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IIpeaucaoBue

Pewenve MEOrVX QyBIZMEETANbHEIX NpobieM TpedyeT TIOCTPOEHHS U
pelleErs MaTeMaTHUeCKUX MoJe/ell TIpolLeccoB, KOTOPBE WCCAeAyITCH.
Bo MHOTHX c/y4anX OHATHIO MaTeMaTHYeCKas MOJeb Ipollecca COOTRET-
CTBYIOT HEKOTOpHIE ONpejiesieHHble Au¢depeHINalbHEe YPABHeH s, pellle-
HUSA KOTOPHX [IO3BOJAKT C HEKOTOPOH TOYHOCTBIO OIIHCATb STOT MpOllecc.
Kax npaswno, nuddeperunanbHble YPaBHEEUA U JONOJHHUTEbHbBE YCI0-
BUS CAeAYIOT KAK M3 OOLIMX 3aKOHOB, TAK W U3 CIeUMDUIeCKUX 3aKOHOB,
KOTOpBle TIPUCYINM KaXJAOMY KOHKpeTHoMy mpolieccy. Hanbonee mpocThe
M, B TO XKe BpeMd, HalMeHee TOURHE QOPMYIUPOBKH 32KOHOB NPHBOIAT,
€CTECTBEHHO, K JUHEHHBIM 32a4aM MaTeMaTHUeCKOH QU3UKH.

B To e BpeMsA NOCTATOYHO YACTO ONKCAHHE IIPOLIECCOB B TEPMUEAX /-
HeMHHX YpaBHeHUH ABAsgeTCS HeyA0BAeTROPUTeNbHEM. COOTBETC TRYIOLIME
MaTeMaTHUecKHe MoJes]d "He WYBCTBYWOT  0oJlee TOUHLIX (HesJMHeRHHIX)
3¢ PexTOB, KOTOPHE NPUCYILY HccaenyeMomy npolieccy. MTak, crenymoue-
My {6osee TOHKOMY) NPUOIHIKEHVIO PeanbHOIo MpPoLecca COOTBETCTBYET
HeJIMHeMHAs MaTeMaTU4eCKash MoJelb, JUIsl pellleHusl KOTOpoH MccJ/e0Ba-
TeJIM UMelOT J0BOJIBHO OTpaHUUeHHHH MaTeMaTHUeCKUH amapar.

DTa cUTyalus CYLIECTBEHEO H3MEHAeTCH, ec/i¥ HesdHHeHHoe mudde-
peHlIMaibHOe YpaBHEHUE, COOTBETCTEYWIIEe HEKOTOPOH MOmesay, ¥MeeT
HeTPHUBHAJIbHEE CHMMeTpHitHble CBOHCTBA. B 3ToM ciydae ans uccrefo-
BaHUS W IIOCTPOEHUs pellleHMH ypaBHeHUS MOXKHO HCIIO/Ab30BATb METOMbI
TeOPeTUKO-TPYIIIOBOT0 aHANN32 KU3HeJesTeNbHEX YpaBHeHUH (cM., Ha-
nprMep, MoHorpadun [30,46, 49, 55,100, 102], yuebuuxu [52, 53] u 6po-
wiopk [26, 32]).

Hceroxu rpymnnoBoro ananusa audQepeHUMaNbHBIX YpaBHeHUH Ha-
xoasaTcAd B QyHaaMeHTanbHHX paBorax Codyca JIu ¥ ero y4yeHUKOB
[149-153]. Hwmenno JIv co3pan ¥ MEPBHIM KCIIO/Ib30Ba] MEXaHW3MbI
TEOPETVKO-TPYIIIOBOH PeNyKLMK, KOTJA pelleBre HCCIeNyeMoro ypasHe-
HUSA ULIeTCH B BUJe CIelUabHOM TOACTAHOBKY {aH3alla), KoTopas CBOAUT
JaHHOe ypaBHeHUe X AndQepeHLINaNbHEOMY YPABHEHUI0 C MEHBIINM KOJHU-
YeCTBOM HEe3aBHCHMBIX [TePeMeHHbBIX.

JlanbRellree passHTHE TEOPETHKO-IPYIIIOBHIX MeTONOB V(¢ epeHLn-
aJbHBIX YpaBHEHUH, Mpexne BCEro, CBA3aHO ¢ padoTaMy TaKWX MaTe-
matukos, kak [. Bupkrod [13], JI.H. Cenor [63], A. Moprau [157],
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B.I'. Kocrtenko [35], JI.B. Oscaunukos [47-51, 53, 54], H.X. H6paru-
mMoB [28,29] u psama apyrux. Mrtorom sToro meprona crana M3BeCTHas
dyHnameHTanbHas MoHorpagus JI.B. Oscsannukosa [46], nocie Bbixoma B
CBET XOTOPOH B MaTEMaTHUECKOI Hayke OKOHUATEIbHO CPOPMUPOBANOCDH
BaXKHOE HaIpaBJ/EHHE, KOTOPOE TOy4yuao Hassanue “['pynnosoit aranus
nudepeHManbHbIX ypaBHeHUH”. CienyeT OTMETHTD, UTO CYIIeCTBEHHHH
BKJ4J B DAa3BUTHe KaK KJaCCHYECKUX, TAK ¥ HEKIaCCHYeCKWUX TpYIIo-
BBHIX MeTOJOB UCCAeOBaHUA ANPPepeHINANbELX YPaBHeHUH Obla oCylLe-
ctener Kuepcxoll kool MaTeMaTHKOB, KOTODYK B CEpPEfHHE CEMUIECH-
TBIX TOAOB Tpolujoro Bexa cozgan B.U. Oymuu (cMm., Hanp., MoHorpa-
dun (74,78, 84, 85, 89,116, 117,124,127]).

Kax npaBsuno, mpy IOoCTpOEHUM MaTeMaTHYeCKHX Moglesel peasbHHX
[POLECCOB TOAYUYaT AHQQePeHUNaNbHEE YDABHERHA, CHMMeTPUiiHbIe
cBOHCTBA KOTOPHIX HewsBecTHuL. [loaTOMY NpHHLMINANBHO BAXKKEON ABAA-
eTCsl UMCTO TeXHHYeCKasl 3aflaud HaXoXJeHUs Haubosee IWIMPOKOM (MaK-
CUMAasbHON) TPYNIIEl CHMMETPUY, KOTOPYIO JOTyCKaeT NaHHoe AnddepeH-
LIa/bHOE ypaBHeRVE (WK CHCTEMa yDABHEHUH).

Ha ceroprsinHuil neHb M3y4eHB CHMMETDPHIHbIE CBOHCTBA MHOTHX U3-
BECTHBIX YpaBHEHUI MeXaHWKH, Ta30BOM AMHAMUKY, KBAHTOBON DUIUKHU.
HyxH0 0TMeTHTb, UTO CYLIECTBEHHLI! BKJald B pelleHue 5T0H Npobie-
Mbl BHecau mateMaTuky Poccum {A.A. Byunes [15], B.O. Bures [16],
H.X. Héparumos [27,31], B.JI. Katxos [33], 3.B. Jlencrui [38], JI.B. Os-
canrngos [47-50,54] n Muorue npyrue), 2 Taxke Yxpavun {B.U. Oymuy
1 ero yuenuxu [73,79,81-83, 86, 88, 90,94, 121, 123]). INoapoGunit 0630p
pe3yIbTATOB UCCAENOBAHUM CHUMMETPHHMHHEX CBOMCTB psala JMHEeMHHX U
HeAVHEHHbIX AHMdQepeHLNanbHbIX YPaBHEEUH MOXEO HAWUTH B MOHOIDa-
dusx [46,49,55,78,84,85,116,117,127].

Okasanoch, uto MHOTMe IuddepeHLMaNbHble YpPaBHEHUs, KOTOpHe
ONUCHBAIOT peaJbHHE MPOLECCH, UMeT HeTPUBUAIbHBE CUMMeTPHIHEe
cBofictBa. CrefoBaTebEO, SBHO WM HESBHO, BO BpeMA oTOopa Audde-
PEHLHANBHOTO YPABHEHUA B KAUECTBE MATEMATHUECKOHX MOJENH HEKOTO-
poro Ipouecca ONpefEeHEYI DONb UTP2ET CHUMMETPHA. JTO 12eT BO3-
MOXKHOCTb 5QeKTHUBHO HCIONb30BATh MeTO[ CHUMMEeTDHIHOM peayKLWU
IUIs1 TIOCTPOEHUs pellleHUN TaKuX ypaBHeHu#. B wacTHOoCcTH, ¢ Mcmonbzo0-
BaHHEM 3TOTO MeToJla GblAH TTOYYEHB! IIHPOKHE KJIACCH TOYHBIX PelleHUH
TaKVX HEJUEEHEBIX ypaBHEHWH: ypaBReHUH sHkonana, A'Anambepa, Jlu-
ysuaas [8-10, 136, 137], tennonposogroctr u llpenunrepa [7,120, 129],
Bopua-Hudgenvna [87, 110], Byccunecxa (13 Teopuu ABUNKEHUs T'PYHTO-
BEIX BoA) [68,96], Monxa-Awmnepa [88, 110], monnrapMoHnyecKux ypas-
Heuu#t [62] v MEOTMX APYTHX HeJVHeHHbIX CKANAPHLIX ypaBHennit. OTme-
TUM, YTO HMEHHO NpoG/eMe CUMMETPHHAROY pelyKUHK ¥ TIOCTPOEHHSA TOY-
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HBIX DellIeHUH HeJNUHEHHBIX AUQdepeHIIMaIbHbX YPaBEeHUH NMOCBAIIEHBI
MoHorpaguu (74,89, 124]. Ucnoabsosanne meTona cuMMeTpUIHON penyx-
LMY TI03BOJMIO TAKXKe MOJYUUThL M HOBblE DellleHHs HeJHMHeHHHIX CHCTeM
I depeHlnalbEbBIX YpaBHEHUH, HallpUMep YpaBHeHUH ra30BOH AHMHAMHU-
ku [40,70], Hasbe-Croxca [59,118,119], Hupaka [78,125,127,128], SU(2)
ypasrenrit Hura-Munca [122, 147, 190].

[Ipexne Bcero, B cBA3K ¢ 3PPEKTHBHOCTLI0 HCIOAb30BAHUA MeToa
CHMMETPUHHON DeNYKIWH, aKTyaJbHOH fBAAETCA 3ajauya BblAC/NEHUS U3
3aJIaHHOI0 KJacca AuddepeHINanbHbX YPaBHEHHH TeX, KOTOphle uUMe-
10T BBICIIME CHMMeTpuUiiHble CBOHCTBA (3ajlaua TpynnoBofl Kiaaccuduka-
uuy auddepeHNraNbEbIX ypaBHeHuir). Perenve sToit 3agaun sBaser-
cl BaXHLEIM He TOJBKO € MaTeMaTHUeCKOH TOYKM 3peHHA, HO U MOTH-
BUpYeTCs BO3MOXHOCTbIO UCIOJb30BAHUA pe3yJAbTaTOB B DAa3HbIX IIPH-
KAagHplx mnpobnemax. Heno B ToM, uTo auddepeHUUANbEbIE YDABHE-
HUA, BCTpeuamwllrecs B DA3HBIX [PUKJANHBIX 3aJauaxX, COAepXaT Ia-
paMeTDE U (QYHKIUUY, KOTODble He ABJAAWTCH CTPOro (PUKCUPOBAHHBI-
MY (COBOPAT: IIPOM3BOJIbHBbIE 3JEeMeHTH B ypaBHeHuu). B To e mpe-
Msl YpaBHEHUS, KOTODHE OMUCBHIBAIOT HEKOTOPHH IIPOIIECC, AOJXKHBI ObITh
JOCTATOUHO MNPOCThIMH. B KauecTBe XpHTepUs I[IPOCTOTHl MOXKHO BbI-
6paTh TpeGoBaHUe, UTOOB IIPOM3BOJBHBIM 3/JeMEHT MMeJa TakoH BUA,
NpU KOTOPOM YDaBHeHHUe [ONycKaeT Haubosee IIMDOKYW TPYIIY HH-
BapuauTHoCTH. [loanHoe omncaHue TakuxX creuUdHKALUR IPOU3BOJIbHO-
ro 3jeMeHTa JAAHHOTO AWQQepeElNaJbHOIO YpaBHEHUS U COCTaBJ/AET
CMBICA 32J1aUu¥ TPYNIOBOY KaaccUPUKALUU AuddeperlraNbHEX YpaBHe-
uul (cm., Hamp., [46]).

Mmenno sTofl samaue u mocssillleHa HacTosulas MoHorpadusa. OcHog-
HbIM 0GBEKTOM HCCJeIOBaHUA ABAAWTCA JMHeHELle U HeJUHeHHble OHO-
poJHble YPABHEHUA SBOJIOLHOHEOTO TUIA, KOTODble UMEIT LIUPOKKUe IIPU-
MeHEeEUs B DA3HBIX IpofieMax QU3UKH, TeXHUKH, OUOJOTUY, SKOHOMUKHU.

Co6cTBEHHO TOBOPSA, OPUTHHEAALHYI0 YaCTh XKHUTY COCTABAAIT BTOPOH
u Tpetu# pasgensl. [lepBhiit pasfen MMeeT BCrOMOraTeNbELH XapakTep
W CONePXUT psjl IOJOXKEHUHA KJaCCHYeCKOro IDYINIIOBOTO aHaiusa AXud-
deperLmanbHbIX ypaBHeHu#. QaxTHyecku OH CONEpPXKHT MaTepHal Clle-
LHANLHOTO Kypca [ CTYHEHTOB CTAPLIMX KYDPCOB, KOTODHH B TeueHHe
HEeCKOJIbKUX JeT YKUTaeT IepBblil 13 aBTopoB. Ham xaxeTcs, uTo o 6yner
TOJIE3HBIM JIISl UMTATENsl, KOTOPBIH BIIePBble 3HAKOMHUTCS C TIONOXKEHUAMU
IPYIIIOBOTO aHA/1KM34. 3/IeCh He CTABHUTCH LieJbl I10APOJHOE U CHCTeMaTH-
yecKoe H3JI0XKeHYe OCHOB IPYINOBoro azanusa. [lpu noadope martepuana
6BIIKM KCTIOJb30BaHbl MoHorpaduu [46,49,55] u kypesr nexuuit [52, 53],
K KOTODBIM MBI ¥ OTCBHLIZEM 4HUTaTedsd AJAA OoJjee TyOOKOTO H3y4YeHHs
JAHHOU TeopUd.
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ABTop! HckpeHHe 6naronapes P.3. XK naHoBy 3a noaroneTEee coTpya-
HUYeCTBO B HayKe M COIjiacKe Ha NMyG/KKalMIo psida pe3y/bTaToB, NOJy-
YeHHBIX COBMECTHO C HUM. Taxie aBTophl Snarogapst [. Jlarvo u B. Boii-
KO 3a IOMOLIb B TIOATOTOBKE PYKOMKCH K NYOIHKALIMH.
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OcHoBHbIE MOHATHSA I'PYNIOBOT0
aHaau3a auddepeHInaNbHbBIX
ypaBHEHHUH

Kax oTMeuasnoch B IIpeIMCJIOBUY, [1epBast I/laBa KMeeT O3HaKOMUTEb-
HBIY XapakTep M COfEPKUT psil OCHOBHLIX IIOHATUH IDYIIIOBOrO aHa/nu3a
nuddepeHIMaNbHEIX YpaBHeHUH, Kax-To: ONHOIapaMeTpHuecKas IpyIna
npeo6pa3oBaHUi, UHPHEUTE3NMANbHBIH OepaTop IpYNIIb, MHBAPXAHTH
TPYNIIBl. 3fech Mbl TakXke paccMaTpUBaeM HH(UHUTe3MMaJbHHH MeTo.l
JIn-OBcAHHENKOBA HAXOXKOEHUS TPYNILl HMHBADHAHTHOCTH JAHHOIO Iud-
depeHUMaNbHOTO YpaBHEeHYs U IIpobjeMy CHMMe TPUIHON pe1yKLUUK ypaBs-
HeHUY B UYACTHHX [IPOM3BOAHLIX, KOTOpHlE NOIIYCKAWT HeTPHBHAJbHBIE
Tpynnbl {MIH, Y4TO TO XKe camoe, aareSpbl) XHBADUAHTHOCTH.

Kpome Toro, Mbl 3flecb OCTaHABJ/INBaeMCA U Ha HEKOTODHX CBeleHHAX
U3 Teopud abCTPAKTHHIX IPYNN U anre6p Jlu, KoTopble 6yIeM UCNONb30-
BaTb BO BTOPOM U TpeTbeM pasfenax.

1.1. OpHonmapaMeTpUueCKHUe rPymnmbl npeodpazopaHuid

OnHuUM U3 OCHOBHBIX TIOHSTHUH I'DYINIIOBOTO aHaln3a AHddeperlIHab-
HBIX ypaBHeHUH ABJAKWTCA IIOHATUSA OHONIapaMeTpPUIeCKOH Py IIbl IIpeod-
pasoBaHUM, UHOUEHTe3HMaIbHOTO OllepaTopa IPYIIIbl U NHBApHaHTA IPYII-
nbl. M3 paccMoTpeHUs STHX MOEATUH MBl M HauMHaeM U3/10XeHHe OCHOB-
HBIX TI0JIOXKEHU TPYMIIOBOro aHanusa JuddepeHUHaNbEbIX YpaBHeHU.

1.1.1. INMousiTHe ogHONAPAMETPUUECKOMH rpynnbl npeoOpa3oBaHui

[Tycts M — MHOXeCTBO 3/€MeHTOB IIPOU3BOJIbHON IpUponsl. [/peod-
pasogarnuem muoncecmsa M Ha3bIBAETCS B3aUMHO-OJHO3HAauUHOe 0To6pa-
xenve M ua M.

Corokynrocts T' = T'(M) Bcex npeoGpaszoBaHuil MHOKecTBa M co-
CTaBASET 2PYNNY, B KOTOPOH poJb TPYINOBOE orepaluni (“yMHOXeHUA")
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UTpaeT KOMIIO3ULINA 0TOOpaXeHUl, a posp “e IMHULB" — TOXeCTBEHHOe
npeo6paszosauve I. [pynna T'(M) HasviBaeTcs rpymmoit npeofpasoBaHui
MEOXecTBa M.

[lycts G — rpynna. [Ipedcmasnenuem epynnoe G 6 T (M) naseiga-
emcs epynnogol eomomopusm 1 G — T(M). I10 03HauaeT, YyTO AJIA
KaXJoro sjeMeHTa g € G o6pas w(g) siBasieTcs npeofpaszoBaHKeM MHO-
xecTBa M u s mo6bIX g1, g2 € G MeeT MeCTO PaBeHCTRO

(1) o m(g2) = m(9192).

O6pas 7(G) rpynmsl G ects noarpynmna rpynnsl I'(M), KoTopyio Tak-
e HasbIBalOT IIpeCTaBIeHeM rpynnbl G B BHE TPYIIIH 1peofpasoBaHui
MHOXecTBa M.

OTo6paxenve (x,g) — 7(g9)(x) npoussenerus M x G B mHoXecTBO M
HasbiBaeTcs dedcmauem epynnet G Ha mHoxecmee M. 3afanve neficTBHA
oIpeje/sieT Ha MHOXeCcTBe M TDYIIOBYI0 CTPYKTYDY.

[penctaBnenve 7 : G — T(M) nasbiBaeTcst MOUHbIM (MU UIOMODGH-
Hbim), ecar oTobpaxerue 7 ecTb H3omopdusM. [Ipencrarnenve 7 sABaA-
eTCA TOYHBIM TOMAA ¥ TOJBKO TOrAa, Koriaa paBeHcTBo m(g) = I ume-
€T MeCTO JWIIb A5 eAVHUYHOTO sjemeHrTa e rpynmul G. [IpencrasneHue
(vaM JeHcTBYE) 7 Ha3bHIBAETCS MPUBUAAbHbIM, ecau m(g) = ] nas nwo6oro
anemenTa g € G.

B nanbreitinem posp mHoxectBa M GyneT WrpaTh €BKJIMI0BOE (IICeB-
JoeBKI0Boe) TpocTparcTso RY 1 6yayT paccMaTpuBaTbCA TIpeACTaB-
JeHus Tpymmbl R BceX NeACTBHUTENbHEIX YHCEs] C TDPYIIOBOH onepalneil
crloxerus (To ecTb aaauTyBHOK rpymnsl R) B rpyrme 7' = T (RY) mpe-
o6pa3oBanuit mpocTparcTea RY.

[pr sTom mpoussoabHoe mpeactasaerne f : R — T (RY) Gyzer na-
3bIBATBCS JIOK&/JAbHO TOYHBIM, €C/JY HafileTcsd TaKoH CUMMETPHUHBIE 0THO-
cuTeabHO Hyas uHTepBan A C R, uto aas a € A pasenctso f(a) = 1
BO3MOXHo, Koraa a = 0.

Jloxanbro TouHoe npeacTaBaerue f: R — T (]RN) HasbBaeTcs 00HO-
napamempuueckoil epynnot npeotpasosarnuti mpoctparcTea RY,

B panbreitimem ofpas Toukn a € R npu npeofpazoarun f : R —
T (RN} 6ynem 0603Hauath cuMBOIOM f,. Jist Kamaoro a € R s10T 06pas
ABAseTCA TpeoSpasoBanreM f, mpocTpanctea RY.

CooTBeTCTBYWOLIEE STOMY I[IpeACTaBJeHnlo jeficTBue f rpymmnbl R xza
npoctparcTea RY ompenensetcs dopmynoit

flz,a) = folx).



12 [nasa |. OcHOBHBIE MOHATUS TPYNIOBONO aHaNK3a

CrnefoBaTe/1bEO, B COOTBETCTBHH C JaHEBM OIIpefesieHueN, AeficTRie f
onpezenseT oqzonapamerprueckylo rpynny f(R) npeoGpasosanuit f, npo-
ctpascTea RY. [lpu sToM rpymroBbie cBoiicTea npeacTasnexus f(R) pas-
HOCHU/IbEB TAKKM CBOHCTBaM 0TOOpaMeHus f:

1°) f(z,0) = x daa scex x € RY;
2°) f(f(z,a),b) = f(z,a +b) dra wobbix a,b € R, z € RY;

3°) cywecmayem maxot CUMMEMPUYHBIL OMHOCUMEALHO HYAL UHMep-
gar A C R, umo ecau a € A u f(x,a) = x daa scex z € RN, mo
a=0.

Kaxnoe oto6paxesre f : RN xR — RY co csoficteamu 1°-3° 3anaer
oxHOnapameTpudeckyto rpymy f(R) npeo6pasosazuit npoctpascTea RV,
Ipynna f(R) nasbiBaeTcs HenpepsigHol epynnot, ecan otobpaxedve f :
RY xR — RY arasertca k pas zenpephiBEo AuddepesnnpyemMbiM (T0 ecTh
npuranexut kaaccy Cx (RN x R), rne 0 < k < 00).

B panbrefiiiem opHonapameTpruecKas HelpephBHAA Ipynna npeodpa-
3oBaxui npocTpancTaa RY 6ynet o6o3nauathes cumponon GL. Ecnu ects
HeoOX0IMMOCTb MIOIUEPKHY Th, UTO paccMaTpubaeMas rpynna G nopoxe-
na oTobpaxexvem f : RY x R — RY, 6ynem nonbsosaThea 0603HaueH -
eM G1(f). Otobpaxerue f 6yaeM sanuCHBATb GOPMY/IOH BHaA

Z = f(z,a).

Ilpumepsl OHONAPAME TPHYECKHX TPYIII

1. Ipynna caeuros. [lycTs 20 € RY — GuKcEpOBaHHB HeHYNeBOH BEKTOp.
3apaBaeMoe dOpPMYNOH

T=z+azo (ERY, a€R)

oToGpaxeHHe f NOpOXJaeT OJHONapaMeTPHYECKYIO HENPEPHBHYIO TPYNIy Hpeot-

pasosarmit mpocTpaHcTea RY, KOTOPYI HashBaloT TPYINOH CHBHTOB MPOCTpa-

c1sa RY (rosopsT Taxxe: TpyNNol mparcaAyud) B HATIDaBJEHUE BEKTODA To.
3pecs BhinonHeHHe cBoficTB 1°-3° mpozepsieTes 3MeMeHTapHO.

2. I'pynnibl IUHEeHHBIX TOMeOMOPhU3MOB. JIHHelHble HelpeprBHEE 06paTi-
MEle mpeo6pa3oBaHus mpocTpaHeTsa RY o6pasyior rpynmy GL (]RN) NRHEHHBIX

roMeoMopduaMoB mpocTpancTsa RY . PaccMoTpHM sapjauy: HaliTH BCe HempepsE-
ete rpynmst G C GL (]RN) kaacca C.

Kaxnas 12Kasl Tpynna cupefenseTcs safaunem npefcrapaexss [: R—GLRY)
U TOPCXKAAeTCsl 0TOOpaKeHHeM

7 = l(a){z) (x eRY, aG]R) .
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J179 BEIMOJIHEHHS CBOHCTB 1°-3° He06X0IKMO, UTOGH BEIOAHANNCH PaBeHCTBa
o) =1, b olla)=1Ub+a).

Kpome storo, otobpaxesue | foxHE0 GETh LHdPepeHIHDyeMEIM. B yacTHOCTE,
cyiecTByeT npoussofHas A0 ) = u, KoTOpas fBJseTCqd QUKCKPOBAHHEIM JHHEH-
HEIM 0TOGpaXeHHeM rRY - RY. B pesyJbTare nHGGeEpeHIHPOBAHEA DABEHCTBA
{(b+ a) = {(b)l(a) no napamerpy b B Touke b = 0 N0JyUaeM COOTHOIIEHHKE

8l(a) = uol(a). (L1

Temeps 3amaua cBOTUTCHA K MOCTPOeHHI peleHud | ypaBHeHus (1.1) ¢ HauaJbHBIM
ycaosueM {(0) = 1. 3to 3apaua Koww a4 JuHefHOro OGHKHOBEHHOTO AHPde-
PEHIHAJBHOrO YpaBHEHHS, DelleHHe KOTCDPOH XOPOILIO H3BeCTHO!

l(a) = exp(au) (a €R).

[lonyuennas dopmyna u peltaer CODPMYIRPORAKHYIO 32[auy: OLHOMApaMer-
puueckre rpynne G' C GL (RY) nonyuamres, korfa JnHedHoe 0TOGpaXKeHHe u
nmpo6eraeT MPOCTPAHCTBO [,(]RN) (3mecy ¥ paablie [,(]RN) — IpPOCTPaHCTBO
HelpepsIBHEIX JHHeHHEX oTo6paxenuit RY — RY).

3amMeTHM, YTO B KaX[oOfl JeKapTOBOH cHCTeMe KOOE)\%IHHET B KOTOpO# = =
= (zl,...,:cN), nuHefiHoMy oro6paxenuio v C L (RY) cooTBercTByeT xBai-
patHas N x N-martpuna (u). [lycrs (w)* — TpaHcnoHEpoBaHHas MaTpHIA OTHO-
cutensro (u). OToGpaxeHne u HA3HBAETCS CUMMEMPUYHBIM, eCH MaTprla (u)
cummerpuuHa: (uw)* = (u); 0TOGpameHHe u HA3HBACTCS GHMUCUMMENIPULHBIM,

ecan MaTpuua (u) antecummerpryna: (u)* = —(u).

8. I'pynna pactamkenmit. [1ycTs AnHelfHOe OTOGpaKeHHe u ABAAETCH CHM-
MeTpruHbM. TOrfa CYIleCTEYeT Taxad cucTeMa KoopiuHar z = (z',..., =),
B KOTopOh MaTpuua (uw) 6yaer duazowaaswoi: (u) = diag (A',...,AY). Coor-

BeTCTByWIIas MaTpkla {(a) = exp(ua) TakXe JMaroHalbHas, 8 KMEHHO!
({{(a)) = diag (exp (Ala) yeees EXD (/\Na)) .

TosTomMy oToGpaxeH#e, KOTOpoe MopoxaaeT rpynny G, 6yieT umeTsb BUA
' =z'exp (Aia) (t=1,...,N).

Jlaa kaxporo ¢ € R cOOTBeTCTBYILee Npe0lpa3oBaHne MpOCTPaHCTEa RY ha-
3bBaeTcs pacmAanceruem. CleN0BaTeJbHO, KaX/0e CHMMeTDHYHOe OTOODaMeHKe
u € £ (RY) onpenessier HekoTopyIo rpyIny pacTamenuit G' mpoctparcrsa RY.

4. I'pynna epamenuil. [TycTo Temeps oToGpaXerue u SBASETCS aHTHCHMMET-
puunbiM. Torza JuHefiHoe TpeoGpasoBanue {(a) HMeeT Taxoe CBOKCTBO!

l{a)* = exp(au*) = exp(—au) = l(a) ",

10 ecTh {(a)* o l{a) = I. Taxue npeoGpa3oBaHUs Ha3bBAKT OPMOZOHOALHELMU.
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B cayusae N = 3 oprororanbuble 1peoSpa3oBatis Kas3slBaloT TaKkKe 8pauyeHii-
AMy. 37ech aETHCHMMeTPHUHOE peobpasoBaKue u 3aBeOMO UMeeT COGCTBEHHbIH
gekTop = € R®, nna xotoporo u{z) = 0. Torna I(a){z) = explav){z) = = nas
m6oro @ € R u cyllecTByeT cucTeMa KOOpAHHAT, B koTopoi z = (z!,%%,2°),
Takas, uro z = (0,0,1). B 3To#f cucteme xoopaunar mMatpuua ({(a)) umeer BUA:

cosa —sina O
(l{{a)) = | sina cosa O
0 0 1

Eit cootserctByer rpynna G spawennit Bokpyr ock (z*), koTopas ompepe-
JeTCH BEKTOPOM &, 3ajaBaeMbiM HOpMyJIaMu

=1 1 2 - =2 1_: 2 —
T =g cosa—x"slna, T =% slna+zx cosa, T = .

[Tpumep 4 mOKa3EIBALT, 4TO BBEACHHE HHTepBata A B yca0BHe 3° HETPHBUAb-
HOCTH TpeACTABJCHUS ABAAETCH CYLULeCTREHHEIM. B uacTHOCTH, B AaHHOM cayuae
MOMKHO NONOKUTL A = (—m; 7).

Jlns 3anay TPYNIoOBOTO {CHMMMeTpPHHHOTO) aHaju3a KJacc OfHoIapa-
MeTpHUECKUX TPYII OKasbiBaeTcss y3kuM. Jeso B ToM, uTo rpynnoBo
aHaJIM3 CBSA3aH C pelleHHeM HeJMHEHHBbIX 3aau, BCIeACTBUE Yero BO3HU-
Kal0T NOpoXakilre oTobpaxerns f, KOTophle, Boofllle roBops, e OIlpe-
Jesexn! Ha BceM npocTparcTae RN xR, Paciupesye kaacca ofxHonapameT-
PUYECKUX TPYII JOCTHT2eTCH 32 CUeT CyXeHUs MHOXeCTBA, HA KOTOPOM
paccMaTprBaeTCs Iopoxaawllee oTofpaxeHre. B xavecTBe Takoro Muo-
xecTBa 06b149HO GepyT V X A, rme V. — HexoTopoe OTKPBITOE MHOMKECTBO
3 RN, a A — HeKoTopbIll CUMMeTPUYELIH (OTHOCHTE/IbHO HY/IA) UETepBa
u3 R. B cooTBeTCTBHM ¢ 3TUM BhINOJAHeHYe cBoHCTB 2° 11 3° an1s1 oToGpaxe-
nua f:RY xR — RY xnacca Coo (V x A) Tpebyercs aumwb ansg x € V u
a,bya+b € A. llonydennoe TakuM 06pa3oM paclIUpeHye Kacca OJHOTa-
paMeTPHUeCKHX TPYIIl JlaeT BO3MOXKHOCTb He MHTepecoBaThCs CBOHCTBA-
MH Tipeo6pa3oBaHuil, KOTOpble COCTAB/AIT IPYIIY, BHe MHOXecTBa V U
U1 3HAUEHUH TlapaMeTpa a, KOTOpble BBIXOAAT 32 Npefenbl HHTepBana A.
Teopus, KOMOPAK OCHOBLIBACMCA HO MAKOM PACULUPEHUL KAACCA OOHO-
napamemputecKux epynn, Ha3vi8aemcs ACKAGAbHOU meopuetl, KoTopas
UMeeT JIeJ0 ¢ AOKaAbHbLMU Npeobpasosanusmu npoctparctsa RY. Dtum
TepPMHHOM Ha3HBalOT Npeo6pa3oBarus oTKPhiTHX MHOoXecTs V C RY, 1o
ecTb Taxue oToBpamenua v : V — RN, ana xotopux v(V) asnseTca
oTKpuiThiM B RY u oToBpaxenne v : V — v(V) asaserca B3auMHO-01-
rosHaysbM. [lycte A — unTepBan B R, CHMMeTPHUEHH OTHOCHTEJBHO
nyaa. Otobpaxenue f : V x A — RN naswnaetcs onnonapamerpuye-
CKUM CeMefiCTBOM JOKaJbHbIX NpeoBpasoBanuil npocTpancTaa RY, ecan
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LA KaXI0TOo a € A uyacTuuHoe oTobpawenve f : V — RN gpasercs
npeofpazoBaHUeM OTKPBITOrO MHOXecTB2 V.

OcHoBy TpynnoBoro ananusa auddepeHMaibHEX YPAaBHEHUHE COCTAB-
nseT 06beKT, CYThb KOTOPOr0 3aHKCHPOBAHA B CIEAYIOLIEM ONpPeAeJeH HH.

Joxarvrotl odnonapamempuneckot epynnot Jlu rokasvroix npeod-
pasosanuti npocmpancmea RY nasvisaemcs maxoe odnonapamempuse-
CcKoe cemeticmso A0KarbHblx npeobpaszosanul f - Vx A — RN, xomopoe
umeem caedyrouyue c8OLCMBA:

1°) f(z,0)=x0ns8cex z eV,

2°) f(f(z,a),b) = f(z,a+b) das scex a,b,a+be A, z € RY;
3°) Ecaua e A u flz,a)=x dasscexx eV, moa=0;
4°) f € Cx(V x A).

Cpasnenve co chopMyIUPOBAHHLEIM BhIIlE OIIpeJeeHUeM OJHOIApa-
MeTpHYecKol Ipymmsl TNpeoSpasoBanuii TpocTpadcTsa RN moxasmisaer,
YTO KaXJas Takas rpylna ABAAETCA JOKaJbHOM OfHOMapaMeTpruecKol
rpynno#t Jlu NoKaabHBIX npeobpaszopanuil mpocTpancTsa RY. [TosTomy,
B Ja/ibHellIeM, JIOKaAbHYI0 OJHOTApaMeTpUyeckyw rpynmy Jlu Joxaab-
HBIX TIpeoBpasoBanuii npoctpancTea RY 6yznem Takxe 0603Ha4aTh CHMBO-
noM G ¥, nAst KOMITAKTHOCTH ¥3/103KEHHSA, Ha3blBATb [IPOCTO rpyrroi G1L.

JlaHHoe onpeesieHye OKa3blBaeT, YTo oToBpaxeHue f : VXA — RY,
KoTopoe TiopoxaaeT rpynmy G, MOXHO HashBaTh A0KAAbHbIM JeticmBu-
em aiuTuBHOM rpynmer R Ha mpoctpadctse RN, Tpu sTom rpymma G
MOXeT paccMaTpusathes Kak mpeactasienne f(A) C T (RY), snewen-
TaMH KOTOPOTO ABAAKTCA JOKadbHEE Npeodpasosanus f, : V. — RY
npoctparcTaa RY. D1y TepMuHOMOrMIO ME SyneM YIOTPeSASTb B Aanb-
HelillleM M3J10XKEeHNH.

Jlanee octanoBMMCS Ha MoHATHY Noaodus rpyni. [lyets 7: M xG—M
— neficteue rpynne G Ha MHOXecTBe M 1 p : M — M — HekoTopoe
npeoSpasosanvie MHoxkecTe2 M. HeTtpynHo nposeputs, 4To oToGpaxeHue

1: M x G — M, xotopoe onpegensercs GopMmy/aon

mg)=porn(giopt, (1.2)

TaKXe 3anaer fefictsue rpynns G Ha M. OueBnaHo, uTo 3aaaHHoe Qop-
myaoit (1.2) oTHomleHWe 7 ~ 7 ABAAETCA TeopeTHKO-MHOXeCTBeHHEHIM
IPY3HAKOM 3KBKBAa/1E€HTHOCTH.

Ecan neficTus 71 u 7 rpynnel G Ha MHOXecTBe M 3KBHBaJeHTHBI
(my ~ 7 ), TO COOTBETCTRYWIIHe UM npeactasiaenus 71 (G) n m(G) B
rpynne T' (M) HasbizaloTcs 10000HbLMU.
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drta TepPMHUHOMOTWSA IMEPEHOCHTCS ¥ HAa rpynnel G, MOCKOAbKY #X
MOMXHO pacCMaTpUBaTh KaK JOKa/JbHble [PeACTABJIEHUs alguTUBHOH
rpymnet R 8 T (RY). Mockonbky snementamy rpynns G ssasioTcs Jo-
KanbHbe Npeofpa3oBaHus npocTpancTsa RY, To ana Tounoro ompenee-
HUA MOJOGUS TAKHX TPYIIT HYXHO YUUTHBATL T€ OTKPHITBIE MHOMXECTBA,
Ha KOTODEIX OMpele/eHbl COOTBETCTBYIOLIKE 0TOGPAKEHUA.

Mycts otoBpamenze f; : V; x Ay — RN nopoxpaer rpymmny G}
(i =1,2). Paccmartpusaercss cosoxynHocts H(Vq, V) BceBoaMoXHBIX
npeofpasoBannit knacca Co MHOMKECTBZ Vi Ha MHOXKECTBO Vo, TO eCTh
TAKUX B3aMMHO-O[HO3HAUHBIX oToGpaxenuit p : V1 — Vo, ana xortopeix
p € Coo(V1), p7 1 € Coo(Va). MycTb, HakoHelL, f;, — 3JeMEHTH TpyI-
nu G}, xak peanusauuy f;(A;) (i =1,2).

[pynnel G} u G nassieaomes nodoOHbimuU, ecAu Cywecmayom npe-
obpasosanue p € H(Vy, Vo) u unmepsas N C ANy N Ao maxue, umo 04a
8cex a € A\ umeem Mecmo paseHcmao

fra=po fracp™ (1.3)

Kax npumep paccMOTDEM [PYINy pacTsxKerult G, koTopas, KaK npencrasge-
uee f1(R) B T{RY), neicTeyer 5 cucreme xooparsat z = (z',...,2") 8 coor-
BETCTBUHU C DOPMYJIOH

fi.@)=z'exp (a/\i> (i=1,...,N)
M paccMaTpHBaeTcs Ha MHoxecTse V ={z |z* >0, i=1,...,N}.
B a7oft e cucTeMe KOOpAUHAT 3afaHO caelylolIee npeobpasoanne p: V—X:
p(x) =Inz', p '(z)=expz’ (i=1,...,N).

Torpa ¢ nomouIbio Npec6pa3oBatus p, B COOTBETCTBUY ¢ dopmyaolt (1.3), mo-
nyuaeM nopoSHyk rpynny G5 kax npencrasiesue fo(IR), 3JeMeHTH KOTOPOIO
OTpeNeNioTCs paBeHCTBOM

T= fra(z) =pofia OP_i(x)-
HenocpepcTeerHEIME BEIUKCIEH UMY [IOJYUaEM, UTO
#=In((fuor™) @) =l (£ (7)) =
=In (p_”(a:) exp (a/\i)) =In ((exp xz) (exp a/\i)) =z + aX}

TO ecTb B BeKTOPHOH 3aluck T =« + aX, rae A = (A!, ..., AY) — dukcuposa-
Hbi¥f BekTOp TpocTpaHcTBa RY. Caenosatensro, rpynna G sisaserca rpynnoi
cpBurcs mpoctpancTea RY . TeM caMbiM MOXagaHo, 4TO FpyINa PacTSKeHHH mpo-

cTpancTsa RY nopo6Ha rpynme caBuros mpocTpaHcTsa RY.
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1.1.2, KacaTearpHOe BEKTOpPHOE noJje. YpasHeHus Jlu

Iycts rpynny G nopoxnaer oTo6paxenue
f=1f(za) (1.4)

PasnoxnM ¢yexkunio f(z,a) B paa Tefinopa 1o mapameTpy a B OK-
pectHoctt a = 0. Corsmacso coiictay 1° f(z,0) = z, nosToMy, BBeas
0603HaYeHNe

Of(z,a)
()= L2 (15)

da a=0

A

MOXKeM 3aTIiCaTh
Z =1z + &(z)a + o(a). (1.6)

Crepyiomas Teopema (TeopeMa Jlu) yTBepX/aeT, UTO NIePBHIMU ABYMA
Y/eHaMU PasJIoXKeHUs 0HO3HAYHO ompesenseTcs Gyuxura f(z,a), KoTo-
pas yAoBJETBOPAeT IPYNNoBoMy cBoficTBy 2°. Taxke roopsT, 4TO IDYI-
na G onpenenseTcs CBOMM KacaTeJbHbIM BEKTOPHBIM TI0J1eM &, TIOCKOMLKY
dopmyia (1.5) 3apaeT xacaTeNbHLIH BEKTOP B TOUKE X K KPUBOH, KOTODYIO
OTIMCHIBAIOT TOUKY X B pe3y/AbTaTe TPYNMOBOro npeotpasopanus (1.4).

Teopema 1.1. [lycme @yukyus f(z,a) ydosremaopsem epynnosomy
csoicmey 2° u umeem mecmo pasasoxcerue (1.6). Toeda ona seasem-
€A peieruem 00biKHOBERRO20 JuPepenyuaasbHoeo YPasreHUs NeP8o2o
nopadxa (Komopoe Ha3biBAIOM YpagHeruem JIu) ¢ HAUANbHbIM YCAOBU-
em:

af

da
Haobopom, das aoboeo enadkoeo 8exmoprozo noas &(x) pewerue 3a-
dauu Kowu (1.7) ydosaremsopsem zpynnosgomy ceoicmay 2°.

§(f),  fla=o == (1.7)

JokasateascTBo. [1ycTh BRONHAeTCA TpymnoBoe cBokictBo 2°. [lpuaa-
Bas MapaMeTpy a lpupalledre Aa, 3aMyllleM PaBeHCTBO 2° B BHIE

flz,a+ Aa) = f(f(z,a), Na).

Jlanee, BIIEAVB [VIABHYIO JUHEHHYI0 YacTb 1o Aa, IMeeM:

flz,0 + Aa) = f(z,0) + 20 Ao+ olta),
f(F(ma), Aa) = flma)+ =2 | . Aa+o(ta)

I alra=0
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3anucas

df(f(z,a), Aa)
— 9Aa Aa=0= §(f(z,a)),

B cooTBeTcTBHY ¢ (1.B) IprxoauM x ypaBHeHHw0 Jlu

JloxaxeM Teleph BTOPYI0 4YacTb TeopeMkl [lycts f(z,a) — peleHue 3a-
nagu (1.7). YauTbiBas JOKaJbHHE XapakTep pellleHHA, 3adHKCUpyeM 3Ha-
YeHHe IIapaMeTpa a U DACCMOTPHM ABe QYHKUMH:

u(b) = f(ia b) = f(f(xa a)a b)a
v(b) = f(z,a +b).

,U,J]H HUX, B COOTBETCTBHUH C YDABHEHHEM JIH, HMeeM DaBeHCTBA:

4 (z,b)
e T =), ul, o= fa)
d b
% = % =§(‘U), ’U|b=0= f(x3a)‘

Orcwona caenyer, uto dyakuuy u(b), v(b) yHOBIeTEODAIT ONHY H TY
ke 3anauy Koww, BerefcTBYe eUHCTBEHHOCTY pellleHus KoTopodt u(h) =
= y(b), TO eCTh MMeeT MeCTO PABEHCTBO 2°. [

[Npy onpefenenyy oaHONAapaMeTPHUECKOR IPYIIIL Mbl HCXOAUAY U3 TO-
r0, YTO TPYIIOBAsA OTepaLus ecTh CA0XKeHHe (UMeeT MecTo CBOHCTEO 2°).
Mpepnonoxum, uto rpynny G nopoxaaeT oToSpaxenve (1.4), ansa KoTo-
POro TPYIIIOBAA ONEpallys ONpPeleaseTCA PABeHCTBOM

f(i) b) = f(f(xa a)a b) = f(x390(aa b))a (18)

rae ¢(a, b) — 10CTaTOYHOE KOAXUeCTBO pa3 AnddepeHurpyeMasn QyHKUINA.
[lpu sToM monaraem, 4YTo TOX[AECTBeHHOe IIpeo6pasoBaHLe UMeeT MeCTO
a1s a = 0, To eCTb BBIIOJHAKNTCA YCJIOBUA

@(aa 0) =a 90(03 b) = b. (19)
Juddepennuupopanue 1o b n1eBolt u npapoi uacted (1.8) maer

O0f(z,b) Of(x,c) O¢(a,b)
8 8 8
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rae ¢ = ¢(a, b). [losoxus teneps b = 0 1 yunthiBas, yro scaeacrteve (1.9)
¢ = a, T0oJIy4aeM TaKoe PaBEHCTBO!

of(Z, b))  Of(z,a) |Opla,b)
8 lb=0  Ba b b=0

3nech BTOpOﬁ MHOXHUTEJD CIIpaBa paBHAETCA 1 n1s a = 0, a cnegoBaTenb-
HO, OH OTJIMHEH OT HYJAA I4JA MajadblX 3HaueHUH a BCJeACTERHE HenpepoiB-
HOCTHU. nOE)TOMy TIOJIOXKVIM

Bp(a, b)) _ 1
b =0 Ala) (1.10)
¥, o6osHauvs &(x) = W , 3alulleM I[I0JyYeHHOe PaBeHCTBO B
BHIe a=0
— 1 dz
¢@) A(a) da
15007
Az /e
% (),
rae HOBBLIH NapameTp @ ompelenseTcs GopMyaoH
a
a= /A(a)da. (1.11)

CrepnoBaTes1bHO, /1A T1apaMeTpa @ {ero Ha3hiBAT KAHOHUMECKUM Na-
pamempom) Mbl npuiay K ypasHeruw Jlu (1.7). [oaTomy, B cooTBe TCTEBHH
¢ Teopemoii 1.1, oTclona caenyer, UTO B 3TOM NapaMeTPH3alLMy 3aKOH IPyII-
TIOBOY ONepaLiyy COBMa2eT CO CJAOKEHVEM.

K3 mpoBeseHHBIX BHINe cooOpaxeHUit cienyeT, 4To ONKCAB OAHONIADA-
MeTpHUYeCKye IPYIIIH ¢ TPYINoBOH olepalyell c0XKeHUs, Mbl TeM CaMbIM
ONKIIEM BCe OJHONAapaMeTpruecKye IPYIILL

Hanpumep, 115 npecGpascBauuil pacTsixeHns
T=x+ax
3aKOH TPYNNOBOH ONEepaliu HMEeT BHI

wla,b) = a+b+ab.
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M3 dopmyast (1.10} noayuaem, uto

_1
a+1’

a no dopmyse ([.11}) — KaHOHMUeCKUH MapameTp MPHHUMAeT BH[

YuuThizasi JoKaJbHHE Xapakrep npecGpasoBaHuil, y6exjaeMcs, uTo MpoBe-
JEeHHbE BEILIE BEIYMCIEHHE UMEIOT CMBICL.

1.1.3. Un¢puHATe3UMANBLHBIH onepaTop rpynnsl. MHBAPHAHTBI
rPyNIbI

OnuuM 13 NpHMeHeHHH TeopeMul JIU sB/IsSETCS ee UCIONb30BAHUE JIs
nocTpoesys rpynne Gl mo 3ajlaHHOMy BeKTOpHOMY ToJiio. B xoneuHomep-
HOM Clyuae 3TO ITOCTPOEHYE CBA3aHO C HHTErPUPOBAHHEM CHCTEMBI OObIK-
HOBeHHHIX AuddepeHtanbibX ypaBHeHu# (1.7), uTo MoOXKeT OKasaThbCs
HerpocTod 3agadedl. Ho Bo MHOTUX caydasX, BaXHBIX A1s IPAKTUKH, Ta-
KO€ UHTErpUpOBaHUe yaaeTcs MPOBeCTH.

PaccmoTpuM ImpocTofl NIpHMep, KOT[a BEKTOPHOE MOJe B TPEeXMEpPHOM Mpo-
cTpaHcTee R = {¢,2,u) 3aaH0 dopMyJoi

£= (0; ¢ 1)‘
CootgercTByoman cucteMa ypaBreHult (1.7) umeeT BUL

dt 0

%: s t(O):t,
&z _: -
%-—t, z(0) =z,
du _ Z(0) —
E_l’ z(0)=u

W Jerko uHrerpupyetcs. Permennem sanaun Komu 6ynyr QyHKUKH
t=t, T=xz+at, w=u+a.

B mexauuke, rie t — BpeMs, £ — TPOCTPaHCTBEHHas KOOpLAMHATa, a U4 — CKO-

pOCTb, MoJyuennas rpynna G HasbizaeTca rpyINOl ranJeeECKUX CABHIOB BAOb
ocu Ozx.
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Teopema Jlu ycTaraBnuBaeT onpeeseEHoe COOTBE TCTBHE MEXKAY IPYII-
namu G u BekTopHBIMH TonaMY £. BosHuKaeT BOTIPOC: ABASETCH U TAKOE
COOTBETCTBHE B3aWMHO OfHO3HayHBIM? OUeBMAHO, YTO JaHHOMY BEKTOD-
HOMy rosio ¢ oTBeuaeT ofHa olpenesenHas rpynna Gl. JTo BhITeKaeT U3
Teopemul JIn. Ho o6paTtHoe Besepro. B camom nene, HeTpyaso yGeanTnes,
uTo BeKTOpHBIM NoasaM £ B A (A € R, A # 0) cootBeTcTBYeT 0aHa U Ta
xe rpynma Gl

MoxHo 1oKasaTb, YTO 3THM ¥ KCHEDIIEIBAETCA HEONHO3HAYHOCTDb CO-
oTBeTcTBUA rpynn Gl v BexTOpHBIX nosel €. JeficTBUTENbHO, B COOTBET-
CTBHY C ONpefe/]eHyeM, 5Ta HeONHO3HAYHOCTb ONpeje/IseTCd BO3MOXKHO-
CTBIO BBeleHWA pasHbXx addumusnsix cmpyxkmyp Ha R. Ho ecan npeo6-
pasoeanve p : R — R BBOAMT HOBYI0 aJIMTHBEYI0 CTPYKTYpY Ha R, T0
s MobeX a, b € R 101X%HO BHNOIEATECA PABEHCTBO

pla +b) = pla) + p(b).

XopolIo 13BeCTHO, YTO KaXJ0e HeNpephlBHOE B HyJe pelleHHe 3TOTO
GYHKUVOHANBEOrO ypaBHenus umeeT BuA p(a) = Aa, rae A € R. Iro
M ecTb TOT Habop aJAVTUBHBIX CTPYKTYP Ha R, KoTophlfl 6bla paccMOTPeX
BBLIIITE.

[TpoBe neHHble pacCyXAeHUA TIOKA3bIBAT, YTO CYUIECMBYEM 830UMHO
00HO3HaUKOe coomsemcmeue mewdy epynnamu Gl u sexmopHoimu no-
AaMU €, KOMOPble PACCMAMPUBRIOMCA C MOYHOCMbIO 00 APOUIBOALHOZO
HEHYAEB020 HUCA08020 MHOMNUMENR. DTO COOTBETCTBHE B AaJbHelilleM
Mbl ByseM oBoszxauate G1(£).

OcranoBuMcs TeTlepb 6oee TIOAPOGHO Ha ONpe AeJeENH KACAMEALHOEO
BEKMOPHO20 NOAS TPYNIE Gl

Mycts 3agasa rpynma G, xoTopas nopoxpaercs oToSpaxexuem f
V x A — R¥. Jlna kammoro GUKCUPOBAHHOTO = € V yacTUYHOE 0TG-
paxenve fr, : A — RY onpenenseT HeKoTOpylo KPUBYIO B TIPOCTPAH-
ctee RY, xoTopast MpoxomuT yepes TOuKy x, TO €CTh OJHOMEPHOEe MHOTO-
obpasre fr(A), KoTopoe 3a1aHO NapaMeTPHYECKY YDaBHEHHEM

T = fzla) = f(z,a).

Kpusas fr(A) naswiBaercs opoumoti mouxku x.
BekTop £ = 8f,(0) sBnAeTcs KacaTenbHEM K opSuTe fo(A) B TOUKe 2.
Tem cambim Ha V' ompesieneno BexTopHoe modte & : V — RY, xoTopoe
nelicTByeT o Qopmyne

o) = Oaf(2,0). (1.12)
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Imo 8eKxmopHOoe Nose HA3bIBAIOM KACAMEAbHbIM BEKMOPHbIM NOAEM
epynnet G1.

TNpu nepexone ot rpynmb G1(f1) k ono6Hoit et rpynne G1(f2), ¢ mo-
MOLIbI0 TIpeofpa3oBaHys p, KacaTe/lbHoe BeKTopHOe rose &1 rpynns Gl
TIpeBpallaeTCs B KacaTe/1bHOE BeKTOpHOe Tosle & rpymbl G, Jlis BrBoja
cooTBeTcTRYIOLIEH dopMynsl nepexona &, — & Hajo npoauddepeHLHpo-
BaTb PaBEHCTRO

faa =po flaop™?

1o napameTpy a B Touke o = 0. Benenctaue onpenenenns (1.12), ¢ yueTom
pazencTBa f(z,0) =z, 3T0 naeT

éa(z) = 8p (p ™' (=)) (1 (oM (=)))

uay, B 6onee pocTol dopMe 3amucH,

&2(T) = Op(x){li(x)), 7 =p(z). (1.13)
®Gopnyna (1.13) HasbiBaeTest Gopmyroil nodobus 8eKMOpHeLX NoAel.

Hanpumep, npu nepexofie oT Cpylis pacTaxeHui Gi
fla(z)=2"exp (a)\i) (i=1,...,N)

K TOROGHOH eff rpynIe ¢ MoMoLLbl IpecSpasoBanua p : V — RrRY
ple)=(z") (@=1,...,N)

npouspofHas Op(x) B MATpHUHON 3aNKCH MMeeT BUX
: 1
(Op(x)) = diag (x—l, ceey xLN) .
[Tostomy Gopmyaa (1.13) naer
(%) = 8p(x)(()\1x1,...,)\N:vN)) =L Ay =

— MOCTOAHHOE KacaTeJJbHOE BEKTODHOE II0Je I'DYIIIBl CABUIOB.

Mycts, Temeps, f : V x A — RN — oTobpaxenue, KoTopoe Mopo-
xpaet rpymmy G1(€), u nycts RM — M-mepHoe eBKIMI0BO IPOCTPaH-
ctBo. Bynem paccmatpuBaTh sHaueHUsA AuddepeHLPyeMOro oToSpaxe-
aust F: RN — RM ua op6ure Touku z € V, KoTophle pasHH F o f(z,a).
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Beaenctaue onpenenenus (1.12) “ckopocTs” U3MeHeHUs 3TUX 3HaYeHHH B
Touke o = 0 onpefienseTca HOPMYJI0OH

8a(F o f(x,a))|,_o= OF () ((x))-

B cayuae korza RM =R (1o ecTs F(z) — cxanap), npasylo 4acTb paBeH-
CTBA MOXHO 3amucaTh B Buge & - OF(z) (Touxoit 0Go3HayeHo CKanApHOE
npoussejenve BeKTopos & u OF(z)), To eCTb KakK pesynbTaT AefiCTBUA
Ha oToGpaxenve F' nunelinoro audepesLnanbHOTO onepatopa & - 4. A0
0fo3HaueHue yA0OHO TIEPEHECTH U Ha oI caydall, pyKOBOACTBYACH Ta-
KUM OIpele/eHUeM.

Jluneidnewt dupgpeperyuarsroiil onepamop & - 0, komopsul Oeticmay-
em Ha omobpascerue F : RN — RM no gopmyre

- O)F(z) = OF (z){¢(=)), (L.14)

HA3bIBAEMCA UHPUHUMEe3UMALbHbLM Onepamopom epynnst G1(€).
Cnoso “unduHUTe3UMANbHLIA” 03HauaeT “GeckoHeuHo Maabii”. Ero
yroTpeOneHre ABAAeTCA ONIpe/le/IeHHON NaHbl0 CTapoH K/acCHYeCKOH Teo-
puH, KoTopas CBOGOHO OIlepHpoBaia GeCKOEeYHO MaJAEIMU ¥ §€CKOHEUHO
GONBIINMY BeJXYKHAMU.
C nomoubl0 MHPHHUTE3UMA/LHOIO 0llepaTopa 3alHChiBaeTCs IJaBHas
AvHeHHas yacTe oTofpaxeHus L' Blosb OpOUTH TOUKH X!

Fo f(z,a) = F(z) + a(¢- 0)F(z) + O (a?).

B cayuae N-meproro mpoctpanctsa RM B cucTeMe KOOpAWHAT, TIe
N 1 N
z={(a',..., "), £ = (&',...,&), uyxuHo monoxuts 8 = (04, ...,0N)
(3nech u nanee 8, = ai). Toraa uHQHEKHTE3UMAbHELI ONEPATOp 3allk-
Ta

meres B Buge (1.14)

¢o=¢o=¢

3i, (1.15)

ox
OTmeTtuM, uto B (1.15) ¥ nanee, rae 5TO CHeLMANBHO He OTOBOPEHO, IO

TMOBTOPAKILYMCA MHAEKCAM I[IOHUMaeTCd CYMMUDOBAaHHNE B IIpeleax HUX
HN3M€EHEHNA, TO €CThb

s@=2¥af‘
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B artom cayuae Qopmyna neficTBUA MHGUHUTE3UMANLHOTO ONepaTopa
na otobpaxerue F : RY — RM npuobpetaer o6nuEHit BUA:

(€-O)F =& F = 5"%. (1.16)

B KOHEYHOMEDHOM CJaydae KOODIAMHATHOI'O IIPEACTABJICHUA BEKTODOB
KOOPAWHATEL KACaTEJAbHOI'0 BEKTOPHOI'O T10J14 §z 6y}1yT HAa3bIBATLCHA TaK¥XKeE
KOoopauHaTaMu HH@HHHTCBHM&J]}:HOI‘O orepaTopa é. 0.

B nanpHefiiitem u3/0XeHUH, KaK NPaBWIO, NpuaararenpHoe “UHOUHU-
Te3WMaAbHHH” Mbl YIOTpe6AATh He 6yeM, a 6yfeM HCIOIb30BATh TePMUH
onepamop epynns. 1au npocto onepamop. OO6BYHO OlNepaTopy TPYIIIH
JAKT TO XKe Ha3BaHHE, KOTOpoe KaKKM TO 06p330M XapaKTepusyeT caMy
rpynny. Hanpumep:

onepamop cdsuzo8: &0 = xo - 8 = x}6;

onepamop AuHetinozo npeobpasosarus: & - 8 = u(x) - & = ujal d;;

N
onepamop pacmaxcenus: €0 =5 Nx'd;
i=1

onepamop spawjerus sokpye ocu (x3): & 8 = —z%8; + z'da.

OcTaHoBUMCA fafiee Ha MOHATUY UHBapHauTos rpynnul G, Ilpu atom
MBI 6ylieM AAA YIIPOIeHHs PopMyIUpOBOK “3a6biBaTh”, UTO BCA paccMaT-
prBaeMas TEODPUA €CThb JOKAJNLHAS.

Hanpumep, oTo6paxenne f, KoTopoe mopoxpaeT rpynmy Gl, Gymer
3aIIHCHIBATBCA KaK 0ToOpaXeHue

F:RY xR >RV,

Taxxe ze BCerjga 6y}1€T YTOUHATDLCA 06J1acThb OIIpeneJeHUsA BEKTOPHOI'O
noas & ¥ T.IL ~

PaccmatpusawTes otobpaxenus F : RY — RM | u npeanonaraercs,
4YTO TpyIlna R ﬂeﬁCTByET Ha RM TPHBHAJIbHO.

Omobpaxcernue F nasvigaemcs unsapuanmom epynnst G, komopas
nopoxdena omobpaxceruem f, ecauw das aobvix (z,a) € RY x R soi-
NOAHSEMCA PABEHCMEBO

F(f(x,a)) = F(z). (L17)
HsyyeHne uMHBapHaHTOB IPYNILl OCHOBLIBAETCA HA JleMMe, B KOTODOH
npeanosaraeTcs, uTo £ - 0 — UHQUHHTE3WMAaJbHLI onepaTop TI'PYIIL

G1(¢), u ucnosbsyetcs o6osHauerue T = f(z,a).
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Jdemma 1.1. [az wobozo omobpaxcenus F : RN — RM xaacca
C1 (RY) u dza wobsix (x,a) € RN x R umeem mecmo pasercmso

8,F(z) = (¢ OF (). (1.18)

JokasateabsctBo. Pasenctso (1.18) BniTex2eT u3 ypasuenus Jlu (1.7) u
onpefeeHUs UHQUHUTE3VManbHoro onepatopa (1.14), B cooTBeTCTBHU ¢
KOTOPBIMH

0. F(Z) = OF (z)(8,7) = OF (z){¢(Z)) = (- 8)F (2). .

B cnepyromeil Teopeme cOpMYNUPOBAHEL HEOOXOMMMEIE ¥ IOCTATOY-
HEle YCJ0BYA TOTO, YTO HexoTopoe oTobpaxerne F : RY — RM asnsertcs
MHBapraHToM rpyrbl G1(€).

Teopema 1.2. Omobpasncerue F : RN — RM kaacca €y (RN) neasn-
emca unsapuanmom 2pynnst G1(&) mozda u moasko moeda, xoeda s
m06oz0 x € RN guinoansemesn pasencmso

§-0)F(x) =0. (1.19)

HokasateascTso. Ecau F — wuHBapuaHrt, TO HMeeT MeCTO paBeH-
ctBo (1.17), nuddepexiporarie XOTOPOro Mo nmapameTpy o faeT B Ipa-
BOM yacTy HOJb, 2 B JeBoH, scaenctsue (1.18), — neByw uacTh paseH-
ctBa (1.19).

Hao6oporT, ecnn sunonHseTca pasescTso (1.19), 1o, Beneactsue (1.18),
SymeT cripaBeMBLIM paBeHCTBO O, F (Z) = 0. DTo 03HayaeT, 4TO BEKTOD
F(Z) = F(f(z,a) € RM ue 3asucut oT mapameTpa a ¥ paseH CBOEMY
3HaueHUw npu a = 0, To ecTs F(Z) = F(x). llostomy F — unsapuanr
rpynnb G1{¢) scaenctsue onpegenenus (1.17). [ |

Kprrepuii nepapuarTEocTi (1.19) coBnanaeT ¢ HeKOTOPHIM JIMHEHHBIM
OJHOPOAHBIM YPaBHEHHEM B YACTHBIX NIPOM3BOAHBIX NepBoro nopanxa. [lo-
sTomy a106aa rpynma G138 RY umeer N — 1 QyHKIIMOH2IbHO HE32BUCHMbIX
uHBapuarToB [20,36]. [lpu sToM 1060l Apyrof MHBAPHAHT 53Tof TPYMIH
sBAsgeTcss QyHKUMeH 3Tux N — 1 “GasucHHX” UHBApUAHTOB.

Habop @yuryuonarsHo He308UCUMBILX CKAAAPHBIX UHBADUAHIMOS
epynnst G, ApU ROMOUU KOMOPbIX MOKHO onpedeiums 060l ee un-
BAPUAHTT, HA3bIBACMCA QYHKYUOKAAGHLIM OA3UCOM UHBADUAHMO8 2PYN-
not GL.

3aMeTHM, YTo ¢ (QYHKIHOHAJIBHOM §a3HCe WHBAPHAHTOB €CThb CMBIC/
roBOPUTb JWIIb B CAyuyae KoHeuHomepHoro mpoctpancTaa RY. Ecawm
J1, -, Jn—1 cocTaBAflT 6a3UC QYHKLMOHAAbHBIX WHBAPHAHTOB I'DYI-
nu G, To 6ymem yroTpe6nsaTh oSozzavenve J = J(J1,..., In 1)
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Kak oTMeuanoch Bbillle, OTHICKAHWE CKAJAPHBIX MHBAPUAHTOB TPYIITHI
G(¢) B cayuae RN, xorpa & = (¢1,...,¢N), cBomuTCs K NOCTPOEHHIO
pelleHU ypaBHEHHS

§8,F =0 (ai _ i) : (1.20)
ozt

Kaxk uspectHo [20], 5Ta ke 3amaya mMoxeT ObITb pellleHa MyTeM INMOCTDPO-

eHMs [IepBbIX UHTErpajoB compaxeHHol ¢ ypaBHeHueM (1.20) (unu eme

TOBOPAT: XapakTepucTHuecko! and (1.20)) cructembl 0ObIKHOBEHHBIX IUP-

(pepeHLNaNbHEIX YPaBHEHUH

1 n
de' _  _ dx (1.21)

H(z) =)
Ecau pareHcTB2
jl(l‘) = Cl, ey jN_l(:E) = CN—l (Cz = COIlSt)

OMpene/sOT TepBble HHTerpaanl cuctembl (1.21), To B xadecTBe 6a-
3Uca CKa/JAPHHIX MHBapuaHToB rpynmbl G(¢) Gepyr ¢yukumu J;(x)
(z=1,...,N-1).

IIpumepnl uHBapuaHToB. OCYLIECTBHM MOCTpoeHHe 6a3nca CKalADHBIX HHBApDH-
AHTOB [/ HEKOTODBIX K3 E’aCCMOTpeHHHX BBILIE OJHONEpaMeTPHIECKHX DY
Tpynna cdsuzos & RY. 3pecs omepatop — x48;, moaTomy cuctema (1.21)

KMeeT BHJ:
de! _ dz® dn¥
T Th xzd’

Ecqi mpeamonoX KT, 4TO zd # 0, T0 mepBle METErpaEl 3TOM CUCTEMB OGBHKHO-
BeHHBIX AH(QQepeHIHalbHEX YPaBHEHHH HMEIOT BUL

e’ —zleV =¢; (G=1,...,N—1)
W 6a3uC MHBADHAHTOB COCTaBAAIT QYHKIKHH
N i N .
FJi=zbdd —ziz™ (j=1,... ,N-1),
TO €CTh

1 — _
J = J(:co:c —:co:cN,...,:cg{:cN i—mé\{ 1CEN).

Tpynna aunetinsix npeobpasosanutt e RY . 3pecs onepatop — ubx?8;. Ecau B
cooTBeTeTRYIoW Y0 cucTemy (1.21) BBecTy MapameTp ¢, TO OHa NlepeNHULIeTCs B BHIe
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ONHOPOAHO} CHCTEMbL JUHEHHBIX OOHKHOBEHHBIX NH(Q(epeHUMaNbHbX YpaBHEeHU
¢ MOCTOSHHBIMY KO3(Q(HULYEHTAMY:

@ _ iy (i=1,...,N).

dt

[Tpouenypa pelenus tako#t cucTeMdl xopouo y3gectHa [39,57,61]. [Tycts
a:k(t)z(xi(t),...,a:f’(t)) (k=1,...,N)

— dyHZaMeHTalbHAS cUCTEMA ee peleHuit H mycTh @5(t) — 37eMeHTs MaTpUILb,
06paTHOl K MaTpule (a:fc (t)). Ecam npenmnoJioxuTh, 4T0 ypaBHeHue el (t) =1
Pa3peliMO OTHOCUTENBHO ¢ U ero pellleHueM geasderces t = az), To 6asuc HHBa-
PHAHTOB GYIeT UMeTh BUI

J = j(a:i (go: o a) (z),...,x" (gog\,_l oa) (a:))

N
Tpynna pacmascenui 6 RY. Onepatop — 3. A'z'8;, a mostomy cucrema
i=1
(1.21) umeer BUA:

dx? dz?v

Mz} AVl

He yMeHbWARA OGULHOCTY, MOXKEM MOJOXKUTH )\N =1, 4 Torma [moJqydaemMm Tako#t
6asuc HHBAapUaHTOB:

_at _aN-1
..7:._7(9:1 (:z:N) ,...,xN_i(:z:N) )
Tpynna spawenui 8 R®. Oneparopom Epaluenus Bokpyr ocu (z°) siBsercs

onepatop —z°81 + x'82, a noatoMy cuctema (1.21) uMeer BHL:

dz' _ de® _ da®

— 2 2! 0

OnuH mepsslit MHTErpad OUeBMMCH: T°

HUEeM ypaBHeHUS ztdz! + z%dz® = O
132 232
@)+ (=) = .
[TostoMy 6asuc HHBapUaHTOB TaKofl:

J=7 (=% @)+ (12)2).

= Cy. Bropoft HaxonyM HHTerpHpoBa-

B nanbHefiieM H310XKeHUY HaM TIOHA 06U TCA caeaympluan rnpocTasn, Ho
[1oJ1Ie3Han TeopeMa.
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Teopema 1.3. Bcakas epynna G npeobpasosanui = = F(x,a) s RY
HEeKOMOPOL HeBbIPONWOEHHOT 3aMEHOT NepemMerHbl

7 =7 (x) (1.22)

ceodumces K epynne cdsuzos 80oab ocu T,

Joxkasatenscto, [lycts rpynma Gl umeet onepartop
v = £4(x)8;. (1.23)

N3 ouesuaxoro paBe€HCTBa

; 07 8
i(2)8, = ¢19% | O
S0 = o

cjenyeT, 4yTo B pesyabTaTe 3aMeHbl NepeMenHbIX (1.22) onepatop {1.23)
npuo6peTaeT BUL

v= v(ii)

oz

Bri6epem 1060t Habop N — 1| QYHKLMOHAABHO HE3aBHCUMBIX UHBapHaH-
108 J1(2),...,In_1(x) rpynme G B xauecTse mepsbix N — 1 HOBBIX
TepeMeHHHX Z1,...,Z" ~1, a IepeMeHHYI0 Z'¥ HalifleM U3 ypaBHeHHs

v(@Y) =1 (1.24)
[Tosryyennas crucTeMa QyHKUNH
T =Ji(x), ..., T 1=Jy_1lx), ¥ =7"(2)

ABAAETCH (HYHKUVOHAILHO HE3aBHCUMON U ONpeleseT KCKOMYK 3aMerY
nepemenusix (1.22). Jle#icTBUTeNbHO, B STUX NepeMeHHHIX onepaTop (1.23)
MMeeT BUA

v= iN
%
¥ oTpefiesiseT TPYIIY CABMIOB BAOAb OCH EN. [ ]

PaccMoTprM MpHMep [pBefeHKs TPymmsl Bpawexu#l B R® OTHOCHTEJBHO
ocH (a:a) K Tpylme casuroB. 3aech onepatop (1.23) umeeT sup

v=—1°8; + 2'8,.
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B cootBeTcTBHM ¢ TeopeMoﬁ 1.3 B KauecTBe [epBHX OBYX HOBHX MepeMEHHBX
HYXHO B3ATb UHBapHUaHTh

=4/ + @), 7 =2,
a TpeThio MepeMeHHYI0 (0603HAUMM ee T°) — HalfTu u3 ypasuenua (1.24):

2 8% 1 OF°
—r 4= =1.
Oz’ 0z

3anucaB XapaKTepHCTHYECKYW CHCTEMY A7l 3TOrO HEeCQHOPOAHOTO JYHeltHoro
ypaBHeHHs

_dp _ da’ _ 7’

2
HeTDYMIHO HaliTH ee yacTHOe pelleHue Z° = arctan x_1 CrepoBaTeibHO, B Nepe-
x

MEHHHX
1 /i .1y2 2 2 z? 3 3
T =4/ (@) + (22)°, T =arctanx—1, T ==z
MMeeM
v=2
0z

" HP606P23OB2HHH FpyIoIobL BPEU.IQHHi 32MUCEIBAKOTCA B BHIE
(Ei) =7, (52) =7 +a, (53) =7z

OcTaHoBUMCS fajlee HA TIOHATUH MHBAPUAHTHOCTY YpaBHeHUH (rOKa
4yto He auddepeHIUaNnbHREX).

Paccmatpusaetes (N — s)-MepHas nosepxsocTs M C RV, 3ananaemas
CHCTeMOH ypaBHeHUH

Fizy=0, i=1,...,s8, s<N. (1.25)

Byzem unTaTh, YTo Takoe 3ajaEHe TIOBEPXHOCTH ABJAETCH PETYIADHLM,
T0 ecTh Fi(x) — rmagxue geficTBUTeNbEBE GYHKUNM, 8 PAHT MAaTPHILIH

OF,
oxt

P2BeH s.

k=1...,8 i=1...,N)

M
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[Tosepxrocme M HasbiBaeTC UHBAPUAHMAOL OTHOCHTEJBHO TpYII-
nu G npeo6pasoBaHui

f:f(x, a) :x+a§(x)+o(a), (126)

ecsIM Ka¥Jasa Touka x mosepxHocTu M mpeobpazosanneM (1.26) nepeme-
waeTcs Mo 3TOH TOBEPXHOCTY. [pYrUMU CJIOBAMH, €CAH z — DellleHHe
cucTemsl (1.25), To T — TakKe ee pellleHue:

F(@) =0, i=1,...,s. (1.27)

B cooTBeTCTBME C 3THM TakMKe TOBODAT, UTO CUCMEMA YPABHE-
nutt (1.25) unsapuanmua omuocumensno epynnet Gl unu urto ata cu-
cmema donyckaem rpynmy G,

[TycTs, nanee, onepatop

' .
v=¢&(z)8, (E=1,...,N)
ABAsAETCS UHOQUHUTE3UMANBHBIM OllepaTopoM rpynnsl Gl

Teopema 1.4. Cucmema ypasneruii (1.25) ursapuanmra OMHOCU-
meavro epynnei Gt mozda u moasko moeda, Kozda

vE|M=0, i=1,...,s (1.28)

JdokasateabcTBo. [lycts crcrema (1.20) uHBapHaHTHA OTHOCHUTE/bHO
rpynnn G Torma mis Kaxmod Touxku x € M 1 BCceX IONMYCTYMBIX 3Haue-
Hufl napaMeTpa a npeofpazopanuit (1.26) srnoansiTcsa paBeHcTa (1.27).
[lonctaBasis B 3TH paBeHCTBA Da3joXkeHHe

OF (@) |

Fi@) = Ri@) + at'() =

W yudliTblBasi, 4ToO

noayuaem (1.28).

[lyctb Temepb, Hao6opoT, BhnoaHeH pasenctsa (1.28). Hano moka-
3aThb, YTO U3 3TOTO CJefyeT BhimoaHexve paBeHcTs (1.27) nas Bcex z € M.
3ameTuM cHayana, yto (1.27) ecTb He YTO HMHOe, KaK YC/JOBHE KacaHUA
BekTOopa &(z) K momepxHocTH M B Touke z. M3 sTolt reomeTpuuecko
WHTEPIIPETALMH CIENYET, YTO BCA KOHCTPYKLUS COXpaHsAeTCs IIpH JGo#
HeBHIpOXJeHHO! 3amene nepeMeHHKX (1.22). [losToMy MBI MOXeM CHa-
gyana “BHNPAMUTL” 110BEpXHOCTb M (B3AB B 3ameHe (1.22) B kauecTse
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nepBbX s QYHKUMiI Z'(z) Aesbe yacTd ypasHenud (1.25)) u samathb ee
ypaBHEHUSIMHA

=0, k=1,...,s. {1.29)
Torpa ycnosue (1.28) yrupomaercss ¥ IpUHUMAET BUL
€6 (0,...,0,2°* .., 2N) =0, k=1,...,s (1.30)

Mzl XoTHM 110K23aTh, UTo ypaBHeHus {1.29) coxpaHsTcs U mocse Ipe-
o6pasopanus (1.26), To ecTb uTO

¥=0, k=1,...,s, (1.31)

JUISE BCeX TOYeK x = (0, o0, 28t ..,xN). Jlast 3TOTO 3amuilieM ypas-
Henus JIu B BUNe

dz*

k (=1 =s —s+1 =N

E:g ...,z 7zt T, k=15, (1.32)

dz°tt L=l =N

d—a:£s+ (I,...,I ), [:1,...,N—S, (133)
a B KauecTBe HAYa/JbHOTO SHAUEHUS T|q—0 = Z BO3bMEM [POU3BONLHYIO
Touky z 13 M, 10 ectb z = (0,..., 0,25, ..., &™) . Torna us ycnosus
(1.30) Bumro, uTo pyHKumt Z° =0 (k = 1,...,s) yNOBNETBOPAIOT YPaB-

nexus (1.32) u gavanbEbe yeaosus. OcranbEbe Gyskuuu 78+ HaxopaTes
13 (1.33) moc/ie ToACTAaHOBKY B Hero Z© = 0. Be/leICTBYe eMHC TBeHHOCTH
pewrenns sanauy Kourn sto o3Hauaet BuinonHexue {1.31) nas scex z € M,
TO €CTb WHBAPUAHTHOCThL MOBepXHOCTH M. [ |

Hcnonbsys 3Ty TeopeMy c/lefyeT MOMHUTb, U4TO IIPH AOKa3aTelbCTBE
(a nmenHo, npu npuBenenuy ypasHeHu# (1.20) x Buay (1.29)) cymecTeeH-
HO KCIIO/Ib3YeTCs YCJOBUe PeryIsApHOCTH 3afaHuA NoBepXHocTH M ypas-
unenusamu {1.25).

QcranoBuMCA faflee Ha MPUMepaXx, KOTOpHE HAMOCTPHPYIT PasHble OCOGeH-
HOCTH MOHSTHS HHBAPHAHTHON [OBEPXHOCTH U KDHTEPHA KHBAPHAHTHOCTH. B HuX
MB paccMaTpEBaeM rpynnsl G mpeo6pasosauni maockoetn R? = R? (z, ), KoTo-
pHie 3a/aHbl CBOMMH OllepaTopamMy

V= g 0= gi (x5y)a$ + £2 (xay)aya
W [OBEpPXHOCTE (KPHUBEIE), KOTOPHIe 3afaHbl YpaBHEHHSIMH BUIa

Y(z,y) = 0.
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. Tlycts v = 6 — Oy — onepatop caBura 4 ¢ = x + y. 31ech vy = 0 1t
KpuBas ¢ = 0 ©HBapUEHTHA BCIGACTBKE TOTO, UTO ¢ — KHBapuaHT rpymms G1{£).

2. TlyeTs v = 28, + 298y — ONepartop pacTsXKeHds 1 ¢ = y—1x°. 31ecs vi) =
=2 (y— a:2) ¥ ycaoBue (1.28) BBHIMONHEHEl, XOTS ¥ U He SBAAETCH MHBapUaHTOM
rpynne: G'(€). WusapuantoM aTolt rpynme: seasercs J = yz~ 2. C ero MoMol(bi
kpuBasg ¢ = O ompegensercs ypasHeHueM J = 1 Besfe, XpoMe 0coG0f TOUKH
z=y=0.

3. MycTs v = 8, — onepatop cABMra # ¢ = y°. Torna v1/1|y=0= 0 u ycJoBHe
(1.28) saimonsensi. Ho xpugas y? = 0 He ABASETCH UHBAPUEHTHON OTHOCKTENLHO
npeoGpasoBauuit rpynnel G {£):

T=x, Yy=y+a.

3pech MpoTHBODedUs ¢ Teopemoit 1.4 HeT, TOCKOABKY ypaBHeHHMeM y° = 0 KpuBas
y = 0 3azada He peryJspHO.

PaccMaTpuBas IpHMephl, Mbl [T0KA3a]H BO3MOXHOCTb 3aJaHHA WHBAPH-
aHTHOH T0BEPXHOCTH C TIOMOIIbI0 MHBapUaHTa Irpymmsl G, Oxasnizaercs,
4TO 3TO ¥MeeT 0B XxapakTep. OCHOBEIBaACh Ha CPOPMYINPOBAHHOH HU-
e TeopeMe, MOXKHO AaTh [10/HOe OMUC2HUE BCeX MHBADHUAHTHBIX MTOBEDX-
HocTel (TO ecTb BCeX MHBAPMAHTHHIX cucTeM ypasHexu# (1.25)) nanno#
rpynnel Gl ¢ rOMOILbI0 ee 5a3UCHBIX HHBADUAHTOB.

Teopema 1.5. [losepxnocme M, uHBADUAHMHAS OMHOCUMENbHO
epynnst G, moxem 6vimsy 3adana cucmemoil ypasHenud guda

D@, Tn1@) =0, k=1,...,5

ede pynxyuu Jh(x),...,In_1(z) cocmasisom 6a3uc un8apuarmos
epynnot G, ecau unpunumesumarsnviil onepamop epynnst G ue npe-
BPAULAEMCA 8 HYAb HA nosepxHocmu M.

Jloxa3aTenbCTBO 5TOH TeopeMHB MOXHO HalTH, HalpuMmep, B [26, 46].

Mui ke, 3aBepinas 3ToT naparpad, OCTAHOBUMCSH Ha PACCMOTPEHNH elle
HECKONbXUX NPUMEPOB U cPOPMYIUPYEM HECKONbKO 3272y, DellieHHe KO-
TOPBIX OYIeT CrocoSCTBOBATD JYYILIEMY ITOHHMAHUI H3J103KEeHHOTO BHILIe
MaTepHana.

1.1.4. TIpakTukym

Mpumep 1.1. [lns mpeo6pasosanuit f : V x A — R?, rne V. — nouoca
{z,9)]lz] <1,y € R} u A = (—1,1), KOTOpble MOPOKAEHE OTOCPAKEH UAMH

z=-—Z%  pg=—_Y | (1.34)
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noKasaTh, YTO OHH COCTaBJAKT rpynny G', HaliTH MHQUHMTE3UMAJbBHBIA OTepa-
TOP V H TOCTPOHTH Ga3UC HHBAPHAHTOB.

Jas1 ToTo 4TOGE Y6eauThCa B TOM, 4TO OTOGpaMeHHs cocTaBaanT rpynny G*,
HYXKHO y6elHThCs B BHIMOJHEHHH BceX ycioBuit 1°-4° u3 onpenesenus rpyn-
1
oe G

[Mockoabky T| _ =z, §| _ =y, TO yciaoBHe 1° BEMOJHAETCA.
a=0 a=0 3

Tanee,
_z
= 1—azx
)= -2 = = z = b
R e T el e e e (CLER)
1—ax
_Yy
- 7 1—azx y
b: = = = b
1—ax

4 3HAYHUT, ¥ yCJOBHE 2° uMeeT MECTO.
Brnonunenue yCJoBHUA 3° BHITEKaeT K3 TOTO, UTO BHIIIOJIHEHHe DaBeHCTB

=z, Y=y

A5 IPOH3BOMBHEIX TOUEK (,y) € V TpeSyeT BHINOJHEHHe paBeHcTBa a = 0.
Hakonen, 1asa Beex (z,y) € Vu a € A, tie A = (—1,1), dyHKULHH
_z @ _Y
l—azx’ l-azx

sBAsI0TCs QYHKIHAME Kaacca Coo.

Caenosarensno, npeo6pascsanua (1.34) cocrasssior rpynmy G'. 3amerun,
4TO 3Ty TPYNNY elle HasbBAKT Npoexmusrotl epynnot npeobpasosanull nioc-
xocmu.

Jlns mocTpoenus omeparopa

v=£0=¢"(2,4)0 + (2,10
HYXHO ONpefie/IUTh KOMITOHEHTHl BEeKTOpa 5(51,52) 13 cooTHowenu# (1.5), B co-
OTBETCTBHHU ¢ KOTOPEIMH HMeeM

oz oy s

_ g1 _J
da a=0—£ > Bala=0

uan (B Hallem cayyae)

i g, W | _g

(1 - az)? (1 — ax)? la=o0

a=0

Orciona caenyer, uto € = (x°, zy), a Mo3TOMY

v=a0, + zyOy.
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Haxomxnenue unpapuanToB rpynnst G', B cooTseTeTBHE C Teopemoit 1.2, cBo-
LUTCS K TOCTPOEHHIO QYHAaMeHTabHOM cucTeMbl pelenuit ypasHeHus (1.19), ko-
TOpOe B HallleM CJydae KMeeT BUIL

20F OF _ —
z E—f—xya—y_O, F=F(z,y). (1.35)
XapakrepucTuueckas cucreMa Aas ypaBHenus (1.35) umeer BHIL
dr _ dy
22 Y

U sBJSeTCs OCHKHOBEHHEIM AU @epeHIluaNbHbIM YpaBHEHUEM, MePBbIH HHTerpal
KOTOPOro ollpefelisieTcss paBeHCTBOM

9—; =C, C =const.

OTcrona BHTEK4eT, UTo

J=J(§).

Mpumep 1.2. Mas rpynnst G (€), rae £ = (z°,zy), sanncaTh TOPOXLAIONIKE
ee TpecpasoBaHHs.

Perrenne npumepa 1.2, 8 cooTBeTcTBHE ¢ Teopemoft 1.1, CBOLHTCH K MOCTpoe-
Hilo pelrenus safaun Komn (1.7), koTopass B HallleM ciiyyae HMeeT TaKol BUA:

E _ (@), w0)=1

da
ay
~“ —zy, F0)=y.
=% 0=y
[TpounTerpupoBaB NepBoe ypaBHEHHUe, MOJyUaeM, 4TO
P S
C1 — a’
rae Cy — nocrosuHaa uHrterpuposanus. [ockonsky Z(0) = z, 10 Cy = % it
Fo _T
1—az’

C YUYE€TOM 3TOrO I[IOJyHaeM, UTO ofiree pelle€HHe BTOPOrO YpaBHEHHS CHCTEMEI
HMeeT BH]
Cz:l:

Y=1 "

", CJIe10oBaTeJbHO,
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Carenosatedsro, rpynny G'(£) nopoxaanT npecSpasoBaHus

z
1—ax

T =

; y=

Y

1—az’

Kpome mpoexTUBHON TpyNmEl Mpeo6pa3cBaHUH ecTb elle psfi OAHOTapaMeT-
pPHYECKHX TPYNN MpeoSpasosaHuil maockocTd R?, KOTOphe yacTo BCTpeuyalTes
B pa3iHyHBIX 3ajauax. B rabamue 1.1 mpepcraBieHsl Mpeo6pa3OBaHHs, KOTOpHE
MOPOXKAGIT 3T TPYIMBL, COOTBETCTBYIOUIME MM ONEPaTOPLl M THHNHUHBIN BHA WH-

BAapUAHTOB.

3apganme 1.1. a5 npeoGpasoBauuit u3 Tadauus 1.1 mokasaTe, 4To OHH CO-
cTaBaAlT rpynny G, HaliTH COOTBETCTBYIOLIHE ONlepaTOPEl vV H MOCTPOHTL HHBA-

PHAHTEL.
Tabauya 1.1
OmHonapameTpuuecKHe TPYMIbI Npeo6pa3oBaHUi MIOCKOCTH
[TpeoGpasoBanus Onepatop MuBapuaHT
Cpnur T=z+a F=y v=20, J=y
BLOJIb OCH T
CnBur T=z, y=y+ta v=28y T==z
BAOJIb OCH Y
CnBur T=1z+la, v=10, —k8y |\T =kz+ly
napaJJenbHbH TpAMOH F=y—ka
kx+ly=0
Bpamenne T=zxcosa+ysina,|v=yds —zdy |J =2°+19°
Y =ycosa— zsina
TpeoGpasopakiue T=xcha+yshe, |v=ybs+x0y |J =2z —¢°
Jlopenua T=ycha+zsha
IlpeoGpasoBauue [aauaes |T=z+ay, =y v =48, J=y
OpnoponHoe pacTaxXeHue | Z=ze®, F=ye* | v= 106+ yby J= %
%
HeonHoponuoe pactaxenue|T = ze®, F=ye'® |v= 128, + kyd,| J = %

3apmanue 1.2. [[15 3a1aHHbX B TPeXMEPHOM eBKIHAOBOM npocTpaHcTee R® =
= R®(x, y, z) OmepaTopos HaltTH Mpeo6pasoBaHHsA, KOTOPHE FeHEpHPYIOT COOTBET-

cTBylomue rpynns G

a) v="Fkxbs + 20y —y0:, k20
bh) v=a8, — %y26l;

¢} v=a0; + (z + 2)0;;

d) v =428, + 4wyl — (2z + 3 — 42%)20,.
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Mpumep 1.3. Haittu npeoSpasosauns, koToprle mopoxpawt rpynmy G'(£),
rne £ = (x,z+y,y+2), 4 CBECTH €e K TPyNIe CABUIOB B TPEXMEPHOM MpPOCTPaH-
cte R® =Rz, y, 2).

Jlaist mocTpoeH A NpeoGpasoBaHuil, KOTOpHE TOpaXAalT rpynny G'(£), niem
pewense 3agaun Koww (1.7), KoTopas B HalleM cjyyae UMeeT BUJ

dz - =

E_z A

dy  _, _  _

L =%t% H.=v
i

dz =y+z zlazoz %y

W JIerKO pellaeTca:

T=zxe’, F=(y+ax)e®, z= (z +ay + %a%) e’,
roe a € R — mapamerp.
a5t cBeflenus moflyueHHoit rpynnsl G'(£) K rpymnne cABULOB BOCMOAB3YeMCS
Teopemoit 1.3. Corslaco yeaoBuio rpynna G (£) uMeeT onepaTop

v=20;+ (z+4)0y + (z + ¥)8..

I—[OCTPOHM HHBapHaHTBL 3Toft CPyIIBl, peliXB AJis1 3TOrO ypaBHEHHs B HACTHBIX
[IPOH3BONHBIX

_,0F oF oF _
HJIH, YTO TO XKe caMoe, MOCTPOHB Habop MepBEX HHTErpajoB CHCTEMbl OOBIKHOBEH-
HHX AHGdepeHIHabHEX YpaBHEeHHH

dx _ dy _ dz

T zty  zty

[psimoit mpoBepxoH HeTPYLHO YGeNHTBCS, YTO MEpPBEIE MHTErpafbl CHCTeMb
HMEIT BHJ

Y

z =

In|z| = Cy, % - % Injz| + %ln2 [z| = Ce,
rae Ci, C» — TMOCTOAHHEIE HHTErpUpoBaHua. CaeloBaTesbHo,
Yy z Y 1, 2
T—7 (5 ~nfel,Z - i+ i [a:[) .
Jlanee, B KayecTBe MepeMeHHHIX ¥ U Z BO3bMeM HHBapHaHTEI

g=%-Infl, z=Z- ¥+ Lin’pl,
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a TpeThlo MepeMeHHYIo T HafileM H3 ypaBHEHHUS

oz oz T _
[Monoxue T = T(x), NPHXOAUM K ypaBHEHHIO
oz
I% =1,

UaCTHOE pelleHHe KOTOPOro
T =In|z|

1 €CTb HCKOMOE.
HTaK, B TepeMeHHBIX

z=Inla|, =2 -lnlel, E:%—%ln|x|+%ln2 ||

omepaTop rpynnel G! cBofETCA K omepaTopy
v =0k,
a mpeo6pasopanis rpynnsl G'(£) salHCEBAOTCA B BHAE
(5) =7 +a, (?:J) =1, (?) =z
3amanme 1.3. JJa 3aanubx HHXe OMepaTopos HaHTu MpeoGpasoBaHus, KO-
TOpBIe MOPOXAAKT COOTBETCTRYWMKMe rpyntel G, W CBECTH 3TH [PYIIE K [PyI-
TaM CZIBMTOB B TpexmepHoM mpocTpacTBe RS = R3(x, v, 2).
a) v=20,+ (2y+ 2)0y + (22 — y)0s;
by v=208:+ (z+y)0y + 220,;

¢y v=—(1 420, + (1 — 2)ydy + (Qz — %yz) 8,.

1.2. Tpynmnbl, KOTOPbIE JOMYCKAKT JHPPEPEHIHATbHBIE
y y
YPABHEHHUSA B YACTHBIX MPOU3BOJHDBIX

Bo BTopoM mnaparpade Mbl NepexoouM K paccMOTPeHUI0 MeTola Jlu-—
OBCAHHUKOBA BLIUUC/AEHHA I'PYIN WHBAPHAHTHOCTY NUddepeHUUaJbHbIX
ypaBHeHU. [lockonbKky na/ibHeflleMy KCCAefOBaHNIO IIOAJIeXKAT ypaBHe-
HUA SBOJIIOLHOHHOTO TUMA, KOTODLE ABIAKWTCA YDaBHEHUAMH B 4aCTHBIX
MIPOM3BOAHBIX, TO 30eCh BHUMaHUe YHeJeHO IIPUMeHeHHI0 MeTona Jlu-
OBcAHHUKOBA K AUd¢epeHIIHaNbHEM YPaBHEHUAM B YaCTHBIX IIPOM3BOJ-
HbX. Jlns o6bIKHOBEHHHIX AudidepeHIMalbHbX YpaBHeHHH aHaJoriuHoe
H3JI0XeHHe MOXHO Hality B [26, 32, 55].

HsnoxeHre HauuHaeM ¢ IIDeJBAPUTE/ILHOTO 06CYXIEHUA Ha IIpHUMepe
OJIHOTO HeJIMHeHHOTO YpaBHEHUS TellJJOIIPOBOJHOCTH.
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1.2.1. MpeapapuTeasuoe o6CyKaeHNE HA NPpUMepe HEJHHEHHOTO
YPaBHEHHUH TENJIONPOBOAHOCTH

paCCMOTpI/IM HenvHelHoe YPaBHEHUE TEIVIOIIPOBOIHOCTH

U = MUgy +uz Inftug], AR, AF#Q. (1.36)
_ _ou , _Ou ., _ 0u
B (1.36) v nanee u = u(t,z), us = Bt Uz T gy Ymr T 53

OueBuaxEbIM sABASETCH TO, UTO ypaBHeHUe (1.36) He M3MeHAeTCHA B pe-
3y/NbTATe CABWIOB IPOCTPAHCTBEHHON KOODIMHATH

t

t, T=z+4+a, uU=1u,

CIBUTOB QYHKIINU
t=t,

8
I

x

N
I
g
+
o

¥ OJHOPOJAHBIX paCTAXKEHUH BpeMeHHOH W IIPOCTPAaHCTBEHHOH KOODAMHAT

t = te?, @

=ze® u=u, c€R.

8|

B camom jene, HampuMep, B IOCHe[HEM caydae B oGeHX 4acTAX ypaBHe-
uus (1.36) BOSHUKAeT OTIMUHBIE OT HYJIA MHOXKHTeAb e%, a MOTOMY 3TO
ypaBHEHUE TIEPEXOAUT B PABHOCUJIBHOE YDABHEHHe TOrO Xe BHJa

Uz = Muzz + Uzlnltug|, AR, A#0. (1.37)

O BcAKoOM NpeoBpa3oBaHUY, KOTOPOE TIEPEBOAKT NaHHOe AU depeHUU-
aJIbHO€ YPaBHEHUS B DABHOCHJ/bHOE YpaBHeHHe TOTO e BULA, TOBODAT,
4yTo OHO JORYCKOEMCs paccMaTpuBaeMbIM NuddepeHUNaNbHHM YpaBHe-
HueM. CrefoBaTeNbHO, MpUBeNeHHbIE B TPY OJHOMApaMeTPUUECKUX
PPYITE IpeoGpa3oBaHUi NOMYCKAWTCA HeMUHEHHBIM YpaBHEHUEM TeILIo-
nposoaHocTy {1.36). MeHee oueBUAHBIM ABAAETCH TO, YTO 3TO YpaBHEHIE
JIOMIYCKAeT TAKXKE TaKoe 0JHOMapaMeTpuUuecKoe ceMelcTBO IpeofpaszoBa-
HHUH:

t=t ZT=xz+at, u=ue ® ack (1.38)
3ameTHM, uTo TmpeofpasoBanus (1.38) mopoxnawT rpymmy, KoTopas fiB-
AseTCs IpeCTABJeHVeM B ITPOCTPAHCTBE IepeMeHHHX ¢, Z, ¥ T'PYIIIH
[anunes (cM. Taba. L.1).

¥Y6eaumMcs B UHBApHAHTHOCTH ypaBHeHUs (1.36) oTHOCUTe/BHO NIpeos-
pasosauuit (1.38). B cooTBeTCTBUU ¢ OGLIYHBIM NIPABUJIOM 3aMeHH! IIepe-
MeHHBIX 13 {1.38) mosyuaewm:

uy = Uz + aeUz, Up = Uz, Upy = Uz
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[ToncTaHOBKA TONYYEHHBIX 3HAYeHMH MpousBoiHbX B (1.36) mpuBoauT K
PaBEHCTRY

e®Uz + ae’uzr = Ale®Ugz + e®uzln|le®Uzl,
KOTOpOE, TI0C/I€e YIIPOLLeH!H, IpHo6peTaeT BUA
e“uz = e* (Muzx + uzpln |tuz]).

B o6enx uacTax npeofpazoBaHHoro ypaBHeHUs (1.36) Bo3HUK2eT OT/IHU-
HHJ OT HYIA MHOXHTeNb e?, MO3TOMY JaHHOe YypaBHeHHe IepeXOfWT B
ypasxeHue (1.37).

OnHo M3 BO3MOXHLIX IPUMeHeHUH npeofpazoBaHUM, KOTophe JOIIYC-
KaeT laHHOe ypaBHeHHe, OCHOBBIBAETCS Ha TOM, UTO OKM NepeBoAAT Jb0e
pellleHre PAacCMATDPMBAEMOTO YpaBHEeHWs CHOBA B ero xe peureHve. [Ipo-
HJJIIOCTPUPYEM 3TO MU caydas npeofpazoBanuit (1.38).

[ycts dyskuns

u =@t x) (1.39)

ABJAETCA pellleHyeM HeJIMHeMHOro ypaBHeHus TelsonpoBonHocTy (1.36):

. Op ,_ O 7 e
= —_— = - l«
$=20 ¥ =g, ¥ T (1.40)

@ = Ate” + ¢'Inte],

[Tockonvky B mnepemennbix (1.38) ypasnenue (1.36) npuobperaeT BUI
(1.37), sarmenm peuterre (1.39) B nepeMeHHbIX U, ¢, Z ¥ [OACTABHM B [10-
crnefHee BepaxeHus wid ¢, Z, u U3 (1.38). Peuns nosyuensoe paseHCTBO
OTHOCHUTEJIBHO U, TI0JYyYaeM

u=-ce%pt,z +at) =e%(t,¢), &=z+at. (1.41)

[Moacranosxka ¢gyukunu (1.41) 8 (1.36) npusBonuT K parenctBy (1.40), rne

2
¢ = Z—?, Q= Z_ﬁf CanenoBaTenbHo, dopmyna (1.41) onpenenseT oaHo-
napamMe TpHUecKoe ceMeHCTBO pelenuil ypassenus (1.36).

Hawm usBecTHBI UeThpe pasHBIX ONHONAPAMETPHUECKUX IPYIIH 1Ipeod-
pPa30BaHUH, KoTophle AomyckaeT ypasHexue (1.36). BosHukaoT Bompocs:
WCYEpPIIEIBAIOTCS JY 3THMU TPYNIIAMH BCe TPYIIBL, KOTODHe JONyCKaeT
ypasuenue (1.36)? Ecnu 3To He Tak, TO KakK HaHTH OCTasbHEE U JOKa-

3aTb, 4TO HaWJieHH BCe TDYIIIH, KOTODbIE NOIIYCKAET 3TO y}:)al?;HEI-H/Ie'.p
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KoncTpykTuBHBIH moaxon (memod Jlw), KOTOpBIH MMO3BOJAET pellaTh
yKa3aHHbBle Npo6JeMbl 1A NPOU3BOJAbEBIX AM@¢epeHlINalbHbX ypaBHe-
HUH B YaCTHLIX IIPOM3BOAKLIX, OCHOBEIBAETCH Ha KPUTePHH MHBapHaHTHO-
ctu (teopeMa |.4) M Ha reoMeTpHuUecKOM TPaKTOBaHMH NU(depeHIINalb-
HBIX YpaBHEHUH KaK MOBEDXHOCTEH 8 NPOJOANEHHOM HA IIPOU3BOJHBIE
QYHKUNH TIpOCTPAHCTBE.

PaccMaTpuBas npeoSpasoBanus (1.38), mbl noayuuan GopMyas

Tz =e *(us — auy), Uz =e Uy, TUzz =€ “Uss. (1.42)

HeTtpynso yGenwtbes, uto gopmysnsl (1.38), (1.42) saraswTes npencTas-
JleHHeM OfIHOTIapaMeTpHUecKol Ipynbl G B IecTUMEPHOM IPOCTPAHCTBE

RS = (t, @, u, us, Uy, Upy). NHQUEKTESUMANBHB ollepaTop 3TOH TpyIl-
ne Gl umeeT BuR
G = 10, — uBy — (s + 1z )Ou, — UsBa, — UnnBu,. - (1.43)

Onepatop Vv neficTByeT Ha (QYHKIUU II€pEMEHHBIX ¢, X, U, Uz, Up, Urs,
KOTOpDhlE PACCMATPUBAIOTCH KaK He3aBHCUMble IlepeMeHHble.
[lepenucas ypasuenue (1.36) B Buze

Ut — AbUgy — Uy In [tuy| =0, (1.44)
Mbl BHAMM, YTO OHO OIpefessieT HEKOTOPYI IATUMEPHYHK II0BEPXHOCTh
M C R Otciona BHTeKaeT, YTo MHBapPUaHTHOCTD ypasHenus (1.36) oTHo-
cuTenbHo Ipeobpaszoranni (1.38) o3HauaeT HHBAPHAHTHOCTE [I0BEDXHOCTH
M otHOCHTeNbHO TpeoSpasoBanuil (1.42) unu, TOCKONbKY 3TH Ipeolpa-

30BaH¥A TOPOXJAaKwT rpynny G ¢ MHQUENUTE3UMa/JbHbIM OIlepaTopoM v
(1.43), BHIIONHEHHE PABEHCTBA

. F|,=0, (1.45)

rae F =uy — Mugy — ug Injtugl.
[Tockoanky

Vo F=—(us + uﬂ%[ut — Mugy — Uy In|tuyl|]—
t

o uxi[ut - /\tu:cx — Ug In ltuxH—

Ouy

- uxxai[ut — Mgy — Ug In |tux|] =

= —(ug + ug) — ug (= In|tuz| — 1) — uge (—AE) =
= —(us — Mgy — ug In [tugl),

TO OTCIOJA U BhHTeKaeT BhINONHeHUe paBeHcTBa (1.45).
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D1a mpolenypa, BHIIOJHEHHAS B 06paTHOM TIOPAIKE, [103BOSET HAATH
BCe oJHOMapamMeTPHYeCKWe TPYINE, KOTophle NONycKaeT AaHHoe nudde-
peHLManbHoe ypaBHeHUe.

1.2.2. Onepanus NpogoIKeHHUs

IMpexne uem riepefTy K ONKCaHKI0 aATOPUTM2 JIM OTBICKAHUA CUMMET-
puit AnddepeHIManbHEIX YPaBHEeHUH, KOTOPHfl OCHOBBIBAETCA HA UHQHHH-
Te3UMaNbHOM KPUTepHY MHBADHAHTHOCTH, HAM HYXKHO 3aMEHUTb TIOHATHe
cucTeMbl avddepeHLUaNbHEX YPAaBHEHHH KOHKPETHHIM TeOMeTPHUYECKUM
065eXTOM, KOTOPHH ONpefiensieTcs NpeoSpasoBaHyeM B HYAb HEXKOTODbIX
QYHKIMH.

Jlas aToro, Tpexkae BCEro, HaM HYXHO NPOOOANCUMbG OCHOBHOE IIpO-
CTPaHCTBO HE32BUCUMBIX ¥ 3aBUCHMBIX [IepeMeHHBIX B IIPOCTPAHCTBO, KO-
TOpoe 6yneT COmePXKaTh ellle ¥ YaCTHbe TPOM3BOAHLE, BCTPEUAIOIIKECH B
HaHHOH cucTeMe Aud@epeHUUaNbHbIX YPAaBHEHKH.

Kak u panble, MH paGoTaeM HCK/KOUYMTEbHO B €BK/HIOBOM IIpO-
ctpanctee RY, Ho 3neck RN =V = X x U, rne X = R* = (2) =
={zY.. ., 2" U=R"= {u)=(u},...,u™), n+m=N.

[Mepemernbie z = (z1,...,2™) 6yaeM HasHBaTb HE3ABUCUMBLMU NeEpe-
MeHHpimiL, 2 TiepeMerHble u = {ul, ..., u™) — 3asucumoimi (Oupepen-
YUAABHBIMIL) NEePEMEHHbIMU.

Torna npeo6pasoBaHyf, KOTODHE ONPEAeNAIT OJHONAPAMEeTPHYECKYIO
rpynny G, MoxeM 3anucaTth B BuOe

= f(xa U, a)a f’a=0= I,

7= g(x,ua), g,_,=u (1.46)
Beenem B paccMoTpeHHe ellle ¥ AOIOJHUTENbHbIE TePeMeHHEE

[

v={ufla=1...,m; i=1,...,n}, u?‘zai.

1 Oxt

¥ 3a0aA¥M UX IpeoBpasoBaHue
W= R e),  AE| o=l (147)
Ou®(z)
Tax, yTo6bl dopmynb (1.47) u npeofpaszoBaHKA [IPOU3BOAHLIX o
z

B pesysibTaTe 3aMeHbl nepeMeHHBIX {1.46), GblAM COINACOBAHBI C pPaBeH-

CTBaMK
_ Ou(x)

ox

1J151 TIPOM3BOJIBHOM QYHKIMHK u® = u®(xz).

ug

(1.48)
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Atum yenoereM mnpeodpasoBanus (1.47) ogHO3HAYHO OMNpeAesANTCA
a8 Kaxpoi rpynnsl G, u B pesyibTaTe Mbl IIPUXOAMM K OJHOIIApa-
MeTpHUYeCcKo IpyIine Cl?l npeofpasopanuit (1.46), (1.47) B mpocTpaHcTze
RN+rm — ‘1/' =V x llf, rae [1} = (1{), TO €CTb B IIPOCTDPAHCTBE ‘{ =
= @mwy).

[peoBpaszosanus {1.46) HasbiBAWT MouetHbIMU (AOKAALHBIMUL) NPEOD-

pazosarnuamu, (1.47) — npodoaxceruem (TepBEIM) 5THX JOKAAbHBEIX [Ipe-
06pa30BAHUH, TPy 61?1 — nepsovim npodoancenuem rpynms G, a npo-

CTPAHCTRO ll/' — nepsbim npodoanceruem pocTpaHcTea V.
[Mpononxkenus Gosnee BHICOKOTO ITOPSAKA OCYILECTBAANTCA MyTeM OIl-

pejeneHys AedcTBYA rpynmbl Gl Ha repeMeHHBIE U, u, . .., TAE
12
(24 . ; ; —_—
u= {uii,...,is a=1...,m; i1,...,2s = 1,...,n} .
epeMeHHble X, U, U, ... CUUTAITCA anredpanyecKy He3aBHCHMBIMH, HO
n bl bl 1) 6

CBA3AHHBIMY AxddepeHLralbHEMH COOTHOEHUAMY
uf = D;(u®), uy = D;(u$) = D;Di(u®), ..., (1.49)

rie

o 0 (1.50)

o
D, = o _Y
i + u; +u’38u;"

oxt ou®

— orepaTop MOJHOTO A¥dQepeHIPOBAHYA TI0 repeMeHHOH ¢ OTMeTHM,

uTo A5 npoussoanol {1.50) TepmuH “nonHasn” IporsBoAHas yrnoTpedaserT-
&

sl 1715 TOro, 4ToOH oTryath Diu® oT “yacTHOR” NIPOXU3BOAHOMN u = E;“i .
T

Uz dopmyn (1.49), (1.50) BriTeKaeT BHITONHEHYE YCIOBUA CUMMETPUY-

HOCTH ug; = uj; U T.A.
JleficTBue omepatopa D); “o6priBaeTcs”, ecay AeiCTBOBaTh UM Ha QyH-
KLY KOHEYHOTO Hafopa NMepeMeHHbIX &, u, Y, .o 2 TIOSTOMY KODDEKTHO

OMpefiesleH0 Ha MHOXeCTBe BCeX TMAAKKX (GYHKUKH NDOU3BOJLHOIO KO-
HEYHOro Hafopa YKA3aHHBIX NepeMeHHBbIX. Bysem cunTaTh 3TH QYHKUKK
AHANUTHYECKUMHU.

Xopolo 1sBecTHO, 4TO AaHHas raajkas Gpyskuus f(x)=f(z},...,2")
7 HE3aBHCUMbIX [lepeMeHHBIX HMeeT

(n+k—Dn+k—2)n
k!
Pa3HBIX YaCTHBIX ITPOU3BOJHBIX k-TO ropsaxa.

e = Cg_Hc_l =
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[lycTs mpocTpascTso ‘;{ =Vx llfx---xlpf, roe lsf = (131,) (s=1,...,p).

Torna V' — eBKAMA0BO NIPOCTPAHCTBO Pa3MepPHOCTH
D

ntm(len+...+n,) =n+mn® b= Cg"‘P. (1.51)

nOCTpOGHHOG TaKHUM 06pa30M TIPOCTPAHCTBO V HashiBaeTcs p-M Npo-
P

doadceruen TIpoCTpaHcTRA V.
Kax npumep paccmoTtpum cayuail, xorma n = 3, m = 1, p = 2.
Torna, 8 cootseTcTBHM ¢ (1.51), dimiQ/ = 13. B camom pene, 30ech X =

= R® umeer xoopanzats (z!,22,2%) = (z,y,2), a U = R! — omay
KOODAMHATY 4. [103TOMY MpOCTDaHCTBO [11 13oMopdHO TpocTpaHcTRy R®
C KOODIUHATAMY (Usp, Uy, U,), & IPOCTPAHCTEO U — npocTparcTay RS ¢

KOODIVHATAMHU (Ugz, Uzy, Urz, Uyy, Uyz, Yz2 ). OTCIONA CAENYET, YTO BTOPEIM
TIPOI0/I2KEeHHeM TIPOCTDAHCTBA V' AB/sAeTCA TPUHAALATUMEPHOE €BKJINI0BO
TIPOCTPAHCTRO XQ/ C KOODAWHATAMH

(:ZI, Y, 2, U, Uy, Uy, Uz, Uge, Ugy, Uzz; Uyy, Uyz, uzz)-

Ilna ompenenenus p-20 (p > 1) npodoaxenus rpynnbt Gl HyxHO
3a]aTh IpeobpazoBarye IePeMEHHbIX u
D

Uy, iy (1.52)

= = h® &« =
uil,...,ip - hu ooty (QZ, U, 111'3 ey %a a)a hu ooty |a=0

TaK, uto6bl dopmyas {1.52) 1 npeo6pasosaHus IPOU3BOAHBIX

Pu*(x)
Bzt ... Bzt

B pe3ynbTaTe 3amMeHH TNepemeHHHX (1.46), 6BIM COTIACOBAHHBIMU C Da-
BEHCTBAMHU

o OPu(x)
us

Heols T gut | Ot
IJ1S TIPOM3BOAbHOR QyHKUMK u® = u®(z). DTUM yCI0BMeM Ipeofpasosa-

gusa (1.52) onHo3HaUHO ONpeenATCA AAS Kaxao# rpynne G, u 3 pe-
3yAbTaTe Mbl TIDUXOAMM K OAHONapameTpuueckod rpynne G'! mpeopaso-
P

sanuit {1.46), (1.47), {(1.52) 3 npocrpancTse ‘;{ = {z,u, U .,g,).
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B nanpHefitiem HaMm NOTpeSYIOTCH NMPONOIMKEEUA He caMUX Npeobpa-
3oanuil (1.46), a UHQUHKTe3sUMAaIbHOrO OTlepaTopa rpymmk G, KoTopyio
nopoxaalT npeobpaszosanus (1.46).

3anyiem YHQYHATE3UMaNbHEEH onepatop rpynns Gl B Buae

; o o
v:&’(m,u)g -I-na(x,u)w, (153)
rae © = 1, ey = 1, «..; M, 1O MMOBTOPAKNIIYMCA HHIACKCAM IIpearo-

JaraeTcs CYMMHUPOBAHYe B NpefiesaX UX U3MEeHeHHS, ¥, B COOTBETCTBHHU C
dopmyaoi (1.7),

_of o«_ 99°
- da a=0, - da a=0'

¢ (1.54)

O6bunble QOPM YIB! 32MEEB! [TepeMEeHHbIX COXPAHAIT AU depeHInab-
Hble cooTHowwexns (1.49). dtu QopMynbl MOXKHO noayunTh Tak. Bo Bpems
repexona oT “cTaphiX” HE3aBUCHMbIX IePEMEHHbIX x* K “HoBbIM” repeMeH-
HbIM Z° 110 opmyaam (1.46) auddepeHLPoBaHYA TT0 “cT2phiM” U “HOBHIM”
TlepeMeHHBIM CBSI3aHB! PaBeHCTBAMU

D= Di(fj)D]—.. (1.55)
[Tpu sTom yaorneTBopsawTes cooTHoweHus {1.49) B “HoBLIX” nepeMeEHbIX:
ﬂ? = D;(u"), ﬁ% = D;(ﬁ?) = D;D;(ﬂa), e {1.56)

B (1.55), (1.56) u nanee Ml UcTONb3YeM 0603HAYEHUE
fz(fla"‘3fn)a 92(91,...,gm), az—zi

D0

i
ot

9

ou”

U e U

Tenepr npopuddepernrpyem obe yacTy BToporo pasexctsa {1.46), uc-
nonb3ya cooTrowwenus (1.55) u (1.56):

Di(g®) = Di(£)D5(3®) = w2 Di( £7).

OTciona crieayeT, 4To B pes3yabTaTe JOKaJIbHBIX NpeobpaszoBaHuit (1.46)
3aMeHa MNepBEIX IIPOM3BOAHBIX OllpellesieTcs QOpMyJIoi

wZDi(f7) = Dilg™), (1.57)
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uny, Gosee 110apodHO,

oft  s0f1 N\ _,_ 0g% 30g%
— tu —— | Uz = -+ u; —.
(81:’ o) 7 axt b ouP

3ameTnM, uto U3 (1.57), B 4acTHOCTH, HAXOAATCA 3HAUEHHA ‘l_l.? Kak QyH-
KUMH TePEMEREbIX &, U, % ¥ TapaMeTpa a 1A A0CTATOUHO MalbiX 3Haue-

HUE a.
31ech XKe ML, IIOCKOMbKY /A AaibHeHled paGoTh HaM HeoOXOAUME!
HHQUHNTe3UMAaAbHble 0NIepaTOPhl IPOA0AXKEHHBIX DY Cl;'l {npodonrsicer-

Hble onepamopst 2pynn G1), samvmem nponoaxesue onepatopa v {1.53)
Ha TIepBble NIPOK3BOIHBIE B BHIE

- a 0
V=V o (1.58)

2

¥ HafJem QOpPMYAY I OIpelesleHs NOIIOJNHUTEIbHBX KOOPAUHAT

. 0
i

a=0'

Has srtoro mpoauddepeHuupyeM oe uacTH paBexcTBa (1.57) mo mapa-
MeTpy a B Touke a = (. YuyuThBas Ja/iee IepecTAHOBOYHOCTb Andde-

pexurpoBasuil D; u %, pasencTBa {1.54) 1 HayanbHHe ycaosusa (1.46),
uMeeM

Di(n®) = ¢5Ds(a?) + ug Ds(¢7) = §68] +uSDi(¢Y),

rie

L =g,
%_{Qi#j

— cumBoa Kponexepa.
OTcrona 1 cneayeT uckoMas Qopmysa

o = Di(n®) —uF Di(¢7). (1.59)

®Qopmyna (1.59) noxaspizaeT, YTO 448 TOCTPOEHHS IIPOAOIKEHHOI'O
onepatopa (1.58) HyXHO 3HATb UL XKOOPAMHATH &' ¥ n® HAUaAbHOTO
oIepaTopa v.
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[TycTs Tenepn

_ a_ 0O
Y=V 4l g (1.60)

Haitnenm Qopmyny ans onpesenesus AOMOJHUTEIbHEBIX KOOPAXHAT

(pijz 30, a=0

BO BTOPOM IIPOAO/IKEHUH OIIepaTopa V.
YunuThiBadA, YTO UMeeT MecTo pasercTeo {1.55), TO ecThb

Dy, = Di(f)Dy,
M BC/eACTBHE 3TOrO

Dk[ﬂ?Di ()] = ﬂ%Dk(fl)Di () + u_?Dsz' (#7),
npoau@deperuupyem pasexHcTBo {1.57):

DyDi(¢%) = w5 Dx(f)Ds(f7) + a5 DrDi(f7). (1.61)

7

Hanee, nuddepesuypyem nosyuertoe pasexcTso (1.61) no nmapameTpy a
B Touke a = 0. Y4YHTHBasA MepeCcTaHOBOYHOCTh AM(PdepeHUrpoBanui D;

)54 g—a, paBencTBa (1.54) u HauanbHbe yeaorus (1.46), umeem

Dr(n®) = 95Dk (") Di(a? ) + u§y[Di(6)Ds (27) + Di(&7) Dr (') +
+ 02 DiDi(@?) + uZ Dy Dy (&),

Orcona, nockoabky D;(z?) = 5{ U nMeeT MecTo pasexcTso (1.59), cie-
ayeT BcKoMas Gopmyna

©5 = Di(eF) — ufi Di(e),
WY, B COOTBETCTBHH ¢ 0603HAUEHUAMH HHAEeKCOB B paBexcTee (1.60),
¢5 = Dilef) — uiD; (€5). (1.62)

nOCTpOCHHe NPOOOJAXKEHNA ollepaTopa v IPOU3BOJIbHOIO ITOPAILKA OCY-
I1eCTBJdAETCd aHAJOTMHHO. HOCKOJ]be 3Ta IIpoueaypa Tpe6yeT JOBOJIbBHO
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06HeMHOTO H3JI0XKeHU s, 34eCh MblL IDUBOAMM KOHeUHY10 QopMyay, KoTopas
oTpefesisieT TIPOU3BOJIbHOE p-€ IPOJOJIKEHUEe OllepaTopa Vv:

o
— x v
Y=t T -
rae ’
@Z,...,z‘p = Dip (@g,,.,i},_i) - U?,il,...,ip_iDip (&%) (1.64)

OGopmyan {1.63), (1.64) NoKa3bIBAWT, YTO AJA MOCTPOEHHA P-TO IIPOAO.I-
KeHHS 0TlepaTopa v HEOGXOAMMO 3HATh €To (p — 1}-e TIpofo/IKeHue.

3aBepluas pacCMOTPeHKe OMepaliy MPOACMKEHHS, OCTAHOBHMCS Ha MpUMe-
pe MOCTPOEHHS BTOPOTO MPOJOJKEHHSA OepaTopa v, ONPefeleHHOr0 B IpOCTpat-
ctee V,rne X =R?, U = RL

[MonoxuM X = ({t,z), U = (u), Torna

v=rT1(tz,u)0 + £(t, 2, u)0: + n(t,z,u)0y,

H BTOpPO€ NMPOAO/KEHHE OllepaTopa v HIIeM B BHAE

T o 8 8
Y=Vt e T O e Y G T s T B

(1.65)

B namux o6o3nauennax omepaTop moJHoro Anddepennuposanns (1.50) copnagaer
¢ OAHHM M3 TAKHX [BYX OMepaTOpOE:

_0 0 0 o ..
De= gy tugy tung,, Tueg, T

_ 0 ) 0 0 ...
Dy = bz +Uxa +UthUt+‘on:cau$+

[Tostomy dopmyasl (1.59), (1.62) nng onpefeseHns LONONHHTENBHEX KOOPAKHAT
5 onepatope ¥ (1.65) npuoGpertaloT Takol BHA:
@ = De(n) — weDe(7) — ua De(€),
¢° =Dz (n) —utDa (1) — ua Dz (&),
* = Di(¢") — weeDe (1) — uta De(£),
® = De(p") — wst Do (1) — ueeDa(8),
9" = Do(¢”) — wtaDa(7) — uee Da(§).
[Mockoasky aas npoussodsHoll Gyukuny f = f(t,z,u)

Dt(f) = fi + uefu, Dx(f) = fo + ug fu,

TO
O = 4 (e — ) — Usbt — UsTu — UtUzbu, (1.66)

O =N — wtTo + e (M — €a) — Wt Tu — Uk (1.67)
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Haitnem nasee Dy("):

Di(¢") = Di(ne) + Difut(nu — )] — Di[uckt] — Difufru] — De[wiuatu] =
= My + Wit + et (M — 7o) + Ut (e + WeHuw — Ter — Ut Trw) — Ut Er—
— ug (&t + usbn) — 2usust Ty — uf (Ttw + Ut Tun) — Uz Utt&u—
— UtUte by — UtUs (Etu + U!Euu)«

B coOTBETCTRBEE C MOCAEAHEM MoJiydaeM, 4To
t

® = et + Ut [Qntu - Ttt] - uccEtt + uf [nuu - QTtu] - QUtUIEtu_
- ufuzgu.u - utSTuu + utt['f]u - QTt] - QUmEt—

— 3w ug T — UgUge & — 2us Ut (1.68)

AHaJCTHEEC HAXOMEM ¥ 3HaueHus ', ¢

0" = e + ut[ow — Tra] + Ue [Nru — Eta] — Ul Tout

+ e [Muw — Tew — Eou] — Ubte — Ul U Tuy — WulEuu—
— Upt Te + Uta [T — Tt — 2| — Uzt — Utloobu—
— QU Uty Ty — UpUst Ty — 2Uz Utz lu, (1.69)
O = New — WTae + Yo Mou — Eza] — 2UtlaTou + UL [Tuu — 2eu]—
— WS Tuy — Unbuu — taTe + Usa [Ny — 26a]—
— Utthee Ty — 2UgUte Ty — SUpUzzbu. (1.70

CrejoBaTeqIbHO, BTOPOE MPOJC/IXeHHe omeparcpa v umeer Bxj (1.63), rae nomoa-
HUTe/bHbE KOODAMHATH BhIUKCAAWTCS 0 dopmynam (1.66)—(1.70).

1.2.3. Onpepeasiiomue ypaBHeHusl. IIpumepsl BHIUUCJICHHUS
CHMMETPHH ypdBHEHHH

[Tepeiinem Terepb K pacCMOTPEHUI 3324l OTHICKAHUSA TPYIIIH Toded-
HBIX Tpeo6pa3oBaHUi, KOTOPYI JOMYyCKaeT AaHHaA cucTeMa AHQQepeH-
1[Ma/JbHEIX YDABHEHWH B YaCTHBIX IIPOU3BOAHBIX (MM 3a]a491 BBIYUC/EHUSA
CUMMETPUH CHCTEMB! YDaBHeHUH).

[Tycte F' — ananuTH4eckas QYHKLIMA KOHEYHOTo Habopa IepeMeHHHIX
Ty Uy Uy Taxue QyHKIMU HasuBaWT Judgeperyuaionoimu QyrKyus-

mu. MakcumanbHbIE TOPAJOK p [IPOU3BOAHON, KOTOpas BXOJAUT B AUDOe-
PEHIUANbH Y QYHKLHIO

F=F(z,u,u,...,u),
1 p

Ha3HBAWT N0PAJKOM 3TOH QYHKLUU.
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[lycte, nanee, F — nuodeperuuansyan QyHKUMA N0opAaKa p. Ypas-
HeHUe

Flz,u,u,...,u)=0 (1.71)
1 P

OIIpeeNdaeT HEKOTOPYIO TIOBEPXHOCTDb B IIPOCTDAHCTBE V.
P

Hanpumep, nepenucas ypasuenue (1.36) B suge
Ut — AtUgy — Uz Inftus| =0, A#D0, (1.72)

Mbl BMAMM, 4YTO JeBad dacTh ypaBHenus (1.72) aBasercs AuddepexluabHOR
odyHKIUel mopanKa 2, a uMeHHO: ypaBHerue (1.72) (a sHayuT, u ypasHeHrHue (1.36))
3afaeT B IPOCTPAHCTBE 12{ HEKOTOPY IO MOBEPXHOCTS.

Ortmvertum, uTo B Buge (1.71) MOXKHO paccMaTpUBATh U IIPOU3BOBHYIO
cucreMy AMQ@epeHlMaNbHbIX YpaBHeHUH, cuuTas, 4to F — BeXTOp ¢
xomrioHenTamu F1, ..., F®, rie

Fs(x,u,1l¢,...,u)=0, (1.73)

¥ max{p1,p2,...,Pst = P
Janee 6ynenm paccnatpuBaTh ypasHexue (1.71) (a sHauuT, ¥ cuctemy
(1.73)) BmecTe co BceMH ero Axd@epeHLHaNbHEMU CJeICTBHAMU

Di;F =0, D;D;F=0,...,
KOTODBIC OIIPeneAAlT IIOBEDXHOCTH B IIPOCTPAHCTBE V, W TOBODHTDB, 4YTO
P

ypaszeHnue (1.71) sanaer mrozoobpasue [F) B nmpocrpanctse V, wan npo-
P

cTO: MHO2006pasUe [F.

Tak, HanpUMep, ypaBHeHHe
F=wu —uug =0, u=u(tz),

caMo onpenesseT MHOrooSpasue B IpocTpatcTBe V = (¢, ¢, u, ut, Us, Utt, Utz , Usa
o s Mg Uy Uty s s s s

[TOCKOJIbKY paCcCMOTpPEHHE YXe [IepBhX ero m(p(pepeHuuaanbe caencTBU i

DtF = Uttt — UlUtze — UtUzz = Oa

Do F = up — Ulgre — Uslze =0

BBIBOOMT Hac 3a [pefieJbl IPOCTPAHCTRA 1;'
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C D,pyl"Of/'I CTOPOHEL, CHCTEMA
Fl = Utt _uzuzx+u:0,
F2 = Ut — Uz = 0

B 3TOM e MPOCTpPaHCTBe 12/' ompefensieT MHOTOOGDa3He

FF=0 F=0 D=0 D,F;,=0,
TOCKOMBKY AHMOepeH lHalbHble CAeACTBHSA BTOPOrO ypaBHEH s
DiFy = uge — uiz = 0,
DzFQ = Uty — Uze = 0
TaKXe OIpelle 0T HEKOTOPBIR [TOBRPXHOCTH (BCJIQ,H,CTBHQ JHHEeHHOCTH yPaBHeHHﬁ,

FUIEPIVIOCKOCTH) B NMPOCTPAHCTBE 12/'

Jlaa Toro uToGH mepefiTM OT AUG@EPeHLHANBHOTO MHOT00Opasus K
TOHATYIO AU (ePeHIINANBHOTO YPABHEH U, HYKHO ONPeNeJUThCA, YTO MH
MOHUMaeM TOJ pellleHWeM ypaBHeHud. Hampumep, kJaccHYeCKHM pellle-
Huem ypaBHeHuA (l.7]) HasbBalOT NOCTATOUHO TMAAKYH QYHKUUD 4 =

oy 09%(F)

= () TaKyl, 4TO B pe3y/lbTaTe TIOACTAHOBKM QVHKUUH ¢ (z), —ant
P

., BMECTO BeJUUYMH u®,uf, ..., COOTBeTCTBeHHO, paBeHcTBO (1.71) BBI-

TOJIHAETCA TOXKJAECTBEHHO 110 x. BMeCTo K/acCHYeCKHX pelleHHH MOoX-
HO pacCMaTpUBaTh K o6oOlLleHHBe pellleHus. Bo BcAkoM ciyuae, NoHA-
THe N¥(depeHIIalbHOrO YPABHEHUA CONEPMKUT KaK COCTABKLIE 3J€MEHTH
audpepeHLanbHoe MHOT006pasre U ompefdenenye pelleHus. Korga mer
IPOBOAYM TIOCTPOEHHE TPYIIN, KOTOpble JONYCKalT JaHHble yDaBHEHUH,
TO KaK Obl 3a6bBaeM IPO UX PellleHUA U BOCIPUHKMAaeM 3T YDaBHEHUA
KaK Au¢@epeHIManbEble MHoroo6pasus. BenencTBre sToro Mbl MoxeM
paccmaTpuBaTh (1.71) unu (1.73) xax o6biunble (He nUd@epeHLIMaNbHEbE)
CHCTeMBl VDABHEHHH, OIpe/ie/leHHble B IIPOCTPAHCTBe V, U UCIOAb30BATD

UHOUHUTe3UMANbHBIH KpUTepul HHBAapHAHTHOCTY (Teopema 1.2).
CrenosaTenbHo, B IPOCTPaHCTBe V' paccMaTpHBaeM JIOKA/JAbEOE MHOIO-
p

ofpasve [F], xoTopoe 3alaHo CHCTeMofl OHddepeHLMaNbHbX YPaBHEHUH
B 4YaCTHBIX IIPOM3BOJAHBIX NMOPAIKA P!

Flz,u,u,...,u) =0, (1.74)
1 p

rae F'= (F1,..., FS). Tosopsar, uto cuctema (1.74) unsapuanmua oTHo-
cuTesibHO rpynmsl G'! npeo6pasosanutt (1.46), unu donyckaem 5Ty TPyI-
my, ecau MHOroo6pasue, sajaHHoe ypaBHeHueM (1.74), UHBapHaHTHO OT-
HOCHUTEJIbHO P-TO IIPONOJNKEHNA Cgl (1.52) rpynmm GL.
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UuduurtesumanbubM onepaTopoM rpyrnsl Gl GyneT omepaTop v
P P

(1.63), (1.64), monyueHHbI p-KpaTHHIM IIPOJ0IXKeHHeM ontepaTopa v {1.53).
C momoinblo Teopembl 1.2 ycTaHaBauBaeTcs KpUTepUM HMHBApHMAHTHOCTH
ypasrenuit (1.74) oTzocuTenbHo rpynnel G, yno6HbI# Ans mocTpoeHus
TPV, KOTOPYIO NOIIYCKaeT JAHHAA CHCTeMa ypaBHeHUH.

Teopema 1.6 ( [46]). Cucmema Jugpdeperyuanvhoix ypasgrenuil
(1.74) donyckaem epynny G' ¢ UHGDUHUMEIUMAALHLIM ONEPATNODOM V
moeda u moaAbKo moeda, Koeda 8uiNOAHSEeMCs YCAOBUE UHBAPUAHMHO-
cmu

VF|py=0. (1.75)

Kak cneayer 13 mpoBefeHHBIX pacCyXAeHWH, Npollecc GOPMUDOBAHUSA
YCJIOBUA HHBAPHAHTHOCTH COCTOMT U3 TpeX LIaros:

¢ TIOCTPOEHHE IIPOJOJXKEHHOT'O OlIepaTopa v;
p

e JeficTRMe NONYUYEHHBIM orlepaTopoM Ha GyHkuMu F=(F! ... F*®);
¢ nepexo] Ha MHorooGpasue [FJ.

Ha neprom 11are omnpenenseTcs o6muil BUA onlepaTopa v, TO €CTb BUA
KOMIIOHEHT BeKTopa (£, 7). 31eCh BAXKHBIM ABJIAETCA TO, 4TO QYHKUKH &, 7
ABJAIOTCA oToOpaxenuaMu V. — V| To eCTb KOMIIOHEHTH &, 1 ABJAKT-
cA QYHKUMAMY Jumb nepeMenusx (z,u) € V. [locne atoro, B cootBeT-
CTBUH C QopMynamu riponoskens {1.64), HaXOAATCA KOOPAVHATH &5, ;.
(1 € k € p} pooNIKEHHOTO OllepaTopa V.

Ha BTopom 1miare BLINONHAETCA AeHCTBHE IOJYYEHHBIM OIIepaTOpOM V

P

na ¢yskmn FY (1 < 1 < s). [lockonbKy orepaTop v ABASETCA CKANAPHLIM
P

arddepeHUaANbHBIM OIIEPATOPOM, TO UM MOXKHO JeHCTBOBATH Ha KaXIYI0
u3 dyuxuuit F! 8 otnenbrocTy. B pesynbTaTe HaxonaTcs HOBHE (QYHK-
e vEFY.
p
Ha tpethem 1mare, s mepexofia Ha MHoroo6pasue [F], mpoBomuTCs
BLIGOD TAaKWX § DPa3HHIX KoopiuHaT 81, ..., 6% BekTOopa U = (11;, <.y, 4TO
P p

OTHOCHTEJIHO WX YpaBHEHHsd, KOTOpble ONpelensiloT MHoroofpasue [F],
MOTYT 6HITh “anrefpauyecku” paspeliyMbMU. B pesynbrarte pelnenus “sa-
BHCKMble” KoopauHaTH & = (81, ..., °) onpenensoTca Yepes oCTa/lbHbE.
“CoBoaxble” KOODAWHATHE BEKTODA g COCTABJAIT Haop CKaNApoB p =

= (pl,..., p"), xonuuecTRO XOTOpHX k 32BUcUT oT [F)]. Tocse 3Toro
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nosyyeHEre BepaxeHus § = §(p) HYKHO MOACTABUTL B HallNeHHHE KHa
NpenbIAYILeM IIare QYHKUMK vEF' U peayabTaT IpUpaBHATh HY/IO.
P

CrepyomuM waroM B QOPMUPOBAHUN YCIOBHM WHBADUAHTHOCTH IB-
JsieTcs pacujenaenue ypasHerus {1.70) oTHocuTesbHO “cBOGOAHBIX” KO-
OPIVHAT p BEKTOpPa U, KOTOpHe ObLIM BBeNEHH Ha TpeTheM Iuare. s

P

5TOTO YUUTHIBAIOT, UTO Jieas yacTh (P) ypasnenus (1.75) BhcTynaeT Kak
(YHKLYSA He32BHCHMBIX EePEMEKHBIX &, %, p W NPOU3BOAKBIX KOOPAUHAT
BexTOopa (£,7), KOTOpble 3aBUCAT OT Z, u, HO He 3aBUCAT OT p. [lostomy
ycaosue (1.75), 3anucanHoe B BHze

Q(S)n)xiuip) = 0)

pacllenaseTcss ¥ MOPOMKIAET MHOXKECTBO YPaBHEHUH {Kampumep, IIpH Io-
Moy pasnomexrvs Qyexuvy ® 3a dopmyaoir Telnopa B xakoH-HHOYIDb
Touke po). Kak mpasuno, mis atoro BeIGHMpalOT Touky p = 0 ¥ B peayib-
TaTe pacllleIVIeHHUs [10/yYaloT MHOXEeCTBO YpaBHEHUH

®(§3n:z:u:0) =0:
ép(é.:n’z’u’()) =03
QPP(& 7, L5 Uy 0) = 0: (176)

¥Ypasuenusi {1.76) HasmBawT onpedersrowiumu ypasuerusmu. OHU
PacCMaTPUBAIOTCH KaK YPaBHEHHs] OTHOCUTENbHO HCKOMOTO BEKTOPHOTO
noss (€,7) Wy orepaTopa v.

OCHOBHOE CBOMCTBO OIIPEeAIIINX YPABHEHUH CleAYeT U3 KDUTEDHUA
MHBapUaHTHOCTH {TeopeMa 1.2): kaxod 6ut Hu Goiaa epynna G1(¢, n), ko-
mopyro donyckaem ypasrerue (1.74), ee kacamenvroe 8eKmMOpHOE NOALE
(&,m) yOosaemsopsem ypasrernuam (1.76). H naobopom, xaxdoe pe-
wernue (€,m) us kaacca Co (V) ypasrenuil (1.76) asasemca makum
BEKMOPHbILM NOAem, HMO coomeemcemsyrowan emy cpynna G (€, n) do-
nyckaemca ypasreruem {(1.74).

Omnpenensitomasn cuctema {1.76) nmeer emte pan czoicTs. Tax, BaXHBIM
CBOACTBOM 3TO! CHCTEMBL ABJAETCA TO, YTO BCE €TI0 YPABHEHWSA ABJAIOT-
CA AuHelHbiMU U 00HOPOOHbIMU INPDEDEHIVAIBEBIMU YPABHEHUAMY B
YACTHBIX [IPOM3BOAHKIX [I€PBOTO TOPAAKA OTHOCHTENbHO KOODIAMHAT UC-
KOMOTO BeKTopa (£,7). DTO CBOHCTBO BHTEKAET M3 TOTO, YTO €0 UMeeT
onepatop V. [ToaToMy MHOXKeCTBO pelleHUH OTpeNe/sIOINX YpaBHeHHH

COCTABJIACT HEKOTOPOE BEKTOPHOE [TPOCTPAHCTBO. ,U,.Hﬂ 0603Ha4eHUA 3TOTO
IIPOCTPAHCTBA 6y11€M ynOTpe6.HHTb cumBoa L.
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[TycTs £ ABAsETCS COBOKYIHOCTRIO TAKUX IpeobpasoBaunuit (f, g) npo-
CTpaHCTBA V, 4YTO Kaxjoe U3 HUX [pPHHANIEXKUT HEKOTOPOH TIpyIie
Gl(¢,n), xacatenbHoe BeKTOpHOe mosie (£,7) KOTOpoH sBAseTCS pele-
HueM us kaacca Cs ypaBHenuit (1.76). BeaencTere npeanayuiux npea-
noJIoXKeHUH Bee IpeobpasoBanus us § ponyckawTes cuctemoi (1.74). Hs-
BecTHO {cM., Banpumep, [46, § 5]), uto Korna cucrema {1.74) unpapranTHa
OTHOCHTENbHO Tpeobpasosanuil (£, g) 1 (f,§), To OHa UHBAPUAHTHA U OT-
HOCUTeIbHO uX Komnosuuux (f,g) o (f, ). [lostomy mia mobbix ABYX
npeo6paszosanuit (£, g}, (f,3) € Q ux xomnosuuusa (f,g) o (f,5) Taxxke
nonyckaeTcs cucTemoi (1.74).

B ofmem ciayyae HeT oCHOBaHHI YTBepXKIOaTb, YTO KOMIIO3UIUA
(f,9) o (f,9) npuHanexuT HekoTopoi rpynne G, KoTopyl HONycKaeT
cuctema (1.74), a mosToMy HeussecTEo, 6yneT au (f,g) o (£,3) € . Tem
He MeHee BCerJa MOXKHO CUUTATb MHOXeECTBO {) TakuM, UTo IIOpONJAaeT
(C MOMOLLbI0 KOMITIOSUILIMY) TPYIILY [IpeobpasoBaHuil, KOTOPYW OONYCKaeT
cuctema {1.74). Cneforare/bHO, BO3HUKAeT IPYIIA, KOTOPas pacCMaTpH-
BaeTCHA KaK KOHEUHO-TIOpOXJeHHAas MHOXecTBOM §) {To ecTb KamJbll ee
3JIeMEeHT SIBJIAETC KOMIIO3ULMell KOHeUHOro KOJIUIECTRA 3JIEMEeHTOB 13 §2).

OcrosHott epynnoil cucmemss ugpeperyuansroix ypasnenud (1.74)
HA3bIBAIOM 2PYANY AO0KAAGHLLX Apeobpasosarnul npocmpancmsaa V, Ko-
Mopas SBASEMCH KOHEHHO-NOPONOeHHbIM MHONecmaom ) npeobpaso-
ganutl, npunadiexcawux odHonapamempuieckum epynnam G, donyc-
Kaemotx cucmemoti (1.74).

B nanpxefinieM 3Ty rpynny Oynem ofo3HauaTbh cUMBoJoM G.

Oxa3bipaeTcs, YTO B BAXHHEIX [/Is1 PA3JMUHBIX [IPUIOKEHUH Ciydanx,
KOT/la IPOCTPaHCTBO L KOHeYHOMEPHO, UMeeT MeCTo coBrnafienue 2 = G.

PaccMoTpyM nanee psAAd NMPUMEPOB BBIUMCJEHUA TPYII CUMMeTpU
auddepeHUraNbHHX YPaBHeHNH, 31ech Mbl OIpaHUYMBaeMCsl pacCMOTpe-
HUEeM ypaBHEHU 3BONIOLHOHHOTO THIIA.

[Tpumep 1.4. PaccMOTpUM ypaBHeHWe TEMJONPOBONHOCTH AJsSI OJHOMEDHOrO
CTePKHS

Ut = Uza, (L.77)
Te KO3QUUHEHT AUPPY3HH MOJOKEH PABHBIM eIHHHUIE,
[Tepenucas ypasuerue (1.77) B BUZe
F=wu —uz =0,
BUAMM, UTO OHO ONpefefeT MOBEPXHOCTs (FHUIEPMIOCKOCTE) B IPOCTPaHCTRE 12/
rae V = (t,z,u). [losToMy 3neck omepaTop v MMeeT BUA

v=rT1(tz,u)b + £ z,u)0: + nlt,z,u)0.. (1.78)
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B cootBetcTBUE ¢ Teopemott 1.6 HaM Heo6XOIMMO 3HaTh BTODOE MPOAOJKEHHUE Y
omepatopa v (1.78), Kotopoe coBmagaer ¢ omepatopom (1.65).
Janee HaXomuM:
ITockosbKy ye mepBhe fuddepeHIPOBAHKSA
DiF = up — Utzz, D F = utz — Uzze

BEBOOAT HAC 3a NpefesEl MPOCTPAHCTBA 12/ T0 ycJoBue uHBapHaHTHocTH (1.75)
npuodpertaeT BUJ

— gomlut:umz 0. (1.79)

CrepnoBaTesbHO, 145 MOCTPOGHHUS CIpefeflomelf cHCTeMEl HaM HYXHO B [IPaBHX
yactax pasencTB (1.66), (1.70) saMeHUTE ut Ha ugz ¥ IOJYYeHHLe BHIPaXKeHHUS
MOACTABKTL B J€BYI uyacTh paBexcTBa (1.79). [IpuXonuM K paBeHCcTBY:

N — Nzz T Uz [Ezz - Et - 277::7.1] + ui [QE:cu - T)uu] + uiguu +
+ Uzz [T:c:c — Tt + 25::] + Utz[QTx] —+ Uz Utz [2Tu] +
+ Uzucc:c[QEu + QTzu] + uiu:c:c[Tuu] =0. (180)
KosddhUILKeHT b, KOTOPbIE CTOAT BO3Je PasAHUHEIX ONHOUYJEHOE YacTHELX Ipo-
M3BOLHEIX EPBOTO M BTOPOLO MOPALKA QYHKUMHK u, SBAATCH OYHKUHAMH Iepe-

MEeHHBIX ¢, T, u ¥ He 3aBHCAT OT IPOM3BCAHEIX. [losTeMy paeHcTBo (1.80) Gyrmer
BEIMOJIHATBCS TOTAA ¥ TOJBKO TOLAE, KOTAa 3TH KO3QQHUIHeHTE DaBHAKTCA HYJIO!

2
UzlUgz @ Tuu = 0,

Uglgg ¢ 26u + 2770 = 0,
Uglz @ 2Ty =0,

Utg : 274 =0,
Tea — Tt + 262 = 0,
ui ¢ & =0,
ul: 2o — fuu =0,

Ug ¢ €oo — &t — 2w =0,
1: n —17ge =0. (L.81)

[Tpouenypa pelenus ompepensdouux ypasHenutt (1.81) snemexrapza. B caMom

Iese, U3 TPETBErO M uUeTEEPTOrO ypaBHeHUH caefyeT, uTo T = 7(t), a MO3TOMY
BTOpOE ypaBHeHHe MpHOGpeTaeT BUA:

€. =0,
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10 ecTs & = £(t,x). Jlanee, mepBoe u wecToe ypapHeHns cuetemsl (1.81) mas
HaftleHHEIX 3HaueHU !t QYHKUHH T B & yIOBJAETBOPAIOTCH, @ OCTaJbHEE YDaBHEHHS
npuoSpeTaloT Takoft BUA:

Tt = 2£¢a Thu = 0, gcw - gt = 277a:u, Nt — Neaz = 0. (182)

Hs Broporc ypasHennsa cucremir (1.82) cienyer, uTo GYHKUHA 7 ABJAAeTCH
ArHeftHOH QyHKIMeH OTHOCHTENEHO [epeMeHHoH u

n=alt,z)u+t Bt ),
2 U3 [epBOrO ypaBHeHHS NOJYHaeM, uTo
£= %Tﬂ + ().

[TomcranoBKa MONYUYeHHBIX 3HAueHU 1 H £ B TpeThe ¥ UeTBEPTOe ypaBHEHHe
(1.82) mpHBOMHT K TaKMM DaBeHCTBaM:!

—%Tuﬂi — vt = 204, (1.83)
(at - azz)“‘l’ ﬂt bl ﬂzm =0 (184)

[Mockonsky T = 7(t), v = (t), To u3 paBeHcTsa (1.83) caenyer, uTo & — HYHKUES
He GoJee ueM BTOPOTC IOpAfKa IO

a= —%Tul‘z - %%x + 8(t).

[Mockonsky B (1.84) @ u B He 3aBUCAT OT MepeMeHHOH w, To paBeHcTBO (1.84)
IKBHEEJIEHTHO TAKHUM [BYM:

ot — 0zz = 0, (1.85)
Bt — Bze = 0. (1.86)
[MoncraBass Hafinexuoe snauenne o B (1.85) u yunthiBas, uto 7 = 7(t), v =

= ~(t), 8 = 6(t), npuxoNHM K YpaBHEHUAM

Tt =0, Yt =0, &= —%Tn,

OTKyﬂa cnenye‘r, 4To
F=Cit? + Cot+ Ca, ~v=Cat+Cs, 8= —%Clt—l— Cs,

rae Ci,...,Cs — IPOH3BOJIBHEIE MOCTOSHHEE KHTRIPHPOBAHHS.
B cooTBeTCTBUE ¢ 3THM [OJyYaeM, UTC pelleHuaMH cucTeMel (1.81) ABasioTcs
QYHKIUH

T = Clt2 + Cht+ Cg,
£=Citz + %czx 4 Cut + Cs,

n= _%Cl (= +2t)u— %C’4xu + Csu + B(t,x),

rae B — MpOH3BOJBHOE pellleHHe YpaBHEeHHs TemaonpoBofgHocTH (1.86).
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Orcrona cJleflyeT, 4TO MPOCTPAHCTBO L cocraBagoT Takue BEeKTOpHBIE [OJIA
(HJIH, 4TO TO XKe caMoe, HH@HHHTGSHM&JIBHB[Q onepaTopbl):

vy = 480, + 4tz — (2° + 2t) udy,
v = 2t0: + z 6z,

vy = O,

Vg = 280z — zuby,

vs = Oq,

Ve = uby,

Voo = B(t,2)0u, Bt = Paa.

O603HAUCHHSA Voo YIOTDEGAAOT A5 TOTO, HTOCH MOLHEDKHYTD HalKUKe 6eCKOHeU-
HOTO MHOXKECTBa OMepaToPOB CHMMeTDKY. B TakoM cayuae ellle TOBODST: ONepaTop
MOPOXKTAeT BECKOKEYHONAPAMEMPULECKYIO ZDYRNY URBQPUARMAHOCTU, KM 6ec-
KOHeUHOMEPRY0 arzebpy cummempuu ypaBrenus (1.77).

[Mpumep 1.5. Bosepatumcs K ypasseHuto (1.36) u fagum OTBET Ha NepBHLH
M3 MOCTaBJACHHBIX B KOHIE NyHKTa l.2.1 BOmpocos.

3nech, Kak ¥ B npumepe l.4, ypaBHenue (1.36) omnpefe/sieT NOBEPXHOCTb B
MpOCTpaHCTBe 12{', rgze V = (t,z,u). [TosTomy omeparop v umeer Bux (1.78),
a ycJoBHe HHBapHAaHTHOCTH COBMajaeT C TaKUM DaBeHCTBOM:

@ — X™® — ATuge — @ [In [tug| + 1] — t_luﬂl[p]z 0,

rfle YClOBKe Tepexoda Ha MHOroo6pasue [F| O3HayaeT saMeHY B BHDaXeHHSX
(1.66), (1.67), (1.70) u¢ Ha Atuze + ue In|tuc|.

BHIOJHZE Z0BOMBHO TPOMO3ZKHe IpectpasoBaHusi K MPoBels “paciielenye”
MOy YEHHOTO PABEHCTBA, IPHXOLHM K OIpeleNsiollHM ypaBHeHHAM, KOTODHIE 3[eCh
H&HEl yXe B NpHBEeHHOM BHJE:

(8) To=Tu=2XtEy = €y =Nz =1 = 0
(B) Atnue =0, &=

() &+t ir — Atlge + 10 — & = 0;

(d) A2tz —7—tn]=0.

3aMeTHM, uTO, TOBOPS O NpUBeJleHHOM BHMe ypasHeHult (a)—(d), Ml mpegmnoJa-

raeM HeKOTODble NpefiBapUTe/bHbe YIPOILIeHKSA NOAYUYEHHH X YPaBHEHHH, KAK-TO:

HCKJIOUEeHHe U3 ypaBHeHHH NuddeperuuaNbEbX cAeNCcTBHA ypasHeHult (a).
[Tockombry A # 0, To U3 ypaBHeHHH (a) caefyer, uTo

r=7(t), £=£@1z), n=n),
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U3 ypaBHeHuit (b) — uto QyHKUMA 1 ABAAETCA NUHEHHOR OTHOCUTENBHO MepeMeH-
HOM u, @ QyHKUMA £ — NuHellHON QYHKUMell OTHOCUTENbHO MepeMeHHoR x:

n=Ciu+Cs, (1.87)
€ =mnz+alt), (1.83)

rae C1, C2 — Npou3BOJbHLIE [eficTBUTE bHbIE MOCTORHHbBE, & — MPOU3BOJbHAS
rafkas QyHKUHA MepeMeHHOH t.
[Topctanoska suauenusn € (1.88) B ypasuenue (d) mpuBOAMT K ypaBHEHUIO

tn —7=0,
OTKyaa caeflyeT, 4To
T=Cst, Ci€R (1.89)

Hakonel, noncrasins sHauenus n u & (1.87), (1.88) B (¢) u yuursizas (1.89),
MPUXOAUM K YPaBHEHU IO

ar = —Chy,
OTKyAd CJefyeT, uTo
a=-Cit+Cy, Cy4€eR.

B c0o0TBeTCTBUY ¢ MOJYUCHHBIMY 3HAUSHUAMY T Y , BUAUM, UTO pelleHHAMY
ypasHenuit (a)—(d) aasioTca QyHKUUH

T= Cgt,
§= Cg:l? - C1t+ 04,
n=Ciu+ Cs,

rae Ci, C2, Cs, C4 — NpOU3BOJbHEE felCTBUTENbHEIE TOCTOSHHELE.
Otciona caefyer, 4To MPoCTPaHCTBO L sABJsAETCA ueThpeXMepHLIM MpOCTpaH-
CTBOM H ero 6a3uc COCTABJSIOT TaKHe ueThlpe ollepaTopa:

Vi = t0y — uby,
vy = Oy,
vy = tO¢ + x0x,
vy = Oy
Herpynuo y6enutses (pewus aasa Kaxporo onepatopa vi (é =1,...,4) ypas-

uerue Jlu (1.7)), uTo onepaTop v ABJAfeTCs ofiepaTopom rpynnsl G mpeoGpasopa-
uutt (1.38), omepaTopsl v4 ¥ vz — omepaTopaMy MPYINEL CIBUIOB NPOCTPAaHCTBEH-
Hoft KoopAUHATH B QYHKIMH, 8 OnepaTop va — ONepaTopoM TPYIMsl OLHOPOAHBIX
pacTsxeHHl BpeMeHHO! U MPOCTPAHCTBEHHON KOODAUHAT, KOTOpble OBLIM NpHBe-
nensl B myukrte 1.2.1.

CnepoBaTesbHo, rpynna G, KoTopyw AonyckaeT ypasHeHue (1.36), comepXur
TOMBKO 3TH TpeoGpasoBanua. OTMeTUM, UTO B TAKMX CJyyadX FOBOPAT: ypaBHe-
Hue (1.36) donycraem wemsipexnapamMempuieckyto epyYnny UHBPUAHMHOCITIU.
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[Tpuvep 1.6. Hafinem cUMMeTpPHIO U3BECTHOTO B Pa3JHUYHBIX MPUJOKEHHX
ypaBHeHHs

Ut = Ugg + Ulg. (1.90)
Ypaguenue (1.90) etre HasulBalOT ypagHeruem Lwopeepca.
3necs, KaK # B MpeAbAYLLUX NpuMepaX, ypasHerue (1.90) onpepenser nosepx-

HOCTb B MIPOCTPaHCTBe 12/' rae V = {t, z,u), nostromy oneparop v umeer sua (1.78)
M YCJIOBHE HHBAaPHaHTHOCTH COBMafiaeT ¢ PaBeHCTBOM

4 fezed x _
¢ — ¢ —ue —up”| 5= 0,

TAe YCJOBHE Mepexofia Ha MHOrooO0pasHe O3HayaeT 3aMeHy 4. B BblpAaXKEHUAX
(1.66), (1.67), (1.70) Ha ugs + utg.

OcylecTBHB HeOOXONHMEIE NPe0Gpa3oBaHisl, IPHXOAKM K TaKUM ONMpefensio-
IIKM YpaBHEeHUAM (37€Ch MBI, KaK i BO BpeMsl pacCMOTpeHHs npumepa 1.4, nposo-
LHM MOJHOE HCCHAeOBaHMUe):

i =Moo —une = 0;
e 1 w(u—T)—&—n — 2Neut beet UTeo — u(u—Ex—uTz) = 0;

ui : - uz‘ru - U&u — Nuw + Qgccu + QUT:cu + U('Uf‘ru + gu) = Oy

3
Ug © UTuu + guu = 0,

Utz . 2T = 0
Upe : Nu — Tt —Nu+ 26 + Teo +uTs =G
Uglty © 2Ty = 0
UglUps © — 2Tu — Eu + 27w + uTy + 3y + ury = 0
Wlze 1 Tuw = 0;
uix: — Tu +7u=0.
YKe npenBapUTeNbHBIN aHanus 3TOM CHCTeMH MOKaswBaer, uto T = T(t),

€ = &(t,z). YuuThlBas 370 Y MPOBefs BOIMOXKHBIE YIPOLLEHHUS, fAaflee paccMaTpH-
BaeM TaKyl0 CHCTEMY:

(6) m=7(), §=£&02)

(B) 7 — Nea —une =0;

(c) um+E&+n+2ncu — ze —ubs =0;
(d) Tuw=0;

(e) m=2L.

[—[OCKOJ]be UMEKT MeCTO COOTHOWEHHUA (a), TO U3 (e) noJyuaem, 4To

E= %Tzl?-l-a(t). (1.91)
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U3 ypasHeHus (d) caenyer, 4To QYyHKUMA 7 — JUHeHHas 0O MepeMeHHOH wu:
n= ﬂ(ta I)u+7(tal‘)‘ (1.92)

[Topcrasub 3uauerue £ (1.91) u n (1.92) B ypaBHeHHe (c), NPUXOAKM K DaBeH-
CTBY

u (ﬁ+ %Tt) +7+ %m:c +a:+28: =0,
KOTOpOe paclajaeTcd Ha Ba ypaBHEHHS

8+ %Tﬁ =0, ~+ %Tu:v—{—at—{—Qﬁz =0.
Otcropa crenyer, 4To

ﬂ:—%Tg’ 7:—%7‘111‘—0”. (1.93)

Hakowew, monctasus 3xauenne n (1.92), rne 8 u vy umewor sun (1.93), B ypas-
Herye (b), IPIXOLUM K paBEHCTBY

1
— 5T —awe =0,

2
KOTODOe pacliafaeTcsd Ha ypaBHeHHA

Tttt = 0, Qi = 0
CaefoBaTeqBHO,
r=Cit* + Cot+ Cs, a=Cyt+ Cs,

M, B COOTBETCTBHH ¢ 3THM, DEIIeHHAMH ONPeeffKIIMX YpaBHeHHH ABJASKTCH
TaKKe QYHKUHKH:

T = C"it2 + Cht+ Ca,
£E=Citz + %CQ.’L‘ + Cat+ Cs,

n=—Citu— %C’gu — Ciz — Cy,

rge C1,Csq,...,Cs — IPOH3BOJIBHEIE NeHCTBUTE IbHEE TOCTOSHHLIE.
O1ciona caepyer, uto npocTpancTBo L naa ypasHeHus Broprepca (1.90) co-
CTaBJASIT ONepaTopsl
vy = £28, + txd, — (tu+ )0,
vo = 2t0: + x0p — uly,
V3 = 6,,
V4 = taz — au,

Vy = 81.
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3uauut, rpynna G aaa ypasHenus (1.90) aBisercs marunapaMeTpHueCKOl rpy-
Mot JIOKaJbHHX Mpec6pasoBaHHil.

3aBepluas naparpad, Mbl NpejsiaraeM YUTaTeJH CaMOCTOATENLHO pac-
CMOTpeTb HeCKOJBKO 33Jay.

1.2.4. TIpakTHKYM

3aganue 1.4. Hcnonbsys HHOUHHTe3HMAJBHBIE KPHTepHH HHBADHAHTHO-
ctd (1.75) u dopmyart (1.65)-(1.70), mocTpouTs rpymmsl npec6pasoBaHuil, Ko-
TOpHIe NONMYCKaloT TaKue ypaBHEHHS:

-4 -5 2
1) ue=u "uee —2u "ug;
2,
2) U = Ugo + Uy,
-2 -1
3) U= g Uge T Uz ;
2
4)  ut = Wugz + Up.

3ameTHM, UTO BTOpOe ypaBHEHHUE U3 CIIHCKa, KaK U ypaBHeHHe U3 mpuMepa 1.6,
HasblBAKT ypasuenuem Bropzepca (moduduuyuposannsim ypasreruem biopaep-
ca). Ecau npopucdepeHEpoBaTs €ro M0 = U NMOJOXKHUTh ¥ = Ug, TO NMOJYYEHHOE
ypaBHeHHe GyleT HMeTh BUI

V¢ = Vg + 20Uz

Kostpduuyent 2 BosJe BTOPOrO CjaraeMoro B Npagof 4acTH [OJYYEHHOIO paBeH-
CTBa JIeKO CefaTh paBHHIM 1 (HalpuMep, MOJOXHUTL v — %v).

[MocnenHee ypaBHeHue U3 CIHCKa — TaKXKe H3BECTHOE B MPHJOXKEHUAX ypaB-
nenue. OHO BOSHHKAET B PasJMUHBIX 3a/auaX TEODHU HeJHHeHHOH (HJILTpaLu,
U ero HashBalT ypasgueruem byccunecka [56].

3amanme 1.5. [lycte mpoctparctso V = X x U rtakoe, uto X = R® =
= {t,z,9), U =R' = {u). lna onepatopa v, ONpefeJeHHOT0 B MPOCTpancTse V:

V= T(t; LY, u>8t + &-1 (t’ LY, u>8® + 52 (t5 T, Y, 'U')ay + 77('5, T, Y, u>6u’
BTOpPO€ NPOAOJIXKEHHE HMeeT BHA
y=v + %taut + ¢ O + <Py8uy + 9"”61422 + <Pm8utx + <Pty8uzy +

+ ¢ 0y + 9" Oy + 970y, -

Halitu sHauenue KoopauHaT @', ¢°F, @¥Y B omepaTope ¥
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3aMeTHM, UTO

gat = Dt('l’]) — UtDt (7') - uth (gl) - ’U,yDt (52),
= Dt(gat) — 'u.zth (7') - Utth (51) - utyDt (52);

roe

Dy _i+utai+uttaa +sza +Utyaay+

3anganme 1.6. Hcnoabsys HaftneHHble B 3afauny 1.5 ¢opmyJae Npofo/XKeHHH,
MOCTPOKTH [PYIIEl Tpeo6pa3oBaluil, KOTOpble AOMYCKAIOT TaKHe ypaBHEHHS (3MeCh

u=u(t,z,y)):

—_

Utt — Uge — Uyy = € ]

2 2 2
U —uz —uy =1

LW N

)
)
) Utt — Uze — Uyy = Siny;
)

4) Ui = Uge T Uyy.

3ameTuM, 4TO epBOe K TPeThe YpaBHEHWS H3 3TOIO CIHCKA Ha3bBaloT ABYX-
MepHbIME ypaBHeHusAMd JluyBuaas i JlajaMGepa COOTBETCTBEHHC, BTOpOe ypas-
HeHHe — peNATHBHCTCKHM [BYXMEDHBIM aHaJoOrOM ypaBHeHHs [aMuJBTOHA, a Io-
cJeflHee ypaBHeHHe — 3TO JHHeHHOe ypaBHEHHE TellJIONPOBOAHOCTH.

3apanue 1.7. [TocTpouTs IpyNObl NIpeofpa3oBaHull, KOTOPHE IOMYCKaeT ypas-
nenue Kopmeseza-de Ppusa

Ut + Ugze T Uz = 0.

Tlpy paccMOTpeHHH 3TOH 3a[aud HEOGXOLHMO OCYIIECTEHTh MOCTPOSHHE
@ = Do(9") — ueetDa(T) = aae Da (€)

nas omepatropa v (1.78), HcmoJb30BaB yxe u3BecTHY dopmyay (1.70).

1.3. Aare6pel JIlu oneparopoB CHUMMETpPHH
auddepeHuaIbHbIX YPABHEHUH

B npenbinyuiem maparpade 6bi1 paccmoTpeH MeTon JIu-OBCAHHEKOBA
(VHQUHUTE3UMANBHEIE MeTON) WCC/AeNOBAHMA CHUMMETPUIHBIX CBOHCTB
YpaBHEHHH B YACTHBIX [IPOM3BOAHBIX. OKa3a/l0Cb, UYTO CHMMETPUIHBIE
CBOHCTBA PACCMOTPEHHbIX YDABHEHMH [OJHOCTBIO OTPeleNAloTCs HEKO-
TOPHM HaBopoM MHGWHUTESUMANBLHHX ONepaTOpOB, KOTOpHE NONYCKAKT
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JNaHHblEe YypaBHEHUA. [akxKe OblIO OTMeueHO, UTO TaKHe OIEpaTOPH CO-
CTaBAAKT Gasuc NuHeHHHIX mpocTpaHcTB. B aTom maparpade Mul 6yaem
U3y4aTh CTPYKTYPY TAKUX NpocTpaHcTs {anredp Jlu onepaTopoB cuMMeT-
PHH), a TaKXe OCTAHOBUMCSH HA HEOOXOIMMBIX B JaJbHEHIINX HCCJeJ0Ba-
HUAX CBeIEHHAX U3 TeOpHK aB6CTPAKTHHIX Ipynn U aare6p Jlu.

HanoxeHue HauvHaeM U3 paccMOTpeHUs IpUMepa ypaBHeHus Bioprep-
ca.

1.3.1. IpeapaputeapHoe O0CYXKACHHE HA NPUMEPE YpaBHEHHS
Broprepca

Paccmartpupas npuMep 1.6, MH monyuuay, uto Gasuc npocTpaHcTsa L
s ypasHenus Broprepca (1.90) cocraraswoT onepatopn {ana yao6cTea
H3MI0XKeHUs1 OHU pasMelleHkl B HECKOJNBKO MHOM ITODPAAKE):

V1 = Bt, Vo = 3$, V3 = tBT_ — E)u,
Vg = 2t0; + 205 — Uy,
vs = t20; + tad, — (tu + x)0, (1.94)

OTpejieNieHHble B ripocTpancTee V = (¢, z, u).

Jlas NOCTPOEHUA COOTBETCTBYIOIMX I[I0JYYEHHBIM OIEPaTOpaM OfHO-
[apaMeTPHUeCKUX TPy HYXKHO HaHTH pemenus sagau Komu (1.7) ons
Kaxjoro us ornepatopos (1.94), unu, xak elle ToBopAT, HaUTH 00pa3bL
mouku (t,z,u) € V 8 pesyssmame npeobpasosanus exp(a;v;), 20e a;
(t=1,...,5) — npoussgosvHsie NOCMOAHHbIE (NADAMEMDSL).

[lpozeast cOOTBETCTBYIOIIME BHUUCIEHYSA, IOAYUAEM, YTO

G% : (t+a1) Z, u);
Gé : (t, T + az, u);
Gy: (t, x +ast, u—az);

Gi:  {(te®™, ze®, ue™®);

1. ¢ z _
Gs : (l—ag,t’ ot ¥ a5(ut+x)>,

BosHrKaeT ecTecTBeHEBI BONPOC: Henb3sd MU O0GBEAMHHATh 3TH IIATH
onHonapaMeTpuueckux rpyrn Gl (i = 1,..., 5), XoTophle I0IycKaeT ypas-
zenue Bioprepca u xoTophe nopoxaalTes onepatopamyu (1.94), B o6mymw0
MHOTOIIapaMe TPHUECKY10 (B JaHHOM CJlydae IIATUIIapaMeTPUUECKYI0) TPYII-
ny?
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B nanbHeen npeo6pasoBanys, KoTopble nopoxaawT rpymnny G1, 6y-
Zem oBosHauaTh T, Tak, HampuMep,

To,: t=t+4+a, T=2, TU=u.

Bosbmem nBa npeo6paszoBanus T, U T,,. B pesyabTaTte mocienora-
TeJNbHOTo BhoNHeHUA T,, # Ty, NoayurM npeofpasoBaHue

To,To,: t=t, T=z+ast+as, u=u-—as,
KOTOpOe yIKe 3aBHCUT OT ABYX I[1apaMeTpoB as, as. OGo3Hauym yepes
a = (a3, ag) BEKTOP-NI2DAMETP C ABYMsl KOMIIOHEHTAMU W 3aIUIIEM ABYX-
napameTpryeckoe ceMmeiicTBo npeofpasopauuit Ty, Ty, kak {75}
Burosaxys nocsiefoBaTenbHo B2 NPeopasOBaHKA K3 ITOrO ceMei-

CTBa, KOTODHE OTBEYAKT 3HAUCHUAM a = (a3, ag) ¥ b = (bg, be), monyunm
npeoBpasopanne

E=t, i=x+(a3+bg)t+a2+bg, ﬁ=u—03—bg,

KOTOpOe CHOBA NIPHHAIIEXUT 5TOMYy XKe ceMelcTBy {T,} ¥ KoTopoe mo-
JAyyaeTcA Af 3HaueHUH napameTpa ¢ = (c3,C2) C KOMIOHEHTAMY ¢ =
= a3 + b3, c2 = az + by. CnenoBatenbHo, 31eCh UMEET MeCTO I'PYIIIOBas
ornepaLys

LI, = T(p(a,b); (195)
KOTOpasi OTpefie/ifAeTCsl BEKTOPHOH QyHKIMeH
wla,b) =a +b. (1.96)

MoxHo cenaTh BhIBOA, uTo ceMefictBo {7} nopoxnaer dgyxnapamem-
puueckyro epynny G = G2. TockonbKy QYHKLIYA @, KOTopas orpeaesseT
rpymnrnosoe cBoHcTBO, ABAAeTcH cuMMeTpuurol (¢(a,b) = ¢(b,a)), To 3Ta
rpyrma G2 Kommymamugna:

T =ToTs.

B nepBoM naparpade (1. 1.1.2) Sn10 nokasaHo, 4TO B OfHONIApaMeTPHU-
YecKoH rpyrie npon3soabHbf 3akon ymuoxexrnd (1.95) MoxHo npuBecTH
K Buay (1.96). CnenoratenbHo, ndas onHoIapaMeTpHUecKas Irpymia ecThb
KOMMYTAaTUBHas (WY, elile TOBOPAT, abesesasn). [ns ciydyas MHOTONIapa-
MeTpHYeCKUX TPYIII 3TO He BRIIOJIHsETCS.

[Iprvep HEXOMMYTATHBHOHM ABYXIapaMeTPHUYECKOH IPYINBl Mbl 1I0Y-
YKM, MOBTOPUB [IPOBEAEHEOE NOCTpoeHKe A npeobpasoBadul Ty,, T, .
Komnosuuns npeoSpazopannit T, 1 T,

Te,To, T=te?™ T =gxe™ tay, T=ue" %
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ABNIsieTCA AByXMapameTpuueckum cemeitcTeoM {T,} 13 a = (a4, ag). 3mech
PEe3y/BTAT M0CJIEI0BATENbHOTO BHITOJHEH s ABYX peobpasosanuit Ty n Ty
us cemetictea {1, } ompeneasertcs dpopmynamMu

t= teQ(a“"'b“), G = getaths 4 goebe 4 ba, U= ue~ %4 b4

U ABIAETCA TOXKJECTBEHHHIM BLITOJHEHHIO TpeThero npeoGpasosaHusa I,
13 5TOCO CeMeiiCTBa CO 3HaueHHeM MapameTpa ¢ = (cq, Co )

t=te?s T =zxe+cy, ©=ue

CrefoBaTe/IbHO, cq = ag + by, ¢o = aoe’® + by, u cemeiictso {7,} 06-
pasyeT AByXIapaMeTpuyecKylo rpynny G2, DTa rpynna HeKOMMYTaTHBHA,
TIOCKO/IBKY OIpefe/eHHoe BbIllle BhipaXeHue ais ¢ = (e, b) HecrMMeT-
PUYHO:

¢(a,b) # ¢(b,a).
Bosbmen panee npeofpaszoBanusa 1, u T,,. Ux xommnosuuus
TagTa1: f:t+a1, T=xz+ast+ajas, U=u-—ag

ABNAETCA ABYXMapameTpuyeckuM cemedictBoM {7} u3 a = (a1, as3). Pe-
3y/abTAT TIOC/€0BATEBHOTO BHIIONHEHUA ABYX Npeodpasosanuil T, u Ty
u3 cemeiictsa {1, } ompeneasertcs dpopmynaMu

t=t+ar+b1, Z=x+ (a3+bs)t+aias+aibs+bibs,

Jl71st Toro YTOGH! BBITIOJIHEHHE TPeTheTo IpeofpasoBanus 1, U3 AaHHOTO
cemefictsa {7, } IpHBeso K TOMY XKe Pe3yIbTaTy

t=t+c¢1, T=zxz+cst+cies, U=u—cs,
napameTp ¢ = (c1,¢3) JONKEH yAOBJETBOPATh PABEHCTBY
c1=a1 + bl, c3 =as + bg, ci1c3 = ajag + a1bs + bibs.

DTa mepeonpefeseHHaA CUCTEMA YPaBHEEUH OTHOCUTENIBHO ¢1, ¢3 ABJACT-
CA HeCOBMeCTHOH, KoTHa a U b pou3BoJbHbe. JleficTBUTeNbHO, TOACTAHOB-
Ka B MocJae/lHee yDaBHEHYE 3HAUEHUN ¢, ¢3 U3 IIeDBHX NBYX ypaBHeHHMH
TIDUBOMT K DABEHCTRY

a3b1 =0.
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CurenorartenbHo, nipeobpasopanua 1,,, Ty, He nopoxaalT rpynny. Ho
WX MOXHO BXJIOYHUTb B TpeXIlapaMeTpUyecKoe CeMeHCTBO NpeoBpasopa-
HUH, KOTOpoe NopoxAalT npeodpasoBausa Ty, , Ty,, Tu,. Herpynuo yoe-
IUThCA, UTO 3TH NpPeo6pa3oBaHuA TTopoxaalnT rpyrny G2, B camom nese,

T, To:Ta,: T=t+a1, T=z+ast+ajas+az, U=u-—a;s.

D10 TpexmnapaMerpuueckoe ceMeiicTBo {T,}, roe a = (a1, 03,02}, comep-
KUT npeobpasoBanue T,,7T,, Kak uacTHHE cayuall (ag = 0) u, Kpome
5TOr0, TTOPOXAaeT Tpynny G, OCKOMbKY ANA TIPOM3BENEHNA Npeobpaso-
Bauui TyT, U3 sToro cemeicTna

ToTo: t+ap+ b,
T =x+ (ag +b3)t +aias + arbs + bibg + ao + bo,
=u—a3—bg

8

=

cylecTByeT npeobpasoranue I, = 1,7,

T.: t=t+ec1, Z=x+cst+cres+ca, =u—cs
rle ¢ — BeKTOp C KOMIIOHEHTaMU

cit=ar+b, ca=ax+by—ashy, c¢3=az+ bs.

OueBUAHBIM ABAAETCA TO, 4TO 3fech ¢(a,b) # (b, o). CnenosatennHo,
rpyrma G2, opoxpeHHaA 0repaTopaMy Vi, Vg, V3, ABJIAETCA HEKOMMYTa-
THBHOH.

EcTecTBeHHO, HaKOHeL, BEACHUTh, OPOXKAAET AK IPYNNY NATHIADA-
MeTpU4ecKoe ceMeHCTRO [1peoSpasoBatutil, KOTOPOe COCTABMAIT Ipeobpa-
soBauua Ty, ,. .., Tq,, 1 Gosee IOAPOSHO OCTAHOBUTBCA Ha IIOHATHH MHO-
rornapaMeTpruecKoil IpyIbl JOKadbHhIX [peoBpa3zoBaHuil, KOTOPYI Ml
yxe $aKTHUECKH BBeJU B PACCMOTPEHKE.

Boo6lue, soxaseroll epynnoti HaskBaKT TONIOJIOTHYECKOE [IPOCTPAH-
cteo G, ecau B HeM CyLIeCTByeT sjeMeHT {eanHnua) e € G 1 Takue
oxpectrocTi U, V (rne V C U) anemenTa e, uto Ha U x U onpegenexo
oToGpaxerue (JoKkanbHaA rpynnoeas orepauus Ha U) oo U x U — U,
KOTOpO€e YIOB/JIETBODAET TAKKM VCJOBHUAM:

1) VoV CU;
2) (acbyoc=ao(boc) ans Bcex a,b,c € V;

3) eca=aoce=a and scex a € U;
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4) nns mo6oro a € V cymecTsyeT (06paTHbIN) anemedT o~ C U Tako#,
yTo @ 0~} :a_loaze;

5) oTobpaxenus (a, b) — a o b~! menpeprsHo Ha U x V.

Oxpectroctdt U ¥ V, XoTOpHE QUTYPUPYIOT B OLpEfe/]eHHH, He Olpe-
JeJNANTCA OfHO3HAYHO: BMecTo U M V MOXHO B3iTb COOTBETCTBYIOIINM
o6pasoM BHIGpaHHble MeHblIre oKpectHocT U/ C U, V/ C V. Dra npous-
BOJIBHOCTb B OTIpefle/leHUH JIOKAJIbHOHN TpYINb ofecreynBaeT HeoOX0AHU-
MY B JOKa/JbHHX Npo6JeMaX BCeOSUIHOCTh BBOAUMOrO TOHATHA M pac-
wupsieT 06,1aCTb [PHMEHEHHH TeoPe TUKO-TPYIIIIOBBIX METOMOB.

3aMKHyTOe IoaMHOXecTBO H /oKanbHoi rpymns G, KOTopoe coep-
KUT equHully e € G, HasmiBaetcs nodepynnoil soxanbHo# rpymnsel G,
€CNIY OHO SBASETCS JIOKAJbHOM TPYIIION OTHOCKTEJIbHO JOKANBHOM IpyI-
nosolt omepauyu B8 G. Ecau npy sToM 06HAapyXuUTCS Takas OTKpLITAS
oxpecTHocTh U C G eauuuupl, uyTo o~ lba € H pns BCeX 3/€MeHTOB
a € UubeUnH, to H zasvBaeTcs ux8apuanmroi nodepynnot
rpynne G.

Ha mHoOXeCTBe JOKANbHBX TDYIIN BBOAUTCA OTHOLIEHHE SKBUBAJEHT-
HOCTH TIpY [IOMOIIM TMOHSITHS JIOKAJbHOTO M30MODPQH3MA, KOTOPHH ompe-
neasieTcs TakuM of6pasom. [lycts G u G/ — pBe JIOKanbEHX TPYIIH, €
U ¢ — uX efuMHMUH, a okpecTHocT! U, V u U’, V/ s/1eMeHTOB e U €/, CO0T-
BETCTBEHHO, BBIGPAHH TaK, UTOObl A/ HUX BBITONHAIUCH aKCHOMEL 1)-D).
MycTs, nanee, 8: U — U’ — taxoit roMmeomopdusm, uto (V) C V', u aas
BCeX a, b € V BrmoauseTcs ycnosue 9(a, b) = 8(a)d(b). Torna oTobpaxe-
Hue § Ha3bIBAETCH AOKAAbHbIM U3OMOPPUIMOM, 2 canu rpynnk G u G —
A0KAALHO u30mopPHbimu. O6paTHoe oToBpaxkenve 61 (WK, BOIMOXKHO,
€ro CyXeHUe Ha HeKOTOPYH OKPECTHOCTb 3jeMeHTa e’) TakiKe ABJAET-
CSl JIOKANBHBIM U30MOPGH3MOM. JIoKaMbHBEH 130MOPGOH3M YIOBJIETBOPSET
06bIUHBIM CBOCTBaM H3oMopdusma rpymr: d(e) = ¢/, 8(a~1) = (8(a))~!
s Jwboro a € V.

JlokanbHas rpynna G, B KOTOPOH BBEJEHH aHATHTHUECKHE KOODAKHA-
THl, HasbiBaeTcs A0KaAbHoi epynnold Jlu. Ecnu mpu aToM pasMepHOCTh
CUCTEMBI JIOKAJbHHX KOODAWHAT paBHA 7, To G Ha3HBAWT r-mMepHoll (r-
napamempureckol) A0KaibHol epynnoil Ju 1 obosnavawr G'.

JloxanvHas rpynna Jlu G" HasbiBaeTCs paspeumol, ecly CyecTBy-
eT psia

GTo>Gto...oG!

MOArpyNIl pasMepHocTel 7,7 — 1,...,1, Taxkoll, 4yTo Kampiasd MOATpyIna
G*! (i = 2,...,7) ABAAETCA WHBAPUAHTHOH MOATPYIIIOH B JOKAJbHOK
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rpynne Jiu G*. Tpynna G™ sasbiBaeTcs APOCMOL, €CIy OHA He CONEPXKHUT
VHBAPUAHTHHIX TOATPYMN, OTAXYHEIX 0T G™ u {e}, u noaynpocmoi, ec-
JY OHAa He CONEPXUT Da3pelllMMbIX WHBADHAHTHHIX TOATPYII, OTIUYHBIX
or {e}.

H3syuexne cTDYKTYDPH JOKAJBHBIX TPyl JIM 1 UX IpUMeReHUs (B 4acT-
HOCTHY, /st HCcefoBanus auddepeHIMabHbIX YpaBHeHNH) OCHOBHBAET-
€Al Ha BO3SMOXHOCTH ONUCAHUA JIOKadAbHOH rpynnh JIu B TepMuHAX ee
anredpsl JU, KoTopas AB/asgeTCA HoJee IPOCTHIM AMA U3YYEHUS anredpau-
YeCKUM 0OBEKTOM.

B uacTHOCTH, IPOCTOX M ACHHHN OTBET O TOM, TIOPOXKAAET JIK TPYNITY
TATUNIApaMe TPUYeCKoe ceMefcTBO Tpeofpa3oBaHuil, KOTOPOe COCTABASIOT
npeoBpasoBanus Ty, ..., Tg,, Mbl TIOAYYHUM TIOCAE DACCMOTDEHHA psja
MOHATHIA ¥ QAKTOB U3 TEOPHH KOHEYHOMEDPHHIX anre6p JIu.

1.3.2. Anre6ps! JIu. Heo6xonumblie NOHATUS U CBEJEHUS

[lycte P — mose feffcTBUTENbHBIX (UM KOMILIEKCHBIX) dncen, L —
BEKTOPHOE TIPOCTPAHCTBO (3leCh — KOHeUHOH pasMepHOCTH) Haa roJem P.
BexTopHoe mpocTpancTBo L HasmBaeTes aacebpoil Jlu nad nosem P, ecan
B [ 3a0aHO NPABWIO KOMNOSULYH (z,y) — [z,y] a1 mobex z,y € L,
KOTOpOE VAOBJETBOPSET TAKUM 2KCHOMAM:

(a) [ox + By, 2] = elz,z] + Bly, 2] ma z,y,z € L u o, 5 € P (nunedt-
HOCTb);

() [z, v] = —[y, =] mna Bcex z,y € L (aHTUCHMMETPHUHOCTD);

©) [ [y, 2]l + [y, [2,2]] + [2, [z, y]] = 0 ann Beex z,y, 2 € L (ToxnecTso
HAxobu).

Ornepauuto [, | HasbBAKT ymroyceruem Ju unu onepayueld Kommy-
MUPOBAHUA.

H3 akcuombl (¢) cremyeT, uTo, BoOOlle roBops, YMHOXeHVe JIU sB-
JISETCH HeaccouuaTvBHOi onepauvel. Ecan P — nose fefCTBUTENbHBIX
(xoMIIeKCHBIX) uKces, To L HasbiBaoT Jedcmaumensrot (KOMAACKCHOT)
anreebpori JIu. AnreSpy Jlu HasHBawT aberesol Uin KOMMYmMamusHow,
ecnu [z, y] = 0 nnsa mobuix z,y € L.

PaccmoTpum aBa noamuoxectsa M u N BeKTOpoB U3 anre6pul Jlu L u
oBosnauum uepes [M, N| nureiiHyio 060m04Ky BeeX BEKTOPOBR BHAA [z, ¥,
z €M, ye N Eciu M u N — nuHeitHble TIOAIPOCTPAHCTBA aATe6phl
Jlu, To UMEIT MeCTO TaKKe COOTHOIIEHIS:

(M1 + Mz, N} C [M1N] + [Ma, NJ;
[M3N] = [NaM]a
(L, [M,N]] C [M,[N, L)] + [N, [L, M]]. (1.97)



68 [naga |. OcHOBHBlE MOHATHA [PYNNOBOTC aHalK3a

CooTtHowenus (1.97) serko mpoBepsAloTCsA ¢ MOMOIIbI0 axcuoM (a)-(c).
[ToanpocTparcteo N anrebpul L HaswBaetcs nodaacebpoill anredpu L,
ecat [N,N] C N. Ecnu xe umeeT mecto cootHowenre L, N] C N, 10
N nasvigaemca vpeanom anreSphl L. [lorsaTHO, uTo Haean anreGpwr JIn
ABTOMATUYECKU ABJIAETCA ee NofaareSpoil. Maxcumansruil udeas N, xo-
TOphlfl YAOBAeTBOpSeT yenouw [L, N] = 0, HasbiBaeTcs yenmpom afre-
6pul L. Tlockoneky [N, N] =0, To uenTtp anre6pu JIu Bceraa abeses.
[TycTh Gasuc BEKTOPHOTO IIPOCTPAHCTBA L COCTAB/AIT BEKTODH €71, . . .,
én, TO €CTb pa3MepHOCTb NpocTpaHcTBa L paBHa n (6ymeM obo3Ha-
yath L,). Torna, BcrencTsHe JMUHEHHOCTH, KOMMYTATop z = [z,y], BH-
pakeHHHH Yepe3 KOOPOMHATH (z = x’e;, ¥ = y'e;,. ..), IPHOGPETAET BUA

H

i gk s
2t =[x,y = cpr’y”, 45,k=1,2,..,n, (1.98)
rae [ej,ek] = c;.ke,- (HanmoMyHaeM, YTO TI0 TMOBTOPAIIIUMCH WHIEKCAM
noJpasyMeBaeTcs CYMMHpPOBaHVe B TpeflesiaX uX usMmeHeHus). Uucna cg-k
Ha3bIBAWTCA CMPYKMYpPHbiMu KoHcmanmamu anre6pel Jin L. U3 axcu-

om (b), (¢) cieayer, 4TO CTPYKTYPHBIE KOHCTAHTBI Cj; YAOBIETBOPAIT
TaKHUM YCIOBUAM!

i i
Cik = ~Ckj»

P s P .S P S _
CisCik T CjsChi T CksCij = 0.

OTMETHM, 49TO THUII aJII'E(jpr JI¥ OMHOCTBIO OoIIpenensieTcs €€ CTPYK-
TYPHBIMM KOHCTaHTaMU. C}’LHECTBOBaHI/Ie no,rlanreép 1 HUjeajoB aJII‘66pr
Jlu L Takxke BBIPAXKAC€TCA B HEKOTOPBIX, COBEPIICHHO OIIPENC/ICHHDIX, OTpa-
HHYCHHUAX HA CTPYKTYDHBIE KOHCTAHTHIL. Ecmu €1,€2,...,€k — 6asrcHbe
3JIEMEeHTbL HOJlaJII‘eépr, TO CTPYKTYDPHDBIE KOHCTAHTBL OO0/J2KHbI YAOBJETBO-
PATb COOTHOUICHUAM

s .
;=0 i 4,5<k, s>k,

a ec/u OHY ABJAITCA GasUCHBIMH 3/MeMeHTaMU MJeana, TO
;=0 ma i<k, s>k u moboro j.

HecMmoTps Ha HasBaxHe, BOoOOIIe TOBOpA, CTPYKTYDHble KOHCTAHTH He
ABJIAIOTCA NOCTOAHHEIMHU BeJIMUHHAMHK B OOBIYUHOM NOHUMAaHHUU 3TOTO Tep-

muHa. [leficTBUTENbHO, U3 onpefenerus (1.98) crenyeT, uTo B pe3ynbprarte
sameHbl Gasuca L BeJuYUHbBI cfj NpeoOpasynTcs Kak TeH30p TPeThero
paxra ¢ 0OJHHM KOHTPABAPUAHTHLIM W BYMS KOBaDHAHTHBIMK HHIEKCAMHU.

PaccMoTpyM npHMeph! HEKOTOPHX U3BECTHHX anre6p JIu.
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l. Mycts L — MHOXECTBO BCeX KOCOIPMHTOBBIX 2 X 2-MaTpHI ¢ HYJ@BHIM
caegom. QueBunno, uTo L umeer (melicTBUTebHY W) pasMepHOCTb TpU. BriGepem
B L Gasuc

_1{0 —i _1{0 -1 _1{— O
SRt GRS () BRSO
¥ onpefesuM B L koMMyTaTop [z,y] TaKHM 06pasoM:

[z,9) =2y —yz, z,y€L (1.99)

Hetpymuo yGemuThest, uTo 3TOT KOMMYTaTOp yAOBJeTBOpsieT akcHoMaM (a)—(c)
s ymuoxenus Jlu. Hemoarsys (1.99), HaxonuM, 4To e; yAOBJACTBOPAKT TaKHe
KOMMYTaIlHOHHEIE COOTHOIIEHUSI:

ler,ex] = ea, [er,es] = —en, [ez,e3] = ey
WJIH
les, ex] = smrer, 4, k,0=1,2,3,

[T £ix; — MOJHOCTHIO aHTHCHMMETPHUHEL TeHsop B R, dnementamu B L sBaa-
10TCsA JHHelHble KOMOHHALKK e; C AeHCTBHTEbHBIME KO3 HUUHEHTaMHU.

CregoBatessho, L — TpexMepHas ZelficTBUTe/IbHAs ajre6pa Jlu co CTpyKTyp-
HBEIMH KOHCT2HTaMH BUAA Cjp = Eiki.

Onpenenentylo Tak anre6py L o6osuauaior cumBoioM su(2) (uin so(3)) B
COOTBETCTBYY ¢ Kaaccuuranueldl anare6p Jlu, koTopas OyneT mpuBefeHa HUXKe.
Otmerd™, uto aare6pa so(3) msomopdua anre6pe JIx rpymIsl MOBOPOTOB Tpex-
MEepHOro MPOCTP2HCTBA. 3aMETHM TaKXKe, YTO MAaTPHUH O = 2¢er Ha3HBalOTCH
smampuyamy [laysu 0 YIOBJETBOPAIOT COOTHOWEHHUIO (073, 0r] = 24€51107.

2. Ilycts L — BeKTOpHOE MPOCTPaHCTBO BCeX NeHCTBHTEMNbHEIX 7o X n-MaTDHLI
(sir), 4,k = 1,2,...,n, Han noneM R HeHCTBUTENBHBIX YHCEJN. DTO BEKTOPHOE
npoctpancTBo L ¢ ymuomenuem Jlu (1.99) takxe sBnseTca geficTBUTeNbHOR aJ-
re6poft Jlu, KOTOPYIO HA3LIBAIOT nOAHOL Aunelnol Jetcmsumensnoll anre6po
Jlg u o6osuauaior cumBoaoM gl(n,R). AHaIOTHUHO BBOAMTCS B DacCMOTpeHHe
noanas aumetnas arzebpa Ju uag nonem P, kotopyl o6osnauaioT gl(n,P), kak
accolMaTHBHasa ajredpa BCeX n X n-MaTpHUL Haj mojem PP

3. Baxuyw posb B Teopuu aaredp Jlu urpaer takoft nneal anre6ps gl(n, P):
sln,P)={S € gi(n,P): trS=0},
roe tr.S — caen Matpuusl S = (s45), T0 €cTh tr S = tr (8i5) = s11+S22 4+ *+San-
Aunre6pa sl(n,P) HasbiBaeTCs crneyuaasrol aunetinod areebpotl Ju.

4. HerpynHo yGenuTbesl, 4TO IOAMHOMKECTBO M, KOTOpOe cOCTOMT H3 BCeX
KococuMmerprueckux Matpui S (ST = —8§), TakKe 3aMKHYTO OTHOCHTEJbHO
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ymuoxerus Jlu (1.99). [lostomy M sBasercs nopaareépolt aare6per gi(n, P),
KoTopylo o6osxayaw? o(n,P) (8 cayuae xoraa P =R — 370 o(n)):

o(n,P)={S € gl(n,P): S+ ST =0}.

3necs ST o0sHauaeT MaTpEIly, TPaHCIOHHDPOBAHHYIO K S.
Anreépy o(n,P) HasbiBaloT opmozorasHol arzebpoli Ju.

5. [yeTs 4 — eNMHHYHAR M X M-MaTpHUA X

7=(5 %)
Anre6py

sp(m, P) = {S € gl(2m,P): STJT +JS =0}
Ha3bBAKT cuMnAekmuieckol arzebpod Jlu.

B gl(n,R) MoXHO BBeCTH TaK HasbiBaeMbllt 6asuc Beian, BHODPAB B KauecTse
GasHCHBIX 3JeMeHTOB ey (4,5 = 1,...,7n), n X n-MaTpULBl BH/A

(eis)ie = 83105k, (1.100)
KOTOpHIE YAOBJETBODPSIIOT TAKHM KOMMYTALHOHHEIM COOTHOLIEH HAM:

[ei5, ent] = Sskewr — Suiexs, 4,4,k 01=1,...,n. (1.101)
Vs (1.100) u (1.101) moaydaeM CTPYKTYPHBIE KOHCTAHTH

o n = 66,8 — 816,460,

3ameTHM, 4TO 6a3UCHBlE BEKTOPH &;x OPTOTOHaAbHOH anrebpst Ju o(n) MOryT
OHTh BHIODAHHLIMH B BHAE

Er =emx —ers, tk=12,...,n

Kommnexcsbiv pacwiuperveM V. AefCTBHTENbHOro BEKTOPHOTO MPo-
CTpaHCTB2 V ABAseTCH KOMILIEKCHOE BeKTOpHOe NPOCTPAHCTBO, KOTOPOe
COCTOMUT U3 BCeX 3JeMeHTOB z BUIA z = & + iy, &,y € V. YMHONKeHe
aneMenTa z € V; Ha KoMmaekcHoe yueao v = a + i3 € C onpenensercs
no opmyae

vz = ax — By +i(ay + Bx).

Komnaexcroe pacuiupernue L¢ pefictBuTenbvro anre6psl JIu L — 310
KoMIeKcHasn anre6pa JIM, KoTopas yAoBAeTBOpsieT TAKKM YCAOBUAM:
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1) L° — KoMILJIEKCHOE pacliMpeHUe AeHCTBUTENBHOIO BEKTODHOTO IPO-
crpancTBa L;

2) ymHoxeHye JIn B L° onpenensieTcs paBeHCTBOM

z = [z1,20) = [x1 + ty1, 2 + ty2] =
=[xy, z2] — [y1, y2] + @1, yo] + iy, x2] = 2 + iy

Kommnexchyto anre6py Jlu L pasmepHocTy n ¢ SasucoMm {e;}7 MOXHO
TaKXKe PacCMaTPHBATh Kak JeHCTBUTeNbHYIO anre6py JIu pasMepHOCTH 2n
¢ Ga3NCHBIMH BEKTODAMY €1,4€1,...,En,4e,. ONpeNeNeHHYI0 TAKUM 06-
pasoM neficTBUTeNbHYl anre6py Jlu Gymem ofosHauats L% (Haobopor,
neficTeuTenbHAn dopma LE kommnekcHo#t anre6pwm Jlu LS — sTo peit-
CTBUTesbHAsA anre6pa JIu, KOMIIEKCHEIM paclIvpeHieM KOTOpo ABaseTcs
Le).

Beenem B paccMoOTpeHHe HeThIpe BaXKHBIX KJAcCa KOMILIEKCHBIX af-
re6p Jlu. Kommnexcurim paciiupenuem anreGput gl(n, R) sraseTca MHo-
XeCTBO BCeX KOMIUIEKCHEIX n X n-MaTpull ¢ ymHoxenueM Jlu (1.99). Dro
paclIHMpeHye HA3LIBAWT NOAHOU KOMAAEKCHOU Aunelinoll arzebpoit Jiu u
o6o3HauaT gl(n,C). [loaMHOKECTBO BCEX KOMILIEKCHBIX 1 X M-MaTPHLL
C HYJeBHIM CJeloM, KOTopoe ABAAeTCA HopanreSpoi anrebpwl gl(n, C),
Ha3HIBAKT CAEUUAALHOI KOMAAEKCHOI AuHelnol ancebpoli Jlu u obo-
3HauawT sl(n,C) unn A,_;.

Jlpyrue noc/enoBaTeIbHOCTY KOMIUIEKCHBIX are6p CBA3AHE! C PA3HBI-
My GunvHeiiHbMu Gopmamy. [lycts ®(€, 1) — GunuHeliHas gopma, onpe-
lesleHHasl B m-MepHOM KOMILIEKCHOM BeKTOPHOM IpocTpaHcTee V™. Jlu-
HellHHe TIpeo6pa30BaHuUA x, KOTOpble AeHCTBYIOT B V™ U YHOBNETBOPSAIOT
YCJIOBHIO

St n) + (& 2n) =0, &neVT,

reHepUpy1T JvHelHylo aare6py Jlu L. HeficTBHTeNbHO, ey yCioBUe
HMeeT MECTO AMA Z ¥ Yy, TO

Q([I3 y]&)ﬁ) = ‘I’(nyaﬁ) - é(yxfan) = _Q(E: [x:y}n):

rie ymMHoXeHue Jlu mis z ¥ v onpeneneto B suge (1.99).

Ecnu Gununeitnas dopma ®(€,n) HeBhpoXIeHA U CHMMeTpUYECKas
(nanpumep, & = &;7;), To L HasnBaeTCH 0pMOEOHAAbHOU aicebpoll Jiu.
Hns m =2n+1, n = 1,2,..., noc/ef0BaTeJbHOCTb COOTBETCTBYIOLIMX
anre6p ofosnauaercs o(2n + 1,C) uan B,, a aas m = 2n — o(2n, C)
unu Dy,.
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Anre6psl, cBA3aHHBIE C HEBHIPOXAEHHBIMK KOCOCHMME TPHYECKKMY O1-
JXHEeXHEIMU QOpMaMy, Ha3bBAWTCA CUMNACKMULECKUmY areebpany Ju.
B anrefpe usBecTer (akT, YTO KOCOCHMMeTpUYecKKe QOPMBI B IIPOCTpaH-
CTBAaX C HEYETHOH pPa3MepHOCTBIO Beerja BHpoxAeHbl. [losTomy cummiaex-
THUYeCKVe aaTe6pE MOTYT GbiTb PeaJu30BaHbl TONBKO B KOMIUIEXCHEIX MPO-
ctparcTax V2™, DTu anrebpn oBozHauawT sp(n, C) unu Cp.

Anre6pr A, B, Cp v Dy, (n=1,2,...) COCTABASIT COBOKYIIHOCTh
KAGCCUMECKUX KOMNACKCHbLX arzebp JIu.

B nanbHefileM MBI BCTPeTHMCA C NMOHATUAMY NPAMBIX CYMM a/ire6p
JIn n daxTop-anredp.

[lyets Vi, ¢ =1,2,...,k, — IOANIpPOCTPaHCTBA BEKTOPHOI O IIPOCTPaH-
ctBa V u nycThb

ABJACTCA COBOKYITHOCTBIO BCE€X BEKTOPOB BH A

d=> w, wneV, i=12.. .k (1.102)

i=1

Ecnn xaxnpi#t Bextop d € D enuHCTBEHHBIM 06pa3oM MOXeT OblTb Mpel-
crasaed B Buge (1.102), To romopsar, uto D asnsercs npamol cymmou

noanpocTpareTs Vi, ¢ = 1,2,...,k, U 3aIIUCHBAIOT
k
D=V1@V2@...@Vk=zeaw (1.103)
=1

Ecau anre6py Jlu, xax 5eKTOpHOE NPOCTPAHCTBO, MOXKHO 3alUCATh B BH-
ne (1.103), o ectb L=L, &Ly & -+ & Ly, u, Kpome TOro, ecsiu

[L,‘,Li} C Li, [Li,Lj] =0, ’i,j = 1,2,...,k,

10 06 L roBopaT, uTO 0HO packaadeisaemcs B IpsMyl0 cyMMy anrebp Jlu
Ly, Lo, ..., Ly, 1 Torna ucnonnsyior obosHauenve L = L1 @ Lo ®- - & L.

Ouepnpo, uto nojanrebpu L; (1 = 1,2,..., k) ABAs0TCA HleanaMy
anre6pnl L, MOCKObKY

[L, Lz] = [L,‘, Lz] C Li.

Bosee Toro, ecnu N — npean nopanredpul L;, 1o N — Takxke npean
anre6pu L.
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[Tycts, nanee, N — nonanre6pa nexoTopoi anre6prt Jlu L. Brenem B
npocTpaHcTBe L 0OTHOIIEHME

z ~y (mod N),

ecny x—y € N (T0 eCTb BEXTOD & ABAAETCA CYMMOH BEKTOPa y ¥ HEKOTO-
poro BexTopa 3 NN). DT0 OTHOLIEHHKE YIOB/IETBOPAET TAKUM CBOHCTBAM:

¢ T~z
¢ eI Z My, TO Y ~a;
s eCIU T ™y, Yy~ 2, TOX N2,

CrepoBaTebHO, BBeleHHOE OTHOLIEHUE ABJAETCHA OTHOLIEHUEM 3KBU-
BajeHTHOCTH. Bes anrebpa L packnanmBaeTca Ha xnaccs Ky = o+ N ax-
BUBaJEHTHHX 3JEeMeHTOB, KOTophe He Tepecekawrtcs. Muoxectso {K.}
BCeX KJaccoB B ofllleM caydyae He 06pasoBhBaeT anrebpy Jln: B camom
nese, ecau

z1 ~y; (modN), Toects z1 =y1+n1, n1€N;
o~y (ModN), T0ecTs zp=1ys+ne ng & N;

TO

[21, 22] = [y1, ¥2] + [y1, n2] + [n1, ¥2] + [n1, na). (1.104)
nOE)TOMy B OéllleM cjlydae COOTHOIIEHHe

(21, 22] = [y1, y2] (mod N) (1.105)

He BBIIOJIHAETCA.

Ho ecsin nonasnre6pa N sBaseTcs naeasoM, TO TPH IIOCAEIHNX YsleHa
B mpasoit uactu (1.104) npunamnexar N u Torma ycaosue (1.105) BhI-
nonHfercs. [lonyuennan anrebpa Jlu naswisaercs gaxmop-ascebpoil Jlu
anre6pe! L oTHocuTesnbHo N 1 o6o3Hauzercs L/N.

Pacemorpum nipumep anre6pst [lyankape p(1,3) ¢ GasucHeIMU 3JeMeHTAMHU
Jap, Po (a,8 = 0,1,2,3), xoTopas onpefensieTcsi TAKKMH KOMMYTalLXOHHBIMH
COOTHOUIC HUAMY:

[J}Ws Jaﬁ} = ngJVa + guaJpB - gpaJuB - gVBJpOu
(Jurs Pa] = gua Pv — gua Py,
[P, P]=0. (1.106)
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B (1.106) Juw = —Jup; pyv,0,8 = 0,1,2,3; gup — METPUUECKHEt TEH30D NpPO-
1,3 _ .0 1.2 3
ctpaucTBa MuukoBckoro RV = {(z°,z%, 2%, 2°):

13 ,u:V:Ou
Guv = _1’ p=v= 1’2a31
0, p#v

Herpynno yGenutses, uto MuoxecTso t* omeparopos By (u = 0,1,2,3) (ux
elle Has3bBAKT IeHepaTOpaMH MJH OlepaTopaMH TPaHC/IsALHM) ecTh uieas (KoM-
MyTaTHBHBH) anre6per p(l,3). Beefem B paccMOTpexrne OTHOLIEHHE 3KBHBAJeHT-
HOCTH

z~y (modt®), =,y €p(1,3).

Torna MEOXecTBO KaaccoB Kz = z + ¢ (z € p(1,3)) IKBHBaJEHTHEIX 3JEMEHTOB
cOoCTaBJsieT UecTUMepHYW (dakTop-) anare6py Jlu, xoTopas H3OMOp(dHA H3BECT-
Hoft anretpe Jloperua so(l,3) ¢ reHepatopami Jyu., yAOBJIETBOPAIOIIEME T€PBYIO
IPYNIy XKOMMYyTAaUHOHHBIX cooTHowenul (1.106).

C npyro#t CTOpOHHl, OTHOWEHHE 3KBHBAJCHTHOCTH

x>~y (modso(l,3)), =ye€p(l,3),

OIpeflesIsfieT YeTEpeXMepHOe BeKTOpHOe (paKTOp-IpOCTpaHCcTBO (HO He (hakTop-ad-
re6py Jlu).

3aMeTyM, 4TO anrTe6pbl MHBAPUAHTHOCTY PAllda U3BeCTHHIX AuddepeH-
LMaJbHBIX YPaBHEHUI PeNATUBUCTCKON QU3UKY 130MopdHbl anredpe Ily-
aHKape WU CONepXaT ee Kax nojanredpy (78,84, 89].

Bo Bpemsa paccMoTpenus npumepa anredpol [lyankape Bo3HUKJ/O IIOHA-
THe usomopdHOocTH anredp Jlu. OcTaHOBUMCS HA 3TOR M APYTHX Ollepa-
LMAX Haj anre6pamu Jlu Gonee nogpobHo. [lyets L u L — nse mpous-

BOJIbHBIE aaTe6ph JIu Haa nosem P, ¢ — otobpaxenue L B L.
OTofpaxenne ¢ Ha3HBAETCA EOMOMOPHUIMOM, €CU

plox + By) = ap(z) + Bely), wyel, ofel;
elz,y] = [p(z), p(y)], =x,y€ L.

MuoxecTBO
N={zeL:p(x)=0}

HasbiBaeTcs Adpom roMomopdusmMa . Hapo romomopduaMa ABAsETCA Ue-
anoM B L. JleficTButensso, ecau x € L, y € N, 1o

¢(lz,y]) = [¢(=),0] =0,
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10 ecTb [z,y] € N. Hertpyaxo yGemutbes, uto npoctpascteo L/N wnso-
mopdHo @w(L). Mycts N — unean B anrebpe Jlu L. Otobpaxenre

p: x—x+ N

HashlBaeTCH ecmecmaennovin comomopguamon L uva L/N. Bzarmuo onHo-
3H2YHBIY TOMOMOP®U3M OfHON aaredpbl Ha APYTYI0 Ha3hlBaeTCs UIOMOP-
u3mom, a COOTBETCTBYIOMINE are6ph L u L — usomopeprvimu (B TaKuX
cayvaax mamyT L ~ L). M3omopdHoe otobpaxenue L Ha ce6s Hask-
BaetTcad asmomopuamom. Apromopdusm ¢ anredpr Jlu L HasnBaercs
UHBOAIOUUOHHbIM, ecan @2 = I.

Hugppeperyuposarnuem D anrebpr Jlu L HaswawT oTofpaxerue L

B ce6l, eC/IM BHIIOJIHACTCA YC/IOBYE
D([z,y]) = [D(z),y] + [=, D(y)], =z, ye€L. (1.107)

OueBugxo, ecnu D u Dy — aBa auddepesuupoBanra B L, to e Dy +
+ 8Dy Taxke nudoepenuuposanue. Bosee Toro, eciu Dy u Dy — nBa
JUOPepeH I PoBaHYA, TO

D1 Dy([z, y]) = Di{[D2(2),y] + [z, D2 (y)]} =
= [D1Da(2), y] + [D2(2), D1 ()] + [D1(2), D2 (y)] + [z, D1.D2(y)]-

HOMeHHB MeCcTaMU MHIOEKChL l u 2 u Haﬁﬂﬂ pa3HOCTb, noJy4dyaeMm
[Dla DQ}([Q% y]) = [[Dla DQ]x’ y] + [:IZ, [Dlu DQ]y]: (1108)

TO eCTb KOMMYTaTOp ABYX N OepeHUVPOBaHN TaKXe ABAsgeTCS AUPDe-
perurpoBaHveM. CrenoBaTebHO, MEOXKeCTBO L4 BeeXx mudoepernupoBa-
HuUP caMo ABaseTcA anredpoit JIu, XKoTopyw HazwBalT aacebpoti dugde-
penyuposanuti L 4. UHTepecHo 0TMeTHTD, UTO anrebpa L 4 ecTb anredpoi
Jlu rpynmer Bcex asToMopdusmMos G 4 HauanbHOU anrebprl L. B camom
nene, ecny gy = exp(iAt) — ogHonapaMeTpUYecKas IPyIna aBToMOpGOU3-
MoB L:

e[z, y]) = [eelx), e(v)] € L, 2,y € L, (1.109)
To A¥ddepeHLUpPoBaLEYe 110 IapaMeTpy ¢ uMeeT npu (¢t = 0) BuA
A([I3 y]) = [AI, y} + [Ia Ay})

TO ecTb rewepatop A onxonapaMeTpryecKod MOArPYINH ¢y aBTOMOPOU3-
MOB ABJseTCA AuddepeHurposanreM. Hao6opoT, MoXKHO TakXKe N0KaszaTh,
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uTo ecau A ynosneTtsopsieT pareHcTBY (1.107), To cooTBeTCTBYyIOLIAA OX-
HoTIapaMeTpHYecKas IoArpynna yaosaeTsopset (1.109).

[lycts L — anre6pa Jlu Han nonem P. PaccmoTpnM nuHe#iHoe oTo6pa-
xeure adx anre6ph L B cefs, KoTopoe onpelesieEo NMPH IIOMOIIH COOT-
HOLIeHUS

adz(y) = [z,y], =z,y¢€ L. (1.110)
Bocionb30BaBIINCh TOXK I€CTBOM HKO6I/I, oay4dyaeM

ad z([y, z]) = [ad z(y), 2] + [y, ad z(2)],

TO eCTh OToOpaxkexue adx sBaseTca auddepeHunpoBaHueM L. Bosee
Toro, ucrosb3oBas (1.110) u Toxpectro Hxobu, nonyuyaem

ad [z, y](z) = [ad z, ad y](z).

CnenosaTtenbto, MuokecT80 Lo, = {adz, z € L} sABAseTca JMHeiHOH
anredpot Jlu, nmoganrefpoit anre6pr Jln L4 Bcex muddepenurpopaHuil
U HasbiBaeTCs npucoeduHrenHot aseebpoil. OTobpaxkenre ¢ : x — adx
ABAAETCA roMoMopdu3MoM anre6prl L Ha L.

Hetpynuo y6ennthes, uto L, sBasieTcss upmeasnom anre6psl JIu Lg.
B camom nene, ecnu De Ly ny e L, 10

[D,adz](y) = Dlz,y] - [, Dy] = [Dz, y] = ad Dx(y),
TO €CThb
[D,adz] € L,.
OTMeTHM, HaKOHeLl, YTO KOIJa ¢ — TPOU3BOMbHEIH aBTOMOpOU3M L, To

ad p(@)(y) = [¢(),y] = ¢z, 07 "v]) = pladale™ W)},

1 3HA4UT,

adp(x) = paday™t.

C rpynmo#t G, BHYTpeHHUX aBToMopdusmMoB L 1 ee anrefpo#t JIu mml
BCTPETHMCH B 4eTBeDPTOM Iaparpade 3Tol I/aBH, paccMaTpyBas 3agady
KJAaCCHGHUKALMY TToganrefp nNaHHON aare6pn JIu.

Pacemorpum npumep. [Tyets L — anre6pa so(3) ¢ 6a3UCHEIME 3/€MEHTaMH

10 —i 10 -1 1= 0
et=3l_; o) =3\t o) =3 o0 i)
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¢ KOTOpOlt Mbl BCTpeyasuch DPaHblle X KOMMYTalHOHHEIE COOTHOIIEHHS AJ8 KOTO-
poft u3pecTHH. MmMeenm:

ad81(81) = 0, a.d81(82) = €3, ad ey (63) = —€2,
ades(er) = —es, adex(ex) =0, adey(es)=ei,
ades(e;) = ez, adesle;) = —e1, adesles)=0.

CrenoBatensHo, anrefpa L, cHOBa siBAsleTcd TpeXMepHOlt anreSpoft JIn u MoxeT
6BITh 3ajaua B Gasuce {e;} ¢ DOMOLIBI MaTpHL

00 O 0 01 0 -1 0
ade; =10 0 -1 s adex = 0 0O R adea= |1 0O 0
01 O -1 0 O 0 0 O

Mu nonyunau, uto anre6pa L, aBasercs MHOXKECTBOM TPEXMEPHEIX KOCOCHM-
METDHYECKHX MaTpHIL.

AHanoryyro MOXHO MOAYUYHTh, YTO IpHCOedHHeHHasd anreSpa aas gl{n,R)
onpenesercs cooTHomernaME ad e;{ex;) = dspen — duer; (pasMeprocTs n?), a
nin —1)

2

OcranoBumcs, fanee, Ha TOHATHU ROAYNPAMOL CYmmbi OBYX anredp
Ju. [ycte N n M — nse anre6pw JIn, u nycts D — romomopdusm M B
MHOMXeCTBO JIHHEHHBIX 0IIepATOPOB B BEKTOPHOM IIPOCTpPaHCTBe [N TaKuX,
uyTo Kaxawi onepatop D(z), = € M, ssasercad nuddepeHUNpOBaHIEM
aareSpel N. JlOTONHUM IPAMYX CYMMY BEKTOPHBIX IpocTpascTs N @ M
CTPYKTYpo# anre6psbl Jlu, Mcronbsys ussecTHble ckoSku Jln anareSp N
u M B Ka¥JoM IOANPOCTPAHCTBE, 4 B KauecTBe cKoOoK JIu mexay nBymA
TIOATIPOCTPAHCTBAMU TI0JI0KUM

[z, y] = (D(z))(y) mia ze M, ye N. (L.LL1)

HeTpynzo y6eauTnes, uto Bce akcuombl (a)—(c) anredpr! Jlu ynoeneTso-
pAloTcA; B yacTHocTH, Besenctre (L.1L1), mnsn =z € M, y; € N umeem
PaBEHCTBO

AJA 0(77/) — MHOXeCTBOM -MePHBX KOCOCHMMETPHUECKHX MaTPHI.

[z, [y1, w2]] + [v2, [z, 21]] + [v1, [y2, 2]] =
= D{(z)[y1, vo] — [D(z)y1, y2] — [y1, D{z)y2],

KOTOpOE PaBHO HYJ0, nockoabKy Diz) asnserca muddepeHUUpoBAHIEM.

[Tonyuennas Tak anrefpa Jlu HasbiBaeTCA AOAYNPAMOL Cymmol an-
re6p N u M. Benencrsue (L.111) nopanreSpa N sABaseTca 1ieanoM Ioay-
npsmMol cymmbl. Jpyrumu caosamy, anaredpa Jlu L sasnsercs noaynpamod
cymmoit nodaseebp N u M,eciu L=N® M u

IN,N]CN, [M,M]CM, [M,N]CN. (1.112)
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Jlns o6o3HAUEHUA MOAYNPAMOM CYyMMBl GyJeM MCIO/Ab30BAaTh CUMBOJ
Me&N.

OTmeTnM, 4To ecau nonoxuth t4 = N, so(1,3) = M, To ouesxaHo co-
OTBETCTBHE KOMMYTaUHOHHEX cooTHoweHuH (1.106) u (1.112), 2 nostomy
p(1,3) = s0(1,3) & t4.

OnHo#t 13 UeHTpasdbHHX Npo6ieM B Teopuu anarefp Jlu smasercs
HaXOXJeHUe U KJacCHOUKalMs BceX HeusoMopdHHX anaredp Jlu. Bur-
e MB BUJAEJH, UTO MATpUyHhe anreépnl A,, B,, Cnp, D, conep-
XKaT wrpokue Knaaccw anre6p Jlu. EcrtecTRenHo 6buio 6hl HanesThCH,
YTO MaTpHuHble 2AreGpbl WCUEPIIBIBAIOT BCe BO3MOXKHble anreGpor Jlu.
3710 B caMoM jesle MMeeT MeCTO BCJEACTBHME TAKOTO (QYHAAMEHTAJNBHOr0
pesyabTaTa.

Teopema 1.7 (Teopema Ano). Jirobaa areebpa Jlu Had nosem Kom-
naexcHblx wucer C u30MopGHa HeKOmMopoL mampuyHot aieebpe.

JloxazaTenbCTBO 3TOH TeopeMEl, KaK M pAAa APYTUX, MBI 3[eChb He
paccmatpusaeM. Ero moxuo Haiith B [3] {cM. Takxke [58]).

OTMEeTHM TOJIBKO, YTO TeopeMa A0 UMeeT MeCTO ¥ /11 TPOU3BOJIbHOTO
nons P xapaktepuctuxu 0. Tax, B wacTHocTH, ecau L — peficTBUTenbHas
aare6pa Jlu, 10 110 TeopeMe 1.7 ee KOMILIeKCHOe pacliyperre L apasercs
MaTpryHol anre6po#t Jlu. CnepoBaTtensro, AefcTBUTENbHOE CyxeHue L°
K L Taxxe sBnseTcAd MaTpUuHO# anre6poit Jlu.

OaxTHYecKH TeopeMa A0 YTBepPKI4eT, YTO BCAKYI0 a6CTPAKTHYIO al-
re6py Jlu MOXHO pacCMaTpUBaTh Kax oAaaarefpy monaHol nuHeitzol an-
re6pet Jlu gl(n,C), n = 1,2,.... [lostomy 32anaua knacCUQUKALUUA BCEX
HeU30MODOHBIX 26CTPAKTHRIX aiare6p JIu MoxeT GLITh CBefeHa K Gosee
MpocTOH 3ajade OMUCAHYA BCEX HEN30MOPMHBIX NMHEHHbIX moganre6p Jlu
anre6pu gi(n, C).

OcTazoBuMCs gafee Ha HanGoJee BaXHBIX Kaaccax aaredp Jlu.

Mpennoxkenune 1.1. [Tycme L — aneebpa Jiu, A, B — udearnvt arce-
6pei L. Tozda [A, B] — maxae udeas 8 L.

JokasatensctBo. J106oit aneMeHT 13 [A, B] MOXKHO 3anucaTbh B BUAE
i3

S [@i, i), e z: € A, y; € B. Ecaiv 2 — nponsBosibHEIH aemeHT n3 L,
=1
To, BCJeACTBHe ToxaecTa HAxo6u,

[z3 (Z[Iia yiD] = ZHza xi}) yi] + Z[Iia [Z, yi”'

[ockonvky A v B — uneans, 10 [z,2;] € Ai[z,v;] € B. CnenoarensHo,
NpaBas YacTb PaBEHCTBA ABJAAETCH 3/eMeHToM 13 [A, B]. ]
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Hcnonbsys yreepxkaenve 1.1, onpenenuM 1o MHAYKUMY TIOC/Aen0Ba-
tenprocts L) uneanos B L :

L°=r, LY=L, ..., L™W=[L"Y L)

A1y nocnenosateaprocts L° O LY O ... maswpawT Mucxodaweil yen-
mparbHotl nociedosamensrocmeso anreSps Jlv L. Ecan LU = 0 ans
HEKOTOpOTO 1, T anredpy L HasbBawT Hussnomenmuoil. B Tom yacTHOM
cnyuae, xorga LD = 0, anre6py L HaswBawT abeesoil (Kommymamus-
HO).

Cpenu anre6p Jln abenessl anreSpbl 3aHEMAIOT Harfosee HU3KYIO CTY-
NeHbKY B MX uepapxud. HunbnortenTHble anrefpr! Jlu ABAAWOTCA cnenyio-
e 10 CJAOMKHOCTH CTYIIeHbKOH.

Terepnb orpenenum 1o WHAYKUUH [I0C/€I0BATENbHOCTb K€ANO0B Li(ny,
rnoJaras

Lo = L, L(l) = [Lo, LOL ceey L(n+1) = [L(n); L(n)}, n= 1, 2, PP

Unean L,y naswBawT n-#i npoussoduot arzebpoil anredpul L. [lepsywo
TIPOU3BOAHYI0 anTedpy L1y HA3HIBAIT TAKKe KOMMYMAMOPHOU ar2ebpodl
aJII‘eﬁpr L. HOCJIGILOBaTeJIbHOCTb njaeajnoB

LDOLyy 2> DLy D

Ha3HBAWT NPou3sodnol nociedosamesvrocmero. Anrebpy Jlu L Hasw-
Ba10T pagpewunoll, ecau L,y = 0 1na HexoTOpOro n.

[lpy noMomy MHAYKUKK J1eTKO YOeauThCH, YTO L(n) c L™. B camom
nene, ecnu Lo = L° u Liyy C L™ 10

Lgyny = [L(n)aL(n)} s [L(n),L] c L(r+D)

CrenoBaTeNnbHO, HUIBNIOTEHTHASA aarebpa saBiasieTcs paspemnMoli. O6par-
HOoe yTBepXJeHUe He uMeeT MecTa. Hamprmep, asyxmepnas anre6pa Jlu
L? = {ey, e2), KOTOpas onpefensieTcs KOMMYyTaLUHOHHEM COOTHOIICHHEM

[e1, 2] = ey,

paspelinMa, HO He ABJAETCH HUJbIIOTEHTHOH anredpoit Jlu.
B cooTBeTcTBYH ¢ Teopemoll 1.7 mponaBonbHas anrebpa Jlu usomopdHa
HeKoTopo# NuHeltHOH noaareSpe nosHON nuHelHoH anre6ph gl(n, C).
[ycTs T(™) oznauaer BEKTODHOE IIPOCTPAHCTBO BCeX BEPXHUX Tpe-
YTOJNBHBIX M X m-MaTpHLL, 2 S(m) _ gexTopHoe TIPOCTPAHCTBO BCEX BEpPX-
HHX TPeyTOJNBbHBIX M X M-MaTPUL ¢ PABHBIMY NUATOHAJbHBIMK 3J1€MEeHTa-
mu. [lycTs, nanee, S(mi,ma,.me) ganauaeT MHOMKECTBO BCeX JIMHEHHBIX
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npeo6pasosarnt A, XoTopble AeHCTBYIOT B NMPOCTPAHCTEE

V=VieVas oV

Tax, 4To
1) A c §tmmam) ocrasnseT moanpocTpareTsa V; (i = 1,2,...,k)
WHBapHAHTHBIMY;
2) B KaXIOM MOAIIPOCTpaEcTee V; ¢ 6asncom §§i),..., ,(f,) A g §ima)
HMeeT B
Ag
Ai a;;c)
0

A;

KoMMyTaToph TpeyroabHEIX MaTpHL, ABAAKTCA TAKMKE TPEYrONbHBIMU
maTpunamu. [losTomy BekTopHBe mpoctpancTBa T(™) 1 S(mima,.mu)
ABaATCA anreSpamu Jlu. Bosee Toro, umeer mecto Teopema, NoKasa-
TeNBCTBO KOTOPOH MOMXHO HaiTH, HarprMep, B [24].

Teopema 1.8. [Ipoussosvras paspeuiumas arzebpa Jiu iunetinvix
npeobpasosaruil usomopdra nodarzebpe nexomopott aszebpo. Ju T 7).
IIpoussosvHas HusbhomenmHaa AuHeilHas aacebpa Jlu uzomopira
nodaizebpe nexomopoil areebpel Ju Sy "),

Beilte MBI B2esTH B pacCcMOTpPeHKE roMOMOPQH3M z — ad  IPY IOMOLILY
COOTHOLIEHHA

adz(y) = [z, y].
B KOOp}_IHHaTHOfI 3alilicHyl uMeeM
(ada(y))’ = [z,y]' = cha'y”,
TO €CTb
(adz)} = clal. (1.113)

OmnpenenvM Temeph “cKansipHoe IIpou3BeleHye” B anrebpe Jlu, moso-
JKUB

(z,y) = Tr (adz ad y). {1.114)

CxansipHoe mpoussenenue (1.114) umeer Takve cBoficTRA!
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1) cummerpuunocTs (z,y) = (y,2);

2) 6unpHeliHocTd (ax + By, z) = ez, z) + By, z) A1 BceX x,y,2 € L
o fel;

3) (adz(y), 2) + (y, adz(2)) = 0 wan ([z,y], 2) + (y, [z, 2]) = 0.
DTu cBOHMCTBA HeNMOCPeACTBEHHO CJeAYIOT U3 CBOHCTB cienos. Hampu-
Mep, MyCTh
a = (adz(y), z) = Tr {ad ([z,y])ad 2} =
=Tr(adz ady adz) — Tr (ady adz ad 2),
b= (y,adz(z)) = Tr{ady(ad [z, 2])} =
=Tr(ady adz adz) — Tr (ady ad z ad z).
Torna us papeuctsa Tr (ABC) = Tr (CAB) nveeM a + b = 0 uau TpeTbe
CBOHCTBO.

CumMmeTprueckas 6unrHeliHas ¢opma (l.114) Ha L x L HasbiBaetcs
Gopmotl Kuarunea. Yautsipas (1.113), noayyaem

(z,y) = Tr ((adz)}(ad y)§) = cha'cliy® = aiszly?,
rpe CHMMeTpH'—IeCKHi T€H30D BTOPOTO DAHTa
gis = cixchs (L115)

Ha3blBaeTcA mempuueckum mensopom Kapmarna anre6prt Jlu L.
3aMeTHM, YTO VI8 HEKOTOPHIX anre6p (HarlpuMmep, KOMMYTaTHBHBIX)
dopma Kumnunra (1.114), a sHauuT, u MeTpudeckuit rexsop (1.115) mMoryT
ObITb BBIPOXK A€HHBIMU.
JLns TIpou3BOJIbHOrO aBTOMOpPQM3Ma ¢ AaHHOH anre6pot Jlu L, Bcnen-
CTBHE

ad(z) = Yadzy™t,

MeeM

@(z), ¥ () = (z,9),

To ecThb QopmMa KunnuHra vHBAapHaHTHZ OTHOCHTENbHO AefCTBHA TIDYI-
mut G 4 BceXx asToMopdH3MOB anre6pnl L. opma Kunaunra (1.114) u ac-
COLMUPOBAHEBH ¢ Helo TeHszop KapTara 6yayT urpaTh QyHAaMeHTaAbHYIO
posb B Teopuu aare6p Jlu 1 ux npencraBieHHi.

Hanpumep, mpocTolt KpuTepu# paspemumocTy anredp Jlu uepes dopmy
KunauHra faer ciaenyiwolias TeopeMa, J0Ka3aTeNbCTBO KOTOPOH MOXHO
Ha¥ita B [24].
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Teopema 1.9. Ecau (z,z) = 0 das aroboeo z € L, mo L — paspewiu-
mas arzebpa Jlu. Ecau aneebpa L nusvhomenmnua, mo (z,z) = 0 daa
gcex xz € L.

M3 muoxecTtBa Beex anreGp JIu Mbl BBIOENHIY KJacC paspellMMbIX U
HUMBIOTEHTHBIX aarefp. OmnpefennM Terepb Kjacc NMPOCTHIX ¥ IIOJYIIPO-
CThIX anredp JIu, KoTophle 6yAyT UI'PATh CYIIECTBEHHYI POJb B H3YUeHUH
CTPYKTYPH ¥ Kaaccuduxauuy anredp Jun.

Anre6pa Jlu L HaswBaeTcs noaynpocmotl, ecny oHa He HMeeT HeHy-
JI€BbIX KOMMYTATHBHBIX UA€aJIOB.

KpuTtepuit monynpocToTh AaeT TeopeMa KapTaxra (10KasaTesbCTBO KO-
TOpOH MOXHO HalTH, HampuMmep, B [12]).

Teopema 1.10 (Kaptaua). Axeebpa Jlu L asasemca noaynpocmot
moeda u moabko moeda, xkoeda ee gpopma Kuniunea regvipordena.

AnreSpa Jlu L naswiBaeTcs npocmot, ecay oHa He UMeeT UIealsoB,
oranynbx of {0} u L, u ecnnt L = [L, L] #0.

Xopowo usBectHo [12], uTo knacce anre€p An, Bn, Cn u D, aBns-
I0TCA MPOCTHIMU anrebpamu (KAaaccuueckumiu). Kpome Hux cyulecTBYIOT
ellle JIMIIb TATh (UCKAIOUUMEAbHbLX) TIPOCTHX anre6p. Yenosre L(®) # 0
HCKJ/I0uaeT anredpsl JIu pasMepzocTy |, KoTophie 6b1IK §bl IPOCTHIMU, HO
He TIONYTIPOCTHIMH.

[oBopaT, uto anre6pa Jlnu L komnaxkmuas, ecau 8 L cyuecTByeT mo-
NOXKUTENbHO OMpefeNeHHas KBajpaTiuHas gopma (e, ), KoTopas yaoBie-
TBODAET YCJIOBUIO

([, 4], 2) + (v, [z, 2]) = 0. (1.116)

OcTtanbuble anre6pbl Jln HaswisawT xekomnaxmusimu. Oopma Kunnnn-
ra (1.114) ynosnetBopsetr ycnosui (1.116). [losTomy ecau mMeTpuueckuit
tensop Kaprana monymnpoctoit anre6prt JIu L nonoxuTenbHo (W11 oTpH-
11aTesNbHO) oMpefieNieH, To L — KoMMakTHa.

Knacc paspemmumbix anre6p JIu B HEKOTOPOM CMBIC/E JOTIONHSAET K1acC
TIOJTYTIPOCTHIX a/refp: NefcTBUTeNbHO, BCAKas paspelnnmas anredpa Jlu
COePXUT KOMMYTATUBHBIIL Uleas, TOrla Xak, ¢ ApYrofl CTOPOHHI, 10Ny-
npocTas anredpa JIu He MeeT KOMMYTATHBHOTO Hieaa.

Cnepywiye aBe QyHaaMeHTANbHble TeOpeMbl IIOKA3HIBAKT, YTO B
oIpeie/IeHHOM CMbIC/IE KaaccuduKalys Beex anredp Jlu ceoautes K xaac-
cuQUKALUY Pa3PEeLIUMBIX U [TONYIPOCTHIX aaredp Ju.

CHauasa BBelleM B pacCMOTpeHUE MMOHATHe paavKana anreGpn Jlu u
PacCMOTPUM OJIHO BCTIOMOTATe/NbHOE YTBeDXAeHUe.

MaxcumManbEbil paspemiuMblil Haean N, KOTOPbIE comepkUT N0GoH
Apyrofl paspelluMBl naean anreSpu Jlu L, Haswpaercs padukaiom ain-
re6pu Jlu.
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Jns noaynpocTo# anre6phl Jn L pagvkan N pojxeH ObThb paBeH
Hynw. B camom nene, ecnu N # 0, 10 Ny = [Ne—1), Np—1)], No = N —
Taxxe uneans B L. [lostomy ecau 661 N,_ 1y # 0 1 Nipy = 0, To Ny _yy
6blN 6Bl HEHYNEBBIM KOMMYTATUBHEBIM HjeaoM B L. CreloBaTeNbHO, €Ci
L monynpocTasn, To N = 0.

MoxH0 TpPeANoJOXKHTb, UTO eCNH BbIAEAUTb paidkasj U3 3aJaHHON
anre6pul Jlu L, To noayuerHas anre6pa Jlu 6yner monympocToi.

Mpenaoxenune 1.2, [lycme L — asncebpa Jlu nad P. Ecau N —
paduxan anrzebpet L, mo paxmop-aszebpa L/N nosynpocma.

JokasateascTBo. [lycTh 0 — ecTecTBerHml romomopdusm L va L/N.
[pennonoxun, yto S — paspemwnMblil Henynesoit unean 8 L/N, 1 nycTs
S = ©~1(S). Ouernmo, uto nockompky @(N) = 0, To mmean S 6Go-
nee mupoxuit, uem N, u comepsut N. Aare6pn S/N u N paspemmmsr.
Mostomy S — Taxme paspemmmMbiii mpean u cogepxut N. Onxako 3To
IPOTHBOPEYHT MaKCUMalbHOCTH paavkana N. CnepoBatensro, S = {0}.
[Mostomy L/N He comepuT KOMMYTaTUBEBI Kpean, a 3HauuT, L/N —
nosynpoctas anrepa Jlu. [ |

YtBepxaenve 1.2 yctanaBauBaeT TOT (aKT, YTO IPOU3BONBHAA anre6pa
Jlu cocTouT U3 ABYX uacTedl: pagukana N u noaynpocTtoil anre6pu L/N.

[lepras Teopema {N0Ka3aTeNbCTBO CM., HanpuMep, B [93]) naeT monHoe
OMHCAHUE 3TOr0 Pa3JOKEHNA.

Teopema 1.11 (Jleeu—Mauasuesa). [lycme L — npousgossras aree-
6pa Jlu nad P ¢ paduxarom N. Toeda cyuwiecmeyem maxas noaynpo-
cmas areebpa S areebpot L, umo

L=S&N. (L.117)

Jhobwie dsa pasroxcenus L suda (1.117) ceazans: npu nomowu agmo-
mopgusma areebpot L.

Parenctro (1.117) HasbiBaeTcs pasdaoxceruem Jlegu anrebpsl L, a non-
anre6pa S zaswBaetcs paxmoponm Jlesu. Taxxke n3 teopensl 1.11 cnenyer,
uTO

[N,N]C N, [5,8]cS, [N,S]CAN.

B cooTBeTCcTBHM C TEOpeMOI;'I ..HEBI/I—MaJ]bI_IEBa 3ajayda KJ]aCCH('pHKaLIHH
BCEX anreép JI¥ cBOAMTCS K TAKUM 3a]a4am:

1) xnaccugurauys Bcex MONYIPOCTHX anredp Jlu;
2) xaaccHuKaUus BCeX paspelllMMbIX anre6p Jlu;
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3) xnaccuduxauusa scex auddepernrporanuil (1.107) paspeminmeix an-
reSp JIlu B COOTBETCTBHM ¢ KJaccudUKAlMeld ToJAYNPOCTHX anrebp
Jlu.

[leppas 3ajaya 3KBUBaJeHTHA 3afade KJaCCUPUKALNK TPOCTHIX aj-
re6p Jlu, TOCKONBKY UMeeT MECTO BTOpas KJIacCU(UKaLUHOHHAA TeopeMa.

Teopema 1.12 (Kapraua). [losynpocmas xomniexcuas uiu dei-
cmeumenvnas aacebpa Jlu moxcem Coime pA3A0NEHG 8 NPAMYIO CYM-
MY NORAPHO OPMO2OHAALHLLX NPOCMbLX anreebp. Imo pas3roxcerue edur-
CTMBEHHO.

Jloxa3aTeqbCTBO TeOpeMbl MOXHO HaiTy B [12].

[TockonbKy KiaaccuduKaLys BCeX MPOCTHIX AeHCTBUTENbHBIX aaredp
JIu ussectra (Hampumep, [12], ¥ MB ee TIpUBOOUM HHXe), To MepBas U3
cHOpPMYIUPOBAHHHX 32724 pellieHa IIOJIHOCThIO.

JlBe npyrye 3afadyl peuleHb! TOJBKO YaCTHUYHO.

3mech Mbl TIPUBOAMM TIepedeHb AeHCTBHTENBHHX TIPOCThIX aaredp Jlu
Kax JefCTBUTENbHBIX QOpPM UeThlpeX GeCKOHEUHEX [10c/e JoBaTebHOCTeH
Kaaccudeckux anredp Ju A, (n = 1), B, (n 2 2), Cp, (n 2 3), D,
(n = 4) 1 nATH UcKMoUKTeNbELIX anredp Jlu Ga, Fy, Eg, FE7, Eg, KoTo-
pble COCTAB/IAIT MHOXeCTBO BCEX HEM3OMOP(HHIX IIPOCTHX KOMILIEKCHHIX
aare6p Jlu. 3ameTHM, 4TO roc/e0BaTeNbHOCTL [y, He CONEpPXKUT anredpy
D5, mockosbKy oHa He AsaseTcs npocToit (Do ~ Dy & Dy). Takxe unmewnT
MecTo u3oMopduamel: Ay ~ By ~ Cy, By ~ Cy, Ag ~ Dj.

Pa3MepHOCTH KJacCUUeCKUX KOMIUIEKCHHX aareép Jlu A,, B,, C,
u D, Takue:

PasmeprocTd | n{n 4+ 2) | n(2n+ 1) | n(2rn+ 1) | n(2n— 1)

PasmepHOCTH UCKMOYUTeNbHHX anre6p Jlu: Go — 14, Fy — 52, Eg —
78, E; — 133, Ey — 248.

J1as onMcaHus Jefc TBUTeNbHEIX IPOCTHIX anredp JIu UCIoAb3VIOT TOT
daxT, yTo Aw6as mpoctas aaredpa Jlu xag R Asasercs uau rpocToR
anreSpot JIu Hag C (paccMarpuBaeMoit Kak anrefpa Jlu Hap R), uau
NefcTBUTebHOM dopMoft npocTtot anreSpr Jlu zan C.

B rpynnosoM ananuse Avd@epeHLUAIbHBIX YpPaBHEHUH BeoyIIYIO
POJIb UrpaAT KJAaCCHYeCKHe Aefic TBUTeNbHble NpocThle anreSpsl Jlu Hu-
e Mbl [IPHBOAMM ¥X rogpofHoe omnucaHue. CumBonoM Lj ofoszHauaem
TpocTHe anreSpsl JIU, KOTopble ABIAKNTCA KOMIIAK THEIMY.



1.3. AnreGpsl Jlu oMepaTOpPOB CHMMETDHHE 89
i. JleficTBuTeabHble GopMbl anredpsl sl(n,C) (~ Ap_1,n > 1)
1) Ly = su(n) — anre6pa JIu Bcex KOCOSPMHUTOBBIX MAaTpHLL Z IOPAA-
Ka n co caegoM Tr Z = 0;
2} sl(n,R) — anre6pa Jlu Bcex meficTBHTebHBIX MaTpul X Iopsixa n
co caegqoM Tr X = 0;
3) sulp,q),p+qg=n,p =g — anredpa Jlu BceX MaTpHLl BHIA
Zy Zy
zy Zs)>
rue Z1, 43 — KOCO3PMHTOBHIE MATPHLIE NOPAAKA P U ¢ COOTBETCTEEH-
Ho, Tr Z1 + Tr Z3 = 0, Zo — npousBoJbHAS;
4) su*(2n) — anare6pa JIx BceX KOMIVIEKCHBIX MATPHL] IOPAAKA 2n BUAA
2 7
~Zy Z41)’
rae Z1, Zo — KOMILIEKCHble MaTPHIH Mopaaxa n, Tr Z; + TrZ, = 0.
ii. HdeficteuTenbHble Gopmbl anre6psl so(2n, C) (~ Dy, n 2 1)
1) Ly = so(2n) — aare6pa JIu Bcex HeHCTBHTENbHBIX KOCOCHMMETPH-
4eCK¥X MATPHIL NOpAAKa 2n;
2) so(p,q), p+¢q = 2n, p > q — anrebpa JIu Bcex NeHCTBHTENbHEBIX
MAaTpHIl TIOpAAKa 2n BUJA
X1 X
XT X3)°
rae Bce X; meficTBuTesbHbE, X1, X3 — KOCOCUMMeTpUUECKVE MAT-
DUIIBI [IOPAAKA P U ¢ COOTBETCTBEHHO, Xo — IPOK3BOJIbHAS;
3) so*(2n) — anrebpa JIu BCceX KOMILIEKCHEIX MATPHII IODPAAKA 2n BUAA

Zy Zs

~Z2 1)’
rae Zy, 4o — KOMIJIEKCHble MaTpULEl NOPAJKA n, NIPU 3TOM Zp —
KOCOCHMMeTpUdeckas, a Zg — 3pMUTOBA.
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iii. JleficTeuTeibHEIE GOpMBL a/re6psl so(2n + 1, C) (~ By, n > 1)

1) Ly = so(2n + 1) — anre6pa JIu Bcex AeHCTBUTENBHBIX KOCOCHMMET-
pHYeCKUX MATpHUll Nopsafaka 2n + 1;

2) so(p,q), p+qg=2n+1, p > g — anre6pa JIu Bcex AeHCTBUTENbHBIX
MaTpHul nopsAnka 2n + 1 Buja

X1 X
xI X, )
rae sce X; HeficTBUTesbHble, X1, X3 — KOCOCHMMeTpHyecKye MaT-

pHUbI TIOpsAAKA p U g COOTBETCTBEHHO, XQ — IIPpOMU3BOJIbHAA.

iv. JleficteuTenbHble Gopmbl anrepl sp(n, C) (~ Cp, n 2 1)

1) Lr = sp(n) — anrefpa Jlu Bcex KOCO3DMHUTOBLIX MaTpul {Ge3 cie-
II0B) TIOpsKA 27 BUAA

71 Zs

Zy —zZ{ )
re Bce Z; — KOMIUIEXCHBIE MATPHLBL I0PSAKA 1, Zo U Z3 — CUM-
MeTpraeckue (To ecTb sp(n) = sp(n, C) N su(2n));

2) sp(n,R) — anre6pa Jlu Bcex meHCTBHTeNBHBIX MATpHL NOPAAKA 2n

BUAA
X1 X
T
Xs —Xi )’
rie X1, X9, X3 — neficTBUTeAbHBIE MATPUIILL TTopsiaka n, Xo, X3 —
CUMMeTPHYECKYE;

3) sp(p,q), p+q=n, p = g — anredpa JIu BceX KOMIUIEKCHBIX MaTPHL]
nopsiAxa 2n BUlA

Zv  Zi Ziz  Zu

Tty T 2l 2
—Z13 L Ly —Z|’
Zty —~Zoa ~T1y Zom

rae Z;; — KOMILIEKCHble MaTpUlbl, Z11 ¥ Z13 — MOPAIKa p, Z12 U
Z14 — C p CTPOKAMU W g CTONOLUAMHU, Z11 U Zog — KOCOIPMUTOBLIE,
Z13 U Zg4 — CUMMETPHYECKUE.
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BaxubiMy ABAAITCA TaKKe H3BECTHBIE I/ISOMOp(pI/ISMbI, KOTOpbIE CyLIEe-
CTBYIOT WA HHU3IIUX KJaCCHUYECKUX anreép Jlu:

su(2) ~ so(3) ~ sp(1l);
sl(2,R) ~ su(l,1) ~ s0(2,1) ~ sp(1,R);

UcxnounTenbible anreSprl JIK, BCleACTBHe HX BHICOKOH DpasMepHOCTH,
He UIDAIOT CTO/b BaXKHOM pOJIM B IDYINOBOM aHanuse AHddepeHLMalb-
HHX YpaBEeHHH, KaK Kaaccudeckye npocTre anre6ps Ju. [losTomy 31ech
MBl JHIIb KOPOTKO OCTAHABJANBAEMCH HA JeHCTBHUTEIbELIX QOpMaxX aaredp
tunos Go, Fy4, Fg, FEr7, Eg. Bonee moapofuyio uubopMalliio o6 3THX
anreSpax MOXHO HafiTh, Hanpumep, B [91].

Aunre6pa JIn tuna G UMeeT XOMIAKTEYIO IeHCTBHUTENBHYI GODMY g2
¥ OfHY HeKOMIIAKTEYH JeHCcTBHTeNbHYW dopmy gh. Ilpy sToM g2 N gh ~
su(2) & su(2).

Anre6pa Jlu tuna Fy umeeT KOMIAKTHY AeHCTBUTENbHYI PopMy f4
¥ JiBe HeKOMIIaXTHbHe JeHcTBHTenbERE dopMbl fi, fi. [pu atom fiN fq ~
sp(3) @ su(2), fi N fa~ s0(9).

Anre6pa Jlu Trna Eg uMeeT KOMIAKTHYK IeACTBHTENBHYR GOPMY eg
¥ yeThlpe HEKOMIIAKTHblE AefCTBUTesbHbe (opmbl ef, eff, el, el. Mpn
aToM ez M eg ~ sp(4), ef Neg ~ su(6) @ su(2), eg’ Nes ~ s0(10) B R,
eg Neg ~ fa.

Anre6pa Jlu TMma E7 HMeeT KOMNAKTHYH JeHCTBHTENbHYI QOpMY
e7 ¥ TPY HEKOMIIaKTHble JeHcTBHTenbHEE QOpMH ek, e, . Tlpn stom
e Mer ~ su(8), ef Ner ~ so(12) & su(2), e’ Ner ~ eg R,
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Haxozreu, anre6pa Jlu tTuna Eg uMeeT KOMIAKTHYIO JefiCTBUTENBHYIO
Q)opmy eg U 1Be HeKOMHaKTHbIe JeficTBUTeNbHEE GOPME ef, ef. [1pu aTom
ef Neg ~ e7 @ su(2), ef Neg ~ s0(16).

Kax oTmeuyanach Bhile, 3afaya KaaccuDUKAlUK HeH30MOpPHBIX pas-
pelnMbiX anredp Jlu, HacKoabKo HaM U3BECTHO, TOJAHOCTBI0 PellleHa JIUIIb
151 OeMCTBUTENbHbBIX anrebp Jlu 1o 1recToro nopsfxka BK/INOYUTENBHO
(cM., HanpuMep, [42-45,180]). 3nech Mbl NPUBOAUM CTPYKTYPY paspe-
wuMbiX anredp Jlu nan mosem R, pasMepHOCTh KOTOPHIX He IIPEBBILIAET
ISATH.

llanee 6ymem yrmoTpebasTb Takue oGosHaueHus:Ag; = (er,...ex) —
anre6pa Jlu pasmepHocTn k, e; (§ = 1,...k) — ee GasucHble 3/eMeHTHI,
MHOEKC 7 0603HAYaeT HOMeD KJacca, K KOTOPOMY NPHHAAIEXUT AaHEasA
anre6pa Jlu. Ykasesas Tin aare6pe Ay;, OyaeM IIPUBOAXTD JKIIb 3Hade-
HUe HeHYJIeBbIX KOMMYTATOPOB 6a3HCHBIX 3/€MEHTOB.

Cpenu Haubonree HusKux paspemuMbix anrebp Jlu Hapx ronem R Bb-
IeNA0T OAHY ofHOMepHYI0 anrebpy Jlu Ay = (e1) ¥ NBe ABYXMepHbIE:

Ao = (eq,e0) = 41 @ Ay =24y,

Agg = (e1,e2), [e1,e2] = ea.

Jlanee, paspelirMbe anreGpel, KOTOpblE PACKAAfBBANTCA B NPAMYIO
CYMMY paspelllUMbIX anreSp HusleH pasMepHOCTH, OYAeM HasblBaTb pas3-
A0XHCUMbIMU anTebpaMu JIU.

Tpexmepuble paspemumble aare6psl Jlu (L = (eq, eq, e3)) Han R

TpexmepHble paspeliyMbie anreSpsl JI¥ UcUeprbBalOTCA ABYMA pPasso-
KUMBIMH anreGpaMu:

A1 =410 A, 9 A =34y,
Azo = A 0@ Ay, [61,62] = €2,

1 CEMbIO HEDAIJIOKVMBIMHU am‘eépaMH Jlu:

Azs: [eg,e3] =eq

Az a: [er,e3] =e1, [eg €3] = e+ eg;

A3,5 : [61,63] = €1 {62, 63} = €2;

Ag,e : [61,63] =é€1 [62, 63} = —€&9g;

A3,7 : {61,63] = e, {62, 63} = Qég (0 < |q[ < 1),
Asg: [er,es] = —ea, [en,e3] = ey;

Asg: [e1,e3] =ge1 —ea, [e2,e3] =e1+gea (¢>0).
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OTtMeTM, uTO anrepa As 3 sIBASeTCS HUAbIOTeHTHOH. Takike oTMme-
TUM, uTo 145 anredp As; (i =3,4,...,9) {e1,e2) = Ao = 24;.

UeThipexmepHble paspewumbe anrebpel Jlu (L={ey, ez, es,e4)) Hang R

Cpeny yeTHpEXMEPHLIX paspelryMbix anre6p JIu pasauyaiot 10 pasno-
KUMBIX anrefp: 44; = A3 10 A1, Ag2®24; = Ao o@Asq, A2oBG Ao =

=2499, As; ® A1 (2 =3,4,...,9); U ecsATb HeDPA3NOKUMBIX Da3pelIt-
MBIX anre6p Jlu:
Ag1: [eg,eq] =e1, [es, eq] = eq;
Ago: [er,eq] = qer, lea,eq] = e, [es,eq] =eate3, q#0;
Ags: len,eq) = €1, [es,eq] = eo;
Agq: ler,eq] =e1, eg,eq) =e1+eo, [es,eq) =eo+es;
Ags: [er,eq) =e1, [ea,eq] = qea, [es,eq] = pes,
-1<p<qg<l, p-qg#0;

Age: [e1,eq] =qe1, [ea,eq) =peo —ez, [es, eq] = e +pes,

g#0, p=0;
Ag7: e, es] =e1, [e1,eq =2e1, [e,eq] =eo,
les,eq] = ea +es;
Agg: lea,es] = e1, [er,eq) = (L4+qler, [e2,eq] = ea,
e, eq] = ges, gl < 1;
Ago: [eg,ez] =e1, [e1,eq] =2ger, [e2,eq] = gea — e3,
les,eq] =e2+qe3, g2 0;
Agr0: [er,es] =e1, [eg,e3] = e, [e1,eq4] = —eg,
le2, e4] = 1.
[TatumepHble paspemvmble anrebph JIu (L = (eq,eq, ..., es)) Han R

MtuoxecTBO HeHM30MODGHBIX [ISATUMEDPHBIX paspeliMMbIX anaredp Jlu
UCYepIIbIBAETC 27 THIIAMY DA3NOXUMBIX anrefp: S5Ap, Ago @ 34,
2A00® Ay, As; ®241 (1 = 3,4,...,8), A3, @ Ago (¢ = 3,4,...8),
Ag:® Ay (i =1,...,10); n 39 HepasJOXUMEIMY Pa3pelINMbIMK aare6pa-
MU

Asq: | ]=e [ I=e
Asa: | |=e I |=e2, [eq,e5] =e3;
Asz: [ea,eq] =es, [ez,es]=e1, [es es5] =eq;
Asq: | J=e1, | J=e

les,eq] =e1, [en,e5]=e

As s 1) [93’95] = €2;
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A5‘7 M

A5‘3 M
A5‘g M

As.10:
As11:

les,eq] = €1, [ea,es] =e1, [es,es] =ea, [eq,e5] = es;
le1,es] = e1, [e2,es] = pea, [e3,es] = ges,
leg,es] =res, —1<r<g<p<1, rpg#0;
[eo,e5] = e1, [es,es] =es, [eq e8] =pes, 0< |p| <1
le1,e5] = e1, [ea,es] =e1+ea, [es, es] = pes,
les,e5) = qeq, O0# g < p;
[e2,es] = e1, [es,es] = e, |es,es] = ey;
lel,e5] =e1, [ez,es) =e1+ea, [es, es] =ea +es,
les,e5] = peq, p #0;
le1,es] = e1, [e2,es] =e1+ ez, [es,e5] = ez + e,
les,e5] = e3 +eq;
le1,es] = e1, [e2,es] = pea, [es,es] = qes —rey,
[eq,es] =qgeqa +7e3, |p| <1, p-7#0, geR;
le2,e5] = e1, [es, es] = pes — ey,
lea,es5] = es +pes, pER;
lel,e5) = €1, [ez,es| =e1+ea, [es, es] = pes,
lea,e5] = e3 +peq, —1<p< ]
le1,es] =e1, [ea,e5] =e1+ e2, [e3, es] =pes — geq,
les,e5] = ges +pes, PER, ¢#0;
le1,e5] = pe1 —ea, [ea, 5] = e1 + pey,
[es,es] = ges — 7eq, [es,es5] =Tes +geq, 7 #0, p,g ER;
le1,e5] = pe1 — ez, [e2,es] = e1 + pea,
les,es] = e1 +pes —eq, |es,e5] =ea+ ez —pes, p 20,
le2,es] = e1, [e1,es] = (L +pler, [e2,e5] = ea,
les,es] = pes, [es, 5] =qeq, PER, g #0;
le2,es] = e1, [e1,es] = (1 +plea, [e2,e5] = en,
les,es] = pes, [es,es] =e1+ (1 +ples, pER;
le2,es] = e1, [e1,es] =2e1, [ea, e5] = €2 + e3,
les,es] = e3 +eq, [eq, 5] = eg;
lea,e3) = €1, [ea,es) =es, [ea,e5] =eq;
[62, 63] = e1, [61, 65] = 261, [62, 65] =eg + eg,
les,es) = e3, [es,es] =pes, D #0;
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Assa: [er,eq =pe1, [ea eq) =ea, [e3,eq] =es,

As2a: lez,es] =e1, [e1,es5] =2e1, [ea,es5] =ea+es,
[es,es5] =es, [ea,e5] = €e1 + 2eq, € = %1
Asos: [ea,e3] =eq, [e1,es] =2per, [eg, es] = pes +es,
[es,es] = —ea +pes, [eqes] =qeq, PER, g #0;
Asog: [ea,es) =eq, [e1,es] =2per, [eg, es] = pes+es,
[es,es5] = —ea +pes, [eq,e5] = €eq + 2pey,
e=+1, pekR;
Aso7: [ea,es] =e1, [e1,es]=e1, [es,es] =es+eq,
[ea, e5] = e1 + eq;
Aszs: [ez,es] =e1, [er,es] = (L+pler, [ea,es] = pea,
[es,es] = ez +eq, [eq,e5] =eq, PER;
As2o: [ez,e3] =e1, [en,es5] =e1, [ez,e5] =ea, [e3,e5] =eq;
Aszo: lez,eq] =e1, [es,eq] =e2, [e1,e5] = (2+Dp)ey,
[e2,e5] = (1 +plez, [es, es] = pes, [eq,e5] = €4, p €R;
Ass1: [ea,eq) =e1, [es,eq) =e2, [e1,e5] = 3ey,
[e2,e5] = 2eq, [es,es] =es, |es,es] =e3+ ey
]
]
]
]
]
le1,e5] =e1, [es,es] =eq, PER;
Asss: [er,eq) =pe1, [ea eq) =ea, [e3,eq] =es,
[e1,es] = ge1, ez, es] = —es, [es,es] =eq,

As g [ea,e3] =eq, [er,eq) =e1, [ez, eq] =eq,
[e2,e5] = —e2, [es,es] = es;

Asar: [ea,ez] =eq, [e1,eq) =2e1, [eg,eq] =eq,
[es,eq] = e3, [ea,e5] = —e3, [es, es] = eq;

Assg: [er,eq] =e1, [ez,es5] =e2, [eq,e5] = e3;

Aszg: ler,eq] =e1, [ez,eq] = €2, [e1,e5] = —ez,
[e2,e5] = €1, [eq,e5) = es.
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B 3amepineHie 0cTaHOBHUMCA €llle ¥ Ha H3BeCTHOH Kaaccuduxauuu an-
re6p, KOTOpLle ABJAITCA COOCTBEHHO NOJYIIPAMBIMH CYMMaMH TOJYIIPO-
cTo!t U paspemumoit anre6p Jlu.

Anrebpnl JIu, KoTopble ABAAKTCA TONYIPAMBIMU CYMMaMU IIOJYIIPO-
cTot U paspelmuMolt anre6p JIU, YCI0BHO MOXHO pasOHUTb Ha ABa KJjacca:

1) anre6prl, KoTophle ABANTCA NPAMOR CYMMOI [I0JYIIPOCTON M paspe-
wrmolt anre6p Jlu (pasnoxumble anreSphl);

2) anrebpbl, KOTOpPblE He PACK/JAAABIBANOTCA B NPAMYI0 CYMMY IOJAYIIPO-
cTot u paspemuMoit anre6p Jlu (HepasnoxuMmble anre6phl).

ﬂocxoany CTPYKTYpa pa3/JOoXVMbIX aﬂre6p HUMeeT BUM!
L=Ngs§,

rae S — daxrop Jlesu (mosnynpoctas anrebpa Ju), N — paauxan (paspe-
wumMas anre6pa Jlu), To mosHOe OMUcaHye 3TUX aaredp JNerko IOIY4HTh,
KOMGMHUDYA U3BeCTHBIE TTOJMYIIPOCTHIE U paspelinMble anre6psl. [lockons-
Ky CTPYXTypa paspelliMMHIX areSp H3ydeHa YaCcTUYHO, TO OTCYTCTBYeT
W TI0JIHAs KJaccudukauys pasioxumMbix anre6p Jlu. Knacenduxauusa xe
HepasJIoXKUMBIX anreGp JI¥, HACKOAbKO HAM H3BECTHO, MOJHOCTBIO MPO-
BeJleHA JUIIbL A/ a/irefp, pasMepHOCTH KOTOPHIX He NPEBBIIAIT BOCh-
mu [179]. A umenno, anre6p Jlu, daxTop JleBy KOTOpLIX COBIIajaeT ¢
aarepamy si(2,R) u so(3).

Jlanee Mbl IPUBOAMM TIOJHBIY CIIMCOK 3TUX anaredp, yrnotpebass o6o-
3HAUEHNA!

sl(2,R) = (e1,e2,e3) 1 [e1,e2] = 2en, [e1,e3] = —2es,
[62) 63} = e1;
s0(3) = (e1,ez,e3) 1 [e1,e2] =3, [e1,e3] = —eg,
[e2, €3] = e1.
[Tpy: o6osnauenuu paaukanos N = (eq,e5,...,em) (m =dimN + 3} Mul

coxpaHseM Te e 0603HAueHMs A DPaspelIMMHX anreSp Jlu, xoTophle
UCTIONB30BaA¥Ch Bhilte. [Ipyd 3TOM COOTBETCTBYMOIIME KOMMYTALMOHHLIE
COOTHOLIEHUA AN GA3UCHBIX OMepaTopoB N JIeTKo MONYUHTh U3 H3BECT-
HBIX TIOCPEJICTROM 3aMeHH B GAa3HUCHBIX OMEpPaTOpax WHAEKCOB ¢ Ha MHAEK-
cH 7 + 3. [lostomy B mepeune ajare6p, KOTOpHe ABAANTCA NONYTIPAMBIME
CYMMaMH TIONYIIPOCTOR U paspeliumoit anre6p JIu, Mbl IPUBOAKM TO/b-
KO 3HAYEHVs HEHYIEBHX KOMMYTATODOB [es, e;] = clex, Tie i = 1,2,3;
5,k =4,5...,m.
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1. Anre6pwr JIu pasMepHoCcTH 5 11 6

sl2,R) GAo1: [e1,eq] =eq, [e2,e5] =eq, [es,e4] =es,

[61, 65] = —€s;
s0(3) GAsz1: [e1,es] =es, [ea,eq] = —es, [e3,e4] =5,
le1,e6] = —es, [e2,e6] = €4, [e3,e5] = —eq;

sl(2,R) € As3: Azs={egeq,e5), [e1,eq] =eq, [e2,e5]=ey4,

[63: 64] = €5, [61, 65] = —€s;

sl(2,R) € As5: Aszs ={es es,€5), [e1,eq] =eq, [e2,e5]=ey4,

[631 64] = €5, [61, 65] = —€s;

sI2,RY € Az 1: [e1,eq] =2eq, [en,e5] =264, [es,eq]=ces,

le1,e6]) = —2eq, [ea,e6] = €5, [es,e5] = 2es.

2. Anre6pn JIn pasmeprnocTu 7

so(3) € Ags(p=q=1): [e1,e5] =es, [e2,e4] = —es,

{63; 64} = €5, [61; 66} = —¢€s [62, 66} = €4y [ ] = —€4;

so(3) €44:1: [e1,eq) = %67, le2, 4] = %es, [es, eq] = %es,

L 1
le1, 65] = 566, [62; 65] = _%64, [63, es] = —567,
[61; 66] = —%65, [62,66] = %67, [63, 66} — —%64,
[61; 67] = —%64, [62,67] = _%GS; [63, 67} — %65;

SI2,R) € Aus(g=1): [er,eq] =e4q, [, e5]= ey,

les, eq] = €5, [e1,e5] = —es;

sl2,R) € Ags(g=1): Asg={es,eq,e5,7), [e1,e4] =eqy,
[e2, e5] = €4, [es,eq] =e5, [e1,e5] = —es;

sl2,R) € Ass(p=qg=1): [e1,e4] =2e4, [e2,e5]=2e4,
les, eq] = €5, [e1,e6] = —2e6, [e2,e6] = €5, [es,e5] = 2es;
sl(2,R) €4A1: [e1,e4) =3eq, [e2,e5] =3eq, [es,e4] = es,
le1,es5] =es, [e2,e6] =2es, [es,es5] =2es, [e1,e6] = —es,
lea, e7] = [es,es] = 3er, [e1,e7] = —3er;
sl(2,R) €E4A1 1 le1,eq] =esq, [e2,es5] =e€4, [es,e4] = es,
le1, e5) = —es,  [e1,€6) = €6, [e2,e7] =e6, [e3,€6] = €7,

le1, e7] = —er.
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3. Anre6pnt Jlu pasmeprocTH 8

so(3) € As7(p=g=1): [e1,es] =eq, [e2,e4]

[63) 64] = és, [61366] = —es, [62,66] = ey4, [63, 65} = —ey;

30(3) EAsa: Asa= <63? €4, €7, €5, 66>3 [61, 641 = %37:

_1 1 1
[62’ 64] - 565’ {63) 64} = 5663 [61, 65] = 566,

[e2, e5] = _%‘34’ les, es] = —%ff?, le1, 6] = —%es,
[62’ 66] = %67’ [63’ 66] = _%64) [61167] = —%ella
[62> 67} = _%663 [63, 67} = %65;

so8) €dsrlp=g=r=1): e, eq] = %67, le2, eq] = %es,

1 — 1

[es, e4] 96 e1, e5] = %es, le2, e5] = 54
-1 — 1

[63, es] 2@7, [61,66] = —%65, [62, 66] = 567,
-1 — 1

[es, e6] 2@4, le1, e7] ;64, [eg, e7] = —565,

[63; 67] = %65;
so(3) € Asa7(lp=¢q, T =1): As17 = {e4, es, s, €7,€3),

[61’ 64] = %67: [6% 64] = %65, [63, 64] = %66,

le1, e5] = %66, le2, e5) = —%54, es, e5) = _%67’

le1, e6] = —%65, [e2,e6] = %67, les, eq) = —%64,

le1,e7] = —%64, le2,e7] = —%eg, [es, e7] = %es;
s0(3) €541 : [e1,e4] = %67, le1,e5] = —%es,

le1, 6] = 2e5 —eg, [e1,e7] = —2eq, [e1,es] = es,

[62, 64] = 166; [62) 65] = 167, [62, 66] — —264,
2 2
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[e2,e7] = —2e5 — e, [e2,es] = 3er, [es, eq] = 2es,

les, es] = —2eq, [es,e5] = €7, [es,er] = —eg;
sl2,RY € Asa: Asq={es,eq,e6,s5,e7), [e1,e4] =eq4,

[e2, e5] = €4, [es,eq] =es, [e1,e5]

= —85;
sl(2, R) €A5,7(p = 1) : [61364] = €4, [82385} = €4,

les, eq] = €5, [e1,e5] = —es;

sl(2,R) € Ass(p=1): Ass={es er,€4,€5€5), |e1,e4] = e4q,
le2,e5] = €4, [es,eq] =e5, [e1,e5] = —es;

S2,RY € As: As~ Asg, le1,eq] =eq, [e2,e5] =eq,
[63, 64] = €s, [81,85] = —é&s;

SI2,R) € As.13(p=1): [e1,eq] = €4, [e2,e5] = ea,
[63, 64} = €5, [81,85} = —¢€s5;

SI2,R) € As 10(p=1): As19 = {es,€q,€s5,e7,€8), [e1,eq] = €4,
[eo, 5] = €4, [e3,eq] =e5, [e1,€5] = —es;

SI2, Ry € As0(p=1): Aso0 = {es,e4,€s5,e7,€8), [e1,e4] = ey,
le, 5] = €4, [e3,eq] =es, [e1,e5] = —es;

Sl RYE As7: [e1,eq] = 2eq, [e2,e5] = 264, [es,eq] =es,
le1, e5]) = —2eq, [e2,e8] = €5, [e3,e5] = 2es;

sl2,RY € AL ,: [e1,eq] = €4, len,e5] = €4, [es,e4] =es,
le1,e5) = —es, [e1,e6] =es, [ea,e7] = €6, [e3,e6] =e7,
le1, e7] = —ew;

SI2R) € As1: [e1,eq] = eq, lea,e5] =eq, [es, eq4] =es,
e1, 85] = —és, [61, 66] = €6, [82,87] =eg, [es,es] = e,
le1, e7] = —er;

SI2,R) € As: As ~ As3, le1,eq) =eq, [e2,e5] =eq,
[63, 64} = ées, [81,85} = —és, [81,86} = €6, [52:‘37] = €6,
[63, 66} = e, [81,87} = —€r

SI2,R) € As15s(p=1): [e1,eq] = €4, [e2,e5] = ea,
les,eq] = €5, [e1,e5] = —es, [e1,e6] = €6, [en,e7] = es,
les,es] = €7, [e1,e7] = —ex;

Sl(2,R) €A5‘7(p =qg= 1, —-1<r< 1) : Asr = <e4,66,€5,67,63>,

[61) 64] = €4, [82) 85] = &4, [83) 84] = €5, [61) 65] = —¢€s5,



96 [naga |. OcHOBHBIE MOHATHS [PYIMOBOTO aHalK3a

le1,e6] = €6, [e2,e7] =eq, [es,es] =e7, le1,e7] = —er;
sl2R)€As17(p=q, =1, p20): As17 = (eq,e6,¢5,¢7, es),

[e1,€4] = €4, [e2,e5] =eq, [es,eq] =e5, [e1,e5] = —es,

le1,e6] = €6, [e2,e7] =es, [e3,e6] =e7, [e1,e7] = —er;

sl(2,R) € As: As ~ Asy, [e1,eq] =3eq, [e2,e5] = 3eq,
[es, eq] = €5, [e1,e5] =es, [e2,e6] =2es, [es,es] = 2eg,
[e1,e6] = —es, [e2,e7] =es, [es,e6] =3er, [e1,e7] = —3er;
si2,R)€As7(p=g=r=1): [e1,eq) =3eq, [eg, e5]=3eq,
[es, eq] = €5, [e1,e5] =es, [e2,e6] = 2es, [es,es] = 2es,
[61, 66} = —€eg, [62, 67] = €g, [63, 66] = 367, [61, 67] = —367;
sl(2,R) €5A1: [e1,eq] =4deq, [eo,es5] =4deq, [e3,e4q] = es,

le1,es5] = 2e5, [e2,e6] = 3es, [es,es] = 2es,
le1,e7] = —2e7, [ea,e7] = 2e6, [e3,e6] = ez,
[61, 63} = —463, {62,63} = £e7, [63, 67} = 463;

sl(2,R) €5A1: [e1,eq) =2eq, [e2,e5] =2e4, [e3,eq] =es5,
le1,e6] = —2e6, [eo,e5] =es, [es,es] =2es, [e1,e7] =eq,
le2, es] = e7, [es,e7] =es, [e1,es] = —es.

3pech, YKaskBas TUIN PaAUKasa, Mbl, e 3To CIeLHaTbHO He OroBope-
HO, CYWTAeM, YTo Ba3HUC pPaauKaa COCTAB/ISIOT ONEPATODPH e4, €5, ..., Em,
KOTOpHE PasMellleHHl B IopsiaKe BO3PACTAHUA uHAekcoB. Ecau pomonHu-
TeJAbHO YKa3aH 6a3uc, To Ga3UCHBIE OIEPATOPHl PACIIOJNONKEHB! T2K, KaK
OEM CTOSAJIM OH B COOTBeTCTBYWIIel paspemmmoit anreGpe. Hampumep,
B anrefpe si(2, R} & As 17 yKasaHo, uTo As17 = {eq, €5, €5, €7, €8). DTO
03HayaeT, YTO Ga3UCHLIe OTIEPATOPH YAOBIETROPAIT KOMMYTALIMOHHHIM CO-
OTHOIIEHVAM, KOTOPHE ONPele/sioT TUIl aareSphl As 17, NpUBefeHHON B
MepeyHe paspeliuMbeX aareSp. UToSkl MoJayYKTh SIBHEE BUA KOMMYTALM-
OHHBIX COOTHOIIEHHH HJIA NAHHOH anreGphl, HYXKHO B KOMMYTALMOHHBIX
COOTHOIIEHUAX aIre6phl As 17 CHENATH CAeAYIOIIME ITepeofo3HadeHuA olle-
PaTOpPOB €4, €5, €6, €7, €8:

€4 — €1, €6 — €9, €5 — €3, €7 — €4, g — €5.
Taxxe 1019 psija IATHMEPHLIX pafuKanos N = (eq, es, €6, €7, €3 ) Ml B3SIH
Takye oOo3HaYeHu:
~ A5.9 : [64) 68] = €4, [65) 68] = €5, [66) 68] = P¢Cs,
[e7,es] = ee +-per, p#0;
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ta4: les,es] =es, [eg e7] =ces, e€==%l;
~ As3: les,es] =eq, [er,es] =es, [es,e7] = es;
|=es

~Asy: [64,67 s [65, 66} = —3eg.

Ternepp BBEneM B paccMoTpeHye aaredpbl JIU HHQUHUTE3HMAaTbHBIX
OTIepaToOpOB W AaiXM, HaKOHel, OTBeT Ha BOIIPOC, 06Pa30BLIBAIOT JH IIpe-
06pa30BaHUs, KOTODPHIE JAONYCKaeT ypaBHeHue Bioprepca, mMHoromapamer-
PHYeCKYI0 TPYINY JOKANbHEIX MPeoOpa3oBaHuil.

1.3.3. Auare6pa Jlu uncuHUTE3MMAILHBIX OnepaTopos. OKOHYAHME
PacCMOTPEHUS NpUMepa

[ycts V = RY = (z) = (z!,...,z"). PaccMoTpun BexTOpHBIE T0OJs
£:V — V xnacca Coo (V). TockonbKy orepanuyl CNOMKEHUS 1 YMHOXe-
HUSA Ha 1efCTBUTEbHbIE YKC/Aa BEKTOPHBIX TOMel Jal0T CHOBa BEKTOPHLIE
0.5, TO MHOXKECTBO BCEX BEKTOPHLIX IToJel B IpocTpaHcTBe V' camo 0b-
pasoBLIBAET BeKTOpPHOe IIpocTparcTso (Hanx nonem R). Dto mpocTpaHcTso
6yneM 0603HauaTh cuMBoJoM Lé M HasbiBaTb NPOCIMPAHCIMEOM BEKMOpD-
wotx nosell (8 npocmparcmee V). B JoKaNbHOR T€OpPHU paccMaTpUBaT
BeKTOPHLIE TI0JIS1 Ha OTKpbiToM MHoXecTse W C V wiaacca Co (W), B co-
OTBETCTBUM C 4eM TIOJYYaeTcs NPOCTPAHCTBO BeKTOpHHIX moseit L (W)
Ha MHOXecTBe W.

Kommymamopom sexmopnsix noseil &1,&€; € Lé HashBawT BeXTOpHOE
noJie, X0Topoe 0603HAYAT CHMBOJOM [£1,€2] U KOTOpOE OIIpefe/seTcs

dopMysoH
[61,&2] = 0&2(&1) — 961 (€2). (L.118)

Hcnonbsys noHaTHe MHOUHUTE3UMANBHOTO OllepaTopa & - &, aTo oIpe-
JeJleHre MOXEO 3allHcaTb B BUIE

[€1,&2) = (&1 - 0)¢a — (&2 D)1 (1.119)

[TousaTue XOMMyTaTOpa BEKTODHBIX II0J1€¥l €CTeCTBEHHO IIePeHOCHTCH
W Ha COOTBETCTBYMOIIME 3TUM IIOJAM OIepaTopbl. A KMMeHHO, onepaTop
[€1,€2] - O Ha3bIBACTCA KOMMYmMAamopom Onepamopos vi = &1 - 0, vo =
= &5 - O U onpefiensieTcss POPMYJION

[vi,va] = [é1- 0,62 - 0] = [€1,&2] - 0. (1.120)

Qopmyna (1.120) osragaet, 4To CUMBOI KOMMYTaTOpa [, | BEKTOPHLIX I10-
Jell TepeCTaBHON CO CKANADHEIM YMHOXEHMeM BeKTODHOTO II0JIA Ha olle-
patop AMQQepeHIUpOBanYs, BCAeICTBHE UeTo BCe PABHO, TOBOPUTh /U O
KOMMYTAaTOpe OIepaToOpPOB WU O KOMMYTaTOpe BeKTODHBIX IoJel.
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[TousTHe KOMMyTaTopa OMEPATOPOB BO3HUKIIO U3 ONpeJe/eHUs JeH-
CTBUSA 0MepaTopoB Ha oToOpaxeHue {HEKOTOPYI QYHKUNK), KOTAA TaKoe
JeHcTBYe HeOGXOAUMO BLIIOJIHHUTL HECKOJbKO pa3 110¢/1e0BaTe/ IbHO, HO C
pasubiMy onepaTtopamu. [Ipu 3ToM umeeT MecTo Qopmyna

(61-9)(2-9) — (§2- 9)(&1- ) = [£1,82] - 9, (1.121)

KOTOpas MOKAa3bIBAeT, UTO Pe3yNbTAThl AeHCTBUs NMpaBoit 4 JeBoil uyacTeit
paBEHCTBA Ha J1060e 0ToGpaxeHHe PABHBI MeXAy COBOMH.

Onpenenervie (1.118) BBOAUT B NpPOCTPAaHCTBE BeKTOPHbIX mogeit LS
OHHApHYK Olepallio, KOTopas CTaBUT B COOTBeTCTBHE YIIOPAAOUEHHON
nape (£1,&;) BeKTopHoe Tode [€1,&2] € L5, DTy omepauyio ¥ Ha3LBAWT
onepayuell KOMMYMUPOSAHUA.

Brenennas ormepanus KOMMyTMpOBaHUA HajeaseT MpocTpaHcTRo LS
ompejleNeHHo# ajareGpanueckoi cTpykTypo#t. B uacTzocTH, BCnencTue
KOHCTPYKTUBHOTO OTIpeJleeH A ollepallii KOMMY THPOBAHMA Ha [IPOCTPaH-
CTBe BEXTODHBIX IIoJIeH, HeTPyAHO YCTAHOBUTb TaKMe ee anrefpandeckue
cBoficTaa:
1°} Onepayus Kommymupogarnus busunetra. To ectb 147 1106bIX BeK-

TOPHBIX TToNed &1, €2, €3 ¥ AWOBIX yKce] a, b UMET MECTO TOXIeCTBA

[a€1 + b2, &3] = aléy, &3] + b€, &3],
[€1, a2 + B3] = alér, &2] + b1, &3]

2°) Onepayus KOMMYMuUpPosarus anmucummempuyra. To ecTb Aa4 /io-
ObIX BEXTOPHHIX ToNeH &1, €2 UMeeT MeCTO PABeHCTEO

(€1, &2) = —[é2, &1].

3°} Onepayus xommymupogarus yoosremsopaem moxcdecmsy Sxobu.
To ecTh assa N0OBIX BEKTOPHHIX ToJel €1, &o, £3 UMeeT MECTO DABEH-
CTBO

[[€1, 2], &3] + [[€2, €3], €1] + [[€3, é1]62] = 0.

[TpoBepka 5TUX CBOHACTB BbINOJIHAETCS HeNOCPeACTBEHHO IIpY IOMOIIN
nwboro us onpeneneHutt kommyrtatopa (1.118), (1.119) n (1.120).

Hanprimep, s IPOBEPKH TpeTbero CBOMCTBA AOCTATOUHO 3aMeTHTD,
uTo

([1,&2],63] - 8 = ([§1,82] - 9)(&5 - 9) — (&5 - O)([€1,&2] - 9) =
=(1-0)(§2- 9)(&s-0) — (§2- 0)(£1-0)(&5 - O) —
— (€3 0)(é1-9)(§2- 0) + (63~ D) (&2- 9)(&1 - 9),
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U CIeaTh UHKINYECKYIO TIEPECTAHOBKY HEAEKCOB 1 — 2 — 3 — 1. Tlocne
CNOXEHUS TpeX TOJY4YeHHBIX PABEHCTB BCe CJaraeMble B NIpaBofl 4acTH
B3aUMHO coxpaTaTcsi. M3 BHIIecKasaHHBIX co0fpaxKeHUI BHTeKaeT, UToO
IS MPOCTPaHCTBA Lf BHIIONHAITCA aKCHOMBI (2)-(C) M3 OmpeneseHHs
anre6pnl Jlu. CrenoBaTenbHo, npocTpaneTso L4 spasgercs aare6poit Jlu
(meficTBRUTeIBHOM anrebpoll JIn).

[lpy paccmoTperun anroprutMa Jlu BEIUKC/IEHUS TPYIITEL UHBAPUAHTHO-
et auddeperunanbEoro ypasuerus (1.74) 6b10 MogYepKEYTO, YTO MHO-
XECTBO DelleEHH OnpenenAILell CHCTEMB! YPaBHEHHUH COCTARJSET HEKO-
TOPO€ BEKTOPHEOE IIPOCTPAHCTEBO L, KOTOpPOE, 0YEBHAHO, ABIAETCH TIOANIPO-
CTpaHCTBOM TpocTpaHcTea Lé. B rpynmoBoM aHanuse ¥3BecTHA Cieaylo-
was Teopema (cM., Hampumep, [46, § 7]).

Teopema 1.13. Ecau Jdudppepernyuarvnoe ypasrenue donyckaem
onepamopst v1 = £10 u vo = €0, mo oHo donyckaem u ux KOMMY-

mamop [vi,ve] = [é1,&2] - 0

H3 atoit TeopeMbl BHITEKAET PaKT, KOTOPLIY MMeEET PYHAAMEHTAIbHOE
3HAUEHUE: MHOXECMBO 8CeX ONepamopos, Komopsie donyckaem JaHHoe
duppepernyuarsroe ypasrerue, 06pasossisaem aieebpy Ju.

Ecnu ecTh HekoTopasi anre6pa Jlu L omepaTopoB, XOTOPYIO AOTIYCKaeT
J2EEOe AudQepeHUNaabHOe YPaRHEHUE, TO TOBOPAT, YTO 3TO YDPaBHEHHE
noryckaeT anrebpy Jlu L. Camy anre6py JIn L, B TakuxX cayyasx, Hasbl-
BAWT aAcefpoll UHBAPUAHMACCTIL 1IN aA2e0poti CumMmempuy NaHHOTo
ypABHEHUS.

Hau6onee mwupokas anre6pa Jlu, KOTOPyw HOMycKaeT gaHgoe audde-
PeHLIMATbHOE YPaBHEHEHe, HA3LIBAETCH MAKCUMAALHOL aL2ebpotl ungapu-
AHMHOCMU NAKRHOTO YPaBHERHA.

Tenepb NOHATHO, YTO B PACCMOTPEHHBIX B II. 1.2.3 npuMepax, BHYUCAAA
OCHOBHBIE TDPYIIH, KOTOPble AONYCKAT AU(ddepeHlManbHEe YPaBHeHUs,

Bl, (DAKTUYECKH, HAIIIX HEKOTOpble 2,Tefphl JIM HHBADHAHTHOCTH H2H-
HBIX YPaBHEHHH.

CrefoBaTebHO, YTBEPAWTENBHBIE OTBET Ha BONPOC, COCTABJIANIT JIH
npeofpazoBaHus, KOTOpHe OONycKaeT ypaBHeHue Bloprepca, mHoromapa-
MeTPUUECKYI TPYIITY, MBI OJYYXM TOTA2, KOTA2 YOenIuMCs, UTO OepaTo-
prl (1.94) 06pazoBriBalOT 6a31C HEKOTOPOH anrebpnl Ju.

Jlas 3Toro HyXHO HaliTM KOMMYTATODH BCEX Iap OINepaToOpoB U y&e-
JOUTBCH, YTO B Pe3ybTaTe BHIIOJIHEHUs ONepalliyit KOMMYTHPOBAHUA SyAYT
TOJTy4YeHbl OTlepaTophl, KOTOPble NpYHaAIeXaT npocTpacTey L° ¢ 6asuc-
HEMU onepatopamy v; (¢ =1,...,5) suga (1.94).

Jns BelUHCAeRUA GyneM HCHOJlbsoBaTb dopmyay (1. 120) KOTOpas B
TIOKOMIIOHEHTHOH 3amucy (vi = &38,:, vo = &8,:, i = 1,..., N) umeer
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BHUA

[vi, va] = ((v1é5) — (vai))aa_ . (1.122)

x

Tak, Hampumep, 018 ONepaTopoB vs, vq Buaa (1.94), B cooTBeTCTBUE C
(1.122), nmeem

[Va, va] = [((t8y — 8,)2t — (2t0; + 28, — ud,) - 0)0; +
+{(t0p — Oy)x — (2t0¢ + 20y, — uby) - )0y +
+ (88 — Oy)(—u) — (2t8; + 28y — udy) - (—1))0, =
=(t—2t)0; + Oy = —t& + 8, = —v3z € L°.
PesyabraThl BEYKC/IEHNH IPUBEAeHD! B CaeAyIOLIeH TabunLe, Iae KOM-

MYTaTOpBL ONIepaToOpOB [V;,V;] COflepXKATCA HA NepeceUeHNH 4-ff CTPOKU U
j-ro crosndua.

Vi Vo V3 Vg Vg
Vi 0 0 Vo 2V1 V4
Vo 0 0 0 Vo V3
V3 —Vo 0 0 —Vs3 0
Vg | —2vy —vo V3 0 2vg
vs | —v4 —-v3 0 —2v5 O

[ycts S = {v1,v4,vs), T = (va,vs). Herpynuo y6enurbes, uto
[S,S]cs, [T,1cT, [1,S]cT,

cnesosatensHo, L° = S @T. Hanee, Tyy = [1,7] =0, 10 ecTp T —
paspemnmas aaredpa Jlu (§onee Toro — afenena anredpa Jlu).
Jns anre6pu S

Sqy =1[8,58] =5,

¥, B COOTBETCTBUK C ONpefeeHreM, aarepa S siBnseTcs IpocTod anre-
6poit Jln.

CornacHo o6o3HaueHUAM NpHBeAeHHOR B 1. 1.3.2 xnaccnduxauuu pas-
petnumbix anredp Ju T' ~ Ag ;.

Omnpenenvm tun aaredper S. [Nockoabxy dimS = 3, 10, B cooTBeT-
CTBHY ¢ TipuBeneHHoH B 1. 1.3.2 xiaccuduxauuel npocTex aaredp Ju,
OHa MOXeT ObTh HzoMopdHok uan anrebpe si(2, R), nuan anrefpe so(3).

[ycts sl(2,R) = (e1, eq, e3), THe

[61, 62} = 262, [61, 63] = —263, [62, 63} = €3.
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HeTpynuo yGennTbes, 4T0 0TO6paXkKeHUE ¢

Y VvV — —e2, Vg ——€, Vs €3

ompefenseT uzoMopdusm Mexay anrebpamMmy S u sl(2,R), To ecTh S ~
sl(2,R).

CrepoBaTe/IbHO, MaKCUMabEas aarefpa MHBAPHAHTHOCTH ypaBHeHU
Bioprepca nsomopdHa monyrnpsaMoil cymme rpocToit amrefpsl si(2,R)
U KOMMYTATHBHOTO paaukana T

L5~ SZ(Q,R) & Ao 1.

OTmeTuM, uTo nzoMopdHOH anrebpe sl(2,R) & Ao 1 ABAseTCs TaK Hasbl-
Baemas noaras ascebpa [aaunes.

B 3aBepienye raparpada M OCTaHaBJAMBaeMcH elle Ha TpeX IpKXMe-
pax ¥ mpejsaraeM /s CaMOCTOATENBEOTO pellleHUs HeCKOJIbKO 3aJaHuH.

1.3.4. IIpakTHKYM

IMpumep 1.7. B cooTBeTcTBUE ¢ pesyibraTaMu npumMepa l.4 ypaBHeHHe Tell-
JIOMPOBOAHOCTH

Ut = Uzz

JIOMyCKaeT GeCKOHEUHOMEPHYIO aare6py CHMMETpKH, KOTOpas IOPOX/eHa ollepa-
TOpaMH

Vi =0, Voe=0, vs=uby, V4= 2t0;+ 20,

vy = 2t0, — zudy, ve= 428, + 4tz B, — (:z2 + 26)uds,,

Voo = @(t, )0y, 0 = Czz.

OmnpeneqnM Temeps THI [IecTHMepHOH aare6phl LB, cocrosime#t #s omepaTopos
Vi,...,Vg, H HafileM Ipeo6pascBaHis, KOTOpbe COCTAaBJSIOT OCHOBHYK TPYIIY
CHMMETDHH.

Pegyaprarhl KOMMYTaUHOHHBIX COOTHOIIEHHKH, MOJyUeHHbE B COOTBETCTBHH C
dopmyqoit (1.122), npueeseHsl B crenymollelt Tabaue.

Vi V2 V3 Vg Vs Ve Voo

Vi 0 0 o} Vi —V3 2V5 vw(az)
vy 0 0 0 2vo 2v 4dvy —2vy Veolan)
V3 0 0 0 0 0 0 —Voo
Vg -V —2V2 0 0 V3 2V6 Voo (0(’)
Vs V3 —2V1 0 —Vs 0 0 Voo (0(”)
Vs —2V5 2V3 — 4V4 0 —2V6 0 0 Voo 0(”/)
Voo | Voo (0z) —Vool(Ot) Voo —Voo () —vVoo (o) —veo (o) 0

3nect af = za, + Aoy, o =2tas + za, o = dtza, + 420 + (2% + 2t)o.
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[Tockonbry Bce HHOHMHHTESHMAJbBHBIE OMEPAaTOPH AOMKXHE COCTaBJATL ajre-
6py Jli, TO MEL MOXEM CJleJlaTh TaKol BEIBOA: €cJH a(t, T) — pellleHHe ypaBHEHHS
TEIIONPOBOAHOCTH, TO H O, &, &, &, o/ — Takxke pellenns ypaBHeHus Ten-
JIOMPOBOAHOCTH, B O6Ias CTPYKTYpa GecKOHEUHOMEpHON anreSpel cuMMeTpun L
ypaBHEHHS TelJONPOBCAHOCTH TaKOBa!

L™ = L® € {veo).

Onpenenunm Temeps T¥N aaredpsl L8 = {vi,...,ve). [lycts S = {v3,v4, ve),
T = {vi,va,vs}. QueBHIHEIME ABASIOTCS cooTHowenus [S,5) C S, [S,T] C T,
[T, T] C T. Cneposatensto, L° = S € T.

PacemorpuM anreépy Ass = (e, ez, €3}, Tl [e2, €3] = ey, [e1,e2] = [e1, €3] =
= 0 (CM. CIIHCOK TPeXMepHBIX paspeInMblxX anreép Jlu). HeTpynro y6enutocs, uto
anre6pa As s sBaserTcs HUJBMOTEHTHOH ajreSpoft (ee elme HasblBalOT a12e6poi
Beiing).

C npyroff cTOpoHsl, M5l BHAXM, 4TO A8 kAeana T BBIIOMHAIOTCS DaBEHCTBE

T = [T =(ex), T =[TY,7%] =0,

T0 ecTs T — TaxxKe HHUJLNOTEeHTHas anaredpa Jlu. [TocKoJbKY €CTh TOJbKO OfiHa
TpexXMepHas HHAbIOTeHTHAss anreépa Jlu, To ocTaeTcs MOCTPOHTE H3OMOPQH3M
@ T — Ass. HenmocpencTeeHnHol npoBepkoft y6exaemcs, yTo

QY iVy =&y, Vs — €2, Vi1 — €a.

Caeposateabuo, T’ ~ As.a.

Jlng anre6pel S umeer mecTo paseHcTso [S,S] = S, nostomy S — noaympo-
cTast aare6pa JIu u, KaK HeTpynHo yGenutbes, S~ sl(2,R).

CuyienceatensHo, anre6pa L® pasnaraeTcs B IONYIPAMYI0 CYMMY NOAYIPOCTOH
anre6psl Jlu, naoMopguolt sl(2,R), H TpeXMEpPHOro HHABIOTEHTHOrC pafiiKaja:

L% ~ sl R) € Asa.

3ameTnM, uTo anredpa sl(2,R) € A3 3 ABIgeTca H3OMOpdHON TaK HassBaeMoH
noamod pacuwupennotli arzebpe larunes (Mnu, emne roBopaT: aseebpe [lpedun-
2epa).

Jlna mocTpoeHUs B SIBHOM BHAe NMpeo6pascBaHHUil, KOTODHE LOMYyCKaeT ypas-
HeHHE TeMJONPOBOLHOCTH, HEOSXOLHMO AJS KaXAOTO H3 OMepaTopoB v; (4 =
= 1,...,6) ¥ v Hality pewenre 3agaun Kown (1.7). Huxe Mbl mpuBonuM
peayJisTaThl BEHUHCAEHHH:

1
Gi : (t,:c+a1,u),
1
Gg : (
1, ag
Gs: (tz,e"u),
Gi: (eza4t,ea“:v,u) ,
1,
G |

t+ az,:IZ,’U,),

t,2ast + x, uexp (—as:v — aﬁt)) ,



L.3. Anre6pel Jli omepaTopoB CHMMETDHE 103

2
1, t z T — asT
Ge - (1—4a6t’1—4a6t’u 1 4a6texP{1—4a6t})’
G}x:: (ts x,u-l—aa(t,:c)),

The @,@1,...,0s — JeACTBHTEJbHLE TapaMeTphl.

Sametunm, uTo sHauedns o', a@”, o/ MOXHO HCIONB30BATH [JS MOCTPOEHHS
HOBBHIX DelleHH# ypaBHeHHS TeIJONDOBOLHOCTH O YKE K3BECTHEIM.

Hampumep, 13 pelrenus o = 2t + z° moJyuaem ele OfHO pelleHKe

o = 8t (t+2°) + (2t +2%)°
YpaBHEHHUS at = Qza.

[Ipumep 1.8. Halitu xoMMyTaLKHOHHbBIE COOTHOIIGHHS, KOTOPHE OIpPefe/sioT
anre6py so(2,2).

B cooTBetcTBHE ¢ mepeuseM MpoCTHX ajare6p Jlx anreGpa so(2,2) — 3To

anre6pa Jlx Bcex fefiCTBHTeNBHEX MaTpXI NOpAnKa 6 BHIA

0 a a1 a2
—a 0 a3 aa
a;r a3 0 g1’
a2 Q4 —ﬁ 0

rge a, ai, a2, s, a;;,ﬁ cR
Otcwoga caefyet, uTo 175 aire6ph so(2, 2) MOXHO B3STh Gasuc

0 100 0 010 0 001
e = -1 000 e = (0 00O or — (0 00O
0 00 0f”° 1 000f°"8 0 000O0)°
0 00O 0 000 1 000
0 00O 0 000 0 00 O
05— 0 01 0) s — 0 00 1) o — 000 O
0100} 0000y’ 0 00 —1
0 00O 0100 001 O

HEHOCPEHCTBGHHBIMH BHUHCJEHHUAMHK YGEX(ﬂaEMCFI, 4To

e, 2] = —es, [eq,es] = —es, [e1,ea] = e, [e1,e5] = e,
[er,e6] =0, [ez,es] = —es, [e2,es] = €1, [ez,e5] =0,
[e2, e6] = —e€a, les,ea] =0, [es,es] =e1, [es, es] = ez,
les, e5] = —es, [ea,es] = —es, [es,es] = ea.

3amerun, uTo G0Jee MPUBLUHEIMU B Da3HEIX MPHMEHEHHSX ecTb TaKie 0603Hade-
HES Ga3HCHBIX 3JeMeHTOR anre6psl so(2,2):

J12(81), J13(62), J14(83), J23(84), J24(85), J34(66).



104 [naBa |. OcHOBHbIE MOHATUS TPYNIOBOrO aHaNKH3a

KOMMyTaHHOHHble COOTHOLIEHHS B 3THX 0603HAYEHUAX 3aMHUCHBAlOTCA §oNee KOM-
NaKTHO:

[-]ab, ch} = gad-]bc + gbc-]ad - gac-]bd - gbd-]a.c,

rae a,b,e,d =1,2,3,4, gop — MeTPHYECKH ]l TeH30D 0GOGIIEHHOrO TPOCTPAHCTBA
Munkosckoro R*?:

Ipuvep 1.9. TlokasaTs, YTO UMeET MeCTO H3OMOPGHHUIM
50(2,2) ~ sl(2,R) & sl(2,R).
BosbMen Gasuc anre6prt s0(2,2) = {Jaus|a,b=1,2,3,4,a < b} B TaKOM BHIE:
Ar=Ji+Ju, Arz=Jua—Jiy, As=Jist+ Jog,
B1=J12_-]34, B2=J23+J14, B3=J13_-]24~
Herpynro y6ennTscs, 4TO BHIOJHAIOTCS TaKHe KOMMYTaLHOHHbBIE COOTHOWIEHHS:
(A1, Az] = 245, [A1, As] = =24, [Az, As] = —2A4;
[BlyB2] 2233, [B1,Ba] = _2323 [B2aBE]= _231;
[Ai,Bj]ZO, 4,5 =1,2,3.
To ects ecan 81 = {A1, Az, As), Sz = {(B1, By, B3}, 10
[S1,S1}CS1’ [52’52]C52a [51’52]20;
OTKYZla H CJelyer, 4To
50(2,2) = 51 9 5.
Anre6pa sl(2,R) = {e1,e2,€3) C TOYHOCTLIO A0 H3OMOPOhH3Ma ONpefelseTcs
TaKMMH KOMMYTaIHOHHBIMH COOTHOLIEHHSIMH

[e1,e3] = —2e2, [e1,e2] =e1, [e2,es] = ea.
Herpyaso ysuneTh, 4T0 oTo6paxenne ¢

e — %(Aa-l- Ay), e — %Am es — %(Aa — Ay)
siBAseTcs H3oMopduaMoM Ans anre6p si(2,R) # S, sl(2,R) u Sz (ecan A; — Bs,
i=1,2,3).
CrenosatenrpHo, so(2,2) ~ sl(2,R) & sl(2,R).
3aganue 1.8. OnpenenuTs THIH aireSp HHBAPHAHTHOCTH ypaBHeHUH u3 3a-
JaH#si 1.4 ¥ DOCTPOUTE SIBHBIK BHA MPeo6pa30BaHuil TPYIIL, KOTOPHE JONYCKAIT
3TH YpaBHeHHUS.
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3aganue 1.9. Hatitu Bce paspemrnmble mofaareSpst anre6p Jloperua u [Ty-
aHKape.

3aganue 1.10. [IpoecTr KnaccH(GUKALKIO BCeX AecsATHMepHBIX ajrebp Jlu,
KOTOpEle COLepKaT yeTblpeXMepHbIl adeseBbdl pafuKadl.

YkazaHue: BOCIONb30BaTheA TecpeMaMu JleBu—Manbuesa u Kaprada i nepeuHeM
mpecTHX anre6p J1u.

3apmanwe 1.11. [Tokasats, uto anre6pa L® = {ei,...,es), HeHYeRbE KOMMY-
TalHOHKbe COOTHOIIEHHS KOTODO! HMEIOT BU

ler,e2] = es, [e1,e3] = es, le1,ea] =er, [e1,€5] = —es,
lez,ea] = es, [ez,ea] = €6, [e2,€6] = —er, [ea,ea] = —es,
[63, 65] = —er, [64, 65] = —€s,

SIBJISETCS HUJBIOTEHTHOH.

3aganue 1.12. OnpepenuTs THI ajreSpsl HHBapHAaHTHOCTH ypaBHeHus Kop-
TeBera—fie P pusa.

3aMeTHM, 4TO 3Ta anArefpa K3oMopdHa TaK Ha3blBaeMold cneyuaisHol aneebpe
Tanunes.

3aganwne 1.13. [Tokasats, 4TO HMEIOT MeCTO H3OMOD(HIMBL
so(4) ~ s0(3) & so(3),
so"(4) ~ su(2) ® (2, R),
sl(2,C) ~ s0(3,1).
3aganume 1.14. [TokasaTsh, 4TO MaKcHMaJbHA® ajre6pa HHBAapUaHTHOCTH Iep-

BOTO ypaBHeHHUS U3 3afanus |.4 usoMopcdHa anredpe (ee Ha3bIBAKT DACUIXPEHHOH
anre6poit [Tyaukape)

5(1,2) = (so(1,2) & (D)) & ¢*,

rre so(1,2) = {Jo1, Joz, Ji2), t° = {Po, P1, P,) 1 HMeIOT MecTO Takie KOMMyTa-
UHOHHBIE COOTHOUICH HSI:

[Pa, Javy] = gap Py — gary Pa,
(Jap, Joy] = gayJps + gsJay — gusJpy — goyJas,
[Po; D] = Po, [Jup, D] =0,

rae o, 8,7,6=0,1,2 1

1, a=8=0;
Gop = _1; a:ﬂ:l,Q,
0, a#p.
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1.4. CumMeTpUHHAs PEAYKIUA M MHBAPHAHTHBIE
pelmeHNs YPABHEHHH B YACTHBIX NMPOHM3BOIHBIX

UeTBepThl#l, NOCJeHHH, Maparpad IepBOro paszjesa IIOCBAIIEH pac-
CMOTPEHUI0 OJHOTO U3 BaXHLIX [IPUMeHeHUH He TPUBHAJIbHBIX CHMMe TpUH-
HBIX CBOHMCTB AHQQepeHINaJbHbIX YPaBHEHUR B UYaCTHHIX NPOV3BOJIHDLIX,
a YMEeHHO: CHMMeTPHUIHON PelVKUUK U NMOCTPOEHUI TOYHBX (MHBaDHAHT-
HBIX) pellleHHH TaKHX YpaBHeHHH. 31echb MH OTDaHWUVBAeMCS JIUUb QOp-
MYJIHpOBaHHeM psza TeopeM. MX nokaszaTesbcTBO MOXHO HaWTH, HalpH-
Mep, B [46].

1.4.1. MHBapuaHTHbIE PelIEHUH CUCTEMbl YPDABHEHUH B YACTHBIX
MIPOH3BOAHBIX

B pasHeix 3a7auax maTeMaTHuecKo¥ QU3MKH CBOACTBA WHBAPHAHTHO-
CTH AUQdepeHlHalbHBX YPABHEHHH UCTIONb3YIOTCA VI TIOCTPOEHUA X
YACTHHIX PeLIeHUH, KOTOpble U3BECTHH KAK HHBADHAHTHbBIE 1 YAaCTHYHO HH-
BapHAHTHBE DelleHys. 31eChb Mbl OrPAHHUVBAEMCS PACCMOTPEHHEM JHIIb
MHBAPUAHTHBIX PelUeHHH, NPYMePaMK KOTODHIX SIBJSITCA U3BECTHbE B
MeXaHUKe CTALHOHApHbBlE, OJHOMepHHE, aBTOMO/e/bHEE pelleHus. Yeo-
BUS CYIIECTBOBAHMS YaCTMYHO MHBAPHAHTHLIX peLIeHHH MOXHO HaHTH
B [46].

PaccmatpuBaem cructemy and)depeHINaNbHbIX YPABHEHUH

F(x,u,%,...,g)zo, F=(F'... F% (1.123)
nopsiaxa p, KoTopas OIpelesieHa B HEKOTOPOM OTKPLITOH o6nacTy Ipo-
ctparctBa V = X x U n mesasucunbx X = {z) = {z',...,2") u m
sapucuMbix U = {u(z)) = {ul,..., u™) nepemeHHHX.

B nanbuefimem cuctemy (1.123) mMul o6o3nauaeM cumBosom S.

[Ipennonoxum, uTo ypaBHeHUe A0TIYCKaeT r-TlapaMeTPHUECKYIO TDYII-
ny G" npeofpaszopaHnit f, mpocTpaHcTBa V. DTa TpyINa MOXKET COBIa-
JaTb ¢ OCHOBHOH Tpymmoll ypaBHeHHs S (ee MH OyneM oSosHauaTh GS),
a MOXeT OHTb ToabKO ee moarpynmoft. Ilycts, nanee, L = L7 — an-
re6pa Jlu rpynnel G7, sneMeHTaMH KOTOPOH SABAAITCH BEKTOPHBIE TI0JIA
(&a(z, 1), nalx, 1)), X0TOpPBIE NprHaMeRaT Knaccy Coo(V) 1 MOTYT GHTD
3aIIACaHBl B BUJe OIIEPATOPOB

Vo = €T, w)Bys + 15 (%, u)Bue (1.124)

rrea=1,...,r,e=1....,n,a=1,...,m.
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Kaxnoe pemenne u ypasuenus S spsisercs otofpaxenuem X — U,
KOTopoe feHCTBYeT Mo Gopmyie u = u(x).

MuoxecTno Beex petenuit xnacca Coo (W) Ha OTKPBITOM MHOMXKECTBe
W C X 6yneM 0603HauaTbh CUMBOJIOM Su.

Perenuio 4 COOTBETCTRYET HEKOTODAs TIOBEPXHOCTb {6yA€M TOBODHTDH
mHo2o06pasue) [u] C V, KoTopoe ompejenseTcs ypaBHEHHEM

u—ulz) =0. (1.125)
DyugaMedTanbHOe 3HaueHWe BHIDAXKEHUs “ypaBHeHUe S [0TyCKaeT
rpymny G™” cocTouT B ToM, uTo rpymra G7 JeHCTByeT Ha MHOMXeECTBe
pemedut Su. DTo 03HauaeT, UTO B pe3yAbTaTe JEHCTBUA TIPOM3BOJILHOIO
npeo6pasoBanus F, € G" xaxjgoe peluenve u € Su TpaHCHOPMUPYeTCs B
pellleH Ve TOTO XKe ypaBHeHHs 9.

[pex e uem TepedTH K PACCMOTPEHUIO TOHATHA HEBAPUAKTHLIX pellle-
HUM U yCIOBUM HX CYIIECTBOBAHUS, OCTAHOBUMCH Ha HEKOTODBIX BCIIOMO-
raTeJbHbIX, HEOOXOAUMBIX /8 JaNbHeHero U3aoKeHus, GakTax U [I0EA-
TUAX TPYIINOBOTO aHANU3a.

[lycth N = m+n u k < N. Jlna 1IpOX3BOJNBHOIO HEIIPEPLIBHOTO
niddepernupyeMoro oTobpaxenus ¢ : V — R* BBenem rmonaTxe pan-
ra storo oTofpaxkeHuss Ha OTKpbiToM MHOXecTBe W C V. [nsa sroro
PACCMOTPUM TIPOM3BOAHYI0 OY(x, u), KOoTOpas ABAAeTCA JAVHeHHLIM 0TO6-
paxenuem V — R¥. Panr matpuun (04 (z,u)) sToro nuHeHHOro 0To6-
paXKeHus HashlBaeTCs PAHEOM Omobpaxcenus 8 mouke (x,u). [oBopaT,
uTO OTOOpaNKEHUE ¢ UMeeT PAaHT Ha MHOMKecTse W, ecay ero paxr ofuH
¥ TOT Xe BO BCeX ToukaxX (z,u) € W. Ecin oToGpaxeHre ¢ UMeeT payr
Ha W, paBHBI ¢, TO YHC/O g HA3LIBAETCH PAKSOM OMOOPANCEHUA ) HA
muosxcecmse W.

Kak usrectHo 13 qud deperLranbHol reoMeTprHY, M060e 0ToGpaKeEne
¥ : W — R* xnacca C1(W) 3afaer (10KaibHO B OKDECTHOCTH TOUKY
(x0, up)) HeKOTOpoe MHoroo6pasve [¢y] C V Kax MHOXKECTBO TeX TOUeK
(x,u) € W, 141 KOTOPLIX BLITIOJIHEHO PABEHCTBO

Yz, u) =0. (1.126)

DTo paBeHCTBO HA3BIBAWT YpPABHEHUem MHO2000pasus [Y). dapanue MHO-
roofpasys Ipy [TOMOIIY YPABHEHNS ellle Ha3bIBAIOT €ro HesIBHBIM 3aJaHU-
eM.

Ypasuenue (1.126) zasbiBaeTCs peeyAApHbLIM, 2 MHOTOOOpa3He [¢], KO-
TOpOe OHO 33aJIa€T, — PESYAAPHO 3aJAHHbIM MHO2000pASUEM, €CAH DAHT
oTobpaxerns ¢ Ha W paseH k. B sTom ciyuae pasmepHocTb MHOroo6pa-
sus [¢] pasusercs N — k.
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B cucteme koopaunat, B Kotopo#t (z,u) = (xl,...,z" ul, ... u™),
ypaBHenue (1.126) umeeT BUA cucTeMbl M3 k ypaBHeHUH

Pzl 2l w™) =0, j=1,...,k,

a YCJOBHe peryaspHOCTY CBOAUTCSA K TOMYy, UTOGH MaTpuua Hxobu (9¢)
= (8;37) umena paur k Bezlle B OKPECTHOCTH TOUKH (Zo, Up)-

OG6o6wum, nanee, MOHATHE HHBAPHAHTHOCTH OJHOTNAPAMeTpPHYeCKOH
TPYNIE Ha cayuail r-rnapameTprueckod rpynmel. Yepes

(Z,u) = flz,u,a)

Synem oBo3HauaTh 06pa3 ToukY (x,u) € V B pesyabprarte AeHCTBHA HEKO-
TOpOro oTofpaxeHns f, u3 rpynns G Kak oToSpaxeHus

Jo: VXR = V.

[lyets F:V — V u rpynna R™ neitcteyer Ha V' TpUBHAJBHO.
Orobpaxenre F # const HasblBaeTCA ursapuanmom rpynns G7, ecin
s mobbix (z,u,a) € V x R” BhINoAHsSETCS PABEHCTBO

F(z,%) = F(z,u). (1.127)

[To BHemHemy Buay onpeneseHue (1.127) cosnanaert ¢ omnpelenesu-
eM (1.17). OTanuune cocrout B ToM, 4To B {1.127) “napamerp” a yxe He
NeHCTBUTEIbHOE YKCII0, a r-MepHbIl BexTop a € R™.

Crenywouas TeopeMa, KoTopas ABjiseTCs aHanoroM Teopems! 1.2, naer
HHOQUHUTE3UMaNbHBIH KPUTEPUH MHBAPUAHTHOCTH oToGpaxeHus F.

Teopema 1.14. Omobpascenue F : V. — V, F # const, kiacca
C1(V) ssasemca ungapuanmom epynnv GT ¢ 8eKMODHLIMI NOASMU
(1.124) moeda u moavko moeda, Koeda dis mobotl mouxku (x,u) € V
uMeem Mecmo PaseHCmao

VoF(z,2u)=0 VYa (a=1,...,7). (1.128)

Brenem nanee B paccMoTpeHHe MOHATHE paHra rpymns G7.

Paneom rpynmel G B Touke (xo,up) OTKpbITOro MHOoxectsa W C V
Ha3bLIBAETCH YKCIO, KOTOpoe pasHo paHry r x N-matpuusl [|€%(zo, uo),
nZ(xo,uo)|, tme &%, nY — KOMIIOHEHTH BeKTOPHBIX moned (&q,7,),
i=1,..,na=1...,ma=1...,"

Paneom (06wum pareom) rpynnsl G Ha OTKPHITOM MHOMXeCTBE
W C V HaselBaeTCH 4HCO

T = T4 (€a, Ma) = max rank||&: (z, u), n% (z, u)]. (1.129)
(zw)eW
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Cuctema {1.128) — 3To cucTeMa NuHEHHLIX OJIHOPOAHBLIX NuQdepeHIH-
aJIbHHIX YpaBHEHUH B UACTHHIX [IPOU3BOAHKIX [IEPBOrO MOPAAKA. YUUTHBAA,
4TO OIIEPATOPH V, COCTABJAIT Ha3UC HEKOTOPOH anrebpsl Jlu, suaxo [20],
yTo 3Ta cucTema rnoaxas. [lostomy, B cootseTcTuu ¢ (1.129), rpymma G
6yIeT UMeTb MHBAPUAHTHL TOTAA, Korga r, < IN. B aToM cnyuae aas rpyn-
bl G cyuecTyeT noaneiti Habop u3 N — r, cKansApHbIX YHKIUOHANBHO
He3aBUCUMBIX HHBAPHAHTOB

T VoRE (1=1,...,N—r,), {1.130)

KOTODBIU UMeEeT TO CBOICTBO, YTO JN1060H MHBApHAHT 3TOH TPYIIB MOXET
GHITb NpefcTaBaeH B Bufe QyHKUMM uHBapuanToB (1.130).

CnepoaTebHo, rpynna G npeoGpasosanuit npoctpanctea V (dimV =
=n+m = N) UmMeeT TPH LeJOUYKCACHHblE XapaKTepHCTHKY (r, N, 7, ),
MeX 1y KOTODBIMU CYIIECTBYIOT 06fi3aTe/bEble COOTHOIIEHHUA:

re <1, e <N (L131)

['pynna, nna xoTopoit r < NV, Bcerna umeeT MHBapuaHTh. Ho u rpynma,
s KoTopoft v > N, TakxKe MOXeT UMeTb HHBAPHAHTHL, ecau 7, < N.

Bosepatumcs Tenepb K MHOTO0O6DAsHIo [¢], KOTOpOe 3alaHO YpaBHEHHU-
em {1.126).

Mruoroo6pasue [¢] C V nasblBaeTca UHBAPUAHMHbIM MHO2000pA3UEM
rpymmsl G7, ecnu A KakaoH Touky (z,u) € [¢] cyllecTByeT Takas
OKpeCTHOCTb Hyas o C R”, 4To A/ IPOM3BOJABHOTO @ € o TouKa (T, %)
TaKKe TIPUHANIEKUT [].

Hanee cuurtaem, yto ypasuenvem (l.126) mHorooGpasue [¢] samaHo
Pery/spHO, U TIPY 3TUX ycaoBuaX dim[y] = N — k.

HupurnuTesnManbHbl  KpUTepu#fl HMHBADHAKTHOCTH MHOroofpasus
dopMyapyeTCs TIpU MOMOIIK HEQUHNTEe3UMANbEBIX onlepaTopos (l1.124).

Teopema 1.156. Mroeoobpasue [y], xomopoe peeyrspro 3adano
ypasHernuem {1.126), unsapuanmno omuocumervro epynns. GT mozda
u moavko moeda, Koeda

Vat| = 0. (1.132)

CymecTByeT mpocTod crocof (OpMUPOBAHMA HHBADHAHTHBIX MHO-
rooGpasuit mna safanHoit rpynnel G". Bepercs nwfoit ee uHBapUAHT
F:V - RF u cocraBnserca ypaszesue F(x,u) = 0. 3ajanHoe 5TuM
ypaBHeHHeM MHOrooGpasue V sBiseTCs HHBAPHaHTHBIM OTHOCHTE/BHO
rpynnbl G™. DT0T PAKT OUEBHIEH BC/IEACTBUE ONpefie]eHNs (MW KpH-
tepus (1.132)). Dycts 7, = 7. (€s,7m,) ABAAETCA OBLIMM DAHIOM Kaca-
TeJNbHOro oToOpaXKenus rpymnsl G™ na muoxecTtse W. [lpu sTom MH He
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[peATIoIaraeM, YTo B pasHbX Todkax (z,u) € W rank(€l (z, u), n%(z, u))
paseH 7,. [lpu nomowmyu uucna r, Bce Touku (z,u) € W noapaspensiorcs
Ha 0cobble U HeocoBble.

Touxa (z, u) HasbBaeTcA ocoboll Toukok (rpymme G7), ecan

rank “ga(xﬁ u)) ”la(Ia u)” < T

U Heocoboil TouKol, ecnun

rank |4 (z, ), na (2, w)l| = 74

Muoroo6pasre [¢] C W nazpBaeTcs ocobbim mHO2000pas3uem rpym-
nu G7, ecau Bce ero TOUKM ABANTCA OCOGHIMU ¥ eCJaU KacaTesbHoe
oTo8paxeHne HMeeT TaKoH paHr Ha [¢]:

rank (ga; na) = T*((ga;"la)“"z}]) < Ty

Muoroo6pasve [¢p] C W EasbBaeTcid HEOCOObIM MHO2000pa3uUeMm
rpynmsl G7, ecay Bce ero TOUKH eCTb HeocoGhe:

T*((ga,fla)“w) = Tx.

Teopema 1.16. Heocobeie ungapuarmrsie mrocoobpasusn epynnst G”
cywecmayom mozda u moavko moeda, koeda N > r.. Ecau neoco-
60¢e unsapuanmroe mro2oobpasue epynne. G" 3a0aHO pESYAAPHO Ypas-
neruem (1.126), mo cywiecngyem maxod unsapuanm 3MoOL epynnsl
F .V - R¥, umo amo mnozoo6pasue 3adaemcs ypasneruen F(z) = 0.

OueBuaxo, YTo pasMepHOCTD J060I0 HeOCOGOr0 HEBAPUAHTHOIO MHO-
roofpasus rpynnsl G7 He MeHblue yuena r,. Kaxnoe HeocoBoe uHBapH-
aHTHOe MHOroo6pasre UMeeT BAXKE Y0 YUCJOBYI0 XapaKTepUCTUKY — PaHT.
Patzom HeocoBOro MHBApHAHTHOrO MHOroo6pasus (4] pasmeproct N —k
rpynmsl G HasblBaeTcs YHCIIO

p=p([¥) =N —k—r.. (1.133)

[eomeTpudecKoe coaepkaHye PaHTa BEIACHAETCA IIYTeM PacCMOTPEHHA
npoctparcTaa RN "7+ (w), KoTopoe HasbiBAKT NPOCMPAHCMEOM UHBAPU-
anmos. Toukamu (BeXTOpaMy) IPOCTPAHCTEA UHBAPHAHTOB ABJANTCH 3Ha-
yeHHUs MHBapHaHTOB w® = J'(z,u) (¢ =1,..., N — 7,), KOTOpHE T0oayYa-
10TCsl, KOTJa Touka (z,u) npoberaeT oTKpbiToe MHoXecTBo W C V. Torna,
cornacHo TeopeMe 1.16, Heocooe nHBaprHaHTHOe MHOTooGpaske [¢] 3ana-
eTCA CHCTeMOH &k He3aBUCHMBIX YPaBHEHHMH B IPOCTPaHCTBE HHBAPHAHTOB!

7 (W .,V =0 (c=1,...,9). (1.134)
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¥Ypasrenrs {1.134) HezasrcHMBL B TOM cMbICae, uTo 74 (8, P7) = s, a 3na-
YUT, pasMepHOCTb MHOr006pasus paeHa N —r, — s, 10 ecTb uncay (1.133).

¥YpaBHeHUs 5TOTO MHOroo6pasys B IpocTpaHCTBe V' oAydalnTces, ecan
nonoxuth w¥ = J¥(z,u) (v=1,..., N —7,), ¥ UMeOT BUA

i (jl(a:, u), T2z, u), . .. TN (z, u)) =0.

[lepefinem Tenepb X pacCMOTDEHUIO TIOHATUA UHBAPUAHMHOSO peule-
rus ypasHenua S (1.123).

Ecny nndgepeHnnanbEoe ypasHenue S ponyckaeT rpynny G, To OHO
jonycxkaeT ¥ awbyw ee noarpynny H. B cooTseTcTBHM ¢ 3THM NOHATHE
WHBAapHaHTHOTO DelleHUs olpenenseTcs TaK, YTOGBl OHO OXBAThIBA0O BCE
noarpynns H C G™.

Pewenve u € Su HaswiBaeTcs ungapuarnmuoim H-pelleHuem ypaeHe-
Hus S, eCI¥ COOTBETCTBYIOLEE eMy MHOT006pasue [u] ABAAETCHA UHBADU-
aHTHBIM MHoroofpasuem rpymnnel H.

[onsTHO, 4TO MHOTOOGpA3He-pellleH e [u] UMeeT pasmepHocTh dim(u] =
=n = dim X. C apyro#f cTopoHH, 04eBKAHO, YTO 7,{0(u — u(z)) = m.
Cnenosatesbyo, nockonpky dimV = N = n + m, mzoroobpasue [u]
sanano ypaeHenuem (1.125) peryaspso. [yets (€,,7,) — XacaTeabHoe
oTofpaxerue rpynnsl H u nmeeT Mecto npenctaenedue (1.124). [pume-
HeHHe K [u] KPUTeDPUS MHBAPHAHTHOCTH DEry/IApHO 32 aHHOI0 MHOT006pa-
sus (1.132) naet caenywuiuit KpuTeprit HHBADHAHTHOCTY pellleHUs u € Su
s nwodoit Touky (x,u) € Wt

7o (%, u(z)) — Oulz){{, (2, u(x))) = 0. (1.135)

Husapuanrtaoe H-pelienvie u HasblBaeTCH 0COObIM UNY HEOCOObIM B 3a-
BUCHMOCTH OT TOTO, fABJAETCA JH COOTBeTCTBYWIlee MHOroofpasue [u]
0Co6BIM UM HeoCOGbIM MHOT00SpasueMm Tpynmbl H.

Mycts 7, = 7.(&,,7,) — obwui panr rpynnsl H. Jas Toro uro-
6bl BBIACHWTb, OyIeT J¥ janHoe uusapranTtHoe H-pewenve {(van H-
VHBADHAHTHOE DelleHye) u 0COGbIM WY HeOCOOhIM, HYXKHO HaBTH YuC/I0
74(€ 4, 7| [u]) u cpaBuuTb €ro ¢ .. Ho, BesencTBre Ye/0BYA HHBADUAHT-
HocTH (1.135),

s (€a Ta|[u]) = 74 (€a (2, u(@)), a2, ul(2))) =
|

[MosToMy pelllesrie u ABARETCA 0COOBIM, ey 7y (€, |[u]) < 7y, ¥ ABAA-
eTcs HeocoBHM, ecmi 7, (€,|[u]) = ..
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Hrax, pPeutenue u A8a8emces Heocobbim TOTAA U TOJNBKO TOTAA, KOTrAa

Tx (ga’[u]) = T

Ecnu uw — HeocoBoe H-MHBapHAHTHOE pellleHKe, TO COOTBETCTBYIOLLEe
VHBapHaHTHOe MHOT008pasye [u] UMeeT onpeesieHHbI PaHT, KOTophi pa-
BeH ero PasMepPHOCTH B IIPOCTPaHCTBe HuBapuanToB. Ho pasmepnocTs [u]
pasra N —m = (n+ m) — m = n, nostomy dopnyna (1.133) naet Takoe
3HaYeHUe paHra Heoco6oro H-MHBAPUAHTHOrO pelleHHs:

p=pH)=n—r,.

Kpowme sToro, Benenctsue Teopemsl 1.16, Heoco6oe MHBapHAHTHOE MHOTO-
ofpasue [u], peryaspHo 3afanHoe ypasHenueM {1.126), moxeT 6blTb pery-
JSPEO 3a[2HO yPaBHEHHeM BHA

@(jl(x,u),. < A (,u)) =0

¢ HexoTophiM oToSpaxexnem ® : RN-"+ — R™ xnacca Cyo, ¥ IIPH 5TOM
74(0®) = m.

Heo6xonumoe ycaoBHe CYIIECTBOBAHUs Heocoforo H-wHBapHAHTHOTO
PELIeHUA ypaBHeHHA S 1aeT CJeAylOLlan Tepema.

Teopema 1.17. Las cywecmsosarnus reocobvix H-unsapuanmrbsix
peuterutl Heobxo0umbim ABASEMCS BbINOAHEHIE COOMHOUEHUL

e K1y (€)= T (1.136)

Myets V = R™*$(Z, 1) — npocTpascTBo WHBapHaHTOB. Benenctsue
Teopembl 1.16 117 Tpou3BoJbHOTO He0COGOr0 HHBAPUAHTHOTO MHOT006pA-

sua [¢] C V rpynnel H onpefleneHa ero NpoekUKA [¢] B NMPOCTPAHCTBRE
uHBapuanToB V. CooTBeTCTBYE MeXKAY HeoCOOLMH WHBAPUAHTHHIMU MHO-
T008Pa3VAMU ¥ UX [IPOEKUUAMU ABJSETCA B3aUMHO-OAHO3HAYHBIM, B CO-
OTBETCTBYHY C TAKUM YTBEPXKACHUEM!: Heocoboe ursapuaHmuoe MH02000-
pasue [y 09r03nauno onpedessemcs csoeil npoexyueil (1) 8 npocmpan-
CImge UHBAPUAHMOSB. OTC}O}la cJaenyeT, 4TO AJ1s IIPOHU3BOJIbHOT O 32 AaHHOI'O

MHOT006pasus [1h] C V cyllecTByeT OAHO ¥ TOJNbKO OJHO HEOCO50e MHO-
roo6pasue [¢] C V, npoexuueit xoToporo ssaserca [¢)]. B nanbuefem
IPOCTPaHCTBO MHBAPHAHTOB V 6YleM pacCMaTpiBaThb KaK NPOM3BejeHye
V=X xU, rne X =RP(Z), U =R™%). B cootgeTcTBrE ¢ 3TUM
T0JIHOE MHOXECTBO HHBAPHAHTOB COCTOUT M3 ABYX HaBOpOB MHBAPUAHTOB
w={wh...,wf}, w={wh ...,w™}, u npu 5ToM IpeanonaraeTcs, 4To

w:VoaX,w:VoUu
r(Opw) =p, 7, (Ouw) =m. (1.137)
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B sTux oBosHauenuAx HeocoBoe MHOroobpasue [u| ¢ YypaBHeHUeM
{1.126) moxeT ObITh 3a[aK0 B INPOCTPAHCTBE WHEBAPUAHTOB YpaBHEHHEM
BUAA

T—u(Z)=0

C HeXOTODHM oToBpaxenueM ¥ : X — U. DTo ypaBHeHUe 3aaeT [Ipo-
exuuio [%] MHoroo6pasus [u] B V. OToBpaxenue © OymeT HasbiBATHCA
npoexyuetl omobparcenus v B NIPOCTPAHCTBE UHBAPUAHTOB.

[lycts unBapuanTHOe MHOrooGpasue [u] rpymmel G7 3agaHo ypasHe-
uuem ®(z,u) = 0 npu nomouw otofpaxenuns ® : V. — R™, xortopoe
YJIOBJIETBOPAET YPABHEHHUIO

vob=X-®

C HEKOTOpPHIM Kos(duurentoM A : V — L{R™), rae L{R™) — npocTpak-
CTBO HeIIPEephIBHBIX JUHeHHBIX oToOpaxeruit R™ — R™, u ycaoruio

74 (83, ®) = m.

Jlns onpelefeEHoro p = 1 CTpOMTCA IIPOAOJKEHHOE MHOroofpasue
[u] C V, xoTopoe 3afaHO YpaBHEHUAMU
P p

&=0, D&=0 D*®=0, ..., DP®&=0, (1.138)
rne D — omepaTop MOAHOTO AUQ@epeHIUpoBaHUs. lorga ypaBHeHUA
{1.138) moryT GbITh Da3pelIXMEl OTHOCUTEBLHO BEJIUUMH U, .., U, T2K HTO

P

cuctema (1.138) pasHOCH/IbBHA cUCTeMe BHIa
u=v(z,u), u=v(z,u), ..., u=uv(zu). {1.139)
1 1 2 2 p p

HmeeT MecTo yTBepHKNeHUE.

Mmnoeoobpasue [u| ssarsemca Ju@eperyuarvHbim UHBAPUAHMHLIM
r

mHoeoobpasuem epynnot G7.
[lycte sanan Jugppepenyuarsuoil vuBapuaut F : V — P, To ecTb
k

WHBAPHAHT NPOAOIKeHHON rpynnkl G™ U ero CyXKeHUs F\[u]. Benenctaue
P P
32J]aHHOCTH MHOr0o8pasus [u] cuctemoit ypasrenuit (1.139) sTo cyxenue
P
MOXHO DACCMATPUBATbL KaK oToGpaxenve F I[z}i] : 'V — P. Moxuno noka-

3aTb, UTO O0ToOpaxeHHe F|[u] ABNAETCA UHBApUarmom epynne: GT. dT10T
P
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GAaKT, B YACTHOCTH, MOXKHO NPUMEHHTb K HEOCOGOMY MHOroo6pasuio [u]
B cayuae Tpynmbl H, XoTopas yooBJeTBOpsAeT yCJAOBUAM TeopeMil 1.17.
3zech crcreMa ypaBHeHu# Buaa (1.139), koTopas 3anaer nponosxeHHoe
MHOT006pasue [%}, TaKas:

u= ou(z), u= Pu(z), ..., u=8Pu(z). (1.140)
P

C npyroif cTOpOHH, To e MHOroofpasie MoXeT ObITb 33JaHO CHCTe-
Mol ypaBHeHu#! Buaa (1.138) npu nomomu unBapuanta ®, KoTOpHH neH-
cTByeT B cooTBeTcTBHU ¢ Qopmyioit ®(z,y) = w(z, y) — u(w(z, y)), roe
u — npoekuus oTobpaxenus u. llpu atom pazencrzo ®(z,u) = 0, To
ecTh T = T(T), paBHOCKIbHO paBeHCTBY u = u(xz). [lostomy muoroobpa-
sve (1.140) sBnserca auddepeHINaIbHEM HHBAPHAHTHHM MHOT000pasy-
em rpynnsl H. Bonee toro, kaxnoe ypasnenre D*®, =0 (k=1,...,p)
PA3SPELUINMO OTHOCHTEIbHO BElHHUE U = &*u(Z). D10 03HAYAET, YTO CH-

crema (1.140) paBHocuabHA Taxoll CHCTeMe YpaBHeHHI B IIPOJOJNKEHHOM
[IPOCTPaHCTBE MHBAPHAHTOB V, KOTOpOe CTPOMTCA MPOAOIXKEHUEM IIpPO-
P

cTpancTsa U NpH TMOMOLIM X :

= 0u(z), g:@gﬂ(i), g:apﬁ(f), (1.141)

roe E — snemeHT npocTpancTsa V. Ho cuctema (1.141) cBA3EBaeT TOMIBKO
P

HHBaPUAHTHbBIE [TPOAOJIKEHUSA TPYIIITHL IE [Tostomy aTa crcTeMa ABAAET-
cs npoekuueit cuctembl {1.140) 1 Tem cambM ONpenenseT NIPOEKLHI0 {g]
TIPOJIOIKEHHOTO MHOT006pasks [u] B IPOCTPAHCTEE HHBAPHAHTOR IIPOAOT-
KEHHOH IPyHIsl Ig Moxem nongecm TAKOH UTOT:

Ecau v = u(x) asasemca Heocobuim H-ungapuanmmubim MHO2006-

pasuem [u] 4 U — NPOEKYUS OMOBPAXKEHUR u 8 NPOCMPAHCIMBE UHBA-
puanmos epynne. H, mo npodossennoe mrozoobpasue [u] a84semcs
P

UHBAPUGHMABIM MHO2006pa3uen npodoaxenHoll epynnot Ig . ITpu amom
eeo npoeKyua [I] 8 NPOCMPAHCMBE UHBAPUAHMOS ZDYNAbL Ig RBAAEMCA
P

npodoascenuem NPoEKyLL T.

OCHOBHBHIM pPe3yJabTATOM TEODUH HHBAPUAHTHEIX pelleHUH sBaseTcs
clenywllas TeopemMa — TeopeMa 06 YCJOBHOM CYLIECTBOBAHHM WHBapH-
2AHTHBIX pelUeHUuH.
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Teopema 1.18. [lycme cucmema Oucpdeperyuanbrblx ypasrerul
S donycxkaem epynny H, 028 Komopoidl 8binoAHeHsl HEoOx0dumbie
ycrosusa (1.136). Toeda cywecmayem ¢haxmop-cucmema S/H, xomo-
pas umeem caedyrowjee CeOUCME0: NPOEKUUA U A06020 Heocob020
H-uHBapuanmuoeo peuierus A6ASeMCA PEuleHuem GaxKmop-cucmemol
S/H, u naobopom, xaxdoe 80cCmanasiusaemoe pewerue T axmop-
cucmemvt S/H sgasemca npoexkyuel unexomopozo H-unsapuanmuoeo

pewiernus cucmemsl S.

ATy TeopeMy Ha3BIBAWT Meopemoll 06 ycarosHom cyujecmeosarue H-
UHBAPUAHIMHbIX pewenuzi, TIOCKOJ/IBKY CYII€CTBOBAHHUE XOTHA 6b1 OJQHOI'0
peleHus QakTop-cUCTeMbl S/ H €10 He rapaETHpYeTCH.

B cooTseTcTBHM ¢ Teopemo#t 1.18 ans npoussonbHOH rpynne H, xoTo-
PVI0 [OTIYCKaeT CUCTeMa S U KOTopas ya0BJeTBOpseT YCIOBUAM

Tx < 7 T x (auj> =m,

rne J = (JY,...,JN""+) — BekTop W3 TIPOCTPAaHCTBA MHBAPHAHTOB,
OTpeIeIMM TpaHCGopMalluio cucTeMsl S B QakTop-cuctemy S/ H, KoTo-
pasi MOXeT PacCMATPUBATHCA Kak oTobSpaxenue (S, H) — S/H. Brinoa-
HeHHe Takol TpaHCGOPMalIUH ellle HA3BIBAKT cummempuilnol pedyxyueil
cuctemu S. [logrons UToOry, NpUXoOUM K TaKOMY a/JITOPUTMY BBHIIIOJHEHHUA
CHMMeTpUHHON peayKIIUU:

1°)} Ilposepsiem HeoSxoaumbie ycaosusa (1.136) ana rpynnsl H, xoTopyno
LOTyCKaeT ypasHeHHe S.

2°) CrporM MHOMeCTBO UHBapHAHTOB Ipynnbl H.

3°) Tlpeacras/sieM TIPOCTPAHCTBO WHBAapHAETOB B BHIE IPOH3BeNEHUA
V = X x U, a MHOXeCTBO HHBapDHaHTOB pa3fuBaeM Ha KJacChl w
W w TaK, 4To6n HMeau MecTo yeaosus (1.137).

4°} Bmoaum HoOBLle NMepeMeHHble 110 GopMyIaM Z = w(x, u), T = w(x, u).

5°) OcywecTsaseM oSpaTHHIN Mepexo/ OT IPOEKIUH U K u IIyTeM pelile-
HUA OTHOCUTEJBHO u YpaBHeHUA

w(z, u) = u(w(z, u)). (1.142)

6°) TlponosxaeM oToGpa)eHue u MyTeM BBIYHCJEHHA NPOM3BOIHBIX 4,
...,u U3 ypaBHeHWH, KOTOpHE IoJydalnTci AuddepeHIMpOBaHUeM

P
ypaBHernsa (1.142), u BbhipakaeM HMX 4epe3 x, u W IPOU3BOJHBIE

Uy ooy UL
1 o
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7°) NoncTtasnsem nosnyueHHble BEPaXKeHUs A7 IPOU3BOJHBIX B CHCTEMY
S ¥ oCylIecTBAsAEM 3aKII0UHTENbHOE IPUBEEHYE MO1YIeHHOH CHCTe-
MBl K BHAY npoexiuyu S = S/H.

M3 nposeneHHBIX Bbillle pacCyXJAeHUH c/leAyeT, UTO KOrJa HadajabHas
cucteMa S umeer tin S(n, m,p,s), To ¢akrop-cuctema S/H sasnser-
ca cucteMoit Tuna S = (p,m,p, 8), e 0 < p < n. CienoBaTennHo,
Gaxmop-cucmema (pedyUUpPOBAHHASL CUCTNEMY) UMEEm NPUHLUAUALLHO
BaxcHoe c8olcmso: ee “uckomsie Qyrkuuu” T € U 3a8ucam om mero-
weeo, uem 8 HAUANbHOL cucmeme, KOAUUeCmaa “He3a8ucumbLx rnepemen-
Howx” T € X. KonuuecTBo mocneHUX paBHAETCH PaHTY p < n HCKOMBIX

H -VHBapUAHTHHIX pellleHUH, KOTOPHIH ornpefenseTcs GOpMyaoH
p=p(H)=n—r1,4, (1.143)

1 OIIpeeNseTCs TONBKO camofl rpynnoi H.

Hcronnays yxasaxHbiit anroput™, 3a cuet suibopa noarpynn H C G7,
MOMXHO, BOOGIIle TOBOPA, N01YUUTh H-MHBAPHAHTHbE YDABHEHUS Pa3HBIX
PAHTOB: HyAb, OAMH K T.A. ClenyeT OTMeTUThL, YTO B CJaydae pelleHud
paHra Hynb ¢daxTop-cuctenma S/H ABAAeTCA CHCTEMOH KOHEWHBIX (HO He
nuddepeHLIaNbHbBIX) YpaBHeHKH, 4 B CAydae pellleHUH paHra OIMH —
CUCTEMOH OGBIKHOBEHHHX AX(QepeHIadhHbIX YpaBHEHHI.

Peanusaius nepexona (S, H) — S/H 3HauHTe/LHO YIIPOLILAETCH, €C/IH
WHBAPUAHTHL IPyNib H ¥MeWT Takoe CBOACTBO! CYIeCTBYeT TaKol Sasuc
MHOXeCTBA HHBAPHAHTOB w, W, B KOTOPOM KOMIIOHEHTH w 3aBHUCAT JUIIh
OT Z, TO €CTh w eCTh oToOpaxerue w : X — X, Tak uTo T = w(x).

B uactHocTH, 5TO UMeeT MecTo TOrAa, Koraa meHcTBUe rpynns H B
npocTpaHcTBe V ABAAETCA NPOEKMUBHBIM, TO €CTh BHIIONHAETCS YCIOBHE

§,=&,(x) VYa.

B atom cayuae, ecnu ypasHeHne U = w(z, u) pa3PELINMO OTHOCHTENBHO U
B BUfe u = W(z,U), 06wt sua H-MHBaDHAHTHOTO pellleHHA TaKoil:

u=w(z,u(@), T=uw(z). (L.144)

Britze 6hiio oTMeueHo, uTo TepeMa .18 sBniseTcs TeopeMoft yC/I0BHO-
ro CYlleCTBOBAHYSA WHBAPHAHTHHIX DellleHHH, TTOCKOJNbKY HE apaHTHDPYeT
CYIleCTBOBAHVE pelleHuy peayuuposanHoit cuctemel. [lpocToit mpumep
3TOro AaeT ypasHenue S, mia xotoporo X = R? = (¢, z), U =Rl = (u):

2u? — 2?2 = 1. (1.145)
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HeTpynzo npoeeputh, uTo ypaBHexHe {l.145) HMHBAapHAHTHO OTHOCH-
TeJIbHO ofHONapaMeTpHueckod rpynmnsl H ¢ HHGUHUTe3UMAaAbHEIM OTlepa-
TOpOM

vV = tat — Iax.

Ouesupzo, uro B obnactu {(t,z) | t>0xz>0} 7 =1<n=2,
MHoXecTBO MHBAPHAHTOB COCTABJANT NIPe0SPA30BAHNA

Y, KaK HEeTPYIHO YBUIETD,
75 (Ouw) =1 =m.

[TosTomy HeoOxoaumble yesoBus (1.143), a takxe (1.136) BEITONHEHDI

3Jech MMeeT MeCTO Caydal NMPOEKTHBHOTO JeHcTBUA rpynmbl H, mno-
sToMy ofwmuit sun H -MHBAPHAHTHOTO pelleHus, B cooTseTcTBHY ¢ (1.144),
TaKol:

u=w(tz) = ww).
Ho nns storo Bepaxenus

tzuf - xzug = tzxzd_w - tzxzd_w =0,

dw

M I03TOMy ero noacrasoeka B (1.145) naer, kak ¢gakrop-ypasrexue S/H,
omru6oyHoe paBeHcTo 0 = L. [losTomy H-1HBapHAHTHBIX pellleHHK ypas-
HeHue (1.149) He HMeeT.

B coOTBeTCTBUM C IIpHBelNeHHBIM BHIIIe JITOPUTMOM MOXHO OCYIle-
CTBHUTb MOUCK YAaCTHBIX pellleEHMH cucTeMbl .S Kak HeKoTopbix H -unBapu-
AHTHBIX pelreHUH ¢ awdolt noarpynnoit H C G7, KoTopas yAOBJETROPAET
HeofxomuMbIM ycnosuaM (1.136).

BaxHott uncnoBo# XapaKTepucTHKON H-MHBAPHAHTHOTO pellleHUs AB-
JIAeTCA ero panl p, KOTOPbIH paBeH KOJHYeCTBY He3aBUCHMBIX Iepe-
MeHHBIX B QakTop-cucteMe S/H. [losToMy ocHOBHas KJaccHQHKAUMA
H-uHBapHaHTHEIX pellleHHI! BefleTcsd IO KX DaHTaM, XOTOphHle OIIpene-
aawpTca QopMynol p = n — 7., TRe 7. > 0, W BcJAeACTBHe 3To-
ro panr H-WHBADHAHTHOrO pelIEHHA MOMXeT [pHOOPeTaThb 3HAYEHHA
p=0,1,...,n—1.

Ecnu p duxcrpoBarHOe, To paszble H-pelleBHs JOAXHDBL NOJAYYATh-
CA TP IIOMOLIM pPa3HEIX MOATPYII, KOTOpble UMEWT OJHO K TO Xe
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3HayeHHe 7,. ECTeCTBEHHO BO3HMKAeT 3ajaya O TEpPeyuC/IeHHH I0A-
rpynn H C G" ¢ paHHBIM 3HaweHueMm 7,. [lpy 5TOM ecTb oIpeesieHHOe
Heyno6CTBO, KOTOpOe CBA32HO C TeM, YTO YUCJO 7, sBJAeTCA, BooOllle
rOBOPS, XAPaKTePUCTHKON Ipynnel H Kax npeacTaBieHus HeKoTopo# ab-
CTpaKTHOH rpynmnbl JIH, a He ee CTPYKTYPHOR XapaxTepucTuxoi. [lostomy,
¢ TPYIIIIOBOY TOUKM 3peHUs, ynoOHee BMeCTO YHC/AA 7, OIIEPHPOBaTh YMC-
JoMm 7 — TopsiAKoM (pasmepHocTbio) rpynnel H. [pu sToM pasHocTs r— 7,
PaBHA YHCJY He3aBUCHUMBIX JUHERHBIX CBA3ell MeX 1y orlepaTopaMy 6asnca
anre6prt Jlv rpynner H, BejaeACTBYe Yero 3HaHHe BCeX MOATPYIIT JAHHOTO
ropsigka r, 6e3 60AbIINX 3aTPYAHEHUH, JaeT BO3MOXHOCTD [IPOKIACCHPU-
LMPOBaTb UX I10 3HAYEEHAM 7T,.

CnepoBaTes1bHO, 3aJadya KJacCHOUKAUMYM H-MHBAPUAHTHBIX pelleHnH
M0 ¥X PaHraM CBOAMUTCA X 3ajaye IepedyrCsIeHUs BCeX IOArPYIIT AaHHOro
nopsaka rpynns G W nocaenyollel COpTUPOBKE I10AYYEHHBIX MTOATPYIIIL.

Ha mpaxTuxe /s pelleH’s 3aJa4M OIIMCAHUWs BCeX HeNOJOGHHIX IOA-
TPYII JaEHOH IpyNIlbl (3a1auya IIOCTPOEHUS ORMUMAALHOL CUCTREMbE TIO] -
rpynI JaHHOR rpymisl JIM) UCnoib3yioT COOTBETCTBYE MeXAY MOArpYIIna-
MU rpynmnu JIn ¥ nnoganre6pamu ee aare6psl JIu, BCIEACTBHE YeTo YKa3aH-
Has BbIlle 3aJa4Ya CBOAMTCS K OIMCAHMIO Nojanre6p NaHHOU anre6psl Jlu
C TOYHOCTbIO [0 Npeofpa3oBaHMWP M3 HEKOTOPOH TI'PYIIIB aBTOMOPOU3MOB
anre6ph Jlu.

[MosTomy, mpexae yem mnepefiTH K pacCMOTPEHUIO IIPHMEPOB CHMMET-
PUHHOH peAYKUKK U IOCTPOCHUA WHBAPUAHTHLIX PelleHUH AvdQepeHUu-
aJIbHHIX YpaBHEHUH, OCTaHOBUMCA Ha PACCMOTpPEXMH UMEHHO 3TOH 3a1a4u.

1.4.2. Knaccuukanus noganredp aareGpsi Jlun

[lycts L — xoHeuHomepHas anre6pa Jlu Haa nosneM neficTBUTENbHHIX
yycen R. B 1.3.2 6bl10 BBegeHO NMOHATHE NPHCOEANHEHHON anredpl L, =
= {adz, z € L}. Ecau anre6pa L ssnseTcs anre6poit Jlu onepatopos £,
To anrebpy L, Taxxe M0oXKHO paccMaTpuBaTh Kak anrebpy Jlu onepatopos
5ToTO Xe BuAa. B cooTBeTCcTBUM € Teopemol 1.1 A8 KaXA0TO BEKTOPHOTO
nons & € L, MoXHO 10cTpouTb rpyrny G1(¢) npeo6pasosanui HEKOTOPO-
ro 3aJaHHOro IPOCTPAHCTBA KaX pelieHre HeKOoTopo# sazaun Kown mns
OIIpee/ieHys rapameTpa 8

&z = [z,u], z(0) ==z,

z,u € L.
[Nockonbxy ypaBHeHus u3 3azauu Koww nuHeliHbe, To ee pelleHue
HaXOAUTCH B ABHOM BHe:

Ay(0) = exp(f adu). (1.146)
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®opmyna (1.146) noxasviBaeT, uUTO IMOJyueHHblEe IpeoOpa3oOBaHUA
A, (8) npoctpanctea L ompefieseHbl ¥ o6paTHMbl 6€3 KaKoro Ob TO HHU
6BLI0 OTpAaHWYEHUS Ha 3HAUeHHs NapaMeTpa & U oTpelle/IIOIIEr0 BeKTOpa
u€ L.

HmeeT mecTO Teopema.

Teopema 1.19. [Ipeobpasosarnus (1.146) npocmpancmsa L asasrom-
csa asmomopusmamu areebpot Ju L.

Camu arTomMopdusmbl A, (8), KoTopble MOAYYAKTCA B COOTBETCTBUH C
OTIMCAHHBIM BHIIIE IIOCTPOEHUEM, HA3BIBAITCA BHYMPEHHUMU GBMOMOD-
Guamamu anredpnl Ju L.

['pynma npeo6pasosanutt npocTpancTsa L, KoTopyio IOpoXaalT Ipe-
o6pasoBanus A, (), HasbiBAETCS ePYNNOL BHYMPERAHILX GBMOMOPPUIMNO8
anre6psl Jin L. D1y rpynny 6ynem o6osHauaTh G, a rpynny Jlg, coort-
BeTCTRYWOWYIW anredpe Jlu L, — G.

Kax Gpino nmoauepkHyToO BLILe, 1J1A TPYIIIOBOro aHanu3a AuddepeH-
UMaNbHEIX YpaBHEHHH BaxHOH fBJAfAeTCA 3ajaya O [I€PeYUC/IEHHH BCeX
nonanreSp NAHHOM KOoHeyHoMepHoft anreGpn L, [lpu stom rpynny G,
BHYTPEHHHUX aBTOMOPQU3MOB MOKHO CUMTATb M3BECTHOH, IIOCKOJILKY ee
Hec/0XKHOo nocTpouThb. [lockonbKy, B pesynbTaTe HeHCTBUA aBTOMODH3-
Ma, Kaxjaas noganrefpa MepeXofuT CHOBA B HEKOTOPYW Nojanre6py Toi
e Da3MepHOCTH, TO 3Ty 3aflayy NOCTATOUHO PEMUTh C TOYHOCTRIO [0
NeficTBUSA MpeopasoBAHUE, KOTOPblE ONpeflesIAITCA BHYTPEHHUMH aBTO-
MOpdH3MaMHU.

[lycts L — anre6pa Jlu, G — cooTBeTcTRYyWLIAA €t rpynma Jlun.

[Topanre6pu N u M anre6pn Jlu L HasvipawTcs nodobrbimu (6ynem
TOBOPUTL CONPANCEHHbIMU MY G-CONPANCEHHbIMIL), €CH CYIIeCTRYeT Ta-
Ko#t BHYTpeHHUl aBToMopdusM A € G, uto A(N) = M.

OTHOIEHKE CONIPAXKEHHOCTH (TI0f06YA) ABNAETCA HEKOTOPLIM TEOPeTH-
KO-MHOKECTBEHHBIM COOTHOILEHHEM SKBHBAJEHTHOCTY M pa3bUBaeT MNof-
anreOpsl gaHHo# anredpwl Jlu Ha Kjaacchl NOKOGHLIX Nofanredp.

CoBOKYIIHOCTb IIpeICTABHUTENEH KJACCOB CONDANEHHRX Mojanresp
NaHHOH pOo3MepHOCTU k ([0 OHOMY U3 KaXIOT0 KJacca) HAa3HBaWT O7-
mumaavroil cucmemotl O (mopanxa k) mopanreSp anre6pru Jlu L.

CrnepoBaTebHO, Pe3yALTATOM pelIeEHs [I0CTaBJeHHOH 3ajiauu Ans
NaHHO# KOHeyHOMepHOH anre6phl Jlu L7 NOMXKHH 6bIThb IIe€DeUHH ONTH-
MaJbHbIX CHCTEM 8) nnd Kaxpgoro k= 1...,r— L.

OTbicKaHue Tofanre6p NaHHOH PA3MEPHOCTH § > 1 CBOJUTCH K HEKO-
Topo# anreGpanueckoil sanaue. [Ipy 3ToM ecnu MOCTpoeHHE CUCTEME! &1
JIETKO OCYIIeCTRIAETCS TIPOCTHIM IOAGOPOM TIOAXOAAIINX IIpeoBpasoranuil
U3 rpymmsl Gg, TO IIPU ONHCAHUHK cucTeM 8 (k > 1) BO3EMKAaWT ompefe-
JleEHble CJIOXHOCTH TEXHHYECKOro XapakTepa (B 0COGEHHOCTY B CyyYasXx,
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Korfa pasMepHOCTb aareSpnl L J0BOJBHO BhIcoKa). B aTom ciyuae cyie-
CTBEHHO YUMTHBaeTCAd cTpyKTypa anrefpwr Jlu. Tax, B wacTHocTH, ecnu
anreépa L, (dim L, = n) ABasercs paspemnmoi anre6poit Jlu Han nosem
XapaKTepUCTHUKHY HyJb, To usdecTHo [19], uTo cylIecTByeT Nocaen0BaTENb-
HOCTb TaKHX Mojanresp

LnDLn_13"'3L1DLO=0,

rie xaxnuas nopanarebpa L; (¢ = 1,2,...,n — 1) ABnseTca npeanoM an-
re6pbl L; 1. DTy mocaenoRraTebHOCTD ellle HA3bIBAIOT KOMHOSULUOHHLIM
pAIOM anredphl L.

CnepoBaTesbHo, anreépy L, ML MOXeM pacCMaTpUBaTh B BUJE TOJaY-
TIpAMOM CYMMBI

Lp,={en} €Ln_1, (1.147)

The e, — OnpefefeHHbl snemeHT Ly, a L1 — (n — 1)-MepHBI} nge-
an anreépbl L,. DTo M03BoJIseT [IPOBOAUTD KAACCH(QUKALMI0 paspelmMod
anre6pol JI1, UCIIONB3YS TAKOH aJTOPHUTM.

Iar 1. Haxonum Bce moganre6prr daxtop-anreSpst Ly /Ly, 1 = {en}.
DTOT 1UAT TPHUBHAJBHLIH, [IOCKOJbKY OYEBUAHLIMY SABAANTCA ABE T0JaJ-
re6pri: {0} u {en}.

Ilar 2. Haxoaum Bce mopanre6psl L, 1 ¥ KJacCHOUUYPYeM KX OTHO-
cuTeJbHO AeficTBUA npeofpasoBaruil G7'. JnsA 3Toro, Kak IpaBuio, HC-
noab3yT dopmyay Kemnbenna-Xaycnopda, B COOTBETCTBHY ¢ KOTOPOH

exp(0X)Y exp(—0X)=Y +
62
2

X XY] + CIXIG Y]+, (L148)

+6X, Y]+ 2

roe X,Y € L,.

Ilar 3. Haxonum Bce pacujenisempie paclivpeHvsi anrebphl {en}.
Jlas sToro HyXHO mpocTo HaftTy Bce mopanreSpr N, anre6pul L1,
KOTOpble MEBADHAHTHHL OTHOCHTE/LHO €y !

[en, Na] € Nay  Na C Ly (1.149)

Jlanee 5T anre6phl AOJKHBL GbITh [IPOKJACCUQULIUPOBAHLL C TOYHO-
CTbI0 00 AefiCTBUSA TIpeoOpasoBaHuil U3 IpynIk (o, KOTOPblE COXPAHAIT
BU/ OIl€PaTODA €y,, TO €CTb C TOYHOCTBIO O Npeofpa3oBaHUM, KOTOpbIE
omnpeneasttces anredpoit Nory, e,.

ATy aarebpy ellle HASHBAIT HOPMANUSATODOM ajireSpel {e,} B ajre-
6pe L,. OcTazoBuMcs Ha TIOHATHM HOPMAJlN3aTopa HeKOTOpOH ronanre-
6prt N B anreSpe L Sosee IonpoGHO.
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MzoxecTs0 ornepaTopos anrefpbl L HA3BBaeTCS HOPMAAUIAMOPOM
nonanareSpsl N B anre6pe L, ecsid BHIIOJHAITCA COOTHOLIEHYA

[z,¥y] C N

s Beex x € N vy € L. Jlna sopManusaTopa HCTosnb3yeM 0603HaueHUe
Nory N. 3ameTum, uto Noryp N asnserca nojaare6poit anreSpol L.

Ilar 4. Haxomum Bce noganre6psl aare6psl L,, KOTOphle He NIpUHA/-
nexaT L,_1 ¥ He ABJAITCA CONPAXKEHHEIMY C €,. OHY UMEeIT BUI

{en+> zies, No}, (1.150)

rae N, — nonanredpa anrebpbl L, 1, HopManusatop B L, KoTopoH He
COnepXUTCa B Ly_1, z; — HeHCTBUTEAbHBIE YUC/A, KOTOPHE OHOBpEMEH-
HO He DABHBI HYMIO U TAKKE, YTO 3/IEMEHT &, = e, + » . T;e; HE COIPANKEH

2
¢ e, OTHOCHTeNbHO G™-compsixenHocTH. Anre6Spsl (1.150) monxub 6BITH
MPOKNACCH(HUIIEPOBAHbl OTHOCHTEIBHO CONPANKEHHOCTY, KOTODYIO OIpesie-
JS10T NpeoBpa3oBaHud, OPOXAeHHbEEe aneMerTaMt Nory, €.

PacemoTpuM Kak mpumep Kaaccudukanuio noganredp anrebps Az g (g = —1)
M3 MepeyHs pa3pelllyMblX aare6p, KoTopbift mpusese B m. 1.3.2.
3pech HeHyJeBHe KOMMYTAlUHOHHBIE COOTHOUIEHUS UMEIT BHJ

lez,ea] = e1, [ez,ea] = €z, [es,eq] = —ea. (1.151)

IIar 1. Anre6pa {ei,ez,ea} sABARETCA HUIBIOTEHTHBHIM HMAAJOM aiareSpbl
Ass (g = —1) u numeer Tun Az s. Dakrop-anrecpa {es} umeeT 4Be nojaAreSpH:

{0} # {es }.
IMar 2. Knaccuduunpyem nogaareSpsl Asa ¢ TOYHOCTBIO JO CONPSHEHHOCTH,
KoTopylo onpefenser rpynna Ga, . [Toaoxus

A=x1e1+ zoep + z3e3 (1.152)
u npunvexus x (1.152) dopmyny Kemnbeana-Xaycnopda (1.148), umeem

exp{ae; + fes)Aexp(—ae; — Bes) =
= (x1 4 oza — Bx2)er + x2ez + xaes (1.153)

exp({yes)Aexp{—ves) = T1e1 + e Ter + Taces, (1.154)

rae o, B,y — NPOU3BOJAbHbIE AefiCTBUTEIbHEIE TapPaMeTpHL.
Ecnue Az #0,z, =23 =0, 70 onepatop A conpsxet ¢ z1. Ecan ke 8 A
|z1] + |za] # 0, To, noNOKHKB & U S TAaKMMH, YTOGEl BEIONHAJOCE DABEHCTBO

z1 + axy — Pz =0,
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BUAHM, UTO A COTIPAXeEH C
A= xz0ey + z3€E3.

B cootsercrsuu ¢ (1.154) A conpsixer ¢ omepaTopom

A=1x0eTes + z3e”

€3.

R = In|z» T3 = = In|zs|” Ty =
[Tostomy, monoxus v =1 , ecqu O, uvy=1 1 ecau 0, uau
v = %111]132[]133[_1, eCcqd Tp - xz # 0, BULHM, UTO A CONPSIKEH HIH C €3, HIH C

es, HH ¢ ex + ez (e = £1).
B co0TBeTCTBUE ¢ 3TUM fesaeM BEBOA, YTO € TOUHOCTBIO A0 COMPSIKEHHOCTH
OfIHOMepHEe MOfare6psl aare6phl Asz HCUEPIHIBAIOTCS ajredpamu

{e1}, {e2}, {es}, {ez+ees}, e==%l. (1.155)

CrpykTypa anare6phl As s MOKa3biBaeT, 4TO Bce ee ABYXMepHbIE MOAaJredpel
aBasTCcs abeyeBiMU. [lycTs B mpoberaeT Bce ofHoMepHble nogadrespsl (1.155),
a A umeer ua (1.152). Tpeyem, uto6n [A, B] = 0. [lycts B = ey, Torza,
B coorterctBHH ¢ (1.151),

[A$B] = [A$81] =0,

M MOXEM CUHTaTb (¢ TOYHOCTHIO A0 BhIGOpa Gasuca ABYXMepHOR noaaareSpet), 4To
A = z0ep + z3es. [TOCKONBKY €1 KOMMYTHPYET € €2, €3 U €4 Ha HYJb, MEL MOXeEM
BOCMONb30BaThesd Bolpakerusivu (1.153) u (1.154) nna A, oTkyna caenyert, uto A
COMpSAXEH C ep, ez UJH C ep + €es, € = £1.

Ecan B = e, To MOXeM MOJOXKUTh A = z(eq + zaes, e z3 # 0 (MHaue
MPUAEM K yXKe paccMOTpeHHOMY cayuai). Ho komMmyTaTop

[A, B] = [A, e;] = —zaeq

paBeH HYJI TOJMbKO B cJydae, Korfia x3 = 0, yTo MPOTHBOPEUHT MpeANOJoNKe-
Huto. CnefoBaTebHO, paciiupeRde B = ey o AByXMepHolt aGejeBoft anre6pl
BO3MOMKHO TOJIBKO MPH YCJOBHH, uTo A = eq. K aHanornutoMy ciyyaln DpHBOAHT
paccMOTpeHHe ¥ OCTafbHBIX 3HaueHUt 1715 omepatopa B.

HnMetoT MecTo TONBKO TpH HeCONpSXKEHHble BYXMEpHble MOofafareSprl ajre-
6pbl Az

{e1,e2}, {e1,es}, {ei,e2+ees}, e==1. (1.156)

TpexmepHas moganre6pa aareSpsl Az s TOJAbKO OfHAa — caMa ajreépa As.s.
Iar 3. YpaBuetue

[64, A] = AA

uMeeT pewleHus A = e, A = e 1 A = ea. Taxkxe Jerko MojayyaeM, yTo HMe-
10T MECTO TOJBKO [Be [BYXMepHble, HHBAPHAHTHbBIE OTHOCHTENLHO €4 MOJAJreSphl
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{e1,e2} u {ei,es}. CaenoBarennto, Bce mopanre6psl anre6pel Ass (g = —1),
KOTODBIE COlePKAT 3JeMEeHT e4 ¥ ABAAITCH €r0 PACIenAeMEIMH Paciiupe HHAMHU
¢ TouHOCTEI 10 G4, ¢ (g = —1)-CONPRKEHHOCTH, HCUEDILIBAKTCH afire6pamMy
{es}, {es,er}, {es, ez}, {es,eal},
{64361a62}> {64,61,63}, {64361a62’63}' (L.157)
[lar 4. Tlonoxus &, = €4 + Te1 + yez + zes ¥ BOCMONL3OBABIINCE COOTHO-
wer yeM

exp(aes + Bes)éq exp(—aes — Bes) =
=est+ (z+ oz — Byler + (¥ + o)ez + (2 — Bea,

Tie @ = —y, B = z, Mbl HaXOL UM NoAanreSpal
{es +zer}, {est+zejer}, {estmeres}, z#0, (1.158)
KOTODEIE He [pUHaAJNexaT As.s H He COMPAXeHL ¢ ONepaTopoM eq.
CrepoBaTebHO, MONHLIY Nepeuers nofanrep anrebpst Ag g (g = —1), ¢ Tou-
HOCTBIO [0 COIPAXKEHHOCTH, KOTODYK OIDefelfioT NMpeofpasoBaHus U3 TDYIMIEL
Ga,q (g= —1) BHyTpeHHUX aBTOMOP(HUIMOB anrebpsl As s (g = —1), cocTaBas-

10T anre6psl (1.155)-(1.158).

Otmetn™, uto B [160] mpoBenexa knaccudukauus mnoganreSp Beex
NeCTBHTE/IbHBIX PaspelliumMbix anredp pasmepHocTer 3 u 4. Ee pesynbra-
T MBl Jla€M B CAeAYWIIUX TpeX Tabnuuax. Tam Mbl coxpaHseMm 06o3Ha-
YeHIs, KOTODHE KUCMoNb30Baauch B m. 1.3.2.

Boofe roeops, B cooTBeTCTBUY ¢ Teopemoll Jleru—-Manblesa, mpo-
u3BoAbHAA anredpa L ssnsercs moaynpsamon cymmoir L = 8 & N mo-
aymnpoctoro daxropa Jlesu S u paspelrumoro (B 4aCcTHOCTH, afeseBoro)
pagukana N. OTMeTHM, YTO HMEHHO TaKyl0 CTDYKTYDY UMEKT anrespl
WHBAaDHUAHTHOCTH DAJA U3BECTHBIX yPABHEHUH DesIITUBUCTCKON U Hepess-
TUBHCTCKOM Qusuxu [46,78, 84, 89].

D dexTUBHBIA METON ANS [TOCTPOSHUA ONMTUMANbHON CUCTEMB! [T0Jas-
re6p anre6prl JIU ¢ HETPUEUANLHEIM KOMMY TATHBHEIM H/1€anoM Gbla Ipe -
noxed [latepost, Burtepuutiom u [laccenxayzom [161] {cm. Takxke [74]).

OcHoBHas ujes 3TOT0 MeTOJa OCHOBBIBAETCS Ha TOM, UTo S MOX-
HO pacCMaTpHBaTh He3aBHCHMO 0T L M Ans xnaccHUKauMu Mofanredp
anre6pnl S MOXKHO HCI0Ab30BATb TONDKO IPYITY BHYTPEHHUX aBTOMOD-
¢dusmor S. OcylecTBAeEYe 3TOTO METOJA TIPEeAYCMATPUBAET BhINIOJIHEHNe
CNeAYIOUIUX 14T OB.

IMar 1. Jas aare@pul S Haxoaum Bce Kiacchl G-CONPAMKEHHHX MMOA-
anre6p (oueBHAHO, YTO 34ech G-CONMPSAKEHHOCTD coBnanaet ¢ G g-comps-
HEHHOCTbK) U BHOHpaeM B KaXJAOM KJacce M0 OJHOMY [pecTasUTeN .
O6o3naunm vx uepez S; (1 =0,1,...,p), cuuras, uto Sp = 0.
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Mar 2. [lna xaxpo# U3 nofanredp anredpbl S HaXoMUM pacllerise-
ie paclivpenns B anrebpe L. Pacmupenne M nopanre6pw S; HasbBa-
¢ paclleniseMhM pacuvpeHueM B L, ecin M G-comnpsikeHa ¢ nojan-
6pott S; & Nig, Tie N ABAsIETCA S;-HHBAPUAHTHEIM [IOANIPOC TPAHCTEOM
octpaHeTBa N @[S, Nig] C Ny, PasfuBaem Bce Taxue Nj, Ha xnac-
| CONIPAXEHHBIX TIOATIPOCTPAHCTE OTHOCKTeNbHO NorpS; 1 BhGHpaeM 1o
HOMY TIPEACTABUATENIO N, B KaXIOM KJacce. Kaxpomy takomy npen-
aBUTeNI0 Ny, COOTBETCTBYeT nojanrebpa S; & N, anre6psl L, koTopas
JIfeTCs pacUlelgeMblM DacIIupeHneM S;.

ITar 3. Ha TpeThem miare Haxoaum Bce HepacllellnsdeMble DACIIVPEeHNA
nanredp S;, To ecTb Ho,zlaﬂreépbl 6a31CHbIE 3JeMEHTH KOTOprX HMeIT
KOH BUA: S + )\kn], #z ns, rie sy €5, n; €N, a )\k, #z — HEKOTOpble
IKCUPOBAHHLIE YKC/a, [IPU 5TOM )\{c He BCe paBHH HYJIO.

MHoXecTBO BCeX HeCONpPAXKEHHBIX NpeACTaBUTe el paclierigeMblX X
paClIeTIAeMblX pacliupeHus anredp S; U OyleT COCTARAATL ONTUMAIb-
10 cUcTeMy TojaareSp aare6per L.

OcranosumMca faflee Ha OpHMepe anrefp HHBaDHAHTHOCTH ypaBHeHHH
oprepca ¥ TemaonposofHocTd. B m. [.3.3 60 mokasako, uTo anre6psl KHBapH-
THOCTH 3THX ypaBHenuil usomopduel anrepad sl(2,R) €24 u sl(2,R) € Ass
orBeTcTBEHHO. [103TOMY 1OCTATOUHO TPOBECTH KNacCHQHKALHIO Tojanredp 3THX
re6p Jld, a 3aTeM, HCIOJB3YS M3BECTHBIE W3OMOPQH3MEl, HETPYAHO MOJYYHTDH
THMaJbHEle CHCTEMBl TOfanre6p YKasaHHbIX aJre6p MHBADHAHTHOCTH.

1. Kaaccuguxayus nodarzebp arzebpor L = sl(2,R) € 2A1.

Hlae 1 [_IYCTB SZ(Q,IR) = <61,62,63>, a 2/41 = <64,65>.

[TockonbKy H30MOpGU3M, KOTODHIE CBA3LIBAET Ga3HCHEIE 3JEMEHTH Vi (3 =
1,...,5) anreSpsl HHBapHaHTHOCTH ypaBHeHUs Bloprepca u 6asucHEle 3jeMeH-
e; (i=1,...,5), HanpuMep, Takoli:

©1VL > €3, Vo =+ €4, V3 +>€5, Vgt €1, Vs —€n,

sJeMeHTH e; (3= 1,...,5) YNOBJETBOPSIT TaKUM KOMMYTaLHOHHEM COOTHO-
SHHAM!

le1, ez] = 2ez, [e1,ea] = —2es, [ez,e3] =e1, [es e8] =0,

e, e4] = —es, [er,es] =es, [ez,ea] = €5, ez, e8] =0,

[ea,es] =0, [es,es] = ea. (1.159)

COOTBETCTBHE ¢ IpHBEJEHHEIM aJropHTMOM CHauala HafieM ONTHMAJbHYIO CH-
eMy ofanredp anreSps

S =sl(2,R) = {eq, €2, €a).
[TycTs
A= zey + yes + zes, (1.160)

e x,y,z €R 1 |z| + [y| + 2] # 0.

1.4.

Tabauya 1.1

[Moxanreopel paspemumbix aire6p Ju pasmeprHocTeli 2 n 3 (—oo < 2.y < 00, 0 L o < w, € = +1)

Ci




125

=

@TpHUHHAA pefyYKUUA K HHBapHaHTHBIE pelleHUs

(®2) “(*2) (% 19) i 4
(%2) ‘(") (% 12) 4
(%23 + 19)
‘(82) ‘(22) ‘(19) (%2 ‘19) (%o t82) (12 ¢€5) Ly
(%23 + 19)
‘(82) (%) ‘(12) (22 12) (% e2) (12 i€9) 9y
(€2) ‘(b uts %2 4 500 12) (%2 ¢12) (b uts % + b 500 194£0) sey
(®2) ‘(%) °(*2) (% 19) (2 %) vty
(S uts €2 4 b 500 %2) {(12) | (b uts €2 4 500 22 “15) €€

(w0) (525 + )
‘(b uts €2 + b 502 12)

(24%9) (72 “19)

(%2 if2z 4 1)

:\ [43) N‘NT = m.mT

() (05 + )

(82 ‘%) ‘(B2 ‘oz 4 12)

‘(e 4 Bz + 19) ‘(e2Al 4 22 ‘Bax + 19) e =1ty
(%) ‘(*?) vey
(b urs 2 + b sa0 19) Wy =1y
v Ve i edgairy
rdgaarero]]




Tabau

[Moganre6psl pasIoXMHMBIX pa3peliUMBIX YeThipeXmMepHBbIX aare6p Jlu
(—CD <zyzv<o 0L <, E:ﬂ:l)

ITopare6pe
dim = 3 dim = 2 dim =1
3A; (e1 + zeq, 2A; : (ey + zes + yeu, {e1 + ze2 + yea + zeq),

ez +yes, €3 + zeq),
(61 + xez, 63,64),
(62,63, 64)’
(€14 wes, ez + yea, ea)

e + zea + ves),

(e1 + zez + yea, €3 + 2zeq),
(e2 + zeq, €3+ yea),
(e1 + zez + yea, €a)

(€2 + wea, eq), (€3, €4)

(€2 + xes + yes),
(63 + xe4), (64)’

3A1 : (61,63,64),
(62a63a64)5
Az ® Ar: (et
+x(escos ¢ + essing),
easin g —escos @; €2)

Azg : (e1+ z(eacos @ + e4 sin ); €2),
241 : (e1 + x{eacos ¢+ eq sing),
essing — e4 cos @), (es, €4),

(ez + €(eacos @ + e4 sin o),
essing —eq coS ),

(e2, easin ¢ — es cos )

(62),
(eacos ¢ + eqsin )
(e1 + xz(escos + egsing
{e2 + e(escosp + e4sing

A1 B Az s : (er,e3;€2),
(61,64;62)a (61’63564)’
(62,63;64);

Asy < (e1+ es; ez, e4),
Ass : (e1 — es; ez, eq),
Al (e1 + mes; ez, eq),

Azz t (ey +xeajen), (ea+ xei;es),
(e2 + €eaq; e3), (€3 + eezjeq),
(e1 + es;jez + cea),
241 : (e1, €3), (€1, €a),
(e2,€3), (€2, €4)

(e2), (ea), (e1 + zea),
(e1 + €es), (€2 + €es),
{ez + ces)

{ z, 0<|z| <1,
9= 1
[Ipodoascenue mat
ITonanre6pet
dim = 3 dim = 2 dim =1
3A1: {e1,e2co8 o+ easing, es), 241 : (e1, eat (e1 + zed), (ea),

Azt (€2 + wea,ea + yes;en),

+xz{e2 cos + ez sing)),
{es, ez cos ¢ + e sin @),
(e1 + Tes, €2 cos @ + essin )

(e2 cos @ + easin + weq)

3A; : (e, ez, e4), 241 : (e1 + wes, e2), {e1), (e1 + €es),
Az @ A1 : {es,es;e1), (e1,e2 + ceq), (e1,e4), (ez + xzes), (€3 + zes), (ea)
Asg: (ea + Tesjen, e2) (€2, €4), (es,e4),
Az i (ea + weqser)
3A1 : (eq, ez, €4), 241 : (e1, e2), {(e1 cos + ez sin ),
Az @ At : (ea,eq; (e1cosp + exsinp,eq), (ez + zea), (es),
N T A Y (or 0. (o, on L co.) (o g srm L onatr A L eoa)



Oxoryarnue maba.

[Topanre6pet
@ dim = 3 dim = 2 dim = 1
4 341 :(e1,e2,€4), 241 : (e, ), (€1, €4), (e1), (e2), (ea), (&1 + eeq),
1) | Azz2 ® Ay : (ea,eq;e1), (e2,€4), (€3,€4), (e2 + eeq), (ea + xed),
(es, eq; €2), (e1 + €en,eq), (e1,e2 + €eq), (e1 + ee2 + zeq)
Aar i (es + zesjer,e2) (e1 + cea,e2 + zeq),
Azz t (ea + zessen),
(ea + zeq;er)
Aq 3A1: (e1,ez,ea), 241 : (e1 + zes,e2), (e4), (e1 + zea),
Asg: (eatzeq e, e), (e1,€4), (e3,eq) (x 2 0) (ea+ yes) (x 2 0)
4, 34, : (e1,e2,€4), 241 : (e, eaq), (€3, €a), (es), (e1 + zes),
) Asg : (ea+ zeq;er,e) (e1 +zeq, ) (x 20) (ea+ yes) (x 2 0)

Tabruya

[loganreGpbl HepasIOXKHUMBIX YeThIpeXMepHBIX pa3peluMbIX anre6p Jlu

(—o <2, y< o0, 0<p<m e==1)
[Topanre6per
dim =3 dim =2 dim =1
341 (e1, e2,€3), 241 : (e1,€2), (e1,€a), (e1), (e2),
Aaza:(ea+ xea,exje1) (e2,ea + zer), (e1,eq + zea) | (es + xea), (ea + ze1)

3A1 : (61,62,63),
A3»4 : (64;62563)5
Ase: (eajer,e2) (g = —1),
Ag? : (64;61562)5

{q, lal <1
p=1¢ 1
2> lal >1

2A1 : (61,62);
(e1 + xes, e3), (e2,€3),
(61 +663562)s

Az : (eqse1), (eq;e2)

(e1), (e2), (ea),
(e1 + €ez), (ea + ze1)




[Tpodonscenue mabs

| [Topanre6pe
pe dim = 3 dim = 2 dim = 1
3A; : (31,32 63), 24, : (61,62), (31,33), (31), (62); (63)’ (64);
g<1 A%, (esjer,ez), (e2,e3), (e1,e2 + €es), (e1 + eea), (ez + eea),
0) ALt (esjen,e3), (e2,e1 + cea), (ea,e1 +eez), | (e1+ ez + wea) (x # 0)
AS ., (64’62,63), (e1 + ees, ez + zes) (x # 0),
p
s = q p A2z : (es;er), (es;e2), (es;e3)
}_y Ia >1
. 34, : (e1, ez, €3), 2A; : {e1,escosp + easing), | {e1), (e2cosg + essing),
% 0, Ass t (esjez, €3), (e2,€3), (es, €1 + eez), (e), (e1 + €ea),
< AL, (esseq, €3 cost (e1 + €es, e2 + wea) (1 + eez + zes)
+easin ) Az i (ease1),
(es;en cos ¢ + ez sin )
. 3A; : (e, ez, €3), 2A;1 : (e1cosp +essing, e2), | (e2), (e1cos @+ essing),
<1, Ass i (es;eq,ea), (e1,es), (es,e1 + ce), (es), (€2 + €ea),

= 1)

A% : (es;ercos o+
+essing, e3)

(e1 + xes,en + €ea),

(es

Azt (esie2),
;€1 co8 @ + es sin )

(e1 + €ez + zea)

1)

3A1 : (61’ €2, 63)’
Ass : (eq;e1 + wea,
ez + yea),

(es; €1 + Te2, €3),
(es; €2, €3)

24,

(e1
Az

(es

: (e1 + zea, ez + yea),

+ zeq, 63), (62; 63),
: (es;er + e + yes),
je2 + wea), (es;es)

(e1 + zez + yes),
(e2 + wea), (ea), (ed),

[Tpodonscenue mabs

[Topanre6pet
¢ dim = 3 dim = 2 dim = 1
3A; : (e1,e2,e3), 241 : (e1 + zes, e2), (e1 + xea),
> 0) Al t (esje2,e3) (e2,€3) (z 2 0), (e3), (es) (z 2 0)

Azz i (es;e1)

Aza(ez, eajer),
1

a=3
As.’ : (esser,e2)

2A1 : (61,62); (61’63)’

A2zt (eq;e1), (eq;e2)

(e1), (e2), (es), (ea)

Asa: (e2,ea;er),
Azz @ A < (es,e1;€2),
(es,e1;€3)

24 : (61,62) (61,63)
(e, ez + cea), (eq,€1),
Azz : (ea + zerjez),
(es + ze1; €a)

A Vi N

~ A Vi N S N



[nasa . OcHOBHEE MOHATHA IPYIIOBOrC aHa usa

132

(0 #+ x) (%12 €2z 4 «wv : m_v..sm?\
(toi€9) : 2Ty ‘(%t1aita) : BEY
Amw& + vmvv «Amwv AA:VV «Avvﬁmvv Ammv:@v 2 VT Amwaﬁ@mm@v P SEy oYy
(toi79) : 2Ty (0 < b)
?wv Amwv ASV Aawswv Y memw&wv : Eey vy
(0="»)
Aﬂw.& + vwv Aawv ,Qwv Ag:wv Amwﬁwv B 44 Asmmw“mwv : Eey 6y
Amw:wﬁwv D sey
(22:va) ‘(V2i82x 4 ¥9) : T2y ‘0 # x) (% ‘1282z + «wv D Ve
(8az + ¥3) ‘(€93 + %) ‘(v2'€3) ‘(€22 + % ‘13) {(12%a%83) : Ty @ Ty (0 =b)
Amwv Amwv Aﬂwv Amwswv Amwswv 744 Aﬁwmmwﬁmwv : EEy CRa%e

(¢ uts €5 + H 505 23 i79)

(¥2) ‘(12i¥2) : oy (Hduis€s 4 50022 ¢121v3) : NMMT. (1=D0)
t=
A&Ew € + hsoo mwv Aﬂwv A&Ew € + hsoo mwﬁwv B 44 Asmmw&wv : EEy 8y
= UIl = wr = wr
1 Ip 4 P € P edganry
rdgaarero]

o] VQDW INHDHHON()




1.4. CuMmeTpHiiHag DeIyKLYS W HHBADHAHTHbBIE PelIeHUH 133

Cornacuo ¢ (1.159) nmeem
exp(aer)Aexp(—aei) = zer + yego‘eg + Z6_2a63, (1.161)
exp(fez) Aexp(—Bez) = (z + fz)er + (y — 2Bz — f2)ez + zea,  (1.162)
exp(vea) A exp(—vea) = (& — yy)er + yer + (2 + 227 — ¥ y)ea.  (1163)

Ecam x 20, y=2=0,70 A~ e1.

[yets |y| + |z] # O. Torza, ucnoanays (1.162) u (1.163), Bcerna mMoxeM Cui-
Tath, uto x = O.

Ecau |y| 20, 2=0,10 A~ ez, aecan y=0, |z| £ 0, T0 A ~ ea. Hakoxreu,

ecqu y-z # 0, TO, BOCMOJIB30BABLWHCE cooTHOWeHueM (1.161), rne & = %ln [zy7Y,

BHIHM, UTO A ~ ez + es.
[TycTs e2 + es = A. Torza u3s (1.162) caepyer, uro

A~ Bei+ (1 —B%)e; + es,
a us (1.163) — uto
An[B=r1=per+ 1=z + [1+ By —+" (1 = f)]ea.

[TosTomy, monoxuB B =1, v = —&, BUOHM, UTO €1 ~ €2 + €a.

DO

[TycTs Tenmeps A = ea.
Torpa us (1.162) caepyer, uto

A~ fe; — ,8282 + ea,
a u3 (1.163) — uto
A~ BL+yB)er — ez + (14 78) es.

[Tostomy, monoxus 1+ 8 = 0, BEAKM, UTO €3 ~ e2.
CrepoBaTeJbHO, €CTh TPH BOZMOXKEOCTH:

A~ney, A~e, A~e —ea.

Octaercs yGeauTbCS, UTO He CYIIECTBYIOT BHYTPeHHHNE aBTOMODPQH3MBI, KOTO-
phle ITepeBOART 3TH OMepaTopEl OLHH B APYrof.
[lycte A = ey. Torna us (1.162) caepyer, uto

A~ el —20e,
u3 (1.163) — uto

A~ (14 2v8)er — 2Bes + 2v(1 4+ yB)e,
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a us (1.161) — uto
A~ (14 298)e; — 2Be*%es + 2v(1 + vB8)e™*%ea.
Ecam 1+ 298=0,T0ov-B8#0u

A~ 28 %, + %ﬂ_iezaea,

TO ecTb A ~ ez + ea.
CrefloBaTe/IbHO, 1 He CONMpPSIKEH HU C e, HU C ez — es.
[TycTe Temeps A = ez. AHaJIOTHUHO MOJyYaeM, 4TO

Ar —y(1+ By)er + (14 By)’e* e, —y'e e
Ecau 14+ B8y=0,10 8- vy# 01 A~ es, UTO yXKe U3BECTHO.
Tpe6oBauue A ~ e; TPUBOAUT K HECOBMECTHOH CHCTEMe ypaBHeHHU M

1+8y=0, v=0.

HakoHel, TpefoBaHite A ~ e; — es TaKxe NPHBOLHT K HECOBMeCTHOft cucTeme
ypaBHeHH#

Y1 +B8y) =0, (1+ By =+

CnepoBaTelIbHO, OepaTop ez TaKkKe He COMpSAXKeH ¢ OMepaTopaMu 1 U ez —ea.

Wz npoBeneHHEIX BhIlle paccyKAeHUH cJeAyeT, UTO UMEKWT MecTO TpH Heco-
npsiKeHHBle OlHOMepHble mogaire6pel anrepsl sl(2,R): {e1), {ez), {e2 — ea).

[Tepefinem Temept K omucaHulo ABYXMEpHHX mogaareSp aaredpsl si(2,R).

[Tycts B mpoeraeT MHOKECTBO ONMEpaTopoB {ei,ez,e; — es}, a A uMeer
Bua (1.160).

[TpoBepka KOMMYTaUHOHHBIX COOTHOWeHUY AAs anrebpsl M = (B, A} 1oaxHa
GbITh MOAUHHEHA YeJoBHW (B, A] € M nns nw6ux B,A € M.

Ecan B = ey, TO, B cooTBeTcTBHE ¢ (1.159),

[B, A] = [e1, A] = 2(yez — zea), [e, [e1, A]] = 4(yez + ze3).

[Tockombky dim M = 2, TO DOMKHO BHIIOJHATLCS PAaBEHCTBO

= 2yz = 0.

Yy —z
Y z

CrenoBatedbHo, B cAyyae B = e; Mbl NPUXONUM K ABYM ABYXMEpHBIM MOZaJ-
reGpan anreSpsl M: {eq, ez}, {e1, ea).

Ecau B = ez, 10, He yMeHbinas oSIUIHOCTH PacCyRASHUH, MOXKEM TOJOKUTH
A = ze; + zes. Janee, [ex, A] = —22e + zeq, [e2,[e2, A]] = —2ze;, oTkyLE
caepyet, uto z = 0. [Tpuxogum K moayueHuol suitie aaredpe {eq, ez ).
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Ecau ke B = e; —es, TO MOXKeM NONOKUTE A = xey + y(ez + es). [Tockoasky

[B, Al = —2z{ez+ e3) + 2yer u dim M = 2, TO JONKHO BELIOJHSTLECHA PABEHCTRO
r ¥y _ /2 2y
(3 2)=-6+n=0

KOTOpOe MMeeT MeCTO TOJbLKO MpU ycaosuu, uyro x = y = 0. CnezosaTelsHo,
ofepaTop e; — ez He JIOMYCKaeT paclIMpeHHs O ABYXMepPHOH MofanreSpsl afre-
6pet sl(2,R).
PacemoTpum najee 1BYXMepHYIO aaredpy (61,63>. BriGepeM ee Gasuc B BUIe
e'1=e1-|-63, e'2=e1—63.

Torpa us pasencts (1.162), (1.163) cnenyer, uto

ey~ [1+B+vB8(2+ Bler — B2+ Blex +
+ 1+ 29(1+ 8) + B2+ B)7 Jes,

ey~ [1—B+v8(2— Bler — B2 — Blez +
+-1-29(1 - B) + B2 - B ]es.

Monoxus v = —B™ 1, BUAHM, 4TO
i~ —er— B2+ 8), et~ —ei—B2-Pe,
W ecqd, Hanpumep, 8 = —2, T0

7 ¢
ey~ —e1, €y~ —er+ Bes.

CllefoBaTebHO, C TOUHOCTLIO [0 BEIGOpaE Ga3uca, {ey,es) ~ {e1,e2).
[Togeogs MTOr, BUOMM, YTO C TOYHOCTHIO 1O COMPSMEHHOCTH HMeeT MecTo
TONLKO OflHA [BYXMepHasi moflanreGpa aaredpsl sl{2,R), a UMeHHO: {e1,ez).
[ockonsky anrepa sl(2,R) asaserca TpexmepHolt anreSpoft Jlu, To onTu-
MaJbHYI0 CHCTeMy NMofairesp airedper si(2,R) o6pa3oBsiBaioT aareSphl:

S =0, Si1= (61), Si2 = (62), S13= (62 —63),
52 = <61,62), 53 = Sl(Q,R) = <61,62,63). (1164)
I'[pe)me yeM NepexojuTh K BhHIMNOJHEHUIO BTOPOTO Wara ajroputma, HallgeM

HOpPMaJ/M3aTOPhl MOJYYEHHBIX HeHYMeBbIX Mofaresp B aarespe L.
[TycTs

C = zey + ye; + zes + teg + res,

TIE T, Y, Z,t, 7 — NPOU3BOJIbHBIE JeficTBUTebHbIE MOCTOAHHEE. PaceMoTpum cay-
yait anre6pel Si.1. B COOTBETCTBUH ¢ ONMpeleseHHeM HOPMaNu3aTopa AOJKHO Bbl-
MONHATbCA yeqoBue [z,y] C Siq, ez =€y, y € L.
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[Mockonbky [e1,C] = 2yex — 2ze3 — tea 4 res, TO YKasaHHOE YCJOBHE BBIIOJ-
HsieTcs TOr4a, Korfa y = z = t = r = 0. [Tostomy NorzS1.1 = {e1).

Auanornuxo A5 OCTaJbHHX ITOAaAredp ajrefper S MojayyaeM Takoit mepedeHb
HOpPMaJIH3aTOpPOB!

NOILSO = L, NOI‘LS1,1 = (61), NOI‘LS1,2 = (61,62, 65),

NorzS13 = {ez —es), NorrS: = {e1, ez}, NorrSs = {e1,e2,ea).

Ilaz 2. Ha BTOpOM IIare OCYLIECTBUM [OCTPOEHHE paclielJSeMEX paclinpe-
Hult moganre6p anrepsr S = si(2,R) B anreSpe L. Jlaa ynpoleHHs oIepaToOpOB
6yneM HCIOJB30BaTh PeopasoBaHis, KOTOPHE IeHepHPYIOTCS HOPMaH3aTopaMu
3THUX Mofiaaresp.

Ins anreSpol So MBI [OJKHB OMHCAaTh BCe MOAMPOCTPAaHCTBA IPOCTpaH-
cTBa 2A; ¢ TouHOCTBIO 10 Gz -CONMPSAKEHHOCTH.

Mycts D = aeq + bes, a,b €R 1 |a] + |b] #£ 0.

[Tycte Takxke a # 0. Torpa, B coorserctauy ¢ (1.159),

exp(ae) D exp(—aez) = aes + (@a + b)es,

H, TOJOKHE @ = —ba™ !, BuLUM, 4T0 D ~ eq.
[Tycts Temeps a =0, Torfa b# 0 u D = bes.
Ho B 3toM cayuae

exp(Bea) D exp(—Bes) = bes + Bbea,

¥ Mbl IPHXOLHMM K BHAY omeparopa D, KOTODHIH GBI PacCMOTPEE BEIIIE.
[Mockonsky aare6pa 2A; — AByXMepHas airedpa JIu, To MOXeM CHelaTh BH-
BOE, uTO ajrefpe Sp COOTBETCTBYIOT TaKHe pacluellisieMEle DacliMperus: {ea),

{eq,e5).
[TycTh Telepb UMeeT MecTo cayualt aare6pe Si.1. Torna

le1, D] = —aeq + bes,
H TOCKOJBKY

a b
—a b

I = 2ab,

TO anreSpa Sii UMeeT fBa KHBADHAHTHEIX ONHOMEDHEIX HOAMPOCTPAaHCTBA B
2A1, a umenHo: {eq), {es). [IpeoSpasoBanus, KOTOpble [eHEPHPYIOTCH 3/1eMEHTAMH
NorzS;.1, 0CTaBASOT BYA 3THX IPOCTPAHCTB HEH3MEHHEBIM.

CrenoBarebHo, AA8 airepel Si.1 CYMECTBYIOT TPH paclielJseMble pacIlu-
DEHHS:

(81’84>a (61,65>, (61,64,65).
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Cayuam ocTalbHEX MoAaaredp anre6psl s{(2,R) paccmarpusaloTcs aHaJorHY-
Ho. Huxe MBI IPHBOAMM MOJIHBLH CIUCOK HECONPAXKEHHBIX paclleNaeMbX pacliu-
pPeHH# A79 3TUX ajaredp:

(ea), (es,es), (en,ea), {en,es), (er,eq,e5), (e2,es),
(e2,e4,65), (e2 —es,eq,e5), (e1,ez,e5),
{e1,€2,€4,65), {e1,€2,€3,e€4,65). (1.165)
[llaz 3. Bo BpeMsl IOCTPOeHHUS HepacllellgeMblX paclIMpeHui mofganaredp aj-
re6pel sl(2, R) ™Mb, A YIpOUIEHHS BHAA Ga3HCHBIX 3JeMeHTOB, Gy/eM HCIIOJb-
30BaTh aBTOMOPQU3MBEL, KOTOpHE TeHepUpPYIOTCA Ga3HCHEIME 3JleMeHTAMH HAeala
24;.
Tax, HanmpuMep, pacCMOTPHUM paciluperue aare6pet S1.1. [TycTs

A=ei+ aes + bes.
Torpa, TOCKONBKY
explaes + fBes)Aexp(—aes — Bes) = e1 + (a + a)es + (b — Bes,

TO MONOXHB @ = —a, 3 = b, y6expaemcsi, 4T0 A ~ ey, a 3HauuT, anaredpa Si.1
He UMeeT B ajredpe L HepaclienJsieMblX paclidpeHuit.
[Tyctb Tenmeps A = e; + aeq + bes. Torna, N0CKOBKY

exp(aes + fes)Aexp(—aes — Bes) = ez + aes + (b— a)es,

TO, MOJOXKHE & = b, BUAEM, uTo A ~ ez + aeq, a # 0. Janee, NOCKOAbKY
e1 € NorrSi12 1t

exp(ae;)(e; + aey) explae;) = €%e; + ae™ ey,

T0, TOJOXHUB @ = %ln la|, y6exnaemes, uTo A ~ e1  e4.

Jlanee paccmaTpuBaeM HaJHUHE HHBADHAHTHHIX TOLMPOCTPAHCTB Y odepaTopa
€2 £ es4 B MPOCTpaHCTBe 2A; M BHAMM, U4TO €CTh TOJBLKO HYJEBOE H ONHOMEpHOE
{es) MpOCTpaHCTBA, KOTOPHIE COXPAHSIOT HepacllemseMoe paclinpeHue airepel
S22,

Hror: nas anreSpsr So.2 HMEIOT MeCTO TaKHe HepacllelnJsieMble PACIIKpeH usl:

<62 ﬂ:&;), <62 :i:64,65>. (1166)

Aunanus octanpybx nonanredp sl(2,R) noxasaJ, 4To 75 HHX He CYLIECTBYKOT
HepacllenseMble pacliuperys B aaretpe L.

[TopBoaa utoru, BuAEM, uro, B cooTBeTcTBUHU ¢ (1.164)—(1.166), nns aare6psl
sl(2,R) & 2A, onTuMabHas CECTeMa Mojasredp Takas:

flodanzebpor pasmeprocmu I

(e}, {e2), (e2—ea), {ea), f{e2tes), ({ex—ea).
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[lodanzebpor pasmeprnocmu 2:

<61a62>’ <64’65>’ (‘31"34)’ (61,65>, (‘32’65);

{ez + eq,e5) {e2 —eq,es5).
[lodanzebpor pasmeprocmu 3:

SZ(Q,IR) = <61’62$63>; <61,64,65), <62,64,65),

{e2 —es,eq,e8), {ei,ez,es).
[lodaneebps pasmeprocmu 4:
{e1,e2,e4q,€5).
[lodanzebpor pasmeprocmu 5:
L = <61,62, €3, €4, 65).

2. Knaccugurayus nodarzebp arcebpor L = sl(2,R) & Aaa.

[Tycts sl(2,R) = {e1, ez, €3), As.3 = {eas,es, €s).

[MockonbKy u3OMOPdU3M, KOTOPLIH CBA3HBAET Ga3UCHEIE 3JEMEHTH Vi (3 =
=1,...,6) anre6pe UHBAPHAHTHOCTU YpaBHEHUS TEMJONPOBOAHOCTH U GA3UCHELE
afeMeHTH ¢ (¢=1,...,6), Takof:

Y Vyeres, V€3, V3 ey,

V4—lV3 €1, Vs es, _lVG‘_’e%
2 4
TO 3JeMeHTH e; (i = 1,...,5) YIOBAETBOPAIOT TAKMM KOMMYTALUOHHBIM COOTHO-
LIeH UAM!
le1, e2] = 2ez, [e1,e3] = —2es, ez, e3] =e1, |ei,es] =0,
ler,es] =es, le1,e6] = —es, le2,ea] =0, ez, e5] =0,
[62,66] = %65, [63,65] = 0, [63,65] = 266, [63,66] = 0,

[64; 65] = 0, [64;66] = 0, [65,66] = €4.

Hlaz . SToT wWar OCYLIECTBASH NMpH KJacCHPUKAUUM nogaireSp aareSpel
sl(2,R) € 2A,. MMeoT MecTo Takue monaareSpel anrebpe sli(2, R):

So=0, Sii={e1), Siz2={e), Sra={ex—ea),
Sy = {e1,ez), Sz=sl(,R). (1.167)
gz 2. MsyueHue pacllennsieMblX paclIHpeH Ul MPOBOAUTCS aHAOTHYHO TOMY,
KaK MBI OCYLIECTBHAY KJaccudukalulo noaaaredp aaredpsl si(2, R). 3mecs Toab-

KO HYXHO yyecTb, YTO HOpPMaau3aTOpbl MopajreSp aarebpsl si(2,R) B pmaxHol
anre6pe L MOTYT UMeTh JpYroe 3HaueHHUe.
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Tak, NorzS1.1 = {e1,eq), Norp Si2 = (e1,es,esq,€5) ¥ T.0., @ TAKKE, 4TO
anre6pa As.s SBIAETCH HUALNOTEHTHOM, a He aleneBolt anrebpott Jlu.

B pesynsTaTe BHIYMCTeHU{t MBl MONYYMJH TaKue paclielfeMble paclIMpeHUs
noganre6p anreSpsl s{{2,R) & aare6pe L:

es), (ea), (es;eq), (eares,eq), (ereq), (eres), (e1,eq),
es,e5,e6), (e1,eq,e6), f{e1,eq,es,es), {ex,eq), {ez,es),
62,64:5:65), (62,65,6‘6>, (62,64,65), (62,64,65,66),

e2 —es,eq), (ez—es,es,es), {ex—ea,eq,es,e6), (e1,e2,eq),
e, ez, es), (e, en,es,es), (e, en,es,e5,e8), [e1,ez,e3,€4),
61,62,63,64,65,66>, (61,62,63,64,65,65>.

(
(
(
(
(
(

lJaz 3. B anre6pe sl(2,R) & As3 ecTs 3NeMEHT €4, KOTOPHI !t KOMMYTHPYET C
ocTalbHbIMY Ga3HCHBIMH 3JeMeHTaMi Ha HoJb. [TosTomy B 3Toft anreSpe uMeercs
3HAYKHTeNbHO COMblile HepacleNAeMblX pacluyperuli noganre6p anre6psl si(2,R).

Huwxe MBI IDUBOAMM MX MepeyeHs:

(e1+ aes), (e1+ aes es), (ezEes), (e2Ees eq),
(e = es,e4,e5), f(exLted), (e2Leq,es),

{e2 —es + aesd, (e1+ aes,e), {e1+ aes,ez,es5). (1.168)

B Bripaxenuax (1.168) a € R, a # 0.

CrepoBaTebHO, ONTHMATNbHYIO CHCTeMy Nofanre6p airebpel si(2,R) € Aas
cocrasasior aareépe (1.167)-(1.168).

[lepefinem Tenepb X HEMOCPEACTBEHHOMY IPOBENEHHUN I[POLEAYPH
CHMMeTPUHHON peAyKLUHH ¥, TQe 3TO BO3MOXHO, K IIOCTPOEHHI0O HHBa-
DPHaHTHBIX pellleHu! nu@QepeHLKa bHbIX YpPaBHEHHH B YaCTHHIX IIPOU3-
BOAHBIX.

1.4.3. CummeTpuiiHAS PEAYKUHA M NOCTPOEHHE WHBAPHAHTHBIX
pemenun ypapaeHusi Bioprepca

OrpanuuyMcA NoapoSHBIM pacCcMoTpeHHeM ypaeHeHus Broprepca, ans
KOTOPOIo HaM¥ MpoBeJeHa BCA MpeBapuTesbHAas padoTa A4S TOTO, UTO-
6bl [IPOBECTH er0 CUMMeTpHIHYK peaykuuio. Bhie mbl noxaszanu, uro
ypaBHeHVe

Ut = Ugy T UlUy

WHBapHaHTHO OTHOCUTENDHO nnmmepHoﬁ aJ]I‘e@pr VHBapHaHTHOCTH C 6a-
3UCHDBIMY OllepaTopaMu

V1= 6t3 Vo = 6{23 V3 = ta{t — Uny
vy = 20 + 20y — udy, Vs = t20y + txdy — (tu + x)0,.
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nOCKOJIbe 3J€eChb n = 2, TO HEOOXOAUMOe yCJI0BHe 4/ CYLIE€CTBOBAHNA
HeoCOoOHX VHBAPHUAHTHBIX pemeHHﬁ HMeEET BU

e L2, Te(€,) = Ta-

OrTclona ciieiyeT, 4To MOXKHO CTPOWTD DelleHus PaHroB (p =2—7r,) p=0
up=1

PaccmaTpuBaem cayyait p = 1. OnTrManbHas cucTema Hofanredp
anre6pul si(2,R) ¢ 24,, xoTopass usoMopdHa anreSpe KHBaPHaHTHOCTH
ypaBHeHus Dioprepca, usBecTHa, IIpH 5TOM HMMeeT MeCTO TaKOH HM30MOD-
dusM Mexny Oa3UCHBIMU 3JeMeHTaMU 5THUX anredp:

@Y V1 > e3; Vo e eyq, V3 & €5, V4 €1, Vs —E9.

PaccMoTpuM CIIHCOK 0fHOMEPHBIX TOAanredp
(e1), (ea), (e2—es), (eq), (e2teq), (e2—ea),
WY, B TepMuHax v; (1 = 1,...,5),

<V4>, <V5>, <V1 +V5>, <V2>, <V5 - V2>’ <V5 + V2>.

Jlna omepaTopa vy = 20 + 20y —udy 1o = 1, 7, (€,) = 7 = 1,
M03TOMY OTepPaTop V4 YAOBJETBOPSET HEOOXOANMBIM YCJIOBHAM CYIIECTBO-
BaHWA HeOCOOHX MHBAapPUAHTHHIX pelleHuil paura p = 1. AHaJornuHo y6e-
XJaaeMci B TOM, YTO 3THM VCJOBUAM VIOBJETBOPAKT BCE ONHOMEDHBIE
rofanreSpbl U3 MPUBENEHHOr0 BhILIE CIIHCKA.

Ilanee, oTMeTVM, 4To ypaBHeHye Bloprepca UHBAPUAHTHO OTHOCHTE/b-
HO Tpeofpa30BaHUa

Y t—ot, o —x u— —u

KOTOPOEe He BXOIMT B TPYIIIY BHYTPeHHUX aBTOMOP(U3MOB anreSprl HHBA-
pUaHTHOCTH ypaBHeHus Dwoprepca, u ¥(vs +va) = vs — vo. CilefoBaTenb-
HO, V5 + Vo ~ V5 — Vo. DTO HECKOJLKO COKpalllaeT Tlepeuetb oHOMEPHBIX
nojanre6p.

PaccmoTpuM mompo6Ho cayuail anre6pel v4. Ha mepsom mare ocy-
LIECTBJsAEM TOCTPOeHHe §a3uca WHBAPHAHTOB 3Tofl anre6pwl. [las storo
pelllaeM ypaBHeHHe

V4(F(t, Isu)) = 0;

WY, 4TO TO JKe caMoe, CUCTeMy OOBIKHOBEHHBIX AHQ@epPeHLNaThHBIX
ypaBHeHHUH

dt _ dx du

28 x T u?



1.4. CuMmeTpniinan peayKU¥sS W HHBADHAHTHBIE PelICHUS 141

KOTOpas ¥UMeeT TaKHe IIePBhle MHTEerPaJbl:

2%t = C1, uz=~0Cs.
CnenosaTtenbro, 6a31C MHBAPHAHTOB anTeSph v4 COCTABASIT QYHKLUN
24-1

w=x W = XUu.

[lostomy monaraem
w = ¢(w),
OTKyJa T0JAy4YaeM
u=z"tow), w=azt"1

[ToncTanoBxka noay4eHHOTO 3HaUeHKs] QYHEXUUK u (ero ellle HAa3bIBAKT 4H-
3ayem) B ypaBHeHue Broprepca NpuBOAHT X ypaBHeHUIO

40P + 20pp — P +wlw —2)¢ +2p =0,

. de . d%p

rle ¢ = —/—, ¢ = —.

e dw ¥ dw?
IvdOepeHLIHaAbHbIM YpaBHEHUEM.

Hrxke, nns xamao# 13 oqHOMEpPHBIX MoganreSp NIpeAcTaBAEH COOTBET-

CTBYIOLIUR aH3all ¥ pelyLUpOBaHHOe YpaBHeHHe:

710 YPaBHEHHUE ABJAAETCH YyXKe 0OBIKHOBEHHBIM

(va) 1 w=2"lpw), w=a%"l
40P +2wpp — P + wlw — 2)¢ +2¢ = 0;
(vs): u=z"tpw)—at™ w=tz"}
WP — wpp + dwp + 20 — oF = 0;
1
vi+vs): u=@E+1) 2pwW) -2t + )7 w=222+ 1)}

dw@ + 2/wpp + 20 + Jw = 0;
(vo) 1 u=9(t), ¢=0
(ve —va): u=ttplw)+t72 -zt w=2xt7! —t72
46+ 200+ 1=0.

[lepeiizem ganee X MOCTPOEHHIO MHBAPHAHTHBIX DeLIeHHH YpaBHEHUA
Broprepca. [las sToro npoBefem aHa/M3 peAyLUPOBAHHBIX YpaBHEeHUH.



142 [nasa |. OcHOBHBIE MOHATUS TPYNIOBONO aHaNK3a

[lepsoe u3 3THX ypaBHEHHUH
43¢ + 2wpp + wlw — 2)¢ — 9 + 2p

[I0JIY4eHO BC/EACTBHE PeAyKIIMH, COOTBETCTBYIOLIEN onepaTopy (v}, Ko-
TOPELFl FeHepHpYeT IPYNIY CUMMETPHI PACTAMXEHUHA B npocTpaHcTee V =
= {t,z, u). Pelienvs ypaBHeHU B YACTHBIX [IPOU3IBOAHBIX, KOTOPHE MHBa-
PUEHTHB! OTHOCKTENBHO [PYIIIEl CUMMETPUN DACTAXKeHU, HA3EIBAWT 48-
momoOessHbimy petienusaMu |46, 55].

B ofwem ciyyae HAM He YAANOChH NIPOMHTErPHUPOBATH 3TO ypaBHEHUE.
Ho oHo nmeeT Taxue yacTHEE pelleHUs:

v=2 p=-w ¢=2-w
B cooTBeTCTBMM C 3THM TOJYYaeM Takue aBTOMOJENbHblE PELIeHNs ypaB-
HeHus Bloprepca:

u=2z"t, wu=—azt7!, wu=2"!-—zt"L

Bropoe penyuuposasHoe ypaBHeHue
Wi — wp + dwip + 2 — p? =0

IOTIyCKaeT ABYXIIApaMETPHYECKYH pyny npeofpasoBaHuil, KoTopas re-
HEPUPYeTCH OlepaTopaMu

V1 =wd,, Vo=w?d,— wd,.

3To naeT BO3MOXKHOCTb, UCIOAb3YA CHUMMeTDHHMHEE MeTOAB, [POUH-
TerpupoBaTb AaHHOE YpaBHEHHE B 3aMKHYTOM BHIe (NoApoGHOCTH ©
CHMMeTpHIHOM aHA/IHU3€ OOLIKHOBEHHLIX AX(QepeHIHaNbHEX YPaBHeHUH
MOXHO Ha#ity B [32, 55]).

[lepeiinem K HOBHIM NepeMeHHBIM z U y = y(z) TaKuUM 06pasom:

T = w_lgo_l, y= —w™L

Toraa, nockonbky

. vy —zy)
a:2y’
Yy iy — oy

3
IS y13 I3y12
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TO JaHHOE€ ypaBHe€HUNE CBOOVITCsA K YPABHECHUID
zyll + 2y/ + yIQ — 0,

oflilee pellleHKe KOTOPOIo HAXONUTCS C MOMOIIbI0 IBYX KBanpaTyp.
[lepBoe MHTerpupoBaHUe IIPUBOAUT K PABEHCTBY

y 2
m:Az_’ A7é0;

OTKYyda IIoJyyaem, 4To

’ 24
= . A#0.
V= #

OTtciona crepyeT, yTo oflllee pellleHEHe CBeJEHHOTO peJylLHPOBAEHOIO
YpaBHEHHsI COCTABIANT QYHKIMU

a+z
oa—z

+C, A=0">0, CcR,

y=—aln

y=—2aarctan§+0, A=—-0?<0, CcR

B cooTBeTcTBUM ¢ 3THUM oOfllee pellleHie BTOPOro pelylHPOBAHHOIO
YPaBHEHUs COCTABJANT QYHKIMU

@z%bh(C-}-ﬁ), CeR, o#0;
@:%cth(C-}-ﬁ), CeR, o#0

zp:%t;@(C-}-ﬁ), CeR, a#0.

Jlanee, yyuThiBas BYA aH3alla, MOJydaeM TaKKe MHBADHAHTHLIE pelleHus
ypaBEeHus Bioprepca:

-1 Z j_Z .
U= tth(c+2t> e CeR, a#0

1 z z .
u——tcth(0+—2 t>__t’ CeR, a#0;

_ 1 z \_z
u_atCtg(C+2at> iz CeR, a#0.
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TpeTbe penyuupoBaHHOE ypaBHeHHe
dwp + 23/wpp + 2¢ + \/w =0
3amMeHoN
p=9), n=2Vw, w>0,

CBOAVTCH K YPABHEHHUIO

4+ 209 + 31 =0,

NIPOMHTETPUPOBAB KOTOPOE OAWH Pas, IIPUXOAUM K CIIelHaNbHOMY ypaBHe-
Huio Puxkxkatu

412J+¢2+%n2=m, m € R.

UeTBepToe U3 peAyUHPOBAHHBIX YDABHEHU IPUBOAUT K TPHBHANBHOMY
pellennio ypasHeHus Bioprepca

u=C, CcR.

Ho, xak oTmeuanoch BHIIE, XapakTepHOH OCOGEHHOCTbIO TDYIII IIpeod-
PasoBaHUH, KOTOpHE AONMYycKaeT 3aJaHHOe ypaBHeHHe, SIBASETCS TO, 4TO
OHY [EHCTBYIOT HAa MHOXKECTBE pellleHHH 3TOr0 YpaBHeHHs Y IIepeBOAAT
OJIHO ero pelieHye B Apyroe. [103ToMy 0fHNUM U3 NIPU/IOKEHHH TAKHX TIpe-
06pa3oBaHnil ABASAETCA TaK HasbBaeMoe “pasMHOXeHue” pelleHWH (cM.,
Hanpumep, [78, 89]). Tax, ucronb3oBar npeo6pa3oBaHUsl, KOTOPHE TeHe-
PHPYET OIEpPaTop Vs, U3 TPUBUAJBHOTO pellleHus ypasHeHUs DBwoprepca
nosly4aeM TaKoe:

_C+Clx
1-Cqt’

C,CyeR.
Mocaenxee, nAToe, U3 pelyLUPOBAHHLIX ypaBHEHNH
4p+20p+1=0
JIETKO MHTErpupyeTCcs OAWH pas:

dp+*+w=m, meckR.

CHOBa IPUIIIY X CIel[MafbHOMY ypaBHeHuto Prukxaru.
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OTMeTHM, UTO pelleHUAMH 3TOro ypaBHeHus Prxkaty 6ynyT QyHK-
LMY (o, KOTOpble YAOBJIETBOPAIOT PABEHCTBY

¢=@¢a

rae
o= o=z, (JVe=p ).

Z (e} — umnunapryeckas QYHKUMA, KOTOpas BhIpaXkaeTcs yepes QyHK-

3
uvy Beccens [IepBOro ¥ BTOPOro poja.

B cooTzeTcTBHUM ¢ 3TUM U MHBApHAHTHBIE DelleHUs ypasHeHUs Diop-
repca onpeeNsloTCs Jepes LUMIHHAPHYecK e QYHKIMH.

B xauecTme 3ajaHus ANA CAMOCTOSTENbHOH PaBGOTH Ml [Ipe/araeM
YHTATE/II0 IPOBECTH CHMMETPUIHYI0 PeAYKLINI0 YpaBHeHNH, KOTopble pac-
CMaTpUBAMKCh B paznese 1.2 aToif riaswl.



[JIABA 2

I'pynnoBas kaaccupukauus
HEeJIMHEUHBIX OJHOMEPHBIX ypaBHEHUH
3BOJIIOLMOHHOT' O THUIIA

Bropas rnasa mocBsilieHa pacCMOTPEHUI OfHOM K3 LEHTpaNbHBIX 3a-
[lad K/JAaCCHYECKOT0 IPYINOBOTO aHanusa AuddepeHuaNbHbIX YpaBHeHUH,
a VMeHHO — 3a0aue epynnosoll Kiaccuurayuu nuddepeHLHaNbHbIX
ypaBHEHU 3a/aHHOTO BUAA. DTa 3aiaya GOpMyIupyeTcs TaK: AAA Kjac-
ca Aud@epeHIMaNbHHX YPaBHEHHWH 3aflaHHOr0 BYAa HaUTH AP0 OCHOB-
HBIX TPYII MEBAPDMAHTHOCTY M YKa3aTh BCe CIELUANW3AlUY [IPOU3BO/b-
HBIX 3/71eMeHTOB (KaK IpPaBMJI0, 3TO HEKOTODbE [IPOU3BOJIbHBIE QYHKIINYY,
KOTOphle [al0T PAaCIIMpeHHs AApa OCHOBHHX Ipymi. I pyrumu cioBamu:
cpead ypaBHeHUH 3alaHHOTO BHJA BHEJAUThL Te, KOTOPHE UMEWT Hau-
BbICIIYE CUMMeTPUHHbE cBOHCTB2. OCHOBY aHHOTO Dasjiesa COCTABAANT
pesynbTaTH, Hoayuerrbe B [I,25,37,97,142, 146, 187].

[Ipex e yeMm MepeXOaUTh K U3/I0XKEHUI0 DE3YIbTATOB, 3aMETUM, UTO BCE
HAIUM KCCAeJOBaEUA OTHOCATCH K JOKaJbHBIM 06JacTAM, ¥ MBI [IDEAIo-
JaraeM, 4TO BCe QYHKIINY, KOTODHE HaM BCTDEYAIOTCH, AB/ISITCSA Herpe-
PHIBHBIMU W MMEIOT HelpepbiBHbE [IPOU3BOJHbBE [0 aPIYMEHTAM HYXKHbIX
TIOPS AKOB.

2.1. 3agaua rpynmnoBou KJjaaccUu(pHUKaAIMU
¢ depeHHaTbHBIX YPABHEHHH H METOIBI €€
peLICHUS

B nepBomM maparpade Mbl OCYILeCTBAAEM IOCTAHOBKY 3aAaul, KOTO-
pylo fyjeM pelraTbh BO BTODOM Da3jeJe, TIPOBOAMM 0030p U3BECTHHIX pe-
3yNbTATOB M OCTaHaBJUBaeMcCs Ha MeTOAaX DellleHUs 3aJaud IPYINOBOH
K/aaccU@UKalUU.

2.1.1. TlocTaHOBKA 3afKauu U 0030P U3BECTHBHIX PE3YJIHLTATOB

Ecan paccMaTpuBaTh MHOXKECTBO AUddepeHLHa LHBIX ypaBHEHUH U
MHEOMXEeCTBO I'DYIII Npeofpa30oBaHUil H30AKMPOBAHHO ADYT OT JApyra, TO BO-
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IIPOC KNacCH@UKALMY IPUHAL/eKALIYX UM 00beKTOB PacCMaTPHBAETCA Ha
OCHOBAHMM BBeJeHUs DAasIWYHBIX NPU3HAKOB. 14K, A AuddepeHLINaNb-
HBIX YpaBHeHMH KJACCUPUKAUUOHHHIMHU IIpU3HAKAMU MOTYT OLITb CBOH-
CTBa N¥HEHHOCTY ¥ KBasuauHeRHocTy. [as rpynn npeofpasoBanuil B Ka-
YecTBe TaKUX NPU3HAKOB OepyT M30MODOU3MEl ¥ TOMOMOPMU3MEl, CTPYK-
TYpHBle cBOMCTBA U MHOTOe Apyroe. OQHAKO B IPYNIIOBOM aHANN3e 3TY ABA
MHOXeCTBa M3y4aloTcs BMecTe IIOCPeJCTBOM YCTaHOBJIEHHOTO BbIlle COOT-
BETCTBUA MEXAY CUCTeMOH AuddepeHIMaNbHbIX YPABHEHUH ¥ ee TPYIINoR
MHBapUaHTHOCTH.

D710 CBONCTBO ABAAETCA OTOOpaXKEHMEM M TIDUBOAXWT K paclIMpe-
HUB XJIACCHMUKALMOHHEIX BO3MOXHOCTeH I KaXJAOro M3 3THUX MHO-
xecTB. [lockonbKy oToBpaxeHue “ypaBHeHHe —— TpYIINA IIpeo5pasoBa-
Hu#” He ABJISETCH B3aKMHO OJHO3HAYHBIM, TO BJUSHHE IIpeo6pa30BaHUH
Ha KJ1aCCU@PUKAlLYOHHEE BO3MOXKHOCTY AN AXGdepeHUNANbHbIX ypaBHe-
HUP A0/1kKHO OBITh, BOOOILe FOBODA, G0Jlee CUIbHEIM, YeM 08paTHOe BJMA-
Hue. [losToMy Ha TepBHIf M1aH BBIABUTAIOTCS 3aJayyl TPYNINOBON KJacCH-
QUKaUK¥K AuddepeHLranbHblX YPABHEHUH.

OnH¥M U3 CHABHBIX KJACCHOHKALMOHHBIX [IPH3HAKOB ABJAETCH [10J0-
fue IrpynI NpeoOpa3oBaHWH. A MMeHHO, ecJId OCHOBHblE I'DYIIBl KAKWX-
JAU60 ypaBHeHU! NMoAOBHH, TO IPYINIOBble CRBOMCTBA 3TUX YpPABHEHUH, BO-
ofl1e roBops, OANHAKOBLL. B yacTHOCTH, €CsIM OIHY CHCTeMY TPAHCQOPMU-
pOBATb TIOCPEACTBOM “3aMeHbl [IePeMEHHBIX” B ADYTYH CHCTEMY, TO OCHOB-
HBle TDYIIIBL 3THX CHCTeM OKasbBawTca nopofubiMy. [losTomy rpynnoso
AHAJIM3 OJHOTO YpaBHEHWs OKA3blBAeTCs IDYNIIOBHIM aHAJM30M Cpasy Bce-
To KJacca ypaBHeHHH, KOTOpble NOJy4arwTCcs U3 NaHHOTO ypaBHeHUs 3a-
MeHaM# IlepeMeHHbIX.

B ranprefilteM paccMaTpyBaeTCs 3a]aua O KiaaccudUKauuy andode-
peHIIMa/bHbIX YpaBHeHMH (OMKCHPOBAHHOH AMPdepeHLIMalbHOH CTPYKTY-
Db, KOTODble U3MeHAKTCS JIMIIb 34 CHeT TAK HA3bIBAeMOI'o “IIPOHU3BOJIBHOTO
aneMeHTa” {KaK IIPaBWUJIO, 3TO HEKOTODble NIDOM3BOJIbHBIE QYHKUMK He3a-
BHUCHMEIX ¥ 3aBUCHMLIX IleDeMEHHBIX, KOTOpble BXOAAT B JaHHble ypaBHe-
HUA).

O6beKkToM HAIUX HCC/AefOBAHUE SIBAAWTCA HelUHelHble ypaBHeHUs,
NIpHHaAJIeXallle KJacCy ypaBHeHUH 3BOJIIOLMOHHOIO THUIIA

Uy = f(ta I, U, ul‘)ul‘r + g(t3 Z,u, ul‘)a (21)

rae QYHKUMK f W g — NIPOM3BOJIbHBIE MMafKkHe QYHKLUUHA CBOMX apryMeH-
108, u = ult, z).

OTmMeTyM, uTO ypaBHeH¥A BUaa {2.1) 3aHMMAKT BaXKHOE MECTO Cpear
ypaBHeHMH MaTeMaTHuecKod GusrKy. K Takym ypaBHeHMAM, B YaCTHOCTH,
NIPUBOMAAT 3aJaY¥ OTIMCAHUA TIPOLECCOB TEIUIO- ¥ MaccooSMeHa, MEXaHUKY
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CILJIOIIHOH Cpeanl, TeOPUU (MUABTPALMH, POCTA NONYAAUMH, QUINKK MOPH
IUIA OTIHCAHUSA paclipee/leHNs KoleBa UM TeMIIepaTyphl ¥ CONCHOCTE MOpPA
OTHOCHTEJIbHO IYOHUHK U T.IL

Jns ypasHenus (2.1) 3apaya Tpynnoeo# KaacCHOUKALUY 3BYUUT TaK:
onucams 8ce ypasrenus suda (2.1), Komopsie uMeOm HempusUabHbLe
cummemputinsie ceoticmga. OueBUIHO, B COOTBETCTBHU CO CKA3aHHBIM
BBILIE, AJIS1 3TOTO HaM JOCTATOYHO YKa3aTh 110 OJHOMY IIpeACTABUTENIO U3
KaXJIOT0 K/aacca ypaBHeHUH, KOTopble UMeT NonoSHble TPYIIE CHMMET-
PHK.

['pynnosas xaaccuduxauua JUHeHHbX ypaBHeHUH Braa {2.1) n3secTHa
(cMm., Hanipumep, [46]). OxasbiBaeTcs, 4To JrHelHOe ypaBHeHue Buaa (2.1)
JonyckaeT Gosee YeM ABYXIIapaMeTPUUeCKYo TPYIIY CHUMMeTpUH {Mbl He
YUXTBIBaE€M TPHBHAABHYI0 6eCKOHEUHOMEDPHYH CUMMETPHH) TOJNBKO B ABYX
caydasx:

1) Korja oHO PaBHOCHJIBHO ﬂHHeﬁHOMy YPaBHEHHUIO TEIJIOIIPOBOAHOCTH

U = Ugx;

2) Korja oHO DaBHOCHUJbHO YpaBHEHHIO

Us = Ugp + M2 2u, mER, m#D0.

B nepeom ciyudae ocHOBHON IPyIIIol CHMMeTPHY ABASETCA LIeCTHIapa -
MeTpHuYecKas Tpynna HHBAPHAHTHOCTY (MHOQUHUTe3HMAJbHEE ONePaTODHL,
reHeprpyolWiyie 5Ty IPYINY, HafjeHHB NpY paccMoTpeHuy npumepa l.4).
Bo aropom xe ciydae OCHOBHOP IpyNnol CHMMeTPUY SB/SeTCH YeThlpex-
napamMeTpruecKas Ipylina MHBAPDHAHTHOCTH, KOTOPYI FeHEPUDPYIOT Taxkve
HEQUHNTe3UMAbHbIE OIlePATODHL:

vi =0y vo =20+ 20, vz =udy,

vy = 4t20; + 4tzd, — (2% + 2t)ud,.

YuuThiBas 5TO, MBI paccCMaTpUBaeM 3anauy 2pynnosot Kiaccuguxa-
yuu Hesunetnsix ypasrenuil suda (2.1). Ilpu sToM Te U3 ypaBHeHuH,
KOTOpble JIOKAJIbHBIMK 3aMeHaMH ITepeMeHHbIX CBOAATCA K JIHHEHHBIM, MH
CuuTaeM “HeCYLIeCTBEHHO HeVHeHHBIMY YDaBHEHHAMY M KCKJAKYaeM U3
paccmoTperus. [lprmepom Taxoro “HecylecTseHHO” HenrHeRHOTo ypas-
HeHra Buja {2.1) Apnserca “MopuduLEpoBarHoe” ypaBHeHue Bioprepca

2
Ut = Uy + Uz,
KoTOopoe 3aMeHoi IIePEMEHHBIX

t=t, T=2, u=lhlw|, w=w{T)
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CBOJUTCH K .HI/IHEI;‘IHOMy YPaBHEHHUIO TEILVIONIPOBOAHOCTH
Wy = Wgg-

HcTopus pelreHus 3ajady TpynnoBod KAaccudUKalLKM AUDQepeHLIH-
aJLHEIX ypaBHeHu# BemeT Hadano ewe ¢ pador C. Jlu [148-150], rme
OH, B YaCTHOCTH, NOKA3a] TeOpeMy, KOTOopasi YTBepXIaeT, 4To JHHelHoe
nuddepeHLIMaNbHOe YpaBHEHe BTOPOTO MOPSAKA ¢ ABYMS HE3aBHCHMBI-
MY [epeMeHHBIMY JONyCKaeT He foJlee YeM TpeXNapaMeTpHuecKylo Ipynny
HeTPUBHAIBHEIX [1peofpa3oBaHUL.

CoBpeMeHHY0 TOCTAHOBKY 3a0a4M TPYIIIOBOH KNacCHOHUKALUM AUG-
depeHIMaNbHbIX YpaBHeHU ocymectsua B 1959 roay JI. B. OpcsinnyKOBR
B KJaccrueckoit poBote [47], rpme ou mnpesnoxua Merton (MeTon Jlu-
OBCAHHUKOBA) DelleHUs 3afayd TPYNIOBOH KjaaccudUKaLMK U ocylle-
CTBUJ TPYIIIOBYH KJACCHU(QUKALIMIO HeJIHHEeMHOTO YDaBHEHUS TeIlIOoNpo-
BOAHOCTH

ue = [flulugle, f(u} # const. (2.2)

OcHoBHOY pe3yaLTaT IPYNNOBOH Knaccuduranuy ypasHerus (2.2) Ta-
KOH.

Jlas npousBonbrOl dyHKUMYE f anreSpa JIu rpynmbH CUMMeTpUM AB-
JsieTCs TPeXMepHOHU U ee §a3UC COCTARJAWT OllePaTOpHl

V1 = at, Vo = 82, V3 = 2t8t + Iaz.

OcHoBuasn aﬂreépa WHBAPMAHTHOCTHU JOIIYCKAa€T DACIIMPEHUA B TAKHUX
Cay4yasx:

L. f=¢e%: vq=2x0, + 20,
2. f=u", n#O,—%: V4=%a:8x+u8u;

4
. f=u 3

vi= —%Ia:c +ud,, vs= —1:2895 + 3zud,.

3T1a pafoTa MONOXKHIA HAYaJN0 MHOTOYHUC/IEHHHM LHUKJAaM paboT Mo
rpynnosoil Kaaccudrraluuy AndQepeHuranbybX ypaBHenuil. [Ipyn atom,
BMeCTe C KJIAaCCU4YeCKUM MOAX0J0M K pellleHHI0 3a1a4y IPYNIIOBOH K/1aCCU-
dUKalUuy, A1 NOCTPOeHUA MIUPOKUX KJaccoB AudidepeHlHaNbHEX ypas-
HeHHH ¢ BHICOKMMU CUMMETPUHHEIMY CBOHCTBAMH HCINONL3YWT X APYrHe
nyTd. KopoTko ocTaHOBUMCH Ha HEKOTOPHIX M3 HHX.
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HHorna 6GepyT M3BecTHOe VpaBHEHHE C BBICOKMMH CHMMeTDHIHHBI-
MH CBOMCTBaMM, IpyINa HHBAPHAHTHOCTH KOTODPOTO SABJSAETCS H3BECTHOH
IPYIIION JIOKaJbHHX IIpeo6pa3oBaxuil, 060611al0T ero olpefeeEHHM 06-
PasoM M HIIYT TaKWe CleUU(PHKALNY TPOU3BONBHBIX 37€MeHTOB, Al KO-
TOPBIX HOBblE YPABHEHUA UMeT §osee BEICOKHE CHMMeTPHIHbBE CBORCTBA
HJIY Ke ABAAITCA WHBAPUAHTHBIMU OTHOCUTENBHO AAHHON TDYIIIH UHBA-
puanTHocTH. MMeHHO Tipy TakoM noaxone GHIY IIOJYHeHbl HOBHE BOJHO-
BHE U IIOJYBOJIHOBbE YDABHEHMS, XHBAPUAHTHBIE OTHOCHTENBHO IDYIIIIB!
[Myauxape ¥ ee eCTeCTBEHHKX paciuvpeHuit [65,88], HeavHelHble 060811e-
HUA YPaBHEHUI TeIVIONPOBOIHOCTH, MHBADHAHTHBIE OTHOCHTENDBHO DY
Tanunes [114,115], Henvrefinble ypaBHEHHS KIACCUYECKON 31€KTDOAUHA-
MUKV, UHBADUAHTHBE OTHOCKTeAbHO Tpynil [lyaukape u Fanunes [90].

JIpyrolt ToaXod X ONIHCaHWI0 Aud@epeHLMaNbHLIX YDAaBHEHUH, WHBA-
PHAHTHBIX OTHOCHTEJBHO HEKOTODOH 32aJaHHOH TDYIIIH JIOKAJbHBIX IIpe-
06pa3oBaHUl, IpelyCMATPUBAET [IOCTPOEHHUE TIONHOTO MHOXKECTBA Audde-
peHUMAaNbEBIX HEBADHAHTOR OIIpe/e/IeHHOTO IOpAAKa NSl JAHHOH TDYIIIH
npeofpasopanuit. Hanuune Taxoro mMHoXKecTsa An@QepeHLHANbHBIX HH-
BaDUAHTOB JAeT BO3MOMHOCTb OIPENENUTb CTPYKTYDY BCeX AuddepeH-
UUAJAbHHX YpaBHEHUH B YaCTHHX IIPOM3BOAHBIX OIpeJeJIEHHOTO OPAAKA,
KOTODBIe JOTIYCKAlT 32JaHHYIO IPYIINY Ipeofpa3oBaHull B Ka4eCTBa IpyIl-
nhl vHBapranTHOCTH. [loaHoe MHOXeCTBO AUd(epeHUHaNbHNX UHBADHAH -
TOB BTODOT'O [OPANKA I M3BECTHBIX DeaJU3alMH B K/IaCCe BEKTODHBIX
noneit Jlu rpynn [Nyankape, Esxnupa v Fanunes 6bi0 HafineHo B pofo-
Tax [76,77,126], 6asvc augdepeHManbHEIX KHBADUAHTOB JUIA OJHOIIApA-
MeTpHUYeCKO! I'pYIIIE IpeoOpasoBaHuUil B ciydae IIPOU3BOJBHOTO KoJude-
CTBA HE3aBHCHMEIX M 3aBHCUMEIX NepeMeHHBIX §bly1 nocTpoer 8 [163].

B po6otax [80, 165, 166], npu usyuenun HauGosee 06lIETO BAAA BOJ-
HOBBIX ¥ SBOJIOLUOHHBIX YpaBHEHUH B ABYXMEDHOM IIPOCTDAHCTBE-BDE-
MeHU, MHBapUaHTHHX oTHocutenabHo rpynn [lyauxape u [anunes, npen-
BapUTENbHO GBLIO MPOBENEHO NOCTDOEHMe peanwsauuny anreép Jln stux
rpynn B kaacce Aud@epeHINaNbHbIX ONEpaTOPOB [1€PBOT0 NOPAAKA, UTO
MO3BOJNO MOAYYHUTD HOBbE KJIACCH TAKMX YDABHEHHMH.

3Jech XKe MB pacCMATPUBAEM KJIACCHUYECKYIO TIOCTAHOBKY 320a4H IPYII-
noBol knaccuduKauuy Aud@eperunanpHbx ypasHernu. [locxkonbxy uc-
TODUS UCCJE0BAHYSA TPYIIIOBLIX CBOACTB NU(OePEHINANbHBIX YPABHEHUN
cocTossHHeM Ha Hayano 90-x ronoB XX-To CTOJETHUS NOBOJBHO MOJHO 0TOG-
paxeHa B IepBoM ToMe clpasoutuka [107] mon pepaxumeir H.X. Hépa-
rMMOB4, 3J1eCh MBl OCTAHABJIKBAEMCS TOJNBKO Ha TeX POGOTaX, B KOTODHIX
OblIM H3YUEHE! IPYINOBHE (J0Ka/bHblE) CBOHCTBA ypaBHeHHH Buaa (2.1):

(4] wy= flug)ure, S+ const;
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(21] : [f(uuzlz +9(u), g#0;
[108, 159] DU = [f(u)ua:]o: + 9( )uz‘;
[64, 105] : [f (Wuzle + g(u)us + h(u);

[130]: ue= (u™)ze +9(x)u™ + f(2)u’uy, n#0.

W3 npriBeneHHOTO BhIle NEPEUHS BHIHO, UTO TPYIIIOBAA KNACCHPUKA-
U5 OCYIIECTBJIEHA TOAbKO I TeX ypaBHenudt suaa (2.1), koTophie coep-
AT TIPOUZBOJbHEE QYHEKUMY OHOTO aprymeHTa. UToSH HOHATh, YeM 3TO
BEI3BAHO, PACCMOTDPUM T0APOGHO TPYIIIIOBYI KJACCUAUKALIMI [1EPBOTO U3
IIpriBeJIeHHLIX BbIlEe ypaBHeHU (HeNHeHHOT0 YpaBHEHUA QUIbTPALKM) U
MO3HAKOMUMCH € aJropuTMoM MeTona JIu—OBCAHHENUKOBA.

2.1.2. Tpynnoeas KJIaCCUPUKALUA HEJIHHEHHOTO YPABHEHUS
¢uasrpanun [4]

Cnenys pabote [4] (cM. Takxke [6]), OCYUIECTBUM TPYITIOBYIO KJAACCU-
dUKaUU0 YpaBHEHNH BUJa

Uy = f(ua:)uxm (23)

roe f' # 0. Hasa 5TOro, B COOTBETCTBHK C anTOpPUTMOM MeToza Jlu—
OBcAHHUKOBA, Ha TIepBOM 5Talle HalileM OCHOBHYIO TPYIIY CHMMeTPHU
(w1y, 4TO TO Xe camoe, OCHOBHYI anreSpy WHBAPUAHTHOCTH) YpaBHe-
HuA (2.3).

OnepaTop JOKANbHOM TPYIIBL, KOTOPYI0 AONYCKAeT ypaBHeHue (2.3),
WIeM B BUze

v =7t 2, u)0 + &2, z, u)0x + n(t, x, u)dy, (2.4)

rae 7, §, n — [POM3BOAbHBIE IMajKue (QVYHKLUWKY CBOMX APIYMEHTOB B
HekoTopoll o6nacty § npoctparctea V = (¢, 2, u). 3HaueHus QyHKuu 7,
&, 1 MIeM U3 OIpeeIAI0llero ypaBHeHus

O — 0" g — ™ =0, (2.5)
Tie ¢ ¥, ** BrurcanwTes o dopmynam (1.66), (1.67), (1.70) us nep-
Boro pasnena, f = dﬁiu’). [Tpu pemenny ypasuerus (2.5) us 3aMeHsET-

CA HA fUze, & Usp, Uys, Uy PACCMATPUBAKTCH KaK CBOGOAHDBIE AUGdeEDeH-
LMaJbHEe TepeMeHHble. Pacmennenue (2.5) no cBoGOAHEM IepeMeHHBIM
Uty, Uz TPUBOAUT K YPABHEHUAM

T2 =0, 7u=0, 2.6)
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f[_Tt + 259: + Z‘Suux] = fl['r]:c + (77u - ‘Sz)uz - Euug]; (27)
e — Etua: = f['r]a:a: + 2(’79:u - sz)ux +
+ (Thm - 25211)“3 - Euuuz]- (28)

B cayuae npousBosbHoft ¢yEkuuu f = f(uz) Bce K03QOUUMEHTH B
(2.7) 1 (2.8) no/MXEK GHITh DaBEBLL EYIO:

T —28, =0, &u=0, 1,=0, n,—§& =0,
e = 0, Et = 0; Mg — Ezfc =0, 7Nuu— 2§xu =0. (29)

MUz cuctemn ypaBrenuil (2.6), (2.9) nerko nmoay4uts, 4To B clydae IIpo-
usBosbHOH yHKUMM f = f(u,) ypaBHenue (2.3) 10MycKaeT yeThIpeXMep-
HYI0 anrefpy MHBApHAHTHOCTH ¢ 6a3UCOM

vi=0y vog=0y v3=20+ a0+ udy, vq=04. (2.10)

Temepn mepefineM X pacCMOTPEHHIO BO3MOXHOCTH DACLIHPEHHA OCHOB-
HO¥ TPYIMBE CUMMETPUU ypaBHeHUA (2.3), KoTopas reXepHpyeTcs HHOHU-
HUTesuMa bHbIMU oTlepaTopaMu (2.10). Ilnsa sToro rnoxaxem cHauana, 4To
paBeHCTBO (2.7) PaBHOCUJIBHO PABEHCTBY

fla+2buy) = f'lc+ duy — bu2) (2.11)

C MOCTOSHHBIMH KO3(QDHLHEHTaMY a, b, ¢, d. [lelicTBHTeIbHO, TIOCKOJIBKY
J 3aBUCUT TOJBKO OT u,, BhIMoJHeHUe (2.7) BOSMOXKHO TOJNBKO TOTAZ,
KOraa Bce Kosh@UUUeHTh JX60 TOXAECTBEHHO 06paIlalnTcs B HYlb, TU60
[IPOTIOPLIMOHANBEB {C TIOCTOSHHBIMU MHOXUTEIAMU) HEKOTOPOH QYHKIINY
A=Atz,u) £0:

—mt+ 26, =a), &y =bA npy=c) nu—& =dA.

Jlerxo yBeiMThCA B TOM, UTO ey 3ce K03DQUIreHTH B {2.7) onzoBpe-
MEHHO PaBHBI HYJIO, TO 3TO COOTBETCTBYeT CJY4al0 NPOM3BOJLHOH QYHK-
uuy f. CneloBaTeNbHO, paclIvpeHye OCHOBHOH TDYIINbl MHBaDHaHTHOCTH
BO3MOXHO TOJIBKO A TeX 3HaueHUH QYHKUUM f, KOTOpble YAOBJETBODSA-
10T HEKOTOpoMY paBeHCTBY Buda (2.11) ¢ MoCTOAHEBIMU KOIDOUUUEHTAMH
a, b, ¢, d, TaKUMH, 4TO MHOTOYJIEHHl a + 2buy, ¢ + du, — bu? He paBHH
nymo. [loatomy {2.11) MoxXHO nepenucaTh B BUJE

il a+ 2bu,
= 212
f e+ du, — bul 212)
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PagexcTtBo {2.12) MBI 6yaeM Ha3BBATh KAACCHPULMPYIOLIUM COOTHOLIEHH-
eM.

[Ipexne YeMm mepexoauTh K aHaAN3y KJAacCHGULUPYIOLIEro COOTHOIIE-
Hua (2.12), BRIMOMHUM caenyioWui stan anroputMa Metona Jlu-Orcan-
HUKOBA, KOTOPHI NpearnosaraeT NOCTPOEHYe TPYIIIL Ipeo6pasoBaHnil ak-
BuBajenTHoCcTH £. Jlns nocTpoerys £ MOXKHO KCIIOAb30BATH KaK IpAMOH
MeToJ, TaK M UHQUHKTE3HMAaJbHBI, KOTOPH{ AaeT BO3MOXHOCTb OTHO-
CHUTEJbHO JIeTKO BHYHUCAUTD HENIPEPHIBEYVIO NoArpynny &, KOTopas [MoToM
JonoasseTcs x rpymnne £.

OcTaHoBrMCH CHauana Ha HHQUHATE3UManbHOM MeToze. Bynem nckath
OIepaTop

E =18 +£0, + 00, + pos

rpynnsl £, U3 YCAOBUA WHBAPHAHTHOCTY YpaBHeHUs (2.3), KOTOpoe 3amu-
CaHO B BHJE CUCTEMHI

ut:fua:a:; ftzO, fa:zo, fu=0, fut =0. (213)

3mech u, f paccMaTpuBawTCA Xaxk AuddepeHlralbHbE IEpeMeHHbE:
u B IPOCTpaHCTBe (¢, z), f — B PACLIMPEHHOM IPOCTPAHCTBE {t, T, U, Uty Ug ).
Koopapuate 7, £, n onepatopa E uiyTcs KakK QYHKUUM NepeMeHHbIX ¢,
T, u, & KOOPAWHATA 4 — KaK QYHKUHMA [EepeMeHHBIX ¢, Z, u, U, Uy, f.
Ecny BmMecTe ¢ 06HUYHKEIMY OTlepaTopaMy AvddepeHIpoOBaHIA

Dy =08y +u40y + upt Oy, + utzx O, + -,
Do: = 81; + uxa‘u + utasaui + 'U'o:a;(‘a‘u;r + -

BBECTH A¥{(depeHIMPOBaHNA

D, =0+ 105 + fu0s, + fto0f, + fruOs, + fru,Of,, + -,
r = Op + f20f + f1205, + fo20s, + f2uOf, + fou0s,, +- -,

w = Ou+ fuls + fruls, + frulf, + fuuOs, + fuu O, + -,
Dui = Ouy + fu0f + fru.Of + fruOr. + funOrn + fuins 8fui +o

D
D

B PAaClIVPEHHOM IPOCTPAHCTBE, TO KOOPAMHATH [IPOACJXKEHHOIO OIepaTo-
pa

E=E+ "8y, + ¢y, +¢™0,,, + 10y, +
+pt0p, + pt0s, MO, £
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3allMIIyTCA B BHUIE
¢ = Dy(n) — ueDe(r) — uzDs(€),
% = Dy(n) — ueDe (1) — us Do (€),
@™ = Dy (%) — ugx Da(T) — Uz Do (§),
w1t = De(p) — f:Do(r) — £2De(8) — fuDeln) —
— furDe(0%) — fu. Del0®),
1% = Dy () — £eDa () — foDal
- fu,D (%) = fu. Da(9™),
gt = Dou(p) — fiDulr > F2Du(€) — fuDu(n) -
— Fu, Du(®) = fu, Dule™),
pt = Dy, () — f1 D ( ) — fIDu (&) — fuDu,(n) —
*) -

_fu, Uz(

a UHQUHEUTe3UMANBHHH KpUTepUH WMHBAPHAHTHOCTH cUcTeMbl (2.13) —
B BUJe

<10 - f@m: - #u22|(2.13)= 0) (214)
t _ x _ k%3 _ Ut _
H |(2«13)_ K |(2413)— K ‘(2.13)— £ g1z=0- (2.15)

[Mockoabky GyaruMn T, £, 1, ¢Y, ¢*, ©** He 3aBUCAT OT f, ypaBHeHHA
(2.15) mpuoGpeTatoT BUA

#t—fux@fz()) #I_fuxgpizos
Moy — fu;@z = 0; Hu, — fu;@i, =0.

3pech f — muddepeHunanbHas MepeMexHas (Tak 4to f U f,, ABJIATCHA
anre6panuecky He3aBUCHMBIMU), TI03TOMY II0C/IeIHMe YPaBHEHUA AT

po=pluz, f), o7 =@z =¢5 =95, =0 (2.16)
YuuThIBasA, 4To

©F = Ty + Ug Ty — UpTy — Utlhp Ty — Uzl — U2Ey,
us (2.16) monyuaem

T = T(t), f = Al (t)l‘ + Clu + Ag(t),
n = As(t)u + Cox + Ay4(t),
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rae Cq, Co — TIPOM3BOJIBHBIE TIOCTOSAHHLIE HHTerpupoBanus. [locne mox-
CTaHOBKM TOJIYYEHHBIX BblpaxeHu#t aas 7, &, 7, ¢ B (2.14) moayuaem
ofllee pelleHre olpeleaswoliux ypasHenudt (2.14), (2.15):

T201t+02, {;“:C3x+C4u+C5,
n=Cex+Cru+Cs, p=(2Cqu, +2C3—C1)f.

[Tosnaras saech moodepefHo onHy U3 noctosHubx C; (¢ = 1,...,8) paBHoit
1, a octanbHble paBHEIMU O, HosydyaeM ornepaTophl

El = 8t) E2 = 3:0) E3 - a’u,)
Ey =10, — faf, Ey =28, + 2f3f,
Es = ud, + 2uxf3f, E; = x@u, Es = uau,

KOTOpble TeHepUpYIOT 8-napaMeTprueckyo rpynny £, npeo6pa3oBanuil k-
BUBAJIEHTHOCTU

t=at+v, Z=p/hz+boute,
W= P+ Bt s, T = (Bt Bua)f g (2.17)
¢ KosdhduuuerTamMu

fr=as, [o=uas, [s=asaras, Pa= (1+ asar)as,
& = a4, Y1 = aia4q, Y2 = a20s + asag,

vs = (a3 + azasar + asaear)ag,

e a; — NapaMeTp OATPYIILL C 0TlepaTopoM F; (03ToMY a4, as, ag > 0),
tak uTo B (2.17) a >0, 8; > 0, (8181 — B285) > 0.

JLs foToNHeHUs MOCTPOEHHOM HeTIpepbiBHOM IpYNNLl £, 3aMeTHM, UTO
0To6paxKeHUA

t— —t, z— —x

TakxKe comepxatca B rpynne £. [omonnus nmu &, NONy4uM Npeofpa-
soBaure (2.17) ¢ npousBOALHHIMU KosdduuueHTaMu ¢, G;, 7i, KOTOphe
YIOBJETBOPAIT TONBKO YCAOBUIO HEBHPOXKAeHHOCTH a(f184 — B203) # 0.
OcTazoBrMCS Jasiee Ha NPAMOM IIOCTPOEHUM Tpynnul £ ¥ ybenumcs,
yTo npeoOpasosanus (2.17) neficTBUTeNbHO COCTABMANT rpymny £.
[lpe nmonoxum, 4To ypaBHerHe (2.3) B pe3yabTaTe HEBLIPOXKIeHHOH
3aMeHb! TlepeMeHHbIX

z:dl(t,l‘,u), i:q’(tal'}u); w= é(t3x3u)
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[IepexoanT B ypaBHEHNE

U = F (Ux)Usz. (2.18)
[lpu aTom onepaTope: auddepenuvposanus Dy, D, npeo6pasywres 1o
dopmynam

D, = Dy()D; + Di(¢)Dz, D» = Da(¥)D; + Dal2) D,
HCIOJb30BaHYE KOTOPDBIX IIPHUBOANT K TAKOMY BLHIPAXKCHUIO 014 Egi

_ _ Da(2)Dy(¢) — De($) D (¥)

"7 Di(9)De(¥) — Dele)De(4)

[TockonbKy MBI IPOBOAMM NOCTPOEHMe Ipe0OpasoBaHul SKBUBANEHTHOCTH,
TO NpaBas YacTb TOC/JAeHEeT0 PABEHCTBA JO0JXKHA 3aBHCETb TOJNBKO OT U,
MO3TOMY €€ MPOK3BOAHBIE [0 MEePEeMEeHHbIM t, I, U, Uy PABHB Hyal. 3710
YC/IOBYe NIPUBOAUT K CUCTEME ypaBHeHuH ans QyHKuui ¢, ¢, ®, pemweHue
KOTOpo# uMeeT BUA

o= A ()b + Bau) + A2(t), ¢ =(t),
® = A (t)(Bsx + Bau) + As(t),

rae f10s — F2fs # 0, ' (t) # 0, Ar(t) #0.

JlanbHefinras KoHKpeTH3aluys Bua GyHruui A;(t), ¥ (¢) ocyuiecTsas-
eTCA [IyTeM MOACTAHOBKY I[I0JIYUEHHOTrO pellleHHA B ypasHeHue (2.18) n
npuBoouT X dopmynam (2.17).

Crenywolluit sTan Ipynnosol Kjaaccudukauuy ypasHeHus (2.3) npe-
NyCMATpUBAaeT I[IPOBefleHMe aHANK3a KIACCUQUUUPYIOUIETO COOTHOIIe-
Hus (2.12). Ias 5Toro MBL UCIIONb3YEM TOT (PAKT, UTO OTHOIIEHKe S5KBUBA-
JIEHTHOCTH ypaBHeHHsA (2.3) MoXeT 6EITb [lepeHeceHo Ha ypasHeHue (2.12):
rocJsie npeofpasoBaHun sxeUBaneHTHOCTH {2.17) ypasHerure (2.12) npuo6-
peTeT BUI

7_’= @ — 2bug @.19)
7 +duz -2 ’
¢ K03ddULKEHTAMY G, b, T, d, KOTOpEE CBA3AHMI C a, b, ¢, d mocpeacTEOM
opmyn
a = Ba + 28384b — 26162¢ — 26283d, B = 5184 — Bafs,
b=[3b— B¢ — Pafad, c=—F3b+ B+ P18:d,
d = —28384b + 261522 + (5184 + B2s)d. (2.20)
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M3 (2.20) caemyeT, uTo AUCKpUMHUHAHT A = d? + 4bc B pesyabTaTe neii-
cTeuA nipeoSpasoBanui (2.17) npeodpasyerca Tax: A = B72A.

Hcnonbsys 5To 06CTOATENBCTBO, MOXKHO TIOKA3aTh, YTO UMeeT MeCToO
OJIME M3 TAKUX TPEX CYUaeR:

e Bce ypaBreHud (2.12) ¢ A = 0 sKBHBaNEeHTHH YpPaBHEHUID

—!

f? -1 2.21)
e J06oe ypasHenve (2.12) ¢ A > 0 mMoxeT GbITb NIPHBEEHO K BUAY

—

f7 - "ﬂ—‘_l o> 0; (2.22)

¢ s06oe ypasHeHue (2.12) ¢ A < 0 MoxeT ObITb IIPUBeeHO K BUAY

7l _V_Qﬁf

- = y> 0. (2.23)

JleficTRuTenbHO, B caydae (2.21) dopmynn (2.20), moacTaBneHHHe
B {2.12), mpuBOAAT X pABEHCTBY

£ (B=2818) — 2u
f (ﬂl + ﬂqu)Q
OTKYJa, BCJeACTBHE NPOU3BOABHOCTY NapaMeTpos fi,..., 034 B Ipeobpa-

soBanuax (2.17), ¥ cnefyeT mepBoe yTBepXIeHe.
AHajoruuHo, a1a yparHerusa (2.22) nonyyaem

f_ [Bo — (8184 + B283)] — 26284ux
f (B1 + Bouz)(Bs + Bauy)
OTKYJa, BCJIEACTBYE IIPOM3BOJBHOCTY ITapaMeTpOB B Ipeo6pa3oBaHu-

ax {2.17), cneayer BTopoe us yreepxkaennil. Mz (2.24) nonyyaem Taxoe
BbIDAXKEHUE AJS BHUHUC/IEHUA o 1o KoadduurexTaM ypapHerus {2.12):

(2.24)

& Lk 4 ka| k1 — k2L, b#D0,

b

g+1

=0
d 6=0,

b
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rae k1 4 ky — KOpHU TpexuneHa ¢ + dk — bk2. Hcroabsosanue yciosus
o 2 0 pocTtrraeTcs NIpeo6pa3oBaHreM SKBHBaJIeH THOCTH

KOTOpOe TIepeBoauT ypaBHeHre {2.22) ¢ NPOU3BOILHEIM 0 B YpaBHeHHe

f’_ o+1
7o

[locaenHee TpeThe yTBepXAeHHe NOKa3EBaeTCH aHanornyHo. [1pu aTom
noaydyaeM GopMyay

_ 2[a+d|

NN

CrenoBaTtenbHO, MHOXeCTBO ypaBHeHuil (2.12) pas6upaeTcs Ha XJacchl
5KBHBAJEHTHOCTH ¢ npeacTasuTenamu (2.21)-(2.23), xoTopble rocse UH-
TerpPUPOBAHKA NA10T TaKKUe 3Ha4YeHHs QYHKUMI (YepTy Han v ¥ f B Jaib-
HefillleM MBI OyleM YIIYCKaTb):

f = exp(us), (2.25)
f=ul"t, o020, (2.26)
f=(1+u2)lexprarctanu,), v>=0. (2.27)

OT noCTOAHHBIX HHTErPUPOBAHUSA Ml H36aB/sAeMCA PACTAMKEHNEM B YpaB-
HeHuu (2.3).

[locaennuit sTan npeaycMaTpHBaeT pellleHKe ONpelesIOUX Ypas-
HeHu#t (2.6)—(2.8) maa XaXJA0ro U3 TOAYYeHHBIX 3Ha4eHUN QyHKUMH f
(2.25)-(2.27).

Jna suavenun f (2.25) ypamuenus (2.7), (2.8) mocse paculeniexus
II0 u, NIPHBOAAT K CHCTEME

_Tt+2§17 = Nz, 77'&_59: =03 €u=03
e = 03 gt = 0; Nex = 0, 2779:u - é.xx = 0,

OTKyHa, yunThisas (2.6), noaydyaem

T = (2A1 - Ag)t +A3, &= Az +A4,
n = Aox + Aju + As.
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CnenoBaTenbHo, B NaHHOM ciayuyae K orepatopam (2.10) nprbasasercs
ornepaTop
Vg = —tat + Iau.

AHaJIOrMYHO [10JIY4aeM [OIIOJHUTENbHbE OTIEPaTOPHI
vg = (1 — o)td: + ud,
st (2.26), rne o # 1, u
vy = —vtd — uld, + 20,

s {2.27).

3aMeTuM, uTo ecau B (2.26) o = 1, To ypasHeHue (2.3) 3KBHBaJEHTHO
JVHERHOMY YDaBHEHWIO TEeIONpPOBOAHOCTH, KOTOPOEe MH 3[eCh paccMart-
pHBaTh He OyleM.

[loabiToxKBasi TT0JyYeHHBIE Pe3yAbTATH, IIPHUXOAUM K TAKOMY YTBep-
XK IEHUI0.

Mpeanoxkenue 2.1 ( [4,6]). B cayuae npoussoavHoeo 3HAUEHUR
Qdynryun f 6 ypasnenuu (2.3) eco maxcumaibHoll arcedpol unsapu-
QHMHOCTMU ABAAEMCA HemblpexmepHaa arcebpa Jlu, 6asuc komopoii co-
cmaeaaom onepamopet (2.10). OcHosnas arcebpa uUHBAPUAHMHOCTMU
donycxaem pacuiuperue 00 NAMUMEPHOT AAc6PbL UHBAPUAHMAHOCTIUL 8
MaKux mpex CAY4asx:

f=e¥: vs=—t0+ x0y;
F=ul"Y n20, n#l: vs=(l—n)td +udy

f en arctan u.

, n20: vsg=—ntd — ud, + z0,.
1+u2
3aMeTHM, YTO HaJuyre B ypaBHeHUH {2.3) KOHEUHOMEPHOH I'PYIIMHI
npeofpaszoBaHuil £, NaeT BO3MOXKHOCTb HCIIONb30BATbH ANS TOCTPOEHHS
CeUMdUKAUNE QYHKUUH f WHOUHUTE3VMATbHBIE KPUTePHH HHBAPHAHT-
HoctH. Tockonbky f = f(uz), TO peub HaeT 06 HHBapHAHTAX TPYIINH & B
IPOCTPAHCTBE {uy, f). B cBA3u ¢ sTUM nepenuiuem MHQUHHUTE3UMANbHblE
OTIepPaTOPHl, KOTOPble TeHepUPYT Tpynny &, TaK, YToSh GBLIO YYTEHO
M AeficTBHE COOTBETCTBYWLIMX IPeofpa3oBaHUil H2 AU @epeHINaAbHYIO
IepeMeHHYI0 u,. MMeem omepaToph:

Ey=8, Ey=0, FE3=8, FE4q=1t0— fo,
Ey =28, +2f8; — uz8,,, FEo =ud —u2d,, +2us [0,

Er =28, +8,,, FEg=ub,+u8,_.
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Jlanee, MOCKOAbKY AeHCTBHE ONIEPaTOPOB
V1= El, Vg = EQ, vy = 2E4 + E5 + Eg, V4 = E3

ABJSETCSA HYJIEBHIM B IPOCTPAHCTBE (Uy, f) {OHM COCTABMAIOT 523UC OCHOB-
HOH anrefpbl MHBAPUAHTHOCTY ypaBHeHHs {2.3)), To Ja/bHefillemy aHa-
JU3y mopnexaT onepatopl Fs, Eg, F7, Eg. [lonoxus

e1=Fs—Es, ex=E; e3=Fg e4=E5+ Eg,
BHIMM, YTO MMET MeCTO TaKVe KOMMYTALVOHHbE COOTHOLIEHVA:

[61) 62} = 262) [61) 63] = _263)
[62; 63} =é€1 [6564} =0 (?' = 1) 2)'?)))

TO eCTb onepaToprl e; (i = 1,...,4) cocraBnsawT Gasuc aaredpu sl(2,R)&
<64>, SZ(Qa R) = <61a €2, 63).

[lockonbKY MPOCTPAHCTBO (uy, f) ABYXMEPHOE, TO A/ [OCTPOEHUS HH-
BApHAHTOB HAM JOCTATOYHO B3SITh IlepedeHb OAHOMEPHBIX [104a1resp aare-
6prl sl(2,R) & (eq). Mcrionbays pe3yabTaThl KAacCHPHKALNY ONHOMEPHBIX
noganre6p aaredpsl sl(2,R), HAX0AKM, YTO ONTHMAIBHYIO CHCTEMY OLHO-
MepHBIX Noganre6p anare6pe: sl(2,R) @ (e4) cocTaBAAT TaxKe anreSpel:

(ea), (e1+keq), (e2+kes), {ea—es+kes) (kecRR)

Anre6pa {e4) He ynosaeTBopAeT Heofxoaumomy ycaosrw (1.136), aas
OCTaJbHBIX e anre6p oay4yaeM Taxye NepBble HHTErpasb:

ey + keg):  flug|'TF =C,

{ea + key) : fe_2ku°r =C,

(eo —es +keg):  f(1+u2)exp(—2karctanu,) = C,

rae C — [TPOM3BOJbHAA NNOCTOAHHAA MHTE PUPOBaHUA.
OTC}O}_Ia ¢J1eayeT, HTO HY2KHO paccMaTprBaTb TakKyre CJydHau 3HaYeHUHR

dyHKUUH f:
f= C]u$|_(1+k);
f — Ce2ku;;
exp(—2k arctan u, )

=C
/ 1+u2

, C#0,
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KOTOpBIE C TOUHOCTBIO [0 SKBUBAJIEHTHOCTH ¥ 0603HaueHUH MOCTOSHHLIX
COBMAJAIT C TEMYU, KOTOpble GHUIM MOJIY4eHbl B pe3yabTaTe aHA/V3a KJac-
CUGULUPYIOLIETO COOTHOLIEHUA.

[Nonsenem nror. Kak BHAHO 13 MPOBEAEHHEIX Bblllle COOOPAXKEHNH, BEI-
roJsiHeHYe aaropuT™Ma MeTona JIu—OBCAHHYKOBA IPYNIIoBod KiaccudrKa-
Uy auddepeHUraibHbX YPaBHeHUH 32 KIKYAETCA B OCYIIECTRASHUH Ta-
KUX 11aT0B!

® HCIIOJIb3YA CTaH}lapTHbH;’I MeTOL JIH, HaXoJlVM OCHOBHYIO I'DYIINY CUM-
MeTPHHY HUCCACAYEeMOro YPABHEHHKA, ONPeAeNANIUIYD CACTEMY U KJjac-
cncpnuupy}omee COOTHOILUCHHE;

® OCYLIECTBJAACM INOCTPOCHME I'PYIIIIbL Hp606p33033HHﬁ 3KBHBAJCHTHO-
ety £ HCCICAYEeMOT 0 YPaBHEHHUA]

® HCIOJb3Ys IIpeofpasoBaHus U3 Tpynnsl £, NPOBOAUM 2HAIK3 KJaCCU-
QUUUPYIOLIEr0 COOTHOLIEHUA Y HAXOAKM BO3MOXHEIE CIELHUPUKAUNN
MPOX3BOJBHOTO 3/71EMEHTa, KOTOPEH BXOAWUT B HUCCIEAYEMOE ypaBHe-
Hue;

® A KaXI0ro U3 IIOJYYEHHDIX 3HaYeHUH MIPOX3BOJIDBHOIO 3JIEMEHTA
pelaeM OIIPEAS/IAWILIYH CHCTEMY W HcCJeayeM BO3MOXHOCTH pac-
WUpeHus OCHOBHOH TPYIIIbI CUMMETPHY NJ2HHOI'O YpPaBHEHUSA.

OTmeTHM, YTO, KK GblLI0 [IOK23aHO BHILIE, BMECTO TPEThEro Lara aaro-
pHTMa MOXHO VI MOCTPOEHHA CIIeUXUKAUKE NPOX3BOJBHOIO 3JeMeHTa
NPUMEHATh ¥ WHQUHUTE3VMaNbHbI! KpHTepui MHBADUAHTHOCTH, UCIOJb-
3ys OTITUMAJbHYI CUCTeMY IIOATPYII TpyIiH &,.

CnepoBaTenbHo, Meton JIn-OBCAHHUKOBA TPYINOBOH KJaccUDUKA UMK
A epeHI¥a bHbIX YPaBHEOHKUE fABAACTCA 3DPEeKTHBHLIM B TeX cayya-
X, KOrja YAaeTCs OCYUIECTBHTb I[OJHBIH aHAIN3 KAaCCHDUUUPYHOLIEr0
COOTHOIIEHYA WY IIOCTPOUTh ONTUMANBHYK CHCTEMY TOATPYIII TPYIIIH
npeofpasopanuit £.

Bosgparuasch K IprBeIeHHOMY BLILIe IIepeyHo ypaBHeHu# Buaa (2.1),
718 KOTOpbIX ©Bla I[OJHOCTBH pellleHa 3ajaya IpYNnoBod Kiaaccudu-
KaUW¥, OTMEeTHM, YTO IJA BCeX HUX KIACCHQUUUPYILIXE COOTHOLIEHHA
ABJAKOTCSA CHCTeMaMU OGBIKHOBEHHBIX AM(depeHINaNbHBIX YpaBHeHUH,
a rpynns £, — KOHeYyHoIlapaMe TPHUeCKUMY IpyIIamMy IIpeoOpasoBaHuil.
Hanpumep, nns ypasreHns

up = [f(u)us)e +9(u), g#0, (2.28)

BBITIOJIHEHHE [IE€PBOTO 1Iara aJropruTMa Metoaa JIu—-OBCAHHNKOBE [TOKA3hI-
BaeT, YTO I'PYIINa MHBAPDHAHTHOCTH 3TOTO YPABHEHHUA MCHEPHDPYETCA I/IH(pI/I-
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HHTE3VMaJbHBIM 0IIepaTOPOM
v =a(t)d + b(t, )0y + c(t, z, u)dy,

rae OYHKUMK a, b, ¢, f, g YIOB/AETEODPAT OlpeJeawlilell cicTeMe ypaB-
HeHUH

(2bx - a)f = Cf,; c: + (Cu - a)g — Cpzf = Cgl3
_bt+fbxx_2(fcx)u =0, f,(cu+2ba:_d)—(fc)uu =0,

KOTOpas siBJseTcss cucTeMOil ueTblpeX OOLIKHOBEHHHIX AU(OepeHlHanb-
HEIX YpaBHeHMH s ompefiesleHusl GYHKUUT f U g.

[Toxaxem, 4To nepBoe U3 IIpHBeIEHHLIX YPABHEHUH CHCTEMB! IIPUBOJUT
K KJACCHQUUUPYIOLIEMY cooTHOWeHUW aaa oyHxuuu f. [Nponuddepen-
LUpyeM ero 1o !

. 4 4 I
(2bx - a)f = Cuf + Cf P
TOTJa 13 YETBEPTOr'0 YPAaBHECHHUA CUCTEMDI CJeAye€T PABEHCTBO
Sew =0.

[Tocxonbky B uccneayeMoM ypaBHEHHU f # 0, TO ¢y = 0.
YynThiBast 570 M pasauuas caydau f' =0 (f = const) u f’ # 0, u3
NIepBOTO YpaBHEHHUA CUCTEME! NOJy4aeM PaBeHCTBO

(2b; — a)(F () Duu =0,

NOSTOMY KJAACCHOUUMPYIOLIUM YCJAOBHEeM 1M QYHKUKY f ABJsAETCA ypaB-
HeHHe

() Duw =0,

Y3 KOTOPOTO C TOYHOCTBIO 0 SKBUBAJEHTHOCTU NOJIydaeM elie TaKye JBa
3HaueHHs QYHKUKKU f, KOTODPLIe CeAyeT PACCMOTDPETD B NanbHefmem: f =
=evu f=|uf (k#0).

C npyroit cToponhl, rpynna £, ypaBHenus (2.28) spaseTcs IlecTurna-
paMeTpUUeCKOH Ipynnoll rpeobpa3oBaHUil ¥ cpeay olepaTOPOB, KOTODhE
ee TeHepHPYIOT, HeHy/eBoe NeICTBHe B IPOCTPAHCTBE (u, f) UMET olle-
PaTOpLL

By = 20, + 20, + udy, Eo=0s, E3= %x@x + 185,
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cocTaBJswmye 6a3uc anredps Jin Az 2@ A;. Mcrnonbsys nssecTHyo Kaac-
CHGUKANIO 0JJHOMEDPHBIX 11oJanredp 3Toi aaredpsl, noaydaem, 4To K 3Ha-
YeHUAM, OTVIMYHBIM OT IIPOU3BOJBHOTO 3HA4YeHUs QYHKUMUY f, IPUBOAAT
TaKue nojanredpul:

. _ u
<E2+E3>' f_Ce)
(B1): f=C,
. _ k
(By+kEs): f=Clul* (k#0),
rae C - NpOM3BOJIbHAA TIOCTOAHHAA HHTEIrpPHPOBAHUA. OLIEBI/I,[IHO, qTo C
TOYHOCTBK A0 3KBYBAJICHTHOCTH IIOJYYCHHBIC 3HAUEHUA (pyHKU,I/II/I f COB-
NajarwT C IIpUBEACHHDBIMY BbIIIE. Ananus sgauenunit q)yHKI_H/II/I g TIPOBOILUT-
Cd aHaJIOTHYHO.
Huas cuTyauysa BO3HMKaeT, KOTAA 3a/ada IPYINOBOH KaacCUudrKalIuy
paccmaTpuBaeTcs Aas AuMddepeHIIHaNbHOro ypaBHEHUs, KOTOpoe coaep-
¥UT TIPOU3BObHbIE GYHKIMK ABYX U GoJiblle apryMeHToB. PaccmoTpun,

HATIpUMeD, CAyYall JUHeHHOro ypaBHeHNsl BTOPOTo MOpsfiKa TUMepbonye-
CKOTO THIIa!

utr + AR, x)uy + B, x)uy + Ct, x)u =0, (2.29)

rge u = u(t,z). BuinonHenue nepBoro mara anropuTMa Metoja Jlu-
OBCAHHVKOBA [I0KA3LIBAET, YTO IPYIINa HHBADMAHTHOCTY ypaBHeHYd (2.29)
reHepUpyeTCsl MHGQUHHUTESUMANbHBIM 0TIEPATOPOM

v=Ff(t)0 + g(x)0s + h(t, z)udy, (2.30)
B KOTOPOM (QYHKUUY f, g, h YOOBNETBOPAIOT PABEHCTBAM

hi+ Bf + fBi+9B: =0, hy+ Ag + gAs + fA; =0,

hew + CF + fCy + Cg' + gCp + Ahy + Bhy =0, (2.31)
rae f = dfd—(tt), g = d‘z—f) (MBI HCKJIIOY2EM M3 PACCMOTPEHUA TPUBHAJ/b-

HYI0 GeCKOHEeUHOMEPHYI CUMMeTpHIo ¢ omepaTopoM X = w(t, )0y, Tle w
ABJIETCA TIPOU3BOJBHLIM DellleHreM yparHeHUs (2.29)).

OueBnHofl sBJAsAETCA HEBO3MOXHOCTb I[IPAMOTO aHA/IN3a CHCTEMBb
(2.31).

Jlanee, npsMble BHYHUCJEHHs [10Ka3aJH, UTO TDYNNY SKBYUBaNeHTHO-
ctu € ypasHenus (2.29) dopMHpYIOT OBa CeAYOIUX Kjaacca I1peobpaso-
BaHU:

(@)
(b)

a(t)a £= ,B(I), v = 9(t1x)u + p(t,x),
olz), €=B@), v=0ta)u+pltz), 2.39)

T =
T =



164 [nasa 2. [pynnosas khaaccudUKalyusa YpapHeHult

rae o, # — NpOU3BOJIbHbBIE TAAKHE QYHKLINY CBOMX aPTYMEHTOB, a QYHK-
UuY 8, p YHAOBJETBODAKT YCAOBHIO

POz + :pr + Orpr — 2P9_19t9:t — 0pir +
+ A[6:p — 8p:] + B[bzp — 0pz] — Cp = 0.

KpoMe Toro, Bec/leAcTBHe HeBHIPOXIEHHOCTH NpeofpazoBanuit (2.32)
8 # 0, mpousBoaHble 0T QYHKUME o U J He DABHBI HYMO.

Mu BravM, 9TO 151 ypaBHeHUd (2.29) rpynna sKBUBaJeHTHOCTY £ fB-
AsieTcst 6eCKOHEUHONapaMeTPHUeCKOH U BOIPOC 06 OMUCAHUY ee MOATPYII
0CTaeTCH OTKPBITHIM.

CrepoBaTesbHO, NpAMOe TIpUMeHeHYe MeToaa JIn-OBCAHHUKOBA He fa-
€T BO3MOXKHOCTH TIPOBECTY IOJHYI TPYIIIORYI0 KAacCHQUKALUIO ypaBHe-
una (2.29). HeofxoavMo BBeCTH B pacCMOTpeHYE HEKOTOphle AOMONHU-
TeJbHbIE YCIOBHA.

JeticTruTtensHo, JI.B. OBCAHHUKOB OCYIIECTBUJ T'DYNIOBYH KJaCCU-

duxauuio ypasHenus (2.29), ucronbsys unHBapradTH Jlamiaca [48] (cmM.
Takxke [46]):

h=A+AB-C, k=B,+AB-C,

B3flB B KayecTBe K/IaCCHOHUKPYIOLIETO COOTHOLIEEUA KX OTHOIIEHUA.
OcHOBHOH MOJYUEHHBIR UM KJ1aCCUQHUKALHOHHEIN Pe3y/IbTaT Taxoi.

NMpenaoxenne 2.2 ( [48]). Ypasuenue (2.29) donycxkaem arcebpy
UHBADUAHIMHOCTI PASMEPHOCTL Bbiciiell, Hem 2, moz20a u moAbKo mo-
20a, xozda ynkyuu

k

pzz, g=+(Inh)y

=

ABAAIOMCA NOCMOSHHbIMU BeAuvunamu. B amom cayuae ypasuerue
(2.29) axsusasenmmuo ypasuenuro Jiaepa-Ilyaccona

_ 21 B 2pu, 4pu
git+2) qlt+z) ¢*{t+2)?

Uty = 0)

ecau q # 0, uru yYypasHeHuro
Uy + tus + pxuy + ptzu =0,

ecau g = 0.
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HerprranbHavle aareSpbl HHBAPHAHTHOCTA STHX YPABHEHUH ABIAWTCA
YeThIPEXMEPHBIMU.

3aMeTHM, UTO IIPM TPYINOBOH Kiaccuduxauuu ypaeHenus (2.29) us
paccMOTperust GBLIM HCKAKYEHb! Caydayd TeX ypaBHEHHH, KOTOphE MMe-
0T HeTPHBHA/NbHEE GeCKOHEUHOMEPHLIE CHMMETPUH ¥ MHTETPUPYIOTCH B
ofimem Buge. [Ipumepom Taxux ypaBHeHUH sABAsAeTCA ypaBHeHHe

Uty = 0,
ofuiee pelIeHre KOTOPoTro MMeeT BHA

u=p(t) + P(x),

Tle ¢ W % — INpPOU3BOJbHLIE [VIAfIKKMe PYHKUNUY CBOUX apryMeHTOB.

OueBrJHO, 4YTO HEBO3MOXKHOCTb HEIOCPEACTBEHEOTO HCIIONb30BAHUA
meTona JIn-OBCAREHMKOBA A48 TPYNNoBoi xaaccuduxauuu auddepeHun-
aJIbHBIX YpaBHeHUH, KOTOpble COfepkaT IIPOHU3BOJIbHBlE PYHKLUUU ABYX U
BoJibllle TlepeMeHHKIX, CYIIeCTReHHO CyXaeT KJacChl ypaBHeHUH, KoTopble
TIoAJIeXaT TaKOMY HCC/IeN0BaHUI).

B paGotax [25, 187] namp 6ha NpensioeH HOBHIA MOAXOA K MNpose-
JEeHHI0 TPYIINOBOY KAACCHPHUKAUMK AP PEePeHINAIbEBIX YPABHEHUH, KO-
TOPBIH II03BOJIMJ CYLIECTBEHHO DACLIMPUTh MHOXeCTBO YpaBHeHUWH, /s
KOTODBIX 3Ty 3a0ady ylaeTcs pelluTh mosHocTbl. Ha anropurme Homo-
ro MeToJa ¥ OQHOM IIPHMepe ero MDHUMEHeHHd Mbl ¥ OCTAHABJAHBaeMCH B
clenymwlleM NMyHKTe naparpada.

2.1.3. HoBbl#i mogXxon K pemieHHIO 3a0daYH TPYNIoBOH
KJAACCH(HKALHH

[Mpeanoxenun#t B (25, 187] HoBHH MoaX0d K TPYNNOBOH KAACCHPUKA-
uny avddepesLrasbHbX YPABHECHNH ABAAETCA, COGCTBEHHO IOBOPA, CHH-
Te3oM MeToAa JIn-OBCARENKOBA, Pe3YIbTATOR KIACCHPHUKALMY aBCTPAKT-
HBIX KOHeYHOMEpPHBIX AeHicTBUTENBHBIX aaredp JIU U TeXHUKM HCTIONB30-
BaHUs IpeoBpa3oBaHUM sxBUBaleHTHOCTH. OH 6asupyeTcs Ha CJle AYIOIINX
M3BECTHBIX [TOJIOXKEHUAX IPYNIIOBOTO aHaAN32 AUQQepeHLKaAbEbIX YPaB-
HEeEHH ¥ TeopuH abCTpakTHEX anrebp Jlu:

e Ecin nuddeperuranbroe ypaBHEeHHe UMeeT HETPUBHAJIBHYH CHUM-
MeTPHK, TO OHO MEBAPHAHTHO OTHOCHTE/JbHO HEKOTOPOH KOHeyHo-
MepHOH aare6ps! JI HHOQUHUTE3UMANBHEIX OIIepaTOPOB, THIl KOTOPOH
TIOJIHOCTBIO OIIpeflesIAeTCs CTPYKTYPHBIMU KOHCTaHTAMHU.

¢ B pesysbraTe neficTBus npeofpasoBanuit u3 rpynns £ 1aHHOe ypas-
HeHHe MepeXOMUT B 5KBUBAJIEHTHOe eMy YpaBHeHUe, a ero ajarebpa
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MHBApUaHTHOCTH — B [10A06HYI0 eil {usoMmopduyio) anrebpy Jlu one-
patopoB cumMeTpuH. Ipy aToM, BCcreACTBHe coXpaHeHUs 0OIero BU-
J2 5KBHBA/JeHTHEIX YpaBHeHUH, 6asHCHble onepaTophl ofeux aarecp
WHBAPHAHTHOCTH TAKXKE NPUHAN/IEXKAT OIIpe Je/IeHHOMY KJ1acCy HHOH-
HHUTe3UMAa/bHLIX OII€PaTOPOB.

H3BecTHoi fiBAsieTcs KaaccUpUKalUs BCEX HEM30MOPQHbIX NeUCTBU-
TeAbHEX aare6p Jlu mo pasmepHocTd 6 BRJIwuuTeabHO [12,42-45,
91,179,180]. dTo naeT BO3MOKHOCTb B 3a[]aHHOM KJI4CCe OIEPATOPOR
C TOUHOCTbIO O 3KBHBAJIEHTHOCTH, KOTODYIO OIpefenseT HeKoTopas
rpynna 1peo6pa3oBaHuil, U3YUUTh BCE BO3MOXHbE peasJH3allud 3TUX
aare6p Jlu, a NoToM IIpoBepUTb, MOT'YT JH OHU OBITh a/are6paMu MH-
BapUaHTHOCTY YpaBHEHUH 3aJaHHOTO K/acca.

Hcxons us cKasaHHOTO Bbllle, VI I'DYNIIOBOH KjacCHUKAUUY HeslHHeR-
HBIX ypaBHeHui# Buna (2.1) mb 6yneM UCNOJAB30BATH TIOAXOA, KOTODHIH
COCTOUT B BBITOJHEHUU TaKOTo a/JTrOpUTMA!

I)

I

Ha neproM wrare, ¢ UCIo/Ab30BaHMeM HHGMHKTE3MMAaJbHOTO MeToaa
JIu, HaXOMM CUCTEMY ONMpefeANIINX YpaBHeHUN M8 HHPUHKTe3U-
Ma/JbHOTO ONepaTopa, I'eHepUpYIIero Ipymny CUMMETPHH Hccaeny-
eMoro ypaBHexus. Ornpefiesifiolliie YpaBHeHHA, KOTOPHE SIBHHM 006-
Pa30M 33aBUCAT OT IIPOHM3BOJIBHBIX QYHKUUH ¥ UX NPOU3BOAHLIX, MbI
HasbIBaeM KJacCHPHUUMpYOIUMU. UETerpupys Te 13 onpelesoLInx
YpaBHEHHH, KOTODHE He 3aBUCHAT OT INPOH3BOJBHHX QYEKUUH, IIo-
JydyaeM Haubosee oOUH BUA MHOUHUTE3UMAAbEOTO OIl€paTopa, Ko-
TODHH NOMyCKaeTcs UCCAeNYyeMbIM ypaBHeHHeM. Takxe, HCIOAb3yA
npaAMofl U1K UHOUHKUTE3UMANbEBN MEeTOH, CTPOUM TIDYIIY 3SKBUBa-
JeHTHOCTH £ NaHHOTO YDaBHeHUs.

Ha BTopom Imare, npoABUrasch MOSTAallHO, Mbl IIDOBOAKM I'PYIINO-
BYK K/JACCHPUKAUUI HCCIeNyeMblX YDaBHEHHH, KOTophle AONyCKa-
10T aare6pbl HHBAPHAHTHOCTH HEBHICOKMX Pa3MeDHOCTeN (HalpuMep,
He Bblllte ueM 3). JlJA 9TOro Mbl IIpeJBapUTe/]bEO CTPOHM peanusa-
U¥H OfIHO-, ABYX- ¥ TPeXMepPHHX a/are6p JIu B xJsacce Hail IeHHBIX
Ha TIEPBOM I1are WHQUEUTE3UMANBHEIX ONEPATOPOB ¢ TOUHOCTBLI IO
5KBHBAJ/IEHTHOCTH, KOTODYIO OIlpelesAT Npeofpa3oBaHus U3 IPYIIIH
E. MopcTarnss 3xageEus QYEKUUH B NoJNyUeHHBX 6a3UCHBIX OIlepa-
TOpaX peanuzallvit B KAACCUPULUUDYWIIME YDPABHEHHs, Mbl HAXOAHUM
COOTBETCTBYIOIINE 3HAUEHUS NIPOU3BOABELIX QYHKUMH B COOTBETCTRY -
I0IIUX UHBAPUAHTHHIX ypaBHeHHAX. [Ipy 3ToM MH HCK/II0OUaeM Te U3
peanusaluil, KoTophle Ee MOT'YT OblTb aarefpamMd MHBapUaHTHOCTH
ypaBHEEHH HCCAeAYeMOro BUla. TeM CaMbIM MBI OCTaeMCA KMMEHHO
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B Mpejenax 3aJauyl IPYIINOBOH KAaCCHPHUKALMK AXQQPepeHlNanbHblX
ypaBHeHU# 3agannoro Bupa. [locTeneHHoe OBHIIEHNe Pa3MePHOCTH
anre6p MHBAPMAHTHOCTH IIPUBOAMT K YMeHbIIEHWIO CTeNeHH IIpOM3-
BOJIBHOCTH (QYHKUMWH, KOTOpble BXOAAT B AX@OepeHLMaNbHble YPaB-
HeHHA HCClelyeMoro BUIA.

IIT) Tpetuit war npepycMaTpiBaeT 3aBepllieHre TPYIIOBOH Kaaccudrka-
UMM JaHHOTO ypaBHeHHMA. [li1d 9TOTO MBI HCIIONb3yeM KaK KJaccH-
YecKHe MeToJbl (ec/y IPOM3BOJbHBlE (MYHKIUNWM B YPaBHEHHAX yXKe
ABAAKTCA QYHKUMAMK ONHOrO apryMeHTa), Tak M AaibHeillee pac-
LI¥peHre yae H3BeCTHBIX peanrsauui aare6p Jln jmo peanusaumi
anre6p JIM BHICIIMX pa3MepHOCTeH, KOTOpble MOTYT ObiTb ajireOpamu
VHBapUaHTHOCTH YpaBHEHUH HCC/IelyeMOoro BUja.

PesynpraTom rpynnoro# kaaccuduKaUyy A0AXKEH OBITh IIepeyeHb He-
5KBUBAJEHTHBIX YpaBHeHUH KCC/eIyeMOTo BHA C NIPKBeJeEHbIMY MaKCH-
MaJbHBIMH aArefpamMy HHBAPUAHTHOCTH STUX YPaBHEHHH.

[losToMy 3anaua TDYMIOBOM KJAACCUDUKALMK CUMTAeTCsl pelleHHOH
TIOJIHOCTBIO, eC/IM JIOKAa3aHo, 4To!

1) mocTpoennsle anre6psl JI¥ onepaTopoB CUMMETPHY ABJAAKTCA MaKCH-
MaJIbHHIMY aareGpaMy MHBADUAHTHOCTY MOJYYeHHBIX YpaBHeHNH;

2) B paMKaX cQOpPMYJINDPOBAHHON 33124 TI01yUeHHbI TepedeHb ypaBHe-
HUH COJePXKUT TOJIBKO HeSKBUBaJeHTHHle YpaBHeHUs (TO eCTh TaKue
ypaBHeHUSA, KOTOpble He IMEPEBOAATCHA APYT B Apyra NpeofpasoBaHu-
My u3 rpynns £).

Jlas IocTpoeHUsl MaKCHMasbHOM are6phl HHBAPHAHTHOCTH AOCTATOU-
HO WCIIOJIb30BaTh MHOMUHUTe3UMa bHbE MeTon JIn. [lpomepke e Ha sk-
BYBaJEHTHOCTb [OJ/1€XKAT Te U3 ypaBHEeHUH, MaKCUMa/bHble a1reSphl HH-
BapHaETHOCTA KOTOPbIX ABJIAWTCA u3oMopdrbMu. [lpr atom, yTo6H Mo-
Ka3aTb, UTO TOJIYYeHHble YpaBHeHUs SIBIAWTCS HesSKBUBAJEHTHBIMU, J0-
CTATOUHO y6eauThCs, UTO He CYIIECTBYIOT NpeoBpasoBaHus U3 TPYNIIH &,
KOTOpble NMepeBoAsT OAHY anrefpy MEBapuaHTHOCTH B Apyryw. [lpexze
yeMm MNepefiTH K rpynnoBof kaaccnduxauuu ypaprern# supa {2.1), pac-
CMOTPUM TPYIIIOBYH KJacCHQUKalWo ypasHeHus (2.29) u y6eanmcsi, uto
UCII0b30BaHKe IpeJIOKEeHHOr0 MeTOa IPUBOIUT K y¥Ke U3BeCTHOMY pe-
3Y/IBTATY.

Kak 6bs0 moxkasano Bbillle, TPy HHBaPUaHTHOCTA ypPaBHEHUA
(2.29) rexepupywT uEQUHMTe3rManbHble onepaTopbl Buaa (2.30). Tak-
e, BCJeACTBHe JUHelHOCTH, ypasHeHue (2.29) nomyckaeT omepaTop ud,
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¥ TIPHM 3TOM MMeeT MeCTO KOMMYTALVOHHOE COOTHOLIEKYE
[v,ud,] =0

1151 TIPOU3BOJIbEOro onepatopa v suga (2.30). CienoraTenbHO, onepaTo-
pol v (2.30) u w8, cocTaBAAwT 0a3UC NBYXMEPHOH abesieRoil aare6pel
Jlu Ap 1. [ostomy ans ypasuenus (2.29) BHIIONHeHe BTOPOTO WIara aj-
ropuTMa HauuHaeM ¢ IOCTPOeHHUS peafu3alliil UMeHHO anareSprl Aj 1.

Mpenaoxenne 2.3. [Tycmo areebpoll unBAPUAHMHOCIMU YPABHEHUS
(2.29) agasemca aacebpa Jlu onepamopos cummempuu, u3omop@ras
ancebpe Asq. Toeda ¢ mounocmero 00 9KBUBAAEHMHOCMU, KOMOPYO
onpedeasiom npeobpasosanus (2.32) uz epynnei £, cywecmayom dse
pearusayuu arcebpet Ap 1, KOMOPbLE ABAAIOMCA MAKCUMAALHBIMU (A-
eebpamu unsapuarnmuocmu ypasrenuil suda (2.29):

Aé.l = (u3u, at>a
A3 | = (uBy, 8 + Or).

Coomsemcmsyoujie UHBAPUAHMHbBLE YDABHEHUA Umeom maKol sud:

AY 1 U+ B@uy +u=0; (2.33)
A2, w4 B(2)us + C(2)u =0,
z=t—2a, |B|+]|C|#0. (2.34)

HanoMHuM, 4TO 3lech Mbl He YYUTbIBaeM TPUBHAJIbHYI0 HeCKOHeYHO-
MepHYI0 CHMMeTpHI ypaBHeHUs (2.29) 1 ucx/awyaeM U3 pacCMOTDPEHUs Te
yDPaBEEHUSA, KOTOpPble HETErpHPYOTCA B oflleM BHAe.

JokaszateascTBo. [lpexne Bcero yfenumcsi, uto B OIepaTope v BUIA
(2.30) xoTA 6b omHa M3 QYEKUUE f uan g ABasgeTcA Hernyaepod. [lei-
CTBUTENbEO, €cau f = g = 0, To Kaaccuduuupylomas cuctema (2.31)
CBOMUTCA K CHCTEMe

htzhz':htxzo,

M3 KOTOPOH celyerT, uTo A = ¢ = const, ¥ onepaTop v = cud, ABAfETCA
JUHeMHO 3aBHCHMEM C ONepaTopoM uds,.

CnepoBaTesibHO, X0TA OH oaHa U3 QYHKUME (f UAM g) B omepaTtope v
ABaseTcs Bexyaerol. [Ipu 3T0M, ¢ TOYHOCTBIO IO 3KBHBAJEHTHOCTH, KOTO-
PYI0 OIIpeNesioT NPeodpa3oBary U3 DY £, MOXKEM BCeraa CUUTATh,



2.1. 3apaya rpynnosoi xJaccubuKauy 169

yto f # 0. HeficTeuTtensHo, ecan B (2.30) f = 0, T0 ¢ # 0, ¥ 3ameHa
TepeMeHHbIX ¢ — &, & — t TTOKA3bIBaeT CIIPaBefAXBOCTb TPeATIoNOXKEeH .
[MycTtb Tenepsb B onepatope v f # 0, g =0, To ecTh

v = f(t)8 + h{t,z)ud,.

3ameHa nepeMenHbX (2.32a), rae QyHKUMA o ABAAETCA pellleHUeM ypaB-
Henua & = f~1, QyHKUMA § — HeHyJeBbIM pellleHHeM ypaBHeEua f&; +
+ h8 =0, p = p(z), npeoSpasyeT OIepPaTOP V B OIEPATOD

v =20,.

Bo3BpaTUBIIKCh K HaYaJbHBIM 0803HAYEHUAM IepeMeHHbIX, NPHXOAMM K
peanvsauuu A} ;.

[ycTs, nanee, f- g # 0. Torna samena nepeMexHux {2.32a), rne o sis-
AsleTCA pellleHyieM ypasHenus &f = 1, g — pewenvieM ypasHenus 8'g = 1,
f — HeHY/NEeBHM pellleH{eM YpPaBHEHUS

f0: + g8, + h8 =0,
a p — pPelleHYeM YDaBHEHUA

fot+gpz =0,

Tpeo6pasyeT OIepaTOp v B 0NepaTop ¥ = 07 + O¢.

BosBpaTUBIIUCH K HAYAAbHBIM 0603HAYEHUAM NepeMeHHbIX, IPHXOANM
K peanusauuy A% .

HesksrBaneHTHOCTD MONYUEHHBIX peanusaunl cieayeT #3 TOTO, 4TO
npeoépasoBaHHe omepaTopa &; + O, B omepatop Or TpebyeT B (2.32a)
& = 0. A 3TO NPOTUBOPEUKT YCIOBUI0 HEBHIDOXKAEHHOCTH 3aMeHb! Iepe-
MeHHbIX {2.32).

[lepexoauM K MOCTPOEHUH COOTBETCTBYWIINX MHBADUAHTHLIX ypaBHe-
Hul. Jlas onepatopa O, onpepeasiromas cucteMa (2.31) nproSpeTaeT BUA

At=0, Bt=0, Ct=0,

TO eCTb B MHBapUaHTHOM ypasHenuu A = A(z), B = B(z), C = C(z).

Janee, 3ameHa nepeMenHbx (2.32a), rne o = t, § = exp([ A(z)dx),
8 — mnpousBoabHasg QyHKUMA Taxad, yto §' # 0, ecan C = AB 156031
8 = [(C— AB)dx, ecnu C # AB, cBOAMT YHBADHAHTHOE ypaBHeHKe K
YPABHEHHI

vrg + Bl§ve+ev =0, ¢=0,1,

He MeHss By GasUCHBIX ONepaTopos aireSpe Al ;.
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Ecau € =0, To ypasHeHue
uty + B(2)uy, =0

HMeeT oflllee pelreHne

u= /go(a:)e_tB(“’) dx + ¥(t),

Tle ¢, ¥ — IIPOU3BOJbHEE IMaakWe (QYHKINM CBOMX apryMeHTOB. DTO
YpaBHEHHe Mbl HCKIKYaeM U3 PACCMOTPEHHSA.

CneoBaTebHO, ¢ TOYHOCTBI N0 0603HAUEHHH HE3aBUCHMBIX M 3aBH-
CUMOH IepeMeHHBIX ToJlyyaeM ypaBHeHue (2.33).

Anasoruuso, paccMaTpuBas peanausalvio A2, TPUXOAMM K ypaBHe-
Huw (2.34).

Henocpe nerseHHol npoBepxoit y6exaaeMcs, 4To B Cayyae IPOU3BOb-
HBIX 3HaueHHH QYHKUMH B ypasHenuax (2.33), (2.34) peanusauuu AL,
A2 | ABIATCA UX MaKCHMaJIbHBIMY anreSpaMy WHBAPUAH THOCTH. [ |

[lpoBenenHas mpenBapuTesabHasi T'PYNNOBas KJaaccHQUKaLUs ypaBHe-
Husa (2.29) nosBoasieT, 418 AadbHelillero aHa/iM3a BO3MOXHOCTeH pac-
LIMPEHHUA CUMMETPHH UCCAEYeMOTo KJ1acca YpasHEeHHH, UCIIoAb30BaATh U
CT2HJAAPTHblE METOMBL.

Tax, nas ypasreHus (2.33) onpegpenswuias cucrema (2.31) npuobpe-
TaeT BUA

hi+Bf+9B, =0, B=B(z), h,=0, f+g4 =0.

M3 nsyx nocsennux ypasHeHW cHCTeMbl caenyet, uto h = h(t), f =
= At+ A1, g = —Az+ Ag, THe A, A1, Ag — TIPOM3BOJIbHbIE AeHCTBUTENbHbIE
TIOCTOsIHHHIE.

Benenctare 3T0r0 nepsoe ypaBHEHHe CHCTeMB! TIPHOSpETaeT BUL

h = (Ax — A2)Bs — AB.

l'locxonbxy ipaBas 4acTb IIOCJAE€OHETO PABEHCTBA 3ABUCHT TOJbBKO OT I,
a J1eBasg — TOJbKO OT ¢, TO

h = Ast+ /\4,
a ¢yuxuua B = B(z) ynosneTsopseT paBeHCTBY:

(/\13 — /\2)32 —AB = /\3,
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OTKyda C/aeayeT, 9To
B=mz+my, As=-mly—Imy, mym; €R.

ﬂaﬂee HEIOCPe ACTBEHHO yéemnaemcn, 4YTO 3aMeHa TI€PEMEHHDIX

—mit

t—t oz, u=e v, v=u(tz),

TM03BOJIAET TOJM0XKUTb B B 11 A3 my = 0. CiengosaTtenbHo, NONYyIUAN ypaBs-
Henue

Ute + Mauy, +u =0, mekR,

MaKCUMa/bHOA aire6pofl MHBAPUAHTHOCTH KOTODOrO SIBJSETCHA YeThIPEX-
MepHan anaredpa JIu onepaTopoB CHMMETPHU

{(udy, O, 10y — 10y, Oy — Mtudy).

HerpynHo ySeanThcs, UTO TodydeHHas anreSpa UHBAPUAHTHOCTH H30-
MopdHa anrebpe Ags (g = 0).

Jns ypaseenus (2.34) onpepenswomas cuctema (2.31) npuobperaeT
BU

h=ht), B =9 -4 ,_4_, (2.35)
dz dz
[Tockonbky ee HernocpeACTBEeHHEIN aHa/AM3 BEI3bIBAET 3HAUUTENbHbIE TPYA-
HOCTH, Mbl IIPOBeJSM PAaCCMOTPEHHe BO3MOMKHOCTEH DaCLIXPeHHA peanu-
sauu A3, XK peanusalusAM paspelIMMHEIX anreSp Jlu pasmepHocTd 3 B
Ksacce omnepaTtopos {2.30).
BcnenctBrie BhIOMHEEHS KOMMYTALMOEHOTO COOTHOLIEHHS

[uBy, v] =0,

rae v umeer Bua (2.30), aHanusy noasexar caydau aareép Asi, Aso,
Ass.

HenocpencTsensbie BHUYKC/ACHHA TI0KA3a4X, Y4TO A anredSpel As
HUMeeT MeCTO TaKas peasin3allvs:

(O + Oy, uby, 0 (2)udy), o' #0, z=t-—ux.

Ho B aToM cayuae mpoBepKa KaacCUQUUUPYIOIINX ypaBHeHu# (2.35) npu-
BOAXT K paBeHCTBY ¢’ = 0, KOTOpOe NPOTHUBOPEUUT YCAOBHIO CYIeCTBOBA -
HUSA 5TOH peasu3alyH.



172 Tnasa 2. [pynnosas kJaccudUKalus ypaBHeHuH

Jlasa anre6pbl Az MBI MOJYUWIN TOJNBKO JBe DeaU3alLMH, paccMoOT-
peHue KOTOPHIX IIPHBENO K HeU3BECTHBIM ellle CAydasaM:

Oy + Oy, —tOy — 28y, uby), {0 + Ox, e'p(2)udy, udy).

HenocpencTsenHas mpoBepxa 110Ka3agaa, YyTo BTOpas peasnsalus He yao-
BJIETBOPAET YCJIOBUAM MOCTABJIEHHOHN 32 0a4H.

JL1a mepBolt Xe peasH3allMy aHAIN3 cUCTeMbl (2.35) MPUBONUT K ypas-
HEHHAM

zB'+ B=0, zC'+2C =0,

OTKYyIa clelyeT, YyTo
B:%3 025_2’ z=t—m, m:k€R3 |m|+lk|7é0

AHanus peanusauuit anreSpsl Az 3 K HOBBIM C/IydasiM He IIPHUBEJL.
CiiefoBaTe/IbHO, CYIUIECTBYET OJHA peaJu3alllsl paspelinMol TpeXMep-
Holt aare6pwl Jlu

<8t + 82, —tat — l‘ax, u3u>,

KOTOpas yA0BJIETBOPSAET YCAOBUAM CHOPMYIUPOBAHEON 3aJa4H ¥ MEBADH-
aHTHOe YpaBHeHHe 1Jisl KOTOPOH UMeeT BUJ

wer + Dy + Bu =0, mkeR, |m|+ k| £0, z=t-=
z

[TonctaBus suauenue dyuxuuit B u C B onpefensomyw cucteMy (2.39),
HaXON¥M MaKCHMaJ/JbHYI0 anre6py MHBAPUAHTHOCTH [OJYYEHHOTO ypaBHe-
nuda. Umeem cucrtemy:

zzht+m[zf_f+g]=0a h:h(t):
k{z(f+g')—2f+29]=0, Z=t—iL‘,
mk €R, |m| + k| #0.

[TporuddepeELUPORAB [TlePBOE YpaBHEHHe TPUIKIbL, 4 BTOPoe — JABaX[bl
10 TepeMeHHEOoH z, MPUXOAUM K paBeHCTBAM

mglll — 0, ng”l — 0,
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OTKYAa cAeAyeT, YTo PYHKLUHA g ABAAETCA KBAAPATHDIM TPEXUJIEHOM Ie-
peMeHHOH x:

9= AM2z% + Aoz + As.

[MoacTasus TMOJIY4EeHHOE 3HAYECHHKE g B CHCTEMY M [IDOBEAA €€ paClIeIl/IeHHe
10 CTelleHAM x, IIPUXOAMM K TaKKM DaBEHCTBaM:

he+AMm =0, —2thi+m[A2— f] =0,
2hy +mftf — £+ 23] =0, k[2M\t—f+X] =0,
k[tf —2f + Dot +2X3] = 0.

l'lpOBe}m X 2HaJAU3, NoaydaeMm, 4To

f=/\1t2+/\2t+/\3, g =/\1£L'2 +/\2I+/\3,
h= - mt+ /\4,

TO €CTb MaKCHMaJbHOK anreSpoi HHBAPHAHTHOCTH KCC/EAYEMOTO YpaBHe-
EuA ABJfeTCH YeTblpexMepHas airedpa Jlu ¢ 6a3uCHBIMU OllepaTopaMy

{(uBy, Oy + O, tOy + 20y, 20, + 2°0, — mtudy).

HenocpencTsenHas nmposepka rokasana, 4To 3Ta anrepa ABAAETCHA KU30-
MopdHoit anrebpe si(2,R) & (ud,).

Orclona crellyeT HesKBUBaJEHTHOCTD [10/1yUeHHbIX Pe3y/IbTATOB.

Ocraercs y6eaNTbCA, UTO He CYILECTBYIT YPABHEHHA HCC/IeIYeMOro
BHAa, KOTopee 6bl DONYCKanu anreSpbl MHBapHAHTHOCTH, H30MOPQHbBIE
anre6pam Jlx ¢ HeTpyBHaAbHBIM QakTopoM JlesH.

Jlist 3TOro HaMm AOCTATOYHO [IPOBECTH PACCMOTPEHHE peausauyit aj-
re6p so(3) u sl(2,R) B xuaacce oneparopos {2.30). [lpu stom oauu us
6a3KCHBIX OMEPAaTOPOB MOXKEM CPa3y IONOXKHUTb PaBHHIM Oy Wau O + Oy.

Cayuail aseebput so(3) = {e1,es, es). Anrefpa so(3) onpenensercs
TAKAMH KOMMYTALXOHHBIMH COOTHOLIEHUAMMU!

[61, 62} = €3, [61, 63] = —ey, [62, 63] = é€1.
[Tonoxus onepatop e; pasHHM J;, 2 ONEPATOPLI

eo = a(t)0; + b(x)0y + c(t, x)udy,
es = k(t)0; + m(x)0; + 7(t, 2)udy, (2.36)
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BUANM, YTO M3 BBINIOJHEHHNA [I€PBLIX ABYX KOMMYTAIIMOHHbBIX COOTHOIIEHUH
CJAeNAYIT paBeHCTBA!

a=k, coc=7v, m=0, k=-qa rn=-¢ b=0,

4 W3 BLITIOJNHEHUS TPETbErO KOMM YTALMOHHOTO COOTHOIIEHUA —
ok —ka=1, ary—ke=0.

Ho ycnosue coBMecTHMOCTH YpaBHEHUI U151 onpeneneHuss QYHKUNH a 1 k
umeeT B a?+k? = —1. OTclona cienyeT, 4To B 3TOM C/yyae peanyisaliyii
anre6prl so(3) He CYLIECTBYET.

[lyctb Tenepb e; = &; + Op, a ONepaTOPH eg, ez UMeT Bul (2.36).
Torma ¥3 BHIONIHEHHA KOMMYTalHOHHEIX COOTHOIIEHNH, KOTOPHE OIpe fie-
JAI0T anre6py so(3), noaydyaem TaKKe YpaBHeHVs [IA ollpefieeHHA QYHK-
uuit a, b, k, m:

a=k, k=—a, dk—ka=1,

bV=m, m'=—b bm—mb=1L
Ho nockonbKy yc/aoBYeM UX COBMECTHMOCTH ABIAKTCA DABEHCTBA

2, 12 2 | 2

—@ kY =1, —(m? 4B =1,

TO U B 3TOM C/ydae He CYUECTBYIOT peanusaluvu anre6phl so(3).
Cayuai anzebpul sl(2,R) = {e1, e, e3). Anre6pa si(2,R} onpenens-

eTCS TAKUMHM KOMMYTAallHOHHLIMK COOTHOIIEHUAMH!

{81, 82] = 282, {81, 83} = —263, [62, 63] = €1.

[TosTom , TIOJIOXHUB e1 = Bt 2 OIlepaTopbl €2, € 2BHBIMH OII€eDATO-
3 3

paMm (236), U3 BLITIOJTHEHNA [1€PBLIX ABYX KOMMYTAaLUHUOHHBIX COOTHOLIEHUH

[1oJy4aeMm, 4To

es = me®8, + p(x)e?'ud,, es =ne %0, + 1[}(1)62%8“,

rae m,n € R.
[lpoBepxa TpeTBEr0 KOMMYTALMOHHOTO COOTHOIUEHUS TIPUBOAUT K pa-
BEHCTBAM

—4dmn=1, my +np=0.
He ymenbinas oOLIHOCTH pacCyMIEHUH, MOXeM IOJOXKUTb m = %, n =
1 .

es = %e%at +eXo(z)udy,, es= —%e_%at + 2% (x)ud,.
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[Monyuunu peanusaunio anredpol s{(2, R). [lporepum, mMoxeT 1 oHa GbITb
anreSpoi HBApUAaHTHOCTU Uccheayemoro yparHerus. [lonctanoska coot-
BETCTBYIOLIMX 3HaueHUHt GyHKUM f, g, h 0/A KaXOOTO U3 NOJYUEHHHX
0IIepaTOpPOB B ONpefenswinyi cucTeMy (2.31) IPUBOMUT X YCIOBUAM

B=B(z), A=A(z), C=C(z),
204+B=0, ¢ =0, —2¢p+B=0,
20" +C +24Ap + By’ =0, —2¢' +C —24p + By’ =0,

oTkyna caenyeT, uto B = C = ¢ =0, a uHBapHaHTHOe ypaBHeHHe HUMeeT
BUI

ute + Alz)uy =0
1 3aMeHOH IepeMeHHbIX
t—t z—z, v— @)y

fA(:t)dx,

rpe o = e~ CBOIMTCA K TPUBHAJbHOMY YPAaBHEHUIO

Utz = Oa

KOTOpOE JIETKO UHTETPUPYETCS U II03TOMY 3[leCh He pacCMaTpUBaeTCH.

[lycTb, HakoHew, e; = 8; + O, a 0TlepaToOpH eq, es UMelT BUA (2.36).
Torna, mpoBenst aHANOTUYHBE PACCYXJEHUA, IPUXOANM K €NUHCTBEHHOH
peanuzauuy anre6psl si(2, R}, koTopas 5KBHBa/NEHTHA MOYUYeHHOH Bhlle.

CrnenoBaTesIbHO, KPOMe YaKe II0J1YUEHHOTO, He CYUIeCTBYIT YpaBHeHUs
UCCNeyeMOTO BUJA, anredpbl MHBAPUAHTHOCTH KOTOPHIX ObL1K Obl H30-
MmopdHbIMH anrefpam JIu ¢ HeTpUBUANBHEM QaKkTopoM JleBH.

Taxkke HeTpynHo y6eNuTbCA B TOM, UTO He CYIIECTBYIOT M OTIMY-
Hbl€ OT VXK€ T0JYUeHHOI'0 YPaBHEeHUs, anredphl HEBAPUAHTHOCTH KOTOPBIX
6blK Obl M30MOPGOHEIMU paspelluMbIM anrefpaM JIi pasMepHOCTH Bl
Tpex. DTO CleayeT U3 HANWYUA Y pa3pellMoi anre6pbl TaK Ha3bIBa€MOro
“KOMIIO3HUOEHOTO psfa”, UTo OaeT BO3MOXKHOCTb U3yuaTb peaNu3aluu
paspelinMbiX anre6p, OBUTasch OT pasMepHocTu | X pasmepHocTH 2, OT
pasMepHOCTH 2 K pa3MepHOCTH 3 u T.4. M ecnu oxasbiBaeTcs, uTo Ans
paspemiuMbx anredp Jlu onpenenenHoi pasMepHOCTH He CYIECTBYIOT De-
anusauuy, To, allpHOPH, OHU He OyAyT CYLIeCTBOBATh K A/IA Pa3PelIMMbIX
anre6p JIM BHICIIKMX pa3MepHoCTeH.

CnenoBaTesbHO, U3 TPOBeIeHHBIX BhIIE PACCYXICKUN cenyeT TaKod
pesy/bTarT.
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INpeanoxenue 2.4. YpasHernue guda (2.29) donyckaem anreebpy un-
BAPUARMHOCIU DA3MEPHOCMU 8biue 08Yx moeda, xoeda OHO 3KBUBA-
REHMHO YDABHEHUIO

Uy + MUy +u=0 (meR)

URU YPDABHEHUIO
m k _
Ue + S Uz + su=0, z=t-z kmeR, [k|+]|m|#0,
z

aﬂeeépamu UHBAPUAHMHOCIMU KOMOPbLX ABAAOMCA, COOMBEMCMBEHHO,
maxue wemolpexmeprole areebpol JIu onepamopos CUMMEmpPULL:

By, 10y — 20y, By — mitudy, ud,) (m e R);

(uBy, B + Oy, t0s + w0y, t20; + 2°8, — mtud,) (m € R).

¥Y6enumcs, 4To TIOJNYUEHHBIH B TIpe ANIoXKeHUY 2.4 pe3yabTaT COBNAajaeT
¢ KJacCHUKALMOHHBIM pe3yabTatoM JI.B. OBcAHHMKOBA.

JleAcTBU TeIbHO, TIePBO€ U3 IIPUBEJEHEBIX B IIpeyloxeHUH 2.4 ypaBHe-
HUH 3aMeHBOH nepeMeHHbIX

t=—t, T=2 v=e%u

CBOAUTCS K YPaBHEHHUIO
vgs + tvg + (1 — m)Zvz + (1 — m)tzv =0,
KOTOpOe C TOYHOCTBI 10 0003HAYeHHs TepeMeHHHIX ¥ MOCToAHHOH (1 —

— M = p) COBIAf@eT CO BTOPHM YpPAaBHEHHEM W3 Ipeioxenus 2.2.
[Tonoxus Bo BTOpPOM ypaBHEHHHM U3 Ipeasoxexsus 2.4 k = %,

2(1 —
m = %, BHAUM, 4TO 3aM€Ha II€PEMEHHEDBIX

SIS

t=t Z=-z, v=2%, z=t-—=x

CBOIUT €ro K YPaBHECHHUID

2vg 2pvs dpv

- S - =0
qt+z) qt+7) PI+7T)

Vir — 3

KOTopoe siBAseTcs ypaBHeHueM Dinepa-Ilyaccona.
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Cref10BaTe/IbHO, UCIIONb30BaHME HOBOIO MOAX0Ja [IPHUBeJO K H3BeCTHO-
MY De3y/bTarTy.

3aMeTyM, UYTO U3 DACCMOTDEHHBIX BHIE IIPUMEPOB cjelyeT Taxoe
OCHOBHO€ OTIHYHE TIPeJIArdaeMOr0 METOAd OT K/IaCCHUeCKoro MeToaa Jln—
OncannukoBa. Ecin B kiaaccuueckoM MeTofle Ha IIepBOM MecTe BCera
HaxoAsTcs crelluruKaluy QYHKINH, OT KOTOPbIX NMPHUXOJAT K COOTBET-
CTBYIOIIMM UM anrefpaM JIM orepaTopoB CUMMETDHM, TO B IpelsoXeH-
HOM HaMH MoJAXoJ€e Pellarllyl DOb B IPYMIIOBOH K1acCUPUKALKXH ypaB-
HeHUs UIpalT HMeHHo anredphl Jl1 omepaTopoB CUMMeTpUY (peanu3anuu
anre6p JIx), KOTODHe W ONIpelessioT COOTBeTCTBYIOLINE CIeLUMQHUKALNN
TIPOU3BOJIBHBIX QYHKIUH B HCCAEYeMOM YPaBHEHHI.

Ha sToM Mbl 3akaHYHBaeM 3HAKOMCTBO C MeTOJaMH T'DYNIIOBOH KJjac-
cuukaury aiddepeHIIMaNbHBIX YpaBHEHMH ¥ [lepeXoJUM K pellleHHIo 3a-
Ja4y TPYIIIOBON KiaaccUQUKALMN HesJMHeHHbIX ypaBHeHuH Buna (2.1).

JLas ayudirero IOHMMAaHHA KJAACCHUECKOTo MeTola I'DYINIOBOH Kaaccu-
dukauuu auddepeHIINaIbHbIX YPABHEHHH Mbl IIpeJjlaraeM q4TaTe 10 14
caMOCTOATEbHON padoTH TaKKe 3a]auH.

3aganume 2.1. [lposecTy rpymmOBYI0 KAaCCHPUKAUKIO HeNHHEHHOrO ypaBHe-
HUA ARPPYsHH ¢ MepeMeHHBMH KO3(hQUUHeHTaMy

f@w = (@) D(Wus)e —k(w)usz, [flz)-g(z) #0.

3ameruM, 4TO 3Ta 3ajaua paccmarpueajach B [L09], rae mokasaHo, yTo cylle-
CTBEHHBIMHK AJ51 PACCMOTPEHUS ABASIOTCS TOMBKO ABa caydast f(x)g(x) =1 nan

f(@)g(z) # 1.

3aganume 2.2, [lpoBecTu rpymnnoByIC KAacCHdUKALKMIO ypaBHEHUA
Fue = (g(wue)e + (g(u)(uy — 1))y — Alu),

KOTOPOE HCIOJb3YeTCsl B MOJENSX NBUKEHHS IPYHTOBBIX BOJ.
OtMerum, uTo 3nech u = ult, T,y), ¥ TO3TOMY HYXKHO paccMaTpHBaTh Kaacc
OMepaTopos

v= T(ta Z, Y, “’)ai + gi(ta Zy Yy “’)655 + 52 (t>w’ Y, u)ay + ﬂ(f, mays“)au

W ANS TOCTPOEHHS MPOLONMKEHHBIX ONepaTOPOB BOCIC/B3OEAThCH (HOPMYNaMH
(1.59), (1.62). CpaBuuTh mONydueHHBIH Desy]bTal [PYNIOBOR KJacCHQUKALKH C
pesynsraToM [95].

3aganue 2.3. [lposecTy rpynnoByl KJaCCHQHKALHMIO BOJHOBHX ypaBHEeHUH
(3necs u = u(t,z)):
utt = Azs + g (U, Uz) [L64];
utr = f(Us)Usa [175];
e = [f(Wue + g(x, ule [176].
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OTMeTHM, YTO L/ BOJHOBBIX YDaBHEHHH B OTHeJbHBIX CAyYasX yHaeTcs Ipo-
BECTH MOJHYI0 TPYNNOBYI0 KJaCCH(UKALKIO CTaHAaDTHBIME METONaMK K TOrAa,
KOTJla YPaBHEHHS COflepKaT MpOK3BOJbHbIE PYHKIHH JBYX NepeMeHHBIX.

2.2. Tpynnopasi Ki1acCM(HMKAUHUs ypaBHEHHUH
TEIVIONPOBOJHOCTH C HEJMHEHHBIM MCTOYHHUKOM

Bo sTOpoM maparpade Mbl pacCMaTpHBaeM 3ajauy TPYNIOBOH KJaaccu-
¢$UKaUMK HellMHeAHbIX ypaBHeHuit Buaa (2.1), e f = 1, g = F(t, 2, u, uy)
— rnaaxas QyHKUMA CBOHMX aPryMeHTOB, KOTODas ABJASETCH HesJUHeHHON
XOTA Obl 10 ONHOH M3 IIePeMEeHHbIX U WU Us.

2.2.1. Onepatopsl CHMMETPHH H IPYNNa IKBHBAJEHTHOCTH
YPAaBHEHHS

Hrak, paccmarprBaeTcs 3ajaya IPyNNoBOH KJIaCCUPHKALNN HeJllHel-
HBIX YDPaBHEHUH BYJa

Ut = Upy + F(t, 2,0, uz), w=ult,z). (2.37)

Ha neprom 1mare rpynmoBoil xiaaccuduKalmy ypasHeHus {2.37) naiinem
BUJ UHQUHUTE3UMAbHBIX 0NI€DATOPOR IPYIIIE CHMMETPUH JAHHOTO YPaB-
HeHVA U TIOCTPOXM ero IPYIIY SKRHWBAJNEHTHOCTH.

B cooTBeTCTBHY C M3BECTHBIM anroputmoM JIu [46, 55] Haubonee 06-
WA BUA UHPUHUTE3UMAAbHBIX 0II€PATOPOB UIlleM B KJacce OllepaTopOB

Q =70y + €0z + 10y, (2.38)

rae 7 = 7(t,z,u), € =&(t, z,u), n = n(t, z,u) — NPOU3BOJbHEE AEHCTRH-
TeAbHblE rnajfkue (YHKUUY, KOTOpble ONpejeseHbl B MPocTpaHcTRe V =
= R?@R! nesasucumbx R? = (¢, z) n sasucnmoit R! = (u) nepemennsx.
YenoBre MHBAaDUAHTHOCTH ypaBHeHus (2.37) oTHOCUTeNbHO onepaTopa ()
(2.38) umeeT BUI

O — " — TF, —¢F, —nF, — ¢ F, 0. {(2.39)

= ’(2.37)2

BEIOAHUE COOTBETCTBYIOLIME NPe06pPa30BaAHNA W BhUMCAeHHd, U3 (2.39)
noayuaeM, uto B {2.38) 7 = 2a(t), & = a(t)z+b(t), n = nt, =, u), re a(t),

b(t) — nponsBosbHble riaaKue QyHKUNY, a(t) = %. [Mpy s1oM yHKLIH
a, b, n n F n3 (2.37) cBA32HD! COOTHOLIEHUEM

Tt — Ug (ax + b) + (nu - 2é)F = Npx + 2UgWizy + Ugnuu +
+2aF + (ax + D)Fy, + nFy + o Fyu, + ug(ny — &)F,,.
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CJ]e,IIOBaTeJ]bHO, UMeeT MECTO ¢ieaywliee InpeoxXeHNe.

Mpenaoxenne 2.5. Ipynna cummempuu ypasuernus (2.37) cenepu-
pyemcs UHQUHUMESUMALbHbIMY Onepamopamu suda

Q =2a(t); + (a(t)z + b(t))0x + f(t,2,u)du, (2.40)
ede pynxyuu a, b, f, F ydosiemeopsrom pagexcmsy

fo = us (82 + 0) + (fu = 20)F = for + 2us fru + U2 fuu +
+2a-Ft+(ax+b)Fx ‘l‘f-pu‘|‘f::-F’7.L;r +ua:(fu_d)Fux~ (241)

Hertpynno yGenuthes 8 ToM, u4To XOrza Ha QYHKUMIO F' He HANOKEHO
HUKAKUX [OMOJHHTEIbEBIX YCJI0BHE, KDOMe €€ IIaAKOCTH 110 aprYMEHTaM,
TO ornepatop () fABASETCA HyjaeBbM. 10 ecThb B 0OlieM C/lyuae ypasre-
Hue (2.37) He pomycxaeT JOKaAbHBIX TpeofpasoBanuil. ParencTro (2.41)
B NaJbHeHIIeM M HAa3bIBaeM KJacCHPUUUPYIOLIUM ypaBHeHueM. OueBna-
HO, UTO IIpAMOH aHanu3 ypaeEeHud (2.41) HeBO3MOXKeH, U, UCXOAA U3 HETO,
MBl He MOXKeM MOJYYHUTh NOJEBIH Nepeuerb crelnuduxauuit Gyrxuuit F
B ypasHenuu {2.37).

[lpy nocTpoeHuy rpynmel sKBUBaneHTHOoCTH £ ypaBHenus (2.37) mox-
HO MATH Da3HEIMU NMyTAMK. Ml 0CcTaHOBUMCA CHauaja Ha MEQUHKTE3H-
MaJBHOM MeTOAE, KOTOPhIH A2eT BO3MOXKHOCTb JOCTATOYHO NIPOCTO HaiiTH
HeTpephIBHYI0 noarpynny £, rpynns £.

ByneMm uckaTh HHOUHUTE3UMANbHBIH OI€PaTOD

E =718 + &0, + 10, + 1o,

reHepupylowni rpynny £, B COOTBETCTBHU ¢ YCJIOBHEM HEBAPHAHTHOCTH
ypaBHenus {2.37) 0THocUTeNbHO IpynIH &,, KOTOpas 3[eCh 3alKCHBAETCS
B BUJle CHCTeMH

we =gy + F, F,, =0. (2.42)

B (2.42) u, F paccMaTpuBawTcs KaK Au@QepeHUMaNbHbe TepeMeHHble:
u — B TNPOCTpaHCTBe (t,xz), F — B NpocTpaHcTBe (t,x, u, Uy, Uy). Koop-
ovHaTH T, &, 17 orepaTopa E MINYTCA KaK QYHKUMY NepeMeHEBX t, Z, u,
a KOODAVHATA 4 — KAK (QYHKLUWA [EDEMEHHBIX t, &, u, Uy, Uy, F. UEDH-
HUTEe3UMaJIbHBIA KpUTepul HHBAPUAHTHOCTH cucTeMbl (2.42) rmeeT BUA

‘pt — " /-"’(2.42)2 0, (2.43)

1 g = 0- (2.44)
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C yuertom TOrO, uTO QyHKUMM T, &, 1 He 3aBUCAT oT F, ypaBHeHHe
(2.44) mipuobpeTaeT BUA

puy — Fu, 9, = 0.

[Tockonbky 3neck F' — nudpeperuuanbHas nepeMentas (Tak uto F, Fy,
ABJAWTCA anre6paruecky HE3aBUCUMEIMY), TO IIoc/elHee YPABHeEHe IIpH-
BOAMT K i = u(t,x,u, Uy, F) 1 YDABHEHHIO

vy, =0. (2.45)
[Tockonbky

T 2
@F =N + UzNy — UsTy — UpUs Ty — Uele — U,

10, yuuThiBas {2.45), IpuxoavM K 7, = 7, = 0, a nosToMy 7 = 7(¢).
CnenosaTentHo, U3 ypasHenus (2.44) caenyert, uto p = p(t, =, u, ug, F),
7 = 7(t). [loncTaBuB nosyyeHHble 3HayeHus 7, 4 B (2.43) u mposeas
COOTBETCTBYHLIKE Ipeofpa3oBaHus, IPUXOAUM K TAKOMY pPe3ylbTaTy:

T= T(t)a § = %TZ + p(t); n= "7(t, I)u)a

p=1¢— Nex + Flnu + 7) — uw(%%x + £) — 2UpNzu — u?:nuu

5010%8

E=1)d + E%x + p(t)} O + 1, x, u)0y + [Nt — Npa +

0+ D = (572 4+ ) = Buatiow — WlnaaOp. (2.46)
H3 (2.46) cnenyeT, uto £, siBAseTcs HecKoHeUHOMEPHOU T'PYIIOH Ipeos-
pa3oBaHUL.

[Mocxonbxy 3amaua KAacCHQUKALMH ONTUMAJLHOR CUCTEMEl IIOATPYIIT
fecKoHeYHOMEPHBIX TPYII, BOOGlle TOBODA, OCTaeTCs OTKPBLITOH, TO OT-
CYTCTBYET BO3MOXHOCTb HCIIOAb30BAHUA ONTHMANBHEIX CHCTEM IIOATPYIIN
nafinenHod rpymnnsl . A4 MoaydeHus cuenuduxkauuit ¢yHkuuu £ 8 ypag-
neHuu (2.37).

PaccMoTpuM Temepb TIPAMOM MeTOA IIOCTPOEHUSA TPYIIIBl SKBUBAJIEHT-
HocTH ypasHenus (2.37) u nafigem rpynny &£ ypasnenus (2.37).

[lycTh mpeofpasoranus

T= a(ta Z, U, )3 f = /B(t: T, u, )3 v = 7(t> z,u, ) (247)
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ABJSIOTCA HEBBIPOXKJEHHO! 3aMeHO} NepeMeHHHX B [IPOCTPaHCTBe V, Ko-
Topas mpeofpasyeT ypaBHexue (2.37) B ypaBHeHUe

Yy = Ugg + G(T3 ga v, Uﬁ)' (248)
B cooTBeTeTBHM € 06U.H/IM [IPaBXUJIOM 3aMEHDI NIEPEMEHHDBIX

Ur Oy + Uﬁﬂx — Yz

Yo — Ury — Ve’

Uy =

Ho us {2.48), BCieacTBUEe MPOM3BOJNBHOCTY GyHKuMu (G, caeayeT, 4To
JNOJXKHO ObITh

Uy — g(T,E, v, UE))
70 ecTb B {2.47) 06M3aTeNbHO ap = vy, = 0 vt & = ft), & # 0. Torna
3ameHe nepemerHuX (2.48), rme o = oft), & # 0, cooTBeTCTBYET

Uy = ’U-rd(’}/u - Uﬁﬂ’u)_l + 91 (T) é.) Y, UE))

Upr = Uﬁﬁ{ﬂg ('Yu - Uﬁﬂu)_l + 251‘571(”559: - 'Yx)('Yu - Uﬁﬂu)_Q +

+ 53(”559: - 792)2(71& - Uﬁﬂu)—g} + 92 (Ta ga Yy U§)3

rie 61, 8o — HeKoTopble H3BECTHHE QYEKIKY CBOHX apIyMeHTOB.
YuuThian sua ypaseerun (2.48), IPEXOAKM K DaBEHCTBY
(v — U£5U)2 = 52(’7% - Uﬁﬂu)2 +
+ Zﬂxﬂu(vsﬂx =Yz ) (Yu — Usﬂu) + 53(”555: - ’Ya:)2~

[lockonexy o, -y, B He 3aBUCAT OT u, {2 MOTOMY ¥ COOTBETCTBYIOLIVE
BbIpaXeHKA B HOBBIX IlepeMeHEHbBIX OT vg), TO, IIPOBeAA pacllellleHHe IIo-
CJleflHeTo PaBEHCTBa IO CTeNleHAM vg, [IOJy4aeM Taxylo OIpefe/AlLyl0
CUCTEMY ANA QYHKLME o, G, ¥:

(& — Bava = VoBulvzBu — 2B2vu),
_2(d - 52)71&51& = 252'?%51“ aﬂz = Q.

[Mockonbxy & # 0, To U3 MoCJAeNHeTo YpaBHeHUA CHCTEMbl C/lefyer,
uto £, =0, ¥ cucTeMa CBOAUTCHA K YpaBHeHUIO

(&—B2ni =0.

BenencTere HeBRIPOKASHHOCTY 3aMeHH IlepeMeHHBIX (2.47) v, # 0, a 11o-
stomy & = f2. Otciona moayuaem, uto & > 0, 2 8 = £Vax + p(t).
[puxoaum x TaKOMY pes3yabTaTy.



182 [naga 2. [pynnosas kjaccuduKalns ypaBHeHul

Mpennoxenue 2.6. [pynny axsusarenmuocmu £ ypasrenusn (2.37)
COCMAs8ARIOM NPeobpa3o8anus

I=T@#), ZT=ey/TW)z+X (), uw=U(t,z,u), (2.49)
202 T(t)> 0, Uy #£0, T = &, e = 41,

OueBunno, uto npeobpazopanus {2.49) nonyyaiwTces 13 npeobpasona-
HUP HeNpepbIBHOH Ipynmbl £, KOTOpas TeHepupyeTcs onepaTopoM (2.46),
€CNY TIOCJIeIHI0W JOTIOHUTD AUCKPETHHIM IIpeofpa3oBaHyeM z — —2.

2.2.2, IlpenpapuTeabpHAs rPYyNNOBAR KIACCH(OHKANHUA YPABHECHUN
(2.37)

B nanHOM IyHKTe, B COOTBETCTBUY CO BTODHIM 1IaTOM aJTrOpUTMa Me-
TOJA, MBI IIPOBOJUM IpeBapUTENbHYI0 IPYIINOBYI0 K1aCCUDUKALINI YPaB-
HeHHH (2.37), KOTopble NONYCKaWT ajre0phl MHBaDHaHTHOCTH Da3MepHO-
cTe#t no 3 BxatouuTesabHo. Kiaccudukauuio MLl IPOBOAHM, ABUTAACH OT
OfIHOMepHBIX anredp JIM K OBYXMepHBIM, 24 3aTeM — OT ABYXMEPHHIX X
TpeXMepHLEIM anre6pam JIu onepaTopoB CUMMETPHH.

HMuBapnaHTHOCTH ypaBHeHuR (2.37) OTHOCHTEJNBHO OTHOMEPHBIX
aare0p Jlm onepatopoB CHMMeTpHH. Kak 6bl10 TI0Ka3aHO BbIILE, WH-
UHUTE3WMaJ/IbHblE OIepaTopLl, KOTOPHe COCTABJAAINT §a3UC anre6pul UH-
BapUaHTHOCTY ypaBHeHUd (2.37), umeroT BuA (2.40). das ynpouieHHs Ux
BHJIa MOXeM KCIIO/Jb30BaThb 32MeHH! NepeMeHHBIX (2.49), xoTopble coxpa-
HAIOT UHBAPUAHTHHIM BUJ ypaBHeHus (2.37).

Teopema 2.1. Cyuwiecmsyrom npeobpasosarus (2.49) u3 epynnet £,
komopsie cgodam onepamop (2.40) K 00HOMY U3 MAaKUXx 0nepamopos:

Q=+0, (2.50)
Q=0, (2.51)
Q = 0. (252)

Jokasateapsctso. [lycts ¢ umeeT Bua (2.40). Torpa, ocyuiecTsuB 3ame-
Hy nepeMeHHHX (2.49), npuxoauM K onepaTopy

1

Q— Q=278+ |2 (X + %xT(T)_a) Lear+ VT 05 +

+ [2aU; + (az + b)U, + fU,) 0%
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YuuThiBasi, 4TO onepatop () He MOKET GHTL HYJEBHM OIEPATODPOM,
paccmaTpuBaeM cayuau f = 0 unu f # 0.
Caynati f =0. B stom cayuae B (2.49) nonaraem U = U(u), a nosto-

My

QzﬁhT%+—2a(¥+%iﬂT}é)+a@x+®V@]%:

Ecin o = 0, 10 b # 0, u, nonoxus B (2.49) T' paBHHIM pelleHUID
ypaBaenua 1’ = |b| ™2, npuxoauM K orepatopy

Q= +0s.

C TOYHOCTBI 1O 3KBUBaNEHTHOCTH, KOTOPYIO olpesensieT 3aMena (2.49),
MOX€eM CUMTATh, UTO

Q=05
Ecau xe a # 0, To, noaoxus B (2.49) € = 1, T paBHBIM pelleHHI0
ypaBHenus T = ﬁ, X paBHHM pelIeHUK YpaBHeHUS
a
2X +5/T =0,

TIPUXOAUM K OIIepaTopy
Q=+8

Cayvail f # 0. Ecan a = b = 0, 1o, mosnoxus B (2.49) dyuxuuio U
PABHOH DelLIeHNI YpaBHEHUs

fUu = 1)
TIPUXOJAMM K OIIepPaTopy
4= os.

Ecau xe |a|+]b| # O, To, monoxus B (2.49) @ynkuuo U paBHoil peleHu0
ypaBHEeHUs

2al; + (CLCIJ + b)Uo: + fUu = 0) Uu 7é 0)

TIPUXOAVM K Y€ DACCMOTDEHHOMY CyYalo.
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Hetpynro y6eanTbcsi, YTO MOJyYEHHBIE ONEPATODH HEJMb3A CBECTH
ONMH B ApyToit npeofpazosanusmu (2.49) us rpynnsl £ ypasuerus {2.37).
|

Hsz noxasaHEoll TeopeMEl BHIBOAWTCH CJelCTBUe, KOTODOE CONEPKUT
MepBHH KJACCUPHKALUOHHLIH pe3yabTaT VI HeJUHeHHBIX YpaBHeHUH BU-

na (2.1).

Cnencteue 2.1. Ecau neauneilnoe ypasuenue suda {2.37) donycka-
em OOHOMEPHYIO aAcebpYy UHBAPUARMHOCMU Ay, MO C MOYHOCMEIO 00
IKBUBAACHMHOCMU, KOMOPYO onpedeastom npeobpa3o8anus U3 epyn-
net £, oHO cosnadaem ¢ 0OHUM U3 MAKUX MpPex YPaBHEHULL:

e = g+ F (2,02, (253)
Up = Ugpy + F(ta u, ua:)) (254)
U = Uy + F (8, 2, Uy ). {2.55)

Aneebpbl UHBAPUAHMHOCIMU AMUX YPABHEHUL, COOMBEMCMBEHHOD, UMe-
rom 8ud

Al =0, A7 =1{(0:), A]={du).

JokasateapctBo. [lpeanonoxnm, yto ypasxexue (2.37) nomyckaeT ox-
HOMEpHYI aiarefpy HHBAPHAHTHOCTH. lorma 6a3uCHBIH OIIEpaTop 3TOH
anre6pul uMeeT BuA {2.40) M, B COOTBETCTEMM C DE3Y/IbTaTAMU TeoOpe-
ME 2.1, IpuBoAMTCS IpeoBpazoBaHUsIMU M3 TPYNIE £ K OAHOMY U3 Olle-
patopoB {2.50)-(2.52). Knaccngpuuupywuiee ypasuenue (2.41) nas omne-
patopa (2.50) npuobpeTaeT BUL

:tFt = 0,

OTKyfa ciaenyet, uto F = F(z,u, uy), TO €CTh COOTBETCTEYILIEE VHBADH-
aHTHOe ypaBHeHue uMeeT BuA {2.53). Jns ypasHeuus (2.53) xaaccudu-
uupymoluee ypasHerue {2.41) uMeet sun

ft - Uo:(&x + b) + (fu - 2[1)F = fzo: + 2uxfzu +u3;fuu +
+ (U«x+b)Fx +f-Fu+fav:-l'7u;r +Uo:(fu _d)Fuxo

Ecan F szaseTcss pOU3BOJIbHOA QYHKUMEH CBOUX aPTYMEHTOB, TO HMEWT
MeCTO DaBeHCTBa

ft = fxx, ax + b = _2fxu; fuu = 0;
f=0, f:=0, fu—a=f,—2a=0, ax+b=0.
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Orcwopa caenyer, uto B onepaTtope (2.40) f =a=5b=0, 10 ecTb
Q = )\187;, A1 € R.

CiefoBaTeIbHO, MAKCHMMAJ/bHOHM anre6poll MHBAPHAHTHOCTH YpaBHEHUA
(2.53) aBaseTcs ogHoMepHas anre6pa Jlu orepaTopos cuMmMeTpun A}
AHa/IOrMYHO IPOBOAXTCH ¥ paccMoTpeHUe omnepaTopos (2.51) u (2.52),
KOTOpoOe TIPUBOAUT X ypaBHeHusM (2.54), (2.59) ¢ MaKCHMaJbHEIMU ajre-
6pamu uHBapUaHTHOCTH A%, A% cooTBeTcTBEHHO.
HeskBupaneHTHOCTL TONYUYeHHBIX YpaBHEHUH cllelyeT H3 He3KBUBA-
JIEHTHOCTY UX anre6p WHBAPHAHTHOCTH. [ |

HHBapuaHTHOCTh ypaBHeHUs (2.37) OTHOCHTEJbHO JBYXMEPHBIX
aare6p Jlu onepatopos cuMMeTpHH, Kax b0 0TMeUeHO BhILE, CPeU
JBYXMepHBIX NeHCTBUTENbHBIX anrebp JIu Ao = (e1,eq) pasnanuaioT age
anreSphl:

A2,1 : {61,62} = 0; AQ,Q : [61,62} = €q.
JLNIs UsyueHUs X peanusaluil B Kaacce orepatopol (2.40) Mbl MoxeM Hc-
I0JIb30BATh PE3Y/IbTATH TeopeMbl 2.1 U CleACTBUE U3 Hee, CPa3y IMOJOXKUB
OAMH 13 Ga3UCHBIX OTIePATOPOB 3TUX aJaredp paBHbLIM 6a3UCHOMY OIepaTo-
py onHo#t u3 peanusaunit A% (¢ = 1,2, 3). [lpu sTOM As1s yIpolnerys BrHAa
BTOPOT0 6a31CHOI0 OllepaTopa Mbl MOXeM HUCI0J/b30BaTh MPeoSpa3oBaHus

AlvT=t+ N, ZT=ex+X, w=U(z,u),

A T=t+ N, T=2+X(t), T=U(tu),

A T=T@), T=eVTo+X(t), T=u+Ultz), (2.56)

KOTOphle OCTAB/IAKT BUN 6a3uCHLIX orepaTtopos anrebp Ai (i = 1,2,3)
HeHU3MEeHHLIM.

Jlemma 2.1, C mourocmoio 00 IK8UBAAEHMHOCTMU, KOMOPYIO onpede-
Aswom npeobpasosanus uz epynnel £, peasusayuu areedpet Agq ucuep-
neisaromes maxumu arzebpami JIu ungunumesumasvHbix onepamopos:

<8ta aﬁt)a <8t’ au>’ <ax5 a(t)ax + au):
(Bu, 9(t,x)0u) (g # const), (B, a(t)dz) (& #0).

JlokasaTeabcTBO. Jns mocTpoeHus peanausauuil anre6pbl Ao 1, BCleA-
CTBYE TOTO, UTO 3Ta anredpa seaseTcs abeseroil anrebpoit Jlu, nocrta-
TOUHO MPOBECTH DACIIMPEHHA peasusalyil ofHOMeDHBIX anre6p Jiu eie
oAHuM omepaTopoM Buia (2.40).
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[lyctb €1 = 8, a onepaTop eo umeeT Bup (2.40). [IpoBepur BRITO/HE-
HUe KOMMYTALIOHHOTO COOTHOLUIEHVS, KOTOPOE OMpefensieT anrebpy As 1,
BUJIM, YTO

ea = A0y + f(z,u)8,, A= const.

Ecan A = 0, to f # 0 u nepBoe u3 mpeofpasoranri (2.06), rne U
ABASETCH pelleHneM ypaBHeHMs fU, = 1, CBOAWT NaHHYH peasd3aliio
KO BTODO peanusally U3 fepedrc/eHHbX B JleMMe.

Ecau A # O, To neproe u3 npeoGpasosannit (2.56), rne U — pelueHue
ypaBHEHHA

N+ fU, =0, Uy, #£0,

CBOAMT MAHHYI DeaNus3allkio K TepBOY peanusallvy U3 [epeuucleHHbIX B
NeMMe.
[TycTs Temeps 1 = O,. Torzma

e2 = A0y +b(£)0y + f(t,u)B,, A = const.

Ecau A = f = 0, To uMeeT MecTo IOC]eHAA peann3alus U3 [epedHs
peanvzalui.

Ecan A =0, f # 0, To BTOpoe u3 npeobpasoBanuit (2.56), rne U —
petenue ypasHenua fU, = 1, CBOOUT NaHHYI Deanusalyio K TpeTbeil
peanusauuy K3 nepeurs. Ecay me A # 0, To BTOpoe U3 Npeo6pas3oBa-
Hu#t (2.56), rne X u U papHB pellleHWAM ypaBHeHUH

M +b=0, A+ fU,=0, U, #0,

[IPUBOMIUT NAHHYIO Pean3allfio K IIeDBOH peann3aliy U3 IepeuncIeHHbIX.
[TycTb, HakoHell, e = O,. Torma

e2 =2a(t)0; + (az + b}y + f(t,2)0y.

B 3ToM cnyuae TpeTbs 3aMeHa NepeMeHHBIX (2.06) CBOAUT ONEpATODH e1,
€2 K OlepaTopaM

€1 :8,7,

eg = 2aT8§ +

9= +

2aETa: X) Eﬁdzb
() e

+ [2aU; + Up(ax +b) + f105.
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Ecau @ = b = 0, To uMeeM ueTBepTyI DeaNu3alio U3 IepeuHs, The
f # const. Ecan a =0, b #£ 0, To, D0J0XKYB B 3aMeHe NepeMeHunx I, U
PaBHbIMY pelIeHUAM ypaBHeHUd

VTb =1, bUs+ f=0,

CBOIUM e1, €2 K GA3UCHBIM OTlepaTopaM TpeTbell peanusaliuy U3 MepedHs.
Ecny ke a # 0, 10, nonoxus T, X, U paBHBIMYU pellleHUsIM YpaBHeENH

)T =1, 2aX +eVTh=0,
20U, + Ug(az +b) + f =0,

CBOJIMM OIIEPATOPLL €1, €9 K BUAY
e = 817) ey = j:at_

To ecTb ¢ TouHOCTBIO N0 06O3HAYEHU T MPUXOAHM KO BTOPOH peanusaluu
U3 TIepeyHsl.

JINs 3aBepllleHUs JOKAa3aTeNbCTBA 0CTAeTCA TOJAbKO YOeAUThCA B HEIK-
BUBaJIEHTHOCTH IIOJYYeHHBIX peanqusalunii.

[Tockonpxy Bce cayyay paccMaTpHBAIOTCS AHANOTHUHO, OTpPaHUYKM-
CSl TOJbKO CAydYasiMK [IepBOH ¥ BTOopoH peannsauni nus nepeuns. [lycts
e1 = O ex = O, €81 = G, 82 = Og. llpennonoxus, uto CyllecTsynT
npeoBpasoBanus {2.49), KoTophle Npeofpa3yloT OIEpaTop e B 0llepaTop
E, = a@; + e, onepaTop ez B onepatop By = ve1 + deg, ad —v8 # 0,
NpUXoAuM K paseHcTBY I' = 0, K0Topoe NMPOTUBOPEUHT YCIOBHIO HEBLIPO-
X IEHHOCTH TPYIILL IpeoSpasosanuil £. CienoBaTenbHo, nepsas ¥ BTopas
peanusalny U3 MepedHs SB/IAITCA He3KBUBANEHTHBIMU. [ |

Jlemma 2.2. C mourocmoro 00 3KBUBANEHIMHOCMU, KOMOPYO onpe-
Jdenstom npeobpal3o8anus us epynnst £, peaiusayuu aicebpol As o Uc-
4epneLi8aOMCs maxumu arcebpamy Jlu urgurumesumaronbly onepamo-
pos:

(—t8, — —é—x@x, 8),  (—28, — 205, 8;), (—ud, B,
(Or — uby, By), {€0y —udy, 8,) (e ==x1).
JokasareasCTBo. Kax u pu mocTpoeHur peanusauuii aareSpbl As 1, Mbl

¥ 31ech cpasy MojaraeM OfWH U3 Ga3UCHHIX OMNepaTopoB {0mepaTop eg2)
PaBHLIM OHOMY M3 GasUCHBIX OTepaTopos anredp A% (7= 1,2, 3).
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[TycTh e = &;. Torna 13 BLIMONHEHUA KOMMYTALIMOHHOTO COOTHOIIEHHUSA
[e1, e2] = ex cnenyer, uTo

e1=(—t+2\)0; + (—%ax + (5> 95 + f(z,u)dy,, A & = const.

Hcrnonb3osas mepsylo 3amedy TepeMeHHBIX {2.56), tne Ay = —2A, A =
= —28, U — peluenvie ypaBHeH!A

fUL+ (6 — %I)UI =0, U, #0,
IPUXOMM K TIepBOM peasii3alliy U3 TlepeyHs.
Ecau eq = &, TO
e1 = (2t +2C1)0 + (—x + b(t))0p + f(t,u)dy, C1 = const.

BTopas samena mepemenuux (2.56), rne A = —Cq, X, U — pelueHus,
COOTBETCTBEHHO, YpaBHeHUN

2C, — )X +b(t) + X =0,
2AC, — YUy + fU, =0, U, #0,

CBOJHUT OII€PaTOphbl €1, €2 K OlepaTopaM
g = —2t0; —T05, ez = 0.

CrefioBaTeIbHO, C TOYHOCTBIO A0 0603HAYEHUS [epeMeHHBIX MPHUILIN KO
BTOpOH peasM3alliM U3 TepeyHs.
[lycTs, Hakownel, e; = J,. Torna

e1 =2a0; + (az + b)Fr + (—u + f(t,x))0y.

Ecat a = b = 0, To, NMONOXKUB B TpeThell 3aMeHe NepeMeHHHIX (2.56)
U = — f, npuBoauM OIepaTOpLL €1, €2 K OIepPaTopaM

ey = —ﬂé‘ﬁ, e = Og.

[Tpuinn K TpeTbel peanusalyy U3 IIepeyHs.
Ecnu a = 0, To cyllecTBYeT 3aMeHa, KOTOpas CBOJUT OIepaTopHl €1, €2
K OIIepaTopaM, KOTOPHE COCTABJAIT 6a3uc YeTBepToit peanusauuu. Ecin
Xe a # 0, ToO aHaJOTHYHO TIPUXOAUM K NATOH peasiu3allvd U3 IlepeyHs.
HenocpencTeenHbIMY BHIUUC/AEHUAMY yOex aeMcs, YTO [OJy4eHHblE
peanusaliiyl ABJAAITCA HeSKBUBAJNEHTHBIMU. [ |
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HUcnonbsys pesynbtatel seMM 2.1 1 2.2, NpUXoauM KO BTOPOMY KJacCH-
bYKALKOHHOMY Pe3yNbTaTy AJs HCCJeyeMoro Kjaacca ypaBHenu# (2.37).
llanee Mbl UCIIOAb3YeM TaKue 0603HAUEHHS!

21_<ataa>
21_81?) >
Or, a(t)0r + By);

(
(
{—t0y — 5131,(%);
(-
=

20 — 20y, O );
A%, = (8, —ud,, 8,);
Ady = (eBy —udy, 8) (e =+1).
Teopema 2.2. Heauneilnvie ypasuenus suda (2.37), xomopsie do-

nyckaom 08yxmeprole areedpsl UHBAPDUAHMHOCIMU, C MOUHOCME0 00
IKBUBANCHMHOCIUL UCHEPLOIBAIOMCA MAKUMU YPOABHEHUAMU:

AL up = uge + Flu,ug);

A2 up=Uuge + Flz,ug);

AL up = Upe — Guug + Fltug), a=alt);
Abo s up = Upe + U2 F(u, zug);

AZo 0 wp = Uge + U (u tu2);

Ao up = Upe 4 uF (8, €% uy);

Adot up = Upe +uoF(z, euy), €= %1

[lepsoil 8 xaxcdoil cmpouke nepeuxs ykasana 00ra U3 cemu peau-
3ayuil dsyxmeprulx areebp Jlu, Komopovie OAa NPOU3BOALHLIX IHALEHILL
Qurkyuil F 26A810MCE MAKCUMANbHBIMU QAEODAMU URBAPUAHMHOCTIL
COOMBEMCMBYIOUIUX YPASHEHULL.

JokasareabcTBo. Eciu ypaBHenue Buna (2.37) nomyckaeT OBYXMepHYIO
anre6py JIM MHBApHAHTHOCTH, TO 6a3UC 3TOX aAre6pH COCTABAAIT Olle-
patopul Buaa {2.40). B cootBeTcTBHE ¢ pesyabTaTamMu JemMm 2.1 u 2.2,
C TOYHOCTBIO [0 3KBUBAJEHTHOCTU, TaKUe aareSpbl HHBAPHAHTHOCTH IIPHU-
HaJIexaT MHOXeCTBY peanusalmit aaredp Ag 1 1 Ag o, KOTOpEE OTYYe-
HEl B YIOMSHYTEIX BHIIIE JeMMax.

[TosTomy mnsi noKasaTeqbCTBA TEOPEMBl IOCTATOYHO M3 MHOXECTBA I10-
JYUeHHEIX peanusauuit anre6p As 1, Ao o 0T06paTh Te, KOTODLIE AB/ANT-
cAl anreGpaMy UHBAPHAHTHOCTH HeJMHEHHEIX ypaBHeHUH Buaa (2.37). s
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5TOTO HYXHO yKa3aTb BUA (YHKUUH £ B COOTBeTCTBYWUINX UHBapHaHT-
HBIX YpaBHEHHUAX.

Jlnq nmepoit u BTOpo# peanuszauuit u3 JeMmu 2.1 (MBl UX 0603HauaeM,
COOTBETCTBEHHO, A1, A3 ) BUN UHBAPHAHTHBIX YPABHEHUH OUeBHIEH:

Ady o up= e + Flu,ug);
A3 up = Upy + F(z,ux).

Jl1s TpeTbedt peanusanuy us AeMmbl 2.1 (peanusauuu A3 ) nposepka
Kaaccuduumpyomero cootolmenus (2.41), ¢ yuetom F = F(t,u, uy),
TIPUBOJUT K PaBEHCTBY

—Guy = F,
OTKyla CJIeflyeT, UTo AMA A3 | MHBapHAHTHOE YpaBHEHUE UMeeT BUA
Ut = Upy — QuUy + F{t, uy).

[posepxa xnaccudguurpywouero ypasuenus (2.41) nns geTseproi pea-
JU3aLVH anrebpbl Az 1 U3 Jemmbl 2.1, ¢ yaetom F' = F(t, z, u, ), IPUBOAUT
K pPaBeHCTBY

9t = G2z + 92 Fu,, g =9(tx)

[Tockonbxy g # const, To 08s3aTeNbHO g, # 0, a IO3TOMY

F={(g— gm)g;luz + F(t, ),

OTKYHA CJeAyeT, UYTO COOTBETCTBYIIIlee NHBAPHAHTHOE YPaBHEeHYe ABIAET-
csl AuHelHbM AvddepeHlnalbHbIM YpaBHeHNEM, U U3 Ja/ibHelllero pac-
CMOTPEHHA Mbl €0 UCKJ0uaeM.

Haxoueu, paccmoTperue mocnenses: u3 peanusaunit anre6pol Ag 1 IpH-
BEJIO K YC/0BUIO

o, =0,

0TKyJa caenyeT ¢ = 0, UTo IIPOTUBOPEYUT YCAOBUI CYLUIECTBOBAHUA 3TOH
peanusauny. CnenoBaTeNbHO, 3Ta peau3allus He MOXKeT OHTb anredpoit
WHBAPUAHTHOCTU YPaBHEHUH UCC/elyeMoro BUIa.

[lpoBe st aHAMOTUUHBIN aHaau3 AN peanusalni anredpo! Ao o U3 JeM-
MB 2.2, Mbl MOJYYH/IM, YTO TOJbKO TpeTbf K3 HHUX He YIOBAETBOPAET
yCJ10BUAM CPOPMYIUPOBAHHON 3aaul: COOTBETCTBYNOLIEe WHBapHaHTHOe
ypaBHeHUe

Up = Ugpy + U F'(E, 2)

ABJAETCH JUHEHHBIM.
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OcTanbHble Xe peanusauuy anre6ph Ao (peanusaumu Abo (i =
=1,2,3,4)) yooBJeTBOPAIT YCIOBUAM CHOPMYIUPOBAHHON 3aJaull, U CO-
OTBETCTBYIOLIHE UM MHBADHAHTHEIE YPABHEHHA MMEIOT BUA, KOTOPHIH IIpH-
BelleH B GOPMYJIMPOBKE TEOPEMHL.

[l 3aBeplleHusl NOKA3aTeJbCTBA TeODEMBl HYXKHO yOeluTbcs, 4TO
MaKCcUMaJsbHble aNreSphl UHBAPUAHTHOCTY [IOJYYEeEEBIX YPaBHeHHH CoBMa-
JAI0T ¢ COOTBETCTBYHILKMMU pealu3alUaMi.

PacemoTprM moapoSHo cayyait A3 | -MHBapHAHTHOTO ypaBHEHUS.

3neck F = —duuy + F(t, uy), o = a(t), mosTomy Knaccuduuupyoliee
ypasHenue (2.41) npuobpertaeT BUA

fi — ug(az + b) + (fo — 20)[—cun, + F] =
= fmm + 2umfum + uzfuu + 2&[—&uum ’+‘ E] -
— &fup — Sufn + foFu, — durg(fu— &) + us(fu — @), .

B ciyuae npouspoabHoro sHaueHus ¢yHkuuy F (yuuTHBas, 4T0 a, b,
f He 3aBUCAT OT uy) PUXOAUM K paBeHCTBAM

a=0, fu.=0, f,=0, f;=0, i)=df,

OTKyAa caenyet, uto a = 0, f = Ay = const, b = Ay + Ao, a = a(t).
CnenoBaTebHO, MaKCUMaJIbHas anreGpa MHBAPUAHTHOCTY PaCcCMOTPEHHO-
r0 ypaBHeH¥sd, B CJyuae IPOM3BOJLHOTO 3HAYEHHS PYHKINY F, ssnsetcs
IByXMepHo# anreSpoit Jlu orepaTopos CUMMETPUM, KOTOPasi ¢ TOYHOCTBI
o BhIGOpa 6asuca coBmanaeT ¢ peanusalmed A3 .

PaccMoTpenve ocTanbHbX Ag 1 -MHBaDUAHTHHIX U Ag o-WHBADUAHTHBIX
YpaBHEHHH [IPUBOAMT K aHAJOTUUHOMY De3yNbTATY. ]

HMHBapuaHTHOCTE ypaBHeHHS (2.37) OTHOCHTEJBHO TPEXMEPHBIX
ajare6p Jlu onepatopoe cummeTpuH. Kak Obio monuepkHyTo B I1€pBOM
pasjiene, TpexMmepHble AeHCTBHTeNbHHE anreSphl Jln Az = (e1, e, es, )
C TOYHOCTBLI [0 H30MOpGU3Ma KCUEPIILIBAXTCA ABYMA IIDOCTHIMH aJire-
6pamu Jlu

so(3): [er,e2] =e3, [ea,es] =e1, [es,e1]=eq;
SZ(Q,R) : [81, 63] = —282, [81,82} =€, [62, 63] = €3;

ABYMS Da3/IOXUMBIMY Pa3pellinMbIMY anre6pamy Jln

Agq: [ei)ej] =0 (2).7 = 1) 2)3);

Azo: [er,e2] =ea, [e1,e3] =[en,e3] =0
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Y CEMbI0 HEPA3JOKKMbIMU DA3PEIIUMBIMU anreépaMH Ju

Az s [62, 63] = ey, [61,62] = [elg 53} = 0;
Asg: [enes] =e1, [ez,es] =er1+en, [e1,e2] =0;
Ags: lenes] =e1, [ez,es] =eq [er,e2] =0;
Ag,s : [61, 63] = €1, {62,63] = —¢&g, {61,62] = 0;
As7: len,es] =e1, [ea,e3] =qe2, [en,e2] =0, 0<|q <1;
Ag,g : [61, 63] = —€g, [62, 63] = €1, {61,62] = 0;
Azg: [e1,e3] =qe1 —ea, [eg,e3] =eq +qey,
[e1,e2] =0, ¢>0

Knaccngurauyio HenvHeMHBX YpaBHEHUH, KOTOpble JOTYCKAIT TPEX-
MepHble aire6phl WHBAPHAHTHOCTY, HAUKHAEM C DACCMOTDEHHs peanusa-
uu#t npocThx anredp Jlu so(3) n sl(2, R).

Jemma 2.3. B kaacce onepamopog (2.40) rne cywecmsyrom peanu-
sayuu arzebpel so(3), a pearusayuu areebpes sl(2,R) ¢ mourocmeso do
IKBUBANCHMHOCTILL LCUEPTbIBAIOMCA MAKUMI DEAAUSOUUAMU:

(4, t8; + %xaz, 428, — t2d,),

(8y, 0, + %xaz, 120, — tzd, + 228,),
(B, uBy, —u20y).

JlokasarteascTBo. [Ipu noctpoennu peanusauuit anreép so(3) u sl(2,R)
MBI, MCXO[A U3 Pe3y/bTaToB TeopeMbl 2.1 U C/lENCTBUS U3 Hee, CpPa3y e
MoJyyaeM, 4TO OOMH U3 6a3WCHHIX ONEPATOPOB 3TUX anre6p npoferaer
MHOMXK€eCTBO 0NepaTopoB {8, O, O, }.

PaccMoTpuM CHauana BOIPOC O CYLIECTBOBAHMM peasNu3alldil anre-
6pbl s0(3). [lyctb e = 8, a omepaToph! eg, es umewoT BuA (2.40). [1pose-
PUEB BHIIONHEHHe KOMMYTALMOHHBIX COOTHOLIEHK [e1, eo] = e3, [e3,e1] =
= eg, BUAUM, YTO C TOYHOCTBIO [0 3KBHUBAJEHTHOCTH MOXKEM IIOJOXKUTh

eg = 2accostd + [—axsint + Fcos(t +v)]0x +
+ (@) coslt + B (z, 1)),

es = —2asintd; — [axcost + Ssin(t + )]0 —
— ¢(z, u)sinft + ¢ (z, u)]0y,
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rze «, B, ¥ — NpPOU3BOJbHBIE NeHCTBUTEbHBIE NOCTOSHHLIE, ¢ U 3% —
NPOX3BOJIbHbEE JeJICTBHUTe bHblE IaJKie QYHKUHU CBOKX apryMeHTOB.

Ho BhinoaHeHKe TpeTbero KOMMYTaLMOHHOTO COOTHOLIEHHS [eg, es] =
= e; NPUBOAKT K ycaosuw 4o = —1, KOTOpoe He UMeeT CMbicAa B jeH-
CTBUTEbHOH 06/1aCTH.

Ecnu ey = 0., TO aHAJOTUYHEE DACCYXKIEHUs NIPUBOAAT K OWNHOOYHO-
My paBeHCTBY 1 = 0.

Haxorel, ecau e; = 8,, To, NPOBEPUB KOMMYTALMOHHBIE COOTHOIIE-
HUSA, onpefenslive aareSpy so(3), BuAUM, 4TO

ea = @(t, x) cosudy, ez = —p(t, z)sinud,,

roe % = —1.

CnepoBaTesibHo, B KJaacce onepaTopos {2.40) He CyLleCcTBYHOT peanu-
3auuu aare6pel so(3).

[lepeiipem Temepnb x mocTpoeHu peannsanuit aaredpor si(2, R). [lycte
ep Tpo6eraeT MHOXKeCTBO onepaTopos {J;, &.,8,}, a onepaTtops ej, e3
umerT Bug (2.40).

Ecnu eq = &, TO, NPOBEPUB BHIOJHEHNE KOMMYTALMOHHBIX COOTHO-
WeHWH, KOTopble onpefensioT anredpy si(2, R), Buaum, yTo ¢ TOYHOCTHIO
[0 3KBHBANEHTHOCTH MOXKEM IOJOXKATD

ep = /\1€_t(28t - xax);
ez = _%’\fletat - %Aflxetaﬂﬂ + ex?e’dy,

rae A1 €R, A\ #£0,¢=0,1.
Jlanee, 3ameHa repemMeHHbBIX

t=Lx-ter =, /L] ]—11-@%‘ ="l M #£O
) 1 ) 5 1 3 5 1 ) 1 3

npeo6pasyeT oIepaTop ex B onepaTop t&; + %585, OrnepaTop e; — B Olle-

paTop O, a omepaTop e; — B OIEpPaTop —_26% — 1785 + €220 (e = 0,1).
CJle10BaTeNIbHO, B 3aBUCUMOCTH OT 3HAYEHUH € UMeeM OfHY W3 ABYX Iep-
BbIX [IPUBEJICHHHIX B QOPMYNUPOBKe peanusauuil anreSphl si(2, R).

Ecnut eq = 8, To NpoBepKa KOMMYTALMOHHHX COOTHOIUEHUH, KOTO-
phe onpezeasoT anredpy sl(2,R), NpuBoauT K OWKGOYHOMY DPaBEHCTBY
-2=0.

Ecnu xe eg = 8, T0, NPOBEPUB BHIMOJIHEHYME KOMMY TAIIHOHHEIX COOT-
HOIIEHUH, KOTOpble ompefeasoT anreSpy si(2,R), Buaum, uto ¢ TOUHO-
CTBIO [0 3KBMBAJEHTHOCTH MOXKEM TIOJIOKHUTh

e1=e %0, e3=—e"0,.
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I[aﬂee, 3aME€Ha MI€PEMEHHBIX

t=t, xT=2 uU=e"

npeofpasyeT OrepaTop e B OepaTop Oy, ONepaTop eq — B ONEPATOp Ulq,
a orepatop ez — B orepatop —u-8y. [Ipulax K TpeTbel peanusalluy us
npuBeleHHbIX B GopMysnupoBKe JeMMbl. HeskauBa1eHTHOCTD I0OAYUeHHBIX
peanusaur#t anredSpr si(2,R) mposepsieTcs HemoCpeACTBEHHO. ]

Teopema 2.3. Heaunednsie ypasrerus suda (2.37), Komopsie do-
nyckaom ancebpst UHBAPUAHMHOCMU, U30MODDHbIE ROAYAPOCTbIM AN-
eebpam Jlu, c mourocmero J0 IKBUBAAEHMHOCMU UCHEPRbLBAIOMCA YPAS-
Heruem

2

1 -1
ut=u12+—uz—x

uy + 272G (W),

ede G — npou3sorbran eAadKkas QYRKYUL NEPEMERHON w = 2u — XU,.
B cayuae npoussonerozo 3naverus gyrkuuu G mMaKcumasbroll aisce-
OpOti UHBADUAHMHOCIU YPABHEHRUS ABAAEMCL MAKAA DEaAU3ayUs ar-
eebput sl(2,R):

(By, 3, + %x@z, —t28, — t20, + 229,).

JokasateanpcTBo. C TOYHOCTHI J0 M30oMopdU3Ma cpeir Hanfosee HU3-
KMX TOJIYIIPOCTBIX JeHCTRUTENbHEIX a/1re6p JIu pasnnuaoT ABe Tpexmep-
goie anre6psl JIu: so(3), si(2,R).

B cooTBeTcTBHU ¢ pesynbTaTaMu JeMMb! 2.3 B KJacce OlepaTopOB
(2.40) peamusaunu anre6pel so(3) He CYINECTBYIOT, a peasu3allvy aj-
re6pel s{(2,R) ¢ TOYHOCTbIO [0 IKBUBAJ/IEHTHOCTH HCUEDIIBIBAIOTCA OJHOH
Y3 TaKUX peannu3alluil:

(B, 48; + %x@x, 128, — tzd),

(B4, 88% + %x@x, 128, — tz, + 228,),
(B, uby, —u2Dy).

[TockobKyY TIepBHE ABe peanr3alllyl ColepKaT ornepaTop J¢, T0 B COOT-
BETCTBYIOIIMX MM WHBAPUAHTHLIX ypasHeHusx F = F(x, u, u,). llpn stnx
YCIOBUAX KiaaccHQUUupylollee ypasHeHve (2.41) ans omepartopa td +

+ %xaz rproBpeTaeT BUA

—2F = 2F, — u, F,_,
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OTKYAa C/eayeT, U4To
F=z"%Flu,w), w=zu,. (2.57)

Torma ans ormepaTopa —t28; — txd, KAacCHOUUMpYIOIIee ypaBHeHHe
{2.41) mpuobpeTaeT BUA

—2w =10,

OTKYyAa CeayeT, YTO NepBas peannsauns anre6psl si(2, R) ne moxeT 6biTh
anre6poit HHBAPDUAHTHOCTY ypaBHeHuit una {2.37).

Ilna ormepatopa —t20; — txd, + 228, KJaccHOUUUpYOIlee ypaBHe-
Hue (2.41), rae F umeet Uz (2.57), Takoe:

2F, + F,=w—-2.

OTclona cieayeT, UTo B COOTBETCTBYIOILIEM UHBADUMAHTHOM ypaBHeHHU
F= %ug —27lu, + 2720 (W), w = 2u— xu,. {2.58)

Hakoren, tpeTps peanusauus anre6psl si(2,R) conepxut onepatop &,
MO3TOMY B COOTBETCTBYIOLIEM WHBADHAHTHOM ypaBHeHuH F = F(t, 2, u,).
Ho Ttpe6opanne MHBAPUAHTHOCTH YpaBHEHUA OTHOCHUTENBHO OllepaTopa
w0, TIPUBOJUT K DABEHCTBY

F= uxFuxa
OTKyIa cjaeayeT, 9To
F=u,F(t x),

TO eCTb COOTBETCTBYWOIIEe NoCaedHell peanusalluy MHBAPHAHTHOE ypaB-
HeHUe ABJAETCA JUHeHHbIM.

[Nogsoas wrory, suaum, 4To sI(2,R)-MEBapUHaHTHbE HeJHHEHHEHE
ypaBEeHus suaa (2.37) UCUepNbIBAIOTCA OAHUM YDABHEHHEM, KOTODOE IIpU-
BeleHO B (DOPMY/IXPOBKE TeOPEMb.

Hafinem ero maxcumanbHylo anre6py uHBapuauTHocTH. Jlas artoro

noacTaBuM 3HaveHue {2.58) dyHxunu F B xiaccHOUUUpYOllee ypaBHe-
Hue (2.41):

fot o e — for — 27 2u —w) (tio: b+ 2fm +22b + %h) -

-3 (2u - w)? (fuu + }lfu> +272(fy + 227 16)G +
+a fe— 227 + 27 (2u—w)(fu+ 27 1) Gy = 0.
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[Mockonbxy 3aech a = a(t), b = b(t), f = f(t,z,u), G = G(w), T0 Ans
TIPOK3BOJIbHBIX 3HadeHKH QyHKUMK G BHIOJHEHMe N0y4eHHOTO paBeH-
CTBAa DPABHOCUJIbHO BHITIOJNHEHHIO CHCTEME! ypaBHeHU:

ft+1_1fx_f:tx=0; fuu+%1fu=0a
al‘+b+ 2f:tu+ I_2b+ %f:t = 0)

fu+21_1b=0, fu+x_1b=03 fft_2x_1f=03

oflllee pellleHHe KOTOpO!l KMeeT BUJ
a= —%Alﬂ T gt+4dg, b=0, f=2\gz,

rae Ay, A2, Ag — IIPOU3BOJIbHBEIE AeHCTBUTE/NbHblE NOCTORHHBIE MHTErPH-
pOBaHUSA.

[loxcraBue HafinenHble 3HaueHUs QYHKUUN a, b, f B onmepaTtop (2.40),
BHAUM, 4YTO MaKCKMa/abHas anrefpa WHBAPHAHTHOCTH DACCMOTPEHHOIO
yDaBHEHVA COBNAJAeT C COOTBeTCTRBYOINE peannsauuell anrebps si(2, R).

Jlas noxasaTenbcTBa TeOpeMbl oCcTaeTCsl YOAUTHCS, UTO MONYYeHHEM
ypaBHeHHeM KCUepIILIBAKTCA HeslMHeliHble ypaBHeHus Buia (2.37), aare-
6pbl MHBADHAHTHOCTH KOTODBIX ABJASKTCH IOJYIPOCTHMY anreSpamu Jlu
WY COepHKaT ¥X Kak noganredpbl. Jas sToro HaM 10CTaTOUHO y&eauThb-
CH, 4TO, KpOMe U3BecTHoH peanusauuu anre6pw si(2,R); B kaacce onepa-
TopoB {2.40) He cyllecTBYWT Takue peanyu3allMy NMOJYIPOCTHX AeHCTBHU-
TeJIbHEIX anredp Jlu, KoTopble Ob YAOBAETBOPAIHN YCIOBUAM CHOPMYILPO-
BAHHOY 3ajaun.

B cooTtsetcTBMU ¢ u3zBecTHOM Teopemo#t Kaprana [12] aw6as nony-
npocTas AeficTBUTeNbHas aareSpa JIu MoxeT GbITh passoxKeHa B NPAMYH
CYMMY TOTIApHO OPTOrOHAABHBIX MpoCThIX anredp Jlu, u 510 pasnoxeHue
eIVHCTBEHHEO (C TOYHOCTBH A0 ¥30Mopdu3Ma). Xopolo K3BECTHO, 4TO B
Teopru¥ aBCTPaKTHBIX aare6p JIu pasinuamT ueTblpe THMA KJACCHUECKHX
anre6p Jlu Haj moJsem QefiCTBUTEBHEX YHCeN:

o Tul A, 1 (n > 1) comepXHT yeThipe AefiCTBUTEbHBIX QOPMBL anre-
6pst sl(n, C): su(n), sl(n,R), sulp,q) (p+q=n. p > q), s (2n);

e un D, (n > 1) comepXuT Tp¥ AeHCTBHTENbHBIX POPMBI aJreSphl
so(2n, €): so(2n), so(p, q) (p + ¢ =2n, p > g}, so* (2n);

e ul B, (n > 1) conepxur aBe AefCTBHTEbEBIX POPMBI a2/are6phl
so(2n+ 1,C): so(2n + 1), solp,q) w+qg=2n+1,p>q);
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o unn C,, (n = 1) comepxuT TpK neACTBHTENbHBIX POPMBI aare&po!
sp(n, C): sp(n), sp(n, R}, sp(p,q) p +a=n, p > @);

Kak ormewasioch BhIlle, cpeay HauboJee HU3KUX K/IaCCUYeCKUX MpO-
CTBIX anre6p Jlu ¢ TOuHOCTBIO A0 X30MOpPQH3Ma Pa3NXyaloT IBe ajire-
6per so(3) v si(2,R). Otcroza caenyeT, 4TO BCe BOMOXKHLBIE Peanr3aLuy
TpPEXMEDPHBIX MPOCTHX anredp JIu B Knacce onepatopos (2.40), KoTopbie
YIOBJETBOPAKT YCIOBUK CAOPMY/IHPOBAHHOM 3alauH, HCUepIbIBAIOTCA pe-
anusauuel! anredpn si(2,R)

(B4, 80, + %x@x, 128, — tz, + 220,). (2.59)

Crnenyome? pasMepHOCTbIO KJACCHUYECKHX MOAYIPOCTHX anre6p Jln
ABAseTca pasMepHocTh 6. PasnuuanT (¢ TouHocThIO 00 H3oMopdH3Ma)
yeTkIpe LIeCTHMepHble OAyIIpocTHe anredper JIn: so(4), so(3, 1), so(2,2)
u so*(4). [ockonbky so(4) = so(3) @ so(3), so*(4) ~ so(3) & si(2,R),
a anre6pa so(3,1) comepxuT anrebpy so(3) Kak nopanreSpy, TO BOIPOC
O CYLIECTBOBAHMK peanusaluufl LlecTuMepHbXx anrebp Jlu ocraercs or-
KPEITEIM TOJIBKO 10151 aireOprl so(2,2). Ho so(2,2) ~ sl(2,R) & sl(2, R),
[03TOMY, TI010XKYB 80(2,2) = {eq, eg, e3) @ (€1, €2, €3), Tle OMEPATOPH! €7,
€2, €3 COBIAAAI0T, COOTBETCTBEHHO, C Ga3UCHBIMY OMEpPaTOPAMY Peannsa-
uny (2.59), a omepartophl €1, €9, €3 uUMewT Bua (2.40), n3 BHIMOJHEHHA
KOMMY TALIMOHHBIX COOTHOLIeHUH [e;,€;] = 0 (4,7 = 1,2, 3) nonyuyaem, 4To

éj = /\ja‘u (.7 = 1)2a3))

rle A; — IPOW3BOJbHblE JeHCTBUTeNbHEE NocToAHHEE. OTclona caeny-
eT, YTO B 3aflaHHOM KJacce OIEPaTOPOB He CYIIeCTBYHT U peanu3auyy
anre6pr so(2,2).

K azanoruyHoMy pesysnbTaTy NpUBENO PACCMOTPEHHe X MOAYIIPOCTHX
Kaaccruueckux anre6p Jlu, KoTopele nMexoT pasmMepHocTs 8: sl(3, R), su(3),
su(2,1).

Jlanee, mockoabKy su*(4) ~ so(5,1), a anrebpa so(5,1) comepxut
Kax Tofanrebpy anrebpy so(4), To B Kjacce 3a[aHHEIX ONEPaTOPOB iHe
CYILIECTBYET PeATU3ALINH, OTAHYHLIX 0T peanusauny (2.59), anrebpel THna
Ap_q (n> 1) nuna D, (n> 1).

He 6ynyt umeTsh peanusauuil, oTIu4HEX 0T (2.59), u anreGph THIIOB
B, (n>1)uCy, (n>=1). B camom nese, yxe nis n = 2 anre6psl THna
B, conepxar xak nopanreSpnl anre6pel so(4) ¥ so(3,1). Takxke ume-
10T MecTo Takue cooTHoweHuA: sp(2, R} ~ so(3,2) (nonanre6poit so(3,2)
asasetca so(3, 1)), sp(1,1) ~ so(4,1) (mopanre6poit so(4,1) ssasertcs
s0(3, 1)), sp(2) ~ so(5) (nonanretpoit so(5) asasercs so(4)).
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OcTaeTcs pacCMOTPETH CJayYay UCK/IWYUTEJNbHEIX IOAYIPOCTHX fAel-
CTBUTE/IbHBIX a/1re6p JIu, KOTopble IPUHAMIEKAT K OHOMY K3 [I5 T THIIOB:
G1, F4, Eg, Fr, Eg. [lockonbKy UX paccMOTpeHHe TIPOBOANTCH aHaNoTHY-
HO, NOAPOGHO PacCMOTPXM IIepBble 1Ba THIA 3TUX aaredp.

Tun Go conepXyT KOMNaKTHYIO AeHCTEHTENBEYI GOPMY go U Of-
HY HeXOMIaKTHYW neHcTBHTeNbHYIW QopMy gh. [lockonbky g2 N gh ~
su(2) @ su(2) ~ so(4) u anrebpa so(4) He UMeeT peanusaluyil B 3aJ1aHHOM
KJlacce OIlepaToOpoB, TO B 3TOM KJ/4aCCe OIIepaTOPOB He MMeT peanusauuit
U aareSpel g ¥ gh.

Tun F4 COmEPXUT KOMIaKTHYKW IelCTBUTEAbHYI0O dopMy fq U IBe
HeXOMIaKTHble AeffcTRHTenbHble QopMbl f), fF. Tockonbky f/ M fq ~
sp(3) @ su(2), f¥'N fq4 ~ so(9), To B 32JaHHOM KJacce ONepaTOPOB He
HMeWT peasu3aluuil 1 aare6pl 5TOro TUIA. |

Temepp mepeitzeM x xsaaccuduUKalMy HeJWHeHHBIX YypaBHeHHH BU-
na (2.37), anre6paMy MHBaDHAHTHOCTH KOTODPHIX ABJASITCA DaspellUMBble
TpeXMepHble AefiCTBUTEbHEIE anre6prl JIM 0rlepaTopoB CHMMETPHH.

Kax 6bu10 0TMeueHO Bhlllle, TpeXMepHBIE PaspellVMhe AelCTBHUTeNb-
Hble aare6phl JI¥ MCYepIBIBAIOTCS ¢ TOYHOCTBI 10 U30MopdU3Ma ABYMsl
pasoXUMbIMH anrebpamu JIu (As1 ¥ Az o) U CeMblo HepasJOXUMBIMU
anre6pamu Jlu (Asy, i =3,4,...,9).

PaccMoTpeHye HauyEaeM W3 TIOCTPOeHUS Az - U As o-WEBAPHAHTHEIX
ypasHeHufl. Jlas onucanus peanusauuil anredp As; = {e1, ez, e3) (i =
= 1,2) MBI CYLIECTBEHHO UCIIOb3YeM pe3yabraThl semM 2.1, 2.2 v Teope-
Mbl 2.2. Tak, nockoabky As1 = 34; = Aoy @ Ay, tie Asq = (e, e2),
Ay = {es), To 1py NOCTPOEHUH peanrsauuit anreSpnl As 1 B Kaacce ore-
paTtopos {2.40) MBI MOXeM Cpasy [OJOXUTb, UTo anrefpa Agq = {e1,ea)
COBNajiaeT ¢ onHOX U3 peanusauuit AL, (i = 1,2,3). Jlas yrnpouwenus
BHJA orepaTopa es OyleM HCIIOJb30BaTh IIpeofpasoBaHuA

t=t+A, ZT=z+N, u=U(u); {2.60)
t=t+A, T=ex+Xy T=u+U(z) (2.61)
t=t+X, T=2+X(@t), u=u+U(t), (2.62)

KOTOpble COXPaHAKT, COOTBETCTBEHHO, BUJ Ga3UCHBIX ONEPAaTOPOR peasy-
sauui A, A2, A3, neusmenunm. B (2.60)-(2.62) A, Ao € R, e = £1.
Mycts Ayq = Al,. Torna e; = 8, e2 = 8, a osTOMY €3 = f(u)8,.

YunThiBas neficTBUe mpeofpasoranus (2.60), monyuyaeM peanusauyio
e1 =0, e =0, e3=20,. (2.63)

MycTb Terepb Agy = A3 ,. Torna ey = &, ea = 9y, 2 e3 = A&, +
+ f(z)8,, X € R. Ecam A = 0, To ¥MeeT MeCTO peanusalus

e = Bt, €g = 3u, €3 = f(l:)au, fl 75 0. (264)
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Ecau xe A # 0, To, nosoxus B npeofpasopanusax (2.61) ¢yukuwmo U
PaBHO pelleHUI) YpaBHeHUs

AU, +f($) =0,

yGexaaeMcs, UTO B 3TOM CJydae omepatopsl e; (¢ = 1,2,3) cBomaTes K
onepaTtopaM Buja (2.63).

[lycts, nakomeu, Agy = A3,. Torna ey = &, ea = a(t)d; + 9y,
a TI03TOMY

e3 = 273, + b(t)B + F(£)0u,

e 22&a =0, A e R.
Ecnn A # 0, To & = 0, u, nonoxue & (2.62) X u U/ papHHMH pellle-
HUSAM, COOTBETCTBEHHO, YpaBHEHEHH

DX +b=0, 22U+ f=0,

CBOIMM OMepaToph e; (¢ = 1,2,3) k Tpem omepaTopaM Braa (2.63). Ecnu
xe A =0, To HMeeT MeCTO peasH3alus

e1 =8, ex=o0o(t)0; +9,, esz= ()0 +(t)0u, (2.65)

rie magkue QyHKUMM «(t), G(t), y(t) NpHHEMAKWT 3HAYEHHs, KOTOPHe
TapaHTUPYIOT JHHENHHYI0 He3aBUCHMOCTb OTIepPaTOpOB €1, eg, es.

CnefoBaTebHO, C TOYHOCTBI0 O 3KBHBaJEHTHOCTH, KOTOpas OIpefe-
AseTcs NpeofpasoBaHUsAMK K3 TPYNnH &, UMeeM TPU DeaNusallly aire-
6pel A3 1, KOTOpbIE ONMpefeNsoTCs TpoHKaMHu orepatopos e; (1 = 1,2,3)
(2.63)-(2.69).

OmnpepenumM Bua ypaBHeuu# (2.37), KOTOpble HHBaDHAHTHLI OTHOCH-
TeNIBHO KaXo¥ ¥3 TONYUEeHHHX peanusalnil anredpsl As .

B cnyuae peanuzaunu (2.63) BUN ypaBHeHHA OUeBHJEH:

Up = Ugy + G (Ug )

Ecnu 6asucuble onepatoph! anrefpbl Az umewnT Bua (2.64), o F =
= F(z,uy) 4 ycaorue uHBapuaHTHOCcTH {2.41) nas omepartopa es Npro6-
peTaeT BUI

'+ FF, =0, f #0.
OTC}O,Ila cnenye'r, 4To
F=—f"(f " us + G(x),

TO €CTb COOTBETCTBYIOLl€C MHBADHNAHTHOE YDAaBHEHIYIE JMUHENHO.
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[lyctp, naxomen, GasucHble omepaTopsl anreSphi As; HMeEWT BUA
(2.65). Torna F = —duu, + F(t,u,) 1 yenosre nuBapranTHocTH (2.41)
LJ151 OIIepaTopa es IIPUHHMAeT BUA

;Y = (/3 - ’Yd)uim
OTKyza caeayet, yto v = C4, S =~vya + Cy, C1,C2 € R. Ho Torna e3 =
= C1(adyr + 8y) + C28r = Cren + Caey, UTO IPOTUEOPEUYHUT YCAOBHID
JMHeHOI He3aBUCUMOCTH 0IepaTopos e; (i = 1,2, 3).
Crleq0BaTe1bHO, TOABITOXKNBAA CKAa3aHHOE BhIIlle, yoexaaeMcs, 4To Cy-

LeCTBYeT OfHA peanrsalus anre6pbl Az ;, KoTopas ABAAeTCH anre6poi
UHBAPHAHTHOCTH HeJMHeHHOoro ypasHeHHs suaa (2.37). A umenHo,

<3t; Or, 8u> U= Ugx + G(“x)

[lepefinem Temepb X paccMoTpeHHI0 peanusaimuil anredpbl Ago. [lo-
CKOMBbKY Az o = Ag o ® Ay, rae Aoo = {e1,e2), A1 = (e3), To npy omuca-
HUX peann3auuil anre6pel Az o Mbl MOXKEM CDa3y Iosarats, 4To anreépa
Ago = (e1,e9) coBnazaer ¢ opHo#l W3 peanmsauuit Ay, (2 = 1,2,3,4).
Jast yrnpolleHVs ByAa oneparopa es GyAeM KCIIONb30BaTh IpeodpasoBa-
HIA

t=t, T=¢cx, u=U(u); (2.66)
t=t zZ=z+MV[t|, w=Ulu); (2.67)
t=t+A, Z=z+X({t), u=u+e "U(t), (2.68)
IT=t+A, ZT=ex+Xdo, U=u+e U(x), (2.69)

KOTOPble COXPAHAKT BUA GA3UCHBIX OII€PATOPOB, COOTBETCTBEHHO, pea-
nusauui Ao, A3, A3,, A%, neusmennnm. B (2.66)-(2.69) ¢ = £1,
/\1, A € R

Nycts Ag g = A},. Toraa ey = —td; — %x&x, es = O, e3 = f(u)dy,

f # 0. HeTpynuo y6enuthed, yto npeofpasosanue (2.66), rne U — pe-
mwenre ypaBHenus f - U, = 1, cBoaUT AaHHYWH TPOHKY OIIEpATOPOB K
oIepaTopaM (MCIo/b3yeM HauadbHble 0603HAYEHNs):

e1 = —t8; — %xaz, e =8, e3=0,. (2.70)

Mycts Aso = A3,. B atom cayuae e; = —2t8; — 28,, ez = O,
es = A/|t|0r + f(u)By, A € R. Eciw A = 0, 10 f # 0 u aHajoruyHo
TpeAblAYLIEMY CAYYaw IIPUXOANM K peanusalyy

e1=—2t0 —x0z, e2=20,, e3=20,. (2.71)
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Ecau f =0, A # 0, To HMeeT MeCTO peanu3alys
e1 = —2t0; — 20z, e =0y, e3=+/]t|0. (2.72)

A ecim Af # 0, 10 ¢ TOuHOCTBI JO AeficTBUA NpeobpazoBanua (2.67)
UMeeM peaqu3almnio

e1 = —2t0y — 2By, en =08y, ez =+/|t|0r + 8y (2.73)
Myctb, nanee, Aso = A3 ,. Torna

e1 =0y —uby, eg=203,,
e3 = A0 +b(t)3 + e T f(t)0,, AR

Ecau A = b =0, 1o UmeeT MeCTO peanusalua
e1 =0, —udy,, ex=0y, e3=eTf(t)0,, [f#O. (2.74)

Ecaz X =0, b# 0, 10, nonoxus 3 (2.68) U = b~ 1 f, cronum 6a3ucuble
OmlepaTopEl K ornepaTopaM (B HauajbHBIX 0003HAYEHUAX):

e1 =0, —ud,, ex=08,, ez=0a(t)d, a#0. (2.75)
Ecau xe Ab # 0, To aHaNOrM4HO NIPUXOOUM K peanuzauuu
e1 =0, —uby, e3x=20,, e3=37. {2.76)
[ycTb, Hakoxew, Ap o = A} ,. Torna

€1 = eat - Uau, €2 = a’u;
e3 = C10 + Cody + e_Etf(:r)au, Cl, Cs € ]R, €= =£1.

C TouHOCTBIO JI0 JelcTBUA NpeobpaszoBaruit (2.69) 1 BrGopa Gasuca mpu-
X0IUM K TaKHM peann3aursaM:

€1 = €0y — udy, eg = 0y,
es=e f(x)8y, f#0, e==xl, 2.77)
e1 = €0y —udy, ey =0y, e3=0, €= =xl, {2.78)
€1 = €0y — udy, eg = 0y,
e3 =0y +A0;, A>0, e==l. (2.79)
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[Tposenem oTBOp U3 TONYYEHHEIX Peannusaluil anre6pe Ag o TeX, KOTO-
pble ABJAKTCA anre6paMyu WHBAPUAHTHOCTH HENMHEHHBIX YpaBHEHHH BH-
na (2.37).

Jlna peanuzauuu (2.70) BUI MHBapUAHTHOIO YPaBHEHUS OUeBUJIEH!

Up = Uy + u2G(w), w = 2u.

AHa/OTHYHO, BHA YpaBHEHHS, KOTOPOE WHBAPWAHTHO OTHOCHUTEJBHO
anredpbl Az o ¢ 6asucHBIMU onepaTopamy (2.71), Takoi:

Up = Upp + 7 IG (W), w = tul.

Ecnu umeer mecto peanusauus (2.72), To B ypasxenuu (2.37) F =
= t71F(u, tu?), a nosTomy ycnoBue uHBapruaHTHOCTH (2.41) 147 omepa-
TOpa e3 NMPUOGPETAET BU

ur =0, ==l
2/t

OTcroaa ciefyerT, 4To JaHHAA TPOHKA ONIepaTOPOB He MOXKeT 06pa3oBHIBATh
Gasyc anreSpbl MHBAPUAHTHOCTH YPABHEHUA HCCJ/I€AyeMOTO BU[A.

Ecan nmeer MecTo peamusauus (2.73), To F' = ¢~1F (u, tu2) u ycno-
BHe (2.41) nas onepatopa eg nprofpeTaeT BUI

—2 GHu,_.:t_lﬁ'u, e=1mat>0, e=-1mat <0,
t

OTKYIa BLIT€KaeT, YTO

F= —%x/]w|u+G(w), w = tu?,

a TI03TOMY MHBADHAHTHOE YpaBHEeHUEe HMeeT BUI
1,-1 -1 2
ut=ug_-z—§t u|w| +t7 Glw), w=tus.

[TycTs Temepn onepaTopsl e; (¢ = 1,2,3) MMeOT 04HO K3 3HAUeHMH

(2.74)-(2.76). Torna F = u, F (¢, e"u,) u yciosue (2.41) nns omepatopa
€3, COOTBETCTBEHHO, UMEET BUJ OJHOTO H3 TAKUX PABEHCTB!

f=fA—-F—wE), w=¢u,,
—&=owF,, w=¢u,,

=0
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B cooTBeTCTBHM € 3TUM loJlyqyaeM TaKHe 3Ha4YeHHUA Fg VHBADHAHTHEBIX
YPaBHEHUAX!

F=u(ff71 - 1)+ G(t),
F=—do YuyInjw| +u,G(t), w= e u,,
F=u,Gw), w=e"u,.

Hamum tpeGoBanuam K KAacCHPUKALMY YAOBAETBOPAIT BTOPOE U TDe-
Tbe 13 3THX 3HaueHHH QyHKUMEK F.

Haxoueu, nnsa rpoex (1.76)-(2.79) ananoruuHo noayyaem Takue 3Ha-
ueHrsA QyHKUMKM F' B MHBApUAHTHBIX YPABHEHUAX:

= —(F + ) uz + e“Gla),
F = u,G(euy),
F=uGw), w=(u)e™M  A>0 G+#const, ==l
Haumim tpe6oBanuam K KAaccuduKalliy YAOBJIEe TEOPAIOT BTOPOE U Tpe-
The 3HayeHUA QyHKUMU F.
PesynbTaTthl KNaccudukauvd ypasserut {2.37), KOTopble MHBAPUAHT-
HEl OTHOCHUTENbHO TPEXMEPHEX PA3JOXKHMBIX DaspelIVMbIX AeACTBATeNb-

HbIX anre6p JIuM omepaTopoB CUMMeTpUH, NpeACTaBJaeHbl B Tabauue 2.1
Tam MB UCIIONB3YEM Taxue 0003HAUEHUA:

Aé.l = <3t; O, 3u>§

Ao = (~t8, — £20s, 0y, B0y

A2, = (—2t8, — 8, 8,,8,);

Ad, = (=28, — 28y, 8, /1B + 8,);
A3 g = (8 — uby, By, (1)) (& # 0);
A, = (8, — udy, By, 8y );

AS 5 = (€8 — udy, By, Oy Yy o(e==x1)

Ag.Q = <€8t - uauaa‘u) at + /\8$> (/\ > 036 = :tl)
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Tabauya 2.1
Asz.1- H As.2-MHBapHaHTHble ypaBHeHHS (2.37)
Anre6pa Dyuxuua K
AL G(uz)
Al uZG(w), W= TUg
AL, t71G (W), w=tul
Al —%t_1u\/m+ tTIGW), w=tul
Ay | —aa"lugInfw| + u,G(), @#0, w=e"us
A%, uGw), w=¢e%u,
A, uGw), w=etu,, e==1
AL, U Gw), w=(ux)*e? % A>0, e=+1

Herocpe ncTBeHHOE HCIIOAb30BAHNE ANTOPUTMA JIH [T0Ka3ano, uTo JJs
MIPOM3BOJBHBIX 3HaueHUi QyHKUME G B MOJYUeHHBIX YpaBHEHUAX COOT-
BeTCTBYIOILKe peanusaluu anreSp Az 1 1 As o ABIAIOTCA MaKCHUMalbHbBIMU
anre6paMy UHBADUAHTHOCTH 3TUX ypaBHeHUI.

Jlnis 3apepinenus rpynnosoil knaccuguxauuy As - 1 Az o-WHRAPUAHT-
HBIX ypaBHeHUH Heo6XoAMMO ySeNuTbCs, YTO 3HaueHWA QYHKUME F 13
tabnnupl 2.1 onpefensoT HesKBUBaNeHTHHe Ag o-UHBADHAHTHBlE YpaBHe-
HUA Hccaeayemoro sua. Ilnd 5Toro HaM AOCTAaTOUEO yO6eAUTbCA B He3K-
BHBAJIEHTHOCTH KX ajrefp MHBapHAaHTHOCTH.

[TockonbKy HOKa3aTesJbCTBO 3TOro (PakTa NpeAycMaTprBaeT BbIIIOJIHE-
HHe 3HaUNUTENbHOTO 0§heMa CTaHAAPTHBIX BHUKCAEHHH, 31eCb OTPaHUUUM-
CSi PACCMOTpEHHEM To/bKo peanusauuit A%, u A3 ,.

[TycTs
e1 = —2t0;, — Ial-, eq = 393, eg = 4/ ]tl@x + Bu;
ey = —2%85 — 585, eq = 85, e = 0.

Mpennonoxum, uto peanusaunu A2, u A3, ABAAIOTCA S5KBUBAJIEHTHbHIMHU.
Torma monXHBI CYlLIeCcTROBATL TaKue NpeofpasoBanus suma (2.49), xoto-
phie TIpeofpasyioT peanusaunio A3, = (e, eo,e3) B peanvsaumio AZ, =
= <él, 52, ég):

3
e, (2.49) E = Zaijéj (i=1,2,3), {2.80)

i=1
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rie oy € R, det||ay;|| #0, 4,7 = 1,2, 3. Benoanenue (2.80) npusoaut x
TAKUM DABEHCTBAM:

tT = 11 T,

Lo 1 . n ;
2t %T(T) 224+ X ) —ex TZ—(:'OtuﬁI—O’uX—{—alg,

ZtUt — IUI = &13, o1 — 0, 6\/T/. = /99,
UI = 23, 31 = 0, (:'\/Itl\/T/.———agQ,

\/HUI—i—Uu:agg, e =+l

VuyTeiBast, uto VT = ogp # 0 (B IPOTUBHOM ciyuae mpeo6paso-
BaHUA GYAYT BHIPOMJEHHHIMY), TIPUXOAKM K DaBeHCTBY ~/|t|oms = aag,
H3 KOTOPOTO CJedyeT, UTo ago = age = 0. [lonyuenHoe mpoTuBoOpeune
MOKa3blBaeT, YTO Hallle IIpefrofoxeHue omuboyHo. CaeqoBaTeNbHO, pea-
nusauuu A2 o u A3, ABAAIOTCS He3KBUBAJIEHTHEIMH.

Jlanee TIpOBOAMM KaacCUMKAINI HeNMHeHHBIX YpaBHeHUR BujJa
{2.37), anre6pamMu MHBAPUAHTHOCTH KOTODHX ABJAWTCSA HEPA3JNOXKUMbBIE
TpeXMepHble paspelrvmbie anre6pul Jlu Asz; = {ey,eq,es), roe i =
=3,4,...,9.

CTpyKTypa aare6pn As 3 Taxas, UTo OIepaTOphl ej, eg COCTABJAWT
Hasuc anredpsl Jlu Agq. B cooTeTcTBHM ¢ pesynbTaTamu TeopeMmH 2.2
anrefpa Ag 1 ©MeeT TPH HeSKBUBaJeHTHLle peasll3allii, KOTOPhe ABIANT-
Cfl MAKCUMaJ/JbHBIMY a/refpaMy HHBAPUAHTHOCTH HeJMHeRHbIX YpaBHeHUI
Buga {(2.37).

[TosTomy mpu paccMOTpeHUHU peanusalluit anre6pbl Az 3 MoXeM cpasy
TIOJIOXKHTb, YTO OIEPATOPH €1, e COCTABASIOT Ha3nC ONHON K3 pealusa-
oui Ay, (4 = 1,2,3). s yropolleHrs BHa OIEPaTopa es UCIONb3yeM
npeofpasosanue (2.60), (2.61), (2.62) cooTBeTCTBEHHO.

[ycTs omepaToph! €1, ep COCTABAAWT 6asuc peanusauuu Al ;. Torna
ecny ey = O, eg = Op, TO NIPOBEPKA KOMMYTAUHOHHBX COOTHOUIEHUH

le1,es] =0, [ez,es] = ex (2.81)

TI0Ka3kIBAET, YTO B Ksacce onepatopos (2.40) He cyllecTByeT OllepaTop eg,
KOTOpBIH GBI [IOTIONHSAJ OEPATODH e1, eg A0 §a3nca anredps As s.

Ecnu ey = 8, eg = 8;, TO U3 BHIIONHEHUS KOMMYTAlIHOHHEIX COOTHO-
menuit {2.81) cnenyert, uTo

e3=(t+ A0 + flu)dy, A€R.
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HeTpyano y6eautbes, yTo cylilecTBYIOT rpeobpaszoBanusa {2.60), xo-
TOpBIe CBOASAT OIepaTop ez X BUAY (OCTaBAseM Hauya/lbHble 0§03HAUEHUs
repeMeHHbIX)

e3 =1t0; +edy, e=0,L (2.82)

Hau6osnee o6muit Bua ypaenenus {2.37), KoTopoe HHBAPHAHTHO OTHO-
CHTeJIBHO anre6phl Al |, Taxoi:

Up = Uypy + F’(u, Upy ). (2.83)

[MosTomy ycnoBre WHBapHAHTHOCTY ypaBHeHHs {2.37) oTHOCHTENbHO Hal-
IeHHO} peanusauuy anaredpn As s cosnagaet ¢ yeaoeueM (2.41) nuBapu-
aHTHOCTH ypaBHeHHus (2.83) oTHocuTenbHO onepartopa (2.82):

—u, = eF,.
OTciona cnenpyer, uto B {2.82) o6s3zarensto e = 1, a B (2.83)
F=_yu, + G (ug).

PaccmoTpeHue ciydaeB, KOTAA ONEPaTOpPH e1, ep COCTABJIAWT Gasuc
peanusauuit A2, A3, nposomuTcsa ananoruyHo. Mpl monyunay ele de-
THIDe He3KBYBaJEHTHble peann3allyy, KOTOpble SABAAKWTCA anreGpamy UH-
BapUaHTHOCTY HeJUHeNHBIX ypaBHeHU! BHaa (2.37):

{Ou, O, tOy + AOz) ¢ up = Ugs + Al + Glug), A>0;
(Bus Bu, 204 + b(E)0:) 1 = tae — Fhud = G(t), b #0;
{Ouy 02,28y + AB:) 1 U = U + Gw), w=t—Aup, A#£0;
(O + 2780y, By, 0y + 2AE[tO; + T8y — uby]) :

Up = Upy — 2AUUL + t_?’G(w), W= uyt® — 2%\, A#0.

O6mum croficTBoM anre6p Az, (1 = 4,5,...,9) ecTb TO, YTO Ole-
paTopHl €1, ep COCTABJAWT Hasuc abeseBoll NBYXMepHOU anreOphl Ao .
[Tostomy paccMOTpeHMe peanuszalui 3THX aare6p NMPOBOAUM 2HAJIOTHYHO
aHa/IK3y cayyas anre6pul As s.

OcTaHOBUMCA, HANpUMep, Ha cnyuae anre6pul Az 7. [lpy Hanuuuy us-

BE€CTHLIX IIap OIlepaTopoOB €1, €2 BCe 3J€Chb CBOAUTCH K IIPOBEPKE KOMMY-
TAIIMOHHKIX COOTHOIIIEHU

le1,e3] =e1, [eze3] =qep, O0<lg| <1, (2.84)

rIe omepaTop eg umeeT Bua (2.40).
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[lycts omepaTophl e1, ep cOCTaBAAKT Oasuc peanusauny Al ;. Torma
ecan e; = 8, eg = O, TO U3 BHINOJHEHUS KOMMYTAIIUOHHBIX COOTHOIIIE-

Hutt (2.84) (¢ TouHOCTBIO A0 nMelicTBHSA IpeobpaszoBaHuil (2.60)) cnexpyer,

L]TOq=%I/I

es = to; + %x@x +eud,, e¢=0,1.

[TpoBsepus yc/0BHe MHBapHaHTHOCTH ypaBHeHus (2.37) oTHOCKTENbHO MO-
JyueHHOH peanusaunu anreSpel Ag 7, BUAUM, uTo A13 € = 0 HHBapHaHT-
HOe ypaBHeHUe UMeeT BUJ

Up = Ugy + uiG(u),
ajgnsge=1— Bun
Up = Ugy + Gw), w=uul.

Ecin ey = O, es = O, TO W3 BLINOJHEHUA KOMMYTALHOHHBIX CO-
orHowenu#t (2.84) caeayert, yro ¢ = 2. Ho 5T0 mpoTHBOpPEYUT YCAOBHK
0 < |g| < 1. 3ameTum™, 4To A5 ¢ = 2 MBI IPHXOAKM X peasHsalliy,
KOTOpas ¢ TOYHOCTBK 10 BbiGopa 6asuca COBNaiaeT ¢ NOJYUeHHOH BHILIe.

[ycTs, nanee, orepaTophl €1, ez COCTABAAKT 6a3UC peannsauny A3 ;.
Ecin e, = 8, ea = 8,, 10

e3 = t& + %x@x +qudy,, 0<|q <1.
Ecan xe e = 8, ex = 8, 10
es = gtd; + £rdy +udy, 0<lg <1
Mpl nonyyuau ABe pasHble peanusaluy aarebpsl As 7
Ly = {8, 8., 8, + %x@x L qudy), 0<lgl<1:
Ly = (8,8, qtd: + Squd. +uds), 0<|g <1,
BriGepem B Lo 6aszHcHBle OIepaTOpH TaKUM 06pasoM:

€ =e2, ezx=e1, €= es.

q
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Herpynso yGennthes, 4To B 3TOM §asHce BHIIOMHAKNTCA KOMMYTALHOHELE
cooTHOUIeHHs anreSphl As 7 u peanusauus Lo = (€1,€2,83) coBnajaer ¢
peanusauuedt Ly, rme ¢ # 0, £1.

[TosTomy, oGbenuHsAs 3TH [Be Pealy3alNy B ONHY, IPUXOAUM K pea-
AU3alry, 6a3uC KOTOPOH COCTABJAIT ONepaTOphH

e1 =0 ex=208,, e3=1t0+ %x@x + qudy,, qF#0,+1.

CooTBeTCTBYWOLIIEEe YHBAPHAHTHOE yPABHEHHE MMeeT BHML
Ut = Upy + xQ(q_l)G(w), w =zl 2y,

[lycTb, HakoHell, ONePaTOPH €1, ez COCTABJIAWT 0a3uCc peanusa-
unu A3 . poBens paccyxkjeHus, aHaNOTHYHbE [IPebIAYIIYM, TIPUXOAKM
K €llle OJIHOM peanusalvy anreOpe As 7, 6a3nc KOTopo# COCTaBAANT Olle-
pPaTopel

Lo_
1 =8y, e3=08, +A\t2" V8,
e3 =20, + 8, +qudy,, ¢q#0,£1, AeR.

COOTBGTCTBy}OIllee VNHBapHAaHTHOE YDPaBHEHME HMEET BUI

1 1,
e = ez — AL = 2 Py + 47V,

1
w = |t‘ 5(1_‘1)'&&;

[Tony4yeHHble pe3ybTATH U HEPA3JOXKUMBIX TPEXMEPHBIX pa3pelly-
MbiX aare6p Jlu npusenens B Tabauie 2.2. Tam Mbl HCIOJAb3YyeM TaKue
00038ayYeHNA:

AL g = (8, 8y, t0, + By);

A2, = (By, B, tDy + ADy) (A > 0);

A} o = (By, B, 20y +b(t)0;) (b #0);

A%, = (B, 8,30, +A0;) (A #£0);

A3, = (By + 2NDy, By, 28y + N[O, + 20y — udy]) (A £ 0);

(@
{

Al 4= (0u, 8, 0 + %xam + (u + t)0u);
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A2, = (B, — %mmax,ztat + 20, 1 udy);

Ag.4 = <a‘u3 a&:) 2tat + Iax + (’U. + I)au>,
A} = Oy + 0By, 8y, &P ()7 0 + (L4 a)28, + [(1 — a)u + 7]8y),

rae o = a(t) (& # 0) — pelreHre HeJVHEHHOTO 0GHIKHOBEHHOTO AUM(De-
PEHLMANBHOTO YpaBHEHHUs

od +2(&)* =0; (2.85)
AL = (B, B, 100 + 320, + udy);

A2, = (8, 8y, 28, + 20y + udy);

Al g = (8, 8y, 18; + —xax —udy);

A2 = (8,,0, + )\tax,2t3t b 20, —udy) (A3 0);
AL - = (B, By, 10, + xa )

A3 7= <3t, 31, tat + §xax + u3u>;

A3 7 = (B, 0uy t0: + 530, + qudy) (g #0,%1);

A2 5 = (80, 8+ N 20D 0,260, + 20, + qud)
0<|gl <1, AeR);

AL 4 = (8, MOy + By —ME2 + A=), — Atdy + (Mu — 2)8,)
(A #0);

Aé.g = <3I)aa:r + aua
— (&)1 + a®)O, + (g — @)xbs + [(a + QJu — 2]8y);

rae ¢ > 0, a = a(t) (& # 0) — peleHye HeJMHEHHOTO OGHIKHOBEHHOTO
N OepeHInaNbHOTO YPaBHeHUsA

(1 4+ o?)é& = 2¢(a)% (2.86)

3amMeTHM, YTO HAM YAAJOCH HalTy Oflline pellleHus ypaBHeHuit (2.85)
u (2.86). OHM UMEKT NOBOJBHO TPOMO3JAKUI BUJ, ONpeeA0T QYHKUNI
a(t) HeABHO M COMEPNKAT UHTETDPAJH, KOTODble He OIPeNeJArTCH depes
3MeMeHTapHbe QYHKIMU.
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Tabauya 2.2

YpaerHeHus (1.2), HHRapHaHTHbIe OTHOCHTEIBHO HEPA3JI0MHMBIX

TPeXMepHBIX paspellHMbIX anre6p Ju

Aaretpa Dyukuua F
Aé‘a —UUg + G(ua:)
Als | Mz +Gus), A#£0
Als | —Zhtd, b0
Al Gw), w=t—Auz, A#0
ASs | D, + TG W), w=ust? — % A£0
AL, 2In |u, |[Glw), w=z'u,
_1
Al % Luug + |t 2 Glua)
1
Ay | 2GW), w=t""ul
Al, —éuug + o CexpRoHGW), w=uza*— %aa
Aé‘s G(w), W= a:_luz
1
A2, | 1872 Clue)
Al TG W), w=zu,
3
Ads | “duue + [t 2GW), w=tu,, A20
AL, u2G(u)
A3, Gw), w=1u"1u2
Al | 2?9706 W), w=g'"Mu,
1 1, 1,
ALy | =20 -l T P 4 126 w), = 1
_3
Als | e+ (B +27H) 26W), w=du(®+17Y) -
_3
Alg |—6uus + (1+0®) 2 exp(garctan 0)G(w), w=uz(l+0?) —a

Tax, obiee pemrenve ypasHeHus {2.85) umeeT BUA

(24
/exp
0

Dde =At+ A, MM eER, A#£D,
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a ypasuenus {2.86) —

/ exp(_2qarctan)dé = M + A1, A €R, A £0.
0

OTMeTUM TaK¥Xe, YTO MMOJyuyeHEble PeaNu3alyy, KakK II0Kasaja HeIlo-
CpeICTBeEHas IIpOBepKa, HESKBHBAJIEHTHH, U AA NIPOU3BOJIBHBIX 3Hade-
Hu# QYHKUHA G OHU ABJAKNTCA MAKCHMAJNBHEIMU a/ire§paMH UHBapHaHT-
HOCTY COOTBeTCTBYIOLIMX ypaBHeHUI.

2.2.3. 3asepmenne rpynnoBoi KraccuuKkanuu ypaesesus (2.37)

B 3ToM myHKTe MBI BHIIOJNHAEM [OCAeAHUI WIAT aNropUTMa MeTosa
Tpynnosod KaaccuduKaluuu auddepeHlIHaNbHbIX YpABHEHUH. 31ech Ml
[IPOBOJYM OIIHCAHVeE HeMUHeNHBIX ypaBHEHHI UCC/eyeMoro BHAa C ca-
MBIMY BHICOKUMH CUMMETPHIHBIMU CBOficTBaMH. [[d 3TOr0 HaM HYXHO
[IOJYYUThb IOJAHBIH TlepeyeHb HeSKBUBaJeHTHHIX ypaBHeHu# mupa (2.37),
MaKCHMaJ/bHEE aireSphl WHBADHAHTHOCTY KOTOPHIX HMEIT Da3MepHOCTb
BHIIIe yeM 3.

B cootreTcTBUY ¢ Teopemoit Jlen-ManblieBa Kaxaas AeHCTBUTENb-
Has aare6pa Jlu apaseTcs uau anredpott Jlu, KoTopas UMeeT HeTpUBHAb-
Hoe pasJoxenue Jley, unu paspemnnmoil anredpoit Jlu. Ucxons us sroro,
3aBeplIeHYe TPYIIOBOH KJIaCCHPUKALMY Mbl HauuHaeM C OIIHCAHKA TeX
HeJWHeHHBIX ypaBHeHu# Buaa (2.37), anre6pbl HHBAPHAETHOCTH KOTOPBIX
UMeIT HeTPUBHANbHBIH (akTop JIeBH, TO eCTb CoflepXKAT KakK Iojanrespsl
HEKOTOpHE T0AYIPOCTHE anreSprl JIU OIepaTopoB CUMMETDHH.

Jlasiee MBI TIDOBOIKMM KJIACCU(UKALINIO TeX YpaBHeHU!, anreSphl MHBA-
PHAHTHOCTH KOTOPHIX ABJAITCA PA3PEIUHMBIMHU anre6pamu JIu pasamepHo-
cTd Bhte 32 3. Jns 3Toro, HCXoas ¥3 HanHuusA ¥ paspellMMoll anreSpH
JIM KOMITO3ULVOHHOTO psfia, Mbl, IIpeXJe BCETo, PACCMATPUBAEM YDaB-
HEHUA, KOTOpble AOIIYCKAKT YeThlpeXMepHble paspellyMble anareSphl Jln
OTIepaTOPOB CUMMETPUH.

HMHBapuaHTHOCTH OTHOCHTENIBHO anrelp JIu onepatopoe CHMMET-
PHH C HETPUBHAJBHBIM pasnoxkernueM Jlesu. Ecnu quddepenunantroe
ypaBHEHHE J0MycKaeT anre6py JIu onepaTopoB CHMMETPHH ¢ HETPHBUAIb-
HbIM (paKTOpOM JIGBI/I, TO OHO 6yL[eT VHBAPHAHTHBIM OTHOCHTEJBbHO HEKO-
TOpoH oNynpocToi anredpsl JIu onepaTopoB cuMMeTpHH. B cooTBeTCTRHU
C pe3yabTaTaMHU TE€OPEMbL 2.3 HenvHe#inbe YPaBHEHYA C TAKUM CBOHCTBOM
HCYEPIILIBAKTCA YDABHEHHEM

Ut = Ugg + [—iug — 27y + 272G (W), W = 2u— zu,, (2.87)
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MaxcHMaJabHasA anreépa WHBapHAaHTHOCTH KOTODOr'0
1 2 2
<8t, tat + 21‘8:“ —t Bt - tl‘ag; +x 8u>

ABaseTcH n3oMopdHol anrefpe si(2,R). Tax xax ypasuenue (2.87) co-
LeDKNT IPOU3BOIBHYI (VHKLKI, KOTOpas ABAAETCH QYHKUMEH OLHOro
apryMeHTa, TO QI M3y4YeHUs BO3MOXKHOCTeH DAaCIIMpeHHs ero CHMMeT-
PUIHBIX CBOMCTB Mbl MOXKEM KCIOJb30BaTh CTAHAADTHHE NPUEMBbL.

Knaccuduuupynouiee ypaszenve (2.41) ans ypasuerus (2.87) nmeet
BUA

(27 (fe — 2271 f) + 2ux 2 (fu — 2710 — 7 (fu + 27 D)w] Gu +

+ 272 (fu +2271)G = 272 (fw + }lfu> w? —

—27t (o: + b4 2 + 272+ %h) +

R TR TATEU T o P V) R 2
+ Quzx~! (ax b4 2 fpu+ 27+ %h) —fe—a Mo + fra

[Tocxonvky B ypaBreHur (2.88) QYHKUMH a, b, f ABAATCA QYHKLUA-
MY TIepeMeHHBX t, x, u, a OyHKUMA G 3aBUCUT OT IlepeMeHHO¥ w =
= 2u — Zuy, TO PACIIVpPeHHe CHMMeTpHNHHX CBOHCTBE ypaBHeHus (2.87)
BO3MOXHO TOJAbKO AJfA TeX 3HadeHHI ¢yHKuuu G, KOTOpHe ABIANTCA
peLIeHUAME 06bKHOBEHHOIO AH(MPEPeHUHANLHOr0 YPaBHEHUA

(mw + n)G + pG = kw? + lw + s, (2.89)
d
e

[lpoananusuposar ypaszexve {2.89), MBI MOAyYMIH, YTO HCCJeA0BA-
HUK TIOMVIeXKAT TaKHe 3HaueHus QyHKuuy G:

rae m,n,k,l, s €R, |m| +|n| +|p| £0, G =

G = C1w? + Cow + Cs,

G=Cre™ + Cow? + Caw+Cyq, Cp,7#0,
G=Crilnw| +Cow? + Caw+Cyq, Cy #0,
G =Ciwlnw| + Cow? + Caw +Cy4, C1 #0,
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G =Crw?lnw| + Cow? + Caw + Cyq, C1 #0,
G=Clw|" +Cou? +Caw+Cy, C1#0, r#0,1,2,
C:eR (i=1,2,34).
B nanbHediniem uznoxeHnr GyeM KCHOAb30BATh TaKye 0G03HAUEHUA:
A=a" (fp — 227 f) + 2ux™2(f, + 271b),
B=—a"2(f,+271), K=a"2(f, +227b),

L= x_Q (fuu + %fu) 3
M=—x"1 (dm +h+2fu+a %+ %fz) — Juz~? (fuu + %fu) ,
N = 4“‘23:—2 (fuu + %fu) +

+ 211-(1:_1 (az + i) + 2fzu + x_Qb + %fz) - ft - x_lfx + fCEI'

B stnx o6osHauennax ypasHenue {2.88) mpuHuMaeT BUI
(A+ Buw)Gy, + KG = Lw? + Mw + N.

Mycts G = Ciw? + Cow + Cs. Moactasus 310 3Havenwe G 5 (1.87) u
IIpoBels “pacllelvleHHa” TIOy4eHHOTO PaBeHCTBA IO CTeNeHAM IepeMeH-
HO¥ w, TIPUXOJUM K CHCTeMe ypaBHeHUH:

Ci2B+K)=L, 2C1A+Cy(B+K)=M,

CoA+C3K = N. {2.90)
Ecau C; = 0, 1o us yenosus L = 0 caefyerT, 4To B oIlepaTope CUMMeT-
puu (2.40) .

f = @(t, :II) + 7#(@ x)e—zu‘

[MopcTaHOBK2 3TOTO 3HAaYeHUs f BO BTOpoe ¥ TpeTbe ypaBHeHua (2.90)
TI0Ka3hIBaeT, YTO CJIeayeT pasanuaTh ABa caydad: Co = 0u Cy #0, ¥ = 0.
Jna Cp = 0 IpUILAKY K TAKOMY KJACCHOUKALMOHHOMY De3yabTaTy: eCJaH
B ypaBHeHnH (2.87) G = 3, To Ipynna ¥HBAPHAHTHOCTH 3TOTO YPaBHEHUA
reHepHUpyeTCs OrepaTopoM

Q = (222 4+ 2ot + X3)0; + [(2A1t + M)z + Mgt + X5]Es +
1.
+ | =2212% — 204z + 2x_1(/\4t +A5) + X6 +ve 4| By,



214 [nasa 2. [pynnosas khaaccuduKauus ypaBHeHult

rae QyHKUMA ¥ = ¥ (t, ) YIOBAETBOPAET JUHEHHOMY YPaBHEHHIO TEIlIo-
[IPOBOAHOCTY

Yy = Pz — _1¢x —I_2¢:

ecan ke B {(2.87) G =m, m € R, m # 3, To Irpynna HHBapUaHTHOCTH
YDPABHEHHSA T€HEeDPUPYETCHA OllepaTopoM

Q = (202 4+ 2ot + X3)0; + (201t + A)xb, +

1
+ (—2/\1272 -+ ¢6_4U) Ou,

rae QYHKUMA 3 = (t, ) YHOBIETBOPAET TAKOMY JIMHEHHOMY YPaBHEHHIO
TeIlJIOIIPOBOAHOC TH!

Y = Yz — x_l¢x —I ¢

3nech ¥ nanee A; € R nas Bcex sHaueHu# ¢. Ho nocxonbky sameHa
NepeMeHHbIX

t=t o=z u=4lnly, v=v(t,z)
TNPUBOAXT ypaBHEHHe

1 - _
utzum-{-—ug—x Yy +nx~?, nekR,

K .J'IHHEI‘/'IHOMY YPaBHEHHUIO TEIJIOTIPDOBOAHOCTH

Ut = VUpg — x_lvx + %nx_%,
TO NOJYYEHHBIE Cyyay ypaBHeHU] (2.87) 13 fanbHEHIIEro paCCMOTPEHUA
MBI UCKJII0YaeM.

Ecnu ke Cp = 0, a Cy # 0, To HenocpeACTBeHHble BHYUCAEHUA TO-
Ka3BBal0T, UTO B 3TOM CJy4ae pacllHpeHHe CHMMETPUH ypaBHeHus (2.87)
HE TIPOUCXOINT.

[Tycts Teneps B G €1 # 0. Torna, y4HThIBaA KHBAPHAHTHOCTD YpaBHe-
Hus (2.87) OTHOCUTENBHO CABUTOB IO 3aBUCHMOH IIepeMeHHOH u, MOXeM
B G nosnoxutb Cp = 0, BeneacTare uero cucreMa {2.90) npuHuMaeT Bug

CL2B+ K)=1IL, 20,A=M, C3K=N. (2.91)
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M3 nepsoro paseHcTsa (2.91) cnenyert, 4To HYXKHO pasnnyaTh ABa caydas:
-_1 _1
01 = 4 n 01 75 0, 4

Cayuai Cy = _%. Tyt

f=@+¢u3

rae ¢ = p(t,z), ¥ = ¥(t,x) — NPOU3BOAbHLIE NEeHCTBHTENbHLIE Audde-
peHuMpyeMble QYHKLUMM CBOMX [IEPEMEHHBIX, W [IPOBEPKA BTOPOIO M Tpe-
Thero paeeHcTs {2.91) moxasbiBaeT, YTO pacIIMpeHHe CUMMETPUH ypaBHe-
Hus (2.87) npoucXoauT TOTHAA, KOraa

—1-1,2
G=1 790

4 I'PyIria UHBAPHAHTHOCTH YPABHEHHKA I'CHEPHDPYETCH OIIepaTopoM
Q = (221t + 220t + A3) + [(2Mt + A2z + Agt + As]O: +
+ [—2/\1x2 — Mz + 27 gt + As) (L + 1)) 8

Y ABJIfeTCA NATUIIApaMeTpHUeCKOR rpynnol JokalbHbEIX 1peofpa3oBaHuil.
OTMeTHM, UTO 3aMeHa IepeMeHHBIX

t=t z=z, u=azv-1 v=utz)

TIPUBOAXT IOJAYHCHHOE YPAaBHEHUE

2,2

Ut = Ugy + x_luugc -z u” - x_lux + x 72

K XOpOIIO M3BeCTHOMY ypaBHeHHMI0 Bloprepca
Vg = Upg + VVs.

Cayuat Cq # 0,—%. W3 nmepeoro pamexctBa (2.91) cregyeT, uto B
3TOM CJayuae

f =p+ ¢€m,

rae ¢ = p(t,z), ¥ = ¥(t,x) — 1pousBo/bHLE AeHCTBUTENbHbIE AU(De-
peHUUpyeMble QYHKIUM CBOUX aPTYMEHTOB, T = —% —Cq, 7 #0, —%. Ho

JanbHelinas IpoBepKka BTOPOTo ¥ TpeTbero pasedcTs (2.91) noxasana, 4To
B 3TOM CJlydae paclldpeHue CUMMeTpuy ypaBHerus (2.87) He IPOUCXOAUT.
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CnefoBaTe1bHO, C TOYHOCTBIO 10 3KBHBaJIEHTHOCTH IePBOMY 3HAUEHUIO
dyuxuuu G B ypaBHenud (2.87) COOTBETCTBYeT IMHCTREHHBI!, B paMKaX
chopMyAUpoBaHHEON 3a1a9, caydall paclIupeHnsl CHMMeTPHIHBIX CBOHMCTB
5TOr0 ypaBHEeHHUS.

[TycTs Tenmepnb

G=Cler“’+ng2+ng+C4, rCq 7é0
[oacraHoBxa storo snayeHusa G 3 (2.88) IpUBOAXUT K TAKUM PaBEHCTBAM:

B=0, rA+K=0, CK=L,
20 A+C3K =M, C3A+CiK =N. (2.92)

K3 mepsoro paseHcTra (2.92) caenyer, uTto
f=—a"lub+ o(t, z),

TI03TOMY BTOpOe paBeHCTBO {2.92) rpuHUMaeT BUA
73z 2ub + 27w, — 207 Yp) ] + 273 = 0.

Yuureieas, uTo b = b(t), © = ©(t,z), BUANM, 9TO
b=0, ¢—22" 1 =0,

TO €CThb
@ = z*(t).

JlanbHelias MoACTaHOBKA TOJNYYEHHBIX 3HaueHMH b M ¢ B OCTa/JbHHeE
paBeHcTB2 (2.92) IpUBOANUT K YPaBHEHUAM

fyz_aa 720,

a 3HAUUT, OIIE€PATOp, TeHePUPYWIIMH TPYNNY HHBAPUAHTHOCTH COOTBET-
CTBylOUIero ypasHeHuA (2.87), uMeeT BHA

Q = (= Mt? + 2t + X3)8; + (=Mt + X2)28; + \228,,

OTCIOfA CJIeflyeT, UTO B 3TOM CJydae DAclIMpeHHe CUMMeTDHIHEX CBONCTB
HCCNeIyeMOr0 YPaBHEHHA He IPOUCXONMT.

K aHasoruuHOMY pesynbTaTy NIPHBEN aHAAU3 ¥ OCTaJbHBIX YKa3aHHBIX
BHINE 3HaueHH# QyHKUMK G B ypasHeHnu (2.87).

K3 mposepeHHBIX paccyXIeHUH cleayeT TaKoe yTBepKIeHUe.
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Teopema 2.4. C mournocmer0 00 IKBUBALEHMHOCMU HeAUuHelHbie
ypasrerus suda (2.37), komopsie donyckarom aircebpvl UHBAPUAHM-
HOCImU, usomop@Heie arcebpam Jlu ¢ HEMPUBUALLHLIM DASAOHLCHUEM
Jlesu, ucuepnsisaromca ypasruenuem bropeepca

Ut = Ugy + UUg,
MAKCUMANLbHAA a/lzeépa UHBAPUAHMHOCTMU KOMOPO2o
{8y, 28y + 20z — uby, t28; + tady — (tu + )0y, t0y — 8y, Oz)

uzomopra arzetpe sl(2,R) € 2A4;.

HMHBApHAHTHOCTE OTHOCHTEJNBHO YETHIPEXMEPHDBIX PA3JIOKHMBIX
paspemumbix aareCp Jlu omepatopoB cummetpun. [lockonbky sce
HeJuHeliHHe ypaBHeHHs Buja {2.37), MHBApUAHTHBE OTHOCUTENbHO TpeX-
MepHBIX paspellliMbIX anreSp JIu onepaTopoB CUMMeTPHY, CONEepPHKAT Mpo-
H3BOJbHBIE QYHKLUY OJHON NIepeMeHHOH, TO NJ5 3aBepIIeHHUs UX TPYIINo-
BOH KJIaCCH(UKALUY MOXKHO HCII0JIb30BaTh CTAHAAPTHHE MeToAr. C Apy-
roff CTOPOHE!, MOXHO HaJlesAThCs, YTO, IIPOJ0AKAs HCCNelOBaHUe B TAKOM
NoAX0le, Mbl B HeJUHeHHBIX ypaBHEHUAX, NHBADUAHTHBIX OTHOCHUTEJBbHO
YeThHpeXMePHHX paspeliUMbIX aareSp JIK omepaTopos CUMMETPHH, TI0Y-
yuM QYHKUUY F, KOoTopble GyIyT HMeTb yKe TIOJHOCTbIO OTpefeseHHbINR
BUA. [eHcTBUTENBHO, KaK OyAeT NOKA3aHO HHIKE, TAKUMY OKaXyTCH BCE
YDaBHEHUs, UTO U JACT BO3MOXHOCTb 3aBepLIUTh I'DYINIOBYI0 KJIACCHQDU-
Kauuo ypasHenus (2.37).

[IpononxumM KiaccuGUKALINI, ONHCAB YPABHEHUSA, KOTODHE SABAANTCA
HMHBaPHAHTHBIMK OTHOCUTE/bHO YeTHIDEXMEPHBbIX Pa3soXKMbIX Da3pelly-
MBIX aare6p JIu 0TepaTopoB CUMMeTpUH.

PaznuuaioT 10 pasnoXyuMbIX Ye ThpeXMePHBIX paspelIuMbixX aare6p Jlu:
441 =A310 41, A228241 = A320 A1, 240 = Ao B Az g, A3 ;B A

(1=3,4,...,9). Ouesunno, uTo BCce 3T anre6pH, Kpome anreOpel 24z o,
ABAAKTCA NPAMON CYMMOHM HeKOTOPOH TpeXMepHOH paspellnMof anreSpol
Ju As; = {e1,eo,e3) (1 =1,2,...,9) u ogHomepHO anreSpr A1 = {eq).

DTo a2eT BO3ZMOKHOCTb IIPH PACCMOTPEHUU peaJusalul yeThipeXMepHHIX
paspewnMbix anre6p JIu UCIONB30BATH H3BECTHHIE PE3YAbTATH /A TPeX-
MEpHBIX H ABYXMEpHBIX (B ciydae anredpr 2As o) anrebp Jlu.

Anzebpa 4A1 = Az 19 A1. B coOTBEeTCTBUH ¢ pe3yabTaTaMU IIpe bl Ay -
1Ilero TIYHKTA, A5 aareSphl Ag 1 CYyLIECTBYeT TOJbKO OfHA peasH3alivs B
KJaacce omnepaTopos {2.40), KoTopasi ABAseTCs aATe6poll HHBAPUAHTHOCTH
HeJIMHeHHoro ypaBHeHHs Buza (2.37). CnenosatennbHo,

€1 = Bt, € = 893, €3 = Bu.
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Ho nockonbky anre6pa 44, siBnseTcs abeneroi, To
eq = ey + Ageg + /\363, N € R, 1=1,2,3,

TO eCTb OIlepaTop e4 ABJIAETCA JUHeHHON KoMOMHaUMVeH OIepaTopoB e;
(1 =1,2,3). OTcwona cnenyet, yTo B Kjacce onepaTopor (2.40) He cyme-
CTByeT peanusauuil anreSprl 441, KoTopble 6K 6Bl anrefpaMy HHBADU-
aHTHOCTY HeNVHeNHHIX ypaBHeHUu# (2.37).

Ancebpa Az o @ A1, B cooTBeTCTBUU ¢ De3ynbTATAMH IIPeABLAYILETO
MyHKT4 UMeeM CeMb He3KBUBAJEHTHBIX peanusaluil anreSpsl Ag o B KJac-
ce omepaTtopos (2.40), xoToprle ABAAITCS anareSpaMy WHBAPUAHTHOCTH
HeJMHeHHBX ypaBHeHu# (2.37). PaccMOTpHM BO3MOMKHOCTY paclIVpeHHs
KaX 0¥ 13 HUX J0 peanusauyit anre6pb As o @ Aq:

)y A}, = (-to, — %x@x,at, 0.). M3 BbINONHEHNA KOMMYTAaLUOHHbIX
COOTHOLIEHHH [eg,e;] =0 (2 = 1,2,3) caenyer, uTo eg = Aes, A € R;

2) A2, = (—2t8; — 10;,8:,0,). 3nech eq = M+/|t|0r + A2y,
A1, A2 € R, nostomy ©asuc COOTBeTCTBYWIIEH peanu3alyy anreGpbl
Az o @ Ay MOXKHO RHIODATh B BUIE

(—2t8y — 28y, By, By, \/]t|8x).

Ho Tpe6oBaHue HHBapHaHTHOCTH yparHeHUA {2.37) OTHOCKTeIbHO NaHHOH
aare6ps! JIu onepaTopoB CUMMETPUY IIPUBOJINUT K DAaBEHCTBY

—2 EHuxzo, rnee=1mat>0 ne=—-1m1at<0;
t

3) A3, = (—2t8; — 20y, By, \/|t|Or + 8y). [IpoBepUB BhINONHEHNE KOM-
MYTaUKHOHHBIX COOTHOLIEHUH, y6exK 1aeMcs, 4To

es = M/ |H0z + A28y, A, A2 €R,

TO €CTh HMeeT MeCTO YXKe PACCMOTPeHHBIH Bhllle cayuyaii 2);

4) A% 5 = {0y —uBy, Oy, a(t)0y) (& # 0). 3pech eq = B(t)8, 1 ycaoBue
VIHBAPUAHTHOCTU ypasHeHus (2.37) OTHOCHTEJBHO MOJNYYeHHOH aiareSpbl
Jl1 orlepaTopoB CHMMETpHY KMeeT BHI

P_a
=2

8

OTclopa ciefyeT, 4To fBa 6a3UCHBIX OllepaTopa JUHelHO 3arucuMbl (8 =
=X, a € R, A £0);
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5) A3 5 = (Or — uby, Oy, 8;). 316Ch €4 = M0y + A2e™ %0y, A1, A2 € R
[TpoBepka yca0BHA UHBAPHAHTHOCTH ypaBHeHUA {2.37) OTHOCUTENbHO NaH-
Holl anreSpe! JIU omepaTopoB CUMMETPHH TIOKA3biBaeT, YTO COOTBETCTBY-
0LIe YPaBHEHUA {He3aBUCHUMO OT 3HaYeHHH Ap, Ao) JHHeHHH;

6) AS, = (e8; — uBy, 8y, 8:) (e = £1). 3nech eq = A1 8, + doe™¢%8,,
A1, A2 € R, ¥ COOTBETCTBYWIIME HHBAPUAHTHHE YpaBHEHUA ABJAKTCA
JMHeHAHbIMY;

7y Al = (€8 — w8y, 8y, 8y + A8;) A > 0). 3nech e4 = A0, +

€
T (z=At)
+ Age? Ous A1, A2 € R, 2 103TOMY COOTBETCTBYIOLIYE WHBADUAHTHEIE

YDPaBHEHHUA JUHeHHH.

CreoBaTe/IbHO, KaK ¥ B IpeblAylleMy cjydae, B KJacce OIepaTo-
poB (2.40) He cyuiecTBYeT peanusauuil anredps Ao Aj, KOTOpble BELIN
6bl aarefpaMu MHBAPHAHTHOCTH HeJMHEHHBIX ypaBHeHWH Buaa (2.37).

A/Lee6pa 2400 = Ao 0@ Ao 5. Anreépa 2455 = <61, 62> b <63, 34), rjae
[e1, e2] = e, [e3,e4] = €4, COTEPIKUT KaK Tofanredpy anrepy Aso. [lpn
3TOM B POJIM TPETBETO OIEPATOPE, KOTODPHIH KOMMYTUPYET C ONePaTopaMy
€1, €2, MOXKeT GblTh KaK 0IIepaTop es, TaK ¥ OIepaTop eq. B coorBeTCTBHU
C 5THM ¥ IIPOBOAUM PACCMOTPEHME peasdsallud 3TOH aiarephbl.

) Aly = (~td — 328,,8,,8,). Tlycts eg = 8,. Torna eq = €3,

M COOTBETCTBYWIee UHBapHaHTHoe ypasHeHue (2.37) npuHEUMaeT BUA
2 A
Up = Uy — Uy + 3 Usns AelR

Ecan xe eq = Oy, TO e3 = —ud, U COOTBETCTBYIOIIee HHBApUAHTHOE
YpaBHEHUE ABJIAETCH JUHEHHBIM.

2) A2, = {—2t8, — 20;,0,,8,). Eciu e3 = 8y, T0 €4 = €%, u
COOTBETCTBYHIIEe UHBAPHAHTHOe ypaBHeHue (2.37) NpUHMUMAaeT BUA

Uy

\/m)

AeR.

2
Up = Ugy — Uy + A

Ecan ke eq = 8, 10
es = —udy + A/|t|0z, AR,
a COOTBETCTBYMIOLIEe HHBAPUAHTHOe ypaBHeHue (1.2) umeeT BUI

Buz

A€u
% In|tu?] + ,

41t 1t

rnee=1mAt>0ne=-1mat<0, A, SR, A#0.

Ut = Ugy +
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3y Ao = (—2t8; — x0r, Or, /|t]0x + 8. Eciut e3 = /[t|0; + 8, TO

eq = e¥0, U TIPUXOAUM K YDaBHEHUIO

Ay
It]

NN

rnee=1a1at>0une=—-1aaat<0.
Hcnonb3oBaB panee 3aMeHy repeMeHHBIX

In [tu?] —u2 + , A€eR,

Ut = Uz

v=—e"" wv=u(tz), u=u(tz),

yOexaaemMcs, YTO STOT CJAydYall CONepXUTCA B IpelpliaylieM, rie u < 0,
A =1, §= A TlostoMmy 0TaenbHO paccMaTpUBaTh ero He GyleM.

Ecnu xe e4 = \/|T]8$ + Oy, TO NIIPOBEPKA KOMMYTALKOHHLIX COOTHO-
IIeHMH NMOKas3blBaeT, 4TO B kKjaacce onepaTopos (2.40) nomonHenue stoit
peanusalny aaredpsl As o K peanusauuy aare6prl 24s o ABAACTCA HEBO3-
MOXHEIM.

4) A%, = By — ubBy, 8y, a(t)8;) (& # 0). Ecan ez = a ()8, TO 11po-
BepKa KOMMYTALIMOHHKX COOTHOLIeHUH IPUBOAUT K yea0BU0D o = 1. Ecau
ke eq = a(t)dy, & # 0, TO NPoBepKa KOMMYTALMOHEBIX COOTHOLIEHWH

T10Ka3biBaeT, UTo o = e, A £ 0 1 eg = %Ek + B(t)85. C TouHOCTBIO 10

Hp806p83 OBaHWN 3KBHBaJEHTHOCTHU

t=t zZz=z+X{t), u=1
rae X — pellleHde ypaBHEHUs %X + 8 =0, MoXeM TI0JOXKUTD

e1 =08, —uby, ex=208,, e3= %3&, eq =8, A#O0.

TOI‘}la, C TOYHOCTBIO A0 JAeHCTBUA 3aMeHbl TIepeMEeHHbIX

_¢
A)

t=t, zT=12z T =u,

KOTOpas OCTaBJsAeT BUJA OA3WUCHEIX OIIEpATOPOB JaHHEOM anredpnl JIu He-
M3MeHHBIM, COOTBeTCTBYIOLIee HHBAPUAHTHOE YpaBHeHUe IIPUHUMaeT BUJI
(B HauabHBIX 0603HAUEEHAX TepeMeHHbIX)

U = Ugy — A(ZUL + Uz In|ug]), A F£O.
5) A3, = {0y — uBy, 8y, 8;). Ecaint e3 = &;, TO
€4 = Aletf}x + /\get‘”au, /\1, A €R.
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CooTBeTCTBYWIIEE UHBApHAHTHOe ypaBHeHHe (2.37) ABAsAeTCA HeU-
HeAHBM Opu yenoBud A1 # 0. [losToMy MoxKeM INONOXHUTD

eq =e'0, + 278, AER,
¥ COOTBETCTBYIOLlee HHBAPHAHTHOE YpaBHEHHE [IPUMeT BUI

Uy = Upy +ux (1l — Ae"Tus DB — Infuge® — A+ Ae™%, A BeR.
3ameHa mepeMeHHBIX

t=t zT=z, Tw=f"+u

OCTaBJAECT BUJ OIIEPATOPOB €1, €2, €3 HEVM3MEHHDBIM, & OIIEPATOD €4 CBO-

4T K ornepatopy (8 = A} eq = e'dy. Cre0BaTe/bHO, PE3YIBTAT MOMXKHO
nojaTh Tax:

(O — uBy, Oy, Or, €701 ) 1 Uy = Upy — Uy In U | — TUp + Ay, A ER.
Hakoner, zamena nepeMeHHBIX
t=t ZT=x—-A TU=u

JaeT BO3MOXHOCTD B [IOCTPOEHHOM ypaBHEHUHU MOJ0XKUTb A = 0. 3aMeTHM,
4TO 3TOT CAYYAH COAEPIKUTCA B MPEABAYLIEM, ecau Tam A = 1.

Ecan eq = &, To B knacce onepaTtopos (2.40) He cyuiecTByeT peanu-
3atu# anreSpo 2As 0.

6) AS, = (€0 —udy, Oy, Oz) (e = £1). Ecnut ez = 8y, To €4 = €79,
U COOTBETCTBYWLIEE MHBADHAHTHOE ypaBHeHHe ABAseTcs nuHeiizpM. Ecau
Xe TI0JOXKHTb €4 = Oy, TO pACIIMpeHHe JaHHOHE aareOpH K peanu3aliy
anredphl 2A5 o HEBO3MOXKHO.

7) AL, = {8y — uBy, 8y, 8 + A0y (A > 0, ¢ = £1). Ecau eg =
= 8 + A0y, T0 eg = e(1T92=€g 1y coOTRETCTRYWIEE HHBAPHAHTHOE
ypaBHeHHe ABAAETCH JUHeHHEIM.

Ecau xe eq = 8y + Ay, TO ToMNbITKA paciunperns AJ , K peanusalyu
anredpbl 2A5 9 NIPUBOJUT K OLIMOOUHBIM COOTHOIIEHUAM.

[Toarenem peaBapuTenbyblil HTor. B Ki1acce onepaTtopos (2.40) cyute-
CTBYIOT YeThlpe HeSKBUBAJEHTHHIE peanusalun aaredpe 2A4s o, KoTopble
ABJAIOTCA anreSpaMy MHBAPHAHTHOCTH HeJUHeHHBIX ypaBHeHui (2.37):

(—t8, — %m@x, By, Oy €48, -

Up = Ugy — UZ + %ux, AeR; (2.93)
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(—2t0y — xOy, Oy, Oy, €% 0y) :

Up = Upy — U2 + A “Tl, AeR; (2.94)
t
(=2t8; — Dy, B, —uby + A/ [t]8, Do) :
Uy = gy 4 2 In tu?| + ﬂ“x, (2.95)

4/ 1t

e=1 ga t>0 1 e=—-1 ma t<0, A#0, el
(05 — udy, By, 28y, 6M8,) -
Up = Uy — Aug(z +1nfugl}, A #O0. (2.96)

Ancebpor As; @ Ay (1 = 8,4,5,6). Ananus panunix anre6p nokasad,
4TOo B KJacce onepaTopoB {2.40) He cyllecTByeT peaausauuil sTux anredp,

KOTOpble ObLIM Obl anreSpaMyu UHBAPH2HTHOCTH He/JMHEHHBIX YpaBHEHHH
Buaa (2.37).

Ancebpa As 7 @ Ay, Jas anreSpel Az 7 NoJydeHBl YeTbipe He3KBHU-
Ba/JEHTHBIE DeaTU3alMH, KOTOPHle ABIAITCA anreSpaMH HHBAPHAHTHOCTH
HeJNHHeHHbIX ypaBHeHu# suaa (2.37). IlpoBeneM ananns BO3MOMHOCTH KX
paclIMpeHus K peannusauusM anreSps As 7 & Aj.

1) AY, = (8, On, t3t+%z3x). Torzma ¢ TOUHOCTbIO 10 3KBUBANE€HTHOCTH

MOXKEM IIOJOXKHUTb €4 = uau. COOTBeTCTBleHlee HeJIMHeNHoe VHBapHaHT-
HO€ YDAaBHEHHNE HMEET BHI

Up = Upp + AT 2 A #£0. (2.97)

2) A3; = (04, 0,8, + %x@z + u8,). llpoBepxa KOMMYTALHOHHBIX

COOTHOILIIEHUH TIOKA3HBAET, UTO e4 = %0y, TO €CTh NPULLIN K peanrusalyy,
KOTOpas COBIAflaeT ¢ NpeAblAyLIel.

3) PaccMoTpeHue ABYX TIOCAEAHUX peanusauuil anre6ph As 7 He Ipu-
BeJI0 K HOBLIM peasnsaluuaM anredpsl Az 7 @ Ap, KoTopble 6bl1M Obl anre-
6paMH MHBADHAHTHOCTH HeJNMHeHHbIX ypaBHeHU (2.37).

Ancebpa Asg @ Ay, Ananus peanusauuu A3 ¢ MokasaJ, 4yTo He Cylie-
CTBYET pacluMpeHHs 3TON peanusallu K peanuzaunaM anredprl Asg P Ay,

KOTOpHe ObLIM Obl aarefpaMy MHBAPUAHTHOCTH HeJUHERHBIX ypaBHeHUH
Buja (2.37).

Ancebpa As 9@ Ay, Jlaa anre6pul As g cylllecTBYeT 0JHa peasu3alua,
KoTopas ABJIAeTCA anreOpoll WHBADHAHTHOCTH HeJNHHEHHOIO ypaBHEHUA
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Buza (2.37):
3 o = (Or, 005 +0y, — (d)_l(1+a2)8t+(q—a)13$+[(a+q)u—x]3u),

rae o = o(t) yaoB/IeTBOpseT ypaBHeHH (2.86).

JlanHas peanusallia AOMYCKaeT pacllVpeHVe K peandsalliydt anreSpl
Az 9@ Aq, HO TIpOBepKA YCJI0BUA HHBapUaHTHOCTH (2.41) mpuBoauT K yeso-
BUIO

€4 = €1 — geg.

Orclona cnenyeT, 4To He CYILIECTBYIOT peanusalyy anreSpnl Aszg & Aq,
KOTOpble OblAM Obl anrefpamMy MHBAPHMAHTHOCTH HeJNUHeHHBIX YDaBHEHUH
Buza (2.37).

ClegoBaTe/IbHO, Cpear HeNHWHeRHBX ypaBHeHui Buaa (2.37) Tosbko
naTh ypasHeHu! (2.93)—(2.97) uHBapUaHTHH OTHOCHTE/IBHO YeTHpPEeXMep-
HBIX PasJIoXKUMBIX paspellnMbIX anredp Jlu omnepaTopos cuMmeTpuu. [lpo-
BeJeM AaNbHeRUINH aHANN3 STUX YPABHEHHH M UCKJUYHM U3 PACCMOTpE-
HUSA Te, KOTOpble He YAOBJIETBODPAIOT YCIOBHAM CHOPMY/INPOBAHHON 3a7a-
178

Ypasnenue (2.93). B cooTBeTcTBUM ¢ MHQUHHUTE3UMANBHBIM A/ATOPUT-
mom JIu mosyuaem, 4To MaKCUMaJNbHOH anreSpor MHBAPHAHTHOCTH YpaB-
HeHus (2.93) aBaseTca GeckoHeyHOMepHas airefpa OrnepaTopoB CUMMeT-
puu. [pu sTom, B 3aBHCHMOCTY OT 3HadeHUI mapamerpa A, ee §asuc co-
CTABJAKT TaKMe OIepaTOpH:

LA£0,2
Qu=—td— 520, Q2=0, Qs=2,
Qq = 2628, + 220, + Eﬁ L1+ /\)t} B,
Qoo = 9(t,z)e" 8y, 9t = goz + %gx;

2.A=0
Qu=—t0: - 228, Qo=8, Qs=0a,

Qq = 228, + 2420, + Ex + t} 8, Qs = 0y + %x@u,

QG = ao:, Qoo = g(t; x)euau’ 9t = Gzzx;
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3.A=2
Qi =t — 528, Q=0 Qs=2,
Qq = 228, + 220, + %(zQ + 3t)8y,
Qs =10, + 5(z+ 26)0y, Qs = 0.+ 20,
Qoo = g(t,2)e Oy, 9t = goo + %gx.
HEpr}lHO Y66}1HTbCﬂ, 4YTO 32ME€H2 II€PDEMECHHRX
t=t ZT=2z, u=u—In|z

CBOOUT TPeTHH ciy4all KO BTODOMY.
CrefoBaTe/1bHO, NPUILIY K ABYM He3KBUBAJEHTHHIM YDaBHEHUAM

— 2,
Ut = Upy — Uy,

Ut = Uy + %ux —u2, A#0.2.

Ho sTu ypaBHeHus 3aMeHoi mepeMeHHBIX
u=—Inl|, u=ult,z), v=v{tx) (2.98)
CBOLATCH, COOTBETCTBEHHO, K JUHEHHbIM YPaBHEHHAM TEIIONIPOBOLHOCTH
Ut = Vg,
= Upe + 2ua, A£0,2
Ut—Ua:x+EUx, #0,2.

[TosTomy HenuHeltHOCTb B ypaBHeHHU (2.93) AB/seTcs HeCyIlecTBeHHOH.

Ypasrenue (2.94). [lanHoe ypaBHeHue 3aMeHo¥ NepeMeHHbIX {2.98)
CBOAUTCS K TAKOMY JUHeHHOMY YpaBHEHHUIO TeIJIOIIPOBOAHOCTH!

A
Ut = Upyp + ——Usy.

Vit

Ypasgrenue (2.95). Ucnonvsoras anroputm Jlu, ydexpaemcs, uto 1no-
CTPOEHHASA peanu3alns anreéprl 24 o ABNAETCA MAKCUMAaNbHON anrebpoit
VHBaDUAHTHOCTY JaHHOTO ypaBHeHM .
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Ypasrenue (2.96). Ucnonbzosas anroput™ Jlu, ybexpaeMcs, 4To Io-
CTPOEHHAA peanusaliua anre6pH 2As o ABAAETCA MaKCHMA/bHON anredpoit
MHBAPUAHTHOCTH JAHHOTO YDaBHEHHA.

Ypasrenue (2.97). JlaHHoe ypaBHeHUe 3aMeHOH NepeMeHHbIX
v=lnlul, v=vw(tz), u=ultz)
CBOOMTCA K MOAMGUUUPOBAHHOMY ypaBHeHHI0 Dioprepca
Ve = Vgp + (A + Lo,
KOTOPO€ 3KBUBa/IeHTHO /IUHeHHOMY YPaBHEHUIO TEIJIONPOBOAHOCTH.

JLnA 3aBepliueHUs TPYINOBOH KJACCHPUKAUMY HelMHeHHEIX YpaBHeHUI
Buna {2.37), KoTopble NONYCKAIOT YeThIpeEXMePHblE Pa3JoXUMble paspelln-
Mble anrefpul JIu omepaTOpPOB CHMMETpUHU, OCTaeTCs T10Ka3aTb HeSKBUBA-
JeHTHOCTb ypaBEeHu# (2.95) u (2.96). Jlas storo y6emumcs, 4To COOT-
BETCTBYIOIINE UM pealu3alyiy aiaredpbl 2Ag o HeSKBUBaJEHTHDL.

[MycTsb

e1 = —2t0y — 20y, eg =0y, e3=—ud, +A/|t|0r, es=0y
81 =08; Ty, &2=0y, & =A"18, & =e"0,

rae A #£ 0.

[Ipenmonoxum, 4TO CYIIECTBYWOT TakMe mpeofpasoBanus {2.49), ko-
Tophle Tpeo6pasyioT peanusauuio 2490 = {e1, eq,e3, €4) B PEANUZALUI
2499 = (81,2, €3, E4):

4
eq (2;4}9) E,‘ = Zaijéj, 1= 1, 2, 3, 4, (299)
7=1

rae o5; € R (4,7 = 1,2,3,4), det|lay;]| # 0. Torna shmonHenue ycno-
Bu#t (2.99) NIpUBOXT K TAKUM DaBEHCTBAM:!

T = /\_1(113, —2tU; — 2Uy = —a11U + o9,

1
—9t %T(T)_2 2+ X ) —eVTz= a1y + 0qe™,

E\/f = o1 + a24€>‘t, Up = —aqU + g2, a23 =0,
A/ [t[E\/TT = a3 + e’\ta34, o33 =0,
—uly + M/ | Uz = —as1U + a9,

g1 = oy =044 =0, U, = oyo.



226 Tnasa 2. [pynnoBas KJaccHUKalus ypaBHeHuH

PaccMoTpeB paBeHCTBa, KOTODLE COJEPKAT TONbKO 3HadeHHsA QyHK-
uuu U ¥ ee NPOU3BOAHLIX, NT0Jy4YaeM, YTO

U=agu+toz,, ap#0, app=ax=0, a3=1

Ho npu 3TUX yCJ0BUAX paccMOTPEHKe PAREHCTR, KOTOPble cojepxXaT ToJlb-
KO0 PYHKIVIO T, MIPUBOJXT XK BHIMTONHEHHI0 ycJoBus 1 = 0.

CrenoBaTesbHO, Hallle [peArioNoXeHHWe OMKUOOYHO, a YPaBHeHHA
(2.95), (2.96) HesKBUBAJEHTHLL.

HWHBAPHAHTHOCTH OTHOCHTEJIBHO HEPA3JIOXK UMBIX YEThIPEXMEPHBIX
paspewumbix axre6p Jlu. HamomuumMm, uTo cpeu yeThlpeXMepHBEIX Hepas-
JIOXVMEIX DaspelMMEIX JeHCTBUTebHbX anrebp Jlu Ag = (e, eq, e3,€4)
pasauyarT AecATh anreSp (IIPUBOAUM TOJBKO 3HadeHUe HeHYJEBLIX KOM-
MYTAUYOHHBIX COOTHOIIEHUH):

Ag1: [eg,eq) =eq, [es eq] =eo;

Ago: [e1,eq) = qer, [ea, eq] = eo,

]
les,ea] =e2+e3, g #0;
Agz: ler,eq] =e1, [eseq] =eg
Agq: [er,eq =e1, [ea,eq] =e1 +e2, [es,eq] =eo +es;
Ags: [e1,eq) = e1, [e2,eq] = gea,
les,ea] =pes, —1<p<g<l, p-g#0
Ags: [e1,eq) = ge1, [eo,eq] = pea —es,
les,ea] = €2 +-pes, g#0, p=0;
Ag7: [ez,es] =e1, [e1,es] = 2e,
le2,e4] = €2, [e3,e4] = €2 +e3;
Agg: [ez,es]=e1, [en,eq] = (1 + qley,
le2,e4) = €2, [es,eq] =qes, [q] <1
Agg: leg,es] =e1, [e1,eq] = 2ge,
le2,eq4] = gea —e3, [e3,eq] = e2+qes, g2 0
Ag10: [er,es] =e1, [ez,es] = e,
le1,e4] = —ea, [e2, e4] = e1.
Herpynzo yGenutbes, uto anredpet Ag; (1 = 1,2,...,6) UMEIT KOM-

MYTATUBHLI} KIeas, KOoTophifl cosnafaer ¢ anre6poit Asy = {eq,eq, €3},
anreSpbl Ag; (¢ = 7,8,9) — HUIBNOTEHTHLIH UJeaN, KOTOPHH COBIafaeT
¢ anre6poit Azz = {e1,eq,e3), a anre6pa Agq1p0 — pas3pelIMMBIN Hueas
Ass = {e1,ea,e3). ITO faeT BO3MONKHOCTL /A TIOCTPOGHUA peanusaumuit
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YeTBIPeXMEePHBIX HePAasoXKUMBIX pazpellyMbIX anrefp Jlu ucnosbsoBath
y2Ke U3BeCTHble pe3ynbTaThbl 1A anredp Asi, Ass U Ass.

Ancebpa Agq. JAns anre6pol Az 1 IONYYEHO TOJAbKO OHA peanusalus
A} |, KoTopas aBaseTcs anre6poil UHBAPUAHTHOCTH HeNWHEAHBIX YpaBHe-
Hu#t Buna (2.37), a UMeHHO:

Aé.l = <3t’ Or, 3u> D U = Upe + G(ul.).

[lpu pacmvpennn NaHHOK peanu3alyK K peanHsalMaM anreSpb Ag i
HYXHO Ilepe6paTb Bce BO3SMOXHOCTH BhOOpa Sa3HUCHBIX OMNepaTopoB ej,
ea, eg oTolt anreOprl. Ilpoeens Taxoill mepeGop, MBI NOAYYMIM B KJacce
orlepatopoB (2.40) enuHCTBEHHYI peanusalyi0 anrefpel A41 ¢ TAKUMH
623UCHBIMY OIlepaTOpaMHu:

e1 =0y, e =20, e3=0, eq4=1td +zd,.

Ho COOTBETCTBYIIIECE NHBAPDHUAHTHOEC YPABHEHHE NMEET BUL

%ug+/\, AeR,

Ut = Ugpy —

W CBOAUTCA K HHHeﬁHOMy YPaBHEHHIO TEIJIONIPOBOOHOCTH.

Anzebpa A4 o. PaccMoTpeB Bce BO3MOMKHOCTH DaCIIMPEHHA peasnsa-
uuu Al |, MB moayuuan, uto B Kiacce onepatopos (2.40) ecTh aBe pea-
JAV32LUKY A2HHOR anre6pbl. A NMeHHO:

<8t, au, 827; 2t8t + xax + (u + x)8u> (q — 2)’
(Oz, Buy Bu, 10, + 520 + (u+ )0} (a= 3)

COOTBETCTBy}OI_I_II/Ie VHBapHaHTHLIC YPpaBHEHUA UMET BUA

Ut = Upy + AexXp(—ug), A F0; (2.100)
ut=u2x+21n|u2| +A, AelR. (2101)

Aneebpa Ags. B xnacce onepatopor (2.40) noayueno ogHa peanusa-
uus anredpn Ay 3 ¢ TAaKUMU §a3UCHEIMU OIIepaTOPaMU:

e1=0y, ex=0,, e3=0; eq=10, + ub,.
CooTBeTCTBYWOLIEe MHBAPUAHTHOE YpaBHeHHe MMeeT BUJI

Ut = Upy — Uy In|ug| + Auy, A ER. (2.102)
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Ancetpa Ay 4 HenmocpencTeeHHo# npoBepkoi yOexpaeMcs, 4TO B
KJacce onepatopos {2.40) nanHas anrepa He UMeeT peajusaluil.

Ancebpa Ay s. PaccmoTpeHue JaHHON anre6pbl NPUBeNO K IIeCTH pea-
JM3aLMAM, KOTOpble SBJAAITCA anre6paMy HHBAPHAHTHOCTH HeMHEHHBIX
ypaBHeHu (2.37):

1) (B, O, O, t0: + %x@m +pudy,) :

2p—2

! _1 1.
3 A#O) q_2) p#0)2)17

2} (B, Oy, Op, 0 + %x@m + qud,) :

2p—
Up = Upp + AlUg

2¢—2
2gq—1
ut:umx+>‘uxq ’ p:%3 A#OJ qzo,%,l;
3) (O, B, Oy, 2t0y + 0y + pudy) :
p—2

ue = ume + Ml g=2 AN£0, p#£0,1,2;
4) (O, Oy, O, 200y + 0y, + qudy,)
=2
U= ups + Ml p=2 ANAO, ¢#£0,1,2
5)  (Oy, O, O, 2pt0; + px0y + uly) :
1-2p

1_
Up = Ugy + MUz p’ q:2pa A#OJ p#o,%,l;

6) (Ou, O, O, 2qt0; + quOz + udy) :
1-2¢

1—
Up = Upy + Mg q, p = 2q, q;éO,%,l, A#0.

HecnoxHo yBenuTbes, 4TOo TEPBHIH X BTOPOH, TpeTUHl U 4YeTBepTHH,
a Tak¥e NMATHH W lecToll cAydau ABJANTCA TONApEO 3KBKBaJEHTHBIMH.
Tak, nmosoXuM BO BTOPOM clydae

B1 =8, =0, =&, a=@+?&+w%

Tor,r_[a B 3TOM 0asuce UMEWT MECTO Te XKe KOMMYTaUHOHHBIE COOTHO-
II€HHWA, UTO U s 6a3nCHBIX OII€paTOpPOB nepsoﬁ peanusalnuu, roe p = g,
OTKYOa 4 CJACAYET 3KBHBAJCHTHOCTD II€PBOTO ¥ BTOPOTO TIOJYHEHHDBIX CJY-
qaes.



2.2. Tpynnosas kAaccuduKranus ypapHeHUN TENNONPOBOLHOCTH 229

OcTaHoBHMCS Janee Ha TpeThed peanusaLuyl JaHHOH anreSpel.
[Monoxum 3aech

e = at) eg = 82) €3 = auy

1

€4 = 5e4= to; + %x@m +pudy, P= %p.

Jlas paHHOro 6asuca BHINOJHATCHA Te XKe KOMMYTAalLHOHHLE COOTHO-
LIeHUsl, YTO ¥ I Da3KCHKIX ONIePaToOpoB IepBOY peanus3alyiy, a COOTBET-
CTBYIOLLEe WHBAPMAHTHOE YpABHEHHe ¥MeeT BUI

25—2

25—1

Up = Ugp + AUz, D#0, 5,1

N —

AHanornuHo y6exiaeMcs, 4To ¥ NATbIH cayudail IPUBOAUTCA K [epBo-
My.

CnenosaTenbHo, sl anreSphl Ags € TOYHOCTBIO [0 3KBUBAJEHTHO-
CTH CYLIeCTBYeT eNXHCTBEHHAR peanusalys, KOTopas ABAAETCA anreSpoit
WHBAPHAHTHOCTH HeVHEHHOro YpaBHEH!HsA, 4 KMeHHO!

(By, D, D, 13, + %wx + kudy) :

2k—2

1

Up = Upp + Mt N, ON£O, k#£0 (2.103)

) 2)
Aneebpa Agg. AHanus anreSpbl Ay NOKa3as, u4TO B KJacce OIepaTo-

poB {2.40) He cymlecTByeT peanusaluil 5Toi anreSphl.

Aneebpa A4 7. B cOOTBETCTBUM C pe3ysbTATAMU NIpe ABLAYIIEr0 MYHKTa
UMeeM IIATb He5KBUBAJEHTHRIX peanusauuit anre6psl As 3, KOTopble BJA-
0TCA anrefpaMy HHBAPHAHTHOCTH HesMHeAHHX ypaBHeHu# Buga (2.37):

33—(81.,8“ t0y + Ou) 1 Up = Upy — WUy + G(Ug);
3 g = {0y, 85, t8y + A0z) (A>0): g = Uy + A7 + Gluy);
A3 5 = (By, Be, 28y + b(t)8:) (b #0):

1 .
Liens + 60y

A% 3 = (8y, Op, 20y + 23;) (A £0) -
U = Upy + G(w), w =1 — Auy;
AS 5 = (Oy + 20Dy, Oy, 20,y + 2ME[t0; + 28, — udy]) (A #0):

1
ﬁt‘

Ut = Ugy —

Up = Upy — 22Uty + 7 2C0(W), w = uxt? —
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K peanusanuam anre®pbl Agr NMPUBOAUT TONBKO DACLINPEHHE Deas-
zauuu A3 ,. VimeeM nBe peanusaluy ¢ TAKMMH Ga3KCHBIMY OMeDPATOPAMHU:

(D, O, 28y — %m 1t18z, 260, + 205 + 2udy);
(Bu, 38y — ada, 8, (8) 2020, + (1 + a)2da + (2u — $2%),),

roe dyukuus o = at), & # 0, Asnsercsa pelnexveM ypasHerus {2.85).
CooTBeTCTBYKLIME NHBAPHAKTEBIE YPABHEEUA UMET BHUA:

Uy = Ugs + ﬁug TN AeR: (2.104)
Uy = Upyp + %dug + (A +ea)a?, XeR. (2.105)

Aneebpa Ags. K peanuzanuam anre6pnl Ay s IPUBOAUT pacliHpeHye
BCeX peanuzauuil anreSpsl As s.
[Tprxonym K T2KUM pe3yaLTaTam:

(D, Dy, 6D + Do, 9, + %131. - %ua,) :

3
Ut = Upy — YUy + A|ugl2, AER; (2.106)
(D, By, 10 + Ao, 16, + %x&x + %ufm :
Up = Uge + A @+ ma S uz], A>0, m#0; (2.107)

1
(D Bo, 20, + At + N2 08,, 260, + 20, + (1 + q)udy)

1 1

(gl # 1, A£0): = tuna — Je(1 = @)t 2 0 + )y 2077,
rne e=1pgna ¢t>0, e=-1m1a t<0, mel; (2.108)
(B + 2MBp, 20y + 2NE(t0y + 20y — udy), — D,
—t0, — %x@x + %u@u) : (2.109)

3
Up = Upy — 2MUUL + mt_3|t2ugc — %x\‘lt| 2, A#0, melR

Anzebpa Agg. K peanusauuu anre6prl Aqg IPUBOAUT TOMBKO Paciliu-
penue peannszauuy AS ;. Umeem peanusauuio

(B, D, 20y + 0, — (&)~ L1+ 02)y + (q— ) 205 + [2qu — %ﬁ]au),
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rae g > 0, dyukuus o = «ft), & # 0, ABIAeTCA pellleHHeM ypaBHEHHS
(2.86).

COOTBGTCTBy}OHlee VHBapraHTHOE ypaBHEHUE VMEeT BU

Up = Uy — %du§+ A —a)(1+0?)", AcR. (2.110)
Aneebpa Agqp. [lombiTKY paciuvpexvs U3BECTHBIX Deaqu3alUil ajre-
6phl A3 s K peanusauuam anreSpbl Ay 1o IPUBOASAT K OIIUGOUHBIM paBeH-
cream. CusenoBaTenpHo, B KJaacce onepaTopoB (2.40) anrefpa Ag1p He
UMeeT peanusaluil.
Jlanbreiinias TpoBepKa Ha 3KBUBAJEHTHOCTb IOJYUYEHEBX YPaBHEHUH
[0Ka3aja, YTO BCe OHU ABJIAWTCH HesKBUBajeHTHhiMU. [lasnee, 3aMeHa
IepeMeHHEIX

t=t, T=z, w=u—A

Mo3BoJiseT NoM0XUTh A = 0 B ypaBHeruu (2.101), a 3aMeHa NepeMeHHBIX

: 3@t

t, T=z, w=u+2(1+q)  tem|t|

[103BOJIsIeT N0A0XKUTh m = 0 B ypaBHeruH (2.108).

Hcnonbsoranye MHOUHUTE3UMAIBbHOTO MeToaa Jlu Tokaszano, U4To Bce
peanusallyy, 0OTHOCUTENbHO KOTODHX WHBADWAHTHB! ypaBHeHus (2.100)-
(2.110), sBsg0TCA MaKCHUMAAbHBIMU arefpaMyl UHBAPHaHTHOCTH COOTBET-
cTBywux ypasHeHuit. Tosnbko ypasHenue (2.106), B koTopom A = 0, jo-
[IycKaeT paclIiupeHye CHMMeTPUHHBIX CBOMCTB, HO B 3TOM CJy4ae OHO C
TOUHOCTBIO 10 NeHCTBUS 3aMeHb! TlepeMeHHbIX

t=t, ZT=2z, U=-u

COBNajaeT C MOJy4YeHHHIM Bhlle ypaBHenueMm bBroprepca. K ypapHenusm
Bioprepca caoautca u ypasHeHe (2.109), ecnu m = 0.

OcHOBHOH pe3yabTaT rpynnoBoi kiaaccudukanuu. [lockonpxky Bce
ypaBHeHUs], KOTOpPHE TI0Jy4YeHbl B 3TOM ITyHKTe, ABAANTCH He3KBHUBAJIEHT-
HBIMHM ¥ He CoJepXaT IPOM3BOJbHHIX (YHKUUH, To 3ajauyy IpyINoOBOH
KJACCUPUKALWY HeJuHeHbIX ypaBHeHUH Buna (2.37) MOXKHO CYUMTATh De-
I1eHHOH.

Kak caeayeT U3 IIpoBeleHELX pacCyKIeHHH, caMble BLICOKHE CUM-
MeTpUIHKe CROACTBA cpeau HeJWHEHHBIX YpaBHeHHUH MCc/eAyeMoro BKa
HMeeT U3BeCTHOe ypaBHerue Bioprepca

Ut = Ugpy + UUL.
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MaxcrmanbHOR anre§poll HHBADHMAHTHOCTH 3TOTO YPABHEHUS ABJAAETCA
nsaTuMepHas anrefpa Jlu onepaTopoB cHMMeTpHU

(O, 80y — Oy, O¢, — 280y — 20y + udy, 28, + txd, — (tu + 2)8,,).

CylIecTBYI0T TaxXe TPHUHAALATH HeNyHeHHBIX ypasHeHu# Bupa (2.37),
MaXCHMaJbHBIMK aarefpaMy MHBAPHAHTHOCTH KOTODHIX ABJAANTCHA UYeTH -
pexMepHble pazpeliiMble aareSpbl Jlu onepatopos cuMMeTpuH. [lepedyens
5TUX ypaBHeHUH NpuBeneH B Tadaule 2.3, rae Mbl HCIIOAb3yeM Takue 060-
3HAUEHHA:

241 5 = (=268, — 202, Bn, ~udu + M/ [H18s,84) (A £ 0)

242 5 = (0p — udy, 8y, 3

Ao = (B4, 8y, 82, 2t8; + 28, + (u+ 2)8y);

Lo, eMa,) (A £ 0);

A2 5 = (B, B, By, 0y + 530, + (u+ )00
ALy = (D, B, By, 0y + udl);
A = (D1, By Doy 0y + 220, + kudy) (b #0,5,1);
AL 7 = (B, By, 20, — %m |t 260; + 205 + 2ud,);
A% ;= (84, —Or, 20y — 00y, & 0%y +
+(1+ 0)20. + (2u— 12%)0.),

rae Qyrxups o = at), & # 0 asasercs pelenrem ypasHexus (2.85);
Al.B = <6Ia aﬁa tax + au; tat + %xax - %u@u),
A3 g = (Buy By t0y + ABa, 0, + £20, + Sudu) (A > 0);

1
A2 = (B, B, 200 + Nt120700,, 268, + 205 + (1 + q)udy)

(lal #1, A #0);
AL = (8, + 2\, 20y, + 2ME(t0; + 20, — udy), — s,

— 18, — 528, + gud) (A >0);
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AL g = (B, By, 28y + 0By, — (@)1 + a8, +

+ (g - a)eds + (2qu— §2*)3u),
rae g > 0, dyHruMa o = a(t), & # 0 ABAfeTCH pellleHVNeM YpaBHeHUSA
(2.86).

B crontuke MAH ykazanu peanusauuy YeTeIpeXMepHBIX anredp Ju,
KOTOpbIE ABASIOTCA MAKCUMAaJbHEIMM anarefpaMy MHBapUaHTHOCTU COOT-
BETCTBYIOLINX YpaBHEHUH.

Tabauya 2.3
Ypaenenns (2.37), MHBapHaHTHBIE OTHOCUTEJIHHO
UeThIpeXMEPHBIX Pa3pellUMbIX aireSp Jlu omepaTopoB CUMMeTPHH

N n/n Ypasuerus MaH
Actg ln[tui[—{- P

a1 i

e=1aa9t>0,e=-1mmt<0,feR A£0

2AL,

l Ut = Uge T

2 Ut = Uggy — Mg (T + In|ug]), A#£ 0 24%,
3 U = Ugy + Aexp(—ug), A# 0 Al
4 Ut = Uga + 2 In "LLz| A4212
5 Ut = Upe — Uz I0|Uc| + Auz, AER Als
2k—2
6 ut=um+>\]uz|2’°—1,>\;é0,k;éo,%,l Al
7 Ut = Uzz T %uﬁ Aéll‘(
3

8 Ut = Ugz — UUz + Auz|2, A# 0 Alg

Uy = Ugp + AT 2+ mafug], A >0, m#0 A g

1
10 | wp = ugy — %(1 — ez 02,

A£0, |gl#Le=1nmat>0,e=—-1p15¢t<0| Ajg

1l ut=um—%du§+()\—a)(l+a2)_i,AG]R Alg
12 | w =t + 5@+ (At a)a AER A2,

3
13 Us = Ugg — 2AUUG + mt_‘q‘[tzux - %A_itlg,

A>0m#0 Afs
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B 3aBeplIeHne naparpa@a MBI [IpeanaraeM nJg CaMOCTOATEJIBHOIO pelleHUsd
TaKue 3ajady.

3apanue 2.4. B npepsioxeHHOM T0AX0Ae POBECTH [PYNIOBYIO KNaccupuKa-
UKIO JHHEHHOrO ypaBHeHXS Mapabo/iyecKoro THia

Ut = Ugze + AL, 2)us + B(t, 2)u+ Ct, z).
CpaBHUTL [OJYYEHHBH pe3yapTaT ¢ peayJbTaToM TPYNIoBOH KjaccrduKaunu
JI.B. Oscauuurosa [46] (cM. Takxke 1. 2.1.1).

3apanue 2.5. B npensiomeHHOM moAXone NPOBeCTH FPYNIOBYIO KnaccuuKa-
UKo JHHeHHOIO ypaBHEHUS TPeThero MopsaiKa

u = A(t, 2)ugee + B(t, 2 )uee + C(t, 2)ue + D(t,z)u+ E(t,2).

CpaBEKTh MaKcHMaJsbHbe KOHeYHOMepHHe a/ireGpbl KHBaDHAHTHOCTH YDaBHEHHS
Kopresera—ze Ppusa u ypaBHeHUS

Ut = Uzzz-

2.3. I'pynnoeas KJacCU(PHUKALUS HEJTHHECHHBIX
YPABHEHUH 3IBOJIONHMOHHOrO THMNA

B 71petnem naparpade Mbl NIPOBOAMM TPYNINOBYK K2CcCHDUKAUMIO
HeJAMHEHHbIX ypaBHeHHUH BUIa

uy = Ft, 2, u, ug Juge + Gt 2, u, 1y ), (2.111)

rae F # 0.

Kax u B npepwlnymem mnaparpade, 0s pellleHus 3a4adyd UCIIONB3Y-
eTCA mpeanoxenub B [25, 187] moaxox X rpynnoBof KnaccuduKaLUuy ¢
HECKOJIbKO M3MEHEHKEBIM MMOPAAKOM BLIIOJHEHUS 11ar0B ero ajropruTMa.

2.3.1. INlpeapapuTeabHble PE3YILTATHI [PYNIOBOH KIdCCUPHKALIHHA
ypapHeHus (2.111)

B cootBeTcTBUYM ¢ anroputMoM JIM MHGMHMTE3WMaJabHbIE ONEPATOPLHL
rpynIbl cuMMeTpud ypasHenus (2.111) niem B Buze (2.38).

Yenorre uHBapuaHTHOCTH ypaBrerus (2.111) oTHocuTenbHo onepaTto-
pa (2.38) umeer BUO

got— {TFt +§Fx + 77Fu +<10IF’LL¢}UII -

— " F — 1G4 — EGy — Gy — 9" Gy, 0.

@un =
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[Iponssenss HeofxomuMble BHIYKCJEHUA W IIDe0BPA30BAHUA U OCYIlle-
CTBUB pacliellleHHe MOJYYEHHEOro DABEHCTBA II0 CTelleHAM CBOOOOHBIX
JuddepeHUUaNbEDX [IePeMeHHbX Uy, Ury, [PUXOAUM K TAKOMY De3y/b-
TATY.

Mpenaoxenne 2.7. [pynna cummempuu ypasrerus (2.111) cenepu-
PYemcs UHQUAUMESUMALbHBIMIL Onepamopami suda

Q =a(t)d; + b(t, x,u)0; + c(t, z,u)dy, 2.112)
ede deilcmsumenvhble esadxue Qynkyuu a, b, ¢, F, G ydossemeopsrom
maxum J8ym pagencmeam:

(2by + 2uypby, — a)F = aFy + bF, + cFy, +

+ (Cx + UsCu — Ugby — uZby)F,
Ct — Ugbs + (Co — @ — uzhy )G + (Ugbpr — Coz — 2UpCuz — U Cyy +

4+ 2uZbyy + ulby ) F = aGy + bGy + ¢Goy +

+ (ce + ugCy — tzby — u2by )G, (2.113)
c_da - _ da
31ech ¥ nanee 4 = g 0= g7 ¥ T.I.

JIns MOCTPOEHUs TPYNIIbl 3KBUBasieHTHOCTH £ ypasHeHus (2.111) He-
06X0I¥MO U3 MHOXeCTBA HEBHIDOXKIEHHKX 3aMeH [lepeMeHHbIX [IPOCTPaH-
ctea V = R? ® R! nesasucumbix R? = (t,z) u sasucumodt R! = (u}
repeMeHHbIX

'E: a(t’ I’ u)) ‘,‘E = ﬁ(t) I) u))

£0, (2.114)

oTo6paTh Te peofpasoBaHus, KOTOpble COXPaHAOT BuA ypasHexus (2.111)
HeH3MeHHBIM.

Mpennoxenue 2.8. [pynny £ cocmagaaom npeodpasosanus

t=T(), z=X(t=zu), v=Ultzu) (2.115)
edeT#O,%;&O

JokaszareabcTeo. [lycTh HeBblpoXneHHas 3ameHa NepeMeHHbX (2.114)
npeoBpasoBbiBaeT ypasHerue (2.111) B yparuenue

v; = F(E,Z,v,v3 )vzs + G(F, %, 0, vz). (2.116)
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B cooTseTcTBHYM ¢ 06KM NpaBUJIOM 32MEHDI [IEPEMEHHDIX HMEEM

vi0z + V50 — V2 (2.117)

r = o .
Yu — V0 — V53

Mockonsky oyrkuan F, G 8 (2.111) u F, G 8 (2.116) ssaswTcs mpo-
H3BOJbHBIMH (DYHKLUMAMKE CBOMX apPryMEHTOB, TO JAOJIKHO BHIIOJHATHCH
YCJIOBHE

Uy — g(t_: z,v, Ui‘)'

[MosTomy B {2.117) o = v, = 0. CneporaTtensro, B (2.114) o6s3aTtenbHo
a=T(t), T #0.

Jlanee, BrmonHUB 3ameny nepemenuux (2.114), rne o = T'(t), nprxo-
I¥M K TaKUM IIpeo6pasoBaHUAM!

Uy — UET(’Y‘LL - Ufﬂ‘u)_l + 91(5,9?,1},1;93),
Upy — Vzz02(L, &, v,vz) + 05 (8, 2, v, vz ). (2.118)

3pech QyHKUYH by, 8o, f3 IPHOOPETAIOT COBEPIIEHHO KOHKPETHHE 3Haue-
HUA ¥ Npy aToM 8o # 0. BenencTBre HeBBIPOXAEHHOCTH 3aMeHHBI Tepe-
MEeHHBIX ¥y — vz8y # 0. [losTomy B pesyibTaTe NMOACTAHOBKY 3THX 3HA-
yeHut (2.118) B ypassenue (2.111) npuxonum K ypaeHeHuio Brpa (2.116).
]

Kax cienyer 13 pesynbTaToB NpeasoxeHUs 2.7, HHOUHUTE3UMA/bHbIE
OnepaTopkl, T€HEPUPYIOLLYE I'DYIY MHBADHAHTHOCTH ypaBHeHusa {2.111),
NpUHAIEXKAT K §o/lee MINPOKOMY Kaccy JHHERHBIX AN((depeHINATbHEIX
OTIepaTOpPOB, UeM HHOQUHUTe3UMa/bHble OTepPaTOpPH, KOTOpHE TeHepUPYIT
rpynny cuMMeTtpuy ypasHerns (2.37). C npyroil CTOpPOHH, ¥ IpyIina SKBU-
BaJeHTHOCTY ypaBHeHus {(2.111) sraseTcs szauuTebHO GoJee IIMPOKOH,
YeM Ipynna 3KBUBaJEHTHOCTH ypasHeHHA (2.37). B wacTHocTy, oHa co-
JePKUT NpeoBpa3oBaHe

t=t, T=u, v=uz, (2.119)

KOTOpOe 3HAYUTEeJIbHO CyXaeT Nlepeuetb HeSKBUBaJIeHTHEIX YPaBHeHUH BU-
na {2.111). B atom Mmbl yBexnaeMcsl, BHIONHAS yKe [epBHII ar aniro-
pUTMa MeTofa TPYIIIOBOH Kaccu(uKauuy s ypasHenus (2.111).

Teopema 2.5. Cywecmsyrom 3amenst nepemennsix (2.115), komopete
csodam onepamop (2.112) x 0dnomy u3 maxux d8yx onepamopos:

Q =0 (2.120)
Q = 9. (2.121)
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JokasaTeabcTB0. B pesynbTaTe BHIOJHEHUA 3aMeHBl IlepeMeHHBIX
{2.115) onepaTop (2.112) npeo6pa3oebiBaeTcs B 0ONepaTop

Q — Q = aTd; + (aXe+bXp+cX)05 +(aUs+bUp+cU,)8,. (2.122)

[Tycts B (2.112) a # 0. Torna, nonoxus s (2.115) dyuxkunio I' paBHoH
pertenuio ypasuenns T = o~ 1, a dyskuun X u U — pasubiMu dysna-
MEeHTAJbHBIM PelIeHUAM OfHOPOAHOTO AH(dOEPEHINaNbHOTO YPABHEEHS B
YACTHBIX TIPOU3BOAHLIX [I€PBOTO NOPsAKA

aYy +bY, +cY, =0, Y =Y(t,z,u),

y6exnaemcs, uto onepartop (2.122) npuobpetaeT Bun Q = O;.

[lycts Tenepb B {2.112) ¢ = 0. Torma B (2.112) o6sasatenbHo HaU
b+ 0, unu ¢ # 0. Ecu b # 0, To, nonoxus B {2.115) ¢yuxiuo X paBHOR
YACTHOMY pelleHUI0 YpaBHEHHUS

b Xy + Xy =1,
a dyukunio U — paBHOU QyHNaMeHTaAbHEOMY DellleHNI YpaBHeHUA
bU, + U, =0,

nipeo6pasyem onepatop (2.122) B onepatop Q = 8.

Ecau xe B (2.112) b =0, ¢ # 0, To ¢ TOUHOCTLIO 10 AeHCTBUA 3aMeHH
nepeMenublx (2.119) umeem npennaymui cayuaft.

Henocpeactsensol npoBepkoit y6exaaeMcs, UTo He CYIIeCTBYIOT Ipe-
06pas3oBaHnA U3 Ipynnb £, KoTopble IpeobpasyioT omepatop (2.120) B
onepaTop Oz. [ |

Creacteue 2.2, Fcau reauretinoe ypasnernue suda (2.111) donycka-
em OOHOMEPHYIO aAreebpy UHBADUARMAOCTU A1, MO ¢ MOYHOCMBI) 00
IKBUBAACHMHOCIU OHO COBRA0aEM ¢ OORUM U3 MaKux 08yx ypasHerul:

ur = F(z,u, ug Juge + Gz, u,ug ), (2.123)
ue = F(t, u, ug Juge + Gt u, uz). (2.124)

Maxcumanotoie areebpsl UHBAPUAHIMHOCTIL SMUX YPABHEHUI, COOTM-
gemcmgenno, umerom sud: Al = (8,), A2 = (8,).

JoxkasatenbcTeo. Ecnu ypasuerue (2.111) nonmyckaeT oIHOMepEyIO an-
re6py MHBAPHAHTHOCTH, TO ee GA3HCHLIH omlepaTop uMeeT Bua (2.112) n

npeofpazoanuamy (2.115) moxeT ObITH CBelleH K ONHOMY Y3 OIlepaTto-
pos (2.120), (2.121).
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Hcnonbaya xnaccuduuupylomue yparHenus (2.113), ybexnaemcs, 4To
HWHBapUAHTHHE OTHOCHTEJNbHO 3THX ONepaTOpPOB ypaBHeHHs Buna (2.111),
COOTBETCTBEHHO, COBMAfAWT ¢ ypaBHeHUAMH (2.123), (2.124). Ucnonbzo-
Bauve MHQUHUTESHMAJbHOro Mertona JIU moKaszano, YTo Xorna QyHKLUY
F u G B NonyuyeHHHX YpaBHEHHAX ABJAKTCA NPOU3BOJBERMH QYHKUIH-
AMY CBOHMX apryMeHTOB, TO COOTBETCTBYWOIIHE OfHOMeDHLle anre6psl JIn
0IIEPATOPOB CUMMEeTPUY ABJIAWTCA MaKCHMAaNbHHIMU a/reSpaMyu WHBapH-
AHTHOCTH 3TUX YpPaBHEHUH.

Haxoxrel, HesKBHBaJeHTHOCTD ypaBHeHudt (2.123), (2.124) cnenyer ns
He3KBUBANEHTHOCTH HX aArefp WHBApHAHTHOCTH. [ |

Hcnonbays pesynwTaThl npeanoxenuit 2.7, 2.8, Teopemul 2.5 n cien-
CTBUS U3 Hee, IePeXOAWM K JanbHellledl IPYNIoOBOH K/IacCHQUKALHK
ypaBrenu# supa (2.111). Cuauana mME 1poBeleM KaaccHHKALMI Heau-
He#HHX ypaBHeHu# Buaa (2.111), anreSpbl MHBAPHAHTHOCTH KOTODLIX fB-
AAKTCA anreépaMu JIM onepaTopoB CUMMETPUY € HETPHBHAJIbHBIM Passio-
xeuveM Jleu.

2.3.2. UneapuantHOCTh ypasHeHuH (2.111) oTHOCHTEaABHO anarelp
JIH onepaTopoB CHMMETPHH C HETPHBHAJLHBIM PA3JOKEHHEM
JleBu

Ecsiu markcHmanbHas anrefpa MHBADHAHTHOCTH AHGdepeHIHaNbHOro
ypaBHeHUsA ABAseTCA anreSpoit JIu onepaTopoR CUMMETPHY C HeTPHBHAD-
HHM pasnoxeHneM JIeBH, To OHA CONEPMUT KaK [0JaNreSpy HeKOTODYIO
TOJYTIPOCTYI0 anre6py Jlu onepaTopoB cuMMeTpuy. ClefoBaTe bHO, AaH-
Hoe nuddepeHlIManbHOe YpaBHeHYe OyeT MHBAPUAHTHBIM OTHOCHUTEJNLHO
HEKOTOpo# MoaynpocTod anrepsl JIu onepaTopoB cuMMeTpuH. [loaTomy
3ech, KaK YU [Py UCCAeNOBaHUM ypaBHeHuH Buna (2.37), MH HaunHaeM
¢ onucanus so(3)- v sl(2, R)-UHBADHAHTHEIX HeNHHEHHBIX YDAaBHEHUH BU-
na (2.111).

Teopema 2.6. C mounocmeio 00 3KBUBAACHMHOCMILL 8 KAACCE Ofle-
pamopos (2.112) cywecmayem odna peasusayus arzebpst so(3)
(B, tgusinzdy + cosxdy, tg ucoszd, — sinzd,), (2.125)

Komopas asasemcs ar2ebpod unsapuarmuocmu ypasrenus seuda (2.111).
[Ipu amom 6 (2.111)

2 2 ~
F:%, G:2lw+—:21tgu+\/l+w2G(t),
W = Uy secu. (2.126)



2.3. Tpynnosas xiaccudukauus ypapHexuht 239

Ecau 8 (2.126) G — npoussoarsrnas Qynkyus c80eco apeymenma, mo
peaausayus (2.125) sgagemcs MaxcumaibHotl a12e6polt UHBAPUAHMHO-
CIMU MOS0 YPABHEHUA.

JokasateanctB0. Anrebpa so(3) = (e, eq e3) onpenenseTcs TAKUMU
KOMMY TALIMOEHEIMY COOTHOLICEHAMHU!

[61, 62} = €3, [61, 63] = —€g, [62, 63] =e€1. (2127)

Jlns onucanys peanusauuit aare6psl so(3) Mbl J0JKHE B KauecTBe Gasuc-
HBIX 0T1epaTopoB e; (1 = 1,2, 3) B3saTb onepatops! Buaa {2.112) u oTo6paTsb
TaKre TPOAKH OIlepaTopos, KOTOPLIM YAOBAETBOPANH Obl KOMMYTaLIHOHKEDIE
cooTrouterus (2.127). Jlas ynpolleHHs BUAA 3THX ONEPATOPOB MBI MOXKeM
HCII0b30BaTh Npeobpaszosanus (2.115).

B cooTBeTCTBHH ¢ pe3y/ibTaTaMK TeopeMHl 2.5 OJMH H3 6a3UCHBIX Olle-
paTopoB anre6pH so(3) (HanprMep, onepaTop e1) MBl MOXKEM Cpagy IIoJo-
HTb PaBHBIM O¢ UK O.

[lyctb €1 = &. Toraa U3 BHIIO/NHEHK IePBBIX JBYX KOMMYTAlMOHEBIX
cooTHomenu# (2.127) cnenyer, uTo

eo = Acostd; + [beost + SBsint]dy + [ccost + v sin t]dy,
es = —Asintd; + [—bsint + Scost]dy + [—ecsint + vcost]d,,

rge A =const € R; b = b(z,u), ¢ = ¢(z,u), 8 = Bz, u), v = y(z,u)
— TIPOM3BOJbHBle IMafKMe QYHKLHUK CBOMX aprymenTtos. Ho nposepka
TPETHEIO KOMMYTALMOEHOTO cooTHOWeEHHUA (2.127) NpPHUBOANT K PABEHCTRY
A? = —1, KoTopoe He UMeeT cMbicaa B jeHcTBUTeNbHON o6aacTu. Cremo-
BaTeJbHO, B 3TOM C/lydae He CyILIeCTBYeT peanusauul anreSpn so(3) B
KJacce ornepatopos {2.112).

[lycts Tenepn ey = J;. HenocpencTaerHo# nposepkoit ySemnaemcs,
4To cpeay npeofpa3oBaEui rpymny £ TOAbKO Npeofpa3oBaHuUA

I=T(t), Z=2+X(t,u), v=Ult,u), T#0, Uy #0  (2.128)

He U3MeHsIOT BUJ OllepaTopa ej.
Jlasee, 13 BBHINONHEHNUS T€PBHIX ABYX KOMMYTALMOHHBIX COOTHOLWEHUH
(2.127) cnenyeT, uto

es = accos(z + ¥)0; + Bcos(z + 8)8y,
es = —asin(x + )0 — Bsin(z + 8)3,, {2.129)

rae o = oft,u), vy =yt u), 8 = Bt u), § = 0(t,u) — Npou3BoAbHEE
riajxre QYHKIMK cBoux aprymerToB. Ecau B (2.129) 8 =0, To nposepka
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TPeTbero KOMMYTALHOHHEOI0 COOTHOMWeE A (2.127) IIpUBOAUT K PABEHCTBY
a? = —1, K0Topoe He UMeeT CMBIC/A B AeHCTBUTeNbHOM oBnacTy. [TosTomy
B (2.129) o6szatensio 8 # 0. lonoxkus B (2.128) X = 6, a dyuxunio
U — paBHO# pelenuto ypasrexus U, = (7!, BHAUM, 4TO ONepaTophl
€2, €3 B pe3ynabTaTe TAKOH 3aMeHbl IIepPeMeEHBIX IpeofpasoBBIBANTCA B
OIlepaTophl (OCTaB/sseM HayaJsbHble 0603HaUeHNs TlepeMeHHbIX )

eo = arcos(z + )0y + cos Ty,
es = —asin{z + )0, — sinxd,,

rae @ = a(t,u), v = ¥(t,u) — IPOU3BOAbHLIE IMAAKHe QYHKIMH CBOMX
apryMeHTOB.

[lpoBepxa TpeTbero KOMMYTAlLHOHHOTO cooTHolenus (2.127) nas mo-
JYUYEHHBbIX OIIePaTOPOR €1, €2 IIPHBOAUT K PABEHCTBAM

cosy =0, a®+aysiny =—1,
OTKyja cleayeT, U4TO

e = tg[u+ &(t)]sinzd; + coszdy,
es = tg[u+ &(t)]coszdy — sinzdy,

rae &(t) — MpousBOJbHAs IMaaKas QYHKIMA NepeMeHHOH t.

Haxoner, nosoxus 8 (2.128) T =t, X =0, U = ut &(t), ybexnaem-
€A, YTO [IOAYYEHHAA peasn3alliA CBOAUTCA K peanusauun supa (2.125).

[poBepum nanee, Byaet au peanusauna (2.125) anre6poit ©HBapHAHT-
HocTH ypaBHeHu# Buza (2.111). [ns onepaTtopa e1 B MHBADHAHTHOM YpaB-
Henun F = F(t,u,uy), G = G(t,u,u,). [ostomy pist onepaTopos eg
u eg ycenosus {2.113) sxBrBaneHTHB Takol crcTeMe aAnddepeHINaNbHbIX
ypaBHeHUH:

E, —uztguF, =2tgu- F,
(1 4+ u?sec’ u)F,, = —2uzsec’u- F,
upsec?u-G +uptgu(l — 2usec? w)F = (1 + uZsec®u) - G,

(1+2usec® u)F = Gy — ugteu - G.,.

2 ~
U3 nepsrix aByx ypaBreHH# cUCTeMbl cieaveT, uto F = lse:—“‘;F(t),
W

The w = U, Secu. I/l3 YeTBEPTOTO YpaBHEHNA CHCTEMB IIoJydaeM, 4YTO
_ 2w + 1

- 2
w

tguF'(t) + G(t,w). HaxoHel, M3 TpeTbero ypasHeHus CH-
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cremul caenyet, uto G = /1 + w2G(t). CrenoatenbHo, ecan peanrsa-
uuaA (2.125) anre6pe: so(3) aeaseTca anreSpoll KEBAPHAHTHOCTY YpPABHe-
Hus (2.111), To B UHBaPUAHTHOM YDaBHeHUH
2., . 2 . .
F=SCUpbgy =202 i pie) 4 1+ w?G(),
14+ w? 14+ w?

W = Uy SECU. (2.130)

3nech F(t), G(t) — mpousBobHEe MIaAKKe QYHKLUM CBOKX apIyMEeHTOB
u npu atom F(t) # 0.

3amena mnepemeHunx (2.128), rze X = 0, U = u, He meHseT BUA
onepaTopos peanusauuu (2.125). [NosTomy, nosnoxue I' paBHBIM pelleHHI0
ypasrerns T = F, moxem npeofpasoBaTh NONyHEHHOE HHBAPHAHTHOE
ypasrerre (2.130) B Takoe, rze F(t) = 1.

HenocpeacTBeHHOR TIpoBepKOH yOexAAeMCS, UTO AIA TIPOU3BOJABHOH
¢yrxuru G(t) peanusaums (2.125) ABaseTCA MAKCUManbHOR anare6poi
UHBAPHAHTHOCTH TOJAYUYEHHOro ypaBHeHHs Buaa (2.111), rae dyaxkunn F
u G umelot 3HaueHHe (2.126). [ |

Teopema 2.7, C mounocmuto 00 IKBUBAAEHMHOCIIU 8 KAQCCE Onepa-
mopos (2.112) cywecmayrom name peasusayuti ascebpst sl(2,R), komo-
pele asraromes areedpamu unsapuanmrocmu ypasuenult suda (2.111):

(2t8; + 10y, —t20; — txdy + 220y, By); (2.131)
(2t8; + 28y, —t28; + (2% — )8y, By, ); (2.132)
(208, — udy, —228y + zudy, Oy); (2.133)
(228, — udy, (u™* — 22)0, + zudy, &); (2.134)
{220, — ud,, —(u_4 + xQ)Bx + zudy, O ). (2.135)

Snavenusn ynxyuil F u G 8 cOOm8emcmsyroujux UHBAPUARMHbLX Ypas-
HEHURX maxue:

sl(2,R) F G
(2.131) | F(w) ™2 [é’(w) —2uF(w) + u? —uw], w = 2u— Tug
(2.132) w™S z72 l'—%w +3w %+ w_ié'(u)], W= TuUz
(2.133) [u~* —2u"%2
[ . 2
(2184) |5 (14 40?) " u [VIT 202G - D EL] ) — oy,
8w + 2
—4 2y —1 [ = 100)2 -1 -3
(2.185) |[u™* (1 — 4w®) 7 |u «./|1—4w2|G(t)+m ,w=Uu U
Ww? —
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Ecau 8 unsapuanmubix ypassenusx Qyukyuu F u G ssasomcs
NPOUIBOAbHBIMU DYHKUUAMI CBOUX OP2YMEHMO8, MO COOMBEMCMEyIo-
wue peasudayuu areebpor sl(2,R) a81210MCs MOKCUMAALHBIMU QA2E-
Opamu UHBADUAHMHOCMI 3mMux ypasgHenul. MaxcumarvHoll arcebpoi
UHBAPUAHMHOCIIU YDABHEHUA Uy = U™ Yy, — 2u™5u2 (mpemveco 6 ne-
peune) agrsemcs namumepHas arcebpa Jlu onepamopos cummempuu,
uzomoppras arzebpe sl(2,R) & Lo, ede sl(2,R) cosnadaem ¢ pearu-
sayuedl (2.133), a Lo 1 = (4td; + udy, &)

JokasateascTBo. Anredpa sl(2,R) = (e, e, e3) onpenenseTcs TaKUMU
KOMMY TALMOHHBIMH COOTHOLIEHV MK :

le1,e2] = 2e3, [e1,e3] = —2e3, [eo,e3] = e1. {2.136)

B cooTBeTCTBHU ¢ pe3yabTaTaMy TeOpeMbl 2.5 ME MOXEM CDa3y OAWH V3
6a3UCHBIX OTEPaTOpPoB peanrsauvy anredpr sl(2,R) (Bbi6upaem omepa-
TOp e3) B3SITb PABHLIM OIEPATOPY Op UAU ONePaTOpy Op.

[lycts es = &;. Toraa U3 BHIIONHEHHS BTOPOTO KOMMYTALIMOHHOTO CO-
oTHoweHus (2.136) cieayeT, 4TO ¢ TOUHOCTBI) 10 5KBUBAJEHTHOCTH OIle-
PaTop e COBMALAET UJIY C ONEPATOPOM 2t0y, UAY ¢ onepaTopoM 2ty +xdy.

Ecnv e = 2t8;, TO U3 BBINOJHEHVS OCTANbHEX KOMMYTALMOHHBIX CO-
oTHoweHnu# (2.136) cnenyer, uto ey = —t28;. [Npuwax Kk peanusauuu
(2t8;, —t28;,8;). Ho TpeGosanue Toro, 4tobhl IO/yYyeHHAS Deanusallys
ABJANAChH anTe6poll WHBAapPHAHTHOCTY ypasHeHus {2.111), mpusomuT K pa-
BercTBY F = 0, uTo IPOTUBOPEUHT MPeATIONONKEHVIO O TOM, UTO B YpaB-
Henuu F # Q.

Ecnu xe e1 = 2t8;+ 20z, TO ¢ TOYHOCTBIO 0 SKBUBAJEHTHOCTY UMEIT
MecTo peanusauus {(2td; + xdy, —t28;, — txdy, 8;), 2 TaKKe peanusauuu
(2.131) u (2.132) anre6pw sl(2,R).

[Mposepka yenosui (2.113) rokaspiBaeT, UTO NepBas peaNy3alVA He
MOKeT OBITh a/refpolt HHBapHAHTHOCTH ypaBHeHus (2.111); nis peanusa-
uuu (2.131)

F=Fw), G=uz2 {é(w) —ouf(w) +ud - uw] :
w = 2u — Tu,,
a nas peanusauuu (2.132) —
F=uw3Fu), G=x2? {—%w + 3w 2F(u) + w_l(:z'(u)} )

W= TUy.-
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HeTtpyaso yGeanTbes, UyTo 3aMeHa NepeMeHHbIX
t=t, z=z, u=U@), U #0, v=vtz)

OCTaBJsieT B OasUCHHIX oNlepaTopoB peanusaiuu {2.132) HeusMmeHHBIM.
Mostomy, ronoxus dyskuuio U pasHoit pemenuio ypasmenusa (U/)% =
= F(U), 8uanM, 4To ¢ TOYHOCTBIO IO SKBUBAJCHTHOCTH B HaM ACHHBIX
st peanuzanui (2.132) sxauenuax ¢ysxuuit F u G MOXHO IOJOXKUTH
F=1.

[lyctb Temeps e3 = 8. Torna u3 BRIIOJIHEHHsT KOMMYTAIMOHHBIX COOT-
HoweHu# (2.136) caeayerT, UTO ¢ TOYHOCTBIO A0 SKBHBAJEHTHOCTH B KJ1acce
onepaTopos (2.112) peanuzauuu anre6per si(2,R) ucuepneisaoTes peasnu-
sauedt (220, —x%8;, O,) u peanusaumamu (2.133), (2.134), (2.135).

[posepxa ycnosuit (2.113) roxaspiaeT, uTo repBas peanu3alyd He
MOXeT GbTb anrebpoll uHBapraHTHOCTY ypaBHeHu# Buja (2.111). OcTann-
Hble DealM3allid YAOBNETBOPAT YCAOBUAM I[IOCTaBJeHHON 3apauu. [lpu
aToM asA peanusauun (2.133)

F=uF(t), G=-2u"%2F({t)+uG(t);

st peanusaiuy {2.134)

1 = % 10w? +1 £
F=—\-__F(@#t), G=u|V1+4w?G(}t) - —=——=F(),
u4(1+4w2) ©) u{ WG (t) 8w? 42 (t)

w = u_3u$;

a ans peanuzauun (2.135)

1 ~
F=——=_F(t
ut (1 — 4u?) ).
~ 10w? — 1 £ 3
G=u /[l -42C(t) + ——=F(t)|, w=u""u,.

8w? — 2
HeTpyano yBeanTses, uTo 3ameHa repeMeHHEIX
t=T, =2 v=U(t)uy, T#0, U#DO,

OCTaB/IAET BHA Ga3HCHHIX 0lepaTopos peanusaiuy (2.133) neusmeHHBIM.
[Mostomy, nonoxus 3nech dysxuru T u U DaBHHMH DellleHUsM ypaBHe-
it U = UG(L), U # 0, T = FU4, Buaum, 4To C TOYHOCTBIO 1O 3K-
BUBaJEHTHOCTY B [I€DBOM [IOJyYeHHOM UHBAPUAHTHOM YDABHEHKU MOXHO
nonoxuth F = 1, G=o.
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AHasnoruyHo, HerocpeaCTREHHON NPOBepKOH yOexaaeMcs, 4To 3amMeHa
TepeMeHHH X

t=Tt), z=2z v=u
OCTaBASET BUJA Ga3WCHHX orepaTopoB peanusauuit (2.134)-(2.135) neus-
t

MenHbIM. [losTomy, nonoxus T'(t) = fﬁ’(f)dg, B COOTBETCTRYIOIINX UHBa-

PHAHTHBIX YpaBHEHUAX C TOYHOCTBI 10 SKBHUBAJIEHTHEOCTH MOXKHEO CYMTATh
F=1

YpaBHeHHe, KOTOPOE ABAAETCA UHBADUMAHTHLIM OTHOCKHTEIBHO peasusa-
uun (2.133), He comepKUT Npou3BOAbHHX GYHKUMH. [losTomy, BocHONb-
30BABIIMCH ANTOPUTMOM JlH, ToydaeM, 4TO €ro MakCHMa/lbHOH anreSpoft
HWHBapUAHTHOCTH SABJAAETCA NATHMEPHaA anredpa JIu onepaTopoB CUMMeT-
pu, KoTopas sABJASeTCA NpAMOX cyMmoid moaymnpocTtoll anre6pw sl(2,R)
¢ 6asucHbIME omnepaTopaMy (2.133) ¥ aByxMepHOH paspemumMoil anre&pbl
Jlu L2,1 = <4t8t + U,au, 8t>

OcTanbHble HHBADHAHTHBIE YPABHEHUSA COJEPKAT IIPOU3RO/IbHBE DYHK-
1Y, U HeNoCcpeACTBeHHA A IPOBepKa II0KA3biBaeT, YTo B 06LIeM c/ydae co-
OTBETCTBYWIIYE peaqusalmu anreSprl sl(2, R) ABAA0TCA UX MaKCHMa/b-
HBIMH a/re6paMHi MHBAPUAHTHOCTH.

Jlis1 3aBepleHys NOKA3aTebCTBA TEOPEMBl HEOOXOAUMO yGenuThCH B
HeSKBUBAIEHTHOCTH NMosydeHHbX s/(2, R)-uHBapuauTHBIX ypaBHeHH . [lo-
CKOJIBKY Pa3MEPHOCTb MAaKCHMAaJIbHON a/are0pbl NHBADHAHTHOCTH TPETHETO
B IlepeuHe YpaBHEHHs paBHA O, TO €ro HeSKBHUBAJEHTHOCTb OCTaJbHLIM
ypaBHeHUsAM (anreSphl HHBAPHAHTHOCTY KOTOPHIX MMEKT DasMepHOCTb 3)
OYeBHaHA.

J11s mpoBepKY HE3KBHBATEHTHOCTH OCTA/AbHBIX YPaBHEHUH yOexK 1aeM-
cfl, YTO He CYIIeCTBYeT TaXuX IpeobpasoBanuil (2.110), koTopble cBOANAN
6bl a/1re6phl MHBAPHAHTHOCTH 3TUX YPABHEHUH OXHA B APYTVIO.

OcTanoBUMCH, HATIpUMep, Ha CAydae IepPBOTO ¥ BTOPOTO yDaBHeHUH 13
nepeuns. [lycTsb

€1 = 2t8t + :Eax, €g = —t28t — txax + x28u, €3 = 8t.
8= 28 + %05, es= —t 8 —z(@° — DO, &5 =0k

[MpenrmoJoxum, uto cyliecTByioT ripeobpasoBarus {2.115), koTopkie nmepe-
BoasAT peanusauuio (2.131) B peanusanuio (2.132):

3
e B =3 ay, (2.137)

Jj=1
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rie oy € R (4,7 = 1,2,3), det ||| # 0. M3 Brmonnenus (2.137) caeny-
€T, UTO JIOJIXKHEL BHITONHATLCA PAaBEHCTBA

T = 2011 T — 012T? + 13,  2tUy + 2U, = 0,

X+ 2Xy = o1 X + 012X (X2 -1),

—2T = 2001 T — a92T? + 03,

Xy —tz Xy + 22Xy = an X + ozggX(X2 -1,

—t2U, — taU, +2°U, =0, U, =0,

T =205 T — asoT? + 033, Xy=as1 X + 0 X (X2 -T).

Ho torpa U, = U, = U, = 0. A 5To NPOTHBOPEYHT YCJIOBHID HEBHPOXKIEH-
HOCTY 3aMeH mepeMeHHEIX {2.115). CaenoBaTenbHo, Hallle IpeIIo/0XKeHHe
omuBoyHo, a nosToMy nepsoe 1 BTopoe si(2,R)-uHBapUaHTHbe ypaBHe-
HUS U3 IIepeyHs TeopeMbl He3KBHUBANEHTHL.

K anamornyHoMy pesyabTaTy IIpUBEO PACCMOTPEHHE W OCTAJbHEIX
BO3MOXKHBIX 11ap s(2,R)-MHEBapHAHTHEIX ypaBHEHHH. [ |

Teopema 2.8. B xaacce onepamopos (2.112), kpome noayuennsix pe-
asusayuii arzebp so(3) u sl(2,R), ne cyujecmsyem dpyeux peaiusayutl
noayapocmeix aieebp Jlu, komopeie Gviiu Obl arcebpamu UHBAPUAHM-
Hocmu HeauwnetHolx ypasrernutd guda (2.111).

JlokasaTeabcTeo. Kax u mpu moxaszatenbcTBe TeopeMul 2.3, NOCTATOUHO
yGenuTbcs, 4To B KJaacce omepaTopoB {2.112), xpome peanusamuit, mno-
JAY4eHHBIX B TeopeMax 2.6 u 2.7, He CylleCcTBYeT ADYTHX peanu3auuit
TONYTIPOCTHIX NeHCTBUTEAbHEIX anreSp JIu, yA0BAe TBOPAOIIYX YCIAOBUAM
cchopMynupoBarHol 3aflaul, TO €CTb TaKUX, KOTOpble Obla1 Onl anreGpamMu
WHBAPHAHTHOCTY HelUHeNHBIX ypaBHeHult Buna {2.111).

PaccmoTpuM cHauana cayudail Ka1acCH4eCKUX IIOJYIPOCTHIX AeHCTBH-
TeAbHEHIX anredp Jlu. Anre6phl pasMepHOCTH 3 pacCMOTpeHHl B Teope-
Max 2.6 u 2.7, Mo3ToMy JajbHeHlIeMy UCCIeOBAXHI0 TIOA/IeXKAT aaTredphl
pasmepHocTE 6: so(4), so(3, 1), so(2,2), so*(4).

[Mockoabky so(4) = so(3) @ 50(3), To so(4) = {(e;, ;¢ = 1,2,3), rne
<61,62,63) = 30(3), <51,52, ég) = 30(3) u [ei,éj} =0,147=123. B co-
OTBETCTBUM C pe3yabTaTaMU TeopeMbl 2.6 CYIIeCTBYyeT eJUHCTBeHHas pe-
anvsauus anre6pbl so(3), KoTopas ABAAeTcA anreSpoil WHBAPUAHTHOCTH
HenuHeldHbX ypaBHeHUH Buna (2.111). [onoxum 6asucHble orepaTophbl e;
(z = 1,2,3), cOOTBETCTBEHHO, PABHBIMH Ga3UCHBIM OIl€paTOpaM peanusa-
unr (2.125). Torna us yeaosus [e;, &5) = 0 (4,7 = 1,2,3) BbTexaeT, uyTo
OIlepaTophl €; HYMKHO paccMaTpXBaTh B TaKOM K/acCe Or1epaTopoB:

E=a(t)d, a#0. (2.138)
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[ockonbky 3ameHa nepeMeHHBIX
t=Tt), z=2 v=u

0CTaBJseT BHJ onepaTopos (2.125) Heu3MeHHBIM, TO OJWH K3 ONepaTopoR
g; (7 =1,2,3) Buna (2.138) moxHo cBect X onepatopy J;. Ilycts &; =
= §,. Torga mpoBepKa KOMMYTALMOHHKIX COOTHOIIEHUH aareSphl so(3)
[IOK23bIBAET, UTO

8o = Acos(t +A1)8, &3 = —Asin(t+ A1),

rae A1, A € R u A2 = —1. Ho nocsieadee paBeHCTBO B JeHCTBUTENbHOM
ofnacTy He MMeeT cMmbicaa. OTclofa ciefyeT, YTo He CYLIECTBYIOT pea-
nAusaluy anre6pu so(4) B xnacce onepaTopos (2.112), xoTopble GbIK Gbl
anre6paMy UHBApPHAHTHOCTH ypaBHeHu# Buaa (2.111).

[Mocxonbxy so*(4) ~ so(3) & si(2,R), To pas mocTpoeHus ee pealu-
32UUH HYKHO ONMUCaTh peanusalin anre6ph sl(2,R) B xsacce omeparo-
poe (2.138). Ho, xak 6buio moxasaHo IIpH NOKa3aTesbCTBE TeopeMH 2.7,
B xJacce omnepatopos (2.138) cyumecTByeT ofHa peanusallda 3TOU aire-
Bpbl: (2t8;, —t28;, ), KoTOpas He MOKET GhITh aAreSpod NEBAPUAHTHOCTH
ypaBHeHu# suga {2.111).

Anre6pa so(3, 1) nmeet pasnoxenne Kaptaua {(e1,e2,e3)+ (N1, No, N3},
rie (e1,e2,e3) = s0(3), [es, N;] = eiuNy, [Ny, N;] = —euzien, 4,5,0 =
= 1,2,3; e — aETUCUMMeTPUUHDI!l TEH30D TPETbETo PaHTa, €123 = 1.
[TosTomy, 1010 HB onepaTopk! e; (2 = 1,2, 3) paBHBIMH, COOTBETCTBEHHO,
0asUCHBIM ONlepaTopaM peadusauuu (2.125), nonyuaeM, 4T0 ¢ TOYHOCTDHIO
[0 3KBUBANEHTHOCTH

Ny =cosud,, No=—secucoszdy + sinusinzd,,

N3 = secusinzd, + sinu cosxd,,.

Ho nposepka ycaosuit (2.113) yxe nis omepatopa Nj NPUBOAWT K pa-
BeHcTBY F' = 0, X0Topoe MpOTUROpedUT TpeboBanuio F # 0 nas ypasHe-
Hua (2.111).

[pu omucanuu peanusauuil anreSpbl so(2,2) Mbl BOCIIOJb3OBANHCH
TeM, 4To $0(2,2) ~ sl(2,R) & sl(2,R). DT0 1210 BO3MONKHOCTb BHOPATD
BasyCHBE OMEepaTophl 5Tof anreSpl Tak, uTobH so(2,2) = {e; &t =
= 1,2,3), rae <61,62,63> = SZ(Q,R), <51,52,53> = SZ(Q,R) u [61,5]'} =0
(2,7 = 1,2,3). llepe6op Bcex Tpoex (2.131)-(2.135) nast omepaTopoB e;
(¢ = 1,2,3) mokasa, 4To He CYLIECTBYeT peanusauuit anreSprl so(2,2),
KOTOpHle ObLIM O aAre0paMy MHBAPUAHTHOCTH HeNNHEHHBIX YpaBHEHHH
Buna {2.111).
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CnefoBaTeabHO, He CYIIECTBYeT HU OOHOH peanusaliii IIeCTHMep-
HBIX KJACCHYECKHUX MOJYIIPOCThIX aaredp JIu, KoTopsie 6bl yA0BIETBOPAIY
YCJIOBUAM TIOCTABNEHHOH 3a02UH.

K anasoruuHoMy pesynbTaTy TpHBENO M paccMoTpeHHe aareSp Jlu,
KOTOpHIE UMEIOT Clelyiomyio pasmepHocTs 8: si(3,R), su(3) u su(2, 1).

A Kak 6hl10 T0Ka3aHO B I0KA3aTEJbCTBE TEOPEMH 2.3 U3 IpeablayIlLe-
ro naparpadia, B 3TOM CJydae He OYAYT CYLIECTBOBATh DeANU3aLMY KaK
KJIACCHUECKUX MOAYIIPOCTHX anre6p Jly pasMepHOCTH BhIIe TPEX, TAK U
HCKJIIOUHTENBHBIX TONYIPOCTHX anredp Jiu. |

[TockonbKy MoNydeHHHMY B TeopeMax 2.6 u 2.7 ypaBHeHUAMH HCYep-
[BIBAIOTCA Te, KOTOpHE JOMYCKAMT NOJYIpOCThe anreSph Jlu omnepaTo-
POB CHMMETDPHUH, TO JJIA ONMCAHUA ypaBHeHUH, anre6pbl HHBAPHAHTHOCTH
KOTODBIX MMeIOT HeTpUBHAJbHOE pasJioXKeHHe JIeBH, HYXKHO U3YUYHUTh BO3-
MOXKHOCTY PaClIMpeHNs CUMMEeTPUIHBIX CROHCTB TeX ypaBHEHUH, KOTOphIe
CoflepXaT [IPOU3BOJbHBE (QYHKUMM onHoro aprymeHnTta. [lostomy 6Gynem
HCTI0Ab30BaTb CTAHJAPTHLIE IIPHEMBl TPYIIOBON KJaCCUPUKALKH.

Tak, nmoacTanosxa B nepsoe paBeHcTBo (2.113) 3Hauernus (2.126) dys-
Ky £ rnpuBoauT K Tako#l cucTeme nudepeHIIMaNbHbIX YpaBHEHN:

(i) 2bp —d —2ctgu=0,
(i) by + epsec?u =0,
(i) 2cy—a=0.

s ypasuenus (iii) cnenpyeT, 4To ¢ = %du + é(t,z). Torna uz ycaozus

COBMeCTHOCTH ypasHeHu# (i) u (ii) caenyeT, uTo & = 0, €yr + ¢ = O,
a 1o3ToMy

a=0, b=][f(t)sinz — g(t)cosz]tgu + h(t),
c= f(t)cosx + g(t)sinzx,

roe f, g, h — IpOU3BOJIbHLBIE TMafKHe QYHKLMHU NTepeMeHHOH t.
[Mocae noacTanosxu 3Hauenu#t (2.126) ¢yukuuit ' u G Bo BTOpOE pa-

serctBo (2.113) Buaum, uto oG =0, f = g=h = 0. Otcrona cnepyer,
4To pacliyupeHMe CHMMeTPHH BO3MOXKHO IpH ycaoBuu G = A, A = const.
B sTOM ciiyuae MakcHManbHas aaredpa CUMMeTPHH HHBAPHAHTHOTO YpaB-
HEHUA ABJAETCH YeThpEXMepPHOX anreSpoit JIX omepaTopoB CHMMETPUU
so(3) @ Ly, rne so(3) coBnanaet ¢ peanusauuei (2.125), a Ly = ().

K ananoryuHoMy pesynbTaTy I[PHBOAMT W DpacCCMOTPeHHe ypaBHe-
HUH, KOTOpble MHBAPHAHTHH OTHOCHTeNbHO peanuzauni (2.132), (2.134)
u (2.135). 3pmech pacliMpeHHe CUMMETPUU TaKXKe BO3MOXKHO IIpU YCJo-
Bur G = A\, A\ = const, ¥ MaxCHMa/JbHHE aAreSphl HHBAPUAHTHOCTU
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ABJIAIOTCA YeThIPEXMEPHBIMU aire6paMu JIu orlepaTopoB CUMMeTPHY BUIA
sl(2,R) & Ly. Mpu sTom ecnu si(2,R) copnanaer ¢ peanuzauueit (2.132),
10 Ly = (8,); ecau xe sl(2,R) comagaer ¢ peanuzamuamy {2.134)
u (2.135), To L1 = (Gy).

Ocranoch pacemorpeTh si(2,R)-vHBapHaHTHOe ypaBHeEHHe, KOTOpOE
UHBAPUAHTHO OTHOCUTENLHO peanusaiuu (2.131). B pesynbTaTe noncta-
HOBKU TIOJYUYEeHHbIX 3HaueHnit yekimi F u G B pasercTra {2.113) npu-
XOJUM K YpaBHEHUAM:

(A - 2Bw)F = (C + Dw + Bw?)F, (2.139)

(E + Bw)G — (C + Dw + Bu?)G = &+ L +

+ (M + Nuw+ Po? + Su®)F — 2u(C + Dw + Bw?)E,  (2.140)

e
A =2xb, — xza + 4ub,, B =b,,
C = 2zc — x%cy — 2ulb + xey — xby) + 4u?h,,,
D =b+ xcy — xhy — dub,,
&= —a%c; + 27%uby + zucy + muQ(cu —2by +4a) — 2u’hy,
L=—2%; —zc+ub+ ux(by — a) + u?by,
E=2b+4 2(cy — &) — 2uby,
M = 2uE — %z¢c + x28cop — 29:72u(b$:E — 2epy) —
— 42u?(2bgey — cyn) — SuPbya,

N = 2uby + 2% (bge — 2¢54) + 421(2bgy — cun) + 126%bya,
P =—z(2bpy — cyu) — Bubyy, S = byy,
p_dF A4 _dG

dw’ T dw’

W =2U — TUy.

Pacmupenne cUMMETPUHHBIX CBOHCTB HCCJEIYEMOTO YPaBHEHMSA BO3-
MOXHO TOrja, Korga BhirmosHeHue paseHcTs (2.139) u (2.140) xe TpebyeT
paBeHCTBa HYIW BeeX Kosdduuuentos A, B, C, D B ypasuennu (2.139).
To ecTh Torma, Korna QyHKUHA K ABIAETCA pelleHHeM OGHIKHOBEHHOTO
nudQepeH1InaNbHOTO YPaBHeHUA

(k — 2mw)F = (n 4 pw + mu?)F (2.141)

¢ TIOCTOSHHBIMU KoaddulieHTaMu k, m, n, p, KOTOPHE OJHOBPEMEHHO He
obpalllaloTcs B HYJb.
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OTMeTHM, YTO NIpeoBpasoBaHUs
t=t Z=0x, v=06%u+d, 6#£0, & eR, (2.142)

OCTaBJANT BHA 6a3UCHBIX onepaTopoB peanusauuu (2.131) (a sxauur, u
BHJA COOTBETCTBYIOLIENO HHBAPHAKTHOIO YpaBHeHHA) HenamenHbM. [Ipn
5TOM B pesy/bTaTe BrNonHeHHs (2.142) uUMeloT MeCTO COOTHOLIEHNA

F— F =6F,
G — G = %G +2016°F + 618%w + 83,

w— &= 8% + 261.

[poBoas aHanus xaaccuduxanroxHoro cooTHomenus {(2.141), mur 6y-
AeM TIOJIb30BATBCA TeM, YTO OTHOLIEeHUs 5KBHBAJEHTHOCTH HCCJelyeMoro
YDaBHEHUA eCTECTBEHHBIM 06pa3oM nepeHocATcA Ha ypaBHerue (2.141):
nocse AeACTBUA NpeofpasoBarus sKBUBaNeHTHOCTH (2.142) ypaBHeHue
(2.141) coxpanseT cBo¥ BUA ¢ 3aMeHOH K03)UINEHTOB M0 NIPABUIY

k— 672k +46:67%m), m— §7m,
n—n—2010"p+462574m, p— 5 p—455"*m.  (2.143)

Taxaxe 3aMeTHM, YTO 3aMeHa IepeMeHHbIX
t=—t, Z=2z, v=-u (2.144)

IpeoGpa3oBbiBaeT §a3UCKbIe 0NepaTophl peanusauu {2.131) cornacxo npa-
BHIY

e — €1 =e1, ez — €z = —ep, e3— &3 = —es.

D70 1aeT BO3MOKHOCTb BMeCTe ¢ npeofpazosanuaMi (2.142) npu aHanuse
KnaccudurrauuorEoro cooTHowerus (2.141) nernonn3oBaTh KM npeofpaso-
Banus (2.144). Ecau B (2.141) F se AB/AETCA MOCTOAHHON BeANYMHON {To
eCThb C TOUHOCTBI 10 3KBHBaneHTHOcTH F # 1), To ofssarenpHo |k| +
+|m| #0, aecan m =0, 10 || + |p| # 0.

[lycte m = 0. Torga, 3 3aBUCHMOCTH OT 3HaueHWH n U p, UCIOJb-
3ys npeofpasosanus (2.144) u cootrowenns (2.143), pasencrso (2.141)

MOMHO CBeCTH 180 K BUIY wF = oF (o # 0), mbo X BUAY F=F.
OTcloza HoIyyaem Takye ABa sHaueHus QYEKUME F: F = dw® (o X #£ 0),

F = Xexp(w) (A #£0).
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[Tycts Tenmeps m # 0. Torma pareHcTBo (2.141) MOXHO cBecTH K BUAY

(w2+aw+7)ﬁ' =—2F, an~vyeR.

OTcrona, B 3aBHCUMOCTH OT 3Ha4YeEHH «, NOJy4daeM elle TaKHe 3HaueHHA
dyHKUMK F:

F=Mw?+7)7" veR, A£0;

Fz%exp(— +a>’ o A#0;
@ w+ &
<W+§> 2
£ A o w+%
F=—" exp| Zarctg———— |,

o+ 27+ 2 p(ﬂ B

2
0 AEO, = L =0,
a _gl28

o N wtg -8

Wt/ wr2+8

2
- A#0, %—7=,82>0.

M3 ckasanHoro BhIIE caenyeT, UTO fajbHellleMy DACCMOTPEHHIO [TOA-
JeXaT TaKhe 3HaueHus QYHKUUH F (B IIpHBefleHHHIX HUXe QopMy/aax

o\ BER, o\ G #0):

F=1,

F =)

F =Xexpw;

F=Xuw?+a)™

£ _ A 2«

F_(w+a)ﬁexp( W+a>’

£ A 200 wta

F= 1o P exp (Farctg 7 ),
(w+a)? - f? pw+a+ﬂ
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[MocKoMBKY Tepe6op 3HaueHuit F' TpeGyeT 3HAUMTENBHOTO 06beMa BhI-
YHCAeHHH, TO Mbl 3JeCh KOPOTKO OCTAHABAUBAEMCH TONBKO Ha OJHOM CNy-
yae, a /1A OCTA/IbHBIX YKAa3bIBAe€M TOJIBKO PE3YJNbTATH aHANN3A.

IMyets F = 1. Torna us pasenctsa (2.139) caenyer, uto A = B = 0.

OTcrona nonyyaem, uto b = %dx+5(t), a paBeHcTBo (2.140) npuobperaeT
BUA

EG —(C+ DG = B+ Lw + Pu?, (2.145)
rae

E= 2l~)+xcu, D =l~)+xcu, P = ZCyu,

C = 2zc — a:2c:c — 2xuc, — 2ul~),

E —z3es + TPucy + xule, + 22%u (l; %x'd) +

+ 2uFE — 2zc + 28caq + 422uchy + 42U Cyn,

L=_—2? {5 + %x'd —xc+ ub — 2x2cm — dxucy,.

Iycts B (2.145) G = 0. Torna BEMOMHAITCA YCAOBUA
E=L=P=o0.
OTclopa caeayeT, 4To B 3TOM Ciydae

= 3
zo+5 b=%a_

— 1 -1 b L2 o -
c=x bu+2x"b—xb 5% b i

L
2

CnegoBatenpto, A1 F' = 1, G = 0 umeeT MecTo paclIupeHve cHMMeT-

puu. AnreGpofl YHBAapUAHTHOCTY ypaBHeEWA GYyleT NATHMepHaa anrepa

Jlu onepaTtopos cummeTtpru sl(2,R) B Loo, rne sl(2,R) coBnanaer ¢ pea-

nusauet (2.131), a Lo o = (80, + [z~ 1 (u+2) — 2|0y, Op + 27 H{u+2)8,).
Ecnr B (2.145) G = A, A #£ 0, To IPUXOMMM K YCJIOBUAM

\E=E L=P=o

~ 3

Orcwona cneayet, uto b =0, ¢ = L3245 42 0, 10 ects 3/1ech paclIy-
) 2 3 dt3 bl

peHKe CYMMETDUH He IIDOVCXOOHUT.
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Ecan B (2.145) G ABndeTcs NpoU3BOJbHON QVHKLIMEH NepeMeHEOH w,
TO TIPUXOOUM K YCJOBHUAM

E=C=D=E=L=FP=0,

To ects B8 (2.139) n {(2.140) A = B = C = D = 0 u pacumpesue
CUMMeTPUH YpaBHeHHs He IIPOUCXOAUT.

B cooTBeTCTBUM €O CKa3aHHBIM BHIIE OCTANOCh PACCMOTPETDb CAYYaH,
xorna gyuKima G ABAfeTCA pelleHyeM YpaBHeHHs

kG — (I + mw)G = s + pw + qu?, (2.146)

rze |k|+ || + |m| #0, k,1,5,p,g €R.
Ecan B (2.146) |I| + |m| =0, To k # 0 1 ¢ TOYHOCTBIO 10 5KBUBAJIEHT-
HOCTY Pa3/iHyaeM TpH Caydas:

é=a+7w23 QGR,’Y#O,%;
G=pu+ i, BER B#L
é=a+w+%w2, o eR.

PaccmoTpenue aTux sHadeHu# gyHKuuu G roxasalso, 4To K pacliupe-
HUI0 CHMMeTPUY COOTBETCTBYIOLIET0 YPABHEHUs IDHBOAUT TOJBKO TPeThe
sHauenue ¢yrxuuu G. [lpu sTom

1
¢ = f(t,z)+ glt,z)e 4",
f=-2h— £a%+ 2071+ f1t),

1
29 — 2% gyr + 2795 — 7279 =0,

da _ N S _ da _
necnna;éB,To—a—O,f—O, b—O,aeana—B,To—a—O,
‘ dt dt
f=0,56=0.
Axanns paserctsa (2.146), rae || +|m| # 0, noxasan, 4To B8 3TOM CAy-
yae paclIypeHnre CUMMeTPHY HCC/e1yeMOT0 YDaBHeHN s He IPOMCXOMUT.
CnenosaTensyo, eci¥ F' = 1, To paclIypeEre CHMMeTPHIHEIX CBOACTB
KCCJle IyeMOTO YpaBHeHYs TIPOUCXOAXT TO/IBKO B TpeX caydasx. [lpu stom
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VHBAPDHAHTHbIE YDABHEHHA NMEKOT TaKOH BUJI:

Up = Upg + 2 Uty — 2 2u% — 2x_2u; (2.147)
Ut = Upg + %ui —x u, + 2720, a#3; (2.148)
Up = Upe + %ui —z tu, + 3272, (2.149)

3aMeHa IMepeMeHHBIX
t=t, Z=x, v=xz '(u+2)

npuHagiexuT rpynne £ ypasrenns (2.111) u cBoauT ypaszenue {2.147)
K ypaBrenuw Bwoprepca

Vi = VUzg — VVUz.

AHaJIOI‘I/I‘-IHO, 3aMe€eHa TI€PEMEHHDBIX U3 T'PYIITIbI E

=t z=z, [v=1/]z]e?"

cBoANT ypasHerus (2.148) u (2.149), cooTReTCTBEHHO, K JUHENHBIM Ypas-
HEHUSIM TEIJIONPOBOAHOCTY

a—3
Vg = Uzz T 172 v, a#Fd

Vg = Vgz.

CreioBaTe IbHO, CYIIECTRBEHHO HeNMHENHBIM ABAAETCA cayyail ypasHe-
Hus (2.147), KoTopoe 3KBMBaNeHTHO ypaBHeHUI0 Bioprepca.

[MpoBeds aHANH3 OCTABHBIX 3HAYeHMH (YHKUMM F, Mbl moJyduid,
YTO pacIIMpeHUe CUMMETPHU UCC/eAYeMOTO YpaBHEHUS IIPOMCXOAUT elle
TOJBKO B cilyuae, Kooma F' = w, G = dw?, A € R. B aTom cayuae maxcu-
Ma/bHOH anreSpoit UHBAPUAHTHOCTY YPABHEHUS ABJAETCA YeTh peXMepHas
anre6pa Jlu onepatopos cummetpunt si(2, R) @ L, rae si(2,R) cosnanaer
¢ peanusauveit (2.131), a L1 = (8, + 2ud,).

[lopBoast UTOTH, BUAMM, YTO B paMKaX cOpMYJIHPOBAHHON 3a1a4y CY-
I[eCTBYIOT NATh YPaBHEHHH, KOTOpble WHBAPKAHTHB OTHOCUTE/BHO YeTH-
pexmepHbX aare6p Jlu omepaTopoB CUMMeTDHHM, M J[Ba YPaBHEHEHHA, KO-
TOpHle WHBAPHAHTHEL OTHOCHUTEJNBHO NATHMepHHX anre6p Jlu omepaTtopos
CUMMETPUH.
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Hrixxe Mbl IpHBoayM NepeueHb 3THX YPABHEHHH M MX MAKCHMAaJbHBIE
aaTe6pE MHBAPHAHTHOCTHU.

Henunnseiinsie ypaesenus (2.111), anre6pbl HHBAPHAHTHOCTH KOTO-
PBIX ABIASAIOTCH aareGpamm JIlu OMepaTopoE CHMMETPHH C HETPHUBH-
aJbHBIM pasJoxeHuem Jlepu:

2 14 2uZ sec®u
1) ug = %um ——————tgu+ A/1 + uZsec?y,
1+ussectu 1+ uZsectu

A€ER, s0(3)® Ly, so(3) — peanusaupn {2.125), L; = (8;);
2) up = 73U 3 Uy — %m'lugc + 374 ? + Axdull A eER,
sl(2,R) & Ly, si(2,R) — peanusawus (2.132), L; = (8,);

2 10uu? 4 u”
Nug= — gy — —2— + M2 ub + 4u2, AeR
) ue ub + 402 = 8u2 + 2ub I’ ’
sI(2,R) & Ly, si(2,R) — peanusanus (2.134), Ly = (&;);
9 10 2_ .7
D= g + o T —4Z], A€R,

u® — dug 8u2 — 2ub
sI(2,R) & Ly, si(2,R) — peanusanus (2.135), Ly = (&:);
5) ug = A2u — qug|ugy + [4y — 4N — 1}:t'2u2 +
+ 1422 — dy)a tuuy +yu2, A #0, yER, sl(2,R) @ Ly,
sl(2,R) — peanusawus (2.131), Ly = (28, + 2ud,);
6) uy = u gy — 2uTBu2, sl(2,R) & Lo 1,
sl(2,R) — peanuzauus (2.133), Lo = (4t8; + udy, &);
7Y up = uge + z Yuu, — 2722 — 2272y,
sI(2,R) € Lao, sl(2,R) — peanusauus (2.131),
Loo = {t0; + [ta™ HNu+2) — 2]0,,0: + 27 (u + 2)8,).

3amMeTHM, YTO IIeCToe U3 MepeyHs ypaBHeHMe 3aMeHOH IepeMeHHbIX
t=t Z=z v=u

TIPUBOAUTCA K YPaBHEHUIO

_4
v = (v 31}5) ,
E
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KoTopoe 6bl10 noaydeHo JI.B. OscsuuvkosniM [47] npu rpynnosod xiaac-
cudUKAlH HesJMHeHHOTO YPABHEHHUs TeIL10MNPOBOAHOCTH.

2.3.3. UnpapuaHTHOCTH ypaBHeHHUs {2.111) OTHOCHTEJIBHO
paspemumsix aaredp Jlm onepaTopoe CHMMETPHHA

Kak u npr kaaccudukauyy HeauHedHHX ypasHeHut Buga (2.37) mu
¥ 3JeCb, MPOBOASA ONHKCAHVE HEIKBUBATEHTHBIX HeJUHEHHHX YpaBHeHUH
Bupa (2.111), xoTophe AomycxawT paspemMble aare6prl Jlu omepaTo-
POB CHMMETDHH, IBUKEMCH TI09TATIHO, 0T aarefp pasmepHocTy | K asre-
6paM pasMepHOCTH 2, 0T anrefp pasMepHOCTH 2 K airefpaM pasMepHo-
CTH 3 ¥ T. .

Knaccuduxauuio ypaBHeHHH, KOTOpble AOMYCKAlT ABYX- U TpeXMep-
Hble paspelvnbie aare6pol Jlu onepaTopoB CHMMETPHUH, Mbl Ha3bBaeM
[IpeJBaPUTENBHOM, @ KIaCCHPHKALUK YDABHEHUH, KOTOpblE [OMYCKaKT
anre6pu JIy omepaTopoB CHMMeTPHY pa3MepHOCTH BHIIe 34 Tpex, — 3a-
BeplleHreM KJaCCHPUKALYH.

HNpeapaputenbHas Kraccugukanus., B cooTBeTcTBUY ¢ pesynbTaTa-
MU TeOpeMEl 2.5 M C1eJCTBYSA U3 Hee HeMHeHHble ypaBHeHus Braa (2.111),
areOpH MHBADUAHTHOCTY KOTODHX SIBJISIOTCH OJHOMEDHBIMH anrefpamu
Jlu onepaTopoB CUMMETpPHY, ¢ TOYHOCTBIO [0 3KBUBAJEHTHOCTH UCUEpIIH-
BAOTCA TaKWMHU JBYMS ypPaBHEHUAMH:

Ap
A

{B) : uy = Flx, u, g Jugr + Gz, u, Uy );
{Or) t up = Ft,u,ug)uge + G(t, u,uy ).

Kaxxflas U3 ABYXMePHBIX JNeHCTBATEAbHBIX aaredp Jlu Ao = (ey, es), KO-
TOpHIE, KaK H3BECTHO, C TOYHOCTBIO A0 H30MODGU3MA HCUePIIHBAIOTCS al-
reSpamy Ag ([e1,e2] = 0) u Aao (Je1,e2] = e2), COMEPKHUT Kax Toaal-
re6py onHomepHylo anredpy A;. [losToMy IIpy NOCTPOEHUU peausalluit
JBYXMepPHBIX aare6p Jlu MBl TIpOBOAMM DacIIMpeHHe B KJacce OIeparo-
poB {2.112) usBecTHHIX peanusaluil anre6pbl A; K peanusauusiM aaredp
Ao1 1 Ago.

OcTaHORMMCH MOAPOGHO Ha PAcCMOTDEHVH cayyas anre6pn Ao ;.

[lycTs €1 = &, a ea — onepartop Buga (2.112). Torna us BLITIONHEHHS
KOMMY TAL[IOHHOTO COOTHOIIEHY s, KOTOPOe OTpefienseT anredpy Ag 1, ce-
AyeT, YTO ¢ TOYHOCTBIO 10 BHGOpa Hasnca 3ToH anreSphl MOXKeM TI0J10XKUTh

eg = bz, u)0y; + ¢(x, u)d,. (2.150)

[Tocxoabxy orepaTtop (2.150) MBI MOXeM paccMaTpUBaThb KaK Kaca-
TeJIbHOe BEKTODHOe TI0JIe, OTpefefeHHoe B TpocTpaHcTBe Ry = {(z,u),
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TO, B COOTBETCTBUY C H3BeCTHOH TeopeMof 0 I0AOOGHMK BEKTOPHBIX I10-
ned [46, c. 41], MoxeM NOJOXKUTL ez = 8,,. CJIeJ0BaTENbHO, UMEET MECTO
peanusauua {8, Oy).

[Tyctb Terepn €3 = O, eo — onepatop Buaa (2.112). Torpa us Brinos-
HeHUA KOMMYTALZOHHOIO COOTHOLIEHNUA CleayeT, J4To

eo = a(t)0 + b(t,u)0 + c(t, u)0y. (2.181)
Ecau B (2.151) @ # 0, T0, HCIONIB3yA 3aMeHy NlepeMeHHBIX

t=T(t), T=x+ X(t u)
=U(t,u), T#0, U,#0, (2.152)

e

rae T' = a™!, a gyukumu X u U ABAAIOTCA pelIeHMAMH, COOTBETCTBEH-

Ho, ypaBHenud as + xX, +b =0, ar + ¢4 = 0, U, # 0, MB cBOAUM
onepatop (2.151) K onepatopy &2 = &5

Ecau 8 (2.151) a = 0, ¢ # 0, 10, nonoxkus B {2.152) T' = ¢, a QyHKUKH
X n U paBHBIMU pellesuaM ypaBHeEHH c, + b = 0, U, = 1, crogum
oneparop {2.151) k onepartopy &g = 0,.

Haxonew, ecau 8 (2.151) ¢ = ¢ = 0, To, KaxK HeCJOXKHO YEeAUTbCA, CY-
ILIECTBYIOT npeoSpasoBanus {2.152), KoTopble, B 3aBUCHMOCTH OT 3HaUeHUH
dyuxunn b (b, = 0 uau b, # 0), cBoAAT onepatop (2.151) x onepatopam
&y, = 185 U & = v85 COOTBETCTBEHHO.

CrenosaTenbHo, Mbl TIOAYYUAM TaKHe YeTblpe peanusalliyt anreSpbl
Ap i (B, B4), (D2, B0, (D, 105), (B, ude).

[Tposepxa ycnosuit (2.113) nns TpeTbel M3 rONYYEHHEIX peanusalui
TIPUBOAMT K DABEHCTBY u, = 0, OTKyaa CJeAyeT, U4TO 3Ta peasnusalis
He MoXeT OblTb aare6poll MHBapHaHTHOCTH HeJWHeHHBIX YpaBEeHUH BH-
na (2.111).

Jlns yeTBepTOH U3 NONYUEHHBIX peaqu3aLuil Y¥HBAPHAHTHOE YpaBHEeHYe
HMeeT BUJ

up = uZ 2F(t, u)upe + usG(t, u),

x

HO 3aMeHa nepeMeHHHX {2.119) cBoauT ero K JuHeHHOMY ypaBHeHUIO
v = FG) E)UI_O: - G(za 5)

ﬂoaTomy ¥ yeTBepTas peanr3alysa He YIOOBJAETBOPAET YCJAOBUAM ccpopMy-
J]HpOBaHHOﬁ 3ajadi.

ﬂaaneﬁmaﬂ TIpOBEPKa II0Ka3aJaa, 4To CYLIEeCTBYIOT TOJADbKO OBE HE3K-
BHUBAJICHTHBIC peanunsallui aJ]I'86pr Ag_l, KOTOpbIE ABJAANTCA anreépaMH
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UHBAPHAHTHOCTH HeJJUHEHHbIX ypaBHeHu# suaa (2.111). 3nauenus QyHK-
uut £ 1 G B COOTBETCTBYWIINX UHBADUAHTHHX YPaBHEHUAX NPUBE AEHbI
B Tabnule 2.4, B KOTOPOH HCIIONB3YIOTCA 0603HAUEHN s

Aé.l = <at3 au>, A%l = <a€53 au)

Hayuenve peanuzauuil anreSpr Ao o IpoBoAWIOCH aHas0THYHO. B pe-
3yJbTaTe TIPOBEJEHHEIX BHIUUC/AEHUH MEl TI0JAYYUIY TPH HeSKBUBaJeHTHbE
peanusauny anre6pnl Ag o, XOTOpHE ABAAKTCH aare6paMy MHBAPHAHTHO-
CTH HeNVHeHHbIX ypasHeHn# suza {2.111). 3Havenua dyuxuuit F n G B
WHBAPHAHTHHIX YPaBHEHUAX NpUBeleHH B Tabnulle 2.4, THe UCTI0Nb30BAHbI
0603HaueHYA

Aé.Q = <_tat - Iaﬁt) at)) A%Q = <_tat - Iaﬁt) aﬂ:);
A3 o = (—28, — ud,, 8,).

3aMeTHM, UTO B C/yuae IIPOU3BOJIbHBIX 3HAYEHHH QYHKUHE B WHBApH-
AHTHHX ypaBHEHUAX COOTBETCTBYMOIIME peasii3allii ABYXMEepHLIX ajaredp
JIn ABAA0OTCA MaKCUMaJbHHIMY anredpaMy WHBAPUAHTHOCTH 3TUX YpaB-
HEeHUH.

Tabauya 2.4
HHBapHaHTHOCTh ypaBHeHHH Buaa (2.112) oTHOCHTENBHO
ABYXMepHbIX anre6p JIu omeparopoe cHMMeTpHH

Anre6pa F G

Al F(x, us) Gz, uz)

A, F(t, us) G(t,uz)

Al zFuw) | 2716w w), w = zus
Af, tF(u,w) 10 (u,w), w = tug
Al W Ftus) | uGE us)

| ==

Terepy mepefineM K XJacCHPUKAUMK HeJUHEHHBIX YpaBHeHHH BH-
na (2.111), xoTopble AOMYCKAWT TpeXMepHble paspellrMble anreSphl Jlu
onepaTopoB cHMmeTpuy. CHayana ocTaHOBUMCS Ha Ag - U Ag o-HHBApH-
AHTHBIX YDaBHEHHAX, TO eCTb YPAaBHEHKAX, ANTe6pbl NHBAPDHAHTHOCTH KO-
TOPHIX ABJAKTCA TPEXMEPHLIMHU Pa3J/IOXKUMEIMY DA3PELIHMLEIMY aaTefpaMu
Jlu onepaTopoB CUMMeTpPHU.

OueBuaHo, uTO A1 TNOCTPOEHUs peanusaluil 3TuX anre6p B pac-
CMAaTPHBaeMOM KJacce ONepaToOpPos AOCTATOYHO AOTIONHUTL OIepaTOpOM €3
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Buga (2.112) yxe u3BecTHhHE peanyusallMik ABYXMepHBIX anre6p Ab, =
= (en,e2) (i = 1,2) (mnsa anrebpul Az 1) u AL, = (e1,e2) (i = 1,2,3)
(nast anredpnl Az o). BHIIONHUB COOTBETCTRYIOUINE BHIUHCAEHHA, MBI I10-
AYYUNY OfEY peanusaluio anredpsl As 1 M IIeCTb HeKBHUBAJEHTHLIX pe-
anusauuit anreGpel As o, KOTOpble ABAAKTCA anrefpamMy UHBAPHAHTHOCTH
HeJuHelHbIX ypaBHenu Buna (2.111):

A1 = (9, 84, 0:);
(—t8 — 0y, Oy, By);
{(—t0: — uly, O, zudy);
A} 5 = (18, — udy, By, t8; + z0:);
(=18 — xOy, O, Oy);
{(—x0 — uby, Oy, Op);
{(—x0g — udy, Oy, txOy).
3uauenud ¢oyuxruui F 1 G B COOTBETCTBYWIUIUX UHBADHAHTHLIX YPaB-

HeHWAX TIpHBefieHb! B Tabauue 2.5, e £ u G — IpousBo/bHbE IIaJKUe
GYHKLHHA CBOUX aPTYMEHTOB.

Tabauya 2.5
HHpapuaHTHOCTh ypaBHeHHH BHIa (2.111) oTHOCHTeIBbHO
TpeXMepHBIX Pa3IoXKHUMBIX pa3pemuMbIX axredp Jln
OMepaTopoR CHMMeTPHH

Augrebpa F G
Ay | Flue) Glus)
Al zF(w) 7 G(W), w = zus
AZ, w et F(z) | e*¢[G(z) —w? F(z)], w = ulu,
A%, 12 F(w) | z27G (W), w=t"12%u,
Al tF(w) TG (W), w = tu,
A 2P F(us) 3G (ua)
A8, 22 F(t) ot~ ug In Jug| + zusG(t)

HenocpencTBeHHOE NpoBepKol HeTpyAHO yO6eAUTbCA B TOM, UTO IIPU-
BefleHHble BhIIlE pealu3alliy ABJAAKTCA MaKCUMaJbHBIMU aare6pamy MH-
BaDHAHTHOCTH COOTBETCTBYIOUIMX yDaBEEHUH, ecid QYHKuuu F u G —
IPOU3BOJbHEE QYHKIIUN CBOMX apTYMEHTOB.
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Hepasnoxumbie TpexMepHble paspemMble aredpsl JIu ncuepisBaoT-
cs cembio anreSpamu As; = (e1,eg,e3) (¢ =3,4,...,9).

Bce sti anreGpnl comepXaT ABYXMepHBHI afeseBb upean Agq =
= (e, eg). [losTomMy nsst orucanus uX peaju3alidil B pacCMaTPHBAeMOM
KJlacce OrepaTopoB AOCTATOUHO IIPOBECTH DACIIMpeHHe peaqusalluil an-
reSpbl A 1, JOTONHUB UX omepaTopoM es Bupa (2.112). Hamomuum, uto
paccMaTpKBaTh HeOBXOAMMO Kak peanusauuu Ab; = (e1,e2) (i = 1,2),
TaK ¥ peanusaluu 12151 = (61,8) (1 =1,2), rne €1 = eq, €2 = e1.

OcTazoBrMCA [OAPOGHO HA [IOCTPOEHKM peanusauuil anre6pel As s
(anre6pa Beifinn), xoTopas ABAseTCS HWIBIOTEHTHON anrefpoit Jlu.

Cuayana paccMOTpUM pacluupesre peanusauuu Al,. Eciu e; = 8,
eg = 8y, TO Y3 BHITIOJHEHHA KOMMYTAlIHOHHOTO COOTHOILIEHKA [eq, e3] =
= ey, rae ez umeeT Bua (2.112), cnenyeT paBeHCTBO by,0y + 8y = Oy,
BHITIOJIHEHHE KOTOPOTO IIPUBOAUT K omuboyHomy paBeHcTBY L = 0.

Ecnr ke ey = 8, eq = 8, T0 3 = B(z)81+[t+5(x)}8u, U C TOYHOCTBIO
[0 3KBHBRJEHTHOCTH, KOTODPYI0 OIpelensiioT IIpeo6pasoBaHus U3 TPYI-
nH £, IPUXOAUM K TaKUM TpeM peanusalusam anre6pbl Ags: (Oy, Oy, Or +
+ t3y), (O, O, ty), (Ou, B, (t + x)8y).

[lporepka ycaoBuit (2.113) moxasbiBaeT, uyTo BTopas peanusalys
He MoXeT OHTbh a/ireSpoil MHBAapUAHTHOCTY ypaBHeHui# Buaa (2.111),
a MHBApPUAHTHOE OTHOCUTENbHO TpeTbel peanusaldy YpaBHeHMe JH-
HelHO. YC/AOBUAM 3aflaul YAOBJNETBOpSeT TOJMBKO TIepBas I0JydeHHas
peanusauys.

Ipu paccMoTpenyy peanusaumy A% | Mbl J0KHB YUUTHBATD ABE BO3-
MOXKHOCTH: €1 = Oy, eg = Oy ¥ €1 = Oy, €2 = O;. Ho nockonbky 3ameHa
nepeMenHbX (2.119) cronUT mepBLHI caydait Ko BTOpoMYy ¥ Hao8opoT, TO
MOXHO OTPAaHMYKTLCA PACCMOTpPEHUEM TO/NbKO, HATIPYMED, BTOPOIO CHY-
yas.

B pesynbTate NpuXoAuM ellle K TaKUM peaquzauuaM aiareSpbl As g,
KOTOpLIE ABJAKTCA anrefpaMy YHBAPUAHTHOCTY HeJVHENHBIX ypaBHEeHUN
Buga {2.111): (3y, 8z, 8 + x0u), (Ou, On, t0r + 20y).

HenocpeacTeensas nposepka Moxasana, uTo CYLUIECTBYIOT BCEro Ase
HeSKBUBANIEHTHBIX peanusalyy anreSpel As s, KOTOpbe ABAAIOTCA anre-
fpaMy MHBApHAHTHOCTY HeNWHEHHbIX ypaBHeRU# Buna (2.111):

A%.s = <3u; Oy, t0y + 393): Ag.s = <3u, O, 101 + Cliau>'

3uavenns pyExunit F u G B COOTBETCTBYINNX HHBAaPHAHTHBIX YPaB-
HeHHAX TIpHBefeHb B Tabaule 2.6.

3amMeTuM, 4TO [/ 3arucu peanvsauuu Al ; Mbl yduTHBanyu ripeodpa-
30BaHUA 3KBUBaJeHTHOCTH (2.119).
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Tabauya 2.6
HupapuaHTHOCTh ypaBHeHHH Buja (2.[11) oTHocHTeIBHO
axre6psl Beins oneparopor cHMMeTpUH

Anre6pa F G
Al Flug) | x + Gluz)
A3s |F | - %ui + G

Hcenenoranne ocTanbHBIX HepasJsoKHUMEIX TPEXMEPHBIX DAa3pellHMEIX
anare6p Jlu npoeoamnoch avajoruyxEo. Huke npuBeneHEb MX HesKBHBa-
JeHTHDlE DeaU3alMH, KOTOPhHE ABAANTCA anre6paMy HHBAPHAHTEOCTH
HesMHeHHBIX ypaBHeHul Buaa (2.111), a B Tabnuue 2.7 — 3HadeHus QYHK-
uu#t F u G B COOTBETCTBYILINX VHBAPUAHTHHIX YPABHEHUSX!

3 4 = {Oy, 8:, 10y + 0y + [t + ulBy);
34— (Ou, O, t0y + [t + uldy);
A3 4 = (5,8, 28; + (x + 1)y + udy);
AS 4 = (02, 8y, (x + u)Bs + udy);
Al o = (84,84, 10 + 28y + ud,);
A2 = By, 8y, 18, + udy);
A% 5 = (Ox, Oy, 2t0; + x0p + uby);
AL ¢ = (D4, 0, 10s + 20y — ud,);
A2 o = (84,804, 10, — ud,);
AS ¢ = (8, Dy, t0; + 30y, — udy);
A% 5 = {8y, Oy, 28y — udy);
A3 7 = {Ou, O, qtO; + x0p +udy) (g # 0, £1);
37 = {Oy, O, qtO + udy) (g #0, £1);
A3 5 = (8,, 00, 8y + 20, + qud,) (0 < g < 1);
A% 5 = (D, 0y, ¥0 + qudy) (0 < |g| < 1);
Aés = {8y, Oy, O + udy — x0y);
3 g = (O, O, w0y — x0y);
A3 = (02,04, 8; + (u + g2)0: + (qu — x)d) (g > O);
A2y = (8, Dy, (u+ )0y + (qu — 2)8,) (¢ > 0).
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Tabauya 2.7

HupapuadTHOCTh YpaBHeHH BuIa (2.111) oTHOCHTeNBHO
Hepa3JoXKHUMbBIX TPeXMepHBIX paspellMMbIX ajiare6p Ju
onepaTopoB CUMMeTPHH

Anre6pa F G
Al |zF(us) G(uz) + In|z]
AL, |uz'F(x) G(z) + In [us]
a® wat” % G), w= 7' ~Inlf
Al |uzF(8) exp(2uz?) u G(t) exp(uz ')
Als |zF(u) G(u)
A3, |uz'F(z) G(=)
Ay |Plu) 1172 Glus)
Als |zF(w) G W), w=12us
A3y |uF(z) vl G(z)
A3 |tF(w) t2G (W), w=tu,
Afs |uz'F(¥) VIulG(#)
L i ACD) |2 "9G (uz) (g # 0, £1)
AZ. |us|TYE(2) luz|'79G (), g # 0, 1
A3, |tF(w) [t G(w), w = [t ua(0 < g < 1)
2 e
AL, a7 E(R) lus| T~ G(t) (0 < g <1)
Als |1 +ud) 'F(w) VI+uZG(w), w=t+ arctanu,
As |1+ ud)T'R () VI+uZG(Y)
Al exp(_gqua? v F(w) VT+ uZ exp(—qarctan u;)G (w),
T w=t+arctanus (g > 0)
sy, | SRR | T exp(-gareton w) GO, (4> 0)
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3ameTHM, 4TO paclIMpeHKe 061acTH 3HaUeHH apaMeTpa ¢ B peanusa-
unax Al,, A2 anreSpbl A3z [I03BOJIMJIO CBECTH YeThipe HeSKBUBAJIEHT-
Hble peaNn3alliy 5TOH anre6phl X ABYM. o

OTMeTHM TaxXe, 4TO /IS NIPOM3BOJBHHX 3HaueHu# dyuxuuit F u G
U3 Tabmuy 2.6 1 2.7 coOTBeTCTBYIOLINE peausalny aaredp Jlu asaswoTes
MaKCHMaJAbHBIMY 21re6paMy UHBAPHAHTHOCTH IIOJYUEHHBIX YPaBHEHHH.

3aBepmenne rpynnoBoi kaaccudukamun. Creaynumui war MeTo-
Ja TPYNIIOBOK KiaaccH@UKaLMM NpelycMaTpHBaeT ONHCaHUe HeJHMHEeHHLIX
ypaBHenu#t Bupa (2.111), Koroprle MHBADHAHTHB OTHOCUTENBHO YeTHIpeX-
MepHBIX PaspelIUMbIX aaredp Jlu omlepaTopoB CUMMeTpUU.

Kax usBecTHO, YeTHpeXMepHLe paspelinMble anre6ps Jlu ¢ TOuHoO-
CTBIO 10 M30MOpGH3Ma HcdepnbiBaloTea 10 pasaoXUMbIMY B IPAMYIO CYM-
My paspellMMBIX anreSp JIu Sonee Euskoi pasmeproctd 1 10 Hepasnoxu-
MbMU anrebpamu Jlu. [lockonpxy HenuHelHble ypaBHeHus Buaa {2.111),
KOTODBle MHBaDHAHTHBl OTHOCHTEJNbHO TPEXMEPHBIX Da3pelIVMEIX aarefp
Jlu, copepaT nMpou3BoIbHbIE QYHKINH, 3aBUCALINE OT OJHOTO apIyMEHTa,
TO CJeAyeT HalesTbCH, YTO B HeJVHEHHBIX YDaBHEHWAX, KOTODBE HHBA-
PUMAHTHB OTHOCHUTE/BHO uyeThIPeXMepHBIX paspeliMMbx anreSp Jlu, atu
QYHKUIUN IIpHOOPETYT COBEpIIeHHO KOHKPeTHLI! BUA.

JlePcTRUTeNBHO, Kak OyneT IOKa3aHO HUXKe, TAKUMU OYIyT BCe T0aY-
YeHHble YPABHEHUS, KPOMe YDaBHEHUA

uy = Flug ug,. (2.153)

[pynnoBas knaccuduxanua HeluHeMHBIX ypaBHeHut Buaa (2.153) Sbuia
npoBeneHa B [4, 6], kpoMe TOro, MB Ha Hel NOAPOGHO OCTAHABAMBAIUCDH
B TepBOM Taparpadie 3Toro pasnena.

YunThiBas nocsefHee, MB B JaJbHeNIINX HCCAeNOBAHUAX OyleM Tpe-
60BaTh, 4TOOLl ypaBHEEHs BUJa

up = Flug)uge +Gug)

WY SKBHBAJIEHTHBlE MM YDaBHEHHA 3aMeHaMU nepeMeHHBIX (2.115) He
CBOAMJINCH HE TOJBKO K JUHEHHBIM ypaBHEHUAM, HO U K yYpaBHEHUAM BU-
na (2.153).

HanomHuM, 4To cpeny pasiokKHUMBIX Ye ThipEXMeDHbIX Pa3PEelIUMBbIX aJ1-
re6p JIn pasanualoT aare6pol

441 = A31 DA, Azo DAy,
2455 =A2.2@A2_2, Az Ay ('L =3, 4,...,9).

lMposens pacinpenve peanusaunu A}, B caydyae anre6ps 44; 1 pe-
anusaunit A, (i =1,...,6) B cnyuae anreSpn Ao & Ay omepaTopoM ey
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Buaa (2.112), Mbl mony4nay, 4To B paMKax chOpMYyJIUPOBaHHON 324K He
CYIIeCTBYeT peanusauuit anreép 441 u Az o & Aj, KoTophle YAOBNETBOPS-
Ay 6Bl yea0BHAM C(HOPMYIMPOBaHHON 3a1a4yu.

B pesysbTaTe paccMoTpeHHs peanusaluil anre6ps 249 o MbL IPUILIK K
YeTHpeM He3KBUBAJEeHTHHIM peanu3allifaM, KOTophle ABJIAKTCA aare6paMu
WHBAPHAHTHOCTY HeluHeHHbIX ypaszenuit suaa (2.111). Huxe nepeuncre-
HBEl 3TH peaju3alud ¥ COOTBeTCTBYKIUMe UM 3HaueHHs QyHxuui F u G
B UHBADHAHTHLIX YDaBHEHUAX!

241, = AL, B (—ud, + kx8,) (E#£0): F =zlw| ™k

G=pz"Yu'™*, X#£0, BeR, w=uau,;
242, = A2, (x0,): F=Xr*u"lexpuw,

G=(B- I ?expw,A£0, BER, w=axu luy
2k
243, = A3, 3 (—ud, + ktdy) (k#0,1): F =Xw|l*,
1
G=0t"tu|l7F, w=tu,, A#0, BER

2455 = A3, D (—udy +10;) :
F=XM, G=uglnltu,|+ Pu,, A#0, BeR.

Bo Bcex mosyyeHHHIX UHBADHAHTHHIX ypaBHeHMAX QyHkumu F u G
Npro6peTanT COBEpLIeHHO KOHKpeTHHe sHauenys. [lostoMmy nas moszoro
pelleHHs 3alauy OCTAeTCsl HAHTH MaKCUManbEble alre6phl HHBapHAHTHO-
CTH 3TUX YpaBHEHUH, PelIuB A/ KaX0H U3 IOoNYYeHHHX Map QYEKUKH
F v G onpepenswomue ypasuenus (2.113). [lpeapaputensHo ME! mpose-
N4 yIpolleHus Buaa QYHKUUHA F' u G, Herlonb3ys VI 9TOT0 MaKCHMaslb-
HEle TPYIIIH [IpeoOpasoBaHull SKBUBANEHTHOCTH B KJlacce 3aMeH IlepeMeH-
gbix (2.115) nas kaxno# us nonyuerHbX peanusauui 245, (¢ = 1,...,4).

OcTaHoBMMCS TIOAPOOHO Ha cayyae peanusaund 245 ,. IlycTs

2A2,2 = <6i|’i = 1,2, 3, 4),

le1,e2] = e, [es, e =ea, [ese5]=0 (i=12;5=234);

2422 = <éi,’i =1,2,3, 4),

[él, 52} = ég, [53, 54] = &4, [éi, 5]'] =0 (’L =1,2;5= 3,4)
Torma B3auMHO 0JHO3HAYHOE COOTBETCTBUE MeXAy aiarefpamu 2Asg o
U 2A2 2 YyCTAHABAUBAKT TaKUe 1B M30MOpQH3Ma:

1) €1 = ez +Yeq, €3 =0xeyq, €3 =c¢€1+ [es, E€g= @62;
2) &1 =e1+ves, & =aey, &3=ez+pieq, 4= fey,
rne o B#0, o, B,v,p €R.
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Jlanee HermocpeACTBeHHBIMH BBIYHCACHUAMK y6ex aaemcs, 4To JIs pe-
anusauuy 241, MakcuManbHyo rpynny npeo6pazoBaHK SKBUBAJIEHTHO-
CTH B KJacce 3ameH NepemeHHbIX {2.115) cocraBaswT npeofpasoBaHus

f=at+vy, T=06x, v=_pu+p, (2.154)

rae Oz,é,,é,’)/,p,ER, 015,37&0
3amena nepemessnx (2.154), re A-8- o~ A]* = 1, cBonuT ypasxexve,
WHBAPUAHTHOE OTHOCHTE/bHO peanusaLmu 243 ,, K ypaBHeHHIO

v = 2" F|vs| Fvez + BlZ Fue]'F, BER, k#£O.

[IpoBens aHaa0TUYHBle BBIUKCAEHUS A8 OCTAAbHBIX NOJYUEHHHX pea-
Au3auui anredpol 24s 0, yoexaaeMcsl, YTO C TOYHOCTBIO 0 SKBHBAJeEHT-
HOCTH B AaJbHeHIIeM MOMXEM DacCMaTPUBATb TaKKe MHBApHAHTHBIE YPaB-
HeBUS:

2Aé.2 fUp = |xll_klur|_kum + 5|x|_k|u2|l_ka

BeR, k#0; (2.155)
243 5t up = 2°u"texp(w ugs + (B — w?) expw,
w=zu"luy, BER; (2.156)
k4l 2k k1
243 5 up = E[H1F [ug| 1R ugy + €[t 1R ug | 1F,
e=0,1, k#0,1; 2.157)
243 5t up = AMugy + up Inftug|, A #0. (2.158)

[MoacTaHoBKa 3Hauenn# ¢yHKUME F i G us yparuexni (2.155)-(2.158)
B onpefeaswiiyo cucremy (2.113) u nanbpHeliiee HccaeqoBaHHE COOTRBET-
CTBYIOIIUX CHCTeM NIPUBeJSH K TAKUM pe3yabTaTaM.

1. Ecau B yparzenuu (2.155) £ # 0,2, 8 # ::; win k=2, f# é,
TO peannzauns 243 , ABARETCA MAKCHMa/bHOH 21re6poi HHBAPHAHTHOCTH
3TOr0 YpaBHEHUA.

Ecou xe 5 (2.195) k=2, f = %, TO MaKCHUMaJsbHOI anreSpolt HHBapH-

AHTEOCTH 3TOTO YPaBHEHHA ABJAAETCHA NATHMepHan anrebpa Jlu oneparo-
poB cuMMeTpH. Ee 6a3uc cocTaBnsT 6a3rcHbe 0lepaToOphl peann3aliy
24, (k = 2) v onepatop 42ud, — u?d,. Ho HecnoxHo yBenuTbes, uTo
sTa anreSpa JIu nsomopdaa anredpe sl(2, R)® Aa o 1 3aMeHa NepeMeHHbIX
1
t=t ZT=u, v=alz|4, a#0,
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CBOAMUT ee 5a3UCHbBIE OMEepaTopPH X ONEPaTopaM, KOTOpble COCTABAAKT Oa-
snc peanusaunt si(2, R)@ Lo 1, rae s1(2, R} — peanusanus (2.133), Lo =
= (4t8; + udy, 8;). CaenosarenvHo, ypasHenue (2.155), rne k = 2, 8 =
= %, SKBUBAJIEHTHO MMOJYYEHHOMY BLILIE YDABHEHHIO, KOTOPOE CBOAKTCA
K HeNVHEeHHOMY YDaBHEHVH TEelJIONPOBOAHOCTH U3 Kjaaccudurauny J1.B.
Oscsnnuxosa [47].

k—1

Haxonrew, ecan 8 (2.195) k£ 0,2 n f = p—

peofpasoBaHUAMY U3 IPYIIH £ CBOAMTCA XK ypaBHeHMw Buaa (2.153).

, TO JaHHOe ypaBHeHUe

2. Ecau B ypasuenun (2.156) 8 # —2, 10 peannsauus 243, sasaser-
CH MaxCHMaabHOH anrepoit HHBAPHAHTHOCTH 3TOr0 ypasHeHus. Ecan xe
8 = —2, To MaKcHMMasbHas anrefpa MHBADUAHTHOCTH JAHHOTO ypaBHEHUA
ABJAETCA TIATHMepHOH anre6poil JIu onepaTopos CUMMETPUU

{8y, —2uby, 28, + In|z?u|Tudy, 2t8; + 2ud, — 20y, t0; + ud,).

Ho 3amena nepemeHHHIX

t=t, T=-2"' wv=a tlnju/+227 (1 +Inz|)
CBOAMT TaKOE YDaBHEHUe K YDABHEHUI

vy = exp(vz)vss,

KOTOpOe TIpUHAIMeXKUT Kiaccy ypasHennit (2.153).

3. Peanusauua 243, (k # 0,1) asaseTcs MaxCHMaabHOH aare6poi
cUMMeTpHH ypaBHeHusa (2.157), ecin € = 1. Ecan xe B stoM ypaBsHe-
HHM € = 0, TO ero MaKCHMMaJbHOH anre6poil MHBapHaHTHOCTU ABJAETCHA
NATHMepHaA anredpa JIu onepaTopoB CUMMETPHH

1+k
2432 (k#0,1) € (t]*16,).

Ho 3amena [IePpEMEHHDBIX
2

z=%(1-k)mf, T=x v=u

CBOAUT 3TO YDPaBHEHHE K YPABHEHUID

2%
vz = :tl‘l)ﬂ 1—kvﬁ3

KOTOpOe TIpUHAIMeXKUT K ypaBHeHUAM Buaa (2.153).
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4. Peanusauus 243 , ABAAETCA MaKCHUManbHOH anre6poil MHBapHaHT-
HocTH ypaBHeHus {2.158).

Paccmorpenne cayuasi anre6pn Ass & A; moxasano, 4To B pamKax
COOPMYJHPOBAHHEON 32024l 3T2 aaredpa Ee HMeeT peanusauuil B Kjacce
onepaTopos (2.112). Jlna anre6pbl Az s & Ay Mbl NOAYYHAH PeaNH3aLHI0
A2 . & (8,), HO COOTBETCTBYOIlee UHBAPHAHTHOE ypaBHeHUe

-1
U = Uy Ugpy

NpUEaIeXuT Kaaccy ypaszeHuit (2.153). Ueenenosanue cnyuas anre6pot
Az 7 @ Ay npHBeJIo K YpaBHEHHIO

—2 -1
Ut = Uy  Ugy + Uy

KoTopoe 3amMexol nepeMeHEBX (2.119) croaMTCA K ypaBHEHHIO, 3KBHBA-
JIEHTHOMY JMHeHHOMY YpaBHeHHIO TeIIOIIPOBOAHOCTH.

Jlasi ocTanbHBIX DAas3OXKUMBIX YeTblpeXMepHBIX anrebp Jlu mbl mo-
JAY4UIM ellle BOCEMb HESKBHBAJEHTHBIX Deaju3alii, KOTOpble ABAAKT-
€ M2KCHMaJIBHEIMH 2J1Te6pamMyl HEBAPHAHTHOCTH HeJHHEHHBIX YpaBHeHUN
Buga (2.111). CeenexHbllt pe3ynbTaT IPYNIOBOH KJacCHPUKALIMY HESKBU-
BaJeHTHBIX HelMHeNHHX ypaBHeHu! Buaa (2.111), MaxcHMaabHHMHU aare-
6paMy HHBAPHAHTHOCTH KOTODHX SIBJSIOTCS YeThIpeXMepHble PAas3IoKIMEe
paspelinMble anredpsl JIu onepaTopoB CUMMETPHH, IIPeACTABJEH B TabJiu-
ue 2.8.

Kax u B mpenpayulem naparpade H3ydeHUe Dealusalltit HepasJo-
XUMBIX 4YeTHpeXMeDHBIX paspellMMblX aareSp Jlu mposoaum pomo/aHe-
HUEM H3BEeCTHBIX peasu3aluit TpeXMepHBIX paspelluMbix anre6p Jln
Ag = (e1,e9,e3) onepatopom eq Buna (2.112) no takoit cxeme: Ay; =
= A1 3 <64> (7’ = 13"'36); Ags = Ass P <64> ('L = 7a8a9)» Ag10 =
= A3 5P (eq).

[lockonbKy cyllecTBYeT oaHa peanusanys aaredpn As i, KoTopas siB-
JSeTCA MaKCHMaAbHOH anre6poll HHBAPHAHTHOCTH YPABHEHUA

ur = Flug gy + Glug), (2.159)

To peanusauyy anre€p Aq; (1 = 1,...,6) MoryT 6nTbh anreGpamMu HH-
BaPHAHTHOCTY TOJbKO HeJUHEHHBIX ypaBHEHUH, KOTOpble NMPHHAAJEXKAT K
ypaBEeHusaM Buga (2.159).

Henocpe ncTBeHHble BHYNUCASHHs TI0KA3aAH, YTO B paMKaX cQOpMY/IH-
poBaHHOH 3ajfiauu anredpa Ay, He uMeeT peanuszauuit. JIas ocTaabHHX
anre6p U3 pPacCMaTPUBAEMOIO KJacCa Mbl, H3BAB U3 PACCMOTPEHHUA CAY-
yay, KOraa UEBApPHAHTHBIE YPaBHEHUA 3KBUBAJEHTHH ypaBHeHHI0 (2.153),
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MOMYYUIN CeMb peanu3alnil, KOTopble ABAAKTCA MaKCHMAaJbHBIMK aJjre-
6paMy MHBAPHAHTHOCTY HeslMHeNHHX ypasrenul Bupa (2.111):

AL, =AY B (qtd; + 28, + (u + 2)d

Aia=4A

A43—A31$ t8t+l'8>

Aja=A5, P (0

W) (g #0,1);
3139 t0; + (t + )0, + qudy,) (g #0,1);

+ (t + 2)0: + (z + u)dy);

Afs= A3, D (0, + pxd, + qudy) (p<q, p-q#0; p,q,# 1);

A46_A31$ qtat

{
{
{
A2, = AL B (t8, + uby);
{t0;
{
{

(px +u)0y + (pu — x)0

) (g7 0; p20).

Tabauya 2.8

HupapuanTHoCcTh ypaBHeHUH Buja (2.[11) oTHOCUTeIBHO
Pa3IoKUMBIX YeThbIpeXMePHBIX paspellUMbIX axre6p Jlu

oneparopoB CHMMETPUH

AnreGpa F G
241s, (k#0,2) | lal Hual ™ Bl a7, o rol
243, (k=2) z” g Ba*uz ', B ;é i
2A2 z?u"texpw (6 —w )expw,
22 w=xu lu,, B# 2
BEL 2k k1
52 (R#0,1) £[t] 17 ua| 1 F [t |ue| 15
244, At, A#£0 Uy 1n [ty
A, @ (8) ug ! In |uz|
AL ® () uz % exp(2uz ) ue expluz )
A @ (8) Ug ul
Al ®(8) ugt el
AL, ®(0:) (g7 0,£1,2) | |us| 79 |ug| ¢
2 g
AL, ®(0:) (0< gl < 1) | |ue[7} |uz| 977
AL 5 B (0r) A 4ud)~? VIFuZ
-2 1 z
A%, D (0:) (g>0) exp{ 1q+arc2 1 o) V1 + uZ exp(—qgarctan u,)
uz
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CooTseTcTBYIOUIVE 3HAUeHNS QYHKUME F 1 G B MHBapHAHTHBIX ypas-
HeHUAX NIpeACTaBjeHH B Tabauue 2.9. Tam Xe MBIl yKasanu u ypapHe-
Hue (2.153), MakcumanbEON anreSpoil HHBAPHAHTHOCTH KOTOPOTO IS IPO-
U3BOJBHHX 3Ha4eHUH QYHKUMH F' ABASAeTCA Taxas peann3alus aareSpl

Ags p=g= %)
Ay = A1 D (10, + 570; + 5ud).

Kax 6bl10 moaYepKHYTO BHIIle, PACCMOTpPeHHe peanusalnil anredp Ay ;
(1 = 7,8,9) Mbl IDOBOAUAN JIOTIOJHEHWEM M3BECTHBIX peasusalluil aire-
6prl As.3 onepatopoM eq Buga (2.112). [lpu sToM npu paccMoTpeHHH H3-
BeCTHBIX peanusauuit anre6pel As 3 = {(e1,es,€3) MBE YUUTHIBAIU TaKoH
M3oMopdU3M AJA 3ToH anredpul e; — e1, e — —es, €3 — €q.

Hceneporanua ana anre6p Agz v Ayg TPUBeAM K TpeM HesKBUBA-
JIEHTHBIM pean3aluaM

A=A 3D (0 + (z — )0 + (2u— %t2> du),
A%, =A% 3D (—0, + 28, + 2udy),

Mg = A5 (~(1+ 0t (g~ 20+ (2au— 3a)2) (4> 0)
KOTOpble ABJAKTCH MaKCHMaJbHBIMU aare6paMy MHBAPUAHTHOCTH HesH-
HeMHHX ypaBHenu#t Bupa (2.111). 3uavenus ¢yuxuuit F u G B smHX
YPaBHEHHAX NpPeACTaBaeHsl B Tabauue 2.9.

PaccmoTpenne anrepbl Ay s NPHBENO K YeTHPEM HEIKBUBAJIEHTHBIM
peanuzalyAM, KOTOpHe ABAAKTCA aATre6paMy WHBAPHAHTHOCTH HeauHel-
HbIX ypaBHeHu# supa {2.111):

Ajg = A3 D (td: + q20s + (1 + qJuds) (g € R),

Al = A}3 D (88, + ks +ud) (k #0),

AS g = ALy B {20y + udy, + kMO, 4 28,)) (k #0),
Al =A2,3 (1 - )t8, + 20, + (1 + Qudy) (g #1).

Peanusaumn A%, Al ABAAIOTCA MaKCUMalbHBIMHU aareGpaMy HH-
BapUAHTHOCTY COOTBETCTBYIOLIUX HeNWHeNHHIX ypaBHeHui muaa {2.111),
3HaveHus QYHKUMA F' 1 G 118 KOTOPLIX NpeAcTaB/eHL B Tabauue 2.9.

Ias peannzaunu A}z ¢ TOUHOCTBIO A0 3KBHBAJEHTHOCTH HHBAPHEHT-
HOe ypaBHeHHe UMeeT BUJ

Up = Az 2T  ugr + 2 + €|us|, (2.160)
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Tabauya 2.9
HuBapuauTHoCTh YpaBHeHHs (2.[11) OTHOCHTEJNBEHO Hepa3IOKHUMBIX
YeThIpeXMepHBIX pa3pemnMbix anrebp Jlu onepaTopoB cHMMe TPHH

Anre6pa r G
Az exp(2 — Qus exp(l - Quz, ¢ # 0,1
1
Als e e (1 -9 us Infus|, g#0,1
Ais exp(—us) exp(—uz)
A2, 1 —Ug Injuz]
Al eXP Ug —%ui
p! -1
Als Jual 477 lus|7?, p<q,p-q#0,p,q#1
Als Flu) 0
AL, expl(q — 2p) arctan ua] | /T + w2 exp|(q — p) arctan ug],
: 1+ u? g#p, p20
Al Aug, A#£ 0 % + Ug In [ugy|
P L
1 —
Als (g # —1) ualrs -
Ass (g #0,1) [Aus[*™', A#0 z + [ug|?
Alg Mue|™H A£0 z—klnluz|, k#0
Als + exp(2kuz) z + exp(kus), k #0
4g
Afs (lg| # 1) |t —1ut
t —2 tant
Alg (@ > 0) |Lexp(—2garctant) F exp( qazrc ant) _ lui
1+¢ 2
exp(2k arctan us| -2 5
Al i ldhehbisueic? Blt| 2 /1 + u2 exp(karctanu,),
1+l k20, B0

roe eciv ¢ = 0,1, To ¢ =0, A = £1, a korma ¢ # 0,1, T0 un ¢ = 0,
A=+l mwue=1, A#£0.
Jlanbrefiiee uccaenopanue ypasHenus (2.160) noxaszano, yto faa g #

# —% peanusauus Al 5 sBnsieTcss ero MakKcHMaJbHON a4re6poil UHBApH-

aHTHOCTH. Ecnu ke g = —%, TO 3ameHa IepeMeHHHX (2.119) csomut
ypasuenue (2.160) K ypaBHeHUO

vz = Avgz — Vg,

KOTOpOE€ ABJAECTCA U3BECTHBIM YDPaBHEHHEM B}Oprepca.



270 [nasa 2. [pynnosas khaccuduKalus ypaBHeHult

B cayuae peanusauun A} g MHBApHAHTHOE ypaBHeHKe KMeeT BH A
ur = L exp(2kuy)urr + z + eexplhus), k#0, e=01.

Ecau € = 1, To peanusaumns A3, AB1A€TCA MaKCHManbHOH anre6poil MH-
BapHaETHOCTH 3Toro ypasHeHus. Eciu xe € =0, To 32aMeHa nepeMeHHEIX

T=Lle®t o 5 y= _Okut2ktz, k#£0,

2k
CBOIHT N2HHOC YPaBHCHHE K YDABHCHHUID

v; = T exp(vz)vez,

KOTOpOe MPHEANEKUT XK ypasHeHHuAM xaacca (2.153).

Hakoxer, npoeeas nononzerre peanuzanuil anre6pe As s = {e1,e0,e3)
onepaTopoM e4 Buaa (2.112), MB IONYYNAN TAKYK Dean3aliiio aareSpel
As 10

Af 1o = A3 5D (2Ktd; + udy — 28,), k=0,

KoTopas siBJjseTCs MaKCHMaJbHOH anreépoﬁ WHBapHaHTHOCTY YpaBHEHUs
1

uze + Blt]” 24/1 + u2 exp(k arctanu, ),

exp(2k arctanu, )
1+ u2
k=20, g#0.

[Tonsp nepeueEb HesXBHBAJNEHTHBX ypasHeHn# Buga (2.111), maxcu-
MaJbHBIMU aJaredpaMy HHBAPHAHTHOCTH KOTOPHIX SIBJASKTCS HeDPA3JIONKU-
Mble deThpexMepHble paspelllMble aareSpH JIM omepaTopoB CHMMeTpHH,
npeacTasaex B Tabauue 2.9.

Jlns 3aBepieHus TPYNNOBOH KyIacCHPUKALMY HeJHHEHHEIX YPABHEEUN
Buga (2.111) Ham ocTaeTcs NPOBeCTH aHANM3 ypaBHEHWH, anarefpamy UH-
BAPUAHTHOCTH KOTOPHX ABAAKTCA IsATHMepHble aareSphl Jlu onepaTopos
cuMMeTpuH. Bbile MBI mosyynaM ABa TaKUX YpaBEeHKA, aiareSphH MEBa-
PHAETHOCTH KOTOPHIX ABASKTCH NONYIPAMEMH CYMMaMH IIOAYIIPOCTOR U
paspemumot anredp Jlu. B cooTseTcTEHE ¢ Kaaccudukauved [4, 6] ume-
eTcs ellle TpW ypaBHenus Buga (2.153), anreSpH UHBapUAHTHOCTH KOTO-
PHIX ABJAAWTCA NATUMEPHEMH paspellMMBIMU anrebpamu JIu onepaTopos
CUMMETDHH:

Ay = A3 5 B (10 — 20u);
A= AP (ntdy —udy), (n=—1,n#0)
AS = A% B (ntd, + uby — 28,), (n = 0).

Uy =
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Mpx stom anre6pnl AY (i = 1,2,3) nonapaioT B pasHLe XKA2cCh HEpassio-
MUMEX IATEMEPHBIX paspellUMbIX anre6p Jlu M3 u3BecTHOH K/1accHdH-
Kalli¥ NATHMepHBIX paspelllnMbix anrebp Jlu [43]:

A2~ Asss (p=2), Ad~Asss (p=2+n, g=—n),
A~ As3s (p=2, g=n).

CrefoBaTebHO, COOTBETCTBYIOIIME XM MHBAapHaHTHbIE YPaBHEHUA ABJA-
I0TCA HesKBUBaJeETHBIMHE. B tabaniy 2.10 Mbl IoMeCTH/IM NTepedeEb HeJlk-
HelHBIX ypaBEeHKH Buja (2.111), MakcHMa bEBIMH anrefpamMy HHBapUHaHT-
HOCTH KOTOPHIX AB/IAKNTCA NATHMEPHHE paspelruMble aare6pnl Jlu.

Tabauya 2.10
HHpapuaHTHOCTh ypaBHeHHS (2.111) OTHOCHTeJBbHO NMATHUMEPHBIX
pa3pewUMBIX anredp JIu orepaTopoB CHMMeTpUH

Anre6pa F G
Al EXP Us 0
A? uz,nz—-1,n#0 0
A3 exp(n arct:n Uz) >0l0

14w

[Ipore neHHble BHIE HCCAEN0BAHYA TIO3BOAAIT CAENATh TAKHE BBHIBOBL.

C TOYHOCTBIO A0 5KBHBAJEHTHOCTH CPeM HeNWHEHHDBIX YpaBHEHUH BH-
na (2.111) camble BBICOKYe CHMMeTpHiiHHe cBOHCTRBA UMeloT 35 ypaBHeHHUH,
MaKCYMaJ/IbHBIMY anrefpaMy HHBAPUAHTHOCTH KOTOPHIX ABJAKTCA YeTbl-
pexMepHble aaTe6ph JIu orepaTopoR CHMMETPHH, U O YpaBHEHHH, Makcy-
MaJbHHMH aare6paMy HHBAPHAHTHOCTH KOTOPBIX SAB/AAKTCHA IATHMEpPHBIE
anrepu Jlu omepatopos crMmeTpuu. [lpu sTom mocnen:ue 5 ypasHe-
HUH UCUepNBIBAIOTCA U3BECTEBIMU B MaTeMaTH4deCKoH QU3UKe ypaBHeHU-
em DBrwoprepca, HeauHeHMHBM ypaBHeHVEM TEIVIOIPOBONLHOCTH U3 H3BECT-
HOM Xaaccuduxauuy [47] W TpemMs ypaBHEHHAMY HeluHeAHOH QUAbTpa-
uuy [4,6].

B 3aBepLICHHEe naparpacpa npenJjaraeMm 44 caMOCTOATENBHOIO peller s TaKie
33aJaHu4d.

3axanue 2.6. B paGore [I139] ¢ Hchmoab30BaHHEM KJT2CCHUECKHX METOLOB
paccmaTpHBasachk 3ajaua IPYNNOBOH KJaCCHGHKALWH YpaBEeHUs

Utt = f(x; uz)ucc:c + g(a:,uz).

Belno nmokasaxo, yTo B cayyae NpPOH3BOJBHOIO 3HAYEHHS OYHKUMA f U g maHHOe
ypaBHeHHe JONYCKaeT TpeXNapaMeTpHuecKyl [PYNNy HHBAPHaHTHOCTH, KOTODas
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FeHepUDPYyeTCd OlepaTopaMu
V= 8t, Vo = 3:”,, V3 = tc')u

Jlanee, ¢ ucmons30BaHMeM OfHONapaMeTPHYeCKHMX MOATPYNI KOHeYHOMapaMeTpH-
uecKo# IpYINE Npeodpa3oBaHull 3KBUBaNeHTHOCTY (KOTOpas caMa #BJReTCH 10[-
rpynmnol nonHo# 6ecKoHeyHOMapaMeTpH4ecKo! IPYINbl 3KBHBaAGHTHOCTH) LaHHO-
ro ypasHeHua 6bl7la HafileHa Noc/ieoBaTe IbHOCTD cllenuduxauuit dyuxuuil f u g,
IPH KOTOPBIX YpaBHEHHEe [JONYCKaeT OLKH [ONOJHUTEbHBI! ONepaTop CUMMETPHY.

Hcenonssya HOBBLE nofxon x PYNIOBOH KJacCHPUKALHMH, ONUCATb BCe ypaB-
HeHUA YKasaHHOTO BHLA, KOTODbE HHBaPHaHTHEl OTHOCHTEJbHO 4eTHPEXMEpPHBIX
paspeIIyMelx aare6p JIu ornepaTopoB CHMMETDHH.

3aMeT#M, UTC ONepaTOPH Vi, Vg, V3 COCTABAAIT Gasuc aare6pr Jlu, KoTopas
n3oMopdHa anredpe Az s (anreGpe Beitaa). [lostoMy a5 pelnenus safayy HYXHO
BBIIOJIHUTH MePBBIY 11al aJrOPHTMA, & 3aTeéM ¢ TOUHOCTBIO [0 3KBMBAJeHTHOCTH
ONHCaTh Peasu3aluy TeX YeTEHPEXMEPHEIX pa3peltMMslX anre6p JIu, KoTopsle co-
zepxart aare6py As.s Kak nopaareépy.

3aganue 2.7. B paGore [141] nposegena rpynnoBas KAacCU(DUKALUS OLHO-
MEPHOTC BOJAHOBOIO YPaBHEHHUS

ut + K(wur = (Fu)ue)e + Hu)us, Flu)#0.

Tam, B yacTHOCTH, GBIJIO [I0OKA3aHO, YTO B CAyyae NPOH3BOJBHBIX 3HaueHnl Pyuk-
unit K, F, H narHoe ypaBHeHue JOTYCKaeT LBYXNapaMeTDHYECKYIO IPYINY HH-
BaPHaHTHOCTH, KOTOPas TeHePHPYeTCs OlepaTopaMi

Vi 233, Vo =3$

[TpoBecTu rpynnoByio kaaccuUKalHio A2HHOTO yPaBHEHHs B HOBOM MOLXOAe H
CP2BHHTL De3y/bTaT KaaccUHKalLMK ¢ MoayyeHHsM B [141].

2.4. CuMMeTpUIHHAA PeIYKIHUs U TOUYHBIE PEUICHUSA
HEJUHEHHBIX YPAaBHEHHH 3BOJIOLHUOHHOTO THMA

B sTom maparpade Mh UCIOAb3YeM H3BeCTHblEe CHMMeTPUIHEE CBOH-
CTBa HeJHHeHHBIX ypaBHeHu# suaa (2.37) u (2.111) pas mocTpoeHus ux
TOYHBIX pelleHu#. PaccMoTpeHHIO NoANeXaT Te U3 YpaBHEHHH, anredprl
MHBAPUAHTHOCTH KOTOPBIX MMEHT PA3MePHOCTD BHILIE 4eM 3 {To eCThb ypas-
HeHH#, TIpaBble YacTH KOTOPHIX He COMepAKaT [IPOU3BOJIbHbE QYHKUKHK).

OTMmeTHM, YTO UHTEPEC K IIOCTPOSHUK MHBAPUAHTHHIX pelleHU Heau-
HeHHBIX YPABHEHUH BEI3BAH, B YACTHOCTH, TEM, UTO BAXHbBIE KJACCH TAKUX
pelnenuit (HanmprMep, aBTOMOJENbHbIE pelilenns [46]) ABAAKTCA WUHBAPU-
AHTHBIMW OTHOCHTEJBHO ONpeeNeHHBIX KJACCOB IPYMII JOKANbHEIX IIpe-
06pasoBaHull.
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Takxe [OBOJbHO YACTO M3BECTHBE pelleHMsA BaXKHBIX I Pas3HBIX
IpUIOKEHNH YPaBHEHUH ABJAAIOTCA KAK pas WHBAPMAHTHBIMH pelueH -
Mu. [IponnaiocTpupyem 3To Ha MpUMepe U3BECTHOTO B TEOPUH (QHIBTPA-
uun [11,56] ypasHerus Byccunecka

he = km ™ (hhy)s. (2.161)

3mech k — Ko3dQUIMeHET GUAbTPALMK, m — IMOPHCTOCTb IMOUBH, h =
= h(t,z) — Hamop B MOMEHT BpeMeHH t B CeUeHHW, OIpejessieMbli ab-
ClLIUCCOH z.

[lepsoe TouHoe pelueHue ypaBHexus (2.161) 6o monyueno Byccune-
ckoM [103], xkoTophi A1s pellleHVs 3afauy ¢ KPaeBBIMU YCJIOBHAMHU

h(t,0)=0, hy|,_,=0
HCIIOJb30BAJ METOA (Dypbe 1 HCKaJ pelleHVsd B BUOC

h=T()X(x).

Hatt nennoe ByccuHeckom pelllerre HMeeT BUA

HyF
h:——iéﬁ—, (2.162)
L Wk,
2m
rae Hy — u3BecTHas mocTosHHasA, £ = %,

1
_ AdA  _1pf2 13
w_/ 1_A3—3B(3ﬂ>er%Z%,
0

OHo XxapakTepusyeT Tak HasbBaeMblfl “yropsfoueHHbH pexun” Byccu-
HecKa M COOTBETCTBYeT HEYCTAHOBUBIIEMYCS IIPUTOKY NOUBEHHBIX BOA B
ApeHaxHylo rajnepero (z = 0) ¢ HamopoM Ha KOHTYpe, KOTODHI paBeH
HYJI0, B BOJOHOCHOM ILIacTe WMPUHHE L ¥ MaKcuManbHo# BblcoTh Hp,
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KOTODBIF PAaCIIONIoXKEH Ha TOPU3OHTAALHOM BOJOYIIOpE U OTPAHHYEH Bep-
TUKaNbHO$ BofoHeNpoHuUaemolt cTeHKol = L (hg|p=r = 0). [lpu aTom
ypaBHeHUe HayaabHON CBOGOJHON MOBepXHOCTY MMeeT BUA h = HoF(£).

Perenue (2.162) cooTseTCTBYeT U 32/1a4e 0 HEYCTAHOBUBIIEMCS IIPUTO-
Ke T0YBEHHHIX BOJ K GeCKOHEYHOMY psfly APEHaXHHX ranepeil, KOTophe
JIeXKAT Ha TOPU3OHTANLHOM BOJOYIIOpe, AJs CIelMaJbHOTO BUJA IIOBEDPX-
HOCTU jucriepcuu [56].

Pemrenue ypasuenus (2.161) Turna MrHOBEHHOIO HCTOYHUKA

2 2
m (9_7%)3_352 , o@«g(%)s:z (2.163)

6kt |\ ™ m

nonyunn Bapen6nart [11].
Coxosos [69] paccmatpusan oGofuieHHoe ypasHeHre ByccruHecka ams
cy4as [BYX [POCTPAHCTBEHHBIX repemeHHBX (h = At z,y)):

he= 30 (), + (12),,], o*= £ (2.164)
OHn moCTpons TakKMe YacTHble pelleHus ypaBHeHus (2.164):
h:_(:c—:co)2+(y—yo)2 +C]t—t0|%, (2.165)
8a2(t —to)
h+ Holn|l — hHy'| = Az + By + o?(A% + B}t + C, (2.166)
h= Az + By +a?(A2 + BH)t + C, (2.167)

rae Ho, A, B, C — npoHsBosbHble OCTOSAHHBIE HHTETpUpoBaHus, Hy # 0.
COXOJI0B TaKKe YTOYHUJ pelleHue

1
h:%(41/%—r2>, osr<z(E) -l e
h=0, r=I

yparHeHus Byccunecka

2
he =5, [F ()],

KOTOpPOE€ COOTBETCTBYET OCECUMMETPUUECKOMY JABUIKEHUI0 IOYBEHHKIX
Bof. Pemenue (2.168) 6ru10 nonyuero B [11] 1 npusesneno B [56] 3 Herep-
HOM BUJe.
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3aMeTuM, uTo peineHue (2.168) noayyaetcs us pewenus (2.169), B xo-
TOPOM TI0JIOKEHO

=0, @-—z0)?+{y—w)?=r% C=3z, /T

Taxxe B [69] 6biu mosyuens ussectHble [ll] permenus ypaBHeHHA
(2.161). A umeHHo, peerue (2.163) u pelexus

h=Holn|l — hHy! = A1z + a2 4%t 4 C,
h= Az +a%A%t +C,

rne Ho, A1, C — mpousBosibHble TIOCTOAHHbE HHTerpHpoBanus, Hy # 0,
2k

OTMeTuM, 4TO TIepedyC/eHHble Bblle pelleHHA OB I0Jy4YeHH
fe3 ABHOTO WCIIOJb30BAHUA CUMMETDPUHHBIX CBOHMCTB ypasHeHu# (2.161)
u (2.164).

Bouiee Toro, BriepBble CHUMMETpHIIHbIE CBOMCTBA OJHOMEPHOrO ypaBHe-
Hus Byccunecka 6b1v vecsnenosansl OBCSIHHUKOBBIM NIPH IPYIIIOBOH KJ/1ac-
cudMKaLKY HeJUHeRHOT0 YpaBHeH s TerionposoadocTu [47]. CummeTpus
IBYX- ¥ TpexMepHoro ypasHenus Byccunecka 6vita uccaenoBana Hopon-
uuubinbiy, Kussesoit u Caupmesckum [22]. Ceposa [68] paccmartprBana
ypaBHeHHe

ug = F(u)Au (2.169)

B [POCTPAHCTBe n + | He3aBUCHMBIX IIepeMeHHBbIX ¢, Z1,...,ZLn. B yacT-
HOCTY, YaCTHHIM CAydaeM ypasHeHus (2.169) mna F = A/u saBasetcs
ypaBHeHHe

up = MWalu, \#0, (2.170)

K KOTODOMY CBOOUTCA n-MepHoe ypasHeHUe Byccunecka
S SV
Ve = i v, 7é )
NoKanbHOi 3aMeHod u = v2.
B padoTe [68] ¢ ucnonbzoBanveM MeTOAA CHMMETDPUHHOM peAyKIMH
OblLJ1 TIOCTPOEH DA TOUHBIX pelueHud ypaBHeHus (2.170).
CucTeMaTHYeCKOE PACCMOTpEHME CHMMETPUMHON DelyKUMM TpeXmep-

HOoro ypasHenus bByccuzecka K 0GBKHOBEHHBIM AnddeperlyanbHbM
ypaBHEHHAM TIPOBefieHo B cTaThe [96].
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OTMeTHM, YTO, K&K 3TO CJEAyeT U3 pe3ynbTaToB padoT [68, 96], Bce
M3BeCTHBHIE TOUHbE DellleHus ypaBHeHUs Byccnnecka (rosyueHnsle Bycen-
HeckoM, Bapen6narrom 1 CoXonoBEM) ABAANTCA UHBADUAHTHBIMY pellle-
HUAMY. Tak, pemenre {2.162) noayyaeTcs Kax pe3yabTaT PeAYKLHU ypaB-
Herus {2.161), xoTopas COOTBETCTBYET ONEPATOPY CUMMETPUHU t3; — hoh.
Pewenus (2.163), (2.165)—-(2.167) coBnaaaioT (¢ ToyHOCTHIO A0 0603HAUe-
HUSA [TOCTOAHHBIX) ¢ UHBAPUAHTHEIMY pellleHUsAMY, KOTOpble MOXHO HalTH
B [96].

3aMeTHM T2KXKe, XOTH 3TO ¥ BHIXOAUT 3a Npefesbl UCCAeJ0BaHUH, 9To
K 0cofoMy Iporpeccy B MOCTPOEHWH TOUHBIX pellieHMH ypaBHenus Byc-
CHHeCKa He TIPUBEJIO M WHCIOJNb30BAHME HeKJACCHUeCKUX {(J)-YCJIOBHBIX)
CUMMeTDPHI 5TOTO ypaBHeHUs {I0Apo6HOe pacCcMOTpeHYe (Q-YCA0BHON CUM -
MeTpUH auddepeHLanbHbIX YpaBHeH!H MoxHO HaiTd B [89]). [Tpobnema
CYIECTBOBAHM S HEK/ACCHUECKUX CUMMeTPHI ypaBHeHUs Byccunecka ans
Pa3HKIX pasMepHOCTel uaydanach B paborax [66,67]. Tam Gbuiu Haiinenb!
HOBBIE {HeJUeBCKMe) ONepaTophl CUMMETDUM 3TOTO YPaBHEHHs, HO COOT-
BETCTBYIOLLAA UM CUMMeTPUIHAs PeAyKLIWs MprBesa K HHBAPUAHTHBIM (B
KJlaccHueckoMm cMmbicse JI1) pereHnsm ypasHenus Byccunecxa.

[Tosxke, B padote [188] Gblao moxasado, YTo pellleHre TIPOGJIEME I10-
CTPOEHHUs] HOBLIX OII€PATOPOB CUMMETPHUH /A YpaBHEeHUH 3BOIIINOHHOT0
TUIA

uy = Ft, 2, u, Uy, Ugy) 2.171)
KOHCTPYKTUBHO B KJIACCe ONEPaTOPOB

Q=0+ A(t,z,u)dz + B(t,xz,u)0,. (2.172)
B x71acce xe omepaTtopos

Q=0+ B(t,x,u)d,

(MEHHO Taxye OIepaTopbl paccMaTpyBaduch B paborte [66]) s3azaua
TOCTDOEHUA HOBBIX OIlepATOPOB CHMMMeTpUH ypaBHeHus (2.171) sxBupa-
JIeHTHa 3ajade [OAYYeHUs HOBBIX TOYHBIX DelIeHUH 5TOr0 ypaBHEHUs.
A ypaBHeHve Dyccunecka, KoTopoe BJSETCA YACTHBIM CJYYaeM YpaBHe-
Hus (2.171), B xnacce onepatopor {2.172) nomycxaeT TOJIBKO omnepaTto-
DBl KJaccudeckol cumMerpur. Bumecte ¢ TeM Heo6XOAUMO OTMETHUTH, UTO
He cJelyeT OTPaHUYUBATBCS TIDH PACCMOTDEHUM (J-YCIOBHON CHMMETPHU
ypaBHeHu# Buga (2.171) Tonpxo xnaccom omnepatopos {2.172). Kax no-
Ka3biBaeT MPaKTHKa, PacCMOTPEHUE APYIOTo KJacca OINepaToOpOB TaK¥Ke
4acTO MPUBOAWT K CYLIECTBEHHO HOBBIM DELIEHHAM KCC/eIyeMBIX YpaBHe-
Huf.
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Hexons u3 ckasayHOro Bblllle, BUAMM, YTO KCIIOJIb30BaHKe CUMMeT-
PUMHBIX MeTOIOB HCCJeJOBAHNA YPaBHEHNH B YaCTHBIX NPOM3BOAHBIX AJ15
MOCTPOEHUA UX TOYHHX pellleHUH 0CTaeTcsl aKTYalbHHM M cerofHs (B
0COBeEHOCTH 3TO MMeeT MeCTO /18 HeJJMHEHHBIX YpaBHeHuH ).

[lepefinem Terepb K IMOCTPOEHUI HHBADUAKTHBIX pelleHUH HeJWHeN-
HBIX ypaBHeHUH Buaa (2.37).

2.4.1. CumMeTpHiiHAY PEIYKLHS H NOCTPOEHHE TOUHBIX PEMEHHH
ypaeHeHHu# Buaa {2.37)

[pouenypa cummeTpuiiHOH peaykuuy AvddepeRnaNbEbX YpaBHEHUH
B YaCTHBIX IIPOH3BOJHBIX, KOTOPble UMeIT HeTPUBHa/bHbBe aarefpbl UH-
BapHaHTHOCTH, IIpelycMaTpHUBaeT HaJlyHe ONITUMa/JbHOTO NlepeyHs noaal-
re6p HEXOTOpPOH pa3MepHOCTH AaHHON anredph JIU ONepaTopoB CUMMeET-
pun. Knaccnguxauusa nopanreSp meficTBUTENbHHIX aaredp JIM HeBblcoO-
Ko}l pa3MepEOCTY ¢ TOUHOCTBIO [0 CONPAMKEEHOCTH, KOTOPYIO ONpelessioT
JePCTBXA TPYNIl BEYTPEREMX aBTOMOPQH3IMOB 3THX a/redp, NpoBelena
B [160]. [TockoabKy 34€Ch MBI PACCMATPHBaEM 3224y CUMMeTpUHHOM pe-
JYKUMN AHQQepeHINaAbHBIX YpaBHEHUH C NBYMS He3aBUCHMBIMH Tlepe-
MEHHbBIMY K OOBYHBIM JU(¢epeRlranlbHEM YPABHEHUAM, TO V1A DelyK-
LMY HYXHEO HCIOJb30BATh OJHOMEDHBIE Noflanredpnl anredp Jlu onepa-
TOPOB CUMMeTpPUH HcCaefyeMblX ypaBzexuil. [lpn stom sTu monanre6ph
JOJIXHB! YIOBI€TBOPATb HEOOXONUMBIM YCJIOBUAM CYIIeCTBOBAHUA DeAyK-
LMY, KOTOpHE B HallleM CJyyae CBOAATCH K BLITIOJHEHKIO YC/OBHA

|| +1&] #0 (2.173)

B HEKOTOPOH 06/1aCTH TIPOCTPAHCTBA V IS I2HHOTO OIepaTopa CUMMET-
pun Buga {(2.38). CrenopaTesibHO, UCMOAb3YS TIEPEYEY OAHOMEPHBIX IMOA-
anre6p us [160], Mbl, Ipexae BCero, OTOMPaEM Te U3 M0Aanresp, KOTOPhIE
YIOBJETBOPAWT yeaoruio {2.173).

Jlasee, TIOCKOJIbKY HaUGOIbILHA HETePeC B PASHBIX IPUIOKEHUAX UMe-
10T pellleXHs, onpedeseHHbe B o6aacTy, rae ¢ > 0, « > 0, Mbl 3JeCb orpa-
HUYYBAEMCS PACCMOTPEHVEM MMEHHO TaKuX pelleHui. DTo, KpoMe TOro,
HeCKOJIbKO YIIpolldeT BUJ UCCAeAYeMbIX YPaBHEHUH ¥ COOTBETCTBYIOLIME
BHIYHCJIEHHA.

PaccMoTpuM MoapoSHO CUMMETPUHHYI0 PEAYKIIHIO TIEPBOTO YpaBHEHUs
u3 Tabauuel 2.3, xotopoe mad ¢t > 0, z > 0 npUEUMAaeT Tako# BUA

Atz In|tu?| + ,@ux,
4t Vi

A£0, BeR (2.174)

Ut = Ugy +
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Maxkcumanbro# anreépoi VHBAPUAHTHOCTU 3TOTO YPABHEHHUA SABJIACTCA
peanusauyis

QA% 5 = (—2t8; — 20y, By, —udy + W10y, 8y) (X # 0).

B cooTBeTcTBUM ¢ pesy/ibTaTamu Kaaccudukauwu [160] onHomepHbie
noaanresphl anreGphl

2459 = (e, e2) & (e, eq) ([61, ea] = e, [e?ne‘d = eq)

KCUEPITHBAI0TCA TAKKMMY anrebpamu: {es), {eq), {es), {e1 +aes), {e1+ceq),
{eq +€eq), {eg +ee3) (@ € R, ¢ = £1). [lockoabKy B naHHOM cayyae

e1 = =2t — x0,, ea =0, e3=—ud, +)\\/282, eq = Oy,

To ycaosuio {2.173) ynosseTBopaioT Bee noanreGpH, Kpome {eq).
Anzebpa {eq). [NockoabKy eo = Oy, TO ypaBHeHUe e - F'(t, z,u) = 0

UMeeT [JBa PellleHus wi = u, wg = ¢t. [103ToMy COOTBeTCTBYIOIINE aH3all
w1 = @(ws), TOe @ — TNPOU3BO/IbHAS NBAMIbl HelIPePEIBHO AU((depeHIHU-
pyeMas QYHKIIMA CBOETO APTYMEHTA, UMeeT BU[

u=¢(t)
¥ CBOOUT ypaBHeHue (2.174) K ypaBHeHUIO

!

¢ =0,
oflee pelleHye KOTOPOTo

¢ = C = const
[IPYBOAXT K TPUBHAJbHOMY PellIeHUI) NCCeyeMOro YpaBHeHNU:

u=C.

B nanbueitiem Mb 6yaemM HCK/XOYATh U3 UCCAEJOBAHUA U Te OJHOMeD-
Hble TIofaareSpsl a/1re6p JIu onepaTopoB CUMMeETPHU KCCAeflyeMhX YpaB-
HEeHHH, COOTBEeTCTBYIONLAA KOTOPBIM CUMMeTPUHHAA DeAYKLUA NPEBOAXT K
TPHUBUAJIBHEM DellleHUAM.

Anzebpa {e3). 3nech eg = —ud, + AVty, M03TOMY pellieHKeM ypas-
HeHus e3- F(t,z,u) = 0 aBAsA0TCA QYHKUMY w1 = uexp (_9:_) we = t,

AWt

TI03TOMY COOTBETCTEy}OHlI/IP'I 4aH3all UMEET BY ]

u = @(t)exp

_z
AV
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¥ cBoanT ypaBHeHHe (2.174) x ypaBHeHHIO
o = %[A “lnlelle, A=A"2[24 A2In|A — 2)8].
[MonyuenHoe ypaBHeHUe JIETKO UHTErPUPYeTCH:
@ = texp <A+Ct_1/2>, CeR, C#0,

¥ TIPHBOOMT K TAXOMY MHBapHAHTHOMY pelleHuK ypaBHeHuA (2.174):

-1
w=+exp [A\"22+ A2In[A| —2A8) + CTA T
NG
CeR, C#0, X#0, e
Aneebpa {e1). 3nech e; = —2t0, — 0, ABAAETCA UHPHHUTEZUMATb-

HBIM OIIePAaTOPOM OQHONIAPAMETPUYECKOH IDYIIB PACTAMEHHI IIPOCTpAH-
CTBA He3aBUCHMBIX nepeMenHbIX. Coraco [46] TaxuM onepaTopam cooT-
BETCTBYIOT aBTOMOJE/bHbIe pellieHus. [IpoBeas cTaHAapTHbIE BHYKCIEHY S,
[oJIy4aeM, YTO UHBADHAHTHEIY aH3all KMeeT BUJ

u=pw), w=ta 2

a COOTBETCTBYIOLlee DPelyLUpOBaHHOe ypaBHeHue
42" + {Gw —1-Xwh2-

- %/\\/Jlnw —2B8vw — AWwlnl¢'||¢' =0

ABHO JIOTIyCKaeT IIOHMXeH e TopAAKa Ha eAMHULY.

C mpyro#l CTOpPOHBI, HOPMANU3ATOD anreGpsl {e1) B anrebpe 24z o coB-
najaet ¢ anreSpolt {ey, es, e4), HeTPUBHAALHOM YACTbI0 KOTOPOIE ABAAETCA
aByxmepHas anre6pa JIn (es,es). [MosTomy peayLupoBaHHOe ypaBHeHUe
rapaHTHPOBAHO AOIIYCKaeT ABYXIIapaMeTPHUEeCKYH IPYIIY WHBaPUAHTHO-
ctd. B rpynnosom aHanuse nuddepeHLraNbHbIX YpaBHEHUH XODOILIO H3-
BECTHO, uTo OOBIKHOBEHHOe AXddepeHIa bHOe YpaBHeHYe, KOTOpoe J0-
IycKaeT ABYXNapaMeTPHUYECKYI IPYIINY MHBADUAHTHOCTH, KHTErpupyeTCca
B XBagpaTypax. KpaTko ocTaHOBHMMCA Ha 3TOM Bonpoce {6o/ee IOAPOSHYO
UHGODMALIMI0 MOXHO HafiTé, Hampumep, B [32, 55, 138]), a motom Bo3-
BPaTHMCA K PacCMOTPeHHI0 CUMMeTPHHHON pellyKUUH ypasHeHua (2.174).
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3aMeTHM TaKKe, UTO NIPUBEJEHHAA HUMKE CXeMa UHTEIPUPOBAHUSA OGBIKHO-
BeHHHX AnddepeHINanbHbIX YpaBHEHNH BTOPOro MOPAAKZ, KOTOpPhle 10-
MIyCKaI0T ABYXIapaMeTpuuecKye Ipylbl [peoGpasoBaHuil, NpuHaaIeRUT
C. JIn [152].

Hrak, nycts ofbiKEOBeHHOe auddepeHlralbHoe YpaBHEHUE BTOPOro
ropsaKa

y' = fla,u,y), v=y), (2.175)
HOMycKaeT AByXMepHYW anre6py JIi ¢ 6asUCHBMU oNepaTopaMy BHA2
vi = &01 +mby, Vo2 =E&0: + 120, (2.176)

rie & =& (x,y), 7 = mi(z,v) (i = 1,2) — HeKOTOpHe rMajkie PyHKLUHN
CBOMX apryMeHTOB B IPOCTPAHCTBE (X, V).

B ocHoBe anropuTMa HHTErpupoBaHus ypabrerus (2.175) nexart nH-
BapUaHTHBE CBOMCTB2 HNBYXMepHOH anre6pb JlM onepaTopoB CHMMeET-
puu (2.176), KoTopble M03BOJAIT Pa3dUTh MHOXKECTBO BCEX TaKUX aiaredp
JIn na veThipe Tuna. C OQHMM M3 TaKMX CBOMCTB MbBl yKe BCTPEUaINCh:
OTepaTopEl Vi, Vo COCTABAAKT 6asuc aaredpsl Jlu, usoMopdHoh aubo an-
reépe Asq ([vy,ve] = 0), audo aarebpe Az o ([vy, va] = va). Kak ussecr-
HO, 5TO CBONCTBO MEBAPHAHTHO OTHOCHTEJBHO HEBHIPOXIEHHOH 3aMeHbl
TepeMeHHEbX

D(X,Y)

j:X(a:,y), g:Y(a:,y), m

£0. @.177)

Buecre ¢ onepauueil KoMMyTHPOBaHHA AHGQEpeHIINaIbHbIX OTlepaTo-
POB BBefieM B DaCCMOTPEHHE ellle M OrepaLyio TaK HasblBaeMoro ncegdo-
CKAAAPHO20 (KOCOTO) MIPOH3BENEHUA

vi Vvy =&172 — méo.

OxasbiBaeTcs, 4To AK062s AByxmepHas aaredpa Jlu mytem BrGopa moa-
XoaAero 6asuca vy, vo CBOAUTCA K OJHOMY H3 UeTHPEX Da3HBIX THIIOB,
KOTOpblE HCUEPIBIBAITCA TAKUMU KaHOHUYECKUMU CTPYKTYDHBIMH COOT-
HOIIEHUAMH:

I [vi,ve] =0, viV v #O0;
I1. [Vl, VQ] = 0, V1 A Vo = 0;
I11. [Vl, VQ] =V, Vi V vg 7é 0,

]=v

IV [Vl,VQ =
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DTV CTPYKTYPEBE COOTHOLIEHHWA KHBAPHAHTHE OTHOCHTEJBHO 3aMeHbl
(2.177).
Taxxe cymecTByloT 3ameHb! IepeMeHHBIX (2.177), xoTopble, B COOT-

BETCTBHY C YKa3aEHBIMK TUIIAMH JBYXMepHbIX aare6p Jlu, cBoaAT 6asuckl
5THX anrebp JIK K ofEOMY 13 Takux:
L. V] = 353 Vo = 81-,;
II. vi= 317 Vo = :fag;
I11. V] = —i@i — ﬂag, VQ = 6:,7,
IV. Vi = —ﬂag, Vo = ag.
CooTBeTCTByWLIVE NIepeMeHHble Z, § Ha3BBAOTCs KAHOHUYeCKHUMH ITe-
peMeHHbIMU.
Ecnn ypasrerue (2.175) nonyckaeT asyxmepHyio anrebpy Jln omepa-

TOPOB CHMMETPHH IIEPBOTO THIIA, TO B KAHOHWYECKHX IICPEMEHHBIX OHO
[IDHHYMaeT BU A

gll — g(gl)
U JIeTKO UHTerpuUpyeTcsl B KBaApaTypax:
JE .
o~ 1
9(#') ’
UK ABHEIM o6paszoM i’ = ¢(Z + C1), oTKyaa
7= [ol@+Cnda+ 0+
rae Cy, Co — TIDOU3BOJIBbHEIE TIOCTOSAHHLIE UHTETDUPOBAHUS.
Ypasrenuve {2.175), KoTopoe HHBAPHAHTHO OTHOCHTENBHO ABYXMepHOH

aJJI‘66pr Jn OIIePaToOPOB CHMMETPHH BTOPOIO TUIIA, B KAHOHHYECKHUX IIe-
PEMEHHBIX UMEEeT B A

7' =g(@)

¥ MHTEIPUpPYeTCH ABYMSA KBaapaTypaMu

§g= / (/g(i)di) dz + C1z + Co.

Ypasrenuve {2.175), KoTopoe HHBAPHAHTHO OTHOCHTENBHO ABYXMepHOH
anre6pel JIU onepaTopoB CHMMETPHH TPETBETO THIIA, B KAHOHMYECKUX Tle-
peMeHHBIX HMeeT BUJI

1 e
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U TaKXe pelllaeTcs ABYMs KBaJpaTypaMu

dy’ _
=In|z| + 1.
/9(17’) =l +C

Haxonenu, nas ypasxenus {2.175), KoTopoe UHBAPUAHTHO OTHOCHTEJb-
HO JABYXMeDHOI anreSpbl JI¥ OMepaTopoB CHMMETDUK YETBEDPTOIO THIIA,
npeo6pasoBanHoe YpaBHeHUe

1/

7’ =g(z)7

umMmeeT ofllee peuieHue

§=Ci /exp (/g(i)di) dz + Cs.

BosBpaTuMcsl Temepb K DACCMOTPEHUI0 CHUMMETPHIMHOM peAyKIUH
ypaBHerus (2.174). M3 ckasaHHOro Bblllle cjelyeT, 4TO B pe3y/abTaTe pe-
IYKLWH, COOTBETCTBYIOILEH anrefpe (e1), Mbl MOJNYYHIU YDaBHEHUeE, KO-
Topoe MOXeT GbITb IPOUHTETPOBAHO B KBaiapaTypaX. Ho a1a storo Mu
JIOJIKHBl HAfiTH BTOPO# oMepaTop CUMMETDUU DelyLIUPOBaHHOTO YypaRHe-
EuA (OOUH OIepaTop O4eBUAeH — O,), ONpeJe]UTh TUN anreSp MHBapU-
AHTHOCTY, HAfTH KaHOHUYECKUE TlepeMeHHble, 3alIMCaTh peflyLIMPOBaHHOe
ypaBHeHUe B KAHOHWYECKUX TlepeMeHHKIX Y, HaKOHel], IPOUHTErpUpOBaTh
ero.

Uro6bl u36eXaTh BHIIOAHEHUs psfla YKA3aHHHX BHILIe LIaroB, oCy-
LI1eCTBUM [IOCTPOEHKE aH3alld, COOTBETCTBYIOIEro anrefpe {e1), KOTODPLLH
cpasy OyfeT peAyLUpoBaTh ypaBHeHHUe (2.174) K o6bKHOBeHHOMY nudide-
pEeHLIMANbHOMY YDaBHEHUI0, 3alIMCAHHOMY B KAHOHHUYECKUX IlepeMeHHbIX.

15t 3TOTO HafifleM 3aMeHY MepeMeHHbIX

o=Ww), d=u w=tz 2 (2.178)

KOTOpas CBOAMT OMEpPATOPH e3, €4, COCTABJAAIIUE Hazuc areSpbl As o
U YA0BJIETBOPSAWILINE YCIOBUI e3 V €4 # 0, K BUAY

ey — 83 = —u0y — W05, eq — 4= Og.
[Mockosnbky

(2.178)
—

3
au (2-—1—7;8) aﬁ, _Uau + A\/Za:c —ﬁaa —2Aw? Wla@,
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10 ¢yHKuua W B (2.178) nonxHa yIOBJAETBOPATb YPABHEHHIO

3
Dw2W =W, W#£0.

Orcropa caenyert, uto B (2.178) MoXeM MONOKHTD

1
W=exp| -1 2]|=exp|-—-2 ).
"( ) "( M)

CornacHO 3TOMY, [OCTpPOEHHE COOTBETCTBYMILETO ONEepaTopy ej aH-
3ala OCYLIeCTBASieM B IIPOCTPAHCTBE MepeMeHHBX (u,w), THe w =

= exp _/\L\/i , ¥ TIPUXOAUM K TaKo} N0oACTaHOBKe:
u=¢w), w=exp (—/\iﬂ) . (2.179)

Ansau (2.179) croauT yparHeHre (2.174) K ypaBHEHHIO
w = EAQ In¢'| + A} o, A=XM—1- %/\2 |\,  (2.180)

YparHerue (2.180) nerko ©HTErpHpyeTCs, U €ro ofliee pellleHHe HMEeT
BHA

A?
0= :I:/exp [Cle — 22724 dw + CQ, C, 7é 0, Cy e R.

B cOoOTBETCTBUM C 3TUM KCKOMOE ABTOMOJAEJ/IbHOE DELIeHVEe YDABHEHUA

(2.174) rakoso:
dw+Cay w=exp|-——1|,
MWt

AzAﬂ—l—%/\anl/\l, ACL #0, B,CscRR.

/\2
u=1=+ /exp [Clw 2 —92x724

Ancebpa {e1 +aes) (o # 0). 3xech HOPMANU3ATOP ANreSPhl CONEPIKUT
HeTPHBHAJIBHYI0 OIHOMEPHYI0 nojanredpy {(e; — aes). [losTomy, nogodpas

&
B npocTpancTee {ut 2, L + QT/\ Int) dyHKUKE, HHBAPHAHTHBIX OTHOCH-

Vit

TeJBbHO 0T1epaTopa e + «e3, HOBblE NTepeMeHHbIe %, w TaK, 4yT0OBI OrIepaTop
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€1 — €z CBOAWICA K OIIepaTopy 8w, nonyyaeM aHsal

u = exp (_/\_\/f) pw), w= 7_+ —lnt

KOTOpBI# cBOOUT ypaBHerH e {2.174) X ypaBHeHMIO

1
/\@ - —a/\so Tavt

+%( '—%@)ln

Ypasuerue (2.181) Be comepXHT He3aBHUCHMON NepeMeHHON ¥ HNOIyCKaeT
MOHXeHYE MOpAAKa Ha eauHULy. B ofiuem BHle HaM ero NPOMHTErpUpPO-
BaTh He YJAAaJ0Ch, HO OHO UMeeT YacTHOe pelleHue

—A
@ = tAexp lyl ,

KOTOpOMY COOTBETCTBYET Takoe€ WMHBApPHMAHTHOE pelleHre YpaBHeHUA
(2.174):

"

'_X“”+ﬂ{ /_ig,} _o, (2.181)

u = F+Aexp

_z 1A
AVt A2 ‘
Anzebpa {e1 + eeq) (¢ = £1). Pemus ypasHexnue
(61 + 564) : F(ta z, u) = 0)
NPUXOANM K aH3ally

u=¢plw)— %eln t, w=tz 2

KOTOpBI# cBOOUT ypaBHerHe {2.174) X ypaBHeHMIO

42" {Gw— {— (/\ln2+2ﬂ— %AM;) \/;} o —

— MW Ing'| + %ew“l =0,
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KOTOpOE TakKXe IIPOHHTEIPHPOBATh B oflieM BHAE He yaanochb. OTmeTnM
TOJIbKO, HTO 3TO YPaBHEHHE, KaK M IIpeablayliee, NOIIYCKaeT IIOHNKEHNe
TIopsilKa Ha €IVHHULY, IIOCKOJIbKY He COOEPXKUT ABHO (i)yHKUJ/II/I ®.

Anzebpa {(ep + eeq) (e = £1). 3mech MOKHO HCIIONB3OBATE BHCOKYIO
pasMepHOCTb HeTPHEMAJ/BHON YacTH HOpMA/aW3aTopa 3Toif NofanreSphl B
anre6pe 245 0. Ho u npAmas peaykups, cooTBETCTBYIOLIAR aH3ALY

u=p(t) + ez,

IIDUBOJVT K YDPaBHEHUIO

r_ A
@ _i<zlnt+,@>,

KOTOpPOE JIETKO MHTETPUPYETCA ¥ HMeeT Takoe ofliee pelIeHUe:
w= %/\e\/Z(lnt —2)+ 28Vt + C.

CooTBeTCTRBYIOIIEe UHBAPUAHTHOE pellleHle ypaBEeHus (2.174) umeeT BuR
U= %/\e\/f(lnt -2)+ 2BVt + ex + C,
A#0, e==%1, B,CeclR.

Aneebpa {ea+eeg) (e = £1). 3nech HETPUBHANBHAR YaCTh HOPMaIU3a-
TOpa TofjaareSph B anaredpe 2As o MMeeT pa3MepHOCTD, PABHYIO €MHMULIE,
a COOTBeTCTRYIOLIUH OIlepaTopy s + €3 aH3all

U = exp (—m) o(t)

peayuupyeT ypaerernve (2.174) K o6nKHOBEEHOMY AnddeperLralbHOMY
YDPaBHEHNIO TIePBOrO NOPH KA

¢ = (Wit x [ (Wite) -
- %mé In (t (Wi+e) - 902> - ﬂt‘%} @. (2.182)

¥YpaBrenve (2.182) MHBapHAaHTHO OTHOCUTE/]BHO OAHONADAMETPHYECKOH
TPYIIE Tpeo6pasosasuil ¢ HHQUEUTE3HMAAbHEM orepaTopoM (Av/t +
+ €)7L8,. Moatomy csemexue aToro ormepatopa K onepatopy 8., rae
z — HOBasl UCKOMas (PYHKLUA NepeMeHHOH ¢, IPUBOAUT K NONCTAHOBKE

¢ = expl(e + \WE)12],
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KoTopas npeo6pasyeT ypaBHerue (2.182) B ypaBHeHUe

Y= (e + MW - %/\t_% In {t(e + A\/E)—ﬂ - ﬁt_%.
npOHHTeTpHpOEaE TI0C/JI€ JHE€E YDaBHeHMe, TIoJydaeM
=2\ = B)VE— EAVE(Int - 2)—
— 20X 2Ine + A8 + (e + AvE) (In

B COOTBETCTBUU C YeM
=0 (ln‘e+/\\/5‘ —1) X
VE AL — AB) — A3(Int — 2)] — deln |e + A2|
222 (e+/\\/z) ’
C1#0, M40, BeR, e==+l. (2.183)

e+Ax/E}—1> +C,

X exp

CoO0TBeTCTRYIOIIEE HHBapHAHTHOE pellleHHe ypapHeHus (2.174) umeeT BUX

u=exp | ——= ,
(-2

rae ¢ — dyHkuua (2.183).

lasee, aHaJOTMYHO TIpOBefleHa PeNYKLUA ¥ A/ 0CTa/IbHEIX YDaBHeHUH
u3 Tabnuusl 2.3. Ilpu aToM, xpome mopanre6p, KOTophe He YAOB/IETBODS-
10T ycaosuio (2.173), Mbl U3BAAM U3 PacCMOTpPEHUA U Te, PelyKLHWA IO
KOTOPLIM [PHUBOIMT K TPHBUaAbHHIM pe3yibTaTaM. Kpome Toro, Bce BH-
quCJAeHUs GbLIY TIpoBeleHs B 06aacTy, rae t > 0, z > 0. [anee mMbl He
NPOBOAMM TOAPOGHOE H3/I0XKeHHUe, a CpPa3y YKAa3hBaeM [OJydeHHbIE pe-
3YABbTATH C KPATKUMH KOMMEHTapUAMHU.

YpaBHeHHe

we = Ugn — Mgz + In|ug|), A#O, (2.184)

Taxxke 2As o-MHBapUaHTHOEe ypaBHeHHWe. [locKobKY 3]ech
_y—1 _ At
e1 =0, —uby, e =08, e =\ "0, eq=2e"0,,

TO YC/IOBMAM 3afa4¥, KOTOPYIO MEl pellaeM, yIOBJETBOPAKT TaKde Of-
HOMepHbe Moanare6pul anre6pel Jlu omepatopoB cummeTpuut: {es), {e1),
{e1 + aes) (o # 0}, (e1 + €eq), {e2 + ceq), {ea +ces) (e = £1}.
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HafinenHrle nEBapHaHTEble pelleHus ypasreHus (2.184) npurenexn B
tabanue 2.11. Ina Tex caydaes, KOrAa HAM He YAAJM0Ch TIOCTPOUTD 06K
MHTerpasa pefylLpOBAaHHOIO YpaBHeHUs, B Tab/ulle NMpHBeeHH aH3all U
COOTBETCTBYWILIEE PEAYIHPOBAHHOE YPaBHEHME.

3amMeTHM TONbKO, YTO anre6pe {es) COOTBETCTBYET CTALMOHAPHOE pe-
menve ypaBHenua (2.184). Penyxuwa mo anrebpam (e1), {e1 + eeq),
{ea + €e4) TIPUBOAUT K OBBIKHOBEHHHIM AH(@EpeHUVANbHBIM YPABHEHU-
M [1epBOTO MODPAAKA, BCAEACTBYE Yero B COOTBETCTBYKIIee HHBapHAHT-
Hoe pemesre yparzenus (2.184) BXomuT TONbKO 0fHA MOCTOAHHAA HHTe-
rpupoBanuda. PenyuupoBaHHble ypaBHEHHA, COOTBETCTBYKIINE anre6pam
{(e1+ aes) u {ex + €es), HAM TPOMHTErPUPOBATL B 0OLIeM Bule He yja-
Jock. OTMETUM TOJIBKO, UTO OHY JIETKO CBOAATCA K YPABHEHHUSM IIepBOro
nopsaaxa. [lepsoe (¢’ = p(¢)) — K ypaBHeHHWO

?pp’ + (A= 2a)p — Map — ) In|ap — ¢| + ¢ =0,
a BTopoe (¢’ = f(z)) — K ypaBHeHUW
f = Af(z+In|f])—ex=0.

Tabauya 2.11
CumMeTpHiiHAS peXyKIHS H TOUHbIE pelleHUs ypaBHeHUs (2.184)

Anre6pa | Pelenne uan pefyu#pOBaHHOe ypaBHeHHe

{e3) u == [exp[Cie™* —z — A" ']dz + Cs,
A#£0,C1,C2eR

{e1) u=xexp[Ce™ —z—A"!,CER A#£0

{e1 + aes) | u=e "pw), w=az — A, aA £ 0,
2 11

o’¢" + (A —20)¢" — Mag' — @) Infay’ —p|+¢=0

—z+CieM — (1 + Nete™
Xt +
1 +ce

},A#O,e:ﬂ:l,a eR

{e1 + €ed) | u=%|1+ ee™| exp[

1+ee*In|l + ee|
A1+ ee™?)

“Mex —ATH AT 4+ 0y, CIA A0, e = £1

{eatceeq) |u=e

{ez +ees) | u=ert+o(z), A#£0, e==1,
@' =A@+l ) —ex=0
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[Tposenem Tenepb ananus Ay o-MHBADUAHTHHIX YpPABHEHUH u3 Tabiu-
un 2.3:

Up = Ugy + AeXP(—Ug), AF#O0, {2.185)
U = Uy + 2 1n |1y (2.186)

YpaBrenve (2.185) HHBAPMAHTHO OTHOCHTEJBHO peaNn3aliu Aj 5, Io-
3TOMY 37€Ch

e1 =0y ex=0,, e3=0, eq4=2t0 +x0,+ (u+z)dy,

BCJIEACTBUE Yero YCJAOBHIO 33faud CHMMETDPHIHOH pelyKLMH ypaBHEHUA
{(2.185) ynomaeTtBOpslOoT TofanreSpul {(e1), {eq), {(e1 + ceg) (¢ = 1),
(e1 + aeg) (o #0).

Anre6pe {e1) COOTBETCTBYeT CTALMOHAPHOE DelleHKe YDPaBHEHUA

(2.185):
u=(x—/\_101)1n|01—/\x]—x+02, Cl,CQER, /\7‘40

PaccmoTpenne peiy KUK, KOTOpblE COOTBETCTBYIOT alre6pam (e +eea)
(e = +1), {e1 + aes) (o # 0), NpuBeso X ABYM HeCTALMOHADHLIM pelile-
HuaAM ypaBHerus (2.185). Ouu, COOTBETCTBEHHO, HMEIOT TaKOH BHI:

u=et +/ln[016” +eddz+Coy e==x1, A#0, 1,0 € R,
u=¢w), w=z-at
rae QYHKUMA ¢ ONpefenseTcsi PABEHCTBOM
/%z—&w%—ch aA#£0, ChLeR.
a”IN+ ple¥
Hakounel1, ansaig
u=xzp(w)+2zln|z, =tz

KOTOPHIH Mbl TOJYYWIM TIPH DPACCMOTPEHMU aare6pbl {e4), peAyLpYET
ypaszenue {2.185) k ypasHeHu10

402" + (2w — 1)’ + 1 + exp(2wy’ —p — 1) = 0.

Ypasrerue (2.186) yHBaPUAHTHO OTHOCUTENbHO peanusauuu A2 ,, mo-
5TOMY 31€Ch

e =y, e2=08y, e3=0; eq=1td+ %xaz ot )8,
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¥ YCIOBYIO 3ajaull CUMETPUIHON peAyKUMH YIOB/IETBOPAKT II01AAreSpH
{e3), (eq), {e1 + cea) (e = £1), {e1 + aes) (o # 0).

Anre6paM {e3) ¥ {e1 + ee2) (¢ = £1) COOTBETCTBYIOT CTaLlMOHApHLIe
pelwexus ypasHexus {(2.186):

dy’

In|e’|
u=C14+ex, e==x1, C;eR.

u=(x), =-2z+4+C,, C,eR;
K sectauvonapromy pelnexyio
u=plw), w=t-—axz,

de’ -2
m=a w+C'1, CY?éO, C]_G]R,

IIPHBEJIO PACCMOTPeHUe airedpel {e; + ees).
Aunszar

u=tow)+thnlt], w=tz2

KOTOpHII COOTBeTCTBYeT anreSpe {e4), peayuupyeT ypasHexue {2.186)
K YpPaBHEHUK

430" + w(Bw — 1)@’ +2In|¢’| — ¢ +3Injw| + 2In2 - 1=0.
Craenywiun B Tadauue 2.3 npuBeneHo A4 3-HHBAPUAHTHOE YPaBHEHVE
Ut = Upy — Uy IN|Ug| + Ay, AER. (2.187)

[Tockonbky Gasuc anre®prl MEBapHaHTHOCTH ypaBHenus (2.187) cocrar-
JSI0T OTIepaTopH

€1 = a‘u; €2 = az; €3 = at) €4 = tax + ua‘u;

TO YCJIOBHK peayKLUMH YAOBIETBOPHIOT TaKve OAHOMEpHHE IIopa/reSph
anreSphl HHBAPHAHTHOCTH: {e1 + ceg) (¢ = £1), {e3), {eq), {e3s + oe1),
{es + aeq) (o # 0).

Bce penyuupoBaxHble ypaBHEHHs, KPOMe OAHOTO, MHTErPUPYITCHA B
KBaapaTypax. B ciyuae anre6pnl {e3 + ceq) (o # 0) auzar

u=e"(w), w=z-— lat2,

2
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cBoauT ypaBHenue (2.187) K ypaBHerHUI0

¢+ (A —Inl¢')¢’ —ap =0,

KOTOpOe HaM IIPOMHTETPHPOBATh He yhajock. OTMETUM TOJIbKO, YTO OHO
JIOTTYCKaeT TIOHUMKEHUA MopAfKa Ha eauHuLy {¢’ = p(p)):

pp’ + (A = Inlp|)p — ap = 0.

CBeJleHHHH pesyAbTAT [I0OCTPOSHUS UHBAPUAHTHRIX pellleHuil A5 ypaBHe-
Hus (2.187) npexpctarnen B Tadauue 2.12.

Basuc anre6pet Jlu omepatopoR cummeTpuut Ay s-WHBAPHAHTHOI'O
yDaBHEHHUA

2k—2
e = tps + Nug|ZFL, N£0, k 7éo,%,1, (2.188)

COCTABJIAKT OII€PATOPhL
er =8y ey =08y, e3=0u, eq=1td+ %x@m + kud,.

[TosTomy yc/10BUI0 PeAYKLIMY VAOBAETBOPAIOT TAKKE 0JlHOMEDHBIe [Toflanre-
6pbl anre6psl Ags: (e1), (ea), (ea+ces), (e1+eeataes) (o #0, e = £1).
PesynbraThl ciMMeTpriiHoll penyximu aas ypaBHenus (2.188) npeactas-
JeHn! B Tabanue 2.13.

Tabruya 2.12
CuMMeTpHiiHaf peIyKLHS U TOUHbIe pellleHUs ypaBHeHHSH (2.187)

Anre6pa |Pemenne uin pefylnpoBaHHOE ypaBHEHHE

{eiteen)|lu=€ez+ M)+ Cr,e=11,Ci eR
{es) u==+ [exp(Ciexpz + A)dz + Cz, AC1 £0, C; €R

{eq) u=xexplz+Int+C)E + A, A#£0,C €R

7

dp
a+¢' (A t+1njy')

(es + aeq) |u=epw), w=12— %atQ,

"+ A—Inl¢ ¢’ —ap=0Aa#0

{es + aey) u:at-l-(p(a:),f =z+C,ar#0,C eR
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Tabauya 2.13
CuMMeTpHIHHAA PeIYKIHE U TOUHbIe pelleHHUA ypaBHeHHA (2.188)
AareSpa Pemexnze unu pegyunposaHHoe ypaBHEEUE
o %-1]. sz [®
fer) RV 'Cl -1 %
C1,Co €R, A £0, k¢o,%,1
{eq) uw=tlpw), w=ts 2,
2k—2 3k—3 2k-2
4w2<p" + )\22k—1 lwlzk—l I(pl|2k—1 +w(6w _ 1)90/ _ k(p — 0,
A£0, k#0, % 1
dy’
{e1 + ees) u=€et+ w(m),'fﬁ:mﬁ—ci,
€= Mg/| 7F
CLeR e=+1, A#£0
{es + €es) u=At+ex+C,CieR e=%x1, A#0
{e1 + €ex + aes) |u = at + ¢lw), w = = — ¢,
dy'
f 2k—2 w+ 1,
a—ep’ — Alg/[?+1
ad#0,e=%1,C; eR.

Basuc anre6pel JI1 onepaTopoR cHMMeTpUY A4 7-MHBAPHAHTHOTO YPaB-
HeHUA

1
Up = Upy + %ug (2.189)

COCTABJIAKT OII€PATOPHL

e1 =20y, ex=0;, e3=x0,— % In |¢|Ox,

eq = 2t0; + 0y + 2ud,.
[MosToMy YCNOBHIO CUMMETPUAHON peayKUKK YIOBAETBOPAIOT TOJALKO [BE
OIHOMepHHE nofanredpsl anredpsl Ag7: {(es), {eq).

Aunre6pe {es3) COOTBeTCTBYeT aH3al[

u=t)—z?In"t¢,
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KOTopbl# cBoauT ypasHeHHe {2.189) kK ypasHeHUIO

y_ 2

T Tt

[TosToMy coOTBETCTBYIOLLEE WHBAPHAHTHOE pellleHHe ypaeHeHHA (2.189)
UMeeT BH I

w=—22In"tt—2 /9 0 C cR
Int

PaccmoTpenne anrefpul {e4), XKOTOPOH COOTBETCTBYIOT aBTOMOAENbHLIE
pemrenus ypasHenus (2.189), npuseso x azsauny

u=to(w), w=tz 2
KOTOPHH CBOAWT 3TO YPABHEHVE K YPABHEHUIO
40" + W32 +w(bw — 1)’ — o = 0.

PenyupoBantoe ypasHe:nve HaM NPOHHTETPUPOBATD He YAad0Ch.
OcTanoBMMCA Jajee Ha pacCMOTPeHHM TpeX Ay g-MHBAPHAHTHBIX
ypaBHeHUH:

w

Up = Ugsy — Uy + Mug|2, A #0; (2.190)

Uy = Ugp + AT+ M/ |ug], A>0, m#0; (2.191)
1

we= e — 3 (L- gt 202, A0, g A1 (2.192)

Basuc anreSper unsapranTHocTH ypasHeHus (2.190) cocrasasior omepa-
TOPBI

e1=8:, 2=, es=t0+ 0 eq=1td+ 120, — ud,.

[losTomy mapameTp g B KOMMYTALKOHHBIX COOTHOLIEHKAX, KOTOPbIE ONIpe-
nenfwT anredpy Ags, paseH —% ¥ YCJOBHI0 CHMMeTpUHHOH peayKuUuu
YIOBNETBOPAIT TaKKe OLHOMepHble Nofaare6pbl aareSpbl MHBAPHAHTHO-
cTr: {ea), {es), {eq), {ea +e€es) (e = £1).

Anrefpe {eo) COOTBETCTBYIOT CTALMOHADHEIE peIIeHUA YypaBHeHUA

(2.190)

U= @(I)a
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rae QYHKUUA ¢ = @(z) YN0BJETBOPSET YPaBHEHUIO

3
¢ — ' +Al¢|2 =0.

DTo ypaBHeHye JONYCKaeT [IOHUKEHYe [IOPAAKA Ha €[UHULY U IPUBOAUT-
¢ K ypasHenuw (¢ = p(p))
1

p'—¢+Ap[2 =0,

KOTOpO€ TOACTAHOBKOH
2

p=¢"f(¥)
CBOAUTCSH K YPABHEHUIO C PA3Ae/IAIIMMUCH TlepeMeHEbIMU

of +2f +A/Ifl-1=0,

OTKYyOa CJaeAyeT, 4TO (pyHKU.I/IH f OIIpenenAaeTCd paBEHCTBOM

&
1
- AfJ2 -

=1n|g0|+01, CiL€eR,

Y ee 3HAYEHHS 3aBUCAT OT 3HAUeHU I1apameTpa A.
PaccmoTpenue anre6ph! {es) IpuBe/O K TAKOMY HHBapDMAHTHOMY pellle-
Huw ypasHerHs (2.190):

1
w= 2\t 2 +t_1(x+01), )\740, CleR.

Anzanl, cooTBeTCTByIOIINE anredpe {eq),

1
u=t 2¢(w), w=tz 2

npeobpasyet ypasuenue (2.190) B ypaBHenue

N oo

3 1 1
4w290"+2g0g0'+<6w —w 2)@ +2\/_)\w2|go|

[IPOVHTETPUPOBATL KOTOPOE HAM HE YIAJ0Ch.
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Haxouen, penyxuns no anredpe (es + ces), M KOTOPOH aH3al UMeeT
BUI
u=ett+opw), w=z-— %etz,
TpUEEA K YPABHEHHIO

3
@”+/\‘@/|2_<P<PI_€=01 €=j:1, /\7&0:

KOTOpOe AOTIYCKAeT NOHIKEHHE NopAlKa Ha € AUHULY.
Basuc anre6ph uuBapuauTHOCTH ypaBHeHHs (2.191) cocrasaswT omne-
paToph

01 =8y, e2—=0; e3=1t8 + N0, eq=1d;+ %wx + %u@u‘

n03TOMy 3HAYEHHE T1apaMeTpa ¢ B KOMMYTALIMOHHBIX COOTHOUIEHUAX, KO-
1

TOpblE OMNpelesnT anredpy A4 s, paBHO 3 W paccmMaTprBaTh HYXHO Ta-

KHe OJHOMEpHBIE MoJanreSph! anreSpsl UHBADUAHTHOCTH: {e2), {e3), (€4},
(e +ee3) (e = £1).
Anre6pe (ep) COOTBETCTBYIT CTALMOHADHBIE DeLIEHUs YpaBHEHUH

(2.191)
u = p(z),

rae q)yHKU.I/IH @ orpepensgeTcs U3 CJaeAYIIIUX COOTHOILIeHNH:
¢ =z*Y(z),

dy
= _lnz+C;, A>0, 0, CyeR.
[ G =t 220 mas,

HccnenoBanue penyxiuun, cooTBeTCTByW0ILEH anredpe {es), IPHUBEJIO K Ta-
KOMY pellleruio ypasHenus (2.191):

3

u=1z +2mt 101, A>0, m#£0, Cy €R.

REVON

Penyxuus no anreSpam (eq) U (e + €e3) NpUBesa K TAKUM De3y/bTa-
TAM:

3
<€4> ou= t2<19( )) W= tI_Q)

1
402" + w(bw — 1) +V2muw™ 2|<,0|2— <p+/\ w 2 =0
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{eo +ee3): u=¢pw)+ %etQ, w = — e,

S0// +/\90, +m|g0']2 +/\—lw =0.

3nech e = £1, A > 0, m #0.
[Mocxonbxy Gasuc anreSpbl MHBapHaHTHOCTH ypaBHeHHA (2.192) co-
CTABJANT ONepaTOPh!

Lo_
€1 = au’ €2 = 623 €3 = xau + At2 a q)ax)

eq =2t + 28 + (1 + q)ud,, |g#1, A#0,

TO BOSHHKAaeT NOTPeGHOCTb NIPH PelyXUMM pasaudath caydan g = 0
uqg#0.

Ecnu ¢ = 0, T0 paccMaTpiBaTh CAedyeT TaKue OJHOMEepHBIE Nofasre-
6pbl aareOpbl UHBApUaHTHOCTH: {ea), {eo + ee3), {eq), {e3 + aey) (o # 0,
e==1).

Pesynbrat cuMMmeTpriiEo# peayxunu ans ypasaerus (2.192), B xoto-
poMm g = 0, mpencrasnex B Tabauue 2.14.

Ecnu B ypaexenun (2.192) ¢ # 0, To paccMaTpHBaTh C/edyeT TaKue
OHOMepHbIe NoJaNreSphl anreGpbl HHBAPHAHTHOCTH: {e3), {e4), {ea + €e3)
(e = +1).

CBefleEHBIH pe3ynbTaT CUMMETPHHEHOM pelyXLUuy 1A ypaBHEHUA
(2.192), B xoTopoM ¢ # O, npeacTarnex B Tabnuie 2.15.

Basuc anrefprl Jlu omepaTopoB cuMMeTpuM A4 g-HHBAPUAHTHOTO
ypaBHeHHs

Ue = Upp — %dug (A= a)(l+a?) (2.193)

rae A € R, o — pemenue ypasuenus (2.86) (& # 0), cocTarasioT onepa-
TOPHL

€1 = a‘u) €2 = az; €3 = Ia‘u + aa&?)

ea=—(@)"H1+ o2, + (g — a)xdy + {2qu - %xQ} 9, (g >0).

[ToaTomy ycnoBuI0 cUMMeTpHIHON peaykuud ypaeHerus (2.193) ynosne-
TBOPAIOT TOJNBKO JBe OJHOMEpHbIE N0JanreSpL anredpbl HHBAPUAHTHOCTH
3TOro ypaBHeHUA: {ea), {eq).
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Tabauya 2.14
CumvmeTpHiiHaA peIyKIHA U TOUHble pelleHUA
ypaeHenus (2.192) (g = 0)

Asre6pa | Pemenne uin pelyUHPOBaHHOE YpaBHEHHE

1
lea) | u=22"1yE+ %)\‘lxgt_E +CLCIER A£D

{es +€es) | u=A"'E—ed"%lnle+ AWE + %(A\/Eﬁ— e~z + €,
A£0, e=+1,C, €R

{eq) u=ipWw), w= tz 2,

4wl — A¥ () + w 6w—1<,0’—l<,0:0,)\ 0
v 2

1
{es+ aes) | u=1Int— 8—)‘2\/zln2 t+Vipw), w=1t 2z — A Int,
a

2c 20
//_A 72 l -1 /_l _L =
¢ =@ lwt AT s —5w=0,0,A70

Tabauya 2.15
CHMMeTpHiHAA pelyKLHs ¥ TOUHBIE PelIeHUf
ypaeHenus (2.192) (g # 0)

Anre6pa | Peulenue unu pelyUHpPOBAaHHOE ypaBHEHHe

1 1
_ 1 2,501 2 5 {at1)
{es) u= g% t + ——)\(1 —t—q)t + C4,
A#£0, |ql £0,1,Ci €R

1
() |u=t2"" ), w=ta72,
¢ = M1 - ) + w(Bw - D¢ — 1+ e =0,
A#0, lgl £0,1

dt

. +Ch,
tg(i—q)

{
(82 +663> u= 512()\155(1—11) +6)_1 +f

e+ A
e==+1,A#£0, g £0,1,C; €R
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Anre6pe {eo) COOTBETCTBYET TAKOE MHBAaPUAHTHOE PellleHNEe YPABHEHUA
(2.193):

(A—a)dt
=/ —7—+C
U / e + C1,

rae Ae R, o = a(t) (& #0) — pewenue ypasrenrs (2.86), C; € R.
AHzan

2 2
_ ox —2garctan o _ x 2qarctan o
= —F 4+ plw)e W= _———-¢€
2(1+ 0?) el ’ 1+ o?

3

COOTBETCTBYWOWINE anre6pe {eq), cBOAUT ypaBreHre (2.193) K ypasHeHKD

4mw”—&d¢y+2@—ﬁwW“+%w—%w+Ap=Q
peR, p#0, AeR, ¢>0.

31ech MBI yuau, uyto U3 (2.86) caenywT Taxue COOTHOLIEHUA:

)

TireE G =p RTINS, p £,

2.4.2, CuvmeTpHHHAS PEAYKLHAS H NOCTPOEHHE TOUHBIX peIIeHUMH
ypaBHeHuil Bupa {2.111)

Henunefinbie ypaBHeHns Buga (2.111), mpaBbie 4acTy KOTOPHIX ABHEIM
06pasoM He 3aBUCAT OT He3aBUCUMEIX NepeMeHHEIX, OblIM 06BeKTOM UC-
c/eloBaHUA MHOTHX paboT. B uacTHoCTH, BOTIpoC cUMMeTpUIHON peayx-
LMY TAKUX YpaBHeHUH U TNOCTPOeHUe UX MHBAPUAHTHEIX DelleHM# pac-
CMaTPUBANXCh KaK B LMTHPOBAHHHX Bhillle padortax [21, 105, 108, 159],
TaK ¥ B paje APYrux pador {(cM., Hampumep, [5,60,101]).

JloBonpHO TIOAPOGHEIM 0630p M3BECTHHIX pe3yabTATOBR TI'DYIIIOBOH
KJaccuUKauMK HeJuHeHHbIX ypaBHennit Buaa {2.111) u mocTpoenus ux
PelIeHHH 110 COCTOAHMIK Ha Havdano 90-X romos npolsoro Bexa cClenaH
B [107].

YunThBas CKa3aHHOE BHIE W TO, YTO Hanbojee IepCIIeKTUBHEIMU B
CMBICJIe TIOCTPOEHWA TOUHHX pelIeHUN ABAATCA YPaBHEHUA, KOTOpHE
JOTIYCKAKT PasJoXKyMble paspelruMble anredpsl Jlu onepaTopoB cuMMeT-
PHH, MBI 3J1eCh OIpPaHUYKBAEMCH PACCMOTPEHMEM TOJbKO TeX YpaBHeHu#
Buga (2.111), B rpaBbie YacTy KOTOPHX ABHHM 06pa3oM BXONAT HE3aBHU-
CUMble TlepeMeHHBIe ¥ KOTOpHe JOMYCKAKT YeThipeXMepHble PasoXkUMbe
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paspeuIMMble aare6phl WHBapMaHTHOCTH. HamomHKMM TakiKe, 4To BCe BbI-
YuC/AeHUA TpoBoasATcs B obnacty, rae ¢ > 0, « > 0. CnenopatentHo,
3aflayy CUMMETPUHHOH DeAYKUHH MBI peiiaeM i 2As o-MHBapHAHTHBIX
ypaBHeHU:

Uy = xl_klux|_kux:c + ﬂx_k‘ux|1_k,

a1 kroy (2.194)
k-2
up = 27 U, + fr2uIl, B4 g; (2.195)
_ 2,1 2

ur = x°u" exp(w)ugs + (8 — w ) expw,

= zutuy, B# -2 (2.196)
Etl o 2k k1

Up = Ft1F |ug| VR gy + t 1R | 17F, K #£0, 1 (2.197)
wp = Mgy + ug Injtus|, A#0. (2.198)

Basuc anre6pn Jlu orepaTopoB CUMMETpHM, KOTODYIX JONYycKaeT
ypasHeHue (2.194), cocTaBaAIT 0epaToOph!

e = —tat - 1382, €eg = 8t,
e3 = —ud, +kxd,, e4 =0, (k+#0).

[TosTomMy yc/0BHI0 CUMMeTPHIHON pefyKLUMU YAOBJIETBODAIT TaKHe Of-
HOMepHHe TIOflaTeSpHl a1reSph MHBAPHAHTHOCTY 3TOTO YDaBHEHUA: {ea),
{e3), {e1), {e1 + aes), {e1 + €eq), {e2 + €eq), {e2 +€e3) (0 #£0, e = %1},

CpeneHHBI!I pe3ynibTaT CUMMeTPUIHON pefyKIMH A8 ypaBHeHUA
(2.194) npencTasiex B Tabauue 2.16.

3pech MB OTMETUM TOJbKO, YTO anarepe {(eg) COOTBETCTBYET CTALM-
oHapHoe pelienvie ypasdHexus (2.194), a anrefpam {eq), {es) — aBToMo-
JeJbHble pPellleHUsl 3TOTO YpaBHEeHHs.

Basuc anre6prr Jlu onepaTopos cummeTpuu ypaBEexus (2.195) cocTas-
JS10T OIePaTOPH

e1=—t0 — x0y, eg =20, e3=—ul,+2x0,, eq= 04,

I03TOMY PacCMaTpPHBATh CIeAyeT Te JKe OfHOMEpPHLle NoanreSprl aare§prl
2A5 5, 4TO U B IIpeIbIAYIIEM CY4Y2eE.
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CeefeHHHH pesyabTaT CHMMeTPUHHON pelyKUMU A48 YpaBHEHUA
(2.195) npenctarnex B Tabauue 2.17.

Tabauya 2.16
CumMeTpHiiHas peIYKLHS M TOUHBbIe pelleHHR ypaBHeHHs (2.194)

Anre6pa | PeueHue uan peAyLMpOBaKHOe ypaBHeHHe

{e2) u=Ciz' P+ Gy, B #1,
’LL=C1]H:II+C2,,8=1,C17£O, Ch, eR

(es) u==lkle ¥[C1 + (1 + k71 £ 8)[*,

C.eR 8 :%;,k;eo,g

1 —
o) | u= ), w=(tz"1)%, 3 # % k#0,2, C, €R
dy’
f — = —lnw+C’1,
[ KI8 £+ (k+ 1) F [k[*~*|'[*]]
{e1 + aes) | u=tp(w), w=xt** !

we + Ble’| — aw® @ o — (ak — DT [¢'|* = 0,
k-1
a# 0, f#+— k#02

{e1+ees) |u=pw)—elnt, w=tz™ !, e==%1, 8 # :%;, k#0,2,
¢+ wT Bl |+ 2¢) — T M —ew ) =0

{e2 + €es) | u=Cr1e*® + et + Co,

k=1,8=0e=+1,C: >0 C: €R

u=(x)+et, e=%1,k#0,1,2 8 :%é CieR
;

Inx+ Cy

[ dy __1
Tl = kPR -k — BIL Rl 1k
{ex+€es) | u=e p(w), w=Inx — ekt

¢+ el Mo + k'] — ¢ + 8l¢’| = 0,

k-1
ﬁ#m,k#O,Q,E—il

3ameTuM, uTo aaredpe {e1) COOTBETCTBYET ABTOMOJE/LHOE DelleHHe
ypaBzerua (2.195). Mu 3pech, Kax ¥ Bhlllle, He [IPOBOAMM aHaAW3 IIO-
JYUeHHBIX HHTErPaoB, MOCKOALKY UX 3HAUeHUA B 3HAUMTENBHO Mepe
3aBUCAT OT 3HaUeHUH IIapaMeTpoB, KOTOPbIE BXOAAT B TaKde HHTeTpabl.
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DO 0o

Tak, ecnu 8 = £, To UHTerpaa Al onpeedeHus QyHKUUU ¢ IPUHUMAeT

BUA d ;
v _1
/(@’)2 “gheto
OTKYyha HeprﬂHO [I0AYy4H1Th, UTO

90=i/d4w+02, C,Cz e R,

1
|C1 — Inw|2
Ecau xe 8 = %, TO
d¢’ 1
————=lhw+ (|
/w’[(«?’)Q —4] 2

Tabruya 2.17
CumMeTpHiiHAS peIYKIUS U TOUHble pellleHUs ypaBHeHud (2.195)

Anre6pa | Pellexne HaIM pefyUHDPOBaHHOE yDaBHEHHE

(e2) w=Cizi P+ Cy, B # 1,‘3,01;&0, G ER
u:Cllnx—}—Cz,ﬂ:l,Cl;éO, C: eR

(63) u::tx_%|C1+(6—4[3)t|%,[376%,(71 eR

) |u=elw)w=VET B4,

d¢’ 1
— = z1 C,CieR
I iy —evag 2ot on e

{e1 + aes) | u = t%(w), w = zt?*7 1,

we + (1 - 2000%(9)° — (90 + B’ =0, B2, a £0

le1+eea) | u=pw)—clnt, w=ts"', e=+1, §# %,
we —w(@P + (@)’ + 2= B¢’ =0,¢' #0
e+ eca) | u=p(@) +et, €= e=£1, B,

&
<p:fC1—eln§

dy’
YD)
(ez +ees) | u=e*pw), w=xe" e=+1, 8 # %,
wep' +2ew(¢)° + e’ (')’ + B¢ =0, ¢’ # 0

+Ca, ecan =2,

=Iné+Cy,ecnu f#2,C1,C2 €R
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OTKyJa CJenyeT, 4To

Y
1—01&)4

rme C1 #0, Co €R, 1 — Ciw? > 0.

[TockonbKY OJMHHE aHaNIN3 5TOT0 X APYTHX [IPUBeJeHHBIX B TafiuIax
VHTETpaJoB TpeSyeT CTAHAAPTHBIX BBIYMCJIEHHH, MBI 3/1€Chb HA 3TOM He
0CTaHaBJAUBAEMCA.

OTMeTHM TaKXKe, UTO PeAyUVPOBAHHbBle YPABHEHUSA, COOTBETCTBYIOLIHE
anrefpam {e; + €eq), {ez + €e3), NOMYCKAWT NOHKKeHHe NIOPAAKA HA elu-
HUILY ¥ TIPUBOAATCA K M3BECTHBIM ypaBHeHHAM Afess NepBOTO poja.

Basuc anre6ps! JIn onepaTopos cuMMeTpuu ypasHerus (2.196) cocTtas-
JSIOT OTIepaTopbl

e1 = —t0 —uby, ey =0, e3=ux0y, e4=2zul,.

[TosToMy ycnoBuI0 3ajaud CUMMeTPUHHOHN peAyKIMHM YIOBJIeTBODPS-
10T TaKde OJHOMepHble MojanreGpsl anreGpbl HHBapDHMaHTHOCTY YpaBHe-
ust (2.196): {e2), {e1), {e1 + ces), {e1 + ceq), {e2 + ceq), (e2 + €es)
(x#0, e = £1).

CBefeHHB! pesyabTAT CHMMETPUHHON peAYKLMH JUIA YpaBHEEUA
(2.196) npencraraer B Tabauue 2.18.

Tabauya 2.18
CuMMeTpHiiHas peIyKIHUf U TOUHBIe pelleHUs ypaBHeHHUs (2.]196)

Anre6pa | Peluedne nan pelyLHpOBaHHOE YPaBHEHHE

{e2) w=CzhPe -l £0, 84 -2 C,€R

{e1) u=tp(z), p=exp(zy — 1), ¥ =9 (), E =27},
Y= f(1—In[Cif +1)dE+C2, C1 #0, 3# —2,C1 €R
{er + aes) | u=tpw), w=zt*, a£0, §£ -2,
WPl — P P')? — (¢ + awg)exp(—we @) + =10
e +ees) | u=1t"%px), e=+1,8#-2
22" — 2207 @) + B — (1 — ex)” exp(—zp ™ '¢') = 0,
{e2 + €eq) | u = exp(—etz)p(z),
22T " — 2t (@) + expexp(—zp Tl ) + B =0,
e=+1, f# —2

ez +ees) | u=pw), w=rze

—1 i

Wl — WP TH@)? + ewy exp(—weTlY) + =0,
e=+1, B# -2
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[pu paccMoTpenun ypaBHeHus (2.197) MBI KOHKPETH3HPOBAJH €ro BUI,

BbI6paB B I[IepeMeHe 3HAKOB TOJIbKO IIIIC ¥ II0J10XKIB k = % HoaTomy
1CCJe J0BaNIOCh YDABHEHNE

Uy = t3UUgy + tu. (2.199)
bBasnc anre6phl MHBApPHAHTHOCTY ypaBHeHHs (2.199) cocraBnswT omepa-
TODH

1= —tat — Zam, €g = Bm, €3 = —uau + %t@t, €4 = au.

[MosTomy ananusy momiexaT TaKue ofHOMepHbIe I0JaAreSpl aare6pbl WH-
BApMAaHTHOCTY NAHHOTO ypaBHeHUsl: {(e3), {e1), {e1 +oes), {e1+e€ey), (ea+
+eeyq), {ea +ees) (a #0, e = £1).

PesynnTathl cuMMeTpuiinoll peaykuuu ypaBHenusa (2.199) crepeHn B
Tadauue 2.19.

[lepBoe M3 peaylMpoOBaHHBIX YpaBHeHHH Tabnuun 2.19, koTopoe cooT-
BETCTBYET mofianredpe (es), 38MEHOH NepPEMEHHBIX

T=9—-1, 9=, ¢=0¢z)

CBOAUTCA K YPABHEHUIO

¢ =L@ -D[(F -2+ +3],

KoTopoe, BooOllle IoBODA, MHTEIPUPYeTCA IBYMSA KBaJapaTypaMu X odllee
pelleH’e KOTOPOTO OllpeesIfeTCH U3 TAKUX COOTHOIIEHMH:

/d} Ydz + z + Cy,

¥ [+ 1) +3] 4exp [—

Cl,CQ ER, CQ 7é 0.

YpasHeHus, COOTBETCTBYIOILYE TT0AaNTedpaM (e + eeq), {ea+ ces), pomyc-
Kal0T MOHUMKEHVE IopAdKA Ha eAUHUILY.
OcrtaeTcs paccmoTpeTb ypasHerue (2.198). 3nech

e1 = —to, — Zam, eg = Bm, ey = —udy + tam, eq = Oy.

[MosToMy 61X paccMOTpeHBl TaKue OAHOMEpHEBIE N0JaNreSphl anre-
6pbl UHBAPUAHTHOCTH 3TOTO ypaBHeHus: {eg), {e1), {e1 + oes), (e1+ ceyq),
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{ea + €eyq), {e2 + €es) (a # 0, € = £1). PesynbTar BblUKCAEHU CBelleH B
tabauue 2.20.

Tabauya 2.19
CuMmeTpHiiHag pelyKLHMS W TOUHble pelleHHs ypaBHeHHE (2.199)

Anre6pa | PelneHne WM pefyLHPOBaHHOE ypaBHeHHe

(es) |u=t"p(@), (¢ (¥ +1)+20=0

{e1) u= [ fwdw+C1, w =tz

2 4/ +1
wldaf? +2f + 1] exp | - arctan =(C.,
S ]p[\/ﬁ \/5] ?
Ci,C €R, Cy £0

1
ler +aes) | a=2 u=2x2p(t), [4t4<,a2 + 2% + 1] 2 x

1 4 +1
X exp | ——=arctan ——— | = C4, C; £ 0,
[ V3 V3 v
2a
a#0, 2 u=t"%pw), w=1t 2z,
4—40 2-3¢

(2—a)w = (¢)e" + (2- )1 —a)w >~ (¢)° +
2—2a

+@2- P T (@) - 52t 2w = 0

{e1 +€eq) | u=plw) —elnt, w=t"%2?,

1602 (020" + 8w()® + 4w () + 2w’ + e =0, e = £1

{e2 + €eq) u=%t2+ex+01,e=:tl,01 eRrR

{e2 +ees) | u=t"2p(w), w=ex —2Int,

(@ + 1) +2¢ +20=0,e=+£1

Ha stom Mmbl 3aBeplliaeM paccMOTpeHUe HeNHHEHHBIX YpaBHEHH 3BO-
JIOLLHOHHOTO TUIA U NepeXoauM K CUMMeTPUIHOMY aHa/NU3Y pAAa BaXKHBIX
JYHEHHbIX YPaBHEHUH Napafo/iiuecKoro THIA, KOTOpblE HAUUIM [IKPOKME
TIPUJIOXKEHHA B PA3HBIX 33jJa4aX eCTeCTBO3HAHHA.
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B 3aBepuienne maparpacda Mbl IpefsaraeM YUTaTenlo NPOBECTH CHUM-
MeTPUiHYI0 pelyKIMIO, 10 BO3MOMHOCTH, NOCTPOUTb TOUHLIE DelleHUs
A8 0CTalbHHX ypasHeHuit suja (2.111), 1 BHIOAHKHTL TaKHe 3a]auH.

Tabaruya 2.20
CuMMeTpHiiHa® peIyKNus U TOUHble pelleHHs ypaBHeHus (2.198)

Anre6pa |Pemmenne uan pefylUHpOBaHHOE ypaBHEHHE
{ea) u=xexpA+Cit7 -zt |, A #£0,C; €R

ey |u=J [)\ + exp(Cre” )] dw + Cs,
w = exp (—%), C1,C2 R, MC1 #£0

ley +aes) |lu=t"pw), w=at™' + alnt,

M+ @' Inl@'| + (w—a)p' —ap=0,ar#0

(e +ees) lu=pw)—elnt, w=tz" ', e==1

Mde” —wd In|w?@’ |+ (22® — )¢’ +ew™ =0, A #0
{eotees) lu=et{lnt—1)+ex+Cr,e==%1,C1 €R

{e2 + €es) u:exp{ﬁ[t()\—elnt)—f— (1+ et —eX)In(t+ ¢)] —x+C’1}
e=+1,X£0,C; €R

3aganue 2.8. B paGorax [14,75,98] mpoBeneHa rpynnoBas KjaccHuKaHs
ypaBHeHUH BUIa

u + wue = F(un), unzg:—z, n 22
Briin paceMoTpeHBl ypaBHEHHS
Ut + Uy = F(’fox), Ut + YUy = F(Ua:a:a:), Ut + WUy = F(Uacxx:r)a

YacTHEIMH CJyuasMH KOTCDHIX fBJAKTCA XODOUIO K3BeCTHHE B MaTeMaTHue-
cKolt ¢usuke ypaBHeHus Dioprepca, Kopresera-ne ®pusa, Koprepera-ge ®pusa—
Bioprepca.

Hcnoabsys pesy/sTaThl [pynmoBolt KJaccHPUKALHHE, DaccMOTDETh TaKue 3afa-
gy

1} ompenenuTh THN MaKCHMaJbHBIX aireCp HHBADHAHTHOCTH, KOTOpBIE [I0JYYe-
uel 8 Teopemax 1-3 [75];

2) mpoBecTH KJacCH(pHUKALKIO OLHOMEDHBIX [Ofajre6p MakcHMaJbHBIX adredp
MHBADHAHTHOCTH C TOHYHOCTBIO [0 COINDAXKEHHOCTH, KOTOPYIO OlpefeJser
TpyIna BHYTPEHHHX aBTOMOP(HU3MOE;

3) npoBecTH CHMMETDHAHYIO DeNyKUMIO H [OCTPOMTH TOUHHE pelIeHHS [DH-
BeIEHHEIX YpaBHeHHH [J9 BceX NoJyueHHHX B [75] creumudukanult ¢yHK-
nai F.



[JIABA 3

I'pynnoBas kKaaccudpukauus
ypaBHeHui Pokkepa—Ilnauka. Touno
pelnaeMble CTAllMOHAPHbIE YPABHEHHUS

HIpennnrepa

Ypasuenue ®okxkepa-Ilnanxa (PII) asaseTcs 0CHOBELIM ypaBHEHUEM
TEOPUY HEMPePLIBHBIX MaPKOBCKHMX NpoueccoB. B ogxomeproM cnyuae oHo
UMeeT BUI

u _ 8 18%

ot - ax[A(ts I)u] + 2 axQ[B(t’ I)UL
rge v = uft,z) — NepexoiHas IJOTHOCTb BeposATHocTH, A(t,z) u
B(t,z) — pocTaTouHO rMafikMe QYHKUMY, KOTODHE Ha3blBalTCH KO3(-

QUUMEHTaMV CHOCAa W Auddysuu cooTBeTcTBeHHO, B(t,z) # 0. Bymem
CUMTaTh, UTO BHIIOJHSIOTCS BCE YCAOBUA, IIPU KOTOPHIX IIPAaBOMEPHO KC-
M0Jb30BaHUe ollepalluil AuddepeHIUpoBaHUA U UHTerprpoBaHus. Hazga-
uve ypasrerus OII ceasano ¢ poGotamu ®okxepa [113] u [lnauxa [162].
B [113] Doxkep ucciaenoran 6poyHOBCKoe ABMKEHVE B 10/ U3JYUeHUS,
a B [162] Ilaanx chenan MonbITKY MOCTPOEHUS TIONHON TEOPHU QAYKTYa-
uu#. Crporoe MaTeMaTrueckoe ofocHoBanve ypasHenus @II nan A. Koa-
moropos [34]. Boo6ute rosops, ypaexenue ®II, koTopoe onpenenser us-
MeHeHUe ILIOTHOCTH BepPOATHOCTH M5l NaHHOH CHCTEMBI C TeUeHVEM Bpe-
MeHU, CAYXKUT OCHOBOH aHaNUTUUECKUX MeTOJOB U3YUeHUA NUPOY3UOH-
HBIX TIPOLIECCOB B €CTeCTBEHHBIX Haykax [17,18,23,71,72, 158,167].

B cayuae HeckoNbKUX MPOCTPAHCTBEHHBIX TepeMeHHBIX YpaBHeHne Ol
onuckHBaeT fojlee pa3HOOGpasHble U GoJlee CI0XKHbBE MPOLIECCH], UeM OfHO-
MepHoe ypaexenue OI1. B o6iem cayuae n-meproe yparHenve OI1 umeer
BUA

8ugt, z) 3 ai,» st 2yt o) + 5 3 = & Byu(t,z)],

i=1 i5=1
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rie x = (x1,...,Ty), Ko3QdULUeHTH cHoca A(t, z) n muddysuu B(t, x)
OTIpefiesIITCS, COOTRETCTREHHO, KAK BEKTOD ¥ MATpHLA
A(t$ I) = (Al (ta I)a s An (ta I)): B(t3 I) = “Bij (t: I)

n
%=1

B mocnenuee BpeMsa MHTEHCUBHO TIPOBOAATCS TEOPETUKO-TPYIIIOBLIE
uccneoBalns AuddepeHIitalbHbIX YPABRHEHUH B YaCTHBIX NIPOU3BOAHBIX.
HccaenosauuaMy CUMMETPUHHBIX CBOMCTRE YPABHEHVS TEILIOMPOBOAHOCTH
(uacTHoro cayuas ypaprerus OIl) sanumancs eme C. Jlu. Haxoxnenuwo
rpynn cuMmetpuyr ypasdHerus Ol ¢ pasurimMu KosddulveHTaMU CHOca U
nuddysuy nocssuenn padoth [100, 106,140, 158,168,169,172,173, 184].
C momoutpio 3amenn [71, 156] B padorte [106] mnonHocTbiO mMpoxaac-
CUQULIMPOBAHO C CUMMeTpUIHON Touky spenust ypasHenusa OII, rre
A(t,z) = A(z) u B(t,z) = B(z) (4T0 COOTBETCTBYET ONHOPOIHOMY AUD-
$Y3HOHHOMY TIPOLIECCY).

Jlauun#t pasgen MocBAlleH NpuMeHeHHio mMeToia Jlu aas uccienosa-
HUsA oJHOMepHOTO ¥ AByxMepHoro ypasreuui#t ®I1. C ucnonbsosanynem
5TOT0 METOJA HaiileHbl MaKCHMaJ/ibHble IPYINIH Ipeo6pa3oBaHuil AIA ofi-
HomepHoro ypasHerus @1 ¢ npor3BoabHEIMU KOSDHULMEHTaMU CHOCA U
nuddysur. [1aBHoe BHMMaHUe NOCBALIEHO MOCTPOEHHI0 B IBHOM BHJe
K/J4CCOB TOUHHX peluenuit ypasuenuit OI1, xoTopsle HMeT YeThpexmep-
HYI0 2/1Te6py UHBADUAHTHOCTY. TaKiKe UCC/Ie10BAHE CHMMeTPUITHElE CBOH-
ctBa AByxmMepHoro ypasHedus @Il ¢ mpoussoabHbMK K03QULIHEHTAME
CHOCA ¥ TOCTOAHHBIMY K03 PULUEHTaMY AUPPY3UH, @ TAKKE [T0CTPOEHH!
KJIACCH TOYHBIX pelrenuft ypasxenus Kpamepca (gacTHh cayuait asyx-
mepHoro ypasHedus OI1). Takxke B 3TOM pasfesne Mbl OCTaHaB/IHBaeMCA
Ha npof/ieMe IOCTPOEHUs TOYHO U KBa3U-TOYHO peliaeMblX Mojededi [pe-
JMHTEDA.

3.1. I'pynnosas kiaccuuKanusa OJHOMEPHOrO
ypaBHeHuss Pokkepa—Ilnanka ¢ NpoM3BOJIBHBIMU
kK03 PpuuuenTamu cHoca u auddysuu

B nepeom naparpade ocyliecTB/IeHa M0JAHAs I'PYNNORas Kaaccupuxa-
s onxoMepHoro ypasHeHus OIl nas mpousBoabHBIX K03(UILIMEHTOR
CHOCa U AU Py3nuu

Gu_ 0 Atz + %8‘9—;[3@, zyul. (3.1)

Kpome Toro, paccMoTpeH psill OPYIMX 3ajad, KOTOpble TECHO CBA3aHH C
TEOpeTUKO-aArefpatueCKUMH HCCeloBaBusAMHY ypasHerus (3.1). Jas uc-
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CJeOBaHHA CUMMETPUHHBIX CBOMCTB ypasHeHVA (3.1) rcnoab3oBaH aaro-
put™ Jlu.

B cooTBeTcTBHM ¢ aaropuTMoM JIK ollepaTophl aireSpbl KHBapHAHTHO-
cTy ypaBHeHus (3.1) nllem B KJacce onepaTopoB

_ 40 a 1 0 o
Q=¢ (t,o:,u)at+§ (t,x,u)ax+n(t,z,u)8u.

YenoBre MHBapUaHTHOCTH ypaBHeHus (3.1) oTHocHTeabHO onepaTopa (3.2)
UMeeT BUI

chlL:o =0, (3.3)

3.2)

rae

_Ou, 9 _ 18
L - 8t + 8:13 {A(t$I)u} 2 82‘,2 [B(t3 x)u],
);( — BTopoe npoponXexne ornepatopa X. [lpoens crannapTHee onepa-
MY, TIPUXOJUM K TaKoi olpefensomeil cucTeme naa dyskuui €0, €1, n:
EO zfo(t), El :fl(t,oz), WZX(t,x)U,
2IB —¢)B — ¢'B, — ¢°By = 0,
€A — Bo) — €} + ¢°(A¢ — Bew) + €Y (As — Bew) —
— (A - By) + 3B, — Bxe,

Xt +£? (A:r - %Bxx> +€0 (At:r - %Btmm> +
+€1 (Axx_%mex> +X2(A_Bm)_ %BXmm =0. (34)

OTMeTHM, YTO HHBaPHAHTHOCTb ypaBHeHUA (3.1) OTHOCHTENBHO OIepaTo-
poB f(t,z)0y, rhe f(t,x) — Tpor3BONbHOE pelileHKe ypaBHeHuA (3.1),
ABJIAETCA OUEBUAHOH BCJeACTBHe NuHefHocTH ypaBHenusa (3.1). [NoaTomy
B JanbHeHlIeM Mbl 3/leCh TaKHe OTIepaToOpbl He paccMaTpUBAEM.

Taxxe HeTpymHo yGenuTbcs, uTo ypasHeHHe (3.1) UHBApHAHTHO OT-
HOCHTEJbHO ornepaTopa ud, (TaKXKe ONHO U3 CBOHCTB JHUHeAHHX AUdde-
peslMaNbHbIX ypasHeHuil). Boaee Toro, ecnu 8 (3.2) €0 = ¢! =0, 10
cuctema (3.4) npuobpeTtaeT BUI

Bx: =0, xt=0, B#0,
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TO €CTb B 3TOM cayyae 1 = Audy, A € R. CrefoBaTesbHO, CYLIECTBEHHbI-
MU ABJAKTCA cayday, Koraa B (3.2) €0 u ¢! He ABAATCA 0AHOBpEMEHHO
PaBHBIMY HYJI0.

B nanprefmux nccse [OBAHUAX MBI KCIIOJb3YyeM 3aMeHB! ITepeMeHHBIX

t=T(@), z=X(tz), u=uvt ),
fl20, X, £0, v#0, (3.5)

KOTOpble COXPAHAWT BUA ypaBHeHus (3.1) HeH3aMeHHHIM.

Teopema 3.1. Ecau ypasnenue DI (3.1) donyckaem xoma Ovl 00un
onepamop cummempuu Q (Q # udy,, Q # f(t,x)8,, e f(t,x) — npous-
80AbHOE pewierue ypasrenua (3.1)), mo cywecmayom npeobpazosanus
suda (3.5), xomopsie caodam ezo k ypasHenuwo (3.1), ede A = A(%),
B = B(%), uAu K ypasHenuo menionposodrocmu.

JokasareabCTBO. B COOTBETCTBUHM ¢ yC/IOBHEM TeOpeMbl Mbl paCcCMaTpy-
BaeM Te U3 pelleHul onpenensiomei cucteMsl (3.4), rae €% u ¢! omHospe-
MeHHO He ofpalaloTcs B Hyab. PaccMoTpuM ABa cayyas:

1) cywecTtsyet pewenne (€2,£1, %) onpenensowux ypasHenui (3.4),
ana xoToporo &% # 0;

2) cymecTsyeT pewenue (£°, &1 x) onpenenstomux ypassenuit (3.4),
aas xotoporo £ =0, £ #£0.

Mycts (£°,€Y, %), tme é° # 0 — pelueHue orpenensOIUINX ypaBHe-
Hu# (3.4). PacemoTpum npeoBpasoBaHue Buga (3.9)

t=T(@), Z=w(tzx), u=vt ), {(3.6)
roe T(t) = f §gl_(tt)’ a OYHKUVH w = w(t, ) ¥ v = v(t, ) YIOBAETBOPAIT
CHCTeMe ypaBHeHUI

s + 8w, =0, &P + 1o, = xu. (3.7)

[lycTth, nanee, w # const — mpou3Bo/bHOEe QUKCHPOBAHHOE pellleHue Iep-
Boro M3 ypasrenu#l {3.7). Torna omepaTop cUMMeTpHU

Q = £%8; + £'0, + xud,

B HOBBIX IlepeMeHHBIX (¢,%,%) vMeeT Bua () = O;. Iloxaxem pnasnee,
yTo cpelu TpeoGpasoBaHuil (3.6) cyulecTByeT Takoe, KOTOpOe IIepeBO-

quT ypasHenye (3.1) B ypasmenve OIT ¢ xosdduuyentamu A(z), B(Z).
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[ockonwsxy npeofpasoBaHHOe ypaBHeHUe [ONYCKaeT OllepaTop CHMMeET-
punt Q = &, T0 Ko3bQULIEHTH B HeM SyAyT QYHKIUAMYU TlepeMeHHol .
C apyro#t CTOpPOHB, TpUMeHUB Npeobpaszosanue {3.6) k ypaBHeHuw (3.1),
TIPUXOAHM K TAKOMY YPABHEHUIO B HOBHIX [lepeMeHHbIX:

5= & 1B — 4 B L y
U = o —vr + pDzz = £z 'U+( I_A)UI+§BU$$ u+
+ {—th + (By — A)vwy + %B(vawcC + vww)} iz +
+ %Bw};aﬁ} . (3.8)

3nech mpeanosaraeTcs, UTO B BHIPAXeHUAX, KOTOPHE 3aBUCAT OT Ilepe-
MeHHHIX (¢, z), HYKHO BHIIOJNHUTbL 3aMeHy (t,z) — (¢,Z). Ilas Toro uro-
6bl ypaBHenve (3.8) 6buto ypasHenreM PII, neobxoaumo, 4To6H Ccyle-

cTBoBanm Takue QyHkumu A(f, %), B(f,%), xoTopble ynoBIeTBODAIU Gbi
yPABHEHUAM

B(¢,z) = Buze’,

By A=— (M + (B — Aws + Zw,B + %wng) ¢, (3.9)
1p i Yt 1 Uz 1 Yzz
§Bii_Ai= (—7+§Bw—Az+7(Bx—A)+§T )go-

a) PaccmoTpum meproe us ypasHenuit (3.9). [lokaxem, uto BZB = 0.
Uz npeobpazosanuil (3.6)-(3.7) creayet, uTo

af = goat + flax-
[losTomy, yuuThiBas lepBoe U3 ypaBHeHui (3.7), BUAKUM, 4TO
ag(BgowZ) = fowg(goBt + EIBI +§? — QBE;) =0.

[TocnenHee paBeHCTBO BLIIOIHAETCA BCJAEACTBHE ypaBHeHU# (3.4).
6) PaccmoTpuM BTOpoe ypaBHeHue cucTeMbl {3.9). M3 nepsoro ypas-
HeHUs 3TOH CHCTeMBI NoydaeM:

5o EO 9
By = > 8,(Bu?).

Wy
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[MopcTaBnsAs 3TO BEIpaeHMe BO BTOpOe YpaBHeHUe cucTeMb! (3.9), Haxo-
M A:

/~1 = fowt + Afowx - %EOW@DB + %EOWM:B- (3‘10)

Kax # B a), MOXHO TI0Ka3aTb, UTO CleACTBYUEM cucTeMbl (3.4) sBaseTcs
Taxoe pPaBeHCTBO:

= (€%, + £10,) |wr + AL%w, — 2%, B + %fome —o.

Otciona caenyer, uto A = A(%).
B) PaccmoTpuM TpeThe ypasueHue cucTeMbl (3.9). M3 a) u 6) crenyer,

YTO JIeBas YacTb 3TOTO YPABHEHUA TaKas: %Bii — Az =F(%)= F(w). U3

BTOpOTO ypaBHeHus cucteMbl (3.7) ciaenyert, uto u(t,x) = v*(t, )G (w),
rae v*(t,x) — ero uactHoe peienue, G(w) — MPOU3BOAbHAA QYHKLUA.
[MozncTaBass noayueHHoe 3HauYeHMe QYHKLMY w B NPABYI0 Y4aCTh TPETBETO
ypaBHeHUsA cucTeMbl (3.9), mosyuaem:

F(w) = Fi(t,z) + Fao(t,2)G' + F3(t,2)[G” + G'*), Fi(t,z) #0.

Jlanee, Tax Xe Kax ¥ B a) ¥ ), y6exaaeMcs, 4TO BCAEACTBHe ypaBHe-
Huft (3.4), (3.7) UMel0T MeCTO paBeHCTBA

&F(t,x) = [£°0, + £ 'O, Fi(t,z) =0, i=1,2,3.
Cuneposatenbto, F; = F;(%) = F;(w). OxoH4aTeabHO TOTYyYaEM:
Flw) = Fi(w) + Fy(w)G + F3(w)[G" +G'%), Fs#0.

Bri6upas ¢yukuuio G(w), paBHON YaCTHOMY DelLIeHHI0 3TOTO YpPABHEHNH,
nosyuaeM npeofpasoBasye (3.6), roe

T= [ % oitz) = v (6, 9)6)

KOTOpOe CBOJKT cooTseTcTYolee ypasHerre DIl (3.1) x ypasrenrio OIl
¢ xoadduuventamy B(z), A(Z).

[yctb Temepnb cywecTsyer pewenre {£° &L, x} ompegensomyx ypas-
Henui (3.4), a1s xotoporo £° = 0, &1 # 0. B 5ToM cayyae A yIpolleHus

ypaBHeHus (3.1) ncronbsyeM npeofpazoBaHue

t=t, Z=R(t2z), u=nuvt2z), (3.11)
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rae
'R, =1, &y, = xu. (3.12)

HeTpyaso mokasartb, uto cyinecTsyeT npeobpasoranre (3.11), {3.12), xo-
Topoe cBomuT onepatop @ = £18, + xud, K onepatopy Q = 8. Toraa
kosdouuvents A, B B npeo6pasosantom ypasuernyu OI1 3aBucaT TOADb-
KO OT . A Takve ypaBHEHHUS CBONATCH K YDAaBHEHHIO TeIIONPOBOAHOCTH
Npeofpa3oBaHUsAMH BUAA:

t=T(t), Zz=2+R(E), u=vt)i (3.13)
Teopema nokasaHa. ]

Creacteune 3.1. Ypasuernue D1 (3.1) mosxem donyckame arcebpsi
UHBAPUAHMHOCMY pasmeprocmu 1, 2, 4, 6.

JlokasatenbcTBo caeacTBusa 3.1 BbITekaeT us Teopembl 3.1 U pesysb-
TAaTOB TIPYIIOBOH KJacCH(HUKaLMM JXHEeHHBIX NapabojuyeckWX ypaBHe-
HUP [46] {cM. TaxXe Hayano BTOPOH I/1aBhl).

HauGonee vHTEpeCHBIMU C TeOPETHKO-TPYIIIOBOM TOYKM 3peHHs SB-
ASIOTCS CAy4ad, KOThNa 3afiaHHOoe yDaBHeHWe MMeeT HanGosee BLICOKME
cAMMeTpUiiHble cBOHCTBA. TakuMu, oueBUAHO, ana ypasHenus Il 6yayr
clyuyau, KOTa OHO JOIyCKaeT aareSpbl MHBAPUAHTHOCTH PasMepHOCTH 4
u 6. Haiizem ycnoeus nusapuanTHocT? ypaBHeHus OII (3.1) orHocKTenb-
HO 4- u 6-MepHBIX a/refp KHBAPUAHTHOCTH.

B pa6ote [23] noxasano, uto moSoi anddysHoHHBH NpoLece ¢ Ko-
spduumrerTom cHoca A(t, x) u xoahduunentom anddysuu B(t, z) mox-
HO cBeCTH K AXPOY3MOHHOMY IIpolleccy € KO3(QOPHUUUEeHTaMU fl(t, x) =
= A(t,z)/B(t,x) u B(t,z) = 1 ¢ HoMOwbl0 3aMeHE COOTBETCTBYIOLIEH
BpemMeHHOH nepemenHol 7(t). B padore [106] 6bino nokasano, 4To ypasHe-
uue OI1 (3.1), roe A(t,z) = A(x), B(t,z) = 1, MOXeT IONYCKATb 1IeCTH-,
ueTHIpEX- U JABYXIapaMeTpHuecKre IpyNibl peofpasosauril. Mcnoabsys
pesynbTaT Teopems! 3.1, IpoBeneM aHANOTHUHYI0 TPYINOBYI0 K1aCCH(H-
kauuio ypasHenus OI1 ana xoadduunenrta B(t,z) = 1 1 IPOU3BONBLHOTO
Kosddrurenta A(t, z). [lonoxkus B ypasuenusix (3.4) B = 1, npuxoaum
K paBeHCTBaM

=rt), &= —xr "+ o(t),

—

%T’@+T@t+ (— ’x+<p> &, %7‘”’134—(,0 , (3.14)

[N

T oA,
X = (%T’I+@> At z) — }1 2 @I+T/$d§+9(t),

zo



312 Tnasa 3. Ypasuenus $oxxepa-Ilnanxa

rre & = A: + %AII + AA., xzo — HexoTopasd (QHKCHDOBaHHAas TOUKa,

# — mpoursBosibHasA QYHKUNA NepeMenHolt t. Halinem ycnosue, Kotopomy
JOJIKHA YAOBAeTBOpATh QyHKUNA ®, uTo6H ypaBuenue (3.14) (xax ypas-
HeHHe OTHOCHTe.abHO 7(t),¢(t)) uMeno no xpaifuelt Mepe nBa suHeifEO
HezaBHCHUMBIX pelerus (11(t),v1(t)) u (ma(t), w2(t)). U3 caepctaua 3.1
CleayeT, YTO CYIIECTBYIOT NH6O TpH, JAUGO NIATh ONEPATOPOR CHMMETPHU
(xpome TpuBHanbHOro udy). lpennonoxnm, uro ®,, # 0. duddepenun-
aJIbHOe CJIe[CTBHE BTODOro ropsiaka ypaBHenuil (3.14) mo mepemenHol z
HUMeeT BUI

gT"I)m + 7P + (%7"1 + <p> $,..r =0. (3.15)

U3 npeanonoxenus, uto $ppr = 0, 10 €cTb Oy = F(E) # 0, nmosyuaem
yCcJI0BYE

gr'F LrF =0 (3.16)

D10 nuHeliHOe OAHOPOAHOE YpaBHeHNKe 1-ro nopsAaKa U ero obliee pelleHye
onpeneaswTca onuolt dyuxuvedl. [lostomy $u.. # 0. Torma usz (3.15)
C/leayeT, YTo

50,0 + 2P p0e Pirr
el = T

T =h{t,z)r +r(t,z).

OTcropa BUAHO, YTO ANA NHHEeRHO He3aBUCUMBIX pelueruit (1, 1), (72, 92)
ypaBHenus (3.15) ux epBEle KOMIIOHEHTE! 71, To TaKXKe ABIAWTCA JuHeH-
Ho-HesaBUcUMBIMU. [Ipy sTOM

het{ + 7211 =0, heth + 71272 = 0.

T 71
T T2
AUHEEHAHBIX anre0DanyecKHX YDPaBHEHHH OTHOCUTENbHO A, 7y, CJAEAYET,
yto h, =0, 7, =0, T0 ecTb

[Tockonbxy Bpoxcxuan # 0, T0 U3 3TOM CHCTEME!, KaK CHCTEMb

“’1‘3;& — i), Demt gy, (3.17)

Uz yenosuit (3.17) nonyyaem

¢ =Nz - H(t))" >+ F(t)x + G{t), (3.18)
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rae A = const # 0, H, F, G — npouseonbHble QYHKUKH. Terepb 3aMe-
TiM, 4To Npd P, = 0 dyuruua ¢ umeer Bun (3.18) ¢ A = 0. Takum
obpasoM, ycaosre {3.18) ABaseTca HeOOXOMUMEIM 1JIl TOro, YTOGH aJjre-
6pa UHBapHAaHTHOCTU ypaBHeHus (3.1) MMesa pasMepHOCTb ueThipe UJIH
wecTs. [Toactasue (3.18) B (3.15) u npupaBHAB HYN0 KO3DQULILEHTH NPH
x—H, (x— H) % u (z — H)°, npuxoium K TaknM yC/OBHAM:

2'F +rF = 2o, NrH' - 37H - ¢) =0, (3.19)
Sr(FH +G) + 7(F'H +G') + F(37'H +¢) = £7"H + ¢,

1. IlycTs A # 0. Pemyim BTOpOe ypaBHenve {3.19) oTHOCHTeIbHO QYHK-
unu o(t)

p(t)=T7H — %T,H

¥ TMOACTAaBUM HaljeHHOe BbIpaX€HNEe B TpETb€ YpaBHEHUE. B pesynbTaTe
[TOJIYYHM, 4TO

%T'(FH LG H"+r(FH+G—H"Y =0.

YenoBue CylIeCTBOBaHKA ¥ STOIO YPaBHEHHA MO KpaiiHell Mepe ABYX He3a-
BUCHMbIX pelleHUH 7y, 7o TPUBOAUT K paBeHcTBy FH + G — H” = 0.
B sToM ciyuyae koardecTBO QyHIaMeHTa/ bHBIX pelleHHH cucTeMbl (3.19)
6ynet paBHO 3. [leficTBUTENBHO, €CTh TPY JHHEHHO HE3aBUCHMBIX pelleHHs
T1, To, T3 ¥ TepBoro ypaeHeHus cucTems {3.19). M3 BToporo ypaBHeHus
cucteMmnl {3.19) ¢, onpenensercs yepes 7, ¢ = 1,2, 3.

2. Ecniu A = 0, 10 cuctema (3.19) umeer naTth pelenuit (7, ¢;), 1 =
= 1,...,5. N3 npoBefeHHHX BHIe CcOOOpaXKeHUN ClefyeT CHpaBelu-
BOCTb CJIeAYIOLIEro YTBePXKAEHUA.

Teopema 3.2. [lycms 8 ypasnenuu @11 (3.1) B(t,z) = 1, a pyHryus
Alt, x) yOosremsopsem ypasHeHuo

A + %Aw +AA, = Az - Ht) " + F(t)x + G(2), (3.20)

ede H, F, G — npoussoasrsie eradkue gynkyuu, A € R. Toeda ecau
8 {3.20) A #£ 0, a G ydosaemsopsem pageHcmsy

G=H"_FH, 3.21)
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mo ypasrernue DI donyckaem temoipexmepriyio arcebpy uH8apUAHMHO-
cmu. Ecau 8 {3.20) A = 0, mo ypasnerue DI donyckaem uecmumepryro
ancebpy UHBAPUAHMHKOCTU.

3ameuanue 3.1. Korma xosdduument A(t,z) AsnseTcs pelleHHeM
ypasHenus bioprepca, To ypasHexHue DIl (3.1) cBonuTca K ypaBHEHUIO
TermionpoBoaHocTy [89].

Kaxk oTmeuanoch mhilue, B [46] ocymecTieHa rpymnrosas Kaaccudu-
KALUs JUHeHOTO YpaBHEHUs TeIlJONIPOBOAHOCTH

U = Uy + F(E, 2)uy + g(t, 2)u.

Tam 6b110 TONYYEHO, UTO 3TO ypaBHeHUe JOIIycKaeT Goslee yeM NBYXMep-
HYI0 anrefpy WHBAPUAHTHOCTH B IBYX CIY4afAX: €C/U OHO 3KBUBAJNEHTHO
YDABEEHUIO TeIONIPOBOAHOCTH

Ut = Uz

(anre6pa MHBAPUAHTHOCTH IIeCTHUMePHaA) UIY YpPaBHEHUIO
m
Up = Upy + LU, mFO
x

{anrefpa MHBAPHAHTHOCTH YeThHIpeXMeDHASA).

Haitnem noxanvusle npeofpasosanus {3.6), (3.7), KOTopLle CRBOAAT IO-
nyueHsble B Teopeme 3.2 ypasuenrs Ol k ykasanHbM Bhlllle YpaBHEHKAM.

PaccMoTpuM crauana ypasuenve OI1 (3.1), rne B(t,z) =1, a A(¢, z)
ynoBseTBopsieT cooTHomexrue (3.20), rne A = 0. [lycTs 7 — 11pousBosibHOE
pemrenue cucteM {3.19) u 7 > 0. Uz gopmyn (3.7), (3.14) crnenyer,
uTo w =7 Y2z — ftz ©T~%/2dt, rie to — IPOU3BOMbEOE PUKCHPOBAHHOE
snavenue. PaccmoTtpum npeoGpasosaHue:

t

=3 % 53=W=T_1/2I—/<P7’_3/2d§,

to

ult, z) = v(t, 2)a(¢, 7). (3.22)
Buinmouus B (3.1) sameny nepeMenusx (3.22), IpuxoauM K YpaBHeHHIO
s = —2r (% + A+ AT %”%) i (3.23)

-2 (—%Tl/QTICL‘ “Y2 4 ArY2 %T1/2> Uz + Uzs.
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[lpupaeHaz HY10 KOIQQULHEHT NPU 4z, NOAYYaeM, 4TO

¥ = exp (—%T‘lT’f R /A(t, &)de + h(t)) , 3.249)

zo

rae h(t) — Mpor3BobHAA QYHKLUKSA, Zp — [IPOU3BOJIBHOE HHKCUPOBaHHOE
(% (% (%
yucio. [logcrasns 3HaueHue v (3.24) B BEpaxeHue ?‘ + A+ AT~ %%

{ko3dduuyerT npu @ 3 (3.23)) U NPUPABHAB eTo HYMK, [0AydYaeM:

K (t) = % J:T_2(‘O2 — %7‘“17'1 — Ag(t,x0) — A%(t, xo)} , {(3.25)

-1 l7'_2(7")2 =F 77— l7'27"90 =G. (3.26)
2 4 2

Hecaoxuo yBenuTbes, yTo Moboe pemenue (7, ) cucteMs! {3.26), rae
T # 0, ynosaetsopsieT cucteMe {3.19) ¢ A =0, H = 0. Jlanee, He ymeHb-
mas OOLHOCTH DacCyXIEHHl, Bcerga MomeM CuuTaTh, 4to 7 > 0 Ha
HEKOTOPOM MPOMEXKYTKe {BHITONHUE, €CY 3TO HYXKHO, 3aMeHy T — —T,
¢ — —¢). Torna, cormacHo ycnosuw (3.20), rne A = 0, npeoBpasosa-
Hue (3.22), (3.24), (3.25) croauT ypasuenue OII (3.1) x ypaBHeHUIO Tel-
JIOMIPOBOAHOCTH

Uy = Uszs. (3.27)
OTmeTuM, yTo cHcTeMa (3.26) mpeofpaszyeTcs B TaKyw!

t
% +y2=4F, y= T?,, p=T12 /r1/2Gdt. (3.28)

to

[Tycte Teneps B (3.20) A # 0. [IpeoSpasosanue (3.22) cBoauT ypaeHe-
Hue (3.1) K ypaeHeHuw (3.23). ¥Yciosue Toro, uto {3.23) ABASETCA ypas-
nenuem OI1, Takoe:

1
A=Alw)= _%7_1/2Tlx —pr 2y AT1/2T1/2UTI’

v Uy 1 YUz
Aw=r<;‘+AI+AT—§T>, (3.29)
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rae w onpenensercs papencTBoM (3.22). lleproe ycsl0BHe 3KBUBaJNEHTHO
ypaBHeHHIO (TI0CKONbKY &; = £08; + £18,)

85/1 {Tat + (%T’I + go) 34 X
1
x (%7‘_1/27"35 — T2 4 ArY/? TI/Q%) =0. (3.30)

Onyckas MpoMexyTouHble BRUUC/IEHUS, 3aNKlIeM ofllee pellleHue ypas-
Hennsa (3.30), cuurtasd ero ypaBHEHHEM OTHOCHTEJNBHO (QYHKLUVH ¥ =
= u(t,z):

w(t,z) = exp V A(t, €)de 17—17%2 T—lmm(w)} . (331

3nech k(w) — mpousBoJbHAaA QYHKUHA, o — (QHUKCHPOBAHHAA TOUKa.
loncTasus nosnydenroe sxaderre v ¢ (3.31) B nepsoe ypasuetue (3.29),
y6expaenmcs, uto A = —k'(w). Haee, H0oACTaBUB 3T0 BhIpaXeHye A1 A
u Bhipaxenue {3.31) ans v(t, ) Bo BTOpoe ypaBHeHue (3.29), yGexpaem-
CSl, YTO TIPU BHITIOJHEHUY YCHAOBUH

1y — %T_Qr'go =G, %T_IT” 4ll'r_2'r/2 =F,
t
/2 / ot %24t = H, (3.32)
to
k' k% = A2 (3.33)

HMeeT MECTO PaBeHCTBO. YcioBUe (3.32) MOXHO BHIOPATh TaK, MOCKOJb-
Ky [pOH3BOJbHOe pelueHue (7,¢), roe 7 # 0, AaHHOH CHCTEeMBl §B-
JSIeTCS, KaK HeCJOXHO yOeNUThCS, YACTHBIM pellleHHeM CUCTeMH YpaB-
Henuit (3.19), (3.21). Dr1oro nocTaTouHo A/ NMOCTPOeHMs IIpeobpa3oBa-
uua {3.22). Cucrema (3.32) (¢ yuetom (3.21)) sKBHBasJeHTHA TakKo# cU-
cTeMe:

!
Wyt =aF y=T, ¢=r(rV2H). (3.34)

Cuenosatenbro, ypasHerne OI1 (3.1) npu yeaosusax (3.20) u (3.21)
¢ A# 0 YHBAPUAHTHO OTHOCUTE/JIBHO UeTHpeXMepHOH aareSpel WHBapU-
AHTHOCTY ¥ TIPY TIOMOLLY TIpeoGpa3oBaHu

F=T@), z=rY2%2—r"Y2H({), u=o@2)iE3), (3.35)
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rne T = f dt v(t,z) umeer sua (3.31), 7 # 0 — nponssosabHOe

pellleHye nepBoro ypaBHeHHH (3.34), k(w) — pemwenue ypasueuus (3.33),
CBOAUTCA K YDABHEHUK)

Ty = 2" (w) i + 2k (W )ik + T
Ecau B TocjJelHeM YpPaBHEHHUH BBHIIIOJHHUTD 32MEHY

Z=w, u=exp(—k{w))x,

(SN
Rl

TO 3TO ypaBHeHHe BcsencTsre (3.33) CBefeTCA K H3BECTHOMY YPaBHEHHIO

T = sz + 24 (3.36)

X

OcranoBuMcs Ha pange M3BECTHBIX ypaBHeHHﬁ.

A. Ypasrenus ¢ wecmunapamempuiecKoll epynno cummempuu, Ko-
Mopbie CBOOAMCA K YPABHEHWIO MENAONPOSOOHOCMU.

1. YpaBzenve, KoTopoe onucbiBaeT npouecc OpHiTeHHa-YnenHexa
[17]:

ou _ 8 1 0%
% =~ % (kzu) + Dax (3.37)
3pece A = —kz, B(t,z) = D = const. Jlanee Bo BceXx npumMepax, Tae

B(t,z) — (HeHy/neBas) NOCTOAHHAsS, MOXHO, 63 orpaHnyeHus 06LIHOCTH,
nonoxuTh Bt, z) = 1. C nomolbio 3amMeHH

u(t3 :I:) = U(tax>ﬁ(£(t>3i(tax>)3 (3.38)

roe v(t,z), t, ¥ — QyHKLMH, KoTopble HaXouATca u3 dopmya (3.22),
(3.24)-(3.26),

v=exp(kt), Z=explktlz, t= 41k exp(2kt),
ypaBHenne OpHuTeitHa-YaeH6exa (3.37) cBOAUTCS K YPABHEHUIO TeILIO-
nposopzocTd {3.27).

2. Mpouece auddysnn B o€ CUbl TATOTEHUs ONHCHIBAETCs ypaBHe-
HueM [17]

Ou _ 6 10%u
i GRS St (3.39)
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Ypaenenue (3.39) cronurcs K (3.27) ¢ momoutsio 3amens (3.38), rae

2
g - ;1
v = exp (—gx—gt), r=z t= Et.

3. YpaBuenue mpoiecca peneeBckoro Tuna [172]

ou _ 0 _1 1Pu
ot~ oz K"ﬂ x) ”} i (3.40)

cBoauTesa K (3.27) ¢ momorbio 3ameHH (3.38), rae

v =exp(2vt)r, & =exp(yt)r, t= % exp(2vt).

[NpuBe nernbie HuMe Tpu ypasHeHus (3.41)-(3.43) omuchBalT MoAenH B
MOMyAALKOHHON reHeTuke [23].

Bu _ 38—;[(1 - z%)ul. (3.41)

Hcnonssys sameny [71]

1 dz
u= w(r,y)y, 7=t y:/ s
50 (1)

cBoinM ypasrenue (3.41) x Buay

wr = —(A0)T + Sy,

roe A(y) = v2th(v2y), B = 1. Jlerko nposeputs, uto A(y) ymoBae-
TBOpsAeT ycaoBuio (3.20) ¢ A = 0. Torma cyneprosvlys NprBeAEHHOTO
npeo8pasoBaHys ¥ COOTBETCTBYMILEH 3aMens! (3.22), (3.24)-(3.26) maet
sameny (3.38), roe

vzexp(—t)(l—xg)_gﬂ, f—lplits

1
2 71—z

H t= t,
KOTOpas CBOAUT ypaBHeHue (3.41) K ypaBHeHHI0 TeIIOIpoBoAHOCTH (3.27).

3 &
5. o= %@ [* (1 —2%)]. (3.42)
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AHaJ0THYHO TIpeAblAYLIEMY CAyualk nonydaeMm 3ameHy (3.38), roe

v=exp(—%t)x_3/2(1—z2)_3/2, 5:=1n1_x, f:%t,
KoTopas cBoAuT ypasHeHue (3.42) x ypasueHuw (3.27).
ou _ad (o 2 O 1y
6. 5%t = 2 5,2 [(z — ¢)u] +ﬂax[(x c)ul. {3.43)

¥Ypaprenve (3.43) cBOAUTCA K YpaBHEHUK TerompoBoaHocTy (3.27) 3a-
menoi (3.38), rae

2 B a
— _(2E 2 & _ o\(=8/2+8/0)
y exp{ <2a+2+8)t}(z ¢) ,

i=+/2/aln(x—c¢), f=t.
7. ¥Ypasuenrve OII supa [34,71]
Su 0

&u
S = ~aplaltz - b(Blu + ()25

CBOOMTCA K YypaBHeHHK TeronposogHocTs (3.27) samenod (3.38) [34,
172], rne

v =exp{a(t)}, %=exp{a(t)}z+B(t), t=~(t),
¥, KpoMe ToTo,

alt) = — / a(s)ds, Alt) = / b(s) expla(s)}ds,
0

0

v = /c(s) exp{2a(s)}ds.

B. ¥YpasHenus ¢ uemwvipexnapamemputeckoil epynnoid cummempuu,
Komopsie c8o0amca K ypasneruto (3.36).

1. ¥Ypasuenus Poxxepa-Ilnanka aas npouecca Penes

du _ & 2
8t_8a:|(7x x)“

20%u

+ o 03
K Oz

(3.44)
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rae 7, i — [POU3BOJIbHBE TOCTOAHHBle. DyHKIIUA AR _ 1=

2u 2z 2u
yaoeseTtsopsAeT yonosuw (3.20). CrnenosaTenbHo, I'pynna MHBAPHAHTHO-
¢ty ypaBHeHHA (3.44) He ABAAeTCA U30MOPGHOH IpYNIe KHEBAPHAHTHO-
CTH YpaBHEHWs TeIJONPOBOJHOCTH ¥ He CBOAWUTCA K HEMY C IIOMOILBH
JIOK&JbHBIX TpeofpasoBauuil. Brinonuus npeofpasosanue t/ = ¢, z’ =
= 2p" Yz, v/ (t,z) = u(t,z), nerko ybenutbca, uto dysKuma A’ (', x)
B mpeofpasoransoM ypasHexEun OIl ynoenertsopser kputepuw (3.20).
Torpa cynepriosuuus aToro npeoOpasoBaHuA W npeodpasoBaxus (3.35),
(3.31)-(3.33) mpuBOOUT K 3aMeHe NepeMeHHbIX

~ 1 - _
t= ———thv2yt, = (uchv2vt) 1z,
V2y

u(t, z) = exp {%ln zpt — 7u“2x2} X

TR Vot — Linehv3 i (3.45
Xexps——t t— =lnc t > w(t, x), .
Py =10 thVEri— S inchviyt pu(i 2) )
KoTopas cBoauT ypasHeHue (3.44) K ypaBHernuw (3.36) ¢ A = %
2. YpaBHeHHe, ONUCHBAKIIEe POCT Honmyaauuu [72]:
du__2o ra
5% =~ B2 (azu) + o2 (Bxu). (3.46)

[Tocne zamenn

u= ;w(r,y), T=t y=-+/22/8
28z

ypaBHenue (3.46) npeo6pasyercs B Takoe ypasHenue OII:
ow__ o [(ow_ 1 16%w
or 3y{(2 2y>w}+2 Y2’

roe Aly) = (— - —y) ynosaeTBopseT ycaosro (3.20).

3. YpasHeHHe, KOTOPOE OIHCHIBAET MOJIEJIH B JU3HKe TasMbl [23],

2
g () g () o
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roe p # —% (B cnyuae p = % OHO JOIlyCcKaeT LIeCTHIIapaMeTPUYecKyio

rpynny — cM. ypaeHenue (3.43)). Nocne saMeHB NepeMeHHBIX

2\/5
uw=2z w(r,y), 7=t vy T 7%

ypaBHeHue (3.47) npeoSpasyeTcs B Taxoe ypaBHeHue OIIl:

bu__ 5 (1), 10
or By \ 2y 2 fy?’

rae A(y) = Ql—y yA0BJeTBOPseT yeiaosnio (3.20).

3.2. Acnonb30BaHUA CUMMETPUMHBIX CBOMCTB /1A
NOCTPOCHHUSI TOUHBIX PEUICHUH OTHOMEPHDBIX
ypaBHeHHU Pokkepa-Ilnanka

Kax 6b10 1okazaso B IpeAblaylleM Iaparpade, ecan ypasHerHne DIl
JOIIyCKaeT IeCTHIapaMeTPHUeCK Y10 I'PYIIY JOKaJAbHbBIX NpeofpasoBaHuil,
TO JIOKAJIbHOH 3aMeHOH NepeMeHHbIX OHO Npeofpa3yeTcs B ypaBHeHUe Tell-
JIOTIPOBOAHOCTH. Brinonusas ofpaTHyio 3aMeHy NepeMeHHHX, U3 N3BECTHBIX
TOUHLIX PellIeHUH YPaBHEeHV A TEIUIONIPOBOHOCTY MOXKHO II0JIYUXTh TOUHBIE
pelrenus ucxoaHoro ypapHenus Ol

B ciyuae rpynnsl MeHblllef pa3MepHOCTH 1/ NIOCTPOSHHA TOYHBIX pe-
wenn#t ypaBHeHuit Ol npumensawT Apyrue MeTOAB, B YACTHOCTH MeETOX
CHMMeTPHHHON PeNyKUNH.

PaccMoTprM ypaBHeHHe, KoTopoe olMchiBaeT npolece Peses:

du_ 8 |, _» 20%u
8t bz (W x)“ T e (3.48)

rae 7y, {4 — TPOHX3BOJbHLIEC TIOCTOAHHLIE. Kak noxasaso BbILIE, q)yHKLIHH

Alz) 1 =

2u 2z 2

YI0BJETBOPAET KPUTEPUIO UHBAapHaHTHOCTH ypaBHeHus Pl oTHocHTeIBHO
YyeThIpeXMepHOH anre6pbl. CnefoBaTenbHo, ypaBHeHre (3.48) He nipeofpa-
3yeTcs B ypaBHeHHe TEIUIONPOBOAHOCTH C MOMOIIbI) JIOKAJbHLIX IIpeofpa-
30BaHUN.
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Mpeanokenue 3.1. Maxcumanrvroti arcebpoil UKBAPUAHMHOCMU
ypasuernua (3.48) asasemca uemsipexmepras arcebpa A4 ¢ 6a3ucHbl-
MU onepamopamu

_9 0 _Y.2
Po—at, Dy = exp{2vt} (78t+xa +(1 0T )I),
I=u2 Dy =exp{—-2vt} | = 5 + 29 _y (3.49)
o’ ’Y@t Ox ’

Komopsie ydoeﬁemsopmom KOMMYMAUUOHHLIM COOMHOULEHURAM

[Po, D1 =2vD, [Dh, Do) = %Po +41,

[Po,D1)=2yD, [I,P)]=[I,D1]=1I,D2]=0. (3.50)

JloKa3aTenbCTBO MOKET GhITh IOJYUYEHO ONePATOPHEIM METONOM HJIH
mMeToaoM Jlu.

HUcrionbsyem omepatopsl (3.49) 1451 MOCTPOEHUs TOUHHIX pelleHutt
ypasHenus (3.48). [lpexae BCero Moka)eM, YTO €ro U3BECTHOE CTAlM-
oHapHoe pelenye [17]

us(x) = % exp (—’Y—IQ) (3.51)

ABJSETCH YACTHBIM Cy4aeM pelleHys, HHBADUAHTHOIO OTHOCUTEJ/IBHO Orle-
patopa D; (3.49). C sTolf Lesnbld [IOCTPOMM aH3all, COOTBETCTBYIOLINK
onepartopy D;. CornacHo anropuTtMmy cuMMeTprilHof peaykuun [46] ec-
JY ypaBHeHMe JOTIYCKaeT ONepaTop CHMMETPUH, TO ero TOYHOe pelleHue
MOXeT OHITh HalileHO B BUME

u(x) = y(z)e(w),

rae ¥ (z) u w = w(z) — QYHKUMH, OnlpeaesieMble U3 VCAOBHE
Qu(x) = [€%(t, )8, + &1 (¢, 2)0; + n(t, z, w)]y(z) = 0,
et x)Bpw + €Lt 2)Bpw = 0.

[Monyuennni#t T2k anzaw peayuupyet ypasHeHHe (3.48) DI K o6bikHO-
BEHHOMY AUQdepeHHaNbHOMY YPABHEHHI0 0 THOCUTENbHO QYHKINY ¢(w ).
Jlas onmepaTopa D 5ToT aH3all MMeeT B

u(t,z) = zexp (—72—22) o(w), w=zexp(yt). (3.52)
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[ToncTaHoBxa (3.52) B (3.48) npuBOAUT K 0BLIKHOBEHHOMY AndidepeHLIN-
aJbHOMY ypaBHEHHIO

wp+ ¢ =0, {(3.53)
. de . d*p
3pech U panee ¢ = 2.0% = 5 O6uee pemenue ypaBHeHus (3.53)
UMeeT BUJ
wlw)=c1Inw + eg. (3.54)

[locne noacranoBku (3.54) B (3.52) monyuyaem Taxoe pellleHUe ypaBHe-
Hus (3.48):

va?
u(t,z) = zexp {_E} (e1(vt +1nax) + ca). {3.55)

Jlerxo BugeTh, uto pelexue (3.51) ABnAeTcs yacTHLHIM cayyaem (3.55),
ecaY B TIOC/eHEM TI0J0XKUTh ¢ = 0, ¢g = ~/p. Jlas Gonee peryaspHoro
ONNCaHHUs pelreHul ypaBHenus (3.48) HafizeMm mosHHEP Haop HesKBUBaA-
JIEHTHBIX OJHOMEePHKIX 110aaresp anredpul Ay, ¥ 3aTeM A5 Kax a0 Tako#
ropanre6pel MOCTPOUM COOTBETCTBYIOLIME aH3all. 3aMeTUM, YTO, KaK CJe-
ayet 13 {3.50), anreSpa A4 nsonmopgHa anredpe

g(2,R)=sl2,R)a .
Hsomopdusm ycTaHABINHBAETCS JHHEHHHIM IIpeofpasoBaHieM

Bl=,lYP0+I, Bgz%Dl, Bgz—%Dg, By=1.

Hcnoabsys 3ToT QakT, nocTpouM Tabauuy 3.1 oaHoMepHHX nMopaaresp u
COOTBETCTBYIOLIYX UM aH3aLER.

Tabauya 3.1
Asre6pa HuBapuaurtHas Amsan
nepeMeHHas
%Po +{(l+a) |w==z u = exp{v(l + a)t}p(w)
D, w = exp{7yt}z u = exp{vt}o(w)
—%Dz +7 w = exp{7yt}z u = exp{vt = e?" }o(w)
1 1 gt _ v ozl
§D1—§Dz+af w—e47t+1 u—exp{fyt—me‘mdl_l
+ avarctg(e”) bow)
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B pesyabTaTte noactaHoBku aHzaunos 1-4 us tabauuw 3.1 B (3.48) npu-
XOAMM K T2KUM OGBIKHOBEHHEIM AUM@epeHINaNbHbIM YpaBHeHAM:

oG+ (7 — ) + (1 — aw®)p = 0,

WP¢ —wp+¢ =0,

0@ — pwd + (p £ 2yw?)e =0,

4p20%3 + (Y2w? — 2yapw + p?)e = 0. (3.56)

B uacTHOCTH, Nerko HaUTH oOllee pellleHHe BTOPOro ypaBHeHUs us (3.56)
U, ACMONb3YA BTOPOH aH3all U3 Tabaniusl 3.1, monyunTh uacTHOe pelleHHe
ypaBHeHus {3.48):

u(t, z) = zexp{2vt}(c1 + ca(lnz + ).

Taxxe /18 MOCTPOEHMA YACTHBIX DelIeHHH AuHeHHOro auddepeHIn-
aJIbHOTO ypaBHeHUs (3.48) MOXKHO UCIOAb30BATH MEeTOH PasleeHUs Tepe-
MeHHBIX, KOTOPHIY TeCHO CBS3aH € I'PYMNIOBHIMU CBOHCTBAMH 5TOTO YpaB-
HeHus. B cooTBeTcTBUM ¢ pesyabTaTamy cTaThi [189] nMewT MecTo Tpu
HESKBMBAJEHTHRX CJyuass pasfiesleHHs NepeMeHHbIX IJIA YPaBHeHUA

1 -2
Wyo = Wyyy + ¥ W (3.57)
KOTOpbIE OIIpeAeAATCA TaKUMU (pyHKLIHHMH:

w = ¢1(yo)p2(¥1),
w = e1(wo)ez (1nv5 ?) (3.58)

- -1/2
w=exp{—%(l+y§) 1yoy1"}so1(yo)soz (y1(1+y§) />.

CrepfoBaTebHO, CYUIECTBYIOT TPY CHCTeMBl KOOPAMHAT, B KOTOPHIX
UMeeT MeCTO pasjeseHHe NepeMeHHBIX B ypamHenuu (3.48). [Noacrasur
(3.58) B (3.57), Mbl mosyunM OOBIKHOBEHHbIE AUQQEpeHLINa bHEE YpaB-
HEHUS U1 OTIpefiesIeHNs QYHKUKH @1 ¥ @2, PELIKB KOTOPEE ¥ BOCIIONb30-
BABIIKCH COOTHOLIEHUAME (3.45), THe t = yo, & = y1, TOAYIHM pelleHys
¢ pasfie/IAWIIKMUCA IlepeMeHHEIMY ypaBHeHuA (3.48).

B sapepmienue naparpada Mbl npejsaraeM 4YuTaTeNw A CaMOCTOS-
TeJbHOTO BBHIIOJHEHKA TaKHe 32 JauH.

3apanue 3.1. [lpoBecTH aHam®3 OCTalbHHX pEeAYLUHDOBAHHHX ypaBHe-
HUi (3.56) ¥ NMONYYHTH COOTBETCTBYIOLIHE KHBAapHAHTHbIE DEleHHS YDaBHEHHUS
(3.48), roTopoe onucsiaer npouece Peses.
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3aganue 3.2. B nepsoM pasgene Hafifexa oNTYMafbHad CHCTEMA IORANTe6p
HeTpuBHaJbHON anre6pel Jlu OMepaToOpOBR CHMMETPUN YPaBHEHUS TeNJONpPOBOLHO-
et (3.27). Tlposectu cuMmMeTpuitayio penykuuio ypaszesutt (3.37), (3.39)-(3.43)
O OOHOMEpPHBIM MofaireGpaM M3 ONTHMaJbHOK CHCTEME! moanreSp, BOCIOB3O-
B4BIIACH IKBUBANEHTHOCTHIO 3THX ypaBHeHUH ypasuenuw (3.27).

3aganue 3.3. Hcnonssys ussectuele pesyasrarsl [41] paspenenus mepemeH-
HEIX [J8 YPaBHEeHUs TelJONpoBofxocTH (3.27), IpoBeCTH paszeseHue e peMeH HElX
n7s ypassenust (3.37), (3.39)-(3.43).

3.3. CummeTpHuiHbBIE CBOMCTBA ABYXMEPHOTO YPaBHEHHUS
Pokkepa-Ilnanka

PaccnvoTtpum ayxmepHoe ypaBHeHne OIl
du 2.9
- ; e [A:(t, 21, 22)u] +

1 & 82

§ = Oa:iaa:j [

2,7=1

Bi;(t, 1, m2)ul, (3.59)

rae u = ult, x1,x2); Ai(t, x1,22), Bi;(t, x1,22), 4,7 = 1,2, — HeKoTopHle
rnagkue ¢yHkuud. Kosddruuents cHoca W auddysuu B 3TOM Cayuae
OIpefiesIAIOTCA KaK BeKTOp ¥ 2 X 2 MaTpulia, COOTBeTCTBEHHEO, —

A(ta Z1, 1:2) = (Al (t) Z2, IQ)) A2 (t) Z1, IQ)) )

B(t, 1, z2) = || By; (t, 21, 22)| (3.60)

ij=12"

Hccnenyem cummerpuitHble cBoficTBa ypaBHernus DI (3.59) ¢ oxHo-
POAHBIM KO3PPULHEHTOM CHOCA

Alt,z,y) = (Ai(z,y), Ao(z,y)) (3.61)

¥ K03QQULIKeHTOM JUPOY3nN BUAA

Bay) = (% 5, (3:62)

rae Bl, B“_) — IIOCTOAHHBIC, TO €CTb YPaBHEHHUA BHIA

_du 8 9
L= 51 +% [A1(z,y)u] +8_y [As(x, y)u] -

1_ 6% 1_ &%

~ 5Bigs — 3Bags =0 (3.63)
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Hafizem ycnoena Ha xosdduuuents (3.61), (3.62), npu XoTophX ypas-
Henue Ol (3.63) nomyckaer 9-mepHYIO MaKcHMaNbHYylO anre6py HHBapHU-
AHTHOCTH, TO €CTb Taxoll e pasMepHOCTH, KaK U HeTpHBHA/JAbHAS YacTb
anre6pbl HHBaPUAHTHOCTH ABYXMEDHOIO YPaBHEHUA TeIIOIPOBOAHOCTH

ou_ oo
At  9x2 ' Ay?’

(3.64)

Jns neenenosagua cuMmetprn ypaeHerna @l (3.63) ucnonbayenm an-
roput™ Jlu. OnepaTopsl aareSpsl UHBaPHAHTHOCTH UIIEM B BHIE

%, %,
X = £O(t3 If.%“)a + 51(“’) T, Y, u)a +

0 0
+ 52 (t3 s Y,y u)a—yﬂ(t, Y, u)%

1 K03(QQULHEHTH 01epaTopa OnpeAenseM U3 UHOHUHNTE3UMANBEOT0 YC0-
BUs HHBAPHAHTHOCTH

)§L]L=O =0, (3.65)

rae )2( — 2-e npononxenue ornepatopa X. [lpuxoaum x nuHe#HOH cucTe-
Me nu@@epeHUHANbHbBIX YpaBHEeHUH A/1A onpefeseHus QyHKUUR &°) 1 =
=0,1,2, un

€.=0, £&=0 &=0, nu=0,

€ =0, & =0, & =2 =2¢,

B1é2 = —Bot), Binuz = —&; + A€} + A1€' + A1, €% — Aogy,

Bonuy = =7 — A1€2 + Agn & + Ay 8 + Azﬁfp

T+ (Arpe + Agey) EMu 4 (Arey + Aoyy) E2u + Arre + Aony +

1 1
+ (Alx + AQ?/) (Egu +7 - un‘u) - §B177xx - §B277yy =0.

Orclopna caeayerT, uTo

dF
e=Fe, =180 ouBy + P,
= -0+ 1Ty Ry, n= Kyt Mz,y)
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rae ¢yskuua M(t,x,y) ABJAAETCH NPOU3BONLEBLIM pelleHUEM VpaBHe-
uua (3.63), a dyukuuu F(t), Q(t), P(t), R(t), K(t,x,y) — pewenus
CUCTEMBI

BiK, = —&; + Arél + Arabt + Ay ® — Aog),

BQKy = _53 - A1§§ + AQo:fl + A2y§2 + Azfg,

Kt + (Alo:x + AQa:y)El + (Ala:y + Any)§2 + (Alo: + AQy)E? +

1
+ ArKs + Ao Ky — ZB1 Ko - 5 BoKyy = 0. (3.66)

O6wee pemerue cucTeMbl {3.66) orpenenseT MaKCUMabHYI {B CMbIC-
ne JIu) XoHeUHOMepHYIO anrefpy UHBAPUAHTHOCTH ypaBHeHus (3.63).
Pemus cructemy (3.66), MpUXoauM K TAKOMY De3Y/bTATY.

Teopema 3.3. Ypasuernue DI (3.63) donyckaem 9-mepryo airze-
6py unsapuanmuocmu moeoa u moAsko mo20a, Koeda Koagguyuenman
cHoca u Jupgy3uu yoo8AEMBOPAIOM MAKUM YCAOBUAM!

Ar)® Ag)*
A + ) + Agy + (42) = c12” + cox + c3y® + cay + o,
By By
A1y By = Ao, By. (3.67)
30ecob ¢; (i =1,2,...,5) — npoussgosvtsie Oeilcmaumenvrole NOCMORH-

Hble UHMESPUPOBAHUA.

PaccmoTpuM asyxmepHoe ypasHenue OIl nns pesneesckoro npouec-
ca [17]

2—1: = % [yzu] + (,% [yyu] + %E (% + %) . (3.68)
31ech

Atz y) = —vz, A2t z,y) = -y,

B(t,z,y) = (S S) : (3.69)

v, € — nocTosiHHbe. Hecno0XHo IpoBepHTh, YTO KOS(MOUIMEHTH CHOCA U
ddysun (3.69) vuorneTsopa0T yeaosusaM (3.67).

[Tockonbky ypasrenue OII spaseTcs ypapHerrneM nrdQY3HOEHOTO TH-
ma ¥, KpoMe TOTO, DA3MepHOCTb eT0 anre6phl NHBAPUAHTHOCTH TaKas XKe,
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Kax ¥ JUIA ypaBHEHUS TEIJIONPOBOJHOCTH (3.64), ecTeCTBEHHO BO3HHKAET
BOIIPOC O BO3MOXHOH CBA3K MeXAY 3THMH YpPaBHEHUAMHU.
JeficTBUTENbHEO, ypaBHerHe (3.68) ¢ IOMOIIbIO 3aMeHbI

u(t, Z, y) = f(t, z, y)w (T(t: z, y)’ p(ta z, y)a Q(ta Z, y)) >

rie QYHKUYA f 1 HOBHE He3aBHUCHUMEIE NlepeMeHHble 7, P, ¢ ONPeflesIAITCA,
COOTBETCTRBEHHO, QOPMY/IaMU

f=em {2l 7= e {21},
p=exp{yt}z, g=exp{7t}y,

Hp606p83yeTCH B ypaBHE€HNE TEIIJIOIIPOBOAHOCTH
Wr = Wpp + Weq-

B [4l] npoBeneHo onncanve KOOPAUHAT, B KOTOPHIX ABYXMEpHOE YpaB-
HeHUe TeIVIONIPOBOAHOCTH HOTyCKaeT pasfeseHue nepemeHHbX. [Ipepna-
raeM YUTaTe/ 0 [/ CaMOCTOSTENbHOTO BLITOJHEHUS TaKue 3afauu.

3apanue 3.4. Onmcats KOOPAMHATH, B KOTOPHX ypaBHeHHe (3.68) momycka-
eT pasfie/leHHe [epeMeHHbIX, HCIONb3Ysl CBA3b 3TOTO YDaBHEHHS C JIBYXMepHBIM
ypaBHEHKEM TeINONPOBOAHOCTH.

3apanme 3.5. KoneunomepHas anrefpa HHBapHaHTHOCTH 1By XMEPHOIO ypag-
HeHHs TENJNONpPOBOAHOCTH K30MOpdHA MoJHOH pacuiupenzoft anre6pe [afunes,
KiacCHOUKALKS Mofaire6p kotopolt ussectra [74]. Hemonssys gByxMepHsie mon-
anre6pel 3TOH aareSpel, IpOBECTH CHMMETDHHAHYIO PELYKIHIO ABYXMEDHOTO ypas-
HeHHUs] TelJONPOBOAHOCTH K OOBIKHOBEHHBIM AHQQepeHIyaNpHEM YPABHEHHAM C
LanbHeH MM TOCTpOeHKEM ero MHBAapHaHTHBX Demenuil. [loayuexHEe perrexus
HCIIOMB30BaTh AJs MOCTPOEHYS TOUHBIX pellexHit ypaBHeHusa (3.68).

3.4. CummeTpuiHas KiaccuUKaILUA U TOUHbBIE
pemeHuss ypaBHeHusi Kpamepca

PaccMoTpuM ByxmepHoe ypaBHeHue DokKkepa-Ilnanka, xoTopoe onu-
CHIBaeT JBMKeHUe YACTHLE! B QAYKTYUpYlollell cpene:

ou 13) 13) o du

r__ 2 v i oy 3.70

o = g+ V) e (v g (3.70)
3necy w = u(t,z,y) — MJIOTHOCTL BEPOATHOCTY, y — MOCTOAHHAA U

V{(z) — BHemHuit notexural. YpasHerre (3.70) usBecTHO B /MUTepaType
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Kax ypaBueHye Kpamepca. KosddunureHTs cHoca B auddOysuu Ljs HEro
HMMeIT, COOTBETCTBEHHO, BU

A(t,x,y) - (y’ _V’(I> - 7y>’ B(t3 Ly y) - (8 22’) .

Hsyuum cuMmmeTpuiiHble cBoficTBa ypaBHeHrs (3.70) nnA pasHBIX
noTeHUranoB. MHQUHKTE3MMAABHBE ONEPATOPE JHEBCKOE CHMMETPHU
ypaBHeHusA {3.70) niLeM B TakoM o6lLieM BuIe:

(2] (2]

oy + M50’ (3.71)

_ 0a 0 2
Q=< §+£1$+£

re €0, €1, €2, p — rnankve QYHKUKHK [epeMeHHbIX ¢, 2, ¥ U U.

Hueapuanutiocts ypaeHenus (3.70) OTHOCHTENBHO OIEPATOPOB BUIA
f(t,x)0/0u, rne f(t,x) — nponsBosbHOe pellieHHe ypaBHeHus (3.70),
IBJIAETCH OYEBHUIHOH BCIeACTRBHE AuHeHOCTH yparHeHud (3.70). [Tostomy
TaKVe OlePATOPhl MH 3/IeCh He PACCMATPUBAEM.

Teopema 3.4. Maxcumarsnoil epynnot UHBAPUAHMHOCMU C80600-
Hozo ypasrenus Kpamepca (3.70) (¢ V'(x) = 0) agasemcs wecmunapa-
Mempuseckas epynna Jlu, Komopas cenepupyemcs maxumu onepamo-
pamu:

P=06=2 p-=5=-2 7149
G1=1t0;+ 0y + %(y +vx), 11 =exp(—vt) (%Bx - By> ,

S = exp(yt) (%3; + 8y + y) . (3.72)

Jokasateasctso. [lpumenss anroputd Jln K ypasHeHuwo (3.70), Haxo-
UM, 4TO

£0 = F(t>a {1 = %IF,(t> + G(t), £2 = %yF’ + %IF" + G’,
2
" _% [(QFU HAE) G+ (%I(F”’ +yF") +G" +

NG %xF’V” +V'G + %V’F’) y+ 0L, x)} . 3.73)
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[Tpn stom dyaxuvu F(t), G(t) u O(t,z) yaOBAETROPAT YPABHEHHUAM:
5F"” — 0y F' + AV'F' + 32V F' 4+ 2V"'G =,
@2: + gx(_FIIN + "}/2F”> _ ngllpll + ;"}/IV”Fl +
+ gV,FN + SVV'F' el + ”}/QG’ . vlel + ”}/V”G — 0,
3
@t + Vl <§x(Fﬁl +,YF//> + (GN +’YG,> +
3 1
+ 5ch”F’ + V"G + §V’F’> + 2yF" —4?F' = 0. (3.74)
[Tosoxum B ypasrenusx (3.73) u (3.74) V’(z) = 0. Pewus yparHe-
Husa (3.74), ¢ (3.71) u (3.73) noayuaem omnepaTtopr! (3.72).
3ameuanue 3.2. 3ameHa mepeMeHHBIX
uzu}(ﬂf:n% T =1t, sz_gty 77=y—£
Y Y

nprBoauT ypasrerre (3.70) ¢ V/(z) = C = const x cBofogHOMy ypaBHe-
unio Kpamepca.

3ameuanue 3.3. 3amena mepeMeHHBIX

uzu}(ﬂf:n% T =1, §=x+£ n=y k#o

k )
cBoguT ypaeHenue {3.70) ¢ V'(z) = kz + C x ypasueunio (3.70), B xo-
Topom V'(z) = kx.

Hcnonbayst pasenctsa (3.73), {3.74), yfexpaeMcs B CHpPaBelJUBOCTH
TpeX CJAeqYIIINX YTBepXAeHUI.

Mpennoxenne 3.2. Maxcumanrvnod 2pynnotl UHBAPUAHMHOCTL
ypastenus (3.70) ¢ V'(x) = kx, ede k # — 342, 342, ssasemcs we-
cmunapamempuieckasn epynna Jlu A0kaivHbix npeobpal3osarniil.

A. B cayuae k < I- 6asucHvimu Onepamopamu coomsemcmsyrowed
anreebpot Jlu asasomes maKue onepamopsi:

o o
P(), I, Xi = exp()\,-t) (% + /\,a—y +

1
+ %[(/\f + X + By + (=22 + 97N — kA + 7k>x]> ,  (3.75)
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edei=1,2,34, a A\; — KOpHu arcebpauteckozo YpasHenus
M (2k— N2+ k2 =0. (3.76)

B. B caynae k > - 6aaucubmu onepamopamu coomsemcmsyrouier
aneebpot Ju ,czefz;uomc;z maxue onepamops!

Py, I, Yy i=1234 (3.77)

ede Y7 = ReXy, Yo = imXy, Vs = ReXs, Yy = imXs. Ilpu amom
onepamopst X; onpedeaerst 8 (3.70), a A; — KOMNAEKCHbie KOPHIL Ypas-
Henus (3.76).

2
C. B caynae k = T 6a3ucHelmu onepamopamu coomeememsyouet
aneebpol Jlu 264810MCA MAKUe onepamopst

B, I,

7] 7] 2 )
X; = exp(Ait) . + A By + 7 + ZCB , 1=1,3, (3.78)

_ 9 9 [ N
X; = exp(Ait) (ta + (14 /\,t)a—y + (E + 1>y + Ttx , 1 =2,4,

ede A1, Ao = A1, Az = —A1, M= —A1 — KOpHu ypasuenus (3.76).

NMpenaoxenne 3.3. MaxcumanrsHol epynnotl UHBAPUAHMHOCTU
ypasrenus (3.70) ¢ V' (z) = kx, 20e k = —3+2 uau k = £+2, asanemcs
gocemunapamempuieckas epynna Ju sokareHelx npeobpasosanuil, Ko-
mopas zcenepupyemca onepamopami (3.75) u onepamopamu N1 u No,
ede

a) 8 cayuae k = — 342

3 3
Ny = exp(vt) (fk + 5720 + 5 T (3yz + )9, + 47y2 +
;2 i +1
R A TR

3 1
Ny = exp(—~t) ((% - —7x3 + = 5 (3’\/x — )0, + Z’YyQ 4

3, 9 3
+ 17 xy + 167 x? — 5’\/) ; (3.79)
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b) 8 cayuae k = £~
1 3 v /3
N1 =exp (§7t> (& + Z'yx&c + 1 (571 + y) Oy +

1 2 32 932
g gt )

1 3 3
Ny = exp (—§7t> (at — Znad; + % (5'}/1 - y> 8, +7> . (3.80)

Mpeanoxenne 3.4. Maxcumassnotl epynnoil uusapuarHmuocmu
ypasrerua (3.70) ¢ V'(z) # kx + ¢ sgasemca dsyxnapamempuieckan
epynna JIu A0KGAbHBLX NPEOOPA30BAHUL, KOMOPAS SEHEPUPYEM S One-
pamopamu Po =0, u I.

Jlasiee KpaTKO OCTZHOBUMCH Ha PE3Y/bTAaTaX HCC/ENOBRHUA ()-yC/0B-
Holt cummeTpuu ypasHeHus Kpamepca. [loapoSHocti 0 moHaTHY (-yCI0B-
Ho#l cumMeTpud auddepeHIINaNbHEIX YPaBHEHNH B YaCTHHIX IPOU3BOAHEIX
MOXHO HahiTy B [89].

Paccmotpum onepatop (3.71) UM cooTBeTCTBYIOUIEe UHQUHUTE3NMANb-
HOe yc/oBMe Ha YHKIMY, KOTOPbIE SABJAWTCH WHBADUAHTHBIMH OTHOCH-
TeJIBHO TIOPOXJeHHOH UM OfHOTIapaMeTPUUeCKOH IPYIIITH JOKAMbHEIX TIpe-
06pa3oBaHuy:

Qul =0, (3.81)
= g00u _g10u_ p20u _
rge Qu)=n-¢ 5t ¢ o ¢ oy XapaKTepUCTHKA orlepatopa ().

Onpepenenne 3.1. [oropsart, uto ypaBHeHue (3.70) sBnsetcs (J-yc-
JIOBHO WHBAPUAHTHEIM OTHOCHTEJbHO onepatopa @ (3.71), ecan cucre-
ma {3.70), {3.81) aBnsieTcss MHBAPUAHTHOM OTHOCHTEBHO 3TOrO OTIEPATO-

pa.

B uacTtHOCTH, 10608 0MepaTop JMEBCKON CHMMeTPUH ABJASETCS Ollepa-
TopoM (J-yCI0BHOM CUMMeTpUH. TaK Xe, KaK M OIepaTOPH JUeBCKOH CUM-
MeTpUY, ONepaTOphl (J-YCAOBHOH CHUMMETDHH IIO3BOISIT PEAYLHPOBAThH
HCXOQHOE YDaBHEHWE K YPaBHEHWAM ¢ MEHBIINM KOJXUYEeCTBOM HE3aBHUCH-
MBIX TIeDEMEHHBIX, UTO 3HAUHTEJbHO DACLIMPAET BO3MOMHOCTH IIOCTDOE-
HUS TOYHBIX pelleHHH.

PaccmoTpum, B KauecTBe TpHMepa, ypaBHeHue {3.70) ¢ nmoTeHuManoM

V' =k V3 4 1_3;,721, k#0. (3.82)
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H3 npennoxerus 3.4 cieayerT, 4To orepaTop

3 3 1
@ =0, rad + (5F = ) 8+ (3.83)
He SIBNsIETCS OIIEPATOPOM JHeBCKoM cuMMeTprH ypaBEerus {3.70), (3.82).
Ho oneparop (3.83) mpuBOIUT K MOACTAHOBKE

U(t, Z, y) = exp(’\/t)@(wla UJQ),

3
w1 = exp <27t> z, wa

KOoTopas peAyLHpPYeT 3TO ypaBHerue. JleficTRUTeNbRO, noacTarasas (3.84)
B (3.70), (3.82), nonyuaem ypaBHeHVE

2 2
wgg—i— (%Mk) wfl%i—fywl_l% —0. (3.85)
¥Ypasuerue (3.80), B CBOW oyepeab, MOXKHO CBECTH K OOLIKHOBEHHOMY
nuddepeHUManbHOMY YypaBHerNw. Hampumep, mnpeanonoxus AomoaHuU-
TeJBHO, YTO QYHKUMSA ¢ He 3aBUCHUT OT INepeMeHHOM wjy {To ecTb ¢ =
= p(wsa)), u3 {3.85) noayuaem ypaBHeHUe aaTwl = 0. Kaxgoe ToyHOE pe-
eHre ypaBEeHus (3.80) BmecTe ¢ aHzauem (3.84) naeT TouHoe pellleHUe
ypaBEeHus {3.70), (3.82),

3ameuanne 3.4. Ecin ) — omnepartop (J-yCa0BHOR CHMMETPHY HEKO-
TOPOr0 YPaBHEHMS B YACTHBIX [IPOHM3BOAHBIX, TO 3TO YPaBHEHVE HBJA-
eTcsl Takxe (J-yCJOBHO WHBAPUAHTHHIM OTHOCHTENbHO orlepatopa () =
= f(z,u)@, roe f = f(x,u) — npousBoNbHAA HeHyneBass QYHKUNA 3aBU-
CHMBIX M HE32BUCUMBIX TIepeMeHHbIX. Takve ornepaTopsl Q M () HashBawT
3KBUBAAEHTHEMU. C TOYHOCTBI) A0 SKBUBAIEHTHOCTY MOKEM CUMTATD, UTO
B (3.70) ¢° =1, ecom £° £ 0.

[poBens ananus cuctemu (3.70), (3.81), ME mOAYYNAN psAd pe3yabTa-
TOB OTHOCUTEJBHO (J-YCJIOBHON cUMMeTpuM ypaBHeHus Kpamepca, xoTo-
pBle TI0faeM HYIXKE B BHIE CAEAVIOLIMX yTBepXAeHUH.

3
=z Y3y 4 2712/3, (3.84)

Mpeanoxenue 3.5. [Ipoussorvrviil onepamop QQ-ycA08HOU cummen-
puu ypasrenus (3.70) ¢ V' # ka=V8 + 342 uau V' # kx sersemcs
IKBUBANCHMHBIM ONEPAMOPY AUCBCKOU CUMMEMPUU 3MO20 YPABHEHUS,
mo ecms Onepamopy u3 AunetHol 06040uKL onepamopos O, I.

Mpeanoxenue 3.6. Ypasrernue (3.70), (3.82) donyckaem onepamo-
Dol Q-yCcA08rOL cummempuu 8uda

Q=208+ F(t)x0, + (%F(t)y + F'{t)x + §F21> Oy + fudy,
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ede F' = F(t) — npou3sosvroe peuiesue ypasHenus
F'" L oFF' + §F3 - %72}7 =0,
a Qynkyus f = f(t, z,y) onpedersemcs U3 COOMHOULEHUS
2 4 1 2 1
— .2 S il n] it _ ! = 2 A2 _
2vf=—y (3F+9F +37F> ya:('yF+3'yF +27F>
—x? §72F’+172F2 '\/F — 23k 2F’+£—1F2+'\/F +
8 4 16 3
+ Cexp {—%/th} - §7F+’72,

C = const.

Npeanoxenne 3.7. Bee onepamopw Q -YCAOBHOU CUMMEMPUU Ypas-
nenus (3.70) ¢ V' = kx, ede k # — 47 , 1672 IKBUBANEHMHBL ONepa-
mopam AUESCKOL CUMMEMPUL FMOS0 YPABKERUS, MO eCMb ONEepamopam
u3 aunetinott 06osouxu usu onepamopam (3.75), uau (3.77), uau (3.78)
(8 3asucumocmu om 3ravenull NOCmMoOARHOU k).

Mpennoxenune 3.8. Bce onepamopst Q-YCA08HOU CuMMEMPULL YPAB-
enusn (3.70) ¢ V' = ka, ede k = —3+? uau k = £+? (sxmouan me
0Nnepamopsl, KOMOPbLe IKEUBALEHMMb, OREPAMOPAM AUCBCKOLL CUMME -
puu 3Mo2o YpasHenus), umerom maxod suo:

Q=0+ {Ft)x+G(#)d, +

|/l 7 2 2 ’ 2
+ gF(t)y + (F (t) + gF(t) > x+G'(t) + gF(t)G(t) Oy+
+ flt, z, y)uby.

3decy pynkyuu F = F(t), G = G(t) ydosremsopsiom ypasHeHusm

F”+2FF’+€F3+(z—lk—g%)F:O,

9 5 5

17 4 / 2 i ’ 2 4 2

G+ ZFG + SF'G +9G' + 3yFG + SF°G +k = hit),

a Qynkyus h = h(t) asasemcs pewieruem ypasrerus

h,,+(§F—'\/> h'+(k+ “F + - FQ——'yF)h
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DQynkyus f = f(t, x,y) onpedesaemca u3 COOMHOWEHUR
Ivf=—y? gF’+A—1F2+l~/F -y |z 7F’+27F2 +h|+
3 9 3 3
3 3.2 ! 2
+Z'ny+x h—'yh+§Fh + s(t),
ecau k= —32+2 uau
2 4 1
_ .21 % 2 t _
2vf = —y (3F+9F +3’}/F>
L2 o, 1
—y |z [+F +§'yF +§ +h| -
3 3 1
a2 2.8 Q2 to2p2
x (16'}/F+8'}/F+4'}/F>+
+x<h’—yh+§Fh>+s(t),

k= 1—?%72. B oboux cayuasx Qyuxyusa s = s(t) yBosremsopaem ypasre-

HUWO

2 2 4 1 4
s+ ng =—2 (EF’ + §F2 + 57F> + EVQF.

B 3aBepiuenue ocTaHOBUMCSA Ha IpuMepe (1, (Jo-yCI0BHON CHMMe TPUH
ypaBHeHus Kpamepca ¢ nponsBoibEEM NoTeELMasn0M. JIerko IoKasaTb,
4YTO 3TO YPaBHEHHA UHEBAPHAETHO OTHOCHTE/bHO Iapbl ONepaTopoB

Q=0 +V'(z), Q=8+y
IIp¥ HOOIIOJIHWTEJbHOM YCJIOBHUM
Ql[u} = 0, QQ[U} = 0

OTMeTuM, 4TO CTAlLMOHAPHOE pellleHre (XOPOIIO M3BeCTHOE KaK pelleHue
Bosnbumana [17])

v {-L - via)

ypasrexua Kpamepca (3.70) ¢ npox3Bo/IbHEIM [10TEHLINAI0M ABAAETCH UH-
BAPHAHTHBIM OTHOCUTEJbHO 3TUX ONIEPaTOPOB.
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M3 npuBeseHHbIX IpUMEpPOB BUAHO, UTO AaibHelas paGoTa 0 HAXO-
KIEHUI 0TepaTopoB - U Q1-, Qo-YCNOBHON CUMMETPHH ABIAETCA Iep-
CIIEKTUBHOHU U UMeeT GOJIblIoe 3HaYeHVe [/ MMOCTPOEHHA TOYHLIX pellle-
Hult ypasrenus Kpamepca.

PaccMoTpuM Temepb cBoGoaHoe ypasHenue Kpamepca (V/(z) = 0)
(cMm. [17]). Bosbmen omepatop 13 (3.72)

1
S1 = exp(7t) (;Bx + Oy +y> .

Hafiznem ero uHBapHaHTH

2
Y
w1 =1t wo=vT—Y, w3=?

1 TIOCTPOKM COOTBeTCTBy}OLLII/Iﬁ aH3al

+lnu

2
u(t, z, y) = exp {—y?}cp(wl,wg), wi=t wp=vx—vy. (3.86)

[ToncTanoBxa (3.86) B cROBonHOE yparHeHUe KpaMepca NpuBOAKT K OfHO-
MEPHOMY JNHHEeHHOMY YpaBHEHUIO TeIlJIONPOBOAHOCTH

Op 3%y _0

Owy ’Y&u% o
OueBKHO, YTO U3 TOUHBIX pelleHUH YpaBHEHUA TeILIONPOBOJHOCTH C II0-
MOILIbIX aH3ala {3.86) MOXHO MOJYYUThL PsAJl YACTHBLIX pellleHU! crobon-
Horo yparHexus Kpawmepca.

Bosbloe KoauyecTBO TOUHBIX pelleHuil ypasHeHusa (3.70) mMoxeT
6bITb HalieHo ¢ TOMOLIbI0 MeTona, omucaHHoro B [72]. Ecau up(t, z,y)
ABafeTcs pellexveM ypasHenus (3.70), To dyuxuun Qug, Q3uo,. .., TIe
() — TIpOU3BOJbHHIY ONlepaTop JMEBCKOA CUMMeTpHH yparHeHua (3.70),
TaxKe GYAYT pelleHUAMY 3TOTo ypaBHeHHs. Hampuwmep, ¢ noMousk ooe-

patopoB X; (3.75) nas ypasuerus {3.70) ¢ V'(z) = kx (k < ";) JIETKO

[0AYYUTb PAA TOYHBIX PEIIeHUH, HaYuHad ¢ ug = €', [Ipennaraem uuta-
TeJl0 ClleJ1aTh 3TO CAMOCTOATE/IbHO.

Ha sToM ™Mbl 3aBepliiaeM paccMoTpeHUe JXHeHHBIX AuddepeHLalb-
HBbIX ypaBHeHU! mapa6osnudeckoro tuna. Kax ciaenyer u3 BbllllecKasarHo-
ro, IIHPOKOe NPUMEHEHHE B Pas/MyHBIX NpofJeMaX HAXOAAT YpAaBHEHUSA
C BBICOKMMH CHMMeTpuiiHbiMU cBoficTBaMu. [lpy sToM 3HauuTesabHOE UX
KOJIMUECTBO TIPUBOAUTCH JIOKAJIbHBIMU 3aMEeHAMU K XODOIIO H3YUeHHBIM
JUHEHHBIM YpaBHEHHAM TeIlJIOIPOBONHOCTH.
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3.5. Peanuszaums aare6pst JIu O(2,2) 1 KBa3U-TOUHO
pewacmMbIC MATPHYHBIC OJHOMCPHBIC OTICPATOPDBI
Hlpenunrepa

B nocnegnue rogsl MHOro paboT {cM., Hanpumep, [185,186,177,181])
GBLJIO TTOCBALIEH IIPoGieMe NOCTPOSHUA TOYHO U KBA3U-MOUHO PEULaemMbLX
monenedt Wpeaunrepa

Hz)¥(z) = [82 + V(2)]¥ (z) = AV (z).

B patoTax [185, 170, 171] 6buin onucaHbl Bce 0OAHOMEPHBIE CKaApHBIE
Mozeau. B panbreliinem mMeTos, KOTOPHIH OBLI UCIIOJAB30BaH B 3TUX pabo-
Tax, Mbl HasbiBaem MeTogoM TypGunepa-Illndmana. B ctatee [191] 6b11n
OINMC2Hbl EeCKOJIDbKO MaTPUUHLIX MoJleJlel YKa3aHHOTo BUJa, KOTOpHe HMe-
10T JIn-anreSpandeckyo cTpyxTypy. B aTOM 1 cnenyomem naparpade Mur
OCTaHaBJAHBaeMCA UMeHHO Ha Npob/eMe IOCTDOeHKA Mojeel yKa3aHHOTo
BHJa, UMewmuX JIH-anrefpaudeckymw CTPYKTYDY.

3.5.1. IlpenpapuTreJbHble 3aMeUdHUA U AJNTODUTM NOCTPOEHHSA
onepaTtopoB lpenunrepa

B cratbax [191, 192] 6ba pacuuper merton TypSunepa-lludgmana
[185, 170, 171] noctpoerus xBasu-touro peinaeMbix {KTP) oaxomeprbix
MoJe/el Ha cayuyall MaTpHUHBIX raMyIbToHHaHOB. [lepBoHauanbHo ux Me-
TOJ TIPYMEHANACH )5 CKaJAPHEX OJHOMEDHLIX CTAUHOHAPHBIX YpaBHeHUH
Mpenunrepa. [lozxe on 6bI1 pacliuper Ha caydadl MHOTOMEDHHIX CKa-
JIADHBIX CTAlMOHapHLIX ypaBrenudt [llpeanurepa [171,131-133] (cm., Tak-
xe, [181]).
[Tpoueaypa noctpoenus KTP maTtpuuno#l (cKanspHO¥) MoJeaH OCHO-
BHIBaeTCH Ha KoHUenuwy Jlu-anreGpanueckoro raMmubsToHnana. Bynem ro-
BODHTb, YTO OIIEPaTOD BTOPOTO MOPAAKa OT OAHON MepeMeHHOH ABJAsfeTCA
Jlu-anreGpanyeckuM, eCay BHIIOAHAWTCA CAeAYIOIINe YCAOBUA!
¢ TaMHJIbTOHWAH MOXHO IIPeJCTaBUTb B BUJE KBaJpPaTHYHOH (QOPMHI
C TIOCTOSIHHBIMH KOS(OUILMEHTaMH OIepaTopoB IIePBOTO IIOpAAKa
Q1,Qo, ..., Qp, KoTOpLe 00pa3ywT aaredpy Ju g;

e anrebpa JIM g UMeeT KoHeWHOMepHOe WHBapHaHTHOE IIOAIIPOCTPAH-
¢TBO 7 BCero mpocTpaHCTRA NpeACTaB/eHI .

Ecan neticteue Jln-anreGpanueckoro 'ammunbTonuana H[z] orpau-
YUTb HA NPOCTPAHCTRO 7, TO OH INpPeACTaBAsAeTC MATPUUHHIM OIepaTo-
pom ‘H, 1, TakuM ofpazoM, coOGCTBEHHbBlE UKC/Ia ¥ COOCTBEHHLIE BEKTOPHI
raMUJAbTOHWaHA BHUKCAAKTCH anrefpaiueckiM myTeM. DTo 03HAYAET, UTO

lavuabtonvan H[z| apaseTcs KBasu-TOUHO pelllaeMBIM {15 CKaJfpHBIX
KTP mogeneit cm. [181]).
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CTouT YIOMAHYTb M 06 a1bTepHATHBHEIX TTOAX0AaX K TIOCTPOSHUID MaT-
puunbix KTP mopesneit [178,104, 111, 112]. Tnaszas ugest COCTOUT B TOM,
4TOOH 3a4aTh BUA OA3MUCHBIX 3JIEMEHTOB HHBADUAHTHOIO MPOCTpaHcTBa 1.
Kax npasuio, paccMaTprBalTCs [OMMHOMH 110 z. 3adUKCHpPOBaB Gasuc-
HEle 3/1eMEHThl, IPHXOAXM K COOTBETCTBYWWIEH 3ajaue KaacCHOUKaLWY
nojanreSp anreGph MaTpPUYHO-IMddepeHIUalbHbIX ONEePATOPOB, 3aBUCH-
et oT oaHo# mepemenHoi [112].

Anpuopu Mel He HaK/JaiblBaeM HHKAaKWX OTpaHyueHHH Ha BHA 5asuc-
HEIX 3/1eMeHTOB npoctpancTsa Z. EavHcTBeHHOE, UTO MB QUKCHpYeM, —
3TO KJIACC, KOTOPOMY TIPHHAIENAT 3/eMeHTH anreSpel Jlu g. BoiGepem
53TOT XJacc L XaK MHOXKEeCTBO MaTPHUHBIX AHddepeHINaNbEbIX 0TepaTo-
pOB BUAA

L=1{Q: Q=a(2)d + Ax)}. (3.87)

3pech a(x) — rnagkas BeiecTsentas Gyuxuns, A{z) — N x N-marpuua,
3/JeMeHTaM¥ KOTopo# fABAAKTCA TAaAXye KOMIIeKCHOZHaUHble QYHKUINU
oT z, d/dzx 0GosHauaeTcH Kak Oy.

OueBugno, uto L aABaseTcs HecKoHeuHoMepHo# amredpoil JIn, B Ko-
TOpOH KOMMYTATODaMHW fABAATCA o6buHbe cKoOxu Jlu. Ecau sanana
nonanredpa {Q1, Qo,...,Qp) anredps L, NPOCTPAHCTBO ITIPEACTABACHUS
KOTOPO# COZePXUT KOHEUHOMEPHOe HHBADUAHTHOE IOAIIPOCTPAHCTBO, TO
HecsI0XkKHO TocTpouTh MaTpuuHylo KTP moxenb. Jas aToro paccMoTprm
SuAMHeltHy0 QopMy omnepaTopos Q1,s, ...,y (OOUH U3 KOTODHIX MO-
XeT OblTb eAUHUUHON MaTpuled N X N) ¢ TOCTOAHHBIMU KOMILJIEKCHBIMU
KOSQPULHEHTAMH ok

n

Hlzl=| > oQiQx | - (3.88)

k=1

Takum ofpasom, BO3HHKaeT 3ajaua KaacCHAUKaUXM Noganrep as-
re6psl £ ¢ TOYHOCTBK A0 I'DYIIB BHYTPEHHHUX aBTOMOPOM3MOB. 3ajaua
KJacCHOUKALMY HeSKBUBANEHTHBIX peanusauuil anredp Jlu nuddepen-
LIMa/JbHEIX OTepaTOPOB IIePBOTO TMODAAKE, 3aBUCALIMX OT OAHON YU ABYX
TIepeMeHHbIX GblIa NOJHOCTbIO Dpelrena camuM Ju [154, 155] (cM., Tak-
xe, [134]). B patote [192] 6nlna mpoBefieHa KIACCUDUKALMS Peandsa-
uu#t anre6p Jlu pasmepHocTell He BBl TpeX C ONepaTOpaMU U3 KJjac-
ca L (3.87), rne N — npoussossto. Hanee, n1a N = 2, MBH paccMOTpUM
Te U3 HHX, U3 KoTophX MoxHO noayunts KTP martpuunbe lamuabro-
uuanbl H|[z]. OkasbiBaeTCs, YTO Cpeid peasusalyil TpeXMepHbIX anredp
Jlu Tosbko cayuadt anreSpe si(2) yrosaetsopsiet aTomMy TpeGoBanuw. OH
npuBoAnT X 18yM cemelictBam 2 X 2 KTP moneneft, onxa U3 KOTOpHX, IpU
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CIIelMa/IbHBIX OTDAHHWYEHHUAX, IPEACTARSET XOPOLIO U3BECTHOE CeMeHCTBO
cxanapunx KTP ramusbronuanos {mogpo6rocTu cm. B [192]).

Xopolo U3BECTHO, UTO U3HUECKHI CMBIC HMEIOT JUIIb Te ONepaTophl
UlpenuHrepa, KOTOpEe ABAAITCH SPMUTOBBIMY. DTO TpeGOBaHHE HaKJa-
AbIBaeT Takue orpanuyeHus Ha Boi6op KTP monene#, kotoprle He paccMart-
puBaauch B cTathax [191,192]. Heo6xonumo oTMeTUTD, UTO 32/1aua CBefe-
Hus KTP ckanspHoro omepaTopa K 3pMUTOBOMY SBJsIETCS, B OIpefeseH-
HOM CMBIC/Ie, TPUBHAIbHOY U pellleHa SBHO ¢ [IOMOUIbI COOTBETCTBYIOUIETO
Mpeofpa3oBRaHUA HE3aRUCUMON NepeMeHHON ¥ HEKOTOPOTO KaJAHOPOROUHO-
ro npeo6pa3oBaHXs BONHOBOY (yHKuMY. OfHAKO B CAyyae MaTPUYHBIX
KTP onepaTopos nmepeoro u BTOPOro Mopsifika 3a/lavya UX IpeoOpazoBanys
B spMuToBHe Qopmu LllpenuHrepa cTaHOBUTCS HeTPUBUANBHONL U TpebyeT
JIOBOJIBHO CJIOKHEIX BblyxcaeHvH. [losToMy ecTecTBEeHHO, UTO, B OT/IVUME
0T CKa/lspHOTo cayyas, He Beaku#l matpuunbyt KTP onepatop BToporo
TOPsIIKA MOXKHO CBECTH X 3PMUTOBOMY BUAY. 31eCh IVIaBHOM 1ebl0 sBAs-
eTCsl CHCTeMATHUeCKOoe PAa3BUTHe anre6panyeckoll Ipoleayphl IOCTPOCHYs
KTP spmuToBBIX MaTpruHbX onepaTopoB Llpenunrepa

Hlz) = 82 + V(a). (3.89)

St10 TpebyeT HexoTopo# MoaudUKalMyK anreGpanyeckoll MPOLEAYpH, UC-
nosbsosauHo# B [191,192]. 3nech Mbl PACCMOTPUM B KadeCTBe aare6phl g
npAMyl cyMMy ABYX aarep sl(2) {T.e. anre6py o(2,2)). CooTBeTCTBY-
olire ajnrefpanyeckye CTPYKTYDH IpeCTABJEH 1ajee B IIYHKTe 5.3.2.
3ech XKe TpHBeleH aaropuTM NocTpoeHus spMuToBbix KTP mMaTpuunmx
onepatopoB lllpenvnrepa, 3aBvcAwux oT onHo¥ mnepemeHHoH. [lonHbr#
CTIMCOK HaliNeHHBIX YKasaHHBM criocoGom KTP wmofeneit mpencTtasiex B
nyHxTe 5.3.4.

Bosee cunbHoe orpannyerue Ha KTP onepatoprr lpeaukrepa coctonT
B TOM, 4TO Ga3ucHble 5/1eMeHThl HHBAPUAHTHOrO MPOCTPaHCTRA 1 NOMIKHEL
OBITb KRAAPATUYHO-UHTErpupyeMbMy yHKuusAMY B R. 310 03HauaeT, uto
T2KOe IIPOCTPaHCTBO ABJAAETCA TUAbGEPTOBLIM, TO €CTh HA €T0 3JeMeHTaX
MOXHO BBECTH CKaJspHOe IIpoU3BefieHue

Fna = [ Foy'ata,

rie f(y)! — spmuTosoe conmpaxenve f(y).

[onpo6Hoe uccnenoBanre sTolt 3ajau B cayyae ckanapHex KTP ome-
patopos Llpenunrepa 6bi10 nposeneso s [135]. 3neck ¢ ucnoab3oBaHYEM
BBIIIEYIIOMAHYTHIX PE3y/IbTATOR MOCTPOEH HecKosbko KaaccoB KTP mat-
puuHHX onepaTopos Llpepunrepa (raMuUAbTOHUAHOB), eHCTBYIOLIMX Ha
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KOHEYHOMEDHHIX MHBAPHAHTHHX TPOCTPAHCTBAX, OA3UCHBIMU 3JeMeHTa-
MM KOTODHIX ABJAIOTCS KBAAPATHUHO-HHTerpupyeMmie ¢yHkuuu B R. [To-
CKONBKY Takve [aMUibTOHMAHB! ABJAAWTCS, [0 HAllleMy MHEHHIO, HanGo-
Jee BaXHBIMK C (HU3UYECKOH TOUKU 3peHNs, TIepeuncaiM HeKOTOphIe TIpH -
MepH, He BIABasAch B NOApOSHOCTY cmoco6a ux moctpoerus. [loapobuas
[poLeaypa BEYUCAEHUH COOTBETCTRYIOINX K/IACCOB FAMUABTOHHAHOE CO-
nepxuTes B nyHKTax 5.3.2-5.3.4. Ilanee o o603Hayal0OT 2 X 2-MaTPUILH
[Maynn

01 0 —i 1 0
1=V 10/ %27 i 0 ) %9710 -1/

P

Mopeas 1. (H[y]+ E)(y) =0, rne

6
, W dm-1, 1,
v o T T 1g ¥ T g¥orT v

MuBapuaHTHOE IPOCTPAHCTRO £ 3TOTO OIlepaTopa MMeeT PasMepHOCTh 2m
U HATAHYTO Ha BEKTODB

R
= on() (n(3)" 5 H(3).

rnej=0,....m—2 k=0,....,m & = (1,0)T,&, = (0O,)T um —
[IPOM3BOABHOE HATYpANbHOE YHCJIO.

Hecnoxuo mpomepuTh, UTo 6asvcHbBle BEKTOPH HMHBADHAHTHOTO IIPO-
cTpadcTBa 1 6yayT KBaApa THYHO-UHTErPUPYEMEIMH QYHKUMAMH Ea UETED-
Base (—o00, +00). 3amMeTnM, uTo cyluecTyeT aHanornysnit KTP ckansp-
uuil onepatop Llpenunrepa, ybe MEBApHAHTHOE NMPOCTPAHCTRO HATAHYTO
Ha 6a3uCHbe BeKTOPHl C 3TUM CBOHCTBOM (mompobuee cM. B [177,182]).

n

Mopeas 2. (H[y]+ E)¢(y) =0, rne

Ay =82 - %1 - iexp(—2y) +mexp(—y) + %exp@y) +
+ m\/g;_l sin(v/2eY) —\/Tg cos(v/2e¥) — exp(—y)sin(v/2e¥) o1 +
+ m\/g;_l cos(v/2e¥) +§ sin(v2e¥) — exp(—y) cos(\/ﬁey)} o3.
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Jlns storo oneparopa WMHBapHaHTHOe MNpocTpaHCTEO 7 uMeeT pasmep-
HOCTb 271 1 HATAHYTO HA BEKTOPHI

Shl

7 = U y) exp(—jy)én,

gk = U~ (y) (mexp(—ky)&z — kexp(—(k — L)y)ér),
rae 5 =0,...,m—2, k =0,...,m, m — NPOU3BOJbHOE HATYpasJbHOE
YUCA0 U

U-l(y) = 2\/_exp< Y exp (—%e‘y>x

S —
x (V3 4+ V2 - 03) |cos(\/§ey) + % sin(\/ﬁey)l .
Basncuble BeXTOph HHBAPHAHTHOTO IIpocTpaHcTBa I — KBaApaTHYHO HH-
Terpupyemble. [efictBuTennHo, QYHKUMM f;(y) M gr(y) acuMmToTHYe-

—(23*2‘1)") 1 exp (—(%2;1)1’) COOTBETCTREH-

CKH BeayT cebs Kak exp (—

25+1
Ho, Xoraa y — +oo. Bonee toro, oun BeayT cebs Kax exp (—%) X

x exp(—2e7¥) u exp (—(%—gl)y) exp (—2e~¥), COOTBETCTBEHHO, KOrAa

y — —00. DTO 03HAY2ET, UTO OHU OUeHb OHICTPO CTPEMATCH K HYIK NpU
YCJ0BUH Yy — £ 00.

Moneas 3. (Hly] + E)¢(y) =0, rze

. 1
H[yJ=3§+4Sh2y|—%ch4y+(2m— 1)ch®y — 2ch?y —
1 1 1
—2mchy +2| 4+ 5 (2m—1—chy)os - 501+ 5

Jlns storo oneparopa WMHBapHaHTHOe MNpocTpaHCTEO 7 uMeeT pasmep-
HOCTb 2/ 1 HATAHYTO HA BEKTOPHI

Shl

7 = U~ y)exp(—jy)éy,

Ge = UM y) (mexp(—ky)éz — kexp(—(k - L)y)&1),
rae 5 =0,...,m—2, k =0,...,m, m — NPOU3BOJbHOE HATypasJbHOE
YUCJI0 U

U~1y) = exp ( 231) t hy’_1/4.
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MoxHo HemocpeACTBEHHO IPOBEPUTL, YTO Ga3UCHEIMH BeKTOPAMH MH-
BAPMAHTHOTO IPOCTPAHCTBa 1 FABJIAITCA KBaAPATMYHO HHTErPHUpYeMEIE
GYHKUMK Ha HHTepBajde (—oo, +00).

Mogeas 4. (H[y]+ E)¥(y) =0, rne

2
2 Y dmP-2m  (2m—1)(dm—1)
Hly| = 9, 16 + Am2y2 mp X
. dn—-1 [2m—1 1
x sin (—g lnly[) o1 == B COS (—%ln[y[) o3t
up= 3{16m§—8m

Hans 5TOT0 ollepaTopa MHBAPUaHTHOE NPOCTPaHCTBO I MMeeT pasmep-
HOCTb 27 ¥ HATAHYTO Ha BEeKTOPbI

f U~ (y) exp(—jy)é1,
= U~Ny) (mexp(—ky)&s — kexp(—(k — L)y)é1),

rne 7 =0,...,m—2, k =0,...,m, m — POU3B0JbHOE HaTypa/JbHOe
4ueso U

U=Yy) = ly|/?exp (—g) {cos <§1n|y|> +

+ dm —1)as + o sin (B In | |>} A
V16m2 — 8m v

rie A =1+¢(v16m? — 8m + 4m — 1)oy.
OueBHaHO, UTO Ga3yUCHble BEKTOPH WHBAPHAHTHOTO NpoCTpaHcTBa T —
KBaJpaTHUYHO HHTerpUpyeMble QYHKUHM Ha HHTepBase (—o00, +00).

3.5.2. Pacumupenue anreGpei sl(2)
Cnenys paGotam [191, 192], paceMoTpuM peanusaliyiio anreSpsl si(2)

m—1

sl(2) =(Q-, Qo, Q4) = (B2, 20, —T+50a
228, — (m — Dz + 250z + 54, (3.90)

rie Sp = 03/2, S+ = (i6a+01)/2, a m 2 2 — NPOU3BOJIbHOE HATYPAJIbHOE
yucsa0. DTo NpeAcTaBaeH e IpUBOAKT K cemelicTBy KTP mogenett, u, Gonee
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Toro, anreSpa (3.90) umeeT cienywllee KOHeUHOMepHOe WHBapHaHTHOE
IPOCTPAHCTRO

Isg(g) =T @1y = {&4,ze,. .., xm—2€1>® (3.91)

més, ..., mries — jai 718, . .., maz T8 — mx ™1y ).
3 3 ) 3 2

[Tockonnxy mpocTpancTea 77, Zo HMHBAPUAHTHEL OTHOCHTENLHO Hei-
cTBUA Jwboro U3 omepatopos (3.90), To BbIleNpUBeNeHHOe [IpelCTaB-
JieHHe sABJseTCS IPUBOAMMBIM. Dosee cepbesHass TPYNHOCTL COCTOUT B
TOM, 4TO €C/J¥ MH BO3bMeM OuauHefiHble KomOuHaiumu (3.88) omepaTto-
poe (3.90), koadduureHTaMU KOTOPHIX OYAYT KOMILIEKCHBIE 4YHC/A, TO,
BooOIle roBopsi, HeBo3aMoxHO noctpouts KTP onepaTop, sKBHBasIeETHEIN
spMuToBoMy orepatopy [llpenunrepa. Hns mpeomoneHus sToit TpynHo-
CTH WCNOJAb3yeM Ufel, TpeuiokeHHy0 B [192], rne B SuarHeitno# ¢op-
Me (3.88) xosdpduureHTAMH ABAAWTCSA TOCTOSHHBE 2X 2-MaTpUIiH. C 3To#
L[eJIbl0 PACCMOTPHM pacirupenye aareSpst JIu (3.90), no6asur k Helt cie-
OYIOIIKe TpY MAaTPUYHBIX OMlEPATOPA:

R.=S_., Ry=S_xz+5,, R.=5_2"+25z+S,, (392

rae Sy = (iog £ a1)/2.

HenmocpencTeeHHas mpoBepKa IMOKashBaeT, uTo IpocTpaHcTBo (3.91)
VHBapUAHTHO OTHOCUTEJNBHO JeHCTBHA JHHeNHO! KOMOMHALKMH OIepaTo-
poB (3.92). PaccmoTpuM ciefyioliee MHOMXKECTBO OMePaTOPOB:

<Tﬂ: = Qﬂ: - Rﬂ:: TO = QO - RO) Rﬂ:) RO; I)) (393)

rae Q u R — onepatops! (3.90) u (3.92), cooTseTcTRBeHHO, U | — eqUHHY-
Has 2 X 2-matpuua. [lpAMbIME BhYKCIEHUAMY TIPOBEpsieM, YTO OlIePATOPHL
Ty, Ty Tak xe, Kax W omepaTophl Ry, Ko, YIOBIETBOPAIT KOMMYTALU-
OHHBIM CcOOTHolLeHusAM anreSpel sl(2). Bonee Toro, onepatopm 7'y, Tp
KOMMYTHDYIOT C JII06hIM 13 orepaTopoB Ry, Ro. CienoBatenbHo, onepa-
Toph! (3.93) obpasywT anredpy Jlu

si2)yesl2)eI=o0(2,2) 1.

Hanee Synem ofo3HauaTh 5Ty airedpy Kak g.
Onepartopbl Kasumypa anrefphl g KpaTHBl eIHEUYHON MaTpHLe:

2 _
Ki=T2-T,T_ Ty = (mTl> I,

Ky=R:-R,R_—Ry= %I.
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Ucnonbsya 3ToT @akT, MOKHO MOKA3aTh, UTO IIpeACTABJEHKE 3TOH anire-
Opbl, peanusyemoe Ha npocTparcTse Loy (2), HEPUBOMIMO.

HUnurepecto u To, uto omnepatoph (3.93) ynoBneTBOPA0T C/lelyIOIINM
COOTHOLIEHUAM:

1

R? =0, R@:Z, R: =0,
{R_, RO} = O, {R+, RD} = 0, {R_, R+} = —1,
R_Ry = %R_, RoR, = %R+, R_R, =Ry - % (3.94)

3necy {Q1,Q2} = Q1Q2 + Q2Q1. CnenopaTenbHo, anretpy g MOXKHO
paccMaTpuBaTh U Kak cyrepaareSpy {cp. ¢ pesynbraTtamu padoTsl [112]).

3.5.3. O6mui Bug spmutoeoro KTP oneparopa

Hcnonb3yst KOMMyTallMOHHEE COOTHOIEHNs anreGprl Ju g COBMeCTHO
¢ cooTHowerHAMY {3.94), MOXKHO N0Xa3aTb, UTo JA106as OUINHeHHAA KOM-
frHauus onepaTopos (3.93) Asnsercs nuzeRHO! xoMOUBaLUel ABaALATH
onHoft (6asucHoil) KBaApaTUUHON (opMoil 3TuUX onepaTopoB. Paccmarpu-
Bas TaKWe JHHelHble KOMOUHALMH, Mbl ipuxoauM xo Bcem KTP monensw,
KOTOpPHIE MOXHO IOJYYUTb C TIOMOIIBK paccMaTpusaeMoro moaxoga. Ha-
TIOMHUM, UTO Halllell 11e/1bl0 sIBJASETCS BHBOA He oTAenbHbIX ceMericts KTP
MaTPUUHLIX OTIEPATOPOB BTOPOTO IIOPsAJKA KaK TAKOBHX, 4 YMEHHO Ollepa-
topos [lpeanurepa {3.89). 210 03HauaeT, UTO HEOGXOAUMO IIPEOOPA30BATD
Sunvnednyw kombrHauno (3.88) x cranpapteomy Buay (3.89). [Npunuu-
NUa/bHBIM sBAAeTCA TpeGoBanue, YTOSH COOTBETCTBYWOIIME Ipeofpaso-
BaHMS MOTIM BhIPAXKATbCA SBHEIMU (QOPMY/JIaMU, ITOCKO/AbKY HaM EYXHO
[ONYYUTh ABHEBIH BUA KaX MaTPUYHOTO MoTeHNIuada onepartopa [llpenns-
repa, Tak ¥ 6asyCHBIX QYHKLUA ero UHBADUAHTHOTO IIPOCTPAHCTBA.

O6muit Bug KTP mopenu, xoTopas cTpouTcs B paMKaX Halllero Mof-
X014, Cleyllnas:

H(z] = £(2)02 + B(2)0: + C(2), (3.95)

rne £(z) — ecThb HekoTopas BelllecTBeHHas (yHKuus, a B(z), Clz) —
MaTpyuHbe QyHKiuy pasMmepHocty 2 X 2. [lycts U(z) Gynet oBpatumolt
2 X 2-maTpulel-QyHKIMeH, YAOBIeTBOPAKILEH cUCcTeMe OOBKHOBEHHHIX
nvd@epeHlUMaNbHEIX YpaBHeHUN

V) = 5 «St:c) (‘Eléx) - B(x)> Ulz), (3.96)
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a QYEKUMA f(x) onpeleneHa U3 COOTHOLIEHUSA
L[4
Vé(x)

Torma samena mepemeHHBIX, XoTopas cBoauT {3.959) x craHaapTHOMY BU-
ay (3.89), sanumeTtcs xax

flz) (3.97)

r—y= f(it),
Hlz] — AW] = U 0 HIF 00 (), (3.98)
rie f~1 o6osnauaer GyHkuuo, oSpatEyl K f, U(y) = U(f~ ().

[lprmenur npeofpasopanue (3.98), npuxonum x onepartopy Llpenun-
repa

Ay =& +V(y), (3.99)
rjae
-1 1 2 1 / é—l
V<y>={U @)~ 5E@ - 1B @+ £B@ 0@ U=
f” 35/2
+Z"1@} . (3.100)
=f-1(w)

Hanee, {W(z)}y_s-1(y) 03HAYaET, 4TO HYKHO NOACTaBUTb f~'(y) BMe-
cTO z B Bhpaxeruu W(x).

Kpome Toro, ecan 06035a41Th depes f1(z), . .., fom(x) Gasucubie sie-
MeHTH WHBAPUAHTHEOIO npocTpaHcTea (3.91), To HEBapHaHTHOE [IPOCTpaH-
cTBO omepatopa H|y] mpumer Bin

A

T = (U AU @), U 0 fn(F @) (B101)

CornacHo cxasaHHomy Bhillze, Oyaem uckaTh Takue KTP momeny, mas
KOTOPBIX MOXHO fIBHO 3allHCaTh Qopmyny NpeobpaszoBanuit {3.98). Do
03HayaeT, 4To peleHHe cucTeMbl (3.96) HYXKHO NIOCTPOUTL B ABHOM BHJE.
Jas JOCTHIXKeHHs 3TOrO BhifepeM Cpeln BLILIEYTIOMAHYTOTO MHOXKECTBA
JBaAUaTH ONHOH JHHEHHO HEe3aBHCUMBIX QOPM ABEHAALATb TaKUX:

Ap = 82, A= x@ﬁ, Ay = Izaz + (’ITL — 1)0’3,

By =08, By =20, + %, By =220, — (m— L)z + 032 + 071,
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m . m
C1 =010, + 503, Co = io00, + 503, Cs = 030,,

Dy = 2*°8% — 20120, + (3m — m? — 3)x +
+ (2m = 3)aog + (dm — 4)oy,
Dy = 2*°82 — 2i0928, + (3m — m? — 3)z +
+ (2m = 3)aog + (dm — 4)oy,
D3 = 20328, + (1 — 2m)os. (3.102)
Hx nvHefinble XOMOUHALIMY UMEIOT TaKYl0 CTPYKTYpY, 4To cucTeMa (3.96)
MOXeT OhITh [IPOMHTErPHpPOBaHA B 3aMKHyTOM Buje. O[HAKO 3/€Ch Ml
CUCTEMAaTHU4eCKY H3YYUM JUIIb [IepBble [eBATh KBaAPATUYHEIX QOPM M3
3TOTO CrHcKa, uckawouus [y, Do, D3 n3 nanbHeiIero paccMoTpesus.

Takum oépasoM, jajee paccMaTpHuBaeTcH cneny}oumﬁ BY A TaMUJAbTO-
HHaHa:

2 3
Z oA, + 8,8, + Z%Ci = (2? + a1z + )82 +
u=0

=1
+ (Box® + P17 + Bo + M01 + iv202 + ¥303)0; + Beosz —  (3.103)

—Bo(m— L)z + fao1 + {GQ(m— 1)+ % + - v +72)| o5

5

3pmech ap, oy, (v — MPOU3BOJbHLIE BellleCTBeHHBle KOHCTAHTH, a So, - . .,
Y3 — IPOU3BOJbHbIE KOMIIJIEKCHEE KOHCTAHTHL.
Brens caenywomye 0603HaueHus

N=7 =112, ¥3=17
§ =200(m— 1)+ 1+ m{n + 1),
&(x) = agz? + oz + ag, n(z) = Boz? + Prx + fo, (3.104)

MONYYUM CleAyIOUIU B o6lero pelteHus cucTeMmul (3.96):

- - [ 4]

X exp {— E'Nyz-oi / @dx} A (3.105)

rae A — mpousBobHAA NOCTOAHHAA ofpaTumas Matprua 2 X 2. Hasee,
npeofpasosanve {3.98), rne matpuua U(z) umeer Bun (3.105), cropur
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KTP onepatop (3.103) k oneparopy Lpenunrepa (3.99), roe

Viy) = {éf\_l{—n2 +2¢'n — 280’ — 4f2(m — )2k - 5 +

+2(& — n)Yyio: + 4BQ§U_1(x)01 Ulz) + (4822 + 25)¢ x

as  3(2097 + a1)? }

x U™ x)osU(x) A + 5 T6¢

(3.106)

e=f=1(y)

3nech &, n — QYHKUHMH OT z, onpenenesnble B (3.104), f~1(y) — dyuxuus
ofpatHas K f(z) (3.97).

Yenosue spmuToBocTH ornepatopa Llpenuurepa (3.99) skeuBanentHo
TpeGOBAHKI0 3DMHUTOBOCTY MaTpuubl V(y). Jlas omucaHusi 3pMHTOBHIX
MaTpHL Cpely MHOTONapaMeTpuueckoro cemedcraa matpuu (3.106) Boc-
ro/Ib3yeMCH CAeAyIoleR JeMMOol.

Jdevma 3.1. Mampuysl zo,, w(o, £iop), a # b, ede {z,w} C C,
2 & R, w #0, Heav3a npusecmu K 3PMUMOBLIM € NOMOUBIO NPeobpa30-
8anus

A— A = A"1AA, (3.107)

ede A — obpamumas NOCMOAHHAA 2 X 2-MamMpPuya.

JokasateapCTBO. JleMMy NOCTATOYHO AOKa3aTbh AJAS caydas a = 1,
b =2, TMOCKOJBKY BCE JApYTHe cJAydad 3KBUBaseHTHbL. [lpenmonoxim
ofpaTHoe: OOTYCTHM, 4TO CYIIecTByeT NpeofpaszoBanue (3.107), koTopoe
CBOAMT MaTpHLY zoy K spMuToBof Marpuue A’. TNockoabky tr(zoq) =
=1tr A’ =0, matprua A’ UMeeT BUA o;0; C HEKOTOPHIMU BellleCTBEHHBIMY
KOHCTaHTaMK oy;. llanee, u3 paseHcTsa det(zo1) = det A’ monyuaem z° =
= o?. TlocJie iHee COOTHOLIEHHE TIPOTHBOPEUHUT ToMy, uTo 2 & R. Crenosa-
TeJIbHO, MAaTPHLIA Z0'] HE MOXET ObITh IIPUBEI€Ha K S5PMUTOBOH C MOMOLIBI0
npeofpasoranus {3.107).

PaccmoTpum Temeph Matpuly w(oy + o). O6wWult BUA MaTpulel A
TaKoH:

a b
-(3)
Torma npeo6pasosannre {3.107) rMeeT crenywonil BUA:

_ ) 2w d d?
A = A" w(oy +io)A = =~ ( RCR

3 ), 5 =detA.
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Cﬂe}lOBaTeJIbHO, YCJAOBUA 3PMUTOBOCTH MaTPHULIBI A 3aTIMIIYTCA Kak

rle BepXHsig uepTa 0603Ha4YaeT KOMILIEKCHOe COIlpskKeHNe.

K3 BTOporo cooTHoWeHN S CaenyeT, 4TO ¢, d MOTYT 06pallaThCs B HY/Ib
TOJIbKO ONHOBPEMEHHO, UTO HEBO3MOMXHO, TIOCKOIBKY MaTpula A ofpatu-
ma. CyefloBaTe/IbHO, CIIpaBeaInBo paBeHcTRO ¢d # 0. OTcioga monyuaem

-4 _

- o [o[2+|d2 =0.

)l o

D70 IpOTUBOpeUre N0KA3ZLIBAET, YTO MATPULY w(o1 + 402) HeAb3sl [IpUBe-
CTY K 5PMHUTOBOMY BUAY.

[TockonbKy MaTpHua o1 + 402 CBOAUTCA K 01 — 402 C MOMOLIbI0 HEKO-
Toporo npeo6pasopanua (3.107), To semMma pokasaHa. [ |

Jdewma 3.2. [lycmo @ = (ay,a0,a3), b = (b1, ba, bs), = (c1, ca,03)
— KOMAAEKCHblE BEKMOpPbl, & — BEKMOP, UbUMU KOMHOHEHMAMU £8-
astomes mampuyst flayau (01,09, 03). Toeda cnpasedauso caedyouiee
ymeeprcdenue.

1°) Henynesana mampuya a5 ceodumca K apmumogomy 8udy ¢ no-
mowypro npeobpasosanun (3.107) moeda u moasvko mozda, xozda
@2 > 0 (smo Hepasencmeo o3navaem, 8 wacmuocmu, umo a2 € R);

2°) Henynesole mampuyst @, b3 ¢ b # Aa, A € R, caodamca odHospe-
MEHHO K 3pMUMO8eiM ¢ nomoupro npeobpasosanus {3.107) moeda
U moAbKko moada, Kozda

d?>0, 52>0, (@xb)?>0;

3°) Mampuyei 33, b3, c3 c @ # 0, b # Aa, & # pb, {\ 1} C R, csodamcs
OOHOBPEMEHHO K 3PMUMOSbIM ¢ fomouibro npeobpasosarus (3.107)
moeda u moavko moeda, Koeda

G2>0, b2>0, (@xh)*>0, {a be (@xbe} cR

-
—

3decy mbl 0603HAUAEM CKAAAPHOE Npou3sederie 8eKmopos a, b Kak ab,
a ux 8eKmoproe npoussederue — Kax a x b.
JokasateabcTBo. CHauasa JOKaxeM CIIpPaBeJIMBOCTb yTBepMAeHWA 1.

[TpennonoxkuM, UTO HEHYIEBYX MAaTPHLY 40 MOXHO IIPUBECTH K 3PMUTO-
Boit. JlokaxeM, uTo OTCIOfa CJIeflyeT HepaBeHCTBo a2 > 0.
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PaccMoTpuM MaTpUIIbL:

VT TH b,
Aiglayb) = { LHem—— ok, a#0, (3.108)
1, a=0,

rue (i,7,k) = cycle(1,2,3). Jlokaxem, uTo OHM 06PaTHMBI NP YCJIOBHH
a? + aJQ. # 0. (3.109)

[Tpu yenosuu (3.109) BHIOIHANTCA CleYIOLINE COOTHOIIEHHA:

Ok, =k,

bo; + ao;
oy — Ai_jl(a, by o1 Ayla,b) =< a2+ b2’

—ao; + boy

VaZ+ b2’

[TockobKy & — HEHY/NEBOH BeKTOp, TO CYylLIeCcTBYeT, 110 KpaiiHe Mepe,
olHa Tapa MHJIEKCOB 4, § Takad, 4To a2 + a? # 0. [lpumenss npeo6paso-
Banue (3.110) ¢ a = a4, b = a;, noayqaem

36 —d'd = /a7 +a%o; + akok (3.111)

{cymMMupoBaHUs [0 UHOEKCAM %, 7, & HeT). [IpsAmas npoBepka MoxasbiBaer,
YTO BeNVYHHA @ ° MHBApUAHTHA OTHOCHTeJLHO npeofpasosanus (3.110),
Te. 3% =a".

Ecnu 22 =0, To a? +a}2 = 0 nau af = xia},. CnenosarenbHo, B CUIY
aeMmul 3.1, nonyyaem, uyto Matpuua (3.111) He MoXeT 6LITh NpUBeleHa K
spMuToBOMY BUAy. CllefloBaTesIbHO, @2 # 0 ¥ COOTHOLIEHHe a;? +a2 #0

crpasegauso. [lpumenus npeofpasosanue (3.110), roe a = ,/a? +a§,
b = ag, Nonyyaem

:1:’

(3.110)

@'d — Va2 o. (3.112)

M3 nemmu 3.1 crenyer, uTo ecau Yucao v/@2 KOMILIEKCHOE, TO TaKyIo
MAaTpPHLY HeJb3s IPUBECTH K 5pMUTOBOMY BUAY. C/e10BaTeJbHO, COOTHO-
menue &2 > 0 crpaBeasIHBO.

JIOCTATOUHOCTb YTBEPXKAEHUA CJefyeT W3 TOTO, 4TO IPH YCIOBHH
@? >0, matpuua (3.112) spmurosa.
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JloxaxeM Tereph HeoSXOAMMOCTb yTBepaeHus 2 Jnemmbl. [lpexne

BCEro 3aMeTM, uUTO, B CHAy yTaepxaeHus 1, @2 > 0, b2 > 0. [lanee,
He yMeHbllas OBIIHOCTH, MOXKHO CHOBA IPEATIONOXKUTD, 4TO a? + a2 # 0.
BosbMeM cymeprosuimio ABYX NpeoSpasoBazuil suaa (3.110) ¢ a = ay,

b=aj1/1a=4/a12+a§,b=ak:

/=2
Aijlas, aj)Ag(1/af + a3 ax) = L + T A (3.113)

Ma?-l—a?
/2 2 ) /2 2_ .
ai+aj—a3 ai+aj aJ\/ﬁ—ak
a; [£%3

/2 2
ai-l-aj

(3mecy cymlecTByeT KOHeuHBIH npenes, korna a; — 0). Hcnonbsys sty
dopmyay 1 npuxuMas Bo BHUMazue (3.110), monyuum

ag — VaQUk,
_ biaj - bjai . akc_z’b - bkC_L,‘2 ab

= o; o5 + Ok.
- =2
a? + aJQ- vaz,/a? + a? Va?

[Tokaxen, YTO HEOOXOOUMBIM YCJ/OBUEM OIHOBDEMEHHOH MPHBOAKMMO-
CTY MaTpUL Va 20y, b’'F K spMUTOBHIM ABAAeTca &b € R. HeficTBUTENbHO,
TTIOCKOJIbKY MATPULH b/F, o) ONHOBPEMEHHO IIPUBOAATCA XK 3PMUTOBBIM, TO

U MaTpully b’ + Aoy MOXKHO IIPUBECTU K 3DMUTOBOM I J11060TO Belie-
cteeHHoro A. OTclona 3ak/aiouaeM, yYUTBIBas yTBeDxAeHHe |, uTo

B2 482 4 (B >0, (3.115)

+ t€izk Ok — €45k ]

= =
bd — b’

(3.114)

rae A — [IPOM3BOJIbHOE BellleCTBEHHOE UNCII0. DTO HePABEHCTBO CIIDABEA-
’ ab
c =2 .
JAKBO, TOJBKO ecau b 7= eR
Buibpas & (3.115) A = —bj, npuxomum X HepaseHCTBY bi* + 63-2 > 0.
Mockonbry b + b7 = (@ x b)2, 10 oTcI0ON2 MOAYuaeM, uTo (@ x b)% > 0.
Heo6xonumocTh n0Ka3axa.

JInA noKasaTenbCTBA AOCTATOYHOCTH YTBEPKAEHUA 2 pACCMOTPUM IIpe-
o6pasosanue (3.110) ¢

biaj et bjai akC_I:b et bkar"

, ==
«/af%—a?— \/EL'QQ/a?%—aJQ-

(3.116)

a =
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Marpuusl V@20 WHBaPHAHTHE OTHOCHUTE/IBLHO TOrO Npec6pasoBaHus, a
MaTpHuLa b’ (3.114) cromuTCA K caenymoiiei:

Ve —b5"5 = @xbp . ab 3.117
g bld= = aj—{—\/a_zak, (3.117)

OTKYIa ¥ C/leflyeT NOCTATOUHOCTb YTBEPXAeHUA 2.

JloxasaTenbCTBO YTBepXKIAeHUA 3 JeMMbl aHATOTHYHO NOKA3aTeabCTBY
yreepxaeHus 2. [lepsrie Tpu ycnosus ciaenyioT u3 yteepxaerus 2. [pu-
MeHHB TI0CJeJ0BaTeNbHO npeoSpasopanus (3.110) ¢ napameTpamu a, b BU-
na (3.116) k matpuue &, noayuum, yantheas (3.113),

¢ —c"d = euka(cxb) (axb)(axc) or. (3.118)

EXE)Q «/c”xb \/_ ‘/T

Hcnonbsysa cTarnapTHble TOXAeCTBA /IS CMELIAHHBIX BEKTOPHBIX [IPOK3-
BEeJICHUH, ToslyyaeM, uyTo KO3(QHUUEHTh IIpY MaTpHLAX oj, Oj, Ok HeH-
CTBUTEJbEBl TOTNA U TOJABKO TOTIA, KOrja CIpaBel/IVMBH C/elyHLIHe Co-
OTHOLIeHHA:

(a2, 5, (@xB)d) CR.

DTo 3aBeplliaeT AOKA3ATENbCTBO JeMMH 3.2. [ |

Jlemma 3.2 urpaeT KJQUEBYH) poJb, KOTAA MBI CBOAMM IMOTeHIIHa-
abr (3.106) k spmuToBOoMy BHAy. O61IUH MOAX0A 3aKJAKWYAETCA B CJeAYI0-
mem. Crauana mul ¢BoauM KTP onepatop k onepatopy Llpenuzrepa

82 + f(y)dF + g(y)b3 + h(y)EF + 7 (y).

3zech f, g, h, ¥ — HEKOTOpHE JUHEHHO He3aBUCHMble BellleCTBEHHbIE
GVHKUVH, 2 & = (a1,a2, a3), b= (b1, ba, b3), &= (3, co, c3) — KOMILIEKC-
Hble TIOCTOSIHHBIE BEKTODH!, KOMIIOHEHTH KOTODHIX 3aBUCAT OT IlapaMeTpOB

, B, 7. Hlanee, ucronp3ys nemmy 3.2, HAXOAMM YC/IOBUS Ka NapaMeTphl
a, B, ~, TIPH KOTOPHIX MOXHO OJHOBPEMEHHO CBECTH MaTpPULILL &7, b3, &G K
SPMHUTOBOMY BUAY. 3aTeM, UCoab3ys gopMmyian (3.108), (3.113), (3.116),
HaxoauM Bua MaTpulbl A. Qopmyns (3.112), (3.117), (3.118) naroT ABHBIX
BUJ Npeo6pasoBaHHHX MATpHLL &G, b&, &3 1, Clief0BaTe bHO, SPMUTOBHIA
BUJ MaTpy4HOro ToTeHlMana V (y).
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3.5.4. KTP marpuuHble MOEJIH

[TpuneHsn aaropuT™, ONKCAHHBIA B KOHLE NPeOblAYIIEro NYHKTA, o-
crponM wrpoxde cemeiictsa KTP maTpuunbix Mozeneit (3.103), xotopoie
MOHO CBECTH K 3DMUTOBBLIM MaTpruHbiM onepaTopam Llpenuurepa. Huxe
[prBeeHbl OKOHUATebHble PE3YJAbTATH, 4 UMEHHO, BHIMCAHB! OrpaHuye-
HuA Ha Bbfop mapameTpos ¥ sBHbE Bug KTP spmuTtoBhix omepatopos
[penwuurepa. [locae 3Toro nogpo6HO NOKA3aHO, KAK BHIBECTH COOTBET-
CTBYIOIIVE GOPMYJbl AJA OJHOTO U3 IIECTH HESKBUBAJEHTHHX C/ydyaes.
B umkenprseneHHBX dopmynax depes [A] V [B] 6ymem ofosHauaTth AU-
3BIOHKLUVI ABYX yTBepKaexnit A u B.

Cayuait 1. 41 =% =% =0u
[Bo, B1, B2 €R|V B2 =0, B1 =200, Bo=0a1+ip, peR]
2 1
_ a2

Hly] = o + {4((1212 + a1z + ap) %

{ - B3a* — 28182 + 4a2fe(m — D] +

[2&2,@1 — 20132 — ,@1 — 28082 — 4(11,@2(777, - 1)] z? +

+ [do2fBo — 28081 — dmonfe) x + 20180 — 20081 — Bf +
482 (0x? + oz + ap)ay +

+ (4B2z + 28)(00x® + 017 + 0p)os} +

N ay 320007 + 01)? }

b

2 16{apz? 4+ a1z + ap) i1 (a)

A=1.
Cayua#t 2. 35,6 =0mu

20061 — 55 € R, 20000 — ,60,@1 € R,
20180 — 28100 — 85 — 77 € R,
(202 — B1)?32 > 0] v [202 — B =0],
({01 — Bo)?32 > 0] V[ — fo =0];
T A2 1 _ 2
Hlyl =9, + {4(a2x2 + a1 + ap) {ﬂ1(2a2 o+

+ 280(2a2 — Br)x + 20180 — 2100 — B2 — A2 +




3.5. Anre6pet Jlu O(2,2) 1 KBa3K-TOUHO pellaeMble OMepaTepHl 353

+ [2(202 — B1)z 4 2(01 — fo)] \/%03} +

+ 2 16{aoz? + o1z + ap)

b

z=f~1(y)
A = Aa(n, F2)A2s (/5 +35,73), AT +73 #0.
(ECJ]H fyl + 42 = 0, To MOXHO BHOpaTh Apyryio Matpuuy A (27), xorza

¥ +A; #0)
Cnyuait 3. a2 #0, 82 #£0u

{{52,71} CR, 73 =0, v2 = /v — 20071, 0271 <O,

o o
B1 = 209 +ﬂ2—1, Bo =0 +52—0} ;
a9 o

oy 3(2a0x + o1)? }

3200z + 0 )2
2 az 2 1
Hiy) = %+ { 2 16(c9z? + 012 + ag)
1 3
4{opz?+o1z+00) X{ ﬂﬂ - Pﬂ +4a2ﬂ2m} T

|ﬂ2 (02 4 20p02) + 2a162(1 + 2m)

I J—
asz
2 ajag + o o
— ( 12l 22 o) +401052m} z+of - 5
g 5]

ooy
0% dopary — 2001 + 4B2x(00x? + a1z + ) X

- 452

X {sm (9(3/)%) o1 + cos (H(y)x/ —200m > 03] +

sin ((y)/=20271 ) y
V=200

X ((5\/ —2097101 — 2824/ 7% — 2012"7103) +

+ cos (9(3/)%) X

+ 2(a2z2 + oz 4 o)
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y (Qﬂzx/’ﬁ - 2az’h(71 +503)] }}

b

v —200m1

A=1+ <\/1— 22—\/_2"2%3.
71 24!
Cryua#t 4. o #0, B = 0.
Moacayuahn 4.1, § # 0, v1,y2 He 086pallaTcs OJHOBDEMEHHO B HYJb

z=f=1(y)

'7%_'722 <0) Vs =iy, {#)5} CR) i(al_ﬂO) ER, /@1 =20’2;
3(2027 + a1 )?
N {% 200z + o)

2 16(agz? 4 o1z + ap)

1

+ E{—ﬂg + 20180 — 20061 — ¥ +

sin (8(y)/—~2
i
—icWM/H‘j? +9(i —13)os cos (G(y)«/—%z>

52

+ 2(az? + oy + o)

+ +

WN’? Vi 5’12

X (i\/’@ —~vioa+ "/303>} }

A = Aoy (i1, 72)-
Moncayuai 4.2. § #0, vy =y =0, v3 #0 1
{6, B1(2a2 — B1), Po(202 — B1), —f5 + 2018 — 2e0f1,
v3(2a2 — B1), va(en — Bo)} C R;

5y {% 3(2c0% + o )?

25 26 201 — 280 )52 + 28
n l (1273x2+ ?;W’xﬁ— (201 ﬂo)% + (10731 N

b

z=f~1(y)

2 16(agz? 4 o1z + ap)

1
+ 4{aox? + oz + ap) {4

(20 — B1)a? 4 260 (200 — Br)x —
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— B¢ + 20180 — 28100 — 73 + [26002® + 22((2002 —

bl

— B1)vs + 801) + 2(a1 — Bo)ys + 260003} }

z=f~1(y)
A=1.
Cnyqaﬂ 5. 0=0, (3 7é Oun
2 2 2 ’3/2
al#oa Y172 <03 Vi <0) Y3 = 2(;1a

{/g()) 1613 1623 Y2, 6(’73 - ’Y%) + 2162’71’73} c R)
{i(20082vs — B177 + 2820171 + b1 vs),

i((o1 — Bo)¥i + 2820071 + Sooys)} C R;

N 3a? 1
H[y]=3§+{—16( 1 + {—ﬁ%x“—

oz +ap)  4dlonz +ap)
- 26155 + [(2 — Am)a1 B2 — Bf — 2B0B2) =° —
— [26061 + 4mapBa] @ + 201 80 — 200001 — B2 — 72 +

ﬁz\/ﬂﬁsm (9(1/)\/_—:73) n

N

Ba/ (0F — ¥ ( - )
+ N—ZO' COoSs 0 bt ,L2
7 3 W)/ =7

2 _ .2 52
X [(5(72 71)+2ﬁ271730 _ 2Bye; )x

+ dz(onx + o)

+ 2(c1z 4+ ao) %

1 — o3
VB - N5
o (9(y)\/—_&22> 2022
3 * o1+
5 —8) — 26y "
+ (v (7%2)_ ’}/%):/221 303 cos H(y)\/_i%?

n lx4aoﬁws — 26192 -;24011@71 + 280173 -
E)

X

+
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+ (201 — 26072 + dapfBay1 + 260073 y
A2
b

X (—’M/—"??O’Q)} }
e=F=1(y)
A = Ag1 (i1, v2)A2s (—i’YS\/"Y% —v3, i —"Y§> .

Cayua#t 6. a2 =0, 82 =0.
Moncayua 6.1. § # 0, 41, 2 He 06pallalOTCA B HY/Ab ONHOBPEMEHHO

’?12 < 0’ {62(7% - 722> < 0) /80: /81} C Rs
{i(=BE + barys), il(en — Bo)i? +8oovs)} CR;

2
ﬁ{y]=6§+{_16( RIS >{—ﬁ%x2—

a1z +oap)  4dlenz +ap

— 2BoBrx + 20180 — 200061 — B — FE +

6\/ﬂalsin<9\(j/)_—’ﬁ—~?> .

+ 2(a1z + @)

o(vi —3) ( -
———"2 g3 cos | O(y)r/—F2 ) |+
(v — )72
—28172 + 96 a1 — 20852 é
N |x 57; j; s (201 502’;, +2 00"73} v
i Vi
X <_i\/_"?i202>} } 3
z=f"1(y)

A = Ao1 (41, v2)A2s (-i%\/"@ — v - ’Y%) .

Moncayuai 6.2.

Y1 =72 = 0) Y3 7é Oa {/8%) /80/81} C R)
{=B1vs + ba, (a1 — Bo)ys + a0, —B5 + 20180 — 2a0P1} C R;
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303 1

2,2
B2~
a1x+a0) 4(a1x+a0){ ﬂlx /80/81I+

Al - 32+ {_16(
+ 20180 — 20001 — B3 — 73 + 2(01z + o) X

3

x [2z81(0n —v3) + 2(e1 — Bo)vs + 26100)03} }

-t
AL z=7"1(y)
B npuBeneHHBIX Bhlllle QopMynax QYHKINA, 00paTHaA K
dx
= flz) = , 3.119
v=f(z) /Wuamao (3.119)

o6osmauaercs Kak f 1 (y), dyuKuza § = O(y) onpenenseTcs Kak

dx
) = - {/a2x2 +a1x+ao}

a 42 osxauaer Y7 + 72 + 43
[Mosnas mpoueaypa MosydeHNs BHIUIENPHBeIEHHBIX (OPMYJ A0BOJILHO
rpomoska. [lostomy 3nech Mbl He 6yneM NPUBOAUTL BHUYUCJEHHSA, & T0-
KaxeM OCHOBHBIE 3Tallbl BbHIBOJAA COOTBETCTBYWIIMX GOPMYA A Clydas,
Koraa oo # 0, B2 # 0. Hetpyaso moxasats, uto 72 # 0. JeHcTBHTeNb-
HO, TIPEATIONONKM, YTO BHIIONHAETCA cooTHolleHue 77 = 0. PaccMoTpuM
soipaxene () = U~ l(z)o3U (z) B dopmyse (3.106). Hcronbsys dopmyny
Kamn6enna-Xaycaopda, noayuaem
2
Q2 =03 + 0(iv102 +7201) — %’73’%02',

, (3.120)
z=f~1(y)

rae 8 — ¢yukuma (3.120). Paccmatpusas kosdduumenT npu 62, moay-
uaeM, 410 v3 = 0 {MHaYe, BOCIIOAb3OBABIINCH JeMMON 3.2, MOAYYUAY Gkl
HepaBeHCTBO Y3¥2 # 0, uTO IPOTHBOPEUUT MpeArionoxeHuio ¥2 = 0).
[Mockoabky MaTpUuHBHE KosQ@HLMEHT Npu & A0aXKeH SBTb 3PMUTOBLIM,
roayuaeM COOTHOLIeHHe 72 = v —v2 < 0. DT0 IPoTUBOpeUre A0Ka3LBaeT
CIIpaBeUINBOCTh YTBepKaeHns 72 # 0. Terepb, ¢ YUETOM 3TOTO HepaBeH-
CTBa, MOXKHO IIpeICTABUTb MaTpuuHbill notexunan (3.108) B Gopme

oo 3(2a0x + 01)? 1
Vi) =22 _
W) { 2 16{0ex? + a1z + ap) T 4(ogx? +a1x+ao)x

x A_l{_/)’% 4 — (26182 + 402f2(m — 1)]a® +
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+ [20081 — 20182 — BT — 2602 — donfa(m — 1)] 2% +
+ [4aafo — 26061 — 4maoBa] x + 20180 — 20051 — BE—

— 52 + dx(agx® + a1z + o) [ﬂz’}’s(’ﬁ)_l’%(’i +

+ Bo(va01 + iv102) (57) /% sh (9 ’73) +

+ [B2(—y17301 — veyaoe + (’Y% - 73)03)]><

< Gyteh (6,3 )

+ 2(agz? + 017 + ag) ¥

x [(57201 +4(0v1 — 2B2y3)02 — 2B2¥203) X

< GAY2sh (04/ ) + (2820 ) - Sl -
— i(2Bav172 + $Y2vs)o2 + (6(vf —3) — 2B271v3)0s] X
< G eh (043 )

+ 260973)2* + ((dag — 2B1)5 + darfayr + 200173)x +

201 — 2080)72 + daofey1 + 28003
=3
Yi

+[(—2B8257 + doofan +

L

x (?3)_1%@}1\ }

rae 8 = 8(y) onpegensetcs us (3.120).
INpepnonoxum Teneps, YTO 1, 2 Ee o6pallaloTcsi OQHOBPEMEHHO B
uynb. Jlokaxem, 4To B 3ToM ciyuae ~2 € R. Paccmortpum (He pas-

] %

, (3.121)

r=F-1(y)

HE HYM10) MAaTpUUHBIH KoaddrureHT 1py 4z€ ch (9«/&3) B BRIPAXKEHUU
(3.121), u mycTb KOMIUIEKCHOe uHcno /77 = a + tb. Hecnoxuo noxa-

3aTb, 4To ch (9«/&?) = f(z) + ig(x), rne f, g — AvHeHHO He3aBUCH-
Mble BellleCTBeHHble PyHKUKU. PaccMaTprBas MaTpruyHbe KO3QdUUIHEHTH
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npu f(x), g(z), BUAKM, 4TO AJIs TIPUBOAUMOCTH MaTpuudl (3.121) x apmu-
TOBOMY BUAY HYXKHO K TAKOMY BUAY TIpUBeCTH MaTpuubl A u 14, a 3To
HeBo3MOXHo. [IpoTuBopeure nokashBaeT, uTo 72 € R.

PaccMoTpuM ciiefyioline MaTpU4Hbe KO3QQUIMEHTH Ipy

4x§%, dat ch (0W>

B (3.121). D11 k03P PUUMEHTH MOXKHO IIPEACTABUTh B BHJE

——

ac, ba, roe

d=Paly2,i71,0), b= Ba(—v173, —v2v3, % — 72),
u, GoJjee Toro,

@x b= p3(v —3) (i, —v2,973)-
C noMo1bio JeMMBl 3.2 JIeTKO MOJNYYUTb, YTO

IBiGR; Y3 = i, #GR: "Y%_"}/22<0'

u o (9/77)
U, nakoHel, paccMOTpUM MATPUYHBIH KO3QPUUMEHT py 2§ ———=—~, KO-
Vi

TOPHIt UMeeT BUA CG, Tae ¢ = (dv2,4(dv1 — 2B27vs), —2B2v2). s yTReD-
XaeHus 3 seMMbl 3.2 caelyioT YCJI0BHSA

{71; 72} C R: h’l = 0} v [’73 = 0}

PaccmaTpuBas aEaJoTHUHBIM 06pa30M MATPUYHLIE Ko3ddULIHeHT NpH
2¢&ch (9« /’y?) oJyyaeM CJeyiolire orpaHMYeHHA Ha Ko3QQULIHEeHTH &,

B, 7

[{ﬁzm} CR, v3=0,v2 = 1/7% — 20971, aam <0,

[0 [6%
Br =200 + oL, fo =01+ o= |.
Qo (03]

PesynabTat BHIUMCIeHU — QopMyna aas caydas 2.

AHAJIOTHYHO MOXHO JOKA3aTh, UTO IIPYU VCJIOBHH v1 = 2 = 0, v3 # 0,
mMatpuny (3.121) Hesnb3st cBECTH K 3DMUTOBOMY BUAY.

Jlaneueiimee cyxexrve BhGopa KTP mMaTpuuHbIX raMUJIbTOHHAHOB CO-
CTOUT B TOM, 4TO Ga3UCHBE 3JeMeHTH COOTBETCTBYIOUIETO HHBAPUAHTHO-
T0 MPOCTPAHCTBA OyAYT KBAAPATHYHO-UHTETPHPYeMbIMU (QYHKUUAMU Ha
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unrtepsane (—oo,00). Hanpumep, ecan nonoxute B cayuae | o =1,
Ba=-1, Bo=1/2, a ocTanbHHe XK03()PUIMEHTH IPHPABHATL HYJIO,
To mpufeM K Mogean | us cnucka KTP ramunbTonnasor, npuBefieH-
HuX B nyEKTe 3.5.1. OcTanbHble MOJeNH M3 CIIKCKA MOMHO IOJYUHTDb
aHAIOTHUHO.

[Toaenem HexoToprie urtord. OcHoBHAs lLiesb maparpada cocTosdna B
TOM, YTOGHl JaThb CHCTEMATHUeCKYH anrefpanuecKyl) TPaKTOBKY 3DMU-
toBbX KTP ramMuibToHMaHOB B paMKaX KOHCTPYKTUBHOTO NOAXOAA K TIO-
ctpoernio KTP MaTpuunbix Mosiesel, peaoxeHHubX B cTathax [191,192].
B ue/om Ipolefiypa OCHOBLIBAETCS HA CIIELIMAJMbHOM IIPeACTABJIEHUH aJl-
re6pol o(2,2), xoTopoe 3anaetca gopmyaamu (3.90), (3.92), (3.93). Ilo-
CPeACTBOM TOrO, UTO IIPOCTPAHCTRO IIpeACTaBAeHus aaredphl (3.93) uMeeT
KOHEUHOMEDHOE HHBapHaHTHOE NOAnpocTpaHcTBo (3.91), Omiu cucteMma-
THYECKY TIOCTPOEHDI [IECTh MHOTONIApaMeTPHUeCKUX CeMeHCTB SPMUTOBHIX
KTP ramuabToHuaHOB B ofHoMepHoM cayuae. [lo mpuurHaM BhIUMCIU-
TeJIbHOTO XapaKTepa He GRLIO IIpelCTABJEHO CHCTEMATHUeCKOTO OlUCaHHUA
spMuToBEX KTP raMusbToHMaHOB ¢ MOTeHLMANAMY, 3ABUCALIMMU OT 3J1-
JUTITAYEeCKUX PYHKUNHA.

3anaua moctpoenust Bcex spmMuToBhiXx KTP ramunbToHuaHoB BHAA
(3.103), uMerIMX KBaJIpATHYHO-UHTETPUPYeMble COOCTBeHHBE QYHKLUY,
TaKKe BHXOIUT 34 PAMKM HacTosllero naparpaga. Mu orpanuunau aHa-
U3 3TO¥ mpoG/eMbl HeCKOJIbKUMU MpUMepaMU TaKHX TaMIIbTOHUAHOB,
OTJ0XKUB ee /I AaJbHeHIIero UCCaeJOBaHUA.

OueHb UHTePECHO CPABHUTE De3Y/IbTATH HACTOALLETO Naparpada, 0CHo-
BaHHBIX Ha CTPYKType MPOCTPAaHCTBA IIPeACTABJIEHUA JJA ONepaTopOB
(3.90), (3.92), (3.93), o6pasywmux aaredpy o(2,2), ¢ pesyabTaTamu
paBoTel [112], rue BosHMKAWT HeKue cyrepanreGpbl MaTpHUHO-AUdPepeH-
L1a/dbHBIX ONepaTopOB. TaKyK B3aUMOCBA3b MOXHO OOBACHUTL TeM, 4YTO
NIaHHOE TIpefcTaBieHve anredprl Jlu o2, 2) UMeeT CTPYKTYpY Cylepaire-
6pbl. [locennee crpaBeniuBo B CUay Toro, 4To omnepaTophl (3.93) ymo-
BJIETBODAIOT cooTHoeHusa (3.94).

Eme omHa comyTcTBylOIIas 3ajada 3aKIKUaeTcs B HCIIOIb30BAHHU
HafiIeHHDBIX Pe3yJIbTATOB VI WHTETPUPOBAHUS MHOTOMEPHOIO YPaBHEHUA
[laynu ¢ momourblo MeTona pasfeseHus NepeMeHHHX. [IpoMexyTouxolt
3ajiayedl B paMKax pacCMaTPUBAEMOTO MeTofa fBASAeTCS PeAyKUUs YypaB-
Henus [laynu x yeThipeM cucTeMaM OGBIKHOBEHHBIX NH(depeHIIaMIbHbIX
ypaBHeHU!l BTOPOI0 TOpSAKA C IIOMOIIBI0 aH3alleB (MOACTAaHOBOK), pas-
neaswuux nepeMeHHpe. C/leAywlIni War 3akA0yaeTcs B U3yYeHUU TO-
ro, GyAyT J4 COOTBETCTBYIOIIME MAaTpuuHO-IuddepeHIalbHble OIePATO-
PHl OTHOCHTBCA K ofHoMy M3 WecTu KaaccoB KTP ramunbpronuanos, mo-
CTPOEHHKIX B IYHKTe 3.5.4.
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3.6. O HOBBIX KJIACCAX 3PMHUTOBBIX TOYHO PEMIAEMBIX
MaTpPHYHBIX OJHOMEpPHBIX onepaTopos Llpeaunrepa,
K KOTOPBIM MPHUBOAAT PEATH3ANMHU PA3PEIHUMBIX
aaredp Jlu

B HacTosimeM mnaparpadie Mbl OCTAHABJIMBAEMCs Ha HCIIOJIb30BAHUU
PacCMOTPEHHOTO B NpelbAylleM maparpade TNoaxofa AJs IIOCTPOeHUs
MHOTOIIapaMeTPUUeCKUX CeMeHCTB MOYHO peuiaembiy MaTpUuHBIX Moje-
aeit Ulpenunrepa, ucxonst W3 NpencTaBleHHWH paspelIMMBIX HeTHPEXMeD-
HBIX anre6p Jlu 8 kaacce onepatopos {3.87), roe A(z) — 2 x 2-matpuua.

OnHaxo 3fech OaHHBIH NOAXOA ABJAsETCS, B HEKOTOPOM CMbICHe, 0606-
IleHHeM TIpefbAyllero. Taxe Kak ¥ B C/lydae KBa3W-TOUHO pelllaeMbIX
MofeJs1eH, MBI BHOUpaeM NpecTaB/eHle HeKOTOPOH anre6phl, HaX0AWM HH-
BapUaHTHOE IIPOCTPAHCTBO [, a 3aTeM MOMOMHsAEM MHOXKEeCTBO OIepaTo-
POB 3TOTO NpeACTaBJeHHs TaKUMHU OllepaTopaMHu, KOTOopble AeHCTBYOT B
NpOCTPaHCTBe 7 MHBapHAHTHHIM o6pazoM. OTIMUMe COCTOWT B TOM, HTO
Terepb NOTONHUTENbHBIE OIepaTophl Be 0673aTesIbHO IIpUHALIeXaT KJac-
cy (3.87) u He 6ynyT o6pa3oBLIBaTb, BMeCTe C OllepaTopaMy IpelcTaBJe-
Husi, anre6py JIu.

Bynem HasbiBaThb raMmiabTonuan H[z] (1, BooGlue, omepatop BHAa
(3.125)) mouno pewaemoimu, ecaun

¢ OH MoXeT OBbITb IIpelCTaBdeH B BUJe KBaJpaTH4YHOH (opMbl ollepa-
TOpOB TepBoro nopsaaka suga {3.87), rne A(z) moxer 6HTb 2 X 2-
MaTpHLeH ;

¢ JaHHOe MHOXeCTBO OIepaTOPOB HMeeT KOHeYHOMepHble MHBapHaHT-
HHle IIPOCTPaHCTBA ¢ J000# 3a0aHHOH pasMepHOCTblo {B cCiyuae
KBa3U-TOYHO pelllaeMLIX raMUJbTOHUAHOB Pa3MePHOCTD A/ KOHKpeT-
HOT'O TIpelicTaB/eHH s anre6psl QUKCUPOBaHa).

[TonzocThio 3Ta cXeMa NoCTpoeEHs OyleT pealu3oBaEa Ha IIpUMepe
OJIHOTO TIpeACTaBJeHUs anreSpsl Agg(g = —1).

Kax uyacTHbe cnyuyau npueenem modeaw I, 2, 0y KOTOPBIX COOTBeET-
CTBYIIIVe UHBapUaHTHLIE NIPOCTPAECTBA ABJAITCA THAbGEPTOBBIMY.

Mogeas 1. (H(y) + EW(y) =0, rne
H(y) = 8% — | sin +l cosy ) o1 + | cos —Lysing)o +§
y y y 23/ yilol y 23/ y)os 4

STa MoJesb COOTBeTCTBYeT cayuaio | B nmyHkTe 3.6.2, r1e ap = fp = 83 =

= Y0 = 1, e = %, a OCTaJIbHbIE KOE)(p(i)HUJ/IeHTbI PaBHbI BYJO. HHBapH'
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aHTHOe TIPOCTpaHcTBO 7 3Toro omepartopa MMeeT pasMepHocTh 2k + 3 u
Mopoxa2eTcs BeKTOPaMH

h . 2 ; — 109 ~
fj=wy/4y’exp( 5 y>e1,

- PRy —’iUg o
gs=—wy/4ysexp< 5 y>62,

e j =0,...,k+1,s=0,...,k &1 = (1,0)T, & = (0, )7, o; (4
=1,2,3) — 2 x 2-marpuusl [laynu.

Mogeas 2.
f) _ a2 1 y . Y
H(y)—ay— 3 {cos (21n ED o1 + sin (21n ED 03} +
5 1 |
+@+§—Ey-

ATa Mogesb COOTBeTCTBYeT noacayuaw 2.1 B nyskTe 3.6.2, rae oy =
=08 =y =1, 6 = %, a 0CTasbHble KO3GGULMEHTH DPaBHB HYyJ0.
HusapranTtaoe npocTpadcTso Z MOPoXkAAETC BeKTOPAMH

Yle

21y b
e
3 25

3.6.1. OOwuii BUA IPMHTOBOrO TOUHO PelIAeMOrO oneparopa
Mpeaunrepa

5 27+1/2
fj = ie’y /8

y
2

exp (—iag In

25+1/2
y [Pt

- PRy
gs = —ie v /8

exp (—iag In

rore 7=0,...,k+1,8=0,...,k.

B paBote [2] 6blio Hafimeno npepcTamieHne aaredpu Jlu Ags (g =
= —1) ¢ onepartopamu

Qi=A, Qe=Be™®, Q=e*(0:+C), Qi=0;  (3.122)

01 ¢ 0
rneA=B=<OO>,C= 0 ¢
Onepartopsl @y, - .., Q4 (3.122) ya0BIETBOPANT KOMMYTALHOHHBIM CO-

OTHOLICHUAM (OCTaJIbeIe KOMMYTALHOHHbBIC COOTHOLICHUA PaBHBI Hy.H}O)I

[QQ, QS} = Ql: [QQ: Qéd = QQ: [Q3: Q4] = _QS-
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COOTBETCTBy}OHLee WHBAPHUAHTHOE [IDOCTPAHCTBO UMEET Takol BU
I= <6_cxé'1, 6_(c+1)I€1, ey 6_(c+k+1)xé'1>@
D (e= %8y, e~ (T8, .. e~ Rz (3.123)

rae k — IpPOM3BOJIBHOE HATYPANLHOE UHUCJIO.

[Tockonbxy B omepatopax (3.122) Bce MaTpUIL BepXHETPEYTOJbHELE,
TO V151 TIOCTPOEHU S SPMUTOBOTO TaMU/IbTOHNaHA H ecTecTReHHO 6LLI0 6B
JOTIONHUTh MHOXEeCTBO 0IlepaTopoB (3.122) HOBLIMU omepaTopaMu ¢ HHX-
HeTpeyroJbHBIME MaTpuLamMu. [IpiueM 3TH omepaTopE! OAKHBL OCTAB/ATh
npoctpaHcTro (3.123) uuBapuanTHeiM. HeTpynto y6enuThes, uTo B KJac-
ce onepaTopoB (3.87), rne A(x) moxeT GbITh 2 X 2-MaTpULEH, BCe Takue
OIEPATOPHl UMET BU!

Rl = So, RQ = S+e°:3$, Rg = S_+_(9I, R4 = Soezax,
Rs = S8, Rg=S5,e%8,, R;=S5_e"8,, (3.124)

roe Sp = 22, 5, = %, o; (1=1,2,3) — 2 x 2-marpuunl [laynu.

Hanmomuum, uto o6mas ¢opma TOUHO DelllaeMON MOJenH, B DaMKax
Hallero IoAXoAa, ¥MeeT BUA

H(z) = £(2)82 + B(z)d, + C(x), (3.125)

rae &(x) — HekoTopas jeficTBuTenbHas QyHxuus, B(x), C(z) — 2 x 2-
MaTpuunble yHkuuu. [Ipy sTom HyxHO paccMaTpUBaTh JUIIb Te Hesa-
BHUCHMHE GuarHedHble GopMbl onepatopos (3.122), (3.124), B KoTOpbIX
K03(dULMeHTaM Y TIPH [IPOX3BOAHOH BTOPOTO MopAnxa &2 ABIAKLTCA fAefl-
CTBUTeJIBHbIE CKAJIADHBIE QYHKIUU.

[Tycts U(x) — HeBbIpOXKAEHHAS MATPHUHAA (YHKIMA, KOTOpas yIOB/Ie-
TBOpSieT CHCTeMe OGBIKHOBEHHbIX Au¢depeHINAIbHEX ypaBHeHu# (3.96),
a Takxe ompefeanM QyHKuo f(x) cootrowenrem {3.97). Oxasniraercs,
4TO 3aMeHa nepeMeHHHEX (3.98) cBonut ramunbToHuaH (3.125) K cTannapT-
Homy Buay onepatopa llpenunrepa (3.99), rne V(y) umeer sua (3.100).

Jlerko ToKasaTb, YTO TpU ToMolu 3aMeHH U(z) = e~ % MOXHO U3-
6aBUTbCS OT MapaMeTpa ¢ B onepatopaX (3.122), a TakkKe B 6a3MCHHIX

snementax (3.123), KoTopbie oGosHauuM uepes by (x), ..., borys(x). Ma-
Jnee, peo6pasoBaHHoe UHBAPUAHTHOE IIPOCTPAHCTRBO SyleT UMeTb BUA:
T= 0 Wbz @), U )bakraz " (®))), (3.126)

rae Uly) = U(x)|p,—+ — MaTpuita us (3.96).
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[Tockonbxy Halled Leabl ABAAETCA [TOCTPOEHYE SPMUTOBLIX Mozeedt,
TO HYXHO, uTo0bl ypaBHeHue (3.96) pemanoch B siBHoM Buae. BrGepem
U3 BCeX JUHeHHO He3aBUCUMBIX KBaApaTUYHBIX (opm omepaTopos (3.122),
(3.124) Taxue, npr xoTopblx MaTpuua B(z) COOTBETCTBYIOLIErO raMKJb-
ToHraHa (3.120) umeer Bun

3
B(z) = o(z) + ) _ ioih(z) = o(x) + Goh(z), (3.127)

rie g(z), h(x) — KoMmIlIeKCHO3HauHble CKansipHble QYHKUMY, @ = (o1,
19, 3) — KOMILIEKCHO3HAYHbIE KOHCTAHTH, KOTOpHe 3aBUCAT OT Iapa-
MeTpoB o; (3.88), ¢ = (01,09,03) (IpoK3BeeH e ¢ Tlepell IIPOM3BOJb-
HEM [12paMeTPOM BbIGpPaHO A1 YAOGCTBA).

Bce BosmOxHbIE JUHEAHO He3aBHUCHMblE KBaApaTHUHbBe QOPMbI orepa-
TopoB (3.122), (3.124) B knacce onepaTtopos (3.125) nprBeseHb! HUXe.

Qi=98 Q3Qu=¢"8, QF=e"(8+a),
Q3 =e"0;, RQ = Ry — R7 = Q1Q3 — R7 = 01€"0;,
Ry = Ry + Ry = Q1Qs + Ry = i02e™8,,
2Ry = 2R1Q3 = 03€"0,, Q4= 0y,
2R3 = 2Q1Q4 = (01 +402)0z, 2Rs = 030;,
2Rg = (g1 +io9)e %0, 2Q1 =01+ 109, 2R; =03,
2Qq2 = (o1 +io9)c™". (3.128)
CooteetcTByIn ramuibToHuad H (3.88), (3.125) umeer Bua
Hlz] = aoQi +01Q3Q4 + ang + BoQs3 + B1Ry + BoRy +
+ 2B83R4 +v0Qa + 2v1Rs + 2v3 Rs + 2xRg + 261Q1+
+ 203 R1 + 26Qa = [ap + 016" + 20e?®)82 + [ge®® +
+ Boe® + Ba0%e” + 0 +v1(01 + 102) + Y303 +
+ 501 + 102)e™ 710y + 61(01 + 102) + d303 +
+£(01 +io2)e™" = £(2)8; + [ala) + Boe”™ + 70 +
+ Roe™?)8, + 80 +Eoe", (3.129)

rie
E(x) = ap + on€® + 02e®;  g(z) = v0 + Boe” + 22e®%;

b=, Ba=1iBa, Ba=Ps; 1=, Fa=in, V3 ="
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IN$1=I$, I~$2=iﬁ, k3:0; t:fl:E, §2=iE, §3=0;
61 =61, by =18y, b5 = 0s. (3.130)

Marpuua B(z) ramuasroHuasa (3.125), (3.129) Syner umeTs BUA
(3.127) B ogHOM U3 YeTHIpEX TAKUX CJyuaes:

L.BA#0, ¥ =28, & = uf3;

2.8=0, ¥ #£0, & =¥,

3.8=5=0, & #£0;

4.8=7=£kK=0, (3.131)

rge A, 4 — HeKOTOphle KOHCTAHTHL lorga ramuabvToHuaH (3.129) moxzHo
3aTKCaTh TaK!

H[z] = £(2)02 + [9(z) + h(z)F0)d; + b0 + E0e™",
h=we® +A+pe™%, (3.132)

[IpHueM B IpuBefieHHBX cayuanx (3.131) napameTprr @ = (1, tp2, 03), w
A, 4 IPUHEUMAIOT, COOTBETCTBEHHO, 3HAYEeHUA

L.g=0, w=1;

2.@F=% w=0 A=

3. =R, w=0, )\_0, p=1

4. h=0 (3.133)

Torna obuee pemenue ypasuenus (3.96) uMeeT BUI

Ux) = £Y4(x) [“/g:,- }exp {952—00@)034 A, (3.134)

h
rae 6(z) = — | %dz, A — mpousBosbHAs HEBBIPOXKAEHHAs 2 X 2-MaT-
puua.
C yuetom gopmyns: Kemnfenna-Xaycnopda motenunan {3.100) 6yner
HUMeTb Tako# BUA

Viy) =A"! { 1613{;“ (o + 8ogyo — 483 — 4w?@*)e® + (dapar+
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+ 8a1v0 — Bapfo — 87080 — Bhw@)e” — 4N @ +
+2pw@® +98) — BuAE e — 4P F%e T +

1
+2£

(agx\ — ﬁow + 2&2%) 6293 + (2&’2/,L + a1 A —
@

) DE
— BoA — yow — agw + 20 % + 2a2%) e® + 20qp—

1] 5
— Bop — oA + 2a0":—2 + 2a1"i—2 +
@ @

pE
+ (aou —Yop+ 2%%) e™"| go +
7

+ (50 — ‘;i—fcﬁa) ch (9(1)\/;> +

@
(sa - %fcﬁa) e~ %ch (9(1) 902) +
+ zng%sh (9(1) ¢2> +

(3.135)

Tem cambim noctpounan onepatop L pennrrepa (3.99).

3.6.2. CemeHCTBO 3PMHTOBBIX NOTEHUHANOB (3.139)

3[ech MH OIUIIEM TOJMHOE MHOTONapaMeTpHUecKoe ceMelCTBO MOoTeH-
uuanoB (3.135), XoTophle CBOAATCA K 3PMHUTOBHM. 3aMeTHM, YTO 3TOT
NOTEHUMAN UMeeT TaKyl0 CTPYKTYPY:

Hly| =05 +

. v(A AP oA +uo(y), (3.136)

o
Il Mm
—
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TpHYeM v; — JUHelHo HezaBUCHMble GyHKuMH, al) = (agl),aé’>,aé’)) —
KOMILJIEKCHO3HAYHbIE TTOCTOSHHbIE BEKTODH, KOMIIOHEHTh KOTODBIX 3aBH-
CAT OT IlapaMeTPoB «;, @5, £;, &; 13 dopmyn {3.130), (3.133). Has Toro
yTo6H ToTeHUMan {3.136) O 3PMHUTOBBIM, HEOOXOOUMO M AOCTATOYHO,
uTo6H MaTpuubl alY o 0HOBPEMEEHO CBOAMINCH K SPMUTOBEIM TIPH TIOMO-
IIIH HEKOTOPOro npeofpazoBauua A. ¥YCa0BUS TAKOTO CBeleHUs TIPHUBEIEHbI
B JeMMe 3.2, COrnacKo KOTopol UMEIT MeCTO TaKUe YCJOBHSA:

( ) matpuua allo cBOAMTCA K SPMKTOROM TIPH IIOMOLIY IIPeo6pasosa-
uuit A — A~1AA Torma u TobKo ToTaa, Korma (att )2 > 0 (B yacTHOCTH,
5TO 03HAUYZET, YTO Ea(l) 2 eR);

(1) matpunn alle, a@a, rre a® # Xal, X € R, cronaTcs onHo-
BPEMEHHO K 3DMHUTOBBIM TOTJa ¥ TOJNBKO TOTMA, KOrAa

@2 >0, @@)2>0, [aPxa®P >0, aPa® cR;

(mg vatpuub alle, a@a, a®a(i £ 1,2), rne a@® # daD, a® £
# pa®, A p € R, cBOAATCA 0NHOBpPEMEHEO K SPMHTOBBIM TOT/Ia U TOJIBKO
TOTA@, KOTa

@)y >0, (a?)2>o, { D xa@P >0 aVa® eR.
{a(l)a(i), a@a® ([a all) % ¢ } 2))} c .

[lepefinem HemocpencTBenro x ot6opy onepatopos Llpeausrepa
(3.99), xoTopble cBOAATCA K 3PMUTOBHM. B mpouecce oT6opa B 3aBHCHMO-
cTit 0T napameTpoB (3.130) Bo3HUKAT pasHble KACCH 3THX ONEPATOPOE C
3pMUTOBOR MaTpuiei V (y). 1o, B CBOX 0uepe/ib, JaeT IOJIHOE OlHCAHYe
TOYHO DellaeMbIX MaTPHUHBIX MoJeselt (3.132), X0TopEe MOXHO CBECTH K
5DMHTOBBIM MaTpHuHBIM onepaTtopam Llpenuzrepa. YuuthBas semmy 3.2,
HUXKe Mbl TIDUBOUM OKOHUATeJIbHbIE Pe3YAbTAThL YCAOBHA HA IapaMeTphl,
ABHBIJ BUJ TOUHO pelllaeMbIX 5pMHUTOBBIX onepatopos Lllpeanurepa, a tak-
Ke CooTBeTCTBYyW0WMe NpeobpasoBaxdus A. [locae storo mbl, B xauecTse
IIpriMepa, NOJPOGHO OCTAHABJIHUBAEMCH HA BBIBEJEHHU COOTBETCTBYIOLIMX
dopmyn cayuas 1. B unxenpusenenntix opmynax sanuch [A]A[B] osxa-
4geT KOHBIOHKUMI ABYX yTBepxkneHuH A u B.

JanbreAmuil avanus nokasan, 4To SPMUTOBEE MOJENH IOAYHANOTCH
TOBKO Toraa, xoraa B (3.131), (3.133) ¢ = ﬁ,w =1pu=0.

Cayuai 1.

[3° <0, £ £0, 81 # Ba] AN 0, Bor (51 — B2),
61(61 — Ba2) + B3d3,05} C R]
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35 -
/\l# =ap =C¥2)\—ﬂo+202ﬁ~—2 = —’Yo)\+201ﬁ~—§ =
8 8

=\ — ,30/\ 70+2a1ﬁ_6+2a2@ —0‘|
ﬁ ﬁ

Hiyl =62 + 1 a? + 8o —42—4~262x+
[v] ¥ T 16(age® + are®) [(e1 270 — 45 8)

+ (8cnvo — 870 — 8AG?)e® — 4@2,52 + ﬁ] +

+(pcos(x>rm) r -

x cos( x)\/—> )01 n (Psm (9 @Fm)
I e Y sin F)

-3 z= 2'1(y)
rie
55 -
P=,162- (8 2) , cosf)= i , sinQ) = 6—3,
= = P
8 p+/—
[ =2
A=A, Ay =exp ﬁ—sa - exp(vog), e? = -
28¢ Br— B2

3mech ¥ ganblie Mbl o6o3zadaeM f~l(y) Kax o6paTHyYH0 OQYHKUHMIO
K {3.97), 8(x) — Qyrxuus, KoTopas onpegensercs qopmyaoi (3.134).
Cruyuait 2.

(32 <0, e=0, By # B, (38)2 - §°3" > 0] A [N e R

Mopcayuan 2.1,

836

1]
53=012/\—f30+202ﬁ~—2=a1/\—50—70—ao+2a1~—2=
B8 B8
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1]
= —7oA + 2a0% = 01 A [y, Bo € R],
I¢)

Hyl =8+ 1 o? + 8agyo —
[y] Y 16(&’262$ +a’16x +a0) [( 1 270

— 4ﬂg — 4,@2)629: + (4&’0&’1 + 8a1vo — 8apfFo —
~2 ~2
— 87000 — 8AF" )e” — (X" +48)] +

+ \/% |cos (G(x)\/——ﬁ2> o1+

/@3 2
A=A, Ay =ex — | ex 03 ), -
1 2 P ( ) P(V 3) = ﬂl

Mopcayuan 2.2,

0
303=0, vo = —ap, A= —2%] A [’}’0, 16 € R},
B

Hyl =82+ 1 o? + 8oy —
[y] Y 16(&282$ + alex + ao) [( 1 270

— 4,@3 — 462)32‘t + (4a0a1 + 8aryo — 8/\52)3‘t —
- i)\ ~
— 4023 + )] + A V=B o0e” +

2{0e® + a1 + ap)

3

+ sin (G(x) —ﬁ~2> 031
2=f"1()
[ =2
2v _’8

oty 2 i, -3
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HNoacayuai 2.3.

[61=0,8F - 5% #0] A [{z (agA —Po+ 2a2%‘§) )

36 36
1 (a’l/\ — BoA — Yo — o + 20’1%) s 1 (_70/\ + 20’0%) )
B8 B8

2070 — B2, @170 — @080 — Y050, 73} cCR

3

Hiy =82 + 1 o + 8oy — 452 —
[y] Y 16(a2322+a1eo’+ao)[< 1 270 50

— 452)329c + (4a0a1 + 8o1vo — 8o —
— 8080 — 8AF e —4(N28" + )] +

+ L [ (02/\ = Bo + 20 ?—g) e +
B

2(0e?® + 1€ + ap)

36
+ al/\—ﬂo/\—’70—a0+2a’1%) ex+
I¢)

+ (—70/\ + 200?—2)] iy/—B%02 +
<]
LV VB~ 5 {COS (9(1) _g

132
— sin (9(96) g 01}

o3 —

p=f-1g)

A=Ay Ay = explvos)exp(xor),

o2 — B+ B2 e2X — \/,322—,3%—,33

VBB \/,83—,3%+,33.
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Moacayuah 2.4.

[61,85 £ Q] A Hz ag)\_go+2a2g :
8
7 ((11)\—ﬂ0)\_'}’0_(10 +2(11'B~—S> , 4 (_70)‘+2a0%) ,
s 8

Q0970 — B2, a1vo — apfo — Voﬂo,’YoQ} CRY,

£ 1
Hly| =82
vl v T 16(a2e®® + a1e® + ap)

[{af + 8oy —

-2

— 465 — 437)e* + {4agar + 8arvo — 8aofo —
~2 ~2

— 8v080 — 8A3 ) —4(N*B" + )] +

35
L aQ/\—ﬂ0+2aQﬁ~—2 622 +
2(0126 + a1€” + ao) 3

35
+ (011/\ BoA — Yo — ap + 2011'6—> e” +
8

(—“r’o)\ + 2010'6—6) (AY —6202 +
3

_ sin (9(95)\/ _ﬁ2> o3
538 — B30

A=Ay Ao = exp(vad) - exp(xos), a=——"—,
~2

B

20 _ 51(B1 — Ba2) — \/03(B1 — B2)[03(B1 + Ba) — 201035]
01(61 — ﬁQ )+ 1/83(81 — B2)[03(B1 + B2) — 25153]

=11 ()
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Bennuuna y onpenenera taxum o6pazom. Ilpu neffcteuu npeoGpasosa-

~D ~
Hua A Ha M roayuyaemM HexoTopyw mMatpuuy be. Kowmmo-

HeHTH BekTOpa b = (b1, bo,0) cBA3AHEL ¢ X TAKKM COOTHOLIEHVEM:

B cnyuae xorna napameTpsl He YIORJAETBOPAWT BBIIEYKA3aHHBIM YCJI0-
BuaM {cayuau 1, 2), monyueHHHe spmuToBble olepaToph Llpenunrepa
UMeIT JYaroHaJbHbIH BUJ, 2 HMEHHO

I:I[y] = 35 +h(@) + 9(x)os|z=p-1 () (3.137)

B uenom npouenypa mosyyexus BhlLIENPUBENEHHEX QOPMy/a I/A ra-
MUJIbTOHHAHOB I:I[y] KOTOphle He TIpHHamiexart Kaaccy {3.137), oueHb
rpomozakasn. [TosToMy ocTaHOBMMCA Ha OCHOBHBIX 5TallaX BHBOJA COOT-
BeTCTBYIOIle! QopMy/b Ha IpuMepe |, He BAaBasch B TeXHHUYeCKUe IO-
apo6HocTd. B aTom cayuae, xorpa € # 0, ¢ IOMOLIBK JeMMb! 3.2 MOXKHO

~2
noxasaTh, uto 3 < 0 u f1 # fa.
Paccmorpum BexTopH a®) B Taxux 0603HayeHUAX:

Ot
oY

al — , a@ =g g
~2 ~2
VB B 3

a@=5_%85 o_3

. EB = 3
- a® —

TMoxaxenm, uTo sexToper all, al® #£ 0, 10 ecTb oHY ynoBIETBODA-
10T yenoBHK JeMMbl. JleficTRHTeNbHO, ecay Obl OAUE M3 HUX PaBHAICA
HYJ10, TO MOXHO OblJ10 6B I0Ka3aTb, 4YTO B =mné # 0. [Tockoabxy r
= (84,1481, 83), To TpAMOe BHIYMC/IEHVE [OKA3HBAeT, YTO BEKTOpH al®) =
= 1né, a® = 13&. Torna notenuuan (3.135) nmeer BUA

Viy) = fi(x) + g(x)A"écA.

Mockonbky €2 = 0, To, B cuny TIyHKTa (1), TOTeHLHMan 6yaeT SPMUTOBBIM,
xorga g(z) = 0, a 3uauur, o npuramiexur xaaccy (3.137). Orcuopa
cenyeT, uTo BexTophl al®) (t = 1,2) nenynesble.

Bocrosbzopasiucy yeaoBuaMy (i), KOTOPble HAKAAAHBAKTCH HA BeXK-
topnt all, a® | noayuaem, uto £(8; — B2) € R.
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M3 nynxTa (i), B cnyuae nprmenenus x sextopam al), a®@ | cnenver
yCI0BHE

ds, 91(61 — B2) + Bads C R.

Jas Toro yto6pl onepatop {3.136) Obli SPMHTOBBIM, HEOOXOAUMO,
4yToGH QYHKUMA vp(y) Obla AeHCTBHUTENBHOM, TOCKOMBKY Clel MaTpHL
A~'a®g A mynesoit. Yunthisas BuA vo(y) u3 (3.135), a Taxwke mpume-
uas nyHKT (i) ¥ BexTopy al®), nonyuaem ocTanbHbE VCNOBHA, KOTOPHE
HAX/21BIBAIOTCA Ha ITapaMeTpe! B cayyae l.

CHaya/la HaxoauM IIpeoGpasoBaie A; = exp(ao), KOTopoe CBO-

(B —B2)

v -5
Xayc nopda-KemnGenna nonyuaem ycaoBus, KOTophle HaK/aAbIBAOTCS Ha
HeW3BeCTHble [1apaMeTphl & = (&1, g, 3 ), 4 TAKXKE CaMo [peoBpasoBa-
uue Ay DTu npeobpazosanua csonaT Matpuuy a@ e B HexoTopylo mMat-
puny b@o. Nanee umem npeo6pasosanve Ap Buma exp(ros), KOTopoe
He MeHsleT MaTpULY o3. [lapamMeTp v HaX0JWM U3 YCJIOBUSA, YTO MaTpHLA

(81 — B2)
-

30BaHUS A = A1 - As K OCTaJIBHBIM MaTpHLaM allg, i # 1,2, IpEXoauM
K 3pMUTOBOMY BUAY MoTeHIuana (3.135).

B kadecTBe ympaxHeHUs TpejaraeM YUTATENAM HCIIONb30BaTb ADY-
rve W3BECTHHE [2] npeacTABNEHYS YeTbipeXMEPHBEIX Pa3DPEIIVMBIX anredp
JIM 05 oCcTpoeHUA MHOrONapaMeTPHYECKHX CEMERCTE TOYHO pellaeMblIX
MaTpuunbiX Mojeneit peannrepa.

avt matpuny aleo x suny ————203. [locne npuMeHeHEsA QOPMYAL

b® e nomxua mepexomiTh B o1. [ocne mpumMenenns npeobpa-
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