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Preface

In the fall of 1992, the second author gave a course called “Intermediate PDEs”
at the Courant Institute. The purpose of that course was to present some basic
methods for obtaining various a priori estimates for second-order partial differ-
ential equations of elliptic type with particular emphasis on maximal principles,
Harnack inequalities, and their applications. The equations one deals with are al-
ways linear, although they also obviously apply to nonlinear problems. Students
with some knowledge of real variables and Sobolev functions should be able to
follow the course without much difficulty.

In 1992, the lecture notes were taken by the first author. In 1995 at the Univer-
sity of Notre Dame, the first author gave a similar course. The original notes were
then much extended, resulting in their present form.

It is not our intention to give a complete account of the related theory. Our goal
is simply to provide these notes as a bridge between the elementary book of F. John
[9], which also studies equations of other types, and the somewhat advanced book
of D. Gilbarg and N. Trudinger [8], which gives a relatively complete account of
the theory of elliptic equations of second order. We also hope our notes can serve
as a bridge between the recent elementary book of N. Krylov [11] on the classical
theory of elliptic equations developed before and around the 1960s and the book
by Caffarelli and Cabré [4], which studies fully nonlinear elliptic equations, the
theory obtained in the 1980s.

The authors wish to thank Karen Jacobs, Cheryl Huff, Joan Hoerstman, and
Daisy Calderon for the wonderful typing job. The work was also supported by
National Science Foundation Grants DMS No. 9401546 and DMS No. 9501122.

July 1997
In the new edition, we add a final chapter on the existence of solutions. In it
we discuss several methods for proving the existence of solutions of primarily the

Dirichlet problem for various types of elliptic equations. All these existence results
are based on a priori estimates established in previous chapters.

December 2010
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CHAPTER 1

Harmonic Functions

1.1. Guide

In this chapter we will use various methods to study harmonic functions. These
include mean value properties, fundamental solutions, maximum principles, and
energy methods. The four sections in this chapter are relatively independent of
each other.

The materials in this chapter are rather elementary, but they contain several im-
portant ideas on the whole subject, and thus should be covered thoroughly. While
doing Sections 1.2 and 1.3, the classic book by Protter and Weinberger [13] may
be a very good reference. Also, when one reads Section 1.4, some statements con-
cerning the Hopf maximal principle in Section 2.2 can be selected as exercises.
The interior gradient estimates of Section 2.4 follow from the same arguments as
those in the proof of Proposition 1.31 in Section 1.4.

1.2. Mean Value Properties

We begin this section with the definition of mean value properties. We assume
that €2 is a connected domain in R”.

DEFINITION 1.1 Foru € C(2) we define
(1) u satisfies the first mean value property if

1
a)nrn_l

u(x) = / u(y)dSy forany B,(x) C Q;
9B, (x)

(ii) u satisfies the second mean value property if

u(x) = " ” / u(y)dy forany B,(x) C Q

By (x)

wnt

where w, denotes the surface area of the unit sphere in R”.
REMARK 1.2. These two definitions are equivalent. In fact, if we write (i) as
n—1 1
u(x)r = — u(y)dsSy,
Wy

0B, (x)
1



2 1. HARMONIC FUNCTIONS
we may integrate to get (ii). If we write (ii) as

n
u(@x)r® = — / u(y)dy,
Wn
By (x)
we may differentiate to get (i).

REMARK 1.3. We may write the mean value properties in the following equiv-
alent ways:

(i) u satisfies the first mean value property if

1
u(x) = . / u(x + rw)dS, forany B,(x) C Q;
n
lw|=1

(ii) u satisfies the second mean value property if
u(x) = L / u(x +rz)dz forany B,(x) C Q2.
Wy
|z|<1

Now we prove the maximum principle for the functions satisfying mean value
properties.

PROPOSITION 1.4 Ifu € C(RQ) satisfies the mean value property in S, then u
assumes its maximum and minimum only on 02 unless u is constant.

PROOF: We only prove for the maximum. Set
Y={xeQ: ulx)=M =maxu} C Q.
Q

It is obvious that X is relatively closed. Next we show that X is open. For any
Xo € X, take B;(xp) C €2 for some r > 0. By the mean value property we have

M = u(xo) = w—nrg / u(y)dy < Mw—nr; / dy =M.
" By (x0) " B (x0)

This implies ¥ = M in B,(xg). Hence X is both closed and open in €2. Therefore
either ¥ = ¢ or ¥ = Q2. 0

DEFINITION 1.5 A function u € C?() is harmonic if Au = 0in €.

THEOREM 1.6 Let u € C?(Q2) be harmonic in Q. Then u satisfies the mean value
property in 2.

PROOF: Take any ball B,(x) C 2. For p € (0,r), we apply the divergence
theorem in B, (x) and get

ou ou
/ Au(y)dy = / %dS = p"! / g(x + pw)dSy

By (x) 3B, lw|=1
() 3
=" — / u(x + pw)dSy.
dp

lw|=1
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Hence for harmonic function u we have for any p € (0, r)

_8_ / u(x + pw)dSy = 0.
dp

|lw|=1
Integrating from O to r we obtain

/ ul(x +rw)dSy = / u(x)dSy = u(x)wy

|lw|=1 |lw|=1

or

u(x) = - / u(x-i—rw)dSw:# / u(y)dS,.

Wn
|lw|=1 0By (x)

O

REMARK 1.7. For a function u satisfying the mean value property, u is not
required to be smooth. However a harmonic function is required to be C2. We
prove these two are equivalent.

THEOREM 1.8 Ifu € C(2) has mean value property in 2, then u is smooth and
harmonic in Q.

PROOF: Choose ¢ € C§°(B1(0)) with fBl(o) ¢ = 1 and p(x) = ¥(|x|); i.e.,

1
a)n/o "Ly (r)dr = 1.

We define ¢.(z) = ein(p(g) for ¢ > 0. Now for any x € 2 consider ¢ < dist
(x, 02). Then we have

/ u(M)ge(y — x)dy = / u(x + o) dy

Q
— = [ e (2 )ar

lyl<e

_ ] u(x + £9)p(N)dy

lyl<1

1
=/ r"ldr / u(x + erw)e(rw)dSy
° 0B1(0)

1
=/ v(r)r*ldr / u(x + erw)dSy
0

|lw|=1

1
= u(x)wn/O v r"ldr = u(x)



4 1. HARMONIC FUNCTIONS

where in the last equality we used the mean value property. Hence we get
u(x) = (pe xu)(x) forany x € Q; ={y € Q; d(y,9Q) > ¢}.

Therefore u is smooth. Moreover, by formula (%) in the proof of Theorem 1.2 and
the mean value property we have

/ Au = r”_I% / u(x + rw)dSy

Br(x) lw|=1
0
= r”_lg(a)nu(x)) =0 forany B,(x) C Q.
This implies Ay = 01in 2. (]

REMARK 1.9. By combining Theorem 1.6 and Theorem 1.8, we conclude that
harmonic functions are smooth and satisfy the mean value property. Hence har-
monic functions satisfy the maximum principle, a consequence of which is the
uniqueness of solution to the following Dirichlet problem in a bounded domain

Au= f in,
u=¢ onoaf2,
for f € C(2) and ¢ € C(02). In general uniqueness does not hold for an
unbounded domain. Consider the following Dirichlet problem in the unbounded
domain €2
Au=0 1in L,
u=0 ondf2.
First consider the case 2 = {x € R";|x| > 1}. Forn = 2,u(x) = log|x| is a
solution. Note u — oo as r — o0o. Forn > 3, u(x) = |x|>~" — 1 is a solution.
Note u — —1 asr — oo. Hence u is bounded. Next, consider the upper half
space Q2 = {x € R"; x, > 0}. Then u(x) = x is a nontrivial solution, which is
unbounded.

In the following we discuss the gradient estimates.

LEMMA 1.10 Suppose u € C(BR) is harmonic in Bg = BRg(xo). Then there
holds "
| Du(xo)| < — max [ul.
R B,

PROOF: For simplicity we assume u € C!(Bg). Since u is smooth, then
A(Dx;u) = 0, that is, Dy, u is also harmonic in Bg. Hence Dy, u satisfies the
mean value property. By the divergence theorem we have

n

wyn R"

n

| Dantiay=_"n [ uomas,,

wpn R™
BRr(x0) 0B R (x0)

Dx,- u()C()) =

which implies

n _ n
|Dx,; u(x0)| < — max |u| cwp R" 1 < — max |ul.
a)n R R BR
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_ O
LEMMA 1.11 Suppose u € C(BR) is a nonnegative harmonic function in Bg =

BRr(x9). Then there holds
n
| Du(xo)| < Eu(xO)'

PROOF: As before by the divergence theorem and the nonnegativeness of u
we have

n
Dy u(xg)| < S, = —
DruGo)l = o [ u)ds, = Rutxo)
9B Rr(x0)
where in the last equality we used the mean value property. O

COROLLARY 1.12 A harmonic function in R"™ bounded from above or below is
constant.

PROOF: Suppose u is a harmonic function in R”. We will prove that u is a
constant if ¥ > 0. In fact, for any x € R” we apply Lemma 1.11 to u in Bg(x)
and then let R — oco. We conclude that Du(x) = O for any x € R”. O

PROPOSITION 1.13 Suppose u € C(BR) is harmonic in BR = Br(xo). Then
there holds for any multi-index o with |a| = m
m, m—1,.

" max |ul.
e max

Br

| D%u(x0)| <

PROOF: We prove by induction. It is true for m = 1 by Lemma 1.10. Assume
it holds for m. Consider m + 1. For0 < 6 < 1,definer = (1—0)R € (0, R). We
apply Lemma 1.10 to u in B, and get

n
|ID™ 1y (x0)| < — max |D™ul.
r

.
By the induction assumption we have

m, m—1

-m!
max | D"u| < max |u|.
_r (R _r)m BR
Hence we obtain
n nMme™m 1y pMtlem=1y
D™ ly(xo)| < = ———max |u| = max |ul.
D" el = - S el = i max
Take 6 = ;75 This implies

1 1\"
mz(hug) (m+1) <e(m+1).

Hence the result is established for any single derivative. For any multi-index o =
(o1,...,0,) we have
ar!---an! < (la))!.

THEOREM 1.14 Harmonic function is analytic.
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PROOF: Suppose u is a harmonic function in €2. For fixed x € €2, take
Bsr(x) C Q and h € R” with |h| < R. We have by Taylor expansion

m—1 l
u(x +h) =u(x)+ ) ll—'[(hl—a— +-- +hni) ui|(x) + Rin(h)

where
1 0 a \"
Rn(h) = — | (hi— + -+ Iy u|(e1 4 0h1,. .., %0 + Ohy)
m! 0x1 0xp

for some 6 € (0, 1). Note x + & € Bgr(x) for |#| < R. Hence by Proposition 1.13
we obtain

1 n™e™ m! |h|n2e\™
|Rm(h)| < —|h|™ -n™ - —————max |u| < ( ) max |u|.
" m! Rm™ Bor R Bor
Then for any & with |h|n%e < g there holds Ry, (h) — 0 as m — oc. O

Next we prove the Harnack inequality.

THEOREM 1.15 Suppose u is harmonic in 2. Then for any compact subset K of <2
there exists a positive constant C = (2, K) such that ifu > 0 in 2, then

1
5u(y) <u(x) <Cu(y) foranyx,y € K.

PROOF: By mean value property, we can prove if B4r(xo) C €2, then

1
—u(y) <u(x) <cu(y) foranyx,y e Br(xo)
c

where c is a positive constant depending only on n. Now for the given compact sub-
set K, take x1,...,xy € K suchthat {Bgr(x;)} covers K with 4R < dist(K, 012).
Then we can choose C = ¢¥. U

We finish this section by proving a result, originally due to Weyl. Suppose u is
harmonic in €2. Then integrating by parts we have

/uAgo =0 foranyg € COZ(Q).
Q
The converse is also true.

THEOREM 1.16 Suppose u € C(2) satisfies
(1.1) /uAgo =0 foranygp € Coz(Q).

Q
Then u is harmonic in 2.

PROOF: We claim for any B, (x) C 2 there holds

(1.2) r / u(y)dSy =n / u(y)dy.

9B, (x) By (x)
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Then we have

d 1
e [ o)

0B, (x)
nd(1
=—5 1\ d
wndr(r” / u(y) y)
By (x)
n n 1
=w_n{_r"+1 / ”(J’)dy+r—n / u(y)dSy} =0.
B, (x) 0B, (x)
This implies
1
11 / u(y)dSy = const.

0B (x)
This constant is u(x) if we let » — 0. Hence we have

1
/ u(y)dSy, forany B,(x) C Q.
Wn r”_l
0B, (x)
Next we prove (1.2) for n > 3. For simplicity we assume that x = 0. Set

(y2=r®", |yl <,
0, ly| > r,

u(x) =

e(y,r) = {

and then g (y,7) = (Iy[> —r)"* Q0 —k + 1)|y[> +n(|y|> —r?) for [y| < r
and k = 2,3,...,n. Direct calculation shows ¢(-,r) € Cg(Q) and

2npa(y,r), |yl <r,
Ay<p(y,r)={0 |y:>r

By assumption (1.1) we have

/ u(»)¢2(y, r)dy = 0.

B (0)
Now we prove if for some k = 2,3,...,n—1,
(1.3) / u(y)er(y,r)dy =0,
B,(0)
then
(1.4) / u(y)ek+1(y,r)dy = 0.
B, (0)

In fact, we differentiate (1.3) with respect to r and get

d
/ u(ex (s )y + / u() 2 (7, r)dy = 0
0B, (0) B, (0)
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For2 <k <n, ¢ (y,r) = 0 for |y| = r. Then we have

/ u(y)—(y rdy = 0.

B, (0)

Direct calculation ylelds Se(y,r) = (=2r)(n —k + Deg41(y,r). Hence we
have (1.4). Therefore by takmg k = n —1in(1.4) we conclude

/ u()((n + 2|y = nr?)dy = 0.
B,(0)

Differentiating with respect to r again we get (1.2). O

1.3. Fundamental Solutions

We begin this section by seeking a harmonic function u, thatis, Au = 0in R”,
which depends only on r = |x — a| for some fixed a € R”. We set v(r) = u(x).
This implies

o+ 1y =0
r
and hence

c1 +c2logr, n=2,
c3 +car>™, n >3,

v(r) =

where ¢; are constants fori = 1,2,3,4. We are interested in a function with a
singularity such that

/ —dS =1 foranyr > 0.
dB,

Hence we set for any fixed a € R”

1
I'(a,x) = —log|a — x| forn =2
2
1
F(a,x)= ———la—x[>" f > 3.
(a,x) wn(2—n)|a x| orn >

To summarize, we have that for fixed a € R”, I'(a, x) is harmonic at x # a,
that is,

AxT(a,x) =0 foranyx #a

and has a singularity at x = a. Moreover, it satisfies

ar

/ —(a,x)dSx =1 foranyr > 0.
onx

0B, (a)

Now we prove the Green’s identity.
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THEOREM 1.17 Suppose Q is a bounded domain in R™ and that u € C1(Q) N
C2(R2). Then for any a € Q there holds

u(a) =/I‘(a,x)Au(x)dx—/ (F(a,x)aaTu(x)—u(x)aaTF(a,x))de.
Q Q2 ¥ *
REMARK 1.18.

(i) For any a € ©, T'(a, -) is integrable in €2 although it has a singularity.
(ii) For a ¢ €2, the expression in the right side gives 0.
(iii) By letting u = 1 we have fm %}(a,x)de = 1 forany a € Q.

PROOF: We apply Green’s formulato u and I'(a, -) in the domain  \ B,(a)
for small r > 0 and get

/ (FT'Au —uAT)dx =

Q\By(a)
ou oI ou oI’
——u— - ——u— .
,/ ( an " on )de / ( an " on )de

oQ 0B (a)
Note AT" = 0in 2 \ B,(a). Then we have

ou ol ) ou ol
/FAudx = / (Féz—ugz)de—'}l_r)% / (F%—ua—n)de.
Q o 0Br(a)
Forn > 3, we get by definition of "

ou 1 ou
r—dS|=|——r%™" / —dS
/ on 2 —n)a)nr on ‘
aBr(a) aBr(a)
< sup |Du| —> 0 asr — 0,
n—2 5B, (a)

We get the same conclusion for # = 2 in the same way. O

REMARK 1.19. We may employ the local version of the Green’s identity to
get gradient estimates without using the mean value property. Suppose u € C(B;)
is harmonic in B;. For any fixed 0 < r < R < 1 choose a cutoff function
¢ € C§°(BR) such that 9 = 1in B, and 0 < ¢ < 1. Apply the Green’s formula
tou and ¢I'(a, -) in B1 \ Bp(a) fora € B, and p small enough. We proceed as in
the proof of Theorem 1.17 and obtain

u(a) = — / u(x)Ax(p(x)I'(a,x))dx foranya € B,(0).

r<|x|<R
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Hence one may prove (without using the mean value property)

1/p
sup |u| < c(/ |u|p) and sup |Du| < ¢ max |u|
Bi/2 Bi/2 B,

where c is a constant depending only on 7.

Now we begin to discuss the Green’s functions. Suppose €2 is a bounded do-
main in R”. Let u € C1(Q) N C2(). We have by Theorem 1.17 for any x € Q

0 d
ue) = [ T nsuy - [ (F(x,y)%y—(y)—u(y)%(x,y))dSy-
Q

aQ
If u solves the Dirichlet boundary value problem
Au = in 2,
(*) /
u=q on 02,

for some f € C(Q) and ¢ € C(0S2), then u can be expressed in terms of f and
¢, with one unknown term. We want to eliminate this term by adjusting T".
For any fixed x € €2, consider

y(x,y) =T(x,y) + P(x,y)

for some ®(x, -) € C2(Q) with A, ®(x, y) = 0in Q. Then Theorem 1.17 can be
expressed as follows for any x € €2

u(x) = / y(x. y)Au(y)dy — / (y(x yy- (y)— (y)—(x y))dsy
Q 19

since the extra ®(x, -) is harmonic. Now by choosing @ appropriately, we are led
to the important concept of Green’s function.
For each fixed x € € choose ®(x, -) € C1(Q) N C2() such that

Ay®(x,y)=0 for y € Q,
®(x,y) =-TI'(x,y) for y € 0Q.

Denote the resulting y(x, y) by G(x, y), which is called Green’s function. If such
a G exists, then the solution u to the Dirichlet problem (*) can be expressed as

u(x) = / G(x,y) f()dy + / ¢(y>_(x 1)dSy.
i

Note that Green’s function G (x, y) is defined as a function of y €  for each fixed
x € Q.

Now we discuss some properties of G as a function of x and y. Our first
observation is that the Green’s function is unique. This is proved by the maximum
principle since the difference of two Green’s functions are harmonic in £2 with zero
boundary value. In fact, we have more.
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PROPOSITION 1.20 Green’s function G(x,y) is symmetric in Q x 2; that is,
G(x,y) =G(y,x) forx #y € Q.

PROOF: Pick x1,x, € Q with x; # x3. Choose r > 0 small such that
Br(x1) N Br(x2) = @. Set G1(y) = G(x1,y) and G(y) = G(x2, y). We apply
Green’s formula in Q2 \ B,(x1) U B,(x2) and get

3G 3G
/ (G1AG, — G2 AGy) = / (61—2 - Gz—l)dS

on on
Q\B,(x1)UBr(x2) 194
G
_ / Gla&_gz_l ds
on on
0By (x1)
0G G
- / G2 _ G,—2)ds.
on on
0By (x2)

Since G; is harmonic for y # x;,i = 1,2, and vanishes on 92, we have

0G G

/ Gla&—Gza& ds + / G1—2 _ Gy )ds =o0.
on on on on

0B, (x1) 0By (x2)

Note the left side has the same limit as the left side in the following as r — 0:

/ Fa&—Gza—F dS + / G18—F—Faﬂ dS = 0.
on on on on

0B, (x1) 0By (x2)
Since

/ FaﬂdSﬁO, / F?dS%O asr — 0,

on n
0B, (x1) 0By (x2)
or or
/ ng dS — Ga(x1), / G1EdS — Gi1(x2) asr —0,
0B, (x1) 0By (x2)
we obtain G2(x1) — G1(x2) = 0 or equivalently G(x3, x1) = G(x1, X2). O

PROPOSITION 1.21 There holds for x,y € Q withx # y
0>G(x,y)>T(x,y) forn >3

1
0>G(x,y)>T(x,y)— o logdiam(2) forn = 2.

PROOF: Fix x € @ and write G(y) = G(x,y). Since limy_,x G(y) = —c0
then there exists an » > 0 such that G(y) < 0 in B,(x). Note that G is harmonic
in 2 \ By(x) with G = 0 on 2 and G < 0 on 0B, (x). The maximum principle
implies G(y) < 01in 2\ B,(x) for such r > 0. Next, consider the other part of
the inequality. Recall the definition of the Green’s function

AP =0 1in€2,

G(x,y)=T(x,y) + O(x, h
(6. 7) =T(x,y) + (x,y) where § = O
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For n > 3, we have

['(x,y) = lx —y>™ <0 foryedf,

(2—n)wn

which implies ®(x, -) > 0 on 092. By the maximum principle, we have @ > 0 in
Q2. For n = 2 we have

1 1
['(x,y) = —log|x — y| < — logdiam(£2) for y € 092.
2 2
Hence the maximum principle implies & > —51; log diam(€2) in 2. U
We may calculate the Green’s functions for some special domains.

PROPOSITION 1.22 The Green’s function for the ball Bg(0) is given by

1 R |x| "
i G = — — 2-n _ | =, _ "1 >3
@ (x, ) 2o (Ix yl ‘Mx R ) forn =3,
. 1 | x|
(i) Gx,y)=—\loglx —y|—log|—x——y forn = 2.
2 |x| R

PROOF: Fix x # 0 with |x| < R. Consider X € R”\ Bg with X the multiple
of x and | X| - |x| = R2, thatis, X = %-x. In other words, X and x are reflexive
with respect to the sphere 0Bg. Note the map x —> X is conformal; that is, it
preserves angles. If |y| = R, we have by similarity of triangles

Ixl _ R _|y—x]
R |X|  |y—XI

which implies

|x| x| R

1.5 —xl=Zly—X| ==y - —
(1.5) ly — x| = | =7 lex

Therefore, in order to have zero boundary value, we take for n > 3

1 1 R\"2 1
GO = T e (Ix 2T (m) y— X|"-2)'

The case n = 2 is similar. O

for any y € 0BR.

Next, we calculate the normal derivative of Green’s function on the sphere.
COROLLARY 1.23 Suppose G is the Green’s function in BR(0). Then there holds
R2 — | x|2

G
—(x,y) = ————— foranyx € BRand y € 0BR.
on wn R|x — y|*

PROOF: We just consider the case n > 3. Recall with X = R?x/|x|?

G(x, ) L (e (B 7y - xp
x,y) = ———|x— —— —
V== moa\" T X)) "
for x € BR,y € 0BR.
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Hence we have for such x and y
Xi — Yi _(R)"_Z Xi —yi ) _ v R2—IxP?

Dy, G(x,y) =— : (

on\Ix—y" \Ixl) [X=yI") ~ 0nR2 Jx—yI"
by (1.5) in the proof of Proposition 1.22. We obtain with n; = % for |y| = R
0G R? — |x|?

n
5, (69) =2 Dy G(x,y) =

.
-1 wa R |x —y|

O
Denote by K(x, y) the function in Corollary 1.23 for x € Q,y € 9dQ. Itis

called a Poisson kernel and has the following properties:
(i) K(x, y) is smooth for x # y;
(i) K(x,y) > Ofor |x| < R;
(iii) f|y|=R K(x,y)dSy = 1forany |x| < R.
The following result gives the existence of harmonic functions in balls with
prescribed Dirichlet boundary value.

THEOREM 1.24 (Poisson Integral Formula) For ¢ € C(0Bgr(0)), the function u
defined by

u(x) = Vo8 K& D)e()dSy. |x] < R.
(p(x)’ |x| — R,
satisfies u € C(Q) N C*®(Q) and
Au=0 inSQ,
u=¢ ondQ.

For the proof, see [9, pp. 107-108].

REMARK 1.25. In the Poisson integral formula, by letting x = 0, we have

: / ¢(y)dSy,

u0) = =t
dBRr(0)

which is the mean value property.

LEMMA 1.26 (Harnack’s Inequality) Suppose u is harmonic in Br(xo) andu > 0.
Then there holds

R \"2R_, R \" 2R +r
< <

(R+r) R—i—ru(xO)_u(x)_(R—r) R—ru(xO)
where r = |x — xo| < R.

PROOF: We may assume xo = 0 and u € C(BR). Note that u is given by the
Poisson integral formula

1 R? — |x|?

= dsy.

u(x) o R / v — x| u(y)dsy
0BRr
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Since R — |x| < |y — x| < R + |x| for |y| = R, we have

1 R—|x|( 1

n—2
) [ uds, <uto <

w,R R+ x|\ R+ |x|
0B -
i R+|x| 1 ”2/u()ds
onR R—|x| \R—|x| YIavy-
0BRr
The mean value property implies
u(0) = o R / u(y)dsSy.
0BRr

This finishes the proof. 0

COROLLARY 1.27 If harmonic function u in R" is bounded above or below, then
U = const.

PROOF: We assume u > 0 in R”. Take any point x € R”™ and apply
Lemma 1.26 to any ball Bg(0) with R > |x|. We obtain

R \"2R-|x| ( R \'" 2R+ |x|
u(0) < u(x) < u(0),
(R+|x|) Rt e @ =u) = R—|x|) R—px

which implies u(x) = u(0) by letting R — +o00. O

Next we prove a result concerning the removable singularity.

THEOREM 1.28 Suppose u is harmonic in Bg \ {0} and satisfies

as |x| = 0.
o(xP™), nx3 M

u(x) = {o(log x]), n=2,

Then u can be defined at 0 so that it is C? and harmonic in Bg.

PROOF: Assume u is continuous in 0 < |x| < R. Let v solve

Av =0 1in Bp,
vV=1u on 0BRg.

We will prove u = vin BR\{0}. Setw = v—u in Bg\{0} and M, = maxyp, |w|.
We prove for n > 3. It is obvious that

rn—2
lw(x)| < M, - —|x|”—2 on 0B;.
Note w and m%_—z are harmonic in Bg \ B;. Hence the maximum principle implies
rn—2
lw(x)| < M, - forany x € Bg \ Br
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where M, = maxpp, |[v —u| < maxyp, |v| + maxyp, |u| < M + maxyp, |u| with
M = maxyp, |u|. Hence we have for each fixed x # 0

n—2 1
M +

—— "2 max|ul >0 asr — 0,
|x|n—2 8B,

thatis w = 0 in Bg \ {0}. O

wx)| <

1.4. Maximum Principles

In this section we will use the maximum principle to derive the interior gradient
estimate and the Harnack inequality.

THEOREM 1.29 Suppose u € C%(B1) N C(B1) is a subharmonic function in By;
that is, Au > 0. Then there holds

supu < supu.
B; 0B

PROOF: For ¢ > 0 we consider uz(x) = u(x) + &|x|? in B;. Then simple
calculation yields

Aug = Au +2ne > 2ne > 0.

It is easy to see, by a contradiction argument, that 4, cannot have an interior max-
imum, in particular,

supug < Sup Usg.
B 0B

Therefore we have

supu < Supug < supu + &.
B B 0B,

We finish the proof by letting ¢ — 0. O
REMARK 1.30. The result still holds if B; is replaced by any bounded domain.

The next result is the interior gradient estimate for harmonic functions. The
method is due to Bernstein back in 1910.

PROPOSITION 1.31 Suppose u is harmonic in B1. Then there holds

sup |Du| < csup |u|
B1/> 0B

where ¢ = c(n) is a positive constant. In particular, for any a € [0, 1] there holds

lu(x) —u(y)l <clx —y|* guplul foranyx,y € By,
B

where ¢ = c(n, @) is a positive constant.

PROOF: Direct calculation shows that

A(IDul?) =2 Y (Diju)®> +2  DiuD;(Au) =2 > (Diju)?

ij=1 i=1 i,j=1
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where we used Au = 0 in By. Hence |Du|? is a subharmonic function. To get
interior estimates we need a cutoff function. For any ¢ € CO1 (B1) we have

n n
A(p|Dul*) = (89)|Dul® +4 ) DigDjuDiju+2¢ Y (Dyju).

By taking ¢ = 7> for some 7 € CO1 (B1) with n = 1in B;/,, we obtain by the
Holder inequality

A(m?*|Dul?) = 2nAn|Du|® + 2| Dy|*| Dul?

n n
+8n Z DinDjuD;ju + 252 Z (D,-ju)2
i,j=1 i,j=1

> (2nAn — 6|Dn|*)|Dul* > —C|Dul?

where C is a positive constant depending only on 7. Note that A (u?) = 2|Du|? +
2u/Au = 2|Du|? since u is harmonic. By taking o large enough we get

A(n?|Dul? + au?) > 0.

We may apply Theorem 1.29 (the maximum principle) to get the result. U

Next we derive the Harnack inequality.

LEMMA 1.32 Suppose u is a nonnegative harmonic function in B1. Then there
holds

sup |[Dlogu| <C
Bi/2

where C = C(n) is a positive constant.

PROOF: We may assume u > 0 in B;. Set v = logu. Then direct calculation
shows

Av = —|Dv|?.
We need the interior gradient estimate on v. Set w = |Dv|?. Then we get
n n
Aw+2) DivDiw =2 Y (Dijv)>.
i=1 i,j=1

As before we need a cutoff function. First note

S

|DU|4 2

(1.6) Z (Dijv)2 > Z:(Diiv)2 > %(Av)2 =

i,j=1 i
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Take a nonnegative function ¢ € Co1 (B1). We obtain by the Holder inequality

A(pw) + 2 D;ivD;(pw)

i=1

n n n
=2¢ Z (D,-jv)z +4 Z DigDDijijv + 2w ZDi(pDiv + (LAp)w

i,j=1 i,j=1 i=1
S N2 Dol? |Do|? 2

>¢ Y (Djjv)> —2|Dg||Dv|? — &gl +C == )IDv
i,j=1 ;

if ¢ is chosen such that | D¢|?/¢ is bounded in B;. Choose ¢ = n* for some
n € Cg (B1). Hence for such fixed n we obtain by (1.1)

n
A(n4w) +2 Z D;vD; (n4w)

i=1

> —n*|Dv|* — Cn?|Dn||Dv|? — 4n*(nAn + C|Dn|*)|Dv|?

1
n
1

> —n*|Dv|* — Cn?|Dv|® — Cn?|Dv|?

n
where C is a positive constant depending only on »n and 7. Hence we get by the
Holder inequality

n
1
A(*w) +2 ) DiwDi(r*w) = ~n*w? — €
i=1 "
where C is a positive constant depending only on # and 7.
Suppose n*w attains its maximum at xo € B;. Then D(n*w) = 0 and
A(n*w) < 0 at xo. Hence there holds

n*w?(xo) < C(n, n).

If w(xp) > 1, then n*w(xg) < C(n). Otherwise n*w(xg) < w(xo) < n*(xp). In
both cases we conclude
n*w < C(n,n) in B;.
O

COROLLARY 1.33 Suppose u is a nonnegative harmonic function in B1. Then
there holds
u(x1) < Cu(xz) foranyxyi,x2 € By
where C is a positive constant depending only on n.
PROOF: We may assume u > 0 in B;. For any x1,x2 € By, by simple
integration we obtain with Lemma 1.32
u(x1)

lo
S (x2)

1
<|n —x2|/ D logu(txs + (1 — O)x1)ldt < Clx1 — xa|.
0
]
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Next we prove a quantitative Hopf lemma.

PROPOSITION 1.34 Suppose u € C(B,) is a harmonic function in By = B1(0).
Ifu(x) < u(xg) for any x € By and some xg € 0B1, then there holds

ou
5, ¥0) = Cu(xo) —u(0))
where C is a positive constant depending only on n.

PROOF: Consider a positive function v in B; defined by

—a|xP -«

v(x) =e e

It is easy to see
Av(x) = e_“|x|2(—2om + 402|x]?) > 0 for any |x| > %

if @ > 2n 4 1. Hence for such fixed a the function v is subharmonic in the region
A = B1 \ Bj/3. Now define for ¢ > 0
he(x) = u(x) —u(xg) + sv(x).

This is also a subharmonic function, that is, Ak, > 0 in A. Obviously 4, < 0 on
0B1 and hs(x9) = 0. Since u(x) < u(xp) for |x| = % we may take ¢ > 0 small
such that h.(x) < O for |x| = % Therefore by Theorem 1.29 A, assumes at the
point xg its maximum in A. This implies

ohg ou v —a

—((x0) >0 or —(x9)>—e—(x0) =2aege “ >0.

on on on

Note that so far we have only used the subharmonicity of u. We estimate ¢ as

follows. Set w(x) = u(x9) —u(x) > 0in By. Obviously w is a harmonic function
in B;. By Corollary 1.33 (the Harnack inequality) there holds

inf w>c(m)w() or maxu <u(xg)—cn)(u(xg) —u(0)).
B1/2 B2

Hence we may take
& = dc(n)(u(xo) —u(0))
for § small, depending on . This finishes the proof. O

To finish this section we prove a global Holder continuity result.

LEMMA 1.35 Suppose u € C(B1) is a harmonic function in By with u = ¢ on
dB1. If ¢ € C*(3dB1) for some a € (0, 1), then u € C*2(B1). Moreover, there
holds

lllcarazyy < Cligllce@sy
where C is a positive constant depending only on n and a.

PROOF: First the maximum principle implies that infyp, ¢ < u < supyp, ¢ in
B;. Next we claim that for any xo € dB; there holds

(1.7) sup |u(x) — u(x0)| <202 gy lo(x) — @(x0)|

xeB, |x—xol|%/2 xedB, X —Xxol*
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Lemma 1.35 follows easily from (1.7). For any x, y € Bj, set dy = dist(x, 0B;)
and dy = dist(y, dB1). Suppose d, < dx. Take x¢, yo € 0B such that [x —x¢| =
dx and |y — yo| = dy. Assume first that |x — y| < dx/2. Theny € By_»(x) C
By, (x) C B1. We apply Proposition 1.31 (scaled version) to u — u(xo) in By (x)
and get by (1.7)

a2 @ —u()|
eyl

< Clu —u(xo0)|roo(By, (vy) < CA2 %9l ca(omy)-

Hence we obtain
u@x) —u)| < Clx = y*llglicany)-
Assume now that d, < dx < 2|x — y|. Then by (1.7) again we have
[u(x) —u(y)| < lux) —u(xo)| + [u(xo) —u(yo)l + [u(yo) — u(y)|
< C(@dg? + Ix0 — yo*? + d}/?) ¢l comy)
< Clx = y[*?l¢licaomy)

since |xo — yol < dy + |x — y| + dy < 5lx — |

In order to prove (1.7) we assume By = B1((1,0,...,0)),xo = 0,and ¢(0) =
0. Define K = sup,¢pp, lo(x)|/|x|¥. Note |x|? = 2x; for x € 3B;. Therefore
for x € dB; there holds

p(x) < K|x|* < 2“/2Kx‘f/2.
Define v(x) = 2%/2K x‘lx/ 2 in By. Then we have

(3 - 1)x‘1"/2‘2 <0 inBj.

Av(x) = 2%/2K . 2 -

2
Theorem 3.1 implies
u(x) <v(x) = 2"‘/2Kx‘1"/2 <2%2K|x|*/? forany x € B;.
Considering —u similarly, we get
lu(x)| <2%?K|x|*?> forany x € Bj.

This proves (1.7). l

1.5. Energy Method

In this section we discuss harmonic functions by using the energy method. In
general we assume throughout this section that a;; € C(B1) satisfies

ME? < a;j(x)E&j < AlE]> forany x € Bj and £ € R”
for some positive constants A and A. We consider the function u € C!(B) satis-
fying
/aiJ-Diuchp =0 foranyg € Col(Bl).
B
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It is easy to check by integration by parts that the harmonic functions satisfy the
above equation for a;; = §;;.

LEMMA 1.36 (Cacciopolli’s Inequality) Suppose u € C1(B,) satisfies
/a,-jD,-ungo =0 foranyop € Col(Bl).
B,
Then for any function n € CO1 (B1), we have
[ #pup < ¢ [1pnpac
B B,
where C is a positive constant depending only on A and A.

PROOF: For any n € CO1 (B1) set ¢ = n%u. Then we have

A/nzwuﬁ < A/nIuIIDnllDuI-

By B

We obtain the result by the Holder inequality. 0

COROLLARY 1.37 Let u be as in Lemma 1.36. Then forany 0 <r < R <1 there
holds

where C is a positive constant depending only on A and A.

PROOF: Take n such that n = 1 on B,, n = 0 outside Bg, and |Dn| <
2(R—r)"L 0O

COROLLARY 1.38 Let u be as in Lemma 1.36. Then for any 0 < R < 1 there hold

/ u2§0/u2 and / |Du|2§9/|Du|2
Bpr BRr

BR/2 BR/2
where 0 = 0(n, A, A) € (0,1).

PROOF: Take n € C(}(BR) with 7 = 1 on Bg/, and |Dn| < 2R~1. Then
Lemma 1.36 yields

C
[ipor=c [tz [
Bpg Bgr

BR\BRr/>

by noting Dn = 0 in Bg/,. Hence by the Poincaré inequality we get

/ ()2 < c(n)R? / D).
BRr BRr



1.5. ENERGY METHOD 21

Therefore we obtain

/uzfc / u2,  whichimplies (C + 1) / uZSC/uZ

BRr/> Br\BRr/> Br/> Bgr

For the second inequality, observe that Lemma 1.36 holds for u —a for arbitrary
constant a. Then as before we have

/nIDu|2<C/IDn|2(u—a)2 = [ w-a2

BRr BRr\BRr/2

The Poincaré inequality implies with @ = |Bg \ Bg/z|™* fBR\ Brys Y

/ (u —a)? < c(n)R? / |Du?.

BR\BR,2 BRr\BR/2
Hence we obtain
/ |Dul? < C / |Du|?;
BRr,2 BR\BR/2

in particular,

(C+1) / |Du|2<C/|Du|2

Br/>
O

REMARK 1.39. Corollary 1.38 implies, in particular, that a harmonic function
in R” with finite Z2-norm is identically 0 and that a harmonic function in R” with
finite Dirichlet integral is constant.

REMARK 1.40. By iterating the result in Corollary 1.38, we have the following
estimates. Let ¥ be in Lemma 1.36. Then for any 0 < p < r < 1 there hold

lg/uzsc(g):/uz and /|Du|2<c( ) /|Du|2

o r

for some positive constant 4 = u(n,A, A). Later on we will prove that we can
take u € (n —2, n) in the second inequality. For harmonic functions we have better
results.

LEMMA 1.41 Suppose {a;;} is a constant positive definite matrix with
MEP < aij&ik) < AE|* forany§ € R”
for some constants 0 < A < A. Suppose u € C1(By) satisfies

(1.8) /a,-jD,-ungo =0 forany ¢ € Cy(B1).
B
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Then for any 0 < p < r, there hold

(1.9 / |u|25c(§) f ul?,

Bp Br
0 n+2
(1.10) /lu—upl2 sc(;) /lu—urlz,
Bp Br

where ¢ = c(A, A) is a positive constant and u, denotes the average of u in B;.

PROOF: By dilation, consider r = 1. We restrict our consideration to the
range p € (0, %], since (1.9) and (1.10) are trivial for p € (%, 1]. (Il
CLAIM.

|u|%°°(B1/2) + IDuI%m(Bl/Z) < C(A,A)/ |u|2
B

Therefore for p € (0, %]
[P < 0 B < o [
B, B
and
[ =l < [ 1= u@P < 92Dl g,y < 07 [ 1P
B

Bp Bp

If u is a solution of (1.8), so is u — u;. With u replaced by u — u; in the above
inequality, there holds

/lu—upl2 Scp"+2/|u—u1|2.

B, B
PROOF: We present two methods.

METHOD 1. By rotation, we may assume {a;; } is a diagonal matrix. Hence
(1.8) becomes

n
ZliDiiu =0
i=1
with0 < A < A; < Afori = 1,...,n. Itis easy to see there exists an ro =
ro(A, A) € (0, %) such that for any xo € By, the rectangle

{x X —xoil _ "0}
VA

is contained in B;. Change the coordinate

Xi —> yi = and set v(y) = u(x).

Xi
Vi
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Then v is harmonic in {y : > | _; )Liyl-z < 1}. Inthe ball {y : |y — yo| < ro} use
the interior estimates to yield
pO0P + Dol e n) [ vscan [
Br, o) {Z?=1 Aiyiz<1}

Transform back to u to get

(o) + | Du(xo) < c(h, A) / 2.

|x|<1

METHOD 2. If u is a solution to (1.8), so are any derivatives of u. By applying
Corollary 1.37 to derivatives of u we conclude that for any positive integer k

lull 2B, ,,) < ¢k, A, A)ullL2(py)-

If we fix a value of k sufficiently large with respect to n, H k(B /2) is continuously
embedded into C1(B; /2) and therefore

[ulzoo(By ) + |DU|Loo(B, ) < ¢, MlullL2(p,)-
This finishes the proof. O



CHAPTER 2

Maximum Principles

2.1. Guide

In this chapter we discuss maximum principles and their applications. Two
kinds of maximum principles are discussed. One is due to Hopf and the other to
Alexandroff. The former gives the estimates of solutions in terms of the L°°-norm
of the nonhomogeneous terms, while the latter gives the estimates in terms of the
L™-norm. Applications include various a priori estimates and the moving plane
method.

Most of the statements in Section 2.2 are rather simple. One probably needs to
go over Theorem 2.11 and Proposition 2.13. Section 2.3 is often the starting point
of the a priori estimates. Section 2.4 can be omitted in the first reading, as we will
look at it again in Section 5.2. The moving plane method explained in Section 2.6
has many recent applications. We choose a very simple example to illustrate such a
method. The result goes back to Gidas-Ni-Nirenberg, but the proof contains some
recent observations in the paper [1]. The classical paper of Gilbarg-Serrin [7] may
be a very good supplement to this chapter. It may also be a good idea to assume
the Harnack inequality of Krylov-Safanov in Section 5.3 and to ask students to
improve some of the results in the paper [7].

2.2, Strong Maximum Principle

Suppose 2 is a bounded and connected domain in R”. Consider the operator
L in €,
Lu =a;j(x)Djju + bi(x)D;u + c(x)u
for u € C2(Q) N C(R). We always assume that a;;, b;, and ¢ are continuous and
hence bounded in © and that L is uniformly elliptic in 2 in the following sense:

aij(x)&& > A|E|> forany x € Q and any § € R”
for some positive constant A.
LEMMA 2.1 Suppose u € C2(Q2) N C(S_Z)_satisﬁes Lu > 0inQwithc(x) <0

in Q. If u has a nonnegative maximum in <2, then u cannot attain this maximum
in 2.

PROOF: Suppose u attains its nonnegative maximum of € in xo € Q. Then
Dju(xo) = 0 and the matrix B = (D;;(xp)) is seminegative definite. By the
ellipticity condition the matrix A = (a;; (xo)) is positive definite. Hence the matrix
AB is seminegative definite with a nonpositive trace, that is, a;; (xo) D;ju(xo) < 0.
This implies Lu(xg) < 0, which is a contradiction. O

25
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REMARK 2.2. If ¢c(x) = 0, then the requirement for nonnegativeness can be
removed. This remark also holds for some results in the rest of this section.

THEOREM 2.3 (Weak Maximum Principle) Suppose u € C%(2) N C(R) satisfies
Lu > 0in Q with c(x) < 0 in Q. Then u attains on 0%2 its nonnegative maximum
in 2.

PROOF: For any ¢ > 0, consider w(x) = u(x) + ge**! with o to be deter-
mined. Then we have

Lw = Lu + e**'(a110® + b1 + ¢).

Since b; and ¢ are bounded and a;1(x) > A > O for any x € €2, by choosing
a > 0 large enough we get

ar1(x)a® + by (x)a +c(x) >0 forany x € .

This implies Lw > 0 in 2. By Lemma 2.1, w attains its nonnegative maximum

only on 052, that is,

supw < supw™.

Q aQ
Then we obtain

supu < supw < supw™ < supdQuT +¢& sup €1,
Q Q a2 x€d2

We finish the proof by letting & — 0. (]

As an application we have the uniqueness of solution u € C2(22) N C(R) to
the following Dirichlet boundary value problem for f € C(€2) and ¢ € C(02)

Lu=f inQ,
u=¢ onoaf2,
if c(x) < 0in €.
REMARK 2.4. The boundedness of domain €2 is essential, since it guarantees
the existence of a maximum and a minimum of u in €2. The uniqueness does not

hold if the domain is unbounded. Some examples are given in Remark 1.9. Equally
important is the nonpositiveness of the coefficient c.

EXAMPLE. Set Q = {(x,y) e R2: 0 <x <m, 0 <y < «w}. Then
u = sinx sin y is a nontrivial solution for the problem

Au+2u =0 1n €2,
u=0 ondf.

THEOREM 2.5 (Hopf Lemma) Let B be an open ball in R™ with xo € dB. Suppose
u € C2(B) N C(B U {x¢}) satisfies Lu > 0 in B with c(x) < 0 in B. Assume in
addition that

u(x) < u(xop) foranyx € B andu(xg) > 0.
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Then for each outward direction v at xg with v - n(xg) > 0 there holds
1
liminf —[u(xp) — u(xo — tv)] > 0.
t—>0t+ I
REMARK 2.6. If in additionu € C!(B U {xg}), then we have

u
—(xo) > 0.
v

PROOF: We may assume that the center of B is at the origin with radius . We
assume further that u € C(B) and u(x) < u(xo) for any x € B \ {xo} (since we
can construct a tangent ball B, to B at xg and By C B).

Consider v(x) = u(x) + eh(x) for some nonnegative function 2. We will
choose ¢ > 0 appropriately such that v attains its nonnegative maximum only at
Xo. Denote ¥ = B N By/2,(x0). Define h(x) = e=@¥” _ g=ar? ith o to be
determined. We check in the following that

Lh>0 inX.

Direct calculation yields

n
Lh= e_“|x|2{4052 Z

i,j=1

n n
a;j(x)x;xj — 20 Zaii(x) —2u Z bi (x)x; + c} —ce @
i=1 n=1

n n
> g~alxl? {40[2 Z a;j(x)x;x; — 2o Z[aii(x) + bi(x)x;] + c}.
i,j=1 i=1
By the ellipticity assumption, we have
n 2
> aij()xixj = Alx|* = A(%) >0 inX.
i,j=1
So for « large enough, we conclude LA > 0 in X. With such k&, we have Lv =
Lu +¢eLh > 0in X for any ¢ > 0. By Lemma 2.1, v cannot attain its nonnegative
maximum inside X.
Next we prove that for some small ¢ > 0 v attains at x¢ its nonnegative maxi-
mum. Consider v on the boundary 0X.
e For x € dX N B, since u(x) < u(xg), we have u(x) < u(xg) — 8 for
some § > 0. Take ¢ small such that ¢k < § on dX N B. Hence for such ¢
we have v(x) < u(xp) for x € 9¥X N B.
e On X NdB, h(x) = 0and u(x) < u(xgp) for x # xo9. Hence v(x) <
u(xp) on X NaB \ {xo} and v(xg) = u(xo).
Therefore we conclude
v(xg) — v(xo — 1)
t
Hence we obtain by letting ¢ — 0

>0 forany small f > 0.

lim infl[u(xo) —u(xo —tv)] = —¢ a—h(xo).
t—0 ¢ av
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By definition of s, we have

a—h (JC()) < 0.
v

This finishes the proof. O

THEOREM 2.7 (Strong Maximum Principle) Letu € C2(Q)N Ci (Q) satisfy Lu >
0 with c(x) < 0in 2. Then the nonnegative maximum of u in Q2 can be assumed
only on 02 unless u is a constant.

PROOF: Let M be the nonnegative maximum of u in Q. Set X = {x € Q :
u(x) = M}. Itis relatively closed in 2. We need to show £ = Q.

We prove by contradiction. If ¥ is a proper subset of €2, then we may find an
open ball B C 2\ X with a point on its boundary belonging to . (In fact, we may
choose a point p € Q \ X such that d(p, ¥) < d(p, 0R2) first and then extend the
ball centered at p. It hits X before hitting d€2.) Suppose xo € dB N X. Obviously
we have Lu > 0in B and

u(x) <u(xp) foranyx € B and wu(xo) =M > 0.

Theorem 2.5 implies g—Z(xo) > 0 where n is the outward normal direction at xg to
the ball B. Since xy is the interior maximal point of €2, Du(x¢) = 0. This leads
to a contradiction. O

COROLLARY 2.8 (Comparison Principle) Suppose u € C2(Q) N C(RQ) satisfies
Lu>0inQwithc(x) <0in Q. Ifu <00ondS2, thenu < 0in Q2. In fact, either
u<0inQoru=0inS2.

In order to discuss the boundary value problem with general boundary con-
dition, we need the following result, which is just a corollary of Theorems 2.5
and 2.7.

COROLLARY 2.9 Suppose €2 has the interior sphere property and thatu € C 2(Q)
N CY(Q) satisfies Lu > 0in Q with c(x) < 0. Assume u attains its nonnegative
maximum at xg € Q2. Then xo € 02 and for any outward direction v at xg to 02

0
= (x0) >0
dv
unless u is constant in Q.
APPLICATION. Suppose 2 is bounded in R” and satisfies the interior sphere
property. Consider the the following boundary value problem
Lu=f in

0

% +ax)u =¢ on 02

for some f € C(R) and ¢ € C(32). Assume in addition that c(x) < 0in and
a(x) > 0 on 3. Then problem (x) has a unique solution u € C2(Q) N C1(Q)
ifc #0ora #0. If c = 0 and @ = 0, problem () has a unique solution
u € C2(Q) N C1(Q) up to additive constants.

(%)
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PROOF: Suppose u is a solution to the following homogeneous equation:
Lu=0 1inQ,

u

on

CASE 1. ¢ # 0 ora #£ 0. We want to show u = 0.

+a(x)u =0 ondf2.

Suppose that u has a positive maximum at xo € Q. If u = const > 0, this
contradicts the condition ¢ # 0in 2 or @ # 0 on 2. Otherwise x9 € 02 and
g%(xo) > 0 by Corollary 2.9, which contradicts the boundary value. Therefore
u=0.

CASE 2. ¢ = 0 and « = 0. We want to show u = const.

Suppose u is a nonconstant solution. Then its maximum in € is assumed only
on 02 by Theorem 2.7, say at xo € 0S2. Again Corollary 2.9 implies g—Z(xo) > 0.
This is a contradiction. U

The following theorem, due to Serrin, generalizes the comparison principle
with no restriction on c(x).

THEOREM 2.10 Suppose u € C%(Q) N C(RQ) satisfies Lu > 0. Ifu < 0in K,
then eitheru < 0in Q oru = 0in 2.

PROOF: We present two methods.

METHOD 1. Suppose u(xp) = 0 for some xp € 2. We will prove thatu = 0
in 2.

Write ¢(x) = ¢t (x) —c ™ (x) where ¢*(x) and ¢~ (x) are the positive part and
negative part of c(x), respectively. Hence u satisfies

aijDiju +b;Dju —c"u > —ctu=>o.
So we have u = 0 by Theorem 2.7.

METHOD 2. Set v = ue™%*! for some o > 0 to be determined. By Lu > 0,
we have

aij Dijv + [a(a1; + ai1) + bi]Div + (a11¢® + brat + ¢)v > 0.
Choose o large enough such thatai1a2 + b1 + ¢ > 0. Therefore v satisfies
aijDijv + [a(a1; +ai1) + bi]Div > 0.

Hence we apply Theorem 2.7 to v to conclude that either v < 0in Q orv = 0
in Q. O

The next result is the general maximum principle for the operator L with no
restriction on c(x).

THEOREM 2.11 Suppose there exists a w € C’ 2() N CY(RQ) satisfying w > 0
in Qand Lw < 0in Q. Ifu € C*(Q) N C(Q) satisfies Lu > 0 in Q, then %
cannot assume in S its nonnegative maximum unless % = const. If, in addition,
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% assumes its nonnegative maximum at xo € 052 and % % const, then for any
outward direction v at xq to 0S2 there holds

d (u
%(5)()60) >0

if 02 has the interior sphere property at xy.

PROOF: Setv = % Then v satisfies

L
aijDijv + BiD;v + (Fw)v >0

where B; = b; + %aij D;jw. We may apply Theorem 2.7 and Corollary 2.9
to v. O

REMARK 2.12. If the operator L in 2 satisfies the condition of Theorem 2.11,
then the comparison principle applies to L. In particular, the Dirichlet boundary
value problem

Lu=f inQQ,
u=¢ onoaf2,
has at most one solution.

The next result is the so-called maximum principle for a narrow domain.

PROPOSITION 2.13 Let d be a positive number and e be a unit vector such that
|(y —x)-e| <d forany x,y € Q2. Then there exists a dy > 0, depending only on
A and the sup-norm of b; and ¢, such that the assumptions of Theorem 2.11 are
satisfied if d < d.

PROOF: By choosing e = (1,0,...,0) we suppose Q liesin {0 < x; < d}.
Assume in addition |b; |, ¢t < N for some positive constant N. We construct w
as follows. Set w = e%? — ¢**1 > 0 in Q. By direct calculation we have

Lw = —(a10? + bia)e®! + c(e®? — e®*1) < —(a10? + biar) + Ne*?,
Choose o so large that
aj1a? + bia > Aa? — Na > 2N.

Hence Lw < —2N +Ne®? = N(e*?—2) < 0if d issmall such thate®? <2. [

REMARK 2.14. Some results in this section, including Proposition 2.13, hold
for unbounded domain. Compare Proposition 2.13 with Theorem 2.32.

2.3. A Priori Estimates

In this section we derive a priori estimates for solutions to the Dirichlet prob-
lem and the Neumann problem.
Suppose €2 is a bounded and connected domain in R”. Consider the operator
Lin Q
Lu = a;j(x)Djju + bi(x)Dju + c(x)u
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foru e C 2(52) N C(R). We assume that a; j, bi, and ¢ are continuous and hence
bounded in €2 and that L is uniformly elliptic in €2, that is,

aij (x)E;E; > A|E|> forany x € Q and any £ € R”
where A is a positive number. We denote by A the sup-norm of a;; and b;, that is,

max |a;; | + max |b;| < A.
ax Jaij | + max [bi

PROPOSITION 2.15 Suppose u € C%(Q2) N C(Q) satisfies
Lu=f in<Q,
u=g on 0S2,
for some f € C(Q) and ¢ € C(AQ). If c(x) < 0, then there holds
lu(x)| < max lp| + C max | f| forany x € Q

where C is a positive constant depending only on A, A, and diam(2).

PROOF: We will construct a function w in €2 such that
1) Lwxu)=Lwx f <0 or Lw<Ff inQ,
(ii) wtu=wxe=>0 or w > F¢ ondf2.
Denote F = maxg | f| and ® = maxygq |¢|. We need
Lw<—-F in{,
w>d onai.

Suppose the domain €2 lies in the set {0 < x; < d} for some d > 0. Set w =
® + (¢®? — ¢®*1)F with @ > 0 to be chosen later. Then we have by direct
calculation

—Lw = (a110% + bia) Fe** —c® — c(e*? — 1) F
> (an1@® + bh1a)F > (@®A + bja)F > F

by choosing o large such that «?A + by (x)a > 1 for any x € Q. Hence w satisfies
(1) and (ii). By Corollary 2.8 (the comparison principle) we conclude —w <u < w
in £2; in particular,

sup [u] < @ + (¢*¢ — 1)F

Q
where « is a positive constant depending only on A and A. O
PROPOSITION 2.16 Suppose u € C2(Q) N CY(Q) satisfies

Lu=f in 2,

g% +a(x)u=¢ ondQ,

where n is the outward normal direction to 02. If c(x) < 0in Q and a(x) > ap >
0 on 0L2, then there holds

lu(x)| < C{ngga_thol +m§x|f|} forany x € Q
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where C is a positive constant depending only on A, A, ag, and diam(£2).
PROOF: We prove for a special case and the general case.
CASE 1. Special case: ¢(x) < —co < 0.

We will show
1 1
lu(x)| < — F+ —® foranyx € Q.
Co o
_ 1 1
Define v = 'cEF + %CD + u. Then we have
1 1 )
Lv=c(x)(—F+—<I>):|:f§—F:|:f§O in Q,
co (041
d 1 1
—v+av=a(—F+—<I>):|:(p2<I>:|:goz on 0€2.

on co a0

If v has a negative minimum in Q, then v attains it on 02 by Theorem 2.5, say, at
xo € 092. This implies g—,’;(xo) < 0 for n = n(xgp), the outward normal direction
at xg. Therefore we get

(a—” ; av)(xo) < av(xo) <0,
on

which is a contradiction. Hence we have v > 01in €, in particular,
1 1
lu(x)| < —F + —® forany x € Q.
Co (07

Note that for this special case cp and «g are independent of A and A.
CASE 2. General case: c(x) < 0 for any x € Q.

Consider the auxiliary function u(x) = z(x)w(x) where z is a positive func-
tion in €2 to be determined. Direct calculation shows that w satisfies
aijDijz + biDiZ)w _f Q.
z z
0 10
—w+ (a—i———z)w: d on 0€2,
on z dn z
where B; = 1(a;j + aji)D;z + b;. We need to choose the function z > 0 in
such that there hold in
+ aijDijjz + biDiz

aij Dijw + Bi Diw + (C +

< —C()(A,A,d,()l()) <0 1in$f,

10 1
+——Z>—oz0 on 0€2,

or
aijDijz +b; Dz
z

<—p<0 1nQ,

1
< -y on 0f2.
2

10z
z on
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Suppose the domain €2 lies in {0 < x; < d}. Choose z(x) = A + P2 — eP*1 for
x € 2 for some positive A and B to be determined. Direct calculation shows
(B2a11 + Bby)eP™
A+ eBd — ePx1
2

_ Bran +Bh 1 -

T A+ePd T A4 ebd
if B is chosen such that ﬂzau + Bb1 > 1. Then we have
10z
z 0n

1
—@ijDijz + b Diz) =

0

B pa _1
< < -
=7 e = > 0o
if A is chosen large. This reduces to the special case we just discussed. The new
extra first-order term does not change the result. We may apply the special case

to w. O

REMARK 2.17. The result fails if we just assume a(x) > 0 on 9<2. In fact, we
cannot even get the uniqueness.

2.4. Gradient Estimates

The basic idea in the treatment of gradient estimates, due to Bernstein, involves
differentiation of the equation with respect to x;, k = 1,...,n, followed by mul-
tiplication by Dy u and summation over k. The maximum principle is then applied
to the resulting equation in the function v = |Du|?, possibly with some modifi-
cation. There are two kinds of gradient estimates, global gradient estimates and
interior gradient estimates. We will use semilinear equations to illustrate the idea.

Suppose €2 is a bounded and connected domain in R”. Consider the equation

aij(x)Dijju + bij(x)Dju = f(x,u) inQ

foru € C?(Q) and f € C(Q X R). We always assume that a;; and b; are
continuous and hence bounded in €2 and that the equation is uniformly elliptic in
2 in the following sense:

a;j(x)EE; > A|E]*> forany x € Q and any £ € R"
for some positive constant A.
PROPOSITION 2.18 Suppose u € C3(Q) N C1(Q) satisfies
2.1 aij(x)Djju + b;(x)Dju = f(x,u) inQ
for ajj,b;i € CY(Q) and f € C1(Q x R). Then there holds
sup |Du| < sup|Du| + C
Q 0Q

where C is a positive constant depending only on A, diam(R2), |a;j, b;| -1 ) M =
u|Loo(@), and | {1t @xi—m, )
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PROOF: Set L = a;;D;j + b; D;. We calculate L(|Du|?) first. Note
D;(|Du|*) = 2DyuDy;u,
(2.2) Dij (|Du|2) = 2Dkkaju + 2DkuDk,-ju.

Differentiating (2.1) with respect to xi, multiplying by Dz u, and summing over k,
we have by (2.2)

a;j Dij(|Dul?) + b; D; (| Dul?)
= 2a;j DyjuDy;ju — 2Dyraij DyuDjju
— 2Dy bi DguD;u + 2D, f|Du|?> 4+ 2Dy f Dy u.

The ellipticity assumption implies

Z a;j Dg;juDyju > A|D%ul?.

i,j.k
By the Cauchy inequality, we have

L(|Du|?) = A|D?u|®> - C|Du*> - C

with C a positive constant depending only on | f| CL(@X[-M,M])* la;ij, bi CclL©)’

and A.
We need to add another term u2. We have by the ellipticity assumption

L(u?) = 2a;; DjuDju + 2u{a;j Diju + b; D;u}
> 2A|Dul?® + 2uf.
Therefore we obtain
L(|Du|? + au?) > A|D?u|?> + 2Aa — C)|Dul®> = C
> A|D?u|®> + |Du)* - C

if we choose a > 0 large, with C depending in addition on M. In order to control
the constant term we may consider another function eB*1 for B > 0. Hence we get

L(|Du|? + au?® + eP*1) > A|D%u|? + | Du|?
+ {B%an1eP* + Bb1eP¥ — C).

If we put the domain Q C {x; > 0}, then ef*1 > 1 for any x € Q. By choosing
B large, we may make the last term positive. Therefore, if we set w = |Dul|? +
a|u|? + eB*1 for large o, B depending only on A, diam(S2), |a,-j,b,-|C1(S—2), M =
|u|g,00 (), and |f|C1(§x[—M,M])’ then we obtain

Lw >0 1in€.
By the maximum principle we have

supw < supw.
Q 02

This finishes the proof. 0
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Similarly, we can discuss the interior gradient bound. In this case, we just
require the bound of supg |u|.

PROPOSITION 2.19 Suppose u € C3(Q) satisfies
aij(x)Diju + b;(x)Dju = f(x,u) inSQ

foraij,b; € C1(Q) and f € C1(Q xR). Then there holds for any compact subset
Qe

sup|Du| < C

QI
where C is a positive constant that depends only on A, diam(Q2), dist(2’, 992),
laij, bilc1gy M = lulLee(@), and | flc1(@xi—m,m):

PROOF: We need to take a cutoff function y € Cg°(2) with y > 0 and
consider the auxiliary function with the following form:

w = y|Dul® + aju|? + #*1.

Set v = y|Du|?. Then we have for operator L defined as before

Lv = (Ly)|Du|? + yL(|Du|?) + 2a;; D;yD;|Dul|?.
Recall an inequality in the proof of Proposition 2.18,

L(|Du|?) = A|D?u|?> — C|Du|?® - C.
Hence we have
Lv > Ay|D?u? + 2aij DguD;yDyju — C|Du|? + (Ly)|Du)?> - C.

The Cauchy inequality implies for any ¢ > 0

12a;; DxuDiyDyju| < e|Dy|*|D*ul? + c(e)| Du|>.
For the cutoff function y, we require that

|IDy|>?<Cy Q.

Therefore we have by taking ¢ > 0 small
|Dy/?

vaAy|D2u|2(1—8 )—C|Du|2—C

1
> 5)Ly|1)2u|2 — C|Dul? - C.
Now we may proceed as before. (]

In the rest of this section we use barrier functions to derive the boundary gradi-
ent estimates. We need to assume that the domain €2 satisfies the uniform exterior
sphere property.

PROPOSITION 2.20 Suppose u € C%(Q) N C(Q) satisfies
aij(x)Diju + bi(x)Dju = f(x,u) inQ
forajj,b; € C(Q) and f € C(Q x R). Then there holds

lu(x) —u(xo)| < C|x —xo| foranyx € Q and xy € 02
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where C is a positive constant depending only on A, Q, |a;j,bi|poQ), M =
[u|Loo(), | f|Loo(@x[-M,M]), and |¢|C2(s_2) for some ¢ € CZ(Q) with ¢ = u
on 0f2.

PROOF: For simplicity we assume ¥ = 0 on 2. As before, set L = a;; D;; +
b; D;. Then we have

LFu) =+f>-F inQ

where we denote F' = supg | f(-,u)|. Now fix xo € d2. We will construct a
function w such that

Lw<-F inQ, w(x) =0, wlsg =0.
Then by the maximum principle we have
—w=<u<w inL.

Taking the normal derivative at xg, we have

%(xo)

ow
= E(XO)-

So we need to bound %—':l’(xo) independently of xop.

Consider the exterior ball Bg(y) with Br(y) N 2 = {xo}. Define d(x) as the
distance from x to dBgr(y). Then we have

0 <d(x) < D =diam(2) foranyx € 2.

In fact, d(x) = |x — y| — R for any x € Q. Consider w = ¥ (d) for some function
¥ defined in [0, 0c0). Then we need

v0)=0 (= w(x0) = 0)
¥(d)>0 ford >0 (= wlsg > 0)
¥’ (0) is controlled.

From the first two inequalities, it is natural to require that ¥'(d) > 0. Note
Lw = lﬂ”aijDidDjd + Wa,-jD,-jd +y¥'b; Did.

Direct calculation yields

o
Did(x) = T

8ij (xi —yi)(xi — i)
Dyd@) =5 = p

which imply | Dd| = 1 and with A = sup |a;; |

aii  ajj DidD;d < nA A
lx =yl |x—yl lx =yl |x—yl
_nA-2A - nA —A

Jx—yl T R

aijDijd =
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Therefore we obtain by ellipticity

A=A
Lw < w,/aijDidDjd + 'W,(n R + |b|)

A—A
sAw”w’(” - +|b|)

if we require ¥” < 0. Hence in order to have Lw < —F we need

" [ nA—A
v (5

To this end, we study the equation for some positive constants a and b
v +ay’ ' +b=0

+w0+F§Q

whose solution is given by
b C C
1 2 e—ad

V() =—-d + = - =2
a a a

for some constants C; and C,. For ¥(0) = 0, we need C; = C,. Hence we have
for some constant C

b C
Y(d)=—d+—(1-e),
a a
which implies
/ —ad b —ad b ad
Y'(d) = Ce ——=e C—-—e
a a
¥"(d) = —Cae™¢.
In order to have ¥/(d) > 0, we need C > f—ze“D. Since ¥'(d) > 0 ford > 0, so
¥ (d) > ¥ (0) = 0 for any d > 0. Therefore we take
b b

Y(@d)=——d+—e*P(1—e)
a a
b1
= - P -e79) -4},
ala
Such ¥ satisfies all the requirements we imposed. This finishes the proof. (]

2.5. Alexandroff Maximum Principle

Suppose €2 is a bounded domain in R” and consider a second-order elliptic
operator L in €2

L = aij(x)Dij + bi(x)D; + c(x)
where coefficients a;j, b;, ¢ are at least continuous in €2. Ellipticity means that
the coefficient matrix A = (a;;) is positive definite everywhere in 2. We set
D = det(A) and D* = D'/" 50 that D* is the geometric mean of the eigenvalues
of A. Throughout this section we assume

0<A<D*<A
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where A and A are two positive constants, which denote, respectively, the minimal
and maximal eigenvalues of A.
Before stating the main theorem, we first introduce the concept of contact sets.
For u € C?(Q2) we define
t={yeQ: uk) <u(®)+ Du(y)-(x — y) for any x € Q}.

The set I't is called the upper contact set of u, and the Hessian matrix D?u =
(D;ju) is nonpositive on I'*. In fact, the upper contact set can also be defined for
continuous function u by the following:
={yeQ:ulx)<u(y)+p-(x—y)forany x € Q
and some p = p(y) € R"}.
Clearly, u is concave if and only if 't = Q. If u € C1(Q), then p(y) = Du(y),

and any support hyperplane must then be a tangent plane to the graph.
Now we consider the equation of the form

Lu=f inQ
for some f € C(R2).

THEOREM 2.21 Suppose u € C(Q) N C%(R) satisfies Lu > f in Q with the
following conditions:
16l f
D*’ D*

e L") and ¢ <0 inQ.

Then there holds

supu < supu® +C
Q R Ln(T+)
where 'Y is the upper contact set of u and C is a constant depending only on n,
diam(£2), and ||§b;|| Ln(r+)- Infact, C can be written as

2n—2
d - 1); -1
R e (T RIS

with wy, as the volume of the unit ball in R"*. Here b = (b1, b>, ..., by).

o

REMARK 2.22. The integral domain '™ can be replaced by

rtn {x € Q:ulx)> supu"'}.
092

REMARK 2.23. There is no assumption on uniform ellipticity. Compare with
Hopf’s maximum principle in Section 1.
We need a lemma first.

LEMMA 2.24 Suppose g € L1 (R™) is nonnegative. Then for any u € C(Q) N

C2(R2) there holds

loc

g < [ g(Du)|det D?u|
[ o=

Bi;(0) r+
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where T'F is the upper contact set of u and M = (supg u — supyq u™)/d with
d = diam(S2).

REMARK 2.25. For any positive definite matrix A = (a;;) we have

1 (—ai:D;:: n
det(—D?u) < B(M) onI'".
n

Hence we have another form for Lemma 4.2

/ gs/g(Du)(j%’ﬁﬂ)n-

B ;7 (0) r+

REMARK 2.26. A special case corresponds to g = 1:

Q2

d aiiDiu\" 1/n
<supu't + /n (/(_ UDZ ) ) )
Q Wy n

r+
Note that this is Theorem 2.21 if b; = 0 and ¢ = 0.

d 1/n
supsupu < suput + Un (/ |detD2u|)
Q a)n 1"—|—

PROOF OF LEMMA 2.24: Without loss of generality we assume u < 0 on 0€2.
Set Q1 = {u > 0}. By the area formula for Du in 't N QT C Q, we have

@3) [ es [ suieol
Du(TtnNR+) r-net
where |det(D?u)| is the Jacobian of the map Du : @ — R”. In fact, we may

consider y, = Du —eId : Q — R”. Then Dy, = D?u — eI, which is negative
definite in I'*. Hence by the change-of-variable formula we have

[ e= [ swolaewr-en|
xe(C1tNQT) r+nQ+
which implies (2.3) if we let e — 0.
Now we claim B; (0) C Du('tNQ ™), thatis, for any a € R” with |a| < M
there exists x € '™ N Q7 such that a = Du(x).
We may assume u attains its maximum m > 0 at 0 € €2, that is,
u(0) = m = sup Qu.
Consider an affine function for |a| < % (= M)
L(x)=m+a-x.

Then L(x) > 0 for any x € 2 and L(0) = m. Since u assumes its maximum at 0,
then Du(0) = 0. Hence there exists an x; close to 0 such thatu(x;) > L(x;) > 0.
Note that u < 0 < L on 092. Hence there exists an X € Q2 such that Du(X) =
DL(X) = a. Now we may translate vertically the plane y = L(x) to the highest
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such position, that is, the whole surface y = u(x) lies below the plane. Clearly at
such a point, the function u is positive. U

PROOF OF THEOREM 2.21: We should choose g appropriately in order to ap-
ply Lemma 2.24. Note if f = 0 and ¢ = 0 then (—a;; D;ju)"* < |b|"|Du|" in Q.
This suggests that we should take g(p) = |p|™". However, such a function is not
locally integrable (at the origin). Hence we will choose g(p) = (|p|* + u*)~!
and then let u — 0.

First we have by the Cauchy inequality

—a;jDij <biDiju + cu — f

<biDiu—f QT ={x:uk) >0}

<|b|-|Du| + f~
—\n l/n
= (Ibl” + (];,,) ) (Dul” + Y- (1 4+ D
in particular,
—\ R
oy Dy = (1o + (L) Yapupr -2,
Now we choose :
g(p) = W
By Lemma 2.24 we have
[ e<Z2 [ BTG
— nn D '
B (0) r+no+

We evaluate the integral in the left-hand side in the following way:

~

M r”_l Wp Mn'f‘:u“n
/ g = wy ——dr = — log ————
o +u n M
B ;(0)

w M
= —nlog( + 1).
n ur

n
Jf-1
Ln(T+ne+)

If / #£ 0, we choose u = ||§||Ln(p+ng+). If f % 0, we may choose any i > 0
and then let © — 0. O

Therefore we obtain

M" < ™ exp Cie
o Cl)nnn

" /-

D*

b

D+ +u

Ln(T+nQ+)

In what follows we use Theorem 2.21 and Lemma 2.24 to derive some a priori
estimates for solutions to quasi-linear equations and fully nonlinear equations. In
the next result we do not assume uniform ellipticity.
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PROPOSITION 2.27 Suppose that u € C(Q) N C%(R) satisfies
Qu = a;j(x,u, Du)Djju + b(x,u,Du) =0 inQ
where a;j € C(2 x R x R") satisfies
aij(x,z,p)&i&; >0 forany (x,z,p) € QxR xR" and § € R".
Suppose there exist nonnegative functions g € L{ (R") and h € L"(S2) such that

b(x. 2z, p)| _ h(x)
nD*  ~ g(p)

[wax < [ & (prdp = o
Q

R~

forany (x,z, p) € @ xR xR”,

Then there holds supg |u| < supyq |u|+C diam(S2) where C is a positive constant
depending only on g and h.

EXAMPLE. The prescribed mean curvature equation is given by
(1 4 |Du|?)Au — DjuDjuD;ju = nH(x)(1 + | Du|?)*/?
for some H € C(£2). We have
aij(x,z,p) = (1 + |pI»8ij — pipj = D = (1 + [p)*™}
b=-nHx)(1+|pP>>.
This implies
b(x,z, p)| _ [HE)I( + |p|*)3/2
nDT T+ PP
and in particular

d n+2
goo=/g"(p)dp=/;(1+|p|2> 2 _ .
R~ R»

= |H®)|( + |p[>) 2"

COROLLARY 2.28 Suppose u € C(Q) N C?(R) satisfies
(1 + |Dul?)Au — DijuDjuD;ju = nH(x)(1 + |Du|?)3? inQ
for some H € C(S2). Then if

Ho = / [H@)I" dx < o,
Q
we have

sup [u| < sup |u| + C diam(2)
Q a0

where C is a positive constant depending only on n and H).
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PROOF OF PROPOSITION 2.27: We prove for subsolutions. Assume Qu > 0
in 2. Then we have

—aijDiju <b inQ.
Note that {D;;u} is nonpositive in I'". Hence —a;; D;ju > 0, which implies
b(x,u,Du) > 0in I'T. Thenin 't N QT there holds
b(x,z, Du) - h(x)
nD*  — g(Du)’
We may apply Lemma 2.24 to g” and get

[ #= [ o=l

BM(O) r+-nQ+
< [ wwo() s [ows (< o)
r+nQ+ r+ne+ R~

Therefore there exists a positive constant C, depending only on g and 4, such that
M < C. This implies

supu < supu™ + C diam(R).
Q aQ

Next we discuss Monge-Ampere equations.
COROLLARY 2.29 Suppose u € C(Q) N C%(R) satisfies
det(D?u) = f(x,u, Du) in
for some f € C(2 x R x R™). Suppose there exist nonnegative functions g €
Llloc(]R”) and h € LY(2) such that

f (.2, p)] < % forany (x,2, p) € @ x R x R",
/ h(x)dx < / ¢(p)dp = goo.
Q R”
Then there holds

sup |u| < sup |u| + C diam(2)
Q 90

where C is a positive constant depending only on g and h.

The proof is similar to that of Proposition 2.27. There are two special cases.
The first case is given by f = f(x). We may take g = 1 and hence goc = 00. So
we obtain the following:

COROLLARY 2.30 Letu € C(Q) N C2(Q) satisfy
det(D?u) = f(x) inQ
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for some f € C(Q). Then there holds

diam(£2) 1/n
sp o] < suplal + 7 (/|f|") .

Q 02

The second case is about the prescribed Gaussian curvature equations.

COROLLARY 2.31 Letu € C(Q) N C?(R) satisfy
det(D%u) = K(x)(1 + |Du|®)"F inQ
for some K € C(). Then if

Ko= [ |K(x)| <,
[

we have

sup |u| < sup |u| + C diam(2)
Q 193

where C is a positive constant depending only on n and K.

We finish this section by proving a maximum principle in a domain with small
volume that is due to Varadhan.
Consider

Lu = aijDjju + b;Diu+cu inQ
where {a;; } is positive definite pointwise in £2 and
|bi| +|c| <A and det(a;;) > A
for some positive constants A and A.

THEOREM 2.32 Suppose u € C(Q) NC?2(RQ) satisfies Lu > 0in Q withu < 0 on
0Q2. Assume diam(2) < d. Then there is a positive constant § = é(n, A, A,d) >
0 such that if |2| < & thenu < 0 in Q.

PROOF: If ¢ <0, thenu < 0by Theorem 2.21. In general, write c = ct—
Then

a;j Diju +biDiu —c " u > —ctu (= f).
By Theorem 2.21 we have
supu < c(n,A,A,d)||c+u+||Ln(Q)

<c(m, A, A, d)|lcT||Lo]|R)Y" - supu < L supu
Q Q

if |€2] is small. Hence we get u < 0 in 2. (I

REMARK 2.33. Compare this with Proposition 2.13, the maximum principle
for a narrow domain.
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2.6. Moving Plane Method

In this section we will use the moving plane method to discuss the symmetry
of solutions. The following result was first proved by Gidas, Ni, and Nirenberg.

THEOREM 2.34 Suppose u € C(B1) N C?(By) is a positive solution of

Au+ f(u) =0 in By,
u=0 ondB,

where f islocally Lipschitz in R. Then u is radially symmetric in B, and g—’:(x) <
O0forx # 0.

The original proof requires that solutions be C2 up to the boundary. Here
we give a method that does not depend on the smoothness of domains nor the
smoothness of solutions up to the boundary.

LEMMA 2.35 Suppose that 2 is a bounded domain that is convex in the x-
direction and symmetric with respect to the plane {x; = 0}. Suppose u € C(2) N
C?(R) is a positive solution of
Au+ f(u)=0 inQ,
8u =0 onodQ2,

where f is locally Lipschitz in R. Then u is symmetric with respect to x1 and
Dy, u(x) <0 forany x € Q with x; > 0.

PROOF: Write x = (x1, y) € Q for y € R?~L. We will prove
(2.4) u(x1,y) <u(xf,y)

for any x; > 0 and x{ < x1 with x] + x1 > 0. Then by letting x] — —x1, we
getu(xy, y) < u(—x1, y) for any x;. Then by changing the direction x; - —x1,
we get the symmetry.

Leta =sup x; for (x1,y) € Q. For 0 < A < a, define

Yp={x€eQ:x1 > A}

Ty ={x1 =2},

E;L = reflection of X, with respectto T},

x3 = QA —x1,...,%x) forx = (x1,...,%n).
In ¥, we define

wy(x) =u(x) —u(xy) forx e X,.
Then we have by the mean value theorem
Awy +c(x,M)wy =0 inX,,
wy <0andw) #0 ondX,,

where c(x, A) is a bounded function in X .
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We need to show w) < 0in X, for any A € (0, a). This implies in particular
that wj assumes along 0%, N €2 its maximum in X;. By Theorem 2.5 (the Hopf
lemma) we have for any such A € (0, a)

Dxywy |,y = 2Dx,u, _; <0

For any A close to a, we have w) < 0 by Proposition 2.13 (the maximum
principle for a narrow domain) or Theorem 2.32. Let (A9, a) be the largest interval
of values of A such that wy < 0in X,. We want to show A9 = 0. If Ao > 0, by
continuity, wy, < 0in X, and wy, # 0 on X, ,. Then Theorem 2.7 (the strong
maximum principle) implies wy, < 0 in X, . We will show that for any small
e>0

Whro—e < 0 in E)\o—s-
Fix § > O (to be determined). Let K be a closed subset in X, such that [, \
K| < % The fact that wy, < 0in X, implies
Wy, (x) <—n <0 foranyx € K.
By continuity we have
Wio—e <0 in K.

For ¢ > 0 small, |X,,_, \ K| < J. We choose ¢ in such a way that we may apply
Theorem 2.32 (the maximum principle for a domain with small volume) to wy,—
in X,,—¢ \ K. Hence we get

Wyy—e(x) <0 inX, _\K
and then by Theorem 2.10

Wyy—e(x) <0 inX, .\ K.
Therefore we obtain for any small ¢ > 0

Wro—e(x) <0 inX,, _,.

This contradicts the choice of Ag. O



CHAPTER 3

Weak Solutions: Part I

3.1. Guide

The goal of this chapter and the next is to discuss various regularity results for
weak solutions to elliptic equations of divergence form. In order to explain ideas
clearly we will discuss the equations with the following form only:

—Dj(a;j(x)Diu) + c(x)u = f(x).

We assume that  is a domain in R”. The function u € H(Q) is a weak
solution if it satisfies

/ (ai; DiuDjo + cup) = / fo foranyp € HA(S),
Q Q

where we assume

(i) the leading coefficients a;; € L°°(2) are uniformly elliptic, that is, for
some positive constant A there holds

aij (X)EE; > A|E|> forany x € Q and £ € R”,

(i) the coefficient ¢ € L"/%(2) and nonhomogeneous term f € L ().

Note by the Sobolev embedding theorem (ii) is the least assumption on ¢ and f to
have a meaningful equation.

We will prove various interior regularity results concerning the solution u if
we have better assumptions on coefficients ¢;; and ¢ and the nonhomogeneous
term f. Basically there are two class of regularity results, perturbation results
and nonperturbation results. The first is based on the regularity assumption on
the leading coefficients a;;, which are assumed to be at least continuous. Under
such an assumption we may compare solutions to the underlying equations with
harmonic functions, or solutions to constant-coefficient equations. Then the reg-
ularity of solutions depends on how close they are to harmonic functions or how
close the leading coefficients a;; are to constant coefficients. In this direction we
have Schauder estimates and W 2:P-estimates. In this chapter we only discuss the
Schauder estimates.

For the second kind of regularity result, there is no continuity assumption on
the leading coefficients a;;. Hence the result is not based on the perturbation. The
iteration methods introduced by De Giorgi and Moser are successful in dealing
with nonperturbation situations. The results proved by them are fundamental to

47
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the discussion of quasi-linear equations, where the coefficients depend on the so-
lutions. In fact, the linearity has no bearing in their arguments. This permits an
extension of these results to quasi-linear equations with appropriate structure con-
ditions. One may discuss boundary regularities in a similar way. We leave the
details to the reader.

The outline of this chapter is as follows: The first section provides some gen-
eral knowledge of Campanato and BMO spaces that are needed in both Chapters 3
and 4. Sections 3.3 and 3.4 as well as Sections 5.4 and 5.5 can be viewed as per-
turbation theory (from the constant-coefficient equations). The former deals with
equations of divergence type, and the latter is for nondivergence type equations.
The classical theory of Schauder estimates and L?-estimates are also contained in
the latter treatment. Note we did not use the classical potential estimates. Here
two papers by Caffarelli [2, 3] and the book of Giaquinta [5] are sources for further
reading.

3.2. Growth of Local Integrals

Let Br(xp) be the ball in R" of radius R centered at xo. The well-known
Sobolev theorem states that if u € WP (Bgr(xo)) with p > n then u is Holder-
continuous with exponenta = 1 —n/p.

In the first part of this section we prove a general result, due to S. Campanato,
which characterizes Holder-continuous functions by the growth of their local in-
tegrals. This result will be very useful for studying the regularity of solutions to
elliptic differential equations. In the second part of this section we prove a result,
due to John and Nirenberg, which gives an equivalent definition of functions of
bounded mean oscillation.

Let  be a bounded connected open set in R” and let u € L (2). For any ball
Br(x9) C 2, define

ol |
U = —Q
FOT T | Br(x0)|

By (x0)

THEOREM 3.1 Suppose u € L?(Q) satisfies

/ lu — ux,rl2 < M?*r"*2%  forany Br(x) C Q

By (x)
for some a € (0,1). Then u € C%(Q) and for any Q' € Q there holds
|u(x) —u(y)|
sup [u| + sup < c{M + |ullp2(q)}
Q/ x,yeQ’ |x — y[® L2

xX#y
wherec = c(n,o, 2, Q") > 0.

PROOF: Denote Ry = dist(2’,92). For any xg € Q’and 0 < r; < r2 < Ry,
we have

2 2 2
[Uxg,ry — Uxg,ra|” = 2(Ju(x) — Uxg,ry |7 + [u(X) — Uxg,r, |7)



3.2. GROWTH OF LOCAL INTEGRALS 49

and integrating with respect to x in B, (xo)

2 2 2
< u—u + u—u
wnr{l { / | xO’rll / | x05r2| }

Brl (xo) Br2 (xO)

2
[Uxo,r1 — Uxo,rs]

from which the estimate
2
(3.1) lUxo,r — Uxg,ra|® < c)MPr T2 4 rJ 2%}

follows. _ .
For any R < Ry, withr; = R/2'*1,r, = R/2', we obtain

|uxo,2_(i+1)R - uxo,z—iR| = C(n)z_(i-l-l)aMRa
and therefore for h < k

c(n) ak pling 1 c(n a) o
qu0,2—hR —”xo,z—kR| = 2(h+1)a Z 21_11 MR™.
i=0

This shows that {u,, ,—ig} C R is a Cauchy sequence, hence a convergent one.
Its limit #(xo) is independent of the choice of R, since (3.1) can be applied with
ri =2""'Rand rp, =27 R whenever 0 < R < R < Ryp. Thus we get

U(xo) = limu
( 0) L0 X0,"

with
(3.2) [uxo,r —U(x0)| < c(n, ) Mr*

forany 0 < r < Ry.

Recall that {ux ,} converges, as r — 0+, in L1 () to the function u, by the
Lebesgue theorem, so we have u = i a.e. and (3.2) implies that {u ,} converges
uniformly to u(x) in Q’. Since x + ux r is continuous for any r > 0, u(x) is
continuous. By (3.2) we get

lu(x)| < CMR® + |uy Rl
for any x € Q" and R < Ry. Hence u is bounded in Q' with the estimate
Sup lul < c{MRG + |lull2)}-

Finally, we prove that u is Holder-continuous. Let x,y € Q' with R = |x —
¥| < Ro/2. Then we have

lu(x) —u(y)| < |lu(x) —ux2r| + [u(y) —uy2r| + [ux 2R — Uy 2R|.

The first two terms on the right sides are estimated in (3.2). For the last term we
write

lux,2R —tUy2R| < [ux2r —u@)| + [uy2r — u(§)|
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and integrating with respect to { over Bar(x) N Bygr(y), which contains Bg(x),
yields

2
|ux,2R - uy,2R|2 < 1Br()| { / lu — ux,2R|2 + / lu — ”y,lez}

Byrr(x) B>r(y)
<c(n,0)M?R*.
Therefore we have
lu(x) —uy)| < c(n,a)M|x — y|*.
For |x — y| > Rp/2 we obtain

1
lu(x) —u(y)| < 2suplul < ciM + —z llull2¢lx — yI*.
Q/ Ro

This finishes the proof. 0

A special case of the Sobolev theorem is an easy consequence of Theorem 3.1.
In fact, we have the following result due to Morrey.

COROLLARY 3.2 Suppose u € ngc (R2) satisfies

/ |Du|? < M?r"~2%2¢  forany B,(x) C Q

By (x)
for some o € (0,1). Then u € C*(2) and for any Q' € Q there holds
|u(x) —u(y)|
sup |u| + sup < c{M + |ullp 2}
Q/ x,yeQ’ |x — y[® L*@

x#y
wherec = c(n,a,Q,Q') > 0.

PROOF: By the Poincaré inequality, we obtain
/ U —uyr|*> < c(n)r? / |Du|? < c(n)M?r"+2e,

B, (x) By (x)
By applying Theorem 3.1, we have the result. O

The following result will be needed in Section 3.3.

LEMMA 3.3 Suppose u € H(Q) satisfies
/ |Du|?> < Mr*  for any By (xg) C S

By (x0)
for some w € [0,n). Then for any Q' € Q2 there holds for any B,(xo) C Q with

X0 GQ/
/ |u|? SC(n,)L,/u,Q,Q’){M+/uz}r’L
Q

By (x0)
where A =+ 2 if W <n —2and A is any number in [0,n) ifn —2 < u < n.
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PROOF: As before, denote Ry = dist(2’,92). Forany xg € Q" and0 < r <
Ry, the Poincaré inequality yields
/ lu — uxo,rl2 <cr? / |Du|?>dx < c(m)MrH+2,
Br(x0) B, (x0)
This implies that
/ U — txg,r|? < c(m)Mr?

By (x0)
where A is as in Theorem 3.3. For any 0 < p < r < R we have

u? <2 / |7f4xo,r|2 +2 / lu — uxo,r|2

B (x0) B (x0) By (x0)
2
53 < Pz P +2 [ =t
By (xo0)
0 n
<c(n) (—) / u® + Mr*
r
By (xo0)
where we used
c(n
|uxo,r|2 = % / u?,
By (x0)
Hence the function ¢(r) = [ u? satisfies the inequality
Br(x0)

(B34 ¢(p) < c(n){(p)ngb(r) + Mr)‘} forany0 < p < r < Rg

-
for some A € (0, n). If we may replace the term M r? in the right by Mp*, we are
done. In fact, we would obtain that for any 0 < p < r < Ry there holds

3.5) /u”gc{(';—’))L f u2+Mp"}.

By (x0) By (x0)

Choose r = Rp. This implies

/ u? Scpl{/u2+M} for any p < Rp.
By (x0) Q

For this purpose, we need the following technical lemma.



52 3. WEAK SOLUTIONS: PART I

LEMMA 3.4 Let ¢ () be a nonnegative and nondecreasing function on [0, R]. Sup-
pose that

$(p) < A[(f) + 8]¢(r) .

forany 0 < p <r < R, with A, B, «, B nonnegative constants and B < a. Then
for any y € (B, o), there exists a constant &9 = &9(A, o, B, y) such that if ¢ < &g
we have forall0 < p <r <R

Y
¢(p) < c{(f) o(r) + Bpﬁ}

where c is a positive constant depending on A, o, B,y. In particular, we have for
any0) <r <R
o(r) < c{—ﬁ—r + Br7 ;.

PROOF: Fort € (0,1) and r < R, we have
¢(tr) < AT*[1 + et %|¢(r) + BrP.

Choose © < 1 in such a way that 24t® = t? and assume ggt~% < 1. Then we get
foreveryr < R
$(zr) <t'¢(r) + BrP
and therefore for all integers k > 0
k
(% t1r) < V¢ (z*r) + BTFPrB < kDY y () + BLKBB Z /=B
j=0
BtkBrB

k+2 k+1

By choosing k such that 7™ r < p <t

14
60 = 5 (2) o0+

r

r, the last inequality gives
Bpﬂ
28(1 — tv—B)’

(]

In the rest of this section we discuss functions of bounded mean oscillation
(BMO). The following result was proved by John and Nirenberg.

THEOREM 3.5 (John-Nirenberg Lemma) Suppose u € L'(Q) satisfies
/ lu—uxr| < Mr" forany B,(x) C Q.

B, (x)
Then there holds for any Br(x) C Q

P
/ ef}lu_ux,ﬂ < CcCr?

By (x)
for some positive pg and C depending only on n.
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REMARK 3.6. Functions satisfying the condition of Theorem 3.5 are called
functions of bounded mean oscillation (BMO). We have the following relation:

L*® c4+ BMO.
The counterexample is given by the following function in (0, 1) C R:
u(x) = log(x).

For convenience we use cubes instead of balls. We need the Calderon-Zyg-
mund decomposition. First we introduce some terminology.

Take the unit cube Qg. Cut it into 2" equally sized cubes, which we take as
the first generation. Do the same cutting for these small cubes to get the second
generation. Continue this process. These cubes (from all generations) are called
dyadic cubes. Any (k + 1)-generation cube Q comes from some k-generation cube
Q , which is called the predecessor of Q.

LEMMA 3.7 Suppose f € L'(Qo) is nonnegative and o > |Qo|™! fQof is a
fixed constant. Then there exists a sequence of (nonoverlapping) dyadic cubes

{Q;}in Q¢ such that

< i < d 2"a.
f(x)_aaeon\LjJQ] a < |QJ|/f x <

PROOF: Cut Qg into 2" dyadic cubes and keep the cube Q if Q|1 fQ f

> a. For others keep cutting and always keep the cube Q if |Q|™! /. 0 f > aand
cut the rest. Let {Q;} be the cubes we have kept during this infinite process. We
only need to verify that

f(x) <a a.e.in QO\UQJ-.
J

Indeed, any predecessor Q of Q; that we have kept has to satisfy Iéﬁl /. 0 fdx <a.
Thus for Q;, one has o < WlﬂfQj fdx <2%.Let F = Qp \ Uj Q;j. For

any x € F, from the way we collect {Q;}, there exists a sequence of cubes 0k
containing x such that

1 :
@/f<a and diam(Q') - 0asi — oco.
Qi
By the Lebesgue density theorem this implies that
f <a ae.inkF.

O

PROOF OF THEOREM 3.5: Assume 2 = (¢. We may rewrite the assumption
in terms of cubes as follows:

/|u—uQ| < M|Q| forany Q C Q.
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We will prove that there exist two positive constants ¢ (n) and c(n) such that for
any Q C Qy there holds

{x € Q:lu—ug|>t} 501|Q|exp(—cﬁ2t).

Then Theorem 3.5 follows easily.
Assume without loss of generality M = 1. Choose

a>1>|Qo|™! / lu —ug,ldx.
Qo
Apply the Calderon-Zygmund decomposition to f = |u —ug,|. There exists a
sequence of (nonoverlapping) cubes {Q(-l)}‘?‘l1 such that

lu —ugyl < 2%,
|Q‘”| /

(1)
J

lu(x) —ug,l <a ae.xeQo\ U QJ(-l).

ji=1
This implies

<n<l/ Cugy| < &

The definition of the BMO norm implies that for each j

|Q(1)| / lu — Q(l)ldx<1<oz

(1)
J

Apply the decomposition procedure above to f = |u — u Q(_1)| in Q](.l). There
J

exists a sequence of (nonoverlapping) cubes {Q](.z)} in | i Q](.l) such that

zj@@N< /Wu—%ﬂn<—§jw“H< 10|
Q(l)
and . @
|u(x)—uQ§1)| <o aexce€ QJ(- ) \ U Q;7,
which implies

lu(x) —ug,| <2-2"a ae.xe Qo) U QJ(.Z)_
J
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Continue this process. For any integer k > 1 there exists a sequence of disjoint
cubes {QJ(.k)} such that

k 1
210191 < 120l
7

and
lu(x) —ug,| < k2"a ae.x e Qo) U QJ(-k).
J
Thus

o0
k 1
[{x € Qo : Ju —ugy| > 2"ke}| < 3710771 < Qo
Jj=1
For any ¢ there exists an integer k such that ¢ € [2"kc, 2" (k + 1)«). This implies
a~* = ga—®+D = g—C+Dloga _ , —5F%r

This finishes the proof. O

3.3. Holder Continuity of Solutions

In this section we will prove Holder regularity for solutions. The basic idea
is to freeze the leading coefficients and then to compare solutions with harmonic
functions. The regularity of solutions depends on how close solutions are to har-
monic functions. Hence we need some regularity assumption on the leading coef-
ficients.

Suppose a;; € L°°(B1) is uniformly elliptic in B; = B (0), that is,

MEP® < aij(0)Ei&; < AlEI> forany x € By, § € R™.

In the following we assume that g;; is at least continuous. We assume that u €
H(B) satisfies

(%) /a,-jDiungo + cup = /f(p for any ¢ € HOI(Bl).
B, B

The main theorem we will prove are the following Holder estimates for solutions.

THEOREM 3.8 Let u € H'(B;) solve (). Assume a;j € C%(B1), ¢ € L"(By),
and f € L1(By) for some q € (3,n). Thenu € C*(B;) witha = 2—3 € (0,1).
Moreover, there exists an Ry = Ro(A, A, 7, |[c||L») such that for any x € By,
and r < Ry there holds

[ 1Dul < e S By + Tl o)
Br(x)
where C = C(A, A, 1, ||c||zn) is a positive constant with
|ajj (x) —aij(»)| < t(lx —y|) foranyx,y € B;.
REMARK 3.9. In the case where ¢ = 0, we may replace |[u| g1(p,) With
IDullL2(y)-
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The idea of the proof is to compare the solution u with harmonic functions and
use the perturbation argument.

LEMMA 3.10 (Basic Estimates for Harmonic Functions) Suppose {a;;} is a con-
stant positive definite matrix with

MEP < aijikj < A§|” foranyé € R”
for some 0 < A < A. Suppose w € H(B,(x0)) is a weak solution of
(3.6) a,-le-jw =0 in Br(xo).

Then for any 0 < p < r, there hold

n
/|Dw|25c(3) /|Dw|2,
r

0 n+2
/ |Dw—(Dw)xo,p|25c(;) [ 1w w2
B, (x0) By (x0)

where c = c(A, A).

PROOF: Note that if w is a solution of (3.6), so is any one of its derivatives.
We may apply Lemma 1.41 to Dw. 0

COROLLARY 3.11 (Comparison with Harmonic Functions) Suppose w is as in
Lemma 3.10. Then for any u € H (B, (xo)) there hold for any0 < p <'r

n
/ |Du|250{(§) / |Du|? + / |D(u—w)|2}
B, (x0) By (x0) Br(xo0

and

f D — (Du)sy pf? <

B (x0) n+2
(O [ et [ oo

B, (x0) By (x0)

where c is a positive constant depending only on A and A.
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PROOF: We prove this by direct computation. In fact, with v = u — w we
have forany0 < p <r

/ |Du|? <2 / |Dw|? + 2 / | Dvl?

Bp(xO) Bp(xO) Bp(xO)
n
SC(B) /lDw|2+2 / |Dvl?
r
B, (x0) B (x0)
n n
Sc(e) f IDuI2+c[l+(§)] / |Dv|?
r
B, (x0) By (x0)
and
/ |Du — (Du)x,pl?
Bp(xo)
<2 / |Du — (Dw)xq,p|* + 2 / | Dvl?
B, (x0) B,(x0)
<4 f Dw — (Dw)sy ol + 6 / Dvf?
B,(x0) By (x0)
0 n+2
sc(—) [ 1Dw=@w)s 46 [ 1o
-
B (x0) B, (x0)
o n+2 P n+2
§c(—) /|Du—(Du)xo,r|2+c|:1+(;) }/ |Dv|?.
r
B, (x0) B, (x0)

O

REMARK 3.12. The regularity of u depends on how close u is to w, the solu-
tion to the constant-coefficient equation.

PROOF OF THEOREM 3.8: We shall decompose u into a sum v + w where w
satisfies a homogeneous equation and v has estimates in terms of nonhomogeneous
terms.

For any B, (x9) C B; write the equation in the following form:

/a,-j(xo)Diungo = / fo —cup + (aij(xo0) — aij(x))DiuDjgp.
B B,
In B, (x0) the Dirichlet problem

/ a;j(xo)DiwD;p =0 forany ¢ € H(}(Br(xo))
B, (x0)
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has a unique solution with w with w —u € HO1 (Br(xg)). Obviously the function
V=uUu—weE H(} (Br(xo)) satisfies the equation

/ aij(xo)DivDjp = / fo —cup + (aij (xo) —aij(x))DiuDj¢g

Br(x0) By (x0)
for any ¢ € HO1 (Br(x0)).

By taking the test function ¢ = v we obtain

/|Dv|2§c{rz(r) / |Du|2—l—(/ |c|”)2/n / u?

By (x0) By (xo0) By (x0) By (x0)
a5
+( [ e
B, (x0)

where we use the Sobolev inequality

([ o) sl [ o)

forv € HO1 (Br(x0)). Therefore Corollary 3.11 implies forany 0 < p <r

/ |Du|25c{[(§)n+r2(r)] / |Dul?

(3'7) Z/n 2 nn__“——z
o Joer) " [oes(fon) "
By (xo) By (x0) By (x0)

where c is a positive constant depending only on A and A. By Holder inequality

there holds
2n n"‘—ﬁ 2/q
( / |f|m) 5( / |f|") =2+

B, (xg) By (x0)

where o = 2—% € (0,1)if 5 < g < n. Hence (3.7) implies for any B, (xo) C B
andany0 < p <r

[ e[ +e] [ et

B, (x0) By (x0)

+(/ |c|")2/n / uZ}.

By (x0) B (x0)
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CASE1l. ¢ = 0.

We have for any B,(x9) C B; andforany0 < p <r

/ |Dul? < C{[(?) + rz(r)] / |Dul® + r"_2+2°‘||f||%q(31)}'

By (x0) Br(x0)

Now the result would follow if in the above inequality we could write p"~2+2¢

instead of ¥ =212 This is in fact true and is stated in Lemma 3.4. By Lemma 3.4,
there exists an Rg > 0 such that for any xo € By andany 0 < p <r < Ro we

have
P n—2+2u
/ |Du|250{(;) / |Du|2+p”‘2+2“llflliq<31>}-

By (x0) By (x0)

In particular, taking r = Ry yields for any p < Ry

[ 1oup < Cp"-2+2“{ [ 1puiz + ufuiq(m}.
B,

B, (x0)

CASE 2. General case.
We have for any B,(xo) C Biandany0 < p <r

/ |Du|25C{|:(_':_)n+r2(r)] / |Du|2+rn—2+2aX(F)

B,(x0) B, (x0)

B, (xO)

where y(F) = ||f||%q(Bl). We will prove for any xo € Bj/p andany 0 < p <

r<1i

2
[ pup<c|[(£) +2o] [ ipur
(39) Bp(-xo) By (x0)
+r"_2+2“|:)((F)+/u2+/|Du|2]}.
B1 B

We need a bootstrap argument. First by Lemma 3.3, there exists an R; € (%, 1)
such that there holds for any xg € Bg, andany0 <r <1— Ry

(3.10) / u? < Crsl{/lDu|2+/u2}
B,

Br(xo) B,
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where §; = 2 if n > 2 and §; is arbitrary in (0,2) if n = 2. This, with (3.8), yields

] Duf? <

By (x0)
n
0 _
C{[(F) +r2(r)] / |Duf? +r" 2+2aX(F)+r81”“”%11(B1) :
Br(xo0)

Then (3.9) holds in the following cases:

(i) n = 2, by choosing §; = 2a;
(i) n > 2 while n — 2 4+ 2o < 2, by choosing §; = 2.

Forn > 2andn — 2 4+ 2a > 2, we have

/ |Du|25c{|:(§) +r2(r)} / IDu|2+r2[x(F)+||"||?11(Bl)]}'

B,(x0) By (x0)

Lemma 3.4 again yields for any xo € Bg, andany0 <r <1— Ry

[ 1Dul < Cr ) + iy )
By (x0)

Hence by Lemma 3.3, there exists an Ry € (%, R1) such that there holds for any
X0 € Bp,andany0 <r < R; — R»

G.11) [ =) + i)
By (x0)

where §, = 4if n > 4 and &5 is arbitrary in (2,n) if » = 3 or 4. Notice (3.11) is
an improvement compared with (3.10). Substitute (3.11) in (3.8) and continue the
process. After finite steps, we get (3.9). This finishes the proof. 0

3.4. Holder Continuity of Gradients

In this section we will prove Holder regularity for gradients of solutions. We
follow the same idea used to prove Theorem 3.8.
Suppose a;; € L°°(B1) is uniformly elliptic in By = B1(0), that is,

MEP? < aij(x)&& < AlE]* forany x € By, £ € R”.
We assume that u € H!(B;) satisfies

(%) /aijDiungo + cup = /f(p for any ¢ € H(}(Bl).
B B

The main theorems we will prove are the following Holder estimates for gradients.
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THEOREM 3.13 Let u € H(B) solve (x). Assume ajj € C%(By1), c € LY(By)
and f € L9(B,) for someq > nando = 1 — g € (0,1). Then Du € C%(B,).
Moreover, there exists an Ro = Ro(A, |aij|ce, |c|La) such that for any x € By,
and r < Ry there holds

[ 1Du— s < U gy + I o)
B, (x)

where C = C(A, |aij|ce, |c|La) is a positive constant.

PROOF: We shall decompose u into a sum v + w where w satisfies a homo-
geneous equation and v has estimates in terms of nonhomogeneous terms.
For any B, (x9) C B; write the equation in the following form:

/ a;j (xo) DiuDjp = / S —cug + (aij (x0) = aij (x)) DiuDjg.
B B

In B, (xp) the Dirichlet problem
/ aij(xo)DiwDjp =0 forany ¢ € H(} (Br(x0))
By (x0)

has a unique solution w with w —u € H(} (Br(x0)). Obviously the function v =
u —w € Hy (Br(xo)) satisfies the equation

/ aij(xo)DivDjp = / fo —cup + (a;j(x0) —aij(x))DiuDj¢
Br(x0) Br(x0)
forany ¢ € H& (Br(x0)).

By taking the test function ¢ = v we obtain

/ |Dv|25c{r2(r) [ o+ ( |c|")% [

Br(x0) Br(x0) Br(x0) B, (x0)
nt2
2n_\ 7
o [on) ")
Br(x0)

Therefore Corollary 3.11 implies forany 0 < p < r

[ sl (2 +v0] | o

(3_12) Bp(xo) Br(x0)

() [ ([ )T

By (x0) By (x0) By (x0)
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and
/ |Du — (Du)xo,pl?
By (x0)
0 n+2 5 . ,
" - D
(3.13) = c{(r) / | Du — (Du)xo,r|” + 7(r) / | Dul|
By (x0) B, (x0)
2 nt2
" 2n_ n
+( / |c|") / u2+( / |f|n+2) }’
By (x0) B (x0) B (x0)

where c is a positive constant depending only on A and A.
By the Holder inequality we have for any B, (x¢) C B;

n+2

([ )" <(f Ifl")%r”“"‘,

By (x0) By (xo0)

([ o) = ] o)

By (x0) By (x0)
i =1-2
withe =1 — 7.
CASE 1. a;; = const, ¢ = 0.

In this case t(r) = 0. Hence by estimate (3.13) there holds for any B, (x¢) C
BiandO<p<r,

/ | Du _(Du)xo,p|2 =<

B (x0) 0 n+2
C{(;) / |Du — (Du)xo,r|2 + rn+2a”f”%‘1(31)}°

By (xo0)

By Lemma 1.4, we may replace r* 2% by p" 2% to get the result.

CASE2. ¢ = 0.
By (3.12) and (3.13), we have for any B,(xp) C Byandany p <r

n
(3.14) / |Du|zsc{[(§) +r2“] / |Du® + 7"+ f1Zacay)

B, (x0) By (x0)
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and
[ 1Du= Duye,f?
Bp(x0)
0 n+2 )
(3.15) SC{(;) / |Du — (D) xo,r|
Br(xO)
s [+ r”+2“||f||%q(31)}.
Br(xO)

We need to estimate the integral fBr(xO) |Du|?. Write x(F) = ”f”IZﬂ(Bl)'
Take small § > 0. Then (3.14) implies

/ |Du|25c{[(§)n+r2‘*] / |Du|2+r”_28)((F)}.

B, (x0) By (x0)

Hence Lemma 3.4 implies the existence of an R; € (%, 1) withr; = 1 — Ry such
that for any xo € Bgr, and any 0 < r < r; there holds

(3.16) / |Du|? < Cr*= 2 {y(F) + IIDu||,'{2(Bl)}.
Byr(x0)
Therefore by substituting (3.16) in (3.15) we obtain forany 0 < p < r <r;

/ Dt — (D) g pl? <

By (x0)

n+2

c{(g) / |Du — (Du)xg r |2 + r" 222 [y(F) + IIDuIIiz(Bl)]}-
By (xo0)

By Lemma 3.4 again, there holds for any xg € Bg, andany0 < p <r <r;

/ |Du — (D) x,,p|?

By (x0)

0 n+2a—26
< C{(;) /lDu—(Du)xo,r|2

By

b pn 228y () 4 IID““iZ(Bl)]}'

With r = r1 this implies that for any xo € Bg, andany 0 <r <r

/ |Du — (Du)xo,r|2 = Crn+2a_28{X(F) + “DuH%Z(Bl)}'
By (xo0)
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Hence Du € C2 § for any § > 0 small. In particular, Du € L7 and there holds

(3.17) ;;1/;1 |Dul® < C{x(F) + ||Du||%2(31)}.

By combining (3.15) and (3.17), there holds for 0 < p < r < rq and any
X0 € B1/2

[ 11— Du)aP =
By (x0) n+2
c {(g) [ 15— O 7200 1Dl a, )}
By (x0)
By Lemma 3.4 again, this implies

|Du — (Du)xo,p|2 =
By (x0) n+2o
C {(?) / |Du — (Du)xo,r|* + p" 2 [X(F) + ||D“"%2(Bl)]}°
By (x0)

Choose r = r1. We have for any xo € Byjz andr <11

1Du — (D) xg r|* < cr" P24 x(F) + | DulZ2(5,)}-
Br(xo)

CASE 3. General case.
By (3.12) and (3.13) we have for any Br(xo) CBiandp<r

[ el ] /

(3 18) Bp(xo) B, (x0)
+ / u2 + rn+2aX(F)}
Br(x0)
and
[ 1w @w,P
Bp(xo)
P n+2

(3.19) = C{(;) / |Du — (Du)xg,r|?

Br(xO)

+ rza[ / u? + / IDulz] + r”+2°‘)((F)}
By (x0) Br(x0)

where y(F) = ||f||%q(Bl)'
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In (3.18), we may replace r*T2% by r”. As in the proof of Theorem 3.8, we
can show that for any small § > O there exists an R; € (%, 1) such that for any
X € Bryandr <1—Rq

2 268 2
(3.20) [ 1Dul < € GE) + uly
By (x0)
By Lemma 3.3, we also get
(321) [ =) + iy )
By (x0)

Write y(F,u) = ||f||%q7 + ||”||%11- Then (3.19), (3.20), and (3.21) imply that

[ 1Du= Dyl <
By (x0) 2
c{(é) / |Du — (Du)xo.r|* + pnt20=28  (F ).
By (x0)

Hence Lemma 3.4 and Theorem 3.1 imply that Du € C2~ 8 for small § < a. In
particular, u € C,. . with the estimate
(3.22) sup |u|? + sup |Du|? < Cyx(F,u).
B3/4 B3/4
Now (3.19) and (3.22) imply that

/ |Du — (Du)xo,p|2 =<

By (x0)
0 n+2 ) ,
C{(;) / |Du—(Du)x0,r| -I-r”"' aX(F, U)}
By (x0)
This finishes the proof of Theorem 3.8. 0

REMARK 3.14. It is natural to ask whether f € L°(B;), with appropriate

assumptions on g;; and c, implies Du € Cl(l)c. Consider a special case

/DiuDi(p =/f(p for any ¢ € H(}(Bl).
B, B;

There exists an example showing that f € C and u € Cl:)éa for any @ € (0,1)
while D?u ¢ C.
EXAMPLE. In the n-dimensional ball Bg = Bgr(0) of radius R < 1 consider
Auzxg—xf{ n+2 - 1 }
2Ix> |(=log|x)!/2 ~ 2(-log|x[)3/2
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where the right side is continuous in Bg if we set it equal to O at the origin. The
function u(x) = (x2 — x2)(—log|x|)1/2 € C(Bg) N C*®(Bg \ {0}) satisfies the
above equation in Bg \ {0} and the boundary condition u = /=—log R(x? —x3) on
dBR. But u cannot be a classical solution of the problem since lim|y|o D114 =
oo and therefore u is not in C2(Bg). In fact, the problem has no classical solution
(although it has a weak solution).

Assume on the contrary that a classical solution v exists. Then the function
w = u — v is harmonic and bounded in Bg \ {0}. By a theorem from harmonic
function theory on removable singularities, w may be redefined at the origin so that
Aw = 0in Bg and therefore belongs to C2(Bg). In particular, the (finite) limit
lim| |0 D11u exists, which is a contradiction.



CHAPTER 4

Weak Solutions, Part 11

4.1. Guide

This chapter covers the well-known theory of De Giorgi—-Nash—-Moser. We
present the approaches of both De Giorgi and Moser so students can make com-
parisons and can see that the ideas involved are essentially the same. The classical
paper [12] is certainly very nice material for further reading; one may also wish to
compare the results in [7, 12].

4.2. Local Boundedness

In the following three sections we will discuss the De Giorgi—-Nash—Moser
theory for linear elliptic equations. In this section we will prove the local bound-
edness of solutions. In the next section we will prove Holder continuity. Then in
Section 4.4 we will discuss the Harnack inequality. For all results in these three
sections there is no regularity assumption of coefficients.

The main theorem of this section is the following boundedness result.

THEOREM 4.1 Suppose a;jj € L*°(B1) and ¢ € L(By) for some q > 5 satisfy

the following assumptions:
aij (x)&i§j = ME]> forany x € By, & € R”,
and
|aijlLoe + llellLa < A
for some positive constants A and A. Suppose that u € H'(By) is a subsolution
in the following sense:

(%) /a,-jD,-uDj(p—l—cugof/f(p forany<peH01(B1)and<p20inB1.

B, B
If f € L4(By), thenut € L (B1). Moreover, there holds for any 6 € (0, 1) and
any p >0
1 , ,
+ +
pu* < c{ g e + 1 TLee)

where C = C(n,A, A, p,q) is a positive constant.

In the following we use two approaches to prove this theorem, one by De Giorgi
and the other by Moser.

PROOF: We first prove the theorem for 6 = % and p = 2.

67
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METHOD 1: DE GIORGI’S APPROACH: Consider v = (u — k)" fork > 0
and ¢ € C(}(Bl). Set ¢ = v{? as the test function. Note v = u —k, Dv = Du a.e.

in{u >k}andv = 0, Dv = 0 a.e. in {u < k}. Hence if we substitute such de-
fined ¢ in (%), we integrate in the set {u > k}.
By the Holder inequality we have

/aijDiuDj‘P = /aijDi”Djvfz"‘2“UD"”D/'§UC

zx/|Dv|2z2—2A/|Dv||Dc|v¢

A 2A2
=5 [1ovpe =23 [pept
Hence we obtain

[ Do sc{/v2|Dz|2+/|c|v2z2+k2/|c|c2+/|f|v§2}

from which the estimate

[ Do sc{/ v2|D4°|2+/|c|v2z2+k2/|c|c2+/|f|v§2}

follows.
Recall the Sobolev inequality for v{ € HO1 (B1),

( f (vC)z*)F < c(n) / DY)
B,

B

where 2* = 2n/(n — 2) for n > 2 and 2* > 2 is arbitrary if » = 2. The Holder
inequality implies that with § > O smalland { < 1

[ 15102 < (/|f|q)é(]|v;|2*)%|{v;750”1—;?-

< cm)| fllLa ( f |D<v§)|2)§|{v§ £0y2tnq
< / DO + c(n, )1 £ 1241 (v # 0} 775,

Q=

Note 1 + % — % >1- % if ¢ > 5. Therefore we have the following estimate:

/|D(v§)|2 SC{/ ”2|D§|2+/|‘3|v2§2+kz/|C|§2+F2|{v§¢o}|1—é}

where F = || f'||La(B,)-
We claim that there holds

an  [1peoP =] [Der + @2+ it 2 0]
if |{v¢ # 0} is small.
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It is obvious if ¢ = 0. In fact, in this special case there is no restriction on the
set {v¢ # 0}. In general, the Holder inequality implies that

[ 1elv?? < ( / |c|Q)$( / (vt)Z*)%Hvz e

et [ |D(vz)|2( / |c|‘-')%|{vc £ 074

1
q
[ 1ele? < ( / |c|‘1) (g # 014,
Therefore we have

/'D(”f)'z SC{/v2|D§|2+/|D(v§)|2|{vcaéo}|%-é

Q=

and

+ (2 + FA){ut + on“é}.

This implies (4.1) if [{v{ # 0}| is small. To continue, we obtain by the Sobolev

inequality
/ (w0)? < ( / (vz>2*)§¥|{vc 4 o)1

< c(n) / ID@E)I{vE # 03

Therefore we have
/ w)* < C{ / V2 DEPIE # 0|7 + (k + F)2|{v¢ # o}l”%-é}

if [{v¢ # 0} is small. Hence there exists an & > 0 such that

/(vé)2 < C{f v DEPP{vg # O}° + (k + F)*[{vt # 0}|l+8}

if |{v¢ # 0}| is small. Choose the cutoff function in the following way. For any
fixed0 <7 < R < 1choose { € C§°(Bg) suchthat{ = 1in B, and0 <{ <1
and |[D¢| < 2(R —r)~1in By. Set

Atk,r) ={x € By :u > k}.
We conclude that forany 0 < r < R <landk > 0

4.2) (u—k)? <
A(l[r) 1
c{(?:WIA(k, R)® / (u —k)* + (k + F)*|A(k, R)I”S}
Ak,R)
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if |A(k, R)| is small. Note

At iy [ uts

A(k,R)

Hence (4.2) holds if k > kg = C|lu™||;2 for some large C depending only on A
and A.
Next we would show that there exists some k = C(kg + F') such that
u—k)>=0.
A(k,1/2)

To continue we take any A > k > kg and any 0 < r < 1. It is obvious that
A(k,r) D A(h,r). Hence we have

[ w-m< [ w-p?

A(h,r) A(kar)

and

|A(h, )| = |B, N{u—k > h—k}| < _1 / (u — k)2

Therefore by (4.2) we have for any 7 > k > k¢ and % <r<R<1

1 &
/ (u—h)* < C{(7— pp / (u—h)> + (h + F)?|A(h, R)|}|A(h, R)|

A(h,r) A(h,R)

1 (h+F)2 1 ) 1+¢
SC{(R—r>2+ (h—k)2}(h—k)2€( / (”‘k))

A(k,R)

or

L=

(h — k)¢ L2(BR)’

1 h+ F
A
“3) ll—h) ||Lz(B,>sC{R_r+h_k}

Now we carry out the iteration. Set ¢(k,r) = ||(u — k)+||L2(B,)- For t = % and
some k > 0 to be determined. Define for£ = 0,1, ...,

1
k¢ = ko +k(l — EZ) (S ko + k),
1
rg =71+ ?(1—1’).
Obviously we have

k 1
ke —kg—1 = A re—1—rge = 27(1—T)-
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Therefore we have for £ = 0,1, ...

2t 2l(ko + F +k))2¢
kp,rg) <C il
plke.r) =Cy -+ X }ks
< C ko+ F +k

7 ke
Next we prove inductively forany £ = 0, 1,...,

ko,
4.4) kg, re) < 90(0—/0) for some y > 1
I4

[p(ke—1, ”2—1)]1+8

20D o (kg_y, re_1)]' T

if k is sufficiently large. Obviously it is true for £ = 0. Suppose it is true for £ — 1.
We write

[olko.70) '™ o(ko.r0)* ¢(ko, r0)

1+¢
[p(ke—1,7¢-)]" ™" =< | &1 " pleGro Tyt
Then we obtain
Cyl'*® ko+F +k 28049 p(kg, ro)
(p(ke9 rﬁ) S 1 _ ) k1+8 ) [(p(kOa rO)]s : yee . ye *

Choose y first such that y¢ = 217¢, Note y > 1. Next, we need

Cy'™*® [(¢(ko,r0)\° ko+ F +k -
1-« \ &k ) k -

Therefore we choose

1.

k = Cilko + F + @(ko.10)}
for Cy large. Let £ — 400 in (4.4). We conclude
oko +k,7) = 0.
Hence we have

sup ut < (Cx + Diko + F + @(ko,70)}.
By/2

Recall kg = C||u+||L2(Bl) and ¢(kg,r0) < ||u+||L2(Bl). This finishes the proof.
O

Next we give the second proof of Theorem 4.1.

METHOD 2: MOSER’S APPROACH: First we explain the idea. By choosing
the test function appropriately, we will estimate the L?!-norm of u in a smaller
ball by the L?2-norm of u for p; > p» in a larger ball, that is,

lullLey(B,,) < CllullLr2(s,,)

for p1 > p» and r; < ry. This is a reversed Holder inequality. As a sacrifice C
behaves like rzirl. By iteration and a careful choice of {r;} and {p;}, we will
obtain the result.
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For some k > 0andm > 0, set ¥ = ut + k and

_ u ifu<m,
Um = ]
k+m ifu>m.

Then we have Du,, = 0in {u < 0} and {u > m} and u, < u. Set the test
function
o = n?(@hu —kP*Y) e HL(By)
for some B > 0 and some nonnegative function n € CO1 (B1). Direct calculation
yields
Dy = B*ub Ditit + n?ub, Dt + 2nDy(ubu — kP+1)
= 0k, (BDtm + D) + 2nDn(ubu — kP+1).

We should emphasize that later on we will begin the iteration with § = 0. Note

¢ = 0and Dp = 0in {u < 0}. Hence if we substitute such ¢ in the equation we

integrate in the set {u > 0}. Note also that u* < i and b, — kB+1 < wb i for

k > 0.
First we have by the Holder inequality

/aijDiungo
- /a,-jD,-L_t(,BDjﬂm + Djuyn?ub, +2/a,-,-D,-ﬁDjn(ﬁﬁﬁ—kﬂ+1)n
238 [ P \Dinl? + 4 [ P Dar — A [ \puDaiahi
=28 [ PufiDan? + 5 [ b paf - 2 [ 1onpui
Hence we obtain by noting u > k
ﬁ/nzﬁﬁIDﬁml2+/nzﬁﬁleﬁ|2
< C{/|Dnlzﬁﬁﬂz+/(lc|n2ﬁ£’;ﬁz+|f|nzﬁiﬁ}

< C{/|Dn|2ﬁ§,ﬁz +/c0n2ﬁ5ﬁ2},

where cg is defined as

_ /]
co = |c| + P

Choose k = || f||r4 if f is not identically 0. Otherwise choose arbitrary k > 0
and eventually let ¥ — 0. By assumption we have

llcollze < A + 1.

Setw = 175,/217. Note

|Dw|? < (1 4 B){Bub,| Diim|? + ub,| Dul?}.
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Therefore we have
[ue? <cla+p [ +a+p) [ vl
or
[ 1o <cla+p [wionl +a+p) [avel.
The Holder inequality implies

/Cowznz : (./ cg)%(/(nw)%)l_% <A+ 1)(/(r]w)?12_qr)1_%'

. . . . . . . 2 2
By interpolation inequality and the Sobolev inequality with 2* = =15 > qqu > 2
if ¢ > %, we have

Inwll 20 < elqwllzze + Clrq)e™ 2 wllz2
< el D(qw)ll > + C(n,q)e™ 207 [ qw]| 2
for any small ¢ > 0. Therefore we obtain
[ 1D < c{(l +p) [wipaP + (1 +prits [ wznz}
and in particular
[ 1p@np <ca+pe [(on+ e,

where « is a positive number depending only on »n and q. The Sobolev inequality

then implies
1/x
(frmre) ™ < ca+pe [apn + w2

where y = %5 > 1forn >2and y > 2forn = 2.

Choose the cutoff function as follows. Forany0 < r < R < lsetn € CO1 (BRr)
with the property

2
n=1inB, and |Dpl <—u1!
R—r

: 1
/ o) oAt B / 2
(R (R—r)?
B, Br
Recalling the definition of w, we have

1/X o
oy (1 + B) h
(/ uzxur’;’x) (R (R-r)2 /uzuf;,

Br BR

Then we obtain
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Set y = B + 2 > 2. Then we obtain

1/x o
_ (y—1) _
(/ ”'y"x) =CR=rp / W

Br BR

provided the integral in the right-hand side is bounded. By letting m — 400 we
conclude that

_ =D\ _

|ullLyx(B,) < (C(R——r)2 |ullLy(BR)
provided |[u||L»(Bg) < +o0o, where C = C(n,q,A,A) is a positive constant
independent of y. The above estimate suggests that we iterate, beginning with
y =2, as2,2)(,2)(2,.... Now setfori =0,1,...,
; 1 1
i L=

and r; = 2+2i+1.

By y; = yyi—1andri—q —r; = 1/2'*t1 wehave fori =1,2,...,

Yi = 2)

Il B,,) < Cln,q, 2, A)# [ullLvi-1(B,, )

provided ||[u] v 1 B,,_,) < +oo. Hence by iteration we obtain
_ DO )
1@l Lvi B,y = C « |ullL2(B,):

() ) <e([=)’

Bi/2 By
Letting i — +o00 we get

in particular,

sup it < Cllillz2z,y or suput < C{lutllr2s,) + k-
B2 By

Recall the definition of k. This finishes the proof for p = 2. 0J

REMARK 4.2. If the subsolution u is bounded, we may simply take the test
function
¢ =@ —kP*) € Hg (B1)

for some B > 0 and some nonnegative function 7 € C(} (B1).

Next we discuss the general p case of Theorem 4.1. This is based on a dilation
argument.
Take any R < 1. Define

u(y) =u(Ry) fory € Bj.
It is easy to see that i satisfies the following equation:

/5ijDil7Dj(p + Cap < /f(p for any ¢ € Hy (By) and ¢ > 0in B;
B B,
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where _
a(y) =a(Ry), &(y)=R’c(Ry), f(y)=R>f(Ry),
for any y € Bj. Direct calculation shows
|Gij|LooBy) + 1€ La(By) = laijlLooBr) + R*4|lcllLag) < A.

We may apply what we just proved to # in B; and rewrite the result in terms of u.
Hence we obtain for p > 2

1 n
s s s o + B8 oo |
where C = C(n,A, A, p,q) is a positive constant. The estimate in Bgr can be
obtained by applying the above result to B(;_g)gr(y) for any y € Bgg. Take
R = 1. This is Theorem 4.1 for any 6 € (0, 1) and p > 2.

Now we prove the statement for p € (0, 2). We showed that for any 6 € (0, 1)
and 0 < R <1 there holds

| ooBomy < c{ It le2cag + RZ‘EufnLq(BR)}

[(1 - 6)R]"/2
1
[(1 - 6)R]"/2

< C{ lutll 2z + ”f”Lq(Bl)}'

For p € (0,2) we have
2—
[t <G, [ty
Br Br

and hence by the Holder inequality

[T | Loo(Bog)

<C

1 _ 5
= {[(1 — G)R]”/z ||u+||ioop(/BzR)(/(u+)P dX) + ”f”Lq(BR)}

Br
1

1 1 P
< 3 lim + g ([ 697) 4 1Al
Bpr

Set f(¢) = |luT||poop,) fort € (0, 1]. Then forany 0 <r < R <1

1
f) =5 f(R)+ mlluﬂlu(m) + Cll fllzacay)-

We apply the following lemma to get forany0 <r < R < 1

C
f(r) < ——xluTllLesy) + Cll fllLaay-
(R—r)r
Let R — 17. We obtain for any 6 < 1

C
luT | Loo(By) < —(1 0 lut Loy + ClIlf llLacsy)-
—0)p
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We need the following simple lemma:

LEMMA 4.3 Let f(t) > 0 be bounded in [t9, t1] with ©9 > 0. Suppose for 19 <
t <s <11 wehave

fO=6/0) + L+

for some 0 € [0,1). Then for any 19 <t < s < 11 there holds
A
t) < ,0)S- B3.
1) < el 0)| =z + B

PROOF: Fix 19 <t < s < 11. For some 0 < t < 1 we consider the sequence
{t;} defined by

to=t and tiy; =1+ (1 —=1)t (s —1).
Note toc = 5. By iteration

k—1

— k — —
10 = £ < 0100 + | oz =07 + B} > ot
Choose 7 < 1 such that 877% < 1, thatis, 8 < t* < 1. As kK — oo we have

£y < c(a,e){ (1) + B}.

A
(1 —17)
O

In the rest of this section we use Moser’s iteration to prove a high integrability
result that is closely related to Theorem 4.1. For the next result we require n > 3.

THEOREM 4.4 Suppose a;j € L°°(B1) and c € L"2(By) satisfy the following
assumption:

Mg < aij(x)§i; < AlEI> foranyx € By, & € R,

for some positive constants A and A. Suppose that u € H(B,) is a subsolution
in the following sense:

fa,-jDiuDj<p + cup < / fo foranygp € H(}(Bl) and ¢ > 0in B;.
B B,

If f € L9(By) for some q € [n_|_2 2) then ut € L?;(Bl) for qi* =

2
=
Moreover, there holds

1
q

1 | g B12 < CUlT 2z + 11 £ lLasy))
where C = C(n, A, A, q,e(K)) is a positive constant with

2/n
8(K)=(/ |c|"/2) .
{lc|>K}
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PROOF: Form > 0,setu = u™ and

_ u ifu<m,
Um = )
m ifu>m.

Then set the test function

o = n*ubu e H}(B))

m

for some B > 0 and some nonnegative function 1 € CO1 (B1). By similar calcula-
tions as in the proof of Theorem 4.1 we conclude

1/x
(oo
cQ +ﬁ){/ | D%k +/|Cln2?75;,ﬁ2+/|f|77217£1'7}
where y = -5 > 1. The Holder inequality implies for any K > 0

/|c|nzﬁfn772§K / b u? + / |c|n?ub u?

{lc|<K} {lc|>K}
2 n—2
<k [ nzﬁf;,ﬁ2+( / |c|%) (/(nzﬁ,’;ﬁzﬁ’j)
{el>K3

1
< K/nzﬁ,é,ﬁz—l-s(l()(/ nzxﬁﬁxﬁzx)x.

Note e(K) — 0 as K — 400 since ¢ € L™ 2(By). Hence for bounded 8 we
obtain by choosing large K = K(8)

1/
(/ nZXﬁgXﬁ”) * <Cc(+ /3){f(|DnI2 + n?)ubu® + f |f|712’75ﬁ}-

Observe

—_B_ 8 B+1
B o PTEE A, (2B 2\ B
ubi <ty PTPu'TER = (uhu?)F.

Therefore by the Holder inequality again we have for n < 1

1 Aty
_RQ_ q Y X _1_ B+1
flflnzuﬁ,u < (/Ifl") (/(nzui’},uz)x) |supp |' 4~ BFDX

1 B+2
2x57x578x |~ AN
<o [rmags) " +cep([1r90) 7
provided
1 1 -2
1—-— 'B; >0 whichisequivalentto S +2 < M

g B+2)yx n—2q
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Hence B is required to be bounded, depending only on # and g. Then we obtain

1/x
(/ nzxﬁglxﬁzx) < C{/(|Dn|2 +n2yaba? + ||f||ﬁiz}-

By setting y = S + 2, we have by definition of ¢*

*

L4n=2) g
T n—2q X
We conclude, as before, for any such y in (4.5)andany0 <r < R <1

(4.5) 2 <

46 [l < c{ 1Ty B + ||f||Lq(Bl)}

(R—r)2lv

provided ||u||zv(Bg) < +00. Again this suggests the iteration 2,2y, 2x2,....

For given g € %, %), there exists a positive integer k such that

k-1 . 4 =2) _

2y%.
T n—2q X

2x

Hence for such k we get by finitely many iterations of (4.6)
2l 2 3, ) < CHINL2E) + 1 ILaay}:

in particular,
u * < C{llu + ,
I, 5 S CUlLamy + 1/}
while with y = ¢*/y in (4.6) we obtain
17l 0% 8, 5y < CAIT /(8 ) + 1 ILacary}:
This finishes the proof. O

4.3. Holder Continuity
We first discuss homogeneous equations with no lower-order terms. Consider
Lu = —D;(a;jj(x)D;ju) in B1(0) C R"
where a;; € L°°(B) satisfies
ME?? < a;j(x)&:E; < A|E]> forall x € B1(0) and £ € R”
for some positive constants A and A.

DEFINITION 4.5 The function u € HIéC(Bl) is called a subsolution (supersolu-
tion) of the equation Lu = 0 if

/a,-jD,-uDjfp <0 (=>0) forallg € HOI(Bl) and ¢ > 0.

B

LEMMA 4.6 Let @ € Clg(’:l (R) be convex. Then:

(i) If u is a subsolution and ® > 0, then v = ®(u) is also a subsolution
provided v € Hkl)c(Bl).
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(ii) If u is a supersolution and ® < 0, then v = ®(u) is a subsolution
provided v € HI})C(Bl).

REMARK 4.7. If u is a subsolution, then (u — k) is also a subsolution, where
(u — k)™ = max{0, u — k}. In this case ®(s) = (s — k).

PROOF: We prove by direct computation.
(i) Assume first ® € C]%C(R). Then

'(s) >0, @"(s)> 0.

Consider ¢ € CO1 (B1) with ¢ > 0. Direct calculation yields

/aijD,'ij(p = /a,-j@'(u)D,-uDj(p

B; B,
— /a,-jD,-uDj(CI)'(u)w) — /(aijDiuDju)(pCIJ”(u) <0,
Bl Bl

where @' (1) € HO1 (B1) is nonnegative. In general, set ®.(s) = pg *
®(s) with p, as the standard mollifier. Then ®,(s) = pg * '(s) = 0
and @} (s) > 0. Hence ®,(u) is a subsolution by what we just proved.
Note @.(s) — ®/(s) a.e. as ¢ — 0T. Hence the Lebesgue dominant
covergence theorem implies the result.

(i1) This is proved similarly. O

We need the following Poincaré-Sobolev inequality:

LEMMA 4.8 For any & > 0 there exists a C = C(g, n) such that foru € H(B)
with

{x € Bi;u = 0}| > ¢|B1| there holds /u2 <C / |Du?.
By By
PROOF: Suppose not. Then there exists a sequence {u,,} C H!(B;) such that
{x € B1;um = 0}| > ¢|B1], /ufnzl, /|Dum|2—>0 as m — 00.
B B

Hence we may assume u, — ug € H!(B) strongly in L2(B;) and weakly in
H1(B,). Clearly ug is a nonzero constant. So

m—>00 ~ m—oo
{um=0}

> |u0|2i’1111f|{um = 0}| > 0.

0= lim /lum—u0|2> lim / |Um — uo|?
B,

Contradiction. O
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THEOREM 4.9 (Density Theorem) Suppose u is a positive supersolution in B>
with

{x € By :u > 1}| > g|By].
Then there exists a constant C depending only on g, n, and A /A such that

inf u>C.
B1/»

PROOF: We may assume that u > § > 0. Then let § — 0+. By Lemma 4.6,
v = (logu)~ is a subsolution, bounded by log §~}. Then Theorem 4.1 yields

1/2
sup v §C(/|v|2) .
Bi/2

B
Note |[{x € B; : v =0}| = |{x € By : u > 1}| > ¢|B1|. Lemma 4.8 implies

1/2
4.7) sup v < C(/ |Dv|2) :

B
1/2 B,

We will prove that the right-hand side is bounded. To this end, set ¢ = %2 for
(€ CO1 (B>) as the text function. Then we obtain

OffaijDiuDj(%-) =_/;2%J_:;J+2fcalf uD;¢

U

which implies
[ #iptoguit <c [ 10z
So for fixed ¢ € CO1 (B3) with ¢ = 1 in By we have

/lDlogul2 <C.
B,
Combining this with (4.7) we obtain

sup v = sup (logu)™ < C which gives inf u > e € >o0.
Bi/2 Bi/2 Bi/2

(]

THEOREM 4.10 (Oscillation Theorem) Suppose that u is a bounded solution of
Lu = 0in B,. Then there existsay = y(n, L) € (0, 1) such that

0SCB,,, U < Y 0SCB, U.
PROOF: In fact, local boundedness is proved in the previous section. Set

o] =supu and PB; =infu.
B, B,

Consider the solution

u— B o1 —Uu
or )
a1 — Pi a1 — B
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Note the following equivalence:

1 u —ﬂl 1
u>—(o = > -,
_2(1+,31) s
1 o1 — U 1
<= — > —.
u = (e +h1) o
CASE 1. Suppose that
2(u — 1
{x € B;: 2w =Py > 1} > —|By|.
a1 — Bi 2
Apply the above theorem to g—ﬁ31 > 0 in B;. We have for some C > 1
inf u—h > i,
Bipar—p1 ~ C
which results in the following estimate:
1
inf u > — — .
A w2 p1+ c@ B1)
CASE 2. Suppose
2 —
{x € B;: 2(01 —u) > 1}‘ > 1|B1|.
a1 — p1 2

Similarly as in Case 1 we obtain

1
supu <oy — E(al — B1).
By/>
Now set
a =supu and P = inf u.
Bi/2 B2

Note B> > B and @» < 1. In both cases, we have

o= o< (1- & )@ - p.

The De Giorgi theorem is an easy consequence of the above results.

THEOREM 4.11 (De Giorgi) Suppose Lu = 0 weakly in B1. Then there holds

u@x) —u)| _ A
x_ye ~°\"7 1wl L2¢B;)

sup |u(x)| + sup
B2 x,y€B1/2
witha = a(n, 2) € (0, 1).
In the rest of the section we will discuss the Holder continuity of solutions to
general linear equations. We need the following lemma:
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LEMMA 4.12 Suppose that a;; € L*°(By) satisfies
MEP < aij(x)&:& < AEI> foranyx € By, £ € R”,
for some 0 < A < A < 4o00. Suppose u € H'(B,) satisfies
/aijD,-uDj<p =0 foranygp € H(}(Br).
B,

Then there exists an @ € (0, 1) such that for any p < r there holds

0 n—24+2«a
/IDu|2 < c(—) /|Du|2
r
B, B,

where C and a depend only on n and %

PROOF: By dilation, consider r = 1. We restrict our consideration to the
range p € (0, %], since it is trivial for p € (%, 1]. We may further assume that
/] B, 4 = 0 since the function u — |B17! [, B, U solves the same equation. The

Poincaré inequality yields
/u2 < c(n)/|Du|2.
B

By
Hence Theorem 4.11 implies for |x| < 3
u() ~u(OP = ClxP* [ [Duf?
B,

where a € (0, 1) is determined in Theorem 4.11. For any 0 < p < % take a cutoff

function ¢ € C5°(B32p) with{ = 1in B,and 0 < p < l and |D{| < %. Then set
¢ = ¢2(u — u(0)). Hence the equation yields
0= [ ay Diu(s D+ 2¢D;5u — (o)
B;
A
>3 [ @ipur—csw—u@P [ D3
2 B2,
BZD B2p
Therefore we have
|Du|? < Cp" 2 sup |u — u(0)|?.
B, Bao
The conclusion follows easily. O

Now we may prove the following result in the same way we proved Theo-
rem 3.8, with Lemma 3.10 replaced by Lemma 4.12.
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THEOREM 4.13 Assume a;; € L°°(B1) and ¢ € L"(B) satisfies
MEP < aij(x)&& < AgI* foranyx € By, £ € R,

for some 0 < A < A < +o00. Suppose that u € H'(B1) satisfies

/aiijuDi<p+cu(p =/fg0 forany ¢ € Hol(Bl).
B B,

If f € LY(By) for some q > 5, thenu € C*(By) for some o = a(n,q,A, A,

lclizn) € (0,1). Moreover, there exists Ry = Ro(q, A, A, ||c||z») such that for
any x € Byjp andr < R there holds

/ IDul® < Cr=2222) £124 5, + Il 2z}
By (x)

where C = C(n,q,A, A, ||c||Ln) is a positive constant.

4.4. Moser’s Harnack Inequality

In this section we only discuss equations without lower-order terms. Suppose
2 is a domain in R”. We always assume that a;; € L°°(£2) satisfies

ME?? < aij(x)&& < A|E* forallx € Qand & € R”
for some positive constants A and A.

THEOREM 4.14 (Local Boundedness) Let u € H' () be a nonnegative subsolu-
tion in <2 in the following sense:

/aijDiuDjsoSffw forany ¢ € H}(Q) and ¢ > 0in Q.
Q Q

n

Suppose [ € L9(R2) for some q > 3. Then there holds for any Bg C Q, any
O<r<R,andany p >0

<Cl—
P {(R—r)"/l’

where C = C(n,A, A, p, q) is a positive constant.

It o + RS ||f||Lq<BR>}

PROOF: This is a special case of Theorem 4.1 in the dilated version. 0

THEOREM 4.15 (Weak Hamack Inequality) Let u € H'(Q) be a nonnegative
supersolution in 2 in the following sense:

(%) /aijD,-uDj(pz/f(p forany(peH(}(Q)and(pZOinQ.
Q Q
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Suppose f € L1(2) for some q > 7. Then for any Br C Q2 there holds for any
O0<p<;5 andany0<0<7:<1

N =

. 1
Jofu+ B "”f||Lq(BR)>C(Rn /up)

BrR

where C depends only onn, p, q, A, A, 0, and .

PROOF: We prove for R = 1.

Step 1. We prove that the result holds for some pg > 0.

Set# = u + k > 0 for some k > 0 to be determined and v = u~!. First we
will derive the equation for v. For any ¢ € HO1 (B1) with ¢ > 0 in B consider
2 as the test function in (x). We have

D
/aijDiu#(p—Z/auD uDJu— >/f_2.

B B,
Note Dit = Du and Dv = —u? Dui. Therefore we obtain
/aiijUDﬂp + fup <0 whereweset f = é_
u
B

In other words, v is a nonnegative subsolution to some homogeneous equation.
Choose k = || f||Le if f is not identically 0. Otherwise choose arbitrary k > 0
and then let k — 0T Note

IflLacBy) = 1.
Thus Theorem 4.1 implies that for any t € (6,1) and any p > 0

that is,

infu > C(/ u ? dx)
By

B

where C = C(n,q, p,A, A, 7,0) > 0.
The key point is to show that there exists a pg > 0 such that

/ﬁ‘po-/i{po <C(n,q,A, A, 7).

N
N
\

|

|
i~
F \
|
i
N——
|
=
w’\j
S
N—
N

We will show that for any t < 1 there holds

4.8) / P! < Cn, g, 4, A7)
B;

where w = logit — f with f = |B;|™! [p_logit.
We have two methods:
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(1) Prove directly.
(2) Prove that w € BMO, that is, for any B,(y) C B1(0)

1
ﬁ/|w —wy |ldx < C.
B,
Then (4.8) follows from Theorem 3.5 (John-Nirenberg lemma).
We shall prove (4.8) directly first. Recall u = u + k > k > 0. Note that

w|)? w|)?
polwh” (polwh®
2! n!

Hence we need to estimate | B, |w|® for each positive integer .

ePolvl =1 4 polw| +

We first derive the equation for w. Consider #~ !¢ as test function in (x). Here
we need ¢ € L*(B1) N HO1 (B1) with ¢ > 0. By direct calculation as before and
by the fact that Dw = u~! D, we have

4.9) /ClijDiU)Djw§0 =< [aijDiij¢ +/(—ffp)
B B, B

forany ¢ € L*°(B1)N HO1 (B1) with ¢ > 0. Replace ¢ by ¢? in (4.9). The Holder
inequality implies

/Ilezso2 < C{/ID¢I2+/IfI<02}-
B, B,

B,
By the Holder and Sobolev inequalities we obtain

/Iflfp2 < ||f||Ln/zI|<p||§2n/(n_2> < c(n,q)II1Do|3>.
B,
Therefore we have

(4.10) /|le2¢2 < cf|D<p|2

with C = C(n,q,A,A) > 0. Take ¢ € Cy(B1) with ¢ = 1in B;. Then we
obtain

(4.11) / |Dw|?> < C(n,q,A, A, 7).
B
Hence the Poincaré inequality implies
/w2 < c(n,r)/ |Dw|?> < C(n,q, A, A, 7)
B B,

since f B, W= 0. Furthermore, we conclude from (4.10)

(4.12) / w2 <Cn,q, 1, A7, 7))
By
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for any t/ € (7, 1).
Next we will estimate fBr |w|® for any B > 2. Choose ¢ = C%|wn|?® €
HOI(Bl) N Loo(Bl) with

-m, w<-—m,
Wy = W, lw| < m,
m, w > m.

Substitute such ¢ in (4.9) to get

/ 2w [?Pay; DiwD;w < (28) / £2a1; DywD; [wp| |28~
B B
+ / 2t |wm|?Pai; DiwD;E + / |12 wml 28
B B;

Note a;j DiwDj|wm| = aij Diwm Dj|wm| < aij Diwm Djwm a.e.in B1. Young’s
inequality implies

28 —1 1
26-1 o 2P — 1 28 . 1 (0B)2B
A~ < o wml + 5508)
1 _
= (1 55 Jlunl?® + @B
Hence we obtain
1
/§2|wm|2ﬁaiJ-D,~ijw < (1 — ﬁ) / ZzlwmlzﬂaijDimejwm
B, B,
+ (2ﬂ)2ﬂ_1/§2aijDimejwm
B
+ / 2 wml?Pas; DrwD;t + / |18 wml?#
B B,
and hence

/ZzlwmlzﬂaijD,-ijw
B

< 2p)y* f £2a;; D D
B;

+(4ﬁ)/§|wm|2ﬂaijDiij§+2ﬁ/|f~|§2|wm|2ﬂ.
B, B
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Therefore we obtain

/c2|wm|2ﬂ|1>w|2 <
B ~
C{(Zﬁ)zﬁ/Clewm|2+ﬂ/ClwmlzﬁllelDEI +ﬂ/|f|z2|wm|2ﬂ}.
B; B, B,

Note that the first term in the right side is bounded in (4.11). Applying the Cauchy
inequality to the second term in the right side we conclude

/cz|wm|2ﬁ|Dw|2 <
B,

cls?? [ Dunl? + 82 [ 1unP 10X + 8 [ 171¢2Nml?8.
Bl Bl Bl
Note Dw = Dw,, for |w| < m and Dw,, = 0 for |[w| > m. Hence we have

/c2|wm|2ﬁ|Dwm|2 <
B,

c{(zmzﬂ [ 21Dunl? + 2 [ 1wnP? D¢+ |.f|¢2|wm|2ﬂ}.
B, B, B

In the following, we write w = w,, and then let m — 4o0c. By Young’s
inequality we obtain
ID@IwIP)? < 21DEP[w + 2822w D ?
-1 1
< 2D¢Pup? + 27 Dup (P jup# + 52)

and hence

/ DIl < c{(zﬁ)” / 2|Dw?
B; B

+ 8 [P + 5 [ 1720,
B;
The Holder inequality implies

é 2 1_%
/|f|§2|w|2ﬂ < (/ Ifl") (/mwlﬁ)aﬁr) |
B, B, B

By the interpolation and Sobolev inequalities with 2* = 2% > 'ﬂf > 2ifg > 2,

] q—
we have

181wl 20 = elgfwl’ L2 + Cn ™20 ewl .2

n

< e DE|w|P) 2 + Cr, q)e™ a7 ||¢|w]|P |2
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for any small ¢ > 0. Therefore we obtain by (4.10)

/ D&l < c{<2ﬁ>2ﬁ / 2|Dwf? + B / (DL + 52)|w|2ﬂ}
B; B, B,

< C{(2ﬂ)2’3 [per 4 [ (|Dc|2+52>|w|2"}
B

B
for some positive constant & depending only on n and q. Apply the Sobolev in-
equality for ¢|w|f € Wy (R™) with y = -5 to get

1/x
( / c2X|w|2/’X) < Cﬂ“{(2ﬂ)2ﬂ 2 (|D;|2+c2)|w|2ﬂ}.
B,

B B

Choose the cutoff function as follows: For T<r<R<1lsetl{=1on

B;(0), £ = 0in B1(0) \ Br(0), and |[D{| < =5 Therefore we have
1/x Ccp®
(for#) 5—(R_r)2{(2ﬂ)2'3+/|w|2”}-
B, Br

For some ©’ € (z,1)set i = x'~!

Then foreachi =1,2,...,

. A\ Vx C (i—1)a22(i—1) ic1 9 i—1
(/|w|2ﬂ) = X(t’—r)z {(2Xl e /|w|x }

ry Bri—l

andr; = t+§,-—1;—1-(t’—t)f0ranyi =12,....

Set
I = ||lw ' .
J || ”szf (Brj)
Then we have for j = 1,2,...,
I <C27 2p7 7V + I;1}
with C = C(n,q,A, A,7,7’) > 0. Iterating the above inequality and observing
that
o0 .
> i<
=0 X
we obtain
j . .
I; <CY x7'+Cly, thatis, I; <Cy/ +Clo.
i=1

Now for B > 2 there exists a j such that 2y/~1 < 8 < 2y/. Hence

‘ 1/B )
e = ([ 1wl) " s el < e+ Clo < CB-Cla < Cobs



4.4. MOSER’S HARNACK INEQUALITY 89

since /¢ is bounded in (4.12). Hence we obtain for 8 > 1

/ w|Pdx < clpP < clefp
B
where we used the Sterling formula for integer 8. Hence for integer 8 > 1

(polw])?
Bi

B

1
< pB(Coe)f < 7

by choosing pg = (2Coe)~!. This proves that

2
polw| — M i i
/e /1+p0|w|+ o + 51—|—21—|—22+ <2.

REMARK 4.16. The above method, avoiding BMO, is elementary in nature.

Now we give the second proof of estimate (4.8). Estimate (4.10) gives

[1Dwpe <c [ forany¢ e ciiay)
By B,

Then for any B>,(y) C Bj choose ¢ with

supp{ C Bar(¥), ¢ =1inB.(y), |D{| =<

Then we obtain

NN

/ |Dw|2 <Cr" 2

Br(y)
Hence the Poincaré inequality implies

n lw —wy,r| < a2 lw —wy,r|

1 5 5 1/2
rn/z(r / |Dw| ) <C,
Br(y)
that is, w € BMO. Then the John-Nirenberg lemma implies

/epolwl <C.

B

A

Step 2. The result holds for any positive p < -Z5.

We need to prove forany 0 < r; <72 < 1land0 < pa < p; < ;%5 there
holds

1 1
(4.13) (/ ﬁl’l)pl < C(/ ﬁPZ) i

Brl r2
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for some C = C(n,q,A,A,r1,r2, p1, p2) > 0. A similar calculation may be
found in Section 4.2 (Method 2). Here we just point out some key steps.
Take ¢ = w—Pn? for B € (0, 1) as the test function in (x). Then we have

g 1 PP G A P
D2312<C—/D213 _/_21/3.
[ipapat-ip <ol [onat + 5 [ L
B, B, B

Sety =1—8 € (0,1) and w = #?/2. Then we have

C
/|Dw|2n2 =< m/wz(anlz +1%)
or
[ 1p@nP < =2 [w?apa +7?)
~(I—-yp)
for some positive @ > 0. The Sobolev embedding theorem and an appropriate
choice for the cutoff function imply, with y = %5, thatforany0 <r < R < 1

(/ '“"2)()7 = —Cwa | (R—lr)2 / w?

B, BRr
or
L 7 C 1 )%( _y)%
(/” ) S((1—y)a(R—r)2 /”
B, Bgr

This holds for any y € (0,1). Now (4.13) follows after finitely many iterations.
O

Now the Hamack inequality is an easy consequence of the above results.

THEOREM 4.17 (Moser’s Harnack Inequality) Let u € H'(Q2) be a nonnegative
solution in 2

/a,-jD,-ungo =/fg0 forany ¢ € H(}(SZ).
Q Q

Suppose f € L4(Q2) for some q > 5. Then there holds for any BR C

maxu < C{ min u + R>74|| f||La(Bp)}
BRr Br/>

where C = C(n, A, A, q) is a positive constant.
COROLLARY 4.18 (Holder Continuity) Letu € H(Q) be a solution in Q

/a,-jD,-ungo = /f(p forany ¢ € Hol(Q).
Q Q
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Suppose f € L1(2) for some q > 5. Then u € C*(Q) for some a € (0,1)
depending only on n, q, A, and A. Moreover, there holds for any Bgr C Q

_ o 1/2 i
e -t = ¢ (B2 (75 [2) T+ B e

BRr

forany x,y € Brja where C = C(n, A, A, q) is a positive constant.

PROOF: We prove the estimate for R = 1. Let M(r) = maxp, u and m(r) =
ming, u for r € (0,1). Then M(r) < +o00 and m(r) > —oo. It suffices to show
that

1/2 1
w(r) 2 M(r)y—m(r) < Cr“{(/ uz) + | fllLas,){ foranyr < X
B

Set§ =2 — %. Apply Theorem 4.17 to M(r) —u > 0 in B, to get

sup (M(r) —u) < C{ jnf (M(r) ~u) + Pl flLesn)s

Br/2

that is,

(4.14) M) —m(%) < C{(M(r) _ M(%)) + r8||f||Lq(B,)}.

Similarly, apply Harnack to u —m(r) > 0 in B, to get

4.15) M(%) —m(r) < C{(m(%) - m(r)) + r5||f||Lq(B,)}.

Then by adding (4.14) and (4.15) together we get

o) +0(3) =cl(00r-0(5)) + 1 f luvcan)

:
o(3) =001+ €I lzoca,

or

for some y = g—;i <1
Apply Lemma 4.19 below with u chosen such that = (1 — ) logy/logt <

8. We obtain

1
o) = 6 fo(3) + 1 luecan|  forany p < 041

While Theorem 4.14 implies

w(%) < c{( / u2)1/2 + ||f||Lq<Bl>}-

B;
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LEMMA 4.19 Let w and o be nondecreasing functions in an interval (0, R]. Sup-
pose there holds for allr < R

w(tr) < yo(r) +o(r)
for some 0 < y,t < 1. Then for any u € (0,1) andr < R we have

7

44
w(r) < C{(E) o(R) + o (r*R1™H)
where C = C(y,t) and a = a(y, t, L) are positive constants. In fact, o =
(1—p)logy/logre.
PROOF: Fix some number r; < R. Then for any r < r; we have

w(tr) < yw(r) + a(ry)

since o is nondecreasing. We now iterate this inequality to get for any positive
integer k

k—1

o( 1) < v*or) +o(r) Y v <v*e(R) +
i=0

o(r1)
1—vy

For any r < r; we choose k in such a way that

rkrl <r< rk_lrl.

Hence we have

logy

o() < (@ 1r) < P lwr) + 20 < l(i)lmé_rw(R) L o)

- l—y —y\n l—y

Now let r{ = r* R17%_ We obtain

logy
og T

(1—-p)g 1—
Y \R l—vy

This finishes the proof. U
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COROLLARY 4.20 (Liouville Theorem) Suppose u is a solution to a homogeneous
equation in R™

/a,-jDiuchp =0 foranyg € H}(R").
R”
If u is bounded, then u is a constant.
PROOF: We showed that there exists a y < 1 such that
o(r) < yw(2r).
By iteration we have
w(r) < ykw(2kr) —0 ask > o0

since w(2Kr) < C if u is bounded. Hence for any r > 0, w(r) = 0. O

4.5. Nonlinear Equations
Up to now, we have been discussing linear equations of the form
—Dj(ajj(x)Diju) = f(x) in By.

It is natural to ask how they generalize to nonlinear equations. To answer this
question, let us consider the equation for a solution v with the form

v(x) = @(u(x))

for some smooth function ® : R — R with ®" # 0. Any estimates for u can be
translated to those for v. To find the equation for v, we write

u = Y(v)
with W = ®~1. Then by setting n = W/ (v)§ for £ € C$°(B1) we have
/a,-jD,-uDjS = /a,-j\IJ’(v)D,-ijS
\pl/(v)
= [ ajjD;vDjn— E(v—)aijDiijvn.
Therefore, if u 1s a solution
/aijD,-uDjE =/f(x)$ forany £ € HOI(Bl),

then v satisfies

w’ 1
/aijDiijﬂ=/( (v) DivDjv + . f)r] for any n € C§°(B1).

——— a .

v(w)
Note that the nonlinear term has quadratic growth in terms of Dv. Hence we
may extend the space of test functions to H(} (B1) N L°°(B1). It turns out that

H(B;) N L*(B,) is also the right space for the solution. The following example
illustrates that the boundedness of solutions is essential:
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EXAMPLE. Consider the equation —Au = |Du|? in the ball Bg(0) in R? with
R < 1. Itis easy to check that u(x) = loglog|x|~! —loglog R~ € H(Bg(0))
is a weak solution with zero boundary data. Note that u(x) = 0 is also a solution.

In this section we always assume a;; € L°°(B1) satisfies
MEP < aij(x)Ei&j < Alg]* forany x € By, £ € R,

for some positive constants A and A. We consider the nonlinear equation of the
form

(%) /aij(x)D,-uDj<p = /b(x,u,Du)<p for any ¢ € Hol(Bl) N L*°(B,).
We say the nonlinear term b satisfies the natural growth condition if
|b(x,u, p)| < Cw)(f(x) + |p|>) forany (x,u, p) € By xR x R”

for some constant C(u) depending only on u and f € L9(B;) for some g > -2

n+2°
We always assume
u € HY(B1) N L®(By).

LEMMA 4.21 Supposeu € H'(B)) is a nonnegative solution of (x) with |[u| < M
in B and that b satisfies the natural growth condition with f(x) € L9(B;) for
some q > 5. Then for any Bgr C By there holds

1
supqu{ inf u+R2_§(/|f|q)q}
Br,> BRry2

Br
where C is a positive constant depending only onn, A, A, M, and q.

PROOF: Letv = é(e“”—l) for some @ > 0. Then for¢ € H(} (B1)NL®°°(B,)
with ¢ > 0 there holds

/a,-jD,-ijcp = /aije“”DiuDjw
= fa,-jD,-uDj(e“”go)—oz/a,-je"‘”D,-uDju(p
= /b(x,u,Du)e““(p—oe/a,-je““D,-uDju(p

<) / (f(x) + [ Du?)e™p — ok / |DufPeg.

Hence by taking o large we have

[aypang <c [ 1@
for any ¢ € Hy (B1) N L™ (B1) withg > 0

(4.16)
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for some positive constant C depending only on n, A, A, and M. Observe that u
and v are compatible. Therefore by Theorem 4.14 we obtain for any p > 0

1 1
1 g n q
sup u < C(M,a) sup v < C{(—; / vl’)p +R2‘a(/ fcI)q}
BRr/2 BRr/2 R

Bgr Bg
| 1 1
p n q
SC{(ﬁ/ul’) +R2‘a(/f") }
Bgr Bp
For the lower bound, we let w = é(l —e "), Asbefore, by choosing « > 0 large

we have
/aijDiij(p >C / f(x)p foranyg € HOI(BI) N L*°(B1) with ¢ > 0.

Hence by Theorem 4.15, we obtain for any p € (0, ;%)

1 1
1 » . 22 2\?
(& [) =l ([ )}
Bgr Bp

Combining the above inequalities we prove Lemma 4.21. 0

REMARK 4.22. In estimate (4.16) in the above proof, take ¢ = (u + M)7n?
for some 7 € CO1 (B1). Then by the Holder inequality we conclude

[ 1puitr? < c{/(|Dn|2+ |f|n2)}

for some positive constant C depending only on n, A, A, and M. This implies
the interior L2-estimate of gradient Du in terms of these constants together with
| flz1(B,)- This fact will be used in the proof of Theorem 4.24.

COROLLARY 4.23 Suppose u € H'(B)) is a bounded solution of (x) and that b
satisfies the natural growth condition with f(x) € L4(By) for some q > 5. Then
u e Ce(By) witha = a(n,A,A,q,|u|p=). Moreover, there holds

lu(x) —u()| = Clx —y|* foranyx,y € By»
where C is a positive constant depending only on n, A, A, g, |u|poo(p,), and
£ lLaBy)-
PROOF: The proof is identical to that of Corollary 4.18 with Theorem 4.17
replaced by Lemma 4.21. O

THEOREM 4.24 Suppose u € H'(By) is a bounded solution of (x) and that b

satisfies the natural growth condition with f € L4(B) for some q > n. Assume
further that a;j € C*(B1) foraa =1 — g. Then Du € CY (B1). Moreover, there
holds

|Dulca(,,,) < C, A, A, q, |[ulLeosy), | fllLasy))-
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PROOF: We only need to prove Du € L{°. Then the Holder continuity is
implied by Theorem 3.13. For any B, (x¢) C B; solve for w such that

/ aij(xo)D;wD;jp =0 forany ¢ € Hy (B (xo))
By (x0)
with w — u € Hj (By(xo)). Then the maximum principle implies

inf u<w< sup u in B,(xp)

By (x0) By (x0)
or
4.17) sup |u — w| < 0SCp, (xq) U-
By (xo0)

By Lemma 3.10, we have forany 0 < p <'r,

(4.18) /|Du|25c{(§)n / |Du|? + / |D(u—w)|2}

Bp(x0) By (x0) By (x0)

and

(4.19) / |Du — (Du)xy p* <

B (x0) n+2
c{(f) [ 10u- w2+ | |D(u—w)|2}.

By (x0) By (x0)

Note that the function v = u — w € Hj (B, (xo)) satisfies

| astopane= [ buDig
By (x0) By (x0)
+ / (aij (x0) — aij(x)) DiuDjg,
By (xo0)
(ZS H(} (Br(x0)) N Loo(Br(xo))~

Taking ¢ = v and using the Sobolev inequality we obtain
/ |Dv|zsc{ [ ipuri+ e IDu|2+r”+2°‘||f||iq(Bl)}-

By (x0) By (x0) By (x0)

Hence with (4.17) we conclude

(4.20) / |Dv|? < C{(rz"‘ + 0SCB, (xo) U) / |Dul?® + r”+2°‘||f||]2ﬂ}.
By (x0) By (x0)
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Corollary 4.2 implies u € C% for some 8y > 0. Therefore we have by (4.18) and
(4.20)

n
/ |Du|2 < C{[(é) +r20l +r50i| / |Du|2 + rn+2a”f||%q}_

Bp (x0) By (x0)

By Lemma 3.4 we obtain that for any § < 1 there holds for any B;(xo) C B7/s

/ 1Duf? < Crn—2+25{ / |Du|? + ||f||1%q(31)}'

By (x0) B7/8
This implies u € Cl‘?;c for any § < 1. Moreover, for any B, (xo) C B34 there holds
OSCB, (xo) U = crd

where C is some positive constant depending only on #n, A, A, g, |u|L(p,), and
| fllLa(B,)> by Remark 4.22. With (4.20) we have for any B;(xo) C B3

/ IDU|2 < C{(’,Za +r3)rn—2+25 / IDu|2 +rn+2a||f”%q}

By (x0) Byg
/
S Crn+2a

for some o’ < o if § € (0, 1) is chosen such that 3§ > 2 and @ + § > 1. Hence
with (4.19) we obtain for any B (xg) C B% andany0 < p<r

n+2
/ |Du N (Du)x0,0|2 = C{(B) / |D“ - (Du)xo,r|2 + rn+2a’}.
r

By (x0) By (x0)

By Lemma 3.4 and Theorem 3.1 we again conclude that Du € C " for some

loc
o' < @, in particular Du € L{°. This finishes the proof. O

loc®



CHAPTER 5

Viscosity Solutions

5.1. Guide

In this chapter we generalize the notion of classical solutions to viscosity solu-
tions and study their regularities. We define viscosity solutions by comparing them
with quadratic polynomials and thus remove the requirement that solutions be at
least C2. The main tool for studying viscosity solutions is the maximum principle
due to Alexandroff. We first generalize such maximum principles to viscosity so-
lutions and then use the resulting estimate to discuss the regularity theory. We use
it to control the distribution functions of solutions and obtain the Harnack inequal-
ity, and hence C? regularity, which generalizes a result by Krylov and Safonov.
We also use it to approximate solutions in L*° by quadratic polynomials and get
Schauder (C?'%)-estimates. The methods are basically nonlinear in the sense that
they do not rely on differentiating equations. This implies that the results obtained
in this way may apply to general fully nonlinear equations, although in this chapter
we focus only on linear equations.

Here we only try to explain a few basic ideas in obtaining estimates for viscos-
ity solutions. Students should read the book [4] for further developments.

5.2. Alexandroff Maximum Principle

We begin this section with the definition of viscosity solutions. This very weak
concept of solutions enables us to define a class of functions containing all classical
solutions of linear and nonlinear elliptic equations with fixed ellipticity constants
and bounded measurable coefficients.

Suppose that 2 is a bounded and connected domain in R” and thata;; € C(R2)
satisfies

AME? < ajj(x)&E:€E; < A|E|*> forany x € Q and any £ € R”
for some positive constants A and A. Consider the operator L in 2 defined by
Lu = a;j(x)Djju foru e C2(Q).

Suppose u € C2(R) is a supersolution in 2, that is, Lu < 0. Then for any
@ € C?(Q) with Ly > 0 we have

Lu—¢)<0 inQ.

This implies by the maximum principle that ¥ — ¢ cannot have local interior mini-
mums in £2. In other words if ¥ — ¢ has a local minimum at xo € €2, there holds

Leo(xo) < 0.

99
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Geometrically u — ¢ having a local minimum at xo means that ¢ touches u from
below at xg if we adjust ¢ appropriately by adding a constant. This suggests the
following definition. We assume f € C(£2).

DEFINITION 5.1 u € C(£2) is a viscosity supersolution (respectively, subsolution)
of

Lu=f inQ
if for any xo €  and any function ¢ € C2(2) such that u—¢ has a local minimum
(respectively, maximum) at xo there holds

Lo(xo) < f(xo) (respectively, Lo(xo) = f(xo0))-

We say that u is a viscosity solution if it is a viscosity subsolution and a vis-
cosity supersolution.

REMARK 5.2. By approximation we may replace the C 2-function ¢ by a qua-
dratic polynomial Q.

REMARK 5.3. The above analysis shows that a classical supersolution is a
viscosity supersolution. It is straightforward to prove that a C? viscosity super-
solution is a classical supersolution. Similar statements hold for subsolutions and
solutions.

REMARK 5.4. The notion of viscosity solutions can be generalized to nonlin-
ear equations accordingly.

Now we define in a weak way the class of “all solutions to all elliptic equa-
tions.” For any function ¢ that is C? at xg, we have the following equivalence:

n
> aij(x0)Dije(xo) <0
ij=1

n
& Y oper <0 withd <oy < A, g = ex(D>p(x0))

k=1
— Zaiei—i- Zaiei <0

e; >0 e; <0
<~ Z aje; < Z ai(—e;),
e;>0 e;<0
which implies
A e <A (—e)
e; >0 e; <0
where ey, . . ., e, are eigenvalues of the Hessian matrix D?¢(xp). This means that

positive eigenvalues of D2¢(xg) are controlled by negative eigenvalues.

DEFINITION 5.5 Suppose f is a continuous function in €2 and that A and A are two
positive constants. We define u € C(2) to belong to ST(A, A, f) (respectively,
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S~(A, A, 1)) if for any xo € Q and any function ¢ € C?(2) such that u — ¢ has
a local minimum (respectively, maximum) at xg there holds

A Z ei (x0) + A Z ei (x0) < f(xo0)

e; >0 e; <0
(respectively, A Z ei(xo) + A Z ei(x0) > f (XO))
e; >0 e; <0

where e1(xo), . .., en(xo) are eigenvalues of the Hessian matrix D?¢(xo).
We denote S(A, A, ) = ST, A, /)NS™ (A, A, f).

REMARK 5.6. Any viscosity supersolutions of

aijjDijju=f inQ

belong to the class ST(A, A, f) where there holds
MEP < aij(x)&&; < AlE|> forany x € Q and any £ € R”.

The class ST(A, A, f) and S~(A, A, f) also include solutions to fully non-
linear equations. Among them are the Pucci equations.

EXAMPLE. For any two positive constants A < A let A be a symmetric matrix
whose eigenvalues belong to [A,A], that is, A|§|> < A;;&€& < A|£|? for any
§ € R”. Let A, A denote the class of all such matrices. For any symmetric
matrix M we define the Pucci extremal operators

M)y =M"A,A,M) = inf A;iM;;,
M- (M) = M~ ( ) AGI.RA,A ij Mij

MYM)=MT(A,A, M) = sup Aij M;;.
A€A) A

Pucci’s equations are given by
M~ A M) = f, MY, A M) =g,

for continuous functions f and g in 2. It is easy to see that

M- AM)=2) e +A) e,

e; >0 e; <0
MEQLAM)Y=A) ei+4) e,
e; >0 e; <0
where e, ... ., e, are eigenvalues of M. Therefore u € ST(A, A, f) if and only if

M~(A, A, D?u) < f in the viscosity sense; that is, for any ¢ € C?(Q) such that
u — ¢ has a local minimum at x¢ € €2 there holds

M™%, A, D?¢(x0)) < f(x0)-

By the definition of M~ and M itis easy to check that for any two symmetric
matrices M and N

M- (M) + M~ (N) <M~ (M + N) < MT(M) + M~ (N)
< MT(M + N) < MY (M) + MT(N).
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This property will be needed in Section 5.4.

Next we derive the Alexandroff maximum principle for viscosity solutions. It
replaces the energy inequality for solutions to equations of divergence forms. Let v
be a continuous function in an open convex set 2. Recall that the convex envelope
of v in €2 is defined by

['(v)(x) = sup{L(x) : L <vin R, L an affine function}
L

for any x € 2. It is easy to see that I'(v) is a convex function in 2. The set
{v=TWw)}={x€Q:v(x) =T()(x)}is called the (lower) contact set of v.
The points in the contact set are called contact points.

The following is the classical version of the Alexandroff maximum princi-
ple. We do not require that functions be solutions to elliptic equations. See
Lemma 2.24.

LEMMA 5.7 Suppose u is a CY:!-function in By withu > 0 on dB,. Then there

holds .
supu~ < c(n)( / detDzu)
B
' By N{u=Ty}
where Ty, is the convex envelope of —u~ = min{u, 0}.

Now we state the viscosity version.

THEOREM 5.8 Suppose u belongs to ST(A, A, f) in By withu > 0 on 9By for
some [ € C(S2). Then there holds

1
supu‘fc(n,)k,A)( / (f+)”)
= BiN{u=Ty}

where Ty, is the convex envelope of —u~ = min{u, 0}.

PROOF: We will prove that I'y, is a C L.1_function in B and that at contact
point xo there hold

(5.1) f(x0) >0
and
(5.2) L(x) < Ty(x) < L(x) + C{f(x0) + e(x)}|x — xo/?

for some affine function L and any x close to xg, where e(x) — 0 as x — Xxg
and C is a positive constant depending only on n, A, and A. We obtain by (5.2)

det D?Ty,(x) < C(n,A,A)(f(x))n fora.e. x € {u = I'y}.

We may apply Lemma 5.7 to function I'y, to get the result.

Suppose xg is a contact point, that is, u(xg) = I[',(xp). We may assume
xo = 0. We also assume, by subtracting a supporting plane at xo = 0, that u > 0
in By and that u(0) = 0.
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In order to prove (5.1) we take h(x) = —&|x|?>/2 in B1. Obviously u — & has a
minimum at 0. Note that the eigenvalues of D?h(0) are —¢, ..., —¢. By definition
of ST(A, A, f) we have

—nAe < f(0).
By letting ¢ — 0 we get (5.1).
For estimate (5.2) we will prove
0 < Iy(x) < Cn, A, A){f(0) +e(x)}|x|* forx € By

where ¢(x) — 0 as x — 0. By setting w = I';, we need to estimate for any small
r>0

Fix r > 0. By convexity w attains its maximum in B, at some point on the
boundary, say, (0,...,0,7). The set {x € B; : w(x) < w(0,...,0,r)} is convex
and contains B;. It follows easily that

w(x’,r) > w(,...,0,r) = C,r? for any x = (x',r) € By.
Take a positive number N to be determined. Set
Rr = {(x,,xn) . |'x/| S Nra |xl’l| S r}‘
We will construct a quadratic polynomial that touches u from below in R, and
curves upward very much. Set for some b > 0
h(x) = (xn +r)? = b|x|?.
Then we have
(G) forx, = —r,h <0
(i) for |x’| = Nr,h < (4—bN?)r2 <0if wetake b = 4/N?;
(iii) for x, =7, h = 4r%2 — b|x'|? < 4r2.
Hence if we set
~ C C 4
h(x) = == h(x) = =10 +1)? = 5112
we obtain 7 < w < u on dR, (since w is the convex envelope of u) and h 0) =
C,r?/4 > 0 = w(0) = u(0). By lowering & appropriately we conclude > thatu — h
has a local minimum somewhere inside R,. Note the eigenvalues of D?2h are given
by C,/2,—-2C,/N?,...,—2C,/N2. Hence by definition of ST (A, A, f) we have

C, Cr
- _ — 1= < :
A 5 2A(n I)N2 < n}éxf

By choosing N large, depending only on n, A, and A, we obtain

4 4
C, < Xmaxf or maxw < szmaxf.

r r R,

Note maxg, f — f(0) as r — 0. This finishes the proof. (I
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We end this section with a simple consequence of Calderon-Zygmund decom-
position. We first recall some terminology. Let Q1 be the unit cube. Cut it equally
into 2" cubes, which we take as the first generation. Do the same cutting for these
small cubes to get the second generation. Continue this process. These cubes (from
all generations) are called dyadic cubes. Any (k + 1)-generation cube Q comes
from some k-generation cube Q , which is called the predecessor of Q.

LEMMA 5.9 Suppose measurable sets A C B C Q1 have the following proper-
ties:
(1) |A| < 6 for some § € (0, 1); B
(ii) for any dyadic cube Q, |A N Q| > 80| implies Q C B for the prede-
cessor Q of Q.
Then there holds |A| < §|B|.

PROOF: Apply Calderon-Zygmund decomposition (Lemma 3.7) to f = y4.
We obtain, by assumption (i), a sequence of dyadic cubes {Q” } such that

A C U Qj except for a set of measure 0,
J
AN QJ AN QJ

8 I a— ) - ~.
- 191 107

for any predecessor Qj of Q7. By assumption (ii) we have Qj C B foreach j.
Hence we obtain

8,

ACU;j Q~j C B.
We relabel {Q 7} so that they are nonoverlapping. Therefore we get

4] <) 14N 0| <8) |0 <48|B|.
i i

5.3. Harnack Inequality

The main result in this section is the following Harnack inequality.

THEOREM 5.10 Suppose u belongs to S(A, A, f) in By withu > 0 in B for
some [ € C(B1). Then there holds

sup u < C{ inf u + || flr(B))}
Bi/2 Bi/z

where C is a positive constant depending only on n, A, and A.

The interior Holder continuity of solutions is a direct consequence, whose
proof is identical to that of Corollary 4.18.
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COROLLARY 5.11 Suppose u belongs to S(A, A, f) in By for some f € C(B1).
Then u € C*(B,) for some o € (0, 1) depending only on n, A, and A. Moreover,
there holds

lu(x) —u(y)| < Clx —yI“{sll;pluI + | fllLn(B,)} foranyx,y € Byj»
1

where C = C(n, A, \) is a positive constant.

For convenience we work in cubes instead of balls. We will prove the following
result.

LEMMA 5.12 Suppose u belongs to S(A, A, f) in Q4 sz withu 2 0in Q4 /s for
some f € C(Q4 ﬁ). Then there exist two positive constants gy and C, depending
onlyonn, A, and A, suchthat ifinfg, ,u < 1and || f ||Ln(Q4ﬁ) < go there holds
Supg, , U = C.

Theorem 5.10 easily follows from Lemma 5.12. Foru € S(A, A, f)in Q4 JA
withu >0in Q4 JA consider

Us = ! for § > 0.

. 1
lan1/4 u + ) + EE”fHL"(Q4\/ﬁ)
We apply Lemma 5.12 to ug to get, after letting 6 — O,

supu < C{ inf u + || f|lz» .
014 { O1/a (Q4ﬁ)}
Then Theorem 5.10 follows by a standard covering argument.

Now we begin to prove Lemma 5.12. The following result is the key ingredient.
It claims that if the solution is small somewhere in Q3 then it is under control in a
good portion of Q.

LEMMA 5.13 Suppose u belongsto ST (A, A, f)in B,/ for some f e C(B,. /m)-

Then there exist constants g9 > 0, w € (0,1), and M > 1, depending only on n,
A, and A, such that if

(5.3) u=>0inB, s, iélfinfu <1, ||f||Ln(Bzﬁ) < &o,

there holds
{u =M} 0 Q1] > p.
PROOF: We will construct a function g, which is very concave outside Q1,
such that if we correct u by g the contact set occurs in 1. In other words, we

localize where contact occurs by choosing suitable functions.
Note By/4 C B1j2 C Q1 C Q3 C B, s. Define g in B, /; by

B |x|2 B
gx) = —M(l - —4n—)

for large B > 0 to be determined and some M > 0. We choose M, according to
B, such that

(5.4) g =0 on aBzﬁ and g < -2 in Q3.
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Setw =u + g in B, ;. We will show by choosing B large that

(5.5) weST(, A, f) inB, ;)\ Q1.

Suppose ¢ is a quadratic polynomial with the property that w — ¢ has a local
minimum at xo € B, s. Thenu — (¢ — g) has a local minimum at xo € B, Ja

By definitions of ST(A, A, f) and the Pucci extremal operator M~ we have
M~ (A, A, D*¢(x0) — D*g(x0)) < f(x0)

or
M~ (A, A, D*¢(x0)) + M~ (A, A, —D?g(x0)) < f(xo)

where we used the property of M™. We will choose B large such that
M~(A, A, —D?g(x0)) = 0 forany xo € B, 7 \ By/a.

We need to calculate the Hessian matrix of g. Note

B—1 B—2
Dijg(x) = —ﬂ(l—ﬁ) Sij—L,B(IB )( |x’|12) XiX;j.

4n (2n)? 4
If we choose x = (|x],0,...,0) then the eigenvalues of —D?g(x) are given by
2\8-2 78 1
—ﬁ LN P T |x|>-1) with multiplicity 1,
4n 4n
M X . ith multiplicit 1
o n with multiplicity n — 1.

We choose B large such that for |x| > % the first eigenvalue is positive and the

rest negative, denoted by e (x) and e~ (x), respectively. Therefore for |x| > % we
have

M~ (A, A, —D?g(x))
=deT(x) + (n — DAe (x)

B2 _ 2
— _,3( 'I":) {A(—z’in 1|x|2— 1) —(n— 1)A(1 _ %)}
>0

if we choose B large, depending only on n, A, and A. This finishes the proof of
(5.5). In fact, we obtain

weSTAA, f+1) in B,

for some n € C§°(Q1) and 0 < n < C(n,A,A).
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We may apply Theorem 5.8 to w in B, ;. Note infg, w < —1and w > 0 on
0B, sn by (5.3) and (5.4). We obtain

1
1sc( / (|f|+n)”)
Bzﬁﬁ{w=1"w}
1
< ClflliLn s, m + CHw = Tw} N Q1.

Choosing &g small enough we get
1 1 1
5 SClw=Tw}N 01" < Cl{u <M} N O

since w(x) = 'y (x) implies w(x) < 0 and hence u(x) < —g(x) < M. This
finishes the proof. O]

Next we prove the power decay of distribution functions.

LEMMA 5.14 Let u belong to ST (A, A, f) in B, s for some f € C(B, s).
Then there exist positive constants &g, €, and C, depending only on n, A, and A,
such that if

(5.6) u=0in B, s, iélfinfu <1, ”f“Ln(Bzﬁ) < &9,
there holds
Ku>t}N Q1| <Ct™® fort >O0.
PROOF: We will prove that under assumption (5.6) there holds
(5.7) fu>M N 01 < -k fork=1,2,...,

where M and p are as in Lemma 5.13.
For k = 1, (5.7) is just Lemma 5.13. Suppose now (5.7) holds for k — 1. Set

A={u>M3¥nQ, B={u>M"1no;.
We will use Lemma 5.9 to prove that
(5.8) |A| = (1 —w)|B.

Clearly AC BC Qrand |A| < {u > M} N Q1] <1— ubyLemma 5.13. We
claim that if Q = Q,(x¢) is a cube in Q1 such that

(5.9) AN Q| > (1 —-wlQ

then O N Q1 C B for 0 = Q3 (x0). B
We prove it by contradiction. Suppose not. We may take X € Q such that
u(¥) < M*—1. Consider the transformation

x =x9+ry forye Qiandx € Q = Qr(x0)

and the function .

u(y) = ME—1 u(x).
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Then # > 0in Bzﬁ andinfg, ¥ < 1. Itis easy to check that & € ST\, A, f) in
B, /m with ||]7||Ln(32ﬁ) < &¢. In fact, we have
2

f~(J’)=W

f(x) forye€ B,
and hence
~ r
1A LB, m < W”f”L"(Bzﬁ) < 1 fln(B, ) < €o-
Hence u satisfies assumption (5.6). We may apply Lemma 5.13 to # to get

w<|{#») <M} Q1] =r"[{u(x) < M¥}n Q.

Hence |Q N A°| > wu|Q]|, which contradicts (5.9). We are in a position to apply
Lemma 5.9 to get (5.8). O

PROOF OF LEMMA 5.12: We prove that there exist two constants 6 > 1 and
My > 1, depending only on n, A, and A, such that if u(xg) = P > M) for some
Xo € Bj/4 there exists a sequence {xi} € B/, such that

u(xg) > kP fork =0,1,....

This contradicts the boundedness of u, hence we conclude that sup Bis¥ = M.
Suppose u(xo) = P > My for some xo € Bj/4. We will determine Mo

and 6 in the process. Consider a cube Q,(xo), centered at xo with side length r,

which will be chosen later. We want to find a point x1 € Q4 /5y (x0) such that

u(x1) = 6P. To do that we first choose r such that {u > g} covers less than half
of Qr(xp). This can be done by using the power decay of the distribution function
of u.

Note infg, u < infg, , u < 1. Hence Lemma 5.14 implies

P—a
gc(E).

We choose r such that fzi >C (%)‘8 and r < %. Hence we have, for such r,

Qr(xo0) C Q1 and

P

_
|Qr(x0)|

Next we show that for 6 > 1, with § — 1 small, ¥ > P at some point in
Q4. /nr (x0). We prove it by contradiction. Suppose u < 0P in Q_/,(xo0). Con-
sider the transformation

(5.10)

1
<.
-2

{u > g} N Qr(xo)

x =xpt+ry forye Q, mandx € Q4 s (xo)
and the function
OP —u(x)

"0) =g p
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Obviously # > 0 in B, Ji and #(0) = 1, hence infg, # < 1. Itis easy to check
thati € ST(A, A, f) in B,_/; with ||f||Ln(Bzﬁ) < go. In fact, we have

2

FO)=—G=pp /™ forye By

and hence

r

| Fllzr B, m < m”f”L"(Bzﬁr(xo)) = &0

if we choose P such that r < (6 — 1) P. Hence we may apply Lemma 5.13 to .
Note that u(x) < % if and only if % (y) > 6-1/2

“g—1 and that 99__1{2 is large if 0 is
close to 1. So we obtain

L
0r 60

psg}n@uw

if 6 is chosen close to 1. This contradicts (5.10).
Hence we conclude that there exists a 6 = 8(n, A, A) > 1 such that if

u(xo) = P for some xo € Bi/a
then

u(x1) = 0P forsome x1 € Q4 s, (x0) C B2nr(xo)
provided
Cn,A,A)P~7 <r<(—1)P.
So we need to choose P such that P > (%)"/ (n+€) and then take r = CP /™.

Now we may iterate the above result to get a sequence {x;} such that for any
k=12,...,

u(xg) > 0¥ P for some Xk € Bonr (x5—1)

where ry, = C(9%¥—1P)=¢/n = co~(k—De/n p=&/n Ty order to have {x;} € B/
we need » 2nr; < %. Hence we choose My such that

y & 1) C \rnte
g/n —(k—1)&
My'" =8nC Z 60 n and Mo > (m)
k=1
and then take P > M. This finishes the proof. 0

In the rest of this section we prove a technical lemma concerning the second-

order derivatives of functions in S(A, A, f). Such results will be needed in the
discussion of W?2:?-estimates. First we introduce some terminology.
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Let 2 be a bounded domain and u# be a continuous function in 2. We define
forM >0
Gy (u, Q) = {xo € 2 : there exists an affine function L such that
L(x) — %|x — xo|? < u(x) forx € Q

with equality at xo},

GA'; u,2) = {xo € 2 : there exists an affine function L such that
L(x) + %lx — x0|?> > u(x) forx € Q

with equality at xo},

Gy (u, ) = GA';(u, Q)N Gyr(u, Q).
We also define
Ay, Q) = Q\ Gy (u, Q),
A3, Q) =Q\ G}, Q),
Ap(u,2) = Q\ Gy (u, Q).
In other words, G, (u, §2) (respectively, G;} (u, 2)) consists of points where there
is a concave (respectively, convex) paraboloid of opening M touching u from
below (respectively, above). Intuitively |Aas (u, 2)| behaves like the distribution

function of D2u. Hence for integrability of D?u we need to study the decay of
| A (u, 2)|.

LEMMA 5.15 Suppose that S is a bounded domain with B 5 C S and that u
belongsto ST (A, A, f)in Bg Jnforsome f € C(Bg /). Then there exist positive
constants 8o, |, and C, depending only on n, A, and A, such that if |u| < 1in Q
and ”f”L”(BGﬁ) < 8o there holds

|A; u, Q)N 01| <Ct™ foranyt > 0.
If, in addition,u € S(A, A, f) in Bg. /u> then

|A:(u, )N Q1| <Ct™™ foranyt > 0.

In the proof of Lemma 5.15 we need the maximal functions of local integrable
functions. For g € L{ (R") we define

1
mE)x) = sup o / 8l-
Qr(x)

The maximal operator m is of weak type (1, 1) and of strong type (p, p) for 1 <
p < 0o, that s,

c1(n)
t
Im@)lLr@rny < c2(n, PlgllLr@wny forl < p < oco.

{x e R* :m(g)(x) = t}] <

”g”Ll(Rn) for any ¢ > 0,
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Now we begin to prove Lemma 5.15. The following result is the key ingredient.
It claims that if u has a tangent paraboloid with opening 1 from below somewhere
in O3, then the set where u has a tangent paraboloid from below with opening M
in Q1 is large. Compare it with Lemma 5.13.

LEMMA 5.16 Suppose that 2 is a bounded domain with Bg s C $2 and that u

belongs to ST(A, A, f) in Bg. /z for some f € C(B6ﬁ). Then there exist con-
stants 0 <o < 1, 89 > 0, and M > 1, depending only on n, A, and A, such that if
”f”Ln(BGﬁ) < 8o and G (u,2) N Q3 # O, then

Gy (u, ) N 01] 2 1 —o0.
PROOF: Since G (4, 2) N Q3 # O, there is an affine function L such that
v > P; in 2 with equality at some pointin Q3
where

|x|?

v(x) = 4+ Li(x) and Pi(x)=1-——.
4n

This implies v > 0 in B2 JA and infg, < 1. Then as in the proof of Lemma 5.13,
for w = v 4 g, where g is the function constructed in Lemma 5.13, we have

{w=TwiNO1|21-0

for some o € (0, 1) if &p is chosen small. Now we need to prove {w = 'y, }N Q1 C
Gy (u,2) N QO forsome M > 1. Let xo € {w = I'y} N Q1 and take an affine
function L, with L, < O on 0B, JA and

u()

L <T'y <v+g inB, JA with equality at xg.
It follows that
(5.11) P<l;—g<v in Bzﬁ with equality at xg

for a concave paraboloid P> of opening My = Moy(n, A, A) > 0.

Next we prove P, < vin '\ Bzf Note that P, < —g = 0 = P; on aBzJ—
and that P>(xo) = v(xo) = P1(xo) with xg € Q1 C B, ;. If we take Mo > 2n’
then {P> — P; > 0} is convex. We conclude that P, — P; < 0in R" \ B, Ji
Hence we have P, < P; <vin Q\ Bzﬁ. By (5.11) and the definition of v, we

get xg € Gano(u’Q) N Q1 with2n My > 1. O

PROOF OF LEMMA 5.15: Recall Bg s C Qu € ST(A, A, f) in By /; and

(5.12) lulpeo) = 1. 1 fllLn(Bs ) = o

We will prove that there exist constants M > 1 and 0 < y < 1, depending only on
n, A, and A, such that

|43, Q)N Q1] < y* foranyk =0,1,....
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Step 1. There exist constants M > 1 and 0 < o < 1 such that
(5.13) |Gy, Q)N Q01| >1—0.
It is easy to see that |u|7,cc(q) < 1 implies that
Gy . )N Q3 # @

for some constant c¢(n) depending only on #n. We may apply Lemma 5.15to u/c(n)
to get (5.13). By a simple adjustment we may assume that g, M, and o in Step 1
are the same as those in Lemma 5.15.

Step 2. We extend f by 0 outside Bg_/; and setfork =0,1,...,
A=Ay, Q)N 0y,
B = (A3, Q) N Q) U {x € Q1 :m(fM)(x) = (c1M*)"},
for some ¢; > 0 to be determined. Then there holds
|A| < o|B|

where M > 1 and 0 < o < 1 are as before. Recall that m( /") denotes the
maximal function of f”.

We prove this by Lemma 5.9. It is easy to see that |A| < o since we have
|G;4k+1(u’9) N Q01| = |Gy (u,2)N 01|/ =1—0 by Step 1.

Next we claim that if Q = Q,(x) is a cube in Q' such that

(5.14) A1, )N Q| = AN Q] >0ol|Q],

then Q N Q1 C B for Q = Q3,(x0).
We prove this by contradiction. Suppose not. We may take an X such that

- 1
X€Gyi(u, Q)N QO and su / fI* < (c1M*)".
M i@ ) |
(X

Consider the transformation
X =xg+ry forye Qirandx € Q = Qr(xo)

and the function .

CYVE u(x).
It is easy to check that Bg Ji C Q, the image of €2 under the transformation above,
and that il € S*(A, A, f) in B s with

u(y) =

~ 1
fy) = mf(x) for y € Bg -
By the choice of X we have
GL({, Q)N Q3 # 2.
Since Bg sz, (X0) C Q45 Jnr(X) there holds

~ 1
Il Bg m) = ’M—k“f”L"(QlSﬁr(&')) <c(n)e1 < 8o
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if we take ¢; small enough, depending only on n, A, and A.
Hence u satisfies the assumption of Lemma 5.16 with Q2 replaced by Q2. We
may apply Lemma 5.16 to i to get
Gy @D N 01 21~0 or |Gy, NQ|>A-0)Ql.
This contradicts (5.14). We are in a position to apply Lemma 5.9.
Step 3. We finish the proof of Lemma 5.15. Define fork =0, 1,...,

ar = Ay (u, ) N 01,
Br = l{x € Q1 : m(f™)(x) = (c1M*)"}].

Then Step 2 implies a; +1 < o(ax + Br) forany k = 0,1, . ... Hence by iteration
we have

k—1
ap < ok + Zak_iﬁi.
i=0
Since || f"||z1 < 8 and the maximal operator is of weak type (1, 1), we conclude
that

Br < c(m)8F(ciM*)™ = C(n, A, A)M "%,

This implies
k—1 _ k—1 ‘ ‘
Zak—lﬁi <C Zok_’M—’” < Ckyk
i=0 i=0

with y9 = max{o, M ™"} < 1. Therefore we obtain for k large
o < oF + Chy§ < 1+ Chyg <"
for some y = y(n,A,A) € (0, 1).
This finishes the proof. (]

REMARK 5.17. The polynomial decay of the function

() = A (u, 2) N 01

foru € S(A, A, f) implies that D?y is LP-integrable in Q; for small p > 0
depending only on n, A, and A. In order to show the L?-integrability for large p
we need to speed up the convergence in the proof of Lemma 5.15. We will discuss
W 2P _estimates in Section 5.5.

5.4. Schauder Estimates

In this section we will prove the Schauder estimates for viscosity solutions.
Throughout this section we always assume that a;; € C(B1) satisfies

AlEI? < a;j(x)§:i§ < A|E]* forany x € By and any £ € R"

for some positive constants A and A and that f is a continuous function in Bj.
The following approximation result plays an important role in the discussion
of regularity theory.



114 5. VISCOSITY SOLUTIONS

LEMMA 5.18 Suppose u € C(B1) is a viscosity solution of
aijDiju = f in By
1

with lu| < 1in By. Assume for some 0 < ¢ < 1,

laij —aij 0)|L7(Bs/4) = &

Then there exists a function h € C(§3/4) witha;j(0)D;jh = 0in B34 and |h| < 1
in B34 such that

lu—hlpooBy,n) < CLe¥ + 1 fllLn(an)}
where C = C(n, A, A) is a positive constant and y = y(n, A, A) € (0, 1).
PROOF: Solve for € C(E3/4) N C*°(B3/4) such that
aij(0)Dijjh =0 in B34,
h=wu ondBj4.

The maximum principle implies |2| < 1in B3,4. Note that u belongsto S(A, A, f)
in B;. Corollary 5.11 implies thatu € C%(Bs/4) forsomea = a(n,A,A) € (0, 1)
with the estimate

1l Gy < CCr. A AYL 4 1L lzn gy}

By Lemma 1.35 we have
18l car2@y ey < Cltllcags, .y < €A AL+ £ lzn(ay}-

Since u —h = 0 on dB3/4 we get forany 0 < § < %

(5.15) |t — h|Loo3Bs)a_s) < C8Y {1 + || flln(ay}-
We claim forany 0 < § < 1
(5.16) |D?h|poo(By s g) < C82 21 + || f|lLnBy) -

In fact, for any xo € Bs/s—s we apply interior C 2_estimate to & — h(x1) in
Bs(xo) C B34 for some x1 € dBj(xo) and obtain

|D?h(xo)| < C§2 Jup |h —h(x1)| < C8728%2{1 + || f |Lr(By)}-
8§ (X0

Note that u — A is a viscosity solution of
ajjDij(u —h) = f —(aij —aij(0))D;jh = F in B3/4.
By Theorem 5.8 (the Alexandroff maximum principle) we have with (5.15) and
(5.16)
[u — hlLeo(Bsys—s)
<lu- h|L°°(333/4—5) +C ||F”L"(33/4—5)
< |u —h|Lo(3B5/4_s)
+ C|D?hlpoo(Bs4_p)llaij — aij ()|Lr (B q) + C Il f lLn(ay)
< C** + 822 {1 + || flLn 81y} + Cllf lLn(By)-
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Take § = £1/2 < % and then y = Z. This finishes the proof. U
For the next result we need to introduce the following concept.

DEFINITION 5.19 A function g is Holder-continuous at 0 with exponent « in the
L™ sense if

glcs, 0) = sup _(|Br| / g — g(O)l”) <o

O<r<17

Now we state the Schauder estimates.

THEOREM 5.20 Suppose u € C(B1) is a viscosity solution of
aijDiju = f in Bi.

Assume {ai; } is Holder-continuous at 0 with exponent o in the L" sense for some
a € (0,1). If f is Holder-continuous at O with exponent o in the L" -sense, then u
is C*® at 0. Moreover, there exists a polynomial P of degree 2 such that

|u — P|poo(B,(0)) < Cyr?t® forany 0 <r <1,
|P(0)] + |DP(0)| + | D> P(0)| < Cs,
Cs = C{lulpooem)) + 1/ O)] + [flce, (0)}

where C is a positive constant depending only on n, A, A, o, and [a; J’]C}fn (0).

PROOF: First we assume f(0) = 0. For that we may consider v = u —
bijxixj f(0)/2 for some constant matrix {b;; } such that a;; (0)b;; = 1. By scaling
we also assume that [a; j]an (0) is small. Next by considering for § > 0

u
|u|Loo(By) + %[f]cg,, 0)

we may assume |u|z0o(p,) < 1 and [f]C,‘fn (0) <.
In the following we prove that there is a constant § > 0, depending only on 7,
A, A, and «, such that if u € C(Bj) is a viscosity solution of

aijDijju = f in By

with

1
1 n
lulpeesy = 1, laijlce, (0) <6, ( /|f|”) <§r* forany0 <r <1,

| Br|
B,
then there exists a polynomial P of degree 2 such that
(5.17) lu— Plpoocp, o) < Cr*t® forany0 <r <1
and
(5.18) |P(0)| + |[DP(0)| + |D>P(0)| < C

for some positive constant C depending only on x, A, A, and «.
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We claim that there exist 0 < u < 1, depending only on n, A, A, and «, and a
sequence of polynomials of degree 2

1
Pr(x) =ar +bg-x + 5xTCkx
such that forany k =0, 1,...,
(5.19) a;j(O)Dij P =0, |1 — Pilrooqs ) < pFCFD,

lag — ax—1] + u5 7V bg — by | + w2E V|G, — Cr|

(5.20) < cpk-D@+)

where Pp = P_; = 0 and C is a positive constant depending only on 7, A, A,
o 3\}6 first prove that Theorem 5.20 follows from (5.19) and (5.20). It is easy to
see that a, bg, and Cy converge and that the limiting polynomial
p(x) =adoo + boo - X + %xTCoox
satisfies
| Pe(x) = p(0)] < C{Ix P + |x|p@FDF 4 pFDky < ¢y BHak
for any |x| < u*. Hence we have for |x| < u¥
[u(x) = PG| < [u(x) = Pe(@)| + | Pi(x) — p(x)] < Cp@*o¥,
which implies that
lu(x) — p(x)| < C|x|**® forany x € Bj.

Now we prove (5.19) and (5.20). Clearly (5.19) and (5.20) hold for k = 0.
Assume they hold for k = 0,1,...,l. We prove for k = [ 4+ 1. Consider the
function

~ 1
T0) = Ziaray ® — PO'y) fory € Br.

Then # € C(B) is a viscosity solution of

ajjDiju = f~ in By
with
~ 1 !
aij(y) = —7o%ii (W »),
7
~ 1
f) = W{f(u’y) —aij (' y) Dij Pi}.

Now we check that # satisfies the assumptions of Lemma 5.18. For that we
calculate

~ ~ 1
laij — ai; )l (8y) = Wllaij —aijO)lr ;) < laijlce, (0) < 6
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and
f <2 ! D*P 0 <§4C8
If llLn(Byy < W”f”L"(Bul)"'uW sup | D* Pyllaij —aij O)lLn(B,;) < 8+

where we used

l l
ID?Pi| <) ID?P = D?Py| < ) pV* < C.
k=1 k=1

Hence we take ¢ = C(n, A, A)§ in Lemma 5.18. Then by Lemma 5.18 there exists
a function /2 € C(§3/4) with @;; (0)D;jh = 0in B34 and |h| < 1 in B34 such
that

| — hlLoo(B, ) < C{e¥ + &} <2C&".

Write P(y) = h(0) + Dh(0) + y"D2h(0)y/2. Then by interior estimates
for h we have

| — Plpoo(s,) < il —hlpeos,) + |h — Plroo(s,) < 2Ce” + Cpd < p?te
by choosing @ small and then ¢ small accordingly. Rescaling back, we have
lu(x) — Pr(x) — W!@t0p(ux) < ud+OC+0)  forany x € B, 41
This implies (5.19) for k = I + 1 if we define
Pies1(x) = Pe(x) + p/CFD P ().
Estimate (5.20) follows easily. O

To finish this section we state the Cordes-Nirenberg type estimate. The proof
is similar to that of Theorem 5.20.

THEOREM 5.21 Suppose u € C(B) is a viscosity solution of
aijDijju = f in By.

Then for any a € (0, 1) there exists an 0 > 0, depending only on n, A, A, and a,
such that if

1
( /|al~j —a,-j(O)l”) <0 foranyO<r <1,
B,

| B |

then u is CY® at 0; that is, there exists an affine function L such that

lu — L|poo(B, 0)) = Cyrl™® foranyO <r <1,

|L(0)| + |DL(0)| < Cx,

1
1 n
c*sc{|u|Loo<Bl>+ sup rl‘“( /|f|") }
Oo<r<l1 |Br|B

where C is a positive constant depending only on n, A, A, and a.
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5.5. W 2P Estimates

In this section we will prove the W 2:P-estimates for viscosity solutions. We
always assume throughout this section that a;; € C(B) satisfies

AlE]? < a;j(x)§§ < AlE|*> forany x € By and any &£ € R”

for some positive constants A and A and that f is a continuous function in Bj.
The main result in this section is the following theorem.

THEOREM 5.22 Suppose u € C(B)) is a viscosity solution of
aijDiju = f in Bj.

Then for any p € (n, 00) there exists an € > 0, depending only on n, A, A, and p,
such that if

o |
o [l -aseor) <e foran 8o c B
(|Br(xo)| o '
By (x0)
thenu € Wli;p (B1). Moreover, there holds
lullw2.2(B,,,) < C{ulLeomy) + I fllLr (s}

where C is a positive constant depending only on n, A, A, and p.
As before we prove the following result instead.
THEOREM 5.23 Suppose u € C(Bg ﬁ) is a viscosity solution of
aijDiju = f in Bgﬁ.
Then for any p € (n, 00) there exist positive constants & and C, depending only on
n, A, A, and p, such that if
lullzoes sy =1, I1fllLo(ag ) <&

and

(|7r(le)| / |aij —a,-j(xo)l") <e forany Br(xo) C Bg sz,
By (x0)
thenu € W2P(B) and lullw2.0(B,) < C.
Before the proof we first describe the strategy. Let €2 be a bounded domain
and u be a continuous function in £2. As in Section 2, we define for M > 0
Gum(u, Q) = {xo € Q : there exists an affine function L such that
L(x) = Hlx = x0? < u(x) < L(x) + Zlx — xo|?
for x € Q with equality at x¢},
Ap(u, Q) = Q\ Gy (u, Q).
We consider the function

0(x) =0(u,R)(x) =inf{M : x € Gpyr(u,R2)} € [0,00] forx € Q.
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It is straightforward to verify that for p € (1, oo] the condition 6 € L?(£2) implies
D%y € L?(R2) and
ID*ullLr(@) < 2010lLr ().

In order to study the integrability of the function 6 we discuss its distribution
function, that is,

no) = |{x € 2 :0(x) >t} foranyt > 0.
It is clear that
po(t) <|A:(u,2)| forany? >0.
Hence we need to study the decay of |A; (u, 2)|.

LEMMA 5.24 Suppose that Q is a bounded domain with Bg vi C K and that
u € C(R2) is a viscosity solution of

aijDiju = f in B&/ﬁ'

Then for any gg € (0, 1) there existan M > 1, depending only on n, A, and A, and
an ¢ € (0, 1), depending only on n, A, A, and &y, such that if

(5.21) 1 lerBs ) < & Naij — aij(O)llLrs, sz < &
and
(5.22) Gi(u, )N Q3 # 2,

then there holds
|Gp (u, 2) N Q1] = 1 —ego.

PROOF: Let x1 € G1(u,2) N Q3. Thenthere exists an affine function L such
that

1 1
—5 —x1?> <u(x)— L(x) < S —x1]> inQ.

By considering (¥ — L)/c(n) instead of u, for c(n) > 1 large enough, depending
only on n, we may assume that

(5.23) lul <1 in Bg s,
which implies
(5.24) —|x|* < u(x) < |x|> forany x € Q\ By .
Solve for h € C(B, J) N C2(B;_zz) such that
aij(0)D;jh =0 in B; /m
h=u ondB,; s;.
Then Lemma 5.18 implies
(5.25) lu — hlpoo(Bs ) < CLe" + 1 flLrBy

and

(5.26) 12l c2¢Bg m = €
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where C > 0 and y € (0,1), as in Lemma 5.18, depend only on n, A, and A.

Consider h|5 _. Extend h outside Bg s continuously such that &/ = u in €\
6/n

B; /5 and lu —hlpeo(@) = |u — hlLoo(B6ﬁ). Note || < 1 in Q. It follows that

|u — h|poo(@) < 2 and hence with (5.24)

—|x2 <h(x) <2+ |x? foranyer\E6ﬁ.

Then there exists an N > 1, depending only on n, A, and A, such that

(5.27) 01 C Gy(h, Q).
Consider
mln{l 80}( 0
2C¢gY

where &g is the constant in Lemma 5.15 and C and y are constants in (5.25) and
(5.26). It is easy to check that w satisfies the hypotheses of Lemma 5.15 in 2. We
may apply Lemma 5.15 to get

|A;(w,2)N Q1| < Ct™ foranyt > 0.

Therefore we have

|[As(u —h, Q)N Q1| < Ce¥¥s™™ forany s > 0.
It follows that

IGNUu—h,QNQ1|>1-C1e"" >1—¢g
if we choose ¢ = e(n, A, A, go) € (0, 1) small. With (5.27) we get
|Gan (u,2) N Q1] = 1 — &o.
O

REMARK 5.25. In fact, we prove Lemma 5.24 with assumption (5.22) replaced
by (5.23).
PROOF OF THEOREM 5.23: Our proof has three steps.

Step 1. For any g9 € (0, 1) there exist an M > 1, depending only on n, A,
and A, and an ¢ € (0, 1), depending only on n, A, A, and &g, such that under the
assumptions of Theorem 5.23 there holds

(5.28) |Gy (u, Bg ) N Q1] = 1 —¢€o.

We remark that M does not depend on &g. In fact, we have |u| < 1 < |x|? in
Bg jm \ Bg m- We may apply Lemma 5.24 to get (5.28) with 2 = Bg /m (see
Remark 5.25).

Step 2. Weset,fork =0,1,...,
A = Appre+1(u, Bg ) N 01,
B = (Apx(u, Bg ) N Q1) U{x € Q1 :m(f™)(x) = (1 M*)"},
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for some c; > 0 to be determined, depending only on n, A, A, and &9. Then there
holds

|A] < 0| B|.
The proof is identical to that of Lemma 5.15.
Step 3. We finish the proof of Lemma 5.24. We take ¢ such that

1
MP?P = _
€0 5

where M, depending only on n, A, and A, is as in Step 1. Hence the constants &
and c; depend only on n, A, A, and p. Define fork =0, 1,...,

ag = |Apgx (4, Bg ) N Q1l,
Br = [{x € Q1 : m(f™)(x) = (c1M*)™}).

Then Step 2 implies ax 1 < €o(ax + Bi) forany k = 0, 1,.... Hence by iteration
we have

k-1
a <ef+ ) e Bi.
i=1

Since f” € LP/" and the maximal operator is of swong type (p, p), we conclude
that m( f™) € LP/™ and

Im(f™pem < CIfI7r <C.

Then the definition of S implies

> MPkp <.

k>0
As before we set
O(x) = 6(u, By/»)(x) =inf{M : x € Gy (u, B1/2)} € [0,00] forx € By,
and
mo(@) = {x € Byjp: 0(x) >t}| forany? > 0.
The proof will be finished if we show
10llL7(B,/2) = C.
It is clear that
po(t) =< |Ar(u, B1y2)| < [A¢(u, Bg jz) N Q1] forany > 0.

It suffices to prove, with the definition of «y, that

ZMpkak <C.
k>1
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In fact, we have

k—1
Y MPRay <N (@oMPY + "N e MPED M Pl

k>1 k>1 k=>1i=0
<yt (Turp) (L) <c
k>1 i>0 j=1
This finishes the proof. O

5.6. Global Estimates

In the previous two sections, we derived interior Schauder estimates and W2:P.
estimates for viscosity solutions. In fact, these estimates hold globally. In this
section, we state these results without proof for classical solutions of Dirichlet
problems for general linear elliptic equations. These results will be needed in the
next chapter.

Let 2 be a bounded domain in R”, a;; be continuous functions in €2, and
b; and ¢ be bounded functions in 2. For some bounded function f in € and

continuous function ¢ on 9€2, consider

aiiDiju +b;Diju + cu = in €2,
(5.29) VR /
u=¢ onof2.

We always assume
aij(x)EE; > A|E|> forany x € Q and £ € R”
for some constant A > 0. In the following, we may require that ¢ be defined in 2.

We first state the global Schauder estimate.

THEOREM 5.26 For some constant @ € (0,1), let 2 be a boundec_l C2%% _domain
inR", and a;j, b;, and ¢ be C*(2)-functions. Suppose u € C 2:%(Q) is a solution
of (5.29) for some f € C*(Q) and ¢ € C**(Q). Then

lull 2 < Clllulloo@ + 1 lcagg + 1€lc2a@}:

where C is a positive constant depending only on n, a, A, 2, and the C% (S_Z)-norms
of aij, bi, and c.

Next, we state the global W2:P_estimate.

THEOREM 5.27 Let Q2 be a bounded C ' -domain in R", a; 7 be continuous func-
tions in 2, and b; and ¢ be bounded functions in Q2. For some constant p > 1, sup-
poseu € WP(Q) is a solution of (5.29) for some f € LP(Q) and ¢ € WP (Q).
Then

[ullw2.r@) < ClllullLe@) + | flLe@) + llellwzr @)}
where C is a positive constant depending only on n, p, A, 2, the moduli of conti-
nuity of a;j, and the L°°(2)-norms of a;;, b;, and c.

By Sobolev embedding, we have the following result on C 1"*-norms.
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COROLLARY 5.28 Let Q be a bounded C''-domain in R", a; j be continuous
functions in 2, and b;, c be bounded functions in Q2. For some constant p > n,
suppose u € W2P(Q) is a solution of (5.29) for some f € LP(Q) and ¢ €
W?2:P(Q). Then

ll 11-5 ) = CllluliLe@ + 1 f e + llellwzp @b

where C is a positive constant depending only on n, p, A, 2, the moduli of conti-
nuity of a;j and the L*°(2)-norms of a;j, b;, and c.

We need to point out that Corollary 5.28 can be proved directly, without using
Theorem 5.27.



CHAPTER 6

Existence of Solutions

In this chapter we will discuss the existence of solutions of some boundary
value problems for elliptic differential equations. We will illustrate several meth-
ods.

6.1. Perron Method

In this section we will discuss the existence of solutions by the Perron method,
where we prove the existence of solutions of Dirichlet problems for elliptic opera-
tors on general domains when solutions of the same problems on balls are known
to exist. We will illustrate this by the Laplace operator.

Let © be a bounded domain in R” and ¢ be a continuous function on 9€2.
Consider

Au =0 1in€,

©.1) u=¢ onodf2.

If Q2 is a ball, then the solution of (6.1) is given by the Poisson integral formula.
We now solve (6.1) by Perron’s method. The maximum principle plays an essential
role. In discussions below, we avoid mean value properties of harmonic functions.

We first define continuous subharmonic and subharmonic functions based on
the maximum principle.

DEFINITION 6.1 Let 2 be a domain in R” and v be a continuous function in €2.
Then v is subharmonic (superharmonic) in 2 if for any ball B C €2 and any
harmonic function w € C(B)

v<(>)w ondB implies v < (>)w in B.

We now prove a maximum principle for such subharmonic and superharmonic
functions.

LEMMA 6.2 Let Q be a bounded domain in R" and u,v € C(Q). Suppose u is

subharmonic in Q2 and v is a superharmonic in Q withu < v on 02. Thenu < v
in Q.

PROOF: Without loss of generality, we assume €2 is connected. We first note
that u — v < 0 on Q2. Set M = maxg (u — v) and

D={xeQ:ux)—vXx)=M}CQ.

125
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It is obvious that D is relatively closed. This follows easily from the continuity
of u and v.

Next we show that D is open. For any xg € D, we take r < dist(xg, 0€2). Let
u and v solve, respectively,

Au =0 in B;(x9), u = u on dB,(xg),
Av =0 in Br(x9), v = v on dB,(xg).

The existence of u and v in B (xg) is implied by the Poisson integral formula. The
definition of subsolutions and supersolutions implies u < u and v < v in B, (xg);
hence
U—v>u—v in By(xp).
Next,
A(U—-v)=0 in B (xo),
U—vV=u—v onoadBr(xg).

Withu—v < M on 0B (x¢), the maximum principleimplies u—v < M in B,(xy);
in particular,
M = (u —v)(x0) = (u — v)(x0) = M.

Hence (¥ — v)(x9) = M and then ¥ — v has an interior maximum at xo. By
the strong maximum principle, ¥ — v = M in B, (x0). Therefore,u —v = M
on 0B;(xp). This holds for any r < dist(xg, 02). Then u — v = M in B;(x9)
and hence B;(x9) C D. In conclusion, D is both relatively closed and open in £2.
Therefore either D = & or D = Q. In other words, u — v either attains its
maximum only on 9€2 or ¥ — v is constant. By u < v in 92, we have u < v in Q
for both cases. O

The proof in fact yields the strong maximum principle: Either u < v in €2 or
U — v is constant in £2.

Before we start our discussion of Perron’s method, we demonstrate how to
generate bigger subharmonic functions from existing subharmonic functions.

LEMMA 6.3 Letv € C (Q) be a subharmonic function in 2 and B be a ball in 2
with B C Q. Let w be definedby w = v in Q \ B and Aw = 0in B. Then w is a
subharmonic function in Q2 and v < w in 2.

The function w is often called the harmonic lifting of v (in B).

PROOF: The existence of w in B is implied by the Poisson integral formula.
Then w is smooth in B and is continuous in . We also have v < w in B by
Definition 6.1.

Next, we take any B’ with B’ c € and consider a harmonic function u €
C(B’) withw < u on dB’. By v < w on dB’, we have v < u on dB’. Then, v is
subharmonic and u is harmonic in B’ with v < u on dB’. By Lemma 6.2, we have
v <wuin B’. Hence w < u in B\ B’. Next, both w and u are harmonic in B N B’
and w < u on (B N B’). By the maximum principle, we have w < u in B N B’.
Hence w < u in B’. Therefore, w is subharmonic in £ by Definition 6.1. O
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Next, we solve (6.1) by the Perron method. Set
(6.2) uu(x) = sup{v(x) : v € C(R) is subharmonic in  and v < ¢ on 9N }.

In the first step in the Perron method, we prove that u, in (6.2) is a harmonic
function in 2.

LEMMA 6.4 Let Q2 be a bounded domain in R" and ¢ be a continuous function
on 092. Then uy, defined in (6.2) is harmonic in Q.

PROOF: Set
Sy = {v : v € C(Q) is subharmonic in  and v < ¢ on d}.
Then for any x € Q2
Ugp(x) = sup{v(x) : v € Sp}.
In the following, we simply write S = Syp.
Step 1. We prove that u, is well defined. To do this, we set

m=ming, M = maxoy.
Bﬂw BQ(p

We note that the constant function m is in § and hence the set S is not empty.
Next, the constant function M is obviously harmonic in  with ¢ < M on 0L2. By
Lemma 6.2, forany v € S

v<M inQ.
Thus u, is well defined and u, < M in 2.

Step 2. We claim that S is closed by taking the maximum among finitely many
functions in S. We take arbitrary vy, va,..., v € S and set

v = max{vy, V2, ..., Vg}.

It follows easily from Definition 6.1 that v is subharmonic in €2. Hence v € S.

Step 3. We prove that u, is harmonic in any Br(x¢) C 2. First, by the defini-
tion of uy, there exists a sequence of functions v; € S such that

Hm v; (x0) = ugp(xo).
We may replace v; above by any v; € S with v; > v; since
vi (x0) < Ui (x0) < up(xo)-
Replacing, if necessary, v; by max{m, v;} € S, we may also assume
m=<vi <uy, inQ.

For the fixed B (xo) and each v;, we let w; be the harmonic lifting in Lemma 6.3.
In other words, w; = v; in Q \ Br(xo) and
w; = v; on dB;(xp).
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By Lemma 6.3, w; € S and v; < w; in Q. Moreover, w; is harmonic in By (x¢)
and satisfies

im w; (x0) = uy(xo),
1 —>00

m=<w; <u, inf2,
foranyi = 1,2,.... By the compactness of bounded harmonic functions, there
exists a harmonic function w in B, (xp) such that a subsequence of {w;}, still de-

noted by {w;}, converges to w in any compact subset of B,(xp). We then easily
conclude

w < uy in Br(x9) and w(xp) = uyp(xo).
We now claim u, = w in Br(xp). To see this, we take any X € B,(xo) and

proceed similarly as before, with X replacing xo. By the definition of uy, there
exists a sequence of functions v; € S such that

lim v;(X) = up(x).
1—>00

Replacing, if necessary, v; by max{v;, w;} € S, we may also assume
w; <V Suy in 2.

For the fixed B, (xo) and each v;, we let w; be the harmonic lifting in Lemma 6.3.
Then, w; € S and v; < w; in 2. Moreover, w; is harmonic in B, (xp) and satisfies

lim w; (X) = u¢,(f),
1—>00
m < max{v;,w;} < w; < Uy in 2,

foranyi = 1,2,.... By the compactness of bounded harmonic functions again,
there exists a harmonic function w in B, (xg) such that a subsequence of w; con-
verges to w in any compact subset of B,(xo). We then easily conclude

w=w =< Uy in Br(xo),
w(xo) = w(xo) = up(xo),
W(X) = uy(x).

We first note that w — w is a harmonic function in B, (xo) with a maximum
attained at xo. By applying the strong maximum principle to w — w in B/ (xo)
for any r’ < r, we conclude that w — w is constant, which is obviously 0. This
implies w = w in Br(xp), and in particular, w(x) = w(X) = uyx(Xx). We then
have w = uy in B, (x¢) since X is arbitrary in B,(xo). Therefore, u, is harmonic
in By (xop). l

We note that u, in Lemma 6.4 is defined only in 2. To discuss limits of u,(x)
as x approaches the boundary, we need to impose additional assumptions on the
boundary 0€2.
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LEMMA 6.5 Let ¢ be a continuous function on QQ and uy be the function defined
in (6.2). For some xo € 052, suppose wx, € C(S2) is a subharmonic function in Q
such that

(6.3) Wxo(X0) =0, wxy(x) <O forany x € 02\ {xo};
then
Jim 1y () = p(x0).
PROOF: As in the proof of Lemma 6.4, we set
Sy = {v : v € C(RQ) is subharmonic in 2 and v < ¢ on IQ}.

We simply write w = wy, and set M = maxygq |¢|.
Let ¢ be an arbitrary positive constant. By the continuity of ¢ at xg, there exists
a positive constant § such that

lp(x) —p(x0)| < &
for any x € 02 N Bg(xp). We then choose K sufficiently large so that
—Kw(x) >2M
for any x € 02 \ Bg(xo); hence,
o —p(x0)] <e— Kw onof2.

Since ¢(xo0)—&+ Kw(x) is a subharmonic function in  with ¢(x9)—e+Kw < ¢
on 052, we have ¢(xg) — & + Kw € S,. The definition of u,, implies

¢(x0) —e+ Kw <u, inQ.

On the other hand, ¢(xp) +&— Kw is a superharmonic in 2 with ¢(x¢)+e—Kw >
@ on 2. Hence for any v € Sy, we obtain by Lemma 6.2

v=<9(xy) +&— Kw in€Q.
Again by the definition of u,, we have
Uy <@(xo) +e— Kw in Q.

Therefore,
lup —o(xo)l <¢—Kw inQ,
which implies
limsup |uy(x) — @(x0)| < &.
X—>X0
We obtain the desired result by letting ¢ — 0. 0

The function wy, satisfying (6.3) is often called a barrier function. Barrier
functions can be constructed for a large class of domains €2. Take, for example, the
case where 2 satisfies an exterior sphere condition at xo € 02 in the sense that
there exists a ball Br,(yo) such that

QnBro(yO)ZQ, QﬂEro(yO) ={)C0}.
To construct a barrier function at xq, we set

Wy, (x) = I'(x — y0) — '(xo — yo) foranyx € Q
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where I' is the fundamental solution of the Laplace operator. It is easy to see that
Wy, 18 @ harmonic function in €2 and satisfies (6.3). We note that the exterior sphere
condition always holds for C2-domains.

THEOREM 6.6 Let 2 be a bounded domain in R" satisfying the exterior sphere
condition at every boundary point. Then for any ¢ € C(3R2), (6.1) admits a solu-
tionu € C°°(2) N C(NQ).

6.2. Variational Method

In this section we discuss the Dirichlet problem for elliptic differential equa-
tions of divergence form and prove the existence of weak solutions.

Let © be a bounded domain in R” and a;;, b;, and ¢ be bounded functions
in 2. Consider the differential operator

Lu = —Dj(a;jD;ju) + b Dju + cu.
We always assume that
MEIP < aiy (0)EE; < AlEP
for any x € Q and £ € R”.
DEFINITION 6.7 Let f € L?(2) and u € H}} (). Then u is a weak solution of
Lu = fin Qif

(6.4) /(a,-jD,-uqu) + biDiug + cup)dx = / fodx
Q Q

for any ¢ € H(} (2).
Next, we define

a(u,v) = /(a,-jDiuDjv + bi Dijuv + cuv)dx
Q

for any u,v € H (} (£2). We call a the bilinear form associated with the operator L.
If a;j = aj; and ¢ = 0, then a is symmetric, i.e.,

a(u,v) =a(v,u) foranyu,v e Hol(Q).

We now solve the Dirichlet problem in the weak sense for a special class of
elliptic operators. We recall that the standard H,} (€2) inner product is defined by

(”’U)Hg(Q) =/Vu-Vvdx.
Q

THEOREM 6.8 Let a;j, b;, and ¢ be bounded functions in Q and f € L?*(Q).
Assume the bilinear form a associated with L is coercive; i.e.,

2
a(u,u) > collu

for any u € Hy (). Then there exists a unique weak solution u € Hg () of
Lu=f.
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PROOF: We define a linear functional F on H (} (2) by

F(g) = / Fodx
Q

for any ¢ € H(} (£2). By the Cauchy inequality and the Poincar¢ inequality, we
have

F@] = I/ 2@ lelie2@) = Clf iz 19l g -
Hence F is a bounded linear functional on H(} ().

We first consider a special case where a is symmetric. (This includes the case
aij = aj; and ¢ > 0.) It is easy to see that a(u, v) is an inner product in H(} ()
that is equivalent to the standard H, 01 (£2) inner product. By the Riesz representation
theorem, there exists au € H_ () such that

a(u,p) = F(p)

for any ¢ € H(} (€2). Therefore, u is the desired solution.
We now consider the general case where a is not necessarily symmetric. We
first note that

la(u,v)| < C”””H&(Q)”””H&(Q)
forany u,v € HO1 (2).
For each fixed u € H(} (€2), the mapping v + a(u,v) is a bounded linear

functional on H(} (£2). By the Riesz representation theorem, there exists a unique
w e H(} (£2) such that

a(u,v) = (w,v)H&(Q)
for any v € H(} (2). Now we write w = Au;i.e.,

a(u,v) = (Au, v)H&(Q)
for any u,v € H(} (2). It is straightforward to check that A is a linear operator
on H(} (2).

Next,
||Au||12q(}(m = (Au,Au)Hé(Q) =a(u, Au) < C”””H&(Q)”A“”Hg(sz)
and hence
||Au||H6(Q) < C"“”H&(Q) for any u € Hy ().
Therefore, A : Hy (2) — H(S2) is a bounded linear operator. By the coercive-
ness, we have
C()||u||12,_I&(Q) <a(u,u) = (Auau)H&(Q) < ||u||H(}(Q) ”A””H(}(Q)
and hence
collull i) = 4%l gl (@)

for any u € HO1 (€2). It follows that A is one-to-one and the range R(A) of A is
closed in H(} ().
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Next, for any w € R(A)J-, we have

collw|| <a(w,w) = (Aw, w)H&(Q) =0

2
H{} ()

and hence w = 0. Then R(A)* = {0} and hence R(4) = HO1 (£2); in other words,
A is onto.

For the bounded linear functional F in H, (€2) introduced at the beginning of
the proof, by the Riesz representation theorem, there exists a w € H, () such that

(w,v)H&(Q) = F(v)
forany v € HO1 (£2). Since A is onto, we can findau € H(} (£2) such that Au = w;
hence,
a(u,v) = (Au,v)H&(Q) = (w,v)Hé(Q) = F(v)

for any v € H (2). This proves the existence.
For the uniqueness, we assume ¥ € H 01 (R2) also satisfies

a(@,v) = F(v)
for any v € H, (2). Then
alu—1u,v)=0
for any v € HJ} (). With v = u — 7, we obtain
alu—u,u—1u)=0.
By the coerciveness, we have u = u. O
We point out that the method in the proof of the general case, when formulated
in an abstract form, is known as the Lax-Milgram theorem.
The Dirichlet problem can be solved for a larger class of elliptic equations of

divergence form. However, the method is much more involved. In the following,
we state a simple consequence of Theorem 6.8.

THEOREM 6.9 Let a;j, b;, and ¢ be bounded functions in Q and f € L?*(Q).
Then there exists a (Lo depending only on a;j, b;, and c such that for any p > o
there exists a unique weak solution u € HO1 () of (L + p)u = f.

PROOF: Define

ayp(u,v) =a(u,v) + U, v)2Q)-

In other words, g, is the bilinear form associated with the operator L + u. It
is easy to check that a,, is coercive for p sufficiently large. Then we may apply
Theorem 6.8 to L + . O

In the rest of this section, we use a minimizing process to solve the Dirichlet
problem on the bounded domain with the homogeneous boundary value.
Let €2 be a bounded domain a;;, and ¢ be bounded functions in 2 satisfying

Mg < aij (&g < AlE?
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for any x € Q and £ € R”. Suppose f € L?(Q). Define

1
(6.5) J(u) = > /(a,-jD,-uDju + cuz)dx +/uf dx.
Q Q

THEOREM 6.10 Let a;j and ¢ be bounded functions in Q with a;j = aj; and
¢ >0, and f € L2(Q). Then J admits a minimizer u € HO1 (2).

It is easy to check that the minimizer u is a weak solution of
—Dj(ajjDiju) +cu = f in Q.

PROOF: We first prove that J has a lower bound in H(} (€2). By the Poincare
inequality, we have for any u € 7{(1) (2)

/uzdx §C/|Vu|2dx,
Q

Q
where C is a positive constant depending only on €2. Then

Q/|uf|dx5 (!uzdx)%(/fzdx)%

Q

< JE(/ |Vu|2dx)%($[f2dx)%

Q

1
< — [ |[Vu|? 2 dx.
_4A/| u| dx+C)L/f dx
Q Q

Hence for any u € Ho1 (),

(6.6) J(u) > Z%/quFdx—Cl/fzdx
Q Q

and in particular

Jw)>—C | f?dx.
/

Therefore, J has a lower bound in H(} (£2). We set
Jo = inf{J(u) : u € Hy(RQ)}.

Next, we prove that Jy is attained by some u € H(} (£2). We consider a min-
imizing sequence {ug} C HJ}(R) with J(uz) — Jo as k — oo. By (6.6) we
have

/quk|2 dx < 4AJ(u) + 4C A2 / Qf2dx.
Q

y



134 6. EXISTENCE OF SOLUTIONS

The convergence of J(uy) obviously implies that {J(uy)} is a bounded sequence;
then |uy || H] is uniformly bounded. By Rellich’s theorem, there exists a subse-

quence {uy/}andau € H(} (€2) such that
Up — u  in the L2-norm as k’ — oo.

Next, with the help of the Hilbert space structure of H(} (£2) it is not difficult to
prove

J(u) < liminf J(u}).
k’'—o00
This implies J(u) = Jo. We conclude that J is attained in H(} (R2). O

We point out that the minimizing process is an important method in the calculus
of variation.

6.3. Continuity Method

In this section we discuss how to solve Dirichlet problems by the method of
continuity. We illustrate this method by solving the Dirichlet problem for uni-
formly elliptic equations on C2**-domains by assuming that a similar problem for
the Laplace equation can be solved. The method of continuity can be applied to
nonlinear elliptic equations. The crucial ingredient is the a priori estimates.

Let 2 be a bounded domain in R”, and let a;;, b;, and ¢ be defined in €2, with
ai;j = aj;. We consider the operator L given by

6.7) Lu = aijDijju +b;Diu+cu in

for any u € C2(R2). The operator L is always assumed to be uniformly elliptic
in £2; namely,

(6.8) aij&:&; > A|E|> forany x € Q and £ € R”

for some positive constant A.

Now we state a general existence result for solutions of the Dirichlet prob-
lem with C?® boundary values for general uniformly elliptic equations with C%
coefficients.

THEOREM 6.11 Let Q be a bounded C?**-domain in R™ and L be a uniformly
elliptic operator in Q2 as defined in (6.7), with (6.8) satisfied, ¢ < 0 in 2, and
aij,bi,c € C*(Q) for some oo € (0,1). Then for any f € C*(2) and ¢ €
C%%(Q), there exists a (unique) solution u € C>*(Q) of the Dirichlet problem
Lu=f inQ,
u=g¢ onodf.

Theorem 6.11 plays an extremely important role in the theory of elliptic dif-

ferential equations of the second order. The crucial step in solving the Dirichlet

problem for L is to assume that the similar Dirichlet problem for the Laplace op-
erator is solved. Specifically, we prove the following result.
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THEOREM 6.12 Let Q be a bounded C?**-domain in R™ and L be a uniformly
elliptic operator in Q as defined in (6.7), with (6.8) satisfied, ¢ < 0 in €2, and
aij,bi,c € C*(R) for some a € (0,1). If the Dirichlet problem for the Poisson
equation
Au=f inSQ,
u=¢ onof,
has a C*%(Q) solution for all f € C*(Q) and ¢ € C>*(R), then the Dirichlet
problem
Lu=f inQQ,
u=¢ onof,

also has a (unigue) C%*(Q) solution for all such f and .

The proof is based on the method of continuity. Briefly summarized, this
method as applied here starts with the solution of the Poisson equation Au = f
and then arrives at a solution of Lu = f through solutions of a continuous family
of equations connecting Au = f and Lu = f. The global C?%-estimates play
essential roles.

PROOF: Without loss of generality, we assume ¢ = 0. Otherwise, we consider
Lv=f—LepinQ,v =0o0n0dS.
We consider the family of equations

Liu=tlu+(1-t)Au=f
fort € [0,1]. We note that Ly = A, L1 = L. By writing
Liu = al’-jD,-ju + b} Dju + cu,

it is easy to see that

af; (x)€&; = min(1, 1)|£[?
forany x € Q2 and £ € R” and that

|azt'j|ca(s_2)’ |b;|ca(§z)’ |ct|Ca(s_2) < max(1, A)

independently of ¢ € [0, 1]. It follows that

|Liu|cacg) < Clulc2.oq)

where C is a positive constant depending only on n, @, A, A, and 2. Then for each
t €]0,1], Ly : X - C%(R2) is a bounded linear operator, where

X ={ueC>*Q):u=00ndQ}.
We note that X is a Banach space with respect to | - [ 2. (g)-
We now let / be the collection of s € [0, 1] such that the Dirichlet problem
Lau=f inQ,
u=0 onod<2,
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is solvable in C%%(Q) for any f € C*(Q2). Wetakean s € [ and letu = L7Yf
be the (unique) solution. The global C2:®-estimates and the maximum principle

imply
|Ls_1f|c2’a(9) = C|f|ca(g‘z)-
Forany ¢ € [0,1] and f € C*(RQ), we write L,u = f as
Liu=f+(Ls—L)u=f+(t—s5)(Au— Lu).
Hence u € C%%(Q) is a solution of
Liu=f inQQ,
u=0 onoadS,
if and only if
u =L (f + (t —s)(Au — Lu)).
For any u € X, set
Tu = L7(f + (t —s)(Au — Lu)).
Then T : X — X is an operator and for any u,v € X
ITu—Tv|c2a(g) = (¢ — )Ly ((A = LY(u — v))‘CZ,a(Q)
< Clt = s1I(A = L)@ = )| caay
<Cl|t —s||lu-— V|2 )
Therefore, T : X — X is a contraction if
It —s|<86=C"1

Hence for any ¢ € [0, 1] with |t — 5| < §, there exists a u € X such that u = Tu;
i.e.,

U= Ls_l(f + (t —5)(Au — Lu)).
In other words, for any ¢ € [0, 1] with [t —s| < Jandany f € C %(Q), there exists
a solution u € C2%(Q) of

Liu=f inQ,
u=0 ondf.

Thus if s € I, thent € [ for any ¢t € [0, 1] with |t — s| < . We now divide
the interval [0, 1] into subintervals of length less than §. By 0 € I, we conclude
lel. 0

6.4. Compactness Methods

In this section we discuss several methods to solve nonlinear elliptic differen-
tial equations. All these methods involve the compactness of the Holder functions:
A bounded sequence of Holder functions has a subsequence convergent to a Holder
function.

We first consider a class of semilinear elliptic equations.
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THEOREM 6.13 Let Q be a bounded C 2:%_domain in R" and f be a C'-function
in Q x R. Suppose u,u € C*>*(Q) satisfy u < u,

Au> f(x,u) inQ2, u=<0 onoQ,
Au < f(x,u) inQ, u=>0 ondQ.

Then there exists a solution u € C%%*(Q) of
Au= f(x,u) inQ, u=00ndR, u<u<uinQ.
We note that u and u are subsolutions and supersolutions, respectively.

PROOF: Set
m =infu, M =supu.

We take A > 0 large so that
A > fy(x,z) forany (x,z) € Q x [m, M].

Now we write ug = u. For any ug, k = 0,1, ..., we suppose ux; € C>%(Q)
solve
Augqq — Augqr = f(x,ug) —Aug  in Q,
(6.9) .
Ug+1 =0 on 0€2.
We first prove
Uu<up<u inf.

This is obviously true for k = 0. Suppose it holds for some £ > 0. We now
consider uy 4. First, we note

A1 —w) = Augr —u) < (f 0, ug) — f(x, w) — Aug — ).

By the mean value theorem, we have

(fCeue) — f(x, ) — A(ug —u) = —(A — f2(x,0)) (ug —w)
where 0 is between uy (x) and u (x). Therefore, we obtain
Alg+1—uw) —A(ugy1 —u) <0 inQ,
Ug+1 —u >0 onodf.

By the maximum principle, we have ug 11 > u in Q. Similarly, wehave ugz 4 <u
in 2. In particular, we have

m<up(x) <M foranyx e Qandk =0,1,....
Similarly, we can prove
u<uy<up=<---<u.

In other words, {u } is an increasing sequence. Therefore, there exists a function u
in € such that uz (x) — u(x) as k — oo for each x € Q.

Next, the right-hand side expression in (6.9) is uniformly bounded independent
of k. By the global C 1:%-estimate, we have

”uk”Cl,a(Q) <C
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where C is a positive constant depending only on n, A, m, M, and €2, indepen-
dently of k. In particular, the right-hand side expression in (6.9) is uniformly
bounded in C !**-norms independent of k. By the global C?%-estimate, we have

177 ”(;Z,a(s_z) <C

where C is a positive constant depending only on #n, A, m, M, and €2, indepen-
dently of k. Therefore, u € C?(Q) and

Uy — u inthe C2-norm in Q.

Hence u is the desired solution. O

As an application, we prove the following result.

COROLLARY 6.14 Let Q2 be a bounded C 2:%_domain in R™ and f be a bounded
C -function in Q x R. Then there exists a solution u € C>%(Q) of

Au = f(x,u) in<,

u=20 on 0%2.
PROOF: Set
M = sup |f].
QxR
Letu,u € C>%(Q) satisfy
Au=M inQ, u=0 ondf2,
Au=—-—M in2, u=0 ond;

then

Au>Au inQ, u=1u ondf2.

By the maximum principle, we have u < u in 2. It is obvious that
Au > f(x,u), Au < f(x,u) in Q.

Hence u and u satisfy the conditions in Theorem 6.13. We obtain the desired result
by Theorem 6.13. O

REMARK 6.15. Corollary 6.14 still holds if we assume f is C! in Q x R and
satisfies
| f(x,2z)| < C(1 +|z|°) forany (x,z) € 2 xR

for some C > 0 and © € [0, 1). It is important to assume t < 1. Dirichlet problems
may not be solvable if t = 1.
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6.5. Single- and Double-Layer Potentials Methods
We begin with the Dirichlet problem for a half-space:

Au=0 inR¥ ={x eR"!:x,41 >0},

6.10
(6.10) u=7Ff on 8R:’_+1 = R" x {0}.

Using the Poisson integral formula, we can represent a solution as
(6.11) u(x,y) = Py * f(x), (x,y) e RET=R" xRy,

where
Iz y
Py(x) = —2 =1+ [ € Co@®"T).
T2 (x|2+|yl?) 2

The estimates for convolutions imply that

(6.12) sup |[u(-, Y)lLr@wny < I fllLp@ny foralll =< p <oo.
y>0

(Note that for p = +o00, (6.12) is also a consequence of the maximum principle;
and for p = 1, [[u(-, ipiwny < IPyllpr@ny - 1f lL1wny = I1f Iz wny-)

We can also reverse the implication of (6.12) in the following sense (via Fa-
tou’s theorem): if a harmonic function u in R:’_"’l satisfies (6.12), then u has a
nontangential limit a.e. on SR:'_H, and the limit function ug = u(-,0) € L?(R"?)
(if p > 1;if p = 1, then ug is a Radon measure) with u(x, y) = Py * uo(x).

SKETCH OF PROOF: (See [15] for details.) Suppose u is harmonic in R’_’,_"'l
with
(6.13) sup [lu(-, y)lLr@wr) < 00.

y>0

Note u(x, y+p) = Py *up(x) where up(x) = u(x, p)), y > 0, p > 0. Statement
(6.13) implies that u,, — v in L? (R") for a sequence of p, | 0. It is then easy to
see that Py * u,, (x) = Py * v(x) forally > 0 as p, — 0%,

On the other hand, Py * up,(x) = u(x,y + pn). Thus Py * v(x) = u(x,y)
where v € LP(R"), and when p = 1 we naturally replace v by a Radon measure.

O

Now we assume that €2 is a bounded, connected domain in R”, n > 3, with
a C2-boundary. (Here we assume n # 2 to simplify matters and avoid technicali-
ties.) Consider the Dirichlet problem

Au =20 in €2,

6.14
(€19 ulag = f € CONR).

Lety(x) = Mcﬁ be the fundamental solution of the Laplace operator in R”; here

1 -1 I'(%)
C(n=2awn  (n—2)27n/2°

Cn=
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Set R(x,y) = —y(x —y), and for f € C(dS2), we define the double-layer poten-
tial

0
615 DI = [ p-RE.QSQAHTIQ). P09,
i193 ¢
and the single-layer potential

(6.16) S(HP) = /R(P, 0)f(Q)dH"™(Q), P 9.
G2

Here n g is the outward unit normal for €2 at Q.
It is easy to check that

ADf(P)=0 for P € R"|0%.
We need to understand the boundary behavior of D f(P) on 012.
LEMMA 6.16 If f € C(0R2), then

() Df € C(Q) and
(i) Df € C(RQ°).

In other words, D f can be extended continuously from inside  to €, and
from outside €2 to 2¢. Let D4 f and D— f be the restrictions of these two functions

to 0€2. Set 5 L (P—0 )
__9 _ W =%.ng

Thus
KeC@OQxIQ\{(P,P): P ecad2})

and |K(P, Q)| < C/|P — Q"2 for P, Q € 0Q and some C < oo. The latter
estimate follows from the C? property of 3Q2. We shall define, for f € C(0Q),
the operator

(6.17) Tf(P) =/K(P, 0) f(Q)dH"1(Q), P €.
QR

We have the following:

LEMMA 6.17 (Jump Relations for D)
() Dy = 51 + T and
) D = —%I +T.
Moreover, T : C(02) — C(0R2) is compact.

PROOF OF LEMMAS 6.16 AND 6.17: We first verify that 7' defined by (6.17)
is a compact operator from C(92) — C(052). Let

Kn(P, Q) =sign K(P, Q) -min{N, |K(P, Q)|}, N €Z.

Thus Ky is continuous on 92 x 052, and the Arzela-Ascoli theorem implies that
Tnf = [30 Kn(P, Q) f(Q)dH""1(Q) is compact on C(3R2). Furthermore,
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since |Tn| < suppeyq KN (P, Q)lL1aq) < C < oo where C is independent
of N, it is rather easy to see that

Ty —T, cl(= ™ L\ CN~'"w
— < — < n—
1Ty — TN+1]l < [(N) ((N+1)) }_ .

We therefore conclude that 7 = limy .o Ty, is @ compact operator on C(0€2).
Next we apply the divergence theorem on 2 | Bg(P) for small positive §’s
with § — 07 to obtain

(6.18) / 9 R(P,Q)dH" 1(Q)=1 ifPeQ,
dng
o0
(6.19) / K(P, Q)dH" 1 (Q) = % if P € 09.
o

Let Py € 02 and P € Q2 such that P — Py. We want to verify that
(6.20) Df(P) = 5f(Po) + Tf(Po).

Here we observe that 5, |%R(P, Q)NdH"1(Q) < C < ooforall P & 3.
Thus, in particular, || D f|[Leo®r92) < Cll fllLoo30)-
If Py ¢ support of f, then it is obvious that

P—)Po

0

[ 5 RP. OV (@1 (0) L2
Q

0Q

/ K(Po. 0)£(Q)dH"1(Q) = Tf(Pv).
19

If Py € support of f and f(Py) = 0, then we let { f;,} C C(02) such that

k—o0

I/ = JellLeoa2) — O,
and Py ¢ support of fi foreachk,k = 1,2,.... Then
IDf(P)=TF(P)| < |D(f — f)(PI+IT(f — fi)I(P)
+ |D fx (P) — Tfi (P)
<C\f = fellLee@e) + 1T f = fellLeoac)
+ D fi(P) — Tfe(P)|.

We initially choose & large so that the first two terms on the right-hand side of the
above inequality will be small. We then observe that for fixed k (large) as P — Py,
the last term in the inequality also goes to 0.

To complete the proof it suffices to verify the case when f = 1, for which the
result is trivial. If we replace 2 by 2°, then all the other statements in Lemmas 6.16
and 6.17 follow. O

To conclude our consideration of double-layer potentials we need to show how
to use them to solve the Dirichlet problem (6.10).
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We begin with a g € C(9€2) and let u(x) = Dg(x) for x € Q. It is clear
from our previous discussion that Ay = 0in Q and u € C(Q); moreover, u|yq =
(%I-I—T)g. Therefore, we need to solve for g agiven f € C(0Q2), f = (%I+T)g.
Since T is compact, (%I + T') is obviously a 1 : 1 map on C(0€2); hence it is also
an onto map from C(9€2) to C(9€2). This last statement follows from the Leray-
Schauder fixed-point theorem, which we will examine in the next section.

Finally, we shall state without proof the results corresponding to those for
single-layer potentials (6.16). All of the proofs are similar to those for Lem-
mas 6.16 and 6.17 above.

Once again we assume 9S2 to be class C2 and f € C(3R2).

LEMMA 6.18 If f € C(0R2), then
(i) D+S(f) = grad S(f) € C(Qs,) and

(ii) D_S(f) = grad S(f) € C(Q).
Here Q_é'o = {x € Q : dist(x, 0Q) < 8o} for some small 8y > 0.
Let K*(P, Q) = K(Q, P) and define

T* f(P) = / K*(P, 0)f(Q)dH""1(Q). P Q.
I

LEMMA 6.19 (Jump Relations for DS(f))
() D+S(f)=—%1 + T* and
(i) D_S(f) =31+ T*

Single-layer potentials can be used to solve the Neumann problem

Au =0 in£2,
g—Z=f on 02.

Layer potentials can be used to solve more general elliptic equations (and sys-
tems) with constant coefficients on smooth domains. This method can be further
generalized to C!**-domains for general elliptic equations of second order with
C“*-coefficients (or general first-order elliptic systems with suitably smooth coef-
ficients). The latter is often referred to as ADN theory due to Agmon, Douglis, and
Nirenberg.*

6.6. Fixed-Point Theorems and Existence Results

The Brouwer fixed-point theorem asserts that a continuous mapping of a closed
ball in R” into itself has at least one fixed point. In this section we shall discuss
a version of the fixed-point theorem in an infinite-dimensional Banach space due
to Schauder and a special case of the Leray-Schauder theorem. As an application
we shall discuss the existence of a class of quasi-linear elliptic equations for the

*Agmon, S.; Douglis, A.; Nirenberg, L. Estimates near the boundary for solutions of elliptic
partial differential equations satisfying general boundary conditions. I, Il. Comm. Pure Appl. Math.
12 (1959) 623-727; 17 (1964), 35-92.
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Dirichlet problem. We shall end the section with a brief mention of the minimal
surface equation.

THEOREM 6.20 (Schauder’s Fixed-Point Theorem) Let G be a compact, convex
set in a Banach space X, and let T be a continuous mapping of G into itself. Then
T has a fixed point; that is, for some x € G, Tx = x.

PROOF: Let k € N. Since G is compact, there is a finite set {x1, x2,...,Xn}
where n = n(k) such that the balls B; = B;/x(x;), i =1,2,...,n,cover G. Let
G be the convex hull of {x1, x2,...,x,} and let J; : G — Gy be defined by
> dist(x, G — Bi)x;

> ; dist(x,G — B;) '
It is easy to see that Ji is continuous on G; furthermore,
¥ dist(x, G — B lx — x| _ 1

Zi dist(x, g — Bi) k

The mapping Jx o T : Gx — Gi. Thus by the Brouwer fixed-point theorem,

there exist y; € G such that Jy o T'(yx) = yx,k = 1,2,.... Since G is compact,
one may assume, without loss of generality, that yy — x € G. Since

1
1ve =TI = e o T(ie) = Tl < "

(6.21) Je(x) =

I (x) — x|l <

and since 7' is continuous, we have

lim y =x =Tx forsomex €Gg.
k—o00

(]

COROLLARY 6.21 Let G be a closed, convex set in a Banach space X. Suppose T
is a map from G into G such that T'G is precompact. Then T has a fixed point in G.

Note that a continuous mapping between two Banach spaces is called compact
(or completely continuous) if the images of bounded sets are precompact; that is,
their closures are compact.

THEOREM 6.22 (Leray-Schauder Theorem) Let T be a compact mapping of a
Banach space X into itself, and suppose there is a constant M such that

(6.22) x| < M
forall x € X and o € [0, 1] satifying x = cTx. Then T has a fixed point.
PROOF: Define a new mapping 7* by
T*x =Tx if |Tx|| <M,

T*x = M";—;‘” if [Tx|| > M.

(6.23)

T* is clearly a continous mapping of the closed ball By into By C X itself. Since
T (By,) is precompact, the same is true for 7*(Bjs). Hence by Corollary 6.21, the
mapping 7* has a fixed point x. We claim x is also a fixed point of 7. Indeed, if
ITx|| > M, then x = T*x = W%ﬂTx = 0T x where 0 = TI’TMxW € (0,1]. By
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hypothesis, we would have ||x|| < M. On the other hand, ||x| = |T*x| = M;
a contradiction. Thus ||Tx| < M must be true and consequently 7*x = x =
T x. ]

REMARK. Suppose 7T is a compact mapping of a Banach space X into itself.
Then for some o € (0, 1], the map o' T possesses a fixed point. Indeed, since T'(B1)
is compact in X, there is an A > 1 such that |Tx| < A forall x € Bji. Thus the
mapping o7 with o = % maps B into itself and our conclusion follows. Also,
note that if (6.22) is valid, then for any o € [0, 1], the mapping oT has a fixed
point as well.

Next we shall describe a situation in which Theorem 6.22 can be applied. For
B € (0,1), we consider the Banach space X = C1#(Q) where Q is a C22,
bounded domain in R”. Let L be an operator given by

(6.24) Lu = a" (x,u, Viu)uy;x; + b(x,u, Vu).

We assume that L is elliptic in Q: ie., (aij (x,¢, p)) is positive definite for all
(x,¢,p) € € x R x R*®. We also assume, for some a € (0, 1), that a”/,b €
CYQ2 xR xR"). Let ¢ € CZ%(0R). Forall v € CLB(Q) = X,weletu = Tv
be the unique solution in C 2,28 (Q) of the linear Dirichlet problem

a’ (x, v, Dv)ux;x; + b(x,v,Dv) =0 in,

(6.25)
ulpgg = ¢ on 0%2.

We note that the solvability of Lu = 0 in €2 with ¥ = ¢ on 92 in the space
C2%(Q) is equivalent to the solvability of Tu = u in X.
Let

(6.26) Lou = aij(x,u, Du)ux;x; + ob(x,u, Vu).

Then u = oTu in X is the same as Lou = 0in 2 and u = o¢ on 02. As a
consequence of the Leray-Schauder theorem, we have the following:

THEOREM 6.23 Let §2, ¢, and L be as above. If, for some p > 0, there is a con-
stant M independent of u and o such that every C%%(Q2)-solution of the Dirichlet
problem

Lou=0 inQQ
6.27) o oRes
u=0¢ onds2,
satisfies
(6.28) lullcrsig < M,

then it follows that the Dirichlet problem Lu = 0 in Q with u = ¢ on 92 is
solvable in C*>*(Q).

PROOF: From the preceding discussion, it suffices to verify that T is continu-
ous and compact. Again, this is simply a consequence of the Schauder estimates.
We note that C 28 (Q) is precompact in C LB (Q). O
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We shall briefly mention how assumptions in Theorem 6.23 can be verified for
the minimal surface equation. For simplicity, we consider the case where €2 is a
uniformly convex, C2*-bounded domain in R” and the following Dirichlet prob-
lem:
. Vu .
div (—'71+|Vu|2) =0 1in €,
ulgg = ¢ on 0.

We assume that ¢ € C2%(0R).
Suppose u is a C2“-solution of (6.28); then the maximum principle implies
that

(6.29)

(630) lull oo < I$llLoea) = Co < oo.

Next, by the uniform convexity of 32 and the C?*-regularity of ¢, we can
check that, for every xo € 0€2, there exist linear functions Zfo (x) such that

Ui (x0) = ¢(x0) and €5, (x) < $(x) < £f,(x)
for all x € K. Since linear functions are solutions of div(Vu//1 + |[Vu[?) = 0
in €2, from the maximum principle we conclude that
(6.31) U () Sux) <& (x), xeQ;
in particular, |[Vu(xp)| < max |Vﬁ§'§0 (x0)| = C1 < 0.

On the other hand, if u is a C%%-solution of (6.28), then u, = %u, o =
1,2,...,n, satisfies

0
(6.32) —a (Fpipj (Du)uaj) = 0.
X

Here F(Du) = \/1 + |Vu|?, hence (Fp;p;(Du)) > 0. Thus uqy satisfies the
maximum principle. Therefore we have

(6.33) [VullLoo(@) < [IVUl|Lo@e) < C1 < oo
From (6.29), (6.32), and (6.33), we further deduce that
(6.34) ||Vu||CB(§) < C(Co, Ci, C2) < o0

where C2 = [|¢ | c2.¢(3q)- This follows from De Giorgi-Moser theory.

We rewrite div(Vu/+/1 + |Vu|?2) =0 as

UilUj
6.35 Au— ————u;;i =0
and combine (6.35) with (6.34) and the Schauder estimates to obtain
(6.36) lullc2.8¢q) < C(Co, C1, C2,R2)

where we may assume that 0 < 8 < a.
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