g5, (8) — gras (1)) = O,
(1240)  TLo(a(t),b(t)s = b(t) — (hys1() — hyy (8)) = O,

where the dot denotes a derivative with respect to t. Or, in integral form we have

o) = a0 o0 [ (67220 - g02(0)5).

t
(12.41) b(t) = b(0) +/ (Rrgr(t) = by (8))ds.

0
Varying r € Ny yields the Toda hierarchy (TL hierarchy)
(12.42) TL,(a,b) = (TL,(a,b)1, TL,(a,b)s) =0, € No.

Notice that multiplying Ps,12(t) with ¢y # 0 gives only a rescaled version of the
Toda hierarchy which can be reduced to the original one by substituting t — ¢/cy.
Hence our choice ¢y = 1.
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Explicitly, one obtains from (12.27),

g1 =b+c,

hy = 2a® + ¢,

g2 = a® + ((f)2 + 0% 4 c1b + co,

hy = 2a*(bT +b) 4 ¢12a* + c3,

g3 = a*(b" +2b) + (a”)*(2b+b7) + b°
+c1(a® + (a7)? + ) + cab + c3,

hy = 20*((a”)” + 0% + (a7)* + 07+ 07b+ (b7)?)
+¢12a%(bT 4+ b) + c22a® + ¢4,

(12.43) etc.
and hence
a—a(bt —b)
TLo(a,b) =
@ = (5 e )
_ 2 2 _ b2
Tyta — (4@ = @) 4 7))
b—2a?(bt +b)+2(a=)2(b+b7)
a(bt —b)
—C1 9
2(a? - (a™)?)
a—a((a™)2( Tt 420T)+a? (20T +b)+(bT)3—a (T +2b)—(a™ )2 (20+b7)—b3)
TLQ(CL,b) = .
b+2((a™) +(a”"a7)?—a®(a®+(aT)?+(0T)2+bbT +5%)+(aT)? (BP+b7b+(b7)?))
(a((a*)z—w >+<b+)2—b2)) ( a(b* —b) )
-G 21+ —\2 — —C 2 —\2 ’
2a“(bT4+b)—2(a” )*(b+b7) 2(a®*—(a™)?)
(12.44) ete.

represent the first few equations of the Toda hierarchy. We will require ¢; € R even
though c; could depend on ¢. The corresponding homogeneous Toda equations
obtained by taking all summation constants equal to zero, ¢, =0, 1 < ¢ < r, are
then denoted by

(12.45) TL,(a,b) = TL,(a, b)

ce=0, 1<0<r
We are interested in investigating the initial value problem associated with
the Toda equations, that is,

(12.46) TL,(a,) =0, (a(to),b(to)) = (a0, bo),

where (ag,bp) are two given (bounded) sequences. Since the Toda equations are
autonomous, we will choose {5 = 0 without restriction.

In order to draw a number of fundamental consequences from the Lax equation
(12.22), we need some preparations.

Let P(t), t € R, be a family of bounded skew-adjoint operators in £2(Z). A two
parameter family of operators U(t, s), (¢,s) € R?, is called a unitary propagator
for P(t), if

(1) U(t,s), (s,t) € R?, is unitary.
(2) U(t,t) =1 for all t € R.
(3) U(t,s)U(s,r) =U(t,r) for all (r,s,t) € R3.
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(4) The map t — U(t,s) is differentiable in the Banach space B(¢?*(Z)) of
bounded linear operators and

(12.47) %U(t, s) = P(t)U(t,s), (t,s)€R>

Note U(s,t) = U(t,s)"t = U(t,s)* and d/dtU(s,t) = —U(s,t)P(t).
With this notation the following well-known theorem from functional analysis
holds:

Theorem 12.4. Let P(t), t € R, be a family of bounded skew-adjoint operators
such that t — P(t) is differentiable. Then there exists a unique unitary propagator
Ult,s) for P(t).

Proof. Consider the equation U(t) = P(t)U(t). By standard theory of differential
equations, solutions for the initial value problem exist locally and are unique (cf.,
e.g., Theorem 4.1.5 of [1]). Moreover, since || P(¢)|| is uniformly bounded on compact
sets, all solutions are global. Hence we have a unique solution U(t,s), (¢,s) € R?
such that U(s,s) = 1. It remains to verify that this propagator U(¢, s) is unitary.
Comparing the adjoint equation

(12.48) LUty = (LU 8) = (POUL) = ~Ut,9)"P)
and
d d
12.4 — 1o -1 4 -1_ _ ~1py
(1249)  —U(ts) U(t,s)~' (S, Ut ) Ut 5) U(t,s) ' P(t)
we infer U(t,s)* = U(t,s)~! by unique solubility of the initial value problem and
U(s,s)* =U(s,s) 1 =1. O

If P(t) = P is actually time-independent (stationary solutions), then the uni-
tary propagator is given by Stone’s theorem, that is, U(t, s) = exp((t — s)P).

The situation for unbounded operators is somewhat more difficult and requires
the operators P(t), t € R, to have a common dense domain (cf. [218], Corollary on
page 102, [193], Theorem X.69).

Now we can apply this fact to our situation.

Theorem 12.5. Let a(t),b(t) satisfy TL,(a,b) = 0 and (H.12.1). Then the Lax
equation (12.22) implies existence of a unitary propagator U,.(t, s) for Pa.ya(t) such
that

(12.50) H(t) =U,(t,s)H(s)Uq(t,s), (t,5) € R%
Thus all operators H(t), t € R, are unitarily equivalent and we might set
(12.51) o(H) = o(H(t) = o(H(0)), p(H) = p(H(t)) = p(H(0)).

(Here o(.) and p(.) = C\o(.) denote the spectrum and resolvent set of an operator,
respectively. )
In addition, if (s) € £*(Z) solves H(s)i(s)

z(s), then the function

(12.52) U(t) = Up(t, s)y(s)
fulfills
(12.53) HO() = 26(t), 2p(t) = Paraa(t)0(0).
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fN’roof. Let U, (t, s) be the unitary propagator for P2T+2gt). We need to show that
H(t) = U,.(jf,s)_lH(t)UT(t,s) is equal to H(s). Since H(s) = H(s) it suffices to
show that H(t) is independent of ¢, which follows from

(12.54) %f{(t) = U, (t, s)_l(%H(t) — [Pory2(t), H(t)])U,(t, 5) = 0.

The rest is immediate from the properties of the unitary propagator. O

To proceed with our investigation of the Toda equations, we ensure existence
and uniqueness of global solutions next. To do this, we consider the Toda equations
as a flow on the Banach space M = (> (Z) & (*(Z).

Theorem 12.6. Suppose (ag,bg) € M. Then there exists a unique integral curve
t — (a(t),b(t)) in C°(R, M) of the Toda equations, that is, TL,(a(t),b(t)) = 0,
such that (a(0),b(0)) = (ag, bo).

Proof. The r-th Toda equation gives rise to a vector field X, on M, that is,

(12.55) %(a(t),b(t)):Xr(a(t),b(t)) & TL.(a(t),b(t)) = 0.

Since this vector field has a simple polynomial dependence in a and b it is dif-
ferentiable and hence (cf. again [1], Theorem 4.1.5) solutions of the initial value
problem exist locally and are unique. In addition, by equation (12.50) we have
la(t)|loo + 16|l < 2| H(t)|| = 2||H(0)]| (at least locally). Thus any integral
curve (a(t),b(t)) is bounded on finite t-intervals implying global existence (see, e.g.,
[1], Proposition 4.1.22). O

Let 7(t) denote the differential expression associated with H (). If Ker(7(t)—z),
z € C, denotes the two-dimensional nullspace of 7(¢) — z (in ¢(Z)), we have the
following representation of Ps,.12(t) restricted to Ker(r(t) — z),

(12.56) Paria(t) =2a(t)G(2,t)ST — H,41(2,1),

Ker(7(t)—z)

where G.(z,n,t) and H,y1(z,n,t) are monic (i.e. the highest coefficient is one)
polynomials given by

Gr(z,n,t) = Z Gr—j(n, )27,
3=0

(12.57) Hyopr(z,n,t) = 2" 4> he_j(n,4)27 — g (n,t).
j=0

One easily obtains

a(HYy + He1 —2(2 = b0)GY),
2(a’Gf — (a7)*Gy) + (2 — b)’Gr — (2 — b)Hys1.

a
(12.58) b
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As an illustration we record a few of the polynomials G, and H, 41,

Gy = 1 =Gy,

Hy =z—b=H,

Gi=z24+b+e =Gy +a1G,

Hy = 2°+a%— (a7)2 — 2 +ca(z—0b) = Hy + ¢ Hy,

Gy =224+bz4+ad>+ (@) + bV +c1(z4+b) +c = Gy + 1G1 + G,

Hsy = 2° +2a%2 — 2(a”)*b — b> + a*b" — (a7 )?b~

+ei1(22 4+ a? — (a_)2 — ) 4oz —b) = Hy + c1Hy + coHy,

(12.59) ete. .

Here G,(z,n) and H,;1(z,n) are the homogeneous quantities corresponding to
G.(z,n) and H,41(z,n), respectively. By (12.38) we have

(12.60) Gr(z,n) = Zcr,gég(z,n), Hyt1(z,n) = Zcr,gﬁzﬂ(z,n).

=0 =0
Remark 12.7. (i). Since, by (12.27), a(t) enters quadratically in g;(t), h;(t),
respectively G,.(z,.,t), Hy41(z,.,t), the Toda hierarchy (12.42) is invariant under
the substitution
(12.61) a(n,t) — e(n)a(n,t),
where e(n) € {+1,—1}. This result should be compared with Lemma 1.6.
(ii). If a(ng,0) = 0 we have a(ng,t) = 0 for all ¢ € R (by (12.41)). This implies
H=H_ ,,+1®H, ,, with respect to the decomposition £%(Z) = ¢?>(—o00,ng+1) ®
EQ(no,oo). Hence Porio = P po41,2r+2 @ Py ng,2r+2 decomposes as well and we
see that the Toda lattice also splits up into two independent parts TL4 ,,,,. In
this way, the half line Toda lattice follows from our considerations as a special case.
Similarly, we can obtain Toda lattices on finite intervals.

12.3. Stationary solutions

In this section we specialize to the stationary Toda hierarchy characterized by
a=b=0in (12.42) or, equivalently, by commuting difference expressions

(12.62) [Por42,H] =0

of order 2r 4+ 2 and 2, respectively. Equations (12.58) then yield the equivalent

conditions

(z=0)(Hr41 — H, () = QGQG;F —2(a”)*G,,

(12.63) HY + Hepq = 2(z—bN)G
Comparison with Section 8.3 suggests to define
(12.64) Roryo = (HY, | — 4a*G,GY).

A simple calculation using (12.63)
(z = b)(Rary2 — Ry, 10)
=(z— b)((HT-H +H, 1) (Hep — H ) — 4G (G - (ai)zG;))
(12.65) =2(H, 11+ H,yy —2(2 — b)G, ) (a?GF — (a7)?G, ) =0
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then proves that Ra,yo is independent of n. Thus one infers

2r+1
(12.66) Rorga(2) = [[ (2 = Bj), {Ej}ocjcarin CC.

§=0
The resulting hyperelliptic curve of (arithmetic) genus r obtained upon compacti-
fication of the curve

2r+1
(12.67) w® = Roria(z) = [[ (= - E))

=0

will be the basic ingredient in our algebro-geometric treatment of the Toda hierarchy
in Section 13.1.
Equations (12.63), (12.64) plus Theorem 2.31 imply
GT (Z7 n)
1/2
R27/~+2 (2)

H7'+1 (Zv ’I’L)
1/2
R2£+2(Z)
where g(z,n) = (6, (H — 2)710,), h(z,n) = 2a(n) {641, (H — 2)718,) — 1 as usual.
Despite these similarities we need to emphasize that the numbers F,,, 0 <
m < 2r + 1, do not necessarily satisfy (8.54). This is no contradiction but merely
implies that there must be common factors in the denominators and numera-

tors of (12.68) which cancel. That is, if the number of spectral gaps of H is
s + 2, then there is a monic polynomial @Q,_s(z) (independent of n) such that

GT(Z,’I’L) = QT_S(Z)GS(Z,H), HT+1(Z7n) = Qr—s(z)Hs-i-l(Zvn)’ and Ré{“-zﬂ(z) =

1/2
Qrs(2)Bols (7).
We have avoided these factors in Section 8.3 (which essentially correspond
to closed gaps (cf. Remark 7.6)). For example, in case of the constant solution
a(n,t) =1/2, b(n,t) = 0 of TL,(a,b) = 0 we have for r =0,1,...

(12.68) g(z,n) = , h(zn) =

)

Go(2) =1, Hi(2)=2 Ro(z)=2%-1,
Gi(2)=z+4c1, Ho(2)=(2+c1)z, Ra(z) = (z+c1)*(2% - 1),
(12.69) etc. .

Conversely, any given reflectionless finite gap sequences (a,b) satisfy (12.63)
and hence give rise to a stationary solution of some equation in the Toda hierarchy
and we obtain

Theorem 12.8. The stationary solutions of the Toda hierarchy are precisely the
reflectionless finite-gap sequences investigated in Section 8.5.

In addition, with a little more work, we can even determine which equation
(i.e., the constants ¢;j). This will be done by relating the polynomials G,(z,n),
H,;1(z,n) to the homogeneous quantities G (z,n), H,;1(z,n). We introduce the
constants ¢;(E), E = (Eo, ..., Eart1), by

(12.70) Ry%5(2) = =213 i (B), 2| > [|H]),
§=0
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implying
1 2r+1
(12.71) o(B) =1, a(B)=—3 > Ej, etc. .
=0

Lemma 12.9. Let a(n), b(n) be given reflectionless finite-gap sequences (see Sec-
tion 8.3) and let G, (z,n), Hy11(z,n) be the associated polynomials (see (8.66) and
(8.70)). Then we have (compare (12.60))

(12.72) ZCT o E Gg (z,n), Hry1(z,n) Zcr o(E He+1 z,n).

In addition, ge(n) can be expressed in terms of E; and i, (n) by

L—
(12.73)  Guln) =60(), gilm) = 7 (60 (n) E:j% (), £>1,
where
27‘+
(12.74) b (n) = Z Zug
]:O

Proof. From (8.96) we infer for |z| > ||H]||, using Neumann’s expansion for the
resolvent of H and the explicit form of g, A given in Theorem 12.2, that
R/

GT(Z7 ’I’L) 2T+2 Zgé 7

(12.75) Hyop1(2,n) = Réﬁz(z)@ - Z Bg(n)z—é).
£=0

This, together with (12.70), completes the first part. The rest follows from (6.59)
and Theorem 6.10. ]

Corollary 12.10. Let a(n), b(n) be given reflectionless finite-gap sequences with
corresponding polynomial Réfm(z) Then (a,b) is a stationary solution of TL,
if and only if there is a constant polynomial Q,_s(z) of degree r — s such that
¢; = ¢j(E), where E is the vector of zeros of R;fﬁ( )= Qr_s(2)? ;ﬁQ(z)

It remains to show how all stationary solutions for a given equation of the Toda
hierarchy can be found. In fact, up to this point we don’t even know whether the
necessary conditions (12.63) can be satisfied for arbitrary choice of the constants
(¢i)igj<r

Suppose (¢;)1<j<r is given and define dy = ¢ =1,

j—1

(12.76) d; =2¢c; + ZC@CJ‘—Z, 1<5<r
=1
Choose d; € R, r+1 < j < 2r + 2, and define (E;)o<j<2r4+1 by
2r+2 2r+1

(1277) R27n+2 Z d2T+2 JZJ = H (Z - EJ)

=0 j=0
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Note that our choice of d; implies ¢;(E) = ¢j, 1 < j < r, which is a necessary
condition by Lemma 12.9. Since g(z,n) cannot be meromorphic, Ra,42(z) must
not be a complete square. Hence those choices of d; € R, 7+1 < j < 2r+2, have to
be discarded. For any other choice we obtain a list of band edges satisfying (8.54)
after throwing out all closed gaps. In particular, setting

(12.78) £(d) = |JBsy, Bajin]

j=0
any operator in Isor(3(d)) (see Section 8.3) produces a stationary solution. Thus,
the procedure of Section 8.3 can be used to compute all corresponding stationary
gap solutions.

Theorem 12.11. Fiz TL,, that is, fir (¢j)i<j<r and r. Let (dj)i<j<r be given
by (12.76). Then all stationary solutions of TL, can be obtained by choosing
(dj)r+1<j<2r+2 such that Royy2(2) defined as in (12.77) is not a complete square
and then choosing any operator in the corresponding isospectral class Isor(3(d)).

Remark 12.12. The case where Ra,i2(2) is a complete square corresponds to
stationary solutions with a(n) = 0 for some n. For instance, Go(n) = 1, H1(n) =
z —b(n), Rar42(2) = (2 — b(n))? corresponds to a(n) =0, n € Z.

Finally, let us give a further interpretation of the polynomial Ra,12(2).

Theorem 12.13. The polynomial Ro,2(z) is the Burchnall-Chaundy polyno-
mial relating Ps,42 and H, that is,
2r+1

(12.79) P35 =Roo(H) = H (H — Ej).
j=0

Proof. Because of (12.62) one computes

(P2r+2 )2 = ((2(1Gr5+ —H,41)

2
Ker(‘r—z))

Ker(t—2)
_ (2aG,(2(z —bh)GE = Hfy — He)ST 4 HE2,, — 4a2G,»Gj) N
= Ro,42(2
2 +2( ) Ker(r—2)
(12.80)
and since z € C is arbitrary, the rest follows from Corollary 1.3. O

This result clearly shows again the close connection between the Toda hierarchy
and hyperelliptic curves of the type M = {(z,w)w? = H?ZEQ(z - E;)}.

12.4. Time evolution of associated quantities

For our further investigations in the next two chapters, it will be important to know
how several quantities associated with the Jacobi operator H(t) vary with respect
to ¢.

First we will try to calculate the time evolution of the fundamental solutions
c(z, ., t), s(z,.,t) if a(t), b(t) satisfy TL,(a,b) = 0. For simplicity of notation we
will not distinguish between H (t) and its differential expression 7(¢). To emphasize
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that a solution of H(t)u = zu is not necessarily in ¢*(Z) we will call such solutions
weak solutions. Similarly for Pa,12(t).
First, observe that (12.22) implies

d
(12.81) (H(t) — )(dt Pyi2(t))®(2,.,t) =0,
where ®(z,n,t) is the transfer matrix from (1.30). But this means
d
(1282) (dt P2T+2( ))(I)(Zv '7t) = q)(za 'at)CT’(zvt)

for a certain matrix Cy(z,t). If we evaluate the above expression at n = 0, using
®(z,0,t) = 1, we obtain

Cr(2,t) = (Pors2(t)®(z, ., 1)) (0)
(12.83) = ( —H,1+1(2,0,1) 2a(0,t)G,(2,0,1) )
—2a(0,t)Gr(z,1,t) 2(z —b(1,¢))Gr(2,1,t) — Hr11(2,1,1)

The time evolutions of ¢(z,n,t) and s(z,n,t) now follow from
(12.84) B(z,.,1) = Pyryo®(z,.,t) + ®(z,.,1)Cp(z, 1)
or more explicitly

é(z,n,t) = 2a(n, t)Gr(z,n,t)c(z,n + 1,t) — (HT_H(Z,TL,t)

+ Hr41(2,0,t ) c(z,m,t) —2a(0,t)Gr(2,1,t)s(z,n,t),

$(z,m,t) = 2a(n, t)Gr(z,n, t)s(z,n + 1,t) — (Hp41(2,m,t) + Hr1(2,1, 1)

(12.85) —2(z—b(1,t))G,(2,1,t))s(z,n,t) + 2a(0,t)G,(2,0,t)c(z,n, t).

Remark 12.14. In case of periodic coefficients, this implies for the time evolution
of the monodromy matrix M(z,t)

(12.86) %M(z t) = [M(z,t),Cr(2z,n,t)],
where
o _H’I’+1 2aG
(12.87) Cr(z,n,t) = ( —2aGF 2z — bH)GF — Hyuy >

This shows (take the trace) that the discriminant is time independent and that
{E;}38,, A, and B (cf. Section 7.1) are time independent.

Evaluating (12.86) explicitly and expressing everything in terms of our polyno-
mials yields (omitting some dependencies)

d (—=H/2 oG\ _
dt \ —aG*T H/2 ) —
(12.88) (GGt - GFG) —2&( +H— (z—b")GG)
' —2a(GfH — (2 —b")GFGT) 2a*(G,.GT - G Q) '
Equation (12.84) enables us to prove
Lemma 12.15. Assume (H.12.1) and suppose TL,(a,b) = 0. Let ug(z,n) be a
weak solution of H(0)ug = zug. Then the system

L oeinst) = Papya(Byu(z,n, 1)

(12.89) H(t)u(z,n,t) = zu(z,n, t), o
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has a unique weak solution fulfilling the initial condition
(12.90) u(z,n,0) = ug(z,n).

If ug(z,n) is continuous (resp. holomorphic) with respect to z, then so is u(z,n,t).
Furthermore, if uq,2(2,n,t) both solve (12.89), then

W(ul(z)a UQ(Z)) = Wn(ul(Z7 t)a UQ(Za t)) =
(12.91) a(n,t) (ul(z, n,thug(z,n + 1,t) —ui(z,n + 1,t)uz(z,n, t))
depends neither on n nor on t.

Proof. Any solution u(z,n,t) of the system (12.89) can be written as
(12.92) u(z,n,t) = u(z,0,t)c(z,n,t) + u(z,1,t)s(z,n,t)

and from (12.84) we infer that (12.89) is equivalent to the ordinary differential
equation

(12.93) ?(z’ 0,8)) _ —C(2,1) u(z,0,1) 7 u(z,0,0)\ _ (uo(z,0) |
U(Z,Lt) U(Z,l,t) u(z,l’()) Uo(Z,l)

which proves the first assertion. The second is a straightforward calculation using

(12.56) and (12.58). O

The next lemma shows that solutions which are square summable near 4oo for
one t € R remain square summable near +oo for all t € R, respectively.

Lemma 12.16. Let uy o(z,n) be a solution of H(0)u = zu which is square sum-

mable near oo. Then the solution uy(z,n,t) of the system (12.89) with initial

data uy o(z,n) € (3(Z) is square summable near oo for all t € R, respectively.
Denote by G(z,n,m,t) the Green function of H(t). Then we have (z € p(H))

1 { uy(z,n, t)u_(z,m,t) form<n
W(u_(2),us(2)) | us(z,m,t)u_(z,n,t) forn<m

FEspecially, if z < o(H) and a(n,t) < 0 we can choose ux o(z,n) > 0, implying
us(z,n,t) > 0.

(12.94) G(z,m,n,t) =

Proof. We only prove the u_ case (the uy case follows from reflection) and drop
z for notational simplicity. By Lemma 12.15 we have a solution u(n,t) of (12.89)
with initial condition u(n,0) = u4+ o(n) and hence

t 0
(12.95) S(n,t) = S(n,0) +2 /O Re 3 ], ) Parsals)ul s)ds,

where S(n,t) = 29 |u(j,t)[?. Next, by boundedness of a(t), b(t), we can find
a constant C' > 0 such that 4|H,1(n,t)| < C and 8|a(n,t)G,(n,t)] < C. Using
(12.56) and the Cauchy-Schwarz inequality yields

(12.96) ’ 4% WP2T+2(S)U(j,S)‘ < %(\u(l,sﬂz + S(n, s))

j=-n

Invoking Gronwall’s inequality shows

(1297) S(n,t) < (S(n,O) + C/t |’UJ(1,5)‘2@7CSdS)eCt
0
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and letting n — oo implies that u(z,.,t) € (2 (Z).
Since u(z,n,t) =0, z < o(H), is not possible by Lemma 2.6, positivity follows
as well and we are done. ([l

Using the Lax equation (12.22) one infers (z € p(H))

d
(12.95) SUH(W) ~ )7 = [Poralt), (H() — ).
Furthermore, using (12.94) we obtain for m <n
%G(z,n,m,t) =

_ u_(z,m)(Porqauy (2,.))(n) +uy (2,0)(Porgau—(2,.))(m)
W (), s (2)) |
As a consequence (use (12.56) and (12.58)) we also have

(12.99)

%g(z,n,t) = 2(Gr(2,n,t)h(z,n,t) —g(z,n, t)H,,H(z,n,t)),

ih(z,n,t) = 4a(n,t)? (G,«(z,n,t)g(z, n+1,t)

dt
(12.100) —g(z,n,t)Gp(z,n + 1,1))
and
D500 = 2051 (0) + 2D (G0 hes (1) — sy (O (D)
=0
+ 2gr41(1)7; (1),
(12.101) %Bj(t) = 4a(t)* Y (gr—e(®)Gf; () — Gers (1) g, (1))

£=0






Chapter 13

The initial value problem
for the Toda system

In the previous chapter we have seen that the initial value problem associated with
the Toda equations has a unique (global) solution. In this section we will consider
certain classes of initial conditions and derive explicit formulas for solutions in these
special cases.

13.1. Finite-gap solutions of the Toda hierarchy

In this section we want to construct reflectionless finite-gap solutions (see Sec-
tion 8.3) for the Toda hierarchy. Our starting point will be an r-gap stationary
solution (ag,bg) of the type (8.83). This r-gap stationary solution (ag,bp) repre-
sents the initial condition for our Toda flow (cf. (12.42)),

(13.1) TLy(a(t),b(t)) =0, (a(0),b(0)) = (ao, bo)

for some s € Ny, whose explicit solution we seek. That is, we take a stationary
solution of the Toda hierarchy and consider the time evolution with respect to a (in
general) different equation of the Toda hierarchy. To stress this fact, we use a hat
for the Toda equation (and all associated quantities) which gives rise to the time
evolution.

From our treatment in Section 8.3 we know that (ag,bp) is determined by the
band edges (E;)o<j<2r+1 and the Dirichlet eigenvalues (fo,;(n0))1<j<r at a fixed
point ng € Z. Since we do not know whether the reflectionless property of the initial
condition is preserved by the Toda flow, (a(t),b(t)) might not be reflectionless.
However, if we suppose that (a(t),b(t)) is reflectionless for all ¢, we have

T

z — pi(no, t)

=1
(13.2) g(z,mo,t) = —— 75—
R%iz(z)

241
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Plugging (13.2) into (12.100) and evaluating at u;(ng,t) we arrive at the following
time evolution for the Dirichlet eigenvalues fi;(ng, t)

d ~
%/"’j (’ﬂo, t) = _2GS (/u‘j (77,0, t), no, t)aj (n07 t)RJ (nOa t)v

(133) [Lj(no,()) = ﬂo,j(no)v 1 S] < T, te Ra

(recall (8.67)). Here G(z,m0,t) has to be expressed in terms of fi;(ng,t), 1 <j <r
(cf. Lemma 12.9).
Now our strategy consists of three steps.

(1) Show solvability of the system (13.3).

(2) Construct a(n,t), b(n,t) (and associated quantities) from (;(no,t))1<;j<r
as in Section 8.3.

(3) Show that a(n,t), b(n,t) solve TLy(a,b) = 0

In order to show our first step, that is, solubility of the system (13.3) we will first
introduce a suitable manifold MP for the Dirichlet eigenvalues fi;. For the sake of
simplicity we will only consider the case r = 2 with £y = E} < Fy = E3 < E4 < Ej,
the general case being similar. We define MP as the set of all points (i1, fi2)
satisfying (H.8.12) together with the following charts (compare Section A. 7)

(). Set Us, s, = {(fn,f12) € MPlpo # Es, o # Ey, 012 = 612}, U}, 5, =
(Eo, E2) x (E2, Ey).

(13.4) Us: 32 - U</717<72 U(g'170'2 — Us, .5, '
(i1, fr2) = (1, p2) (n1,p2) = ((11,61), (42, 52))

(ii). Set Ug, = {(ju1, fiz) € MP|us # Ea, 01 = —02}, Up, = (Eo — By, By — Ep) X
(0, 00).

UE2 — UJ/Ez
o1
(. fi2) = (o1l — ) — (=27,
((EQ’J)a(EQaU)) (Ovhig)
/Eg - UE2

(11 >0,10) — ((E2 — 172, 4), (B2 + fjr',/,z’—))
(13.5) 0 PR .

( 71/2) = ( 29 1+y2) ( 29 1+y2))

(1 < 0,v2) = ((Ba+ 222 ) (By — 18-, +))

(111) Set, UE470- = {(ﬂl,ﬂg) (S MD|[L172 }é EQ, o1 = 0'}, U/E4,U = (E07E2) X
(—VEy — E2,VEy — Es).

UE4’<T - U/E4,a
(o1, frz) = (p1, 00/ Ey — piz)’
U' i UE470

(13.6) G0 e ((¢1,0), (Bs— (3,5en(¢2)))
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Next, we look at our system (13.3). In the chart (i) it reads (omitting the
dependence on ¢ and ny)

. R . R1/2
fin = —2G, (1) = (pr)
H1 — M2
. A oo B2
(13.7) o = —2G () 2 1t2)
M2 — M1

In the chart (ii) it reads (11 # 0)

i = o (MRS - REE).

14+ vy 141, Mt vy
(13.8) iy — vy 2 i80) — Fulit)
. Vl 3
where
G’s z Rl/2 z A
(13.9) Fy(2) = 9—7632() = —2G4(2)(z — Eg)\/z — E4\/z — Es.

Note that Fs(z) remains invariant if p; and ug are exchanged. Moreover, the
singularity at v; = 0 in the second equation is removable and hence this vector field
extends to the whole of Up, .

Finally, in the chart (iii) it reads

e B &)
G = 2Gs(§1)gl ot
(13.10) (o = —2C(Es 753)(5'4 — Eo+&3)(By — By +§§)\/E5T4—§§.

& —Ei+ &

Hence our system (13.3) is a C°° vector field on the manifold MP. Since M P is
not compact, this implies unique solubility only locally. Thus we need to make sure
that any solution with given initial conditions in M P stays within M. Due to the
factor (p11 — Ep) (hidden in Ré/2(u1)) in (13.7), p1 cannot reach Ey. If po hits Ey
it simply changes its sign o9 and moves back in the other direction. Because of the
factor v5 in (13.8), v5 remains positive. Finally, we have to consider the case where
t1,2 is close to By and o1 = 02. In this case we can make the coordinate change
vy = p1 + po, vo = (Ea — p1)(ue — Es). Again we get 9 = vo(...) and hence vy
remains positive or equivalently neither pu; nor ps can reach Fs if o9 = o9.

Concluding, for given initial conditions (j11(0), f12(0)) = (fi0.1, flo.2) € MP we
get a unique solution (fi1(t), fi2(t)) € C*°(R, MP). Due to the requirement p; €
(Eo, Es] and s € [Es, E4], the functions pi 2(t) are not C°(R,R)! However, note
that the transformation (13.5) amounts to exchanging p; and pe whenever py and
o cross Ey. Hence if F(uy, us) € C°(R?,R) is symmetric with respect to y; and
2, then we have F'(ui(.), u2(.)) € C°(R,R).

In summary,

Theorem 13.1. The system (13.3) has a unique global solution
(1311) (ﬂj(nOa'))lngT € Coo(Rv MD)
for each initial condition satisfying (H.8.12).
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If s=rand é = ¢, 1 < < s, we obtain, as expected from the stationary
r-gap outset, fi;(no,t) = fig j(no) from (13.17) since G, (fio,;(n0), no,0) = 0.

Now we come to the second step. Using (13.11) we can define a(n,t), b(n,t)
and associated polynomials G, (z,ng,t), Hr41(z,ng,t) as in Section 8.3 (cf. (8.83)
and (8.66), (8.70)).

Rather than trying to compute the time derivative of a(n,t) and b(n, t) directly,
we consider G.(z,n,t) and Hy41(z,n,t) first. We start with the calculation of the
time derivative of G.(z, ng,t). With the help of (13.3) we obtain

d
%Gr(zan()at)

1 < j <. Since two polynomials of (at most) degree r — 1 coinciding at r points
are equal, we infer

(1312) = QGS(Hj(n(b t)a No, t)Hr—i-l(/j‘j (n07 t)7 no, t)a

=p(no,t)

d A .
%GT(Zan()ﬂt) = Z(Gs(zvnmt)HT-‘rl(zﬂnOat) - GT(Zvn()at)HS-i-l(ZanOat))’

provided we can show that the right-hand side of (13.13) is a polynomial of degree
less or equal to r — 1. By (12.60) it suffices to consider the homogeneous case. We
divide (13.13) by Réﬁz(z) and use (12.75) to express G, (z,no, t) and Hyy1(z, ng, t)
respectively (12.57) to express Gy(z,ng,t) and Hyy1(z,ng,t). Collecting powers of
z shows that the coefficient of 27, 0 < j < r, is

(13.13)

S S
(13.14) Gooj = > Go—jorhar—Gooj+ Y he—sfo—jo1 =0,
e=j+1 e=j+1
which establishes the claim.
To obtain the time derivative of H,11(z,ng,t) we use

(13.15) Hyi1(2,m0,1)% — 4a(no, £)2G (2,10, 1)Gr(z,n0 + 1,8) = Ry/% 4 (2)
as in (8.73). Again, evaluating the time derivative first at z1,(no,t), one obtains

d R
amﬂ@%@:@mﬂﬂ@@m@@@m+u)

(13.16) — G (z,m0,t)Gy (2,0 + 1,t))

for those t € R such that p;j(no,t) & {E2j_1,FE2;}, provided the right-hand side
of (13.16) is of degree at most » — 1. This can be shown as before. Since the
exceptional set is discrete, the identity follows for all ¢ € R by continuity.
Similarly, differentiating (13.15) and evaluating (d/dt)G,(z,n9 + 1,t) at z =
wi(no + 1,t) (the zeros of G,(z,n9 + 1,t)), we see that (13.13) also holds with ng
replaced by ng + 1 and finally that (f;(no + 1,t))1<;<, satisfies (13.3) with initial
condition fi;(ng+1,0) = fip,j(no+1). Proceeding inductively, we obtain this result
for all n > ng and with a similar calculation (cf. Section 8.3) for all n < ng.
Summarizing, we have constructed the points (f;(n,t))i<j<, for all (n,t) €
Z x R such that
%uj(mt) = —2G,(pi(n,t),n,t)o;(n,t)R;(n,t),
(1317) ﬂ](TL,O) = ﬂO, (TL), 1<j<n, (n’t) €Z xR,
).

with (f;(n,)1<j<r € CF(R, MP
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Furthermore, we have corresponding polynomials G, (z,n,t) and H,11(z,n,t)
satisfying

iGr(z, n,t) = 2(61’3(2, n,t)Hr41(2,n,1)

dt
(13.18) — Gr(z,n, ) Hoyo (2,m, t))
and
d o[ A
%HTH(z,n,t) = 4a(n,t) (Gs(z,n,t)Gr(z,n—I— 1,t)
(13.19) —G,«(z,n,t)és(z,n+1,t)>.

It remains to verify that the sequences a(t), b(t) solve the Toda equation
TLs(a,b) = 0.

Theorem 13.2. The solution (a(t),b(t)) of the TL, equations (13.1) with r-gap
initial conditions (aog,bo) of the type (8.83) is given by

) 1 o 1 2r+1 ) 1 r ) 1 )
a(n,t)* = 5D Ri(nt)+ 5 >0 B = 2> pi(nt)* = Jb(n,1)%,
J=1 J=0 J=1
2r+1

(18.20) b(n1) = 5 3 By = D s,
j=0 j=1

where (f1;(n,t))1<<r is the unique solution of (13.17).

Proof. Differentiating (13.15) involving (13.18), (13.19) and (8.82) yields the first
equation of (12.58). Differentiating (8.82) using (13.18), (13.19) and (8.101) yields
the second equation of (12.58). O

Observe that this algorithm is constructive and can be implemented numerically
(it only involves finding roots of polynomials and integrating ordinary differential
equations).

Next, let us deduce some additional information from the results obtained thus

far.
Clearly (13.18) and (13.19) imply

d

I (2 t) = 20(n,8) (871G (z.m + 1,8) = BGy (2, 1) ) KL (2,0, 1)

_ (ﬂ*lés(z,n +1,t) — ﬂés(zm,t))KfH(z,n,t))

(13.21) + Zgzg (Kﬂrl(zm,t) +B(B7Gr(z,n + 1,1) — ﬁGT(z,n,t)))

and as a consequence we note (use (8.113))
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Lemma 13.3. The time evolution of the zeros )\f(n, t), B € R\{0}, of the polyno-
mial Kf+1(.,n, t) is given by

%)\f(n, t) = (MK§+1(A@(n,t),n,t) 4 ) )

Ry (N (n, 1))

(13.22) — .
L#j

If )\?(n, t) = Afﬂ(m t) the right-hand side has to be replaced by a limit as in (8.67).
Finally, let us compute the time dependent Baker-Akhiezer function. Using

Hy11(p,n,t) + le (p) 2a(n,t)G,(p,n + 1,t
(13.23) o(p,n,t) = B s = (. 1)Gr 1/2 )
20“(”’ t)GT(p7 n, t) Hr+1(p, n, t) - R27.+2 (p)

we define for ¢ (p, n, ng, t)
t
w(p7 n, nOat) = €exp (/ (2a(n07Z)Gs(pa nOam)d)(pa no, .f)
0

(13.24) — Hyi1(p,no, x))dx)]:[ " o(p,m,t).

m=ngo
Straightforward calculations then imply

(1325) a(nat)¢(panvt) + a(n - 1,15)(1)(]9,?7, - 17t)71 = W(p) - b(na t)v

% In(p,n,t) = —2a(n,t)(Gs(p,n, t)p(p,n,t) + Gs(pn+ 1,1)d(p,n, 1) ")

+2(n(p) — b(n + 1,1))Gs(p,n + 1,1)

— Hop(pon+1,t) + Hoa (pon,t)
= 2a(n +1,t)Gs(p,n + 1,1)¢(p,n + 1,t)

—2a(n, t)Gy(p,n, t)d(p, n,t)
(13.26) — Hop1(pyn+1,6) + Hoypr(pyn,t).
Similarly, (compare Lemma 12.15)

a(n,t)(p,n+ 1,n9,t) + a(n — 1, ) (p,n — 1,ng,t)

(13.27) = (m(p) = b(n, 1))y (p,n, n0, 1),

and

(om0, 1) = 200, )G, (1, 0 7+ 1,7m0,1)
- I:Is+1(p7 n, t)¢(pa n,no, t)
P25+2(t)'(/)(p, - 1o, t)(n)

The analogs of all relations found in Section 8.3 clearly extend to the present
time dependent situation.

(13.28)
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13.2. Quasi-periodic finite-gap solutions and the
time-dependent Baker-Akhiezer function

In this section we again consider the case with no eigenvalues, that is r = g, since we
do not want to deal with singular curves. The manifold for our Dirichlet eigenvalues
is in this case simply the submanifold ®]g=17r*1([E2j,1, Es;]) € M, introduced in
Lemma 9.1.

For simplicity we set ng = 0 and omit it in the sequel. In order to express
o(p,n,t) and ¥ (p,n,t) in terms of theta functions, we need a bit more of notation.
Let weo, ,; be the normalized Abelian differential of the second kind with a single
pole at ooy of the form (using the chart (A.102))

(13.29) Woor,j = (w_2_j + O(l))dw near co4, J € Ny.
For weo, ,j — Weo_,; We can make the following ansatz
g+j+1 -
(13.30) Wooy j — = Z Cgrtjmht1 7
R29+2

From the asymptotic requirement (13. 29) we obtain ¢ = ¢x(E), 0 < k < j+1,
where ¢ (E) is defined in (12.70). The remaining g constants éxyj41, 1 < k < g,
have to be determined from the fact that the a-periods must vanish.

Given the summation constants ¢, ..., é& in Gy, see (12.38), we then define
(1331) QS = Z(] + 1)és—j(w00+,j - Woo,,j)7 é0 =1
§=0

Since the differentials w.., ; were supposed to be normalized, we have

(13.32) / Q,=0, 1<5<qg.
Next, let us write down the expansion for the abelian differentials of the first kind

ij

(13.33) ¢ = (Z nj,g(ooi)u/) dw ==+ <Z 77]'7[(004_)10[) dw near co4.
=0 =0

Using (A.116) we infer
9

(13.34) 0= > b ginl(B),

k=max{1,9—¢}
where di(E) is defined by

oo 2g+1
1 —1 di(E)
(13.35) 7 = 7 o do(B) =1, di(E Z Ey, etc. .
R29+2( ) k=0

In addition, relation (A.19) yields

1 .
(1336 U-go [ o —93 e muloos), 15j<g
bj =0

As in Lemma 9.7 we will show uniqueness of the Baker-Akhiezer function.



248 13. The initial value problem

Lemma 13.4. Let (., n,t), (n,t) € ZXxR, be meromorphic on M\{ooi,0c0_} with
essential singularities at ooy such that

(13.37) U(p,n,t) = Y(p,n,t)exp ( - t/p QS)

is multivalued meromorphic on M and its divisor satz‘i}ies

(13.38) ($(,n,)) = =Dp(0,0) + (Doo, — Doc_).

Define a divisor Dyer(n,t) by

(13.39) (W(.,1,t)) = Dyer(n, 1) — Dj(0,0) + M(Dosy, — Do ).

If Dp(o,0) 1s nonspecial, then so is Dyer(n,t) for all (n,t) € Z x R, that is, if
(13.40) 1(Dger(n, 1)) =0, (n,t) €Z xR,

and (., n,t) is unique up to a constant multiple (which may depend on n and t).

Proof. By the Riemann-Roch theorem for multivalued functions (cf. [81], 111.9.12)
there exists at least one Baker-Akhiezer function. The rest follows as in Lemma 9.7.
O

Given these preparations we obtain the following characterization of ¢(p,n,t)
and ¥ (p,n,t) in (13.23) and (13.24).

Theorem 13.5. Introduce

z(p.n,t) = A, (p) =y, (Dgo,0)) + 204, (00s) +tU, — E,
(13.41) z(n,t) = z(coq,n,t).
Then we have

0. t) = Cln) S D ey ([T ),

0(z(p,n, 1)) P P

13.42 p,n,t) = C(n,0,t) ————== exp n/ Woo ,OO,—Hf/ Qs ,
(13.42) w(p.mt) = Cn, 0.5 = s e (n | v, [ 2)
where C(n,t), C(n,0,t) are real-valued,
) O((n—1,0) s O(:(0.0)0(:(~1,0))

0(z(n+1,t))’ 0(2(n,t))0(z(n — 1,1))’
and the sign of C(n,t) is opposite to that of a(n,t). Moreover,
(13.44) o (Dpn,t)) =y, (Dago,0)) — 2nA,, (00) — [tU],

=Po =Po ad
where [.] denotes the equivalence class in J(M) (cf. (A.53)).
Hence the flows (13.11) are linearized by the Abel map

d
(1345) %gpo (Dﬂ(n,t)) = _Qs'

0’

(13.43) C(n,t) C(n,0,t)

Proof. First of all note that both functions in (13.42) are well-defined due to (9.34),
(13.32), (13.36), and (A.69).

Denoting the right-hand side of (13.42) by ¥(p, n,t), our goal is to prove 1) = U.
By Theorem 9.2 it suffices to identify

(13.46) ¥(p,0,t) = ¥(p,0,1).
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We start by noting that (13.23), (13.24), and (13.18) imply
t
¥(p,0,t) = exp (/ <2a(0,x)(§'5(2,0,m)gzﬁ(pﬂ,x) - fIHl(z,O@))dx)
0

t  Gy(2,0,2)RY2 (p)H, 1 1(2,0, R
(13.47) = exp (/( (2,0, 0) B2 (D) g1 (= x)—HsH(z,O,x))da: .
0

Gy(2,0,2)
In order to spot the zeros and poles of ¢ on M\{co;,00_} we need to expand the

integrand in (13.47) near its singularities (the zeros 1;(0,2) of G4(z,0,z)). Using
(13.17) one obtains

L0
¥(p,0,t) = exp </0 (Mzi(ﬂ)ﬁ/;])((i’)

(13(0,8) = 7(p))O(1)  for p near ME
(

0.1) # 5(0,0)
(13.48) = 0(1) for p near % 0,t) = ;(0,0) ,
(1(0,0) — 7(p))~*O(1) for p near 1;(0,0) # f1;(0,t)

with O(1) # 0. Hence all zeros and all poles of 1(p,0,t) on M\{ocoy,c0_} are
simple and the poles coincide with those of ¥U(p,0,t). Next, we need to identify
the essential singularities of ¥(p, 0,t) at cog. For this purpose we use (13.25) and
rewrite (13.47) in the form

L1 EGy(2,0, Go(2,0,
¢(p,0,t) = exp ( /O (;W + Rééiz(p)c;(sz dw)

Gy(2,0,t) 1/2 2,0,)
13.4 = (252t FG(20.0) )
(13.49) (Ecmy) oo (mno [ Grgne
We claim that

S
(13.50)  Ry)3o(0)Gulz,n,1)/Gy(z,m,t) = F > és—gz'™* + O(1) for p near oo
=0

y (12.38), in order to prove (13.50), it suffices to prove the homogencous case
¢o=1,¢=0,1<(<s, that is G, = G,. Using (8.96), we may rewrite (13.50) in
the form

Gy(z,n )zt = 271 Zfs_g(n,t)z£
(13.51) = —g(z,n,t) +O0(z""1) as z — o0.

But this follows from (6.7) and hence we conclude 1) = const(t)¥. The remaining
constant can be determined as in Theorem 9.2. O

It is instructive to give a direct proof that (13.17) is linearized by Abel’s map.
It suffices to assume that all 11 (n,t) are away from the band edges E,, (the general
case follows from continuity) and that é¢; = 0, 1 < j < s. Therefore we calculate
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(in the chart induced by the projection) using (9.17), (13.17)

d ? . g j n,t k-1
ﬁ%ﬂmmv=g;mmﬂgkw3%;%mm
— _ 2 ¢ és(”j(nat)7nat) N
— ng_:l(k)lg.(“ () — aln, t))uj( 1)
P R LN
(13.52) = 277121, /le'll(z—w(n 5 dz,

where I" is a closed path in C encircling all Dirichlet eigenvalues p;(n,t). The last
integral can be evaluated by calculating the residue at co. Using (see (13.51))

és(z,n,t) _ és(z,n,t) 1 _ ZS+1(1_|_O(Z—S))
[1G— e IE5MD Byl() —RY,(2)
we infer (cf. (13.34))

(13.53)

g

d
(13.54) <0, (Diny) = =2 > elk)de_gii(E) = —2n = -U,.
k=max{1l,9—s}

Equation (9.13) shows that the flows (13.22) are linearized by the Abel map as well

d .
%QPO

Finally, the 6-function representation for the time dependent quasi-periodic
g-gap solutions of the Toda hierarchy follows as in Theorem 9.4.

(13.55) (D U

¥ nay) = s

Theorem 13.6. The solution (a(t),b(t)) of the TL, equations (13.1) with g-gap
initial conditions (ag, bo) is given by

a1 = 2= LWl 1)
(1) Bz 1)) !

B g o O(w + z(n, 1))
b(n’t) - g 87 <9(’w+z(n_1at))) |

0(z(n —1,1))0(z(po, n + 1, 1))
0(z(n,1))0(z(po. n,t))

O(E(n’ t))e(;(po, n—1, t))

0(z(n — 1,1))0(2(po, n, 1))’

with @, b introduced in (9.42).

D

(13.56) +a

13.3. A simple example — continued

We now continue our simple example of Section 1.3. The sequences

1
(13.57) a(n,t) =ag = 2 b(n,t) = by =0,
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solve the Toda equation TL,(ag,by) = 0 since we have

T

Gor(z,n,t) = Gor(2) = [[ (2 — E2y),

j=1
Horq1(2,n,t) = Hori1(2) = 2 H(Z — E;),
j=1
2r—1
(13.58) Rori2(2) = ] (2 Ey),
j=0

where Fyg = —1, Eop1 =1, Eyj_1 = Ey;, 1 < j < r. In addition, we have

~ 2j - = -
(13.59) 90,25 = < j] ) » o241 =0, ho; = goj-1.

Furthermore, the sequences

(13.60) b (emt) = K" exp (mT(W) Lk +2k—1,
where
(13.61) ar (k) = 2(kGo,(2) — Hori1(2)) = (k — k") Gov(2)

satisfy (compare Section 1.3)
Ho(t)¢i(zv n, t) = Z¢i(2, n, t)7
d
%7/& (Zv n, t) = P0,27"+2 (t)qyb:t (Z, n, t)

(13.62) = 2a0Gor(2)¥+(z,n+ 1,t) — Ho p11(2)¢+(2,m, ).

Note a,.(k) = —a,.(k~1). Explicitly we have

(13.63)
- " (24)! . - - N
Goar(z) = 45' (;'))222@_]), Go.2r1(2) = 2Go2r(2), Hori1(2) = 2Gor(2)
§=0 :
and hence
aok) = k— k™,
ar(k) =k —k 2+ ci(k—k7Y),
(13.64) ete. .

13.4. Inverse scattering transform

This section is an application of Chapter 10 to the Toda case. Our strategy is
similar to that of the previous section. Again we will look for the time evolution of
suitable spectral data, namely the scattering data associated with H(t). We first

show that it suffices to check (10.1) for one ¢y € R.

Lemma 13.7. Suppose a(n,t), b(n,t) is a solution of the Toda system satisfying

(10.1) for one tog € R, then (10.1) holds for all t € R, that is,

(13.65) Z |n|(|1 —2a(n, t)| + |b(n,t)|) < 0.
nez
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/

Proof. Without loss of generality we choose ty = 0. Shifting a — a — % we can
consider the norm

(13.66) (@ bl = Y- (1 + In])(11 = 2a(n)] + [b(n)]).
ne”Z

Proceeding as in Theorem 12.6 we conclude local existence of solutions with respect
to this norm. Next, we note that by (12.26) we have the estimate

D 1+ [nDlgr(n,) = gor| < Co(IH(O)DI(a(t), b(2))]]-,

neZ
(13.67) > () |he(n,t) = hor| < Co(IHO)]I(a(t), b(t)],
neE”Z

where C,.(||H(0)]]) is some positive constant. It suffices to consider the homo-
geneous case ¢;j = 0, 1 < j < r. In this case the claim follows by induction
from equations (6.9) and (6.13) (note that we have g;(n,t)g;(m,t) — go,i90,; =
(gi(n,t) — go.i)g;(m,t) — go,i(g;(m,t) — go ;). Hence we infer from (12.40)

1 1 K
a(n.t) = 31 < la,0) = 51+ IHO [ Igv41(0,5) = go.
0
+|gr+1(n+1,8) = go,r41/ds,

t
Ib(n,1)] < [b(n,0)] + / g1 (2, 8) — Ry
0

(1368) + |hr+1(’ﬂ - 1, S) - h07r+1|d5
and thus
¢
(13.69) [[(a(®), b(&) I+ < [I(a(0), b(0))] + C/O I(a(s),b(s))|+ds,
where C' = 2(1 + ||H(0)||)Cr41(||H(0)]|). The rest follows from Gronwall’s inequal-
ity. (I

Thus we can define Jost solutions, transmission and reflection coefficients as
in Chapter 10 with the only difference that they now depend on an additional
parameter t € R. For example, we set

Clearly we are interested how the scattering data vary with respect to ¢.

Theorem 13.8. Suppose a(n,t), b(n,t) is a solution of the Toda system satisfying
(10.1) for one tg € R. Then the functions

(13.71) exp(ta, (k)t) f+(k,n,t)
fulfill (12.89) with z = (k + k=1)/2, where fi(k,n,t) are the Jost solutions and
ar (k) is defined in (13.61). In addition, we have
T(k,t) = T(k,0),
Ry(k,t) = Ry(k,0)exp(ta,(k)t),
(13.72) Va,(t) = 74,0(0) exp(F2ar(k)t), 1<L<N.
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Proof. Asin Lemma 7.10 one shows that fy(k,n,t) is continuously differentiable
with respect to ¢ and that lim,, 4. kT" f1 (k,n,t) — 0 (use the estimates (13.67)).
Now let (k+k~1)/2 € p(H), then Lemma 12.16 implies that the solution of (12.89)
with initial condition fy(k,n,0), |k| <1, is of the form

(13.73) CL(t)fx(k,n,t).
Inserting this into (12.89), multiplying with k7", and evaluating as n — +oo yields

(13.74) O (t) = exp(Lay, (k)1).

The general result for all |k] < 1 now follows from continuity. This immediately
implies the formulas for T'(k,t), Ry (k,t). Finally, let & = k;. Then we have

(13.75) exp(dar (ke)t) fx (ke,n, t) = Up(t,0) f+ (e, n, 0)
(compare (12.52)), which implies

d exp(£2a.(ke)t) d
13.76 ——— = = —||U,(t,0 ke,.,0)[| =0
(13.76) | LA A LA
and concludes the proof. O

Thus S1(H(t)) can be expressed in terms of Si(H(0)) as follows

(13.77) Si(H(t)) ={ Ry (k,0)exp(xar(k)t), k] = 1;

ke, v4,0(0) exp(F2a,(ke)t), 1 <L < N}
and a(n,t),b(n,t) can be computed from a(n,0), b(n,0) using the Gel’fand-Levitan-
Marchenko equations. This procedure is known as inverse scattering transform and
can be summarized as follows:

time evolution

S+ (H(0)) S+(H(t))
scattering Gel’fand-Levitan-
theory Marchenko equations
(a(0),0(0)) (a(t),b(t))

Hence, in the short range situation, the initial value problem for the Toda
lattice equations can be reduced to solving three linear problems. The mathematical
pillars of this method are formed by Theorem 12.6, Lemma 13.7, Theorem 13.8,
and Theorem 10.10.

Since the transmission coefficient is time independent, so is the perturbation
determinant (10.36)

(13.78) a(k(2),t) = a(k(2),0) = exp (/R &;(i)(?)
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Moreover, the traces

(13.79) t%HﬁV—(&M)zt%H@V—(MM)zé/Ah%JMdk
R

produce an infinite series of conservation laws for the Toda lattice. Or, one could
also take the expansion coefficients K, (see (10.17)) as conserved quantities.

13.5. Some additions in case of the Toda lattice

The rest of this chapter is devoted to the Toda lattice, that is, to the case TLg(a, b) =
0.

Combining

(13.80) %gpo (Danty) = —2c(9).

with (9.16) we obtain

(1381) Qp, (Dﬁ(n,t)) = Qy, (Dﬁ) - 2’)’LAPO(OO+) - 2[t§(g)]

Hence we can rewrite (13.56) as
o 0(z(n+1,1))0(z(n — 1,1))

a(n,t)? = a? 0(z(n.1))? )

_pald (z(n,1))

(13.82) b(n,t) = b+ 2@ (M)

Now let us verify TLg(a,b) = 0 directly. We start with the first equation
d 0(z(n+1,t)0(z(n — 1,t))

gt =a g 0(z(n. 1))
:dze(é(nJrLt)) (z(n — ))dln<9( z(n+1,1))0(z (n—Lt)))
0(z(n,1))? dt 0(z(n,1))?

(13.83) ZQMm@%wn+Lo—mww)

The second equation is more complicated. We compare the expansions (7.30) and
(9.45), (9.42) to obtain

j=1 i=1
g 29+2 g
E ci(g—1
(X B YN+ Y BB ).
= Vi 2 ¢(9) k=1
j= = Jk=

a®(n,t) + b*(n,t) =¢+b>_ Bj(n,t) +;<(ZBj(n’t))2

(13.84) +y ( Z 'ff(g)l))gj(n,t) + )
J k=

Jj= k=1 J»

=
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Adding these equations and eliminating b(n,t)? yields

2 2 _ S ) 1 & 0(z(n,t))
a®*(n,t) —a“(n—1,t) = j;lBBLk(n,t) = Z@ln (9(2(“_1775))>

1
13. === .
(13.85) 5 dtb(n,t)
The Baker-Akhiezer function for the Toda lattice 1 is given by

(13.86) P(p,n,t) = C’(n,O,t)m exp (n /P Woo 4,00 +t/p Qo> )

where
0(2(0,0))0(z(-1,0))
0(z(n,1))0(z(n — 1,1))

and g = Weo, ,0 — Weo_,0- Since we have the following expansion near co

(13.87) C(n,0,t)? =

p(2) N 1 -
(13.88) / Qo :$(z+d+0(;)), d e R,
Do
we can make the following ansatz for ()
I_ (=N
(13.89) Q = wdw.
R2g+2

The constants S\j have to be determined from the normalization

Ear (= A)
(13.90) / Q= / £0 gz =—o,

1/2
j By R2£+2(z)
and the requirement
g 1 2g+1
(13.91) A= 32 B
j=0 j=0

It follows that the b-periods are given by

g ~
B2 I (2 = Ae)
(13.92) /b Qo= —2 / 2 dz = 47ici(g).

1/2
Bays R2g+2 (2)

Remark 13.9. Expanding equation (13.86) around coy shows that
P 3
(13.93) / Q=T (z +b+ O(zil)) near oo4,
Do

where b is defined in (9.42). Conversely, proving (13.28) as in (9.61) (by expanding
both sides in (13.28) around oot and using Lemma 13.4) turns out to be equivalent
to proving (13.93). Comparison with the expansion (13.88) further yields b = d.
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13.6. The elliptic case — continued

In this section we extend our calculations for the special case g = 1 started in
Section 9.3. -
We first express the differential €0g. We need to determine the constants Ao, A\

from
~ ~ Ey+FEi+E,+ FE
(13.94) Sot Ay = ot 1; 2+ 23

and ([38] 254.00, 254.10, 340.01, 340.02, 336.02)

/ 90:2/E2x —()\o+)\1)x+)\o)\1d

£ R, (x)
C -
-2 ((EOEg + By By + 2300 K (k)
(13.95) + (B — o) (Fs — Ey)E(R)) =0,
which implies
33 E(k)
(13.96) 2hohn = (Fz = Fo)(Fy — Fs) g5 + (FoFs + FiFa).

The b-period is given by (cf. (13.92))

E 2 3 3 VY :

1 X~ — ()\0 + )\1)1’ + )\0)\1 . 27T1

13.97 / Qo = fz/ dz = 4mic(1) = .
(13:97) b Eo RY*(x) CK(k)

And for p = (z,+R}/*(2)) near py we have ([38] 251.00, 251.03, 340.01, 340.02,
336.02)

P
[
Po

dx

? J? — (/\0 +>\1)I+/\0)\1
= 1/2
Lo Ry ()

C(E; — Ey) E(k)F(u(z), k) — K(k)E(u(2), k)
2 > ((EB - El) K(k)
(13.98) (s — \/1 — uEd EU\/UI(Z—)ZkQu 2)2)
Es—E;

Finally we remark that (9.85) now reads

1— 2222 Bosn (2K (k)0 + 2nF () B=52 k) + C)2

1— 22=Fen(2K (k)6 + 2nF () Z2=5t k)
0
since we have

(13.100) A(Eo,0) (N, 1)) = A(g,,0)(1(0,0)) = 2nA (g, 0)(004) — 2[te(1)].

(13.99) p(n,t) = Eq




Chapter 14

The Kac-van Moerbeke
system

In this chapter we will introduce the Kac-van Moerbeke (KM) hierarchy. Using
a commutation (sometimes also called a supersymmetric) approach we will show
that the Kac-van Moerbeke hierarchy is a modified Toda hierarchy precisely in
the way that the modified Korteweg-de Vries (mKdV) hierarchy is related to the
Korteweg-de Vries (KdV) hierarchy. The connection between the TL hierarchy and
its modified counterpart, the KM hierarchy, is given by a Bécklund transformation
(the Miura transformation in case of the KdV and mKdV equation) based on the
factorization of difference expressions found in Section 11.1. This will allow us to
compute new solutions from known ones. In particular, we will be able to compute
the N-soliton solution starting from the trivial solution (see Section 13.3) of the
TL equation.

14.1. The Kac-van Moerbeke hierarchy and its
relation to the Toda hierarchy

This section is devoted to the Kac-van Moerbeke hierarchy and its connection with
the Toda hierarchy.

We will suppose that p(t) satisfies the following hypothesis throughout this
chapter.

Hypothesis H. 14.1. Let
(14.1) p(t) € L°(Z,R), p(n,t)#0, (n,t) €Z xR,
and let t € R +— p(t) € £°(Z) be differentiable.
Define the “even” and “odd” parts of p(t) by
(14.2) pe(n,t) = p(2n,t), po(n,t) = p(2n+1,t), (n,t) €Z xR,
and consider the bounded operators (in ¢2(Z))
(143) At) = po®)S* +pelt),  AW) = pr (1)S™ + pet)

257
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As in Section 11.1 we have the factorization

(14.4) Hi(t) = A(t)"A(t),  Ha(t) = A(t)A(1)",
with
(14.5) Hy(t) = ap(t)ST +ay ()5S~ + by (t), k=1,2,
and

ar(t) = pe(t)po(t), bi(t) = pe(t)” + p; (1)°,
(14.6) as(t) = pd (t)po(t), ba(t) = pe(t)? + po(t)*.

In the sequel it will be important to observe that the transformation p(n,t) =

p(n+ 1,t) implies

(14.7) pe(n,t) = po(n,t), Po(n,t) = pe(n +1,t)

and hence a; (t) = ay(t), by(t) = by(t), az(t) = af (t), by(t) = b7 (¢). In addition, we

have g1,;(t) = g2,i(1), h1,j(t) = ha,j(t) and go ;(t) = gy ;(t), haj(t) = h{ ;(1).
Using (6, HI T 6,) = (6, AH? A*5,,) we can express 92,5, ha,j, J € N, in terms

of g1, h1,j, j € N. Explicit evaluation with m = n gives (provided we pick the
same summation constant ¢i ¢ =cop =cp, 1 <L <)

(14.8) 92.5+1(t) = po(t)*g1 ;(t) + pe(t)®g15(t) + ha (2).
Similarly, for m = n + 1 we obtain

hoj1(t) = hijp1 = po(t)® (Q(Pj(t)zgffj(t) — pe(t)?g1,5(t))
(14.9) (0 () = g (1))
By virtue of (14.7) we can even get two more equations
g1(t) = pe(t)*g2.5 (1) + P (6)95,5(8) + ha (1),
Paga () = hrgan = (8 ( = 2p0(t)292.5(1) = 55 (1)%93,,(1))

(14.10) — (ha,i(0) = b3, (1)),

These relations will turn out useful below.
Now we define matrix-valued operators D(t), Qa2,42(t) in £2(Z,C?) as follows,

D(t) = (A(()t) A(ot)*> ;

(14.11) Q2r+42(t) = (PLQT(;&(t) Py 2r(12(t)> 7

r € No. Here Py 2r12(t), kK = 1,2, are defined as in (12.38), that is,

Prarg2(t) = —Hp ()™ + ) (2ar(t)gr; ()ST — e i (8)) He (8) + gh v
=0

= Qak(t)ka(z, t)S+ — ijr_‘_l(z, t).

14.12)  Pyopio(t -
( ) k,2 +2( ) Ker(7y(t)—2)

The sequences (g, (7, t))o<j<r, (hk,j(1,1))o<j<rt1 are defined as in (12.27), and
the polynomials Gy (z,n,t), Hgr11(2z,n,t) are defined as in (12.57). Moreover,
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we choose the same summation constants in Pj o,4+2(t) and P2 op12(t) (ie., c10 =
ca,0 = ¢, 1 <€ <r). Explicitly we have

QQ(t) _ <p€<t)p0(t)5+ - pe_ (t)p; (t)S_ 0 >
0 pE ()po(t)ST — pe(t)py (1)S™
(14.13) ete. .
Analogous to equation (12.22) we now look at
(14.14)
d 0 Popi0A" — A" Py or 0
—D = r 7D = ’ ) .
dt [Q2r+2, D] ( P ory0A — AP op 40 0
Using H{A* = A*Hg and S~ = L (Hy — a8 — by) we obtain after a little
as
calculation
APy opi0 — Py o0 A" =
~ poPy :
y e (205(92,3' —g15) + (hy; — th))SJfH;‘J
j=1 "°
1 2
#30 ((hagi —hagen) + 20015~ (03)03,)
j=1
— po(hy; — ) + pZ(hay — h;,j))Hg_j + (hg g1 — P1rs1)
(14.15) = Po (92.r41 — 91041)S™ + pe(g2.r41 — g1r11)-
Evaluating (3, (H{A* — A*H$)6,,) = 0 explicitly gives
(14.16) hy;—h1j+2p2(925 — g1,5) =0

and the second identity in (14.10) together with (14.16) implies

(14.17)

(haj1 = hugan) +2((a1)?015 — (a3)%055) = p2(ha ;= hug) + pe(hayy — hy ) = 0.
Hence we obtain

(14.18) Py opin A" = A"Prorys = —py (92041 = 91.04+1)S™ + pel92,041 — G1,r41)-
Or, in other words,

d

(14.19) %D(t) — [Q2r42(1), D(t)] = 0

is equivalent to

@r(ﬁ) = (KMr(p)ev KM’I‘(p)O)

Pe — pe<g2 r+1 — g1 r+1) >
14.20 = . ’ ’ =0.
( ) (Po + po(92,r+1 — gir-{-l)

Here the dot denotes a derivative with respect to t. One look at the transformation
(14.7) verifies that the equations for p,, p. are in fact one equation for p. More
explicitly, combining gz ;, respectively hy ;, into one sequence

G;(2n) = q1,;(n) H;(2n) = hi;(n)

(14.21) G2n+1) = goi(n) Hi2n+1) = hyj(n)”’

, respectively
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we can rewrite (14.20) as
(14.22) KM, (p) = = p(G, — Grsn).
From (12.27) we see that G;, H; satisfy the recursions
Go =1, Hy = ¢,
2G4 —H; —H; ~ =2(p*+ (p7)*)G; =0, 0<j<r,
Hjy = Hi5 = 2((pp")*GY = (07 p)*G5 )

(14.23) (P +(p7)*)H; —H;7) =0, 0<j<r
As in the Toda context (12.42), varying r € Ny yields the Kac-van Moerbeke
hierarchy (KM hierarchy) which we denote by
(14.24) KM, (p) =0, 7€ Np.
Using (14.23) we compute

Gi=p+(p ) +a,

Hy = 2(pp™)? + e,

Gz = (pp" )+ (0* + (P + (07~ ) + (P’ + (p7)*) + e,

Hy = 2(pp")2((p* ) + (0)2 + p2(p7)?) + ex2(pp™)? + c3,
(14.25) etc. .

and hence
KMo(p) = p—p((p")* = (p7)?) =0,
KM (p) = p—p((p")* = (07)* + (072 (0")? + (07)%0° = p*(p7)?
—(p ) (p 7)) +al=p) ()= (p7)) =0,
(14.26) ete. .

Again the Lax equation (14.19) implies

Theorem 14.2. Let p satisfy (H.14.1) and KM(p) = 0. Then the Laz equation
(14.19) implies the existence of a unitary propagator V,.(t,s) such that we have

(14.27) D(t) = Vi.(t, s)D(s)V,.(t,s) 7}, (t,s) € R?

and thus all operators D(t), t € R, are unitarily equivalent. Clearly, we have
. Ul,r(ta S) 0

(14.28) Vi(t,s) = ( 0 Us,r (1, 5) > .

And as in Theorem 12.6 we infer

Theorem 14.3. Suppose py € (*°(Z). Then there exists a unique integral curve
t— p(t) in C°(R,£>°(Z)) of the Kac-van Moerbeke equations, KM, (p) = 0, such
that p(0) = po.

Remark 14.4. In analogy to Remark 12.7 one infers that p. and p, enter a., b,
quadratically so that the KM hierarchy (14.24) is invariant under the substitution

(14.29) p(t) = pe(t) = {e(n)p(n, ) inez, &(n) € {+1,-1}, n€Z.

This result should again be compared with Lemma 1.6 and Lemma 14.9 below.



14.1. The Kac-van Moerbeke hierarchy 261

As in Section 12.2 (cf. (12.45)) we use a tilde to distinguish between inhomo-
geneous and homogeneous Kac-van Moerbeke equations, that is,

(14.30) KM, (p) = KM, (p)|

cp=0, 1<4<r’

with ¢, the summation constants in Py, 2, 2.
Clearly, (14.20) can also be rewritten in terms of polynomials

d
%Pe = 2p6p§(Gfr(Z) = G2.,(2)) = pe(H1,r41(2) — H2r11(2)),
d
(14.31) = p0 = —200(pE)* (G, (2) = G3,,.(2)) + po(HY 11 (2) — Hap11(2)),

r € Np. One only has to use (14.16) and
(14.32) haj —hij+2p2(g25 — 91 ;) =0,

which follows from (14.16) invoking the transformation (14.7).

The connection between Py 2,12(t), k = 1,2, and Qar4+2(t) is clear from (14.11),
the corresponding connection between Hy(t), k = 1,2, and D(t) is provided by the
elementary observation

(14.33) D(t)? = ( Hlo(t) Hf(t) )
Moreover, since we have

(14.34) 9 D0 = [Qura(t). DY

we obtain the implication

(14.35) KM, (p) = 0 = TL,(ay, by) =0, k=1,2.
Using (14.16) and (14.32) this can also be written as

(14.36) TL, (ay, bx) = WiKM, (p), k=1,2,

where Wy (t) denote the matrix-valued difference expressions

_( p) et — (ST i)
(14.37) Wl(t)_(;pe(t) 2p§(t)5_>, Wz(t)—<p2pe(t) pro(t)>.

That is, given a solution p of the KM, equation (14.24) (respectively (14.31)), one
obtains two solutions, (a1,b1) and (ag,bs), of the TL, equations (12.42) related
to each other by the Miura-type transformations (14.6). Hence we have found a
Backlund transformation relating the Toda and Kac-van Moerbeke systems.
Note that due to (H.14.1), (a1,b1) and (az, by) both fulfill (H.12.1).

In addition, we can define

_ pe(n,t) ___po(nst)
(14.38) p1(n,t) = T po(mit)’ Pa(n,t) = pe(n+1,t)
This implies
ag (n -1, t)

(14.39) ar(n, )Pk(n,t) + 20—

+ br(n,t) =0
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and using (14.8), the first identity in (14.10), and (12.27) one verifies (cf. (13.26))

% In ¢k (nv t) = _2ak (na t) (gk,r (na t)¢k (TL, t) + gk,r(n + 1; t)¢k (TL, t)il)

- Zbk(n + 17t)gk7r(n + 1at) + (gkﬂ"-i-l(n + 17t) - gk,T+1(na t))
(14.40)  — (hgr(n+1,t) — hir(n,1)).

Hence we infer

(14.41) Hy(t)ug(n,t) =0, %uk(n, t) = Py orq2(t)ur(n,t)

(in the weak sense, i.e., uy is not necessarily square summable), where

ug(n,t) = exp </o (2ak(no,z)gkm(no,x)(ﬁk(no,x)

n—1

(14.42) — hgr(no, @) + grri1(no, x))dx)n * o (m, t).

m=ng

Furthermore, explicitly writing out (14.19) shows that if

d
(14.43)  Hi(t)ug(z,n,t) = zuk(z,n,t), @uk(z, n,t) = Py orpo(t)ur(z,n,t)
holds for the solution u;(z,n,t) (resp. us(z,n,t)), then it also holds for the solution
uz(z,n,t) = A(t)uy(z,n,t) (vesp. ui(z,n,t) = A(t)*ua(z,n,t)).
Summarizing,

Theorem 14.5. Suppose p satisfies (H.14.1) and KM,(p) = 0. Then (ax,bg),
k = 1,2, satisfies (H.12.1) and TL,(ag,bi) = 0, k = 1,2. In addition, if (14.43)
holds for the solution ui(z,n,t) (resp. ua(z,n,t)), then it also holds for the solution
us(z,n,t) = A(t)uy(z,n,t) (resp. ui(z,n,t) = A(t)*u2(z,n,t)).

Finally, let us extend Lemma 12.16 to the case A\ < o(H).

Lemma 14.6. Suppose A < o(H) and a(n,t) < 0. Then ug(A,n) > 0 implies that
the solution w(A,n,t) of (12.89) with initial condition ug(\,n) is positive.

Proof. Shifting H(t) — H(t) — A we can assume A = 0. Now use uo(0,n) > 0 to

define po(n) by
B —a(n,0)up(0,n)
poolr) = M Tuwln D)

_ [=a(n,0)up(0,n + 1)
(14.44) poe(n) = \/ 0(0, 1) .

By Theorem 14.3 we have a corresponding solution p(n,t) of the KM hierar-
chy and hence (by (14.35)) two solutions ag(n,t),bx(n,t) of the TL hierarchy.
Since a1(n,0) = a(n,0) and b;(n,0) = b(n,0) we infer ai(n,t) = a(n,t) and
b1(n,t) = b(n,t) by uniqueness (Theorem 12.6). Finally, we conclude w(0,n,t) =
uo(0,n0)ur(n,t) > 0 (with ui(n,t) as in (14.42)) again by uniqueness (Theo-
rem 12.15). O

Another important consequence is
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Lemma 14.7. Let A < 0(H(0)) and a(n,t) < 0. Suppose u(A,n,t) solves (12.89)
and is a minimal positive solution near oo for one t = ty, then this holds for all
t € R. In particular, H(t) — X is critical (resp. subcritical) for all t € R if and only
if it is critical (resp. subcritical) for one t = tg.

Proof. Since linear independence and positivity is preserved by the system (12.89)
(by (12.91) and Lemma 14.6) H(t) — A is critical (resp. subcritical) for all ¢ € R if
and only if it is critical (resp. subcritical) for one ¢t = ¢y. If H(t) — A is subcritical,
we note that the characterization (2.70) of minimal solutions is independent of ¢.
Hence it could only happen that uy (A, n,t) and u_ (A, n,t) change place during time
evolution. But this would imply w4 (A, n,t) and u_ (A, n,t) are linearly dependent
at some intermediate time ¢ contradicting H(t) — A subcritical. (]

In the special case of the stationary KM hierarchy characterized by p = 0 in
(14.24) (resp. (14.31)), or equivalently, by commuting matrix difference expressions
of the type

(14.45) [Q2r+2, D] =0,
the analogs of (12.79) and (12.67) then read
2r+1 2r4+1
(14.46) Qo= [I (O~ VEND+ VE) = [] (D* - E))
=0 =0
and
2r41 241
(14.47) = [ w—vEw+ VE) = [] @ - E).
j=0 =0

Here i\/E are the band edges of the spectrum of D, which appear in pairs since
D and —D are unitarily equivalent (see Lemma 14.9 below).

We note that the curve (14.47) becomes singular if and only if E; = 0 for some
0<j<2r+1. Since we have 0 < Ey < E; < -+ < Ey,41 this happens if and only
if Fp =0.

We omit further details at this point since we will show in the following sections
how solutions of the KM hierarchy can be computed from the corresponding ones
of the TL hierarchy.

14.2. Kac and van Moerbeke’s original equations

The Kac-van Moerbeke equation is originally given by

d 1
(14.48) @R(n’ t) = 5 (e—R(n—l,t) _ e—R(n+1,t)>_
The transformation

1
(14.49) p(n,t) = §e_R(”’t)/2,

yields the form most convenient for our purpose

(14.50) plnst) = p(nt) (pn+ 1,07 = p(n = 1,0)?),
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which is precisely KM (p) = 0. The form obtained via the transformation c(n,t) =
2p(n, t)? is called Langmuir lattice,

(14.51) qmn:cm¢(4n+Lw—qn—Lw)

and is used for modeling Langmuir oscillations in plasmas.

14.3. Spectral theory for supersymmetric
Dirac-type difference operators

In this section we briefly study spectral properties of self-adjoint ¢?(Z, C?) realiza-
tions associated with supersymmetric Dirac-type difference expressions.
Given p € ¢*°(Z,R) we start by introducing
(14.52) A= poST + pe, A* = p 8™ + pe,
with pe(n) = p(2n), po(n) = p(2n 4+ 1). We denote by D the bounded self-adjoint
supersymmetric Dirac operator
D: *(7,C?) — (*(7,C?)
(14.53) 0 A*
f — A 0 )1
and by U the corresponding unitary involution
U: *(z,C% — *z,C?
(14.54) 0 1 .
f — 10 )7

Theorem 14.8. Suppose p € £>°(Z,R), then D is a bounded self-adjoint operator
with spectrum

(14.55) o(D) = {w € Rlw? € o(H,) Uo(Hs)}
and resolvent

(14.56) w—m*:<%ﬁ‘ﬁfiﬁg?jgf)7w%@ww;

where Hy = A*A, Hy = AA*.

Proof. The spectrum of D follows from the spectral mapping theorem since D? =
Hy ® Hs and since D and —D are unitarily equivalent (see the lemma below). The
formula for the resolvent is easily vindicated using A(H; —w?)™! = (Hy —w?)" 1A
and (H; —w?)7tA* = A*(Hy —w?)™! (since AH; = HyA and H1 A* = A*Hs) (see
also Theorem 11.1). O

Hence one can reduce the spectral analysis of supersymmetric Dirac operators
D to that of Hy and Ha. Moreover, since Hi|ker(r,)r and Ha|ger(p,)+ are unitarily
equivalent by Theorem 11.1, a complete spectral analysis of D in terms of that of
H; and Ker(Hj) can be given.

The analog of Lemma 1.6 reads

Lemma 14.9. Suppose p satisfies (H.14.1) and introduce p. € {3 (Z) by
(14.57) pe(n) =e(m)p(n), eln)e{+1,-1}, neZ
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Define D, in (*(Z,C?) as in (14.53) with p replaced by p.. Then D and D, are
unitarily equivalent, that is, there exists a unitary operator U. in (*(Z,C?) such
that

(14.58) D=U.D.U "
Especially taking e(n) = —1 shows that D and —D are unitarily equivalent.

Proof. U, is explicitly represented by

(1459) U, = < U(I)’E UO ) ) Uk,e = {gk(n)ém,n}m,n€Z7 k= 1,2,
2,e
E1(n+1)é2(n) =e(2n+ 1), E1(n)éz(n) = &(2n), n € Z. O

14.4. Associated solutions

In Theorem 14.5 we saw, that from one solution p of KM, (p) = 0 we can get two
solutions (a1,b1), (ag,bs) of TL,(a,b). In this section we want to invert this process
(cf. Section 11.2).

Suppose (a1,b;) satisfies (H.12.1), a1(n,t) < 0 and TL,(a1,b1) = 0. Suppose
Hy > 0 and let ui(n,t) > 0 solve

d
(14.60) H(t)ui(n,t) =0, ﬁul(n, t) = P oryo(t)ur(n,t)
(cf. Lemma 12.16). This implies that ¢1(n,t) = u1(n + 1,t)/u1(n,t) fulfills
ar(n—1,t)

(14.61) a(n, )or(n ) + 2o

= _bl (n7 t)v
and

%ln ¢1(n,t) = —2a1(n,t) (gl,r(n, 1 (n,t) + g1.-(n + l,t)qbl(n,t)*l)

+ 2b1(’l’L + 17t)gl7r(n + 1at) + (gl,T-'rl (n + 1at) - glw-‘rl(nat))
(14.62)  — (h1,(n+1,8) — hir(n,t)).

Now define
(14.63) po(n) = — |1 pe(n,t) = \/—a1 (1, )1 (1, 1).
’ amy e

Then, using (12.40), (12.27), and (14.8) a straightforward calculation shows that
the sequence

(14.64) p(n,1) = { o N G L e TR

fulfills (H.14.1) and KM,.(p) = 0. Hence by (14.35)
(1465) a2(n7t> = pe(n+ 17t)p0(na t)v b2(n7t) = pe(na t)2 +p0(nat)2
satisfy TL, (a2, bs) = 0.
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Since we already know some solutions of TL, (a1, b;) = 0, we can illustrate this
process. Taking a finite-gap solution

a (n t) — 9(&1(71—‘1- 1’t)>9(§1(n_ Lt))
R 6(z,(n,1))? ’

b1(n,t) :lNJJriC'() 0 In (9(0(w+21(n’t)) )‘g:o’

ow; w+ z,(n—1,t))

Jj=1

(z1(n = 1,1)) 0(z(p1,n +1,1)) P1
9@1(“1%)) 9Ezl<p1,n,t)> eXp(/p T+oo=—oo),

0

po(n,t) = —4/—

( 7t)) o(él(m,n,t)) —1 [P
0(z1(n0) Oz (pron+1,0) (7 /p0 T+<>O,—oo>7
)

pe(n,t) = V/=ai(n,0)¢1(n.t)

Harln ~1.0) Oarloin 1) o (1 / i)

_ [t
(14.67) = 0(z(n,t)) 0z (p1,n,1))

I
|
%

>
A?
S|+
~ | =

and

aglmt) \/9<z2<n+ 1,6)0(zp(n — 1,1)
R 0(z5(n,1))? ’

R ) O(w + z4(n,t
by(n,t) = b+ ;cj(g)aTjj In <9(w<+ 22(n(_ 12))) ‘y:07

o= 10) 0Ly 7
148) aan.t) = |2y e e e ([ ).

0

where z,(n) = z;(p1,n + 1) respectively z,(pf,n) = z;(n). We remark that if we
interchange the role of a; and as and use p* instead of p we get a sequence p(n, t)
which is related to p(n,t) via p(n,t) = p(n+1,¢) (cf. (14.7)). This implies that we
can assume p to lie on the upper sheet.

In the simplest case, where we start with the constant solution a;(n,t) = a and

bi(n,t) = b, we obtain for p = (A, iRl/Q( )

(14.69) pe(ny t) = po(n, t) \/\)\ — b+ /B — da
and hence

-1 n+1
(14.70) p(n ) = ¢ VIA— bl £ VN bE — 42

V2
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14.5. N-soliton solutions on arbitrary background

In this section we want to extend the calculations of Section 14.4 and of Chapter 11.
Suppose (a,b) satisfies (H.12.1), a(n,t) < 0, and TL.(a,b) = 0. Suppose

A < o(H), let ug(A,n,t) > 0 be the minimal positive solutions of (12.89) found

in Lemma 14.7, and set

1 -|— g1

2
Note that the dependence on o7 will drop out in what follows if uy (A1, n,t) and
u_(A1,n,t) are linearly dependent (for one and hence for all ¢). Now define

— 01

1
(14.71) Ugy (A1,1,1) = uy (A, m,t) +

u_(A1,n,t).

a(n,t)
(14.72)  poy,0(n,t) = — T Ot pore(n,t) =/ —a(n, t)¢o, (A1,n,1),
where ¢g, (A1, 1,1) = Uy, (A1,m + 1, 1) /g, (A1, 0, 1).
Then, proceeding as in the proof of Lemma 14.6 shows that the sequence

| poye(m,t) for n =2m
(1473) pUl (nat) - { pa‘l,o(mat) fOI' n = 2m + 1 I
fulfills (H.14.1) and KM,.(p) = 0. Hence by (14.35)
(14.74)

Aoy (na t) = pO’l,(i(n +1, t)ptn,o(nv t)a ba1 (na t) = p0175(n7 t)Q + pU1,0(na t)2
satisfy TL,(as,,bs, ) = 0.

We summarize this result in our first main theorem.
Theorem 14.10. Suppose (a,b) satisfies (H.12.1) and TL,(a,b) = 0. Pick Ay <
o(H), o1 € [-1,1] and let us (A1, n,t) be the minimal positive solutions of (12.89).
Then the sequences

G (n ) = \/a(n,t)a(n + L) ug, (M, n, t)ug, (A1, 0+ 2,1)
S Ugy (A1, + 1,1)2 ’
a(n, t)uy, (A1,n,t)
Ugy (A1, n + 1,1)

(14.75) by, (n,t) = b(n,t) + 8"

with

1

(14.76) g, (\,n+1,t) = 2“1

satisfy TL,(ag,,05,) = 0. Here 0*f(n) = f(n—1) — f(n). In addition,

a(n, t)(us, (A1, n, u(z,n+ 1,t) — uy, (A1, n + 1, t)u(z,n,t))
\/—a(n, g, (A1, 1, ) ug, (A1, n + 1, 1)

satisfies Hyyu = zu and d/dt u = Py, oryou (weakly) (in obvious notation).

— 01

1
uyp (A, m,t) + u_(A1,n,t),

(14.77)

Remark 14.11. (i). Alternatively, one could give a direct algebraic proof of the
above theorem using H,, = A, HA}, to express the quantities go, j, ho, j in terms
of 9j, hj .

(ii). We have omitted the requirement a(n,t) < 0 since the formulas for as,,bs,
are actually independent of the sign of a(n,t). In addition, we could even allow
M > o(H). However, py, (n,t) and ps, o(n,t) would be purely imaginary in this
case.
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Iterating this procedure (cf. Theorem 11.10) gives

Theorem 14.12. Let a(t),b(t) satisfy (H.12.1) and TL,.(a,b) = 0. Let H(t) be the
corresponding Jacobi operators and choose

(14.78) AN < <XA<A <o(H), orel[-1,1], 1<L<N, NeN
Suppose uy (A, n,t), are the principal solutions of (12.89). Then

a0'17 LON n t \/a n t n"'N )
\/C ..... on t))cn+2(UO'1,.»-,0'N(t))
Cn+1(U01 ..... G’N(t)) ,

) Dn(Uol,...ﬁN (t))
Cot1(Usy ..o (1))

satisfies TLy(ao,,...on5boy,....on) = 0. Here C,, denotes the n-dimensional Casora-
tian

(14.79) boy....on (M, t) = b(n,t) + 0% a(n,t

Cplur,...,un) = det (ui(n+7—1))1<; jon s

u;(n), j= 1)
14.80 Dy(uq,...,un) = det . . ,
( ) (u1 ~) (ui(n+]), j>1 L<ij<N

and (Uy, .. on (1)) = (ub (1),.. .,uf,VN (t)) with
14 oy

2
Moreover, for 1 <L < N, A < Ay,

j:]_[\/ a(n + J,£)Ch( (), us (M 1))

\/C T1,...,0¢ t))cn+1(U01,...,a£ (t)>
o (H)u = Au and satisfy

l1-0
uy (A, n,t) + (—I)ZHT[U—

(14.81) uﬁz(n,t) = (Ae,m, t).

(14.82) Ut oy...0p(A, 1) =

are the minimal solutions of T,

.....

(14.83) %uiﬁh,,,w(/\,n,t) =P, oport2(t)Ut o0, o0 (A1, T).
Defining
Poron 0 t) =
¢a(n’t) CoiaUsy,on s 0)OnUny (1))
CortUor.—om s (0)Crns1 Uz, (1))
Por,.one(t) =
ColUssrrm 1 (0)Cn +1<Uah on()
(1480 \/ G R (AN ) TeR AN ()}

the corresponding sequence po, . . ox(n) solves KMr(pgl7,._7aN) =0.

Clearly, if we drop the requirement A < o(H) the solution us, (A1, n,t) used to
perform the factorization will no longer be positive. Hence the sequences a,, (n,t),
bs, (n,t) can be complex valued and singular. Nevertheless there are two situations
where a second factorization step produces again real-valued non-singular solutions.
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Firstly we perform two steps with A1 2 in the same spectral gap of H(0) (com-
pare Section 11.8).

Theorem 14.13. Suppose (a,b) satisfies (H.12.1) and TL,(a,b) = 0. Pick A1 2,
01,2 € {£1} and let A\ 2 lie in the same spectral gap of H(0) ((A1,01) # (A2, —02)
to make sure we get something new). Then the sequences

Wo,oo(n— 1L )Wy, 5,(n+1,%)
aa‘l,Oz (n7t) = a(n’t)\/ == W (n 1t>22 9
01,02 )

ca(n, t)ug, (A, n, t)uy, (A2, n + 1,t)

(14.85) by, 0y(nst) = b(n,t) — 8

WUlaoz(n’t) ’
where
Wn o )\17 yUo )\27
(14.86) W, 00(n,t) st A £
. 01,021 1) = w y
v > e, (A,mu )2, (A1, 01) = (N2, 02)

m=ao100

are real-valued non-singular solutions of TL(av,,00,001,0,) = 0. In addition, the
sequence

Woy .op (0, t)u(z, n,t) — fougz Aoy, YW (U, (A1, ), u(2, 1))
\/Wm,tfz (n - 17 t) WGhUz (n> t)
satisfies Hy, o, (t)u = zu, d/dtu = Py, 5, or12(t)u (weakly).

(14.87)

7

Proof. Theorem 4.19 implies Wy, 5, (1, t)Ws, »,(n + 1,¢) > 0 and hence the se-
qUENCEs Ay, oy (t), Doy, oy (t) satisfy (H.12.1). The rest follows from the previous the-
orem (with N = 2) as follows. Replace A\; by z € (A\; — €, A1 +¢) and observe that
Aoy 0515 1); boy .oy (M, 1) and gy oy (M5 1), Doy .0p(n,t) are meromorphic with respect
to z. From the algebraic structure we have simply performed two single commu-
tation steps. Hence, provided Theorem 14.10 applies to this more general setting
of meromorphic solutions, we can conclude that our claims hold except for a dis-
crete set with respect to z where the intermediate operators are ill-defined due to
singularities of the coefficients. However, the proof of Theorem 14.10 uses these
intermediate operators and in order to see that Theorem 14.10 still holds, one has
to resort to the direct algebraic proof outlined in Remark 14.11(i). Continuity with
respect to z takes care of the remaining points. ([

Secondly, we consider again two commutation steps but now with A\; = A
(compare Section 11.6).

Theorem 14.14. Suppose (a,b) satisfies (H.12.1) and TL,(a,b) = 0. Pick A1 in
a spectral gap of H(0) and v € [—|lu—(\1)|72,00) U{oo}. Then the sequences

) ey (A,n—1t)ey, (A, n +1,1)
Cyy (A1,1, 1)
can,Hu_(A,n, t)u_(A,n+ 1,t)

Cyy (A1,m, 1)

a, (n,t) = a(n,t

)

(14.88) by, (n,t) = b(n,t) — 0




270 14. The Kac-van Moerbeke system

satisfy TL(a~,, b, ) = 0, where

(14.89) e t) = — + Z _(A,m,t)?

m=—0o0

In addition, the sequence

Cy (A, n, t)u(z,n,t) — ——-u_ (A, n, )Wy (u_ (A1, 1), u(z,1))
\/C’Yl (>‘1’ n—1, t)c’h ()‘13 n, t)
satisfies H, (t)u = zu, d/dt u = P, orio(t)u (weakly).

(14.90)

)

Proof. Following Section 11.5 we can obtain the double commutation method from
two single commutation steps. We pick o7 = —1 for the first factorization. Con-
sidering A,,u_(z,n+ 1,t)/(z — A1) and performing the limit z — A; shows that

v, (A1, 1, 1)
\/70‘(”7 t)u— ()‘h n, t)u— (>‘17 n+1, t)
is a solution of the new (singular) operator which can be used to perform a second

factorization. The resulting operator is associated with a.,,b,,. Now argue as
before. 0

(14.91) v(A,m,t) =

Again we point out that one can also prove this theorem directly as follows.
Without restriction we choose Ay = 0. Then one computes

d
@C’Yl (Oa n, t):2a(n7 t)z (gr—l(n + 1a t)u— (Oa n, t)2 + gr—l(na t)u—(07 n+ 17 t)2)
(14.92) + 2h,—1(n, t)a(n, )u_(0,n, t)u_(0,n + 1,¢t)

and it remains to relate g, j, b+, ; and g;, h;. Since these quantities arise as coef-

ficients of the Neumann expansion of the respective Green functions it suffices to

relate the Green functions of H,, and H. This can be done using (11.108).
Iterating this procedure (cf. Theorem 11.27) gives

Theorem 14.15. Let a(n,t),b(n,t) satisfy (H.12.1). Suppose TL,(a,b) = 0 and
let H(t) be the corresponding Jacobi operators. Choose \; € p(H) and v; €
[—[Ju— ()] 7%, 00) U{oo}, 1 < j < N, and assume

(14.93) U— (/\j,n, t) = P2T+2(t)u_(/\j,n,t).

dt
We define the following matrices

CN(n,t) = (‘Su > u_()\i,m,t)u_()\j,m,t)> ,

Vi M= —oco 1<ij<N
CN(n,t)ij,  id<N
N _ u*()‘jan - 17t>7 JENi=N+1
(1494) D (’I’L,t) - U— (Aianﬂf)a iSN,j=N+1
0, i=i=N+1

1<i,j<N+1
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Then the sequences

) V/det CN(n — 1,t)det CN (n + 1,1)
det CN(n,t) ’
det DV (n +1,t)
det CN(n,t)
satisfy TLy(Gy,,...yn s Dye,oyw) = 0. Moreover, (1 < £ < N)

det UM (u(z,n,t))

Ayy,yn (na t) = a(n7 t

(14.95) bos,.yn (N, 1) = b(n,t) — 0 a(n,t)

14.96 U z,n,t) =
( ) e ) V/det C%(n — 1,t) det C¥(n,t)
satisfies
d
(14.97) Hy oyt = Aju, —u =Py yyort2(t)u

dt
(in the weak sense) if u(z,n,t) satisfies (12.89).

Remark 14.16. In the case » = 0 we even obtain

(14.98) 2 (A1,n,t) = 2a(n, t)u_ (A1, n, u_ (A, n+ 1,¢t)
and hence
1d Cyy (A1, 14 1)
14.99 b t) = b(n,t ——lp—R 07
( ) ’Yl(n7 ) (na )+2dt ncyl()\l,n—l,t)’

where ¢, (A1,n,t) =7+ >0 u_(A;,m,t). Or, by induction,

1d det O (n,t)
14.100 b ty=b(n,t)+ —In——nu——""—.
( ) 'Ylauw"/N(n? ) (Tl, ) + 2 dt n det CN(n _ lat)
We conclude this section with an example; the N-soliton solution of the TL
and KM hierarchies. We take the constant solution of the Toda hierarchy

1
(14.101) ap(n,t) = 3 bo(n,t) =0,

as our background. Let Hy, Pp 2,12 denote the associated Lax pair and recall
(14.102)

d
HO (t)uo,i(27 n, t) = ZUO,i(Z, n, t)) *Uo,i (Z7 n, t) = P0,27‘+2 (t)uo,i (Z7 n, t))

dt
where

(14.103)  wot(z,m,t) = K" exp ( + O‘*(j)t), k=221, |k <1,
and

(14.104) ar(k) = 2(kGor(2) — Hyy10(2)) = (k — k1)Go . (2).

Then the N-soliton solution of the Toda hierarchy is given by

a (n t) _ \/Cn(Ual,m’aN(t))Cn+2(U01,m’aN(t))
Bt A 2C41(Uoy,...on (1)) ’
Dy (Us,....on (1))

2Cn11(Ugy.on ()

(14.105)  bog,....on (nyt) = O
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where (Up.py... on () = (ul (t),...,ud (t)) with

g1 ON

(14.106) ), (n,t) =k} + (1 )J“liajeXp(ar(k k", kj =Aj—\/%2-7—1~

1+o0;

The corresponding N-soliton solution pg,
archy reads

(n) of the Kac-van Moerbeke hier-

1o ON

pO,Ul,...,aN,o(n7t) =
] Cn—&-Z(UO,al,...,aN,l(t))cn(UO,al,...,UN (t))
2Cn+1(UO,G'1w~7UN—1 (t))CnJrl(UO,al,m’aN (t)) ,

pO,Ul,...,a'N,e(na t) =

- Cn(UO,ah...,oNq(t))CnJrl(UO,ohm,aN (t))

2Cn+1(U070'17~~-70'N—1(t))on(Uo70'17~--7UN (t))

Introducing the time dependent norming constants
(14.108) 75 (t) = v exp(an(kj)t)

we obtain the following alternate expression for the IN-soliton solution of the Toda
hierarchy

(14.107)

Vdet CV(n —1,t) det CY (n + 1, 1)
2det CY (n,t) ’
Ldet DYV (n+1,t)

A0,y1,... 7N (TL, t) =

14.109 b t) = -0
( ) 0,71,y (T 1) 2det C (n,t)
where
ferks) ™™
ON(n,t)_( 4 ek > ,
0 ( ) 1—kiks Jicoen
(TL7 )r sy TSN
kl s<N,r=N+1
N _ s
(14.110) Dy (n,t) = ko, r<N,s=N+1
O r=s=N+1

1<r,s<N+1

The sequences ag ,,....yn»> 00,41,....vy coincide with ag o, ... .ons bo,oq,....0n Provided
(cf. Remark 11.30)

—1
1—o0j 1—kik
(14.111) v = (UJ) |]| 1— NM 1<j<N
L+0; [T 1k — kel



Notes on literature

Chapter 12. The Toda lattice was first introduced by Toda in [233]. For further material
see his selected papers [232] or his monograph [230].

The Toda hierarchy was first introduced in [237] and [238] (see also [236]). Our intro-
duction uses a recursive approach for the standard Lax formalism ([164]) which was first
advocated by Al’ber [11], Jacobi [137], McKean [169], and Mumford [178] (Sect. III a). It
follows essentially the monograph [35] (with some extensions). An existence and unique-
ness theorem for the semi infinite case seems to appear first in [65], the form stated
here is taken from [220]. The Burchnall-Chaundy polynomial in the case of commuting
differential expressions was first obtained in [36], [37] (cf. also [236]).

Further references I refer to a few standard monographs such as [78], [79] [184], and

[190].
Chapter 13. Section 1 and 2 closely follow [35] with several additions made. The Baker-
Akhiezer function, the fundamental object of our approach, goes back to the work of
Baker [23], Burchnall and Chaundy [36], [37], and Akhiezer [8]. The modern approach
was initiated by Its and Matveev [136] in connection with the Korteweg-de Vries equation
and further developed into a powerful machinery by Krichever (see, e.g., [156]-[158])
and others. Gesztesy and Holden are also working on a monograph on hierarchies of
soliton equations and their algebro-geometric solutions [103]. We refer, in particular, to
the extensive treatments in [25], [74], [75], [76], [168], [177], and [184]. In the special
context of the Toda equations we refer to [3], [75], [76], [1L56], [159], [168], [170], and
[175].

The periodic case was first investigated by Kac and van Moerbeke [143], [144]. Fur-
ther references for the periodic case are [3], [33], [53], [56], [146], [168], and [173]-[175].

In the case of the Toda lattice (r = 0) the formulas for the quasi periodic finite gap
case in terms of Riemann theta functions seem due to [210]. However, some norming
constants and the fact b = d (see Remark 13.9) are not established there.

In case of the Toda equation on the half line a different approach using the spectral
measure of H; is introduced and extended in [28] — [32] (see also [15]). It turns out
that the time evolution of the spectral measure can be computed explicitly as the Freud
transform of the initial measure.

The inverse scattering transform for the case » = 0 has been formally developed by
Flaschka [85] (see also [230] and [80] for the case of rapidly decaying sequences) for the
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Toda lattice. In addition, Flaschka also worked out the inverse procedure in the reflection-
less case (i.e., R+ (k,t) = 0). His formulas clearly apply to the entire Toda hierarchy upon
using the ¢ dependence of the norming constants given in (13.72) and coincide with those
obtained using the double commutation method (i.e., the last example in Section 14.5).
All results from the fourth section are taken from [219] and [224].

For additional results where the Toda equation is driven from one end by a particle
see [63], [64] and also [67]. For results on a continuum limit of the Toda lattice see [59].
For connections of the Riemann-Hilbert problem and the inverse scattering method and
applications to the Toda lattice see [61] and [62]. In addition, there are also very nice
lecture notes by Deift [57] which give an introduction to the Riemann-Hilbert problem
and its applications.
Chapter 14. The Kac-van Moerbeke equation has been first introduced in [142]. A con-
nection between the Kac-van Moerbeke and Toda systems was already known to Hénon
in 1973. The Béacklund transformation connecting the Toda and the Kac-van Moerbeke
equations has first been considered in [234] and [239] (see also [56], [151], [152]). The re-
sults presented here are mainly taken from [35], [117] and [220]. An alternative approach
to the modified Toda hierarchy, using the discrete analog of the formal pseudo differential
calculus, can be found in [161], Ch. 4.

For applications of the Kac-van Moerbeke equation I refer to(e.g.) [25] (Ch. 8), [55],
(66], [130], [159], [183], or [246]



Appendix A

Compact Riemann surfaces
— a review

The facts presented in this section can be found in almost any book on Riemann
surfaces and their theta functions (cf., e.g. [74], [81], [82], [86], [154], [178], [181]).
However, no book contains all results needed. Hence, in order to save you the
tedious work of looking everything up from different sources and then translate
results from one notation to another, I have included this appendix. In addition, I
have worked out some facts on hyperelliptic surfaces in more detail than you will
find them in the references. Most of the time we will closely follow [81] in the first
sections.

A.1. Basic notation

Let M be a compact Riemann surface (i.e., a compact, second countable, con-
nected Hausdorff space together with a holomorphic structure) of genus g € N.
We restrict ourselves to g > 1 since most of our definitions only make sense in this
case. We will think of our Riemann surface M often as it’s fundamental polygon
(e.g., for g =2):
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276 A. Compact Riemann surfaces — a review

by
-1
a4 aiq
-1 -1
by by
as a2_1
ba

We denote the closure of the polygon by M and its boundary by oM =
ngl(agbgazlbe_l), where {ar,bs}1<e<4 are (fixed) representatives of a canonical
homology basis for M. We get M from M by identifying corresponding points,
that is, M = M/ ~.

We denote the set of meromorphic functions on M by M(M), the set of
meromorphic differentials by M*(M), and the set of holomorphic differen-
tials by H!(M). If we expand f € M(M) respectively w € M!(M) in a local chart
(U, z) centered at p € M we get (z(p) = 0)

o0 (o]
(A1) f= Z cozt, respectively w = ( Z ceze>dz, cm #0, m € Z.
l=m l=m
The number m is independent of the chart chosen and so we can define ord, f = m
respectively ord,w = m. The number m is called the order of f, respectively w, at
p. We will also need the residue res,w = c_1, which is well-defined and satisfies

(A.2) Z respw = 0.

peM

The above sum is finite since w can only have finitely many poles (M is compact!).
Next, we define the branch number b(p) = ord,(f — f(p)) — 1 if f(p) # oo
and by(p) = —ord,(f) — 1 if f(p) = co. There is a connection between the total
branching number B =} ) bs(p) (the sum is again finite), the degree n of

f
(A.3) n = degree(f) = Z (1+0bs(p)), ceCU{oo}
pEf~1(c)

(we will show that n is independent of ¢), and the genus g, the Riemann-Hurwitz
relation

(A.4) 29 —2=B-—2n.

We omit the proof which is not difficult but involves a lot of definitions which are
of no further use for our purpose. (Triangulate C U {oo} such that each pole and
each zero of f is a vertex. Lift the triangulation to M via f and calculate the Euler
characteristic .. .)
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A.2. Abelian differentials

Now consider two closed differentials 8, ¢ on M and let us try to compute

(A.5) J[ one

We define
p ~
(A.6) Av)= [¢ moped,
Po

where the hat indicates that we regard ¢ as a differential on to M. A is well-
defined since M is simply connected and d¢ = 0 (of course we require the path of
integration to lie in M). Using Stokes theorem we obtain

//M0A<p: //MaAdA:—//Md(eA):— WaA
3o ([ e foar [ oar [ od)

Now, what can we say about A(p) and A(ﬁ) if p, p are corresponding points on ay,
a[l, respectively? If 4,4 are paths (inside M) from pg to p, p, respectively, we have
the following situation:

(A7)

Po

Thus we have A(p) = A(p) + fbe ¢ (the parts on a, and a; ' cancel). A similar

argument for corresponding points p, p on by, b[l yields A(ﬁ) = fl(p) — f(lz  and
we finally get

N IR C)]

We will mainly be interested in meromorphic differentials w € M (M), also
called abelian differentials. We call w of the first kind if w is holomorphic, of
the second kind if all residues vanish, and of the third kind else.

Unfortunately, formula (A.8) makes only sense in the special case of holomor-
phic differentials. Nevertheless there is one thing we can do. Let ¢ € H'(M),
w € MY(M) and assume that w has no poles on the boundary — which can al-
ways be achieved by slightly (continuously) deforming the (representatives of the)
homology basis. The residue theorem now yields

(A9) 2 Y res,duw— Aw:i(/anglw—/aew/bzg).

peEM oM =1
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For ¢ € H'(M) we define

(A.10) ”C”Q:i//MCACZiZi;(/WC/WC_/WC bf)’

(the bar denotes complex conjugation) which is indeed a norm (in local coordinates
we get: i A ¢ = 2|n|2dz A dy with ¢ =ndz, z = 2 + iy).

Therefore we conclude that ¢ = 0 if and only if (e.g.) all the a-periods are
zero and further that the map from the space of holomorphic differentials H* (M)
(which is g-dimensional) to the a-periods (= C9) is an isomorphism. Thus we may
choose a basis {(;}7_, for H(M) fulfilling

(A.11) / ¢ =ik, Bhk=1,...g.
ak

For the b-periods we get

(A.12) /b ¢ = Tjk jihk=1,...,9,
k

with 7; , € C. Now (A.9) implies

(A.13) S

and (for ¢ = Zg: ceCo € HE(M)\{0} with ¢, € C)

=1
0 < |¢|2—i§cj<:k;(/Mcj/(u@e—/wcj/ae@)

(A.14) =2 c;erlm(ryp).

J.k
Especially for ¢, = d;; we have Im(7; ;) > 0. Thus 7 is symmetric with positive
definite imaginary part.

We will now ensure the existence of meromorphic differentials (without proof,
cf. [81], I11.5.3):

Theorem A.1. For every set {(p;, (¢je)1<e<n;)}1<j<m with distinct p; € M, c;, €
C, and m,n; € N we can find a meromorphic differential w with poles of the form

z

(A.15) w=0"2 v 0))dz,
=1 "J

near each p; in a given chart (Uj, z;) centered at p;, 1 < j < m, and is holomorphic
elsewhere, if and only if

(A.16) Z respw = icﬂ = 0.
j=1

pEM

Hence, for a meromorphic differential we can prescribe the poles and the Lau-
rent principal parts at each pole with the only restriction, that the sum of the
residues has to be zero. Two differentials constructed in that way may only differ
by a holomorphic differential. From now on we will assume that no poles lie on
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the boundary — otherwise just deform the homology basis — so that we can make it
unique by the following normalization

(A.17) /w:0, {=1,...,9.
ag

We are interested in some special cases. First let w, ,, be holomorphic in M\{p}
and let (U, z) be a chart centered at p
1

(A.18) Wpn = (ﬁ +0(1))dz, / wpn =0, £=1,...,9, neN.
ag

This definition is obviously depending on the chart around p. The b-periods follow
easily from (A.9) with ( = {; and w =w,

5 2mi d\"
Al = 27 o~ A -
(A.19) /b[ Wp.on i g reszAw, CF (dz> 7¢(2)

peEM

)
z=0

where ¢y = n4(z)dz. Second suppose wy, is holomorphic in M\{p, ¢} (with p # q)
and let

ordpwpg = —1  ordqwpg = —1 ’ / g = 0, (=1, .4
resp,wpg = +1  resqwpg = —1 ar

This definition depends on the specific homology basis chosen. Because if we de-
form, for example, a; we may cross a pole, thus changing the value of fa’ wpq. The
b-periods again follow from (A.9) with ¢ = {; and w = wy,

(A.21) /b Wpq = 2mi Z resﬁflwpq = 2mi(A(p) — A(q)) = 2ri /P e

£ pEM

(A.20)

Recall that the path of integration in the last integral lies in M.

A.3. Divisors and the Riemann-Roch theorem

This section is also valid for g = 0. A divisor D is a map
D: M — 7Z
p +— D(p)
being nonzero only for a finite number of points in M. The set of all divisors Div(M)

becomes a module over the ring Z by defining each operation in the natural way
(i.e., pointwise). The point divisors Dp, p € M,

(A.23) Dy(p) =1, Dy(q) =0, q € M\{p}

form a basis for Div(M). We can also establish a group homomorphism by assigning
each divisor a degree

deg: Div(M) — Z

(A.24) D — deg(D)= >_ D(p)
peEM

(A.22)

(the sum is finite and thus well-defined). We associate a divisor with every nonzero
meromorphic function and with every nonzero meromorphic differential on M
(A.25)
(): M(MN\{0} — Div(M) (): MYM)\{0} — Div(M)
f = (f) ’ w = (W) ’
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where (f)(p) = ord, f and (w)(p) = ord,w.
It is easy to verify the following formulas

(A.26) mm=%ﬂﬂﬂ(%ﬁ—m%ﬁﬁeMWN%

implying (f1) = (f2) & (f1/f2) =0< f1 = ¢ fa, ¢ € C since the only holomorphic
functions on a compact Riemann surface are constants. Similarly,

(A20)  (Fen)=()+ @), ()= (@) = (@), wiwr € M M\0)
implying (w1) = (w2) € (w1/w2) =0 < wy; = cwy, c € C.
We claim

deg((f)) = 0, fe MN\{0},
(A.28) deg((w)) =29 -2, we M (M)\{0}.

To obtain the first equation observe that deg((f)) = >_ ¢, respdf/f = 0. This
implies that f attains every value exactly n times for a certain integer n called the
degree of f (counting multiplicities). In fact, if 0 is attained n times the same is
true for co (otherwise deg((f)) would not be zero). Now consider the function f—¢
with ¢ € C. It attains co as often as f and thus zero as often as f.

For the second equation observe deg((w1)) = deg((wz)) which follows from
wi/wy € M(M)\{0}. Now let f be a meromorphic function of degree n and let
us calculate (df/f). At points p with f(p) & {0,000}, ord,df/f is just the branch
number bs(p) and at each other point it is —1. The desired result now follows from
the Riemann-Hurwitz relation (A.4) and

deg((%)) =Y bip— D (A+b)— > (1+bs(p)
peEM pef=1(0) pEf~1(c0)
(A.29) = B —2n.

Divisors corresponding to meromorphic functions D = (f) are called principal,
divisors corresponding to meromorphic differentials D = (w) canonical. It follows
from the above considerations that the principal divisors form a subgroup. It is
clearly normal (since all groups in sight are abelian) and we may consider its factor
group induced by the following equivalence relation

(A?)O) Dy ~ D, & Dy —Dy = (f)

The factor group is called divisor class group and the equivalence classes [D]
divisor classes. Observe, that all canonical divisors lie in the same divisor class (by
(A.27)). The subset formed by the divisors of degree zero Divy(M) is a subgroup
of Div(M) and it’s factor group is called Picard group Pic(M).

The set Div(M) can be partially ordered by defining

(A.31) D1 >Dy <« Di(p) =2Da2p), peM.

We write Dy > Ds if in addition Dy # Dy. Note: Dy > Dy = deg(D1) > deg(D-)
and Dy > Dy = deg(D;) > deg(Ds).

A divisor is called positive if D > 0 and strictly positive if D > 0. Two
divisors Dy, Dy are called relatively prime if Dy (p)D2(p) =0, p € M. A divisor
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can always be uniquely written as the difference of two relatively prime positive
divisors

(A.32) D=D'-D~, D'>0 D >0

For a meromorphic function (f)* and (f)~ are called the divisor of zeros and
the divisor of poles of f, respectively.
For any divisor D we now define

L(D) ={f e MM)|f=0or (f) =D},
(A.33) L£YD) = {we M (M)|w=0or (w) > D}
Hence L£(D) is the set of all meromorphic functions, which are holomorphic at points
p € M with D(p) > 0, have zeros of order at least D(p) at points p with D(p) > 0

and poles of order at most —D(p) at points p with D(p) < 0. Similarly for £(D).
Obviously we have

L(Dy) C L(Dy)

(A30) pizm = { A CH)

and L(D), L}(D) inherit the vector space structure from M (M), M (M), respec-
tively. What can we say about their dimensions

(A.35) r(D) = dim L(D), i(D) = dim £'(D).

i(D) is called index of specialty of D and D is called nonspecial if i(D) = 0.
First of all we have

(A.36) r(0) =1, i(0) =g,

since a holomorphic function on a compact Riemann surface must be constant and
since H!(M) is g-dimensional.

If we take two divisors in the same divisor class, we can easily establish an
isomorphism

g€ L(D) = fgeLD+()),

(A.37) g€ LD+ (f) = g€ L(D),
saying
(A.38) L(D) = LD+ (f)), (D) =r(D+ (f)).
Proceeding in a similar manner, we also obtain

LD =LY D+ (), iD)=iD+(f)
(A.39) D)= LD~ (),  i(D)=r(D-w):

If deg(D) > 0 it follows from (f) > D = deg((f)) > deg(D) > 0, that (D) has to
be zero. And using (A.39) and (A.28) we get

deg(D) >0 = r(D) =0,
(A.40) deg(D) > 29 -2 = i(D)=0
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If deg(D) = 0 and f € L(D) it follows (f) = D (since (f) > D is not possible by
the same argument as above) and thus
_ L(D) =span{f} if D= (f) is principal

deg(D) =0 { L(D) ={0} if D is not principal "’

LY(D) = span{w} if D = (w) is canonical
LY(D)={0} if D is not canonical

Next, let us assume r(—D) < 1+ deg(D) for all D with deg(D) > 0 (we already
know it for deg(D) = 0). If we subtract a point divisor we get

(A.42) r(=D) <r(=D —-D,) < 1+r(-D)

(A41) deg(D)=2¢9 -2 < {

by (A.34) and because if f is new in our space, there is for every g € L(—D — D))
a c € C with g — ¢ f € L(D). Hence using induction we infer

r(=D) <1+ deg(D), deg(D) > 0,

(A.43) i(=D) <29 — 1+ deg(D), deg(D) > 2 — 2g.

By virtue of Theorem A.1 and (A.36) we have

(A.44) i(D) =g —1—deg(D), D < 0.

If we add a point divisor D, to D, we obtain from (A.39) and (A.42)
(A.45) i(D) — 1 <i(D +D,) <i(D).

Thus, using induction we have

(A.46) i(D) > g — 1 deg(D),

which is by (A.39) and (A.28) equivalent to (Riemann inequality)
(A47) r(=D) > 1 — g+ deg(D).

Now we will prove the famous Riemann-Roch Theorem:
Theorem A.2. (Riemann-Roch) Let D € Div(M), then we have
(A.48) r(—D) = deg(D)+ 1 — g+ i(D).

Proof. By (A.44) we know that it is true for D < 0. So what happens if we
add a point divisor to D? We already know (A.42) and (A.45) but can we have
i(D+Dp,) =i(D)—1and r(—D — Dp) = 1+ r(—D)? If this were the case, we
would have a function f € £(D + D,) with a pole of order (D(p) + 1) at p and a
differential w € £1(D) with a zero of order D(p) at p. Now consider the differential
fw. Tt would have a pole of order 1 at p and would be holomorphic elsewhere,
(fw)=(f)+ (w) > =D —D, + D = —D,, contradicting our assumption. Thus we
have by induction

(A.49) r(—=D) < deg(D) +1— g +i(D).
Using (A.39) and (A.28):

i(D) = r(D — () < deg((w) — D) + 1 — g +i((w) — D)
(A.50) = —deg(D)+g—1+7r(-D)

completes the proof of the Riemann-Roch theorem. O
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Corollary A.3. A Riemann surface of genus 0 is isomorphic to the Riemann
sphere (2 CU {o0}).

Proof. Let p € M. Since r(D,) = 2, there exists a (non constant) meromorphic
function with a single pole. It is injective (its degree is 1) and surjective (since every
non constant holomorphic map between compact Riemann surfaces is). Hence it
provides the desired isomorphism. O

Corollary A.4. (g > 1) There are no meromorphic functions with a single pole of
order 1 on M or equivalently, there is no point in M where all { € H*(M) vanish.

Proof. If f were such a function with pole at p we would have r(—nD,) =n +1
for all n € Ny (consider f") and from Riemann-Roch i(nD,) = g¢. Hence all
holomorphic differentials would vanish of arbitrary order at p which is impossible.
Thus r(—D)p) =1 for all p € M or equivalently i(D,) =g —1, p € M. O

If we have a sequence of points {ps}ren C M and define Dy = 0 and D,, =
D,,—1 + D,, for n € N, then there are exactly g (¢ > 1) integers {n¢}j_; such
that i(Dyp,) = i(Dp,_,) — 1 (have a look at the proof of Riemann-Roch and note
i(Dg) = g) or equivalently, there exists no meromorphic function f with (f)~ =
D,,,. Moreover,

(A.51) l=ny < - <ng <2g.

(The first equality follows from our last corollary and the second from (A.41).)
The numbers {ng}J_; are called Noether gaps and in the special case where
p1 = p2 = ... Weierstrass gaps.

A surface admitting a function of lowest possible degree (i.e., 2 for g > 1) is
called hyperelliptic. Note that if ¢ < 2, M is always hyperelliptic (¢ = 0,1 is
obvious, for g = 2 choose 0 # w € £1(0) and calculate r((w)) =2+1—-2+1=2).

A point p € M with i(¢D,) > 0 is called a Weierstrass point (there are no
Weierstrass points for ¢ < 1). We mention (without proof) that the number of
Weierstrass points W is finite and (for g > 2) satisfies 29 +2 < W < g3 — g. The
first inequality is attained if and only if at each Weierstrass point the gap sequence
is 1,3,...,2g — 1 (which is the case if and only if M is hyperelliptic).

A.4. Jacobian variety and Abel’s map
We start with the following (discrete) subset of C9
(A.52) L(M)={m+1n|m,neZ} C C’
and define the Jacobian variety of M
(A.53) J(M)=CI9/L(M).
It is a compact, commutative, g-dimensional, complex Lie group. Further we define
Abel’s map (with base point py):
A+ M — JM)

v ([ d=([a [ an

Po Po

(A.54)
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where [z] € J(M) denotes the equivalence class of z € C9. Tt is clearly holomorphic
and well-defined as long as we choose the same path of integration for all {; ([v] —
[v'] = mla] + n[b]) since

(A.55) /Q—//§=m+z@€L(M), m,n € Z9.
Y Y

Observe that dA, is of maximal rank (i.e., 1) by Corollary A.4 (compare also
(A.86)) and that a change of base point results in a global shift of the image. Note:
Apo(p) = _Ap(po)
We will also need a slight modification of A,
Apo M — Y
A.56 P P P,
( ) P = C:( Cl)"w/ Cq)
P

po Po 0

with pg € M and the path of integration lying in M. We can easily extend Abel’s
map to the set of divisors Div(M)

a,, : Div(M) — J(M)
(A.57) D = >, D(p)A,(p) -
peEM

The sum is to be understood in J(M) and multiplication with integers is also well-
defined in J(M). A similar extension &, is defined for A, . The natural domain

for 4, would be Div(M), if we want to define it on Div(M) we have to make it
unique on the boundary. But we will avoid this problem by requiring that divisors
in Div(M) vanish on the boundary. We can now state Abel’s theorem.

Theorem A.5. (Abel) D € Div(M) is principal if and only if

(A.58) a, (D) =[0] and deg(D) = 0.

—Po

Note that a change of the base point pg to p; amounts to adding a constant
A, (p) = A, (p) — A, (p1), which yields a,, (D) = a,, (D) — deg(D) A, (p1). Thus

a,,, is independent of py for divisors with deg(D) = 0.

Proof. Throughout this whole proof we choose py ¢ OM such that D(py) = 0.
Moreover, we assume that D(p) = 0, p € OM (otherwise deform {a,be}r1<e<g
slightly).

Let D = (f) be the divisor of the meromorphic function f. Since df/f has only
simple poles with residues res,df/f = ord, f € Z, we can use (A.20) to write

(A.59) % = Z D(p)wppo + ZCZCZ-
=1

peEM
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Note that the poles at py cancel. Using that the a- and b-periods must be integer
multiples of 27i by the residue theorem and (A.21) we infer

a _

= ¢ = 27rimj,
a; f
df . D g - g
/ T = 2mi Z D(p)/ G+ Zcm,j = 2midy,, ; (D) + ZCng’j
bj peEM Po =1 (=1
(A.60) = 2min;,

with mj,n; € Z. So we finally end up with
(A.61) a,, (D) = [&,,(D)] = [n — zm] = [0].

—Po Po

To prove the converse let D be given and consider (motivated by (A.59))

q 9 q
(A62) f(q) =exp ZD(p)/ wppo+zée/ G|, @ec, qem.
peEM q0 =1 q0

where py # qo & OM and D(qp) = 0. The constants ¢ are to be determined.
The function f is a well-defined meromorphic function on M since a change of path
(within M) in the first integral amounts to a factor 2xin (n € Z) which is swallowed
by the exponential function. Clearly we have (f) = D. For f to be a meromorphic
function on M its value has to be independent of the path (in M) chosen

g
D(p) Wppy + ¢ (::Ez’
S 20) [ et Do [ =

pEM a, — a
g g
(A.63) > D(p) / Wppo + Y & / Co = 2midy, ;(D) + Y Ewr ;.
peM bj =1 b =1
Thus if &, (D) = m + 7 n, we have to choose ¢, = —2ring € Z. O

Corollary A.6. The Picard group is isomorphic to the Jacobian variety
(A.64) Pic(M) = J(M).

Proof. The map a,, provides an isomorphism since it is injective by Abel’s theo-
rem and surjective by Corollary A.15 below. (]

Corollary A.7. A, is injective.
Proof. Let p,q € M with A, (p) = A,,(q). By Abel’s theorem D), — D, would be

— *=po
principal which is impossible because of Corollary A.4. (]

Thus A, is an embedding of M into J(M). For g = 1 it is even an isomorphism
(it is surjective since every non constant map between compact Riemann surfaces
is). For g > 1 we mention (without proof) Torelli’s theorem:

Theorem A.8. (Torelli) Two Riemann surfaces M and M’ are isomorphic if and
only if J(M) and J(M') are,

(A.65) M=M e J(M)=J0M).
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A.5. Riemann’s theta function

We first define the Riemann theta function associated with M

f: C9 — C
(A.66) - (mzm)
z m%g exp 27 | (m, z) + 5

where (z,2') = >7_, Z¢z}. It is holomorphic since the sum converges nicely due to
(A.14). We will now show some simple properties of 6(z). First observe that

(A.67) 0(—z) =0(2)

and second let n,n’ € Z9, then

Oz+n+71n) = Z exp 27 <<m,z+n+7n/>+

meZ9I
n (m+n',7(m +2n’)> —(n/,zn/) )
(A.68) = exp 27i ((n’,z> - <n/,27n’>) 0(2).

(One has to use (m,7n') = (n’, 7 m) which follows from symmetry of 7.) As special
cases we mention

0(z +0;) = 0(2),
(A.69) 0(z +1;) = 2T(=% ~ Tid/2)g(2).
Here 7; denotes the j’th row of 7. Notice that if we choose z = —(n+ 7 n')/2, we
get O(—z) = exp(im(n,n'))0(z), implying that 0(—(n+7n’)/2) = 0 if (n,n') is odd.
Let z € C9. We will study the (holomorphic) function F
F: M — C

(A.70) p o~ 04, (p) -2

If F is not identically zero, we can compute the number of zeros in the following

manner
27Tl OM F 2 £: ag F be

dF dF
(A.71) + / — + )
a;l b;l F

Here and in what follows we will always assume that no zero of F % 0 lies on
the boundary — otherwise deform the representatives of the homology basis. From
(A.69) together with a similar argument as in (A.8) we get

dF dF

(AT2) Ayyy (B) = Apy y0) + 705 = F(p) = 2T~ Aptp) = 70/2) py)
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if p, p are corresponding points on ay, a[l and

(A.73) Apq,3(B) = Apqj(p) — 5ej = F(p)=F(p)

if p, p are corresponding points on by, b, ! Using this we see

1 dF .
A.74 - — = / dA 0,0 = / C@ =4d.
o mfF R e

Next, let us compute a, ((F 7)) (Since we have assumed that no zero lies on the
boundary we may write (F') € Div(M).)

, 1 . dF
A F - A =
G, (1) = 5~ 6pr0
_ /A dF A%
27Tl ae be PO
~ dF ~ dF
a5 [ )
ae—l F b;l F

Proceeding as in the last integral (using (A.72), (A.73)) yields
. 1< dF dF
(A.76) G, ;((F)) =~ om 2—21 (/ (27” po.j T Te,3)Ce — Té,j?) + 0¢j /be ﬁ‘) .

Hence we have to perform integrals of the type ff dIn(F), which is just In(F(p)) —

In(F(p)). Of course we do not know which branch we have to choose, so we have
to add a proper multiple of 27i. Computing F'(p), F(p) as in (A.8) we get

1 < /dF /dﬁ
— . 44 | =
2771; ( I ar F “ by F>

g
(A.TT) - Apo j( )+ Zj — ;] +m; + ZT@J%(,
=1

with m,n € Z9 and p is the point in M that ay and by have in common — we have
omitted the dependence of p on ¢ since A,, ;(p) is independent of ¢. As the last
(unknown) factor is in L(M), we can get rid of it by changing to J(M)

(AT8)  apy j((F) = [Apo s (F))] = [~ Ao, (p) + 2 — ﬂ + Z/ Apo.iCel-

There is one more thing we can do,

/4w@=<ﬁmu 2, )

R . 1
(A.79) = (Aﬁo, (P) = (Apo.e(p) = 1)%) = Apo o) = 5-
(Compare the picture on page 277.) Thus our final result is

(A.80) a, (F) =[] -Z

—Po Po?
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with
_ 14715 A
(A81) Zs = (52 = Y [ Ay
L#g 7

the vector of Riemann constants. Finally, we mention that evaluating the
integral

1 dF
A.82 _— -
(A-82) 27 aﬂf P’

where f € M(M) is an arbitrary meromorphic function yields the useful formula

(A.83) zg:/ fcezzg:f(pj)+ 3 resp(fdlnﬁ),
=17 =1

peft(o0)

where {p, }?zl are the zeros of the function £ which (for simplicity) are away from
the poles of f.

A.6. The zeros of the Riemann theta function

We begin with some preparations. Let M,, be the set of positive divisors of degree
n € Ng. (The case n = 0 is of course trivial, but it is practical to include it.) We
can make M, a complex (n-dimensional) manifold if we identify M, with ¢"M
the n-th symmetric power of M. If D,, € M,, and if the points {p; }1<;<, with
Dyn(p) # 0 are distinct (i.e., D, (p) <1, p € M), a local chart is given by

U={l(p1,....pn)llp; €U;}, withU;NU, =0 for j #k
(A84) [(plv"'apn)] = (Zl(pl)""vzn(pn))7 with pj € Uj’

where (Uj, z;) are charts in M centered at p;. If D(p) > 2 for some points, one has
to choose more sophisticated charts (elementary symmetric functions). Note, that
a,, : M, — J(M) is a holomorphic mapping. If D,, € M, as above, one can easily
compute

(A.85) {day,,(Dn)tje = G (Br),  1<j<g, 1<k<n

(with some abuse of notation: (;(pr) means the value of n;(2(px)) if {; = n;(2)dz).
What can we say about dim Ker(day,)? If ¢ = 379_, ¢;(; € L£1(D,) we have
C(pr) = E?Zl ¢;C(pr) = 0. But we can even reverse this argument, ending up
with

(A.86) i(Dy) = dim Ker(da,, |p, ) = g — rank(da,, |p, )-

—Po
(We remark that this formula remains true for arbitrary D,, € M,,.)
Now we will prove a small (but useful) lemma:

Lemma A.9. Let Dy,D; € M, with a,, (D1) = a, (D2) and i(Dz) = 0, then
D, = D,.

Proof. By Abel’s theorem Dy — D5 is principal and thus r(D; — D3) = 1. From

r(—D2) = 1+i(Dy) = 1 (Riemann-Roch) we conclude £(D; — Dy) = L(—Dy) = C

and therefrom D; — Dy = 0. [l

Next, we will show that i(D) = 0 is no serious restriction for D € M,.
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Lemma A.10. Let D,, € M,, (0 < n < g), then in every neighborhood of D,, there
is a D), € M, with i(D)) =g —n. We may even require D,,(p) <1, p € M.

Proof. Our lemma is true for n = 1, so let us assume it is also true for some
n—12>1. Let D, = D,_1 + D, and Jot {wet1<r<g—n+1 be a basis for L1(D),_,).
We can always find a neighborhood U, of p such that none of the basis elements
vanishes on U, \{p} - so just take D], = 'D;L_l + Dj with a suitable p € Up\{p}. O

We have shown, that the divisors D), with i(D),) = g — n and D (p) < 1,
p € M, are dense in M,. Hence a,, : M, — J(M) has maximal rank for such
divisors and 6(d, (.) — z) does not VaIAliSh identically on any open subset of M.
We set WPo = a,, (M) C J(M) anfi Whe =&, (M,) C CI. (Our last statement
now reads O(Wpe — z) # 0, where WF° — z stands for w — z with w € W}°.) We
observe W2 WP, (just add D,, to each divisor in W) and WEe ¢ W2S,.

We will now characterize the set of zeros of (z):
Theorem A.11. Let z € CI. Then 0(z) = 0 if and only if 2] € W}°, + E,

Note: Though 6 is not well-defined on J(M ) the set of zeros is a well—deﬁned
subset of J(M). Observe also that [z] € W}, +E, is not dependent on the base
point pg chosen!

Proof. Choose D € My, and p € M such that i(D + Dj;) = 0. Choose a z € CY
with [z] = a, (D + Dp) + £, and consider (still assuming that F has no zeros on
the boundary)

(A.87) F(p) =0(4,, (p) — 2).

If F' is not identically zero, we have gpo((ﬁ)) =[z] - &, = a,,(D+D;). Using
Lemma A.9 we get (F)) = D + Dj and thus F(p) = 0. As this is trivially true if £
vanishes identically, we are ready with the first part because the divisors D under
consideration are dense and because on : My_1 — C9 is continuous.

Conversely, suppose 6(z) = 0 and let s be the integer with (W, —WP —z) =
0 and @(WPo — WP — 2) # 0. (Here Wg"’ — WPo — z stands for w; — wy — 2
with wy,wy € VVP0 ) We have 1 < s < g. Thus we may choose two divisors
DL, D? € M, buch that 6(d, (Di) — &, (D7) —z) # 0 and DZ(p) < 1, p € M.
Denote D!_, = D! — D; Wlth p such that DL(p) # 0 and consider the function

(A.88) F(p) = 0(A,, (p) + , (Dy_y) — &, (D) — 2).

Po

Observe that F(j) # 0 and that F(p) = 0 if D2(p) = 1. Thus (F) may be written
as D2 + Dy, with Dy, € My_. And calculating o, ((F)) yields

(A89) ng((F)) = —po (D ) + ng (DS) + [é] - Epg —po (DQ) —po (DQ*S)'
Thus [2] = a,, (D, +Dy—s) +Z,,- O
Before we can proceed we need:

Lemma A.12. Let D be an positive divisor on M. r(=D) > s > 1 if and only
if given any positive divisor D' of degree < s, there is an positive divisor D" such
that D' + D" — D is principal. For the if part it suffices to restrict D' to an open
subset U C My_q.

=Po

—Po
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Proof. Since =D + D' + D" = (f) we have f € L(—D + D’). But if r(D) < s
we can always find a D' € U with r(—=D + D’) = 0 (Let {fr}1<¢<a be a basis for
L(—D). Start with a suitable point p; where none of the functions f, vanishes,
construct a new basis f; such that fy(p1) = 0 for £ > 2 — repeat r(D) times and set
D' = Y0 Dy.).

Now assume r(—D) = s and let D' € M,_1. It follows that (D' — D) >
s—(s—1) =1 (by a simple induction argument — compare (A.42)) and we can
choose D" = (f) + D — D’ for a nonzero f € L(D —TD’). O

Note: D and D’ + D" have the same image under Abel’s map and r(—D) =
i(D) + 1 for D € M, (by Riemann-Roch).
Now let [z] = a,,, (D) + £, with D € M, and i(D) = s(> 1). Any point § €
(WP, — WP —2) can be written as &, (D!_;) —d,, (D?_;) —z with D}_;, D?_; €
M,_1. Due to our lemma we can also write [z] as o, (Di_; +D)_,) +E,, and we
get [§] = —a, (D}, +D)_,) —E,, € —(W}°, +E,,) or equivalently 6(¢) = 0.

On the other hand we may also vary the divisor D} of the last theorem in
a sufficiently small neighborhood getting D!’ and a corresponding D'gfs also
fulfilling [z] = a,, (DY, +D)_,)+E,,- From Abel’s theorem we conclude that
(DY, +Dy_s) — (DY +D,_,) is principal and from our last lemma: i(D}_; +
Dg,s) > s. Thus we have proved most of Riemann’s vanishing theorem:

Theorem A.13. (Riemann) Let z € C9 and s > 1. (WP, — WP, —2) =0 but
O(WrPo — Wro — 2) # 0 is equivalent to [z] = a, (D) +E,, withD € My_1 and
i(D) = s which again is equivalent to the vanishing of all partial derivatives of 0 of
order less than s at z and to the non-vanishing of at least one derivative of order s
at z.

Note: s > 1 implies 6(z) = 0, we always have s < g and W, — W, is
independent of the base point pg.

Proof. We omit the proof of the part concerning the derivatives (cf. [81]), but
we will prove the other part: In the one direction we already know the first part
and i(D) > s. If i(D) > s we would get O(WPo — WPo — 2) = 0 from the first
statement above. In the other direction we would get from §(WPo — WPo — 2) =0
that (D) > s using the first direction. O

With some simple changes in the proof of the last theorem, we can also get
another one:

Theorem A.14. Let z € C9. s is the least integer such that H(Wf_‘ﬁl —WPo—2)£0
is equivalent to [z] = a,, (D) + £, with D € M, and i(D) = s.

Note: We now have 0 < s < g — 1. Since z was arbitrary we have solved
Jacobi’s inversion problem:

Corollary A.15. (Jacobi) «

o - Mg — J(M) is surjective.

Using these last theorems we can say a lot about the function

(A.90) F(p)=0(A,,(p)—2), 2€C’% peM.
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Theorem A.16. Let z € C9 and let s be the least integer such that H(Wf_?_l -
WP —2) #0. Then F # 0 is equivalent to s = 0. We can write [z] = o, (D) +E,,
with D € My and i(D) = s. Moreover, if F' # 0 we have (F) = D (and hence
i((F) =0).

Proof. Observe, that both sides are equivalent to F(p) = H(Apo (p) —2) £ 0 and
D(po) = 0. Uniqueness follows from Lemma A.9. O

Corollary A.17. 6(z) # 0 is equivalent to [z] = «

PO(D) + 5
D e My, i(D) =0 and D(py) = 0.

po With a unique

Finally we prove Abel’s theorem for differentials:
Theorem A.18. D € Div(M) is canonical if and only if

(A.91) a, (D) =-2Z%, and deg(D) = 29 — 2.

Proof. Since all canonical divisors lie in the same divisor class their image under
Abel’s map is a constant (by Abel’s theorem). To determine this constant let z
be a zero of §. Hence —z is a zero too, and we conclude that [z] = a,, (D1) + £,
and [~z] = a,, (D2) +E,, with Dy,D; € My_;. Combining these equatlons we get
Qpo (D1 +Ds) = —28,,- Since Dy is arbitrary (because z is) our last lemma yields
r(—D; — D3) > g and from Riemann Roch i(D; + D3) > 1. Thus D; + D, is the
divisor of a holomorphic differential (since deg(D; + D3) = 29 — 2).

Conversely, suppose D is of degree 2g — 2 and a,, (D) = —22,,. Let w be a
meromorphic differential. From Abel’s theorem we get that D — (w) is the divisor
of a meromorphic function f. Thus D is the divisor of fw. |

Corollary A.19. 25, = [0] if and only if (29 — 2)D,, is canonical.

A.7. Hyperelliptic Riemann surfaces

Finally, we want to give a constructive approach to hyperelliptic Riemann surfaces.
Let

(A92) {En}0§7L§29+1 C R, Ey<Ei << E2g+1, g < Ng,
be some fixed points. Using them we may define
g
(A.93) II = C\( U [Eaj, Bajii]),
which is obviously a domain (connected open subset of C) and a holomorphic func-
tion
1/2
R2£+2(.) ;I —- C
(A.94) 2g+1 ,

z — = ][] vVz—E,

where the square root is defined as follows,

(A.95) Vz = vzl de(2)/2 arez) € (o).
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We first extend Réﬁ_Q (2) to the whole of C by

1/2 . 1/2 .
(A.96) Ry (2) = lim Ry (w +ie)

for z € C\II. This implies R;éiz(z) = 129*"\Ré22+2(2)| for z € (Ep_1,FE,),0<n <
29+ 2, if we set E_; = —oo and Eygq9 = 00.
We may now define the following set

(A.97) M = {(2,0Ry)"5(2))|z € C, o € {~1,+1}} U {004, 00_}

and call B = {(E,,0)}o<n<2g+1 the set of branch points.
Defining the following charts ((p,, Up, ), We can make the set M into a Riemann
surface. Abbreviate

(A.98) o = (20,00 R 15(20))s p = (2,0 Ry 5(2)) € Upy C M,

Uglyo = CPO(UPO) cC.

If po & B we set:

Upo = {p € M||z— 2| < C and 0 Ry ,(2) — 0oRy) 2 5(20)}, Ul = {¢ € Cll¢| <
C}, C=minlz— E,| >0,

Coo: Upy, — UI’,0 §p_01: UZ’)O —  Up,

A.
(4.99) p —  Z—2 ¢ = (C"FZO’UR%?&Q(C—FZO))’

where URééiQ (z) > UoR;£i2 (20) means that oR%éiz(z) is the branch reached by
analytic continuation along -y, the straight line from z to zg.

If po = (Em,0) we set:

Uy, = {p € Mz = Bnl <}, U, = {CECICI <V}, €= min By — Bul >
0,
Cpo : UPO - UZ/)()
p +— o(z—En)
Gl s Uy — U,

(A.100) ¢ = (C4EmC IT (C+ Em— En)Y?)

n#m

1/2>

where the left root is defined as (z — Ep)Y? = \/|z — Ep|exp(iarg(z — E,n)/2),
with 0 < arg(z — E,,) < 27 if m is even and —7m < arg(z — Ey,) < 7 if m is odd.
The right root is holomorphic on U,, with the sign fixed by

[T (¢ + B~ En)'/2 =277 [] V/Ep — B x
1 1 9 4

If pg = co4+ we set:
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Up, ={peMlz| >C} U, ={CeCl¢| <} C=max|E,|<oo

Got Upo = Upy Gt Uy = Up,

Po Po

(A.102)

p

Sw |~
I
—~
Y|

3
Iy
<
+
[uy
~—

—s
L =

where the right root is holomorphic on U, with the sign fixed by

(A.103) [T (B2 =140 T EL+0(C)

n

Let us take two subsets
(A.104) Ly = {(z£Ry%5(2))|z € I} € M,
and define two more quite useful charts

(A.105) G I — I
P o=z

It is not hard to verify, that the transition functions of all these charts are indeed
holomorphic, for example,

(+0Cqr + Up, NCa,(Mt) = TN¢:(Ug,),

= *+ Ep,
(A.106) (B, 0C" : INC¢:(Ug,) — Uy, N{g, (I4).
C = :l:VC_Em

Compare the following picture (¢ = 1, m odd) and note, that the branch cut of the
square root does not belong to its domain!
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CE,. C+

The topology induced by these charts is Hausdorff (take the U’s from above and
modify C a little if necessary) and second countable (since we only need countably
(in particular even finitely) many of these charts to cover M). Consider 1, they
are connected (since they are homeomorphic to IT). Their closures Iy are still
connected, have points in common and fulfill M = II, UTI_. Thus M is connected
and a Riemann surface. But they tell us even more: II. is just a sphere with g+ 1
holes, and if we want to get M, we have to identify corresponding points on the
boundaries ending up with a sphere having g handles.
We will now define three maps on M. First the sheet exchange map,

x: M - M
(A.107) (5, 0RY)15(2)) (2, 0R)35(2)" = (2,0 Ry, (2)) -
o0+ = OOx

It is clearly holomorphic, since it is locally just the identity (up to a sign — using
the charts of the previous page). And second the projection

T M — CU{o0}
(A.lOS) (z7 O'R;éiQ(Z)) — oz
004 = 00

and the evaluation map

Ry ,(): M — CuU{co}
(A.109) (z,0Ry%5(2) — oRYZ,(z) -
004 = 00

Obviously, both are meromorphic functions (use again the local charts and their
inversions). 7 has poles of order 1 at oot and two simple zeros at (0, :tR;giQ (0))

if R;éiQ(O) # 0 respectively one double zero at (0,0) if R;éiQ(O) = 0. R;éiQ(.)
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has poles of order g + 1 at ooy and 2¢ + 2 simple zeros at (E,,0). Notice also

* 1/2 . 1/2
m(p*) = m(p) and R2§+2(p )= —R2£+2(p).

Thus we may conclude that M is a two-sheeted, ramified covering of the Rie-
mann sphere (2 C U {oo}), that M is compact (since 7 is open and C U {co} is
compact), and finally, that M is hyperelliptic (since it admits a function of degree
two).

Now consider

dm
(A.110) —
R29+2

Again using local charts we see that dm/ R%iz is holomorphic everywhere and has
zeros of order g — 1 at cox. So we may conclude that

i ldr

/2
R29+2

(A.111) 1<j<y,

form a basis for the space of holomorphic differentials. As a consequence we obtain
the following result.

Lemma A.20. Let D > 0 and denote by D the divisor on C U {oo} defined by
D(z) = maxper—1(2) D(p), 2 € CU{oc}. Then

(A.112) i(D) = max{0, g — deg(D)}.
Proof. Each ¢ € £!(D) must be of the form

(Pom)dm

(A.113) (=
R,

)

where P(z) is a polynomial of degree at most g — D(c0) — 1. Moreover, P(z) must
vanish of order D(z) at z € C. Hence we have max{0,g — deg(D)} free constants
for P(z). O

Next, we will introduce the representatives {as, be}J_; of a canonical homology
basis for M. For a; we start near Fop_1 on 11, surround Es, thereby changing to
II_ and return to our starting point encircling Foy_; again changing sheets. For
by we choose a cycle surrounding Eg, Eo¢—1 counter-clock-wise (once) on IT;. The
cycles are chosen so that their intersection matrix reads

Visualizing for g = 2:
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Here the solid lines indicate the parts on II; and the doted ones the parts on II_.
Now we can construct a canonical basis {(; }?zl for the space of holomorphic
differentials in the following way: If we introduce the constants ¢(.) via

=y Eyy i=1q
ak R2g+2 Eok—1 R2g+2(z)

(C is invertible since otherwise there would be a nonzero differential with vanishing
a-periods.) the differentials

g j—1
(A.116) ¢= z:g(j)M
fulfill

(A.117) / G =0k

and are thus a basis of the required form. The matrix of b-periods

(A.118) Tj,k:/bij_ an Z/

1/2
B2 R22+2 (2)

satisfies Re(rj ) = 0 since we have Im(c;j(k)) = 0. In the chart (Uy,w) =
(Usoy , Cooy ) We have

g »
Cz:l:Zg(n) w97 dw

Eapq1 am=14,

S = 11,1 —wE,,)
2g+2
(A.119) - :I:(g(g) + ( Z Ej+clg—1))w + Ow ))dw.

Finally, we will show how to evaluate some integrals on M. We fix a base point
po = (Eop,0). Then we have, for example,

g Bo ,i-1q, g
(A.120) Ay (oes) == Do) [ Z -3,

j=1 - R29+2(2) j=1
To see this, take the straight line segment from FEy to —oo and lift it to II,.
Unfortunately, we cannot take this lift as our path of integration for it intersects
all b cycles, whereas on the other hand we are required to stay in M. Hence,
rather than crossing b; we will follow the boundary of M along b;, a;l, b;l until
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we hit the corresponding point on b;l. The parts on bj, b;l cancel (compare the
picture on page 277) but the part on aj_l contributes. In other words, for each b-

cycle we cross, we have to subtract the associated a-period. Similarly, Apo(oo_) =

A, (000) = T4 8. A
Next, let us try to compute =

o As before one shows

p
R TS
(A.121) Apy i((E2g-1,0)) = — ;Z
and hence
. Tjt -
(A.122) / Apy,jCe = —=5- +/ A(Bre_1.0).56e
ayg ayp

The last integral can be split up into two parts, one from Foy_1 to E9 on II; and
one from FEyy to Foy_1 on II_ . Since these two parts cancel we infer

N 1 1<
(A.123) Spod T 5 T 5 ];Tj,k-
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Appendix B

Herglotz functions

The results stated in this appendix are collected from [16], [17], [68], [73], [119],
(198], [199], [200], [202], [203], [206].
In this chapter an important role will be played by Borel measures p on

R. Hence we fix some notation first. For any Borel set B C R we will denote by
p(B) = |,  dp its p-measure. Moreover, to each Borel measure p on R corresponds a
monotone increasing function (also denoted by p for simplicity) which we normalize
as

—p((\0]), A<0
(B.1) p(A) =< 0, A=0

p((0,A]),  A>0

By definition, p()\) is right continuous.
Associated to p is the (separable) Hilbert space L?(R,dp) with scalar product

(B.2) 9= [ TRa)do(.

It has the following properties.

Lemma B.1. Suppose p(R) < co. The set of all continuous functions is dense in
L2(R,dp). Moreover, if p is compactly supported (p(K) = p(R) for a compact set
K CR), then the set of polynomials is also dense.

Proof. First of all, bounded functions are dense. In fact, consider

_ L), V) <0
(B3 oy ={ J0 <
Then |f(A) — fu(X)] — 0 a.e. since | f(A)] < oo a.e.. Since |f(A) — fn(A)] < |f(N)]
we obtain [|f — fn|?*dp — 0 by the dominated convergence theorem.
So it remains to show that bounded elements can be approximated by con-
tinuous ones. By Lusin’s theorem, there are continuous functions f,, such that

[ frlloo < || fllec and

(B.4) p(Bn) < = Bu={Alf(N) # fu(N)}-

S|

299
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Here || f|loo denotes the essential supremum of f, that is, the smallest constant M
such that |f(\)] < M a.e.. Hence

A2
n

0

(B.5) If = full® = /B Fa(X) = FO[2dp() <

and the first claim follows.

To show the second, it suffices to prove that a continuous element f can be
approximated by polynomials. By the Stone-Weierstrass Theorem there is a poly-
nomial P, approximating f in the sup norm on K such that

p(R
(B.5) IF - Pl < o)1 - Pl < 25 g
and we are done. O

If p(R) < oo we can define the Borel transform (also Cauchy transform)
of p by

2=\

where C; = {z € C| £1Im(z) > 0}. In addition, we can also define the Fourier
transform

(B.7) F(z) = /R AG RN

(B.S) T = / Mdp(t),  AeR,
R
which is a bounded function and is related to the Borel transform via
U
(B.9) F(z) = 1]170806 - )\T(/\)d)\, Im(z) >0
—i [T e AT (N)dA, Im(z) <0

as can be verified using Fubini’s theorem.
The Borel transform has the interesting property that it maps the upper half
plane C into itself as can be seen from

dp(N)
R |2 — A
In general, a holomorphic function F' : C; — C is called a Herglotz function
(sometimes also Pick or Nevanlinna-Pick function). It is no restriction to assume
that F is defined on C_ U C satisfying F/(z) = F(z).
The following theorem shows that all Herglotz functions arise as Borel trans-
form (in an extended sense) of some unique measure.

(B.10) Im(F(z)) = Im(z)

Theorem B.2. F is a Herglotz function if and only if
1 A
———— ) dp(\ C
5= 1+)\2) PR, z€Cy,

where a,b € R, b > 0, and p is a nonzero measure on R which satisfies fR(l +
A?)~ldp(N) < o0.
Moreover, the triple a, b, and p is unambiguously determined by F' using

(B.11) F(z)=a+bz+/
R

(B.12) a=Re(F(i)), lim

Im(z)>e>0
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and Stieltjes inversion formula

1 A1+6
B.13 Ao, A1]) = lim lim — Im(F(A+1ie))dA.
( ) P(( 05 1]) i s m( ( —|—l€))
The content of Stieltjes inversion formula can be strengthened.

Lemma B.3. Let F' be a Herglotz function with associated measure p. Then the
measure 7 Im(F (X +ig))d\ converges weakly to dp(\) in the sense that

(B.14) Efgw/f Im (A +ig) d/\ /f )dp(A
for all continuous functions f with |f| < const(1+ \?)~1. In addition,
I
lim — A+ie))dA = A)dp(A
i [ sm(FO )= [ a0
B15) L F0p() — FOp(Do))

2

The following result shows that a different analytic continuation of F' from C
to C_ can exist in some cases.

Lemma B.4. Let (A, A2) € R and suppose lim. o Re(F(\ + ic)) = 0 for a.e.
A € (M, A2). Then F can be analytically continued from Cy into C_ through
the interval (A1, A2). The resulting function F(z) coincides with F(z) on C, and
satisfies

(B.16) F(z) = —F(3).
In addition, Im(F (X +10)) > 0, Re(F(A +140)) =0 for all A € (A1, \2).
The measure p is called spectral measure of F'. The set of all growth points,
that is,
(B.17) o(p) ={AeR|p((A—¢g,A+¢)) > 0 for all ¢ > 0},

is called the spectrum of p. Invoking Morea’s together with Fubini’s theorem shows
that F'(z) is holomorphic for z € C\o(p). The converse following from Stieltjes
inversion formula. Moreover, we have

dF(z dp(\
(B.18) é)_AQ%$?

In particular, if p((/\o,)q)) = 0, then F(\), A € (Ao, A1), is decreasing and hence
tends to a limit (in RU {oo}) as A | Ag or A T A1.
The following result explains why o(p) is called the spectrum of p.

Lemma B.5. The set o(p) is precisely the spectrum o(H 1) of the multiplication
operator FLF(N) = \(N), D) = {f € L(R, dp) Af() € I2(R, dp)}.
Proof. If A € o(p), then the sequence f, = p((A — L, X+ 1))—1/2)(()\ 141)

satisfies || fn[| = 1, |(H = \)fnl — 0 and hence \ € o(H ) Conversely, if z ¢ alp )
then (H —2)7tf(X) = (A—2) "1 f()\) exists and is bounded, implying z ¢ o(H). O
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Our main objective is to characterize o(p), and various decompositions of o (p),
in terms of F(z). More precisely, this will be done by investigating the boundary
behavior of Fi(A+1ic), A€ R, ase | 0.

First we recall the unique decomposition of p with respect to Lebesgue measure,

(B.19) dp = dpac + dps,

where p,. is absolutely continuous with respect to Lebesgue measure (i.e., we
have p,.(B) = 0 for all B with Lebesgue measure zero) and p; is singular with
respect to Lebesgue measure (i.e., ps is supported, ps(R\B) = 0, on a set B with
Lebesgue measure zero). The singular part ps can be further decomposed into a
(singular) continuous and a pure point part,

(B.20) dps = dpsc + dppp,

where py. is continuous on R and pp), is a step function.
By the Radon-Nikodym Theorem we have

(B.21) dpac(N) = fF(N)dA

for a locally integrable positive function f which is unique (a.e.). Moreover, we
note that the singular part can be characterized by the following lemma.

Lemma B.6. For any Borel set B we have

(B.22) ps(B) = lim sup p(BNI),
N0 e |I<1/n

where T is the (countable) family of finite unions of open intervals, each of which
has rational endpoints, and |I| denotes the Lebesgue measure of I.

Proof. Since the supremum decreases as n increases, the limit exists. Denote it
by p(B). Using dpac(A) = f(A)d\ we see

(B.23) p(BOT) < pu(B) + RIT| + paclf ~ (R, ).

implying 5(B) < ps(B) + limpg . paC(f_l((R7 0))) = ps(B).

Conversely, pick a support By for ps of Lebesgue measure |Bg| zero. By 0 =
|Bs| = sup{|O||Bs C O, O open} there exists a sequence O,, such that B, C O,
and |O,| < 1/n. Moreover, we can find a sequence I,, € Z such that I,,, C I;,,4+1
and |J I, = O,, (hence p(I,,,) — p(O,)). Using p(BN1I,) > p(BNO,) — p(Op\Im)
concludes the proof
(B.24) sup p(BNI)>p(BNO,) > p(BNBs) > ps(B).

I€T,|I|<1/n
O

Now we turn to the concept of a minimal support (sometimes also essential
support) of a measure. A set M is called a minimal support for p if M is a support
(i.e,, p(R\M) = 0) and any subset My C M which does not support M (i.e,
p(My) = 0) has Lebesgue measure zero. Let

(B.25) Im(F(X)) = limlsoup Im(F(\ +ie))

and let L(p) be the set of all A € R for which lim. o Im(F (A + ie)) exists (finite or
infinite). Then we have
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Lemma B.7. Minimal supports M, M., My for p, pac, ps, respectively, are given

by
M = {Ae L(p)|0 < Tm(F(\) < oo},
Moo = {A € L(9)0 < Im(F(\)) < oo},
(B.26) My = {\ € L(p)[Im(F(\)) = co}.

In particular, the p-measure and the Lebesgue measure of R\L(p) are both
zero. This also says that if Im(F(A)) < oo for all A € (A1, A2), then p is purely
absolutely continuous on (A1, A2). Furthermore, M, has Lebesgue measure zero and
might be nonempty even though ps = 0. However, note that if M, is a countable
set, then ps. = 0.

It is interesting to know when the minimal supports determine the correspond-
ing spectra.

The spectrum of p is given by

(B.27) a(p) =M.
To see this observe that F' is real holomorphic near A ¢ o(p) and hence Im(F(\)) =

0 in this case. Thus M C o(p) and since o(p) is closed we even have M C o(p).
Conversely, if A € o(p), then 0 < p((A —e, A +¢)) = p((A —e, A\ +¢) N M) for all
e > 0 and we can find a sequence A\, € (A—1/n,A\+1/n)NM converging to A from
inside M. This is the remaining part o(p) C M.

Moreover, o(pq.) can be recovered from the essential closure of M,., that is,

€SS

(B.28) 0 (pac) = Mac )
where
(B.29) M. ={AeR||[(A—e,A+¢) N M| >0 for all € > 0}.

——F€S8S

Note that M. is closed, whereas we might have M,. ¢ M. . To prove (B.28)
we use that 0 < pge((A — &, A +¢€)) = pac((A — €, A+ &) N My,) is equivalent to
[((A—e,A+¢e) N M| > 0. One direction follows from the definition of absolute
continuity and the other from minimality of M.

Next we define the derivative

A—eg A
(B.30) Dp(A) = limsup p(( SAT 6)) .
€l0 2e

Now we can say more about how to extend a Herglotz function F' to the real axis.

Theorem B.8. Let F' be a Herglotz function and p its spectral measure.
(i). For all A € R, Dp(X\) and Im(F(\)) are either both zero, both in (0,00), or
both infinite. Moreover, Dp(\) exists as ordinary limit if A € L(p) and

1
(B.31) Dp(\) = ;Im(F(A)), X e Lip).
Moreover, dpac(\) = Dp(X)dA.
(ii). For almost all Ay € R with respect to p and Lebesgue measure, the derivative
Dp(Xo) and

(B.32) Rr (M) = a+ b)y + lim 1 A

— — T | dp(A
€10 JR\(Ao—e,Mo+¢) ()\—)\0 1+)\2> p( )
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both exist (as ordinary limit) and are finite. For those Ay we have
(B.33) F(+10) = lim F(A + i) = Rp(A) +i7Dp(Ao).
€
(iii). If F(z) and G(z) are Herglotz functions and the boundary values coincide
F(A+10) = G(A+10) for X in a set of positive Lebesgue measure, then F(z) = G(2).

Next, we want to generalize the decomposition of p by taking the a-dimensional
Hausdorff measure h® rather than the Lebesgue measure. The splitting dp = dpg.+
dps will correspond to the case a = 1.

For any given Borel set B C R and « € [0, 1] we define

(B.34) h?(B):inf{Z|Ij|a I <e, BC Ufj}, e>0,
JEN jJEN

the infimum over all countable covers by intervals I; of length at most . Since
h&(B) is increasing with respect to £ (the number of covers decreases) we can
define the a-dimensional Hausdorff measure of B as

(B.35) h(B) = lim he (B).

Note that h®t(B) > h*2(B) if a1 < as and h®, h! correspond to counting, Lebesgue
measure, respectively. The Hausdorff dimension «(B) of B is the unique number
for which h*(B) = o0, @ < a(B) and h*(B) =0, o > «a(B).

Now any measure can be uniquely decomposed with respect to the Hausdorff
measure h®, that is,

(B36) dp = dpac + dpasa

where pq. is absolutely continuous with respect to h* (i.e., poc(B) = 0 for all B
with h*(B) = 0) and p4s is singular with respect to h* (i.e., pas is supported on a
set B with h*(B) = 0).

Next, define the a-derivative of p by

N s p((/\—s,)\+£))
(B.37) Dp(\) = hrrsllsoup CBE .

Theorem B.9. Let F' be a Herglotz function with associated measure dp.
(i). Let C*(p) = {A € R|D*p()\) < oo}, a € [0,1], then we have dpac = Xco(p)dp
and dpas = (1 = Xco(p))dp-

(i). Set
Q%p(\) = limsupe' " *TmF(\ + ig),
€]l0
(B.38) R%()\) = limsupe!~*|F(\ +i¢)|.
el0

Then D*p(A) and Q%p(X), a € [0,1], are either both zero, both in (0,00), or both
infinite.

If a €0,1), Q¥p(N) can be replaced by R*p(\) and for any o € [0,1] we have
2071D*p(N) < Q%p(A) < R*p(N).

In particular,

(B.39) C%(p) = {A € RIQ%p(A) < o0} 2 {A € R| R%p(}) < oo},
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where all three sets are equal if a € [0,1). For o = 1 this is not true in general, as

the example F/(\) = In()\) (see below) shows. For a = 0 we have C°(p) = R.
Again there is a value

lnp((/\ —e, A+ s))

Ine

(B.40) a(N) = liminf
el0

such that D%p(\) = 0 for a < a(A) and D%p(A) = oo for a > a(A).
Lemma B.10. We have
(B.41) lim %F(Hig) = p({\})

and hence Qp(\) = R°p(\) = p({\}). Moreover, if p((Xo, 1)) = 0, we also have
(B2 lm(-<)F(o+2) = p[Ao}) and ImeF O — <) = pl({).

Proof. We only prove the first identity of (B.42), the remaining claims being sim-
ilar. After splitting the integral in (B.11) into a part over (Ao — d, A1) and one over
R\ (Ao —d, A1), we see that it suffices to consider only the first one (since the second
one is holomorphic near Ap). By our assumption p((Ag,A1)) = 0, the integral is
only taken over (Ao —d, Ao] and because of | == | < 1, A € (Ao —3, Ao], the desired
result follows from the dominated convergence theorem. (I

Now, we want to consider an alternate integral representation of Herglotz func-
tions connected to the logarithm.
Let In(z) be defined such that

(B.43) In(z) =In|z| +iarg(z), —7 <arg(z) <.

Then In(z) is holomorphic and Im(In(z)) > 0 for z € C,, hence In(z) is a Herglotz
function. The representation of In(z) according to (B.11) reads

1 A
(B.44) In(z) = /]R (E - W)X(—O0,0)()‘) dA,  zeCy,

which can be easily verified.

The sum of two Herglotz functions is again a Herglotz function, similarly the
composition of two Herglotz functions is Herglotz. In particular, if F(z) is a Her-
glotz function, the same holds for In (F(z)) and *ﬁ' Thus, using the repre-
sentation (B.11) for In (F(2)), we get another representation for F(z). The main
feature of this new representation is that, by Lemma B.7, the corresponding mea-

sure is purely absolutely continuous since the imaginary part of In(z) is uniformly
bounded.

Theorem B.11. A given function F' is Herglotz if and only if it has the represen-
tation

(B.45) F(z)zexp{c—!—/HR()\iz—ﬁ)ﬁ()\)d)\}, ze€Cy,

where c = In|F(i)] € R, £ € LY(R, (14 X2)71d)) real-valued and & is not identically
zero. Moreover,

(B.46) EN) = 1 lim Im(ln (F(A+ ie))) = % 161%1 arg (F(\ + i)

T el0
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for a.e. A ER, and 0 < £(A) <1 for a.e. A € R. Here —m < arg(F(A +ig)) <«
according to the definition of In(z).

Proof. F(z) is Herglotz, therefore In(F'(z)) is Herglotz with
(B.47) T (n F(2))] = |arg(F(2))] < 7.
Hence by Theorem B.2

(B.48) In(F(2)) = c+ /

R(% A )dol). et

—z 142

where p(A) is (by Lemma B.7) absolutely continuous with respect to Lebesgue
measure, that is, dp(\) = £(A)dN, € € L}, (R). According to (B.31), £ is given
by (B.46) and taking the Herglotz property of F' into account immediately implies
0 < &(\) <1 for a.e. A € R. The converse is easy. O

Some additional properties are collected in the following lemma.

Lemma B.12. Let F be a Herglotz function with spectral measure p and exponential
Herglotz measure E(X)dA.

(i). The set {\ € R|0 < &(N) < 1} is a minimal support for pe.. Moreover, if there
are constants 0 < ¢1 < ca < 1 such that ¢ < &(N\) < ca, A € (A1, \a), then p is
purely absolutely continuous in (A1, A2).

(ii). Fixn € N and set £4(A) =&(N), E(A) =1—&(X). Then

(B.49) /]R IA"E2 (VA < o
if and only if
Adp(A
(B.50) /R|)\|" dp(A) < oo and zlirinoo +F(z) = :I:a:|:/]R : -f(/\Q) > 0.
(iii). We have
dp(A
(B.51) F(z) ==+1+ /]R % with /Rd,o()\) < 00
if and only if
dA
(B.52) F(2) = +exp ( + /Rfi“)m) with ¢4 € L'(R)
(éx from above). In this case
(B.53) /R dp(\) = /R 2 (\d.
Observe that the set
(B.54) M. ={\€R|0 < £(N) < 1}

is a minimal support for pge.
In addition to these results, we will also need some facts on matrix valued
measures. Let

dpoo  dpo,1
B.55 dp = ’ ’ , d =d ,
(B.35) g ( dpio dpia po.1 = a0
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where dp; ; are (in general) signed measures. Associated with dp is the trace mea-
sure dp'™ = dpo o + dp11.

We require dp to be positive, that is, the matrix (p; j(B))o<i,j<1 is nonnegative
for any Borel set B. Equivalently, p'"(B) > 0 and poo(B)p1,1(B) — po1(B)* > 0
for any Borel set. This implies that dp; ; are positive measures and that

(5.56) 0. (B)| < 30" (B).

Hence dp; ; is absolutely continuous with respect to dp'". Assuming p'"(R) < oo
we can also define the Borel transform

(B.57) F(z) = /R ‘Zi”_(AA).

The matrix F'(\) satisfies
(B.58) +Im(F(z2)) > 0, z € Cy.

Next, consider the sesquilinear form

(B.59) (f.9)= /Zfz )95 (N)dpi ; ().

4,7=0

Suppose [ is a simple function, that is, f(A) = > p_; XB. (A)(fr,1, fr2), where
(fe1, fr2) € € C? and By, are disjoint Borel sets. Then our assumptions ensures that
IfI12 =30y E” o frifr,jpij(Be) = 0. If f is such that f; € L*(R,dp'") we can
approximate f by simple functions implying [|f|| > 0. As a consequence we get a

separable Hilbert space L?(R,C?,dp) with the above scalar product. As before we
have

Lemma ]:3.13. The set J(ptr) is precisely the spectrum o(H ) of the multiplication
operator Hf(X) = Af(N), D(H) = {f € L*(R,C?,dp)|Af(\) € L*(R,C?,dp)}.

Proof. The proof is as like the one of Lemma B.5 except that p and f,, have to be
replaced by p'" and f = p*"((A— L+ %))_1/2X(A,;’)\+;)(1, 1), respectively. O

The trace measure can even be used to diagonalize dp as follows. Since dp; ; is
absolutely continuous with respect to dp'", there is a symmetric (integrable) matrix
R()) such that

(B.60) dp(\) = R(\)dp™ (V)
by the Radon-Nikodym theorem. Moreover, the matrix R(\) is nonnegative, R(A) >
0, and given by

Im(F; J(/\ +ie))
(B.61) Rij(A) = 15110 Im(Foo(A+1ie) + Fi1(A+ig))

Note also that we have tr(R(\)) = 1.
Next, there is a measurable unitary matrix U(X) which diagonalizes R(A), that

is,

(B.62) R()) = U(/\)*( ! rz((]x) )U(/\),
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where 0 < r1 2(A) < 1 are the (integrable) eigenvalues of R(A). Note r1(A)+ra(X) =
1 by tr(R(A)) = 1. The matrix U(\) provides a unitary operator
(B.63)
LX(R,C%dp) — LR,C2 (7 ) )dp") = LA(R,r1dp'") & L*(R,radp')
I = U

which leaves H invariant. This allows us to investigate the spectral multiplicity of
H.

Lemma B.14. Define
By = {\ € a(p™)|det R(\) = r1(N)r2(N) = 0},
(B.64) By = {\ € a(p')|det R(\) = r1(N)r2(X) > 0}.
Then H = XBJ:I <) XBQI:Ifmd the spectral multiplicity of XBJ:I is one and the
spectral multiplicity of xp,H is two.

Proof. It is easy to see that xBlﬁ is unitary equivalent to multiplication by A
in L2(R, x g, dp'"). Moreover, since r;x p,dp'" and xp,dp'" are mutually absolutely

continuous, x g, H is unitary equivalent to multiplication by A in the Hilbert space
LQ(Rﬂ (CQa]IZXBldptT)‘ U
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Appendiz C

Jacobi Difference Equations
with Mathematica

The purpose of this chapter is to show how Mathematica can be used to make some
calculations with difference equations, in particular, Jacobi difference equations.
I assume that you are familiar with Mathematica, version 3.0. The calculations
require the packages DiscreteMath’DiffEqs’ and DiscreteMath’JacOp’ which are
available via

e ftp://ftp.mat.univie.ac.at/pub/teschl/book-jac/DiffEqs.m
e ftp://ftp.mat.univie.ac.at/pub/teschl/book-jac/JacDEqs.m

and need to be stored in the AddOns/Applications/DiscreteMath subfolder of
your Mathematica folder. On multi-user systems, you can install an add-on either
in the central Mathematica directory (provided you have access to it) or else in your
individual user’s Mathematica directory (usually ~/.Mathematica/3.0/).

The Mathematica notebook used to make the calculations below is also available

e ftp://ftp.mat.univie.ac.at/pub/teschl/book-jac/JacDEqgs.nb

C.1. The package DiffEqs and first order difference
equations

We first load the package DiscreteMath’DiffEqs’.
In[1]:= Needs[’DiscreteMath‘DiffEqs‘’]

The package DiscreteMath’DiffEqs’ provides some basic commands for dealing with
differences and difference equations.

S[f[nl,{n,j}1 shifts the sequence f[n] by j places

FDiff [f[n],n] (=f[n+1]-f[n]) forward difference operator

BDiff [f[n],n] (=f[n-1]1-f[n]) backward difference
operator
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SymbSum[f[j],{j,m,n}] sum for symbolic manipulations
SymbProduct [£[j],{j,m,n}] product for symbolic manipulations
Casoratian|fy,.., fy,n] Casoratian of a list of sequences
SplitSum[expr] splits sums into smaller parts
SplitProduct [expr] splits products into smaller parts
SplitAll[expr] splits sums and products into smaller parts
TestDiff [f [n]==g[n],{n,m}] simple test for equality based on the
fact that £ = g if equality holds at one
point m and FDiff [f [n] -g[n],n]=0

The main purpose of the built-in Sum command is to search for a closed form. It is,
however, not suitable for manipulating sums which cannot be brought to a closed
form. For example,

n+1
In[2]:= Simplify Z Z £[j
j=1
n+1 n
outf2]= > f£[j]— ) £[]]
j=1 j=1

Moreover, the built-in Sum is zero if the upper limit is smaller than the lower limit.
This can lead to, at first sight, surprising results:

= SymbSunm[j, {j, 1,n}];

In[3]:= [n ]
Sz[n| := Sum(j, {j, 1,n}];
[n[]

= Sum(j, {j, 1,n});

{{Sl ] [ ]}a{s2[ ]7 [*3]}a{Ss[n],Ss[*3]}}//MatriXForm
Out [3]//MatrixForm=

n

213 8
j=t
in(n+1) 0
in(n+1) 3

(note that Mathematica assumes n to be positive). Observe that SymbSum does not
look for a closed form; which can be obtained by switching to the built-in Sum:

In[4]:= Si[n] /. SymbSum—> Sum
1
Out [4]= 5 n(1+n)

Observe also the definition for situations where the upper limit is smaller than the
lower limit:

1 1 -3 -3
Infs]:= { > % £[3],> £, > £[5. > £[3]}
3=0 j=0 =0 j=0

Out[5]= {£[0] + £[1], £[0] + £[1], —£[—2] — £[-1],0}

Similarly for symbolic products
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meee= {T1* #03). [l TT* #13 T £05)
1

out[6]= {f[0]f[1], £[0]£[1], = 1}

The main purpose of the commands SplitSum and SplitProduct is to simplify
expressions involving sums and products (as pointed out earlier, Mathematica’s
built-in capabilities in this respect are limited). The command SplitSum will try
to break sums into parts and pull out constant factors such that the rest can be
done with built-in commands. In particular, it will split off extra terms

n+1
In[7]:= SplitSum| » * £[j]]
j=0

n

Out[7]= f£[t+n]+ » * £[5]

j=0
expand sums and pull out constants

n

Inf8]:= SplitSun[ Y * (nh£[j] + g[j])]

j=0

n

outf8]= by " £[jl+ Y * glj]
j=0

i =0

The command SplitProduct will perform similar operations with products.

n—1
In[9]:= SplitProduct] * i]
= ]

g"f[n]
H* £[]

Finally, the command SplitAll also handles nested expressions

Out [9]=

n m J
In[10]:=8plitA11[ » * > * [£[j]+ [[* xgli]
m=0  j=0

i=0
n

out[10]= » Zm: £[3) + zn: zm: xH f[ gli]
0 j=0 n=0  j=0 i=0

m=
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We can shift a sequence f(n) by j places using S[f[n],{n,j}]. For example,
In[11] :=S[£[g[n’]], {n, 1}]
out[11]= £[g[(1 +n)?]
or
In[12] :=S[£[n,m], {n, 3}]
Out[12]= £[3 4 n,m]

Similarly, we can compute forward, backward differences using FDiff [f [n],n],
BDiff [f [n],n], respectively. For example,

In[13] :={FDiff[f[n],n], BDiff[f[n],n|}
Out[13]= {—£[n] + £[1 +n],f[-1 +n] — £[n]}

A simple test for equality of sequences is based on the fact that f(n) = 0if f(n) is
constant, that is, f(n+ 1) = f(n) and f(no) = 0 at one fixed point.

In[14]:=TestDiff[f[n] == 0,{n,ne}]
Out[14]= —f[n] + £[1 + n] == 0&&f[no] ==
As a first application we can verify Abel’s formula (summation by parts)

n

Inf157:= 3" gljlFDitsle]], ] ==

j=m

(gfnltfn+1] —gln— 1] £ln) + >_* Boize[gls]. 5)203)))//
j=m

TestDiff[#, {n,m}|&
Out[15]= True
Note also the following product rules
In[16]:=FDiff|f[n|g[n],n] == f[n]FDiff[g[n],n] + g[n + 1]FDiff[f[n],n]//
Simplify
Out[16]= True

In[17]:=BDiff[f[n]|g[n],n] == f[n|BDiff[g[n],n] + g[n — 1|BDiff[f[n],n]//
Simplify
Out[17]= True

Next, the product

n—1

In[18]:=Pn] == []* £[j]

=1

[ n

satisfies the difference equation P(n + 1) = f(n)P(n) plus the initial condition
P0)=1
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In[19] :={P[0], SplitProduct[P[n + 1] — £[n|P[n]]}
Out[19]= {1,0}

Moreover, the sum

|
-

In[20]:=F[n] := (5]
j=1

satisfies the difference equation 0F(n) = F(n + 1) — F(n) = f(n) plus the initial
condition F'(0) =0

In[21]:={F[0], SplitSum[FDiff[F[n]|,n] — £[n]]}
Out[21]= {0,0}

Similarly, the general solution of the difference equation F(n+1) = f(n)F(n)+g(n)
with initial condition F'(0) = Fj is given by

gli]
P[i+ 1]

n—1
In[22] :=F[n] :=P[n] [ Fo+ ) *
i=0

In fact, we can easily verify this claim:
In[23] :={F[0],SplitAll[F[n + 1] — (f[n|F[n] + g[n])]}
Out [23]= {Fo,0}

C.2. The package JacDEgqgs and Jacobi difference
equations

Now we come to Jacobi difference equations. The necessary commands are provided
in the package DiscreteMath’JacDEqs’ which we load first.

In[1]:= Needs[’'DiscreteMath‘JacDEqs‘”’]

This will also load the package DiscreteMath’DiffEqs’ if necessary. The following
commands are provided in the package JacDFEqs :

JacobiDE[f [n],n] computes the Jacobi difference expression,
associated with a[n], b[n] of f[n]
JacobiDE [k, f [n],n] applies the Jacobi difference expression k times.
SolutionJacobil[u] tells Mathematica that ulz,n] solves
JacobiDE[ulz,n],n] = z ulz,n]
SolutionJacobilu,x,y,m] tells Mathematica that ulz,n] solves
JacobiDE[ulz,n],n] = z ulz,n] and
satisfies the initial conditions u[z,m]=x,
ulz,m+1]=y
SolutionJacobilu,x,y] tells Mathematica that ul[z,n,m] solves
JacobiDE[ulz,n,m] ,n] = z ulz,n,m] and
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satisfies the initial conditions u[z,m,m] =x,
ulz,m+1,m]=y

SolutionJacobi[f,g] tells Mathematica that £ [n] satisfies
JacobiDE[f [n] ,n] = gln]

The Jacobi difference expression 7 applied to a sequence gives the following
result

In[2]:= JacobiDE[f[n],n]
Out[2]= a[—1+n]f[—1+n| + bn|f[n] + a[n]f[1 + n]
This can also be written as
In[3]:= JacobiDE[f[n],n] == —BDiff[a[n|FDiff[f[n],n],n] + (ajn — 1] + a[n] +
b[n])f[n]//Simplify
Out[3]= True

or
In[4]:= JacobiDE[f[n],n] == —FDiff[a[n— 1]BDiff[f[n],n],n]+ (ajn—1]+afn]+
bln])f[n]//Simplify
Out[4]= True
The command

In[5]:= SolutionJacobilu]

will tell Mathematica that u(z, n) satisfies the Jacobi equation Tu(z) = zu(z). Let’s
see how this works:

In[6]:= JacobiDE[u[z,n],n] == zu[z,n]
Out[6]= True

We can also define solutions u(z, n, m) satisfying the initial conditions u(z, m, m) =
ug and u(z,m + 1,m) = uy by

In[7]:= Clear[u];
SolutionJacobilu, ug,us]

Indeed, we obtain
In[8]:= {JacobiDE[u[z,n,m|,n] == zu[z,n,m],u[z,m,m],u[z,m + 1,m]}
Out[8]= {True,uo,u;}
The solutions ¢(z,n,m) and s(z,n,m) are predefined by the package
In[9]:= {JacobiDE[c[z,n,m|,n] == zc[z,n,m], c[z,m,m], c[z,m + 1,m|}

Out[9]= {True,1,0}

In[10]:={JacobiDE[s[z,n,m|,n] == z sz, n,m], s[z,m,m|, s[z,m + 1,m|}
Out[10]= {True,O0,1}

Note that you can tell Mathematica that u(n) satisfies (7 — z)u = 0 using
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In[11]:=Clear][u];
SolutionJacobilu, (z u[#])&]

Indeed,
In[12]:=JacobiDE[u[n],n] == zu|n]

Out[12]= True

C.3. Simple properties of Jacobi difference
equations

Let us first load our package
In[1]:= Needs[’DiscreteMath‘JacDEqs‘”]

The Wronskian of two solutions W, (u(z),v(2)) is defined as a(n) times the Caso-
ratian of two solutions Cy,(u(z),v(2))

In[2]:= W[u,v_,n]:= a[n|Casoratianfu,v,n]

Please note that the argument n tells Mathematica what to consider as index. To
compute the value of the Wronskian use

In[3]:= W[u[n],v[n],n] /.n—>0
Out[3]= a[0](—u[1]v[0] 4+ u[0]v[1])
and not
In[4]:= W[u[n], v[n], 0]
Out[4]= O
Defining two solutions u(z,n) and v(z,n)
In[5]:= Clear[u,v];SolutionJacobilu]; SolutionJacobi[v];
we can easily verify that the Wronskian is independent of n
In[6]:= FDiff[W[u[z,n],v[z,n],n],n]//Simplify
Out[6]= O
Similarly, we can verify Green’s formula

n

In[7]:= » * (£[j]JacobiDE[g[j], j]— g[j]JacobiDE[£[j], j]) == W[f[n], gn],n] -

j=m

(W[f[n],g[n],n] /. n—>m — 1)//TestDiff[#,n,m|&
Out[7]= True
We can also define a second solution using the formula

n—1
u[z,
In[8]:= Clear[v];v[z_,n ] := — .
2" ks

SiJulz, 3+ 1)
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Indeed, the sequence v(z,n) defined as above satisfies the Jacobi equation
In[9]:= SplitSum|[JacobiDE[v|z,n|,n] — zv[z,n]]//Simplify

Out[9]= O

The Wronskian of u(z,n) and v(z,n) is one:
In[10] :=SplitSum[W[u[z,n], v[z,n],n]]//Simplify

Out[10]= 1

Next, recall that the equality u(n) = v(n) holds if equality holds at two consecutive
points n = m, m+1 and the Jacobi difference equations applied to both sides gives
the same result, that is, 7u(z) = 7v(2). We can define a simple test using this fact:

In[11]:=TestJac[eqn Equal,{n_m_}] :=
Simplify[(JacobiDE[#,n] — z#) & /Q eqn|&&(eqn /. n—> m)&&
(eqn /.n—>m+ 1);

As an application we verify that any solution can be written as a linear combination
of the two fundamental solutions ¢(z,n,m) and s(z,n,m) as follows

In[12]:=SolutionJacobilu,ug,uy);
u[z,n,m| == uoc[z,n,m| + uss(z,n,m|//TestJac[#, {n,m}|&

Out[12]= True

The solutions ¢(z,n,m) and s(z,n,m) have some interesting properties.

In[13]:=s|z,n,m + 1] == — a[lz[;:] Y ciz,n,m) // TestIacl, {n,m}]&
Out[13]= True

Inf14] :=s[z,n,m — 1] == c|z,n,n] + — a[;’][m} s[z,n,m] // TestJac[#, {n,m}]&
Out[14]= True

In[15]:=c[z,n,m + 1] == Z_jz]—i_l]c[z,m m| + s[z,n,m] // TestJac[#, {n,m}|&
Out[15]= True

In[16] :=c[z,n,m — 1] == — a[‘z[;] Y sfz,n,m] // TestIacl#, {n,m}]&

Out[16]= True

Unfortunately, this does not work for the following formula

afn]

In[17]:=c[z,m,n] == ——=s[z,n+ 1,m] // TestJac[#, {n,m}]&

am|
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Out[17]= a[l—l +n]c[z,m,—1 4+ n] + (—z + b[n])c[z,m,n] + a[n] c[z,m, 1 +n] ==
ma[—l—i—n?s[zm,m]—a[n](a[n]s[z,n,m}+(—b[n]+b[1+n])s[z, 1+4n,m])

and we can only check it for specific values of n:

In[18] :=Simplify|c|[z,m,n] == aﬁs[z,n +1,m/.n—>m+ 3
am

Out[18]= True

Similarly for the following asymptotics w = %

In[19]:=((j1;[+1 a[j})vi:[;l]zc[:;?n,m} —
(1—w ni b[j]+0[w}2)) /n—>m+3
j=m+2
Out [19]= O[w]?
In[20]:=(< Iﬁ a[j])wn_“‘_is[%,n,m]—
j=m+1
<1fw nz_: b[j]+0[w}2)) /.n—>m+3
j=m+1
Out [20]= O[w]?
In[21]:=((li:[1a[j]>wmnc[:],n,m] _
(1fw zm: b[j]+0[w]2)) /.n—>m+3
j=n+1
Out[21]= O[w]?
In[22]:=((lj;[:a[j]> Wi:En_l]l s[é,n,m] _
(1_w i b[j]—|—0[w]2)) J.n—>m+3
j=n+1
Out [22]= O[w]?

Defining the Jacobi matrix

In[23]:=Deltali_, j_| := If[Simplify[i == j], 1,0];
J[i., j-] := a[j]Deltali — 1, j] + a[i]Deltali + 1, j]
+ b[j]Deltali, jJ;
JacobiMatrixm ,n_| := Table[Jm+i,m+ j],{i,n—m—1},
{Jn—m—1}]
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In[24] :=MatrixForm[JacobiMatrix[m, m + 6]

Out [24]//MatrixForm=
b[l+m] a[l+mn 0 0 0
a[l4+ml b2+m a[2+mn 0 0
0 a[24+m] b[3+m| a[3+m] 0
0 0 al3+m| bld+m af4+n
0 0 0 al4 +m] b[5+m

we can check

In[25] :=(s[z, #,m| ==

Det|z IdentityMatri —-m—1] -7 biMatri
et[z IdentityMa rlX[##,in ] acobiMatrix|m, #]])&[m+4]
j=m+1 a(j]

// Simplify
Out[25]= True
or compute traces

Length[M]
In[26]:=Tr[M ] := Z M[1i,1i]; (* Not need for Mathematica 4.x %)
im1

In[27] :=Expand| (Tr[JacobiMatrix[m, #].JacobiMatrix(m, #|]

(2 SELERS bl3)?) )&elm + 3]
j=m+1 j=m+1

Out[27]= O
Let us next investigate the inhomogeneous Jacobi operator. The command
In[28] :=SolutionJacobilf, g;

tells Mathematica that f(n) satisfies the inhomogeneous Jacobi equation 7f = g.
In fact,

In[29] :=JacobiDE[f[n],n] == gn]
Out [29]= True
Next, let us express f(n) in terms of s(z,n,m). We define the kernel
In[30]:=K[z_,n_, j ] := M
alj]

which satisfies
In[31]:=Factor[{K[z,n,n — 2],K[z,n,n — 1],K[z,n,n],K[z,n,n + 1],K[z,n,n + 2]}]
z —b[—1 + n] 1 1 z — b[1 +n]

Out [31]= {a[—z T ojaita a1t am _m}

and the sequence f(n)
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In[32] :=Clear[f];

n

Z* K[z,n, jlg
j=1

In[33] :=SplitSum[JacobiDE[f[n],n] — zf[n]]//Factor
Out [33]= g[n]
Finally, we consider the case with a(n) = 1/2, b(n) = 0.
In[34] :=Unprote1ct [a,b];
al] = Livfa] = o
Then we have
In[35]:=JacobiDE[(z — (z + V22 — 1)*,n] == z(z + V22 — 1)* // Simplify

Out [35]= True

In[36]:=JacobiDE[(z — (z — V22 — 1)*,n] == z(z — V22 — 1)* // Simplify
Out[36]= True

and

(z+Vz2—1)"— (z—Vz2—1)"

In[37]:=s|z,n,0] == // TestJac[#,{n,0}]&

2vz? —1
Out[37]= True
In[38]:=c|z,n,0] == —s[z,n — 1,0] // TestJac[#, {n,0}]&

Out [38]= True

C.4. Orthogonal Polynomials

We first introduce the matrices C(k), D(k), and P(z,k). We use Cm[k] for the
matrix C(k) and Cd[k] for its determinant. Similar for the other three matrices.

In[1]:= m[0] :=
cdfo] = 1 Cd[ ] := det Cnlk];
Cm[k_ 7IntegerQ} := Table[m[i + j],{i,0,k — 1},{j,0,k — 1}];
DA[0] = 0;Dd[k_] := det Dm[k];
[

Dm[k_?IntegerQ] := Table[If[j ==k — 1,m[i + j + 1],m[i + j]],
{1,0,k—1},{3,0,k — 1}};

Pd[z_,0] = 0;Pd[z_, k] := det Pm[z, k;

Pm[z_, k_?Integer(Q] := Table[If[i ==k — 1,z m[i + j]],
{i,0,k —1},{j,0,k — 1}];

Here is how the matrices look like.



320 C. Jacobi Difference Equations with Mathematica

In[2]:= Print[MatrixForm[Cm[3 ]] 7 MatrixForm[Dm[3]],” 7,

MatrixForm[Pm[z, 3]]]

L m[l] m[2] m(1]  m[3]

m{1] m2] [] 1 m(2]  m[4]

m[2] m[3] m[4] 2 m[3]  m[5]

1 m[l] m[2

m{1] m[2] m[3]

1 z z

The determinants of C'(k) and D(k) appear as the first two coefficients in the ex-
pansion of the determinant of P(z, k) for large z.
In[3]:= Simplify[(Series[Pd[1/t,k],{t,0,—1}] ==
Cdlk — 1](1/t)* ' — Dd[k — 1](1/t)k*2)/.kf > 3]
out[3]= 0Q[t]°==0
The polynomials s(z, k)
Pd|z, K]
Inf4]:= slz_k]i= ——— = .
cd[k|Cd[k — 1]

are orthogonal with respect to the measure p whose moments are m(k) = [ A¥dp(\)
Moreover, defining
Cdlk+ 1]4/Cdk — 1
In[5]:= a[k,] = \/ [ * ]\/ [ ];a[O] = O;
Cd k]
Ddk] Dd[k — 1]
cdlk] cdk — 1)’

blk] :=

we have that s(z, k) solves the corresponding Jacobi equation.
In[6]:= Simplify[alk]s[z,k+ 1]+ alk — 1]s[z,k — 1] + (bk] — 2)s[z,k] /. k— > 3]
Out[6]= O

Moreover, the polynomials s(z, k) are orthogonal with respect to the scalar product

Exponent[P,z] Exponent|Q,z]

In[7]:= ScalarProduct[P_,Q_,z] := Z Z m[i + j]
Coefficient[P,z, i]Coeff1C1ent[Q,z J]/,
PolynomialQ[P, z]&&PolynomialQ[Q, z|
which can be checked as follows

In[8]:= Simplify[ScalarProduct[s|z, j],s[z, k]|, z] ==
If[J ——k,l,O]/ {k >37j7>3}]

Out[8]= True
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C.5. Recursions

Now we want to look at the matrix elements g;(n) = (0,, H?8,) and hj(n) =
2a(n){dp+1, H6,), which are important when dealing with high energy expansions
for the resolvent of our Jacobi operator H.

In[1]:= Needs[’DiscreteMath‘JacDEqgs‘”]

For computational purpose it is most convenient to define them using the following
recursions.

In[2]:= g[0,n] = 1;h[0,n] = 0;
gl). PTntogert,n ] = glj,n] =
1 .. . .
5(®[j = 1,0] +h[j — 1,0~ 1]) + bn]g[j — 1,n;

h[j_?IntegerQ,n ] :=h[j,n] =
j—1 j—1

2a[n Y glj — 1 - 1,nlglLn+1] - %Zh[j —1—1,nn[1,n];

1=0 1=0
These definitions can be used to compute arbitrary coefficients as needed.
In[3]:= Simplify[g[2,n]]
Out[3]= a[—1+n]?+ a[n]? + b[n]?

In[4]:= Simplify[h[2, n]|
Out[4]= 2a[n]*(a]—1 +n]* + a[n]? + a[1 +n]? + b[n]® + b[n|b[t + n] + b[L + n]?)
In addition, we have the third sequence %ﬁ(n) = ((8py1 + B62), H (Op11 + B6,))-
Iafs1i- 9lj-n] = lgon+ 1]+ 2 hlg,n] + el

But now we want to see that the recursions indeed produce the matrix elements
from above. For this purpose we need a delta sequence.

In[6]:= Delta[n]:= If[n ==0,1,0];
Using this we have
In[7]:= g[j,n] == JacobiDE[j,Delta[n —m|,m] /. j— > 3 /.m— >n//Simplify
Out[7]= True
and
In[8]:= h[j,n] == 2a[n|JacobiDE[j,Deltaln — m|,m| /. j— > 3 /. m— > n +
1//8implify
Out[8]= True

Hence the recursions produce indeed the desired matrix elements.
There is another relation for g; and h; which can be verified for given j.
In[9]:= Simplify[h[j +1,n] —h[j+1,n—1] ==
2(a[n]’g[j, n+1]—a[n—1]g[j, n—1])+b[n](b[j, n]-h[j,n-1]) /.- > 4]
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Out[9]= True
Moreover, there is a recursion involving only g;.
In[10]: Clear[g
gl0,n] =
n]= [ I;

glt,
gl2,n] = a[-1+1]* + a[n]* + b[n]?;
glj

_?IntegerQ,n] := —a[n]?g[j — 2,n + 1] —!—_e;[n —1]%glj — 2,n — 1]
~ bfnl%g[j — 2,0] + 20fnlglj — 1,0] ~ o > K[j~ 1 2,alK[1,n

j—2
+2afn 2ZgJ [j—1-2n+1]g[1,n

73

— 2b[n Zgj —1—3,njg[l,n+ 1]

+bln ]2 g[J —1-4ngl,n+1];
1=0

k[0,n] = b[n]

K[j_,n] = alu]°glj — 1,n-+1] — afn— 12§ — 1,n— 1] + blu*glj — 1,1] -

2b[njg[j,n] + g[j + 1,n];
Again, it can be checked, that it is equivalent to our other one for given j.

In[11]:=g[j,n] == JacobiDE[j,Deltan —m|,m] /. j— >4 /.m— >n//Simplify

Out[11]= True

In particular, these relations will be used in the sections on the Toda and Kac van
Moerbeke lattice.

C.6. Commutation methods

C.6.1. Single commutation method. In this section we want to consider the
single commutation method. As first steps we load our package

In[1]:= Needs[’DiscreteMath‘JacDEqs‘’]
and introduce a few solutions of our original operator

In[2]:= SolutionJacobifu]; SolutionJacobi[v];SolutionJacobi[f, g;
W[f__,n ] := a[n|Casoratian[f,n];

Next, we declare the commuted operator H,

asn]:= v/—an]y/—an + 1]y/u[A,n]\/u[), n—|—2]

In[3]:= [}\ ——
u[\, nj ufA,n+1]\
Poln] —A—a[]( [)\,n—|-1]+ u[A, n] ’
JacobiDE,[f_,n] := a,[n] S[f, {n, 1}] + as[n — 1] S[f, {n, —1}] + b, [nf;
Wo[f_,n]:= ag[ |Casoratian[f,n];

and the operator A
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1
—a[nJu[A,nJu[A,n + 1]’
Alf_n]:=v,[\nWu[A 1], f,n];

Note that v, is a solution of Hou = Au

In[4]:= v, [A\,n]:=

In[5]:= Simplify[JacobiDE,[v,[A,n],n] == Av,[A,n]]
Out[5]= True
Now we can verify that Au(z) satisfies H,(Au(z)) = zAu(z)
In[6]:= Simplify[JacobiDE,[A[u[z,n],n],n] == zA[u[z,n],n]]
Out[6]= True
and that Af satisfies H,(Af) = Ag.
In[7]:= Simplify[JacobiDE, [A[f[n],n],n] == Alg[n],n]]
Out[7]= True
Moreover, the following relations for the Wronskians are valid:
In[8]:= Simplify[W,[A[u[z,n],n], A[v[z,n],n],n] == (z — A\)W[u[z,n], v[z,n],n]]

Out[8]= True

In[9]:= Simplify|W,[A[u[z,n],n], A[v[zZ,n],n],n] ==
—aln|aln + 1]Casoratian[u[A, n], u[z,n], v[zz,n], n]
u[A,n+ 1]

Out[9]= True

In[10] :=Simplify|W,[A[u[z, n],n], A[v[zZ,n],n],n] ==
(z — zz)v|[zz, 1 + n]W[u[z,n], u[\, n], 1]

(z — MW[u[z,n], v[zz,n],n] — u[\, 1+

Out[10]= True

For additional material see the section on the Kac-van Moerbeke lattice below.

C.6.2. Double commutation method. In this section we want to consider the
double commutation method. Again we load our package

In[1]:= Needs[’DiscreteMath‘JacDEqs‘’]
and introduce two solutions of our original operator.

In[2]:= SolutionJacobilu];SolutionJacobi[v];
W[f__,n] := a[n|Casoratian[f,n];

Next, we declare the doubly commuted operator H,
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n

mizis sla] =2+ 3 oo
an] = ap YOEIVORTL

¢y [x]
a[nju[A,nJu[A,n + 1]

b,[n] = bn] — BDiff|

,nl;

Cy/[n]

ot
JacobiDE,[f_,n| := a,[n] S[f, {n, 1}] + ay[n — 1]S[f,n, —1] + b, [n|f;
W,[f__,n_] := a,[n]Casoratian[f,n];
As a first fact we note that u,
In[4]:= u,[n] = uA o) ;
SN
satisfies Hyuy = Au,.
In[5]:= Simplify[SplitSum[JacobiDE, [u,[n], n] == Auy[n]]]

Out[5]= True

To obtain more solutions we introduce the operator A

= = Gl 1 uy [n]W[u[A, n], £, nl;
In[6]:= Alf_ {z_,n }]:= cy[n—l]f —" ~[n]W[u[A, 0], £, nl;
and set
In[7]:= uy[z_,n.] = Au[z,n], {z,n}];

The sequence u,(z) satisfies Hyu,(2) = zu,(2)
In[8]:= Simplify[SplitSum|[JacobiDE,[u,[z,n],n] == zu,[z,n]]]
Out[8]= True

and for u,(z,n)? we have

In[9]:= Simplify[SplitSum[u,[z, n)? ==

W[u[A, n],u[z, n], n]?

ulz,n]* + o o]

_BDiff|

ey )

Out[9]= True
In addition, we note two equivalent forms for u. ()
In[10]:=Simplify[SplitSum[u,(z,n] ==

cyln—1]

cv[n] u[z,n] - z — u’)’[n]s[w[u[/MnLu[zan]an {n7 _1}]“

Out[10]= True
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Inf11]:=AA[f 0] = 0t u 0] 3% wAG)(E /. o > 5);

In[12]:=Simplify[AA[u[\, n],n] ==
Out[12]= True
and the following relations for the Wronskian:
In[13]:=Simplify[SplitSum[W,[u,[n], Alu[z,n], {z,n}],n]]]
~va[n](u[z, 1 + nJu[\,n] — u[z,nJu[), 1 + 1))

1+ " u) g

Jj=—o0

Out [13]=

In[14] :=Simplify[SplitSum[W,[A[u[z,n], {z,n}], A[v[zZ,n], {zz,n}],n] ==
(z — zz)W[u[\, 0], u[z, n], n]W[u[\, n], v[zz,n], n]

(- Nz - Ao, ) I

W[u[z,n], v[zz,n],n] +

Out[14]= True
Finally, we turn to the solutions cg and sg.
In[15]:=u[), 0] = —Sin[a];u[\, 1] = Cos[a];

SolutionJacobi|sb, —Sin|a], Cos|a], 0];
SolutionJacobi|cb, Coslal, Sinla], 0];

They are transformed into €5 and s G

In[16] :=cn = c,[0];
cp = SplitSum|c,[n+ 1]] /.n— > 0;
y[m—

cm = SplitSum[c 1]] /.n— > 0;
s Ve,
B = Cotlal; 8 \/@ﬂ,
N IR I
cn(z—A)  cp(1+B2)
sby[z_,n] = @A[sb[z,n], {z,n}];
cpl+ /P ,
cby[zo,n] = P 7 (A[cb|z,n], {z,n}] — dA[sb[z,n], {z,n}]);

as can be seen from
sby[z,n+ 1]

In[17]:=Simplify[SplitSum] b [z, 0]
sb,[z,n

/- n=>0]/5
Out[17]= —1

and
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cby[z,n+ 1]
cb, [z, n]

In[18] :=Simplify[SplitSum] 13 /.0— > 0]

Out[18]= 1

C.6.3. Dirichlet commutation method. In this section we want to consider
the Dirichlet commutation method. As before we load our package

In[1]:= Needs[’DiscreteMath‘JacDEqgs‘”]
and introduce two solutions of our original operator.

In[2]:= SolutionJacobilul;
SolutionJacobilv];
u[l’t07 O] = 07
W[f__,n] := a[n|Casoratian|[f,n];

Next, we introduce the operator H(, o)

W
In[3]:= w{;t,o’}[n*] _ [u[ﬂovn}vu[lhn]v Il] :

KU — Ho
_ allVWiu oy — VW0 + 1]

a oy|n-| - :
{no} 0] Winoy ]
by 0}0] :=bln] — BDiff[a[n]u["O’n]“[#»n +4 al:
Wiy} [n]
JacobiDE{,,¢)[f-, 0] := a0} [n] S[E, {n, 1}] + a0y n — 1S[E, {n, ~1}]
+ b0y [0)f;
Wipoy[f— 0] = ag, ,[n]Casoratian[f, n];

We note the alternate expression for b, )
anjulp, n 4 1Wy, o3 [0 — 1]
u[ﬂa n]w{u,a} [n]

In[4] := Simplify[by, ,y[n] == po —

~aln— tulp,n — 1, [n]]
ufp, nfWy, 30— 1]
Out[4]= True

and W(#’J)

n

In[5]:= Simplify[SplitSum[FDiff| Z * ulpo, jlulp, j] == W, 03[0 0] ]
§=0

Out[5]= True

Defining the quantities
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. ufpt0, 0] :
e e R i ]
u [Il—] = U[Man] ;
Ho \/w{u,d} n—1] \/w{“’g}[n]
A[f_z_ n]:= VWipi.0) 0] £ Jpo [n]W[u(sw0,n], £,0]

Wipopn — 1] zZ— o ’
Out[6]= True
we get several solutions of our new operator.
In[7]:= Simplify[JacobiDEy, ,[u,[n],n] == pu,[n]]
Out[7]= True

In[8]:

Simplify[JacobiD]-E{M,U}[u“0 [n],n] == pouy,[n]]
Out[8]= True

In[9]:= Simplify[JacobiDEy, ,[A[u[z,n],z,n],n] == zA[u[z,n], z,n]|
Out[9]= True
In addition, we note

In[10] :=Simplify[A[u[z,n],z,n]> ==

u[ﬂvn] u n i W[u[uo,n],u[z,n},n]z
(Z_Mo)g [/U’O’ ]BD ff[

2
u[z,n]® + W0y 0]

;0]

Out[10]= True

and the following formulas for Wronskians

Wlu[u, ], u[z,n], n]
w{u,o} [Il]

In[11]:=8implify[W(, ,}[u,[n], Alu[z,n],z,n],n] ==

Out[11]= True

zZ—p W[u[,uo,n],u[z n]an]

In[12] :=8implify[W;, ,1[u,[n], A[u[z,n],z,n],n] == m—, W }[n’]
w,o

Out[12]= True

In[13]:=8implify[W(, ,}[A[u[z,n], z,n], A[v[zz, n],zz,n],n] ==

zz__:;w[ll[z,n},v[zz,n},n] +
zZ— 22z Wlu[u, n], uz,n}, n]W[u[uo, 0], v[zz, 1], Il”
(Z — MO)(ZZ — MO) w{u’o_}[n]

Out[13]= True
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Finally, we turn to the solutions ¢(z,n) and s(z,n) which transform into

W mt 1
In[14]:=sy, ,1[z-,n] = wﬂs[z,n, 0],z,n] /. m— > 0;
W0 ]
Z — o
Cluoplenl =2 (Alelz, 0], 2,1]
— 1/A 0
4 (/1' Mo)u[lhm‘F ] [S[Z,n7 ]>Zvn]u[u7m]) / n— > O;
(z — o)

Out[14]= True
as can be seen from
In[15]:=8¢, +}(2, 0]

Out[15]= O

In[16]:=Simplify[s(, ,1 [z, 1]]
Out[16]= 1

In[17] :=Simplify[cy, ,[z, 0]

Out[17]= 1

In[18] :=Simplify[cy, ,1(z,1]]

Out[18]= O
Note also
Wy o [nd 1
In[19_7:=Simplify[w /.n— > 0]
Wip0)(n]

a[0]ulp, 0] + (=p + po)ulp, 1]

Out [19]=
a[0Ju[u, 0]

C.7. Toda lattice
Now we come to the Toda lattice. Our package is needed again.
In[1]:= Needs[’DiscreteMath‘JacDEqgs‘”]

To define the Toda hierarchy, we recall the recursions for g; and h; found before.
We only consider the homogeneous case for simplicity.
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In[2]:= g[0,n] =1;
h[0,n_] = 0;
glj-?IntegerQ,n ] := g[j,n] =
5[5 —n]+h[j — 1,0~ 1]) +blnlg[j — 1,

h[j-?IntegerQ,n.] :=h[j,n] =
j—1 j—-1

2afn> > glj - 1— 1,nlglLn+1] %Zh[j —1—1,nn[1,n];

1=0 1=0

The following command will compute the r’th (homogeneous) Toda equation for us

In[3]:= TL[r_] := Simplify]
{0:an, t] == a[n|(g[r + 1,n + 1] — g[r + 1,n]),
d:bln,t] ==h[r+1,n] —h[r+ 1,n —1]}] /.
{a[n_]— > an, t],b[n]— > b[n, t]}
For example

In[4]:= TL[1]//TableForm

Out [4]//TableForm=
a®Y[n, t] == —aln, t](a[-1+4n,t]> —a[t +n,t]> +b[n, t]> —b[1 +n, t]?)
b0, t] == —2a[—1 +n, t]?(b[—1 + n, t] + b|n, t])

+ 2a[n, t]*(b[n, t] + b[1 + n, t])

Next, we introduce the second operator in the Lax pair which will be denoted by
TodaP.

In[5]:= TodaP[r_, f_,n]:= —JacobiDE[r + 1,f,n] +
> 2(a[nlg[j,n]S[JacobiDE[r — j, £,n], {n, 1}]

j=0
— h[j,n]JacobiDE[r — j, f,n]) + g[r + 1, n]f;

Here is the first one applied to a sequence f(n)
In[6]:= TodaP|0, f[n],n]
Out[6]= —a[—1-+n]f[—1+n]+ a[n]f[1 + n]
or, alternatively, in matrix form (cut off after 2 terms in both directions).

In[7]:= m = 2;
Table[Coefficient|[TodaP[0, fn],n],fln+ i — j]],
{i, —m,m}, {j, —m,m}]//MatrixForm

m=;
Out [7]//MatrixForm=
0 —a[-1+n] 0 0 0
a[n] 0 —a[—1+ n) 0 0
0 a[n] 0 —al—1+4 n] 0
0 0 a[n) 0 —al—1+n)
0 0 0 a[n] 0
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Similarly, the second one applied to a sequence f(n)
In[9]:= TodaP[1,f[n],n|//Simplify
Out[9]= —a]—-2+nla]-1+n]f[-2+n] — a[-1 +n](b[-1 +n] + b[n])f[-1 +n] +
afn](b[n]£[1 + n] + b[t + n]£[1 + 0] + a[1 + n]£[2 + n))
The following command will display the coefficients in a handy format.
In[10] :=CoeffTodaP[k ] := Block[{dummy, i,n},
dummy = TodaP[k, f[n], n];
TableForm|
Table[{f[n+ i],” : ”,Simplify[Coefficient|[dummy, f[n + i]]]},
{i,-k— 2,k + 2}

I

For example we obtain for r = 0

In[11]:=CoeffTodaP|0]

Out[11]//TableForm=
fl[=2+n] : 0
fl-14n] : —a[-1+4n]
fln] 0
f[1+n] aln]
fl2+n] 0

and r=1

In[12] :=CoeffTodaP|[1]

Out[12]//TableForm=
f[=3+n] : 0
fl=2+n] : —a[-2+n]a[-1+n]
fl-1+n] : —al-1+n](b[—1+n|+ b[n])
fn] 0
fll+n]  : a[n|(bn] +b[1+mn])
fl2+n] : a[n]al +n]
fl3+n] = 0

We can also compute the commutator of H and P,

In[13] :=Commutator[r_,f_n]:=
JacobiDE[TodaP|r, f, n],n] — TodaP|r, JacobiDE[f, n], n];

In[14] :=CoeffCommutator|r_| := Block[{dummy, i,n},
dummy = Commutator|[r, f[n], n];
TableForm[Table[{f[n +i],” : 7,
Simplify]
Coefficient[dummy, f[n + i]]]}, {i,—2,2}]] ;

and display its matrix coefficients
In[15] :=CoeffCommutator|0]

Out[15]//TableForm=
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f[-2+mn] : 0

fl=1+n] : a[-1+n](b[-1+n] —b[n])
fIn] b 2(a[-1+n)* —aln?)
flt+n]: a[n](b[n] - b[1 + n])
fl2+n] 0

C.8. Kac-van Moerbeke lattice
Finally we come to the Kac van Moerbeke lattice.
In[1]:= Needs[’DiscreteMath‘JacDEqgs‘”]

Again we start with the recursions for G; and H; and only consider the homoge-
neous case for simplicity.

In[2]:= G[0,n] = 1;H[0,n] = 0;
G[j_?IntegerQ,n.] := G[j,n] =
1
5@ 3 = L] +H[j — 1,0 = 2)) + (p[n)* + pln — 1]°)G[j — L,n};
H[j_?IntegerQ,n] :=H[j,n] =

j—1 j—1
1
2(p[n]pn+1] QE G[j—1—1,n] [17n+1]—§§ H[j —1—1,n]JH[1,n];
1=0 1=0

We can easily compute the first few
In[3]:= Table[Simplify[{G[j,n],H[],n]}],{j,0,1}]//TableForm

Out [3]//TableForm=
1 0

pl=1+n]* +p[n]*  2p[n]*p[1 + n]?
This command will display the r’th Kac-van Moerbeke equation
In[4]:= KM[r_] := Simplify]|
Oyp[n, t] == p[n](G[r + 1,n + 1] — G[r + 1,n])] /. p[n_]— > p[n, t];
For example
In[5]:= KM[1]
Out [5-7= p(O,l) [Il, t} == _p[na t](p[—Q + n, th[_l + n, t}Q + p[_l + n, t]4
+p[*1 +n, t]zp[na t]2 - ,0[1 +n, t]2(p[n7 t]2 +,0[1 +n, t]2 +p[2 +n, t]z)
Next, we need two pairs of sequences ay, b; and as, by
In(6 1= a1[n] := pa[nlpofal; os[n] = pulnl® + pofn - 1]
agln] = poln + 1]pafnfsbaln] = pofn]? + pofnf®
plus the corresponding quantities g, ;, hy j, £ =1,2.
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In[7]:= g [0,n] = 1;hy [0,n] = O;
g [j ?IntegerQn | i— gl3,n) —
1 . . .
5 (bx[j = 1,n] + B[j = 1,n — 1]) + bifn]gx[j — 1.2];
hy [j_?IntegerQ,n] := hy[j,n] =
2ac[n]* Y j—1gx[j —1—1,njelln+1] -
. =
53— —1— 10l (L n]
1=0
They satisfy several relations which can be checked for given j:

In[8]:

Simplify[(go[j + 1,n] ==
pon’g1[3,n + 1] + pe[n]®g1[j, n] + hs[j,0]) /. j— > 5]
Out[8]= True

In[9]:

Simplify[(ha[j + 1,0] — hy[j + 1,n] == po[n]*(2(pe[n + 1]*gs[j,n + 1] —
pe[n)®g1[3,n]) + (ha[j,n + 1] = hy[j,n)))) /. j— > 8]
Out[9]= True

In[10] :=8implify[(g:[j +1,n] == pe[n]’g2[j, 0]+ po[n — 1]°g2[j,n — 1]+ hy[j,n —
1)) /.3— > 5]

Out[10]= True

In[11]:=Simplify[(hy[j + 1,0 — 1] — hy[j + 1,n] == pe[n]?(—2(po[n]?g2[j,n] —
poln — 1]%g2[j,n — 1]) — (ha[j, 0] — hy[j,n —1]))) /. j— > 5]
Out[11]= True

In[12] :=8implify[(ho[j,n— 1] —hs[j,n] == 2pc[n|*(g1[j, n] — g2[j,n])) /. j— > 5]
Out[12]= True

In[13]:=Simplify[(hs[j + 1,n] —hy[j +1,n— 1] ==
2(au[n]*ga[j, n] ~aaln —1°ga[3, 0 —1]) — po[n]*(ho[j, n — 1] —u[j,n]) +
peln)? (B3 n) — halj,n — 1)) /. 5 > 5]
Out[13]= True

Now we introduce the corresponding operators A, A*, Hy, Pyory2, D, Qaryo,
k=1,2.
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In[14]:=A[f_n] := po[n]|S[f, {n, 1}] + pe[n]f;
K[£m] = paln — 1IS[E, {n, —1}] + pelal;
JacobiDEy_[f_,n_| := ax[n|S[f, {n, 1}] + S[ax[n]f, {n, —1}] + bk[n]f;
JacobiDEy [r_?IntegerQ, f_,n_] := Nest[JacobiDEy[#,n|&, £, r];
DiracDE[{f,, g-}, IL} = A[g7 Il], A" [fv Il];
TodaPy_[r_,f_,n_] := —JacobiDEy[r + 1, f,n]

+ Z r(2ay[n]gx[j, n]S[JacobiDEx[r — j, f,n],n, 1]
3=0
— hy[j,n]JacobiDEg[r — j, f,n]) + gk[r + 1,n]f;
KMQ[r_, {f_,g_},n] := {TodaPy[r, £, n], TodaP,|r, g, n]};

Again we can use Mathematica to check some simple formulas. For example A*A =
H,y

In[15] :=Simplify[A*[A[f[n],n],n] == JacobiDE,[f[n],n]]
Out[15]= True
or AA* = Hy
In[16]:=Simplify[A[A*[f[n],n],n] == JacobiDE,[f[n], n]]
Out[16]= True
Moreover, we have Hj A = AHY
In[17]:=Simplify[(JacobiDE;|r, A[f[n],n],n] == A[JacobiDE,|[r, f[n],n], n])
/.t— > 5]
Out[17]= True
respectively A*Hjy = H] A*
In[18] :=Simplify[(A*[JacobiDE,[r, £[n],n],n] == JacobiDE,[r, A*[f[n],n],n])
/.t— > 5]
Out[18]= True
and Py op190A — APs9pi0 = po(ng_l = G2,r+1)ST + pe(92,0+1 — G1,r41)

In[19]:=Simplify[(TodaP,[r, A[f[n],n],n] — A[TodaP[r, £[n],n],n] ==
poln)(g1[r + 1,0+ 1] — go[r + 1,n))f[n + 1] + pe[nf(g2[r + 1,0] — g1[r +
1,n])f[n]) /. x— > 5]
Out[19]= True

respectively Py oqyoA* — APy ori0 = —p5 (99.p01 — 91,041)S ™ + pe(92.r+1 — g1,r41)

In[20] :=Simplify[(TodaP;[r, A*[f[n],n], n] — A*[TodaP,[r, f[n],n],n] ==
= poln = (g2[r + 1,0 — 1] — gi[r + 1, n])f[n — 1] + pe[n](ga[r + 1,n] —
gi[r +1,n))f[n]) /. r— > 5]
Out [20]= True
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.. family of spectral projections of an operator
..fundamental matrix, 7

®(z,n,0)

..the set of rational numbers
.. Floquet momentum, 116

..304

dim £(D), 281

..real part of a complex number
.. the set of real numbers

.. 143

..residue associated with the Dirichlet eigenvalue p;(n), 136
.. reflection coefficient(constant background), 173

.. reflection coefficient, 129

..range of an operator

..304

.. a Borel measure
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s(z,n) = s(z,n,0)

s(z,n,ng) ...fundamental solution of Tu = zu vanishing at ng, 6

sg(z,m) = s3(z,n,0)

sg(z,m,ng) ...fundamental solution of Tu = zu corresponding to general
boundary conditions at ng, 37

S(k) .. .scattering matrix (constant background), 173

S(N) .. .scattering matrix, 129

S+ ... shift expressions, 4

St (H) .. .scattering data of H, 174

S(r) ...61

Sy (1) ...61

Si(r) ...60

S +(T) ...60

o(H) ...spectrum of an operator H, 15

Cac(H) ... absolutely continuous spectrum of H, 41, 46

osc(H) ...singular continuous spectrum of H, 41, 46

opp(H) ... pure point spectrum of H, 41, 46

os(H) = 0sc(H) Uopy(H)

op(H) ...point spectrum (set of eigenvalues) of H, 42

Oess(H) ... essential spectrum of H, 62

oa(H) ... discrete spectrum of H

Oac(H) ... a-continuous spectrum of H, 42

Ous(H) ... a-singular spectrum of H, 42

oj(n) ...sign associated with the Dirichlet eigenvalue p;(n), 136

Uf (n) ...sign associated with the eigenvalue )\f (n), 151

sgn(.) ..sign of a real number, sgn(A) = —1 if A < 0, sgn(0) = 0,
and sgn(A) =1if A >0

T(k) ... transmission coefficient(constant background), 173

T\ ... transmission coefficient, 129

T ...second order, symmetric difference expression, 5

T = (7i,4){ j=1, matrix of b periods of ¢;, 278

0(z) ...Riemann theta function, 286

TL,(a,b) ... Toda hierarchy, 229

ﬁr(a, b) ... homogeneous Toda hierarchy, 230

tr ...trace of an operator

u(z,n) ...solution of Tu = zu

us(z,.) ...solution of 7u = zu being square summable near oo, 30

Ul(t,s) ... unitary propagator, 230

W.(,..) ... Wronskian of two sequences, 6

&M n) ...xi function for Dirichlet boundary conditions, 112

&5(\,n) ...xi function for general boundary conditions, 113

Ep, ..vector of Riemann constants, 287

.. the set of integers
z ...a complex number
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..identity operator
..standard branch of the square root, 19
..complex conjugation
...norm in the Banach space (P, 3
..norm in the Hilbert space ¢2, 13
...scalar product in 9, 4
..scalar product in ¢2(I), 13

N\%l:
N

T =D
i
5

..direct sum of linear spaces or operators
0 .. forward difference, 5
o* .. backward difference, 5

...indefinite sum, 10
.. indefinite product, 10
.. transpose of a matrix

—=M

#(u) ... total number of nodes of u, 77

#(m,n) (1) ...number of nodes of u between m and n, 77

H#W (uy,us) ... total number of nodes of W (u1,us), 83
#(m,n)W(u1,u2) ...number of nodes of W (uy,uz) between m and n, 83
[]n ... Weyl bracket, 31

[+ ... upper/lower triangular part of a matrix, 5

[o ...diagonal part of a matrix, 5

[«] =sup{n € Z|n < x}, 76

M .. .essential closure of a set, 303

(A1, A2) ={A e R| A1 < A< Az}, open interval

[A1, A2] ={X e R| A < X< Ay}, closed interval
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Abel transform, 5

Abel’s map, 283

Abel’s theorem, 284

Abelian differentials, 277
Additive process, 91

Almost Mathieu operator, 101
Almost periodic sequence, 100
Anderson model, 88
Antisymmetric part, 15
Asymptotic expansion, 106

Backlund transformation, 261
Baker-Akhiezer function, 148
Banach space, 3
Bessel function, 25
Birkhoff’s ergodic theorem, 91
Birman-Schwinger type bound, 72
Borel

measure, 299

set, 299

transform, 300
Boundary condition, 17, 18
Branch number, 276
Burchnall-Chaundy polynomial, 236

Canonical divisor, see divisor
Canonical form, 40
Canonical homology basis, 276
Casoratian, 191
Cauchy
transform, 300
Characteristic polynomial, 12
Closure
essential, 303
operator, 48
Commutation method, 187
Dirichlet deformation method, 209
double, 200
single, 189
Commutator, 226
Conservation law, 254
Continued fraction, 10
Crystal
exponential interaction, 223

linear interaction (harmonic), 22
C*-algebra, 229
Cyclic vector, 40

Deficiency indices, 48
Degree, 276
Degree of a divisor, see divisor
Density of states, 95
Deterministic sequences, 100
Difference expression, 4
commuting, 233
matrix representation, 4
order, 4
second order, symmetric, 5
skew-symmetric, 4
symmetric, 4
triangular parts, 5
Dirac operator, 264
Dirichlet boundary condition, 17
Dirichlet eigenvalues, 134
Discriminant, 116
Dispersion, 25
relation, 25
Divisor, 279
associated with eigenvalues, 154
canonical, 280
degree, 279
index of specialty, 281
nonspecial, 281
positive, 280
principal, 280
relatively prime, 280
Divisor class group, 280
Divisor of poles, 281
Divisor of zeros, 281
Double commutation method, 200
Dynamical system, 87
ergodic, 88

Eigenfunction expansion, 41, 45
Elliptic functions, 163

Elliptic integral, 163

Ergodic, 88

Essential spectrum, 62
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Index

Finite lattices, 233
Floquet
discriminant, 116
functions, 118
momentum, 117
monodromy matrix, 115
multipliers, 117
solutions, 117
theory, 115
Fourier transform, 20, 300
Fundamental matrix, 7
Fundamental polygon, 275
Fundamental solutions, 6

Gel’fand-Levitan-Marchenko equation, 176

Genus, 275

Green function, 17

Green’s formula, 6
Gronwall-type inequality, 177

Haar measure, 100

Hamburger moment problem, 42

Hamiltonian system, 23, 224
Hausdorff dimension, 304
Hausdorff measure, 304
Helmholtz operator, 21
Herglotz function, 300
Hilbert space, 4, 13
weighted, 21
Hilbert-Schmidt operator, 51
Holomorphic differentials, 276
Holomorphic structure, 275
Homology basis, 276
Hull, 100
Hyperbolic numbers, set of, 8

Hyperelliptic Riemann surface, 283
Hypergeometric function (generalized), 25

Index of specialty, see divisor
Initial conditions, 6
Initial value problem

Kac-van Moerbeke system, 260

Toda system, 232
Intersection matrix, 295

Inverse scattering transform, 253

Isospectral operators, 140

Jacobi equation, 6
inhomogeneous, 9
Jacobi inversion problem, 290
Jacobi matrix, 12, 119
trace, 13
Jacobi operator, 14
almost periodic, 100
critical, 36
free, 19
maximal, 47
minimal, 47
periodic, 115
quasi-periodic, finite-gap, 153
random, 87
reflectionless, 133
finite-gap, 142
subcritical, 36
supercritical, 36
unbounded, 47
Jacobian variety, 283
Jensen’s inequality, 93, 102
Jordan canonical form, 116
Jost solutions, 167

Kac-van Moerbeke hierarchy, 260

homogeneous, 261
Krein spectral shift, 109

Langmuir lattice, 264

Lax equation, 226

Lax operator, 229
homogeneous, 227

Lebesgue decomposition, 41, 46

Limit circle, 39, 48

Limit point, 39, 48

Liouville number, 103

Lusin’s theorem, 299

Lyapunov exponent, 7

Matrix valued measure, 44
Measure

Baire, 100

Borel, 299

ergodic, 88

growth point, 301

invariant, 88

Jacobi, 52

probability, 87

stationary, 88
Meromorphic differentials, 276
Meromorphic functions, 276
m-function, 27, 51
m-function, 29, 51
Minimal positive solution, 35
Miura-type transformation, 261
Mobius transformation, 38
Moment problem, 42, 52
monic, 232
Monodromy matrix, 115

Neumann expansion, 105
Nevanlinna-Pick function, 300

Newton’s interpolation formula, 124

Node
sequence, 77
Wronskian, 83
Noether gap, 283
Nonspecial divisor, see divisor
Norming constants, 174

oliton solutions, 267
Order
difference expression, 4
function, 276
Orthogonal polynomials, 40
Oscillatory, 78

Periodic coefficients, 115

Perturbation determinant, 111, 172

Phase space, 23

Picard group, 280

Pick function, 300

Pliicker identity, 50
Poisson-Jensen formula, 174
Positive divisor, see divisor
Principal divisor, see divisor
Principal solutions, 35
Probability space, 87
Propagator, 230

Priifer variables, 75

Quantum mechanics
supersymmetric, 15
Quasi-periodic, 153
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Radon-Nikodym Theorem, 302 Riemann-Roch, 282
RAGE Theorem, 90 Stone-Weierstrass, 300
Random Sturm, 77
Jacobi operator, 87 subadditive ergodic, 91
variable, 87 Torelli, 285
Recessive solutions, 35 Thouless formula, 97
Reflection, 15 Tight binding approximation, 87
Reflection coefficient, 174 Toda hierarchy, 229
Reflectionless, see Jacobi operator homogeneous, 230
Relatively prime, see divisor stationary, 233
Residue, 276 Topological group, 100
Resolvent, 17 Torelli’s theorem, 285
Neumann expansion, 105 Total branching number, 276
set, 17 Trace measure, 45
Riccati equation (discrete), 10 Trace relations, 120
Riemann inequality, 282 Transfer matrix, 7
Riemann surface, 275 Transformation operator, 169, 190, 213
Riemann theta function, 286 Transmission coefficient, 174
Riemann vanishing theorem, 290
Riemann-Hilbert problem, 274 Unstable manifold, 8
Riemann-Hurwitz relation, 276 Uppersemicontinuous, 92
Riemann-Roch Theorem, 282
Rotation number, 95 Variation of constants formula, 10
Vector of Riemann constants, 288
Scalar product, 4, 13 Vector valued polynomial, 44
Scattering data, 174 Volterra sum equation, 126
Scattering matrix, 173 .
Scattering theory, 128, 167 Weak solution, 237
Shift expressions, 4 We?erstrass gap, 283
Single commutation method, 189 Weierstrass point, 283
Solution Weyl
weak, 237 bracket, 31
circle, 38

Spectral measure
Herglotz function, 301
Jacobi operator, 28, 44
Spectral projections, 28
Spectral resolution, 28
Spectral shift function, 111
Spectrum, 15

absolutely continuous, 41, 46 . .
point, 42, 61 Young’s inequality, 180

matrix, 46

m-function, 27, 51

m-function, 29, 51
‘Wronskian, 6

Xi function, 112

pure point, 41, 46

singular continuous, 41, 46 Zeros of the Riemann theta function, 288
Stable manifold, 8
Stieltjes inversion formula, 301
Stone-Weierstrass Theorem, 300
Sturm’s separation theorem, 77
Sturm-Liouville expression, 5
Subadditive ergodic theorem, 91
Subadditive process, 91
Subharmonic, 92
Submean, 92
Subordinacy, 67
Subordinacy, principle of, 70
Subordinate solution, 67
Summation by parts, 5
Supersymmetric, 15, 264
Support, 302

essential, 302

minimal, 302
Symmetric part, 15
Symmetric power of a manifold, 288
Symplectic form, 23
Symplectic transform, 23

Theorem
Birkhoff’s ergodic, 91
Lusin, 299
Radon-Nikodym, 302
RAGE, 90
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