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IlpemaciioBre

Hacrosimtee y4e6HOe mocobme HanmMcaHO Ha OCHOBE JieKumuit mo Mare-
MaTH4YeCKOMY aHaJIM3y, YATaeMBLIX ABTOPOM CTYAEHTaM MNEpBOro Kypca
MocxkoBckoro ¢pu3nko-TexHnYecKoro HHCTuTyTa. OHO mpezncTaBifeT co-
6oit nepByI0 9acTbh ABYXIOAMYHOIO KypCa, YTO COOTBETCTBYET IBYM mep-
BuIM ceMectpaM. IlepBas 4acThb y4e6HOro mocobms comepXKHT NEBATH
IJ1aB.

B mepBoft riiaBe Ha OCHOBE NpEJCTaBJIEHAR AEHCTBHTENILHBHIX IHCES
B BHIe 6eCKOHEYHHIX NECATHYHHIX Apobeft HM3ydyaloTcs YHCAOBHE IMO-
CJIEIOBATEJIBHOCTH, M CTPOMTCA apudpMeTHKa AeHCTBHTENbHBIX YHCeJI.
Kpome Toro, paccMaTpHMBalOTCA pa3/IMYHEIE YHCJIOBBIE MHOXECTBa: KO-
Heunble 1 6eCKOHeYHKle, CYeTHHE U HeCYETHHE, OTKPHTHIE H 3aMKHYTHIE,
H3MepHMBIe U Hen3MepHMHIe.

Bropas riaBa mocBsllleHa B OCHOBHOM H3y4YeHHIO cBOMCTB byHKuui,
HenmpepuLIBHBIX B TOYKEe HJIA Ha HEKOTOpPOM MHOXecTBe. B uacTHOCTH,
JIOKa3BIBAaeTCA, YTO NPH HENpephIBHOM OTOGpakeHHH o6pa3oM KOMIAKTA
ABNAeTcA KOMNAaKT, a o6pasoM NMpOMEXYTKa — NMPOMEXYTOK.

B TpeTrbeft r1aBe HaloTcA onpenesieHHs MPOM3BOAHMIX M auddepen-
IHaJIOB, BHBONATCA NpaBANa AucddepeHUMPOBaHUA, H JOKa3LIBAIOTCHA
TeopeMnl O cpenHeM ana anddepennmpyeMuix ¢ynkuu#i. B xonue
paccMaTpUBAIOTCA NepBoobpasHuie W HeonpeAe/ieHHBEe MHTErpaJiHl.

YeTBepraa riaBa NocBAleHa HccenoBaHMIO ¢GyHKIM# ¢ nomoubio
NPOM3BOAHBIX: NOKA3KIBAIOTCA NpaBuiia JIonATand pacKphLTHA Heompe-
JieNleHHOCTel!, M3y4aloTCA aCHMNTOTHYECKHE pPasJiokeHHA mo d¢opmyne
Teftniopa, yCTaHaBJIHMBAIOTCA YCJOBUS MOHOTOHHOCTH H BBINYKJIOCTH
nuddepeHnupyeMuX GYBKIM# H YCJIOBHA CYWIECTBOBAHMA TOYEK I3KC-
TpeMyMa B TOdYeK neperuba.

B natot rnaBe M3y4aloTcAd BeKTOpHBle (PYHKOHH H KPHBHE Ha
IJIOCKOCTH M B IPOCTPaHCTBE: IJIMHA AYrH, KDHBH3HA H KpydyeHHE H
HX cBoitcTpa.

B mecToff rnaBe pacCMATPHBAIOTCA (PYHKOHMH MHOTHX TepeMeH-
HBIX, MHOXECTBA TOYeK n-MEpHOIO MPOCTPaHCTBa, BBOAATCHA HEKOTOphIe
NOHATHA aHAJIA3a B OGJIACTH KOMILIEKCHRIX YHCEJI, B YaCTHOCTH, JOKa-
3HIBAETCA OCHOBHAaA TeOpeMa aJireGpHI.

B ceapMoit riiape cHCTEMaTHYEeCKH H3JIATa€TCA TEOPHA HHTErpPHpO-
Banua ¢yHknuit ogHOM nepemennoit. MsydaloTcs Kak cobcTBeHHREIE, Tak
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H HecoOCTBEeHHble MHTErpaJibll M HX mNpHJoxeHHa. Kpome Toro, pac-
CMaTpMBAIOTCA KPHBOJIMHE#Hble MHTErpaJil M MHTErpajnl oT yHKuMM
KOMILJIEKCHOTO TI€peMEHHOrO.

B nocnenuux AByX I/1aBaXx HM3JIaraeTCs TEOPHA YMCJOBHIX M DyHK-
IUOHAJILHHIX PAMOB, BKJO4Yada crenenninle. Ocoboe BHMMaHHKe yaesfercs
cBoficTBaM paBHOMEDHO CXOAAIIMXCA PAAOB M NOCJIENOBATEJbHOCTEH.

ITocobue mpeanasHadYeHO CTYAEHTaM TEXHHYECKHX BY30B C pacluu-
peHHo#t mporpammoft mo marematuke. OHO MoXeT GBITH MCIOJIBL3OBAHO
4 JJIS CaMOCTOATEJIBHOTO M3Y4YEeHHs HEKOTOPHIX BOMPOCOB aHAJIA3a.

B 3ak/mioueHne xo4y mo6aarofapaTh BCeX WieHOB KadeapH BHcuiel
MaTeMaTHKH MocKoBckoro ¢u3nko-MareMaTnyeckoro MHCTATYTa. Oco-
6y1o 6J1arofapHOCTh IPHHOILY MOEMY YYHTEJIO, YIEHY-KOPPECHOHIEHTY
PAH npodeccopy JI.I1.KynpasueBy, u y4dTeNi0 MHOTHX MAaTEMAaTHKOB,
axagemnky PAH npodeccopy C.M.Hukonsckomy. Ilo mx sameuatesnn-
HBIM yueGHHKAM Y4YHJIMCh M Y9YaTCAi MHOTHE MOKOJIEHHA CTYIEHTOB BO
BCEM MHpe, MO HHM Y4YHJICA H aBTOp 3THX Jekmuit. B odopmie-
HHH pyKonHcu Gosbliylo NMOMOIIP MHE OKasaJ COTPYAHHK Kadeiph
A Tlonosos.

JaHHas KHHTa BRIXOOUT B cepun ”Jleknmm kKacdenpw Bhiciueft maTe-
marnkn MOTH”. B a10it cepun mpeanonaraeTca BHIXOA BTOpo# 4acTH
Jleknmit 10 MaTeMaTHIeCKOMY aHaJIM3Yy, a TaKxke JieKiu# No ypaBHEHHAM
MaTeMaTH4YecKolt PU3MKe M JeKuuft MO TEeH3OPHOMY AHAJIN3Y.

H3nanne HacToflero y4eb6HOro mOCOOMA OKa3ajioCh BO3MOXHBIM
6naronapa nopuepxke Penmepanbho#t neseso#t mporpammul ”HHTerpa-
gaa”, 3a 9YTO aBTOp BHpaXkaeT INy6okylo 6aaronapHOCTB.



I'naBa 1. IIocaenoBarensHOCTH
JeHCTBATEILHEIX IHCelT

§ 1. BecxoHeuHsle DecaTHyHEIe Opo6H
H nelicTBHTebHEIe YMCiIa

1.1. Koneunnie u Gecxoneunnie necarwyunnie apobu. Hamomuum He-
KOTOphle NMOHATHA, M3BECTHhie M3 IIKOJIBHOTO Kypca MaTeMaTHMKH.

CuMBONHI BUAA

4ap,103...0p ..., (1)
—ap,102...0yp ..., (1)
roe aj,as,..., 0y, ... — IOOCJENOBaTEJIbHOCTL M3 IMudp, a ap — ueJsoe

HEOTpHIaTe/IbHOE YHCJIO, HA3HBAIOTCHA 0OECKOHEYHBMU OECAMUNHMUMY
Opobamu usH, Kopode, decamusurvimu Opobamu.

HecaTrunas npobb HasHIBaeTCA noaodicumensvrotl (ompuyameasvroti),
€C/TH OHA HMMeeT 3HaK + (COOTB., 3HaK —) M B ee 3aNHCH HMMeeTcH
xoTs 6m ogHa mudpa, orauynas or 0. HecArTmuRas npobb, B 3amnCH
KoTopoft Bce undpn paBHb (), HAa3LIBAETCA HYAEM.

HecaTnyHaa npobb, KOTOpad OTIHYAETCA OT AAHHOM AecATHYHOM
ApoSH a TONIBKO 3HAKOM, HAaSHIBAETCHA NPOMUGONOA0NCHOU K OpobH a M
obo3znavaerca —a. CoryiacHO 3TOMYy ompelesIeHHIo, AeCATHYHhEe ApobH
(1) n (1') ABNAIOTCA 63GUMNO NPOMUBONOAOHCHHMY.

Hecatnunas npo6s suma (1) uam (1) HasmBaeTcA xomeuwotl, ecam
CyUleCTBYeT n ‘Takoe, 9TO IJf Jiioboro Homepa i, Gosbumero n, a; =0,
T.e. €ecNM OHa MMeeT BHA Fap,xjaz...a;0...0... Bwmecto 3toro
cAMBoJ1a 6ynem nucaTh *ag,a; .. .a,, T.e. GyaeM ynorpebaaTs obnuHoe
obo3naueHre KOoHeuHO# necaTHuHOR Ipobu.

HOna mobo#t pecaruynoit apobu o puga (1) mam (1) koneunas
necATHYHAA Npobb *ap,j ..., Ha3LIBaeTCH n-M ompesxoM dpobu a
# obosnavaerca (a)n.

B nanvreftmieM 6yneM CYATAaTh, YTO KOHEYHHlE AECATHYHLIe APOGH
MH yMeeM CpaBHHMBaTb, CKJIaAhIBaTh, BHIYUTATh H YMHOXATb MO OOLIY-
HBIM npaBmsiaM apucdMeTnkn. Onupasch Ha 3TO, IOCTPOMM apHPMETHKY
6ecKOHEUHbIX JEeCATHYHHX Apobeli. MHOXecTBO Bcex AecATHYHHIX ApO-
6eil ¢ Takolt apudpMeTHKOR Ha3HIBAETCA MHONCECTEOM JEUICMBUMEALHNWT
wucea m obo3HadaeTca R, a KaxJad JeCATHYHasA Apobr — deticmeu-
MEALHBM NUCAOM.
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1.2. Cpapuenne npecSTHyHEIX OpobGell. BBeneM nmoHATUS «paBHOY»,
«MeHblIe», «6oJible» M 6eCKOHEYHBIX AECATHYHBLIX apobeil.
Onpepesnenne 1. Jdecatuunsle apobu a u [ Ha3HBAOTCA pas-
HYMU, €CJIM IJISl JII06Oro n BHIIOJIHAETCA HepaBEeHCTBO

[(@)a — (B)a]l £1077. (1)

B atom caywae nmumyT a = 8. B nporuBHoM caydae Opobu a u f -
Ha3bIBalOT HEpasHuwMu W MUIYT a # B.

3ameTum, 4yTO 3aech uvepes 10~" obGosHadaeTcs COOTBETCTBYMOIIAA
KOHe4Hast AecATHuHas apobp: 10°=1; 10~ =0,1; 10-2=10,01 u T. 4.

OueBuiHO, 9TO AecATHYHBIe Apobu —0 u +0 paBHBI, M03TOMY BMECTO
—0 niau +0 numyTt npocto 0 M roBOpAT, YTO HYJAb HEe HMeEEeT 3HAKa
WY 4TO HYJI0 MOXHO NpHnucaTh Jiobo#t 3Hak. [lecaTHuHas Apobb
paBHa HYJIIO TOCAa M TOJIBKO TOrAa, Korda B €C 3amucH Bce UUPPHI
paBHnt Hymo. Ecam ke B 3anucu gecatudHodt apobu a xots 6b1 ogHa
u3 uMdp OTIMYHA OT Hyad, TO a # 0.

U3 naumHoro ompepesieHds cjeyeT, YTO OUMHAKOBHIE ACCATHYHBIE
npobu 3aBeZJOMO paBHBI, HO PABHBIMM MOTYT GHTbL M pa3sHbiC JCCHTHYHBIE
apobu. Hampumep, 1 = 0,99...9... U Boobuwe, nerko BuaeTb, 4TO
Jgiobass nepHoAMYecKas MAeCATHYHasdA Apobb ag,ojaz...ap9...9... c
nepuogom 9, y koTopo#f a, # 9, paBHa KOHeYHO#l AecsATH4HO# Ipobu
ap, @ ...(an + 1). [Hokakem, 4TO TOJLKO B TaKOM CJydae pa3Hble
AecATHYHBIE JPOOH paBHBI.

Jlemma 1. Ecau decamuunwme 0dpobu ag,ajaz...an... u
Bo,B1B2...0n... pasun u ag > Po, mo ag = fo+1, ap =0 u
Bn =9 0ar awbozo n € N.

HokasaTeascrtso. na ynobcrBa JaHHble AECATHYHbIE IpodH
obosnauum a u . Torma u3 ycyioBua a = f caenyer, 4To

I(a)o = (B)o] = o — Bo| < 1.

A Tak KaK ag > Po, TO apg— Fo =1.-
TMepBoe yTBepXAacHue JeMMBbl JoKa3aHo. lis ZoKasaTeJbcTBa BTO-
pOTro YTBEPXKAEHHA BOCTOJbL3YEMCA METONOM MaTEeMaTHYECKO# HHAYKHUH.
HOna n =1 umeem:

(@)1= (B =140, a;—0, By =10"",

noatomy 9 + a; = f; m, ciaenoBaresabHo, a; =0, f; = 9.

TNpeanosnoxum, 410 a1 = ... =ap =0, i = ... = fn =9, u
NOKaXeM, 4To Toraa ap41 =0, Bn41 =9.
Tak xak

(@)n+1 = (B)ns1 = 107" + (@n+1 — Bn41)107" 7,
u 370 Bce paBHO 107"~ TO mAA ap41 M Pnyy1 NONYHaeM ypaBHeHHe
9+ any1 = Bn41,
H3 KOTOpOro cjleayeT, 94To &pny1 =0, Bpny1 = 9. Jlemma 1 mokasana.



§ 1. BECKOHEYHLIE JIECATHYHLIE JIPOBU 13

OuyeBunnsiM o6obuieHHeM JeMMB 1 ABJsETCA cJienywollec yTBep-
xnenue: Fcau Ose pasnwe decamuuntie dpo6u a u B pasum, mo
o0na u3 HUT KoHneunan, a Opyzam nepuoduuecxaa ¢ nepuodom 9. Ilpu-
4ueM, ecau, nanpumep, a = fap,a;...ap9...9... u a, # 9, mo
ﬂ::tao,al...(a,.+l).

N3 atoro yTBepxaenus cieayeT OJHO M3 OCHOBHLIX CBOWCTB paBeH-
CTBa — CBOHCTBO TPaH3UTUBHOCTH:

Ecaua=0,a =+, moa=y.

B asibneiiuieM Be3ne, roe 3To BO3MOXHO, ByaeM HCKJIIOUATb M3
P2CCMOTpeHHUSA llepHONMYeCKHe OecATHYHBle Apobu ¢ nepuoaoM 9.

PaccMmoTpum Teneps caiyualt, korma a # .

CornacHo onpeneslennio, o # 3, eCiI¥ CywecTByeT HCKOTOpoe n =
= p, D1 KoToporo HepaBeHCTBo (1) He BblfloJIHAETCH, a BHINOSIHACTCH
[IPOTHBONOJIOXKHOE HEPABEHCTBO

(@) — (B)p] > 1077

WJH, YTO TO Xe caMoe,
(@) - (Bl 22-107.
Jlemma 2. Ecau nepasercmeo (v /J - V)
(B)n = (a)n > 1077 (2)

GUNOAMACTNCA (ARt N = P, MO 0HO EunoaxHsemcs u das arwbozo n > p.
HokasatcabcTBo. U3 HepabercTBa (2) mp n = p caeayer, 4To
ecJin @ uMeeT 3HaK +, To M 3 mmecr 3HaK +. Ecaum ke a umeer 3Hak
—, To # MoxeT KMeTh Jioboll 3HaK.
ITycts chnayana a umecr 3Hak —, a § — 3Hak +. Torna, oveBnauo,

ecyin n > p, TO
(B)n = (a)n > (B)p — (a)p.
IMycTs Tenepp a u B opHoro 3Haka. Torxa, ecsim n > p, To
(ﬂ)n - (a)n = (ﬂ)? - (a’)p + (Onﬁp«H coBn— 0,0p+l .. ~0n) -107P >
.10-P — .10~? = 10-P -n
>2-10 0, 9...9 ‘10 10-7 +10
(n—p) pas
Jlemma 2 goka3aHa.
JoKa3saHHasl JleMMa JIeJIa€T CCTECTBEHHBIM Cilellyloluee olpeaesienue.
Onpencyienue 2. Bynem ropoputh, 4TO JiecATH4Has Apodb a

Menvuwe gecATHYHOR apobu B (vau, yto B Goavwe a), u nucath a < 3
(coots., B > a), ecnu CymecTBYeT N TaKoOe, YTO

(B)n — (@) > 107", (3)

OueBuano, a > 0 Toraa M TOJALKO TOTJa, KOTA3a & [OJIOXKHTEJbHA,
H a <0 Torna ¥ TOJILKO TOTAa, KOrHa & OTpHIATEsNbHA.
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Us onpenenenns 2 chaenyer, 4to ecim a < B, T0 —a > —f.
HeftcTBuTeNIbHO, ecnM I/1A HEKOTOPOro 7n BHIIIOJIHAETCA HepaBEHCTBO
(3), To mns 3TOrO N BHINOJHAETCA M HEPABEHCTBO

(=B)n = (=a)n < =107",

T.e. (—a)p — (=B)n > 107", u noatomy —a > —pf.

Tax onpencneHHble MOHATHA «MeHblie» W «Bonbuie» 06aafaOT
CBONCTBOM TpaH3UTHBHOCTH:

Ecau a<f u <y, moa<+y.

HefticTBurennno, cornackHo onpenesenuo 2, ecom a < B u f < v, To
CYWeCTBYIOT P M ¢ TaKHe, 4TO

(B)p — (a)p > 1077, (7)g —(B)g > 1079,

Toraa, cornacio nemme 2, aaa n, paBHOro HauboJsiblueMy U3 HHCEJ P
u ¢, UMeeM

(ﬂ)ﬂ - (0)" > lo—P’ (7)11 - (ﬂ)n > 10“’

H, CJIeIOBATEJILHO,
(Y)n = (@)n > 1077 + 1079 > 107",

CoryiacHO omnpejesicHuIo, CNpPaBe/VIuBOCTb 3TOr0 HEPABCHCTBA O3HAYacCT,
4yTo a < 7.

Eciu uckniouuTh u3 paccMOTpeHus nepHoanMvyecKue IecATHYHBIE
aApobu ¢ nepuoaoM 9, To, OYEBMAHO:

1. npobu a u B paBHBH TOrla ¥ TOJILKO TOrHa, KOTAa AJA Jioboro
n cnpaBenuBo paBeHCTBO (a)p = (B)n;

2. a < § Toraa M TOJbLKO TOLJA, KOrJa CYWICCTBYeT n TaKoe, UTO
(a)n < (B)n;

3. a<pB Toraa n Tonbko Toraa, koraa (a)n <(B), ana moboro n.

1.3. Yucnopas mpsmas. B n.1.2 onpenenenusimun 1 ¥ 2 B MHO-
XKeCTBe HNECATHUYHbIX Npobelt BBeEeHbl COOMHOWEHUA NOPAJKA «PABHO»,
«MeHblIe», «bosiblue» M 10Ka3aHO, YTO IJIA JIOOBIX ABYX ACCATHYHBIX
apobelt a u B BHINOJNIHAETCA OAHO M TOJILKO OAHO M3 TPEX COOTHOUICHUI
nopanka: a < B, a=p0 wim a > 3. Ipuyem, ecoiu a < B, a < v, TO
a < v. Takne MHOXKeCTBa Ha3bIBAIOTCA YNOPAJOUEHHWMU UM AuMellHO
ynopadoxennmmu.

JleicTBuTENbHBIE YHCJIa, BO3HMKAIOUME Ha MPaKTUKe, 4aCTO MMCIOT
ocobble 060O3HAYeHMs, MoaToMy OymeM roBOpUTb, 4UTO Kaxkaoe nel-
CTBUTEJIbHOE 4HCJIO u306paxkaeTcs HeKoTopo#t aecaTuuno#i mpobbio, a
KaXnas gecaTu4Has Apobb fABJISETCA NpeicTaBieHneM HeKoToporo gel-
CTBHUTEJILHOTO YHCJA.

Tak kak MHoxecTBO 6eckoHeYHBIX OeCATMUYHBIX Apobelt, a cneno-
BaTC/IbHO, M MHOXECTBO AEHCTBHTEJILHLIX 4MCeJl, ABJIAETCA JIMHEeRHO
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YNOpANOYEHHRIM MHOXECTBOM, TO AeCTBUTeJIbHbIE YUC/A, KaK OOBIYHO,
MOXHO M306paxaTb TouKaM#u mpaMolt, Ha Koropoll Bu6pano HanpasJie-
HHMe ¥ HayaJio -orcyeTa. IloaroMy MHOxecTBo R Bcex AeilCTBHTENIBHBIX
4jCesl HacTO HasHBalOT dJeticmeumeavnoll (uucaoeoil) npamotlt (uan
ocb10), a JelcTBUTeNbHBIE 9MCa — mouKaMu 3To#l MpAMOH.

Ha uucnosoft npsiMoft, kKak OOHIUHO, ONpPENENAIOTCA HUCAOGHE UH-
Mepeaad, OMPE3KY U NPOMENCYMKY:

(a;b), [a;b]’ [a;+°°), (—o0; b)

u T.A B uactrocTH, R = (—00; +00).

HokaxkeM elue oqHO CBOHCTBO MHOXECTBa HECKOHEYHBIX NECATHIHBIX
Jpobett.

Jlemma. Ecau a < 8, mo cywecmeyem xoneunaa Oecamuunas
dpobv v maxas, ymo a < v < f.

Hoxasatensctno. Us nemmu 2 n.1.2 caeayer, 4to ecsm a < f3,
To cyuwecTByeT p Takoe, 4To (f)n — (a)p > 107P ana smoboro n > p,
B 4YacTHoCTH, M anA n = p+ 1. Torma kKoHeyHaa AecATHYHAA ApPoOOL
v = (a)p+1 +2-107P~! ynosnerBopser HepaBeHcTBaM a < 7 < f3.

leficTBUTENBHO,

(Mp41 = (a)pp1 =2 107771 > 10777,
n nostoMy a < +v. C mpyroft croponh,

(Bp+1 = (MNp+1 = (Blps1 — apg1 —2- 107771 >
>107? -2.10"?P"! > 10"P"1,

1 nostomy v < fB. JleMMma nokasaHa.

Hoxasaunyio neMMy 4acto GHOPMYJIHPYIOT TakK:

Mexncdy atobvmu Jeyma OeficmeumesrbHuMu HUCAGMU AEHCUM KO-
HeuHar Jecamusnas Opobb.

910 yTBepXKneHHe HOPMYSHPYIOT elle W TaK:

Mnoscecmeo xoneunwr Jecamuunux dpobeil naomuo 68 muodxcecmse
R deticmeumeavuuxr wucea.

1.4. KnanTopH cymiecrsoBaHus M BceobmpocTH. B MaTeMaTuueckux
onpeleleHUSIX ¥ TeOpeMaX dYacTO YNOTPeb/AIoTCA BHPaXKEHHA «JIf
Kaxgoro (/060ro, BCex) ...» M «CyWeCTByeT ...Takoe (Takoft, Takas),
4TO ...» (CM., HanpuMep, onpenesienus 1 u 2 u3 n.1.2). STu BHpaXeHus
0603HaualoTC COOTBeTCTBeHHO V M 3 M Ha3sWBalOTCH xeawmopamu: Y
-— Kxeanmop eceobujocmu, 3 — KEAHMOP CYUSECNEOBAHUR.

Hcnonbays obosHaueHus KBAHTOPOB, onpeleseHus 1 M 2 MOXHO
copMyJIMpOBaTh CJeNyIOIUM 06pa3oM:

a=p8emVn: |(a),— (ﬂ),.\s 107%;
a< B,ecmIn: (B)n—(a)a >107".
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3mech ABoeTOUME O3HAYAET, UTO IOCJIE HErO MAET BHICKA3biBaHMe, KOTO-
poe cHpaBe[INBO AJIAi YKa3aHHHIX n (B NMepBOM ONpenesIeHMH IJIA Bcex
n, BO BTOpOM 1o KpafiHelf Mepe mns ommoro n).

CcodopmynnpyeM elle nBa onpenesieHus:

a#f, ecan In: [(@)n — (B)n] > 1077;
afB rea>p ecmVn: (B)p—(a)s <107".

B nanbhefiulem 6yaeM wupoko nonb3oBaThcs KBaHTopaMu V u 3, Tak
KaK OHHM He NOABepXEeHH Pa3sHOYTEHMAM, MX IpUMEHEeHHe HacTo Jiyylle
NPOAICHAET CMBICJI COOTBETCTBYIOIErO BHICKA3hIBAHWs, M, HaKOHell, OHH
noJie3Hsl NpH¥ KOHCNeKTHpoBaHMM. KBaHTOpw yno6HO HCNOJIL3OBAaTH
npu nocrpoeiuu orpuuanuit. Hanpumep, nyctb A m B -— HeKkoTopsle
MHOXeCTBa, TOrAa

ACB, eciu, V€ A: =z € B,
A¢ B, ecru, 3z€A: z ¢ B.

3aech KBaHTOpP BCeoBIIHOCTH V 3aMeHseTca Ha KBAHTOD CYUICCTBOBaHMSA
1, a ycnoBue z € B Ha ycioBue z € B, u HaobopoT, ecaum >Td
ollpenie/IeHUsl TTOMEHATb MECTaMH.

WHorna 6yneM oTCTymaTh OT YKa3aHHOrO NOpPs[Ka HallMCaHUsi KBaH-
Topa BceobuwHocTn V. Hanpmmep, 6ynem nmucats: 2n >n Vn € N.

1.5. HJecarnunnie mpubixenns M HX cBolicrBa. [na soboro neft-
CTBHUTEJIbHOIO YHCJIa OOGBIYHBEIM 00pa3oM onpenesiaioTcsl BEpXHHEe M HHXK-
Hue IecATHUYHBEe NPHOJMIKEeHHs, KOTOopble B HEKOTOphIX ciy4asX GoJiee
yao6HbI, YEM OTPE3KH COOTBETCTBYIOLMX GECKOHEYHBIX [AECATHYHMLIX
apobett.

Onpenenenne. das mobo#t mecaruunolt apobu a > 0 KoHeuHble
JdecATHYHBE ApobH (a), ¥ (@) +107" Ha3sHIBAIOTCA N-MH JecAMUUNBMU
npubaudicenuamu (COOTB., HUNCHUM U 6eprHuM) M obo3HavaloTCH (o:)ﬂ

u (a),.
Taxum obpasoM, ecau a > 0, To, no onpeneseHMIO,

(@), = (@), (@), =(a)+10"".

Ecan xe a < 0, To n-e decamuunvie npubaudicenus olpenesAOTCA
paBeHCTBaMH:

(@), =(@)a=10"" (@), = (a)n.

JlemMma 1. YV arwbozo deficmsumeavrozo wucaa o Hudcnue 0decs-
muunse npubaudcenus ¢ eo3pacmanuem n He ybuearom, a eeprHue —-
He eo3pacmarom, m.e.

a) < (a
(a), < (e,
Kpome moao,

(a)n Z (a)n+l Vn.

(@) <a<f(a), Vn.
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JokasartenncTBo. I[IpoBeieM A0Ka3aTeNLCTBO ANA HIDKHHUX Je-
CATHYHBIX NPHOMDKEHn!, ANA BepXHUX NpubMIKeHU# OHO NMPOBOAMTCS
aHAJIOrAYHO.

Ecmm a > 0, 10
@nﬂ = (@) =(a)ay1—(a)n =0, an41-107" >0,
aeum a<0, T0
.(a_)n+1 - @n = (@)nt1 = 107" = (@) + 107" =
==0,an41-107" +0,9-107" > 0.

Ilepoe yTBepxaeHue Hoka3aHo. Bropoe yTBepxiaenue IoKaxem
METOIOM OT NMPOTHBHOIO.

Ilycte nna nexoToporo n = ¢ mepaBeHcTBO (a) < @ He BHmOJ-
HAeTcsA, T.e. BHINOJHsAETcA HepaBeHcTBo (a) > (a). Torma, cornacno
nemme 2 u3 n.l.2,

. - -p
¥ ((@ ),. (@)n > 1077 VYn >p.
Omnako ans Jyoboro n > g uMeeM: ecan a > 0, To
((_a_)q)n— (a)n = ap,a1...aq —ag,a;...an <0,
a e a <0, To
(@q)" —(a)y = —ag,a;...aq =107+ ap, ;... ap <0,

CanenobpaTesnbHo, Hallle npefanoJioxeHue HeBepHoe. JleMma 1 goka-
3aHa.

JJemma 2. Jas mozo wmobm ewunoamasocv Hepasencmeo a < f3,
Heobzrodumo u Jdocmamouro, ¥Mobv 6HNOAHAAOCH Ycaosue:

In: (o), < (ﬂ” (1)
JdokasatenbctBo. Ecim a < B, 10, cornacno nemme 2 u3 n.1.2,
Ip: (B)n—(a)a> 1077 VYn>p.
Torna npu n=p+ 1 umem:
8), (@), > (B)n —(@)a—2-107" > 1077 — 2. 107",

YTO M AOKA3LIBAET HEOOXOAMMOCTb ycjioBHs (1) IJIA BHIMOJIHEHWA He-
pabeHcTBa a < (. IlokaxkeM AOCTaTOYHOCTh.
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[ycTb cyumecTByeT n = p, AJI KOTOPOro BHIOJIHAETCA HEPaBeHCTBO
(1). Torma, B cusly CBOHCTB HAECATMYHHIX NpPHOIMKeHHM,

a < {a), < (8), <A,

u noatoMy a < (. Jlemma 2 pmokasaHa.

§ 2. IIpemea uMciIoBo# MociienoOBaTeIbHOCTH

2.1. Yucnosnie mocnenoparembuoctH. Ilommocnenoparembuoct. Yu-
CJIOBBIE T10CJ/IEI0BATENBHOCTH PAaCCMAaTPUBAJIUCh ellle B WIKOJIBHOM Kypce
MaTeMaTuki. HanoMHuM cooTBercTByouUMe HOHATHA U chOpMyJaHMpyeM
X onpeaesieHns B HyxXHo#t Ham ¢opMme.

Onpenenenne 1. Ilyctb uMeeTcss NpaBHIO, KOTOPOE KaXKIOMY
HaTypaJIbHOMY YMCJIY M CTaBUT B COOTBETCTBHE HEKOTOPOE YHCJIO Gy.
Torma MHOXeCTBO BCEBO3MOXHLIX Nap (n;a,), n € N, HaswBaercs
wucaosoll nocaedosameavrocmobio U obosHadaercs mbo {a,}, smbo a,,
n € N, subo a;,az,...,an,... .

Iapa (n; ap) Ha3bIBaeTCA N-M I4eMENMOM FTOMH NOCJIELOBATENLHOCTH
1 06o3HayaeTCsA MPOCTO @n. UMCIO N HA3BIBAETCA HOMEPOM, @ HUCIIO
@, — 3HaueHueM n-ro 3JIEMEHTA.

Taxum o6pa3soM, NOCJIELOBATEJLHOCTb Bcerga HMeeT 6GECKOHEYHO
MHOTO 3JiIeMeHTOB. MHOXECTBO 3HaueHHil 3JIEMEHTOB MOCJIEAOBATEJIBHO-
CTH MoXeT 6bITb Kak 6ecKOHeYHBbIM, TaK M KOHEYHLIM, B YACTHOCTH,
MOXET COCTOATh W3 OJHOro 3JieMeHTa (TaKaf MOC/eJ0BATE/ILHOCTb Ha-
3bIBaEeTCA nocmosxHotl).

Onpenenenne 2. IlocsienoBaTeNbHOCTh AEHCTBHTENbHLIX YHCE]
z,, n € N, HasslBaeTca o0z2parudennoll CeEPTY, ecJiM CYWeCTBYCT HUCTO
M rakoe, 4t0 z, < M pna moboro n € N. Ananoruuno, nocse-
IOBaTeNbHOCTb {Z,} HA3LIBAETCA 02PAHUMENHOL CHU3Y, €CJM AJIA Hee
BHINOJIHAETCA YCJIOBHE:

Im: Vn z,>m.

TMocenoBaTeIbHOCTL Ha3BIBAETCA 02Panuyernot], ecyii oHa OrpaHH-
4yeHa ¥ CBepXy, H CHU3Y.
OueBMAHO, NMOC/EN0BATENILHOCTb {Zn} GyaeT orpanuuchnolt, ecnu

IM: Vn |z,|< M.

Mpumepn. IlocnemoBaresbHOCTb, n-if 4jeH KoTopoit 3anaercs
dopmynolt z, = (—=1)"~!, n € N, amnsercsa orpanuyeHHoff, TaK KaK
-1<z,<1 Vn.

IMocnemoBaTesbHOCTL 2, = N, n € N, ABJNAeTCA OrpaHn4YeHHO! CHU3Y,
TaK KaK T, > 1 Vn, HO He ABJifeTCA OrpaHMYeHHOM CcBepxy, Tak Kak
ana moboro gucsia M cyulecTByeT HaTypaJIbHOE YUCJIO Ny TAKOE, 4YTO
ny > M. TlocnenoBaresibHOCTL Z,, = —n, n € N, orpanuiena cpepxy,
HO He ABJIETCA OrpaHHYeHHOW CHHU3Y.



§ 2. MPEJEJ1 YUCJIOBON IMOCJIEJOBATEJILHOCTH 19

INocaenoBatessnocts z, = (—1)""!n, n € N, asnsercs neorpauu-
4YeHHOW M cBepxy, M CHH3Y.

Y Jnoboro eCTBUTENIBHOIO YUCJIA T TOC/IEHOBATEIbHOCTH €0 BepX-
HUX W HIOKHHX BeCATHYHBIX npubamkenuit orpannyensl. JelicTBuTENbHO,

(2),< (=), <@, <y V.

Onpenenenue 3. IlocnenosaresnbHocts {zn,} HasmiBaeTcs cma-
yuonapHotl, ecnu cymecTsyer N Takoe, YTO T, = N 44 Jioboro
n>N.

B wacTHocTH, mocTOfIHHasA MOCJIENOBATESIBHOCTL HABJIAETCA CTalHO-
HapHo#l.

OueBnsiHo, Jo0basd crauMoHapHas IOCJIENOBATENLHOCTb SABJAETCA
orpaHM4yeHHo#l, TaKk KaK MHOXECTBO 3Ha4yeHHH ee JIEMEHTOB COAEPXHT
JIMIIb KOHEYHOe YHCJIO 3JIEeMEHTOB.

BaxXHBIM KJ1acCOM M0CJIEAOBAaTENbHOCTER OEeRCTBHTENILHBIX 4YHCEN
ABJIAETCA KJIAaCC MOHOTOHHBIX 10CJIEAOBATEIbHOCTEHN.

Onpenenenne 4. llocnegoBarenbHocts {zn,} Ha3bBaeTcs MoMO-
monHo Go3pacmarowell (ybuearouetl), ecnu

Vn z,<zp41 (coOTB., T > Tpip).

YucsioBas Moc/IeA0BaTE/IbHOCTL HA3HIBAETCA MOMOMOKMOL, eCJIM OHa
WM MOHOTOHHO BO3pacTaiollaid, WM MOHOTOHHO YOHIBaiolias.

ITpumepn. llocnemoBaresbrocTs z, = (—1)%, n € N, ne asas-
eTcs MOHOTOHHOM. Jlio6as MOCTOAHHAA MOCJENOBaTEbHOCTh ABJIAETCA
MoHoToHHOR (M Bo3pacTaioweit, n y6niBaomeit). ITocnemoBaresbHOCTD
z, = n, n € N, MOHOTOHHO Bo3spacTaiollas, a NOCJENOBATEJbLHOCTD

Yn = —n, n € N, mMoHoTOoHHO y6hiBalouwias. Boobue, ecau mocaeno-
BaTeNbHOCTb {Tp} MOHOTOHHO BO3pAacTaloOU{as, TO MOCJENOBATEJbHOCTH
Yn = —Z,, n € N, moHOTOHHO yGHIBalowad, U HaobopoT.

Y s06oro aeHCTBHTEBLHOTO YHCJIA MOC/IEAOBATENIBHOCTD €r0 HIOKHUX
HeCATHYHBIX TpHOIMKEeHUH MOHOTOHHO BO3pacTaeT, a I0C/eNOBATEb-
HOCTb BEPXHHMX NPHOIMKEHUA MOHOTOHHO yOBIBaeT.

OueBnaHo, J1106afi MOHOTOHHO BO3pacTaloUlas MOCJIENOBATEJBHOCTH
orpaHM4YeHa CHM3y, a MOHOTOHHO y6blBalouasd orpaHu4eHa CBepXY.

Teopema. Ecau MoHomoHHAR NOCAe008aMEALHOCTIL YEANT HUCEA
02PAHUNENA, MO OHA CMAYUOHAPHAR.

Hokaszareabcrbo. [Iycts mnociienoBaTenbHOCTb 1eJBIX 4YHCeEJ
z,, n € N, MoHOTOHHO BO3pacTaeT M orpaHu4esHa cBepxy. [Ipea-
MOJIOXHMM, YTO OHa He sABjasfeTca cTauumonapHofi. Torma cyuwectByeT
n) Takoe, 4YTO Ip, > Z|; CYIUECTBYeT n2 TaKoe, HTO ITp, > ZTn,,
n T.0. Takmm o06pa3oM CTpOMTCA MOCJENOBATEJILHOCTb Nk, k € N,
TaKad, 4TO

Zn, > ZTn,_, VEEN,

rae In, = ).
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Tak xak z, — UeJble 4YHCJ3, TO U3 NOCJEAHETO HepaBeHCTBa
CJIEAYeT, YTO Zn, 2 Tn,_, + 1, H moaTOMY

Zn, 221 +k VEEN.

Tlonydennoe HepaBeHCTBO NPOTHBOPEYKUT TOMY, HTO NOCJICHOBATENb-
HocTh {z,} orpanmyena csepxy. CiienoBaTesibHO, Hallle TPCATIONOKEHUE
HeBepHoe. Culy4ait MOHOTOHHO YGmiBaiollelt MOCJEIOBaTeLHOCTH pPac-
CMATPHBAETCA aHaJIOTHYHO.

Teopema noka3aHa.

Onpenenenue 5. IocnegoBarenbHocTs {Z,} Ha3bIBaeTCca cmpozo
sospacmarowetl (ybwearwett), ecau

Vn zp < Zp41 (COOTB., Zp > Tpti).

Yncnosas nocsienoBaTeJIbHOCTh HA3BIBAETCA CMPO20 MOHOMOHHOU,
€CJI1 OHa WJIM CTPOro BO3DacTalollafi, HJIM CTporo yOhlBalOWas.

OueBuaHo, J1106as CTPOro MOHOTOHHAA MOCJENOBATEJBLHOCTD LEJIBIX
qucesl ABJAAETCA HeOorpaHH4YEHHOM.

Onpenenenne 6. INocaenosarensvuocts {yx} HasbiBacTCs nodno-
caedosamenbHOCMbI0 IOCENOBaTebHOCTH {Z,}, ecan

Yk In=ng: y=2zn,,

TnpuYeM NOCJIef0BaTENbHOCTL HoMepoB {nx} cTporo BospacTaloas. Jra
IOANIOC/IeIOBATENBHOCTL 06o3navaeTca {z,, }.

3ameTuM, 4TO NMPHM OOKA3AaTEsNbCTBE TeOPeMBl 6HIJIO 10Ka3aHO, uYTO
€CJIn MOHOTOHHO BO3pPacTaiolas NoCIeH0BaTENbHOCTD HehX Yucesa {Zn}
He fBJIAETCA CTallMOHAPHOH, TO y Hee €CTb CTPOro BO3pacTaiolas
[0NOCNENOBATENLHOCTS {Zn, }.

2.2. IIpenen nocaenoBareNbHocTH, EnmncrBennocTs mpeneda. /lagum
onpenesieHMe Tpeaesa YUCJIOBOH MOC/IEAOBATEJbHOCTH, He YMOTpebids
MOHATHH CYMMBI HJIM Pa3sHOCTH AEHCTBUTEJILHBIX 4YMCEJI, TaK KaK OHM
NIOKa ellle He ONpeAesieHHl.

Onpenenenue 1. Ynciio z HasbwiBaeTcd npedeaom nocaedosamenv-
Hocmu HeflcTBuTeSIbHHIX uuces {z,}, ec/IM BHINOJIHAETCH yCJIOBHe: AJISA
KaXJ0ro uurepBaga (a;b), comepxaumero z, cymectsyer Homep N Ta-
Ko#, uto Joboe z,, y kxoToporo n > N, comepXMTCA B HHTepBaJe
(a; b).

B atoM ciyyae muumyT nlLrI;o Ty, =T WIK «T, — T TPU N — CO» H
roBOPAT, 4TO MOCJIENOBaTENBHOCTh {Zn,} CxoaMTCA K Z.

Cdopmysiupyem aTo onpenesnieHue, NCIONb3y 0603HaUEeHN 7 KBAHTOPOB.

Ounpenencuue 1. Unciio z HaswmiBaerca npedeaom nocaedosa-
meavnocmu {Z,}, eciM BHIIOJIHAETCA YCJIOBHE:

V(a;6)3z: 3N: Vn>N: z,€(a;b). (1)
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OrmerumM, 49To B ycaosuu (1) unrepBan (a;b) Moxer 6HTHL Kak
KOHeuHBIM, Tak M bGeckoneyHniM. Ocobo ciemyer nomyepKHyTb, 4TO
HoMep N 3aBHCHT OT Bhibopa mHTepBajia (a;b).

Onpenenenne 2. Jliobolt unTepBas, conepxaiuil 3aaHHOE YUCIO
T, Ha3bIBAETCA OKPeCMHOCTbIO “ucaad (MJIM mouxu) r u obo3HadaeTcs
O(z).

Ucnonbsyss noHATHe OKPECTHOCTH TOYKH, ONpeleJsieHHe Tpenena
NOCJIENOBATE/ILHOCTH MOXHO cPOpPMYJIMpOBaTh CJlenyioluM obpasom:

Uncno r HasbiBaeTcA MpelesioM MOCJIENOBATENILHOCTH {Z,}, ecau

VO(z) IN: VYn>N z,€0(z). (2)

Tax omnpenesieHHble npelesbl YUCJOBHLIX TOCJENOBaTebHOCTER Ha-
3BIBAIOTCA KoHeunwvmu npedesamu. Hapsaay c HUMH paccMaTpMBaloTCA
u Gecxoneunvie npedesm.

Onpenesnenne 3. FoBopaT, 4ro nocaedosamesvrocmv {z,} czo-
dumca x +oo, n mamytT lim z, = +00 UM «z, — +00 Npun n — co»,
ecJId BHIMOJIHAETCS ycnoﬁ'lfé?o

VM 3N: Va>N z,> M.

AsxanoruuyHo, lim z, = —oo0, ecan
n—o00
Vm IN: Van>N z,<m.

CuMBOJIN +00 U —0O HA3HIBAIOTCA becxoHewro ydaseHnumMu mov-
xamu 4qucaoBo#t mnpsamoit. EcTecTBeHHO cuMTaTh, YTO HaA J06oro
AelcTBUTENbHOTO YMCJIa @ CIIpaBeAJINBbl HepaBeHCTBA —o0 < a < +00.
UucnoBas npamas R BMecTe ¢ 6eCKOHEYHO yAAJIEHHBIMM TOYKAMK —OO
U +00 Ha3bIBAETCH paciiupennotl npamot u obo3HayaeTcs R.

Onpenenenne 4. JIobo#t Geckoneunnlit unTepBan Buaa (—oo;a)
Ha3bIBaeTcH oKpecmHocmuio Geckonewno ydanennotl mouxu —oo. AHa-
JIOrMYHO, JI06OH 6GecKOHeYHHNR HMHTepBasl BUAa (@;+00) Ha3blBaeTCA
oxpecmnocmdo beckorewro ydasrenrotl mouxu +oo.

Ucnonbsys noHATMEe OKPECTHOCTH, onpeAesieHMA KOHEuHbIX M Gec-
KOHEUYHBIX MpefesioB MOXHO cOpPMYJIMPOBaThb CJEAYIOWMUM o6pa3oMm:

Touka z pacuimpeHHoft npAMoil Ha3nBaeTca npedesom nocaedosa-
meavnocmu {z,}, eciM BHNOJHAETCA yciaoBHe (2).

Joxaxem, 4TO 2TO oMmpenesieHue MNpenesa 4YHCJIOBOMf mocsenoBa-
TEJIbHOCTH ABJAETCA KODPEKTHHIM B TOM CMEICJIe, YTO €CJIH Tpeaes
cyliecTByeT, TO oH enuncTBenHnft. Ho mpexine noxaxeM oaHo mouTu
O4EeBHAHOE YTBEPXJCHHE.

Jlemma. Y awbwuxr dsyr mouex pacwupennoil sucaosod npamoll
CYWECTNEYI0M HENEPECEXAIOUUCCR OKPECTRHOCTU.

HdokaszateanscrtBo. [lycts £ ¥ y — [aBe ToukM paciuMpenHoft
4yucsIoBo#t mpsAMOH, M MyCTb, AJA ompeaesieHHocTH, z < y. Toraa, ecsm
r = —00, y = 400, TO, MO onpenejieHuto, Jiob6olt wHTepBan (—o00;a),
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Ile @ — HeKOTOpOoe YMCJIO, SABJISAETCA OKPECTHOCTBIO TOYKH T = —00, a
HHTEpPBaJI (a; +00) — OKPEeCTHOCTBIO TOYKH Y = 400, U ITH OKPECTHOCTH
He MepeceKaloTCs.

Ecim z u y — npeficTBuTeNbHBIE 4YHC/Ia, TO, B CHIY JieMMbl 11.1.3,
CyWeCTBYeT YHMCJIO a Takoe, 4To z < a < y. QOueBuaHo, uHTEpBaN
(—o0; @) — okpecTHOCTb TOUKH z, 3 MHTepBaJ (a;+00) — OKpPeCTHOCTD
TOYKH Y, ¥ ITH OKPECTHOCTH He TepeceKaloTcs.

Ecnu xe £ = —00, a y — meflcTBUTEsIbHOE 4MCJIO, TO, HAlPUMED,
unteppan (a;b), rne a = (y) —1 n b = (y),+1, ABNAETCA OKPECTHOCTHIO
TOYKH Y, a HHTepBan (—00;@) — OKDECTHOCTBIO TOMKH & = —00.

AHasnoruyHo, ecay y = +00, a £ — nelicTBUTENBHOE YHCJIO0, TO HHTEPBAJI
(a;b), toe a = (), —1 m b=(z)y+ 1, ABNAETCA OKPECTHOCTHIO TOYKHU
z, a MHTepBan (b;+00) -— OKDECTHOCTBIO TOYKH y = +00, M 3TH
OKPEeCTHOCTH He nepecekaloTcd. JleMma mokasana.

JokasanHoe cBOHCTBO Ha3HBAETCH ceolticmeom omdeaumMocmu moyex
qucsioBoft npsimoit. CuieacTBueM 3TOro CBOHCTBa sABNsieTCA €/IMHCTBEH-
HOCTb Tpefesia THCJIOBO# MOCJ/IeNOBaTETLHOCTH.

Teopema 1. Yucsaosaa mnocaedosameavHocmo Modcem umMemsd
moavko odun npedes (xomeundiil uau becxoreurwiil).

Hdokxasateabctso. Bocionb3syemca meTosoMm oT 1porusHoro. [lo-
MYCTHM, YTO CyNIECTBYET IOCJIE[IOBATENLHOCT {Zn}, KOTOPas UMeeT JBa
pasHnix mpeaesna z u z’. Torma, B cuiy mokasaHHOM neMMbl, y T
u T’ cyllecTBylOT Hemepecekalomdeca okpectHocTH O(z) u O(z'). A
TaK KaKk £ ¥ ' — npenesn NOCJIENOBATENBLHOCTH {ZTn}, TO AOJDKHBI
BBLIMIOJIHATHCA YCJIOBHS:

AN: Va> N =z, €0(z),
aN': ¥an>N' =z, €0(z'),
U3 KOTOPHIX CJICAYeT, YTO, HallpuMep, Tn, ¥ KoToporo n = max{N;N'},
npunapiexur ¥ O(z), n O(z'), «To HeBo3MoxkHo. CuenopaTenbho,
Halle monyiueHue HeBepHoe. Teopema moka3aHa.
PaccMOTpUM HECKOJILKO NPUMEpOB, KOTOphie chOpMyIHPYeM B BHIC
OTJeJIbHBIX yTBepXKIeHHH.

1. JIiobas cTauMOHapHas MOCJIENOBATE/LHOCTh HMMECT MNpened.
Ipuyem, ecou {z,} Takad, yto £, =cVn > N, To lim z, =c.
n— 00

HeficTBuTesbHO, B 3TOM cay4vae B Jjobo#t okpectHocTH O(c) Touku
¢ JIeXaT Bce Z,, y Kotophix n> N.
2. Y moboro ne#icTBUTEJBHOrO 4HCJIa T MOCJIENOBATENbHOCTD €r0
BepXHAX (¥ HIKHNX) ACCATHYHBIX npubiwkenult cxoanTed K .
Hoxaxem, yto lim (z) ==z.
n—00 —-N

Bo3sbMeM HeKoTOpYIo oKpecTHOCTb (a;b) 4mcya z. (He orpannuupas
OBIHOCTH, MOXHO PACCMAaTPMBaThb TOJIBKO KOHEYHBle OKPECTHOCTH.)
Torna ¢ < r < b, u nmoaTomy

aN: mN<(_le.
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Orciona u u3 cBoflcTB AeCATHYNBIX NPUBIMXKeHut clieNyIOT HepaBEeHCTBA:

aS(a)N<(:t_)N§z<b, (i)NS(i)nSx Vn > N,

¥3 KOTOpbIX cJienyeT, 4To a < (z) < b ana moboro n > N. Tak kak

takoe N cymecTbyer masa jmiobo#t okpectHoctu (a;b) yucna z, To Hame
yTBEePXKACHHE JIOKA3aHO.

Pabencrso lim (z), = z mokasbiBaeTcsi anastormyno. W3 nero, B
n—oo
YacTHOCTH, cjeayer, 4to lim 10~ = 0, tak kak 10~ - 3T0 n-e
71— 00
BepxHee AeCATHYHOEe NpubimxkeHue uucna 0.

3. TlocneaosaresanHocTs z, = (—1)*, n € N, ne umeer npenena
(nn KomnewHoro, HH GeCKOHEYHOro).

Hns sTofi Noc/ilenoBaTebHOCTH HHKaKas TOYKA PaclMpeHHOM npg-
Mol He ydoBnerBopder ychaosuio (2), T.e. aas Jjobo#t Touku z € R
BBIMOJIHACTCS NPOTHBOMOJIOKHOE YCJIOBHE:

30(z): VN 'Bn >N: z,¢0(z).

JelticTBuTesbHO, eciim £ # —1, To Yy £ u —] cylwecTByloT Henepece-
kalouueca okpectioctd O(z) u O(—1), u noaromy Bue O(z) nexar sce
T, C HeyeTHLIMH NOMEpaMH, Tak Kak ouu pasunl —1. Ecau xe z = -1,
To cymectyer O(—1), koTopas He comepxur yucyo 1. CraenoBaresbho,
OaHHas [MOC/1eJI0BATEeJbHOCTh HEe MMeeT Tpeaena.

4. IMocnenosarenbHocTh z, = n, n € N, cxomurca Kk 400, a
MOCJIe/IOBATEJNBHOCTD Y, = —n, n € N, cxoauTcst K —00.

He#tcruTenbuo, ana atoboro uncaa M > 0 nonoxkum N = (M),+1,
TOorma zn, > M pana moboro n> N. Ecnu ke M <0, To z, > M pgas
nwboro n € N.- Cnenosaresbio, lim z, = 4o00.

n—00

Ananornyso nokasmBacTcsd, YTo lim y, = —oo.
n— o0

5. IlocsienopatesibHOCTh Ty = (—1)"n, n € N, He umeeT npenena
(Hu koHeunoro, Hu GecKOHEUHOTO).

HOna noboro pmelicTBUTesIbHOrO 4HMCNa z mosoxuM a = (z) — 1,

b= (z),+ 1, N =max{|a|;|b|}. Torna unrepsan (a;b) — okpecrsocTs
To4YKH Z, ¥ BHe (a;b) nexut moboe z, c Homepom n > N, npudem, ecau
n HeyeTHOe, TO T, < @, a €CJIN N 4eTHOe, TO Z, > b. CaecnosaTesbno,
HUKaKOe YHCJIO He SIBJIAEeTCA NpeAe/ioM JaHHOH MoCJea0BaTELHOCTH,
M OH3a He CXOMUTCA HA K +00 HH K —OO.

Onpeanenenue 5. [ocnenoBaTenbHocTs HasbiBaeTcs crodawetics,
ecsM OHa HMMeeT KoHe4HmI#d npemes. Ecam ke nocienoBarenbHOCTL He
MMeeT KOHEYHOIo Mpedelia, TO OHa Ha3bIBAETCHA Pacrodawetics.

[MocnenopatenbHocTy u3 npuMepoB 1 u 2 cxoaduuecss, a MnocJe-
JOBaTeJIbHOCTH M3 npuMepoB 3, 4, 5 pacxogsaumecss. OrMmeruM, 4TO
110C1IeIOBATEJILHOCTH M3 NpuMepa 4 cXoisATca K +00 H, COOTB., K —OO,
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OIHAaKO OHHM ABJIAIOTCA PACXOAAUMMMUCH, NMOPTOMY MHOr/a I'OBOPAT, YTO
OHHM pACXOOATCA K +00 H, COOTB., K —0O.

Teopema 2. Ecau nocaedosamesvHocms umeem xoreunwuil npedea,
Mo OHA 02paHuveHa.

HokaszaTtennbctBo. [IycTs nocnenobarensHocTs {z,} cxomurea k
uyhcay z, ¥ nyctb (a;b) — HeKoTOpasi KOHEUHAst OKPECTHOCTb YHCJ/a
z. Torma cywectsyer N Takoe, 4To a < Z, < b ana moboro n > N,
U 1O3TOMYy BHe HHTepBaja (a;b) Moryr 6HTH JMWb Z,...,ZN-.
Ecinu 4yepes m u M ob6o3HaumM HaHMeHbllee M HauboJibiltee M3 YHCEN
a,b,zy,...,zN~1, TO, oueBHAHO, Mm<z, <M ana moboro n. Teopema 2
JOKa3aHa.

3ameTuM, 4TO obpaTHOe yTBepxKaeHue HeBepHoe. Hampumep, mocJe-
[OBaTeJILHOCTL Z, = (—1)", n € N, orpanudeHa, HO He UMeeT mpelena.

TeopeMma 3. Ecau nocaedosamesvrocmov crodumca x +00, mo oxa
ABAAEMCA 02paruMernotl cHu3y u Heozparuyennold ceepry. Ecau oce
OHa cTOAUMCR K —O0O, MO OHG O02PAHUNEHG CEEPTY U HEOZPBHUNMEHA
CHu3y.

Jloka3aThb B KayecTBe yNpaXKHEHHS.

Teopema 4. Ecau nocaedosameavriocms umeem npedea (xoreunvid
uau becxoneunmtl), mo u awbas ee nodnocaedosameavHocms umeem
mom dce npedea.

HoxasatenbctBo. [lycts {z,,} — noanocnenorarenbHocTs no-
cyienoBaTesbHOCTH {z,}, B mycTb "ll'ngo z, = z. Torna

VO(z) IN: Vn>N =z,€0(z), (3)

a Tak Kak ng > k, T0 z,, € O(z) Vk > N, rme O{z} — Ta xe
OKPECTHOCTb, 4TO H B YcJ0BHH (3). Cneuona:renwo l|m zn, =z. Teo-
pema 4 nokasaHa.

2.3. Ilepexan x mpeneny B nepaseHcrsax. Cdopmynupyem u mo-
KaXeM HECKOJIbKO CBOMCTB NpeiesloB YHCJOBBIX TIoC/edoBaTesbHOCTEH,
CBA3aHHBIX CO CBOMCTBOM YNOpAAOYEHHOCTH MHOXeCTBa JelcTBHTESb-
HBIX YuCeJI.

Teopema 1. Ecau nocaedosameavrnocmu {z,} u {yn} umerwom
npedean (xoreunme uau beckoneumme) u

lim z, < lim y,,
n—00 n—00
mo cyuyecmeyem N maxoe, wmo z, <y, Yn> N.
JokasaTenbctBo. llycrs lim z, =z, lim y, = y. Tlo ycnosuio
n—00 71— 00

TeopeMbl, z < Yy, U MO3TOMY CYUIECTBYeT YHCJO a Takoe, 4To r < a < ¥.
Torna, coryIacHO ONpeResieHHIO Npefesa, uMeeM:

dN;: Vn> N, z, € (—o0;a);
dN,: Vn> Ny yn € (a;+00).
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Cnenopatesibno, ecau N = max{Ny;Na}, 10 z, < a <y, Vn> N.
Teopema 1 pokasana.

Teopema 2. Ecau nocaedosameavnocmu {z,} u {y.} umewm
npedeasvt u cywecmseyem Ng maxoe, wmo z, <y, Vn > Ny, mo

lim z, < lim y,,
n—00 ~ n—oo

JloKa3aTeJbCTBO. DTa TeOpeMa ABAAETCA CJEACTBHEM TEOPEMEI 1
H AOKa3biBaeTCsi METORZOM OT mpoTuBHoro. leficTBuTesIbHO, eciu Npea-
NOJIOKHTDb, YTO I > Y, TO, COTJIACHO Teopeme 1,

AN: Vn>N =z, > yn,

4TO NMpoTuBopeduT ycsosuio. CieaoBatesisHo, z<y. Teopema 2 nokasana.

Cnencreue. Ecau nocaedosamesvnocmv {z,} umeem npedes u
cywecmseyem N maxoe, ymo z, <b (uau >a) dag mobozon> N, mo

lim z, <b (coors.,, lim z, > a).
n—+00 n—00

3amerumMm, 4To ecau {z,} cxomuTcs K T M, Hanpumep, T, > a Vn,

TO MOXHO JIMIIb yTBEpPXAaTh, YTO Z > a4, M HeJb3A yTBEPXKIaTh, YTO

z > a. Hanpumep, 10~" > 0 Vn, Ho, Kak yxe gokasaHo, Iim 10~" =0.
n - 00

Tecopema 3. ITycmov wucaoene nocaedosameavrnocmu {zp} u {yn}
ylosaemsopsaiom ycao8u10:

AN: Va> N =z, <yn

Toezda, ecau x, = +00, mo ¥ Yy, — +00 npu n — 0. Ecau dnce
Yo —> —00, MO U T, = —OO0 npu n — 00,
HokaszatTeasctBo. U3 Toro, uro =, — +00 npu n — 00, caenyer,

4TO
VM 3Npm: Vo> Ny z,> M.

A TaKk KaK Yy, > T, Vo> N, TO
Y > M VYn> Ny,
rac Ny, = max{N; Ny} Cneposarenbho, lim y, = +oo.
n—00

Bropoe yTBepxAeHKe TeOPEMBI JOKa3bIBaeTCs aHasI0rHYHO. Teopema 3
JIOKa3aHa.

Teopema 4. ITycmo wucaoene nocaedosameavrocmu {zn}, {yn} u
{2z} ydosaemsoparom ycaosuio:

INo: Vn2> Ny 24 <Yn<2n.

Tozda, ecau {z,} u {z,} czodamcs u ux npedeaw paenw, mo {yn}
modce cxodumca ¥ moMy Jice npedeay.
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Hoxasatenbcrtpo. Ilycts lim z, = ¢. BosbmeM HekoTopyio
n—00
okpecTHocTb (a;b) Touku ¢. Torma

dN,: VYn> N; =z, € (a;b),

a Tak Kak ¥ lim 2, =¢, TO
n— 00

INz: Vn> N 2, €(a;b),
n noatomy, ecim N = max{No; N;; N2}, To
anN a<zn5yn53n<b.

Cnenoparennno, nna nobo#t 3ananHOi okpectHocTn (a;b) Toukm c
cyuwectByer N Takoe, 4TO

Va> N y, € (a;b).
9To ¥ 03HavaeT, 4TO le yn = c. Teopema 4 nmokasana.
n—00

ITa TeopeMa Ha3BIBAETCA MEOPEMOll 0 mpeT nocaedo6amebHOCMAT
NI meopemotl o Jsyr noauyeticxuz.

2.4. MonoTonnnie nochemoparesbHocTH. VI3 Teopemu 1 n.2.1 u us
npumepa 1 n.2.2 cienyer, 4TO ecqiM MOHOTOHHAas NOCJIEAOBATEBLHOCTD
LeJIbIX YHCeJl OrpaHM4YeHa, TO OHa CTalMOHAPHAasA M, CJeJOBaTeJIbHO,
MMeeT KoHeyHbi#f npepes. Jlerkum oboblueHneM 3TOro yTBepXaeHHs
ABJSETCA cJedyiolllas JeMMa.

JleMmMma 1. Ecau Monomownnas nocaedosameavrocmsd k-3naunvz
OJecamuunnzr dpobeil ozparuvena, mo oMa cmayuoxapuas u, caedosa-
meAbHo, UMeem KoHeunuil npedea.

Hoxasateabcrtso. Ilycts {z,} — mnocnenosarensnocts k-
3HaYHbIX JecATHYHHX apobeft. Torma, oveBMaHO, NOCJEAOBATE/ILHOCTD
Yn = Z-10¥, n.€ N, — 3T0 nmoc/1ienoBaTeIbHOCTD LEJIBIX YHCE.], TpUYeM,
eciM {Zp,} MOHOTOHHAs W OrpPaHHYEHHAsA, TO M {Yn} MOHOTOHHAs M
orpannyennas. I[lo Teopeme 1 n.2.1, {y,} craumonapHasi, u moaToMy
oHa uMmeeT npeges. OveBHAHO, MNOCJENOBATEJILHOCTb Tp = Yn - 10-* ,
n € N, Toxe cTauuoHapHas, W TOITOMY MMeeT Mpejaesl, MPUYEM ecJu
{zn} MonoTOHHO BO3pacTaer (ybniBaer), TO

zn < lim z, (cooTB., Z, > lim z,) Vn.
~ n—o0 — n—o0

Jlemma 1 pokasaHa.

CdopmMmynupyem elle OJHO OYEBHHOE YTBEpXAEHWE.

JTemma 2. ITycmo 3adara nocaedosameavnocme Jecamusndiz dpobei
zn, n €N, cpedu xomopwr nem nepuodusecxur c nepuodom 9. Tozda,
ecau nocaedosameavrocmv {z,} Moromonno eospacmaem (ybweacm),
mo u nocaedosameavrocmsv uxr k-r ompesxos Y, = (Tn)k, n € N,
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MoHOmOKKHO 6o3pacmaem (coome., ybweaem). Ilpuvwem, ecau {z,}
ozpanuvena, mo u {y,} ozpanuuena.

Tenepsb chopMynupyeM u goKakeM ofHy U3 yHAaMEHTAJbHBIX Te-
OpeM MaTCMaTHYeCKOro aHaJIu3a — - MeopeMy 0 CYWecmeosanuu npedeaa
Yy MonomonHoil nocaedosamesvHocmu.

Teopema 1. Ecau momomonnas nocaedosameavhocmv Oeticmeu-
MEADHBT HUCEA 02DGHUNEHA, MO OHAG uUMeem Xoneunwutl npedea.

Hloxasatenbcrso. Ilycts nocsemoBarenbHocTs {r,} sABAsieTcs
MoOHOTOHHOH n orpaHnveHsoi. HamomuumM, 4yto xaxaoe z,, — aTo Hecko-
HedHad gecATHYHas Apobb. ByaeM cumrarb, YTo cpeau r,Z2,...,%n,. ..
HeT nepuognyeckux gpobeit c nepuonom 9. Toraa, B cuay JieMMul 2, 10
moboro (pUKCHPOBAHHOIO k MOCJCROBATENLHOCTh KOHEYHbLIX k-3HAYHBIX
JeCATHYHBIX Apobelt y, = (zp)k, n € N, sBaseTcs MOHOTOHHOH M
orpaHu4cHHOM, ® 103TOMYy (cM. JeMmy 1) oHa 6yneT CTalMOHApHOM.
CaepoBatenbHo, aas Kaxaoro k cymecrsyer N, Takoe, 4To

(zn)k = po,a1a2...ax  Vn > N,

rjle pg — Hekoropoe uenoe yucao. QOueBuano, MOCJAEAOBATELHOCTH
Ny, Ny, ..., Nk, Nky1,... MOHOTOHHO Bo3pacTalollasi, TaK KaK ecJin

(4n)k4+1 = po,a1az...agaksr V0 > Niyy,

TO U (Tp)k = po ayay...ax Yn > Ni, n nosromy Ni < Nigi.
Uuayxuuelt no k cTpouTCca YMCIO T = po, @ Q2 ...Qk ... TAaKoe, YTO

Vk 3N, : Vn> N (-"—'n)k = (z)k.
Jlokaxem, uro lim z, ==z.
n-00

Bribepem HekoTopylo okpectHocTh O(z) Touku z. He orpannvupas
OBLIHOCTH, MOXHO CHYMTaTh, YTO okpecTHocTb O(z) Koneunasa. IlycTb
O(z) = (a,b), Te. a<z <b.

U3 nepasencts a < z < b caeayer, 4To cyuwecTsyeT k = kg Takoe,
4TO

za—)ko < (z)ko < @*o

TMo nocTpocHuio uucaa r, cymectsyer No Takoe, 4TO (Zn)ko = (Z)ko
Vn > Ny. CnenosarelibHo,

a< (zp)ky < b Vn > Np.

Takum obpasom, AJis NpousBosibHO BhiGpasHO#l okpecTHocTn O(T)
Toukn = cymectByer nomep N = Ny Takolf, 410 a <z, <b Vn > N.
CorsiacHo ompeleJieHuIo Npenesa, 3TO W O3HadaeT, 4To lim =z, ==z.
Teopema 1 nokasana. noroo
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Teopema 2. Ecau Mmoromonnas nocaedosameavrocmv QJeticmeu-
MEALHBT “UCEsr RGAREMCR Heozparuuennoll, mo ona umeem becxomneu-
Huil npedea. ITpuvem, ecau ama nocaedosameavtiocmv 8o3pacmaem, mo
ee npedea paser +00, G ecau MOHOMOHHO Ybwmeaem, mo oM paseH —oo.

HoxasatenbcTBo. [lycts nocnenoBaresnshocTs {z,} MOHOTOHHO
BO3pacTaeT M ABJAAETCA HeorpaHuyeHHoft. Torma, B cmiay HeorpaHu-
4eHHOCTH CBepXy, IJif Jioboro ynmcaa M cymecTByeT npy TaKoe, 4TO
Tp, > M, a B cHJly MOHOTOHHOCTH, OTCIOIa CJIEflyeT, 4TO

za > M Vn2>npy.
A 2T0 M o3Hadaer, 4To lim z, = +00.
n—+00

ABaJIOrM4HO 0Ka3bIBAETCH, YTO €ciau {Z,} MOHOTONHO y6bIBaeT, TO

lim z, = —o0. TeopeMa 2 nokasaHa.
n—o00

Takum obpazoMm, cnpaBeanuBo yTBepxaeHue: JIwbas monomonnas
nocaedosameavrocms umeem npeden, xXoreunutl, ecau oHa ozpanuven-
HaR, uau becxorenHuil, eCAu OHG HeEOZPparuueHHas.

Cneactsue. Ecau nocaedosameavtocmev {z,} Moromonno eo3pa-
cmaem, (y6wseaem) u lim z ==z, mo

n—oo v
z, <z (coots., z, >z) Vn.

JokasaTenbcTso. [lycTs nocnesosarenshocts {z,} MoHOTOHHO
poapacTtaeT. Toraa
Vn, Vk =z, < ZTojk.

Orciona B mpenesie npu k — 0o monyvaem z, <z Vn.

Cny4afi MOHOTOHHO y6niBamwolell TOC/1eHOBATEILHOCTH PacCMATPHBa-
erca aHanornuno. CiieficTBHe NOKa3aHO.

§ 3. Apudmernka neHCTBHTENLHBIX YHCE

3.1. Jlemma o emuicrBenHoctH. B aToMm naparpade noctpoum apud-
METHKY HeliCTBUTEJNIbHBIX YHUCeJ, T.e. ONpENeSIMM CYMMYy, PasHOCTb, Mpo-
H3BeJlcHNEe M YaCTHOe AcfiCTBHTEeNIbHRIX YHCeSI B JOKaXeM KX cBolicTsa.
Ho npex e BCEro JokaxkeM OAHY JIeMMY, KOTOPYIO yJIOOHO HCHO/Ib30BATE NTPH
JIOKa3aTeJIbCTBe CBoMcTB apudhMeTHIeCKHX ONlepalui.

Jemma. ITycmo {r,} u {Rn} — nocaedosameavHocmu xoHEUHVT
decamuunwnr dpobel! maxur, wmo
ra <R, Vn, lim(R,-r,)=0. (1)
n—o00

To2da, ecau “ucaa T u y npunadaescam ompe3xy [rn; Rn] npu anbos
n, moz=y.

JlokasaTeabcTBO. 3aMETHUM, 4TO XOTA Pa3HOCTb JefCTBHTED
HHX 4YHMCen ellle He ONpeAesieHa, ONHAKO ML CYHTaeM, YTO pa3sHOC’
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KOHE4YHBIX HOECATHYHBIX Apobeit yxe omnpeaesieHa, M MO3TOMY MOXHO
rOBOpHTb O Npelesie pasHocTd R, —r, B ycioBun (1).

Joka3niBaTh 6ynem MeronoM oT mnpoTHBHoro. IlpeanosioxuMm, 4To
r #y. llycrs, nanpumep, =z <y. Torma

3ng : G—ino < @ﬂo’
M TI03TOMY _
™ <2< (2),, < (

o,

<Y< Ra Vn

CnenoBatensto, R, — r, > 107"° Vn, 4TO NpOTHBOPEYUT YCJIOBHIO
(1), 1 nosToMy Hale mpeanosiokeHue HepepHoe. JleMMa noka3aHa.

3.2. Cymma n pasmocts nelicrBuresmunix wmcen. Hanomuum, uto
MBI CYHTaeM, YTO CYMMa M Da3HOCTb IJUIA KOHEYHMX AEeCATUYHLIX
apobeijt yxe onpenesieHbl W M3BeCTHH Mx cBoficTBa. Onmpasch Ha 3To,
onpefie/IAM CYMMY M Pa3HOCTb JJIf JIOOhIX HeHCTBHTENbHBIX YHCEJ H
IOKaXeM UX OCHOBHble CBOMCTBaA.

Onpeaenenue 1. Ina nobnx neAcTBUTEJLHBIX 4YHcen a ¥ b
npenes NMOCJ€AOBaTENbHOCTH

r"=@n+(_bln’ n €N, (1)

Ha3blBaeTCs cyMMotl wucea a u b u obosHauaerca a + b.
OueBuaHO, cymMMa JIIOOBIX ABYX AeficTBHTeNbHBIX 4ucesl a u b
CYUIECTBYET, TaK KaK [10CJIEA0BATEJbHOCTb (1) MOHOTOHHO BO3pacTaeT M

orpaHuyYeHa CBepxy, HanmpuMep, UeJbIM 4nciioM (a)g + (b),, # mosTomy
¥MeeT KOHeYHbI npeneJt.

B onpenenendH cyMMHB 4YHcesl @ M b BMecTo mocnegoBaTe/ILHOCTH
(1) MoxHO paccMaTpHBaTh HOCJIEIOBATELHOCTh

Rn=(a),+ (), ne€N (2)

KOTOpas MOHOTOHHO YGHIBaeT M orpaHMdeHa cuu3y. Ee mpemen pasen
npenenay nocaenoBarensHocts (1). JeficTBHTenbHO, ecau ¢ M C —
npegens nociemoparenbHocret (1) u (2), COOTBETCTBEHHO, TO, Kak
H3BECTHO,

rm<¢c<t< R, Vn

A Tak Kak Ry —r, =2:107" - 0 nopu n — o0, TO, B CHJY JIEMMEI O
eIMHCTBeHHOCTH, ¢ = €. Takum obpasom,

o b= i (0 + ) = i @4 )

OTtciona, B YaCTHOCTH, CJIENYET, YTO CyMMa JIioOhix ABYX HeficTBHUTE b~
HBIX 9HCeJl OnpefiejieHa OAHO3HAYHO, XOTA 4HMCJIa a ¥ b MoryT MMmerb
HEeOAHO3HAaYHBle NPEACTABJIEHUS B BHIE INECATHYHBIX Ipobeff.
U3 TeopeMbl 0 mpenesie MPOMEXYTOYHOM MOCJIENOBATEJILHOCTH CJie-
oyeT, 4To
a+b= lim (@) + ()n)-
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Oupenenerue 2. [das sanansoro uucsaa a uucsao b, obnanaoluee
cBolticTBoM a+b=0, Ha3nIBaeTCHA npomusonoaodcHM 1 0Bo3HaATAETCR —a.

CBoiicTBa clmoXeHH:

1. a4+ 0 =a (nelimpasvHocmv wHyas);
a+b=>b+a (xomMmymamusHocmo);

ecan a < b, 70 a4+ ¢ < b+ c (mMoxomonnocms);
(a+d)+c=a+ (b+c) (accoyuamuerocmy);

Jioboe JefcTBUTEeNnbHOE YHCJIO MMeeT CAMHCTBEHHOe npomueo-
NOAOIHCHOE.

o N

Ceofictea 1 u 2 oueBmanbnl. YTobnl mokasaTh cBoiictBo 3, Bymem
CYMTATb, YTO HU OOHO M3 4NCes a, b U c He ABNAETCA NepHOAUYECKOH
necATHYHON JApobbio ¢ mepuomom 9. Torma

(a) +(c) <(b) +(c) Vn.

@, (),
Orciona, nepexons K fpejeJsy npua n — oo, nonydaeM a+c< b+ec.
Jas nokasarenbcTBa CBoMcTBa 4 3aMCTUM, 4TO, B CUJy CBOHCTBa
MOHOTOHHOCTH CyMMHI, 4Mcna (a +b) +c¢ u a+ (b+ ¢) nexar mexny
KOHEYHBIMM JIECATHYHBIMU APo6GAMH

), +(9),, Ra={(a),+®),+(c),

ra = (a), + (8),

s gwoboro n. A Tak Kak R, —r, =310 — 0 npn n — oo, To no
AemMMe 1m.3.1 3TH 4YKCJIa DABHBIL.

HakoHel, ecM @ ¥ —a —- B3aUMHO TPOTHUBONOJOKHbBIE AeCATHYHBIE
apobu, To (a)n +(—a)n =0 Aana moboro n, u noaromy a+(—a)=0, uro
H JOKa3hBaeT CylleCTBOBAHNWE MPOTHMBOMOJIOKHOIO y Joboro meficTeu-
TenbHoro vucia. Eciin Temepb npeanosioXuTh, 4TO HeKoTOpoe uMcJo b
ABJIAETCA NPOTHBONOJIOXKHBIM K 4HCJYy @, TO

b=b+0=b+a+(—a)=0+(—a) = —a,

YTO ¥ [AO0KA3BIBaE€T €AUMHCTBEHHOCTDH NPOTHBOMOJIOXKHOTO.

Onpenenenne 3. Ina mobuix AelcTBHUTESNbHBIX 4Yucesl @ M b
4ucio a + (—b) HasniBaeTca pasnocmuio wucea a u b u obosnavaerca
a—b.

B koHme 3ameTHM, 4YTO CnpaBefiyIUBLl paBEHCTBA

~(-a)=a, —(a+b)=(~a)+(-b).
He#cTBUTENbHO,

—(a+b)=—(a+b)+(a+Dd)}(~a)+(-b) =
=0+ (~a) + (=) = (~a) + ()

4YTO M JOKa3biBaeT BTOpoe paBeHcTBO. IlepBoe paBeHCTBO NOKa3bIBaeTCs
aHaJIOTHYHO.
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3.3. Ilpoussenenne M 4YacTHoe AeHcTBHTENBHEX WHced. s aobbIX
AeficCTBMTEJIBHBIX YHMCesl @ U b mocJienoBaTeJbHOCTh

In = (a)n(b)ny n €N, (1)

MOHOTOHH2Z M OrpaHM4YeHHa: ecJii @ ¥ b omHoro 3Haka, TO OHa Mo-
HOTOHHO BO3pPACTAE€T, 3 €CJM Da3HBIX 3HAKOB, TO MOHOTOHHO y6biBaer.
CaenoBatenibHo, anfA Jiobbix a u b mocnemoBatesbHocTh (1) uMeer
KoHeyHbI#l mpeied.

Onpenenenue 1. [das sobbeix AchcTBUTENbHBIX 4ucesT a M b
npegen nocsegosatesibHocTH (1) HasmBaeTcs npouseedenuem wucea a
n b u oboznayaerca ab.

OueBuano, ecnu a = 0 nau b = 0, To mocnenoBaresnvhHocts (1)
noctoanHan: z, =0 Vn. Ecan xe a#0 u b#0, t0o z, = (la])n(|b])n,
korna a ¥ b omnoro 3naka, u r, = —(|a|)n(|b])n, xorna a u b pazubx
3HAKOB. ) -

B onpenenenun npousBeneHys 4ucesl a U b BMecTo mocsemoBaTesib-
noctu (1) MOXHO paccMaTpHUBaTh MOCJIE/IOBATEILHOCTD, 3aiatHyo ¢op-
mysamu ¥ = (la|)n(|d])n, ccain a u b onusoro snaka, n y, = —(|a|)n(|d])n,
ecniu a ¥ b pasHbix 3HaKoB, KoTopas mnA Jiobbix a U b MOHOTOH-
Hasi u orpanuyennas. IlocnenoBarenbHOCTs {yn} MOHOTOHHO y6biBaeT
M 2, < Yo, €CAM @ ¥ b onHOro 3HAKa, M MOHOTOHHO BO3PAcCTaeT M
Tp > Yn, €cd a ¥ b pasHuix 3nakoB. Kpome Toro,

lyn = zn] =(lal)a(16])n — (lal)a(jbDn =
=(laD)n(16])n = (|laDa([B])n + (|aDn(l6)n = (la))n([t)n =
=107"(]Bl)n + (laD)a - 107" < (([eD)o + (lal)o) - 107" — 0
upu n — oo. CaenosatensHo,
ab= lim z, = lim y,.
n—00 n-»00
Otciona, B 4aCTHOCTH, CJieqyeT, YTO NpousBeAeHMe JoObix HBYX neit-
CTBHTEJILHBIX YHCEJ ONpeAe/ieHO OJHO3HAYHO, XOTA 3TH 4HHCJA MOTYT
MMeTb HeoAHO3Ha4YHble MpeICTaBjieHUs B BUAe AeCATHUHBIX Jpobeft.
Onpenenenue 2. [lna sanaHHoro uncjaa a 4ucjo b, obnanatouee
cBolicTBoM ab = 1, HasmiBaeTcss obpamuum u obosnayaercs a~!.
CpoificTBa YMHOXeHHnA:
1. & 0 =0 (noarowerue Hyaem);
2. a-1=a (nedmpasrvrocms edunuym);
3. ab = ba (xommymamusnocmo);
4. ccoma<bunc>0 10 ac<b, aecma<bnc<L0 To
ac > be (mMonomonnocmy);
. a(b+ ¢) = ab + ac (ducmpubymusnocmv);
. a(bc) = (ab)c (accoyuamuenocmo);

. moboe neHCTBUTEJILHOE YKCJIO, OTJIMYHOEe OT HyJdA, HMecT
eIMHCTBeHHoe obpaTHoe.

~No o
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CeoitctBa 1, 2 u 3 ouesumnnle. J[asa mokasaTenncTBa cBoficTBa
4 6ymeM CuYMTaTh, YTO HM OIHO M3 4HucesS a, b u ¢ He ABnNAeTCH
nepHoMdecKoil mecatuunolt gpobuio ¢ mepuomoM 9. Torma, ecom a < b

nc>0, ro
(@)n(c)n < (b)a(c)n Vn.

Orcrona, nepexoad K mpefieay npu n — oo, nonyyaeM ac < be. Cayuait,
Korna c¢ < 0, paccMarpuBaeTCs aHaJIOTHYHO.

JokazaTesbcTBo cBoficTBa 5 HauboJsiee rpoMo3liKoe: HyXXHO PacCMO-
TPeTb BCEBO3MOXHBIE KOMOMHauuM 3HaKoB umces a, b, c m b+c. B
cay4qae, korna a > 0, > 0, ¢ > 0, U3 MOHOTOHHOCTH MpOU3BEAEHUA H
cyMMBI cJenyeT, 910 ducina a(b+c) u ab+ac nexar mMexay KoHedHHIMM
AECATUIHHIMH ApobsaMu

rn = (a)_((6), +(5),) B R =1(a),((¥), +(b),) Vn.

Jlerko mokxasaTh, 4TO nanJO (Rn —rp) = 0. Torma, B cuny JieMMH O

€MHCTBEHHOCTH, pacCMAaTDHBaeMble YHCJIA PaBHBI, YTO M [AOKa3bIBaeT
cBo#icTBO 5 B 3TOM ciiy4ae. Bce npyrue Bo3aMoXHbie C/ly4aM pacCMOTpETb
B KavyecTBe YIPaKHEHHUS.

U3 nucTpubyTHBHOCTH MpoM3BedeHHUA CJIeNyeT TaK HasbiBaeMoe npa-
6UA0 3HAXK06, T.€. PABEHCTBA:

a - (—b) = —(ab), (—a) - (—=b) = ab.
HelicTBUTENBHO,

a-(-b)=a-(~-b)+0=a-(—b)+ab— (ab) =
= a(—b+ b) — (ab) = a - 0 — (ab) = —(ab).

BTopoe paBeHCTBO NOKa3biBaeTCA aHAJIOCH4YHO.

Jna nokasatesibcTBa cBolicTBa 6 3aMeTHM, YTO AJIR HEOTpHUIa-
TeNIbHBIX 4HMceJ OHO AOKa3hBaeTCA TaK e, Kak M cBoficteo 4 ana
CJIOKEHHA, a3 B IPYCHX CJIY4YafiX HYXKHO BOCMOJIb30BAThCHA IPaBHJIaMHU
3HakoB. [losIHOoe MOKa3aTesJIbCTBO MpeAsIaraeTcs NPOBEeCTH CaMOCTOs-
TeJIbHO B KavecTBe YNpaXKHEHUS.

B sakiouenne moxkaxkem cpofictBo 7. CHavana AokaxeM eNHH-
CTBEHHOCTb 06paTHOroO, T.e. AOKaXXeM, YTO M3 paBeHCTB ab=1m ac=1
cyieayer paseHcTBo b = ¢. [leficTBuTenbHO,

b=b-1=bac)= (ba)e=1-c=c.

Tenepb nokaxeM cymecTBoBahMe obpaTHoro. Ilycts a > 0. Bribe-
peM uesioe fBo > 0 Tak, 4TOOM

a-Bo<1<a-(Bo+1),

a 3aTeM MepBHl NeCATHYHHIH 3HaK B Tak, YTO6H

a 'ﬂ01ﬁl S I<a- (ﬂ°1ﬁl + 10_1))
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n 1.0 ITo uunyknmm crpourca uucio b= Bo, 5152 ...Pn ... Takoe, 4TO

a-@”51<a--(b_)n Vn.

(a)_(b) ., Rn = (a),(8),,. OueBmnno, uto

rm <1< R,, rp, <ab< R, Vn
n nli)m (Rn — rn) = 0. CnepoBarenbuo, uncsa 1 u ab ynosnerpopsioT
[e ]

IMonoxum r, =

BCEM YCJIOBMAM JIEMMBI O €JUHCTBEHHOCTH, M Moatomy ab = 1.
Cnyyatt a < 0 paccMOoTpeTb B KayecTBe yNpaXKHEHHs.
Onpenenenue 3. Hua smoboro necCTBUTEJLHOrO 4HMCIA a M

Joboro uMcna b # 0 yucso a-b~! HasmBaeTcA wacmumm om Oesenus

a
a Ha b n obosHawaeTcs 3 win a:b.

Jlerko nmoKasaThb, 4TO
(ma)P=—=(a"?), (@Y '=a, a'b7!=(ab)"l.
Hanpumep,
(—a)'=(-a)"'-1=(=a)"' a-a 1=
=(=a)7' - (=a) - (=(a7!)) = 1 (=(a7")) = —(a7?).
Jpyrue paBeHCTBa AOKa3HBaloTcA aHajorm4Ho. IIpemnaraercs no-
Ka3aTh MX B Ka4YeCTBe YNPaKHEHHH.

s JOKa33aHHBIX CBOUCTB CJIOXEHMA A YMHOXEeHHA JIECKO BbIBOOATCA
U3BECTHHIE IMpaBHJIa CJIOXEHNA, BHIYHUTAHHA, YMHOXEHHA M JeJIEHUA
a
b
,H,oxaaa'rb 9TH IMpaBWJIa B Ka4yeCTBE€ YNPAXKHCHHUA.

apobet —, rae a, b — necTBUTENILHHE YHCJIA.

3.4. Crenens ¢ uennimu noxasareinsmu. HanoMuum, 4To crenens af
C 1ENBIM TOKa3aTeJIEM p onpelesiseTca CJeAyoluM obpasoM:

ecm p=n€N, Toa? =g-a...aq;

p 1 N 1)
n

ey p=-nu a#0, 10 @® = (a”H)

ectt p=0na#0, T0 a®? =1.

Tak kak a"-a" " =a"-(a"})*=(a-a"})" =1, 10 a™ = (a")~ L.
Takum obpasom,

a "= (a-—l)n — (an)-—l.

Teopema. ITyemv @ u b — nosodcumenvrnie Oelicmeumenvroie
wucaa, a p u ¢ — yeawve wucaa. Toeda:
1. (ab)? = aPb?;
2. af -a? = aP+Q;
3. (a?)? = a9,
4. ecau a>1 u p<gq, mo a® < a%;

ecau a<1l u p<gq, mo a? > a%;
.ecau a<b up>0, moaP <V
ecau a <b u p<0, mo a® > b*.

o

2 - 1402



34 [J1. 1 NOCJIENOBATEJIbHOCT AENCTBUTEJILHLIX YUCEJ

JokasatennctBo. Jna p >0 u ¢ > 0 Bce croficTBa cTeneneit
CJIENYIOT HENOCPEACTBEHHO U3 ONpeNesIeHUA CTENEeHH U COOTBETCTBYIOIMX
cBoftcTB ymMHOXeHusa. PaccMoTpuM apyrue cayuau.

Ecau p=-n, n€N, 1o
(ab)? = ((ab)™)" = (@™ -b71)" = (™) (b)" = 2P,
H, CJIeAOBaTelIbHO, cBoficTBo 1 fOKa3aHO.
Ecoiu p=—-n,g=m, n>0, m>0, To
(@) = (@)™ = (@) = @
Ecnn, xpome Toro, m > n, To

aP -al = (a—l)n gt g™ P = g™ " = ap+q

H, CJIeoBaTeJIbHO, cBOficTBa 2 M 3 AJIA TAKMX p M ¢ AOKa3saHu. [pyrue
CJIy4aM pacCMaTPHBAIOTCH aHAJIOTHYHO.

CeoitctBa 4 ¥ 5 mouTH oueBmannie. JleHcTBUTENLHO, eci¥, Ha-
npumep, a > 1, p<q, p=-n, ¢g=-m, 0 a~! <1, n > m u,
CJIe0BaTeJIbHO,

a? = (@ )" < (a")™ = a’.

Teopema noka3aHa.

3.5. HepapencrBo Bepuynmu m vymcimo e. CHavana fgokaxeM, 4TO
ana moboro a > —1 cnpasennuBo HepaBeHCTBO

1+a)*>14+na VneN. (1)

OHo Ha3bBaeTcH Hepasercmeom bBepryaau.

Joka3niBaTe 6ymeM MeTonOM MaTeMmaTH4yeckod wuHAaykuumu. [aa
n = 1 uepaBeHcTBo (1) odeBmmso. IlokaxkeM, 4TO ecii OHO BEpPHO
AN HEKOTOPOro n, TO OHO BepHo W ;IR n+ 1. IelicrBuTesibHo, ecsau
l4+a)*>14+naunl+a>0, 1o

(1 +a)*t ' =(1+a)*(1+a)> (1+na)(l+a)> 1+ (n+1)a.

CaienoparenibHo, HepaBencrBo (1) cnpaBennuBo Ans Joboro n € N.
3amerum, yto a1 n > 1 ¥ a # 0, a > —1, cnpaBemryMBO cTporoe
HEPaBEHCTBO!

(1+4+a)">1+na.

IIpumep 1. dokasarb, 4To ecau a > 1, To nli'n;oa" = +00.
Pewenue. [Toioxum a—1=a. Torna a>0,a=1+a u
a"=(1+a)">14+na VneN,

a Tak Kak lim na =400, To ® lim a" = +00.
n—00 00
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PaCCMOTpHM Tellepb INOoCJ/IEN0BATEJILHOCTH
1 n+1l
:c,.=(l+;) , neN. (2)

Ona orpanudeHa CHU3Y, TaK KaK Z, > 1, W MOHOTOHHO yGhiBaerT.
He#tcTBRTENBHO,

-’L‘n-l_( n \"( n \"t" [ n? "+ln—1_

z, \n-1 n+1 “\n2-1 n
_n-lf 1 ntl
T n n? -1 ’

Otciona, npumenss HepaBencTBo Bepnynum, mosywaem:

Tp_1 >n;] (1+ n+1)=l.

ZTn n2 -1

CaenosatenbHo, NMOC/ENOBaTENLHOCTL (2) MMeeT KOHEYHBI mnpenmesn.
Tpenen nocnenoBaTesibHOCTH (2) HA3BIBAETCA “UCAOM €.
U3 dopmynnt (2) caenyer, uto 1 < e < 4. Bosiee TouHBle BhIYHMCJIE-

HUA MOKA3KBAIOT, YTO e & 2, 7182818284590. JloKa3bIBAaeTCA, YTO YMCJIO
€ MppPalMOHAJILHOE.

Yucsio e B maTremaTHKe HrpaeT ocobyio posb. OHO, B 4acCTHOCTH,
ABJIAETCA OCHOBaHMEM HATYDaJIbHBIX JIorapudMoB.

§ 4. IIpemesn cyMMBI, pa3HOCTH,
NPOH3BEIICHUA U YaCTHOrO

4.1. e-oxpectHoctn. [lo cux mnop, nmoka ne 6uIJIM oNpedesieHH CymMMma
H pasHOCTb HeHCTBUTENILHLIX YMCeJl, NpK ONpedesieHUuM MpeAesia Mbi
MOJIb30BAJIKCh IIPOK3BOJILHLIMA OKpecTHocTAMM Touku. OaHako Bo
MHOTHX CJiy4yadXx yxobHee paboTaThb ¢ CHMMETPHYHBLIMH OKPECTHOCTHAMH,
KOrga paccMaTpMBaeMas TO4YKa sIBJIIETCH cepeaMHoldt OKpecTHOCTH.

Onpenenenne. Jliobolt unrepBan Buna (zo—€;Zo+¢€), rue € > 0,
HasHIBaeTCA £-0KpeCmMHOCMblo movxu o U obosnavyaerca O (zo).

JNemMma. Yucao zo A6asemca npedesom nocaedosameavrocmu {zn}
moz0a u moavko mozda, x020a 6HNOAHAEMCA YCAOBUE:

Ve>0 3N.: Vn> N, z,€O0.(z0). (1)

HokasarenbcTBo. Eciiu zp — mnpeaesnn mociienoBaTesIbHOCTH
{zn}, TO, O4eBNAHO, BHNONHAETCA U ycnoBKe (1), Tak KaK €-OKPECTHOCTb
€CTb YaCTHbI BHJA OKPECTHOCTH.

Haobopor, nycTs BminosiHderca yciosue (1), m nycrs (a;b) —
HEeKGTOpasi OKPECTHOCTb TOYKH Z9, T.e. a < zg < b. [lonoxum

2.
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e = min{zo — a;b— z9}. Torma, B cuny ycnosua (1), cymecrsyer N
Takoe, 4To
Vn> N z, € O¢(z0) C (a;b).

Tak kak (a;b) — mpousBosbHasg OKpPECTHOCTb TOUKH Tg, TO, CJIEAOBa-
TeJibHO, lim z, = zo. JleMMa pokazaHa.
n—00

3ameTum, 4To ycsoBue (1) 4acTo 3amuCHIBAIOT Tak:
Ve>0 3AN.: Vr> N, |z,— 20| <E, (2)

M BO MHOTMX y4cOHMKax 3TO yCJOBHe fABJACTCA OCHOBO# ompelese-
HNA TpeleJsia MOCJCAOBATELHOCTH. A MMEHHO, 4acTo [JaeTcs TakKoe
onpesieieHne:

Yncno zo HasniBaercs npedesom nocaedosameavnocmu {z,}, ecnu
BBINOJIHAETCA ycoBue (2).

Caienyer oTMETHTB, 4TO 3TO onpefie/IcHUe ABJAETCA KOPPEKTHBIM,
€CcJIM CyMMa M pa3sHOCTb HeHCTBHTEJILHEIX YHCesl onpexnesieHbl Ges wc-
MONL30BaHUA Npefiesia MOC/EA0BATE/ILHOCTH.

4.2. BecxoHe4yHO MaJilhkle NOC/IENOBATEILHOCTH H KX cBoifctBa. [Ipe-
kKJie Bcero JOKaXXeM OHO MpOCTOE, HO MMOoJIe3HOe YTBepXJcHHe, KOTopoe
yKa3hlBaeT Ha 0cobylo poJib nocjiefoBaTebHOCTe], CXOAAWMKXCH K HYJIO.

Jlemma 1. [Jas mozo wmobwu nli'rgo an, = a, neobrodumo u docma-

MouHo, “Mmobvi 0AR @, BHUNOAHAAOCL YcCAOBUE:

@, =a+a, u lima,=0. (1)
n—00

HdokasareascrtBo. Ecsiu lim a, = a, To, nosioxus o, = a, —a,
n—00

BUIMM, 49TO @, = G + @y H, B CHJy JeMMH H3 m.4.l, BbinoJHsAercs
ycJioBHe:

Ve>0 3IN.: Van> N, |an|=|an—a|<E¢, (2)
U TNO3TOMY nlib[?o a, =0.

Hao6oporT, ecan Beinonusercs yciaosue (1), To BeInosHAeTCA yCJIoBHE
(2), u nosromy lim a, =a. Jlemma 1 nokasana.
n 00

Onpenenenune 1. Jlio6as nocjiemOBaTENILHOCTDH, CXOHAAWAACA K
HYJTI0, Ha3bIBAaeTCA 0ecKOMENHO Manotl.

OueBunHo, nocsenoBarenbHocTs {an} GeckoHeyHO Masjad TOrAa M
TONILKO TOTHAA, KOTJIa NOCJIENOBATEIBHOCTD Xy = |an|, n € N, 6eckoneuno
MaJiad.

Onpenenenne 2. [lycts 3a4aHbl ABe 4YUCJIOBBIE NMOCJICAOBATEJIb-
noctu {a,} ¥ {bn}. Torma moc/eZOBATENLHOCTH C N-MH YJIEHAMH

Tp™= Gn + bn, Yn = Gn — bg,

Qn
2p = @nby, Un = b—,
n
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Ha3HIBAIOTCA COOTBETCTBEHHO CYMMOU, paswocmvio, npoussedenuem u
uacmuum dannwz nocaedosameavrocmeti u obosHavaloTcs {a, + b,},

{an — bn}, {anba}, {%3}

Jlemma 2. Cymma (u pasrwocmsv) OGsyr Geckoreumo Maamz nocae-
dosameavrocmell ecmo beckoneurno Maras nocaedosameavrocms.
HoxasateanbctBo. Ilycts {a,} n {B,} — Geckoneuno manste.
Torna
€
Ve>0 3N]: Vn>N! |aa| < 7

" " e
NS 2 N8l < 3
[loaromy, ecniu N, = max{N/!; N/}, to
Vn > Ne |an£Bn| < laal+|6a]l <e.

Cnenosarensuo, lim (an + 8,) = 0. Jlemma 2 pokasaHa.
n—00

Jlemma 3. ITpoussederue becxoneurno manrott nocaedosamesvrocmu
Ha dzpanudennylo nocaedosamesvHocmd ecmob 6eCKOMEMHO MAAGA nocae-
dosameavHocmo.

Hokasateascrtso. Mycts {a,} — 6eckoneuno manas, a {b,} —
orpaHndeHHas. Toraga

IM: Vn b <M,

3
Ve>0 3N,: Vn > N, Ian|<ﬁ-+_-l-’
¥ I109TOMY

€
Vn > N, |l < M ——o .
n> Ne |aphs| < M+1<E

CaenoBarensHo, lim (apb,) = 0. Jlevmma 3 nokasana.
n-—00

Cnepn~reue. Ilpoussedenue deyxr beckoneuro Maawxr nocaedosa-
meavnocmetl ecmb HeCKOHENHO MAAAR NocAeJOBamMeAbHOCMD.

Takum obpa3oM, cymMMa, pa3HOCTb M MNpou3BefeHHe OecKOHeYHO
MaJibIX TOCJIEAOBaTeJIbHOCTERR ecTh 6eCKOHEeYHO MaJiafd NOCJ/IeOBATeb-
noctb. OpHako 4YacTHoe OeCKOHEYHO. MaJIHX MOCJIe0BaTesIbHOCTel
MoxeT 6bITh JI060H mocJIenoBaTe/IbHOCTLIO.

Onpenenenne 3. INocnenosarensuocts {a,} Ha3swBaeTcA Gecxo-
Heuto boavwotl, eciu lim |a,| = +0o. B arom ciyyae umHorza mutyT
n—o00

lim a, = o0.
- 00

OuyeBU/HO, €CJM TOCJICAOBATENIBHOCTL {a,} uMeeT 6GeckoHeuHblit
npeges +00 WJIM —00, TO oHa bGeckoneuno 6Gonbwasa. Ob6patHoe
yTBEpXJAeHHe siBiseTcA HesepHhiM. Hanpumep, nocnenosaTesIbHOCTH
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zn, = (—1)"n, n € N, 6eckoneuno 6oJsibasi, HO He UMeeT nNpcaena, HM
KOHEYHOTo, HU 6EeCKOHEYHOro.

Teopema. [lTocaedosamesvnocme {a,}, y xomopott a, # 0 Vn,
asanemca becxoneuno Manoti mozda u moavko mozda, xozda nocaedo-

1
eameavnocmd r, = — , n € N, becxoneuno 6oavwas.
o

n
JloxasatenscrBo. Ecnn {a,} 6eckoneuno Manas, To aasa Jio-
6oro M > 0, nonaras € = 1/M, nmeem:

1 1

AN: Vn> N Jau| < —, — > M,
- ] M’ a,l
H TIO3TOMY li.m = = +4+00. OueBunHo, u Haobopor. Teopema
11— 00 n

I0Ka3aHna.

3ameTHM, 4TO CyMMa, pPa3HOCTb M 4YacTHoe JBYX 6ecKoHeyHO 60Jib-
UIMX [OCJIEXOBATEJIBHOCTER MoXeT 6bITh Jo6olt MOC/EN0BaTENILHOCTHIO.
MoxHo JuMiIb yTBEpXOaTb, YTO NpousBeneHue OeckoHeuno 6GosbuInx
nocnefoBaTesbHOCTe! ecTh HeckoHeuno 6osbLIasf 110CJIEI0BATEIBHOCTD.

4.3. lipenen cymMm, pasHocTH M nmpou3Benenns. Ha ocHome cpoitcTs
6eCKOHEYHO MAJIbIX MOCJIeNOBATEbHOCTEN JIerkKo JOKa3bIBAalOTCA CBOR-
CTBa NpeAESIoB, CBA3AHHKLX C apHUPMETHYECKHMH OlepaUniMH.

Teopema 1. Ecau nocaedosameavrocmu {an} u {bn} czodamcs,
Mo ur CymMma, pasHocms U npoussedenue modce CTOOAMCA u npedea
cymmyt pasen cymme npedesaos, npedea pazHwocmu pasex pazHocmu
npedenos, npedea npouseedenus pasen npoussedenuro npederos, m.e.

lim (ap £ bp) = lim an, + lim b,
n—+o00 n-00 -+ nN—00
lim anb, = lim a, - lim b,.
n—00 n—00 n—00

Hoxasarteanbctno. llyces

lim a, = a, lim b, = b.
n— 00 7 — 00

Torna, B cuny Jemmbl 1 n3 n.4.2,
an=a+an, ba=0b+pn,
rae {a,} u {B.} Geckoneuno masusie. IToaromy
an £ b, = (a £b) + (an % Bn),
nbn = ab + (afa + ban + anfh),

rae nocJjienoBaTeJbHOCTH {an+0,} ¥ {afn +ban+anfn}, B cnay nemm
2 1 3 us n4.2, 6eckoneyno Maunle. Otcioga ¥ u3 JjgemMmsl 1 n.4.2
cJIelyeT, 4To

lim (ap £b,) =a+b, lim a,b, = ab.
n— 00 n - 00

TeopeMa J0Ka3aHa.
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OTMeTuM, YTO NOKa3aHHasd TeopcMma CIpaBelJIMBa JMIL [N 110-
CJleNoBaTeNbHOCTEH, KOTOphle HMeIT KOoHewHble npeaesibl. Ecsn xe
xora 6hl ogHa M3 nociacjoBarenbhocteit {an}, {bn} He umeer npemena
UM uMeeT BecKOHeuHb#t mpejes1, TO yTBEPXK/CHUA TcopeMbl B obluem
cllydqae SABJAIOTCA HEBEPHLIMM.

4.4. Tlpenen monyns u mpexen wacrdHoro. CHadasia paccMoTpum
npenesn Moayis.

Teopema 1. Ecau lim b, =b, mo lim |b,| = |b].

n—00 n—00

Joka3aTes1bcTBO CJIeflyeT U3 HepaBeHCTBa

[18a] = [8]] < |bn — b].

O6paTHoe yTBepXAeHuc sABjfeTcs HeBepubiM. llampuwmep, mocaezo-
BATCJABHOCTb T, = (—1)"?, n € N, He uMceT npenena, a NocJC;OBATCNb-
vocth {|z,|} moctosiunas: |z,|=1 Vn.

Jlemwma. Ecau nocaedosameavnocmo {b,}, y xomopoti b, # 0 Vn,

. 1
crodumes x b# 0, mo nocredosameavrocmo o [ oepanuvena.
n

NokasateabcTBo. U3 Teopemn 1 cneayer, uyto lim |b,| = [b].
n—00
IMostoMy cymectByer N Takoe, 4TO
18] | 2
Va> N |b| > —=—, Te — < —.
2N 1l> 3 bl < T
CaesioBaTebHO,
1 1 2}
—l<maxq —,..., 0, vn.
ba| = {bel [en |’ (2]

JleMma nokasaHa.
Teopema 2. Ecau nocaedosamecavrocmu {an} u {b,} crodamcs
u, xpome mozo, b, #0 Vn u npedea {bp} omausen om nyaa, mo

an
nocaedosameavrocms { — > crofumcs u

bn
Iim ay,
. aﬂ n—r 00
lim — = =—/——,
n—oo by lim b,
n—o00

m.e. npedea 4ACMHO20 PAGEH “ACMHOMY nNpedenos.
HdokasateabcrBo. [lycts
lim a, = a, lim b, =b.
n— 00 n—00
Toraa an, = a+ an, by = b+ Bn, tne an =0, Bn >0 upyu n > 00, ¥
no’TOMy

a, a
o™
n
apnb—a
rie Yn = —"——gﬁ—)O npun n — 00.
bnb a a
CacpoBaresbio, lim — = —. Teopema 2 nokasana.
n—oo by, b
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MMpumep 1. Halttn npenen nocnenoBaTesIbLHOCTH

n24+n-13

_— N.
m2—n+1’ ne

Ty =

Pewenue. IlocnemoBarensuocts {z,} ects uacTHOe mnocJiesoBa-
TeabHocTel up =n2+n—13 w v, =2n -n+1, ne N, oanako 3ncch
HEJIb3A IIPUMEHUTb TEOpeMYy O Mpefesie YacTHOIO, TaK KakK MocJeno-
paresbHocTH {u,} ¥ {v,} He uMeloT KOHeuHbIX mupencsoB. Yrobhl
HPHUMCHHTbL 3Ty TeopeMy, npeobpasyeM c¢opMyy, 3ajapllyio ZT,, a
UMEHHO, YUCJIMTEJIb U 3HaMeHaTesJ b pa3j/IC/IMM Ha n2. Toraa

I 1 1 13
nlongo +n -rﬁ _]

1 1\ 2
noee lim (2——+—) 2

n n?

[Tpumep 2. HaltTu npenen nocnenobarenbHocTH

l n
y,,:(1+-—) , neN.
n

Pewenwuec. [TocnenopatesqbHocTb {yn} HCCKOJIBLKO OTIMHACTCH OT

NOCJIE/10BATCILHOCTH
1 n+l1
zn=(1+;) , n€EN,

paccmotpernoft B 1.3.5. Tawm- 6bl10 MOKa3’aHO, YTO OHA MOHOTOHHO
ybLiBacT M MMeeT KOHEYHBH#t I1Ipejes, KOTOpbiil Gbil HABAH “UCJIOM e.
U3 TeopeMbl o 1pefiesie 4aCTHOTO CJeAYeT, YTO

lim z,,
. . Tn n—00 o
lim y, = lim = =e.

n—00 n-»o00 1+~ lim (l + l)
n n—o n

TMokaxeM ewe, YTO NOCJACAOBATENBHOCTb {Yyn} MOHOTOHHO BO3pa-
craer. /lns aTOrO paccMoTpuM OTHOlIEHHe

Ynb1 _ (n+2 ntl n \" _ n(n+2)>"+ln+l_
Yn \n+1 n+1) ~ \(n+1) n

n+1
-(1- 1 n+1> 1 1 n+l=l‘
(n+1)2 n n+l n
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CaenoBarenbho,

1 n 1 n4l
(l+—) <e<(1+-—) Vn € N,
n n
1 n n+l
lim (l+—) =e= lim (1+—1-) .
n—o00 n n—o00 n

§ 5. Crenenu u JiorapudpMsl

5.1. CrenenH c pauMOHAILHRIMH Noxa3aTe/namu. [Ipexne Bcero na-
IuMM ompenesiecHHe apudMeTHYecKoro KOpHf n-# cTenmeHM M AoKaXKeM
€ro CylleCTBOBaHMEe M eJMHCTBEHHOCTb Y Jilo6oro HeoTpUUATebHOTo
AeflcCTBHTCIIBHOIO dHCJIA.

Onpencaenne 1. IIna moboro uncina a > 0 u moboro n € N
yucsio z > 0 Takoe, 4TO Z” = @, Ha3LIBACTCA APUPMEMUHECKUM KOPHCM
n-il cmenenu M3 a M obosnauaerca /a uau a'/",

Teopema 1. YV awboeo neompuyameavrozo wucaa cywecmeyem, u
moavxo ofun apudmemuvecxutl xopewv n-itl cmenewu. [Ipuvem, ecau
0<a<b, mo Va < \"/E, m.e. apu@memuuecxuti xopenv n-il cmenewu
obaadaem ceoticmeomM MoHOmMONHOCMU.

HoxaszaTeascrBo. CHayana IoOKaxeM emauMHcTBeHHOCTb. Ilpen-
110JIOXHUM, 4TO cCTb 4ucao @ > 0, y xoroporo aBa apudMeTHHecKHX
KOpHA n-#t cTeleHW T, ¥ Zzp, NpHYeM, Hanpumep, r; < z;. Toraa
z} < z%, uyro mporuBopeuuT ToMy, uTo z} = a = z%. CuenoBarens-
HO, Hallie MpealoJIoKEeHHe HeBepHoe. AHAJIOTHYHO [OKa3hiBaeTCs |
cBOHCTBO MOHOTOHHOCTH.

Tenepn nmokaxkeM cyluecTBoBaHHE KOpHA n-# crtemenu n3 a > 0.
Chayasia Haltaem uenoe fBp > 0 Takoe, uro 8§ < a < (fo + 1)*, 3aTem
udpy B Takylo, 4TO

(ﬂo:ﬂl)n S a< (ﬁO'ﬂl + lo—l)'l

n 1.0. [lo uaaykumn nmocrpoum uuciio b = By, 5162 ..., yROBIETBOPAIO-
Ilee HepaBEHCTBAM:

((_Qk)” <a< ((8))" Vk.

Otciona B npenene npu k — oo noay4aem, 4ro a = b, rte. b --
KopeHb n-#t crenenu u3 a. Teopema 1 nokasana.

Onpenenenune 2 Jlna moboro meficteurensHoro uucaa a > 0 u
J11060Tr0 palMOHAJILHOrO YUCia r = p/n, rle p uejoe, a n HATYpaJbHOe,
4YHCI0 (\'/E)p Ha3BIBAETCH CMENEHDLIO HUCAA @ C noxasamesem r M
obosravaercs a’.

OueBuano, Y4To HeoTpuuaTesbHoe uucio {{/a}’ sBnAeTcA KOpHeM
n-# crenenu u3 af, u moatomy, ecau r = p/n, TO

= (ap = V@,
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Teopema 2. [Tycmov a u b — nososcumeavuvie Odeticmsumenvrvie
4UCAG, @ T U Y — NPoOU3BOALHME payuoHaavHue wucaa. Tozda:
1. (ab)® = a®b*;

2. a*tY = q% . aY;
3. (a%)Y =a®y;
4. ecau a>1 u z<y, mo a® <ay;
ecaua<l uz<y, moa® > al¥;
5. ecau a<b u z>0, mo a® < b%;
ecau a<b u 2 <0, mo a* > b*.
Hokaszateabctno. [lycts z = % Torpa u3 cBolicTe cTeneneft c

LeJIBIMM [IOKa3aTeJAMHM cJieayeT, yto uuciaa (ab)® u a®b® - »3To KopHH
n-# crenenu u3 aPb?, u moaTOMy paBHHL.

Ilycts, kpome TOro, y = i. Toraa, oyeBmaso, umucyaa a*t¥ n
m

a® -a¥ — 310 KOpHM mn-# crenenn us a™P¥"? y N03TOMY OHM paBHBHI.
Axanoruyso gokasniBaeTcss ¥ cBolicTBo 3.

Ecin a>1,a:<y,z=£,y=-q—,'romp<nqna""’<
m

< a". A TtaKk Kak a® u a¥ - 310 KOpHM mn-# cTeneru u3 a™P
u a"?, COOTBETCTBEHHO, TO, B CHJIy CBOMCTBa MOHOTOHHOCTH KOPDHS,
a® < aY. AHaJjord4yHO AOKA3HBAlOTCA M Apyrde cpolicTBa creneneit ¢
pallMOHaJIbHEIMHM TIOKasaTesaamu. Teopema 2 mokasana.

IIpumep. dokasats, uto lim {a=1 Va> 0.
n—00

Pewenue. Ecim a > 1, Tou ¥Ya > 1. TonoxuM a, = Ya—1 u
OlleHMM @, C NMOMOIIbI0 HepaBeHCTBa BepHynnu:

a—1

a=(14+a,)">1+nan, ap <

CuienopaTesibHo, ango Ya= (1+4ap)=1. Eciu xe 0 < a < 1, T0
n

lim
n-—»00

b=1/a>1n nli)n;{‘/&:ﬂlgr;)(l/ﬁ):l.

5.2, Crenenn c gelicTBuTeNnbHHIMM noxasarenasmu. VI3 ceoitcTs cTe-
neHel ¢ palMOHANILHBIMU MOKa3aTeJIAMHU CJEAyeT, YTo ANA Jioboro aeit-
CTBUTEJILHOTO 4YHcJa T M Jyoboro a > 0 mocsienoBaTesbHOCTD {a(’—)n
OrpaHHyYeHHasi ¥ MOHOTOHHas: OHa MOHOTOHHO BO3pacTaeT, ecyu a > 1,
1 MoHoToHHO yGmBaert, ecqin 0 < a < 1. CaenosatesnbHo, Ana Jioboro
z € R u moboro a > 0 3Ta nOCJIEAOBATEJLHOCT MMEET KOHEYHLIN

npesed.
Onpenenenne. Jas moboro AchcTBHUTE/IBHOrO 4McJia z ¥ Jioboro
a > 0 npenes nocJIe4OBATEJILHOCTH {a@n} Ha3BIBAETCS CMENEHdI0 HUCAG
a ¢ noxasameaem r u obo3Hayaerca a”.
Hnsa moboro z > 0 nosoxum 0% = 0.
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Takum obpazom, 110 onpeneseHno,

e = lim ¢®.
n - 00

PaccmoTpum ewe nocsenosatensHocts {al®)n}. Oua Bcerna orpauu-
YeHHass M MOHOTOHHas: MOHOTOHHO ybbiBaeT, ecnu @ > 1, H MOHOTOHHO
BospacTaeT, ecsim 0 < a < 1. Kpome Toro,

lim a®» = lim o . lim 10/a =
n—o00 n— o0 n— o0

TaK Kak nocieauu#h npenesn paben 1 (cm. npumep u3 n.5.1). Cnenosa-
Te/IbHO, ecyim a > 1, To

at=l, <a* < al®n Vn,
aeum 0 <a<l, T0
azl, >a®>al®n vn.
Teopema. Ilyemv a u b — nosodcumervume Jeticmeumenvrivie
wucaa, @ T U y — npouseoadvhvie Jeticmeumenvrne wucaa. Tozda:
1. (ab)* = a* - b%;
2. ecaua>1 uz<y mo a®* <aY,

ecat a <1l u x <y, moa® > a¥;
3. a*t¥ = a% . a¥;
4. (a*)¥ = a%y,
5. ecau a<b u z>0, mo a® < b%;
ecau a<b u z <0, mo a® > b*.
JlokasateabcTBo. 1. I3 cBolicts crenene#t ¢ pauMoHaNIbLHBIMH
IIOKa3aTeJsIMA W TEOpEMbl O Npelesie IIPOU3BCIAEHUA CJledyeT, YTO

(ab)* = lim (ab)ﬂn = lim a& &) = o7 . p7.
n— 00 n—o00
2. Ecoim £ <y, TO Hn:m" < (_y)_n Torpa, ecnu a > 1, To ans
yKa3aHHOro n CHpaBeAJIMBb HEpaBeHCTBa
a® < a@®a < a¥ < av.

AHAJIOTMYHO [OKa3bIBaCTCRA M BTOPOE yTBepXIEHHe.
3. Ecoim a > 1, To B cuny cpoficTBa 2 uMmeeM

a{Z. o), <a*tv < a®ngW¥)n,

OTciona B npejese Opy n — 0O MOJYY4acM PaBEHCTBO
a*t¥ =qa® - aY.
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Chayuait, xorma 0 < @ < 1, paccMaTpHBaeTCsi aHaJIOTHYHO.
4. Ityctb a > 1, 2> 0, y > 0. INosoxum

r”=(_z)“@”’ R"zmn(y—)’n‘
OueBngHo, ynchaa r, u R, panmoHanbHme, 1, < R, #
Ry —ra=(z), 107" + 107"(y) <p-107",

rae p= (z)o + (¥)y- UHcna a®¥ u (a®)¥ nexar mexay uucaamum a™ u
af» pna mo6oro n €N, n nostomy

la®¥ — (a®)¥| < a®» —a™ = g™ (@B — 1) < a?(a?1°" —1) v¥n.

A Tak xak lim 'Y/a? =1, to a®¥ = (a*).
n—00

Jlpyrue ciiyyam pacCMaTpPHBAIOTCA aHaJIOTHYHO.

5. Fem a<b u 2> 0, 1o 0@ < b Vn, u nostomy a® < b7

PaBeHCTBo HEBO3MOXHO, Tak Kak ecsi a® = b*, To (a%)!/* = (b%)!/*,
T.e. @ =b, YTO MPOTUBOPEUUT YCJIOBHIO.

Bropoe yTBepkaeHue noKa3bBaeTCs aHAJIOTHYHO.

TeopeMa nokasaHa.

5.3. Jlorapudmu. CHauasla HalOMHHAM oIpeaesieHue jorapudma 4u-
cJla o NaHHOMY OCHOBaHHIO.

Onpenenenue. [Iyctb b > 0 1 b # 1. Torna ans Moboro uucaa
a > 0 uncsio c Takoe, uyTo b° = a, Ha3bIBaeTcA aoc2apudmom uucaa a
no ocHvosanur b u obosnavaerca log,a.

Takum obpa3oM, Mo onpenesieHHUIO,

plogs e — g

Teopema. Ecau b > 0 u b # 1, mo y awbozo wucaa a > 0
cywecmeyem edurcmeernnitl aozapudm no ocHvosariuto b.

HokasateancTBo. Va2 cBoficTBa 2 cTeneneit (cM. Teopemy 2 n. 5.2)
cienyer, 4To ecom b = 0°?, rme b > 0 m b # 1, 10 ¢y = c3. Cne-
JoBaTesibHO, eciim log, a cywecTByer, To OH eauHcTBeHHRI. [lokaxem
CyliecTBoBaHMe Jiorapudma.

Mycte & > 1 u a > 1. IlonbopoM HalineMm wesioe umcio g > 0
Takoe, 4TO

b < a < b”lo+l‘

Takoe 4ucjo cymectsyert, Tak Kak b =1 < a u lim 8" = +o0o. [laaee
n—00

HaltneMm umdpy v Takylo, 9TO

b L a< b’ro.'71+10"



§ 6. ITPUHLIMII BJIOXKEHHBIX OTPE3KOB 45

u 1.4. [lo nraykuan cTpoMM 4mcI/IO ¢ = vp,7172 ... TaKoe, HTO

RGN <ac< b(n  vn.

Orciona B npesesie nmpu n — co nojydaem paBeHCTBo a = bS. Cueno-
BaTeJbHO, ¢ = log, a.

Jlpyrue Bo3aMoXHbIe calyyan cBOAATCA K paccMoTpernoMy. Hanpumep,
ecsim b>1 u 0 <a<1,To, Kak ¥ Bbillic, CTPOMM YHCJIO C TAKOE, YTO

B < 0=t < 3O vn,

Toraa a=! = b°, a = b~°, Te. log,a = —c. Teopema nokasana.
ITycth 4ucsio by takoe, 4to by > 0 n by # 1. Toraa ecsiw a > 0, TO
bllO&‘ ‘=a.
C npyro#i croponnt, eciu b> 0 u b # 1, To b'°8s% = b;, u nostomy

b
bloBs L1108y 8 — g e log,a = log, by - log,, a. Orcioaa noayuaercs
dopmyaa neperoda x 1HOB8OMY 0CHOBAHUI:

B wactuocta, log,,, @ = — log, a.

Jlerko BUACTb, 4TO BCE OCHOBHBIC CBOMCTBa JorapudpMoB ABJAIOTCA
HENOCPEICTBEHHBIMU CJIEACTBUAMH COOTBETCTBYIOIIMX CBOWCTB cTeneHel.

§ 6. IIpHHIGAII BJIOXEHHBIX OTPE3KOB, TeOpeMa
Boisuano—Beltepurtpacca u xpurepuit Komm

6.1. IIpuHuMn BIIOXEHHRWX OTPe3K0B. AHAJIOIMYHO OIpPEAEICHHIO
4ucA0Bolt Nocs1e/10BaTeIbHOCTH MOXHO OIIPEIS/NTDb NMOC/EHOBATEIbHOCTH
3JICMEHTOB IIPOW3BOJbHOR 1IpUpCAbI: TOYEK HA IJIOCKOCTH, TO4YCK B
APOCTPAHCTBE, YHCJIOBBIX WHTEPBAJIOB, OTpPe3KoB H T.a. Hanpumep,
€csIl MMeeTCs TPaBHJIO, KOTOpOEe KaXIOMYy HaTypaJIbHOMY YHCJAY 7
CTaBUT B COOTBETCTBHE HEKOTOPHI OTPE30K [a,;bn], To rosopaT, uTto
3a0aHa MOCJIEXOBATCJALHOCTh OTPE3KOB

[an;bn], nEN. (1)

[Tapa, cocToAnas M3 HOMepa N ¥ COOTBETCTBYIOWIETO €MY OTpe3Ka
[an;bn], HasbiBaeTca saemenmom nocaedosameavmocmu (1). Caenosa-
TC/IBHO, JI06as MOCACNOBATE/IbHOCTh OTPE3KOB UMeeT GECKOHEYHO MHOTo
31€MEHTOB.

Onpeaenenue 1. TlocnenoBaresibHoCTb OTPE3KOB [an;b,), n € N,
HA3bIBACTCA NOCACHOEAMEALHOCTIBIO BAOHCEHHWUT OMPE3IK0E, €CJIN

[a,,.,.l;b,.“] C [a,,; bn] vn € N. (2)
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Teopema 1. Y awboii nocaedosameavnocmu eaodcennuzr ompesxos
deticmeumensrol npamoil cywecmeyem roma 6w odna obwas mouxa.

Hokasarenbcrtpo. Ecan nocnenoparensuocts (1) asiserca no-
CJIE[IOBATENBHOCTLIO BJIOXKEHHBIX OTPE3KOB, T.e. MAJfA Hee BbIMOJHAETCA
ycsiosue (2), TO NMOCJIENOBATEJIBHOCTb JIeBBIX KOHIOB {a,} MOHOTOHHO
BO3PacCTaeT, a MOCJIE0BATESbHOCTb MpaBbix KoHUoB {b,} MonoTOHHO
ybuiBaeT, npudeM obe onm orpanuyeHsl. CueoBaTeIbHO, OHM HUMCIOT
Koneunnie npegensi. Ilycrb

lim a, = a, lim b, = b.
n-»00 n—00

Torna a < b, Tak kak a, < b, Vn, un
an, <a<b<b, Vn (3)

Orciona cieayer, 4To Bce TOUKHM oTpe3Ka [a;b] siBastioTca obmumun s
oTpe3skoB locsenoBatesbiocTH (1). Teopema 1 nokasana.

3amMeTHM, YTO y MOCJIEAOBATEJLHOCTH BJIOKCHHBIX UHTEPBAJIOB MO-
XKer He ObiTb HM opHolt obuiel Touku. Hanpumep, nocnesosaresin-
nocts unteppanoB (0; 1/n), n € N, sBaserca Bioxenno#t, Tak Kak
(0; 1/(n+1)) C (0; 1/n) Vn, onnako y HuX HET Hu oano# obuie#t Toukw.
HelicTBuTennbno, Hukakoe 4uciao ¢ < 0 He NMPHHAMJIENKHUT HHU OLHOMY
untepsany (0; 1/n). Ecam xe ¢ > 0, To cymectsyer N Takoe, 4TO
1/n<c Vn > N, ¥ nodToMy 4YHCJIO ¢ He NPUHAJIEXKMT HHU OJHOMY
untepsany (0; 1/n), y koroporo n > N.

Jloka3aHHAsA TeOPEMa HAa3bIBAETCA NMPUHYUNOM BAONCEHHUT 0MPE3K06
Kanmopa uaum meopemoti Kanmopa o eaodicennmx ompesxaz.

Onpeneneunne 2. [locnenoBaTesIbHOCThL BJIOXKEHHBIX OTPE3KOB Ha-
3bIBacTCA cmazusaroweticA, €C/M NOCJCHOBATELHOCTh AJIMH 3THX OT-
PE3KOB CXOOUTCA K HYJIIO.

Teopema 2. Jlwbas nocaedosamesbHocmd CMAZUBAOWUICR OM-
pe3xoe Jeticmeumenvnotl npamotl umeem eduncmeennyio obwyo mouxy.

HokasateabcrtBo. llycTs nocienosaressnocTs orpeskos (1) cra-
ruBatomasca. [IpM mokasaresbcTBe TeopeMbl | 6blil MOCTPOEH OTPE30K
[a;b], yaoBnerBopsilomuit ycnosuio (3), ¥ moaToMy Bce ero TO4YKM HpH-
HaJIeXaT W JioboMy OTpe3Ky [an;b,]. Bue oTpeska [a;b] ner Touex,
KOTOpHIC NpPHMHAAJIEKAT BCEM OTpe3KaM mocienoBatesabHoctu (1). Heft-
CTBUTESIbHO, €CJiM, Hanpumep, ¢ < @, To cymecTByer N Takoe, 4TO
a, > ¢ VYn > N, u nostoMy TO4YKa C He NPHHANJIEKHUT OTpe3KaMm
[an;bn], y xoTopeix n > N. U3 Hepasencts (3) caenyert, uto

0<b-—a<bp,—a, Vn.

A Taxk KaK nocJef0BaTeIbHOCTb OTPE3KOB [an;b,) cTaruBaomascs, T.c.
nlLrgo (bn — an) =0, To a = b. CnenoBaTesibHO, AaHHas MOCJEAOBATE b~
HOCTb OTPE3KOB MMeeT onny obuiyio Touky. Teopema 2 nokasana.
Teopemy 2 MoxHO cOpMYJIMPOBATh CJIENYIOINM OOpa3oM:
Jhobas nocaedosameavrocmsv CMAZUBAIVUWUTICA OMPE3K08 CMAUCA-
emcs K Hexomopoti mouxe.
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910 cBoffcTBO MHOXKecTBa R neflCTBHTENBHBIX YHMCEsl HaA3BIBAETCH
axcuomotl nenpepwenocmu Kanmopa.

3ameruM, 4To MHOXecTBO QQ pauMOHAaNbHHIX 'Hcen He obJsajmaeT
cBoitcTBOM HenpepbiBHOCTH B cMbicsie Kanropa. Hanpumep, ecam a,
n b, - - n-e mecATHYHBlE NpUOIMXKEHHs uMcaa /2, To, Kak W3BECTHO,

\{1a,.} MOHOTOHHO Bo3spacTaeT, {b,} MoHoTOHHO y6HiBaeT, a, < V2 < b,
n u

lim ap = lim b, = V2.
n—00 n - 00

Ciie10BaTeNbHO, MOCJICAOBATENBHOCTL OTPE3KOB [an;bn], n € N, sBns-
eTcs cTarvBaouelica, B MHOXecTBe R /eflCTBATESIbHBIX 4HMCEST HMeEeT
oany obmyio Touky V2, a B MHOXecTBe Q pauMOHAJIBHLIX YuCesa He
uMeeT obuUIMX TOUEK.

6.2. Teopema Bonsuano-Beliepmrpacca. B § 2 nokasano, uro Bcskas
CXOAAAACH MOCJEOBATENLHOCTh orpanndena. ObpaTHoe yTBepXIenue
aBaAeTca HesepHbiM. Hanpumep, mocnemosarenwnocts z, = (—1)*, n €
€ N, orpanuyena, HO He wuMcer upenena. OaHaKo crpaBeaJn-
Ba CJcAyromasa TeopeMa, KoTopas HasbmlBaeTca meopemott Boavyaro-
Betiepwmpacca.

Teopema 1. Y awbotlt ozpanuvennoti nocaedosameavrocmu cywe-
cmeyem crodawasca nodnocacdosamesvrocms.

llokaszaTenscTBo. [lycts nocienoBaresnsHocTh {z,} orpanude-
Ha, T.e. CYWeECTBYIOT 4ucja a u b takme, yto a < &, < b Vn. Toukoft
co = (a + b)/2 orpesok [a;b] pasnesmm Ha nBa paBHBLIX MO AJHHe
otpeska [a;co] u [co,b]. XoTsa 6Bl OAMH M3 HHUX COACPXMT 3HAYEHHsA
6eCKOHEYHOTO MHOXECTBA 3JIEMEHTOB NOCJEN0BaTeIbHOCTH {z2,}. Yepes
[a1;b1] obosnawum oTpesok [co;b], ecaiu o comepkuT 3HaueHus bec-
KOHEYHOTO MHOXECTBA 3JIEMEHTOB MOCJIEA0OBATENILHOCTH, B MPOTHBHOM
cnyyae yepes [a;; b;] obosHayum oTpesok [a;co). OTpesok [a;;b)] Touko#t
¢; = (a) + b;)/2 cHoBa pa3menum Ha aBa otpeska [a;;ci] u [c1;b1], n
yepe3 [az; ba] obo3naunM orpesok [c;;by], ecnu OH comepKUT 3HAYEHHA
6eCKOHEYHOIO MHOXECTBA JICMEHTOB NOCJIe/I0BaTebHOCTH {Z,}, W OTpe-
30Kk [a;;c1] B npoTuBHoM cayvae. Takum obpa3soM, fesieHneM NOMNOAAM,
CTPOMTCA MOCJICAOBATENLHOCTb BJIOKEHHBIX OTpe3koB [ak;bk], k € N,
KaXabi#l M3 KOTOPBIX CONEPXHT 3HAa4eHHA GeCKOHeYHOro MHOXeCTBa
YJIEHOB M0CJIeN0BAaTEILHOCTH {zn)}, MpudeM

b—a

5 =0.

li by — =l
Aim (b — ag) = lim

Crienosatesnibio (cM. TeopeMy 2 u3 m.5.1), 3TM OTpe3KH MMeIOT OAHY
obulyio TOYKy

c= lim ax = lim b.
k—o00 k00



48 IJ1. 1 [IOCJIEOOBATEJIBHOCTU OENCTBUTEJILHbLIX YUCEJ

IlocTpoum nogmocnenoBaresbHocTs {z,,} caeayommm obpazom:
Zn, € [a1;b1];
Tn, € [a2; 2], n2 > ny;
Tn, € [ak;br), 1k > nioy;
Zaps € [@kt1ibk41],  RRp1 > i

Tak kak ax < z,, < bx Vk, To U3 TeopeMbl O TpEX TOCJIEAOBATE b
HOCTAX cCJIefyeT, YTo kllm Z,, = c. Teopema 1 nmokasana.
—00

Onpencanenue. Ipeaen noboil moanocsenosaTesabHOCTH AaHHON
NOCJICJOBATEILHOCTH HA3BLIBAETCA “ACTNUYNHNM npedesom >Tolt 1ocseno-
BaTeJIbHOCTH.

Tenepb Teopemy Bousbuano-Beltepuirpacca MoxHo copMyaupoBaTh
caenyromuum obpasom:

Jlobas ozpanunennas nocaedosamesvrHocmv umeem roms 6w odun
wacmuunwil npedea.

Onpenenenne 2. Hanbonbiunit (HauMeHbwnit) YacTHYHbIR Hpeaen
MOCJIEOBATENILHOCTH {Z,} Ha3HIBAaETCH ee 8eprHuM (HudCHUM) npedesom
u obosnayaeTcs __ .

lim z, (coors., lim z,).
n— 00 n—»00

Teopema 2. JIobas ozparuuennas nocaedosameavHocmd umeem
xax eeprHuil, max u Hudxchuil npedeavi.

HokasatenscTBo. [lycts {z,,} — noanocnenosarenshocts, 1o-
CTpPOEHHas [IpH JIOKa3aTesbcTBe TeopeMhl 1. U3 mocTpoenuns cuenyer,
4TO mpefes 3TOH# MOANOC/IENOBATEILHOCTH ABJAETCA HauGOJIBIIMM da-
CTHYHBIM TIpEAEsIOM MNocJefoBaTesbHOCTU {T,}, T.e.

c= lim z,.
n-— 00

JeftcTBuTensHo, Tak Kak lim b = ¢, To ans Jioboro ¢ > ¢
n—00

cymecTByer k' Takoe, 4To bpr < ¢/, a MO MOCTpoeHMIO B HMHTEpBaJe
(bks; +00) MoryTr 6HITbL 3HadeHMs JIMWIB KOHEYHOI'O WHCJIA 3J1EMEHTOB
nocnenoBaTesnbsocTd {z,}. CnemosaresbHo, HMKakoe 4ucyo ¢’ > ¢ He
MoxeT 6wiTb yacTHYHBIM mpenesioM. Teopema J1 BepxHero npenesna
JOKa3aHa.

YTo6H MOKa3aTh CyLIECTBOBaHHWE HIDKHEro Mpelesa MOCJenoBaTe lb-
Hoctu {Tn}, HyX)HO ucpes [ak; bx] 06o3HauaTL TOT U3 ABYX OTPE3KOB (CM.
JIOKa3aTeJIbCTBO TeopeMbi 1), KOTODBIff COmEPXHT 3HaueHHs Geckoned-
HOTO MHOXECTBA 3JIECMEHTOB JaHHOM MOC/ENOBATeIbHOCTH, 3 WHTEpPBaJl
(—00;akx) conmepKHUT 3HAYEHHA JIMIIb KOHEYHOTO UHMCJIA €e 3JIEMEHTOB.
Teopema 2 poka3aHa.
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Teopema 3. Jlwbas «ucaoean nocaedosamesvvocms umeem roma
6w odun wacmuunvitl npedes, xoneunnti uau beckoreurvitl.

HokasatenbcTBo. Ecan nocnenoBaTesbHOCTh OrpaHMYeHa, TO
cm. Teopemy 1. Ecim nocnemoBatesnsHocTs {z,} ABnserca Heorpa-
HH4eHHON cBepxy, To AJA Joboro uncia M cyuecTByeT GecKOHeYHOC
MHOXECTBO €e 3JIEMEHTOB, 3HaYeHWs KOTophix Gosbmie M, Tak Kak
MHade 3Ta MOCJIEAOBATEbHOCTh Gbisla 6B OrpaHMueHa CBepXy.

IocTpouMm moanocjienoBaTesIbHOCTL {Zn,} cienyiomum obpasom:
ZTn, > 1;
Tp, > 2, n2>mny;
To, >k, np>ng_y;

OueBugno, uro lim z,, = +oo.
k=00

Ecnu nocsienobaresbiocts {z,} fiBNsieTCA HeorpaHM4YeHHOH CHU3Y,
TO aHAJIOTHYHHIM O6pa3’oM CTPOMTCHA MOANOC/AENOBAaTeNbHOCTh {Zn,}, ¥
KoTopoit z,, < —k Vk u, cnempoBatenbHo, klim zn, = —0o. Teopema 3
-~ 00
JIOKa3aHa.
Cnencrsue. Ecau nocaedosameavrocms {z,} seasemcsa weoepa-
Huvennol! ceepry, mo lim z, = 4+00. Ecau dce ona seasemca Heozpa-
n—»00
HuNennod cwu3dy, mo lim z, = —00.
n-— 00
OueBunHo, BepHH W obpaTHblie yTBepkaeHus. Cpesaem eule ofHO
f0JIe3HOe 3aMeYaHHe.
U3 Teopemnl 4 n.2.2 cneayeT, YTO eCAM MOCJEAOBATENLHOCTb {Zn}
uMeer npenes (KoHeunbit niu Geckosednmlit), To
lim z, = lim z, = lim z,.
n—»00 n— 00 n—+00
BepHo 4 obpaTHoe yTBepXIeHHe:
Ecay lim z, = lim z, = zo, To lim z, = zo.
n—00 n—00 n—o00
HeAcTBUTENBHO, TaK KaK TOYKa Zo ABJIAETCA €QUHCTBEHHBIM 4Ya-
CTHYHBIM TPEREJIOM MOCJENOBaTeNbHOCTA {Z,}, TO BHe JoGolt okpecT-
Hoctn O(zg) TOYKHM Zo COAEPKATCA 3HAYEHHMA JIMIIb KOHEYHOIo 'iMcJIa
3JIEMEHTOB 3TOH MOCJIENOBATEJILHOCTH, T.€.

VO(z¢) IN: Vn> N =z, € O(zo),
a 3TO M O3Ha4aeT, 4TO T, — To NPH 1 — 0O.

6.3. Kpurepuii Konm. B aToM nyHkTe mokaxkeM onmn obwmit Kpu-
Tepuil CXOAMMOCTH MOCJIENOBATEJbLHOCTH, B (POPMYJIHPOBKE KOTOPOro
KCIONIb3YIOTCA TOJIBKO 3JIEMEHTH! CaMoif MocJieoBaTe/IbHOCTH.
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Jlemma. Ecau nocaedosamervnocmv {z,} crodumcs, mo owa ydo-
6./4emeopAem YCA06UID:

YVe>0 3IAN,: Vn> N, Vm>N, |z,—zn|<ce. (1)

HokasateabctBo. Ilycrs lim z, = z9. Torna ans awboro
n—o00
€ > 0 cymectByer N, Takoe, 4TO

€
Vn> Ne |zn— 20| < 7
Orciona caeayer, uto ecim n > N, u m > N, 10

€ €
lzn_zmlsI‘Bn_30|+|30—1m|<§+§=5-

Jlemma pmokazana.

Ycnosue (1) nasmiBacrca ycaosuem Kowwu. [locienosaresbHocTs,
yaoBJiieTBopsiowas ycaosuio Kown, HasniBaeTca gyndamenmanvroti niu
crodawetica 6 cebe.

Teopema. Ecau nocaedosameavrocmsv deticmeumeabHur wucea
ydosaemeopsem ycaosur Kowu, mo ona umeem xomeunwil npedea.

HokaszateanbcTBo. [Ipexae Bcero gokaxeMm, UTO CCJU IOCJIC0-
BaTeJbHOCTb {Z,} yaoBsieTBopsieT ycsoBuio Koun, To ona orpaHutcHa.

B ycnosun Koumn (1) nmonoxum ¢ =1 u m = Ny. Toraa ¥Yn > N,
|zn —2zNn,| < 1, Te. N, -1 < zp < zn, + 1. Ecim Teuepn uepes a
n b o6o3nauMM HauMeHbllee U Haubosibiee U3 YKucen zy,...,TN,, TN, — 1,
zn, + 1, To, oueBnuno, a < rp, < b VYn.

Taknm o06pa3oM, NOCJEROBAaTENbHOCTh {Z,}, YyAOBJIETBOpALILAA
ycaosuio Kowm, orpanuyena. Ilo teopeme Bosabuano Beiftepurrpacca
y Hee eCTb CXOAAWIAsCs [OJNOCEAOBATEJLHOCTh {Z4, ). IMycrs
lim z,, = zo. okaxem, uto -~lim z, = z,.

k—o00 n—o0

3amamum HekoTtopoe € > 0. Toraa
€
AN:: Vaom> N, |zp—2zm|< 3

. €
AK,: Vk> K. |za, —x0]|< 3
MMonoxuy p = max{N,; K.}. Torma, oueBuano, p > K., n, > p > N,
u, cJjecAoBaTesibHO, Aas Jnoboro n > N,
E €
|zn — zo| < |Zn — Zn,| + |Zn, — %ol < §+—2- —€.
A Tak kak € > 0 moboe, To >TUM HoKa3aHO, YTo lim z, = zo. Teopema
n— o0

JOKa3aHa.



§ 6. IIPUHIINI BNOXKEHHLIX OTPE3KOB 51

O6benHuB OOKa3aHHbIE JICMMY B TEOPEMY, [OJIYYHM yTBepXKAEHHE,
KOTOpO€e Ha3bIBaeTcH xpumepuem Kowu CXOONMOCTH TOC/I€10BATENbHO-
CTH:

/Ira mozo wmobu nocacdosameavnocmd Oeticmeumeavumnr wucea
croduaace, neobrodumo u docmamouro, umobw ona ydosaemacopsaa
ycaosurw Kowu.

3ameTuM, 4TO JieMMa CIpaBelJUBa Kak B MHOXecTBe K JieHcTBH-
TEebHbIX YHCeJi, TaK ¥ B MHoxecTBe @ panuonasanunix yuced. OiHako
Teopema siBNAeTcA HeBepHo#t B muoxectse . Hanpumep. nociejo-
BATCABHOCTh N-X HIDKHUX JECATHYHMX npubamxenuit ymcna V2, kax
W3BECTHO, CXOAMTCA K 4MCAY V2 U, CJICNOBaTesIbHO, HE MMCET MpeaeIa
B Q, xora u ynosseTBopfer ycsioBuio Koumn. Jlokasannoe cpoiicTBo
MHOXecTBa R -aAeHCTBUTENbLHBIX 4ucesn OpMYSIHPYIOT HHOIZla TaKMM
obpa3oM:

Mnoacecmeo R deticmesumeavbhuz wucea asasemca noawvim. B arom
cMblcile MHodcecmeo Q payuoHaAbHLT NUCEA AGAACTCA NHCNOANBM.

MMpumep 1. /loxaszars, uto

. ( 1 1)
lim {1+ =4...4 =) = 400.
2 n

n—o00

Pecmenne. IIpC)K,'lC BCEero [J10KaXxxeM, 4YTO II0CJ/ICA0BATEC IThHOCTH

1 1 ]
Tpo=1l+-4+...+4—-, neN, (2)
2 n
He yaossieTBopsieT ycsosuio Kouwn, T.e. yIOBNAETBOPACT IPOTHBONONOXK-
HOMY YCJIOBHIO:

Je>0: VN In>N, 3m>N: [z,—z,|>c. (3)
Jlaa smoboro n uMmeem:
= ! + +1>n —1-—1
Im I = T T2y T Y

CanenopaTesibHO, i NocJleaoBatesbiocTu (2) yesosue (3) suinonHscTCs
npu € = 1/2, N =n, m = 2n, u No3ToMy OHa HE HMMeeT KOHECHHOI'O
lpenena.

Tak Kak NOCJIEI0BATEJbHOCTL (2) MOHOTOHHO BO3pacTacT M, Kak
yXe JOKa3aHO, He MMeeT KOHEYHOTo Tpefliesla, TO ee Npefiesl paBeH +oc.

MMpumep 2. Nccnenosarts, 1IpU KaKuX a MOCJCHOBATE/bHOCTL

za0)= Y~ nEN, (4)

m=1

CXO/IMTCHA, a NPH KaKHX a OHa pacCXOoAuTCH.
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Peweunc. llpu a = 0 unocaeaosarensnocts (4) paccmoTpena s
npumepe 1. Tam 6huio 10Ka3ano, yTO llm z,(0) = 400, a rak Kak

zp(a) > z,(0) Ya<0, VneN,
To u lim rp(a) = 400 pas mawboro a < 0.
n—o0 -

PaccmoTpum cayuall, korna a > 0.

lloc:iesioBaTesbHOCTD (4) MOHOTOHHO BO3pacTaeT, 1O3TOMY, YTOObI
IOKa3aTh, YTO OHa WMeCT KOHEYHbIfl Npeaes1, HOCTATOYHO ;10Ka3aTh, UTO
Yy Hee ecTb orpalMyeHHas NOANOCJIE/IOBATE/ILHOCT.

[Tonoxum nxg =2 —1 n PacCMOTPHUM TOANOCACHAOBATCI/ILHOCT

2% -1
1
Top(a) =) —5 KEN
m=1
OueBunto. 4T0
271
Zny (@) = Z > oo
ji=lm= 2)—1
a Tak Kak
2’2‘:‘ L1 oot 1
eyl mlta — (2j—l)l+u (2]‘—1)(:’
TO
1
2o, () < Z (2“)1_1 —5= VkeN,

C.1en0BaTCI/IBHO, 110CJIE0BATETHLHOCTD (1) UMEET KOHCHHBIN 11peite:, ecin
a>0.

6.4. TouHnie rpaHM 4HC/IOBbIX MHoxects. [lyctn X HeNnycToe
MHOXECTBO JCHCTBUTENBHBIX YHCEJ.

Oupcuenenue 1. MHOXKeECTBO X HAa3BLIBAGTCA 02PAHUMCHHBM COCD-
2y (cnusy), ecsm cymecTsyeT uucio b rakoe, yto ans noboro r € X
BBIIOJIHAETCH HepaBeHcTBO T < b (cooTs., x > b). MmuoxecTBo, orpatu-
YCHHOC CBEPXY M CHM3Y, HA3BIBAETCH 02PAHUNEHHBIM.

OucbuiaHo, MHOXKeCTBO X OrpaHUueHO TOLLA M TOJILKO TOTNa, KOIjaa
BHIIIOSTHAETCH YCJIOBHE

3b: VreX |z|<b

Oupcaesnenue 2. Yucno b HasbiBaeTcss seprneil (muoicneir) 2pa-
Huyetl WJIM 2panvio Mmuodcecmea X, ecyu

VzeX z<b (coors., r2>0b).
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Haumenbmas u3 BepxHux rpaneft MHoXkecTBa X Ha3bLIBAETCA MON-
Hol eeprHel! 2zpanvio Mmuodcecmea X M obosHavaerca sup X (umrtaeT-
ca «cynpeMyM X»), a HauboJblias W3 HWXKHMX rpaHe#f Ha3biBaeTCst
€ro mowunotl HudicHetl 2panvro m obos3nauaercs inf X (4urtacrca «undu-
mMym X»).

Ecnu MHoxecTBo X siB/IfeTCA HeorpaHBueHHHIM cBepxy (CHHU3Y), TO,
1o onpeacsenuio, 6yaeM cuutaThb, 4ro sup X =+o0o (coots., inf X =—00).

Takum obpasom, no onpeagesenuto, M = sup X, ecsn
l.Vze X z < M;
2. YM' <M 3zppr€eX: zpm > M.
IlepBoe ycsioBue o3nauyaer, UTo M — BepxHsisi rpaHb MHOXECTBa

X, a BTOpOE yCJIOBME YTBEpPXUAeT, 4To nHuKakoe M' < M He aBnsercs
BepxHeit rpanblo niaa X.

Ananoruuno, m = inf X, ecsan

1.Vz€ X z>m;
2.Vm'>m 3z €X: zp<m.

Jlerko BuaeTb, YTO €CJIM MHOXKECTBO MMeeT Hauboavwull (HauMeno-
wull) sacmenm, To oH GyneT TouHolt BepxHe#t (CooTB., HMXkHell) rpanbio
3TOr0 MHOXECTBA, T.€. €CJIH

JzgeX: VzeEX z<zo (x> z0),

T0 o =supX (coors., z¢ = inf X).

Teopema 1. JTwboe Muoocecmeo deficmeumesvrur wucea mMoxncem
uMemsd AUWSL 00HY MOUNYI0 6EPTHI00 (HUIICHIOW) 2paHb.

HdoxasaTtenscTBo. JdonycTuMm, 4Yto cywecrsyeT MHoOXecTBo X,
KoTopoe WMeeT ABe pa3Hble To4yHble BepxhHue rpahu M u M'. Torna,
ecim M' < M, To, cornacHo ycJsiosuio 2 onpenesieiusi, M' ne Gyner
BepxHell rpaHblo, a ecaiu M < M', To M He saBnsercs BepxHel#f rpaHbio.
CnenoBateJibHO, Hallle JONyLleHNe HeBepHoe.

Ananornyno nokassiBaeTcd eaMHcTBeHHocTb inf X.

Teopema 1 mokasana.

Teopema 2. Y awbozo nenycmozo MHodicecmea JeticmeumesdbHur
nucea, oOzpanudenHozo ceepry (CHU3Y), CYWECMEYEM mMONHAA GEPIHAR
(nuotcHAR) 2panb, AEARWWAACA OeliCMOUMEALHHM HUCAOM.

JokaszatensctBo. [lycthb MHOXecTBO X Helycroe um OrpaHu-
YeHHOe CBepxy, T.e. cyuecTByeT a € X u cyuecTsyer b Takoe, 4TO
z<b Vz € X. Torna orpesok [a;b] comep)uT XoTa 66 OAMH JIEMEHT
muoxectBa X. OueBunno, ecaun a = b, 1o a = sup X.

PaccmoTpum obumi#t caydait, koraa a < b.

Orpe3ok [a; b] pasnennm na OBa paBHHX MO JJIMHE OTpeE3Ka [a;co] ¥
[co;8]. Ecou z < ¢p Vz € X, 10 4epe3 [a;; by} 0Bo3nauum orpesok [a; col,
B MPOTMBHOM cJy4ae 4epe3 [a;;b;] obo3Hayum orTpesok [cp;b]. OTpesok
[a);b1] cHoBa pasmenum Ha nBa paBHHX MO AJMHe OTpe3Ka [a;;ci] M
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[c1;61], u uepes [ag; b)) 06o3HAUMM OTpesok [a;;ci], ecnn z < ¢; Vz € X,
M orpe3ok [c1;b;] B nporMBHOM cnyyae. Takum o6pasoM, nesieHUEM
TOI0J1aM, CTPOMTCS TOCJIEAOBATEILHOCTD BJIOXKEHHBIX OTPE3KOB [an;bn],
n € N, takux, uto

l.z<b, V€ X, VnEN;

2.Va, Iz, €X: z,> an.

Tak Kak mocJienoBaTeNbHOCTh OTPE3KOB [an;bn], n € N, sBnseTcs

CTATHBAOWENCA, TO 3TH OTPe3KM MMEIOT OfHY OBy TOuKY

c= lim a, = lim b,.
n—00

n—o00
Toraa n3 ycnosus 1) cneayer, uro z < c Vz € X, Te. ¢ — BepxHas
rpaib MHoXcctBa X. U3 ycsoBus 2) chaemyer, 4To ¢ -- HawMeHbHIas

BepxHss rpanb. lefictBuTenbHO, ecom ¢! <e¢, To In' i@y > m
zp €EX: zTpDan>c.

IMoaToMy ¢’ He ABaAeTca BepxHelk rpadblo MHoxcectBa X. Caemosa-
TesIbHO, ¢ = sup X.

JIs1f ToYHOR HMXHelt rpaHM J0Ka3aTeJIbCTBO aHaJOIHYHOE.
Teopema 2 pokxazana

3aMeTHM, YTO B MHOXCCTBE PallMOHAJIBHBIX YHCCJI Teopema, aHaJlo-
ruvHas TeopeMe 2, sBaAeTcA HeBepHo#. Ilanpumep, MHoxecTBO Bcex
TOJIOKHUTENBHBIX PAllMOHAJIBHEIX YHCeJI T TaKMX, 49To T < /2, He uMeer
To4yHO#t BepxHelt rpanum B MHoxecTBe () paunMOHaJIBHBIX 4YHCeJ.

6.5. Jlemma o MOXPHTHM oTpe3xa HHTepBasiaMH. Cpenu BCEX “HUCHO-
BbIX NPOMEXYTKOB OTpPe3KHM 00J1afaloT OOHUM XapaKTEepHHIM CBOHCTBOM,
CBA3aHHLIM C NMOKPHITHEM OTPe3Ka COBOKYIHOCTbIO MHTEPBaJIOB.

Onpenesenune. CoBOKYHOCT> MHTEPBAJIOB HAa3LIBACTCA ROKPH-
muem [AHHOTO NPOMEXYTKa, ecyim Jobad ero Touka IPUHALJICKUT
HEKOTOPOMY HHTEpPBaJly 3TO# COBOKYMHOCTH.

Hanpumep, coBokynHocTs unTepBanioB (107" < z <1-10""), n€N,
AbsiseTcs NMokpbitueM uHrepsata (0;1), Tak kak ans moboro z € (0;1)
MOXHO yKa3aTb n Takoe, 4To 107" < z < 1—10"". OueBunHo, 3Ti
HHTepBaJibl He 06pa3yioT MoKpuiTHe oTpe3Ka [0;1], Tak Kak Touku z =0
M r =1 He mpHHaQJIeXaT HW OJHOMY M3 HHX.

Jlemma. Ecau Hexomopas COB0KYNHOCMb UHMEPEAAOE ABAREMCAH
nokpumuemM 3a0aHH020 OMPE3KA, MO CYUSECMBYEM KOHEHHOE “UCAO UH-
mepeaaoe amoil cosoxynnocmu, xomopse maxdsce obpasyrom noxpumue
danriozo ompesxa.

HokasatenbnctBo. JlonycTuM, 4To cymecTByeT oTpesok [a;b] u
HEKOTOpasi COBOKYITHOCTb MHTEPBAJIOB, KOTOPAad ABJAETCA €ro NMOKPhITH-
eM, HO HMKaKad KOHeYHas COBOKYMHOCTb 3THX MHTEPBAJIOB HE ABJIAETCH
nokpoitneM. OueBUAHO, y TaKoro orpeska a < b, Tak Kak OTpe3oK M3
ofHO# TOYKM MOKPLIBAETCA OAHMM HHTEPBAJIOM.
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Pasnenum orpesok [a,b] Ha aBa paBubix Mo mnumne oTpe3ka [a;co)
u [co;b]. Torma, cornacHo momylieHmio, mo MeHbliell Mepe OIMH M3
3THX OTPE3KOB He NOKPBbIBAETCA HUKAaKO# KOHEYHOU COBOKYMHOCTBIO pac-
cMaTpuBaeMbix MHTepBasios. Yepes [a;;b)] obossauum orpesok [a;co),
eciM OH obJlaflaeT 3TMM CBOMCTBOM, a B NMPOTHUBHOM CJiy4yae MOJIOXUM
[a1;01] = [co;b]. Orpesok [ay;b)] cHoBa pasmenum Ha aBa paBHBLIX
no anuHe oTpe3ka [aj;ci] ® [cy;b1), u depe3s [as;ba] oBosmauum TOT
U3 HHUX, KOTOpbIf He MOKpbIBaeTCAd HHKaKo#l KOHEYHO!l COBOKYNHOCTHIO
paccMaTpUBaeMbIX MHTEpBaJIOB, ¥ T.A. TakuMm obpasoM, neseHHeM [o-
MoJiaM, CTPOMTCA 110C/1€I0OBATEIbHOCTb BJIOXKEHHBIX OTPE3KOB [an;by],
n € N, xaxabifl U3 KOTOpHIX He MOKPHIBAETCA HUKaKo#t KOHeuHoR como
KYNHOCTBIO PACCMaTPUMBAaEMbIX HHTEPBAIOB. ITa I0CJEIOBATETLHOCTD
CTATUBAIOUIUXCA OTPE3KOB MMEET EJIMHCTBEHHYIO ODllyl0 TOuKY
c= lim a, = lim b,. (1
n - 00 n— 00
Tak kak a < c¢ < b, TO, corlacHO yCNOBHIO, CYWECTBYeT HHTepBaJl
(a; B) u3 paccmaTpuBacMolt COBOKYMHOCTH Tako#t, 4To a < ¢ < . Toraa
u3 paseHcTB (1) ciaenyer, 4To

IN: a<any <by <58,

¥ 103TOMY OTpe3oK [an;by] mokpeiBaeTcs oxuum HHTepBaioM (a;f).

[NonyueHHoe MpOTHBOpPEYHE [OKA3bIBaeT, YTO Halle JOIylUleHHe He-
BepHoe. JleMMa fi0Ka3aHa.

JloxasaHHOC yTBepXIeHUe 0ObIYHO Ha3bIBalOT AemMmot ['eline-Fopeas
0 noxpsmuu.

Taxkum obpasoM, 10608 oTpe3ok obJiajaeT ciieLyloUUM CBORCTBOM:
U3 JI060ro MOKpHITUA MHTEPBAJIaMM MOXHO BHIOPATh KOHEYHOE MOKpbI-
THe. DTO CBOHCTBO OTpE3Ka HAa3bIBAETCA CEOUCMBOM KOMNAKMHOCMU.

3amerum, uto B JiemMme [efitHe-Bopensi Henb3da 3aMeHMTh COBOKYII-
HOCTb WMHTEPBaJ/IOB Ha COBOKYMHOCTb OTpe3koB. Hanpumep, coBokym-
HocTh orpeskoB [107™;1— 107"], [-10"";0] u [1;1+4107"], n € N,
nokpuiBaer orpe3ok [0; 1], Ho HMKaKas KOHeuHass COBOKYIHOCTb 3THX
OTpE3KOB He MoKpbiBaeT orpesok [0; 1].

§ 7. UncioBBIle MHOXECTBa

7.1. Onepauu Han MHoxecrBaMH. Koneunble H GecxoHeuMble MHO-
xectpa., B MaTeMaTHKe NOHATHA «MHOXECTBO» M «3JIeMEHT MHOXeCTBa»
ABAAIOTCH NEpPBHYHBIMHU, T.. OHM He omnpenensdoTcda. Bwmecro ciosa
«MHOXECTBO» YacTO ynorpebiifloT Takue CJOBa, KaK «ceMeicTBO».
«cobpaHue», «CHCTEeMa», «recMeTpH4YecKoe MeCTO TOYeK» M T.Il., B 3a-
BUCHUMOCTH OT KOHTeKcTa. HamomMuuM HekoTopble nepBUYHble NOHATHH
n obo3HaueHnsi, CBA3aHHbIE C MHOXECTBaMHU.

Ecau r — anemenT MHOoXectBa X, To muiuyT z € X; B IPOTHBHOM
ciaydae --- £ & X. MhoxectBa X m Y Ha3sbBalOT pasHmMu M MOHWYT
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X =Y, eecm X u Y cocToAT ¥3 OOHHX M TeX XKe 3JICMEHTOB.
Hna yno6cTsa BBOAMTCH MHOXKECTBO, KOTOpOE He CONEPKHT HHMKaKHMX
3JIEMCHTOB; OHO Ha3bIBAETCA NYCMHM MHOXCECMEOM U Obo3Havaerca O.

MHoOXeCTBO A HA3BLIBAETCA HACMBIO HIIM NOJMHONCECMEOM MHONCE-
cmea B, ecnu Kaxawpift 3jleMeHT MHoOXecTBa A ABJAETCH 3J1eMEHTOM
MHoXecTBa B. B atom canyyae mumyr AC B wsm B D A.

Ilo onpenenennio, A C A u @C A ana moboro muoxectea A. Camo
MHOXeCTBO A M MYyCTOE MHOXKECTBO & HAa3hIBAIOTCH HecoGCmMEeHHHMU
nodmuosicecmeamu MHOXKecTBa A, a Bce Ipyrue IOJMHOXeCTBa —
cobcmeeHHuMU NOJMHOIHCECMEAMUY.

Jna 3amaHHeix MHOXecTB A n B MHOXeCTBO BCEX 3/1€MCHTOB,
KOTOphle NpHHAaAJIEXKAT KaK A, Tak M B, Ha3hIBaeTCs nepecevenHuem
Mmuoocecms A 1 B u obosnavaerca AN B. MHoXecTBo Bcex 3JieMeH-
TOB, K&XABIl U3 KOTOPHIX NMPHHAAJIEXHUT XOTA OBl OJJHOMY U3 MHOXECTB
A w B, nasmiBaerca obsedurenuem HaM cymmoll muoocecms A u B
u obosnagaerca B U A. MHoXecTBo, COCTOsIlCEe M3 BCEX 3JICMEHTOB
MHOXecTBa B, KoTopele He npuHaiieXaT MHOXecTBY A, Ha3bIBaeTcs
pasrocmoio muodcecme B u A u obosnauaerca B\A. Ecam A C B, 10
pasHocTs B\ A nasmBaerca donoanenueMm muosxcecmea A do mmodice-
cmea B. MHokecTBa A M B Ha3bIBAIOTCHA HENEPECEXAMUUMUCA, €CJN
ANB =2,

Henycroe MHOXECTBO, y KOTOPOro HeT COBCTBEHHKIX [OAMHOXCCTB,
Ha3bIBAETCA MHONCECMBOM, COCTMOAWUM u3 00Hoz0 saemenma. MHoxe-
CTBO, Y KoToporo Jio6oe cobcTBEHHOE MOJAMHOXECTBO COCTOUT M3 OIHOIO
3JIEMEHTa, Ha3bIBAETCHA MHOJICECMEOM U3 JeYxr daemenmos. MHOXeCTBO,
y KOTOpOro Kaxpmoe cobCTBEHHOE NMOAMHOXECTBO COCTOMT M3 OJHOIO MJIH
U3 OBYX 3JIEMEHTOB, Ha3blBACTCA MHMONCECTNGOM U3 MPET 3IAECMEHMOE,
PO Hero TOBOPAT, 4TO J1o6oe ero cobCTBEHHOE MOAMHOXKECTBO COCTOMT
He Gosee yeM U3 ABYyX 3aneMeHToB. Ecnm olipeaesieHo MHOXeCTBO U3 1
3J1eMEHTOB, TO MHOXECTBOM H3 n+1 3JIeMEHTOB Ha3biBAeTCA MHOXECTBO,
Yy KOTOpOro Kaxaoe coOGCTBEHHOe NOJIMHOXKECTBO COCTOMT He Gosec yeM
M3 N 3JIEMEHTOB M €CThb NMOAMHOXECTBO M3 N 3JIEMEHTOB.

CnoBa «oOMH», «IBa», «Tpu» M T.A. obosHaualoTca 1, 2, 3 #u
T.A. duemenThl MHOXecTBa {1,2,3,...} HasnBaloTCa HamypasvrmMu
yucaamu. MHOXeCTBO BCeX HATYpPaJIbHBIX 4HCes 00603HAYAIOT CHMBOJIOM
N. Ilpo nycToe MHOXeCTBO FOBOPAT, YTO OHO COAEPKMUT HYAb 3JICMEHTOB.
CnoBo «Byab» obosnayaerca 0.

HenycToe MHOXECTBO Ha3HIBAETCA KOMENMBIM, CCJM OHO COCTOMT M3
n 3JIEMEHTOB, TJle N — HEKOTOpoe HaTypaJibHoe yucjo. B mportusnom
cJlyyae MHOXECTBO HasbiBaeTca Gecxoneunmm. OueBumuo, uTo Joboc
KOHEYHOE YHCJIOBOE MHOMECTBO sIBJIAETCA OrpaHMueHHHIM, HO He BCAKOe
OrpaHMYeHHOE MHOXECTBO sABJAeTCA KoHeyHnM. Hanpumep, MHoxecTBO
{1,1/2,1/3,...} 6eckoneunoe, Ho orpaHM4YeHHOE.

Yucno aneMerToB O6beIMHEHUA ABYX HelepecekaloUMXCH MHOXKECTB
M3 M M H3 N 2JEeMEeHTOB Ha3bBaeTCA CcyMMotl 4ucesl m M n u
obosHayaercs m + n. ‘

HOaa mobeix MHOXecTB A M B MHOXeECTBO BCEBO3MOXHBIX yMo-
pamovenHnix map (a;b), T.e. MHOXeCTB U3 MABYX 3JIEMEHTOB @ € A
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#H b € B, HasnBaeTcA npamum npoussedenuem muodxcecmse A u B u
obosnauaerca A x B. Yucno aj1eMeHTOB NpAMOro NMpoHM3BEACHHS ABYX
MHOXECTB M3 ™ W U3 N 3JIEMEHTOB Ha3BIBAETCA npou3eederuem yucen
m u n u obo3HavaeTca mn.

7.2. CyeTHBIe H HecUeTHhIe MHOXeCTBA. U TOGH CpaBHUTH ABa HEMYCThIX
KOHE4YHLIX MHOXKEeCTBa, HallpuMep, YCTaHOBUTD, 4ero 6oJiblile — CTYAEHTOB
B rpynne HWJM CTYJIbeB B ayOUTOPMH, MOXHO BOCHOJIb30BATbCA ABYMsi
cnocobamy. MoOXHO nepecydTaTh CTYHEHTOB M CTYJIb M CPaBHMTb
noJiy4eHHEIe YMCJIa, 3 MOXKHO MOMPOCHTb CTYHAEHTOB CECTh U TOTAA: €CJIH
OCTaHYTCH He3aHATHIE CTYJIbS, TO CTYJibeB GoJibllle, a eCAM OCTaHyTCs
cTofAlMe CTYAEHTH, TO CTYAEHTOB GoJiblue.

Jlna cpaBHeHus GeCKOHEUHBIX MHOXEeCTB nepBhift criocob He rogurcs,
JJI TOro MCNOJIL3YIOT MOHATHE B3aMMHO OAHO3HAYHOIO COOTBETCTBHA.

Onpenenenue 1. ['oBopaAT, 4To MeXAy JIEMEHTAMH T M Yy MHO-
KecTB X U Y yCcTaHOBJICHO 63auMno odHo3HauHOe coomeemcmeue, ecyId
NMeeTCA NPaBMJIO, N0 KOTOPOMY KaXAOMY Zz € X CTaBUTCA B COOTBET-
CTBHE €ZWHCTBEHHHIH ajieMeHT y € Y u kaxani#h y € Y mnocrasJieH B
COOTBETCTBHE €IMHCTBEHHOMY Z € X.

Hanpumep, ectt N — MHOXecTBO Bcex HaTypasibHbIX uncesa, a X —
MHOXECTBO BCeX YeTHHIX 4uces, TO ¢GpopMyna z, = 2n yCTaHaBJIMBAeT
B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXIY 3JieMeHTaMM MHoxecTB N
u X. EcrecTBeHHO CYMTaTb, YTO TaKHe MHOXECTBa MMEIOT OAMHAKOBOC
KOJIMYECTBO 3JIEMEHTOB; PO HUX FOBOPAT, YTO OHM PABHOMOUIHbLIE.

Onpenenenne 2. [Ipa MHOXKECTBa HAa3LIBAIOTCH PAGHOMOWHBMU,
eCJId MeXJY UX 3JIEeMEHTaMH MOXHO YCTaHOBHTb B3aMMHO OJXHO3HAYHOE
COOTBETCTBHE.

Onpenenenune 3. MHOXeCTBO, paBHOMOIIHOE MHOXECTBY BCexX
HaTypaJIbHbLIX YHCEJs, Ha3bIBAeTCA CHEMHHM.

Takum obpasoM, MHOXKecTBO X fABJAETCA CUETHHIM, €CJIH BCE €ro
3JIEMEHTHl MOXHO 3aHyMepOBaTb.

OueBnnHo, 4To Js1060e GECKOHEYHOE MHOXECTBO COAEPXKMT CHeT-
HOe MOJMHOXECTBO. B 3TOM cMbicjle cYeTHble MHOXECTBa SABJIAIOTCA
npocreffiluuMu cpeqn 6eCKOHEYHBIX MHOXECTB.

Teopema 1. MnooicecmBo 6CeT PAYUYUOHAALHHUT HUCEA CHEMMO.

HokxasatesbcTBo. CHauana nmokaxkeM, YTO MHOXKECTBO TOJIOXKHK-
Te/IbHbIX PAIMOHAJIBHBIX YHCEJI CHETHO.

Jliobo#t HecokpaTUMOM MoJIOKUTeIbHOW Apo6u r = p/n mocTaBUM B
cooTBeTcTBHC 4ucao m = p+ n. Tak kak r > 0, To m > 2. Teneps
3TH YMCJIa r 3aHyMepYyeM cJjenylomuMm obpasoM: aisa m = 2 uMeeTcs
omHO uMcio Ty = 1, AN m = 3 umeerca ABa 4Mcya r2 = 2/1 u
r3 = 1/2 u T.a. Boobue, ecnn nepeHymMepoBaHbl BCe MNOJIOXKHTEJIbHbIE
pauMoHa/IbHble YHcaa r ¢ m < k U nocJjeflHee YNCJIO MUMeET HOMep T,
To 6ynmeM nepeHyMepoBbIBaThb 4Mcsa r ¢ m = k+ 1, HauMHaA c HOMepa
ne + 1. Tax MBI nepenymepyeM Bce NOJIOKNTEJNbHBIE pPaliMOHaJIbHbIE
4Hca, T.. TMOCTPOMM MOC/eNOBATeNIbHOCTh {rp,} Takylo, 4To rp # Tk,
ecnu n # k, u noboe r > 0 nosyyaercsa Np¥ HEKOTOPOM n.
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Tenepb paccMoTpum MHOXecTBo Q Bcex pauuoHanbHMX uucea. Ux
Paclo/IoKMM B’ NOCJIEAOBATENbHOCTh CNEAYIOLMM 0Bpa3oM:

0,1'1,—7'1,7‘2,—7'2,...,rn,—rn,...,

rae {r,} — 1OC/NENOBATENLHOCTb MOJOKHUTC/BHBIX PALHOHAIbHBIX M-
cesl, mocTpoeHHasa Bhbiumie. Teopema 1 nokaszana.
Tecopema 2. Mnodsicecmeo ecex deticmeumenvHur wucea Hecuemro.
Hoxasatenscrso. donyctum, uto MHoXecTBo R cueTHoe, T.e.
4YTO MOXHO NEPEHYMepOBaTh BCe AEHCTBHTEJIbLHBIE YUCIIA:

Tn = Pon, X1nQ2n ... Qkp ..., neN.

Kak obbiuno, Gynem cuutaTh, 49TO cpeau 6eckoHednblx mapobelt HeT
NepuoAUYECKHX € mepuoaom 9.

TMocTpoum nelicTpuTensHoe Yucio = = 0, a1z ... Q... CAELYOUIMM
obpazoM: a; #9 u ay #Fay, a2 #F9 U a2 Fazx, ..., ax F9 n
Qg 9’-‘ Qkk, 1 T.O.

OueBnpgHo, uTO0 = # z, Vn. CienoBarenbHo, Hallle MONyLIEHHC
HeBepHoe. Teopema 2 nokasaHa.

7.3. OTxpBITHIE H 3aMKHYThie MHOXECTBAa. 34eChb OyneM paccMaTpH-
BaTb TOJIbKO MHOXeCTBa To4deK AeficTBuTesnbHOM nmpamoit R.

Onpenecnenue 1. Touka zyp MuoxectBa G C R HasbiBaeTca 6nMYy-
mpennetl mouxod MHoacecmea G, ecum y Ty CyWECTBYeT OKPEeCTHOCTb
O(zo) Takaga, yto O(zq) C G.

Onpenenenne 2. MHOXECTBO Ha3BIBAETCA OMKPHMBM, €CJH BCE
€ro TOYKM BHYTpEHHME.

Ilycroe MHOXecTBO, MO OmNpenesieHHIo, CYNTAETCA OTKPHIThIM.

Ouesunno, MHoxecTBo R u Jmoboft uutepsan (a;b) sBasoTca or-
KPBITHIMH MHOXECTBaMH, a NpoMexyTKH [a;b), (a;b], [a;b] He saBnaoTCA
OTKphITIMU MHOXecTBamu. llanpumep, y orpeska [a;b] Touka a ne
MMeeT OKDEeCTHOCTH, comepxaiuelica B [a;b].

Oupeunenenue 3. Touka zg € R HaswmBaeTca npedeanvnoti mouxoti
MHoxectBa G C R, ecsin B Jl060if OKpPeCTHOCTH TOUKM Iy €CTh XOTA
6bl ogHa ToYKa MHoXectBa (G, OT/IMYHAaA OT Zo.

Hanpumep, nnsa koneunoro untcpBana (a;b) nobas Touka oTpeska
[a;b] asnsieTca npepesibloft.

Oupenesenune 4. MHOXKECTBO Ha3bIBAETCA 3AMKNYMHM, ECJIH OHO
COAEPXHUT BCe CBOM NpedesibHble TOUYKM.

IIycroe MHOXecCTBO, MO oONpeAesIEHNIO, CINTAETCH 3aMKHYTHIM.

Hanpumep, MHoxectBo R u nobof#t otpesok [a;b] sBnsorcs 3a-
MKHYTHIMM MHOXECTBaMH.

OueBusaHo, 4To 06beAMHEHNE ABYX OTKPHITHIX MHOXECTB €CTh OTKPbI-
Toe MHOXeCTBO. A TaK KakK lepecedyeHMe JBYX HHTEpBAaJIOB, MMEIOLMX
ofuyIo TOYKY, ABAAETCA HHTEPBAJIOM, TO M NepecedeHue OBYX OTKpHI-
ThIX MHOXECTB — OTKPbITOE MHOXECTBO. AHaJioruvno, obbeauHeHue u
nepeceyeHne ABYX 3aMKHYTHIX MHOXECTB — 3aMKHyTble MHOXECTBa.

[IpennaraeTcs OoKa3aTh 3TH YTBEPKAEHHSA B KayeCTBe YIPaXHEHHS.
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Jliobo#t KoHeYHBI! NMpoMexyTok A C KOHLAMU B TOYKax a u b,
a < b, aBigerca orpaHHYeHHBIM MHOXecTBOM M infA = a, sup A = b.
B atom untepsan (a;b) m orpesok [a;b] noxoxu, ojHako cpeau Huce.
oTpeska [a;b] ecTb Kak HaumeHbinee, Tak ¥ HauGonbluee, a Cpeu
4YHuces1 MHTEPBaJla HET HM HaMMeHbulero, HM Hawbosbmero. Cneayroume
TeopeMbl TIOKa3bIBAIOT, YTO 3TH CBOHCTBA ABNAIOTCA XapaKTEPHBIMHU /15
OTKPHITBIX M 3aMKHYTHIX MHOXECTB AcHCTBUTC/bHBIX 4YHCeN.

Teopema 1. Ecau wmmoxwcecmeo X Qdeticmeumeavnmr wucea 3a-
MKHYMO U ozpanuveno ceepry (crusy), mo

supX € X (coors., inf X € X),

m.e. cpedu 3remenmos Mmoxcecmsa X ecmd Hauboavwuil (cooms.,
nauMervuud).

Jloka3zaTtensbcTBo. Ecim Mnoxectso X C R OrpaHKYEHO CHH3Y,
TO, KaK M3BECTHO, CYIUECTBYeT WHCJO m Takoe, 4To m = inf X.

U3z onpeaesnenns inf X caenyer, 4ro B mobo#i okpecthocts (a;b)
TOYKM ™M cyliecTByeT XxOoTA 6Bl oaHa Touka MuoxectBa X. Cueno-
BaTCJIbHO, BHITNIOJIHAETCH OAHO M3 ycjoBuft: wam m € X, nau m
npegesibHas To4yka MHoxecTBa X. Ecam xc¢ MHoxecTBo X' 3amkHyTOE,
To Bo Bcex caydyaax m € X.

AHaNOrM4YHO [OKa3LIBACTCH, “TO €CM MHOXECTBO X orpaHH4eHo
cBepxy, To sup X € X.

Teopema 1 sioka3ana.

Teopema 2. Ecau mHodwcecmso JeticMEUMEALHNT “UCEA OMKPHMNO,
mo cpedu €20 3IAeMEHMO8 HEM HU HAUMEHLWEZ20, HU Hauboavulezo.

JlokazarenscTBo. JlokasmBarh HygeM MeTOAOM OT HPOTHBHOIO.
[peanonoxuM, 4YTo CYWECTBYeT OTKpHiToe MHOXecTBO X, y KOTOpOro
ecTh Hanboabuwult anement. [lycTh, Hanpumep,

MeX n z<M VzeX.

Torna y Touk¥ M HeT Hu oaHoll OKpecTHOCTH, Koropasi NpHHajNe-
xkana 6s1 MHoxectBy X. Cnenosarenbno, MHOXecTBO X He ARjAeTcA
OTKPHITHIM.

Taxkum obpasoM, ecqm MuoxectBo X oTkphitoe, To M ¢ X. Ana-
Jloru4no gokasmiBaercs, 4to ¥ inf X ¢ X. Tecopema 2 nokasana.

O606mwyM JieMMy O MOKPHITHM OTpe3ka MHTepBasiamu (cm. m.6.5)
Ha Gosiee obuie MHOXECTBa.

Onpenenenue 5. COBOKYNHOCTH MHOXECTB Ha3LIBARETCH nOKPH-
mueM NAHHOTO MHOXECTBa, CCJM KaXOaf ero TOYKa NPHHALJICKAT
HEKOTOPOMY MHOXKECTBY 3TOff COBOKYIIHOCTH.

TlokphiTHE "Ha3BIBAETCH OMKPHMHMM, €CJAH BCC €r0 MHOXKECTBa OT-
KPpLITHIC.

Jlemma 1. U3 a106020 omxpuimozo noxpumus 02paHuNCHHO20 3G-
MxHymozo muoncecmea M CR MosicHo evibpams KoHeutyo cosoxynnocms
MHOICECTE, KOMOopBe modice obpasyrom noxpumue MHodxcecmea M.
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Hokasareabctpo. JonycTuMm, 4TO CywecTByeT OrpaHMucliioe
3aMKHyToe MHOXecTBO M C R M HEKOTOpas COBOKYMHOCTb OTKPHIThIX
MHOJMECTB, KOTOpaf ABJAETCA €ro NOKPHLITHEM, HO HUKaKad KOHeqHas
COBOKYMTHOCTb 3THX MHOXECTB He fABNAeTCH mNoKpuitueMm. Quesu:ino,
Takoe MHOXeCcTBO M comepXUT 6eCKOHEYHO MHOIO 3JIEMEHTOB.

Tax xak MHOXecTBo M orpanuveno, To CymecTByeT oTpesok [a.b]
takolf, 4To M C [a;b]. Kak u upu nokasaresbcTse JieMMbl B 11 6 5.
JlesleHUeM MolIoJIaM CTPOUTCA MOCJIEAOBATC/IBHOCTD BIOXKEHHBIX OTPCIKOB
[an;bs), n € N, Takux, 4to nas soboro n Muoxectso Mn = M Njay, by
He TOKPbIBACTCHA HUKAKOW KOHEYHOM COBOKYMHOCTHIO MHOXKCCTH JLIAHHOTO
nokpoitusa. Ilyctn

c= lim a, = lim b,.
n—=+o0 n—o00
Buibepem r, € M,, u paccmotpum nocieaosateaniocts {r,}  Oue.
BuaHo, lim z, = ¢, a Tak Kak MHOXecTBO M samkuytoe. ro ¢ ¢ M
n—oc
CornlacHO ycnoBuio CyUIeCTBYET MHOXCCTBO (7 JaHHOIO HOKpHIIHA Ta-
Koe, 4yto ¢ € G. U3 Toro, 4to MHOXKecTBO (7 OTKPHITOC, €163 CT,
4To cyuwecTByeT uHTepBa.a (a;3) TakoH, uTo ¢ € (n;4) ¢ ' Torxa

cymectByer N Takoe, uTo a < ay < by < B, ¥ 1OITOMY MHOXKCCTRO
M, noxpbiBaeTcs OIHMM MHOXecTBoM (.

TMonyyenHoe NpPOTHBOPEYHE NMOKAIBLIBACT, YTO HAIE HONYHICHUr He
sBeptuoe. JleMma 1 mokasaHna.

DTa JIeMMa TAKXKC HasbiBaeTCs aemmotl [etine- Bopeas o noxpw-
muu. OHa yTBEpPXIAacT, YTO OTPaHMUYEHHOE 3aMKHYTOE MHOXCC TBO
Toyek deHcTBUTeabHOR npsmo#t obisanaer ceoticmeom xomnaxkmuocmu
MHnoxecTBa, obsiagalouine CBORCTBOM KOMNAKTHOCTH, HAIKBAIOTCH KOM-
naxmuuMu.

B 3akJoueHue BBe/IeM MOHATHE CPaHULbI MHOXCCTBA.

Oupenencnue 6. Touka zp € R nasmiBaetcs cpanunnoil mouxoii
Mmuoxncecmea G C R, ecam B J1106081 OKPECTHOCTH TOUKU Iy UMEIOTCS
xoTs 6bl omHa To4Ka MHOXecTBa G M XOTA Obl OJHA TFOYKA, He
upunaexamas G.

MHoXecTBO BCeX TpaHMYHbIX TOYeK MHOXecTBa (7 HasbIBaeTcd 2pa-
Huyeti mMuoncecmea G u obosHayaerca 0G.

OueBuano. ecsu MuoxecTBo G 3aMmkHyTtoe, 1o G C (5. a ecqau
orkphiToe, To OG He nepecekaeTcs ¢ G. Hanpumep, rpauuna orpeska
[a;b] n cooTBeTcTBYIOIWErO MHTepBana (a;b) cocTouT w3 ABYX TO4CK a
u b, KoTophie NpHHA/MJIEXKAT OTPe3Ky, HO HE MPHHAICKAT WHTEPBAJYy.
;L1 IpOMBBONILHEIX MHOXECTB BO3MOXHBI pasnbule cnyvau. Hanpumep.
ccau X - MHOXeCTBO pallMOHa/IbHBIX ToueK uHtepsata (0:1), To ero
rpanuna X cosnamaer ¢ orpeskom [0;1], u nostomy X C 0X.

Jlerko Buaerb, wro mobas Touka MHOXecTBa (G MJIM BHYTPEHHTAH.
WM rpaHuyHas, a mobasd rpaHuyHas To4yKa WK npuHantexut G, uau
ABJAeTCA [pefesbHolt Touko#t ana G.

Onpenenenne 7. MHOXeECTBO, KOTOpOE MOJMYyYaeTCA U3 MHOXKECTRA
G upucociauneHMeM K HeMY BCeX ero MpeaesibHbIX TOYeK, Ha3lbiBaeTcsd
3amvixanuem muoxcecmea G n obosnauaerca G.
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slerko nokasbiBacTcst, 4TO 3aMblkanue soboro mHoxectBa G ecTb
3aMKHyToe MHOxXecTBo, T.e. G =G, u uro G = GU8G.

(Joka3zaTh B KauecTBe yNpaKHEHWs.)

Jdemma 2. Touxa o npunadaexcum 3amuxanuro Muoxcecmea G

mozda u moavr0o mozda, xozda ona seasemca npedeaom nocaedosamens-
Mocmu mouex Mmodxcecmea G.

JdoxasatenscrBo. Ecanm 20 € G u 20 € G, 10 29 -- npeuen
lHOCTOAHHON NocsenoBaTe/IbHOCTH Ty = 2o, n € N. Ecau xe zo ¢ G,
TO B 060 okpecTHOCTH O)/n(To) TOYKM Zo ecTb TouKa z, € G.
Ouesyano, lim r, = xg.

N =+"0

O6patioc yTBepX/eHHe AOKA3blBaeTCA aHAJIOMMYHO.
Jdemma 2 adoxasaHa.

7.4. Mcpa mMHoXecTB ToYex aelictBuTesqnbHol mpamoli. Kak ussectHo,
anga moboro otpeska [a; ] uucio b— a HaspIBaeTcs ero AMMHOM, Ty xe
AnuHy uMeeT M Jioboit w3 npomexyTkoB [a;b), (a;b], (a;b). O606mum
3TO NoHsiTHe Ha DoJlee WIMPOKMI KJlacc MHOXKECTB To4YeK AelcTBUTENLHOM
npaMoll. 3a OCHOBY mMpuUMeEM JJMHY MOJYOTKPLITHIX [POMEXYTKOB BHAA
(a;b].

Onpenenenne 1. Jliobo#t koneuHnit npomexyrok A Buma (a;b)
U Jgoboe MHOXECTBO, sABJdLcecd obbelNHeHMEM KOHEYHOro 4YHCJja
NOIIapHO HenepeceKalolnXca NpoMeXYTKOB A;,...,Ay Takoro Buaa,
HA3bBAIOTCA IAEMEHMAPHUMYU MHOICecmeamu. [lycToe MHOXecTBO
TOXe CUMUTAETCA 31eMEHTapPHBIM.

Jlerko BMjeTb, YTO COBOKYIHOCTbH 3JIEMEHTADHBIX MHOXeCTB 06Jia-
JaeT coeylomuM cBoiicTBoM: obbeanmHeHue, nepecedyeHHe M Pa3HOCTH
JI0BbIX JIBYX 3/1€MCHTapHBIX MHOXECTB fIBJIAIOTCA 3J1eMEHTapHLIMH MHO-
kectBamu (/loka3aTh B KauecTBe ynpaxHeHus.) IloaTtomy rosopar,
YTO COBOKYIIHOCTb JIEMEHTAPDHHIX MHOXECTB 3aMKHYTa OTHOCHTEJbHO
TCOPETUKO- MHOXCCTBEHHLIX oflepaluil, MM 9TO COBOKYMHOCTb 3JIEMEH-
TapHBIX MHOXECTB 06pa3yeT aazefpy MHodcecms.

Onpeacnenne 2. [na noboro KoHedHOro npomexyTka A = (a; 8]
unciio b — a uasbiBaeTca ero Mepod M obo3zHauaerca mA. Ecun
MHOXECTBO S 3j1eMeHTapHoe M

N
s=Ua;
j=1
rae npoMexyrku Ap,...,AyN OonNapHO He NepecekalTcs, TO Mepoll
MHOMHCECMGa S HA3LIBAETCA YMCJIO
N
mS = E mA; .
ji=1

Mepa nycroro MHOXeCcTBa, 1O onpeaesieHuio, paBHa Hyso: m = 0.
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Jemma 1. [Jasn awobuxr dsyxr sseMmenmapHwr Mmoxncecms s u S
cnpasedaueo pasencmeo

m(sUS) + m(sNS) =ms +mS.
Ecau ace s u S ne nepecexaromcs, mo
m(sUS) = ms + mS.

Jlemma 2. Ecau Mmnodcecmea s u S aaemenmapnvie u s C S, mo
m(S\s) = mS — ms.

OTH yTBepkKIOeHHs MOYTH oveBuAnbe. JloKa3aTb MX B KayecTmc
ynpaXHeHHS.

Tenepr mns s060ro orpaHMYyeHHOro MHoxecTBa G PpacCMOTPUM
qucaa
mG = sup ms, MG = inf mS,
sCG $OG

rae sup Gepercs Mo BCeM 3JIEMEHTapHHIM MHoXectBaM § C G, a inf —
Mo BCeM JIeMEHTapHHM MHoxecraaM S D G.

OueBugHo, y Joboro orpanudenHoro muoxkectsa G C R uucia mG
n MG cywectByor ¥ mG < mG.
Onpenencuue 3. Eciiu mG = MG, To 3T0 YKMCJIO Ha3BmBaeTcA

Mepoit Xopdana mruoocecmea G m obosnavaerca mG, a MHOoXectBOo G
Ha3bIBaeTCA udmepumuim no opdany.

Takum obpasom,

mG = sup ms = inf mS.
sCG 523G

W3 naHHOroO ompenesieHHs cliefiyeT, 9To JiloGo#t oTpesok [a;b] u3me-
puM u ero Mepa paBHa b— a. [lellcTBATeNIbHO, TaK Kak

(a;8] C [a;0] C (a— %;b] Vn €N,

TO
1
b—a< mfa;b] <mla;b] <b-a+~ VnEN,

U noatomy mla;b] = b — a. AHanorHyHo Hoka3mBaercsl, YTo m[a;b) =
=m(a;b) =b-a.

Teopema 1. Ecau muooncecmea Gy u Gy uamepumm, mo MHodice-
cmea G, UG; u Gy NGy mosce usMepumy u

m(G1 U Gs2) + m(G1 NG2) = mG, + mGa. (1)
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HoxasareabcTBo. Ilycts sy, S1, 82, Sz —— NpOM3BOSILHBIE 3Jie-
MeHTapHble MHOXeCTBa, YAOBJieTBopsiowmue ycnopusam: sy C G C S,
n 83 C G2 C S;. Torma, oueBnaHoO,

s51Usa CGL1UG2C 51 USs,
51Ns2CG1NG2C S NSy,
M NO3TOMY

m(s, U 87) < m(G, UGz2) < M(G1UG2) <m(S51US,),

m(s; N s2) < m(G1 NG2) <™(G1NGy) <m(S)NSy).
CJI0XHB 2TH HepaBeHCTBa M NPHEMEHUB JeMMY 1, nOJIyYMM HepaBeHCTBa
ms; + msy; < m(GyUG2) + m(G1NGy) <

<m(G; UG;) + m(G) NG2) < mS; + mS,.
Orciona v n3 uamepuMocTd MHoxectB G, m G, cheayer, 4To
mG1 +mG; < m(G1UG2) + m(G1NG,) <

<m(G,UG,) +™m(G, NG2) < mGy + mG,

CnenoBaTtenbHo,

ﬂ(Gl U Gz) =ﬁ(Gl U Gz),
m(Gl N Gz) "—'m(Gl N Gz),

T.e. MHoXecTBa G,UG2 u G)NG; namepumol. Kpome Toro, cnpaeeasiuso
pasencrBo (1).. Teopema 1 nokasana.

CnencrBue. Ecau usmepumue muodxcecmea Gy u G2 He nepecexa-
tomca, mo
m(Gl UGz) =mG; + mG,.

TeopeMma 2. Ecau muoocecmea ¢ u G usmepumsn u g C G, mo
Muoacecmeo G\g moorce usMepumo u

m(G\g) = mG — mg. (2)

Hokasareansnctso. Ilycts 5, S, s', S — npousBoJibHBIE 3JI€-

MeHTapHbhle MHOXECTBa, yAOBJeTBOpsiolime ycaoBuam: s C G C S,
s CgcS'. Torna
s\S' C G\g C S\s'.

Ouesunno,
m(S\s') = mS — ms’,

m(s\S') = ms — m(S' Ns) > ms — mS,

noatomy
ms — mS' < m(G\g) < m(G\g) < mS - ms’.
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Orcloia ¥ H3 H3MEpHMOCTH MHOXecTB ¢ U G cienyet, 4To
mG — mg < m(G\g) < m(G\g) < mG — mg.

CaenopatesibHo, MHOXecTBo G\¢g M3MepuMo M chpaBensmsa c¢opmy-
aa (2). Teopema 2 nokasaHa.

N3 TeopeM 1 m 2 caeayer, 4TO COBOKYNHOCML USMEPUMBI no
XKopdany miodcecme ssasemca anzebpotl MHodicecms.

B sakisioueHHe JOKaxKeM xpumepuil U3MEPUMOCMYU OTPaHHYEHHBIX
MHOXECTB.

Teopema 3. [Jas mozo umobu ozparuuenroe muoxcecmeo G C R
6wa0 usmepumo no XKopdany, neobrodumo u docmamouro, umobm ez20
epanuya G 6vaa usmepuma u moG = 0.

HokasatennctBo. Ecau MHOXecTBo G M3MepuMO, TO AJA JIO-
6oro € > 0 cymecTByIOT 3/ieMEHTapHLIE MHOXECTBa 8, M S, Takue,
9T0

8 CGCS,, mS, — ms, < €.

Torma, ecim S, — 3aMblKaHHe MHOXecTBa S, a 8* = s/ \0s, —

MHOXECTBO BHYTPEHHMX TO4YeK MHOXeCTBa s¢, To 0G C gg\s:, "
Mo3TOMYy
mIG < mS, —ms, <E.

CaenoBatensHo, Muoxectso dG wamepumo n1 maAG = 0.
Hao6opor, ecntm mdG = 0, To maa moboro € > 0 cywecTByeT
3JIeMEHTapHOe MHOXECTBO 0, Takoe, 4T0 G C 0, n mo, < €. Ilonoxum

Se=GUo¢ u s =S, \o..
Torna MHOXecTBa s, U S, 2jeMeHTapHLle H
5 CGCS.,, ms <mG<mMG<mS,,
0<mMG-—mG<mS, —ms, =mo, <E&.

CnenopatenbHo, MG = mG, T.e. MHOXecTBo G M3MepHMO.
Teopema 3 nokasana.
CorslacHo 3ToMy KpHTepHIO H3MEPMMOCTH, MHOXecTBO G BCeX pa-

UMOHAJIBHRIX TO4ek oTpeska [0;1] e 6yner uamepumuiM mo YKopmamy,
Tak Kak G = [0;1] u m8G =1.

IaBa 2. @ysxnpn onaolk mepemenHol

§ 1. IIpumepn wacyioBeix ynxopit

1.1. Onpenenense wmcnoBolf pynxmms. Ynucnosne yHknun u3yda-
JIMCh ellle B IIKOJILHOM Kypce MaTemaTHkH. Hanommmm cooTBeTcTBYyIO-
IMe oNpelesIcHAA M TOHATHA.
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Onpenenenue 1. Ilycts 3anann MHOXecTBo X C R ® HekoTopoe
npaBasio f, KOTOpoe KaXIoMy 4YHMcay z € X CTaBHT B COOTBETCTBHE
HekoTopoe 4Hcao y = f(z). Torma MHOXECTBO BCEBO3MOXHBIX TNap
(z; f(z)), = € X, HasniBaeTcs wucaosotli Pymwxyuell u obo3HauaeTCs
subo npocro f, mbo f(z), z € X, mmbo y = f(z), z € X.

MuoxectBo X HasbiBaeTca obsacmoio onpedeaerus Pywxyuu f
M uHorna obosmauaerca Dy, a MHOXecTBO Bcex y = f(z), z € X,
Ha3BIBAETCA MHONCECMEOM 3Haverull dynxyuu f U obosnavaetrca f(X).

MHoXecTBO BCeX TOYEK KOOPAMHATHOM MJIOCKOCTH C KOOPAMHATAMH
(z; f(z)), = € X, nasmBaerca zpaduxom dymwxyuu f.

B cany nansoro onpeaeJieHus, ecan MeHseTca obsacTh onpenesieHus
dbyHkuun, T0 MeHserca M ¢byHnkumsa, Hanpumep, bynkuun f(z) = z?,
z €R, n f(z) = 2%, ¢ € N, aBiAIOTCA pa3HEIMH: TnepBas —3TO
KBaJpaTHYHad (YHKIHMSA, a BTOpas — NOCJEAOBATENLHOCTh T, = N2,
n€N,

HOna moboit dynkmuu f(z), ¢ € X, dbyHkuus, Koropas mopoxia-
eTcd TeM e MpaBHJIOM COOTBETCTBHS f, HO ONpefesifieTcA TOJbKO
Ha HekoTopoM MHoXecTBe D C X, Ha3sHBaeTc cydrceHuem @Gynxyuu
f Bma mHOXectBo D. TakuM o6pa3’oM, NOCJIEAOBATENLHOCTb Tp = N2,
n € N, aBnserca cyxkeHueM KBaipaTuyHo#i ¢pyHKmuH Ha MHOXKecTBo N
HAaTYpaJIbHBIX 9HCeJI.

Ecnn sanana ¢ynkuus y = f(z), ¢ € X, To rosopar, YTO nepe-
MenHaa y ABaAeTcA pyHKuMel Hezasucumoll nepemennoldl r, U 4acro
nuuyT y = y(z) (4T06H He BBOAUTH JIMWIHMX O6O3HaYEHHIt).

Yucsosyio ¢yskuuio f, onpeneseHHylo Ha MHoxecTBe X, HHOrZa
Ha3HIBaIOT omobpadcenuem Muoxcecmeéa X Ha MHoxecTBo f(X) (mnm
B MHoxecTBo R). Torma y = f(z) HasmiBaeTcss 06pa30M TOYKH I, 3 T
— npoobpasom Toukn y. Ecnm M C X, To mMHoxecTBo Beex y = f(z),
Korna £ € M, nasmiBaeTca obpasom muoxcecmeéa M npm orobpaxeHun
f n obosnavaexca f(M).

YacTo ynciyioByio pyHKIOKIO 3a1a10T NpocTo ¢opmyJsioft, He yKa3HBas
ee obsiacTh onpeneneHuna. B aroM ciaygae mox obnacThio onpenesieHUs
¢YyHKUMM MOHMMAIOT TaK Ha3hIBAEMYIO ecmecmeenHylo obaacmsb onpese-
JIEHHA, T.€. MHOXECTBO BCEX 4YMCeJI, JUIA KOTOpHIX 3amaHHadA ¢opmyna
nmeer cmuicst. HanprMep, ecrecTsennoft 06/acTbio onpenesieHus PyHK-
nun, 3amanHoft dopmysoit y = V1 — 22, sBaserca orpesok [-1;1], a
byskunn, 3aganno#t popmysoft y = (z2 —1)~1/2 — o6veannenne aByx
uaTepBanoB (—oo;—1) u (1;+00).

Onpenenenue 2. Dyuknua f HaspIBaeTCA MOHOMONHO 603pacma-
owelt (ybwearoweil) Ha Mrodxcecmee X, eciiu oHa onpefeneHa Ha X
n JUig mobLIX T) ¥ Tz M3 MHOXKecTBa X BHIOJNHAETCA YCJOBHE: ecJid
z) < z3, 10 f(21) < f(Z2) (cootB., f(z1) > f(z2)).

QyHKUMA Ha3LIBaETCH MoMOomonHoll Ha Muodcecmee X, ecliH OHa
MOHOTOHHO BO3pacTalollafl MJIM MOHOTOHHO yOniBalomas Ha X.

Hanpumep, bynknasa y = r? MOHOTOHHO YOHIBAIOMAA HA POMEXYT-
Ke (—00;0] # MOHOTOHHO Bo3pacTalowas Ha npomexytke [0;+o00). Ha

3 — 1402
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Bceft obnacTm onpenenenus, T.e. Ha melicTBuTenbHO# npamo#t R, ona
He ABJIAeTCS MOHOTOHHOM.

DyHKIMA HA3HIBAETCA NMPOCTO Moromonnotll (6e3 yKa3saHMA MHOXKe-
CTBA), €C/IM OHA MOHOTOHHasl (MOHOTOHHO BO3PACTAlOlIas UJIN MOHOTOH-
HO ybbiBalomas) Ha Bcelt obsacTH onpenesienus. Hanpumep, dbyHkuns
y = 3 MOHOTOHHO BO3pacTalolas.

Onpenenenne 3. ®ynknuua f HasHBaeTca cmpozo 603pacmarujedt
(ybusarowet) na muoocecmee X, ecnm oHa onpeneseHa Ha X M Ans
JIOOBIX Z1 B T W3 MHOXecTBa X BHINOJIHAETCA YCJOBHE: ecJid T < T2,
10 f(21) < f(22) (coots., f(21) > f(22)).

DyHKIMA HA3KIBAETCA CMPO20 MoHomonroll Ha muoncecmee X, ecan
OHa CTPOrO BO3pacTalolllad MJIH CTporo yomBamomasa Ha X.

DyHKIUA Ha3HBAETCA CMPO20 MOHOMOHHOU, €C/IM OHA CTPOro Mo-
HOTOHHadA Ha Bcelt oOslacTHM omnpenesieHMs.

Hanpumep, ¢dynkmus y = z? cTporo yb6mBaomas Ha (—00;0] u
crporo Bospactalomas Ha [0;400), a ¢ynkums y = z° crporo Boapa-
CTalowa.

Onpenenenne 4. Oynxnus f HasHBaeTCA o2panuyennotl ceepry
(crusy) Ha mmoocecmee X, ecim oHa onpelesieHa Ha X M MHOXECTBO
J(X) orpannyeno csepxy (cHu3y), T.e. cymecrByer unciao M takoe, 4TO

VzeX f(z) <M (coots., f(z) > M).

Oyukina [ HaswBaeTcA oOzparuvenHoll na MmHoxncecmee X, eciH
oHa Ha X orpaHM4eHa HM CBepXy, M CHH3Y.

OueBuaHO, 3TO ompe/esieHHe PaBHOCHJIBHO cJjeayioweMy: yHKIMA
[ HasmBaeTc ozparusuennoli Ha muodcecmee X, ec/im OHa onpeneserna
Ha X ¥ ecqu cyuectByeT M Takoe, 9TO

VeeX |f(z)] <M.

@ynknua f HashBaeTca ozpanuvennotll (63 yka3aHHA MHOXKECTBa),
ec/l OHa orpaHHYeHa Ha Bcelt o6JacTH onpeaeseHus.

Hanpumep, ¢yHKuMa y = z? ABAAeTCA OrpaHMYeHHOR CHHM3y, HO
He sBJIdeTcA orpaHudeHHo#t cBepxy. OpHako Ha JIOGOM KOHEYHOM
NpOMEXYTKe OHa fBJifeTcs orpaHudennoft. ®ymkmua f(z) = 1/(1 + z?)
ABJAETCA orpanmyeHHolt, Tak kak 0 < f(z) <1 VzeR.

1.2. O6parinie pynxmym. Ciaoxune pynxupm. [Iycrs 3anana ¢yHk-
uua f(z), z € X, u nycts Y = f(X). Toraa, mo camoMmy onpenesieHuio
¢yHknun, Kaxmoe y € Y NOCTaBJIeHO B COOTBETCTBHE HEKOTOPOMY
z € X, Te. ana moboro y €Y ypaBHenuwe f(z) =y umeer xora 6M
OIIHO pellleHHe OTHOCUTENILHO T.
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Onpenenenne 1. ®ynxuua y = f(z), ¢ € X, HasuBaeTca obpa-
mumotl, ecin ana Juoboro y € Y = f(X) ypasuenne f(z) =y nmeer
enuucrBennoe pewenue z = p(y). Torna dbynkuua z = ¢(y), y €Y,
HasnBaeTcs obpamwoli x dynxyuu f u obosHavaerca fl.

3amernM, 9To yHKuma f Moxer 6HTL HeoGpaTHMoOit, omHaKO ee
cyXeHHe Ha HEKOTOpoe MHOXeCTBO A sBifAercA obpatumMbiM. B aToMm
clly4ae TOBODAT, 4TO GYHKUHA f obpamuma (MJIH uMeem obpammyro)
Ha MHOXecTBe A.

Hanpumep, oJynkmus y = z2 aBnserca Heobpatumolt (Ha ecre-
cTBeHHoit 06J1acTH onpe/iesieHHA), OAHAKO OHa MMeeT oOpaTHYIO KaK Ha
npomexytke (—o00;0], Tak m Ha npomexyTtke [0;+00). OHM 3ajal0TCA
dopmynamu z = —/y 1 z = /y.

Teopema: JNobas cmpozo monomonran dynxyus obpamuma. ITpu-
weM, ecau dannas PyHxyus cmpozo cospacmarowan (ybuearowas), me
u obpamnas Pynxyusk cmpozo Gospacmarowas (ybmearwas).

HokasateabctBo. llycts ynkuna y = f(z), ¢ € X, crporo
Bo3pacTaomas, ¥ nyctb Y = f(X). donycTum, 4TO ANA HEKOTOPOro
Yo €Y ypasnenue f(r) = yo MMeeT nBa pelleHHs r; M rz. Toraa, ecsu,
Hanpumep, z; < 2, 70 H f(z1) < f(z2), YTO NPOTHBOPEYHT YCJIOBHIO
f(z1) = yo = f(z2). CuenmoBarensHo, ana awboro y € Y ypaBHeHue
f(z) = y nMeeT emmHCTBEHHOE pelleHWe, H NMOITOMY AaHHAA (PYHKUHMA
umeer obpathyo z = f~!(y), y€Y.

Ilycts Tenepb y) €Y, y2 €Y 1 7y = f~ (), z2 = f~(y2).
Torna, ecitm y) < y2, To z; < T2, TAK KaK H3 HepaBeHCTBa ZT; > I3
cyeayeT HepaBeHCTBO ¥; > y2. CuenoBatenbHo, obparHas yHKuUMA
CTPOro Bo3pacTalomas.

AHaJIOTHYHO AOKa3HBaeTcd, 9TO CTporo ybnBaoowad QPyHKIHA HMe-
er cTporo yb6mBalomyio obpatnyio. Teopema noka3aHa.

Onpenenenve 2. Oyukuusa, Koropad 3agaerca dopMmysnolf y =
= g(f(z)), rme f W g — naHuble YHKUMH, Ha3HBAETCA CA0MCHOU
dyrxyueit HaH xoMnosuyueti (MHOrAa cynepnosuyuet) dbynkun#t f u g.

Ion obnacTbio ompenesieRns cioxHo#t bynkuun y = g(f(z)) nonnm-
MaeTcsl ee eCTeCTBeHHas obBJlacThb onpefesieHMs, T.e. MHOXECTBO BCex
z € Dy Takmux, uro f(z) € Dy, tne Dy m Dy — obnacTu onpemesieHus
bynkmuit f u g. B d9acTHocTH, ObOsacThIO onpenesieHHs YHKLUH
y = 9(f(z)) mMoxer 6LITbL mMycTOE MHOXKECTBO, TOrAa FOBOPAT, YTO 3Ta
KOMIIO3MLIMA He MMEET CMBICJIA.

IIpu manmcanun dopmysst cioxuolt dynkumn y = g(f(z)) HesaBu-
CHMYIO TIepeMeHHYI0 (PYHKUMH ¢ M 3aBHCHMYIO IlepeMeHHY10 YyHKINK
f, ana HarnagHoctu, o6o3HadaloT ommolt GykBol, Hampmmep, y = g(u)
1 u= f(z).

Mpumep. lycrs 3anann bynkuun f(z) = 1—2z2 n g(z) = /7.
Torna cnoxnas ¢dbysknusa y = g(f(z)) samaerca dopmyioit y = /u,
rme u=1-z2 te. y=+V1-z2 A cinoxnaa dynkuua y = f(g(z))
sanaetca ¢opmyiot y =1—22, rme z = /Z, Te. y=1—z, npudem
agech z > 0.

1
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Ecsn dbynkuua y = f(z) obpatnmas, To M3 ompeneseHna obparHolt
dyuknuu caenyer, 4To

f~Yf(x)) =z Vz €Dy

3aMeTHM, YTO TOHATHE cJoXHO# GyHKIMM onpeleJseT He CJIOX-
HOCTb paccmaTpuBaeMolf (byHKIMH, a TOJbKO cnocob 3anaHusd 3TOR
dynxuun (KaK KOMIOSMUMH 3aJaHHBIX Jbynkunit). Hanpumep, crenen-
Hast ynKuma y = z%, z € (0;+00), MoxeT 6bTh 3a4aHa KaK CJIOXKHAA
GyHKIHA Y = e®"?  ofpasoBanHas M3 ¢yHkuMit u =Inz, v =au u
y=¢e".

1.3. Hoxa3zaremmsuas u Jorapudmuiecxas bysxmpm. Ilycts 3anano
nonoxurenbHoe uncno ¢ # 1. Torma ¢ynkumsa, saganHas copmyJioft
y = ¢*, Ha3nIBaeTcA noxasameavoll, a GpyHkuusa y = log, z HasbiBaeTCH
aozapudmuvecxodl.

W3 onpemenenusa creneHn ¢ AefCTBHTE/IBHBIM TOKa3aTesieM M Jiora-
pudMa YHCa CJEAyeT, YTO NoKa3aTejbHafd (byHKIMA ompefeseHa Ha
Bcelt OeficTBuTesbHO# mpsiMoft, T.e. Ha R = (—o00;+00), a storapucdpmu-
qeckad PpyHKuus onpenesena Ha uuteppavie (0; 4+00). IlokasaTesnbHad u
sorapudMudeckait PYHKIHH C ONHUM M TeM XK€ OCHOBaHMEM SABJIAIOTCA
B3aMMHO OOpaTHLIMH, H NMO3TOMY IIOKa3aTeJibHad (YHKUHA ¢ JIIOGHIM
ocHoBauueM c > 0, ¢ # 1, npuauMaeT Ji06oe 3HaueHHe W3 HMHTEpBaJa
(0;4+00), a norapudpmuueckas pynkuua — Jmoboe 3uauenne n3 R.

U3 cBoitcTB crenenefi cienyet, YTo nokasaTeabHas PyHKUMA npH ¢ > 1
cTporo Bo3pacTaeT, a npH ¢ < 1 crporo y6mBaeT Ha R. AHaJIOTHYHO,
Jnorapudmuieckas dyHkuna npu ¢ > 1 cTporo Bospactaer, a npu ¢ < 1
ctporo ybuiBaer Ha (0;+00).

IMokasaresibHas GyHKIUUA ABJAAETCA OrDaHMYEHHON CHH3Yy M Heorpa-
HuyeHHO# cBepxy. Ilpuyem, mpu ¢ > 1 oHa orpaHndeHa Ha JoboMm
npomexyTke BHAa (—oo;a), a np ¢ < 1 — Ha JoboM npomexyTke
BUfa [a;+00).

Jlorapupmudeckasd PyHKIHA He ABJIAETCH OrpaHNYEHHON HU CHH3Y,
HH cBepxy. OHa orpaHMyYeHa Ha JI060OM KOHEYWHOM MpPOMEXYTKe.

IMokasaresnpHana ¢pyHKIUA y = €°, OCHOBAaHMEM KOTOpO# fBJIAeTCA
YHCJIO €, Ha3hIBAETCH IKCNOHEHYUGALHOU dyHxyuell HIM 3Kcnorenmotl
H HHOrma obo3navaercs y =expz. Tak Kak e > 1, To KCNOHEHIHANID-
Hafd (YHKUHMA CTPOro Bo3pacTalolias.

1.4. Crenennas ynxups. ITycts 3agaHO HekoTOpoe 4MCIO a # 0.
Torna dyHkuus, 3anaHHaa dopMmysioff y = 2%, Ha3mBaeTCA cmenenHotl
$ynxyuell ¢ noxasamesem a.

W3 onpeneneRMs CTeNeHHM cJeAyeT, 4YTO CTeneHHas ¢YHKUUA C
JMOGhIM NOKa3aTejieM @ 3aBEeROMO ompejfesieHa Ha uHTepBaje (0;+00).
Ecau a > 0, To oHa onpenenena u npu z = 0.

Crenennas ¢pyHKnMA ¢ mokasareneM a > 0 cTporo Bospacraer Ha
npomexyTke [0;+00), uMeeT obpaThyio y = z!/® u npuaEMaer so6oe
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3HayeHue y > 0. Crenennas ¢yHkuuMa c nokasateseM a < 0 crporo
y6uiBaeT Ha nHTepBaJe (0; +00), umeeT obpaTHyIO ¥y = z1/2 y npunAmaet
moboe 3Havenue y > 0.

CrenenHas YHKUMA C HaTypaJIbHRIM [OKasaTesleM a = n, Tae
n € N, onpeneneHa Ha Bce#t uymcioBoit nmpamoit R. Ecsau n HeueTHoe,
TO OHa CTporo Bo3spacraeT Ha R, umeer obpaTHylo M mpuHMMaeT Jrioboe
3HaveHne u3 R, T.e. otobpaxaer R na R. Ecim n dernoe, 10
oHa cTporo y6miBaeT Ha npoMexyTke (—o0;0], a Ha [0;+00) crporo
Bo3pacTaeT, M oTobpaxaeT R Ha [0; +00).

CreneHRas ¢yHKUMS C LeJHIM moOKasarejeM a = —n, rae n € N,
onpenesieHa Ha Bceft uucisosolt npamoit R, kpome Toukm z = 0. Ecam
n HedeTHOe, TO OHa cTporo yb6miBaeT Ha uHTepBaje (—00;0) M Ha
untepBasie (0;+00). Ona npunumaer Joboe 3Havenne y # 0.

AHaJIOTHYHBE 3aMeYaHNA MOXHO CHEJIaTh M OTHOCHTEJIbHO CTeneH-
Hol byHKUMM C pauMOHAJIBHHIM NOKasaTtesdeM a = 1/n wm a = —1/n,
rae n € N.

NHorna yno6HO paccMaTpHBaTh CTENEHHYIO DYHKIMIO C ToKa3aTesieM
a = 0, cynTas, 4TO OHa onpeaesieHa Ha Bceit uucioBo#t mpamolt R,
KpoMe, MOXeT 6hITh, Toukk z =0, n 2° = 1 gna moboro z u3 obnacTh
onpeaeJieHu.

1.5. Tpuronomerpuueckxe ¢ynxipm. HanomMHuM, ¥TO mnuHa AyrH
OKPYXHOCTH ONpeNesAercsd C MOMOWbIO IJIMH JIOMAHBIX, BIMCAHHHIX B

3Ty AYTY.

Onpenenenne 1. Ina moboft nyru AM OKpyXHOCTH YHCJIO, pPaB-
Hoe 'roquoﬁ BepXxHell rpaHu MHOX€CTBa JTHH BCEX JIOMAHBIX, BIHCAHHBIX

B AM HasbiBaeTc Jauxotl dyzu AM n obosnauaetcsa IAM B

O4eBNAHO, MHOXECTBO IJIMH JIOMAHHMX, BIUCAHHBLIX B AM , orpa-
HHUYeHO, W MNO3TOMY JioGas Ayra OKPYXKHOCTH HMMeeT AJuHYy. Jlerko

IIoOKa3aTb, 4To ecniu M €AB, rpe AB — nayra oKpyXHOCTH, TO
| AB | = |AM|+|MB|.

910 yTBepxaeHne B obuieM ciydae ByneT AOKa3aHO HUXKe, a AJIA
OKPYXHOCTH NPpEAJIaraeTcsi HOKa3aTb €ro B KayecTBe YNpaXHeHHs.

Onpenesnenue 2. Uncio, paBHOE HAJIHHE HOJIOBMHBI OKDPY>HOCTH
€AMHUYHOTO panMyca, Ha3bIBAETCA HUCAOM T.

B KauecTBe ynpaXHeHHMf NOKa3aTh, 4TO 3 < 7 < 4.

ITycTh Ha enunngHON# oxpyxHocTH C bHKCHPOBaHa HEKOTOPasA TOYKa
A. Torpa xaxno#t Touke M € C MOXHO MOCTaBUTh B COOTBeTCTBHE

mee ayru AM n MA: AM ortkjaaniBaeTcd OT TOYKM A mnportus
qacoBolt ctpenku, a MA — mno dvacoBo#t ctpenke. Kaxmomy uncay
a € [0;27) noctaBuM B cooTBeTcTBHE AYry AM o, AMHMHA KOTOpO#t paBHA
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a, a xaxgoMmy a C (—2m;0) — ayry M,A miman a. CnenosaresibHo,
KaxaoMy 9Mcay a € (—2m;21) craBuTcs B cooTBeTCTBUE ToUKa My € C.
Ecnu xe |a| > 27 1 a = ag + 2n7, thne ap € (—27;27) u n — weJioe,
TO 3TOMy & NMOCTaBHM B COOTBETCTBHME TOYKY M,, KOTOpas COBHnaiaer
¢ M,,. Takum obpasoM, kaxiaoMy a € R cTaBHTCA B COOTBETCTBHE
Touka M, € C.

Ha mJiockocTH, B KOTOpPO# JIEXXHT eMHHHYHAA OKpYyXHocth C, BBEJEM
NpAMOYTONbHYIO HEKapTOBY CHCTEMY KOODAMHAT TaK, 4YTOBH HavaJso
KOODAMHAT COBNAAAJIO C LEeHTpoM OKpyXHocTH C, a Touka A Hmesa
koopaunatel (1;0). IlycTs 2q,Y. — KoopamHaTH TOukH M, € C B
aTolt cucTeMe KOOpAMHAT.

Onpenenenune 3. Onaa xkaxmoro a € R yuciio z, Ha3sHBaeTcd
xocunycom a M 0BO3HAYAETCA COSQ, a YHCIO Yo — CUHYCOM a H
obo3HavyaeTcsd sina.

JlemMma 1. Jas awbo2o a ER  |sinal < |al.

HJdokasareancrtBo. Tak kak [sina| <1 u sin(—a) = —sina a1a
gioboro a € R, To nocratoyno paccmorpeth qnumb o € (0;7/2). Haa
TaKUX @ HMeeM:

§ine = ya < VIZ + (1 = Za)? = |AMa| < |AM o] = a.

Jlemma 1 moxasana.

sina
Onpenenenne 4. Ecna cosa # 0, To 4ucao p
a

Ha3bIBaeTCHA

. cosa
manzencom a u obosnavaercs tga. Ecam xe sina # 0, To yncao p

HaskIBaeTCHA Xomamzencom a H obosnadaercs ctga.
Jlemma 2. Jas awbozo a € (—n/2; n/2) |tga| >|al.
HokaszaTenbcTBo. O4eBHAHO, HOCTATOYHO pacCMOTPETH JIHLIbL
a € (0; #/2). TIlyctb M, — Touka oxkpyxuoctn C Takad, 4TO

|AM,| = a, a T, — Touka nepeceuenns sydya OM, c mpamoit AN,
nepnenaukynspHot k ocu OA. Tornma nerko Bugers, 9ro |AT,| = tga

u ana mobo#t nomanuo#t !, BmmcanHoft B nyry AM,, cnpaBemsuBo
HepasencTBo |l| < |AT,|. CnenoBaresbho, a < tga.

Jlemma 2 nokasana.
Cnencraue. Ecau a € (—7/2; 7/2) ua #0, mocosa < %r;_a <1

Onpenenenue 5 ®ynkunu, sagaHHBle dopmynamn y = sinz,
y=cosz, y=tgzr U y = ctgr M onpelesieHHble Ha €CTECTBEHHBIX 0b6JIa-
CTAX ONpeje/eHNs, HA3bIBAIOTCA MPUZOHOMEMPUNECKUMY PYHKYUAMY,
COOTBETCTBEHHO CUMYCOM, KOCUNYCOM, MAHZEHCOM U KOMAHZENCOM.

U3 onpenenenus cunyca M KocuHyca 4ucia chenyet, 9To yHKIMsA
Yy = sinz CTporo Bo3pacTaer Ha orpe3ke [-m/2; /2], a dynkuua
Yy =cosz crporo y6uBaer Ha oTpeske [0; ], npHyeM OHM NIpMHAMAIOT
3HaveHus u3 orpeska [—1;1]. Orciona crenyer, uto dynkuua y = tgz
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cTporo BospacTaeT Ha uHTepBaje (—m/2; 7/2), a dyHkuua y = cigz
crporo y6miBaer Ha muTepBaie (0;m). [lanee 6yner nokasaHo, ¥TO
sinz ¥ cos NPMHMMAIOT Joboe 3HavyeHue Y € [-1;1], a tgz = ctgz —
moboe 3naveHne y € R.

Onpenenenne 6. ®ynkuun, obpaTHHE K PYHKLUAM

y=sinz, z€ —-g-;-g-]; y=cosz, z€[0;n];

y=tgz, =zE€ (—g; g) iy y=ctgz, z€(0;m),
Ha3HIBAIOTCA 06pamusMu mpuzoHoMempusecKuMy Gyrxyuamu u obo-
3HaYaloTCA COOTBETCTBEHHO arcsin z, arccos z, arctgz, arcctgz.
®ynknua y = arcsinz onpelieneHa Ha orpeske [—1;1], crporo Bo3+
pacTaeT M NpHHHMaeT Joboe 3Hadenme y € [—n/2; v/2]. Oynkoma
y = arccos z onpefiesieHa Ha orpeske [—1;1], crporo y6niBaeT M NpHHE-
MaeT smo6oe 3nadenne y € [0;7]. OyHkuua y = arctgz; onpenesieHa Ha
R, cTporo Bo3pacTaeT M NpuHHMaeT Jio6oe 3Hadenme y € (—x/2; 7/2).
HaxkoHen, ¢pynknusa y = arcctga; onpenenena Ha R, crporo y6mBaer B
npHHEMMaeT J06oe 3Havenne y € (0; 7).

1.6. Duemenrapusie dynxuym. HanmomuuMm, byHKUUA, 3anaHHaf
Ha R ¢opMmynoft y = ¢, rme ¢ — HEKOTOpPOe YHMCJIO, Ha3LIBaeTCHA
nocmosannot.

IMocTonHHas, MOKa3aTeNbHASA, CTENeHHas, JorapudpmuyecKas, TpHro-
HOMeTpHYecKHe H 0OpaTHhIE TPHIOHOMETpHUECKHe PYHKIMM HA3KIBAIOTCA
OCHOBHBIMU INEMEHMAPHUMY PYHKYUAMUY.

Onpenenenne. Jliobasa pyHKuus, KOTOpas MOJYy9aeTCHd M3 OCHOB-
HBIX 3JIEMEHTapHHIX PYHKIHH OPH MOMOILM KOHEYHOro YHUCJa KOMIIO3H-
uuit ¥ apucdMeTHYECKNX omepalyit Ha3HIBAETCA 3IaeMeHmapHodll.

PaccMOTpHM OCHOBHHE KJIACCH 3JIeMEHTapHHIX DYHKIHH.

1. Mnozousenn (nosuroms). MHorodsieHaMu HasHIBAalOTCH YHK-
IHH, KOTOpHE MOryT GHITh 3aJaHhl opMyJiaMH BHAS

y=a+az+...+a,z", (1)

rae ap,ay,...,8p — 3aJaHHHE YAcJa (Ko3hpUIMEHTH MHO-
rowrena). Ecau a, # 0, To 9HC/I0O n Ha3HBaeTcA cmenexvio
Mrozousena (1). MHorodsieH nepsoit creneHu — ato JnHeHHas
dyHKIMA, a MHOrO4JIeH HyJieBoM cTeneHd — 3TO NOCTOSAHHadl.
Muorousies, y XoToporo Bce Koa(dpdHUMEHTH pPaBHH HYJIIO,
Ha3sblBaeTCA HYJIEBHM; OH He HMMeeT cTelleHH. MHOrowieHn
Ha3LIBAIOTCA €lUE YEABMU PAYUOHAIODHUMU PYHKYUAMU.

2. Payuotaavrsie dyvxyuu. PanumoHaIbHEIMA PYHKIMAMH Ha3H-
BalOTCA (YHKIMH, KOTOPHE MOTYT OnITb 3aJaHBl GopMyJsaMH
Buna y = P(z)/Q(z), rae P(z) m Q(z) — mHorouneHn, npu-
9eM Q(z) £ 0. Taxkue ¢GpyHKIUM HHOTAA HA3LIBAIOT JpPobHuMU
PAYUOHAADHBMU PYHKYUAMUY.
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3. HUppayuorasrvrue gynxyuu — 310 PYHKIMH, He SABJIAIOIMECH
PalMOHAILHBIMU, KOTOpble MOTYyT OHTBH 3aflaHbl C NOMOLIbIO
KOHEYHOro YMCJIa KOMIO3MIM# paNHOHAJBbHHX M CTENeHHHX
dynkuuit ¢ panHOHaNLHHMHE NOKA3ATEAMHE H apHPMETHYECKHX

onepauuit.

4. Tpancyenderimuvie Pynxyuu — 3TO JIEMEHTApHHE (DYHKIMH,
KOTOpHIE HEe fABJIAIOTCA HH PAlMOHAJILHHIMHM, HA HpPalMOHAJb-
HbIMH.

JoxasaHo, 9TO mMOKa3saTeJIbHafA, JiorapHdMHUecKasi, TPHIOHOMETPH-
JecKHe M OOpaTHBle TPHTOHOMeTpHYeckue (PYHKUMH ABJMAKOTCA TPaHC-
UEeHAeHTHRIMA DYHKIUAMH.

§ 2. Ilpenemnt pyHxigit

2.1. Onpenenenue mpenena ¢yuxuuu mo lelime. Hamomuum, uro
ToukKa zo € R HashBaeTcs npemeapHo#t Toukoft MHoxkectBa X C R,
ec/i B JI060# ee OKPEeCTHOCTH CYIIECTBYET XOTA OW omHa TodKa u3 X,
OTJIN4HAA OT Zo. Ilo aHaJlorMm ¢ 3THM, e€CJIM MHOXeCTBO X SABJAETCA
HeorpaHMYEeHHHIM CBepXy, TO GecKOHeYHO yHaJIeHHasi TOYKa +00 TOXKe
HasBBaeTCA NpelesibHoit TouKo#t MEOXecTBa X, TAK KaK B 3TOM CJy4ae
B Jobolt oKpeCTHOCTH 3TOff TOUKM CYLeCTBYET TOYKa MHOXecTBa X.
Ecau xe X He orpaHd4YeHO CHHM3Y, TO TOYKa —OO TaKKe Ha3hiBaeTCH
npeaejibHoit Touko#t mMHOXecTBa X.

Onpeaesenne 1. Ilycth ¢ — uncao M GeCKOHEYHO ylnaJieHHas
Touka HeHcTBUTENbHOM npamolt R, a xg — KoHeuHad WM HeCKOHEYHO
ylaJieHHad npefgesibHaa Todka MHoxectBa X C R. Torna ¢ Ha3nBaeTcs
npedeaom dynxyuu f(z), z € X, npu z — zo (MM 8 mouxe zo), ecan
ana mobolt mocsenoBaTeSILROCTH {z,.} Tako#t, uro

Vn z,€X, zp#zo B lim 2, =z,
- n-—»00

NOCJIeA0BATENBHOCTb Y = f(Zn), n € N, cxomures K ¢, T.e. le f(zn) =c.
n--$00

B arom cnyvae byaeM nucaTh ,l.ff? f(z) = ¢, man «f(z) = ¢ npm
T = To>. ¢

Yrobu He 6BUIO pasmouTeHMf#t, B TeX cJy4adX, KOrAa YHKLMA :
f(z), = € X, aABngercs cyxeHueM HekoTopolt apyro#t dynkumm, 6ynem
FOBOPMTb, 4YTO ¢ ABJAETCA npedesom Pymxyuu f(z) npu z — zo no
muoocecmey X, U nucath «f(z) — ¢ npu  — zo, z € X». Hanpumep,
sinzr — 0 npu £ - 400, zE€N.

3aMeTnM, 4To B ompefleieHMH npenesa c¢dyHKuuu f B TOYKe To He
TpebyeTcd, 4TobH yHKuMA f Obljia onpenesieHa B TodKe ZIg.

OueBraHo, bYHKIUMA He MOXET HMETb IOBYX pa3HLIX MpenesioB B
TOuYKe, TaK KaK HHayYe CylulecTBOBaJIa OHl MOC/IEeROBATENLHOCTD, HMEOAA
[Ba pasHHIX Npedesia, YTO HEBO3MONKHO.

Mpumep 1. lim cosz =coszy Vzo CR.

T=h2g
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JefticTBuTenbHo, s Jgoboro r, HMeeM:

. Zyn—=20 . Tn+ 2o
CO8 Z,, — CO8 Zg = 2sin — sin =2 .

2 2
A 13k kak |sina| <1 ® |sina| < |a| (cM. gemmy 1 w3 n. 1.5), 10

| cos 2, — cos zg| < |2 — zo].

IloaTromy, ecam z,, = To OPE n — 0O, TO H COS T, — COS Tg MPH N — 00,
YTO M NOKAa3bIBAET Hallle yTBEpXIecHHe.

Mpumep 2. @yukuna f(z) = sgnz, z € R, He uMeeT mpemena B
Touke zg = 0.

,H,eﬂc’rnu're.nbno, MOCJIEROBATEJIBHOCTDb
-1)7
Tp = L_)’ ne N,
n

cxonutca K 0 m z, # 0 Vn, Ho mocaenoBarensaocTd f(zn) = (—1)°,
n € N, He nMeeT npegena.
Mpumep 3. Oyskuus f(z) = cos z He UMeeT mpeaesa npu z — +00.
JeficTBHTENIBHO, MOCJIENOBATENBHOCTD £, = N, N € N, Takad, 410
lim z, = +o0, ognako mocsenoBatensHocTb f(z,) = (—1)", n €N, ne
EMeer mpenesia.

INNpumep 4
. 1\”
i (143) = )
Pewenne. Ilpexnme Bcero, mosib3yfAch onpeleseHHeM Yucjia e,
JoKaxeM, 49TO
1\™* 9
li —_ =
k-l-br?o (l + nk) ¢ ( )

asia Jobolft mocsienoBaTENBHOCTH Nx TaKoit, uTo
Vk nx€N m lim ng = +oo.
k=»00

(3ameTuM, 4TO 37eCh My MOXET He GHITH MOANOCJIENOBATEJIbHOCTHIO
TOCJIEIOBATEILHOCTH 7.)

BosbMeM HekoTopyio okpecTHocTb (a;b) uncna e. Tornma cymecTsyer
N Takoe, yTO

1 n
Vn> N (1+;) € (a; ),
a TaK Kakx klim ng = +00, TOo AMa 3toro N cywectByer K Takoe, 4TO
—00

Ve>K np>N.
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CnenoBaTtesibHO,

Nk
Vk> K (l+ i) € (a;d),
Nk

4TO ¥ JOKa3blBaeT paBeHCTBO (2).

ITycTs Teneppb zx — NPOM3BOJIbHAA MOCJIEOBATEbHOCTD, Y KOTOPOi
kllm Zx = +o0o. He orpaHMumBasi OBWHOCTH, MOXHO CYHTAThb, 4TO
-$00

T > 1.

Tonoxum ng = [zx], rme [zx] — uemas vacts umcna z. Tornma
ng < zp < ng + 1, khm ng =400 H
— 00

1 ny 1 Y 1 Ne+1l
(1+ ) §(1+——) <(1+—)
ne+1 T - g
ana goboro k € N. Orciona cneayer, uto
1\*
lim (l + —) =e.
k—oo Tk

A TaK KaK 3TO PaBEHCTBO CNPaBeMIHBO A% 1060} NocIen0BaTEILHOCTH
{zx} Taxoft, yro kllm zk = 400, To paBeHcTBO (1) nmOKasaHo.
- 00

3ameTum, uTO ecyn y GyHKIMH f CYWeECTBYIOT Npeleshl MpH
Z — 400 M IpU T — —O0O H 3TU MNpelesiH paBHbI, Hanpumep, A, To
muuyT «f(z) = A npu z — co» uem

Jlim f(z) = A.

Onpenenenue 2. ®ynkuna f(z) HasbiBaeTcs beckoreuro 6oavwotl
npu  — xo, TAe Zo — KaKaf-TO NpefesbHad TodKa MHoxecTBa Dy,
ecmn lim |f(z)| = +o0.

T—=ZTo

Ananoruyno atoMmy, byHkuus f(z) HasmIBaeTca becxoneuno Masotl
npu z — zo, ecsm lim f(z) = 0.
T—Zg

2.2. Ompenenenne npenena ¢yuxumu no Komm. Jaaum ewe onHo
onpenesienne $HYHKIMM, SKBUBAJICHTHOE ofpefesienMio u3 m. 2.1.

Onpenenenne 1. Ilycts ¢ — unciio uan 6eCKOHEYHO yJaJIeHHAA
To4yka JeHicrBuresbHolM nmpamo#t R, a 9 — KOHeyHas MJIM GeCKOHEYHO
yaaJieHHas npeneabHad Touka MHoxecTBa X C R. Toraa ¢ HasmBaeTcs
npedeaom pynxyuu f(z), = € X, npu z — 2o (WM B mouxe zp), eciu
ana sobo#t okpecthocTH O(c) ToukM ¢ cyuecTByeT oKpecTHocTb O(z0)
TOYKM Zo Takadfl, 4yto f(z) € O(c) mna moboro z € O(zo) N X, = # zo.

9710 omnpefiesienre HasHBaeTca onpedeaeruem Kowwu npedeaa Pyrix-
yuu. [Ipexae 4eM oka3biBaTh 3KBHBaJIEeHTHOCTh ONpeaesicHu#t npeaena
¢yskuuu no Koun u no IefiHe, nokaxem ofHO MOYTH OYEBHAHOE yTBEp-
XKJeHHe.



§ 2. NPEAEJTHI ®VHKLIMIA 78

Jlemma 1. Ecau zg — npedeavras mouxa mmoxwcecmea M C R
(xoneunan uau Gecxoreuno ydasennasn); mo cywecmeyem nocaedosas
meavHocmo movex Tn, n € N, muoocecmea M maxuzx, wmo z, # z9
Vn u lim z, = zo.

n—00

JokaszareabcTBo. Ecim 29 — KoHeuHas mnpenmesbHas ToYKa
MHOXecTBa M, To B KaxaoMm HHTepBajde (zo—1/n;zo+ 1/n), rae
n € N, cymecTByer Touka MHOXecTBa M, OT/IMYHAA OT To. OBO3HaAUMM
3Ty TOYKY 4Yepe3 Z,. Torma z, € M, z, # zo Vn u, oueBHIHO,
lim z, = zo.

n—00

Ecnu z¢9 — GeckoHe4HO yRaJleHHas mpeResibHaf TO4Ka MHOXECTBa
M, nanpumep, 2o = +00, To B KaXAoM HHTepBaJie (n;+00), rae n € N,
cyuecTByeT Touka MHoxecTBa M. OG6Go3HauuM 2Ty TOYKy 4epe3 Ij.
Torna z, &M Vn u lim z, = +o0.

n— o0

AHaJIOTHYHO paccMaTpHBaeTcq M ciydalt, Korfa zo=—00. Jlemma 1
ROKa3aHa.

Teopema. Onpedeaerua npedesa dynxyuu no Ieiive u no Kowu
IKEUBAAEHMH Y.

HJdoxkasateabctso. Ilyctb ¢ — npemen dbyukuun f(z), z € X,
opu £ — zo B cMbicsie onpepesienns leftne. [onyctum, 4TO c He
ABjiAeTcs npenesioM byHKuMu f(z) npu = — o B CMBICJIE ONpeAeSIeHUs
Kown. 3Ito osHavaer, 4Tro cywecTByeT okpecTHocTb O(c) TOYKH ¢
Takas, 9To B Jo6olt okpecTHocTH O(zg) TOYKM T( CYUIECTByeT TOYKA
z # o MHoxectBa X Takad, 4To f(z) ¢ O(c). Cmenosarenbuo, 2o —
npenejibHaf TOYKa MHOXeCTBa Tovek z € X, ana koroprix f(z) ¢ O(c).
Torma, B cuny sieMMH 1, CylIeCTBYeT MOCJIEAOBATEJIBHOCTL TOYEK Ip,
n € N, muoxecra X Takux, 4T0 T, ¥ zo Vn, nli'ngoz,, =2 M
f(zn) ¢ O(c). OnHako Takol HOC/IEHOBaTeNILHOCTH He MOXeT OHITh,
Tak Kak f(z) = ¢ npu £ — zo B cmbiciie onpeaenenns leltue.

Ilycts Tenepp f(r) — ¢ mpu z — To B cMhicie onpefesienua Ko,
M NycTh NOCJIeAOBaTeNbHOCTh {z,} Takaf, 4TO Z, € X, zp # 2o H
z, — o Npu n — 0o. Bo3bmem HeKkoTopylo okpecTHOCTb O(c) TO4KH
c. Torma cywectsyer okpectHocTs O(zg) TOYKHM Zo TaKad, 4TO

Vz € O(zo) N X, z#zo, [f(z)€O(c),
a J1Jd 3Tol oKpecTHocTH cymecTByer N TaKoe, 9TO
Va> N =z, € O(z0).
INostomMy Vn > N f(z,) € O(c) m, cienoBaTesbHO, "l'l'rrgo f(zn) = c.
TeopeMa mokasana.
Jna ¢opMysiMpoBKkHM onpelnesieHHs npegesa no Koumn ynobHo moJib-

30BaTbCA NMOHATHEM upoxo.rm'roﬂ OKPECTHOCTH.

Onpenenenne 2. MHoXecTBO Bcex TodeK oKpecTHocTH O(zo)
TOYKH Zo, OTJIMYHBIX OT Zo, HA3HIBAETCA NPOKOAOMOU OKPECMHOCMLIO

o
mouxu o ¥ obo3navaerca O(Zo).
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CnenopatesibHO, ecliu 9 — KOHedHas Touka, n O(zp) = (e;b), To
]
O(zo0) = (a; zo) U (z0; ). A ecm zo — GeckoHeuHo ynajieHHas TouKa,

(-]
TO, N0 ompefesiennio, O(zo) = O(zo).
Tenepb onpenmenenne npegena ¢bynknuy no Komn moxuo chopmy-
JIEPOBaTh CJedyloluM obpasom: f(z) — ¢ npH z — zp, ecam

[}

VO(¢) 30(z0): Vz € O(zo)NDy f(z)€ O(c), (1)
rne D; — obnacTy ompepenenus ¢byHknuu f, a o — INpefenbHAdA
TOYKa MHoXecTBa Dy.

IMpumep 1. lim ¢ =¢® Vzo €R.

r—zxgo

Pewenne. Ilycte cHavasma ¢ > 1. Torna, ecin (a;b) — okpect-
HOCTb TOYKH Yo =c° u a > 0, 1o log.a < z¢ < log, b, T.e. mHTEepBaN
(log, a;log. b) — okpecTHOCTb TOUKM Zo, MpUYEM TaKasd, 4TO

Vz € (log.a;log.b) ¢* € (a;b).
Ecnu xe a <0, To
Vz € (—oo;log. b) ¢* € (0;b) C (a;b).
Hus ¢ > 1 yrBepxpnenue nokasano. B ciyuae, korma 0 < c < 1,
OHO JOKa3HBAaeTCs aHaJIOTMYHO.
Ilpumep 2.

lim =400 Vc>1.
2—=++400

He#tcTBurensHo, nasa moboro b > 0 umeem:
Vz >log. b c* >b,

4YTO NOKa3HIBaeT Hallle YTBEpXAEHHe.

CneslaeM HECKOJIbKO 3aMe4aHHH OTHocHTesibHO onpefnesierds Koumm
npenena ¢pyHKIMH B TOUYKeE.

JNemma 2. Ecau 29 ER u ¢ € R, mo ycaosue (1) pasrocuavro
Yycaosuio:

Ve>0 36>0: Vz€ Os(zo)ND; f(z) € O.(c). )
Dokasareabcrso. Ecan Bunosnnserca ycaosue (1), To, oueBna-

HO,

Ve>0 30(z0): Vz € O(zo)NDy f(z)€ Oc(c).
Mycts O(z0) = (a;b). Monoxnm

§ = min{zo — a;b — zo}.
Torna Os(zo) C O(zo), ® noaTomy
Vz € Os(zo)N Dy f(z) € Oc(c),

T.e. BHNOJHAETCA ycJoBHe (2):

Iycts Temepn Bunosneso yciiosme (2). Torma ecam O(c) = (A; B)
n € = min{c— A; B —c}, To

3>0: Vze Os(z0)NDy(z) f(z) € Oclc) C O(e),

T.€. BHnonHAeTca yciosne (1). Jlemma 2 nokasana.
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U3 nokasanHoft sjeMMH caenyert, 4ro onpenenenne Koun koHeuHoro
npegena yo dyskuuK f(z) B KoHeuHO#f TouKe To MOXHO chOPMYIUPOBaTh
ciaenytomwnM obpasom: lim f(z)= yp, ecnu BHDNosHAEeTCA ycsoBue (2).

X0

B npocreftmieMm ciayudae, korma ¢byHkuua f(z) ompenesiena B He-
KOTOpOH MNMpPOKOJIOTOM OKPECTHOCTH TOYKHM Zp, 2TO ONpeaesieHMe 4YacTo
dopmyaupyloT Tak:

Yucsio ¢ HasmiBaeTcs npedeaom dynxyuu f(x) B Touke zgo, ecsm
s xaxgoro- € > 0 cywectsyer 6 > 0 Takoe, 4to ansa Joboro
r, yaoBJjerBopsiollero HepaBeHctBaM 0 < |z — o] < §, cnpaBeanuso
HepaBeHcTBo |f(z) —¢| < €.

Npumep 3. lim sinz =sinzy Vzo €R.
T—To
HelticTBUTENBHO, TaK KakK
[sinz — sin zo| < |z — 0|,
TO, OYEBMIOHO, ycJioBHe (2) BBINONHAETCA NpPH & = €.

2.3. Cpoiicra mpenenos ¢yuxumuii. CHayana chopmysupyeMm He-
CKOJIBKO TEOPEM, KOTOpHE€ HABJAIOTCA MPOCTHIMM CJCACTBHSIMM aHa-
JIOTHYHLIX TeopeM JUIA MmocJiefoBaTeNbHOcTEH M onpenmenenus [eltne
npenena ¢GyHKIUM.

Teopema 1. Ecau ,l,i,'?‘,f(z) =¢, mo lim|f(z)] = |c|-

Teopema 2. ycmv dynxyuu p(z) u Y(z) onpederenw Ha Mro-
aoicecmee X, umerom npedeast npu T — To no MHodcecmsy X u

p(z) <¥(z) VzeX, =z#zo.

Tozda, ecau amu npedean pasnwm, mo awbas Pynxyua f(z), ¢ € X,
maxas, umo

p(z) < flz) < ¥(z) VzeX, z#zo,
umeem npedea npu T —> To Y
Az, ole) = Jim (=) = Jimg, ¥ie)
Teopema 3. ITycmov dynxyuu f(z) u g(z) onpedesenss na Mwo-

acecmee X u umerom npedeast npu ¢ — xg, ¢ € X. Toeda, ecau
cywecmeyem oxpecmuocmev O(zo) mouxu zo maxas, “mo

f(z) < g(z) Yz € XN O(zo),
Jim f(z) < lim g(z).

3ameTuM, 4TO B TeopeMmax 1, 2, 3 paccMaTpuBaeMble Npeaesinl MOTYT
6LITh KaK KOHEYHHIMM, TaK M 6ECKOHEYHHMH, PaBHHIMH +00 HJIH —00, a
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TO4Ka To — KOHeYHO# MM GecKOHe4yHO yAasIeHHOH npenesbHOM TOYKOM
paccMaTpHMBaeMbIX MHOXeCTB. AHaJIOTHYHOE 3aMedaHWe OTHOCHTCA M K
cnenywolieit reopeMme.

Teopema 4. Ilyemov dynxyuu f(z) u g(z) onpedesenwnt na mro-
scecmee X u umerom npedeavs npu x — xo, £ € X. Tozda, ecau

I .
32, 7=) < lig, o(),
mo cywecmeyem oxpecmuocme O(zo) mouxu To maxas, wmo

f(z) <g(z) Vz € XN O(zo).
HoxasateasctBo. [ycts
Jim f(z)= A, lim g(z) = B.

Toraa cywectByer unciio ¢ Takoe, 4to A < ¢ < B u, cuelopaTesbHO,
unTepBasibl (—00;¢) M (¢;+00) ABJIAIOTCA OKPECTHOCTAMM Touek A M
B. Coryacio ompenenennto Kown npenena &byHKIMH, CYWECTBYIOT
okpectioctH O'(zo) u O"(xp) TouxkM zo Takue, YTO

f(z) € (~o0¢) Yz €0'(z0) N X,

g(z) € (¢; +o0) Vz eOo"(xo) nXx.

Ecnau tenepb nonoxnm O(zg) = O'(z0) N O"(x0), TO

f(z) <c<g(z) Vz€O(zo0)NX.

TeopeMa 4 nokasaHa.

Teneps copMynupyeM TeopeMmy O Tpefiesie CYMMbl, pa3HOCTH, Tpo-
K3BeeHHA M YaCTHOro, B KOTOpOH TGYKA T MOXET GhITb KaK KOHe4YHOM,
Tak u GecKoHeUHO ynaJleHHOH, a paccMaTpHBaeMsble MpefeJibi, B oblieM
c/lydae, MOTYT ObLITb TOJIBKO KOHEYHBIMH.

Teopema 5. Ecau dynxyuu f(z) u g(z) onpedeaens na mnodice-
cmee X u uMeom xoxeumdvie npedeant npu r — o no Mmuodxcecmsy X,
mo cymma, pasHocmv u npoussederue 3muxr Pynxyutl moxnce umerwm
xoneundsie npedean npu  — o no muodwcecmey X u

Jim (f(z) £ g(z)) = lim f(z) £ lim g(z),
Jim f(z)g(z) = lim f(z)- lim g(z).
Ecau, xpome mozo, ,ll.“,‘ g(z) #0, mo

lim f(z)
. f(-‘t) _ T3%o
3% (=) Jim g(z)’
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Hoxasatenbcrno. JJokaxem nocsenHee yrpepxaexue. IlycTn
lim @)= Jino)=5.
U3 teopemnl 1 cneayer, uro z]—ig:!o lg(z)] = |B| >0, u moatomy (cm.
TeopeMy 4) cymectByer O(zo) Takad, 4uTo

l9(z)| >0 Vz €0(z0)NX.

-]
Torna nns JsmoGo#t mocsienoBaresibHocTA {I,} Tako#t, 4ro z, € XN O(zo)
u hm z, = zo, uMeem:
n—00

i L) _ LI
n=o0 g(z,) nl.i_'rgog(z,.) B’

4YTO H AOKA3bIBaeT IoOcCJielHee YTBEpXIOCHHE TEOpPEMHI.

Jpyrve yTBepxAacHHA TeopeMbl ROKa3aTb B KadeCTBE yNpaKHEHUH.
Teopema 5 mokasaHa.

sinz
z

=1.

IIpumep 1. lim
30

n
Pewenue. Kak usBectHo, ana moboro z # 0, y kortoporo |z| < 7
CrpaBe[i/INBbl HEPABEHCTBA

sinx
cosz < IT <L

Tak xak lin}) cosz = 1, TO M3 2THX HepaBeHCTB B npenesie npu = — 0
z—

(cM. Teopemy 2) monyuaeM To, 4To TpeGoBaJIOCH JOKa3aTh.
oo tgT
Mpumep 2. lim £ - 1.
z—0 I
Pemenune. s TeopeMbl 5 H M3 pacCMOTpPEHHBIX Bbillle NPUMEPOB
cnenyer, 4To

. tgz . sinz . 1
lim 8T _ lim — - lim
z—=0 2 z=0 2z z—0CcOoS T

=1.1=1.

Mpumep 3. imz*=0 Va>0.
z—0

Pewenne. [na npousponbHoro a ¢pyukuusa f(z) = z* onpesenena
Toabko mia = > 0. IoaTomy nas mpousBosibHoro a > 0 yTBepxkaenue
cienyer (B cuny onpeneneHus Kouwu) u3 Toro, 9ro mna Joboro € > 0

cymectByeT & = €'/* > 0 Takoe, uTo

z® € (0;¢) Vz € (0;4).
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Ecnn x&e a > 0 Takoe, yTo cTeneHHas yHKuMA T onpefesieHa B
o £ <0, To OHa MJIH 4YeTHadA, WM HedeTHasd, U IMO3TOMY

z% € (—€;€) Vz € (—e'/*;eM).
CnenoBaTentbHO, PaCCMOTPEHH BCe CJIy4aH.

2.4. Onpocroponnme npenennl. IIpn u3ydeHnu cbyHkuu#t B oKpect-
HOCTH HEKOTOpo#l TOYKM 4acTo OLIBaeT MOJIE3HHM paccMaTpUBaTh I1O-
BefleHHe GYHKIHMH cJjleBa M CnpaBa OT AaHHO# Toukm. Ilpocteitmeit
XapaKTepUCTHKOH Takoro mosefieHHs YHKIUH ABJIAIOTCH 0JHOCMOpOH-
Hue npedeads.

Onpenenenune. Ilpenen npn = — zo cyxenua obyskuuu f(z)
Ha MHOXecTBO (—00;Zo) N Dy Ha3HBaeTcA npedesoM cae6a Gynxyuu
f(z) B Touke zo M obo3navaerca f(zo — 0), a NMpenen ee cyxeHus Ha
(z0; +00) N Dy nasmiBaeTca npedesom cnpasa um obosnadaerca f(zo+0).

OueBnaHo, 4TO6H TOBOPHTH O Mpefeie cneBa (MJM CIpaBa) GYyHK-
uun f B TO4Ke o, Heobxomumo, 4TOOH TOYKa To Onljla mpenesbHON
TouKo# MHOXecTBa (—00; Zo)N Dy (cooTs., (zo; +00)NDy). ObnuHO on-
HOCTOPOHHHE TIpeaesibl pacCMATPHBAIOTCA AJfA PYHKUAH, onpenesIeHHHX
Ha npoMmexyTkax. Torza, ecim ¢ = f(zo £ 0), To mumyr

li =c

z—#LT:kO f(:t) ¢

Hanpumep, ecau [z] — nenas YacTh YMCIa z, TO
Aml =0 nld=1

Econ xe z9 =0, 1o BMecTo 0 £ 0 mmmyr +0. Hanpumep,

Jimfel==1,  Jim =0

OueBuaHO, AN OAHOCTOPOHHMX MPEAEJIOB CIPaBEAJIMBH Bee CBOfiCTBa
npenesios, AOKa3aHHue B 1m.2.3.

Teopema 1. Ecau dynxyua f(x) onpedesena u mormomonna wa
unmepeaae (e;b); mo e xawcdott mouxe zo € (a;b) ona umeem odwo-
cmoponnue npedeaw. ITpuyiem, ecau f(z) sospacmarowas, mo

f(zo = 0) < f(0) < f(zo +0), (1)
a ecau ybuearowas, mo
f(zo = 0) > f(z0) 2 f(zo +0). (2)

HokasatenbcrtBo. Ilycts f(z) mMoHoToHHO BospacTaeT. Torma
I Kaxjaoro zp € (a;b)

f(z) < f(zo) Vz € (a;z0),
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T.e. MHOXecTBo f((a;zo)) orpamuuyeno cpepxy. CnemoBaTeJsIbHO, OHO
MMeeT TOYHYIO BEPXHIOI0 IpaHb, NpuueM, ecad ¢ = sup f((a;zo)), TO
¢ < f(zo). HokaxeM, 4to ¢ = f(zo — 0).

Ilycts (A; B) — HeKoTOopass OKpeCTHOCTb TOYKK ¢, T.e. A< c < B.
Torna, corylacHoO onpefesieHHI0 TOYHOR BepxHe#t rpand,

Jzps € (a;z0):  f(za) > A,
a Tak Kak f(z) MOHOTOHHO BO3pacTaeT, TO
Vz € (a;20) A< f(za) < f(z) <c< B,

Te. f(z) € (A; B) Vz € (za;20), 9TO 1 OKA3HBaET Hallle yTBEPXKICHHE,
Tax xe foka3nBaeTcd, 4T0 f(zo+0) = inf " f(z). Hepasencrso (1)
OYeBHAHOE. =€(zod)

Canyuyaft MoHOTOHHO y6HBalouelt PyHKUHMHM paccCMaTpHBaeTCH aHaJsIo-
rnyHo. TeopeMa 1 gokasaHa.

3aMeTuM, 4To yHKuMA f(z), yNOBJIETBOPAIOILAsA YC/IOBHAM Teope-
MH 1, Bo Bcex c/y4adXx HMMeeT KOHEYHHE WJ/H GecKoHedHble mpeaesnl
npy z - a u npa z — b. Ilpuuem, ecnn byskuma f orpaHuyeHHasd,
To o6a 3TH mpejesa KOHEYHHE, a €CJHH HeorpaHd4YeHHafl, TO ONMH U3
HUX obGA3aTesbHO GeckoHeuHBIH.

B 3akniodenne chopmynmpyeM obobumienue TeopeMnl 1 Ha mpoms-
BOJIbHBlE MOHOTOHHEIE (DYHKIHH.

Teopema 2. Ecau gyrnxyus f(z) monomonna na muoxncecmee X u
zo — npedeavnas mouxa muodcecmea X N(—o0; zp), mo y dynxyuu f(z)
6 mouxe rop cywecmeyem npedea caeea. Ecau dce zo — npedeavnas
mouxa muoocecmea X N(zg; +00), mo y f(z) 6 zo cywyecmeyem npeder
cnpasa.

JokasaTb 3Ty TeopeMy B KadeCcTBe yNpaXKHEHHA.

2.5. Kpurepuili Konm cymecrpopanms npenena ¢pynxuuu. CHavana,
HCXoAA M3 onpenesienunda no leitne, chopMyampyeM u moKaxeM OOMH MO-
YTH OYeBHAHKIY KpHTepHH CylllecTBOBaHHs KOHEYHOro mJju 6eckoHedHoro
npegeJia.

Jemma. I[Tycemv 9 — npedesvras mouxa muodxcecmea X. Tozda,
das mozo umobw $yrxyus f(z), z € X umesa npedea npu r — Zzg,
neobrodumo u docmamoumo, wmobm 0as awbol nocaedosamesvrocmuy
{zn} maxotl, wmo

Vn z,€X, zp#zom nl_i_'r{.loz,. = zo, (1)

nocaedosameavrnocme f(zn), n € N, umesra npedes (xoMeunwtl uau
becxoneunuitl).
HokasatTeabcrso. HeobxoanmocTh oueBuana. [eficTBuTesnbHO,
ecJin
lim f(z) =a, f(z) 2 a npu z — zo,
Zz—-rZo
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TO, COIJIacHO ompefieJieHdio mpefena ¢yukunr no [eftne,

lim f(z,)=a (2

n—00

ana mobolt nocnenoeatenbHoCTH {2, }, yaoBseTBOpsIouel ycnouaM (1).

Hokaxem mocraTouHocTh. [ljis 3Toro mokaxkem, 4rto mpemes (2)
He 3aBHCHT OT BHIGOpa IOC/IeIOBaTesbHOCTH {Zn}, yHoBJeTBOpsioulel
ycioBuaMm (1).

ycre {z,} u {z} — npousBosbHHE NOCJIENOBATEIBHOCTH, YIAO-
BaeTBOpAolMe ycsoBuaM (1). OueBuaHo, MOCNENOBATENLHOCTD {Zy,}, ¥
KOTOpo# Zak_) = Z) M Zox = zj Vk € N, Toxe ymoBseTBopseT ycsio-
Buam (1). Torma, corsiacHO ycJsioBMIO, mocJienoBaTesibHOCTh {f(Zn)}
umeeT mpemen. A Tak Kak {z;,} m {z,} — nommocienoBaTesbHOCTH
nocsenoBatenbuocTd {z,}, To

Jim f(ah) = lim f(eh) = lim f(z)

CorsacHo onpenesiennio mpefiena ¢pyHkuun no efine, aror obuwmit
npenen n 6yner npemesom ¢yskumm f(z) nmpu z — zo. Jlemma
JOKa3aHa.

Tenepb, ucxona u3s onpepesenus npenena no Koumm, nas oynkini
chopmynupyeM u mokaxeM xpumepuil Kowu CyllecTBOBaHUA KOHEYHOTO
npefena, aHaJjloru4ubit xputepnio Komn ana mocnenoBatesbHocTel.

Teopema. Ilyemv z¢g — npedesvHas mouxa Mrodxcecmea X
(xoneunan uau Gecxoneuman). Toeda, dan mozo wmobw Pynxyus f(z),
z € X, uMesa xoneunwviii npedea npu T — 9, Heobrodumo u docma-
MONHO, YMObHM 6HNOAHAAOCH Ycaosue: 0an awbozo € > 0 cywecmeyem
oxpecmuocme O(zo) mouxu To maxas, «mo

Vz,z' € O(zo) N X - |f(z) - f(2')] < €. (3)

9TO ycIOBHe Ha3HBaeTcA ycaosuem Kowu, a TeopeMa — xpumepuem
Kowu cywecmeosarus npedesa gyrixyuu.

HokasatenbcrBo. Ecom dynkuma f(z) npu z — zo umeer
KOHEeYHbI Tpefes1 A, TO, COIVIACHO OmpeaesieHuIo, nJjs Jioboro € > 0
cywecTByeT okpecTHocTb O(Zg) TOUKM Zo TaKaf, 4TO

Vz €0(zo) N X |f(z) — A] < %

Orciona caenyer, 4To IOnsA 3Toft okpecTHocTH O(zo) BHINOJIHAETCA
ycioBue (3), Tak Kak

If(z) = fe)] < 1f(z) - Al + 1A - f(=')].

Heob6xomumocTb ycioBua Kol nis cymecTBoBaHMA KOHEYHOTO Ipe-
nena y f(z) npu z = z¢ moka3aHa. [okakeM ZOCTaTOYHOCTb.
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ITycts dynkuusa f(z) B OKpecTHOCTH TOUKHM To YAOBJIETBOPHAET YCJIO-
o Kowmm, T.e. ana Jmoboro € > 0 cymectByer okpectHocTb O(z0)
TaKaf, 4TO BHIIOJIHAeTCA HepaBeHcTBO (3). Ecsm Tenepn nocaenosa-
TeJIbHOCTh Z,, n € N, Takad, 4ro

Vn z,€X, zo#zon nli’x&zn = zo, (4)

T0o AN : Vn2> N z, eé(zo), A NO3TOMY
Vo,m >N |f(zn) — f(zm)| <e.

Orcrofa cieayeT, 4TO NMOCJeAOBATENbHOCTb Y, = f(zn), n € N, yno-
BierBopsier ycyiosuio Koum. CorsnacHo kpurepuio Koiuum, ona umeer
KoHeynbi#t npemesi. Tak Kak 3TO yTBepXAEHHe CIpaBeaJIMBO AJs 060
TOCJIEIOBATENBLHOCTH Z,,, YAOBIETBopaiomeit ycioBuam (4), To, cornac-
HO JoKasaHHOM nemme, ¢yHkumsa f(z) mpu z — zo HMeeT mnpefe.
Teopema goka3aHa.

§ 3. HenpepriBHbIe (PYyHKIMH

3.1. Onpenenenne HenmpepmBHocTH. Touxm paspmBa. Haunem c
onpeaesieHUsA HeNpepHBHOCTH YHKNMH B TOUKe, HO MpeXAe 3aMeTHM,
4TO TOYKH J11060ro MHOXeECTBa AeNATCA Ha npeaenbuue H u304uposarHdie
(koTopHe He ABAAIOTCA NMpeneIbHLIMA IJIA HErO).

Onpenenenne 1. ®ynkuna f(z) Ha3plBaeTca HenpepweHoil B
npenesbHolt Touke zo € Dy, ecnu npepen f(z) npu r — To cylecTByeT
u paBeH f(zo). B uoboft m3osMpoBaHHO# TOuYKe MHOXecTBa Dy
dbyskuna f(z) cuuraercs HenpepwisHodl.

CorstacHoO 2TOMY oIpenesieHunIo, pyHKIMH

y=:2+1 H y= \/—sinzz

HelpephiBHE B J1I06OH Touke U3 0b6J1acTH ompenesieHus: NepBas Helpe-
phiBHa B Jiobo#t Touke z € R, a Bropas — B Jobolt Touke T, = nm,
n€N.

Onpenenenue 2. Ecnu dynkuus f(z) HenpepniBHa B TOuKe
zo € Dy, To ‘Tp Ha3bBaeTcA mouxold wHenpepmenocmu dymuxyuu f.
B npoTuBHOM ciy4ae To4uka o € [y Ha3bIBaeTCA mMmouxotl paspyea
pynxyuuy f.

K TouykaM pa3spsiBa yHKuu# f OGBIYHO OTHOCAT M TO4KM Zg € R,
KOTOpble He npuHalsexar Dy, HO ABJNAIOTCA NpenejbHLIMK TOYKAMH H
ans muoxectBa Dy N (—o0; o), n ana muoxectsa Dy N (zo;+00).

Hanpumep, mia dyukunit y = sgnz u y = 1/z touka 2o = 0 ABaAeT-
¢ TouKo# pa3sphiBa, a J106ad Touka zo # 0 — TOYKa HempepbIBHOCTH.

Onpenenenue 3. Ilyctb zp — TOuYKa paspmBa ¢ynkuua f.
Torna, ecnu y f(z) cyuwecTByeT KoHeYHHH Npemes mpH £ — zg, TO Lo
Ha3bIBaeTCA mouxoll ycmparnumozo paspwea. Ecnu xe y f(z) B Touke
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Zo CyWIECTBYIOT KOHeYHhle OMHOCTOPOHHHME IpefeJsibl, HO OHX He PaBHHI,
TO To Ha3bIBaeTCA mouxoil paspwiea nepeozo poda. Bce npyrue Touku
pa3phiBa ¢HYHKIHH HA3LIBAIOTCA MOMKAMU pa3pueéa 6mopozo poda.

CorslacHo aTOMY onpeneJieHnIo, yHKUUSA Y = sgnxr B Touke o = 0

HMeeT paspHIB II€pBOro popa, a (PYHKUMA y = |sgnz| — ycTpaHUMBLH
paspHB.
OyHKIAH
S R W
y - 3’ y - |-"3|’ y= z

B TouKe Zg = 0 MMeEIOT pa3pHIBH BTOPOIO poOAa.

ITepedopmysupyeM onpenesienne 1 HenpephBHOCTH PYHKHHMHU B TOY-
Ke Ha f3blKe NOoCJIeAoBaTesibHOCTe# M OKpecTHOCTeH.

Onpenenenne 4. ®Oyukuua f(r) HasnBaeTcs HenpepmeHold 6
mouxe zo € Dy, ecim nnas soboft nocnenosarenvioctun {z,} Takoit,
410 2o € Dy 1w Il’m Z, = Zg, NOCJIENOBATEJILHOCTD Yn = f(Zn), n E N,

n-=»00

CXOOMTCA M ee Npeden paBeH Yo = f(zo).

Ouesuano, ecsin Touka zo € Dy — npenenbHas Touka ajas Dy, To,
COLVIaCHO 3TOMY ompefiesieHuIo, ¢pynkunsa f(z) HempepniBHa B TOYKe Zo,

ecn
:E{leo f(z) = f(zo),

TaK KaK YCJOBHE T, # Zg, UMelollleecs B ONpeNesIeHHN Npeaena, 3uech
HecymecTBeHHO. Ec/am Xe o — H30JMpOBaHHafg TOYKAa MHOXECTBa
Dy, 10 mobas mociienoBaTesibHOCTL {Zn}, Z, € Dy, cxoaswascs K
To, ABJAETCA CTaUMOHapHOM, u moatoMy f(z,) = f(zo), HaumHaz c
HEKOTOporo HoMepa.

Onpenesnenne 5. @yukuusa f(zr) HasHBaeTcs Henpepwerotl 6
mosuxe zo € Dy, ecnn BHINOJHAETCA YCJIOBHE:

YO(y) 30(zo): Yz € O(zo)ND; f(z) € O(yo). (1)

B mpocreftiiem ciyyae, korga dbyHkuusa f(z) ompemeneHa B Heko-
TOPO# OKPECTHOCTH TOYKHM Zo, yciioBue (1) nmpuHuMMaeT BuA:

VO(y) 30(zo): Vz € O(z0) f(z)€ O(yo). (2)

B 3ToM cayuae onpeaesieHue HeNPEPHIBHOCTH (PYHKLIHMH B TOUKE O6KIYHO
¢opmyaupyoT cienyiommum obpasoM.

Onpenenenne 6. ®ynkuua f(z), onpelesieHHasds B OKPECTHOCTH
TOYKH T, Ha3HLIBAETCA HEnpepueHoll 6 mouxe T, €Cau A Jioboro
€ > 0 cywecrByer § > 0 Takoe, YTO A J1o6Oro z, yAOBJIETBOPAIOLIErO
ycqioBuIo |z — zo| < 4, cnpaBeasiuBo HepaBeHcTBO |f(z) — f(zo)| < €.

W3 cooTBeTcTBYIOWMX TeopeM o npeaesax GdyHKuMH, Kak CJIeACTBHS,
MOJIy4alOTCA CJIEAYIOIHEe YTBepXACHHA O HENMpephBHHIX YyHKIMAX.

Teopema 1. Ecau gynxyua f(z) nenpepriena 6 mouxe zo, mo
dyrxyua y = |f(z)| moorce nenpeprisra 6 mouxe zg.
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Teopema 2. Ecau gynxyuu f(z) u g(z) nenpepmenn 6 mouxe o,
mo dynxyuu f(z) £ g{z) u f(z)g(z) moorce nenpepmenn e mouxe zo.
Ecau, xpome mozo, g(zo) #0, mo u dynxyusn f(z)/g(z) nenpepmena 6
mouxe Tg.

Teopema 3. Ecau $ynxyus o(t) nenpepwena e mouxe iy, a
Pynxyus f(z) nenpepwmena 6 mouxe zo = p(t), mo caoocnas Pynxyus
f(p(t)) nenpepwmena e mouxe to.

Hokasarenbcrtso. Ilycts nocnenosarensHocts {t,} Takas, urto
ta € Dy, 2, = ¢p(ta) € Dy Vn n nll’ngot,. =to. Torma z, — zo npm

n>00Hn
Jim f(p(ta)) = lim f(za) = f(z0) = f(p(to)).

Teopema 3 moxasana.

Onpenenenve 7. ®ynkuna f(z) HaseiBaeTca Henpepwenotll caeca
(cnpaea) B Touke zo € Dy, ecam f(zo—0) (cootB., f(zo+0)) cymecryer
n paBeH f(zo).

OueBupgno, ¢yukmua y = [z], rme [z] — uenas wacTp yucna z,
BO BCeX HeleJhIX TOYKaX Zo HempephiBHA, a B LeJBX TOYKaX HMMeeT
pa3phiB NepBOrO poda, MpUYEM B 3THUX TOYKaX OHa HelpephiBHA CIIpaBa
N paspBIBHA CJI€Ba.

Onpenenenne 8. ®ynkuus f(z) HasnBaeTca Henpepwenoll na
mroncecmse X C Dy, ecyin ee cyxeHne Ha MHOXKeCTBO X ecThb Hempe-
peiBHaf ¢yHKIMA B Jobo#t Touke z, € X.

Hanpumep, ¢ynkmna y = z3 nenpepuisna na R, dynxmus y = 1/z
HenpepbiBHA Ha KaXAOM M3 HHTepBaJoB (—o0;0) u (0; +00), a dyHKIHA
y = [z] HenpephiBHa Ha KaXaoM npomexyTke [p;p+ 1), rae p uesoe.

3.2. Croiicrpa yuxupii, HeNmpephHBHHX HA OrpaHMYEHHHLIX 3aMKHY-
ThiX MHoxecTBax. HanmomuuM, 9T0 mpocTeiiunM orpaHH4eHHHM 3aMKHY-
THIM MHOXKECTBOM HEeHCTBHTENILHHIX 4HCes sfBJAeTcss oTpe3ok. Huke,
ANA [POCTOTHI, MOXHO CYHTATh, 9TO PacCMATpHBaeMble (PYHKIMH Ompe-
ZieJIeHbl ¥ HenpepbhlBHHI Ha OTPe3Kax.

Teopema. Ecau $ynxyus [ mHenpepwera na ozparuvenrom 3a-
MxHymom Mmuoocecmee X, mo muoxcecmeo f(X) oepanuuenroe u
3amxnymoe.

JdokasaTeabcrBo. Tak Kak ¢pyHkuma f HempepniBHa Ha MHO-
xectBe X, TO y Kaxno#t Touku 2o € X cymectByer okpecTHOocTh O(Zo)
Takad, 4YTO

|f(z) = f(zo)] <1 Vz € O(zo) N X.

CoBokynHocts muTepBasioB O(zo), zo € X, ABJAAETCA NOKPBITHEM
mHoxectBa X. Coryacio nemme IeitHe-Bopess, M3 3TOr0 NOKpH-
THA MOXHO BHOpaTh KOHeYHoe 4HCJO MHTepBajoB O(zy),...,0(zn),
KOTOphIE CHOBa 06pasyioT MOKpHTHe MHOXecTBa X.
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IMonoxum m = min(f(z;) — 1), M = max(f(z;) +1). Torna,
OYEBHJIHO, ! !
m< f(z)<M VzelX.

OrpannuenHocth MHOXecTBa f(X) moka3sana. J[lokakeM 3aMKHy-
TocTh MHOXecTBa f(X).

Ilycts Temepb yo — npenesbHas Touka MHoxecTBa f(X). Torna
CyLIECTBYeT MOCJIAOBATENBHOCTb {Yn} TaKad, 4TO

¥a € f(X) Vn u  lim yo =yo.

Yepes z, o6o3nauuMm Touky u3 X, B koropo#t f(zn) = y.. Ilocnemosa-
TeNbHOCTb {Zp,} OrpaHMYeHa, MO3TOMY y Hee CYLIECTBYeT CXONAAIAACH
NOANOC/eN0BaTeNIbHOCT {Z,,}. Tak xax MHOXecTBo X 3aMKHyTOe,
TO TOYKa Zo = kli)r?o z,, nOpuHamyiexur X. A Tak Kak ¢yukuua f

HenpepbiBHa B To4ke To € X, To klim f(zn,) = f(z0). CnenoBarensHo,
—+00

Yo = f(zo), Te. Yo € f(X). Teopema nokasaHa.
Cunencrsue. Ecau @ynxyus f Henpepwena Ha 02paruveHHoM

3amxnymom muooicecmee X, mo cpedu saemenmos Muodcecmea f(X)
ecmb xax Hauboavuee, max U HauMexviuee,

HoxasatenbcrBo. Ilo nokasaHHO# BHIE TeopeMe, MHOXECTBO
f(X) orpanudeHHoe n 3aMKHyTOe, nosToMy (cM. Teopemy 1 u3 m. 7.3
rn.1) cpenu ero a/ieMeHTOB ecTb ¥ HauGoJibimee, ¥ HaumeHbliee. Ciea-
CTBME JOKa3aHo.

Jokasantnoe cjeacTBue ob6piyHO HOPMYJIMPYIOT CllenylomuM obpa-
aoM: Ecau $yHxyua HenpepmeHa Ha HEKOMOPOM OMpesKe, Mo oHa HG
amom ompe3xe umMeem Xax Hauboaviiee, MAK U HAUMEHbULEE 3HANEHUE.

C.ne,zwrouule NpHMEPH MOKAa3bIRAIOT, YTO BCe€ YCJ/IOBHA TeEOpEMHI H
CJIEACTBHA CYLIECTBEHHRIE.

HenpepniBHas Ha orpanudyeHHoM unrepsaJe (0;1) byskuua y = 1/z
ABNAeTcA HeorpanudenHo#t Ha (0;1).

HenpepuiBHasi Ha HeorpaHMueHHoOM npomexyTke [0;+00) dyHKuMA
y = z ABAdAeTcA HeorpaHudenHo#t Ha [0;+o00). (3ameTnMm, uTO Mpome-
xyTok [0;+00) — 3aMKHyTOe MHOXeCTBO.)

Henpepuoisas Ha unrtepBase (0;1) dbynkuua y = z Ha (0;1) He
MMeeT HM HauboJiblllero 3HaYeHMs, HH HaMMEHbIIETro.

HenpepniBHas Ha npomexytke [0;+0o) bynxknua y = 1/(1 + z2) na
[0; +00) He MMeeT HaMMEHbIIEro 3HAYEHMA.

3.3. Caolictsa pynxumii, HenpepHBHHIX HA NMPOMEXYTKAX. 3JaMETHM,
yT1o Jobo#t mpoMexxyTok A uncsnoBoft npamo#t R obsapaet cienyiomwunm
cBofictBoM: ecim a € A, bE A, a < b, To n [a;b] C A. Ouesunno,
cOpaBesJIMBO M oOpaTHOe yTBepXIEHHME : €CJIM YHCJIOBOE MHOXECTBO
obnanaeT 3THM CBOHCTBOM, TO OHO fBJAETCA TIPOME3KY TKOM.
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Teopema 1. Ecau dynxyus f va npomexcymxe A nenpepwera u
npunumaem 3naxenus A u B, A < B, mo one na A npunumaem u
arboe npomesxcymounoe 3navenue C € (A; B).

JdokasatenbctBo. [lo ycnoBuio, B A CyWecTBYIOT TOYKH a ¥ b
Takue, 4to f(a) = A, f(b) = B. Ecan, nanpumep, a < b, to [a;}] C A.

Yepes c¢; obosHauuMm cepemmHy orpeska [a;b]. Eciu f(c,) =C, 1o
yTBepXAeHHEe AOKa3aHO.

Mycrs f(cy) # C. Torma, ecmm f(c,) > C, To monoxum a, = a,
by = ¢, a ecsin f(cy) < C, 10 a1 = ¢1, by = b, ¥ nosromy Bcerna
fla1) < C < f(by).

Orpesok [a;; b1] cHoBa pa3menum nonosiaM, M 4epe3 cy 06o3HAYMM
ero cepenuny. Ecam f(c2) = C, To yTBepxaeHue noxasano. Ecam xe
f(c2) # C, 1o 4epes [az;bs] ob6o3nauuM Ty mnoJsioBuHYy, Hnf KoTopoft
f(a2) < C < f(b2), u .a. Tpouecc unu obpHBaeTCcs Ha HEKOTOPOM WIATE,
M TOrHa YTBEPXIEHHWE NOKa3aHO, W/M NOJIYy9aeTCH NOCJEI0BATEIbHOCTD
BJIOXEHHBIX OTPE3KOB [an;bp] Takux, 4TO nli'r{.;o (bn —an) =0 m

flan) < C < f(bn) Vn. (1)

WMspecTHO, 4TO mocnegopaTesbHocTd {an} m {b,} cxomarca M ux
npefentl paBHH. Ilyctb
lim a, = lim b, = c.
n—o00 n—00
Ouesuano, c € [a;d].

Tak kak dynkuua f HempepbiBHa B TO4YKe ¢, TO n3 HepaBeHcrn (1)
B Npenesie NPH n — 0O MoJiy4aeM paBeHcTBO f(c) =

Cayuvait, xorna a > b, paccmarpuBaeTrcda aHajorndHo. Teopema l
JOKa3aHa.

9Ty TeopeMy Ha3HIBAIOT MEOPEMOLl O NPOMEHCYMOUHBT 3HAEHUAT.
Ee MmoxHo cdopMmynupoBath cieayiomuM obpasom: Ecau @pynxyus
f Henpepwena na npomeocymxe A, mo muoocecmso f(A) ssasemcs
NPOMENCYMKOM.

A B TepmuHax oToOpaxeHuM#t oHa c¢opMysMpyeTcA ellle Kopode:
IIpu nenpepwsnom omobpasicenuu o006pa30M NPOMENCYMKE AEAREMCA
NPOMENCYMOK.

O6patHoe yTBepxnachue aBaferca HeBepHniM. Hanpumep, dbyukuna
f(z), paBHasa sin(l/z) nna z # 0 u f(0) = 0, ABnAeTca pa3pbiBHOH
B Touke r = 0, ogHako y Hee obpa3s Jio6oro oTpe3ka €cTb OTPe3OK.
Jokaxem, 4Te A MOHOTOHHHX GyHKuu#t obpaTHoe yTBep)kaeHHe
ABJIAeTCA BEPHLIM.

Teopema 2. Ecau $ynxyus f onpedesena u MoHomonna wa

npomescymxe A u f(A) — npomexcymox, mo f nenpepmera Ha A.
HokasaTteanctBo. JonmyctuMm, uTto ¢yHKuuas f paspulBHa B
Toyke g € A. Tak Kak oHa MOHOTOHHa, TO Tg9 — TO4YKa pa3pHBa

nepsoro pona. Ilycts, nampumep, f(zo — 0) # f(zo). Torma dynkuus
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f He npHHEMaeT 3HavyeHWs, Jexamme Mmexay f(zg—0) m f(zo), ®
noatomy f(A) He ABJNAETCA IPOMEXYTKOM, YTO POTHBOPEYHT YCJIOBHIO.
CaenoBatensHo, f(zo — 0) = f(zo). AHanOrH4YHO AOKa3BIBaeTCH, YTO
f(zo + 0) = f(z0), ecnn, xoHeuHO, T( He ABAAETCA NPABLIM KOHIOM
npomexxyTka A. Teopema 2 nokasana.

Teopema 3. Ecau dynxyua f nenpepmena va ompeaxe A, mo f(A)
— ompesox.

HJokasatenncrtso. IIyctse m = inf f(A), M =sup f(A). Torna,
oyesunHo, f(A) C [m;M], a Tak kak ¢yHkuma f HempephiBHa Ha
orpeske A, 10 (cM. n.3.2) oHa Ha A mNpUHMMaer 3HaYeHMds m u M,
a no TeopeMe 1 M Bce 3HaueHHs u3 orpe3ka [m;M]. ChnenoBaresbHo,
f(A) = [m; M]. Teopema 3 noxasaHa.

Takum obpa3soM, NpH HempepHBHOM OTOOpaXKeHMM oBpa3oM oOTpes-
Ka Bcerna fAmjserca oTpe3ok. OAHaKo, Kak MOKa3HBalOT NpHMEpH,
06pa3oM MHTepBasla MOXeT OHTL y1obolt MpoMEXYTOK.

3.4. HempepuBnocts obparnolt dynxipm. dnsa obpaTHmx yHKmmi
HMMEEeT MecCTO cjeayiouiee obliee yTBepXKieHHe.

Teopema 1. Ecau gynxyus y = f(z) onpedesena u cmpozo Moro-
MONHA 6 HEXOoMOopotl OKPeCIMHOCMU MOuXU To, Mo obpamnas FyHKyUA
z = p(y) nenpepurena 8 mouxe yo = f(zo)-

HokasareansctBo. llycth dynkuua y = f(z) crporo BospacTtaer
Ha O(zg). Torma ona Ha O(zy) obparuma, m obpaTHas yHKUAA
z= ¢Ey) cTporo Bo3pacTaeT Ha MHoxectBe f(O(zp)).

Ilycrb (a;b) — HexoTOpasm OKpecTHOCTH TOUKHM To. He orpanuumsas
obunoctn, Gymem cuutath, uro (a;b) C O(zo). Torma a < zp < b,
f(a) <y < f(b) =

Yy € (f(a); £(b)) N Dy (y) € (a;0).

CuienoBatenbHo, yHkuusa o(y) HeEpephIBHA B TOYKE yq.

Cnyualt crporo y6uiBaouteft pyHKIMM paccCMaTpPUBAETCA aHAJIOTHYHO.
TeopeMa 1 mokasaHa.

JokaxeM ellle OfiHy TeopeMy O HenpephiBHOCTH o0OpaTHO# pyHKUMH.

Teopema 2. Ecau cmpozo moromornas pyrxyus [ xenpepviera Ha
;?Z;‘mymxe A, mo obpamnas PyHKYUR HENPEPUEHA Ha npomMecymxe

JdoxkasaTenbcTBOo. PaHee MAOKa3aHO, 4TO CTPOTO MOHOTOHHafd
bynkmua f umeer obparnyio f-!. B n.3.3 mokasano, uTo ecam f
HenpepbiBHa Ha mpomexyTke A, To f(A) — npoMexyrtok. Cnemosa-
TesibHO, obpaTHas ynkuus f~! onmpenenena ma npomexytke f(A) u,
no camomy ompenesiennio, f~!(f(A)) = A. Tak kak f~! MoHoToHnas
Ha f(A), To, B cany Teopemn 2 u3 n.3.3, f~! HenpepmiBHa Ha f(A).
Teopema 2 noxasaha.
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§ 4. HenpepriBHoCcTh 3/1eMeHTapHEIX dyHK i

4.1. MHorounensl ¥ paupona/buble pynxumw. HanoMuuMm, 910 MHO-
TrOWIEHOM MJIM NeJIoff panmoHaJibHON dyHKuMeld HasmBaerca yHKIMSA
BHAA Y = ) p—o@kZ®, The ax — HekoTopnle uncaa. OHa ompeieneHa
Ha Bcefl meftctBuTesbHO#t ocu R.

Teopema 1. Jwboth mHozouser seasemca HenpepueHoll dyrxyuel,
Ha R

JdokasatenbcTBo. Tak Kak Joboit MHOrou/eH monydaerca uS
byuKuu#t y = c M y = £ C NOMOUBIO KOHEYHOTO YHCJA CJIOXKEHHH R
yMuoxeHu#t, a aTH GyHKIMN HenpepHBHH Ha R, To u Jobo#t MHOroYJieH
HenpephiBeH Ha R (cM. Teopemy 2 u3 m.3.1). Teopema 1 mokasaHa.

HanomnuM, 4TO panmmoHasbHasi (yHKIHA — 3TO OTHOLIEHHME IBYX
MHorousnenos. OHa onpefiesieHa BCIOAyY, Tie 3HaMeHaTeJIb He obpalllaeTca
B HYJb.

Teopema 2. PayuonasvHar Pyrxyus Henpepwerna 6 awbotl mouxe
obaacmu onpedeserus.

Jloka3aTeabCTBO cjenyeT M3 TeopeMH 1 m u3 Teopemn 2 m.3.1.

4.2. MoxasaresnbHas ¥ Jorapupmudecxas pynxupuu. [TokasaTesbHas
H Jorapudmudeckas PyHKOME paccMaTpmBasuch eule B 1.1.3. Tlpemen
NoKa3aTeJibHOL (pYHKINHM B To4Ke Zo € R BuuHcAAACR B npuMepe 1 u3
nm2.2,

Teopema 1. IToxasameavnana $ynxyus Henpepsera na R.

JokasaTesbcTBo 6H/O mMpoBeeHo B npuMepe 1 u3 n.2.2.

Teopema 2. Jlozapugmuveckan PyHxyua HenpepueHa Ha unmep-
eaae (0; +00).

JoxkasaTenbcTBO. 3TO YyTBepXKAECHHEe CJIEAYeT H3 TeOpPeMHl O
HeNnpephIBHOCTH obpaTHO# DYyHKUMH.

Jna snydumiero NOHMMaHMA NpOBeNeM NOKa3aTeJbCcTBO 6e3 cchlIok
Ha yKa3aHHYI0O TeopeMmy.

Mycts ¢ > 1, 2o > 0, yo = log. z0. Torma mna moboro MHTEpBaJsia
(a;b) BHNOMHAETCA ycnoBue: ecyn yo € (a,b), To zo € (c?;cb), m

Vz € (c%c) log, z € (a;b),
YTO W JOKasnBaeT TeopeMy 2 B cayudae ¢ > 1. Teopema 2 nokasaHa.

4.3. Crenennas ¢ynxuus. CreneHHas ¢YHKIMA DacCMaTpHBaJjacCh
eme B n. 1.4. B npumepe 3 u3 n. 2.3 6ny10 moKa3aHO, UTO

limz*=0
z—0
ona Jioboro a > 0.

Teopema. Cmenennan pynxyua venpepuera 6 a1boil mouxe obaa-
cmu onpedeaenus.
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HokasaTtenbctso. HenpepuBHocTh crenenHoit dynknun y = z¢
Ha nnTepBaje (0;400) clielyeT U3 TEOpEMHI O HEMpPEepLIBHOCTH KOMIIO-
SHIMH HempephIBHRIX GyHKmm#, Tak Kak y = e*!"* a mokasaTenbHas
# JorapudpMuyecKas GYHKIHMH HenpephiBHH.

Ecin a Takoe, 4To cTemeHHas ¢YHKUHMA y = =% omnpeneneHa H
npd £ < 0, To oHa Ha R uAM 4YeTHasi, MM HedyeTHas, M TOrIa ee
HelpepLIBHOCTh Ha MHTepBaJe (—00;0) c/lenyeT U3 HEMpephIBHOCTH Ha
nuTepBaJe (0; +00). Ecun xe a > 0, TocTenenHas dpyHKuusa onpefesieHa
n npu z=0. 10T cinyyalt paccmorpen B n.2.3 B npumepe 3. Teopema
JOKa3aHa.

Juia Jiyduiero MOHMMaHMA NpPHBEAEM NpAMOE ROKa3aTeJIbCTBO He-
NpPEepHBHOCTH cTeneHHo#f dyHKIMA y = z%, toe a > 0, Ha HHTepBaJe
(0; +00).

IMycts 29 > 0, yo = 2§ u (a;b) — HEKOTOpas OKPECTHOCTb TOYKH
yo. Be3 orpaHnueHns OGWIHOCTH MOXHO cuuTaTh, 4To a > 0. Torma
zo € (al/*;bY/), n

vz € (a¥/*;bY/°) z* € (a;h),
4YTO M JOKa3LBaeT TeopeMy B ciydae a > 0 Ha mHTepBaje (0;+00).

4.4. Tpuronomerpuiecxye pynxipm. TpuronoMerpnueckue pyHKIHU
onpenensauch B n1.1.5., TaM Xe onpenenssnch H ob6paTHEE TPHrOHOMe-
TpHYeckne yRKLMH.

Teopema 1. Tpuzoromempuvecxue Pynxyuu
y=sinz m y=cosz

HenpepueHn Ha R. .
Joka3aTesIbcTBO HEMpPEPHBHOCTH KOCHHYCa MpuBeneHo B m.2.1.° (cM.
npUMep 1{, a JIOKa3aTeJbCTBO HENPEPHBHOCTH cuHyca — B m.2.2. (cM.
npumep 3
Teopema 2. Tpuzornomempuyecxue Fynxyuu

y=tgz m y=ctge

nenpepueHtt 8 a10b60tl mouxe obaacmu onpedeseHus.

Jloka3aTesbCcTBO ciieyeT N3 HeNpepPhIBHOCTH CHHyca M KOCHHYyca M
H3 TEOPEMH O HENpEepPHIBHOCTH OTHOLIEHHA HeNpepHIBHRIX byHKuuil.

Teopema 3. Obpamnse mpuzoromMempusecxue PyHKyuy
y=arcsinz M Y = arccoszc

onpedesenn u Henpepwenn Ha ompesxe [—1;1).
Teopema.4. Obpamnne mpuzoromempusecxue Pynxyuu

y=arctgr ¥ y=arcctgz

onpedeserv. u Henpepuexn Ha 6cell Jeticmeumeavrnotl ocu.
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Teopemn 3 M 4 cnenyloT M3 HeMpPepHIBHOCTH TPHIOHOMETPHYECKUX
¢yHKIH# M M3 TeopeMH O HenpephIBHOCTH obpaTHoM byHknun.

B 3aksoyeHue JoKaXkeM TeOpeMy O HENDEPHIBHOCTH NPOM3BOJILHOMN
aJieMeHTapHO#l pyHKLMA.

Teopema 5. Jobas aremenmapras Pynxyusa renpepviera 6 arwobotl
mouxe obracmu onpedescHUR.

JokasarenbcTBo. Tak kak mobasd aneMenTapHaa GbyHKUHASA, MO
ONpENIe/IEHNIO, TOJIYHaeTC H3 OCHOBHBIX 3JIEMEHTapHBIX (YHKuMH#
MOMOWbIO KOHETHOTO YHC/1a apHdMeTHYECKHX onepanuit u KOMIO3MUMt,
TO ee HellPephIBHOCTH B 1060t TouKe 06JIACTH ONpelleieHUA CJenyeT U3
HenpephiBHOCTH 3JIEMEHTAapHRIX (YHKUMH, TeopeMH O HenpepbiBHOCTH
CYMMEI, Pa3HOCTH, NPOM3BeJleHHs M OTHOIIEHHA HEeNpPepHIBHHIX QyHKIui
M TEOPEMHl O HENpepHIBHOCTH cyokHo#t dynknmu. TeopeMa 5 moka3aHa.

4.5. 3aMeuaTeanHBe npeneanl. Panee 6mJI0 I0Ka3saHO, YTO

lim o=Z = 1. (1)
z=0 =z
. 1\
lim (1 + —) =e. (2)
=400 4

B »ToM nyHKTe, MCNOJMb3Ys 3TH HpeNesibl M TEopeMy O 3aMeHe Me-
peMeBHOro MOX 3HaKoM Npefesia, BHYAC/HM elle HeCKOJIbKO BaXHBIX
npeneJsioB.

Teopema. Ecau gynxyus o(z) umeem npedea npu z — o u on
pasen yg, a dynxyus f(y) umeem npedea npu y — yo u, xpoMe mozo,
Vz € D, ¢(z) € Dy, o(z) # yo, mo caoxcran pynxyus f(p(z)) umeem
npedea npu T — 2o U

Jm fle(z)) = lim f(y). (3)

HokasaTenbcTtso. [lycTs mociaenobatenbHocts {Z,} Takas, 470
Vn z, € Dy, z, # To 1 lin;lo Za = 9. Torma mocJieqOBaTEJILHOCTD
n—

Yn = ¢(Z,) CXONUTCH K Yo OPH N — 0O H
Jim f(p(za)) = lim f(ya) = lim f(y).

Teopema mokasaHa.

®opmynia (3) HasHBaeTcH $opmyotl 3aMeHs nepemMennozo nod 3na-
xom npedesa. B Heit rp M Bce paccMaTpMBaeMHe NpeXenkl MOLyT GHITH
KaK KOHEYHHWMM, TaK H 6eCKOHEeYHRIMH.

. arcsinz
IIpumep 1. 111_51(1) — = 1.
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Pemenne. Cuenaem sameny y = arcsinz, 2 =siny. Torma y — 0
npu z — 0, Bce ycJIoBHfI TeOpeMH O 3aMeHEe NEPEMEHHOro MOJ 3HAKOM
npefesia BHIIOJMHEHK, H TO3TOMY

lim arcsinz = lim —-y— =1
20 I y—0siny
B xoHume Mul BocmoJsib30BaJIHCh dopmylioft (1).
Ilpumep 2.
l z
lim (1 + —) =e. (4)
T~ =00 x

Pewenne. Cnenaem sameny y = —z. Toraa y— +oco npu £ — —00 #

1\* 1\
lim (l + —) = lim (l - —) ,
z— =00 z y—++00 Yy

ecnn nocsjennnit npeaen cymwecrsyer. Halimem aror npemen. Tax kax

(-8 = 4 oo )

TO, NMOJIOXKMB ¢t =y — 1, nonyuum ¢ — +00 npu y = +00 #

l -y 1 t+1
lim (1 - -) = lim (l + —) =e.
y—+o00 Y t— 400 t

B KoHIle Mbl BOCIOJIL30BaJIHChL opmysoit (2) M Teopemoft o mpenene
NpON3BEJIeHN S,

Us (2) u (4) cnenyer dopmysa

1\*
lim (l+—) =e.
z—00 z
i Yz = ¢
Ilpumep 3. ll_r’ra(1+z) e

Pemenne. Cnenaem sameny y=1/z. Torma y—s oo npu z -0 u
1 y
lim(1 4 z)}* = lim (1 + -) =e.
z=0 y—+00 Yy

log, (:: +2) = log, e, rme, kax obmyHO, a > 0,

Mpumep 4. lim
z—0

a#l.
Pemenne. Caenaem sameny y=(1+z)!/*. Torna y—enpuz—0n

lim \28a(1+2)

lim p = !l’l_r’r}: log, y = log, e.
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B KoHlIle MW BOCNO/IL30BAaJIKCh HENpPEPHIBHOCTHIO JiorapudMma. B wacrt-
HOCTH, €CJIA @ = €, TO

. In(l142

lim 20+2) _

-0 z

a* —
IIpumep 5. lim
z—0

=lna.
z

Pewenune. Cuenaem sameny y=a®* — 1. Torma y—0 npu z—0 n

. a* -1 . y
lim = lim = =Ina.
=0 =z y—=0log,(1+y) logge
B wacrHOCTH,
. e -1
lim =1.
z—0 z

8§ 5. Cpannelme ACHMIITOTHYECKOr'o nmoseaeHmud
bynx it

5.1. ®yHxiaM omHOro MoOpsANKa NPH & — Zo. Bo MHOrmx cjydasax
BaXXHO 3HATh MOBefieHHe AaHHOW ynkumu f(z) npm = — zo, Toe zo —
npefesibHafg To4Yka MHOXecTBa X, Ha KOTODOM onpejesieHa GyHKUUA
f. Ilna storo ee cpaBHWBajoT ¢ HekoTopolt apyro# c¢byHkumnett g(z),
KOTOpasi B HEKOTOPOM CMbICJIe npoiue uin 6osiee n3yueHa B OKPECTHOCTH
TOYKH Zo.

Onpenenenne 1. Ilycts ¢ynkuun f(z) m g(z) onpenesieHn
Ha MHoXecTBe X, M NYCTb Tp — IMpedesbHasd TOYKa MHOXKecTBa X
(xoneunas usm GeckoHewHas). IoBopsT, 4TO Pynxyusa f(z) ecmo
O-6oavuoe om g(z) npu = — o, ¥ NHWYT

f(z) =0(g9(z)) mpm z — =z,

ecsid cymecTByoT noctodHHaa C > 0 B OKpPecTHOCTb TOYKHM Io TaKMe,
910 B 3TO#k OKpecTHOCTH Mg jwboro z € X, z # z9, BHNOJHAeTCH

HepaBeHCTBO
|f(z)! < Clg(z)I.

B uactHocTH, 3amuch f(z) = O(1) npm z — zo o3Hadaer, 4To yHK-
uua f(z) orpaHnyeHa B HeKOTOpOH OKpPeCTHOCTH TOYKM Zzo. Hampumep,
sinz = O(1) npu z — 0,
sinz = O(1) npu z — +00,
sinz = O(z) npu z =0,

sin’z = O(sinz) npu z — +oco.
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Ouesupno, ecmm f(z) = O(g(z)) u g(z) = O(y(z)) npu z — zo,
T0 f(z) = O(p(z)) mpu z — zo, T.e. cumeoa O-boavwoe obradaem
ceoficmeom mpansumusrocmu. [N Hero cnpaBe[JIHBa U TaK Ha3biBa-
eMas meopema caodcenus: ecau f(z) = O(p(z)) u g(z) = O(p(z)) npu
z = zg, T0 f(z) + g(z) = O(p(z)) npr z — zq.

Onpenenenne 2. Ecmu f(z) = O(g(z)) n g(z) = O(f(z)) npu
z = zo, To dynkmuu f(z) m g(z) HasmBaloTCH FynkyuaMmu odnozo
nopadxa (MMM nodobrumu dynxyuamu) npu r — r9. B aTom caydae
OMLYT:

f(z) < g(z) npu z — zo.

Teopema 2. Ilyemv z¢ — npedeavras mouxa (xoneuHas u
becxonewnan) Mroocecmea X, na xomopom onpedesenw Puxyuu f

u g, ¥ nycms
. f(=)] _
zllg:lo lg(l‘)' =k

Tozda, ecau 0 < k < +00, mo f(z) < g(z) npu z — zo; ecau sce k =0,
mo f(z) = O(g9(z)) npu z = zo, a ecau k = +oo, mo g(z) = O(f(z))
npu = — zo.

Jdokasartenbncrso. Ecm 0 < k < 400, TO cymecTsyer oKpecT-
HocTb O(Zo) TOYKHM zo TaKas, 4TO

k_|f(=)| _ 3k 9
5 lg(—z)[<? VIGO(to)nX.

Ecm xe k=0, To

. =)
30(zo): i <! Vz €0(zo) N X,

a ecqH k = 400, TO

|£(=)| o .
30(zo) : >1 VzeO(zo)NX:
( 0) |9(2)| ( 0)
TeopeMa moka3aHa.
Takum obpasoM, HanmpuMep,

sinz <Xz opun z — 0,

sin3z < 2 opu =z — 0,

222+ z+3 < 2? npr z — +00.

Ouesuano, ecin f(z) < g(z) u g(z) < ¢(z) npu z — zo, TO
f(z) < ¢(z) opn z = zo, T.e. ommowerue nodobus obaadaem ceoticmeom
mpansumuexocmu.
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Ecnn dynkunn f(z) u g(z) npu z = zo ABAsAoTCA 6ecKoHeyHO Ma-
JILIMK (JM GOJIBIUMMH) M MOAOGHBIMH, TO OHHM Ha3LIBAIOTCHA becKoneuno
Maavimu (COOTB., 6oavwumu) odnozo nopsadxa npu ¢ — zo. Hanpumep,

byuxunn f(z) = z2 u g(z) =sin?3z npun z —» 0 aABNAOTCA GecKoHewHO
MaJIlIMA OfHOTO mNopsaaka, a ¢GyHkuMH f(z) =22 u p(z) = (3z + 1)?
npu z — +00 ABNAOTCA GeckoHeuHo GOBLUIMMHM OMHOINO MOpPAAKA.

5.2. OynxuuM pa3sHLIX NOPANXOB NPH & — T,. B nNpeaniayumem
nyHkTe 6b1 onpeneneH cumBos (O-6osbllioe M H3y4YeHHl ero cBolicTBa.
3nech BBeleM CHMBOJI 0-MaJloe ¥ PacCMOTDUM €ro CBoHcTBa.

Onpenenenne. Ilycrs dbynkumn f(z) u g(z) onpenesennl Ha
MHOXectBe X, M NyCcTb ¢ — mnpedesbHas To4Ka MHoxecTBa X
(koHeynasa wunm Geckoneunas). [oBopaT, uTo @Pynxyus f(z) ecmo
o-manoe om g(z) npu T — To, M NMHWYT

f(z) = o(9(z)) mpu z — zo,

ecjii B HEKOTOPOH OKpEecTHOCTH TOYKHM o AJIA Jioboro z € X, = # z¢
BLINIOJIHAETCA HepaBeHCTBO

17(2)] < (z)lg(=)l,

rae dbynkuua a(z) sBiageTca GecKOHEYHO MaJiolf mpH z — Zo.

B wyacthoctu, 3amuck f(z) = o(l) npu z — zo o3HauaeT, 4TO
f(z) aBnserca Geckoneuno MmaJnoit npH r — zo. Hampumep,

sinz=0(l1) 1npu z—0,
sinz = o(z'/3) npu z -0,
z? = o(z) npu z — 0,

z =o(z?) npu T — +00.

OueBnaHO, ecyiH
lim M =0,
z=+20 g(z)
To f ﬁa:) = o0(g(z)) npu z = zo. HeltcTBATENLHO, 0603HAUNB OTHOLIEHHE
|£(z)|/9(z)| uepes a(z), noayumm: |f(z)| = a(z)|g(z)| u a(z) = o(1)
npu z — zo.
Jemma. Ecau f(z) = O(g(z)), a g(z) = o(p(z)) npu z — zo, mo
f(z) = o(¢(z)) npu z — zo.
HokasaTenbcTBo. U3 ycioBua cieayert, 4TO CylleCTBYeT OKpeCT-
HOCTh TOYKM Zo TaKafi, 4TO B 3To#f OKpeCTHOCTH AJA Jjioboro z € X,
T # z, BHINOJHAETCA HEPABEHCTBO:

If(=)] < Clg(2),
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rne C — HexkoTopasd MocTOfAHHaA. A Tak kak g(z) = o(p(z)) npu
Z — To, TO CYLIECTBYIOT OKPECTHOCTb TOUKH Zo M GYHKIMA a(z) = o(1)
npu = — o Takue, YTO

lg(z)| < e(z)lp(z)]
anda qoboro z € X, z # o9, U3 ykasaHHo#t okpectHocTd. IToaromy

|£(2)] < Ca(z)le(2)|

g moboro z € X, z # zp, M3 HEKOTOpoH OKpPECTHOCTH TOYKH Ig.
JleMMa noxasaHa.

W3 atoft leMmui caienyer, uto ecom f(z) = o(g(z)) n g(z) = o (p(z))
npu z — o, To f(z) = o(p(z)) npu z = zo.
AHaJIOrHYHO JOKa3HBAIOTCA CJENYIOIHe yTBEPKICHAA:
1. Ecmm f(z) = o(p(z)) u g(z) = o(p(z)) npr z — zo,
To f(z) % 9(z) = o (p(z)) npu z — z,.
2. Ecan f(z) = o(p(z)), a g(z) = O(p(z)) mpn z — =z,
to f(2)g9(z) = 0(p%(z)) nmpu z — zo.
Joka3aTh 3TH yTBepXOeHMs B KaueCTBE yNPaXKHEHH:.

5.3. OxBuBajieHTHHe GYHKIMM TWPH 2 — Z,. llycTb, Kak u B
npenbiAyluMx nyHkTax, dbyukuun f(z) v g(z) onpenenensl Ha MHOXecTBe
X, u nycTb To — mNpelesbHAA TOYKAa MHOXecTBa X.

Onpenenenue. l'osopaT, uto pynxyua f(z) axeusasrenmua Pymnx-
yuu g(z) npu z — ro, m muuyt f(z) ~ g(z) npa z — zo, ecan

f(z) — 9(z) = o(g(z)) npu z — =zo. (1)

Teopema 1. Ecau f(z) ~ g(z) npu z = zo, mo u g(z) ~ f(z)
npu z — zo.

HokasaTenbcrBo. U3 ycuosua: f(z) ~ g(z) npu z — =zo,

CJIEYET, YTO B HEKOTOPOl#l OKPEeCTHOCTH TOYKH Zo AnaaA Joboro z € X,
z # zo, BHIIOJIHAETCA HEPaBEHCTBO:

|f(z) - 9(2)| < a(z)lg(=), (2)

rae a(z) =o(l) npu = — zo. B gacTHOCTH,

lg(z)l = 1f(2)] < al=)lg(z)l, (1 - a(z))lg(z)| < If(=)I-
Orciopa n u3 HepaBeHCTBa (2) cJueyeT, 4TO CYIIECTBYET OKDECTHOCTH
TOYKH Zp, B KorTopof anf mwoboro z € X, z # zo, BHNOJHAETCA
HepaBEeHCTBO
a(z)

1£(2) - 9(2)| € Tt~ (2.

- af(z)

T: aK
o lim —2)_
sz 1 —a(z) ~ '
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T0 g(z) — f(z) = o(f(z)) npr z — zo, Te. g(z) ~ f(z) npr z — zo.
Teopema 1 nokasana.

TaxnMm ob6pa3soM, oTHOlleHHe 2KBHBaJIeHTHOCTH GyHKnm# obsanmaeT
cpoitctBom cummerpnu. Ilostomy, ecnm f(z) ~ g(z) mpu = — zo, TO
dbyukuum f(z) u g(z) Ha3HWBAOTCA INGUSGAEHMHMMU NPU T — Io.

Teopema 2. Ecau f(z) ~ g(z) u g(z) ~ p(z) npu z = zo, mo
f(z) ~ o(z) npu z — zo.

HokasateabcTBo. Ilo yc/oBHIO, B HEKOTOPHIX OKDECTHOCTAX
TOYKH Zo AJIA -J1060ro z € X, z # 2o, BHNOJHAIOTCA HEPABEHCTBA:

1F(z) - 9(z)| < a(@)lg()], l9(z) — ¢(2)] < B(=)lp(2)],
rae a(z) =o(1) u B(z) =o(1) npn z = zo. Torna
lo(2)] < le()] + B(=) e ()],
1f(=) = ¢(2)] < |f(2) - 9(2)| + lg(=) — ¢(=)] <
< a(z)lg(2)|+8(2)l¢(z) < (a(2) +a(z)B(z) +B(z)) lp(2)|,

n noaromy f(z) —¢(z) = o(p(z)) npm z = zo, Te. f(z) ~ p(z) npn
z — zg. Teopema 2 noka3aHa.

®ynxkumu f(z) ¥ g(z), 2KBHBAJICHTHBie ONpU T — To, Ha3HIBAIOTCA
TaKXKe ACUMNMOMUNECKY DPAGHWMU NPu T — T, a COOTHOWIEHHS BHIA
(1) nam, yTo TO Xe caMoe,

f(z) = g(z) + o(g(z)) npu z = zo
Ha3HIBAIOTCA GCUMNMOMUMECKUMYU PEGEHCMEAMU.

Jlemma. Ecau 6 nexomopoil oxpecmuocmu movxu zo g(z) # 0
048 arbozo ¢ € X, z #£ 2o, u

im £2)
2= D
mo f(z) ~ g(z) npu z — zo.
Hokasatensctbo. [lonoxnM a(z) = %—1. Torna a(z) = o(1)

npu z = zo 1 f(z) - g(z) = a(z)g(z).
CnenoBatenbro, f(z)~ g(z) npu z — zo. JlemMma noxasaHa.
Jlerko BMIeTb, 4TO, HANpHMeEp,

sinz ~z npu z — 0,
2?(1+z)3~2> npuz—0,
2?2(1+2z)3~2z"! npu z - oo
5.4. Acumnrorn. [lycts dbyHkumm f(z) m g(z) ompenmenemmt nnn
aioboro z > a, ¥ nycts g(z) # 0 Vz > a. Torma cooTHomenne

3KBHBaJIEHTHOCTH:
f(z) ~g(z) opr z = 400

4 — 1402
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YKa3blBaeT JIAlUIb HA& TO, YTO OTHOCHTEJIbHAaA uorpemnocrb
f(z) — g(z)
9(z)

npubamkenHoro pabercTsa f(z) & g(z) cTpeMHUTCA K HYJIIO IpA T — +00.
OnHako M3 2TOrO COOTHOLIEHHA HE CJIeAyeT, 4To abcosoTHadA morpeul-
HOCTb yMeHbIllaeTcad HmpH & — +o0o. Hanpuwmep,

flz) =

re. f(z) = 22+ 0(z?) npr z — +00. A6comMmoTHAA BesMIMHA PAasHOCTH
2

23
z+1

~z? npH z — +00,

A
z+1

He yMeHbIIaeTCA OpH T — 400, mpHIeM f(z) —z3~ -z OpH & — 4090,
re. f(z)=2%—z+0(z) npn z = +0o. [anee,

fz)-2*=~-

z 1— 1
z+1 " z+1
opu & — +00, Takum o6pa3oM,

f(z)=2*—z+1+0(1) npr z = +oo. (1)

Taxkoro BHAa COOTHOLIEHHS HA3HBAIOTCA GCUMNMOMUNECKUMY PA3A0e
JceHuAMy NaHHOR (PYHKIMH MO CTeNeHAM & NpPH T — +00. 3aMETHM,
4TO aCHMNTOTHYECKOe pa3JioxkeHne (1) MOXHO MPORO/IKHTH:

flz)-2>+z= =1+ o0(1)

f(z):z’—:-l-l—%-!-o(%) npu = — +090,

1 1 1
f(z)=z2—2+l—;+;§+0(;§') npa z — +00

u TA.
AHaJIOTH4HO MOXHO pacCMAaTpHBAaTh aCHMNTOTHYECKHE Pa3JIOXKeHHA
¢yHKLNN O CTeneHsM T — o NpH Z — Zo. Hampumep,

3

=% _,3 3
f(z)_z+l_z +o0(z°) mpm z—0,
flz) =2 =z +o(z%) npu z — 0,

flz)=2-2*+25+0(z°) mpu z > 0

H T.O.

Mn He 6yneM pasBHBATH T€OPHMIO ACHMITOTHYECKHX Pa3sIOXKeHH.
3mech MBI OrpaHHYHMCH PAcCMOTPeHHeM BONPOCOB, CBA3AHHKIX C MOHATH-
eM acHMNTOT BeTBeit rpaduxa PyHKUHH, YXORAUMX HA GECKOHEYHOCTD,
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T.e. Koraa z — oo mam y = f(z) = 0o npu z — To cieBa WM
cnpasa.

Onpenenenne 1. Ilycts ¢ynkuua f(z) onpenmesiena mas Bcex
z > a (wm z < a). Toraa npamasn ! HasnBaeTcA acumnmomotl zpaduxa
$ynxyuu y = f(z) npu z — 400 (cooTB., npu T — —00), ecan

p(z;l)=0(1) mpu z = +00 (2 = —00), (1)
rae p(z;l) — paccTodHMe OT TOYKHM ¢ KoopauHartamu (z; f(z)) no

npamott 1.

Teopema: [Jlasa mozo umobu epadux pynxyuu y=f(z), z>a (z<a),
uMes acumnmomy npu z— +00 (cooms., npu T — —0c0), Heobrodumo u
docmamouro, wmobw cywecmeoeasu wucaa k u b maxue, ymo

f(z)=kz+b+0(1l) npu z - 400 (z = —00). (2)

Tozda ama acumnmoma umeem ypasnenue y = kx + b.

HoxasateabcTBo. Kak wusBectno, paccrosnme ot mnpamoft [,
3aaHHOM ypaBHen®eM y = kz +b, no Toukm (z; f(z)) onpenenserca no

dopmyne:
|f(z) = kz b

p(z;l) = \/H—kf )

[O3TOMY €CJIM BHIMOJIHAETCA ycioBue (1), TO BHINOJIHAETCA M ycJ/OBHE
(2), m Haobopor. Teopema HoOKa3aHa.

A3 ycsosusa (2) csenyer cmocob OTHICKaHHA ACHMMNTOTH rpacdHKa
bynxuun y = f(z), £ > a (z < a), npE 2 = +00 (COOTB., NpH T — —00).
HeltcTBUTENbHO, TaK KakK

JE) o bre)
4 z

b= f(z) —kz +o(l) npu £ = 400 (2 = —00),

TO
k= lim M, b= :_léx‘ir_xoo(f(z) — kz).

z—+00 2

Onpenenenne 2. [lycts pynkuusa f(z) ompenesieHa Ha MHTEpBa-
sie (a; zo) (wnm Ha (zo;a)), m aycTs f(z) — +oo npu z — zo—0 (cooTs.,
npu =z — zo +0). Toraa npamas f, 3amaHHadg ypaBHEHHEM I = Zo,
Ha3bIBAaeTCHA 6epmuKaadHoll acumnmomotl zpaduxa dymxyuu y = f(z)
npu ¢ = 2o — 0 (coors., npu z — zo + 0).

BepTHKaJibHasi aCHMNTOTa yAOBJIETBOPSAET YCJIOBHIO, aHAJIOTHYHOMY
ycaosmio (1), Tak Kak B aTOoM caydae p(z;l) = |2 — zo|, n nosTomy

p(z;l)=0(1) npu z > z9—0 (z— zo+0).

4
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Ovuepnano, rpaduxk PpyHKIHM

23

z4+1

HMeeT BEPTHKAJIbAYIO aCHMOTOTY £ = —1 npu £ — —110, Ho He HMeeT
acCHMINTOT NpH T — £00.

I'padux bynkoum

y=

142

HMeeT BEpTHKaJIbHYI0 acHMATOTY z = —1 npu £ — 1+ 0 # acumnrory,
y=z—1 opn z — too.

Ipadux pysxnuM

y:

2

_ =z
¥=1 + =]

He MMeeT BEPTHKAJIbHEIX aCHMITOT, a NpH T — +00 M T — —00 HMeeT

ACHMOTOTH: y=z—1 npu 2+ +oo u y=—-z—1 npu z — —oco.

I'naBa 3. IIpomsBomanie, muddpepenmaain
H nepBooOpa3HLIe

§ 1. OnpeneireHnd MPoU3BOIHEIX M M QepeHImEanos

1.1. Onpenenenne npoussomuoli. Ilycts 3anann pyHkmas f ¥ TO4KE
zo € Dy. Torna mna moboro z € Dy, = # zo, YacTHOE

f(z) = f(z0) _ f(zo+h)— f(zo)’

z— 20 h

(1)

e h = r — 2y, HasHIBaeTCH PASHOCMHMM omHoweHuem Pyrxyuu [ 6
mouxe Zo ¢ wazom h.

Ounpenenenne 1. Ilpenen pasmoctHoro orHoweRus dyukumu f
B Touke zo € Dy c marom h npu h — 0 HasmBaeTca npoussodHotl
dynxyuu f 6 mouxe zo m obosnavaercs f'(zo).

Takum ob6pasoM, IO onpeneseHHIO,

f(zo +h) — f(zo) _ lim f(z) = f(zo)
h

220 -0

(2)

o) = i

AHaNOTHYHO ONpefesIAIOTCA odHocmoporHue npoussodnvie.

Onpenenenne 2. [Ipenen pasHOCTHOrO OTHOLIeHHs yHKIUM f B
To4kKe Zo € Dy ¢ marom h mpu h — +0 (h — —0) naseiBaercs npasotl
(#eeoti) npouseodrolt dynxyuu f 6 mouxe xo u obosnavaerca f(zo)

(coots., f.(20)).
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Takum ob6pasom,

f:’k (20) — hl_igo f(l'o + h,z - f(to) . (3,

U3 onpenenenns 1 caenyert, uTo o mpoussoaHo#t ¢pyHkuuu f B TOUKe
2o € Dy MOXHO rOBOPHTb TOJIBKO TOTAA, KOTAa Zo ABJIAETCA NpenesbHol
Touko#t MHOXecTBa Dy. AHajornyno, o npasoft (sieBoft) mpousBoaHOM
dynkunn f B Touke zo € D; MOXHO rOBOPHTb TOJIBKO TOrAa, KOraa g
— mnpefie/ibHaA TouKa MHoXecTBa Dy N[zo; +00) (coots., DyN(—00; z()).
JAna npocToTH B onpegesieHMn 1 O6HYHO NpeAmoOJIaraloT, YTO TOYKa
To fABAseTCA BHyTpeHHeit Toduxoft MHOXecTBa Dy, Te. byskuua f
onpefiejieHa B HEKOTOpo#i OKPECTHOCTH TOYKM Zo. A B ONpefesieHHHd 2
cYMTAIOT, uTo pyHKUMA f onpenesieHa Ha HEKOTOPOM NMpPOMEXYTKe BHAa
[z0; b) (cooTs., (a; 0]). DTH NPOMEXKYTKH HA3HBAIOTCA 0HOCMOPOHHUMY
OKPECMHOCMAMY TMOYKY T, COOTBETCTBEHHO, Npacotl U .aeeoil.

OueBuaHo, pyHKLHMA, onpene/ieHHadA B HEKOTOpol#l OKPECTHOCTH TOY-
KM Zo, MMEET NPOM3BOAHYIO B TOYKE Zo TOLAa M TOJBKO TOrAa, KOraa
OHa B To HMMEET OJHOCTODOHHME NPOHM3BOAHHE M 3TH NPOU3BOAHMLIE
PaBHHI.

3amerum, uto mpenesan (2) ¥ (3) MoryrT 6HTH KaK KOHEeYUHHIMH,
Tak M 6eCKOHEYHHIMM, M MO3TOMY MOXHO FOBODHTb O KOHEuHWT u bec-
xoHeunnx npouseodnmwr. B panbHeflieM BupaxeHHe «bYHKUMA HMeeT
NpPOM3BOAHYIO» O3HAYaeT, YTO (PYHKUMA MMEET KOHEYHYIO NMPOHM3BOAHYIO.
Cny4alt 6ecKOHEYHHX NPOM3BOAHKEIX OrOBapHBaeTcs 0c060.

Onpenenenue 3. Pynkunsa f HasmBaerca OudPepenyupyemoil 6
Mmouxe T, €CJIM OHa ONpEAe/ieHa B HEKOTOPO# OKPECTHOCTH TOYKHM Zg
M B 3TO# TOYKe MMEET KOHEYHYI0 MPOM3BOIHYIO.

®opmynn (2) m (3) yacTo 3anMCHBAIOT B APYrMX OBO3HaueHUAX.
BmecTo zo mumumyT z, war h pasHocThoro oTHomenns (1) obosnavaior

Az, 1 Torna
Py = tim L2821

z—0 Az

(4)

3neck Az Ha3HIBaeTCA npupaujeHueM apaymenma, a pasHoctb f(z+ Az) —
— f(z) — coorsercTBylomnM npupaueruesm Pyrxyuu. Ecom y = f(z), To
3To npupaiueHue PyHKIMH obo3HavaloT Ay, a NMPOH3BOAHYIO PYHKLHMH
f B Touke z obosmayalor y'. B 3THX Obo3HaveHHAX dopmyaa (4)
NpHHAMAET BUJ

_ . Ay
V= lim =

AnanoruynniM o6pa3om 3anuchiBaoTcA # dopmyn (3). B rako#t popme
olnpejie/iecHHe NPOM3BOAHON KOPOTKO (POPMYJIMPYIOT TaK:
[pousBoaHO# Ha3hIBaeTCA Mpenesl OTHOIIEHHS NpupalleHHs yHK-

oMM K NpUpauleHHIo aprymMeHTa, KOTH2a IpHpalliecHHe apryMeHTa CTpe-
MHTCA K HYJIIO.
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Onpenenenne 4. Ilycts D’, — MHOXEeCTBO TO4YeK, B KOTOpHIX

dbyukmna f auddepennypyema. Torma ¢byHKmHMA, KoTOpas KaxaoMy
z € D} craBuT B cooTBercTBue uHC/O f'(Z), HasHBaeTca npoussodnoti

bynkune y = f(z) m obosnavaerca f' wam y.

Onepanus HaxoXIeHAA NpoH3BonHo#t naHHOR ¢yHknUM f Ha3kBa-
erca duddepenyuposariuem dyrxyuu f.

PaccMOTpHM HECKOJILKO MpHMepOB Ha AuddepeHIupoBaHAe 3JI€MEeH-
TapHHX QyHKuMH.

Ilpumep 1. y=c, roe ¢ — HexkoTOpasdn MOCTOAHHAA.

Tak kak Ay = 0 maa soboro z € R 1 moboro Az, o0 ¥ = 0
Vz € R. CnenoBaTenbHO, NpoK3BOIHAA NOCTOAHNAOR paBHa Hyo: ¢ = 0.

IIpumep 2.
y=sinz.

Tak kak Ay:sin(z+Az)—sinz=2sin-A2—z-cos T+ ﬂ), TO

2
Ay . .. sin(Az/2) . z\ _

Am Az = A Taz/z) A s (#+ 5 ) = cosz ana Jmoboro

z € R. CnenoBarenbHo, ¥ = cosz, T.e. NMPOHW3BOJHAA Sin T paBHa COSZT.

9T0 yTBepXIeHHMe 3alHCHBAIOT B BHAE HOpMyJInl

(sinz)’ = cosz.

NMpumep 3. f(z)=|z|, z€R.

Ecm z >0, To f(z) =2 n f(z+h)=2z+h u ana moboro h,
y xoroporo |h| < |z|. Ona Takux z u h pa3sHOCTHOe OTHOlleHHe (1)
paBHo 1. Cnenosarensho, f'(z) =1 ana moboro = > 0.

Ana.nomtmo noka3miBaercd, 4ro f'(z) = —1 maa moboro z < 0.
B Touke zo = 0 nMeeM f(z0) =0, f(zo+h) = |h| u, cirenosatesnbHoO,
fi0)=1, fL(0)=

Taxum oGpasom,
(lz]) =sgnz ¥z #0.

B Touke z = (0 pmaHHa® ¢PYHKUMA MMeeT ONHOCTOPOHHME NPOHU3BOAMEIE
f4(0) = %1, Bo He aBaserca muddepenuupyemoft.
Ilpumep 4.
y=cosz
. Az A
Tak kak Ay = cos(z + Az) —cosz = —2smTz -8in (z+ —;—’) , TO

) Ay .
¢y =limaz 0 i —sinz Vz €R.

CnenosarennHo, (cos)’ = —sinz.
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Ilpumep 5. y=a*, e a>0m a# 1.
CorylacHo onpefiesieHHIo MPOH3BONHOM,

y’ a*+az _ g% ad® _ 1
= lim ———— =qa*- lim
Az30 Az Az=0 Az '’

a Tak Kak mocaesHuft npenmes paBet Ina, To ¥ = a¢®lna ana Joboro
z € R. CaenopartesnnHo,
(a®*) = a®Ina.

B wactHOCcTH, (€%) = €°.

NNpumep 6. y=log,z, tme a>0 n a#1.

Jannaa dbyskuma onpenenena gna moboro z > 0. Ecan npmpaiue-
Hue Az Takoe, uto |Az| <z, TO 2+ Az >0 1

z/Azx
Ay = log,(z + Az) — log, z = log, (1 + —Aﬁ) = éa:i log, (l + 95-)
[ToaToMy

Ay 1 Az\*/8*
Am Az = 7 i, 1ok (1 + T) :

B nocnennem mpenene chenaem sameny t = Az/z. Toraa
v = limlog,(1+)!/* = - log, e

mia awoboro z > 0. CrnenoparesibHo, dynkmua y = log, ¢ auddepen-
uupyema B Jnoboft Touke z >0 n

A

{
X lnA

Hl'-‘

(log, z)' =

-log, e.=

B vactHoctH, (Inz) = 1/z.

1.2. NTuneiinoe nmpubimxenme n muddepemman. Crayana gokaxem
OfHO TpOCTOE, HO BAXHOE YTBEpXMAeHHe O JHHeltHoM mpHGIMXKeHUH
nuddpepennupyemoit GyHKuMH.

Jlemma 1. Ecau pynxyuay= f(z) dudPeperyupyema 6 mouxezxg, mo

f(z) = f(zo0) + f'(z0)(z — 20) + a(2)(z — 20), (1)

2de pynxyua a(z) nenpepmuena 6 mouxe zo u a(Zo) =
Hokaszateasbctpo. Iosoxum o(zg) =0, a oaa z # zo

a(z) f(x) f(zO) f’( )

Torna, o4eBMaHo, a(z) HempephHIBHA B TOYKE Zo M BHINOJHAETCA pa-
Becto (1). Jlemma 1 noxasana.
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Cnencrpue. Ecau gynxyus dudpepenyupyema 6 nexomopoti moy-
Ke, mo ona Henpepuena 8 amotl mouxe.

ObpaTHoe yTBepXaeHme sBsseTcA HeBepHbIM. Hanpumep, yHnkumms
y = |z| HenpepniBRa B Touke = = 0, HO OHa B 3TO} TO4YKe He HMeeT
NpOU3BOAHOMN].

Ycnopue (1) 06mYHO 3anMCHBaeTcA B BHAE aCHMITOTHYECKOTO pa-

BEeHCTBa:
f(z) = f(zo) + f'(z0)(z = z0) + o(Az)
pu ¢ — 2o, rae Az =z — zp.

Tenepb NOKa3aHHOE YTBEPXKAEHHE MOXHO cPOPMYJIMPOBATH CJEIy-
oM obpa3oMm:

Ecnu byskuusa y = f(z) nuddepenuupyema B Touke T3, TO B
OKPEeCTHOCTH TOYKM Zo C TOYHOCTBIO 10 o(Az) oHa Beaer cebf kak
nuneftHaa ynkuua y = f(zo) + f'(z0)(z — zo)-

CnpaBensinBo u o6paTHOE yTBepXJAcHHe.

JTemma 2. Ecau gynxyua y = f(z) onpedesera 6 mnexomopoti
oxpecmuocmy mouKu To u cywjecmeyem wucao A maxoe, umo

f(z) = f(zo) + A(z — 20) + o(Az) npu z — zq, (2)

mo ama Pynxyua dudPepenyupyema 6 mouxe zo u f'(z0) = A.
HokasareasctBo. U3 ycnosus (2) caemyer, uto

Ay = AAz + a(Az) - Az, tne a(Az) = 0 upn Az — 0.
CuaienoBaTesibHO,

. Ay
Alal.-r-r-»lo Az A

Jlemma 2 mokasaHa.

Taknm o0b6pa3oM, cnpaBeasus cienyoltuit kputepnit auddepenun-
pyeMocTH:

Ona Toro urobm ¢ynkuua y = f(z), onpeaeneHHas B HEKOTO-
poil OKpECTHOCTH TOYKH Zo, Ohula mudpgepeHndpyeMa B TOUKE Zg,
HeoOXOAMMO M AOCTaTOYHO, YTOOH BHIMOJHAJIOCH YCJIOBHE:

JA: Ay= AAz +o(Az) (3)

npn Az — 0.

Onpenenenune. Ecm byuxkmua y = f(z) maddepenunpyema B
TOYKe Zo, To JMHeHHas oyukuma f'(zo)Az, Az € R, HasmBaeTcs
duddepenyuanom Pynxyuu y = f(z) B mouxe zo H obo3Havaerca dy
nmm df(zo).

CnenoBaTenbHO, MO ONpeNeEHHIO,

df(.’to) = f,(Io)Az.

Hna cummerpun Az ofosHavalor dr H HasHBaloT Juddeperyuasom
He3zasucumozo nepemerrozo. Toraa

df(zo) = f'(z0)dz (wmm dy = y/dz).
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Orciona mosiyyaeM HoBhlie ofO3HaYeHMsA A/ NpPOU3BoAHOR depes o1-
Homenne auddepenunana bynkuun k auddepeHunany He3aBUCHMOIO
IIepEMEHHOTrO:

fla)=T), v=F

U3 ycnoens (3) caenyer, uro ecau ¢ynkuna y = f(z) auddepen-
mMpyeMa B TOYKe Zg, To B 3Toft Touke Ay = dy + o(Az) npr Az — 0.
CaenoBatenbio, Ay = dy ¢ Tounoctsio 10 o(Az) npn Az — 0.

U3 onpenenenna nndepenumana ¥ npaMepoB, pacCMOTPEHHLIX B
OpeAnAyuieM NyHKTe, mOJydaeM cjelyiwouue ¢GopMyJIbl:

dc=0, dsinz=coszdz, dcosz = —sinzdz,

da® = a*Inadz, de* = e*dz,

1 dz
dlog, z = ;logaed:c, dinz = et

1.3. I'eomerpuyecxuit cmuica mpouspogpolt. I[lyctb bynkuuna y = f(z)
HenpepoiBHa B TOYKe Tg, M MyCTb Mo — TOYKAa C KOODAMHATAMH Zg U
vo = f(z0), a8 M) — TouKa ¢ Koopau-
natamu zo+ h u f(zo + h) (puc. 3.1). yh
Torna npamaa MyM), HasHBaeMas ce-
xyweld, uMeeT ypaBHEeHHe

S

Y-y = éhz(-"—z'o),

|
rae Af = f(zo +h) — f(zo)- i

Onpenenenne. Ilpamas: MoM,
ypaBHeHHe KoTopoi#t nosiydaerca u3 0 Xo
ypaBHeHHA cekywe#t MoM;, npu h — 0,

HasbIBaeTCA Xxacameavrotl x 2zpaduxy
pynxyuu y = f(z) B Touke zo (MNM
B Todke Mj).

Ouepnmno, ecnu ¢ynukums y = f(z) nuddepenunpyema B Touke
zo, To B 3Toff TouKe y rpacduka KacaTeJbHad CYMIECTBYeT H HMMeeT
ypaBHEHHe

}

*

Pue. 3.1

v — % = f'(z0)(z — 20).

Takre KacaresbHBE HAa3bIBAIOTCHA HAKAOHHHMU.
Orciona cieayer, 4ro npon3sopHas f'(zg) paBHa TaHPeHCYy yIMla a,
KoTophilt obpasyer KacaresqbHad MoM c ocbio Oz, Te. f'(zo) = tga.
Ecmm xe ¢ynkuua y = f(z) B Touke Zo HenpephlBHa M HMeeT
6eckoHeUHYI0 MPOHM3BOAHYIO, PABHYIO +00 WJIH —O0O, TO M3 ypaBHeHUs

(y—yo)—Ah7=z—zo
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npu h = 0 nonyyaem ypabHeHne z = zq. Cnenopatensho, ecn f'(zq) =
= 400, TO B TOUKe Iy I'PaHK HMEET GEPMUKAALHYI XACAMEALHYIO.
B 3roM ciyyae npomsBogHas ToXe paBHa TaHPEHCY YIVIa, KOTOpHIf
obpasyer kacaTenbHas ¢ ocbio Oz (puc. 3.2 n puc. 3.3).

b7 "

i i

Flxg) =+
M, M, f ,(Xo) - 00

] 1

| N [
0 Xo x 0 xXo x

Puc. 3.2 Puc. 3.3

OueBnano, BepHO B ob6paTHOE yTBEpXKICHHE: €C/H rpaduk GyHKIUH
y = f(z) B Touke Ty MMeeT KacaTeJbHYIO, KOoTopasd ofpasyer ¢ oOCbIO
Oz yron a, To GyHKIMA B TouKe zo HMeeT mpomasomHyio f'(zo) = tga.
Ocobo paccMOTpPHM ciyuail, Koraa

fi(zo) = 200 u fi(z0) = Foo.

B »Tux ciay4adXx OpAMas £ = Zy TOXKE Ha3LIBAETCHA 6epmuxasvHotll
xacameavHotl, XOTH OHa OTJHYAaeTCA OT BEPTHKaJbHBIX KacaTeJIbHBIX,

! . (] — ! —
koraa f'(zo) = +o0 u f'(zo) = —oo. [HeiicTBuTenbHO, econ f'(zg) =
= 400, To Touka M rpacdmuka npm nepexose udeped Touky My, monHH-

b2 yl
My

L -t00 I

PN N
M,

| N o)

1} Xo b 4 0 X0 X
Puec. 34 Puc. 3.8

MaeTcs BBepx, a ecqu f'(zg) = —oo, To M onyckaerca BHm3. Ecmm
xe fr(zo) = £oo, To Touka M cHavana noAHMMaeTcd, a mnocie
M, onyckaercA. AHaJIOTHYHO, €CJIH _f; (z0) = Foo, To M chauana
onycKaeTcs, a 3aTeM nNofHEMaerca. Ilo3ToMy TaKue TOYKH Ha3HBAlOTCA
mouxamu eosepama (puc. 3.4 u puc. 3.5).
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A3 reomerpHuecKoit MHTepIpeTauMH KacaTesqbHO# M ONpefeneHAn
muddepenunana cneayer, YTo e€caM y — OpAMHATa KacaTeabHo#t X
rpacduky dOYHKUMH B TOYKE Zg, TO

Ay = f'(zo)Az = df(zo),

T.e. nupdepennnan ynkuum f B TouKe £o paBeH MpHpallennio Ay = y—~yq
OpAMHATHI KacaTeJbHo#ft X rpacduky ¢pyukuun f B Touke Tg.

1.4. Onpenenenns mpousBomHbIX B ¢ depeHIAaNos BRHCUIMX MOPAN-
xoB. HamomnuMm, uro vepes D; MH oGo3HavaeM o6siacTh onpenesieRnst
bynkuun f, a wepes D) — obmacts ompenesenns mpoussonHo#t f’
arolt dpyHKuuH.

Onpenesenne 1. Ilpomasognasa npomssomsoit f' dynkuun f B
Touke To € D} nasmBaerca emopoil npouseodrodl (msu .npoussodwod
6mopoz0 nopadxa) dynxyuu f 6 mouxe ro m obosmavaerca f'(zo) mam
@ (zo).

Boobuwe, npoussomHas mnpomsBoaHoit f' ¢ynkumM f HasmBaercs
emop?t‘; npoussodnoit bynkuun y = f(z) m obosmauaerca f", f(3) wm
v, .

IponsBonHue GoJiee BBICOKOro NOPAAKA ONpENENAIOTCA MO HHIAYK-
IMM: TPOM3BOAHAA NMpou3BogHo# (n — 1)-ro mopaaka ¢ysxkuun f HasH-
BaeTcs npoussodroll n-z20 nopadxa bynxuum y = f(z) u obosHavaeTcs
F) g y(™),

Teneps onpenesnm andpepeHIHaNB BHICIUKX NOPAIKOB.

Io ompenenenuio, nadpdepesuuan bynkmun y = f(z) B TOuUKe Z
— 10 JiuHeltHan &ynkuma dy = f'(x)h, h € R. Ero HasmBaloT
nepeuMm Juddepenyuasom uan dudPepenyuasom nepeozo nopadxa. Ilpu
¢dukcuposannom h on sBnserca ¢ynkumeit or z € Dj;. Haiinem
muddepenunan ato#t byukuuu f'(z)h B Touke zg:

d(f'h) = hdf' = hf"(zo) dz.

B pesysbrare mosny4aeMm muddepeHnnan or nepsoro audgepeHus-
ajla B To4Ke Zg, OH fABJAeTCA JNHHeltHOM yHKumel#t or h B JuHeiHoM
¢yuknueit or dr. UHorna oH HashiBaeTca 6mopum OJudPepenyuasos
unn Judpepernyuasom emopozo nopadxa byukunu f B Touke zo. Onnako
B yuyeOHHMKaX Mo MaTeMaTHKe OOHYHO faeTcd IOpyroe ompenesieHue.

Onpenenenue 2. Inddepenuuan or nepsoro muddepeHuHAT
dyukuun y = f(z) B Touke zo npu h = dr Ha3uBaeTca dud fepenyuatom
emopozo nopadxa 3Toit yHKknMM B Touke To M oGosHauaerca d?f(zo)
i d2y.

CaenoBaTenbHO,

¢ f(z0) = f"(20) dz?,

rae dz? = (dz)2.
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AmnaJjiornyro, dud fepenyuaa n-20 nopadxa onpenensaercs no popmye:
d" f(2o) = ) (zo) dz™,

rae dz" = (dz)".
Hcnosbsys mnddepenuuann, nonydsaem HoBee o6o3HaueHHA O
npouspoaHo#t n-ro mopsanaka or dyHkumu y = f(z):

_ 2y
T dzn’

IIpumep 1. Ilokaxkem, 4To GyHKUHA y = sinT yNOBJIETBOPAET
ypaBrenuio ¥’ +y =0.

JHettctBurensHo, ¥ =cosz, ¥y’ = —sinz.

OueBnaHO, YTO M YHKUMA Yy = COSZ YAOBJIETBOPAET 3TOMY YpaB-
HeHHIO. 3aMeTuM, 4TO 3TO ypaBHeHMe fBJigeTca ARddepeHUNnaTLHEIM
ypaBHeHMeM BToporo mopsaka. Boobue, duddeperyuasonvimu ypase-
HUAMU Ha3LIBAIOTCA YpPaBHEHHA, B KOTOPHIX HEH3BECTHHIMH ABIAIOTCA
¢GbyHKUME M B KOTOphle BXOAAT HE TOJILKO 3TH YHKLUMHM, HO H HX
[IPOU3BOAHMIE.

IIpumep 2. Haitnem BTOpylo mpom3poaHyio ¢dyHKuun y = log, z.

WNasectHo, yt0 3 = (1/Ina)-(1/z), nostomy ¥’ = (—1/Ina)-(1/22?).
B uwacTHOCTH, OTCIOAa CJleAyeT, YTO NaHHaA (YHKUMA YAOBJIETBOpAET
nuddepeHIHaNbHOMY YPaBHEHHIO

zy' +y =0.

an
£ (20) = dT{., y™

§ 2. Ilpasuna mudPpepenmpoBanmus

2.1. IlpowaBomias CyMMB, Pa3sHOCTH, IPOM3BEICHUE M dacTHoro. Ha-
HOMHHM, 4TO €CJM HeKoTopasa ¢yHkuua aucddepeHuupyeMa B TOUKe
Zo, TO, MO ONpENEJIEHHIO, OHa OnpeAesieHa B OKPECTHOCTH TOYKH ZTo H
B TO# TOYKe MMeeT KOHEYHYIO TMPOU3BOAHYIO.

Teopema 1. Ecau gynxyuu u(z) u v(z) duddepenyupyemu 6
mouxe To, mo GAR awbwuzr nocmoannur a u b pynxyus y = au(z)+bv(z)
mooice Jud Peperyupyema 8 mouxe g u 6 amoti mouxe

(au + bv)’ = au’ + b/, (1)
d(au + bv) = adu + bdv. (1)
HoxasatenbctTBo. Kak 06nunO, mosioxnm
Au = u(zo + Az) — u(z0), A¥'= v(zo + Az) — v(20).
Torna, ecnn y = au(z) + bv(z) T0, oueBHAHO,
Ay = aAu+ bAv.
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Pasnenum aro paBeHCcTBO MOwsieHHO Ha Az M mepeliieM K npenesy npu
Az — 0. B pe3yabrate mosyunm ¢opmyiay (1). Teopema 1 gokasana.
Joka3sannoe cpoitcTBo onepauunr audpPpepeHIUpOBaHAA Ha3HIBaeTCH
ceoticmeom aunelinocmu.
Teopema 2. Ecau dynxyuu u(z) u v(z) Juddepenyupyemn @
mouxe Tg, mo Pynxyus y = u(z)v(z) mooce JupPepenyupyema o
mouxe g u 6 Imoll mouxe

(uv) = uw'v + ud', (2)
d(uv) = vdu + udv. (2"

Joka3saTeabcTBo. BocnonsayeMca 0603HaueHNAME, BBEIEHHLIMHA
npu joxasarenascrse TeopeMu 1. Torma, ecim y = u(z)v(z), To

Ay = (u+ Au)(v + Av) —uv = uAv + vAu + Au - Av.

PasnesnuM 3To paBeHCTBO NMOYJIEHHO Ha Az M mepeliaeM K mpefnesny npu
Az — 0. B pesynbrare nonyunm cdopmyny (2). Teopema 2 moka3aHa.

Teopema 3. Ecau dynxyuu u(z) u v(z) duddeperyupyemn 6 moy-
xe 2o u v(zo) # 0, mo pynxyua y = u(z)/v(z) moorce dud fepenyupyema
6 movuxe o u 6 Imoll mouxe

(- 25 g
; (3"

u vdu— udv
d (;) = v?
Hokasatenncrpo. Ecnr y = u(z)/v(z), To

u+Au u vAu-ulv

PasgennM 370 paBeHCTBO MowieHHo Ha Az M mepefineM K mpenesy NpH
Az — 0. B pesyabrate nonyyum copmysy (3). Teopema 3 moxasaHa.

Mpumepn. Haltnem npomspomunie bynkuuit tgz u ctgz. 3uaa
NpON3BOAHEIE CHHYca M KOCHHyca, no dopmyse auddepennupoBanus
YaCTHOTO MOJIyYaeM

(tgz) = sinz\’ _cos’z+sin’z _ 1
82) = \cosz/) cos?z ~ cos?z’
ABaJjoru4so, , 1
(ctgz)’ = (::::) = —- 2.’::.
sin
Takum obpasom,
''= R tgz) = — .
(tg z) cos? z (ctgz) sin? z
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2.2. Ilpousponnas caoxuolt ¢yuxumm. Ilycts bynkuua u = ¢(z)
omnpesie/ieHa B OKPECTHOCTH TOYKH ZTo, a dyHkuua y = f(u) onpenesieHa
B OKPeCTHOCTH TOUKH ug = ¢(zo). Torma, ecim ¢(z) HempepuiBHA
B Zo, a f(u) HempepmiBHa B ug, TO ciioxkHaa dynkuua y = f(p(z))
olnpesenieHa B HEKOTOPO# OKDECTHOCTH TOYKH Zg, M NOBTOMY MOXHO
roBopuTh 0 nudpdepeHIpyeMocTH 3TO# PYHKIMH.

Teopema. Ecau dynxyua u = p(z) duddepenyupyema & mouxe
zo, a Pynxyus y = f(u) Oufdepenyupyema 6 mouxe ug = p(zg), mo
caodcnan pynxyus F(z) = f(p(z)) duddepenyupyema 6 mouxe zo u

F'(zo) = f'(uo)¢' (20). (1)

HokasatenbctTBo. Tak kak dynkuusa y = f(u) anddepenuupy-
eMa B TOYKe tg, TO, cOMIacHO JiemMme 1 u3 m.1.2,

Ay = f'(uo)Au + a(u)Auy,

rae ¢ynkuna a(u) HenpepbiBHa B Touke up 4 a(ug) = 0. Pasnenum
3TO paBEeHCTBO MOYJIeHHO Ha Az M nepefinem K mpeaeay npu Az — 0,
cuutas, yro u = p(z). Tak xak a(p(z)) - 0 npu =z = 2o, To B
pe3ysibTaTe MOJIyYHM DaBEeHCTBO

dy — g '
75 = 1 (w0)¢'(zo).
Teopema moka3aHa.

®opmysia (1) sannceiBaerca Gosee HaraaHO B AHdepeHIHaTax:

— T — . ——

MMpumep 1. y=2z%, a#0.
91a crenennas ¢&yHKuua onpeaenesa mig r > 0. na stux z
nMmeem: y = e®"*; CnenoBarenbho, y = €%, rme u = alnz, nosromy

dy dy du , a «
E_E..‘E._e .:L' =2z -z—a.t
Takum o6paaon(a), cTeneHHan GyHKuua y = =% auddepeHuupyeMa B
soboit Touke £ > 0 u
(z*) = az*"L.

PaccMOTpHM ciiyyad, KOr[a CTeleHHasd (YHKIHMA onpeflesieHa Ha
6oJiee UMIMPOKOM MHOXECTBE.

Ecrn a > 0, To yHKuua y = z“ onpenesieHa W HenpephHBHA
(cnpaBa) B Touke z = 0. Ouesnano, ecim 0 < a <1, 1o ¥4 (0) = +00;
ecim a =1, 10 ¥, (0) = 1; ecm xe a> 1, To ¥, (0) =0.

IMycTs Teneps a Takoe, YTO cTelleHHad yHKIMA y = £ ompeaeJseHa
n aa z < 0. Ecnim a Takoe, 4uTO (yHKIMA HedeTHad, TO A
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z <0 nmeem: y = —(—z)*. Ilpomunddepenuupyem a3ty byHKnMIO Kak
CNOXHyI0 DPYHKOHIO: cCHa4aja O —Z, a 3aTeM —z Ho z. Toraa

V.= —a(-z)*"! . (~1) = a(~2)*"! = az*"L.
Ecim xe a Takoe, uTo ¢yEKmMA dYeTHAs, TO
y=(-z)* n ¢y =a(-2)*"1.(-1) = az*"L.

Takum obpasom,
(xa)l = a:a-l
BO BCEX TOYKaX Z, B KOTOPHX ollpefiefieHH z* ® r%~!,
et —e % e* +e~%
—5 — B Y= ———— HasHBaloTCA

2unepbosUECKUMY CUHYCOM M KXocunycom M obo3lnaualorcs shz u che.
Haitnem npom3Boannie 3THX PpyHKIOHH.

IIpumep 2. Oynkuun y =

(sha)’ = 5(* —e~%) = 5(e" +e7) = ch;
(chz) = %(e’ +e7 %) = %(e' —e F)=shz.

OTtMeTnM onHO MHTepecHoe cBoiicTBo nuddepeHnnana, KoTopoe Ha-
3HBAETCA UHEapuawmuocmoio Fopms nepsozo dudPepernyuaaa.

Ecnn dyskuua y = f(u) auddepennupyemMa B TOUKe g, TO, MmO
olpefesieHHIo, B 3TO#k Touke
dy
~—du
du "’

rae du — auddepeHnHas He3aBUCHMOTO NEePEMEHHOrO.

C npyro#t cTopoHHI, ecan, KpoMe Toro, GyHKHHA u = p(zr) aud-
depeHuupyeMa B TOuYKe zo M @(Zo) = up, TO CJOXKHaA QYHKUHSA
y = f(p(z)) muddepenunpyema B TouKke zo H B 3TOH TOUKe

dy du

dy‘_‘ E ‘—i;dz.

dy =

d d
A Tax Kak —ud:=du, TO U B 3TOM CJjIy4dae dy = %Y du. Oxnnaxo 3nech

z du
du — muddepennuan byskuun u = ¢(z).

Cneposatenbno, auddepeHnnan Bcerfa paBeH NPOH3BENEHHIO NPO-
usBoaHo#t Ha mucddepeHunan nepeMenHoft, mo kotopoft 6eperca mpoms-
Bonnaf. IIpuyeM aTa mepemMeHHas MoXeT GHITh KaK He3aBHCHMOff, Tak
u 6niThb yHkuueft npyroft nepemensnoit.



112 [JI. 3 [IPOU3BOIHLIE, TU®PEPEHLIMAJIBI U MMEPBOOBPA3HLIE

Npumep 3. y=In|z|.
Ecmn z > 0, To yxe nokasaHo, 4yto ¥ = 1/z. A ecim z < 0, Tows

v =(In(-2z)) = —Lz (-z) ==

Canepopatensno, (In|z|)’ = 1/z ana noboro z # 0. Otciona caenyer,
uto ecom ynkuua u(z) nuddepenumpyema u u(z) # 0, To

!
d(Inju]) = :_u = % dz.

IIpumep 4. y = u¥, tae v = u(z) > 0, v = v(z). Tak xak
y.:evlnu' TO

’
Y =e""%(vinu) = u’(v'Inu+ vl:‘-).

B wactHOCTH, ectn y = 2%, T0 ¥ = z%(Inz +1).

2.3. llpouspompaa obparumoit pynxumu. Kax mapecrno, ecan PpyHkK-
umn y = f(z) m z = p(y) B3anMHO O6paTHLIE, TO

fle(¥) =y Yy € D,.

Ecnn npemnosioxuth, uto yHkumn f m ¢ nuddepeBuMpyeMn, TO,
muddepenunpyn f(¢(y)) no npasmiy muddepeHuApoBaHEA CAOKHOH
$YHKIMH, HOJIy4YaeM:

df dp 1

r ls f'=_'

dr dy g

IMonyunam ary dopmyny 6es npennosioxenns auddepeHunpyeMocTH
Jyukuun f

Teopema. ITycmo gynxyus y = f(z), onpedesenran 6 nexomopott
oxpecmHocmu mouxu To, obpamuma Ha amotl oxpecmHocmu u Henpe-
pueHa 6 mouxe zo. Tozda, ecau obpamuas Pymxyus z = p(y) umeem
npouseodnyro 6 mouxe yo = f(zo) u ¢'(w) # 0, mo Pynxyua f(z)
dud Pepenyupyema 8 mouxe g u

f'(z0) = (1)

g (yo)

JoxasatenbctBo. Tak kak dyHkuusa y = f(z) HenpepnBHa B
Touke Zo, TO y = f(z) = yo npu = — zo, z € Dy;. Torna mo Teopeme
0 3aMeHe nepeMeHHOro MoA 3HAKOM Opeaesia IOJydaeM:

1
fl(zo) = lim f(z) f(:O) lim Y—% = .
s+s0  z—2z0 0 p(y) —o(¥) ¥ (%)

Teopema nokasaHa.
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3ameTHM, uTO dopMyna (1) ocraeTcs cnpaBensMBoft M B TEX ciry~
yasx, Koraa ¢’(yo) = oo, ecam cumrarb, 4ro 1/(Fo00) = 0.

IIpamep 1. y=arcsinz, z € (-1;1).

Jannas yHKuMA fABJIAeTcA obpaTHoM K GyHKUMH r = siny, y €
€ (—7/2; ©/2). Ona 3Tux byHKuuil BHINOJSHEHH BCe YCJIOBHA TEOpeMb
o mpou3BogHolt obparumolt dyukumn. CiemosarenbHo,

J = 1 1

(siny)’ = o8y

A Tak Kak cosy > 0 mna moboro y € (—x/2; x/2), T0 B 2TOM POpPMYyNE

cosy=\/1—sin2y= Vi-z2

1

Ipumep 2. y =arccosz, z € (—1;1).

912 byHknus ABafeTcA obpaTHol kK dynkuum z = cosy, y € (0; ),
U BHIOJIHEHH BCE YCJIOBHA TeOPEMH O NPOM3BoAHOY ob6paTHo#it dyHKIMH.
CriefioBaTesbHO,

CnepnoBaresbHO,

(arcsinz)’ =

Tak Kak siny > 0 ana soboro y € (0; 7). CnegoBarenbHo,
(arccos z)’ = —1t
N

NpuMmep 3. y=arctgz, z €R.

Ota ¢ysknua ABasercs obpaTHoft k dyHkmum z = tgy, y €
€ (-7/2; /2), m BHNOJNHEHH BCe YCJOBHA AOKa3aHHO#t BHle Teo-
peMBl, MO3TOMY

1 1
— - = .
V== gy 1 e
CrnenoBaresbHO,
(srctgz) = —
er) = 1 +z3’
1
Amnasiorruno nokasniBaerca ¢opmyia (arcctgz)’ = — 1+ 22

Mpumep 4. Ilpoussognan cyHKumH, 3aJaHHO# NapaMeTPHIECKH.
IMycth mepeMeHHHeE £ H Y ecTh GYHKUMH OT i:

z= 3“)) y= y(t)a (2)
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u bynkuma z = z(t) umeer obpatHyio t = t(z). Torma dyukuus
y = y(t(z)) HasnBaercs $ymnryuetl, sadanroli napamempuvecxu ypab-
Heunamu (2). Ilycts Bce ymkumm mnddepenunpyemn n z(t) # 0.

Torna
dy dy dt _ y(t)

dz ~ dt dzr ~ z'(t)’

2.4. Ipoussomunle u juddepenupmansl BHICIMX nopanxos. IlycTh
dbyukuun u(z) u v(z) onpenesieHbl B HEKOTOPOH# OKPECTHOCTH TOYKH
ro. Torma cnpasenymBo cienyiolllee yTBepXAeHHe.

Teopema 1. Ecau dynxyuu u(z) u v(z) umerom n-e npoussodrvie
6 mouxe To, mo u awbas Pynxyus 6uda y=au+ Pv, 20e a u f —
HEKOMOPHUE NOCMOAHHNE, 8 MONKE To UMEEM N-10 NPOu3codnyo u

d"u
—(au+ﬁv) =a o+ ﬂdz,, ,
d"(au + Bv) = ad"u + Bd™v.
Mpumep 1. HalineM n-10 npousBogHyto yHKIMH
y=z3+z224+z+1,
Nmeem:
Y =322+2z+1, ' =6z+2, y"=6

u y™ =0, ecoiu n> 3.

Ilpumep 2. Haltnem BTOpylo NpOM3BOAHYIO (PYHKUMM, 3amaHHOM
napaMeTpHYECKH.

Mycts z = z(t), y = y(t) n nycTb CymecTBYIOT Bce HeoGXomMMBle
npousBoaHule. Torfa, Kak M3BECTHO,

AHaJjioru4HoO,
Py _d (v)_d (V) dt
dz?  dz \z')  dt \z') dz’

dzy _ 1 d l/ _ yu:/_ y/z//
dz? ~ 2’ dt . '3

Teopema 2. Ecau dynxyuu u(z) u v(z) umeiom n-e npoussodnve 6

mouxe g, Mo U FYNKYUAY=UV 6 MONKE Lo UMEEM N-10 NPOU3EOIHY0 U

N TO3TOMY

n
(uv)(") —_ Z C":u(k)v("-k), (1)
k=0
n
d"(uv) = Y Ckd*u-d"~*v, (2)
k=0

n!

K(n — k)!

20e u® = u, d®u=u, Ck = npuuem, xax obmuno, 0! =1,
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JdokazaTenbcTBo. OQueBHAHO, HOCTATOYHO AOKa3aTh GopMysy
(1). Hoxaxem ee meromom MareMaTudeckoft mamykuuu. g n = 1
dopmyna (1) cnpaBemyuBa: y = uv’+u'v. [IycTs oHa cnpaBensmBa AJIs
HekoToporo n. JlokakeM, 94TO TOrna OHa CHpaBemJuBa M ojaa n + 1.

CornacHO mpeanosoKeHuno,

n [}
yntt) = (y("))' = (Z C,’:u(")v("-k)) .
k=0
Orciona nonyvaem:

n n
yn+1) = z Chuk)yln+i-k) 4 Z Chulk+1)yn=k) =

k=0 k=0
n n-1
=‘Ov(0+l)+z: C'I:u(k)v(n-l-l-k) +EC'I:u(k+l)v(n—k)+u(n+l)v(0).
k=1 k=0

Bo BTOpo#t cymme HMHAeKC cyMMupoBandMa k 3amenmm Ha k — 1 m,
cootBercTBeHHO, k + 1 na k. Torna

n
y(n+1) = y(O)y(n+1) 4 Z(C: + Ch=1yy(k)y(n+1=k) 4 o (n+1),(0)
k=1

n+1
a Tak Kak Ck + Ck-1=Ck,,, 1o yi*+) = 3~ Ck, uk)y(ntl-k),
k=0

Teopema 2 moxasaHa.

®opmyan (1) r (2) HasmBaloTca Gopmysamu Jleiibruya.
Mpumep 3. Haltnem n-io npomssomuyio dynxmuu y = ze*.
ITo dopmyne Jle#tbunua nosydaem

n
¥ = 37 Ch(z?) W er)nb.
k=0

2
Ecm n > 2, To ) = Y Ck(2?)®e* = (CO2? + C12z + C32)e® =
k=0
= e*(z? + 2nz + n(n — 1)).

Jlerko mpoBepsercs, 4TO 3Ta popMyJsia cnpaBeauBa M o4 n = 1
un=0.

Kak wussectno, audpdepennuan nepporo mopaaka obsanaer csoit-
CTBOM MHBapHaHTHOCTH c¢opmul. OnHako yxe auddeperunas BTOpOro
nopsaxa He obJialaeT 3THM CBOHCTBOM.

Hetticrantenbro, ecnu z = f(y), To

dz=f'(y)dy »n d’2z= f'(y)dy’.
Ecan xe z = f(y) u y = ¢(z), 10, kak 1 Bhue, dz = f'(y) dy, onnako

d’z = f"(y)dy* + f'(y) &y,
rae d’y — sropo#t muddepennuan bynxmuan y = p(z).
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§ 3. Teopemsi o cpemaeM g mud depeHnMpy eMbIX
$ynxit

3.1. Teopema ®epma. ITycTs 3anana ¢ynkmma f, m nycrs zo € Dy,
rne Dy — obsmacTs onpenesienns ¢pynknun f.

Onpenenenne 1. Touka 2o € Dy HASHBaeTCA Mo4K0tl A0KBALHO20
Maxcumyma (Murumyma) Pynxyuu f, €CIM CyleCTBYeT OKPECTHOCTb
O(z0) ToukH zp Takas, 4TOo AN Juoboro z € O(zo) N Dy BHmONHAETCA
BepaBeHcTBO f(2) < f(20) (coots., f(z) > f(z0)).

3aMeTuM, 9TO CJIOBO «JIOKAJIbHKIY AJI KPATKOCTH YaCTO OMYCKaeTCH.

Onpenenenne 2. Toukm MakcHMymMa M MHHEMyMa QYHKIHH
Ha3hIBAIOTCA €€ MONKAMU IKCPEMYMaE, a ee 3HAYEHHHA B 3THX TOUKaX
— IKCTPEMANLHBUMY 3HAYCHUAMU (COOTB., AOKAALHUMYU MAKCUMYMAMU
HIIH A0KGALHUMU MUHUMYMAMY).

TeopeMma. Ecau gynxyua f dudpepenyupyema 6 mouxe zo u g
AeasemcA ee mosxolt axcmpemyma, mo f'(zo) = 0.

Hdokasatenncrbo. [Ipexne Bcero 3amernM, 4Yro ¢yHKuMa f
onpenesieHa B HEKOTOpOH OKPEeCTHOCTH TOYKH Zo, TAK KaK oHa nude-
penuupyemMa B To4ke Zo. IlycTb, HanmpuMmep, o — TOYKa MaKCHMyMa
dbyskuun f. Torma cymectByer okpecTHocTb O(zg) Toukm zo Takas,

41O
f(z) < f(zo) vz € O(z0),

u mostoMy ecaH z € O(zo) ® z < z¢ (cooTB., Z > 70), TO

f(z) — f(zo)

>0 (coors., <0).
-2

CrnepmoBatesIbHO,
fL(z0) 20,  fi(z0) <0,

a TaKk KaK 3TH OJHOCTOPOHHHE NMPOM3BOAHHE PaBHH npoussopHoft f'(zo),
T0 f'(z0) = 0. Cnyuat, korma zo
7] — TOYKa MHHHMYMa, PacCMaTpHBaeTCH
arajsioruyHo. TeopeMa nokasaHa.
Teopema ®PepMa HMMeET NPOCTYIO reo-
METPHYECKYI0O HMHTEDIpPETalMIO:. €cJIH
dynkuus y = f(z) auddepenunpyema B
TOYKE To M To — €€ TOYKa IKCTPeMyMa,
TO KacaTeJIbHafl K rpa¢uKy 3To#t PpyHK-
IMH B TO4Ke Io mapajensHa ocu Oz.
(Ha pmc. 3.6 zy — Touka MakKCHMYMa,
Puc. 3.6 a £ — TOYKa MHUHAMYMA.)

3.2. Teopemnt Ponns, Jlarpanxa, Komm. CHayasa nokaxeM meo-
pemy Poass, no mpexnae chopMysHpyeM OAHO ONmpelesieHHe.
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Onpenenenne 1. Dynxuua f(r) nasmBaerca dudPepernyupyemott
na unmepease (a;b), ecim ona onpenenena Ha (a;b) m B Kaxmolt ero
TOYKE MMEET KOHEYHYIO NMPOM3BOAHYIO.

Teopema 1. Ecau gynxyus f(z) nenpepwena na ompesxe [a;b],
dudpeperyupyema na unmepease (a;b) u f(a) = f(b), mo cywecmsyem
€ € (a;b) maxoe, wmo f'(€) = 0.

HokasatenbcrBo. Pynkuusa f(z) Ha oTpeske [a;b] mpmrumaer
B HauboJsibllee M HaMMeHbllee 3HaueHHA, a Tak Kak f(a) = f(b), To
OIHO M3 HMX OHAa NMpHHMMaeT B HekoTopo#t Touke § € (a;b). Torna us
TeopeMul Pepma cienyer, uto f'(€) = 0. Teopema 1 nokasana.

U3 teopemu Posns cnenyer meopema Jlazparorca. '

Teopema 2. Ecau dynxyus f(z) wnenpepwmena na ompesxe [a;b
u duddepenyupyema na unmepease (a;b), mo cywecmsyem € € (a;d

maxoe, «mo
f(®) = f(a)

=719 _ (1)

Hoxasateascrbo. PaccMorpum dyrkmmio F(z) = f(z) — Az u
HaltneM A\ u3 ycsoema F(a) = F(b). Torna

b—a

®ynkuus F(z) npu TakoM A yXOBJIETBOPSET BCEM YCJIOBHAM TeO-
pemnt Posuta, nostomy cymecrsyer € € (a;b) Takoe, yto F/(§) =0. A
tak KaKk F'/(z) = f'(z) - A, 70 f'(§) = ), T.e. BHNOJHAETCA PABEHCTBO
(1). Teopema 2 nokasana.

3amernMm, uTo KoadduuuenT A, ompemenseMuift mo c¢opmyse (2),
paBeH YIJIoBOMYy Ko3dbhHIMEHTY XOpAM, NpOXoAsulel uepes TOYKHE
A(a; f(a)) m B(b; f(b)). Cnenoparenbno, Teopema Jlarpamxa yTBeps
XIaeT CylUleCTBOBaHHe TOYKH, B KOTOpo#t KacaTenbHas K TrpadHky
¢yukunu f mapajsenbHa 3TOH# XopAe.

Canencreue 1. Ecau gynxyus f(z) Henpepwsna e nexomopotl
oxpecmrocmu O(zo) mouxu zo u Jufdepenyupyema 8 npoxosromotl

[ []
oxpecmrocmu O(zg), mo das awbozo r € O(zo) cywecmeyem &, aexnca-
wee cmpozo Mexcldy ¢ u Ty U Maxoe, ¥Mo

f(z) = f(z0) = £'(€)(z — z0). 3)

JdokasarensctBo. Ecim z € O(z0) M £ > z9, TO Ha OTpeske
[zo; 2] dynknmsa f ynoBneTBOopseT BCeM YCJIOBHAM TeopeMH Jlarpamxka,
noaToMy cywectByeT £ € (Zo;2), A KOTOPOTO BHINOJIHAETCA PaBEHCTBO
(3). Amnasormyso paccMmatpMBaeTca ciayualt z < zo. Caencrsme 1
[OKa3aHo.

®opmyna (3) HasnmBaeTca gopmyaott Jlazparorca ANA KOHEIHHIX
npupalesnft nM Gopmyasoti xoneuwnr npupawsenudi.

Caenctsne 1 MOXHO chOpMy/IMPOBaTh HECKOJILKO HHa4Ye,
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Cnencreue 1'. Ecau dynxyus f nenpepwera 6 O(zo) u dudde-
] ()
penyupyema 6 O(zo), mo Yz € O(zo) 30 € (0;1):

f(z) = f(zo) = f'(z0 + OAz)Az,

20e Az =z — zo.

Cnencrbue 2. Ecau gynxyus f wnenpepwena na ompesxe [a;b),
duppepenyupyema na unmepease (a;d) u f'(z) = 0 Vz € (a;b), mo
Pynxyus f nocmosnna na ompesxe [a;b).

910 yTBepXkHAeHHE O MNOCTOAHCTBe AHPdepeHUUpyeMoit yHKIHH
ciaenyet w3 ¢opmyam Jlarpamxa A KoHeyHHx npupaumenu#t. Ero
o4yeBHAHHM oOb6oblleHNeM fABJAETCA clefyioliiee yTBepXIeHHe O IOCTO-
AHCTBE HelpepHBHOM KycouHo-aunddepennmpyemoit pyHKuMA.

Onpenenenne 2. ®yRkuus HashBaeTCHA KycouHo-Judeperyupye-
Motl HA HEKOTOPOM INPOMEXYTKeE, €CJIM OHa BCIOLY, KpoMeé KOHEeYHOro
YHUC/Ia TOYEK, HMEET KOHEYHYIO IPOM3BOAHYIO.

Cneancrsne 3. Ecau $ynxyusa Henpepmera Ha Hexomopom xo-
HENHOM UAu BecKOHeNHOM npomedicymxe u 6c1ody, KpoMe KOHEuH020
NUCAQ MONEX, UMEem nPou3codHYI0, PaBHYW HYsw, Mo Ima PYHKYUA
NOCMOAHHE HA PACCMAMPUBIEMOM NPOMEINCYMKE.

B saksioyenne moxaxeMm meopemy Kowu.

Teopema 3. Ecau dynxyuu f(z) u g(z) nenpepwenm na ompesxe
(a;b], Ouddepernyupyemu na unmepsase (a;b) u g'(z) # 0 na (a;b), mo
cywyecmeyem € € (a;b) maxoe, ymo

f(b)_f(a) = fl(f) (4)
9(®)—g(a)  g'(€)

HOokasareabcTBo. Tak kak g¢'(z) # 0 na (a;b), To g(b) # g(a)
(mo Teopeme Posna). Paccmorpum dbymkmmio F(z) = f(z) — Ag(z) n
Haltnem A w3 yciosus F(a) = F(b). Torna

s = 10) = f(a)
o) = g(a)

®yukuua F(z) npu TakoM A yIOBJEeTBOpAET BCEM YCJIOBHAM TeO-
pemnl Posusis, moaToMy cymectByer § € Sa;b) Takoe, uto F/(§) =0. A
Tak kak F(z) = f'(z) - Ag'(z), To f'(€) = Ag'(£), T.e. Bmmonmsercs
paBenctBo (4). Teopema 3 mokasana.

CnencrBue 4. Ecau gynxyuu f(z) u g(z) nenpepmern 6 nexomo-
pott oxpecmuocmu O(zo) mouxu z¢ u JudPeperyupyemmn 6 npoxoromot

oxpecmuocmu 5(:0), npuyenm g'(z) #0 6 5(:0), mo das awbozo x € 6(:0)
cywecmsyem £, Aedcaujee cmpozo Medcdy T u o Mmaxoe, ¥mo

£lz) = flzo) _ F'E)

9(z) — g(zo) ~ 9'(€)
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3.3. ®opmyna Telinopac ocrarownmiM wienom B ¢opme Jlarpamxa
Ilycts ¢ynkuma f(x) onpemenena B HEKOTOPOH OKPECTHOCTH TOYKH
To M B TOYKe Tp MMEET n-I0 NMPOM3BOJHYIO, 3 CJIENOBATEJIBHO, M Bce
NpOHM3BOAHKEIE A0 N-TO NopsAaKa. Jlerko BHAETb, YTO MHOTOYJIEH

Pa(z) = }_jf )(’°) (z — z0)*.

obnamaer cienyiouaM cBoftcTBOM:
P& (zo) = f¥)(z0) Vk=0,1,...,n

DTOT MHOrOW/IeH Ha3hBaeTCH MHozouserom Tetiropa dyrxyuu f 6
movyxe 9. EcTecTBeHHO NMpEANOJIOXKHTbH, YTO B OKPECTHOCTH TOYKM Zg
OH AOCTaTOYHO Xopouo npubnmkaer pyakumio f. YTo6H OLEHATH 3TO
npubiimKeHne, paCCMOTPHM Pa3HOCTh

ra(z) = f(z) = Pa(x)
u u3yyuMm ¢yHKuMO r,(z). B a2TOM caydae paseHcTBO
f(2) = Pa(2z) + ra(2)

HasniBaeTcs gopmysoli Teilropa ana dbynkumn f(z) B Touke zo, a
byHKIHA 7, (z) — ocmamounmm vaerom dopmyaw Tetlaopa.

Teopema. Ecau dynxyus f(z) e nexomopoti oxpecmmuocmu O(zo
MoNKU To UMeem HenpepueHyo npou3sodnyro n-20 nopadka u f"(z

(]
dud epenyupyema 6 npoxosromotil oxpecmmocmu O(zg), mo das awbozo

(]
z €0(z0) cywecmeyem £, aedcawee cmpozo Mmeucdy T u Tp U Maxoe,
umo cnpasedauso paseHcmeo

B fR) (g (n+1
)= 3 e - ot + e A ¢

JokasaTenbcTBo. OyHkuun

ra(z) = f(2) — Pa(z) m @(z) = (z — zo)"!

yIOBJIETBOPAIOT BCEM YCJIOBHAM CJIEACTBMA M3 TeopeM Koum o cpea-
HeM. Kpome Toro,

r)(z0) =0, *)N(zo)=0 Vk=0,1,...,n
TMoatomy, eciu z € O(zo) ¥, Hampumep, z < Zo, TO CYIIECTBYeT
£ € (z;z0) Takoe, 4TO
rn(z) — ra(z) = rn(20) — ra(61)
p(z)  o(z) —plzo)  ¢'(&)
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ARaJiorauso,

) e
€ iz Ty = oiig)

.............

(n-l)(fn-l) Sl”)(fn)

¥n € (€n-1;20) : =D (En 1) o™ (&)’

Jlerko BHIETBH, 9TO
‘P(")(z) =(n + 1)!(1' - xO))
rit)(2) =f) () - £) (o).

K atum Jymknuam Ha orpeske [€,;zo] cHoBa npumenmM Teopemy
o cpeaHeM:

() _ e _ st
PP(E) ~ o) T (1)
Cnenosarensno, cymectyer € € (z;zo) Takoe, 4TO

ra(z) _ f()
p(z) ~ (mr1)!”

1o
(m+ 1)

af € (En;-‘b'o) :

T.C.

ra(z) = zo) .

AHaJIOTHYHO pacCMaTpHBaeTcs M caydalt £ > zo. Teopema nokasaHa.

PaBenctBo - (1) HasmBaeTca $opmysott Tetlaopa ¢ ocmamounsim
wsenom 6 gpopme Jlazpanorca.

3ameruM, uro dopmyna (1) cnpaBemuBa m ANA T = Zg, €cJIA
CYATATh, YTO OCTATOYHHI YJIeH paBeH HYJIO NMpPH T = ro. B YacTHOM
ciyvae, xoraa zo = 0, dopmyna Teitnopa uaOrna HasnBaeTca Popmyaott
Maxaopena. ‘

3.4. Pasnoxenme nmo ¢opmyne Tellmopa ocHopHEIX 3/IeMeHTADHBIX
bynxupit. Pasnoxum no ¢dopmyne Teltnopa B Tauke zg = 0, T.e. 1o
dopmyne MakJyiopeHa, GpyHKUHH

e®, sinz, cosz, (1+2z)% In(l1+z).
1. Nycrb f(z) =€® u z9=0.

I1a PyHKIHA MMeeT NMPOM3BOAHYIO Joboro mopsanka B Jio6Go#t Touke
z€R, u f®¥)(z) =¢*, f*)(0) =1 mas moboro k =0,1,2,... Crenosa-
TeJIbHO, NpH Jilo6oM n B JI060O# OKpEeCTHOCTH TOYKH To = 0 BREINOJIHEHH
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BCe yCJIOBUS TeopeMH M3 1.3.3., u moatoMy aJss Jiioboro z cylecTByet
© € (0;1), ana xoToporo cnpasennusa dbopmyJa

o n+1
z . _
¢ = Z * e P Ih
2. Mycts f(z) =sinz u zg =0. Tak kak
'(z) = = si T
f'(z) =cosz =sin (:c+ 2) )
H(p) = ™ —si T.
f(z) =cos (z+ 2) _sm(:r:+ 5 2),
H, CJIeNOBaTEJbHO,
(™) (z) = si T
fi™(z) = sin (1:+ 3 m)

ana moboro m, to f™(0) = sin(mn/2), u nosromy f™(0) = 0 ans
getnnix m =2k u f™(Q) = (—1)* nna Hewernnx m = 2k + 1.

Takum obpa3oMm, ang smoboro z cymecrsyer © € (0; 1), ana xotoporo
crnpaBel/iiBa popMyJia

n+l
sinz = Z ( (= 1) 2kt 4 (Lcosez . g2n+3,

2k + 1)' (2n + 3)!
AHaJIOTHYHO,
n
(—1)* (=1)+? 2n+32
= Oz - .
cos T 2 (2Ic)! "+ (2n+2)! cosOz -z

3. Oycrs f(z) = (14 z)* 1 zo=0.
Tak xax f'(z) = a(l+2)*"}, f'(z) = a(a—1)(1+2)*~? n, Boobue,
fR@)=ala—-1)...(a—k+1)(1+z)*7*,
to f(0) =1, f(0) = a u, BooGuE,
f0)=ala-1)...(a—k+1)

ana smoboro k € N.  Caemosarennno, Vz 30 € (0;1): (14 z)* =
-1 - 1
1+o::r:-+-————(2 D 2yl +a(a ). |(a n+1) "+
- a(a-—l) (a=n)
(n+1)!

(14 ©z)*-n-1gn+1,

Beenem obo3naueHne
ala—-1)...(a— k+1)
k!

ck =
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roe k=1,2,... Torna
n
(1+z)*=1+ EC::""‘ +C:+l (1 +9:¢:)°’""":c"’+l.
k=1

4. Ilyctp f(z) =In(l1+2z) u 2o =0.
Tak kak f'(z) = (1+z)~!, f’(z) = (=1)(1 + z)~2? u, Boobue,

FO () = (=1)...(=k + 1)(1 + z)"¥,

10 f(0) =0, f/(0) =1 n, Boo6me, f*)(0) = (—1)*¥~1(k—1)! ana mo6oro
k € N. CnenoBaressno, Yz > —1 30 € (0;1):

L,
In(l14z) = Z ( z* + (14 ©z)~n"1gntl,
k=1 k n+l

§ 4. IlepBooOpasHEie M HeonpeneJIeHHbIe HHTErPaJIbl

4.1. Onpenenenma. B aTom naparpacde paccMoTpHM 3aa4y OTHICKa-
HuA ¢yHKIMM no ee npomssoguot. Cdopmynmpyem cooTBeTCTBYoUIME
onpefieJieHUsi, HEKOTOPble W3 KOTOPHIX H3BECTHH ellle U3 UIKOJIBHOTO
Kypca MaTeMaTHKH.

Onpenenenne ). Oyukuus F(z) HasniBaeTca nepsoobpasrotl (MJin
mosunotll nepsoobpasnotl) nna dbyukumu f(r) Ha nMpoMexyTke A, ecJn
F(z) naddepennupyema Ha A u

F'(z) = f(z) Vz € A.

OueBngno, ecam F(z) — mnepBaobpasHas ana f(z), To m Jobas
¢ysknaa suga F(z)+ C, rae C — npoM3BosibHAf NMOCTOAHHadA, OyaeT
nepBoobpasnott ana f(z). Vs ycnoeus nocrosucrsa amdpdepeHuupye-
Moit PYHKUMH cJefyeT, 9TO APYI'MX NMepBOOGpa3sHBIX Ha NMpoMexyTke A
dynkuasa f(z) He umeerT.

Heitcteuresnibio, ecm $(z) — HekoTopas apyras nepBoobpasnas
mana f(z) sa A, To pynkmua ¢(z) = ®(z) — F(z) nocrosHHa Ha A,
Tak Kak ¢'(z) =0 na A. CrnemoBaTesibHO, cymiecTByeT nocrofnHas C
Takad, 4to ®¥(z) = F(z)+ C Ha A. )

Takum obpasoM, nepsoobpasras dannoti ynxyuu ne npomedicymxe
onpedeasemca ¢ mourocmouio 0o addumueroli nocmoannoti.

O606uuM nonsTHe mepBoobpasHolt Ha caydalt Kycouno-muddepeH-
mupyeMbiX DyHKUKHR.

Onpenenenne 2. ®ynkuna F(z) nasuBaeTca nepsoobpasnot (Hau
obobwennotl nepsoobpasmott) nna ¢dynkuum f(z) Ha npomexyrke A,
ecau Ha A dynkuua F(z) HenpephiBHa, KycowHO-muddepeHuupyema n
F'(z) = f(z) Bclony, KpoMe KOHEYHOro YHCJA TOYEK.
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JlemMa. Ecau dynxyus f(x) na npomescymxe A umeem nepéo-
obpasnyro F(z) (mounyro uau obobwennyr), mo awnbas ee nepsoobpasras
na A umeem eud F(z)+ C, ede C — nexomopas nocmoanHas.

9To yTBepXAeHHE CJEAYET U3 YCJOBHA MOCTOAHCTBA HellpepbIBHOM
KycouHo-mudpdepeHupyeMoti pyHKIHMH.

Onpenenenne 3. Jliobas neppoobpasnas dbyHkuuu f(z) HasmBa-
eTca neonpedeaennviM urmezpasom oT dynkumu f(z) u obosHauaercs

/ f(z)dz.

Cumeon / Ha3LIBAETCHA 3HAKOM uHmMe2zpasa, BhipaxeHue f(z)dr —

noduKMezparvHnM 6vipaxcenuem, a GyHkuna f(z) — nodwnmezparvroil
dynxyueti. Onepauus HaXOXIEHUA HeoNpelesIeHHOr0 MHTerpaja oT
bynkunn f HasbiBaeTCa unmezpuposanuem Pynxyuu f.

Takum obpa3som, ecti F(z) — kakas-To mepBoobpasHas yHKUMH

f(z), To
/ f(z) dz = F(z) +C,

rie C — npou3BosibHasg MOCTOSHHAA.

lpumep 1. Mpounterpupyem dbyukuuio f(z) = z2.

Ouesnnno, dynkuusa F(z) = (1/3)z3 asnserca nepsoobpasnoft ans
f(z) = 2% na R. Toatomy

/xzd::: %33+C,

rae C — npoM3Bo/ibHafi MOCTOAHHAA.

Mpumep 2. Mpounrerpupyem dpyskumio f(z) =sgnz.

OuebugHo, ¢ynkuua F(z) = |z| aBnsgercsa mnepsooBpasHoft ans
f(z) = sgnz na R, Tak kak F(z) = |z| HenpepeiBHa Ha R m Bciony;
kpome z =0, umeeT npomssoanyo F'(z) = sgnz. CremoBaTesbHoO,

/sgnzdz: |z|+ C,

rae C — NMPON3BOJIbBHAA IMOCTOAHHAA.

4.2. Ocnosnnle cBoifcTBa muterpainos. [Ipoctoft nepedopmysuposkoit

onpenesieHusl NepBoo6pa3sHbIX ABJAIOTCA CJIeAYyIOlMe NBA YTBEPHKJICHUA:

1. Ecau $yrxyus f(z) ne npomescymxe A umeem nepsoobpastyro
(mounyro uau obobwennyro), mo

= [f@ =1, d[ 1) dz= f(a)ae

Ha A ecioly, xpome, Modcem Ovmb, KOHEUHO20 HUCAG TRONEX.
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2. Ecau gynxyus F(z) nenpepuena u xycouro-duddepenyupyema
Ha npomedcymxe A, mo ona Aeasemcs nepeoobpasvoli dan
dynxyuu F'(z) na npomesicymxe A, u nosmomy

/ F'(z)dz = / dF(z) = F(z) + C.

3ameruM, 3nech ¢yHkuma F'(z) Moxer 6uiTh HeompenmeseHHo# B
KOHEeYHOM 9HcJse ToYeK. Ecsim Heob6XomMMo, B 9THX TOYKaX ee MOXHO
JIOONpeNie/TATh POM3BOJIBHHIM 06pa3oM.

U3 cpoitcTBa aJANTHBHOCTH TIpPOM3BOAHOM cienyer ceoiicmeo addu-
MUGHOCMU UHMEZPAAG:

3. Ecau $ynxyuu f(z) u g(z) na npomescymxe A umewom
nepsoobpastme, mo Pyrxyuu f(z) £ g(z) na A mooce umerom
nepeoobpasnvie u

[ £z = [ 1ot [ oe)ae.

TakuM Xe OYeBHAHBIM ABJAETCA M cJefyiolliee ceoticmeo odnopod-
Hocmu HeonpedeAerHozo unmezpaaa:

4. Ecau gynxyus f(z) na npomescymxe A umeem nepsoobpas-
Ny, mo 0ar awbozo wucaa k Hynxyus kf(z) na A mooce
umeem nepeoobpasnyro, npuveMm, ecau k #£0, mo

/kf(z) dz = k/f(z) dz.

Ecm xe k=0, o [0- f(z)dz = C, rne C — mnponssonbHas
nocroaHHas. W3 agauTHBHOCTH H OIHOPOAMOCTH CJEAYET ceotlicmeo
Aunetinocmu Heonpedeaenrozo unmezpaaa:

Ecan ¢ynkunn f(z) u g(z) Ha NpoMexyTke A HMelOT mepBoobpas-
HBle, TO AnA Jobhx uncen a u B byukuma af(z)+ fg(z) Ba A Toxke
MMeeT neppooGpasnylo, npudeM, ecau o + 2 > 0, To

/ (6f(2) + Bo(z)) dz = a / f(z)dz + B / o(z) de.

MIpuMmep. [IpornTerpupyeM dyHKIHIO
f(z) = az? + Bsgnz,

TAae a " ﬂ — HEKOTOphie 4YHCJIa.
Cornacao ceoficTBaM HeonpeneJsicHHOrO HHTErpaJia noJjgy4daem:

/(a:z+ﬂsgnz)dz=a/z2dz+ﬂ/ sgnzdz+ C =

=%x3 +Blz| + C.
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4.3. Tabmma HeompeNe/leHHEIX uHTerpanoB. M3 Tabiuosl npoms-
BOJIHLIX 3JIeMeHTapHHIX (PYHKIME cienyeT mabauya HeonpedeseHHwi
UHMe2panos:

1. /0d::=C; 6. /a’d::: ——l-—a’-i-C;
1 Ina
2. /z“ = —721z*t 4 C, 7. /sinzdz:—cosz+C;
a+1
a# -1 8. [ coszdz =sinz + C;
3. /d—z=lnlz|+C; 9./ d': =tgz + C;
zd cosd.r
z z
4 /l—-_ti;;=arct.gz+0; 10. /sin;:c:_‘:tsz-'-C;
z z
5 ———==arcsinz+C; 1l. [ ———==1 vz?x1|+C.
V1=z2? o =+ /\/I’:{:l nlz+ Ve I+

Bce 2TH opMyJH CHpaBelJIMBH Ha NPOMEXYTKaX, Ha KOTOPHIX
onpefiesieHH NOABIHTErpaJibHbHe hyHKIMH.

3aMeTnM, 9TO MPOM3BOAHAN dJIeMEHTApHO# (PYHKIUH ABJIAETCA dJIe~
MeHTapHoM ¢pynknmeft. Onnako meppoobpasHas a/eMeHTapHO# PyRKIHE
He BCeraa ABJAeTcA ajeMeRTapHOlt ¢pynkumeit. Ecsam xe muTerpas or
HeKoTopolt (pYHKIHM ABJIAETCA 3JleMeHTapHO# ¢ynkumelt, TO TOBOpAT,
YTO OH BHIYHCJIAETCA.

4.4. Meronm munTerpEpopanus. B 3TOM nyHKTe, AAA NPOCTOTHI,
6ynem paccMaTpHBaTh TOJIbKO TOYHBE NepBoobpa3Hhie.

Teopema 1. ITyemo pynxyuu u = f(z) u v = g(z) dudpepenyupy-
emv Ha npomesicymxe A. Tozda, ecau na A dynxyus g(z)f'(z) umeem
nepeoobpasryro, mo pynxyus f(z)g’(z) moowce umeem nepsoobpasnyro u

/ f(2)d'(z) dz = f(z)g(z) - / o()f () dz. (1)

HeltcTBATENHHO, NMPOM3BOJHAs OT MNpaBoft YacTH 3TOro pPaBEeHCTBaA
pasha f(z)g'(z).

®opmyna (1) HasHBaeTcs GOPMYAOl UNMEZPUPOBAHUR NO “ACMAM
H 4YacTO 3alHCHBAeTCA B TaKOM BHJIeE:

/udv:uv—/vdu.

Ilpamep 1. BuuncauM mHTErpas /lnzdz.

BocnosbayemMca MeTonoM HHTerpmpoBaHus mo wacTaM. i atoro
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nonoxuM ¥ =1Inz u dv =dz. Torna v =z u du = (1/z)dz, u nosromy

/lnzd::zln:c—/z--:;d:::.tlnz—z+C:z(lnz—~l)+C.

IIpamep 2. BuuncnuM nHTerpan /ze” dz.

Ilonoxum u =z, dv = e*dz. Torna du = dz, v = ¢®, u noatomy
/ze’dz:ze’—/e’dz:ze’ -ef+C=¢"(z-1)+C.

Teopema 2. ITyemo gynxyuu f(y) u p(z) onpedesenn Ha nexomo-
PUT NPOMENCYMKAT U MAKUE, ¥MO uMeem cmuca xomnosuyus f(p(z)),
u nycmo, xpome mozo, pyHxyus p(z) duddepenyupyema. Tozda, ecau
dynxyus F(y) — nepsoobpasnas 0asn ynxyuu f(y), mo Fynxyusa
F(p(z)) — nepeoobpasnas drn ynxyuu f(p(z))¢'(z).

STo yTBepXJeHHe ABJIACTCA HENOCPEACTBEHHHIM CJIICTBUEM Teope-
Mbl O Npon3BoAHo#l cyioXHO#t pyHKIMH.

Takum o6pa3oM, ecjiM BHIIOOJIHEHH YCJIOBHS TEOPEMH 2, TO

[ f6@)e @)z = [ £(v) dy, (2)

rae ¥y = p(z). Anajsornuno, ecin dbynkmus r = ¢~ (y) aaddepennn-
pyeMa, a dynkuma f(¢(z))¢’'(z) umeer neppoobpasmnyro, To dyHKUMSA
f(y) Toxe mmeer mepBOOGpasHyio H

[ 1= [ ste@ne @) ds, ®

e ==~ }(y).

Meron MHTerpnpoBaHus, OCHOBaHHHH! Ha ¢dopMmyne (2), HasniBaeTcH
Mmemodom nodcmanoexu, a MeTon, ocHoBaHHHH# Ha dopmyne (3), —
MEMOJOM 3aMeHd nepeMentotl uUNmMezpuposaHus.

INIpumep 3. BuuncauM HHTErpas oT ctgz.

Tak xak
/ctgzdz:/c?szdz,
sinz

TO, Mosaras y = sinz, no ¢opmyne (2) nonydaem

/ctgzd:: /d—: =Injy|+ C =In|sinz|+C.

Npumep 4. Buuncanm uurerpan ot (z2 +a2)~1/2, a> 0.
Cnenaem 3ameHy nepeMeHHo#t MHTerpupoBanna z = asht. Toraa

/(:2 +a?) V2 dr = /(a2 ch?)~Y2achtdt = /dt =t+C, g
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rae t HaxonMTcA W3 ypaBHenHs sht = z/a. Pemas ero, maxonum

t=In(z + Vz2 4+ a?) — Ina.

CrenoBaTesnbHO,

’/‘(:::2 +ad®)~Y?dz = In(z + V2 + a?) + C,
rae C — npoM3BoJIbHAA NOCTOAHHAA.

4.5. Hurerpupopanne pamponambHux pynxmuit. [Ipumem 6e3 noka-
3aTeJIbCTBA CJIEAyIoLlee yTBEpXKAEHHe:

JIwboil mrozousren n-ti cmenenu ¢ Oeticmeumesvnumu xoddPuyu-
enmamu o0no3nauno packaadueaemca na mmodcumeau euda (z — a)* u
((z — @)?+ B%)* 2de B> 0, cymma cmenenett xomopuz pasma n.

9To yTBepXAeHHe ABJIAETCA CJENCTBMEM OCHOBHO# TeopeMul aJ-
rebpei, KoTopasa Oyaer nokasaHa B TeOpHH (YHKUMH KOMIJIEKCHOTO
nepeMentoro (cM. § 6 ru. 6).

Hanomunm, 4To panmonaybHOft dyHKuMelt niM aApobbio Ha3LIBaeTCA
byskuua suga Qm(z)/Pa(z), rae Qm(z) n Pp(z) — MHOrouseHn
crenekd m ¥ n. Ecam, kpome Toro, m < n, To ApoGb Ha3bIBaeTCA
npasuavHotl.

[Ipn MHTErpHPOBAHMA PAllAOHAJBLHEIX (PYHKIKE MOCTYNAIOT Caemylo-
MM 06pa3oM: CHaYaJia BHAEJAIOT YeAY10 NaACMy, 3aTeM MOJIyYHBLIYIOCH
npaBUJIbHYI0O ApoOb METOAOM HeompeleseHHHIX KoadduiuueHTOB mNped-
CTaBJIAIOT B BHIE CYMMBI npocmuiz dpobeil, T.e. apobeit BHaa

A Az +b
@—aF " (z-al+/)F

Jlerko BHAeTH, YTO MpM HHTerpHpoBanmh apobe#t Buma A/(z — a)*
MOXeET NOJIyYHTbCA MM Apobb Toro ke BHAa, miaH dyHkuua Aln |z —al.
MoxHo nokasaTh, 4YTO mep3ocobGpa3Hasn Jiloboft mpocroft apo6u apyroro
BHIa ABJAeTCA JimHeHHOM KoMOuHamuel#t npobeit TOro ke BUAa U, MOXKET
6uith, dynkuuett In((z — a)? + §2) n arctg[(z — a)/f]. (Hdokasatb 3t0
yTBEpXOEHHE B Ka4decTBe YNpPaKHEHHH.)

dz
IIpumep 1 BriyncnuM uHTerpag / (,,T,.l_)z

ITo dopmysie HHTErpHpPOBaHUA MO YACTAM NMOJYHaEM:
/L_L_/z.-—_'“_d,,_
241 z241 (z2+1)2 7~
2
z z
=771 +2/(z2+1)2da:-—

_ oz +2 dz _/ dz
T4l 241 (z2 +1)*
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CienoBaTensho,

/ dz =z + dz =z + arct C
(x241)2 " z2+1 g il S S

IIpemep 2. BuunciauM MHTerpan ot GyHKINH

flz) = z + z? _ =z + 1 1
T2241 " (2241)2 7 2241 2241 (22 +1)

TO
[f(z)dz:%ln(z’+l)+arctgz—/(z;i+l).‘,

H, cilenoBaTenbHO (cM. npumep 1),

= e 1) - =5
/f(z)dz—zln(x +1) 32+1+C.

I'naBa 4. Uccnenosanme pynxmmii
C TIOMONIBI0 NPOA3BOTHBIX

§ 1. IIpaBuna Jlomurana packpriTHg
HeonpenejeHHocTel

1.1. Heonpenenennocru suua 0/0. Ilycts byuxkumn f(z) un g(z),
onpenesicHHHE Ha mHTepBaJe (a;b), UMeloT KOHeuHHe UK GeckoHeYHbIE
npenens npu z — a (uan npu z — b). Ilycts, kxpoMe Toro, g(z) # 0 Ha
(a;b). TIpm aTHX ycsOBHAX paccMOTpMM npenes orHowenns f(z)/g(z)
npH z — a (cooTB., npu z — b).

Ecnm npementt A u B ¢ynkunit f(z) u g(z) xoneunnle m B # 0,
TO, KaK HM3BecTHo, npefien otHowenus f(z)/g(z) cywecrsyer m paben
A/B. 310 yTBepXIeHHE eCTeCTBEHHMM oOGpa3oMm obobulaeTcs, ecam

CYHTATb, 4YTO
= 0o Juia moboro A # 0,

I
8
g
3
oo}
Y+
8

=0 ana moboro B # 0,

=0 mna moboro A # co.

8> wlow| 8ol
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Onnako ecit A=0n B=0 wimm A =00 u B = 00, To, 3Han
ToJibko A ¥ B, OTHOCHTENbHO Ipefiejla OTHOUIEHNsA HeJIb3fl CKa3aTh
HMYEro omnpefieIEHHOro, NMO3TOMY FOBOPAT, YTO B 3THX CJIYyYafX HMeEIOT
MecTo HeonpenenerHoctn Buaa 0/0 unm 0o/co.

TeopeMma. Hycmb dynxyuu f(z) u g(z) ma ummepsase (a;b)
dudpepenyupyemn, g'(z) #0 u f(z) 20, g(z) -0 npu z = b (uau
npu ¢ — a). Tozda, ecau npu z — b (coome npu z — a) omnowenue
npoussodnnzr f' (:t)/g’ (z) umeem xomeunmil uau Gecxoneuwntl npedea,
mo cnpasedausa Popmyaa

@) _ i 1)
im @ = o (1)

uAl, COOMEemcmeeHHo,

@) _ . f) )
o) @)

3aMeTHM, YTO 3AeCb BO3MOXHH ABa cJjyuas: b # +o0o M b = +oo.
Ecim b # 400, To mpemenni B ¢opmysne (1) — aro npemenst no
MmHoxecTBy (a;b), T.e. korma z — b— 0. AHajJorM4yHele 3aMedaHus
c/leqyeT COeJIaTb H OTHOCHTeJIbHO opMyJsH (2).

HokasaTenbcTBo. B caywae, korma b # 400, noonpenesum
dbyskunun f(z) n g(x) B Touke z = b, nosoxkus f(b) = g(b) =0, n
PacCMOTPUM MOCJIENOBATeNILHOCTb {Zn} Takylo, 4TO

Zn € (a,b) Vn u ”lg{.)o z, =b. (3)

Toraa Ha no6oM orpeske [zn;b] dyukumn f(z) n g(z) ymoBnerBopsioT
BCeM ycJ0BHAM Teopemun Kowu, n nosromy

Vn 3, € (zn:0): % = ;:g:;

CnenosaresibHO,

(z,.) f '(fn
lim =
5%, 9(za) ~ novo g'(€n)
Tax Kak 3TO PaBEHCTBO CIpPaBeNJIMBO M Jiobolt mocsenoBaTeslbHOCTH
{zn}, ymoBnersopsomeft ycnosuam (3), u mpenen OTHOWEHMA MPOU3-

BOOHHIX cymecTByeT,. To ¢opmyna (1) B cayuae b # 400 IokasaHa.
AnaJlorM4HO noKasmBaeTca W ¢opmysa (2) B ciydae a # —oo.

B cnywae, xorma b = +00, He orpaHM4YnBas OOUHOCTH, MOXHO
cunTaTh, 970 a > 1. Torna, mosoxus z = 1/t, 3amevaeM, 4T0o yHKUMH

o) =1(3) wv=(3). te(0l),

5 — 1402



130 V1. 4 MCCJIENOBAHUE ®VHKLUHMNA C MOMOUILIO NMPOU3BOIHLIX

YXOBJIETBODSAIOT BCEM YCJIOBHAM TeOpeMBnl B cJydvae, korma ¢t —» +0.
He#tcTBUTENBHO,

p(t) >0 m %(t)—>0 mpm t— 40,

d0=10(-5). ¥0=s@(-3)
U, HaKoHell, mpefen orHowenus ¢'(t)/y'(t) npu t - 40 cymecTsyer,
e W) _ S L)
14 .
t—40 m tho g (z) zBToo ;ﬂ(—:c)

CnegoBatensHo,

:—H-oo g(z) — t>t0 ¢(t) z+o0 g'(2)

£2) _ oy 0 _ i P

AHaJlorn4HO gOoKa3miBaeTcA M ¢opMmysa (2) B caydae, Koraa
= —o00. Teopema moka3ana.

®opmyasl (1) u (2) Ha3mBaOTCA npasusamu Jlonumass packpumus
neonpedeaennocmeti suda 0/0.

MMpumep 1. Halttn npenen bynxknmu
f(z) = ctg’z - In(vV1+ 2z —sinz) npu z — 0.
PemeHnne. 3aech BO3HUKAET Heonpe/lesieHHOCTh BAa oo - 0. Ho Tak

KaKk
In(v/1+ 2: —sin z)

sm z

lim f(z) = li
z—0 f( ) z—
TO OHa CBOAMTCA K HeonpeneyienHOcTH Buaa 0/0. s ee BHuHC/IeHHA

npumennM npasuno Jlonnrans

hm f(z)=lim (1+22)"1/% — cosz
=0 2sinz - cosz - (f+2:c-sm:c)

(1 + 2z)~ l”-—cos:c
z-»o sin 2z

Jlna BHIYKCJIEHMA MOCJEIHEro NpeJesa CHOBa BOCHOJIb3yeMCA IPaBU/IOM
Jlonutansa:

—(1+22)"%% 4sinz _ 1
2cos 2z T2

i) = i,
IMpumep 2. Hattn npenen byHKINH
9(z) = (VI + 2z —sinz)®*€’* npu z — 0.
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Pewenne. 3mecs BosHuKaer HeompemesieHHocTh Buma 1°. OHa
CBOAMTCHA K HeompenesieHHocTn BuAa 0 - 0o, Tak kak g(z) = exp f(z),
rae f(z) — dynkuus, paccmorpennas B npuMepe 1. CnenobaTesbHo,

: — ,-1/2
lim g(z) = e™'/2,
ITpumep 3. Halttu npenen pyrxunu
1
f(z):z"ln(1+;5>, a>0, >0, npu z — +oo.

Pewenue. OyeBuano,

-8
lim f(z)= lim 2+
z—++400 =400 F Al

Ilpumensas npaeuio JlonuTans, nosyuyaeM

i lim =027 lim z~?
M S = im e = 5 e
Taxnum oSpasom,
0, ecnu a < B,
lim f(z) = { 1, ecsn o = f,
T 4o 400, ecadm a> 8.

1.2. HeonpenenennocTn BHOA %3 Mycts dbynkumu f(z) u g(z)

onpelesieHkl Ha KoHeyHoM MM GeckoHeuHoM MHTepBade (a;b), m mycTh
f(z) 2> 00 u g(z) > 00 npr z — b (nam npn z — a). 3mecs, Kak H
B myHkTe 1.1, Bo3MoxHH mBa ciy4aa: b # +oo u b= +oo (cooTs.,
a# —o0o M a= —o0). :

Teopema. Ilyemo $ynxyuu f(z) u g(z) na unmepease (a;bd)
dud pepenyupyemu, g'(z) #0 u f(z) = o0, g(z) = 00 npu z = b (uau
npu z — a). Toezda, ecau npu z — b (cooms., npu z — a) omuowenue
npoussodnuz f'(z)/g'(z) umeem xomeunwil uau becxoreunnd npedea,
mo cnpasedauea dopmyaa

lim ﬂr_) = lim M

zb g(z) - z-b g’(z)’

(1)
uAau, coomeemcmecHHo,

N C) T 4 C))]
}l—ﬁ:ﬂT)_zl-lﬁ g(z)’ &

5
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HokasateanbcTBo. Ilycts

M NyCTb TNOCJIENIOBATEILHOCTL {Zn} TaKasd, YTO |
z, €(a;d) VYn u  lim z,=b.
n-$00

ITo ycsoBuo, mpenest k Moxer GHITh Kak KOHEYHHM, Tak M becko-
HEYHBIM: k = —00 win k = +00.

Ecam k — wuncio, To mna Joboro € > 0 cymecrsyer 7, € (a;b)
Takoe, 4TO
/]
1) _,
g'(z)
C npyro#t cropoHH, cymectByer N, Takoe, YTO

zp € (ne;6) Vn > N,.

<€ Vz € (ne;b). (3)

Ha siobom otpeske [n;z,), n > N, byukuuu f(z) u g(z) ymosne-
TBODAIOT BCEM YCJOBHAM Teopemhl Kowm o cpeaHeM, mostomy

Fzn) = £(ne) _ f'(En)
g(zn) —g(ne) ~ g'(€n)’

Orciona H u3 HepaBeHCTBa (3) cJleNylOT HepaBeHCTBa

f(-‘l’n) - f('le)
9(zn) — g(ne)

¥, € (r;,;z,,) :

k-e< <k+e Yn>N,. (4)

Tak xak nocsienoBatesbHocTH {f(zn)} # {g(zn)} Geckoneuno Gosb-

ume, To
f(ea) = £(1) _ £(za)
9(zn) — 9(ne) 9(zn)
H NMO3TOMY 3TH OTHOLUEHHA MMEIOT ONHM H Te Xe€ YAaCTH4YHbIe NpeleJsibl.
CieoBaTesIbHO, X HWKHHWE M, COOTBETCTBEHHO, BepXHHe (pefiesibl paB-

unt. Torna us HepaBeHCTB (4) ciieayeT, 94TO HIDKHWH U BepXHUH mpeesibl
otrHoweHus f(zp)/g(zn) NpH n — 0O YAOBJIETBOPAIOT HEpaBEeHCTBaM

. ~ nooo g(Tn) ~ n-veo g(z4)

npH n — oo,

ana moboro € > 0. CurenoBaTesibHO, 3TH TpPeNEsibl PaBHBI, U MO3TOMY
npefien orsowenus f(z,)/g(zn) npm n = oo cyuwecrByeT M paBeH k.

®opmyna (1) B caydae, korma k — umcJIO, JOKa3aHa.
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Ecnn reneps k = 400, To an1s Jqoboro € > 0 cymecrsyer 7 € (a;b)
Taxkoe, 4TO
'(z)

Wt) >e Vz € (m;b).

forna F(za) = f(e)
ZTn)— J\Ne
o(za) —glng) > ¢ 2N
H [O3TOMY
lim f(zn) Se
n—+0o y(zn) -

g Jioboro € > 0. CnenoBarenbHo,

lim —f(Zn) = 4

n—00 g(zn)

®opmyna (1) B cayuae, korma k = +00, nokasana. Cayuail, koraa
= —00, pacCMaTpPUBAETC aHaJIOTHIHO.

TakuMm obpa3omM, ¢popmyna (1) mokaszaHa Bo Beex ciaydanax. Popmysa
(2) mokasmiBaeTcsi aHaJIOrMmuHO. TeopeMa HoKa3aHa.

®opmynn (1) u (2) HasmBalOTCA npasusamu JTonumaas pacxkpumus
Heonpedeserrocmett euda 0o/oo.

Mpumep 1. lim z%lnz=0 Va>0.

z=+40
PeweHune. 3nech uMeeT MecTo HeonpeaesieHHocTb BuAa 0-0o. CHa-

YaJia OpUdBeleM ee K HeOlpelesIeHHOCTH BUaa 00/00 M 3aTeM NPUMEHHM
npasuiio Jlonurana. Takum obpasom,

. . Inz . z-1
Im z%Inz = lim — = lim —F =0
=40 240 2=% 40 -z~
I 2 lim P20 Va>0
uMme . lim —= o .
P P =400 2%
JHeltcTBUTENBLHO,
-1
. nz .
lim — = lim =0.
z4+00 T z—+00 qz®—1

a

NMpumep 3. lim =0 VYa > 1, Va.

=400 a%
Pewenne. /lnia a <0 3to yrBepxkaetne ouepunHoe. Ecan a = n,
n € N, To, npumensis n pa3 npasmiio Jlonurans, mosydaem:
z" n!

lim — = lim ——=
00 @*  z=++oo a*(Ina)”
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Ecnm xe a Heuesoe, To

zo x[a]+l
0<—=< Vz > 1,
a* =
rae [a] — uenas wacte a. OTciopa cienyeT, YTo mpelesl OTHOUIEHHS

z%/a® npu £ — 400 paBeH HyJMO LA Jioboro a u Joboro a > 1.
3ameTHM, 4YTO nmpenes OTHOUEHHA YHKUME MoXeT CyllecTBOBaTb M
B TeX CJIy4afX, KOTAa NMpeAes OTHOUIEHHA NMPOM3BOAHBIX HE CYIIECTBYeT.
Hanpnwmep, .
. z—snz 1
lim ————— ==,
z—+4o0 2z +cosz 2
Onuako mpenesl OTHOLIEHHA NPOH3BOAHBIX
1—cosz
2 —sinz
HE cyllecTByeT NpH T — +00.

§ 2. ACHMNTOTHYECKHE Pa3JI0XeHUS
mo ¢opmyste Telinopa

2.1. ®opuyna Telinopa ¢ ocrarounnim unenom B ¢dopme Ileano. B
n.3.3 ra. 3 AokasaHo, 4To ecau byukmua f(z) n—1 pas auddepenun-
pyema Ha MHTepBaJie (@;b) ¥ MMeeT n-10 MPOM3BOAHYI0 HAa MHTEPBAJIaX
(a; zo) ® (zo0;b), To Ana moboro z € (a,b) cymecrsyer § € (0;1) Takoe,
4TO

f(z) = Z 1 )(%) —-zo)* + nlgf(")(zo +0Az)(z —z0)", (1)

rae Az =z — zo.

®opmyna (1), koropas HasbiBaeTca ¢opmyiioit Teitopa ¢ ocra-
TOYHBIM 4JieHoM B ¢opMe Jlarpamwxa, moKa3aHa TIPpH MHHHMaJIbHBIX
tpe6oBannax Ha ¢yskmmio f(z). Ecuu, momosmHTenbHO, cymecTByeT

f(")(xo), TO
fe) = E T2 (o — )t + (o) - zo)". (@)

f®) (2o +0Az) — f*) (o)
n!
Ouesnano, ecm f(")(z) HenpephiBHa B TOUKe Zg, TO an(z) = 0
npu = — zo 4 u3 (2) caenyer, uto

rae an(z) =

fz) = Zf 20) (2 _ 2ot +o((z=20)") mpmzrz0  (3)

k=0
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AcuMnToTHYeckoe paBeHcTBO (3) HasmBaercs gopmyaodt Teilaopa ¢
ocmamounuim useHom 6 gdopme Ileano. 3ameTHM, 4TO B Hee BXOUHT
tonsko f(®)(zo), a npm mokasaTesscTBe mpeanoJaraioch, 4to f(*)(z)
cywectByer Ha (a;b) m HenpepniBHa B To4uKe ZTp. JloKadkeM paBEHCTBO
(3) npu MEHEManbHHX TpeboBaHMax Ha dyHKuMIO f(z).

Teopema. Ecau gynxyus f(z) 6 mouxe zo umeem xomneunyro npo-
ussodnyto n-zo0 nopadxa, mo dan f(z) cnpasedauso acumnmomusvecxoe
pasencmeo (3).

HokasateasctBo. [Ipexae Bcero 3ameTuM: 4TObH yHKINA
f(z) umena f(*)(zp), ona nomxna 6mTHL n—1 pas muddeperuupyema B
HEKOTOpO# OKpecTHOCTH TO4KH zo. CuemoBaresibHO, mi1a f(z) B Touke
o MOXHO HanmucaTh MHorouseH Teftsiopa n-ro mopsaaka:

P, (z) E f )(20) zO)k.

k=0

OueBugno, ecu r,(z) = f(z) — Pa(2z), TO

ra(zo) =rh(z0)=...= M) (z0) =0
IToaToMy, npumenss n — 1 pa3 npasuio Jlonuransa, mosyvaem:
ra(@) _ 1 . z)

= — lim
70 (2 — 2o)® nlzaze z—29
A Tax Kak rf,"'l)(zo) = 0, To mocsennmit npeaes, Mo ONpelesIEHHIO
IIPOM3BOJHOR, paBeH rs.") (z0) = 0. CnenosaresbHo,
ra(z) = o((z — zo)") mnpu z — zo.
TeopeMa nokasana.
2.2. ENMHCTBEHHOCTh ACHMIITOTHYECKOr0 PAa3jIoXeHMR IO CTemeHIM

T — o, NPH Z — Zo. IlycTh dynkuus f(z) onpemenena Ha MHTepBaJse
(a;z0) (mnm Ha (z0;b)). Torma acMMNTOTHYECKOE PABEHCTBO

f(z) = Zak(z — 20)* + o((z — 20)?) mpm z — o, (1)
k=p
CAe p M ¢ — LeJibe YHCIa, p < ¢, 3 G — HEKOTOpHle YUCJa, HaSHBaeTCH

acuMnmomusecxkum pasaodceruem Pynxyuu f(z) no cmenenam z — zg
npu = — 9.

Ananoruuso, ecam &ynkuna f(z) onpemesena Ha MHTepBaJe
(a;+00) (mnm Ha (—o0;a)), TO aCUMITOTHYECKOE paBEHCTBO

f(z)=2%+o(t—lq-) opE = — 400 (2)

k=p
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(cooTs., MpH Z — —00) HASHLIBACTCH ACUMNMOMUNECKUM DPA3AOHCEHUEM
dyrnxyuu f(z) no cmenewam z npu z — +0o0 (z — —00).

Teopema 1. Jaa awbozo 3adarnozo yerozo q ynxyua f(z), z €
€ (a;20), Moorcem umemo edurcmeennoe GCUMNMOMUNECKOE PA3AONCES
Hue euda (1).

Hokasateasctso. [lycts dynkuua f(z) npm sanannoM ¢ umeer
Apyroe acHMMNTOTH4YecKOe pa3JjioxeHne uma (1):

q
f(z) = ) bulz — 20)* + of(z — 20)?) (3)

k=p,

OpH z — zg. MoOXHO CYMTaTh, YTO p = p;, TaK KakK, €C/IM, HalpUMep,
P < p1, To monoxum by =0 ana k < p;. Toraa us pasencrs (1) u (3)
noJsy4aeM

q
3 (ak — bi)(z - z0)* = of(z — z0)?). (4)

k=p

B cnyuae, korma p < 0, yMHOXHM paBeBCTBO (4) Ha (2 — zp)~? u
nepefiieM k npepesy npu r — zo. B pesyabraTe noayumm ap, —b, = 0.
Takum 06pa3oM NoC/IeNOBATEILHO MO.Iy4aeM paBeHCTBa ax —bx = 0 gas
Jsoboro otpuuartensHoro k. Ecau ¢ < 0, To Teopema gokasaHa, a ecJiH
¢ > 0, To u3 paBeHcTBa (4) caeayer, uTo

q
Y (ak = bi)(z — z0)* = o((z — 20)") - (5)
k=0
TpH z — Zo.
U3 paBenctpa (5) B npemene npu z — zo nosydaeM ap = by. Ecun
¢ =0, To Teopema moka3aHa, a ecyiH ¢ > 1, TO

9

D (oK — b)(z — zo)* ™! = o((z — 20)?™")

k=1

npu ¢ — z¢. OTclona, KaK u BHlIe, nojydaeM a; = b;, n t.a. Teopema
JloKa3aHa.

AHa/IOTHYHO AOKa3HLBAeTCH M CJEAyolas TeopeMa.

Teopema 2. Jlaa awbozo yenozo g pynxyua f(z), = € (a;+00),
MOJCEM UMEMb efuHCMBEHHOE ACUMNMOMUNECKOE pasAaodicenue 6uda

(2)- '
3ameTnM, 4TO acHMNToTHYeCKMe passioxenns (1) m (2) obnanaior
ONHUM XapaKTepHHIM CBoOMcTBOM: B cyMme, cTosue#ft B mpaBo#f 4yacTH
paBeHCTBa, KaXJoe cJeayolliee cJlaraeMoe eCTb 0-MaJioe OT Tpenbliy-
wero. B Teopun acHMNTOTH4YECKMX Pa3JIoXKeHHHt 3TO cBO#CTBO ABIAETCA
onpepensioumMM. 3aech MH He OyeM pa3BHBaTb 3Ty TeOpMIO B 06-
WeM BHAE, a OrpaHHYMMCH JIHLIb DacCMOTPEHHEM aCHMIITOTHYECKHX
pasjioxenult, KoTophle mosy4alorcA w3 ¢dopmyan Tettnopa.
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Canencteue. Ecau dynxyus f(z) 6 mouxe 2o umeem xomneunyro
npou3eodny n-20 nopAdxa u

f(z) =Y ak(z — zo)* + o((z ~ z0)") (6)

k=0

npu T —> To, Mo acumnmomusvecxoe pasencmeo (6) ssasemca gopmyanoti
Tetiropa Oas pynxyuu f(z) e mouxe zo, m.e.

FARIED)]
2 k=01,

ap = ——7

2.3. AcumnroTHyecxHe pasznoxenus no ¢dopmyine Telinopa mpocreit-
mMx 3jieMenTaphbix ynxupit. B 0. 3.4 ru1. 3 6unn npuBeneHs popMynl
Te#tsopa B Touke zg = 0 ¢ ocTaTOYHHIM 4jeHoM B ¢opme JlarpaHxka
nia ¢ysxunit

y=e®, y=sinz, y=cosz, y=In(l+z), y=(1+z)"

Us atEx dopmyn nonyyatorcsa (cM. n.6.1) crenmyoume acuMnToTH-
geckue passioxeHns mo ¢opmysie Tefliopa (¢ OCTATOUHHIM 4YJIEHOM B
dopme Ileano):

e = l+g%+o(:”), (1)

sinz = Z( 1)" (2 k), + o(z¥"+?), (2)

cosz =1+ Z( 1)“ ) + o(z?"t1), 3)

In(1+z) = kz;( —1)k- ‘ + o(z"), (4)
(1+z)°=1+i°(a_ k!(a k+1) z* + o(z™) (5)

npn z = 0. Jas a =n, n €N, nonyyaem ¢popmyny

n
(1+2)" =) Cha,
k=0
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KOTOpaf fBJIfeTcs YacTHRIM cjaydaeM ¢opMyan 6uHoma Hblorona.
Ecnmn a= -1, T0

—_—1a 2_g3. 1 (—1)"z" n
132 l—z+4+2°—2"+...4(-1)"2" + o(z") (6)
opu z — 0.

IMonyunm HekoTOpHe POPMyJIB, MONb3YACh TEOPEMOH O emMHCTBEH-
HOCTH aCHMNTOTHYECKOro Pa3jIOKEHHA MO CTENEeHAM ZI.

Tax kax ntl
142422+, 4+en= 125
l1—-2
To
l $"+1
——=l4+z+zo+...+2"+
1-2 11—z
H, CJIeIOBATEJIbHO,
1
E=l+x+zz+...+zn+o(:c") !

npu z — 0. VI3 TeopeMH 0O €AWHCTBEHHOCTH ACHMIITOTHYECKOrO pasjio-
JXKEeHHA CJenyeT, YTo nocnenuaa dopMmysa seagerca popmyao Teltnopa
C ocTaTOYHHM 4jeHoM B ¢opme Ileano ana dbynkuun y = 1/(1 — z).
3ameTnM, 4To dopmyna (6) monyuaerca us dopmysint (7) 3aMeHolt z
Ha —Z.

Anasorn4Ho 3aMeHolt £ Ha —z B dopmyie (1) mosydaem dopmyay
Teftnopa ¢ ocTaTouHnM 4iieHoM B ¢popMe Ileano pua pyHkuuu y = e~%

n e
e =1+ 3 (-1 2 + o) ®)
k=1

npu z — 0. W3 pasencts (1)  (8) mo4seHHHM cllOXeHHeM H
BLIYMTaHHeM nosiydaeM ¢popmynu Teftnopa ana shz n chz:

=z 2n+1
chz—l+kz=l(2—k')—!+0(z )s (9)
shz = E szl + 0(32“+2) (10)
& (2k +1)!

npn z — 0. 3amerum, uto B (9) BMecTo 0(z?") mamucano o(z?"t!),
Tak Kak koadpdbumuent npu z2"+! papen nHymo. Ilo artoit xe npuunne
u B (10) BMecTo o(z?"+!) nanmcano o(z?"+?).

Buisenem eule ¢opmyny Teftnopa B Touke zp = 0 ana dbyHKuHH
f(z) = arctg z. U3 paBenctsa (6) samenoft z Ha z? momydaem:

1

n
I l+§ :(_l)kzzk +o(:l:2"+l) (ll)
1422 P

=1
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npu z — 0. Janee, Tak kak f(0) =0 n.

HOEE +l 7= 2% + oz,
TO FEEHD(0) = (=1)%(2k)!,  £F2¥)(0) = 0
Cnenosatesbho,
arctge = g(_l)k ;:'i:ll +o(z?"+2) (12)
npn z — 0.

Brite ¢ moMOIIBIO TEOPEMBI O €ANHCTBEHHOCTH aCHMIITOTHYECKOrO
pasJiokKeHHA 1O CTelNeHAM T moJaydesbl ¢dopmysn Teitnopa (7)-(12)
Ansa coorBercTBylolnX ¢yHKim#. Takum o6pasoM MOXHO MOJNYYHTh
aCHMIITOTHYECKHE pa3jiokeHud, KoTopule He 6ynyTr dopmynamn Teit-

nopa. Hanpumep, samenoit z ma z!/3 3 dopmyan (1) monyvaem
aCHMITOTAYECKOE Pa3JIoKeHHe:

expz!/3=1+ Z + o(z"/3)

npu z — 0. Anasornuno u3 dopmyan (2) npu n =1 caeayer, 4to
sinz!/3 = z!/3 - % +0(z*3) npu z—0.
Ecnu xe B (4) mepeMeHHylo = 3aMeHMTh Ha —1/z, TO nNoJy4YuM

1
acCMMOTOTHYECKOE pa3jiokeHHe PyHKuuH In (1 - ;) npu z — too:
n
1 1 1
ln(l——) ZIF (—”) npu z — $oo.
k=

§ 3. Yc/i0BHg MOHOTOHHOCTH H BBIIYKJIOCTH

b deperpapyembix GyHkpit.
JKCTpEeMYMBI H TOYKH Meperuba

3.1. Ycaosms nocrogHcrBa, Bo3pacTaHMs M yOmpanus muddepen-
mapyemMuix yuxmpuli. Kak uspectho (cm. 1m.3.2 ru.3), umeer Mecto
ciaenyouuit xpumepuil nocmosncmea Jugdepenyupyemotil gﬁyum;uu:

Ecau $ynxyus f(z) dupdepenyupyema na unmepsase (a;b),
f(z) nocmosnna wa (a;b) mozda u moavxo moezda, xozda f'(z) = 0 Ha

(a;0).
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Cdopmynnpyem u nmokakeM xpumepuil eospacmanus (ybuearus)
dud bepenyupyemott Pynxyuu.

Teopema 1. Ecau dynxyua f(z) dudbepenyupyema na unmepsase
(a;b), mo f(z) eospacmaem (y6meaem) na (a;b) mozda u moavko moada,
xozda f'(z) > 0 (cooms., f'(z) < 0) na (a;b).

Hokasartenbcrbo. Ecim f(z) Bospacraer Ha (a;b), To nna
Mobeix r U z+ Az u3 (a;b) passocts Af = f(z + Az) — f(z) umeer
TOT Xe 3HaK, 4To ¥ Az, n nostomy Bceria Af/Az > 0. Orcrona B
npenese npn Az — 0 caenyer, uto f'(z) > 0. Anasoruyno, ecau f(z)
yb6niBaeT Ha (a;b), To Af/Az <0, n noaTomy f'(z) <0 Ha (a;b).

HaobopoT, nns mobuix z ¥ z+ Az n3 (a;b), no Teopeme Jlarpanxka,
cywecTByer £ ‘Takoe, 4ro Af = f/(§)Az. Iloatomy, ecnu f'(z) > 0
(< 0) na (a;b), To f(z) Bospacraer (yb6mBaer) Ha (a;b). Teopema 1
JOKa3aHa.

B 3akJioueHne gokaxem docmamoutoe ycao8ue cmpozo G03pacmanus
(yb6rieanun) dudPepenyupyemott Pynxyuu.

Teopema 2. Ecau gynxyur f(z) na unmepsase (a;b) dudpepen-
yupyema u f'(z) > 0 (< 0) wa (a;b), mo ona cmpozo eospacmaem
(y6meaem) wa (a;b).

Joka3satenbcTBo. Ilo Teopeme Jlarpamka, nnd JIO6BX Z H
z + Az n3 (a;b) cymectByeT § Takoe, 4TO

fz + Az) - f(z) = f(§)Az.

O1rcrona crenyer, 9to ecam f'(z) > 0, To f(z; CTPOro BO3PACTaeT, &
ecsm f'(z) < 0, To f(z) crporo ybuBaer Ha (a;b). Teopema 2 nokasana.

AHAJIOTHYHO JOKAa3LIBaeTCA M CJIeAyIollee YTBEpXKACHHE,

Teopema 3. Ecau pynxyua f(z) nenpepwena na ompesxe [a;b] (na
a;b] uau [a;d)), duddeperyupyema He urmepease (a;bg u f'l(z)>0
< 0) na (a;b), mo oma cmpozo eospacmaem (ybwsaem) Ha ompesxe
a;b] (cooms., na (a;b] uau [a;b)).-

3ameruM, yto ycnosue: f'(z) > 0 na (a;b), ABAZACH HOCTATOYHBIM,
He ABJIAETCA HEOBXONMMBIM MJIA CTPOrO Bo3pacTaHHMsa audpepeHmMpye-
molt dyuknmn f(z) na (a;b). Hanpumep, ¢ynkuma f(z) =z crporo
Bo3pacTtaer Ha R, Ho f/(0) =0.

3.2. HeofxomuMoe M OOCTATOUYHLIE YCIOBHA 3KCTpeMyMa (QyHKIMH.
Touku 3KCTpeMyMa M 3KCTpeMaJibHHe 3HayeHud PyHKuun (JIOKaJIbHBE
MMHAMYMH H JIOKaJbHHIE MaKCHMYMH) omnpefenssuch B § 3 i 3.
Tam xe 6mia nokasaHa TeopeMa Pepma: :

Ecau gynxyua f(x) e mouxe z¢ dufbdeperyupyema u zo seasemca
mouxotl sxcmpemyma 0as f(z), mo f'(zo) =0.

Takum obpasoM, ansa ouddepenuupyemott bynknuu f(z) ycjopune
['(z0) = 0 ABNAeTCA HeoGXOMMMBIM Aj1A Toro, YTo6H TO4Ka o Ghina
TOYKO#f aKcTpeMyMa.

3ametuM, uto ycqaosue f'(zp) = 0, aABnAACH HEOOXOAMMHIM, HE
SIBJIAETCA JOCTATOYHAKIM JJISl TOTO, YTOOH TOYKa Zo GhlIa 3KCTpeMaJibHOM’
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ana f(z). Hanpumep, nna f(z) = z3 umeem: f/'(0) = 0, HO Touka
zo = 0 He ABNAETCA 2KCTpeMaJibHOM.

Onpenenenue 1. Touka zp HasHBaeTcs cmayuonapHotl mouxotl
dynxyuu f(z), ecnn f(z) B Touke zo nuddepenuupyema u f'(zq) = 0.
Ecau xe f'(z0) > 0 (< 0), To zp Ha3mBaeTc mowuxotl 603pacmanus
(y6meanus) gynxyuu f(z).

M3 TeopeMbl ®epMma cienyer, 4To TOYKH IKCTPEMYMOB AaHHOM#
¢byHKUMU ciefyeT HMCKaTb CPEeAHM CTAUMOHAPHHIX TOYEK M ToYeK, B
KOTOpPbIX HET IIPOU3BOIAHOM.

Onpenenenne 2. Touka zo € D; nasbiBaeTcA mouxofl cmpo2020
maxcumyma (murumyma) byskunn f(z), ecau cyluecTsyeT oKpecTHOCTb
O(zo) TOYKM T TaKaf, UTO

Vz Gé(zo) ND; f(z) < f(zo) (coorn., f(z) > f(z0)).

Toukn cTpororo MakCMMyMa M MMHAMYMa (PYHKIMH Ha3BIBAIOTCA
MouKAMU CMP02020 IKCMPEMYMaA 3Tol PyHKUMA.

Teopema 1. Ilycmv $ynxyua f(z) nenpepwisna Ha unmepeare
(a;b) u dudPepenyupyema na unmepeasraz (a; o) u (zo;b). Tozda, ecau

f'(z) >0 na (a;z0) u f'(z) <0 na (z0;b), mo z¢ — mouxa cmpozozo
Mmaxcumyma, a ecau f'(z) <0 na (a;z0) u f'(z) > 0 na (zo;b), mo
o — mouxa cmpozozo munumyma dyrxyuu f(z).

HokasarennbctBo. ITo Teopeme 3 u3 n.3.1, ecar f'(z) > 0 Ha
(a;z0), To f(z) cTporo Bo3pacTaeT Ha NMpOMEXYTKe (a;zg), ¥ mMoaTOMY
f(z) < f(zo) mna nwboro z € (a;z9). Ananornuno, eciu f'(z) <0 Ha
(z0;0), To f(2) < f(z0) Ana moboro z € (zo;b).

TlepBoe yTBepXJeHHe A0OKa3aHO, BTOpOe NOKa3HWBaeTCA aHaJIOTHYHO.
Teopema 1 pokazana.

JokasaHHylo TeopeMy o6pa3sHo GpOpMYJIHPYIOT clleayiowum obpa3om:
Ecau npu neperode uepes mouxy zp npoussodnas f'(z) mensem 3nax
C NAIOCa HA MUHYC, MO Ty — MOUKE MAXCUMYMA, @ ECAU — C MUHYCA
Ha nawc, mo rg — mouxa Munumyma dynxyuu f(z) (puc. 4.1 u 4.2).

x>0 . f'()<0 . \r/
/\ -+
+ | -

F<0|f(x)>0
|
1

%o

=y

(=]
3‘ ——— ——
]
(=]

Pue. 4.1 Pue. 4.2

Teopema 2. ITyemo gyrxyus f(z) 6 mouxe To umeem KoHeunyw0
npoussodnyro 2-20 nopadxa. Tozda, ecau f'(zo) =0, a f"’(z0) >0 (<0),
mo zp — mouxa cmpozozo Munumyma (Maxcumyma) Pyrxyuu f(z).
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JokasatenbcTBo. Ilo popmyne Teltsiopa ¢ ocTaToOUHHM 4jIeHOM
B ¢opme Ileano mmeem:

1) = f(zo) + (3"(20) +a(2)) & - 20,
rae a(z) = 0 npu z — zo.
Ecmn f"(zo) > 0, To 30(z0): Yz € O(zp) %f"(:co) +a(z) > 0,

[
u nostomy f(z) > f(zo) Vz €0(z0). CnenoparensHo, o — ToYKa
cTpororo MHHUMyMa GyHKuMH f(z).
AHaJlorn4HO JloKa3miBaeTcd, 4To ecau f"(zg) < 0, To g — TOuUKa

cTpororo MakcumMyMa ¢yHknuu f(z). TeopeMa 2 nokasaHa.

3.3. HutepBamu BumyxioctH. U3 paccmoTpennsa rpadpuxa ¢pyHKUMH
y = sinz 3aMedaem, 4TO Ha uHTepBaJye (0;7) OH ABNAETCA BHIMYKJIHIM
BBepX, Ha MHTepBayie (—m;0) — BHNYKJHLIM BHU3, a B Touke z = 0
OoH mneperubaercs d4epe3 KacarTesibHylo, UToOnl HMeTb BO3MOXHOCTB
paboTaTh C 2THMH TMOHATHAMH, JaAMM NM TOYHLIe ONpenesIeHHd.

Onpenenenve. ®ynknua f(z), z € (a,b), HasHBaeTca 6vinyxa0ll
6nu3 Ha unmepease (a;b), ecnm maa mO6HX z1,z2 € (a;b) m Jaio-
6bIX MOJIOKHTEILHHX «),Q2 TaKHX, YTO a; 4+ a3 = 1, cnpaseasuBO

HepaBeHCTBO
fla1z1 + azz2) < oy f(z1) + azf(z2). (1)
Ecii e BHIOJHAETCA HEPaBEHCTBO
flarz1 + az22) > a1 f(21) + aaf(z2), (2)

To dynkuua f(z) HasHBaeTcH euwnyxaoll esepr Ha unmepsase (a;b).
B atom cayyae uHTepBay (a;b) Ha3bIBaeTCA uHmMEPEaLOM 6HNYKAO0-
cmu 6nu3 (cooTs., eeepr) Pynxyuu f(z).
Yenosns (1) u (2) o3Havalor, 9o Mmobad Touka ayru My M, rpaduka
dyskunn y = f(z), = € (a;b), MeXUT He Bbillle H, COOTBETCTBEHHO, He
Hike xopasl MiM; (puc. 4.3 n 4.4).

7}
y " ® M
|
i : T\
| ] | I
| | | I | |
I | | | | I
! ! ! ! ! L
0 x) Xy X X 0 xq X X2 X
Puec. 4.3 Pue. 4.4

Ecsu B (1) ( coots., B (2) ) ana zy # z2 CTOAT cTpoOroe HepaBeHCTBO,
To pynkuus f(z) HasniBaeTCH cmpozo 6unyxaoil 6Hu3 (COOTB., 66epT) Ha
unmepsase (a;b), a nHTepBan (a;b) HasbIBaeTCA unmepsasoM cmpozodl
swnyxsocmu enu3 (esepr) dywxyuu f(z).
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Teopema. Ecau pynxyur f(z) duddepenyupyema na unmepsane
(a;0) u f'(z) ybweaem (sospacmaem) wa (a;b), mo f(z) ewnyxsa seepz
Eauus) na (a;b). Ecau ace f'(z) cmpozo ybueaem (6ospacmaem) wa
a;b), mo f(x) cmpozo ewnyxaa esepz (6nus) na (a;b).

HokasatenncTBo. Ilycts 21,23 € (a; ) u, aAna onpenesrenHocTH,
z; < x2. IlycTs, nanee, a),a; — MONOXKHTENIbHHE YACTA, a1 +ag = 1.
Torma Touka To = a1T; + Qg yOooBJieTBOpAET HepaBeHCTBaM: I <
<zq<2Z3

ITo TeopeMe o cpemnem Jlarpamxa nmeem:

¥ € (z1;20) 0 f(za) = f(z1) =f'(61)(za — 1),
2 € (zaiz2) 1 f(z2) — f(2za) =f (£2)(22 — za),

IlepBoe paBeHCTBO YMHOXHM Ha Q;, BTOpO€ — Ha (g3, a 3aTeM H3
nepBoro BhYTeM BTopoe. B pesysnbTaTe mosiydMM paBeHCTBO:

f(za) = enf(z1) — aaf(z2) = f'(€1)a1(za, —21) = f'(€2)aa(22 — za). (3)
3ameTrnM, 49TO
ZTo — 21 = a12) + Q3T — T = —a2Z) + a3z = az(z3 — 1)
M, aHAJIOTHYHO, I3 — Zo = aj(z3 — 21), MOaTOMY

f(za) = a1 f(21) — a2f(22) = anaz(za — z1)(f' (1) — F'(€2)),

rae & < §2. CnenmobatenbHo, ecna f'(z) ybniBaer (Bospacraer), TO
f(za) = a1f(z1) — aaf(z2) 20 (L0).

910 M noKa3HIBaeT, 4TO ¢yHKuMA f(z) BRINykJa BBepX (COOTB., BHH3)
Ha uHTepBaJsie (a;b).

AHaJIOTHYHO NOKa3hIBAa€TCs M BTOpoe yTBepxiaenue. Teopema mo-
KasaHa.

Cnencrsue. Ecau $ynxyus f(z) Osascdw dudPepernyupyema u
F'(z) <0 (> 0) na uwmepease (a;b), mo f(z) evnyxaa esepz (cooms.,
enu3) na (a;b). Ecau ace f"(z) <0 (> 0) na (a;b), mo f(z) cmpozo
emnyxaa eeepr (coome., 6xu3) wa (a; b).

3.4. Touxu BENIyXJIOCTM M TouxM neperuba. ITycTh Ppynkuua y =
= f(z) onpemesieHa B HEKOTOPo#t OKPECTHOCTH TOYKH Zo M B 3Toft Touke
OHa MMeeT KacaTesIbHYIO.

Onpenenenne 1. Ecan cymecryer okpecTHocTh O(Z0) TOHKH Zg
[]
Takaf, 4ro TOuKM rpacdmxa yukmun y = f(z) npu z € O(zo) nexar
BHe (HIDKe) KacaTesIbHOM, TO To Ha3HBAeTCA MONKOU 6mnyxrocmu
enu3 (esepz) dynxyuu f(z).
Hanpumep, mna ¢ynknum y = 2 mobas Touka z € R aBasercs
Touko#t BuimykJsiocTH BHEH3. [Jnsa ¢ymkuumn y = sinz mobas Touka
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z € (7;0) ecTb TOYKa BRIMYKJIOCTH BHHM3, a Jiobas Touka z € (0;7) —
TOYKa BHITYKJIOCTH BBEpX.

Onpenenenue 2. Ecim cymecrsyer okpectHoctb O(zo) = (a;bd)
TOYKH Zo TaKad, YTO TOYKH rpaduka pynknuu y = f(z) npn z € (a;zo)
JIeXXaT IO OIHY CTOPOHY OT KacaTeJbHoft, a mpu z € (zo;b) — no
IpYrylo, To o Ha3hIBaeTCA movuxoll nepezuba $ymxyuu f(z).

Hanpumep, Touka z = 0 sBsfeTcAa Touko#t nepernba ana pyHKumit
y=123 y=2z3 u y=sinz. [Jna yskumu y = |sinz| Touka
z =0 aBaAercs yrioBo# Touxkoft, a m1a bynkumn y = z2/3 — Touxoft
Bo3BpaTa (YrJOBO#f TOYKOH C HYJIeBHIM yIJIOM).

Teopema 1. Ecau dynxyus f(z) 6 mouxe zo umeem xoneunyro
emopyto npoussodnyro u f"(zo) > 0 (< 0), mo mouxa zo Aeasemcs
mouxoll ewnyxaocmu 6nu3 (esepr) $ymwxyuu f(z).

JlokasaTenbcTBo. YTBepxaenne caeayer u3 ¢opmyn Teltsopa:
F(2) = f(@0) + f(z0)(z = 20) + 31" (z0)(z = 20) + a2)(z = z0)",

rae a(z) = o(l) npu z — zo. [HetictButensHo, ecau f’(z0) > 0, TO
cyuectByer okpecTHocth O(zo) TOYkM zp TaKad, 4To Ana Jnoboro
T # z¢ M3 2TO# OKpECTHOCTH

1
3/ (@0) +a(z) >0
H, CJIe[OBATEJIbHO,

f(z) > f(zo) + f'(z0)(z — z0),

()
T.e. Touku rpadmuka dyskmun y = f(z) mna z € O(zo) NexaT Buie
KacaTeJbHOM B Touke zo. AHasormuHo, ecam f''(zg) <0, To

30(z0): Vz €0(z0) f(2) < f(20) + f'(z0)(z = 20).

Teopema 1 gokasana.

CnenctBue. Ecau dynxyua f(z) 8 mouxe zo umeem xoreunyro
npou3sodnyo 6mopozo nopadxa u moyxa o9 RKeasemca mouxoti nepezuba,
dan f(z), mo f"(z0) =0.

HelctBurensro, ecan f'(zo) # 0, T0, coracHo Teopeme 1, Touka
Zp €CTb TOYKa BBINYKJOCTH BBEPX HJIK BHH3.

3ametnMm, uto ycnoBue f”(zo) = 0 He sABNAETCA NOCTATOYHBIM
MJIA Toro, 4Tobnl TOYKa To Obiia Touko# nepermba ynxumn f(z).
Hanpumep, mna dynkoun sz) = z* Touka r = 0 sBasmeTcs TouKoft
BHIMyKJIocTH BHE3, xotd f”(0) = 0.

3ametM euwe, uTo ecqm ¢yHxkuma f(z) B Touke Zo HempephIBHA,
f'(z0) =400 (mam —00) M, caenoBaTesbHO, €e rpadHK B TOYKe To HMeeT
BEPTUKAJIbHYIO KAacaTeJbHYIO, TO £p — TOYKa Heperunba ¢pynxumu f(z).
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Teopema 2. ITycmv $ynxyus f(z) umeem nenpepueryw npo-
useodnyro Ha unmepease (a;b), codeporcawyem mouxy zo, u dsaxnciv
Oug fepenyupyema na unmepearaz (a;zo) u (zo;b). Tozda, ecau f'(z)
na (a; Zo) nosodcumesvna, a na (zo;b) ompuyameasvna, usu naobopom,
mo o — mouxa nepezuba Pymrxyuu f(z).

HoxaszatenbcrTso. na dbynkunu f(z) nanmmem dpopmyay Teit-
JiIopa C OCTaTOYHHM 4jleHoM B ¢opMme Jlarpamxa:

£(2) = f(z0) + (z0) = = 20) + (€)= = 2o},

rae £ JIEXHT MexIay r u zg. V3 Hee BupHO, uro ecsim f”(z) umeer
pasHble 3HaKH Ha (@;Z9) M (z0;)), To rpaduk Pynkumu nepernbaercs
yepe3 KacaTesabHylo. Teopema 2 AokasaHa.

Takum o6pa3oMm, paBeHCTBO HYJI0 BTOpo# NpOHM3BOIHOM fBJiseT-
cA HeobroJuMwum ycaosueM, a CMEHa 3HAKa BTOpO# NpoU3BOmHON —
docmamountm ycaosuem mouxu nepezuba GpyHKuUMH.

IlpuBenem ewe ogHO JOCTATOYHOE yCJ/IOBHe TOYKH Mepernba.

Teopema.3. Ilycmo $ynxyus f(z) 8 mouxe zp umeem xKoreunyro
npoussodnyro J-20 nopadxa. Tozda, ecau f''(zo) =0, a f'"(zo) #0, mo
zo — mouxa nepezuba Pynxyuu f(z).

Jdoka3saTesnbcTBo. YTBepXAeHHe caenyeT n3 ¢popmyan Tetinopa:

£(2) = £(z0) + F'(z0) = = 20) + 53" (z0)(z — zo)*(1 + a(z),
rae a(z) =+ 0 npu z — zo. [eficTBATeNBHO,

30(z0): Vz€O0(z0) 1+ af(z)> %

a Tak Kak (z —zo)3 Menser sHak npum mepexome r dYepes Zo, TO Zp —
Toyka nepernba. Teopema 3 mokasana.
B obuieM cnygae, nycmo

f(z) = f(zo) + f'(z0)(z — zo0) + ;l-ff(")(zo)(-‘l-‘ - z0)" +o((z = 20)")

npu z — o, 20e n > 2 u f")(z0) £ 0. Tozda, ecau n nevemnoe, mo rg
— mouxa nepezuba ynxyuu f(z), a ecau n yemuoe, mo rg — mouxa

esnyraocmu (ssepz, ecau f™)(zo) <0, u enus, ecau f(*)(zo) > 0).

I'naBa 5. Bekropunie pyBKIHH H KpUBEIE
Ha IVIOCKOCTH H B IIPOCTPAHCTBE

§ 1. IIpemensl M Mpou3BoIHEIe BEeKTOPHLIX GyHKIMiA,

1.1. Onpenenenne M XHHMeMaTHYeckad MHTepnperaums BexropHol
Jynxmpm. B npeaniayumx ryiaBax paccMaTpMBAJINCh CKaJiApHble dYyHK-
LM CKaJIAPHOrO apryMmeHTa, 3flecb OyaeM pacCMaTpHBaTb BEKTOPHEIE
GyHKUHN CKaJIAPHOTO apryMeHTa, T.e. (pyHKLHMH, ¥ KOTODhIX apryMeHT
NPHHMMAET 9IHC/AOBHE 3HAYEeHHMdA, a 3HAYEHMAMH (YHKUHH SABJAAIOTCA
BEKTOPH. .
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Onpenenenne. Ilyctb 3apanm MHoxecTBo T' C R ®m mnpasuso,
KoTopoe KaxmoMy uMcay t € T CTaBUT B COOTBETCTBHE HEKOTOPHIft
BeKTop r = r(f) Ha NJIOCKOCTH WJiM B mpoctpaHcTBe. Toraa MHOXe-
CTBO BCEBO3MOXHEIX nap Buma (i;r(t)), t € T, HasuiBaeTca eexmopHoti
dynxyuell cxasrsprozo (wucaoeo0zo0) apeymerma u obosnavyaercs r = r(t),
teT.

B wactHOCTH, BekTOpHas ¢ynkuusa r(t), t € N, — aro nocaedosa-
meavHocmo eexmopos {r,}, rae r, =r(n), n € N.

Ecsiu Bce paccMaTpuBaeMule BEKTODH JIeXKaT B OQHOH MJIOCKOCTH H
B ?Tol mJjIOCKOCTHM BHOpaH HEKOTOpHI# 6a3mMc, TO 3anaHMe BEKTOPHOM
dyukuuu r = r(t), t € T, paBHOCHIbHO 3aJaHMIO ABYX YHMCJIOBBHIX
(ckanspubix) dyHKUMH:

z=1z(), y=yt), teT,

rae z(t), y(t) — xoopnuHaTH BekTOpa r(tf) nmo BmbpanHoMy 6asmcy.
9T yHKUMM Ha3BIBAIOTCA Koopdunamamu BexTopHo#t dyHKuMH r(t),
teT.

AHaJIOTHYHO, eCJ/TH PacCMaTPHBAIOTCA BEKTODPH B IPOCTPAHCTBe (Tpex-
MepHOM HJIH, Boobile, n-MepHoM, cM. § 1 ra. 6), B koropoM BHI6paH He-
KoTophift 6a3Hc, To 3aaHKe BeKTOpHO#t yHKIMH r = r(t) paBHOCHJILHO
3aJaHUIO TpeX HJIM N CKaJAPHBIX yHKuuit (KoopauHaT BekTopa r(t)).

B npanbHeftitem 6ymeM paccMaTpuMBaTh B OCHOBHOM BEKTOPH Ha
IUVIOCKOCTH MJM B TpeXMEpPHOM NpocTpaHcTBe M 6yaeM cumTaThb, 4TO
BhI6paHHhle 6a3sHCH ABJIAIOTCA OPTOHOPMHPOBAHHBIMH.

Yacto BekTOpH r(t) MOHMMAIOT KaK paAMyc-BEKTOPH TOYEK OT-
HocHTeNbHO HeKoTopo#t cdukcupopaHmo#t Toukm O. Torma sexkTopHas
dyHKIMA T ;_;%t), t € T, onuchiBaeT MHOXecTBO TodyeK M c¢ paaumyc-
BEKTOpaMH = rSt) 9To MHOXKeCTBO To4eKk HashlBaeTcs 20002pa-
dom (unm zpaduxom) BekTopHoM yHkumm r(t) a dymkuma r(t) —
napamempuveckum npedcmacaenuem 3Toro MHoxecTBa. HesaBucmmas
nepeMeHHasi { Ha3bIBAETCA NAPAMEMPOM ITOTO NMpPEACTaBJICHHUA.

IMpumepoM BekTOpHOH hyHKUMM ABAAETCH JinHe#Hasaw PyHKUHA r =
= at+b, t €R, rme a u b — 3aganHnie BekTOpH, a # 0. Kak n3BecTHo,
aTa (PYHKIMS OMMCHLIBAET NpAMYIO (Ha MJIOCKOCTH MJIM B IPOCTPAHCTBE),
KOTOpasi NMPOXOAMT 4Yepe3 TOYKH C paauyc-BekTopamMun b u a+b.

Zpyrum mpumepoM BekTopHoM dyHkuMuM 6yaer byHKuMs
r =e;cost +ezsint, t € [0;2n],

rae e),e; — eONHMYHble B3aHMHO OPTOroHaJIbHblEe BEKTOPH. IJTa ¢yHK-
OMs AABJSETCA NMapaMeTPUYECKMM IMPEACTaBJICHHEM E€IMHUYHOH OKpYX-
HOCTH ¢ LeHTpoM B Touke O.

BekTopHhIMI (DYHKIMAMH ONMHCHIBAIOT ABWXEHHs Todek. MMeHHO,
CYMTAIOT, YTo yHKuMA r = r(t) omMchHIBaer OBMXKeHHe Touykn M c pa-
JAMYyC-BEeKTOPOM oM = r(t), cne t — Bpemsa. Torma dpynknusa r(t) Hask-
BaeTcA 3aKoHoM deudicenun, a ee romorpach — mpaexmopuett Touxku M.
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1.2. - INipenem ¥ HempepHBHOCTH BexTOpHHX ¢ynxipdi. Haunem c
ompenesieHHs TNpeAesia BeKTOpHOH ¢yHKmMEM B npefesbHoit Touke. B
YacCTHOCTH, OHO OyneT WM ompefejieHHeM OpeNesa MOCJIeN0BaTeJILHOCTH
BEKTOPOB.

Onpenenenne 1. Ilycts tg — xoHeunas usm GeckoHEYHO ynaaJieH-
HasA npefesabHaa Touka MHoxecTBa T C R. Torzma BekTop a Ha3HBaeTcd
npedesom eexmopwoti Pynxyuu r=r(t), t € T, npu t = tp, ecan

tll’ra |r(t) — a] = 0.

B aToM ciiyyae Gymem mucarh & = tlir{x r(t) unn er(t) — a npu t — Lo».

OueBngHo, ecaum r(t) — a npu-'f — to, T0 r(t) = a + p(t), rame
p(t) = 0 npu t > tp, m HAOGopoT. B 3TOM ciyvae nmumyT:

r(t) =a+o(1l) npu t = to.

Teopema 1. Bexmop a sasasemca npedesom eexmoproil $yrxyuu
r(t) npu t &ty mozda u moavrko mozda, xozda xoopdunamu eexmopa
a Aeafwmca npedeaaMu coomseemcmeyowur xoopdunam eexmopa r(t)
npu t —tg.

HokasateabctBo. I[lycth @),a2,63 — KOOPHMHATH BEKTOpa a,
a z,(t), z2(t), z3(t) — koopauHaTH BekTopa r(t) mo NaHHOMY OpTO-
HopMupoBasiHoMy 6asucy. Torma cnpapeq/IMBnI HEpaBEeHCTBA!

3
lei(t) — ail < Ir(t) —al < 3 lzs ) —agl, §=1,2,3,
i=1

H3 KOTODHIX M CJIeAYIOT yTBepXJcHHA TeopeMnl. Teopema 1 mokasaHa.
Teopema 2. Ecau cxaaspran dynxyus f(t) u sexmoprue dyrxyuu
a(t) u b(t) umeram npedean npu t - to, t€T, mo

Jim |a(t)] = |lim a(t)],

lim f(t)a(t) = lim f(t) - lim a(t),

Jim (a(t) £b(t)) = lim a(t)  lim b(t),
Jim (a(t), b(t)) = (lim a(t), lim b(t)),
Jim [a(), b()] = [lim a(t), lim b(t)].

HoxkasaTenbcTBo. JlokaxeM meppoe ¥ NOc/JeqHee YTBEPXKICHHS.
Mycts tlir{l a(t) = ap. Torama, kaK H3BecTHO,
-*to

lla(®)] ~ lacll < [a(t) — |-

Orciona ¥ cJjenyeT mepBoe yTBepXKAcHUe.
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Ilycrs, manee, tl_l_’ra b(t) =bo. Torna a(t) =ag+a(t), b(t)=bo+p(t),
rae aft) = 0, B(t) = 0 npu t — ¢y, 1 noaTOMY
|[a(t), b(£)] - [a0, bo]| = |[(t), b(t)] - [a0, B(1)]| <
< la(®)]- b(t)] + |ao| - 1B(2)] — 0

opu t — fp, YTO M AOKA3HBaeT NOCJielHee yTBepXKAeHue. Jpyrue
YTBepXACHUA NOKa3HBAIOTCA aHajornyHo. Teopema 2 nokazana.

Onpenenenue 2. BekropHaa dbyskuma r(t), t € T, HasniBaeTCH
Henpepuenotl B npefenbHot Touke tg € T, ecqn npenen r(t) mpu t — i
cyulecTByeT M paBeH r(lp). B so6oft M30MpoBaHHO! TOUKe MHOXeECTBa
T dbyuxuus r(t) Toxe cunTaeTcs HenpepmeHod.

U3 Teopemnl 1 cienyer, 4To BeKTopHas QYHKIHMA HeNpepHBHA
B HeKoTopoff TOYKe TOraa M TOJIBKO TOTAa, Korda B 3ToH Touke
HEenpepHBHH €€ KOODAMHATHI.

M3 TeopemMn 2 ciaenyer, 4TO AJIMHA HeNpepHIBHOLO BEKTOpa He-
NpepLiBHA, CYMMa HeENMpepLIBHHIX BEKTOPOB HENpPEpHIBHA, NpPON3BeNcHHE
(vnoboe) HenpephBHBIX yHKUHHE HempepHBHO (B TOYKE HJM Ha HEKOTO-
pom MHoxecTtBe). Hampumep, BekTOpHOE NpOW3BenEeHHE HETMPEPBIBHBIX
BEKTOPOB — HENpEpHIBHLI# BeKTOp.

Tak Xe, Kak ¥ IJIf CKaJApHHX (pyHKUmit, JOKa3bIBaeTCA TeopeMa
O HENpephHIBHOCTH CJIOXKHOM dbyHKIuM:

Ecau dynxyus y = p(z) nenpepwena @ mouxe zp, a eexmopHas
Pynxyua r(y) Henpepwuera 8 mouxe yo = ¢(zo), Mo caodcHaR Pynxyus
r(p(z)) Henpepwena e mouxe zo.

1.3. Hpoussomunie Bexropuuix ¢ynxumii. Onpeneneswe npoumsson-
Hoft BexTopHOl#t PYHKIUMH HOYTH AOCJIOBHO IOBTOPAET COOTBETCTBYIOIIEE
onpeneJieHue A CKAJAPHHIX (PyHKUMH.

Iycts 3anannl BekTopHad dyukmua r(t), t € T, u Touka ig € T.
Torma mas swoboro t € T, t # ty, uacTHOE

r(t) — r(to) _ r(to+ k) — r(to)

t—ty h ’
rne h =t —ty, Ha3BIBAETCA PASHOCMHHMM ommowenuem dyrxyuu r(t) 6
mouxe ty ¢ wazom h.
Onpenenenne 1. [Ipenen pasnocTHoro orHomenus pyHKunH r(t),
teT, B Touke tg € T c waroM h npu h — 0 Ha3snBaeTcA npoussodrotl

. dr
éexmopnoll fymryuu 6 mouxe to u obosnawaercs r'(to) Mim E(to)'
Takum obpa3om, o onpelesieHno,

S t—1p A0 AL

rme At =t —tg, Ar =r(t) — r(to).
AHaNOrHYHO OHpeAe/AOTCA ORHOCTOPOHHHE IPOM3BOAHBIE BEKTOPHOI
dbynkunn.

r'(to) = li r(t) — r(to) _ lim Ar
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Onpenenenne 2. Bektopnas ¢bynkuus r(t) nasniBaerca dudde-
peryupyemoli 8 mouxe g, eciu oHa omnpefiesieHa B HEKOTOpo#t oKpecT«
HOCTH TOYKH fg MU B 3TOffl TOYKEe MMeeT NPOM3BOLHYIO.

OueBnano, dynkuusa r(t) anddepenuupyema B Touke tp Toraa M
TONBLKO TOTAA, KOTAa
r(t) = r(to) + r'(to) At + a(t) At,
rae a(t) - 0 npu t — to.
M3 teopemn 1 n.1.2. caeayet, uro BeKTOpHas ¢yHkumsa r(t) aud3
depenunpyeMa’ B To4YKe to TOTAA M TOJBKO TOTAa, KOTAa B 3TOH TOUKé

IvuddepeHnHpyeMB KOODAMHATH BeKTOpa r(t), MpHYEM KOODAMHATAMH
BEKTOPa-IPOM3BOAHOR ABJIAIOTCA MPOM3BOAHLIE KOOPAMHAT BeKTOpa r(t),

T.€. r'(to) = (2} (o), z5(20), z5(t0)),

rae ;,%2,Zf3 — KOODAMHATH BEKTOpPA T.
O6HYHHM 06pa3’oM JOKAa3KBAaOTCA npacsusaa JudPeperyuposariun
O0an eexmoprur PyHxyud:

1. Ecau dynxyuu a(t) u b(t) duddepenyupyemn s mouxe to, mo 6
amotl mouxe gynxyuu a(t) £ b(t), (a,b) u [a,b] dudbepenyupyemn u

(axb) =a'+b’,
(ax b)l = (a,’b) + (a: bl))
[a,b])’ = [a’,b] + [a,b’].
2. Ecau $ymxyuu f(? u r(t) dupPepenyupyemmu 6 mouxe to, mo 6
amott mouxe ynxyua f(t)r(t) duddepernyupyema u
(fr) = f'r+ fr'.

3. Ecau gynxyua ¢ = ¢(t) dudPepenyupyema 6 mouxe to, a pynxyus
r = r(p) duddepenyupyema 6 mouxe wo = (o), Mmo caoxcHar PyHxyua
r(p(t)) duddepernyupyema 6 mouxe to u

dr _dr dp
dt ~ dp dt’
Cnencrpue. Ecau na unmepease (a;b) sexmopras dymxyua r(t)
dud pepenyupyema u maxas, wmo |r(t)| = const, mo
(r(),x'(t)) =0 Vt € (a;b),
m.e. eexmop r'(t) opmozonasen eexmopy r(t).

HoxasateabcrBo. Tak kak dynxkuas (r(t),r(t)) nocrosnxa Ha
(a;b), To ee npomssonnan Ha (@;b) paBHa HyJlO, B HO3TOMY

%(r, r) =2(r,r')=0.

CanencrBue noKa3saHoO.
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3aMeTHM, YTO eC/IM BeKTOPHas GYHKIMA r = r(l) OMMCHBAeT IBH-
XKeHHe TOYKHM, TO MpousBomHas r'(t) mpH ¢ =ty HashIBaeTCs CKOPOCMYbIO
6 Momenwm epemenu tg. 3pech r(t) — pammyc-BeKTop ABWKYulefics
Toyku M oTHOocUTeNnBHO HekoToporo UeHTpa O, a r'(t) — BekTOp cKo-
pocti Toukn M B MomeHT BpemenH t. Torna yTBepXIeHue CJIEACTBHS
O3Ha4aeT, YTO NpH ABWKEHHH TOYKH No cdepe (MM MO OKPYKHOCTH)
€e CKOpOCTb OpTOroHaJslbHa pazuycy cdepnl (COOTB., OKDYXKHOCTH).

Kak nokasbiBaeT cieayioumii npuMep, I BeKTOPHMX dyHKumi He
6yner crnpapensimBo#t TeopeMa Jlarpamka O cpegHeM M gaxe TeopeMa
Poans.

ITpumep. Ha nockocTu paccMOTPUM BeKTOpHYIO GyHKIHIO I = r(t)
C KOOpAMHATaMH

z =cost, y=sint, t€R.

Ona B Toukax ¢ = 0 u { = 27 npuHUMaeT paBHble 3HadeHHa: r(0) = r(2r)
— BekTop ¢ Koopawnatamu (1;0). Onnako ee mMpou3BOAHAdA HHUIZE He
obpauiaeTcs B HOJIb, TaK Kak

|r'(t)] = Vsin2t + cos2t =1 Vit €R.

BMmecto Teopemnl Jlarpanxka o cpeaHeMm AnA BEeKTOpHHX byHKumit
HMeeT MecCTO cJefyiolee yTBepXKIeHHe.

Teopema. Ecau eexmopnas dynxyur r(t) duddepenyupyema na
unmepease (a;b) u wenpepriera 6 mouxar a u b, mo

3r € (a;b):  Ir(b) —r(a)| < (b= a)l'(7)]- (1)

HoxasaTtenbcTBo. Ecim r(a) = r(b), To HepaBencTso (1) cnpa-
BeammBo AJia Jioboro T € (a;b). Ecam xe r(a) # r(b), To, BBens
eIUMHUYHBHI# BeKTOop

_ r(b)—r(a)

= @) — (@)’
uo.ny'mu paBeHCTBO
Ir(8) - r(a)] = (r(8) - r(a)), €) = (r(8), &) — (r(a), &),

B KOTODOM CIIPaBa CTOMT PasHOCTb 4HcJoBo#t dbynkumu f(t) = (r(t),e)
B TouKax a M b.

®ynknus f(t) HenpepniBHa B Toukax a M b um muddepenunpyema
Ha ®HTepBaJse (a;b), mpuuem f'(t) = (r'(t),e), mosTomy cyuiecTByeT
T € (a;b) Takoe, uro f(b) — f(a) = (b— a)(r'(7),e) m, cienopaTesnHO,

Ir(8) — r(a)] = (b - a)|(r'(r), &)l < (5 - a)Ix' (7).

TeopeMa moKa3aHa.
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1.4. Pamuansnas B TPAHCBEPCANbHAS COCTABJILIONME WPOM3BOmHOM.
Ilycts BekTOpHas GyHKIMA r = r(f), onpelesieHHags Ha HEKOTOPOM
npomexyTke, auddepenunpyema u Takad, uro |r(t)| # 0. Torma
ckanspHas dbyHxkuma |r(t)| roxe muddepenuupyema u

dr|] _d _ ()

@ - avVEn =T
INonoxum .
ri(t) = =0

el

OueBuaHo, YTo BekTOpHas ¢pyHknus ry(t) auddepennupyemMa u BeKTOp
ri(t) oproronasen BekTopy ri(t).

Muddepenmupys dynxumio r = [r(t)|ri(t) no npasuny mucddepen-
OAPOBaHMS TPOM3BEACHHUA, MONYYaeM PaBEHCTBO

dr _ d|r|r + |r|drl
dt ~ dt dt’
M3 KOTOPOTo CJIEAyeT, YTO NpPOM3BOAHAsA BeKTOpHo#t ¢yHKUMHM pa3jara-
eTcs Ha ABe COCTaBJsloume: paduaavryro (HanpaBieHHYIO NO pagmycy)
H mpanceepcaavryo (NMONEPEYHYIO, OPTOrOHAJLHYIO PaIHYCy).
TMonoxum
dl‘]

dt

rae a >0, a r, — eIMHHYHBI! BEKTOp, OPTOrOHAJbHEI# BekTOpYy r)(t).
Torna
dl‘l

5 = (r,r')|r|r;y + |rlars.

Orciona nocjie YMHOXEHHs Ha T BEKTOPHO IOJIyYaeM:

= arg,

[r,x] = Irlafr,ry).

Tax xak |[r,rq)| = |r|, TO

_ |, 2l
TR
CiaenoBarensHo, -
dr _ (r,r)) I[r, ]|
™ I M

KoaddpuumeHTH aTOr0 passnoxenus 0603Ha4aIOT v, M Uy M Ha3BIBAIOT
paduasvroll B MPAHCEEPCAALHOU KOMNONEHMAMU CKOPOCTU:

_m) el )

WET TR
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I[Ipamep. Haltnem panuanbrylo B TpaHCBepCasIbHYIO KOMIIOHEHTHI
CKOPOCTH TOYKH, JBIXKYlle#cA Ha IIJIOCKOCTH MO 3aKOHY

z = acoswt, y = bsinwt.

ITo dopmynam (1) Baxommm

1
v = -;w(b2 —a®)coswt, v = %abw,

rae r = v/a? cos? wt + b2 sin? wt.
B wacTtHOCTH, ecotu a = b= R, T0 v, =0, v; = wR.

1.5. Crapume mpowspomanie ¥ ¢opmyna Telinopa. dis BekTOpHEIX
dynkmuit Tak Xe, Kak M AJIA CKAJNAPHHX (QyHKUMHA, onpenenderca 6mo-
pas npoussodnas u, Boobile, n-a npouseodnas. O4YeBUAHO, BEKTOpHAf
GyHKIHUA MMeeT n-I0 NMPOM3BOZHYIO B HEKOTOPOH TOYKE TOrAa ¥ TOJBKO
TOrfa, KOrfa ee KOOPAMHATH B 3TOff TOUKE MMEOT NPOM3BOAHHE N-IO
nopagKa.

Ecnu pexTopHas ¢yHxkuma r(t) ompeleseHa B HEKOTOpOit OKpecT-
HOCTH TOYKH {; M B 3TOR TOYKe HMeeT n-10 NPOU3BOJHYIO, TO JIJdA
nobolt ee koopamHaTH z;(t) MokHO HammcaTh copMyJy Teitsiopa c
OCTaTOYHHIM WjieHoM B ¢dopme Ileano:

L )
()
(

zi(t) = z;(to) + z t— to)* + aj(t)(t — to)",

rae aj(t) =0 opu t — tg. CaenosaresnHo,

r(t) = r(to) + E (t°) —to)* + a(t)(t — to)",

rae at) — BekTop ¢ KoopamHaTamu aj(t). Ity ¢opmymy obmuno
3alUCHBAIOT TaK:
rik)(t
() = x(to )+2 0) 4 — g+ ot~ t0)")

npu t = tp. Ee 6ymem Ha3mBaTh, KaK M AJIA CKAJAPHHX GyHKIHi,
dopmyasott Tettaopa ¢ ocmamounmm sserom e dopme Ilearo.

OrMeTHM, 4YTO I/IA BeKTOPHHIX ¢yHKOuf#t HeT aHaviora ¢opMyJinl
Te#tsiopa ¢ ocTaToYHHM 4jieHoM B ¢opMe Jlarpanxka. Kak nmokasbiBaeT
npumep u3 1. 1.3., ansA BekTOpHBIX DYHKIHUI He MMeeT MeCTa TeopeMma
Jlarpaixa # naxe teopema Posnsa.
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§ 2. KpuBhie Ha IVIOCKOCTH H B NPOCTPaHCTBE

2.1. NlapaMeTpuyuecku 3anannkle xpuBhle. ['padux ckanspuoft dyHk-
oMM J2eT NOJIHYI0 WHpOpManuIo o caMo#t pyHKIMH, B YaCTHOCTH, pa3-
Hele YyHKIMN MMeloT pa3inie rpaduku. OnpHako pasHble BEKTOPHHIE
¢yHKIMH MOTYT MMeTb OMH M TOT Xe rogorpad, Tak Kak To4Ka Mo-
JKeT IOBUraThbCA IO onHO#t M ToM XKe TpaeKTOpMH pa3sHHEIMH crmocobamwu.
Hanpumep, BekTopHhle GyHKIMM T = ta u r = t°a, rle a — HeKOTOpHilt
HeHyJIeBol BeKTOp, ONpeAesAIoT NpAMYIO, NPOXONALLYIO depe3 TOuYKY
O napanniesibHO BEeKTOpY &, a MX cyxenusa aid t € [0;1] onpenensior
npaMosmHeliHkift orpesok OA Takoft, 4To =a.

Onpenesnenne 1. IIycth Ha npoMexyTke A 3afaHa HenpephlBHas
BekTopHas ¢ynkuua r(t). Torna MuHoxecTBo I' Bcex Touek npocTpancTBa
(anm nmnockocTH) ¢ panMyc-BeKTopamH r = r(t), t € A, HasmBaetcA
opuenmupoeanroti xpusoli, a BektopHad ¢yHKHHA r(t), t € A, —
napamempuseckum sadaruem (Hau npedcmaeseruem) aTot kpusoit. B
aToM caydae 6ynem mucats I' = {r(t),t € A}.

Bynem cumTaTh, 4TO Apyras HenpepuiBHaA BeKTopHas yHKIAsA f (r),
T € A, 3amaer Ty e OpHeHTHpoBaHHYIO KpuBylo I', ecim cyuecTByer
HenpephiBHasf CTpPoro Bo3pacraoiliaa ¢pyHKmua 7 = p(t), t € A, Takas,
uro p(A)=A un

f(e(t)) =r(t) VteA.

Jliobas Takaa yHKDEA T = @(t) HashBaeTCA JonycmuMum npe-
obpaszosaruem napamempa xpueod I'.

OpuentupoBasHocTh KpuBo#t ' o3Hadaer, YTO MOpAMOK YMCES Ha
npoMexyTke A MOPOXA3eT COOTBETCTBYIoumit mopsmok Ha kpusoft T'.
UMmeHHO, CYMTAETCA, YTO TOYKA C paamyc-BeKTopoMm r(t;) mpenuiecTsyer
Toyke ¢ paamyc-BekTopoM r(t2), ecsm i) < tj.

Ina opuentuposannoft kpusoit I' = {r(t),t € [a;b]} Touka A ¢
panuyc-BeKTOpoM r(a) Ha3HIBaeTcA HaxaroM, & Todka B c paamyc-
BekTopoM r(b) — wxonyom sroft kpuso#t. B aTOM caydae xpusyio I’

ynobHo obosnauars AB.

Onpenenenne 2. Kpusaa I' = {r(t),t € A} nasmBaerca cymmot
xpueniz I'y u Iy, econ

L;={r(t),te A}, =12,

npudem A, U Az = A u KoHell npoMexyTka A; CoBIagaeT ¢ HadaJioM
npomexytka Az. B arom cayvyae 6ymem mucats ' = Ty UT; nom
'=T,+4T,.

Onpenenenne 3. Kpupasa, umeromas auddeperunpyemoe (uin
HenpephiBHO auddepeHLnpyeMoe) NpeacTaB/ieHKe, Ha3HBaeTca Judde-
penyupyemoti (cooTB., nenpepmero duddepenyupyemoti).

Jna nenpepHBHO auddepeHIMpyeMBIX KPHUBHIX AOMYCTHMBIMH Tipe-
o6pa3oBaHMAMM [lapaMeTpa ABJAIOTCA HempepuBHO nnddepeHuupyeMue
GyBKIMKM ¢ MOJIOXKNTeJNbHO! IMpOU3BOLHOM.
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AnajlornuHO onpenensoTca deadcdv dudPepenyupyemoie n, Boodue,
n pas Juddepernyupyemue (nenpepweno dudpepenyupyemume) xpuswne.

Onpenenenne 4. HenpepmiBHash KpHBad Ha3LIBA€TCA KYCO4HO-
nenpepvieno dudPepenyupyemotl, eciii oHa ABJIAETCA CyMMOR KOHEYHOro
9HCcJIa HenpepHBHO OH(depeRnEpyeMBX KPHBHIX.

2.2. Kacaremsnas x xpusolt. Ilycts 3amanma kpusaa I' = {r(t),t €
€ A}. Yepes Touku M u Mo c pamuyc-BekTopamu r = r(t) u ro = r(to)
npoeeneM cexymyio MM, (puc. 5.1).

OueBHAHO, BEKTOp

Ar/At

rae At =t —1tg, Ar = r(t) — r(fg), ABNAETCA ENUHAYHHIM BEKTOPOM
npsmolt MgM n Bcerna, T.e. npu At >0 u npr At < 0, HanpassieH B
CTOPOHY BO3pacTaHMs mapamerpa t Ha Kpuso#t I'.

Onpenenenne 1. [Ipamasa r =rg + tl, roe
= Jim 1) @)

HasbBaeTcA xacameasHoll x xpueot! I' 6 mouxe My,

Takum obpasom, KacaTesbHas K Kpupoit I' B Touke Mp — 3T0 npe-
deavroe noaodicenue cexywed MMy, xo-
2da mowxa M € T' npubaudcaemcsa «

Mo mouxe My.
AHaJIOTHYHO onpenenfAloTCas 00HO-
/ cmoponnue xacamesvHie: HYXKHO JIMLIDb
r A B paBenctse (2) mpemen mpum t — to
0 3aMeHHTb Ha npegen npu t — o+ 0.

Teopema. IMycmy '3adana xpueas
o I =r(t), t € A}, u nyemv ro =
Prc. 5.1 =r(to). Toezda, ecau r'(lp) cywecmey-
t em u |r'(to)| ;ﬁ 0, mo dawnas xpueas

6 mouxe My c paduyc-eexmopom ro uMeem xacGmesvHyio

r =ro +tr'(to). (3)
Hoxasateabctno. Tak xax ¥(tg) cymecrsyer n |r(to)| # 0, To
n3 (1) mosyvaem
r'(to) + a(t)

I'(to) + a(t)l’

rae aft) - 0 npu t — o, B Ho3TOMY

It) =

. (¢
I 0 = ey



§ 2. KPMBLIE HA NJIOCKOCTA U B INPOCTPAHCTBE 155

CunienoBatesibHO, BeKTOp r'(fp) ABNAAETCA HANPABJIAIOLMM BEKTOPOM Ka-
caTesibHO#M, KoTopas 3amaetca ypaBHeHHeM (3). Teopema fMokasana.

Onpenenenne 2. Ilycts I = {r(t),t € A} — nuddepenunpyemas
kpuBas. Touka My aTolt KpuBOit ¢ pammyc-BeKTOpoM r(lp) Ha3HIBaeTCH
Heocobod, ecan r'(to) # 0, m ocoboil, ecsin r'(tp) = 0.

W3 nmokasauHolt TeopeMnl ciexyer, 4to auddepeHunMpyeMan KpH-
Bas ' B okpécTHocTH Heocobo#f ToukM My «pacnosiaraeTcs BIOJb
KacaTeJbHOR®» B TOM CMHIC/IE, YTO

r(t) =r(to) + r'(io)(t - to) + ot — o)
npu t = ty, Te. mpu t = tp ¢ TouHOCThIO MO Oft — ¢o) Kpusaa I
COBNajaeT C KacaresbHOH}
r= l‘(to) + l"(to)(t — o).
PaccMoTpum XxapakTep noseleHus audgepeHUHpyeMolt KpHBo#t B

OKpecTHOCTH ocobolt ToukH.

" Iyctsb xpusasa I' = {r(t),t € A} rakas, 4ro r'(ty) = 0, Ho r"(to) # 0.
Torna

%(r”(to)At +B(t)At)

l(t) = 1 ’
-2-(r"(to)At + B(t)At)

rae B(t) & 0 npm t — to. CaenoarennHo,

1
lim 1(t) =+ 00)
t—tot0 Ir”(to)l
Taxas Toyka HasHBaeTcfi mouxoti eo3epama. B Todke BO3Bpa-
Ta KpHMBafd MMEET OIHOCTOPOHHME KacCaTesbHHE, KOTOphle SBJIAIOTCA
NPOTUBOIIOJIONKHO OPHEHTHUPOBaHHBIMM NPAMEIMHM, T.€. TI'eOMETPHYECKH
COBMAAalOT, HO MMEIOT MPOTHBONOJIOXKHHE OPHEHTALHH.
Ecnu kpubas I' Takas, uro r'(to) = r''(to) = 0, Ho r'"'(to) # 0, To,
O4YeBHIHO,
r'"(to)

= (to)|

H, cyenoBaTesibHO, KpuBad I' B Touke My HMeeT OORIYHYIO KacaTeJIbHYIO,
KOTopaf 33afaeTCfi ypaBHEHHEM

r = ro + tr'(to).

tl_l'l'a l(i) =

Boobue, nycts kpuBas I' Takas, uto r'(to) =...=r{*~N(ty) = 0
u r(®) () # 0. Torma npu mobom n xpusas I' B Touke My umeer
ONHOCTOPOHHME KacaTeJIbHHE, KOTOpble I'€OMETPHYECKH COBMNAJaloT C
npsimo#t

r=ro+ tr(")(to).
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Ilpryem, ectm n HewyeTHOe, TO B TOYKe My cymecTByer obbIYHas
KacaTeJIbHafl, a €c/iM n 9eTHoe, TO My — TOYKa BO3BpaTa.

Onpenesnenne 3. HenpepuBHo nuddeperumpyemas kpusas Ges
0CODBIX TOYEeK Ha3BIBaeTcA 24adxolf xpusotl.

M3 nokasanHoit TeopeMH ciedyeT, 4TO riaakafd KpuBas B Jioboit
TO4YKe HMEET KacaTeJIbHY10, KOTopas 3ajaeTca ypaBHeHHeM (3). B uwact-
HOCTH, B KOHIIEBHIX TOYKaX OHa MMeeT OJHOCTOPOHHHME KacaTeJIbHHIE.

2.3. Inocxue xpusnie. B obmeM ciyyae HenmpepniBHas NapaMeTpH-
4YecKH 3anaHHaa kpmead I, siexauwas B miaockoctn Ozy, MOXeT MMEThb
IOBOJIbHO HeoOniyHEIft BMA. Hanpumep, oHa MoXeT cocTOATb M3 onHO#
TOYKH IJIoCKOocTH. C fapyro#f CTOpOHHI, H3BECTHH HeNpepHIBHLIE KDH-
Bhle, NMOJIHOCTHIO 3allOJIHAIOLINE HEKOTOPHI# KBanpaT, T.e. NMpOXoAsuiue
yepes Jmobyio ero Touky. IlepBmit mpuMep Takol Kpuso#f nocTpoen
Jx. IleaHo, n MoaTOMY OHHM HasHBalOTCA xpussmu Ilearo.

Haubonee obuuit m ecTecTBeHHB#t KJIaCC HenpepHBHBIX IJIOCKHX
KpMBHIX O6pasyloT KpHMBHE, fBJAIOIMECH CYMMOH KOHEYHOro YucJa
rpadukoB HenpepuBHEX byHkumit y = f(z) num z = g(y).

Onpenenenne 1. [Ilnockas kpuBas I' HasniBaerca ReHo 3adaHHoil
HIM NPOCM™M KYCKOM, €CIM OHa fABJAETCA TPadHKOM HempephiBHON
dyukuun y = f(z) wam z = g(y), onpeneseHHo#t Ha HEKOTOPOM NpoMe-
xytke A. Torna dbyukuma y = f(z), ¢ € A, (coots., z =g(y), y € A)
Ha3HBAaETCA AGHuM 3adaruem kpusoft T'.

OueBnHO, AABHOE 33/laHNEe KPHUBO# ABJIAETCA YAaCTHHIM cjy4aeM Ia-
pameTpuyecKoro 3afnannd. B yacTHocTH, eciM bynkuua y=f(z), z € A,
HenpepuiBHO auddpepeHUMpyeMa, TO OHA 3aJaeT IVIANKYIO KPHBYIO.

Teopema 1. Ecau naocxas xpusas I' = {r(t),t € A} seasemcs
2aadxotl, mo y awbolt mouxu ty € A cywecmseyem §-oxpecmrocmo
Os(to) maxas, ‘wmo wacme xpueoit I' npu t € O5(ty) N A umeem seroe
3adanue (moocem 6ums, ¢ dpyzoli opuenmayued).

HokasarenbcTpo. 3ananue BekTopHo# byHkmmn 't = r(t), t € A,
PaBHOCHJIbHO 3a[aHHMIO ABYX CKaJIApHHIX yHKnuft:

z==z(t) n y=y@t), t€A.

Torma, corJiacHO onpefiesieHuio ryiagkoft kpusoft, dyukumu z(t) u
y(t) HempepniBHo auddepenumpyembl Ha A M ans moboro tg € A
BHIONHAETCH ycioBre: unu z'(to) # 0 num y/(to) # 0.

[lyctb, nampmmep, z'(tg) # 0. Torma, B cmjy HenpephIBHOCTH
z'(t) na A, cymecrsyer § > 0 Takoe, yro z'(t) # 0 mna soboro
t us mHoxectBa Oj(to) N A, ¥ nosTomy ¢byHkuEs z = z(t) Ha aToM
MHOXeCTBe UMeeT HenpepuBHO auddepesnupyemyio obpatnyio t = ¢(z).
Moacrasus t =t(z) B y = y(t), nonyunm yukumio f(z) = y(t(z)).

Ecnu z'(tg) > 0, To dynkuua y = f(z) ABNAETCA ABHLIM 3afaHHEM
kpusolt v = {r(t),t € Os(tc) NA}. Ecim xe 2'(to) < 0, To dynkuus
y = f(z) sBAsieTcA ABHHMM 3aJaHMeM KpUBOH, KOTOpas reOMeTPHYECKH
COBNAJAET C 9, HO MMEET NPOTHBOMOJIOKHYIO OPHEHTANMIO.

AHasiornuHo paccmaTpuBaerca ciy4dalt, xoraa y' (o) # 0. Teopema 1
JOKa3aHa.
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Teopema 2. Ecau naocxan xpusas I' seasemcsa zaadxoil u umeem
KOHUEBHIE MOYKU, MO OHA ABAREMCA CYMMOL XOHEMHO020 YuUCAG 24a0KUT
Kpuenz, xaxcdas u3 Komopwr umeem AeHoe 3adanue (Modxcem Gwmo,
¢ Jpyeoll opuenmayuet).

HoxasatenbcrBo. Tak kax naHHas KpuBas I' HMeeT KOHIeBhIe
TOYKH, TO OHa 3allaeTcAl BeKTOpHO# ¢yHkume#t r = r(t), onpenenennoit
Ha HekoTopoM oTpe3ke [a;b]. U3 Teopemm 1 cnenyer, uTo mna Joboro
to € [a;b] cymectByer § > 0 Takoe, uTo wacTh Kpupoft I, cooTBeTcTBY-
owas t € Os(to) N [a;b), uMeer aBHOe npexacrabiienne (MoxeT GHTH, C
HOpyro#t opueHTauuelt).

Tax suiGpannble §-okpectHocTn Oj(to) obpasyioT mokphiTHe oTpeska
[a;b]. Tlo Teopeme lefiHe 0 NMOKPHITHM, CylIECTBYeT KOHEYHOE HHCJIO
TaKMX MHTepBaJIOB (OKpecTHOCTel), KOTOphle CHOBa 06pa3yloT NOKPHITHE
orpeska [a;b]. Ilyctp Takux muTepBasioB N. 3anymepyeM X cjeBa
Hanpaso: [y,...,In. He orpanuymeas OBU(HOCTH, MOXHO CYMTaTb, 4YTO
HecocelHHe MHTEPBajnl He NepeceKawoTcda. Torma, BhIGpaB B KaxIoM
muoxectbe [;NIljy1, j=1,..., N —1, xakylo-Hubyab TOYKY a;, BHIHM,
4To KpuBad [’ siBNfieTcss cCyMMo#t KpHMBHIX

Ij={r(t),aj-1<t<a;}, j=1,...,N,

rae ap =a, ay = b. Ilo mocrpoennio Kaxnas KpuBas I', HMeeT sBHOE
npencrasienne (Moxer 6wTb, ¢ npyroff opmentaumefr). Teopema 2
JOKa3aHa.

IIpuMep. PaccMoTpuM KpHByIO, 3aJJaHHYIO ypaBHEHHAMH
z = cost, y=sint, t€ [0;2n).

Ecnmn cumrats Touky A(1;0), koropas noaydaerca mpu t = 0
u t = 27, 3a onHy TO4Ky 2To#f KpMBO#, TO 3TO OyleT enMHHYHasA
OKpyXHOCTb ¢ LeHTpoM B Touke 0. OHa sABiserca cymmo#t AByX
KYCKOB, HMEIOIMX fIBHbie 3aNaHud

Fy:y=%V1-22 =ze[-1;1].

OpuenTanus kpusoit I'_ coBmamaer c¢ opmenranueit xpuso#t I', a opuen-
Tauns 'y npoTuBonosioxkHa. OaHako 3TH GYHKUMHM He HMEIOT KOHEIHBIX
NPOM3BOAHKIX B Touykax r = x1. UTobHW mosiyduTh HempephiBHO Aud-
deperHunpyemble (pyHKUHMN, HY>)KHO OKDYXHOCTb Pa36HTh Ha 4 4acTH,
KOTOphle (C TOYHOCTBIO O OPHEHTALMH) HMEIOT ABHbIE 3aJaHHA:

y=xV1-22 =z¢ [—1/\/5; l/\/i] ,
e=+VI=F, ve[-vE 1V,
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§ 3. Jmma xpuBoi

3.1. Ompenenense M ochoBHule cBolicrBa JymHH xpmsoit. [lycrn
3ajaHa KpuBas

I'={r(t), a<t<b}
BuibepeM ToukH to,ly,...,1, chenyonuM obpasom:
a=t<t;) <...<t, =b.

Yepes M; obosHaunM Touky ¢ pammuyc-BekTopoM r(t;). Torma noma-
Had MoM, ... M, Ha3nBaeTcsi 6nucarvofi B Kpusywo I.

Yepes Lr o603HaYMM MHOXECTBO BCEX JIOMAHBIX, BIUCAHHBIX B
kpusyio I Haxkonen, ecaum ! — Hekoropas JiomaHad, To uepe3 |||
6yneM obo3HayaTh ee INJIMHY, KOTOpaf, MO ONpeNeSeHnIOo, paBHa CyMMe
IJIMH BCEX ee 3BEHbEB.

Onpenenenne 1. Benmunna

S = sup ||,
leLr
re BepxHAA rpaHb GepeTcs N0 BceM JIOMAHHWM [, BNHCaHHBIM B KPUBYIO
I, HasuiBaeTca Jaunoil xpueoil I'.

Ouesunno, anuHa S Jmoboit kpusoit I' yoBseTBOpseT HepaBeHCTBAM:
0< S < +o0.

OnpeneneHue 2. KpuBas Ha3LIBAETCA CNpAMAREMotll, €C/IM OHa
IMeeT KOHEYHYIo IJINHY.

OueBuano, ecim xkpupad I' cnpamnsema, 10 M Jobas KpuBasa 7,
ABJAIOWAACA JacThlo KpuBoft I', Toxe cnpamisema.

Teopema. Ecau xpusas T' saeasemca cymmoti xpusniz I'y u I'> u
S, 81, S — Oaunm smuz xpuewz, mo

S=8+8,. (1)

B wacmmrocmu, xpueas I' cnpamasema mozda u moavko moada,
xozda cnpamasemee T'y u Ta.

JoxasareanbctBo. [lycrs U),l; — nomanue, BnucanHne B I'y
u Iy coorBercTBeHno. OueBnaHo, nomaHas [ + 3 BOECaHa B KpHBYIO
I' =T, + T, npuuem |l; + 12| = |l1| + |la]. CaenoBarennno, |l,|+|l2] < S
ang mobuix l; ¥ I3 B nosTomy

S1+ 53 < S. (2)

IMycrs Teneps | — Jsomanas, snucanHas B Kpusyio I'. IlocTponm
HOByl0 Jiomanyo [*, nobaBMB K BepuwIHHAM JoMaHOH# ! eue TOuYKY,
KoTopas fBJIfAeTcA KOHIoM KpuBolt I'y u HavanoM kpupoit I';. OveBnano,
N <|*| ul* =1 412, roe l;,lp — snomannie, Bnucannsie B I'y u Ty,
cootBercTBenHo. Creposatenbno, || < Sy + S; ana mobo#t somanolt 1,
pnucanHo#t B I', m nmoaromy

S< 8 + 85, (3)
Ws nepasencts (2) n (3) cnenyer pasenctso (1). Teopema foka3saHa.
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IIpumepn! cipsM/IfieMBIX KPHBHIX XOpOLIO M3BecTHH. B crnemyromem
NyHKTe OyHNeT pPacCMOTPEH MOBOJMBLHO WHMPOKHH KJjlacC CIpAMJIAeMBIX
KPHBBIX, a celfyac npuBeAeM NpHMep HecmpsMJiseMmofl KpHBoOH.

Mpumep. Ilycrs kpuBaa I' aBsnAerca rpadpukoM HempepsiBHOM Ha
orpeske [0; 1] bynkuuu y = f(z), rae f(0) =0 u f(z) = zsin(r/z) nna
z # 0. IloxaxeM, uro nnaunHa Kpusoit ' paBHa +00.

Yepes M, obosnauum Touky Ha I' ¢ abeumccolt z, = 2/n, a
yepea My — TOuKy ¢ koopaunaTamu z = 1, y = 0. Torma JiomaHas
ln, =0M, ... MM, Bnucana B xpusywo I'. OueBuano,

=1
Ilnl >2 Z F9
k=1
u nostoMy sup |l,| = +00, 4T0 ¥ AOKa3BEIBaeT Hallle yTBepXIEHHE.
n

PaccMoTpuM emle oaHO NOHATHE, OTHOCAlEECA K CNPAMJIAEMBIM
KPHMBEIM.

Iycts xpupaa I' = {r(t), a <t < b} cnpamasema, u nycrs s(t) —
nuna kpusoft ¥ = {r(r), a < 7 <t}. Torma dbynxumsa s(t), ¢ € [a;}],
Ha3blBaeTCA nepementiotl daunolt dyeu xpueots T.

OueBnaHo, Tak ompenesieHHas yHkuus s(t) ABIAETCA BO3PAcTalo-
we#t Ha oTpeske [a;b], mpuuem s(a) =0, a s(b) =S, rne S -- nnuna
xpusoit T'.

O606mum NOHATHE MepeMeHHOM MJIMHEI AYTH Ha KPHBHE, KOTOphle
MOTYT GHTb U HECHPAMJIAEMBIMH,

Onpenenenue 3. llycts kpupas I' = {r(t), t € A}, rae A = [a;}]
win A = [a;b), Takas, 4T0 MOGak ee 4acTL Y, t € A, cnpsMaseMa,
n nycrb s(t) — nauna kpuso#t ¥:. Torma dynkuusa s(t), t € A,
Ha3kIBaeTcA nepemernoti daumoll dyzu xpueoti T'.

B caydae, korna A = [a;b), daunoit xpueott T' HasmiBaeTcs npemest
cdbysxunu s(t) upu t — b. Ecsm a2Tor npenesn koHedHuif#t, To kpuBas I
Ha3bIBAETCA CNpAMaRemo.

3.2. Jymma nyru nenpepusno mudrdepernumpyemoit xpusoll. IIpexae
BCEro AOKaXeM OAHO NOCTaTOYHOE YCJIOBHE CIPAMJIIAEMOCTH KpHBOIL.

Teopema 1. Ecau xpusaa T = {r(t), a <t < b} Henpepuero Jug-
depenyupyema, mo oHa cnpamasema. IIpuvem, ecau S — ee dauna, mo

5 < (b-a)sup|r'(2)], (1)

20e eeprnan zpanv bepemca no ecem t € [a;d).
JokasaTtenbcTBo. [lycts | — JioMaHast, BOMCAaHHafg B KPHBYIO
I', ¥ nycTh ee BepmMHH HMeloT pammyc-BeKTopH r(f;); i =0,1,...,n,
rne a=%t <t1 <...<t, =b. Torna
n
=" Ir(ts) - r(ti-1))- )

i=1
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ITo Teopeme u3 n.1.3, cymectyer 7; € (ti—1,t;) Takoe, 4TO

Ir(ts) — r(ti-1)| < (8 — ti-1)Ir'(m)]-
Orciona n u3 (2) mosy4aeM HepaBEHCTBO

W< (b= a) sup s’ (0)].

Tak kak OHO cnpaBeAJIMBO IJiA Jioboit jomaHoil [, BnucaHHON! B KpUBYIO
I', To kpuBas ' cnpaMiisieMa ¥ ee qMHa S yAOBJIETBOPAET HEPaBEHCTBY
(1). Teopema 1 mokasaHa.

Teopema- 2. Ecau xpueas T = {r(t), a <t < b} nenpepmero
dudPepernyupyema, mo nepemenras dauna dyeu s(t) Henpepwero Jud-
deperyupyema Ha npomedcymxe [a;b) u s'(t) = |r'(2)].

HdokxasaTeabcTBo. Yepes M; obo3naynMm Touky Kpusot I' ¢

pamuyc-BekTopoM r(t). U3 Teopemn 1 cneayer, 4ro sobaa ayra My M,
kpusolt I' umeer nymmy s(t).

B cniy anaAMTHBHOCTH OJIMHH AYTH, aDCO/IOTHAaA BeJIMYHHA PA3HOCTH

As = s(t + At) — s(t)

paBHa IJINHE AYTH MTMH.A, kpusolt T' u, xak cuenctsue, |As| > |Ar|
rue
Ar = r(t + At) — r(t),

a |Ar| — mnmna sexkTopa M¢M,, 5, C npyroft croporH, no Teopeme 1
HMeeM:
|As| < |At|sup [r'(7)],
T

rie BepXHAA rpaHb GepeTcs MO BCeM T M3 OTpe3Ka C KOHUAMH t H
t+ At

Tak xak ¢ynkuma |r'(r)| HenpepwmiBHa, To AnA Mobuix t u t+ At
cymecTByeT £ TaKoe, 4TO OHO NPHHAIJIEXHT OTPE3KY C KOHIaMM t H
t+ At n nnda Hero cnpaBeliINBO PaBEHCTBO

sup /(7)) = ()]

TakuMm obpa3som,
|Ar| < |As| < |At] - [r'(€))-

[lo onpenenennmio, ¢pyHkuna s(t) Bospactatomas, moaromy As/At > 0
miaa Jnoboro momyctumoro At # (.  CuenosaTesibHO, CHpaBenJIHBO
HepaBeHCTBO

Ar

At‘
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U3 KoToporo B npenesie mpu At — 0 cnenyer, uto s'(t) = |r'(t)].
Teopema 2 mokasaHa.

CnencrBue. Ecau xpusas I' 2aadxan, mo cpedu ee npedcmasaenutl
ecmbv maxoe, 8 KOMOPOM NAPAMEMPOM ABAREMCA NEPEMEHHAR JauHa
dyeu s. Toeda, ecau r — paduyc-eexmop moxwxu M € ', mo eexmop
dr/ds — edunuunumil.

Hoxasarenbctso. [lycts T = {r(t), a <t < b}.

Tak kak §'(t) = |r'(t)| > 0 Ha [a;b), To dynkuma s = s(t) crtporo
Bo3pacTaloulas M HMeeT obpaTHyio t = t(s), s € [0;S), rne S —
nmmna xpusoit I'. CuienoBatesbHo, yHKuua ¢t = t(s) — momycTHMoe
npeoGpasosanue napamerpa raagko#t kpusoft I', a BekTopHan dynknus

=r(t(s)), s € [0;S), — uckomoe 3amanme kpusoit I'. Torza

u noaromy |dr/ds| = 1. Cnencrsue mokasaHo.
PaBeHcTBO
dr . |Ar]

d—8=h

As—0 IASl
HMeeT MpoCcToift reoMeTpuyeckHit CMBIC/: MNpefes OTHOWIEHHA IJIAHBI
nyru |As| x mimne crarwsBaowe#t xopan |Ar| npu As — 0 pasen 1.

=1

3.3. CxopocTs qpuxenns no TpaextopuM. Ecin BekTopHas pyHKLMSA
r =r(t), roe t — BpeMs, ONNCHBaeT ABMKEHHE TOYKM M Ha MJIOCKOCTH
WJIM B NPOCTPAaHCTBE, TO, Kak M3BECTHO, BeKTOp r'(t) HasbiBaeTcH
CKOpOCTbIO 3TOT0 ABHXKEHHA B MOMeHT BpeMeHnd t. C apyroft CTOpOHHI,
aTa BeKTopHas ¢yHKnuA 3agaeT Hekotopywo kpuByio I'. Torma, ecam

s(t) — nepemennas mnuHa Ayrum xpuBolt I', To ckanApHas yHKUMA
s = s(t), HasHBaeTCA 3axoHom deudcenus mouxu M no xpueoit T, a
npousBonHaa §'(t) — cxopocmoro aToro nsmkenHs. Popmyna

dr _dr ds

dt ~ ds dt

O3Ha4yaeT, YTO BEKTOp CKOPOCTH HampaBJieH MO KacaTeJIbHO# K TpaeKTo-
PHMM ABIKEHMA M ero IJIMHa paBHA CKOPOCTH OBMWKEHHA IO TPaeKTOPHH.

B uyacTHOCTH, ectH BeKTOp r = r)(t) npm m3meHeHun ! ocTaeTcs
€IMHUYHBIM H JIEXHT B OHHOM IJIOCKOCTH, TO s(t) — AJMHA OYrH
eAVHUYHOM OKPYXXHOCTH, KOTOpYy10 Touka M mpoxomut 3a Bpems i, T.e.
yroa mnosopora (BHpaXkKeHHHIH B pa)mana.x; BeKTOpa r; 3a BpeMms t.

Torna §'(t1) — 210 yano6as cxopocmev w(t) epawenus eexmopa ry B
MoMeHT BpemenH t. CiemoBaTennHo,

dl‘l dl'l

L=l = t

™= L) = i), (1)

rie l(t) — emmHHYHEI BeKTOp, OPTOrOHAJLHHIM BekTOpy r(t).

6 — 1402
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B npoctpancTse BexTOpHaA GYHKIMA r = ry(t), rae ry(t) — eawnny-
Hblit BeKTOp, 3afaeT HEKOTOpYIO KpMBYIO Ha eaumHH4YHO#t chepe. Torma
s(t) — AJIMHa Oyr¥ 3TOo#t KpMBo#t, KoTopylo Touka M mnpoxomuT 3a
Bpems . Kax u Ha nyiockocTH, 8(t) 6yneM HashBaTh Yy240M nosopoma
eéexmopa r; 3a Bpema i, a 8(t) — yaroe0lt cxopocmwvio epawenus
sexmopa ry. OGosnawms s'(t) wepes w(t), cHoBa mosyuum dopmyay
(1). Ecam xe r= Rry(t), rne R=const u |ry(t)] =1, To

dr

T Ruw () U(t).

§ 4. Kpusnsna minockoft xpusoit

4.1. Kpususna u dopmyim ®pene. Kak usBecTHO, rylaakaa KpuBast
I' nMeer npenacTaBieHde r = r(s), B KOTOPOM NapaMeTpOM fBJIAETCH
nepeMeHHad AJjuMHA AYyTH 8. Torna eaMBMYHHI BeKTOp KacaTesibHOff K
I' B Touke M c paamyc-BekTopoM r(s) Haxomurca mo opmyJe

I(s) = :—:. (1)

IIycts rnankas xpmeas I' npaxkam muddepenumpyema. Torma
BekTop [(s) MMeeT MpOM3BOAHYIO MO 8§, KOTOpaf ABJAETCH CKOPOCTHIO
H3MeHeHHsA BeKTopa l(s) oTHOCHTeNIbHO MapaMeTpa §. A TaK KaK BEKTOD
I(s) MoXeT MEHATb TOJILKO HaImpaBjIeHHE, TO

k(8) = %

(2)

onpefieNseT CKOPOCTh BpallleHHs BekTopa !, a enMHMYHHR BekTOp
1 d

yKa3nlBaeT HalipaBJIEHHE 3TOrO BpallleHHA.

CxopocTb BpalteHus BekTopa I, T.e. CKOPOCTb BpalleHHA KacaTesb-
Holt kK kpuBoit I' B Touke M, OTHOCHTEJIbHO MapaMeTpa § €CTeCTBEHHO
OPHHATb 3a Mepy HCKpuBJieHHocTH KpuBol#t I' B Touke M.

Onpenesienne. CKOPOCTb BpallleHMA KacaTesbHO# K kpuBoi I
B Touke M OTHOCHTENbHO MEpeMEeHHO# MANMHN IOYrH § Ha3BIBaeTCs
xpususnotl xpusott I' 6 mouxe M m obosnavaerca k(M).

Takum obpasoM, KpuBu3HA Ii1aakoit aBaxam muddepeHuupyemoit
kpupoft I' B Touke M c paamyc-BekTOpOoM r = r(s), corjacHo ompene-
JIeHH10, BulIncaAeTca mo ¢opmyne (2), T.e.

d?r
k(s) — F—i
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ITapa eqMHHUYHHIX B3aMMHO NEpPHEHAMKYJIAPHHX BekTopoB I, n, ompe-
nenseMbix mo copmysam (1) m (3), HasmBaeTca nodeudcrum (conpo-
6001cdaWUM WIIH OCHOBHBM) penepom naocxoll xpusotl T.

OueBuano, BeKTOp n(s) BpallaeTcd C ToH XKe CKOPOCTBIO, YTO H
pekTop I(s), mpHueM oH Bpamaercs B HanpabseHuH BekTopa —I(s). Us
aTOrO 3aMeyaHHs M paBeHcTBa (3) cnenyer, uto AaA BekTOopoB !, n M
MX OpOU3BOAHBIX MO § CHOPaBeMJIABLI COOTHOIIEHHA

a = kn, dn = —kl,
ds ds
KOTOpHE Ha3HBaloTcA dopmysramu Ppene nas miaocKoft Kpueoi.

MoxHo moKa3aTh, YTO KPMBH3Ha NOJIHOCTBIO ompeaesser ¢opmy
nNocKo#t XpUBo#t B TOM CMHICJIE, YTO €CJIM AJIA OBYX IMJIOCKMX KPHMBBLIX
X KPMBHM3HH KaK (YHKIMHM AJIMHH OYTM OQKHAKOBH, TO 3TH KPHBHE
KOHIDY?HTHHI, T.€. MOTYT OHITb coBMellleHH AsmkeHueM. [loaTomy 3a-
JIaHHe KPHBH3HH IIJIOCKOM KpHBOM KaK (pyHKIMH AJMHH Ayrd Ha3HIBAIOT
HAMYPAALHHM YpABHEHUEM ITOH KpHBOM.

4.2. ®opmMynn Is BhMMcAeHMS xpuBu3HH, Ilycts kpuBaa I' =
= {r(t), t € A} npaxam mnddepeHuupyema u 6e3 0cobHIX TOUeK.
Beipa3uM KpuBH3HY 3TOM KPHBOM Yepe3 NPOM3BOAHKIE MO MPOU3BOJILHOMY
napamerpy t.

ITo npasuny aucddeperunpoBaBus cIoXHOK DYHKUMH MMeeM:

de _dr dt ¥
ds dt ds s’
d?r _d (1;’ dt 1 r''s ~-r's"
ds? “dt\s') ds & PR
rie r m s — npomsBoaHsle no mnapamerpy t. Bekrop d"’r/c:lsz

OpTOroHaJIeH eIMHHYHOMY BexTopy dr/ds, moaToMy
d’r d’r dr
ds? ds?’ ds

IoncTaBuB ciofia BHIpaXEHHA MNPOH3BOAHHIX [0 8 Yepe3 NMpPOH3BOJHhIE
no t, moNyYnMm:

k=

=", ]l
k — ———
P
A Tak xak § = |r'|, To 1
|, el
k(t) = _[II.T. (1)

Ecnm nnockass kpupas I' 3amana BekTopHoft dynkumet r =r(t) c
koopauHaTamu z = z(t), y = y(t), T0

k(t) = %. 2)

6.
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B wacTHOocTH, ecim KpHBaf I' mMeeT sBHoe 3ajamue y = f(z), To

Jlerko BUAEeTBH, 9TO KPHBH3Ha NpPAMON paBHa HYJIIO BO BCeX TOYKaxX,
a KpMBH3Ha OKDPYXHOCTH pajamyca R mocTtosnma ¥ paBHa 1/R.

Paccmo*rpnM elle HeCKOJIbKO NMpHUMepOoB.

IIpumep 1. Halinem kpupu3Hy napaGoJinl, 3asaHHOR@ ypaBHEHHEM
y=az? a>0.

Io dopmyne (3) umeem:
2a
1+ 40232)3/2 '

Orciona BmAHO, YTO KpHBH3Ha 3TOH mapabosinl HMeer MakCUMyM B
BeplkHe, T.e. NMpH z =0, H cTpeMHTCA K HYJlO, KOrAa ¢ — +00:

k(0)=2a, lim k(z)=0.

k(:) =

Ilpumep 2. Haltnem KpuBu3HY 2anMOca ¢ moJjiyocaMH a u b.

Kak H3BECTHO, B coorne‘rcmylomeu CHCTeMeé KOOpAMHAT Ha NJIOCKO-
CTH 3Ta KpHBad 3alJacTCAA ypaBHECHHUAMH:

z=acost, y=bsint, 0<t<2r.
Torna no dopmyse (2) noaydaem

ab
(a2sin® t + b2 cos? )3/2

k(t) =

Ecan, B yacTHocTH, a = b= R, TO k= 1/R.
Ilyctb, ana onpemenennoctd, a > b. Torna
ab
k(t) =
®) (62 + (a2 — b2) sin? £)3/2

Orciona BUAHO, 4TO HaMGOJILIIYIO KPHBH3HY 3JIJIMIC HMEeT B TO4YKaX,
rae sint = 0, a HauMeHblIyI0 — B TOYKax, rae sint = +1:

a . b
max k(t) = 7 min k(t) = o

4.3. Pamuyc XpHBH3HBE, UEHTP XPMBM3HK H 3Bo/nora. Kax m3secTHoO,
anag Jnoboft okpyXHocTH crnpaBenauBa ¢opMyJsia
1

R=7‘-,
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rme R — pamuyc, a k — KpHBM3Ha OKDYXKHOCTH. ITa ¢opMya
ocTaeTcs chipaBefjinBot W B npenesne npu k — +0, ecaM cYuTaTh, YTO
npaAMas — 2TO OKPYXKHOCTh 6eckoHeuHoro paamyca. Ilo ananormm, ans
NPONU3BOJIbHON KpHBOi#t BBOAATCA NMOHATHA PaAMyCca KPMBM3HBI M IEHTPa
KPHBH3HH.

Onpenenenue 1. Ilycrs xpusasa I’ B Touke M mMeeT KpUBH3HY
k > 0. Torma unciao R = 1/k HasmBaeTcs paduycom xpueusns xpueots
I' B Touke M. Ecan xe k =0, 10, no onpenenennio, R = +o00.

Onpenenenne 2. Ilycro R — panuyc kpmeHsuH, a I, n —
ocHOBHON pemep mJiockoft kpusoft I' B Touke M c pamguyc-BeKTOpoM
r = r(t). Torna Touka NJIOCKOCTH C paauyc-BeKTopoM p = r + Rn
Ha3HBaeTCA yeHmpom xpususnm xpueoti I' B Touke M.

Haitnem BHpaxeHHe AJIA paguyc-BeKTOpa p LIEHTpa KPMBH3HH KpH-,
poft I' B Touke M c pammyc-BekTOpoM r = r(l) Yepe3 MpoOM3BOAHKIE OT
r(t) no mapamerpy t.

Ilo onpenenennio,

r+ - L &
P=FT 1 ds?
rne k — xpupu3sHa xpusoit I' B Touke M. Kak m3BecTHO,
Lo
P
roe r', r — npoussopHne mo mapameTpy t. A Tak Kak
d’r r's —-r's" , w (')

=— s =|r|, s =

ds? §'3

dr _ r(,r) —¥(r,1")

ds?2 = [r]4

TMocneanee BulpaxxeHHe MOXKHO 3aNMUCaTh KOpoYe, €CJIM BOCHOJIb30BAaThLCH
JABOHHHIM BEKTOPHHIM [IPOM3BENEHUEM:

% _ [,

&= P

Takum o6pazom,

I
p=r+ ol < ()

Onpenenenne 3. MHoxecTBo BceX LEHTPOB KPHMBH3HH AaHHOM
KpuBoft HasHBaeTcs 360aromoll aToit KpuBOM.

Tlo noxasanHOMY BhlLle, €CIH ABAXALN nuddepeHunpyemas rianKkad
kpuBas [' samaHa BekTopHoff dynkumeit r = r(t), To ee 3BoJIOTA
sajaeTca BekTOpHOH dyHkumet (1).
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Ecmn r(t) = iz(t) + jy(f), 1o, Kak Jnerxo moxasats,

I[r",l"]l = |Al, [r'r [r”,r’]] =A- (_iy, +j“'l)'
rae A =z'y’ — 2"y, n nosTomy

p=r(t) - E iy o).

A ecam §,17 — KOOpPOMHATHI BEKTOpa p, TO

2124 y2

e=a()-v - L, @)
12+y2

n=y(t)+2'- T — oy (3)

B cayuae, xorma xpuBas I' mMeer siBHOe 3ananme y = f(z), dopmynl
(2) = (3) npunrMaloT BHI

e==—‘}f"z/, (4)
n=v+l—z,;£- (5)

U3 onpeneneHn BOJIOTH HEMOCPEACTBEHHO CJeAyeT, YTO 2BOJIOTA
OKPYXHOCTH COCTOHT U3 OIHO# TOYKM — [eHTpa 3To#f OKpYXHOCTH.
910 cnenyer u w3 dopmya (2) u (3).

PaccMOTpHM ellle HECKOJIbKO NPAMEPOB.

Npumep 1. Haltnem 3pomory napabosam y = az3, a > 0.

o dopmynam (4) u (5) Haxompm:

2,2
£=..~.—-1—.*.—:::—:”—-2a:p:=—4412.7:3
1+4a%22 1
—apd 4 o201 2
n=az"+ %a 2¢l+3az

910 — napamerpuyeckHe ypaBHEHHs (C MapaMeTPOM Z) 3BOJIIOTH HaH-
Holt mapabosst. W3 HAX, HCKkMOYas napaue'rp Z, NONYYa€EM ypaBHEHHE

1 23,
1=z %3 \/ﬁ €
Kpupasn, asnaomwadca rpadpukom aTolt pyHKIMH, HaSHBaeTCA no.ny-
xybuvecxoti napaborodl. Ha puc. 5.2 m3obpaxenn napabosa y = (1/2)z?

H ee apomoTa y = 1+ (3/2)23/3. 3amernM, uTo Berss mpH z < 0 ABAS-
eTcs 3BOJIIOTOM BeTBM mapabosnl mpu z > (0 m HaoGopoT.
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IpuMmep 2. Hatinem 3BosioTy ansunca
z = acost, y = bsint a>b>0.
Ilo dopmynam (2) u (3) maxomum:
2 _p2 2 _ 42
§E= z cos3t, n= ‘
9To — napaMeTpHYeCKHe YpPaBHEHHA 3BOJIIOTH AaHHoro aaJminca. Mc-
KJIOYasd NapaMeTp, NOJIydaeM:
(a€)*/2 + (bn)?/* = (a® - $2)21°.

Kpupas, onpenenseMas 3THM yYpaBHEHHeM, HasHBaeTcs acmpoudodl.
Ha pnc. 5.3 m3obpaxen aaamnc z = 2cost, y = sint W ero 2BoOJIIOTA
z=1,5co8%¢t, y = —3sin%¢.

sin®t.

a

xy

-2 0

-3

Puc. 5.2 Puc. 5.3

4.4. dBosbBenTa. B npensayueM nyHkTe Gblna onpenesieHa 3BOJIIOTA
KpuBofi. DTo omnpenenenne MoXHO chOPMYJMPOBATH TaK: KPHUBafd 7
HashiBaeTcs 3BoJiloToH KpuBoft I', ecsm mobaa touka O € vy ABasdercH
LIEHTPOM KPHMBH3HHI Ay HekoTopolt ToukH M € ' m ambo#t Takoit
LEHTD KPUBA3HH JEXHUT Ha 7.

Onpenenenue. Ecom kpuBag vy ABNfercs aposioToft kpweoft T,
To xpuBas [' HashBaeTcA 36oaveermoti xpuecoti 7.

PaccMOTpHM XapakKTepHhle B3aMMHLIE CBOMCTBa 3BOJIIOTH M 3BOJIb-
BeHTH. bByaeM mnpemmonarath, 4To KpuBasg I TpWwXAbI HeNpephLIBHO
auddepeHunpyeMa u uMMeeT NpecTaBjeHne r = r(s), rae § — nepe-
MeHHafl JJIMHA AYyTH. B 3ToM ciydae 3BoJlOTa 3afjaeTCi ypaBHEHHEM

p=r+ Rn, (1)
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rae R — pagayc KpHBH3HH, I — EIHHHYHEI# BEKTOp HOpDMAJH, p —
paJuyc-BeKTOp UEHTpa KpHBH3HK KpuBo#t I' B Touke M c paamyc-
BekTOopoMm r. Byaem cumrars, uto dR/ds # 0.

1. ITycmb Op obosravum yenmp xpususnn xpusolt I' @ mouxe M.
To2da nopmaav x xpusoti I' 6 mouxe M ssasemca xacamesvroll x ee
9soarome 8 mouxe OM.

KopoTko aTo yTBepxkaeHHe MoXHO chopMyanpoBaTh Tak: Hopmaas
X 3604bGEHME AGAREMCA KAcAMeEavHol X 3680A10mMe.

Hokasatenbcrso. U3 ypasuenus (1) Haxonum, uro

dp dr dR dn
FrAR TR ThaR P
A Taxk Kak d d
r n
T=L  T=-H  Rk=1,
To dp dR
p —_— e
ds _ ds ™ (2)

T.e. BEeKTOp KacaTesbHoM K aBosioTe B Touke Op KONJIHHeapeH BEKTOPY
n. Caeposatennno, npamaa MOps fBsiseTcd KacaTeJIbHOH K 2BOJIIOTE
B Touke Opf.

2. Mycmo R, u Ry — paduycw xpususnn, a Oy u O3 — yenmpu
xpueusnn xpueoti ' 6 mouxar My u M,. Tozda, ecau | 0,07 | —
dauna dyeu 0,0, 3eosrwmun, mo | 0,02 | = |Ry — Ry].

KopoTko 310 yTBepXaeHHe GHOPMYJIHPYIOT TaK: npupaujerue Oauns
dyau 360a10MB PAGHO NPUPAWEHUIO PAdUYCE KPUBU3HB IBOALEENMH.

HoxkasaTeabcrBo. U3 pasencrsa (2) caenyer, uro

dp dR
—_ —1. 3
ds ds (3)

ObosHauuM 4Yepe3 ¢ AJIMHY AYT'M 3BOJIOTH KpuBoit I', opHeHTHpoO-
BaHHOM mapamerpoM s. Torma, Kak H3BECTHO,
dp| do
—|=—. 4
ds ds 4)

PaccmoTpum cayuait, xorma dR/ds > 0. Torma u3 (3) u (4)
cjienyer, 4To

do _dR
ds ~ ds’
Te. o(s) = R(8) + ¢, rme ¢ — HekoTopad nocrosHHas. Orciona u

cJienyer, 9To
| 010 | = |Rz — Ry|

AN Jmobuix Toyek M; m M, kpusoft I.
Cayuat dR/ds < 0 paccMaTpHBaeTCA aHAJIOTHYHO.
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4.5. KacaresmHoe B nopMaibHoe ycxopenus. IIycTs BekTopHas pyHK-
mus r=r(t), rme ¢ — BpeMms, onuchBaeT ABmWKeHWe Toukn M. Toraza
r'(t) — ckopocTb, a r'(t) — ycKopeHHe 9TOro OBHDKEHHS B MOMEHT
BpeMenH {.

INycts s = s(t) — anuna ayrm kpueoft I', sananHo#f ypaBHeHmeM
r =r(t). B TepMunax nswkenus, s(t) — 370 AJNMHA NyTH, OpoltnenHorq
Toukoft 3a Bpema t. Torma s'(t) — 2To cKopocTb v TOYKHM Ha KpuBofh
I',n

-‘-&-—a—;-d—t—vl, (1’

rae | — eauHAYHE# BeKTOp KacaTesbHoit x KpuBoit I' B paccmarpuBa-
eMoft Touke.

W3 pasencrBa (1) cnenyer, uto
d’r dv dl ds dv, v?

woa G w s a t E™
K KakK
Tal d_l _ _l_n
ds R
rne R — pagmyc KpMBM3HM, 8 N — eNMHHYHHHE BeKTOp HOpPMaJd

kpusoft I' B paccMaTpuBaeMolt Touke.

TakuM ob6pa3om,
d’r  dv, ?
dt dt R
TlepBoe csiaraeMoe Ha3HIBAETCH KACAMEALHWM YCKOpEHUEM, a BTOPOE
—  HOpMaavHuM ycxopenuem. HHorna Koa(PHIHEHTHI pa3IOKEHHS
(2) Toke HA3HIBAIOT XACAMEALHHM H HOPMOALHNM YCKOPEHUAMU U
o6o3HaYaOT G; U Gpn:

dv v?
L an = g7 (3)

IIpuMmep. Haltth yckopenne TOYKH, KOTOpafd C MOCTOAHHO#t ckopo-
CTbIO ¥ ABMXKETCA MO JIMICY, 33JaHHOMY YpaBHEHHAMH

Tz =acosy, y = bsingp,

roe a>b>0.
2

Ilo dopmynam (3) Haxomum: ar =0, @, = b

B rae (cM. mpumep 2

ws n4.2) R= aib(b2 + (a? — b?)sin’ p)3/2.

Ouesnano,
av? . bv?

maxay = —o— minap = —5-.
e n bg ) ¢ n 02
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§ 5. KpuBusHa H KpyJyeHHe
IpoCTPaHCTBeHHOH kpuBoH

5.1. HopManbHas IVIOCKOCTh, KPHBH3HAR, IVIABHAS HOPM&Ab M 9BO-
mwora. ITycts kpuBasa I' B Touke M mMeer kacatesbHylo. Torma Jiobas
npsAMas, KoTopaf NPOXOAHT 4epe3 TO4Ky M M nepleHAHMKY/nspHa Ka-
caTesibHOMt, HasHBaeTcA Hopmaavio x xpueoti I' B Touke M.

Ha nnockocTr y KpHBoft B Touke MoXeT 6GBITH JIMLIb OfHA HOpMaJlb,
a B NPOCTPAHCTBE — ILEJIafl HOPMEALHAR naockocms. Ecnu Toduka
M, xpusoft T' c panmyc-BekTopoM rg = r(lp) sBjIAerca Heocobo#t, To
HOpMaJIbHafA IVIOCKOCTb B TOouke My k Kpuboit I' mMeer ypaBHeHme

(!’ - Tro, l"(to)) =0.
Ha nnockocTe 210 ypaBHeHHe GyneT ypaBHEHHEM HOPMAJIH.
MycTs gpaxan auddepenupyemasn kpusaa I' AMeeT npexcrabjeHne
r = r(s), rae 8§ — nepemenHas muuHa Ayrn. Torma l = dr/ds —
eOVHHYHHIN! BekTOp KacaTegbHo#t k KpuBo#t I' B Touke M c pammyc-
BekTOpOoM I = r'(s), a Bektop d’r/ds? — oproroHanen BexTopy l.
Kak ¥ Ha NJIOCKOCTH, BEJIAYHHA

k d’r
~ |ds?
Ha3HBaeTca KpueusHotli xpueoit I' 8 mouxe M. Torna enuunvAnIft BeKTOp
n 1 d°r
Tk ds?
HasHIBAETCH 6eXMOPOM 24a6Holl Hopmasu xpueoti ' 6 mouxe M, a
Hopmasib X ' B Touke M, mapanjieibHas BeKTOpy n, — 24aéMoll

Hopmaavio xpusoil I' 6 mouxe M. MHorna emuEMYHHI! BeKTOpP n TOXeE
Ha3HBAIOT IVIaBHOM HOpMaJIbIO.

Besmunna, ofpaTHas KpPHBH3HE, Ha3HIBAa€TCH paduycoMm Kpueunn
xpuBo#f B paccMaTpHBaeMoft Touke. A TOYKa C paJuyc-BeKTOPOM
p=r+nR, rne R — paaayc KpuBu3HH KpusBo#t I' B Touke M,
Ha3HBaeTCA YeHMpom Kpususnw xpusoii I' 6 mouxe M.

MHoXecTBO BCeX LEHTPOB KPHBH3HH ARaHHO#f KpHBO#f HasnIBaeTcA
3soaromotl 3Toit xpuBO#.

Kak ¥ Ha nmj10cKocTH, OKashIBaeTcs, 4To ecnd kpuBas ' = {r(t), t €
€ A} maxam mnddepennupyeMa n 6e3 0oCOGHIX TOYEK, TO KPHBH3HA
k BEyHcasercd no dopmyse:

", ]
k= (1)
a 3BOJIIOTa MMeeT ypaBHEHHE
2
p=r+ L [, [, r]].

It ]2
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IIpumep. Haitnem kpuBn3Hy BuuTOBOM NMUANK, 3ajaHHO# ypaBHEHH-
AMH:
z = Rcosuwt, ¥ = Rsinuwt, z = ht,

rne R>0, w#0, h#0.

HOnsa 3TOr0 BOCHOMIB3yeMCs dopmyaoit (1). Cnavana nattnem nimny
BekTOpa r':

[*'} = /(= Rw sin wt)? 4+ (Rw coswt)? + h? = \/R%w? + h2.
3arem malineM aammy BekTopa [r/,r']:
i J k
[¢',r"]=| —Rwsinwt Rwcoswt h|=
—Rw?coswt —Rw?sinwt 0

= ihRw? sinwt — jhRw? coswt + kR%w3;
i, ]| = VAZR2w* + R%° = Rw?Vh? + R2w?.

CaenoBaTesbHoO, )
k(t) = =
R2W3 + h2

5.2. Conpuxacaloniascs IVIOCKOCTh M Kpydenme. PaccMoTpuMm mitoc-
KOCTH, MpoXoAfliMe depe3 KacaTeJIbHylo K KpuBoit ' B Touke Mjp.
B npocrpancTtBe y KpuBOM B JHaHHO#f# Touke HMeeTcs GecKoHeuHoe
MHOXECTBO TaKHX NJIOCKOCTelt.

Onpenenenne 1. IlnockocTs, mpoxondilas depes KacaTeJbHYIO
H dYepe3 IJIaBHYl0 HopMmaJib K KpuBoit I' B Touke My, HasmBaercs
conpuxacaroueiica naockocmoio x xpueott I' B Touke My.

CornacHo aTOMY onpelesIeHHIO, €CH Yo — Ppaluyc-BEeKTOp TOYKH
My €T, al u n — enuHNYHBIe BEKTOpH KacaTeJbHO## M rJiaBHOR
HOpMaJIH B ToYKe My, TO CONpPHKAcaoWaAca IJIOCKOCTb B Touke My
MMeeT ypaBHEHHe

(r=ro,l,n)=0. (1)

Orciona u u3 ¢popmynm Teitnopa:
r(s + As) = r(s) + lAs + -;—lmAs2 + o(As?)

npa As — 0, caenyer, uro kpusas I' ¢ TounocThio mo o(As?) mpu
As — 0 nexuT B conpuKacaollefica MIocKocTH. B wacTHOCTH, mnockas
KpHMBaf JIGKHAT B CONpHKacamolleics IJIOCKOCTH.

Iycrs kpuBan I', 3sanadnas ypasHendem r = r(t), Apaxan xudde-
peHnupyeMa u He HMeeT ocobuix Touek. Torma sektop ! KosMHeapeH
BEKTOpY I’, a BEKTOp n €CTh JHHeflHad KomMb6MHauuA BeKTOpOB ' M r’.



172 V1. 5 BEKTOPHBIE ®YHKLIUM U KPUBBLIE HA IJIOCKOCTHU

W3 ypaBuenna (1) cienyer, 9ro B 9TOM Clyuyae CONPHKACAIOLIAACH
mwiockocTs K I' B Touke M, HMeer ypaBhenme

(r —ro,¢', ") = 0.

OveBHIHO, CONPHKACAIOUAACH MJIOCKOCTb ONpejlesieHa OJHO3HAYHO JIHIb
B Tex ToukaXx, rae [r,r"] #0.

Onpenenenue 2. Enunnynniit sekrop b = [I,n] HasnBaerca 6u-
Hopmaavio kpuBoit ' B paccmaTpmBaemoit Touke.

Tpoitka eqUMHAYHHX B3aMMHO NEPNEHAMKYJAPHEIX BekTopoB I,n,b
Ha3LIBaeTCA ocHoeHuM (HNH conposodicdaroujum) penepom (WIH mpez-
zpannuxom) xpueoit T.

Ilycte xpuBas T' umeeT npeacrabienne r = r(s), roe s — nepemes-
Haf AJIMHA Ayru, ¥ nycTs GyHkuuA r(s) Tpwxam mucddepeHuupyema.

Torna
ds ~ |ds’ "ds| |’ ds]|’
TaKk Kak dl/ds = kn.

O1ciona caenyer, uro Bektop db/ds oproronanen Bekropy . Kpome
Toro, oH opToronajer BekTopy b. CremoBarenbHO, OH KOJ/IMHEapeH
BEKTOpPY N, ¥ MO3TOMY CYWIECTBYeT YHCJIO & TaKoe, 4TO

% = —zn. (2)

Onpenenenne 3. Koapduuuenr = B dopmyne (2) HasmBaercs
xpyvenuem xpueoil I' B paccMaTpuBaeMolt TouKe.

3aMeTHM, YTO Kpy4YeHHe KpHBO# MoXeT GRITb KaK NMOJIOKHTEIbHBIM,
TaK ¥ OTPHUATEJBHBIM.

U3 ¢opmynn (2) crnenyer, 4ro- abconmoTHAA BEJIHYHHA KpPY4YeHHH

ABJIAETCA CKOPOCTHIO BpallEHHA GHHOPMMH, HJIH, 4YTO TO Xe camMoe,
CKOPOCTBIO BpallleHMSA conpukacaioueifcd nJIoOCKOCTH.

5.3. ®opmyma ®pene. Kax mnspectHo, ecsim I,n,b — ocnopHoft
penep kpuso#t I', To
dl db
—_—= —_—=- 1
7 = km - =-en, M

rae § — nepeMEHHAas AJMHA AyrH Kpusoft I', a k M @ — KpHBH3HA M
KpydeHue xpuBo#t I' B paccMaTpmBaeMoit Touke.

Haitnem passioxenne mpomssopHolt dn/ds mo ocHoBHOMY pemnepy.
Tax xak n=[b,l], To

dn _ %,z] + [b, %] = —a[n, 1)+ k[b, nl.
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CnenoBaTeJbHO,

dn
i —kl + =b. (2)

®opmynn (1) u (2) HasmBalorca Fopmysamu Ppene.

MoXHO noKasaTb, 4YTO KPWUBH3HAa M KpYy4eHHE ONDEAesfAT INpo-
CTPAHCTBEHHYIO KPHMBYIO C TOYHOCTBIO IO NOJIOXKEHHS B NMPOCTPAaHCTBe.
IMoaToMy 3aganMe KpPHBM3HH ¥ KpPYYEHHS NpPOCTPAHCTBEHHOM KpuBoft
KaK YHKUMH IJIMHBI AYTH HA3HBAaOT HAMYPAALHHUMU YPAGHEHUAMU
aTo#t KpuBO#.

5.4. ®opmyna IjIa BLYHCIeHHA xpyvemus. MssectHo, 4TO
dr d’r

AHanoru4Ho,

ds® ~ ds ds’
a Tak Kak dn/ds = —kl + &b, 10

d®r _ dk 2

s (1) m (2) ana cmemaRHOrO mpou3BefieHHA BekTopoB dr/ds,
d’r/ds® u d3r/ds® nosnydaem

dr d’r d°r 2
(z, .(137’ ‘d?) = k(l, n, b)k& = k*e.

CrnenoBaTesibHO,

o= 1 (dr d%c d°r
T k2 \ds'ds?2'ds3 )’
Buipa3us npod3BoAHBE NO § Yepe3 NPOH3BOAHEIE MO ¢, MOJYHHM
- = (rl, rII’ rIII)
k2| [6

HakoHell, noacTaBHB BMecTo k ee Bbipaxenme 4epe3 r’ ® r'/, mosyqum
uckomyio dopmyay:

_ (IJ, r”, rl”)

=T @

IIpumep. HaltneM kpyyeHne BHHTOBOH JIMHHH
z = Rcoswt, y = Rsinwt, z=ht,
rae R>0, w#0, h#0.
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Jna aToro Bocnoab3yemcsa dopmyaoit (3). B npumepe us n.5.1 Mu

HOKa3aJin, 4To .
|[*', "]l = Rw®V/h? + R%2.
Hattnem Temepn (v/,r”,r"'):

—Rw?sinwt Rw?coswt h
(¢',r",r'"") = | -Rw?coswt —Rw?sinwt 0|=hR%S.
Ruw3sinwt —Rw3coswt 0

CaenoBaTesibHO,
hw

&= M R

B uacrrocTH, ecn h = w, 10 & = 1/(1+ R?).

I'naBa 6. ®yHKIMM MHOTHX IHEepeMEHHBIX

§ 1. ®ynxnyH, orobpaxenns
M MHOroMepHEIe IIPOCTPaHCTBA

1.1. Yucnopnie GyHKIMHM IOBYX, Tpex M Gosbmiero umcia mepeMeH-
Hux. Jo cux mop MH paccMaTpuBaJin (yHKUMH onHOft mepeMeHHOf,
KOrfa MmO 33aJaHHOMY NpPaBHJy KaXIOMY YHCJIYy M3 JaHHOrO MHOXECTBa
CTaBUTCA B COOTBETCTBME HEKOTOpO€ YHCJIO MJIM HEKOTOpHi#t BeKTOp.
B aTo#t raBe paccMOTpHM mpocTeftiiMe BONpPOCH TEOpUH HYHCJIOBBIX H
BEKTOPHHX (YHKIMH MHOIMX NE€peMEHHBIX, B YaCTHOCTH, AJIA TaKHUX
yHkuu#t M3y4YMM NOHATHA HenpepHBHOCTH H auddepeHmupyeMocTH.
HauHeM ¢ onpenesieHus 4NCIOBOR (yHKIMM ABYX NEepeMEHHHX.

HamomMHuM, 4TO, COIJIaCHO ONMpENEsIeHHI0 OpPAMOro HpPOHU3BENEHHSA
mHoxecTB (cM. 1m.7.1 ra. I), MHOXecTBO Bcex yNopsAOYeHHBIX map
AeficTBUTEIbHHX YMCes — 3TO NpAMOE INpoM3BefleHHe MHoxecTB R
R. Ono obosnagaerca R x R mn R2.

Onpenenenne 1. llycts 3aganm MHOXecTBo G C R? u nekoTOpOE
npaBHJo f, KoTopoe Kaxjolt mape uucen (z,y) € G CTaBAT B COOTBET-
CTBHe HekoTopoe uncyio 2 = f(z,y). Torma MHOXeCTBO BCEeBO3MOXKHBIX
Tpoek (z;y; f(z,9)), (z,y) € G, HasnBaeTca wucao6oil Pymxyuett deyz
nepemennnr (MM om deyr nepeMennu:? n obo3HadaeTcqd Jm60 mpocTo
[, 6o f(z,y), (z,y) € G, nubo z = f(z,y), (z,y) €G.

MuoxectBo G Ha3sHBaeTcA obaacmovio onpedeaerus byHkumm f o
obosnavaerca Dy, a MHOXecTBO BeeX z = f(z,y), (2,y) € G, nasniBaeTca
MHodcecmsom 3navenull fynxyuu f m obosmauaerca f(G).

MHoXecTBO BCceXxToueK MpOCTPaHCTBa ¢ kKoopamHaTaMu (z;y, f(z,y)),
(z,y) € G, HasmBaeTcs zpaduxom Pynxyuu f nAR noseprHOCMDBIO,
3adannotl ypaenenuem z = f(z,y).
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HAna mobo#t dbymkmunm f byHkunsa, koropad nopoxgaeTcs Tem
Xe NMpaBUJIOM COOTBETCTBHR f, HO OmpelesieHa TOJIbKO Ha HEKOTOpOM
mHoxecTBe G C Dy, HasHBaeTca cydicenuem $ynxyuu f Ha MEOXecTBO G.

Ecnu 3anana dynkmus z = f(z,y), To TOBOPAT, ITO nepeMexnan z
Acasemca PyHKyuel! HE3ABUCUMIT NEPEMEHHNMT T U Y M MHOTAA NMHUIYT
z = z(z,y).

Kak n yncnosne ¢ynknun omHoft nepeMenHolt, uncsoBre dpyHKIUR
HABYX NepeMeHHHX YacTO 3ajaioTcA npocto dopmynamu, bes ykazanus
obiactn ompepesicus. B 3ToM ciydae nox obslacThio onpeneseHHs
&yHKUMN NOHHMAIOT TaK Ha3HBaeMYIo ecmecmaennyro obaacms onpede-
/AEHURA, T.e. MHOXECTBO BCEX YNMOPAJOYEHHHRIX Map YHCEJI, I KOTOPHIX
3afaHHad HOpMyJia MMEET CMEICJ.

Onpenenenue 2. @yuxkunda, 3agaHnas ¢opmyJiolt

z= f(QO(Z,y),'/’(z,y))i

rae f, ¢ U ¥ — naHHble (PYHKUMH, Ha3HIBAeTCA cAodCHOll Pynxyued
nau xomnosuyuett pynxyud f, o u Y.

Ton o6sacTrio onpeaenenns coxHoit bynkumn 2 = f(p(z,y), ¥(z,y))
MOHMMAIOT E€CTECTBEHHYIO O6JIaCTh ONpele/ieHH:, T.6. MHOXECTBO BCEX
nap (z,y) € D, N Dy, Takmx, 4to mapa 3madenuit (p(z,y),¥(z,y))
npuHagnexur Dy.

Yucnopne pyHKNMM Tpex M Gosbuniero 4mcia mepeMeHHHX olpeje-
JIAIOTCA TOYHO TaK e, KaK W YHCJOBHE (PYHKUMH OBYX IepeMeHHHIX.

Yepes R" 0603HaYAM MHOXECTBO BCeX YNOPAAOYEHHBIX COBOKYMHO-
crelt u3 n peficrBETENbEMX uHces. OQdueBRAHO,

R'=R, R2=RxR, R®=R?xR,

u, Boobuwe, R" = R*~! x R, ecsi n > 1.

Onpenenenne 3. [Iycth 3anann mMaoxecrso G C R” u HekoTopoe
npaBwiio f, KOTopoe KaXIo# cOBOKYNHOCTH (Z1,Z3,...,2n) € G CTaBHT
B COOTBETCTBHE HeKoTopoe uuciao u = f(z3,Z2,...,2,). Torna MHOXe-
CTBO BCEBOSMOXHKIX COBOKYNHOcTe# (Z1,Z2,...,Zn, f(Z1,73,...,Zn)),
(z1,22,...,2n) € G, HasbiBaeTca wucaosoll Pynxyuelt om n ne-
pemennnzr M obosHavgaerca smbo mpocro f, sambo f(z),z2,...,ZTa),
(z1,23,...,20) €G.

CuenyeT oTMETHTB, YTO MeXAY (YHKIMAMH onHo#t M PYyBKIMAMHA
HECKONIBKHMX TMepeMEeHHHX MMEIOTCA CYllecTBeHHhe pasnuimsa. Onnako
Nepexo OT IBYX NepeMeHHHX K GoJiblieMy MX YHCJY, Kak IPaBHJIO,
He TNpEACTaBIfAeT 3aTpyAHEHHH, MOPTOMY BO MHOTHX CJYyYasAX, AJIf
KpaTkocTH, moapobHo 6yaeM paccMaTpPHBATb TOJbKO GYHKIMH ABYX
nepeMeHHHIX.

1.2. Yacrame npomssomunie. Ilycts nama ¢ynkuus f(z,y) aeyx
nepeMeHHHX £ U y U OycTb (Zo,y0) € Dy. Toraa, mosoxus y = yo, no-
ayyum ynkumio f(z,y) oT ommo# mepeMenHoft z, a mpu r = Zo
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nosnyuum ¢yukmmio f(zo,y) TosbKo ot y. Ilpomssoanmie 3THX GyHK-
uuit ogHolt mepeMeHHOH HA3BLIBAIOTCA YaCTHHBIMUM NMPOU3BOAHLIMH JaHHOM’
¢yHKLMN OBYX MEPEeMEHHBIX MO T M MO Yy COOTBETCTBEHHO.
Onpenenenne. Ilycts dynkuua f(z,y) onpenenesa mpu z = zo,
y = yo. Torna npomssonnasa ynkumuu f(z,yo) B TOUKe zo HasbIBaeTcs
wacmuoll npoussodnoti dymxyuu f(z,y) no z mpm z = zo, ¥y = Yo

u obo3nadaerca f(Zo,yo) MM a—i(zo,yo), a Npou3BoAHAsA (YHKUMH
f(zo,y) B Touke yo — wacmuofl npoussodnoti gynxyuu f(z,y) no y

npu z = Zo, Yy = Yo W obosnavaerca f(Zo,yo) MM a(zo,yo).

CnenoBatenbHo, npou3BoaHas f,(Zo,Y) paBHa TaHIeHCYy yrja Ha-
KJIOHa KacareJibHOl#f B TO4YKe Zo K KpHBOi#t, 3amaHHO#l ypaBHeHHeM
2 = f(z,y0) Ha NJIOCKOCTH NEepeMeHHHX T H 2. AHAJIOTMYHYIO TreoMe-
TPHYeCKylo WHTEPIDETALMIO MMeeT M npoussonHan fy(zo, Yo).

Ouesuano, o 4acTHoRt npomssomuoft f.(zo,yo) MMeeT cMBICT roBo-
PHTL TOJIBKO Toraa, korma ¢yHkuua f(z,yo) onpenesieHa B HeKOTopo#
OKDECTHOCTH TOYKHM Zo. EC/HM 3Ta OKpecTHOCTb JieBad (nmpaBas), To
roBOpAT o JieBoft (COOTBETCTBEHHO, npanon) YacTHOM mpomn3BonHo#t. AHa-
JIOTHYHBE 3aMeYaHUs OTHOCATCA M K 4acTHOM mpomssomnoRt fy(zo, yo)-

Takum o6pa3oM, COIVIaCHO ONpe/eJIeHHIO,

fi(z,9) = lim / “+h»vz— f(z.9)
fy(z,y) = lim f("’y"'hz— f(z.y)

AHaJIOTMYHO OMpeAe/IAIOTCA YacTHHE NPOoM3BoAHHE (PYHKIUH Tpex
n Gosbuero uncsia nepeMenHuix. Hanpumep,

f(z,y,z+h)-f(z,y,z).

, e
fz(l,y,z)—'l'l_l’l'(l) h
U Boobule, YacTHasA npousBoaHas oT ¢yHkmuu f(zi,Z2,...,Zn) HO Zj,
rae j=1,2,...,n, onpeneyaerci paBeHCTBOM
Ay A

Oz; T Azj—0 Az;’

rae A;jf — npupamenne ¢GYHKIMH f, COOTBETCTBYIOlIEe NpPHUpAlleHHIO
Az; nepemennoft z;, T.e.

Aif = f(z1,..., 25+ Azj, ..., z0) — f(21,-.-,Z5,. ., Zn).

Tak KaK YacTHaf NpPOM3BOAHas — 3TO NPOM3BOAHAaA OT (YyHK-
uu¥ ofHoi#t mepemeHEO#f, TO JUIA ee BHIYMCJIEHHA MOXHO MOJIb30BaTbCHA
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BCEMM HM3BECTHHIMM NpaBHJIaMH AU depeHUMPOBaHNA, YINTHBaA B Ka-
XJIOM CJlydae, KaKue IepeMeHHble (bHKCHpOBaHH, a KaKafd fABJAETCA
nepemenHo#t nuddepeHunpoBanns.

Pa.CCMOTpHM HECKOJIbKO NMPpNMEpPOB Ha BHIMHCJIEHHE YaCTHHIX NMPOU3-~
BOJIHBIX.

Ilpnmep 1. Halitn vacTHBe npomsBoaHule dyHKIMK
z=2%y -2z +2> —y* + 32—y + 13.

Pemenue. ®uxcupys nepemennyio y u aucddepennupys no mepe-
MeHHOl#t z, moJsiy4yaeM:

7]
22 32y - 2% + 22 +3.
Oz
Ananorudno, dukcupya z u auddepenuupys mo y, nosydaem:
g—;=z3—4zy—2y— 1.

Ilpumep 2. Halttu vacTHBle npousBonHHe PYHKIHH
y= Z a;jrixj, n>2
i,)=1
Pemenue. Jna moboro k=1,2,...,n umeem:
ay d 31’j 31’.‘
o = 2% (i3t 413

A Ttak kakx
O0z; _[1, ecnm j=k,
Oz, |0, ecam j#k,

n
al'k Zackzs + Zak;zj E(ajk + akj)z.f'
i=1

i=1 i=1

TO

1.3. ®ynxupm TouxM H orobpaxemms. HamomuuMm, uto B ciyuvae
¢ynkuun oano#t nmepemenHnoft y = f(:c) 3Ha4YeHHA MepeMeHHO#t z YacTo
OTOXAECTBJIAIOT C COOTBETCTBYIOIMMH TOYKaMHM HYHCJIOBO#f OCH, KOTO-
pylo, KaK M MHOXECTBO Bcex AeHCTBUTENIbHHIX duces, obosHayalor R
nin R'. Hanpumep, rosopsT, 9To ”¢yHKIMA 3aJaHa B OKPECTHOCTH
TOYKH Zo”, "pyHKUMA HempepuiBHa B TOYKe Zo” M T.X.

B ciayuae ¢dyHKkumM ABYx nepeMeHHHX z = f(z,y) Takxke ymobHo
paccMaTpuBaTh napy (z,y) Kak KOODAMHATH TOYKH IJIOCKOCTH B HEKO-
Topoit nexapToBo#f CHCTeMe KOOpAMHAT M TOBOPHTb 06 3Tol yHKUIAK
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KaK 0 $yHKIUH, 3aJaHHON HA HEKOTOPOM MHOXECTBE TOYeK NJIOCKOCTH.
Ananornygo B ciiy4ae ¢pyHKIHH TPeX nepeMeHHHX u = f(z,y, z) ynobuo
paccMaTpHBaTh TPORKY (z,Y,2z) K&K KOOpAMHATH TOYKH NpPOCTPAHCTBA,
B KOTOPOM BBefieHa HEKOTOpas NEKapTOBa CMCTEMa KOODAMHAT.

To anasornn ¢ R!, R? u R® mHoxecTBo R® HasmBaercs n-MepHuM

X00pJUHAMHBM NPOCMPAHCTNGOM, & €TI0 3JIEMEHTH — mMouKaMu n-
MepHozo npocmpaHcmea.

Ecnu M € R® u M = (21,23,...,2,), TO 4MCAA T1,T3,...,Zn
Ha3LIBalOTCA nepeofl, emopod, ..., n-ii xoopdunamamu mousu M coor-
BETCTBEHHO.

ITonbaysch BBemeRHOM reoMeTpHveckol TepMuHOJIOTHel, ompemese-
HHe 9MCJIOBOK (PYHKIMHM OT N NEPEMEeHHHX MOXHO cGOopMyJApOBaTh
caepyomuM o6pasom.

Onpenenenne 1. ITycts 3amann MHOXecTBo G C R™ ® HekoTopoe
npaBuio f, KoTopoe Kaxno#t Touke M € G CTaBHT B COOTBETCTBHE
HekoTopoe uncio y = f(M). Torna MHOXECTBO BCEBO3MOXHHIX Hap
(M; f(M)), M € G, nasnBaerca wucaosott gynxyued mouxu u3 R™ wan
uucaosoll Pynxyued om n nepemennur m obosHavaerca f(M), M € G,
nn f(zy,23,...,2n), (21,22,...,20) €EG.

OGobuieHreM NOHATHA 4MC/IOBOM (DYHKUMH OT n MEpeMEHHHX ABJA-
erc moHATHe orobpaxenms m3 R™ B R™.

Onpenenenne 2. [Iycts 3anann Maoxectso G C R™ u Hekoropoe
npaBuio f, KoTopoe kaxmo#t Touke M € G CTaBHT B COOTBETCTBHE
HekoTopylo To4yKy P = f(M) € R™. Torma MHOXECTBO BCEBO3SMOXKHBIX
nap (M;f(M)), M € G, nasuBaeTcs omobpadxceruem mwoxcecmea G
6 npocmpancmeo R™ u obosnavaerca f(M), M € G, nma f:G = R™.

Touxka P = f(M) na3mpaerca ob6pasom mouxu M, a Touka M —
npoobpasom mouxu P. MBoxectBo Bcex Tovek P = f(M), M € G,
HasnBaeTcA 06pasom muodcecmea G m obosnavaerca f(G).

CornacHo ompegesieHuIo, Jiobasg Touka M € G mMeeT equHCTBEHHHRIM
o6pa3, ogHako HekoTopsle TOYKH P € f(G) MOryr MMeTh HECKOJBLKO
npoobpa3os.

3amernMm, uyrto orobpaxkenue f : G — R!, rae G C R®, — ar0
YyucsioBas GYHKHUA OT n MEPEMEHHHX, a 3axaHue oTobpaxkenus f : G —
— R™ paBHOCHJIBHO 3aJaHMIO M YHCJIOBHX DYHKuME OT n nepeMEHHBIX
(xoopauuaTr Toukm P = f(M)).

1.4. MuoroMepHsle mpocrpancrsa. HanoManM, 9T0 To4YKOit n-MepHOro
npocrpaicTBa R" HasniBaeTca yiobasd ynopAaoUeHHass COBOKYNMHOCTb M3
n peflcTBuTEAbHBIX uYMcea (Zy,Z3,...,Z,). Touk:m mpoctpaHcrsa R”,
Kak u B ciaydae n =2 u n = 3, 6ynem obosnadaTh Gonbummn 6ykBaMH,
nHanpamep, A, B, M, P u 1.n. Torna, ecrw M = (21,22,...,2Z5), TO
9ucNa r),23,...,%L, HA3HIBAIOTCA KOOPDOHWHATAMH TOYKH

Ilo ananoruu ¢ R? m R3 paccrosmme Mexny AByMA TOdKaMH
A= (ay,...,a,) u B=(b1,...,by) npm smoboM n obosnasaerca |AB|
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H ompegensierca no ¢gpopmy.se

n 1/2
|AB| = (Z(b; - a;)z) ) (1)

f=1

HanuM Temepb TOuHOE onpeleseHHe.

Onpenenenne 1. MHoXecTBo, 3/leMEHTAMH KOTOPOTO SABJAIOTCS
BCEBO3MOXHLIE YNOPAAOYEHHHE COBOKYNMHOCTH M3 n JeldCTBUTELHHIX
4HCces M B KOTOPOM ONpeNesIEHO DAacCTOAHHE MeXIY €ro 3JjieMeHTaMH
no ¢opmyJie (1), Ha3HIBaETCA N-MEPHHM E6KAUTOBHM NPOCMPAHCMEOM K
obGosnavaerca R". DsieMeHTH npocTpancTBa R™ Ha3sHBaIOTCA MouKAMU
n-mepHozo npocmparcmea R".

Bo MHorEX ciay4adaX TO4ykM mpocTpaHcTBa R" yno6Ho obo3nauaTh
6ykBaMm# a, b, =, y, 2 ¥ T.A., a HX KOODAKHATH — TEeMH Xe OyKBaMH
C MHIEKCaMH:

a=(“l;a2n"~:an)) 2=(21,22’...,Zn), y=(yl)y2:'”7yn)

# T.4. B 3THX cny4adXx pacCTodHHEe MeXAY TOYKAMH, HalpUMep T M
y, obosnagaioT p(z,y), T.e.

n 1/2
plz,y) = (Z(z; —ys)’) :

=1

Paccrosnne B R" ob;anaer scemn cBoficTBaMB OGRIYHOTO PRCCTORRUA
Ha IUIOCKOCTH M B NPOCTPaHCTBE:

1. |AB| > 0 ana mobux Toyek A u B, npuuem |AB| =0 Torna
H TOJbKO TOrAa, Korga A = B;

2. |AB| = |BA| ana mobux Tovek A n B;

3. |AB| < |AC| + |CB| nna miobeix Touek A, B u C.

Caolictpa 1 # 2 oveBuaan. CBoficTBo 3, HashIBaeMoe HEPAGEHCMEOM
Mmpey204bHUKA, XOPOIIO M3BECTHO HAa MJIOCKOCTH H B TPeXMepHOM Ipo-
cTpaHcTBe. B obuiem ciydyae oHo GymeT mOKa3aHO HeCKOJILKO MO3Xke, &
celfyac omnpefies UM ele n-MepHOe BEKTOPHOE NMPOCTPAHCTBO.

Onpenenenne 2. MHOXecTBO, 9/1eMEHTaMH KOTOpOTrO ABJNAIOTCA
BCEBO3MOXHHE YNOpPAKOYEHHbE COBOKYMHOCTH H3 n AelcTBATEbHBIX
qHMces] ¥ B KOTOPOM ONpefesieHhl ONepanHs CJOXKEHHS IBYX JI0OGBIX
3JIEMEHTOB T M Y M OlN€palAf YMHOXEHUS NPOM3BOJILHOTO 3JIeMEHTa Z
Ha Jio6oe ymcso A mo ¢opmynam:

"—’+y=(-‘”1+y1.---.2n+yn), z\z=(z\z1,...,,\a:,,),

Ha3BIBAETCH N-MEPHUM EEKMOPHUM NPOCMPAHCMEoM WIH, GoJlee TOUHO,
N-MEPHHM APUPMEMUNECKUM BEXMOPHNUM NPOCMPAHCMEoM B 00O3Ha-
qaerca R" (kak M ToueyHoe n-MepHOE NMPOCTPAHCTBO).
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DseMeBTH n-MEepHOro BEKTOPHOTO NPOCTPAHCTBA HA3KLIBAIOTCA -
Meprvimu eexmopamu. B nmambHeltumieM mx 6ymem o6o3Hayarh MpOCTO
6ykBamu: a, b, z, y m T.A., win XupuuM¥ 6ykKBamm: a, b, x, y n
T.A., 8 HX KOODAMHATH — COOTBETCTBYIOIMMH GyKBaMH C MHIEKCAMH:
a= (a1, az,...,8,), x=(21,232,...,Z5) B T.O

BekTop 0 = (0,0, ...,0) Ha3HBAETCA HYAIEEUM BEXMOPOM UITH HYAEM
n-MepHOZo 6exmoprozo npocmparcmea. Bektop (—1)x HasmBaeTcs
NPOMUGONOAOHCHUM 6eXMOpY X B 0DO3HAYaeTCA —X.

Kak W B OOBIYHOM TpEXMEDHOM IIPOCTPAHCTBE, €CJH 3aJaHhl
mee Toukn A = (ay,a2,...,a,) m B = (by,bs,...b;) mnpoctpan-
crBa R®, To 4epes AB 6ynmeM 06Go3HaYaTh BEeKTOP C KOODHMHATA-

M (by —ay,b2 —ay,...,bp — a,). B wacTHOCTH, maa JoGo#t TOUKH
M = (z1,23,...,2s) BexTop OM, rme O — TOYKa C KOOPAHHATAMH
(0,0,...,0), HasuBaeTca paduyc-sexmopom mouxu M. Takum o6pasom

YCTaHAB/IMBAETCA B3aHMHO ONHO3HAYHOE COOTBETCTBHE MEXIYy TOYKAMH
H BEKTOPaMH 7i-MEpHOro IpPOCTPAaHCTBA.

o ananorun ¢ R? u R3, B BekTOpHOM MpocTpancTee R® onpenesinm
cxanapHoe npouseederiue JIOOHX OBYX BEKTOPOB X = (Z1,Z2,...,Zn) H
Y = (%1,¥2,-..,¥a) 10 dopmyae:

(x,¥) = zini. ()

=1

Onpenesenne 3. Bekropuoe npoctpancrso R”, B koTopoM Bse-
JleHO CKaJifpHoe NpOH3BeieHHe JBYX BEKTOPOB X M y Io dopmyJe
(2), HasBIBaeTCA €6KAUGOGHM T-MEPHUM GEXMOPHNM NPOCMPAHCTREOM
n obosnayaerca E" uim R".

Jlerko BumeTh, 4TO CKaJApHOoe mpousBeacHue B E* obsamaeT BceMn
cBolficTBaMM OOEIYHOTO CKaJIAPHOTO MpPOH3BelNeHHMs BeKTOopoB. OTMETHM
JHwb, 9o (x,x) > 0 Ana moboro x, npuyem (x,x) = 0 Toraa u ToNIBKO
Torma, Koraa x = 0.

Onpenenenne 4. lna moboro sekropa x € E" uncao /(x,x)
HasmiBaeTcs Jaunoll (WA Hopmotil) eexmopa x M obosHadaercs |x| (mam

[Ill):
x| = v/(x,x). (3)

JmBa BekTOpa obsiamaeT cienyroWMMH cBolicTBamu:

1. |x] > 0 gna soboro BekTopa X, mpHueM |x| = 0 Torma m
TOJIBKO Torxa, Korma x = 0;

2. |ax| = |d| - |x] mna moboro BekTOpa x M J0Goro umMciaa a;

3. |x+y|<|x|+|y| ana mob6ex BeKTOPOB X H Y.

CeoftctBa HopMh (1) m (2) ouepmaunl. CpoitctBo (3), HasmBaemoe
HepaseHcmeoM Mmpeyzoavruxa, B oblueM caydae HeobXoAMMO HOKashl-
path. CHavaJla NOKaXKeM OMHO MOJIE3HOE HEPABEHCTBO, Ha3hIBaeMoe
nepasercmeom Kowu-Illsapya.



§ 1. ®VYHKLIMM OTOBPAXKEHUSI ¥ MHOTOMEPHHIE TTIPOCTPAHCTBA 181

Jlemma. Jan awobuz eexmopos x u'y us E* cnpasedauso wepa-
eeHcmeo
(=, ¥)I < |x} - |y|- (4)

HokasaTensctso. M3 cBoficTs ckandpHOro NPOM3BENEHNS CJIEAYET,
9T0

0 < (x+ Ay, x+ Ay) = (x,x) + 2A(x,y) + A%(y, y)

anA mobHX BEeKTOpOB X, Yy M jmoboro uncna A. Ecam (y,y) #0, To
NOJIOXHB

__0xy)
(v,y)’

HOJIYMMM HEPaBEHCTBO

0 < (x,x) — v ,};);

M3 KoToporo H cjenyer HepaBencTBo (4). Ecam xe |y| = 0, To
HepapeHCTBO (4) ovyeBmano. JleMma joxkasana.

Jlnsa nmoka3aTesLCTBA HEpaBEHCTBA TPEYTOJIbHHKA 3aMETHM, YTO

Ix+yI? = (x+y,x+y) = |x|* + 2(x,y) + |y}>.
A Tak kax |(x,y)| < |x]-|yl|, T0

Ix+yI* < Ix|* + 2/x]| - [y| + |y [? = (Ix] + [y])?,

U, crenoBatessHo, |x + y| < |x| + |yi.

Hakonen, 1ns iobuix Todek A = (ay,a3,...,8,), B = (by,b2,...,b,)
nC= (cl,cz, -yCn) aBeJIIMBO PaBEHCTBO A =4C +CB. Cne
zoatenbho, |AB |1<]A |%| +|CB|, re. |AB| < |AC|+ |CB|.

Takum obpasoM, paccTrosHHe MeXIy TOUKaMHM, CKaJIApPHOE NpOM3Be-
JleHue BEKTOPOB M IJIHHa BekTopa B R", ompemesnenunle no ¢popmynam
(1), (2), (3), obnamator BcemH ob6nuHLIME cBofictBamu. Ha ocHose
THX NOHATH# MOXHO [HaTh ONpefeseHHA OTPAHHYEHHOTO MHOXECTBa,
npefiesia NOCJIEAOBATEJILHOCTH, HenpepuiBHO! KpuBoft # T.4. B kadectse
NpHMepa NpPHBENEM ONpeNeSIeHUA £-OKPECTHOCTH TOYKH, OrpaHHYEHHOro
MHOXeCTBa H HellpepHBHOH KpHBO#l.

Onpenenenne 5. Hdna moboit Toukm My € R® n soboro gucsna
€ > 0 MHOXecTBo Bcex Todek M € R™, ynoBJieTBOpAIOINX HEPABEHCTBY
|[M M| < €, obosnavaerca O.(Mp) M Ha3BIBAaETCA E-0KPECMHOCMBIO
mouxu My nnu omxpumum wapom paduyca € ¢ yermpom e mosxe Mp.

OueBHIHO, £-OKPECTHOCTb TOYKM Z NHpH n = 1 — 3To HHTepBal
IUIMHE 2€ C LleHTPOM B TO4YKe Z, OpM n = 2 — 9TO Kpyr pammyca € ¢
HeHTpoM B Touke z = (Z1,Z2), a mpm n =3 — 3T0 Wap paauyca € c
LIEHTPOM B Touke z = (Z1,Z2,Z%3).
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Onpenenenue 6. Mroxkecrpo G Tovek w3 R™ HasumpBaerca ozpa-
HUNEHHNM, €CIH CylllecTByeT 4ucao r > 0 Takoe, uTo
[OM|<r VME€G.

(3mece O — Touka c koopaunatamu (0,0,...,0).)

Hns BekTOpOB OmpenesieHHe OrPaHHYEHHOTO MHOXeCTBa HPOpMyJH-
pyeTcs aHAJIOTHYHO:

MuoxecTBo BekTOpoB G C R" Ha3BIBaeTCA 02PaAHUMENHMM, €CJIH

Jr: |x|<r VYx€G.

Onpenenenne 7. MuoxecrBo v Touek m3 R" ¢ koopaumaTamm

z; = zi(t), i=1,2,...,n, roe z;(t) — HenpepmBHHe bYHKLHH, ompe-
OeJjleHHble Ha HEKOTOpOM HpOMeEXYTKe A, HasHBaeTca Henpepmerod
xpusotl, a nepeMeHHas t — napamempom xpusotl 7.

Ecim A — otpesok [a;b], To Touka A ¢ kKoopaMHaTaMH z; = z;(a)
HaSHBAETCH HA4GAOM, 3 TOUKa B c xoopnmnraTamu z; = z;(b) — KOHYOM

xpueoti v. B aToM ciy4dae KpuBylo 4 Oymem o6osHavath AvB uau AB
H TOBOPHTb, YTO Kpusax vy coefunsem mouxu A u B.

BumecTo £-okpecTHOCTeft, KOTOpHIE HA3HIBAIOTCA cHepurecKumu, HHO-
raa yRoGHO MOJIb30BATHCHA TaK HA3HIBAEMBIMH NPAMOY20AbHUMY 0KPECT-
HOCTRAMUY.

Onpenenenne 8. Iaa samannot Toukm Mo = (29,z3,...,29)
npAMoe Tpou3BellcHHe HHTEPBAJIOB 06.(3?), i1=1,2,...,n, HasuBaeTcd
OMKPUMUM NPAMOY20ALHUKOM € YeHmpom 6 mouxke My nau npamo-
yzoavHoil oxpecmuocmobio mouxu Mo u obosnavaerca P(My;dy,...,4,).

B cnyuae, Korma §; = § Vi, NpAMOYIOJIbHYI0O OKPECTHOCTb TOYKH
M, 6ynem obosnavarb Ps(Mp).

N3 oueBNAHEIX HEpPABEHCTB

max|z; — z| < |M M| < \/_ma.xl:c, —z0)
1

cJeyer, 4To
0s(Mo) C Ps(My) C Oy /m(Mo).

Takum o6pasoM, j0bad cpepnueckas OKpecTHOCTh TOYKH My coaep-
XKHNT HEKOTOpYIO NMPAMOYIOJIbHYI0 OKPECTHOCTh TOYKH My M HaoGopoT.

§ 2. Ilpenemu1 pynxipii MHOTHX ImepeMeHHRIX

2.1. Npenema nocaenoparemsHocTel Touex. ITocnemoBaTenbHOCTH
Todek M, k € N, npocrpancrsa R" omnpenensercs TOYHO TaK Xe,
KaK M NOC/EeHOBATEeJIbHOCTb TodeK uHcioBo#t mpamoft R!. Onpenenenne
TNIOC/IEIOBATEILHOCTH BEKTOpOB Iy, kK €N, B ciyvae n =2 m n =3
6nto mano B §1 rn. 5. B obmem caydae omo Takoe xe.
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Onpenenenne 1. Touka My € R” HasmBaercs npedesom nocae-
dosamenvrocmu movex My, k € N, us R®, ecsn klim |M‘;‘Mo| =0.
—+00

B a1O0M cnyvae 6ynem nucath:
My=lim M, nmu ” My -+ My npm k=00 ”.
k—o00

Anajiornuto, a = lim ax, ecmm lim |a, — a] = 0.
k—+00 k=00

Kak o6w9HO, mocnieoBaTe/IbHOCTb TOYEK HJM BEKTOPOB, MMEIOIAA
npenes, Ha3BIBAETCA CTodAujeticA.

Onpenenienne npefesia NOC/ENOBATEILHOCTH TOYeK MOXHO cdopmy-
JIMPOBaTh Ha fA3KIKe OKpecTHoCTeR (cdepHyecKUX HIIM MPAMOYrOJIbHHIX):

Touka Mo HasmiBaeTcs npedesom nocaedosameavrocmu { My}, ecan

Ve>0 3IN,: Vk>N,, M;e€O. (M)

(mnm M € P.(Mo)).

B § 1 rn. 5 6bl10 n0Ka3aHO, YTO MOC/IEROBATELHOCTD BEKTOPOB M3
R® cxomMTcA TOraa M TOJMILKO TOLAa, KOTAA CXORATCHA MOC/IEHOBATENb-
HOCTH M3 COOTBETCTBYIOIIMX KOODAWHAT 3THX BEKTOPOB. AHAaJIOrMYHOE
yTBEpXIIcHHEe BMMeeT MecTo M B obuem caydae.

Teopema 1. Touxa My sasasemca npedeaom nocaedoeameavrocmu
movex My, k € N, moeda u moavxo mozda, xozda xoopdunamm mouxu
My seastomca npedesamu nocaedosameavrocmett us coomeemcmeyOWUT
xoopduram movex M.

JoxasaTb 3Ty TeopeMy B KadecTBe YNpaXKHeHUs.

TeopeMma 2. Y awbotl ozparusenrotl nocaedosameavrocmu movex
us R"® cywecmeyem crodawasca nodnocaedosamervrocme.

Hokasareasbcrso. Ilyctb {Mix} — orpanmdennas nocJienoBa-
TenbHocTh Touek u3 R™. Jna nmpocroThl 6yneM paccMaTpMBaTh ciydalt
n =2 ® cuurath, 410 Mi = (zk.yx), k €N.

U3 orpaHM4eHHOCTH mocJjiefoBaTeabHocTd {Mi} cienyer orpanm-
YeHHOCTb YHCJIOBHX NocaemoBatesnbrocTelt {2k} u {yx}. B cuay Teope-
Mu Bosibuano-BeitepuiTpacca A1 4AC/IOBRIX MOC/IENOBaTENbHOCTEH, Y
N10C/IeI0BATEIbHOCTH {2} CYLIECTBYET CXOAAWAACH MOANOCIENOBATE b~
HocTh {zk,}. IlycTh oHa cxommTcs K ZTo. AHAJIOTMYHO OrpaHWYeHHaAn
TOCJIEN0BaTeNbHOCTD {Yk, } MMeeT CXOAAMYIOCA NMOMMOC/eN0BATEIbHOCTD
{wx,, }. Tlycts ona cxommrea K yo. :

Us rteopemn 1 cnemyer, uro mommocnenosarembHocTh {Mg, } mo-
caenoBatesbiocTH {My} cxommrea K Touke Mg = (zo,yo) npu g — co.
Teopema 2 nokasaHa.

DTy TeopeMy, Kak M B cJlyyae YHCJOBHX IOCJIE€fOBATEJbHOCTER,
06BIYHO HA3HBaOT meopemoti Boavyano-Betlepwmpacca.

Onpenenenne 2. [locnenobarensuocts Touek My, k € N, nasu-
BaeTca ¢Pyndamenmanvroll UAn crodaujetica 6 cebe, ecIM OHa yHOBJe-
TBOpAIET CJENYIOUEMY ycaosuro Kowwu:

Ve>0 3IN,: Vk>N, VpeN: |MiMypl<e.
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Teopema 3. [Jasr mozo ymobw nocaedosamesvrocmsv mouex uz R®
umesa npedea, Heobzodumo u Jocmamouro, Ymobu ona ydosaemeopara
ycaosuro Kowu.

HoxasarenbcrTpo. OveBuano, ecsim mocienoBatesnbhocTs { My}

HMeeT npefdesn, TO OHa dyHnaMmeHTaybHad. [leficTBUTENBHO, MycThb
My — My npn k — co. Torna

VE>0 3N, VERN, MMl <,

a TaK KakK
|Mi Micyp| < | MicMo| + Mo Mj4p

To |[MkMiyp|<e VYk> N, VpeN.

ITycts Tenepn nocnemoBatensuocts { M} dynnamentanbraa. Torna
OHa orpaHnvyeHHad, M mo Teopeme DBosblano-Beltepmtpacca y Hee
CyulecTBYeT cXoAAmadAcs noanocienosarenbrocts {Mi,}. Iycts My —
zpene.n 3Toit moanocsemoBaTesbHOCTH. JlokaxkeM, uto M, — My npm

— 00.

3anagum nekoropoe € > 0. Toraa
IN.: VE>N., VYpeN |MiMiyy| < g

AK,: Vp> K. |M,,,Mo|<-;-.

Monoxum p, = max{N;K.}. Torma p. > K., np, > p. > N, n,
cJienoBaTesibHO, AJA Jioboro k > N,

€
|MiMo| < |MiM,, | + | Mi,, Mol < = + = =

A Tak Kak € > 0 npousBosibHOE, TO 3THM AOKAa3aHO, YTO klim M = M,.
—$00

Teopema 3 nokasana.

9ra TeopeMa, Kak H B cly4ae n = 1, HasnBaerca xpumepuem Kowu.
3ameTuM, 4YTO MOKA3aTeJbCTBO MJIA JIOBOro n AOC/IOBHO NOBTOPSAET
J0Ka3aTeJbCTBO B cjydae n = 1.

Takum obpasom, npocrpancTBo R" obnamaer caenyioumm cpoft-
crBoM: Jiobas ¢yHAaMeHTaNbHaAg MOCJAERIOBATEbBHOCTh TOYeK MNpo-
crpanctea R” B 3ToM NpOCTpaHCTBEe MMeeT mpefie/l. ITo CBOHCTBO
HasblBaeTca noaromot! npocmparcmea R™. OueBnaHO, TPOCTPAHCTBO
Q", rae Q — MHOXECTBO BCeX palMOHAJIBHEIX TO4YeK Ha npaAMoil,
COrJIaCHO ONpeAesICHHIO He fABJIAETCHA MOJIHBIM.

Jna nocsenoBaTenbHOCTE# TOYEK H BEKTOPOB pacCMaTPHBAOT H
6ecKOHEeYHHE TpeNeJIhl.
ToBopaT, 4To nocaedosameavrocmov {My} cmpemumes x Gecxoreu-
Hocmu, ® muwyT My — oo npu k — 00, ecan kllm |OMy| = 400.
—00



§ 2. NPEOEJIL ®YHKUMA MHOTMX NMEPEMEHHBLIX 183

910 onpenesieHne MOXHO c¢OPMYJINPOBATL M HA ASBIKE OKpecT-
Hoctelt. [lns aToro depes O,(00) 0603HAYHM MHOXKECTBO BCEX TOYEK
M € R", ana xoropnix |OM|> r. Torna My — oo npu k — oo, ecau

Vr>0 3K: V2K M€ O (o).

2.2. Ilpenen pyuxipm B Touxe. Kak W paHee, MHOXeCTBO BceX Todek
d-okpectHoctn Os(Mo) Touku My, ornmunbix or Mp, 6yneM HasmBaTh

o
npoxoaomoil 6-oxpecmuocmoio mouxu Mo B obosHavaTh Qs (Mp).

Onpenenenne 1. Touka My HasmBaeTca npedeavroll mouxoil
Mroscecmea G, ecam B Jiob6olt NMpPOKOJIOTO# OKpecTHOCTH TO4YKM M
cogepXHTCA X0TA 6B onHa Touka MHOXecTBa G.

Onpenenenne 2. [Iycts na MHOoXecTBe G C R™ 3amana ynkuus
f(M), nm nycte My — npenensHas Touyka MHOXectBa G. Ymcio a
Ha3biBaeTca npedesom Gynxyuu f(M) npu M — My (aam 6 mouxe
Mp), ecnu BHINOJHAETCH YCJIOBHE

Ve>0 36>0: VM € Qs(Mo)NG |f(M)—al<e.

B atoMm cayvae nmumyT
li M) =a.
g, f0)

Ynorpebnsaor u aApyrue obosnavenus. Hanpumep, ana dbynxnum
OBYX nepeMeHHHX f(z,y) nHmyT
lim f(z,y) =a.

z—zqg
y=+yo

Kak M B cjlydae OAHOro nepeMeHHOro, MOKAa3hIBaeTCH, 4TO 3TO
onpeliesieHHe npeaesa PyHKUMH B TOYKe PABHOCHJIBHO CJIENYIOILEMY.

Onpenenenne 3. [lyctb My — npenesnbHas Touka MHOXecTBa G,
Ha KoropoM 3amaHa ¢yHknua f(M). Umciao @ HasbiBaercss npedesom
dynxyuu f(M) npuy M — My, ecnu pns moboit nocsenoBaTebHOCTH
{Mi} Touek us G Takmx, 4ro My # Mo u M) — My npn k — oo,
BuinosiHAerca ycioene: f(My) — a npa k — oo.

AHaJIOTHYHO ompeHessoT U becxonewnne npedeavi ynxyuu f(M)
B ToyKe Mj:

Mlgr;{o F(M) = +o0, Mlinbo f(M) = ~c0.
B wacTHocTH, dyHkmmio f(M) HasmBaloT becxoreuno 6oavwodl Npu
M — M, n nuinyT
lim f(M) = oo,
MM,

€CJIH BHIIOJIHAETCA YCJIOBHE

Ve>0 36>0: YMeDnO0s(Mo) |f(M)>e.
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Onpenenenne 4. Ilpenen B Touke My cyxenms dbynkumum f
Ha MHoXecTBo- E C D; HasmiBaerca npedesom Pynxyuu f(M) npu
M — My no mnoocecmsy E.

B aToMm ciayyae Touka My AoskHa 6HITH npefenbHoff Touxko#ft Ana
MHoXecTBa E.

Ecmu E = yNDy, rne ¥ — HekoTopas kpuBaf B R™, To aToT mpenen
Ha3bIBaeTCA npedensom no xpueotf ¥, a eCJIM ¥ — JIyd C HanpaBJIEHHEM
l = (ay,...,an), To — npedesom no wanpacaenuro ! bynxuum f B
Touke Mj.

OueBuaHO, ecsin (PYHKLHARA, onpeaesieHHadz B HEKOTOpO# IpokoJoToilf
OKPECTHOCTH TOYKM Mj, MMeer mpeaes B aTo#t TouKke, TO OHa B 3TOH#
TOYKe HMMeeT mpeAes M mo Jiobomy Hanpasnenmio. OBGpaTHoe yTBep-
XJeHHe fABJAeTcA HeBepHnM. Hanpmmep, dyHKIMs ABYX nepeMeHHBIX
f(z,y), pasnan 1, ecnu y = z%, u 0, ecsim y # 22, B Touxe (0; 0)
no JgioboMy HanpasJieHMIO MMeeT INpeaes, paBHEft Hymo. OnHako oHa
B Touke (0; 0) He MMeeT mpenena, Tak kak mo mapabosie y = z2 ee
npenesn paBeH 1.

OTmeTuM, YTO TaK KaK oONpefesieHHs mnpeaesa (PYHKUMH B TOY-
Ke MOYTH AOCJOBHO COBNANAIOT C ONpeAeJIeHHAMH mpenesa ¢yHKIHH
onHolt nepemeHHO#f, To ANA DyHKUUH MHOrMX NepeMeHHBIX CHpaBenJsTH-
Bl TeOpEMBI O NMpenesie CYMMBl, Pa3sHOCTH, NMPOM3BEJEHUA M HaCTHOTO,
aHaJIOrM4Hble COOTBETCTBYIOLIMM TeopeMaM A dpyHKuM#t onHo#t mepe-
MeHHOH.

CdopMyiupoBaTh U AOKA3aTh 3TH TEOPEMKI B KaueCTBe yNpaKHEeHH .

2.3. Mpenen Ppyuxuum na Gecxoneunmoctu. nsa ¢yHkuuit MHOrMX
nepeMeHHbIX, KaK M Ana yHKuuft oot mepeMeHHO#f, paccMaTpUBalOT
npenesibl Ha GeCKOHEYHOCTH.

Onpenenenune. Ilycth obnacrs onpemeneHua ¢ynkumn f(M)
ABNAeTcA HeorpanmyenHoi. Torma uYMcII0 a HasHBaeTcd npedesom
dyrxyuu f(M) npu M — 00, ecniH BHIONHAETCA YCJIOBHE

Ve>0 36>0: VM€ DyNOs(o0) f(M) € O(a).

B atoM cayydae nmUmyT
lim f(M)=a

M —00
M
f(M) = a npu p=|OM|— +o0.

OueBHJIHO, ONpefiesIeHNe 3TOrO MNpefena MOXKHO chOpMyJIMpOBATH H
Ha s3slKe nocjaénoBaTenbHocTelt. Boobue, Ha npenensl B 6€CKOHEYHOCTH
ecTecTBeHHHIM 06pa3oM NEepeHOCATCA MHOTHME NOHATHUA M YTBePXIEHHSA
U3 npenpiayuero nynkrta. CieayeT JMUWb OTMETHTb, YTO NJfA PyHKuu#
MHOTHX TNepeMeHHBIX pacCMaTpHBAIOT ellle Mpefesibl NpH ClenHabHOM
cTpemJieHHn TO4YKH B GeckoneuHocTb. OGBIYHO cnenucdpuka CTpeMJIEHAS
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TOYKH B beckoHeuHOCTb BHAHA M3 caMoro obosnadenus. Hanpumep,
3allHCh

a=_lin f(=)
y~++00

O3HAYAET, YTO BHIOJIHAETCA YCJIOBME
Ve>0 36: Vz>46,y>4d f(z,y) €0(a).
AHaJIOrHYHO, 3allMCh

lim f(z,y) =a

O3Ha4aeT, 4To
lim f(zk,yx) =a
k—o00

ana moboft nocsienoBaTeNLHOCTH TodeK (Zk, yx) € Dy Tako#t, 4To zx # zo,
Ty —> To U Yp — —00 npH k — co.
CornacHo aTuM onpenesjieHAAM, GYHKUHA
sinz
z,Y) = .

He uMeerT mpenesia mpu p = \/z2 + y? - +00. Onmnako
lim f(z,vy)=0

y=>+4co

ansa moboro zo € R n 2o = £00. 3aMeruM, 410 3Ta HYHKIMA He HMeeT
npenesia, Koraa £ — 400, y — Yo, rxe yo € R.

2.4. lloBTopHme mpenemn. Cnenucdukot PpyRKuMiA MHOrEX mepeMeH-
HHIX ABJIAIOTCA TaK Ha3HBaeMhle nosmopHue npedeas, KOra NEPEXOAAT
K Npegeny cHa4Yajla MO OXHOM mepeMeHHO#, MOToM MO Apyro M T.A.
Hanpumep, eciu dbynknms f(z,y) AByX HmepeMeHHHX Z H Yy onpele-
JIeHa B HEKOTOpPOH OKpEeCTHOCTH TOYKH (Zo,Yo), KPOMe, MOXKET GhTb,
TOYEK NMPAMBIX £ = Zg ¥ ¥ = Yo, TO MOXHO pacCMaTPHBaTh MOBTOPHBIE
npenenas )

A, e i, i S(e0).

B nepBoM noBTOpHOM Mpejesie CHauasla NpH PUKCHPOBAHHOM Z # Zo
nwercsa npenes ¢ynkumu f(z,y) npu y — yo. Hanee, ecnn npu sobom
T # o U3 HEKOTOPOH OKPECTHOCTH TOYKM Io 2TOT HpEfeJI CYUIEeCTBYET
M paBeH, HampmMmep, ¢(z), To 3aTeM Haxomurca mpenen dyHkuuu @(z)
npH z — z3. Bo BTopoM mpenesne Haob6oOpoT: CHadasla HaXORAT IpexneJi
f(z,y) mpn z = zo ana PpuUKCHpOBaHHOTO ¥ # Yo, 8 3aTeM — mpened
IpH Y — Yo.

Teopema 1. ITyemv gynxyus f(z,y) onpedesena na rexomopom
MHoorcecmee G, coleporcawem npamoe npouseederue npoxosomuT 1-0x-
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pecmHocmedl mouex Tp u Yo, U nycmv JaR Awbo20 Puxcuposarnozo

(] .
Y €0y (o) Pynxyus f(z,y) npu z — zo umeem npedea. Tozda, ecau
Synrxyus f(z,y) umeem npedea npu (z,y) — (zo0,¥0) no Muodcecmsy

] [
Oy (20) X Oy (¥0), mo nosmopnuil npedea yrxyuu f(z,y) cravara npu
z — Zg, G 3ameM npu y — Yo cywecmeyem u

Jm lim f(z,y) = :h:r;é f(=,y). (1)

Hokasareancrtso. llycts f(z,y) = a npu (z,y) = (Zo,y0) Do
o °
MHoxecTBy Oy (Zg) X Op (¥0). Toraa

Ve>0 36>0: |f(z,y)—al<e Y(z,y) € Os (zo)N Os (o). (2)
Ilycts manee

VY€, (w) Jlim f(z,y) = 5(0).

Torna u3 HepaBeHCTBa (2) B npeZene mpu = — Zop CJEAyeT HEPABEHCTBO

[
lg(y) —al<e VYye€Os(w),
H MO3TOMY li.m g(y) = a. A 310 o03HauaeT, 4TO paccMaTpHBaeMIit
y—*Yo

NOBTOPHHIR NpezieJ1 CymecTByeT B crnpabensnsa ¢popmyda (1). Teopema 1
JIOKa3aHa.
Mpumep 1. Paccmorpum dbyrkmmo f(z,y) = (z? + y?)sin(1/z).

Tak xak
Ifz, )l <z?+* Vz#£0,

To f(z,y) = 0 npu(z,y) — (0;0) no obnacTu onpenesenna bynkunn f.

JHanee, npegen f(z,y) npr z = 0 mna moboro ¢hUKCHPOBAHHOTO
y # 0 He cymecTByeT, M NO2TOMY HEe HMeEET CMhICJa T[OBOPHTH O
DOBTOPHOM Tpefiesie cHadYaJsa nmpH & — 0, a 3aTem npu y — 0.

Ja BTOpPOro MOBTOPHOTO Mpeliesia MMeeM:

.1 . .1
lim lim(z? + ?) sin — = lim z%sin = = 0.
2=0y—0 4 z-0 4

Mpumep 2. Paccmorpum dyrkumo f(z,y) = zy/(z? + ¥?).

Ona onpenesiena Ha Bcelt mutockocTn, kpome Touku (0;0). Ee npenen
no npamoft y = kz npn z — 0 pasen k/(1+ k?).CaenosatesnsHo, ona
He Hmeer npenena npu (z,y) — (0;0). Onnako

. Ty
:h-%z’+y’ =0 Vy#0,
. zy
2T+ ¥
¥ noaToMy 06a MOBTOPHHIX npexnena B Touke (0; 0) cyuecTByloT ® paBHbI
HyJIO.

=0 Vz#0,
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CnenaeM HecKOJIbKO 3aMe4YaHH#i OTHOCHTEJBbHO JOKasaHHOft Teope-
mbl 1. Qopmysa (1) cnpaBennuea u B TeX cJiydasX, Koraa INpemes
dynkmuu f(z,y) npu (z,y) = (2o, yo) Geckoneunniit uam Korma, Hanpu-
mep, z — +00, y = +00. CchopMmynupyem oIHO M3 TaKHX yTBepXKAcHHi
B BH/E TEOPEMHI.

Teopema 2. ITycmo $ynxyus f(z,y) onpedeseras npu z > a u
y> b, u nycme dan awbozo puxcuposannozo y > b dynxyus f(z,y)
umeem npedea npu z — +0o. Tozda, ecau Pynxyus f(z,y) umeem
npeden (xoneunwnil uau becxonewnwt) npu z — +0o0, y = +00, mo

lim lim f(z,y) = lim f(z,9).

y—++400 400 ng e

JloxasaTb 3Ty TeopeMy B KayecTBe YNpaKHEHHS.

§ 3. MHOXecTBa TOYeK 7:-MEPHOro IMPOCTPAHCTBA

3.1. Orxpurnie Muoxecrsa. Onpenenenye OTKPHITHIX MHOXECTB TO-
yek mpoctpanctea R” B ciiyyae npomsposibHoro n € N nmourn mocsioBHO
COBIAaJaeT C COOTBETCTBYIOLMM onpe/esenneM B caydae n =1 (cm. § 7
ra. 1).

Onpepnenenne 1. Touka My Ha3smBaeTca eHympewned mouxod
MHoorcecmea G C R™, ecnM OHa NMPHHAAJIEKUT 3TOMY MHOXECTBY BMecTe
C HeKoTOpo#t cBoelt €-OKpecTHOCTBIO, T.e. €CJIH

Je>0: O.(My)CG.

Onpenenenue 2. MHOXECTBO Ha3RIBAETCA OMKPHMHM, €CIIH BCe
ero Toukd BHyTpeHHue. Ilycroe MHOXecTBO, O ONpeneseHHIO, CYATA-
€TCA OTKPHITHIM.

JlemMma 1. [Tan arwbozo r > 0 u awboil mouxu My € R"* mHodcecmea
A={MEeR": [MMy| <r},
B={MeR": |MMy| > r}

RCARIOMCA OMKPHUMUMU.

JdokasarteabctBo. Ilyetb M; € A. Ilosloxmm € = r — |M0M1|.:
Torna, ecmn M € O.(M,), 10

'MMOI _<. IMM!.I + IMlMOI <€+ IMIMOI =r,

1.e. M € A. Caenoparesbno, O,(M,) C A.
Anasornuso, eciu M; € B, § = |[MoM;| —r, 10

VMEe 06(M2) |MMO| > |MOM2| - IMzM' >r.

Caenoparesibio, Os(M2) C B. Jlemma 1 nokasaHa.
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HanoMuuM, 4YTO MHOXECTBO A HaSHBAETCA OMXPHMHMM WAPOM
paduyca r c yewmpom 6 mouxe My. Mmuoxecteo B HasmBaeTca
omxpumotl snewrocmuio wapa paduyca r ¢ yewmpom 8 mouxe M.

Takum obpasoMm, Jsobas e-okpecTHocTh Jmobolt Toukn M, € R®
ABJIAETCA OTKPHTHLIM MHOXECTBOM. AHAJIOTHYHO JNOKa3bIBaeTcf, 4TO
Jobas NPAMOYTo/ibHaA OKPECTHOCTD JIIOGO# TOYKM ABJIAETCA OTKPHITHIM
mHOXecTBOM. ([JoKa3aThb B KadecTBe ynpaXHeHHs.)

Jlemma 2. ITepecenenue 4106020 KOHEHHO20 HUCAG OMKPUMNT MHO-
JHCECTNE REAREMCA OMKPLMBM MHONCECMEOM.

JdokasareasctBo. [lycts MHOXecTBo G ecTh mepeceyeHHe OT-
KpHITHIX MHOXecTB Gy,G3,...,GN. Ecmu Muoxecrso G mycroe, To
OHO OTKpHITOE [0 ompenesneHdio. Eciam ke ono menycroe u My € G, To
MyeG; Vi=1,2,...,N. A Tak Kak mHOXecTBa (G, OTKpHITHE, TO

Vi 3 >0: O‘i(Mo) C G;.
OvueBunHo, ecyiM € HaHMeHblIee M3 £1,€3,...,6N, To O(My) C G; Vi,
# nostomy O,(Mo) C G. Jlemma 2 nokasana.

3aMeTHM, YTO NepecedeHHe CYETHOR COBOKYNHOCTH OTKPBITHX MHO-
XKecTB He Bcerna 6ylier OTKpHTHIM MHOXecTBoM. Hampmmep, nepeceue-
HueMm uHTepBasoB (—1/n;1+1/n), n € N, 6yner orpesok [0; 1}, xoropmuit
He ABJAETCS OTKPHTHM MHOXecTBOM Ha npamoft R!.

Jlemma 3. Obsedunerue 110601l cOBOKYNHOCMU OMKPUMNT MHO-
MHCECTNE ABARECR OMKPHIMUM MHONCECTIEOM.

JdokasatenbcTbo. [Iycts MHOXecTBO G ecTh o6beIMHERNE HEKO-
TOpOit COBOKYNMHOCTH OTKPHTHIX MHO)xecTB. Torma mobaa Touka M € G
NPHHANJIEXKAT HEKOTOPOMY OTKpHTOMY MHOXecTBy Go 3TOM coBokyn-
HOCTH, M mo3ToMy cyuectByeT € > 0 Takoe, 4t0o O.(M) C G, C G.
JleMma 3 nokasana.

U3 pgokasaHHBIX JIeMM cjenyeT, uto obbemmHeHme JOBHIX oKpect-
nocrelt O,, (M) Todek M JI060ro MHOXeCTBa ABJIAETCA OTKPHTHIM
MHOoXectBoM. Ouesuano, u HaobopoT, Joboe OTKpLITOE MHOXKECTBO
ecTb obbeAMHeHne OKpeCTHOCTEH BCEX ero Todvexk.

Onpenenenne 3. Ina moboro € > 0 ® soboro MHOXecTBa
G obvenunenne e-okpecTHOCTelt Bcex Touek M € G HasmBaercd €-
oxpecmuocmuio muoacecmea G u obosnavaerca O,(G).

Jdo cux mop ana Ttoyek u3 R"™ paccMarpHBasMCL TOJIBKO €-
okpectHoctn. HanomuuM, 49TO0 Ha neitcTBuTenbHO#t mnpsAMoft R! non
OKPECTHOCTBIO AaHHO# TOYKM NOHMMaJicH Jio6Ol MHTepBaJ, coaepXa-
umit 3Ty Touky. B ofmeM cnyyae (korma ecTh NOHATHE OTKPHITO-
ro MHOXECTBa) NOHATHE OKPECTHOCTH TOYKH obGobluaeTcs cliedylolnM
obpa3oM.

Onpenenenune 4. Jlioboe OTKpHTOE MHOXKECTBO, cofiepxalllee TOY-
Ky My, HasHBaeTcs oxpecmnocmoio mouxu Mg u obosnavaerca O(Mp).

U3 artoro onpenejieHHs M HOKa3aHHHX JIEMM CJIeyeT, YTO Hepece-
yenune Jiobo# KoHeyHolt COBOKYMHOCTH M o6beHeHHe NpPOU3BOJIBHOM
COBOKYITHOCTH OKpecTHocTel NaHHOM TOYKH ABJAIOTCA OKPECTHOCTAMH
3TOl#t TOYKHM.
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3.2. 3amxuyTHe MHoxecrBa. Onpefenenue 3aMKHYTHIX MHOXECTB,
KoTopoe byaer naHO B 3TOM naparpade, HECKOJIBKO OTJIMYaeTcd OT
onpenesienus, NanHoro B § 7 m1. 1, Ho, KaK Jierko BHAETh, B CJydae
MHOXECTB Ha NMpAMON 3TH omnpeaesIeHHA IKBHBAJIEHTHHI.

Onpenesienne 1. Touka My HasKIBaeTCA Mouxoll RPUKOCHOBEHUA
Mrooicecmea G, ecnmi B oot ee OKPECTHOCTH CONEPKHTCA XOTR 6B
oaHa Touka 3 G.

Onpenesnenue 2. MHOXECTBO BCEX TOYEK NPHKOCHOBEHHS MHO-
xKecTBa G Ha3BBaeTCA 3aMuxaruem MHOXecTsa G B oBosHavaercs G.

Onpenenenne 3. MHOXKECTBO Ha3HIBAETCA 3AMKHYMBMM, €CJIH OHO
coBnajaeT co CBOMM 3aMbikanneM. IlycToe MHOXeCTBO TOXe CHUHTaeTCH
3aMKHYTBIM.

OueBunno, ana Jmoboro mMHoxecTBa G BCe ero TOYKM H BCE ero
npeaeabHBle TOYKH ABJIAIOTCA TOYKaMM IIPUKOCHOBEHNA, H APYTHX TOYEK
NPUKOCHOBEHHS HET.

JIemMa 1. Bamsixarue 106020 MHoOdCECMBE ECMb 3AMXHYMOE MHO-
arcecmeo.

HoxasarennctBo. [Iycrs G — 3aMelkaine MHoxecTBa G, a
G — 3amuikanme MmHoXectBa G. Ouemnamo, G C G. Ilokaxem, uTo

IMycts My € G, T.e. My — TOYKa NPHMKOCHOBEHHA MHOXECTBa G.
Torna mobas ee okpectHoctb O(Mp) comepXHT XoTA 6Bl OAHY TOYKY
M, muoxectBa G. A Tak Kak M); — TOYKa NPHKOCHOBEHHA MHOXECTBa
G, n muoxectBo O(Mp) — ee okpectHoctb, To B O(M)) cymecTByeT
xoTs 6K oaHa Touka MHoXecrBa G. CremoBarennHo, My € G. JlemMa
1 nokasana.

Hanomaum, uro ecnim B C X, To pasmocts X \ B HasmBaercs
JonosiHeHneM MHoxecTtBa B no MHoxectpa X. Ecim xe MHOXecTBO
X ¢uxkcuposano (manpumep, X = R") u paccMaTpMBalOTCH TOJIBKO
MmHoxecTBa B C X, To pasnocTh X \ B Ha3snBaeTc OpOCTO Jonosxenuem
Mrodcecmea B. 3mech paccMaTpuBalOTCA TOJbKO MHOXectBa B C R™.

Jdemma 2. [Jaa mozo umobm MHOdHCECMEO 6HAO 3AMKHYMBDM,
Heobrodumo u docmamouro, umobv €20 donoanerue 6ua0 OMKPLIMBM.

HokasarteabcTtso. Ilycts MHOXecTBo F 3amxuyTo n G = R™\ F.
Torna, ecnu M € G, To M He aBiferca TouKo# NprKocHOBeHuA ana F,
u nostoMy cyumectByer € > 0 Takoe, 4rto O.(M) C G. CnenoaTenbHo,
mobaa Touyka MHOXecTBa G BHYTpEHHAS.

Hao6opoT, nycts MHoxectBo G = R" \ F orkpmroe. Torma, ecam
M eF, to M ¢ G, u, cnenosarensuo, M € F. Jlemma 2 noka3aHa.

W3 a10ro yTeepxkaenus u aemMu 1 n.3.1 cnenyer, uro ans moGoro
r>0 u mobot Touku My € R® MBOXecTBa

A={MeR":|MMy| <r},
B={MecR": |MM,| > r}
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3aMKHyTHe. MHOXecTBO A HasHIBaeTCA 3aMKHymbM wapom (Uau
NpocTo wapoMm) paduyca r ¢ yewmpom 6 mouxe My, a MHOXecTBOo B —
3GMKHYMOLl BHEWHOCMbIO 3M0O20 WAPA.

- [ sobo#t coBoKymHocTH MHOXecTB B, M Joboro MHoxectsa X
CIOpaBe[lyIUBH PaBEHCTBaA

X\|UBa =X\ Ba),
X \[Ba =J(X \ Ba).

IlepBoe paBeHCTBO HOKa3HBaeTcA ciedyiolle#t enoyko#t paBHOCHJIb-
HBIX yTBepXaeHuM:

zeX\UBa < z€X,2¢Bs Va &
o

<> z€X\B, Va < z€N(X\Ba).

AHaJIOTHYHO HOOKa3hIBaeTCHd M BTOpO€ PaBEHCTBO.

JTemMma 3. Ilepecevenue aw0botl cosoxynHocmu 3aMKHYMUT MHO-
JHCECNB ECMB 3AMKHYMOE MHONCECTNEO.

JdoxaszatenbcTBo. Kak yXe H3BeCTHO, ecjiM MHOXeCTBO Fy
3aMKHYTO, To MHOXecTBo Go = R™ \ Fy otkpnito. Toraa M3 paBeHCTBa
NFa =R*"\UGs ® nemmn 3 1.3.1 cienyer, uto MHoxectBo [|Fq
a o

[+ 4
3aMkHyTo. JleMma 3 nmokasaHa.
JlemMma 4. Obsedunernue £106020 KoHeuHO20 HuCAad 3AMKHYMHUT
MHOJICECTNB eCTMb 3AMKHYMOE MHONCECTEO.

IloxasatenbcTBo. Ecsim Mroxecta F;, i = 1,..., N, 3aMkHy-
Thie, To MHOXectBa G; = R\ F;; i = 1,..., N, orkputhe. Toraa

N N
u3 paseictBa |J Fi = R"\ () Gi ¥ nemmm 2 n.3.1 crenyer, 4To
=1 i=1

N
muoxectBo |J F; samknytoe. JleMMa 4 nokasaHa.
=1
Cnencreue. Ecau muoncecmso F samxnymoe, a muooncecmeo G
omxpwmoe, mo Mmuodxcecmeéo F\ G szamxnymoe, a muoncecmeo G\ F
omxpumoe.

Hoka3sareabcTBo. Jlerko BUaeTb, 4TO
F\G=Fn(R*\G),

rae muoxectBo R™ \ G’ samknyrtoe. CnenoBarenbHo, mHoxectBo F \ G,
KaK IepecedeHHe ABYX 3aMKHYTHIX MHOXECTB, ABJAETCA 3aMKHYTHIM.
Ananoruuio, G\ F = GN (R" \ F) n mHoxecreo R" \ F oTkphiToe,
nosroMy mHoxectBo G \ F orkpritoe. CrencTene AOKa3aHO.
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3.3. I'panvua muoxecrsa. Onpenesieane rpaHunW MHoxecTBa G C
C R" nonHocTbio coBNajaeT ¢ COOTBETCTBYIOUIMM OINpedesieHueM B
caydae n =1 (cm. § 7 . 1).

Onpenenenue 1. Touka My HasmBaeTca zpanunnoll mouxotl myo-
sicecmea G eciis B ;mobott ee OKpPeCTHOCTH HMEIOTCH XOTA Gbl OHA TOYKa
mHoxecTBa G M xoTd 6K OIHA TOYKa, He NpHHaIIeXallas MHOXecTBY G.

U3 ompenenenna cneayer, uro yiobas rpaHuYHas TOYKa MHOXECTBa
G sABnAeTcA rpaHMYHOR M 11 ero gonosiHenua. Touka My € G
ABJIAeTCA TPaHU4HOM Touko#t AnA G TOrAa M TOJLKO TOTrAA, KOrAa OHa
npeaensbHas ana G.

Onpenesenne 2. MHOXeCTBO BceX FPaHMYHHX TOYEK MHOXKECTBa
G HasblBaeTcs zpanuyet! muoocecmea G u obosnavaerca 6G.

Ecau, xax obeiuno, G — 3aMmKaHue MHoxectBa G, a G* --
MHOXECTBO BCEX €[O BHYTPEHHHX TOYeK, TO, OYE€BHAHO,

G=GUdG, G*=G\4G,
G=G"UdG, G'NdG=0.

JleMMa. I'panuya 2106020 MHOIICECTIGE RGAREMCA 3AMKHYMBM MHO-
2HCECMEBOM.

JefticTBuTesbHO, ANa J06oro MHoXecTBa G CNpaBel/IMBO paBEeHCTBO
8G =G\ G*, rne G — 3aMKHyTOe MHOXeCTBO, a G* — OTKphITOe.

-4+ 3.4. Komnaxtn. [Ipexxne Bcero cdopmysmpyeM m aokaxkeM o606-
enne TeopeMnl KaHTOpa O BJIOXKEHHHIX OTpe3KaX Ha n-MepHble KyOH.
Haunem c¢ onpenenenuft. '

Onpenenenue 1. Ilpamoe mnpousBeneHme JIOGHIX N OTPE3KOB
[a1;01], ,-..,[an;bn] Ha3BHIBaETCA 3aMKHYMBM n-MepHBM NPAMOY20AbL-
1M napassesenunedom ¢ pebpaMu, NapasisieJbHEMHE OCAM KOOPIHHAT.
Ecny pnuHBE Bcex OTpe3KOB paBHB d, TO 2TO NpAMoe NpPOM3BefeHHE
HA3KHIBAETCH 3AMKHYMBM N-MepHoM Kybom ¢ peSpoM IUHHH d.

Ha miaockoctu, T.e. oA n = 2, aTH MHOXECTBa Ha3BIBAIOTCH, Kak
06bI4HO, TPAMOYIOJIbHAKAMK M KBaJpaTaMM.

Jlwoboit samkHyTHt napasnesemunen P = [a;; 5] X ... X [an; bn)
ARJIAeTCH 3aMKHYTHIM MHOXECTBOM npoctpaHcTBa R”. MuoxecTBo P* =
= P\ 0P ua3HIBaeTCA OMKPHMUBM NPAMOY20AbHUM NApAAtesenunedom.
Jlerko Buperb, YTo P* = (a1;b1) X ... X (@a;b,). (Hokasate aTH
yTBEDXKIEHHA B KadecTBe ynpaXHEeHHs.)

Ounpenenenne 2. IlocnenoBaTesqLHOCTL N-MepHHX Ky6oB Qk, k €
€ N, HasHBaeTCA n0cedo8AMEALBHOCTIBIO GAONHCEHHNT Xybos, ecnH
Q41 CQr VEk.

Jemma 1. JIobas nocaedo6ameabHOCMY GAOIHCEHHHUT IAMKHYMUT
xybos umeem zromsa 6w odny obwyro mouxy. IIpudem, ecau nocaedo-
eameavHocmo Oaun pebep amur xyboe cmpeMmumca K Hyaw, Mo 3ma:
obwaa mouxa edurcmeenHas.

7— 1402
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Hoka3ateasnctso. Ilycts
Qx =[a¥; %] x ... x [ak;b%]), keN,

Qr4+1 C Qk Vkub"—a =dx Vi=1,2,...,n. Ona moboro ¢ nocneno-
BaTeJIbHOCTh OTPE3KOB [a,~ ; b¥] aBnseTca BioXeHHOR M, cilemoBaTesbHO,
nMeeT Xors 66 onHy obmyio Touky ¢;. Torma Touxa C c KoopauHaTaMiu
€1,€2,...,Cn Oymer obmwelt nna scex Ky6o Q. Ilpuuem, ecom dxy — 0
npu k — 0, To aTa oblas Touka eauHcTBeHHad. JleMma 1 mokasaHa.

Ounpenesenve 3. Hekoropass cOBOKYNHOCTb MHOXECTB Ha3hIBaeT-
CA noxpumuem AAHHOTO MHOXECTBA, €CJIN OHO COAEPXKHTCA B obbeanHe-
HEH 3TOlt COBOKYNMHOCTH MHOXecTB. IloKpHTHE HAa3HIBaE€TCA OMKPHMBIM,
€c/IM BCe er0 MHOXeCTBa OTKpbITHE. IToKphiTHE Ha3LIBAETCH KOHENHBIM,
€CJIM OHO COCTOUT M3 KOHEYHOTO YMCJIa MHOXECTB.

Jlemma 2. U3 a106020 omxpuimozo NOKpumMuUR 02pAHUNEHH020 3G-
MKHYMO20 MHONCECMEA MOueX n-mMeprozo npocmparcmea R" modarcHo
6bideaumd KOHENHOE NOKPHMUE IMO20 MHOINCECTEA.

HokasatenbcTBo. [JokassiBath 6yleM METOOM OT NPOTHBHOTO.
IIpeamosiokuM, YTO CYLIECTBYIOT OTPaHMYEHHOE 3aMKHYTO€ MHOXECTBO
F C R® n HeKkoTOpoe ero OTKphiTOe NOKDHITHE, M3 KOTOPOIO HeJb3f
BbLIEJIUTH KOHEYHOEe MOANOKPHITHE.

Tax kak MHoXecTBO F orpaHMYeHO, TO CYIIECTBYET 3aMKHYTHIH
Ky6 Q c pebpom mnuEm d, comepxaumit 3T0 MHOXecTBO. JlesneHu-
eM kaxjoro pebpa kyb6a Q NOMONIaM TOCTPOUM MOCJIEN0BATENBHOCTS
BJIOKEHHBIX 3aMKHYTHIX Ky6oB Qi, k € N, ¢ pebpamu amnnm d/2%,
yIOBJIETBOPAIOIIKX YCJIOBHUIO: AndA Jioboro k mHoxectBo Fy = FNQ) He
NOKpHIBaeTCA KOHEYHLIM YHCJIOM MHOXECTB JaHHOro MokpbiTud. Ennn-
cTBeHHas obwas Touka My ky6oB Qi (cM. Jsemmy 1) Gymer Toukoft
nNpUKoCHOBeHHs MHoXecTBa F. Tak kak MHoxecTBo F 3aMkHyTO, TO
My e F.

IMo ycsoemio Touka My € F mOKpHIBaeTCA HEKOTOPHIM OTKPHITHIM
MHOXecTBoM G, M3 HNAHHOrO TNOKPHITHA, MO3TOMY cyuiecTByeT € > 0
takoe, 4T0 O, (M) C Go. C mpyroit CTOpOHH, Tak Kak

d
|MM0|5\/'-2—,, VM € Fg,

T0 cyiectsyer K Takoe, 4TO
Vk 2 K Fk C Oc(Mo) C Ga.

OpHako, B CHJIy Halllero NpeanoJIoKeHHd, MHoxecTBO Fj He IOKpHI-
BaeTC KOHEYHBIM YHCJIOM MHOXECTB AaHHoro mokpuTHsa. Ilosyuennoe
NpoTUBOpeYHe NMOKa3HBaeT, YTO Hallle NMpeanoJiokexue HepepHoe. Jlem-
Ma 2 JokasaHa.

ATa sieMMa HasHBaeTcH aemmotl letive-Bopeas o noxpumuu.

Onpenesieane 4. MHOXECTBO Ha3bIBAETCA KOMNAKXMHHM HITH KOM-
naxmom, ecJIH M3 JI060ro ero OTKPHITOrO NMOKPHITHA MOXHO BHIAEJIHTD
KOHEYHOe INOKpHITHE.
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Teopema. Jasn mozo wmobm mnooncecmeo F C R" 6wno xomMa
naxmoM, neobrodumo u docmamouro, wmobwe ono 6ma0 ozparuvero u
3amxnymo.

ifloxasaTenbcTBo. JIoCTATOYHOCTD YCJIOBHA COCTaBJIi€T CoOfep-
)kanne JeMMn [eftne-Bopens. JokakeM HeobXomMMOCTb.

Kaxayro Touky M € F nokpoem oxpectHoctbio O1(M) (wapom
pamuyca 1 c uenTpom B Touke M). Tak kak MHOxecTBo F KoM-
MaKTHOE, TO CYIeCTByeT KOHeYHOe YHCJIO €MMHMYHHX lApoB, KOTOPHIe
MOKPHIBAIOT MHOXeCTBO F', M moaToMy oHO orpanddeHo. JlokakeM, uTo
OHO 3aMKHYTO.

IMycte Mo — npenenbHasa Touka MuoxectBa F. [Ipemmosioxum,
410 Mo € F, M NOCTPOMM INOCJIEAOBATENBHOCTD OTKPHTHIX MHOXECTB

Gy, =R" \b_l/k(MO)» keN,

rne Oy/x(Mo) — 3amknyThilt map panmyca 1/k ¢ nenrpom B Touke Mp.
CoBokynhocth MHOXeCTB G fABJIAETCS NOKPHITHEM MHOXecTBa F, Ho,
OYeBMIHO, HUKaKasd KOHeYHasd COBOKYNHOCTb MX He 0OpasyeT MOKpDHITHA.
CanenoBaTesibHO, Halle NPeANoJioXeHWe HeBepHoe, M nosromy Mo € F.
Teopema noka3aHa.

ITa TeopeMa Ha3BbIBAETCA KPUMEPUEM KOMNAKMHOCTU 6 NPOCMPaH-
cmee R".

3.5. Camaumie n Jsmuelino cemammie mHoxecrpa. QueBuano, Juoboit
n-MepHbIft Wap u Jwobad n-MepHas cdepa ABIAIOTCA CBA3HHIMM MHO-
KeCTBaMH, a obbeAuHeHHe ABYX HenepeceKalolMXcs 3aMKHYTBIX 1IapoB
He ABJISETCA CBA3HLIM MHOXecTBOM. Ianum TouHOe ompegesieHue 3THM
HOHATHAM.

Onpepenenue 1. MHOXecTBO X Ha3hIBaeTCA HECEAZHHIM, €CJIH
CyLIECTBYIOT JIBa HemepeceKalomuXc OTKPHIThX MHOXectBa G M G,
KaXaoe M3 KOTODLIX fepeceKaeTcs ¢ MHoxecTBoM X M obbenuHeHue
KoTopbIX conepkHT X. B mpoTuBHOM ciydae MHOXecTBO X Ha3blBaeTCH
CBA3HBM.

OueBHIHO, ec/IM 3aMbIKaHMe MHOXeCTBa X fABJIAETCA HECBA3ZHHM, TO
n caMo MHOoxecTBo X HecBasHoe. CnegoBaresibHO, 3aMblKaHue Jilo6oro
CBAASHOTO MHOXECTBa ABJAETCH CBASHBIM MHOXECTBOM.

Jlemma 1. Ha npamot, m.e. 8 R, awboit npomexcymox seasemca
CBASHUM MHONCECNEOM, U JPYauT CEAIHUT MHONCECTNE Hem.

HdoxasatenbcTBo. Ilpeanosoknm, YTO CyLieCTBYeT NMPOMEXKYTOK
A C R!, koTophilt He AB/IAETCA CBA3HBIM MHoXecTBoM. Torna, corslacHo
oNpenesieHNio, CYWECTBYIOT OTKPHTHEe MHOXectBa X M Y Takmue, 4TO

XNY =8, ACXUY, XNA#2, YNA+#o.

Nycts z€ XNA, y€EYNA n z<y.

Otpesok [z;y] C A Touko#t z = (z+y)/2 pasnesum Ha ABa OTpe3Ka
[z; 2] u [z; y] u 4epes [z,;y1] 0Bo3HAYMM TOT OTPE3OK, Y KOTOPOTO JIeBhil

7.
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KoHel, npuHaanexxnuT X, a mpaenft — Y. Ilocrymas takmm obpasom
K JaJiee, MOCTPOMM IOCHENOBATEAbHOCTb BJIOKEHHHX OTPE3KOB [Zn; Yn)
TaKMX, UYTO T, € X, yn € Y. Kak H3BeCTHO, 3TH OTPe3KH MMEIOT OAHY
obLIyI0 TOUKY.

Myctb 2o — obwadA TOYKA OTPE3KOB [Zn;Yn]. Torma
lim z, = z0 = lim y,.
n—o00 n-=»00

OTtcioga ciegyer, 4TO TO4Ka 2zp MABJAETCA rpaHMYHO# Kak ayA X,
Tak ¥ an14 Y, a Tak Kak X H Y OTKpmTHE, T0 20 € X M 20 € Y,
4TO NMPOTHBOPEYHT YCJoBHIO Z9 € A C X UY. CaenoBarenbHo, Haue
npeanoJioXeHKne HeBepHoe.

IlokaxeM Temepb, 9TO ec/IH HeKOTOpoe MHoXectBo M C R! ceasmoe,
T0 M — npoMexyTok.

Eciu M comepXuT TosbKO ORHY TOuKy, To M — orpe3sok. Ecmu
M umeer nBe ToukH z u Yy, £ < Y, T0 [z;y] C X. HelicTBuTensHo, ecnu
NpPEeANOJIOXKMTb, YTO CYUECTBYeT TOYKa z TaKad, 4To z € [z;y), Ho 2 ¢
& M, To M 6yneT HecBA3HBIM, TaK KaK OHO COAEPXHTCA B 06beANHEHNH
HellepeceKaomuxca MHTepBanos (—o00;2) u (2;+00). CuenoBartennHo,
eciu a=inf M, b=supM, 10 (a;b) C M u, KpoMe TOro, MHOXECTBY
M wmoryT npnHagnexars Juub a u b. Ilosromy MHOXecTBOo M — 3TO
ONMH M3 NPOMEXYTKOB ¢ KoHmamMu a n b. Jlemma 1 pmokasana.

Jlemma 2. JTwbas nenpepuenaa xpueax 6 R™ aecasemcs ceAsHum
MHONCECTREOM.

JlokasaTesIbecTBO 2TOR JIeMMHB aHAJIOTMYHO AOKA3aTeJbCTBY IEepBOro
yrBepxnaeHua JemMMbl 1. Ilpensnaraercs npoBecT ero B KadecTBe
ynpaXHeHHs.

Onpenenenne 2. MHoxectBo X C R" HashBaeTcs 6unyxasim,
ecsim [MiM2) C X nna mobnix Todek My u Mz w3 X.

JlemMa 3. JTwboe sunyxsoe muoincecmeo X AGAREMCA CEAIHUM.

JokasateabcTBo. [Ipeanonéxkum, uro MHokecTBO X He fABJMA-
eTcA CBA3HHIM, T.e. CYLIECTBYIOT OTKPHTHIe HemepeceKaloluecs MHO-
xkectBa G; u G2 Takme, 4TO

XCGUG:, GjinX+#@, j=1,2.

Torna mobo#t orpesok [MM,], y koroporo M; € G;NX, j= 1,2,
ABNAETCA HECBA3HHWM, TaK Kak [MiM,]C X C G1UG: u G,NG; =@.
CJlemoBaTedibHO, Hallle TpeAnoJioxeHne HeBepHoe. Jlemma 3 noka3aHa.

Onpenenenune 3. MuokectBo X C R" HasmBaerca sunetino
COAINBM, €CJIM JIIoBhle ero JBe TOYKHM MOXKHO COEAMHHTb HenpephBHOMH
KpuBolt, Bce TOYKHM KOTopolt MpHHaasIexXaT MHOXecTBy X.

OueBuano, moboe BHIMYKJI0e MHOXKECTBO ABJIAETCA JIMHEHHO CBASHLIM.

Jlemma 4. JToboe aunelino ceR3H0E MHONCECBO AGAREMCA CEA3-
HBM.

JloKa3aTe/IbCTBO 3TOr0 YTBEpPXIEHHA TOYHO TaKoe Xe, KaK M Jo-
Ka3aTeJIbCTBO JIEMMH 3.
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3ameTnM, 4To Ha mpaAMoft, T.e. B R', NuHeMiHO CBA3SHBIME MHOXKen
CTBaMH HABJIAIOTCA TOJIbKO MPOMEXYTKHM, NMO3TOMY Ha NPAMO# 3aMbiKa~
Hue Jioboro JnHe#iHO CBA3HONO MHOXECTBA ABJAETCA JIMHeRHO CBASHHIM
MHoXecTBoM. B obumeM ciyvae aTo yTBepXKAEHHE ABJIAETCA HEBEPHRIM.

INIpumep 1. [lycts M — MHOXECTBO TOYEK ILIOCKOCTH, KOTOpOe
ABnAeTca rpadpukom dyskuun y =sin(l/z), z € (0;1]. Ouesuano, 310
MHOXeCTBO JMHefiHO cBasHoe. OmHaKo ero saMuniKanme M He Gyner
JIMHe#lHO CBA3HLIM.

MHoxectBo M ectb ob6benuHenne MHOXecTBa M ¥ orpeska [-1;1]
Ha ocn Oy. U3 npeapoJsioxkeHHsA, YTO HEKOTOPYIO TOYKY M3 M MOXHO
COEIMHUTL HENpephIBHO! KpHBoft ¢ HekoTopoit Toukoft (0;yo), cienyer
HeBepHOe yTBepXkaeHHe:

.1
y:sln;—)yo npu z — +0.

CnenoBaTesibHO, MHOXeCTBO M He fABJIAETCA JIMHEHHO CBA3HBIM. (Ha-
TIOMHUM, uTO M, Kak 3aMBHKaHMe CBA3HOrO MHOXECTBa, ABJIETCA
CBA3HKIM MHOXECTBOM.)

Teopema. Ecau omxpumoe mroocecmeo G CIR™ caasno, mo atobue
dse mouxu u3z G Mootcro coeduriumo somanotl, yeauxom aexcaujeti 8 G.

JoxkasaTeabcTBo. Bubepem HekoTOpylo Touky Mp € G n depe3
G 0603HauMM MHOXeCTBO BceX Todek M3 (G, KOTOpHE MOXHO COeIHHHTD
¢ My nomanoft, neaukom nexameit B G.

MuoxectBo Gg orTkpmito. [HeitctBurensuo, eciu My € Gp, TO
M, € G, a Tak kak G OTKpHTO, TO cymecTByer § > 0 Takoe, 4TO
Os(M,) C G. U3 sunykaoctn Os(M,) caenyer, 9To ecam Touka M
npuuamnexur O;(M,), To u orpesox [MiM] npunamaexut Os;(M;).
ToaTomy nobyio Touky M € O5(M)) MoxHO coemMHMTB C TOuKo#t My
noMaHoft, nesinkom nexaueit 8 G. Cnemosarensuo, Os5(M,) C Go.

KpoMe Toro, MuOxecTBo G 0b6J1amaeT ciaeqyomuM CBO#CTBOM: ec/TH
A — ero mpenesibHas Touka B A € G, To A € Gp. [HeltcTBATENABHO,
cymectByet 6 > 0 rakoe, uto Os5(A) C G, a Tak Kak A — mpeesbHazA
Touka ana Go, To B Os(A) cywecrsyer xora 6w omHa Touka B €
€ Go. Torma Touxa A orpeskoM [AB] coemmusercs c Touko#t B m,
cienoparenbio; A € Gy.

U3 nokasanHoro csoitcTBa MHoxectBa Gp caenyer, yto G\ Go =
= G\EE,~ roe Go — 3aMbiKaHHe MHOXecTBa Gp. B wacTHOCTH,
muoxectBo G1 = G \ Gy OTKpHITO.

Teneps, ec/M TPeANONOXHTb, 4To Go He coBnanaeT ¢ G, To G ectb
obbenuHEHHe OBYX OTKPHITHIX HemycThix MHoxecTB Go u G, = G\ Gy,
9T0 HEeBO3MOXHO, TaK KaK MHoxectBo G cBa3noe. CulenoBaTelibHO,
G = Gy, a B Gy mobuie nBe Touku M m M’ MOXHO COeMHHTbL
JiomMaHo#ft, eJqHKOoM Jexale#t B G: 1na aToro cHadasa M coemunaM c
My, a sateMm — My ¢ M’'. Teopema nokasaHa.

CnenctBue. Jloboe omkpumoe CEAIHOE MHONCECMSEO AuHeliHO
CBA3NO.
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Onpenenenne 4. OTKpHTOE CBA3HOE MHOXECTBO Ha3BLIBAaeTCA
obaacmoelo. 3aMbKaHHe 06JIaCTH Ha3bIBaeTcA 3aMxHymoll obaacmbio.

OTMeTHM, YTO 3aMKHYTaf 06JIacTh MOXET GBITh JINHEHHO HECBAZHBIM
MHOXECTBOM.

IIpumep 2. Ilycts G — MHOXeCTBO TOYEK MJIOCKOCTH, KOOPAMHATHI
KOTOpHX YIOBJIETBOPAIOT HEpaBEHCTBaM

.1 .1
0<z<1, sin—<y<sin—+z.
z z

OueBugHO, MHOXeCTBO G OTKPHITO M JiMHe#tHO cBA3HO. Ero 3amni-
kanne G ecTh o6belMHEHHEe MHOXECTBa

{(z,y):0<z<1, sin%ﬁygsin%—kx}

u otpeska [—1;1] Ha ocu Oy. IlpeanosnoxmMm, 4To Touky (z1;y1) € G
MOXHO COENMHHTH C HekoTopo#t Touko#t (0;yp) HempepbiBHO# KpuBOf,
KoTopasi JIeKHT B G W HMeeT npeicTabienne r = z(t), y = y(t),
t € [0;1), mpuyem z(0) = 0, y(0) = yo. Torma z(t) = +0 1 y(t) = Yo
npu t = 4+0. OgHakO M3 HepaBeHCTB

.1 .1
smrt)gy(t)gsm;(t—)--q-z(t)

caenyet, 9to y(t) He umeer npemena npm t — +0. CuenosatesbHO,
Hallle NpeInoJIOKeHHe HeBepHoe.

3.6. Paccrognmue Mexny MHoxecTBaMu. CHavasia onpexesiuM paccTo-
fIHKe OT TOYKM AO MHOXECTBa.
Onpenenenune 1. [daa mobo#t Touknm A m Jo6oro MHOXKeECTBa
X HeoTpHMIaTeJIbHOE YHUCJIO, paBHOe TOYHOHR HIKHel rpaHu paccTof-
uutt |[AM|, rne M € X, HasmBaerca paccmosanuem om mouxu A do
mroorcecmea X M obosnavaerca p(A; X).
Takum obpa3zom,
A; X) = inf |AM]|.
p(4; X) = int |AM]|

Ouesnnno, ecan p(A; X) >0, To A¢ X u, 6onee Toro, A ¢ X, rae
X — 3ambikanme MHOXecTBa X.

Jlemma 1. Ecau mmoxncecmso F C R" samxnymoe, mo das arbodl
mouxu A € R® cywecmeyem mouxa My € F maxas, wmo p(A;F) =
= IAM()‘

JokasatensctBo. Ecim A € F, 10, oueBumno, Mp = A. B
obmeM ciydae, cyllecTBYeT NOCJIeNOBaTeJbHOCTL Touek My € F rtakmx,

4YTO
p(A; F) = lim |AM,|.
k—o00
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Tak kak uMcioBasi nocJjefnoBaTesnbHocTh |AMy|, k € N, orpanuyena,
TO TOYKM M) JieXXaT B HeKOTOpPOM Iiape C ILEHTPOM B Todke A, H
Mo3TOMY HocjemoBaTesibHOCTb {Mj} orpammuena. Ilyctsb {Mi,} — ee
CXOAAAACHA MOMANIOCI/IENOBATE/ILHOCTb, H NycTh Mk, — Mo npu p — oo.
Torma s
p(A; F) = lim |AM;,| = |AMo|,
p—rc0

npudeM Mg € F, tak kak F 3amknyTo. Jlemma 1 moka3saHna.

Cnencreue 1. JJas mozo ymobu mouxa npunadaencara 3amxny-
momy Mmuodcecmey, Heobrodumo u Jocmamourno, wmobwm paccmosrue
om moyxu J0 MMOJICECTNGA PAGHANOCHL HYAIO.

3aMeTuM, 4YTO 37EChH YCJIOBHE 3aMKHYTOCTH MHOXECTBa ABJIAETCHA
CyleCTBEHHHIM, TaK KaK, HalpHMep, ecju MHoXecTBo G OTKpHTOE M
A € 3G, To, oueBumno, A ¢ G, Ho p(A;G) =0.

Onpenenenne 2. [Ina mobux asyx mHoxectB X M Y HeoTpu-
naresibHoe 4uciio, paBHoe inf|AB|, rae A € X, B € Y, Ha3sumBaerca
paccmonruem mexncdy mroocecmeamu X u Y n obosnavaerca p(X;Y).

Jlemma 2. Ecau muoncecmea F u F' samxnymu u odno us wuzx
ozparuveno, mo cywecmeyrom modxku My € F u M| € F' maxue, wmo
p(F, F') = | Mo My|.

JdoxasateabcrBo. Ecin MHoXectBa F m F' nepecekaotcs u
A € FNF', 1o, oueBunro, My = Mg = A. B obmem ciydae CyLiecTBYIOT
IBe MOCJIeNoBaTeNbHOCTH ToyeK My € F n M, € F' Takux, 4To

p(F; F) = kli’ngo | Mk M;|.

INycts, manpumep, MHoxecTBo F orpanudeno. Torma mocsieno-
BaTesibHocTh {My} orpanudeHa, ¥ MOITOMY y Hee €CTb CXoAdllascs
MOANOC/E0BATENBLHOCTD {Mk,}. Iycts M, = Mo npu p — oo. Torzaa

[MoMy, | — My, Mi, || < |MoMi,|—0
IpH p — 0O, H HO3TOMY
p(F; F') = pl—lr?o IMoM,:'I

OTtciona cJeyeT, YTO MOCAEA0BATENBHOCTD {M,ﬁ'} orpaHuueHa u y Hee
eCTb CXOAfAIIafAcA moamocJenoBaTesbHocTb. [lycts Mo — mpenen 3Toit
noxnocnenoparessnoctu. Torma p(F; F') = |MoMg|, npudem Mo € F u
M} € F', tak kak MHoxecTBa F n F' samxnyTnie. JlemMa 2 nokasaHa.

CnenctBue 2. Ecau 06a 3aMKHYMMBWI MHOMNCECTIGA HE NEpeEcexa-
10MCA U 00HO U3 HUT 02PAHUNEHO, MO PaccmoArue Mmedncdy Humu boavuwe
HYyAR.

3aMeTHM, YTO 3/1€Ch YCJIOBHE OTPAHUYEHHOCTH ONHOIO M3 3aMKHYTHIX
MHOXeCTB fIBJIleTCA cymlecTBeHHHM. Hanpumep, ecom Fy u Fo —
rpacduky bynkunft y =z n y=z"2%, > 2, 10, O4eBHMAHO, F; u F;
3aMKHYTH M He NepecekaloTcs, ogHako p(Fi; F3) =0.
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§ 4. Henpepuisable QyHKIMH M 0ToOpaxenus

4.1. Cpoiicrea ¢pynxupit m orobpaxenuit, HenpepuBHLIX B Touxe. B
cllydae MHOTHX NeEpeMEHHBIX ONpefesIeHUA HeNpepLIBHOCTH (YHKLHM B
TOYKe ¥ Ha MHOXECTBE TOYHO TaKMe Xe, KaK M aadA yHkuuit ommoft
nepeMeHHOMR.

Onpenenenune 1. ®ynkuua y = f(M), M € G, HasuBaetca
nenpepyienoll 8 mouxe My € G, ec/In BHINOJIHAETCA YCJOBHE

Ve>0 36>0: YMeOs(Mo)NG f(M) € Oc(wo), (1)

rze yo = f(Mp).
OueBunto, ecsiu Mp — npepieasHas Touka MHoxectsa G, To f(M)
HempephiBHa B To4ke My TOrAa ¥ TOJIBKO TOTAA, KOrAa

Jim f(M) = f(Mo).

A ecnm dbynknua f(M) onpenesneHa B HeKOTOpo#t OKPeCTHOCTH TOYKH
My, T.e. Touka My ABAReTcH BHyTpeHHe# Touko#t mMuoxectBa Dy, TO

J
yciioe (1) MOXHO 3aMEHHTBh YCJIOBHEM

Ve>0 36>0: VM eO0s(My) F(M) € O:(w)

Jna ¢yHKuMit MHOrMX NepeMeHHBIX CHpPaBeAJIMBEI TEOPEMBI O He-
NPEePLIBHOCTH CYMMBI, Pa3HOCTH, NIPOU3BEIEHUA HenpephiBHbIX GYyHKIuiL.
Ux ¢opMyaupoBKE M JOKa3aTeSbCTBA 1O CYWIECTBY Te Xe CaMble, UTO
n ana byuxkuuit onnolt nmepemennoft. IlpensniaraeTcs B KadecTBe yInpaxk-
HeHusa cPopMynupOBaTh H AOKa3aThb 3TH TEOPEMHI.

Y0661 chopMyIMPOBATh TEOPEMY O HEMPEPHIBHOCTH CJIOXKHOU pYyHK-
I[AM, NAJUM OlpefleJleHHE HENPEepPHBHOCTH OTOOpaXKeHHs.

Onpenenenne 2. Orobpaxkenne P = f(M) pelictByomee u3
mHoxectBa G C R® B npoctpanctso R™, Ha3mBaeTCsl HenpepueHbM 6
mouxe My € G, ecsin BbINOJIHAETCA~YCJIOBHE

Ve>0 36>0: VM eO0s(Mo)NG f(M) € O,(Po),

roe Py = f(Mo)

Nycts Touka P = f(M) umeer koopmmnarn y; = fi(M), j =
=1,2,...,m. Toraa, oueBuaHo, oTobpaxeHue f HempepWBHO B TOYKe
My Ttorna u TosibKO Toraa, Korna ¢dyHkuumM y; = f;j(M) nenpeprBHE
B To4dke Mpy.

Ecan orobpaxenne f HenpepHIBHO B KaXAOH TouKe MHOxecTBa G,
TO OHO HAa3BIBACTCA HENpPEPueHHM Ha Mmuodcecmee G.

Teneps chopMySIMPYEM U AOKAKEM MEOPEMY 0 HENPEPHEHOCTRU KOM-
nO3UYUU HENPEPHEHHT omobpadicenutl, KOTOpas ABJIAETCA eCTECTBEHHBIM
oboblieHreM TeopeMHB O HENPEepPHBHOCTH CJIOKHOW byHKLMH.

IycTs 3amanbl orobpaxenuss y = f(z) ¥ z = ¢(t), tne z € R",
y€ER™ n t€R*, n nycts Dy u D, — o6sacTH onpeneseHHA 3THX
orobpaxkeHnit.
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Teopema. Ecau omobpancenue z = p(t) Henpepwero 8 mouxe
to, a omobpadcenue y = f(z) Henpepmero 6 mouxe zo = p(ty), mo
omobpadxcenue y = f(p(t)) nenpepweno 6 mouxe to.

HoxasaTenbcTbo. Bosbmem HekoTopoe € > 0. Toraa, B cuay
HenpepbiBHOCTH oToGpaxkeHHs f B TowKe Zg,

36>0: Vz€Os(zo)NDy f(z) € Oc(wo), (2

rae Yo = f(zo). [Manee, B caNy HenpepLIBHOCTH OTOOpaXKeHHA ¢ B
TouKke 1o,

In>0: VieO,(to)ND, ¢(t) € Os(z0)- (3)

Yepes G 0003Ha4dM MHOXKECTBO, TAE ONpeAeseHo oTobpakeHue
y = f(¢(t)). OueBmano, to € G u G C D,. Torna m3 ycnosnit (2) n
cienyer, 4To

V€ Oy(t) NG f(p(t)) € Oc(yo)-

Teopema noka3sana.

BMecto TouewHoro orobpaxkenusa P = f(M), neicryiowero us R"
B R™, MOXHO paccCMaTpHBaTh COOTBETCTBYIOIUIYIO BEKTOPHYI0 pyHKIHIO
y =f(x), rne x € R", y € R™. s BekTopHhX dyHKnmit cnpasen-
JIABa TeopeMa O HENpPEepPHBHOCTH JiMHeHHOH# KOMOMHAUMM HenpephIBHBIX
¢ynxuuit. (CopMyanpoBaTh B AOKa3aTh B KaYeCTBE YNPaXKHEHHH.)

{°4.2. Caolicrea bynxmmit m orobpaxenmii, HenpepHBHEX HA orpaHm-
YeHHBIX 3AMXHYTHIX MHOXecrBax. Kak m ans gucioBbix pynkumit, nis
orobpaxenntt, meficrByromux us R® B R™, cnpaBemsnuBa cienyouas
TeopeMa.

Teopema. Ecau omobpascenue f, deticmeyrowee uz R® e R™,
HENPEPHBHO HA 02PAHUNEHHOM 3AMXHYMOM Muoxcecmee G, mo MMo-
acecmeo f(G) modrce ozpanuvenroe u 3amxnymoe.

Hoxasarenbctso. [Ilycts P; — npemenbHas TOYKa MHOXECTBa
f(G). Torna, coryiacHO ONpeReJIEHHIO NMPEREJILHOM TOYKH, CyIEeCTBYeT
nocsienosatenbHocts {Pi} Takaa, 4o Py € f(G), P« # Po Vk u
Py = Py npu k — oco. Ilycrs P, = f(My), Mk €G.

Tak kak MHOXecTBo G OrpaHHYeHO, TO mocjenoBaTenbHocTb { M}
ToXe OrpaHMYeHa, M MO3TOMY Yy Hee CYUIECTBYET CXOAAAACA MNOMIO-
ciienosatenbHocTs {My,} TlycTs 3Ta MoamoC/Ien0BaTE/ILHOCTD CXOAMTCH
K Touke Mjy. OueBngHo, Touka My ABJfeTCA NpeneabHO# TOYKOH
mHoxecTBa (G, a Tak Kak MHoxectBo G 3aMkHyToe, To Mp € G.

N3 senpepniBHOCTH oTOOpaxenus f B Touke My caenyer, 4To

lim (i) = £(M0) = P,

u nostomy Py € f(G). Cnenosarenbno, mMHOXecTBo f(G) comepXur
mobylo CBOIO NpenesbHY0 TOYKY, T.e. OHO 3aMkHyToe. Kpome Toro,
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mobas ero npefienbHas Touka Py sBifercs o6pa3soM HEKOTOpOH TOUYKH
My € G, m nosroMy fABnserca kKoHeuHo#h. Orcioma cioenyer, 4To
mHoxecTBo f(G) orpaHudueHHoe. Teopema noKa3aHa.

CanenctBue. Ecau dynxyus y = f(M), M € G, nenpepuwena
NG 02PANUMENHOM 3aMKKYmMOM Myoxcecmee G C R}, mo Mwodcecmeo
f(G) C R! mosce ozpanuvenmoe u samxrymoe. B wacmmuocmu, cpedu

saemenmos muodcecmsa f(G) ecmov xax nauboaviusee, max u HauMeHb-
wee.

Kak #3BecTHO, OrpaHMYeHHOEe 3aMKHYTOE MHOXECTBO TOYEK IMpo-
crpaicrsa R” sBnserca xomnaxmom. B 3THX TepMHHaX AOKa3aHHYIO
TeopeMy MOXHO Cc(OpPMYJIMPOBaTb TaK:

IIpu nenpepwsrom omobpadiceruu obpasom xomnaxma A6AREMCA
xoMnaxm.

4.3. Cspolicrea ¢pynxumit m orobpaxenmii, mempepHBHMEX Ha /M-
nelino cBE3MEIX MHOXecTBax. B 2TOM nyHkTe 0606mMM Teopemy o
NPOMEXYTOYHHX 3HaYeHHAX HenmpepHBHo# GyHKUMH Ha cjydalt MHOrHX
nepeMeHHBIX.

Teopema 1. Ecau gynxyus y = f(M) M € G, nenpeprisra Ha
Aunetino ceasrnom muodcecmeée G C R® u npunumaem na G 3Havenus
a ub, a<b, mo ona na G npunumaem u awboe smavenue c € (a;b).

Hoxasateabcto. lycts a = f(A), b= f(B), A€G, BeG.
Coenunnm Toukn A n B nmempepuiBHo#t kpuso#t AyB C G. Ilyctb sra
KpHMBafi MMEET lpeAcTaB/ieHHe

x=x(t), tE€[a;4], (1)

npuyeMm x(a) ¥ x(f) — panmyc-BexTopn Touek A m B.
N3 TeopeMhl O HeNpepHIBHOCTH CJOXKHOM ¢hyHKUMH chemyeT, 4TO
dbyukums y = f(x(t)) renpepniBHa Ha orpeske [a;f]. Kpome Toro,

f(x(@)) =a, f(x((B)) =2b.

Toraa ¥3 TeOPEMBI O NPOMEXYTOYHHX 3HAYEHMAX YHCJIOBOH pyHKUMH
onmuoft mepemeHHoft ciienyer, uTo aTa dyHKUMA Ha orpeske [a;f] npu-
HUMaeT Jioboe 3HaueHHe ¢ € (a;0). A Tak Kak OHa fIBJAETCHA Cy)XeHHeM
naHHOH yHKIUH, TO TeopeMa 1 Hoka3aHa.

Tenepp chopMynMpyeM H HOKaXKEM AHAJOTUYHYIO TEOpeMy JJIf
HenpepHBHHX oTO6pakeHnit.

Teopema 2. Ecau omobpascenue f, deticmeyrowee uz R ¢ R™,
HENPEPHEHO Ha auHedHo cef3Hom muoocecmee G, mo muodcecmeo f(G) .
moodice aunellno ceasnoe.

Hoxkasatenncrso. Ilycts P = f(A), Q= f(B), A€G, BeG.
Coenmanm ToukH A m B HenpepmBro#t xpusot AyB C G. Ilyctb 3Ta
KpuBasi MMeeT npexcrasJenne (1).

Ouepuano, f(x(t)) € f(G) Vt€ [o;8] m f(x(a)) = P, f(x(8)) =Q.
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U3 TeopeMBl 0 HempephIBHOCTH KOMIIOSHIMM HeNpepbiBHBIX 0TO6pa-
XeHult csienyer, 4To BeKTopHas ¢ynkumsa y = f(x(t)) HenpepsiBHa Ha
orpeske [a;f]. Ona 3amaeT HempepuiBHYI0 KPHBYIO, KOTODas JIEXKHUT B
J(G) m coenmuser Touku P u Q. Cnemopatenbno, MHoxectBo f(G)
JsnneftHo cBa3noe. Teopema 2 mokasaHa.

TakuMm obpa3oM, npu Henpepuerom omobpascenuu o6pazom aunetino
CBA3IHO020 MHONCECTNEA ABAREMCA AUNELIHO CERA3HOE MHONCECTNGO.

B cJjeaylomeM MnyHKTe 6ylle'l‘ AOKa3aHO AaHAJIOrMYHOE YTBepXIAECHHe
ANA CBA3HBIX MHOXECTB.

4.4. Crolictpa orofpaxenmuii, nmenpephBHLIX Ha OTKPHLITHIX MHOXe-
ctBax. [Iyctb f — HekoTopoe oTobpaxkeHne MHoxectBa G n-MepHOro
npoctpancTBa R” B m-MmepHoe npoctpanctBo R™. Toraa asa .oboro
mHoXectBa B C R™ wmHoxkecTBo Bcex = € G rakmx, 4ro f(z) € B,
Ha3bIBaeTCA NPoobpasom WM noanvim npoobpasom muodcecmea B u
obosnavaerca f~1(B). Takum obpasom,

f1(B)={z€G: f(z) € B}.

B yactHoctH, eciu BN f(G) =@, To f~}(B) =0.

Teopema 1. Omobpaxcenue f omxpwumozo mwooncecmea G npo-
cmparcmea R™ 6 npocmpancmeo R™ nenpepmero na G mozda u moavko
mozda, xoz0a npoobpa3 4106020 OMKPUMO20 MHOHCECTNEA ABAREMCA OM-
KPBUMMM MHONCECTNGOM.

Dokasatenbctbo. Ilycth orobpaxenue y = f(z) onpesenero u
HenpeprIBHO Ha OTKpHTOM MHOXectBe G. Ilokaxem, 4to npoobpas
moboro oTkpriToro MHoxectBa U C R™ ecTh OTKpBITOE MHOXECTBO.

Ecau Mmuoxectso f~!(U) mycroe, To yTBepXOeHHe OYEBHIHOE.

Mycts 3TO MHOXeCTBO HemycToe, m mnycts zo € f-!(U). Torna
¥ = f(zo) € U u, kpome ToTrO,

Je>0: O.(w)CU, (1)

Tak Kak MHoxecTBo U OTKphToe. A B CHsly HenpepbiBHOCTH OTOGpa-
XKeHnd f B Touke I,

36>0:  f(Os(20)) C Oc(vo)- (2

Us yrBepxaennit (1) m (2) cnenyer, 9ro
35>0: Os(zo) C F~1(Oc(w)) C £ (V)

T.e. TouKa zo fABJIfeTca BHyTpenwef#t mas f~!(U). Caenosarennuo,
muoxectso f~}(U) orkpmiroe.

Ilyctb Tenepb oTobpaxenne f Takoe, 4To NoJiHE# mpoobpas f~1(V)
Jgoboro OoTKpuToro MHoxectBa U ABJAETCA OTKPHITHIM MHOXECTBOM.
IMokaxkeM, 4TOo OHO HempephiBHO B JiloGo#t Touke o € G.
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Ilycrs yo = f(zo). Torma ana moboro € > 0 MuoxecTBo f~1(Oc(10))
oTKphiToe, 2o € f~1(0.(y0)), n nosromy

36>0: Os(zo) C ' (Oe(w0))-
CnenroBaTesbHO,
Ve>0 36>0: f(Os(z0)) C Oc(wo),

T.e. oTobpaxenue f HenpepmiBHO B Touke To. Teopema 1 nokasama.
Teopema 2. ITycmv omobpadncenue y = f(z) Henpepwisno wa om-
xpumom muodxcecmee G. Tozda, ecau muodxcecmeo X C G ceasno, mo
mroxcecmeo f(X) modce ceaswo.
Hokasarenbctbo. [IpeanonoxuMm, uro MHoxecTBo f(X) HecBas-
Hoe. Torma cymecTBYIOT HenepeceKaiouMecss OTKphIThle MHOXecTBa G,
u G, Takue, 4TO

f(X) CG1UG,, f(X)nGJ #9, j=1,2.

o Teopeme 1 muoxectBa f~!(G;), j = 1,2, oTkpurnie. Kpome Toro,
JICI'KO BHAETH, YTO OHM He NepeceKaloTcs, NX obbequHeHne cogepXKHT X
M KaxJoe M3 HMX nepecekaercda ¢ X. A 3To 03HadaeT, YTO MHOXKECTBO
X HecBs3HOe, M NMOITOMY Halle NpeAnosioKeHue HeBepHoe. Teopema 2
JIOKa3aHa.

%4.5. PaBHoMepHo HenpepuiBHHe ¢yHxupH W otoGpaxemms. Hamo-
MHMM, 4910 ynkuma f(M), M € (G, Ha3mBaeTcd HenpephiBHOH Ha
MHoXecTBe (G, ecyii OHa HeNmpephHBHa B KaXAO# €ro Todke, T.e. €CJM
BHIMOJIHAETCA YC/IOBHE:

VMoeG| Ve>0 36> 0:YMeG, [MMo|<5: |F(M) - F(Mo)|<e. (1)

3aMeTHM, YTO 3aechb § 3aBHCHT KaK OT €, TaK M oT M.
Onpepenenue 1. ®ynkuua f(M), M € G, uasbiBaercsi pas-
HOMeEPHO Henpepwisroll Ha Mmuodxcecmee G, ecnum aja moboro € > 0
cymectsyeT 6 > 0 Takoe, 4yTo Ans JobHX aByx Touek M n M’ u3 G,
yaosieTBopsiomux yciosuwo |[MM'|.< §, cnpaBeanuBo HepaBEHCTBO

|f(M) - f(M')| < e.

Ycnosne paBHoMepHO# HenpepbiBHOCTH yHKIMH f Ha MHOXECTBe

G B JIOTHYeCKHX CHMBOJIaX BHIIVIAOAT cJjeAylolum obpasom:
Ve>036>0: VMM e€G, IMM'|<§: |f(M)-f(M')ij<e. (2)
3aMmeTHM, 4YTO 3eCh 4 3aBUCHT TOJIBKO OT E.

Ou4eBUIHO, €CJIM BLIOJHEHO ycJOBHE (2), TO M BHINOJHEHO yCJIOBHE
(1), T.e. ecnim byHKUUA DABHOMEPHO HeNpepbiBHAa Ha HEKOTOPOM MHO-
JKEeCTBe, TO OHa HelpephiBHA B JioBol Touke 3Toro MHoxecrpa. Kak
NOKA3LIBAIOT NPHMepHl, 06paTHOE YTBEDXKAEHHE SIBJIIETCA HEBEPHBIM.

Onpenenenne 2. aa mobo#t pyuxkuun f(M), M € G, sennuuna

wy(8) = sup |f(M) - f(M')]
IMM!|<é

rme M € G 1 M' € G, nasuBaeTcss Modysem nenpepeHocmu PyHxyuu
f na muoxectBe G.
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WUs onpenenenns caeqyet, 4To MOayJ/ib HENPepPHBHOCTH /060# DyHK-
oM — 3TO (PYHKIMA, KOTopad onpenesneHa njsa Jioboro § > 0, Moxer
OpPMHHMATb JIMIIb HEOTPHLATesIbHHlE 3HaYeHMA M 3HadeHHe -+00 H,
OYeBHMIHO, AIBJIFETCHd MOHOTOHHO Bo3pacTaiollelt.

Teopema 1. [Jasn mozo ymobu yrxyus f(M), M € G, 6waa pas-
HoMeEpHo HenpepwsHoll Ha Muooicecmee G, neobrodumo u docmamouno,
NMObB BHNOAHANOCL YCAOBUE

Jim wy(6) = 0. (3)

HJoxasarenscrso. Ilycrs ynkuua f(M) paBHomepHo Hempe-
puiBHa Ha MHOXecTBe (G. Torama, corsnacho yciyoBmio (2),

Ve>0 3Ip>0: |f(M)—-f(M')|<§

o mobux M u M’ us G, ynoeserpopsiomux yciosuio |MM'| < 1.
Orciona caenyert, 4to

Vie () w@)<s <e

TakuM o6pa3oM JOKa3aHO, ITO M3 yCJIOBHsA (2) ciemyer yciaosxe (3), T.e.
yciioBHe (3) ABAfeTcs HeOOXOMMMBIM A/ PaBHOMEDHOR HenpepbHBHOCTH
¢ysknun f Ha MHOXecTBe G.

HoctaTounoctsb yciopns (3) cnenyer u3 Toro, urto ecain |[MM'| < §, To0
If(M) = f(M")] < wy(8).

Teopema 1 noka3aHa.

Mpumep 1. ®ynknusa f(z) =sinz paBHOMepHO HenpepbiBHa Ha R.
HeficTBuTenbHO, MO TeopeMe Jlarpamxa o cpenHeM, AJif JIIOOLIX T; H
z; cywectsyer £, Jiexallee MeXAy Z; M Z3, TaKoe, 4YTO

f(z2) = f(z1) = f'(€)(z2 — =1).

Orciona cienyer, 4To
wy(d)<é V>0,

u noatoMy wy(8) = 0 npu § — 0. Ilo Teopeme 1 dbynkuna f(z) =sinz
paBHOMepHO HenpephiBHa Ha R.

Mpumep 2. ®ynxuma f(z) = sin(l/z) He sBAAETCA paBHOMEPHO
HenpephiBHO# Ha muTepsase (0;1).

910 yTBepXIeHHe .cieAyeT M3 TOro, 4To

wi(d)=2 V&>0.
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Ilpumep 3. Paccmorpum dynkmuio f(z) = z® npu pasHuHX a B
Ha pasHeIX mpoMexyTkax A C (0;+o0).
1. ®yukuua f(z) = z* npm n0boM a paBHOMEDHO HempephiBHA
Ba JoboM otpeske [a;d], y koroporo a > 0.
JeficTBUTENBHO, B3 TeopeMHl JlarpaHXka O CpeHeM cJeAyeT, 4To

wi(6) < C6 V48>0,

rae C = |a]a®~!, ecit a <1, u C = ab*~!, ecnm a > 1.
2. Ecim 0 < a <1, 10 dynkuus f(z) = z® paBHOMepHO Hempe-
puiBHa Ha (0;+00).
Jsa mokasaTenbCTBa 3aMETHM, 4TO PasHOCTh (z <+ 6)* — z%, kak
dyHKnMA oT z, MpE paccMaTPHBaeMBIX & MOHOTOHHO y6mBaeT. Cuemo-

BaTeJIbHO,
wy(8) =6* V&>0.

3. lIpn mobom a < 0 dymkuma f(z) = z* Ba mo6oM HHTep-
Bajie BuAa (a;+00), rae a > 0, paBHOMepHO HeNpEpHIBHA,
a Ha JoboM uaTepBasie BHua (0;a) He Gymer paBHOMepHO
HenpephIBHOM.

HeficTBuTesibHO, Ha HHTepBaJje (a;+00)
wy(d) < |ala*"16 V&> 0,
a Ha uHTepBaye (0;a)
wy(d) =400 VI>0.

4. Mlpn mobom a > 1 dbynkuua f(z) = z* Ha mobom KoHey-
HoM HHTepBaje (0;a) paBHOMEpHO HenpephiBHa, a Ha Jil060M
BeckoneqnoM uHTepBaJe (a;+00) He ByneT paBHOMepHO Hempe-
PpBIBHO.

Do creayer W3 TOro, YTOo Ha KoHeyHoM HMHTepsaie (0;a)
wy(6) < @a® 16 V& >0,
a Ha 6eckonmeynoM HHTepBaJie (a;-+00)
wy(d) > (z+6)*—2*>az* !5 Vz>a,

¥ moatoMy wy(d) =+o0 Vé > 0.

Teopema 2. Ecau dynxyua f(M) onpedenera u Henpepmena Ha
ozpanuvennom samxHymom muodicecmee G C R™, mo ona paenomepmo
senpepuena na G.

JokasaTenscTBo. JoKka3nBaTh 6yneM MeTOHOM OT NMPOTHBHOTO.

[pennonoxnm, uro dynkmunsa f(M) He ABNAETCA paBHOMEDHO He-
npepriBaolt Ha G. Torma

Jeo>0: VE>0 IMM €G: |MM'| <4, |f(M)—- f(M')]|> éo.
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Yepes M m M) 0GO3HaYMM TOYKH H3 3TOrO YCJIOBHSA, KOTOpHIE CO-
orBercTByloT d = 1/k, Te. My w M, nprHasnexar MHoxectBy G &
TaK#e, 4TO

IMML| < &, 1f(Mk) = F(ML)] > eo. (4)

Tak kak MHOXecTBo G OrpaHH4YeHO, TO NMOCJENOBATeJbHOCTb { Mk}
OrpaHHYeHa, ¥ O3TOMY y Hee eCThb CXOAAIIAACA NO/NOC/IeAOBATEIbHOCTE
{M,,}. Tycts

lim M; = Mo.
p—+00 4
Orciona u u3 ycnoena |MgM,| < 1/k cnenyer, uro

. '
Pl-l'l'{.'lo Mk' = Mo.
A Tak xak MHoXectBo G 3aMkHyTO, TO My € G.
®yukuna f(M) HenpepuiBHa B Touke My, mostoMmy

|f(Mk,) = F(Mi )| < 1f(Mk,) — f(Mo)| + |f(Mo) — f(My,)] -0

npu p — 00, YTO NPOTHBOPEUYHUT YCJIOBHMIO (4), KOTOpOE CjeAyeT M3 Ha-
wero npeanosioxeHus. CJlefoBaTesIbHO, 3TO NPEANOJIOXKEHHE HEBEPHOE.
TeopeMa 2 moxkasaHa.

STy TeOpeMy HHOTZa Ha3HBAaIOT meopemoti Kanmopa o paeromeprotl
nenpepssrocmy. KpaTko ee popMyJIMpYIOT Tak:

DYHKYUR, HENPEPHBHER HA KOMNAKME, PAGGHOMEPHO HENPEPHEHA.

Kak cjienyeT n3 pacCMOTpeHHRIX IPHMEPOB, BCE YCJIOBUA TEOPEMHEl 2

. CYIECTBEHHH.

Cnencreune. Ecau gynxyus Henpepwmera Ha nexomopom ompesxe,
MO 0HA PAGHOMEDPHO HENPEPHGHA HA IMOM OMPE3XKeE.

B xoHne 3aMeTHM, 4TO AJNA oTobpaxkeHHMi#t, KaKk H ANA yHKuuiL,
ONpeneIAIOTCA PaBHOMEPHAA HENMPEPHRIBHOCTb M MOAYJ/Ib HENPEPHIBHOCTH
H JOKa3HBAaIOTCA TEOPEMH, aHaJIOrHYHhle TeopemaMm 1 m 2.

Otobpaxenne f: G — R™ HashBaeTcA pasHOMEPHO HENPEPBEHBM
Ha mroocecmee G, ecnu

Ve>0 36>0: VYM,M' €G, |MM'|<é: |f(M)f(M')]|<e.

Besnuuna
wy(@) = sup |f(M)f(M),
IMM'|<é
rie M € G u M' € G, Ha3sniBaeTca ModysreM Henpepsienocmu omobpa-
acenus f na muoocecmee G.
Teopema 3. Omobpasxcenue f(M), M € G, pasnomepro nenpe-
pueHo Ha muooicecmee G mozda u moavko moada, xozda

Jl_l’rilow!(é) =0.

HoxasaTesibcTBO 3TOH# TeopeMBl aHAJIOTHYHO JOKa3aTeJIbCTBY Teope-
MH 1.
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Teopema 4. Ecau omobpadxcerue f Henpepueno HAG Hexomopom
xomnaxme G, mo oHo pasHomepro Henpepviero Ha G.

HJokasaTensctBo. I3 HenpepuBHocTH oTO6paxenns f Ha MHO-
xkectBe G ciaenyer, 4To maa Joboro € > 0 BHIOONHAETCA YCJIOBHeE

VM, €G 35,>0: YMEOs, (Ma)NG |f(M)f(Ma)| < e.

CoBokynHocTh BceX OTKpHTHX MHOXecTB Oj,/2(Ma) ABnferca no-
KpoiTHeM KoMnakTa G. DBbifepeM u3 2To#f COBOKYNHOCTH KOHeYHOe

NMOKPBLITHE!
OJ;/Z(MI)) resy OJle(MN)-

Mycts 6 = min{dy,...,6n}. Toraa nna mobuix Touek M u M’ us
G rakux, uto |[M'M| < §/2, Bunonnserca ycnopne

di: Me 06;/2(Mi), M e 0;,(M;),
H 1o3TOMY
|F(M) f(M")] < |F(M)F(M;)] + | f(M:) f(M')] < 2.

Taxum obpasom, ang moboro € > 0 MOXHO YKa3aTh Takoe d > 0, 410
ana mobeix Todek M u M’ w3 G Takux, 4ro [M'M| < §/2, cnpaBeanuso
HepaBencTBo |f(M)f(M')| < 2¢. OueBuaHO, oTciofa cJjenyeT, 4TO
orobpaxkenue f paBHoMepHO HempepmiBHO Ha G. Teopema 4 nokasana.

Jloxa3aTesIbCTBO TEOPEMH 4 CYWECTBEHHO OT/IHYAaeTCA OT AOKasa-
TenbcTBa TeopeMul 2. OHO NpMMEYaTesIbHO TeM, YTO CNpPaBEMJMBO AJIA
JO6HIX oToBpaXkeHuit, HeMPepHBHHIX Ha KOMIAKTax.

§ 5. duddepenmmpyemsie pyHkimu ¥ UX cBolicTBa

5.1. Onpenenemna. Jna Gosbluelt HarJIAZHOCTH M MPOCTOTHI CHavasa
paccMoTpUM yHKLIAN ABYX NlepeMeHHbIX.

Mycts dyuknua z = f(z,y) onpeneseHa B HEKOTOPON OKpecTHOCTH
ToukH (Zo,¥o), M nmyctb Az =z — z9, Ay =y — y. Torma pasnocts

Az = f(zo + Az, yo + Ay) — f(z0, o)

Ha3hIBAaeTCH nNoAHuM npupsujenuem $ynxyuu f 6 mouxe (Lo, Yo)-

Onpenenenne 1. Oynkuua z = f(z,y) HaswBaeTca duddepenyu-
pyemotit 8 mouxe (Zo,yo), €C/IM OHa ONpefiesleHa B HeKOTOpo# oKpect-
HOCTH 3To#f TOUKM M eCJIM CyUeCTBYIOT NocTrosHHele A u B Takme,

410
Az = AAz + BAy + y(z,y)p, (1)

rae p=/(Az)2 + (Ay)? n ¥(z,y) = 0 npu p = 0.
O6niuHo ycioBre (1) 3amMCHBAIOT Kopoue:

Az=AAz + BAy+o(p) mpn p—0.
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3ameTHM, 4TO ycsoB¥e (1) 3KBHBAJIEHTHO YCJIOBHIO
Az = AAz 4+ BAy + a(z, y)Az + B(z,y)Ay, (2)

rae a(z,y) > 0 n B(z,y) 2 0 npu p — 0.
He#tcrpuTesbio, u3 ycnopusa (1) craeayer yciosue (2), B KoTopoM

TaK Kak vp = aAz+ BAy, |la| < |, 18] < 1.
C npyroit cTopoHH, u3 ycaosus (2) ciaeayer ycnosme (1), B koTropom

Az A
1=a=2+0=%, hi<lal+ ol

Teopema 1. Ecau dynxyusa z = f(z,y) Juddepenyupyema o
mosxe (Zp,Yo), MO 8 IMOll MouKE OHG HENPEPHEHG U UMEEM NACMHBE
! !
npouseodnmne f; u f,.
HdokasaTtenbcTBo. [lepBoe yTBepXAcHHe ABJIACTCA OYEBHIHBIM.
Jns nokasatesnbcTBa cyuecrBoBanns f,(Zo,yo) B ycnosuu (2) nonoxum
y = yo. B pesysbTaTe nonyunm paBeHCTBO

Ayz= AAz + a(z,yo)Az,

rae Azz = f(z,y0) — f(zo, %) 1 a(z,y) = 0 npn z — zo. Cuenopa-
TeJIbHO, YacTHas npoussogHad fi(Zo,yo) cyumecTByeT M paBHa A.

AHaJOTHHO, MOJIOKHUB T = Zg, NOJY4UM fy(Zo,y0) = B. Teopema 1
ZIOKa3aHa.

Onpenesenne 2. Ecnu dbyukuus z = f(z,y) auddepenunpyema
B Touke (Zo,Yo), TO JiMHeltnaa byHKuUNA

fe(zo, yo)Az + fy(x0,y0)Ay 3)

OT mepeMeHHHIX Az M Ay Ha3sHBaeTcA noavuM Jufdepenyuasom MR
npocto duddepenyuarom Pyrxyuu f 6 mouxe (zo,yo) M obo3HaYaeTCA
df(zo,yo) wim dz. B aToM cnyuae nepemennbie Az M Ay Ha3HBaIOTCA
dud peperyuaramMu HE3ABUCUMBT NEPeMeHHBT T ¥ Y M 0OO3HAYalOTCA
dr n dy.
Taxkum obpasom,
dz = fydz + f, dy, 4)

Az=dz+o0(p) npu p—0. (5)

3ametnM, yto B dopmynax (1) u (2) Az m Ay Takue, 4TO TOUKa
(zo + Az, yo + Ay) npuHannexuT obnacTn ompenesieHus bynkuun f, a
nuHeitnas ¢ynxkuusa (3) ompenesiena mna mobeix (Az,Ay) € R?.

Us dbopmysi (4) u (5) caeayer, uto dufdepenyuar $ynxyuu pa-
een zaaeroll aumetinotl wacmu npupaujenus Gynxyuu (OTHOCHTETBHO
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NpHpallleHUs HE3aBHCHMHIX nepeMeHHnXx). HMHorma 3To ceofictBo And-
depennuana 6epercs B KadecTBe €ro ONpelesIeHHUs.

Adna cdynxkmuit ogHo#t mepemenno#t aucddepeHUHPYEMOCThH pPaBHO-
CHJIbHa CYIIECTBOBaHHIO KOHe4YHO# mnpou3BoaHoit B paccMaTpHBaemoft
Touke. B cnydae aAByX HMepeMEHHHIX CYylIeCTBOBaHHE YacCTHHIX IPOH3-
BOJHBIX He ABJIAETCA NOCTATOYHHM JaXe AJIA HENPEPHIBHOCTH (PYHKINA.
Hanpumep, dyakons

f(z,y) =sgnzy
paspuiBHa B ToukKe (0;0), oqHako B 2TOM Touke OHa MMeeT obe YacTHHE
npoussonnble f; W f;, paBHHE HyJIO.
Teopema 2. Ecau fyrxyus f(z,y) umeem sacmume npoussodnvie
f: u f, 6 nexomopoti oxpecmnocmu movuxu (o, yo) u smu npouseodnne

Henpepwenn 6 movuxe (Zo,Yo), mo dynxyur f(z,y) duddepenyupyema
6 mouxe (zo,Yo)-

JokasaTenncrBo. Yepes O, 0603HaUUM E-OKPECTHOCTb TOYKH
(zo,¥0), B KOTOpO#t cymecTsylor nmpomssoauste f; u f,. Torma, ecam
(z,y) € Ot) TO (zoly) € Oc H

f(zl y) - f(&()y yO) = (f(zn y) - f(zO:y)) + (f(xO)y) - f(xos IIO)),

npuYeM K pasHOCTAM B cKOOkax MOXHO MpUMEeRMTb Teopemy Jlarpamxa

0 cpeaHeM:
f(z) y) - f(lo,y) = f:':(fsy)Azs
f(-"-'o,y) = f(z()) yO) = f,’,(‘fo,ﬂ)A%
rae £ JIOXHT MEXAy T M Zo, a 1) — MEXAY ¥ M yo. A Tak Kak f, n
f!', HenpepuIBEM B To4Ke (Zg,Yp), TO
fe6,y) = fo(zo,m0) +a,  fy(2o,n) = fy (2o, %0) + B,

rme a—0u -0 npu p=+/Az? + Ay? = 0.
Takum obpasom,

f(z,y) — f(zo, %) = fz (20, 10)Az + f (20, o)Ay + aAz + BAy,

rme a -0 n >0 npu p— 0. Teopema 2 mokasaHa.

Bce onpeneneHHs M YTBEPXKIEHHA 3TOTO NMyHKTa NMEPEHOCATCA M Ha
obwuft caydaft.

IMycts ¢ynkmusa z = f(x) onpeneseHa B HeKOTOpPO#l OKpecTHOCTH
TOYKM Xg, M NycTh AX=X—Xp ¥

Az = f(xo + Ax) - f(xo).

Torna dynkuusa f(x) HasbiBaerca Juddepenyupyemoli 6 mouxe Xo,
€CJIM CyNECTBYIOT NMOCTosiHHME A;, Ajz,..., An Takue, uTO

Az = E AiAz; + a(x)||Ax||,
=1

rae a(x) = 0 npr ||Ax|| — 0.
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JokasniBaeTcs, YTO B 3ToM ciayyae A; = 2, (X0), Te.

n g
ar=3" a—iAz,- + o(||Ax]])

i=1
npn ||Ax|| - 0.

Ecnn dynkumus 2 = f(x) mnddepenunpyema B Touke Xg, TO JH-
Heltnasa yHKIRA

OT nepeMeHHHX AZ),...,Az, HasmBaerca Juddeperyuasom Pynx-
yuu f B Touke Xo M obo3mavaerca dz mam df(xo), a nepeMeHnhe
Az, ..., Az, — Oufddeperyuasamu 1e3acUCUMNT nepemenHur u 060-
3HavaoTcA dz,,...,dT,.

Taknm obpasom,

dz = ig—idm;,

i=1
Az=dz+o(||Ax]| +0 npu [|Ax||— 0.

Teopema 2'. Ecau Pynxyus f(x) umeem wacmmwe npoussodrvie
8f/8zx;, i =1,...,n, 6 nexomopoll oxpecmmocmu MmouKu Xo U IMu
npoussodnvie HenpepueHn 6 mouxe Xg, mo Pynxyus f(x) duddepen-
yupyema 6 movuxe Xo.

U3 ompenesnenns 1 cnenyer, uro mucdpdepennupyemocts GyHKIHK
olnpenesieHa TOJIbKO BO BHYTPEHHHX TOYKaX ee obJiacTH OnpenesieHus.

Onpenenenne 3. ®ynkuus f HasmBaeTca dudPeperyupyemoil Ha
muoncecmee G C Dy, ecnu ona muddepennupyema B Kaxno# Touke
3TOr0 MHOXECTBa.

OueBnzHO, 4TO B 3TOM Cjy4ae KaX/Jad TOYKa MHOXecTBa G JOJDKHA
6bITh BHyTpeHnHeft ny1s MHOXecTBa Dy. CnenopaTenbHo, 4Tobn GyHKIAA
f 6uina maddepennupyema na muoxecrse G = Dy, HeobxomuMo, 4TOGH
MHOXecTBO G OHLIO OTKpHITOE.

Onpepnenenne 4. ®yuknusa f, onpenesieHHad Ha OTKPHITOM MHO-
xectBe G, HasnIBaeTcA Menpepuieno Juddepenyupyemots na G, ecsu
oHa Ha G MMeeT HelpepHBHHE YacCTHHE NPOM3BOHHHE.

U3 Teopemnl 2 (cooTBeTcTBEHHO, 2') ciieflyeT, 4TO eciim DYHKUMA
HenpepuiBHO muddepeHnEpyeMa Ha HEKOTOPOM OTKPHITOM MHOXECTBE,
To oHa M AuddepeHUApPyeMa HA ITOM MHOXKECTBE.

5.2. Iuddepemmponanme cinoxnolt pynxupmm. CHayasia pacCMOTPHM
npocreiimuit ciayualt, korna ¢pyukuua uMeer Bug 2z = f(p(t), ¥(t)), rae
f(z,y) — obyskuma apyx nepemeHHmX, a @(t) # Y(t) — byRkunn
OHOro mepeMeHHoro t.
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Teopema 1. Ecau dynxyuu o(t) u Y(t) duddepenyupyemmu 6
mouxe tog, a Pynxyus f(z,y) dufpepenyupyema 6 mouxe (zq,yo), 20e

zo = p(to), ¥ = ¥(to), mo caroxcras Pynxyua g(t) = f(p(t), ¥(t))
dud peperyupyema 6 mouxe to u

9'(to) = fz(z0, Y0)¢' (to) + fy (0, yo)¥' (o). (1)

HoxasarenbcTBo. U3 nuddepenmupyemoctn dbynkunt o(t) n
%(t) B Touke tp, a bynkumu f(z,y) B Touke (Zo, Yo) COEAYET, UTO CJIOK-
Haa ¢ynkunsa g(t) = f(p(t), ¥(t)) onpenenena B HekoTopo#t oKpecTHOCTH
Os(to) Toukm to. Kpome Toro, ecan (z,y) € Dy, To

f(z,y) = f(zo,%0) =
= f;(20, %0)Az + f(z0, y0)Ay + a(z,y)Az + Bz, y)Ay, (2)

rie Az=z—1zo, Ay=y—yo u a0, =0 npn (z,y) = (2o, ¥o)-

Hoonpenenum dynkuun a u § B Touke (§o, Yo) MO HeMpepHIBHOCTH,
nosioXkuB  a(Zo,¥) = B(zo,¥) = 0, ¥ noacraBum B pasencTBO (2)
BMecTo z M y 3HaveHus o(t) u Y(t), t € O.(to). B pesyabrare
NOJIyYHM pPABEHCTBO

9(t) = g(to) = fz(zo, o)Ay + fy(zo, o)A+
+a(p(t)), ¥(t)Ap + B(p(t)), ¥(t)) Ay,

rae Ap = p(t) — p(to), Ay = Y(t) — ¥(to). Orciona cnenyer, uro

t]l»ra ﬂti:+o(t°) = fi(zo,y0)¢¥'(to) + f;,(zo,yo)tﬁ'(to).

Teopema 1 mokasana.
®opmysay (1) KOPOTKO 3aNMCHIBAIOT TakK:

& _0fdz  0f dy
dt ~ Oz dt Oy dt’

PaccMoTpuM npuMep, NMOKa3bIBAaIOUAH, YTO Bce yCJIOBHA TeopeMH 1
CylLeCTBEHHHIE.

Mpumep. Pynkuua f(z,y) = v/|zy| B Touke (0,0) nMeer HacTHHIE
npoussonunte f7(0,0) = f,(0,0) = 0, onnako cnoxnas bynkuua g(t) =
= f(t,t) = |t] B Touke t = 0 He MMeeT mpou3BogHOM. DTO NMPOMCXOAMT
n3-3a TOro, 4ro dynkumua f(z,y) He nuddepennupyema B Touke (0,0).

Tenepb chopmynnpyeM B moKaxkeM TeopeMy o nudpdepeHuHpyemo-
CTH cJioxHO# ¢ynkumu B obieM BHIe.
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Teopema 2. Ecau dynxyuu pi(t), i = 1,...,n, Juddepenyupyes
M 6 mouxe to € R™, u fynxyua f(z) 0u¢¢epenqupye.ua 6 mouxe

Xo = @(to), mo croxcnas pynxyus g(t) = f(p(t)) duddepenyupyema
mouxe to u 8 amotl mouxe

6g _ = 6_f6::.-

HokasatenbctTBo. Us muddepenunpyemoctn dbynkumn f(x) B
TOYKe Xo CJEeNyeT, 4TO

f(x) = f(x0) = Z(fé.-(’m) + ai(x))Az;, (4

rae a;(x) - 0 npu x — Xq.

Hoonpenenum yHKUUA «;(X) B TOUKe Xy, MOJIOKHB a;(Xo) = 0,
M noacTaBkM B paBeHCTBO (4) x = ¢(t). B pesysibrare nosyuum
PaBEHCTBO

g(t) —g(to) = E(f.l,-, (x0) + ai(p(t))Ap;

i=1

tie Ap; = pi(t)—pi(to). A Tak xak PpyHknuu p;(t) muddepenumpyemnt
B Toudke tg, TO

Ag; = Z (a‘P' (to) + ﬂ.,(t)) At;,

i=1
rae f;j(t) ~ 0 npu t — tg. CienoBaressHo,

a0=3 (L5552 aur

i=1

+E (Z &f ai(e(t)) + Z 3z, P (t) + Za,(«p(t))ﬂ.,(t))

i=1
u nosroMy ¢yHkumsa g(t) nuddepennupyema B Touke to,
of Oyp;
di
=3 (S50 4
i
M, B YaCTHOCTH, cnpaseasusa c¢opmyna (3). Teopema 2 nokasaHa.
Us dbopmynn (3) caenyer ceoticmeo ureapuarmuocmu $opms nos-

no20 JufPeperyuana. A MMeHHo, ecyiM z;, i = 1,2,...,n — He3aBHCH-
Mble TIEpEMEHHKIE, TO

df = E - dz;, (5)

n—l
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rae dzr; — auddepeHIHaNN HE3ABHCHMBIX TepeMeHHRIX T;. Eciym xe
z; = pi(t), ToO
m n n
Of Opi of
f ;; 31:.- at_, dJ o 03.’ d:!.',, (6)

rae dr; — aadpdepenumann byHkunit z; = p;(t). Xora B (5) u (6)
dz; mMeloT pasHuIft cMBIC], Ho ¢opMa nuddepennmaa ofHa H Ta Xe.

5.3. KacareqbHas INIOCKOCThL XK MNOBEPXHOCTH M reoMeTpHuecKmil
cMbica1 moiHoro gu¢depenupmana. CHavasla HANOMHHMM oIlpefieJieHHe
KacaTeJIbHO# K rpaduky byHKIHH.

IIycrs xKpuBas v fABAfeTcA rpacpMKOM HenpephBHO# yHKUMH y =
= f(z), n nycts My € 4. Torna, Kak H3BeCTHO, KacaTeNbHast K KpHBOH
¥ B Touke M, onpenenanachb Kak MNpefesibHOE INOJIOKEHHe ceKyuieft
MoM, M € 4, xorma M — M,. O3ro onpepnesieHAe PaBHOCHJILHO
cieayiomemy:

Ilpamaa | HasHBaeTca KacaTeqbHO# K KpuBo#t ¥ B Touke My € v,
eciu p(M;l) = o(|lMMp|) mpg M — Mo, M € 4, Te.

p(M;l) _

Mll)njlo lMMoI - 0’
rae p(M;l) — paccrosnme. or ToukM M go npsamoit [.

PaBHOCHJIBHOCTb 3THX olipefiesieHult TIpell/IaraeM NOKa3aTh CaMOCTO-
ATEJILHO, B Ka4ecTBE YNPaKHEHHA.

Io aHasloruu ¢ J3HHHM Bhllle onpelesieHHeM KacaTesbHOM K rpa-
duky byskumu y = f(z) maauM onpeesieHHe KacaTesbHOH NJIOCKOCTH
K rpaduky dyukmuu z = f(z,y).

Ilyers ¢ynkomsa f(z,y) onpenesieHa H HenpepHBHa B HeKoTopolt
OKDECTHOCTH TOYKH (Zo,¥0), ¥ NMycTh S — NOBEPXHOCTb, 3IaJaHHAA
ypaBHeHueM z = f(z,y), T.e. S — rpaduk bynxmau f, a My — Touxa
C KOOpDIMHATaMH ZTo, Yo ¥ zo = f(Zo, ¥0)-

Onpenenenne. ILIockocTh p HasHBaeTcs XacameavHoil NAOCKO-

cmbro x noseprrocmu S B Touke My € S, ecnm p(M;p) = o(|M M)
npu M = My, M €S, Te.

. p(Mip) _
Ml-l-bnRIo [MMo| — Mes, (1)
rae p(M;p) — paccrosinMe oT ToYKH M 10 HJIOCKOCTH P.
Teopema. I'pagux gynxyuu 2z = f(z,y), onpedeserriolt 6 nexo-
mopotl oxpecmmnocmu moyxu (To,Yo), UMEEM HAKAOHHYIO KACAGMEALHYIW
naockocms 8 mosxe Mo mozda u moavko mozda, xozda dyrxyus f(z,y)
dudpepenyupyema e mouxe (zo,Y). B smom cayuae xacameavras
NAOCKOCMS UMeEEMm YpasHeHue

z = f(zo, ) + fz(20, %0)(z — z0) + £y (z0, ¥0) (¥ — %) (2)
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doxasatenbcrBo. U3 ycaoBua (1) ciemyer, 4to KacaresnbHas

IUIOCKOCTb P K TMOBEPXHOCTH B Touke My 00fizaTeslbHO HPOXOOUT
4Yepe3 TouKy Mp, a TaK KaK OHa HAK/JOHHasi, TO OHA MMeeT ypaBHeHHe

z= 20+ A(z — z0) + B(y — w), (3)

rme A ¥ B — HexoTOpHe 49HCJIa. BHYHCIHM pacCTOSHHME OT TOYKH
M € S ¢ xoopamuaramu z,y ¥ 2 = f(z,y) o @Toft maOCKOCTH P:

1
P(M;p) = 5|8z — AAz — BAy|, (4)

tne N=V1+A2+B%, Az=z—-29, Ay=y—1, Az = f(z,y)-
_f(zO:yO)'
Ecnun ¢yukuns f muddeperuupyema B Touke (Zo,yo), TO

Az — fal.‘(zox yo)AC - f,’,(zo,yO)Ay = 7(21 y)pl

rae p=\/Az24+ Ay?> u v - 0 npr p - 0. Torma ans MIOCKOCTH P,
3anaHHOM ypaBHenueM (2), mMeem:

p(M;p) _ lvle <H L,

IMMo| N\/p?+Az?~ N
npu M = My, M € S, tax kak p < |[MMy|. Caenosaresnsro, 2Ta
IUIOCKOCTb ABJIAETCH KacaTeJbHOM X mosepxHOcTH S B Touyke Mp.
Hoxaxem Tenepb o6paTHOe yTBepXAeHHE, 3 HMEHHO, IOKAXeM, YTO
€cJIM MoBepXHOoCcTb S B To4Ke My MMeeT KacaTeJbHYIO IUIOCKOCTb BHIa
(3), To dbysknma f(z,y) maddepenunpyema B Touke (Zo,Yo).

Hs ycnosua (1) cnemyer, 4ro cywectsyer § > 0 Takoe, WTO IJId
moboit Toukn M € O5(Mo) NS

p(M;p) 1

MM, < 2N
niIH, yunTeBas dopmyiy (4),

|Az — AAz — BAy| < %\/A.’z’ + Ay? + Az2.

Torma 1
|Az] - |A| - |Az| - |B| - |Ay] < 5(p +1Az]),

LAsl < VAT F Bi 4 35, 1811 < o,
rae C =1+ 2VA? + B2, Orciona cienyeT, 9T0O B OKPECTHOCTH TOYKH

My |MM,| < V1+ C?p, u nosromy

|Az— AAz - BAy| _ . IMMo| p(M;p)

=0
p P | M M|
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npu p — 0. CnenobarenbHo, bynknua f(z,y) B Touxe (zo,yo) audde-
pesumpyeMa, u B atofft Touke f; = A, f; = B. Teopema nokasana.

U3 nokasanHo#t TeopeMnl, B 4aCTHOCTH, CJeNyeT, 4To rpacpuk ypas-
Henus z = f(z,y) B smobo#t Touke My MOXeT HMMeTb TOJILKO OSHY
HaKJIOHHYIO KacaTeJIbHYIO IJIOCKOCTb, 3aflaHHylo ypaBHenuem (2). Us
ypaBHenns (2) Buamo, yTo mossmilt auddepenunan bynkuny f(z,y) B
Touke (To,Yo) PaBeH NPHPALIEHHIO ANNJIMKATH MJIOCKOCTH, KacaTellb-
Ho#t k rpadmky aToft yHkuun B Touke My. B 3TOM H cocTOHT
reoMeTpudeckuit cMeICa moJsiHoro nudgepeHunana.

5.4. YacTHhie NMpoMsBOmMbie BHLICHIMX mopsuxos. Ilycth ¢ynkumus
f(z,y), (z,y) € G, nmeer wacTHne npomssomune f;(z,y) u fi(z,y).
STH NpOM3BOAHKIE HA3BIBAIOTCA NPOU3sodHBMU Nepeozo nopadxa.

YacTHhle MPOM3BOAHBIE OT NPOM3BOLHLIX NMEPBOro MNOpAAKa Ha3biBa-
I0TCH npou3sodnsmu 8mopozo nopadke ot dbynkuun f u obosHavaloTca

of &f f 8
0z2’ OBzdy’' Oydz' Oy?
(i (7] "

Wi f., fry, fyer fyy- Y1 BOOGlle, JacTHas NMpoMSBOIHASA OT YacTHOM
npousBogno#t (n — 1)-ro mopsnka HaskBaeTcA “acmnoll npouseodrotl
n-20 nopadxa or paccMaTpuBaemoft dymnkumm. Kpome Toro, 6ymem
CUHTaTb, 9TO NPoU36oJHAR Hyaee020 nopadxa — 3To caMa yHKIHSA.

Ilpowsponunie f!' m f!. HasHBalOTCA CMEWAHHBMU.

zy yz
NMpumep. Paccmorpum dyskuno f(z,y), onpenenensyio paBeH-
creamu: f(0,0) =0 n

T 2 _ 42
fen) =28, @) # 00

Hna wee f,(0,y)=—y ana moboroy u fy(z,0) = z mna moboro z.
CanenopaTenbho, ) .
,",(0,0) = -1, y,(0,0) =1,

1"
zy

!

T.e. y orofft GYHKUMH CMelIaHHLIE NPOH3BOIHLIE ye B TOUKe

(0,0) cymecTsyiot, HO

2y(0,0) # £:(0,0).

YKaXeM ROCTATOHHOE YCJIOBHE PaBEeHCTBAa CMEMIAHHKX MTPOW3BOAHBIX
BTODOrO MOPAAKA.

TeopeMma. Ecau gynxyua f(z,y) e nexomopotll oxpecmnocmu mov-
xu (2o, Yo) uMeem vacmmuwe npoussodnwe fr, u fy, u smu npoussodnve
Henpepwenun 6 mouxe (Zo,Yo), mo

2y (20, ¥0) = fyz(Zo, ¥0)- (1)
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Hokasateabcrtso. Ilycts dynkmua f(z,y) onpenmesena B §-ok-
pectHoctt Oj5(Mp) ToukE My c xoopaMHaTaMm zo, Y. Torma, ecnm
Touka (z,y) npunamnexut Os(M;), To, oyeBmnHo, TOYKM (Zo,y) H
(z,y0) Toxe npunapnexar Os(Mp), u, 6onee Toro, B Os(Mp) sexur
Bechb 3aMKHYTHI#l NPAMOYTOJIbHHK C BEplIMHAMH B 3THX TOYKAaX.

Hnsa (z,y) € Os(Mo) paccMOTpAM pasHOCTH
Acf = f(5.0) - fz08),  Ayf = f(z,5) - f(z,%0)
M Pa3sHOCTK OT 3THX pasHoCTei
Ay(Asf) = (f(2,9) — F(20,4)) — (F(2,30) — f(20, %0)),
A:(Ayf) = (f(2,9) - f(z,30)) — (f(z0, ) — f(20, 30))-
Ina moboit pynkuun f, sanannoit B Os( M), 9TH pasHOCTH onpeaeseHb
U, OYeBHIHO,
Ay(Azf) = A(AyS).
Monoxnum A;f = ¢(z,y). Torna
Ay(Acf) = o(z,9) — (2, 30)
1 JyskimA ¢(z,y) npH PAKCHPOBAHHOM T MMeET NMPOH3IBOAHYIO HO V:
oy(z,9) = fy(z,3) — fy(zo,v).

Ilo Teopeme Jlarpamka o cCpefHeM CYWIECTBYET 7)1, Jiexallee MEXAY Yo
4 Yy, Takoe, 4TO

e(z,y) — ¢(z,%0) = ¢y(z, m)Ay,
rae Ay =y — yo. AHaJIOTHYHO,
36 fylz,y) - fy(zo,y) = fyz(61,4)Az,
e Az =z — 2o ¥ §; NeXHTr Mexay zo u z. CienosaTenbHo,
Ay(Acf) = ¢y (z,m)Ay = fi. (61, m)AzAy. (2)
Monoxkus Ayf = ¢¥(z,y), aHAJIOrHIHO JOKA3HIBAETCH, 4YTO
A&, m:  A(AySf) = ¥.(62,9)Az = f7, (§2,m) AzAy, (3)

rae §3 JIGKHT MEXAY To M Z, 8 f)2 — MEXKAY Yo M V.
Us (2) u (3) creayer, 4To

y‘::(flp "l) = f:y(&?v "2)

ans mobo#t Toukm (z,y) € Os5(Mp). Orciona B npenese mnpe (z,y) —
— (20, yo) mosyvaem pasencTBo (1). Teopema mokasana.
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N3 pokasaHHOM TeopeMH ciedyer, YTO ecjiM (YHKIMA OT n Ne-
peMeHHRIX B OKPECTHOCTH HEKOTOpoM TO4YKM M, MMeeT NpOM3BOLHBIE
BTOpOro MOpAAKa M 9TH IIPOM3BOJAHEIE HeNpephIBHH B Toyke Mp, TO
HX 3HaYeHHWA B TouKe M, He 3aBHCAT OT mnopaaka auddepeHuUpo-
panuna. J[lasee, nycts ¢yHkuua f B OKpecTHOCTH Todku My HMeer
HenpephIBHHE YacTHble NMPOM3BOAHBIE BTOpOro mopsaaka. Tornma, ecim
f B OKkpecTHOCTH TOukM M, KMMeeT NpPOM3BOAHBIE TPETbEro MOpAAKa M
39TH MPOU3BOAHEIE HENPEPHIBHH B To4Ke My, TO HX 3HaYeHHA B TOYKe
M, He 3aBHCAT OT mopaAka AMdEPEpPeHLMPOBAHAA. DTO yTBEPKIEHHE
no MHAYKuMH obobuaercs Ha MpoM3BoAHME MO6Oro Mmopsaka.

Tak Kak YacTHbie HPOM3BOAHLIE 3JIEMEHTADHHIX hbyHKuUHH ecTh 3Jie-
MeHTapHbhle YHKUMH, TO OHH HenpepHBHH B CBoeit obsiacTH onpege-
neHusa. CulemoBaTesnbHO, MJiA TakuX YHKIM# 3HadyeHMA CMELIaAHHBIX
NPON3BOAHKIX He 3aBUCAT OT MopaAaKa auddepenumponanua. Hanpumep,

0% f 0% f o4f 0‘f

0z dydz ~ 0z20y'. 0Oz0dydxldy 0220y

®ynxuua f, onpenesieHHas Ha OTKPHTOM MHoxectBe (G, HasH-
BaeTci m pa3 Henpepwero Juddepenyupyemoti na G, ecqim oHa B
KaXJO# TOYKE 3TOr0 MHOXECTBa MMeEET HeNpepbiBHblE MPOU3BOLHBIE
m-ro nopaaka. OueBuaso, 3Ta ¢pyHKIHUA HenpepniBHa Ha G u sobad
€e NMpOM3BoJHadA Mopsanka k < m HenpepnBHa Ha G.

5.5. IIpowssognas no Hampasienmio ¥ rpamuent ynxupu. Jact-
Hele pOM3BOAHKle (PYHKUMH MHOTHX llepeMeHHhIX BHPAXKaloT ”CKOPOCTb
n3MeHeHHs” (YHKIHHM MO HANpaBJIEHNMIO KOODAMHATHRIX ocelt;  moaro-
MY MX HAa3hIBAIOT ellle NPOU3BOAHKIMH "B HaNpaBJieHHN KOOPAWHATHHIX
oceft”. Bo MHOrMX NpHKJaJHHX 3ajladyaX NpeAcTaBJIfAeT WHTepec "CKO-
pocTs HM3MeHeHMs” ¢yHKuMH (T.e. ee NpOM3BOINHAA) M MO APYTHM
HanpaBjeHuAM. JaauM To4YHOe ompenesieHAEe NOHATHIO "NpPOM3BONHAA
¢yuxuun f B Touke My mo HampamneHmio I”.

Iycts dynkuus f onpenesieHa B HEKOTOpO# OKpecTHOCTH Touku My
C pamyc-BEKTOPOM Ip a HAIpaBJEHMe 33JaeTcA eIMHUYIHHM BeKkTopoMm l.
Toraa, KaK M TpH oNpeJeIeHHN YACTHHIX NPOM3BOAHBIX, AA dYHKUNH f
B Touke M paccMOTpUM pa3sHOCTb ¢ liaroM h B HampaBJieHuu BeKkTOpa l:
f(ro+ hl) = f(ro), u cooTBeTcTByIOUEE PaSHOCTHOE OTHOLIEHHE:

firo + W) = f(eo) )

Onpenenenue 1, Ilpenen passocrHoro otromwenusa (1) npn h — 0
Ha3blBaeTCA npouseodnoti gynxyuu f 6 mouxe My no nanpasasenuro 1

n obo3HavaeTcs Z—{(Mo) ann aa—'{(Mo).
Taxum obpa3oM, 1O omNpenesieHHIo,

f(ro + hl) = f(ro)
h

% (Mo) = im ®)
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Ilycts B mpocTpaHCTBe BBefieHa NPAMOYTOJIbHas AEKApPTOBA CHCTe-
Ma koopraunHar. Hafinem ¢opmysy n1s BHIYMC/IEHMS NPOM3BOAHONR OT
dyskuum f B Touke My ¢ KOOpAMHATaMM Io, Yo, Zo 11O HaMpaBJIeHHIO
BexTOpa I c HampaBJAIOWMMH KOCHHYCaMH cos @, cosf, cos+y.

Teopema. Ecau dynxyua f duddepenyupyema 6 mouxe My, mo
8 3motl mouxe oxa umeem npouseoduyro no awbomy nanpasaeruio I,

npuvem s of 5 s
-(%(Mo)= oL cosat %cosﬁ+ Eg-cos-y, (3)

20e wacmuvie npouseoduvie ewvvucaern 6 mouxe My.

HoxasarenncTno. Us dopmyan (2) cregyer, uro npomssoanas
dbynkuun f(z,y,z) B Touke (zo,yo,20) Mo HampaBaenmio [ — 3T0
Opom3BoHas byHKIWH

@(h) = f(zo+ hcosa,yo + hcos B, z0 + hcosy)

no h B Touke h = 0. IToTeopeme o auddepenunpoBanun cnoxuolt pyHk-
muu npoussoaHas ¢'(0) cyuwecTByer M BhluMcsseTca mo dopmysie (3).
Teopema nokasaHa.

Onpenenenne 2. Ilycts pyukuna f(z,y,z) auddepennupyema
B Touke My. Torna sextop c koopmumatamu fi;(Mo), fy(Mo), f;(Mo)
HasbiBaeTcAl 2paduerimom Pynxyuu f 6 mouxe My m obosHadaeTcs
grad f(Mo).

M3 dopmynm (3) cnenyer, 4To B Touke My rpamuent ¢ynkuum f
M NpOM3BOJHAS NO HamnpasJieHuo | CBA3aHH COOTHOUICHHUEM:

of _
5= (grad f,1).
CnegoBatesbHo,

%)I: = |grad f| cos(grad f,1),

rae (grad f,\l) — yroa mexay sektopamu grad f u l, m nosromy
8
max 9 (o) = |grad f(Mo)),

roe makcumym 6epercs MO BCEBO3MOXHBM HarnpaBJyeHuaM [.
OueBnano, ecnu grad f(Mp) # 0, TO 3TOT MaKCHMYyM MOCTHraeTCH
-
Jguwb Toraa, xoraa cos(grad f,I) =1, 1. e. koraa | mMeeT HanpaBJeHHe

grad f.

Taxum obpasoM, zpaduenm pynxyuu f 6 mouxe My — amo eexmop,
xomoputl yxasseaem Hanpasaerue naubosvuezo 603pacmanu’l Pynryuu
f 6 mouxe My u dauma xomopozo pasHa npouseodwott gynxyuu f e
mouxe My no amomy nanpassenuro. Otcioma cjenyeT, YTO TPagHEHT
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dyrkuun f B KakImOM ToUKe ompemesfieTcA TOJIbKO camolt ¢yHKImeft
¥ He 3aBHCHT OT BHIOOpa CHCTEMH KOODIMHAT.

O obo3HayeHHA TrpaideHTa YacTO HMCHOJBb3YIOT CHMBOJIMYECKMt
BEKTOD
o .0 é

HashiBaeMhIfl onepamopom 'amuavmonria uiam onepamopom nabaa. Torma
wadf=vf, L =(vs

B 3akJloyeHHe OTMETHM ellle OAHO CBOMCTBO rpalMeHTa.

Ecnu muddepennupyemans ¢dbyskuns f nocTtoaHHa Ha auddepeH-
umpyemoit kpupo#t I', To rpagmenr ¢bynkmum f B Toukax Kkpuso#t I
OpTOroHaJieH 3Toi#t KpHBO#.

JHeftcrBuTenbHo, ecin kpuBas I' 3anana ypasHenneM r=r(t),t €A, To
f(z(t),y(t), 2(t)) =const VteA
H, CJIeJOBATeNbHO,
i + fiy + fi' =0 VteA,
te. (Vf,r') =0 B mobo#t Touke kpusoit I

5.6. duddepemupana pucumx nopamxos. Ilycts dynknma f(x),
x = (z1,...,Z,), ONpefesieHa M HMeeT HeNpephIBHHE YacTHhle NPOU3-
BOJHBIE BTOPOro MOpsAAKa Ha OTKPhIToM MHOoXecTBe G. OueBuiHo, 3Ta
pyuxuna auddepeHunpyeMa Ha G ¥ ee NepBhle NPOU3BOAHKE TOXKE
nuddepenunpyems Ha G.

PaccmorpuMm nuddepeHnnan

#x) =3 2 ge,

i=1

KaK (YHKUMIO OT X, cuMTas dr; = AZ;, NOCTOAHHLIMH, M BO3bMEM
andgpepenunadn or aTolt GyHKIMM:

n n n 2
d(df (x)) = ;§16 (af(x)) dz; =Y (Z %;sz) dz; =

i=1 \y=1

n 32f
- ,Jz_:l 6::,6

(3mecw mucpdpeperuman ot df (x) aia oTmyHa obo3HaveH He Gyksoitd, a
Gyksoit 4.):

dz;éz;.
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3nayenre ancgdepenuuana or nepporo auddepenumana yHKUHH
f(x) npm dz; =dzj, j=1,2,...,n, HasnBaeTca emopum Jud Pepenyu-
aaom pynxyuu f n o60333qae'rcsi d? f. TakuMm obpasom,

d*f = E a -, dide;.

Ana byskunn z = f(z,y) aTa dopmysa umeer Bua

Of 2, B f
2, _0°f 5 2
&z =g de + 255 vl

Huddepenyuan k-20 nopadxa onpesensercas no WHAyKuMA. I[lycTb
¢ynkuua f ¥MeeT HenpephiBHBIE YacTHHIE MPOH3BOAHHE k-ro nopsaaka
Ha MHoxectBe G. Yrtobnl nosy4ynTn nmixbepeﬂuua.n d*f, nano BasTh
nuddepenunan or auddepennnana d*

s =s| o GZE g ""’”‘*-‘) '

1 6::;1 . .6:.-k_

dzdy + — dy®.

£, kel =
M noJioxuth 6z; = dr;. B pesysbraTe monyumm:

k . .
d*f = 2 ax., az., dz;, dz;,.

l], ,tk-l

Jna byskumn z = f(z,y) aTa dopMyna umeeT BHA

k
o f -
d*f = Zc,{a“ay,dz idy.

Ona pokasuBaerca munykume#t mo k. Ilpennaraerca nokasats ee
CAMOCTOAITEJIbHO B KayecTBe yNpaKHEHHA.

5.7. ®opmyna Telinopa. Ina nanucanus dbopmynn Teitsiopa B
ciydae ¢yHKOM# MHOrHX NepeMeHHHX YRo6HO BOCMO/Mb30BATHCA OUG-
depeHUMaIbHEIM ONEpaTOpOM

(V,Az) = 6 Az1+ +aa Az, (1)
rae Az,-:z,--—:ci, i=1,2,...,n. Torna
(v, Az)f(z°)— f A:cl+ .+ of ——Az,,
Oz,

rae 4acTHhle NMPOH3BOAHKIE BBIYYHCJIEHBRI B TOYKe z°.
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Teopema. Ecau dynxyur f(z) onpedesera u m pas menpepwmeno
dudpepenyupyema e Hexomopotl S-oxpecmmocmu mouxu z°, mo Oas
a060z0 z € O5(z°) cywecmeyem 0 € (0;1) maxoe, wmo

m-1 1

f(e) = Y (V. 82l (%) + (Y, A2)"f(z 4 6Az),  (2)

k=0

2de (V,Az)* — k-s cmenens onepamopa (1).

HokasatenbcTBo. 3adukcupyem Touky z € O5(z°%) m paccmo-
tpum dyuknmio p(t) = f(z° +tAz). Ira bynkuua m pas HenpepnBHO
nuddepennupyeMa Ha HEKOTOPOM HHTepBajie, cofep)KalleM OTpPe30K
[=1;1]. CacnoBarensno, cywectsyer 8 € (0;1) Takoe, 4ro

" 1 1
o(1) = 3 o™M(0) + —et™(6).

k=0
A Tak xak p(0) = f(z°),

¢ =Y 2L ()82 = (v, 82)1(),
i=1 $

##)(0) = (V,Az)* f(z°), »™(6) = (V,Az)™f(z° + 0Az),
TO TeopeMa NOKa3aHa.
®opMmyna (2) HasuBaerca gopmyasoldl Teilropa ¢ ocmamounsm “ae-
nom 6 gopme Jlazpardnca.
CaencrBue 1. Ecau gynxyus f(z) onpedesena u dudpeperyupye-
Ma 6 nexomopoti 8-oxpecmuocmu mouxu z°, mo das awbozo z € O5(z°)
cyyecmeyem 6 € (0;1) maxoe, wmo

f(z) — f(z°) = (VF(z® + 0Az), Az). (3)

®opmyna (3) HasbiBaeTcA FopMyaoll xoHeunwr npupauenutl.

CnencrBue 2. Ecau $ynxyus f(z,y) deyr nepemennnz = u
y onpedesena u n pa3 wHenpepueno OudPepenyupyema 6 Hexomopod
oxpecmyocmu mouxu (Zo,Yo), mo das awbott mouxu (z,y) € Os(xo, Yo)
cywjecmeyem 0 € (0;1) maxoe, wmo

n-1 k Lgl)k—jf( , ) j .
fle) = & & =S oo - ml v-w)*

k=0 j=

+ z": (z— ’{o')j (v- fo)"'j DiD~ f(zo + 0Az, o + 6AY),  (4)
e jli(n— )

2de D; u D, — onepamopu Judgepenyuposanus no z u y.
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JdokasaTenbcTBOo. B ciyvyae nByx mepeMeHHHX = H y nud-
depennmanbubift onepatop (1) umeer sun D Az + DyAy. Toraa no
dopmyne 6uHoma HbloTona

k
(D: Az + DyAy)* f(zo0,50) = )

=0

k! o o
j!(k—j)!DiD: I f(zo, yo) AT AYF 7,
n nosroMy c¢opmysa (4) ectb wacTHH cayualt dopmysn (2).

Yrob6u obumyio dpopmyny (2) pacndcaTs 4epes npoM3BofaHEle, BBeAEM
HEeKOTOphle HOBhle 0603HAYeHHdA, HO MmpeXie MOoKakeM ofaHO obobiieHne
dopmynn 6uHoMa HbioToHa.

Jlemma. Jas awbozo vamypaavrdeso k u aobuxr wucea ay,...,an
cnpasedausa dopmyara

1

k _ k! a a

(a1+...+a,.) = Z mall ,.an"’ (5)
|al=k

rie a = (aj,...,&p) — TOYKA C HEJLIMH HEOTPHIATENbHHIMH KOOP-

onHataMH, |a| = oy + ...+ an, B CyMMHpOBaHHE HAET MO BCEM a, Y
KOTOpHX |a| = k.

HdokasatenscTBo. Bocnosnbayemca MeTomoM MaTeMaTH4ecKol
naaykuun. Ilpu n = 1 ¢dopmyaa (5) oveBunna, a nmpm n = 2 oHa
coBnagaer ¢ ¢opmysolt 6unoma HeiotoHa. anee, mna moboro m € N
CNpaBeMJIMBO yTBepXJieHue: ecan ¢opmysaa (5) Bepra ana n = m, To
OHa BepHa ®H Ana n = m + 1. [HelicTBuTesbHO, mo ¢dopMynae GuHOMa
HbloToH2

k!
(al +...+am+am+l)p = E : |—T(a1 +--.+am)pa;1"]:lv
B+ampr=k ﬂ'am'H.

riie CYMMHpOBaHHe MJET MO BCEM UEJIHM HEOTPHUATENBHBIM B U Qmyl,
IJ1A KOTOPHIX 8+ a4y = k. OTciona m M3 Halllero NpeAnoJIOXeHAsA

1
(01+...+am)p= E ﬁa‘f'...aﬁ’n’"
ar1+...4+am=8 12 -Gm:

nosiydaem paBeHcTBo (5) mpm n=m+ 1.

CnenoBarensno, dopmysa (5) cnpasennusa ans Jo6oro HaTypasb-
Horo n. JleMMa goKa3aHa.

Touka a = (ay,...,an) C HEOTPUNATEJLHHIMH KOODAMHATAMH B
dbopmyuie (5) HasnBaeTca Mysvmuundexcom. JIna 3Toro MyJbTHHHAEKCA
¥ NPOH3BOJILHOM TOuYkHM @ = (ai,...,Gn) BBeAeM OBO3HAUEHHA:

al=a!. . .a,!, a®*=af'...a3".
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Toraa dopmyny (5) MoxHo sammcaTh Kopode:
k!
(a1 +...4+a,)* = z aa“. (6)

|axl=k

WUcnonbays MysnbTHHHIEKCHHEe oGosHadeHus u c¢opmyay (6), dop-
mysy Teltnopa (2) MoXHo 3anMcaTh B cjefylomeM BHAE:

@)= Y SfOE) e Y SO +0Az) (20", (1)

Ja|<m-1 lal=m

rne f() =D ... D2~ f.
Cnepcreue 3. Ecau gynsyua f(z) onpedesena u m pas we-
npepisno JudPepenyupyema 6 Hexomopoli oxpecmuocmu mouxu z°,

f@) = Y S f)a — 20" +o(p™), ®)

laj<m

1/2
n

npu p— 0, 20e p= (E(z,- ——:c_?)"’) .
=1

HeficTBATEIBHO, TaK KaK NPOM3BOAHKEIE M-TO TOPARKA (pYHKIMH

f(z) nenpepmiBan B Touke z° m, ouesmmmo, |(z — z°)%| < plol, To
f(a)(zo + 0A:B)(.t _ x())a = f(a)(z(!)(z _ 30)0 + o(plal)

npu p — 0, u noatomy u3 ¢opmyan (7) cnenyer dopmyna (8).
®opmyna (8), Kak ® paHblue, HasmBaeTca gopmyaott Teilropa c
ocmamournM waeHom 6 gdopme Ileario.

§ 6. HexoTophle MOHATHA aHA/M3a
B 06/1aCTH KOMILIEKCHBIX 4HMCeJI

6.1. Komniexcunie yMcia. Kak m3BecTHO, KBaJlpaTHOe ypaBHEHHe C
OTPHLATEJIbHHM JAHCKPHMHHAHTOM He MMeeT peliueHH#ft B MHOXecTBe R
neficTBuTeNbHBIX uuces. Hanpumep, ypabnenmio z2+ 1 =0 ne ymo-
BJIeTBOpsieT HH ofHo z € R. BosHMKaeT Heob6XoaMMOCTh B pacIIHPEHUH
NOHATHA YHCJIa TakK, YTOOH Jiioboe KBaJipaTHOE ypaBHEHHE MMEJIO XOTHA
66l OfHO pelleHHe.

PaccMOTPHM MHOXECTBO BCEBO3MOXHKIX YHNOPANOYEHHLIX map (z;y)
JeflcTBATE/IBHEIX YHCEJI T M Yy, H B 3TOM MHOXECTBE BBEIEM MNOHATHE
PaBEHCTBa H ONEPAlMH CJIOXKEHHA M YMHOXEHHS.

HOBa anementa (aBe mape) z; = (z1;¥1) ¥ 22 = (Z2;¥y2), Y KOTOpHIX
Ty = T3 M Y = Y2, HAa3HBAIOTCA pasHuMu. B aToM cinydae bymeMm
OucaTh 2; = z3.
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dna mobux z; = (z1;y1) ¥ 23 = (22;y2) cymma z; + 22 ¥ npousee-
Jerue z)z; ONpPEAESAIOTCA PaBeHCTBAMH:

214 22 = (21 + 22,91 + ¥2), (1)
2127 = (2122 — y1y2; T1Y2 + 2oy ). (2)

MHOXecTBO BCEBO3MOXHHX YNOPAAOYEHHBIX Nap HefcTBHTEJbHHX
4ycesl, B KOTOPOM MO yKa3aHHKIM Bbillle MPaBHJIaM BBefieHbl MOHATUSR
PaBEHCTBa M ONEPALMH CJIOKEHHA M YMHOXEHHNS, HasbIBaeTCH MHodICe-
CMBOM KOMNAEKCHUT wucea W obosHavaeTca C. DsieMeHTH MHOXeCTBa
C Ha3KIBAIOTCH KOMNAEKCHBMU HUCAGMY.

Kaxnoe xommiekcHoe wuciao (z;0) oroxpmectBisior ¢ aeflcTpm-
TeJbHHIM 4YHcaoM z H muumyT (z;0) = z. Torna u3 dopmyn (1) u (2)
caenyer, 4To ecan z; = (z3,0) B 23 = (z2,0), 0

21+Zz=(21+.’c2;0)=1'1+2:2,

Z1292 = (1112;0) =2122.

OTH paBeHCTBa MOKAa3HLIBAIOT, YTO ONEPAlMM Hal KOMILJIEKCHBIMH
qucnaMi Buaa (z;0) cCOBNaJaloT ¢ omepamuAMn Hall AHCTBUTESTbHBIMH
ynciaamu. B aTom cMuicsie MHOXecTBo C KOMIJIEKCHHIX YHCeN ABJIAETCA
pacliipeHHeM MHOXecTBa R neflcTBHTESIbHBIX 4YHCeJ.

Cpean KOMIJIEKCHHIX 4HCes1 ocobyio poJb urpaer umcno i = (0;1),
KOTOpoe Ha3hIBaerca MHumotl edunuyedl. Jlerko BuAeTb, 4TO 1-1 =
= (-1;0) = -1, Te. i2 = —1, m, cnenoBaTeJbHO, KOMIJIEKCHOE YHCJIO
z =1 ynoBJeTBOpAeT ypaBHeHHIO z2 + 1=0.

CorslacHO BBEIEHHHM ONpENEJICHAAM CJIOXKEHHA M YMHOXEHHs KOoM-
IJIEKCHRIX YHCEJI MMeeM:

(0;9) = (0; 1)(y; 0) = iy,
(z;9) = (2;0)+ (0;9) =z + iy.
CrnepoBaTenbHo, m06oe KOMNJEKCHOE YHCJIO z = (Z;y) MMeeT TpedcTa-

BJIEHHE
z=2z+41y.

9To mpencTaBleHNMe YHC/Ia 2 Ha3HBaeTcH aszebpauvecxol dopmod
KOMNAEKCHO20 “UCAG Z.

Ecmm z = z 4 iy, TO YMCJIO T HashBaeTca Odeticmeumeavioil ua-

cmobio wucaa z M obosnavaerca Rez, uncio y — muumoti wacmoio n
obosnauaercs Imz, a HeoTpuuaTesbHOE 4YHCIO (/22 +y?2 — Modysem

wucaa z n obosnavaercs |z|. Ecom z =0, T.e. z =iy, To aTO uMCIO
Ha3LIBAETCA NUCTO MHUMDBIM.

OvyeBunuo, z = 0 Torna u TosbLKO TOrAa, Koraa |z| = 0. KoMnsekcroe
YHCJIO T —iy HaSHIBAETCH CONPANCEHHBM KOMIIJIEKCHOMY YHCNY z = Z+1Y
u obosnavaerca Z. Jlerko BumeTs, uTo 2| = [Z| m 27 = |2|%.

8 — 1402
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Jlerko mnpoBepHTb, 9TO ONEpanMH CJIOKEHHSA W YMHOXEHMA KOM-
AJIeKCHLIX YHcesl 06NagaloT CBOHCTBAMH KOMMYMEmMUSHOCMUY, accoyua-
muerocmu u Oucmpubymuerocmu. IloaToMy ciioxeHMe U yMHOXeHHe
KOMILJIEKCHBIX YHCEJ] MOXHO BHIIOJIHATH MO TNPaBHJIAM CJIOXKEHHA H
YMHOXEHHs MHOTOYJIEHOB, 3aMeHAA i Ha —1.

Hanpumep, ecnn z =z + iy, TO

Z=(z4iy)(z—iy) =zl —z-iy+iy-z—iy-iy=22 — i’y = 22 4+ 2.

Ha muoxectBe C 0bhIYHEIM 06pa3oM onpeesAOTCA ONEPAlMH B+
YMTAHHA H AEJICHHA.

Jaia moboro umcsna z 4YHCJIO, CYMMa KOTOpOrO € 9HCJIOM Z PpaB-
Ha 0, Ha3BIBAETCA NPOMUBONOAOHCHUM wucay z M obo3HawaeTca —z.
OueBHAHO, €CyIM z = & + iy, TO —2z = —T — Y.

Pasatocmv 21 — z2, Kak OOWIYHO, oIpeNE/IAETCA PaBEHCTBOM:

1—22=21+ (—Zz).
CnenoBaTenibHO, €Cl 2) = &1 + iy W 23 = T2 + Y2, TO
7 — 22 = (21— 22) + (11 — v2).

Uncso, npowsBeleHHe KOTOPOTO € YHCJIOM 2 1p:‘nano 1, HasbIBaeTcs
obpamnum wucay z u obosnavaercs 1/z mmm 2=,

OuesuaHo, y 4yucna z = 0 ner obparHoro. Ecmm xe z # 0, To
ypaBHenme z~!.z = 1 paBHOCHJILHO ypaBHeHmio z~!-|z|? = Z, u noaromy

1 _ Ty

Yacmuoe OT fOeNeHAs dYHCAAa z; Ha 4Hcjao 22 # 0 obo3Havaercs
21 :z9 WK z)/z3 W ONpeleNsAeTCs PaBEHCTBOM

2) -1

— =2 -2
23 2
ChenoBaTtesbHO,
2y _ 2173
22 |12|2

Jlerko noKa3nBaeTcs, YTO ONepands KOMIIJIEKCHOTO CONPAXKEHHUA
epecTaHoBOYHA ¢ apMpMETHYeCKUMH ONEpAlHAMH, T.€.

sll_'fl

22

e — = = z
nxzn=%01%2%, Zz2z=7 7, (—)=

(TIpensaraeTcss JOKa3aTbh 3TH PaBeHCTBA B KaYeCTBE YNPaXHEHHS.)
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Orcrona cnepyer, 4to ecim P(z) — MHoroufeH ¢ INef#cTBATENbHHLIMA
Ko3¢ddANeHTaMH, TO

F(_zjz P(’z').

B gacTHOCTH, ecqim zp — KOpPEHb 3TOrO MHOro4YJeHa, TO M Zp — TOXe
ero KopeHb.

6.2. TeoMerpHYecxas HHTEpNpeTalMf XKOMIVIEKCHHIX yHceld. Kom-
NVIeKCHOe YHCJIO Z = I + iy M30bpaXkaeTcss HA KOOPAMHATHOM IJIOCKOCTH
To4KoM ¢ KoopAMHATaMH (Z,y). DTO COOTBETCTBHE MEXKIY MHOXECTBOM
C KoMnJIeKCHBIX YHcCeJ] H TOYKAMM IJIOCKOCTH fABJIAETCA B3aHMHO Ol-
HOSHAaYHBIM, NO3TOMY 4YacTO KOMILJIEKCHBIE HHCJA HA3HIBAIOT TOYKAMH
IJIOCKOCTH.

JeficTBATENIbHBIE YHCJIa H300paXkKalOTCA TOYKaMM ocH abcumcc, a
YHCTO MHMUMBIE — TOYKaMH ocH opauHaT. IloatoMy och abcumcc Ha-
3nBaeTcA Jeficmeumenvnoll 0cvb10, a3 OCh OPAMHAT — MHUMOL OCbIo.
InockocTb, Ha KoTOpoft M306paxKaloTCA KOMIJIEKCHBIE YHCJIa, Ha3HBa-
€TCA XOMNAeXCHOU naocKocmbo.

KoMnnekcHoe 4mMcsio z = z + iy M306paxalorT eie BEKTOPOM C
HadajloM B TodykKe 0 ¥ KoHIoM B Touke 2. Torma 4mMciao 2y + z3
u306paKaeTcf BEKTOPOM, PaBHHIM CyMMe BEKTOPOB 2; M 22, a Pa3’HOCTh
2} — z — BEKTOpOM, PaBHHM pa3HocTH BekTopoB. OueBuano, |z| —
3TO JJINHA BEKTOpa, M

|z1 % 22| < |1 + |22].

Ecnu r B ¢ — NoJApHBe KOOPDAMHATHI TOYKH z = Z + iy, TO, KakK
H3BECTHO,
z=rcosyp, y=rsinep,

H HO3TOMY
z = r(cos ¢ + isin ). (1)

Yros ¢ Ha3HIBaETCA ap2yMeHMoM Xomnaexcrozo wucaa z # 0 u obo3na-
qaercs argz. s yucia z = 0 aprymenT He onpefiesigercd. OueBnaHO,
€CIM o — apryMeHT 4YHCaa zg, TO B moboe ¢ = ¢g + 2kw, rae k —
IleJioe, — TOXe apryMeHT YHCJa zg.

3anuch KommekcHoro uncaa z # 0 B Buae (1) HasmBaeTcs mpu-
2onomempuyecxoli gopmoti xomnaexcrozo wucaa. OHa yno6Ha npH
HAXOXJEHHHM TNPOW3BEleHNA K JaCTHOrO KOMIJIEKCHHIX YMces. A HMeH-
HO, ecJin

21 = ri(cos p; +isinepy), 22 = ry(cos 2 + isin p3),

TO
2129 = r17r2(cos(ip1 + w2) + isin(py + 2)), (2)
2 _ T (cos(pr — pa) + isin(ipy — 93)). (3)
22 r2
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CnenoBaTes1bHO, MOAY/Ib NMPOM3BENEHHA PaBeH NMPOM3BENEHHIO MOAYyJelt,
a apryMeHT — CyMMe apryMeHTOB COMHOXHTeseft:

|2122) = |21| - |z2|, arg(z122) = argz; + arg z;.
AHaJIOTHYHO, MOAY/b YaCTHOTO paBeH YacTHOMY MoOJyJeif, a apry-
MEHT — pPa3HOCTH apryMEHTOB [AEeJIMMOTO M JEJIMTEJIs:

_ =l

21=P0 argZ —argz —argz
2l = —_——= - 9.
|z2|’ 23 !

22

B yactHocTH, ecan z = r(cosp +isiny), To

271 = r~1(cosp — isin p), (4)
2" = r"(cosnp + isinnp) VneN. (5)

IMocnenmee paBeHcTBO HasmBaeTcs $opmyasoit Myaepa. U3 Hee
clenyeT, 4To MAJaA JO6Oro 3aJaHHOTO KOMIJIEKCHoro umcjaa a # 0
ypaBHeHHe 2" = @ MMeeT n pa3NHMYHEIX peuweHnit. J[elcTBuTenbHO,
ecJin

a = p(cos ¥ + isin9),

TO YHCJIa

2z =p (cos v +n2k1r 4+ isin 4 +n2lm)

(6)
npH JmoboM LesIoM k ABNAIOTCA pelleHHAMH ypaBHeHHs 2" = a. Oue-
BUAHO, APYTHX pellieHH# 2TO ypaBHEHHEe He MMeerT.

Us ¢opmyan (6) BEOHO, 4YTO cpeaM z; TOJIBKO N Da3/IMIHBIX
YuceN: zp,21,...,2pn—1, TaK KaK, HanpuMmep, 2, = 2Zg, 2-] = 2p-) H
1.1, Ha KoMnjiekcHOH MNJIOCKOCTH TOYKH 2g,2},...,2pn—1 PaCMOJIOKEHH!
B BEpIIMHAX MPaBHJIBHOIO N-YroJIbHHKa, BIHCAHHOTO B OKDPYXHOCTb
pammyca {/p ¢ meHrpom B Touke 0.

KoMnsiekcHoe 4HcJIO z = cOS = 18in ¢ OBHYHO 0603HA4AIOT CHMBO-
JIoM e'¥, T.e. MO ONpeHe/ieHHIO MOJIaraloT

€Y =cosp+ising, p€ER. (7

Torna ¢opmyna (1) nmpuuumaer Bum z = re'®. 3amuch KOMIJIEKCHOTO
YHMCJla B, TAKOM BHJle Ha3HBaeTCA noxasameavHoti gopmoil xomnarexcrozo
wucaa, a popmyna (7) — dopmyaoti Itiaepa.

Us ¢opmyn (2) m (3) cnenmyer, uTo ecnm 2y = r1e'¥t, z3 = rae'¥3,
To . z o

2123 = ryroet(P11¥2) 21 _ 11 iler-va)
22 T2

B yacrrocTH,

£iP1 . i3 = ci(w+w), (e“’)_’ =e~ie,

U, cienoeatensno, (€¥)" = &™¥ mna mo6oro nesoro n. T ceoficTBa
MOXOXH Ha cBolicTBa GyHKuUMH e”, rae z € R.
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6.3. Komnaexcrosnaumnie ¢pynxmpmm gelicreuresmmuoro aprymenra.
Ilyerb 21,23,...,2n,... — IOCJIEAOBATENbHOCTD KOMIIJIEKCHBIX YHCEJI.
Ee MoXHO paccMaTpHBaTh KaK MOCJIEOBATEbHOCTb TOYEK HMJIH BEKTOPOB
Ha IJIOCKOCTH.

Ha noc/tenoBaTeIbHOCTH KOMIIJIEKCHRIX YHCEN €CTeCTBEHHHM obpa-
30M NEpPEeHOCATCA MHOTHE OMNpeAe/IeHHA M TEOpeMH H3 TeOpHH Jeit-
CTBUTEJIbHBIX uHces. [Ind npuMmepa npHBeneM ompenesieHHe Ipelesia
NOCJ/IEA0BATEILHOCTH.

Yucso 2 HasmiBaeTca npedeaom, nocaedosamesvrocmu {2,}, ecan:
Ve>0 3AN,: Vn> N, |z2,-:z|<e.

B kauecTBe ynpaxHeHHs npeasiaraeTca cpopMyJSTHpOBATh H AOKa3aTh
TeopeMbl O €IMHCTBEHHOCTH mpefeJia, o6 OrpaHHYEeHHOCTH cxoasfulelics
N0CJ/IENOBATENLHOCTH, O Mpeflele CyMMhl, PasHOCTH, [POM3BENCHHA H
JaCTHOTO.

Komnaexcrosnaurott gynxyueil deticmeumeavtozo nepemenHozo Ha-
spiBaeTcid (YHKUMsA, KOTOpasa omnpefesieHa Ha HEKOTOPOM MHOXecCTBe
AelicTBUTEIBHBIX YMCEJ] M NPUMHUMaeT 3HadyeHus B MmHoxectBe C KoM-
naekcHbIX Ynces. DTH PYHKIUMH MOXKHO pPacCMAaTPMBaTh KaK BEKTODHHE
dyHKunMK Ha nyockocTH. s HUX obmIYHEM 06pasoM GOPMYTHPYIOTCA
ollpeNesicHUA Npefesia, HEMPephIBHOCTH M MPOM3BOAHOMN.

ITpoussodnas dbyukumu 2(f) onpenenseTcs paBeHCTBOM

rem 1 Z(t+ AL) = 2(2)
7t = A, At ’

Ouesuano, npon3BojHas y GyHKIME 2(t) = z(t)+iy(t) cywmecTByeT Torma
M TONbKO Toraa, Koraa ¢dynkuum z(t) u y(t) MMe0T mpoM3BOAHHE, M

B 3TOM cjayd4ae
2'(t) =2'(t) + iy (2).

Jlerko npoBepuTb, 4TO ecaM yHKUMHM z)(t) B 22(t) muddepenuu-
pyeMn B HekoTopoi#t Touke, To dbynkuun 2z)(t) + z2(t) u 2,(t)z2(t) B
aToit Touke Toxke audpdepeHIHPYEMBl H

(nnxz) =21225 (2122) =222+ 2123

Ecnn, kpoMe Toro, z;(t) # 0, To

! ] ’
21 _ 2122 — 2129
22 zg ’

CrnenyeT 3aMeTHTh, 4YTo He Bce cBoficTBa auddepenunpyeMux aelt-
CTBHTENbHHX (PYHKIUH MepeHocATCR Ha KOMIJIEKCHO3HAUHbBE DYHKIMH.
Hanpumep, A4 HAX, KaK u ANA BeKTOPHHIX pyHKuuft, TeopeMnl Posis
n JlarpaHnxa AIBJIAIOTCA HEBEPHBLIMH.
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6.4. PyHxuME XOMN/IEKCHOro mepeMenHoro. Pynxyuet! KOMNAEXCHO20
nepemern0z0 Ha3bnlBaeTcA PYHKIHMA, KOTOpas ONpeliesleHa Ha HEKOTOPOM
MHOXXECTBE KOMIIJIEKCHHIX YMCeJ M NMPHHAMAeT 3HAa4YeHWs B MHOXeCTBe
KOMIIJIEKCHHIX YHCeJI.

Jliobyilo dbyskmmio w = f(z), rme z =z +iy ¥ w = u + {v, MOXHO
OPEACTaBUTb B BHIE CYMMBI:

f(2) = u(z;y) + iv(z;9),

rae u(z;y) = Re f(z + iy), v(z,y) = Im f(z + iy), u paccmaTpuBaTh 3Ty
dynknyio kak napy Oe#cTBHTeNbHHIX GYHKUME OT ABYX AeHcTBATENb-
HBIX NMepeMeRHHX HJIM Kak oTobpaxeHHe, KoTopoe Touke (Z,y) cTraBUT
B cooTBercTBHe To4Yky (u,v). I[loaroMy MHOrme moHATHA M cBoficTBa
TaKMX OTOOpaxeHmit ecTecTBEHHHM 00pa3oM NepeHOCATCA Ha (PYHKIMH
KOMILJIEKCHOTO IepeMEeHHOro.

Hanpumep, uucno A HasmBaerca npedeaom $ynxyuu f(z) npu
zZ —a, ecm

Ve>0 36>0: VzeQs(a)ND; f(z) € O.(A).

3mech, Kak 06HIYHO, @ — mOpeleibHad To4Ka MHOXecTBa Dy (obiacTu
onpenesieans byHkunn f).

Ananoruyno Gyskuus f Ha3HBaeTCH Henpepuerol 8 moyuxe 2o € Dy,
ecJyn

Ve>0 36>0: VzeOs(z0)NDy f(z) € Oc(wo),

rae wo = f(z0).

O4eBHHO, CyMMa, PasHOCTb M HpOM3BefleHHe HeNpephIBHHX (yHK-
il ABNAIOTCA HENPEPHBHEIMH (PYHKUMAMH, a3 OTHOLIEHHE HeNpPepHIBHO
BO Bcex TOdYKaX, rjie 3HaMeHaTeJb OTJIMYeH oT Hynasa. CnpaseniuBa
TeopeMa O HeNpPepHBHOCTH KOMMNO3MUMH HeNpepHBHHX yHKIuMH.

Jlerko nokasath, 4ro ¢yHkumu z, Rez, Imz, Z, |z|] u awboit
MHOTOYJIEH

P(z) =an2" + n-12""14 ... 4 a0

ABJAIOTCA HENpepHIBHHIMM Ha Bceft KOMINJeKCHO#t IJIOCKOCTH, a palMo-
HaJbHAA PYBKLUA
_ P(2)

k=) =36

rae P(z) m Q(z) — MHOrowjeHH, HenpepnBHa B Jilobolt Touke z, rame
Q(z) £ 0.

PaccMOTpHM HeKOTOphie Apyrue 3jieMeHTapHBe DYHKIEH KOMIIJIEKC-
HOTO IepeMeHHOro.

Mpumep 1. Oua soboro z = z + iy noxasameavHas Hynxyus e*
onpenenserca dopmyJoi

e’ =e*(cosy +isiny) =e” e,
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U3 atoro onpenesienns ciaenyer, 4To GbyHKOUs € HenpephlBEa Ha
Bceit KoMmieKcHO# myiockoctn. OueBHaHO,

ex+2n - ez.

le*| = €%, arge® =y,

Kpome Toro,
et|+z: = e%1¢*3

IJIA JIIOOBIX KOMIJIEKCHBIX 2Z; M 2.

Npumep 2. Jaa moboro KOMNJIEKCHOrO 2z mMpuzoHOMempuHecxue
Jyrxyuu cosz M sinz onpeAenaoTcs ¢opMmysamMu

_1 iz —-iz : - 1 1z -1z
cosz_2(e +e7%), smz_2i(e — e ).

U3 aroro ompeneneHus ciaenyer, 4to (pYHKIMH CO82Z M sinz He-
npepbiBHB Ha Bcell KOMIMUIEKCHOR NJIOCKOCTH, M OJf HHX CHpaBex/IMBHI

dopmynnt
sin(z; + 22) = s8in 2) co8s 23 + cos z; sin 23,
cos(zy + z3) = cos 21 cos z2 — 8in z; sin 23,
B YacTHOCTH,
sin2z = 2sinzcosz, sin’z+cos’z=1.
Kak o6niyHO, pyBKUMH tgz M ctgz ompenensioTcd PoOpMyJIaMH

cos z
sinz’

tgz = —— z=

Mpumep unepbonnyeckue ¢ynxuun chz u shz onpenmensiorca
¢opmyamu

_l 2 -2 _l 3_ -2
chz—2(c +e7%), shz—2(e e~ %).

OueBuaHO,
chz = cos(iz), shz = —isin(iz).

6.5. OcnoBuas Teopema anrebpu. KoMnJiiekcHoe YHMC/I0 2¢ Ha3biBaeTCa
xopHeMm (WIIH HyseM) MHO20MAEHG

P(z)=ao+a1z+...+ap2z",

ecn P(z) = 0. Ecnu a, # 0, To n Ha3bIBaeTCA cMeEnenvo MHO204AEHA.

WsBecTHO, 4TO YHCJIO 2o ABJIAETCA KOpHeM MHorodena P(z) torna
M TOJNbKO TOrAa, KOrAa P(z) menmrca Ges octaTka Ha 2 — zp (TeopeMma
Beay). .
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Ecnm muorounen P(z) menntca Ha (z — 2)* u ne menmrca Ha
(z — 20)%¥*!, To umcyo k HasHBaeTCA KpPaMHOCMBIO KOPHA Zo.

B 3ToM nyHKTe MHB JOKaXeM TaK Ha3LIBAEMYIO OCHOBHY0 meopemy
aszebpw, KOTOpasi YacTO MCIOJIb3yeTca M B aJjrebpe, U B aHaJu3e.

Teopema. B muodicecmee KoMnaeKcHWT wucea 41060t MHozoNseH
cmenenu n > 1 umeem romsa 6u odum nHyao.

HoxasarenbcTBo. PaccMoTpuM Hysm MHOrowJieHa
P(z)=ap+a1z+...4+anz", an #0,

crenelE n > 1 ¢ KkoMmaekcHMHA Ko2dodunuentamn. He orpanmumsasn
OBIIHOCTH, MOXKHO CYHTATh, YTO G, = 1. 3aMeTuM emwe, yTo ana n =1
H n = 2 yTBepXIECHHE TEOpeMH OYeBHAHOE, NMO3TOMY 6yaeM CYHTATh,
410 N > 3.

Jlerko noxasmiBaercd, YTO AJiA Jioboro MHorousena P(z) HeoTpHua-
TenvbHan dynkuma f(z,y) = |P(z)| aByx meflcTBUTEesIbHHIX NMEpeMEHHBIX
T ¥ Yy, TAe z = T + iy, HaUMeHblllee 3HaYEHUe NMPUHUMAET B HEKOTOpok
KOHeuHO#t Touke (Zo,yo). HeHcrBuTenbHO, Tak Kak f(z,y) — +oo npm
|]z] =& 00, To cymectByer R > 0 Takoe, 4To

f(z.y) > £(0,0) V(z,y), z*+4*> R (1)

B samknyToM kpyre z2+4y? < R? gpynknusa f(z,y) HenpepuiBHa, IO3TOMY
cpenu ee 3HaueHuHt eCTb HaWMeHbllee, T.e. B 3TOM Kpyre CyllecTBYeT
To4ka (Zo,Yo) TaKad, 4TO

f(zo,w0) < f(z,9) V(z,0), 2+’ <R (2)
Tenepb w3 (1) u (2) cnenyer, uro
f(zo, %) < f(z,y) V(z,y) €R”.

Takum o6pasoMm, ans Joboro mHorodsena P(z) uMeer mecto cie-
Ayioliee yTBepXieHue: cyumecrByeT zp € C Takoe, uTo

|P(20)] = ‘n:iEIP(Z)I- (3)

Muorouynes P(z) 3anuumeM B BHAE CyMMBI IO CTENEHAM 2 — Zp:
P(Z)=b0+b1(2—20)+...+bn(Z—Zo)n. (4)

Teopema 6ymeT mokasaHa, e€CJI4 MB NOKaxkeM, 4ro bp = 0, Tak Kak
P(Zo) = bo.

Mpeanonoxum, uto bp # 0. Ilycts cmawana b # 0. Ilosoxum
2y = —bo /by M paccMoTpuM dyHKuUMIO

P(zo+1tz1) = bo(1 —t) +t222Q(tz1), te€(0;1),
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rae Q — MHorouneH crenend n — 2. ITosnoxum

M= trer}a.x] 1Q(tz1)).

Toraa
|P(z0 +tz1)] < Jbo|(1 — ) + 2 M|z1|* = [bo| — t(lbo] — tM|z1[?).
Orciona ciienyeT, 4YTO €CJH

[bol

0<t< —/——=
Mz

TO
|P(20 + tz1)| < |bo| = |P (o)},

4TO NMPOTHBOPEYHT ycJoBHIO (3).

Ilycts Tenepp by = by = ... = bj—y = 0, o b; # 0. Torama
pa3siokenHne (4) UMeeT BHA

P(z) =bo + b_,-(z - Zo)j +... 4+ ba(z— 20)".

Yepes z; 0603HauMM ONMH U3 KOpHeit j-it cremenu m3 umcsaa —bo/b;
H paccMOTpUM ¢yHKIMIO

P(zo+tz1) = bo(1 = 7) + t+12411Q(t7),
rae Q — MHorouseH cTenesn n — j — 1. Orciona cienyer, aro
|P(20 + tz1)| < [bol — ¢/ ([bo| — tM |z ['+!)

ana Joboro t € [0;1], a aro mporusopeaut ycnopmio (3). CaenoBa-
TeJsIbHO, npenmnosioxenne by # 0 mesepnoe. Teopema nokasana.

Caencrsue. Jhoboil mHozousren cmenewu n > 1 umeem mouno
n nyaell, ecau xaxcOvd Hysd CHUMAML CMOALKO pPa3, KaKosa €20
xpamuocmo.

6.6. Inddepemmpyemnie pynxipan. dna byHKUMA KOMNJIEKCHOTO
nepeMeHHOro npou3eodnas onpenensercd Tak XKe, Kak B A8 byHKuum
necTBUTENBHOrO NepEeMEHHOro:

f'(z0) = lim M. (1)

230 zZ=20

®yukuus f(z) HasmBaerca Juddeperyupyemotl 8 mouxe zp, ecH
OHa omnpefieieHa B HEKOTOPOl OKPECTHOCTH TOYKHM Zzo M B 3Toft TOuKe
HMeeT KOHEYHYIO NMpOM3BOAHYIO.

Mpumep 1. Mocroaunan byukuusa f(z) = c anddepenunpyeMa u
(c) =0.
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IIpumep 2. Ina moboro n € N crenennas cdbynkuua f(z) = 2"
aunddepeHnupyeMa Ha Bcell KOMIJIEKCHOH MJIOCKOCTH M, OYEBHIHO,

(z") =nz""L,

Jna GyHKuMf#t KOMIJIEKCHOrO NEepeMEHHOro CnpaBelJIMBL H3BECTHLIE
npaBusia nuddepeHIMPOBAHHA, T.€. TEOPEMBI O NPOU3BOJIHON CYMMBI,
Pa3HOCTH, NPOM3BEACHUA, YACTHOIO H TEOpeMa O NMPOU3BOAHON CJIOKHOM
dyHKIMH.

W3 npaeun mnddepeHUNpoBaHHA CJleyeT, YTO MHOrOYJIeH eCTb
AuddepesnupyeMas yHKuma Ha Bcel KOMIJIEKCHOW IJIOCKOCTH, a
panMoHasbHaa PyHkumns auddepeHnupyeMa Bo BCeX ToYKax, rae 3Ha-
MeHaTeJIb OTJIMMEH OT HYJIA.

3amernM, uTo B paBeHcTBe (1), koTopoe onpenesifeT NPOU3BOAHYIO,
npefes He 3aBHCHT OT clocoba CTpeMJieHHs z M zg. B YacTHOCTH, 3TOT
npefieJ1 OAMH M TOT XK€ NpH 2z — 2p O JioboMy Jiydy, BRIXOAALIEMY
A3 TOYKM 2zg9. OTO HaKJaibiBaeT Ha AuddepeHuMpyeMue GyHKIMH
KOMILJIEKCHOTO NIepeMEHHOrO JOTOJHHTEbHEE YCJIOBUS.

HelicTBaTenbHo, NycTh 3 = T + 1y, 20 = Zo + iy, f(2) = u(z,y)+
+iv(z,y). Buiyncsaum npenen (1) npm z = 20, Korma y = yo. B 21OM
ciydae

Ou .Ov
f'(20) = 75 (o v0) + '6_:c(z°’y°)' (2)
Ecnn xe z = zp, TO
lau Ov _ 0u  Ov
' ; —
f( 0) ay 1ay + ay
U3 »THX paBeHCTB cJenyeT, 4To ecau ¢yHkuus f(z) B Touke
zZgp = ZTo + iyo MMeeT NPOM3BOAHYIO, TO B To4Ke (Zo,Yo) CHpaBedNUBH

paBeHCTBa
Ou _8v Ou _ Ou
0z ~ 0y’ Oy 0z
On¥ HasHBaIOTCA Yycaosuamu Kowu-Pumana.
Teopema. Jas mozo wmobw dynxyua f(z), 2de z =z + iy, bviaa

dud peperyupyema 6 mouxe zo = o + 1Yo, Heobrodumo u docmamouno,
ymobn PyHxyuu

u(z,y) = Re f(z), v(z,y) =Im f(z)

6 mouxe (zo,yo) 6vau GudPeperyupyems u ydosaemeopasy YCAOGUAM
Kowu-Pumana.

HoxkasaTtenbctso. [lycts dyskuus w = f(2) anddepenunpyema
B TOYKe 2p, T.. OHa ONpejaeJieHa B HEKOTOPO#f OKPECTHOCTH TOYKH 2g
u uMmeer npomssoanyio f'(29). Torma

Aw = f'(20)Az + v(2)p, (3)
rae Aw = f(z) — f(20), Az=2— 20, p=|Az| u ¥(z) - 0 npu p — 0.
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Ionoxnm f'(29) = A +1iB, v = a(z,y) + if(z,y). B aTnx obo3na-
yenuax dopmysa (3) npunumaer Bua

Aw = (A+iB)(Az + iAy) + (a + if)p, (4)
rie Az=z—-2z9, Ay=y—-yw u a—0, 30 npu p = 0. Orciona
cienyer, 4To
Au = AAz — BAy + ap, (5)
Av = BAz + AAy + Bp, (6)

rae Au = u(z,y) — u(zo,yo), Av = v(z,y) — v(zo, ). Takum obpasom,
B Touke (zo,Yo) dyHKmMHE u(z,y) ¥ v(z,y) muddepeHmApyeMH H
Ou _ A= ov Ov _ du
6z 7 8y’ 06z oy’
T.e. BrIMosiHAlOTcA ycioBua Komm-Pumana.

Ilyctb Teneps ¢pynxmun u(z,y) u v(z,y) B Touke (zo,yo) mudde-
peHIHMpyeMH H ymoBsaeTBopfloT ycioBuaM Komm-Pumana. Ilosoxum

b, s
~ 0z Oy’ T 0z~ Oy

Torna BunosnHsaiorca pasedctBa (5) m (6), rne a -+ 0, § — 0 npu
p — 0. Bropoe paBeHCTBO yMHOXHMM Ha f H CJIOXKHM €ro ¢ neppniM. B
pesysabTaTe nonydum dopmyay (4), re.

Aw = (A+iB)Az + vp,

rme Yy=a+if — 0 npu p = 0. Cinenosarennno, dpyukmua w = f(z) B
TouKe zo Aucddepenuupyema n f'(z9) = A + iB. Teopema mokasaHa.

IIpumep 3. Pyukuna w = Z ve auddepeHuEpyeMa HH B OxHOM
TOUKe.

HeficTBurensho, y Hee u = z, v = —y, u, = 1, v, = =1, u,
CJIENOBATEIbHO, AJIA Hee He BHNOJHAITCH ycnoBusa Kouwm-Pumana.

Mpumep 4. Uccnenyem Ba auddepeHumpyemocts dpyHKumn e,
cos z, sinz, chz, shz.

DysKuma

e* =e®cosy+ ie”siny

nadpdepennupyeMa B Jo6ol ToUKe z = z + iy, TAK KaK (PyHKIMA
u=¢ecosy m v=e®siny B moboit Touxe (z,y) mnuddeperuupyeMnl
M, KaK JieTKO NOKa3aTh, yIoBJjeTBopaloT yciopuaM Kowu-Pumana. Ilo
dopmysie (2) Haxomum

(e*) = 6_u+i_6_v =¢e*, Te (&) =¢.

éz ' 8z
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Orciona n w3 npaBua audepeHLnpoBaHna cJenyeT, 4To yHKIUK
cos z, sin z, chz, shz auddepenunpyemur B soboit Touke z n

(sinz)’ =cosz, (cosz)' = —sinz,

(shz)’ = chz, (chz)’ = shz.

§ 7. Mepa MHOXeCTB TOYEK Ha INIOCKOCTH
H B NPOCTPAHCTBE

7.1. Mepa snemenrapHbix muoxects. Onpenenenme Mepul XKopnana.
CHavasia ompefesiAM Mepy MJIS TaK HAa3HIBAEMBIX KACMONHHT (UJIH
INEMEHMAPHBT) MHOIHCECTNE.

Onpenenenne 1. Jlioboe MHOXeCTBO BHOa
A= (al;bl] X ... X (a,.;b,.],

rme —o0 < @; < b; < 400 Vi, HasmBaeTca n-meprod xaemxoil. Jlwoboe
MHOXECTBO, HABJAIOIEeCH 06belMHEHHEM KOHEYHOrO 4YHMCJa IONapHO
He MepeceKaloOlMXCA N-MEpPHHIX KJIETOK, HAa3BIBAETCA KAEMONHHM HIIH
anemermapriM. IlycToe MHOXKECTBO TOXe CYMTAETCA 3JI€MEHTAPHBLIM.

Jlerko BuueTh, 4TO oObelUHEHHE, MepecevyeHHe M PA3HOCTH JIIOORIX
ABYX 3JIeMEHTaPHBIX MHOXECTB fABJIAIOTCH 3JIEMEHTAPHEIMH MHOXECTBa-
MH, T.e. 3JIeMeHTapHhle MHOXecTBa 0b6pa3syloT aszebpy Mnuodrcecme.
(Hoka3aTb 3TO yTBepXAEHHME B KadecTBe YNPaXKHEHUd.)

Onpenenenue 2. [Ina mobo#t n-MepHo#t KJieTKn
A= (a1; 5] %x...x (an,bs)

ancso (b —@y)...(bn — a,) HaswiBaercas Mepoil xaemxu A u obo3Ha-
yaerca mA. Ecam MHoxectBo S sBasercs obbeAMHEeHMeM NONApPHO
He nepeceKalommxcss KJeToK Ap,..., Ay, To Mepoll Mmmodxcecmea S
Ha3bIBaeTCH YUCJIIO

N
mS = E mAj.
Jj=1
Mepa NyCTOr'o "MHOXECTBa CHHTaeTCA paBHOﬁ HYJIIO.

Jlemma 1. [Jan awbuxr dsyr ssemenmapunxr Mwuodcecms § u S
cnpasedau6o paseHcmeo

m(sUS) + m(sNS) =ms+mS.
Ecnu xe s u S He nepecekaoTcs, TO
m(s U S) = ms + mS.
Jlemma 2. Ecau mmoocecmea s u S sremenmapnvie u s C S, mo
m(S \ 8) = mS — ms.

Jloka3aTb 3TH yTBEpXAEHHUA B KadyeCTBE yNpPaXKHEHHA.
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Onpenenenne 3. dna moboro orpannuensoro muoxecrsa G C R”
9HCII0

mG = sup ms,
sCG

rae sup GepeTca mo BceM 3JieMEHTapHBIM MHOXectBaM s C G, HashIBa-
erca Huoicreld! (Mym enympennetlt) mepoit Xopdana, a umucno

mG = inf mS,
$56G
rge inf Geperca mo BceM aJileMeHTapHHIM MHOXecTBaM S D G, HasnBa-

eTca eeprveil (nnm enewnet) mepoit Xopdara muoocecmsa G.

Y s06oro orpannyennoro MHoxectBa G C R" cyulecTByloT BepxHAs
H HWKHAA Mepn KopnaHa, nmpuueM, OYeBHAHO,

0 < mG < WG < +00.
Tak xe ouepmamo, uro ecau g C G, To
mg <mG, Wy <G,
T.e. BepXHAA W HWKHAA MepH 2KopmaHa obsazaior cBOMCTBOM MOHO-

TOHHOCTH.

Onpenenenne 4. OrpannyenHoe MHOXecTBO G TOYeK n-MepHOro
npocrpadicrBa R" HasmBaeTca usmepumsim no Kopdany, ecsam ero
BEpXHAA Mepa paBHa HWkKHelt Mepe, T.e. ecsmm mG = MG. Obuee
3Ha4yeHHWe 3THX Mep HasbiBaercs Mepoll XKopdana muoacecmea G u
obo3Havaetca mG.

Takum ob6pa3oM, ecsii MHOXecTBO G H3MEPHMO, TO
mG = mG = mG.

OueBugHo, i060e 3j1eMeHTapHOe MHOXecTBO m3Mepumo ito 2Kopna+
Hy, u ero Mepa JXopZaHa paBHa ero Mepe KaK KJIETOYHOIO MHOXECTBa.

IIpumep 1. 3amuikanue A mobolt n-mepHOft KleTKH A M3IMEpUMO
no XKopnany ¥ mA = mA.

Jleftcteutensho, mycts A = (aj;b1) X ... X (@n;by), Torma A =
=[a1;01] x ... x [an;bs). PaccMoTpHM n-MepHBIE KJIETKH

1 1
Ax = (al- PbI] X ... X (a,.—;;b,.] , keN
Ouesnasno,
ACACAx, mA<mA<mA<mA, Vk, Jim mAy =mA.
[ <]
Orciona cnenyeT, 9T0 MHOXecTBo A wsMepumo nio JKoprany ¥ mA=mA.

Mpumep 2. MHEOXecTBO A®* BceX BHYTPEHHHMX TOYeK n-MepHOMH
KJeTkH A usMmepumo no 2Kopmany m mA* = mA.
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Heticreutesnsio, myctb A = (a;;b;] X ... X (an;bs], TOrma A* =
= (a1;61) X ... x (an; bn). PaccMoTpUM n-MepHHIE KJeTKn

1
Ak=(a1;b1—z]x...x(an;bn—%], keN.

Ouepnano, Ax C A* C A,
mAr < mA* <TA* <mA Vk, lim mA, = mA.
- k—00

Otciona crenyer, 4To MHoXecTBo A* nsmepumo no 2Kopnany u mA* =
=mA.

IIpumep 3. 3ambikanne S n MBOXecTBO S* Bcex BHYTPEHHHX TOYEK
J11060r0 3JIeMeHTapHOro MHoOXecTBa S M3MepuMH mo 2Kopmany M

mS* = mS = mS.

IIpumep 4. MHOXeCTBO, COCTOfALIEE M3 KOHEYHOTO YHCJAa TOYEK,
n3Mepumo no 2KopnaHy ¥ ero Mepa paBHa HYyJo.

Jloka3aThb 3TH yTBepXAeHHA B KayeCTBe YNpaXKHeHHs.

7.2. Csoiictrpa nsmepumbix mo XKopnany mmoxects. Kpurepum
H3MepHMOCTM OorpaHMyeHHBIX MHoxecTB. Kak n B § 7 ru1. 1, nokasbiBaercs,
41O 06beAMHEHHE, NlepeceyeHne ¥ PA3HOCTD JIOOBIX ABYX M3MEPHMHIX MO
2Kopnany MHOXeCTB ABJAIOTCA H3MepUMhIMH o 2KopaaHny.

Teopema 1. Ecau muoocecmsa Gy u G usmepums, mo MHodice-
cmea G1 UGz u G; NGy mooce usmepums u

m(G; U G2) + m(G1 N G2) = mGy + mG,.

Cnencrteue. Ecau usmepumme muoncecmea G; u Gy He nepece-
xaromcs, mo
m(G1 U Gz) = mGy + mGs.

Teopema 2. Ecau muoocecmea ¢ u G usamepumss u ¢ C G, mo
muoocecmeo G\ g mooce usmepumo u

m(G \ g) = mG — mg.

JlokasaTesbCTBa 3THX TEOPEM MJIf MHOXECTB TOYEK MPOCTPAHCTBA
R" B cily4ae MPOM3BOJILHOIO N HHYEM He OTJIHYAIOTCA OT NOKA3aTeJIbCTB
COOTBETCTBYIOIUX TEOpEM B cJjiy4yae n = 1, KoTopble 6blIH AaHK B §7
rin. 1. Tak ke, kak ¥ B ciay4ae n = 1, Aoka3blBaeTcA CJeaylommit
xpumeputl UBMEPUMOCTU O0ZPAHUNEHHNT MHONCECMNSE.

Teopema 3. JTaa mozo umobw ozparuxennoe muoncecmeo G C R”
6v0 usmepumo no Kopdany, neobrodumo u Jocmamouro, umobm ezo
epanuya 8G 6waa usmepuma u méG = 0.

B 3ak/sioueHHe JOKaXeM ellle OOMH KPHUTepHi# M3MepUMOCTH, KOTO-
pbIM yA06HO MOJIb30BAaThCA NPH PACCMOTPEHMHM KOHKPETHHIX NMPHUMEPOB.
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Teopema 4. [Jas mozo wmobw muoocecmeo G C R"™ 6mao usme-
pumo, neobrodumo u docmamouno, wmobu cyujecmeosasru dse nocaedo-
sameavrocmu {gx} u {Gi} usmepummz muoocecme maxur, umo

I CGCGx Yk n kl_i»rgm(G;,\g,,):O. (1)

B 2T1OoM cayyae
mG = kl-gl:o gk = kl-‘-»nolo mG- 2)

Joka3zatenbcTBo. Eciin MEOXecTBO G H3MepHMO, TO H3 onpeze-
JieHHs BepxHelt u HikHe#t Mep 2Kopnana (kak TOYHHX rpaHelt coorBer-
CTBYIOWMX YHCJIOBLIX MHOXECTB) CJIefyeT, 4To mja Jioboro k € N cy-
IIECTBYIOT 2JIeMEeHTapDHble MHOXECTBa S M Si Takume, 4To 5, C GC Sk n

mskgmGgmsk+l, mSk-—%SmGSmSk.

[MocnenoBaTeILHOCTH 3J1eMEHTAPHEIX MHOXeCTB s H Sk, k € N,
yaosnetBopsaioT ycnosuam (1) m (2).

Ecnn xe cymectByior nocsiefoBarenbHocTH {gix} # {Gr} u3amepumeix
MHOXECTB, KOTOpHE yIOBJETBOPSAIOT ycjoBHaM (1), To

mg < mG < MG <mGx Vk,
0 < MG — mG < mGx — mge = m(Gk \ gx)-
A tak xax m(Gx \ gx) = 0 npu k — 0o, TO oTClOZa caeAyeT, YTO
MG = mG, T.e. MHOXecTBO G H3MEPHMO,
mgr <mG <mGir V&,

M CHpaBel/IMBH HEPaBEHCTBA

0<mGx—mG < m(Ge \gx) Vk,

0<mG—mge <m(Ge \gx) Vk,
M3 KOTOpHIX cJjenyioT paBeHcTBa (2). Teopema 4 mokasana.

7.3. IpuMepH M3MEepMMHLIX M HeM3MEPHMHEX MHOXecTB. HamomumMm,
urto Ana Mbolt pynxuuE f MHOXecTBO BceBoaMoxHmx nap {M; f(M)},
rae M € Dy, nasnBaerca rpacpukoM ¢ynkuun f m obosnavaerca I';.
OueBunno, ecm Dy C R"!, 10 Ty CR".

Jlemma 1. Ecau gynxyus f onpedenena u pasHomepHo HenpepueHa
Ha ozparusennom muodicecmee Dy, mo muomcecmeo I'y usamepumo u
mI’ 1= 0.
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JokasaTenbcTBo. Tak kak ¢dyHKuMa f paBHOMepHO HempephiB-
Ha, To naa Jjoboro € > 0 cymwectsyer §, > 0 Takoe, 4TO ANIA JIIOBKIX
Touek M u M', npunannexamux D; ® ynoBJIETBOPAIOWMX YCJIOBHIO
|MM'| < 6, BuINOJIHAETCA HEPaBEHCTBO

| (M) - f(M')| <.

Muoxectso Dy orpannueno, moatoMy cymectByer (n — 1)-MepHas
kjaeTka A, comepxawas Dy. PasobneM A Ha mnomapHo Hemnepeceka-
IoliMecs KJEeTKH, Yy KOTOpbIX IJiMHa Jiiobo#t amaroHasm Menbuie &,
n vepes A),...,Any 0603HaAYMM Te€ M3 HHX, KOTODHE INepPeceKaloTCcs
¢ D;. B kaxgom mHoxkectBe Aj N D; BbiGEepeM HEKOTOPYIO TOYKY
M; u nmonoxum y; = f(M_,X. Torna, ouesmano, rpadpuk cyxeHus
dynkuun f Ha MHOXecTBo Aj; N Dy comepkuTcs B n-MepHO# KJieTKe

~ N ~
Aj; = A;j x (yj — €;yj +€]. Caenosarensho, Ty C |J A;j
i=1

N
mly < E2emA,- = 2emA.
j=1

A Tak KaK € MOXeT GbITh JIIOOBLIM MOJNIOXUTESILHEIM YHCJIOM, To Ly = 0,
u nostoMy MHoxecTBo I'; msmepumo no Kopaany n ml'y = 0. Jlemma
1 nokasana.

CnenctBue 1. I'pagux awobott dynxyuu, onpedesenroil u Henpe-
puieotl Ha xoMmnaxme, UMEEM MepY HOAb.

3aMeTuM, YTO OrPaHHYEHHOCTb MHOXECTBa, Ha KOTOpPOM 3alaHa
Jyukuua f, ABaAeTcA HEOOXOMUMBIM yCJIOBHEM n3MepHMOcTH Mo 2Kop-
nany mHoxecTBa 'y, Omnako HempephiBHOCTb PyHKIMH f He ABAAeTCA
HeobXooMMbIM ycjioBHeM anaA atoro. Hanpumep, dbynxkuusa upuxe,
onpenesienias Ha otpe3ke [0;1], paspeiBna B Jioboit Touke obJsiacTh
onpejesiends, HO ee rpaduK ABJgeTCA M3MepuMbIM Mo 2KopaaHy MHo-
)KeCTBOM Ha IJIOCKOCTH, H €ro Mepa paBHa HYJIO.

Jlemma 2. Ecau muoncecmeo B C R™™! usmepumo, mo dan awbozo
h > 0 u awboz0 a muoncecmso G = B x [a;a+h] C R™ moorce usmepumo
u mG = h-mB.

JokasatTenbcTBo. Tak Kak MHOXecTBO B U3MepUMO, TO cCylue-
CTBYeT JiBe MOCJIENOBaTeJbHOCTH {8k} u {Sk} 3/eMeHTapHbHIX MHOXeCTB
TaKux, 4TO

sk CBCSr Vk m Lim ms; = lim mS,y = mB.
k—00 k—00
N3 npumepos, paccMOTpeHHBIX B m.6.1, cieayeT, 4To MHOXeCTBa

gk = sk X [@;a+ h] ¥ Gk = Sk x [a;a + h] uamepuMmbl, mg, = hms,
mGyx = hmSj, n nosaromy

lim mg, = lim mGy = h-mB.
k—00 k=00

A Tak xak gx C G C Gk Vk, To MBOXecTBO G m3mepuMo ¥ mG = h-mB.
JleMMa 2 poka3aHa.
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Kak o6nrino, MHOXecTBO G = B X [a;a+h] 6yneM HasHBaTh npammsm
yuaundpom c ocvosaruem B u evicomoti h.

Cnenctsue 2. Hpamott yuaundp xoneuroll emcomn ¢ ocHosaruem
MEPB HOAL UMEEM MEPY HOAL.

N3 cnenctsmit 1 m 2 u KpuTepus HM3MEPMMOCTH OrpaHHYEeHHBIX
MHOXECTB MOJIy4aeM cJeayiollee yTBepXIEHHE, KOTOpPOe ONHCHIBaeT
AOCTATOYHO LIMPOKHH# KJ1acCc M3MEPHMBIX MHOXECTB.

ITyeme G — oepanuvennoe muodcecmeo G mouex n-meprozo npo-
cmpancmea, zparuya xomopozo G ecmb obsedunenue KonenuHo20 “ucaa
MHOOICECTNS, KAHCTOE U3 KOMOPHMT ABAREMCA “acMmbio 2paduxa GyHxyuy,
HenpepueHoll Ha KOoMnaxme, UAU HACMBLIO YUAUKIPE C OCHOBarUEM MeEpb
Hoav. JIoboe maxoe muoocecmeo G C R™ usmepumo no JKopdany.

B koHLe pacCMOTPHM NpHMMepH HEM3MEPHMBIX MHOXECTB.

+ IIpumep 1. ycrs Q — MHOXeCTBO BCeX pallMOHANbHHX TOYeK
orpeska [0;1]. Torna MHOXecTBo G = Q X Q He bGyneTr M3MEPHMEIM NO
XKopnany. HeitctrTenbho, 8G = A, roe Ag = [0;1] x [0; 1], NO3TOMY;
mdG = 1. CnenoBaTtesibHO, MHOXecTBo G He mMeeT mepH 2Kopnana.

INIpumep 2. IlocTpoMM mnpUMep MHOXKECTBA, KOTOpOE ABJIAETCH
OTKPHTHIM M OrPpaHMYEHHKLIM, HO He fIBJIfeTcA H3MepumbiM no 2Kopaany.

MHoxectBo @ u3 npumepa 1 cyernoe. IlepeHymepyem umcia ns
3TOr0 MHOXECTBA: I'y,r2,...,Tn,... H PACCMOTPHM MHOXECTBO

B=Q(r,,-2i”;rn+§;),

rae 0<e<1/2.
MuoxectBo B aABJAdAeTCA OTKPHITBIM H OrpaHMYeHHHM, HO, KakK
JIerko BHAeTh,

(-]
mB > 1, mBgzz—i=2e<1,
n=1
H modToMy oHO He mMmeeT MepH JXKopaaHa.

MMpumep 3. IlocrpouM npuMep orpammyeHHOM o6sacTH, KOTOpasg
He u3Mmepuma no 2Kopaany.

OueBHOHO, HA INPAMOM Takoro MHOXECTBAa He CymMeCTBYeT, TaK KakK
obsracTb Ha npaMoft — 3To uHTepBaJs. ITocTpoum TpebyeMoe MHOXeCTBO
Ha IJIOCKOCTH.

Ilycts B — MHOXeCTBO Ha NpAMOH, NMOCTPOEHHOe B MpHMepe 2.
Kax ¥ BHule, AOKa3HBaeTcs, 4To MHoxectBo B X (0;1) ABngercs
HensaMepuMbIM mo 2KopaaHy, Tak Kak

m(B x(0;1))>1, m(Bx(0;1))<1.

Mmuoxecteo B x (0;1) ABNfieTcs OrpaHM4eHHHBIM M OTKDHITHIM, HO
He HABJAETCA CBA3HBIM H, cJeNOBaTeJIbHO, He ABJAeTcs obsacTbio.
PaccmorpuMm MHoXecrBo G, sABadomeecs obbeluHEeHHEM MHOXeCTBa
B x (0;1) u orkpmroro npamoyrosbhnka (0;1) x (0;0,5). MnoxecTso
G sasaserca obnacteio, Ho He 6yner m3mepumuM no JKopnary.
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7.4. Mepa HeorpanWyeHHEIX MHOXecTB. HeorpaHnuenHOe MHOXECTBO
G TOYeK n-MepHOro NpOCTPaHCTBa R" HA3WBAETCA USMEPUMNM NO
Xopdany 6 obobujerrom cmuicae, eCNH NepecedeHHe ITOrO MHOXKECTBA
C JIO6HIM OTPaHHYEHHHIM H3MEpPHMHIM MHOXecTBoM g C R" mamepumo
mo 2Kopanany. Torna BenmumHa

mG =supm(G Nyg),
g

rae sup Geperca mo Bcem g C R", HasmBaerca obobwenmotl mepodl
2Kopdara mnu npocto Mepoil mruoocecmea G.

Ilpumepamu HeorpaHMYeHHBIX MHOXECTB, m3MepuMHX no YKopnany
B 060OuEHHOM cMBICTe, ABJAIOTCA Bce mpocrpancTBo R", /mo6oe ero
HOJIYIIPOCTPAaHCTBO, BHELIHOCTDb JII06Or0o n-MepHOro uiapa, IIpHYeM Mepa
Joboro Takoro MHOXecTBa paBHa +00. Jliobas rmmepnaockocTs (nps-
mas B R?, mnockocts B R?) m mo6oe mMuoXecTBO Ha THNEPNJIOCKOCTH
AiBJIdeTCA M3MEPUMHBIM MHOXeCTBOM mpoctpaHcTBa R™, Mepa KoTopmix
paBHa HyJio. JlaHHoe Bhlillle ompenesieHHe 3KBHBaJIEHTHO CJIEAYIOMEMY:

Heorpanuyennoe muoxectBo G C R" HasHBaeTc UIMEPUMMM no
XKopdany e obobujerrom cmvicae, ecim nna Jiobolt n-mMepHol KJeTKmn
A mHoxectBo GN A namepumo no Kopnmany. Torma Benmunna

mG = slip m(GNA),

rae sup GepeTca MmO BCeM n-MEPHHM KJIeTKaM, Ha3HBaeTci Mepotl
Mmuoocecmea G.
JInA MpOM3BONIBHHIX MHOXeCTB (OrpaHMYeHHBIX A HEOrpPaHHYEHHBIX)
CnpaBelTMBH CJIENyIOlMe yTBEPXKICHAN:
1. Ecm muoxectBa G m G' WaMepuMH, To MHOXectBa GUG' n
GNG' Toxe N3MEPHMH ¥ CNpPaBENJIMBO PaBEHCTBO
m(GUG')+m(GNG') = mG + mG'.
2. Ecnm muOXecTBa G # g M3MepHMH, To MHOXecTBo G\ g TOXe
uamepuMo. Ilpuyem, ecsim g C G, TO
m(G \ g) + mg = mG.
3. MHuoxecTBo G ¥3MepHMO TOT/Ia M TOJIBKO Toraa, Korga m 6G =0.
IlpensiaraeTcs HOKa3aTh 3TH YTBEPXKAEHHA B KadeCTBE yMpaXHEHHH.

TyiaBa 7. OnpenesieHHLIH HATErpaI

§ 1. Onpenesienne ¥ KPUTEPHH CyIIECTBOBAHMSA
HHTerpaia Pumana

1.1. Pa36uenns npoMexyTEa Ha mpoMeXyTkH. B aToMm naparpade Bce
paccMaTpHBacMble IPOMEXYTKH, KaK IPaBHJIO, ABJAIOTCA KOHEYHLIMH M
HelmyCTHIMH, XOTH 3T0 He Bceraa cdopmyamupyercda. B Tex xe ciaywasnx,
KOTia 3TH YCJIOBHA CyllleCTBEHHHle, OHH JIH6O ABHO HOPMYJIMPYIOTCH,
JIH6O JIerKo BHAHK M3 KOHTEKCTA.
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Onpenenenne 1. Pasbuenuem npomexcymxa A Ha3HBaeTCA JIO-
6oe KoHeYHOe MHOXECTBO MONAPHO HENEPeceKalOWUXCH MPOMEXYTKOB
A,,...,AN, obbennHEHNE KOTOPHIX paBHO A.

Pasbuenue npoMexxyTka A Ha NPOMEXYTKH A,,..., Ay 6yaem obo-
sHavaTh 7(A) WM NPOCTO T C pasHHIMH HHAeKcaMH. Takum obpasom,

T(A): {A1,...,An}. (l)

Jnsa onpeneneHHOCTH NpPoMexXyTKn Aj,...,Ayx 6yaeMm Hymeposatb cie-
Ba HampaBo. Tak 4To, ecyii @ B b — KOHIB npoMexyTka A, a ;.
M z; — KOHUH NpoMexyTKa A;, To

a=z9<z;<...<zp=b (2)

Toukm zo,Z1,...,Zn Ha3HIBAIOTCA Mouxamu pasbuenus (1).

OueBnaHo, moboit Habop Todek =o,Z3,...,Tn, YHAOBJETBOPAIOLIMX
ycnouio (2), 3afaeT HekoTopoe pasbmeHme NpoMexyTka A, mpuieM B
cayyae N > 1 Takux pa3bueHHit He OAHO, TaK KaK TOYKH ZTj,...,TN-1
ABJAIOTCA KOHIAMH JABYX INPOMEXYTKOB pa3bMEHMA M MOryT npuHaj-
Jexartb Jo6oMy H3 HHX.

IlpocTeitunM npuMepoM pa3bueHus mpoMexyTKa A c KoHuaMu a u b
AB/seTca moboe pasbuenne ero Ha N paBHHX IO JJIHHE POMEXYTKOB.
B 2TOoM ciyvae TOukaMM pasbHeHHsA ABJIAIOTCA TOYKH

N

Onpepesenne 2. Pasbuenne 7/(A) HaswBaeTca npodoadicenuem.
pasbuenusa 7(A), ecnn Jobolt mpoMexyTok pasbmenus T/ comepKMTCH
B HEKOTOPOM INpPOMEXYTKe pa3bueHns 7.

+ Takum o6pasom, smoboe nponosvkerne pasbuenns 7(A)={A,,...,An}
— 210 obbenuHeHMEe HEKOTOpPHX pa3bueHn#t npomexyTkoB A; € T,
i=1,...,N.

Jlerko BHAETh, 4TO ecyu pa3buenne T' — npomosDKeHHe pa3bueHHs
T, a T — NMpoJOJDKeHHe pasbuenus '/, To 7/ — npogosokeHne pasbueHns
7. Or™MeTHM elie OxHO cBoficTBO pa3bueHHM#t mpoMexyTKa.

JlemMma. Jasn awbwr deyr pasbuenutt 3adanmozo npomedcymxa
cywecmeyem mpemove pasbuenue, Komopoe ABAREMCA nNPodoadrceHuem
xaxncdoz0 u3 dannwzr pasbuenud.

JoxasaTesbcTBo. 3aMEeTHM, YTO NepecedeHHe JIOOHX ABYX Npo-
MEXYTKOB €CTh NPOMEXYTOK MJIM MycToe MHOoXecTBo. Toraa, o4eBUAHO,
ang Jobeix pasbuenui

T’(A)={A,1»“" 5’1'}: T"(A)={A'1""’ SV"}

COBOKYNHOCTh BCEBOSMOXHHIX HeENyCTHIX Nepecevenuit Buaa A N A;
obpasyer pasbuenue 7(A), KOTOpoe ABJAETCA NPOMOJLKEHHEM KaK IJIA
7', Tak u maa . Jlemma nokasada.

%, i=0,1,...,N.

zi=a+
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1.2. Aurerpambunie cyMMH. [IycTh Ha KoneuHoM npomexyTke A 3a-
nana dynkuua f(z), ¥ nycTs T — HeKoTOpoe pasbueHNe MPOMEXYTKa A:

T= {Al, . .,AN}.
Uepes m; u M; o6o3na4um TouHHe rpand GyHKUME f Ha NpoMexyTKe A;:

m; = inf f(z), M;= sup f(z),

a depes |A;| — pnuny opomexyrtka A;. OueBngHo, ecnM T;_y H
z; — KOHIH npoMexyTka A;, To |A;| = z; — z;_, no3ToMy BMecTo A;
HHOrOma HymeM mucaTh Az;.

Onpenenenne 1. Jaa obyukuuu f(z), z € A, u pasbuenns
r(A) = {Ay,...,AN} cyMMmn a

N N
domilad m ) Mi|A

i=1 =1

Ha3BIBAIOTCA UHmezpasvHmu cymmamu Japby (cOOTBETCTBEHHO, HudrC-
netl ¥ eeprrel) m obosnavaiorca s(f;7) u S(f; 7).

OueBunno, uTo ana Jobo#t dbymkuum f(z), z € A, u moboro
pasbuenns 7(A) cnpaBemJIMBO HepaBeHCTBO

s(f;7) < S(f;7). (1)

JokaxeM ellie HeCKOJIBKO CBOfCTB MHTerpajbHmx cymm Hap6y.

JTemma 1. Ecau pasbuenue 7'(A) ssasemca npodoadiceruem pas-
6uenus 1(A), mo

s(f;7') > s(fi7), S(f;7') <S(fi7). (2)

HokasatenbcrBo. OueBuano, 4ro pa3bmenume 7/ MOXHO IO-
JIyYUTh N3 pa3bHeHMA T 3a KOHEYHOe YHCJIO IIaroB, B KaXIAOM H3
KOTOPHIX OfMH M3 MPOMEXYTKOB AEJHTCA Ha JBa HemnepeceKalolWHXCA
NpOMEeXYTKa.

IIyctb, HampuMep, mpomexyTok A; pa3gmesieH Ha JBa HelepeceKa-
jomnxca npomexyTka A;, m A;,. Torma, ecmm ni;, m;;, u m;, —
TouHBle HWKHWe rpann dyHkumM f Ha A, A;, ¥ A;, COOTBETCTBEHHO,
TO, OYEBHIHO, M;, > m;, m;, > Mm;, H NO3TOMY

m"IAi'I = m.(|A.,| + 'A'al) < Tn.‘llA.',I + m‘zIAizl'

Takum ob6pasoMm, mpm JesjleHMH Ha JBa HenepeceKaloOUUXcsA Ipo-
MeXYTKa OIHOTO M3 I[POMEXYTKOB pa3bueHus HMXKHAA cymMma [lapby
MOXeT ToJbKO yBesauuntbes. OTcioma M cienyeT nepsoe M3 Hepa-
peHcTB (2). BTOpoe HepaBeHCTBO JOKa3hIBaeTCA aHAJOrH4HO. Jlemma 1
[0Ka3aHa.
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JJemma 2. Jas awboit fynxyuu f(z), z € A, u awbuzr pasbuenuil
7'(A) u 7"(A) cnpasedauso nepasencmeo

s(fir') < S(fir").

Hokasatenbcrno. Kak nasectHo, ana siobuix pasbuenntt 7/(A)
u 7"(A) cymecrsyer pasbuenre 7(A), KoTopoe AiBAAETCA NPOAO/DKEHKEM
nana v, u qna 7', Tornma

s(fi7') < s(fim) < S(fir) < S(£i7"),

Tie MCNOJIb30BaHBl CHadYaJsla NepBoe M3 HEPaBEeHCTB (2), 3aTeM HepaBeH-
cTBo (1) M, HakoHel, Bropoe M3 HepaBeHCTB (2). JlemMma 2 mokasama.

Kpome wuHTerpasisinix cymm [apby, 6ymem paccMaTpuBaTh elue
HHTerpaJjibHnle cyMMH Pumana.

Onpenenenne 2. Ilycts sagana dbyukumsa f(z), ¢ € A, u nexo-
Topoe pasbuenne T = {A;,...,An} npomexytka A. Toraa cymma

N
D FENA,

t=1

roe & € A;, Ha3HBaerca unmezpaavHoli cymmold Pumane $ynxyuu f
u obosnauaerca o(f;r) mm o(f;7;€), rne €= (&,...,&N)-

OuesuaHo, ana mmoboro pasbuenns 7(A) ={4A,,...,An} cnpasen-
JIMBbl HEpaBeHCTBa

s(fi7) < a(fim;€) < S(f37)
npu mwobom Bubope Touek & € A;. KpoMe Toro,
s(fir) =info(fim8),  S(fir) = sgpv(f; 7;€).

1.3. Murerpan Pumana. Bume 6mno mokasano, 4To asd miobGoft
dyuxuuu f(z), ompeneneHHoll Ha KOHeYHOM IIpOMeXyTke A, H Iaf
n106bix pasbuennit 7/(A) n 7(A) cnpaBenIMBO HEpaBEHCTBO

s(fir') < S(£; 7).
Orcioma chenyet, 4To

sup a(f;7) < inf S(f; ), )

rae sup ¥ inf GepyTca mo BceM pasbuenusam 7 npomexyTka A. [e#-
CTBUTE/bHO, PUKCHpYA T M MeHAA 7/, NMOJIYyYHM HepaBeHCTBO

sups(f;7) < S(f") v,

a us Hero — HepaBeHcTBO (1).
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Onpenenenne 1. Tounse rpanu sup s(f;7) n irrlfS(f; T) Ha3hBa-
T

1oTca unmezpasamu Japby (COOTBETCTBEHHO, HUJNCHUM K GEPTHUM) om
Pynxyuu f no npomeacymxy A m obosnavatorca J(f) u J(f). Takum

obpazoM, _
I(f) =sups(fir), J(f) =infS(f;7),

npuuem J(f) < J(f) mna mobott dbynxnum f, onpenenennoft Ha KoHed-
HOM npoMexyTke A

Onpenenenne 2. Ecnu unrerpanm Hapby or dynkmumm f mo
OpOMeXYTKY A KOHeYHH M paBHH Mexay coboit, To ¢ynkuua f
Ha3BIBAETCA unmezpupyemolt no Pumany sia npomencymxe A, a uucyo

J(N)=LN) =T
Ha3biBaeTcd unmezpatom Pumana om dyrxyuu f no npomencymxy A

u obosnavaerca [ f(z)dz.

A
N3 3Toro onpenesenns ciaeayeT, 4To ecqau ¢pyHkimnsa f MHTErpupyema
Ha mpoMmexyTke A, To

tfin) < [ fa)de < SUAim) vr(a).
A

3ameTHM, 4TO HMHTerpajJ oT ¢hYHKUMH [ He 3aBUCHT OT TOrO,
Kak ofo3HauyeHa HE3aBHCHMaf MEpEeMEeHHad, TaK YTO BMECTO & MOXHO

oucarh Jiobyio apyryio 6ykBy. MHoraa muTerpan / f(z) dz obo3HavaloT

a
Kopode — / fdA. Tlocnemnee obosHavyeHHe MPEANOYHTAIOT B TEOPHH

KpHBOJIMHEe#HHX ¥ KPATHHIX MHTErpaJioB.

Mpumep 1. O®ynkuua f(z), z € A, onpenenesHas Ha NpoMexXyTKe
A, HasHBaeTcAa cmynenvamoti, ecqm cywecTsyer pasbmenme T(A) =
={A,,...,An} TaKoe, uTO

f(z)=¢ VzelA;, i=1,...,N.

OuepunHo, cTynenyatas ¢yHKUMA f HHTerpMpyeMa Ha JioGoM Ko-
HeYHOM NpoMexyTke A M

N
/f(z) dz =Y cilail
a i=1

B uactHOCTH, ecin yHKmMA [ OTVIMYHA OT HYJA JMIIb B KOHEYHOM

uncne Touek, 7o [ f(z)dz =0.
a
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IIpumep 2. Oyukuua Jdupuxsne He MHTerpHpyema mo PumaHy Ha
Jo6oM KOHEYHOM mpoMexyTke A, y kotoporo |A|> 0, tak kak

s(fir)=0, S(f;7)=|Al

I moboro pasbuenus 7(A).

IIpamep 3. Jnsa aoboro npomexytka A u Jioboro yncna T' yepes
A 4+ T o0603Ha4MM OPOMEXYTOK, KOTOpHH mosydaeTrcs M3 A CABATOM
Ha T, Te. A4+ T — 310 MHOXecTBO Bcex 2+ T, rme z € A.

PaccmoTpnM nepnommyeckyio ¢ynkuuio f ¢ nepmonom T M HekoTo-
puift npomexyTok A C Dy.

Ouesunno, moGomy pasbmenmio 7(A) = {A;,...,An} npomexyT-

ka A coorsercteyer pasbuenwe T(A+T) = {A1+T,...,An + T}
npomexyTka A + T u HaobopoTt, npHieM

s(f;7(8)) = s(f; (A +T)),
S(f;7(A)) = S(f; (A + 1)),

IoaToMy, ecnn f MHTErpHpyeMa Ha NMpoMeXyTKe A, TO OHa MHTErpH-
pyeMa H Ha A+ T n

/ f(z)dz:!f(z)dz.

A+T

Teopema 1. Ecau gynxyus f unmeepupyema na npomedxwcymre A,
mo oxa ozpanuvena Ha A.

OoxasateasctBo. [lycts 7= {A;,...,AN} — HekoTOpoe pas-
6uenne npomexyrka A. Torna, ecnn dyHkuua f saBafieTrca HeorpaHm-
YeHHol cBepXy Ha A, To OHa He orpaHM4eHa CBEpXY, ¥ Ha HEKOTOPOM
npomexyTke A; € T, y koroporo |A;} > 0. Takum obpasom, ecsm
dbynkuns f ABnNAercA HeorpanmdeHHOM cBepxy, To S(f;7) = 400 V7,
1 noatoMy f He 6ymer WHTerpmpyemoft Ha A.

AHaJIOTMYHO JOKa3hIBaeTcd, 4YTO ecau [ fAB/NAETCA HeOrpaHHYeHHoM
cunsy, 1o §(f;7)=—00oV T, n noaToMy f He Gyner uHTerpupyemoit HaA.
Teopema 1 mokasaHa.

Teopema 2. [Jas mozo wmobw gynxyus f(z), € A, 6msa unme-
2pupyema no Pumany Ha npomescymxe A, neobzodumo u docmamouno,
NMOON BUNOAHANOCL YCAOBUE:

Ve>0 3r(A): S(f;7)—s(f;7) <e. (2)

JokasatenncTso. Ecim ¢pyHkuua f mHTerpMpyeMa Ha npome-
XKyTKe A, TO, COIVIACHO OnpefesieHHIo, A4 J1o60ro € > 0 BHIOJHAIOTCA
YCJIOBHS:

An(A): I(f) - 5 <slfinl) S I(),
3I(8): I S S(FA) <IN+ 5.
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Yepea 1, 0603HauNM pa3bueHHe, KOTOpOe ABJNAETCHA MPONOJDKEHHEM
pa36uennit 7/ u 7)'. Torna

s(fim) < s(fime) < S(fim) < S(fin).

CiienoBaTesbHO,
() =5 <slfire) S S(fim) < () + 3,

U moatoMy Ania Te(A) BhimosHAeTCA ycnosHe (2).

ITycTh Tenmepb ynHkuua f Ha npoMexyTke A YyIOBJIETBOPAET YCJO-
puio (2). Torna

s(fir) < L(f) <T(f) S S(fi7),

H 1noaTOMY J(f) — J(f) < € nna moboro € > 0. CienoparensHo,
J(f) = J(f) 1e. bynxuna f uHTerpmpyema Ha mpoMexyTke A.
Teopema 2 mokasaHa.

JokasaHHasi TeopeMa Ha3HIBaeTcA xpumepuem Pumana unmezpupy-
emocmu gynxyuu. Bo MHOrmx ciyuasax ee ymobHo ¢popMyaupoBaTh B
TepMHHaX KoJsiebaHMA YHKIMH Ha MHOXeCTBe.

Onpenenenue 3. Ilycts 3anaHnl GyHKIMA f H HEKOTOPOE MHO-
xectBo g C D;. Torna pasHocTb

sup f(z) — inf f(z)

HashBaeTcs xosebanuem dynxyuu f Ha mnoocecmee g m obo3znavaerca
w(f:9).

Teopema 2'. [Jan mozo wmobw Pynxyus f(z), =z € A, 6vaa
unmezpupyema Ha npomexcymxe A, neobrodumo u docmamonno, ymobm
dar awbozo € > 0 cywecmeosaro pasbuenue T(A) = {A;,...,An}
maxoe, wmo

N
Y w(fiA)lAi <e.

i=1
Caencreue. Jas mozo wmobw Pynxyus f(z§, z € A, bvaa

unmezpupyema na npomescymxe A, neobrodumo u Jocmamouno, 4mobu
cywecmaosasa nocaedosameavrocme pasbuenutt 7 (A), k € N, maxas,

wmo
Jim (S(f;n) = s(f;m)) = 0. 3)
B aroMm ciaygae

Jim o(f;m) = lim S(f;m) = / f(z) dz. (4)
A
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HoxasaTenbcTBo. U3 ycnosus (3) caenyer cpasy ycnosme (2).
Ecsin ke BhinmosiHeHo ycJjioBMe (2), To, mousarags € = 1l/k, rne k =
1,2,3,... nocTpoMM noCJIeOBATE/NbHOCTb pasbuennit 7x (A), ana xoTopoit
BbinosinsieTcst ycyoBue (3). HakoHen, paseHcTBa (4) caenylor us Toro,

4TO
0 < J(f) —s(fim) < S(fime) —s(fime) =0,
0<S(fime) = J(f) £ S(fim) —s(fime) =0
npun k — oo. Cneacrbue AoKa3aHo.

1.4. Ilnomany xpuBosmuelinolt rpaneumm. 13 onpemenenutt Mepn
2Kopaana u uHTerpayia PumaHa BuiTeKaeT cienymoluf#t kputepuit uH-
TErp¥pyeMoCTH HeoTpHLAaTesNbHO# yHKUHUN.

Teopema. Jar mozo wmobm neompuyamesvxan Pyrxyus f(z)
6waa unmezpupyema no Pumany na npomencymxe A C Dy, neobzrodumo
u docmamonto, «mobv MHOIHCECTNGO

G={(z;y): z€A, 0<y< f(z)} (1)
6wao usmepumo no Kopdany. B smom caywae
mG = / f(z) dz. )
A
HokasatenbctBo. [lycts 7= {A;,...,AN} — HekoTopoe pas-

6uenne mpomexyTka A. Iloctpomm MHOXecTBa

N N
gr = U A; x (0;m;), G,- = U A; x [0; M, (3)
i=1 ' i=1
rae )
m; = zleng" f(z), M;= :eug' f(z).

9tH MHOoXecTBa M3MepuMmhbl no 2Koppany,
9 CGCG, u mg,=s(f;7), mG,=5(f;7).

Torna
s(f;r) <mG <mG L S(fi7),

IpMYeM 3TH HEPaBEHCTBA BHINOJHAIOTCHA A Joboro pasbuenns 7(A).
CnenoBaTteJibHO,

J(f) < mG < WG < J(f),

U mosToMy ecaM ¢ynkuus f HHTerpupyema Ha A, To MHoXecTBo G
MMeeT IUIOWAAb H CrpaBemyuBa ¢dopMyJia (2).

JokaxxeM Temepb, 4TO ecJM MHoxecTBo G mamepmmo no 2Koprany,
To dynkumsa f aHTerpupyema mo Pumany Ha A.
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M3 wmamepumocTtn MHOkectBa G cienyer, 4T0 ans Jmoboro € > 0
CYIIECTBYIOT 3JIeMEeHTapHHE MHOXEeCTBa § M S TaKHe, 4TO

sCGCS n mS—ms<e.

PaccMoTpiM mepBHe KOODAMHATH BepuHMH KjeTok u3 s u S. Onu
NPOM3BOAAT HeKoTopoe pasbumenwe T npomexytka A. Jlaa srtoro
pasbuenns moctpouM MHOXecTBa gr M Gr (cM. (3)). Torma

sCgrCGCG,CS,

ms < 5(f;7) < S(f;7) < mS,

M TO3TOMY
S(f;r)—s(fir)<mS—ms<e.

Takum obpasom Hokasano, 4To dyHKmMsa f Ha A yHoBJeTBOpAET
ycsioBuio nETerpupyeMoctu. CnenoparesibHo, hyHKIMA f MHTerpHpyeMa
Ha A ¥ cnpaBeémauBa ¢dopmyna (2). Teopema nokasana.

MuoxectBo (1) HasmBaeTcs Kxpucoasumetinoll mpaneyued!, CoOTBeT-
crByioule#t dyukuuu f Ha npomexyTke A. Tenepb AokasaHHEI Kpu-
TepHit HHTErPHPYEMOCTH MOXHO chOpMYJHpPOBATh TakK:

Heompuyameavnar dynxyus f uwmezpupyema no Pumany na npo-
meancymxe A C Dy moeda u moavko mozda, xo20a coomeemcmey0wyan
xpuGoaunetinan mpaneyus usmepuma no XKopdany.

1.5. Hurerpan Pumana H Noc/eNoBaTebHOCTH pa3buenmii, MenxocTh
KOTOpHIX CTPeMHMTCA K Hy/mo. B Teopun murerpasia Pumana ocobyio pons
UrpaloT MOCJIeNOBATENbHOCTH pa3bueHnit, MeJIKOCTh KOTOPHIX CTPEMHUTCSH
K HyJIo.

Onpenenenune 1. ToyHas BepXHAA TpaHb paccToAHHE# Mexay
JIIOOBIMH TOYKAMM MHOXKECTBa ¢ HA3LIBAETCA JUAMEMPOM MHOXCECMEA
g u obosnayaerca diamg.

Onpenenenue 2. llycts 7= {4,,..., AN} — HekoTopoe pa3bn-
eHHe KoHe4yHoro mpoMexyrtka A. Torma 4mcso, paBHOe m‘_axdiam A,

Ha3hIBAETCA MEAKOCTbI0 pasbuenus T U obo3HavaeTcs |T|.

Teopema. Ecau dynxyus [ unmezpupyema Ha npomedicymxe
A CEC Dy, mo das awbott nocaedosamesvrocmu pasbuenutt ne(A),
ke N, y xomopott ;,li,r& || = 0, umerom mecmo paeercmesa

Jim s(f;m) = Jlim S(fin) = [ f(z)da. (1)
A

HokasaTteanbctBo. Tak kak

s(fime) < J(f) <S(fim) V&,

TO AJIA AOKa3aTeJbcTBa paBeHCTB (1) MOCTATOYHO MOKa3aThb, YTO
lim (S(f;m)— 8(f;m)) = 0.
k—o00
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Myers m = {AY,....A%,}, kli’tg |m| =0,

Ny
PRSIV (2)

=1
,Hoxa.meM qyro lim E =0.
[} k k

Tak kak ¢pyHknus f HHTErpupyemMa Ha nNpoMexyTke A, To oHa
orpaHndyeHa Ha A, T.e.

IM: |f(z)l<M VzeA,
H LA Hee BHIMNOJHAETCA YCJOBHE
Ve>0 3r(A): S(fire)—s(f;7) <e.
Nyers 7. = {Af,...,Ay, }. Torma cymma (2) pasbusaercsa na xse

CYMMBI: Zk _ Z: N Z;‘

rae Y, — cymma mo Bcem A¥ xoropme me comepxarca HM B omHOM
s A€, a Yk — cyMMa Bcex OCTAJIbHHIX CJIaraeMHIX.

Cymma Y, comepxHT He Gonee N, cJaraeMmX, B AJIf KaXIOTO H3
HAX CNpaBeNJ/IMBO HepaBeHCTBO

w(f; A))IAY] < 2M|n).
CnenoparenbHo,

3 < MNInl

JJIq olleHKH BTOpO#f CYMMBI 3aMeTHM, 4YTO
Ne

Y. =2 | X wrahiat),
i=1 \akcas

Ille BHYTPEHHAA CyMMa — 3TO CYMMa N0 BCeM mpoMmexyTkam A¥ C Af,
a ec/TH TaKMX NPOMEXYTKOB HET, TO OHa paBHa HY.JIIO.
Ouesnnno, ecmm A¥ C AS, 1o w(f; AF) < w(f;A%), n nosromy

N,
YUY unan| X lak

i=1 atcas

A Tak kak mpomexytku AF (npm ¢uxcuposannom k) He mepece-
KaloTCH, TO

Y 1Ak <148

akcas
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CanenosaTesbHo,

N,
U< Y wisanlall <.

i=1
TakuMm obpazoM, naa nwo6oro k cnpapeliMBE HepaBeHCTBa

0< Y <2MNn|+e.

W3 Bux crnepyet, 4to

0< lim )" < Tim  Se

T koo k—roo
ana smoboro € > 0, U moatomy klim Y« = 0. Teopema moka3ana.
—00

Joka3anHas TeopeMa M KDHUTEpPH#i HHTErPHPYEMOCTH NO3BOJIAIT
cdopMyIMpOBaTh CJEAYIOLIEE YTBEPXKACHHE:

Jan moeo umobw Pynxyus f Ovaa unmezpupyema no Pumany
Ha npomedxcymxe A C Dy, wneobrodumo u Jocmamouno, umobw 0an
nexomopotl nocaedosameavrnocmu pasbuenuit 1 (A), k € N, y xomopot
klim || =0, ewnoanssoce ycaosue

0

Jim (S(f;m) - s(f;m)) =0. 3)

B amom caydae amo ycaosue 6unosnsemcs Oas awboil nocae-
dosameavrocmu pazbuenuid m(A), k € N, y xomopots klim |m| = 0.
—$00

ITpuvem
Jim s(f;m) = lim S(f;n) = / f(z) dz, (4)
A
Jim o(f; ;€)= [ f(e) de. (5)
A

Tax kak paseHcTsa (3), (4), (5) BmmosnaloTca ana moboft mocseno-
parenbHocTH pasbuwenuit 7x(A), k € N, y xoTopo#t kli’m el = 0, TO
(o]

nUuyT
Jim (S(f;7) - a(fi7) =0,

lim s(fi7) = lim S(fi7) = A/ f(z) dz,
lim o(fi7i€) = A/ f(2) dz.

IocneqHee paBEeHCTBO OYeHb 4acTo OGepeTcA 3a onpenesieHHe HHTe-
rpana Pamana.
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§ 2. CBolicTBa MHTerpMpyeMbIx ynxupit
M ONPENEeIEHHBIX HHTErpPaJjIoB

w} 2.1. CpolictBa mnrerpupyembix ¢pynxumii. HamoMuuMm, 4To mHTerpm-
pyemocTb no PuMaHy paccMaTpuBaeTcs TosIbKO ais ¢yHKUME#, ompene-
JIEHHhIX Ha KOHEYHHX npoMexyrkax. IlosToMy Bce paccmaTpuBaeMbie
llajlee NPOMEXYTKH KOHedHHe.

Teopema 1. Ecau dynxyus f unmezpupyema na npomesxcymxe A,
mo oHa unmezpupyema u Ha arobom npomeacymxe A’ C A.

Hokasateabctso. Ilycrs 7, k € N, — HekoTopas mocJienoba-
TeJbHOCTh pa3bmeHmit mpomexxyTka A’, y Koropo#t Tli_r.noo 7| =0, a

k

Tx — pa3sbmeHMe mpomexyTka A Takoe, 4To 7, C 7 M || < [7L].

Torna
S(fim) —s(fim) < S(fim) —s(fim) =0

npu k — oco. CnenoBatenbHo, ecim f uHTerpMpyeMa Ha A, TO OHa
uHTerpupyema ¥ Ha A’ C A. Teopema 1 nokasaHna.

Teopema 2. ITycmv obsedunerue npomescymxos A' u A" ecmo
npomencymox A. Tozfa, ecau dynxyusa f unmezpupyema na A’ u Ha
A", mo ona unmezpupyema u na A.

JdoxaszatenbcTBo. O4eBHRHO, AOCTATOYHO PAacCMOTpPETh cJy4daft,
Korma A’ # A u A” £ A. B 3ToM caydae passocts A"\ A’ = A"
eCTb NPOMEXYTOK, nmpudeM mpomexyTku A’ m A" He nepecexaiorcs

n A'UA" = A. Tyers 7, n 7", k € N, — nocsienosaTe/IbHOCTH
pas6uennit mpomexyrtkos A’ u A, npuyem Ttakme, uto |7i| = 0
u || 5 0 npu k = oco. OueBupno, 7 = 7, U7’ — pasbuenne

npomexyTka A. Torna
S(fime) = s(fime) = (S(fim) — s(fi 7)) + (S(Fi ") — s(f ")) = O

npu k — 0, Tak kak dyHkmus f ®WHTerpupyema Ha A’ m Ha A", a
noatoMy u Ha A" C A" (cMm. Teopemy 1). Teopema 2 nokasaHa.

Teopema 3. Ecau dynxyus f unmezpupyema na npomesicymxe A,
mo u |f| unmeepupyema na A.

HokasaTtenbctBo. Tak kak

1f (z k= f(z2)ll £ |F(21) = flz2)] S w(f; A

I1a Jobhx z, m 23 w3 A/ C A, 1o w(|f]; A") < w(f; A’) ana moboro
npomexyTka A’ C A.

Mycrs pasbuenns 7x(A) = {A{‘,...,A'f,,k}, k € N, Takme, 4To
|x| = 0 npu k — oo. Torna

Ny Nx
S w(lfl; AhIAk < Y w(f; Ah)lAE =0

1=1 i=1

npu k — 0o. Teopema 3 moka3ana.
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Teopema 4. Ecau dynxyusa f unmezpupyema na npomescymxe A
u |f(z]2 c>0Vze A, mou pynxyus 1/f unmezpupyema va A.
HokaszaTeabcTso. Tak Kak

1 1
f(z1)  f(z2)

ana mobux z, u z2 3 A’ C A, 10

< Flf(e2) = f(z1)] € Hulf;A)

1 1
w (?;A’) < Zwl(fia))

ana moboro mpomexyTtka A’ C A. Orciofia, Kak M NpH JOKa3aTeJbCTBe
TeopeMn 3, caenyet, 4To pynkuus 1/f nnrerpupyema na A. Teopema 4
OKa3aHa.

Teopema 5. Ecau pynxyuu f u g uwmezpupyems Ha npomesicymxe
A, mo dynxyuu ftg u fg moace unmezpupyemn nHa A.

HJokasateabcTBo. Jlerko Buaers, uTo
w(f£g;4") Sw(f;A') +w(g;A")

ana moboro nmpomexytka A’ C A. Orciona, Kak U Bhllle, CJeayeT
HHTerpupyemocTh bynkunit f+g na A.

Jna nokasareqbcTBa HHTETPHPYEMOCTH (YyHKuMH fg OLEHHM ee
Kosnebanme Ha A’ C A 4depes Kosebanua bynkmuit f u g.

Tak Kak GYHKIMH f ¥ g MHTerpHpYeMH Ha A, TO OHH OrpaHHYeHHl

Ha A. Ilycts
If(z) <M, lg(z)ISM VzeA.
Torna
|f(z1)g(z1) = f(22)g(22)| € M| f(z1) = f(z2)] + Mlg(z1) = g(z2)]<
< Muw(f;A') + Mw(g; A')
aag Jmobux z; ¥ zz u3 A’ C A, ¥ nosromy
w(fg; A") < Mw(f; A') + Mw(g; A')

g moboro npomexytka A’ C A. Otciona, KaK M BHIle, cjenyer, 9TO
¢yuxuna fg murerpupyema Ha A. Teopema 5 nokasaHa.

TeopeMma 6. Ecau dyrxyus f ozparudena Ha xoreuHoM urmepeane
(a;b) C Dy u unmezpupyema Ha awbom ompesxe [a;f] C (a;b), mo ona
unmezpupyema u Ha (a;bd).

HoxasatenbctBo. llycrs |f(z)| < M Vz € (a;b). Torna nna
soboro € > 0 cymectByer orpesok [a;f] C (a;b) Tako#t, ¥To

2M (a — a) + 2M(b— B) < g
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Tax xak ¢pynkmus f maTerpupyema Ha [a; ], To cymecTsyer pasbuenne
r={A,,...,AN} oTpeska [a;f] Takoe, uTO

N
A)IAd < &
2 el Al < 5

OueBunuo, npoMexytkn A;,..., Ay B Ay = (a;a), Any1 = (6;b)
obpasyror pasbuenue mHTepBasa (a;b), npuueM Takoe, uTo

N+1

3 €

Sufa)al<z+z=e

£ 2 2

1=0
CnenmoBaresibio, dynkuns f mHTerpupyeMa Ha mHTepBaje (a;b). Teo-
peMa 6 mokasaHa.

NMpumep. Pyuknua f(z) = sgn (sin %) WHTerpupyema Ha Jiobom

KoHeuHoM mHTepBasié suna (0;a).

HeficTBuTesbHO, OHa orpanuyena Ha (0;a) u cryneH4aTas Ha Jo6oM
orpeske [a; 8] C (0;@). A Tak kKak cTyneHdYaTas pYHKUHSA MHTErpHpYye-
Ma, Tq fAaHHadA yHKIUMA uHTErpHpyema Ha (0;a).

2.2. Knaccu wnrerpupyemux d¢ynxumit. B nokasaresnbcTBax cie-
nyomnx TteopeM depes 7, = {Af,...,A% }, k € N, obosnasaercs
NpOX3BOJIbHAA NOCJIEOBATEJLHOCTh pa3buennft orpeska [a;b], y koro-
poft |7x| = 0 npu k — co. B yacTHOCTH, 3a 7% MOXHO B3AThH pasbuenue
orpeska [a;b] Ha k paBHHIX MO A/IMHE MPOMEXYTKOB.

Teopema 1. Ecau dynxyus f nenpepwena na ompesxe [a,b], mo
ona unmezpupyema wa [a;b).
Hoka3satenbcro. OueBRAHO, YTO

w(f; AF) < wy(Imel),
rae wy(|n|) — monyns HenmpepniBHOCTH dyHKmHH f Ha oTpeske [a;b].
Tax xak f paBHOMEPHO HempephBHa Ha OTpe3ke [a;b], To
Jim wy(In) = 0.

IToaTomy

Ny

Yo w(f; AN)IAF < wi(Iml)(® —a) = 0

=1

npu k — co. Teopema 1 mokasaHa.
Caencteue 1. Ecau dynxyua f oeparuvena u Henpepmiena na
xoreunom unmepeaqe (a;b), mo omna unmezpupyema na (a;b).
JeitcTBuTENbHO, MO TeopeMe 1 OHa MHTErpHpyeMa Ha JIo60M oTpeske
[@; B] C (a;b), a Torna mo TeopeMe 6 u3 n1.2.1 oHa HHTErpupyeMa Ha (a; b).
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Cnencraue?2. Ecau fyrxyusa f ozparusena u xycouno-wenpepusna
Ha KoHeuHOM npomedicymxe A, mo ona unmezpupyema Ha A.

HokasarenbctBo. Ilyctb @ m b — koHuw mnpoMexyTka A,
npudeM a < b, n nycts pyHknua f Ha mHTepBaJie (a;b) MMeeT ToMNBKO
OAHY TOYKy paspniBa ¢ C (a@;b), T.e. oHa HenmpephlBHa Ha MHTepBaJax
(a;c; u (¢;d). Torma, corsacHo cneacTBuio 1, oHa HMHTerpupyema Ha
(a;c) u (c;b), a cnemoBaTennHo, u Ha A.

Cayuait 6onbiero 4mcsia Touex paspuiBa (YHKUMHM f CBOOMTCA K
npeasiayiemy. Cnencreve 2 nokasaHoO.

Teopema 2. Ecau gynxyur f monomonna na ompesxe [a;b], mo
oHa unmezpupyema Ha [a,b).

HdokasaTenbcTBo. 3aMeTuM, 410 y Jiioboft MoHOTOHHON dDyHKIMK
f cymma koneGanuit Ha Hemepecekalowmxca npoMexytkax AF C [a;b]
He npesocxonuT konebanua bynkuum f Ha otpeske [a;b]. Iloaromy

Ni
> w(fi AF) < 17(6) - f(a)|
=1

H, CJIe[IOBaTeJIbHO,

N
S ow(f; AHIAY < Inel - 1£(b) - f(a)l =0
i=1
npu k — co. Teopema 2 noxasaHa.
Canencreue 3. Ecau dynxyus f ozparuvena u MOHOMOHHG Ha
xoreunom unmepsase (a;b), mo ona unmezpupyema wa (a;b).

Cnenctpune 4. Ecau pynxyua f ozparuvena u xycourno-monomorna
Ha xoHeuHoM npomedcymxe A, mo ona unmezpupyema na A.

Npumep 1. ®yskuna f(z) = sin% HHTErpUpyemMa Ha Jio6oMm

npomexyTke Buaa (0;a].

HefticrBuTenbHo, oHa orpanndena Ha (0;a] ¥ HenpepuBHa Ha JiIO60M
orpeske [a; 8] C (0;a].

pumep 2. Oynkmua f(z) = (1/z) — [1/z], rae [1/z] — uenas
YacTb uMcaa 1/z, MHTerpupyeMa Ha jobom npomexytke suna (0;a).

HelicrButenbno, oHa orpanndena: |f(z)| < 1, u uHTerpupyema Ha
mobom orpeske [a;f] C (0;a)], Tak Kak Ha JIOGOM TaKoM OTpe3ke OHa
KYCOYHO-MOHOTOHHA (M KyCOYHO-HenpephiBHA).

B KoHLe npHBeAeM NpHMEpP MHTerpHpyeMol yHKUMH, He NpHHA-
Jexauieft HA OAHOMY M3 PaCCMOTPEHHHX BhIlle KJaccoB dpyHKuuit.

Mpumep 3. PacemoTpuM Tak HasmiBaeMylo $ymxyuro Pumana f(z),
KoTopas ompepensercs cieayouum obpasom: f(z) =0, ecnu z uppa-
usonasnbHoe mm z =0, n f(z) = 1/q, ecnu z panuonanbuoe, z # 0
H r = p/q, roe. p — UeJoe, a ¢ — HATypaJbHOoe, npuyeM Apobs p/q
HecokpaTHMas. JlokaxkeM, 4To 3Ta PYHKOHA MHTErpMpyeMa no Pumany
Ha Jobom oTpeske [a; b].
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Jansa moboro € > 0 cyutecTByeT nmub KoHeuHoe uucsio N, paumo-
HaJIBHBIX TO4YeK OTpe3Ka [a;b], y koropmix %2 €. Hoatomy y moboro

pasbuenns T = {A),...,AN} oTpeska [a;b] cymecTByer ne Gonee N,
NpOMEXYTKOB, Ha KOTOpHIX KoJiebanue cdbyHkuun f Gosbuwe €. Kpome
Toro, w(f; Ai) <1 Ha mobom nmpomexytke A;. CienopatenbHo,

N
D w(fi Ai)|Ai < Nelr]+ (b - a),

=1
u nostoMy dbyHxkuus [ uHTerpmpyema Ha [a;d].

2.3. CpolictBa JmMmeliHOCTH, 8JIMTHBHOCTM M MOHOTOMHOCTH HHTe-
rpana. Panee 6niI0 AoKa3aHO, uTO ecan yHKuMs f CTyneHdaTas
Ha npoMexyTke A, T.e. cymecTsyeT pasbuenme T(A) = {Ay,...,An}
Takoe, uto f(z) =¢; Vz € A;, T0

N
/f(z) dz =) ¢lAl.
A i=1
B uacTtHOCTH, ecqiH f(z) # 0 MWL B KOHEYHOM 4YMcie TOYeK Ha A, To

A/f(z) dz =0.

Teopema 1 (CpoiictBa JiMHeltHOcTH HMHTerpana). Ecau dynxyuu
f u g unmezpupyemor na npomedscymxe A, mo 0a8 A106BT NOCMOARHBT
A u B cnpasedauso pasercmeo

/ (A fz) + Bg(z)) dr=A / f(z)dz + B / g(z)dz. (1)
A A A

HoxasatenbctBo. [lycts {n} — nocnemoBaTesbHOCTL pa3bue-
Huit npomexyTka A, y koropoit || = 0 npu k = co. Toraa

o(Af + Bg; ) = Ao(f; ) + Bo(g; ).

Orciona B npeaeste npa k — oo mosydaem dopmyiay (1). Teopema 1
JIOKa3aHa.

Us dopmynm (1) ciaenyer, 4To ecjqm HHTerpHpyeMmyio YHKIHIO
H3MEHATb B KOHEYHOM YHCJIe TOYEK, TO MHTErpaJl OT Hee He M3MEHHTCA.

Teopema 2 (Ceo#icTBo agAMTHBHOCTH HMHTerpaya). IIyems npo-
Mmeorcymox A ecmov obsedurenue nenepecexarowurca npomedscymxos A’
u A". Tozda, ecau $ynxyus f unmezpupyema wa A, mo

/ f(z)dz = / f(z)dz + / f(z) dz. )
a ar An
9 — 1402
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Hokasateabctso. Ilycrs {r(} u {7’} — mnociensoBaTesbrOCTH
pasbuenuit npomexyTkoB A’ u A’ takme, yto |7;| = 0 u |7/| = 0 npu
k — co. OueBngno, 7x = 7, U7, — pa3bueHHe npoMexyTka A, u

o(fim) = o(fim) + o(f; 7).
Orciona B mpenesie nmpH k — oo nosydaeM pabeHcTBo (2). Teopema 2
JIOKa3aHa.

U3 dopmynn (2) ciienyer, 470 ecim MHTEPHPYEMYIO Ha HHTepBaJe
(a;b) bynkumio f kak-To moonpenesMTb B TOYKaX a M b, To MHTerpajnl
or f Ha npomexytkax (a;d), [a;b), (a;b], [a;b] paBun. IloaToMy BCE

b
3TH MHTerpajibl 0603HAYaIOT / f(z)dz.
a

Teopema 3. (ColtcTBO MOHOTOHHOCTH MHTerpata). Ecau dyrxyuu
f u g unmezpupyemmi na npomescymxe A u f(z) < g(z) Vz € A, mo

[ 1@z < [ g(e)dz. (3)
A A
HokasatenbctBo. Ilycts {7x} — HekoTopas nocienoBaTesb-

HOCTb pa3bmenu#t npomexyTtka A, y kortopoft |7x| — 0 nmpu k — oo.
Torna
o(fine) < olg;m).

Orciona B npenene npu k— oo nonyyaem HepasencTBo (3). Teopema 3
OKa3aHa.
Cnencreue 1. Ecau dynxyua f unmezpupyema u Heompuyameav-

na Ha npomesxcymre A, mo | f(z)dz > 0.

A
Canencrteune 2. Ecau pyrxyus f unmezpupyema Ha npomesicymxe
A, mo

JECEE [11@de. (4)
A A

HokasatenbcTBo. M3 unrTerpupyemoctd dynkuan f cienyer
nHTerpupyemocts u ¢ynkuun |f|. A Tak Kak

-If(z)[ < f(=) < |f(z)] VzeA,

TO, B CWJ1y MOHOTOHHOCTH HHTErpaJa,

- [1@Ndz < [ f@)dz < [1r@Nds,
A A a
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9TO M JOKa3HBaeT HepaBeHCTBO (4).
Cnencrsue 3. Ecau fynxyus f unmezpupyema na npomescymee
Aum<f(z) <M VzeA, mo

mlal < [ fle)dz < Ml
A

Teopema 4. Ecau dynxyus [ Henpepwena na ompesxe A, a
PynKyus g Heompuyameavra u unmezpupyema va A, mo

Ices: [ f@e)ds= 1@ [ st@)dz. (5)
A A

Joxasartenscrpo. Ecan

m =S, M=upfe),

To myg(z) < f(z)g9(z) < Mg(z) Vz € A, u nosromy
mJ(g) < J(f9) < MJ(g),

rae J(g) u J(fg) — muTerpasyn or ¢ m fg Ha A,

Eciu J(g) =0, To, overnano, J(fg) =0 m dopmyna (5) cnpasen-
JuBa Ana moboro € € A.

Ecnn xe J(g) > 0, To

< G )J(fy) <M,

a Tak Kax (yHKnus f HenpepuiBHa Ha OoTpeske A, To oHa Ha A
MpHHAMaeT BCe 3Ha4YeHHA W3 oTpe3ka [m; M], u nmostomy

Aer: S—=J(fg) = f()

J()

Teopema 4 nokasaHa.
Cnencrteue 4. Fcau dynxuyur f menpepmiera na ompesaxe A, mo

JeeA: /f(z) dz = f(6)|A]-
A

910 yTBepXKAECHHe INOJy4daeTcA U3 TeopeMn 4 B cjydae, Korga
g(z)=1mnHa A

Teopema 4 n ciiencTBHE 4 Ha3HIBAIOTCA UHMEZPAALHUMY MEOPEMAMUY
0 cpedrem.

9*
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2.4. Muterpas mo OpHeHTHpPOBAHHOMY mnpomexytxy. o cux mnop
MBl pPacCMaTpMBaJIi onpefesieHHHEe HHTErpajiel mo npomexyrkam. Ha-
npumep, ecin bynkuna f(z) onpenesnena Ha orpeske A = [a;b], TO
roBopHJI¥ 06 unTerpasie or pyHKUMH f Ha 0'rpe3xe A ¥ 2TOT MHTErpaJ

obo3navaIH / f(z) dz. O6wrano ero o6osnavalorT / f(z) dz n rosopsr,

4YTO 3TO eC'l‘b HHTerpan or ¢yskumm f(z) mo d:r: or a mo b, Te. mo
OTpe3Ky A OT TOYKH @ A0 TOYKHM b. AHAJIOTHYHO 3TOMY MOXHO H yIA0GHO
paccMaTpHBaTh MHTErPaJiH MO OTpe3Ky A or ToukH b Zo Touk: a.
Onpenenenue. g moboro KOHEYHOTO MPOMEXKYTKa A € KOH-
HaMu B TouKax a # b, a < b, m moboft mETErpUpyeMoft Ha A yHKIMH

f uncno | f(z)dz HasmBaerca uwmezpasrom om dynxyuu f(z) no dz

a
om a do b n obosnavaerca / f(z)dz, a wucno / f(z) dz HasmBaeTcs

uxmezpasom om f no dz om b doa m o6oaﬂaqae'rca / f(z)dz.

TaxnM o6pa3oM, o onpeneseHrIo, eciu A = [a;b], TO0

/b f(z)dz = / f(z)dz = — / f(z) da.
a a b

STH MHTErpajsl Ha3HBAIOTCH UHMEZPAAAMYU NO OPUEHMUPOBAHHOMY NPO-
Mmedxncymxy A (ofHa opMeHTAalMs — OT TOYKH @& 1O Touky b, a npyras —
OT TOuKH b no Toukm a).

CdopmynnpyeM ocHOBHHE cBOffCTBa HHTErPAJIOB 10 OPHEHTHPOBAHHAIM
NpOMEXYTKaM, KOTOphle ABJIAIOTCA €CTECTBEHHHIMH 06G0blIeHNAMHA COOT-
BETCTBYIOLIMX CBO#CTB HHTErpaJioB, PACCMOTPEHHHIXB I1. 2.3 u 2.4,

TeopeMa 1. Ecau dynxyuu f u g unmezpupyems Ha npomedrcymxe
A, mo

i (Af(:c) + Bg(a:)) dz=A /b f(z)dz + B j g9(z) dz (1)

a8 06wz nocmosannnr A u B u awbur a u b us npomescymxa A.
Teopema 2. Ecau gynxyus f unmezpupyema na npomexcymxe A,
mo

/bf(w)ddB =/cf(t)dz+/bf(=)dz (2)

028 mobwuz a, b, ¢ us npomexcymxa A.
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Teopema 3. Ecau dynxyus f nenpepmera Ha npomercymxe A, a
PyHxyus g unmezpupyema u ne Mensem 3naxa Ha A, mo 0as aobuzra u b
u3 npomexcymxa A cywecmeyem £, aexncawee Mexwcdy a u b u maxoe,
wmo

[ b
/ﬂnﬂna=fmjﬁuwa (3)

B wacmunocmu, ecau g(z) =1, mo

1]
[ 1@ dz = 106~ o). (4)

Ionuepknem, 4ro B paBencTsax (1), (3) u (4) Toukm a u b BuGHpaloTCH
H3 NPOMEXYTKa A NpOoH3BOJIbHEIM O6pa3oM, T.e. BO3MOXHH Bce TpH
caydas: a < b, a =5, a > b B pasescrse (2) Touku @, b m ¢
BHIOHpaloTca M3 A TOoXe NMPOM3BOJBLHHM OOpa3oM, T.e. BO3MOXHBI BCe
wectb cayyaeB: a < b<c,a<c<bh, b<ae<cum A

Bce aTH yTBepXKAEHHA CJIEAYIOT HENMOCPEACTBEHHO M3 COOTBETCTBY-
ouux TeopeM H3 n.2.3. Ilpemnaraerca Joka3aThb MX B KadecTBe
ynpaxKHeHus.

2.5. Onpenenennniit murerpan xax ¢yHnxuMs BepxHero (HWXHero)
npemena. [ns Jobo#t dpynxumm f, ompenesneHHo#f M HMHTerpupyemoft
Ha npomexyTtke A, dyHKuHMs

mq:/ﬂua,zeA 1)

rae ¢ € A, Ha3BIBAETCA UHME2PAAOM C NEPEMEHRUM BEPTHUM NpedesomM,
a PyHKIHA

Mﬂ:/ﬂoa z€A, )

— UNMEZPAAOM C NEPEMEHHBM HUNCHUM npedesom.

Ouepugno, ®(z) = —F(z) Yz € A. TloaToMy orpaHH9AMCH paccMo-
TpeHHeM TOJIBKO MHTErpaJioB C MePeMEHHBIM BEPXHHUM MNPENEeJIoM.

Teopema 1. Ecau dynxyus [ unmezpupyema na npomescymxe A,
mo dynxyus (1) na A ydoeremsopsem ycaosuro

|F(z2) = F(z1)| S |Ifll - 22 — 1] Vz1,z2 € 4,
rze ||f|| = sup |f(z)|.
z€A



263 V1. 7 ONPEOEJIEHHBIA UHTETPAJI

JeltcTpATENIbHO, ONIA JIOORIX T3 M Z2 B3 A HMeeM:

/ f(t)dt - / f(t)dt| =
=[ £(t) dt s[/ ol

Canencrsue 1. Ecau dynxyua f unmezpupyema na npomedscymxe
A, mo pynxyuu (1) u (2) Henpepmens na A.

3amernM, 4To TeopeMy 1 MoxHo cdopmysaHpoBaTh B Tak: Ecau
dynxyua f unmezpupyema Ha npomedxcymxe A, mo

L f(z)dz

das arwbozo npomedcymxa A’ C A.

JeficTBHTeNbHO, ecoiM 3 M Tz — KOHHEI NpomexyTka A’, To,
oueBuaHo, |A/| =|z2 — 21| n

L f(z)dz

Teopema 2. Ecau pynxyus f unmezpupyema na npomexcymre A
u Henpepuena 6 mosuxe To € A, mo Pynxyua (1) e mouxe o umeem
npouseodnyro u F'(zq) = f(zo).

HNokasaTenbcTBo. llyctb €A, Az=z—29 u AF = F(z) -
—F(zp). Torna, ecan z # zo, TO

|F(z2) — F(21)| =

<A 22 = 2]

<IIAl- 147

= [ f(z)dz .

= -Al—z/f(t)dt, f(zo) = -Al—z/f(to)dt,

H [O3TOMY

(3)

|AF f(zo)| =

= lf(f(t) - f(ao)) ).

Tak kak ¢yukuua f HempepeiBHA B TOYKe Zg, TO

Ve>0 36>0: Vz€Os(zo)NA |f(z) — f(zo)l <e.




§ 2. CBOACTBA UHTETPMPYEMLIX ®YHKHUUNR 263

Orcrona n m3 paBenctsa (3) cieayer, uro

edt| =¢
IAI./

ans smoboro z Eag(zo) N A, nnoaromy F'(zo) cywecrsyern F'(zp) =
= f(z0). Teopema 2 nokasana.

CnencrBue 2. Ecau gynxyua f(z) nenpepwiena wa nexomopom
npomedcymxe A, mo Pynxyus

IA = fl=zo)| £

F(z) = / ftyd, zea,

ede ¢ € A, Aaeasemca movunoil nepeoobpasriolt das f(z) ne A.
Cnencreue 3. Ecau pynxyus f(z), onpedeaennan wa npome-
aorcymxe A, ozpanudeHa U KycouHo-HenpepueHa Ha atoboM ompesxe,
codepoicawgemcs 8 A, mo Pynxyus (1) seasemca nepsoobpasroti (Mo-
ocem 6wms, obobuennot) dan f(z) ma A.
Takum obpa3om, HaMH JOKa3aHH CJIEAYIOUIME BAXHHKE yTBEPKICHHA:
1. J/Iobas nenpepueHas Ha npomedcymxe GyHKYUR Ha IMmoMm npo-
Medxcymxe umeem nepeoobpasznyro.
2. Onepayus uHmMeEzpuUPOBAHUA C NEPEeMEHHHIM BEPTHUM npede-
AOM HenpephieruT Gynxyull seasemca onepayueti, obpamnoti
dud pepenyuposaruro, m.e. cnpasedauea dopmyaa

;;/f(t)dt:f(z) VzeA.

Orta dopmyna nasnBaeTcH dopmyaoli duddeperyuposanus unmezpanra
no seprHemy npedeay. VI3 Hee oveBMAHHIM obpasoM caemyer popMysa
nuddepeHIMPOBAaHHA MHTErpaJia MO HIDKHEMY NpeResy:

%/f(t)dt:—f(z) VzeA.

2.6. Bropaz Teopema o cpempeM. B n.2.3. 6muso mokasaHo, 4TO
ecnm dbyHkuna f HempephsHa Ha oTpeske [a;b], a ynkuus g Ha [a;b)]
AHTEerpupyeMa M He MeHAeT 3HaKa, TO

b b
3 €[a;d): /f(z)g(.‘t) dz = f(£) fg(:c) dz.
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9To yTBepKIEHME MHOTIA HA3HBAIOT nepeofl meopemolt o cpedrem Oan
unmezpanoe.

B 3TOM NyHKTEe HOKaXeM TaK HA3LIBAEMYI0 6MOpYy0 meopemy o
cpednem.

Teopema 1. Ecau dynxyus f unmezpupyema na ompesxe [a;b], a
Pynxyua g re [a;b] Heompuyamesvna u monomonno ybusaem, mo

b €
3t € [o;8] / f@)a(e) dz = o(a) [ f(2)ds. (1)

HokasartennctBo. Orpesoxk [a;b] Toukamu

z;=a+ ai, i=0,1,...,n

pa3sobbeM Ha n paBHLHIX NO AJIMHE NMPOMEXYTKOB. Torma

b n T
/ feyg@)dz=Y" [ f2)g(z)de =

1'=1:'._

=Y. [ )o@ - glei-) dz+ Y aleina) [ 1@z,

'=l=.‘-l =1 Toe1

Jlerko BHpeTh, 4TO

<3 [ (olai-) - ) de <

=1

Y [ fe)ee) @) ds

i=1

< Il g(g(ze_l) — g(e) Az = (gla) - o) =2
CregosatensHo, i
/b f(z)g9(z)dz = lim iz:;y(zs_l)zfn f(z)dz. (2)
IMonoxum

b |
F(z) = / £(t) dt.
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®ynxuua F(r) HenpepuiBHa Ha orpeske [a;b], mosTomy Ha [a;b] oma
MMeeT KaK HaHMeHbliee, TaK M HaubGoJsbliee 3HaveHus. Ilyctb

m = min F(z), M = max F(z).
z€[a;b]

z€[a;b]

Torna
e 9(zica) [77 | f(@)dz = T, g(xi1)(F(2i) = F(zi1)) =
= g(zo)F(z1) — g(z0) F(z0) + g(z1)F(23) — g(z1)F (1) + ...+
+9(2n-1)F(2n) — 9(zn-1) F(2n-1) = F(z1)(9(20) — 9(z1)) + .. .+

+F(2n-1)(9(zn-2) = 9(zn-1)) + g(zn-1)F(zn),
H TIO3TOMY

Y o(ei-s) [ f2)dz < Mlg(ao) ~g(e) + ..+

i=1 P

+9(2n-2) — 9(zn-1) + g(zn-1)) = Mg(zo).
Ananorayso,

Zg(z.-_l) / f(z)dz > mg(zo).

i=1 P

Takum obpa3om, mna moboro n € N cnpaBeanmsu HepaBeHCTBa
n T
ma(@) < Y- a(eins) [ f(a)dz < My(a)

t=1 Tic1

Orciona n us (2) caenyer, uto

b
ma(a) < [ f()a(e)dz < Moa).

A Tak kak HenpepnBHad ¢dynkuus F(z) Ha otpeske [a;b] mpunumaer
BCe 3HAaYeHHMA Mexay m u M, To cywecrsyer £ € [a;d], nna xoroporo
crpaBequBo paBeHcTBO (1). Teopema 1 mokasaHa..

Teopema 2. Ecau na ompesxe [a;b] dynxyua f unmezpupyema, a
PYHKYUA g MerHomoNHa, mo

b 4 b
3t € [a;8]: / f@)a(e) de = 5(a) [ £(e)dz+90) [ f)de.  (3)
a q 3
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HdokasaTenbcTBo. Eciim dyHKuAs g MOHOTOHHO Bo3pacTaeT H&
[a;8], To dyskuma G(z) = g(b) — g(z) na [a;b] meoTpumaTesnbHA B
MoHOTOHHO Y6miBaer. CorsiacHo Teopeme 1,

b 4
3 € [a;b) : /f(x)G’(:z:) dz = G(a)/f(.t) dz.

A Tak Kak

/bf(l‘)G(I) dz =9(b)/bf(z)dz—/bf(z)g(z)dx’

£ £
Ga) [ f(e)dz =g(b) [ f(z)d= - g(a) / f(@)de,

TO

b b §
o(8) / f(z) dz — / f(2)g(z) dz = —g(a) / #(z) d.
£ a a

Teopema 2 noka3aHa, Tak Kak ecan g(z) MOHOTOHHO y6hIBaeT, TO
—g(z) MOHOTOHHO Bo3pacTaer.

®opmyny (3) HasmiBaloT $opmyaoii Borne, a TeopeMy 2 — BTOpO#
meopemoti 0 cpednem Oas unmezpanos. 3aMeTHM, 4To TeopeMy 1 Toxe
Ha3bIBaloOT BTOpo#f TeopeMoit TeopeMoff o cpenHeM, a d)ogmy.ny (1) —
dbopmyJioit BonHe.

B dopmyse (1) 3nauenne g(a), Boobue roBopsi, Majo CBA3aHO CO
3HayenusMn yHkumu g(z) B ApyfMXx Toukax orpeska [a;b]. Bmecro
g(a) MoxHo B3aTH J06oe A > g(a), m yTtBepxpmenne (1) ocranercs
cnpaBegJIdBRIM. BoJiee Toro, MoxHo B3ATb moboe A, ynoBJsieTBopdiolee
ycnoBuio A > g(z) Vz € (a;b]. Haumenbmum u3 takux A 6yner

A=supg(z) =g(a+0).
z>a

Torna dopmyna (1) npunumaer BuI
b I3
3¢ € o] / f(2)9(2) dz = g(a +0) [ f(z) da.

OtHocuTenbHO yTBepXkaeHus (1) MOXHO cheslaTh TO XKe 3aMevaHHMe,
4To 6BLJIO cAeNaHO BHle. A MMEHHO, 3HadeHus ¢yHKmnM g(r) B TouKax
z=a ¥ z =b MOXHO MEHATb, He Hapylaa ee MOHOTOHHOCTH. IloaTomy
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BMecTo g(a) MoxHO B3aTb g(a+0), a BmMecTo g(b) — 3Hauenue g(b—0).
Torza ¢dopmyna (3) mpunmmaer Bz

b € b
3 € [a;h) / f(z)g(z) dz = g(a +0) / f(z) dz + (b - 0) / f(z) de.
a a f

§ 3. Borumcsienne M npeobpa3oBaHue
OInpeneJIEHHbIX HHTErPaJioB

3.1. ®opmyaa Heiorona—Jleit6umma. OnpeneneHnnle HHTErpaJIl MOX-
HO BHIYHMCJIATH MO OIpeNeJIeHHIO, KaK Mpeaesibl COOTBETCTBYIOIMX MHTE-
rpanbHbIx cyMM. OnHako Takolf cioco6 BHYHC/IEHHs ONpeaeseHHBIX HH-
TerpaJjioB Tpebyer 3HAYMTEJIBHHMX YCHJINH AaXe AJIA MPOCTHIX pyHKUME.
B Tex ciyyasix, Korfla u3BecTHa MepBoobpa3Has UHTerpupyemolt ¢yHK-
UMK, WHTErpaJl OT Hee BhIYMCJIAETCA HO0CTaTOYHO HPOCTO Mo copmysie
HeioTona-/lef#tbunua. YTo6h nOAYEPKHYTH BaXXHOCTb 3To#t cpopmyJihl,
ee MHOTIA HaA3BIBAIOT 0CHOBHOU @dopMyaoll uHmezparvHo20 ucHUCAEHUR
WJIH fladKe oCcHOBHOTl Popmyarotl (meopemoil) Mamemamunecxozo GHaAU3GA.

Teopema. Ecau gynxyus f(z) ma ompesxe [a;b] unmezpupyema
u umeem nepeoobpasnyro F(z), mo

b
/ f(z) dz = F(3) - F(a). (1)

HokasaTenbcTBo. Ilycth cHavana ¢yHkuua F(z) nempephiBHa
Ha oTpeske [a; b], muddepenunpyema Ha unteppase (a;b) u F'(z) = f(z)
Vz € (a;b). Toraa ana so6bIX TO4eK Zo, Z1, ..., T, TaKHX, YTO
a=z9<21<...<zN=b,

uMeeM
N

Fb) - Fla) = 3 (Fe) - Plai):

i=1

Ha umobom otpeske [ri_;z;] dynkuma F(z) ymosneTBopsieT BceM
ycsioBuAM TeopeMH Jlarpaka o CpeHeM, MO3TOMY

3& € (zi-1;2:) ;. F(xi) = F(zi-1) = f(&) Az,
H, CJIefOoBaTeJIbHO,

N
F(b) = F(a) = Y _ f(&)Az; = o(f;7; €),
izl
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rae T — pa3bHenue oTpeska [a;b] Toukamu zg,Z;,...,ZN. A Tak Kam
dyskuua f(z) uaTerpupyema Ha [a;b], TO

Jim (fi7€) = [ f(z) dz.

(DopMnya (1) noxasana B cnyvae, koraa F'(z) = f(z) na nnTepBaJye
. B obutem caydae, nycts $ynknua F(z) HenpephlBHa Ha OTpesKe
a; b n F' (a:) f(:c) BCIOAY, KpOMe, MOXeT OhITb, KOHEYHOro 4MCJIa
TOYeK Cg,Ci,...,CN, TaKHX, 4YTO0 @ = ¢g < ¢; < ... < ey = b, rnme
F'(z) # f(z) wiu F'(z) Be cymectyer. Toraa, xak y)Ke JOKa3aHO,
<
[ f@)dz = Fle) - Fle-n),
Ci-1

H TNO2TOMY

[ fe)de =3 / f(z) dz = F(b) - F(a).

!=lc'-‘

TeopeMa moka3ana.
®opmyna (1) HasmBaerca $opmysott Hvomona-Jleitbrnuye. B neft

Bmecto pasHoctu F(b) — F(a) muorma mumyT F(z)|:, H TOrZa OHa
NpHHAMAET BHJ,

b b
] f(z)dz = F(z)

Buipaxenne F(z) |2 Ha3nBaeTcs deotinoil nodcmanoexoti om a do b.
IIpuMepH
1

zn+11
l./z"dz: =—— VYneN
n+l), n+l
® lﬂ’
2. /sm zd::/l—_mﬂdz= %/dz—ifcosh:da::
0 0
—-la: _lsin2:c s
-2 o 2 2 0—2'

Joka3aHHaf TeopeMa IMO3BOJfET CHENATh NOJIE3HOEe 3aMe4yaHHe O
nepBoobpa3HBIX B oaHo obobOLIEHHE TEOpeMHBl O CpefHeM AJA HHTErpH-
pyeMux ¢dyHKumi.
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Cnencreue 1. Ecau fynxyus f(z) na ompesxe [a;b] unmezpu-
pyema u umeem nepsoobpasnyro F(x) (mounyro uau obobwennyr),
mo

F(z) = F(a) + / £(t) dt.

Caencrpue 2. Ecau fynxyus f(z) na ompesxe [a;b] urmezpu-
pyema u umeem mounyw nepeoobpasnyro, mo cywecmeyem € € (a;bd)
maxoe, ¥mo

b
/ f(z)dz = f(€)(b— ). ®)

HeftcreuTensno, ¢popmya (2) caenyer us dopmyant (1) u dopmysn
Jlarpamwxa o cpenneM naa ¢ynkmuun F(z).

B 3akJioueH#e JOKa3aHHYIO TeopeMy chOpPMYJIHPyeM KaK Teopemy
06 uHTerpaje or npoussopHolt: Ecau $yrxyus F(z) z € [a;b], Ha om-
pesxe [a; b] nenpepwiena u xycouno-duddepenyupyema, a ee npoussodnas
unmezpupyema Ha [a;d], mo

b
/ F'(z)dz = F(5) - F(a). 3)

®opmysa (3), kax m dopmyna (1), HasnBaerca dpopmysoit Heiorona-
Jleit6uuna.

3.2. ®opmyna wHTErpMpPOBAHME IO YAaCTAM. Bhille MBI BHAENH, YTO
aJ1sa npocThix ¢pynkumit dopmyna Heiorona-Jleit6uuna mosposger cpasy
BHIYACJIUTb 3HaYeHHe olpefesieBHOro murerpana. C Apyrof cTopoHH,
C ee NOMOWIBIO MOXKHO MOJYYHATh PpasJH4HHE (POPMYJIB, CBOAALIME
BHIYHC/IEHHE OJHOrO WMHTErpaJia K BLIYMUCJIEHHIO ADYroro, KoTopbift B
KaKOM-TO CMBICJIe Mpollle NepBoro. 37ecb MB AOKaXkeM @opmyay
UHTME2PUPOBAHUA NO “ACTNAM.

Teopema 1. ITyemv $ynxyuu u(z) u v(z) na ompesxe ‘;a;b]
Henpepuenn u xycouno-duddeperyupyemn. Tozda, ecau npoussodrmve
u'(z) u v'(z) na [a;b) unmezpupyemn, mo

b

b
—/v(z)u’(z) dz. (1)

b-
/u(z)v’(z) dz = u(z)v(z)

a
HJokasarenbcrBo. U3 ycnosuit TeopemMn ciiesyer, 4To yHK-
mwa F(z) = u(z)v(z) aenserca nepsooGpasno#t ans dysknun f(z) =
= u(z)v'(z) + v'(z)v(z), npuuem f(z) nnTerpmpyema Ha [a;b]. Torma
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u3 opmyam Helotona-Jle#t6bunma:

b b
/f(z) dz = F(z)

oyeBHAHHM obpa3om ciaeayer ¢opmyna (1). Teopema 1 mokasana.
®opMyJsly HMHTErpHpOBaHHA MO 9acTAM (1) OBHYHO 3amHCHIBAIOT
b

Kopoue:
b b
/udv:uv —/vdu.
a

B kayecTBe mpuMepa npuMeneHus 3To#f dOpMyJSH noJsiydYEM dop-
Mmyay Tetinopa ¢ ocmamounsim wserom 6 unmezpaavroll Hopme.

Teopema 2. IMycmov $ynuxyua f(z) na ompesxe [a;b] umeem
Henpepuenvie npou3codrvie do n-20 nopAdxa exawuumendvto, a n-a npo-
u3eodnan xycouro-dudPepenyupyema u ee nNpoussodHas uxwmezpupyema
na [a;b]. Tozda, ecau zq € [a;b], mo

£e) = 3 mf®(en)(e - 2o + / £ —trdt (2)

k=0

dan mwobozo z € [a; ).
Hokasatennctso. Ilo ¢popmyne Hrolorona-Jlefibuuna

f(z) = f(zo) + / () dt.

K nocnensemMy HHTerpasly npEMeHEM ¢HOpMyJsly HHTErPHPOBAaHHA IO
JacTAM:

[raya=- [ rere-0=-re

+ / (z —2)f"(t) dt = f'(zo)(z — zo) + / F'@t)(z —1t)dt.

Ona n=1 cbopuy.na (2) nokasana. Ecm xe n > 1, 1o

/ )z -tdt =3 / F(@)d(e - 1) =

Zo

= /" (ea)(z = a0) + 5 [ 110 - 1) at
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N Boobuwe, ecmm 1< k< n, TO

z

(;,_;1)! / O )z —t)tdt = —% / O ()d(z —t)* =

To

= %f(k)(l'o)(z — zo)¥ + % f FER () (z — t)* dt,

4TO M JOKa3biBaer ¢opmynay (2) mna soboro monmycrumoro n € N.
Teopema 2 nokasana.

3.3. TeopeMn o 3aMeHe mepeMeHHoH MATerpupobanms. CHavana
JokaxeM ¢opMysay 3aMeHH NepeMeHHOR HMHTErpHpPOBaHHA B CJiydae,
KOTZla BCe pacCMaTpHBaeMhe (PYHKUHM HelnpepHBHH.

Teopema 1. Ecau $ynxyus f(z) nenpepmena na npomescymxe A,
a dynxyus = = p(t) uMeem wenpepuenyo npou3codrylo Ha ompe3xe

[a;8] u ¢([e;8]) C A, mo
b s
[ r@rdz= [ stewpeva, 0

20e a = p(a), b=p(p).

OoxasarenbcTBo. [Ipexae Bcero saMeTnM, 4ro oba MHTerpasa
B ¢opmyne (1) cyuecTBYIOT Kak MHTerpajibl OT HeNpepHBHHX (DyHK-
muft. Obe mopmHTErpajibHHE (PYHKUHH HMEIOT TOUHHE NepBoOoOpa3HLie
Ha COOTBETCTBYIOUMX MpOMEXYTKaX, npudeMm, ecan F(x) — mneppo-
obpasnas ana f(z), To F(p(t)) — nepBoobpasnas ana f(p(t))e’(t).

CanepoBaTtesbHO,
b b
= / f(z)d=.
e a

p B
/ fe®)e' @) dt = Fle(t)| = Fl(a)

Teopema 1 noxkasana.
®opmyny (1) WHOrma 3anNMCHBAIOT TaK:

b B
[ f(z)dz = / £(p(t)) de(t).

Orciona BHAHO, YTO MPH 3aMeHe NepeMenHoro z = ¢(t) cuenyer Bciogy
3aMeHATb T Ha () ¥ COOTBETCTBEHHO NMOMEHATH Mpeleshl NHTerppo-
BaHHd.
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OrmernM, uTo B dopMmyne (1) BoaMOXHH Bce TpH caydas: a < b,
a=0bn a>b Kpome Toro, nna cnpasemnuBoctn ¢dopmyan (1) He
TpebyeTcs, uTo6n oTpesok ¢([a,S]) cosmaman c orpeskom [a;b(] WK
[b;a] : HekoTOpHe 3navenns dynkuuu @(t), t € [a; F], MoryT 6uThL BHE
3TOro OTpe3Ka.

3
IIpumep 1. Boraucanm /a:sin:c’dz.
0

Bocnosbayemcss 3aMeno#t y = z2

CnpaBa HaJ1eBO, MOJIyUHMM:

. Torma, npumenns copmyay (1)

3 9
9
/:csinz’dz: l/sin:n:’d:r:2 = l/sinydy:—lcosy = l(l—cosQ).
J 2) 2) 29%Y, =2

a
IMpumep 2. Buuyrcanm /\/a’—.t?dz.
0

BocnosibsyeMca sameHoft z = asint, t € [0; 7/2]. Torna, npumenns
dopmyay (1) cneBa HampaBo, MOJIYYHM:

/2

a
/\/a’—zzdz=/lacostlacostdt:
0 0

x/2 x/2
=a|a|/cos2tdt=%/(l+cos2t)dt=
0 0

~/2 _ alajr _ a’r

_ialt_*_sin% _ sona
) 2 )|, T2 T ¢

Js1a npaKTHYeCKOro BHIYMCJIEHHS WHTErpaJioB METOJOM 3aMeHHl ne-
peMeHHO#f MHTErpHpPOBaHHA BIOJHE gocraTodHo Teopemn 1. Opnako
BO MHOTMX CJy4YadX HeoGXxoamMo HesaThb 3aMeHy, KOrfa ¢pyHKOHA He
AIBJIAETCA HenpepuBHO# ¥ Jake KycowHo-HenpephiBHo#. Jloxaxem co-
OTBETCTBYIOULYI0 TEOPEMY.

Teopema 2. [Tycmv $ynxyus y = ¢(z) Ha ompesxe A = [a;b]
HENPEPHEHA U CMPO20 MOHOMOHHG, G Ha unmepease (a;d) umeem un-
mezpupyemyro npouseodnyro. Tozda, ecau Pynxyua f(y) unmezpupyema
na ompesxe p(A), mo gynxyus f(p(z))|¢'(z)| unmeepupyema na A u

/ o)l (=) dz = / £(3) dy. (2)
A

v(a)
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Hokasateabctso. llycts 7= {A,,...,Axy} — HekoTopoe pas-
6uenme orpeska A. Torma mpomexyTkm (A;),...,9(AN) obpasyior
pa3buenne orpeska ¢(A), o6osnaunm ero (r).

PaccMoTpum muTerpasibhnie cymMmul Pumana mas dymkmuit Y(z) =

= flp()l'(2)] = f(y) :

N
o8 = 3£ (0l&) - 1 ©)] - A4, 3)
y=1
! N
a(f; olr); ﬁ) =3 fn)le(as), @)
j=l

rae 1; = ¢(&5), & € A. 3amernM, uTO

“P(AJ)I = )

/ ¢'(z)dz

Ay

H K NOCAENHEMY HHTErpajy MOXHO HDHMEHHTb TEOpeMY O CPeIHeM.
CneposatesnibHO,

3&; € Aj: le(A5)] = 1)1 141
OueHuM Moay/Ib Pa3HOCTH HATerpaabHbX cymMm (3) u (4). OueBnaHo,

lo(¥; 7€) — o(fp(r)im)| < nfug (&) — ¢ (€)] - 18] <

<A(ttim) - stoti),

rae ||fll = sup|f(y)l, v € »(A).
Honoxum a(r) = S(¢’';T) = 8(¢'; 7). Torna

o(¥;7:€) < o(fie(t)in) + Iflla(r) < S(F5¢(7)) + I flla(r)
ansa mwoboro Bhi6opa Touek j, H HO3TOMY
S(¥;7) < S(f;9(7)) + Il fllex(7)- ()

AHaJlora4HO

a(¥; 7€) 2 s(f; (7)) = || flla(r)
aas Jioboro BHGopa Touek §j, M HO3TOMY
s(¥; 1) > 5(f;9(7)) = | flle(r), (6)

rae a(r) = 0 npu |r| - 0.
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Us pasromephoft HenmpephiBHOCTH yHKIAH ¢(z) Ha oTpeske [a;b)]
ciaenyet, uto |p(7)| = 0 npm |r| = 0. C.neuoaa’re.nbno,

|3im s(f; (1)) = llm S(f,so(r)) = / f(y) dy.
e(A)

Toraa orciona m w3 HepaBeHcTB (5) u (6) mosyuaem, 4ro GyHKUMs
Y(z) nuTerpumpyeMa Ha A m cnpaBensupa dopmyna (2). Teopema 2
JI0Ka3aHa.

3ameTnM, uTO ecom B dopmyse (2) y ¢'(z) onycraTsb MOZyJIb, TO
oHa mnpeBpaTHTCA B ¢opmyay (1). HeHcrBuTesbHo, mo ycisosuio ¢’ (z)
He MeHfeT 3Haka Ha A. Ecam ¢'(z) > 0, 10 d)opmy.na (2) npocro
cosnagaer ¢ ¢opmynoit (1). Ecnu xe <p (z) <0,

/ (@(2)¢ (z)] dz = — / f(p(2))¢' () dz,
A a

v(a) w(b)
[ roav= [ swd=- [ rea,
v(8) w(b) w(a)

U CHOBa nosydaeM c¢opmyay (1).
Npumep 3. Mycrs dpynkuns f MHTErpHpYyeMa Ha OTpeske [-a;a] C
C Dy. Torna, ecnu f 4ernas, To /f(z) dz —2/f(z) dz, a ecuan He-

YeTHasd, TO / f(z)dz=0

,H,encmwre.nbno
a 0 a 0 a
f(z)dz = [ f(z)dz + [ f(z)dz=— [ f(-t)dt+ | f(z)dz,
J o= [rees [erin=- [rcoar [
rfe B MepBOM HHTerpaJie ciejlaHa 3aMeHa £ = —t. TakuMm obpasom, 1ia

miobolt dbynkuun f, mHTEerpupyemoft Ha orpeske [—a;a], cnpaBeIIHBO
paBeHCTBO

:{ f(z) de = o/ f(=z)dz + o/ f(z) da.

N3 Hero M cJeAylOT HAallX YTBEPXKIEHHS.

3.4. Ilpnb/mxennoe BHMMCAeHMe HHTerpajoB. Popmyna mpamo-
yromuuuxoB. IlycTh TpebyeTc BHIYMCINTD ONpeleseHHHI#t HHTerpaJ
or ¢yskumn f(z), z € [a;b]. Ecnm u3specTHa HekoTOpas ee nepBo-
obpasHafi, TO 3TOT MHTErpaJ Jierko Haxogutca mo dpopmyae Holorona—
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Jlettbuuna. OaHako Tako#l MeTOX NPHrOJieH JIHUIBL JJIA Y3KOro KJacca
¢yukunit, ¥ noaromy B obileM ciiyvyae NPUMEHAIOT Pa3/NYHbie METOMBI
NpH6JIKIKEHHOTO BHIYMCJICHHS.

QopMysIHl 11 NPUOIHMKEHHOro BHIYHCJIEHHA ONpelNec/ieHHBIX MHTe-
rpaJioB Ha3bIBaIOTCA xeadpamypnumu dopmyasamu. [Ipocteflnelt ksa-
apatypeoft dopmysioft aBnAerca gopmysa npamoyzosvruxos. 3nech
PacCMOTPHM TOJILKO 3Ty ¢opmy.Jy.

Otpesok [a;b], Ha koTOpoM 3anaHa WHTerpupyeMas ynxuusa f(z),
TOYKaMH

b—
giza+—2i i=01,...,n,
n

pasfieJIuM Ha N paBHHIX IO AJIMHE MPOMEXYTKOB A, ..., A,. Ob6o3nayum
3To pa3bueHHe oTpe3Ka [a;b] uepes 7, M COCTaBMM MHTErPAJILHYIO CYMMY

olgim) = =23 £(6),

n i=1
rae & = (zi—1 + 24)/2.

U3 onpenenenns mHTerpaJjia cnegyert, 4TO

b—a
n

3 FE) + an(),

i=1

b
[ ferdz =

rae an(f) =0 .npn n — co. IIpubnikenHoe paBEeHCTBO

b n
JECEEE= 1)

HasbiBaeTcs $opmyaoil npamoyzoavnuxos. OLEHHM NOrPEUTHOCTH 3ToM
dopmyJH, T.e. oueHuM an(f).
Jlerko BumIeTh, YTO

an(f) =3 f (f(=) - £(&)) da. (1)

i=1='_

Ipeanonoxum, 4yto dbyHkuma f(z) Ha oTpeske [a;b] MmeeT orpaHUdeH-
HyIO BTOPYIO IIPOHM3BOAHYIO, M pa3jiokXuM ee no ¢opmyse Tefisopa c
ocTaToYHHIM 4jieHoM B ¢dopme Jlarpamxka. Torma mnsa Jioboro z € A;
cymectnyer € € A; Takoe, uTo

£(2) = £(6) + F6)(= - &) + 3" (€)(= - 612
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IoncraBuB 3T0 passiokenne B dopmyay (1), HonydynM paBeHCTBO

=Y [ 5£€)=-&)d,

i=lz.,

M3 KOTOpPOro cJjeayeT, YTo

an(NI < 3I1Y [ -6 ds,

'.=ll‘--1

rze ||| =::l[lapb] |f’(z)]. A Tak xak

z,

/(:c -¢&)? dz:-:l;(:c -¢)3

LT

T b— 3 b— a)?
=2(5%2) o temtnis Gaum

- 24n2

TakuM o6pa3oM, Npu BHIYNC/IEHHH WHTErpaJsioB no ¢opMyse nps-
MOYTOJIbHMKOB ommnbka uMeer mopsmok O(1/n?).

3.5. Hurerpamm or BexropHmx ¢ymxumii. Ilpomssoanbie BekTOp-
HBIX (YHKUMH onpenesnsaJMch M HM3ydajuch paHee. B 3ToM nyHkTe
pacCMOTPMM MHTerpaJjsl or Takux c¢yukuuit. Haunem c ompeaenenus
nepBoobpasHofi.

Onpenenenne 1. Bekropnas ¢pynknua F(z), z € A, HasmBaeTcs
nepeoobpasnoti -dan eexmopriott gyrxyuu f(z) na npomesncymxe A, ecn
OHa Ha A HenpephiBHa, KycouHo-auddepenuupyema u F/' = f(z) ana
aoboro r € A, kpoMe, MOXKET ObITh, KOHEYHOIO YHCJIa 3Ha4YeHu#t = U3 A.

Jliobas mepBoobpa3snas BekTopHo#t dbynkumu f(z) Ha npomexyTtke
A HasniBaeTcs neonpedesennvim unmezpasom om f(z) u obo3navaercs
[ f(z)dz.

Jna BeKTOpHHMX YHKIMH, KaK M [AJIA YUCJIOBHIX, JOKa3mIBaeTcd,
uto ecau F(z) — Hekoropas mepBoobpasnas aus f(z), To

/f(z)d:c:F(z)+C, (1)
rme C — HeKOTOpHIH TMOCTOAHHHIH BEKTOp.

OuesuaHo, ecim fi(z) u Fij(z) — xoopmunars BekTcpos f(z) u
F(z), To paBeHCTBO (1) PaBHOCH/IBHO N pDaBEHCTBaM:

/f,'(t)d.’b: F.~(:c)+C;, i1=1,...,n,

rae C; — HeKoTOpHeE NOCTOAHHHE, a N — pa3sMEepPHOCTb pacCMaTpHBa-
€MOT0 BEeKTOPHOrO NPOCTPAHCTBA.
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Onpenenenne 2. Bekropnaa ¢dynkuusa f(z) nasmBaerca unme-
2pupyemoti na npomesicymxe A, ecnm oHa onpenesieHa Ha A M Bce
ee KOODAMHATH HHTerpupyeMn no Pamany ma A. Torama sexkTop ¢
KOOpIMHAaTaMH

A/fi(-"-‘)d-'!:, r=1,...,n

Ha3nlBaeTcAd unmezpasom om Pynxyuu £ no npomewcymxy A u obo-
snavaerca [ f(z)dz.
a

U3 atoro ompenesieHMs cJeayeT, 49To eclM {7k} — HeKoTOpas
NOCJIeIOBATEIbHOCTh pa3bueHnt mpomexyTka A, y xoropo#t |rx| — 0
npu k — oo, ® o(f;m; ) — cooTBeTcTBYIOWAaA MHTErPAJIbHAA CyMMa
Pamana nna yukouu f(z), To

kli’rgoa'(f;m;f) =/f(z)dz
a

npu. yobom BriGope Todek £. 3aMeTHM, YTO 3TO PaBEHCTBO MOXHO
NpUHATH 3a onperdenenue HHTerpata oT f mo A. Jlerko BHAETh, 4TO:

1. Ecau f(z) unmezpupyema na npomedxcymxe A, mo 0an sw0buz
a, b uc us A cnpaeedaueo pasericmeo

jf(z)dz:jf(z)dx+/bf(z)dz.

2. Ecau dynxyuu f(z) u g(z) uwmezpupyemn na A, mo awbas
uz auretinas xombunayus Af(z)+ Bg(z) moorce unmezpupyema
Ha A u

b b b
/(Af(z) + Bg(z))dz = A/f(z) dz+ B /g(z) dz.
a a a
3. Ecau gynxyua f(z) na ompesxe [a;b] unmezpupyema u umeem
nepsoobpasnyro F(z), mo cnpasedauea $opmyaa
b
/f(z) dz = F(b) — F(a),

KOTopafl Ha3BIBaeTcA, KaK M JUIA CKaJApHBX &yHkoalt, dopmysod
Hviomona-Jleiibrnuya.

B xoHue mokaxem OOHO MOJIE3HOE HepaBEHCTBO.
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Teopema. Ecau eexmopras dynxyua f(z), £ € A, unmezpupyema
Ha npomedxcymxe A, mo wucaoean gynxyus |f(z)| mooce unmezpupyema
Ha A u

/f(:c) dz| < /If(z)|d:r:. (2
A a

HokasateabcTBo. CHavyana mokaxkeM, uTo dyukuusa |f(z)| un-
TerpupyeMa. IIycts A’ — HeKOTOpHI# NMPOMEXYTOK, coaepxaluiica B
A. Torma ang mobux z m y u3 A’ cnpaseq/MBbl HEpaBEHCTBa

()~ K| < () - 1001 < 3 1e) - ol < 3 wlfis &),

=1 =1
H NO3TOMY
w(lfl; &) < Y w(fi(y); A').

t=1

N3 3Toro HepaBeHCTBa cpasy CJEAYeT, YTO ecJH f;, MHTErPHpYeMH Ha
A, 1o n |f| unterpupyema Ha A.

Mycts Teneps 7 = {A;,...,AN} — HekoTopoe pa36ueHHe npome-
xytka A, u nycts § € Aj, j=1,...,N. Torna

N N
D OFENIA]| < D IFEN - 1451
j=1

y=1

W3 3Toro HepaBeHCTBa B Ipefieste, koraa |7| — 0, cienyer HepaBeHCTBO (2).
TeopeMma noka3saHa.

CaenctBue. Ecau sexmopras. pynryua f(z) na ompesxe [a;b]
UMEEM HENPEPUEHYI0 NPou3eodnyo, mo

3E € (a;b):  If(b) - f(a)] < IF'(E)I(B - a). ()

Ilo dopmyne HbioTona~JleftbruIa

b
£(b) — £(a) = / £(z) da,

a no JOKa3aHHO#t Bhlllle TeopeMe

b b
/f’(:c)d:c 5/|f'(:c)|d:r:.



§ 4. HECOBCTBEHHLIE UHTEIPAJIBI 279

K nmocnemnemy muTerpasy or ckasfipHo#t pyHKUMM pHMEHHMA TeopeMa
O cpelHeM, MO3TOMY

b
e@h: [IFEld=IreEl6-q

d, CJIeNOBaTENbHO,
[£(8) - £(a)| < IF'(€)I(b — o).

ChnencrBue nokasaHo.

3ameTHM, 4TO HepaBeHCTBO (3) 6BIJIO KOKa3aHO BHIlE NPH H3YYEHHH
BEKTOPHBIX (YHKUMEA, HO TO HOKAa3aTeJIbCTBO MMEJIO MCKYCCTBEHHHHt Xa-
pakTep. C nmoMouIblo HHTETPaJIOB OHO JOKa3HBaeTcA HoJiee eCTeCTBEHHO,
npaBAa, TOJbKO IJIA HempephiBHO AudpdepeHuupyeMBX byHKIui.

§ 4. HecoOGcTBeHHBIe MHTErpaJBl

4.1. Onpenenrenns 1 npuMepni. HanomuuMm, yro muterpan Pumana
6Bls1 onpenesieH TOJIBKO Ha KOHEYHBIX MPOMEXYTKaX M CyUIeCTBYyeT
TOJIbKO MJIA OrpaHM4YeHHHX ¢yHkumi#. OB606WMM NMOHATHE HHTErpaJa
Ha cjyd4aft, Korza XoT# 6Bl OJHO M3 3THX yCJIOBHH He BHINOJIHAETCH.

Onpepnenenne 1. [Ina noboit dbynkunn f(z), onmpenenenHolt Ha
6eckoHeyHOM mpoMeXyTKe [a;+00) M HMHTerpupyemo# no Pumany Ha

"
Jiobom orpeske [a;7n], npemen dynkmuu P¥(n) = /f(z) dr npm n —
a
— 400 HashiBaeTCA HecobcmeenHwM unmezpasom om Pynxyuu [ Ha
+00
npomedcymxe [a;+00) (um om a do +00) u obosHavaeTcA / f(z)dz.

a
Takum obpa3oM, Mo ONpenesIeHHIO,

+00 7
[ tedz= tim_ [ fie)dz. (1)

Ecnu npenen (1) cymwecTByeT M KOHe4eH, TO MHTEIPaJl Ha3HBaeTCA
crodauumcs, a yHkuua f — unmezpupyemoll na npomedsicymre [a; +00)
400

8 Hecobcmeerrom cmuicae. B MPOTHBHOM ciiydae MHTerpaJ / f(z)d=z

a
HA3BIBAETCHA PACTOIAUJUMCS.



280 V1. 7 ONPEJEJIEHHEIA UHTEIPAJI

Ananornino, ecin ¢ynknua f(z), onpenmesiennas Ha 6GecKOHEYHOM
npomexyTke (—oo;b], mHTerpmpyema nmo Pumanmy ma so6om OTpeske
[€; 8], To, mo ompenesennuio,

b b
/ f(a)de = lim_ / f(2) dz. @)
—00 €
OuesngHo,
b +00
/f(.r)d.r: /f(—z)dz.
-00 -b
HeficTBATENBHO.

b b
/f(z)dz:e_l’ir_nm!.f(:)dz=

-£ L] 400
= lim_ / f(-t)dt == lim_ / f—t)dt = / f(-2) dz.
-b -b -b

Taxum obpa3oM, HaTerpaJ BuAa (2) ¢ 6€CKOHEYHHIM HIDKHHM NpEnesioM
Bcerna cBoaMTCA K MHTerpaJy (1) c GeckoHeMHHIM BepXHHM NpeseJioM.

+00
dz
IIpamep 1. Hccnenyem Ha cXOAMMOCTb HHTErpaj por npn
1

Pa3HHIX 3HaYeHHAX mapaMeTpa Q.
Ecnr a # 1, 10, no onpenesenxio,

00 n
2 _ tim [E= iy -
_— — = lim
Z® n+40J T g-+o \1—a
1

aecm a=1, T

n 1-a
) = lim o - -—l—-,
n—

N +ol—a l1—-a

+00
dz ) dz .
— = lim — = lim Inp=+4oco.
z 040 ) =z n-rtoo

1 1

CnenoBarenbHO, ec/H a > 1, To HATerpaja cxomurcs, a ecnm a < 1, To
OH pacXOAMTCH.

Onpenenenne 2. Ilycrb dpynknua f(z) onpenenena Ha KOHEYHOM
npomexyTke [a;b) ¥ mHTerpupyema mo Pumany na soGoM oTpeske
[a;n] C [a;d). Torna, ecn dpynkuusa f(z) aBadeTca HeorpaHndeHHOH# Ha
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n

[a;8), To npenen bynkuun &(n) = / f(z)dz npu n = b—0 nasuBaeTcs
a

Hecobcmeennum unmezpasom om $ywxyuu f Ha npomewcymxe [a;b)

b
(amm om a Go b) m obosnauaerca / f(z) dz.
a

Takum ob6pa3oM, o oNpenesIeHHIO,

b n
/f(z) dr = nlgrloff(z) dz. (3)

Ecnn npenen (3) cymecTByer, To HHTErpasl HashIBAETCA CIOOAUUMCR,
a €CIM He CYIIECTBYET, TO PacTOJAUJUMCA.

Ananoruyno, nyctb ¢ynkuaa f(z) onpemeseHa Ha KOHEYHOM
npoMexyTke (a;b] m unrerpupyema mo Pumany ma so6om oTpeske
[€;8) C (a;b). Torma, ecnm f(z) ABnsAeTcs HeorpanmyeHHo#t Ha (a;b),
TO, MO OIpeJeJIeHHIO,

b b
/f(:c) dz:e-l.lﬂo/f(z) dz. (4)
a ¢

Kak n Bhile, KoKa3nBaeTCs, YTO M B 3TOM CJjy4dae

b -a
!f(:c)dz =:{f(—:c)da:.

B orsinine oT HecOGCTBEHHHIX MHTErpajioB oOhIuHEIf#t HHTerpan Pumana
HA3BIBAETCA COOCTNBERHHM UHMEZPAAOM.

1
. dz
IIpamep 2. HUccnenyeM Ha CXOOMMOCTb MHTErpaJi e
0

Ecin a <0, To dynkuus 1/z* nnrerpupyema no Pumary Ha (0;1],
T.e. pacCMaTPHBaeMHIl HHTerpaJ ABJigeTcA cobcTBeHHHM. [laJtee, ec/Im

a<l, To
1
dz—lim gi-e ! _ 1
X £=40 1-aj, “1-a’
0

T.e. MHTerpaj cxogutca. Ecnm xe a > 1, T0 OH, OYeBHIHO, PACXOQHTCH.

Obbeaunasa nNosydeHHHE pe3y/bTaTel, obumit BeIBOA OORIYHO ¢op-
MYJIMpYIOT TaK: paccMaTpHBaeMblft uHTerpan npum a < 1 cxomurcd, a
npn a > 1 pacxoadres.
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HecobcTpennnsie nuTerpannl euga (1) m (3) HasumBalorca unmezpa-
AGMU C 0cobuM eepTHuM npedesom, a mMHTerpasan Buga (2) u (4) —
UHMEZPAAAMU C 0COBBM HUJICHUM npedesom.

PaccMaTpHBaIOT TakxKe HecOGCTBEHHHIE MHTErpaJibl, Yy KOTOPHX oba
npejesa WHTETPHPOBAaHHA a M b ABAAIOTCA ocobhimu. B arTom cayvae
NpeamosIaraloT, 4To ¢yHKUMA f(Z) ompelesieHa HAa KOHEYHOM WJIH
6eckoHe9HOM HHTepBajie (a;b) M HMHTerpupyeMa Ha J0b6oM oTpeske
[¢;7) C (a;b). Torna, no onpenenenwo,

b c b
[1@dz= [ z)dz+ [ 1) de, (5)
a a (4

rde ¢ — HeKoTopad ToYKa ®3 HHTepBada (a;b). 3mecs B mnpasoft

YacTH pPaBeHCTBa CTOAT HECOGCTBEHHHE HMHTETPAJIH ' C OXHMM OCOOHIM
npenesioM HATerpupoBaHusa. Hurerpan (5) Ha3mBaeTc cTodAwumMcs,
ecan cxoaATca oba HecoGCTBEHHHX MHTErpajsa (OT @ IO € M OT ¢ JO
b). OueBuaHo, muTerpan (5) He 3aBHCHT OT Bhibopa Toukm ¢ C (a;b).

HakoHen, paccMaTpHBAaIOT HecoOCTBEHHbIE HMHTErpaJibl, KOTOphie
ABJIAIOTCA CyMMaMH HECOGCTBEHHBIX MHTErPaJOB:

b N %
[1@142=3 [ fie)az, (6)

s’=1=’_‘

e a < 2o <73 <...<zy =>4 3mech B mpaBo#t YacTH CTOMT cyMMa
HecobcTBeHHBIX MHTerpaJioB Buaa (1), (2), (3), (4) uam (5). Uurerpan
(6) HasbiBaeTca cTOOAWUMCS, €cIM BCe MHTErpaJiki B CyMMe CXONATCH.

B npoTHBHOM CJIydYae 3TOT MHTerpaJl Ha3hHIBAETCA PACTOIAUUMCA.
+cod
T
IMIpumep 3. UccnenyeM Ha CXOAMMOCTH MHTErpaJ / por
0

Ilo onpenenenuo,
400 +00

1
dz z dz
/;—/;+/;-
0 0 1

Kak yxe mokasaHo, npu « > 1 unrerpasa ot 0 no 1 pacxomurcs, a npu
a <1 unterpan or 1 mo +oo pacxomurcsa. CuienoBatesibHO, NaHHLIMR
HHTErpaJl pacXoguTcs IpH JioboM a.

4.2. Ocnosnnte cBoficrsa. Ha necobcTBeHHbIe HHTErPAJIH NEPEHOCATCH
MHorue cpolicTBa onpejesleHHOro MHTerpana Pumana. PaccMorpum
HEKOTOphle U3 3THX CBOUCTB.

3necs u nanee 6yaeM paccMaTpMBaThb B OCHOBHOM HeCOGCTBEHHBIE
HHTerpaJibl ¢ OCOGKIM BEpPXHMM mnpeliesioM, T.e. OymeM Npeanosarars,
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4TO paccMaTpuBaeMule (YHKILMH OnpenesieHH Ha KOHedMHoM uaM bec-
KOHEYHOM npoMexyTKe [a;b) u mHTerpupyemn mo Pumany Ha smobom
orpeske [a; 7] C [a;d).

1. Jan awboidt mouxu c € (a;b) cnpasedauso pasercmeo

j f(z)dz = / f(z)dz + /b f(z) dz. 1)

Ero ciaemyer NOHMMaTh TaK: €CJIM CXOOMTCA OAMH M3 He-
COBCTBEHHBIX MHTErpaJsioB, TO CXOOMTCA M ApDYroff, ¥ B 3TOM
ciaydae cnpaBeIsIHBO paBeHcTBO (1).

2. Ecau unmezpaatse om $ynxyuil f u g cxodamcsa, mo unmezpan
om awboll aunetinoti xombumayuu smuz Pynxyuil Af 4+ Bg
moorce cxodumca u

b b b
[(ar@) + Bota)y dz = 4 / f@)dz+B [g(z)dz. (2

3. Ecau uwmezpasn om dynxyudl [ u g crodames u f(z) < g(z)
na [a;b), mo
b

bf(z)dzs 9(z)dz. 3)
[rerees |

4. ITycmo Pynxyus z = p(t) Henpepusro OudPeperyupyema Ha
npomescymxe [a;B8) u ¢'(t) > 0. Tozda, ecau p(a) =a u
‘lins @(t) = b, mo cnpasedausa $opmyaa
-

b [}
[ fie)dz= / Fp(t)e'(t) dt. (4)

Ee ciiefiyeT NIOHMMATh TA&K: €CJIM OAMH M3 HHTETPAJIOB CXONHTCH,
To ApYrof Toxe CXOOMTCA, M OHM paBHH. B uwacTHOCTH, OmMH
U3 KHTErpaJioB MoXeT ORITh COOCTBEHHBIM.

5. Ecau gynxyus f(z), z € [a;b), na a0bom ompesxe [a;n)] C [a;b)
unmezpupyema u umeem nepsoobpasryro F(z), mo cnpasedausa
dopmyaa

b
[ #@)dz = lim F(e) - Fla) (5)

Ee cienyer moHMMaThb TaK: e€cym MHTerpas or f(z) cxomurcs,
to npenen y F(z) npn z — b cymectByer, n Hao6opoT, H, Kpome
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Toro, cnpaseniuBo paseHcTBo (5). OTa dopmyna HasbiBaeTcH
dopmyaott Hovromona-Jletibvuya ¥ OORYHO 3alMCHIBaeTCA B
ClenyIoleM BHAE:

b
a

b
j f(z) dz = F(z)

6. Ecau $ynxyuu u(z) u v(z) Ha npomeacymxe [a;b) Henpepmeni,
a Ha xadcdom ompesxe [a;n] C [a;d) onu xycouno duddepen-
YUPYEMB U UT NPoU3sofHIE uHmMeEpupyeMu, Mo cnpasedausa
$OPMYAG UHMEZPUPOBAHUR NO NACTAM:

b » b
/udv:uv —/vdu, (6)
a

a
KOTOpYIO CJEAYeT MOHMMATh TaK: €CJIH CYIECTBYIOT ABa H3
Tpex NpeaejoB, TO CYWIECTBYeT M TpeTuit, U CHpaBeiJINBO
paBenctBo (6).
JokaxeM cHayajaa cBolictso 1. IlycTtb, Hampumep, MHTerpaJs oT ¢
mo b cxonurca. Torma

jf(t)dz:yl‘i_r’rz/qf(z)d:czyl'i_r’rln, jf(z)dz+/"f(z)dz =

=‘/cf(z)dz+},§q’/nf(r)dz=/cf(z)dz+/bf(=)d=-

CeoiicTBa 2 # 3 AOKAa3HBAIOTCA aHAJIOTHYHO.

Jia pokasaTesbcTBa cBoficTBa 4 3aMeTHM, YTo PYHKUMA T = (i)
Ha npoMexyTke [a; ) uMeeT obpartmyio t = ¥(z), y koropo#t ¥'(z) > 0
Ha [a;b). Torma, ecnm, HanpuMep, HHTErpajl OT f CXOAMTCH, TO

B £ w(€) b
Jriene @ = jim [rewnv o= jin [1e)d= [ ez,
@ @ ¥(a) a

T.e. uuTerpan or f(p(t))¢'(t) cxomurcs, M CHpaBeIABO pPaBEHCTBO
(4). Amnamormyno nokasmBaercs, 4To ecam MHTerpasa ot f(p(t))¢'(t)
CXONMTCS, TO MHTErPasl OT f CXOAMTCA, M CIpaBeI/IHBO paBeHCTBO (4).

CeoitcTBa 5 B 6 mpeanaraeTcs JOKa3aTh B KadecTBe yNpaKHEHHS.
O6paTHM BHHMaHMe Ha TO, 4YTO He BCe CBOMCTBa HMHTErpHpYeMBIX
no Pumany cynkuu#t nepeHocsiTca Ha YHKIHMM, HHTerpHpyeMble B
HecobcTBeHHOM cMhicsie. Hanpumep, muTerpan or ¢ynkuum f(z) =
= £~/ na nnrepsane (0; 1) cxomures, onnako maTerpan or f3(z) = 1/z
Ha (0;1) pacxomurcs.
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1
dz
Ilpumep 1. BuuncauM muterpan / \/1=2.

Y aToro uHTerpasa ob6a mnpenesia HHTETPHPOBAHHA ABJIAIOTCH
ocobpMu.  Jlerko BMaeTh, 4YTO OJA TAKMX HeCOOCTBEHHHX MHTE-
rpajioB TOXe cHpaBel/inBa (popMyJia 3aMeHbl NepeMeHHoff WHTerpH-
poBanus, aHajornuHaa dopmyse (4). Ilosromy, mosoxmB z =
=sint, t € [-7/2; /2], nonyqaem:

1 d x/2
X
— dt =
/ V1=2z2 / i
-1 -n/2

CrnenoBaTesIbHO, NaHHBIA HHTErpaJl CXOMNTCH, paBeH T, IpHYEM 3aMeHOH’
z =sint OH cBOOATCA K cOBCTBEHHOMY HHTErpaJy.

1 400
IIpumep 2. BHYHCANM HHTErpasIH /lnzd: " / Inzdz.
0 1

K nepsomy wunTerpanly npuMennM ¢hopmysy WHTErpHpOBaHMA NG

4acTAM:
1 1
- /dz =-1,
0 0

Tak Kak zlnz — 0 npu z = +0. CienoBaTenbHo, NepBHit HHTErpaJj
cxonutca M paBeH —1. Jljim BTOpPOro MHTerpaJjia MMeeM:

1
/lnzdz:zlnz
0

n n
Vn>e /lnzdzz /lnzdmZn—c,
+oo 1 e
H IO3TOMY / Inz dz = +00. CnenosarensHo, BTOpo#f MHTErpaJ pac-
XOOUTCA. 1

4.3. HecobG¢TBenHBe HHTErpajii OT HeOTPHUATeNLHLIX Gynxumil.
Hpusnaxu cpasnenns. Kak u B npeaniayweM nyHKTe, 6ynem mpeano-
J1araTh, YTO Bce paccMaTpHBaeMble (hYHKIHHM ompelesieHH Ha KOHEeYHOM
unu GeckoneyHoMm mpomexyTtke [a;b) M mHTerpupyemn no Pumany Ha
sobom orpeske [a;7n) C [a;b). Jliobue apyrme npemnonoxenns Gymem
cHelHaIbHO OroBapHBaTh.

3amernM, yto ecnu bynkumua f(z), z € [a;d), obnanaowas Ha [a;b)
yKa3aHHLIMH Bhllle CBOHCTBaMH, ABJIAETCA HeOTpHLaTeJbHOR Ha [a;b),
T0 byHKUMA

n
o) = [ fz)ds, ne @b, ),
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ABJIAETCA MOHOTOHHO Bo3pacTaiolle#t Ha [a;)), H moaToMy Bcerma MMe-
eT npeaen npu 7 — b: KoHeuHm#t nan OGeckoHeYHREI#t, paBHBIEt +00.
Cnenopatenbio, MHTerpas ot f Ha [a;b) cxomuTca Torma W TOJIBKO
Toraa, xoraa ¢yHkuma (1) asaseTca orpannyeHnot. Ha atom yrBep-
JXIOEHHH OCHOBaHHM TaK Ha3KBAaEMhIE NPUIHAKYU CPAGHEHUR CXOAMMOCTH
Heco6CTBEHHBIX WHTETPAJIOB OT HEOTPHIATENbHBIX (yHKuMi.

Teopema 1. ITycmo gyrxyuu f u g HeompuyamesvH Ha npome-
acymxe [a;d) u maxue, wmo

f(z) =0(g(z)) mpr z—b. (2)

b b
Tozda, ecau / g(z) dz cxodumca, mo / f(z) dz moorce czodumcs. Ecau
a

a
sice unmezpaa om f paczodumcs, mo u unmezpaa om g pacrodumcs.

JokasaTeabcTBo. Yciosne (2) o3HayaeT, YTO CyUIeCTBYIOT 9H-
cio M > 0 u Touka c € [a;b) Takme, uTO

f(z) < Mg(z) Vze€(ch)

IToaTomy
n n
Ve [fe)de<M [oe)ds.

Orclona B mpenesie npu n — b mosiyyaeM HepaseHCTBO

jf(z)szMjg(z)dz.

U3 nero cnenyet, uro ecnm muTerpan or g Ha [c;b) cxomurca, To
unterpas oT f Ha [c;b) Toxe cxonmrca. Ecsm xe wmrerpas or f
pacXolMTCA, TO M HHTerpaJ or g pacxomurc. OcCTaloch 3aMETHTB,
9TO HHTErpajkl OT @ 40 b M oTr ¢ mo b cxomsaTca wiam pacxomaTcs
onnoBpeMmeHHo. Teopema 1 nokasaHa.

Cnencrsue 1. Ecau neompuyameavnvie $ynxyuu f(z) u g(z), z €
€ [a;b), odnozo nopadxa npu z — b, mo uwmezpaan om f u g wa [a;b)
odnospeMento cTo0AMCA uau pacrodamcs.

OTH yTBEPXNEHHS HA3HBAIOTCHA NPUIHAKAMYU CPAGHEHUR cToduMocmu
Hecobcmeznnnz unmezpascs. IlpuueM, ecim M3ywaeTcs MHTErpas or
$yHKuME f, TO QYHKUHA g HasHBaeTCA @yHryuetl cpasHEHUS.

B kavecrBe c¢ymkmmit cpaBHenmsa uacto GepyT yHKUMEM BuHAa:
9(z) = 1/z%, ecom b= +oo, u g(z) = 1/(b = z)*, ecru b # +oo.
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Cnencreue 2. Ecau neompuyamesvras dynxyus f(z), z €
€ [a;4+00), odnoz0 nopadxa c $ynxyuedt 1/z* npu z — +0o, me

400
/ f(z)dz crodumca npu a > 1 u paczodumcs npu a < 1.
0

CnencrBue 3. Ecau neompuyameavnas dyrxyua f(z), z € [a;b),
ede b # +00, odnozo nopadsa ¢ Pynxyuedt 1/(b— z2)* npu z = b -0,

b
mo / f(z)dz czodumca npu a < 1 u pacrodumcs npu a > 1.
a
IIpumep. HccnenyeM Ha cXOOQMMOCTH HHTErpaJl

. In®(1 +shz) i
] VetVe+vE

ITOT MHTerpaJs MMeeT ABe ocobhle TO9KHM £ =0 M z = +00, H NMO3TOMY
HYXHO paccMoTpeTh ABa HMHTerpasia: ofr 0 o 1 m or 1 mo 400, ®
HCCJ/IeoBaTh MNOALIHTErpaJibHylo ¢ynkmuio f(z) npu z — +0 m npm
z — +o0.

Ipr 2z = 40
f(z) (shz)= z* 1

T AT VR B s

1
CilenoBaTesibHO (CM. cJencTsHe 3), / f(z) dz cxomurca, ecn 1/4—a <1,
0

H pacXoIMTcH, ecn¥ 1/4—a > 1, T.e. OH CXOMMTCA TOJLKO ANA a > —3/4.
IIpn z — 400

In(14+shz)=z+In (e" + l - lc-u) ~z,

2 2
H NO3TOMY « 1 )
z
f(z) ~ 2\/5 = 5 . z}-a'
+00

CnenoBaTtessHO (cM. caencreue 2), / f(z) dz cxomurca, ecmn 1/2—a > 1,

1
u pacxoamted, ecyim 1/2—a < 1, T.e. oH cxomuTca TosbKo AN a < —1/2.

Takum o6pa3oM, naHHKI} HHTErpaJ cxonurca ana a € (—3/4;—1/2)n
PACXOMMTCH NP APYTHX Q.
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4.4. AGCO/IOTHO M YCIOBHO cXONZUIMecE MHTerpamn. Heco6cTBeHHMM
HHTETpas

b
[ #te)e (1
C 0COBHIM BepXHMM MpeneJsIoM ;npene.rme'rca Kak npenen GbyHKIHM
n
a() = / f(z)dz, ne€[a;b), @

npu n — b. IloaToMy 4YTO6W 3TOT MHTErpaj CXOmHJICA, HEOOXOAMMO M
JOCTATOYHO, YTOOK BHINOJIHAJIOCH Clleaymoltee ycaosue Kowu:

n
Ve>0 3b.€(a;d): VEne (b;bd) f(z)dz| <e,
n 3
TaKk Kak / f(z) dz = ®(n) — ®(€). D10 yTBepXAEHHE HMHOrAA HASHIBAIOT

xpumepuem Kowu crofumocmu necobcmeeHHuT unmezpanos.
JIemMma. ITyemov dynxyus f(z), onpedesrenras Ha xoneurom uau
beckoreurom npomexcymxe [a;b), unmezpupyema mna a1060M ompesxe
[a;n] C [a;b). Tozda, ecau unmezpasr om a do b om |f(z)| crodumcs,
mo unmezpar (1) mooice czodumcs.
HeticTBuTesbHO, eciu f(z) mETerpupyeMa Ha [a;7)], To |f(z)| Toxe
MHTerpupyema Ha [a;7] B

" n
[re)de|< [ 151z
£ - €
ana yobux € m n Takux, 9ro a < £ < 1 < b. Otcloma crnenyer, 4To
ecsm nna mATerpana ot |f(z)| Bmmosmserca ycioswe Kowwn, To oHo
BRINOJIHAETCA M IJIA MHTerpaya ot f(z).

Takum obpasoM, ecu uaTerpan ot |f(z)| cxomurcs, To mETErpan
or f(z) Toxe cxommTCA.

Onpenenenne. Ilycrs dynkuua f(z), onpemenenHas Ha mpome-
XyTke [a;b), nuTerpmpyema Ha sobom orpeske [a;7] C [a;b). Torna,
ecan unrerpan ot |f(z)| Ha [a;b) cxomurcs, To muTerpas (1) HasmBa-
erca abcoaromno crodawumcsa. Eciu xe uuterpan or f(z) cxoamres,

b
a uHTerpan or.|f(z)| pacxomurca, ro nurerpan [ f(z)dz HasmBaercs
a

YCA0BHO CTOIRUUMCS.
N3 noxasaHHO# Bhile JIeMMH CJIeAyeT, YTO €CJIM HHTerpaJj abcosioT-
HO CXOAMTCA, TO OH M mpocTo cxomurTca. O4yeBHIOHO, AJIA HCCIENOBAHUSA
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HHTerpajioB oT f(z) Ha a6COMOTHYI0 CXOAMMOCTb MOXHO HpPHMEHATH
NpH3HAKH CPaBHEHMA IJIA COOTBETCTBYIOMMX WHTerpaJyioB ot |f(z)|.

IIpamep 1. UccnenyeM Ha cXoOMMOCTb M abCOJIIOTHYIO CXOMAMOCTh
MHTErpa
+oo0

sinz
/ ':T dz , @€ R. (3)
1
PaccMOTPHM HECKOJILKO CJIy4aes.

1. Ecmm a <0, To unterpan (3) pacxomurca. HelcTBuTenbHO, B
aTOM cJjy4ae

2nw4w - 2nr4x
sinz .
/ ——dz > / sinzdz =2
z
2nx 2nx
ana Jgioboro m € N, m mosToMy He BLINONHAETCA YCJIOBHE

Koun.
2. Ecsmm a > 1, To uaTerpan (3) cxommrca abcomorHo. He#icTsu-
TeJIbHO, B 3TOM CJIy4ae

sinz
zd

1
zo

< Vz > 1,

H uHTerpa’ or 1/z®* cxommrca. Torna no npH3HaKy cCpaBHEHHA
unterpay (3) cxoamrca abcosOTHO.
3. Ecnm 0 < a < 1, 1o narerpan (3) cxomurca. Ilpumennm dop-
MyJIy MHTEIDHDOBAaHHA IO YacTAM
400 | +00
sinz cos z |+ cosz
=- -a dz.
P Pl Il po+l
1 1
3necy moacTaHoBKa OoT 1 mo +o0o paBHa cosl, a mocsenumft
MHTErpaJl CXOAMTCA abcosoTHO npu Jiobom a > 0.
Hakonen, ec a < 1, To ana moboro n € N

2nx

nr . 2nw . 1 1
/Mdz>/lsl—mdz>—/|sinz|dx=—,

z° - z = 2nn g
nr ny nwr

H TIO3TOMY IJiA HHTerpaja ot |sinz|/z* npr a < 1 He BHNONHAETCA
ycnosue Komm. Crenosatenbno, ecim 0 < a < 1, To unTerpan (3)
CXOATCA YCJIOBHO.

B crnenyoutx TeopeMax pacCMaTPHBAIOTCA MHTErpajibl BHAA

400

/ f(z)g(z) da. @)

10 — 1402
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Teopema 1. ITycmov @ynxyua f(z) unmezpupyema ma aw6om
ompesxe [a;n). Tozda, ecau Ha npomesxcymxe [a;+00) Pymxyua B(n)
(cm. (2)) ozpanuvena, a Pynxyus g(z) momomomna u g(z) — 0 npu
z — 400, mo unmezpans (4) crodumca.

HokasaTenbcrso. Cornacio BTopolf Teopeme O cpemHeM, AJA
mobuix § m 0, a <& <0, cymecrsyer { € [€;7] Takoe, uTO

U] ¢ n
[ Hovate)dz = 5(0) [ 1122+ o) [ Fi2) (5)
3 3 ¢
Tak kak
¢
JECEELIGRRIG
£
n dynkuna ®(({) orpanuyena, To
¢
aIM: /f(z)d:r: <M Vé>a, (2a.
£

CrnenoBatesibHO,

n
[ etz dz| < M (0] + lo(a))
¢

A Tak kak g(z) - 0 nmpu z — 400, TO oTclIOma CjedyeT, 4TO AAA
nHTerpayia (4) BHINMOJIHAETCA ycJoBMe Kowm, ¥ Mo3ToMy OH CXOOMMTCA.
Teopema 1 mokasana.

9Ta TeopeMa HasHBaeTcH npussraxom Jupurae cxodumocmu recob-
cmeenHo20 unmezpaaa.

3ameTnm, 9To Ha npoMmexyTke [a;+o00) dynkuus $(n) saBenomo
orpaHndeHa, ecan ¢pyHKuna f(z) uMeeT orpaHMdYeHHYIO nepBooGpa3HyIo,
a ¢dyHkuus g(z) MoHOoTOHHa, eciM oHa Auddepenunpyema u g'(z) me
MEHsAleT 3HaKa.

Teopema 2. ITycmov $ynxyus f(z) unmezpupyema wna arwbom
ompesxe [a;n]. Toeda, ecau wna npomencymxe [a;+00) unmezpanr
om f(z) crodumes, a dynxyus g(z) momomowmna u ozparuvena, mo
unmezpaa (4) mooice cxodumcs.

HokasaTtenbcTBo. Tak kak mHTErpas or f(z) cxomurcs, TO

n
Ve>03n: V>0 /f(z)dz <eEg,
§
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To u3 paBeHcTBa (5) caenyer, uTo

n
f f(2)a(z) dz| < e (l9(Q)] + o)) V<, 7> ne.
£

A Tax kaKk g(z) orpaHMYeHs, TO OTCIOAA CJIEAyeT, YTO A/ MHTErpaja
(4) BummonEseTca yciosne Komm, n nostomy on cxomurca. Teopema 2
JAOKa3aHa.

DTy TeopeMy HMHOTAAa HA3HBAIOT npusHaxom Abeas crodumocmu
Hecobcmsennozo unmezpasra. Ee o6pasHo MoxHO cdopMy/IMPOBATH TaK:

Ecau unmezpasa cxodumes, mo nodunmezpasvryio yHKyu©o MooCHO
YMHONCUME HB 0ZPAHUNEHHYIO MOHOMONNYIO GYHKYUIO: noayNexHvitl
unmezpaa modice bydem crodumovcs.

Bame'mu, YTO 34eCh YCJIOBHE MOHOTOHHOCTH ABJIJETCA CYWECTBEH-

HeiM. Hanpumep, mHTerpan or 1 mo +oo or dyskumn f(z) = E%f
CXOOMTCH, & OT (PyHKUMH
. 1 — cos2z
f(z)sinz = —

1 cos2z
pacXomMTCA, TaK KaK MHTErpajl OT — PAacXOAMTCA, a OT —— pacxo-
z

nurca (no mpusBaky [upuxie).
Ilpamep 2. PaccMoTpuM HHTErpan
+00 .
sinz .
(z+cosz)>

OH mMmeeT enMHCTBeHHyI0 ocobeHBRocTh B Touke +00. Ilpu a < 0 om
pacXoMTCHl, TaK KaK He BhimonHgercd ycjoBde Komm. A nMeHHo,
ecan. a <0, To

2nx4w . nw4w
( :1:0-':2)_0 z > / sinzdze=2 VneN.
z

2nrx nr

IIpy « > 0 on cxomurca mo npusHaky Jupuxne. JHellcrBuTenbHO,
dbynknua f(z) = sinz uMeer orpaHMYeHHyl0 nepBoobpasmylo F(z) =
= —cosz, a pyHKIHUA

9(z) = (z + cosz)~*
takaf, 4ro g(z) = 0 npa z = +oo ® ¢'(z) <0, ecm a > 0.

10*
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Hakogen, Tak kak
sinz
(z 4 cosz)®

| sin x|
za

npu z — +00, TO HAAHHHIl MHTerpaJ cxXxomUTCA abCOJIIOTHO TorAa H
TOJIbKO TOTMIa, KOTZa CXOAMTCA WHTerpay ot |sinz|/z®. A on cxoamrcs
npu o > 1 n pacxogurca npr a <1 (cM. mpumep 1).

CnenoBaTensHo, NaHHRI# MHTerpas mpu o« > (0 cxomures, a IpH
a < 0 pacxonmrca. IlpaueM, ecn 0 < a < 1, TO OH CXOAMTCA YCJIOBHO,
a ecqim @ > 1, To abcosioTHoO.

HNpumep 3. PaccMorpnm mHETerpan

+00 .
/ﬂ—dz, a>0.

z*+sinz
1
®ynkuma f(z) = sinz MMeeT orpaHMYeHHylo nepsoobpasuyio F(z) =
= —cosz, a GyHKUMSA
)= —Y——
9(=) z* +sinz

takad, uro g(z) = 0 npu z — +o0o. Onmnako g(zr) MOHOTOHHA TOJNBKO
npu a > 1, Tak Kak

az® 1 4 cosz

9@ = - ey

Menser 3Hak, ecm 0 < a < 1. CnenopatesibHo, no npu3Haky lmpmxse
MOXKHO JIMIIb YTBEPXJAaTh, UTO AAHHBI# MHTErpaJl cXOAMTCA NpH a > 1.

JA MOJTHOTO MCCJieJOBAHMA NaHHOTO HMHTErpaJjla NMpMMeHHM apyroft
METOx.
3ameruM, 4To ecam a > 0, TO

sin z sin z 1 sinz sin’z sin? z
z*+sinz  z® 1+sinz/z® z° z2a zla
sinz
opu z — 4o0o. MHHTerpan or —a cxomurca npa Juobom a > 0.

Tonoxum . .
sinz sinz

% 4+sinz zo

p(z) =

Torna (z) ~ Az npH z — +00, H MO3TOMY HHTErpajt or ¢(z)

2a
z
CXOOHUTCHA TOrga M TOJIBKO TOrAa, KOIla CXOOMTCA HHTErpaJ oT (byﬂl(l.ll!ﬂl

2

sin® 2 _ 1—cos2z

zia 2
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cos 2z
Ilo npu3naxky [upuxne mHTerpasn oT yHKIHH 27a CXOIHMTCA UpH

mobom a > 0. CnemoBaTenbHo MHTerpan OT ¢(Z) cXoAMTCA Toraa H
TOJIbKO TOrAa, KOTAa CXOAMTCA MHTerpat ot 1/z2®. TloaTomy, naHHHIH
MHTerpaJl CXOAMTCH, ecau 2a > 1, m pacxomurcs, ecmm 2a < 1.

HakoHen, Kak u B npumepe 2, fokasHBaeTcH, YTO AAHHKIt HHTerpaJ
cxoauTcA abCOJIOTHO TOMBLKO NMpH a > 1.

TakuM ob6pasoM, AaHHEI uHTerpan npm a < 1/2 pacxommres, a
npu a > 1/2 cxoanrca. Ilpuyem, ecom 1/2 < a <1, T0 OH cxomuTca
yCJIOBHO, a ecJid a > 1, To abcosoTHo.

§ 5. IlpumoxeHns onpenesieHHBIX HHTETPaJioB

5.1. Burvumcienne naomaneil naocxux ¢uryp. B n.1.4. 6m0 moka-
3aHO, 4TO HeoTpuuaTenbHas dbynkuus f(z), z € [a;b], nHTErpHpyema
no PamaHy TOrma M TOJMBKO TOrZa, KOrAa KPHUBOJMHe#Hasd Tpamelus

G={(z;y):a<z<b 0<y< f(2)}

namepuma no 2Kopnany. Ilpuyem B aTom cayyae

b
mG = / f(z)dz. (1)

3nech moxaxeM Hekotopoe oGobuienue dopmyan (1).

Teopema 1. Ecau dynxyuu fi(z) u f2(z) unmezpupyems wa
ompesxe [a;b] u fi(z) < fao(z) z € [a;b], mo mroocecmeo G = {(z;y) :
a<z<b, fi(z) <y < f2(2)} usmepumo u

b
mG = f (fa(=) - fi(z)) dz. (2)

HokasatenscrBo. Ecm fi(z) > 0 Ha [a;b], To dopmyna (2)
cpasy cienyer u3 ¢opmyin (1), Tak kak B aToM ciydae mG = mGa—
—mG,, tne Gy 1 G — KpHBOJIMHeltHHEe Tpamemmu, COOTBETCTBYMOLHE
Jynxumam fi(z) 1 fo(z).

Tenepb 3aMeTHM, 4TO NpM MapaJslsiesIbHOM NepeHoce Mepa KJIeTKH, a
CllefoBaTebHO, H Mepa NMPONU3BOJILHOrO MHOXeCTBa He MenswoTca. Ilo-
aTOMy obmmit cyiy4alt CBONMTCA K PacCMOTPEHHOMY CABHIOM MHOXECTBa
G BBepx mapa/uieflbHo ocu opauHaT. Teopema 1 mokasaHa.

INpumep 1. Hoxkaxem, uro mepa 2KopnaHa TpeyroJibHMKa paB-
Ha TOJIOBHHE NpPOM3BENEHHs NJIMH IBYX €ro CTOPOH Ha CHHYC YIJia
MeXJy HMMH. B 4acTHOCTH, mJjolab TpeyroJbHHKa HE 3aBHCHT OT
PACIOJIOKEHHs €ro Ha MJIOCKOCTH.
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BHIYKC/IMM CHaYasla IJIOWAJb NPAMOYTOJIBHOTO TPEyroJibHHKa, Ka-
TeThl KOTOPOrO NapaJlJIeJIbHB OCAM KOOPAMHAT.
3aMeTHM, YTO Mepa KJIeTKH He Me-
" HAeTcs NpPH napajUleJIbHOM IepeHoce,
NPH 3epKaJbHOM OTPaXXEHHH OTHOCH-
TEJBHO OocCeff KOOPOMHAT M NpH H3Me-

b HEHHM MOPAAKA HyMepallMH KOOPAMHAT.
CuaepoBarenbHo, Mepa XKopnaHa Toxe

A WHBApHaHTHa OTHOCHTENILHO TaKHX Ipe-

0 a x obpasoBanuit. IloaTomMy mna BHYMCIIE-

Pre. 7.1 HMA IJIOWAAN NPAMOYTOJILHOIO
TpeyrosibHUKa, KaTeThl KOTOpPOro MapaJiielbHhl OCAM KOODAMHAT, HO-
CTaTOYHO PacCMOTpeTb TPeyroJIbHEK ¢ BepuMHamM B Toakax O(0;0),
A(e;0), B(0;b), rne a >0 u b>0 (puc. 7.1).

OH aBasercs KpuBosiMHe#HON Tpamenme#t M GyHKUMH

=b(1—-3—), z € [0; a],

H T103TOMY

a
ni1. OAB = / 1——)d:-ab—£/zdz_§b

Tenepb pac%MO'rpnM [POH3BOJILHO
PacnoJIoKeHHBI NpPAMOYToJIbHHMR Tpe-
yroabuk. Cornacho caenaHHOMY Bbille
3aMeYaHHI0, He OrpaHHuNBas obUHOCTH,
MOXCHO CYMTaTh, 4YTO OH paclOJOXKeH
B BepXHeil MOJIYNJIOCKOCTH, ¥ BepLIMHA
MPAMOro YIVia JIEXHT B HadaJe Koop-
munat (puc. 7.2). Torma

nin. OAB = un. B1A1AB +nn. BAyA—nn, OA)A —an. B1OB =

= (bcos B + acosa)bsinf + l(bcos;ﬁ+ acosa)(asina — bsin §)—

——2-02 sinacosa — lb2 smﬂcosﬂ = %ab(sma cos 8+ cosa -sinf) =

= 1absm(nr +p8) = —ab

TaKk KaKk a+ f =7/2.

®opmysa AN MJOWAMM HPAMOYTONBLHOIO TPEyroJibHHKa J0Kasa-
Ha. W3 Hee dopMysa mjifg NUIOWAIM TNPOM3BOJBHOIO TPEYroibHUKA
BHBOAUTCA OOBIYHBHIM 06pa3oM.

3amevaHnue. U3 Toro, uro nyomaab a060ro NpAMOYroJibHOro Tpe-
yroJibHMKa paBHa NOJIOBMHe NPOM3BEJEHHs JJIHH ero KaTeTos, CJeAyeT
BaXKHOe yTBepXjeHHe: Mepa XKopdara Ha NAOCKOCTU UHEAPUAHMHA
OMHOCUMEADHO OPMO20HAALHUT npeobpazoearutl, T.e. ecu MHOXECTBO
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G* moJsyueHo M3 m3MepuMoro MHoXecTBa G OPTOrOHaJIbHEIM npeobpa-
30BaHMeM, TO MHoxecTBo G* mamepmmo u mG = mG*.
B ofweM cayuae 3T0 yTBEpXKIcHHe
6ydeT MOKa3aHO B TEOPHH KPATHHX HH-
TerpaJsios.

Ilpumep 2. Haitnem nyomanb Kpy-
roporo cektopa. Ilycts g — Kkpyrosoft
CeKTOp pamuyca r, Ayra KOTOPOTO paB-
Ha a paaman. PasobweM ayry cekTopa
Ha n paBHHX MO OJIAHE AYT H COOT- O
BETCTBEHHO CaM CEKTOp ¢§ Ha N CEKTO- Puc. 7.3
POB g1,...,9n. B KaXImft M3 CeKTOpoB t
g; BNHIeM paBHOGeNpeHHH#l TPEYroJIbHHK M OKOJIO KaXIOro OMHIIEM
NpAMOYrOJIbHEA TPEeyroibHMK, KaK 2TO IOKa3aHO Ha pHC. 7.3.

1 . a
Torna niomanb BOXCAHHOTO TPEyroJibHHKA paBHa §r2 sin o a nJjo-

E1]

1 a
IaAb OMHMCAHHOLO TPEYTOJbHMKA paBHa -2-r2tg —, H NO3TOMY
n

| ST 1
n. -2-r2sm % <mg<mmg<n- Erztg%.
Orclona B Ipefiesie OpH 7 — 0O NOJYHaeM, YTO MHOXECTBO § M3MEPHMO
1
mg = §rza (3)

Teopema 2. ITyemv p,p — noaspnse xoopduvamu Ha naoc-
xocmu. Tozda, ecau neompuyameavnaz Pynxyus p(p), ¢ € [a;f],
uHmMe2pUPYEMA, TMO MHOdICECTNBO

G={(p,p) :p€la; 8], 0< p < p(p)}

B
/ P2 (v) do. (4)

u3mMepumop u

mG =

NI =

JoxasateasctBo. [Iycth 7= {Al, ., AN} — BHekoropoe pas-
6uenne orpeska [a;f], m nycTs

m; = inf p(p), M;= sup p(p).
WGAI WGA-

PaccMOTpHM MHOXECTBa
N

or=J{le.9) i p € Bi, 0 p<mi},

i=1

N
G, =J{lpp) :p €8s, 0< p < M}

=1
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U3 dopmyant (3) caemyer, 9To

mg, = 5 EmZIA |= —8(p i)

n-l

EM’IA |= -S(p ;7).

=1

A Tak xak ¢, CGC G, V7, TO

wn—-

%s(ﬂ’;r) <mG <mG < %S(p’;r) Vr.

Otciona ® cheayer, 9To MHOXecTBO G HM3MepUMO M CIpaBelJIMBa
dopmyna (4). Teopema 2 nmokasaHa.

5.2. O6bem Tesa Bpamienns. s 3ananHolt pyuknun f(z), z € [a;b],
MHOXECTBO

G={(z,4,7) : 2 € [a; ), ¥* + 2* < ()}

Ha3LIBAETCA MEAOM GPAUEHUR, COOTBETCTBYOIMM aTo# pyHkmuu. Ove-
suaHo, byekumam f(z), —f(z) u |f(z)| coorsercTByeT OMHO M TO Xe
TeJio BpallenHda. [loaToMy, He orpaHMuHMBas OOLHOCTH, PacCCMaTPHUBAIOT
TeJla BpalleHUA TOJIBKO AJIA HEOTPHUATENbHHX pyHKumi.

B 1.6.3. rimaBu 6 6nlsio nOKa3aHO, YTO 06beM NMPAMOro UMJIMHIDPA
paBeH NpPOM3BENEHHIO Mephl OCHOBAaHMA Ha BBICOTY. B YacTHOCTH,
obbeM npsMoOro Kgyronoro IMAMHAPa pamuyca R # BecoTH h paBen
npon3segenuio *R*h

TeopeMma. Ecau neompuyameavnas Pynxyus f(z), z € [a;b],
unmezpupyema, mo coomeemcmeywujee meso epawjerus G uamMepumo
u

b
mG = n/fz(z) dz. (1)

Hoxasateanctso. [lyets 7= {A,,...,AN} — HekoTOpoe pa3-
6uenre orpeska [a;b], ® nycTb

™= g, S, Mi= mp o)

Jaa 3Toro pa3bueHHs pacCMOTPUM MHOXECTBa

N
gr = U{(z»y) iz €A, v+ Sm?}»

=1

N
Gr=l(z.9):z €A, 4* +22 < M)

=1
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Ouemnano, g, C G C Gy n mg, = xs(f%;7), mG, = nS(f%;7). Cne-
NOBaTEJIbHO,

xs(f?;7) < mG < WG < nS(f%;7)

ana Joboro pasbuenus T orpeska [a;b], m nosTomMy muOXecTBo G
n3MepuMoO M cnpabemsnBa dpopmyna (1). Teopema nokasana.
Ilpumep. Buumcaum ob6beM TeNa, KoTopoe moJiy4aercs MpH
Bpauenun rpadnka ¢pynkuun y = z?, —1 < z < 1, Bokpyr a) ocm
Oz, 6) ocu Oy.
B caydae a) mo dopmyse (1) mosmyqaem:

1
V:r/(xz)zdz=1r-%zsll_ =
21

B cayuae 6) 3aMeTHM, 9TO pacCMAaTpHBAEMoe TeJlO BpalleHHS COOTBET-
creyer ¢ynkunm z = ,/y, 0 <y < 1. Ilosromy

T

1
V=1r/(\/§)2dy= 7
0

5.3. Iymma nyru xpusolt. Ilycts I' = {r(t),a <t < b} — HekoTOpas
HenpepniBHO auddepennupyeMas kpuBas, a §(I) — AJMHA AYTH 3Tofft
KpHBo#t oT TouxkH A, y Kortopoit r = r(a), 1o nepemenHott Toukm M €T.
Torma, Kak M3BECTHO,

ds _ [dr

dt ~ |dt

@ ' ()
M moaTOoMy AJsiA AMHMHM S kpuBo#t I' cmpasensusa ¢opmysa
b
S=/|r'(t)|dt. (2)
a
Ecsu xpuBas I nuockasan z(t), y(t) — koopamsaTh BekTOpa r(t),To
b
s= [vFD+rme.

B wuactHoctH, ecim ' — rpacdux HenpepuiBHo mauddepennupyemoit
bynkunn y = f(z), z € [a;b), 10

b
S= / ViT 7 (@) dz. 3)
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Tenepp paccMOTpHM HenpepuBHO JauddepeHUNPYEMYI0 KPHBYIO
I'={r(t), t € A}, rne A — xoHeunnft mnu GeckoHeuHHIil mnpome-
KYTOK. BymeM cumTaTh, 4YTO OHa OpMEHTHpOBaHa CBOMM HapameTpoM t.
Bribepem HekoTOpyIO HadajbHyio Touky A € ' ¥ 4epes s(f) oboaHaduM
nepemenryro dauny dyzu opuenmuposanriolt xpusoti I'. Ilo onmpenene-
umio, Gyrknua s(t) takad, uro |s(t)] — oTO0 msMHA AyrH or ToukM A
1o Toukm M c paamyc-BexTopoMm r(t), s(a) =0, s(t) >0, ecoim t > a, ®
5(t) <0, ecnu t <a. Torna, xak u Beule, cnpasenauBa dopmyna (1),
U No3TOoMYy

sm=/mma.Wea ()

B uacTHOCTH, ecyu @ M b — HavaJi0o M KOHell MPOMEXYTKa A, To nJj
nnuan S xpuBoft ' cnpaBennusa ¢opmyna (2), rae uHTerpas Moxer
6HTbL KaK COGCTBEHHRIM, TaK M HeCOOCTBEHHHIM.

Jna nnockoft Kpueoft B cayyae sBHOro 3amaHua dopmyna (4) (cm.
Takxe (3)) mpuHHMaeT BHA:

(o) = [VITFT@ de. ®)

Mpumep. Haltnem nepemennyio Aamny ayrm napabons y = z2, Ha
Koropoft BeOpaHa HauaJbHafg To4ka zr = (0 M KoTopass OpPHEHTHPOBaHa
napaMeTpoM Z.

Ilo ¢opmyse (5) nHaxommm:

z 2z
s(z):/\/1+4£2d£= %/\/1+t7dt.
] 0

YT1o6H BHIYHCJIKTL NOCJEIHHR HMHTerpaJj, NpuMeHHM ¢OpMyny HHTe-
rPHPOBaHHA MO YAaCTAM:

s(z) = %t 1+1¢2

” 17 P =
0 20 V1412
2z
= zv/1 + 422 s(:r:)+l ﬁdt
=z 3 J Y .
CanenoBaTesbHO,

s(z):%z 1+4:2+%ln(2z+\/1+4zz), ree z€R.
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B wacTHOCTH, AJIMHa KpHBOMH, 3anaHHO# dyHKumelt y =22, -1 <z <0,
paBHa

5(0) — s(~1) = .;. 5 %m(-z +v6) = %Jﬁ:, %ln(2+ VB) = s(1).

5.4. PaGora cumnl Boosmb nytH. Ilycts mo HempepniBHO auddepeH-
nmrpyemoft kpueoft I' = {r(s), 0 < s < S}, rae s — nepemenHas AJHHa
oyrd, apmwkeTcAa Touka M noxn AeftctBueM nepemenHo# cunm F(s), Ha-
npabJyieHHo#t no kacaresbHoft k I'. Ilycts, manee, 7 = {A;,...,An} —
HeKoTtopoe pasbuenue otpeska [0;S].

Ecnu Ha A, cuia F nocTosHBa, To pabora A; cunn F Ha A,
no onpemenenvio, paBHa F|A;|. B obmem cnaydae mna paborm A;
CrpaBe/l/IHBHl HEPaBEHCTBA

m;|Ai| < A; < MilA,
rae m; = inf F(s), M; = sup F(s).
z€A, s€A,
CnenoBatenbHo, ecim A — pabora cusi F Bpoab nytu T, To

N N
DomilAl S ALY Milay|
i=1 i=1

ana Joboro pasbuennma 7 orpeska [0;S]). Iloatomy, ecsim yHkuMA
F(s) maTerpupyema, To crnpaBeminBa ¢opmyna:

S
A= 0/ F(s)ds. (1)

Crporo rosopsi, 3Ta ¢opMyJia ABJIAETCA ONpeHesIeHHEM PpaboTH
cunnl F Booss kpuBoit I M3 Hee MOXHO MOJIyYHTB COOTBETCTBYIO-
wyio dopMyJsly B cJiyuyae NpPOM3BOJIbHOrO mapamerpa t Ha kpuso#t [.
He#crButensho, ecnu kpubas [ = {r(t), a <t < b} HenpepniBHO mHD-
depennupyema, To oHa cnpamiaseMa, u §'(t) = |r'(t)]. Cnenoparesbho,

b
A= / F()r'(t)] dt.

TMycTb Tenepb cuia F uMeer npom3sosibHOe HanpabieHue. Torma
BeJIMUMHA CHUJIH, coBepliaiolias pabory BRosib I', paBHa CKaJfApHOMY
npoussenenuio (F,e), rne F — BekTop CHJ/IH, a2 € — eIMHMYHHH BeKTOp
kacatenbHo#t k kpubo#t I'. Ecsam kpuBas I' ruagkas, To e = dr/ds, n,

CJIENOBATEJIbHO,
S
dr
A= / (F, 2;) ds. (2)
0
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B cayuae npousBosibHOrO NapaMerpa ¢ eAMHHYHHIA BEKTOp KacaTesbHOR
/
ri(t)

I~ (2)]

BRIYHCJIAETCA MO ¢opMmysie e = , H MO3TOMY

b
A= / (F(2), r'(£)) dt.

Muterpannl (1) # (2) ABNAIOTCA TUAMYHHIMM TPHMepaMH KPHMBOJIHHeH-
HHIX MHTErpaJjioB, KoTopnie 6yayT HoApo6HO PacCMOTPEHH B CJEAyIOlieM
naparpade.

5.5 Mnowanp moBepxHOocTH BpamehMf. IlycTh Ha mJoCKOCTH ypas-
HEHUSAMH

z=2z(t), y=y(t), a<t<b, (1)
samaHa KpuBas 7. Torma MHOXecTBO S TOYEK NPOCTPAHCTBa, KOOpIH-
HaTH KOTOPHIX YIOBJIETBOPAIOT YCJIOBHAM:

z=z(t), ¥+22=97(t), te(a;b),

Ha3HBAaETCH NOGEPIHOCMLIO 6pawjeHU’ Kpusoll vy eoxpyz ocu Oz. Ecin,
KpoMe TOro, KpHBad 7Y CHpfMJIAeMa H § — MepeMeHHaf JJIMHA AYTH,
a | — mimBa KpHBOft v, TO BeMYHHA

{
. §=2r / lu(s)| ds (2)
0

Ha3HIBaeTcA naowadviwo noseprvocmu S.

MycTs Temepnh KpuBas <, 3aJaHHas ypaBHeHHsMH (1), HempephiBHO
muddepeHimpyema, Toraa oxa cnpaMiasema, u ds = |r'(t)| dt. IToaTomy
n3 (2) caenyert, 4TO

b
. S =2n / W)V 20 £ 7200 dt.

B wacTHoCTH, ec/i KpuBad ¥ — TpadHK HeOTPHIATESbHO! DyHKINH
y= f(z), z € [a;b], T0

b
ni S = 2w/f(z)\/1 + f'?(z) dz.

B ofumieM cnydae NOHATHA MOBEPXHOCTb M IJIOIANDL HNOBEPXHOCTH
ABJAIOTCA AOCTATOYHO CJIOXKHBIMH. DBosee moapo6no oHu 6yayT us3-
y4aThCA B TEOPHH NOBEPXHOCTHHX HHTErpaJioB.
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§ 6. KpuBosmHelinnle HHTErpannl

6.1. Kpmnosmmelinnie mnterpamu nepsoro posa. Ilycts B n-MepHOM

npocrpaicTBe R™ sanana cnpsMmnsemas kpuBasa v =AB, u nycth s —
flepeMeHHas AJIMHa AYTH Toff KpuBO#, OTCYATHBaeMas oT Toukun A. B
3TOM cjIy4ae To4Ka A Ha3sHBaeTCA HauasvHoll, a Touka B — xoneunotl

mouxoll xpusott y. B nanbHeflieM 6ymem pasnmuath kpuBne AB m
BA. Takue xpuBBle Ha3bIBAIOTCHA OPUEHMUPOCAHHBMU.
OuyeBuaHo, kaxaas Toyka M Kpuso# y =AB omHO3Ha4HO ompele-

JfeTcA 3afaHMeM NJMHH Oyt AM. B aToM cMBic/ie MOXHO CYHTaTh,
410 8 = |AM| aBNfeTcA ecTecTBeHHOM KoopamHaTo#t Touku M Ha opm-
<

eHTHpoBaHHOM kpmBoft Y =AB. Yepes M, 0603HauuM TOYKY KpHBOit

¥, ana koropo#t |AM,| = s. Torna sananme ysuxumu f(M), M € v,
PaBHOCHJIbHO 3ajaHHI0 YHcyioBoft bynkumu f(M,), s € [0;S], rne S —
OJIMHA KpHUBOH 7.

Onpenenenne. Ilyctb kpupas v = AB cnpamiaema, IAVBI =
=S, a M, — Touka Ha v, ana Kotopoit |[AM,| = s. Torma ansa
S

moboit dyrkumn f(M), M € v, murterpan / f(M,)ds nasuBaerca
0

KpucosuneldinuM urmezpasom 1-20 poda om Pynxyuu f no xpueoti v B
obo3Havaerca / fds nnm | fdy.

p
Taxum obpa3oM, o onpenesieHHIO,

[rar= /S £(M,) ds. (1)
0

3ameTnM, uTo 3hech pyHKIMA [ MoxeT GHTbL Kak orpaHmueHHOH#f, Tak
M HeorpaHmdyeHHo#f, T.e. MHTerpan or f mo ds Moxer OHTb Kak
CcO6CTBEHHBIM, TaK M HeCOGCTBEHHBIM.

Tax Kax KpHBOJIHHel{HbIe AHTErpaJjin NMepBoro poa — 3To O6H4HLIE
onpenesieHHble WHTErpaJibl, TO OHH 06JIaNaloT BceMH CBOMCTBaMHM 3TAX
uHTerpajioB. (OTMETHM JIMIIL HEKOTOpHe chenuduuecKne ceolicmea
KPUBOAUHEUHNT UHME2PAA06.

1. Kpueoauneiinwti unmezpar nepeozo poda ve 3asucum om opu-
enmayuy xpueotl.

IleftcTBHTENBHO, MYCTh § — NEpPeMEeHHaA AJMHAa AYrW Kpuo#t AB,
Te. s=|AM, |, a 0 — nepemennas nsuHa Oyrm Kpusoit BA, Te.
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o =|BM, |. Torna, ectu M, = M) 10 s+0 =35, rtne S=|AVB [, u
noaToMy

[ 14s= /s f(M,)ds = /s f(Ms_y)de = /s f(M)do = [ fdo.
AB ° 0 ° Ba

Ecnm nepemennyio anmay ayru kpusoft BA cHosa oBo3nadum wepes s,

TO MOJIyYHM pPaBEHCTBO
/ fds= / f ds.
AB Ba

2. Ecau v =AB u C € v, mo unmezpaa no <y pasen CyMme
unmeezpaaos no AC u CB.

He#icTBuTEIBHO, AYCTH § — TNEpeMeHHas IJIHHAa AyTH KpuBoft
¥ =AB u kpueoft 7y =AC, a 0 — nepeMeHHas AJIMHA AYTM KpHBOR
¥3 =CB. Torma, ecmm S; — nauHa KpuBolf v, To 6 =5 — S}, 1
NoaTOMY

S S, S
/fdy:/fds:/fds+/fds=
0 0 S
§-5,
= [ran+ of sir= [ ran+ [ fan.

B npyrux ofoaHadeHMAX HOKa3aHHOE PaBEeHCTBO HMMEET BHI

/fds:/fds+/fds.

AB AC CB

3. Kpueoaunelinuil uwmezpas no samxrymoti xpueotil He 3asucum
om 6ubopa HA4AALHOU MOouUXU.

JHelicTBuTenbHO, AYCTb Y — 3aMKHyTad KpuBad, M NycTb A "

B — pBe Toukm Ha 31Ol kpueoit. Torma <« _ABA "y =BAB.
ChnenoBatensHo,

/fds:/fds+/fds= / fds.
ABA AB Ba BAB
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4. Ecau na 2aadxoit xpueott y={r(t), a<t<b} sadana pynrxyus f,

mo R
[ rav= [ soaia @)
a
2de My — movuxa c paduyc-esexmopom r(t).

PapencTBo (2) moHMMaeTcAs B TOM CMRHICJIe, 4TO €CJM OXMH H3
MHTErpaJsioB CylleCTBYeT, TO CYUIECTBYeT H BTOpoft, H OHH paBHHIL.

JeficTBHTEJIBHO, COTJIACHO ONpeesIeHHIO,

s
/fd‘y:o/fds,,

rae S — nauHa kpuBo#t y. A Tak kak s = s(t), §'(t) = |r'(t)], To

S b
[ fras= [ rieeyan
0 a

Ipuyem u3 ycnosus |r'(t)| > 0 crenyer, 4T0 ecsiM ORMH M3 MHTErpaJioB
CYLUECTBYET, TO CYWECTBYET W APYroff, ¥ OHH paBHHI.

OueBngno, ¢dopmyna (2) 6ymer cnpaBel/IMBO# H InA KycCOdHO-
rnankot kpueo#t vy = {r(t), a <t < b}. Hanpumep, ecnu ¢ € [a;b] u
kpusnie v; = {r(t), a<t<c}, 12 ={r(t), c <t < b} rmanxue, TO

/fd7=/fd71+/fd7z=

c b b
= / S @) de+ [ M O1de = [ (M1 (8)] dt.

3ametnM, 4ro 3ech r'(t) B Touke t = c He ompelesieHa.

3aMeuanune. Ecnu kpuBas 4 HenpepniBHO mudPpepeHnHpyeMa,
a ¢ynkuua f HenmpepHBHa Ha <, TO, O4YeBUAHO, 06a MHTerpaJjia B
dopmyne (2) cymecrByior n paBHn. Cuaenosatesbho, A YHKIHA
f, senpepniBHolt Ha 7, ¢opmyna (2) cnpaBeqJHBa JIMLIb TPH YCJIOBHH,
4To KpMBasd v HenpepniBHO IuddepeHnupyeMa (OHa MOXET HMeEThb
ocobnle ToYKH). DTO XKe 3aMedaHHe CIPABEMJIHBO M JIJIA OrpaHHYeHHOM
KycodHo-HenpepbiBHO# byHKIMHA f.

Ha niockocTH, T.e. B ciaydae n = 2, ¢opmyia (2) npuHMMaeT BHA

b
/ £(z,y)ds = / £(z(t), ¥ () VO + PER dt. (3)
¥ a
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Ecnn Xe KpHBas y MMeeT ABHOe 3ajaHMe y = p(z), z € [a;}], T0
b
[ fends= [ s, p@)VIToETds. 4)
~ a

IIpumep 1. Buipasum 4epes onpefesieHHHE HHTErpPaJib KpPHBOJIH-
HelHHIt HHTerpaJ

7 [ s
1IN g
rlie Y — KOHTYP TPeyroJibHHKa C BepUIMHAMH
B Toukax 0(0;0), A(1;0) n B(0;1) (puc. 7.4).
Kpupas v sBasAeTcA cyMMoft mpAMOJIH-
0 1 Helinux orpeskoB OA, AB u BO, n noatomy
HHTerpaJ 1o Y paBeH CyMMe€ MHTErpaJIOB IO
Puc. 74 3THM OTpE3KaM.
Otpesok OA umeer sBHOe mpeacTabienme: y =0, z € [0;1]. Toraa
no ¢opmyne (4) nonydaem:

/fds:jf(z,O)dz.

OA

]

Orpesok BA mmeer mpexnctabienne: y =1—z, z € [0;1]. A rak
KaK MHTerpaJ 1-ro poma He 3aBHCHT OT OpHEHTalMH KpUBOH#, TG

1
/fds:/fds:!f(z,l—z)ﬁdz.

AB BA

Haxonen, orpesox OB umeer npeacrasiense: z =0, y € [0;1], »

AO3TOMY .
Bé fds=o£ fds= o[ 0.9 dag

Taknm obpasom,
1
[ e ds= [(52,0)+Vas(z,1 - 2) + 10, ) ds.
B 0

Ilpumep 2. BHpa3suTh 4epe3 onpegeneHHbHe HATErpajihkl KPHBO-
nupettunft wurerpan [ f(z,y)dy, rme y — 23TO XpuBaA, 3aJaHHAA

yciosuamu z2 4y =1, y > 0.
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OueBunHO, KpHBas 7y MMeeT NpEACTAaBJIEHHE T = CO8({, Y = sin ¢,
0 < ¢ < 7. IloaToMy no c¢opmysie (3) nmonydaem:

/ fdy= / f(cos ,sin ) do. (5)
0

Bo MHOrHX ciy4asX KpHBYIO Y yHNOGHO paccMaTpMBaThb KaK KpPHBYIO,
HMelollylo ABHOe 3ananme y =1 —z2, z € [1;1]. B aToM ciyvae no
dopmyse (4) umeem:

[ ran= /f(z,\/_’)d

rie clpaBa HOJYYHJIH HecobGcTBeHHHIM mHTerpan. OH CXomATCHA, €CJm
dynkuua f(z,y) BenpepmiBHa, M cBomaTcs K HMHTerpany (5) sameHoft
T = cos .

B nanbHeitiieM Anf rNagKuX KpMBHX PacIIHPHM KJIACC JONYCTHMBIX
NpeAcTaB/ieHHA: K HAM OTHECeM ABHHIE NPENCTaBJIEHHsA, KOTOpPhle HMEIOT

0cobeHHOCTH B KOHIleBhIX ToukaX. Hampumep, dynkmuio y = /1 — z3,
z € [-1;1], 6ymeM cYHTaTh AONYCTHMHIM NpENCTABJIECHHEM TJaaxolt
KpuBoit +:

T=cosp, y=sinp, ¢ €][0;n].

6.2. Kpupomusueilinmie uurerpama sroporo pana. Ilycts cnpamiaseman

KpuBasa Y =AB B kaxgolt Touke M € ¥ UMeeT eAMHHYHHNR KacaTe/bHLIH
BekTop ! = (M), HanpaByieHHBft B cTOPOHY Bo3pacTaHus ayru s. Kax
H3BECTHO,

Ar/As
Ue) = lim . (ar/as)

rae r = r(s) — npeacraBnende xpupoit v, Ar =r(s+ As) —r(s). B
YacTHOCTH, €CJIM KPHBad Y I[JIaJKasd, TO

dr

l= e
Onpenenenne 1. [lna moboit pynxuun f(M), M € v, mHTerpan
flidy, tae §; =1l;(M) — i-a KoOpAMHATa eNMHHYHOTO KacaTeJIbHOro
BekTopa l(M), HasHIBaeTCA KPUBOAUNEHHNM UNMEZpasOoM 6MOopo2o poda

no xpueoll v om dynxyuu f no dr; m obo3HavaeTca / f dz;.
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Takum obpasoM, Mo onpeneseHno,

/fdz,-:/flgds, i=1,2,...,n.
Y v

O6uiyBo monaraioT l; = cosa;, ¥ Torma ata opMy/a NPUHAMAET BHI

!fdz;:/fma;ds.

B vacTHOCTH, ec/iM KpHBad v IMajKas ® Z; = Z;(s) — i-1 KOOpAMHaTa
BekTopa r(s), To

dz.-

cosa; = —, 1=1,2,...,n,
ds
H TIo3TOMY
s
_ d.‘l:.' _ d.’l:.'
[ran= [ 1 as= [ 15 as (1)
v v 0

rae S — pJMHA KpHMBOH 7.

OueBngHO, KpHMBOJIMHEHHHE HHTErpajJn BTOporo popa obJanaior
cBofictBamu 2 M 3 KpHMBOJIMHE#HBIX MHTErpaJioOB NepBOro poaa, T.e. HH-
Terpaj Mo CyMMe KpMBHIX paBeH CyMMe MHTErpaJioB IO 3TUM KpPHMBBIM,
H HHTErpaj 1o 3aMKHyTo#f KpuBOf#f He 3aBHCHT OT Bhbopa HavasibHo#t
ToykH. OHAKO OHM 3aBHCAT OT OPHEHTAlUM KPMBOH M WHaYe BHIpaXa-
I0TCA 4epe3 onpenesieHHble nHTerpayinl. ChopMynaupyeM n JoKaXeM 3TH
cnenucgpudeckne cBoficTBa KPHBOJHMHEHHKX HHTErPaJIoOB BTOPOro POAA.

1. Kpusosuneiinnil urnmeepaa emopozo poda Mensem 3Hax npu
U3MEHEHUYU OpueHMayuy xpueotl.

HetcTBrTenbHO, ecin | — eAMHAYHEI# KacaTeSIbHHI BEKTOp KpHUBOMH
AB, To, oyeBuaHOo, —l — enAMHHYHHIN# KacaTeJbHHIf BEKTOpP KpPHBOi
BA. Ilostomy

/fdz.-:/fl,-ds:/fl,-ds:—/fdx.-.

AB AB BA BA
2. Ecau na 2aadxott xpueott v = {r(t), a <t < b} sadana pyrxyus
f, mo

b
/fdz.-:/f(r(t))zz(t)dt, i=12,...,n, (2)

2de vy opuermupoeara napamempom t.
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Pabenctso (2) noHMMaeTca B TOM CMBICje, YTO €CJIM OIOMH K3
HHTETpaJIOB CyMIECTBYET, TO CYLIECTBYeT M BTOpO#, M OHM PaBHBI.
®opmyna (2) monydaerca m3 dpopmyanl (1) samenolt s = s(t) Tak
KakK
d:l.',' d:c;
ds ~ dt at.
B 4acTHOCTH, ec/M MJIOCKad KpMBas 4 MMeeT ABHOE NPEACTaBJIEHHE
y=y(z), a<z<b, T0

/ fdz = ] f(z, p(z)) dz, (3)
v [
/ fdy= j f(z, 9(2))¢' (z) de. @)
4 a

IIpumep 1. Bupa3sum dvepe3 onpelesieHHble HHTETPaJIhl KPHBOJIH-
HefiHEle MHTErpajnl 2-ro poga or ¢yHkuum f(z,y) MO KOHTYpYy Tpe-
yroabanka ¢ Bepumsamu 0(0;0), A(1;0), u B(0; 1), opuenTnpoBanHOMY
NPOTUB YacoBo#t cTpeJikH.

Kpusaa v siBnaeTca cymmoft npaMoauHetnrix orpe3koB OA, AB u
BO, noaroMy HHTerpaJs mo 7y paBeH cymMme nHTerpaJyioB no OA, AB n
BO (cm. mpumep 1 n3 n.6.1). ITo dpopmyse (3) nonyqaem:

/fdz:/lf(z,O)dz,

oA 0
1
A/;fd:::-—é{ fd:::—!f(z,l—z)dz.

Hakoneln, orpesok OB nmeer npeacrasienne: z = 0, y € [0; 1], nosTomy,
cornacuo opmyne (4),

1
oé fdz:o/f(o,y)-ody=o.

CrienoBaTesibHO,

1
/fdz:/(f(a:,O) - f(z,1- 2)) ds.
~¥ 0

AHaJIoru4Ho,

o[fdy=0, Alfdy=o/lf(z,l—z)dz, ol fd.'l=o/lf(0,y)dy.
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CnenoBaTenbHoO,
1
/fdy = /(f(z, 1-z)- £(0,z))d=.
v 0

Onpenenenue 2. Ilyctb Ha kpuBoit ¥ =AB 3anaHa BeKTOpHasf
bynkuus a(M), M € 4. Torna unterpan

/(a, 1) ds,

rae (a,l) — ckanapHoe npomsBeneHHe BekTopoB a M [, HasHBaeTcs

UNMEZPAsOM OM 6eXTOPa & no Xpusoll ¥ M obo3HadaeTCH / (adr) wm

/ad'y. M

Takum ob6pasom, no onpepnesieHHIO,

/ (a,dr) = / (a, %) ds. (5)

®u3nYeCKH 3TOT HHTErpaJl MoXKHO MHTEPNPETHPOBATh Kak paboTy CHJIRI

a BOOTB NMyTH v =AB.

Ecnm xpuBas 7 3aMKHyTad, TO HHTerpaJ (5) Ha3hBaeTCA YuUpKy-
Afyueil éexmopa a no Koxwmypy 7.

Jaa riankoit xpuBoit v, corsacHO onpesiesieHHIO,

5
dr

/(a,dr) = / (a, E) ds,

v 0

H NO3TOMY €CJM Y MMeeT npencrasiende r = r(t), a <t < b, To umeer

mecTo ¢opMyna
b

/(a, dr) = /(a, r') dt. (6)

~ a

B kxoopamHaTaX ee 3amHCHIBAIOT TaK:

/zn:a.'dz; = /bzn:a‘.zz,dt_

i=1 s =1
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B wactHOCTH, ecniH n =2 H BeKTOp a MMeeT KoMmmoHeHTH P m Q, To
b

/ Pdz+Qdy= / (P2'(t) + Q¥ (t)) dt. )
~ a

ITpumep 2. HaltneM HUPKYJIAUMIO BEKTOPa ¢ KOMIOHEHTaAMH
=Y -z
P(z,y) = p e L Q(z,y) = P
1O OKDYXHOCTH 4 pagmyca R ¢ meHTpoM B Ha4aJjle KOODAHHAT.

Yepes 4t 0603HaYMM OKPYXHOCTb 7, ODMEHTHPOBAaHHYIO NpPOTHB
vacosott crpesikn. Torma 7+ umeer npencrassenne:

z=Rcosyp, y=Rsing, 0<p<2nr
Ho ¢opmyne (7) monydaem:

2x
/Pd:c+Qdy=/d<p=21r.
v 0

B nanbHeftiieM Gymem paccMaTpMBaTh WHTETpaJjibli N0 KyCOYHO-
rnaakuM KpuBbiM. Ilo onpemeneHmio, unmezpas no Kxycouro-zaadxoil
xpueotfl paBeH CyMMe MHTETpaJioB OT paccMaTpmBaeMolt (pyHKLMH IO
BCEM IVIaJKMM KycKam 3Toit kpusoit. Ougesuano, dopmyast (2), (6) n
(7) cnpaBensIABHL B B 3TOM CJIydae.

3amevanue. KpuosnHeltHble MHTErpajil MOXHO ONpENE/UTH H
KaK npenesl COOTBETCTBYIOIMX MHTerpaJibHhix cyMM. He BaaBasch
B TOHKOCTH, ONHMIIEM 3TOT MOAXOA K ONpeleIeHHI0 KDHUBOJHHEHHBIX
HHTErpaJios.

Mycrs 7= {m,...,7¥} — HekoTopoe pasbuenne kpuso#t v, |v;|, —
anuea xpueo#t v;. Torna

N
tim 3 501 = [ £
|1|~--)0:'.=l
rae M; €q;, || = m}XI‘Y;‘I-

Hajee, 4epe3s 7} obo3nauuM mpoexnMio Kpupoft vj, Ha OCb Z;, a
Yepes A;y; — LAMHY i CO 3HAKOM +, €CHH 7 M OChb Z; OMMHAaKOBO
OpHMEHTHPOBAHH, H CO 3HAKOM —, €CJIH MX OPHEHTAIMH POTHBONOJIOKHH.
Torna

N
'HT",Z:;f(Mj)Am = !f(M)dzi-

s rnagkux M KYCOYHO-TJIAAKMX KPHBLIX 3TH OIpeJe/IeHHHA paB-
HOCHJ/IbHBI MCXOIHBIM.
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6.3. MoremmmanbAle BexTopHHe nosg. HanoMHMM, 9TOo ecnum Ha
mHoxectBe G C R 3amana pekTopnas ¢dyskuua a(M), To rosopar,
49ro Ha G 3amaHO eexmoproe noae a(M).

B nanbueftuiiem 6ymem cumrarb, 4To G — 3TO n-MepHad obsacTh,
T.e. OTKPHITOE CBA3HOE MHOXECTBO TOYEK N-MEpHOro nmpocrpaHcTBa R".

Onpenenenne. BekropHoe mose a(M), M € G, HasmBaercs
nomexyuasvrumM 68 obaacmu G, ecnu cyllecTByeT cKajnapHas (pyHKIMA
u(M), M € G, Takas, 4To

a(M) =gradu(M), M€eQG.

B a10M cayuae dyuknua u(M) HasmBaeTca nomenyuanom eexmop-
Ho20 noan a(M

Teopema l Ecau nenpepusroe esexmoproe noase a(M), M €G, s
obaacmu G umeem nomenyuar u{M), mo dasn awboti xycouno-zzmaxoﬂ

xpueotl ABC G cnpasedauso pasercmeo

f (a, dr) = u(B) — u(A). (1)

JoxasaTteabcrpo. Ilycrh kpeBai ABC G raaxkas, @ NycTb
r=r(t), a <t < b, — ee npeacrapyenne. Torna, ecnmm z; — i1
KOODIAMHATA TOYKH M, a a; — i-1 KOOpAMHATa BEKTOpa &, TO, COIJIACHO
YCJIOBHIO,

Ou

6—5; =a; Vi,
H NO3TOMY

/ (a,dr) = / (a,r')dt = / S agzldt = / ¥ dt = u(B) - u(4).

i=1

Ecun xe AB COCTOMT, HaIIpHMep, M3 ABYX Iy1agkux KyckoB AC u CB, To

/(a, dr) = /(a, dr) + f(a, dr) =
AB AC CE

= u(C) — u(A) + u(B) — u(C) = u(B) — u(A4).’

Teopema 1 nokasana.
N3 nokasaHHOM TeopeMH cJieflyeT, YTO €CJI HellpephBHOE BEKTOpHOE
nose a(M) B obaact G mmeer norenmuan u(M), To

wM) = [ (a,dr)+u4), Meg, (2)

AM
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rme A — Hekoropad ¢HKcHpoBaHHaA Touka obsactu G, a AM —
HeKOoTOpaf KYCOYHO-IJIaZlKad KpHBaf, COeAMHAIOIWAaA TOYKH A n M o
aexamad B G. (HamoMunM, uTo 06/1acTh ABJIAETCHA JIMHEHHO CBA3HBIM
MHOXeCTBOM M, Gosiee Toro, JobHe ee JBe TOYKH MOXHO COEIMHUTH
JiomaHo#t, He BHIXOAf 3a mpeaess obiacTH.)

CaenctBue. Pasnocmv awbuzr Jeyr nomenyuanos HenpepuieHozo
eexmopro2o noas a 6 obaacmu G paena nocmosHHotl.

HeitcreuTesbho, ecau u(M) u v(M) — aBa noTeHUHANIa BEKTOPHOTO
noas a(M), M € G, a A — HekoTopas pHKCHPOBaHHAA TOYKa 0BJIacTH
G, To, cornacHo ¢opmyne (2),

u(M) -v(M) =u(A)-v(Ad) YMeG. 4

Teopema 2. Ecau eexmoproe noae a(M) onpedeaero u nenpepwero
6 obaacmu G, mo caedyrouwue mpu ceoticmea PasHOCUALHH.
1. llupkynanua BeKTOpa a MNo JI0OOMY 3aMKHYTOMY KYCOYHO-
rnagkoMy KoHTypy ¥ C G paBHa HyJo.
2. Ona mobux ayx Touek A m B u3 G muterpan ot a(M) no

smobo#t KycoyHo-rsraako#t kpuoft ABC G He 3aBHCHT OT NyTH
HMHTErpHPOBAHHA.
3. BexTopHaoe nosie a(M) B obnacts G nMeer moTeHuMAI.
Hoxa3satesnbcTBo. CHavyasa JoKaxeM, 9To M3 cBolicTBa 1 cure-
ayet csoificTso 2.
ITycts Touk¥ A ¥ B coemmHeHH NBYMA KYCOYHO-IJIaJKMMH KPHBHIMH
71 H 72, nexamumu B G. Kpusue 1,
# 72 o6pasyior 3aMKHYThI#f KycO4YHO-
rnankuit Koutyp Ay, By2A (puc. 7.5). B
CnenoBaTesbHO, "

/(a,dr)— /(a,dr):
Av:B Av:B

= / (a,dr) =0,
Ay ByaA Pue. 7.5

9T0 M TpeboBayIOCh [OKa3aTh.

Teneps moxaxeM, 4To u3 cBoficTBa 2 cuesyeTr cBolcTBo 3.

ITycts A — HekoTopas ¢pUKCHpoBaHHasA Touka obsacth G, a M —
mepeMeHHas TO4YKa C KoopamHaTamum z = (Z1,...,Z,). Paccmorpum
dynxauo

oiz) = [ (a,dr), ®
AM

rne AM — npoMsBoJibHAad KYCOYHO-IVIaAKas KpUBasd, JexXalad B
G un coemmHAom@aa TodkHh A u M. OtmernM, uTo 3Ta opMmyJia
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nefictBuTesbHO 3amaeT ¢yHkuMIO Toukd M € G, Tak Kak Touka A
¢duKcHpoBaHa, a MHTErpaJl He 3aBHCHT OT IYTH MHTeIDHPOBAHHA.

Jokaxem, 4to ¢ynkuusa v(z),
onpenenennas copmysoit (3), aB-
JIfeTCsl TOTEHLHMAJOM BeKTOPHOTO
nons a.

Tax kak 0bnacTb G — OTKpHITOE
MHOXecTBo, TO Jiobaa Touka M € G
comepxurcad B G BMecTe C HEKOTO-

Pt poit d-okpectHocThio. IlycTs M) —
To4YKa C KoopauHataMu z + he; =
= (z1,..,2 + h,...,z5), h #£0,

npuiem Takad, uro My € O5(M) C G, ¥ nycts A;v = v(z + he;) — v(z).

Ouesunno, orpesok M M}, coennnsonmit Touku M u M, (puc. 7.6),
Jnexut B O5(M) u

Ajv = / (a,dr).

MM,
CnenoBatennho,
zi+h
Ajv= / ai(z1,...,t,...,2,) dt,
z,

U TIO3TOMY

. A.-v_ . Ov — .
'l.l_l;r(l)T = aij(z), T.e. 3z = a;(z).

Tak kak 3TO paBEeHCTBO BHINOJIHAETCH AJA Jioboro i = 1,2,...,n, To
3THM AoKasaHo, 4To grad v = a.

B 3akisnioueHne mokaxkeM, uTo M3 cBoMcTBa 3 cusieayer cmoftcTBo 1.

IlycTtb 4 — HekOTOpH# KyCOYHO-IVIaNKH# KOHTYp, Jexaumit B G,
nyctb A — Hekoropad Touka Ha 9. Torma

/(a, dr) = / (a,dr) = u(A) — u(A4) =0,

AvA
rae u(M) — norenuman BekTopHoro mosia a(M). Teopema 2 nokasaHa.

6.4. YciioBHS MHTErpMpPYeMOCTH BexTopHOoro mojis. QueBuaHoO, ecsn
HenpepuBHO auddepeHnnpyeMoe BekTopHoe moJie a(z) B obsactn G
UMeeT MOTEeHLUaJ, TO

aa.- - 6a_,~

habul B . .‘ 1
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HeficTBHTENIBHO, €cM 4(Z) — NOTEHHHaJ 3TOro BEKTOPHOIO HOJSA, TO

fa; _ Ou 0oy O
Oz ~ Ozifz;’ Oz; Oz;0z;’

A Tak Kak 3T#H NpPOM3BOOHblE HeNMpephBHH, TO OHH paBHH. CJeno-
BaTesibHO, ycioBus (1) ABAAIOTCA HEOOXOAMMEIMM A/ CyUIECTBOBAHHMSA
NOTeHIMaJIa y HenpephiBHO AHddepeHnupyeMoro BeKTOpHOro nos a(z),
z € G. Ux MHOIa HASHBAIOT YCAOBUAMU UNMEZPUPYEMOCTIU BEXMOP-
Hozo noas a(z), z €G.

JlemMma. Ecau mHenpepmeno duddeperyupyemoe eexmopnoe noae
a(z) s npamoyzoavrom napassesenunede Tl = (ay; b)) x ... X (an;bn)
ydosaemsopsem ycao6uam unmezpupyemocmu (1), mo amo sexmopmoe
noae 6 I umeem nomenyuaa.

,[loxa.aa'renbc'rno Jnf NpocTOTH paccMOTpHM ciayd4aft n = 3.
MNycrs (z9,z9,23) — duxcuposannas Touka, a z = (z),72,23) —
nmepeMeHHasi To4Ka MapaJiesnenunena II. ,Iona.)xeM, 4To (PYHKLIMA

z z3 T3
u(z) =/01(t1.23,-’6g) dt1+/02(11,t2.2g) dt2+/03(¢1,zz,is)dis,
=7 3 z3

onpeneseHnas ana moboit Touku z € II, asiaserca NmoTeHmHasIOM Bek-
TopHoro nonsd a(z).
Ouesuano, 0u/dz3 = az(z). Hanee,
z3
fu

0
a—z; = az(z1,z2, :L'g) + 8—h/03(21,zz,t3) dts (2)

0
Ts

B nociemneM charaeMoM onepannio AudpPepeHHpOBaHHA MOXHO
NOJABECTH MOJA 3HAK HHTErpaJja, T.e.

8
/03(31,22,t3) dts —/ +—as3(z1, z2,t3) dta. (3)

910 yTBepxleHHe JIETKO cJieAyeT M3 TeopeMhl O CBEJeHNH KpaTHOro
HHTerpajia K [OBTOpHOMY, KoTopasa 6yner nokasana mo3axke. Ceftyac
ero npumeM 6e3 ZI0OKa3aTesJbCTBA.

Us (2), (3) m yc.rxomm 3a3/6::2 = fay/dz3 cnenyer, 4TO

07}
8_:2 = az(z1, 2, 23) + / at—az(l'l,-"-'z,ts) diz =

= 02(1'1, 1’2:33) + 02(31)329 z3) - a?(zl: Z;,Ig) = 02(2).
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AHanornuno uo.nyqaeu'

0
a_u = a(zy, zz, 33) +/ Gz(tl,tz,l‘a) diz+/ +—a3(z1, 23,13) dtz =

= ay(z1,23,23) + / a1, a—01(21,12,23) dta +/ a—-01(Z1, 22,t3) dis =

=a (:‘.l!zg' :L‘g) + 01(31,22,32) - 01(31,3g,3g)+

+ay(z1, 22, 23) — a1 (zy, 23, 1-'3) = a1(z).
JlemMma nokasaHa.

Cnencrpue. Ecau eexmoproe nose a(z) 6 obracmis G nenpepwsno
duddepernyupyemo u ydossemsopiem ycaosusm urmezpupyemocmu (1),
MO 0HO RGAREMCA AOKAADHO NOMEHUUAALHNM, m.e. Yy xadcdoli mouxu
My € G cywyjecmeyem oxpecmuocmd, 8 xomopotl oMo uMeem nomexyuaa.

Cnenyromuit npuMep NOKAa3KBAET, YTO BEKTOPHOE MOJIE MOXET GHITH
JIOKaJIbHO NOTEHIHAJIbHKIM, HO He HMeTb NMOTeHNHaJa (ryio6ajbHOrO) B
paccmaTpuBaemoit obsiacTa.

IIpumep. BekTopHoe nose ¢ xoopaanaTamMu

z

-y __z
Q— z2+y2

= 32+y2’

onpenesieHo M HempephBHO auddepenuupyemo B Jobolt Touke (z,y)
nnockoctd, kpome Toukn (0,0). Jlerko mpoBepseTcd, YTO OHO YIOBJe-
TBOpSET YCJIOBHAM MHTErpPHPYEMOCTH:

P 8Q

8y 0=z’

CiienoBaTeIbHO, OHO JIOKRJIBHO NOTEHUHAJNbHOE Ha BCeH NJIOCKOCTH,
kpome Touku (0,0). Omnako B aTO#f 0BslacTH y Hero He CylIECTBYeT
NOTeHNMaJIa, TaK KaK LMpKyaauusa Bektopa a(P;Q) mno emmHuuHOH
OKDYXHOCTH C LEHTPOM B Hadyajle KOODAMHAT OTJIMYHa OT HyJs (cM. -
npumep 2 u3 m.6.2).

6.5. I'oMOTONHEE MYyTH M YC/NOBMS CYNIECTBOBAHMSN IOTEHUMAJa Y
Bextopuoro moas. Kpusnie 4o M v; Jiexaume B obnacty G u HMelo-
mMe obuee Hayajo M obuMit KOHel|, HA3KBAIOTCHA 20MOMONKHHMU HJIIH
20MomonHuMU nymaMu 6 obaacmu G, ecIM OfHY M3 HAX MOXHO Henpe-
pHBHO AedOpMHPOBaTh B APYTryio, He CABHAras ee KOHIOB M He BHBOIA
ee 3a mpenens obgactu G.
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Teopema. Ecau eexmoproe nose a(M) 6 obaacmu G wenpepwieHa
Juddepenyupyemo u ydocaemeopiem YCAOGUAM UHMEZPUPYEMOCTIY, MO

/ (a, dr) = / (a, dr)

AvoB AmB

dan awbur xycouro-zaadxur xpuewz AygB u Ay B, zomomonnuzr e
obaacmu G.

JdoxkasaTtenbcrtso. IIlpexae Bcero maanM TOYHOE ONpelesCHHE
noHATHA “kpuBne AyoB m Ay, B romoronun B obsactn G”.

Ilycts kxpuBnie AyyB m Ay, B uMeloT npencraBieHAd:

l'=l‘o(t), aostSbo, r=r1(t), GIStSbl,

npuyeM ao < bg, @1 < by. He orpannumsas obutHocTH, 6yaeM cYMTaTh;
9t0 ap = @y = 0, bp = by = 1. (Droro Bcerma MoxHo nobuUTHCH
JanHe#HBIM npeo6pa3loBaHMeM NapaMeTpa KpHBOii.)

Torna kpuBrie AypB u Av, B HasHBalOTCA 20MOMoOnHMMU 68 obaacmu
G, ecnm cyulecTByeT HelpephHBHaf BeKTopHad ynkmusa r = r(t,a),
(t,a) € A, tne A = [0;1] x [0;1), Takas uwro npu s0bom a € [0;1]

KpuBas
Ta ={r(t,a), t€[0;1]}
nexuT B G, AMeeT HauaJlo B TOUKe A H KoHel| B Touke B, u, kpome Toro,
r(t,0) =ro(t), r(t,1)=nr(t).

Yepes S 0603HAYAM MHOXKECTBO TOYEK N-MepHOro mpocrpaHcrBa R"
¢ pammycamm-BeKkTOopamu r =r(t,a), (t,a) € A.

Tak Kak MHOXECTBO S fABAAETCA KOMIAKTOM M CONEPXHTCA B
obnacts G, To paccTosHMe OT S A0 rpaHHuH objgactu G 6osibuie
HekoTtoporo d > 0. Iosromy ana snobo#t Toukm My € S n-mepHH#t Ky6
Q(Mo;d) c menTpoMm B TouKe Mp, y KoToporo pebpa mapansesbHhl
OCAM KOOPAMHAT M JUTHHa NOJOBMHH pebpa paBHa d/\/n, comepxmTca
B obusactu G.

®dynkuna r(t, a) HempephlBHAa Ha 3aMKHYTOM KBajapaTe A, nosroMy
nobas ee xoopaunara z;(t,a) paBHOMepHO HempepniBHa Ha A. Cieno-
BaTeJIbHO, cyltecTByeT § > 0 Takoe, uTo mna smoboit Toukn (o, ag) € A
BHIIOJIHAETCA YCJIOBHE: AJIA Jiobolt Touku (I, a) € A, ynosiersopsioiet
HEpABEHCTBaM

[t —to) <4, Ja—ao] <3, (1)

ClpaBeIUBBI HEPaBEHCTBA
d .
|zi(t, @) — zi(to, ao)] < 7 i=1,2,...,n

10 o3HavaeT, 4TO M1a JMobolt Touku My € S ¢ koopaunatamu z;(to, ag)
MHOXeCTBO Bcex Touek M € S, ynobjerBopsiouMx ycsoBuam (1),
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npunamiexar kyby Q(Mo;d). 3aMernm, uto 3mech § He 3aBHCHT OT
Touykn Mpy.

Kaxnayio cTropoHy KBaapaTa A TouUKaMM

t.-=%, i=01,...,N,
Y
aj—ﬁ, J—O,l,...,N

pasobbem Ha N > 1/§ paBHBEIX OTPESKOB H 4epes 3TH TOYKH B MJIOCKOCTH
(¢, @) npoBeneM npaAMble MapaJyiesibHO ocaM KoopauHaT. Torma xBaapat
A 6ynmer pas6ur na N2 xpagpaToB

A"J' =[t5;ti+l] X [aj;a.f-l-l]v i=0,1,..,N-1, ;=0,1,...,.N-1

co croponoft 1/N < 4.
Jlerko BMJETh, YTO MHOXECTBO
Sij = {r(t,a), (t,a) € A;j}
nexur B xybe Q(M];d), rne Mj — Touka c panmyc-sekTopoM r(Z;,a;).
B wactHOCTH, ANA .mo6ux i< N H j < N deTnlpe TO4KH M‘ M""l
2 M‘i}, Mj,, nexar B xybe Q( ' d),
M 41 e H TO3TOMY UMPKYJIAIMSA nex'ropa a
141 j+1 no 3aMKHyTo#t JloMaHOft ¢ BepmmnHa-

MH B 3THX TOYKAaX paBHa HYJIO, TaK
kak B Q(M;;d) BexTopHOe mose a

4 HMEET NMOTEeHIHAJI.
i M; M,:" Yepes l; ob6osHauuM JIOMaHYIO C
! BepuMnamMu B Toukax M, M},...,
Puc. 1.7 o Mj N 4 paccMOTpHM JiBe cocenHHe
c. 7.

.nouam-.lel u ljyy (puc. 7.7).
Tak kak 'roqxn A= M° M+1, M H M+l aexar B xybe, raoe

J
€CTb NOTEHLHAJ,

/ (a,dr) = / (a,dr) + / (a,dr)

AM} AM},,
AnaJioruvso,
/ (a,dr) = / (a,dr) + / (a, dr).
LHLH MiM;,, M}, M}
CnenosaTesbHO,
/ (a,dr) = / (a,dr)+ / (a,dr),
AMIM? AM!, M2 M2, M?

et | 141 JH 5
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Tak Kak cCyMMa mHTerpaiioB mo M}, M} u mo M}M},, pasna nymo.
MocTynas Tak M faJiee, B pesy/ibTaTe NOJYYHM:

/(a,dr):/(a,dr), i=0,1,.. ,N-1. )

i ligr

ITokaxemMm, uTO
/ (a,dr) = / (a,dr). (3)
lo Yo

Mo noctpoenmio BepWHMHH MS,M‘},...,M({" JomaHo#t lo nexar Ha
Kpusoft 7. Yepes 9} ob6o3Haumm wacTb KpuBO# v OoT Touku My no

rouku Mjt!. Kpusas 7§ snexnt B ky6e, rae y BekTopHOro moas a(z)
CYLIECTBYET MOTEHLHAJ, TIO3TOMY

/(a,dr): /(a,dr),i:O,l,...,N—l,

% MM+

4TO M JOKa3hiBaeT paBeHCTBO (3). AHAJIOTMYHO NOKA3HIBAETCHA, YTO

/(a, dr) = /(a,dr). (4)
In mn ‘

Teneps u3 (2), (3) n (4) caenyer paseHcTBO

/(a, dr) = /(a, dr).

Yo il

Teopema moka3aHa.

Onpenesenne. Obnacts G C R™ nHasuiBaeTcs odnocessvotl, ecsn
mobre fiBe KycOUHO-IJiafKHe KpHBHe, NpHHanIexaume obnacta G n
uMmelomue obnlee Hadasio M obwmit xoHenm, romoronHm B obsactH G.

Cunencrteue. Ecau eexmoprnoe nose 8 odnocesssioti obaacmu we-
npepwero dufPeperyupyemo u ydosremeopRem YCAOBUAM UKHMeEZPUDY-
emocmu, mo oxo 8 amotl obracmu umeem nomenyuaa.

Kak nokasmiBpaeT mpuMep, paccMoTpeHHuift B n.6.4, 3neck yciosue
OIHOCBA3HOCTH 06JIACTH fABJAAETCA cymecTBeHHnM. Tam Omiio pac-
CMOTpeHO BeKTopHOe MoJie, KOTopoe olpelnesleH0 Ha Bcelt mJIOCKOCTH,
kpoMme Touku (0,0). Ono BO Bcelt obsacT onpenesieHns yIOBJIETBOPAIO
YCJIOBHAIM HHTETPUPYEMOCTH, HO B 3TO# 06JlacTH He MMeJI0 MOTEeHUHAJIA.

IIpuMepaMn OFHOCBASHHX obJjiacTeff Ha NJIOCKOCTH ABJAIOTCA KPYT,
OpAMOYro/ibHMK. BHEIHOCTb Kpyra, HJIM TPAMOYroJIbHAKA, yXe He
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6yner ommocBa3HOM obsacThio. B mpocTpaHcTBe Wap, NapaJuiesIenH-
nen — OfHOCBA3HKE obsiacTH. BHemHOCTHL Wapa — TOXe OXHOCBA3HAA
obsacTh. Bce mpocTpancTBo 6e3 HekoTopoit mpsMmoi#t yxe He 6yner
OHOCBA3HO# 0BJIacTBIO.

IIpumep 1. BHuncauM IUPKYJIADMIO BEKTOPAa a C KOOPAMHATAMH

-y
P=—rm Q=g

22 +y?' ﬁ+w
MO KOHTYPY v, KOTOpHIH OXBATHIBaeT Ha4yaJIo KOOPAMHAT M OPHEHTHPOBaH
Y npoTHB vYacoBoft ctpenxu (puc. 7.8).

JlaHHOE BeKkTOpHOe MoJje ABJA-
€TCA NOTEHUMANbHHM B IJIOCKOCTH

% C pa3spe3oM BIOJb MOJIOXKHTELHOTO
/ \ ayusa ocu Oz. UYepes v, obosnar
==\ » YUM OKpYXKHOCTb paguyca € > 0 ¢

¢ D\ j *\=x LHEHTPOM B Havajie KOODAMHAT.

Torna uMpkynauMA BEKTOpa & No
KOHTYPY, COCTaBJIEHHOMY M3 KpPHBOM
4 or ToukH B no ToukM B, or-
peska BA, OxpyXHOCTH %, OpH-

Pac. 7.8 eHTHpoBaHHO#t mo 4YacoBo#t cTpeske,
H oTpe3ka AB, paBHa HyJo. A TaK Kak cyMMa HHTerpajos nmo BA n
AB paBua HyJm0, TO

/sz+Qdy=/sz+Qdy,
b4

Ye

rde 9. OPMEHTHpOBaHa NMpoTHB 4YacoBo#t cTpenkn. Kak nokasano B
npumepe 2 m3 n.6.2, mocsenamit WETErpasl paBeH 27, NOJTOMY H

UMPKYJIALUMA BEKTOpPa a MO KOHTYpY 'y paBHa 2.
IIpumep 2 BuunciuM KpHBONIMHE#HH# MHTerpajl OT BEeKTOpa a
(cM. npumep 1) mo kpuBoft v, u30-

¢ 6paxenHof#t Ha pHc. 7.9, OT TOYKH
4 A(2;0) mo Toukm B(l;O). B npm-
Mepe 1 mokasaHo, 4TO IO KOHTYDY,
COCTaBJICHHOMY H3 KpHBOH# 4 H oOT-
peska BA, ou paBen 2.

B Ax CuienoBaTesIbHO,

/sz+Qdy—21r /sz+Qdy=21r
Pue. 7.9 BA
TaK Kak MHTerpaa no BA paBen Hysmo.
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§ 7. AuTerpupoBanMe pyHKIMHA KOMILIEKCHOIO
IepeMeHHOro

7.1. Onpenenienme ®H OCHOBHEIE¢ cBoMcTBa mATerpasos. Ilycth Ha
NJIOCKOCTH 33JaHbl HelpephHBHAaA KPHBaf ¥ H Ha ¥ KOMNJIEKCHO3Ha4YHas
¢ynkuna f. Ecam kpuBas y MmeeT npencrasnenMe z = z(t), y = y(t),
t € [a; ], To GyneM roBOpHTb, YTO Ha KOMILJIEKCHOH IJIOCKOCTH KpuBas
Y 3amaHa ypaBHeHMeM z = z(t), t € [a;b], rme z(t) = z(t) + iy(t), u uroO
Ha vy 3anaHa ¢yHkmEsa f(z), z € ¥.

Onpenenenne. Ina nobokt dynkuuu f, onpenesienHo#t Ha ryan-
koft xpuBoft v, 3ananHoft ypaBuenueMm z = z(t), t € [a;b], xommekcHO®

b

YHCJIO, paBHOE / f(z)7'(t) dt, nasmBaerca unmezpasom om Gynxyuu

f(z) no xpueott ¥ m obo3navaercs / f(2)dz. (3nech kpuBas v opHeH-

THpOBaHa NapaMeTpoM t.)
TakuM obpa3oM, MO OHmpeleJIeHHIO,

/ f(z)dz = / f(2)2 (1) dt. (1)
v a

d
Mpumep 1. BuuncauM uuTErpas / 7’, rae C, — OKpYXHOCTb

C,
pagmyca p c meHTpoM B Touke 2z = 0, npuuyem C, o6XOAMTCA IPOTHB
4acoBO#l CTpeJIKH.

Ouesupno, okpyxHocts C, 3amaeTcsi ypaBHeHHeM z = pe'’, ¢ €
€ [0;2x]. TloaTomy

2x

w
/‘ dz / ipe / do = 2mi.

Ecau xe 4, — Ayra oKpYXHOCTH Cp, paBHas a paaMaH, TO
dz

— =oi.
z

Yo
) 3 (bopmynu (1) caenyer, aTo ec.im f(z) = u(z, y)+w(z y), To

/f(z)dz-/(u+w)(z +1iy)dt = /(uz —v;/)dt+z/(vz +uy')dt =

=/udz—vdy+t/vdz+udy.
v ¥
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TakuMm obpasom,

/f(z)dz=/udz—vdy+i/vdz+udy, (2)
v ¥ ¥

M MO3TOMY CylIeCTBOBaHMe MHTerpaJa oT f(z) mo Kpueoft ¥ paBHOCHJIbHO
CYLIECTBOBaHHIO JBYX KPHBOJIMHEHHBIX MHTErpaJioB OT JeHCTBHTEJIbHBIX
dyBkuuit.

Us dopmynn (2) caenyer, uto onpenesienne (1) KOPpPeKTHO B TOM
cMbICJle, YTO HHTerpaj oT f(z) mo Y He 3aBHCHT OT NapaMeTpu3aLuu
kpnBo# 7. U3 cBolicTB KPHBONMHERHHIX MHTETpaJjlOB BHITEKAET, YTO npu
UMEHEHUY OpueHmayuu xpueot! unmezpar Mensem snax. Kpome Toro,
HMEIOT MeCTO céoticmeo aumetivocmu, T.e.

[ty +baendi=a [ s s+ [ gta)ds,
2] v 8]

rie a ¥ b — KOMNJEeKCHHEe YHCJIa, M ceoficmeo addumuenocmyu, T.e.
€C/IM KpMBas 4y HEKOTOpOHM TOYKH pa3bHTa Ha NBe KpPHMBLIE ¥; H 72, TO

/f(z)dz=/f(z)dz+/g(z)dz.
¥ 7

Y

Jna kycouno-riaakoit kpusoft, o onpenesyienuio, uurerpan or f(z) mo
4 paBeH cyMMe BHTerpaJoB ot f(z) mo BceM IJ1aakuM KycKaM KpHBoft 7.
B nanbHeitmiem 6yneM paccMaTpHBaTh TOJIBKO KYCOYHO-IVIALKHeE
KpHMBHI€.
Jlemma. Ecau $ynxyus f(z) unmezpupyema wna xpueoti vy, mo
dynxyus |f(z)| mooce unmezpupyema Ha ¥ u cnpasedauco Hepasencmeo

] f(z)dz| < / £ dz < IIF1l - 11, (3)

2de || £l =sup I£(2)], a [y] — dauna xpusott 7.
rey

HokasarennctBo. Unrerpupyemocts ynkuuu |f(z)| 6nna mo-
Ka3aHa NpH PacCMOTPEHMM HHTErpaJjloB OT BeKTOPHHX dynkunit. Tam
XKe OBLJIO AOKa3aHO, YTO

b b
[rarmel< [0,
a tak kax |2'(t)] = VZ'(t) + ¥ (t)?, 10
b
[ 1#@na = [ ircias.
a v

Orciona m m3 ¢opmyan (1) BurekaloT HepaBerctsa (3). Jlemma
HoKa3aHa.
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NMpumep 2. JoxakeMm, uTO

. e -1
lim
p—0 z
Yo

dz =0,

rAe 9, — Ayra oxpyxsoctH C, paauyca p c HeHTpoM B Touke z = (.

' -
JeftcTpuresbHO, Tak Kak lim ¢ =1, 10
30 2
’ —
36>0: Vp<é ¢ l<2,

rae p = |z|, u noeToMy mna moboro p < §

‘—
/e p ldz <2.2rr,
Yo

YTO M NOKAa3BIBaeT Hallle yTBEepXJIeHue.

W3 dopmynn (1) cnenyer, 9ro ecnim HenpepuBHas byHKuUMA f(z) B
obnacte G umeeT mepsBoobpasnyio F(z), To ana mETerpasa or f(z) mo
moboft rnaaxoft kpuso#t ¥ C G OT TOUKH 2; IO TOYKH 23 CnpaBefIHBa
dopmyae Hvromona-Jletibruya:

/ f(z)dz = F(z3) - F(z). (4)

2

Hanpumep,
3

1
/z" dz = s 1(z;"“--- )

5

ans moboro n=0,1,2,...
23
e*dz=e*? —e*.
2

3nech HHTErpaJinl 6epyTca OT TOYKH 2; A0 TOYKH 23 Mo Jobo#t riaaxoft
HJIM KYCOYHO-IJIaJIKOM KpHBO#t 7.

Taxum obpasoM, ecam HenpepwbHas ¢ynxuua f(z) B obnacTu
G umeer nepBoobpasHylo, TO HHTerpajt OoT f He 3aBHCHT OT HYTH
MHTErpHpOBaHHA.

11 — 1402
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U3 ¢opmyast (2) caenyer, 910 ecnmm ¢ynknua f(z) HenpepsiBHa B
obsiactt G M HHTerpaJl OT Hee He 3aBHCHAT OT IIyTH HHTErPHPOBAHHMA,
T0 PYHKUUA

F(z) = / fQd  zeG,

rae zo € G, nuddepennupyema B G u F'(z) = f(z). HelicTBarensHo,
ecmn F(z) =U(z,y)+iV(z,y), T

3 2
U(x,y):/udz—vdy, V(z,y):/vd:c+udy,

20 20

w_, w__, w_  aw_
6z ~ -

dy oz %_u.

CunepoBarenbio, ¢yskums F(z) maddepenmupyema B G (Tak Kak
yaosinerBopseT ycnosuaM Komn-Pumana) u F'(z) = f(z) T.e. bynkuus
F(z) aBnserca neppoobpasHolt ana dynkumu f(z).

7.2. HurerpasbHaz TeopemMa Komm. HenocpencTseHHRIM ciieficTBHEM
CBOMCTB KPHMBOJIMHE#HHIX HHTErpaJjioB ABJIAETCA CJeAyiolad TeopeMa,
KOoTOpasi HashBaeTcA uxmezpaavtoti meopemotii Kowsu.

Teopema. Ecau dynxyua f(z) 6 obracmu G umeem nenpepuseryo
npouseodnyr, a xycouHo-zaadxue xpussie y1 u Y2 20momontn 6 G, mo

[1@rds= [ 1) ds. (1)
T Ya

HoxasateabcrBo. Tak kak ¢ynkmua f(z) =u(z,y)+iv(z,y) B
obnactH G WMeeT HeNpepHBHYIO NPOH3BOAHYIO, TO (YHKIMH u(z,y) M
v(z,y) B G HenpephiBHO AuddepeRNHPYEME H YAOBJIETBOPAIOT YCIOBHAM

K :
- bu_dv Bu_ v
oz ~ 8y’ 08y Oz

DTH ycNOBHA — 3TO YCJIOBHS HHTErPHPYEMOCTH BEKTOPHLIX moJielt (v, u)
# (u,—v), No3TOMY, B CHJIy TeopeMHhl M3 m.6.5,

/udz—vdy:/udz—vdy,

M v

/vdz+udy=/vdz+udy.

"N Y2
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Orciona ¥ ®3 Toro, uro @Hrerpas oT f(z) BHpaxaeTcAd uepes 3TH

KpHBo/MHeltALle HHTerpaJinl (cM. n.7.1), caenyer pasenctBo (1).

TeopeMa nokasana.

Cnencreue. Ecau Pynxyus f(2) 6 odnoceaswott obaacmu G

uUMeem Henpepuenyw npouzeodny, mo uwmezpas om f(z) no
arobolt  3amxrymott  xycouno-aaadxoll
xpueoti ¥ C G pasen nyaw. v
U3 reopemMH ciyienyer, 4TO AJIA He-
npepruiBHO auddepeHnupyemoit yHk- /
uur f(z) B onHocBasHOM obnact G //
HHTErpaJl He 33aBHCHT OT > -
nyTh nHTerpHpoBanus ¥ C G, a 3aBHCHT R -p0 x
TOJILKO OT Ha4aJIbHOM U KOHe4YHOlt Touek
KpHBOH 7. +o00 Puc. 7.10
IIpumep. Buuncaum naTErpan / A2 dz. IIycte v, — KOH-

0
Typ, n3obpaxeinnt Ha puc. 7.10. On cocTout U3 nonyokpyxkuoctu CRr,
orpeska [—R; —p], nonyokpyxuoctn C, u orpeska [p; R]. Ouesuaro,

iz
/ < dz =
Yo.R

Orciona ciaenyer, 4To

. - . ,
33 $T ‘T4 $3
/S—dz—/e—dt+/e—dz+/e—dz

4 x 4
P -R CRr

rae obxon kpusnix C, m Cg coBepliaeTCcA NPOTHB 9acOBO# CTpeJIKH.

Taknm obpasom,

($3
2i /mnzd:t—/e——dz—

ix
/ —dz.
z

N3 npumepoB, paccMoTpeHHHX B n.7.1, caeayer, uTo

(}]

p—0
C,

CnenoBaTeJibHO,

. [ ) .
lim —z-dz = mi.

/—dz-m /—dz

1+
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ITocnennuft nHTErpas CTPEMATCA K HYJIO npE R— +00. HeitcTauTeNBHO,

x x/2

i' . 0
/ c_z_dz < /e—Runvd‘p =2 / e—lequso'
0

Cn 0
a TaK Kak sing > 2¢/7 mna ¢ € [0; 7/2], To
/2 x/2
2 / e"Rone dp <2 / e Rel™ dp = %(1-;") 0
0 )

400
npu R — +00. Takum obpasowm, /
0

sin z
z

T
d.'E—E.

7.3. Anrerpambnas ¢opmyna Koum. Kpupas, He mMmeomias Touek
caMmonepecedenns, HasmBaeTca npocmot xpueotl. Kpusasa, y xoropoft
Ha4yaJjlo M KOHell COBIIaJalOT, Ha3BbIBAETCA 3aMKxHymod xpusod.

JMemma. Ilyemv Pynxyus f(z) e nexomopott obaacmu G (ne
ob6s3ameavro ofrocessnoll) umeem nenpepmsnylo npoussodnyro. Tozda,
ecau npocmue 3amxrymuie xpuswte v1 C G u 72 C G He nepecexaromcs
u obpasyrom 2panuyy ozparuuenrolt obaacmu g C G, mo

/ f(z)dz = / f(z)dz,

20e 06700 xpueHnT v) U Y2 COBEPWAETCR 6 OTHOM U MOM JCE HANPAGACHUU
(npomue wacosoll cmpeaxu uau no vacosoll cmpeaxe).

HokasaTenbcrso. CoeqMHENM KpUBYIO v; C KPHBOM 2 KYCOYHO-
ryaaaxoit xpuBo#t v, He Bhixoasa U3 obnactu g. Ilyctb A 1 B — KoHUM
KpuBoft vy, npuieM A € 71, B € 712
(puc. 7.11).

Torna kpussie Ay, A 1 AyoBy, Byo A
romoronin B obnacts G, H mnoaro-
My HHTerpasinl no HuM ot f(z) pap-
Hu. Ocranock 3aMeTHTb, YTO HHTErpaJ
mo AvyBy;ByyA paBeH uHTerpajgy no
By, B. Jlemma nokasaHna.

ITycTs nmpocTasd 3aMKHYTas KpHBad
apngerca rpaHuneit obnactu G. Toraa
FOBOPAT, YTO KPMBafl Y OPUEHMUDPOSAHA

Pre. 7.11 N0AOJCUMEALHO OTHOCHTENILHO 06NacTH
G, ecaum npH obxolme Y COIVIACHO OpHeHTanBHM obsactb (G ocTaercs
cJIeBa.
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Teopema. Mycmo $ynxyus f(z) nenpepworo dudpepenyupyema
6 odnoceasnoli obaacmu Dy, u nycme 4y — npocmas 3aMKHYmMaAR
xycouno-zaadxan xpueas, codepacawasca 6 Dy. Tozda, ecau G, —
ozparuvenrian obaacmo c zpanuyetl v, U Y OPUEHMUPOBAHA 6 NOAOHCU-
meAvHOM Hanpasaenuu ommuocumeavro G, mo

fe) = 5 /“‘) & VieG, 1)

®opmysa (1) HasbiBaeTCA unmezpasvoll $opmyaott Kowu.

Jokasatenbctso. Ilpn ¢ukcaposannom z € G, yHKnuaA
f(€)/(¢—2) mnddepenunpyema no ¢ B mobokt Touke { € Dy, kpome { =
= z. Tak xak MHOXecTBO G, OTKpHTOe, TO cymiecTByeT § > 0 Takoe,
910 O(2) C G,. Yepes C, 0603HAUHM OKPYKHOCTL paumyca p < 4§ ¢
neETpoM B Touke z. Torma

1 [ f©) f(() f(z)+f((') f(z) .. _
2—1"'/ d( = -— é/ ¢ =

( -z 2m = omi

= K/ F) = f(2) f(z)
=f(z )2m -z 2m/ «.

Oxpyxnocts C, 3anaHa ypannenueu (=z+4 pe , 0<t < 2n
IToaTOoMy

_ pze
omi / (-z 21n prit dt =1
0

CnenoparenrHo,

J€) 1 [ -F(2)
fz) = 2m -z 21rié/ (-2 «.

OTtciona, B YacCTHOCTH, CJieiyeT, YTO MOCJIEAHH#t MHTErpaj He 3aBHCHT
ot p. IlokaxeM, 9TO OH paBeH HYJIO.
Taxk xak ¢dynkuus f({) B Touke z HMeeT NPOM3BONHYIO, TO

35, M>0: |f(C—f(2)|<M[C—2|

ans Jsoboro ¢ Gba (2). Toatomy, ecam p < §, TO

) - f(2) (z)
d{| <M
21rz (' - ¢ P
C,
a 3TO M O3HaYaeT, 4TO pAacCMaTPHBAaeMhLIll HHTerpaj paBeH HYJIO.
Teopema noxasaHa.
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I'nasa 8. Yucioselie pamsl

§ 1. Panp1 ¢ KoMIUIeKCHEIMM JIeHAMM

1.1. OcHoBHEle onpefie/icHHS H HeobXomuMoe yciloBHe cxOMMMOCTH. B
aToM naparpape 0606wMM MOHATHE CyMMH Ha ciydafi 6eckomedHoro
YHCJIa CJIATaeMBIX M H3y4YHM CBOMcTBa Takux GeckoHedHmIX cyMM. A Tak
KaK MHOTHe HX CBO#lCTBa cHpaBeAJIMBH KaK IJIA AeHCTBUTENILHHX qHCE,
TaK M JUIA KOMIJIEKCHBIX, TO BCe OCHOBHHIE onpege/iennsn copMympyeM
B MHOXECTBE KOMIUIEKCHHIX HHCEJI.

Onpenenenune 1. Ina mobolt samanHOoM nocnenoBaTeILHOCTH

KOMIJIEKCHRIX 4YHCEJN 21,23,...,2Zn,... BHpaXkKeHHe BHIA
oo
n+zmt...tmt... wmM ) 2z (1)
k=1

Ha3BIBAETCH “UCAOGWM pAJoM c obwum (n-m) wserom z, (wnm z).
Cymma

sn=zn:zk, nEN,

k=1

HasmBaeTcd n-f wacmuunold cymmoti pada (1), a pan

o0
S uk, tme uk=zas,
k=1

Ha3kBaeTcA n-m ocmemxom pada (1) m obo3mavaercs

©0
E Zx WA Zpg1+ 242t ...
k=n+41

Onpenenenue 2. Pan HasmBaeTcd CcZodRujuMcs, eCliM MOCJIEHNO-
BaTEJILHOCTh €ro YacTHYHHIX CYMM cXoaumTcAd. B mpoTuBHOM ciydae
PAL Ha3LIBAETCA PACTOOAWUMCA.

Onpenenenne 3. Ilpenesn nocnenoBaTebHOCTH YaCTHIHHIX CYMM
pANa Ha3HBaeTcA cymmotl aTOro pana.

Takum obpasoM, ecsin s — cymMa paga (1), To, coryiacHo ompene-
JIEHHIO,

n
s= lim s, = lim E 2.
n—+00 n—)ook_l

3=sz.

k=1

B aTroM caydae nmiuyT
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CnenoBaTesibHO, BOMPOC O CXOOMMOCTH Psfia PaBHOCHJIEH BOIpPOCY
O CXOAMMOCTH NOCJIEOBATEJILHOCTH €ro YacTHYHhIX cymm. QO6paTHo,
sobast noc/IeNoBaTENIbHOCTD {2,} ABJIAETCA MOCJIENOBATENBHOCTBIO Ya-
CTHYHHX CYMM psfa

n+(zn-za)+(m—2z)+...+(zn—2n-1)+... ,

H NO2TOMY €€ H3y4YeHHe MOXET OHTb CBe/IEHO K M3yUEHMI0 DTOro psaaa.
IT0 03HAYaeT, YTO PAaCCMOTPEHHE pANOB €CTh NpPOCTO HOBasa ¢opMa
M3y4YeHHA NoclenoBaTesbHocTelt. OnOHAKO pAOM BO MHOTHMX CJIy4asX
6oJiee yNOOHH KaK NpPH INOKA3aTeJLCTBE CYLIECTBOBAHHA HNpPEnEsya, TaK
M NpH ero BHIYHCJICHHH.

1
IMpumep 1. Yuciosoft pax ¢ obmuM dNeHOM a4, = n—(m
CXOAUTCA M ero cymMMma paBHa 1.
HeltcTBUTENBHO, Q) = — — —1-
) n — n (n + 1))

=3 (o L)oo L
"TET Nk k+1)7 7 a4l
H IIO3TOMY nli’r?o s =1.

Ipumep 2. Yncaopo#t pan ¢ obmmm wieHoM a, = 1/n2 cxommrca.

Ileﬂcrnn'renbno, NOCJIEAOBATEJIBHOCTD €ro YacTHYHhIX CYMM §, MO-
HOTOHHO BO3pacTaeT H OrpaHH4YECHa CBEpXy, TaK Kak

=1 1 1
’”—§F<l+,§2“—_m—l+l—m<2

ana moboro n € N.

MMpumep 3. Uncnosoft pan c obumm wieHoM a, = 1/+/n pacxo-
autca. Ero cymma paBHa +00.

HefticrBuTenbao,

H moaToMy lim s, = +o00.
7 =00

JinA pANOB MMeeT MecTo CJelyioliee NOCTATOYHO NMPOCTOE Heobro-
dumoe ycaoeue crodumocmu.

Teopema. Ecau psd (1) crxodumcs, mo

lim 2, = 0. (2)
n—+00
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HdoxasaTenbctBo. Pag (1) cxoaures, T.e. mocJ/enOBaTENLHOCTD
€ro 4YacTHYHBIX CYMM 8, HMeeT KoHeuHmft mpenen. IloatomMy n3
OYE€BHIOHOIO paBEHCTBa

Zn = 8p — 8p-1,

crpaBeJJTHBOro IJIA Jiioboro n > 2, caenyer, 4to z, — 0 npu n — oo.
Teopema goka3aHa.

Ilpumep 3 mokasniBaeT, 4TO yc/oBHe (2) He ABJAAETCA AOCTATOTHHIM
YCJIOBHEM CXOOMMOCTH DPfJa.

Ilpumep 4. PaccMoTpum wmcsioBOft psipx

l+g+¢*+..., 3)
T.e. pAd ¢ oGWHMM WIEHOM z, = ¢"~!, re ¢ — HeKOTOpoe 3anaHHOE
4HCsI0 (NMeCTBHTENbHOE MJIM KOMIJIEKCHOE).
HaBectHO, 4TO
n 1 —_ qn
8n = Z‘I*_l == (4)
k=1 1- 9

ana moboro ¢ # 1. Ecam xe ¢ =1, 10 8, = n. N3 dopmyan (4)
crenyet, uro ecad |g| < 1, To
. 1
lim s, = —.
n—00 1- q
CnenoatesnbHo, ecn |g| < 1, To paa (3) cxomurcs, ¥ ero cyMma paBHa
1/(1-gq).

Jna moboro ¢, y koroporo |g| > 1, pan (3) pacxoamrcs, Tak Kak He
BHINOJIHAETCA HeobXxouMoe yCJIOBHE CXOAMMOCTH. B 4YacTHOCTH, ecyu
¢ =1, To cymma pana (3) paBHa +o0, a eciu ¢ = —1, To OH He MMeeT
CyMMHl (HHM KOHe4HOM, HH GeckoHeuHoft).

3ameTuM, 4YTO JOOYI0 CyMMYy KOHEYHOrO YHCJIa CJIAraeMhIX MOX-
HO paccMaTpPMBATb KaK psAf, n00aBMB K Hell 4JieHH, paBHHlE HYJIIO.
OueBHaHO, CyMMa 2TOrO pAla COBNANAeT C 3afaHHO# cyMMoft.

1.2. Cgolicrpa cxopsumaxcs psmos. CoopmyanpyeM ® nokaxkeM
HECKOJIBKO OOIIMX CBOMCTB CXOOAWIMXCHA PpANOB, ABJAIOLMXCA Heno-
CpPeICTBEHHBIMA CJIEACTBHAMH COOTBETCTBYIOUIMX CBOMCTB CXOALIMXCS
gocJienoBaresibHOCTEH].

Teopema 1. Ecau psad cxodumcs, mo u awbolt ezo ocmamox
crodumcsa; obpammo, ecau crodumca nexomoputli ocmamox pada, mo u
pAd crodumcs.

(=]
Kpome Toro, ecnm pss ) zx CXomuTcs, TO Aaa Joboro p € N
k=1
CIpaBelJIMBO PaBEHCTBO
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00

HoxasatenbcTBo. Ilycts p-R ocTaToK pama Y. zx cXOmATCH, H
k=1

ero CyMMa papHa rp. Toraa ana moboro n > p cnpaBe/IMBO PaBEeHCTBO

sn—zzk—s,+ E Zk,

k=p+1
B3 KOTOPOro CJIEAYEeT, 4TO

lim s, =38, +
n-oo " p + e

T.e. MAHHHH DAX CXOAMTCA, M €ro CyMMa pPaBHa §p + Tp.
O6parso, NMycTh HNaHHHE pPAA CXOAMTCH, H €r0 CyMMa paBHa 5.
Torna ansa moboro n > p cnpaBelJIMBO PABEHCTBO
n
Zg = 8p — 3,,
k=p+1

H3 KOTOpOro cJiefyeT, YTo p-it OCTaTOK pslia CXOOHMTCHA, H €ro CyMMa
paBHa s — 8,. Teopema 1 nmoxasana.

00 00 (-]
Teopema 2. Ecau padw )_ax u ) bx cxodamcs, mo padu Y (ax+
k=1 k=1 k=1
00
+by) u ) cax, 20e ¢ — Hexomopoe wucao, mooice cxodamcea, u

k=1
Z(a,. b)) = Ea,. + Eb,., (1)

k=1 k=1

ica;, =c§:ak. (2)

k=1 k=1

00 00
HeftcTrTeNnHO, €cii @ B b — cyMMBI pafoB Y ax 1 ) by, To u3
k=1 k=1
COOTBETCTBYIOUMX TeOpeM O HpefieSiax NOCJeNoBaTe/bHOCTel cJenyer,
4TO

hm Z(a;. +h)= llm Zak:k lim Eb;, =atb,

k—l

Sta TeopeMa 03HAYAET, YTO CXOAHAILMECH PAAHN “MOXKHO CKJIANKBATH
mo4nesHo” W 9TO "o6UMH MHOXKMTENbL MOXHO BHHOCHTb 3a CKOOGKY”.
"MoxXHO” B TOM CMHICJIe, YTO BHMNOJHAWTCA paBeHcrBa (1) u (2).
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00

Teopema 3. Jan mozo ymobw pad Y zx croduacs, meobrodumo
k=1
u docmamouno, 4mobu E6HNOAHAAOCH YCAOBUE

n+p

>«

k=n41

Ve>0 3IN,: Vn>N,,VpeN <€ (3)

HeftcrBuTtenbHo, ycsosue (3), HasniBaeMoe ycaosuem Kowu das ps-
da, — 3710 ycnobne Koun ans nocnenopaTeNbHOCTH {8, } €ro yacTHIHHIX
CyMM, TaK Kak

n+p

z Zk = Sn4p — 8n.

k=n+1

3ameTuM, aTo M3 ycjosusa (3) npu p=1 caenyer, 4To nle 2z, =0.
00

§ 2. Pampl ¢ HEOTPHIATEILHBIME YJIeHAMH

2.1. IIpuanaxu cpaBnennsa. B aToM naparpacde 6ynem paccmaTpnBarh
YHCJIOBHlE PAAB € AHCTBATEIbHHIME HEOTPHUATENbHEIMA WieHaMH. Y
J1I06Oro TAaKoro psifia MOCJIENOBATEJILHOCTh YACTHYHHIX CYMM fIBJIfieTCA
MOHOTOHHO BospacTtaiomeff. OHa Bcernza MMeeT npenes, NpuyYeM, ecyid
OHa OrpaHHMYeHa, TO ee NpeJesl KOHEYHHI, B NPOTHBHOM cJiydae OH
paBen +0o. Taxum o6pasom, moGoft psll ¢ HEOTPUIATEIbHEIMH YJIEHAMH
HMeeT CyMMY, KOHEUHYIO MJIM PaBHYIO +00, H AJA TaKMX PANOB MMeeT
MecTO cheayiomuit kpuTepuft CXOA HMOCTH:

Pad ¢ neompuyamesvHuMu wAeHaGMU CcTOJUmMCA moz20a U MoALKO
moada, xoeda nocaedoBaMEALHOCTIL €20 HACTIUMHNT CYMM 02PaHUMEHA.

3aMeTHM, 3TO yTBepXAeHHe o popMe HAIOMHHAET KpUTEpHit CXOIH-
MOCTH HeCOBCTBEHHHIX MHTErpaJioB OT HeoTpHIaTesbHuX dpynkumii. Kak
H A HECOGCTBEHHHX HMHTErpaJios, MJIA pPAJOB ¢ HEOTPHIATEIbHHIMA
9leHaMH MMEEeT MECTO CJICAYIOUMH NpusHax CpasHeHus.

Teopema 1. Ilycms a, > 0, b >0VneN ua, = O(b,.)

npu n = oo. Tozda, ecau pad 2 b, cxodumcs, mo pad 2 a,
' n—l n—l

mooice cxodumcs. Ecau ace pad 2 an, pacrodumcs, mo u pad E bn
n=1 n=1
paczodumcs.
HoxasarenbcrBo. Yciuosue a, = O(b,) npu n — co maa Heo-
TpULATEIbHHNX @, ¥ b, O3HavYaeT, YTO

3C>0, 3Ip: Vn>p an <Ch,.

Vn2>p zn:ahsczn:b*.

k=p k=p

CnenopaTesbHO,
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Orciona # M3 KpHTEpHA CXOMMMOCTH PSilia C HEOTPHUATEJbHLIMH dJie-
HaMHM CJIefiyeT, 4TO ecJqM pafd u3 by cxommrTcss, TO pAm 43 ax ToXe
cxonutca. Ecyu Xe pAR M3 ax pacXoAMTCH, TO ¥ paxX M3 by pacxommres.
Teopema 1 nokasana.

Cnencreue. Ecau an >0, by >0 VrEN u a, u b, odnozo no-
00 00
pAadxa npu n — 0o, mo padw Y a, u Y, b, czodamca usu pacrodamcs

n=1 n=1
o0mospemento.

JHeftictBuTensno, ycnaosne "a, u b, oaHoro mopaaka mpu n — 0o”
03HaYaeT, 410 ap, = O(b,) ¥ b, = O(a,) npu n — oo.

Teopema 2. Ecau ap, > 0, by >0 Vn € M u cywecmeyem N
maxoe, “mo

Intl o bntr Vn> N,
an — bn =

00 00
mo u3 czodumocmu pada Y b, caedyem crodumocmo pada Y. ap (u, co-
n=1 n=1

00
omeemcmeenno, us pacrodumocmu pada ) a, ¢redyem paczodumocmo

o ﬂ;l
pada Y by).

n=1
,I[oxaaa're.nbcnao. B a2TOM ciy4dae

bn

<
bn—l

anv41 _ bNy1  anga  bnga a,
S ’ S | ]
an by ans1 ~ byya Gn-1

rme n > N. [lepeMHOXHB 2TH HepaBeHCTBa, MOJYYHM :

a b a
Incm re ap < by,
ay ~ by Y
ana moboro n >N. Orciona crenyer, uto a, = O(b,) npu n — oo,
T.e. BBIIOJHAIOTCA YycJIoBHA Teopemut 1. Teopema 2 gokasaHa.
Bce pnoxasaHHble BHILE YTBEPXIEHHA HA3HLIBAIOTCA NPUINAKAMU
cpaeHenus: B HMX OIMH DAN CPAaBHHBAETCA C APYTHM.
2

JA
Npamep 1. Y = 2'":, z€eR.
n=1 n
Tak xax )
sin’ nz 1
0 n? S gy

00
u pax ), 1/n? cxommrca (cM. mpumep 2 ws n.l.1), To mo Teopeme 1
n=1

JMaHHHI pAK TOXe cXomuTcA NpH Jiobom z € R.



332 IV1. 8 YUCJIOBBIE PAOBI

o0
IIpumep 2. PaccMoTpum rapmonmueckuit pan ). 1/n u cpasuum

€ro ¢ psaaoM n=1
= 1
E In (1 + —) .
n
n=1

1 1
In (l +=)~=
n n
NpH 7 — 00, TO 3TH DAL, COIJIACHO CJIEACTBHIO, PACXOAATCA HJIH
CXOAATCA OQHOBPEMEHHO.

W3 paBenctBa

Tak kak

In (1+%) =Iln(n+1)—Inn

cllefyeT, 4TO

8n =iln (1+%) =In(n+1) = +oo
k=1

npu n — oo. CilegoBaTesIbHO, AAHHHH pAXL TOXe PacXOMUTCH.
IIpumep 3. PaccMoTpuM psaa ¢ obmuM 4nerHoMm

a,,=—l-—ln(1+l).
n n

SroT pan cxommTcd, TaK Kak, coriacHo ¢opmyse Teftsopa,

00

npu n— oo, ¥ paa Y, 1/n? cxommrca.
n=1
Jlerko BHIEeTH, UTO

n n 1
2o=2 5"

k=1 k=1

1 =1
ln(l+;) =k2=17‘-—ln(n+l).

O6o3nauyuB uyepes C cyMMy HNaHHOro pAia, NOJYYHAM 3aMeYaTeSbHYIO

dopmysy .
Z =Inn+C +o(1) (1)
k=1

Ao -
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npu n —» co. B wacTHoOCTR,
n

1
- ~Inn npu n— oo.
k:lk

Ilocrosnnas C B ¢opmyse (1) HasniBaeTcs silaeposoit nocmosnmots:
C =10,577...
1 1

INIpumep 4. Pag ¢ obumuM 4wneHoM G, = W— e tI > 2,
cxonuTca npu Jnobom a > 0, H ero cyMmMa paBHa 1, Tak Kak
> (g ) =1- &
ot (k=1)> k= no’

Ilo Teopeme Jlarpamka o cpennem mosnydaem: cymecrsyer & € (0;1)
TaKoe, 4To . )
-a

e (n-1)0  (n—1+0)a"

CnenoBaresbHO,
a a

h=h=it0m > patl’

00
Orciona n w3 Teopemu 1 cnemyer, uto paa ». 1/n*+! cxoamrcs npm

n=1

00
mobom a > 0. Takum obpasom, paa ), 1/n® cxomurca npu a > 1 1
n=1
pacxopuTcs npu o < 1.
Tocnennee yTBepXIeHHe caenyer W3 Toro, 4ro 1/n® > 1/n mpm
a <1, a rapMonnYecKknit pag pacxoamrcs.

2.2. Mlpmnaxu cxomumoctn Janambepa m Komm. ITpusnakr Kowm
u Janambepa ABIAIOTCA HEMOCPEUCTBEHHBIMH CJICACTBHAMH NPH3HAKOB
cpaBHenHs (cM. TeopeMul 1 m 2 w3 m.2.1): B HEX pan

3 an (M

n=1
C HeOTPHHATEJbHHIMM YJIEHAMH CPaBHMB3€TCA C [eOMeTpHYeCKOik
nporpeccueft.
Teopema 1. Ecau cywjecmeyem N maxoe, wmo

Ve, <q Vn2N,. )
20e 0 < ¢ <1, mo pad (1) czodumea. Ecau ance
Pa21 Va3 N, (3)

mo pad (1) paczrodumcs.
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HdokasaTeancrno. Us yciaosus (2) caenyer, 9to
6, <¢" Vn2>N,

n nostomy pam (1) cxomMTCs, TaK Kak reOMETPHYECKas MPOrPEcCH C
obuuM 4iaesoM b, = ¢", 0 < ¢ < 1, cxoprTca. Ecam xe BmmosHseTcs
ycyosre (3), To

a,>1 Vn>N,

u noatoMy pax (1) pacxoauTcs, Tak KaKk He BHIIOJIHAETCA Heobxommmoe
ycnoere cxonumocTH. Teopema 1 mokasaHa.

Cnencreue 1. ITycmo pad (1) maxott, wmo ap, >0 Vn u
Jlim ya,=C - 4)

Tozda, ecau C < 1, mo pad crodumcs, a ecau C % 1,
paczodumca.

Hokasatrenbctso. Ilycte 0 < C < 1. Buifepem uexoropoe
q € (C;1). Torna mns atoro q u3 (4) ciaenyer yciosde (2), n mosTomy
pan (1) cxomurca. Ecam xe C > 1, To Bhmossserca ycjosme (3), n
nosromy paa (1) pacxommrca. Cnencrsme 1 mokasamo.

Teopema 1 HasmBaeTcs npusnaxom Kowu, a cnencrBue 1 — npu-
3naxom Kowu 6 npedeavrott dopme.

Teopema 2. Ecau cywecmeyem N maxoe, umo

mo pad

Intl <9 Vn> N, (5)
Gn

2de 0 < g <1, .mo pad (1) czodumca. Ecau ace

2t >1 Va2W, )
Gn
mo pad (1) pacrodumcs.

HoxasareabctBo. U3 ycnosna (5) cnenyer, uto mas n > N
BHINOJHAIOTCA HepaBeHCTBa

@n < qap-1<...<ang" N = N

"

A Tak KaK reoMerpuueckas Nporpeccus ¢ obmmm djaeHoM b, =
=an/q" -¢", 0< ¢ < 1, cxonurcd, 1o u pan (1) cxomurca. Ecum xe
BhINoNHAeTCH ycJuoBue (6), To

G, >8p12...2a8>0 Vn>N,

1 noatoMy psaa (1) pacxomHTcs, TaK KaK He BHINOJIHAETCA Heobxomumoe
ycaobue cxomumocth. Teopema 2 nokasaHa.
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Cnencrpue 2. ITycmo pad (1) maxod, wmo a, >0 Vn u

lim 224l _ p. (7)
n—+00 @Gy,
Tozda, ecau D < 1, mo pad czodumcs, a ecau D > 1, mo psd
pacrodumca.

Hoxasatensctso. Ilyects 0 < D < 1. Buifepem HekoTOpoe ¢ €
€ (D; 1;. Toraa nna atoro ¢ m3 (7) crenyer ycnoewe (5), u mosTomy
pan (1) cxomurca. Ecau xe D > 1, To Bunosnnserca ycnosme (6), n
noetoMy pan (1) pacxomurca. Cnencrsue 2 mokasaHo.

Teopema 2 nHasmBaeTca npusnaxom JJasambepa, a cnencreme 2 —
npusnaxom Jlasrambepa e npedeavroll $opme.

3ameruM, uTO ecim B ycnoBmH (4) C = 1, T0, KaK NOKa3WBAIOT
npumepsl (cM. mpumepn 1-3 s m.1.1), o cXoaAMMOCTH psga HHYEro
ONpefleICHHOrO CKa3aTh HEJIb3A: OH MOXeT KaK CXOAMThCA, TaK H
PacXofMTbCA. AHaJIOTHYHOe 3aMeYaHHE COPaBEJIMBO H B CJiydae,
Korma D =1.

oo 2\ "
Nprmep 1. Pag Y (%) cxomaTca npH jobom z € R.
n=1
JeiftcTBATENBHO,
2
. N
nll'ngo e, = nlg&;— =0 VzeR,
H [03TOMY, COIVIaCHO NpH3Haxy Komm, maHHHH paf cxomaTcs npu

Jobom z € R.
2n

00
Mpuamep 2. K paty Y :;—n npuMenuM npusHak Kowm
n=1

22
Van = ?‘.
CneioBaTesIbHO, NaHAKMR pAX cxommrca, ecqm |z| < v/2, M pacxomurcs,
ecan |z| > V2.
00 n
INpamep 3. [lo npusnaky danambepa pax ). :.—' CXOOMTCA TIpH

n=1 7%
mobom z > 0, Tak kak

. a . z
lim = = lim =0.
n—00 G, nsoon+1

B sakuouenne nokaxeM ogao o6obienne npnsnaka Kouin B npegesb-
Ho#t popme. OO 6yneT Mosjie3HHM TIpH H3yIEeHHU CTENEHHBIX PAOOB.
Teopema 3. ITyemo pad (1) maxott, ymo a, >0 Vn u

JL%\'/E: C.

Tozda, ecau C < 1, mo pad czodumcs, a ecau C > 1, mo psd
paczodumcs.
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HokasareancTBo. Ilycts 0 < C < 1. Bubepem mexoTOpoe ¢ €
€ (C;1). Torna u3s onpenesieHns BepXHero mpefena (Kak HamGoJsbuiero
9acCTHYHOTO Npenesa) CJAeayer, 4To

IN: VﬂZN \7’0_,.<q, a, <¢",

M nosToMy HOaHHH pany cxomurca. Ecam xe C > 1, To cymecrsyer
TIOANOC/IENOBATENbHOCTD Gy, TAKasdl, 4TO

kll"f.‘o "t/on. = C,

AK: VE>K an >l

CrlenoBaTes1bHO, B 3TOM CJIydae He BHINOJHAETCH HeobXommmoe ycJoBHe
cxogumocTH. Teopema 3 noxasaHa.

H HO3TOMY

2.3. lIpusmax Paabe. B npm3anakax Komu u Jasnambepa pan

ia,., a, >0, (1)

n=1

CpPaBHHBaeTCf C reoMerpudueckoit mporpeccueft. B Tex cayuasax, xo-
rda 3TH NPH3HAKH He NAalOT OTBETa, NMPHXONHMTCA HCIIOJIB30BATH 6o.nee
CJIOXHbIe NIPH3HAKH, B KOTOPHX psax (1) cpaBHHMBaeTcs ¢ pamaMmm, cxo-
AAUMMACA WIH pacXxoaAlMMHACA “Men.nem{ee”, 9€éM nporpeccnd. 311er
paccmoTpuM npuswax Paabe, B xotopoM pan (1) cpaBHMBaeTcs ¢ rap-
MOHHYECKHM DAIOM

E:Fn (2)

Teopema. Ecau cywyecmeyem N maxoe, wmo

n(a" —)Zr Vn> N, (3)
Gn41
ede r > 1, mo pad (1) czodumcsa. Ecau ace
“(a,. —1)51 Vn> N, (4)
Gn41

mo pad (1) paczodumca.
HJokasatreasctno. U3 ycaosrsa (3) crenmyer, uto

Gn

>1+1 V¥n>N,
Gn41 n

rae r > 1. Bubfepem HekoTopoe a € (1;r). Haa sroro a cyuecTByeT
N, Takoe, 91O

r 1\*
1+4=->1{14- Vn 2> Ng,
n n
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r 1\ r-a 1
1+4--[(14-) = +o| -
n . n/. n i n

npu n — co. CuenoBaTesbHo, /14 moboro n > max{N, N,} cnpasen-

JINBO HEpPaBEHCTBO
a a
o (2) - (2
Gp41 n n

Gn+1 < 1/(n+1)*
an l/ne

TaK Kak

T.C.

Tax kak pag (2) npu a > 1 cxomurcs, To nmo Teopeme 2 M3 m.2.1
pan (1) Toxe cxomurcs.

Ecnm xe Bmnosnnsercs yciosue (4), T.e.

In 51+\l=n+1 Va> N,
Gn41 n n

Gn 1/n

A Tak Kak pan (2) npm a =1 pacxomurcs, To Mo reopeMe 2 u3 m.2.1
pan (1) Toxe pacxommrca. Teopema nokasana.

Ilpusnak Paabe, kak u npm3naku Komm u [Janambepa, ober4HO
npUMeHseTCA B npedeavtoll dopme.

CnencrBue. ITycmo pad (1) maxott, wmo an, >0 Vn u

lim n( In —1)=R.

n—$00 Gn41
Tozda, ecau R > 1, mo pad czodumca, a ecau R < 1, mo psad
paczodumca.

OHo #OKa3KIBaeTCA TaK XK€, KaK M CJHEACTBHA 1 M 2 B npeaniaylueM
nynakte. Ilpeanaraerca AOKa3aTh B KauyecTBe yNpaKHEHMs.

OueBHaHO, ec/IH mpenes

. a 1
D= lim —=L
n—00 Gy

cymectsyer ¥ D# 1, To R=+00o npu D<1 n R=—oc0 mpu D > 1.
Cnenosatenbno, ecam npushHak [anambepa xaer oTBeT Ha BOIpOC O
CXONMMOCTH pAna, To npu3Hak Paabe Toxe ero nAaeT, npuyeM Bce Takne
ciIydyaH MMeloT MecTo mpH R = £00. B aTom cmuicie npusnak Paabe
3HAYNTEJIbHO CHJIbHee nMpu3Haka [anambepa.

12 — 1402
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* n!
IIpamep 1. PaccMoTpum
puMep PHM PR ) 1) (m )
ITo npn3naky Hanambepa moaydaem :

lim 22*L = fim 2t

n—co @, n-woz+n+1=

, Tme > 0.

1 Ve

CnenosarenbHo, 3nech npusnak [anambepa HenpumennMm. IIpnMenum
npusHak Paabe:

lim n( Gn —1) = lim —=
n—+oc0 Gn41 n—o0o n+41
Takum obpasom, ecqm z > 1, To paa cxoaurcd, a ecqam z < 1, 1o
pAl pacXomdTcs; Npu £ = 1 oH Toxke pacxogMTCcs.

00 n
Mpumep 2. PaccmoTpum panm Y. —1-|- (E) .
n=1 N \€

g mero

-n
n( n —l):n(e(1+-1-) —1)=n(e-e"‘"‘(1+1/")-—1)=
an+l n

=n (e . e—n(l/n—l/2n’+o(1/n')) _ 1) =n (81/2n+o(1/n) - 1) -

=n 1+ ! —1+o(1)—)1 n — 0o
"\ T\n)) "2 2 "™ ‘

CnenoBaTesIbHO, NaHHHMR PAN PACXOMMTCH.

2.4. Pamd ¢ MOHOTOHMEIMM “WwieHaMHM. Bo MHOrMX ciyuyasAx, BCTpe-
YaIOWMXCA B NPHJIOKEHNAX, WIEHH pAfa

f:am an Z 0) (l)

n=1

MOHOTOHHO YGHBAKOT, T.e. Gp > Gpy1 Vn € N, Jlna Takmx pagos
chpaBefJIMBa CJIAYyOulad HHTepecHasa meopema Kowu.

Teopema 1. Ecau waenst pada (1) neompuyameavrs u MoHomoHHo
ybuearom, mo on cxofumes mozda u moavxo moeda, xoada crodumcs psad

o0
22"a2u=al+2a2+4a4+... (2)
k=0

Hokasarenbcrso. [lycts 8, — n-1 YacTHuHadA cymma paga (1),
a t, — n-f Yacruyaad cymma psana (2). Torma

sn<spm=ar+(az+as)+...+ (a1 4 ... +a2a_1)+az~ <
<aj+2a;+ ...+2n_lﬂgn-| + 2"ags =1,
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T.e. $o <tn AR moboro n € N. IloaTtoMy ecnm pan (2) cxomurcd, To
pan (1) Toxe cxomarca. C apyroit cropons,

sz»=ar+a3+(az+aq)+...+ (azn-241 + ...+ azs) >
> %a, +ay+2a4+...+2" lagn = %t,.,

Te. tp < 2s3» Ona smoboro n € N. Ilosromy, ecnn paz (1) cxommres,
To cxomurca M pan (2). Teopema 1 nokasana.
3amerum, 4TO0 B 9TOM Teopeme pax (2) MoxHO 3aMeHuTb Gosee

obumM pagoM
©0

3
2 rrap,
k=0
rae p — moboe HaTypaJbHOe YHCJIO, OTVIMUHOE OT 1. YauBJIeHue BHI-

3LIBa€T TO, YTO AOBOJIbHO "peaKasa” MNOANOCJIENOBATeNILHOCTD NOCJEN0-
BaTeJbHOCTH {an} ONpemesIfeT CXOMKMOCTb HJIM PAacXOAMMOCTb pana (1).

00
Hanpamep, mosemense paga Y. 1/n%, a > 0, cosnagaer ¢ nmoeene-
n=1

00
HAEM pAga ). 2k .1/2** goropuift cxomuTca mpr a > 1 M pacxoamtcs

k=0
npr a < 1.
Jla-ﬂee» Pan
— 1
n¥2 n(lnn)e

CXOOMTCA WJIH PpAaCXOOAMTCA OJNHOBPEMEHHO C pAAOM

v 1 1 1
kz=:l2k2"(ln2*)“ = 2= kz::lk_«

B sak/moueHHe NOKaXeM ellleé OfMH NpH3HAK CXOJMMOCTH psaa C
HEOTDHIATE/ILHBIMH MOHOTOHHLIMH 4JleHaMH, B KOTOPOM pAfl CpPaBHH-
BaeTCf C HecoOCTBEHHHIM MATerpajioM. OH HA3LIBAETCA UNMEZPAALHHM
npusnaxom Kowu.

Teopema 2. Ecau pyuxyus f(z), z € [1;+00), neompuyameavran

00

u Moromonno ybmearwan, mo dan crodumocmu pada Y f(n) neobzo-
400 n=1

dumo u docmamosuro, 4mobw czoduaca urmezpaa / f(z)d=.
1
HJdokasateabcTso. [Ipexnae Bcero 3aMeTHM, 9TO TaK KakK ¢pyHK-

uasa f(z) MOHOTOHHa, TO OHa HMHTerpmpyeMa mno Pumany Ha JmoGom
orpeske [1;7]. Torna

n n k n
> 10 < f+Y, [ fe)de = 1)+ [ fa)ds
k=1 1

k=2,_,

12¢
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Ana suoboro n > 2. IloaToMy, ecnM MHTErpajl CXOmMTCH, TO M PAX
cxomutca. C mpyroit cTOpoHH, ecaH [n) — mesas wacTh 4mcaa 7, To

n [n]+1 m k4! [n)
[r@tes [ f@raz=Y [ r@rdz <Y 10
1 1 k=13 k=1

ana moboro 1) > 1. IloaToMy, eciim panm CXOMMTCH, TO MHTErpajl ToXe
cxomutca. Teopema 2 nokasana.

00
Takum obpa3zoM, pan ), 1/n® CXOOMTCA WM PacXOZMTCA OXHOBpE-
400 n=1

dz
MEHHO C HMHTErpajioM / et KOTOpHH, KaK H3BECTHO, CXOAMTCA INpH
1

a > 1 m pacxomgarca npx a < 1.

§ 3. IIpu3HaKH CXQIUMOCTH pPHIOB
C MPOH3BOJIbHEIMM YJIeHaMM

3.1. 3naxonepemenHnie psapl. B 3TOM NyHKTE pacCMOTPHM pPAIM C
RelcTBATENbHHIME YJeHAMH, KOTOpHIE MOOYEPENHO TO NOJIOKHUTENbHEE,
To oTpEnarenbHule. Takue pAAb HA3HIBAIOTCH 3HAKONEPEMEHHBMU HIIH
3Haxouepedyro WUMUCA.

TeopeMma. Ecau nocaedosameavriocmo {a,} Moromonna u a, — 0
npu n — 00, mo pad

S (-1)"an (1)
n=1

czodumcs. ITpuvem, ecau 8 U 8, = CYMME U M-8 YACMUNHAR CYMMA
pada (1), mo
|s — 8n] < lan41] VR EN. (2)

HokasatTenbcrso. He orparuunpas obmuocTH, 6yneM cCHUMTATH,
uyro {a,} MoHOTOHHO y6HiBaeT M, CJIGAOBATEJNBHO, G, > 0 Vn. Toraa

n+p

Y (~1)*la

k=n+1

= p41 = Onga + ..o+ (=1)P1anyp. 3)

JeficTBETENbHO, €CJIH p YeTHOE, TO cyMMa (3) — 2TO cymMMa HeoTpH-
LATeJIbHRIX pa3sHocTelt ax — ax4y. Ecam xe p HedeTHoe, TO K 3THM
pasHOCTAM RoGaBATCA elle ONHO HEOTPHIATEJbHOE CJIATAEMOE Gp4p.
Jna oneHKH cyMMH (3) 3aMeTHM, 9TO eCJIH p HedeTHOE, TO OHA eCTh
CyMMa Gn41 B pasHocTelt axy; — ax < 0, H MO3TOMYy He NMPEBOCXOMMUT
Gn4+1. Ecam Xxe p 4erHOE, TO H3 mpeabiaylltelt CyMMBl BLIYHTAETCH Gn4p,
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IO3TOMY M B 3TOM cJjiydae cyMMa (3) He NpPEBOCXOMMT dn4y. Takum
obpa3oM,
n+p

Y (~1)*a

k=n+1

<@ny1 VYn,p. (4)

[loaromy, ecau a, — 0 mpu n — oo, To paAx (1) yAosieTBOpAET YC/IOBHIO
Komu u, cienopaTesIbHO, CXOAMTCH.

Hepasenctso (2) cnenyer u3s mepaBencrsa (4) mpu p — 0o. Teopema
JOKa3aHa.

Ot1a Teopema HasniBaeTCA npusHaxom Jledlbruya cXoAMMOCTH 3Ha-
KonllepeMeHHHNX PAJOB.

Mpumep 1. Pan

o0

> (-1 n (5)

n=1

npH JiioboM a > 0 yaoBJieTBOpAeT BCEM YCJIOBHAM NMpH3HaKa Jle#tGruna.
IToaToMy oH cxomuTca npH JoboM a > 0. Ilpy a < 0 oH pacxoauTes,
Tak KaK He BHINOJIHAETCA HeobXOAMMOe yCJIOBHEe CXOOMMOCTH.

Ilpumep 2. PaccMoTpuM psn
[o o]
=)
T (6)
n;l n® - (-1)»

IMpu o < 0 oH pacxoouTcA, Tak KaKk He BHINOJHRETCA HeobxommMoe
yciosne cxomuMocTH. Ilpu a > 0 nmeem:

(- (=" D"\ =)t 1 .
ne— (=17~ ne '(I‘T) = e tam T

rae Y, = 0 npu n — 0o. Tak kak pag ¢ oMM 4yieHoM u, = (—1)"/n®
cxomurca npu a > 0, a paa ¢ obmwuM 4YaeHoM

1 Tn
—_—
na nzao”

CXOAMTCA TOJIBKO OpH 2a > 1, TO HaHHH# psafA CXOAMTCH Opn a > 1/2,
a np a < 1/2 pacxommrcs.
Jlerko mokasaTb, YTO MOCJIEAOBATEBHOCTh
1

Sy

Up =

a

6yner MoHoTOHHO y6mBalouwe#t Tonbko nopu a > 1. CnenosaresibHo, no
npuanaky Jle#6HnIa MOXHO JIMIUb yTBEPXKAAThb, 4To paA (6) cxomurcs
npd a > 1.
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3.2. A6co/moTHO cxonsmEecs psup. s pAmOB ¢ HEOTPHUATENLHM-
MH 4YJeHaMH B NpeIblAylleM naparpadpe A0Ka3aHO HECKOJILKO HOCTa-
TOYHO MPOCTHX NPH3HAKOB CXOAMMOCTH, O3TOMY H3Yy4Y€HHE CXOAMMOCTH
NPOM3BOJIBHLIX PANOB €CTECTBEHHO HadaTh C TeX CJydYaeB, KOrZa OHO
CBOINHMTCA K H3YYeHMIO CXOAMMOCTH pSOB C HEOTPHIATE/IbHHIMH dJle-
HaMH. 3fech HOJIE3HO cJenyiomtee ofliee yTBepXKIeHHE O CPaBHEHMH
AAHHONO 9HCJIOBOTO pANa
(<]
Y (1)

n=1

C panoM
[+ ]

> lznl, 2

n=1

9JjleHaMH KOTOPOTO ABJIAIOTCA aGCOJIIOTHHIE BeJIMYHMHK 4seHOB paga (1).
Teopema 1. Ecau pad (2) czodumcs, mo pad (1) moorce cxodumea.
JeficTBHTENILHO, TaK Kak

n+p n+p
Z 2k S Z lzkl V"»PGN:
k=n+1 k=n+1

n pax (2), B cuay cxommMocTm, yAoBJeTBopseT ycjosmio Kowmw, To
pax (1) Toxe ynoBseTBopsieT ycyouio Komm u moatoMmy cxommres.

Onpenenennme. Yncnoroit pan (1) HasmiBaerca abcoswmmuo czo-
dawumcs, ecnu pan (2) cxommrca. Ecou xe pax (1) cxommress, a pax
(2) pacxomurca, To psn (1) HasnBaeTCA YCAOBNO CTOOAUUMCSR.

Takum o6pasom, TeopemMa 1 yTBepxaaeT, 9To Jiobolt abcostioTHO cXO-
naumitca pan cxopurca. O6paTHoe yTBepXK/eHHE ABJIAETCA HEBEDHBLIM.
Hanpumep, pan

cxomaTcA npu JnoboM a > 0, a aBCOMOTHO CXOAMTCA TOJILKO mpH a > 1,
Te. npu a € (0;1] on cxonmTca ycnoBHO.

Cdopmysmpyem IBa NMOYTH OYEBHAHMX CBOHCTBa abCOJMIIOTHO CXO-
OAIMXCA PANOB.

00 00
Teopema 2. Ecau padw ), u, u ), v, abcosmwomno czrodamcs,
n=1 n=1

00
mo pad Y (un + vn) mooce abcoarommo czodumca.
n=1
00
TeopeMma 3. Ecau pad ) z, abcoarommo crodumcs, a nocaedosa-

n=1

00
meavrocmo {cn} ozpanuvens, mo u pad ) cnzn, abcoawmuo czodumcs.
n=1
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HeftictBaTenbHO, ecii |cp| < M Vn, T0o

lenzn| < M - |za] Vn,

00
¥ nodtoMy pan ). |cnzn| cxomurea (mo mpmsmaky cpaBHemns).
n=1
00

3aMeTHM, 4YTO €c/IA PAA ), Zn CXOMMTCA YCJIOBHO, & IOCJ/IENOBATE b~
=1
n 00
HOCTb {Cn} OTpaHMYeHa MJIH JaXe CTPEMHTCA K HYJIO, TO PAL ). CnZn
n=1
MOXeT pacxoauTbcA. Hampumep, pa ¢ obumM 4iieHoM u, = (—=1)*/\/n
CXOATCH, MOCJIENOBaTENbHOCTD ¢n = (—1)"/\/n, n € N, cxonmrca x
HyJIIO, ONIHAKO PAA ¢ OBMM 4YJIEHOM C,Un = 1/n pacxomurcs.

3.3. Ipusnaxu cxomumoctd [upuxne m AbGens. B arom nynkTe
PaccMOTpHM pAAB BHIA
00
)" anba, (1)

n=1
rme @, — Ae#cTBUTENbHHE, 3 b, — KoMmJeKkcHbe wuciaa. OdveBmaHo,
npu b, = (—=1)" 4 an > 0 uMeem 3Hakouepenyoumiica pax (cM. m. 3.1).
Teopema 1. Ecau nocaedosameavocms {an} Moromonro ybueaem
00
u lim a, = 0, a nocaedosamesvrocms wacmuuHnz cyMm pade Y b,
n=+00

n=1
ozparusena, mo psd (1) czodumca.

n
HokasarenbcrBo. Ecim B, = ) b, To, oueBnaxo,

k=1
n+p n+p
> axbe= Z ak(Bx — Bk-1) =
k=n+1 k=n+1

= @n41(Bn+1— Bn)+ an4+2(Bny2 — Bn+1) +...+ “n+p(Bn+p - Bn+p—1) =

ntp-1

+p
= "'an+an + E Bk(ak - ak+1) + an+an+p-
k=n+1

910 npeobpa3zoBanue HashIBaeTcA npeobpasosaruem Abeas. OHO WAPOKO
HCIOJIb3YeTCA B TEOPHH PALOB.
Ilo ycaosuio nocinenosatenbHoctb {Bp} orpaunmdena. ITycrs

|Bol<M VneN.

Torna
n4p n+p
D" akbi| < Many+ M 2 (ak — ak41) + Manyp,
k=n+l k=n+1
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TaK KakK ax > ax41 > 0. Crenomaresbro,
n+p

Z axbi

k=n+1

<2Map4y VYn,p.

Tlo ycaosmio lim a, = 0, noaromy, B cuny kputepua Kowm, naHHHH
n—$00
PN CXOAMTCA, NPHYEM €ro n-#i OCTaTOK MMEET OLEHKY:

o0

Z a,,b;,

k=n+1

S 2Ma'|+1 .

Teopema 1 nokasana.

9Ta TeopéMa HA3BIBaeTCA npusnaxom Jupuzae crodumocmu pada.
Ipumep 1. PaccMoTpuM pan

i ein:
a ]
n=1 n
rze z €R, a €R, ¢"F = cosnz + isinnz.
Tpn a < 0 pan pacxoAMTcA, Tak Kak He BHOOJIHAETCA Heobxomumoe
ycJioBHE CXOAMMOCTH.
Ilpu a > 0 nocleRoBaTeJbHOCTL G, = 1/n%, MOHOTOHHO yOhIBad,
cxopurca K Bymo. OueHnM cymmy

” .
B” - Zeikz
k=1

Jlna 2Toro 3aMeTHM, 4YTO 3TO €CTh CyMMa reoMeTpHUecKoil nporpeccun,
npHYeM . ] .
e*B, = B, — &7 + e:(n+1)::.

TlosTomy, ecan z # km, To

_ ef(n+l)r __ piz
R T R

1 . ei(n-l-l):: - eir 1
2 [sin 5

z < r—z[
2 sin 2

|Bn| =

CnepoBaTenbho, Opd o > 0 mDauumit pan cXoRMrca no npusHaky Ju-
puxne npu JnoboM z # 2k,

Mpu a > 1 on cxomurca abGconorHo, a ecim 0 < a < 1, TO OH
CXONMTCA YCJOBHO, TaK KakK

elﬂt

1
=n—°’ Vz eR.

na




§ 3. MPUSBHAKU CXOOMMOCTH PSIIOB 345

IIpumep 2. PaccMoTpuM pamsi

00 00 .
cos nx sin nr
Z ne n z ne :

n=1 n=1

Tax xax cosnz+isinnz = e™*, To 3 npEMepa 1 cienyer, YTO JaHHHE
PAALI CXONATCA NpHu JioboM z # 2kw, ecmm a > 0. (OuesnnHo, BTOpO#
pan cxoautcs npu Jobom z € R.) IIpun a > 1 oBu cxonarca abeconoTHO
npu Jjiobom z € R.

Ecn xe a € (0;1), = # k7, To naHHBle PANBM CXOMATCH YCJIOBHO.
HeftcTBuTeNIbHO, TakK Kak

—

|sinnz| > sin? nz = = cos 2nz,

NIH
!0

00 (o]
npudeM pAX Y. 1/n® pacxommrca k +oo, a pan ), (cos2nz)/n®
n=1 n=1

00

CXOIMTCA, MO3TOMY M psA ) |sinnz|/n® pacxomuTcs. AHaJjIOrM4YHO
n=1

paccMaTpHuBaeTCR M Apyroit psan.

Iipumep 3. PaccmoTpumM pansl ¢ o6MMH 9/IeHAMH

sinn sinn

V/n —sinn, B oUn= Vn—cosn’

Up =

Tak kak
sinn  sin’n

Up = —= +

Jn

00 o0
npu n — oo, mpuiem pan Y. (sinn)/\/n cxonmrca, a pan 3. (sin?n)/n
n=1 n=1

(1+0(1))

00
pacxomuTCs, TO PAA Y U, TOXKe pacxommrca. anee,
n=1

sinn sinn-cosn
W=t T "’0( 3/2)

opu n — 00, NpHYeM pAIB

>\ sinn > 8in2n
Zﬁ w3y on

n=1 n=1

00
CXOOATCA, NMNO3TOMY pAd E Un TOXE CXOIOMUTCHA.
n=1

Teopema 2. Ecau nocaedosameavrocmo {a,} Monomonno ybrueaem

00
u ozpanuvena, a pad ) b, crodumcs, mo pad (1) czodumca.
n=1
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HJdokasateabctso. I[Iyerb lim a, = a. Torma mocnemosaresb-
n—>00
HOCTb
ap=a,—a, n€EN,

MOHOTOHHO yOHIBaeT lj’m an =0. B aTom cayyae naHHH# pax ecTb
N =00
CYMMa JBYX CXOAAWMXCHA PANOB:

[ 00 00
Eanbn =82bn+ Zanbn»
n=1 n=1

n=1

rOe nepBHift AN CXOAMTCA MO YCJIOBHMIO, a BTOPO — 1O NpH3HAaKY
HOupuxme. Cuaenosatenbno, pan (1) Toxe cxomurcs. Teopema 2
JIOKa3aHa.

W3 3Toit TeopeMml, KOTOpasA HAa3HBaeTCA npusxaxom Abeas crodu-
Mocmu pada, ciieNyeT, YTO YJIEHH CXOAAUETOCH PANa MOXHO YMHOXATb
Ha MOHOTOHHYIO OrpaHM4YeHHYIO IOCJIeHOBATENbHOCTb. "MoXHO” B TOM
CMbICJIe, 9TO BHOBb IOJIYYEHHBI# pAN Toxke 6yaeT cXomuTheA.

§ 4. CBolicTBa a6COMIIOTHO H YCJIOBHO
CXOOAINMXCH PANOB

4.1. CouerarembHoe cBolicTBo. [IoHATHE CyMMEI pAfa CYIECTBEHHO
OTJIMYaeTCA OT MOHATHA CYMMH KOHEYHOro 4YHCJa cJaraeMeix. Bo
MHOTMX CJIy4YadX NpUBRIMHHIE HaM CBO#iCTBa CyMM IJIA PANOB He BhI-
noJiHAoTcA. PaccMoTpuM pan

Zan (1)

ObbenuEAM ero WieHnl B HEKOTOphle IPYHNbI, He MEHAA MX NOPAAOK:
a1+...+8n,,8p, 41+ ...+ Cnyy. 81+t By

M pacCMOTpHM HOBMI# psAx
(- -]
3 u (2)
k=1

Y KoToporo #; =@a; + ...+ Gn,, U2 =Cn, 41+ ...+ Gn,,...

Teopema. Ecau pad (1) cxodumes, mo pad (2) moace crodumca,
U UT CYMMH PAGHY.

JefticTBETENLHO, NOCJEAOBATEILHOCTh YACTHIHBIX CyMM paga (2) —
3TO0 HOANOCJENOBATENLHOCTh MOCJHENOBATEbHOCTH YaCTHYHBIX CYMM
paza (1).

Taknm obpasoM, cxomaumitca pagx obsagaeT cBolcTBOM codeTa-
TesbHocTH. Opnako, ecam pan (2) cxomarca, To panx (1) Moxer
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PacXomUTHCA. Hanpuuep, pan (1-1)+(1—-1)+... cxonurcs, a pan
1-141-14... pacxogurcs.
Jlerko noxaaa'rh, YTO ecau 8 xadxcdoll cymme u; 6ce caazaemume 091020
3Haxa, mo u3 crodumocmu pada (2) caedyem czodumocme psada (1).
IpennaraeTca mOKa3aTb 3TO yTBepXKIEHHE B KaYeCTBE YNpaXKHeHUA.
00 ° (_1)[\/'T ]
Ipumep. PaccMorpum pag ) —
=1
or /n.
Jlerko BumeTh, 4YTO ecn¥ OOGBEAMHHTH 4YJEHM OXHOrO 3HaKa, TO
HNOJIyMHM pAn

, rae [\/n] — uenas yacts

S (=1)ku, 3)
k=1

IOe Yg ecTb cyMMa 2k + 1 MOOXUTENBHHEX CIaraeMHX:

u-l-l- L +...+ -

TR TR k+D2-1
Ouesnano,

1 <l+ + 1 <1

k+1 k2" TRy k-1"K

NP IS B SR

k+1—"k2+k T (k+1)2-1-F
[o3TOMY 0

k+l<uk<k vk

H, CJIeOBATEJIBHO, klim u; = 0. Kpome Toro,
—00

U1 < <ux Vk,

2
k+1
T.e. MOCJEeNOBaTesIbHOCTb {Ux} MOHOTOHHO y6HBaow[as.

CnenoBarensno, pan (3) yZoBjeTBopsieT BceM yCJIOBHAM NpHU3HAaKa
Jle#tbnuna u mostomy cxomutcs. Torma, coIVIaCHO CAEIaHHOMY BhILIe
3aMeYaHHIo, JaHHHIR DAN TOXE CXOAMTCH.

4.2. O nepecraHoBxe WieHoB cxonmumxcs panoB. Ilycte man cxo-
naumiica pan. IlepecraBnB B HeM 4WieHH MIPOM3BOJBHLIM 06pa3oM,
NMoJIy4MM HOBHI# pAx. BosHnkaer Bonpoc, CXOOMTCA JIM HOBBHIf pAn
u 6yner JiM ero cyMMa paBHa cyMMe JAaHHoro psama. OTeer Ha 3aroT
BONPpPOC CyLIECTBEHHO 3aBHCHUT OT TOrO, KaK CXOOHTCHA pAN: abCOJIIOTHO
HJIM YCJIOBHO.

Teopema 1. Ecau psad abcoaromuo crodumcs, mo awbotll psd,
noayxennntl u3 dannozo nepecmaroexolf waeros, modce abcoaromuo
crodumcsa, u e20 cymma pasxa cymme dannozo pada.
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00 00

Hoxasatenbcrso. Ilycts ) zx — nanHmft pam, a Y, up —
k=1 k=1

PAA, KOTOpHIH#t NOJTyYeH M3 NAHHOrC MepecTaHoBKo# ero wieHos. Torna,

OYEeBHHO,
n o0

Voo Y lul <Y lal, (1)

k=1 k=1

00
M NO3TOMY PAA ), Uk &BCONIOTHO CXOMMTCH.
k=1
Bropoe yTBepXaeHHe AOKaXeM CHavaJa IJIA PANOB ¢ HEOTPHUIATE b~
HBIMH ‘JIeHaMH zx = ax > 0. [lna Taknx panos u3 (1) cienyer, 4To

o0 00
ug < ax (2)
k=1 k=1
AHaJIornyso,
o0 [+.°]

Eak < Z““’ (3)

TaK KaK NaHHL} pAn mojiydaeTcd M3 HOBOTO PAAa TOXE NepecTaHOBKO#
uyenoB. U3 (2) u (3) cnemyer, 4To CyMMBI 3THX pANOB DAaBHHI.

Tenepp paccMOTpHM DPAAN C AERCTBATENAbHHIMH YIEHaAMH 2 = Ck.
Tosoxum lea| lea|
ck| + ck Ck| — Ck
=T k=T @

Torma ¢k =ax —bi, ax >0, b >0, ar < lekl, bk < lek| ®

ic‘k:iak—ibk- (8)
k=1 k=1 k=1

OTCIOJ.la H H3 PpacCMOTPEHHOro BhIlI€ CJIy4das cJieayeT, YTO H B 3TOM
CJiydyae NnepecTaHOBKa Y/IEHOB pAjJa He MCHSAET ero cymMmy.

Ilycts, Hakomen, zx = Zx + tyk. Toraa |za| < |zl, lye] < |2k]| m,
00 00
CJIe[lOBATEJIbHO, PAAN Y, Tk M Yr aBCONIOTHO CXOAATCHA, y HHX

k=1 k=1
MOXHO IEepecTaBJATb WJeHh. A TaK Kak

00 00 00
EZk = sz +iZyIn
k=1 k=1 k=1

TO AaHHHIR pAx Toxe obsanaer cBocTBOM KOMMyTaTuBHOCTH. Teopema 1
[OKa3aHa.

Teneps paccMOTPHM YCJIOBHO CXOAfALMECH PAOK H YCTaHOBMM, YTO
oHn He obnamaloT cBoficTBOM KoMMYyTaTHBHOCTH. OrpaHMYMMCs TOJIBKO
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PANaMH C JeHCTBUTESbHLIME YJIEHAMH U IJ1f HAX AOKAXKEM CJIeAYIOLYIO
meopemy Pumana.

TeopeMa 2. Ecau pad ¢ deticmeumesvrumu waenamu crodumcs
ycaosro, mo Gar awl920 4ucaa A ModCHO max nepecmasumv uaeHm
amozo pada, wmo 6106b nosyxennvitt pad 6ydem crodumvca x A.

CHayasia JIOKaXxeM OHNHY JieMMY.

Jlemma. Ecau pad
pIN: (6)
k=1

¢ JdetlcmeumesdHuMYU YAEHAMY CTOJUMCA YCA08HO, MO PATN

Y o m f:bk (7)
k=1 k=1

C HEOMPUYAMEALHHMU YaeHamu ax u bk, onpedesernnvimu no Gopmyram
(4), paczodames u, caedosameavto,

00 o0
Zal, = 400, Eb,, = +o00.
k=1 k=1

HeltcrBuTenbHO, eciim onuH M3 panoB (7) CXOOMTCA, TO, B CHJIY
paBeHcTBa (5), cxomurca M BTopof. A eciam oba pama (7) cxomarcs,
To pan (6) cxomuTca abcosOTHO, Tak KakK |cx| = ax + bx.

HoxkasaTenbcTBo Teopemu 2. Ilyctb paa (6) cxomurca. Yepes
c; M ¢ 0Bo3HAaYMM OTpPHILATEBHME H, COOTBETCTBEHHO, HEOTPHIATEIL-
Hble 4ieHH pafga (6), mepeHymMepoBaHHHe B TOM MNOpAAKe, B KaKoM
OHH pacloJIOKeHH B pajge. M3 nokasaHHO} BHIE JIEMMH cJlellyeT, YTo

00 00
Zc;’z—oo, Z:c;*:-i-oo.
k=1 k=1

TMonbsysch 9THM 3aMeyaHHeM, CJIEAYOWMM o6pasoM NMpou3BedeM Inepe-
CTaHOBKY 4JieHoB psfa (6) B cayvae, korma A > 0.

HabepeM HeoTpHIATeNILHRIX 4JIEHOB c;:' CTOJIBKO, 4TOOH
ef+ef+...+ct _ SA<ct+ed 4.+

3aTeM BHIOHLIEM OTPHUATEJbHBIX 9JIEHOB €, CTOJIbKO, YTOOHI

ef ..+t ter+. e SA<cT+. et Fel . Hep oy,

H T.4. Jlerko BMIeTh, YTO paAn

ef+...tef teT . tem +.
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nosydaeTca #3 psana (6) nmepecTaHOBKO# €ro WJIEHOB M CXOOMTCA K
yucay A > 0.

AHajlornyHO paccMaTpuBaeTcA M caydait A < 0. B arom cayuae
HYXHO HauYMHATb C OTPHMUAaTeJbHHX 4jeHoB. Teopema 2 nokasawa.

ABayoru4HbIlt 06pa3’oM MOKa3HIBaeTCHA, YTO 4YJeHH paAxa (6) MoxHO
NepecTaBUTh Tak, YTO CyMMa HOBOro paaa 6yaer paBHO#f# +00 M —oo.
Kpome TOro, MoXHO cliesiaTh TaKylo IEpeCTaHOBKY YJIEHOB, YTO HOBHIlf
pang Boobuie He OGymeT MMETh CYMMHI.

JokasaHHble yTBEPXACHAA ABJIAIOTCA CJEACTBHEM TOrO, 4TO YCJIOB-
Haf CXOIMMOCTb OCYIUECTBJIfeTcA OJiaromaps B3aMMHOMY IMOrallieHHIO
HOJIOKHMTENILHRX M OTpHLATEJNbHHX YJIEHOB H TNO3TOMY CYLIECTBEHHO
3aBHCHT OT MOpAMAKAa YJIEHOB, a abCOMOTHAA CXOAMMOCTb OCHOBaHa Ha
6nicTpOoTEe YOLIBaHHA YJICHOB M MO3TOMY He 3aBHCHT OT MX NMOPAIAKA.

4.3. YMuoxenwe psmon. IlycTh ZaHH ABa CXOAAWMXCA pAda

Zak H ib"“ (1)
k=1

k=1

PaccMOTpHM BCEBO3MOXHBIE ONAapHEIE NpOW3BeNeHus aib, YeHOB aTHX
panoB. Bce 3TH npousBedeHMA MOXHO 33HyMepoBaTb MHOTHMMHM CHOCO-
6amMn. Hanmpumep, MOXHO mOCTYynuTh cienyiommuM obpasom. Obpasyem.
M3 HEX 6eCKOHe4Hyl0 MpAMOYTOJIbHYIO MAaTpHLY:

a;bl a162 0153 s alb,. vee
agbl azbz azba cee agbn e
aabl asbz 0363 s a3b,.
apndy apnb2 anbds - anbn

.. . .
. .

" 6y1leM BBHIMACHIBATH HX IO KBMPE’I‘&M CBepXy BHH3, a 3aTeM clpaBa
Hajsiepo. B pe3yJsbTare MNOJYYHM I0CJIed0BaTeJIbHOCTD

a1by; ayby, azbz, azby; aybs, asbs,...

Teopema 1. Ecau dannwve padw (1) czrodamcs abcoarommo, mo
A10608 pAd, HAEHAMU KOMOPO20 ABARIOMCA GCEBO3MOINCHBE NONGPHHNE
npouseederus aib,, pacnoaodicennse 8 npouseoavrom nopadxe, modice
abcoaromuo czodumca, u €20 CymMma pasHa npoussederuro cCymMm JaHHHUT
pados.

00
OoxasatenbcTso. [lycTh ) ¢x — pAA W3 BCEBO3MOXKHHIX IO-
k=1
NapHHIX npoHWsBeneHHit wieHoB nasHmx panos (1). Torma, oveBmaHo,

n N (N
Vo 3N: Yl < (D lal \Zjlbkl :
k=1 k=1

k=1
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H IO2TOMY

el < (f: lm.l) (g |b,,|) ‘.

k=1 k=1

00
Cnenosarensno, pam ), cx cxomuTca abcomorno. M3 teopemsr 1 npe-

ABLAYWEro MyHKTa c.nke"ifye‘r, 9TO €ero cymMmMa He 3aBHCHT OT HOPAAKA
cymmupoBaHHA. YTo6m HaltTH ero cymmy, BHOepeM NOPANOK CyMMH-
pOBaHHA IO KBaJpaTaM, KaK ykasaHo Bnime. Torga, ecsmm S, — n-a
JacTU4YHasd CYMMa pAAa W3 NPOHM3BeleHMH#t, TO, OYeBHAHO,

w= () (2)

O1ciona B npenesie Npu n — 0O HOJIyYaeM PaBEHCTBO

Son ) (5)

Teopema 1 noxa3aHa.

3ameTnM, YTO Ha MPaKTHKe NMPHA yMHOXeHHH pafod (1) obu4HO npo-
n3BefieHns axb, CyMMHpYIOT No AMaroHaJAM, NpAYEM WIEHH, JieXallye
Ha omHOft IMAroHajM, OObENMHSAIOT, T.€. PACCMaTPHBAIOT pAM

E Upn (2)

n=2

n~1l
rae un, = Y, axbp—g. JINA TaKAX pPANOB HMMEET MeCTO CJeAdyioilee
y'mepxuxem';c?.l
TeopeMma 2. Ecau dannwe padu (1) cxodamea u zoms 6w odum us

Huz crodumca abcoarommo, mo pAad (2) crodumcsa, u e20 cymma paswa
npoussederiuto cymm dannuz pados.

JokasateabcTtso. [Tonoxnm

n n n
An=zak, Bn=z:bk, Un=2“k
k=1 k=1 k=2

A=iak» B=ib'h ﬂn=Bn_B-
k=1 k=1

H JOKaXeM, Y4TO

lim U, = A-B. (3)
N =00 N
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IycTsh, ANA OMpeNeseHHOCTH, PpAN § ax cxomutcs abCOMIOTHO.
IponenaeM HeKOTOphle 3JIeMEHTapHEIE npl;z%paaonannﬂ:
Un=a1by + (a1b2+ a2hy) + ...+ (@1ba-1 + ... + an-1by) =
=a1Bp-1 +a2Bn_2+...+a5_1B; =
=a1(B+ Bn-1)+az2(B+Pn-2)+...+an1(B+51) =

=ApnB+a1Ba—1+a2Pn-2+...4a65_10.

IMonoxum v, = @18n-1 + a2Bpn-2+ ...+ a,-101. OdeBnaHO, paBeHCTBO
(3) 6ymer moka3saHO, eCJIM MBI MOKaXXeM, YTO le T = 0.
n-—+00

3axaauM HekoTtopoe ¢ > 0. Torna
AN: Va>N |Bul<e,

No3TOMY, €CJIN 1 > N, TO
[¥nl < |B18n-1+ ...+ BNGa-nN| + e‘;{,

~ 00
rae A = ) |ak]. A Tak Kak an — 0 npu n — 00, TO OTCIOAA CJIEAYET, UTO
k=1

Jim |yn| < €A

ana goboro € > 0. A 3TO M O3HaYaeT, 4TO li’m Y = 0. Teopema 2
n—=$00
JIOKa3aHa.

3ameruM, uTo ecnu oba pama (1) cxomaTca yCNOBHO, TO HeJb3A
yTBepxnarb, uro paa (2) cxomurca. Hanmpumep, ymuoxum pan

e, (et
D

Ha 3TOT Xe pHAMd, T.e. PaCCMOTPHM pAL C OOIMHMM UJIEHOM

B o o oV

=L R VAR

n-1
n-1 1
) ,é:l vkvn—Fk

00
Pan Y u, pacxommrcs, Tak kak nk — k? < n?/4 u, cnemoparennHO,
n=1

2 2
lual 2 ~(n—1) =2~ —>1

s Jioboro n > 2.
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InaBa 9. ®yEKnponaJbHBIE
NOCJIENOBATEJILHOCTH H PSIBI

§ 1. Cxongmpeca H paBHOMEPHO cXomgmpecs
IIOCJIENOBATEIHLHOCTH H PRI

1.1. CxomumocTs GYHEKIMOHANLHLIX NOC/IeHOBaTeNbHOCTeH M panos. B
aToM naparpacde 6yaeM paccMaTpMBaThb MOCJIENOBAaTEJbHOCTH M PHAIH,
4JleHaMH KOTOPHIX ABJIAIOTCA KOMIJIEKCHO3Ha4YHHe (B YacTHOCTH, H
BElECTBEHHO3HaYHKeE) (YHKINH, onpede/ieHHHE Ha HEKOTODOM MHOXe-
CTBe To4eK NpAMoit, NJIOCKOCTH, Nn-MepHOro MPOCTPAHCTBa MM, Boobiile,
3JIEMEHTOB MPOHM3BOJIbHON NpPHPOILI.

ITycTs 3amaHa moc/ieoBaTeIbHOCTh PYHKuUHMH

fa(z),n €N, (1)
onpeneseHHHX Ha HEKOTOpoM MHoXecTBe E.

Onpenenenne 1. Ilocaenosaresnsnocts (1) HasmBaetcs crods-
wetica 6 mouxe zo € E, ecnu uncnoBas mnocsenoBatesbHocTb {fn(zo)}
CXOMHUTCA.

TocnenoBaresnbHocTb (1) HasmBaeTcA crodawseticRA Ha MHodicecmee
E, ecnm oHa cxomuTcd B Kakao#f Touke MHoXecTBa E.

Ecsn
nlergo fa(z)=f(z) Vz€E, (2)

TO roBOpAT, YTO nocaedosamesvtocms (1) na mmoancecmee E crodumca
x fyrxyuu f(z), ¥ mamyt " fo(z) = f(z) Ha E” wnum ”f,,(:c)f)f(z)
npu n — oo”.

Ecsin Bhnosnneno ychaoswe (2), To dbynkuua f(z) BasmBaerca npe-
deaom unm npedeavroii gynxyued! nocaedosamesvriocmu (1). B aTom
ClydYae HMHOTAa TOBOPAT, 4YTO nocaedosameavrocmsd (1) crodumesa x
dynxyuu f(z) nomoseuno.

CoorBeTcTBYIOIIMM 0Dpa3oM onpenenseTci H CXOAMMOCTb (PyHKIH-

OHAJIBHOTI'O pﬂﬂ.a
oo
Z Un (.’B ) ’ (3)

n=1
9JIeHBl KOTOPOTO ONpefie/leHH Ha MHOXecTse E.
Onpenenenne 2. Pan (3) HasbiBaeTcs CTOORWUMCA 6 mouxe
00
zo € E, ecu uucsioBot pan ) un(zo) cxoamtcs.
n=1

Pan (3) HasmiBaeTca crodAawumca Ha Mmwoxcecmee E, eciu om
cxomuTca B Jioboft Touke MHoxkecrsa F. Ecam

f(z)=) ua(z) Vz€E, (4)

n=1

To dynxuus f(z) HasnBaeTca cymmotll pada (3).
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BosnukaeT BONpoC: COXPaHAIOTCA JIM BaXHeftuine cBoficTBa yHKIMMA
Jn(z) 1 un(z) npu BunONHeHun onepaunit (2) u (4), Hampumep, ecau
dyukmun f,(z) HenpepuBaL, AuddepenHpyeMB HITH HHTErPUPYEMHL, TO
6yneT sm o6s1anaTh 3THM CBOHCTBOM mpedenbHad pynkums f(z)?

Ceftuac Ha mpHMepax moKaxeM, YTO B obleM ciiydae npeaesibHasA
dyukuusa He Hacaenyer cBoiicTB GyHKUME NaHHOR MOC/IeNOBAaTENbHOCTH.

Mprmep 1. Ha orpeske [-1;1) paccMorpamM mnocsienoBaTenbHOCTD
PyHkuut

fz2)=(1-2%" neN.

ST1a nocsenoBaTesIbEOCTL Ha orpeske [—1;1] cxonurea k dyHkman f(z),

Koropas paBHa 0 gng = # 0 u pasHa 1 nmpr z = 0. 3pech ynkuun

fn(z) HenpepwBHH, a mpenesbHas GyHkuus f(z) paspeiBHA.
Ilpumep 2. IlocnenoBarensuocTs yHKUMM

sinnz

fn(.‘t)= \/—

n

Ha R cxomutcs k ¢ymkumm f(z) = 0. Onsako nocJemoBaTebHOCTD
HPOH3BOAHKIX
Ji(z) = Vncosnz

ne cxonmrca ma R. Hanpumep, f,(0) = /n = +0o0 npr n — oo.
Mpumep 3. [MocnenosarensHocTh PyHEKUM

fa(z) = 2(1 - 2"

Ba otpeske [—1;1] cxomarea x dynkuum f(z) = 0. Onnako mocsemo-
BATE/ILHOCTb NMPOM3BOAHBIX

fi(z) = (1 = 23" = 2nz?(1 - 22!

cxomuTca Kk ynknmm ¢(z), Xotopas paeHa 0 ana z # 0 m pasHa 1
npu z=0

B npumepe 1 ¢yBkumn f,(z) mnddepenmupyemn npu z = 0, a
npenenbai ¢yHkuusa He gBasgerca Audpdepenunpyemoit. B npumepax
2 u 3 npemenbHas PpyHKIMA Toxe Auddepenmapyema mpu £ = 0, HO

lim £3(0) # £/(0).
Nprmep 4. Honoxum
fa(z) = kll’r{.lo(cos nirz)?*, neN.

Ecnm n!lz — nenoe 4mciso, 10 fu(z) =1, u, ouesunso, fo(z) =0 nna
apyrax z € R.
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ITa mOCNENOBaTEJIHOCTh CXOMMTCA NpH Jiobom z € R. Ilpuuem
npenenbHoit dynkmuet 6ymer dbynkums Hupuxne. etcTBuTensho,
€CJIH T HppamMOHaJIbHOE, TO fo(z) =0 Vn, a ecnu z paumoHasbHOE M
z=p/q, 10 fa(z) =1 Vn >gq. 3necv dbyukunu f,(z) unTerpUpyeMm
no Pumany, nanpumep, Ha orpeske [0;1], a npenenbHas dyHKuMA He
ABJIAeTCA MHTerpupyemo#t mo Pumany.

IIpamep 5. Ilycts
fa(z) = n?z(1 - 23",z € [0; 1).

Jlerko Bumers, 9TO nlergo fa(z) =0 Vz € [0;1]. Onnako

1 2
n
Jf,,(z)dz: m — 400

npu n — oo.
IIpumep 6. Ilyctp

fa(z) =nz(1 - 23", =ze[0;1].

3nech, KaK M BHle, nli’r{.lo fa(z)=0 Vz€[0;1)], no

1
. . n 1
tim, [ fn@)de = him gty = 5
0

B npumepax 5 n 6 yukmuu f,(z) u f(z) nETerpHpyeMH Ha OTpesKe
[0; 1], omnako

1 1
lim / fulz)dz £ / f(z) dz.
0 0

1.2. PanHoMepHa® cxomuMocTh. B npeaniaymem nyHkTe 6nis1a onpene-
JleHa MOTOYeqHas CXOAMMOCTb (PYHKIMOHAJIBHHX IMOCJ/IER0BaTebHOCTER
1 pagoB. Tam 6bUJIO NMOKa3aHO, YTO NpH Tako# CXOAMMOCTM Mpefesib-
Hag (yHKUMA He HacJjeqyeT CBOHCTB 4JIEHOB IOCJ/IENOBATEJIbHOCTH HJIH
pAna. 3aech Mbl ONMpeNesdM HOBHIH Buj CXOAMMOCTH, OoJiee CHJIbHBIH,
9eM MoTodeyHas, KOTOPHIfl MO3BOJMT HAM MOJIyYMTb IOJIOKHTEJbHHE
Pe3yJIbTATH.

IIycTtb, kaX ¥ B NpeabaywieM TyHKTE, 3aJaHa NOCJIEOBATEIbHOCTh
yHK M
fa(z), ne€N, (1)

onpenesyiecHHbIX Ha HEKOTOpPOM MHOXECTBE E.
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Onpenenenne 1. [TocnenosarensrocTs (1) HaskBaeTcs pasHoMep-
Ho czodawelica x Pynxyuu f(z) na muooncecmee E, ecnu pminonHseTcs
ycnoBue:

Ve>0 IN=N(): VYn>N,Vz€E |fa(z)-f(z)l<e. (2)

B atom cnyvae 6ymem mucarb ”f,(z) = f(z) paBromepHo Ha E”
m " fo(z) 3 f(z) Ha E”.

Ouepnnno, ecu fn(z) =3 f(z) ua E, 10 n fo(z) = f(z) na E, Tax
KaK MOTOYeYHafl CXOAWMOCTb O3HAYAET, YTO BHIIOJHAETCA YCJIOBHE:

Vz€E, Ve>0 IN=N(z;e): Vn2>N |fa(z)— f(z)l<e. (3)

3ameTHM, 4TO B ycsoBuM (2) OnA JaHHOM MOCJ/IEAOBATEILHOCTH HOMEP
N 3aBuCHT TOJIBKO OT € M He 3aBHCHT OT Z, a B ycjoBuu (3) HOMep
N 3aBHCHT KaK OT €, TaK M OT Z.

Teopema 1. Jaa mozo wmobw f,(z) =3 f(z) na E, neobrodumo
u docmamouno, 4mobs EWNOAHAROCL YCAOBUE:

lim sup |fa(2) - f(z)| = 0. (4)
n—»00 ZGB

HJdokasaTenbcrBo. U3 ycaosua (2) ciaenyer, uro
Ve>0 IN=N(e): Vn>N supl|fa(z)-f(z)|<e. ()
z€E

A 310 M o3HawaeT, uyTo ecm f,(z) 3 f(z) Ha E, To BhnosHAercs
ycnosue (4).

O6patHo, ec/IM BHINOJIHAETCA ycsoBHe (4), TO BHNOJHAETCA YCJIOBHE
(5) 6e3 3Haka paBeHCTBa meped € M, CJIENOBATEJIbHO, yCJIoBHE (2), T.e.
fa(z) =3 f(z) Ha E. Teopema 1 nokasana.

Onpenenenne 2. IlocnenoparensHocts (1) Ha3biBaeTca paeo-
Mepro crodawetica na mnoocecmee E, ecnm cywectByer dyHKuma, X
KOTOpOll OHa CXOAMTCA PaBHOMEDHO Ha 3TOM MHOXECTBe.

MMpumep 1. PaccMorpuM mociienoBaTesibHOCTD yHKIMH

fa(z)=2z", neN. (6)

OueBHAHO, 3Ta NOCIENOBATEILHOCTH CXONUTCA K HYJI0O Ha HMHTepBaJe
(0;1). Onnaxo kK HYJIIO OHa CXOAMTCH HEPABHOMEPHO, TaK KakK

sup " =1 Vn€N,
z€(0;1)

H, CJIeZIOBATE/ILHO, He BHINOJIHEHO ycJioBHe (4) 3 Teopemu 1. Otciona u
H3 eJUHCTBEHHOCTM Mpelesa cJeAyeT, 4TO JaHHAS NOCJENOBAaTEbHOCTD
He sBJAETCA paBHOMepHO cxoasuelcs Ha uHTepBaye (0;1).

3ameTuM, 9T0 Ha JmoboM orpeske [0;d], rae § < 1, mocnenobaresb-
HocTh (6) cXomMTCA K HY/IO DAaBHOMEPHO, TaK KakK

sup z" =6" -0 npm n — oco.
z€[0;0]
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Teopema 2. Jas mozo umobw nocaedosamesvrocms (1) czodurace
pasromepro Ha mrodcecmee E, mneobrodumo u Jocmamouro, wmobwm
6HUNOAHAAOCH YCaoBUE:

Ve>0 3IN,: Vn2 N, Vp,VZ€E |fayp(z) = fulz)l<e. (7)

Hokasarteabctso. Ilycts cHavana mocsnenosaresnsHocts (1) cxo-
AuTcA paBHoMepHo Ha FE, m mycts f(z) — mnpemenbHas &yHKuus.
Toraa, coryiacHO ompefe/IeHNIO, BHIOJHAETCA yCJIOBHE:

Ve>0 3IN.: Yn>N,, VzecE |f,.(z)—f(:)|<-;~,
a3 TaK KakK

[fatp(2) = fa(2)| < | fasp(2) = f(2)] + | f(2) = fa(2)],

TO BHINOJIHAETCA M ycJosHe (7).

O6paTHo, mycTb BHIMOJIHAETCA ycioBue (7). Torxa B KaxIol Touke
z € E uncisioBas nocJiefoBaTenbHoCTh {fa(z)} ymoBnersopser ycJsioBuio
Komn u nostoMy cxonErcs k Hekotopomy mnpeneny f(z). Yrobm
noka3aTh, 4T0 fn(z) =3 f(z) Ha E, B yciaoeun (7) 3aduxcHpyem n u
nepefineM K mpefesy npu p — oco. B pesyabrate nonyqmm:

Ve>0 3IN,: Vn> N, VzeE |f(z)- fo(z)|<e.

A 310 paBHocH/IBHO ToMY, 4TO fo(z) =3 f(z) wa E. Teopema 2
JOKa3aHa.

TeopeMa 2 HasnBaeTcA xpumepuem Kowu, a yciosme (7) — ycao-
euem Kowwu pasromeproll crodumocmu @ynxyuonaavrol nocaedosa-
meavrocmu. OYEBHIHO, LAO DABHOCHJIBHO YCJIOBHIO:

Ye>0 3IN,: Vn>N, Vp sug |fatp(2) = fa(z)| <e.  (8)
z€

IousiTHe paBHOMepHOH# CXOAMMOCTH €CTECTBEHHHIM ob6pa3om mepe-
HOCHUTCH M Ha (PYHKUHMOHAJIbHbie PAMKI.

PaccMoTpEM yHKIMOBANBHBIY DA

3 tn(a), ®)

n=1

YJIeHH KOTOpPOro OnpenesieHH Ha MHOXecTse E.

Onpenenenne 3. @yHKuMOHaNbHLI! pAn (9) HasHBaeTCA paewo-
MePpHO CTOdRWUMCR Ha MHodcecmee E, ecim mocsienoBaTeIbHOCTb €ro
YacCTHYHBIX CYMM CXOAMTCHA PaBHOMEPHO Ha 3TOM MHOXeECTBe.

Cdopmynnpyem eme xpumeputi Kowu paswomeprotii crodumocmu
NPUMEHATENBHO K PsaM.
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Teopema 2. [lag mozo 4mobti pad (9) czoduacs paemomepro
Ha mHodcecmee E, neobzodumo u docmamovmo, umobm 6unoaHssoCH
ycaoeue:

n+p
Ve>0 3IN.: VYn> N, Vp sup| D w(z)|<e (10)
z€ k=n+1

OTa TeopeMa sABIAETCA HENOCPEACTBEHHHIM CJIEACTBHEM TEOPEMH 2,
Tak Kak ycaosue (10) — 210 ycsioBde (8) AnsA 4acTHYHRIX CyMM psana
(9). Ona nasmBaeTcs xpumepuem Kowwu, a ycnosme (10) — ycaosuem
Kowu pasromeprott cxodumocmu $ynxyuorasvrozo pada (9).

Cnencreue. Ecau pad (9) czodumcs pasHomepro Ha mHodcecmee
E, mo u,(z) =30 na E, m.e.

lim sug lun(z)| = 0. (11)

n-»00 z¢

910 yTBepXaeHHMe mosydaeTcd M3 TeopeMH 2’ mpu p = 1. Ycnopue
(11) nasmBaeTcs Heo6TOUMMM YycrosueM pasromeproll crodumocmu
Pyrxyuorasvrozo pada.

CdopmynnpyeM euie oqul xpumepull pasromeproti cxodumocmu pada.

Teopema 3. [Jas mozo wmobu psd (9) czoduscs pasromepro na
Mmuoxcecmee E, neobrodumo u docmamoyro, ymobw on cxoduacs va E u

[+ <]
lim su =0. 12

Hetticreurensho, ecin pan (9) cxomarca paBHOMepHo Ha E, To oH
cxomurca Ha E ® Bunosmserca ychaoene (10), 3 KoToporo B npegese
npu p — co caenyet yciosre (12). HaoGopor, ecu pan (9) cxonures u
BHIIOIHAETCA ycoBre (12), To, 09eBHAHO, BHNOHAETCA U ycioske (10).

1.3. IIpusnaxu papnomepHolt cxomumoctn pama. Haunem c mpocreit-
1lero M yYaue BCero IpMMeHsAeMoro npusxaxa Betlepumpacca.

IIycts nan psan
[ <]
Zun(t)s (1)
n=1

9JIeHhl KOTOpOIrO OmpelesieHh Ha HEKOTOpOM MHoXecTse E.
Teopema 1. Ecau cywecmeyem nocaedosameavtocmev Heompu-
UAMEALHNT wucea a,, n € N, maxuzr, umo pad io: an, cxodumca u,
HaYUHAR ¢ Hexomopozo Homepa N, n=t
lun(z)| < an VzZ €E, (2)

mo pad (1) wa muoocecmee E czodumca abcoarommo u pasromepHo.
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HdokasaTenncTBo. Us nmpusHaka cpaBHeHHA cJemyeT, 9TO pAX
(1) B xaxno#t Touke z € E cxommrca abCOMIOTHO, H MO3TOMY MOXKHO
roBoputh o cymme psana (1). Toraa, ecnu n > N, To u3 ycsiosua (2)
CJIeAyeT, 4To

00 [ <] 00
VzeE | D u(@)|< Y lull< Y o
k=n+1 k=n+1 k=n+1

00
A Tax xax lim )  ax =0, To, B cany KpuTepus paBHOMepHO$
N0 p—optl

cxommMmocTH pana (cM. Teopemy 3 u3 n.1.2), mannm#t pax (1) » paa

> lua(z)] ‘ )

n=1
cxoafATca paBHOMepHO Ha MHOXecTBe E. Teopema 1 moxasana.

(-]
IIpamep 1. PaccMoTpuM pan ) 2", rie 2 — KOMILIEKCHOE YHCJIO.
n=1
Ilo npusnaky Beftepmtpacca OH CXOMMTCA paBHOMEDHO B JIIOGOM Kpyre
|zl <r, rre 0 < r <1, Tak Kak |2"| < r* maa moboro z m3 3Toro

00
Kpyra, ® pag 3, r" cxomurcs.

n=1

3ametuM, uTo ecau pan (1) ynoBnersopseT YCJIOBHAM NpH3HAKa

Bettepmtpacca, To pan (1) cxommtcs BHa E He TO/NbKO paBHOMEPHO,
Ho u abcomorHo. Bonee Toro, pam (3) Toxe cxommrTcAa paBHOMEPHO
Ha E. Mexny teM BO3MOXHHW cJay4aH, Korna pax (1) cxoamrcs
paBHOMepHO, HO He abcosoTHo. BoaMoxXen naxke Takoi caywvaft, xorma
pan (1) cxomuTca aBcosOTHO M paBHOMEpHO, HO psan (3) cxonmtcs
HepaBHOMEpPHO.

oo (_1\n-1
Mpumep 2. Pag Y % cxonurca npu Jiobom z € R mo

n=1
npu3Haky Jleit6Huua, MpHYeM CXOMMTCA YCJIOBHO, Tak KakK
1 opE n— oo
————~ —
ZZ4n n P

ana moboro z € R. s HepaBeHcTBA

(<1t
z 22+ k

k=n+41

1 1
—z’+n+lsn+l

clefiyer, 4TO MAaHHHI PAM CXOQMTCA paBHOoMepHo Ha R (Tak Kak
BHINOJIHAIOTCA YCJOBHA KPHTEpHS paBHOMEPHOft CXOMMMOCTH pAja, CM.
Teopemy 3 u3 m.1.2).



360 IV1. 9 ®YHKUWUOHAJIBHBIE MNOCJ/IEOJOBATEJIBHOCTH U PSIALI

I 3. Pag 3 (=1)~1s2
uMe
pumep 3. Pan 3~ —as
Kak npH Jiobom z € R on cxomutca no mpusHaky Jleit6uuua M, kxpome
TOrO,
i (—1)*-1g2 < 22 1
k=n+1 (.1+32)k = (l+z2)n+1 g

CXOAMTCA paBHOMepHO Ha R, Tak

2

(o]

Onnako —_—
o pan £ 7
CTBHTeJIbHO, ecin z # 0, To

Ha R cxomutca, Ho HepasHoMmepHO. [eit-

z 22 1 _ 1
b, (4 z’)" A4zt 1 7 1+
1422

M HO3TOMY
o 2

R A+ |~

zeR

k=n+41

IIpumep 4. UccirenyeM Ha CXOAMMOCTb H PABHOMEDPHYIO CXOAMMOCTh
pan

had 2
zc"" sinnz, z€R.

n=1

JanHnift pag cxomutTca OpK Jiobom z € R, npuaeM cxoguTcsa
abcomotHo. HeftcTBATENIBHO, ecoin £ = (), TO y Hero Bce W/EHH PaBHH
Hymo, a ecau z # 0, To
n:’

- : ~nz3
- ]
je sinnz|< e Vn

o0
mpan ¥ e~ cxomurca.

n=1
Hanee, ecnm |z] > 46 > 0, 10

2 - 3 -nd?
le="*" sinnz| < e~ < e~™F.

CnemopaTesibHO, JaHHEIH pAX CXOOMTCA PaBHOMEPHO HAa MHOXECTBE
R\(—4;4) npu s0bom § > 0.
Ha murepBajie (—d;d) OH cxomuTcs HEpaBHOMEPHO, TaK Kak

sup |e="* —1/n ~lsinl

izi<é

sinnz| > e sinl >e

s moboro n > 1/, 1.e. He BHmoJHAETCA HeobXoAMMOe YCJIOBHE
paBHOMepHO#f CXOMMMOCTH pALa.
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Tenepp paccMOTpEM 3HaKONEpEeMEHHHHt pAx

2 _(=1)*tan(2), 4)

n=1
4ieHH KoToporo un(z) = (—1)""la,(z) onpenesens Ha MmHOXecTBe E

M NPHHAMAIOT, TOJIbKO AefCTBHTE/IbHHE 3HAYEHHMS.

Teopema 2. Ecau nocaedosamesvrocmes {an(z)} npu xascdom
z € E moromonno ybusaem u an(z) = 0 npu n — 00 pasromepro Ha
E, mo pad (4) cxodumcs pasnomepro na E.

Hokasartennctso. I[lo npusnaky Jleit6unua pan (4) cxomurca B
xaxgoft Touke z € E. Kpome Toro,

Y (-1aua)

k=n+1

S Gn+1 (z)!

a Tak KaK Gn41(z) =3 0 va E, 1o pan (4) ynoBnerBopser BceM
YCJIOBHAM KpHTepHA paBHOMepHOM cxommmocTH. CnemoBaTesibHO, pAX
(4) cxomurca paBHoMepHo Ha E. Teopema 2 mokasaHa.

Ilo aHajlorHHm C 4YMCJIOBBIMH pSaMH 3Ty TeopeMy OyaeM Ha3hi-
BaTb npusnaxom Jletibnuya. 3aMeTHM, YTO B mpuMepaX 2 B 3 Mu
NOJIb30BAJIACH STHM NPU3HAKOM.

B kxoHne paccMOTpMM pAaH BHI3
oo
Y an(2)ba(2), (5)
n=1

9IeHH KOTOporo un(z) = an(z)bn(z) onpenenenn Ha mHOXecTBe E,
npuyeM PyHKIHNH G, (Z) TIPUHEMAIOT TOJBKO AeHlcTBATE/IbHBE 3HAUEHHAA,
a ¢yHkuun b, () MOryT MpHHHMATL M KOMIJIEKCHBIE 3HAYEHHS.

Jns TakMX pAAoOB JOKaXeM IBa NpH3HAKa paBHOMepHO#f cxomm-
MOCTH, (OpMYJ/IMPOBKM KOTOPHIX HANOMHMHAIOT npusxaxu Jupuzse u
Abeas, noaToMy HX Tak M OymeM Ha3nBaTh. Ho mpexae maauM OIHO
onpeneJieHne.

Onpenenernne. TocnenosarenbHocts ynkuuit fn(z), n € N,
onpezieIeHHEIX HA MHOXeCTBe E, Ha3hBaeTCs pasHOMEPHO 02paruvertoll
Ha E, ecam cymecrsyer mocrosnHads M Takad, 9TO

|fa(z)] <M VYz€E, VaeN.

Teopema- 3. Ecau nocaedosamesvrocme {an(z)} npu xadxcdom
z € E monomonna, u an(z) = 0 npu n — oo pasnomepro na E, a

n
nocaedosameavrocmev Bn(z) = Y be(z) pasromepro ozpanuvena na E,
k=1

mo pad (5) crodumca pasnomepro va E.
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Hokasatensbctso. Ilo npusnaky dupuxne psaa (5) cxommrcs
npu Jobom z € E. Kpome Toro,

©0

E ai(z)be(z)

k=n+1

< 2M|an 41 (),

rae 4ucao M rakoe, 90 |Ba(z)| <M Vn€eN, Vzek&. A rak xak
an(z) =30 Ba E, 10 pan (5) ymoBsersopseT BCEM yCJIOBHAM KPHTEPHA
paBHOMepHO#t cxoaumocTH. Teopema 3 noka3aHa.

Teopema 4. Ecau nocaedosamesvrocmev {an(z)} npu xasxcdom
00

z € E monomonna u pasHomepro ozpanuvena wa E, a pad Y ba(z)

n=1
cxodumca pastomepro na E, mo pad (5) moorce cxodumcs pasromeprio
Ha E.

JdoxasatenbctBo. [lo npusnaky Abens AnA YUCIOBBIX DPAIOB
pan (5) cxomurca npu Jqobom r € E. Ilycrs

Rn(z) = Z bi(z).

k=n+1
Torma
00 00 00
S abe = E ak(Rk-1—Rk) = 6ny1Rn+ Y Ru(arsr1—ax). (6)
k=n+1 =n+1 k=n+1
IMonoxum

M;, = sup |Re(2)|.
z€E
k2%
Torpa m3 pasenctBa (6) mosywaem:

00

Z arbs

k=n+1

< 2M,|an41l-

Mo ycnosmio, cymectByer C Takoe, 9410 |an(z)| < C Vz € E, VneEN.
IloaTomy
o0

Z ar(z)bi(z)

k=n+1

< 2C M.

Teneps ocTayioch 3aMeTHTb, 4T0 My, — 0 nNpH n — 00, TaK KaK psan

(=]
Y. bn(z) cxomurca paBHomepHo Ha E. Teopema 4 nokasaHa.
n=1
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00
Mpumep 5. Paccmorpum pan E sin nz

, z€R.

Ecnu a > 1, To nanusi#t paa no npuanaxy Beftepmitpacca cxomurcs
abCcoJIIOTHO ¥ PaBHOMEPHO, TaK KakK

sinnz 1
v < ;; VzeR.
Ecim a < 0, To pAan cXoAuTcAa TOALKO aiaA = = kr, rme k — nesoe,,

TaK Kak ecM z # kw, 10 sinnz 5 0 npu n = co. eltcTBUTeNbHO,
ecyn 61 sinnz — 0 npH n — 0o, TO U3 paBEeHCTBa

sin(n + 1)z = sinnz - cos z + cosnz -sinz

cnenoBaJio 6ul, 4yTo U cosnz — () nNpr n — 00, a 3TO NPOTHBOPEYHT
ToMy, 4To sin’nz + cos®nz = 1.

IIycts Tenepp 0 < a < 1. Torma nanumIft pARX MOXHO HCCJIENOBATh
no npusnaky [upmxne. 3mech mocsenoBaTesbHOCTH an = 1/n%, n €N,
MOHOTOHHO YOHIBalOmWIaft H nll’lgo ap, = 0. PaccmoTpuM mnocienosaTesb-

n
HOoCTb Bn(z) = Y sinkz. Panee 6min0 moka3saBO, 4TO
k=1

|Ba(2)| < [sin 2|

CrnenosarenbHo, ecqm o > 0, To DaHHBEI# pAN CXOOATCA HpPH JoGOM
z €R: ecsim z'= 2kw, To Bce ero WieHn paBHH HyJIO, ecyin z # 2k,
TO OH cXomuTca no npusHaky Hmpuxse. IIpnuem, ecam oTpesok [a;b] He
COAEepXHT TodeK BHAa 2kw, rae k — mesioe, TO QaHHHIM psSA CXOOUTCA
paBHOMepHO Ha [a;b].

ITokaxkeM, 4to ecim 0 < a < 1, To HccaenyeMulit pax He CXOOMUTCSH
paBHOMepHO Ha oTpeske A = [—m;n]

B cymme
2n .
sin kz
>

k=n+1
nosioxum z = 1/2n. Torna 0< k/2n <1< 7/2,

2n " 7 20
Iocnennee cieiyeT M3 BHINYKJIOCTH BBepX rpadunxka pyHKUMH y = sin 2
Ha uHTepBaye (0; 1r/2). CnenoBarenbHo,

sup 22" smk:: Z
TEA [ nt1 T k=mtl ka
2n 2n
1 2 % 1 l—a
..... — S>Se—n=—
> z k* ® 2n n = " ’
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a 3T0 O3HaYaeT, 4YTO Ha [—m;7] He BHNoJHAeTcs yciaosue Koumn
paBHOMeDHOHM CXOXMMOCTH.

Npumep 6. Pan

=] .
sin nx 61/(33""3’) ’

a
n=1 n
COrJIaCHO NpH3HaKy AGesisi, CXOOMTCA TOCAa M TOJBKO TOTrHa, Koraa
CXoOMTCA PAX M3 mpenbigyuero npumepa. HeltcTBuTensHo, npu Jobom
z € R nocnenoBaTesbHOCTDH

an(z) = M/ +n?)

monoToHHa ¥ 1 < a,(z) < e. Cunenoparessno, ecin 0 < a < 1,
TO HNaHHHI DAJN CXOOMTCA paBHOMEpPHO Ha JioGoM oTpeske [a;b], He
colepxallleM TodeK BHAa 2k, rae k — wmesioe, a, HapUMep, Ha OTpe3Ke

[-7; 7] oH He cxomuTCA PaBHOMEPHO.

§ 2. CBolicTBa paBHOMEDHO CXOQNAIMMXCH
nmocJienoBaTe/;bHOCTeH W pAnoB

2.1. PaBHoMepHa® CXQEMMOCTh H HempepniBHOCTb. I[IycTb 3amaHa
[OCJIeIOBATENILHOCTD (byHKIHMH

fa(z), nEN, (1)

ompefesIeHHHIX Ha HEKOTOPOM MHoXecTBe E TO4YeK m-MEpHOro mpo-
cTpaHcTBa. B dacTHocTH, MHoXecTBOo E MoXeT 6HTH MHOXECTBOM
ToyeKk AelcTBHTENbHOM NPAMO#t MJIM KOMIIJIEKCHOH NJIOCKOCTH.

HayHeM c¢ npocTefimieft TeopeMbl, a MMeHHO, C meopeMb O Henpe-
pueHocmu npedeavott Pyrxyuu.

Teopema 1. Ecaunocaedosamesvrocms $yrxyuil (1) cxodumces pas-
HoMepHO na Muodcecmee E u xancdas us smur gynxyul nenpepmera 6
mouxe o € E, mo npedeavras Fynxyus mooice HenpepueHa 6 mouxe To.

HokasarenbcrtBo. Yepes f(z) o6o3naunm npenesibHyio GyHKUMIO
nocyenoBatesbHocT (1) M mokaxem, uro f(z) HempepsiBHa B TO4Ke
zo. Hna aToro cHayasia 3aMeTuM, 4TO XA Jioboro £ € F u moboro
n € N cnpaBe/InBH HepaBEeHCTBA:

|F(2) = f(zo)l < If(2) = fa ()| + | fa(2) = fa(z0)| + | fu(20)-
=f(=o)l < 2225 |f(z) = fa(@)| + | fa(2) = fa(zo)l- (2)

3anaguM Tenmepbp Hekotopoe € > 0. Torma cymectByer N Takoe, 4TO

sup |f(z) - (2| < 3.
z€E .
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Tak KaK fo(z) =3 f(z) Ha E. A Tak kak ¢ynkums fn(z) HenpepmBHa
B TOYKe Zo, TO cymecTsyeT 4 > 0 Takoe, 4TO

Vz € Os(z0) NE |fn(z) — fu(zo)l < 5.
IoaToMy u3 (2) cienyet, 4TO

Vz € 0s(z0) NE |f(z) — fl=zo)l <&

Teopema 1 nmoxasana.

Canencreue. Ecau nocaedosamesvrocme dywxyutt (1) crodumes
pasromepro Ha muoxcecmee E u xadxncdan us smur pyrxyuil nenpepwera
Ha E, mo npedeavran $ynxyus moodice nenpepsiena Ha E.

Kak nokasmBaior npumeps (cM. npumep 1 u3 n. 1.1), rpeboBanue
paBHOMepHoO#t cxoguMmocTH B TeopeMe 1 u caencrBuu 1 He MoxeT GHITH
onyueno. Ognako ato TpeboBaHue He ABNAETCH HEOOXOAMMLIM AJiA He-
npepeiBHOCTH npenesibHO#t ¢dynknun. Hampumep, nocsnenoBaresibHOCTD
fa(z) = 2", n € N, na untepsane (0;1) XoTA M CXomMTCA K Hempe-
poiBHO# ynkuun f(z) = 0, HO cxoaMTcA HepaBHOMepHo. Bce Xxe B
HEKOTOPHIX CJIy4YafX M3 HENpephiBHOCTH npenesibHoi pyHKUMM cienyeT
paBHOMepHa# CXOOMMOCTb. B 4YacTHOCTH, MMeEET MeCTO CJIeAYyIoLlad
meopema [Junu.

Teopema 2. ITycmv nocredosameavrocmy dynxyutt (1) 6 anbott
mouxe * € E monomonro ybueaem. Tozda, ecau xadxcdas u3 smuz
Pyrxyuil nenpepwera na E, mwoocecmso E xomnaxmuo u nocaedo-
eameavrocme (1) cxodumcs x nenpepweroid na E dymxyuu, mo ama
nocaedoeameaviocmod crodumca pasromepro na E.

Hokasateannctso. Ilycts
lim fa(z) = f(2), pnz = fal2) - £(2).
Torna byHkuua p,(z) HenmpepniBHA, ¢n(z) - 0 Ha E n
en(z) 2 Yns1(z) VneN, VzekE.
HoxaxeM, 410 ¢, (z) =3 0 Ha E. [Ina 2TOO AOCTATOYHO YCTAHOBHTb, YTO
Ve>0 3In: VzeE ou(z)<e. (3)

JokasarenbcrBo 6ynem Bectn MetofoMm "ot mporuBHoro”. Ilpemmo-
JIOKHM, 4To ycjioBue (3) He BHINO/HAETCA, a BHIMOJHAETCA NMPOTHBO-
NOJIOXKHOE yCJIOBHE:

Je>0: Vn Jz=z,€E: opn(zn)>e.

Tak kak z, € E Vn n1 MHoXecTBO £ KOMNaxkTHO, TO Y NOCJE€NOBATEJb-
HOCTH {z,} CylulecTByeT MOANOC/IENOBATENBHOCTD {Zn,}, CXOAAWAACA K
HeKkoTopoft Touke zg € E. Torma, eciut m < ng, TO

Pm(Zny) 2 @ns(zas) 2 €,
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H MO3TOMY kl_i*rgo em(Zny) = ¢m(z0) > € YVm. Opsako 3To npoTHso-

PeYHT ToMy, YTO ¢Ym(zo) = 0 npu m — oo. CnenopaTenbHo, Haure
npeanosioxxeHHe HepepHoe. Teopema 2 nokasaHa.

OTmeTuM, yTO TpeGoBaHHMe KOMIAKTHOCTH 3fiech cyliectBeHno. Ha-
npumep, z" — 0 npu n — oo Ha muTtepsaje (0;1), HO cxomuMocTb
HepaBHOMepHA.

CdopmynupyeM moJsiydeHHHE pe3YJbTATH OPUMEHHTEIBHO K yHK-
OHOHAJILHOMY PALY

Z“n(z)y (4)

n=1

IeHH KOTOpOTO ofipelle/IeHh Ha HeKoTopom MHoxectse E C R™.

Teopema 1. Ecau psad (4) cxodumcs pasromepro Ha mrodicecmee
E u ece e20 waenwn nenpepuern 8 mouxe zo € E, mo e20 cymma moorce
Henpeptera 8 mouxe zg. Ecau dice waenst pada nenpepuenn va E, mo
€20 cymma moorce Henpepwena na E.

Teopema 2. [Tycmov muooicecmso E xomnaxmuo u waenw pada (4)
HenpepweHs u Heompuyameavnse Ha E. Tozda, ecau pad (4) cxodumes na
E u e2o cymma Henpepwena na E, mo on cxodumcsa paenomepro va E.

2.2. PapHoMepHas CXOOMMOCTh H IIOBTOpHRle mpeleasl. B aToM
NYHKTE [OOKaXeM HECKOJIbKO YTBEepXAeHH#t O MOBTOpPHHIX Npenesax.
IMycTs 3afaBa MOCJIENOBATENBHOCTH QyHKIHH

fa(z), n€N, (1)

onpenesieHHHIX . HA HekotopoM MHoXectBe E C R™, u nycts a —
npefesibHas TOo4Ka MHOXecTBa E (KoHeWHasd MM 6ecxonetmaa)
Teopema 1. Ecau nocaedosameavrocmov $ynxyud (1) czodumcs
pasromepro Ha E u xaxwcdas us amuz $ynxyuldl umeem npedea npu
z — a, mo oba nosmopunzr npedeaa
lim lim P fa(z) = nll'l:lo zl'n_x’rtx' fa(z)

z—+a N0

cywecmeyom u pasH:

zl'!_r’r‘l‘ nl_l_’r{.lo fa(z) = hm hm fa(2).

JpyruMr cioBaMu, €CJIH BHINOJIHEHH! YCJIOBHS TEOPEMBI, TO YHCJIO-
Bas MOCJENOBaTeJIbHOCTD

Yn = ’!i_l.!‘l'fn(t), neEN,
cXomuTCH, mpemesbHas dynkmus f(z) mocnemoBatennHocTH (1) mMeer

npenesi MpA Z —a M
lim f(z) = lim y,.
r—a n—00
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HokasaTenbcTBo. CHadasa NoKaxkeM, 9TO NOC/IENOBATE/ILHOCTD
{yn} cxonurcs.

W3 paBEOMepHO#) cxomuMocTH mocienoBaTesbHOCTH { fr(2)} cnenyer,
4T0 mua Joboro € > 0 cymecrsyer N, Takoe, 4To mjaa Jnobmx n > N,
m > N; n z € £ cnpaBemyinBo HepaBeHCTBO

[fa(z) — fm(2z)| < €.
W3 Hero B mpepeyie npH = — @ NOJIy4aeM:
Iyn_ymlse anNg, VmZN¢.

CiienoBaTesibHO, NOCJIENOBATENBHOCTb {Yyn} YHOBJIETBOPAET YCJIOBHIO
Komn, m nostomy cxoaurca. Yepes A o0603HauuM ee mnpenes H

JOKaXeM, 4TO .
lim f(z) = A.

3ameTnM mpexge BCero, 4To
If(x) - Al < |f(z) - fn(z)l + 'fn('t) = ¥Unl +lya — 4] . (2)
ona Juobeix x € E m neN.
3agagnm Tenepp HekoTopoe € > 0. Torza ms pasHoMepHOM cxonm-
MocTH fo(z) x f(z) BHA E caenyer, 910
AN': Va2 N sup|f(e) - fal@)l < 3, 3)
s€E 3
a M3 CXOAMMOCTH Yn K A cjenmyeT, 9TO

AN": V¥Yn>N" |y,.-A|<§. (4)

Ionoxum N = max{N’; N"}. Onsa sroro N u3 (2), (3) u (4) nonyqaem
HEpaBeHCTBO

If(z) - Al < §e+ fv(e) - un| Vze€E.

A Tak xak fy(z) =y~ npE z — @, To cyuecTByeT okpectrocTh O(a)
TOYKH G TaKaf, 4TO

|f~(z)—.v.,.|<§ VzeO(@NE, z#a.

CanenoBaTeJibHO,
|f(z)— A|]<e Vz€O(@NE, z#a.

Teopema 1 moka3aHa.
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CdopmysiapyeM JOKa3aHHYIO TEOpeMy NPHMEHMTENbHO K (PYHKIHO-
HaJIbHOMY panxy

Y ua(a), (5)
n=1

YWIEHH KOTOPOro ompenesIeHn Ha MHOXeCTBe E.

Caencreue 1. Ecau pad (5) cxodumcsa pasrnomepro wa E u
xaxcdwil ezo waen uMeem npedea npu T — @, mo pad u3z s3muz
npedesaos czodumes, cymma pada (5) umeem npedea npu r —a u

hm Z up(z) = Z hm tn(2).

n=1
Paccuo'rpma elile Tak Ha3bBaeMhle deotinvie nocaedosameavrocmu:
Gmn, ME N, n€N.

CanencrBue 2. Ecau nocredosamenvrocme @pmyn, m € N, czodum-
ca npu arobom n €N, a nocaedosamesvtocme amp, n € N, crodumca
pasHomepro omrocumeavrio m € N, mo oba noemoprnz npedeaa cyuje-
CMBYI0Mm u PasHH:

lim lim amp, = lim lim amg.
m=$00 Nn—»00 Nn—>00 M~—=»00

Ha npumepe " gsoftHoft mocnenopaTesIbHOCTH” HOKaXeM, uTO Tpebo-
BaHHe DaBHOMEpPHOH CXOIMMOCTH 3[ECh CYLIECTBEHHO.

Ipumep. Ilycs

meN, nelN.

Gmn =

m+n’

Toraa @mn — -1 npE m — co mna Kaxaoro n €N, u apn — 0 npn
n — 00 Aja xkaxnoro m € N. Cnenosatesnbho,

im lim amp =1, lim lim am, =0.
n—00 M—00 m—$00 n—00

3nech HeT paBHOMEPHO#f CXOAMMOCTH HH OTHOCHTEJIBHO 1, HH OTHOCH-
TensHO n. HellcTBHTENBHO,

suplemn —1=1 YmeN,
n
suplamn|=1 VYneN.
m

B xonlle paccMOTpHM noemoprvie padu:

Zzamm Ezamrv (6)

m=1in=1 n=lm=1
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(-]
Canencreue 3. Ecau pad ) amn czrodumcsa npu awbom n € N, a
m=1

Z:E:MJ )

n=1

czodumca pasromepro omuocumeavro m € N, mo oba nosmopnmz pada
(6) czodames u uzr cymmu pasHm:

pad

le‘;a.,.,. =32 dmn (®)
m=1n= n=1m=1

HeltcTprATENbHO,

£ (Em) (&)

npHYeM psfl CXOOMTCH paBHOMepHO oTHocHTesbHO m € N. IToatomy

m 00
s f(Ee) - (2 Een)
4TO M [OKa3nBaeT PaBeHCTBO (8).

BMecTo 3TOrO yTBepXKIEeHHA ynoGHee mosib3oBaThCcH GoJiee MPOCTHIM
ROCTATOYHHIM TMPH3HAKOM DaBEHCTBA CYMM MOBTODHBIX PANOB.

00
Teopema 2. ITycmv npu awbom n €N pad Y |amn| czodumes,
m=1

00 00
u nycmo by, = Y |amn|. To2da, ecau pad Y, b, czodumcs, mo oba
m=1 n=1
nosmopnuz pada (8) crodamcs u uzT cymMMu PasHv.
HoxasatenscTBo. Paa (7) cxomurca paBEOMEPHO OTHOCHTEILHO
m € N no nprsnaky Beitepmitpacca, Tak Xak

m
E Gkn

k=1

<b, VmeN, VneN,

00
u pax Y, b, cxomurca. Kpome Toro, kaxawiit anen pana (7) mmeer
n=1
KOHe4YHHH npenen npH m — 0o. CrnenoearesbHO, 062 MOBTOPHEIX pAAa
(6) cxonaTcs, m ux cyMmul paBHH. Teopema 2 mokasana.

2.3. PaBHoMepHaZ CXOmM'10CTH W muTerpwposanmme. IlycTs 3anana
NoCJIefOBaTeJIbHOCTh GyHKImMH

fn(z), n €N, (l)

onpelleNleHHHX Ha HekoTopoM ortpeske A = [a;b] meficTBuTesnbHOM oChH
# NPHHMMAIOWHUX JelfcTBHTE/]bHbIE HJIM KOMIJIEKCHHE 3HaYeHHA.

13 — 1402
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Teopema 1. Ecau dynxyuu fo(z) Henpepmenws na ompesxe A u
nocaedosameavrocms (1) czodumca pasromepro va A x pynxyuu f(z),
mo nocaedosameavrocms Pyrxyuti

Fa@) = [ fadt, neN, @

mooce cTodumca pasHomepro Ha A u
E 4
ﬂﬁn@=/mm. (3)
a

HeftcrpaTensro, no teopeme 1 w3 n.1.1 dynkuus f(z) wenpepribna,
a nosToMy M MHTerpupyema Ha [a;b]. Kpome Toro,

sup | Fa(z) — / ft)dt| < (b-a)sup falt) ~ SO 50 (4)
r€A . z€A

np¥ 1 — 00, YTO M JOKa3LIBaeT TeopeMy 1.
Taxnm 06pa3oM, eC/IH BBHINOJHEHH YCJIOBHA TeOpeMH 1, To

[} b
Eﬂ/h@h:/ﬂgﬁ@h. (5)

B 3T0M cityuae rOBOPAT, YTO BO3MOXEH npedeavnditl nepexod nod 3xaxom
unmezpaaa. Teopema 1 Ha3LIBaeTcA meopemoil 06 unmezpuposaruu nod
3naxom npedeaa.

Jokaxem obobuienne Teopemnl 1, a MMeHHO, OTKaXeMca OT Tpebo-
BaHMA HENPEpHBHOCTH pPACCMATPHBaeMBIX yHKIMIA.

Teopema 2. Ecau fynxyuu fo(z) unmezpupyemss na ompes-
xe A u fo(z) = f(z) pasromepro na A, mo npedeavnas PyHxyus
f(z) unmezpupyema, nocaedosamesvrocme (2) crodumcs pasromepro
u cnpasedaueo pasercmeo (3).

HokxasareabcTBo. Jlokaxem cHagaya, 4To ¢pynkuus f(z) uB-
TerpapyeMa Ha A. OueBHAHO, MOXHO OrPaHHIATHCA DYHKIHAMH,
OPHHAMAIOWMMH JelfcTBUTEe/IbAbIE SHAYECHAA.

HOyecrs v = {A;,...,AN} — HekoTOopoe pasfuenme oTpeska A.
Torna, ecn §§ € A; n 15 € Aj, TO

[£(&) = F(ni)l < |F(&5) = Fa(&5)] + | Fa(&5) = Fa(m)|+
+|fa(n5) = F(ni)| < 2:22 1f(z) = fa(2)] +w(fn; ),
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rne w(fn; Aj) — xoneGamme dpynkmum f, Ha MHOXecTBe Aj. Orciona
cJienyer, 4To

w(f; 45) < 2:22 1f(2) = fa(2)] + w(fn; A),

N N
D wlfi85)14;] < 2(b - ) sup |f(2) — fa()l + 3 wlfai B3)IA51-

i=1 j=1

Bnibepem Tenepb HekoTopoe £ > 0. Torma W3 paBHOMEpHO! cXOmMMOCTH
fa(2) x f(z) ma A caenyer, uTo

Ip: 2(b-a)sup |f(z) - fo()| < =,
z€EA

a ®3 EATerpupyeMocTn fp(z) Ha A caeayer, 4TO

N

€

3r: Y wifriAflAgl < 3
j=1

CaenoBatesbHo, mna Jjoboro € > 0 cymecrsyer pa3buenme T =
= {Ay,...,AN} TaKoe, uTO

N
D w(f; a9l <,

i=1

n noaromy ¢byukuusa f(z) mETerpupyema Ha A.

OcranbEble YTBEpKIEHHA TeOpeMH CJIEAYIOT M3 HepaBeHCTBa (4).
Teopema 2 pokasaHa.

TakuMm 06pa3soM, €CJIH BHIIOJIHEHH YCJIOBHAl TeOpeMHl 2, TO BO3MO-
JKeH npenesbHHI! DepexoR MOX 3HAKOM HHTerpaJjia, T.e. clipaBel/IMBa
dopmyna (5).

CdopmynupyeM NOJIyYeHHBI} pe3yJbTaT NPHMEHHTENbLHO K ¢yHK-
OMOHAJILHOMY PARY

(-]
Y un(2), (6)

n=1

YJIEeHH KOTOpOro onpelesieHH Ha oTpeske A W NpPHHAMAIOT AeHCTBH-
TeJIbHHE HJIM KOMIJIEKCHhie 3HaYeHHS.

Cneacrsue. Ecau dynxyuu u,(z) uwmezpupyemu na ompesxe A u
pad (6) crodumca pasromepro na A, mo cymma pada (6) unmezpupyema

Ha A u
/ iun(z) dz= i j un(z) dz. )
a

n=1 n=1 A

13+
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B aTOM ciydae roBOpAT, UTO Jonycmumo nowaexnoe unmezpupo-
eanue pada, a caMO YTBEpXIICHHE Ha3bIBRIOT MEOPEMOll 0 NONAEHHOM
unmezpuposanuu pada.

OtMmeTuM, uTO TpebGoBaHHE PaBHOMEPHO# CXOAMMOCTH CYUIECTBEHHO
ana seproctH pabeHcTs (5) u (7) (cM. mpaMmepm 4-6 us n.1.1).

B koHme nokakeM TeopeMy O MOY/JIEHHOM HMHTErpPHPOBAaHHM ¢yHK-

LIMOHAILHOTO pAAa -
Z Un (z ) ’ (8)

n=1

4JIeHH KOTOPOro onpelesieHH Ha HeKOTopoH riaako#ft (unm KycouHo-
ry1anaKkoft) KpMBO#M <y KOMIJIEKCHOR NJIOCKOCTH.

Teopema 3. Ecau $ynxyuu u,(z) unmezpupyemu na xpueot ¥ u
pad (8) cxodumca pasnomepro Ha ¥, mo cymma psda (8) unmezpupyema

Ha Y u
/Zu,.(z)dz: Z

5 n=1 n=1

/ un(2)dz. (9)
4

JdoxasateabcTso. IlycTs KpABasAz 7y MMeeT NpeNCTaB/IeHHE 2 =
= 2(t), a <t <b Toraa, ecm pan (8) cxomurTcs paBHOMEpHO Ha
KpuBoit v, TOo pAA

Z un(2(t))2'(¢)

CXOmMTCAA paBHOMepHO Ha orpeske [a;b]. CuienopatesibHO, ero cymma
HHTErpupyema Ha [a;b], @ ero MOXHO HWHTErpHpOBaThL NMOYJEHHO, T.€.
CHPaBEJJIHBO PaBEHCTBO:

/

CorsacHO ompejie/ieHHIO HMHTerpaja MO KPHBOH{ 9, 3TO paBEHCTBO paB-
HocusbHO paBeHcTBy (9). Teopema 3 noxasaHa.

00 00 b
3wz @)@ dt =Y / un(2(8))2'(t) dt.

n=1 n=1 a

2.4. PapHoMepHax cxomaMocts B maddepemmponanne. [IycTh 3agaHa
NOCJIEOBATENIbHOCTD PyHKImlt

fn(l')’ ne N, (1)

ONpele/IeHHHX Ha HeKoTopoM oTpeske A = [a;b] mefictBaTesbHOM och
H NPHHUMAIOUMX AeHCTBUTESIbHHIE MJIM KOMIJIEKCHHIE 3HAYEHMA.

C nomourpio TeopeMul 1 U3 npeabiayliero NyHKTa JIErKO NOKa3hiBa-
eTcs cnenyoulas meopema o duddepenyuposanuu nod 3naxom npedeaa
(snm, 4TO TO Xe caMoe, O npedeavrom neperode nod 3HAKOM NPOUS-
eodoti).
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Teopema 1. Ecau nocaedosameavrocme (1) crodumca roma 6u e
odroli mouxe zo € A, Pynxyuu fn(z) nenpepmeno dudPepernyupyemmu
ta A u nocaedosamesvrocmsd npoussodnwz f,(z) czodumea pasnomepro
na A, mo nocaedosamesvrocme (1) moorce crodumca pasnomepro wa
A, ee npedeavrar fynxyus f(z) nenpepmeno dudpepenyupyema va A u

f'(z) = lim fa(z) VzeA. (2)

Hoxasatenncrpo. Ilycts fu(zo) = yo mpu n — oo, ¥ mycrs
Ja(z) 3 o(z) na A. Torma, B cuay Teopemnl 1 n.2.3, 3 paBeHcTBa

fa(@) = falzo) + / fit)dt

caenyer, 4To
z

fn(’:):tyo-!-/«p(t)dt H A,

To

H TO3TOMY
E

fz) = v+ / olt) dt,

Zo

rae ¢yHKkOua ¢ HenpepueHa Ha A. CuenosaresbHo, f(z) HempepuBHO
nuddepenunpyema Ha A u f'(z) = ¢(z), T.e. cnpaBeanusa popMyna (2).
Teopema 1 gokasana.

IleHOIO HEKOTOPOro YCJIOXKHEHMs AOKA3ATENbCTBa MOXHO OCBOGO-
AATHCA OT NPENNOJIOKEHHA O HEMPEePHBHOCTH NPOM3BOAHHX fj (z).

Teopema 2. Ecau nocaedosamesvtiocmsv (1) czodumcs zoms 6w
6 odnollt mouxe zo € A, dynxyuu fn(z) Juddeperyupyemmn ne A u
nocaedosameavrocmov {fi(z)} czodumca pasnomepro wa A, mo no-
caedosameavrocms (1) czrodumcs pasromepro Ha A, ee npedesvras
dyrxyus f(z) dubpepenyupyema na A u cnpasedausa $opmyaa (2).

JdokasareabcTBo. PaccMOTPHM MOC/IeROBATENILHOCTh PyHKIMM

?n(z) = W: z ¢ ZTo,

¢n(z0) = fi(zo). OHa cxonuTca paBHoMepHO Ha A. IeltcTBETENBHO,
on(z) = pm(z) = fu(€) — fm(E),

rze § JIeXHT MeXIy Z H Zo. (3Zech MB NpuMeHnsIH Teopemy Jlarpamka
o cpenteM K byHKunH fo(z) — fm(z).) Caenosarensho,

lien(2) = m(2)] < sup If5(2z) = fm(2)]
z€EA
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A mobnx n,m u mobux z € A. Orciona ¥ u3 pasHoOMepHO#
cxonxuMocTH nocnenoBaTessHocT {f4(z)} Ha A caenmyet, uto {pn(z)}
cxonuTcs paBHOMepHO Ha A. A Tak Kak fn(Z) = fa(zo)+¢n(z)(z—z0),
To nocJsenosatesnbHocTh (1) Toxke cxommrca paBHomepHo Ha A. IlycTb
fa(z) 3 f(z) va A. Tornma, B cuay TeopeMn 1 ¥3 m.2.2 o paBencTBe
NIOBTOPHBIX IIpefeJIoB,

lim £EL=F@0) _ it im ¢n(z) = ]

o T ’
T—To T —- zo T=»To N—H00 m zantlo ‘Pﬂ(z) - ﬂ]l{& fn (zo)’

i
-+00
¥ nocsenunft npenen cymectsyer. CienobaTenbHo,
" . !
zg) = lim .
f'(zo) = lim_ fn(zo)

YTobhl 3aBeplINTh MAOKA3aTENbCTBO, 3aMETHM, YTO B PACCMOTPEHHHIX
npenesiax TO4YKa ro MoxeT 6HITb Jilo6o#t Touko#t oTpeska A. Teopema 2
JOKa3aHa.

Kak nokasniBalor npumepn 2 ® 3 u3 n.l.1, TpeGoBanme paBHO-
MEpHOM CXOQMMOCTH MOCJIEXOBATE/LHOCTH M3 NPOM3BOAHHX ABJIAETCA
CylleCTBEHHBIM.

Takum o6pa3oM, ec/iM BLINOJHAIOTCA YCJIOBMA TeopeMbl 2 (cJeno-
BaTeNIbHO, M TeopeMH 1), To

d . . d
‘—i;nll’ngof,.(z) —“1520 2;},.(:) VzeA,

T.e. onepayuu npedeavrozo neperoda u JudPeperyuposarus ModxicHo
nepecmasAAmo.

CoopmyanpyeM nosydeHHH#t pesysbTaT NPHMEHHTENbHO K DALY

Y ua(2), ®)

n=1

YNeHH KOTOpOro ompenejieHH Ha oTpe3ke A M NpUHUMAIOT AelcTBH-
TeJIbHHE MJIH KOMIJIEKCHHE 3HaYeHHs.

Cneacrpue. Ecau pad (3) crodumca zoms 6w 6 odwoti mouxe
00

29 € A, fynxyuu un(z) Juddepenyupyemu na A u pad Y up(z)
n=1

czodumca paenomepro na A, mo pad (3) crodumcs pasromepro na A,
ezo0 cymma Juddepenyupyema na A u

d — d
EZu,.(z):Z-&;un(x) Vz € A.

n=1 n=1

Taxum o6pa3oM, B paCCMaTpHBAEMOM CJIy4Yae AOOYCTHMO nouseHHoe
dud peperyuposarue psada.
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B saxmovenme noxaxeM TeopeMy o noujensoM auddepennmpona-
HEM PYHKIMOHAVILHOTO pAna

3 un(2), (@)

n=1

4JleHsH KOTOpOro ompefejieHH B HekoTopoit obnactH G KoMILTeKcHOH
ILJTOCKOCTH.

Teopema 3. Ecau pad (4) czodumcs zomsa 6w 6 odnoll mouxe
20 € G, $ynxyuu u,(2) nenpepwisro Judpepenyupyemn e obaacmu G u
pad u3 npoussodnmuz crodumca pasnomepro wa G, mo pad (3) crodumes
na G, e20 cymma Henpepuisno OGuddepenyupyesa u

LY unle) =Y 2unl). 5)
n=1

n=1

HdokasatTeabcrpo. llycth 2€G 1
n
falz) =D ui(2).
k=1

Tax xax HHTerpan or f,(z) He 3aBHCHT OT NMYTH MHTETPHPOBaHHA, TO
AR AORY FAGES (©)

rae mHTerpan Gepercsa nmo mekoropo#t riamxoit xpmso#t ¥y C G, coenu-
HAOWEe! TOYKH 29 M 2.
Ionoxum

a= “lggo Ja(20), o(2) = nli’ngo f,’,(z), z€G,

u nepeliieM X mpenmesy NpE n — oo B pasenctee (6). B pesysbrare
noJiyqaeMm:

Jim In(s) =a+ [ ple)de.

3necy npenesnbHui nepexof MOX 3HAKOM MHTErpaJjla 3aKOHEH, TaK KakK
nocJienoBarensHocTd {f,(€)} Ha kpmBoift ¥ cxoamTCA paBHOMEpHO.
Takum obpasoM, pan (4) cxomarca B moboft Touke z € G, mpuieM

(o) = - wlaa) + [ 3 uil) e
k=1 k=1 20 k=1

Orciona cienyer, 4To cymMma pama (4) HMeeT NpOM3BOAHYIO H 3Ta
npou3BolHaA BLYMc/aAeTca no ¢opmyne (5). Teopema 3 nokasana.
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2.5. Ilpamep nenpepubHoit Hurne Hemuddepemmpyemolt pyrxipm.
IlepBuiit npuMep HempepwiBHO# Hurae Hemuddepenumpyemoit bynxnmn,
onpeneyienno#t Ha R, 6n1 mocrpoen Belteputpaccom. OHa 3afaBajiach
pAIOM

f(z) = f: a* cos(b*nz),
k=1

rme 0 < a <1, a b — HeyeTHOe HaTypasbHOe uHcI0. (OyeBmaHO,
3TOT PAA CXOOMTCA paBHOMepHO Ha R, M, cjlenoBaTe/IbHO, €ro cyMma
f(z) HempepniBHa Ha R. Beitepurpacc nokasas, 9TO HpH YCJIOBHA
2(ab—1) > 3r y dyrkumm f(z) Hu B omHOl# TOUKe He CYleCTByeT
KoHe4HO#t npoussoaHoft.

Mu paccmorpum Gosiee mpoctoft mpumep. Ilycts (z) — wernas
nepuonndeckas ¢pyHKuua c mepuwogom T = 2, KoTopad paBHa T, €CJIH
0 < z < 1. Ouepnano, dynkuus ¢(z) HempepmsHa Ha R, pan

3 (3) we

cXoiuTcs paBHoMepHo Ha R, W, ciemoBaresbHO, ero cymMa f(z) He-
npepuiBHa Ha R. ITokaxem, 910 3Ta QyHKHMA HH B oaHoft Touke He
HMeeT KOHe4HOH Nmpom3BOXHOM.

B cuny weTHocTH M nepuoamyHocTH GyHKIMH f(z), 3amanHHOR paAOM
(1), mocraToyno paccMoTpeTh JMmb caydalt, korna zo € [0;1].
INonoxnm

an=4""[4"z0], Pn=4""([4"20] +1),
rae [4"z9) — nenas wacth uncaa 4"zo, n € N. Torna
ap < zp < ﬁ?. Vn, nligno(ﬁ,. —ap)=0.

3ameTuM, uTO ecaim k > n, To pasmoctb 4*g, — 4*a, ectb menoce
YeTHOe YHUCJIO, H MI03TOMY cp(4"ﬂ,.) = p(4*a,) Vk > n. Cnenosaresso,

n 3 k
16 -fam =3 (3) s -vtdta). @
k=1
anee, ecnn k = n, 10 4*f, u 4*a, nennie, ux pasHocTh pasna 1,
H NO3TOMY
#(4"Bn) - p(4"ay) = £1. (3)
Ecin xe k < n, 1o mexay 4*a, u 4*f, BeT mennx uyHces, n HOITOMY

P(4*8n) = (4 an) = £4* (B — an) = 244" (4)
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Us (2), (3) u (4) cnenyer, uto

o=z () -3 () #-n =

k=1

A Tak KaK f, —a, =1/4, TO

|£(8n) = Flam)] 2 3"+ 3n — anl, Yn> 1.

Us uocnenmero nepaBeHcTBa cJiesyer, 9To ¢yHKmMs f(z) He MoxeT
HMETb KOHe4YHOH#t nmpom3BogHO#f B TOuUKe zg.

§ 3. CrenennBle pampl

3.1. Pamayc cXOmMMOCTH M XPYT CXOOMMOCTH cCTelleHHoro psna. B
aToM mnaparpacde 6ymem paccMaTpuBaTh (PYHKUHOHAJIbHEIE PAAL BHAA

o0
n
E an(z — 2)", (1)
n=0
rae zp | a@p,aq,...,0n,... — 3aJaHALEe KOMIIEKCHLE YHCIA, & 2 — IIe-

peMeHHas, IpMHAMAOWAsA KOMIJIEKCHHe 3Hadennd, T.e. z € C, rne C —
MHOXXeCTBO KOMIJIEKCHHX 4Hcesl. Takne pAAnl Ha3HBAIOTCH CmeneHHy-
Mu padamu. Yucna ap,@;,...,0p,... HA3HIBAIOTCA Xx03§funyuernmamu
cmenennozo pada (1)

OTMeTHM, YTO y CTENEHHOro pANa cyYeT WIeHOB BeleTcs He C eIWHH-
LB, 3 C HYJsA: NEpBLI 4jieH Ha3BLIBaeTCs HYJIEBHIM, BTOPO — repBHIM
# T.a. N8 creneHHOro psfia TaKo#t cueT ABJIAETCA €CTECTBEHHHIM, Tak
KaK HyJleBoff 4seH up ABJIAETCA Npou3BeAeHHeM KoadpdHIMeHTa ap Ha
MHoTouJIen Hysepoft cremenn (z —20)° = 1, mepBui#t 4ieH u; ecTs mpo-
H3BelleHHe a) Ha z — zp, H, BooOule, n-i WwieH u, paBeH NPOU3BEIECHHIO
koa¢duuMesTa a, HA MHOroweH n-it creness (z — zo)".

OrmeruM ewe, 9ro Jroboit cremennoit pan suma (1) cxomurca B
TOYKe 29, TaK UYTO OOGJIacTb CXOAMMOCTH Jiio6Oro creneHHoro psana
COEPXHT MO KpaitHe#t Mepe omsy Touky. [Hanbueftume cBeneHus o6
ycTpoiicTBe 06JIaCTH CXOZMMOCTH CTENeHHONO psAla JaeT cCJeiyiouas
meopema Abers.

Teopema 1. Ecau cmenennott psd (1) crodumes 6 mouxe 2y # 2o,
mo on crodumca abcoaromno 6 awboli mouxe z u3 xpyea |z — zp| <y,
2de r, = |21 - Zol.

HokasareabctBo. Tak kak pax (1) cxomurca B Touke z;, TO
NOCJ/IEAOBATENbHOCTb {a,rT} orpanmvena. Ilycts

lanrf| <M Vn.
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1
Monoxum ¢ = -’-_-Iz — 29|. Torna
1

lan(z — 20)"| = lanlriq" < Mq” Vn.
Orciona mo mpH3HAaKy CpaBHEHMA CJEHNyeT, YTO €CJH |z — z9| < ry, TO
pan (1) cxomurca abcomorHo. Teopema 1 mokasana.

Cnencrpue. Ecau pad (1) paczodumes e mouxe 23, mo on paczo-
dumcs 6 awbolt mouxe z, GaR xomopotl |z — zg| > ra, 20e ro = |22 — 20|.

N3 Teopemn AGena ciemyer, 9To msa cTemeHHoro pama (1) Boa-
MOXHBI TPH CHTYAIMH:

1. pan (1) cxomMTCA TOMBLKO B TOYKe 2o;

2. pan (1) cxomurca Bo Bcex Toukax z € C;

3. cymecrByer 9ncio R > 0 Takoe, 4TO AJIA BCcex z M3 Kpyra
z — 29| < R pan cxomaTca, a ANA BceX z, JJIA KOTODHIX
z — 29| > R, pAno pacXOOHTCH.

Onpenenenune. Ynciio R > 0, obnamaiomee cBoficTBoM: pan
(1) cxomurcs, ecnm |z — z| < R, u pacxommtes, ecqd |z — z0| > R,
HasnBaeTcA paduycom crodumocmu, a KPYr |z — 20| < R — xpyzom
czodumocmu cremenHoro pana (1).

Ecau pan (1) cxomurcs ToMbKO B TOYKe Zg, TO, NO ONPEIe/IEHHIO,
R=0. Ecnu xe pan (1) cxonurcsa npu mobom z € C, To R = +oo.

Teopema 2. Y awbozo cmenennozo pada (1) cywecmsyem paduyc
czodumocmu R, npuvem

1

HokasatenscrBo. Ilycts "li’r&\‘/|an| = ¢, W NyCTb CHayaJja
0< ¢ < +00. Torma

T ene =) = ¢ |2 — .

Orciona no npmsHaxy Kouwm ans 9uciioBoro psga cjaenyeT, 4TO Pk
(1) cxommrca, ecam g|z — 29| < 1, B pacxonured, ecomm glz — zo| > 1.

Cnenoaresibio, R = 1/q, T.e. cnpaseasusa dpopmya (2).

Ecm ¢ = 0, to pan (1) cxomurca npu JmobGom 2z, M MO3TOMY
R = +00. Ecnu xe ¢ = 400, To pan (1) pacxomurca mpu .Jro6om
z # 29, ¥ moaroMy R = 0. MoxXHO CYATaTh, YTO B 3THX CJyYasX ToXe
cnpaBensiupa ¢opmyaa (2). Teopema 2 nokasana.

®opmyna (2) HasnBaeTca Fopmysott Kowu-Adamapa ansa panguyca
CXOIMMOCTH cTeneHHOro psfa (1).

NMpumep 1. Haftnem paauyc CXOOUMOCTH CTENEHHOrO pANa

s .

n=0
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Cuavana BocoJsibsyeMcs npusHakoM Ko ans anciioBeX psamoB. 3mech

z2n
Un =50 | llm V|un| = lzl

TMoaromy pan cxommres, ecm |z| < v/2, m pacxomurcs, ecnm |z| > V2.
Cnenosarensuo, R = V2

Haitnem pammyc cxomuMocTi eue u no ¢opmyse Komm—Anamapa.
3nech K03 PHLIAEHTH CTENEHHOrO PAlla 33/IAI0TCA CIEAYIOLIM obpasom:
a, =0 ANA HeYeTHHIX n U G, = 1/2 ang derunix n = 2k. Torna

—_ . T 2K 1 - l
g, Vleal = Jim, Y37 = 55
H, cJlefoBaTenbHo, R = \/5
OTtMeTnM, 4TO B JI06oft TOYKeE rpaHKIbI KPyra cXoauMocTH psn (3) pac-

xomuTcA. JleficTBHTENIBHO, €CJIH 2 TaKoe, 9TO |z]=1/2, 10 |ua|=1, &, cJie-
JIOBaTeJIbHO, He BHINOJIHAETCA HeOOXOAMMOe YCIOBHE CXONMMOCTH PAAA.

IIpuMmep 2. HaltneM 06/1acTh CXOAMMOCTH CTENEHHOro psajaa

® n
z
DI (4)
n=1
Bocnosnpayemca npusnakoM danambepa O/ YHCJIOBHIX PAAOB. 3aech

_ 2n . Iun+l| —
U, = = nll’ngo Tun] =|z|.

CrnenoBaresibno, pan (4) cxonurcs, ecnn |z| < 1, m pacxommtes, ecam
|z| > 1, mosTomy R=1.

Bosiee Toro, no npusHaky Befiepmtpacca pam (4) cxomurca abeo-
JIIOTHO ¥ PaBHOMEpHO B 3aMKHyTOoM Kpyre |z| < 1, Tak Kak

S0 Valds<l,

1)2

00
M umcyosoft pax Y. 1/n? cxommres.
n=1
IIpumep 3. Kak MHl yXe 3HaeM, pan

n

M
3™

n=0

cxoputca npm Jiobom z € C. Crenosarennno, y aroro paga R = +oo.
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00
PaccMoTpEM emwe pan Y. n!2". 3nech

n=0

tp =nlz", lim [¥nsal =400 Vz#0.
n—00 I“n'

Ilo npusnaky [lanambepa sToT psam pacxommrcs mpu Jobom z # 0.
ChnenoBartesnbHo, y Hero R = 0.

B paccMOTpeHHLIX HpUMepax IJ/1f HaXOXKIEHHA PaJAHyca CXOAMMOCTH
MBI npuMeHsyn npH3nax Kous niam npm3nak Janambepa. B xorkper-
HBIX HNpHMMepax HX HpHMEHEeHHe npollle, YeM INpuMeHeRHe GOPMYIIH
Komn-Anamapa.

Teopema.3. Cmenennsie padm

i nan(z — 20)""!, (5)
n=1
> = (2= z)" (8)
n=0

uMewom mom oce paduyc crodumocmu, ymo u pad (1).

JdokasaTenncrBo. 3ameruM, 4to pan (5) cxomurca Torma K
TOJIbKO TOTAA, KOTAa CXOAMTCA Pl

i nan(z — z0)".

n=1

TaK Kak l_i_g.lo vn =1, To nocneposarensrocTn {/|an]} 1 {/nlaa|}
n
MMEIOT OJHH M Te Xe 9YacTHuHbie mpeenn. CienoBaresbHO,
— T
T, V/nlan] = Jim, lonl,

410, B cuay c¢opmyan Komm-Apamapa, M JOKa3biBaeT paBEHCTBO
pazMycoB CXOAMMOCTH cTelleHHmX pamoB (1) u (5).
Anpanorauso pag (6) cxoaMTCa WM PaCXOAUTCHA ONQHOBPEMEHHO C PAROM

o0

2

n=0

I n = n/
n-boov nll)nolo la" !

To pan (6) mMeer TOT Xe panMyc cxoguMocTH, uTo M pan (1). Teope-
Ma 3 nokasaHa.

- n
n+1(z 20)".

A Tak Kak
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OrmeTnM, 9t0 pan (5) mosysaercs u3 paga (1) mousennmm aud-
cdepennupobanneM, a paR (6) — mNOWIEHHHM HMHTErPUPOBaHMEM IO
OTpe3Ky [zo; 2], coenmusiomeMy Toukm zp m z. CJlenoBaTesbHO, Teope-
My 3 KOPOTKO MOXHO c(OpMYJMpPOBAaTb TaK: UCTOoOHmil pad u padw,
NOAYNEHHBE U3 HE20 nouAeHnvM Juddepenyuposantem U NONACHHNM
uxmezpuposaruem, umerom odux u mom xce paduyc crodumocmu.

3.2. ParnoMepHAS CXQIMMOCTH CTelleRHMX panoB. Kak u B npenn-
IOylieM NyHKTe GyneM paccMaTPHBaThb CTENEHHHE DAIbI

[+
Y aa(z - )" (1)
n=0
C KOMIUIEKCHHIMH YJICHAMH.
Teopema 1. ITyemv R — paduyc crodumocmu cmenenriozo pada
(1). Tozda, ecau R >0, mo pad (1) czodumca pasromepro na awbok
3amrrymom xpyee |z — zo| < 1, y xomopozo r < R.

HokasateabcrBo. VI3 onpenenenns paamyca CXOIMMOCTH H Te-
opemn Abens cneayer, uto paa (1) B Touke 2z, = 2o + r cxopmrCA

00
abCoJIOTHO, T.. CXOMHMTCA YMCJIOBO# pam ). |an|r". A Tak kak
n=0

lan(z — 20)"| < |an|r™ Vn

ApH YCJIOBMH |z — 20| < r, TO, cOryiacHO NpH3HaKy Beitepurrpacca, pax
(1) cxomurcs paBHOMepHO B Kpyre |z — zp| < r. Teopema 1 mokasana.

Cunencrpue. Cymma cmenenrozo pada HenpepweHa 6 xpyze cro-
dumocmu.

HoxasarteasctBo. Illycts R — panuyc cxommmoctH psaa (1).
B cnyyae R =0 kpyr CXOOMMOCTH, COLJIACHO ONpEAREJICHHIO, ABJIAETCA
HOYCTHIM MHOXECTBOM.

Ilycrs R > 0. PaccMOTpHM HEKOTOpPYIO TOYKY 21 M3 KpYra CXOOHE-
MocTu B nosioxuM & = R — |z; — 2].

Torma Ojs(z1) conepxmrca B ORr(20), a Ogsya(z1) comepxurca B
O, (20), r = R—4/2, re pan CXOOMTCA PAaBHOMEPHO. A TaK KaK JIeHH
pana (1) HempepHIBHH B TOUKe z1, TO €ro CyMMa TOXe€ HelpepHBHa B
TouKke 2z;. CllencTBMe OOKa3aHO.

PaccMoTpuM Tenephb ciiydalf, KOrKa cTemeHHO#t DAL CXONMTCH B He-
KoTopoft Touke, nexalleit Ha rpaHuIe ero Kpyra cxoammoctu. CHavana
pacCMOTPHM DALl BRI

ap2". (2)

Teopema 2. Ecau R — paduyc czodumocmu psda (2), u pad
cxodumcs npu z = R, mo on crodumca pasnomepro na ompesxe [0; R)
deticmeumeasvtol ocu.
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HoxasareancrsBo. Ecim 2 € [0; R], To

Gp2" = a, R" (%)n .

00
Pag )Y a,R" cxomurcs paBHOMEDHO OTHOCHTEJIBHO Z, a MOCJIENOBa-

n=0
TEJILHOCTD 2
T
by = (E) . neN,
npu Jo6oM ¢ MoHoToHHa ¥ Ha [0; R] orpannyena:

ox(3) s

IlosToMy, cornacHo npusnaky A6ess, paa (2) cxooMTcs paBHOMepHO
Ha [0; R]. Teopema 2 nokasaHa.

9Ta TeopeMa Ha3HBaeTcA 6émopoii meopemolt Abeas.

0O606mEM 1OKa3aHHEYIO TeOpeMy Ha cjy4a#t MpPOM3BOJIBHHIX CTelleH-
HBIx pagos (1).

Teopema 3. Ecau cmenennott pad (1) czodumes 6 mouxe z; # zo,
mo on czxodumcs pasromepro Ha ompesxe (zq, z1], coedunarouem mouxu
2 U 2.

Hoxasatenbctso. Ilycts 2, — z9 = Re'?. Torma so6as Touka
oTpesKa [zg;z1] BMeeT npeacraBiieHue

— i
z=2z9+re'¥,

rae r € [0; R].
Ilo ycnoemio pan (1) cXomuTCA B TOYKe 2), T.e. CXOMMTCA PAX
hod .
)" an(Re)".
n=0

Tax Kak ero 4eHb He 3aBHCAT OT 1, TO OH CXOAMUTCA paBHOMepHO Ha [0; R).
Hna moboro z € [29;z1] umeem:
r

ons = 20)" = an(re) = an(Re®) (£)", 0% (5

Ilo npusnaky A6ena pan (1) cxonuTcs paBHOMEepHO Ha OTpesKe [zg; 2]
Teopema 3 nmokasaHa.

Teopema 4. Ecau cmenennott pad (1) czxodumcs pasromepro wa
dyze oxpydicHocmu

)n_<_1 Va.

v ={z =20+ Re*, p € [a; ]},

mo or cTo0UMCA PasHoMepHo Ha KPY2080M cexmope

Gy={z=z+re®, re[0;R], p € [; 8]},
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HeftcTBUTENBHO,

an(z = 20)" = an(re®)" = an(Re) ()",

oo 3
npudeM pAL ) an(Re'¥)" cxommrca paBHOMepHO mo r ® no ¢ € [a; fF].
n=0
CienoBatesnibHo, Mo npusHaky Abessa pan (1) cxomures paBHOMEPHO
Ha MHoxectBe G..
Hpumep. Uccnenyem Ha cxonumocTb pan

R . n
PR (3)
n=1
Kak n B npumepe 2 n.3.1, nokasmBaeTcs, 4To y 3roro paaa R = 1.
Onnako Ha IpaHMLe Kpyra CXOAMMOCTH, T.e. Ha OKDYXHocTH |z| =1,
MMeEIOTCA KaK TOYKH, B KOTODHIX Al CXOAHTCH, TaK M TOYKH, B KOTOPHIX
pan pacxomurce. Hanpumep, B Touke z =1 pag (3) pacxoautcs, a B
To4ke z = —1 OH cxoamuTcH.
HUccnenyem cxomumocts pana (3) Ha okpyxHocTH |z| = 1, T.e. Korna
z =¢'%. Ilna aToro Bocnosb3yeMca npu3Hakom Jlmpuxne.
3gect a, = 1/n MoHOTOHHO y6HBas, CTpeMATCA K HYJIIO IPA 1 — 0O.
Kpome Toro,

z": (e“’)k = M = ¢iv(n+1)/2 sin(np/2)
k=1

e —1 sin(p/2) '
= iovk| _ [sin(ng/2)|
2 )| = Toatran

noatoMy pan (3) cxommrca B moboit Touke z = €', rme p € (0;27).
Takum obpasoMm, pan (3) cxomurcs B s06oik TOYKe 3aMKHYTOro
kpyra |z| < 1, kxpoMe ToukM 2z = 1:
o npusnaky Hdupuxae pan (3), re z = €', cxomurca paBHOMEpHO
Ha mobom orpeske [a; 8] C (0;2x). Toraa, Kak ciesyeT M3 TeopeMH 4,
pan (3) cxoaurcs paBHOMEPHO Ha JIOGOM KPYroBoM ceKTope

Gy={z=re®, 0<r<1, pelmhl,

rre [a;f8] C (0;2x). KpoMe Ttoro, mo Teopeme 1 panm (3) cxomurcs
paBHOMepHO Ha JoboM kxpyre |z| <r, rme r < 1.
CaenoBatesnbHo, pan (3) cxoguTcs paBHOMEpHO Ha 1I060M MHOXeCTBe

G={z:1z| <1}\ 04(1),

rae Os(1) — 6-okpectHocTh ToukH z = 1. OTciona, B 4acCTHOCTH,
ciexyer, 4ro cymMa pana (5) HempepmiBHa B Jiobolt Touke z Kpyra
jz] < 1, kpome Toukm z :=1. B Touke z = 1 cymma pajga paBHa +00.
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3.3. Anamurudecxne dpynximpm. B aToM nyHkTe paccMoTpuM yHK-
LIM¥ KOMILJIEKCHOrO IE€PEMEHHOro, ABJAIIIMECH CyMMaMM CTeleHHBIX
pAnoB BHOa

3" an(z ~ 20)". (1)

n=0

Onpenenenne 1. ®ynknma f(z), ompemeseHHas B HEKOTOpO#
OKPECTHOCTH TOYKH Zo, Ha3HIBaeTCA anaAumuyecxol (WK 2040MopPHotl)
6 movuxe 29, ecnu cymecrByer 6 > 0 rakoe, uro dbyHkuua f(z) B
Os(2z0) ecTb cyMMa HEKOTOpOro CTemeHHOro psga Buaa (1), T.e. ecun
CYIIECTBYIOT 4YHCJIA Gg,G),G3,... TAKHE, YTO

o0
f(z) = Z an(z —20)" Vz€ Os(20).
n=0
B aToM ciiydae roBopdT, 9To fyrxyus f(z) 6 mouxe zo pasaazaemes
6 cmenennoll pad no cmeneHam z — 2.
Teopema' 1. Ecau dynxyuu f(2) u g(z) seasomcsa anasumuse-

cxumu 6 mosxe 2o, mo dynxyuu f(z) +9(2), f(z) —g(z) u f(2)g(2)
modce aHAAUMUNECKUE 8 MOoNKe Zp.

Hokasatenbctbo. Ilycts

f(z) = ia,.(z - z0)" Vze€ Os,(20),

n=0

9(2) = ib,.(z —z9)" Vz€Os,(20).

n=0

Torna, o4eBHIHO,

[ <]
f(z)xg(2) = Z(an + b,)(z — 20)" Vz € Os(20),
n=0
rae & = min{dy;d2}.
Janee, B Kpyre CXOAMMOCTH CTell€HHBE PAABK CXORATCA abGCOJIIOTHO,
I03TOMY, COrIACHO TeopeMe 06 yMHOXKEeHHH aGCOJTIOTHO CXONAINXCS PALIOB,

f(do() = 3 enlz = 20)" ¥z € Os(ao),

n=0

n
rae ¢, = 3 ajbn—j. Teopema 1 noxasana.
3j=0
TeopeMa 2. AMasumuueckan 6 mouxe zo $ynxyus f(z) umeem
eduMcmeentoe pasaodicerue 8 PAJ no cmenesaM z — 2p.

91a TeopeMa ABJAETCHA CJEACTBHEM CJEIYIOUETO YTBEPXICHHS.
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Jlemma. [Tyme R — paduyc crodumocmu cmenennozo pada (1).
Toeda, ecau R> 0 u ro(z) — n-ti ocmamox psda (1), mo

rn(2) = O((z = 20)"*!) mpm z - 2z (2)
u, caedosamenvro,
ra(z) =o((z = 20)") mpm 2z — 2. (3)

HdoxasaTtenncrtno. Ouesnano, n-#t ocraTok psna (1) mmeer rTor
Xe pamguyc cxoaMmoct, 410 M pan (1). INTosromy

ra(2) = (2 — 20)" ' (2),
roe <p,.(z) — CyMMa pAga

Z ak(z _ zo)k-n—l’

h=n+1

npHYeM OH WMEET TOT XXe paamyc cXomumocT, 9to M pam (1). Kak
yXe n0Ka3aHo, YHKIMA (n(z) HempepHBHA Ha 3aMKHYTOM Kpyre
|z — 20| € R/2. ChnenosarenbHo, oHa OrpaHM4eHa Ha 3TOM Kpyre.
Torna, ecan |pa(2)| < M Vz € Opa(20), T0

Ira(2)|< M|z — 20"+ V2 € Opya(20),

a 3TO O3HA4aeT, YTO BHIONHAeTcs yciopHe (2). JleMma nokasaHa.
Tenepnr moxaxem Teopemy 2. Ilyctsb

8 ;g man f()= 0 —n)* Vi€ On(z)
k=0

fz)= }“:b»(z —z)* Vz€ Os,(20).
k=0

Orclona B 3 Aoka3saHHOH IeMMHI, 8 TOYHee, U3 paBeHCTBa (3) cenyer, 9To

zu:(f’k — bi)(z — 20)* = o((z = 20)*) mpu z— 2
k=0

s aoboron =0,1,2,... [Ipa n = 0 umeem: ag—bo = o (1) npr z = 2,
nostoMy ag = bg. 3areM mpu n = 1 mocjie COKpalleHHs Ha MHOXHTEJb
z—zp nonydaem: a; —b; =o(1) mnpm z — 29, nosToMy a; = by, M T.A4.
ITo uayxuun noay4aem, 4To a6, = b, Vn. Teopema 2 moxasana.

Teopema 3. Cymma, cmenennvzo pada seasemcs anasumusecxod
dyrxyuett 8 awboli mouxe xpysa crodumocmu.
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Hokasareascrso. [lycts f(z) — cymma crenennoro pana (1).
Eciu R =0, To Kpyr cXoadMOCTH — 2TO mycToe MHOXecTBo. IlycTb
R>0 u z, € Og(2). Torna

f(2) =D an(z=2)" =) an((z—2)+ (2 - 2))" =

n=0 n=0

=Y ) Chln—2)" "z - n)* (4)
k=0

n=0

nnsa smoboroz € Or(20). Ecna xe |z — 21| + |23 — 20| < R, T0o cxomurca pan

00 00 n
3 laal(lz = 21l +lz1 = 20)" = 3 Y [aalCE |z = 21 ¥ 2y — 20"

n=0 n=0 k=0

IloaToMy, corsiacHo TeopeMe 2 W3 M.2.2 O NOBTOPHHIX pafdax, B (4)
MOXHO NMOMEHATb MOPANOK CYMMHpPOBaHMA. B pesysbraTe HOIY4YHM:

=Y (i Chan(z1 - zo)"-") (2= 2)* (5)

k=0 \n=k

ana gqoboro z Takoro, 410 |z — 21| < R — |21 — 29|. Cunenosarenbno,
dbyukuna f(z) aBnsgeTcs aHaJMTHYECKO# B NMPOM3BOJBLHO BH6paHHOM
Touke z; € OR(20). Teopema 3 nokasamua.

3amernM, YTO pagmyc cxoaMMocTH paga (5) moxer 6hiTh Gosbuie,
qeM R —|z; — 2.

3.4. IuddepenuppoBane H HHTeIPHPOBAHME CTENEHHBIX psOoB. B
aToM OyHKTe GyneM paccMaTpHBaTh CTENEHHHIE PAAB

Z an(z — zo)" (1)

C neflcTBUTEJbBHHMH 4JeHaMH, T.e. OyaeM cuYMTaTH, 4TO Zo H
@p,81,...,8p,... — JAAHHHE IEHCTBHTE/IbHHIE YMCJIAa, a IepeMEeHHad
z npuHHMaer HeHcTBUTEeNbHHE 3HavYeHHA. Jl1A TakHX pAAOB TakK
XKe, KaK H paHee, onpenenserca paauyc cxomumoctH R. Ecam
0 < R < 00, TO BMECTO Kpyra CXOOWMOCTH BO3HHKAET UHMEPEAA CITO-
dumocmu (zo — R;zo+ R). Ecnm R =0, To HHTEpBaJ CXOOMMOCTH —
nycroe MHOXECTBO, a ecJii R = +00, To HHTEpBaJIoM CXOAKMOCTH GyneT
MHTEpBaN (—00; +00).

Cnenyer, omHaKO, 3aMETHTb, YTO BC€ YTBEPXIEHHA 3TOr0 MYHKTa
CNIpaBeJVIMBH M BO MHOXECTBE KOMIUIEKCHHIX YHceJl, IpaKTH4YecKH Ge3
H3MEHEHHMs JOKa3aTeJsbCTB.
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Teopema 1. Ilycme R — paduyc crodumocmu cmenennozo pada (1),
a f(z) — cymma smozo pada. Tozda, ecau R > 0, mo dynxyua f(z) na
unmepsase (zo— R; zo+ R) nenpepuena u das arwbozo z € (zo— R; 2o+ R)

Fdt =3 2 (2= g,

m.e. 6 unmepsase crodumocmu cmeneHHoll PRG MOJCHO NOYAEHNO
unmezpuposamo.

JeficTBATENBHO, COIJIaCHO TeopeMe 1 W3 mNpeALAyUEro NyHKTa,
pan (1) cxomuTcs paBHOMepHO Ha J06oM oTpeske [zg — r;zo + 1] C
C (zo—R; zo+ R), moaTOMy yTBepXJAeHHe TeOpeMHl CJIeyeT U3 TeopeMBl
O MOYWIEHHOM MHTErPHpOBaHHM (PYHKIMOHAJIBHOrO psja.

Teopema 2. ITycmv R — paduyc crodumocmu cmenewrozo pada
(1), ‘@ f(z) — cymma smozo pada. Toeda, ecau R >0, mo dynxyus
f(z) e unmepease (zo— R;zo+ R) umeem npoussodnme awbozo nopadxa,
xomopwie HaTodAMcA nousennum duddepenyuposaruem pada (1).

JefticTBuTenbHO, corsiacHO Teopeme 3 u3 m.3.1, mowieHHo mpoaud-
depeHnnpoBaHENIl pAx HMeeT TOT Xe paaMyc cxoaumocTn R, 4TO
u pag (1), modToMy OH cXoaMTCS paBHOMEpPHO Ha Jilo6oM oOTpe3ke
(zo—r;zo+r]) C (z0— R;zo+ R), M yTBepXJeHHe TEOPEMBI CJELYET 3
TeopeMnl 0 noujeHHoM auddepeHnuMpoBaHnn GYHKIMOHAILHOTO pANa.

Teopema 3. Ecau $ynxyus f(z) sesasemca anasumusecxoll e
mouKe To, M.€. 8 HEXOMOPOU J-0KPECMHOCTIU MONYKYU Ty OHA AGAREMCA
cymmotl cmenenrozo pada euda (1), mo

1 .
an = —=f™(z0), n=0,12,... (2)
JefticrBurensno, npoaaddepeHnHpoBaB n pas obe YacTH paBEHCTBa

o0
f(z) = anlz — zo)"
n=0
H TOJOKHB T = Zo, noayaum f(*)(zo) = nlay,.

Onpegenenne. Ilycts dynkuua f(x) ompenmesena u GeckoHedyHo
aunddepeHnapyeMa B HEKOTOpOl#l OKpeCTHOCTH TOYKHM Zp. Torma cre-
nensoft pan (1), xoapdpunuenTH KOTOPOro onpeneseHH No GhopMysaMm
(2), HasmiBaetca padom Tetiaopa ynxyuu f(z) e mouxe zo.

B cayuae, korna zo = 0, pax Teftnopa HHoraa HasHBAOT pAdom
Maxaopena.

Us teopem 2 u 3 caenyer, y1o ecnm Ppynkuua f(z) aHaJIMTHYECKad
B TOYKE Zg, TO OHa B HEKOTOpO# OKPECTHOCTH TOYKH Zy GeckoHewHO
ancddepenuupyema n

00
1
fe) = 2 S P zo)(z = 2a)",
n=
T.e. B 3TO#f OKPECTHOCTH OHa pa3faraercs B pan Teftnopa mo crenensam
T — To.



388 [JI. 9 OYHKLIHOHAJILHHIE TIOCJIEOOBATEJIbLHOCTU U PSbl

Bosuukaer Bonpoc: xoraa 6eckoneyno audpdpepeHnupyemMan B TouKe
zo bynkuua 6yner aHaJMTHYeCKO# B 3TOH TOYKe, APDYTMMH CJIOBaMH,
Korna ee pan TeHtsopa cxomuTca K Helt B HEKOTOpPOH OKpecTHOCTH
TOYKH Zo?

3.5. Pasnoxenue ¢pynxupit B crenemmmie panu (psmit Teitnopa). Yro-
66 OTBeTMTb Ha BONpPOC, NMOCTABJIEHHBLI B KOHIE NMpeabayllero myHKTa,
nna dyukuun f(z), xoropas onpenesieHa u GeckoHeuno AudcpepeHun-
pyeMa B OKPECTHOCTH TOUKH Zo, paccMoTpuM cdopmysy Teftnopa

f&) = 3 2/ o)z - 20)* + raf), )

k=0

rae ro(z) — n-# ocrarounnft unen dopmysn Teltnopa. Us Hee Buano,
yro gynxyua f(z) ecmov cymmae ceoezo pada Teilaopa e wexomopoil
é-oxpecmrocmu mouxu To moada u moavko mozda, xozda

nll’rgo ra(z) =0 Vz € Os(zo).

Cuenyiolumit nmpuMep IMoKasblBaeT, 4To He BcAKad GeckoHeyno mmde-
peHlMpYyeMas (PYHKUMA HABJIAETCA aHAJIHTHUECKOH.

Mpumep 1. Paccmorpum dynkumio f(z) Takywo, uro f(0) =0 m
f(z) =e~V=* nna z #0.

9rta ¢ynkuma npu r # 0 MMeeT Mpou3BOAHKlE JioGoro mopsAnka,
KOTOpHIE JIErKO BRIYHCJAIOTCH:

fliz) =223, f'(z)= 627%™ 4 4z~Se
¥ T.4. Boobue,

£ ey = Pa (5) 7,

rae P, (1/z) — HekoTopsiit MHOrowen ot 1/z. Ilo npaBuny Jlonutans
HaXofuM, 4TO

im F®)(z) =
lim f*(z) = 0.

Ananormyno HaxommM, dto f(™)(0) = 0. Taxum obpasom, naHHas
¢dyrkuus Ha Bcelt AelcTBHTeNbHO# OCH HMMeeT NpPOM3BOAHKIE J1060ro
nopsiaka. OnHaKo OHa He ABJIAETCH aHAJIUTHYeCKo# B Touke z = 0,
Tak kak f(z) # 0 ana moGoro z # 0, a Bce koappHIMEHTH ee pAna
Teltsiopa B Touke z = () paBHH HYJIO.

JokaxemM Temepb ONHY NPOCTYIO TeopeMy, MOJIE3HYI0O BO MHOTHX
BaXHBIX CJIy4asX.
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Teopema. llyemn $ynxyun f(z) onpedesena u becxoneuro dug-
depenyupyema 8 nexomopofl §-oxpecmrocmu mouxu zo. Toeda, ecau

IM: /")) <M Yz €O4(z0), Vn,
mo

J(2) = Z l-(”—:l(izl)(z — z0)" Vz € Os(z0)-
n=0 !

Hoxasateanctso. Jas dyskuun f(z) sanumem dopmysny Teit-
Jopa (1) ¢ octatounmm unesom B dopme Jlarpamka:

f(n+l)(£) (z — 20)n+1,

ra(z) = mE)!

rae § nexuT mexay z u 2o. Toraa |f(*+1)(€)] < M, n nostomy

Jn+1

Ira(2)| < M'm

ana moboro n u noboro z € Os(z0). A 3TO M NOKA3HBaeT TeopeMy,

TaK Kak
Jn-l-l

e

Teopema noxasana.
INpumep 2. PaccMorpaM dyHKIMIO

flz) =) azt.

k=0

O4eBMAHO, MHOrOYJIeH, 3afalOlMi 3Ty YHKIOMIO, ABJAAETCA €€ PANOM
Teitnopa B Touke zp = 0.

Npumep 3. Paccmorpum Teneps dyHKumio f(z) = cosz. Dra
Jyukuusa na Bcem GeckoHedHOM HHTepBaJse (—00;+00) yAOBJIETBOpAET
yCNOBUAM AOKA3aHHOH TeopeMHl, NO3TOMY

ABaJorsgso,
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Ipumep 4. Pynkuus f(z) = € ynoBneTBOpPAET YCIOBHAM TeOpEMB
Ha JIIo6OM KOHeYHOM HMHTepBaJie. ClenoBaTesibHO,

ef = %z" VzeR.

AHaJIOrMYHO,

n=0 n!
oo 2n+41
hz Z z VzeR,
BET L nr )
oo 1:2”
chz = oY VzeR
n=0 ( n)'

IIpumep 5. Jlerko BUAETH, YTO

1
11—z

n n4l
=Zz"+-1z—— Vn, Vz#l
k=0 -z

Cnenosatenbno, eciim |z| < 1, T0

AHaNOTHIHO,

1
— - k .k R
T kéo( )*2*, |z| <1

IIpounrerpupobaB obe 4acTH MOCJIEAHETO PABEHCTBA NO Z, MOJIYYHM:

i (-1
In(l1+z)=) ~—=z¢ |z| <1,
k=0 k +1

OTMeTHM, YTO, B CHJIy BTOpoft Teopemul AGesisi, nocjieqHee paBeH-
CTBO CNpaBeJ/IMBO H mMpH = = 1.

IMepen cieayiolmum NpUMepoM 3aMeTHM, 9TO H3 WATerpasbhoit dop-
MH OCTaTO4HOro 4jieHa cgopmynnl Teftnopa

Role) = o [ £ -t
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H TEOpeMbl O CpellHeM cJeayeT, YTO
30€(0;1): Ralz)= % P (20 + OAz)(Az — OAZ)"Ax,
rae Az = r - z9. Cnegobarennho,
Ra(z) = = ™ (20 + OAZ)(1 - 8)"(z - 20)"*.

910 — ocmamounndl vwaen & gopme Kowwu.
IIpumep 6. Paanoxum B pag Makiopena dynkumo f(z) = (1+z)°.
IToT pAN, Ha3BIBaeMHI# GuHoMugabHBM PRJOM ¢ noxasameseM «,

HMeeT BHUA
00

1+Za(a—l)...(a—n+l)zn.

n!

n=1

Ilo npusnaky [anambepa on cxomutca, ecqm |z| < 1,  pacxommres,
eciim |z| > 1. Jokaxkem, uro om cxomurca k (1 + z)*. Ias artoro
paccMoTpuM ocTaTouHult 4Ynen dopmynn Teitnopa B dpopme Kown:

r,.(z) - a(a - l)n' . (a - n) (1 + 9::)"_"'1(1 - 9)"1:"'“,

rne 0<@<1.
Jlerko Bumerb, uTOo ecam z € (—1;41), To 0 < 1-6 < 1+ 0=.
Noatomy

ja(a—1)

A
3nech § 3aBuCHT Kak OT z, Tak K oT n. Ilosoxnm
bn(z) = a(l + 6z)*"1,

(a=1)...(x—n) o
n! )

an(z) = 2

Ilpu kaxnom ukcuposannom = € (—1;+1) mocenoBaTebHOCTD
{an(z)} cxomurTca k Hymo, Tak KakK @,(z) — 3To n-it wnen 6uno-
MHaJIBHOTO pAja C NMOKasarteseM a — 1, a mocienosatesbHOCTh {ba(2)}
orpanuYeHa, Tak Kak 1 — |z| <1+ 60z <1+ |z|. CnenopaTennHo,

Jim ra(z)=0 Vze(-1;1),

H [OO3TOMY

(l+z)°’=1+ia(a—'1)..r;'(a—q+l) o
n=1 :

ana smoboro z € (—1;1).
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U3 atolt bopMynnl, B YaCTHOCTH, MOJIydaeM:

(l+z)'=1+ f:(—l)"x" = i(—l)"z”,

n—l n=0
(1+z)” 1/2—1+7.X=:1( 1)"(2?2_):2' z",
1 a1 (@n =111
(1+=2) /2—l+—z+nz_:2( 1) 1(%’1)!—!):: ,

rae (2n—1)!'=1.3....-(2n-3), (2n)!! = 2-4-....(2n). D1H pasnoxenns
cnpaBelMBH A Jsmoboro z € (—1;1).
IIpamep 7. Pazmoxum dynkuuio f(z) = arctgzr B pang Teltnopa
O CTeNeHAM Z.
Tak kak
o0

fi(z) = W:c_? ;(—1)"12": lz] < 1,

TO, IPOMHTErPHPOBaB 06€ YacTH 3TOr0 PaBeHCTBa, NMOJYYUM:

o~ (=1)"
arctgr = Z mz’"“, |z| < 1.

n=0
OtMeTHM, 4TO MOJIyYeHHHI#t pAX cxoNUTCA M npH £ = +1 (mo npu3saky
Jlen6ﬂnua) a mo BTopoft TeopemMe Abensa ero cymma paBHa =+7/4.

Takum obpasom,
o~ (=D

-nla

Npumep 8. Ilpoussoanas ¢byHKUMM arcsinz, Kak cJjeayer u3
passoxenns dynkunn (1+z)~1/2 (cm. Ipumep 6), pasnaraerca B pan
cjenyiommuMm obpasoM:

2n— 1),
ﬁ‘“’z(m e

IToaToMy, MHTErpHpYs 0ob6e YacTH 3TOr0 paBeHCTBa, MOJIydaeM:

arcsinz = z + E
n=1

|z < 1.

n—1)II g2n+l
@2n)" 2m+1°

lz| < 1.

3.6. IloxasaTe/qbHAR B TPHTOHOMeTpHUYeCKHe GYHKIMH KOMIJ/IEXCHOTO
nepemenHoro. Panee nokasaresnbHas GYHKUMA OT z = Z + iy onpeneJid-
JlaCb paBEHCTBOM:

e* = e*(cosy + isiny). (1)
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9T0 onpenesenne B KaKofi-TO CTENEeHH ABJAETCH HMCKYCCTBEHHBIM.
Bonee ecrecTBenHnM mpencTaBifeTcs onpenenenne GyHKOHM e* ¢ mo-
MOMIBIO CTENeHHOro psfa, MCXOAA M3 DasJIoKeHUsd

o0 zn
=§ ) z €R.
n!
n=0

IToxazameavryro Pynxyuto e* onpenelAM paBEeHCTBOM:

=Z%, zeC. @)

Pan (2) cxoourca npm mobom z € C, nosToMy dyrKuua e* onpenesieHa
Ha Bcell XoMmsexcHoft mytockocTH. ITokaxkem, arto

et . %3 = N1t . (3)

IJIA JIOOBIX KOMIJIEKCHHIX 21 H Z3.

Tax kxaxk cteneHHo#t pax (2) cxomurcs abcosmoTHO NpH JoboM z,
TO pAAB ANA e*' M e?? MOXHO mepeMHOXaTh mowieHHo. [loaTomy

- £ n! — k! o Ontham n'k' -
(21 + 22) e“+"

s cpoftictsa (3) crenyer, uro ecnm e* onpenenena paBeHcTBoM (2), To
INA Hee cnpaBeanBo paBeHcTBo (1). HellcTBUTeNbHO, ecyin 2 =2 + iy, TO

e* = e%eV = ¢* Z(m)n =

n=0
P (E ((2;;' 1) +1Z (2(1: i)l)'yzkﬂ) = ¢*(cosy + isiny).
k=

Orciona BuaHO, YTO ecau e’ onpenesiena papeHcTBoM (1), To AnA Hee
CnpaBesJIMBO pa3sioxenue (2).

AHaJlorgyHo TOMY, KakK Onluiia ompenmesieHa (YHKIMA €*, TpHIo-
Homerpudeckne GYHKUMH COS2 M 8inz KOMINIEKCHOTO NEPEMEHHOro 2
olnpenenMM paBeHCTBaMH:

cosz = Z ((2'11))': , 2€C; (4)

n—O

sinz = z (2(n :_)1), 2+ zeC. (5)
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JaHHKE onpenesieHAA ABJAIOTCA €CTECTBEHHHIMM, TaK KaK NpH z = Z
3TH (PYHKIHH COBHAJAIOT C COSZ M sinz, M, KpOMe Toro, oHH 06JIafaloT
MHOTMMH XapaKTepPHBIMH cBoficTBamu 3THX ¢ynknuit. s onpenenennit
e moayvaem:

v = f: ()" _ i (-1)* 22k 4 ii ( (-1)* Ty
k=0 '

n! (2k)!

n=0 k=0
MoatoMmy, B cuay dopmya (4) u (5),
e =cosz+isinz, z€C. (6)
Ecam 3mech z 3aMeHATb Ha —2z, TO NOJYYHM DPaBEHCTBO:
e =cosz—isinz, z€C. (7)

Hs (6) u (7) cnenyer, uto

($ —-iz i3 __ ,—i2
cosz = E—%—, sinz = e—ﬁe—. (8)

®opmyan (6), (7), (8) sasniBaloTca $opmysamu Jiaepa. C nomompio
aTux $opMys HoKaxeM, Hanmpumep, GOpMyJy AR CHHyCa CYMMBI:
sinz; -coszy +8inzz -co8z =
ei'ln _ e—l’u el’z, + e—i:, eiz; - e—i:, eix, + e—in
ST T 2 % 2
ei(31433) _ g—i(21433)

=2 5 = sin(z; + 23).

Takum obpasoM,

sin(z; + z3) = sinz; - €08 23 + 8in 23 - co8 2;.
AHAJIOTHYHO AOKASHBAETCA, YTO

cos(z; — z3) = cos z; €08 23 + 8in z; - 8in 2.
N3 nocnenneit ¢popmys cnenyer, aro

cos?z+sin’z2=1 VzeC.

3.7. Caasp Mexny anasmrmmocTso 1 guddepermmpyemocrsio PpyHx-
it Ba xomnnexcHolt nnocxocru. HanomMuum, uto dynkunsa f(z) Hasbipa-
eTca aHaJMTHYeCKOH (rosioMopdHO#t) B TOUKE 29, eciiM OHa onpeneJieHa
B HEKOTOpOoM OKPECTHOCTHM TOYKH 20 H B 3TOH OKpPECTHOCTH pa3jaraercs
B CTeNneHHoilt psAA Mo CTENeHAM 2z — 2p.

Onpenesnenne. Oynknua f(z), z € G, HasbIBaeTCA aHasumuye-
cxotl (Ml 20a0MopProtl) 6 obaacmu G, ecam oHa rosiomopcdHa B mobo#t
TouKe 3Toft OOJTacTH.
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Ha koMmnuexcholt msiockocTh, Kak W Ha meicTBuTesbHO#t NpsAMOoit,
ZJOKa3KLIBAeTCH, YTO ecJIu d)ynxmm f(2) sBnserca ananuTMueckoft B
obsacty G, To ona B G 6eckomeuso audpepenuupyema. Ha neft-
cTBHTEBHOM npamMo#t oGpaTHoe yTBEpXIEHHE SABJIAECTCH HEBEPHBIM, a
BOT Ha KOMNJIEKCHO#t IJIOCKOCTH HMeeT MecTo naxke GoJiee cuibHOe
yTBepXAeHHe,

TeopeMma. Ecau pynxyus f(z) 6 obracmu G umeem nenpepusHyro
npoussodnyro, mo ona 6 amott obaacmu f6aReMCA aHasumuyeckods.

JdokasarenbcTBo. Ilycth 29 € G, m nycrb € > 0 Takoe, 4YTo
Oc(20) C G. Yepes v, (20) 0603Ha9MM OKPYXKHOCTb PafHyca £ C LIEHTPOM
B Touke 29. Torzma, cornacHo mHTerpanbhoit ¢opmyne Komm,

1 Fi(9}

fz) = Fosd V€ O(a0). 1)
1-(:0)
Pasnoxum ynxnuaio 1/(( -z)B pﬂll 1o cremensM z — zo:
l -—
(C - 20) - (2 - 20) nz_% ((('z_ zz;)r)H-l y 2€0(20), (2

9TOT pAA CXOAMTCA PABHOMEPHO MO { Ha Y¢, TaK KakK ecH { € Y. (20), TO
IZ— Zol _ IZ— ZoI
¢ = o] €
Psn, nostygeHHHIt 13 3TOrO pAfa NOYIEHHHIM yMHOXenneM Ha f((), Toxe
CXOIMTCA paBHOMEDHO HA 9, TaK KaK dyHKIusA f({) orpaHuyeHa Ha Y.
TMoacrasum passnoxenne (2) B paeHcTBo (1) ¥ BocmoJib3yeMca TeM,

YTO paBHOMEPHO CXOAAUMHCA pAfl MOXHO MHTE[PHDOBaTh NOYJeHHO. B
pe3yJibTaTe MOJIyunM:

< l, 4 EO.(Z()).

(-]
f(z) = calz=20)", 2 € Oc(20), @)
n=0
- 1 1©)
Cn=% / (<-z°)n+l dC‘
v« (20)
CnenmoBarenbno, ¢ynkuns f(z) aHanuTHdecKas B TO4Ke 29, a TakK
KaK TOYKa zgp — TNpOM3BOJIbHAaA Touka obnact G, To dbynkunua f(z)

anasnrudeckas B G. Teopema nokasana.

Cnencrbue. Ecau dynxyusa f(z) 6 obagemu G umeem nenpepue-
HY10 NPou36odny1 nepeozo nopadxa, mo ona 6 amoti obaacmu becxoreurio
dud peperyupyema.

3aMeTHM, 9TO HMEET MeCTo GoJsiee CH/IbHOE yTBepXAEHHE:

Ecau dynxyus f(z) Odubdepenyupyema e obaacmu G, mo ona
becxoreuno duddeperiyupyema 6 G

910 yTBepxieHHe OOHIYHO JOKAa3LIBaeTCA B y4eOGHMKAX MO TeOpHMH
¢yHKuMH KOMNJIEKCHOINO NepeMeHHOro.



IIpanoxenne

Tabmumia npossopmex mpocrelimmx snemenraprnix Gynxmutt

(C)Y =0 (C — nocrosnnas);

(z"Y =nz™"!, n=0,%1,%2,..;

(6*) =lna-a®, a>0;
(z°) = az®~!, z>0; “TH

(log, z)’ = loi,e’ £>0,a>0;

(Inz) = %, z>0;

(njely =2, =#0;

. 1, z>0,
(el =signz={ 3" 223

(sinz)’ = cosz;

(cosz)’ = —sinz;

(tgz)’ = sec? z;

2

(ctg z)’ = cosec?z;
(arcsinz)’ = 1 ;
V1-z2
1

(arccos z)' = ——\/-1—__?;
g = 1
(shz)’ = chz;
(chz)’ = shz;

1
[ — .
(the)’ = ch?z’

1
o
(cthz) = e



NMPUNOXKEHUE

Tabauua unterpanod npocrefimmx sneMentapunix Gynxupiiy

/0dz=C;

/z"’=a_l*_1:°'+1+C, a# -1,

/££=ln|z|+C;

z

/l—ifz—z=arctgz+0;

dz = arcsinz + C;

Vi—z? ’
x l £

/a d:=ma +C;

/sinzd::—cos:+C’;

/cos:cd::sin:c+C';

dz
/ cos?z tgz +C;

/T=-—ctgz+C

sin" z

=hh|z+vVz2x1|+C.

vl



NPUWIOXKEHUE

®opmymua Telinopa njia mpocrellumax snemenrapubix ¢ymxmmit

e -l+z o +o(z"),
k=1

_1+2( l)" +o(z"),

k=1

sinz = ,,2.:0( 1)" (2k)' + o(z?"+2),

cosz—l+*z:( 1)k k'+o(a:2"+’),
=1

l+ +o0 n+l ;
kz_l(%)' (=%

shz—z(

+ o(tzn+2)’

n ; x z2k+l 2n+2
arctgz_'g(— ) 2k+l+o(::: )i
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ll'l(l + 8) = i(_l)k-la;‘_k +0(3");
h=l

(l+t)°= l+ia(a— 1)",;'(a_k+l)zk+o(zn);
k=1 *

1-:-3 =1l-z+22 =234+ .. .+ (-1)"2" + o(z");
l—i—z=l+z+zz+.--+zn+o(zn),

1 - k., 2k 2n+1
T -1+k2=1(—1) 22* 4 o(z?"+1),





