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IVIABA MFTHAIZLIATAS
YUCJIOBLIE PsAbl

§ 1. BBEJEHHE

234. OcnoBrme mOHATHA., IIycTb 3amaHa HexkoTopas OGeckoHeyHas
N10CJe10BaTeNbHOCTb YHCE

ah ags (13, PR am ) (1)

CocTaBJIeHHHH M3 STHX YHCEA CHMBOJ

a,—[—a,—!—a3+...—|—dn+... (2)

HaspBaeTC OECKOHEUYHHM pPAAOM (MWIX — npOCTO — PAAOM), a
camu uncaa (l)—wuaenamu paga. Bmecto (2), moabsyscb 3HaKoOM

CYMMH, 4aCTO NHIIYT TakK:
00

2 az (2a)
n=1
yKasateab 7 npo6eraer siaecb Bce SHaueHHs OT 1 Xo oo ¥).
CraHeM noC/€N0BaTeNbHO CKJafbBaTh uJeHH Ppsja, cocrasiassa (B Gec-
KOHEYHOM KOJMYECTBE) CYMMBi:

Ay==a,, Ay=a,-}a,, Ag=a,~+ag-t}a,, ... }
e Ap=a+ay+...~a, ... ;

UX Ha3HBAalOT YACTHYHHMH CYMMaMU WM OTpe3KaMu psia
DTy 1OCAENOBATENLHOCTb uacTRUHHX cyMM {A,} Mbl Bcerza OymeM co-
NOCTaBAATb C PaaoM (2): poJb STOr0 CHMBOJA M 3aKJI0YaeTcs B OpPO-
KICHUYU YNOMSHYTOH HOCAENOBATENbHOCTM.

KoHeunnd uan Oecronewnwii npedea A Hsacmuurold cymmer A,
pAada (2) npu n— oo:

®

A=1lim A4,

*) BrnipoyeM, HYMEPAUNIO YNEHOB PANA MHOIXa GbiBaeT yjo6Hee HauMHATh He
C eIMHMUH, a C HYIA MAK We € KAKOro-am6o HAaTypaabHOro umcaa, 60abuiero
€LBHHLLk,
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Ha3eigam cYyMmol pAda v NUIIYT

A=atat.tat..=3a,

1IpHAABas TEM CaMbIM cuMBOAY (2) uau (2a) uucaoBoH cMeica. Ecau pad
uMeem KOHEUHYIO CYMMY, €20 HQ3b.8Q10M ¢ X 00 A WU MCA, 8 NPO-
musroM dite caytae (m. e. ecau cymma pasra —& 0o, aubo sce CyMMbL
806ce Hem) —pacxXoodAWUMC A

Taxkum o06pa3oM, BONpPOC O CXOAWMOCTH psia (2), mo onpene-
JE€HUI0, PAaBHOCH/JEH BOIPOCY O CYLIECTBOBZHAM KOHEUHOro mpejena
s nocaenoBaTensHOCTH (3). O6paTHO, Kakyl 6 MOCAEH0BATENBHOCTD

xl: xﬂ) xg, “es 3 xm e

Hanepel HU B3ATb, BONPOC O HAJMYMM JJIA Hee KOHEUHOro mnpejeaa
MOXET OHITb CBEJEH K BONPOCY O CXOAMMOCTH psjad

XFEg—x)F(—x) ., — X)L )]

IJs KOTOPOro YacTHYHRIMKH CyMMaMu Kak pas3 u GyAyT uJeH 3TOH mno-
caenoBarenpbHocT®, Ilpn sToM cymma psiga coBmafaer ¢ npejesoM mo-
CJ/1e10BATE/IbHOCTH,

VIHBIMHM  cn0BaMu, PacCMOTpeHHE OECKOHEUHOrO psfla W ero CyMMH
€CTb NPOCTO HOBast G OPMa M3YYCHHS NOCACAOBATENLHOCTH U €€ Mpe-
aena. Ho sTa ¢opMa, Kak uMTaTeIb YBUAMT M3 AaJbHEHIIErO H3JIOXKE-
HUd, TPEACTABAIET HEOLEHMMBIE TPEUMYIIECTBA KaK MNPH YCTaHOBJEHUH
€aMoro CywWecCTBOBaHHA TMpenena, TaK W NpH €ro BHUKUCACHHH. ITO 06-
CTOATEALCTBO J€JIaeT OGECKOHEYHHIE pAAB BaXXHEHLIUM OpYAMEM ucCie-
JOBaHUA B MAaTEMaTHYECKOM aHajau3e M €ro NPUIOXEHHUSX.

NMepuMEPH. 1) [Tpocrefimnlt mpuMep GecKOHEYHOro psaaa MOAYYAEM, CYM-
MHpYa (yXe 3HAKOMYIO UMTATeldi0) reoMeTPUYECKYI0 NMPOrpeccHio:

ataqg+taqi+...4aq" ...
Ero vactuynas cymma Gyner (ecam g7 1)

a— aq®
sp=—— %
I—gq
Ecau smameHarenb mporpeccuu, g, Mo aGCOMOTHOR BeaWyHHE MeHbIle eXMHHUEL,
TO [KaK Mbl ywme 3HaeM, n° 30, 6)] s, uMeeT KOHeUHHH npenen

se=—2
=

T. € Hall PAJX CXOAWTCA, M § GyHeT ero cCymMmoft.

Ipu |g| =1 1a e mporpeccusa pnaet npuMmep pacxopauweroca pana. Ecau
g=1, T0 ero cymMolt 6yneT -} oo UM — o0 (CMOTPA MO 3HAKY 4); B MPOYMX
cayqasx cyMMbnl BoBCe HeT. OTMETHM AGOMBLITHLI PAX, KOTOPHA Nonyyaerca
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mpu a=1, g=—1:
l—141—14.. =14 (=D+14(—1D)4...%.
Ero wacTHuHble CyMMsl RonepeMenso pasesl To 1, 10 0.
2) Jlerko ycmHosmb PacxoauMocCTh pala

ZV__1+V2+V3+...+ —+.

B camom Jene, Tak Kak '-lJ'leHH ero ydblBaIOT, TO erO n-g YacTyHaa cyMmma
1
a5 + s + = >N —== Vﬂ
V2 V3 Vn

¥ pacTer 10 6eCKOHeuHOCTH BMeCTE C 7.
3) Haxonen, meHee TpuBManbHbIff NpUMep HaM JOCTAaBHT MepeMeHHasm

ya=14 1+ 2 4 b,

PO KOTOPYIO B n°49 Ml [0Ka3adH, 4TO OHA CTPEMMTCA K YMCAY € IJTO PaBHO=
CHIBHO YTBEPKAEHUIO, UTO € ABIAETCA CYMMOH GecKoHeyHOro pama:

(=]
1 1 1 1
ST S IS SR R
Trtgteetagt + 2w
n=1
Benomunas npuGnmkeHHoe BeIYHCIeHHe ukMcaa e B n° 49, yuratenb Ha 9TOM
anwepe CMOXET OWMEHWTb BHITOLY MNOCNAE€NOBATENbHOIO BBEJEHHA BCE MEHEE U
MeHee 3HAYHNTEJAbHBIX nonpaBoK, NMOCTEICHHO ynqualoumx noayuvaeMele B BHIE
YaCTUYHHX CYMM HpHGJ’lH)KEHHble 3HAYeHUsR €.
236. Ilpocrefimue Tteopembl. Ecau B pspe (2) or6pocuts Nepebie
m 4JEHOB, TO NOJAYy4NTCH pan:

o]
gy Cpgg oot At = 2 [ ©)
n=m-1
HaseiBaeMH#f OCTAaTKkoM pafa (2) nocae m-ro uJaeHa.
1° Ecau cxooumes psad (2), mo cxodumcs u #1060l U3 e20 ocmam-
rog (B); obpamuo, u3 cxodusmocmu ocmamra (B) swmerxaem cxodu-
Mocme ucxo0ro2o pada (2).
dukcupyem m v 0608HaunM k-10 uacTHuHy0 cymMy psiaa (5) uepes A

Av=0ny+ g t... Gy
Ak == Am+k _ Am‘ (6)

Ecan psn (2) cxomutcs, Tak uto A,— A, To—npu GesrpaHnuHoOM
BO3PACTaHuu A — CyIEeCTBYeT KOHEUHRH mpesen

A=A— A, )
u ang CyMMul Ak, uTO u O3HauaeT CXOMUMOCTh psisa (B).

Torna, ouesuaHo,

*) Ecau Kako#-1160 4ieH g pAla OKA3uBAETCA OTpPUHNATERbHH M UYHC-
aoM: a=~—>b (rae b>0), to Bmecro ...} (—b) ... mamyr ... —b-}...
[TonyepxHeM, YTO uieHoM pala 3xecb Oyner sce me —b, a He b.
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OG6parHo, ecau naHo, uTo cxomurca psa (5), Tax uro Ap— A’, To
nependmeM paseHcTBo (6), nonaras B HeM k==n-—m (npn n_>m),

TaK: An=Am+ Ar':—m;

OTCIOAA MOXHO YCMOTDeTb, 4TO — NMpU Oe3rpaHuyHOM BO3PACTAHAU 7 —
YaCTHYHas CyMMa A, HMMeeT npepen

A=A+ A, ®)
T. €. CXOHHTCHa pan (2).

WHLMH clOBaMH, ombpacsbisaniie KOKEUKO020 HUCAQ HAYAABHHX Hae-
K08 pAOa UAU NPUCOCOUHEHUE B8 HAYAAE €20 HECKOABKUX HOBLLX “4ACROB
He ompadxcaemcs Ha nogedeHnuu pada (B CMEHCAE €ro CXOANMOCTH
WK PacXOOHMOCTH),

Cymmy paga (5), ecim oH cxomurcd, oGosHaunM smecto A’ CHMBO-
JIOM @, YyKa3blBasd 3HAUKOM, MOCJe KaKoro ujeHa Oepercst OCTAaTOK.
Torpa dopmyan (8) u (7) nepenuuiyTcs caeayiomuM oGpasom:

A=A+t ap a,=—A— A, ©)

Ecmu ysenunuupatp m 10 GeckoHewxoctd, 10 A,— A u a, — 0. Hrax:

2°. Ecau pad (2) cxodumcs, mo CyMMa a, e20 ocmamra nocie
m-20 4ACKQ ¢ 803PACMARUEM M CIMPEMUMCSE K HYAl0.

YnomsaHeM creflyloliue NpoCTHE CBOHCTBA CXOAALIMXCH PALOB:

3° Ecau 4aens cxodauezocs paoa (2) yMHoNcUms Ka 00UK U mom
JiCE MHONCUMEAL C, MO €20 CXO0UMOCIMS He HAPYUWUMCH, & CYMMQ
AU YMHOMCUMCS KA C.

B caMom nene, uactMunas cymma A, pana

cay+cagt+...4ca,+...,

OYEBMIHO, PaBHa

Ap=caytcag-+...+}ca,=c(a;+ag+...+a,)=cA,

4 umeer npenenom cA.
4°. Qsa cxodauuxca paoa

A=a1+ag+...+an+...
B=b+bg+...+b,+...

MONCHO NOUAEHHO CKAQONEAME WAL 8HHUMAMS, MAK 1m0 pAd
(@ E£b)4-(aaLb)+...+ (e, ) +...
maKoice cxodumcs, u e20 cymma pasHa, coomsemcmasenno, A+ B.
Ecmu A,, B, u C, 03HaualOT 4YacTHYHBE CYMMB YNOMSAHYTHX DAIOB,
TO, OYEBHIHO,
Co=(@Eb) 4 (@ b)) +... 4 (@, £ b) =
=@ t+a+t...4a) b+ by+...+b)=A,%B,
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ITlepexoas k npepeny, Halaem, aro
lim C,=lim A, % lim B,

YTO W JOKa3HBAaeT Hallle YTBEep:KAEHHE.
B sak/aioueHHe CAENaeM elie ORHO 3aMeyaHHe,
5° O6wyuli wren a, cxodawe20cs paoa cmpeMumcs k¥ KyA0.
dTo MomeT OHTb JOKa3aHO COBEPIIEHHO SJeMeHTapHO: Pas A,
(a c HuM U Ap,_y) HMeeT KoHeuHHH npenea A, To

a,,= All_An—l—'O'

B npenmayizeM YTBEpKACHUH COHEPKHUTCA Heobxodumoe ycaosue
0an  cxodumocmu pada, KOTODHM MH OydeM 4YacTO NOJb30BAaTbCAL
ITpn HapymeHHu €ero pssi 3aBenoMo pacxonnTtcs Onnako
BaXHO TORYEPKHYTb, 4YTO 5TO YCJIOBHE He fBJAETCS caMo 1o cebe
JOCTATOYHHM JJI9 CXORMMOCTR Dsja. VIHHMH caoBaMH, Jlaxe NpH
BHNOJHEHHH €ro pAJ MOXeT pacxoAunTbcs IlpumepoM

9TOFO CIAYMHT DAl
[o0]
2 1
—p
Va

no=i

paccmMorpeHHH#t  BHie [n®234, 2)]; MHOroYHC/IEHHHE ApPYTHE NPUMEPH
3TOrQ ¥e POAA YMTaTeNb HalAeT B MOCAEAYIOLIEM,

§ 2. CXONHMOCTDb MONOXHUTEJAbHLIX PSAOB

236. YcnoBue CXONHMOCTH HONOKHTENLHOTO PAAa. 3aiiMeMcs Teneps
BONPOCOM 00 YCTAHOBJEHWH CXOLMMOCTH MJIM PacXOAMMOCTH paja. 3roT
BOMPOC BCEFO NpPOIE peWaercs JAA9 pANOB, UJNEHH KOTOPHX HEOTPH-
NATeNLHHE, A8 KPaTKOCTH Takue pPaiN MH GyleM HasHBaTb NPOCTO
HONOXHUTEAbHHBMH,

Mycrb pan

é‘an=al+as+...+a,+... (A)

OydeT noaoxdrembHuM, T. €. a,=>=0 (n==1, 2, 3, .,). Torna, oue-
BHAHO,

Api=Ap+a,u= A,

T. . nepeMeHHas A, OKasHBaeTcs BoO3apacTaloumel. Bcromuuas
TeopemMy O TNpeRele MOHOTOHHOH nepemennofft [n° 44], Mm Henocpen-
CTBEHHO INPHXOMHM K CJAEAYIOUIEMY OCHOBHOMY B TEOPHH MNOJOXUTENb-
HHIX PANOB NPEAJIOKEHUIO:

Teopema. [Toroxcumersnndi pad (A) scezda umeem cyumy; sma
cymma Gydem Korednol (1, c4e008amebHO, PAO — CXOORUUMCA), €CAN
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LACIMULHbLE CYMMB PROA 02PAHULERBL CBEPXY, U OecKoHewHOl (a pad—
Pacxo0AuWUMCA) 8 NPOMUBHOM CAy4ae.

Bce NMpaKTUYECKHE TNPUIHAKH CXOAUMOCTH # DACXOIUMOCTH IOJOMU-
TE€JbHBIX pAOOB, B KOHEYHOM CUYETE, OCHOBAHH Ha 5TOH HpOCTOﬂ TEopEME.
Ho HeENOCPEeACTBEHHOE €€ NPUMCHECHUE JIHIIb B PEAKHX CAydasx
N03BOJISET CYOMTb O XapakTepe psza. [lpuseseM mpumepn 5TOro poza.

1) Paccmorpum pan
(o)

1 1 1 1
217=1+7+§+...+;+...,
n=

u3BecTHBIf NoI VMEHEM TAPpMOHUYECKOT O paga*).
MiMceM oyeBniHOe HepaBEHCTBO:

1 1 1 1 1
—_——t — Vom = 1
n+n+l+"'+2n—]>" 2n~ 2° 0
Ecnn Bce unmeHs! TapMOHHYeCKOro psaa, HAYHHaA CO BTOPOTO, MOCAEAOBATENbHO
pasGUTL Ha rpymnu Mo 2, 4, 8, ... yNeHOB B KawJOi:
1 1. 1 1 1 1 1 1
5+3 Ttgstgtsi gttt e
S bg 2
1 1,
‘F+ ...+7m‘, avs g
h ok-1
TO KaxJasd U3 3TUX CYMM B OTHEIbHOCTH 6yleT Goapmie —;—; B 3TOM IeTKO y6e-
nuThea, monaras B (1) moouepemHo n=2, 4, 8, ..., 2¢7%, ... O6o3HaunmM n-©
YaCTHYHYI0 CYMMY rapMOHHuecKoro paga vuepes H,; Torma, oYeBHJHO,
1
H2h >k ’2‘.

Mbt BHIOMM, YTO YacTHYHBE CYMMB He MOryT GHITb OrpaHHyeHH CBEpXY: pA L
HMeeT 6ECKOHEUYHYIO CYMMY.

YnoMaHeM yxe 3gmech, uto [, ¢ BoO3pacTaHueM n BO3pacTaeT OYEHb MEf-
JeHHO, Jiiep, HanmpuMep, BLIYHCINA, YTO

Hi00e=748 ..., Hioo0000=1439 ... 1 1. L.

BrocaeacTBuy Mpt 6yneM uMerb ciayyal TOYHee OXapakTepH30BaTb BO3PacTanMC
cymm H, [n° 238, 4)].
2) PaccmoTpuM Temepb Goaee o6uIMH paAn

1
ns

N 1 1 1
N =1t gmtmt .t

n=1

+.o.,

*) Kaxau#t yneH ero, Hau¥Has co BTOPOTO, NPEACTaBAAeT CoGoH cpenuee
rapMoOHHMYECK O€ JABYX COCCIHMX YNeHOB. YHCIO ¢ Ha3biBaeTCA CPDENHUM
rapMOHMYECKHM unCen a u b, ecim

1 1/1 1
e=zl(at3)



237) § 2. CXOAHMOCTb MONIOXUTE/IbHLIX PS10B 17

rae s —mo6oe BEUleCTBEHHO® UHCAO0] OH COAEPHHT B cebe, Kak YacTHHH cay-
yalt (npu s=1), npeauaymnt pan. [lo cxoacTBy ¢ pamoM (1), u 3TOT AR TOMNKE
Ha3blBANT TAPMOHHUYECKHU M.

Tak kak nmpm s <C 1 u’NeHW paccMaTpuBaeMoro psaaa Goabme COOTBETCTBYIO-
IWMX YaeHoB paga (1), To, B 3TOM NMPeANONOXKEHHH, YACTHYHHE CYMMB H NIOZABHO
He OrPaHHYCHBI CBEPXY, TaK YTO PAX PACXONHTCA.

3afimemca cayvaem, Korda §>>1; moaoxuM s ymo6ctea s=1 -, rae
6> 0. Ananornuno (1), UMeeM Ha 3TOT pas3:

1 1 1

Bt eFyt ot mey<t

Bbllleﬂﬂﬂ, KaK H BHILIE, MOCICAOBATENbHbBIE IPYINNE YJICHOB:
1 1 1 i 1 1 1 1
st ststetmet tmis
L Rge——y

2 28 28

11
‘n T

. @

1 1
Gt T @
ok=1
¢ noMompio (2) Jerko IOKasaTb, YTO STH CYMMBbI COOTBETCTBEHHO MeHbIle gie-
HOB NpOrpecCcuH

1 1 1 1 1 i 1
T T T g et @ = g

B TakoM cayyae scHO, UTO Kakylo 6l YaCTHYHYIO CYMMY PacCMaTpHBAaeMoOro panua
HH B3ATh, OHa GyleT MeHblle HOCTOAHHOrO YHCIA

Cr1ea0BaTeabHO, PAX CXOAHTC A

237. Teopemnl cpaBHeHMs paaoB. CXOAUMOCTb WIH PACXONUMOCTb
NOJIOKUTENbHOrO  PAOA YacTO YCTAHABAWBAIOT NyTeM CPaBHEHHS ero ¢
DpyruM pSOOM, 3aBEAOMO CXOOAMMCS MJIH pacxoismumca. B ocHose
TAKOr0 CPAaBHEHMA JIEKHUT CJERYIOias NPOCTas Teopema,

Teopesma 1. Ilycms dann 06a nosoxcumensnux paoa

2 a=atat. et (A)

nz:ibn=bl+bi+...+b,,+... (B)

Ecau, xoms Gu HAYUHAA ¢ Hewomopozo Mecma (CKaxeM, aas n > N),
BHNOAHACMCR HEpaseHcm8o: a,<<b,, mo u3 cxodumocmu psnda (B)
swmeraem cxodusmocms psda (A) umu—umo mo oxe —u3 pacxo-
Oumocmu pada (A) caedyem pacxodumocms psda (B).
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HokasaTeanctBo. Ha ocHOBaHHM TOrO, yTO OTGpacHBaHuE KO-
HEYHOrO YMCJAa HAYaJbHHX YJEHOB Dsifla HE OTPaxaeTcs Ha ero mnose-
nenun [n°235, 1°], MH MOXeM CYHTaTh, He Hapymas OGILHOCTH, YTO
a,<<b, npu Bcex BsHaueHuax n==1, 2, 3, ,,. OGosHauuB dYacTHUHHE
cymMut pamos (A) ® (B), coorsercrenHo, uepes A, u B, Oynem
HMETb:

A, <B,.

Iycrs pan (B) cxomurcs; Torma, no ocHosHo# Teopeme [n°236),
CYMMB B, OrpaHHYEHH:

B,<<L (L=const; n=1, 2, 3, ..)).
B cuay npeamaymero HepaBeHCTB3, W NOMABHO
A=<,

a sTO, O TOH XKe TeopeMe, BJeueT 3a cobo#t cxomumocTh pama (A).
Muorga Ha npakTHke Gosee yaoGHa CJeAyIollas TEOPEMa, BHTEKAl0-
wmas #s nepsok:
Teopema 2. Ecau cywecmsyem npedes

Imt=K*% (O<K<oo),

mo u3 cxodumocmu pada (B), npu K< co, sumexaem cxodumocms
pada (A), a u3 pacxodumocmu nepsozo psoe, npu K >0, sumexaem
pacxodumocms emopozo, [Takum oGpasom, npu 0< K< oo o6a paaa
CXOZATCS UMM 06a PAcXOAATCH ORHOBPEMEHHO.]

HDokasaTtBabctBo, Ilycts pan (B) cxomurcs u K< oo. Bass
NPOM3BOJLHOE 4HCAO & >0, MO camMoMy ONPENeNEHHI0 npenena, L
JOCTaTOYHO OOJbIIHX 72 OyIeM HMETb

<K+, omyma a, <(K+9) b,

B cumy n°236,3°% onHoBpemento ¢ psuoom (B) Oymer cxomuthed M pax
S (K-¢€) b, nonyueHHH# YMHOXEHHEM €r0 YAEHOB Ha NOCTOSHHOE
uncno K-}e. Orcloma, no mpexmaymedt TeopeMe, BHTEKAET CXOIMMOCTD
paaa (A).

Ecnu e pan (B) pacxomurca m K >0, T0 B 3TOM cayyae obpar-

HO€ OTHOILIEHHe a—" HMeeT KOHeuHu# npenen; pan (A) npomkeH OHTb

n
pacxoasiumcs, 460, ecan OH OH CXOAMJCS, TO, MO AOKa3aHHOMY, CXO-
auaca 66 u psan (B).
Haxonen, npusezeM einle OIHY TeOpeMy CpaBHeHus, Takke Npen-
CTaBJOILY0 COGOH caencTBue nepeoH.

%) Mu npenuonaraeM npH 9TOM, YTo b, £O0.
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Teopema 3. Ecau, xomsa Gw Hadunas ¢ Hexomopozo Mecma (cxa-
sicem, 028 n_>N), spnoansemcs Hepasencmaso

Poss ) ®)

mo u3 cxodumocmu pada (B) sumewaem cxodumocms psda (A)
umL —4mo mo ge — u3 pacxodumocmu pada (A) ssmexaem pacxo-
dumocms pada (B).

HokxasaTeEnbcteo. Kak ©» Beme, mnpu [JOKasaTeAbCTBE TeO-
peMBl 1, He yManas OOIIHOCTH, MOXHO CYATATh, 4TO HepaseHcTBO (3)
CnpaBelsiuBO I/a BCeX S8HaueHn#h n=1, 2, 3, ... B Takom ciyuae
OyZleM HMeTsb:

Gnyiy
puilas ) <
an

by a, b, a b,
Ty e T S .
bx a, by’ Ay bny

[MepeMHOMKUB MOYAEHHO STU HEPABEHCTBA, MOJYUHM:

a b
"<F': wi a, < —-b (n=1,2 3,..)
a
Mycrs psaa (B) cxoautcst; BMECTE C HUM CXOMMTCA pMZFi'b"’ no-
a
JYYEHHHI YMHOMEHHWEM €ro UJEHOB Ha MOCTOSHHHH MHAOXHUTENb Fl
1

A Torpga, mo Teopeme 1, cxomutca W pag (A), uto u TpeGoBaNOCH HO-
Ka3aTh,

[TepedinemM Teneps K NpHMEpaM YCTAHOBJEHHS CXOJMMOCTH WM pac-

XOOHMOCTH pAAOB HENOCPEeACTBEHHHIM NDHMEHEeHHEM TeopeM Cpas-
HEeHRA.

o0
238. Mpumepn. 1) Z gl))! CXOAMUTCS, TaK Kak
Py

(n)* __
@l — 27 2n—1)II <7
(reopema 1).

2) Cpasuenne c rapMoHuuecKHM# pspgamu [n°236] nossoaser ycra-
HOBHTb TOBEAECHHE MHOrMX pamoB. [To Teopeme

1 1
() ZWCXOHHTCﬂ W—I-_l)< Ey)

©) 2 (Inln)ﬂ (p>0) pacxomurcs: (Inm)?<n AA%  ROCTAaTOUHO
n=2

6oMbIUNX 1,

*) llpn sTOoM a, u b,, KOHeYHO, MPEANONArAIOTCA OTAHYHHMH OT Hyaa.
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=2
1 R 1
(8) ZZW CXONTCH (nnyin = s < 57 A JOCTaTONHO
n=

Goabliux 1.
3) Ilo Teopeme 2:
o

X 1
(a) Z sin ;(O < x<=w) pacxomurcs: sin ; 1o —X; aHaIorHvHo,
n=1
pacxolstTca M paabl

o0 o0
In(1+5 >0 Y @a—1@e>1y
n=1 n=1
v 1 x?
©) Z (1 — cos%) CXOIHuTCA: (1 — COS %) ATy
=1
4) l"‘laKOHeLI, paccMOTpUM DAR

fee]

5 —wes

n=1

Meronamu  gudipepeHunanbHOr0  HMCUMCIEHHS JIETKO YCTaHOBHTbH He-

PaBEHCTBO;
In(l+x)<x (20, —1<x<0)

HOJIbB)’ﬂCb UM, MOXEM HaNHUCaTb:

ln"n l=ln(1—]——7)<;,

H B TO Xe BpeMd

1 n 1 1
n =_1nn+1:_—m(1—n+l)>n+l'

InZ

Hostomy

1 ndl 1 1 1 1
0 < mr<aarn<m

Takum o6pasoM, u/eHBH JAHHOTO PN TOMOXKHTEABHEl M MEHBIIE
=2

1
COOTBETCTBEHHBIX UJCHOB CXOAAWIErOCH psAa Z - [n°236], caemoBa-
n=1
TENbHO, H JaHHHH psig CXOLMTCS.
Ecau 060snaunts ero cymmy uepes C, TO 4acTHYHas CymMMa

i (%—lnk—_};l)=H,,—ln(n—f—1)—>C
k=1
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(H, o0o3HayaeT, Kak BCeraa, YacTUYHYIO CyMMy rapMOHHYeCKOro psaa).
Moxuno 3aMeHHTb 3iech In(n-}-1) Ha Inn, Tak Kak HX pPasHOCT,
i ) p
pasHas In (1—1—;), crpemurca K Hymo. OKoHuaTeabHO: 0603Hayas ye-
pes 7, HEKOTODPYI OECKOHeYHO Manylo, uMeeM Aas F, 3aMeaTelbHYIo

dopmyny
H,=Inn+CH-1, “

OHa TIOKa3nBAET, 4YTO npu OeCKOHEYHOM BO3DACTAHAM 7 YacTHYHaf
cyMMa f, rapMOHMYECKOr0 psjga pacreT, Kak Inn.

durypupyromas B ¢opmyae (4) nocrosHHas C HasmBaercs 3 Je-
posoft mocToaHHOH. Ee wuncacHHOe 3HaueHHe (KOTOpoe ymaercs
BHUMC/IMTL U3 APYrux cooOpaxeHufl) TakoBo:

C=0,577215...

239. [lpusnaku Komu u JanamGepa. CpaBHeHHe AaHHOro pana

?jlan=al+aa+...+a,,+... (A)

C pasIMuUHBIMM CTAHAADTHH MH pAgaMy, SaBeJOMO CXOAALIMMHUCH
WM DPACXONAILMMUCH, MOXeT OHTb TNpPOBEAEHO W B APYroHf, Tak cka-
3arb, GoJiee OpraHM30BaHHOH (oOpMe.

BospmeM Aas cpaBHeHHss B KauecTBe pama (B), ¢ omHO#l CTODOHBI,
CXOMAILYIOCA TeOMETPHUECKYI0 NPOrpeccuio

Y=g+ ¢+.. . (0<g< D),

a ¢ Apyroft CTOPOHH — PaCXOAAIMYI0CH NPOrPeccHIo

D=1+414. F 14,

CpapHuBas ucnuTyeMmulli paa (A) ¢ sTUMH paAnamMu 1O cXeMe Teo-
peMH 1, MpHAEM K CleAYyIOIIEMy NPHSHaKY:
Hpu3nax Kown. Cocrmasum dan psda (A) svipaxcenue

n—
€, ="a.

Ecau, npu 0ocmamoino Goavutx n, 8b6iNOAHSEMCA HepaseHcmso
€,<q,

206 q—NnOCMmoOaHNOeE YUCAO, MEHBULEE EQUHULH, MO PAD cxooumesn;
ecau oite, HALUHAS € HEKOMOpO20 Mecma,

=1,
mo pad pacxodumes,



22 £, XV, YUC/IOBHE PANH (239

LleficTBuTenbHO, HepaBeHCTBa Y a,<<q win Ya,=1 paBHOCHIBEM,
COOTBETCTBEHHO, TaKuUM: @, =<<q" WM @, = 1; OCTa€TCA NPUMEHWTH Teo-

pemy 1%),

YHame, oaHako, 3TOT MPUSHAK NPUMEHAT B JApyroH, mpenelib-
Ho#, dopme:

Honycmun, wmo ssipaxcenne €, umeem npeder (KOHeuHbil uAU
xemy).

lim¥%,=¥%.

Tozda npu & <1 pad cxodumcs, a npu E > 1 pad pacxodumcs.
Ecin € <1, TO BO3bMEM MOJOKUTENLHOE HYHCJO e, MEHbLIEE, YEM
1—%, 1ak uro u & 4-e< 1. Ilo onpenesenmo npemena, mas n >N

Oynert:
T —e%,<C+e

Yucno & e wrpaer poap uucaa ¢ B npeamaywled GopMyaupoBke:
pANl CXOMHUTCH,

Ecan we &> 1 1 KoHeuHoO, 1O, B3B e ==& — 1, TaK yt0 & —e=1,
Ang  JOCTaroyHo OGOJblIMX SHayeHH# n Ha 9STOT pas OylaeM UMETs
&, > 1: pap pacxoantcs, AHalOrMuHBA pesyabTaT M npH B == oo,

B cayuae, korna =1, 3TOT NPH3HAK HE Jga€T BOS3-
MOXHOCTH CYOHUTb O NMOBEJEHHH pHMa.

Ecau cpasHense psaga (A) ¢ YyKasaHHHIMH CTaHAapPTHHIMH DsaIaMH
NIPOM3BOANTbL MO TEOpeMe 3, TO MPHAEM K TaKOMY MPHSHAKY:

Ipasnax Jasambepa. Paccmompunm 0an pada (A) omuowenue

.. Y

n all
Ecau, npu docmamouno Coaswiux n, 8HNOAHIEMCS HEPABEHCMEO
g,<q,

206 q—noOCMOAHKHOE 4UCAO0, MEHbUIEE OUHUYY, MO PAC CXO0UMCSR;
ecau Jce, HAYUHAN ¢ HEKOMOpo20 Mecma,
Y, =1,

mo pad pacxodumcsa %¥),

YnmoGuee, 01HaKko, mo/Ab30BaThCs NpeneabHoH# ¢opMolt mpusnaka:

Honycmun, emo omnowenue &, umeem npedes (KOHEUH uau
Hem):

lim @n = @.

*) PacxogMMoCTb pAlla, KOHEYHO, MOXET GOHTh YCTAaHOBAEHa M NPOCTOH
CCHIKON HAa HapymlesHe HeOGXORXUMOT O YCAOBHA CXOAMMOCTH |n° y 5°].
**) Usgech pacXORHMOCTD NMPAMO BHTEKAET M3 HAapylIeHUa He 06X 0-

a

OIHUMOIO YCIOBHA CXONMMOCTH: BEjb, €CIH —;"i‘zl HIR Gp,, =6, TO G, HE
]

MOMET CTPEMHTIBCA K HYJIO.
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Tozda npu D <1 pad cxodumca, a npu & >1 pad pacxodumcs.
JloxazaTenbCTBO — TaKoe e, KaK M B Ciayvae npusHaka Koumm.

W 5TOT NPH3HAK HHUErO HE HaeT, €CAH OKa3HBaeTcH,
yto Y=1.

3AMEYAHME Mwu coxpanunu 3a HanoxeHHuM npusHakoM uMa [anamGepa,
KaK 3710 jienaerca ob6wmyno. Ho ma pmene y [lanam6epa He Gunillo OTYETANBOrO
npeiCTaBAEHHA O CXONMMOCTH PAla H 06 €ro CyMMe Kak Kpelene HaCTHYHHX
cymM. [lanambep mpenocreperaer OT NOJAb3OBAHHA PANAMH, Y KOTOPHX OTHOIe-
HHe TOCHEAYIOWIEero 4ieHa K NpelbllyiuleMy OKOHYaTebHO CTAHOBUTCA aGCOMIOTHO
66MBIIMM eNMHHUN M CYHTAET TaKHe pAIN <OUIHGOYHHMH». A TOro uyTo6nt
pAl GbIN €¢XOPOIIHM H HEOIHOGOYHHIMY, OH Tpe6GyeT mHWb, YTOGH YNOMAHYTOE
OTHOMIEHHE OKOHYATeNbHO CTaHOBHIOCh (aGCOMIOTHO) MeHbWHM € IHHHILH;
TIOAYEPKHEM, YTO Mb NOTPeGOBaNH Bhillle APYroro, @ HMEHHO, YTOGH 9TO OTHO-
meHHe CTAHOBHMJOCh MEHbIUMM NOCTORHHOM NMpaBHABLHOH Apo6m g! Ycno-
sue [lanam6epa HEJOCTATOYHO IJA CXOAMMOCTH DfJa B COBPEMEHHOM CMBICHE:
OHO, HAllpHMep, BHINMONHAETCA N 3aBEJAOMO DACXOAAILETOCH T'APMOHHYECKOro

[>]

e 3
PAR '
n=I
B npenensHoM ¢opMe NpusHaK Guin BNEPBHE TOYHO CHOPMYIMPOBAH H JO-
kazan Koun.

[>]
2
Menmeew: 1) TlycTs mam pan 2(1__’11.>" . K Hemy ecrectBenno

n==1
npuMeHnTs npHanak Koum:

i@n:(l—%)", i€=%<1,

TaK YTO DAL CXOIHTCA.
2) MpumenyM mpu3nak [anamGepa K CrenyOLWMUM PALAM:

ot n
x . — x —_—
@ I+ Yo >0 Fa=ry, T =0,
=1
PAL CXOIMTCH, KAKOBO Obl HH GLIO 3HAYeHHe X}
hnd n
©) N (%) E>0) D=, D=2,
e
n=1 (1 + ';)

PAL CXOIATCA NPH X <e H PACXONMTCA NPH X >e; NPH X==¢ NPHIHAK
n
[anamGepa, B npeneabHOH (QopMe, HUYEro HEe KAET, HO TaK KaK (1 +l) <e
n

M BCcerla 97, > |, T0 pAN Bce e PACXOAMTCA.
K rapMonnueckum psanam

©

1 1 L
2F=1+§§+...+$--- (s>0) (Hy)
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YKa3aHHHE TpPHIHAaKW He npuroxHMbl. [elcTBHTENbHO, B 3TOM Ccayyae 6,==

=nTl,,;<l, Ho lim§, =1, Tax kak
ng =_s.‘“_n’_‘_.o [0° 121, 3)}.
AHanoruyso, u ,@‘n=—ll§ << 1, HO, oueBHAHO, Takxke lim &, =1.
I+)
n

WMa apyrux coo6pasenutt [n°236] M1, olHako, 3HaeM, 4TO CaPMOHHYECKHH
pAL CXORMTICA NpHU § > R pacxomuTcs Npu S<< 1.

240. Ilpusuax PaaGe, B Tex cayuasx, KOTAa YKasaHHbe APOCTHE
NPU3HAKA HE JNAIOT OTBETa, NPUXOAUTCS npuberatb K 060/€e CAOKHHM
NpH3HAKaM, OCHOBAHHBIM HA CPABHCHHMHU HCIHITYEMOro psdaa yXe Cc Apy-
TUMH CTaHnapTHBIMA psAaMH, TaK CKasars, ,,MelllleHHee“ CXOIAIUMHACH
WM ,MeNJeHHEe“ DACXOAMMUMUCS, YeM mporpeccus.

Mm  paccMotpum 3gech eme npusnak PaaGe *), ocymecTsastomnuh
CpaBHeHye JaHHOrO psana (A) MMeHHO ¢ rapmoHuueckumu psgamu (H,).
an 3TOM MNMPHUXOAUTCA PACCMATPHBATbL TaKoe BHIDAXKCHHUE:

e%“n=,n(l —-a—z-ﬂ>.

n

Hpu3nax Paabe. Ecau, npu docmamouno OoAsbmnx N, 8uNOA-
HAEeMCA HepaseHcmso
FE =,

20e T—nocmosHHOE 4ucro, Goasuee eduHuys, mo pad cxo-
dumcsl; ecau ice, HALUHAR ¢ HEKOMOpPO20 Mecma,

&< 1,
mo pad pacxodumcs.
Wrak, myctb mput AOCTaTOYHO GOJBLINX 71 UMEEM
r

an+1 an+1
St~ A el — .
n(l )/r>1 HJIH \1

Bossmenm Ttenepy kakoe-Hubymb uucao s Mexay 1w ri 1<s<lr. Tax
KaK — [0 M3BECTHOMY NpeNeJbHOMY cooTHowenuw [n°65, 3)] —

-ty

. n

lim —F——

n—o ____l_
n

=3,

*) Wosed Jlwnsur PaaGe (1801—1859) — nemeuxku#t maTeMaTHK.
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TO AN JAOCTaTOuHO Gonbmux n Gyner [n°36, 1°]

l s
e .
—l<r Au <1—7) >1——,
n
a CJeJOBATENbHO, 1
nig ~(1 1)\
a, << n,’
DTO HEPABEHCTBO MOMHO NEPENHCaTh Caelyioum o6pas3om:
1

Gniy n—])S_ ns
a, <( n - 1
(n—1)°

CnpaBa MbH KMMeeM OTHOLIEHHE JBYX MOC/JEAOBATe/]bHHIX YJEHOB C X O-
asmeroca papa (Hy) (s>>1!); npumenus Teopemy 3, yOewnmaeMmcs B
cxomumoctd psga (A).

Eciu e, HauMHas C HEKOTOPOrO MECTa,

" (1 __an+1) <1,
g

n

TO OTCl0Ja Cpasy HAaxoaHM, UYTO

1
app . n—1 n
palas =

a, = n 1

npuMennB Kk paay (A) m kK pacxoasmemycs pany (H,) Teopemy 3,
3aKJTI04aeM O DpacxomuMocTH psama (A).

[TpusHak Paale TOx€ MPHUMEHACTCS NPEUMYIUIECTBEHHO B TNpeaesabHON
thopwme.

Honycmux, amo ewpasicenue %, umeem npedes (Koweyuwi uau

Hem):
lime%7, =¢%.

Tozda npu % > 1 pad cxodumcs, a npu % <1 pad pacxodumcs.

Cpapnusasn npusHakd Jlanambepa un Paale, BuauM, 4TO NOCTEeIHHH
3HAauMTENLHO CUAbHee nmepsoro. Ecam npepen & =I1im %, cyuwectsyer
M oTaMueH OT eauHMusl, 1o a1 &%,=n(l —Z,) cywmecTsyer npe-
nen o7, papunifl oo npu Z <1 u —co npn & >1. Takum o6pa-
3oM, ecan npusHak J[lanamGepa [aeT OTBET Ha BOMPOC O TOBEAEHMH
IaHHOro psAa, TO TpH3HaK Paae u noxasHo ero maer; Goablue TOro,
BCE Takme CJOydal OXBATHIBAIOTCA BCErO NBYMS H3 BOSMONHBIX 3Haye-
i o, umenio oo, Bce ocTanbHpie sHaueHus % (uCKMouasm
e == 1), TaK¥e [A0lHe OTBET Ha BONMPOC O CXOAUMOCTH, COOTBETCTBYIOT,
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TaKUM 06pa3oM, cayuyasm, Koraa npusHak [lanamGepa 8aBesoOMO OTBETa
He 1aet, notomy uro ¥ =1.

B kayectBe npuMepa npHMeHeHwa npusHaka PaaGe paccMOTpHUM DAL

[=<]
(2n— NN 1
1+ | e i
=
o (n— 1)
puaHak Jlanam6epa K 3TOMy paly HenpuaOKuM, GO @":2—'1@_4——15_’ 1

(1 nputoM &, < 1). Cocrasum Bhpakenue PaaGe:

@n—1p \_ 6a—1
2n (2n F 1) )_2(2n+1)'

é?,,:n(l—

Tak kak o =lim %, = %> 1, To pap cxommtcA,

Omnako npu e =1 MW BCe X€ CHOBA HE WMeeM OTBETa Ha BOMPOC
0 nosefieHuH pAja. B nonoOHHX caydasXx (KOTOPHE O4YEHb PeNKH) MpH-
xoantca npuberath K eme 60Jee TOHKHM M CJIOXKHBIM IPH3HAKAM.

241. Hnrerpanvsmii npusHak Maxjopena—Komu. B 3akmouenne
Mbl BbIBEIEM €Ul€ ONMH MPH3HAK, OTAHYAIMACS NMo QopMe OT BCEX npe-
B oyLEX,

ITyctr npeanoxeHHHH paa uMeer Qopmy

© [s<]

Y= 210, ©®)

rae f(n) ecte sHaueHue npm x==n HeKoTOpOR ¢yukumn f(x), onpe-
nenenHol aas x=1%); QyHKHHIO STy NpPEANOJIOXKHM HElPEpHBHOM,
NOJIOXHTENbHOR M MOHOTOHHO yOGHBaoweH.

PaccmotpuM Kakyto-anGo nepsooGpasuyw dynkuuo aas f(x):

Fx)= S f (%) dx.

Tak kak ee npomssomHas F'(x)=f(x) >0, To F(x) BO3pacTaer Bmecre
C X M Npu X-——0O HaBEPHO HMeeT mnpemen L, KOHEeYHHH uau
neT [n° 47]. Ha pasnueHHH 3THX CAyuaeB M TOCTPOEH CJENyIOWH#
NPH3HAK CXOAUMOCTH M DACXOAHUMOCTH, KOTODHIH OHJ BHCKa3aH B reo-
meTpuyeckofl dopme eine B 1742 r. Makiopenom, HO OCTajlca Hesame-
YEHHHM, U BHOBL OblA OTKPHT B 1827 r. Koumu.

Humezpasonuoili npusnax. Prd (5) cxodumcs, ecau npedes L
nepsoobpasnoi F (x) womewen, u pacxodumcs, ecau L= oo.

*) HavanbHuM 3HavenneM noMepa n, BMecTo 1, MOXeT GuiTh U M1060€ Apyroe
HATYPaAbHOE YHCIO 11y; TOTHA H PYHKIMIO f (X) HaANEeKHT PaCCMATPHBATh NIPH X == 1,
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OuepunHo, 6€3pasnuyHO, O Kako# M3 NepBOOGPA3HMX BECTH Ppeub,

#60 moGwue nBe NEPBOOOPAsHHE MOrYT PAa3HMTLCA JAWDb Ha NOCTOSHHYIO;
NONOKHM

F={f(xax. ®)
1

Bpuny moHoTonHocTH dynkuuu f(x), ma n<<x<<n--1,

alb-i-l:f(n_l' 1)<f(x)<f(n)=a,,,

TaK 4YTO H
n4-1
Q< Stf(x) dx < a,
Das pana *
o ntl
) §f(x) dx
n=\n

n-1 4aCTH4YHag CyMMa €CTb

nd-1
§f(x)dx=F(n—l—1);
1

ICHO, YTO STOT pPAA CXOAMTCA HJIM DPacXOAUTCA HMEHHO B SIBHCHMO-
CTH OT TOro, Oyaer /M L koHeuHwmM uau Her. Ilpm xoHeunom L, no

«Teopeme cpaBHerna» 1 [n°237] cxouTcs B pARA € MEHBWHMMHM YNCHAMM:
[=4]

2a,,+,, acHuM 1 paa (5); Rao0OpOT, NpH L==00 W TNOAABHO PaCXOJHTCH
1

o0
PaL ¢ GOMBIIMMH UJIEHAaMH: )@, T. €. paa (5).

1

ITpusePu. 1) Paccuorpum mpexje BCEero BHOBb rapMOHHYECKHE DPAAM:

@ i% © inl (s> 1)

n=1 n=1
B cnyuae (a):
f(x)=%, F(x)= S d;’\':lnx—»oo npa X — co,
PAL PAaCXOTHTCA.
B cayuae (6):
dx _ 1

x5 s—

f(x)-'_";.‘iy F(x)= lx""“—»O HpH X — 00,

PAA CXONHUTCH.



28 T/l XV, YUCJIOBHE PSIBI [241

ITH yxe 3HaKOMHE HaM pe3yabTathl [n° 236] nomoJHWM HOBHM:

= 1
2 Y

n=2
3necs
1

=Tz
PAL pacxoouTCs.

dx

———=Inlnx—oo nmpy x —0,
x-lnx

F(x)=$

3ameTuM, 4TO Npemen uHTerpasa (6) npu x — 0O HasbIBAIOT HHTE-
rpaioM oT 1 mo0 oo *) n 06o3HayaOT Tak:
(o]

F(o0)= 5 f(x)dx.

Takum 06pasoM, MOKHO CKasaTs, YTO npediooennsiii psd (5) cxo-
oumcs uau pacxodumcs, cCMOmMpPA NO MOMY, UMEenm AU 3MOM UHME-
2pan KOHeuHoe 3HaueHue UAU Hem.

B tako#t dopme mHTErpasipHLE NPU3HAK AONYCKAET NMPOCTOE [EOMETPH-
YECKOE MCTOJKOBaHME, O.uskoe Kk ulee Maxaopena. Ecau usoGpasurs
dyHkuno  f(x) Kpapo#
(puc. 1), TO wmHTErpan
F (x) Oyzet BHipakars mjo-
HLaAb UrypH, OrpaHuyeH-
— HOfl 3TOH KpHBOH, oCbi0 X
NSTre—r—— z W 1BYMs OpAHHATaMM; UH-

o 1 2 3 n n+f Terpan xe F(co), B Heko-

TODOM  CMBIC/JE,  MOXHO

Puc. 1. paccMaTpuBaTh, KaKk Bbipa-

WEHHE U1 Mowaay Bceft

GECKOHEYHO MpOCTApalowelcn Hanparo ¢uryps noa xpusolt. C apyro#

XKE CTOPOHH, WYJEHH @y, @, ..., Qp ... DAA2 (D) BHPAXKAOT BEMUUUHBI

ODAMHAT B TOYKax x=1, 2, ..., n, ... W4, 4TO TO XKE, MJIOWAAX NP~

MOYTOJIbHUKOB C OCHOBaHMAMH 1 W C BBHICOTaMH, DABHBIMUM YIOMSHYTHIM
OpAMHATaM,

Taxkum oOpasoMm, cymma psaa (5) ecTb HE UTO HHOE, KaK CyMMa
niomane! BB XO XU X NPAMOYTOJbHUKOB, M JHLIb MEPBBIM UJCHOM
OTJIHUAETCS OT CYMMbl IJIoLlafe# BXOXALLU X TPIMOYroJbHHKOB., 3TO
JIEJAeT COBEPLIEHHO HArJSAHBLIM YCTaHOBJEHHBI BhHIlIE DE3YJABTAT: €CJU
NJIOIAAb KPUBOJMHEHHOR QUrypsl KOHEYHa, TO M TNOAGBHO KOHEYHA IJIO-
Hafb 3aK/JII0YEHHOR B HeH cTyneHyaTod ¢urypsl, ¥ MNPEMJIOKEHHHA pan
CXOIMTCS; €C/IM e IJIOoWwanb KpHBOJMHe#HOH ¢urypn OecKoHeuHa, TO
OeCKOHEUHa M ILIOWIAAb COAEpKalleH ee CTyneH4aTol ¢uryps, Tak 4To
B 3TOM CJyyae Dsji PacXOAUTCA.

*) 3T0 TaK Ha3biBaeMbii HeCOGCTBEHHBIH MHTCIrPal NOJOGHLIMH
HHTErpanaMy Mbl 6yleM 3aHuMatbcsa B raase XVIIL
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§ 3. CXOAUMOCTb IPOH3BOJILHBIX PSIIOB

242, Npunnun cxoxuMocTd. O6patMMca K BONPOCY O CXOAHUMOCTH
PAN0B, Y/JEHH KOTODHX MOIYT HMMETb NPOHM3BOJBLHHE SHAaKW. Mpl 3HaeM
[n°234], uto — o camoMy onpeneneHHo — BONPOC O CXOAMMOCTH pSAa

ngla,,:ai—]—a,—l— voo o ta i+ . ot .

TOXIECTBEH C BONPOCOM O CYWECTBOBAHHM KOHEYHOro npeaena najs
NOCIEIOBATE/IbHOCTH YaCTHUHBIX CYMM

Ap Ay oer Ap Amets eens Apers ons )

B n°b2 6bla yCTaHOBAEH NMPHUHLUHUI CXOAHWMOCTH AA9 NOCAEAOBA-
TEJAbHOCTH, Haiomuit obuiee yciaoBue, HeoGXOoOMMOE M ROCTATOUHOE AJf
CyWeCTBOBaHUA Takoro mnpedena. Ilepedpasupysn 3TOT NpHHUMD npuMe-
HETEMBHO K 1OC/AenoBaTebHOCTH (1), MOXHO Tenepbh CHOPMYIHPOBATh
ero Tax:

drs mozo0 wmober psid (A) cxoduacs, neoGxodumo u docmamouno,
4molbbe Kancoomy uucay e >0 omsewas maroii nouep N, wmobu npu
n>N Hepasercmeo

|A,,+,,,—A,,|=|a,,+,—|—a,,+,—|—...—|—a,,+,,,|<e @

8bINOARANOCH, KaK0B0O Obl HU Obao m==1, 2, 3, .,.%).

(3necs n-m wrpaer poab BTOporo Homepa 7 B n°52, KoTOpHIf
HE 33aBMCHT OT 12 M, 0e3 yMaleHHsd OGIIHOCTH, MOXeT ObiTb B3AT 60JIb-
WHM, ueM 7.)

Ecan, npegnosaras paa cxomswmMcsd, B HepaseHcTse (2), B 4aCTH 0-
CTH, MONOXHTB M =1, TO MOJYYUM:

|2p | <& (upn n2>N),

TaK 410 @p— 0 mam (uT0 TO *€) @,— 0, m MH BO3BpallaeMCH
K HeoGxoaumoMy ycaosumio n°235,5% OHo camo no cebe eue He
ofecneynpaeT CXOAMMOCTH DsSfd, ¥ MMEHHO TOTOMY, UYTO J4JIEKO
HE HCUEpNEIBA€T COJEPKAHUA BHICKA3AHHOIO BHILIE YCJOBHS: HYKHO He
TOABKO, yTOOH HOCTATOYHO JaJIeKHe UWIEHH pPsaia B OTAEJAbHOCTH
6bln ckoAb YrOZHO Maibl, HO M YTOGH CYMMBbl TaKHX WIEHOB OKaghi-
BaJUCh CKOJb YTOAHO MAJBIMH, HE3aBHCHMO OT TOTLO, CKOJBKO
MX HH B349Th. JTO XOPOIWIO H/MIOCTPHDYETCS NPHMEPOM TapMOHUYE-
(a2}
cKoro psaa 2%, y KoToporo oOuinH u/eH (:—:;) ctpemutcs K 0, n
n=I

*) Astopnl 9TOro ycnosua— Bonbuano u Komwm —o6a naam ero npumene-
TeIbHO ¥MEHHO K BONPOCY O CXOAMMOCTH GECKOHEYHOro psja,
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B TO Xe BpEMS, €c7® 3a 3THM YJEHOM B3arh eme n— 1 caeayouux
1
Y/IEHOB, TO CyMMa BCEX OKa3hIBaeTcs >7[n° 236, (1)).

243. A6comoTHas CXoaBMOcTh. Tak Kak HemocpeacrseHHoe TpHme-
HEHHe TMPUHLHANA CXOAHMOCTH Yalle BCEr0 BHI3HIBAET SaTPYAHEHHH, TO
NpeACTaBAseT HHTEPEC H3YuEHHE KJAAcCOB CJyYaeB, KOrAa BOMPOC pe-
LIaeTCs ¢ MOMOMBIO GoJiee MPOCTHX CPEACTS.

Mu Bujesn B mMpeanitymieM naparpade, YTO B OTHOLUEHHH HOJOXH-
TEJBHHX PAAOB CXOAWMOCTb TMO OOJBINEH YacTH YCTAaHABAUBAETCH JIETKO,
6aarofaps HaauuMio psga yROOHHX npusHakoB. [TosToMy eCTECTBEHHO
HayaTb C TeX CJyyaes, KOTJa BOMPOC O CXOAMMOCTH MAHHOTO pAAa TpH-
BOAMTCH K BOMPOCY O CXOAMMOCTH TOJIOKHTENBHOrO psxa.

Ecnn unenn psga He BCe MOJIOXHTENbHB, HO, HauHHas C HEKOTOPOTO
MECT3, CTaHOBATCSA TOJIOXHTENBHHMH, TO, OTGPOCHB JOCTaTOYHOE KOJM-
YECTBO HaYaJbHHIX ujeHoB paga [n°236,1°], ceemeM meno K HCCHeOBa-
HHIO TIOJOXATENLHOrO pAXa. EcaH uYieHH pana OTPUUATENBHH HJIR, IO
KpaitHelt Mepe, ¢ HEKOTOpOro MeCTa CTaHOBATCH OTPHUATENbHHIMH, TO
MBl BEDHEMCH K YX€ PacCMOTPEHHEIM CAy4asM MyTeM HU3MEHEHHS 3HaKOB
Bcex uneHos [n°236,3°]. TakuM 06pasoM, CYLULECTBEHHO HOBLIM CJIy4aeM
6ymeT TOT, KOrja Cpeld UJEeHOB pPsgd ecTh GecKoHeuHoe KOJAYuecTsO
KaK TIOJIOXHUTENbHHE, TaK W OTPHUATENBHMX YJEHOB,

Ianum caemywoluee onpenenexue: ecau psad

f}la,.=a,+ag+ eee Fa,+ ... A)

cxo0umcs 0ONOBPEMERRO € PRAIOM

ngl‘an|=|ax|+|an|+,..—+—|a,,|—+—___, (A%)

mo pad (A) naswsaemcs aGcOANMHKO CXOIRUUMCA.

Himeer mecto

Teopema Kown. Cxodumocms odnozo auws paoa (A*), cocmasaen-
N020 U3 QOCOAIOMNMX BeAUHUHR 4AeK08 danno20 psda (A), 8revem 3a
coboli yoice u cxodumocms 3mozo nocaedxez0.

JOKASATEABCTBO CPa3dy MOAYYaeTCA H3 NPUHIKNA CXOXHMOCTH:
HEPaBEHCTBO

|an+l+an+i+ +an+m|<|an+l|+|an+2|+ LR +|an+ml

NOKa3HBaET, UTO €Cd YCJOBHE CXONMMOCTH BHIIOJHSETCs Aad psma (A¥),
TO OHO TeM Gosee BuMNoJHAeTcs aad psga (A).

MoxHo paccyxnate ¥ nHaue. PaccMOTpHM B OTA€JABHOCTH MOJO-
MHATEJbHEE unieHH pafa (A) # a6CcoNOTHHE BEJRUYHHH €ro oTpu-
HATENBHRX 4ieHoB. IlepeHymMepoBaB # Te H JpyrHE€ B TOM MNOpPsAAKe,
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B KaKOM 3TH YJEHH BCTpevaloTca B psge (A), cocrasuM JjBa (mOJ0XH-
TEJbHLX) psaa

ébk=b,+b,+... ®) §10m=c,+c,+_._ ©.

W3 cxomumoctH psaga (A¥) BHTEKaeT CXOAMMOCTb OOGOMX STUX pAMIOB,
IeticTeuTensHo, mo6Gag vacTuyHas cymMa, B, wam C,, TOro HIH Apyroro
M3 HHX MOXeT ONTb NpEB30HIEHa HEKOTOPOM YacTHUHOH cymmoH psaa
(A*) wu, chemoBaTeNbHO, OCTaeTc MeHblueH cyMmmp A* ororo psana
(o)
[n°236].
Ecan BSaTh Temepb 4acTHuHylo cymMy A, pana (A), To ee MOXHO
NPEACTAaBHTL B BHAE PasHOCTH

A,,—'_—Bk— Cm’

rae k W m 03HAYAIOT, COOTBETCTBEHHO, YHCJAO HOJOXHTEAbHHX WM
OTPULATE/NbHRYX C/araeMelX B COCTaBE CyMMH A, TaK uTO 2 U m 3aBH-
CAT OT 7 M BO3pacTaloT BMecTe € n Mo OeckoHeyHoctw *), Toraa, oue-
BHIHO, CYULECTBYET KOHEYHHH npenen

A=limA,=B—C, (3)

rae B u C—cymmu pspos (B) u (C), » cxomumocts psina (A) xmoxa-
3aHa, BmecTeé € TeM NONYTHO JOMOJHHUTEABHO YCTAaHOBJEHO [1OJIE3HOE
YTBEDKIAECHHE, YTO MPH CHAENAaHHHIX NPEANOJOXEHHSX CYMMa JaHHOTO
pala paBHAa Da3HOCTH MEKAy CYMMOR psla, COCTaBJIEHHOIO U3 OHHHX
NOJIOKUTENLHAX €r0 YJEHOB, U CYMMOH psza, COCTaBAEHHOTO M3 aGCo-
JIOTHHX BEJUYHH OTPHILATENILHHX UYJIEHOB.

Taxum oOpasom, onHoH aumb cxoaumMocTd psga (A*) mocraTouHO
am a6conwTrOM cxomumoctd psda (A).

Kax yBunum HMXe, BOSMOXHH CayyaW, KorZa psx (A) cxomurcs, a
pan (A*) —wner. Toz0a pad (A) Ka3weawm HealbcoAalMHO cXxo-
QAWUMCA,

Jas ycraHoBaeHns abGcon0THOH cxomamocTH psana (A) K moJo-
HUTEALHOMY pAny (A*) moryr OHTh NPHMEHEHH BCE NPU3HAKM CXORXHU-
MOCTH, HByueHHHE B npelupayumem naparpage. Ho HyxHO OnTbh OCTO-
POMHEIM C TpPU3HAKaMH PaCXOAUMOCTH: ecad Raxe pan (A*) oka-
KETCs pacxomammMcs, TO pan (A) Moxer Bce ke CXOAuThca (Heabco-
JIOTHO). HCKmoueHne MPEACTaBASIOT TOJbKO fpH3HakH Komu u
Janambepa, ® UMEHHO IIOTOMY, YTO, KOrfa OHM KOHCTaTHPYIOT pPacXxo-
IuMocTh paza (A¥*), TO 3TO 3HAYMT, YTO OOWMK uneH |a,| pama (A¥)
He CTpeMuTcs K Hymio ), a Torza M @, K HyMO He CTPEMHTCSH, TaK YTO
u pax (A) taxxe pacxoaurcs. ITosTOMy YNOMAHYTHE NPHUSHAKH MOIYT

*) Mo BCe BpEMA mMeeM B BHRY cAyyafl, Korna cpean 4aeHos paga (A)
6eCKOHEYHO MHOTO H NOJOXHTEILHHX M OTPHIATEAbHBIX.
**) CM. CHOCKH Ha cTp. 22,
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6uiTb nepedpazupoOBaHH NPUMEHHTENBHO K NpomspoanHoMy paay. Cre-
JlaeM 9T0, HampuMep, AAs Npu3Haka [lanamGepa:
Hpuznax Hasambepa. Ilycms 04s omuouenus '@*=%
cymecmayem onpedesennsiii npedea; "
G ¥ —=1im @-:,

mozda npu & * <1 daunnii pad (A) a6coswmuo cxodumcs, a npu
D *>1 on pacxodumcs.

[TpumEPSL lgaﬂpnmeﬂum npusnak Janam6epa k pagam (a) u (6), 0 KOTOpHEX
6uina peub B 2) n°239, Ho or6pocus Tpe6oBaHne x > 0. Mwm moayumm, uTO

(? pal a6CONIOTHO CIOAMTCA RIA BCEX 3HaueHui x;

(6) pan a6COTITHO CXOAMTCA NPH — & < X < € ¥ PACXOLUTCA NIPH X = ¢
MM X< -—e€ (NpH x= ¢ Hapyuwlaercs HeoGXOiMMOE YCIOBHE CXONMMOCTH).

2) Iasa pana

x
xn x* Xt X"
— )t = -+ T — T

2( ) n 2 + 3 —n

n=1
HMeemM:

n
* — * —
@n_n+llx|v =|x],

TAaK UYTO pAR CXOAMTCA a6CONIOTHO haa |x|<C1, paczomurcs Has |x|[> 1.
[Ipn x =—1 psan Takxe PaCXORMTCA, HOO NOJYYAETCHA U3 TAPMOHHUECKOTO H3ME-

HEHVeM 3HAaKOB ero uneHoB. IIpy x =1 Mn npuxoauM K pany

1 1 n—t 1
l-—--2—+-3—"- e+ =1 1",?‘*‘ ()

OTHOCHTEAbHO KOTOPOIr0 BONPOC O CXOAMMOCTH IOKA OCTAeTCA OTKPHITHIM.

244. 3naxkonmepemenssie psapbl, C noMoumblo cooOpaxeHn# mpeln-
AYLIEr0 HOMEP3, €C/AM M MOWET OHTb YCTaHOBAEH3, TO TOMbKO abco-
JWTHAs CXOAUMOCTb Psiga — K HeabCOMIOTHO CXOAAUIUMCA PsRaM  OHU
3aBEIOMO  HENPUJIOXUMBL. [l03TOMY MHE pAacCMOTDHM, B 33KJIOYCHHUE,
BOMPOC O CXOAUMOCTH OJHOrO CMENHAJBHOrO, HO BAXHOTO KJjacca pALoB,
Ha3HIBAEMEIX SHAKONEPEMEHHBIMH, CDEIM KOTODHIX €CTh M HeaBCOJI0THO
CXOAAILHECs.

BHaKkonepemMe UL MU HA3BBAIOMCA PRI, HAECHHL KOMOPHLX
noouepedHo UMEIOM MO NOAONHCUMEABHbLE, MO OMPULAMEAbHbLL 3HAKU.
3uakonepeMeHHHH piA  yAoGHee 3amucaTe Tak, uTOGbl 3HAKM U/IEHOB
Gblin BHABJEHH, HanpuMep (eCnM cymtaTe Bee ¢, > 0),

co—cat+ea—ca+ .. (1) L C))
[To orHoweHmo K mTONOGHEM psaaam eme B 1714 r. JledGuun
(8 maceMe k M. BepHyaam) BbiCKa3aa CJAEAYIOLLyI0 MPOCTYHD TEOPEMY.
Teopema JleiiGnuya. Ecau wienss 3Haxonepemerno2o psoa (4)
MOHOMOKHKO Y6bL8ai0m Nno abcoromHol BeiudlHe:

€t < Cp n=1,2 3 ..) )
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U cCmpemames k¥ Hyaw.
lime,=0,
mo pad cxodumcs.

HokasaTeabcTBO. Yacruunylo cymmy uyetHoro nopsaka Cy,
MOXHO HamucaTb B BUAE:

Com=(c1—ca)F(ca—c) ... (Comer — Cam)-

Tak Kax xawpnas ckoOKa, BBUAY (D), €CTb MNOJOXATENBHOE 4YHCJAO, TO
OTCI0AA sICHO, YTO C BoO3pactaHueM m cymMa C,, TaKkixe BO3pAaCTaeT.
C apyro# cropoHwbl, ecau nepenucaTs C,, Tax:

Com=c1—(cg—¢3) — ... —(Cop-a— Cam_1) — Copms
TO JIETKO yCMOTpeTb, uTo Cy, OCTaeICs CBEPXY OrpaHuYEHHOH:
Cgm < 1.

B TakoM cayuae, Mo TEOpeMe O MOHOTOHHOH nepemeHHoH [n°44], npu
GearpaHuuHOM BO3pacTaHHM . uyacTHuHas cymma C,, uMeeT KoHeuHuH
npeaen
lim Cgm:C.
m—oo
Iepexoas kK wacTHYHOH cyMMe HeueTHOTr o mopsaaka Cy,  UMEEM,
ouesuano, Cy,_y=Cap -t Cqpy. Tak Kak oOWUH uneH CTPEMHTCA K
HYJIO, TO #
lim Cg,,,_1=C.
m—oo

Orcona crepyer, uro C u Oyzer cymmoft AaHHOro psaa.

3AMEYAHME, Mpl BUIEAH, YTO YACTH4YHBIE CYMMEl YETHOTO MOpsAAKa
Cyy, mpubmaxcatorcs Kk cymme C paga BospacTad Hanmcas Gy,
B Buge

CZm—I =) — (Cg —_ 6‘3) S e (Cgm_g — C2m-—l)’

JIErKO  yCTAaHOBMTb, YTO CYMMbl HEYETHOrO NOpAAKa cTpeMmstcd k C
yO6mBas Takum obpasoM, Bceria

Cﬂm < C< Cﬁm—l-
B uyacTHOCTH, MOXHO YTBEpXIaTh, YTO
0l C<ler (6)

310 no3BOJIAET AAaTb BECbMa NPOCTYI0 M YROOHYIO OLEHKY AJd OCTaTKa
paccMaTpuBaeMOro psla (KOTOphH W caM MPEACTaBiseT COOOH TakoH xe
3HaKonepeMeHHuIH pan). Mmenno:

Tn=(—1)""{c, — st ..}
B cuny (6), BupakeHue B CKOOKAX NMOJIOXATENBHO M MEHBHIE C,.
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Taxum oBpasom, BO BCEX CayuyadX ocmamow pada seliOHuyes-
cKo0z20 muna*) uMmecem SHAK CBOE20 NEPBO20 UACHA U MENbULE €20 NO
albcoromnoli Beaudune.

9T0 sameyaHHe 4acTO MCNOAL3YETCH NPH NPHOAHNKEHHBIX BHUUC/]E-
HHSX C noMomblo panoB [cm. n°260].

pocTefiinMl NpuMepaMu pAaloB NeAGHHUEBCKOro TANA CAyXaT PANN

N (— 1)t 1 1
@ 2 (-T)=1—7+§—-...+(—-1)ﬂ-l —
n=1
H
— 1yt 1 1
©) %%:1_3 e o) P
n=1

CxomnmocTts 06OMX DAKOB BhTeKaeT M3 NOKa3aHHOHN TeopeMu,

B 10 e BpeMa pamu, COCTaBAeHHHe M3 aGCOMOTHWX BEMYUH HMX YIEHOB,
pacxonarcs: jaa paja (a) sTo GyAeT rapMoHMYecku# pax, A1a pana xe (6) noay-
YHTCA pAX

1 1 1
l+?+3'+‘+2n_—'i+"

PacXOAHMOCTh KOTOPOrO ACHA M3 TOrO, YTO €ro YacTHuYHas CyMma

¢ ! Q1 1
2 F—1 2 % =7 ln
k=1 k=1

Taknm 06pa3oM, pamn (2) B (6) 12T Nepshie NPAMepH HEa6COXOTHO
cxoaawuxcsa panos. | Huke Mu ycTanoBHM, YTO CyMMa NepBOro u3 HHX ecTb

In2, a cymma BTOpOTrO paBHa —;i (cM. n° 256 (22) ¥ n° 255 (20)).]

§ 4. CBOACTBA CXOAMILIUXCS1 PANOB

245. Couerarennnoe cmoficro. IToHaTHe cymmm Gecxoueynoro
paAa CyWECTBEHHO OT/AMYAETCH OT MOHATHA CYMMH KOHEYHOIO uHCAZ
CharaeMHX (PaccMaTpUBaEMOro B  apH(METHKE M aare6pe) TeM, uTO
BKMOYaeT B Cebs mnpeneabHHH nepexos Xorda HeKOTOpwe
CBOMCTBA OOHUYHHIX CYMM NEPEHOCATCA W Ha CYMMH GECKOHEYHHX ps-
J0B, HO 4awle BCEro JIMUIb IPA BHINOJHEHMM ONPEAENECHHHX yCJOBHH,
KOTOpHE H NOAJEKAT H3yYeHUI0. B MHEIX e CJAyuasX NpHBHYHHE HaM
CBOHCTBA CYMM pasuTeibHNM 00pa3oM HapyWaloTCsd, TaK 4TO, BOOGILE,
B 3TOM BONPOCE HAIMNEKHT COGMOAATL OCTOPOKHOCTD.

¥) Tak Mnl Ha3wBaeM 3HaKoNepeMeHHWA pAf, YROBAECTBOPAIOUMY YCAOBHAM
Teopemn JleRGunua,
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Paccmorpum cxomsmuitcs pag

(o)
Z‘la,,=a,+a,+...+a,,+...: (A)
nNe=
NOC/Ie0BATEALHOCTL €T0 YaCTHUHHX CYyMM
Ay Ag ... An .., )

cxomutes K cymme psama A. CraHem oOGbemMHATL UYJEHH DAXa MPOM3-
BOJIbHBIM OGpa3soM B TPYNNH, HE MEHAsl NPH 3TOM HX PAaCMOIOMEHMS:

ay-...-a,, Qppa .ot Bags s
a"k—-l"‘l—*—' ..+a,,k, cer
3mecs {n,} ecTb HexoTOpad, H3BJEUEHHas W3 HAaTyPaJbHOrO psAa,

YaCTHUYHAad BO3pacTawollas noCAex0BaTE€NbHOCTb HOMEPOB.
Teopema. Psd, cocmasienHui u3 smux CyMM:

@+t a)+ i
+(an1+l+---+an.)+---+(ank_[+l+'°-+ank)+--- (A)

sce20a cxo0umcsa U uMeem my e cyMMy A, 4mo u ucxodnmi pad.
Unmmn cnosamu: cxodswyulica pad obradaem codemamensHu M
csoficmson.

JleicTBuTeABHO, NOCAENOBATENBHOCTh YaCTHUHWX CYMM HOBOrO psina

Ay, Ag ool A Ll
eCTh He YTO HHOE, KaK YaCTHYHasd MNOCAEHAOBATEAbHOCTH
A,,l, A,,s, veer A,.k
aas mnocaenosateabHocTd (1) H, CeNOBaTe/NbHO, CXOIHTCA K TOMY e
npeneny A.
Mp  BUIMM — NOKa — NOJIHYI0 aHAJOTHIO € OOHYHHMH CYMMaMH; HO

3Ta 2HAJOTHA HAPYMAETCH, €CAH MH TNONMHTAEMCS NPHMEHATL COYeTa-
TeabHOe CBONCTBO, TaK CKa3aTh, 8 o6paTHOM nopaake. Ecau gaH ¢ xo-

aamufca pan (A), uleHE KOTOPOro KawawmH B OTIZENbHOCTH npen-
cTapasioT Co60# CyMMY KOHEUHOrO 4YHC/a CJaraeMblX, TO, ONYCTHB CKOGKH,
MBI IONYYHM HOBHH paa (A), Morymisit OKasaTsCf H PaCXONAIMHMCHA.
Bor npocroit TomMy npumep: psn

Q=D+a—D+0—D+..,,
OUEBHAHO, CXONMTCA, MEXAY TeM KAK MOJNYYEHHHHM M3 HErO ONyCKaHeM
CKOGOK DAX 1—1-41—141—1-,.,

Gyaer pacxomsiyMcs,
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Koueuso, ecau—onycmus CKo6KU — Mb. HOAYHUM X 00 f-
wuica pnad (A), mo e2o0 cymma ma oce, wmo u y pada (A). 310
BHTEKAeT M3 AOKa3aHHOTO BhIlIE,

3amMeEuAHHE. IIpH HexOTOPHIX YCJAOBMAX MOXHO Hanepen rapa-
THpOBaTh, uT0 pal (A) OynmeT cxomuTbcs. IlpocTeHumium cayuaem sTOrO
poma fBJSETCS TOT, KOrda BCE€ CJAaraeMHe B (A) BHYTpM
ONHHX U TeX Xe€ CKOOGOK OyAyT oXHOro s3Haka¥).

JleAcTBHTENBHO, TOrAA NMPH U3MEHEHHH N OT N,y MO N, YacTHYHas
cymma A, OyleT U3MEHATHCA MOHOTOHHO, C/A€NOBaTe/]bHO, OymeT comep-

WAThCA MEMIY A,,k_1=ﬁk_1 " A,,k=ffk. Ilpu pocratouno GoJb-
oM & 3TH MOCJEAHHE CYyMMbl MPOHMBBOJILHO MaJO PAsHATCS OT CyMMH A
psaza (A), CIenOBATENBHO, TO e CNPABEAIUBO U OTHOCHTENBHO CyMMBl A,—
NPH JOCTaTOYHO OGOJLIIOM 7, TaK UTO A,,—»,:L

246. llepemecTUTeanHOe CROHCTBO AGCONIOTHO CXOASAMMUXCH PAJOR.

Iycts nan cxomsmuiics pag (A), umeiomnil cymmy A. Ilepecrasus B
HEM YJEeHH MPOMSBOJBLHHIM O6Pa3cM, Mbl NMOJyudM HOBM H pam

kj'v;la;=a;+a;+...+a;+... )

Kawaumtt JeH @ 5TOro PAga OTOXAECTBASETCS C ONPEAENECHHBIM uje-
HOM @, HCXOIHOTO psina **),

BosHukaeT Bompoc, cxomuTca Jau pax (A) mM—B cayvae cxoam-
moctn — 6yneT Ju ero cyMMma pasHa cymme A ucxodsoro psga. Ilpu
PaccMOTPEHHH STOrO BONPOCAa HaM TNPUAETCA MPOBECTH PE3KOE pasiinuue
Mexay a6COMIOTHO H HeabCONIOTHO CXOAAIIMMUCA PAAAMH.

Teopema Hupuxae ***). Ecau pad (A) abcoaw muo cxodumes,
mo pad (A), noayueHnsili u3 He20 nepecmMaHoBKOL UAEHO8, marwce
cxodumen u umeemn my e CyMmy A, umo u ucxoOusi psd. Vseimu
cnoBaMu, abcorlomHo cxodauuiica pad obradaem nepesecmu-
meAsbHB M CBOUCMBOM.

JoxasaTEAbCTBO. IlpoBemeM MH0Ka3arenbCTBO B ABA MNpHEMA.

(a) MpeanonoxuM cHayata, urto pAA (A) — MONOKHTENLHEINA.

PaccMOTpUM  MpOM3BOJILHYIO YacTHuHyw cymMy Ap psza  (A).
Tax xax Ai=8,, @G=0,, ..., G=4a,,

70, B398 1’ OGOMbIIMM BCEX HOMEPOB My, My, ..., My OUYEBUIAHO, Oydem
uMeTb Ap<< A, a CJAEIOBATENbHO, W TNOAABHO

Ap<< A,

*) DTOT 3HaK, OT OfHMX CKOOOK K APYTHM, MOXET MEHATHCA.
**) [IpuyeM mocrenoBaTeabHOCTL HOMEPOB {ny} 6e3 NponyCKOB H NOBTOpE-
HHH BOCIPOM3BOIHT — C TOMHOCTHIO JO nopﬁnxa—naryibanbnun pAn.
#%%) Tletep I'yctag Jlexen-Aupuxae (1805—1859) —nemeuknt mare-
MaTHK.
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B rakom cayuae (A') Gymer cxomawmmca [n°236], u ero cymma A’
He npes3ofger A:
A =< A

Ho u psaa (A) w3 (A’) noayuaetcs nepectaHoBKOH UJEHOB, NOITOMY
aHaNOrMYHO:
A=< A

Conocrapasa  mojyyeHHnle COOTHOMIEHHs, NpPHAEM K TpefyemoMy pa-
BEHCTBY:
A=A

(6) Tlycts Tenepn (A) 6ymeT mpou3BO/bHEIE a6COAWTHO CXOAA-
WHBACA pad.
Taxk Kak cxoAsuicd NONOXK UTEAbHB H palL

0
lean|=|al|-{—|a2|+...-{—|an|—}—..., (A%)
n=

0 [NOKasauHOMy, IIpu JI0OOH INepecTaHOBKE uJIEHOB OCTAHETCA CXOIf-
wuMcs, To no Teopeme n°243 coxpanuT npu 3TOM CBoW (aGCOMOTHYIO)
cxoauMocTh U pad (A).

Hanee, Mot Bugeau B n° 243, uro, B cayuae aGcomoTHolt cxomu-
mocTd psaa (A), ero cymMma BHIPaXaeTcss Tak:

A=B—C(,

rae B u C cyTb CyMMBl HoJoxuTeabHuX psigoB (B) # (C), cocrasaen-
HBIX, COOTBETCTBEHHO, M3 MOJOXKHMTENbHBIX WIEHOB psga (A) 4 u3
a0COMOTHHX BEJMYMH €ro OTPHLATeNbHHX ujeHoB. JlepecraHoBka use-
HOB B psje (A) BH30BET NEPECTAHOBKY UJIEHOB M B 3TUX pAdax, HO He
oTpasurca (MO AOKasaHHOMY) Ha ux cymmax B u C. CaeaosaTesnHo,
M cymma psaga (A) ocraHeTcs npexHeH, uTO # TPe6OBANOCh JOKA3aTh.

247, Cayyait HeaGcoaOTHO cxomamuxcs panoB. O6patuMcs
Tenepb K PacCMOTpeHuio HeabCoI0THO CXOQAMMXCA PANOB H yCTa-
IIOBHM, UTO OHU NepeMecmumesHei M CBOLCMBOM He obiadawm.

CnenaeM OIHO TIpeABapuTe]pHOe 3ameuanue. [Ipeanosoxum,
yTo psaa (A) cxomuTcd, Ho He abGcoawrtHo. W3 cxonumocru cae-
ayer, uyro limae,=0 [n° 235, 5°]. Yro xe xacaerca puaos

S ® Sa o ©

O KOTOPHIX Mbl yNnOMUHAIM B MNPEABIAYIIEM HOMEpPE, TO, XOTH, OYEBHIHO,

lim 4,=0 wu lim ¢, =0, )

R~w m —»
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HO B JaHHOM cayuae oHu 00a pacxonsrtcs JelicTBurensHo,
€C/H Cpeld NMEPBHX 7 wieHOB psaga (A) ectb % NOJOKUTENbHHX W m
OTPRLATENLHHX, TO
Ansz_Cm) A,‘I=B,,—}—C .

Bropoe M3 STHX paBeHCTB MNOKasHBaeT, yro 06a psgma (B) » (C) He
MOTYT OJHOBPEMEHHO CXONUTbcd, 6O uHaue cxoAmiacs Ou n pan (A*),
BOMIPEKH MPEANOJONKEHHIO. A U3 NMePBOTO YCMAaTPUBAEM, YTO €CaH Obl
OQMH u3 OSTHX DAJOB CXONUJCA, a JAPYro#l HeT, TO pacxolunacs Oul
paa (A), 4TO TaKKe MPOTHBOPEYUT NPEANONOKKEHHUIO.

JokaxeMm Tenepb CACAYIOLLYIO MHTEPECHYIO TEOpeEMY:

Teopesma Pumana. Ecau pad (A) cxodumca neaGcorwmHo,
mo Kaxoe Ow Hu 83ams Haneped wucro L, Koweynoe uau pas-
Koe &0, MOJCHO maK nepecmaums HAeHb 8 3MOM pade, 4mobu
npeobpal3o8annmii pad umea ceoell cymmoli umenrno L.

HdokasaTeabcrBo. OcraHoBHMCS Ha Cay4yae KoHeyHoro L.
Haudem c samevanus, uro Beuay n° 235, 1° u Bce OoCTaTKHU psanos
(B) u (C) Takxe OyAyT pacXONsLIHMHCS, TAK YTO B KaXAOM H3 HTHX
paooB, HauyHHasi ¢ JAW6Oro MecTa, MOXHO HabpaThb CTOJBLKO
YjeHoB, YTOON HX CyMMa npeB3ownaa AwbGoe yucxo.

IMoab3ysicb sTUM, MH ciedylomuM o6pasoM NpPOM3BEAEM NepecTa-
HOBKY uJeHoB psana (A).

CHavaza BO3LMEM CTOJLKO MOJIOKHTENBHHX WIEHOB HAIero paaa
B TOM NOPAAKE, B KAKOM OHH B HEM pacloJIOXEHH, YTOOH HX CyMMa

npem3omaa uucao L:
bitbat. by, > L

Bcren 3a HWMH BHIMIIEM OTPHLATEJbHHE UYJIEHH (B TOM MOPSAAKe,
B KAKOM OHH DacloJOXEeHHN B JAaHHOM DPAAE), B3AB HX CTOJLKO, YTOOH
ofias cyMMa CTaja MeHplue L:

b1+bq+...+bkl—'Cl—Cg‘—..._Cm’l<L.

Ilocne 3TOrO0 CHOBAa TMOMECTHM MOJIOXHMTEAbHHE YIEHH H3 YHCJAA OCTaB-
HIMXCA TaK, 4TOOH Owa0

bl+"'+bk1_cl—"'_c"'l+bk1+l+"'+bke>1"

3atem HabepeM CTOJBKO OTPHUIATENBHHX WIEHOB M3 YHC/AA OCTaBIUMXCH,
4yToOH OHlO

b1+---+bkl—"-'1—---—'-'m,+bk,+l+---+
+bk.‘._'cml+l'—---'_cmn<l'

n T. A Ilponecc 5TOT MB MBCAHM NMPOJOMKEHHHM A0 GECKOHEYHOCTH;
OYEBHAHO, Ka¥IAui uneH psna (A), ® DPUTOM CO CBOMM 3HaKOM, BCTpe-
THTCH Ha ONMpEeleJEHHOM MecTe.

Ecan Beakn#t pas, BunucwBas uleH b wau ¢, Habuparb WX He
Gosblue, YeM HEOOGXOMUMO AJs OCYWleCTBAEHHR TpebyeMOro HepapeH-
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CTB3, TO YKJIOHEHHE OT YuCJa L B Ty wiM ADYryio CTOPOHY He mnpe-
B30AIeT MO a6COMOTHOH BEJHYMHE NOCKEJHEro HANMMCAHHOTO YJeHa,
Torma wu3 (2) scHo, uTO DAA

(it b)) — (.. Fem)+...
"'+(bki__l+|+'-'+bki)—(cml_|+l+---+cm’.)+...

uMeer cpoeHt cymmod L. B cuay 3sameuanus n°245, 310 ocranercs
BEPHHIM W MOCAE PACKPHTHA CKOOGOK.

Ecmu L=-]-0c0, T0 MOXHO 610 Obl HaBop MOMOKHUTENBLHBIX UHCEJ
NOAYMHUTL TPEOOBAHHIO, YTOGH CYMMHl MOC/AENOBATENLHO CTaHOBUJHCDH
G6ompwe 1, 2, 3 M T. A, a4 U3 OTPHUIATE/ILHBHIX YJEHOB MOMELATh JHIbL
no OAHOMY moc/e KawiaOH rpymne MoNOXHTENbHBIX. TakuM nyrtem, ove-
BUIHO, COCTaBUACA O paa, umelomud cyMMy - co. AHAMOTMYHO MOMHO
NoJAyYuTb H pPAR C cymMo#t — co.

YCTaHOB/MEHHEIH De3y/bTAT NOAYEPKUB2ET TOT HakT, yto Hea6co-
MIOTHAsS CXOOMMOCTb OCYLIECTBASETCS Jumb GJAarogaps B3auMHOMY
NOTalEHUI0 IOJOXKNUTENbHHX W OTPHUATENbHBIX UJEHOB, M WMEHHO [0-
TOMY CYIIECTBEHHO 82BHUCUT OT IOpSiAKa, B KOTODOM OHH CJAEdyIOT
ONUH 32 JAPYruM, MEWIy TeM KaK a06COJNITHas CXOAMMOCTb OCHO-
BaHa Ha OBICTPOTE YOBIBaHHA OTHX UYJIEHOB — M OT TOPAAKA HX He 3a-
BHCHT,

Mpumer. PaccMOTPHM 33BeNOMO HEaBCOMOTHO CXOAAU(HACA PAN:

1 1 1 1 1
l—g+3g—gttg—i—xt+ @
~— ~— ~—

CyMMa KOTOpOro, Kak YBHAHM HMxe, ecTb In 2 *), [lepemecrus ero uaess TaK,
YyTOGH MOCAE ONHOTO IMONOMUTENbHOrO CNeJOBANH NBA OTPUUATENbHHIX:

1 1 1 1 1 1 1 1
l—g—g+3- s st-ta—Tm—nmt-
\_—/

MBl  yTBEpXJaeM, YTO CYMMa pAna OT TAaKOro NepeMEUEHHA
YMEHBLHUIMTCA BABOeE.

B camom mene, ecan 0603nMayMTL YACTHUHME CYMMb 3THX PAJOB, COOTBET-
CTBEHHO, uepe3 A # A}, To

m m
am 3 a3 el
m
=7 > (2/;1-1“517;)—%‘4""'
k=1

¥) 3llecb 1AA HAC CYWECTBEHHO MHWb TO, YTO ITA CYMMA OTAMYHA OT HYAR
[n° 244, (6))
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TaK uto Az, — %ln 2. Tax kak
. ’ 1 ’ ’ 1
Ay =Ham+gn M Ama=A 17y

1
CTPEMATCA K TOMY XE€ npeleny 7]n 2, To pax (4) CXONMTCA M MMEET CYMMOil

HUMEHHO 3T0 YHMCJO.

248. YMHOweHHe pagoB. O NOYIEHHOM CJIONEHHH WIM BHYHTAHHK
IOBYX CXOHNfLIMXCA PSANOB, PaBHO KaK O MOWJIEHHOM YMHOXEHHH CXO4f-
HIerocsl psda Ha TOCTOSAHHBLIM MHOXHTENb, ywe Onia peur B 1n° 235,
3° u 4° Tenepp Mbl 3aliMeMcs BOMPOCOM 06 YMHOXEHHH DSALOB.

Tlycte maubl gBa cxomsimuxcs psaa:

A=ngla,,=a,-}—a,—}—...—}—a,,—|—... (A)

B=

M8

lbm=bl+b2+---+bm+--- (B)

IMonpaxas npasuiy yMHOXKEHHs KOHEUHBIX CYMM, PaCCMOTDHM H 34€Ch
BCEBO3MOJKHEIE MapHble NMPOM3BENCHHUS WIEHOB STUX PsAAOB: a;b,; U3 Hux
COCTaBUTCS OECKOHEYHAs MPAMOYroJbHas MaTpuua:

>

albl agbl agbl PN aibl e
aibg agbg a;;bg e aibﬁ RPN
alb:; agba a3b3 PN albg cee (5)
albk a(‘bk aabk e aibk ‘e
JL . - . . - . .

ITH NPOM3BEAEHUS MOXHO MHOTMMM CMocofaMn pacnosaraTp B BUAE
NPOCTOHR NOCAEOBATENBHOCTH.,

Hanpumep, kak 3To BHepsbie chenald Ko, MOXHO BHIHMCHBAaTb
NpOU3BEACHU MO AHATOHAASM:

avavd

albl aib, aabl ce

S S S

alb, agbg agbg see

S S S S

aibs ashy aghs ...
S S S S

<
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o6benuHns npu 3TOM YJCHH], CTOAUIHE HA OIHOH JaHaroHa. u:

a1by - (21bg -} ashy) - (@105 -+ agbg -} a3b1) . ..
oot (@b, F-asbp . apiby F-anb) . (6)
Teopema HKown. Ecau oba pada (A) u (B) cxodnmen abco-
a0 mruo, mo pad (6), cocmassennsili u3 npoussedenui (5), maxice
cxodumcs u umeem ceoeli cymmol npoussedenue cymnm AB.
Hokasateasbcreo. Ilo mpeanosoxenuio, psasi

gllan|=|a1|+|ae|+...+\an|+... (A%)

3% [al= 62|+ 8al oLl 8%)

CXONATCHA, T. €. MMEIT KOHEYHble CyMMH, ckaweMm, A* u B* Ecm
I 3TUX PSfOB COCTaBUTb pan, Bpoxe (6):

lag|- 161+ (ar||bg|+|agl-|bs])
+(ail|-|bs|+1as| <] ba|~}[as| - |bs)+...
+(a|-10, | +1aal [ bpy|+... | 2ps ][ ba| +
+la,l-1o )+ ..o (6%
TO OH sfBHO Oyper cxoldwuMcss, HO0 €ro n-f YacTHYHas CyMMa
MeHblle

(ar[+lasl ...+ ) (01| 1| ba| 4. [ 8a ) T AFB*

[0n° 236]. CxomuMOCTb COXPaHMTCA H B TOM CJaydae, ecan ckoOku B (6%)
onyctuth [cM. 3ameuanne n° 246). Orciopa caenyer [n° 248), uro paz,
noayueHHHH u3 (6) omyckaHueM CKOGOK,

ayby -+ ayby + agby - arbs -+ aghy + aghy - ..,

TaKkke CXONMTCA U mputom abGcoawTHO. B Takom ciyuae on o6aa-
HaeT HE TOMBKO COYETATE]bHHIM, HO H IEPEMECTUTENbHHIM CBOHCTBOM
[n° 245, 246]. Ero cyuma, cosnazaiomas ¢ cymMoi psana (6), mpoue
BCEro MOMET ObTh onpeaneneHa Tak. Pacnojoxum ero uaeHsl He 10
HOMaroHanNsM, a8 N0 KBajparam

—

alb, agbl aabl

aiby  azby | asby

aby agh; azhy
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H BAOOGABOK OODBENMHMM [OCAeIOBATE/bHEIE TPYNNL, KOTOPHE OTAMYAIOT
ORMH KBagpaT OT ApPYToro:

a1by 4 (a1bs + agbs + a3b)) +
—+ (@1bs - agby + ayhy - aghy - agh)) +. .. )
Yactnynsle cyMmnl psga (7) Oyayt
AiB,, AgBy, AgBs, ..., ALB,, ...

(ecmm uepes A,, B, kak 00nuHO, 0G03HAUATL YACTHUYHBIE CYMMBI DAIOB
(A) u (B)); oum crpemMaTcs K NpOM3BENEHHI0 AB, KOTOpOE, TaKaM
olpasom, sBasercs cyMMolt He Toqbko psaa (7), Ho u psaaa (6).

MNeumern |) NoMuoxue pan

l%x=2x"=l+x+x2+...+x"+... (x|l
0

Ha caMoro cebs, NMONYYHM:

(o= et =2k
1

2) Kak mm 3saem yxe [n® 243, 1) (a)], pan
N xh x , x X xn
2 =l gttt

n=0

a6CONOTHO CXOIMTCA NPH BCEX 3HaueHHAX x. OGO3HAUHM ero CyMMy uyepe3
E (x). Tipoussenenue E (x) Ha E (y) mMOxer GuiTh MOCTPOEHO MO TPABHAY YMHO-
weHHs pafoB. OGWUA YneH NPOW3BENEHHs OyleT TaKoB:

yn x yn-z x? yn—: xk n—k xn _
l'nT+ﬁ’(n_1)1+2—1'(n~2)|+"'+ﬂ’(7;y-—k)“1+"'+71"l—

— 1 kyn—k—_ L w kon-k__ (XA y)*
'2 He—m * Y = ZC"“’ =
k=0 k=0

Takum o6pazom ans @ynkuuu E (x) nomyyaercs cooTHOuledHe
E(x)-E()=E(x+Y)
[BrocnencTBud Mt yBuauM, yto E (Xx)=e%]
3) Pan

A e S S P I
2 e = AR b (= 1) et
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no teopeme Jlefi6uuna, cxomurca, Ho He aGcoawTHO [n® 234, 2)]. Ecm,
BCe e, HOMWTATbCA YMHOXMTL €ro Ha caMoro ce6a mo npasway Koy, 10 no-
AYYUTCA DAL C OOWUM YIEHOM

+..+

n—1 1 1
=D <1.Vz+ VIV a=T

1 ]
TRV Tt )

1
Tak Kak kaxkmoe craraeMoe B CKOG6KaX Goablue 5 » TO BCe BhipaxenHe mo a6co-
TOTHOH BeaAHyHRe >>1, W — BBHAY HapyLICHHA HEOGXOZUMOrO YCJOBHA CXONM-
MOCTH — paf paczonurcal 3ToT npuMep NpHHaumexuT camMomy Kourm.

3AMEuAHHE. MOXHO TMOKa3aTb, YTO, €CTH U3 ABYX CXOASIAXCS
paaoB (A) u (B) XxoTb OXHH cXomuTcs abGCONITHO, TO NPaBHIO
Koum eme coxpanser cuamy. Toapko, ecin o6 a nepeMHOXaeMBX paaa
cxomaTci HeabCcoATHO (KAaK B MNpEAHAylleM NPHMEpE), UX Mnpo-
H3BEJICHHE MOXET OKa3aThC PAaCXOMSAMIHMCA,

§ 5. BECKOHEYHDIE NNPOHU3BEAEHHA
249. OcHorHme noHsTHd. Ecan

Py Por «ovs Py ... )

€CTb HEKOTOpas 3andHHaAs NOCACAOBATEALHOCTb 4YHCENA, TO COCTABJAEH-
HbHI H3 HHUX CHMBOJ

o0
PiPrPse.Pue= ] Pn® &)
n=1

Ba3wBalOT GECKOHEUYHHM NPOU3BEAEHHEM.
CraHeM MOCJAEROBAaTENbHO MepeMHOXaTh uucaa (1), cocrapass d4a-
CTHYHHE NPOMSBENEHHUSH

Py=py, Py=pi-ps Pa=py'psps ...,
P,=pips.c.."Ppy .. 3)
DTy nocaeloBaTeNbHOCTb HaCTHUHHIX mpousseneHufi {P,} MH Bceraa
GyneM conocrasasaTb cuMBOAY (2).
Koneunnii usu Gecxoneunnii npeder P wacmunro2o npou3sedenus
P

. npu 11— oo
limP,== P,

*) CuMBOA IT # oanavaer npou3BeREHKE.
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Ho3umeam 3Ha4eHuem npoussedexus (2) v nawyr:

P=pips...lp.c.= ] pa
n=1

FEemuu Geckonedroe npousdsedeHue umeem KOHewHOe 3Hadenue P u
npumoM OMAULHOE OM HYAS, MO CAMO NPOU3BEOCHUe HA3bLBAIOM
CX00RWUMCS, 8 NPOMUBHOM e cAVHae —pacx00auuxca®).

JOCTaTOMHO ONHOMY M3 COMHOXHUTeJNeH nNpou3BefCHHs OHTL HyJeM,
yro6sl M 3HaUGHHe BCEro MNPOM3BEACHUS TaKxke OblJIO PABHO HYJO.
B panbHeHUIMX DacCMOTPEHMAX MBI 3TOT caydalh 6yJdeM uCK/OuaTh, TaK
yto ajas Hac Bcerga p,7#0.

YuraTeab JErKo YCTAaHOBMT aHajoruio ¢ pamamu [n® 284] u  yscHur
cebe, 4TO — NOJOOHO DPSAMAM — ¥ DAcCMOTPeHHe OECKOHEYHOro MpOHU3Be-
IeHUsl TaKXke ecThb Jullb cBoeo6Gpa3Has (Gopma ulyuyeHus nocnae-
goBatenpHocTH # ee npemena. C sTofl ¢opmoH TN0JE3HO MNO3HAKO-
MUTbCHl, TAK KaK B MHBIX CJy4asx OHa mpeiacTaBjisercs Goaee yno6Hof,
yeM IpyTHe.

o0
1
IlpumePH. 1) I I (1—;1—2>. Tax KaK yaCTUYHOe MpPOU3BElCHHE

n=2
_ 1 i 1 a1l ]
P,,_(l—2—2>(1—3—2>-...-(1—F>~7- T

TO GeCKOHeyHoe npon3BeleHNe CIXONUTCA, U ero 3HaYEHHEM 6y1161‘

L
ok
2) dopmyna Baagmca [n° 188]

. 2.2:4.4....-2n-2n
pawl:3-83:5-...-Cn—1)-@r 1)

k12
OYyeBHIHO, PABHOCH/JbHA PAa3MOXEHHIO YHCJIA 7 B GeckOHeuyHoe NpOHU3BeNECHHE

b 2 2 4 4 2n . 2n .
2T T Y S e

OHa xe npuBogMT K (dopMyraM
o0 o0
[ [Ce= N | (R
Ll T @m412 4 im*)” &
m=1 m=1

*) TaxuM obpasoM (momuepkHeMm 9T0), ecain P==0, To mpousBeleHHe Iaa
HaC OygeT pacxofasamuMca XOTA 9Ta TEPMUHOJIOrHA HAET B pas3pe3 ¢ Tep-
MHHONOTHEH, TPHBHYHOM Has pAldoB, HO oOHa ofmenpuHata, HO60 obgervaer
(opMyTUPOBKY MHOTHX TeOpeM.



250] § 5. BECKOHRYHHWE NMPOW3BEIRHUA 45

250. Mpocrtefimue teopemsl. CeaA3b ¢ pamamu. OT6pocHB B 6ecKo-
HEYHOM TPOM3BEIEHHH (2) NEePBHE /2 YJAEHOB, NOJYYHM OCTATOUYHOE
npou3BefeHHE

II ». 0]

n=m-+1

T =Pt Pmig e ee Pmip e e =

KOTOPOE BIIOJIHE 2HAJOTHYHO OCTATKY OECKOHEUHOro paaa.

1°, Ecau cxodumcs npoussedenue (2), mo cxodumcs, npu 410004 m,
u npoussedenue (4); obpamno, us cxodumocmu npouszsedenus (4) 8oi-
mexaem cxo0umocms ucxo0Hoz2o0 npoussedexus (2)*).

IloKa3aTe nCTBO NpexoCcTaBaseM uurtaremo [cp. n° 235, 1°].

Takum o6pasoM, U B cJayyde OECKOHEUHOrO NPOU3BENEHHs omobpa-
CHlBAHUE KOHEUHO20 HUCAA HALANLHBLX MHOYCUMeAel uau npucoeduxe-
HUe BRAUANE HECKOALKUX HOB8bX MmHogcumesel (omausnvix om 0) na
e20 nosedeHuU He Ompajxycaemcs.

2°, Ecau GeckoneqHoe npougsedenue (2) cxodumcs, mo

lim 7, =1

m— o0
[em. (4)].
ATo caefyeT H3 PABEHCTBA
S
mT Pm

u u3 Toro, uro P, crpemurcst X P40,
3°, Ecau GecroHeunoe npoussedexue (2) cxodumcs, mo

lim p,=1.
n-—oo

He#cTButenbHo, BMecTe ¢ P,, u P, cTpemurcs K P, Tak uro

[Cp. n°235, 5°]

He nepeuncass ngpyrux cBOMCTB OeCKOHEUHHX NpOM3BeNEHuH, aHa-
JOTMYHMX CBoOHCTBaM OECKOHEYHHIX PAXOB, MH 00DaTHMCH K YCTaHOBJE-
HHIO CBSIBH MEWIY CXOOHUMOCTbI0O GECKOHEUHHX TNpou3BeAcHHH W DPsIOB,
YTO MO3BOJMT HaM HENOCPENCTBEHHO HCNOJb30BaTh MJst TNPOH3BEIECHHH
noApoGHO pasBUTYIO A PAIOB TEOPHIO,

B cayuae cxomsumierocd MPOHM3BEAEHHS MHOXUTENAHR P, HayAHad
¢ HekoToporo Mecra, Gyfyt nojoxuTeabHsl (3°). Bnpouem, sBuay 1
MH He Hapywium oOuHocTH, ecim 6ydeM BNpeAb NPEeANONATATH

Bce p, >0.

¥) HanomuuM, 4To Mbl pa3 Hascerjfa NPeMNONOXHIH p, 7% 0.
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4°, Jlan moz20 umobbl OecroHeinoe npoussedenue (2) cxodunocs,
HeoOxo00umo U docmamouno, wmols. cxoduscs paod

0]
X, Inpy. ®)
n=1
Tlpu swnoanenuu 3mozo ycaosus, ecan L ecms cymma psada,
uMeeM:
p=c¢.

OGosnauns yepes L, uacTHunyro cymMmy psaa (5), 6yaeM uMeTs:
L,=InP, P,=¢é"n.

W3 nenpepwsHocTH JsorapudMuueckoft w rnokasarenpHo# ynxunf#t Te-
nepp Caeayer, 4TO0 €Cad P, CTPeMHUTCH K KOHEUHOMY MOJIOXHTEIbHOMY
npexenry P, 1o L, cTpemurcs K InP, u obpatHo —ecau L, umeer
KOHeuHHN#t npenea L, To aas P npeanenom Gyner et

Ilpn wucchemoBaHHU CXOAMMOCTH OGECKOHEUHOrO mpousBefeHns (2)
4acTo NpeacTaBaneTcs yROOHBIM, moJaras

Pa=1-ay
SafMCHBATL €10 B BHIE
T a+an @
a paa (8) —B BHIE
ngl In(1-+} a,). 5%

B 31X 06G0O3HAaUEHHAX UMEEM NPOCTYIO TeopeMy:
§° Ecau, no kpafinei mepe, 0aq docmamoino Goasmux n Oydem

a, >0 (uau a,<0),

mo 0as cxodumocmu npoussedenus (2%) meobxoduma u docmamouna
cxodumocms pRIa

o0
2 o )
Tak kaK AR CXOAHUMOCTH Kak npoussesenus (2%), rak u psama (6)
BO BCAKOM CJyuYae Heo6xoammo, uTOOH OO

lim a,=0 ™

n—->x
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[cv. 3°), TO npeamoAOKMM STO YCJAOBHE BHNOJHEHHHM., Torma mumeer
MECTO COOTHOILEHKHE

lim In(1+a,) —1

n—o Gs
[n°66, 1)]. B TakoM cayuae, BBUAY TOFO, Y4TO WieHH ofoux psaos (5%)
n (6), HauMHag C HEKOTOPOro MeCTa, COXPAHAIOT Onpefe]eHHHR 8HaK,
no teopeme 2 n°237 STH pANH CXOAATCH MM PACXOAATCH OAHOBPEMEHHO.
Orciona, B casu ¢ 4°% H clelyeT Halle yTBEPXICHHE,

YnomsiHeM o cayyae, Korma OeCKOHEYHOEe TNPOR3BEJEHHE <«Pacxo-
auresa» k 0.

6°. s mozo wmoOw Oeckoneqnoe npoussedenue (2) [usu (2%)]
uMeno Hyae80e 8HadeHue, Keo0x00uMo u 0ocmamoiro, 4mobu
pad (5) [uasu (5*)] umes cymmol — co.

B wacmnocmu, smo Oydem maxk, ecan a,< 0 u psad (6) pacxo-
dumes.

IMpeaocTaBiaseM A0Ka3aTeJbCTBO YHTATENIO.

B sak/JioueHHe HCNOJb3yeM CBS3b MexAy npoHsseneHueM (2) [wan
(2%)] n psamom (5) [umu (5%)] ans ycraHoBJeHHs MOHATHA a6CcoAI0T-
HOM CXOHMMOCTH OeCKOHEYHOro npousBeleHHs. [lpou3gedenue Ha3bi-
saom abGCOAOMRO CXOOAWUMCT UMEKHO 8 MOM cAyiae, Ko20a
a6coslomuo cxodumecs coomsemcmsyruul pad us so2apugpxos
ezo0 MHoocumeanei.

Uccnenosanns n®246 u 247 cpasy e NOSBOJAIOT BaKJIOUHTh, YTO
a6CcOMIOTHO CXONAWHMECH TNpoHsBeleHds 00JaJaloT NepeMecTHTeb-
HHM CBOHCTBOM, B TO BpeMd Kak HeaGCOJNIOTHO CXOASULHECH
3aBeAOMO HM He 00JaiawoT.

Jlerko mokasare, no o6pasuy 5° uro

7° Han eGcoawwmuoli cxodumocmu npoussedexus (2%) neol-
xodume u docrnamoina abcoromuasn e cxodumocms psioa (6).

251. Mpumepnt. 1) [IpHMeHHM ROKaSaHHHE TEOPEMH K GECKOHEUHWM MPOH3-
BeJlEHHAM:

(s
(a) ]]:(1+%) cxomurcea npu x>1 u paczomurca mpu 0 << <1,
ne=1

(o]
1
B COrfiacuMH C TaKHM ke INOBEACHHEM pARa 2 e (5").

ne=1

[20]
(6) H(l —--nl—x) npu x> 1 cxomurca (5°), a mpu 0 < x<C1 pacxomurca
K Hymo’zg’)‘.
2) Joraxed, uro (np# a>f>0)
BB+ .. Br—1) _
LTy Py gy ey R




48 IJl. XV. YACJIOBBIE PAINN 251

Hns 310r0 MOCTATOYHO YCTaHOBUTh PACXONMMOCTh GECKOHEUHOTO TPOM3BE-
LCHUR
[ee]

M =115

n=

nmy [cM. 6°] pacxoauMocTb pAna
o)
2 i
atn"
n=0
A 3T0 nerxo BbHITEKaeT U3 CPABHEHMA HaNMHCAHHOTO PANA C FAPMOHMYECKUM.
3ToT mNpUMep IOKa3biBaeT, KaK MHOH pa3 NeACTBHTENbHO BHIOZHO CBOIMTH
pa3biCKaHHe MpeRena MoC/ieRoBaTeIbHOCTH K UCC/EN0BARNI0 GECKOHEYHOrO NPOn3-
BelleHUAi C HCNOJAb30BaHHeM pasBHUTOR 1A GeCKOHEYHHIX IPOM3BEleHHH TeopuH.
3) lpuBeneM B 3akJIYEHHe 3aMeuaTe/nbHbilt NpHMep npeo6pa3oBaHusa Gec-

KOHEYHOro TIPOM3BENEHHA B pall, TNPHHamnexamuit dnepy. Ecan mepeHymepo-
BaTb NPOCThH € YMCIA B TOPsKE BO3PACTAHUS:

P1=2, py==3, py=35, ..., Py .00
TO npH x>] HMeeT MCECTO TOXNECTBO
1

‘ (1—2‘_;) (1—3%) (1—5%)- .(l—pl;>-

=1+2—';+;7+;—x+...+%+...

HiIn

Hmeem o ¢opmyne naa CyMMm reoMeTpUYecKOH NporpeccHu:

1 1 1 1

'—‘=1+"" X bes e

1— - p}§+<pk)" + +(p,:')x
Dy

o

Ecau NEPeMHOXUTb K OHC U HOE€ YUCAO TAKUX PANOB, OTBEUAWIHX BCEM fpo-
CThIM YHCJaM, He TIPEeBOCXONALIHM HATYPaXbHOro YyuciIa N, 10 vacTuyHoe TIpons-
BCEHHE OKaXeTCA pPaBHLIM

oo

1 r1N v )
POl ==Y =D+ Y & ®)
1

pr=nl—= = =1 n=N+1

rie WTPHX O3HAYaeT, YTO CYMMMDOBAHME DACNPOCTPAHACTCA HE HA BCe Hary-
paibHbleé HHMCHA, a JHMb (HE CUMTaA ENUHMUbB) HA T€ U3 HUX, KOTOPhIE B CBOOM
pasnoXeHHH Ha NPOCTHIE MHOXHTENM CONEPHAT TOAbKO YXe BBEJCHHbE PO~
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cThie yucaa (nmepeble N HAaTypanbHeIX YHCEN 3THM CBOHCTBOM, KOHEYHO, 06Gnaa-
nawT). O1CHAA H MO0IABHO
N

2: 1 2: 1
N
0<P(x )— r~1;< nx-

1
BBH}Iy CXOIHUMOCTH pAla 2 —’—l} BbIpaXKE€HHE CTIpaBa, NPEACTABAAIOILEE €ro

n=1
ocTaTtok nocae N-ro uyaena, crpemutcs k O nmpu N — co; mepexons K npe-
Iesy, H nonyyuMm tpeGyeMuii pe3yabrar.
dra ¢popmyna diinepa Bnocaenctsru (1859 r.) Guina mucnonbaosana Pumanom
B €ro HCCIeOBAHUAX OTHOCHTENbHO paclnpelle1eHUA NPOCTH X YHC e ML
4) Tpn x =1 cootHouwenne (8) eue COXpaHAET CHIY; OTCIOAA

N

=] —+> Y Ly,
PkﬁNl'—'— n=

TaK yto Npu N— 00 Ha 9TOT pa3 P(IN)—-oo, T. e. TPOH3BEEHHE

(1~—j(1—lj(1—1i)-...-(1—i) . []11———

2 3 5 Pr Pr

PacxXoJHUTCA M UMeeT 3HaueHHe -} co.

B 3TOM COCTOMT NaHHOe DinepoM HOBOE [OKA3aTeabCTBO TOFO, YIO MHOMe-
CTBO NpPOCTHIX YHMCEN GECKOHEYHO (YeM, N0 CYINeCTBY, B NPOBENEHHOM paccyxie-
HUH MBH He IN0Jb30BafHCb); Belb NPY KOHEUHOCTH 9TOr0 MHOKECTBAa M IPOM3-
BefleHHe HMeno On KOHeyHoe 3HauveHue. Ecau 1ionyuemHmi peayabrar mepe-
nUcath Tak:

O O R g | (AR

TO, B CBA3U C 5°, MOXHO 33aKJIIOYHTb O PAacCXORMMOCTH psala
1 1 1 1 N\ 1

JT0 BaxHOE npeanoxeHne naet, CBepx Toro, €uie HeKoTopylo XapaKTEePHCTHKY
pocrta npoCTwX 4YHCed, OHO Tropa3fo CHAbHee YTBEPXAEHHA O PACXOAUMOCTH
@

1
TapMOHHYECKOro pana 2 71—, ubo 3nechb peub HIeT UMb O YacTH e€ro

n=1
4ieHOB!
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§ 6. PA3JIOXKEHHS SJIEMEHTAPHBIX SYHKUHA
B CTENEHHBIE PSB!

252. Pan Te#iaopa. Mu yxe BCTpeyalu B NpUMEpax CTENeHHH e
pAAN BHAA

?a,,x"=ao—|-a1x—|—a,x’—|-...—|—a,,x"—|—..., M

PACTONIOKEHHHE N0 CTEMeHs M X,
PaccMaTpHBalOT ¥ cTeneHHWe paau Goaee obuwiero puaa:

Zolan(x—xo)"=ao+al(x—xo)+...+an(x—xo)"+..., @

pacmosIOXEHHHe 10 CTENEHAM JByuleHa X — X, (BMecto X). Taxo#t
pad He DAasHHTCA CYMECTBEHHO oOT psaa Buga (1), u6o nNpUBOAMTCH
K HeMmy mnpocToff 3aMeHo#t nepeMeHHOH: X -— x,=—y (C TOYHOCTbIO IO
00G0sHauYeHHUs nepeMeHHOH).

B nocrenyiomeM MH IETaIbHO MSYy4HM CBOMCTBA CTENMEHHWX PSAJOB,
KOTODHE BO MHOroM ymnogoGasioTcs MHorouxeHam. Otpeskamu cremneH-
HOrO pfAa ABJSIOTCA MHOTOYJEHH, YTO JAeJaeT CTeMeHHWe DA yaol-
HHM CpEACTBOM JJa8 NpuOMRMEHHHX BouYHCAeHHH. B cB3n co Bcem
sTuM TnpuoOperaer GOJbIIYIO BAXHOCTb BONMPOC O BOSMOXHOCTH Hale-
ped 3adanny BYHKGUIO PA3A0ICUMs MO CMENEHAM X — X, (B YaCTHO-
cTH, MO CTeneHsM Xx), T. € MNpeACTaBHTb €€ B BHAE CYMMH pspa
TRna (2) [ (1))

Mu salimemcs sgech NMOJOGHHM DasfoXeHHEM MO OTHOIIEHHIO K 3Je-
MEHTAPHBIYM (PYHKIUAM, NPHYEM NyTh K pellieHHI0 MOCTaBJEHHOro BONPOCa
HaM OTKpHBaeT opmyta Teiaopa, NoApo6HO u3yvennas B n° 106—108.
B camom Zene, NpeANOJOXHM, YTO paccMaTpuBaeMas ¢yHxnus f(x)
B TpoMexyTKe [Xg, Xo—+ H] mwm [xo— H, X,](F>0) umeer npous-
BOAHHE BCEX NOPAAKOB (TEM CaMHM — HenpepuiBHHE). Torza, kak MH
puaean B n° 108, nns Bcex SHayeHuH X B 3TOM NPOMEXYTKE HMEET
MecTO opmyaa

FE =) FLGY (0 )LL) (0 — P ..,
...+f‘” $) (6 — g Fra @) @)

ri¢ AONOJHUTEAbLHHHR uaeH r,(x) Moxer OWTb NpPEACTaBJEH
B oAHOH M3 ykasanwx B n° 106 ¢opm. [Ipn sTOM 7 MH MOXeM
6paTb CKOJbL YroaHo GOJAbIIHM, T. € ROBOAUTH STO DasIONeE-
Hue A0 CKOJb YroaHo BBLICOKHX cTeneHel x — X.
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STO, €CTCCTBCHHO, NPUBOAMUT K MHCAX O GeCKOHeTHOM Pa3OKCHHH:

Foy=1 )+ LG (x — ) L (o eyt
A g L @

Tako# psx— He3aBUCHMO OT TOro, CXOOUTCA J¥ OH W MMeeT JH, Ha
camom nene, cBoel CyMMOR f(x)— HasuBaercs psdom Tefinopa nns
tynxuun f(x). On umeer Bua (2), npuueM KOS(EUUMEHTH ero:

ao=f(xo), aj=f-.—(—lx!L), %:fllglxo),..., a, — f"”n(lx)’ PR

HOCAT HasBaHue rosgguyuenmos Teiiropa.

Tak kak passocts Meway f(x) ¥ cymmoHh n-+1 uneros pama Tef-
aopa, suay (3), eCTh Kak pa3 r,(X), TO, OUEBHAHO: 0457 mMmo20, 4MobH
npu HeKOMOPOM 3HA“eHNU X 0ellCrmBUmMensHO UMEAD MECIO Pa3AoIHe-
nue (4), Heo6xo0umo u docmamouro, LmoGH ONOAHUMENLHUE YaeH
r, (x) dopmuyas Teliropa — npu smom 3uavenun x — cmpemuscs k0
¢ go3pacmaruem n:

lim r, (x)=0. %)
n—o0

ITpn uccrenoBaHHH BOMPOCA, MMEET JH MECTO 3TO PABEHCTBO U
NpH KAKMX HMEHHO 3HAYeHHAX X, HaM M OyAyT NOJE3HH pas/uyHLie
(opMb  HOMOMHUTENBHOrO YJMEeHAa 7,(X), BHABJAAKIU(HE €r0 34aBHU-
CUMOCTH OT I.

Yame BCEro NPUXOAMTCA HMMETh A0 CO CJyuyaeM, KOrda Xo=0 u
tyukuns f(x) pasnaraeTcs B PaA HENOCPEACTBEHHO MO CTETEHAM X:

FO=rO+LP e LR oy 41200 o )

910T paa umeer BuA (1) ¢ Ko3dduuueHTaMu:

(0 £ £
a,=/(0), 4= ae=T),---, a, =—71T—)" e (D
Bunuwey Teneps nozpoGHee AONOJMHUTEABHHHE uldeH r,(x) npume-
HUTENbHO HMEHHO K 3TOMY YacTHOMY MNpeanoJoXenuro x,==0 [n° 106]:
B bpopme Jlarpanxa

n+1) 0
ra () =T i e, ®)
B popme Kowwn
n+ B
ra () =T (1 — oy, ©)

¥) 3707 paA OGLIKHOBEHHO Ha3wWBAWT padom Maxaopena.
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Ilpu sTOM 0 MHOXMTeNe O HM3BECTHO TOJABKO TO, YTO OH COAEPKHUTCS
Mexay O ©m 1, HO OH MOXET MEHATLCA NPH WSMEHEHUH X HAH 1 (4
Jaxe — MpA mepexole OT OfHOH (OpMbI K APYroMH).

IMepefineM K KOHKDETHBIM Das/IOKECHHSM,

263. PasnomenHe B pPAX NOKA3aTEJNLHOH H OCHOBHBIX TPHIOHO-
meTpuueckHX ¢Qynkuui. JlokaxeM cHayaja cjefyoliee MpOCTOE mpel-
JIOJeHHe, KOTODHM Cpa3y OyZeT OXBaueH Psl BaWHHX COyUYaes:

Ecan pynxyusn f(x) 8 npomexcymre [0, H) uan [— H, 0] (H>0)
umeem npou3sodnvie 8c e x NopsdKos u 8ce 3mu npou3sodHsie Npu u3-
MEHEHUU X 8 YKQA3AQHHOM NPOMEINCYMKE OKA3b8AIOMCA NO a0COA0MHOL
8eAUHUHE O2PAHUYCHHHIMU OOHUM U MEM He YUCAOM

I (x) | <L (10)

(20e L He 3a8ucum omn), mo 80 8CEM NPOMEHCYIMKE UMEEN MECIMO
pazaoxcenue (6).

B camoM nese, B3sB [OMOJHUTE/NbHLIH uaeH r,(x) B ¢opme Jlars
pamxa [cm. (8)], umeem, B cuay (10):

. ]f(rH-l) (ox)l n+t Hn+l
=" <L G
+
Tlpn GesrpaHMYHOM BO3PAaCTaHHH 1 BHIPAXKEHHE ﬁ crpeMurcs Kk 0
{n® 46, 1); ato [B cmay n° 235, 5°] caemyeT M U3 CXOAMMOCTH psaia
[o0]
N\ Hn+l
I+ N
n=0

[n° 239, 2) (a)]l. Ho B Takom ciyuae u r,(x) umeer npeseiom 0, uto
4 [OKa3biBAET Halle YTBEPMKACHHE.
ATO NPEAJOKEHHE HEMOCPEACTBEHHO NPUAOKUMO K (GYHKIIHAM

f(x)==¢" sinx, cosx

B n1060M npomexytke [— H, H], u6o npoussoiHbie #HX, COOTBET-
CTBEHHO DaBHEIE

) (x)=¢* sin (x—}-n- ’2‘), cos (x—}-n.%)’

6yzyT B HeM no aGCoMOTHON Be/MMYMHE OrpaHuueHsl uncaoM el — mag
¢dyHkuun €%, n eauHmIed — aaa sinx u CoS x.

Tak kKak koatpuuneHtn TeHaopa MH yike BHUHCALAR 118 3ITHX
¢yuxuuit B n° 108, 1)— 3), To MOoxeMm Cpasy HanHCaTb pPasJoXeHus:

e T - T (11)
sinx=x—%+§—...+(—l)k"Q:—TI)T—F---p (12)
cosx=1—2 42 (=) a3)
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Bce onn mBMEOT MecTO — BBHAY NpOU3BOMLHOCTH H —1npu aAw06oM
SHaYEHHH X.

254. GopMyabt dfinepa. CaMbill BUA KOIOOHLUMEHTOR TOABKO YTO MONYYeH-
HBIX 3aMeyaTeNbHBIX DPasfoXeHWH nodckaseléaem Moicab 0 HexoOeil 833U
Menc0y HUMU, HO— €CIM OCTABATbCA B 06JACTH BEMIECTBEHHBIX YHCENd — yCTa-
HOBUTH TaKyl0 CBA3b HEBO3MOXHO. JHaepy ymamochb OCymeCTBHTH 3TO NyTeM
BBENEHNUA CMENEHU ¢ MHUMBM NOKA3ameneM.

XoTa B M37araeMoM Kypce pacCMaTPHBAIOTCA JHINb BeuieCTBEHHbIE YHCAA H
BEILECTBCHHLIE MEPEMEHHbIE, HO — QTCTYNas OT 3TOW OCHOBHOH AHMHMU — Mbl BCE
K€ T1puBeneM 3I1€Ch lf?OpMy/lbt Sﬁftepa, BhIpAXAlOlHe TPHUrOHOMETpUUECKHE
yHKUHM OT BeIMeCTBEHHOrO apryMeHTa yepes MoKasaTelAbHyIo QyHK-
UHI0 OT YHCTO-MHHUMOT O apryMeHTa.

Ecau noxctaButh (1moka — uncto ¢opmansno!) B (11), BMeCTO BeleCTBEHHOro
YhCna X, MHUMOE YHCIO yi, TO MOAYYHM:

2 3 Y] PAY)
oty 8 OF L OF L 00—

= SN P L ST L i
=ldyi—gr =i+t

HJIH, oTOendAs Beu.leCTBEHHyIO YyacTh OT MHHMOH,
i y.» ¥y )
VE— ] — 2 2 _ —_ EAN—
e (1 5 + i ...)—{—i(y 3] + 5 -

Berpaxenna B ckOOKax Kak pa3 M TNpPeACTaBAAOT COGOH M3BECTHHIE YHe HaM
lem. (13) v (12)] pasnoxenns @yHkumit cosy n sin y. Mrak,

= cosy +isiny. (14)
3amenss 3neck y Ha —y, 6yeM HMEeTb aHaTOTHYHO
e Y= cos y—1siny.

MouneHHOe CIOXEHHE M BLIYWTAHWE STHX HBYX COOTHOIIEHWH M MPHBOAMT HaC

K 3HaMeHHTHM gopmysan Jiiaepa.

Vit eyl | eyl —pyi

——, Sily=——7—,
2 2i

Gopumynn (14) u (15) nMeloT B aHanIM3e IIMPOKoe NMPHMEHeHHe.

OGparuMca K 10rMyecKOMy OCMBICIeHHIO CKasaHsoro *). Hauwem c paccmo-
TPEHHA KOMIUIEKCHOA liepeMenHOR 2,=x, -+ iy, 3aBHCAMLEeA OT HaTypaib-
HOro yxasaTeaa n. OnpeieneHHe Tpejena ee JaeTcd B TEX >Ke TEPMHHaX,
YTO M JAAA BEuweCTBEHHOro cayuas [n° 28] xomnaexcuoe qucro ¢c=a -+ ib na-
36i8aemcR npedesoM NepeMEenNO z,, €A, KAK080 Obl Hu OHAO NOAONCUMENs-
HOe 4ucao ¢, écezda Haudemess maxoh Homep N, 4mo 0a8 n> N 8sinoansemcs
Hepasencmeo |z, —c | < e *¥).

Tak kax

|z,,-—c]=](x,,——a)—{—i(y,,—b)]:V(x,,——a)’—{—(y,,——b)“‘,

cosy= (15)

*) C yyetoM TOro, Y10 C KOMIJEKCHHIMH YHCIAMH M C KOMIEKCHON nepe-
MeHHOH yMTaTelb yXe 3HAKOM M3 Kypca BeiCuied anre6pul.
*#) 3pech |a-+ 18| 0603HaUaLT <MOAYIb» KOMMNAEKCHOIO yucna « - if, pas-

Hwi Y a3 B
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TO CpPa3y ACHO, YTO 2, -+ ¢ 6 MOM U MOALKO 8 MOM cay4ae, ecau 0As 8euje-
CHIBEHHBLX U MHUMBX COCMABAAIOWUX X, U Y, N0 OMOEABHOCIU UMeeM:
Xp—a U y,— b

PaccMoTpHM Tenepb KOMMAEKCHHH pal

2 Cne ©)

On RHa3bBaeTCA CXO0AWUMCA, €CAU €r0 YaCTHYHAaR CyMMa
Cn=0x+C’+...+ [

C BO3paCTaHMEM i CTPEMUTCA KaK K Npefeay K HEKOTOPOMY KOMMIEKCHOMY YA-
cay C—cymme pada. Pasnaras Bce yNOMAHYThie 31€Ch YMCAZ HAa BELIECTBEH-
HYI0 M MHHMYIO COCTaBAfOU{HE:

C=A+41iB, ¢a=a,+ib,, C,=A,-}iB,
npuyeMm

Ap=6,+0a+...+ a5 By=0b+b+...+ b
N3 TNIPENileCTBYIOUIEro 3aMEYanHs 3aKa0yaeM, 9710
C, — C onnospeMenno ¢ A, — A, B, — B,

T. € CXOAMMOCTb Komnaekcnoro psaaa (C) x cymme C paBHOCHAbHA CXOIHMOCTH,
NOpPO3Hb, BELWECTBEHHHX DALOB

Tow ® w30 ®

COOTBETCTBEHHO, K cymMMaM A B B. OTciolla, B YaCTHOCTH, BMTEKaeT, 4YTO CXO-
RANIHECA KOMIIEKCHNE DAIN — MOROGHO BElIECTBEHHHM — O6NaNaoT CO Y e T a-
TenbHbu M ceofictoM [n°245].

o
Ecan cxonurca pﬂnz |€n |, cocraBnenHnfl us Momyaeit pama (C), To,
1

BBUIY HEDaBEHCTB
Ian'$lcn|y |bn|€|0nl'

CXOATCA B pAlN
(o]

g'an'v ?ibnlr

OTKyZa BHITEKaeT CXOAMMOCTb <Em)loa (A) n (B) [n°243]), a caenobatenbHo — u
paza (C). B s1om cayuae pan (C) HasmBaeTcs abcoawomno cxo0suuncs. Hanpu-
Mep, pal

AN ST S (16)
) 20 e iomt

TpH 1:000M KOMIIEKCHOM 3HAYEHHW 2 aGCOMOTHO CXOMMTCS, MO CXOANTCH Be-
WECTBEHHBA pAll Monyaed €ro uieHoB

l2] {2

R 1 L
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A6coaotro cxopawutica pax (C) o6xamaer nmepeMecCTHTETh HH M
CBOHACTBOM, MOTOMY NTO S3THM CBOHCTROM of6namanT pans (A) u (B) [n° 246).
Hakonen, Ha komnuexcHple a6GCOMOTHO CXONANIMeCA PANM PACNPOCTPAHAETCA H
TeopeMa o6 yMHoxeHHH [n° 248]; mokasarenncTBo, ZaHHOe NAs Bemie-
CTBEHHOrO cayyas —focne CReNaHHHX 3aMeYanHH — 31ech MOXeT GhTh MOBTO-
PEHO JOCAOBHO.

[loctaBuM Tenepe B o6mieM BHIe BONMPOC 06 onpejeneHHy CTeNeHH ef MpH
KOMTIIEKCHOM 2. B ToM cnyuae, korna z ecth BeweCTBeHHOe WHCHO, X, 9Ta CTe-
neHb yxe Gbia onpejeneHa; B nFenunymeM HOMepe MW HOKa3aaH, YTO 14d
Hee mMeeT Mecto pasnoxenne (11). B cayvae MHMMoro nokasarens z creneHb e?
elle He onpejeneHa; MOAPawas yNOMAHYTOMY Pa3NOMEHHIO, Mbl Ha STOT pa3 N o
OnpeqeneHuo nosaraeM e® pasHo# cymme pana (16) (3asexomo cyumecrsyio-
wen!). OueHdb BaXHO, YTO NPH STOM COXPAHAEMCR OCHOSBHOe CBOlcmeo noKas3a-

menbKOl Pysryuu
e . ¥ = ¥tz
’

B YeM Jerko yOemuTbca, NepeMHOXas DPAmb, fawoume e W ¢ [cp. n° 248, 2)).
Takum o6pasoM, 3ameHss Boue B pasaoxkennn (11) x Ha yi, MBl mompocty
HCNOAb3OBANM YKA3aHHOE DacHIMpPeHHe MOHATHS CTeneHw.
OTMeTHM B 3aKJMYEHHe, YTO, €CIM z ==X -} yi, TO 1O NpaBUNy NoKasarenel
ef=¢* . ¢3!, taK uro, ¢ yuetom (14), oxonuareanHo:

e*¥i=¢x (cos y + 1 sin y). (17
266. Paanowenue apkranresca. K dyukumm y—arctg x mnokasan-

Hoe Bmuie [n° 2B53] obmee npennoxeHue yke Henpuaokumo. HeHcran-
TEAbHO, BBIPANKEHHE A4 ee n-# npou3pomHoM, HatlmeHHoe 8 n° 96, 5):

y ™M =(n—1)!cos" y-sin n<y —l—%) (18)

He rapaHTAPYeT CymecTBoBanMs oOmeH rpannum masa ecex y(™|
Tak kak coorserctsytomuit psa Tefinopa (cm. n° 108, 6))

1 xBk-t

x_—"%"—l—%s—""—l—(— l)k— Qk_1+"'

CXOHMTCA JHUth B npomexyTke [— 1, 1]¥), To BHe 3TOro nmpome-
HYTKa He NPUXOILUTCH YXe TOBODHTb O BHPANXKEHHH
byHkumnu arctgx 3TuM panom. HaoGopor, ms |x|<<1 umeem
no dopmyne Jlarpamka (8) [c yuetoM (18) u moanaras yy==arctg Ox]
costiyy - sin (14-1) {3y + 5 | .

n+1 nf1°

Orciona scHo, 4T0 7, (%)~ 0, Tak uyTO AJn BceX 3HaueHHH X B mpoMe-
wyTke [— 1, 1] uMeeT MECTO pasfioxeHHe

] 5 k-1
arctgx:x——%-{—fs-—...—1—(—-1)""—2';—_—1-{—... (19)

|72 ()<< [ "<

¥) Mo mpusnaky Haxambepa [n° 243] nerko yGeautscs, uto pax (abcomoro)
CXONMTCA, ecaH | X r< 1, u pacxogutca npu | x| > 1. Cxoanmocts (nea6conmws-
Han) npu x ==& | BuTexaet M3 Teopemu JledGHuua [n° 244|
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Mn eme pas nomuepkuBaeM, u4ro, XoTa arctgx ® BHe 3TOrO MpO-
MEXYTKAa HMEeT ONpeNEJeHHHR cMbcaA, Ho pasnoxenne (19) Tam ywe
He NEHCTBHTENBHO, MOCKOABKY PSTA He HMEET CYMMBL

Ws psma (19) npu x==1, B uYaCTHOCTH, MNOJYy4yaeTCs 3HAMEHHTHIA
pro Jlei6nuya

R G S S G (20)

-~ NePBHH Psid, B HCTOPHH aHJIN3a, NPEACTABIAINUE PasIOKEHHE YUCAa T,

256. JlorapudMmuuecknii pax. Ecau B kauectBe ¢yHkuuu f(x) B3aTh
In(14x) (x>—1), 10 coorsercteyomut psn TeHnopa 6yner TaKoB
[n° 108, 9)]:

D

On cxoautcs AMIb A48 3HaueHMH X B npoMexytke (— 1, 1]*); sHauut,

TOJABKO AAf 3THX SHAaUYEHHUH M HUMeEeT CMHCJA HCCAEXO-

BaTb MOBENEHHE NONOMHUTEABHOFrO YaeHa r,(x).
BosbMeM ero cHauana B dopme Jlarpamxka (8). Tax Kak

f(n+1)(x)=(_ l)na_}_’lﬁ

[n° 86, 2)], To
. 1 nt1
r,(xX)=(—1) n1 * (l_::ex)n-ﬂ (0<6<1)'

Ecan O0=<Sx =<1, 10 nociaenHdit MHOMHUTEAL He MPEeBOCXOJHUT €Iu-
HUUBI H OTCIOAZ

|r,,(x)[<’#-l, TaK Y10 1,(X)—=> 0 (Npu n—> 00).

Ho npu x<{0 noBeseHne 5TOr0 MHOXHTENS CTAHOBHTICA HEACHHWM,
M npuxomurca npuberhyte K dopMme KoOWwH JONOJHHTENBHOTO u/J€Ha

[em. (9))
Hmeem
. 1—8)e
=1 o i),
TaK 4TO

| x [ 1—6\n
72 )1 < 2757 (1)

*) U suech aGcomoTHasm CXOAMMOCTL NMPH |X|<<1 M pacXOAMMOCTh TpH
[x{>1 ycranasaupaerca ¢ nomoup® npusHaka HaramGepa. Ilpy x =1 Hanuuo
(seabcoawTHasg) CXONUMOCTL No TeopeMe JleH6uuua, a npu x == — 1 noayvaercs
PacXORAMHUACA rapMOHAYECKHH DAL C H3IMEHEHHLIMH 3HaKaMH,
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Tak kak mpn x>—1 6ymser 1-46x>1—0, T0 nocaeaHuH MHOXH-
TeAb MeHble €IMHHILL CACNOBATENbHO, Juuls Toapko |x |< 1, 3asemomo
r,(x)—0.

JlioGoneiTHO, urO, x0TA ¢opMa Kouwn BrnosHe wucuyepnmuiBaeT BOMPOC
IS BCeX 3HayeHHH x mMexAy —1 W 1, OHa Huuero He JaeT npu
x=1; B 3TOM CJyyae Mbl NOJyyaeM

[T (<O — 0
HO BBHIY BO3MOXHOCTH 1At 6 MEHATHCA BMECTE C 7 Helb3d 3aKMIOUYHMTH
o toM, uto (I —6)*—0,
MraKk, 10 COBOKYNHOCTH, AN7 BCEX BHAYECHHH X B MPOMENKYTKE
(— 1, 1], neficTBuTenbHO Oyner

X2 x® n_y X*
n(l+x)=x —5-+5—...F D" =+ @n
B vactHoCTH, npu x =1 nojyuaeM yxe 3HaKOMEI# Ham pag
1 1 o 1
ln2=1—?—{—3——...+(—— 1)" 17[-*—... (22)

Ws pama (21) MOXKHO BHIBECTH W JpYrue TOJE3HHE Pa3/oNEHHS,
Hanpumep, 3samenss B HeM x Ha — X (npu 3TOM Mbl cuuraem |x|<1)
M BHYMTad MOJYYEHHHIH DAl NOuJleHHO U3 psaaa (21), npuiaeM K cienyio-
HieMy psay:

1 1 1 1
]nlii=2x(l +§x2+3‘x‘+_..+mx2m+...)- (23)
1

TloaoxuM 3aech x=m, rie 7 — NpOM3BOJbLHOE HAaTypaibHOE
yucao. Tak Kak rtoraa
l4+x _ n+41
l—x ~— n ?

TO MB MOJYYHM pasiaoxeHue
ndl 2 1 1 1 1
In = —Tﬂ[l +y wmrr Ty @y +"']' @4

KOTOpOE HaM NOHaJOGHTCA NMPW BHUMCIeHMH JorapudmoB [n° 262].

257. ®opmyna CrupaHHra. B kauecTBe Npyroro npHIOKEHMA Pa3nOMeNHa
(24) nokaxeM, KaK ¢ €ro IOMOIIbIO MOXET OuTb BHBEAEHAa OfHa BaxHas op-
MyJla aHan#3a, Hocamwas uma CTHPAMHTra *).

C sTOH Leabio TnepenuileM pasaoxenne (24) B Bune:

(rg)in(1+3) =145 w5 @ T

#) Oxeme Ctupaunr (1692—1770) — anranficknit maremarux. I[Iipmeo-
IuMag HuXe Qopmyna Geina MM onyGaukosaHa B 1730 r,
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310 BHIpaXeHHe, OueBHIHO, Gonbuie eXHHMLLL, HO MeHbllie, YeM

1 1 1 1
! +3|<(2n+ T 1)*+'"]= "t ey
Hrak, nmeem

<l 4o 2)<1

OTKYINa, MOTEHUMPYH, HakmeM
1 1
-
o< (1 +_'11_)"+ % e RAVTEEY
Beenem Tenepb Takym QYHKUMIO OT HATYpanbHOro yKasatena n:

nlet

Gp=——T.
n+-2—
n

Torna
1
1\nt+5
(1+5)

8pyy e

an

M M3 NpeblIyWIMX HEPABEHCTB CAENYeT, UTO 1
! 122
1< % 2t - _°¢
Gy ————
26 FD

TaK 4TO, C OUHOM CTOPOHM, @, > d,,,, C APYTOM Ke,

1 1
a,-e 12"<an+1'e 12(n+l)‘

[257

Takum o6pasom, ¢ BO3pacTaHMeM n nepeMeHHas da, y6uBsaer (OCTaBaAch
OrpaHHyeHHO CHW3Yy, HanpHMep, Hy/JeM) H CTPEMHTCA K KOHEUHOMY Npeieny a,
1

nepeMenHan we a,e
1

T

(u60 e‘- m_, ). Tak kax, AP AOGOM 71, BHNONHAOTCA HEPaBEHCTBA
-4
a,-e P<a<a,
TO HaltjeTcs Takoe yncao 6, 3akAUEHHOe MeXAY HylAeM H elHHuue#, uto
_ & o
a==a, e 2y a,=a.e'’"

BO3pacraeT, CTpeMACh, OUCBHUAHO, K TOMY We npeneay a

(3ameTum, uTo uHcno 6, BOOGUte roBOps, 3aBHCHT OT n.) BcromuHas ompenene-

HHE NEepeMeHHO a@,, HaxomuM:

9
nl=aVF-(—’-:-)"-em o<s<l)

(25)
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Ocraetca Temepb ONpENEAHTb BEAHYWHY INoCTOAHHOH 4. C 9TOH ueAbio
BCoMHUM GopMyny Bannuca [n°® 188), xoropylo MoxHo 3anucath B BHJE:
) . 1
V1= lim 1 . 2n!! .
2 s Yol (2n— 1l
TMocnemunit MHOXHTENb Tpeo6pasyeM CcAEAYIOEM 06pa3oM:

2l @nll)t _ 2. (ml)i
@n—DN~ 2t~  2al

TIOACTABHB Ci0oja BMECTO n! Bupa)keune
V(2]
n-—| -a
( e ) n
a BMECTO 2n! aHAaJOTHYHOE BHpaKEHUC

— in
V5 (2"

e

nocne 97eMeHTapHHX YNpPOIUIeHuH Toayyux
- o
Vi: im % _a
2 n-w Von@nFl) G 2
TaK at0 @ =} 2n.
[loacrasasa 9710 SHavenHe @ B (QopMyay (25), Mul H DpHAEM X opuyae

Cmupaunza ]

—_ n on
=V 3 (g) e 0<i<).
Ecau 016pocuTh MocaeNHRMA MHOXMTENb, TO HONYYHTCA MPHGIHXKeEeHHasn

bopmuyna®) u
n!:VZ;l(—Z—) ,

N03BOARIONIAA BHYHCAHTL BETHYHHY dakTopHana n! npu GOALUIMX 3HAYEHHAX n.

O16poleH Bl ®e MHOXHTENb H2eT BO3MONKHOCTb IErKO OLEHHBATb NOMYIiEH-

HYl0O OTHOCHTEAbHYIO DOrPEIIHOCTh, KOTOpas, OYEBHIHO, MeHbIie
1

el?n_]

@opmyna CTHpaHHTa YacTo TNpHWMeHsieTCA B TEODHH BEPOATHOCTEH M cTa-
TUCTHKE.

258. bunomuaabumii pan. BoabMeM, Hakoden, f(x)=(1 -+ x)™, rae
m — moGoe BEIMECTBEHHOE Y4HCHA0, OTAMuHOEe Oof O U OT BCEX Harypaip-
HEIX u#cen (Mpu HAaTypanbHOM m NOJYyHYaeTcd W3BECTHOE KOHEYHOE pags-
Joxenne no dopmyne Holorona). B stoM cayyae pan Tetiaopa umeer sua
Q .
[n° 108, 4)]:
m(m—1)

1+mx+—1.—2-x”+---+m(m_]1):'2'f:_(_".',,_"+ Dy g

*) Ee, cobcreenno, W ycraHoBHA CTHPAHHL,
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€ro HasblRAOT GUHOMUAALHBM PAOGOM, a KO3b(UUAEHTH ero — 6uHo-
MuarsHeiMu Kodgguyuenmanu. Ilpn clenaHupx OTHOCHTENbHO m npea-
NOJIOXKEHUAX HA OIMH M3 ITHX KOadhdnuueHToR He Gyaer HyneM (Hao6o-
poT, ecau Ol 7 GblIO HATYPANBHBIM YHC/IOM, TO KO3(GhHUAEHT mpn x™!
M Bce ciaedyloimide obpatuauck 6bl B Hyas). C nomouisio npusHaka [a-
nambepa [n° 243] nerko ycraHosuts, urto npu |x|<1 GuHOMHAMBHBIH
pan  abcomoTHO cxoautcs, a mpa | x| >1 pacxoaurcs. Mccanemosa-
HAe NOMOJHHUTEJNbHOrO 4J€HA r,(x) Mo GyzeM npoH3-
BOLHUTbL B Npeanonoxenun, uto |x|<1, npuueM cpasy BO3b-
mem ero B dopme Kommn (9) [popma JlarpaHxka u spmech naeT OTBET He
NpH BCEX WHTEPECYIOMMX Hac 3HayeHuax xl!|.
Tax kak

) () = m (m—1). . {m—n--1) (m—n) (1 4 x)™"1,
TO IONOJHHTEABLHHH unieH

m{m—1)....-(m—n) (1 L= gx)mnt
T-2-...-n

r (%) = (1 — 6)"x™1,

IipeacraBum ero, neperpynnupoBas MHOXHTENH, B BHIE:

r,(x)= (m—1)(m -—12.)2-:.“(.17.1’171—;1 +1)

n m—-1 1—6\n
x"-mx(146x) <1+ex) .
ITeproe u3 3THX Tpex BHpaxeHW#t npeactaeiaseT cobo#t o6muR uieH
GUHOMHAZILHOTO e pfla, HO OTBEvaloliero nokasaremo m— 1; Tak
kak npu |x|<{1 OMHOMHMANBHBIE DAL CXOAMTCA, KaKoB O6bl HH OLLI IO-
KasaTedb, TO STO BEIPDAXEHHE NPH 11— 0O CTPEMHTCS K Hymo. YTo e
Kacaerca ABYX JAPYTHX BHIPaXeHHH, TO BTOPOE Mo abCOMOTHOH Beai-
YMHE COMEPKHUTCH MEXIAY FpaHuLaMu

[mx|-(1—]x )™ u [mx]- (14| )™,

He 3aBUCALUMMH OT N, a TpeTbe, Kak ¥ B n° 256, MeHblIe eXMHMLHL.
Takum oOpasom, r,(x)—0, 1. e. aaa |x|<{1 umeer mecTo pasfo-
HEHUE

(1—{—x)”‘=1—{—mx—{—%x“—{—...
ROl R D ey (26)

n

KOTOpO€e TaKxe cBi3aHO ¢ umeHeM HbioToHa,

Mbl ne Kacanuch BOMPOCa O NPHMEHHMOCTH €r0 TNPH  3HAYECHHSX
x=2F1, Tak Kak ero peweHue TPeOYET KPONOT/IMBOrO HCC/IEAOBAHHS
JONOJHATENbHOrO ujeHa. OrpaHuummcs yKasaHHeM, uTO IPH =1
pasnoxenue (26) mmeer mecTo aat m >-—1, a mpu x=—1 m
m>0.
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OTMeTuM HEKOTOPHE 4YACTHHE CJjyyad OWHOMHAJBHOrO pfaa, OTBe-
1

yaloinue, Hanpumep, m=——1, 5 —

lJr;x=1_x-|-x**—...-1—(—1)"x"—|-... (—1<x<{D)

(0OBHIKHOBEHHAs r€OMETPHYECKAsA NPOrPeccust), 3aTeM

P — 1 1 1 5
Vidx=1+4 X — gt et — g

2n — 3!
byt &L (—1=x <)
"
1 _ 1 3.9 5 3 35,
m—1—7x+—8—x lsx +mx T e
22— D

IR (—1<a =)

BaHO mMoauepKHYTh, YTO B CJyuae PauMOHaALHOrO 1 CyMMa GHHO-
MHA/IBHOTO psfa JaeT BCeria apHMAMETHUYECKOE B3HaueHue pa-
KA.

259. 3amevaHHe 00 HCCIeJOBaHHH AONOJHHTENBHOTO aieHa. B paccmo-
TPEHHHX BHIIE nNpuUMepax pasnoxennsa Gyskuud B pan Teftmopa Bcerna okasmnl-
BaloCh, YTO MAA BCEX 3HAYeHWA x, IPH KOTOPHIX DAL CXONUACA, €r0 CyMMa
paBHARACH HMEHHO HCXOmHOR dyHKumu. Ilo3ToMy y yHTaTeas MOrI0 BO3HMKHYTh
NoN03peHHe, YTO BOOOINE NOCTATOYHO YCTRHOBUTh CXONHMOCTb Psla, Aaxe He
npoBepAs COOTHOWIEHHA (D):

lim ry(x)=0,
n—» o0

yTO6H Yxke OHio obecneyeHo pasnoxenue (4) uam (6) (ctp. 51).
Ha pene, onnako, 910 He Tak. Paccmorpum, BMecte ¢ Kown, B BHze npuMepa
G yHKIHO, onpellendeMyK PaBeHCTBaMH

1
fxRy=e *  (npn x7£0), F(0)=0.
[lpn x £ 0 oHa MMeeT NpOH3BONHLIE BCEX NOPANKOB
1 1
2 -3 6 4\ ——
Fix)=xe =, f’(x)=(—}7+F)e 2,
u, BooGue,

1
Fim(x)=P, (%) e ** (n=1, 2, 8,.)), 27

rie P, (z) ecTh LeNHA OTHOCHTEILHO 2z MHOrouned (cteneun 3n). B oGwHocTa
STOrO 3aKOHA Nerko yGemMTbCA IO METOAY MaTeMaTHUECKOH MHIyKuuy,
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YcranosuM Temepb, YTO ¥ B Touke x =0 gam wamte#t GpyHKUHHM CYLLECTBYIOT
NPOM3BONKKLIE BCeX NMOPAINKOB, NPHUYEM BCe OHHM paBHH HYZ*). Heid-
CTBHTEbHO, NpeXne BCero,

1
"——f(x):f((’) =x—.l_—P0 npn x—»O,

e

Tak yto f'(0)==0%*). JlonmycTum, UTO NOKA3HBAEMOE YTBepXXEHHE BepHO LA
BCEX NPOU3BONHHWX JO 7-T0 NOPAAKA BKmouMTenbho. Torma [cm. (27)]

—0 mpr x—0,

F® ) —F™©O) _ ¥ P - =)

X

x2
e*

e
FUt (0)=0. o MeTony MaTeMaTuyeckoft HHAYKLUHH YTBEpXIEHHE OMNPaBLAHO
NONHOCTBIO.

Pag Maxkiaopena (6) nna stoft yHKUMH—CO cnaomb HyneBsiMH Koaddu-
HUEHTAMH, KOHEYHO, CKOAMTCA TPH BCEX 3HAYEHHUAX X, HO HH NPDH ONHOM M3 3THX
sHauenut (kpome x =0) He BOCTPOM3BOAUT MCXONHOH (YHKUMH.

Takum o6pasom, mpegBapHTelbHOe ONpefeneHHe 06AaCTH CXONMMOCTH pAfa
Teitnopa HMeeT AHWb BCIIOMOraTenbHOE HAa3HAYEHHE: OHO MO3BOJAET HHOH pa3
Hanepel MCKJAIOYHTbD M3 PACCMOTPEHHA Te 3HaYeHHA X, LIf KOTOPMX OTpHua-
TeNbHWH pe3yabTaT HanepeX ACeH, NOCKOAbKY PAN pacxoautca. B Tex xe
TOYKax, rie pAl CXOAHTCS, TOMAbKO MCCIeNOBAaHHE HRONOMHHTEAbHOTO YileHA
dopmyan Teinopa xaeT BO3MOXHOCTb AOKa3aTh, 4T0 cyMMoit p s xa Telnopa
6yldeT HMEHHO HCXOiHaA QYHKUHS.

c
MOCKOMIBKY WHCIMTEAb NMPEICTaBAACT COGOR CYMMY UneHOB BHEA — 3uayur,

§ 7. NPHBJAHXXEHHBIE BLIYHCJIEHHS C NMOMOULbIO PIOB

260, Mocradoska Bompoca. Ha nprMepe NOAYYEHHHX HAMH KOHKPETHHX
pasnomeHull Mbl Pa3bACHHM, KaK GeCKOHeUHble PALN MOTYT OHTh HCNONb30BAHM
IaA unenefl NpHONMKeHHWX BoiuMcaeHuit. [lpennmonureM pal OGLUMX 3aMevaHui.

Ecan yncno A pa3noxeHno B pam:

A=a,+a;+a,+...+a,+...,

rae a,, @, G,,...— YROOHble (OGHIKHOBEHHO, PAallMOHANbHBIE) YHCAA, M Mu NONO-

WHM TIPHOIHIKEHHO:
A=A,=a,+4ay+...4a,

*) 3ameTuM NONYTHO, YTO JlarpaH® CYHTaN HeBO3MOXHIM, YTOOH (yHKUMA
(se paBHas TOXIECTBEHHO HYMO) o6pallanach B KaKoH-1H60O TOUKe B HYnb
BMECTC CO BCeMH CBOMMH NPpOH3BONHH MK Komn nocrponn csoft
NpUMEp MMEHHO 1A ONpOBEPKEHHA 9Toro MHewusa Jlarpamxa.

*%) 310 BHTeKkaeT M3 obulero 3aMevaHus (KOTOpPOE CIENyeT UMETb B BHUY
W Nanblie), Y4TO, KaKOB OW H¥ Obil mokasatenb g >0,

[em. o 121, 4)}. 3necs poab z urpaer %i(npn x — 0).
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TO mompasxa Ha OTGPaCHBaH"e BCE€X OCTaJbHbLIX YJIECHOB BLIPAIMTCA OCTATKOM
4 =0ny1+ Gris ...

IMpn pocratoyHo 6ONbIIOM 7 STa MOTPEIMHOCTb CTaHeT CKOAb YFOLHO Manof,
TaK uro A, BOCNpOH3aBemer A ¢ NMGO# Hamepex 3ajakHOA TOYHOCTBLIO.

Mu  3aHHTEpeCOBaHH B BO3MOMHOCTH DNpPOCTO NpPOM3BONNTh Ol EMNKY
OCTaTKa ;i 9TO MO3BOJAMAO O HaM M BOBPEMA OCTAHOBHTbCS NPH BHYHCIEHHH
110CHEIOBATENbHEX YaCTHYHBIX CYMM, KOIIa yie GyleT HOAyYEHO NpHOAHNKEHHC
TpeGyeMOH TOYHOCTH.

Ecan paccmMaTpuBaeMBlt DRI OKa3nBAaeTCA 3HAKONEPEMEHHHIM M NPHTOM
€ MOHOTOHHO YGLBAOWIHMA §0 aGCOMITHOH BeIHYHHe uneHaMy («aeHGHHLEB-
CKOTo THNA»), TO, KaK Mu BHUIenu [n° 244, 3ameuanme], OCTAaTOK MMEET 3HAK
CBOEro MepBOro YJeHa M no aGCOMIOTHOH BeNHYHHE MeHbIie ero. 3Ta OleHKa
B CMHICIE IPOCTOTH He OCTaBASeT XKeNaTh JNyyiiero.

Heckoabko cloxnee oGCTOMT HeN0 B Clyyae NoNoXHTelrbHOro pama. Torama
OGWKHOBEHHO CTAPAOTCA HAHTH MONOXUTENLHHE Xe pAX ¢ GOIbIUMMH YieHAMH,

L
KOTOpHH GH NETKO CYMMUDOBARCA: 3@, G, =24, W B KaueCTBe OLEHKH A7A
1

oCTaTka a, GEPYT BEAHUHHY OCTAaTHA aj ITOO HOBOTO paNa: a, << o, Hanpumep,

«©
1
pitt:) pﬂnazm MOXHO NONYYHTb:
1

v ! N\ 1 o 1 1
1
m < Z mm—1 — 2 (m-‘l“‘?)=7'
me=n41 m=n+1 m=n+1

«©
a naa pana 1+2H1!—:
1

< N 1 1 X
1 1
. ml oAl 2 AFD) . .m o~ al N T
2 m=n+l( +1) m " n m__§+l(n+ ) nln

[9‘1‘0.ﬂ4g(il.leHK0ﬂ Mol GaKTHYECKH H MONb30BANHCH NPH BHYHCACHHH YHCAA &
B N R

OGHLIKHOBERHO MUIETCA NECATH T HOE NPHGAHKeHHe wHCIA A, B TO BpeMs
KaK YleHH PAKAa MOryT ¥ He OuTh BEIPANEHH NECATHYHWMH ApoGaMu. [lpwu
o6pamieHHH HMX B HECATRYHYI0 ApOGb OKDYTA€HHE CAYXHT RCTOYHHKOM HOBOR
NOrPenIHOCTH, KOTOPYIO TaKKe CAERYeT yYecTb.

Haroneu, oTMeTHM, YTO 1aNe€KO He BCAKHA pAN, HMEOBHH CyMMOH HHTepe-
cyiouee HaC uyucao A, npUroger An9 GaKTHYECK Or O BHYHCIEHHH 9TOro
YHcHa (mame €CIW €ro WieHH NPOCTH, H OLEHKA OCTAaTKA NPOMIBOUATCH JNErKo).
Bonpoc — B GHCTPOTE CXOQHMOCTH, T. €. B GHCTPOTE NPHOIMXEHHA YaCTHUHON
CyMMBl K gHcHy A.

Boabmen nas npumepa papm [cm. n° 235, (20) u n° 256, (22))

11 1 1,1 1,
l—g+g—5+t 8 l=gtg—a0te—...,
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T
4
MeHNeHHo, ¥ M TOrO, YTOGH C MX IIOMOINbI0 HAHTH NMPUOIMKEHHbIE 3HAYEHHS
9THX YHCea C BHICOKOH TOYHOCTBIO, HYXKHO GblTO 6l CHOMHTb OTPOMHOE KOIH-
yecTBO yneHoB. Hume Mu 6e3 0co6oro Tpyna HahHeM NECATHYHHE NPUCTHKEHUs
YUOMAHYTHX YHMCel ¢ OGOnbLIOH TOYHOCTBIO, HCHONb30BaB Goldee INONXONA-
e pAnbl.

261. Beruncnenne 4YHcra 7. Bocmonb3yeMcsa H3BeCTHEIM PALOM HAsi apKTaH-
rexca [n° 255, (19)]:

x5

X3 x7
arctgx=x—§-{-g—-7+... (—lx)

AaUHe COOTBETCTBEHHO PA3JNOXEHHEe YHCen H In2. Onu CXOHATCA OYEHb

n
Ecnun B3t x = » TO arClg X ==, U Mbl NONYUUM PAL

3

‘
+

3 1 I 1 1 1 1
?—7_3“(1_-?'? 3'?—7'?1”---)1
y¥e NDHFOXHbIH AN BBIYUCHEHHA.
CymecTsylor, onmHaKo, pambl ropasgo Gosee yHOGHHE &AA BBHIYHCIEHHA
yHcna = [Tonoxwum a=arctg3-, TOrAa

2
5

1ga=%, tg2o=——=

—__ | -

T
Beuny 6amsoctd storo umcaa K 1, ACHo, 4T0 yron 4o GAH3OK K —-3 MOJOXHB

f=4a —1, 6yneM HMMEeThb:
120

1
tgf=——75 = o=, TAK YTO ﬁ=arctg2,—39.

Orcrona nonyyaerca Takas (opmyna:

R 1
n=16a——4ﬁ=16{€——§~§+§-7—7-§+

1 1 I 1 1 1 1
+§ TR Eﬁ"—..}——‘i{m———a— . 23W—'—...}.

BuiuncauM no Heft uMciaOo m C CeMbl0 3HakaMM nocne 3amato#t, Jaa storo
HOCTATOYHO TeX YJIeHOB (OpMYynb, KOTophle (akTHYecKM BhimHCaHe. Tak Kak
o6a paga—tuna Jle#i6uuna, TO NONPaBKH B YMeHbLIaeMOM M BHIYHTAEMOM Ha
OTGPAChIBAHHE HEBBIIMCAHHBIX YAEHOB, COOTBETCTBEHHO, GyHyT:

16 1 4 1
Ish<mm<i* '<%<3mr <



262] § 7. MPUBNUKEHHBE BHIYMCIEHUSA C TIOMOILLIO PANOB 65

Coxpanennsie unenst 06paTHM B HECATHYHWeE IpoGH, OKPYTAAA WX (10 TpaBHay
NONOJHCHYA) HA BOCbMOM 3HaKe, BuiuMcnenus cpemenn B TaGauuy (- Hau —
B CKOOKaX yKaselBacT 3 HAaK IONPaBKH):

'5—6 = 3,20000000 5 lgd — 0,04266667 (—)

o = 0,00102400 o = 000002026 (—)

s = 000000001 () - '_65“ —0,00000008 (—)
320102491 0,04269596
e o
T 315832805 5 24393 =0,00000010 (—)

0,01673630

Yyursipas Bce TIONIpaBKH, HMCCM:
3,15832895 << 16a << 3,15832898,
—0,01673632 << — 48 << — 0,01673630,
TaK 4TO
3,14159263 << n << 3,14159268.
Wrax, oxonyatennno, n=231415926..., npuuem Bce BLINWCaHHLIe 3HAKY BEpHHI.
262, BoluncaeHHe JorapHgMoB. B ocHoBe BbiyMcaenus nexur pap (24)
n° 256:
In nT—I_I=]n(n—|—1)—~1nn=
2 1 1 1 1
=E¢TD+§’EﬂﬁF+?'@ﬂﬁF+m}(D
[lpu n=1 noayuum pasnoxeHue mia In2:

2 1

1 1 1 1 1 1 1 1 1
n2=g(ltg gty gtr mts gt gt

1 1 1 1 1 1
+ﬁ'm+ﬁ'w+ﬁ'm+m)

3T0T paR BnoAHe MpUrofeH AnA BwYHCHeHMH. [Tokamew, HanpHMep, 4T0, Orpanm-~
UMBAACL NHMWb BHINMCAHHLIMA YNEHAMH, MOXHO HafTH N2 ¢ NeBATHI MpaBHIb
HBIMH RECATHYHLIMH 3HAKAMH.

B camom nene, ecam oTG6pOCHTh UNEHH STOTO PANA, HAYMHAA C IecAToro,
TO COOTBETCTBYIIAA NONPABKA GyHeT:

2 /1 1 1 1 2 1 1 .
A=§<]—9 . @4‘2—1 : gﬁ+...><m<l+§+@+--->—
_ 1 2
T 219 <100
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Bwuucaenus, na 10 3naKos, cBelleHb B TaGaHny:

% = 0,66666 66667 (—)
%’ —0,02469 13580 (+)

- .52_ 55 = 0,00164 60905 ()
g%g.- = 0,00013 06421 (4)
W%gc = 0,00001 12901 (—)
3.+_95 = 0,00000 10264 (—)
5__1_37@ = 0,00000 00965 ()
ﬂ%__g, = 0,00000 00093 (—)
m = 0,00000 00009 (+)

0,69314 71805

YynrwiBas sce NMONPAaBKH, WMCCN:

0,6931471802 < In 2 < 0,6931471809,

TaK YTO
In 2=0,693147180...,

H BCE HamHCaHHbe 9 3HAKOB BEpHHL.
Monaras tenepb B (1) n==4, Hallnem:

2/, 1 1,1 1
ln5=2ln2+—9-<l+-3—.§T+?.W+__.).

Moabayach yke BWYHCIEHHHIM 3Hau€HHeM In 2, mo STORA (opMyne JNerko BHYNC-
anth In5, a sateM In10=In24-In5. [locae 9TOro, C NMPOH3IBOJLHOR CTCMEHBIO
TOYHOCTH, MOXeT ObiThb BHYHCIEH MOIYIb

1

M=tTo
IAf 1epexola OT HaTypaibHHIX JOrapu@MoB K JeCATHYHHIM; OH paBeH
M=0,43429448] ... YMHOXVB Ha MOLYJb, HaleM N E€CATHYH W € NOrapudpmn:
log 2 n log 5.

TlepeiineM X JecaTHyH B M JorapudMaMm U B ocHOBHOH dopMyxne (1):

2M 1 1 1 1 b
l°g(n+])—l°g"=§n__+j—][l+‘§' : (2n+])s+"5‘ ’ (2n+1)4+---J- @
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Monaras 3gece n=80=2%.10 w npuHuMad BO BHMMaHHe, uyTO n- 1=
=81 = 34, natineM oM

— 1 1 1 1
4log3—3log2—m(l+-§ . 259214_3 . 259212_}-“,) 4-1,

oTKyAa nerko Haitth log 3. Tonaras, nanee, B Gopmyne (2) n=2400=3.2%.10%,
G6ymem uMeTs n+ 1=2401=7* u oM

! 1
4log7—3log2—-1og3—2_m(1+§ S

TaK yto Hatzem u log 7. [Tox6upas mogo6ubie YHCAOBHE KOMOHHALUH, MOMXHO C
NPOH3BOJILHOK CTENEHBIO TOYHOCTH HAHTH JOrapHQMB! MPOCTHX YHCed, a MO HHM
NyTeM YMHOXEHHA Ha HATypaibHbHe MHOXHTENH H CJOXeHHA Hafnyrca Jgora-
pHOMB COCTaBHHX YHCeN.

MoxHo 6pio 65 MOCTYNHTL M WHAYe, HEMOCPEACTBEHHO BHYHCAAA AOrapud-
Mbl MOC/AENOBaTeAbHHX HATYPanbHHIX YHCed H mepexofa or logn k log(n+1)
npu nomown ¢opMynn (2). Tak, mnsa Buyuciaenus jsorapudmos uucen or 1000 no
10 000, BosbMem B hopmyne (2) TOMLKO OfHH YleH, T. €. IPUOAHKEHHO NMOJOXKHUM

J— 2M 8 4
log(n-}—l)—logn_i—'—l—_T_—1 (102 << n << 104).

[MonpaBka mpH sToM Oyner
2M [ 1 1

1 I -
A= TT|3 Trpr T35 @mxe +"'J<

3(2n+1)a[1+(2n+1)a + (CERL +...]=
— 2M oM

<

Taxk xak y Hac n =102, a 2M < ], 10
1 1

24-10° ~ 2100 *

Ecan 6w mawe BCe OWNOKY CYMMHDOBATHCh, TO B 06lleM BCe we Morpelr-
4

A<

HOCTb 6ma 6nl MeHblle, YeM Ho aerxo usberHyrb Takoro

2.10° 2.10°°
HaKOTUIEHHA NOrpeiHocTel, BHYHCIMB Helblft PAN KOHTPOJIbHHX JOrapudMOB 1O
nepsoMy Merofy. TakHM NnyTeM MOXHO AOCTHCHYTh ropasgo Goabuie# TOYHOCTH,
COXpaHHB B TO € BPEeMA TNPHCYIHH BTOPOMY METOLY aBTOMAaTH3M BHYHC-
feHuit, KOTOpPW#A OueHb UEHEeH, OCOOEHHO TIPU COCTaBAEHHH OOWMUPHHWX TabnHu,.



TJIABA WECTHAZLLIATAA
GYHKHVWOHAJIBHBIE MOCJEAOBATEJNBHOCTA U PSIAbI

§ 1. PABHOMEPHASl CXOJHMOCTb

263. Bognble 3aMeyaHus., Mpl wusyuajqu Bhuie GeCKOHEUHHE MO-
C/IE[OBATENLHOCTH M HMX INpeIensl, OECKOHEYHble PANH H HX CYMMBL
9J/ICMEHTAMH 3THX NOCJAEIOBATEJALHOCTEH WJAH  YJIEHaMH panoB 6rln
nocrodnnse yucaa, Ilpasna, MHOH pas3 B MX COCTaBs M BXOMMJAH, B POJH
napaMeTpoB, T€ HJAM HMHBIC NEPEMEHHbIE BEJAHYMHBI, HO BO BpeMsl HCCe-
AOBaHU KM HCUBMEHHO MPHIHCHIBAJANCH onpencacHuple  MNOCTORHHBHIE
3HaYEeHn4. TaK, HanpuMep, Koraa Mbt yCTaHaBJAWBaJ W, 4YTO NOCACIHO-
BaT€JbHOCTDH

x\1 x\2 x\8 x\»
<1+T) C(1+3), (1-1-3) , ...,(1—|-7),...
uMeeT mpefenoM e* WaM uTo pAan
2 8 n
X— T — (1

umeer cymmott In(l--x), a1a Hac x OLUIO UHCAOM  TOCTOSHHEIM.
OyHKUHMOHAaAbHAst NPUPOLA SIEMEHTOB NOCAENOBATENLHOCTH M
€e npelena WM YIEHOB palla W €ro CYMMHl HaMd BOBCE HE YUMTHB2-
nach; celyac We HMMEHHO K 3TOMY MOMeHTy OyIeT NDHBJEYEHO Hawe
BHUMaHHe.

IlpexnonoxuM, 4TO AaHa NMOCJAENOBATENbHOCTb, S7EMEHTAMHU
KOTOpO#H fBAAIOTCH (YHKUMH

fi@) fa®) fo(x), oo Su()se M

OT ONHOH M TOH Xe nepeMeHHOH x, onpeneneHHHle B HeKkoTopoH o6-
aactu ee uamenenuss L' ={x}*), Ilycre mas wawgoro x us 2 312
NOC/ENOBATENBHOCT WMEET KOHEUHHH Ipejen; Tak Kak OH  BNOJHE

*) Yawe Bcero srto 6y}1er2n'pomemyrox; HO Mbl COXpaHsieM NoKa HaH6Goxb-
WY OGIHHOCTL, PasyMes Mox n060e GeCKOHEYHOE YHCIOBOE MHOMECTBO,
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onpeie/seTcs 3HAYEHHEM X, TO TaKk¥e NpeacTaBiser coboo (QyHKIHIO

or x B 2
f(x) =n1i_r.noo Ja(x), 2

KOTOpyio Mbl OyAeM HaspiBaTh NPeNeAbHOR ¢yHkuue# m1a n0o-
caenosateqaproct (1) wmu ana dynkunu f, (x).

Tenepes M OyjaeM HHTEPECOBAaTbCA HE OJHUM JIMLIb CYLIECTBOBa-
HUEM npejesa B OTAE/NbHHX TOUKAX X, HO M (DYHKLUHOHAJbHHIMH CBOH-
CTBaMM mpepenbHOH (yHKUMM — Bonpocamu 06 ee HempephuiBHOCTH, 00
€e MpousBOAHOH M MHTerpale.

Mpr yxe Bupesmn [n° 234], uto pacCMOTpEHME YHCAOBOrO paga H
€ro CyMMbl €CTb JHIIb Apyras ¢opMa MCCAEAOBAHMA MNOCJIEAOBATEIBHO-
CTH uuces] U ee npegena. PacCMOTpHM Tenepb P s, UIEHAMH KOTOPOro
ABJMIOTCA (PYHKUMM OT OOHOHt W TOH e INEpeMeHHOH X B HEKOTOPOH
obnactu 2

o0

3, () =1y (1) 113 () A1, () ®)

n=1

TycTb 3TOT paA CXOAMTCA INpM KaXaoM 3sHaueHun x B 2 TOria
€ro CyMMa Takxe NPeICTaBuT COGOH HEKOTOpylo ¢yHKumo 0T X: f(X).
dTa cyMMa ONpefe/MTCd Npele]bHHM DAaBeHCTBOM Buaa (2), el MOA
Jfn(X) pasyMerh YacTHUHYIO CyMMy

o () =11y () 11 (%) ...~ 11, (%). ()

O6parHo, BONPOC O MNpeenbHOR (YHKUMH 1S NPOM3BOJBHO 3afaHHOR
noc/aegoBaTebHOCTH (1) MOXHO pacCMaTpuBaTh IIOA BHAOM CYMMHPO-
Banus pana (3), ecau MOJIONKUTh

uy (%)= 11 (%),
Uy (0)=fo (¥) —f1 (%), ..., Up(X)=Tp(x) —Fpalx) ...

Ham uvaiue npupercs uMeTb OeJ0 MMEHHO C (DYHKLUHOHAJbHHIMH PpSAaMH,
TaK Kak 3Ta opMa HCCIeJOBaHMS NpeledbHOH (YHKUMM HAa INPaKTHKE
06niuHO ynoGHee.

W spece Takke caeayer NOAYEPKHYTb, YTO TNPEAMETOM HALIMX
O/mkatiunx uccaeroBaHuft GyAyT He OHM JIMIUb BONPOCH CXOZHMOCTH
paza (3), HO N (YHKLUOHAJIBHHE CBOKCTBA €r0 CYMMBI, O KOTODHIX MM
YINOMHHAJIH BHIIE,

Kax okaspiBaercs, (pyHKIHOHa/JbHBIE CBOHCTBA MpenenbHON (yHKILMM
(cymmb psna) f(X) CylWecTBEHHO B8aBHCAT HE TOJMBKO OT (PYHKLHOHATD-
Hblx CBOHCTB @yHKUMHA f,(x) (UM uNeHOB psAAa), HO M OT CaMOro
Xxapaktepa nmpubauxenunsa f,(x) kK f(x). VUsyuennem Tunnuecknux
BO3MOXHOCTeHf, KOTODble 31eCh HPEACTABJAIOTCH, MB nOpexae BCero H
3altMeMce.
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264. PasHoMepHas M HepaBHOMEpHAs CXOAMMOCTb. [omycTum,
uto pja peex x us 2 mmeerT MecTo papeHcteo (2). ITo camomy ompe-
IeJieHnIo Tpelena 3TO 3HAYMT Cleayiolllee: JHHMIb TOAbBKO (PUKCH-
poBaHo 3HaueHue x u3 Z (@am Toro yroGW MMeTL AeJAO C onpe-
JeNeHHOH YN CNOBOH I0CAENOBATEABHOCTRIO), MO moGOoMy 3aZaHHOMY
e >0 wnatinerca Tako#f Homep N, uto N BCex n>N BHINOJHAETCH

HEPaBEHCTBO [ fn () —F () | <, ©)

rge NOX X pPasyMeeTCs UMEHHO TO 3HaYyeHHE KOTOpPOE
O6HJI0 3apaHee PUKCHDPOBAHO.

Ecau B3dThb ApYTr Oe€ 3HauYeHHe X, TO MOJYUYHTCA Apyras uucio-
Basg MOCJAENOBATENbHOCTb, M — MPH TOM e & — HaijeHHw#H Homep N
MOMET OKasaTbCsl y¥Ke HEeNPUrOAHBIM; TOTAa €ro MNpUUIIOCH Ob 3aMEHNTb
66bumM, Ho x npuHuMaer GeckOHeuHOE MHOXECTBO 3Haye-
Hult, Tak 4ro npen HaMH GECKOHEUHOE X€ MHOXECTBO pa3-
JAHYHBX YHUCJAOBWX TOC/AENOBATENbHOCTEY, CXOmAlmXcs kK npexeny. Ias
Kaxao#t U3 HUX B OTHENbHOCTH Hatizercs cBoe /N; BO3HMKaeT BOMPOC:
CYWIECTBYET JAu Tako#t HoMep /N, KOTOpHH (npd 3agaHHOM &) criocoOeH
O 66 OOCAYXKATL OAHOBPEMEHHO BCE 3TH NOCAEAOBATEABLHOCTH?P

TMokaxeM Ha mpuMepax, YTO B OOHMX CAyyasxX TaKOH HOMep Cyiue-
CTBYET, a B APYIHX — €r0 HeT.

1) NMycts cunayana

Fal) =1 F0=lim £, ()=0 (O0<x<1)
Tax kak 3mecs
1 2nx ]
0</al) =97 Thaw <7

TO CPasy ACHO, YTO AAA OCYLRECTBIEHRA HEPABEHCTBA f,, (x) << € JOCTATOYHO, xalxos‘o
6N HH OLIA0 X, B3ATH N > — % Takum o6pasowm, Hanpumep, yncao N=E _B) )
B 3TOM Cay4ae rORHTCA NLIA BCEX X OXNHOBPEMEHHO,

2) Noxoxun TCl'leb

fn(x) 1+n,x3’ f(x)_ hm fn(x)— (OQXQI).

,[ln;l: mo6oro GUKCHpOBaKHOro x>0 NOCTATONHO B3ATH n >
>E (F) , 4TOOH 6uI0: fip (X) < i <Ce. Ho, ¢ npyro#i cropown, ckoab
6OoXbWKM HYU B3ATb 1, 1A QYHKUHK f, (x) B npoMexyTke [0, 1] Bcerna
Ha#tleTcd TOYKA, HMEHHO TOYKa x=7, B KOTODOH €€ 3HayeHHe PaBHO —5:

1
I (7) =5 TakuM o6pasoM, 3a cueT yBeauyeHua n chedatb fp(x) << —;—-

#) Io nosony cumeona E (x) cm. 1. I, c1p. 4L
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Ang BCexX swayeruht X o1 0 10 | onHOBpEeMEHHO HMKAK Heabas, Musi-

MH ClOBaMH, yxe AJA e=-2— He cywecTByeT HoMepa NN, kKOTOpHIlt rogunaca Gu

Af8 BCEeX X OJHOBPEMEHNO.
Ha puc. 2 wsobpawen rpaduxu stux bdymkuuit, orsevawmue n=—4 u

n=40: xapaKkTepeH r 0 p 6 BHCOTH 7+ TepelBuraiomuicas ¢ BO3pacTanueM n
crnpasa Hanepo, XOTA MO KaWAOH BEPTHKAMM, -_he
B OTJE1bHOCTH B3ATOH, TOUKH NMOCAENOBaTe b~ Y ieniz
HbiX KPHBHX C BO3DACTaHHEM n GECKOHEYHO n=4
NPUOAHKAIOTCA K OCH X, HO HH OfHA KDMBas
B LeNOM He NPHMBHIKAET K STOH OCH Ha
BCEM NPOTAXEHHUH 0T X==0 0 x=1,
WHave ofctouT geno ¢ byHKINAMY, pac-
CMOTPEHHbLIMY HA NIEPBOM MecCTe; Mb He IMpH-
BOLMM HX rpadHKos, HGO OHH, HaNpHUMED NpH
n=4um n=140, nonyyaiorca us rpadHxos, g
U300DAXKENHHX HAa PHC. 2, NyTeM yMeHblle-
HUA BCeX OPAHHAT, COOTBETCTBEHHO, B 4 MM 9
B 40 pas. B sTom cayuae KpuBme cpasy Ha - n=40
BCEM CBOEM NPOTAXEHHH MPHUMBIKAIOT K OCH X. ====I_ i1 T F

Ilanum Tenepe oCHOBHOE onpene- \\ 0
AeHUeE

Ecau: 1) nocaedosamensnocms (1) Puc. 2.
uneem 8 I npedessuyw @gynxguio f(x)
u 2) 022 xamdozo wucsa ¢ >0 cywecmseyem maxoi ne 3aen-
cawnd om x nomep N, wmo npu n>>N nepasencmso (5) su-
noaugemcs o0nospeMenno 0an 8cex x u3 X, mo 208opam,
AV amo nocpedosamessrocms (1)
{ exodumes [uni—gyuxgus f,(x)
cmperumcs] ¥ Gynxgun f(x)
PRBROMEPHO OMHOCUMEABHO
x 8 obsacmu Z.

Takum obpasom, B nepsom
M3 NPUBEACHHBIX RPUMEPOB PYHK-
uus f,(x) cTpeMuTcs K Hysmo
PaBHOMEDHO OTHOCHTEALHO
x B npomexytke [0, 1], a Bo
BTOPOM — HeT.

PaccmoTpuM panbHefimne mnpu-
ns/1 2 S35 f5 0 MEPH HepaBHOMEpPHOH cXxo-
AMMOCTH.
3) Ecau
Loz  fao=x" O<x<y,
] .
Puc. 3. f(x)= Ilma0 S (x)=0

n
mu x <<l uf(l)y=1.
B stoM cnyvae HeBO3MOXHOCTb HEPABEHCTBA X® <Te (MPH e << 1) 0AH OB e~
MeHHO aaa BCeX x <<l BuuHa Xxora GH M3 TOro, uTO X"— |, ecan (npyu
duKcupoBanHoM n) X - 1. PHCYHOK 3 naer mpeacraBaenue o CBOeOGpPA3HOM

a)

..
3]
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XapaKkTepe HapyilleHWs paBHOMEDHOCTH: 31€Cb mpefenbHas (QYHKIHS H3MEHAETCA
CKaYyKoM, a r O p 6 HEMOJBHXEH.
4) Iyctb, HakoneLw,

Fa(X)=2n%x . g~ 0% O x< ).

HeBoamomHOCTb paBHOMEPHOrO npuGnuxenna B [0, 1] k npeleabnoll ynKimy,
KOTOpas 3leCb TOMAECTBEHHO pasHa O, crenyeT XoTs 66 M3 TOro, YTo, TpH

n1060M n, .
2n
fal) =2

Ha 3701 pas BeicoTa PO p 6 0B, KOTOPEE MEWAOT PaBHOMEDHOMY CTDPEMJIEHWIO
K 0, BAo6aBok eute GeCKOHEUHO BO3pacTaer BMeCTe ¢ n.

ITepeHecem Temepr BCEe CKa3aHHOE BLIIE O CXOAMMOCTH GYHKILUH
Ha ciayyait QyHKIHOHaJbHOrO psama (3).

Ipeanonaras psx CXOXAUAMCH, BBEIEM B DAacCMOTPEHHE
ero cymmy f(x), uactuunyio cymmy f,(x) [cMm. (4)] u, HakoHen, ero
OCTaToOK MOC/E 7-TO WIEHA

[ae]

Pal)= 3 1% (%) =7 (%) — fa (x).

k=n-t+

IMpu ao6oM (ukcHpoBanHOM X
lm f,(x)=F(x) n lim ¢, (x)=0.
n— oo n— o

Ecau wacmuunan cyuma f,(x) cmpemumes ¥ cymse pada f(x)
PasHOMEpHO omHocumersHo x 8 obracmu X |uau, umo mo e,
ocmamor pada @, (X) PABHOMEPHO cmpeMumcs K Hyaw), mo
2080psam, wmo pao (3) pasHomepHO cxodumca & moi obracmu.

3To onpepe/seHne, OYEBHAHO, PABHOCHJBHO CJEAYIOLLEMY:

Pao (3), cxodauuilica 0aa 8cex x us obsacmu L, Ha3sléaemces
pPasroMeprRO cxodawumca 8 3mol obiacmu, ecau 04a KaxHcd020
wucaa € >0 cywyecmeyem makoli ne 3asucauyuli om x Homep N,
wmo npu n>N Hepagercmngo

|fn () —F () | <o wan |, (x) | <e ()

sunosnsemcs o0Ho8pesmenno 04 8cex x us Z.
Tlpumepsl paBHOMEPHO U HEPABHOMEPHO CXOMAUIMXCH DPANOB MOKHO
COCTaBUTh, Npeo6pasoBaB NpPHBEJEHHHIE BHIIE MPUMEPH  NOCJENOBA-

TeJbHOCTER. MBI MpUCORNMHEM K HHM elle CJeAyIomHMi npocToi mpumep.
<«

5) PaccMOTpHM mporpeccum Z X""1, OHa CXONHTCA B OTKPHITOM NpOMe-

n=1
wytke 2= (1, —1). Oaa mwboro x mu3 2 0CTaToK nocie n-ro yieHa
HMeeT BHA:

xll
¢n (%) =1_—x



265] § 1. PABHOMEPHAS CXOLMMOCTb 73
Ecan n npousBosbHO QMK CHPOBAThL, TO OYEBHAHO:
. 1
lim (x) == lim x)=o0.
Jim  lea () =, lim g (0)

W 10, H mpyroe nokasuiBaeT, YTO OCYUIECTBHTb, AN BCE€X X OXHOBPE-
M € HHO, HePaBEeHCTBO

[on (x) [ <e (ec:m 5<L>

2
NpU ONHOM M TOM e HOMepe n HeBO3MOXHO. CXOXMMOCTb NpPOTpPeccHH B
npoMexyTke (— 1, ]) HepaBHOMEpHA; 9TO e OTHOCHTCA K NPOMEXYTKaM

(—1, 0] u [0, 1) B oTHEABHOCTH.

266. Ycaosue pasHOMepHO# cxoxumocTu. Teopema BoJsblano —
Kown [n° B2], ycraHapiuBaioilas YC/JOBHE CYULECTBOBAHH! KOHEUHOrO
npefena /s 3aZaHHOM UMCIOBOY MOCAEAOBAaTENBHOCTH («MPHUHLHMN CXO-
JUMOCTH»), €CTECTBEHHO TNPHBOAUT K CJACAYIOIEMY YCJIOBHIO P aBHO-
MepHOHN CXOZMMOCTH 1J8 3ajaHHOK B obaactu 2 NOC/IENOBAaTENbHOCTH
GyHxkuai (1)

Hag moz0 umobs: nociedogameasnocms (1). 1) umense npedeas-
Wy yuHryuo u 2) cxoduaacs K Smoil YHKUUL PABHOMEPHO
omuocumeasHo x 8 obaacmu &, HeoCxodumo u docmamouro, 1mobsl
045 Kaxedoz20 qucaa s>0 cymecmsosanr maKoi He 3asucauuil
om x wnomep N, 4mo6o npu n >N u awbox m=1, 2, 3, ...

HepageHcmeso
|fn+m(x)_fn(x)|<e (7)

umeno mecmo 0asm 6cex x u3 & odHospemenHo.

[TpeGopanue 5TO MOXKHO KPaTKO CHOPMYIHPOBATH TaK: MNpPHHLAM
CXOAMMOCTH A1  TOCAeAOBAaTeAbHOCTH (1) JOJMKeH  OCYLIEeCTBJIATHCS
«paBHOMepHO» aas BceX X u3 Z.]

HDoxasaTeabctBo. HeoO6xoammocts., Ecim  nocaenopa-
TeAbHOCTb (1) HMeeT npenenbHyl GYHKUMIO f(x) ¥ CXOAWTCA K Hel
pasHomepHo B 2, T0 no 3azaHHoMy ¢ >0 Haligerca He 3aBwu-
camuft o1 x Homep NNV, TakoH, uro mpu n >N Gyner

1
|fn(x)_f(x)|<7e'
Aas BCeX x. AHalOTHYHO M

fram@—f @) |<ge  (m=1,23..),

a u3 3THX 0060MX HepaBeHCTB BhITeKaeT (7).

ODoctatounocth. IlycTh ycioBHe, YKasaHHOE B TeOpDEME, BHI-
noaueHo. Toraa, kakoe Onl 3HaueHwe x W3 2 HH GOHUKCUDOBATL, B
aune nocaepoBateasHocT (1) Mpl OYyAEM HMETL YHCJAOBY 0 TNocCJe-
JIOBaTE/JIbHOCTh, AJS KOTOPOH BHINOJHAETCA ychoBue Boabuano — Komn.
ChenoBartesbHO, I 5TOH IIOC/TEJOBAaTENLHOCTH CYLIECTBYET KOHEUHbIH
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npejes, ueM /O0Ka3aHO CYLIECTBOBaHME /s mocaegosateasHocTd (1)
npeaensHol dyskuuu f(X).

Teneps, Bass no npoussoy n >N u x uz &, craem B Hepa-
peHcrse (7) GesrpaHHyHO YBEJAHUMBATh m (MPU MOCTOSHHBIX 1 W X).
Iepexoas k mpeneny, MoJyuuM:

lf(x)—fn (x)lge-

JTUM yCTaHAaBJIMBAETCS PaBHOMEPHOe cTpemaenne f,(x) k f(x).
Herpynto nepedpasupoBaTh N0Ka3aHHOE yCAoBue AAA CAyuas (yHK-
UHOHAJBLHOIO PAaa:
lasg moz0 wumobu psd (3) cxodurcs pasnomepro s obracmu T,
HEOBX00UMO U docmamoyHo, Hmobs 04 Kaxdo20 Hucaa s>0 cy-
wecmeogas makoid Ke 3asucauwyui om x Homep N, 4umo npu

n>Nu awbom m=1, 2, 3, ... Hepasencmso
n4+m
Ik2+Iu»(x>l=lnn+1(x)+un+a(x>+...+um<x)|<e ®)

itmeem mecmo 04z 8cex x u3 L odHospeMenHo.

19 yCTaHOBNEHHS Ha NPAaKTAKE pPaBHOMEDHOH CXOAMMOCTH KOH-
KPETHHX MOC/IEAOBATENLHOCTEH HJIH PAOB mnoJb3yiloTCH OGoaee  ynol-
HbIMH B MDUMEHEHMM JOCTATOUHBIMH MPHSHAKAMH, KOTOpHe (OpMyanpy-
0TCH OOWYHO AJISl PAdOB.

Bor npocreflumn#t u uae Bcero NpUMEHsEMB NpHSHAK:

Ilpa3snax Bedepwmpacca. Ecau 4aenv gynrgionarsnozo paia (3)
Y0osaemsopsiwm 8 obracrmu X Hepasencmsam

fua(x) | <€ (n=1, 2,3, ..), ©®)
20e ¢, cyms UACHBL HEKOmOpo0 CX 00 R Ue20CA HUCA08020 pAda

oo

2 cn=01+(—'g+...+cn+..., ©)

n=1

mo pad (3) cxodumcs 8 X pasHomepHo.

Ilpu manuumu nepapencrsa (9) rosopst, uro psg (3) Maxopwu-
pyetcs pagom (C), wm uto (C) CAy®UT MaXOpDaHTHHM pRIOM
s (3).

HetictButennno, ua (9) nonyuaeM HEpaBeHCTBO

I un+l (x) + un+9 (x) + R + Upim (x) | = Cnit + Cni2 + R + cn+m’

CNpaBeNIMBOE ONHOBPEMEHHO QA BCeX Xx u3 obmactu Z. Co-
PJIaCHO ODHHUMNY CXOAMMOCTH, KOTODHH MBI INpUMEHAEM K YHCJ0-
soMy psay (C), nas moGoro e >>0 HaHmerca takoe N, 4TO npu
n> N npaBan yacTh NPeIwAYIIEr0 HepaBeHCTBAa OyNET yke MeHbile e,
8 C HEI0 — M J1€Bag, NPHTOM AJA BCex X cpasy. Orciofa, B CHIy 10-
Ka3aHHOTO BHILE YC/IOBHS, U BHITEKAaeT Halle YTBEPWAEHHUE,
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Taxnw o6pasom, HanpuMep, B mMOGOM NpoOMExyTKE Pa BHOMEDH O (XO-
DATCA PARBI

o« @«
Y gpsinnx, ¥} ajcosnx,
n=1 a=1

[ee)
€cIM TOMBKO PAR 3 @, CXOWMTCA a6 coA10THO. Bems
n=1

|agsinnx|<<la,|, |a,co8nx|<i|a,l,

00
TaK Y70 PONb MAXOPAHTHOTO 3jeck MrpaeT pan 3, |4,].
n=1

§ 2. ®YHKUHOHAJBHBIE CBOACTBA CYMMBl PSIIA

266. HenpepmiBHOCTL cyMMbl pspga. Mel nepexoium Teneps K
M3YUEHHIO (YHKUHMOHANBLHBIX CBOMCTB CYMMH paia, COCTaBJAEHHOrO M3
(yHKUMHA, B CBA3M CO CBOMCTBaMH STHX TNOCAEAHMX. Beiwe yxe yKa-
SHBAJOCh HA 3SKBHBANEHTHOCTL TOYKM 3PEHHS MNOCAEIO0BAaTENBbHOCTEH H
TOYKH 8peHH OECKOHEUYHHX panoB, B H3JOXeHMM MH OTRaeM npen-
NOUTeHHe MnocaelHe TOYKE SPEHHA, MOTOMYy 4YTO B RPHJIOXKEHHAX
BCTPEYAIOTCA NOYTH HCKJIOYHTEIBHO HMEHHO OeckoHeunwe psaxu. [lepe-
HECEHHME CKa3aHHOro O (QYHKUHOHAJLHHX pajgaX Ha Caydal nocienosa-
TeJbHOCTEH (QYHKUMH He npencTasaseT 3aTpyAHEHHA.

BBezeHHOe BHIUE MOHATHE PaBHOMEPHOH CXOIMMOCTH BO BCEM JaJb-
Heitmiem OyneT wurpaTh peIUAlOWLyi0 pOJb, TaK YTO BaXHOCTb €ro
BHIABUTCA C MOJHOH CHJION.

HayneM ¢ Bonpoca O HeNPepHBHOCTH CYMMH pAla, COCTaBJEBHOro
13 HeNpepHBHHX (YHKUMR. YWTare/nio HSBECTHO, UTO CYMMa KOHEUHOro
UHCAa HempepHBHHX (yHkuu#i HenpepuBHa [n®62]; cnpasezauso au
NMoJOCHOE € YTBEPXACHHE M A8 cayyas GECKOHEYHOro uucaa caa-
raeMHx? Cnenylomun NpoCTOH  mNpHUMEp TNOKasHBaeT, uyT0 STO He
BCerpga Tak.

PaccMoTpuM pan

Dot (l—x)=1—x)+x(l —x)+ ... + (1 —x)F ...
n=t O<x<1).

Tlpy x=1 Bce yIeHn psAna, a C HAMM —H CyMMa psana, oGpamawrtca B 0; npu
X << 1, cyMmMupysa nporpeccuio, nonyyaem l. Xo1s uaeHn paja HenpeguBHu B
npomexyTke [0, 1], Ho cymma psana B Touke x==1 Tepnur paspus! OTMeTHM,
YTO CXOLMMOCTb DAJA 3ReCh He PaBHOMEPHA, TaK KaK OCTATOK pana NOCAE #-To
yneHa, paBHHI X3 (i x << 1), cTpeMurcs x 0 HepasHoMepHo [n° 264, 3)].
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Mmeer mecto
Teopema 1. Ecau @yniguu u,(x)(n=1, 2, 3, ...) onpederens
u Henpepvigny. 8 npomezcymre X =|a, b] u pad

o

Zlu,,(x)zul(x)—]—u,(x)—]—...—]—u,,(x)—]—... m

n=

cxodumens 8 X pasHoMepHO K cymme f(X), mo u sma cymma
Oy0em HenpepuL8Ha 8 NpOMENCymie

IoKA3BATEABLCTBO. BospMmem B npomexyrke 2 Kakyw-am6o
TOUKY Xy M YCT4HOBMM HENPEPHIBHOCTb yHkumu f(x) B 5TOH TOuKe.
Coxpausaa mnpexsue o6o3HaueHud, uMeeM mpd JioboM n=1, 2, 3, ...

u mobom x us 2
S () =Sn (%) + ¢n (x) (2)
M, B 4aCTHOCTH,
f(xO) zfn (€Y "l_ Pn (xo)s
OTKy 12
If (%) —F (o) | <<|fo () — o () | [0 () [ [ 0n (0} |- (3)

3amanumcsa Tenepb NMpPou3BospHeIM ¢ > 0. Beuay pasHoMepHOH CXo-
JIVMOCTH PSa MOXHO (PUKCHPOBAaTh HOMEp »n Tak, uToObl Hepa-
BEHCTBO

lon ()| <5 )

BBINOJIHANOCH IJIS B C € X 3HayeHu X B npoMexytke 2 (B TOM uucie
WA x=uxp). OTMeTuM, uTo npu GUKCHUPOBAHHOM N1 QyHKUHA
fn(X) ecTh CcyMMa ONpeIe/eHHOrO KOHEUHOTO 4YuCHa OYHKUMH 1w, (X),
HEMPEPLIBHLIX B TOUKE X ==X, Il03TOMy OHa TaKXe HENpephlBHa B
3TOH TOuke, U MO 8samaHHomy ¢ >0 mnaknercs Takoe 3 >0, uyro npu
| x — x| <3 6ymer

| () —F (50} | <5 ()
Torma, Beumy (3), (4) u (5), mwepaBeHCTBO |x — X3|<8 Baeuer aa

coboil
|f () —f (x0) | <o,

uTO M J0Ka3biBaeT TeopeMy ¥).

3AMEYAHNE Mb BHleIM Ha MpEMepe, UTO YTBEPWAEHHE TEOPEMbl MO-
XEeT OKa3aTbCA HEBEPHbIM, €CIM OMYCTHTh TpeGOBaHHE PaBHOMEPHON cxo-
auMocTH psina. Onuako paBHOMepHas CXOLHMOCTb (QUIYpUpyeT B Teopeme Bce

*) daKkTHUeCKHM 3Mech [0KA3aHO, YTO M3 HENPEePLIBHOCTM YIEHOB paja B
Onpe/leI€HHO TOUKE CIAENYET HENPEPLBHOCTb €ro CyMMsl B 9TOH Ke TOYKe,
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e JHIb KaK XOCTAaTOYHOE YCIOBHe M He clefyeT AYMaTb, YTO STO yClnO-
BHE HEOGX 0N MO IIA HeNPEPHIBHOCTH CyMMH paja. Hanpumep, paib

0
3 2 [n2e™ P — (n—1)p e~ (3 1Y, l

n=1

R

=1

(6)

fcp. n° 264, 4) n 2)] B npomexytke [0, 1] MMeOT HenpepwBHYIO CyMMy, TOXIe-
CTBEHHO PaBHYI0 HYIIO, XOTA B yYKa3aHHOM NpoMexyTke o6a CXONATCA Hep a B-
HOMEpHO.

Jlerko nepedpasupoBaTh [OKA3aHHYIO TeopeMy AJAs Caydyas nocJe-
JOBATEAbHOCTH (yHKuui:
Teopema 1* Ecau nocredosamenrsrocms Gynrxyui

[1@®), o), ooy ful®) ooy ™

OnpedeseHNbX U Henpepuerux 8 npomescymre L =|a, b], cxodumcsn
K npedensroil gyurxyuu f(x) pasrnosmeprno 8 L, mou f(x) He-
npepuigha 8 L.

267. Cayvait monoXHTeNbHBIX PAKOB. [lad pANOB 3TOr0 YaCTHOrO
TUIIA, KaK AOKasdaJ [luHM ¥), paBHOMEPHan CXOAUMOCTb OKasblBaeTCs He
TOMbKO JOCTAaTOYHHIM, HO M HeOOXOAMMBIM YCIOBHEM HeNpephiB-
HOCTH CYMMBI psina:

Teopema 2. [lycms wrenss psada (1) Henpepui8rol 8 npomeacymre
ZL'=la, b) u neompuyamersno. Ecan pad umeem cyuny f(x),
maxoce Henpepslenyio 8 nposescymue X, mo pao cxodumes 8 3moms
npomedcymre pasHOMEPHO.

JdokasaTEabcTBO. PaccMorpum ocratku psga (1)

[ee]

9 (¥) = 2 . 1, (%) =f () _‘fn (x)'

k=n-

dynkuns ¢, (x), Kak pasHOCTb [BYX HENpepHBHHX (YHKUMH, Takke
HenpepelBHA, BBHAY NOJOXHTENbHOCTH UYJEHOB Psfa, INOCAeL0BaTe/Nb~
HOCTh {¢,(X)}, NMpH NOCTORHHOM X, fBAfETCA YOhBalomeH (HeBO3pa-
craomei):

PE)=ZpE) = = X)) =P ()=

Hakonen, nockoabky psa (1) cxomdics B nmpomexytke 2, npd moGom
NOCTOSHHOM X
lim ¢, (x)=0.

n—» oo

%) Ymace Junu (1845—1918) — uranpanckufi MaTeMaTHK.
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Jlas toro uyroOb YCTaHOBHTb pPaBHOMEPHYI0 CXOAUMOCTb psja, HO-
CTaTOYHO NOKasaTb, YTO A1 Kakmoro uucaa e >0 CymecTByeT XoTb
ONHO SHAueHHe 7, TIPH KOTOPOM @, (X)< e ONHOBDEMEHHO IJA BCEX X
(160 Torma nas OGJbIUMX 3HAYEHHH 7 3TO HEPABEHCTBO BHIMOJHAIOCH
66 ¥ MOJABHO).

JlokasaTeNbCTBO 3TOro 6yleM BeCTH OT NPOTUBHOrO. IIpeAnooKuM,
4ut0 I HEKOTOPOoro & >0 Takoro HoMepa n He CYUIECTBYeT.
Torpa npu moGom n=1, 2, 3, ... B npoMexyTke 2= Halgerca Takoe
SHAUCHHE X ==X, YTO ¢,(x,)==e¢. K nocrenosaresvtoctn {x,}, Bce
3JIEMEHTH KOTOPOH CONEPMATcs B KOHEUHOM npomexyTke 2, Npume-
HuM Jemmy Boabuano — Beflepuitpacca [n°61] # BmgenuM u3 Hee va-
CTHYHYIO NOC/IENOBATENBHOCTD {x,,k}, CXOAAMYIOCH K NPENeny Xo.

BeuLy HenpephiBHOCTH ¢, (X), HMeeM:

lim ¢ (xnk)= ?m (Xo),
ko

KakoBo Ol Hu Gwisio m. C apyro# CTopoHs, npa aw6oM m, Aas IO-
CTaTOYHO GOJbIIUX X:

nk = m, TaKk 4TO P (xnk) = (Pnk (xnk) =¢e.
IMepexons amecy k npeneay npn k — 0o, HafizeMm, uTO

lim ¢p (xnk) =0 (%) =ce.
k-0

A 310 HEPABEHCTRO, HMEHee MECTO NMpH A0 6om m, TPOTHROPEUHT
TOMY, 4TO

lim ¢, (%) =0.

m-—+ o0

Teopema nokasana.

Ecau nepedpasupoBate TeopeMy [uHm Ha cayuall moc/eaoBaTelb-
HOCTEH, TO MOJYUHTCH

Teopema 2% [lycms nocaedogamenssvocms (7) HenpepbsHux 8
nposescymre X ={[a, b] dynxyqui cmpemumcs npu n—oco K npe-
deasnoll dyuryuu f(x), MOHOMOKHKHO 803pacmasn, maxK wmo

fn+1 (x) Bfn (x)

Ecru pyuryun f(x) maxoce nenpepsisna 8 L, mo f,(x) cxodumes
K f(x) pasromeprno 8 Z°

268. Mounennwhi nepexox x mpemeny. IlpuseneM elwe OZHY Teo-
peMy, KoTopas sBasercs oGoGwmeHdem Teopems 1. B ned 2 ecms
MPOU3BONbHOE OECKOHEYHOE MHOKECTBO, HMeloluee TOYKY Cryme-
HuA a (KOHeuHylo wiu Her) [n°32[; 5Ta TOUKa CaMa MOMET M He mnpu-
HapJlexkaTb MHOWeCTBY Z.
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Teopema 3. [Iycms Kasxcoan u3 gywxyui u,(x) (t=1, 2, 3,..)
onpedenena 6 obaacmu X u umeem, npu cmpemaeHul X K @, KOHed-
Kol npedea:

lim u,(x)=c,. 8
X — O

Ecau pao (1) 8 obaacmu X cxodumca pasromepro, mo 1) cxodumen
pAad, cocmagaeHnuli u3 smux npedesos:

[2e]
2 =C ©)
n=1
u 2) cymma psda (1), f(x), maxoce umeem npu Xx—a nhpedea,
UMEHHO!
lim f(x)=C. )
* — O

DokasaTeabcTBo. COriacHo YCIOBHIO DPaBHOMEDHOM CXOAH-
Moctd 1n°26B, 441 npoussosbHO B3ATOro & >0 CYymECTBYeT TAaKOH HO-
mep N, wto npu # >N u m=1, 2, 3, ... uepabencreo (8) Ha
cTp. 74 BHnNoanserca Aaa Bcex x u3 2. Ilepexoas snech K mpeneay
npn x —a, ¢ yuerom (8), Halinem, uTO

ot Crpat Tt Cnm| <t

TaK yro aas psaa (C) BHmoaHsercs ycaosue cxoaumocTd n® 242,
Ecmu C, C, n §, 03HaualoT, Kak OOGHYHO, €r0 CYMMy, YaCTHUHYIO
CYMMy M OCTaTOK, TO

C=Cp+1n
BulunTasg 3T0 paBeHCTBO MOUYJEHHO M3 (2), JE€rKo MOJNYYHTH:
|f(x)'—clélfn(x)_cn|+l?n(x)l"'—"fn‘ (10)

BBuny paBHomepHOH cxoaumocTH pama (1) u cxomumocta psaa (C),
no mwoboMy e >0 MOXHO GHUKCHPOBATbL # CTOAb GOJbIIHM, 4TOOW
ang Bcex x u3 2 Gwiao:

[ on (0) | <5, 2 TaKNE |1, | <5 an
Tak Kak, OYEBHAHO,
n n
lim x)= lim u, (xX)= ¢, =C
x—-afn( ) x—-ak§] lz( ) kgl k n

TO —ecAu OrPaHMUHTLCA  CJAydYaeM KOHEUHOro @ — HallleTcs  Takoe
>0, uro npu |x —a| <3 Gyner

o ) — Ca | <5+ (12)
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Toraa, npn yxasanHeix sHauedmsx x, B cuay (10), (11) u (12), Oyzer
BHIOJ/HSATLHCS HEPABEHCTBO
|f(x) —Cl<s,

yro ¥ mpuBoAMT K (9) *).
Papenctso (9) MOxHO HanucaTs B dopme [cm. (8)]:

<)

lim 3 1, (+) =21 { lim u, ()

X—an=—=

TakiM 00pasoM, IPH HAJHUMA DABHOMEDHOH CXOLMMOCTH, Mpedes CyMMbl
PYHRKYUORAALHO20 PAOA paBen CymMme pada, COCMABACHHO20 U3 Npe-
0e408 €20 4A€HOB8, WK, HMHHIMH CJIOBAMH, 68 (DYHKGUONQAbHOM pade
donycmim npedessHvili nepexod <«nOAEHHO>,

IIeumePr. B KauectBe mpuMepa NpuMEHeHHA 3TO4 ofulel TeopeMbt H3noO-
MM BbIBOA M3BECTHOrO YMTaTeMO Jorapugmuyeckoro pama [n° 256, (21)], ncxona
U3 OGugOMMasbHoro pafa [n°258, (26)], ¢ noMowpo NpeneALHOrO COOTHOWIEHHA
|n” 65, 2)]

b o
Ina= lim k a —1).
kl»oo (1/. )

(Tlo cyniectny, HMEHHO TaK NPHXONMT K IOrapudPMUUECKOMY paly DUnep B cBoeM
«BBenenun B aHasM3», HO, pasyMeercs, 6e3 CTpOroro 0GocHoBaHHAl)

Monowum a=1+x (rne | x| <<1) n mogcrasum smecto (L 4 x)* ero pas-

JAO0XeHue
| Ir
(1+xﬁ=1+—l’z—x+k(%—)x2+...

Ep= 1) ()

-t 2.7 At
Torna In (1 - x) npeicTaBdTca Kak npefen NPU B — 0O BLIPAKEHHA
1
% _ x21 x3 1 1
e (o YN J(E O] (R A R
X" 1 1 1
(= 1y 17(1—T)<1—2—k)-...-(l—m)+... (13)

IlonyepkneM, uto 3mech x 03HAaYaeT NOCTOAHHOE uucao. YgeHs sToro
Ala CoflepkaT, B KavyecTse NepeMeHHOMN, HaTypajibHHM napamerp &.
0 BCEA 06naCTH e€ro u3MeHeHHa **) pan (13) CXOLMTCA DPaBHOMEPHO; 3TO

¥) Hdratenb yauaer B 3TOM pacCyx/IEHHH TO, KOTOpOE yke GblIo IpHMe-
HEHO JUIA JIOKa3aTeabCTBa TeOpeMbl 1.

**¥) HanoMuuM, uto o6nacto uamenesua Z° nepeMeHHol x, 0 KOTOpOH wulaa
peub B TeopeéMe 3, Moraa ObITb KAKOH YrOIHO; B YaCTHOCTH, OHa MOI/a CBECTHCh
H K MHOXECTBY HaTypafbHbIX YHCEN C TeM, YT0 @ = -} oo
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(mo npusHaky BefiepmiTpacca) caeayer W3 TOro, YTO OH Mayopupyercs
pAIOM
X 2 X 3 x |n
|x|+%+%+...+'7'+... (x=const, |x|<l),

yXe He comepwawuM k. B Takom ciyvae, mo teopeme 3, B pame (13) MoxHo

nepeiTH K npeleay NpH R— oo NOYNEeHHO, YTO M NPHUBOAMT K JOrapadmu-
YEeCKOMY pARYy.

269, IlouneHHOe WHTErpHpOBaHMe PANOB., Ilepelizem Temeppr K pac-
CMOTPEHHIO BOTpOoca 00 HHTErPHPOBAHHH CYMMHE cxojsileroca QyHk-
UHOHAJABHOIO psa.

Teopema 4. Ecan dyurguu u,(x) (n=1, 2, 3, ...) HenpepvigHu
8 npomexcymue X =/Ia, b] u cocmassennnii u3 nux pad (1) cxo-
oumcs 8 IMOM NPOMENHCYMKEe PABHOMEPHO, MO UKME2PAL Om
cymme f(x) pada (1) npedcmasasemes credyrouurm o6pasom:

Sbf(x) dx= i Sbun (x)dx =

n=1la
b b b
=Su1(x)dx—]—SuQ wydx4...+ Su,,(x)dx—l—... (14)

JOKABATENLCTBO. BBuly HempephiBHOCTH GyHKUuRt 1, (x) H
f(x) |n°266, Teopema 1] cylecTBOBaHHE BCEX BSTHX HHTErpaloB oOye-
BHAHO. TlIponHTErpupoBaB TOXAECTBO

F(x) =1y (x) 4~ 13 (%) +~.. . 115 (%) + ¢ (%)

B NpOMEXyTKe |a, ], moayuum:

Sbf (x)dx =

= ful(x)dx+ fug(x)dx+...+§un(x)dx+ f%(x)dx.

Takum oGpa3om, cyMMa 7 ujaeHOB psga (14) pasHuICs OT HHTErpana
b b
S f(x)dx nonOMHATENBHEIM YJIEHOM Scp,, (x)dx. Ilia ROKasaTe/abCTBA
a a

Pasnoxmenns (14) HyXHO JULIB YCTaHOBHTH, YTO
b
lim \ ¢,(x¥)dx=0. (15)

n— o
a
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B cuny pasnomepHo#t cxomumoctd psaa (1), mas moboro e >0 Hait-
zerca Homep N Tako#, uto npu n >N

lpa ()| <e

Cpasy IJ# BCEX X B pacCMaTpuBaeMoM npomexyrke, Toraa ajss Tex e
8HaueHn#t n OymeT:

| Sb%(x) dx|< Sblcp,,(x)|dx<(b_a)e,

YTO M HOKa3HWBAa€T NpeneapHoe cooTHowenune (15).
PapencTeo (14) MoxeT GHTbL HamMCaHO B BHAE

5{21 u,,(x)}dx=2l{§bu,, (x)dx},

TaK YTO, B CJAyYa€ DaBHOMEDHO CXOAANIErocs (YHKUHOHAILHOTO PAIA,
UHME2PAn OMm CYMMB pROQ pasen cyMme psaoda, COCMQBACHHO20 U3
IHME2Pas08 €20 HACHOS, WM, WHHIMH CIOBaMM, 0OMYCMUMO NOYACHHOE
unmeapupoganue paoa.

3aMeuanne Kak H B cayvae TeopeMu 1, TpeGoBaHMe paBHOMEpPHOH €Xo-
JIUMOCTH Cy e CTB € HH O A4 CNpaBelAHBOCTH pa3noxenus (14), 1. e. He MOxeT
GHThL HPOCTO OMYIIEHO, HO BCE € He sBAAETCA HEOGXONMMH M. Pagu (6),
paccMoTpeHtne B 11° 266, kak pas M ManOCTPHPYIT 5T0 06CTOATEAbCTBO. O6a
oy B npomexytre [0, 1] cxomaTca ¥ dyHKuMH jP&c) =O0OHepaBuomepHo. Ho
HHTErPHPYA NEPBRHA NOYAEHHO, Mbl B KaYeCTBe CYMMH PANA HHTErpaios IOXYYHM

1
lim S2n2x-e—"""dx= lim (1—e™ ")=1,
0 n— oo

X0T14

1
Sf(x) dx =0,
0

AJA BTOpPOro e pajla aHalOrMYHO HaHjem
1

1
fim §de= tim MJ—"’)=0=§f(x)dx.

n— o 1+”’x’ n—o0

Mpumer IMocrasum ceGe samavelt pasnoxuTh TaK Has3wBaeMbll IO MHH i
SHNMNTHYECKHN MHTer pan nepBoro poja

T

7
F® OS VT—many

no crenenaM monynsa kB (0 <k <<1)
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Hcxoun m3 pasnoxenus (1 +x) z

B HeM x ==— k?sin? ¢, nonyyum

(o]
1 2n— I .
=14 Zl (——2’1” ) k" . sin®P o,
n=

B GuHOMMaabHbf pan [n° 258] u nonaras

V1—ksinfy
TOT pAN CXOUMTCA PAaBHOMEDHO OTHOCHTENbHO ¢, HGO MaXOPHpyeTCA CXO-
(e

nsawmehca nporpeccuet 1 - Z k%, crenoBaTenbHO, 31€Ch JONYCTHMO O Y 1€ H-
n=1
T
H O € WHTErpHpOBaHWe TO ¢ B MpomexyTtke |0, 5J. BunonHus ero  HCROMb-
8y H3BECTHue HHTerpanst [n° 187) )

. @i—1 =
0T’ —_— .
sin*t ¢ do ="—5" 5

Pw={r+ 3 [ an)

910 pasnomeHHe — OCOGEHHO, IpH Manux k—MOXeT ObTb NPUMEHEHO
K TIPHGIHIKEHHBM BblYHCACHUAM,

°°-’?m]a

TIOYYHM

ITpusesem aHanor Teopemsl 4 RAs MOCJEROBATENLHOCTEH:

Teopema 4%. Ecau nocaedosameasvrocms (1) dynryuii, renpeps:s-
Huix 8 npomescymre X —=|a, b], cxodumecs K npedeasnoi dynxyun
f(x) pasnomepno 8 &', mo

b b
Sf(x) dx= lim Sf,, () dx. (16)

3to PaBEeHCTBO MOXKHO Iepenucarb B BHIE

b b
tim \ £, (x)dx=g{ lim £, (x)}dx,

n — oo

Tak UTO Npefes, OTHOCAUMACH K MHTErpajy, OKa3HBAETCA BO3MONKHEIM
OTHECTH HEMOCPEACTBEHHO K MOIMHTErpasbHON QyHkuuH. B stoM cay-
4ae roBOpAT, UTO Jonmycmum npedeassusili nepexod nod 3HAKOM UH-
mezpana.

B rnase XVIII Mu Bepuemca K sToMy Bompocy B Gosee ofwme# no-
CTaHOBKE.

270. Tlounennoe nuddepennupopaHue pagos. C nomoutplo TEO-
peMun 4 npelbAyUIero HOMepa Jerko ROKAa3HBaeTCHd C/AeAYIoLLas
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Teopema 5. ITycms dyuxgun n,(x) (n=1, 2, 3, ...) onpedesens
8 npomesicymxe X =|a, b] u umelom 8 HeMm HenpepusHsie NPou3800-
Hue up (x). Ecau 8 smox npomesicymie ne moasko cxodumcs psad (1),
HO L pasHOMEDPHO cXx00umes psd, cOCMABACHHbE U3 NPOU3BOOKbIX:

o«

nglu;.(x)=u{(x)-|—u;(x)-l—...-l—u;.(x)—l—..., a7
mo u cymma f(x) pada (1) umeem 8 L npou3soduyw, npuses

o
f(x) = Zluh (). (18)

Py
HoxasatTeasrctBo. O603naunm uepes f*(x) cymmy psga (17)
B CHJIy Teopembl 1, sTO OydeT HempephBHas ¢yskuus or x. Boc-
NoJIL30BaBINKCL TE€NEepb Teopemo#t 4, npowHterpupyem pas (17) nounenHo
B NPOMEXYTKE OT @ A0 MPOM3BOJBHOIO 3HAYeHHA X U3 2} MH NOJYuHM

X o« X
Sf* dt= Y Su;, @) dt.
a n=1ga
X
Ho, ouesuaHo, S ty (8) dt =u, (x) — u, (@), TaKk uTO

a

frroa=Y me—u@=
a n=1
=Y @ — Y 1,@=Fx)—r@.
n=l n=1

Tak xak unTErpan CA€Ba, BBUIY HENMPEPBLIBHOCTH MOAMHTErPabHOH (DyHK-
MM, UMEET NPOM3BOAHYIO, paBhyio f* (x) [n°183, 12°], To Ty xe npo-
M3BOAHYIO MMEET M ¢yHKuMd f(x), KOTOpag OT HHTErpana OTAHYAETCH
JULIb HAa TOCTOSHHYIO.

Papencteo (18) moxHO mepenucaTh (ecid BOCMOJBLSOBATHCA, CJAEAYH,
Ko, ofo3HauexneM D ajns npousBomHO#) B BuAe

[=e]

D { Zl u, (x) } = ngl Du, (x).

Taxum 0oOpasoM, Npy yKa3aHHWX YCJIOBUSX, HPOU3BOOHAR OmM CYMMbL
prRde oxa3wieaemcs pagHa cymMe pada, cOCMAasAeHK020 U3 Npou3sod-
HbX €20 YAE€HO8, WNH, MHBIMH CJIOBaMH, QOMYCMUMO <no4ieRHoe> Jugh-
depenyuposanue paoa.
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3AMEUAHUE PaccMOTpHM paan

=3
2 [e— (n— 1)2x8 e n2x2]
n=1

10 (142 + ¥ lil? In (1 4 22xt) — 51— In (1 +(n——1)2x’)].

S~ (n—1)

Mepaei#t 13 Hux cxomHtea K O npyt x=0 n Kk 1 B oCTanbHBIX TOYKaX, a CyMMa
BTOpOTO Be3fie paBHa 0. Ecan nponuddepeHuHpoBaTh HX NOWIEHHO, TO MOXYYaTCH
y¥e 3HaKOMble HaM pAlm (6) n° 266, cxondmuecs Bo BceM mpomexytke [0, 1]
KO0, HO o6a—HepaBHOMepHO. B mepBoM clyyae pal U3 MPOU3BOAHBIX CXO-
RUTcA 1 NpH x =0, rae cyMMa ncpBOHAauaNhbHOrO pAfa NPOH3BOIHOH HMeTb He
MOXeT, n00 pa3phiBHa B 9ToH Toyke. Bo BTOpoM ciyyae, Hao00poT, INOUJICHHOE
IuddepeHUHpPOBaHUe MOBCIORY NMPUBOLUT K BEPHOMY pe3yabTaTy. DTHMH NpHMe-
paMM HIMOCTDHPYeTCA DPoab Tpe6OBaHMA, YTOOR PAx TPOU3BONHBIX CXORHACA
PaBHOMEPHO! OHO CYWEeCTBCHHO, HO HC HEOGXONHMO.

HepedpasupoBky teopeMbl 5 Ha cayuyall @yHkuUMOHaNILHOH mMoOCHenOBaTelb-
HOCTH NpelocTaBiseM YHTaTedlo.

Bce aTu TeopeMbl O MOUJEHHOM IPEIEILHOM TNEPEXofe, MOUJEHHOM
VHTErPUPOBAHUN U IH(PEPEHUHPOBAHHN YCTAHABIMUBAIOT AHAJNOTHIO MEKIAY
(YHKIMOHA/ILHBIMK  PAZAMM M CYMMaMH  KOHEYHOFO Unc/Ia  (PYHKIMH,
AHanorns 3Ta, OZHAKO, OFPAHAUYEHA M3BECTHHIMHM YCJIOBHSMHM, B XapaKTe-
PUCTHKE KOTOPHX pPABHOMEPHA® CXONMMOCTh 3aHHMAET HCKIIOUHTENbHOE
MECTO.

271, MNpuMep HenpepriBHOH ¢yuruuH Ge3 npousBopHoM. B 3akmoyenne
9TOTO Maparpada Mpl NMpHBeNeM, NCNOAb3YA (YHKUMOHAJbHBIA pAL, NPHMED He-
Nmpeps BHOK QYHKUKHH, KOTOpPAaA HHU B OXHOM TOYKe He uMeeT KOHeuHOH
TIPOH3RONHOMN.

IlepBbift NpuMep Takoro pona TpHHajneXHT Befrepmrpaccy; oH Gwbin onyGau-
KoBaH B 1875 r. *); ero QyHKUHA onpeneasieTCa pagom:

o0
f(x)= ] a"cos b" nx,
n=0

3
rie 0<<a<Cl, a b ecTb HeyeTHoe HaTypaibHOE YHCIO (npuqu ab>1 +71:).

3TOT paAl MaMOpUpyeTca CXoiduleHca nporpeccueit Za", cnenoBaTenbHO [n° 265;
0

266, Teopema 1], CXOMHTCA PpaBHOMEPHO, W €r0 CyMMa ABIAETCA BCHOAY He-
npeps BHOK GyHkune#t ot x. Kponotampeim uccnenosanneM Befepmrpaccy
yRXalxoch NOKasarb, YTO TeM He MeHee HH B OZHOHM TOYKe Wis Hee He CYecTByeT
KOHEYHO¥ TNPOH3BOUHOH.

*) BrpoyeM, ¥ 3hecb €ro omnepeiua DoablaHO, NOCTPOMBIIHE NOXOGHYIO
¢dynkumio panee (1830 r.)
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Mu npusenem Gonce npocToit nmpHMep BaH-me p-BapxeHa, nocTpoeHHB}
MO CyulecTBY Ha TOH K€ HI€€: NHLIb KOJeGaouHeCsA KPHUBHE Y==COSaoX
3aMeHeHH KONeG N0 HMHC A JOMAHLIMH.

HMr1ak, o6osHaunM yepes i, (x) a6COMOTHYI0 BeaMyHHY Da3HOCTH MEXIY YHC-
I0M x ¥ GamKaHUIMM K HEMy LelnM YHCIOM. DT1a QyHKuHA GyneT AHHEeHHOH

B KasJIOM IIDOMEXYTKE BHIA [%, i:;-] , rie s-— ygenoe; ona HEHPEPNBHa H
¥
a)
-2 - 0l ! 2
y 8
IPAVAVAVAVAVAVAVAVAVAVAV AV AV AN
2 - ? ! 7"
Puc. 4.

umeer nepuon 1. Ee rpaduk npencraBaser coGofl aoMaHyo, OH H306pakeH Ha
puc. 4, a; OTReNbHBlE 3BeHbA IOMaHOH MMelT yraosofl kosdduumedr =+ 1.
TMonoxum, 3atem, s k=1, 2, 3, ...

P
uy (x) = —r—uo(: %)

s41

" s
97a dysknma Gyner nuHelHHOH B NpoMexyTKax BHAa |2—4—5, 545 | OMa Tak-

#e HenpephiBHa M HMEET HePHOX Ee rpadgux raxxe ecTs JoMaHas, HO

4r*
¢ 6onee MENKMMH 3yGyHKaMM; Ha pHC. 4,0, HanpuMep, u3oOpaxeH rpadux ¢ynx-
uMH i, (x). Bo Bcex cayyasx yraoBbe KO3QQHUMWEHTH OTAENbHHX 3BEHLEB IOMa-
HOR W 3[eCb PaBHH =+ |,

Onpeneaum Tenepb, ANA BCEX BEUIECTBEHHHX BHaueHnH x, dynkuupo f(x)
PaBEHCTBOM
0

fx)= 3 uy(x).

=

Tak kak, oyeBHIHO, 0<C uy (x)<2—_l4—k(k=0, 1, 2, ..), TaK YTO AR MaXOpH-

«©Q
pyerca cxoasumefica nporpeccHen 22%, 10 (KaK ¥ B cayuyae ¢yHkumun Befiep-
0

niTpacca) pan cXoNuWTcA paBHOMepHO, W Gyskuna f(x) Bcioay Henpe-
Bl BHa.
OcranoBHMcA Ha NOGOM 3HaueHUH X = X, BuyWcasas ero ¢ TOYHOCTbI0 1O

1
5 4R (rne a==0, 1, 2, ...) 0 HEXOCTATKY M N0 H3GBITKY, Mbl BaKIOYUM ero
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MEXIY YHCXAMH BHIA.

rae s, — uenoe. Ouesunyo, 4To 3AMKHYTBHIE NMPOMEXYTKH

s s 1
A,,-_—[ﬁﬁ, _g%] (r=0,1,2..)

OKa3MBaAOTCA BAOWECHHBMU ORHH B leerﬁ. B kaxaoM w3 HHX Haltmerca Takaa
TOYKA X,, YTO PACCTORHHE €€ OT TOYKH X, PaBHO MONOBHHE JNHHK NPOMEXKYTKA:

| %n— %o | = g&wr}

ACHO, YTO C BO3PACTABHEM 11 TEpPEMEHHaA X, — X
CoCTaBuM Temepb OTHOlIEHHE NPHPaUleHHH

£l —F(x) _ i 1 () — 34 xo)
Xp— Xy - Xp—X,

H 1 1 !
o, npH k> n, yucno Al €CTh LER0e KPaTHOE NepHoia gy bynkunn  up, (x),

TaK YTO Uy (Xp) = Uy, (X,), COOTBETCTBYOMIME uXeHH paga obpavialorca B 0 w
MOryT GuwTh onmymenn. Ecan e k<Cn, 10 QyHKuHA Hp(X), THHe#Has B npoMe-
KyThKe Ap, 6yAeT NHHeHHONA W B colepkaumleMcs B HeM NPOMEXKYTKe A, DpHueM

() —Up(X) _ 4| (h=0, 1, ..., )
Xp— X, = v T

TaknAM 00pa3oM, AMEEM OKOHYaTelLHO

(X,,)-— (Xo) 2 (+ l)

Xp— X,

MHKIMH CJOBAMH, STO OTHOLIEHHE PaBHO YeTHOMY HEAOMY UMCAY NMPH HEUeTHOM r
H HEYeTHOMY LEeNOMy YHCAY npH ueTHOM n. OTCIOAA ACHO, YTO APH A — OO OT=
HOLIeHHe MPUPAUIEHHA HH K KaKOMY KOHEYHOMY Npefeny CTPEMHTHCA HE MOXET,
TaK YTO Hala QYHKUHA APH X =X, KOHEYHOH NPOH3BONHON HE HMeeT,

§ 3. CTEINIEHHBIE PAAbI H PSiAbl MHOTOYJNEHOB

272. IIpoMexyToOK CXOXHMOCTH CTemeHHOro psama. ManoxenHas
B TMpeAmAyuieM naparpacde Teopns HaXOAMT cefe BAKHOE MPUAONEHWE NPH
H3YUCHUH CBOHCTB CTENEHHBIX pAaoOB, PacNoOA0KEHHBIX an6o npocTo mno
CTeneHaM NEpeMEeHHOR x:

"Zoa,,x”=ao-{—a,x-{—agx”-{—...-{—a,,x"—{—..., 4))
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160 ke — B oOuieM C/iyuae — N0 CTENEHIM ABYYJEHa X — Xo!

[se)

Zoan x—X)'=ay+a(x—xp)+...Fa,(x—x)+... (2

n=

(ap a;, @y, ... 03HAYAOT 3flecb nocTosHHbe KoddPuuuentn). C nomob-
HEIMM PAaMU B KOHKDETHBIX CJIyuyasiX Mbl YK€ He pas BCTPEYaNuCh
(oco6o cM. § 6 raasm XV). Temepb ke Mp 3aHMeMcs  H3yuEHHEM
B ofuiemM BHAE, TAK CKa3aTh, CAMOT'O 3TOT0 aHAJMUTUUYECKOrO am-
nmapata [ia npeactasieHus QyHxkuuf. OueBHAHO, MOXHO OrPaHMUUIBCSA
pamamu (1), Tak kak pan (2) npusomurcs K (1) 3ameHOH nepeMeHHOH.

[loneiTaeMcss npewae BCEro BHISCHUTb CTPOEHHe «06JaacTH CXOLMMO-
CTH» CTENMEHHOrO psfa, T. €. MHOWecTBa & = { X} Tex sHaueHut X=X
nepeMeHHOH, Aag koTopuiX paf (1) cxomurcd. IlyTe k sTOMy OTKpHIBaET
caepyiouias

Jdemma. Ecau pad (1) cxodumcn 041 3Havenus X=X, omau4-
Ho20 om 0, mo ox abcorlomHO cxo0umca 048 AI06020 SHAUEHUA X,
Yyoosaemesopawezo nepagercmsy: | x|<| x|

W3 cxomumoctn psana:

(o)
D =0 aF+a® ... Fa,x ...
n=10

BHITEKAET, YTO ero obmnmit unen crpemurca k 0 [n°236, 5°), a caeno-
BaTenbHO, orpaHuyeH [n°33, 5)]:
|a, 2" | <M (n=0,1,2..) (3)

Bosemem Teneps awfoe x, Aaaa koroporo |x|<|X|, m cocTa-
BUM DAl

3 Jan|=la |+l + laax? |+ [0 @)

Tak kak [cm. (3)]:

n

=, X
|au” | =2, 7" || %

"<M-}§
X

M uieHsl paga (4) OKA3BIBAIOTCH MEHBIIUMH COOTBETCTBYIOLIMX UJEHOB
cXxomsumendca  reoMeTpuueckod  mporpeccud  (CO  3HaMeHaTeleM

B
M+M-|§|+M-‘§"+...+M-}%‘"—{—...,

10, no Teopeme 1 n°237, pax (4) cxomutca. B Takom cayvae, Kak Ml
3HaeM, paR (1) cxoauTcs a6 COMW0OTHO, 4TO W TPeGOBAIOCH [OKAa3dTh.
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Mpu x =0 cxonurcs, ouesnmno, scakufit pan (1). Ho ects cTemen-
HBIE DSfbl, KOTOPbIE — NMOMAMO 3TOrO — He CXOASTCA HH MDU OMHOM SHa-
yeHuu x. TIpuMepoM T4KOrO «BCIOLY DAacXOAsierocss> PAld MOXET Cay-

[ee)
WMUTh PAA Zn!x", Kak B 3TOM JIETKO yOeouThCsa C MOMOILBIO TIPHUSHA-
T

xa Jlanam6epa. [lomoGHbie psmbl s Hac He TNPeACTaBAAIOT WHTepeca.

[Ipeanonoxum e, uto aas paga (1) cpeau sHaueHu# X TepeMeH-
HOH, TPU KOTOPHIX OH CXOIMTCHA, eCTb W OTAMuHble oT 0. Paccmorpum
mioxkecTBo { | X|}; oHo 1160 orpaHdueHo CBepXy, Au6o HeT.

B nocneanem cayuyae, kakoe 6nl 3Haue€HHE X HU B3aTh, He0GXOAUMO
HalizeTca Takoe X, uto |x |<| X[, a TOraa no JeMMe Npu B3ATOM 3HAYEHUH
X pan a6CONIOTHO CXOAUTCA. Paj OKa3hBaeTCsl «BCIOLY CXOAALMMCHD.

[Tyctb Teneps mHOXeCTBO {| X |} cBEpXy orpanuueno, u R Gyzer ero
TOuHas BepxHas rpanuua (tak uto 0<R<Cc0). Ecmm |x| >R, TO
5TO 3HAYEHHE X 3aDENOMO DAaSHUTCA OT BCEX X, W DAl PacxoauTca.
BosbmeM Teneps mwGoe x, paa koroporo |x|< R. Ilo ompeaesneHuio
Touno# rpanaust [n° 6], HeoGxomumo Hafmerca Takoe X, uTo |x|<C
<|X|<R; a 3710 1m0 neMMe CHOBa BJeYeT 33 COGOH aGCONIOTHYIO
cxoauMocTe psga (1).

TakuM o6pa3oM, moKaszaHa obuiast

Teopema. Lrn raxcdozo cmenennozo psda (1), ecan moasko oH
He ABAACMCA 8CI00Y PACXOOAUUMCA, CYUECTIEYEN MAKOE NOAOHCUMENb-
roe #ucao R (ono mosem Goims u - oo), 4mo

pad abcorwmuo cxodumess 948 |x|<R
u pad pacxodumes 0as | x| >R (ecau R< o).

ITO uuca0 R Ha3bBaeTCA PajMyCOM CXOAMMOCTH pazna.

Tem camblM paspewsed Bonpoc o6 <«o6aactu cXoaumocTH» 2 pana:
OHa MpPEACTaBAseT COGOI0 CMIOWHOH TPOMEXYTOK OT — R 10 R; Jnwb
O KOHLAX €ero HeJb3s CcAenaTh OoOwmero YTBepMKAEHUsl: Kak YBHAUM M3
TPUMEPOB, TaM MOXET KMETb MECTO KaK CXOJMMOCTh (a6COMOTHAA HJH
HeT), TaK M pPacxoauMocTb. IIpoMexyTox Z Ha3HBaETCA NPOMeE Ky T-
KOM CXOAHMOCTH paaa.

Ilng BClogy pacxoisuwierocs paga npuHuMawT R==0. ero «npomexy-
TOK CXOOMMOCTH» CBOAMTCA K Touke x=—0.

Tepusers. |) daa pana
o
1+ Y
n=1

R =00, NPOMEXYTOK CXOIMMOCTH (— oo, -}-co) [n° 253].
2) B cayuyae nporpeccuu

I *

n
!

3

l—l-flx"

n=1

R=1, npomexytox cxoaumoctu (— 1, -} 1): o6a koHua He BKIIOYAlOTCH.
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3) Pan

< 2n-1
1y XM
2 =N 2n—1

n=1
umeer R=1, npomexyrok cxomumocty [— I, - 1]: o6a KoHua BKAOUYAOTCA, HO
CXONMMOCTh TaM Hea6CcoapTHaa [n° 255)
4) [lna pana

Xt
n-1
1y

s

n

R=1, npoMexyrtox cxomuMocTH (— 1, -} 1]: neBni#t KOHew He BKAOUaeTCH, a Ha
npaBoM — PAl CXOXUTCA Hea6conwTHO [n° 256)
5) Haxonen, paccMOTpuM psax

sfiecs Toxke R=1, mpoMexyTok cxomumocth [— 1, - 1], pax cxomurca a6 co-
o
1
NIOTHO M Ha KOHUAx (Banny CXOXHMMOCTH pAXa ZYF)

i

Bce ckasanHoe coxpanser cuay W aas obitero psaga (2), AMlb poab
TouxH 0, WrpaeT TOUKa X, TPOMEXYTOK CXOAMMOCTH MPOCTUPAETCA OT
Xp—R 10 X¢-+R (CO BKIOYEHHEM KOHUOB HAM HET, CMOTPa TIO
cayuaio).

3aveuanue Ecin noBTODHTb M3NOWMEHHWe COOOpaXeHHA AaA pAla
o]

3 et =c ez tot o2t o, (1a)
n=0

paCmoNOXEHHOTO MO CTeneHAM KOMTAEeKCHON mepeMeHHOR 2, C KOMIEK-
CHHMH e Kodpdunuentamu [n° 254], TO OKameTcs, YTO M ANA TAKHX PALOB
TeopeMa CnpaBelauBa: Aad Kaxaoro pana (la) (ecam UCKMIOYHTh BCIOAY pacxo-
Rawuecal) cymecTsyer Takoe wHMCI0 R, 0 <<R<C 00, uto maa [z | << R pan
a6CoONOTHO CXOAMTCA, a 1aa |z | > R— pacxogutca. Ho Ha «koMmaekcHo#t nio-
CKOCTH> TOYKH, I KOTOPHX |2 | << R, 3amOAHAIOT K p y I paauyca R (C ueHTpoM
B Touke z==0); TakumM 06pa3oM, 37ecb TOABAAETCA KPYF CXOAMMOCTH
(BMECTO MPOMEXYTKAa CXOLMMOCTH), H CTAHOBUTCA MOHATHHM NPOHC-
XOXIEHHE HA3BAHHA PAaAHYCa CXONAHMOCTH.

273. HenpeppiBHOCTH CyMMBI cTemeHnoro psaga. Ilycte psaa (1)
uMeeT paanuyc cxoaumoctu R >0. [lpexne Bcero MoxHO yiBep-
XIATH:

1°. Kakoe 0w nosoxcumensnoe wucio r<_R uu 83ams, pad (1)
Gydem cxodumscs pasHOMEPHO OMHOCUMENALHO X 8 3AMEHYMOM
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nposexcymue {—r, rl. defictBuTeNbHO, Tak Kak r<R, TO npu x=r
pan (1) cxoamtcss a6COMIOTHO, T. € CXOAMTCH MONOKMTEAbHHH DPAR:

e ... (O)
Tlpu |x|=<Cr unenn psma (1) no aGcoMOTHOH BeaMuMHe HE MPEBOCXO-
OST COOTBETCTBYIOUIMX YJEHOB STOr0 psifia, KOTOPWH, TakuM 0Gpasom,
WrpaeT poJb MaXODaHTHOTO psfa, M No npusaHaky BeHepmirpacca
pan (1) mas yKkasaHHHX SHauyeHWH X CXOIMTCA PaBHOMEPHO.

XoTs YHCHO r K MOXeT OHTL B3ATO CKOJb yroaHo GJM3KuM K R,
HO ¥M3 [JOKa3aHHOIO BCE € He BHITEKaeT PABHOMEPHas CXOAMMOCTb B
npoMexytke (— R, R): 3T0 BHAHO x0T# OH Ha mpuMepe NPOrpeccHH
[n°264,5)].

Teneps, kak cnenctsue Teopemmt 1, n° 266, noayyaem:

2° Cymuma f(x) cmenennozo psda (1) suympu e20 npomexcymra
cxodumocmu npedcmagasem cololl Henpepunyw @yHRKguI0 om X.

Kakoe GH 3Hauenne x ==X, BHY TP H NPOMEXYTKA CXOXMMOCTH, T. €.
Mexay—R n R, Hu B3Th, MOXHO BHOpaTh HYHCJO 0<r<R
Tak, uroOH Owio | Xy |<r. Tlpumenus ynomsuyTylo Teopemy 1
B npoMexytke [—r, r], BBugy 1° yCTasoBMM  HENpPEPHBHOCTDH
GyuxuMy f(X) B 3TOM NpOMEXYTKE, CJeJ0BaTeIbHO, B YacTHOCTH,
npH X ==X,.

[O6pamaeM BHMMaHHE uYMTaTeNsi Ha TO, YTO MH u30eKain NpUMeHe-
HHA TeopeM 1 B mpomexyTke (— R, R), rie pasHOMEpHas CxOOMMOCTb
He MOXeT OHTb FapaHTHPOBaHA.)

HenpeprBHOCTb CyMMH CTENEHHOFO DSila MOXKET ObITh HCMONbL3OBaHA
AJs JI0KasaTenbCTBA TE€OPEMH O TOXAECTBE CTENEHHHX poA-
0B (HanmoMuHalowWeR NMOAOGHYIO K€ TEopeMy I/ LEeMbX MHOFOUYICHOB)

3% Ecau d8a cmenennvtx pada

=]
B laalrt=lal+ o]+ e

Dl o =gyt axt .. e x" ...
n=0

u
éobnx"=b0+blx+b,x’+...+bnx"+...

6 oxpecmuocmu mouku x=0%) umeom 00Ky u my xe cyMMy, mo
3mu paods. mosxodecmseHr s, T. € COOTBETCTBEHHHE KO3(QdHUIHEHTH
UX NOMAapHO PAaBHH:

ao=bo, a,=b,, ag"—_bg, cee y an=bn, vaa
¥) 3gmech HMeeTCA B BHAY HE TONLKO ABYCTOPOHHASA OKPECTHOCTh

(—3, a} TOYKK X ==0, HO H ONHOCTOPOHH A7 OKPECTHOCTH BHAa [0, 3) mam

(— br 0
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ITonaras x=0 B TOXZAECTBe
aGtax+...=by+bx-t...,

cpasy yOexnaemcs B paBeHCTBE @y=—~b, OT6pacbiBas 3T WYJICHH
B 00enxX HacTAX HAIMCAHHOrO TOXIECTBA M Jeasd MX Ha X (B 3TOM
cayyae MB BHHYXIOEHH CYHUTATh Xx£0), NOAyYnM HOBOE

TOXAECTBO
ay-Fapx ... =b+bx ...

OHO TakXKe HMEET MECTO B OKPECTHOCTH TOYKH x =0, HO M CK a10-
yas caMy 3Ty TOUYKY, Tak uT0o 0€30rOBOPOYHO NOJOKHTL B 3TOM
ToxaecTBe x=—0 Mb He MMeeM Tmpasa. Jluub HENMpepHBHOCTH
cyMmM oboux psapoB npu x=—0 mnO3BOJAET HaM B3aK/JIOUHTb, YTO TONK-
JAECTBO BCE K€ BHIIOJHAETCA W B MCKJIOYEHHOH TOuke, a TOrAa —
nonaras x=0—noayuum, uto a@y=~5b;. OT1OpacsiBag 3TH uJeHH,
pens Ha x£0 M cHOBa ONMUpasich HA HENPEPHBHOCTHL (KaK H
TOJABKO UTO), HaHaeM, uTo ay=—=~by, ¥ T. A OOwee yTBEpKACHHE
OMpPAaBALIBAETCA € TIOMOMIbIO MaTEeMAaTUYECKOH MHAYKUHUM.

Dta Teopema, YCTaHaBAMBAOLas  €AMHCTBEHHOCTh  PA3JIOKEHHUS
(dyHKUMM B CTeneHHOH psana, Brepsoie Oblna ykasaHa DHaepo.

274. HenpepbiBHOCTh Ha KOHIE NPOMEMYTKA CXOOAHMOCTH. PaccMoTpuM
Tenepb Gojee TOHKHH BOMPOC O MOBENEHUM CTeneHHOro psga (1) B6AM3U OLHOIO
H3 KOHLOB x==:* R €ro NpPOMEXYyTKAa CXONMMOCTH (CuMTass R KOHEeuHbIM).
[Tpu 3TOM Mbl MOXEM OIDAHHYUTLCA N Pa BB M KOHLOM X = R; BCe CKasaHHOe
0 HeM, C NOMONIbI0 NPOCTOH 3aMeHEl X Ha -—.x, NEPEHOCHTCA M HA cayuyal
N€BOTO KOHHA x =—XK.

B Bume monoaHeHHs K TeopeMe 2° O HENpepPHIBHOCTH CYMMBLl CTENEHHOrO
pAla B OTKPHTOM NpoMexyTke (— R, R), HMEeT MeCTo

4°. Teopema AlGean *). Ecau cmenennoi pad (1) cxooumca (xoms Gol He-
abconiomno) np x =R, mo e20 cymma f(X) npu smom 3Ha4EHUU Henpepulsna
cnesa, m. e.

[ee] [ee]
FR—0= lim 3 ax"= Y a,R"%
x—>R—0,"0

n=0

Jns poka3aTenbCTBA MOXKHO OblIO OBl YCTaHOBUTh, UTO MNPEANONONKEHHA
TeopeMbl BJEKYT 3a COGOH paBHOMEPHY 10 CXoAUMOCTh psja (1) B 3aMKHyTOM
npomexyTke [0, R], a 3ateM npuMeHuTb 06myw. TeopeMy 1 n°® 266. Mu npen-
nounutaeM Jath NpsMOe JOKa3aTelbCTBO.

Be3 ymanenus OOGWHOCTH MOXHO cyutath R=1 (K 9TOMy CAyuaw BONpOC
CBOAUTCA 3aMeHOH x Ha Rx). Mrax, 3Has, UTO CXOOMTCA P

ap = A,

=
INAE

¥) Huabe Tenpux AGean (1802 — 1829) — 3HaMeHHTHH HODBEMCKHI Ma-
TeMaTHK,
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Tpebyercsa JoKa3aThb, YTO
o0
lim 3 gan=A
0 n=0

x—+1—

C stoft uensto, cyntan Bnpens 0 <<x << 1, ymuoxum no npasuny Komm pam (1)

Ha MPOrpeccHio
)
1
= .
2 l—x?
n=20

MbI NONYYNM

[ee]

o]
lix' A xt = Z Apx®, e Ap=a,-}a,3-... }-a,.
n=0 n=0

BriuteM Tenepe MOYMEHHO PARH

o0
A=(1—x) Y Axn
n=0

[o] [o]
D) apxt=(l—x) D Apx™
n=0 0

ne=

Monaraa A— A, =a,, npuIeM K TOXIeCTBY
o« o]
A— Y apxt=(1—x) ¥} axn. 6)
n=0 n=0
Tak ®ak a,—0 [n°235, 2°], T0 Mo npou3BOALHO 3amawHOMY &> 0 maltnerca

TaKolt HoMep N, w10 |a, | << 5 & MWL TOIBKO n>N,
Paso6beM cymmy pafa B npasoft wacti (6) wa HBe cymmul

N 0
(1—x) X apa® n (1—x) 3 apx?
n=0 n=N41
Bropaﬁ OlLEHVBAETCA Cpasy M HE3aBHCHMO OT X
o] [oe] o]
(=0 Y @t <0—2 ¥ fole<h(—n N <t
n=N+1 n=N+41 n=N+1

UYto e Kacaerca mepBofl, To ona cTpeMHTcs K O nmpw x — 1, ¥ npu Hocrarou-
Holl Gam3octn x k | Gymer

N
(=0 Y apet| <,
n=0
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TaK YTO OKOHYaTeabHO

@
|A— E a,,x"|<s,
n=1
YTO ¥ N0Ka3WBAET BHICKAa3aHHOE YTBEPHAEHHeE.
Or1ciofia BHITEKAET Takoe MPoCToe
Caedcmene. Ecau 02n ynkynu f(x), noaydeno pasrooicenue 8 Cmenexnoi
PAC Aumb 8 OMKPUMOM NpOMeNCymKe

[es]
f(x)= 2] 85" (—R<x<R),
n=0

HO yHKYUR OnpedeseHa U HenpepuisHa, a psd npodoascaem cxoQumscs il Ha
KORUe 3MO20 npoMeNcymua, cxancesm, npu x =R, mo pasioxcedue ocmaemcs
BepREM U O x =R,

B sToM serko yGemuTbCs, Nepexois B HANMCAHHOM PABEHCTBE K mpeleny
npu x —R—0.

275. Tlourennoe HHTErpHpOBaHHe CTeneHHOro psma. Ilo oTHOWe-
HHI0O K HHTETPUPOBAHHIO H AudGepeHUNPOBaHMI0 CTENEHHHE PAIR —
B mpefenax uX IMPOMEXYTKA CXOAMMOCTH — BelyT Cebs, Kak OSHKHO-
BEHHHE 11€/IKE MHOFOUJEHH,

5°  Cmeneunoli pso (1) 8 npomesmcymre [0, x), 20¢ |[x|<R,
8ce20a MOJNCHO UHMe2PUPOBAIME N O 4 A€ HH 0, TAK UTO — 0603HaYas yepes
F(x) cymmy psnma:

§f(x)dx=m+%xﬂ+%xa+...-|—‘Ln~'x"-|—... Q)

Ilasn HokasatenbcTBa BO3bMeM r Mex Ay |x| m R. B cuay 1°
pag (1) cxoAWTcs paBHOMEPHO B TnpoMexyTke [—r, r], a Toraa mo
Teopeme 4 n° 269 B mpoMexyrke [0, X] pPsA MOXHO NOYNEHHO HHTe-
rpHpOBaTh.

[pouanOCTPHPYEM MHOrOOGpAa3HHE NPUIOXKEHAA STOH TeOopeMb Ha HP H-

Mepax.
1) TlounesHNM HHTErpHpPOBAHHEM NPOrpecCUl

l_:_x=l——x—|—x”—...—|—(—- yrien-

—

H_—x,=l—x5+x‘—...+(_ Na-igr -

B npomexytke [0, x], rie [ x| <1, cpa3dy monyyai1Ca pa3nomeHus
X

ag1fx=m<1+x)=x—§+§—---+<*”""‘XT:JF“"
(S1j—xxa=arctgx=x—'%l+§—"'+(ﬁl)n_12'\;zm—ﬂl+“' ’
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KoTopuie B n° 257 n 256 Guam ycCTaHOBAEGHH Tropasfo 60/n€e CAOMHHM TYTEM.
Tak kax nepsuit pax cXofuTcA NpH x=1, a BrOpo# —NpH X ==* 1, T0 COOT-
BETCTBYIOLINE Da3NOMEHHA (MO CACACTBHIO M3 TeopeMuw AGenA) HMEWT MECTO H
NpH STHX 3HAYEHHAX. .

2) BosbMmeM wu3BeCTHOe HAM pa3noxeHWe B pan dynxuny (1 4+ x) 2
{n® 258] u samenuM B HeM x Ha — x? (cuutas {x|<<1); B peayapbrate Hah-
IeM, YTO

©
n==l

TpowHTerpupyeM Tenepb STOT paj NoyaesHo B mpoMexyTke [0, x] (— 1 < x < 1)
OKOHYaTeJbHO NMOAYYHM HOBO € AINA HAC Pa3NOxEHHE aPKCHHYcCa:

x
dx . 1 x5 ,1.3 x5
§-———=arcsmx_x+?.?+ﬂ.g+.”

Y1T—xt

plede . @eol)
2:4-...-2n 2n41 1 "

Tlo caepcteui u3 Teopemn AGeas [n° 274], sTo paznoxeHHe HMeeT MeCTO H
Ha KOHNAX X ==z | NpoMexyTKa, MOCKOJAbKY pAjA COpaBa CXORHTCA H B ITHX
TOYKaxX [CM., HanpuMep, n° .

3) Oco6yio poab nOYREHHOE HHTErPHPOBAHHE HIrPaeT NPH Pas3NOKEHHH
B GECKOHEYHHE CTENEeHHWe DAUM MHOTMX MHTErpanoB, He BHPAKAIOUMXCA yepe3
SNEeMEHTapHHE QYHKUWE B KOHeuHOM BHie [n° 165). Hanpumep, uczoas us
H3BECTHOrO Da3jOXeHHA

an
] PN IRy S VL R

[n® 253, (11)], Haftnem

x
w1 xb 1 g s
S” di=i—xp-gto F— ot gyt

0

Tlono6HBE Pa3AOKEeHHst C YCMeXOM MOryT 6HTb HCIOAb30BaHW Aaf NpHOIu-
MEHHHX BHYHCAENMH ¥ JIA COCTaBAGHHA TaGAML 3HaYeHHAl HHTErpanoB, He
BHPAXAIOUWHXCE B KOHEYHOM BHIE.

276. Ilounennoe auddpepeAnupoBanue cremeHHOre paxa. 6°. Cme-
nennoli pad (1) sHympu e20 npomescymra cxO0IUMOCIMU MONCHO
dugpghepennuposams nowasenHHo, Tak uTO [an CyMMH f(x) psaa
CyWeCTBY€T NMPOMSBOJAHAS W BHPANKAETCA TakK:

f )= ,.Sn nax"'=a; -+ 2a,x ...+ na,x*t . . 3

Kakoe Om sHauenwe x=x), — R<Cxy<{R, Hu B3sTb, MONHO
BHOpaTs JBa YHCAA ry H r TaK, YTOOH Oni0 |xg|<ry<r<<R.
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Beuny cxomumocty psama (5) [n°273), ero obuwmi useH orpaHuueH:

|25

r*<<L (n=1, 2, 3, ... ; L=const).
Torpa, npn |x|<<ry,

nlax"t|<n|a,

'rg—1=n|an

n—1 n-—1
N el (r_‘l) < Lyn (r_o)

r r

L
(n=1, 23, ...; L= =const),
Tak uro ujeHH paaa (8), A9 yKasaHHBLIX 3HAUEHWH X, HE MPEBOCXOAST
COOTBETCTBYIOLIAX Y/IEHOB MaXOPaHTHOTO pana

1

L0+L0.2(’7°)+L0-3(’7°)"+...+L0.n(’70)"_ +...,

B CXOHMMOCTH KOTOPOrO Jerko yOeauTbCl C MOMOLIbI0 NpH3HaKa
r
HanambGepa (npuHAB BO BHHMAaHue, 4TO 7°<1). Hosromy B npowme-

KyTKe [— ry, o] pan (8), cocTapileHHBH W3 NMPOWSBOJHLIX WIEHOB psfa
(1), cxopurca paBHOMEpPHO, W—1o TeopeMe & n°270 — mousenHoe
angpdepennuporanie psaa (1) onpaBlano A BCEro  NPOMEXYTKa
[—re ro]l ¥, B YACTHOCTH, I TOUKM X = X,.

3AMEUYAHUE Mub nokasamu B 5° u 6° uro psam (7) n (8) cxomsrcs
B OTKPHITOM npoMexyTke (— R, R), caeloBaTeNbHO, MX paAMyCH
cxoaumocTn He MeHbme R. Ho mems, B cBoo ouepenn, paa (1)
NOJIy4aeTcs MNOYJEeHHEIM auddepeHinponanueM (7) M TNOWIEHHBIM HHTE-
rpupoBanueM (8), Tax ut0 M R He MoxeT OBTh MeHbuwe
YNOMAHYTHX PaAHyCOB CXOAHUMOCTH. B coBokynHocTH u3
CKAa3dHHOI'O BLITEKAET, 4TO paduyce. cxXolumocmil 8cex mpex paios
(1), (7), (8) pasnur mexndy coboi.

Mepumer. UYro6b mokasaTh Teopemy 6° B HeHCTBMHM, DaccMOTpuM mud-
(epeHIaIbHOE ypaBHEHHE
xt' +u +xu=0

(npocredmuit cayyait Tak HasmiBaeMoro ypasHenus Beccenn*), yacto BcTpevaronye-
roca B MaTeMaTHyecko# ¢u3uke U ee npuaoxmenuax). [loctaBum cebe 3amaveit
HaliTH TaKoe ero pelieHHe 4, KOTopoe pasmarasoch Gl B PAN IAf BCEX X.

Hanumem pasnoxenye MCKOMoH QYHKIHH B BHie psla ¢ HeoNnpejeeH-
HBIMH Kosbpbpunnentamm

(o]
u= 2 apxh

n=0

*) ®puipux Buavreanm Becceab (1784—1846) — HeMellkHit acTponowm.
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M, CUNTan ero BCIOAY CXONAWMMCA, ABAXNH Npoad(@epeHUHpyeM YOYICHHO;

MBI 00y YHM
xu= Z a X"t = Z a,_yx"1,

n=2
fee]
= Z na,x"1,
n=1
o]
xu'= ¥ n(n—1)a,x"%
n=2

MMoacTaBasa 310 B ypaBHEHHe, NPUIEM K TOXIECTBY
-1
a + Z (8p-y -+ 1% - ay) X"

a Torma, no Teopeme 3°
a,=0 n*-a,+a, ,=0 (n=2,3, ..).

Orciona, mpexiae BCEro, Mo HMHAYKUUH 3aKjoyaeM, 4TO BCe KO3QuuUHeHTH
C HCYCTHBIMHM 3HAUKAMH dy, ,=0(m=1, 2, 3, ...); 410 xe xacaerca k03 ddH-
UHEHTOB C YEeTHHIMH 3HAYKAMH d,,, TO N0 PEKYPPEHTHOH (opmyre

1

Qop =—=— Ime G2m—3

OHH BLIPa3ATCA Yepes a,

1

Gy = (— 1) T %

MTaK, C TOYHOCTbIO N0 NPOU3BOJLHOrO MIIOXHTCAA G, NONYYya€Tca OKOH-

yaTeJbHO pﬂﬂ
xm
2 O

Yro 9TOT pAn neHCTBHTENbHO BCIOAY CXONMTCA, NErKO HPOBEPHTH HENOCpel-
CTBEHHO. A H3 CaMOro crnocofa ero nojiyyeHHA ABCTBYCT, YTO NpeACTaBiAeMan
UM QyHKUHA *) yIOBIETBOPAET yPaBHERHIO.

6pamiaeM BHMMaHHe YHMTaTeNs Ha CBOeOGpasHOe HCMNONb3OBaHHe memoda
HeonpedeseHHux KOIPPuyuenmos: 31ecb 3THX  KO3QOHUUEHTOB GecKOHeuHoe
MHOMXECTBO, W MPHLLIOCH NPHOErHYTH K TeopeMe O TOXNECTBE CTENCHHLIX PAIOB,
BMECTO 06bIYHO NPHMEHAEMO}l TEOpeMbl O TOXIECTBE MHOIOYJIEHOB.

277. CteneHHoii pax kak pax Teilnopa. Tlocaeanss reopema 6°
OTKpHIBaeT BO3MOXHOCTb MNOCJAEROBAaTENBHOr0 MHOTOKpAaT-
HOT O Au(pdepeHnpoBaHus CTeNeHHoro psaaa. Taxum o6pa3oM, no-npex-
HeMy o6Go3Hauas vueped f(X) (YHKIHIO, TNpPEACTaBASEMYIO CTENCHHHIM

*) Drto «<6ecceneBa (PyHKNHMA € HYIEBHIM 3HAYKOM>; ee 0603HayaioT
uepes J, (x).
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paaoM (1) B ero NPOMEXYTKE CXOAMMOCTH, OylUeM HMETb FIOBCIOXY
BHYTPH 9TOrO NPOMEXYTKa:

fX)=aytax+apx®4-. ..+ a,x"+. ..
=142 -ax+3-ax" 4 ... 4-n-a,x"1 4. .,
frx)=1-2.00+2.3ax ... (n—1)-n-ax*4 ...
S x)=1:2:3-05+...4(n—2)-(n—D-n-a,x" .

M (x)=1-2.3....-(n — l)na,+...

¢ v e e 4 e e s e e o« e

Ecmm NOJA0XHUTb BO BCEX STHX PaBEHCTBax x=0, TO npuiem
K XOpOMIO HaM SHAKOMBHIM BHPAXKEHWAM KO3(HULHEHTOB CTeNeH-
HOro pnja:
o
H=f0), a=f©0), a="J10
__r"Q© 1™ 0)

31 y ees ) II= nl y ean

ay

[cp. n°2562, (7)]. Ecau Gu peus wia o psme obuwero suma (2) [n° 272),
TO NpUUILIOCE OB 3leCh /ML BMECTO 3HaveHus x=—0 noaCTaBUTD
X =X, Wrax:

1°. @yHKEyuA, NpedcmaBAREMAR CMENERRNM PAOOM 8 €20 npo-
MeJHCYmIKe CXOOUMOCINU, UMEEM BRYmMPU SMO20 NpOMeNCYmKa npous-
soduue 8cex nopadrxos. Camuii psaod, no omuowenuio ¥ smoi gyurxyuu,
ABASEMCS HE 4eM UHNM, Kak ee paidos Telisopa.

3T0 3ameyaTesbHOE NPEMVIOXKEHHE NPOJHBAET CBET Ha BOMPOCH
pasaokeHus (yHKIMR B CTENEHHHE pPsAAb, KOTOPHMH MM SaHHMAaJMCh
B npeanayme#t raase. Me BuauM, uTO ecau QyHKuMs BooGme pasia-
raercs B cTemeHHOH pan, To HeoOxoZmMo —B paa Teftnopa; nostoMy-ro
MB ¥ OFpPaHHYMBAMUCD HCCACAOBAHWEM BOSMONHOCTH M  (yHKIURA
OHTb NpencTasleHHOH WMeHHO cBOWM psjoM TeHaopa.

278. PasnoxeHHe HenpepniBHOA QYHKIHH B pPAR MHOrowjieHos., Knacc
(dyHKURH, NOTYCKAOIMHX pa3noMeHHe B CTeneHHOM paAl, KpaliHe orpanmyen,
Teopema 7° mpeinAymero HoMepa FOBOPHT O TOM, UTO QYHKUMWA, Pa3naraloImancs
B KaKOM-TH6O NMpPOMEXyTKe B CTeNEeHHOH Dall, BO BCAKOM Ciyyae NOMMHA HMETb
31eCh MPOH3BOJHLEIE BCeX NMOPAIKOB; Ia M 3TO TAKENOE YCIOBHE, KAK Mbl 3HaeM
u3 § 6 rmaBst XV [oco6o cm. n°259!], nanexo He oBecCneyHBaeT BO3MOXHOCTH
CTENEHHOro Pa3noXeHH .

B sT0it cBA3M npHOGpeTaeT BaXHOCTh AOKa3aHHas Beitepuitpaccom (s 1885 r.)
TeopeMa, KOTOpass YCTaHaBJAMBAeT JNA INPOW3BONLHOA HeNpepuBHOH QyHKuMK
BO3MOXHOCTb Da3nOMEHHA B DaBHOMEPHO CXONAIMMACA pAl, COCTABAEHHbIH W3
neaAnX MHOroyneuwos Mn cpopMyinpyeM ee Ha s3biKe NMOCICHOBAaTEldb-
Kocrefl:

Teopesma Bellepuumpacca. Ecau iynxyus f(X) Henpepuisna 8 KoRedHOM
3aMKRymos npoxescymie [a, b, mo cywecmsyem nocaed08amesdbrOcs YeAnx
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MHO2042eH08 {P, (x)}, KOMOpas 8 3mom nposmexcymsxe paB8HOMEPHO CXO-
dumen k f(x).

[IpeanonoxuM cHayana, yro peyb Miaer o npomexytke [0, 1). Torma Tpe6o-
BaHHAM TEOPEMH YROBACTBOPACT KOHKPETHAA MOCAeXOBATENbHOCTh MHOTOUJIEHOB

Ba(x)= if(,%)-c;x'a—x)"-v ) ©

v=0

Jaa  pRoxasatenncTsa 9TOr0 HaM NOHAZOGHTCA pPAR NPOCTHX TOXIECTB.
Ipexne Bcero, npu no6oM HaTypaibHOM n,

n
Y Cx (1l —xy =1, (10)
v=0
YTO Cpasy noayvaerca W3 pa3noxeHns (a-} )" no OuHOMHaALHOW Gopumyae
HbloTOH3, ecin B3ath @ =ux, b=1—x. [anee,
n
Y —
Y Coxt (1 — ) =nx. (1)
v=0
JehcTBuTensHo, oT6pacuiBan ciaraemoe, oTecuapigee v— "0, Kaxuoe u3 oCTalp-
HWX MOXHO Nepenyucath B Bule

n—n—2)....(n—1T—v—141)
1-2-...-(v—1D)

UMY, eCl BBECTH 3HAUOK p=v— |,

nx. X711 — x)yid

nx - Ch_x*(1— x)T1e,

BmHocs nx 3a ckOOKH, B CKOGKAX MOAYYHM CYyMMY
n—1

Y G (1l —x)e,
p=0

pasuyio 1 8 cuay (10). Ananornuso u

n

n—2
N =1 Cx (l—x)"=n(r—1) x* 3] Ch_p* (| —x)th=
v=0 A=0

=n(n— 1) x% (12)
Haxkoneu, ymsoxas (10) na n®x®, a (11) Ha — (2nx — 1), CIOMUM ITH TOKRIZECTBa
nounenHo ¢ (12). B peayintate Myl HpHaeM K TOXIECTBY
n

3 (2xi—@ax—1) vy (v—1)] - Cpx® (1—x)*V=n®x*—2nx—1)nx-tn (n—1) x*

v=0

*) Mp BOCHPOM3BOLMM RpOCTefillee M3 MHOTOYHCIEHHHX ROKA3aTeabCTB T€O-
pemn Beitepmitpacca, Kotopoe npuHamnexnat coBeTckoMy akanemuxy C. H. Beps-
mreitny. Hanucannbie MHOrounens B, (x), KOTOpHE NErko CTPOATCA 10 3HaYEHHAM

v
$yHKuny f(x) B PauMOHATLHLX TOYKAX —-, WONYUHIH HA3BAHHE CMHOrOUNEHOB
Bepuwrteitna> gynkuuu f(x).
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WY, Nocjie YynpoieHuti,

n

D = xR Cox” (11— x)" = nx (1 — x).

v=0

Ecan npunath BO BHMMaHwWe, YTO — NpH H060M X —
1 /1 2
x(1—x)= —K—-x) g%-,

TO NOAYUYMTCA HEPAaBEHCTBO
n
2 (v —nx)2.Cox” (l—x)"""g-;l, (13)

v=0

KOTODHIM MBI HEIOCPEACTBEHHO M BOCHOMB3YEMCH.
duxkcupyenm no npoussony x B npomexytke [0, 1]. Beuay (10), MoxHO
HamucaTh

flx)= Zof(x) Cox (1— xyo.

Boiutem nocnegHee paBeRCTBO NMouneHRO u3 (9):

By (x)—f(x)= i [f (;—) —f(x)] LClxY (I — xyro, (14)
0

Jis oueHku sTOH PasHOCTH OTA €N b HO PaCCMOTPUM CliaraeMble, OTBevaole
AN
GIN3KMM K X TOYKAM 7, H Ipoyue caaraemele. Tounee ropops, no 3agaHHOMY

yucay &> 0 — BBHAY HENpPepwIBHOCTH, a caefoBaTeabHo [n°75] m paBHOMe p-
HO W HenpepuBHOCTH (QYHKUMM f (x) — HalpeTca Takoe uucao 8§ >0, 3aBucAwee
TOABKO OT &, YTO

w3 | x" — x'| << canenyer |f(x")—f(x)|<e (0<<x', x" << 1)

Bor Mo p pasoGsem cymmy B (14) Ha gse, X, u ¥, OTHOCA B NEPBYIO clarae-

-
=3,

v v
Mbt€, 0JA KOTOPbLIX li-—x <3, a BO BTOPYIO — T€, NI KOTOPHIX ‘ Ev — X

f(%) —f(x) ‘ <t u [em. (10)]

B nepsoM Clyuae, OY€BHAHO,

n
I3, ]<ee X Ce(—xypr<e JCx(I—x)=e
v=0

Bo BTOpPOM e, BBOAA Hambonbilee 3HaueHne M gna | f(x)|, uMeeM Takyo

OLERKY:
S<2 B Gl —

[+
n
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Ho 3necp (v—nx)? =312 rax uro tem Gonee

D S

v
—-xl =138
n

n
< N G (1= 2y
v=0

OkounyaTtenbHO, HCNONb3YA HepaBedcTBO (13), moayyaem

PR
28%n "

M 1
Ecau B3ath n > -, 10 (He3aBUCUMO OT x!) 6yler M

23%¢?
'Ezl <&

a TOrfa, N0 COBOKYMHOCTH,
[ B () —fF(x)]| <2,

YTO ¥ J0Ka3hiBaeT Tpe6yemoe yTBepiIeHWe —rmoka Aaa mpoMexytka [0, 1].

Cayyalt xe NpOW3BOALHOTO TpPOMEKYTKA [a@, b] NPHBOUMTCA K PaccCMOTpeH-
HOMY NDOCTbiM TpeoGpa3oBaHHeM nepeMenHol: x —=a -ty (b—a), rne 0y l.
Iloctpoennana no HenpepuBHOR (yHKUMM oT y: f(a -y (b — a)) nocrenosarenn-
HOCTb MHOrouJeHOB B, (y) cxomutca x He#l paBHOmepHo aaa y B [0, 1]. Torma

‘X —

b—
®yHknuu f(x) pasHoMepHo ana x B [a, b]. Teopema moxazaHa.

[lepexons O6LIYHBIM 06pa30M OT (YHKUMOHANABHOH NOCHEA0BATENbHOCTH
K (QyHKUHOHanbHOMY pany |[cM. n° 263 M 264], MOXHO NpPENCTaBUTb TEOpEMYy
Betiepuitpacca ¥ B Tako# ¢opme:

Kaocoas wenpepvisras 8 npomencymue [a, b] dynxyus f(x) pa3aazaemes
8 IMOM npomedcymie 8 paSHO MepHO cx00auuiics pso

flxy= }__‘,I Pn (%),

Nociel0BaTeNbHOCTb MHOIOYleHOB P, (x)=B,,k 6yneT CXOAMTbCA K

€OCMABACHHLL U3 geanX MHO204AEHO8 ¥).

[Tono6Hoe pasnoxeHHe B OTHOIIEHUM NPAKTHYECKHX NPUMEHEHHUH, pasyMeercs,
ycTynaet pasnoxeHnuio B pan Tefinopa, Ho, 6narogapa ype3sbiyaltHO# O6LLHOCTR,
MMeeT Goabluoe TeopeTHyeckoe 3HayeHWe. B yacTHOCTH, OTCIOMa BHITEKAeT, UTO
Kaycoas HenpepusHas PyHxyus moocem G6vimb 3a0aHA e0UHBM <AHAAUMUYe-
cKum svipasceruenm» [n° 18; cp. Touxy spenusn Dftnepa, n°21].

§ 4. OYEPK HCTOPHH PSI1OB

279. 3noxa Hbiotosa m Jlet6Gununa, [NapannensHo ¢ co3nauneM B XVII peke
IuddepeHliHarbHOrO M MHTErpagbHOro ucyucaenms [rnasa XIV] B Matemartnve-
CKYI0 TpPAaKTHKY BOILNW M GeckoHeyHwle pausl. Haunem ¢ mossuBmuzcs B 1668 r.
B AHraup pa6oT, Tak HAM WHAYE CBA3AHHLIX C JOTAPDHPMHUYECKUM PALO M,

*) Hanpumep, MOXHO NOROXUTb Py (X) =P, (x), p, (x) =P, (x) — Pp_ (x)
(naa n> 1)
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B 9roM romy 6nao ony6aMKOBaHO HeGoabwoe coynnHesue Hukozas Mepx a-
Topa (1620—1687) <JlorapHTMOTEXHHKa», MOCBANEHHAs METONAM BHIYHCIEHHA
norapupmos. B onsoit M3 NMOCAEIHMX riaB aBTOp 3aHMMaeTcsa KBaaApatypoft ru-
nepboan xy=1, otHecenHo#t X acmmmrtoTaM. [losaras x==1- 4, OH numer
ypaBHeHHe runep6onsl B Buie |

y= 1-_F—a-
MyTem pnenenns MepkaTop nepexXolUT K PasiONEHHI0 B [EOMETPHYECKYI HpoO-
rpeccHio |
——=l—a+at—at4...
T+ + .y
a 3aTeM, UHTErPUPYA NO @ MOYNEHHO, MOJYYaeT ANs NAOWAAH runep6oibl H3BECT-
Huft pax [n° 256, (21)]

a a® at
L R Tl B

Bonpoc 06 06aaCTH NPHMEHRMOCTH imna He 3aTparuBaercsa (Ha NMPUAOKEHHOM
yeprexe cayyaiHo OKa3nBaeTCa d > 1, TaK YTO pa3jOMEHHe Ha Jele He N p H-
meHHMol). Ha stom Bonmpoce ocraHaBaupaercs B cBoefi pemeHaun Bazamc.
Haxonen, Buasbam Bpoynkep (1620—1684) nan uncto reoMeTpHueckuft BuBOA
yacTHOR QopMyan

1 1 1
m2=y5+zgtsst-

Jns DpakTHYeCKOro BHIYMCIEHHA OH ynorpeGaser Goaee OHCTPO cxoasawuics
PAL, TpHYEM — NYTEM CPABHEHHA C TreOMeTpHYeCKOM nporpeccHel — HaxOmHUT
IPaHHUB IAA OCTaTKa.

Heckonbko panee Hayal 3aHMMaThCA GecKOHeyHbMu psagaMH HeioT on, HO
ero MCCAeoBaHHA B 9TOH 061aCTH, mepengeTaluUHecs C HCCAEAOBAHUAMH B ApY-
rux o6nacTaX aHanu3a, Guad onyGAMKOBAHH, KaK Mbl 3HaeM, ¢ GOAbUIMM OMO3Na-
nHeM. Clofila OTHOCATCA, NIpeXNIe Bcero, ero nucbMa OT 1676 r., npenHasHayvennsie
pas Jle#ibuuna, ¥ ero nBe QyHAZMeHTalbHbe Pa6GoTH: <AHaAM3 C MNOMOWIBIO
ypaBHEHHH ¢ GeCKOHEYHHIM YHCIOM YneHOB» H <MeToa ¢aoKcHA M GeCKOHeUHbIX
PAIOB», O KOTOPHX Ghina peub B raase XIV.

IMo-BuauMomMy He mo3me 1666 r. HboioToH yke Brajel GUHOMHUAAbBHH M
PANOM 14 APOGHHX HAM OTPHUATENbHBIX 3HayeHHH mokalatens. CHavyada OH
NpPHILEN K HeMY C NOMOWbIO YMO3aKMOYEHHH NO aHAJNOTHH; Pa3ioMeHHs KopHeh
NpOBEPANNCh NYTEM BO3BElEHHA B creneHb. BrmocaencrBum HblotTonm Haxoput
NpAMOA MeTOf XeNeHHs CTENEeHHWX pAAOB H H3BIEYCHHS KOpHe#l M3 psfos,
TiepeHocs Cola MPHHUMNL Y¥e M3BECTHOrO K TOMY BPEMEHH yYeHHs O JEeCATHY-
AHX Apo6ax. Pasnaras passuuHbe BHPaMeHHs B CTeNeHHWe pafw, Huioton cso-
JART HaxoxjeHWe BMX GIOKCHR H QNIOSHT K TaKMM Xe oNepanHAM Hax CTemensMH
H STHM 3HAUMTENbHO PACHIHpAET 06]acTb MPUMEHHMOCTH CO3J]AHHOTO UM aHANu3a.

Hepenxo Hbioton npuGeraeT x o6paumeHunio pANa T. €, MUCXON4 U3
pa3noxeHHA ONHON BENHYMHH NO CTeneHsM JAPYyrof, yCTaHaBIHBaeT pa3iaoxeHue
BTOpOit no cremenaM nepsofl. Tak, ornmpasadack 0T norapudMuyeckoro paua

1 1
Z=X— x’+§x'—...,

OH nonayyaert

1 1 1
=2+t gL tgt+..,
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T. €. JIO CymecTBy —AOKa3aTeAbHHHA pAax (106aBHB B OGEHX YaCTAX 110
eIMHALE, MB MNOAYYHIH Oni cieBa uucao 1-- x, HarypaabHuH norapudm KOTO-
poro Kak pa3 H paseH z). JIOGOMHTHO, 4TO pasnoXeHHE CHHYCa X MO
cTereHaM Ayrd z *)
1 1
X=z——=2%4|

5 mz‘—...,

HeioTon HaxomMT o6pameHuHeM paja, BHPaXaouero Ayry
1 3
— — x8 1]
z=x- 5 X +4ox + ey

T.€. M3 Pa3NOKEHUA APDKCHHY Ca, KoTopoe HuloToHy ectecTBenHo npes-
craBafeTca Goree NpPOCTuiM, HGO MONYYaeTCs HHTErPHPOBaHHEM (IIOKCHH apK-
1

cunyca (1 — x%) 2 aerko pasBopaynBaeMoii B GHHOMHanbHuH pan [n° 275, 2)).
Beckoneynbie pann WHPOKo ucnoab3ywrca HpioToHoM Mis pewenus ypasHe-
HUH, Kak aareOpaHuyeckvx, Tak W AuddepcHunanbuux. [IpuMendeMmi UM Merog,
No CymecTBy, eCTb MeTON HeonpeelleHHHX Ko3(dHIHEeHTOB.
3narafd B «AHajiH3€» BOMPOC O pelleHHH YPaBHEHHA C MOMOILbIO psafa,
HpioTOH OCTaHaBAMBaeTCA Ha JAOKA3aTenbCTBE CXOAMMOCTH DPAla HMEHHO K KODHID
ypasHenua. Ho B Jmpyrux cayvasx, pa3naras B Pal Hallepell M3BeCTHhie BejlM-
YHHM, OH CXONHMOCTbIO He 3aHHMaeTcs. BrpoueM, Tak Kak raBHOe Ha3HayeHHe
panos HbioTOH BHAHMT B NMPHOAHKEHHHX BHIYHCICHHAX, TO €ro, €CTECTBEHHO, He
uHTepecyeT QopmanbHOe yCTaHoBAEHHE (DaKTa CXOAWMOCTH pAfla — eMy HYXHa
6uicTpana cxogHMocth! Hanpumep, suunciaenue In2 HooTon ocywecrBaser
He ¢ NMOMOIBI0 MEJNEHHO CXOAAUErocsa paia

1 1 1
]n2=1—§+§——7+“_'

a wucxoga u3 ¢dopmyas In2=21n 1,2— 1008 —1In0,9: aprymentwr 1,2, 0,8, 0,9
Mano DPA3HATCA OT eIHHHIH, YTO K obecneyHBaer GHCTPYI0 CXONHMOCTb f0ra-
pudmuueckoro paga. OuenkH gonyckaemoi morpeumiHocTH y HbloTona mer.

Jle A 6 H nu, He3aBHCHMO 0T HbioTOHa, nlgmnen K HEKOTOPHM H3 Tex pasio-
swenufl, kotopuiMH HbloTOH Bramen panbuie. B 1693 r. Jle#i6nuu npepnoxua ana
MHTErpupoBaHHA aHGPepeHIHaAbHHX YPaBHEHHH B TOYHOCTH MeTOl Heompefie-
JEHHBIX KOS(GHUHEHTOB (<NpeAnonaran caMutfi HCKOMHH PAMN Kak 6bf HAAIEHHBIMY ).
B yaCTHOCTH, 9THM NyTeM OH BHOBB MOJYYH/ Pa3NOXEHHA JTorapHdMa M CHHYCa,
Mcxofia M3 anddepenuHaIbHLX ypaBREHHH, KOTODHM OHH YAOBJETBODAIOT.

B 1682 r. puepsne JleAGuuileM 6ol oMy 6AHKOBAH pax

1 l 1
l—g+z—7+
T,
_4"»
z

JlcAGHHIL NaeT OUEHKY MOTPEMHOCTH NPH 3aMEHe YHCIA - OTPE3KOM paia. It

Bbipaxalouui YHcIo BaaRen 3TUM pspoM JleHGHHI yxe naBHo **). Ionytho

yKa3aHMsa BIOCAEACTBMH Ghiin MM 06OOWEHN Ha CryyaH mo6oro 3HaxkonepeMeH-
HOro pAlla C YieHaM, MO aGCONOTHOA BenHYHHe YOHLIBAOWHMH 10 HyAs (Hanpu-
mep, 8 nuchme k WM. Bepuynmm, 1714 r.). Tlpu srom, Bnpoyem, ¢y mecCTB o-
BaHUE CYMMB CaMO CO6010 pa3yMeeTcs, M yCTaHABAMBaeTCA (AKTHUECKH NHIbL

*) Paguyc Kpyra NpyHAT PaBHHM CHUHMLE.

**) Ho, No-BMAMMOMY, BCE e Obl onepeweH aHrauuanuHoM J[hkemcom
F'peropu (1638—1675), xoropu#t 8 1671 r. B nuCbMe coo6wma pAx Aas apK-
TAHIeHca,
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HEOTDaHHYEHHOe MpPHGIMKEHHE K Hell YACTHUHLIX CYMM IONEPEMEHNO C PasHbIX
cropoH [cp. m° 244, 3amevanue].

B 6onee noaaHux MHCbMaX JIEHGHHI rOBOPHT O PANAX, <CXOXAIMMXCA»> K CBOMM
CyMMaM, TOHHMaa CXOOMMOCTb, Kak M Me. Ho B To e Bpema OH cornamiaercs
¢ ytBepkaenuen, uto pan | —1-41—1 ... uMeer cymMmMoH wucao 5 10
NOJyyaeTca M3 Pa3NoONKeHHs

l 2]
m:l—x-{-r—x”—{—...

npy x==1: ec OHO BepHO NpH X < |, TO MO «3aKOHY HENPEPLIBHOCTH» NOIKHO
6uTb BepHO W MpH x =11 OTCYTCTBHE ACHOCTH, MO-BHIMMOMY, OMYILAET Y CaMm
JleAGHuUI; HeJapOM OH FOBOPUT B ONHOM MHCbME: <... BEDHTb PacCCyXIeHHAM
0 GeCKOHEYHHX pANaX ClIeiyeT TOAbKO TOrfa, KOrja HCTHHY MOMHO I0Ka3aTb
H C NOMOIWBI0 KOHEYHLX (BEIWUHH) MO MeTony ApXumelar.

BeckoHeyHEIMH paAlaMH 3aHHUManHCh 00a CnolBHuHHKa JlefiGHHIAa — 6paThbs
Bepuyanmy, ocobeHHo —cTapmuit u3 HUX, SIK0G: COBOKYNHOCTb €ro paboT 1o
panaM (1689—1704) naer M3noxeHHe BCEro, yTo M3BECTHO 60 B 3TOH obnactu
B ero BpeMsa. B wactHoctH, cHavana Woran, a 3atem $Iko6 manu IOKa3aTeibCTBO
TOro, YTO0 «CyMMa GeCKOHEYHOro rapMOHHYECKOro psia

b gt g+ gt

6eckoHeuHas, JloxasatenbcTso §ko6 BepHynnum OCHOBAHO HAa TOM Xe TNpPHMHLUMMeE,
uto u o6uiynoe [n° 236, 1)]. On cnpaBennMBO MOXUEPKMBAET B 3aKAOYEHHe, YTO
«CyMMa GeCKOHeYyHOro pAla, KOero nocxeXHHH yleH UcYe3aeT, HHOrIA KO-
HeyHa, a HMHoria GecKoHeuHa». Pa3ymeercs, «[OCACIHHR WIEH» NOAKEH GbITh
MCTONIKOBaH Kak mp efen obwero uynesa. Hyxuo ormernts, uto §l. Bepuyau
CBOGOIHO TOJb3YeTCA PaCXOALMMHCA PANAMU K Jaxe MOAyyaeT C UX MOMOLLbIO
CROAALMECA PA3IOWKEHHA.

280. llepHoa GopManLHOrO PasBHTHA TeopHn pamoB. B XVIII sexe npun-
HUIHalbHBe BOMPOCH HE TNPUBAEKAaNM K ceGe GOAbIIOLO BHHMaHHA, HO 3aTO
NpPAaKTHKa pALOB — I1aBHHIM 006pa3oM B pykaXx ODilnepa— ZOCTHUrAAa BBICOKOrO
Pa3BUTHA.

B navane Beka, B 1715 r, Beimna B cBeT HeGonbuag kuura Te#haopa
<Metox pasHocrefi, mpamMolt u o6paTHelit». HescHOCTb W3AONEHHA WMena clel-
CTBAEM TO, YTO OHAa He Cpa3y MOAyuyMnAa pacmnpocTpaHeHue, Telnop ucxogun us
paccMOTPEHNA KOHEUHBX pa3HOCTeH M JHIIb 3aTeM, Nepexois, Kak K npeieib-
HOMY CNyyalo, K 6eCKOHEYHO MaibiM PAa3HOCTAM M HMX OTHOLUEHUSM, YCTaHOBHA
pasnoMeHHE HApaileBHOrO 3HAYeHHA (YHKHMM X OT z MO CTeleHsM npupalie-
HHUA U BEIWUHHb 2

v dx v? dlx + v dix .
T tro @ trosas T

9TO Pa3JdOMEHHe BNOCNEICTBHM M CTaaM HasweaTb pagom Te#nopa. Cam
aBTOp, BHIHMMO, He TNOJNHOCTbIO OUEHHA CBOE OTKDHITHE: MPUAOKEHHH B KHHIE
OHO HaXOIHT Malo.

3Havenne 31of (OpMYJn GhO BHSABIEHO JMWIL B ofmupHoM <Tpaktate
o Gmokcusax» MaknopeHa, BaienmeyM B 1742 r. Makaopen nmpuiea k ToMy
we pANY NPYruM IIyTeM: OH KlaJeT B OCHOBY PAa3NOXCHHE IO CTEIEHAM X C He-
onpeleleHHbIMH KO3(Q@MHIHCHTaMY, TOBTOPHO IHQQepeHUUpyeT ero H, nosaras
BCAKMH pa3 z==0, nocnenorateabHo ompenenser kosdpouuuents [cp. n° 277, 7°].
B Bupe npuMepa OH moayyaeT GUHOMHagbHbLH pal. [Ipu BbIBONE pa3ioxeHui
NPYTHX TpOCTEHWIMX GYHKUKMA MakjopeH ucnoib3yer W IuddepeHuUHanbHbE
ypaBHeHHUs, KOTOPbIM OHH YIOBJETBOPAIOT.
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B «TpakraTe» Mb HaXOJMM eile [Be BeulH, 3aCHYHHMBAIOLWHE YIOMHHAHMS,
Bo-nepsux, MakJopeH OTYETIMBO YCTaHaBIWBaeT, [paBla — JNIlb B F€OMETPU-
yeCKo# GopMe, HHTETrpPaAbHHHN NPU3HA K CXONMMOCTH M PACXOTHMOCTH
NONOKHTENbHBIX PANOB (BNOCAENCTBMM AHAMNTHYECKH HAHOBO HOKaszauHblil Kowm;
cM. n° 241). 3ateM OH BHBONMT (He3aBHCHMO 0T Dimepa, KOTOpuH CIesas 3710
HECKONbKHMH TOJaMH paHbII€) 3HAMEHHTYIO (OPMYny *), CBASHLIBAIOUIYID CyMMH-
poBaHME WYICHOB NaHHOTO BHIA C BBIYHCIEHHEM HEKOEro MHTerpana.

C 1730 r. naymnaetcs 6nectawas cepuf pa6oT DA mepa MO GECKOHEUHHM
panaM. MM mocssaiieHbl MHOTOYHCAEHHbIE CTaThbH, KOTOpbie Ha NPOTsXEeHHH Goiec
noayBeKa Ny6aukoBaauch B Tpynaax [letep6yprekoft AkaneMun Hayk; MHOIO MecTa
OTBEJIEHO UM U B 3HAMEHMTHIX TPaKTaTax Jiinepa No aHaan3y. [lepeyncauM BKpaTtuc
IOCTHXEHHA Diinepa, He NPHIEPKUBAACL IPH 3TOM XPOHOMOTHYECKOTO MHOPAAKA.

Jinep BNEPBbIC BHIBONMT, C TMOMOIIbI0 MOAPA3YMEBAIOWHXCA NpeNenbHbIX
nepexoloB, NoKa3aTelbHuH H norapudMHYECKHil PALLL, HCXOAA H3 GHHOMHANBLHOrO
[cp. n°® 268]. Touno Tak e OH MoayyaeT Ppsfbl AAA KOCHHYCa M CHHyca u3
M3BECTHBIX (QOPMYN Ins cos nz M sin nz. OH ynofo6aseT 6eCKOHEYHbIH CTeNeHHOMN
psil OOBIKHOBEHHOMY MHOTOUJNEHY M pa3jaraeT ero Ha MHOXHMTENH, U TaKUM NyTeM
NPUXOJNT K MHPeICTaBACHWIO CHHYCa W IPYrMX QYyHKUMH B BYMIe GeCKOHEYHOro
npousBelleHHa. PacnpocTpaHAs H3BECTHOE MNpPABHIO NEePEMHOMEHHs IBYYIEHOB
C ONMHAKOBLIMH NEPBbIMW YNEHAMH HAa Ciyyal GecKOHEeYHOro MX YHCHa, OH MOdy-
yaeT 3amevarelbHbie QOpMY bl

n? nt

1 1 1 1
Ittt =5 Iltatzt. =g

W Apyrue, nojoGHbe MM. J#Jepy NpPHHALIEKAT U PA3NOKeEHHUS

H ctgz na

npoctele apo6u [cm. Huxke, n° 406, 3), 3amevaHue].

O#igep paccMaTpHBaeT PALbl W C KOMIJMEKCHBIMH YJE€HAMH, COINOCTaBleHHe
pAaloOB LnA Sin X, COSX M e* NPUBOIHT erc K 3HaMeHHTbIM (opMynaM, CBA3bI-
BaowHM 3TH Gynkuuu [n° 254] —ux B cBoe Bpema JlarpaH Ha3Bald «ONHWM H3
CaMblX NMPEKPACHRIX aHAJTUTHYECKHX OTKPBITHUH, CIEeNaHHbLIX B 3TOM BeKe»r.

MHoro 3aHuMancs Jfnep cymMmupoBanneM pagoB. Kak ynomuwamoch, on
paHbme MaxnopeHa IpHIIeN K H3BECTHOH (OpPMyle CYMMHDOBAHMA M He pa3
K Hell BO3BpawaicA. B yacTHOCTH, OH NPHUMEHHN €€ K YAaCTHYHOH CyMMe rapMo-
nuyeckoro paza [cp. n° 236, 1) v n° 238, 4)]. Diinep MHOroOGpa3HO COMOCTAaBIACT
pAXbl ¥ HHTErpajbl; Ha 3TOM NYTH OH HAXOLHMT M H3yyaeT BaxHble MHTErpasbl,
BIIOCIENACTBHH MOJYyYMBINHE ero uMa [UM nocemed § 4 rxaser XVIII].

C MaknopeHnoM Ditnep CONpHKAacaeTcf eule B ONHOM NYHKTe: Te Xe cooGpa-
MEHHA, KOTOpbie NpHBenH MakiopeHa K ero MHTErpanbHOMy MPH3HaKy, Jitmep
y¥e paHblie NMPUMEHAN K YCTAHOBNCHHMIO TPaHHL, MEXIY KOTODHIMH COLEDXHTCA
CyMMa pala.

W3 mpyrHx BONMPOCOB, KOTOPHIMHM WHTEPECOBalAcA Jiiep, YIOMAHEM O Mpe-
06pa3oBaHMH DANOB—B LeJNAX yAYYlleHMA HX CXOAMMOCTH, O Npeo6pa3oBaHWy
GeckoHeyHHX INpOHM3BeNEHHA B pPsiubl [cM., HanpuMep, n° 251, 3)]. Hakoweu, uto
0CO6EHHO BaXHO OTMETHTb, Mbl HAaXONHM y Dinepa pa3HOOGPa3HblE NMPHUAOKEHHA
PANOB He TONLKO B CaMOM aHanW3e, HO Takxke B aiareGpe, B TEOPHU uHcen
H B Ipyrux o6JacTaX.

OnHako BCe 3TH BOMCTHHY 3aMeyaTelbHbie JOCTHXXEHHs He NOayuHan y ditnepa
CKONbKO-HH6YAb yGemuTenbHOro 060CHOBaHHMA. [lolo6HO 6OMBIIMHCIBY CBOMX
COBPEMEHHHKOB, gﬁnep K BONPOCAM CXONMMOCTH OTHOCHTCA 6e33a60THO M CBO-
6olHO NONb3YeTCA pacxomflMMHCA pagamu. Hanpumep, cknaabiBas pasnoweHns

n n
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*) Ee HaswiBalOT @opMyno#t Ainepa—MaxnopeHa. K coxanennio,
eil He HaWIIOChL MecTa B HalleM Kypce.
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OH 3aKM0uaeT, YTO GeCKOHEeUHs!H B 06e CTOPOHMW pal
1 1
B R Rk ok E

paBer 0! AHANOTHYHO, HCXONA H3 PaBCHCTBa

llTx=l+x+x’+x'+....

3finep He TONbKO BHBOAMT OTCIoOfa NpH x=—1 psaxg, 3anuMaBmuf eute
JlettGunua:

1—1+1—1+...=.£-,
HO M NBITAaEeTCA OCMBICAHTb PAaBEHCTBO
1424448 4..=—1,

noayuajpouweeca nNpa x=2. Brnpouem, 3ilnep naeT ceGe OTYET B TOM, YTO HAA
nMofo6HHX PACXOLKAIMHXCSA PANOB Helbds FOBOPDHTh O CYMMax B TaKOM ke
CMHC/Ie, KAK O CYyMMe CXOAAUIErocs PAA8, K KOTOPO# MOXHO MPOH3BOJBHO MpH-
6AH3ATHCA, MOCKENOBATEAbHO CKMAANABIBAs €ro YieHw. Dfizep CYHTaeT, YTO <CyMMa
HEKOTOpOro GECKOHEeYHOro psfa eCTb KOHeYHOe BHpPameHHE, M3 PAa3lOKEeHHA
KOTOPOTrO BO3HHKAeT STOT psAl» ¥*). B TakoM, Tak CKa3aTh, <0606UIEHHOM> NOHH-
M3HHH CYMMB €CTh YxXe 3epPHO HCTHHH (M OHO CONPHKACaeTCA C COBpeMEHHO
TOYHO O0OCHOBAHHOR TeopueH PacIOAAIMECA PANOB).

TTpoTHB MONb30BAHUA PACXONAIKMHUCA PANaMH Pe3ko BoccTaBan JlanamGenp:
pacCyXfeHHsA, IPOBOAHMBIE C X NMOMOILbIO, KaXYTCA €My <TONO3PHTENbHHMHAY,
laxe eCHAH Pe3ynbTaTh HX COTJAacCYOTCA C HCTHHOI Bnpouewm,
caMoe MOHATHE CXOAHMOCTH M pacxommmoctd y Jlanambepa HMeso <IOKaAbHHH>
xapakTep, GYAyYyH CBA3aHO C TeM, OKa3bBaeTCA AW nocheldyouu# uien (a6co-
BIOTHO) MEHbIIHM HAK 60abmuM Apeawayiero. Takum oGpasom, Mo ero TepmH-
HOMOTHH, PAJ MOr 10 ONpeNeNeHHOI0 MECTa CXOAMNTHCA H JHIIbL NMOTOM HayaTh
PacxoaMThCH, M HaOGOpOT [ezp. 3aMeyanue n°® 239].

OcranoBHMcA B 3akioyeHne Ha Jiarpanxe-—ofIHOM M3 KpynHeHmux
MaTeMaTHKOB pacCMaTpuBaemoro nepuofa. Ilpexae BCero, HalIeKHT YNOMAHYTh
O HOCAIlEM €ro WMs pAfe, AalolleM DasjoxeHHe KOPHA X ==p YypaBHeHHn
a—x+ ¢(x)=0, n naxe — moGoH (yHKUHH ¢ (p) OT ITOrO0 KODHA.

B coyntennn «Teopus ananutHuecknx dynkuuity (1797 r.) Jlarpanx menaer
NOAKTKY 0CBOGOAATL nudepeHNHnanbHOe HCYHCAEHHE <OT PacCMOTPeHHa Gecko-
HEYHO MaJABX HIH MCYE3aIOMHMX BeAHYHH, TPefenoB KN (IIOKCHA» M CBECTH €ro
K <alreGpaHyecKOMy aHa;Iu3y KOHEUHHX BeJHYHH» ***). B 9ToH nonwiTKe OTNpaB-
Hofi TOuKOH NPH3BaHW ObIIH CAYXHTL WMEHHO CTENEHHne paAln. Jonmycimus,
y1o AnA QyHKUHH f(X) MMeeT MCCTO pa3ioxenue

D =F () Fpitqt +rit 4.,

rae p, ¢, r, ... — QyHKUuH 0T X, JlarpaHx npsMo OmMpe ze s e T NOCAeNOBa-
TeNbHslE <NPOU3BOAHNE (YHKUMH» (31eCb BrepBHE MOABAAETCA STOT TEPMHH!)
yepe3 KOIQOHUHEHTH Pa3nOKeHHA, HCXONA U3 NPHBHYHKX COOTHOLIEHUH

@
2 ’

r 5.3

p=r(x) ¢

*¥) Untateab, KOHEYHO, 3aMETHT, YTO BOBCE HET 3HayeHHUH 7, MPH KOTOPHIX
o6e NMpOrpeccHK CXOIMAMCh 66 OAHOBPEMEHHO.
**) Cm. JI. i nep, <Jduddepenunannuoe ucuncienner, § il
*#%) Bnipouewm, Te ke ugen JlarpaHx B CKa3nBaJd H paubime.
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Ha sTofi ocuose Jlarpansy ynanoch H3NOXKHTh He TONHKO aHANHM3, HO H €ro NpH-
AOMEHHA K TreOMeTpHH H MexaHmxe. TeM He meHee, 9Ta TOYKa 3DeHHS, RBHB-
WaACA — K&K pa3 B NpeAABEPHH HOBOTO MEPHONA B HCTOPHH aHANH3a — peaKuHeH
Ha Heylayy BceX NPeXHHX NMOMBTOK €ro CTPOroro o6OCHOBaHMsA, pPacnpocIpaHe-
HHA He MoAyuHia.

B ToM e couMnenuu Jlarpamx ycTaHaBikBaeT W masectHylo [n° 106] yno6-

Hyl0 ¢opMy 3R HONOIHHTENIbHOrO uzeHa B ¢opmyase Tehmopa. Bnpouewm, mas
arpaHixa 3TOT YJeH Gha MPOCTO BHIPAaXEHHEM OCTATKa pANa, CXOAHMOCTH KOTO-

poro noapasyMeBanach, €ro HasHaueHHeM Owa0 Auib OGNErYHTb OLEHKY NO-

rpeliHOCTH, NPOHCTeKaoLie OT MpeHeOpexeHHs NMOCAEAHHMH YMEHaMH psla.

Camy® cxomuMmocTe paga Jlarpanxk (mogo6Ho Jitmepy W ILPYTHM COBpeMeH-
HHKaM) ITOHHMal KaK CTPEMIEHRe K HyMo obuiero yiaena. OmpeleneHus NOHATHS
CYMMB CXOAAMIErOCsA PsAla y HEro Her, XOTa B JOCTaTOYHO GaM3Kofi HaM dopme
OHO yXe He gaa BCTpEYaaoch, HanpuMep, y Maknopena (1742r) ny Ba-
puHra (1776 r.). B Bauwase XIX Bexa ¢paHuysckuh matematuk ®ypbe B
CBOEM 3HAMEHHTOM COYHHEHMHE «AHaIMTHYecKasa teopus Temmorn» (1811 r.; omy6-
aukoBano B 1822 r.) pmaer mpaBuAbHOE ONpejeneHHE CXOIMMOCTH pAlla H €ro
CYMMH, 3aMeyas NPK 3TOM, YTO AJf CXOJHMOCTH Paja BOBCE HE IOCTATOYHO,
yTO6H Y/NeHH PAlla <HEMPEPHBHO yMEHbUIAAHMCH> 10 Hyaf. Kak Mbl MOMHHM, 91O
06CTOATENbCTBO GOMbIIE YeM 3a CTO JNeT A0 TOro — Ha NpHMepe rapMOHHYECKOTo
pana — nonuepkHyn eue ko6 Beprynan!

TakuM 06pa3oM, paccMaTpyuBaeMas 3MOXa, Heo6wyalHO GoraTas ¢opMadbHH-
MH JIOCTHXEHHSMH B OGNaCTH TEODHH DAROB, IS JOTHYECKOTO €€ OGOCHOBaHHA
Jana Mamo.

281. Coananne To9HOA TeOpHH. JIMImIE B NOCAEAYIIYIO SNOXY — yke B
XIX Bexe, paOn cTaad npelIMeTOM H3y4YeHHs caMH 1O ceGe, M KPUTHYECKMH
nepecMOTp OCHOB aHANH3a Ha NEPBHIX e NOPax KOCHYJACA HMEHHO HX.

B 1813 r. sumaa B cBer pa6ora I'aycca®) «O6umue uccnenoBaHua OTHOCH-

TEABHO PANA
a(e+1)-8(+1)
L2990+

(d10T pAlL MOMYYMN Ha3BaHHe <rUNepreoMeTpHueckoro».) Xora B NMOHHMaHHH
CXOIMMOCTH M pacxomumoctd [aycc, BHImMO, Omia Gamaok k JdanamGepy, HO Bce
¥e WMEHHO 3Jecb MH BIEPBHE HaXOIHWM TOYHO CQOPMYNHPOBAHHHH NPU3HAK,
KOTOpHIHl 10 OTHOMIEHMIO K NMPHBENCHHOMY pALY laeT NOJHOE pellleHHe BONpoca
0 CXONHMOCTH.

CoBpeMeHHOe onpefieieHye MOHATHA CYMMB PATAa H €r0 CXOAMMOCTH
HIM DPACXOAHMOCTH, OCHOBAHHOE Ha HOHATHY Npejlena, OKOHYAaTeJbHO YC-
TaHOBHAOCh mocne pa6or Boabuano (1817 r)m Kowmn (1821 r.). B npexn-
c1oBHH K <Apre6panyeckoMy aHasusy» Komm mpsMO rOBOpHT, YTO «pacxols-
H[uAca pAl He HMeeT cyMMu>». KpoMe Toro, 06a Ha3BaHHHX YYEHHWX YCTAHOBHJM
B o6ueH dopme ycaoBHe, Heo6XOIAHMOE H NOCTATOYHOE OIA CXONH-
MocTH pafa [n° 242]. Komn nan Takxke HeCKONbKO NMPOCTHX H yHROGHHX NMpH3Ha-
KOB, HOCTATOYHHX JJIA YAOCTOBEPEHH CXOAUMOCTH MAW PACXONMMOCTH
HonoxHTENbHOro pana [n° 239, 241]. BnocaescTBHH nOABHIOCH OTPOMHOE KOJMH-
yecTBO NOAOGHHX JOCTAaTOYHHX NPH3HaKoB, Bce Goaee ©u Gonee TOHKHUX
M CNOXHLIX #*); HHTEpeC K HCCHENOBAHMAM 3ITOTO POJa HECKOAbKO ocnaben K
Hayany Haliero Beka,

Janee, Komwmn npuHANAeXUT yTBEDPIACHHE O TOM, YTO CXOAMMOCTb paia Ya,
cneiyeT M3 CXORMMOCTH paAnma ¥ |a,| [n® 243], n pasnuuenne cnyyaeB «aGcomor-
HOH» M «HeaGCOBIOTHONY CXONMMOCTH (XOTR H Ge3 NMPHMEHEHHA BTHX TEPMUHOB).

l+%x+ X240

*) Kapn ®puapux " a y ¢ ¢ (1777—1855)—xpynHehmnh HeMeKHA MaTEMATHK.
**; Ma pycckMX MaTeMaTuKoB WMH 3auuMamuce H. WM. JloGaueBcxu#
nB. . Epmvaxos (1845—1022).
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Camblfl (akT cyecTBOBaHMs HEAGCONITHO CXOLAWMXCA PANOB, O NPUMEpPY psala

1,1
l—gtg—g+.

6nin u3BecTeH eule co Bpemen Jlel6Huua u 6patheB BepHynan, Ho Koww nep-
BbiM 00paTHN BHHMAHME Ha TO, YTO HeaGCONIOTHas CXOAMMOCTL OTpamaeTcs Ha
JpYrux csoiicTBax psapa. Ilpexnae Bcero, Kak mokasan Koww eme B 1821 r, K
Hea6CcoMOTHO CXOMALMMCA PANAM MOXET OKa3aThCs HeNPHUMEHHMONl ero Teopema
06 yMHOXeHMH panos [n° 248, 3)]. 3ateM, Kak pa3 no MOBOAY BHIMIENPHBENEH-
noro pana, Koww (B 1833 r.) oTMeTua, YyTo CXOAMMOCTb €r0 MOXeET ObiTb Hapy-
HeHa NPH NnepecTaHOBKE UAEHOB pAla,

B 1837 r. dupuxne BbicKasan ofulee yTBepwIeHHe O TOM, YTO B aGCOMOTHO
CXOAAILEMCA PpAlle NIpH NEepPecTaHOBKE YNEHOB COXPaHAETCA CXOUMMOCTb M BelH-
unHa cyMMbl [n° 246]. B To e Bpems OH Ha WpUMepax NOACHUA, YTO B CAyyae
Hea6COMOTHON CXOOMMOCTH OT TaKOH TNepecTaHOBKH He TOJbKO MONET Hapy-
WHUTbCA CXOIMMOCTb — 3TO OblI0 M3BECTHO M paHblle, —HO Jaxe NP COXpaHe-
HHM CXOLMMOCTH MOXeT H3MEeHHUTbCA caMas BelHyuHa cymmbl, O6IHUA B OKOH-
yaTelbHbI# — B 3TOM HampaB/JeHMM — pe3ysbTaT [n° 247] ycraHoBHA PuMaH;
OH 6bln ony6aMkoBaH auwb B 1867 r.— yke mocMepTHO.

B «Anrc6panyeckom ananuze» Kown (182} r.) Mm Haxomum HcclefoBaHus,
OTHOCALLIHECA K CTEMEHHBIM pAKAM JUIA Cyvyas KAk BEIECTBEHHOH, TaK H KOM-
njaekCHOH mepemenHolt, IM 6bia He TOAbKO yCTaHOBJAEH BUI 061aCTH CXOAUMOCTH
nono6HOro pafa (NPOMeXYTOK HAM KPYI CXOIMMOCTH), HO U JaHO TOYHOE Bbipa-
MeHHe pajanyca CXOMMMOCTH yepe3 kosdduuucents paga. Buyrpu o6mactu cxomm-
moctH Kowm ofpamiaercs co cTeneHHsIM PALOM, Kak ¢ OGBIKHOBCHHBIM MHOTO-
UJEHOM, Hanpumep IHQPQEpeHUUpPYET €ro JIOYNeHHO, HEe HaXOdfA HYKHHM IaTb
06GOCHOBaHKE ITOTO.

[To otnomiennio k o6wMM QYHKIMOHANbHKM panaM Koww nmTaerca 0K a-
3aTbhb HENMPEPHLIBHOCTb CYMMbl CXOIAILErOCs pAlla HempepuBHHIX G yskuuit (1821 r.)
W NPaBO MHTErPHPOBaTh MNOAOGHBIH pan nounenHo (1823 r.), nputom 6e3 Kakux-
au60 OTrpaHUyCHHUH OTHOCHTENIbHO XapaKTepa CXOAMMOCTH pana [cp. n° 266 u 269]:
TIOHATHEM paBHOMepHO# cxoauMocTH KollM He Baajen M, MOMb3YACh A3BIKOM
6eCKOHeYHO MaibiX, HHOM Da3 He NaBan ce6e OTUeTa B TOM, OT KaKHUX IepeMeH-
HbIX OHM (aKTHUECKH 3aBHCAT.

Ha omu6oyHocts mepsoro yTeepxnenus Komn ykasan A 6eanb—B 3HaMe-
HUTOM CBOEM MEMYape, NOCBALIEHHOM GuHOMManbHOMY psny (1826 r.). B kauecTse
OTpoBeprapomero npuMepa A6eab NpUBOIMT PAMN, COCTABAEHHHH H3 CUHYCOB:

sin x——;—sin 2x j—-:l—sin 3x—...;
XOTA OH CXOJMTCA MPH BCeX 3HAYEHHAX X, HO ero CyMMa B TOUKax x = (2m + 1) =
(m — uenoe) TepmMUT pa3pels. B To e BpeMs IO OTHOLIEHHIO K CTEMEHHOM Y
paay AGeab CTPOro I0KasbiBaeT HeNPEPHIBHOCTb €ro CYMMbI ITPH KawIOM 3Ha-
YeHUH NEepeMCHHOH, MpH KOTOPOM PAA CXOLMTCA, AaXKe eCAM 3TO 3HaUeHHe COB-
nafaeT ¢ KOHUOM TPOMEXYTKa CXoAMMocTH [n° 273, 274]. B mpouecce mokasa-
TenbctBa AGelb (aKTHYECKH YCTaHABAKBaeT HaaMyHe MMEHHO TOTO CBONCTBA,
KOTOpOe BMOCAEACTBHH IONYYHNO Ha3BaHHe PaBHOMepPHOH CXOAMMOCTH.

1o nosony nounensoro MaTerpupoBanusi Bhickasan (B 1845 r.) cBowm comue-
nua Ye 6ol €B, KOTOPBIH MOAYEPKHYN, YTO OHO NONYCTHMO €TONBKO B YaCTHBIX
cnyyasx». Tak nocTeneHHO CO3AaBaNoOCh YyGexueHHe, UTO Ha GecKoHeyHbe §YHK-
LMOHaNbHLE Palbl Helb3d O6e30rOBOPOYHO pPAaCNpPOCTPaHATb NPUBBLIYHBE [AA
KOHEYHBIX CYMM IIpaBHMAa, XOTA OCTaBaloCh HEACHBIM, B KaKHX € CIYYaAx 3T0
BCE Xe€& MOXHO JenarTh. PeLUaIOLL[}’IO ponb 3nechb chirpano H3YYCHHEC camMoro
XapaKkTepa CXOAMMOCTH QYHKUMOHAAbHHX PANOB W BBeJeHHe NOHATHA P aBHoO-
MepHOW CXOIHMOCTH.
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JT0 moHATHe — M CaMblfi TEPMHH, — [O-BUAMMOMY, BNEPBble NOABHIAHCL B
1841 r. B onmoit (omy6auKOBaHHOM IHib 3HauuTenbHo mMo3ke) pabote Befie p-
mMTpacca ¥ NDHMEHANTHCb UM C TeX MOpP Ha Nexkuusax. B meyaTu pasnuyeHue
PaBHOMepHOM M HepaBHOMEDHOH CXONMMOCTH G6biio mpoBefeHo 3akuenem *) B
1848 r. u Crokcom**) B 1849 r. Ecau cymma psna senpepbiBHBIX (QyHKLUH
¥IMeeT TOYKY pa3phiBa, TO BOJAM3H Hee «PAJ CXONMTCA MPOM3BONbHO Mel-
nenHo» (3alilenb) WIM «CXOLMMOCTb DANA CTAHOBHTCA 6E€CKOHEYyHO 3aMel-
aenHoit» (Crokc).

Ipy stom Crokc pyman, YTO M, 06PAaTHO, M3 HENMPEPHIBHOCTH CYMMBb! TaKOro
Pslla MOXKHO 3aKMOYHTb 06 OTCYTCTBHM 3aMelJeHHOCTH, T. €. —KaK CKa3asu Ol
Mbl— 0 HalHYMH PaBHOMEPHOM CXORMMOCTH; 3alilenb ke CYHTan STOT BONMPOC
OTKPHTHIM. BrocnencTBuu Ha NMpuMepax O6bUIO MOKA3aHO, YTO OGpaTHOE 3aKkaioye-
HHUe BoOG1IEe HeBEPHO; CMTPaBeANBOCTb eroCMe UM aAbHO AAACAYYAA MO J O-
XHUTenbHoOro pafa B 1876 r. nokazan Juuwu [n° 267).

ITHM MBl 3aKaHuYHBaeM Hawl oyepk. JononHeHHEM K HeMy MOXeET CAYXHTb
«OyepK HCTODHH TPHrOHOMETPHYECKHX DPANOB» B KoHUe raaBbl XXIV [cM. Takxe
8 n° 313 «Mcropuyeckne 3aMeuaHWs O nepecTaHOBKE IBYX MpejelbHbIX One-
pauuits].

*) Guaunn Jloasur 3attnenp (1821 —1896) — Hemeuxu#t MaTeMaTHk.
##) Ikon [abpuenr Ctokc (1819—1903) — anraufickuit  Quank
MaTeMaTHK.



TJIABA CEMHAOUATAST
HECOBCTBEHHBIE WHTETPAJIb!

§ 1. HECOBCTBEHHBIE HHTErPAJIbI C BECKOHEYHbIMH
NPEAEJAMH

282. OnpepesierHe HHTerpanoB ¢ OGecCKOHeUHBIMHM INpefeNaMH.
B raase XI Ob10 H3yyeHO TNOHATHE ONpENENEHHOTO  UHTErpana
b

gf(x)dxmm Cy4as KOHEYHOT O MNpOMeXyTKa [a, ] u orpaHu-

a

yeuHnoR ¢yukuuu f(x). Hacrosinas rnaBa nocesiweHa 0606menuio

3TOr0 MHOHATHA B PasMMuHBIX HanpaBiaeHusx. HauHeM ¢ paccMorpennus

MHTErpasja, pacnpoCTPaHEHHOro Ha 6eCKOHEUYHH H NPOMENKYTOK.
IMycts ¢ynkums f(x) onpeieneHa B npOMeExXyTke [e, ©0), T. e

s x>==a, " anerpupyema B /moGofi koHewHO# ero vactu [a, A},

TaK YTO HHTErpan Sf(x) dx wMeer cMblca npu moboy A > a.
a

Koneunnii uan Geckoneunstii npedea amozo usmezpara Npu A — oo
Ha3wBaom (HecoOcmeennb M) unmezparorm @ynxyuu [(x) 8 npoue-
ocymre om a 00 0o u 0603HAYANT CUMBOJIOM

o) A
§f(x) dx = A]i_IPOOan(x) dx. M

B cayuae cywecTsoBaHus Takoro KOHeEeYHOT O NpeAela TOBOPST, 4TO
uyterpan (1) cxXxoauTcd, a @yHKuuo f(X) Ha3LBAOT HHTETrpu-
pyeMo# B GeckoneyHoM npomexyTke [a, oo]. B oranyue or u3yuen-
HOrO paHee MHTerpala B COOCTBEHHOM CMbiCle UMM COGCTBEHHOTO
HHTErpana, TOMbLKO YTO onpeneneHHn# wuHTerpan (1) HaswBaeTcs He-
COGCTBEHHBM¥),

Ecan npegen (1) OeckoHeyeH WaM BOBCE He CyleCcTByeT, TO Ipo
MHTErpaja TroBOPAT, YTO OH PACXOAHUTCH.

¥) HanomunM, 4To Ml yXe CTaOKHBAaAWCh C MOHATHEM HECOGCIBEHHArO HH-
Terpana B n’ 241
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Ananornuno (1), onpeneaserca u unmezpas Pyuxguu f(x) om
—o0 0o a:

Sf(x)dx=” lim Sf(x)dx (A'<a), ©
— o0 Il U
paBHO KaK M unmezpar gyuxyuu f(x) om —oo do - oo:
+ A
| f@de= tim (fmax. ®)
— o A:;g ’

TIpu STOM COXpaHAETCA M TEPMHMHOJMOFHs, BBENEHHas MO TNOBOIY HH-
terpata (1). B nocnegnem caydae, B3sB moG0e @, MOXKHO TNOJOKHThL
A

a A
5f(x)dx=§f(x)dx+ Sf(x)dx,

W cyumecTsoBanue npeneaa npy A'— — o0, A— 0o Mas mHTErpana
C/€BA, OYEBHOHO, PABHOCHJIbHO CYHIECTBOBAHHIO NOpOsHb npeaenos (1)
n (2) ans unTerpasoB cnpasa. Takum o6pasom, HHTerpaa OTr — OO A0
~+ O MOXHO onpenenm'b H paeeucmom

Sf(x)dx— S f)dx + S f (%) dx
- 0
B NMPEANOI0KEHHUH CYMeCTBOBAHAA NOPO3HL HHTerpanaos cnpasa *). Omnpe-
IeJeHHe STO He SaBHCHT Ha feje OT BHOOpa TOUKR a.

Nrumern. 1) dyuxuun MHIErpHpyeMa B 11060M KOHEUHOM Npo-

1
14 x2
mexytke [0, A] (A > 0), npuuem nmeeM
A

dx
S =arctg A
14 2
P +

©
Tax Kak Jas STOro MHTerpana mpH A — 0O CYWIECTBYeT KOHEUHWH mnpenea -

2 H
10 MHTerpan or 0 o co CXOAMTCA M HMEeT 3HaYeHHe
A
-
A— 0 2°
0
g d
dx X T
= i lim (—arctg A)=-5.
2 Sl-}—x’ A_l,"_r.leI-i—x’ _._.w( g4 2°
-

*) Mckaoyaerca JHWb cayvyaR, KOrja STH MHTerpaih paBHH GeCKOHEYHOCTH
Pa3HLIX 3HAKOB.
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283, Ipumenernue ocHOBHOH GOPMYJIbI HHTErPAJbHOTO HCUHCACHHS.
B npusesedHBX BHIIE NPUMEPAX WHTErPaj MO KOHEYHOMY TNDOMEKYTKY
BHUHCAAICA C TOMOWIBIO NepBo0Gpa3HON (yHKUWH, a 3aTeM oCyle-
cTBAsACS nepexod K mpexeay. MowHo o6beduHuTs 00a MOMEHTa B OJHOH
dopmye.

[Mycts, Hanpumep, dynkuus f(x) onpegeneHa W HenpepslBHa B Mpo-
MeXyTKe [@, ©0), Tak u4TO 1A f(xX) B STOM NPOMEXyTKE CylIECTBYeT
nepsooBpasnas ¢ynxuua F(x){n° 183], u no ocHosHOH ¢opMyae wun-
TerpajpHoro ucuucaenns [n°185]

4

A
Sf(x)dx:F(A)—F(a):F(x) )

Orcroga sicHo, uTo HecoGcTBeHHHH mHTerpans (1) cyulecTByer B TOM U
TOJBKO B TOM CJyuae, €C/1¥ CYHIECTBYET KOHEYHBIH npenes

A]im F (A)=F (o0),

H TOorjmaa
o

| /ydx=F()—F@=F(»)

a

AHanoru4Ho,

ff(x)dx=F(x)}a :

+ o +oo
| rax=Fe)|

ecaim noa F(—oo) pasymers npemen lim  F(A). Camas Bosamox-
A5 — 0
HOCTh BBIUHCJIEHHA ABOHHOM NONCTAHOBKH, CBS3aHHAs C CYULECTBOBaHHEM
M KOHEUHOCTBIO (UIypUPYIOIEro B HEA npefend, CBUICTENbCTBYET YKe
O CYWIECTBOBAHMH HHTErpaJja.
OO6paTHMcs K AalbHEHIUHM MPHMEPAM.

4) Vayyum npewxne Bcero BOMpPOC, NPH KAKHX 3HAUEHHAX I[OKa3aTeaa A cy-
ecTByYeT HeCOGCTBERHBIA MRTerpan

[ee]
dx

a

Mycts Az —1, 1oraa

d 1

x _
Vo=
a
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Ilpn A > 1 nBOHHaA NONCTAHOBKA—a C HE H HMHTErpal — MMeeT KOHeuHoe
3HaueHHe, TTpH A <<l o6a BHIpasmeHHAa o6pamaorcs B oo. [Ipu A==1 HMeem

o Y
——=1nx[ == 0.
X

a a

Taxkum 06pa3oM, NpeAnoXeHHbI HHTerpan mpu A > | cxogurcs, a mpu A <<l
pacxonuTcs.
5) PaccMOTpHM HHTerpanst (a > 0)

[ee]
S e %¥sin bx dx,

0
@

§ e %% cos bx dx.

BcnoMusas cooTBeTCTBYIOmME UM mepsooGpasHsie [n° 164, 4)), nomyuaem cpasy

[ee]

—ax __asinbx+bcosbx —ax [P _ b
Se sin bx dx = — a5 e =FIE
0
¢ bsin b b

Cax _ bsinbx—acosbx _,.|®_  a
Se COSbde——az+bs o SEFF
0

6) Haxoneu, unterpann

[s2] @
S sinx dx, S cos x dx

0 0
He CYIeCTBYIOT, MOCKONbKY NBOHHbIe NMOXCTAHOBKU
o] . o]
—Cos X |0 , sin x|
JMIIeHbl CMBICHA: COSX H Sil X NMPH X — OO NMPELeNOB HE MMENT.

284. Ananormsa c psanamu. [pocrelimue Teopemni. B nocienywuem
MBI OTDAHMYMMCS UHTerpaiaMu Buaa (l): BCe CKa3aHHoe O HHUX JIETKO
nepedocutes Ha caydad (2) m (3). Ilpn stom wmul Bcerma OyaeMm npen-
nonarate, uyro ¢yHkuns f(x) wuHTErpupyeMa B COGCTBEHHOM
CMBICNe Mexny /moObMHM TipelenaMn @ U A ~>a, Tak uTO BONpOC
OTHOCHTCSl TOJIBKO K HECOOGCTBEHHOMY HHTErpasy OT @ A0 CO.

(o]

Mexay HecoGCTBEHHHIMH MHTErpanaMu Sf(x)dx H  YUC/IOBHMU
a

oo}
psimaMu Y@, CymectByer ray6oKas 2H2JOTHS, KOTODYIO MO/E3HO noa-
i

YEPKHYTh.
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Ecan mponecc CyMMHDPOBAHHUS MO 1 3aMEHHTb NPOMECCOM HH-
TErPUPOBAHNA TO X, TO aHaJOTaMu OyayT

obuull waen pada nodunmezpasrsran HyRKyul
a, fx)
dacmuiHag cyMma pada coBcmeennnill unmezpan
A
N -
X, §Fax
1 a
cyMMa pada HecobcmBennsli unmezpan
© «©0
Na, S f(x)dx
1 a
Kax npedea wacmuinoi Kax npeder npeowdyuez0
cysmmun npu N — co unmezpasa npu A — oo
ocmamox pada unmezpan
o) o
2 a S
N+1 3

M nepeuncauM npocTeHmHe TEOpEeMH O HEeCOGCTBEHHHX HHTe-
rpanax, cxomusie ¢ TeopeMamu n° 235 o pspax. JlokasaTreabCTBO HX —
€ HCTNOJbSOBAHHEM YKA3aHHOH aHANOTHH — MPENOCTABJASEM UYHTATENIO,

o0
1° Ecau cxodumcs unmezpaaS F(x)dx, mo cxodumecn maxxce
[

o0
unmezpaa § f(x)dx (A>a), u naobopom. Iipu smomn

© A o]

{fax= f(x)dx+j f (%) dx.

a a
o]

2°. B cayuae cxodumocmu unmezpara S f(x)dx umeen

a

lim )5 f(x)dx=0.
A
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oo

3°. U3 cxodumocmu unmezpana S f(x)dx svumexaem u cxodu-
a

foe)
MOCIME UHmMeE2PAAL S c-f(xX)dx (c==const), npusen
a

§c-f(x)dx=c- §f(x)dx.

Haxkoueu:

o o0
4°, Ecau cxodmamcen ob6a unmezpaia Sf x)dx u S gx)dx,
a a

o0
mo cxodumcs uxmezpan S[ fx)Eg(x))dx, u
a

[re=e@nar—{ rmas {gwax

285. CxonMMOCTh HHTErpaja B CJy4Yae NOJNOWHTENbHON (yHK-
nui. Ecau dynxkuus f(x) nonmoxuTesnsHa (HEOTPHUATEAbHA), TO
HHTErpan

A
D (A)= Sf(x) dx @

NPEACTaBaAeT COGOH MOHOTOHHO BO3PAacCTAOU Y0 (PYHKUAIO OT me-
pementolt A. Bonpoc o CymwecTsOBaHHM I/ HEE KOHEYHOTO Npeena
npu A — 0O peaeTcss OUeHp NPOCTO — Ha OCHOBAHHH TEOPEMM O TNpe-
Jene MOHOTOHHOR (yhKuun [n° 47]:

Has  cxodumocmu HecoGemesennozo unmezpasa (1)—8 cayuae
noroscumensrnoli gynxyguu f(x)— neobxodumo u docmamouro,
wmobu unmeapas (4) npu sospacmanuu A 0Cmasancs 02paHULeHHb M
csepxy:

A
S fxydx<L (L == const).

Ecau axce smo ycrosue e 8mwnoaneno, mo uumezpan (1) umeem
3navenue oo, [Cp. n°236.]

Ha sTOM OCHOBaHA curefiytomiast <TEOPEMa CPaBHEHHs» JJI4 WHTErpa-
JI0B OT NMOJAOXHUTENbHHX (QYHKUuH
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Teopema I. Ecau, xomsa Ow npu x==A (A==a), umeem mecmo

[se]
Hepasencmso f(X)=<<g(x), mo u3 cxodumocmu unmezpaia Sg(x) dx
a
[ee]
caedyem Cx00UMOCME UHMEpasa S f(x)dx uau, wmo mo arce, u3 pac-
a

[e ) o0
xodumocmu S S (x)dx caedyem pacxodumocms g g(x)dx.
a a

JlokasaTenbCTBO MOXHO CKONHPOBAaTh C [I0KAa3aTelbCTBAa TeOpeMH 1
n° 237.

Hacto 107€3Ha  CAEAyIOLIAR  TEOpeMa,  ABJSIOIIANCH  CACNCTBHEM
nepBoi:

Teopema 2. Ecau cywecmeyem npedea

im S
in =K O=k=ioo

[se]
mo u3 cxodumocmu zmmeapa/tag gx)dx, npu K< oo, same-
a

[se]
Kaem cxodumocme zmmeepa/zag f(x)dx, a u3 pacxodumocmu nep-

a
8020 unmezpasa, npu K >0, swmerxaem pacxodumocms 8mopoz2o.
[Takum obpasom, npu 0< K< ~-co, o0a HHTETpasa CXOLATCH MM
06a pacXOASTCS OXHOBPEMEHHO.]
IHOKABATEABLCTBO—TaKoe e, Kak M ANS aHaJOTHYHOH Teo-
peMst 2 n°237.
BeiGupas KOHKpeTHYI0 (YHKIHIO IS CPABHEHHS, MOXHO OTCIOA3
MOJly4HTh YaCTHhlE NMPH3HAKM CXOAMMOCTH MJAM PAcXOAMMOCTH HHTErpana

o0
g f(x)dx. [Tlpakruueckoe B8HaUEHHE WMEET CpaBHEHHE C  (PyHK-
a

et ;lr, KoTOpas uHTerpupyema oT @ >0 1o co mpu A>1 u He

uHTerpupyema mpu A=< 1[n°283, 4)]. Ha 3toM noctpoesn caeayiouiue
NPU3HAKK.
[Iycmy 0as docmamouno Goavwux x ynwyus f(x) umeem sud

f@=2 " a>o.
Tozda: 1) ecan A>1 u ¢ (x)=<<c <-4 co, mo unmezpan S f(x)dx

cxodumen, 2) ecau sce A=<<1 u ¢(x)==c¢ >0, mo smom unmezpan
pacxodumcs,
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Ilns nokasaTenbCTBa Haj0 BOCTIOAB30BATHCA TeopeMo#t 1; dynxuueh
¢ o o
cpaBHenns apasercss —x [n° 284, 3°).

Ecau npu x — oo ¢hyuryun f(x) ssasemcs Geckoneino Maaoii
[oe]

nopadxka A >0 (no CPaBHeRunw ¢ %), mo uwnmezapan S f(x)dx
a

cxodumess uau pacxoOumcs 8 3Q8UCUMOCHIL om moz0, Oydem au
A>T um =<1,
3mech  caedyeT CoCaaTbCs HAa  TEopeMy 2; poab GyHKuu# g (x)

1
urpaert ny

[TPUMEP b
[eo]

oo
5 x> dx S‘ dx
STHEET YT

TMopuuterpaibHbLle BbIpaXeHHA NPH X — cO NPeNCTaBAAlwT co6oi Gecko-
HEYHO Manblc, COOTBETCTBEHHO, NMOpANKa !/, u 2. CnenosaTenbHO, NepBbifi HH-
Terpan pacXoXMTICH, a BTOPOH — CXOIHTCA.

286. CxomumocTs HHTErpasa B o6mem cayuae. Bonpoc o cxoau-
oo

MOCTH HecOGCTBEHHOrO WMHTErpana Sf(x)dx, corjacHo ofuwemy onpe-
a

denseHuro (1), TPUBOAWTCS K BONPOCY O CYIIECTBOBAHHM KOHEYHOrO

npexena npu A-—>oo aas ¢yskuun (4) or A. Ilpumenss k sro#t

¢yukuun  TeopeMmy Bosbuano — Komu [n°B3], MoxHO yciaoBHe cXo-

OMMOCTH HeCcOGCTBEHHOrO MHTerpana NpeACTaBUThL B CJAeAywuwed dopue:
©

Hars cxodumocmu HecoGcmBenHO20 UHme2pana S f(x)dx neot-
0

xodumo u docmamouro, wmobp Kaxcoomy uucay e >0 omaesaro
maxoe wucao Ay >a, wmobs npu A>Ay u A" > A swnoanssocs
HepaseHcmeo

|<I)(A')-(I)(A)|=!§'f(x)dx— ff(x)dx':l ?f(x)dx ~<e.
a e A

3ror Kpmepﬂﬂ MO3BOJSIET C JErKOCTHIO YCTAaHOBUTL TaKoe€ mpensao-

KEeHue: o

Ecau cxodumcs unmezpas S| f(x)|dx, mo u nodasro cxodumcs

a

o]
urnmezpan S fx)dx.
a
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B caMoM pnene, NpUMEHAS H3NOMEHHMH KputepuM K  AHTerpany

(o]

S| f(x)|dx, KOTOpHH nNpeanonaraeM CcXOASIMMCSH, BHAMM, 4YTO AJA

0600 ¢ >0 naitmercs Takoe Ay >>a, uTO
o
5 1f () |dx <,
aumb ToabKo A > A > A, Ho, ouesnano,
A A
|§f(x)dx [<§ |/ ) ldx

H, CA€NOBAaTENbHO, AN TeX He A, A’ TeM Goaee BHNOMHSETCH HEpa-
BEHCTBO

|:§If(x)dx|<e,

OTKYNa, B CHIy Haliero KDHTEpHH, BHTEKAaeT CXOAMMOCTb WHTErpaia
e
S fx)dx.
8

OTMeTHM, UTO M3 CXOZMMOCTH MNOCJAENHEr0 HHTerpana, BooGiue

@

roBops, He CJefyeT CXOAHMOCTb HHTErpana S| f(x)|dx. 3to o6cros-
TEAbCTBO [JaeT ocnonauue 0co6o OTJIH'-IaTb caemyromni cnyuaﬂ Econ

Hapsaly C HHTErpajoM S f(x)dx cxomutca u wumTerpan S| f(x)|dx,
a

TO HHTErpan Sf(x)dx HasHBaT a6COMWOTHO CXOXAMHUMCH,

a q)yuxumof(x)——a6comorﬂo MHTETrpHDYEMOH B NpOMENYTKe
[a, oo] ¥). Tlpumep uHTerpana, cxopsumerocs HeaGCOMOTHO, CymeT AaH
B n°287,

Ilokasannas TeopemMa NO3BOJAET  YCTAHOBUTb CXOAMMOCTb MHTE-
rpaja OT 3BHaKONMepeMeHHOR QyHkunu f(x), TpHMEHAA NPHSHAKH
NPEARAYILErO HOMEPA K MOJOXHUTEAbHOMR oyHkuuu |f (x)|: ecan

*) CHoBa — ananorus ¢ GeckoHeuHHMHM PARaMH [cp. n° 243].
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aT2 (yHKUMA OKA3LIBAETCA HUATErpupyeMo#h, To ¢yHKUMS f(x) Takxke
Gyner murerpupyema n mpuroM aGcoawTHO.

[ee]
Iycts, Hanpumep, npemsioXeH HHTErpa. %’;,—dx. Tax xak
cos ax 1
ESrl Ry

M uHTErpail oOT ¢yHKuMM cnpasa cxomurcs, To [n° 285, Teopema 1]
CXONUTCA WHTErpad OT (YHKUMH CJeBa, a ¢ HUM — (aGCOJMIOTHO) CXO-
JUTCH W TNPEAJIONMEHHWH uHTerpaj.

Kax BuaHo, a19 3HaxkxonmepeMeHHOH QYHKUHH H3JI0XKEHHBIE
31eCb COOOPaWcHH — B GMarONPUATHOM CJy4ae — MOTYT YCTAHOBHMTb
auplb a0COMIOTHY O CXOAMMOCTb. ECAM e MHTerpaa oT AaHHOH
GYHKURH DAaCXOAMTCH WIHM CXOAMTCA, HO He abGCOJIOTHO, TO PpAasjIHYHTb
3TH CJyyad C MOMOILbI0 TNPH3HAKOB, YCTAHOBJIEHHHX [/ TOJOXHUTEAb-
HHX (yHKIUE, Heab3s,

287, Bosee TOHKHe mMPH3HAKH. Mul NanuM cefiuac OPHU3HAKHM IPYroro THMA,
KOTOpHE TO3BOJAIT YCTAHABAHBATL CXOJHMOCTb HeCOGCTBEHHbX HMHTErpaioB B
pale cayyaes, KOTKa a6COMIOTHAA CXOIMMOCTh OTCYTCTBYeT.

Mycts Hmeem nBe dynkuun f(x) U g (x), onpefenenHne W HempepuBALe B
npomexyTke [4, 00); oTHOCHTeabHo ¢yHKUMH g (x) Gylem eme Npennonarath,
YTO OHa MOHOTOHHA M HMEeT HENpepLiBHYI0 M€ NPOW3BOAHYIO (OYEBHIHO,
He MeHawulyio 3Hakal). Hac unTepecyoT ycnopus, o6ecreynBaonie CXoauMoCThb
HHTerpana OT NPOH3BENCHHA

S 798 (¥) dx. ®)

TIpednonoscum, 4mo
() 1) unmezpan (4)

A
Q(A):Sf(x)dx

npedcmasasem coB600 02pacudennyl0 GyrKguo om A:
|®(A) | <K (K=const, a << A << )

[ne]
(xom 651 npepesa lim @ (A), 1. e. BecoGCTBEHHOro HMHTErpana Sf(x) dx,
Ao
a

A He cymecrmaano);

27)g(x)—~0 npu x — co.
0208 unmezpan (5) cxooumes.
Mpu mo6ux A > A> g umeem, HHTErPHPYA HO YACTAM!

A A

§f(x)g(x)dx=¢’(A')g(A')——‘I’(A)E (A)~§ ® (x)g (x)dx;
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€CIH K TocHeiHeMy HHTErpaly TDPHMEHHTh O60GLIEHHYIO TEOPEMY O CpeliHeM
[n° 182, 10°], To OH TMpeACTaBHICA B BHAE

A A
)S @ (x)g(x)dx=2 (E))S gxX)dx=3 @) [g(A)—g4)] (A<E<A)

U OKOHYATEJAbHO
Al

§ F(x)g(x)dx=[2 (A)— @ @) g (A)+ [2 ) — D (A)] g (A) (6)

Tak kak, B cuay 1), o6¢ CKOGKM 110 a6COMOTHON BenuyuHe He MPEBOCXOAAT 2K,
a, BBuly 2), natinerca Takoe Ag YTO HpH X > A,
€

le () | <z

(rne £ > 0 B3ATO Hamepex 1o NpoU3BORy), TO NMpH A’ > A > A,
AI
|§ Fg )<

OTKYfla M clelyeT CXOAMMOCTh MHTerpanma (5) [n° 286].

Mo3KHO 3aMEHHTb BBICKa3aHHbIE YCMOBHA [pYriMH, noTpe6oBas Géabmero
OT MHONHTENA f, HO 3aTO OOJerYHB YCIOBHMe, HajaraeMoe Ha MHOXHTEMb g.
Wmenno, nycmo menepy

(Ily 'y eywecmsyem HecobemgenHblil unmezpan

Sf(x) dx=A1im @ (A);

2y diynkyus g(x) oxa3vsaemest 0ZpAHUYEHHOL:
[g(x)|<L (L= const; a<< x < o).

H npu smux ycaosusx unmezpan (5) cxodumes.
Ha 3tot pas B (6) BTOpbie MHOXHTENM OrpaHHYeHbl, a NepBbe — 33 cyeT A
H A" — MOryT GbITb Clleiabl CKOMb YFrOIHO MalbiMW, UTO NPHBOLAHT K TOMY ke

pesyabTaty.
OO6patHMcA K TpHMe paM.
Wnterpans
[o 0] . (e
sin x cos x
S o) dx, S ) dx
a a

(npr ¢ >0 u A > 0) cxopatcs no npusnaky (I). 3a pynkuuio f (x) anecr MOXHO
B34Th, COOTBETCTBEHHO, Si X WM COS X, TaK KakK

4 A
‘Ssinxdx‘—_—icosa—cosAlgz |Scosxdx'<2,
a a

X0Ta B GECKOHEYHOM TpOMExyTke 5TH (GYHKUMH M He uHTerpupyembi [n® 283, 6)];

poab g (x) urpaer -



287] § 1. HECOBCTBEHHBIE UHTETPAJIBI C BECKOHEYHBIMHU NPEAERTAMU 121

25%)" 7\]> I 9TH UHTerpannl CXOZATCA a6CONIOTHO, NOCKOIbKY CXORUTCA
n’ 4)] unrerpan
[ 283, 4) .
dx
;):’
a

a |sinx| m |cosx|=<Cl. Hao6opor, npu A=C1 o6a wuuterpana CcXomsTCst
Hea6conwTHoO. Haa Toro yro6e nOKa3aTb 3TO, HANpUMeEp, &AA MHTErpana

[oe]

sin x
S dx,
X

a

HY¥HO YCTaHOBHMTb, YTO WHTErpan
* N
s X
S ———' | dx
X
a

paczonurca. [MeicTBuTenbHO, ecny Gkl STOT MHTErpan CXORWACA, TO BBHAY
HepaBeHCTBa
|'sin x | Z=sin® x

u nomaBHo [n° 285, Teopema 1] cxommaca 6nl M METerpan
T sin? 1 ¢ 1—cos2
sin? x —cos 2x
S dx =+ S —dx;
x 2 x

a a

Npu6aBUB K HEMY 3aBCIOMO CXORAWMHCA HHTerpan
T cos2
1 cos 2x
-\ —dx
2 X ’
[

Mbl NpUIAN Gbt K 33aKIMIOYEHWIO, YTO CXONMTCA HHTerpan

o

1
2
a

| &

X

>

uero Ha fene Her [n° 283, 4)).
3aMEYAunE Tenepb, KOrNa Mbl YCTAHOBHAM CXOAMMOCTh MHTErpason

[ee] . [o o]
sin x COS X
(%0 w {254y
X x

a a

Mbl MOEM, HAKOHEl, Y TOYHH T b OfNpelielenne HE3NeMEHTaPHLIX PYRKUHA si x
(cMHTErpansHbIf CHHYC») M Ci X é«HHTerpaanuH KOCHHYC»), O KOTOPOM Mbl yno-
MMHagu B TepBoM TOMe (cTp. 316). Vimenno, nonarator

o]

oo
six=—S S";tdt, cix:——SCO:tdt.

X x
(x=0) (*>0)
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Ecan, sanpumep, BTOpYI0 H3 ITHX (opMyn HanmucaTh B BHAE:
X 0
cix= g G LI LAY
AR 7 ’
i
TO — N0 H3BECTHOMY CBOHCTBY ompenenenHoro uurerpana [n° 183, 12°] — sacho,

€0s X
YTO WPOM3BORHAA OT Cix JeHCTBHTENbHO pasHa "

§ 2. HECOBCTBEHHBIE HHTEIPAJIBI OT HEOMPAHHYEHHBIX
SYHKLHI

288. Onpenenenne HHTErpasioB OT HeOrpaRMueRAHmX dyukuuii, Pac-
cMOTpUM Tenepb (yHKIMIO [ (X), 33aHHYI0 B KOHEUHOM TPOMEXYTKe [a, ],
HO HEeUHTerpupyeMmyw B 3TOM npomexyrtke. Ilpeanonoxum Gosee
ONpPENEe/EHHO, YTO OHA MHTerpupyema B JioGoM npoMexytke [e, b — 1],
rae 0<<b-—a, HO OKa3bBAETCS HEHUHTErPUPYeMOH B KaXIOM mpo-
MexyTtke [b—, b] caeBa ot Toukn b. Touka b HOCHT MpH 3TOM HaaBa-
HHe 0Cc06OH TOUKM.

Mooieno noxa3ame, 4rmo 86iusu mouxu b gynxgus f(x) mozda
HeoOxo0umo Gydem HeoapaHu4eHHOLl, U UMEHHO B 3TOM MpPHYMHA
TOro, 4t0 BOGAuW3M b oHa HeuHterpupyeMa. O6GnuHmM s Hac Gyder
cayyali, xoraa ¢pyHkuns f(x) B Touke b <«oOpautaercs B GECKOHEUHOCTb»
(HamOMHMM, YTO MOA 3TUM pasyMeeTcd /MWL TO, 4TO NpA x — b yHk-
1Usl CTPEMHTCA K OECKOHEUHOCTH).

b—1
Konewnnii uan OecxoHednsili npedea unmezpaira S f(x)dx npu

a
71— 0 nasesarom (necoGemsennsin) unmezpanors @yuryuu f(x) 8 npo-
Mexcymre om a 0o b n 0603HauawoT:

b b—n
Sf(x)dx:lim Sf(x)dx. )
a "]"*0 a

B cayuae cyimiecTBOBaHMA TaKoro KOHEUHOT O Mpemesa roBOPAT,
yro uurerpan (1) cxonntcsd, a pyHkunio f(X¥) Ha3HBAIOT HHTET P U-
pyemo# B mpomexyrtke [a, b]. B npoTuBHOM cJayyae MpO HHTErpai
FOBODST, YTO OH PacCXOAHNTCH.

OrpaHHYeHa M WHTErpHpyeMa B 11060M

Meumer. 1) Gynkuus
—x
npoMexytke [0, | —n] (O<q<l), u
1=

§ —VL = arcsin (1 —1).

l— a2

B touke x =1 Qynkuua o6pawaerca 8 6eCKOHEYHOCTb., OUYEBNIHO, TOUKA x =]
H ABAAETCA OCOGOH.
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Tax xak BouMcAeHHmH uHTerpan npu 4 — 0 CTpeMHTCR K npeneay

arcsin l=—;-, TO CYILECTBYET HECOGCTBEHHMA MHTErpan
1 1—
X —lim oz
Yi—x 920 T2
Mycrs Tenepn ¢ywkuus f(x) orpannyeHa u uurerpupyema B moGoM
4 r
npomexcytke [a1, b] (0<v'<b—a), HO OKkaswBaeTcs HemHTerpu-
pyeMo#t B KaxaoM npomexyTtke [a, a4 1] cnpasa o Toukn a (oco6asn

Touka). Torna (HecoGcmsennuli) unmezpas gynxyuun f(x) om a do b
onpedessiemci pasencmeom

b b
Sf(x)dx:lim Sf(x)dx. )
a 70 a7
Ecan o6e Toukr a M b OKasuwBawTIcA OCOGHMH, TO onpedescHue
unmezpasa om a 00 b daemcs pasencmson
b b—ms
f@dx=1im g fx)dx. 6)
N =

1

.
a ng—0 81

Onpenenenne (3) MOMKHO 3aMEHHTL TaKHUM:

fﬂﬂu=§ﬂﬂw+§ﬂﬂu,

B NPeanoaoxenut, uro a < ¢ < b u 062 Heco6CcTBERHHX MHTErpasna cnpama
CyWecTRYIOT (TpH 5TOM BROOD TOYKH ¢ POJAu He Hrpaet) ¥),

Mo ornowenuo K HecoOcTBeHHHM BHTErpanaM (2) u (3) coxpansercs
Ta K€ TEPMHUHOJOI'HSH, UTO K BHIIE,

HPpuMEPH.

0
2) S%, oco6an Toyka — I,
=1
: d : d
X X =
e —— 11 — i — in(—1 Y] = —-*
SlVl—x’ 0 S VT —am [ arcsin (= 1 47)] =5

=i+

1
dx
3) S ~—————, KBe 0CO0nie TOukH —1 u I,
£ YT—4*
1 p 0 1
x
iv?fﬁ—i+§—“
*) Cm. cHocky na crp. Ll
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Herpymio noHsTe, KaK olpegenseTcs HeCOOCTBEHHBIH  HHTerpan
Sf(x) dx npu Raanupn JoGOro (KOHEUHOro) uucna OCOO6GH X  TOUeK.
a

HakoHeu, paccMOTpumM yHKIMIO f (X), 3a4aHHy0 B GeCKOHEYHOM Ipo-
MEXYyTKe, Hanpumep, B [a@, 00], M KMEOWYI) B HEM KOHEUHOE UMCJIO
0CO6HX TOYEK ¥), BOIM3M KOTOPHIX OHa MepectaeT GuTb HHTEr pUpyeMoM.
IMpeanooknM, YTO B KaXAOM KOHEUHOM NpomexyTke [a, A] uHTerpan
A

S‘f(x) dx CylwecTBYeT, KaK cOOCTBEHHBIH MU KaK HeCOGCTBEHH ], COT1acHO
a

NaHHOMY Bhillle omnpejenenno. Torna, nepexoms eme pa3 K npeaeny
npu A — oo, moxHo pasencrsom (1) [n° 282] ompeneaurs HecoGcTBEH-
ublfi MHTErpa’ B NPOMEXKYTKe [a, ©O].

289. TlpumeHenue OCHOBHOU HOPMY LI HHTErPAALHOTO HCYHCTCHUS,
IMycte dynxuus f(x) onpegeneHa u HenpepHBHA B MPOMEXyTKe [a, b),
B TO BPEMA KaKk b caykuT aaa Hee ocoGofl TouxoH. Ias f(x) B mpo-
MeXyTKe [a, b) cyuwecTByeT nepsooGpasHas dyHkuus F (X), n

b—n
| r@ax=Fe—n—F@=rx]"",

TAK UYTO CXOAUMOCTb 1ecoOcTBeHHOro wuHrterpada (1) paBHOCH/BHA
CyLIECTBOBAHUIO KOHeuHoro mnpegeaa lim F(b-—). Ecau nocaennu#t
CYWIECTBYET, TO €ro eCTECTBEHHO npuugno 3a 3Hauenue F (b) neproob-
pasHo# (yHKUMH NPU X == b, ZOCTHrHYB 9TUM HenpepeiBHOCTH F(X) BO
BceM npomexyTtke [a, b]. Jas suuHcaenus uHTerpana (1) Ml umeeM
Toraa (opmyJy OORUHOIO BHIA:

b
Sf(x)dx::F(b)—F(a):F(x) Z )

Ta xe ¢opmysa vUMeeT MeCTO ¥ B TOM CJy4ae, ecau oco6as Touka
JIEKHT BHYTPH TPOMEKYTKA WJIH NMPU HAJIWUUY HECKOJBKHX OCOOHIX Touek,
HO (3TO HYXHO TBEePAO JIOMHMTDL) IDH HENPEMEHHOM YCJIOBAH,
yTo6n mepsooOpasHas dyukuns F(x), umeowas f(x) csoel npousson-
HOH BCIOAY, MCK/MO4Yas o0cCoOBle TOUKH, ObiAQ HENpepyi8Ra U 8 Smux
nocaednux. CyulecTBOBaHWe Tako#l nepBooOpasno#t o6ecneyuBaeT Cxo-
OUMOCTb HecoGCTBEHHOro MHTerpana. Ecam e nepBooGpasHas Ha Kouue
NPOMEXYTKa WM BHYTPU Hero oOpauiaetca B GECKOHEYHOCTb, TO UHTe-
rpaj] pacxXomuTCA.

*) Ocobhix TOYeK MOMET ObITb U GECKOHEYHOE MHOMECTBO, MMIUb Obl B Kax-
I0M KOHEYHOM mpoMexyTtke [a, A] (A>a) nx 6bi0 avllb KOHey[oe
uncao (KOTOPOE MOMKET PacTH 10 GeCKOHeyHOCTH BMecTe ¢ A).
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OO6parnmMcss K NPUMEPAM,

4) Viccnenyem, NpH KakMX 3HaYeHHAX Nokasateds A >0 CXOIMTCA Hecol-
CTBEHHBIN HHTErpai

b
dx
S (xTa)" (b > a).
a
[peanonaras Az£1, uMeeMm
d d 1
_ax i )?

S (x—ap} 1 ——)\(x a) {a’
a

TaK 4YTO MHTErpan CXOmMTcs NpH A << 1 M pacxogutcs npH A > 1: mepsooGpasuas
Ha KOHUe x ==a ofpaumaercs B GeCKOHeYHOCTb. [lo TOH e MpUUYMHE pacXomUTCA
MHTErpan M upu A=1:

b

dx b
Sx—a =In(x—a) K
a

5) AHanoruuyHbif pe3ynbTaT MOMET OblThb YCTaHOBJIEH OTHOCHTENBHO MH-
Terpana
! d
X
G—op >4 2>0

a

KOTODHIt HECYLeCTBEHHO PAa3HUTCA OT NpedbiIyLIEero.
1

6) dan mHTErpana (5 In x dx ocoGas touka x=0. Mmeenm

1

i
S Inxdx=xlnx—x 0=—l,
0

TaK Kak npH x — 0 nepsooGpasHas uMeeT npejieibHOe 3HayeHHe Q.

290. YcnoBus H NPU3HAKK CXOAMMOCTH HHTerpana. Mu ocra-
HOBUMCS JMIIb Ha CJyyae, CBSI3aHHOM C omnpefeienuem (1), Tak Kak
nepepasHpoBka AAs JADYrdX CJAyyaeB He MNpeACTaBjseT TPyAHOCTeH.
Bsuay noaHo#t aHazorud ¢ HecOGCTBEHHBIM WHTErpasoM, PacnpoCTpaHeH-
HBIM Ha GeCKOHEUHBIH NPOMEXYTOK [a4, co], Mbl He GyleM NepeuyrCasTb
npocreftiux Teopem [cp. n° 284], a no Bompocy O CYLIECTBOBAHHU
WHTErpaJa OIPaHHYMMCH (OPMYJHPOBKOH HEKOTOPHIX OCHOBHHX M0JIO-
WeHUH — WX J0Ka3aTeJbCTBA aHAJOMHUHBL TIpUBEJEHHBIM BhiLe. Bo Bcex
Cayyasix HHTETPUPYeMOCTh (B COOCTBEHHOM CMbiCAe!) paccMarpuBaeMblX
Oynkuui B moboM npomexytke [a, b —n] (q>>0) mnpemnoaaraercs, u
€AMHCTBEHHO TOUKA X ==§ aBJAseTCs 0CO0 6O H,
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Kak u B n° 285:
Ars cywmecmsosanuss HecoGcmeenrozo uwumezpasa (1) 8 cayvae
nosroscumensHoll ynxyguu f(x) neobxodumo u docmamouno,
b—n
4moOn uHme2panr S S (X)dx (> 0) ocmasascs ozpanutennnm coepxy:
a

S fwdx<lL (L == const).

Ecau ace amo  ycaosue ne svnosnerno, mo usmezpar (1) umeem
3HaxeHuer - oo.

Teopemnt cpaBHenus 1 n 2 u3 n° 285 1A% NONOKHTENLHBLIX (QYHKIHHA
W 31eCb MMEIOT MecTo. Mbi He CTaHeM HX BOCIPOM3BOAMTH, HO cdop-
MyJMPYeM OCHOBaHHHE Ha HUX TIPH3HaKH.

TTycms 0as docmamouno Oausxux K b 3navenui x dyuxyus f(x)
umeem 8:10:

fo=g% a>o.
b
Tozoa: 1) ecau A<1 u o(x)<<c < oo, mo uxmezpan S f(x)dx

a
cxodumes, 2) ecau e A=1 u q(x)=c¢ >0, mo smom unmezpaa
pacxodumcs.

Bonee uactHas dopma, yaoGHas Ha NPaKTHKE:
Ecau npu x— b gyaryun f(x) ssagemcs 6ec1couelmo boasuol

nopaoka A >0 (no CPABRENUIO € 7— I ) mo unmezpan S f(x)dx cxo-

Oumcs uru pacxodumcs 8 3asucuMocmu om mozo, dybem au A1
uan A>=1.

MMPUMEPH.

dx
] —
) § ]‘/ I—xt
TogmuTerpaabHan Gyskuna npu x — 1 npeacranader 6eckoHeyHO 60AbIIYIO NO-
pamka —-:
! : ! = ! npu x — 1,
f/l—x‘.f/l—x f/l+x+x’+x3 -'/'_

CnefoBaTeAbHO, HHTETPAN CXOLHTCA,

2 \ tgxpar  (p£0).

o&,;w{a
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Ecau p>0, 10 oco6olt Toykolt saBamerca %,
B 06oMX cayuasx NMOIMHTEIpaibHOE BHPAaXEHHE ABAACTCH GECKOHEYHO GOabILOH
nopanka |p |. Vrak, cxomumocts npH |p | <1 u paczomgumocts npu |p|> 1.

npu p << 0 oco6as Toyka 0.

1
3) S x84 (1 — x)> 1 dx.
0

Iipn a <1 ocoban touxa O, npu b <<1 ocoban Touka 1. PaszaomuM npenso-
1
1 3 t
XEeHHLI MHTErpa; Ha [Ba, HanmpHMep, TaK: (5 = § + S Tax kak nmoguuterpaab-
i

Hag QyHKkuMa npH x — O ABaseTca GeckoHeyHo Goabmoft (ecan a << 1) mopsmxa
1—a, 10 mepBuA BHTerpax CyulecTByeT JWMIb npnyrycnoann l—a<l, 16
a >0, aHanoruyHo, BTOpoll cyulectsyet npH & > 0. Utak, npemnoxenHuit unte-
rpal CXOZHTCR B TOM H TOJAbKO B TOM Clyuae, €CIH OJHOBPeMeHHO @ >0
Hb>0

(o]
4) 5 XP~le~* dx,
1
Ocofue Towkn co B 0 (nmpu p << 1). lScymecnsyer aAmb npa p >0 (6ecxo—

@0

1
HeyHo Goabmias nopsAaka 1 —p N0 OTHOMEHHIO K ?). 5 CYLlEeCTBYET, KaKOBO

6bl HM 6HLIO p, TaK Kak, B3nB A > 1, uMeeM
xP-1px xMp-1
1 T T e

XX

— 0 opy x — oo;

@0

OS cymecrsyer npu p > 0.

JAMEYAHHE Mudynomma:m B nepeoM ToMe (cTp. 316) o HesaemenTap-
BOA ¢yHkuuH liy== S "1_{;-' (eunTerpaapHhitt norapHdM»). UroGu yTouHuth conep-
KAWYIOCA B WHTErpase NMPOM3BOAbHYIO MOCTOAHHYIO, NONAraioT

dt

lly= m.

Tipn y <<l 9701 MHTErpas cymectsyer kak cobctsennufl. Onnako mpu y > 1
WHTErpal TEPAET CMBICH — Hawe kak HecoG6CTBeRHbA, TaK Kak npyw £=1 mnog-
unterpasbHad QyHKUHA ABAAETCA GeckOHeyHo COJbMION NMepBOro mnopaaxa
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1
(1’10 CPaBHCHHIO C i—l>' B stom cayyae HanMCaHHbIH BbILIE HHTErpan I1OHH-

MAT Kak npeien
1—¢

. dt
lim S + i
0

§—0
1+
Ha nokasatenncrBe CyeCTBOBAHWA TAKOro npenena OCTaHABAMBATBCA He GyKeM.

B cayyae 3nakonepemenno# (yBKuuMM, npuMeHss npusHak bBoab-
uaHo — Kouwn, uMeeM Takoe ofllee YCJAOBUE CXOAHMOCTH:

b
Jas cxodumocmu HecoGCMBEHH020 UHMeE2PAAA S f(x)dx, 20e b—
a

ocobas mouxa, Heo6xo0uMO u OQ0OCMAMOHHO, HmolGsl KAHOOMY
wucay ¢ >0 omsewaro maroe wucso 8>0, wmobe npu 0< <8 u
0+ <3 smnosnsisocs Hepasencmso

b—
‘ S f(x)dx‘<e.

b—7

OTCK)lla, KaKk @ BbIIIE, BbITEKAET.
b

Ecau cxodumcs unmeapan S | f(x)|dx, mo u nodasno cxodumes

a
b
UHME2PAA S f(x)dx.
a
OGparHoe, BooOuie rosopd, HeeepHo. IlosToMy u 3aeck ocoGo oT-
b

JWYAlOT ejyyaH, KOrfa Hapady C MHIErpajom Sf(x)dx CXOOWTCE H
a

b
S | f(x)|dx; Torna mepBml uHTErpan HaswBaT aBCONWTHO CXo-
a

nsmumcs, a gyukumo f(X)~—abCcONIOTHO MHTErpUPpYyeMoO#
B npomexyrke [a, b).

§ 3. NIPEOBPA30BAHHE H BbIYHUCJIEHHE HECOGCTBEHHBIX
HHTEIPAJIOB

291. ViuTerpupoBanie NO 4acTAM B cAyuae HecOGCTBeHMbIX HH-
rerpanor. Ilycte ¢yHkumn u=—u(x) ® v=—wv(x) ONpEHENEHH U He-
NPEPHIBHL BMECTE CO CBOMMH IEPBHIMH MPOM3BOAHBIMM BO BCEX TOYKaXx
npomexyTka [a, b], ncxmouas Touky & (KoTopasm MOXeET OHITh paBHa H
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-}-00). Torna uMmeer MecTo DaBEHCTBO
b b
b
udvzuv‘ — S vdu,
a
a

a
€CAN NoA ABOHHOH NOACTAHOBKOH NOHMMATh PasHOCThb

]imb u(x)-v(x)—u(a)-v(e).

Tlpr 3TOM npeamonaraeTcs, YT0 M3 TPEX BXOAAWMX B PABEHCTBO Bi-
paxenu#i (ABa MHTErpana wu MABOHHAs NOACTaHOBKA) WMEIOT KOHEYHOE
3HAYEHHE N Ba: ANA TPETLErO ITO YHKE OTCIOAA BHITEKAET.

B camom nmene, BaaB a<xy<b, Hanumem oObuHyK opMydy
HHTETDUPOBAHUA 1O 4YacTaM A TNPOMEXYTKa [@, Xy}, TAe Bce HHTe-
rpansl — coGcTBeHHRE:

X0 Xy
Sudv:[u(xo)-v(xo)—u(a)-v(a)]—Svdu.
a

a

IMycTe Teneph B 3TOM paBeHCTBe X, crpemurcs k b. Ilo ycaoBuio, /Ba
U3 BXOMSWMX B HEro BbIPaXEHUR UMEIOT KOHEYHble Mpelessl Mpu
Xy— b*). CneloBaTeNbHO, MMEET KOHEUHMH [OpElen TaKKe TPEThbe
BHIpaXEHHE, W [OKa3blBA€MO€ DAaBEHCTBO OIPABAHIBAETCS C TIOMOLUBIO
npeAeabHOro mnepexoaa.

Nrumer
T _1.!_ T
T % p) 7
. . €os X X
1nsmxdx=x-lnsmx’ —\ X ——dx=— \ ——dx
0 sin x tgx

~— AHTErpMpPOBaHNEM 110 YacCTAM 3JeCb YJ410Ch CBECTH HeCOGCTBEHHHH WH-
TErpal K COGCTBEHHOMYy M TeM JI0Ka3aTh CYIIECTBOBAHHE HeCOGCTBEHHORO
HHTErpana.

292. 3ameHa mepeMeHHBIX B HeCOGCTBEHHBIX HHTerpainax. Ilycrs
OyHkius f(x) onpemencHa u HENPEPHIBHA B KOHEYHOM WM GECKOHEY-
HOM MpoMexyTke [a@, b) W, CNENOBATENBHO, HHTErpUpyeMa B COGCTBEH-
HOM CMHIC/IE B KamIoH €ro uacTh, He colepxauled TOukM b, Koropas
MOMET OBTh M -}~ 00, 9Ta TOUKA, MO NPEANIOJIOKEHAIO, ABAACTCH EIHH-
cTBeHHOH 0co60H Touko# Mist dyHKuun [ (x).

b
*) 370 BEPHO ¥ B TOM chyuae, KOTAAa KaKOW-THGO M3 WHTErpajoB S OKa3bl-
a

BaeTCA CoGCTBeHHEM[n® 183, 11°].



130 I'J. Xvil. HECOBCTBEHHKWE WHTEIPAJIN 1292

PaccMoTpum Tenepr MOHOTOHHO BOBpPAacTawWylo QYHKHHIO
X == (f), HenpepHBHYIO BMECTE CO cBoel npoussofHo# ¢ (f) B npo-
mexyTke [0, B), rie B Moxer OHTb u —- 0o, M ZonycTuM, uto ¢ (®)=a
n ¢ (B)=~>. [Tocaeanee paBeHCTBO HaNJEXWT NOHMMAaTb B TOM CMBICAE,
yro lim ¢ (f)=2b.

t—p

Hpn 3THX YCJIOBHAX HMeeT MECTO PaBEHCTBO
b g
§feade={fe®)v@at M
a a

B NPEANOJIOKEHHH, UTO CXOAUTCA ORHH M3 3TUX MHTErpaioB (CXOIu-
MOCTb ADYroro OTCIOfla yXe BHTekaer). Bropo# wuurerpan Oyzer auGo
COOCTBEHHHM, NH60 HECOGCTBEHHBIM — C E€NUHCTBEHHOH 0cOoGOH Touko# P.
ITo Teopeme 06 obpaTHoHt ¢yukuun [n°71] scHO, 4TO W ¢ MOKHO
paccMaTpHBaTe KaK MOHOTOHHO BO3DACTAOWIY!0 W HENPEpHBHYID (YyHK-
umo ot x B [a, b):t=="0(x), npuyem lim0(x)="2.
x—b

Ilycts Temepe X, M f, GyAyT NpPOHM3BOJLHLIE, HO COOTBETCTBYIOLLAE
OJIHO JpyroMy 3HaueHHs x ¥ f{ n3 npoMexytkos (a, b) u (x P).
Toraa ¢ nomowbio 8ameHE nepeMeHHo B CoGCTBeHHOM unTerpane Oy.
lleM uMeTb

X9 I
{fede=(7em)-v @ a

Ecan cxomutcs, ckameM, BTOopof ua uHTerpanos (1), To CTavem npu-
GauxaTh NMPOHM3BOABHHM 06DPasoM X, K b; npu stom fo="0(x,)
YCTpeMuTcs K P, 4 MH yCTaHOBHM (opMyay (1) OAHOBPEMEHHO C HOKa-
8aTe/bCTBOM CXOAMMOCTH HHTErpasna CJAeBa.

Hawe paccymaeHue OJHHAKOBO MPUMEHHMO B CAyyae MOHOTOHHO
y6usawmeh ¢ynxkunu ¢ (f), xorza a >B *). Tak me HCuepIHBAIOTCA
M Apyrue BOSMONHBIE Cay4ad pacnpeleneHds oco6mx Ttouek. Ilpu pac-
CTaHOBKe TmpeliesoB B NpeoGpPa3OBAHHOM MHTerpane BCerja CJAeayer
TIOMHHTB, YTO HUJCKU Npeden o Q0ANCEH COOMBEMCMBOBAMb HUNCHEMY
npedeay a, a sepxuul npedesa B — sepxrnemy npedeay b, Hezasucumo
om moz0, Gydem au a<_B uan o >B.

[Tpumepn. 1) Buuncaute unTerpan

Sg dx
p Vx—a) (0—x)

¥) Ul B cayvae HecoGCTBEHHWX HHTErpanoB, NpH a >> B, MK mozaraeM

-
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NOXCT2HOBKOH
==acos® ¢ 4 bsin® o
k4
3necs a =0, f= s M HMCKOMHH HHTerpan npHBOAUTCA K co6CTBEHHOMY
HHTErpany

b}nla

2\ do=n=.
[es)
2) s ycraHOBAEHHA CXOAWMOCTH WHTerpana Ssin X*dx BHIOIHHM B HeM
0
. - dt
3aMmeHy nepemenHoft: x=1VJ'f, dx=T, a=0e=0, b=p=0c0. Mu mnoxy-
t
1 ¢ s
YAM 3aBEIOMO cxofsmutica [n° 287] urterpan 03 :I/Lt_t dt, cnenoBatenbHO
0

CXOOUTCA H NpERAOMeHHHH HHTerpan. MHTGPECHO OTMeTHTb, YTO IIONBHTErpanb-
Hasa (byHKllHﬁ B HEM TPH X — CO HE CTPEMHUTCA HH K KaKOMYy npejeny, KoneOaaAch

mexny — 1 u 4 1.
@

AnanoruyHo McyepnuBaeTcs BONPOC O CXONMMOCTH WHTerpama ‘5 cos x* dx.

3) Buuncnenve unrerpasa
(o]

dx

I=\V\1r=
0

MoxeT SHTb OYeHb yIUpoweHO NpPHMEeHEHAEM uenecoo6pa3nux NOACTAaHOBOK.
ﬂpe)xne BCEro, K HeMy NpMBOIHTCA HHTErpan

«©
xdx
14 xt

i
NOACTAHOBKOR X = i {(a=0, b=o00, a=00, p=0), Tak YTO MOMXHO HammcaTb

1| a4mar 1 ‘(1.;.;‘;)“

I=% iFe 2 L1
; yorT
Ecau Temepb nmpuGerHyrs K MOJCTAaHOBKe x—%:z(a=0.b=oo,a=—oo,
f==00), TO cpazy moayyHM
-+ o0 -} o0
J=1 S dz 1 _arelg ——| =——o,
2 S4+27 2972 va2l_ 2Y2

- 00
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293. BhiuncieHHe HHTErpajoB C MOMOWBLIOC HCKYCCTBEHHBIX NPHEMOB.
Mbl BBLIYMCIHM HECKOJbKO BasKHHIX HECOGCTBEHHBIX HMHTEIPAajJoB C MDHMEHEHHEM
MCKYCCTBEHHB X MPHEMO'B. COOTBETCTBYIOUlME NePBOOGDasHbie (yHKIMH
azecb B KOHEYHOM BHIe He BBHIDAXaiOTcd, M MMM BOCIOAb30BAaThCA Henbsd. Bee
9TH MHTErpanbl GbiAM M3BECTHbI emle Marematnkam XVII Bexa (B wacTHocTH —
Dirnepy), HoO — 6€3 CTPOroro BHIBOJA.

I°. TlocrasuM ce6e 3ajauell BLIUMCAMTL HHTErpan

k7

P
J= S Insin x dx,
0
B CYLleCTBOBAHHH KOTOPOro Mbl yxe yGeInsucs [n® 291].

JT0 BLIYHCICHHE OCHOBAHO HAa WCMOJb30BAHMHM 3aMmeHbl NMepemenHoit. KMecew,
nonarans x —2t:
T T
1 T

J=2\ Insin 2:4::%1:1 2+ 2S1nsintdt+2$]ncostdt.
0 0

QL——;*[a

ki
lMoxcraBnaa B nocsefneM WHTErpane t=7—u, npuBeseM ero K  BULY

T

2

2Sln sin u du, Tak YTO, OKOHYaTeAbHO, NS ONpefefcHus J MogyyaeM ypas-

™

4
HeHHe

=g—-1n2+2./, OTKYIa J=-—-%ln2.

2°. OGpaTnMce K BbIYHCAEHHIO HHTErpana
o0
— x2
K= S e dx,
¢

BCTPEYAIoulerocs B TeopHH BeposATHOCTeH *). C sToff neabio npensapuTensHo
NOKQXEM HEKOTOpDble HEPABEHCTBA.

OGbiunbimMA B nuddepeHUNabHOM HCYHCICHHH METONaMH HETPYNHO yCTaHo-
BdTb, uto ByHxknus (1 -F¢) e~ mocruraer cpoero HaMGoabuiero 3HaueHua | pH
t=0. CnenosarenbHo, ana £ =0 Gyner

A4+Het<l.
MNonaran agech £ =+ x?, Mu Moayunm
(1—xe® <1l u (I+a)e ¥ <1,
< 1
T+

*) CywecrsoBanue 3TOro MATerpasa He BHI3LIBAET COMHEHHH, TaK Kak (npH
— x2 — —
x>1) e~ * <e™*, a unterpan Ans e~ ¥ BLIUNCAACTCA HEMOCPENCTBEHHO.

OTKYyHa

l—x2<<e™*
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OrpannynB B TEPBOM M3 9TUX HEPABEHCTB M3MeHeHHe x npoMexyTtkom (0, 1)
(tak uto 1 — x® > 0), a BO BTOpOM, cuHTas x>0 moGHM, BO3BOAMM BCE STH
Bhipa¥eHus B CTelleHb C MIOGLIM HaTypanbHHIM IOKasaTeneM f; 970 HaeT Ham *)

1
(EOL
O<x<l) (x>0

(l—x)r<e™ ™ g o=

Wuterpupys nepsoe HepaBeHCTBO B NpoMmexytke ot 0 go 1, a BTOpOE —
or 0 1o oo, moayyuM

{ 1 © o
— x2n —~nx? ~nx? __dx
§(1 X)dx<§e dx<§e de<§(l+x2)u.

K (moxcramosxa u=yn - x),

LI
Vr

©
S e gy o=

2nll
@n + D

(NOJCTaHOBKA X ==COs £)

®
1 ]
§ (Il —xH)r dx = § sin®Att ¢ gt —=

B, HaKoHel,

@2n — 3)1t
@n =21 "

(noacraHoBka x =ctg £).

nen—2 — ._1‘_
sin tdt= D)

MN’I;‘

0
dx
T+x)p=
®
2
Mu  Bocnmoan3osannch sgech WMBBECTHHIMH  BHIPAXEHHAMH  JIA Ssln"'xdx
0

[n° 187, (5)]. TakuMm o6pa3om, HCKoMoe BSHaueHHe K MOMET ObTb 3aKIOYEHO
MeXJY CAEAYIOWHMME [BYMA BHPaXKCHHAMMU:

— 2nl| — (2n—=3)" =
Vn AT <K<Vn Gl T

TaK uTo0, BO3BOAA B KBaJpaT W npeo6pasya:

n 2nll  7® 1 n (2n—3)|lJ! (Y
I ",(2'1—1)“] .2"+1<Ks<2n—l.[(2n—-2)ll @n—1) (2)
M3 ¢opmynan Banauca [n° 188]:

L L
7T, [(271——1)!!_ BT

*) Dan HEPABEHCTB C MOAOXHUTECINbHL MU YICHIMU BO3BLIILEHHE B Ha-<
TypaabHY0 CTelleHb HOYAEHHO — JOIYCTHMO.
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134
7erKo ycMoTpeTb Temnephb, YT0 06a KpallHHX BhpakeBMa NPH 1 — 0O CTPEMATCH

T
K OAHOMY M TOMY Xe Npeneay T’ cienoBareasvHo,

K’=% H K=l/2—“- (rak xak K> 0).

8°. PaccMorpHM, HakoHel, MHTerpain
(o]

L=[§ s';:xdx,

CXONMMOCTb KOTOpOro HaM yxke ussectha [n°287]. Ecam onpenenenne

STOrO

HEeCOGCTBEHHOTO MBTerpana
A
. sin x
L= lim —dx
Ao o X
ACTOAKOBATh «Ha A3HKE NocaepoBatensbHocTed» [n° 32], To, B 4acTHOCTH, MOXHO

NONOKHUTh
R 7
sin x
S dx,
X

L= lim
RBR—

C npyroft cTopoHH, BMECTO Opelena NMOCIEAOBATENbHOCTH MOXHO [n° 234] Hckath

CyMMy 6eCKOHeyHoro paxa
= 5 3n x Ix
2 x 2 2 3 ) ® 7
§+{§—S}+{S—§}+".=§+S+S+...,
0 L ©
P)
TaK 4YTO OKOHYAaTEeAbHO
w OFDT
E— 2 _SiLtdx.
X
v=0 T
‘7

Tonowu v=2p AsH 2u— 1 B npuGernys, COOTBETCTBEHHO, K NOICTaHOBKe

X=pn-4t HIH X=pr—, GYACM HMeTh:

T ®
@+h)s T
sin ¢
= (~—1)®
Sn (Gad)) §g.m+tdt
2;1.-7
H
T k]
%5 ¥
= (— 1}p—1 sin ¢
{ =e» 5}":_‘,1:.
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Orciona
"
7 ; o 7
sin 1
= —_— — 1) P A
L § 2 Lat 5( 1) PJ‘_;_t_w)smtau
pe=1
Tak kaxk pag

Z =1 (t+p1:+t—1p.1:)

pe=1

g8 npomexytke 0 CXOAMTCA paBHOMEpPHO, K60 Maxopupyercd

N
A
no)a

(2]

1 1

CXORALINMCA DANOM ?Z ———1, TO €ro MOXHO —N0 YMHOMEHHH BCEX ero
1 » Y

YneHOB Ha OrpaHWYeHHYI0 (YHKiWMIO Sin £ — HHTErPHPOBaTh HOYAEeHHO. JTO

JlaeT HaM NpaBo HanHCaTh BHpaxeHWe fas L B Buge:

= [ Bt

Kak mu yBuanm Brnocaemcrsuu [n° 406, 3), 3aMeyaHue], BupaweHHe B CKOGRax
PaBHO ———, NpelcTaBaAs cofoit Tak Ha3bBaeMoe <«DA3NOMEHHE Ha TNPOCTHE

leo6m Lum sroit ¢ynxumn. TlpuHuMas 9ToT Qakr Ge3 HNOKa3aTeAsCTBA yxe
ceffyac, 1A MCKOMOIO MHTEIPana OKOHYAaTelbHO TONYUYHM

L=\ dt=

T
"2—-

Pty o] 1

Tpusenennn#t u3amHLA BHBOA NpHHagaekuT JloGayeBcKOMy, KOTOpHA nep-
BHM 0GDAaTHA BHAMaHHE Ha HECTPOrOCTb TEX WPHEMOB, C NOMOWbI KOTOPHX
3TOT BaWHHH HHTErpal BHIYUCAAIACA PaHbIle,

Ha pene Jlo6aueBCKHH CBOWM METONOM NOJAYYHA paxe G6oaee OGLULYIO
dopmyay:

R

§f< )smxdx—Sf(x)dx

B npennonomeuuu, yro f(x 4 m)y=sf(x) B f{x —x)=f(x); B paccMOTpeHHOM
cayvae f(x)=1l.
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3aMeEvyanne HalineHHbli pe3ynbTaT mo3BoAseT 3aKAIOYHTh, YTO

k1
o [ 5 npu a>0,
L(a)=§%atd¢={ 0 npu a=0,
0 k]
— 5 npy a<<0.

[pu a >0 310oT MHTErpan npyueBoonTcA K L NpocTolt MOICTAHOBKOH X = af; W3Me-
HeHWe 3HaKa a4 BreueT 32 COGOH M3MEHeHWe 3Haka WHTerpana, a npw a==0 pa-
BEHCTBO HYNIO WHTerpana OueBWIHO,

ITo mpocToe 3aMevaHue, NpHHaLiexaulee Pyphe, NPOUBENO CHIbHOE BIle-
YaTneHHe Ha €ro COBPEMEHHHMKOB: (OYHKUUA OT @, NO-pa3HOMY BbipaxaeMmas npyu
Pa3ANYHWX 3HAYEHNAX ITOH NepeMenHOf, B TO ¥e BpeMA NOMYCKAET K EIUHOE
<aainTHyeckoe Bupaxenwer! [Cp. n° 18, 3° w Humxke n° 422 u 423].



TVTABA BOCEMHALIATAS
WHTETPAJIbI, 3ABUCSIIUE OT ITAPAMETPA

§ 1. 9JIEMEHTAPHASl TEOPHS

294, NocraHoska sagaum. Paccmotpum ¢yskumio f(x,y) AByx
nepeMeHHHX, OMpeNEeNeHHYI0 JJs BCEX 3HAUEHHH X B  HEKOTOPOM —
KOHEUHOM uJd GeCKOHEeUHOM — npomexyTke [a, b], W BCeX 3HaueHuit y
B MHOXectBe & ={y}. IlycTb Npu KaxaOM NOCTOSHHOM 3HAUEHHH Y
u3 & dyukuna f(x,y) Oymer uHTErpupyema B npoMexyrke [a, b,
B COOCTBEHHOM HJH HECOGCTBEHHOM Cmuicae. Torma umHTErpan

b
D=\ f(x 3 dx )

Oynmer, OYEBMAHO, (YHKUMEH OT BCMNOMOTaTEAbHOH nNepeMeHHoH
WM napameTrpa y.

[osops B n° 269 o mnocremosatenbHocTH ¢yHkuuf {f(x)f, Mu
paccMaTpuBald HHTErPaJsi

I,= S?f,, (%) dx,

KOTODHIE MPEACTaBAOT COO0H uacTHuf chayualt uurerpanos (1): B poau
fnapaMerpa 3aech (PUrypupyeT HaTypa/dbHBIl ykasareab A.

Ilo orwowennro k ¢yHkuuu (y) €CTECTBEHHO BOSHHKAET psn
BOMPOCOB — O CYILECTBOBAHWM W BHIPAXEHMd e€e fpefena NpH onpene-
JEHHOM TpEJEeTbHOM nepexose, B YacTHOCTH, 06 ee HenpephliBHOCTH
no y, 06 ee AuddepeHINPYEMOCTd M BHpaXeHHd M ee NPOH3BOJHOMH,
HakoHel, 00 ee uHrerpaiae. Bcem 3TMM BOnpocaM M MOCBSAIIEHA HACTOS-
was rjasa.

MayueHne CBOHCTB (YHKUMH, BHIDaXEHHOH uHTerpaiom (1), 3abu-
CSlllAM OT NapaMeTpa, MOXeT NpPEeACTaBUTb CaMOCTOSTE/IbHBI HHTepec
[B sToM oTHOWweHHH cM. Hanpumep, § 4]. Ho, nomumo Toro, srH
CBOHCTBA, KaK YNTaTeJb YBHUIOUT, UMEIOT U MHOroo0pasHble NpPUMEHEHHS,
B O0COGEHHOCTH K BOMPOCY O BHIUHC/JEHHM HECOOCTBEHHBIX MHTErpasoB.
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295, PapHoMepHOe CTpeMleHHe K mpeneanHoft ¢yHkuuu. Baxwmywo
pOAb B MpeACTOSIIMX UCCACNOBAHMAX GyNET MrpaTh yKasaHHOe B 8aro-
noBke moHstue. Ilycte dyukuus f(x, y) onpemeseHa, 8 ofuweM cay4ae,
B IByMepHOM MHOXeCTBe of =2 X ¥, rne 2 u ¥ o03HayaoOT MHO-
ECTBA 3HAYEHUR, MPHUHHMAEMHIX TMOPO3HL MEPEMEHHHIMH X Wy, TNpUYEM
¥ umeer cBoeli Toukoft CrYLIEHASA, CKaXEM, KOHEUYHO € UYHCIO V.

Ecauw: 1) 0as ynxyun f(x, y) npu y —y, cywecmeyem KoHneiHas
npedeasHas PynRKyus

lim f(x, y)=9(x) (x us 2) 03]
Y=o
u 2) oas aw06o20 wucaa ¢ >0 Halidemca makoe ne 3agucsauyee om
X qucao 3 >0, umo

npu |y —yo| <8 6ydem |f(x, y)— ¢ (x)|<e ®3)

cpa3dy 0aa 8cex x u3 X, mo 208opam, umo gynxyusn f(x, y)
cmpeMumca K npedessHoidl yRKyuu ¢ (X) pa8HOMEepHO OmMHOCU-
measHo x B obnactu 2.

Herpyano nepegpasupoBaTh 3TO ompeseneHde M Ha TOT CJaydal,
KOrja y, ecTb HECOGCTBEHHOE YHMCIO, HANMpPHMEP —-CO: MPH 3TOM JHILb
HEPaBeHCTBO BUld |y — y,| <3 3aMEHfeTCs HEpPaBEHCTBOM Bua y, > A,
B raase XVI [n° 264] Mol MMean yxe HEJO C YACTHRIM CAYYaeM TaKOTO
PaBHOMEPHOrO MNpPUOAMKECHUA K nNpefefbHOH (YHKNMM; TaM peub 1waa
o ¢yuxkuun f,(x), comepxamel B KayecTpe napaMeTpa HaTypajbHbIH
yKasaresab 7.

B n° 265, uMes neso c NOCAENOBATEABHOCTBbIO (YHKIMH, MH yCTa-
HOBW/M, YTO IJ11 PaBHOMEPHOR CXONMMOCTH HEeOGXOAHMO H JOCTaTOYHO,
TaK CKa3aTb, ¢PIBHOMEPHOE BHITOJHEHHE» MPHHILMNA CXOAMMOCTH, To e
MOXHO caenath ¥ B ofmem caydae. MiMenso, ecam oOrpaHuyuTsCs npen-
NOJIOXKEHHEM, UTO Yy KOHEUHO:

1° dan mozo amoGs @ynryua f(x, y) npu y—y, umesa npe-
0easKyi (BYHKLUI0O U cmpeMUAGcs K Hell pPABHOMEPHO OMHOCU-
measho x 8 obracmu X, HeoOxodumo u docmamouno, 4molGu. 0AS
Kaxdozo wucsa e >0 cyuecmsosanro maroe He 3aeucAuee om X
wucao >0, 4mobe. Hepasencmso

[fx N—Fx n|<e (€Y)
sunoanasocy 041 scex x u3 X cpasy, auws moasxo
[y =3 <8 [y —3]<3 (Y us®). (5)

(B cryuae yy==-- 0o BaaMeH NOCICHHMX HEPABEHCTB MOABISIOTCS

HepaseHCTB2 ¥y >4, ¥y S A
Heosxoammocte Ilycts nMeeT MeCTO paBHOMepHas CXOnu-
-4

MOCTb. 3aMEHUB B ONMpEAC]EHUM € HA 3

M COOTBETCTBEHHO BHOpas 3J,
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BO3BMEM TENEPh HBa SHaue#wds y m ¥ us ¥ rTak, YTOOH BHMOJHAIUCH
ycaosus (B). Torma Oynem uMeTb, KakoBo Onl HM OGHJO X,

f @) —e @ <3 #le@)—fxn]<,

oTKyRa u caeayer (4).

HJoctaToyHoCTbh. ECAH yNOMAHYTOE YC/AOBME BHNOJHEHO, TO
npexae BCETO fCHO CYUIECTBOBaHue npefenpHo#t ¢yHkumn (2), ITepe-
XOld 3aTeM K npelaeny B HepaseHcTBe (4) mpu 3y’ —y, (npuueM y
(GUKCHPOBaHO TaK, uTO |y — ¥y, |<3), nmomyuum:

le (@) —f(xy)|<e.

DIMM M YCTZHOBJEHO paBHOMEpDHOE CTpeMieHHe dynkuuu f(x,y)
K npeaenbHOR dyHkuuu ¢ (x).

Iycts Teneper MHOWecTBO 2  NpeCTaBAser co00H KOHEUHH
npoMexyToK [a,b]. ITo Teopeme 1* n° 266, ecm nocaenoBaTeAbHOCTh
{fu(¥)} nenpepHBHHX (YHKUMH DABHOMEDHO CXOAMTCA K MpPEAETb-
1OH GyHKUMH, TO M mNOCAeXHAs HeoOxXoaumo OyneT HenpEPHBHOM; 3TO
YTBEDKAEHUE NEPEHOCHTCA M Ha obmwit cayuatt:

2°. Ecau cysxyun f(x,y) npu abomu y u3 Y nenpepuiona no x
8 npomexcymre X =I[a,b] u npu y—y, paérRoMepHO cmpe-
MumcR k npedessnoll ynxyuu ¢ (x), mo u 3ma HOCACOHAR PyHKYUA
maxace Gydem Henpepusua.

JleficTBHTENbHO, CTOHT JAMLUbL B3ATH A06YI0 NOCAEAOBATENBHOCTh { Y.}
3 ¥, uMeomyo mnpegenoM 3, uTOOH COOTBETCTBYyIOimlas NOCJAEXOBa-
TeAbHOCTh yHxuu# {f(x,y,)} paBHOMepHO cXoAuMAACH K ¢ (X)
HalpUMEp, TpH KOHEYHOM y, HEPaBEHCTBO

If(x»yn) —¢ (x) | < &

OyAeT BHIMOJMATLCA 1M BCeX X M3 2, Juiib TONBKO N HAacTOJBKO
BENHKO, YTO |y,— y3|<3{cm. (3)]. Ocraercs /aumB coclMaTeCs Ha
YTIOMSIHYTYIO Teopemy.

Jlerko oGoGiaercs u TeopeMa [lumm [n° 267, Teopema 2%]; Ha
9TOT pa3 MH TpeAnoJaraeM, 4T0 Bce y < yo.

3% Nycms gymxuus f(x,y) npu sobox y u3 Y Gydem Henpe-
pPbigHa no x 8 npomesicymxe X =|[a,b] u npu 8o3pacmaruu y,
MOHOMOHKNO 603pacmasn, CMpeMumcs k¥ Henpepusnoid oge npe-
Ocasnoll pynxyuu ¢ (x). Tozda cmpesmaerue smo Heo6x00uxo Gydem
PABHOMEDH W M OomHOCUMEALHO X B npomexcymre X

Iag noKasaTenbCTBA BHUAEAMM U3 & MOHOTOHHO BO3DacTaIOLLYIO
NOCNEAOBATENLHOCTE  {y,} 3HaueHu#t y, crpeMsmuxcd K 3y, H pac-
CMOTDHM COOTBETCTBYIOILYIO MOCJAENOBATEALHOCTL (yHKuud {f(x,y,)}
OYEBHIHO, TAKXE MOHOTOHHO BOSPACTAIOLIMX BMECTE C .

Teopema luHi nosBojseT YTBEPKAATb, YTO 3Ta NMOCAEAOBATENLHOCTH
CXOANTCA K ¢(X) PaBHOMEDHO OTHOCHTENBHO X B mpomexyTke 2.
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CneposarenbHo, mno 3amansHoMy e >0 Haiigercd TakoH HOMep n,, 4TO

HEPaBEHCTBO
Lo () —F (%, ynp) [ <o

OKaXeTCsd BBHITIOAHEHHBIM Cpasy AAf BCEX X M3 Z. BBHIly MOHOTOHHOrO
BO3pacTtaHud (i)yHKIlHH f BMECTE ¢ Yy, TOrZa IMOJAaBHO BHINNOJMHACTCSA

N HEpaBEHCTBO
[ () —F(xy)|<e,

JHIUb TOJABKO ¥ > Y,; STHM JOKa3bIBAETCA Halle YTBEPKACHHE,

XoTa ycTaHOBAEHHBIH UaCTHHR INPH3HAK DaBHOMEPHOrO YIPHOIKEHHS
M Ka¥eTCAd OYEeHb Yy3KHM, HO OH Hepeaxo OblBaeT moJjeseH, nabaBass OT
HEoOXONMMOCTH MHBIM TNyTeM y0exJaTtbcd B  HaJHYMW  PaBHOMEPHOTO
npuOIKEHNA,

296. IlpenenbHpiii mepexon mox 3HakoM HHTerpazna, OGpauiaemcs
Tenepb K PacCMOTPEHMIO uHTerpania (1), 3aBuCAlEro OT IMapamerpa y,
OrpaHHYHBaACh BHayajle CJyyaeM KOHEYHOro mNpoMexyTka [a, b] u ue-
NpepHBHOR PYHKUUH,

[Mpeanoaaras, uro o6jacTe % u3MEHEHMA [apaMeTpa y  HMMEET
TOYKY CTYUIEHHMS Y, MOCTaBMM BOMPOC O mpeneJse ¢yHkuun (1) npu
Y=Y

Teopema 1. Ecan dyuxyus f(x,y) npu nocmosnnom y Henpe-
pusra no x 8la, blu npu y—y, cmpemumcs xk npedesvroii Gyrr-
yuu (2) pasroMeprO OMHOCUMEABHO X, MO UMEEN. MECMO paseHCmso

b b
lim I(y)=lim \ f(x, y)dx= Scp (x) dx. )
Iy=yo g y4

y—=Jo

HNokssateanctro *). HenpeprBHocTs npemensHoit  PyHKUMH
¢ (x)yke wuspecTHa [n°295, 2°]. 3amaBIINCh NPOUBBOJLHHIM  YUCAOM
e >0, Hafizem Takoe uucio 8 >0, uTo6n uMeno mecro (3). Toraa npnu
|y — 4| <3 Gynem umers
l b b b
JS f(x y)ydx — S P (x)dx}:’ S f(x, y) — ¢ (x)] dx| <<

a a

a

=

|7 (%, 3) — ¢ (%) [ dx e (6 —a),

Qe >

YyTO W AOKasbiBaeT dopumyay (6).
$opmyaa (6) mMoxkeT OwTh HepenvcaHa B BHAE

b b
lim Sf(x, ) dx=S lim f (%, y) dx.
Band ] p 4 Bans ]

*) [na ONPeNeNeHHOCTH MH NPEANONAraeM, YTO ¥, KOHEUHO,
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ITpu Hasuunu ee TOBODAT, UYTO npedeasnwil nepexod no napasempy
donycmim «<nod 3HAKOM UHmMme2pasa».

[Ipennonaras, yto Bce y <y, uMEEeM Ha OCHOBAHHM 000GUIEHHOH
teopems Tunn [n° 295, 3°]:

Caedcmsue. Ecau dynryun f(x, y) npu nocmosHHoM y Henpe-
poéHna no x 8 [a, b] u npu so3pacmanun y cmpemumcs k¥ Henpe-
pu8HOIL sce npedeasHoll PYHKYUU, MOHOMOHHO 803pacmas,
mo cnpasedausa popisysa (6).

B npeanonoxennd, yto obaacte ¥ cama mnpencraBiser co6o# KO-
HEUHHI# NMPOMEKYTOK [c¢, ], pacCMOTPUM B 3aKJIOUEHME BONMPOC O He-
npeprBHoCTH ynkuun (1).

Teopema 2. Ecau gynrgua f(x, y) onpedesena u HenpepoigHa,
KoK (yHKUyus om 08yxX nepemennbix, 8 npamoyzoastuxe [a, b; ¢, d],
mo urmeapas (1) 6y0em wenpepsisnoii dyunxyueil om napamempa Yy
8 npoxescymre [c,d].

JIOKA3BATENDBCTBO. BBUAYy paBHOMEDHO# HEMPEPHIBHOCTH (QYHKUHA
f(x, ) [n° 187], no mpousBoisHOMY & >0 HafineTcss Takoe & >0, uTO

M3 HEDEBEHCTB i AN
| — )<, [y —y <3
C/EdyeT HEPaBEHCTBO

| " YY) —F (& y) | <e

Honoxum, B wactHoctn, x'=x"=x, ¥y =y, y'=y; 7T0orma npu
|y—| <% xakoBo 66 Hu 6HAO X, OyaeM HMETH

|f (s ) —F (% y0) | <o

Takum o6pasom, dyHkuus f(x, y), npH CTpeMJeHMd Yy K J00OMY
YaCTHOMY SHau€RHI0 y,, CTpemutcs K f(x, ¥)) PaBHOMEDHO OTHO-
crrenpHO X. B Takom caydae, mo Teopeme 1,

b b
tim \ f(x, y) de= S fx, yo) dx

Y=o &
Haa

lim I (y)=1(yy),
y—+Jo

YTO ¥ JOKa3HBAET Haule YTBEPKAEHHE,

297. Juddepenuuponanne nox 3uakom unterpana. Ilpn usyyennu
cBO#CTB ¢yHKuHMM (1), KOTOpas 3ajaHa MHTErpanOM, COAEPKAlIUM Mapa-
METD y, BaXKHOE 3HAyeHHe HMEeT BOMPOC O MPOMU3BOMHOH BTOMH
GYHKUHMA MO MapaMeTpy.
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IIpu usBECTHHX NpPEANOJOKEHHAX AJA BHUMCJIEHHA NPOUSBOAHOR
I'(y) Moxer OmTb npuMeHeHa dopMyaa

b
rg)y= {10 yydx @)

WM — €C/IH  BOCNOJIb30BAThC 00Jee  BHIPa3HTe/pbHEMH 0G03HaUEHUAMH
Koun —

[} b
D, {7, yydx= D,7(x, y)ax.

Ecan Takas mepecTaHOBKa 3HAKOB NPOM3BOAHON MO 3y W mMHTErpana
no X [OmyCTHMA, TO rOBOPAT, uTo QyHkuuw (1) Mosxcro Jughgbepenyu-
posams no napamempy <«nod 3HaAKOM UHMmMe2panas.

Bnepsue mopo6upil metox JleH6uH1 coobmuma B 1697 r. B muchme
Kk WM. Bepuynnn, yem npusen nocneanero B socropr. Camoe BHuYMCITE-
HHE NpOM3BOAHOK MO yKasaHHOK GOpMyJe ¥ MOJYYHIO HasBaHHE «mpa-
Buaa Jleitbunias.

Crenyiomas TeopeMa yCTaHaBAWBAaE€T IPOCTHE HOCTaTOYHHE YCAOBUA
AN NPYMEHHMOCTH STOTO NpPaBHJa.

Teopema 3. Ilycms ¢hynxyusn f(x, y), onpedesennas 8 npamo-
Yyeoasnure {a, b; ¢, d], 6ydem wenpepsisna no x 8 {a, b] npu awGorn
nocmosnnoMm y 8 [c, d). [Ipednoaosxcun, danee, umo 8o 8cefl o6aacmu
cymecmeyem wacmuas npou3sodnan fy(x, y), Henpepsiéras Kak
dyrryun 06yx nepemennsix*). Tozda npu awbox y u3 [c, d| umeem
Mecmo gopuyara (7).

HenpeprisHocTs GyHKIM# f(Xx, y) no X 06GecneynpaeT CyiUECTBOBa-
HHe unterpana (1).

Pukcupyn moGoe sHauemue y=—y, NPHAAUM €My TpHpalleHne
Ay—=#%. Toraa

b b
1= {7 y9de, 10,4B= (75, 3+ R ds,

TaK 410
b

Lont =109 { 105 g D=1 30 @)

a

Hurerpan cnpasa 3aBucut OT nmapamerpa k. HaM NpeacTOMT HOKa3aTh,
yro npu £ — 0 3xech JONMYyCTHM TNpEeNetbHE Nepexof MO 3HAKOM

*) Us atux ycnoBufi, COGCTBEHHO, yXe BHTEKAeT H HENPEPHBHOCTb (YHKUHH
f(x,y) 00 oGoMM apryMeHTas, HO Mbi €10 110Ab3OBaThCH He OyleM.
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HHTErpana. Sriam 6y11€T YCTaHOBAEHO H CYWIECTBOBAHHE NMPOH3BORHON

I,(y0)=k“_t% I(yo'}"kz_l(yo)

U Hanuune TpeGyemoro paBeHCTBa

b
I (yo) =k1in;‘) 5 f(xryo+:)—f(x’yo) dx=
a

— (1im L&+ B)—Fx30) 4.
ak—vO k

Iy (6, dx.

Q>

C stoft nenbvio cHavana no opMyne JlarpaHxa Hanuiiem
\ R) — , .
S (x4 11 AC D] =fy(x,yo—}—9k) (0<e<l). )

Monb3ysach e paBHOMEPHOMH HENPEPHBHOCTbIO GYHKIHMH fy (X, ),
no mpouseoibHOMy & >0 Haizem Ttakoe 8§ >0, uTo mpH

[ =<3 u [y —y <3
6yzeT BHNOAHATLCA HEPABEHCTBO
[fy &) — 15 9N <.

TMonaraa smece X' =x"=x, y =y, ¥y =y,-}-0k u cunras
| 2| <8, nomyunm, ¢ yuetom (9), uTo cpasy AAS BCEeX x Gyner

120 k_ 3. 0. 4
fxy +k) f(xy)_fy(x,yo)'<e.

Orcioga ficHo, yTo nogMuTerpaibHas ¢ynkumng (9) mpu A—O0 paewo-
MEDHO OTHOCHTEJbHO X CTPEMHTCA K npeleibHO# QynKunn f) (x,y,).
dtaM, mo TeopeMe 1, H ONpaBAHBAETCH TNpeleNbHRH NEPEXOd TNOX
8HakoM uHrerpaia (8).

298. WHTerpuposaHWe NOX 3HAKOM HHTerpana, IlocraBuM, HaKoHel,
ponipoc 06 mHTerpaae no y or GpyHkunu (1), ckaxemd, B npo-
MexyTke [¢, d].

Hac oco6o Gymer mHTepecoBath cayual, Korha STOT HHTErpa’ Bu-
pasutca dopmynok:

4 d b b a
Sinay={{{r@nas}ty={{{renar}as
KOTOpY10 — 0€3 CKOOOK — NuyT OOHUHO TaK:

d b b d
§ay renmax={ax {7y ap. (10
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TIpn wuaanymw ee rosopar, 4To GyHkumio (1) moscro uwmezpupogames
no napamempy y «n00 3HAKOM UHmezpasa» (B34TOrO MO me-
pPEeMEHHOH X).

[pocre#uie yc/a08us, N0CTaTOYHBIE A5 PaBeHCTBAa OBYX MOBTOPHHIX
uHterpasos (10), naer

Teopema 4. Ecau dynryus f(x, y) Henpepwsna (no obenr nepe-
MeNHOLM) B HpAMOyzorsHuke [a, b; ¢, d], mo umeem mecmo dhop-

Myza (10).
Hoxaxem GoJee oflilee paBEHCTBO
b b
gdygf(x, y)dx:de§f(x, y) dy, (10a)
c a a c

re ¢ <<m=cd.

B seso#t # npaBoH ero wacTAX MH HMMeeM [Be ()YHKUHH OT mapa-
METPa ¥, BHIYHCAHM HX MPOU3BOAHBIE MO 7.

Buewnn#l uHTErpan B JEBOH YACTM WMEET MOJBIHTErPa/bHYIO0 (YHK-
unio (1), HeMpepLiBHy0 Mo y B cuay Teopemsl 2, ITostoMy ero npous-
BOAHAas MO TNEPEMEHHOMY BEpXHeMy npeaedy OymeT paBHa MNOAHHTE-
rpajbHON (PYHKUMH, BHIYHCACHHON Npu y =1, T. €. HHTErpaay

b

1= { /(= .

a
B npaso#t vacta (10a) CTOHT MHTerpan

b n
S@(x, W dx, roe ¢ (x, W)= S f(x, y)dy;

bynxkumna ¢ (x, 7) yIOBJIETBOPAET yCJA0BUAM Teopemsl 3. [leiicTBATENbHO,
©(x, m) HENpepbiBHA MO X B CHJY TeopeMu 2 *), 3ateM, npou3BoaHas

¢ (6, M=1 (%, )

HenpepuiBHa Kak ¢ynknusa AByX nepeMeHHnlX. ITosTomy Kk ynoMmsHyTOMy
HHTErpasy npuMeHuMmo npasujo JlefiGHuna:

b b b
Dy | ¢, nax={ ¢y(r, pax= {75 nar=10

Takum ofpasom, neBas v npasas yactu pasedcTsa (10a), Kak (PyHKUHH
OT 7, WMET pAaBHBIE MNPOH3BOJHBIE, CACAOBATENBHO, MOTYT Pa3HHThCH
passe Juwb Ha nocTogHHyto. Ho npu n==c¢ ofa ynomMasyTHX BbIpa-
KeHud o06pallaloTcd, OYEBHAHO, B HYJb; CJENOBaTe]bHO, OHH TOXAe-
CTBEHHbI MPH BCEX 3HayeHusax 1, ¥ pabedcTso (10a) nokasaHo.

IIpn q==d u3 Hero, B uyacTHOCTH, U moayuaerca paseHcTso (10).

*) 3mech ponb napameTpa urpaer x.
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3AaMEUAHUE Dro paBeHCTBO BrepBue Guio ykasaHo Jinepom B 1769 r.
(nanevarao B caexyionleM rofy). OHO JnWb WNATIOCTPUPYETCA TNPUMEDOM,
«TaK KaK OCHOBAaHWE 3TOr0 BNOIHE ACHO W3 NPUpOAW AUdDepeHUHanos ¥ HHTE-
rpanos».

299. Cnyuaft, worma H mpefes bl HHTerpana 3aBHCAT OT NapaMeTpa.
OfpaTUMcA K PacCMOTPEHHIO Golee CIOXHOro CiIyuyas, KOrfa He TOMbKO MNOJ-
HHTErpalbHOC BhIpaXXeHHe COXePKHT IapaMmeTp, HO M CaMble Ipefeanl HHTe-
rpana 3aBUCAT OT Hero, B 3TOM ciyuae HHTerpal UMeeT BHR

B(y)
Iy)= \ flx, ) dx (in
a(y)

OrpanuuuMcs HCCIeZOBaHHEM BONpPOCa O HeNmpepbBHOCTH H IH(deperiu-
PYeMOCTH N0 napaMeTpy noXOGHOro MHTerpana.

Teopema 5. [lycmo Pyrryun f(x, y) onpedeseHa @ HenpepviHa 8 nNPAMO-
Yeoavnuke [a,b;c,d), a kpusse

x=ua(y), x=0(y) (c<y<d)

HenpepuigHn 1 He 8uix00am 3a e20 npedeav. Toz0a unmezpan (11) npedcma-
sasem co00i Henpepuisuyw @yHryuwo om y 8 ¢, d].

Ecnu y, ectb mwBoe wacthoe 3HaueHde y, 1o HaTerpan (11) MoxHO Ha-
nycath B BHAE

Bl yo) B(y) a(y)
1=\ fenydac+ j F(%,9) dx— S Flx,) dx. (12)
a{vo) Byo) a( yo)
MepBotfi MHTErpas, B KOTOPOM ITIPENEAR! Yie NOCTOSHHL, IPH ¥ — ¥, CTPEMHTCA K
B(yo)
()= Sf(x, o) dx
a( Yo}

no reopeme 2. OcranbHbie We JBa HHTErpaia JONyCKAawT OUEHKY

By
l Sf(x, y) dx ’éM-IB(v)—ﬁ(yo)l,
B(30)
oy
F(59) dx} <M-|a () —a @)
al vq)

rie M==max|f(x,y)|, # —8 cuay HempepbiBHOCTH Oynxkund a(y) u B(y)—
NpH ¥y — Y, CTPEMATCA K HYJIO.
Takum o6pa3oM, OKOHUATENLHO

lim/ (y)==1(y)
Y=o

YTO M NOKa3bIBAET TEODEMY.
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Teopema 6. Ecau, csepx cxadannozo, gyurxyus f(x,y) donyckaem 8 nps-
MoyzorsHure [a, by c,d] nenpepuisnyo npouasoduywo fy(x,y), a maxoce cy-
weemsylom u npou3sodusie o' (y), B (y), mo unmezpar (11) umeem npoussodnywo
no napamempy, KOmopas ewpaxcaemess opsyroti

By
') =D§i Fyxy)dx 4+ @) -FEO) 9)—a @) -f@@hy). (13
)

W snece mu Gynem ucxonuth M3 paBesctBa (12). Tlepsmit msterpan npa
y=13, HMeeT NpOH3BORHYIO, NPEICTABAAEMYI0 MHTErpaioM OT MNPOH3BORHOH

Btyo)
Fy(x,y,)dx
a(yo)

—no tTeopeme 3. Haa BTOpOro MHrerpana (3HaveHHe KOTOPOro MpH y =y, €CTh
HYAb) HMEEM II0 TeOpeMe O CpeasHeM:

By
1 _BOY—BW)  s=
y__yopg)f(x.y)dx—— Y= fx, )

rae x colepxutca mexnay B(y,) u B(y). Orciona NpOM3BOmHaR BTOPOrO HHTE-
rpana npH y =y, KOTOpas COBHaJaeT C NpefeAOM NpelilileCTBYOWEr0 BhIpaxe-

HHA OpPH ¥ — 3, Symet
B (¥o) - £ B Wo)s Yo)-
AHazOrayHo, 177 NPOU3BORHON TPETHEr0 MHTErpala NPH y ==y, HOIYIHM

—a" (¥g) * £ (@ (¥o)s ¥o)-

O6benunsn Bce 9TH pe3yanTarT, yGeIUMCA B TOM, UTO NpousBOmHaa [ (¥,)
CYWECTBYET H JaeTCA yKasaHHoi (opMysnolt.

3AMEY A HUE 3akmouenns o6eux TeopeM COXPAaHANT CBOK CHIY H B npel-
NoaoXeHHN, yto GyHrunA f(x,y) 3agaHa (M o6najaeT YKa3aHHNMH CBOHCTBaMHM)
auub B 0GJACTH, CONEPHAEHCR M € XK 1Y KPUBHIMH

x=a(y) n x=B(y).

BosmoxHOCTL paccMaTpuBaTh (QYHKUHMIO M BHe 3Toft 06jacTH MCNONL3OBaHa
6rina An8 yNpOWleHHA paccyXIeHHH.

T[loyyutenbHo B3rZAHYTb Ha YCTaHOBAEHHBIE PE3YAbTaTH M € TaKOH TOYKH
3peHHA; HHTerpan /(y) nmoayyaetca M3 HHTerpana

lu,u,v>=Sf(x,y> dx,

3aBHCAILErO OT TP e€X NapaMeTpoB ¥, 4, U, NOACTaHOBKON u=a(y), v=70 (y).
Bonpoc ncuepnnBaerca npumetieneM OGIIMX T€OPEM O HENPEPLIBHOCTH U O IH~
(epennuposanuu croxHoR ¢yHkumu. B yactHoctn, ¢opmyaa (13) HamucaHa no
KAACCHYECKOH cxeMe:

dl o/ a/ , o
E=W+‘E ra (y)+07.p o)
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300. NMpumepnt. 1) Buuucants uuterpax
1
xb— xo
’=STx—dx (0<aéb).
0

I'lpencrasus NOANHTErpaNnbHOE BHIpAXEHHE, B CBOIO ouepelb, B BUIE WHIECrpana

b

xb__ xa

“ﬁ7—=S”@
a

H NEepecTaBuB — MO TEOpeMe 4—pB NOBTOPHOM HHTErpane

1 b
= de SxJ’dy
0 a

HMHTETPHPOBAHHA MO X H MO ¥, Cpa3y MONyYaeM pe3yabTar
b 3 b

= (e _, bo+1
I—-de§x}'dx_sy+l = In Y
a

a

2) JToMy BHIYHCICRHIO MOXHO NpHAAaTh U APYrywo ¢opMy, ecad paccMaTpu-
BaTb unterpan /—nNpH GUKCHPOBAHHOM 4 —Kak (QYHKIHIO OT nep e
MeHHoromnapaMmetpa b(b=a) o Teopeme 3.

d[_b__l
73—§xd*—7$v

CrenoBarteanho,

I=Wn(®d+1)4C

Ho npu b = a nnterpan /, ouesuano, o6paumaerca B 0, 1ak yro C=—In{a+ 1).
TofcTaBasa, NpUAEM K TOMY e pe3yAbTary, YTO H BheE.

3) B pacCMOTPEHHHWX CIyuyanax BHNOJHEHHE YCAOBHH TeOpEMH 3 HAM 4 Guio
HENOCPENCTBEHHO sACHO. [IpB HapymleHWH 3THX YCHOBHI 3aKkJIOYEHHWE TEOPEMH
MOMET OKa3aThCA HEeB e P Hbl M. [IpUBeeM NMpPUMED 3TOrO.

2

3 __
INycts f(x, y)=(£,—+;T)n B npamoyroabuuke [0,1; 0,1). Toraa

x=1 1

o= 1447 >0

1
— X
§fUJMX—xL£W

x=
1

i t
S dy ’Sf(x,y)dx:—_ arctgy l = 12.,
L

B TO BpeMa Kak
1

1
§dx §f(x.y)dy=— T

Ormetun, uto B TouKe (0, 0) dyHKuMA f(x,y) TepnUT P a3 p H B.
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§ 2. PABHOMEPHAY CXOAUMOCTb UHTEIPAJIOB

301. Onpenenenve pasBHOMEPHOR CcXOXUMOCTH HHTerpaioB. Ilpn
PacpoOCTPaHEHHH H3JIOKEHHOH TEOpDUHM HHTErpasoB, SABUCAUIMX OT Ma-
paMeTpa, Ha cayyal HeCOOCTBEHHB X HHTErpaJoB ocCo6yl poJb
MrpaeT MOHATHE PABHOMEPDHOR CXOLHUMOCTH WHHTErPaJOB, KOTOPOE
MH NPENBAPHTEBHO W BHIACHHM,

Ipeanonoxuy, uro ¢yskuus f(x, y) samama ana Beex 3SHaueHuh
XZ=a n BCeX 3HayeHnH y B HekoTopo# oOnactn &, Ilycts, masnee, npu
KaxJI0M y B 9TOM 06JacTW CyLIECTBYET HHTErpan

10)={ 7 )dx, M

IMo camoMy omnpejeneHHIo HeCOGCTBEHHOrO HMHTErpana ¢ GeCKOHEUHHIM
npenenaom [n°282]:

[oe) A

Sf(x, y)dx =1lim Sf(x, y)dx.
A-0

a a

Taxkum o6Gpasom, mHTErpan
A
F(a, )= 7= ydx, @

a

npeacrasasiomult cobott gpynkumio or A u y, npu y=const n A —»> oo
umeer npenenom [(y). Eecau cmpemaenue smozo unmezpasa x [(y)
npoucxodum paB8HROMEPHO OMHOCUMEAbHO Y 6 obaacmu ¥, mo
uxmezpaa [ (y) Ha3si8aiom pasHOMEpHO CXO0AUUMCSE OMHO-
cumeasio y 048 YKQ3aHHLLX 3Raterull napasempa.

3to 3HauWt, 4TO N9 Mmoboro e >0 HaHmercs Takoe He 3aBUCS-
Hee oT y uucao Ag==a, uTo, JHWb TOABKO A > Ay, HEPABEHCTBO

Wf(x, ydx— §f(x, y)dx|=| iof(x, y)dx’<e
A P P,

6yneT BHNOJHATBCHIONHOBPEMEHHO AJs BCeX 3Hauenud ys ¥,
Ecan conmoctaBute uHTerpas (1), sapucsimui OT mapaMerpay, ¢ 6ecko-
HEUYHBIM (PYHKUHOHATBHBIM DAAOM

2]

Zl un (x):

ne=
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FIe poJb NapaMerpa HWrpaeT X, ¥ BCNOMHWTL cKasaHHoe B 1°284 06
aHaJIOrM  MEXAY HEeCOOCTBEHHHIMH HMHTErpaJaMu M OECKOHEUHLIMH ps-
IaMd, TO CTaHET fACHbHIM TMOJHBIN nNapamienusM MexAy JaHHBHIM BblLIe
onpeneneHHeM W ONpENe/eHHEM DaBHOMEPHOH CX0AuMOCTH psiaa B n° 264,

3ametuM, yT0 UMeHHO 3afiens W CTOKC, KOTOpHE MepBLIMH ITPOTHBONOCTA-
BHAH PpAaBHOMEDHYI0O M HEPaBHOMEDHYI0 CXOIMMOCTH (YHKUMOHANBHOIO DA

[n°281), omHoBpeMeHHO yKka3anM Ha MONOGHHIE K€ BO3MOXHOCTH M IIs HHTe-
[e¢]

rpaaa S , COfepMalero napaMerp.

a
Jns npuMepa paccMOTPUM HHTerpai
(o]

S ye ¥V dx,
0

KOTOPHIH CXOAMTCA NpPY KAaXAOM (QUKCHPOBAHHOM 3HauyeHHu y =0,
BeryucanM HemocpeicTBEHHO HHTerpain

[o¢]
S ye ¥V dx.
A

Ipn y =0 ox pasex 0, KakoBO Gbt HU Ouyo A; ecad xe y >0, T0 ¢ nOMOMbIO
NOACTAHOBKU Xy =1 J€rKO HaxXOIMM

% Fy
S ye:ydx = S et dt = e~4y,
A Ay

Korna y dukcuposano, 370 BhpaxeHne npu A — 0o, OYEBHIHO,
crpemurca x 0, u, kakoBo O HH OWAO & >0, HepaBeHCTBO

et e ®
OyaeT BHMOMHATLCH A1 BCex A > A,y (y), rae

1

3

y

In

Ay =

8aBHCHUT OT y.

Ec/an nsMeHeHME y OrpaHHYeHO NpoOMexyTKoM [c¢, d], rae ¢ >0,
TO HallieTcs M HE 3aBUCANEE OT y UHMCAO A, Takoe, 4T0 NpH
A > A, nepaseHcTBO (3) OymeT BHMOJHATLCA CpPasy AaAd BCeEX ¥
JocTaTouHo s8a A, npauate A, (c), u6o npn A > A, Gyzer Torzaa

e geAr e (c<<y=Zd)
WiHuiMu  coBaMM, HAall WHTerpan CXOAMTCA PAaBHOMEPHO OTHO-
CHTENbHO ¥ B MNpPOMExyTke [c, d].

Huaue 0GCTOMT IEN0, eciu MapaMeTp y HM3MEHSeTCs B MPOMEXYTKe
[0, d] (d>0). Ha sTor pas Takoro A, yxe He cymecrsyer (no
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Kpaitnefl mepe, ecin e<1). IT0 BumHO XOTs OW H3 TOrO, YTO, CKO/b
Gosbwum Hu B3sTh A, BHpakenwe e~ crpemmres K 1 npu y-—» 0, Tak
4TO jAs JOCTATOYHO MANHX 8SHayeHHH y oHo Oyuaer Goabwe JwGoro
uucaa &< 1. CXOOMMOCTE HHTErpaia NpH HSMEHEHHM y B MPOMEKYTKE
[0, d] yme He GyneT paBHOMepHON OTHOCHTENBHO .

302. YcaoBue W HOCTATOYHBIE NPHSHAKH PABHOMEPHOH CXOHH-
mMocTH. Ilosb3ysach OOWMM KDHTEpHEM DABHOMEDHOrO CTpeMJEHHs (yHK-
uuM K npeaeay [n°295, 1°], MOXHO NPHMEHHTENLHO K PacCMATPHBAEMOMY
cay4ao CGOpMyJHPOBATh €ro TakK:

Has mozo0 wmobe unmezpar (1) cxoduscs pasHoMepHO OMROCU~
measho ¥y 8 obaacmu Y, Heo6xo0umo u 00cmamowHo, 4mobw npu
a060x 3a0annom & >0 nawnrocy maxoe 4ucao Ay, He 3asucauee
om y, 4molbs Hepasexcmso

A’ A A
|[§76s e —Fres pax|=[ 16 5 ax[ <o

BUNOAHANOCY 0OROBpeMEeHHO 0ast Bcex ¥y u3z ¥, auws moasxo
AT>SAS A,

YcraHoBUM TeNeph HEKOTODHE IPH3HAKH, 10 KOTOPHM OOBIKHOBEHHO
HAa NPAKTHKE CYyAST O DPAaBHOMEPHOH CXOZHMOCTH HHTErDAJIoB.

1°. Mu Gynem npemnonarath ¢yskudio f(x, y) HenpepHeHoll no x
s x =a. Ecau cywecmsyem maxas, 3a8ucsuasn suws om X, @yHr-
yua @ (x), unmezpupyemas 8 Geckore 4w Hom npomexcymse [a, oo},
4mo npu 8cex 3HaweHunx y 8 Y

|/ y) <o) (018 x=a),
mo unmezpas (1) cxodumcs pasno MepH o OMHOCUMENLHO Y (8 yKa-
3aHHOl} o6racmu e20 3NaYeHull).
3TO HENoCPeACTBEHHO BHLITEKAET M3 HEPaBEHCTBA
A

A A
|§f(x, x| < AS he y)|dx<§¢(x)dx,

€CJH BOCMOJb30BATHCA TOJBKO YTO NOKASAHHHM KDHUTEDHEM,

IIpy yKasaHHHIX yCJIOBHAX MHOTAA TOBODSAT, uTo ¢yHKkmusa f(x, y)
HMEET HHTEIDHPYEMYI0O M2XOPAaHTY ¢(x) nam uro wuHrerpax (1)
MaXOpHUDPYETCs CXONAUMMCA HHTErpajioM

:Jf ¢ (x) dx,

HE COAEPXALIUM NapaMeTpa.

Jlerko ycMOTpeTb CXOACTBO STOr0 [MPU3HAKAa C HSBECTHWM IMPH3Ha~
KOM DaBHOMEDHOH CXOAMMOCTM (YHKUUOHAJBHOIO Psifd MPHHAAJEkKA-
wuM Befleputpaccy [n°®265).
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Meumer. 1) Kurerpaa
©
cos ax

omdx (k;’—'o)

CXONNTCA PaBHOMEPHO OTHOCHTENbHO MapameTpa a4 (B AwGofi 06aacTH ero HaMe-
HeHHsA), HO0 MaKOPHPYETCHA CXOAALIHMCA MHTErpaxoM

o0
dx
kl_l_x!l
HEe CONEepWALINM a.
2°. PaccmoTpum MHTErpaiw

Sf(x, 9 -gWdx (da), Sf(x)-g(x, y)dx (46)

OT npousseneHus IBYX GYHKUMH, W3 KOTOPHX JAMUib B ONHY BXOIHT napamerp ¥,
H3MEHAIHACA B HeKoTOpoft ofmacth %, W chopMmyaMpyeMm naa HHX Goaee
TOHKHE TNPH3HAKH PaBHOMEPHOH CXOAMMOCTH, KOTOpHWe CKOMHpyeM C MNpH3Ha-
kos n° 287,

PyuxuuH f u g (B cayvae Hago6HOCTH — NMpE y ==const) Mbl, KaKk M Tam,
CYNTaeM HeNnpPephiBHHMU (QYHRKUWAMH OT X, a %, CBepx TOro, MOHOTOHHOHK U
uMeouied HenpepHBHYIO NPOM3BOIHY MO X. lorida

(I) unmezpan (48) cxodumen pasnomeprn o omuocumessno y 8 %, ecau:

1) unmezpanr

A
& (4, y) = Sf(x, y)dx

ABASAEMCS PUSHOMEPRO O2PAHUMERKHM npy 6cex A u 8cex y:
[PA <K (K== counst);

2) g(x)—0 npu x — co.
TouHo TaK mxe

(1) uumezpar (46) cxodumcs pasHOMEPH O OMHOCUMEALHO Y, ecAU
') unmezpanr

iof(x) dx

cxofumcs, a
2') dynryun g (X, y) paBHOMEPHO Ozpaxudena 0Af 8Cex X U 8cex ¥:

(gL (L = const).

UYto Kacaercs N0OKa3aTeabCTBa, TO OHO, MO CYU[eCTBY, OCTaeTCA HPEKHHM,
TaK KaK — BBHAY HE3aBHCHMOCTH MNOCTOAHHMX K M L o1 y —H oueHka uH-
Terpana

A

§f~gdx
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noayyaercs He3aBWCHUMO OT ¥y, UeM M obecreydBaeTcis pasHOMepHad
CXOLIUMOCTb.
Mrumer . 2) Murerpan

X sin ax dx
k2 + xH
0

CXOIUTCS1 PABHOMEPHO OTHOCHTEALHO @, 1A a=a,>0—mo npushaky (I).
HeiictBuTeabHo, NOAOKHUB f (X, @) =sin ax, uMeem

A
Ssinaxdx\:ﬂ‘ié_z_:]c
A a a,

C 1pyro#t cToponbl, ¢yHKuua

£0)= iz

MOHOTOHHO yObiBas (Mo KpafiHe#f Mepe, A4 KOCTaTOYHO GOMbIIHX X), CTPEMHTCA
k 0 npn x — co.
3) Wnterpax

4 .
sin x
e ___dx
X

CXONUTCA PaBHOMEDHO OTHOCHTeNbHO a, And a =0 —no npusnaky (II). 3pecs

=22

cMbicael) pyukuus g (x, a) = €% orpanuyeHa exuHHIel.

HHTerpupyeMa ot 0 1o co, 2 MOHOTOHHO YO6bIBalOWlan (B LIMPOKOM

303. Cayyali MHTErpajioB ¢ KOHEUHLIMM mpefejdaMHu. PaccMOTpHM
Tenepsh Qyukuuo f(x, y), onpeseneHHyw i 3HauUEHWR X B KOHeu-
HOM npoMexyTke [e, b] U sHaueHHH y B HexoTopo# obaactu ¥; nycTs
nps y==const OHa WHTerpupyema no x (B COOGCTBEHHOM CMEICAE WU
HeT) oT a2 no b. Torpa mHTerpan

b
I(y)= Sf (x, y) dx, (5)

6yab OH COGCTBEeHHHBH WJAW HET, SBJAAETCA NpEneaoM [pH
7 — 0 nHTerpana
b—n

o(n, y) = S f(xy)dx. (6)

a

Ecau cmpemaenne smozo unmezpase npu w—0 x npedeay 1(y)
npoucxXooum pasrHoMeprO OMKOCUMEAbHO Y 045t 3Ha4enudl y 6 00-
aacmu Y, mo 2080pam, umo unmezpas (5) cxo0uUMcL PAENOMEPHO
OMHOCUIREABHO Y 8 YKA3QHHOI obaacmu.
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310 3HauuT, yTO AAS M06Oro e>0 palimerca TaKOe€ HeEe 3aBUCHA-
uee 0T ¥ yucao 8>>0, YTo /ML TOABKO 7 <I 8, HEPABEHCTBO

{§f(x,y)dx—b§"f(x,y)dx\=\ f f (e, 3)die| <o
a @ bl q

OyIeT BHNOJHATECA OAHOBDEMEHHO AJAsS BCeX 3HaueHuUf y
na .

Herpyano cgopmyauposaTh 3mech ycaoBie, HeoGXOmWMOe # AOCTa-
TOYHOE 1]l DPaBHOMEDHOH CXONMMOCTH, PaBHO KaK M NEPEHeCTH Ha pac-
cMaTpupaemuiil Caydyal  gocraTouHse npusHaka n°302. IlTpenocrasasem
3TO YWTaTeMo.

Mu paccmatpusaan unterpan (5) OT @ 0 b KaK Ipejen HMHTe-
rpasa (6) or @ 10 b—m M Hac MHTEPECOBaJ XapakTep NpPHOMKEHHs
TIOCJEHEr0 MHTErpaja K cpoeMy npenedy. Takum ofpasoM, ocobywo
poJab 3mech urpaer Touka X =>4 (kak B n° 301 — Touxka x=oc0). Moxer
NOHamoOUTbCS (B 3aBUCHMOCTH OT OGCTOSTENbCTB, KOTODHE BHIACHATCA
la/bilie) OTBECTH MOJZOOHYK e pOJb U JpYyro#f TOUKE NPOMEXYTKA.
Hanpumep, TOT we HHTerpa’ (5) MOMXHO pacCMaTpHBaTb KaK npenen
npu n— 0 uHTerpaza

b
pan= { sy ax.
a1

Ecau nocnennuit npr 7~ 0 npubmmxaeTcs K CBOeMY npemeny paBHO-
MeDHO OTHOCHTENBLHO ), TO TaKKe€ TOBODAT O DAaBHOMEPHOH CXO-
aumocTu wuHterpana (5). Bce ckasaHHoe BHIE NEPEHOCHTCS M Ha
9TOT CJyuat.

Ecnu  MOXET BO3HMKHYTb COMHEHHE OTHOCHTEJIBHO TOr0, O KaKOM
cayyae PaBHOMEDHOH CXONMMOCTH HJET Deub, TOBODAT, UTO uUHmMezpar
cxodumess pagromepHo (OTHOCHTENBHO 3 B oOmnpefeneHHo# o6uaacTu),
COOTBETCTBEHHO, Npu X =00, npu Xx=2~=, npu x=a u 1. n.

OtrMeTum, uTO, KaK TpPaBWJIO, PAaBHOMEDHAa® CXONUMOCTb HHTerpaia
(5), ckaxeM, npn x =5, Hac GyleT MHTEPeCOBaTb B T€X CJayYasX, KOria
MMEHHO TOuka X =5 okaseiBaercs 0 c00 ol aaa unrerpana (5) B CMbCIE
n°288 — npr Tex Mam WHHX 3HaueHnsx y. Ho onpenenenue HE TOJBKO
(OpManbHO COXpaHfieT CHJAYy W TOrAa, Koraa HHTterpan (5) npu Bcex
3HAYEHUAX OKa3LIBAETCS COGCTBEHHHM, KO, KAaK YBHIHM, MOXET OKa-
3aTbCs peajbHO TOJNE3HHM TaKXKe M B STOM CJydae,

Hanpumep, unterpan

1
¥
§-————x2 g dx
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AN Rawnoro sHavenus y B npomexytke [0, d], roe d >0, 6yner cymecrsoBatsh
Kak co6crperHufl. OfHaKo OAS YKa3aHHOrO IPOMEXYTKA H3MEHEHMA ) €ro Cxo-
JHMOCTb He 6yaer paBHoMepHOH NpH x =0, [lelicTBHTEIbHO, HEPABEHCTBY

1
Yy
§?+—y. dx = arctg-f'-< g,

T
€CAH TONbKO €<, HeAb3A YIOBICTBODHTh OZHOBPEMEHHO s BCEX 3Haue-
BUit y > 0: CKONb MajbiM HH B3ATb ¥, €ro xeBad YacTs NPH ¥ — 0 cTpeMHTCH
T

K = M, IR JOCTATONHO MAIuX 3HaueHHil y, Gyner HapepHO Goabme, ueM e.

§ 3. HCNOJIb3OBAHHE PABHOMEPHOH CXOJHMOCTH
HHTETPAJIOB

304, Mpeneavuuifi mepexox mop 3HakoM HHTerpana. Mum safiMemca
TENEPb M3yyeHHUEM uH'rerpana ¢ GeCKOHEYHHM npenenoM

10)={ f(x.5)dx, o

KOTOpHHA 8aBUCAT OT napamerpa y (d3mensiomeroct B obasacte %), u
HOKa¥eM [1J HEro DAl TEOPEM, CXOAMHX C Teopemamu n° 296—298,
YCTaHOBJICHHWMH U8 MHTErpasoB B COGCTBEHHOM cMuicte. [lepexog
OT OJHHX K ADYraM OYNET OCYUIECTBJATBCH MO TOMY Xe MJaHy, KOTO-
pomy Mu caeaoaau B n°266—~270 npn nepeseceHMR CBOHCTB KOHEY-
HOM CyMMB (yHKUME Ha caydall cCyMMB GECKOHEUHOro (YHKUMOHAABLHOTO
pana. IlonoGHo TOMy kak TaM pemaiowy:> poab Urpaaa paBHOMepHas
CXOIMMOCTb (PYHKIROHAMLHOTO psla, 3JeCh TaKyl Xe poab Oyzer
MrpaTb DaBHOMEDHAA CXOIMMOCTb uHTerpaia suaa (1). Takmm o6pa3som,
pykosoasmed uneed naf Hac cHoBa GyNeT Ta aHaloTHa Mexay Oecko-
HEUYHBIMH DSOAM¥ U HECOOCTBEHHBIMM HHTErpajiaMH, KOTODYIO MH He pa3
nonuepkusaan [n°284, 301].

Haynem MB ¢ BONpOCZ O NpefenbHOM NEpeXone NOA 3HAKOM HWHTe-
rpana, PacnpoOCTPAHEHHOr0 Ha GeCKOHEUHHH NPOMEXYTOK.

Teopema 1 n° 296 Ha 3T0T cayyalh He pacnpPOCTPAHAETCR: ecau
maxe BO BCeM OeckomeyHoM npomexyTke GyHkums f(x,y) npu
y-—>y, PaBHOMEDHO CTPEMHTCA K MpededsHOR (yHKmuEM ¢ (x), npe-
IeNbHBI NEpeXol MOL 3HAKOM MHTErpaja MOXET OKasaTbCAl Heaomy-
CTHUMBIM.

Paccmorpum, B Buze npmmepa, dyHkumio (z=1, 2, 3,...)

n

fa@="Lre (x>0,
fa®==0.



304} § 3. MCIIOJIb3OBAHHE PABHOMEPHOM CXOAMMOCTH MHTETPANOB 155

OO6biyHEMA  MeToNaMH  AU((EpEeBUnaNbHOrO HCUMCAEHHS JErKO  yCTaHo-
BHTb, YTO HauGOJbIUEro 8HaueHus 3Ta (YHKUHA JOCTHTaeT 1pH

n Y3 —5

x=]/-§, H PaBHO OHO %e 2. Tak Kak npu n~»0O 910 3Haue-
n

HHE CTPEMHTCA K HyJIo, TO OTCIOa $%CHO, uT0 Oyukuus f,(¥) npu

n—>00 Bo BceM npomexyTke [0, c0] paBHOMEpPHO CTPEMHTCH

K ¢(x)=0. Tem He MeHee uHTerpa.

§fn(x)dx=1

NpH 71~>»CO BOBCE HE CTPEMMICH K HyJo.

Yca0BHA, NOCTaTOUHHE AAf HONYCTHMOCTH MPEeAeNbHOTO Tepexoaa,
aarTca caepywouiel TeopeMoi:

Teopema 1. ITycms gpynxgua f(x, y), onpedesennag 0aa x=a
udag y uz Y: 1) wenpepuisna no x u 2) npu y—>y, cmpemumcs
K npedeasnoll pynxyuu @ (X)—PaAEHOMEPHO OMHOCUMELBHO X
8 Kaxwdom Koneunom npomexcymue [a, A). Ecau, csepx mozo0, 3) un-
mezpas (1) cxodumca pa8HoMepRO omHocumessHo y 8 obaacmu %,
mo

tim { 7(x, y)dx = { o (x)dx. @
y-')’oa &

Ormetnn, npexzae Bcero, uTo dyHkuns ¢ (x) Oylder Takxe Henpe-
puishoit [n° 295, 2°). Ilo ycnopuwo pasHOoMepHO# cxoaumocti [n° 302]
ans moboro s >0 malimerca Takoe Ay _>a, uT0

o
§f(x, ydx | <e

ans Beex y W3 & onmospemenHo, aumb Toapko A’ > A > A, Ilepe-
X0l 3heCk K NpeAedy npu y—»y, NOX SHakoM wuHTerpana [n° 296,
TeopeMa 1], noayusm A’

fetar | <
A

orkyha caenyer [n° 286), yro dyskuus ¢ (x) nurerpupyema B GecKo-
HeuHOM mnpomexytke [0, oo].
Hanee, npu moGoM A > a, uMeeM:

§f(x, y)dx—§¢(x) dx |<< ff(x, y)dx—fcp(x)dx +

{Fee pax |+ Jewas
A

+
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Ecan Baars no npousBoJy uucao & >0, To MOXHO CHayasa Qukcu-
poBatbs A TaKk, 4TOOH BTOPOE M TpEThe CJaraeMHe CrpaBa CTanu

€
<-3—(Hesaancnmo OT y!), a sareM HacTOAbKO NPHOAH3HTL Yy K Y,

yroGsl CheJaTb M TepBoe cnaraemoe(% [n° 296]. Torama, aas yka-
3aHHHX Y, Oyzner

Off(x, y)dx—of ¢ (@) dx |]e

4TO M NpUBOAMT K (2).

Otciona, npuMenss obobuiennyo Teopemy Huuu [n° 295, 3°], MoxHO
NOJYYHTb TaKOE

Caedcmeue. ITycms nHeompuyameasnan @gynxyus f(x, y)
Henpepwsna no x 0af xZ=a u cmpemumcs, 603pacmasn
¢ sospacmaHuer y, ¥ npedeisnol ByHKyuu ¢ (x), maxyce Henpe-
posnoll 8 yxaszarnom npomexcymre. To20a u3s cyuwecmsosanus
uxmezpasa

{ o @)

yace ssmeraem Kax cywecmeosanue unmezpasa (1) (npn scex y us %),
max u Hasuxue gopsyas (2).

[To ynomsHyTOR TeopeMe NpM YKa3aHHHX YCJOBUAX CTPEMJeHHE
odyuxunn f(x, ¥) Kk @(x) OyleT paBHOMEDHHM OTHOCHTENLHO X
B moGoM KoHeuHoM npomexytke, [lanee, B cuiy Teopemet 1 n° 285
cywecryeT uHTerpaa (1), Tak Kax

Fx y)<¢(x)

®yukund ¢ (x) WrpaeT OAHOBPEMEHHO U poJb Maxopaute [n° 302],
obecnieudBaomled paBHOMEPHY0 (OTHOCHTENbHO Y¥) CXOAMMOCTDb
uurerpana (1). Taxum o6pasoM, coOMmoAeHH BCE YCJAOBUS JHJS TpHMe-
HEHWs TIPEAbAYLIER TEOpeMbl.

C npeneibHbM NMEPEXOAOM NMOJA 3HAKOM WHTErpata yaule BCEro MpH-
XOOUTCS HMMETb JeJ0 TNPUMEHHTENBHO K NOCJAEA0BAaTeAbHOCTH (yHKuut
{f.(x)}. Ilepexona ot nociepoBaTenbHOCTEH K OECKOHEUHHM paaam,
MOKHO MOJYUYHTb, TAKUM 00pasoM, HOBHE TEODEMBH O MOWIEHHOM WHTE-
rpUpPOBaHNK (QYHKUMOHAJIBHHIX PSAAOB.

Bor, nanpumep, xaxywo ¢opMy noJyuaer cA€ACTBHE

[lycme pao

0

> u,(x)

n=1
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cocmoAuyuE U3 NOAONCUMEAbHHX U HENPEPHBHHX 04F
X==a QyHryud, usmeem 0AS IMux 3Ha4eHuld X Henpepu8HYO e
cynny ¢ (x). Ecau nocaeduas 8 npomescymie [a, -+ co] unmezpupyena,
mo 8 3MOM NPOMENCYMKe PAO MONCHO UHmMezpuposams MO 4 AeHHO.

Haxonen, npocTeiM caeacTBHEM M3 TeopeMnl (1) sBaseTca M TeopeMa
O HenpepniBHOCTH WHTerpasa (1) no napamerpy.

Teopema 2. [Tycms gynxyus f(x, y) onpedesena u nenpepsigna
(wax ynryus 08yx nepementbiX) 0AS 3HAYEHU X ==a u 3HaAYeHUll y
8 npomexcymre [c, d). Ecau unmezpar (1) cxodumcs pasHomepro
OMHOCUMEALHO Y 8 npomexcymre [c, d|, mo oH npedcmagasem co6oK0
HENpEPLLBHYI0 (YHKLUIO OMm napamempa y 8 SmOM NPOMEHCYMKe.

Je#ictBuTenbHo, Kak Mbl  Bugean B n°296, npu H3MeHeHUn X
B JoGoM KOHeuHoM npomexyTke [a, A] dynxmus f(x, y) npu y—y,
(rme y,— moboe uyacTHOe B8HAYEHHE y) DABHOMEPHO OTHOCH-
TETbHO X CTPEMATCH K mpeaedbHod ¢yuknuu f(x, y,). A Toraa, no
teopeme 1, B uurerpane (1) MOxHO mTepelTH K npeaeay NOA 3HAKOM

UHTEr pasna:
(o]

lim I(y)==1lim \ f(x, y)dx = Sf(x, o) dx=1(y,),
Yy—Jo ,V-'J'oa :

YTO M JOKa3HBaeT Hallle yTBEPXKIEHUE.

ITpocto nokasmiBaeTcss u anajsor Teopemn uun [n°267]:

Teopema 3. Ecau nenpepwsnas hynryus f(x, y) Heompuya-
measna, mo u3 Henpepuisnocmu unmezpasa (1) xarx @ynxyuu om
napamempa, BuLINEKACM DPABHOMEPHAS e20 cxodumocme.

B stom cayuae wenpepriBHas [no Teopeme 2 1n°296] dyukuusa ot y

4

\ f(x, yydx

a
npd pospactanun A-—BoO3pacTaeT H, CleA0BaTeIbHO [0 0606uieH-
Hoi Teopeme Ilnnu, n°295, 3°], crpemurcsi K csoeMy npemeay (1)
PaBHOMEPHO OTHOCHTENBHO y, UTO M TPeGOBaJOCH AOKAa3aTh.

305. UnaTerpHpoBanHe HHTErpaja mo mapamerpy. CHauasna JoKaxeM
CIEyIOILyi0 TeopeMy:

Teopema 4. [lpu npednoAosceHusx meopemv. 2 umeem Mecmo
dopayaa:

d

{1014y =d§ ty | Fl2, e = fdxff(x, Ndy.  (4)

c

IeticrutensHo, mpu mobom A >a

frow={ o § s et o § 7 o
¢ a ¢ A

[4
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HO — mo Teopeme 4 n° 298 —

d A A 4
deSfdx:deSfdy,

TaK 410 paSHOCTb
d A d
§10ay— { ax § ray
[ a [

HanAeTCs B BUAC
A d

§ I(y)dy — fdy Sfdx: S dySfdx.

Ecan  Tenepb~ npH  MPOH3BO/ALHO MadoM ¢ >0 —pB3sb A Ha-
CTO/IbKO GOJIblIEM, 9TOOH OHJIO

[{raf<s
A

npH BCEX Y, TO YNOMAHyTas pasHOCTb Oyzer (abCoMoOTHO) MeHblie
e(d—c). B TakoM cayuae

d A d
§1(v)dy= Jim S dx §fdy,

910 paBHOCHAbHO (4).

Ecan  Bocnoab3oBaThed  TeopemoHd 3 [n°304], To nerko BriBecTH
OTCIONa TaKoe

Caedcmeue. B caywae Heompuyameavrolii gyrxyun f(x,y)
odHa Henpepsisrocms unmezpasa (1) no y éaewem 3a co6oii dhop-
syay (4).

Takum 0GpasoM, Mbl— NPU HSBECTHHX YCJAOBHAX — yCTAHOBUJH
NpaBo MEpecTaBJAATb ABa MHTErpaia, M3 KOTODHX OHMH DaclpOCTpPaHeH
Ha OecKOHEeuYHH#t MPOMEeXYTOK, a APYrofl — Ha KOHeyHHH.

Mexay TeM BO MHOTHX CJydyasXx KaK pas NpPHXOAWTCA MEPeCcTaBAATb
HHTErpaJmu, B3sThe 06a B GecKOHEUHMX MpPOMEXYTKax, Mo dopMmyre

OSO dy ff (xy)dx= fdx °§f (x.y)dy. (5)

OnpaBaaTe Takyl0 MEPECTaHOBKY 4acTO NpPeACTaBJIseTcs HEIOM CJAOXHHM
B KPONOT/UBHM,

Jlvigb A7 Y3KOro KJjacca CiaydaeB yaaercs oGocHoBaTh ¢opmyay (5)
o6wuMH coo6pakeHusMu; Hanpumep:
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Teopema 5. ITycms dgynxgus f(x, y) onpedesena u Kenpepwsna
047 XZ=a u y==c u npumos HeompuyameassHha. [lpednoso-
JKuM, 0asee, umo oba urmezpasa

?f (*, y)dx, S.?f (*, y)dy

ABARIOMCK Henpepn 8 Ho mu OYHKQUAMY, NepOuli — om y, a 6mo-
poii—om x. Toz0a, ecau cywecmsyem odurn u3 08yx nOSMOPHHX

uHmezpanos
(o]

(o] o0 [+

S dy Sf (x, y)dx, S dx Sf (x y)dy, (©)

[ a a [

mo 0pyz0li marsce cywecmsyem, u umeem Mecmo paseHcmso (5).
Honyctum, u4T0 cymecTsyer BTOopo# wn3 wunrerpaaos (6). [lo

npeabiAylieMy CAeACTBHIO, Aas MoGoro koneuwHoro C>¢ GydeM HMeTb

C -] -] C
S dy S fdx= S dx S fdy. %)
14 a o [
HonwinTerpamHas gynkuns c
{ray

[4

MHTErpala CNpasa, Kak QyHkuus or x @ C, HelpepHsHa No X
[reopema 2 n° 296] u—c BoapacranueM C 10 O6eCKOHEUHOCTH —
BO3pacTas, CTPEMHTCA K (yHKUHH

S.?f dy,

MO MpEANOJOKEHHIO HENPEPHIBHOH H HHTErpUpyeMod nNo X OT @ A0 ©O.
INpumenus k wunHTerpany B npasoft yactr (7) caeactsue n° 296, MoxeM
B 3TOM MHTerpaje nepefitu K npemeny npu C— 0O NOA 3HAKOM HHTe-
rpana, B TakoM CaAy4a€ He TONBKO CYWIECTBYET M NpEeAea MHTErpana
B saeBod uacth (7), T. €. nepeuift w3 uuTerpanos (6), HO M 06a nosTOP-
HHX MHTerpaja OKasHBAlOTCH DABHHIMH,

806. OduddepennupoBanne HHTerpana no mapamerpy. OrtHocs-
HIYIOCA Clofd TEeOPeMy MM BHBENEM M3 TeopeMH 4 Npenmaymero Ho-
Mepa, nanogoGue Toro, kak B n° 270 Mu nokasaaM TeopeMy 5, omM-
pasc, Ha Teopemy 4 n° 269.

Teopema 6. Ilycms Gyuxuusn f(x, y), onpedesennas u Kenpe-
pusras no x 048 x=a u y 6 [c, d], umeem 048 yxa3zanumx 3Ha-
VKUl W HENpEpBiSKYI0 No 00eum nepeMeHHuM npou3soduynw fy(x, y).
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[Ipednonoscun, dasee, wmo unmeapas (1) cxodumes 047 8cex y
8 [¢, d], a unmeepas

§ 700 ®

He MOABKO CYyuecmsyem, Ho CX00UMCA p A B H O M e p H O OMHOCUMEALHO Y
8 mox dce npomeycymre. To2da npu awGox y u3 [c, d) usmeem mecmo

dopruyra
I'(y)= S £y (% y)dx.

Tpumenus x oynxuun f, (x, y) Teopemy 4, amwb 3amenns d Ha
moboe y (¢ << y << d), Gynem uMeTb

v o

Vav {70 y)dx=§dx §f}(x, Vdy=

o o0

= Sf(x, Yy dx — Sf(x, ¢) dx.

a

Tak kak mopwluTerpasibHas (YHKUMS MHTErpana CcJA€B3, T. € HMHTErpan

o«

S Iy (x y)dx,

a

€CTb HemnpephiBHas ¢yHkuus oT y [mo Teopeme 2 n°304], To uuTerpan
caesa GyNeT MMEHHO ee mMeTb CBoeH mpowssoaHo# nmo y [n° 183, 12°].
ChemoBatenbHO, Ty K€ TNpOU3BOMHYWO OymeT HMETb W uuTerpan (1)
B NOCAEAHEN 4ACTM DABEHCTBA, DPasHAUIMHCA OT WHTErpaja cJjeBa JHIlb
Ha nocrosunyio. Teopema noka3aHa.

307. 3ameuanue 06 HHTErpanax ¢ KOHEYHbIMM mpeaesamu. Mu
noApo6HO PACCMOTPENH BONPOC O CBOHCTBAX UHTErpana

15)={f @ pax, (1)

A1 KOTOPOro €IXMHCTBEHHBIM O C 0 6 Bl M 3HauerueM x Oblia co. Ilono6-
Has ke Teopus MoxeT ObiTh pas3suTa M M9 CJayyaes, xorga oco6Goe
8HaueHne x OyIeT KOHEYHBIM, HaNMpUMED, COBMAJET C BEDPXHUM Tnpene-
JOM b unterpana

b
10)=\ f@x ax.
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Bo Bcex M0OKasaHHBIX YTBEDXAEHHAX MOXHO POJb OO OTBECTH uHCHy b,
3aMEHNB TOBCIOJQYy PaBHOMEPHYI0 CXOAUMOCTh INIpH X =—0O paBHOMEp-
HOH e cxogumocTbio npun x=~5 [n°303]. Bor, HampuMep, Kak mepe-
¢pasupyerca teopema 1:

Teopema I*. [lyems pyuxgus f(x,y), onpedesennas 0as
a<x<budag y u3 ¥ 1) nenpepuisna no x u 2) npu y-—>y,
cmpemumcs K npedeasHoll ByHKyuun ¢ (X)—paB8HOMEPHO OMHO-
cumensHo X 8 KaxcOom npomexcymxe [a, b—). Ecau, csepx mozo,
3) unmezpan (9) cxodumcs pasHoOMEePRO OmMHOCUMENsHO ¥ 8 OO-
aacmu ¥, mo

b b
lim \ f(x,y)dx= S o (x) dx.
a

=0y

KoHeyno, MOXeET CAyUHTbCA, YTO HAMKMLO ABa OCOOH X 3HAYeHHd X,
CKaXeM, Xx=—=a M Xx=—00 B TOM xe uurerpaie (1). MoxHO nepenectu
BCE YTBEDWIEHUA M HAa STOT cJaAyuall; 4YacTo, OJHAKO, TNPENCTaBJAETCH
yEOOHBIM TONPOCTY NpEACTaBHTbL uHTErpana (1) B BHAE CYMMBI ABYX

§=§+§ (@b 0)

1 [PHUMEHHTb H3JOKEHHYI0 TEOPHIO K KaXIOMy H3 C/AaraeMuXx B OTHeqb-
HOCTH.

308. Boiuncienne HeKOTOPHIX HecOGCTBEHHBIX MHTErpanos. Teopus
WHTErpaJoB, 3aBUCALIMX OT [apaMeTpa, C TMOJAb30H NpUIAraercs K Bbl-
YHCJEHHIO MHOFHMX KJ/aCCHYECKHX HEeCOOCTBEHHHIX HHTETPAJIoB.

1°, IlocrasuM cefe 3agayell Buiync/ieHWe uHTerpana (Jkaep)

i a—1
X0~
E=§~]_’_—xdx.

Ipexne BCero, yCTAHOBMM, A/ KAKMX 3HAyeHHH mapaMmerpa @ 3TOT
UHTErpas BooOme uMeeT cMuCIL Oco6be 3HayeHHs: X =00, Xx=10
(mpu a=>=1 nocieanss Touka He OymeT o0co06oi). Pasobbem unterpan
Ha 1Ba:

E=El+59=5+:§ ;

nepewit CymectByer mnpum a >0, ubo Torza —ecau a<l1-— nomuHre-
rpanppas QyHKUMs npu x -0 Oyaer OeckoHeyHo OGosbluoH, nopsaaka

1
1—a <1, no cpaBHeHHIO c- [n°290], a BrOpo#t —mpu a<1: Toraa
NOAMHTErpabHad (YHKUMS 1pH X —> 00 OydeT OGeCKOHeuHo Masoh
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nopsagka 2—a > 1, N0 CpaBHEHHIO C —:? [n° 285]. Mrak, paccMaTpnraeMnA

unrerpan cxomarcs, ecmm 0<a<{1; B 39T0M NPEANONOKEHHH M 3ahi-
MEMCH €10 BHIMHCACHHEM,
Ias 0<x<C1 umeeM pasiowenue B pAg

a-1
o7 —2(— ¥ o,

KOTOpHH CXomurcs pasHoMepHo, Jump ecan 0<e<<x<<1—e' <1,
Ho uacruunan cymma uMeer uurerpupyemyio B [0, 1] maxopaury

n—1
=1 [1 — (—0 n
0= 20(_1)uxa+p-1= x lll—{—; )" < %,
’L=

C/IeflOBATENbHO, HHTErpaJ OT Hee CXOOUTCH PABHOMEPHO Kak npH x=—0
Tak u npu x=1, WHrerpupys nouaesHo no (MoAW(ULMPOBAHHOA
TeopeMe 1, MOAyuHM:

oo 1 0
El=2 (5 (=P xott gy = 2__;);: .

pa=0 p=0

1
WHterpan Ey NONCTAHOBKOH X == NDHBOLMM K BUAY

E xll"d)"l
’—§ Tpx = s Tx 9%
[TpuMenss yxe NOJyueHHOE BHIE pPa3noxeHue, Halaem:
(—1)“

Ey=
aq—
p=l1 e

Taxum o6pasom,
-]
1 1 1
=a—+2,(_1)“ (e +a=r)
=

lMu yKe BCTPEYalld <«pasNOKeHue Ha MNpocThHe ApoOH» QYHKUHHA
o7 [B n° 293, 3% cm. muxe n° 406, 3), samevanuel]:

=t § o ().
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Tlonaras 3nech {==ma, NPUXOAUM K OKOHUYAaTEILHOMY PE3yJbTaTy:

sin"na © <a< 1).

xo-1

| 4+ x

R
&

E=03

2°. Jlns BHIYKC/ACHHA HHTErpana
[oo]

sin x
§ < dx

[cp. n° 293, 3°] BBemeM B paccworpenne Gosee ofwu#t uHTerpad,
coaepxauiuft napamerp:

o
[(@)=— S e gy (@=0),
0

3 KOTOPOrO MpENVIONKEeHHWH MHTerpan moaydaercs npr a=0. Mu yxe
3HaeM, uTO MHTerpan I(a) CXOZATCA PaBHOMEPHO OTHOCHTETBHO a,
s a==0 [n° 302, 3)], w, crenoBaressHo —mno Teopeme 2 n° 304 —
NPEACTABIAET HENPEPHBHYIO (YHKUMIO OT NapaMeTpa @ ANS YKa3aHHHX
ero sHauenuih. B wactnoct,

1(0)=lim (a). (10)

Haitzem Ttemeps npoussomnyw I (2) npu a>0. Huddepeuunpys
MO 3HAKOM HHTErpasa, mojayuuM

o0 1

4 _— X o O —

I (@)= OS e sinxdx = s

[n° 283, 5)]. Tocrennuft wmmTeErpan cXoamTcA paBHOMEPHO AR
az=a, (rie a,—moboe QukcupoaHHOe uHCAO, Gosbluee Hyds),
o0

H60 MaXKODHPYETCA CXOMSULAMCA HHTErPajloM Se"’oxdx [n° 302, 1°];
0
N03TOMY, NO KpalHeH Mepe A4 ynOMAHYTHYX B8HaueHHH a, NpAMeHeHne
reopemn 6 n° 306 ompasnano. Ho kakoe 6m mu B3sth a >0, Bceraa
MOKHO BHOpDaTh @y >0 Tak, yTo6u 6w0 @ > a, 3HAYNT, MOy eHHbIH
pesyabTaT BepeH maf Awb6oro a>0. B rakom cayuae, aia a >0,
uMeeM
I(@y=C— arctga.

Ilna onpegeseHns mnoctosHHOH C yCTpeMHM a K 00} TaK Kak

@< § e dr=,
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kg
o npu sroM [(a)—0, nu C oKasmBaerca paBHOH 5 - OxouyarensHo,
seugy (10),

](0)=S Sizx dx =—
8

3° YroOpl HaHOBO BRIYHCJHTb HHTErpas

0

_ (-~
K 6s‘e“’dx

[cp. n°293, 2°], nmoaowmM B HeM x=—ut, rae u— mo6oe NOAOKH-
TEJLHOE YUC/O0; MBI NOJAY UM

K=u s e~ gt
‘0

-— 3
VYuuoxuM Tenepb 06e 4acTd STOrO paBeHcTBa Ha e © du ¥ NpOMHTe-
rpupyem no u or 0 po oo:

K. § e dy — K — S e udu 5 e~ = gy,
b ¥

Herpyono BuAETb, UYTO MNEPECTAHOBKA MHTErPallOB BEOET 31ECh
BecbMa OHICTPO K pe3yabTaTy. B caMom mesne, nocje nepecTaHoOBKH NoO-
JyUM

o o 1 0o
. —(+)m 1 at =
K—§dt§e ud"—2§——l+t=”4’
oTkyza (TaKk kax, ouesuano, K >0)
© —
K=§8_ﬂdx= Vn .
2

Il onpapiaHus NpOW3BENEHHOW NEPECTAHOBKW HHTErPaos nonpo-

Gyem npuGerHyts k Tteopeme 5 n° 305. Ho B to BpeMs Kak uHrerpan
(0]

ge—(u.mu»

0

1 1
ndi=-1yw
eCTh HenmpepoipHas (yHKuxa o1 ¢ mas Bcex t==0, uHTerpaa

[>=]

§e_(l+t2)a2 udi—=e “.K
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— auwb Aas u >0, a nps =0 obpamaercs B 0, Tepna B 3To# TOUKe
paspub B. [103TOMY NpUMEHHTL TeopeMy § HemoCpPeACTBEHHO K MpPAMO-
yroabuuky |0, co; 0, oo] meapsal Mu ee NpUMEHHM K TPAMOYroJb~
nuky [#,, o0; 0, co), rae uy >0, NoAb3yach TeM, yTO HHTErpan

[=o]

Se-(l+t”)u“ uduy— 1.

1 a
~(1+1) g
7 T5e € ’

Uy
BJISETCS HEMPEPHIBHOH ¢yHKuMed oT £ ana Bcex £==0. Jtum onpasibl-
BAETCA PAaBEHCTBO
w© o 0 [=o]
S du S e W) g — S dt S e 0Dy gy,
7, [} 0 )
OcraeTca JMlb, YMEHbWIAA U, NEPENTH 3AeCb K mpexeay npu u#,— 0,
yTO B MPaBOR UaCTH MOXHO BBIMOJHUTHL NOX 3HAKOM HHTEerpaJaa—
Ha ocnoBanuu caeacteus n° 304.
4°, Hakonen, obpaTumMcss K Tak Has3blBaeMLM HHTerpanam Jlanaaca ¥):

[eo] [ee]
cos ax X sin ax
dx

y= m— 7] = W ax.
] 0

Tpexpe BCero OTMETMM pPAaBHOMEPHY! CXOAMMOCTb OTHOCH-
TENbHO MNapaMeTpa &, CJAEIOBATEABHO (N0 TeopeMe 2), B HENpepHB-
HOCTb MO @ TEPBOTFO W3 STUX WHTErpasioB, y, H INPUTOM JJs BCEX
snauennfh a==0 (cm. n° 302, 1)]. Orpanuunsasce 3HaueHusmu a >0,
C noMOMibI0 AMPHEPEHUMPOBAHMS N0 @ MOA BHAKOM WHTerpana (Teo-
peMa 6) ycraHOBHM, uTO

2L ez (1)
8leCh MW ONHPAaEMCAd Ha DaBHOMEPHYIO CXOIMMOCTb BTO POT O H3 HH-
Terpanos, z, s BCeX a==a, rie aq,—moboe PuUKCHPOBAHHOE
nosioxuTeAbHOE uucao [cM. n° 302, 2)).

NanpHeiwee nud@epenimposase MO @ NPOUSBOANTh NOX SHAKOM
VHTErpaja HEBO3MOXHO, W60 B pesy/bTare Takoro AuddepeHtupoBaHus
noayuniacs Obl ywe pacXomAUIHHCH HHTErpad.

Opuako, ecM K HanWCaHHOMY PpABEHCTBY MOWIEHHO NPHOaBUTbL pas
BeHcTso (CM. Bhime 2°)

LI sin ax gk
o e

Oty 8

#) Mvep Cumon Jlan 1 a ¢ (1749—1827) — Bunaowniica GpaHnysckuit actpo-
HOM, MaTeMaTuK U (QH3HK.

*%) Brpoues, Iad panbHeHmIero HaMm BOBCE HE HYXHO 3HaYeHHe STOrO HHTe-
rpana; LOCTaTOYHO AMIIb 3HATb, YTO NPHU BCEX a >0 OH COXpAaHAET NOCTOAHHOE
3Hayerue, a B 3TOM Nerko yGeAuTbCA NPOCTOH MOJACTaHOBKOH [ = ax,
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TO MOJIy4YHM:
©

dy = 9 sin ax
T -+ 5 =k §x—(k”+a9) dx.

3necy auddepeHuHpoBaTe MOJ SHAKOM HHTErpaja CHOBA MOXHO, H

TaKuM NyTEM MBI Hahmem
[oed

dy a cos ax
|
TaK YTO
d?y
T =Y

Jas atoro mpocroro auHeHHoro nuddepeHUUANABHOT O ypas-
HEHHS BTOPOro MNOPSAKA C MNOCTOSHHHMA KOSGpHUHEHTaMH, MO KOp-
HaM = k& «XapaKTepHCTHYECKOrO YPaBHEHHSA», JIEFKO COCTaBHTb ofiee

peLseHHe
y=Ce" | Ceee, (12)

rae C; n Cy—mocrosHupe. Ho npu Bcex 3HaueHHSX a BeauyuHa y

OrpaHBy€Ha;
©

dx n
lyl< (SW:@?-

snaynt, Heo6xomuMo Cy;=—0 (w60 wuHaue, npek a@-—o00, H BEJH-
ypHa y GesrpaHWyHO BoO3pacTana Ou). [laa ompeneneHds e NOCTORH-
Holi Cy mosioxuM a=—0, Tak KaK, BBHAY HENpPEPEIBHOCTH y, COOTHOLuE-
Hue (12) coxpanser cuiy H NMPH STOM SHAYEHHH @; OYEBHIHO:

Co= 2k .
OxOHYaTEeNBHO,
Lo o]
y= S =g (@>0)

Otciona anddepenunposanneM [cM. (11)] onpenenserca u 2:

o0

= =g @0
0
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§ 4. QUWJEPOBBI MHTEIPAJIBI

309. ditnepor uuterpan mepsoro pona. Tax HaswBaeTcs (MO mnpen-
noxeHno Jlexanapa) HMHTErpan BHEA

1
B (a, b)=Sx‘H (1— x)* dx, ()
0

rae a, b>0. Ou npencrapaseT ¢yHKUMIO OT ABYX NEPEMEHHWX Mapa-
metpos a n b gysryuw B («Betas).

PaccmaTtpuBaemubi#l unTerpan, kak Mm 3Haem [n° 290, 3)], aas mono-
XUTENABHEIX 3HaueHUH a u b (X0Ta Onl ¥ MeHbLUMX eIWHHUBI) CXONHTCA *)
W, CJeA0BaTeNbHO, JEHCTBUTENBHO MoxeT OHTh MOJOXEeH B OCHOBY
onpenenaenus ¢yHxkuud B. YcraHoBHM HeKoTOpHE €€ CBOHCTRA.

1°. Mpexne Bcero, NOYTH HEMOCPEACTBEHHO (NIOXCTAHOBKOR x =1 —¢)

noJTyuaem: B (a, 5)=B (b, a),

Tak 4To ¢yHkuns B sBaserca cMMMETPHUYHOH OTHOCHTENbHO a W b.
2°. C nomolupio HHTErpuUpOBaHWs mo vactaM u3 dopmyau (1), upa
b™>1, Haxonum **):

1
B(a,b):S (1—xtd 2=

1
=xa(1—;x)b-1/;+b-a—l§ %% (1 —x)P* dyx=
1 1
==L { w1 — dx——b—S £ (1 — )P ==
3
=2='B@t—1)—2=1BG@ )
OTKyAa
B (q, )= 251 ” L B(a,b—1). o)

21y GopMyay MOXHO TIPUMEHSTb C LeJbI0  yMeHbilieHus B, moka
b ocraercs Gosbwe 1; TakuM 06pa3oM BCEra MOXHO NOCIHTHYTb TOrO,
yToGH BTOpO# aprymeHT cran<< 1.

*) HaoGopor, ecan 3Hauewwe XOTb ORHOTO H3 Napamerpos 4, & Gyzer <0,
TO HHTErpax pacxoiuTcA.
¥¥) Mbl MCNORb3YEM NPH STOM TOXLECTBO

X8 (] — )P0 481 (] — x)0% — x0T (1 — x)0L,
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Bnpouem, Toro xe MOXHO LOGMTBCA W B OTHOLIGHHR TEPBOTO apry-
MEHTa, TaK KakK — BBHIY CHMMETDHYHOCTH B — umeeT MecTo u Apyras
¢opmyaa npHeeaeHAR:

a—1

B(q, b)=m__—1B(a~—1, b) (@>1). 2"

Ecau b paBHO HAaTYpalbHOMY YHCAY #, TO, MOCJAENOBATENLHO TpH-
meHss popmyay (2), Halaem:

n—1 n—2 1

Bla, m= a+n—1 e4+n—=2 a1

B, 1)

Ho
1

B(a, 1)=§x0f'dx=l.

a

Mostomy nas B(a, n) u— omnospemenno — nas B(n, a) mnoaywaerca
OKOHUaTeNbHOE BhIpaXeHue
1-2-3-...-(n—~1)

B(n, a)=B(a, n)= @I @FD) .. @Fi=0" 3)
Ecav M @ paBHO HAaTypaAbHOMY YHCAY ml, TO
(n— Dt (m— 1))
B(m, n)=T~|—n——1)!_

D1y (opMyay mMOKHO TpumeHATb M mpu m=1 wiu n=1, ecan noxg
cumsosioM O! pasymers 1.

3° Dagum aas ¢yskumm B apyroe aHaiuTHYeckoe npencTasieHme,
KOTOpoe uacto OwvisaeT nosesHo. WmenwHo, ecau B nuterpane (1) npo-

U3BECTA MNOACTAHOBKY X =— rae y-— HOBdd MNEpeMeHHas, H3Mme-

Y
Pty
Haomwasca ot 0 10 0o, TO M NMOJyYHM

? yd«l
B(a, b)= SW dy- C))
0
Iloaaras 3mecv b=1—a (B npemnonoxennn, uro 0< a< 1), Halinem
% a—1
—_ =\
B(a, 1 a)__OS 5 dy.

UnTateNb y3HAET YXe BHIYMCJACHHBIM BHIE HHTErpast, TaKKe CBA3LIBAE-
Ml ¢ umeHem Jisepa [n® 308, 1°]. ITopcrapasin ero aHaueHue, npu-
XOAHM K ¢opmyne

B, l—a)=——  (0<a<1). 6]
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Ecan, B yacTHoCTH, B3ATbH
1
—iv

1 1
—_— =T
B{7:3)

Mu  orpanuuuMcsi 5TMMM HEMHOTMMM CBOMCTBaMM yHKuUMH «Bera»
MOTOMY, YTO — KaK yBuanM mixe [n° 311, 4°] — ona ouenr npocTo Bhpa-
waerca yepes apyrywo ¢yHxumio — «['amma», Ha KOTOpOH MBI OCTaHO-
BuMCA ToapodHee.

310. diunepos WHTerpaJ BTOPOro poxa. JTo Ha3Bauue OWJIO mpu-
cBCceHo Jle:kaHapoM 3aMeuaTeNbHOMY UHTErpany:

a—1—a=

TO HOJYUUM:

I'(e) = S x¥te* dx, (6)
b

KoTopui#t cxomutca npH awbou a >0[n° 280, 4)] *) u onpeneaser

dyuyuio T' («Cammar). ®ynkuns I', nocae saeMeHTapHbIX, SBJSETCH

ONHOH W3 BawHeHuIMX (YHKUMH A8 aHaiusa W ero npuioxenudd. Hay-

yeune cso#icts ¢yHkuuu I', ucxoms u3 ee HMRTerpajJbHOTO Omnpenene-

Hus (6), MOCAYXHT OAHOBPEMEHHO M TIPEKPACHBIM MNPUMEPOM TpUMEHE-

HUSE M3JI0:KEHHOR BHILIIE TEODHW WHTErpasoB, 3aBHCANIMX OT Hapamerpa.
Ecan noaoxuts B (6)

x=lnz—,

TO Halaem:

r (1)
(@)= g ( nz—) 2.
b
Kak ussecrno [n° 65, 2)],
1
lnlzllm n(l—2zn),
z n—oo
L
npuyeM BhHipaxeHue n(l —2") NpH BO3PACTAHUM 2 CTPEMHTCA K CBO-
emy npeneny BospacTan**). B Takow cayuae na ocuosanwn n® 304
(cneacrsue) u 307 |
i
I'(a) =limn®! S (1 — 271 dz
n—0 8

*) Tpu a << 0 uuTerpas pacxogutca.
**) B aToM MOWHO yGemnthca MeTOAAMH NM(bdepeHUMATbHOrO HCYHCIEHNA,

paccMaTpHBas BhipaweHue

KaK (QYHKUKIO OT a,
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WK, ecu NpUOErHyTs K NMOACTaHOBKE 2= y™
1
T'(a) =lim n“CS Yy — )y,
n—oo

Ho, coraacto (3),
1

§J’"“(1—y)“~'dy=B(n, @)= et

a-(a+1)-(a42)-...-(a4+n—1) *

Takum o6pasoM, OKOHYAaTeNbHO, NMPHXOOHM K 3HaMeHWTOR dQopmy.e
dunepa — laycca:

o 1.2.8¢...(n—1)
T@=lim n =y Ty e

31y dopmyay dfaep eme B 1729 r. coobunua B nucbMe K T'oapgbaxy, Ho
oua Guira 3a6uta. Taycc BNocaeICTBUM MMEHHO ee MONOXMI B OCHOBY CaMoOro
onpeneireHHR GYHKUHH H(a)=1‘.’{a+ 1). MHoro 3anumannce o¢yHxuvedd T Jle-
wanap ¥ Jlo6aveBckui, npHuem Jlo6aueBckHit ucXomma W3 CBOEOOPA3HOrO Ompe-
nenedusa ¢pyunxuun T, MCHOAB3YIOUlero 6eckOHeyHhe PHAH.

311. Mpocrelimue crofictsa bynkuuu I. 1° Oywryus I'(a), npu
scex 3nauenunx a >0, Henpepvisna U umeem HenpepwisHsie e Nnpo-
113800Kbie B8Cex nopsadxos. JLOCTaToyHO [0Ka3aTe /ML CYU[ECTBO-
pauue nponsBoaHuX [ndpdepenunpys narerpan (6) noa suakom
MHTErpana, MoJyyuM

[s o]
IV (a) = Sx“"‘ Jnx-efdx. )
¢

[Tpumenenne mnpasuna Jle#Guuua onpasmaHo Tem, yTo 006a HHTErpana

1 oo
Sx““-lnx-e”"dx u Sx““-lnx-e‘xdx
¢

CXOASTCA PAaBHOMEPHO OTHOCHTEJNBLHO a: MepBbH npd x==0 gxas
a>==ay >0 (Mawopanta x%—! |ln xf), a sTOpoli mpn x=o0 M
a<< A< oo (Maxopanta x4 e7* %)),

Takum ke IyTeM MOXHO YyOemnThCs M B CYUIECTBOBAaHHAH BTOpOH
NMPOU3BOAHOH

I (a) = S %1 (Inx)2e* dx (T
[1]

B BCexX najbHe#uuux,

®) daa x >0, oueBHAHO, Inx < X,
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2°. Us (6), uHTerpupoBaHueM MO 4acTAM, Cpasy MOJyuaeMm:

©

‘ o
a é .:c"“e""d.)c:x"e’"’0

+ §x" e*dx,

I'e}+1)=a-T'(a). ®
Bra Qopmyna, NOBTOPHO MPHMEHEHHas, NAET
Fa-4+n=@4n—1)-@@a4+n—2).....(a41)-arI(a). 8%

Takum nytem BuuncaeHue I' nis MpOMSBOJBHOTO 3HaweHHs apryMeHTa a
MoxeT OuTtep mpupeseHo K Buuncaenuio I' mmi 0<la<C1 (niw, ecom
yroano, ana 1< a=<<2).

Ecin B (8%) B3sTb a=—1 ¥ DpHHATL BO BHMMAaHHUE, YTO

o]

r(l)=§e-*dx=1, ®)

TO OKa¥eTcs, u4ro
I'(n41)=n! (10)

Oyuryur T asanemcs, Takum o0pasoM, ecmecmeeRRuM pacnpocmpa-
HeHUeM Ha 00AacInG A 10 0 8 X NOAOKHCUMEALHIX 3HA4eRIE ap2yMenma —
dynrguu nl, onpedesenHol Aums 0ASL HAMYPAABHWX 3HQ4eHUl n.

3°% Xox nsmeneHus pyHxkuuu I'. Temepp Mu MoxeM cocra-
BuTb cebe ofuiee mpencTaBieHue o mnoseaeHun oynkunn I'(2) npu
Boapacranud a oT 0 go co.

Us (9) u (10) mmeem: I'(1)=TI'(2)=1, Tak ur0, Mo Teopeme
Poans, mexay 1 m 2 pomxeH JexaTe KOpeHs @, npoussonHo# IY(a).
Sta npoKsBOAHas MOCTOSHHO BO3pacTaeT, MO0 BTOpad MNPOUSBOAHAA
I (@), kax BuaHo u3 ee BmpaxeHuds (7%), Bcerga noaomureapHa. Cie-
noparenbHo, npu 0 < a<a, npouseonnas I'(2)<(0, n ¢yukuna I'(a)
yOmBaet, 2 npu g,<_a< co Gymer I'(a)™>0, tak uro I'(a) Bospa-
CTaeT; MPH @==@, HaIMUO MU HHUMY M. Buuncienue, KOoTOpOro MH He
TIIDHBOJMM, A3ET:

ay=1,44616 ..., minT (a) =T (a,) = 0,8856. ..

ViHTepecHo ycTaHOBHTb eile npenex nas I'(a) npu npubanxenus
a x 0 wm k oo, Yz (8) (u u3 1° scHo, uto

I'(a) = T (a + 1) + o
npu a—>-0. C apyroit croponn, eeuny (10),

I' (@) >n!, aump T0MRKO @ >n- 1,
1.e. I'(@)—--co ¥ npu a— - co.
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Cpaduk ¢yuxkunu I' (@) npeacrasieH Ha puc. 5.
4°. Cpasp Mexny QGyHkuusMmu B

7 u I'. Jag Toro ytobbl yCTAHOBUTH STy CBS3b,
5 T M mopcraHoBkod x =2y (t >0) mnpeobpa-
. ] syem (6) x Buay:
(o]
sH / S =§y"’“ evat. (1)
2
r 3amenss 8mechb @ Ha a~Fb W ORZHOBpEMEHHO

! t Ha 1-¢, noayyum:

Ta+o) _
of 12 3 4=z a 1 -

T = Sya+b 1,-(4h)y dy.

Puc. 5. 0

YmHOXUM Tenepp 06€ uacTW 3TOro papeH-
crBa Ha t*~! u npounterpupyeM no ¢ or 0 po co:

I'(a - b)S ﬁr df = S 121 g S gt i)y g
0 0 0

B unrerpane ciesa Mb ysuaem dynxumio B (e, b) [em. (4)]; cnpasa we
nepecrasuM uHTErpans. B pesyaprare moayuum [c yuerom (7) u (6)]:

T(a+-b)-B(a, b)= Sy“”’“ e” dy S 191 e dt =
b d

= [yt T gy=r@ | 1 ey ay=r(@ T )
0 0

OTKYyZa, HaKoHel,

I'(@).T@
B(a, b):-r(‘(’;Tg)). (12)

TIpuBeneHHBI! M3AMHBIA BHBOL 3TOrO COOTHOLIEHUS dfinepa npuHag-

Aexnt Nupuxae. BrpoueM, ans 060CHOBaHUS €FO HALJIEKUT eimle Ompas-
JaTh NEPECTaHOBKY KHTErpaJos.

Mb cpenaem 570, orpaHuuuMBasCh MOMauany MNpPEANONOKEHMEM, YTO
a>1, b>1. Torza a4s dynkuun

1ot ya+b—1 e—( 1+£) y
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OKa3hBAIOTCA BHNOJHEHHHIMH BCe ycaopus Teopembl § n°306: sta dymk-
uust HempephBHa (4 MPUTOM MoOJOXHTenbHa) aaa y=0 n t=0, a
HHTErpaJIk

(a1

-1 Sywb -1 (14 y dy—-I’(a—}—b) (1+t)a+b

o0
Y-t oy S 11 eV dt =T (a) y*-' e
b

B CBOIO Ouepelb MNpPEACTaBJAOT CO00I0 HeNnpEepHBHBE QyHKUNN:
nepseit — ot £ ans £=0, sropot —otr y aag y=0. Ccuika Ha Teo-
peMy oOnpaBsAbIBa€T NEPECTAHOBKY MHTErpaloB, a ¢ Helo W dopmyay
(12) — ans cayvas @ >1, b > 1.

Ecam xe uspecTHo Jsmmwp, uto @ >0 u »>0, T0—mno noxasan-
HOMY — UMeeM

T(a+ )T (b1
Bat1, b+ 1)= (;Z—ﬁb(—k—;))'

A orcroaa, ucnoassys ¢opmyaw npusesenus (2), (2) ans pywkuun B
n (8) mns dyuxunn I', nerko BHOBL moayuuTb gopmyny (12), ywe Ges
HEHYKHHX OrpaHuueHuh.

5°. ®opmyaa nonoaHenus. Ecan B Qopmyre (12) noaoxursb
b=1-—a (cuuras 0<a< 1), 1o, BBUAY (5) 1 (9), MOJAYYNM COOTHO-
HIeHne

I‘(a)I‘(l——a)——Sm, (13)

KOTOpOE U HasmBaercs GOpPMYJOH AONOJTHEHH .

[Ipn a =5 orclona Haxomum (Tak kax I'(a) > O0)

T(y)=V (14)

2

BuinosHuB B MHTErpaje

T
§ _:/z_d2= Vv

MOACTaHOBKY 2z==x% MH BHOBb NOJYYAM YyxXe HSBECTHHH HaM uH-
Terpadi

i." -2 dx= VZTT.

[1}
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6°. dopmyna Jlexauwnpa. Ecau B unrerpare

1 1
B(a, a)=on"“(1—x)‘”dx=§H—(%—x)’]“dx=

1
Tro 19 Jat
a—
0
caenarb NOACTAHOBKY

42

83—
l
®
I
o] —

TO NOJYYHM

B(a, a)—2,},_l§t 71— 0%t dt = B3, a).

amenum B obomx cayuasx ¢ynkumio B ee Bupawennem (12)
yepes I

I(@I@__ 1 r(z)r@

T (2a) *w—ﬂ’w-

Cokpamas wa I'(a) u wnoacrasass Bmecto I (%) ero 3aHaueHue Y%
[cM. (14)], npuzeM x dopmyae Jlexanapa:

r@r(a+4)= 2‘;1‘ I' 2a).

CywecTByeT eme MHOTO ApYrux ¢opMys, BRABJAOWNX rayGokue
csofictea ¢ynxumn I'. Mbl He nMeeM BOSMOWHOCTH OCTaHaBJMBATHCA
30eCb Ha HUX, PaBHO Kak H Ha crnoco0ax npuOaHKEHHOr0 BHIYHCAEHHMA
SHauenuit caMmoRt ¢yHxuuu I' u ee norapudma. OrpaHuunMcs ynoMmuHa-
HHEM O TOM, uTo eme JlexaHnap, ucnoJe3ys csoiicrBa ¢yHkwan I' n
annapar GeCKOHeYHNX pPANOB, COCTABHJI Tabauuy AECATAYHHX JOrapud-
mos I'(a) ans a or 1 mo 2 uepes 0,001, cHauana c 7, a sarem ¢ 12 ne-
CATUYHHLIMA 3HAKAMH,

Hosas, yxe He anemeHrapHas, ¢yHkuma I' ssiserca B TakoH e
MEpe OCBOEHHO# HaMW, KaK ¥ NPHBHYHBE HAM QYHKIHH, KOTOpHE Mbl
HagBa/IM 3JIEMEHTAPHHIMH,
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312, NMpumepsl. TpEBeseM Tedepb HECKOABKO OpOCTHX NPHMEPOB HCNOAL3V-
BaHHA QYHKuHH I,
1) Uuterpan

1
§ XP1 (1 — xMy-t dx ® g, m>0)
NOACTAHOBHOA X™ ==y Cpa3y CBOIUTCA K SfiNepOBY HHTErpany nepsoro poja:
P
L(2,4)=1 r(x)T@
m o \m'?/ " m P *
T (£
(= +9)

2) BuuncauM unTerpan

sing= ¢ cosd ¢ dg (a, b>0).

MNIH

EcaH DOnoXnTh X =sin ¢, T0 OH NMpHBEAETCA K HHTErpany

1 b
-1
§ X071 (] — x9) dx.

HMcnoabsya npenunymuft npumep, 6yneM AMeTh
x

7

a
sin%~* ¢ cos?! ¢ d =_]_B ,a_ b =] I‘( )
¢ PeY=13 A r(8

B uacthocTH, PR b=1, DOJAyYHM OTCIOJa

sins~! (pd(p=ﬁ ! (;_)

2 a1\ °
()
Jlerko npoBepHTb,

yro 9toft onHo#t dopmyroH oxsarwBawrca ¥ oGe dop-
Myas (5) n° 187,

Oy 00l B

Ecau me B HcXOBHOM HHTerpate Baath a=1-¢, b=1~—¢, e {¢| <],
10 HalneM (DpHMenAa (GOPMyAy AONOAHEHHA)

3
51g‘7d<p=—;-1‘ (1—|2—c)r (l—2-¢:)= n
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3) PaccMoTpuM, HakoHel, eule MHTErpan

o ._;L
sim X
[,
X
0

rge p ¥ g — B3AWMHO NPOCThie HEYeTH bl € HaTypanbHble YyHCIa.
ﬂepenncaB HHTErpal B BHIC

¢ = sin x

S sin 9 x.-——dx,
X

0

npUMEHUM K Hemy obmylo ¢opmyny JloGayesckoro, ymoMmsuyTylo Ha crp. 135,
Ycnosus:

Flx+my=r(x) u f(n—x)=r(x),
NpH KOTOPHIX 9Ta JopMyna BepHa, A1 GYHKUHH

p—q

fx)=sin 7 x

BoinonticHl, Takum o6pa3oM moayyum [cM. 2)]

[=2} 2
)
2 P
b (e 78]
S X = sim 9 xdx—i’f_- 29
X r(ﬁ—l-q)
0 0 29

M3 3THX HEMHOrHX TNpPHMEPOB YHUTATENO0 CTAHOBHTCA ACHBIM, HaCKOJBKO —
6naronapa BBefeHnI0 GYHKUMM T — DAaCIIMPSAIOTCHA BO3MOXHOCTH NpPENCTaBaeHUs
MHTErpanoB B KOHEYHOM BHIE YEPe3 H3Be cTHH e Qpynkuuu. VHo# pas, mawe
ecan ¢ynkuua T # He BXOQUT B KOHeYHbIH pe3ynbraT, noayueHue ero obaer-
YyaeTcA HCNONb30OBaHMEM CBOHCTB 3TOH (yHKUUH.

313. Hctopuueckwe B3ameuaHHsi O NepeCcTaHOBKE ABYX TNpeelbHbIX
onepanui. Lienblo STOro 3aKMOYHTENBHOrO HOMEpa ABAAETCA CONOCTaBIEHHE —
B MCTOPUUECKOM OCBEIEHMH — BCEFO CKA3aHHOFO B pasHbix MECTax Kypca no
TNIOBOLY nepecmanosiu 08yx npedesbnnx onepayuii. [lon «npenensuoff onepa-
LBeH» Mbl Pa3yMeeM 3[eCh HE TOABKO HEMOCPeACTBEHHO NpelenbH bl H Me p e-
X0 MO KaKOMY-1u60 ¥3 aprymMeHTOB paccMaTpHBaeMofi ()YHKUUM, HO W Ipyrue
onepauMH, B KOHEYHOM CYeTe NpPHBOMAIIMECH K TaKOMY TpeleabHOMY Iepexony,
KaK-TO: CYMMUpOBaHHE 6ECKONEYHOTO pAla AMDPepeHnupo-
BaHpe $yHKUUM U, HAKOHEL, MHTETDHPOBAHUE DYHKUUMU MEKIY
NOCTOAHHHMU NpeEAENAaMH (B COGCTBEHHOM HIH HECOOCTBEHHOM CMbicae).

B n° 131 Gbina peyb O paBeHCTBE IABYX NOBTOPHHIX NpENeNOB

lim lim f(x,y)=Ilim lim f(x,y). (15)
v —ay->b

bx—a x

Mbl BHAEAH, uTO NopoGHOe PaBCHCTBO HMeEET MECTO He BCerna, 4 YCTaHOBHAH
HCKOTOpLIE YCIOBHA, oéecnequualomue €ro CrpaBenBOCTD. AHanOruyHLIM Obino
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noioxeune peulet ¥ B n° 147 N0 OTHOWEHHIO K PABEHCTBY HBYX CMeUIaHHBIX
NPOH3BOIHEIX
Dy Dy f(x,9)=D, Dy f(x, y). (16)

TnaBa XVI («®yHKuHOHANbHBIE NOCAELOBATENBHOCTH M PANbI>) I1aBHLIM 06pa-
30M 6blJIa NOCBALLEHA MMEHHO BONPOCAM PAaCCMATPHBAEMOrO THIIA: TaM H3YYasiHCh
yCNOBHA, NPH KOTOPHIX OKa3biBadach NO3BOJMTENLHOH NepecTaHOBKa ol € P a-
UHH CYMMHPOBAHHA OECKOHEYHOro pajga—c oOWYHBIM M pe-
AeNbHHM NepexonoM [n° 266, 268, nndpdbepeHunpobanmen
[n° 270] u wunrerpuposannem [n° 269]. Hakowen, To ke MOXHO cKasaTb H 00
OCHOBHOM CONEPAHHHM HACTOAUIEN I1aBH; TOJAbBKO Ha 3TOT Pa3 ONHOM M3 mepe-
CTaBAAeMbIX ONEepauui HeU3MeHHO sABAAMACH ONMepalusd MHTErpHpoOBa-
H U fl, KOTOPYI0O Mbl -— NPH COOMIONEHHH H3BECTHHIX YCHOBHH — TAaK e Iocnaejo-
BaTeNAbHO MNepecTaBAsAAM C IPYTMMH TpeHenbHHIMH omepauuamu [n° 296—298,
304—307].

Eute 3amoaro no toro, Kak Te onepanuy, 0 KOTOPHIX 3M€Ch HAET peyb, ObLIHM
0CO3HaHb KAK «lIpeledbHule» (3 9TOT NPOLeCC 3aBEepUIMICA, KaK M3BECTHO, MHLIb
k Havany XIX Beka), mepecraHoBka IBYX TaKHX ONepaluit NPOYHO BOUIIA B MaTe-
MaTHyecKylo npakTHky., OHa (aKTHYECKHM OCYyl(eCTBASETCA Jaxe OCHOBONOMOXK-
HMKaMM aHaliW3a: BCIOMHHM MouneHHoe auddepeHnHpOBaHHE M MHTETPUPOBAHHE
panos y HpioToHa, Jle#6HU1a N HX COBPEMEHHHKOB, a TaKe «IpaBUio JleHOnHLay
a8 IMddepeHIHPOBaHUs UHTerpaaa o napamerpy. C TakoW MepecTaHOBKOH MBI
HenmpepulBHO BCTpevaemcss u Ha BceM nporsskennd XVEHI Beka, vauie — Ge3s
060CHOBAHHsl, @ MHOH Da3 M C JOKa3aTelbCTBAMH, Pa3yMeeTcsd, HA YPOBHE CTpo-
roCTH TOTO BpeMeHH; 1as NpHMepa yMomsaHeM paccyxpaedns Jiaepa u Kiaepo,
060CHOBbIBAIOUIME TEPeCcTaHOBKY IBYX nHbdepenunposanuit (1739 r.). Moxuo
CKa3dTh, YTO B MCTODHH MaTeMaTHYeCKOro aHaJM3a MepecTaHoBKA IBYX Npelelb-
HbIX OMepauMil BCeraa CAyXHaa MOTYIIECTBEHHLWM CDEeACTBOM IIf NOAYYEHHs
MHOTHX O6U{MX yTBEpXIeHHA M OT/eTbHBIX MaTeMaTHUeCcKHX ¢aktos. Ho — nenpa-
BUIbHO TNpPHMEHEHHasd, OHa e fBAANACH MCTOYHHKOM OWMOOK M MapaloKCOB.
CaMas MBICAb O TOM, YTO NEepecTaHOBKa ABYX NpeleNbHbIX onepauuft He Bceria
N03BONHUTENbHA, CO3PEBaka MENIEHHO — HMEHHO Ha OCHOBE aHajM3a OmUOOK, W
caenanach o6mum nocrosHuem okono cepennusl XIX seka. Crporoe xe obocHo-
BaHHE TPUBLIUHHIX B aHalu3e CIyyaeB TaKOH MepecTaHOBKH OHijio 3aBeplueHo
NpUMEPHO JHWIb K KOHUY Beka.

[1o oTHOWEHHIO K MpoCTeHlIeMy BONMPOCY O NMEPECTaHOBKE ABYX nlgeneanm
NepexoNoB ACHOCTh Ghlia NOCTHTHYT4, ECTeCTBEHHO, paHbliie Bcero, Ha pyGewe
XVHI u XIX BexoB Ha MPOCTHIX NMpPHMEPAX yxe OblI0 OTMEYEHO, UTO PABEHCTBO
(15) MOXeT He MMeTb MeCTo, T. €. UTO MOBTOPHH Npemen HHOW pPa3 OKasbi-
BaeTCsl 3aBHCALIMM OT TOrO NOPAIKA, B KOTOPOM NPOW3BOIATCA MNpelenbHbie
nepexonpl. B ognont 3amerke Kowwn ot 1815 r. (ony6ankosanno#t B 1827 r.) mu
HAXO0J{HM TOC/ENOBaTeqbHOE H NPAaBHIbHOE M3JOMEHMEe 3TOro Bonpoca.

Touno tak xe Kak Kowm, Tak u I'ayccy 6b10 H3BECTHO, YTO NOPANOK HHTE-
rpHpoBaHMA B NMOBTODHOM HHTErpane, €CA¥ NOIHHTErpaibHag (YHKUHA TepIHT
paspbiB (HanpuMep, o6pauiaeTcs B OECKOHECYHOCTL), HE MOMET ObITh 6€30roso-
pouHo u3MeneH. Ho orciona 6wno enle nanexko A0 ACHOCTH B OTHOLIEHMH Nepe-
CTaHOBKU IBYX NpeleNbHbX onepauxd Boobule.

Ham ysxe npuxomunocs ynomuHats [n° 281] seynaunsie nonutku Komy naxe
N0KAa3aTb yTBEpXIeHHA O HENPePLIBHOCTH CYMMbl PALA HENMpPEPLIBHBIX (hyHK-
Uul B O NOYIEHHOM MHTErPHPOBAHMK TAKOrO PAMA, M3 KOTOPBHIX NEpBOE Cpasy xe
6ua0 onposepruyTo AGeseMm, a BTOpOe BIIOCTEACTBHH Bbi3BAJIO BO3pameHus
Ye6biwésa. K ckasanHoMy Mbl 31ech noGauM eute, yto B 1823 r. Kouwn pan
CTONb KE HEBEPHOE J0Ka3aTenAbCTBO 6e30r0BOPOUHON NPHMEHHMOCTH <lpaBHia
Jleti6Huna», oTHocAwerocs K Audp¢epeBUMPOBAHHI0 HHTErpaga Mo NapaMeTpy,;
K 3TO — HEeCMOTpS Ha TO, YTO TOrAa yXe€ OblaH H3BECTHbl NPHMEPHI HEMPHIOKH-
MOCTH ynomsamuytoro npasunal OtMeTuM, yto B 1828 r, Octporpaicknfi yxe scHO
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NOHMMaJX, YTO — B Ciyyae OGpailleHHA NoxMHTerpaibHof ¢yHKkuHnm B Geckowey-
HOCTb ~ JuddepeHHPOBaHHe O] 3HAKOM MHTErpaia MOWET OKa3aTbCAa Hemo-
nycTMbimM. I103e Ha 9TO OOCTOATENBCTBO YKaswBaad H APYIHe aBTOPH.

B yyeGHeIx pyKOBONCTBAX NO aHaAW3y GeCKOHEYHO MANHX eiie BIAOTH MO
COPOKOBHIX TFONOB HEepelIKO NoNnajaiuch HeBEepHhle YTBEPWJEHHS, OTHOCAMHECH
K paccMaTpuBaeMmM sfechb BonpocaM. Hapsilly ¢ 9THM YMHOXAanHCh H NpHMepH,
NOAYEPKUBABIIHE HEOOXOAHMOCTh OCTOPOXHOCTH B STHX Bonpocax. M npuBe-
IeM M3 HHX AHIIb OAMH HanGoxee paHHuiM, yKasanHu# ewe Pypoe:

«©

sin at at
t

[n® 293, sameuanue]. OueBHaHO, UTO

4 - « -
lim (SL“tﬁf_dt;éS lim &;".az:o,
0

a—++0 a—»+0

¢ npyroft xe croponn, auddepesunposaHHe STOro HHTErpana no H{apaMmerpy q,
BLTIONHEHHOE MOJ 3HAKOM HMHTErpana, NPHBOJAHT K PE3YabTaTy

[-+]

‘S cos at dft,

NHIIEHHOMY CMbiCIa MPH BCex 3nayenusx al [n° 283, 6)]

Craaa oTYeTaAHBO OMIYMIATHCA HEOGXONAMOCTD YTOUHEHHA YCAOBHA, NPH KOTO-
PHX NepecTaBoBKa NpeJelbHHX ONePalufl — TOr0 HAH JAPYroro THNA — OKasw-
BaeTCH XONYCTHMOH, 3TOMY YTOYHEHMIO CNOCOBCTBOBANO BBEJEHHE B KOBIE
COPOKOBHX TONOB MOHATHA PAaBHOMEPHOH CXORMMOCTH psma [n° 281] M poxcrsen-
HOro eMY NOHATHA PaBHOMEDHON cXOmMMOCTH wmHTerpana [n° 301). Onnako camMufl
fiponece BHECEHHA Haanexaulefl CTPOroCTH B H310XkeHHe TOr0 Kpyra BOMPOCOB,
KOTOPWMH MH 31€Ch 3aHHMaeMca, MNOTPeGOBal eule HECKOABKMX HNECATHIETHH,
Tax, nanpuwmep, negaoe crporoe o6ocHopaHge dopmyan (16) M HaxomuMm y
Lisapua nums B 1873 r. Eme B 1892 r. Beabrufickas axaneMHs npucyauaa
e aa Banae [lycceny *) npemuio 3a cOuHHeHHe, Ilie JaHn YCIOBHA mubpdepen-
U¥POBaHHA H HHTErPHPOBAHHA NOJ 3HAKOM HHTErpania, pacNPOCTPAHEHHOIO Ha
GecKOHEYHHHt TPOMEXYTOK, U T. 1.

*) llapas 2an ne na Baane Ilyccen (pod. B 1866 r.) — coBpemennnft
GeaprMACKUA MaTEMaTHK,



I'JIABA QEBSAITHAINLIATAA

HESIBHHIE $YHKIHH.
SYHKIIHOHAJIBHBIE ONPENEJHTEM #)

§ 1. HESABHbIE $YHKIHH

314, Tlonarue unesBHOK dyHKUHH OT oxHolt nepemenHoii. Ilpeamo-
JIOXHM, YTO 3HAUEHUAA NBYX MEPEMEHHBX X W y CBA3aHH Mexay coGoH
ypaBHeHHEM, KOTODOE (ec/u BCce uJeHBl ero NepeHecTH Hazneso) B 06-
IUEM C/y4ae HUMeEeT BHA

F(x, y)==0. 1)

3nece F(x,y) ecTb $YHKUMA ABYX MNEPEMEHHEHIX, 3aaHHAR B KaKOH-
au6o o6sacTd. EcM AAS KAOXKAOTO SHAYEHWS X — B HEKOTOPOM MpOMe-
HKYTKE ~— CYILECTBYET OJHO MM HECKONhKO 3HAaueHHH y, KOTOpHE COB-
MECTHO € X YAOBAETBOpPAOT ypasHeHuio (1), TO 5TUM ompeneasercs,
ONHO3HAYHAA WJAH MHOTO3HAYHasA, ¢yHKUMA y==f(X), A1 KOTOpOH

DaBEHCTBO
F (x, f (x))=0 2

HMEET MECTO yXe TOXAEeCTBEHHO OTHOCHTENBHO X.
BosbmeM, Hanmpumep, ypaBHEHHe

T = 12

OHO, OYEBMAHO, OMpEXENAeT y KaK ABY3HAUHYIO QYHKUHIO OT X
B NpOMeXyTKe [— a, a], uMeHHO

y=t 2y

U ecaw Bmecro y moacrasure B ypaBueHue (1a) sty dyukuuio, TO
MOAYYUTCA TOXKAECTBO.

3meck yAanoCh HalTH AnA Y OuYeHb TPOCTOE aHAJNUTHYECKOE BHpPa-
KEHHe 4Yepes X, JBawe B SJAEMEHTaDHHX (YHKUMAX, HO Tak oO6CTOAT
Ieno JaNeKo He BCeraa.

*) Mpononxenne raas VIl u IX nepsoro TomMa,
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bynkuus y==j(x) HasbIBAETCS HeAB8HOH, €CAM OHA 3allaHa [NpH
NOCPEACTBE HEPA3PEIWEHHOT O (OTHOCHTEAbHO Y) YypaBHenus (1);
OHa CTAHOBWTCA ABHOIl, €CAM PAcCMaTPUBAETCd HEMOCPEACTBEH-
Hasf 3aBUCHMOCTL ¥ OT X. YuTaTemo £ACHO, UTO 3TH TEPMHHKW Xapak-
TEPU3YOT JHWb Cnocol 3ananus ¢QyHKunn y=—F(x) 4 He HMewT
oTHowleHna K ee mnpupone, CrTporo rosops, NPOTHBONOCTABJAEHHE H e-
ABHOTO W ABHOTO 3alaHud (QYHKUAW C MNOJHOM YETKOCThIO BO3-
MOXHO JIMLIb, €CAH MOA fIBHBIM 3aJaHHEM pa3yMerb SBHOE aHAAUTH-
yecKoe 3alaHue; €CNM e, B KauecTBe SBHOrO, AOMYCKaTb 3ajaHue
¢ noMouwbiw Aw60ro npaeuaa [n°17|, To 3aZaHne QYHKUHK y OT X
¢ nomoibio ypasHeHus (1) HHYEM He XYkKe BCAKOrO APYroro.

B npocreftimem cayuae, korza ypaeHeHue (1) — aareGpadueckoe, T. €,
Koraa ¢yukuua F(x, y) eCTb ueapli OTHOCHTENBHO X M ) MHOTOYJICH,
onpeneisemas UM HesBHas GYHKuUua y oT x (BooOuwle MHOro3HauHas)
HasbiBaeTcd ajare6panuveckof., Ecam cTemens ypasHeHus (OTHOCH-
TENbHO ) HE Bhllle YeThbipeX, TO anrefpauyeckas (YHKUMS OQOMYCKaeT
BHO€ BBIDAXEHME B DafMKa/laX, MPH CTeNeHH BhIlle YEThIpeX TaKoe
BBIPAXXEHHE BO3MOXHO TOJMbKO B BHIE HMCKJIIOYEHHS,

Ceiinac nac Oydem unmepecosams ANuws 80RPOC O Cy e c M 808 a-
HUu U OOHO3HAULHOCMU <«HeABHOU» (hynrnyun (pasho Kax u o
dpyenx ee c80ilcMBax), HE3ABUCUMO O BO3MONCHOC MU Npedcmasums e
8 «ABHOM> 8uOe aHnarumuyeckold opmyrol. BnpoueM, B 3TOH nocra-
HOBKE BONDPOC A/ HAaC He HOB; C YACTHBIM CJyYyaeM e€ro Mhl HMeJH [eJo,
KOTZA peub IIa O CYUWEeCTBOBAHHM H O CBOMCTBAaX OOGDaTHOH (YHKUMH

W YPaBHEHHWEM y—f(x)=0

nepeMeHHasl X ONpefeaanach KaK «HesBHas» (YHKUMA OT J.

IMoyuntenbna reoMerpuuyeckas TPAaKTOBKA YKa3aHHOrO  BOMpOCa.
Ypapuenue (1), npM M3BECTHRIX YCJOBHSIX, BBHIDAXKaeT KPHUBYIO Ha IJIO-

v ckoctd [HampuMep, ypasHenue (la), Kak
M3BECTHO, Bbpaxaer sJmnc (puc. 6)|; B

3TOM CJyyae OHO Ha3bIBACTCH HEABHLLM
ypasrenuenm kpusof. Bonpoc sakmouaercs
B TOM, MOXeT Ju Kpuead (1) (uau ee uacrsh)
ObFb BHIpameHa OObIYHBIM YDaBHEHWEM BHIa
y=/f(x), ¢ onHOBHAUHOH (yHKuueH
CMpaBa; TeOMETPHUECKH 35TO OBHAYAET, YTO
Puc. 6. KpuBas (WA ee 4acTh) Mapasjiennio OCH y

nepecekaeTcs JMLIb B OJHOH TOuKe,

Ecn mbl %enaeM MMeTh OQHO3HAuUHYI (YHKIHUIO, TO, Kak BHIHO Ha
NpUMEDE TOrO K€ 3SJJHMICA, HYXKHO OTFPaHMYNTh HE TOJbKO 006JacTb
H3MEHEHHA X, HO ¥ 00/1aCTb M3MEHEHHus ).

Mb GyaeM roBOpHTb, [Mis KDaTKOCTH, YTO 8 MHPAMOY20AbHIKE
(a, b; ¢, d) ypasnenue (1) onpedersiem y Kax 00HO3HAUKY IO
GyHryuio om x, y=Ff(x), ecau npu waxcdom 3HA4EHUN X 8 NpO-

3:.
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neacymre (a, b) ypaswenue (1) umeem odun, u MOALKO OOUH, KOPeHs
y=7F(x) 8 nporencymxe (c, d).

Ouenb BaXHO TBEPAO YCBOHMTb, YTO NpH YKa3aHHWX YCJAOBHIX o00a
YpasHerus

F(x, y)=0 u y=f(x)

6 npamnoyaoasnure (a, b; ¢, d) cosepuenno pasrocuas-
Hbl, T. € YAOBJETBOPSIOTCS ONHHMH H TEMH € TOUKAMH HTOrO MPSMO-
yroJbHUKa.

O6uiuno Hac Oyner WHTEpecoBaTh oOnpeneneHHas Touka M, (Xy Yok
yIOBJETBOpAOLIas ypasHeHno (1) (nexauias Ha KpUBOH), W B POJIH
YIOMSIHYTOrO NPSMOYrOJMbHUKA OyHeT QUrypHpoBaTh OKDECTHOCTb 3TOH
Toyku., Tak, Hampumep, B cayuyae aaaunca (uept. 6), OYEBHUIHO, MOXKHO
yTBEpXAaTb, YTO ypaBHeHue (la) onpenenseT OpAMHATY y KaK OOHO-
8HAUHY10 QYHKIMIO OT abCUMCCHI X B JOCTaTOYHO MaJofl OKPECTHOCTH
noBo#t Touku saamnca, kpoMe BepluuH ero A, A’ ua Gosbuioft ocw.

315. CymecrBosanne M cBoficTBa HesBHON ¢yHKuMH. Teneps MH
YK&OKEM MPOCTHE M JErKO NpPOBEPAEMBIE YCJOBHS, OTHOCAMMECH K M 3-
BeCTHON HaM dyHxuuu £ (x, y), KOTOpHe OOGECNEUUBAT HE TOAbKO
CYIIECTBOBAHHE OJHO3HAUHOW HeABHOH ¢dyHkuun y—f(x), HO u Ha-
AuuMe y nocneiHeR CBOWCTB HEMpPEPHIBHOCTH M AM(dEpPEHIAPYEMOCTH.

Teopema 1. Ilpednoroscum, wmo: 1) pynxygus F(x, y) onpedesena
U Henpepusna, 8mMecme cO CBOUMU LQCMHsLMU npou3sodnsmu F. u F,
8 Hexomopoll oxpecmuocmu mouxu M, (Xy ¥,);

2) F(x, y) 6 smod mouxe obpawaemcss 8 Hyas: F(x, y,)=0,
Hanpomus,

3) npouseodnan Fy(x, y) & Heil omauuna om Hyas: Fy(xg ¥,) # 0.

To20a:

a) 8 Hexomopoii oxpecmHrocmu

D= (x—23 %+ y—7¥, y,+7¥)

mouru My(xy, ¥o) ypaswenue (1) onpedessem y Kax 00HO3HQYHYIO
dynrgurw om x: y=f(x);
6) npu x=x, sma @yuKgus npunumaem 3naienue yq f(xy) =y,
B) 8 npomexcymre (xo—38, xo-+ ) ynryua f(x) nenpepusna u
T) OHQ uMeem 8 SMOM NPOMENHCYMKE HENPEPBLERYI0 NPOU3IBOIHYIO.
HoxasaTeEabcTBo: a) Ilycrs, ckaxeMm, Fy(x, ¥,)>0. B cuay
NpeAToNOKEHHON B 1) HENPEpHRBHOCTH NpPOM3BOMHOH Fy, 3Ta NPOH3BOA-

Hast 6ydeT TNOJOXKMTENbHa ,
Fy(x, y) >0

M B NOCT4TOMHO MaJOH OKDECTHOCTM TOYKH (Xg, V) *). BosbMem

*) Hanpumep, B TakoH, Ijie BHITIONHAETCA HEDABEHCTBO
[ Fy (%2 ) — Fy (X0 Y0} | <Fy (Xoy Yo)r
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BaMKHYTHH IpAMOYrOJbHUK
G =[xg—¥, %0+, yo—¥, yi + ¥,

HeAUKOM Jexaluh B 5TOR OKPECTHOCTH, TaK UTO HaNUCaHHOE HEPaBeH-
CTBO MMEET MECTO BO BCEX €r0 TOUKaX,

Orcioa cpasy BHTEKAeT, yTO — NpH AI060M NOCTOSHHOM X WS Ipo-
MexyTKa [X9— ¥, x4+ ] — F(x, y) kak ¢yHkuus oT y OyAET MOHO-
TOHHO BO3pacTalome# [n° 111).

5{‘“__5, 5 5 i 5,
2 g /?// /,'
//é/ )
Y-8 =33 : A /ﬁ. s

Cranem nepeaBuratbcf BAOJAb BE€PTUKAJAH, NPOXOAsiLER yepes
TOuKy My (xe, ¥o) (pHc. 7), T. €& GHKCHDYEM X=x, TOraa pac-
cmaTpuBaeMas GyHkuusg F(x, y) ceenercs K dynkuuu F (x,, y) OT omHon
nepemeHHo#t y. B cuny 2), oma npu y=y, obGpamaerca B 0. B 10 xe
BpeMs, Kak MH ceftuac ycraHosuau, gynknus F(x, y) Boapacraer
BMECTE C ¥, TaK YTO AAA y<_ Yy, €€ SHAUeHWs MeHblue Hyas, a Aas
¥ > yo— Gonbie Hyad. B 4aCTHOCTH, C/€AOBaTenbHO, OHa Oyner MMeTb
3H3UEHHS pPAa3HHX SHAKOB B Toykax Ag(Xg, yy— &) u By(xy y,+ ),
MMEHHO

F(A)=F(xp 30— ) <0, F(B)=F (x4 ¥,+8)>0.

TlepefineM Temepp K FOPR3OHTAaAbHHM NPAMBM, NPOXOAALINM
yepes 3TM TOYKM Ay U By, T. e. QukcupyeM Ha 3toT pas y=y,— &
nan y=y,-+ 8. Tloayuarca nse GyHKUMM OT OXHOMN mepeMeHHOH Xx:
F(x, yo—7%) u F(x, yo+ '), koTopse Npu X ==x, UMEIT; nepsas—
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OTpHllaTeAbHOE 3HAYEHWe, 3 BTOpas — nonoxuteasHoe. Ho no ycaosuio 1)
9TH (YHKUMM HENpEepHBHH *), a NOTOMy HaHAeTCs HEKOTOpas OKpPecCT-
HOCTb (xy— 8, xo—+3) Toukm x¢(0< 8<¥), B KoTOpOH OGe ¢yHK-
LMK COXPAHAOT CBOH 3HAK **), Tak uyto mpu xp— 8 < x<xy+ 3

F(x, »—8) <0, F(x, yo+¥)>0.

HHuMU  COBaMH, Ha HUKHEM M BEDXHEM OCHOBaHHaX A;A, u BB,
MCXOAHOrO MpPAMOYrONBHHKA BAOJb OTPE3KOB MJAMHH 28 ¢ UEHTPaMH B
Toukax Ay v B, 3apanHas ¢ydxkues F(x, y) BMeeT oTpHUATE/bHHE
3HAUEeHHs HA TMEPBOM H TOJONWTENbHHE — HA BTOPOM.

®rkcupyeM B mpoMekyTke (xo—38, x,13) nwCGoe sHaueHue
X==X W PAacCMOTPHUM BEPTHKAJbHHIi OTPE3OK, COEAHHAIOIIMA TOYKH

A(x, yo— %) n B(x, y,+¥). Boons Hero Hama ¢byHKuus CHOBA CBe-
nercs K (yHkunda F(x, y) or omHo#t mepeMeHHo# y. Tak Kak oHa He-
npepuBHa ¥) ¥, KaK CKa3aHO, HAa KOHUAX npomexyTtka [y, —7¥, y,4¥]
MMeeT 3HAUeHHs DasHHX 3HAKOB:

F(A)=F(x, 3—¥) <0, F(B)=F(x, 3+¥)>0,
to, o Teopeme bBoasuano — Kommw [n°68], nmpn HekoTOpoM 3HAaUeHHH

y==y, comepxauemca Mexny yy—9& u y,-+ ¥, ara dyukuus F x, y)
ofpaiiaeTcs B HYb:

F(x, y)=0,

J agecb M3 MOHOTOHHOCTH GyHKuMH F (X, y) CAelyeT, 4To MpH y%}
GymeM HuMeTb, COOTBETCTBEHHO, F (,_v, y)==0, Tak utoO _; ecTh € AMH-
CTBEHHOE 3Haue#we y B npoMexytke (yo—79, yy+¥), xotopoe
COBMECTHO ¢ X==X yHNOBJeTBOpsieT ypasHeumo (1). Ha Kasicoox sep-

muxasrsHoM ompe3xe AB Halidemcs moasko odua mouxa M(x, y),
o6palaWan Aegy0 4acms YPABHEHUS 8 Hyas.
TaxkuM o6pasoM, B OKPECTHOCTH

Dy=(x0—3, xo+78 y,— ¥, yo+7%)

TouKH My(xp, o) ypaBHenue (1), neicTBUTENBHO, ONIpeEdE-
AfeT y Kak OAHO3HAYHY0 GYHKLHI oT x: y=F(x)

6) B 1o e BpeMa NpemblIyuwiee pacCyxAeHwe, BBHAY 2), NMOKasu-
BaeT Takxe, 4T0 f(xo)==y, HMeHHo u3 TOro, uto F(xy, yo)==0,
yCMaTpHBaeM, UTO y, H €CTh TO €AHHCTBEHHOE 3HAUEHHE y B Tpo-
MexyTke (Yo —9%, ¥+ &), KOTOpoe cOBMECTHO € X ==X, YOOBAETBO-
pser ypasHenuo (1).

#) MH NPeNONOKUAH HeNnpepHBHOCTH GYHKUHH F (X, ¥) N0 COBOKYNHOCTH
nepeMeHHBIX X, ¥; HO B TaKOM Ciyyae OHAa OyJeT HempepsiBEa H NO Kawmof
fnepeMennoi B OTHEAbHOCTH.

#¥) 310 caenyer u3 n° 37, 2). Cp. cuocky na crp. 181,
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B) ITlepexoms x nOKasaTenbCTBY yTBEpxAeRWR B) M r), Oynem nox y
pasyMerb HMMEHHO Ty HeaBRyw dyHkunio y=—j(x), KoTopas omnpe-
nenserc ypasHeHueM (1) m TonaectBeHHO emy yropJaeTBopser. Ilpuaa-
UM x npupaulenve Ax; HapalleHHoMy 3HaueHnio X -+ Ax 6yzer coor-
BETCTBOBATh 3HaueHHWe y -+ Ay=Ff(x -+ Ax), BMecTe ¢ HHM YHZOBJETBO~
pstowee ypasuewuio (1) F(x-Ax,y -+ Ay)=—0. Ouesnaxo, B npu-

pateHue
AF (x,3)==F (¥ 4 Ax,y + Ay) — F (x,9) =0.
IMpeo6pasyem Tenepb STO PABEHCTBO, MCHOJAb3YH (HOPMYJIY KOHEUHHX
npupawennit |n° 102]:
0=F(x+Ax,y+Ay) —F(x,y)=
=[F(x+Ax,y-+4y) — F(x,y 4 Ay)] +
+[F(6y+4y) —F (%)=
=Fi (x4 08x,y + Ay)- Ax -+ Fy (x, y + 0:Ay) - Ay

(0<6,8,<C 1),
OTKyna
Ay Fi(x+40Ax,y+4Ay) 3
A= Py tohy) )

IMpexae scero ycranoBuM, uro npu Ax — 0 6yaer 5 Ay— 0, 1. e
uto ¢yukuus y=f(x) HenpepuiBra, Vmeem

I Fx(x404xy+ Ay)|
Fy(xy+6,4y)

L
Ax

Ho wenpepnisHas B8 & ¢yuxuus | Fy| OrpaHuyeHa CBEPXY KOHEUHHIM
uucaoM M[n® 137]
|Fel<<M,

W B TO Ke BpeMsi MOJOXHUTENbHas HenpepeBHas (yHKuus Fy, uMe-
oman B & Haumenbliee sHaueHue m[n° 187), Takxke NONOKUTEALHOE,
OFpaHKXUYEHa MM CHHBY:

Fy=m>0.
Tenepb JErKO MOJYUUTb OLEHKY
Ay M
h}i =w
HIN
M
Ay <M ax),

OTKyZa # cacayer Tpefyemoe YTBepxAeHue,
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r) Boaspamasce K paBeHCTBY (3), mpeanomoxuM Tenepb, uto Ax —0.
Tak Kaxk Mol yxe 3HaeM, uTo TIpM 3TOM U Ay— 0, TO, 1O HENpepHs-
HocTH Qynkumit 'y n F'y w ¢ yuerom toro, uro F', = 0, cnpasa 8 npe-
Jese TOLyuuM

_Felx 9
Fylx, 9)°
TakoB xe OyaeT u npegen JeBoH vacTH paseHCTBA (3), Tak u4TO Cyuie-
CTBYeT NMpPOM3BOAHAA J MO X:

4 .y . Ay Felt y)
= =1 e 2 4
fx)=y, lim oy y) 4
HMoxcrasnas ciona f(x) sMecto y, monyuum
Fio(x, f(x))

F=—F G 7’

NOCKOJbKY B UHMCJAHTeNe W 3HaMeHaTesle HMeeM HenpephBHbE (GYHKUHHA
OT HenpephiBHRIX ke (YHKUMK W 3HaMeHaTeAb He oOpalaercd B HYJb,
oTcioa ficHo, uTo f7(x) — Takxke HenpepuBHas ¢yHkuus., Teopema n0-
Ka3aHa TOJHOCThIO,

Takum o6pasomM, 1o cBofcrBaM ¢yukumn f(x, y), KOTOpas Ham HdaHa
HEMOCPEICTBEHHO, Mbl MOMEM CYAMTb O CBOHCTBAaX ¢QyHKuHH y—f(x),
419 KOTOpOo# HENOCPEACTBEHHOTO 3aJaHus MM He HMeem!

Mut yxe ynomuHaim B n° 314 0 reoMeTpuyecKo# TPAKTOBKE H3Y4eH-
roro szech Bompoca. Ecam kpusas 3sanaHa «HesBHBIM» ypaBHeHueM (1)
u B KakoH-nu6o ee Touke F', £ 0, TO B OKPECTHOCTH 5TOH TOUKW KpH-
Bas MOXeT ObITb BbIPAXKEHA «ABHBIM» ypapHeHnem BuA2: y=f(x). Pa-
BYMEETCH, X ¥ ¥ MOXKHO COMEHATb DOJISMH: €Cl¥ B HEKOTODOH TOuke
F .70, T0 B ee OKPECTHOCTH KpPUBYIO MOXHO BHIDa3UTh <SIBHBIM» 3Ke
ypaBHeHueM apyroro Buma: x = g(y). Jlumb B «ocoGolt> Touke [n° 210],
rie oaHospemeHno u F,=0 u F’,=0, Hawa TeopeMa He HAXOIUT
NPHIOKEHHUS.

316. Hesienast GyHKIHA OT HECKOJbKHX HepPeMEHHBIX. AHAJOTHYHO
ypasHenHio (1), MOXHO pacCMaTpHBaTh W ypaBHeHHE C GOJbLUIAM YHCIOM
nepemenHsX. IlycTh, Hanmpumep, uMeem ypaBHeHWe C TpeMs TNEpPEMeEH-
HBIMU:

F(x, y, 2)=0. )
TTpn wW3BECTHBIX YCJAOBMAX STHM YDaBHEHHEM 2 ONpeseadercs KaK <«He-
fiBHast> (QYHKLUMA OT ABYX MEpPeMEHHBIX X U y:

z=h(x, y),

KoTopasi, Boofuie roeops, Oylder MmHorosHauHoH, Ec/m mnoacrasuth ee
BMECTO 2, TO OyldeM MMeTb

F(x, y, h(x, ¥))=0 (6)
yKe TOKAECTBEHHO OTHOCHTENBHO X, Y.
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Mu Gynem roBOpHTB, YTO 8 napaasesenunede
(@, b, ¢, d; e, f)

ypasHenue (B) onpedessem 2z Kak OOHO3Ha4KYI0 PYHKYUIO om X ¥ ¥:
=h(x, ¥), ecau 0a8 awboli mouru (x,y), codepxcauelics 8 npamo-
y20nsHUKE
(@ b; ¢ d),

ypasHenue (5) umeem od0un, u moasko odux, Kopens z=h(x, y)
8 npomesxcymre (e, f).
Ecau 9TO MMEET MeCTO, TO YPaBHEHUus

F(x, y, 2)=0 u 2=h(x,y)

8 naparsenenunede (a, b; c, d; e, f) okasssawomcs cosepuento
PABHOCUALHE MU,

B poan Ttakoro mnapamnenenunena o6GuuBO OymeT (UrYpHPOBATH
OKDPECTHOCTH MHTEpecyloulel Hac TOUKH Py (Xy, Yo» 20).

ChopmynupyeM Tenepb OTHOCALIYIOCS K YypaBHeHuio (5) Teopemy.

Teopema 2. [Ipednonoxcus, 4mo:

1) dyurxyus F(x, y, 2) onpederena u Henpepusna, smecme co €60~
UMI YACMHBLMU NPOU3IBOOHHMIL, 8 HEKOMOPOU OKPeCcCmHOCmU MOYKU
Py (X0, Yor 20);

2) dbynryus F 8 mouxe Py(Xy, Yo, 20) OOpaumjaemcs 8 Hyas; U,
HarxoHey,

3) npoussodnan F, 8 smoii mouxe He pasHa HYAO.

Toz0a:

a) 8 Hexomopoli oxpecmuocmu mouru Py(xq, Yo 2g)

@aoz(x“_~A, x0+A; .Vo—'A'» y0+A’; zn'_'A" Zo‘*"A')

ypasrenue (5) onpedensiem z KaKk OOHO3HAUKYIO (PyHxyuio om X U y.
z=h(x, y)

6) npu x=ux, Y=y, sma QBYHKUEUSL NPUHIMAEI 3HAYEHKLE Z,:
h(xy, y0) = 25

B) ynryusn h(x,y) HenpepusHa no COBOKYRHOCMU C80UX ap2y-
MeHmos8 u

r) OHa UMeem HENPepuEHbie XCe wacmHwle npou3sodnwe h,, I

Ha nokasaresscTBe MB OCTaHaBJAMBaTbCA He OyleM, TaK KakK OHO
COBEPIHEHHO AHAJIOrMYHO IOKAa3aTeJNbCTBY TEOPEMH 1.

Ha stor pas reomeTpuueckHM o6pas3oM ypaBHeHus (5) sBJfETCA
nosepxnocte, I[Ipn ycaosum F,%20 B OKPECTHOCTH COOTBET-
cTBymum e TOYKH MNOBEPXHOCTb BBHIPAWAETCA W ABHHIM YD3BHEHHEM
euna z2=h(x,y). Ecin B KakoH-IH60 TOUKE OJHOBPEMEHHO F\=Fy=—
=F, =0, TO TeopeMa HempuJOKHUMa — Touka «ocobas» [n° 213].
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317. Onpenenenvie HeABHHIX ¢yHxkuuli H3 cucTeMp ypasuensf.
Hakonen, 8 camoM ofweM CAyuae MoOXeT OHTb fHaHa CHCTEMa H3 m
ypasHenufi ¢ n -}-m nepeMeHHHMH.

Fi(x,, veey Xy Voo ...,ym)=0,
Fg(xl, eoey Ky Vs eony y"o=0,
ST @

Fm(xls eiey xn; _)’1, ey ym)=0-

3pech peyb HAET 00 onpeneaeHnd 3TOH CHCTEMOR m  nepeMeHHHX
Y1 o++> Ym KK <HESBHHX> (QYHKUMA OT 71 NMEPEMEHHHX Xy, ..., X

=Xty Xpeeis Yn=FmFEpeer X5)

TdK UYTO NpY TNOACTaHOBKE uxX B (D) MOAYYAIOTCA TOXKIAECTBA OTHOCH-
TEABHO Xfy..0y X

Mogpo6Ho MBI paccMOTpMM mnpocTeHmmit  caydalt — cucTeMy Ha
ABYX YPaBHEHHH C TpeMs NepeMEHHBIMH:

F(x,9,2)=0, G(xy 2=0. 6))

Iosopam, 4mo 8 napaasesenunede
@ b c,d; e f)

sma cucmema onpedessem y u z Kax O0O0HO3Ha¥KBeE @HYHKUUR om X
y=f(x), 2=g(x), ecau 047 Kaxndo20 3HA4EHUA X 8 NpOMexNCymxe
(a, b) cucmema ypasrenuii (8) umeem 00Ky, U MossKO O00HY, cUcmeMy
pewenuii (y=f(x), z==h(x)) uz npamoyzossnura (c, d; e, f)

IMpu 3THX YCIOBHAX sCHO, YTO cHOBAa cucmexa (8) 6 npedearax
napassesenuneda paGROCUALHG CUCMEME

y=f(x)’ z=g(x).

Mo BHJEaH, YTO B BOMPOCE O CYUIECTBOBAHHWH OJHOSHAYHOH HesaBHOH
dyHKuuY, onpenensemMoll 0 AHHM ypapenueM (1) [unu (5)], pemaromyio
poab Hrpano TpeGoBaHHe, YToOHW B pAaccMarpuBaeMORl Touke, yAOBJe-

L4
TBOpAIOULEH ypaBHeHHIO, HEe 06pawianacs B HyJ» nNpoussomHas Fy [coor-
’

BETCTBEHHO, F;] uMenHO mo Toff mepeMeHHON, KOTOpDas moa-
REeNHT ONpeleseHHI0 Kak HesBHas ¢ynkuua. B Bonmpoce xe o
CYHIECTBOBAHHH OJHOSHAUHHX He’ABHHX (YHKUMH y, 2, ONpEAEAseMHX
cacremoft ypasHenu# (8), X KOTOpOMY M ceftyaCc TNepexoauM, axao-
THYHYIO POAb GyIeT urpaTh ONMpexeAHTeNb, COCTABICHHHH M3 YeTH-
PeX YaCTHHIX TNpOU3BOAHHX OT (YHKUHH, CTOAUIUX B JEBRX YacCTSX IO
NOAMEXK Al UM ONPEACAECHHIO NEDEMEHHNM ¥ | 2:

5. O

J=J(x,y, )= G:v d
z
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Teopema 3. Ilpednososcun, 4mo:

1) @gynwuyuu F(x,y, 2) u G(x,y,z) onpedesens: u Henpepssnul,
6Mecme €O BCEMU CBOUMIL HACMHBLMU NPOU3BOOKBLMU, 8 HEKOMOpPOL
oxpecmuocmu mowru Py (xy, vy, 2,);

2) moura P, ydosiemgopsem cucmene (8):

F (xo’ Yo 20) =0, G (xO’ Yo 20) — 0;

3) onpedeaumens J(x,y,2,) 8 smol mouKke omauden om Hyas,
J(xp Yy 2) # 0.
Tozoa:
a) 8 Hexomopol oxpecmuocmu
. ’ . i
o = (x,— 3, Kyt yo— ¥, Yy b ¥ 2g— ¥, 2940
mouru Py cucmema ypasnenui (8) onpedessem y u 2 Kax 00HO3HaY-
note ynguu om x: y=f(z), z=g(x);
0) npu x=x, smu QOYHKUUL NPUHUMAIONM, COOMEEMCMBEHHO, 3HA-
wenus yy u 2y f (%) =yo &(xg)=2,
B) 8 npomexcymre (x,—3, x,—+3) dysryun f(x) u g(x) nenpe-
PolBHbL, U
r) umewm wenpepuisusie sice npoudsodnue f(x), g (x).
HokasaTeabctbo. Ilockoasky onpemenutens J B Touke
Py (X9, Yo, 2g) OTAMYEH OT HyJs, BO BTOPOM €ro CTOJAGUE XOTb ONHH
9MIEMEHT TAKIKE HE PABEH HYyJNI0 B 3TOH TOUKe; MyCThb, HANPHMED,

Fy (%0, Yor 20) # 0.
B Takom cayuae, no Teopeme 2, B HEKOTOPOH OKPECTHOCTH
6’0=(x0—A, Xo+8; yo— A, yo+ 4% 2p— A", Zg+A")

ToukM Py, nmepBoe u3 ypasnenuf (8) onpenmenser 2 Kak OJIHOBHAUHYIO
bynkuMio 0T X ¥ y: 2=h(x, y), CO CBOHCTBaMM, NEPEUHCIEHHHIMH B
saxuoueHnax 0), B) ¥ r) sToR Teopemp. 3ameHas B cucreme (8) nep-
BOE YDaBHEHUE DABHOCHIbLHEM emy (8 npedesax &4l) ypasHeHuem
z==h(x, y), nONyuM PaBHOCHJIbHYIO CHUCTEMY

G(x, y, 2)=0, z2=h(x, y)
_\'—_—‘
Haxoneu, ecnu B G nomcrasute h(x, y) Ha MeCcTo 2, TO nNpumeM K
Gonee npocTof, HO BCE €lle PaBHOCHALHOMH CUCTEME
Q(x, y)=0, z=h(x, y), (10)
N — e
FAE N9 KPAaTKOCTH Mbl HOJOXKHM

D(x, y)=G(x, ¥, h(x, y)). (an

Taxam 06pasoM, Mbl CBeld 33fa4y K JAOKAsaTeAbCTBY TOrO, UTO B
HEKOTOPOR (cojepwaumeiica B &) OKpecTHOCTH o, TOUKH P, cucTema
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ypasHenu#t (10) onpenenser y ¥ 2 Kak OZHO3HAUHHE (YHKIHH OT X,
o6nanawoimmne BceMH TpeCyeMueIMH CBOHCTBamd, Bocmosb3yemcs ke TeM
YUOOHEIM A1 Hac OGCTOATENBCTBOM, 4TO mnepBoe u3 ypasHeHuh (10)
CONEPXKUT TOJNbKO NEPEMEHHHE X, y, U NPUMEHHM K HEMY YXKe Jo-
Ka3aHHY10 TeopeMy 1: eciM HaM YHAacTCd YCTAaHOBUTb, 4YTO 3THUM Ypas-
HEHHEM y ONpENEJAETCA KaK ONHO3HAYHAA GyHKUMS oT x: y=F (X), TO
u z yxe Ges Tpysa ONpeNeAUTCS KK OIHO3HAYHAA (DYHKUMSA OT X IO
BTOpPOMY U3 ypaBHeHufl (10):

z=h(x, f(x))=g(x). (12)

Ipuctynas K npoBepke BbHINOJHEHHs YCIOBH# TeopeMn 1 nis QyHK-
uun P, oTMETUM, Npewie BCErO, 4TO

h(xg yo) =2, (13)

[6) Teopemn 2], ¥ B cuIy HenpephBHOCTH (YHKUMH h(x, y) B TOuke
M, (%o y,) sHauenue 3TOH QyHKunn BOAM3M M, pasHHTCA OT Z, CKOJb
yroaHo MaJjo. Toria B HOCTaTOUHO MalO# OKPECTHOCTH TOYKH M, (yHk-
uns ®(x, y) OynmeT HenmpepeiBHa, BMECTE CO CBOMMH YaCTHBIMM IIpO-
¥SBOIHBIMU, TOTOMY 4TO TakoBbl ¢yHkuun G(x, y, 2) (BOausu Py) u
h(x, y) (86ausu M,), U3 KOTOpPHIX OHa cocCTasaeHa [cM. (11)].

TouHO Tak e BEINOJHAETCA YC/I0BHE 2) Teopemm 1.

D (x4 ¥o) = G (X Yo B (X0, y0)) =G (X0, Yo» 20)=0,

B cuay (11), (13) u nreanonoxexns 2) HacTosuiefl TeOpEMEL
OcraeTcs NpOBEDUTb BHIOJHEHHE YCa0BUs 3) Teopembl 1. Hudde-
peHuupys (11) no y, Haltmem

P (x, y)=Gy+ G, - k. (19
Ho k), moxer GuTh nojyueHo AudhepeHUUpPOBAHHEM N0 y TOXIAECTBA (6):
C g , F,
Fy~}F,-hy=0, orxyna hyz—F,".
z
Moacraeass 370 Beipaxenue B (14), npumeM K pesyJbTary
F, J
(b' X, =G'—G"——;Y='——,,
y (%6 ) y 2 F F

NpUYeM CnpaBa BMECTO apryMEHTa 2 Besie JOJKHO ObITb NOACTABJEHO
h(x, y). Touke M,y(xy, y,) cneBa orBeuaeT, BBuAy (13), Touxa
Py(xg, ¥9» 2) cnpaBa, Tak kax, no ycJaosuo 3), onpegeauteab J 8
Touke P, OTJAHYEH OT HyJs, TO 3TO CMPAaBEAJIHBO W OTHOCHTEJbHO MpO-
ussonHoH @y B TOuKE My,

Tenepb Mbl yXe BnpaBe NpPUMEHHTh K ypaBHewuioo O (x, y)=—0
Teopemy 1 u yTBEpkIaTh, 4YTO B HEKOTOPOH OKDECTHOCTH TOukH My

(0 —3, xo—+ 8 yo—V, y-+7¥)
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(rre 0<8<A, 0<{¥ <A) ato ypasHenne, AeHCTBUTENLHO, ONpede-
AMET y Kak ONHOBHAUHYI0O ¢ymKuMio oT x: y=—f(x), a Torma (kak
yxe orMeyanocs) ¢opmyna (12) onpegeauTr ¥ 2 KaK OHOSHAYMylo
({yHKOHMIO OT X.

3a OKpecTHOCT> ofy, O KOTOPOH MAET peub B a), MOXKHO B3ATH
napanjenenunen

(o —3, Ko+ 8 yo—¥, yoH¥; 20—, 29,
nonaras §”"=A". 3akmouenus G6), B) M r) TeopeMH OMNPABALBAOTCA
csolicteamn  dynkuu# f(x) W k(x, y), KOTopHe CQOPMyTHPOBAHH B
Teopemax 1 u 2,

W snech TeopeMe MOXeT OWTh JaHO FEOMETPHYECKOE HCTOJKOBAHME,
Cucrema (8), BooGmle roBODS, BHIPAXAET KPHBYIO B NPOCTPAHCTBE —
nepeceueHue ABYX MOBEPXHOCTEH, NPEACTAB/AEMBIX KaXAHM M3 ypaBHe-
HHH TOpO3Hb, EC/M B HEKOTODOH TOYKE OT/IMYEH OT HyasS KakoH-auGo
H3 onpeneaureset BTOPOro MOPAAKA MaTPHUUB YaCTHHX NPOH3BOAHBIX:

(55 £ 12

Gx: ly, Ug)?
CKaxceM, onpegeantens (9), T0 B OKPECTHOCTH pacCMATPUBaeMOR ToOuKH
IBe A3 KOODIAWMHAT (B MAAHHOM CJyyae: y ¥ 2) MOryT OHTb paccMaTpH-
BaeMH KaK (yHkuuu Tperbell (X), T. €. KPHBas MOXeT OHTh BHpaeHa
«ABHBIMH> YDaBHeHWsMH y==f(x), 2=g(x). MH He MOWKeM npHMe-
HHTb TEOpEMy /Wb B <«0co0OH» TOuKe, FAE BCe TPH ONpPEAETHTENs
MaTpUlb OJHOBPEMEHHO OGDAIIAXTCH B HYJb.

AHanornunasi TeopeMa MOXeT ObTb AOKasaHa M AJS CHCTEMH ypaB-
Heuit (7) ofuwero BHAa mo MeTOAy MaTeMaTHuecKOH HHAykumuu. [lpu
S5TOM HHAYKUHA TNPOBOAWTCA OTHOCHTEJbHO YHUCAA YPaBHEHHH, Hanoao-
6ue TOTO, KaK MBl TOMBKO 4TO CBEJH CAyuait ABYX ypaBHeHuR K Cayuaio
ONHOrO ypapHeHuf. He oCTanapamBasch Ha (OPMy/IHPOBKE M J0Ka3a-
TeIbCTBE OOWIEH TeopeMbl, MH NOZYEPKHEM JIMIB, YTO B BOIPOCE O
CYuwleCTBOB3HHH CHCTEMB HEABHHX (YHKUHA y,..., Yy ONpEIENSsEMBX
cucremoft (7), pewlawIyo poJab UrpaeT ONpeAeNHTENb

oF, oF, oF,
dy, 0y, Wy
Oyy Oys " Oyp
OFn OFp OFm
o W W

— OH JAOMKEH OWTb OTAMYEH OT HyJs B TOH TOuKe, 06 OKDPECTHOCTH
KOTOPOH uaer peub.

3AMEuAHUE Mn ofpamaeM BHUM3HHe uuTATENs HA JOKAJbLHBI}
XapaKTep BCEX TEOPEM CYLIECTBOBAHHS HESBHMX OGYHKUU#: peub umer
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BCE BPEMA /ML O HEKOTOPOH OKPECTHOCTH pPacCMaTpHBACMOR TOuUKH,
Ho u B TakoM BuAE 5TM TEOPEMH INOJNE3HH; HANPUMEP, RA% H3YYECHHS
CBOMCTB reoMeTpHYeckoro o6pasa B gaHHOM €ro TOYKE COBEP-
IEHHO JIOCTaTOYHO OFPAHMYUTLCA HEMOCPEACTBEHHOH €€ OKPECTHOCThIO,

318. BoiuHcaenHe MPOHSBOXHBIX HeABHBIX GymKumfA. Xox paccyxknennf,
C NOMOIbI0 KOTOPHX YCTaHaBAHBAMHCb TEOPEMH CYUIE€CTBOBAHHA HEABHHIX QyHK-
HHH, He Bcerga OaBal UpPEICTABAEHHE O CAMOM CNOC06e BRYHCINEHRAA
NPON3BOAHKX (MEPBOrO MOPSAKA) OT HeABHHWX GyHKuHA. O NPOH3BOAHKNX BHCIIErO
nopAika H BOBCe He OmaO pevd. Temeph Ha 9TAX BaXHHX BOMPOCAX MB OCTaHO-
BHMCA CIEUHANBHO.

Hauynem ¢ mpocreimero cayuas, korfia gasio ypasHenue (1). Bynem cumrars
BHIONHEHHEIMA, B OKDECTHOCTH PAaCCMATPHBAaEeMOR TOYKH, yCIOBHA TeopeMnm I;
CYULeCTBEHHYIO poab B jJambHe#mem Gyler urpate TpeGoBanwe Fy%0.

Tax K&K cymecTBoBaHME caMOit HeABHOH QYHKUHH ¥ OT X H ee npo-
M3BOIHOH yx yXe Hamepel H3BECTHO, TO NMPOLECC BHYHCIEHHA STOR NPOH3BOX-
HOi MOXHO OCYIECTBHTh MyTeM auddepenuuposaHys mo x pasexcrsa (1)

Fx,y)=0,

KOTOpOe MpeBpalaeTca B TOMJ € CTB O, €CIH HOJ y PasyMeTh KaK Pas onpeje-
JAEMYIO OTCIOfla HesBHYIO QYRKuuio. Mu noayuum {kak yme HMenn 8 n° 141,4))

Fx(x,3)+ Fy (%,3) - yx =0, (1)
OTKYJla BO3BpalaeMca K Yyue H3BecTHON ¢opmyne (4)

o F209),
Fy(x,y)

Teneps Mu Moxtem MOATH Ranbwie. Ecan dymkuus F(x,y) mmeer nenpe-
PHBHBE NPOHSBOAHLIC BT O P OF O NMOPANKA, TO BHpPakeHHe, CToAllee B (OpMY-
ne (4) cnmpama, MoxeT OuTh NpoAHdQepeHLHPOBaHO N0 X, CAENOBATENHHO, CY-
ulecTByeT W NPOH3BOJHAA OT yx, T.€. BTOPas IPOH3BOAHAS yx8 OT HESBHOH
byHxkuuy y. Bunonnss auddepeHuupoBanne B NMOACTAaBIAA BCAKHH pas BMecTo
Yx ee BhpameHHe (4), Hanmes:

v eyt F ¥ Fy— (Fa+ Fy-3) - Fy
yxl= 1;:;', =

9Fy« Fy+ Fay— Fy Foa — F2 F .
Fy

OTCIORA XK€ BHAMM, UuTO BTODas NPOH3BOJHAR OyRET HenpepuBHON GYHK-
npen or x.

Ecnn dynxuusa F(x, y) uMeeT HENpPEPHBHHE NPOR3BOAHLIE TPEThEro
nopajka, T0, OYEBHAHO, CYUIECTBYeT M TpPeThbf MNPOH3BOAHAA OT HEABHOH
(YHKUMH Yy, €€ BHpasenHe CHOBA MOXET OMTb MONYYEHO HEMOCPENCTBEHHHM
IHddepERLHPOBAHHEM BHDAKEHHA IIA Yy H T. L C MOMOMmbIO MaTEMATHYECKOR
HHIYKUUH erKO JOKaSaTh, YTO CYU{eCIMBOBGHUE KenpEPuSRNX nNpou3godHux
dynkyuu F(x, y) do k-20 nopsnxa (k> 1) sxmonumesbno obecnequssem u
tyuecmeosanue (uenpepumoﬁ{ npoussodnoli k-20 nOpaGKa om Kesasnol Pynxkyuu.

TTocne TOro K&x, TakuM 06pa3oM, caMufi QaKT CymecTBOBaHHA MNOCAEROBa-
TeldbHBX NPOM3BOJHHIX OT HEABHOW (YHKUHH YCTaHOBJeH, BHYHCIEHHE HX Mpome
NpOM3BOAMTL NyTeM NOBTIOPHOro MnddepeHunpopanna roxpectsa (15), ¢ yuerom
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TOro, 4yto y ectb GyHruus ot x. Hanpumep, nepsoe ke auddepeHuuposanue
$TOrO TOXKIACCTBA [aCT HaM

FradFoy Yot (Fiy+ Foaey) - 3o+ Fy o yie=0,
otkyza (sems F), 7 01)
y Fort2F 3+ Fiy Y
yx2 = F: - '
Yy

MOACTABHB BMECTO ¥, €r0 BbipaXcHHe (4), BEPHEMCA K YyXKe HaﬁHeHHOMy BbIpa

WEHUI0 IAA Y, H T. IL
Nepumer, 1) [1yctb y cBA3aHO € X ypaBHeHHeM

Pt b
In V¥ 4 y¥ = arctg <~

JuddepeHuupys nocrenoBatelbHo No x (NpHueM y cuutaem QyHKuue# o1 x),
noay4YuM
Xty Xy —y
4yt T xR

W X 3y = xy' —y,

3ateM .
Py oy =xy". ..
V3 nepeoro ypaBHeHHA HaXONHM
X4y
y = x—y

#3 BTOpOro (ecau WOACTaBHTL HalileHHOE 3HayeHHe y')

S B o AP e o i
V=R Sy Ty

H T, I
AnanornyHo ofCTONT leao W B cayyae ypasHenua (5)

F(x, y, 2)=0.

3nech npeanonaraeM BHIOJIHEHHbIMH ycrosus teopeMsl 2. Ecau mom z pasymers
HEABHYIO (QYHKUMIO, ONpefesaeMyi0o 3TUM YPaBHEGHWEM, TO OHO NpeBpaTHICA B
TOXAECTBO, KOTOPO® MOXHO Ax(PepeHUMPOBATH KaK MO X, Tak ¥ No y. B pe-
3yabTaTe NOAYYHM

Fy Fy

Z = F,z, y-———?;.

(Bropoe paBeHCTBO Mbl, COGCTBEHHO, yie NOAYYHAN STHM Xe NPHEMOM B npo-
uecce J0Ka3aTenbCTBa Teopemsl 3.)

Ecau dynkuna F umeer HenpepuiBHbIC NPOU3BOJHRE BTOPOrO, TPETLETO, . . .
NopAaKa, TO TaKME YK€ NPOU3BOAHBIC MMEET U QYHKUHA 2 BCe 3TO CXOIHO €O CKa-
3aHHBIM BbLIe OTHOCUTeNbHO ypasHeHHa (1).

Ecau nyxHb 8 ce npoussoinsie neporo, BTOPOro,. . . NOPAAKa, TO PO
Cpasy BHUHCIMTL dz, d°z,. . . TlpoauddeperurpyeM dke Haule TOXKAECTBO N O J-
HeM 06pa3ow, T. e. NIPHpaBHAEM HYIIO NOJHbIA IH(pGepeHunan oT ero Jesolt
YacTH (MCNonb3ys MPH 9TOM MHBAapPHAHTHOCTbL YOpPMbBL NepBoro
Inpdepennrana, n° 143):

oF
Ox

oF , . oF
dx + Wdy -+~ —o—z'dl =0,
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TaK YTo
oF OF
__0x, 0y
dz=—gpdx—5pdy.
0z 0z

B 10 *e Bpems
0z 0z
dz = o dx 4+ P dy.
Beuay mpou3soabhroctTH dx ¥ dy OTCKOAA fCHO ¥), 41O

oF oF
0z ox 0z 0y
ox~ _9F* dy oF’

0z 0z

Kak Mbl M DONYUHAH BHilLe.
Jluddepennnpys eme pa3 NOAYYHM

oF .

[dx"d +6x0y +0xdzdz]dx+ -[-——dz_O

M onpejennM d2z, YTO NpPHBEJET HAC K BHIPAMEHHAM NI

0%z 0%z 0%z

ox®' QJxay' oy’
A T. 1. Mbl BHAKM, YTO BO BCEX 9THUX BHIKAaJKAX OCHOBHYI pOAbL MIpaeT YCNO-
BUe, UTO

+_OF
F,= A #£0.
Neumer. 2) [Tycts neasHas (pym(umx Z OT x,y onpelenseTcs ypaBHEHHeM
2
2 + + ==l
ViMeeM nocaegoBateabHo
xdx d zdz cx oy
e +’y y+ P =0, dz:"‘agd'\ B2 dy,
TaK 4TO
0z __¢x 0z ¢y
ox a%z' dy bz’
3ateM

dx’z dy* | dz* | zdz
BT c®

OTKyAa (eCIM BOCHOMb30BATbCA M3BECTHBIM YK€ BHIPANKEHHEM I d7)

Ar/x® | 2\dxt | 2x 22\ dy*
d22=—z—a[(5§+;§>“aT azjidxdy-k(b.,—#g)b—g],

*) PaBenctBo Adx 4+ Bdy=A"dx 4 B’ dy npu NpoH3BOAbHbIX 3HAYCHHAX
dx v dy MOXeT MMETb MECTO NMIIb TOria, Korma A=A u B=25H"
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YTO JaeT HaM

0z o (X + 22 iz cixy

ox2 gz (as ?), oxoy T T T
0%z et [y 22
St )

HT. I
[lepefiieM Tenepb K PacCMOTPEHHIO CHCTeMi ypasHeHu# (8)

F(x,y,2)=0, G(x,y,2)=0.
—V—I

Bynem npenanonarath, YTO B OKPECTHOCTH B3ATON TOUKM BLINOAMATCA YCAOBHA
Teopembl 3. CHoBa ofpaliiaeM BHUManHe Ha POJb, KOTOPYI 6ymer Mrpatb Tpe-
Gosanne J £ 0.

Mbi 3HaeM, Y4TO HesiBHbie QYHKUHH y H 2z OT X MMEIOT NPOM3BOJHME [0 X.
CaMoe BL UM CA€HHe HX NPOU3BOAMTCA IM(depeHIHpOBAHNEM TOMAECTB, KO-
TOphie moayuarch M3 (8), ecaH MO y M z pa3yMeTb MMEHHO YIOMAHYTHE HesBHME
QyHRUHH. ,ﬂmpmepeﬂuuposaune 0 x, HanpuMep, naer

OF L OF dy | OF dz_,
ox dy dx 0z dx
oG dy 0G dz

oG
o Ty ax T a =

4
10— cucteMa AHHEHAHHX YDaBHEHUH OTHOCHTENbHO HEH3BECTHLIX %

" % COTAHYHHM OT Hyna onpemeauterem J. Orciofa o6e npou3BOJHbIC
10 X JErko ONpENeNAnTCa; TO Xe MOXHO BHIIOAHHTH M 148 NPOH3BOAHNX IO Y.
Mb He CraHeM MOBTOPAThL 3leCh 3aMeYaHufi OTHOCHTEJABbHO MCHONb3OBAHUA
nAd¢epeRIHPOBAHNA DO AH B M 06 p a3 0O M, CYLUIECTBOBAHUA K BRIYHCAECHHA TPO-
H3BOJHKHIX BHCUIMX NOPALKOB.
Haxonen, Bce cxasaHHoE pacnpoctpaHserTca H Ha o6wufl cayvafl.
[TpumeP 3) [lycTp paHa cuctema

x+ytztu=o x+y +22tut=0, P4yt tud=0c,
ompenenapman y, 2, 4 xak Gpyskuun ot x. MMeem
I+y +2+u=0, x+4yy+ 22 +uu' =0,
X2+ yiy 222’ + utn' =0
[lpennonaras onpepeantens

P Lt
y z ul=@—y)(u—y)@u—2)
yl z! u!

HEpaBHbLIM HYJAI0, BMEEM oTclona

. (z—=x)u—x)

V=T e a—m
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§ 2. HEKOTOPBHIE NPHJIOXEHHSI TEOPHN HESIBHBIX ®YHKUHA

319. OtHocHTeNLHBIE 3KCTPeMyMu. PaccmoTpum BOnpoC 06 9KCTpe-
Myme oyHkumu f(xy, ..., X,,. ) OT - m nNepeMeHHWX B TpeAno-
JOWKEHUH, YTO STH NEPEMEHHHE TNOMYMHEHH eule M <ypaBHEHHUSAM
CBA3HY

By (X1 cov s Xy Xpyty eee s Xy )=0
i=12 ..., m

Mbl yTOUHHM TOHATHE O TAKOM OTHOCHTEJNbBHOM BKCTpeMyMe
U YKaXEM IMpHEMB 2 €r0 PasHCKaHKA,
0
Fogopst, uto 8 mouxe Py(xY, ..., Xnym), ydosaemsopsa -
weld ypasHeKUAM c8A3U, KU [(Xy ..., X, ) uMeCn O M-
HOCUmMEeAbHU I MAKCUMYM (MUHUMYM), €CAU HEPABEHCMEO

0 0
Fs eov s X)) <SF (X1 ooy Xnpm)

=
8uNOAHAECMCA B8 Hexomopoli oxpecmuocmut mouxu M, 0am 8cex
mouek (Xg ... » Xpym) Y00BAEMBOPANWUX YPABHEHUAM
ceg3u.

Ecan, Hanpumep, peus uger o ¢yHkunn u—f (x, y, 2) Tpex nepe-
MEHHBIX X, ¥, 2, MOJAYHHEHHHX €lle YPaBHEHUIO CBASH

F(x, y, 2)=0,

TO Ppa3biCKaHKE OTHOCHTEJbHOTrO B3KCTpEMyMa (pyHKurm u
O3Ha4aeT TFCOMETPHUYECKH, HTO SKCTPCMYM HUIETCA HAa NMOBEPXHOCTH,
BHpa)KeHHOH HAallHCaHHHNIM YpaBHEHHEM: W (CaMa B3SKCTPeMajdbHag TOYKa
W TOYKH, KOTOPHEC C HEW COMNOCTABJAIOTCHA, HOJMKHB JICKATb Ha 3TOH
MOBEPXHOCTH. Ecan uaauno JiBA YpAaBHEHHUA CBA8H

Fx,y, =0, G(x, y, )=0,

TO, OYEBHAHO, JENO CBORMTCA K DACCMOTPEHHIO JHIIL TOUEK HA K P M-
BO{, KOTOpas 3aNacTCA STAMH YpaBHEHUAMH.

[Tepexomss K meTaIbLHOMY HW3JI0KEHMIO BONPOCA, MW A/  YIPOLIEHHS
NUCbMa OrpaHuunMcs GyHKuued

u=f(x, y, 2 )

OT YETH peX NEepeMeHHbX, CUMTas WX TMOJYHHEHHHMH ABYM YpaBHe-
HUSIM CBA3M:
F(x, 9, 2 6)=0, G(x, y, 2, £)=0. (1)

IMycts ¢ynwkums [ wuMeeT OTHOCHTENBHHH BKCTPEMyM B  TOYKe
Py(xy, Vo 20 ty). Mu Oynem npeanosaraTh, 4TO KakK oyHKuusd f, Tak
n ¢yukund F u G HMEIOT B OKPECTHOCTH pAacCMaTPUBAEMOH TOUKH
HenpephHBHEE  YAaCTHHE MPOM3BOJHBIE MO BCEM aprymenrtaM. [IycTs,
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nanee, B TOyke P, OTIHYEH OT HyJs XOTb OHMH H3 onpeleauteneh
BTODOrO MOPAAKA MAaTPHUB, COCTaBJEHHOH M3 YaCTHHX NPOU3BOIAHBIX™)

Fy F, F, Fi
(G; G G; Gé)'

HanpumMep, ONpeAeNuTeNb

F; F

G G

Torga, ecnu OrpaHHYMTBCA HALJIEKAIMEH OKPECTHOCTBIO TOYKH Py

(no Teopeme, aHamornuHol Teopeme 3 n° 317), cucrema (1) pasHo-
CHJAbHA CUCTEME BUIA

z=9(x, y), t=49(x y) 3)

rae ¢, ¢ cytp HessHplie (YHKUME, onpexensemsie cucreMmoit (1). Munmu
cnoBamu, TpeGOBaHME, YTOOH BHAueHUs INEpPeMEHHBIX X, ¥, 2, [ yAO-
BJACTBOPAIH yPDAaBHEHHUAM CBA3H (1), MOXHO BAMEHHUTb NPEANOJO-
JKEHHEM, YTO NEPEMEeHHBE 2 M ! npencrasasior coGofd ¢yHkuun (3) or
x u y. Takum o6pasoM, Bonpoc 06 OTHOCHUTENbLHOM B3SKCTPEMYME
ans  Gyskuue  f(x, y, 2, £) OT ueTHIpEX TNEPEMEHHHX B  TOYKE
Py (x4 Yo 200 1) cBOAMTCA K BOMpOCy 06 OGLIKHOBEHHOM (a6 cCo a1 T-
HOM) SKCTpEMyME I/ CJAOXHOH (PYHKLMM OT ABYX NEPEMEHHBIX

Feoy o(x ) $(x y) C)]

J= . 2)

B TOuke My (xo Vo)

It coobpaxeHUs YKa3HBAIOT M HA peanbHHIl NyTh A8 HAXOMXAE-
HUf  TOUKM, JOCTaBJAIOIKH  OTHOCHTEJBHHH  SKCTPEMYM  (DYHKLMM
Sf(x, y, 2, f) ecam Mbl yMeeM (PAKTHYECKH paspelluTh YpaBHEHus
CBA3YM, HaNpuUMep, OTHOCHTENBHO TIEPEMEHHBIX 2 M f, U HaliT ABHHE
BLpaXeHus ana QyHxkuud (3), TO geno CBOAMTCA K HaXOXIeHHio a6co-
JIOTHOFO 3KCTpeMyMa Jad ciaoxHofl dyHkuun (4). CoOGcTBEHHO roBops,
Mbl TaK MMEHHO M [OCTyNaju B DANE paHee DeUIeHHHX 3axay [n° 163,
154], nanpumep, KOrZa MB HCKaJW HauGOJbIUEE BHAYEHHE /A NPOU3-
BeleHnsi xyzt npu ycnosun x—+y—+z—-4t=4¢, u 1. n.

Ykaxem Tenep Apyro# MyTb A HAXOXAEHUS TOUKH Py (Xo, Vo, 2y, Lo),
¥e [peanonaras, 4TO MH UMEEM SBHHE BBIDAaXEHUA 19 (HEABHEIX)
GyHxkuu# (3), XOTA CyIIECTBOBaHMEM STUX OYHKUMH MH Oyzem mnoib-
30BaTbCsl U 3J€ECh.

Hrak, nyctb B Touke Py ¢yHxkuus f(x, y, 2, {) UMEET OTHOCH-
TEJAbHBIH BKCTPEMYM HJM-—UTO TO K€ — CJOKHag GyHkuusa (4)
B TOYKE M, umeer skcTpeMyM a6CoO IO THH H.

Torma B s10# TOuke oOpamaiwTcs B 0 06e NPOUSBOAHHE, MO X M
no y, ¢yuxunu (4), a caenosaresbHo, U ee au¢pdepernunan Ilo

*) B stoM cayyae rosopsT, uro Marpuua uMeer (B Touke P,) paur 2
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MHBapranTHOCTH (opmu (mepsoro) auddepenumana [n° 143] sto ycuo-
BUE MOKHO 3aMHUCATb TaK;

of of 9 2
—a?dx—lf—wdy—{—a—fdz—{—gf—dt:& ©)

rae noi dz u dt pasymeiorca Audpdepenunans Gpyrxuait (3) B Touke M,
B TO BpPEMA KaK YaCTHHE INPOM3BOJAHBIE BHIUMCJEHH B TOyke P, n60

¢ (X0, Yo) =2, (o, ) =Hh,. 6)

H3 (D) Heav3sl, KONEHHO, 3aKA0MUMYE O PaABeNCmBe Kyl Ko3ghpu-
yuenmos npu ougbgepenyuairax, max Kax He 8ce smu ouggpepenyuais
npou3goasrts, [Ana TOro uToOB CBECTH A€JN0 K NpPOM3BOJBHO BHOMpae-
MbiM auddepenunanaM, T. €. K auddepenuranaM dx v dy He3aBHUC U-
M b X NEPEMEHHHX, Mbl MOCTapaeMCid HCK/MIOUMTL OTcioaa Auddepei-
nuaas dz U df TepeMeHHBIX 3aBUCHMBIX. JTO JIETKO CleJaTh, €CIH
npoaudepeHnuposath NOAHHM o6pasom ypasHeHus cessu (1),
pasymes noa z u ¢t oynxuuu (3) *):

oF oF oF oF
T dx+—0y dy+—dz dsz—_Ot dt =0, @
a9G oG oG oG

3aech, Kak W Bhle, BBHAy (6), YacTHEE NPOU3BOAHEIE BHLIYKC/IEHBHI
B T0uke Py Tax Kak, Mo npeamoJoxeHuo, onpeaenuteas (2) B 3ToH
TOYKE — HE HyJ]b, TO dz H df MOTYT OHTb OTCIOA2 JUHEHHO BHIPAXKEHH
yepes dx u dy. Ecam 3Ti Boipaxenus noacrasuts B (5), TO mouay-
YuTCS PaBEHCTBO BHAA

Adx+de=0,

rie A ¥ B 03HauaioT BHIPAKEHHS, PALUOHANBHBIE OTHOCHTENbHO YaCTHBIX
NpOU3BOAHKX (yHkuu#t F, G, u specb B3sThX B Touke Py Tax kak
B 3TOM DaBeHCTBe GUIYPUPYIOT TOJbKO Aubdepesuranst dx, dy Hesa-
BUCH MBI X TNEPEMEHHHX, T. €. COBEPIIEHHO TNPOM3BOJBLHHE YHC/IA, TO
B Touke M, umeeM

A=0, B=0,

Bmecte ¢ ypaBHEHMAMH CBA3M 3TO [JaeT YeTHIPE yDaBHEHUs A Ompe-
IDeNeHHA HEM3BeCTHHX X, y, 2 ¥ L.

Koneyno, Mb ycTaHOBUAM JHIIb HEOOXOAUMbIE YCJOBUS 178 3SKCTpe-
ManbHOH TOUKM P (Xy, ¥y, 2p, fp). Ho v B Takom Buae yc/aoBHA MOryT
ObITh MOJME3HH Jawe [ pasbiCKaHuAd HanboJbluero (WIM HaUMEHb-
uiero) suaueHus ¢yHkuun f npu ycaoBuax (1), ecam nO XapakTepy

*) Touynee rosops, Mu auddepeHUMPYEM T€ TOXIEeCTBa, KOTOPHE HONY-
yalotcAd H3 ypaBHenu#t (1), ecaid BMeCTO 2z W £ B HMX MNOJCTaBUTL HEABHAHIC
¢yuxuun (3). [logo6unit croco6 peun Mu 6YJLeM NPHMEHATb WM BHDESb,
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BOTPOCA Hanepen siCHO, YTO BHYTPHW paccMmaTpuBaeMo#i 06MacTH JOJKHA
CylecTsoBaTe TOYKA, A€ 3TO HauboJbliee (HauMeHblliee) 3HaueHue
JOCTHraeTcs, WM €CAM Takoe [OmyLleHHe CAeNaHO B IOpsKe HaBeje-
HUf, C TeM, uTOOW HalaeHHylo TOuKy anpoGMpoBaTe APYrMME COOGpa-
XECHUSIMH.

ITpumepn npuseneHn Huxe, 8 n° 321,

320, Metox ueonpeneneHHWX MHOxATeaed Jlarpawixka. B mano-
XEHHOM BHIe cnocoGe HapyuiaeTCs CHMMETPUS B OTHOIUEHHH Iepe-
MEHHHIX: 4YacTb M3 HHMX TpDaKTyeTCs KaR He3aBHCHMblE, 4YacTh-— KaK
8aBUCHMHE, OJHH IHdPepeHHMaN UCKAOUAIOTCS, APYTHE COXPaHAITCH.
Huorpa sTo BieueT 3a coGoH ycJaOxHEHHME BWKJIANOK. JlarpaHx npemio-
XHUJ MEeTOH, NPH KOTOPOM BCE NEpPEMEHHBIE COXPAHSIOT OAMHAKOBYIO POJb,

YmHoxum pasenctBa (7), COOTBETCTBEHHO, Ha NPOM3BOJBHLIE NOKA
(«HeompenenieHHble») MHOXHTENM A, | W DE3yJAbTaThl NOWIEHHO CJO-
%uM ¢ (5). Mu moayunm paBeRCTBO

(Fetr g o 52 o+ (G G e )+
HE G e ) det (GG re G a=0. ®

rae no-npexseMy dz u df o3HauaoT AuddepeHnnanl HESBHRIX (yHK-
nutt (3) (B pacCyXIEHHHU Mpl NOKA COXPAHSEM HEPABHOMNPAaBHE mepe-
MEHHBIX); MPOM3BOJHBIE BHIUUCJIEHH B TOuke Pj.

BniGepeM Teneps 3HaueHHs MHOXHUTeJeR A u p Tak, urobm o6pa-
11aJMCh B HyJb HMMEHHO KO3(QUUMEHTH npH 3aBHCHUMHX aubdepen-
nnanax dz u dt:

g oF G 9 oF

T e si=0 L ruf=0. ©
DT0 cHenaTb MOXHO, MOCKOJbKY ONpefefuTesns (2) CHCTEMH JHHEHHEIX
ypasHenu#, mosyuaiouefica IS ONpenefeHHs A ¥ p, OTJAHYEH OT HyJas.
Tlpy BHOpaHHWX 3HaUEHUsIX MHOXHTeaeHt paBeHcTBO (8) mpumer BuA

o ., OF | oG o |4 OF | 0GY\,
(—a;'f‘l—aj;‘i‘llw)dx'f‘(a—y+la—y+Pw)dJ’—0- (10)

3pmech MBl CHOBA HWMeeM 1el0 JHMIUe ¢ AudpepeHuuanaMd He3 aBH C u-
M B X TEPEMEHHRIX, TNO3TOMY KO3(QQUUHMEHTH npd HUX JOMKHH OwiTh
nyasmu, 1. €. Hapany ¢ (9) nMeeMm u

of JoF G of oF
T ror T e =0 '@'H\a—y'ﬂ’-w—o- (9%)
WiTak, nas onpeneneHns ueTb peX HEM3BECTHHX X, ¥, 2, [, na
ene N BYX MHOXHTeNEH A M |, HMEEM CTOJBKO € ypanHeHu#, HMEHHO
I B2 ypaBHEHHS CBH3M ¥ ueTH pe ypasHenus (9%) u (9).
Ilas Toro uro6w 06GJeryuIb BHIMHCHBIBAHAE 3THX YDPaBHEHHH, OOBIKHO-
BEHHO BBOJAT BCMOMOTaTe€JdbHY 0 QyHKHMIO

P=f—+ A+ pG

G
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TOra yNOMAHYTHE YDaBHEHWS MOryT OWTh SamucaHw B BHIE

o0 o 0 o 00 9%
-07—0, -—07—0, TZ‘—O, —07—‘:':0. (11)

OHR BHIIAAAT T2K XK€, KaK M YCAOBUS OGHKHOBEHHOro BSKCTPEMYMA
ans Gynkuan F. Imo caedyem paccMampusams auus Kok yKa3aue,
obae2wanuee 3anoMuUHarue,

H wmerox Jlarpawxa npuBoanT K HEeOOGXOLMMHM yCJIOBHAM,
B ocraabHOM 8xech MOXeT OHTb TOBTOPEHO TO, YTO ORJO CKAa3aHO
B KOHIle MpEeARAyliero HOMepa,

3AMEUAHHE B M3/M0XEHHOR TEOPHH CyILECTBEHHYI pOJIb Mrpaio
NPEAMOJNIONEHHE O PaHre MAaTPpHUK M3 YAaCTHHX NPOH3-
BOMHH X, KOTOPHM Mh BOCNOJIL30BaJXCh TpHxAM. IIpu peinennn 3amay
OIHAM W3 YKa3aHHHX METONOB — AJ1 YBEPEHHOCTH B TOM, YTO He
NpoNymena HA OdHAa TOUK3, AOCTABAMOMAT (DYHKIHH OTHOCHIE/b-
HEIH  SKCTpPEMYM, — C/1efioBalo Ol NpeABapHTE/IbHO YCTaHOBHTb, UTO
yNOMAHYTOE TNpPEANOJONKEHHE BHIOJHAETCY Ha JeJe BO BCeX TOYKaX
paccMarpuBaeMoll 006JacTH, yIOBJETBOPAIOIIMX YypaBHERHsM cBssu. B mpo-
CTHIX CJy4yasXx Mbl OyAeM NpeaoCTaBAATH 3TO YHTATEJNIO.

Tlepeftnem x npumepaMm u Sapauam.

321, Mpumepwn H 3agaun. 1) Tlycte Tpebyercs HafiTH SKCTPEMYM GYHKUUH
n=xyzt npu YCAOBHH X+ y-+ 2z {==4c; 06aacTb H3MEHEHHA JEPEMEHHHX
onpellenserca HepasedcTBaMu x =0, y =0, z=0, t =20, M yxe pemuan
9Ty 3ajgauy B n° 153, 2), dakTHueckn Bmpakan { M3 FNOCIeJHEro YCIOBHA.

[pumensan k Tof xe 3amaue Meton JlarpaHka, BBeJIeM BCNOMOrareJbHYIO
G YHELHIO

P=uxyzt +2(x+y+z+1)*

M COCTaBHM YCAOBHA:
q);=yzt+7\ =0, ..., q);=xyz+7\ =0,
OTKYna
yzt = X2t = Xyt = XYz, TaK Y10 X =y =z=0!=C.

2) BepHeMmca x 3aNaye O HaMBWTOJAHEHIUHX CeYECHHAX NPOBOJOB B SNEKTPH-
4yeckoft ceT ¢ napaasenbHuM BrmoyeHHeM [n° 154, 3)]. CoxpaHsa NpHHATHE TaM
o6o3Hayenns, 6yneM MCKaTb IKCTPEMYM (YHKIUH

f(qh Gar «voy qn)=llq1+19q2+ “ee +lnqn
np# YCROBHH, YTO

1,J I l,J,
F @y Gororeyqn)=iliq0lede y y Wadn_
q: qa qdn
NpH STOM MHl He CTaHEM JaXe BBONWTb, B3AMEH ¢, §g ... , dn APYTHE mepe-

MeHHble, KaK ClCRanu 9TO BuIlIE, w60 HalIHMH HOBLIMH METOJAaMH 3ajaya M TaK
pewaeTca Npocro.

*) Ecay BCTIOMHUTb pOAb 3TOH QYHKUMH, TO CTaHET ACHO, YTO MOCTOAHHOE
caaraemoe B cocrase P 3lech MOxeT OuTh ONywieHO 6e3 Bpeja,
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Wrax, nudoepesunpys nonsn M 0o6pasoM ypaBHeHHe F =20, 1oayyum
33aTeM CAchyloulee BupaxeHwe naa nvbdepenunana dq,:

2
q A ln_y Jag
dqn=——”{—sdql+...+%-"—dqn_, .
Indn \ g 9p_1

Moncrasasa ero B pasesctBodf =1, dq, -+ 1L, dgy+ ...+ 1y 1 dGn_y + 10 dg, =0,
NPUAECM K pe3ynbTary:

2 2
¢ 1J lnoyJn.
(1,——”-%)qu+ +(1n_,—5i‘-# 44y =0.
Jo 4} Jn 9,1
Tax kak dqy, ..., dg,_, yXe NpOU3BONBHN, TO KO3DOHUHEHTH NPH HHX f0-
pO3Hb — HYyJH, OTKyHa
G_B_ G _n_,
VA Jna  Ja
u
41:)‘1/-7—1: ga==1 Vje—y---y gn=ArV /s (12

Mroxurens NpOIOPUHOHANLHOCTH X nerko onpeneIdTb H3 YpaBHEHHA CBA3HI

LYV

s

r=F.
e

i=1

EC-"H NPUMCHUTbH METOXR ﬂarpaﬂﬁ(a, TO HYXHO NOCTPOHUTH BCnOMoraTeanle
DyHKuHuo *) ;
1,J !
D@y 9y oo =01+ oo+ g+ N (—:]T!+ " +#)
H NpHpPABBATHL HYy 1O ee NpPOHSBOIHbIC:

00 _, M, _ 00 My
oq, ¢ T dg,T T g

OTKyla CHOBa moayvaem (12), u 1. 1.

3) B kayectse 620.rxee CNIOXHOrO NpHMEpa PacCMOTPUM TaKYO 3ajayy: Tpex-

2 2

OCHBIH 9MIHNCOUN %—{—y—z +CZT,= 1 (a>b>c) nepcceueH naAocKocTblo Lx 4
-+ my -+ nz =0, npoxonsmeH yepes ero HeHTP; TpeGyeTCsA ONPENENHTb M0AYOCH
NOJAYYAIOUErocs B CeYeHHH 3aaunca. MHpIMH CloBaMM, HYWHO HaHTH sKcTpe-
MaibHble 3HayeHun QyHKuuu r® = x®-y® -} 2°, ecaH mepeMeHHbE NOJYHHEHb!
YK33aHHLIM Bhillle BYM YPaBHEHHAM CBA3H.

Meton HckmoOYeHus 3aBHCUMBX nudpepenunasos n® 319 3gech npuBOIMT
K CNOXHbIM BHIKNaJKaM; MOSTOMY Mbl cpa3y npuGernem ¥ Meronxy Jlarpawika,

Mas Toro yTo6nl y6emMTHCA, YTO DPAHT MATPHUBI

x y 2z
a b
I m n

%) «Heonpenenennnit MuoMHMTeab>» Mul 118 yno6cTBa 6epeM B (opMe Af n
BKJIOUAEM B HETO NOCTOSHHYIO p.
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paBeH 2 BO BCeX TOUKaxX NepeceUeHHs SMIMMCOMAa € IIOCKOCTHIO ¥), NOMYCTHM
nporusyoe. Us o6pamennsa B 0 Bcex onpenenuteredt BTOpPOro MOpAIKa credyer
NPONOPUHOHAAbHOCTL SNEMEHTOB BEPXHEH M HHXHeH CTPOK; HO TOTAAd PaBEHCTBO

x2 2?
1x 4+ my 4 nz =0 Bneuer 3a coGoH - -+ J;)—,-l-? =0, yT0 HeBO3MOXHO,
CocTaBHB BCIOMOTATEABHYI0 (YHKUHIO

2 3 2
3 D=4+ 2 (T b Gp 5 20 (o my ),
npupapHAeM HYIIO €€ NMPOHU3BOIHEIE:
x+>\-%+w=0, v+ K-;’L—-}-pm:o, z4-A ._;_-}-yn:o, (13)

YMHOXas 9TH ypaBHEHMs, COOTBETCTBEHHO, HA X, ¥, 2 M CKIadbiBass, MONYYHM
(C yueToM ypaBHeHMH CBA3M), UTO A=——r2

Ecan npennonoxutb, Al ONpeXeNeHHOCTH, YTO HH OIHO M3 yHcen [, m, n
He PaBHO HY.I0, TO H3 (13§ MOXHO YCMOTpeTb, YTO r He DaBHO HH 4, HH b,
nu ¢, Torna ypaBHennsa (13) mepemuuiyTcs B BHfe:

_ la® . mb* = nel
TETRE o YT PR TR e
Orciona nerko Ha#TH iy @ C HHM H X, ¥, 2, HC, MHHYA 9TO, MOXHO, CIOXHB
9TH PaBEHCTBA, MPEXBApHTENbHO YMHOXEHHHE Ha [, m, n, NONYYHTb YpaBHEHHE

20 mepd n2e?
- L P

=0,

OTKYJa HEMOCPeNCTBEHHO M ONpeJeNAloTcd MHTEepecyloulie Hac IBa SKCTPeMalb-
HbIX 3HayeHHa ri.

Tak xax cyuwecTBOBaHME STHX 3KCTPeMadbHBIX 3HAYEHWH Hanepex H3BECTHO,
TO 31eCh, TAKMM 06pa3oM, N0onyyaeTca MONHOE peliieHHe BOMpoCa.

322, Monstue BesaeucumoctH ¢yBruni. Paccmorpum cucremy
yHKInH
y1=fl (xl) Koy o 0 oy xn)’
yﬁzfe(xb Koy v v oy xn)’
e e e e e e (14)

Im=Fm (x1, X3

c e Xp)
OTNPEAETEHHBIX W HENPEPHIBHBIX, BMECTE CO CBOMMH YaCTHBIMK TMDOH3-
BOAHBIME, B HEKOTOPOH n-MEPHOH OTKPHTOR o6nactu .

MoXeT CcayynThCsl, YTO OJHA W3 HHX, HATPUMED Y; ABJIAETCA CyHK-
LHEH OT OCTaJIbHHIX:

V=0 o v o Yjcw Yists o o 0 s Ym)* ) (15)

*) CM. 3aMeyaHue B n° 320.
**) CymecTBeHHO, yT0 (yHkuna ® B yuCAe CBOMX HemoCpeACTBEH-
Hbl X aPryMEHTOB HE COXEPXKHMT X-OB.,
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rae @ Taxme npeanoJaraeTcs HeNpepeiBHOM (yHKLHWER OT BCeX apry-
MEHTOB C HEOPEPHBHBIMH K€ YaCTHMMH TNpPOM3BOAHLIMH, B (m— 1)-
MepHol o6nacTn &, COXEpKaeR BCEBOBMOXHbIE CHCTEMbl BHAuCHHH

Yoo o o Vit Visr+ - +5 Y KOTODHIE MNPUENMAIOT 3TH (YHKLUHH, KOTHA
r-MepHas Touka (Xy, Xg. . ., X,) npoGeraer obaacts Z. Tlpu sTOM
Mbl MOAPA3yMEBAEM, YTO PaBEHCTBO (15) BHIMOJHAETCA TOXKAECTBEHHO
OTHOCHTEJBHO X;, Xg,. .., X, B oGnactu Z. Torma rosopar, 4TO

B 5TOH 06an2acTH QYHKLUA y; 3aBHCHT OT OCTAaJAbHHX.
B uactHocTH, Tak OyaAeT, €cau y; CBOAMTCS K NOCTOSHHOH: B 5TOM CJYy-
Yyae MO¥HO ToJo¥HTb U ® =— counst.

OyHKUMH Yy, Yo,. - ., Y, HA3BIBAIOT BOOGIWIE B3aBUCHMBMHU
B obaactu &, eciM  olHa U3 HuX (BCE pPaBHO Kakas) B3aBHCHT OT
OCTaJbHHIX.

Ecau un B obaactd &, Hu B KakoH-imBo uyacTHuHoH, B HeH coaep-
*Kamefcs, o6aacTH HE MMeeT MECcTO ToxJecTso Buaa (19), To dynxuuu
Y Yo+ - +» Y HASHBAOT HE3aBUCUMBMHU B obaactn Z.

OtBeT Ha BOMPOC O HE3aBHCHMOCTM (YHKUMH 14T pacCMOTpEHHe
TaKk Ha3wmBaeMOH GYHKHUOHAaABHOMH MaTpHHB, COCTaBJeHHOH
M3 YaCTHHX NPOW3BOAHEIX STUX (DYHKHUH MO BCEM HE3aBHCHMBIM mepe-

MEHHBIM: dy, Oy, 0y,
dx, 0x, " " T ox,
0ye _dy_s %
0x, 0%, " " "0x, | (16)
W Om Wm

ox, dx, " * T dx,
Ilpennonaras n>==m, npexae BCero HUMeeM TaKyi0 TeOpeMy:
Teapema 1. Fcau xoms odun onpedeaumeas m-20 nopadxa, co-
cmasAeHHl U3 ssemenmos mampuys (16), omanden om nyas 8 obaa-

cmu &, mo 8 smol obaacmu GYHKGUU 3y, Ve, ..., VY, HE3QBUCUMSL.
DoxasaTeEabctBo. Ilycrh

7N TR/ 7

Ox, O0xy "~ 0xp

0¥ Oys dy

R e (17)
Ym OYm OYm

0x, Ox, ' 0xp

Ecau 6w He paBHeIM Hymo Obl He 3TOT, a KakoH-HUGYAb ApYyroH
ONpeje/uTeb, TO, H3MEHWB HYMEPAUHI0 MEPEMEHHHBIX, MOXHO OHJ0 Onl
CBECTH BOMNpoC K cayuwaio (17).
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Iokasateabctso TeopeM Oyned BectH ot npotusoro. Ilpexmo-
JIOXHUM, YTO ONHA M3 QYHKUMH, Hanpamep y,,, BHPAXKAETCA YEPE3 OCTajb-

HBHIE, TaK 4TO ym=¢(yl» Yo eves Ymatd (18

x0T OW B HexoTopol yacts &, obnactu .
MpoauddepeHnEpoBaE 5TO TOXAECTBO MO KaXAOH M3 NEPEMEHHHX
x; (i==1, 2, ..., m), MB noJyunM psn ToxuecTs (8 &) Buaa

Wm __OYym Oy, Wm0y Wm Wmy
_———e— . = =B . X2 e —m | _Zm-1 1-_=1, ) eees M)
Oy om T om T T gy ok (=L 2am

Mbl BuAMM, YTO SJeMEHTH NocaeiHe#t CcTpokd onpegeauteas (17)
NOJMYYaloTC NyTEM CJAOXEHHS COOTBETCTBEHHHX SJEMEHTOB  NEPBHIX

m-—1 CTPOK, YMHOXEHHHX NPEeNBaPHTENbHO Ha MHOXHTEAM ?—7’"—,
1

Wi
T s
THBOPEYUT ycaoBHio TeopeMbl. IlosyueHHoe npoTHBOpeYHE AOKasHIBAaeT
HEBO3MOXHOCTb pabeHcTBa (18).

323. Paur ¢ysxnuonanbnofi mMarpuunl, Ilepexoas k ofmemy cay-
yao, BBeleM cJenywilee onpenenedue, HaszoseM paHT oM (QyHKLHO-
HaapHOH MaTpuun (16) (8 o6aacTH &) HaupHCHIHA M3 NOPAAKOB
onpeaeauteet, 06pasoBaHHBLIX M3 CTPOK M CTONOUOB 3TOH MaTpULLB
M He OGPAIIAIOMXCA B HyJb TOXIEeCTBeHHO B &. MoxeT, KoHeuHo,
CAY4MTHCA, 4TO BCE€ SJeMeHTH Marpuus (16) ToxaecrBeHHo oGpa-
HA3I0TCA B HyJb (TOTAA FOBOPAT, YTO p aHr MaTpuus 0), HO 3TOT caydaH
He MpEACTaBAReT WHTEPeca, u60O 3lech NOMPOCTY BCe GYHKUUK

Y Vo ooos Im

CBOAATCS K MNocTosHHHM. Ecau panr Mmarpuusl (16) ecth p=1, TO
CyiecTByeT XOTs OH OJMH ONpEAeJHTENb p-TO MOPAAKA, COCTaBJACHHHHA
M8 3JEMEHTOB MaTPHUH (5TO, KOHEYHO, MPEANOJaraeT m=p H n=)
B He pasHHN B & TOMIECTBEHHO HYMI0, B TO BPEMS Kak BCe ONpene-
JUTEJAH TMOPAAKA BHIUE P (€C/AH TAKOBHE MMEIOTCH) TOXKAECTBEHHO PaBHLI
Hymo. I'oBOpAT, YTO paHr p MaTpuuW AOCTHTaeTCs B TOuke Py,
€CAM YNOMSHYTHH ONpeaeauTeNh p-ro MNOPAAKAa OTJIMYEH OT HyJId B
5TOH TOUKE.

Teopema 2. ITycms pamne @ynxyuonassnoli mampuyn (16) 8 o6-
racmu J ecms p==1, u docmuzaemcs on 6 mouxe M, Toz20a &
Hewomopoii oxpecmnocmu 2, smoi mouxu . Gynkyuil, u3 Hucia
Hawux m, 6y0ym He3aQBUCUMBLMU, a4 OCMIQABHbE m -—p OM HUX 3a-
sucam. [IIpn 3TOM HezaBUCHMBIMM OyNyT HuMeHHO Te GYHKIUH, NPOU3-
BOJHHEIE KOTOPHX BXOAAT B ONPEAEIHTENb, OTINSHMR OT Hyas B Touke My.]

JOKASATEABLCTBO, AMA YNPOIIECHHS NHCbMA, MH NPOBEAEM IJs
yacTHoro cayvad. IlpeanosoxuM, 4TO JaHMl TpPpH (YHKUMM OT TpeX
nNepeMEeHHHX:

yi=J1(xy, X3 X5), Ya==J3(Xy Xa %), Ya==Su(Xy X3 X3),  (19)

. Taxo#t onpemeauresb, KaK U3BECTHO, paBeH Hy/ao. 3TO npo-
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NpuyeM paHTr (YHKUHOHAILHOM MaTpHub
ofy Ofy Ofy

EZ o_x_s- 0x,
gf_i afz ofs *
dx, ax dx (16%)
o, of, Of

0x, 0xy 0x,

paBeH NLBYM ¥ [1OCTHraeTca B Touke My (x}, X% xU). Iycte B sTOM
TOYKE OTJMYEH OT HyJsd, CKaXKeM, ONPEAEAUTEs]b

% Of
ox, 0x,

o O |

0x; 0x,

(20)

Beuly HenpepslBHOCTH YacTHHIX NMPOU3BOAHBIX, TO ke OyIeT U B HEKOTO-
pO# OKDECTHOCTH TOYKH My, Tak 410, Mo Teopeme 1, QyHKIMU Yy H Yy
B 5TOH OKPECTHOCTH HE3aBUCHMHI,

Tosoxum

0 0 0 a 0
fl(xp xg) xs)=yp f?(xv xg’ xg):yg
" NPUMEHHUM K CHCTEME ypaBHEHHﬂ

Ji(x, X, X3) — 1 =0, fo(xy, Xq, X3) — yp=0 @1

¢ MATHIO NEDEMEHHBIMH Xy, Xg Xz Vi, Vg B OKDECTHOCTH TOYKH
Py(x}, x3, X3, V5, ¥3), KOTOpas STOH CHCTEMe YAOBJAETBOPSET, TEOPEMY,
aHaioruynyio Teopeme 3 n° 317. HMmeHHO, mo/ab3ysch TeM, uTO oOmpe-
JIeUTE/b, COCTaBJEHHBI W3 YaCTHBIX I[POM3BOAHBIX OT JEBBIX uacTeH
ypaBHenuf#t (21) no x; ¥ X3 B TOYKe P, OTIMYEH OT Hy/s, Mbl MOXEM
YTBEPHIaTh, YTO B HEKOTOPOHR OKPECTHOCTH

oy = (x] — By, x]-By; x5 —38y, x5+ 8y x5 —3, X535
Vi—Ay YAy i — 4y, -4y

9TO# TOukM cucreMa (21) onpenenseT HMEHHO X; M Xy KaK OIHO3Hay-
Hple QYHKUMH OT X3 ¥y M Yg

X1=91 (X3, Y1, Ya)y X3==9y (X3 Y1, Ya)- (22)

HanoMHuM, YTO —ecJdu OrpaHUYUTbCA O0O0MacThio offy—
cucteMbs (21) # (22) coBepWEHHO pPAaBHOCHJbHBL TOUKH
ynoMaHyTo#f 00/acTH, yAOBJETBOpPSIOUIME OJAHOR M3 BTUX CHUCTEM, YAOBJE-
TBOPAIOT M Apyrofl. W3 camofi TeopeMbl, Ha KOTODYI0 Mbl ONUPaIUCh,
CAENyeT, YTO, €CAH BMECTO X; M Xy HOACTaBHTL B (21) dyHkuuu (22),
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TO YIOJyyarCsi TOXAE€CTBA OTHOCUTE/BHO IEPEMEHHHX X3 Vi, Vo
B IIapajjejenunene

(03— 8, 5185 ¥i— A, yiT A5 ¥ —Dy, yi1+ A9

Ho ans Hac cefluac BaXHO U APYToe: ecall 8MeCMO Yy U Y, NOOCMAsUMS
8 (22) gpynryuu fi u f5, mo noaywames mo acdecm 8 a OMHOCUMERLHO
NEePeMEHHBLX X1, X9, X3-— IO KpalHe# Mepe B HEKOTODOH OKDECTHOCTH
Touku M, (x}, x5, x7). Vimenno, mocraTouHo BHOpaTh 5Ty OKPECTHOCTDb

Dy=(1— 8, x5+ 8; x5 — 3y, x5+ 3y £0— 8, x0+8y)
TaK, YTOOH Obla0:
0<§1< 3, 0<§9<817 0<§;<83,

W, KpOMe Toro, 4ToGH [Js1 ee TOoYek 3HAYEHHS Yy U Yy, ONpPEACASIEMBIC
us (21), T. e. sHaveHns QyHkumd fy u f;, oTmuuaaucs or I u ¥,
COOTBETCTBEHHO, MeHplle, yeM Ha A, u Ay ¥). JleficTBuTeabHO, TOrAa
TOuKa (X3, Xg, Xg V1, Yg) nonageT B of, WU OJHOBPEMEHHO C paBeH-
crBamu (21) OJ/IKHBL BHINOJHATBCA M paseHcTBa (22).

OG6patumca Temeps K TpPeTbhed (yHKUHM

Ys=/J3(x1, Xq, X3);
NOACTAaBUB BMECTO X; M Xg Cioa (QYHKuuH (22), noayyum
Ys=/3 (91 (X3, Y1 Vo) P2 (X3 31, Vo) X)) =P (X ¥, Ju).  (23)

Ha ocHoBaHuMM cHelaHHOTO Bbille 3aMEYaHWsd, €CAH B ITO PaBEHCTBO
BMECTO ¥y, Yy W Y3 TIOACTABMTh, COOTBETCTBEHHO, (yHKLMH fy, fy ¥ fs, TO
OHO YJOBJETBOPUTCS TOXKAECTBEHHO OTHOCUTEIBHO X-0B B 00-
aacta Y.

Oas Toro uyroOwm yGeauthcs B 83aBHCHUMOCTH (YHKUMH y; OF
(QyHKUUA y, U y,, OCTaeTCs MWD AO0Ka3aTh, 4To GyHkuua @ B (23)
Ha feJe apryMEHTa X; He CONEDPKHUT, Tak uro (23) MONKHO

HanucaTh TakK:
=0y, ¥9).

C 3TOH neanio, OYEBUIOHO, NOCTATOYHO YCTaHOBUTB, YTO
oo
ax,
TOWAECTBEHHO OTHOCHTENBHO X3, ¥y, Va. 110 CaMOMy omnpenedne-
nuio @:

(29)

0% _ dfy ¢ | Ofy

L 1 O @25)

Ox,  Ox, Ox, | Oxy 0x, | 0x;°

*) IT0 MOXHO OCYIECTBUTH BBHIY HENPEPHBHOCTH QYHKUMHA f{ H f, DpH-
HHMAOIUX B Touke M, auavenns y? U y).
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C mpyrofi cropoHsl, ecan mpoauddepeHinpoBaTh MO X, ypaeHeHus (21),
CYMTaq Xy M Xy QYHKUUAME OT X3, Yy, Yy, TO INOAYYHM PaBEHCTBA

O 9e | O On 0

Ox, 0xy ' 0x, 0x, | ox, (26)
% ‘_3&_'_‘_)[2. . oﬁ+%_0
Oxy Oxy U dx, Oxg U dx,~

0
JTHHEHHB € OTHOCHTENLHO BEJHYUH % ] % Ws suHefiHnX paBeHCTB
3 8

(26), kak camencTBHE, BHTEKAaeT TPeThe JMHEHHOE PaBEHCTBO:

ofs  Op 0fy Oy, ofs

_— _— o — _—— 2 *

ox, 0x,+0x,, dx,+0x, 0, (26%)
NOTOMY 4TO OMNpENE/IUTENb TPEThbero MNOPSAKA, COCTaBJAEHHBIH M3 KO3(-
(MUHEHTOB NPH YNOMSHYTHX BE/JAMUYMHAX M W3 CBOOGOJHBLIX UJEHOB

o 0f Of
0x, Oxg 0x,
s Ofs U
0x, Ox, Ox4|°
Us s s
0x, 0x, 0x,
TOXIECTBEHHO paBeH Hymo (BeAb paHr marpuust (16) ectp aBal),
Conocrasaenue pasencrsa (26*) ¢ (25) u npueoauT K TpeGyeMomy
TOXAECTBY (24).
[TpumEP. PaccMOTDHM CHCTEMY DYHKUMH

V1=xX1+ X+ x5 y=xi-4 xi4 x3,
Y= X1 X3+ XXy + XgXy.
Jlerko npoBepuTb, YTO (DYHKUKHOHAAbHAA MATPHLLA
1 1 1
2x, 2x4 2x,
Xe+ Xy XX X1+ X

Oyner MMeTb paHT 2 BO BCEM NPOCTPAaHCTBE. B COOTBETCTBMH C STHM, OIHA
u3 QyHKOu#A 6yler 3aBHCeTh OT HBYX APYIHX, HanmpHMep,

Ye=Y{— 2.

§ 3. ®YHKUHOHAJBHBIE ONPEJEJIUTEIH
H X $OPMAJIbHBIE CBOUCTBA

324, dynxuHOHANbHBIE ompeneauTend. B npeanayuwnx naparpacax
BaXKHBIM OPYAHMEM HCCJIEJOBAHUSA CJAYXMIM 0COO0ro pola OnpelelnTenH,
COCTAB/IEHHbE M3 YaCTHHX MPOM3BONHHX; OHH NO OTHOLIEHHIO K CHCTEMaM
GYHKIME Hrpasu Takylo e poJb, KaKylo urpaer OObKHOBEHHas Npous-
BOAHAA AJA OHHOH ¢yHKuMM [cp., Hanmpumep, TEeKCTH TeopeM 1 u 3,
n° 815, 817]. Mul u3yumm agecr HekoTophie (OpMaJbHHE HX CBOHCTBA
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(TaKKe HaNoOMUHAIOINE COOTBETCTBYIOLME CBOMCTBA OOGBIKHOBEHHHX NpO-

M3BOAHKIX), YTO OOJEruyHT HCINOJB30BaHME YNOMAHYTHIX omnpeaeasTenci
B AaJbHeflleMm,

Iycte nanu 7 QyHURH OT 7 nepeMeHHBIX
J’1=f1 (xb Xy oo xn),
Va =f53 (xb Koy oeey xn)’
yn=fn X Xy ooy xn)’

KOTODHIE ONpEeAEJEHN B HEKOTOpOH n-mepuo# o6aactn & u umewoT B HeH
HENPEPHIBHLIE YaCTHHIE MPOM3BOAHHE NO BceM nepeMeHnM. Cocrasum
U3 3THX NPOM3BOJHBIX ONpPEAEINTED

M

W0y | | WD O
dx, 0xg *"" Ox, ox, dx; "°° dx,
Wy Oy 0 Wy Wy Wn
0x; Ox, *'° Ox, D dxg " Oxg
Wn W On| | D W | Dn
0x, Oxg """ Ox, 0xp 0x, """ Ox,

SToT onpeneuTenb HasHBaeTC: (GYHKLUUOHAJAbHHM ONMpexe-
JUTENEeM CHCTeMH ¢yHKUHE (1) MO NEPEMEHHHM Xy, Xg 4.vy X,
¥ o6osHavaerTcsl, AJst KPaTKOCTH, CHMBOJIOM

D (¥ Yor ---s Yn)
D (x4, X5 ooiy Xp)°

CXOAHBIM ¢ 0603HaueHHEM OORIXHOBEHHOH INPOH3BOAHOM.

PyHKUKOHANBHEE ONpelenuTeny ObinM BBeNeHH B HAYKY NPHMEPHO OLHOBpe-
MeHHO (B Kouue 1833 u B Havame 1834 r.) flxo6u m OcrporpaiackuM, B CBA3H
C OJHMM H TeM 3Ke BOMPOCOM — O 3aMeHe NepeMeHHbIX B KPaTHHX HHTErpanax
[cM. nuxe n° 355, 359 u 384]. Heckoabko nosxe (B 1841 r.) fxo6u omy6aukosan
padoty, rie GblNH H3yYeHn CBOMCTBA 3TUX ompelenuTedell M JaHHl B Pa3BEPHYTOM
BHIE HX NPHAOXEHHMA KaK K YIOMAHYTOMY BOMpOCY, TaK M K TEODUH HEABHHX
Gyskunit. B cBASH ¢ STHM (QYHKUMOHANbHHE ONpENeNTHTENH H CTaiH O06HYHO
Ha3KBaTh Onpedesumensmu Sxobu unu sxobuaramu. O6osHayeHve G yHKUHOHAAb-
HBIX oOnpefeauTeneH, YKa3aHHoe Buille, NPeANOXHMA BIOCACLCTBHH aHraHHCKHA
MateMatHK [l OH KH H.

325. YmHowenne pyHKHAOHAALHHIX onpeneauTtenell. Ilna ynpoue-
HUA 33aMHCH OTPaHUYMMCS, HAaNpHMep, ONpEAE/NUTENsMH TPETbEro NOpsAKa:
NOJyYeHHHE pesyabTaTH OyAyT HMETb cOBepueHHO oOwuk xapakTep.
Hrak, ucxoaum us cucteMbl yHKun

Y=/ 1(x%1, X3 X3),
Ye=Ja (¥ X3 Xo), (1)
Yo=/J3 (X1, X3 Xg),
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KOTOpHE onpefiefieHsl B (TpeXMepHO#) obaacta & u uMelOT B HeH
HENpepHBHEE WYACTHHE MNPOMSBOJAHBIE TO BCeM TNepeMeHHnM. Kpome
cucremst ¢ynkumit (1%), BospMeM crcTeMmy ¢yHKUMH

xy=291 (&, ty t3),
Xo = P (tb ti: ta), (2)
X3=¢3(y, 2y 1),

OMpeJe eHHHX ¥ WMEIOIMX HEMpepHBHLE NPOU3BOAHKE B (TPEXMEPHOH
we) obnactn &. Ilycts npu uaMeHeHun TOuku (£, f, t3) B & cooTser-
cTByIOlas TOYKA (Xy, Xy X3) He BHXOAUT u3 obnactu ¥, TaK uTO
Y1 Yo Y3 MOKHO DACCMATPUBaTL KaK CJAOXKHBe (YHKUMH OT %y, T, %y
yepes TMOCPEACTBO Xy, Xg, X3 YMHOXKHM Teneph (DYHKIHOHAJIbHBLH
onpefenuIeih cucTempl (1%)

Wy Oy %
0x; 0xy 0x,
s Oy OYs
0x, 0xy 0xy
Wy Oy; 0ys

0x, 0xy 0X,
Ha (yHKUMOHANLHBIH OmMpese/uTeNb cUCTEMEl (2)
9x; 0x, 0%y
0t, 0t, 0t
Oxy Oxy Oxy
ot, oty ot,
Oxy 0xy 0xy
0t, Oty 0t,

Ilpn 3TOM MBI BOCHONIB3yEMCS M3BeCTHOH TeopeMOff yMHOMeHAs onpe-
AesuTenel, KoTopas Bepawaerca Qopmy/oH

Qyy Qe Ay by byg by €1y C1g Ci3
@y Qg Qo3| ¢ | Doy bag Doy | =|cqy Caq €a3 >
a3y Qg Ay by b3y by Cg1 €33 C33

rae
€15 ==apby, + arby - aby, (4 k=1, 2, 3)
(yMHOXaeTcsl «CTpoOKa Ha croabeny). B Hawem cayuae

_On  ox dy; x4 dy;  0x,
C=x, " T o Tax O

T. €. — N0 ¢dopMyne MJA NPOXSBOAHOR CJAOWHOH (YHKIUM —

9
Cin =05t’—; @ k=1, 2, 3)
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OxoHyarenbno B PE3Yy/IbTATE IIOJYHAETCA ONpEACANTE/b

Wy Wy 9

dt, Ot o,

o, Ofy Oty |»

ot, 0ty ot,
a 3T0 €CTh QYHKUUOHAIbHHIA ONpEeTuTeNb CHCTEMH GQYHKIHHA ¥,
V2 Y3 TO NEpEMEHHBIM %y, f,, f3 Mrak, B KpaTkux 0603HauYeHUAX:

D (y1s ys .Yx)=D(_Vh Yo V) . D (x4, x5 Xs) 3)
Dty ty t) D(xpXex;) Dty tn t)°

Ecan Ob uMend 04 HY GYHKUMIO Y OT X, Tle X €CThb B CBOI OYepelb
$yHKuus OT OAHOH mepeMeHHOH f, To noayunmnu Ow OOHYHylO ¢op-
MyJy AAs TIDOU3BOAHON CJOKHOH QYHKIHU: b _d dx, noJyyeHHast

T dt dx dt’
Hamu dopmysa (3) aBaserca ee 06GoOGIEHHEM.

Otmetnm ocoGo cuayuati, Korza nepeMeHHne f, fo, 3 TOMIECTBEHHHI
C Vi Yo Vp Tak u4To cucTeMa ¢yHKUMH (2) ecTb NpPOCTO pe3yJabTar
«0o6pameHusy cacremn (1) (camyilo BO3MOXHOCTb Takoro ofpaienns
Mbl 3aech jgonyckaeM). Torga HatimeHHoe BHIIE COOTHOLUEHHE CBEAETCH
K CAedy©lLEMY:

D(yu 35 ¥s) | D(x0 Xs *s) __ 1 4
D (xy, x4, x3)  D{(Y1s Y20 ¥5)
niu
Dy, ya J’s)= 1 (5)
D (x4, X, x5) DXy X9 Xy)°
D (y1) yar ¥3)

B sToM Buie OHO HanomuHaeT ¢OpMyJy AAd NPOUSBOAHOH OOparHOMH
$yHKIHH.

326. YMHOMeHHEe HEKBAAPATHHX (PYHKHHOHANBbHBIX MATPHLL Y 31eCH
MBl BHISICHUM OOWUH pe3ysbTaT Ha NpUMeEpe YMHOMXEHHS IpAMOYTOMbHEIX
MaTpuil 4acTHOrO BHAa. PaccMOTPHM CHavasla YuCJIOBHIE MaTPUILLI

b1y byg
ay1 Qg 3 b b
Qot Qoo @ H 21 Ogg |
21 Qgg Aoy

by by,

Kax u3BecTHO, UX NpOM3BEJEHUEM HA3HIBAETCA KBaApaTHas MaTpHLa
(Cu Cvz),
Ca1 Caa

Cip == A1b1p - Qjabor —+ Aisbas ¢ k=1, 2)

rae
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Onpeneaurens BTOPOro MOPRAKA, COOTBETCTBYIOUHA STOH MaTpuiie:

@y3by1 = @19bgy - ay3byy @y3b1a —+ @19bes + 13bss
ag1511 - @gebsy 4 agby Q93b13 | Q9ebses - Aasb

paBeH CyMMe npousBedeHHH NMONapHO B3ATHIX onpenenmeneﬂ BTOpOIro
nopaaKa, COOTBETCTBYIOUINX NEPEMHOMXACMbIM MaTpHLLAM:

bubys
barbsy

211849 be1bgy

balbas

Q49813 233811 by1bsg

bllbl‘l

Q91099 Qg3

93y

Packpuas onpemenuTeNd, Jerk0 MNpOBEPUTH 5STO TOXAECTBO HENOCpeld-
cTBeHHO (B BHICwel anreGpe ycTaHaBauBaeTcd u ofilasd TeopeMa, OTHO-
CAAACA K YMHOXEHHIO NPAMOYIOJbHBIX MaTpHiL).

TlpumMeHuM Tenepp 5TOT pesyAbTaT K (YHKUMOHAJNBHEIM MaTPULLAM.
Ilyctb umeeM nmBe QyHKuMM y;, y; OT TpPEX NEPEMEHHHX Xy, Xg, X3!

n=r1(x, X5 X3), Ya=13(x%;, X5 Xy,

NpHYeM, B CBOIO ouepelb, HEPEMEHHEIE X, X, X3 ABASIOTCA (YyHKUHAMA
OT ABYX NEepeMeHHHX Iy, fg

xy=¢1(ty ta), Xe==¢a(t1, bs), Xy==1p3(t;, L)

Tpeanonaras aas Bcex ¢yHKumfl CymecTBoBaHHe HENPEPHBHBIX YaCT-
HBIX TPOMBBOJAHHIX, MOCTapaeMC HAHTH BulpaXeHue AN (PYHKIUOHAMb-
HOTO oONpeneiuTeAss OT CHCTeMH GYHKUuR P, U Yo N[O NEpPEMEHHHM Iy
# f3. C 3TOH HeNbl0 NepeMHOXHUM JABe (QYHKUMOHAJIbHHE MaTpPULH

dx, dx,
dy, Oy; 9y, ot, 0t,
0x, 0xy 0x, u Oxg 0x,
Oy Oy, Oys ot, oty | °
dx, 0xy Ox, 0x; 0x,

0, 0ty

B nanHoM cayvae

= (=1% j=129
ox

bfk:ﬁ,f =123 k=12

B, HaKoHel,

9y axx_][_a.VI oxn_][_o.VI L0xs o

“b T 0x, T Oty Tox, Ofy | Oxy 0%y Ofx"
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ﬂpHMEHﬂﬂ 8aeCh yxasaHHun BRILLUE peayanaT nO.’ly‘lHM TOXKIAECTBO
91 0 Oy Oyi | |0X Oxi| | Qyy Oyy| |0xy 0%y
0t, 0ty — 0x, 0xg .| 9t ot + 0x, 0x, |0t ot 4
0ys 995 9ys Oys | |0%s OXs | ' | Oyy Oys | [0Xs 0%
ot, Oty 0x, 0xg ot, Oty 0x, O0x, ot, Ot

99y 99| | 0% 0%
+ 0x; Ox, .| 9t 0ty
9y Oys | | 0%y 0xy)°
0x; Ox, ot, 0ty
Kompoe B KpaTKHX 0608Hﬂ'~leHHﬂX HepeHHerTCﬂ TaK:

Dy, ) Dy .Vs) D (x,, x4) D (y1,¥s) D (xs, x1)+
Dt ts) D(x,, x3) Dty ts) ' D(xsx5) D(ty ¢

2

+D(Y1y Ye) . D (x5, xy) (6)

D(xg x1) D {8y ty)
Ecm Ou peub wna 06 0AHOH QyHKIHMKM y, KOTOpas 3aBHCHT OT O A HO #
nepemeHHOR ¢ uepes TNOCPEACTBO TPeX TNEPEMEHHHX Xy, Xg X3 TO

nonyunaach Ou oOuunas opmyna Ias MuddepeHIUpOBaHU  CAOXHOH
yHKIMHR:

dy __ dx, dx, dy dx,
dt dxl + ox, + ox, di?
¢dopmyna (6) ect ee aHajor.

B nmanpHelmieM Mu eme rayGwe H3YUMM aHaJIOFMI0 MEWAY TNPOHS-
BOAHBIMH W (PYHKUMOHAJBHHMK onpenenuteasmu [n° 354, 2% n° 383}



TVIABA ZBAJNLATAS
KPUBOJMHEMHBIE WHTETPAJIBI

§ 1. KPHBOJHHEHHBIE HHTErPAJBI NEPBOrO THIA

327. Onpenenenme KpPHBOJHHEHHOrO HHTerpajna NepBOro THNA.
Ias toro 4ToGH €CTECTBEHHmM NyTeM NpPUATH K 3TOMY HOBOMY MOHf-
THIO, PAacCMOTPUM ORHY MEXaHHUeCKylo 3alauy, KOTOpas K Hemy npu-
BOIHT.

Mycte nmaHa naockan npocTas ¥) cnpsmasemMas  Kpusas  (K)
(puc. 8), BmOAL KOTOPOH pAacMONOXEHH MaccCel, TIPHYEM HM3BECTHA
7 MX JuHe#lHas NJOTHOCTL p (M) BO
BCex Toukax M kpusoii. Tpebyerca
onpeneauTh Maccy m BceH Kpu-
Boti (K).

C sTolt ueabio MeXAy KOHLAMK
A u B KpuBOH BCTaBUM IIpou3-
BOJIBHO pAR Touek Ay Ay ...
vy Apog (Ag 1 A, 1A cUMMETpHU
0003HaueHU#t OTOXAECTBJAOTCA C
A n B). Mp cuutaem aas onpe-

Puc. 8. AeNEHHOCTH, YTO TOYKH 3TH Nepe-

HYMEpOBaHH B HanpaBjenun oT A

K B, XOTf HMYTO He MemwaJo Obl HaM HyMepoBaTb HX H B OOpaTHOM
HanpasJeHuu,

Bsap kaxywo-nuGyab Touxy M, na ayre A;A;,, KpHBOH, BEIUHCIUM
naotHocte p(M;) B sToH Touke., IIpuGauxeHHO cuuTasm, uTO
TAaKOBAa K€ NMAOTHOCTb BO BCEX TOYKAX 3TON0 y4acTKa,
u obosHavan aauny ayru A;A;, uepes o, AR Maccu m; 3TOH Ayry,

*) HenpepbiBnas KpUBass Ha3biBaeTcA NP O CT O M, eCnH OHa 3alaHa NapaMmer-
PHUECKH M KawAas €€ TOUKA IoNyyaercA NAHLEL NIPH ORHOM 3HAYeHHM NapameTpa;
B Clyyae 3aMKHY T 0H NpoCToH KPUBOH HCKJIOUeHHe NIpeNCTaRAAeT eAHHCTREH-
Has TOYKA, B KOTOPO# <KPHBasA 3aMbIKAeTCA» M KOTOpaa oTBeyaeT LB y M Kpaii-
HYM BHAUEHHMAM IapaMeTpa.
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GyaeM uMeTb MPHOJIMIKEHHOE BHIDaXKEHHE

my==p (M),
a I3 BCEA MCKOMOH MacChl — BHIPaX<eHue
n-1
nm== 2 p (M,) S
i=0

TlorpentHoCTh 3TOrO NOCNEAHEro, CBSI3gHHAd CO CHOEJAHHBIM BBILIE
NPUOAHKEHHHM AONYLIEHHEM, OydeT CTPEMHUTBLCH K HYJIO, €CJIH AJNHBL O;
BCEX YYACTKOB CTPEMATCH K HyJIO.

Taxum o6pasom, o6GosHayas uepes A HauBOJbLIYIO M3 IJIUH O; AJS
NOJyYeHNst TOYHOH (hOPMYABl OCTAaeTCH JWLIb NEepedTH X npeaesy:

n—1
m=1im M) ;.
lim 5 e 0

Cranem e wm3yuath Boofuie Ipesessl 3TOTO poAa H, OTBAEKasCh
OT PAacCMOTPEHHOH 3alaul, BO3bMEM IPOM3BOJIBHYIO <«(YHKLHIO TOUKH>
J(M)y=f(x, y), 3agaHHy!0 BIOJb HENMPEPHBHOH IJOCKOA CHPAMASEMOH
kpusoft (K)*), ¥ moBTOpUM ykasaHHHH mnpomecc: pasbus kpusywo (K)
Ha 3/MeMeHTapHbie Ayru A;A;41; ¥ BbIOPAaB Ha HMX NPOHM3BOJBHO IO TOUKE
M; (8, m;), Boiuncanm sHavenus f(M;)=f (§; 7;) B HAX M COCTaBUM CyMMY

n—1 n—1
> f(M)oi= Z(])f(Ex, M) 955
=0 i=

OHa MNpeiacTasiseT CcobOH  Takike CBOEro poja HHTErPAAbHY IO
CyMmy.

Konednrii npeden amoi cyMMb RpU cmpemaeHuy A==maxo; K
HYAI0 Ha368REMCSA KPUBOAUHEGHBL M URME2par0M (RepBo20
muna**)) om gynryuu f(M)=f(x, y), 63ames no xpusoii uiu no
nymu (K), 1 0603HayaeTCs CUMBOJIOM

Vrmas =\ rox s M

(K) (K)

(rze s ecTb AanHa ayrd KpuBOH u dS HaNOMMHAET 06 SJIEMEHTapHBIX [Jd-
Hax g;).

TouHyI0 XapaKTEPHCTHKY NPEJebHOIO IPOLECCa MOXHO NPENOCTABHTh
YHTaTeNo.

*) [Tpu stoM npemnonaraercs, YT0 B OCHOBY IIOJOXE€HA HEKOTOpaf NPAMO-
yronbHas CHCTEMAa KOOpIMHAT.

**) B oTAMyne OT KPWBOMMHEHHLIX HHTErpajoB BTOPOro THma, pacCcMaTpuBae-
Mbix Huxe [n° 330].
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Taknm 06pasom, NOJNYYEHHOE BhHILIE BHpaMeHHe A MacCH MaTepHalb-
HOH KpuBOH MOXeET OHTh NEPENuCaHo Tak:

m=§ o ds. @
(K)

Ommemus ocobo, wmo & npusedeHHoM onpedesenun He uz2paem
HuKaKoil poau Hanpasierue, Komopoe Mojycem Owms npudaHO
nymu (K). Ecnu, nanpumep, 5Ta Kpupas He 3aMknyTa u nol (AB) n (BA)
pasyMeTb Pa3HO HanpaB/eHHble KDHBHE, TO

f(Myds = g £ (M) ds.
)

(4AB) {BA

AHanOrMyHO pPacCMOTPEHHOMY, Mbl MOTAM OBl BBECTH IIOHSTHE MHTe-
Fpana, pacnpoCTPaHEHHOr0 Ha MPOCTPaHCTBeHHYIo kpusyio (K)

Sf(M) ds= Sf(x, ¥, 2)ds®)
) (K)

(K

Bpuay OTCYTCTBHS HOBEIX NPHHUMIMAJIBHEIX MOMEHTOB HET HaAOGHOCTH
BIaBaThCd 3[eCh B NOJAPOOHOCTH.

328. Cpenénue K OGBHIKHOBEHHOMY ONpENEJEHHOMY HHTErpany.
IMpeanosoxum, uro Ha Kpuofi (K) NpPOM3BOJLHO YCTaHOBJEHO Hanpa-
BreH#e (OJHO W3 [BYX BO3MOXHHIX), TaK YTO MOJOXEHHE TOYKH M Ha

S~
KpuBO# MOXeT OuTb onpefeneHO NJAHHOH Ayrn s= AM, oTcuuTHBaeMOR
oT HauyanbHoH Touku A. Torza kpupas (K) napaMeTpuUyYecKH BHPA3HTCH
ypaBHEHNRMHM BUIA:

x=x(), y=y(@) (O<s<3)

a ¢yHkuua f(x, y), 3alaHHas B TOYKax KpPUBOM, CBeAeTCA K CJOXHOR
¢dyukunn f(x(s), y(s)) oT nepeMeHHoH s.

Ecan uepes s;(i=0, 1, ..., n) 0603HauuTh 3HaueHus IYyrH, OTBe-
yaomue BuHOpaHHEM Ha Ayre AB Toukam JeneHHs A; To, OYeBUANO,
0;=38; 41 — s;==As;. OGosnauus uyepea §; 3HaueHus §, oNpeAeAfioMmUe
TOuKH M; (IpuueM, OYEBHIAHO, S;<I §; =< §;4.1), BHIAWUM, YTO MHTErpaibHas
cyMMa I/ KPHBOJHMHEHHOrO WHTErpana

n—1

n—1
D M)e= 3 f(x @)y G As,

*) B oCcHOBY KnageTcs HEKOTOpas NPAMOYFONbHAA CHCTEMa KOOPAHHAT, PyHk-
nuA f onpeneneHa auiLb B TOYKaXx KpuBoH (K).
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ABJASETCA B TO M€ BpeMst UHTErPaabLHOH CyMMOﬂ A 06BIKHOBEHHOIO
ONpPEACAEHHOr0 HMHTErpana, Tak 4TO Cpasy HMeEEM:

&y}
npUYeM CyHnIeCTBOBaHWE OJHOrO M3 WHTErPa’oB BJaeueT 3a co6oHl cyme-
CTBOBaHue APyroro.

WnTerpai, oueBHIHO, CYLIECTBYET, HaNpUMep, B C/yyae HENpepHBHOCTH
dynxunu f (M) **), uto M Gylem BHpPeRb MpPEANONAraTh.

Iycte Temeps kpuBas (K) samaHa NPOU3BOJLHBIMA MapaMeTPHYCCKUMH
yDaBHEHUSIMH

S
[ rmas=@ {70 yonas®, ®
0

i=9@) y=90 G<t<T),

roe (YHKUMA ¢ W ¢ HENPEPHBHH CO CBOMMU MPOW3BOAHEIMA ¢ u
NPEeANOJIOKUM, CBEPX TOro, 4TO KpAaTHHMX TOYeK Ha kpuBod HeT. Toraa
KpHBas 3aBEJOMO CNpAMJSEMa, W €CJHW BO3paCTaHue Ayru s=

S
—AM=s() oTBevyaeT BOSpAacTaHUIO lMapaMeTpat, To

SO=V I OP+OF

[n° 201, 202]. 3amenss nepemensyoo B uHTerpaie (3) cnpasa, Cpa3y
NOJYUHM:

T
{rmas=@ (reo vo) vOOFr+WoOre @

( fo

Takum o0pasom, 041 BbulicAeHUS KPUBOAUHEHHO20 UHME2PaAra nep-
8020 muna HadAeHUMm 3aMeHums 8 Nnoduxme2parsHol GyHKyun nepe-
MEHHble X U Y BbIPANCERUAMU KOOpOUHAM H4epe3 napomemp, a MHO-
scumeas ds — dugbgbeperyuaronm dyeu KoK GyHryuu napasempa.

Ecau 6wl npu BospacTaHmu mnapametpa { ayra AM yOwBana, to
crouno 6 Jjumb nepedith k nyre BM, 4tobu cHOBa npuHTH K op-
myae (4). TakuMm oGpa3oM, B 5Toi dopMyre HUKHUK npeaens ui-
TerpaJa cnpasa AOAXeEeH OHTb MEHbBIIE BEPXHET O, KAKOBO
6pt HE GbBII0 MapaMETPUUYECKOE 33JaHHE KPHUBOM,

B cryuae KpuBOH, 3alaHHOH SBHBIM YDaBHEHHEM:

y=y(x) (a<<x<b)

*) 3uayok (R) yKaswiBaer, YTO MHTerpail MOHMMAETCA 3[€Ch B COrJacHu ¢
OGLIKHOBEHHBIM, DU M AHOB bl M, ONpeleNeHHeM.

#%) Mnl HMEeM B BHIY HeNpepHBHOCTH B TOYKAax KpuBoH (K) M BLOAb
Hee. Ha s3mKe «e-d» 9TO oO3Hauaer, 4To no ¢ >0 Hafinerca takoe 3 >0, uyto
[fMy—fF(M)|<e npm UMM <3 (M n M —71ouku kpusoit). [Ipu sToM
DPeANONOMEHHA K caoxHas Gynkuma f(x (s), y(s)), nockoabky x(s) u y(s)
HETpepLIBHM, €CTh TaKwe HenpepniBHaf (QYHKUWA OT S,
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dopmyna (4) npuHuMaeT BUA:

b
[ romds=@ £ yo) vIFT@Fde 6
K a

3T0MY COOTHOLIEHMIO MOXHO MPHEATH M APYrylo GopMy. B mpelmosnoskeHnu
HEMPEPHIBHOCTH (YHKUMH y(x) BMecTe ¢ ee Npou3BofHOH y' (x) kpuBas (K)
B KaXAOH TOoyKe OyleT HMMeTb ONMpeNEAEHHYIO KacaTenbHYlo, He NapailelbHYym
ocut y. O603HavMB Yepe3 « yrod KacareIbHOH ¢ OCbIO X, TIONYHUM:

1

tga=y (x) |cma|=m,

MoatoMy
b
Sl yx)
jf(M)ds_J'-—lcosal dx. ()
(K) a
B uacrHocTH, Tak Kak, oueBHAHO,
j‘ ds==_,
(K)
rie vepe3 S oGosnauena AnHHa BceH xpusolt (K), To
b
dx
—J Jcosal’ @
a

3aMEyAHuE Popmyra (7) nonyyeHa HaMy B pe3yabTaTe (OpMaibHbIX
npeofpasosanuit. Ecamm 6 Ml ompemeimanm AAMBY AYrM KpHBOM Kak Tpexen
NepUMeTpa ONMHCaHHOM (a He BNMCaHHON) TOMaHOfi, TO 9TO onpexeneHne —
B clyulae ABHOT O 3alaHNa KPHBOH — HenmocpelCTBeHHO NpuBeno 6ul K ¢op-
Myae (7). [lpennaraeM uuraTenlo caMoMy yGeIMTbCR B STOM.

329. Mpumepbl. 1) Buuncaum unterpan 1=‘§.xy ds, ecau (K) ecTb yet-
(K)
xﬂ yﬂ
BepTb saaunca F_'—F: 1, mexanias B nepBOM KBaxpaHTe,

cxoas u3 napaMeTpuyeckoro mnpejcTaBieHHs SNIMNCA: X=acosf, y=
= bsin £, 6yleM MMeThb:

X/ =—asint, y=bcost, VxiEFyt=V a*sin®{ | b cos® £,
Boiuncnenne mMomHO mpousBecTd no qopmyae (4):

T
2
1=‘§'acost-bsint~Vazsin2t+b2cos2tdt=
0
T
b2 i 7 TFcos 2
ab . e, 1 —COS 2t . Cos 2t 4y
=2j‘sm?tl/-a 510 5 .
0
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TTonoXuM 3jech cos2f{=—z2, TOrAa sin 2¢ dt=——l— dz n

2
1
_abj‘ at+b | bE—a? .
]—T—lV'—Q—-‘—T z2dz=
3

ab 2 E[a”+b’ b”——a’z'j'i'l ab a® 4 ab-+-b?
3 el st

§  F—a 2 2 -1~ 3 atb °

fl

3ameyaHuE [aa GONbIMMHCTBA MOCTOAHAO BCTPEYAIOWMXCR KDPHUBHIX
(snnmnc, runep6ona, CHHYCOMAA M Np.) AIMHA LYTH He MOXeT G6biTb BhIpaXeEHA
B 3/1€MEHTapHbIX (YHKUHAX, TaK KaK dS HeE HHTErpUpyeTCA B KOHEYHOM BHIe.

TeMm He meHee, HMAHTerpan S‘f(x, ¥)ds W AnA TaKNX KPUBHLX HHOH pa3 Moxer
oy

6biTh BHIYHCIEH B 9MeMEHTapHHX QYHKUMAX (KaK B MpexbiyLleM NpHUMepe), TaK

KaK NpUCOeiMHeHHe MHOXHTens f(x, y) MeHseT BCIO CTPYKTYPY HOAMHTErpaib-

HOTO Juddeperunana.

Bompoch!, cBa3aHHBlE € MacCaMd, HeNpePHIBHO pacnpelefeHHHIME BLOMb
MarepHanbHOd KpPHBOH, €CTECTBEHHWM OGpPa30M MNPUBOAAT K KPHBOAMHEHHBIM
HMHTErpanaM pacCMOTPEHHOro THna.

2) Mo yxe wumenu meno B rnase XII [n° 206] c BHunCieHHeM CTaTHUECKHX
MOMEHTOB JITOCKOH KPHBOH OTHOCHTENbHO OCe#t KOOPIAMHAT, a TaKKe KOOpAHHAT
ee LEHTPa TAXECTH, B NPEAINONO¥EHHH, YTO <JIUHEeHHas MIOTHOCTh> p=—1. Yu-
TaTenb Ierko pacmpoCTPaRHT TNOJyueRRHe TaM GopMynn Ha o6wmiél cayvait He-
NPepHBHOro pacnpejenenys Macc. Ecay ¥Mcnonb3osaTh BBeLeHHOE NMOHATHE KpPH-
BOJNMHERHOrO HMHTErpasa, TO Pe3yNbTaThl HANHUIIYTCA B CIEAYIOEM BHIE:

Ky=\ pxds, K= S pyds,
( (K)
pXxds ’Spyds
K Ky
xC=F)’=(_—, yc=T]f=)—.
5 pds pds
(K) !

3) YKaxkeM eme OIHO NPHMEHEeHHe KDHMBOAMHEHHOro HHTerpania MNepBoro
TMNa— K BONPOCY O NPUTAXEHUH MAaTePHarbHOM TOUKH MaTepHANIbHOW0O Xe
KPHBOIO.

Kak nsBecTHo, Mo 3akoHy HbloToHa, MaTepHanabHas Touka M maccel m npu-
TACMBAEeT MaTepHalbHYIO TOYKY M, macchl m, ¢ cuao#, HanpaBieHHo#t oT M, k

mm
r2
LMEHT, 3aBHCAWMA OT BHIGOpPA OCHOBHBIX €NHMHUIL U3MeDeHHA; BMpOUeM, Ald Npo-
CTOTH Mbl 6yN€M OGLIYHO CYMTAaTb €ro PaBHHIM EIHHHIE.

Ecau touka M, nputarusaerca cucremolt Tovex M, M,, ..., M, c maccamu
my, Mg, ..., Mp, TO PE3yAbTHPYOILAR CHIA, WIH PaBHOLEHCTBYIOWAS, HONYYaETCA
FreoOMEeTPHUYECKHUM CHOXEHHEM CHJI INPHTAXKEHHA OTHENbHHIMH TOYKAMH.
B 10 e BpeMsa NpOeKLHH pe3ynbTHpYIOUleH CHIAB Ha KOOPAMHATHBIE OCH PABHH
agre6paMyecKHUM CyMMaM NMPOEKUHH OTAENbHBIX CHI,

0

M u yucnenso pasHoH k. , roe r—paccroanne MM, a k-— kosdbdu-
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Ecau o6o3nayuts npoexuny paBroneficTByOUe# Ha ocu yepes X u ¥, a yron,
COCTaBACHHbLIH BekTopoM r;=M,M; c ocbio x, yepea 0; (puc. 9), To, OUeBHIHO,
n n

e r; KaK o6hYHO, 03HAYaeT ANKHY BEKTOpa ry.

TlycTb Tenepb NPHTATUMBAlOULAA Macca PacnpeleneHa HeNpepuHBHEM 06Gpa3oM
no kpusoit (K). lns HaxomJeHHs MPUTAMCHHA Pa3obbeM KPHBYIO Ha YYacTKH H,
COCPefOTOUHB MAacCy Kaunoro yyacTka B NPOU3BOALHO BhiGpaHHOK Ha HeM

¥
g
N
A
s

g

J Vi &
Puc. 9. Puc. 10.

ToyKe M;, HaltieM npuSnuikeHHble 3HaUEHUA MPOCKUUH paBHOAeNCTBY OMIeH HA OCH:
mgp (M) o myp (M) a; .
X=ZL=’)_icos(]i' Y=ZM51H Ob
ri ’ ri
| i

60 B STOM Clyyae Macca OTHeNbHOro YyuvacTka npuSamkeHHO pasHa p (M;)o;
Ecin ycTpemuts BCe o; K HYNW, TO B NpeJene NOAyyaTcs TOYHbIE DaBEHCTRA,
NpUYeM CYMMbl 8AMEHATCA MHTErpanamu:

X=m, §L(}_Wl;i0_$_qu’ Y=m, S‘ ‘ﬂ:ieds; (8)
r r
&) oy

3fech r 03HAauaET NIMHY BeKTopa F==M,M, a 0— yros, cocTaBieHHHHt WM C
oChI0 X.

Hafinem, nanpumep, npHTAXeHHe, OKa3biBaeMO€ ONHODOIHOH NOJYOKPY¥H=
HOCTbIO (TIpH p==1) Ha egUHWHY Macchl, NOMELIEHHYI0 B ee HeHTpe.

TfoMecTHM Hayano KOOPAMHAT B LEHTP NOJYOKPYXHOCTH W OCh abcuucce mpo-
BeleM yepe3 ee KOHLb (puc. 10).

Mo coofpawenuam cummerpun X==0, Tak yTO 1en0 NPHBOAMTCA K HaXOX-
fennwo avuub npoexuun Y. Tlo ¢opmyne (8)

Y= S S':,O ds.
Ho B nawesm cayuae r = R (paguyc nonyokpyxHoctn) u ds = R df. [lostomy
Ve —1% § sin 0d0=%.
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§ 2. KPHBOJIMHEAHBIE HHTETPAJIbI BTOPOI'O THIA

330. Onpenesenue XPUBOJWHEHHHIX MHTErpasos BTOPOr0 THNA.
Ilepexofn kK npakTayecku ©60Jee BaXHOMY IIOHATUIO KDHBOJUHEHHOTO
MHTETPaZla BTODPOT O THNA, MM 3eCb HAyHEM NPAMO C €ro Onpeaele-
HUA, OTJIOXHB TNDHAONEHHA STOFO MNOHATHS [0 JanbHEHLIMX HOMEpOB
[em,, wanpumep, n° 33B). Ilycrs mana npocras kpuas (AB) (xoropywo
Mbl TMOKd NPEANOJAOKYM HE€3aMKHYTOMR) M MycTp BAOAL HEE CHOBA
3allaHa HekoTopas QyHKuMA f(X, y)¥). Pasnoxus xpusyno TOYKaMH
A, (%, y;) Ha vacty, BuGepeM Ha otpeske KpuBoH A;A;,, 1O NpoOu3BoJy
Touky M;(;, M) ¥ BHYMCIHM B HeM, KaKk M paHbllie, 3HAYeHHE (YHK-
wn f(M)=S(;, m;). Ho 3T0 sHavenue MW YMHOXKHM Ha 3TOT pas He
Ha Anauny Ayru A;A;, a Ha BeJMUHHY NMpPOEKWHU STOH Ayry,
CKaXeM, Ha OCb X, T. €. Ha X,y — X;=AX;; 3aTeM COCTaBUM HHTE-
FPaibHYI0 CYMMY

n—1 n—1

o= 1§0f(Mi) Axy= Eof(ii, 1) Ax;.

Koneuniii npedea I smoi cymme npu cmpessenun p==maxA;A;q
K HYAI0 Ha3wBaemcss KpUBOAUHelHW M UHme2paros (8mo-
pozo muna) om f(M)dx, s3amum no wpusoli umu no nymu
(AB) n o003HayaeTcs CUMBOJIOM

1= [ randx= [ f@ s @

(AB) (4B)
Auanornuno, ymHowaa 3Hauenue f(M;) ne Ha Ax; a Ha Ay, T. e
ua mpoeKuwo AyrH A;A;i1 Ha OCb Y, M COCTaBJsis CyMMy

n—1 n—1

o* = Eof M) Ay = éof s m) Ay,

KaK npelenr €€ MNOAyYUM KpusoAunelinwil unwmezpaas (6mo-
poz2o muna) om f(M)dy:

r={rma={renew. ®

(4B (AB)

Ecsn Broas kpueoll (AB) onpenenens gse pynxuun P(M)=P(x, y)
n Q(M)=Q(x, y) v CyILIECTBYIOT HHTErpa’n

\ P dx= ( Pex, pax, \ e ay= { @, yyay,
(4B (48) (4B) (4B)

¥) CM. nmepBYI0 CHOCKY Ha CTp. 213,
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TO M HX CyMMy Ha3bBAIOT KDUBONMHEHHBIM MHTErPajoM («oOuero BUAa»)
U moJsarapor

[ Pee par+Qes pay= | Ps, yax+ { e pavn @
AB)

(4B (AB) (4B)

ConocrasuM Temepb onpefieseHHe KPHUBOJMHEHHOTO HHTErpana BT O-
poro tumna (1) [mam (2)] ¢ onpeneneHueM KPHBOAWHERHOrO MHTErpasa
nepsoroc tuna [cm. n° 327, (1)]. Hpn oueBnmHoM cxoactse o6a
ONpENE/ICHU HMEIOT CYINECTBEHHOE pa3/HuMe, KOTOPOE Mbl eme pa3
NOAYEDKUBAEM: B CJAyuyae HHTErpala NEpPBOro THNAa NPH  COCTaBJEHHH
MHTErpanbHOM CyMMB! 3Hauenue yHkuun f(M;) ymuoxcaemen Ha dauny
o;=As; ynacmra A;A;1\ Kpusoi, a B Clyyae HHTerpajia BTOPOrO THMA
310 3Hauenme f(M;) ymmuoscaemcs na npoexyup Ax; (wan Ay))
ynomsarymozo ywacmra Ha ocs x (uau Ha ocs y).

Mn Bumenn, 4ro Hanpasaenne nytd (AB), BAOAL KOTGPOro npou3-
BOAMTCA MHTErPUPOBaHHE, HE WIpaeT POJAM B CJIyuae HHTErpajla NEpBOrc
THNa, W60 AAHMHA o; Ayrn A;A;y) OT STOrO HaNpaBAEHHS HE 3aBHUCHT.
Mnaue oOCTOMT [€n0 C MHTErpaioM BTOPOTrO THNA: NMpPOEKWLHd YNo-
MAHyTOH AyrH Ha Ty WAM JPYryl0 M3 oCeH CYINECTBEHHO 3aBHUCHT OT
HanpaBjeHus JYyr¥ X MEHseT 3HaK C M3MEHEHHeM 3TOro HanpaBJeHMd Ha
obpatHoe, TakuMm o0O6pasoMm, AAi HHTErpaJoOB BTOPOTro THINA
Gyner

{ 760 pax=— | s(5 yax
(B2 (4B)
A aHaJIOrHyHO

{ resnay=—1{re na

(B4) (4B

NpuueM K3 CyWIECTBOBAHHA MHTETPajJoOB CNpaBa YMe BHITEKAeT Cyiue-
CTBOBaHHME MHTErpajoB cjeBa M 0GpaTHO.

NonoOubiM ke 00pasoM MOXHO BBECTH IIOHATHE KDPHBOJHHEHHOrO
VHTErpajla BTOPOrG THMN4, PacnNPOCTPAHEHHOTO0 Ha NMPOCTPaHCTBE H-
HY1 (CKaweM, HE3aMKHy1Tyw©) kpusyo (AB). ViMenuo, ecin ¢yHk-
uua f(M)=f(x, y, 2) 3anaHa B TOuUKaxXx 3TOH KpHUBOH, TO, KaK W BhHILIE,

CTPOUM CyMMY a_lt

g= Eof(e,-, N ) Ax,

M paccMaTpuUBaeM Mpefies 3ToH  «HMHTErpajbHOH» CyMMSHI IIpH YCAOBHH
CTPEMJIEHH K Hymo p-—max A;A;,,. Smom npedes Ha3si8aemcs

*) Wcropuueckylo cnpaBky 1o NOBOLY KPHBOAMHEHHHBIX HHTErpanoB YHTa-
Teab Hafiler B 3aMeyaHhunu n° 350,
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KpugoAuHelnw M uHnHmezpasom (8mopoz2o muna) om
f(Mydx n o603Hauaerca CUMBOJIOM

Sf(M)dx: Sf(x, , 2)dx.

(AB) (AB)

AHanornyHo OnpeAC/AITCA HHTErpanap BUAA

| ranay={ fx 5 24y
(AB) (4B)

g f(M)dz = gf(x, 3, 2) dz.

(AB) (4B)

Hakonen, paccmatpuBaercs ¥ uHTErpas («o6uwero BHAa»)

Sde—}—Qdy—}—Rdz:S Pdx - \' Qdy-+ S Rdz.

(AB) (48) (4B 4B

31ech TaK:ke HM3MEHEHWe HalpABJEHUs WHTETPHPOBAHHA MEHSIET 3HaK
UHTErpaia.

3aMeTHM B 3aKJIOYEHHE, YTO NpOCTEHlHe CBOHCTBA OGHIKHOBEHHOTO
ONPENENEHHOTO HHTErpana Jerko MEepeHOCATCS Ha PacCMAaTPHBAaEMHIH
KPHUBOJMHERHBI MHTErpal; OCTAaHAaBAMBATBCA Ha STOM He OyldeM.

331. CymecTBOoBaHME H BBHIYHCIECHHE KDPUBOJIHHEHHOro MHTerpaJa
BTOporo Thma. Ilycrth kpusas (K)==(AB) 3alaHa napaMeTpryecKUMH
YDaBHEHHSIMHU

npuyeM (YHKHMH @ M { HENpepsiBHb, M NPH W3MEHEHWH napaMerpa t
OT o A0 B KpHBAas ONUCHIBAETCA HMMEHHO B Hanpasjenun oT A k B.
dyukumio  f(x, y) BRoap Kpuod (AB) Takke OyaeM mnpeanoaaratb
HenpepsiBHOR ¥).

Ecam peus uper 06 umterpase (1), TO AONMOJHHTENLHO OGYCIOBMM
€lle CyuleCTBOBAHHE M HEMpPEPHIBHOCTL Npou3BoAHOR ¢’ (f).

Ilpn 3THX npeAnoNoKeHHsX KpuBoiuHeHHs#t uuTerpan (1) cyume-
CTBYET, U HMEET MECTO PaBEHCTBO

g
{7 nax=m {760, 10)¢0 )
(4B 1

TaknuM 06pasoM, 048 8buUCACHUA KpuBoauHelnozo unmezpaia (1) Had-
AeNCUIN  3AMEHUMSs 8 noduHmezpasbHol (OYHKGUU NepemenHble X 1 Y

*) nece MOWHO 6BIIO 6b CLeaTh 3aMeuaHHe, aHAaNOTHYHOE BTOPOR CHOCKe
Ha cTp. 215, aumb 3aMenuB Ayry — MM’ xopaon MM,
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ux ssipaxcerunmu (4) wepe3 napamemp, a mroxcumers dx — duggbe-
penguanosn nepemennoli x Kax Pywryuu om napamempa. Ilopanok
paccTaHOBKYM NPENENOB B MOCJAEAHEM HHTErpaje OTBe
YyaeT Ha STOT pa3 BHOpaHHOMYy Ha KpuBOH Hampa-
BJAEHHIO.

ITepexoanm K pokasateabctTBY. Ilycte Toukm A; (=0, 1
2, ..., n), B3ATHIE Ha KPHWBOMH, ONMPEAE/TIOTCH 3HAuUEHHSMH f; MapaMeTpa,
a BuOpamnas Ha gyre A;A;, TOuKa M;— sHaueHHeM <; (OUEBUIHO,
aexawum mexay t; u t;,). Toraa wuterpaibHas cymMa

n—1

°=i§0 fGs m) dx;,

€C/d yuecTb, 4To
£

54}
Ayy=9 () —e ) = § ¢’ (&) at,
f
MOXET OWTb NepemnucaHa B BUie !

= 2 S () $(=) Sﬂ ¢ () dt.

C npyro#t cropoHe, M HHTerpan B (5) cmpasa ¥) MOXHO NpEACTaBUTH
B BUIE CYMMH:
B n—1 Yy
I={ 7o ¢ 0= Y | fe0 y®)¢ O
a i=0 ¢
Orcrona !

n—11,
—i=3 (e s —r60, so1v 0.
=0

3anaswiuck NMPOM3BOJILHBIM & >0, mpeamonoxum Tenepb BCe Af;
HACTO/bKO ManmMH, 4ToOn B MpOMExyTKax [f;, f,.4] KoneGanua Hempe-
pusHoO# &ynkunn f(p(f), ¢ (f)) Ouam meHpwe e. Tak Kak Hempe-
puBHas dyHkuas ¢ (f) orpanuvena: | ¢’ (f)|<< L, To OyneMm uMeTs

lo—1|<eL|B—ua]
Takum o6pasoM, npu crpemaeHnn k 0 BeanuuHb A = max Af; #¥)
limo; =],

¥) Camoe cymecTBOBaHHe MHTErpala OVEBHIHO BBHILY HempepeIBHOCTH nod-
BHTErpadbHOH (QYHKUNH.

#¥) A STO PaBHOCHILHO — B CAyyde HE3aMKRYTOfi KpiiBOH — cIpemieHnio K 0
HaunGoabiued w3 xopa [n° 200].
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yeM OJHOBPEMEHHO JOKa3aHO KaK CyleCcTBOBaHWE KPUBOJIMHEHHOTO
yHTErpasa, Tak u TpefyeMoe paBeHCTBO.

ITepexoas k wuuterpany (2), noxoOHuM ke 06pasoM MOXHO YCTaHO-
BUTbL €ro CyilecTBOBaHHE W JNOKa3aTb (opMyay

4
{7 nay=m{reon sorvoa )

(AB)

Np¥ YCJAOBHM CYIECTBOBAHHA HENPEPHBHON mpoussofHoR ¢’ (f).
Hakonen, ecnu peub umer o6 uHrerpane ofuiero Buia

{ Pt yaxtQe na,
(4B)

rie P u Q cyTh HenpepHBHHE QYHKUMH, TO Ha Kpusyw (AB) HanowuM
tpeGosanue, 4To6n 06e QyHkuun (4) uMenM HeNpepHBHHE NPOUSBOL-
Hwe. B sToM npeano/oxeHud OyAer Cnpasedusa Qopmyaa

| P@x 5)dx+Qex Ndy=
(in)

8
={®) S [Ple® ¢ ¢ O+ Qe @), @)Y @)at. ©)

OnpeneneHne KPUBOJMHENHOrO HHTerpaja M yKasaHHHH 3Jech Cro-
co6 cBedéHHs €ro K OOHKHOBEHHOMY OINpele]eHHOMY HMHTErpaniy Hemno-
CPEACTBEHHO pPaclpOCTPaHAIOTC? W Ha cayvalh kpueo# (4), Kortopas
cama ce6Gs nepeceKkaeT, eCaM TOJbKO HaNpaBjieHHE Ha Hel
NO-NPEXHEMY ONpeleNseTcl MOHOTOHHHM HM3MEHEHMEM Mapamerpa £ ot
a 1o B.

B sak/MoueHHe yKaXeM HEKOTOpHE C/yyad, KOrla BRIYHC/IEHHE KpH-
BOJIMHEHHOrO WHTErpaja NPEACTAB/SETCs OCOGEHHO NMPOCTHIM.

IMycts wusrerpan (2) OepeTcs no KpuUBOM, 3aflaHHOH ABHHM ypaB-
HEHHUEM:

y=y(x),

NpUYeM nepeMellleHde TOukM M3 A B B NPOHCXOAMT IPH U3MEHEHHH X
oT a 10 b.

Toraa 6ea Kakux-au6o NpPeANOJOXKEHUH O KPHUBOH, KPOME ee Henpe-
PHIBHOCTH, HMEEM

b
{ 160 ax=w [ F@x ypax. Q)

(48)
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Auanorpuno, ecaum uHTErpan (2%) pacnpocTpaHseTcsi Ha HENpPEpHIBHYIO
KPHBYIO, 3alanHyI0 SBHHIM )K€ YpaBHEHHeM, HO ADYroro Tuma:

x=x(y),
rie y n3MeHseTcs OT ¢ o d, 10

d
fe nay=0 (7o) 9. (7%

(AB)

HaxoHen, ecny uuTerpan (2) pacnpocTpaHdeTcs Ha NMpAMOAUHE H-
HHH# oTpe3dok (AB), nmapaaaeabHHH# OCH y, TO OH pasex 0
(n6o B 31OM cayuae paBHe O Bce Ax;, @ C HUMU U Bce CyMMH ¢). AHa-
JornuHo paseH 0 um mHTerpan (2¥), B3ATH# Mo npaMoaMHeHHOMY
OTpesKy, nMapaanelbHOMY OCH X.

3amMeuaHuE Ecan kpuBas (K) pacnmagaercs Ha KOHEUHOE YHCJIO
TIPUMBIKAIOWMX OAHA K APYrofl KpUBBIX U BAOJb KauAOH U3 HHX B OTAE/b-
HOCTH KpPHBOJHAHEHHBI HHTErpan cy-
ILeCTBYET W BHIYHCJAAETCA IO OXHOH
U3 YKa3aHHHX (OPMyJ, TO JErKO BH-
ypcaAeTcA MHTErpaa no BceH Kpueoft
(K), Kak cyMMa uWHTErpajJoB o ee
4acTAM.

332. Cayuaill 3aMKHYTOro KOH-
Typa. OpuenTanua naockoctH. O6pa-
TUMCA K PAacCMOTPEHHIO 3aMKHYTOTO

— KOHTypa (K), T. e. cayuas, Koraa

Puc. 11, Havano A u Kowew B myTd HHTErpm-

poBaHufl coBMamaloT. B3sB Ha Kpueolt

orauuHylo oT A Touky C, MOJAAralT No ONpeNe/eHHIo, € YYETOM BHI-
OpaHHOro Ha KpuBO# HampasaeHns (Ha puc. 11 OHO yKasaHO CTpeJKoH):

(50=A}S4c+ S ,

CNA

B NPEANOJONEHNH, UTO MHTErpaldsl CNpaBa CYLECTBYIOT,

Jlerko 1oKasaTh, YTO CYLIECTBOBAH#E U BEJIHYMHA WHTErpana He 3a-
pucatr oT Buibopa Touek A n C. Kpome TOro, u I/s 3aMKHYTOrO KOH-
typa (K) oKasbiBaloTc npumeHnMsiMu dopuyast (5), (5%), (6), BuiseneH-
Hble B NPeLbIAyIIeM HOMepe,

OcoBeHHOCTp  paccMaTpUBAaEMOro CJyvyas 8aK/alouaeTci B TOM, UTO
yKa3aHHe HauaabHO# M (coBnamaiomiefl ¢ Hel) KOHEUHOH# TOUKM Ha 3TOT
pas He ompefle/seT HanpaBJeHWs, B KOTOPOM ONHUCHIBAETCH Kpusas (K).
MoxHo Obl10 6wl B KaxIOM CJydyae YKa3plBaTh 0C000, KaKOE HMEHHO
HanpasJeHne uMeercs B ByAy. TaK ¥ NPUXOAMTCS NOCTYyNaTh, €CAH peub
HIET O MNpPOCTPAaHCTBEHHOR KpHBOH., B cayuae e DJIOCKOTO 3aMKHYTOro
KOHTYpa (K) OOBIKHOBEHHO IOCTYMAIOT HHAue,
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V3 1BYyX BO3BMOXHBIX [/19 HaHHOH IIOCKOCTM HamNpaBJAeHUH
BDalieHHUd— «NPOTHB 4aCOBOH CTPEJKU» U «1O UYaCOBOH CTpeJKe» —
OJHO BHIOMPAETCA 3a IIOJIOXKHTEJNBLHOE: BTUM CO34AeTcsl ONpeleJeHHas
opuermayusg naockocmu. EcCaM TONOKUTENbHBIM CYUMTAETCd BpalleHHe
NPOTHB YaCOBOH CTPeJKkH, TO OPHMEHTAUMA MJOCKOCTH HashBaercd MNpa-
BOH, B ApyroM xe CJy-
yae — JIEBOMH.

B  cayuae npaso#
OpWEHTAalMH MIOCKOCTH MBbl —
UMEHHO BpAUIEHHE NPOTHB
4acoBOH CTPEJKH MOJOKHM |
B OCHOBY OIlpefe/ieHHs No- ==
JIOXKHTEJBHOTO  HanpasJe-

HUS Ha MNPOCTOM 3aMKHY-
TOM KOHType (puc. 12, a).
Ilpapna, 310 oOmnpeneneHue
IMEET JOCTaTOUHO SCHBIR Puc. 12,
XapaKTep JUWb JJIS KOH-
TYpOB, 6/H3KMX K OKpywHOCTH. IlosroMy Mbl ycsosumca GoJsee TOUHO
TAaK: TOJOXUTEJNbHBM HampaBJeHuem o6xola INpoOCTOro
3aMKHYTOTO KOHTYpa HasbiBaeTCA TO, MPH KoTopoM Oamxaiiuas K HabJio-
Jarenio 4actb 06JIaCTH, OrpaHHYEHHOH KOHTYDOM, OKasblBaeTcsl Jemanleh
cnepa ot Habmopareas (puc. 12, a). B cayyae Jesoit opueHTanuu
MJIOCKOCTH MOJMOMXHUTENbHB M OyleT o6X04 KOHTypa Mo uacoOBO#H
cTpeake, Tak uTo 00/acTb OCTaercd
7 z cnpaBa or Habmoparens (puc. 12, 6).
3aMeTuM, UTO CaMoe pacnoJoxeHne
o KOODAMHATHBIX OCeH Ha MJIOCKOCTH BCErAa
v \ CTaBUTCA B CBfI3b C €€ OpHEeHTallHeH:
7 OCb Y MOJAYYaeTCd M3 OCH X MOBOPOTOM

T
] Zz ee Hayro.n‘1 NpoOTHUB 4YacoOBOH
g 2

CTPENKHM NPH NMpPaBOH OpPHEHTALHMH
TUVIOCKOCTH ¥ 1O YacOBOH cTpEJ-

<z ¥ Ke—npu JaeBoM (puc. 13, a, O).
a) Z B nepsoM cayuae cama KOODAHHATHast
Puc. 13. CHCTEMA Ha3blBaeTcs MNpaBo#, a BO

BTOpOM — J1€B O #.
ITocne 3THX NOACHEHMH 3aKJIOUMM pa3 HaBCerJa TaKoOe COrJalieHue:
ecau nymes uumezpuposarusn (K) ecms npocmas 3aMKHYmMas Kpusag,

mo noo CUMBOAOM
S Pdx--Qdy
(K)

np4 OTCYyTCTBHUH YKa3aHHH Ha HampaBJEHHE o6xo01a KOHTypa pa3ysmeemcs
unmeepaan, B3AMBLL 8 NOAOHUMEAbHOM Hanpasaenuu, KOHe’lHO,
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5TO COraall€HHE HE MEIAET HaM paccmarpuBarb B Cayuae HaRoGHOCTH
W HHTErpan, B3ATHI B OTPHLATENLHOM HANpasJCHHY, HO 0603HauaTh

ero Mu Oyaem uepes
— S Pdx -+ Qdy.
(&)

333. Npumepol. 1) Boiyucanm 3nayerne XxpuBOIMHEHHOrO MHTErpana

H=\ 2xydx 4+ x* dy,
(L)
psatoro no nyru (L), coegunsiomemy toukn OO0, 0) u A (1, 1), ecan
nyts (L) ects: (a) npamas y=x, (6) napaGona y = x?, (B) napaGona x=y?*,
(r) xy6uyeckas mapaGoaa y=x? (puc. 14).
P (a) Taxk kak dy=dx, 10
a 1
/ A 8 —_ ] — 1
2xydx + xfdy= \ 3xdx=1;

(L)
1
¥z
Gz ©) dy=2xdx, H=\ 4x?dx=1;
y=z7

(8) dx=2ydy, H==\Sytdy=1;

Puc. 14. (I‘) dy = 3x8 dx, H= Sxtdx=1.

A=)
&
ey s Oy

2) Buuncautb KPUBOIMHeHHLIH HHTerpan

G= S xydx 4 (y—x)dy
@)
Npy Tex ke MyTAX HHTETrPHPOBAHHA.
o L© L, o) 2, @)~
meem. (a) ?r ( ) ﬁ) 30’ ) "20-
3) Hatitn xpusonuHelnnit unterpan

1= S (x —y%) dx + 2xy dy,
(04)

eCIH B KAYyecTBe NYTH MHTErpHPOBaHHA GepercA ONHA M3 CleflylOIHX NHHHH,
coenunaomux Toykn O (0, 0) u A(1, 1) (puc. 14): (a) npAMonuHefiHm# OTpe3oK
OA (y=x); 6) nomanas OPA, coctosmas u3 orpeska OP ocun x (y==0) u
orpeaka PA mpamoft x=1; (B) nomanas OQA, cocroaumas H3 oTpesra OQ
ocu y (x=0) u orpe3ra QA npamolt y=1.

(a) Tak KaKk y=x ¥ dy=dx, 10

1
=§ (x4 x%) dx=—2—.
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(6) B sTOM cayuae ecTecTBEHHO pa3GMTb fIyThb HHTETPHPOBaHHA Ha JBa

oTpe3ska:
[ = S =§ +5 =141y
(0P4) 0P \PA)

Baoab OP umeem: y =0 u dy=0, tak urto
)
= Sx dx =
0

1
e

Bgoab PA 6yner: x=1 #u dx =0, nostomy

1
I2=S2ydy=l.
0

3

TakuM 06pasoM, OKOHYaTeNbHO I=—2—.

(8) AHanoruyHo npelnyuieMy HafneM (Tak Kak HMHTerpal sjonb otpe3ka OQ
paseH Hyuxo): \

I
= =\ (x—dr= —+.
) 2

4) To we InA MHTerpala

I= S (9 + 2x9) dx + 2y + x7) dy.
(0A)

Omgem. Bo Bcex cayuanx [=2.

3AMEYAHHE YuTaTenb, BEPOATHO, yxke O6PaTHA BHHMaHHe HA pa3muuune
Mexay pesyabTatamu npuMepos !) u 4), ¢ ogHok cTopoHm, M 2) M 3) —c apy-
rott. BeauyuHn HHTErpanos, paCCMOTPEHHHIX B 1) W 4), 0Xa3aAKChb He 3aBHUCALIAMM
OT AWHHYH, COCAUHALLEH HAYaAbHYI W KOHEuHYi0 Toukd. Hanportns, B mpume-
pax 2) u 3) MBl CTONKHYTHCh C HHTErPalaMH, 3HAYEHHA KOTOPHX 3aBHCAT OT TOTO,
KaKOH nuWHHMEHN coelMHeHb RavasbHad ¥ KOHeuHas ToukH. B caenymw-
wel raape [§ 4] Mb 3alimeMca STHM BONPOCOM CHELMAABHO H BHISICHHM €ro
BaXHOCTb.

5) BuiuHcanm uHTErpan

K= Sy‘-’ dx — xt dy,
o)
rne (L) ectb oxpyxHocTb panmuyca 1 ¢ uenTpoM: (a) B Hayase KOOPIMHAT WIH
(6) B Touxke (I, ).

a) Mcxons u3 napaMeTprHYecKHX ypaBHeRMIt X == COS f, y = sinl £, Tie ¢ MeHHeTCH
or 0 no 2z, no dopmyae (6) Gynem umerts

2
= S (sin® £ 4- cos® t) dt = 0.
0
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(6) AHalOrHYHO C MOMOIIbI0 MapaMETPUYECKOro ITPeACTaBleHHs
x—Y=cost, y—l=sint
NONYUHM o
K=— S (2 -+ sin £ +-cos £ -+ sin® ¢ -} cos® £) dt =— 4m.
¢

334. Cra3b Mexxy KPHBOJHHEHHBIMH MHTErpajamu oGOMX THIUOB.
PaccmotpuM npoctyio raaakyo¥) kpusylo (K)=(AB) u, Bubpas
S’
B KauecTBe mnapamerpa JAyry S=— AM, npeAcTaBuM €€ ypaBHEHHAMU
[n® 201, 202]
x=x(), y=y) O<s<9)

dyuxkuun  x (s), y(S) OyAyT uMeTb HenmpepblBHBIE HPOM3BOAHBIE X (S),
¥'(s). Ecan uepe3 a 0603HauuThb YroJ, COCTAaBJAEHHHH C OCbIO X Kaca-
TEJbHOH, HanpasJeHHOW B CTOPOHY BO3pacCTaHUdg Ay, TO,
Kak ussectHo [n° 211, (14)]:
cos a=x’'(s), sina=y (s).
Ecau Baoab kpusoht (K) 3amaHa wuenpepoiBHas dynkuns f(M)=
= f(x, ¥), TO NOCJIENOBATE/]bHO HMEEM

S
{ranax=({re© vy ©ds=
0

(&)

N
=76 yo) cosads={ fa) cosaas,
0 e
U KPUBOJMHEHHBH HMHTErpaJ BTODPOrO TWIA OKa3aaCs CBEAEHHHIM

K KPHUBOJHMHEHHOMY HHTErpasy mepBOro Tula.
AHAJIOTHYHO TOJYYaeTcs

Sf(M)dy: Sf(M) sin o ds.

(K) (K)
Ecin e 3anans ABe HenpepuBHie BAOMb Kpueo# (K) dyukuun P (M) =
=P, ) 1 QM) =Q(x, y), 10

S de—[—Qdy:S(Pcosa—[—Qsin a) ds. ®)
) K

ToguepkueM, 4TO BO BCEX 3THX (OPMYNAX YroJ o CBA3aH C TEM Ha-
MpaBJICHHEM KacaTeJbHOH, KOTOPOE OTBEYACT HalpaBJIEHHO caMoh Kp#u-
Bo#l (K). Ecnu usMeHuTh HanpaieHue KDUBOM, TO He TOJLKO MHTErpa
CN€EBA M3MEHHT SHAK: BBMAY W3MEHEHHs1 HANpapJeHUs KacaTeJbHoH yronus o
H3MECHHUTCA Ha i'n:, B (B3 C 4YEM M3MEHHT 3HAK M HHTErpan cnpaea.

*) Kpusas (4) HaawiBaeTCH rmanxo#, ecnu dyHkuuy ¢ B ¢ UMeT Hellpe-
PbIBHBIE NIPOM3BOAHLIE, He 00PALLAOIIMECA OXHOBDPEMEHHO B MY b,
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OueBnAHO, BHIBEACHHHIE (POPMYJAB OCTAOTCS CHPABEANHBBHIMA M A
NpocTofi KYCOYHO-rAafAKOMK KpuBoH *);, B 3TOM JErKO yOeauThCH,
€CAN HaMUCaTh WX JUJA KaXIOr0 M3 TAadKuX KyCKOB KpuBOH # ToO-
UNEHHO CJAOMKHTb.

Ananordunue Ccoo0paxeHust MOXHO DasBuTh H AJA KPUBOJHHCHHBIX
MHTETPAJOB N0 NMPOCTPAaHCTBEHHOM kpueo#h. B pesyasTare noay-
yutca popmyna

;de—{— Qdy—{—Rdz:S (Pcosa—+QcosB+Rcost)ds, (9)
( (K)

rae cosa, cosf, COSY CyTb HampaBJsiOIME KOCHHYCH KacarteJbHOH,
B TPEINOJOXEHHH, YTO €€ HaNpas/JEHHE OTBEYaeT HANpPaBJACHHMIO MyTH
MHTEr PUPOBAHUS.

335. IlpunoxeHHs K ¢u3HYeCKHM 3apadaM. OcTaHOBHUMCA B 3aKiyYeHHe
Ha JABYX BawHbIX 3aJayax W3 06NacTH MeXaHUKH M QHU3MKH, 110 KOTODBIM YHTaTedb
COCTaBUT ceBe NpeACTaBAeHWe O TNPUKIAJHOA POJH BBENEHHWX B 3TOM HOMepe
NOHATHH.

1) Pa6oma cur08020 nosas. llycts B Kawjo# Toyke M nuockoctH xy (Mam
ONpeReNcHHON HacTH NIOCKOCTM) Ha MOMEMEHHYI0 B Hee € LMHHMLY MaccChl

neficTBYeT onpeleneHHas cuaa F, gesuduna u Y
Hanpagienue KOmMOpOG 34A8UCAM  MOAbKO om
noaoxcerus modxy M; ecin Macca m nomeuleH-
Holt B M MaTepuanbHOHl TOYKM OTAHYHA OT €JH-
HHLBI, TO neficTBYIoMasA Ha Hee cuia 6yldeT paBHa
mF. TIpu 3THX YCJIOBMAX NJOCKOCTb (MaM pac-
CMaTpMBaeMas ee 4acTb) HasblBaercs (nAOCKuM)
Cun08biy nosem, a cuia F, Jdeicreywowas Ha
CUHHULY Macchl, — HANpAKHCeHuesm noas.
3anaHde cuan F no BeaguuyuHe W HANpaBAEHHIO Puc. 15.
PaBHOCHMIBLHO 3ajaHMio ee Tnpoekuu# X, V

Ha OCM, OYEBUJHO, ABAAOWKXCA QYHKUAIMM OT KOODAMHAT X, y Toukn M:

X=X{x, 9, Y=VY(x,y).
Ecan ¢ ects yrod, cocTaBieHHu# BekTopoM F ¢ ockio X, To (puc. 15)
X=Fcos¢, Y==Fsing. (10)

[Ipeanonosxum temepb, YTO MatepuanbHaa Touka M (x, y), ¢ eAMHUYHOH Mac-
colf, HaxXOfALAACA B TMOMe, JIBHMKETCA M ONHCHIBAET HEKOTOPYIO HENpPEPHBHYIO
KpuByo (K) 8 onpedesenHos wnanpasrenun. 3afaya COCTOMT B BulYHCHEHHH
pa6oTel A, KOTOPYI0 NPH 3TOM ABHMEHHH COBEPIIAIT CHibl MOJA.

Ecay 6n JZefcTByOLIad Ha TOYKY CHMJA COXPaHANA MOCTOAHHYIO BeauyuHy F
W NOCTOAHHOE HanpaBlIeHHe, a CaMO MepeMelleHHe TOYKH MPOMCXOAUAC MPAMO-
AuHeiHo, TO, KaK W3BeCTHO, pa6oTa A Bbipasunach 6ol NPOM3BENEHHEM Ilepemes«
1eHns / Ha NPOEKLHI0 CHUAb HAa HanpasjieHWe NepeMelieHus:

A= Flcosb,
Fle O —yron Mexay cunoht Fu HanpaBXeHHeM NepeMeileHHs.

*) Tak Ha3blBaeTca KPUBag, COCTOAULAA M3 HECKONbKHMX [AaAKUX KYCKOB, NPH-
MBIKA{OLHUX OMH K LPYromy.
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B cnyyae RenpAMONHHEAHOTO NBHMEHUA 1 HEMOCTOAHHON CHAM paboTa onpe-

Ieaserca ¢ NMOMOUIbI0 HEKOTOPOro npefieabHoro mpouecca *). CraseM onpefeantsh
S

noxoxenne ToukH M Ha kpusoft (K) (puc. 16) pauHo# s ayru AM. Paccmorpuym

GeckoHeuHO Manmll snemedT MN =ds KpHBOH; mpUMeM €ro 3a NMpAMOIMHEHHH]

¥ GyneM NPHOIMXEHHO CUMTaTb, 4To cuaa F u yroa O Ha NepeMeweHuu ds co-

XpaHAwT cBolo Beanyuny. Torma coorserct-
¥ BylOUN# syeMeHT paGoTo Gyner

dA = Fcos 0 ds.

Tenepp oCTaeTcAa JHmb <«IIPOCYMMMPOBaTh>
9TH 9ACMEHTH BROAb Bce KpuBo# (K), B pe-
3yabTaTe yero paGora A BbIPAa3HTCA KD U B O-
auHeHAHBM HHTEIrDAalNoOM NEPBOTO
THDNa

0 z A=SFcoseds. (i)
Puc. 16. Ky

BeeneM yroam « MexJy FRanpasienHeM 9neMeHTa ds (T. e. HanNpaBlEHHEM
KacatenbHod K KpuBo#t B Touke M) m ocblo x. OyeBHAHO, 6 =¢ —a, TaK yTO

cos 0 =cos ¢ - cos a |- sin ¢- sin a,
H 9JeMEHT uHTerpana, Beuay (10), mepenuumierca Tak:
(Xcos a - Y sina) ds.

Camo BhipawenHne (11) n1a paGoTn NpuMeT BHA:

A=§;(Xcosa+ Ysin a) ds.
(

Ecan teneps yuects dopmyay (8), ycTaHaBAHBAIOUYIO CBA3bL MEXAY KPHBOJHMHEli-
HHIMH MHTErpasaMH OGOHX THIOB, TO, OKOHYATEIbHO, PAGOTA CHAOBOrO NOAA BLpa-~
SHTCA KPHBONHMHEeHHHM HHTErpanoM BTOPOro THONA:

A= s' Xdx -+ Ydy. (12)
()

310 M ectb HanGomee YMOTpeGHTeNbHOE BHpaxeHHe AAR paGoTsl A, yno6-
HOe IS MCCAENOBAHHA PsANd BAXHHX, CBA3AHHHX C HEW BONPOCOB: 3aBHCUT JH
NpoM3BeficHHaA paGoTa oT ¢OpME TPaeKTOPHH, COENHHAOLIEH KaHHHE IBE TOYKH;
Gyner 1M pa60oTa No 3aMKHYTOH TPaeKTOPHMH BCerfa pasHa Hyuo {06 9TOM cm.
nuxe n° 348—351).

2) Mrockoe ycmarosusuweecs Osudcerue Hecxcumaermol wcudxocmu. Takoe
JABHXCHHE XapaKTEPH3YETCA TE€M, YTO, BO-NEPBHIX, BCE YACTHIUH, 1€ XK AlHE
Ha ONIHOH BepPTHKANW K HEKOTODOH NAOCKOCTH, AMEIOT ONLHY
M TY %€ CKOPOCTb, TaK YTO 1/ XaPaKTEPUCTHKH BCEro NBMEEHUA 1OCTATOYHO

M3YYHTb JBHXEHME B OJHOH JHMIb NIOCKOCTH *¥), H, BO-BTODHX, CKODOCTH €

*) BrpoyeM, M 31ech H naibiie NPEANOYATaeM TOT KOPOTKHH CIOCO6 pey,
0 KOTOPOM rosopuinoch B mnepsoM ToMme [n°204]. [lpenespHumit nepexon moxpasy-
MeBaeTca.

*¥) Kotopylo Mu H BbiGepeM 3a HAOCKOCTb XY
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YacTHUH MHIAKOCTH 3aBHCHT TOABLKO OT MONOXEHHA YACTHILH,
Ho He oT BpeMeHH. Takum o6pa3oM, ¢ Kaxao#l reoMETPHYECKOH ToykoH
paccMatpuBaeMOH TNAOCKOCTH (MAH ee YacTH) CBA3aHa OoupeleneHHas 10 BeJH-
YHHE H HaNpaBJIERUI0 CKOPOCTb; HHBLIMH CIOBaMH, 3alaHo HEKOTopoe <noae
CKOPOCTH>.

Ecas 0603HayHTb Yrod, COCTaBAEHHHIH BEKTOPOM T ¢ ocblo X, yepe3 ¢, a
NIPOEKUHH ITOTO BEKTOpa Ha KOOpAHHAaTHBHE OCH —vyepe3 u W v, TO (pHc. 17, a)

U==cy==cCcos9, v=c,=csing.

BosbMeM Tenepb B MIOCKOCTH Xy KaKYIO-HHGYAb KpHBYWO (K) M mocTapaeMcs
OnpelenHTh KONAYECTBO € XHIKOCTH, MpoTeKalouleHd Yepes Hee B OMPpe X e-
JEHHYI0 OT Hee CTOPOHY B eXHHHLY BpeMenu. [Tpefnonarasi MUIKOCTb

7 ) y

Cy
Yy
0 z g z
9
Puc. 1.

RECKUMAEMOH, MOXHO KONMYECTBO MHAKOCTH H3MEPATb NAOLIAfbI0 MOKPHTOH elo
ourype. Ecam QaKkTHYeCKH KHIKOCTD TeyeT B CTOPOHY, NPOTHBOMOIOXHYIO
BLIGPAaHHOH, TO KONHYECTBO NpOTEKalouledl XHUIKOCTH OyAeM CYHTAaThb OTpHLa-
TeAbHBIM.

PaccmoTpuM osneMeHT MN=ds xpusoft (K). 3a BpeMsi d¢ uepes 3TOT suie-
MEHT MPOTEYeT KOJHYECTBO KHAKOCTH, paBHOE

¢, ds dt, (13)

-
rie ¢, €CTb NPOEKUHss CKOPOCTH ¢ Ha HOPMalb 71 K 9/leMeHTYy ds, HANpaBaeH-
HYIOBBHODAHHYIO CTOPOHY OT KpuBoH JefictBUTenAbHO, 9TO KonHye-
CTBO PaBHO RAOWIANH NMapallerorpaMMa co CTOPOHaMH ds M ¢ df, BHICOTOH KOTO-
POro Kak pas W sBasercs MpousBefeHue ¢, dt (puc. 17, 6) ¥). llaa noxgcyera xoan-
YecTBa IKHAKOCTH, mNpoTeKapuiefi uepe3 2/MeMeHT ds B EIHHHILY BpPEMEHH,
cymMMmupyeM Bbipaxenua (13) mo saementaM d¢, yto maet c,ds. CyMMupys xe
HallleHHNE BBHIPAXEHHA IO BCEeM sneMeHTaM KpuBofi (K), Mbl NpeiACTaBUM HCKO-
MOC KOJIHYeCTBO ) IWHIKOCTH B BUAE KPHUBOJNHHEHHOro HHTerpana

NepBoro runa
Q=£)c,,ds.
(

*) TIpM 3TOM Mb NPHHMMaeM S1eMeHT dS 3a MPAMOJAHHEHHEIH U cuHTaeM, yTo
CKOPOCTH YaCTHLL XHIAKOCTH BO BCEX €ro TOYKAaX OJMHAKOBH W 3a 5]1eMEHT Bpe-
MeHH df COXPaHsAIOT CBOK BEAHYHHY M HamnpaBlieHHE.
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Ecay, kak Bcerna, ¢ O3HayaeT Yroal Mexjy KacaTelbHOH W oCbio X, TO
T
A=a +-2- JacT Yroa HOpPManu ¢ ToH e ocblo. Toraa yroa Mexay Hanpasie-

- T
HUEM CKOPOCTM ¢ M HOpMaublo §yner (p—-)\—_—(p—a————2—, "

kd .
Cp=—==C- COS((P—(Z—j)ZC- sin ((p——a):
==¢.sin¢g-coSa—C-COS¢-:Sina=7vcos a— U sin a,
TaK YTO

Q= S (vcos a — u sin a) ds.
(K)

ChoBa yuntbiBasa gopmyny (8), nepefiieM K KpHBONHHEeHHOMY HHTerpany
BTOpPOTro THNA

Q=Svdx—udy. (14)
(K)

[lpn sTOM BaXHO MOAYEPKHYTb, YTO HaNpaBAeHHE Ha 3TOH KPUBOH JOMKHO
6HTb B3ATO TaK, YTOGbl YIrO4 Me¥IY COOTBETCTBYIOUIMM HANPaBieHHEM KacaTelb-

T
HO# M BbHIGPAHHBIM 3apaHee HampaBieHUEM HOpMaad Obla paBeH +7, 160

HMEHHO B STOM TIPEINONOMCHHU Y BBIBEfeHa Oblna Gopmyna (14).

Ecnu (K) ectb 3aMKHYThIt KOHTYp u MHTerpan (14) cuMraTh B3ATHIM (Kak
o6blyHO, n° 332) B MOAONKUTENLHOM HaNpaBICHUHW, TO, YTOOH 6HAO COBJIIEHO
YNOMAHYTOE TONbKO 4YTO YCIOBHME, HOPMaib MOMKHA Obifla G ObiTb HaupaBaeHA
BHYTPb 061acTH, OrpaHnuenHofi KoutypoM (K). CnemoBaTenbHo, B 3TOM cny-
yae Qopmyna (14) naer KONHYECTBO RMIKOCTH, MpoTeKaoulel yepes KOBTYp (K)
B CRHHHIY BPEMEHH BHYTDb o6xacTH. Ecim wenaem noayuurb konuyecTso
KHUJKOCTH, BBRITEKalOWeH Hapyky M3 0B6racTw, OTpaHHYeHHOH KOHTYpoM (K),
T0 crnenyeT aumb B dopmyne (14) u3MeBHTb 3HaK.

Hanee, ecam none He HMeeT HH <HCTOUHUKOB», HH <CTOKOB» YXHAKOCTH, TO
B 31060#l OrpaHHyeBHO# OGNaCTH KOMHYECTBO XHAKOCTH OCTA€TCA MOCTOAHHBIM.
[losToMy, Kakyo OB 3aMKHYTYI0 KpPHBYIO HH B3aTb, WHTerpan (14), B3atwit no
Bel, AomKkeH GbiTb paBeH HYIIo.

WUrak, ecan u u v cymp crazaouue cKOpoCmu 8 NAOCKOM YCMAHOBUSUEMCA
MEHERUN He CHC U M Qe MOl JCUOKOCIL, MO NpU OMCYMCMEU U UCMO Y-
HUKOB U CMOKOS

vdx—udy=0,
(K)

KaKko8 0ot Hu Guta 3amixymuiii Konmyp (K).

Bnocnenctsun [n° 351, 2)] MBI YBHAMM, 4TO 9TOT pe3yabTaT, MOAYYEHHbIH
C noMombio U3NHUECKHX coOOGpaxeHHlt, no3BonseT gaTh M HEKO-
10pyI0 aBaNUTHYECKY0 XapaKTePUCTHKY QYHKUMHA 4 H 0.



TVIABA IBAZLIATH NNEPBAS
JBOAHBIE UHTETPA/IbI

§ 1. ONPEJEJEHHME H MPOCTEWLIME CBOHCTBA
JBOMHBIX MHTETPAJIOB

336. 3apmaua o6 o6beme wuuAMHIpHueckoro Opyca. Hanomobue
TOFO, KaKk 3ajaya O IVIOWlagd KPHBOJHMHEHHOH Tpaneuuu IpuBena Hac
K NOHATHIO TNPOCTOrO omnpepeneHHoro uurerpana [n° 175), aHanoruyHas
sajmava 06 o6beMe LMAMHApUYECKOro Opyca mNpUBeJeT HAC K HOBOMY
TMIOHATHIO — IBO K HOT O (ONPENENEHHOTO) HHTErpasa,

PaccMorpum Ten0 (V), KOTOpOe CBEPXY OrpaHHYEHO MOBEPXHOCTHIO

2=f(x ) (1)

¢ GOXOB — LMJIMHIPHYSCKOH TOBEPXHOCTbIO C 0OPA3yIOUIMMHU, NapajJedb-
HbIMH OCH 2, HaKOHEll, CHM3Y -— MIocKo# ¢urypodl (P) Ha NJIOCKOCTH
xy (puc. 18). Tpebyerca HallTh o6bem

V Tena. z )
Jlna peutenus 5TOH 3amaud Mbi mpuGer- z=ﬂ$,yj/,£- g
HeM K OOMLYHOMY B HHTErPajJbHOM HCYHUCJe- //,j/ ii::
HUH TNpUEeMYy, COCTOfILEMY B Pa3/OXEHHH ;}
UCKOMOH BEJMYHHBI Ha 3JEMEeHTapHHE 4acTy, ElL W
npubauKEHHOM  MOACUYeTE KakaoH  vacry, % Hin
CYMMHDOBAHHH M [NOCJEAYIOLIEM Npeae/b- o "ﬁ:
oM nepexone. C 3TOH Lesablo  PasIOXuM Ty
obsacts (P) ceTbio KPUBRX Ha 4Yacta (Py), j
(Py),..., (P,) ¥ paccMOTPUM DAL LHMJAMHA- A
PUYECKHX CTOJAGUKOB, KOTOPHE HMEIT cBou~ [ T
MH OCHOBaHMAMH STM YaCTHYHHE 00JacTH Puc. 18.

M B COBOKYNHOCTU COCTAaBJAIT AaHHOE TEJO,

Ilns noacueta o6beMa OTAEJBHBIX CTOJOMKOB BO3bMEM MPOHM3BOJBLHO
B Kaxno#h durype (P;) mo touke: (5, ;). Ecau NpuGIuKEHHO UpUHATDH
Kawapi cTOAGMK 3a HacTOSIMHE LWJIMHIAP ¢ BHICOTOH, paBHOH amiukare
F &, m;), 10 o6bem OTHENBHOrO CTONOMKA OK23blBaeTcs NPHOJIMKEHHO

DaBHmM
J Gy W) Py
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rae P; osHavaer miomans ¢urypus (P;). B rakom cayyae npubaueH-
HOe BHpaxeHHe o6bema Bcero Tteaa Oyner:

V= igl FEu ) Py

79 TNOBBINEHHA TOUYHOCTH STOrO0 paBeHCTBA OyNeM yMEHbIIaTh
pasmepsl muomanox (P;), ysenuuuBas uX uucao. B npenmene, npu crpem-
JeHUM K HYMo HauGOJbIIEr0 W3 AMAMETPOR BCeX obaactelt (P;), 310
PAaBEHCTBO [IE€JaETCS TOUHBIM, TaK YTO

V=lim if(si) ) Py

i=1

¥ MOCTaBJIEHHAad 3a1aya pelleHa,
[pexen sToro Buma u ectb d8okHOl unmezpar om gyuxyuu f(x, )
no o6aacmu (P); on 00603HAYAETCA CUMBOJIOM

SS F(e v)dP.

(P)

IMonyuennan uome QopMysaa nis o0beMa NPHHHMAET BHI

v=\{{sex ndr. @)

Py

Taknm o6pasoM, NBOHHOH NKHTerpan sBJASETCA NPIMBLIM O00OGIUIEHUEM
TIOHATHA NPOCTOTO ONPENENEHHOTO HMHTETpasia Ha Caydvall QyHKUHA HBYX

nepemensnix. OH  wrpaer

/ BaXHYI0 DOJb Takke 1pu

ONpefeNeHN Pa3/UYHBIX Te0-

/ 5 . METPHYECKUX M  (Pu3HUeCKHX
BEJHYHH,

337. Ceenéuue nmofinoro
HHTErpaja K HOBTOPHOMY.
Ilponomkas TpaktoBaTh ABOMH-
HOH UMTErpas reoMeTpHYecKu
Kak 00beM LHIWHAPHYECKOrO
Opyca, Mh  paguM  31€ech
K€ YKa3aHWS OTHOCHTEJNBbHO
€r0 BBIYMCJIEHHS TyTeM cae-
Puc. 19. BEHHS K TIOBTOPHOMY HHTE-

rpany.

¥) B cnyuae nenpepbiHolt niosepxHocTH (1) W kBagpHpyemo# durypm (P)
BHIBOAY 9TOH dopMyan HeTpPyZHO NpPHAATb ¥ BIONHE CTpOrywo GopMy; cM. 3aMe-
yauue B n° 340.
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B nepsoM ToM€ Mm YK€ HMEJH HeJ0 C 8ajauedl BHYMCACHHA OObeMa
tena (V) no ero nonepeynnM cevenmsm [n° 198]. HamomuuM orHoca-
myioca cioaa dopmyay. IlycTe Teno orpanuueHo  MJIOCKOCTAMH
x==a u x="0 (puc. 19). Jonyctum, YTO Cceuenue Teaa IJOCKOCTBIO,
NepneHANKYAIpHOR K ocu X W oTBedaiowedt abcuncce x(a<sx=<<b),
nmeer maowagb Q(x). Toraa o6bveMm Teaa, B NPEANONOKEHHH €ro Cylle-
CTBOBAHHA, BLIPA3UTCS (PopMyJoH

b
V= S Q(x) dx. )

a

ITpuMennm Tenepb 5Ty GOPMYJy K BHUYHCJEHHIO O6bEMa WHJIMHIADH-
yecKoro 6pyca, o koTopoM Ow/a peub B NpeamayuleM HoMepe, Haunem
¢ NpoCTOro cayuasd, Korja B OC-
HOBaHMA Opyca JeXWT npsmo- 2 s s
yroasHuk [a, b; ¢, d] (puc. 20). 1

Ceuenue 6pyca IJIOCKOCThHIO
X=xy(@a=<Cx,<<b) ectb xpm- (%
Bo/MHeHHan  Tpaneuns  ofdy. Y /- ,7§ X
Il HaxoXIEHHs ee mJowWany
CIIPOEKTHPYEM STy ¢urypy Ha
NJOCKOCTb Y2, MH NOJYYUM KOH- y
TPYEHTHYI0O € HeHi Tpaneumnio - -

@88y, W60 mpoeKTMpOBaHHUE 0/“’/ /% /
NPOUCXOAHT  6€3  MCKAXEHHH, a
Hrak,

&

Prc. 20.

Q (%) = 1. afdy = a;B,37;.

Ho ypasuenne sunmm 1,8; Ha IJIOCKOCTH Y2, oOuyeBHIHO, Gyner
z=[(xp ) (c<y=<d).

[Toabsysch HM3BECTHEIM BLIDAMEHHEM ILIOWAAYW KPHBOJMHEHHOR Tpame-
MY B BHIE ONPENENEHHOrO WHTErpana, GyJaeM MMETh

d
Qx) = S (%o ¥)dy.

Tak Kak Hale pacCyXIEHNE OTHOCHTCA K JoBOMYy CEYEHHIo, TO
BooGiue mad a<Sx=<<b

d
Q)= nay .

*) Dra (yHKUMA OT X K TOMy e HenpepuBHa [n° 206], uTo Mm H npemno-
naraap npu BmBole GopMyan (3).
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Moxcrasnss 310 sHaueHue Q(x) B dopmyay (3), noayuum
b d
v={dx [ r(v nav
a €

Ho mbl umeem ana oGbema V' n BHpawende (2), ciefoBaTeNbHO,

b d

{76 ap=(ax {fen nay @

(P) a

— aBo#iHON WHTErpaj NMpHBENEH K NOBTODHOMY.
ANanOTHYHHIA De3yIbTaT MOXKHO NOJAYYHTh M gaad Oosee obuwero
y P cayyaq, Korma oOaacte (P) Ha
— MAOCKOCTH xy TpencrassseT cobok
/ KDUBOMHHEHHYIO Tpaneuuio, orpa-
HHYEHHYIO JBYMfl KDHBBIMH:

Y=y (x), y=Y(x) (ascx<b)

T @ M IBYyMS OpAMHATAMH X=a H
T~ x=b (puc. 21). Pasuuna 1o
CP4BHEHHIO C PaCCMOTPEHHEIM cay-
7 & + }—7% UaeM COCTONT B CIEAYIOLEM: paHb-

Prc. 2. we npu MmoGOM QUKCHPOBAHHOM
X =X, W3MEHEHHE ¥ NPOUCXOAUJIO
B ONHOM M TOM € NpOMEKYTKe [¢, d], a Temepb B3TOT IPOMEKYTOK

[Vo (x0)s ¥ (x0)]

CaM 3aBHUCHUT OT X, TaK 4TO

¥{xy)
Q)= S0 3 ay.
Yo (xo)
OKOHYATe/JbHO NOJIYyYHM:
b Y (x)
v={{renap={ax | o naye. ®)
P) @y

Mpl MO3HAKOMHJHM YHTaTeNss C IOHATHEM JBOHHOro WHTErpaja Hu
C €ro BHIYHCJEHHEM B FEOMETPHYECKOH TpPaKTOBKe.

*) M snmech BHYTpeHHUWH MHTerpan nmpeicTaBaser coGofi HeNPEPLIBHYIO By HK-
uvo ot X [cM. n° 299),
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338. Onpenenenne npoifinoro Hurerpana. IlepefineM Temepp K Go-
nee OOHlEMY H3/IOXEHHIO BOMPOCA, € UHCTO AHAMMTHYECKOH TOUKM
3peHusi. BnpoueM, u 3mech HaM He OGOHTHCh 6€3 reoMETpuH HJH, 1O
xpaliHe#t Mepe, 6e3 reoMeTpuueckoro ssmka [n° 124—127]. Mu Oyaem
rOBODHTE O «ABYMepHO# obnaactn» (P), rae omnpemeseHa paccMmaTpi-
BaeMas YHKUMS ABYX NEDEMEHHBIX, «KDUBEIMH» [EIUTh €€ Ha 4YacTHu-
Huie <«ofaactu», OyaeM OpaThb «mJaowlamu» 3THX <«o6aacteds» © T. L.
Ha nene 910 «06a4aCTH» W <«KDUBBIE» H3 apU(PMETHUECKOTO
IBYMEDHOTO NPOCTPAHCTBA, MX «TOUKaMH» CayxaT mapuo yuceJa Ho
OOLIKHOBEHHO BCE 3TH «00pasH» 3aMEHSIOTCS 1Jsi YAOOGCTBa COOTBET-
CTBYIOIMMH KM HAacTOSILMMH FEOMETPHYECKUMH o0pasamy, He Aenas HUKa-
KOH pasHHUB MeXAy HuMu. B uactHocTH, moa «maomansio o6jactd» M3
apU(PMETHYECKOrO ABYMEPHOr0 NMPOCTPAHCTBA pasyMeeTcs BCEraa NJOLLAAb
COOTBETCTBYIOILEH reoMeTpuueckoll obJactu.

HanomHuM, 4TO AJs KBaZpUPYEMOCTH OG6JaCTH, OFPAaHMYCHHOM KaKoMH-
au60 KpuBo#, HEOOXOZMMO M AOCTAaTOYHO, uTOOLI 3Ta KDHUBas HMeJna
naouanb pasHylo Hya i [0° 193], [upoku#i Kracc TAaKMX KPUBLIX
obpasyer HenpepHBHHE KPHUBHE, BHPAaXaeMble SBHWMH YDaBHEHHSMH,
WM KDHBHIE, COCTOSILME W8 KOHEYHOro Ynuc/aa nojoOHMX KyckoB. OrtMe-
TUM 3LeCb (HE BRABasCh B JOKAa3aTeAbCTBO), YTO TEM XK€ CBOHCTBOM,
B YAaCTHOCTH, OG/JAJAIOT M FIagKHe WIM KYCOYHO-rJagKkne KpuBule, Mas
Oydex npednosazams 6nreds, wmo Kax Koumyp obaacmu (P), marx u
Kpugsie, KOMOPHMU Mbi PA3AA2QEM €€ HQ 4aCMmU, 8C€ UMEIOM HYACEYI0
naouwyads (Hanpumep, NPUHAAJAEKAT K YKA3aHHOMY KJaaccy); sTHM obecne-
YUBAeTCs CYHIeCTBOBAHHE BCEX HYXKHBIX HaM miomianefl.

BepueMcs Temepp K NOHATHIO ABOHHOrO HMHTerpana, (pakTHYECKH Yixe
BBesenHoMy B n°336, u paaum B passepHyToM Buie ofiee ero omnpe-
JeneHue,

[ycts B o6nactu (P) onpenenesa dyukuus f(x, y)¥). PasoGbem
o6aacth (P) ceTtplo KDHBHX Ha KOHeEuYHoe uucao obaacreti (P)),
(Pg), ..., (P,), maowagu kotopux Oyayr Py, P, ..., P, Xord
HpoILe BCEro 3TH YacTHYHble 00/JaCTH NpPeACTaBAsTs ce6e CBA3HBIMH,
HO nns obnerueHns JanbHefinlero M3/JOXEHUs BHIFOAHO HE HCKJIOYATh
IOJAs HMX BO3MOXHOCTH OBITb M HecBsi3HBIMH. B mnpenenax I-#f s/eMen-
TapHoit o6aactd (P;) Bo3bMeM 1o npousdsoay Touky (§; 7;), 3Hauenne
GyHkuuu B sTO# TOouke f(§;, 7M;) YMHOXHM Ha mnaowags P; COOTBET-
CTBywwe# o6aacTd ¥ BCe nomobHhe npousselieHust caoxuM. IlonyueH-
HYI0 CyMMy

o= ig‘f(ab Py

6ynem HasblBaTb HHTErpaabHO® CyMMO# ana dynkuun f(x, y)
B obaactu (P).

*) Hukakux npeanonoxenuii o HenpepuiBHOCTH €€ Mbl IDH STOM He AenaeM.
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OGosnaunmM uyepes A HanbOJbIINH W3 AMaMeTpPOB¥) YaCTHUHRX
obnacre (P;). Konewnsri npedea | unmezparbroit cymmes o npu
A—=0

I'=1im g *¥)

Hasvigaemcs 080GHu M unmeapason Gyuxguu f(x, y) 8 ob-
aacmu (P) ¥ 0003HAYaeTcs CHMBOJIOM

= SSf(x, Vdp.

(P)

DyHKUHA, WMEIOIAA MHTETPaJs, HasuBACTCA UKmMe2pupyeroil.

339. YcaoBHe cymecTBOBaHMS NBOHHOro HHTerpasa. WHrerpupye-
Masg (YHKUMA HeoOXoAuMO nomxHa OBTb OrpaHuueHHOH. JleHcTBHTENLHO,
B TNDOTHBHOM chayyae npu J/o6OM 3afaHHOM Crnocobe pasnoxeHus
o6nact (P) Ha uacTu MOxHO Ouno Ow 3a cuer BmGopa touek (&, ;)
CAenaTh WHTErPaAbHYI0 CYMMY INPOM3BONBLHO 6O0JIbLIOR, TaK YTO KOHEy-
HOT O mpegena / He MOrao Obl CyLIECTBOBATD.

O6pamanch K pAacCMOTPEHHIO YCNOBHUH UHTErPDUPYEMOCTH
AaHHOM (yHKuMu f(x, ¥), Mn OyaeM no3TOMy Hanepex nNpeAnoJaraTh
ee orpaHuyeHHol:

m<f(x, y)<<M.

Kak u B cayyae ¢ynkuum OT OAHOH nNepeMEHHOR, 31ech TaKwke
yaA0OHO BBECTH TaK HA3HIBAEMbIE HUIICHION U 8epXHI0I0 cymue [apGy:

=
i

IIM:

mlP,-, S=
] i

HM:

M. Py
|

rae m; 1 M; 03HayawT, COOTBETCTBEHHO, TOUHHE HIXKHIOK U REPXHION
rpanuus 3Havenuht ¢ynkumn f(x, y) B obaactu (P;).

Ilpu manHoM cnmoco6e pasaoxexnus o6aactu (P) Ha 4acTH, HesaBH-
cumo ot BHGopa Touek (§;, 7;), 6YAYT BHINOJHATHCA HEPABEHCTBA

s<Co=<<S.

Ho sa cyeT naanexaulero Boi6Opa 3TuX TOYeK MOxHO 3Hauenus f (5, 7;)
CAenaTh CKOJIb YroAHO OJM3KMMH K m;(M;), a BMecTe C 3TUM CyMMy o
caenath cxoJb yromHo O6ausko# k §(S). Takum oGpasoM, sepxwas u
HUKNCHAR cymmu JlapOy s8ASIOMCSA, COOMBEMCMBEHKO, M O 4 H bl M U

*) InameTpoM TOUEYHOr0 MHOMECTBA HAa3BIBAaETCA TOYHAs BEPXHAs IpaHMuA
paccToAHuit Mexily HBYMA TpPOU3BOJBHLIMH TOYKaMM MHOXecTBa. B cayuae
RAOCKOH 3aMKHYTOH 06/acTH, OrpaHHuYeHHO# HeNpepunBHON KpHBOM, HMaMeTpoM
CAYXHT NONPOCTY HamGonblias xopia.

*¥) Uuiatenb MerKO CaM yCTAaHOBHUT TOUHHIH CMbICA 9TOro HOBOLO fpejena.
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BepXHeld U HUNCHeD 2DAHULAMU UNME2PAAsHNX CYMM, OTBEYAOWHX
TOMy e crnoco®y pasnoxenus oOaacTu.

s cymmu Jlap6y, kak u B amHefiHOM cayyae, MOryT OHTB YyCTa-
HOBJIEHBl CJEMyIOlKe CBOUCTBA.

MMepBoe cBolicrpo. [Ipu dassneliuen OpoGaenuu uacmeii (Py)
¢ 0obagaeHuem K NPEIHCHUM AUHUAM OCACHUS HOBBLX, KUNCHAR CYMMA
Jap6y He ybwsaem, a 8epxHAA—He Bo3pacmaem,

Bropoe ceoltcrBo. Kawodas nuxcnan cymma [ap6y He npe-
socxodum Kasc0ol sepxHeil cymme, xomsa 6o omsedalomell u opy20my
cnocoGy pasaodscerus obaacmu (P).

JlokasaTenbCTBO NPOBOAUTCH aHAJOrMUHO npexuemy [n® 177]; amws
B TeX CayyasX, KOrAa TaM TOBODHJIOCh O TOYKAax JEJEHHd, 34eCb NpH-
XOUTCS TOBOPHTb O JIMHUAX JeJeHus.

EcTh, 0OOHAKO, ONMH MOMEHT, HAa KOTODOM HaM XoTenoch OM 3ajep-
XaTb BHUManue uuraTeJs. B JuHefiHOM cayyae KaxAas HOBas TOUKa
JiefieHHs OTYET/JMBO pas/araer ONMH M3 CTAPBIX NPOMEXYTKOB Ha ABa;
obulel  4acTbl0 ABYX TNpPOMEXKYTKOB SBJSETCA TOMXE [NPOMEXYTOK.
B 1na0cKOM Cc/lyuyae DNOJIOXEHHE YCAOXHSAETCS TeM, YTO JBe KpPHBHE
MOTYT nepeceKaTbcs MexAy co6ol BO MHOTMX TOYKAax M Jaxe B Gecko-
HEYHOM MHOXecTBe Touek. ITosToMy cBA3Has wuyacTHuHaa oO6JacTs
MOXET HOBOM KpPHBOH pacceKkaTbcs B Ha He CBSI3HHB € YacTH; TOYHO
TaKk we W obmel vacTbio ABYX CBASHH X OO6aacTefl MOXET OKasarbCs
He CBsigHan obracte. BoT noueMy MW C CaMOro Hayaaa He
HCKJAIYAaJAUW U8 DAaCCMOTDEHHA DasNOXeEeHUS OCHOBHOH
o6aacTu Ha HecBsA3HHE yacThl

Jlanee, yCTanaBauBaeTCs CYILECTBOBAHME TOUHHX FpaHHLL

ly==sup {s}, [*=inf{S},
NPHYEM OKashIBAETCH, YTO
s<<ly<<I*<S.
Haxonen, nyteM GyKBaJbHOrO BOCNMDOM3BENEHUS MOKa3aTeJbCTBA Ias
avHelnoro cayuas |n®178] u smech noayuaercs

Teopema. Lan cyuwecmso8anus 080HEH020 UHMESPANA HEOOXOOUMO
1 docmamouno, 4mobe Ouao

lim (§—s)==0,
A0

uau 8 Opy2ux OGO3HQHEHUAX
n

im 3 wP=0, ©)

A=0 1

20e w; ecms Koaebanne My — m; gynxgun f(x, y) 6 wacmuunoi olaa-
cmu (Py).
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340. Kaaccel uHTerpupyeMblX (yHkuui. C MOMOIUBI YCTAHOBJEH-
HOTrO BHILE MPU3HAKA MHTETPHUPYEMOCTH JErKO AOKAa3aTh:

I. Beaxas HenpepeigHas 6 obaacmu (P) ynxyus f(x, y) uxme-
2pupyema.

DeflctButenbHO, ecan ¢yukuua f HempepwbHa B (3aMKHYTOH) 06.a-
crn (P), TO Mo CBOHCTBY PaBHOMEPHOH MENPEPHIBHOCTH KaxaoMy e >0
oTBeuaeTr Takoe 8 >0, uTo B M0OGOH uvacTu obuaacti (P) ¢ AnaMeTpom,
meHbIIUM tYeM 8, kouaeOanue GynkuuM Oyler MeHbue, ueM e. Ilycrs
Tenepp 06nacTb (P) pas3noxena Ha yacTu (P;), AuaMeTPH KOTOPHX BCe
meupine 8, Torma pce xoneGanus ;< e, U

E w,P; < sE_ P, =¢ePp,
13 i

OTKYAa W CJelyer BHIIOJHEHHE YCJI0BUA (6). DTUM HMHTErpPHPYEMOCTH
dyHKIMR JOKa3aHa.

3aMEuUAHHME. Tenmepp JErko yxe MpulaTh MOJHYI CTPOrocThb
BrBOAy dopMyasl (2) Ana  ofbemMa uUMAMHApHYecKoro Opyca. 2310
JenaeTcs COBEPIIEHHO TaK e, Kak M MpH BHBOAE HHTErpaibHOH op-
MyJabl A TJIOLIAAM KPHBOJMHEHHOR Tpameuuu |n°196] — ¢ npusaeve-
HHeM BXONAWIMX M  BHXOMAMX Ted,- 00beMbl KOTOPHIX BBIPAXKAIOTCSA
cymmamu ap6y.

Jas Toro yToBGH HECKOMBKO DAacllupUTbh KJaacC (QYHKUMH, A8 KOTO-
PHIX YCTaHOBJICHA MHTErPUPYEMOCTb, Mbl GYyAeM HYXAATbC B CAeAyioulel
JeMMe.

Jdemma. Ilycms 8 obracmu (P) 3adana nexomopas xpusas (L),
umewnwyas nrowads, pasnyn ryarw. Tozda rancdomy e >0
omsewaem maroe 8 >0, wmo auws moasko obaacms (P) pasioxcena
Ha yacmu ¢ duamempamu, MeHsHUMU O, cyMMa niowadell mex u3
Hux, Komopeie usmewm ¢ (L) obuue mouxu, Gydem MeHpue e.

IMo npeanonoxennto KpuByio (L) MOXHO MNOTPYy3uTh B MHOTOYTOJb-
Hylo ob6nacts (Q) ¢ muomwansio, MeHblle#t uem e, Caenarb 3TO MOXHO
TaK, 4ToOb kpusas (L) u konTyp (K) YNOMAHYTOH OBJAacTH He UMenu
ob6uux Touek. Torga paccrosHHe Mexdy NepeMeHHHMH Toukamu oGeux
KPHBBIX [AOCTHraeT CBOEr0 HaMMEHbLIEro 3Hauenus & > 0.

JeHcTBUTENBHO, MYCTh YKa3atHble HEN PE DB BHH e KPUBLIE 334aHb,
COOTBETCTBEHHO, MAPaMETPHYECKHMH YPaBHEHHAMU:

K) x=9@), y=0(@); (L) x=9¢% W), y==9* (),
to<t<<T wsu=<U

rae ¢, ¢, o¥ (¥ — nenpepwiBHEIE (YHKIMHM, KaXAas OT CBOEro apry-
menta. Toraa paccrosHue MexAy MAByMs NDOM3BOJBLHBHIMM TOUKAMH 3THX
KDUBBIX

Vie®—e* 0P+ O— ¢ @F
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Oyner nenpepmBHOH QyHKuMeH OT (f, u) B 3aMKHYTOM HPSIMOYTOJbHHKE
[fo T; uy, U] u, CACLOBATENBHO, NOCTHraeT TaM CBOErO HaWMEHbILEro
anavenus [n° 136]. TlockonbKy KpHBHE He mepeceKaloTCs, 3TO Ha -
MeHbllee paccTOsHHe & OyIET OTAMYHO OT HyJ .

Pasnoxum Tenepp o6aacTe (P) no npoussosy Ha wacTv Tak, 4ToOHl
AuaMeTpnl MX ObliM Menbiie 8. Te w3 HUX, KOTOpHe 3ajeBAOT KPHBYIO
(L), neobxomumo neauxkom OymyT Jsexars B obaactu (Q), caegosa-
TeJAbHO, 0o0ulaf WX IJIOWAAb MeHbllle e.

Il. Ecau ozpanutennas hynryus  f(x,y) umeem  pa3pués
passe AuwWs Ha KOHEYHOM 4Yucne KpUBLLX ¢ HyAe80l NAOWA0LI,
mo  OHa  uHmezpupyema.

3agaauMca NpOM3BOMBHEM &
uncaom e >0. Ilo npeamo-
JIOKEHHIO BCE «JMHHK pas-
puBa»  dyHkmA  f(x, y) AN AN
MOXHO  8AK/MIOYHTb BHYTpb TNV
mHoroyroJsHo#t obaactu (Q) ]
¢ obuled MIOWadbl0 MEHbILE €.
Ha puc. 22 »3rta ofnacts (P
NMOKpHITa LITPUXOBKOH. ['pa-
HULEH ee CIYNHHT KOHEeuHoe 7 —a
yucao JgoMmannx (L), Koto-
pHi€, OUYEBMAHO, CaMH HMEIOT Puc. 22,
IJIOILadb,  DaBHYIO  HY.JIO.

B samkuyto# o0nactn, noayuawomeics n3 (P) BblIeNeHUEM BHYTpEH-
Hoctn obuactu (Q), dyHkumsa f(X, y) CIIOWDb HEmpepsiBHA, 3HAYAT, W
paBHOMEPHO HenpephiBHa, CaeloBaTenbHo, M0 3alaHHomy e >0 Haii-
nerca Takoe umcao & >0, uTo BO BCAKOM uactn 9TO# O06aacTH, aua-
MeTp KoTopo# MeHpwe 98, Koaebanue dynkuun f(x,y) Gyner
MeHblIe €,

Teneps, B CHy JeMMbl, MOXHO Halitd n Takoe 8; >0, uTo BCAKMH
pas, Kak o6aacTe (P) NpOMSBOJLHEIMH KPUBEIMUM [asJiaraeTca Ha YacTH
C JHaMeTpaMy, MEHbIIMMHU YeM O, CymMa naomlaled Tex M3 HUX,
KOTOPbE 33[€BAIOT COBOKYNMHOCTb JOMaHHX (L) — rpaHiuy BbiAeJeHHOH
MHOroyroabHOH o6aactu (Q), — napepHo Gyler MeHblle e.

ITycre 8 Oymer HauMeHbllee W3 ABYX uucean 3, O, Pasaoxum
o6nacte (P) Ha uactn (Py), (Py),..., (P,), AnaMeTrpnl KOTOPHX
MeHble 3, B DacCMOTPUM COOTBETCTBYIONLYIO CYMMY

Z w;P;.
[

Pa3o6beM €€ Ha [Be CYMMBL
Z Wy Pi' + 12 u),-uP,-u,
= =

npeanosaras, 4ro 3HauoK I oTseuaer Takuy obaactam (Py), KOTophe
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LeAMKOM JexaT BHe BuiledeHHOH o6aactu (Q), a sHauox " — BceM
npouum. ONEHMM KaXIYI M3 3THX CyMM B OTAEAbHOCTH.

Tax xak Bce (Pp) nexar B oOaactu, moayueHHo#t us (P) Buigene-
nueM (Q), u Jnametpu ux < 3=y, 10 BCe wp <&, TaK YTO

; (l)irpy < € ; Pi, < eP,

C apyroft cTopoHsl, ecan yepe3 2 0603HauuTh KoJeGaHue (yHKIHM
f(x, ) Bo Bce#t obGnactu (P), To OyleMm uMeTb (TaK KaK o;=CR)

; wl"pi” = e ; Piu,

3nech Y Py ecTh cyMma njomlaze#t Tex u3 oOnaacre#t (P;), koTopue:
1) 160 ueauxoM JexaT B BhKMouenrHO# obmactu (Q), 2) /mbo 3ame-
BawT rpauuny (L) sroff obmactu. O6mas miomalp NepBHX MEHbIIE e,
60 Q< e TO Ke MONKHO CKasaTb H 00 oOuiedl NJOmaan BTOPHX,
NOCKOJbKY 0G6JacTh paslokeHa Ha 4YacTH C J[AMAMETPaMH, MEHBILUMH
ueM §=C8;. Mrak, 3 Pr<2e, Tax uTO

> 0p Py < 2Qe.

"II
OxonuarensHo, npu A <d, okasmBaercs:

Zi] w;P; < (P 29)e.

Tak Kaxk mnpasas 4acTb 3TOTO HEPABEHCTBA IMPOU3BOJLHO Mana BMeCTe
¢ & TO BHnoJHsercs ycaosue (6), u T. A

341. CgoficTBa HHTerpupyeMbix pyBKIUHEA H ABOHHLIX MHTErpaJoB.
1°, Ecau npou3eossHsism 06pa30M USMeHUMb 3HAYeHUS UHme2pupyemol
8 (P) gynryuu f(x, y) 80oas xaxoif-aubo Kpusoir (L) ¢ Hysesoi
naowadsro (¢ merx auws ycaosuer, 4molOs. U U3MeHeHHAs HYHKGuA
0CMABaAACs O02PAHULEHHOI), MO BHOB5 NOAYLEHHAR (BYHKYUA maK-
ace unmezpupyesma 8 (P) u ee uwmezpanr pagex unmezpary
om f(x, y).

JIlns HOKa3aTebCTBA HYXKHO COCTaBHTh HHTETpPAJbHBE CYMMB JiIA
n3MeHeHHOW M ucxoAHo# ¢yHkmu#t, OHM MOryT pDasHUTbCA JHMIIb TeMH
c/araeMHMH, KOTOPHE OTHOCATCS K 06aacTam (P;), 3aleBaiolliM KDHBYIO
(L). Ho, no nemme n°3840, obmas miomaib 3TUX 00JacTed CTPEMUTCSA
K Hyao npu A— 0, OTKyla yxke Jerko BaKJKO4dTb, YTO 00€ HHTErpa/b-
HHE CyMMBl CTpeMaTcq K oOmeMy npeieny.

Takum 06pasoM, cyujecmsosarue U 8eAUUNG OB0[HO20 HUHMezpaia
He 3asucam om 3HaieHuld, NPUHUMACMEX NOJUHMe2PAAbHOY PyHK YUl
80046 KOHEYHO20 1uCAQ KpUBslX € HYA€80E naowadsio.
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2°. Ecau obaacms (P), 6 Komopoid 3adana @yuxgus f(x, y),
kpusoro (L) ¢ wysesoll niowadso pasaomcena Ha 08e obaacmu (P) n
(P"), mo u3 unmezpupyemocmu ynxyuu f(x, y) 8o sceli o6racmu
(P) caedyem ee unwmezpupyemocms 8 wacmusnsx obaacmax (P) u
(P"), u obpamuo — u3 unmezpupyesmocmu bynrxyuu 8 obeux o06aacmax
(P') u (P") stumexaem unmezpupyemocms 8 o6racmu (P). Ilpu smon

§§ 700 nar= {1 nar+ ({7 par.
(P) (P} {P
PasnoxuM o6aacti (P’) u (P”) npousBosbHEM 06pasoM Ha uacTH;
TeM caMbiM M (P) Das3/JoOWHMTCA Ha yYacTu:

(Pl): (Pﬂ): e (Pn)-

Ecnu 3uaykoM & OTMeTHTb uacTH, colepxkawmecs B (P’), a 3HaukoMm
i — uacty, coldepxautpecs B (F”), TO

2o Py= 3oy Pr—- X opPye.

Mycte ¢yukuna f(x, y) unrerpupyema B (P), Tak uro npy A—0
CTPEMHTCS K HYJI0O CYMMa CJeBa; TOrja Kaw/Jas M3 CYMM CIpaBa u
NOAABHO CTPEMHTCA K HYJI0, TaK UTO Hama YHKIMA HHTErpupyema
takxe 8 (P) n (P").

OO6paTHO, €C/H HMEeT MeCTO MoC/efHee OO6CTOSTENBCTBO, TAK UTO
npu A — 0 crpemarca K Hymo ofe CyMMB! ClpaBa, TO H CyMMa CJjeBa
TaK¥e CTpeMuTcs K Hy/o. ONHAaKo HyXHO TMOMHHTb, YTO OHA NOCTpPOEHa
He AJ8 HPOU3BOJNHHOIO pa3bueHHs 00JIaCTH Ha YacTH: Beldb Mb HCXO-
AWM K3 DPasnoXeHHs moposHb obaacted (P) n (P").

Yro6u OT NPOM3BOJBHOrO pasfoxenus obnaactu (P) nepeditu K pas-
JIOXEHHIO 3TOr0 YacTHOrO BHA3, AOCTAaTOYHO IPUCOEAMHHTb K JIMHUSM
nenenus kpupyo (L). CooTeeTcTByloumiMe uM CyMMbl OYAyT pasHHTbCs
JIMUIb CAraeMbIMM, OTBEYAIOWIUMH TEeM 3/EMEHTapHbBIM 00JacTaM, KOTO-
puie samepaior xpusyio (L). Ho, mo semme n°®340, ux ofmas niomans
CTpeMHTCS K Hymo mpu A— 0, 1 ofe cymmbl pasHsTCsi Ha GECKOHEUHO
Manywo. Taknm o6pasom, ycnosue (6) BHINOMHSETCH B MOMHOH OGUIHOCTH,
u gyHkuns f(x, y) okasuiBaeTes unTerpupyemoil B (P).

Hakonen, nokaswmiBaeMas ¢opMy/ia MOJdy4aeTcs NEpexXofoM K mpelely
npu A — 0 u3 paseHcTBa

2 C 5 Pi=2f Cor ) P+ 2 e i) P
AHaNOruuHO, M3 pPACCMOTPEHHS HHTErpajJbHEIX CYMM C  TIOMOLIbIO
nepexoja K npelle]y MOJYYaOTCA M CJAeAyIOmMe TPH CBOHCTBa:
3% Ecau ymuoscums unmezpupyemyio 6 (P) dywxguwo f(x, y)
HQ NOCMOSHKYIO k, mo noaysenHas Pynrygus maroce 6ydem unme-
2pupyeMa, u npu 3mMos

SSkf(x, y)dP=kSSf(x, ) dP.

P) (P)



244 TN, XX1. ABOHHBIE WHTETPAJBI [341

4°. Ecan 8 obaacmu (P) unmezpupyenms gyunxyuu f(x, y)u g(x,y),
mo unmezpupyema u gynxyus f(x, y)= g(x, y), npusen

SS [f (x, »)Egx »)] dP=SSf(x, y)dp =+ S}jg(x, 3)dP.
(P)

(P) (P)

5° Ecau 0as unmezpupyensix 8 (P) dyuxyui f(x, ¥) u g(x, ¥)
sunoansemcs Hepagencmeo f(x, ¥)<< g(x, y), o

SSf(x, »)dP < SS g(x, y)dP.
(P) P)

Hanee,
6°. B caywae unmezpupyesocmu dynxyuu f (X, y) unmezpupyena
u gynxgus |f(x, y)|, u umeem mecmo Hepasercmso

[{§ 7 nar|= ({17 nap.
) ty

WarerpupyemocTs ¢ynkuua |f| chenyer u3 npocToro sameyaus,
uTo KoseGanue of 5Tofft QyHKHMH B moGo#i obaactu (P;) He NpeBOCXO~
IMT COOTBETCTBYIOmEro KoJebGaHust o; dyHkuunu f. [elictsutensHo,

Toria
Dol < Yo P,

N CTpeMJeHHe K HYMO BTOPOH CyMMEl BaeueT 3a cobolt cTpeMJeHHe
K Hym0 nepsotl.
Iloka3nBaeMOe >e HEPABEHCTBO MOJAYYaeTCs IPEASAbHBIM NEPEX0JA0M

H3 HEPaBEHCTBA
| 2 C )P < DS G n)| Py

7°, Ecau unmezpupyemas 8 (P) dyuruns f(x, y) ydosaremsopsaem
Hepasencmsy
m<f(x, y)<M,
mo
mP< S S F(x, y)dP< MP. )
(P

3ro NOJIyyaeTCss MNpelejbHpIM IEPEXOAOM M3  OYEBHAHOrO  HEpa-~
BEHCTBA

mP<3f G w) Pi<< MP.
Ecau pasmenuts Bce uacTh HepaeeucTBa (7) Ha P

Voo mar

m<(—P)T—'— =M
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M uepes @ 00603HAUWTh CpPelHEE OTHOIUEHHE, TO TNOJYYHM [Apyrywo
3anuch HepaseHcTBa (7)

SSf(x, N AP=pP (m<p < M), ®)
(P)

KOTOpas BBIDAXAET TaK Ha3LlBaEMylw» TeopeMy O cpejaHeM 3Ha-
YeHuU,

[peanonoxuM Tenepb, B 4acTHOCTH, uTo (yHkums f(x, y) Hempe-
poieHa B (P), 1 BO3bMEM B KauecTBe m M M ee HaumeHbliiee U Hau-
GoJbitiee 3HaueHns B obaactu (P)—rno TeopeMe BeHepiutpacca [n° 136)
onn cymecrsytor! Toraa no wuasecTHoit Teopeme Doabnano—Komn
[n°134] HempeprigHas ¢yHKUMS f(X, y), NPUHUMAIOULAA 3HAYEHUA 772
u M, momkHa TIpOHTM 1 uepe3 KaXAoe NPOMEXYTOUHOe 3HaueHHe.
Takum o6pasom, BO BCAKOM cJayyae B oOnactu (P) JHonxkHa HaHTHCh
TaKas Touka (%, y), uto p=j\ (%, y), u dopmyra (8) npuHumaer BuzI;

{7 nap=F(z-3)-P )
(P)

10 — 0coBeHHO ynoTpebuTenbHas GOpPMa TEOpEMB O CPERAHEM.

Tak e Jerko NepeHOCHTICA Ha paccMarpuBaeMbifi cayuait U 0600ILeH-
Has TeopeMa o cpeanem 3HaueHuu [n° 182, 10°]; npemocrasasem 310
YUTATEMO.

342, Unrterpan kak aamutuBHas ¢yHnkuus obaacrtu; Auddepen-
uvposanue mo obGaactu. PaccMoTpum (3aMKHYTYW0) NIOCKYyw 064acTh
(P) u coaepiamueca B He#l yacTuyHble (3aMKHYThie) obaactu (p). Mul
6yaem npeanonaratb Bce 06JacTH KBagpUpyeMBMu (mo obcrod-
TeAbCTBAM OHM MOFYT NOAJNEXaTh W ADPYrHM  OrpaHuueHusm). Ecau
Kaoicoolk wacmu (p) obsacmu (P) conocmasanemcs Hexomopoe onpe-
OeneHHOE HUCAO

=2 ((p))

mo amum onpedessiemcs «gynxyus om obsacmu (p)» 048 yra3au-
notx (p). Hpumepom Tako#t dyHKUMH OT 06JaCTH MOLYT CAYXKHTH: NIOILAAD
00sacTH, HENpepHBHO pacnpeleleHHas NO Hel Macca, CraTHyeckue
MOMEHTH STOR MacChl, HENPEPLIBHO Pacrpene/]eHHas Harpyska Win BooGlue
IeficTByiollas Ha Hee Cuia, ¥ T. I

Ecau npu npou3soashos pasioscenuu obaracmit (p) Ha 83GUMHO

He Haje2auue wacmu
)=+ ¢"

8ce20a orxa3slBaencs, 4mo

S (E)=2N+ 2D

mo gyurxyuwo D ((p)) om obaacmu Ha3wéawm addumusrnoih. Bee
()YHKUHH, DNpUBEIEHHBIE BHIUE B BHAe npuMepa, o6aagaloT  Tum
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CBOHCTBOM afiNTHBHOCTH. AJJUTHBHHE (YHKUHH OT 06aacTH npejcras-
AAOT 0COOYI BaXCHOCTb, HGO 4aCTO BCTPEYAlOTCHd NMPH M3YYEHHH ABAECHUlt
TIPHPOAHL.

Iycts B KBagpupyemot oGaactu (P) 3agaHa MHTerpupyemas ¢yHKuns
Toukn f(M)=f(x, y); Torma oHa Gyler wuHTerpupyeMa B JoGoft
KBaApUPYEMOH e 4acTu (p) 06AACTH, TAK YTO HHTErpas

()= S(,,S f(x, y)ar (10

Takke ecTb QyHkuus oT obaactu (p). Bemay n°341,2° u ona Gynmer,
OYEBUAHO, AMAMTUBHON QynKIHEH.

OGparumca Tenepp Kk <«anddepennuposanuio ¢yHkunn @ ((p)) no
obnactus. Ilycte M — ¢ukcnposadnas Touka obaactu (P), a (p)—
mobas comepxauas 3Ty TOYKY HYacTHYHas o6aacTb. KoHneunwili
npeden OMHOERUSA

¢((p)),

p

20e p ecmb naowads obaacmu (p), npu cmpesienuu K Hyswo Oua-
Hempa obracmu (p), Ha3béaemcs npou38o0dKold om yKKyuu
®((p) no o6racmu 8 mourxe M. Ecan @ ((p)), nanpumep, ectp
Macca, HENnpepHBHO pacnpefleneHdas 1no maocko# ¢urype (p), 1O
9TOT MNpeie] €cTb He YTO HMHOE, KaK MJAOTHOCTb pacnpeieseHus
Macc B Touke M, a ecaim O ((p)) osHauaeT cuay, AeHcTByOUyi0 Ha u-
rypy (p),—TO yAenbHOe AaBJEHHE B Touke M, u T. m.

Oco6urit  uHTEpec AJA Hac TPEACTABJAAET CAyyaH, Koria QyHKuus or
obaacTi Bopaxaerca uuTerpasoM suaa (10), rae f(x, y)—mnenpe-
puBHada B obnactn (P) ¢ynkuua, MH NOKaXeM, YTO npou3sodnod no
ooaacmu 8 mouxe M om unmezpasa Gydem noduxmezpansnas @yur-
Yus, BHUUCACHHAR UMEHNO 8 3moid mouke, m. e.

FiM=f(x, y)

JleHcTBUTENBHO, B3AB 06AacTb (p), O KOTOPOH roBOpUTCR B OHNpese-
JIEHWH TIPON3BOAHON, UMeeM Mo TeopeMe O cpefdeM [cM. (9)]

Q(EN=/(% 3P
rae (X, y) ecTb HekoTopas Touka obGaacTH (p). Ecim Auamerp obaactu

(p) crTpemurca X Hymo, To TOuKa (X, y) Oesrpannuydo cOammaercs
¢ (x, y) 4, N0 HENpepHBHOCTH,

iﬁ’i:f(x’ .P) _'f(x: y)»

4yTO H TpeﬁOBaJlOCb JA0KasaThb,
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3aMEuANNE Bhue HaM NpPHUXOAKAOCH yXe FOBOPHTH 06 aauu-
THBHBIX (YHKUMAX OT mnpoMexyTtka [n°204]. Tak kak Takas QyHKUmsa
Bceria npeacrasaseT CO60H  PasHOCTh JABYX SHAYeHUH HEKOTOpOH
(YHKUMKH TOYKH, TO He ObJIO HaAOGHOCTH And <«JUHEHHOrO» CJayuas
Pa3BUBaTb TEOPUIO BPOME WUSNOXEHHOH Bhllle HJA <«MJIOCKOrO» CJyyas.
Omnako B TeopeMe O AupepeHUUPOBAHHH ONpEAEJEHHOr0 HHTerpasa
no nepemeHHoMy BepxHeMy npeneny [n°183, 12°] uuratens serko
YCMOTPHT aHaJOT JAOKa3aHHOH TOABKO uYTO TeopeMb O An(pepeHunpo-
BaHWM ABOHHOrO MHTErpasa mo o6aacru.

§ 2. BBIYHCJAEHHE JBOWHOrO HHTEFPANA

343. IlpuBenenne ABOHHOrO HHTErpana K HOBTOPHOMY B caydae
npaMoyroasroli o6aactH. C 3TUM BONPOCOM B reoMerpHYecKoH Tpax-
TOBKE M IIDH HEKOTODBIX UYaCTHBHIX MNPENNOJOXKEHHX MbBl YyXe HMenu
neno B n°337.

PaccMoTpum Temeph €ro CpeACTBaMM aHaiu3a R TPUTOM B CaMOH
obme#t ¢dopMe; HauHeM MBl C IPOCTOro cayvas, Koraa o6aacTs MHTErpu-
poBaHWa npeacTapager coboft npaMoyroabHuk (P)=|a, b; ¢, d].

Teopema. Ecau Oan dynxyuu f(x, y), onpedesennoli 8 nparso-
yeoasuure (P)=la, b; ¢, d}, cywmecmsyem 08oiinoi unmezpas

SSf(x, y)dp )
P
I —npu KaxOOM nOCMOAHHOM 3Hatenutt x u3 [a, b] — npocmoli
unmezpas

[4
1= s nay (@<x<b) @

mo cywecmsyem marxyce ﬂOBMOpHHﬁ Urmezpar
b

{ax §f(x, Ny ®

a

U BUNOAHAEMCA paBeHCmMB0O
b

S'S‘f(x, y)dP:de §f(x, ¥)dy ®). )
(P) a c

HoxkasaTeabcTBo. Pasobeem mnpomexyrkn [a, b] u [e, d
onpeleasiouie NPAMOYroJpHUK (P), Ha 4acTH, BCTaBJAs TOYKK HAe/eHHA

xo=a<x1<...<x,<xi+l<...<x,,=b,
M= <. <V <1 <. Ym=4d.

*) Unrateab JerKo yCMOTPHT B STOM YTBEPHIEHWH BMIOM3MCHEHHE H3Be-
CTHOH Teopemn o ABoHHOM M noBTopHOM Dpenenax [n° 131).
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Toraa npamoyrombHuK (P) pasiOXMTCS Ha YaCTHYHHE NPAMOYTOJbHUKH
(puc. 23):
Pi)=I%p X155 Yo Yauil
(=01 ..,n—1; k=0, 1, ..., m—1).

O6o3naunm uyepes #2;, U M; p COOTBETCTBEHHO, TOYHHIE HUKHIOKW
M BepxHiow rpaHumel ¢yukmmu f(x, y) B npamoyroapHuke (P, .), Tak
4yTO AJA  BCEX TOueK (X, y)

{z 3TOr0 MPAMOYTOJBHAKA
P my, <f(% Y)< My
duxcupys X B NMPOMEKYTKE
Sor [x» X;.1] mo npoussoay: x=£§,
3y ¥ WHTErpUPYs 0O ¥ OT y, 1O
4 2% Yrep OyzeM umets [n°182, 8°)
YRyt
ef ' m Ay, < S FEh ydy<
V] a Z; Zpar a 7k
£ <M Ay
L
Pyc. 93, rie Ay,== yp,1— Yz HHTErpan

no y CyLIeCcTBYeT, TaK KaK npel-

HOJIONEHO CYILECTBOBAHUE HH-
terpana (2) mo Bcemy mnpomexyrky [¢, d]. Cymmupys noaolnee He-
pabenctBa no k2 or 0 go m — 1, noayuum

d m-—1

2 my Ay, <1 ()= Sf(E., yNdy< Z M; i Ay

k=0 k=0

Ecam yMHOKHTB BCE YacTH STHX HEpaBeHCTB Ha Ax;==x; ,—X;
¥ npocymMmuposars mo sHauky i ot 0 mo n —1, To Hahaem

—1 —1 n—1 m—1

E Ax; E my Ay, << E TE)bx; << Eo Axik‘:"o M; Ay,

TlocpeanHe MBl IOJYUYMIH HHTETPAJbHYIO CyMMy Maa Oyuxiua [ (x).
Yro e KacaeTcs A0 KpalHUX u/JeHOB, TO OHM MpPEACTaBJfloT co0ow He
yro uHOe, Kak cymme § u S [lapGy aas asoHnoro unterpana (1).
IefictButenbHo, Tak Kak Ax; Ay, ecTs nmaomans P;, NPAMOYTOJbHHKA
(P; 1), -TO, Hanpumep, uMeeM

n—1 n—1m—1

E Ax; E m; g Ay = E E mlkAxAyk—EmlkP E=S
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Takum o0pa3oM, OKOHYATENbHO
n—1

s<< X 1) Ax; <<S.
i=0

Ecau Tenmeps Bce Ax; u Ay, OAHOBDEMEHHO YCTPEMUTb K HYJIO, TO,
BBHIY CYILECTBOBaHHMs ABOHHOrO uHrerpana (1), obe cymmm s u S Gyayr
CTPEMHTBCS K HEMYy, Kak K npeieny. B TakoM cayuae u

n—1

tim Y 1) Ax,-=SSf(x, »)dP,

i=0 P
T. €. JBOHHOM wuHTerpan (1) npeacrasaser cobot B TO we BpeMs A
uHTerpan or QyHkuuu I(x):

b b d

({re y)dP::SI(x)a’x:deSf(x, »)dy,

(P) a a c

4TO ¥ Tpe6OBa/NOCh A0KAa3aThb.

MeHss poa mMepeMEHHBIX X M Yy, Hapady ¢ (4) MOxHO IOKasaThb

u popmyny i b
{§ 760 map={ay (7o nax, (4"
(P) ¢ a

B NPEANOoJOKEeHUH, UTO npu y=const cymwecrsyer unrerpan
b
Sf (x, y)dx.
a

3AMEUYAHKRE. Ecau BmecTe ¢ ABOHHBIM uHTErpasoM (1) CcymecTsywr
06 a nmpoCcTHX HHTErpana:

d b
Sf(x, ¥)dy (x=const) u Sf(x, Vdx (y=-const),

TO UMEIOT MeCTO OAHOBpeMenHO 006e dopmyas, (4) u (4¥), orkyaa
b

{ax Sdf , y)dy= S dy Sbf (%, )dx. ®)

a

Ipumenenne topmyasr (4) wam (4 *) o6ycaoB/IEHO CYIIECTBOBaHKEM
IBOHHOrO uHTErpana u OZHoro u3 npoctwx. Ecam dynxuus f(x, y)
HenpepuBHa (cayya, KOTOPHHE OOWUYHO BCTPEYAETCH HA NPAKTHKE),
TO CYILEeCTBOBAHME BCEX YNOMSHYTHIX HMHTerpaaos obecneueno. B stom
cayuae moGoH H3  yNOMSHYTHX (OPMYJ MOXHO INOJb30BATHCA AJS
$GaKTHUYECKOro BHYHCAECHHUA [BOKHOrO uHTerpama, TaK Kak
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BHIYHC/EHHE TNPOCTHX WHTErpaJoB MpeiacTasiseT ropasio 0osee JerKyio
3ajayy.

Ilpu nokasateabcTBe dopmyasl (4) Bcero ecTecTBeHHee OwIO pas-
JOXHUTH MPAMOYTOJbHUK (P) MpAMBIMH, Napa/Je]bHBIMA OCSIM, Ha MpPAMO-
yroJbHble 3JeMEHTH ¢ Momaaamu Ax; Ay, Wenas B camoM cumBose
JBOHHOTO UHTErpana yKasaThb Ha [POMCXOXIAEHHE €ro OT Ae/eHHs
06/1aCTH HAa YaCTU OPAMBIMH, MapandelbHbBIMH OCAM, BMECTO

ggfuhwdp
kG
4acTto l'IHUIyT
gf(x, yydxdy [wm S‘ Sf(x, ydy de.
) P)
BOﬂblue TOr O, UuMesd B BHﬂy CcBeleHue ﬂBOﬂHOFO HHTErpasaa, pacnpocTpaHen-

EOTO Ha npaMoyroJehuk (P)=/[a, b; ¢, d], K NOBTOPHOMY, W CaMbiH
OBOHHON HMHTErpasn yacTo 00O03HAYalT CHMBOJIOM, CXOAHBIM C TOBTODHBIM:

b d d b
S Sf(x, Vdydx wan S Sf(x, ydxdy.

Ilpn >sTOoM o0603HauYeHWH APYr APYry COOTBETCTBYIOT <«BHEIUHWH HHTe-

rpai» u «BHewHuH AuddepeHmyuan», TaK YTO CTOHT JWIUL NOCTABUTH

CKOOKHM, 4YTOOH NOAYYHTb TOT HAM APYrofl M3 NOBTOPHEIX HHTErPasios:
b d d b

S {Sf(x,y)dy}dx B S {Sf(x, y)dx}dy.

a c ¢ a

i
dxd
Nevmern. 1) I= 'L"LT [powe npexcrasurb [ no dop-

O

1 1
I=\ dx —ydy

3
"0 atetm?

myne (4) B Bune
’

H60 cpa3y noayuyaem:
|
ydy __ vt 1
A V| 12’
¢ttty Ve

TaK 4uro
1

1
- ! 1 x4+ VEF _ 24+ VE
1—— —— —— — = —
(,S(wal Terike e vER, T v
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Ecau npu6ernyTh K HpyroMy NOBTODHOMY HHTErpaay, TO KBajJpaTypw OKa-
JKYTCA HECKONbKO Goiee CIOMHLIMH:

1 1
]=Sydys -d—xs’
© Y atetm?

x=1

-

dx - 1 x - 1
3 Y VIREL o 049 Yo

¢ a4+
1
"S ydy nY 2ty —1 _1 MUARIVAES)

T+ Vetr V2+y“+l V3+hvz—1"

Jlerko npeo6pa3oBaTb ITOT OTBET K MNPEXHEMY BHILY.
2) Hatith o6beM V Tena, orpaHHyeHHOro CHH3y MIOCKOCTbIO Xy, ¢ GOKOB —
nnockoctaM x =0, x=a, y=0, y=1>0, a cBepxy — 3NAHITHYECKHM Iapa-

x! yi
Gonounom z= % -+ %
[Ipexne Bcero mo dopmyae (2)
. xl y!
Ve S§ (54-2—4) dP.
[0, a; 0, b]

Camoe ue BwYHMCHAEHHE WHTErpana npoussefieM no dopmyne (4*):
b
at | ay* ab(a®  b*
v=\d dx—S(— )d =% —).
Sys +2q T 2q)Y=%\p Ty

344. llpusenense apolinoro y
MHTeIpaJa K MOBTOPHOMY B g

cayyae KpHBOJAHReiHOH o6na- y=Yiz)

ctd. Paccmorpum obaacrs (P),

OrDaHHYEHHYI0 CHH3y H CBEPXY

JByMS HENPEPHBHBIMH KPHBHIMH: V2

Y= (x):
y=Y) (e<x<b)

c g Aes)

a ¢ OOKOB — JIByMA OPAHHATaMH:
x=a u x=b (puc. 24). 7 z T
Toraa,  aHaJIOrM4YHO  Teopeme
o Puc. 24.
n° 343, uMeeT MeCTO c/eAyomLas

Teopema. Ecau 0dan gynryuu f(x, y), onpedeserrodi 8 oGaacmu
(P), cywmecmsyem 080iiHol unmezpan

{ Sf(x, y)ap

(P,
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u—npu  Ka}COOM NOCMOAHHOM 3Hawenun X u3 [a, b] — npocmoi

unmezpas
¥x)

19= "\ 7t nay.
Yo(x)

Mo Cyuwecmeyem marace Nno8mopHul UHmMe2pas

[ Yix)
S f(x, y)dy,

a Jo (%)

U 8HNOARAENMCA paseHcm8o

{76 nar= f dx y§x)f(x, ¥) dy. (6)
(P) a Jo (%)

IloKa3aTebCTBO CTPOMTCS HA CBEAEHMM 3TOrO0 CAyyas K PaccMOTpPEH-
nomy B n°343. Vimenno, sakmounm o6aacTe (P) B NPSMOYroJbHUK

R)=la b; ¢, d},
noaarag ¢=— min y,(x), d= max Y(x) (puc. 24), u onpeneanM
a=x=<Hh a=<x=<}H

B 9TOM NpPAMOYroJbHuke QyHkuuo f*(x, y) credywouum oOpasoM:

f(x, y), ecan Touka (x, y) npuHamiexur obaactu (P),

f*(x,y)={

0 B mpouux TOuKax NpsMoyrosbHuKa (R).

fMokaxeM, uto 3Ta (YHKUMA YIOBJETBOPAET  YCJOBHAM TEOPEMH
n° 343.

Ilpexpe Bcero, oHa uHTerpupyema B o6aactu (P), ubo 3nech OHa
COBNAJaeT C MHTErpUpyeMol mo ycaosuwo (yHxuuenr f(x, y); oueBnauo,
TIO3TOMY

§7+ e map={ {7 sapr.
(P) (P)

C apyro#t croponsl, f*(x, y)=0 bue (P) u, c/1e10BATE/ILHO, HHTE-
rpupyeMa U B ocTaapHo#t uactu (Q)=(R)— (P) npamoyroapHuka (R)¥),
TIpHUEM

§ {7 saa=o.

()]

*) 3nauenua ee Ha rpasulie 310 o6racTu poam He urpaot (cM. n° 341, 1°)
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Torpa, B cuay n°341, 2° o¢yskuua f* wunrerpupyeMa BO BCeM
npsMoyroJbHuke (R), u

S S f* (x, y)dR= S S f(x, y)dP. M
(R) (P)

Ilpu nocrosiiHoM sHaueHun X B [, b] cyulecTByeT unTerpan
d Yo(x) Y(x) d

Ve pay= ra+ | ro+ | re,

¢ c Yo(x) ()

n60 CyLleCTBYeT KaxAn#l M3 Tpex HMHTerpanoB crpara. JleHcTBurenbHo,

TaK Kak B TIpoMexyTKax [¢, y,(x) u (Y (x), d] usMeHeHus y QyHKuMs

f#(x, y)=0, 10 mepBHH u TpeTul uHTErpajm CyuUlecTBYwT, Oyayun

paBHH  Hymw. BTopo# e wuHTerpan CoBnajaeT € MHTErpajsoM oOT

dynkunn f(x, y):

Y(x) Y(x)
| rreoay={ 7 na,
Fo(¥) Jo(%)
nockoabky f*(x, y)=/f(x, y) ma y B [y4(x), Y (x)]. Oxonuareanto,
d Y(x)
V1 ay= | 7@ )ap. ®
¢ Yo (x)

B cuny ynomsHyTo# Teopembl, Ads GyHKuMM f* cyulecTByer u

TNOBTODHHI{I MHTErpan, KOTOpH# paseH ABofitHoMy [cM. n° 343, (4)]:
b d
S gf*(x, y)dR:deSf*(x, y)dy.

(R.) a ¢

Tpunumas xe Bo BHuManue (7) u (8), BuamM, uro sTa Gopmy”na
paBHocuabHa dopmyae (6).

Ecmu obnacth (P) mpeacTaBaseT co60H KPUBOAMHEHHYIO TDPANEHMIO
ADPYroro THMAa M OTPaHHYeHa KPUBBLIMU

x=x() x=X() (c<y=<d)

u NpaMeMH y—c;, y—d, T0 BMecTo (6) npuaem Kk Qopmyie
p Y Y y

\§7ee syap= dey Xg”’f(x, ) dx, (6*)
(P} ¢ x9(¥)

B [PEANOJONKEHHUN, UTO, HAPRLY C ABOHHBIM HMHTErpajioM, npu y=— const
CywWeCcTBYET NPOCTOH MHTErpan mo x.

3AMEuAHUME. Ecau kouryp ofmactu (P) nepecexaercss Juiib
B ABYX TOYKAaX Kak MapaaJeasMud OCH OD/JMHAT, TaK H MapalieisMd OCH
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acumucc (kak, HanpuMep, B cayuae, u3o6pa¥eHHOM Ha puc. 25), 10

NpH BHNOJHEHHW  YKA3aHHHIX YCJIOBUH TIPUMEHMMBl 00€ YNOMAHYTHE

” ¢dopmyan. K3 conocraBneHns ux

Jd TN0/y4aeTcs PaBEHCTBO

13 Yix)

de S f(x, y)dy=

a Yo (%)

\ d X

i

| ={ay | 7w »ax, @

| ¢ xo(9)

}>% KOTOpOE nNpEeNCTaBAseT W  CaMo-
Puc. 25. CTOATENbHBI!  uHTepec. 10 —

anazor ¢opmyas (5) n° 343.

Ecas oyukuna f{x, y) B obnactv (P) HENpephIBHA, TO HMHTEFPAHL,
mBoHHOH U TpocTo#f, cyulecTByoT, U dopmyay (6) uwan (6*), cmorps no
TRy 06aacTu (P), MOXHO HCTOJIb30BaTh A4 BB UMCJAEHHUA ABOHHOrO
HHTErpaJa.

B cayuae Gosee caoxHOrO KoHTypa ofaacte (P) 06GbIMHO pasaa-
raeTcs Ha KOHEYHOE 4YHUCJAO uacTeft paccMOTpeHHOro tuma. Hanpumep,
durypa (P) Ha puc. 26 pacce-
KaeTcs NpaMOI0 X ==& Ha TpH g
Takue uactu: (Py), (Py) n (P3).
Toraa u uckomui uuTerpas, B ®)
cuny n°341, 2° npeacrasasercs
CYMMOR WHTErpaJios, pacnpocTpa- »)
HEHHBIX B OTAENLHOCTH HA 5TH
YacTH; KaXABH W3 HUX BHUHC-
JETC, KaK YKasaHo. ?)

B obwem cayuae Takxe, no-
CKOMILKY MBI CBEAH JeNo K Teo-
peme n°343, B ocHoBe ymosa- U
KMOUeHUR  JeXuT  pasbueHue Puc. 6.
paccmarpuBaeMol  (urypsl Ha
NpSAMOYroJibHble 3JeMeHTH. B ¢Bsisu ¢ sTuM m szpech aia 0603HayeHua
ABOHHOrO HHTErpaja MOJb3YIOTCA YacTO CHMBOJIOM

S Sf(x, y)dx dy;
(P}
npoussefienHe dx dy HaNOMMHAET O TNOWLAAM SJEMEHTAPHOTO JIPAMO-
YrONbHYKA.
Camo coGoit foHaTHH ¥ 0603HAYEHHS
b Y(x) d X(y)
fdydx wm S §

a yolx) ¢ X

b~
H

fdxdy.
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flpumePH. 1) Buyycaure nsoftHO® uHTerpan

1=5Sysvﬁt:?da
(P)
rie (P) ects Xpyr pamuyca R C LeHTPOM B Hayaze KoopiuHar (puc. 27).
Pemenue Konryp ob6aactu (P) umeer ypasHenue x®4-y?— R? oTkyla
y=2V RF = x% Ouesunno, y==-—- V' R* — x% ecTb ypaBHeHHe BepxHelt mony-

OKpy®HOCTH, a y = — } R® — x® siBAAETCA YpaB-
HEeHHeM HHXHel noayoxkpyxHocTu. TakuM obpa-
30M, IIPH NOCTOSIHHOM X M3 NpoMexyTKa [— R, R]

nepeMerHas y uaMeHserca ot — VY R — x* Jio
4+ ¥V RE—x7. o popmye (B) — C YUETOM Y € T~
HOCTH N0 y NORMHTErpaabHOH §YHKUMH —
R +VRE—x2
1= S dx S YVR—xdy=
—-R  _YRi—x3

R V R: —x2
=2 S VR —xFdx § 2 dy.
—R

Buiyncasem BHyTpeHHHﬂ HHTErpam
VRE—x2 3
¥ dy=-g (R — 597,
0
3ateM — CHOBA C YUETOM YeTHOCTH —-
R R
1 =% SR(R"-—x”)” dx=% § (R’-—x’)’dx:%R’.

CoBepuIeHHO aHAMOTHYHO NPOBORHTCA W BHyHcAeHwe 1o dopmyne (6%).
2) BuyucauTh MHTETPAA

1=SS V4x* =3 dx dy,

pacnpocTpaHeHHHH Ha TPEyroabHHK, KOTOpuR ofpasoBaH spambiMp y =0,
x=1, y=ux

Pemenue Ilo dopmyre (6)
1 X
1=§ dx S ViaxT—y dy;
0

BHYTPEHHHt HHTErpan paseH

X =X

y —
I . 3
S Vixt—y* dy=% Vaxr—y 242 arcsm%v| . =(%+—:—) X2,
0 s=
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H OKOHYaTCIABHO

=5 (3.

MoxHo 6b110 651 BECTH BLIYHCHeHHA ¥ no dopmyne (6%), Ho B 3ToM cayvae
Mhl HaTOJNKHYNMChb 6n Ha 6oadee TpPyINHbe KBaapatyphw. [loxo6Hoe
06CTOATENLCTBO BCErAa CleAYeT YYHUTHIBATh NPH BbiGope NMYTH [InA BBIYHCACHHUA
3) Boluncautb MHTErpan

= § S xP7yi~t dx dy,
x=0, y=0
x4 y=l
B NpeNNONOXeHuH, uTo p=1, g=1%).
Mmeem mno dopmyne (5)
1 1 —x

1
1= S xP~tdx S yit dy=% S P71 (1—x)7dx =—;—B(p, g+1.
o
S XPWy1 dx dy =
Yy

OxoHYaTenbHO:

T(p)T(q)
Tp+qg+ 1)

0 0
x=0,y=0

*+y=1

Jra dopmyna npuHagaexuT JHpHxie.

4) lIpn p << 1 (umu g << 1) nmoauuTerpanbHaa QyHkuua obpamaerca B 6ecKo-
HmeyHocTb mpn x=0 u O<<y=<l (uam, coorTBeTcTBeHHo, npu y=0 ¥
0 << x << 1). O6biyHoe onpeneeHUe MHTErpana 3hecb Yyxe HEeNPUMEHHMO: HHTe-
rpan OKa3biBAeTCA «HECOOCTBEHHBIM® H TpeGyeT aMa CBOero onpeledeHHsa [ O-
NONHUTENAbLHOLO NPEeNeNbHOrO Nepexona Mb noacHUM 9TO HMEHHO
Ha paccMOTPeHHOM NpHMepe, B TNpelnonoxenud, yto 0<<p<<l m O<g<< L.
BosbMeM cHayana uHTerpan (s > 0):

1
S S xP 1y dx dy =

xX==¢

x+y

e 1—x
xPtdx S yildy=

® oy |

v

A,

1

1—s 1—-e

=%[ S XP (1 — x)qdx— 9 S xp“dx].
€ 8

Ecan yctpemuts Tenepb & K O (CXuMaa Ty NOMOCKY, 33UTPHXOBAHHYIO Ha
puc. 28, ¢ MOMOLBLIO KOTOPOH Mbl H30AMPOBAaTH «OCOOLIE» JIHMHHHM, TO B Tpe-

nene MOAYYHUM TO¥Ke —1—B(p, g-+1). Dror mnpenes M eCTb HCKOMbIHF Heco6-

CTBEHHbI WHTErpal.

3amMeuadue W B o6uem cayyae, Koria TNOAMHTerpanbHaa (yHKUHA
ofpawaercss B 6ECKOHEYHOCTb B OTAEAbHHX («<OCO6bIX») TOYKAX MIW BIOJb He-
KOTOPbLX («0COOBIX») AMHKHA, HX BbIAEAAIOT C NOMOIULIO T€X HIN HHbIX OKpecT-

*) DTo orpaHuyeHHe Mbl YCTaHABAHBAEM 3JeCb JHMb JJA TOro, 4YTOGH
n36ernyTh o6palleHus NOAMHTErpanbHOH (YHKUMM B OECKOHEYHOCTH, HHXKE
B 4), oHo 6yner ocnabueHo.
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noctefl, BHYNUCAAOT MHTErpan no 06nacTH, BHe 3TUX OKPeCTHOCTeH, a 3areM
MEPEXORAT K NpPeReny, CHHMas YNOMAHYTble OKPECTHOCTH B TOYKH MIH B JIHHHM.
Ecav KoH e uHH # Npenen 0kasblBaeTCA CYLIECTBYIOIMM, TO OH ¥ RaeT 3Haue-
HHE HeCOGCTBEHHOrO MHTErpasa.

Tono6uniM xe 06pa3oM CTPOMTCA H TMOHATHE <He- g
COGCTBEHHOr0» MHTErpana, PacHpOCTPAHEHHOIO Ha Gec-
KOHeYHylo o06JacTh: CHayama pacCMaIpuBacICs co6- D)
CTBCHHbIH MHTerpan no orpaHHYeHHOH obnactd, a
3aTeM 3Ta 061aCTb pacilypAeTca, OXBaTHBaA MNOCTe-
IIeHHO BCe TOYKH HEOrPAaHHUCHHOM O0O6NacTH; C 3THM
H CBA3HIBAETCA JIONONHHTENbHLIN NpefienbHbI#l Mepexon. €

B cayyae nonommTeAbHON MOJAMHTErPanbHOM q)ﬁyx-u(-

LUKXH BHIGOP CHHMAIOLUIMICA OKPECTHOCTE# «OCOOHX» T

TOUEK WM JMHHA HMIM pacuIMpAIEHCA OrpaHuyeHHOH 2 /2

obnactu 6e3pasnuyeH. 0 [y 1z
345. MexaHHYeCKHEe NpPHUNOXKEeHHA. Bce reomer-

pHUECKME M MeXaHHYecKHe BeAHUYHHE, CBA3AHHbIE Puc. 28,

C MAOCKHMM HeNpephiBHLIM pacrnpefieleHHeM Macc

Bl0Ab Hekotopo# d¢urypn (P) u npeacraBiasamomde ajAlUTHBHBE
GyHKUHM 06nacCTH, B NPHKLUHNE BLIPANKAOTCA NBOAHLIMH HHTErpanaMu,
PacnpocTpaHeHHbBIMU Ha 3Ty QHrypy.

3necb Mbl HMceM B BHAY 1aTh KpaTKHe YKa3aHUA OTHOCHTEAbHO TOrO, Kak
06biyHO moayualT GopMyan nmopo6Horo Tuna. Ilopamok uue#t 3sgech TOT e,
YTO W NPH NPHMCHEHHH NMPOCTOro OMpejicleHHOro WHTerpana [n° 204}

Bhigensa snementapHywo uacth (dP) ¢urypw (P), nenalor ympowamwuec
BBIKNAIKK NpeLnoNoxeHre, HAMPHMEpP, UTO Macca BCero 9JeMEeHTa COCpeloTOoYeHa
B OfIHOY TOYKE WJIM UTO NJOTHOCTb pacnpeliefieHNA MacC B Mpeleax 9JeMeEHIa
1I0CTOAHHA, KOTOPOE N03BOAAET NaTh HAA 3JeMeHTa dQ HCKOMOH BenMyuHbl Q
npHGIKKeHHOE BbipaxeHHe BHIA

dQ =gq (M) dP,

BepHOe N0 GeckoHewHo Manoft nopsanka, Beicmwero ueMm dP. Torma TouHoOe
3HayeHMe ( Bupasutca GopmynoH

o={{omner

(P}

OG6ocHOBaTb 3TO MOXHO, HanpuMmep, Tak [cp. n° 204). Cymmupys npubau-
WEeHHBle BBIPAMEHHA LA 9JeMeHTOB d(Q), MOXHO MOJYYHTh NPHOIHEKEHHOE We
3HayeHWe BeNHYHHH () B BHNE HHTEIDanbHOH CyMMbl, a Nepexola K Npereny —
TOYHOe 3Hayeuue (Q yxe B BuAe npejena CyMMbl, T. €. HHTerpana.

TTycrb Maccw HempepbiBHbIM 06pa3oM pacnpefenensl no oéaactu (P), npuuem
(noBepxHocTHas) nAOTHOCTL B Touke M (x, y) nycrts 6yner

p(M)y=rp(x, y).
Jlerko coo6pasuTh, UTO 3 M1eMEHT MacCh TOrga 6ymer
dm=ypdP,

TaK YTO BCA MaCCa BbIPA3UTCA MHTErpajioM

m=\\ papP. (10)
1)
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Hanee, sneMeHTapHB € CTAaTUYECKHE MOMEHTH M MOMEHTH HHEPUHH OTHOCH-
TeNbHO OCEeA KoopawHaT 6yayT
dKy=ydm=yp dP, de=.x dm=xpdP,
diy=y*dm=y% dP, dl,=x*dm=x% dP.
Or1clofa AJA CaMHX MOMEHTOB Cpa3y HoaAyuaem:

KX=SS)’PH'P: Ky:\‘SXPdP,

(P) (P

lx=5Sy2de, ly=SSx’pa'P.
(P) (P)

Teneps 06biuHBIM 06pa3oM TNONYYAIOTCA KOOPAMHATEL LEHTPa TAXECTH

durypsi:
SF)S xp dP S‘ yp dP

_( _.
b=, 1= (12)

11

B cnyvae onHopoar o# duryps, p=const, 3T GopMyJn ynpoluawICa:

P ’ P °

B 07leabHBIX DNPOCTHIX CAyyasX yOaeTca ¢ TNOMOWbIO JNBOAHHX HHTErpanos
ncyepnare NofoGHbIE e BONPOCH MO OTHOIIEHHIO K T e JaM, HanpuMep K uu-
AHHIPRYECKUM Gpycam.

ITyctb nman TtakoH O6pyc, orpaHMyeHHbt noBepxHOCTbIO z=2z2 (X, y), ee
npoekunelt (P) Ha MAOCKOCTL Xy W TIPOEKTHDYIOIMM UMAHHIPOM, oOpasyloue
KOTOpOro mapannensHel ocH z. Ecam, panpumep, TpeGyerca onpeneauTb cTaTHye-
CKuH MOMEHT Ky ONHOPONHOr 0 Gpyca (And NPOCTOTH NPENUOOKHM 06EEM-
HY10 NIOTHOCTb PaBHOU eQWHHLC), TO Mbl TpeJcTaBasaeM ceGe 3TOT Opyc COCTOS-
ILMM H3 PSAA SAEMEHTAPHBIX CTONGHKOB ¢ OCHOBaHHeM dP u BHcorolt z. Cratmue-
CKHH MOMEHT CTONGHKA OTHOCHTENbHO INOCKOCTH Xy paBeH ero Macce MM -—
YTO B JAaHHOM Clyyae TO e — 00beMy 2z dP, yMHOXEeHHOMY Ha PacCTOAHHE €ro
HEeHTpa TANECTH OT 3TOH NMIOCKOCTH, T. €. Ha 5 % Wrak, snemeHTapHB# CTaTHuE-
CKHMHf MOMEHT eCTb

dey =l— 22 dP,

2
OTKYIa, CYMMNpYS [0 BCCM CTOnGHKaM, nonyuaem
1
ny=§ SS 22 dP. (14)
(P)

ABanorHYHo MOryT GbIThb YCTaHOBJAEHH H QOPMYIHI

K= “Syz dP, K,,= SS xz dP. (14a)

v

(P) P)
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O1crona nerko noayywTb BbpaxeHHA &nA Koopaunat §, 1, { LeHTpa Taxe-

cTH Gpyca
S S xzdP
14

E=1—(-l’—;£-=—(m— HT I

ToyHo 1ak e BLiBOMATCA M (OPMYJn ONAR MOMeHTOB HHepunu Gpyca /,
OTHOCHTEIbHO OCH 2 M [y, [, — OTHOCHTCABHO TIOCKOCTER KOOPAMHAT Y2, ZX:

I,= s(‘ﬁs (£ +y)zdP, .= S§ yizdP, Iy, = S;P$ x*zdP, (15)

npuyem sco, yto l,=/,, 4-1,,.

Ecnu 6u npocTpaHCTBeHHam NJOTHOCTb p paclpeleNeHHs MacC 3asucena
0T 2z, NBOMHOTrO MHTerpana ywe G6hi0
6n HELOCTaTOYMHO H NpPHWAOCh 6u 06pa-
THTbCA K TPOHHOMY HHTErpaay [cMm.
n° 379].

Mpumer . 1) Hatiru uentp rawe-
CTH YaCTH OJNHOPOJHOrO SMMUNCOMNA

x2 3 Z’
StEta<l

comepxamefica B NEPBOM  OKTaHTe
(puc. 29).

Pew e Hue O6xacts (P)orpanuycua
KOODAHHAaTHHMH OCAMH M Jyrodt saamnca

y= % Vo= Puc. 29.

(0 << x < @); ypaBHeHHEe MOBEPXHOCTH 3MAMNCOMAA B ABHOM BHUE Oyler

- *° ]
z=CV l—a-—s-—';—s.

o ¢opmyae (14)

l 2 2
Key=yt | ax (1=5 %) o=
0 0
bet ¢ 3
P) n
=35 S (a® — x?) dx=ﬁabc’.
0

Ananoruuno

L3 2

T
Ky; = 16 abe, K= 6 abc.

B 1o me BpeMa o6bem
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TaK yTo
3 3 3
E—-ga, n——s—b, C—FC'
2) HaHTi MOMEHTBI MHEDUHH OIlHOPOIlHOI‘O 3NARNCONAA
m+ +,<l

OTHOCHTEIbHO KOOPAHHATHBIX TUIOCKOCTEH.
PEUIEH M E MOXHO OrPaHMYNTLCA OJHMM OKTaHWTOM 3aanncouna (puc. 29)
C TeM, YTOGH pe3yabTaT yMHO¥HUTb Ha 8. B Takom cayyae o6aactbio (P) 6ymer
KBAAPaHT 9namnca
2
Xy
Z st
Umeem

b —_—
]
le=8§S ygzsz-%g s‘vz dy S V-aﬁ(l—'z%)—xng=
P b 0

2
= 2=ac §y” (1 —Jb’—gj dy=% nab’e.

AHanoruyho
4 3
1y, =15 3be, I = E nabc®.

§ 3. ®OPMYJIA TPHHA

346. Beison dropmyant I'puna. B HacTosLIEM HOMEDE Mbl YCTAHOBUM BaX-
Hyio (GopMyJy, CB#3bIBAIOULYI0 JBOMHOH W KDHUBOJHHEHHBIR UHTErpansl.
Paccmorpum  obaacte (D) — «Kpupoaunelnyio  Tpanenuio» (puc. 30),
OrpaHHYeHHylo Koutypom (L),

4 g=Yz) COCTOSIIIUM M3 KPHBBIX
s 7 (PQ): y =3 ()
n (a<<x<b)
SR): y=Y(»)
P! U AByx otpeskor PS u QR,
} J=thx i napamIebHbIX OCH .
i | [Ipennonomum, 4To B 061a-
7 2 37—z cra (D) sanana dyHknus P(x, y),
Puc. 30 HENpepHBHAA BMECTE CO CBOEH
HC. .

NPON3BOJHOA W
Buluncaum Tenepn» ABOHHOR UMHTErpan

opP
[t2)]
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no dopuyne (6) n°344; Mo nmomyunm

B b Yix)
y oy
D) [ Yo (%)

BryTpeHHn#t uiTerpajs 34ecb JErKO BBIYUCASETCH € HOMOUIBI0 TIEPBO-
obpasHod dynkuuu P(x, y), UMEHHO:
¥(x) op yv=Y()
o Y=Px ) =P(x, Y(%)—P(x, yo(x))
Yo (%) Y =230 (x)
Takum oGpasom,

V| aray= pr(x, Y (%)) dx — SbP(x, Yo () dx;
)} a @

KaXABH U3 3TUX [AByX MHTErpaioB MOXeT ObTb 3aMeHeH Teneps
KpHBOJuHeHAHB M uHTerpaioM. B camom Jene, Bcnomunas Qop-
myay (7) n°331, suasm, uTo

b
SP(x, Y (%) dx = S P(x, y)dx,
& (SR)

b
{ Pes yoepar= { Pex pax
¢ )

(PQ
Orcoxa
S ‘(’)—fdxdy= g P(x, y)dx~§ P(x, y)dx—=
D) (SR) (PQ)
= S P, yyde+- \ P, y)dx.
(SR) (QP)

Menas BBECTH B PACCMOTpeHMe MHIErpal 1No BCeMY KOHTypy (L)
obnacty (D), npubaBuM K TpPaBOH uacTH NOJYYEHHOTO PABEHCTBA ElIE
MHTEr panbl

§meuxajpmwm
(PS) (RQ)

OYEBHIHO, paBHele Hymo, ub0 orpeskn (PS) n (RQ) neprneHmuKyaspuu
kK ocn x [cm. n°331]. Mu monyunm

S g—fdxdyz Y de+§ Pdx-L-
D) (SR)

Pdx - § Pdx,
(bs) QP

(RQ)

TTpaBas 4acTb STOr0 PaBEHCTBA NPEACTABASET COOOH MHTEr pas, B3ATHIN
N0 BCEMY B3aMKHYTOMY KOHTYpYy (L), orpasuuusawowmemy obaacts (D),
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HO B OTPpHUATEAbHOM HampasJeHAH. B COOTBeTCTBAH ¢ Coruiamre-
HUeM, YCTaHOBJEHHWM HaMH HacyeT ©GO3HaueHHs KPHBOJMHEHHBIX HHTE-
rpaioe 10 SaMKHYTOMYy KOHTypy [n®332], MW MO¥XeM OKOHYaTeAbHO
nepenucars NOJy4YeHHyIo (GOPMYIy Tak:

gsgu@z—éPmyﬂx M

(D

XoTs ¢opMyaa 3Ta BhiBElEHa B NMPEANONOKEHNH NPaBOH ODHEHTALMH
ocelt, HO, Kak Jerko yOeauTbCs, OHa COxpaHdeTcd G6e3 v3MeHeHus
N NpH JEBOH OpHEHTAUMH (JHUIL TOJOXHTEABHOE HanpasieHue o6xoja
KOHTYpa CTaHET HHBIM).

Mubi npeanonaraan Ao c¢ux mnop, uro ¢urypa (D) npencrasaser
co0off «KpHBOJMHEHHYIO Tpaneuuo» THNA, H30GpaxeHHoro Ha puc. 30,
B cnpaBeAauBOCTb GopMyan (1) AOKazaHa TOABKO I TakKMX o6aactef.
Ha nene xe oHa cnpaseannBa ¥ Aaf o6aacTed, OrpaHUYEHHHX KOHTY-
pamMu OoJiee CJOKHOTO BUAA, KOTOPHE MOTYT Jame COCTOSTh M3 He-
CKOJbKHX OTAEAbHBHIX KPHBHIX. JlOCTaTOYHO NpPEANOJOXKHTb, UYTO (hu-
rypy (D) npaMBIMH, nNapaJVelbHBIMH OCH Y, MOXHO pPAa3aOkKATb Ha
KONEYHOEe UUCAO YNOMAHYTHX <«KPUBOJHHEHHBIX Tpanenu#ts (cm., Ha-
npumep, puc. 26). Hanucap Aas kaxHo# M3 HAX B OTJAEABHOCTH ¢Op-
Myay buia (1), croxnuM nousieHHO Bce Takue paseHctBa. Caesa moay-
yMTCA JBOHHOH WHTerpas, pacrmpocTpaHeHHnit Ha Bcio oOaacts (D),

a cnpaBa — CyMMa HHTerpa’ios, B3sd-
¥ THIX O BCEM YaCTHYHHIM KOHTypaM.
4 b V4 JTA  nociAeAHUHe, OJHaKO, TNpPUBO-

H4TCS K OHHOMY MHTerpaiy no oG-
3 mieMy KOHTYpy (L), H6o vHTerpasnt
S‘ 11/ \"‘\:,; o KaxJIO0My H3 BCNOMOFaTEJbHBIX
& & OTPE3KOB DaBHW Hym0. Takum 06-
pasom, U B 3TOM Ciyuae ¢opMyaa
c — 7 (1) umeer mecro.
AnaJsoruyHo ycraHaB/aMBaeTcs H

(opmyaa
g ‘ 9Q
Pac. 31. 5 S Laxdy= 5 Qx, »)dy (2
D) (£)

B TNIPEANOJOMeHuy, 4To ¢yskuus Q HenpepwsHa B ofaactu (D) BmecTe

€O CBOeH vacCTHOH npouanonnon%%. Ipu stom cHauana 3a obaacts (D)
NpPUHUMaeTCsd KPHBOJMMHeHHad Tpanmenus BuAa, U30OpaxeHHOro Ha puc, 31,
Ona orpannyeHa KpHBHIMH

(PS):x=xy ()
u (c<y=<ad

(QR):x=X(y)
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n nasyms orpeskama (PQ) u (SR), napannenpummu ocu x. 3areMm dop-
myna 0o6o0uiaeTcs, Kak ¥ BHINE, Ha cJayyah obJjacrtv, Koropas pasJa-
raeTca NPAMBIMH, MAPaJJeJbHBHIME OCH X, Ha KOHEYHOE UUCIO KDUBOJU-
HENHBIX Tpameuui 3Toro BMia.

Haxonen, ecmu oGaacth (D) oNHOBPEMEHHO YIOBJETBODSET YCAO-
BUAM OOOMX CJy4aeB, T. €. pa3NaraeTcs Kak Ha KOHEYHOE YHCJAO Tpa-
neuu mnepsoro THN3, TaK X (HE3aBHCHMO OT 3TOr0) Ha KOHEYHOE
YHCJIO TPaneuuit BTOPOro Tuma, TO JJA Hee ChpaBefAauBH 00e opMYyJIbl
(1) u (2), KOHEYHO, B TNPENNOJOXKEHHH HEempephHBHOCTH QyHxkund P, Q

U MX TIPOM3BOAHHX %3, g—g Buuntan dopmyay (1) us (2), noayuaem
0 opP
SPM+Q@=S“£—@Vmw ®)
(L) (D)

910 u ecTb hopuyra Ipuna*).

3AMEYAHHE MOXHO npuaarb ycJaoBHAM, NPA KOTOPHX ChpaBel-
nusa  Qopmyaa (3), Goaee o6ospumyro ¢opmy. WmenHo, ¢hopauyara
Tpuna umeem mecmo 0as awboli obaacmu (D), ozpanuuennold odnum
UAL HECKOABKUMU KYCOYHO-2A20KUMU KoHmypaxmu. JloKa3nBaTh 3TO
MBl HE CTaHeMm.

347. Buipaxenue nJoman¥ ¢ NOMOIBbIO KPHBOJMHEHHBIX HHTerpa-
7108, Huxke Ham He pa3 GymyT BCTpevaTbcsl npHMeHeHus QopMmyas I'puua;
celyac MH mpuBeAeM mpocTelilee M3 HHX — BHYHC/IEHHE TUIOLLAAH.

Ecan ¢dyskuun P u Q B dopmyne (3) momoOparh Tax, YTOOH BHI-

paxenue g—g—gg 0Ka3aJ0Chb DaBHbIM eIMHHLE, TO ABOHHOR MHTErpan

npusederca k momwaad D ¢urypu (D), u MB M0Jy4MM BHDaXKEHHE
5TON IJIOLAJH C NOMOLUBIO TOrO WJIH MHOTO KDHBOJMHEAHOrO WHTErpaja,
B3sTOro mo KoHtypy (L) ¢uryps. Tak, nosaras Q=ux, P=0, Hna#nem

D= 5 xdy. 4
(L)
IIpn Q=0, P=— y noayuum
D=—=— y dx. (5)
(L
Haubonee ynorpeGuresbHoH, onHako, Oyaer ¢opMyJaa, OTBeyalollas
1 1
Q= 5 % P=— 5V

1
nggx@—yu. (6)
L)

*) Ouopmx ' pu u (1793—1841) — anranitcknit marematnk. Ha nene, oanako,
y T'puna ner dopmyirn (3), m ¢ vmeneM [puHa ee CBASHBAIOT JMIUbL BBUIY
aHamorHd ¢ [APYrHMW (opMyaamH, BHBeleHHHMH [pHHOM 1na TpexmepHOro
cayyan. PopMmyna (3) mcnoaszosanace I'ayccoM M PumanoM, HO B uyacTHOM
Bujle BCTpeyanacs B paGorax no ananusy eme B XVII seke.
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NMewuwmeew, 1) Hafitn naowans anannca ¢ nonyocsMy a u b.
Bocnonb3yemcs  MapaMeTPHYECKMMH  YpaBHEHMAMH SANTHNCA: X = @CO8 ¢,
y=~>bsin t (0= t=<2x). ITo popmyne (6)
2n 2n
D=-,L— S acost-bcost dt— bsin t (— asin t)dt=% S dt = rnab.
0 0

Jinn shiuMCheHUs KPUBONMHEHHOro WHTerpana Mbl npuMeHuau dopmyay (6)
n° 331; npyu paccTarOBKE TpeAeNoB MHTErPUPOBaHUA GBIIO NPUHATO BO BHAMa-
RUe, YTO MONUXHUTENbHBIH OGXOJ KORTYpa OTBeyaeT BO3PAaCTaHMi0 MmapaMmeTpa.

2) Halitm naowmagh metay fexkapToBa NHCTa (puc. 32)

x84 y8 =3axy.
Hns nonyueuns napamerpﬂqecm{_x ypaBHEHHH KOHTYpa NONONKUM y=="{x ¥)
orna
y e 3at __ 3ar®
_"l_l_ta’ y_————l+t“'
W3 reoMetprueckux coo6paskenuft scHO,
i YTO NeTis ONMUCHIBAETCA NP H3MEHEHHH mapa-
g Ey MeTpa ¢ ot 0 nooo(ndo t=2 = tg 6, rame
F7 z z x
0 n3menserca or 0 1o %) Hmeem
1 —2¢2 2t — 1t
H
9a? ¢ t2dt 3
a
D=% \ —5=+ 4%
Puc. 32, 2 p (I8P 2

OTMeTHM, YTO 3JeChb MBI HCNOJB30BAA¥ HeCOGCTBEHHWH HHTerpan ¢ 6ecko-
HEYHLIM MNIPEleaoM, B TO BPEMA KaK NpH BHBOIe tpo(gmynu (6) n° 331 Mt cunTany,
TO MPOMENKYTOK HU3MEREHHA mapamerpa KoHeueH. Onpasjarb CHeNaRHOE J€rko,
€cny npejBapHTenbHO BBECTH ADYroft napaMeTp € KOHEYHHIM NPOMEXYTKOM

u3MeHenua (Hanpumep, yrox 8), a 3aTeM yxe nepeATH K mapaMeTpy =2,

X

§ 4. YCJIOBHSI HE3ABUCHMOCTH KPUBOJAHHEARHOTO UHTETPAIJIA
OT NYTH UHTEFPHPOBAHHA

348. Harterpan mo npocToMy B3aMKHAYTOMY KoHTypy. Popmyaa
I'puHa MO3BOJUT HaM JIEFKO UCYEPNaTh TOT BOHNPOC O KPHBOJMHEHHBIX
MHTErpanax BTOPOr0 THIMA, KOTODPHIA MBl JHIIB BCKOJAB3b SAaTPOHYJIH
B § 2 raasn XX [cm, HanpuMep, 3amevanue B n° 333].

Mycts B HexoTOopo#i cBasHO# o6mactu (£) sallain HenpephBHEHE
dynkunn P(x, y) v Q(x, y). PaccmoTpuM chavaaa sonpoc o0 obpause-

*) Taxas noACTaHOBKA OKa3blBaeTcs YNOGHOM, Kak MPaBuio, B TeX CHyuasx,
KOrAa B ypaBReHHW anre6pauuecKodl KpUBOH MMeloTcs IBE ORHOPOAHHE TPYMNH
YJCHOB, NPHYEM CTENEHM STHX rPYNN PA3NUYAOTCA HA ERMHMUY.
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RUL 8 HyAb uKmezpasa

S Pdx 4 Qdy
(L)

no awGomy, sexcauemy 8 (E), npocmomy SamrHymomy KOKmMY-
py (1))
Wmes B Buay wncnoap3oBanue Qopmyasl [puHa, MW HymaaeMmcs

B JONOJHHTEJbHOM IPEINOJNOKEHHA O CyLleCTBOBaHMM B (E) Henpephs-
P dQ

HBIX NPOMSBOJHHIX ay "ox Ho storo mMano: HyxHo eue, 4YTOOH
ssecme ¢ xoumyposr (L) obaacmu (E) npunadsescanra scaxuil pa3
v obaacms (D), oepanuyennan u3gne smum Kowmypos. YIHeIMH CIOBAMA,
o6aacts (E) He [OMKHA HMETb «IHDPOK», Aaxe ToueunnX. CaasHywo
061acTs, 06JafaoULYI0 3TAM CBOHCTBOM, Ha3bIBAIOT OGHOCBA3HOIL.

Ecan peur uger O KOHeuHOH oOsacTh, T. €. lie mHpocThpaiowiedcs
B GECKOHEUHOCTb, TO MOHATHE OJHOCBA3HOCTH MOXHO CGOPMYJINPOBATH
elle npoiue: ofaacme JdoaxncHa Obims o2paHuieHa € OUHCM BEHH UM
samnymem Koumyposm. Ha puc. 33 npencTaBaeHsl NPHUMEPH  OIHO-
CBA3HHIX M HEOMHOCBA3HWIX O06JacTed, M3 HUX a), T), A) KOHeuHs, a 0),
B), €) NpOCTUPAIOTCE B GECKOHEUHOCT.

Odnociansie olpaca Heodwochassee obracmu

a;@ 2)
b
€

-‘ ) i)

v

“ L\ N ]
e\
~

Puc. 33.

Teneps copMyanpyem QyHAaMEHTAIBHOE YTBEDXAEHUE:
Teopema 1. I[Tycmes 8 0dnoceasnoi o6racmu (E) gynxyuu P(x, y) u
Q(x, y) onpedesenss 1t HenpepsioHsL B.Mecme €O CEOUMU NPOU3BOOHH MU

a u ax Jan mozo 4molb. UMEAO MeCHO paseHcmeo

§PM+Q@=Q 0
(L)

%) Bce xpmBrle, O KOTOpHX MAeT peub B HacCToswen naparpade, npeanona-
raiorcs KyCOUHO-TNaAKHMH.
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Kawos Ou Hu Gsia npocmoi 3amxnymuili kowmyp (L) 8 obracmu (E),
HeoOxodumo 1 docmamouro, 4mobs. moscdecnsenno 8 (E) 6uao

0P __0Q
dy ox* (4)
LefictBuTeNbHO, 10 Q)opmyne I‘pHHa paseHcTBO (1) pPaBHOCHJIBHO
PaBeHCTBY
SS Dz dxd_y_O ©)

,H,OCTa'rquocrb ycaosus (A) AnS €ro BHIMOJNHEHHS OueBAAHA.
Uto6r 0Ka3aTh ¥ HEOOXOAMMOCTb, TPEANOJIONHM, YTO paBeHCTBO (2)
Bceraa cnpasednuBo. Ilytem anddepernupoBanus uHTerpasa no o6sacTu
[n°842], BEBMAY HENpPEPHIBHOCTH MOAMHTErPaJbHOH (YHKUMHM, NPUXOILUM
K 3ax/mouenuto, 4To B (£) TOXAECTBEHHO

0Q oP __ oP _ dQ
d—x-—-—ay—o, T. €. 5)7—'07‘.
349. Unrerpan mo xpuBolt, coenuHsiomeli ABe NPOH3BOJbHbLIE
ToukH. OOpaTumcs, HaKOHEN, K B0NMPOCY 06 YcA08UAX, 00ECNEHUBAIOUUX

HE3Q8UCUMOCING UHINE2PANG

S Pdx+ Qdy, ®)
(AB)

83amoz20 no xpugoi (AB), coedunsiomeil 0s8e mouxku A u B obaacmu
(E), om cpopme smoli xpusod. VI agech pewaomyo poJab 6ymeT urpaTbh
ycaosue (A).

Teopema 2. [Npu npescrux npednosoxcenusx, 0Ag moz2o 4moObl
unmezpaa (3) He 3asuces om nymu UKIMEZPUPOBAHLS, HEOOXOOUMO U 00-
cmamonro gsnosnentie ycaosus (A)¥).

Heosxomumocts. [Hdonycrum,
41O MHTErpan (3) He 3aBUCHT OT NyTH,
n Bo3bMeM B (£) Npom3BOJbHLIt Mpo-
cTo#t 3aMknyTH# kOHTYD (L) (puc. 34).
Eciu A m B — 1Be ero TOuKH, TO, 1O
JlONyLIEHHIO,

{= 5 , Q)
@&1my  (AuB
OTKyAa

g Puc. 34. i (*S)z (ASB)+ (B‘S{A) = ©

¥

CnenosatenbHo, no Teopeme 1, HeoGxoaumMo BuimoaHserca (A).

*) Unratenn nerko mposepHT, uTo B npuMepax 1) u 4) n° 333 ycaosue (A)
BHIRONHEHO, @ B MpUMepax 2), 3) u 5) —Her.
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JloctatouHocTb, Ilpeamonoxnm Tteneps, 4TO paBeHCTBO (A)
umeer Mecto B (E). HyxHo mokasarh, yTo ecau COEIHHHTH JioGnpie
Touku A, B aToit obnacTi AByMa npocTsiMu KpuseiMu (AB) u (AIIB), T0 Bce-
raa 6yJer CnpaBefJHBO PaBEHCTBO (4). DTO caenaTs JeErko, eC/An HasBaHHbiE
KpuBnle, kpoMe A u B, ofmux TOuEK He umeloT, W60 TOrAa KOHTYp
(L)=(AIBIIA) 6yzer NpocTHM, TaK uYTO, no TeopeMe 1, punoadurcs (9),
a u3 Hero, o6parHo, cieayer (4). v

Ecau kpusve (AIB) u (AllB) nepe-
CEKAOTCH B KOHEYHOM YHCIe TOYeK,
10 KOHTYp (L) yxe He OyIer mpocThM:
B YNOMAHYTHIX TOUXaXx OH caM cebs me-
pecekaer (puc. 35). Hcxoas us TouKM
A W cnelyd HANpaBJAECHHI KDHu-
BO# (L), onnwem ee uvacTp IO NEPBOro
camonepeceuenuss — B Touke C. Or6po- 0 z
CHB NOJYYMBIUYIOCH 3aMKHYTYI0 KDHBYIG Puc. 3.

(Ly), mpoao/KuM NyTh DO HOBOTO CaMoO-
nepeceyerus, YTO UO3BOJHT BHIAEANTb €le OAHY 3aMKHYTYI KDHBYIO
(Lg), n 1. 1. Tlocne koHeuHoro umciaa wmaros Kpusas (L) okawercs
pacnaBmeHcs Ha KOHEUHoe UYHCAO NPOCTHX (Henepecekaiounx ce6s)
3aMKHYTHX KDHBHX

(Ll)7 (LQ)’ see

BIOJb N0 KOTOPHM WHTETpaJ 3aBefOMO Hyab, 3HAUuT, OM paBeH HymoO
M BIOAb BCe# KpuBo# (L), a OTCiofa CHOBAa BhiTekaer (4).

Ho xpusne (AIB) u (AlIB) BooGiuie MOryT nepecekaTbCa Haxce GeCKOHeu-
HOe YHCHO pa3, # B TaKOM CAyuyae npelblAylllee pacCyXIEeHHe HENPHMEHHMO.
Yro6nt mnpeonoNeTb BCTPETHBIIYIOCA TPYAHOCTb, AOKAaWEM CIEAYOLIYI0 TeMMY
O NpUGIHKEHHH KPUBOIHHENHOTO MHTErpaja C NMOMOWbI0 HHTErpana, B3ATOro Mo
nomMaHoMH.

Jemma. Myctb pysxuun P(x, y) u Q(x, y) HelpepuBHH B HEKOTOPOH
oTkpuiTolf o6aactn (E), a (L) — HE3aMKHYTas KYCOYHO-TajKad KpHBas, COAEPHKa~
wanca B (E). Ecan srnucarp B (L) noManywo (A), TO TpH CTPEMICHHH K HYIIO
IAuHB HaHGOJbINErO W3 €€ 3BEHbEB HMeeM

limS Pdx+Qdy= S' Pdx+Qdy.
&) [0}

JloCTaTOYHO OrpalUyHTbCA HHTErPanaMH S Pdx n Sde; LISl MHTETpanos
(4) (L)
Qdy n §Qdy paccyxneHHs BroaHe aHajoruumel. [lycte Brucanvan B (L)

(A) (L)
noManas (A) ¥MEET BEPUIMHH B TOYKax

A=Ay Ay ooy Ap Appyy voes Ag=B;

o6o3HaunM yepe3 X; P; 3Hayenus x, P B touke A, 3anaBimuUCh NPOU3BOABLHHM
yucnoM &> 0, MOXHO ANHHE XOpX AzAj, TPENCTaBUTL Ce6e HACTOBbKO MaabiMH,
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yTo6n: 1) KoneGanue HenpepHBHOAW ¢yHkuuu P Bloas 3BeHa A;A;, Owiro
MeHbule ¢ M 2) HMHTerpa’abHas CyMMa ZPi Ax; oTamyazach OT CBOEro npejtefa
i

S‘Pa’x TO¥E MEeHbule YeM Ha e,

.
(L)
Hmeewm, ouesuano,

S Pax=) g Pdx

&) i (AiAi+1)

¥, C APYyroH CTOpOHH,
EP,'AX,-=2 § P;dx,
d 1{AA; )

TaK 4To

S Pa’x=2P,- Ax;i+ 2 g [P—Pjldx.
(1) i

T,

Ho nepsoe cnaraemoe cnpaBa pasuntcs OT MHTerpasa | Pdx meubwe vyeM

{ __
Ba e [cM. 2)], a BTOpoe No aGCOMIOTHOR BeAHYMHE He NpPEBOCXOJUT e ZAiAiH
[em. 1)}, 1. e. w nogaBHo Mensuie L- e, rge L — mansa kpupoh (L). i

TaK, OKOHYaTeflbHO,

g Pdx— gde ‘<s(l+L),
{n) (1)

YTO W JIOKa3blBaeT Halle YTBEpKJEHHE.
Bepuemca Tenepb K NpepBaHHOMY [IOKa3aTeaAbCTBY XOCTaTOUHOCTH. Bruuiem
B kputie (AIB) u (AlIB), cootsercTsedHo, nOMaHbie (A;) M (Aj); OHH MOTYT

nepecekaTbCA passe JMIIb B KOHEYHOM YHMCAE TOYEK, a TOra-—KaK yxe JOKa-
3aHO — GyleM HMeTh

= »
Gy

Ocraetca auimb MNepelTH B STOM PaBEHCTBE K NpefenaM, CUHTAA BCC 3BEHbA
00enxX NOMaHbIX CTPeMAMIHMHCA K HYMO, YTOOK BHOBbL YCTAHOBHTH PaBEHCTBO (4).

350. Ceass ¢ BomApocoM o TouyHoM npuddepennuane. luddepen-

LLHANLHOE Bblpa)l(eHHe
Pdx+Qdy (6)

HAITOMWHAET BHIpaKeHue NAs (nosHoro) AuddepeHnrana pyHkuuu F (x, y)
OT JABYX nepemennnx [n° 142]

oF oF
dF =g dx 43 dy,
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KoTopoe oroxaecTsaserca ¢ (6), ecan nonoxuuTsL

oF oF
=P =0 )

Onnako maneko He Kaxmioe BHpaweHue Buia (6) €CTb <«TOYHEHIH
InpdepeHunany, T. €. HE KaxI0e TaKoe BHIPAXEHHE MMEET <«nepBool-
pasHyio QyHxkumio» F (X, y), A9 KOTOPOH HMEHHO 3TO BHIPaXeEHHE
n cayxuT (moaHmM) AuddepeHuuanom. Ilpu pewesun Bompoca o TOM,
Oyner an BhipaxeHue (6) TOUHBIM AUQpEpeHUHaNTOM WIM HeT, MH CHOBA
CTaJKMBaeMCid C TeM Xe ycaoBueM (A):

Teopema 3. [llpu npexcnux npeonoasoxcenusx, 04s mozo 4moGs
suipasicenue (6) Obiao mounsis ougdepenyuanor, Hec6xoouso u docma-
mouno gunoanenute ycaogua (A).

Heo6X0XuMOCTb fCHa HEMOCPEACTBEHHO: €C/JH BHpaxeHHe (6)
ects (noanw#) AuddepeHunan Hexotopo#t dyHkuuu F(x, y), TaK uTO
umeloT Mecto paseHcTBa (7), TO

oP _ O°F 0Q _ 0°F

oy~ oxdy’ 9x~ dyox’
W OCTaeTcst JMUIb COCAATbC Ha Teopemy n° 147 o CMEUIaHHBIX MPOM3-
BOAHBIX (C YUYETOM MNpEAINOJOXEHHOH WX HenpephBHOCTH!).

IepeftneM K MOKa3aTeILCTBY A OCTaTOYHOCTH. Mu yxe 3sHaeu,
YTO NMpU BHIIOJHEHUH YyCIOBUsA (A) uHTerpan (3) OKa3wlBaeTCsd He 3aBUCH-
LUM OT MyTH HHTerpuposaHus (mo teopeme 2). B sTom cuayyae uHrerpan
OJIHO3HAUHO oMpeneaseTcs 3ajaHuem Touek A(xy, yo) u B(xy, ),
B CBfI3H C YEM ero MOwHO 00O3HAUHTL CHMBOJOM

B (x1, ¥1)
§de-{—Qdy Hi S Pdx -+ Qdy.
(%0, Yo}

3nech yKasaHel TOJLKO HAYalo M KOHEL MyTH MHTErpUPOBAHHS; CaM NMyTb
He YyKa3aH, HO OH 6e3apasiuyeH — MOXHO HHTerpupoBaThb 1no JwGomy.
Ecau touky A (X ¥,) PUKCHPOBaTb, a TOUKY B 3aMEHHTb I[IPOM3BOJIb-
HOH Touxo#t M (x, y) obaactu (E), TO MOJyyYeHHb# HHTErpaa NPEACTaBUT
co60i HEKOTOpPYi0 GYHKLUMIO OT TOYKH M, T. €. OT €& KOODAMHAT
X, y, B obnactu (E):
i (x, ¥)
Fe, = | Pdxtaqay ®
(¥o, Yo}

Moxaxem, uTo 3Ta wMeHHO GyHKuUMA W OyaeT neprooGpasHOi s
puipaxeHus (6), n ¢ 3TOH weabio 3aiiMeMcs BonpocoM 00 €€ YacTHHX
NPOU3BOAHKIX XKaK N0 X, Tak H MO Y.

B3sis npousBoAbHYIO TOuKy B(Xy, y;) B obnactu (E), npumaguM x
npupamenne Ax u nepedipem x touke C(x -+ Ax, y;), Koropas npu
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AoctaTouHo ManoM Ax 6yner Takxke npunamiexars (E) BMecTe co
BceM orpeskom BC (puc. 36). CoorsercTBytomue 3HaueHHsn GyHK-
uuy 6yayT

(xg, y0
Ferw o= § Pdx+Qay,
(X0, ¥o)
(x1+48x, 3p)
Fea+Ax, o= |  Pax+Qay.
(X0, Yo)

TlepBoifi M3 STHX WHTErPaloOB MH BO3bMEM N0 MPOHIBOJLHOH KpH-

Bo#t (K), coenmusomiel Toukn A ¥ B, a 143 BTOPOro HMHTerpaja NyTh

HHTETPHPOBAHMA COCTABHM M3 9TOH xe

y KpuBOit 1 n3 NpaMoJadHelHOro OTpe3Ka

BC. Takum o6pasoM, npupaniesue QyHx-
Clr+Az, y) muu F Oyzer

Fey+Ax, y)—F(xy, y)=

= de—|-Qdy=§ P(x, y)dx;
(BC) (BC)

uHTErpan, comepwamuii  Qdy, obpa-
Puc. 36. L1aeTCA B HyJb, TAK Kak oTpesok BC
NepneHanKyIspeH K OcH 3.

Ocraswmuilcs uHTErpan HEMOCPEACTBEHHO NMPHBOAMTCA K OOGHKHOBEH-
HOMY OMNpenNe/eHHOMY MHTerpany: AJs 5TOrO B TMOAUHTErPaJbHOH (yHK-
UHH HYXHO 8aMEHHTb y Ha y; (u3 ypapHenua y=—y,; npamolt BC)
M B KaueCTBE NPENE/NOB WHTErDHPOBaHMA MO X BadATh aGCLACCH TOUEK
B u C. OxoHuarensHo

xp 4 ax
Fli4-8% ) —F (s p)=® | P y)dx.

Xy

Tlpumenas K nONyYeHHOMY OGBLIKHOBEHHOMY HMHTErpaay TEOPEMY
O cpeaHeM d Jeas o6e 4acTd paBeHCTB2 Ha Ax, Haitmem

“(x Ax, — F(x
Flx,+ X_X:r) { "y')=P(x1—|—9Ax,y,) 0<f<1)

Ycrpemum Temeph Ax K HyMo. B cuny HEnpepeiBHOCTH (PYHKUHH
P(x, y) npaBas yacTb PaBEHCTB4, a C HEIO H JeBad, cTpeMutca K P (xy, y)).
Cnenosarensho, B Touke (X;, y;) 4acTHas npoussomHas dyHkuuu F no x
CYWECTBYET M BHIDA¥AETCH PABEHCTBOM

OF (x,,
——((;;’ ) =P (%1, y1)



350} § 4. YCIOBUQ HE3ABUCHMOCTY KPUBOJNYHENHOTO MHTETPAJIA 271

AHanoruuno ycraHagausaercs M Qopmyaa

OF (x,,
L 2 — Q(x,, 1)

Taxk kak TOuka (xy, y{) Obl1a B39Ta NMPOM3BOJALHO BHYTpH obaact# (E),
TO AJf BCEX TOueKk 3TOH o6JaacTé GyAyT BHNOAHSTHCHA cooTHOMWeHns (7)
oF oF
d—x —'P’ @ - Q-
TMockoabKy 5TH YacTHbIE IPOU3BOAHLIE HENPEPHBHH, @yHKyua F(x, y)
umeem Jugpghepenyuan [n° 142}

oF oF
dF=adx+(,—y—dy=de+Qdy,

410 M TpeGoBaNOCh MOKA3aThb.

WUs conocraeaehns Teopem 1, 2 ¥ 3 MOXHO BBIBECTH TENeph M TaKoe

Caedocmsue. [lpu coesannu X NpednoAOICERUSAX, OAR mo020 4moby
unmezpas (3) He 3asuces om nymu (@ uUHMEPAAR NO 3QAMKHYMOMY
KORMYPY PABHIACA HYAI0), HeoOXodumo u 0ocmamouno, 4mobe noo-
unmeapanstoe supascenue (6) Obuao mournum Ouddepenyuaron.

Ipn nokasarenbcree TeopeMH 3 MHB YCTAHOBHAM AAS KPHBOJMHeHR-
Horo uHTerpana (8), He 3aBuUCAIEro OT NYTH, pe3yanLTar, BHOJHE
aHanoruuHni Teopeme 0 AucddepeHunpoBaHuM OGHKHOBEHHOrO onpene-
JIEHHOrO MHTErpaja Mo INEepPEMEHHOMY BepXHemy mpeaeay [n° 183, 12°].

[MpenonoXuM Tenepb, 9TO HAM M3BECTHA Kaxad-IHGo mepBooGpasHas QyHk-
uns @ (x, y) 1as NOAMHTErpaibHOrO Bhipasenus (6), TaK Y10 — Hapany € COOT-
HomernsMK (7), XOTopwe UMeT MecTo Ang (yHxunu (8), — Gymer TaKxke

09 oo .
x=h 5=
TOTAa Ppa3HOCTb
F(x, y)— P (x, yy=C=const

(Bexb ee YacTHHE NMPOU3BOJHHIE KaK MO X, TaK ¥ NO ¥ TOMIECTBEHHO PaBHE
Hyapl). Moaaras x=ux, Y=y, noayunM, 410 C=-— @ (X, ¥,), TaK 4TO

F(x, 3)=2 (x, y)— @ (xp o).
Ecan, Baxoneu, B3aTh 3aech X ==x, y==y,;, TO NPHACM K (dopMyre
X1, Y1
Pdx+Qdy=29 (x, y,) — @ (xp ¥} =2 (%, ) )
{AB) X0, Yo
WM, Kopoue,

2]
j Pax4Qay=0(B)— & (H)=0 (M|, (%)
4B A

Sta (opmyna BIOJHE aHANOIWYHAa OCHOBHOH (opMyne HHTErpanbHOTO HCYUCHe-
nua [n° 185], Bmpaxawoumefi OGLKHOBEHHbIH ONPefENeHHHMH HHTErpas uepes
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nepsoo6pasnyo. ITonYepKHEM, OJHAKO, eimle pas, YTO OHa NPUIOWKHMMA JHIIb
K KPHBOJMHEHHbIM HHTErDanaM, He 3aBHCAUMM OT MYTH.

3aMEYAHHE XapakTepHCTHKa TOyHOro Auddepenuuara ycnoseM (A)
BOCXOZMT k J#nepy ¥ Knepo (1740 r.).

KpuBonuueinbi#i uuterpan (6e3 sToro tepMuHa) OoT AuddepeHUHANbHOTO
Boipaxxenua (6) Takme pnepBoie BCTpeyaerca B coyuHenun Kuaepo <Teopus
Guryps 3eMaM...» (1743 r.) ¥). TIpeanoxaras, 4o gopMa KPHUBOH 3ajaHa B BUe
ypaBHEHHA MeXAYy X H y, Knepo HckmoyaeT ¢ ero momoubio u3 (6) y u dy, a
3aTe€M HHTErPHPYeT IONyyaiouleeCsa BhIDaXeHHe, COAepKauiee AHIb X W dx.
Tam me Knepo ykasniBaeT yciIoBHE HE3aBUCHMOCTH MHTErpana OT BHMAA KPHBOH:
soipasncenue (6) 0042cHO Ooimb noaHom Juddepenyuarom, a Aaa TOrO, B CBOIO
ouepenn, 0OLHHO 8unOLHsMbCS yea08ue (A).

351. Npunoxenns K GU3KHYECKHM 3anayam. BepHemca B CBeTe M3/NOKEH-
HOH TeOpHM K paHee paccMOTpPeHHbIM [n°® 335] 3ajmayaM M3 06nacTH MEXAaHMKU U
(u3uxu.

1) Pa6oma cun08020 noas. Mu Bupenu, 4T0 pa6oTa CHAOBOro MoOAsA NpH
nepeMelleHMH MaTepHaabHOH TOYKM C Macco#t 1 u3 monowenus A B monoxenue B
BhIDAXKAETCA KPUBOMHHCHHBIM MHTerpaiaoM [cM. n® 335, (12)]:

A= S Xdx 4 Ydy, (10)
(4B)

rie X=X(x, y) u Y="VY(x, y) CyTb NpoexuuH HaNPAXKEHHR NOIA Ha KOOPIH-
HaTHHE OCH, 3 (AB) 03HayaeT TPaeKTOPHI0 MaTePHaAbHOH TOUKH.

Becbva ecTecTBeHHO 3aHATbCA BhLISICHEHHEM YCIOBMH, NPH KOTOPHIX paGoTa
CUJ NONA 3aBHCHMT JHIUb OT HAYAaNbHOTO H KOHEYHOIO MONOXEHHA TOUKH, HO He
OT (OPMBI TPAEKTOPHH. 3TOT BOMPOC, OYEBHIHO, PABHOCHACH BONMPOCY O HE3aBU-
CHMOCTH 3HAQYEHHA KPHUBOJWHeHHOro uHrerpana (10) OT myTH HHTerpMpoBaHHA.
TT03TOMY MCKOMBIM YCIOBUHEM SBJAETCA PAaBCHCTBO

0X _ oY an
oy  ox’
B MPEANONO¥EHHH, KOHEYHO, YTO OGNacTh, OXBaThHiBaeMad NMoJeM, OJHOCBA3HA U
uro Ana GyHxkuM# X, Y W UX NPOM3BOAHBIX HHIAE HC HapyilaeTCA Hempe-
PHIBHOCTb.

To xe ycnoBMe MOXHO BhIPa3uTb M B Takol dopme: paboma cur noas npu
NepeMeEHul MAMEPUALbHOT MOYKU U3 00HO20 NOAONHCEHUR 8 Opy20e He 3a8u-
cum om POpMs. MPAEKMOpUL 8 MOM U MOALKO 8 MOM CAy4dae, K020a 3 A e-
Menmapuas paboma

Xdx < Ydy

cayxcum (noansin) oudepenyyuaron om nexomopoii fyuxyuu U(x, y). Ity
Qynxunio 0GLIYHO Ha3LIBAOT CU.L080 MAW NOMERYUAAbHOE; B Clyyae ee Cylle-
CTBOBAaHHMA CaMO MoOJeE NONyYyaeT HAMMEHOBAHHE NOMEHYUAALHOZO.

Pa6oTa NOTEHUMAJLHOrO MNOJNA NPH NEPEMELIEHMH TOYKM M3 MNONONKEHHA
A(xy y,) B nonoxenne B(x;, y,) pasHa [cM. n° 350, (9)] npocTo cOOTBETCTBYIO-
1EeMY NPHPAILEHHIO CHAOBON (YHKUMH:

Ulxy, 31)—U(xg 30)=U(B)—U(4). (12)

B xayecTse mpuMepa PacCMOTPHM Tolle HBIOTOHOBCKOrO MpHTAxenda. Ecmu

B Hayane xoopaunaT () MNOMCCTHTb Maccy g, a B Touxky A —maccy 1, To sTa
nocaeHAs G6YACT NPUTACMBATLCA X uentpy O C cHiofi F, paBHO# Mo Benuyune
F=1,

*) Ectb pycckuit mepeson (usn. Axagemun Hayk CCCP, 1947); cm. crp. 43
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rie r=7) x*F ¥ ects paccrosHue TOYKY A 0T Hayana ¥). Tak KaK KOCHHYChi

X
yrOB, COCTABAAECMLIX 9TOH CHIOH ¢ OCAMH, 6Y1YT, COOTBETCTBEHHO, —F "= —f—,
TO NPOEKUHH CHIH F Ha ocm BbIPA3ATCA TaK:
I g __ W
==n Y=—5

HenocpeﬂcweHHo ACHO, YTO HBLIOTOHOBCKOE NOJXE ABAAETCA NOTEHUHAJLHBIM,
IIOCKOJbKY BhipaxeHHe

X
—Sar—Yay (13)

cayxuT nuddepenuyanom ans GyHKUNK

U=%,

KOTOpPaf M MrpaeT 3fech POAbL NOTeHUHaTbHOH GYHKUMH; ee HA3bLIBAIOT HbIOMO-
nosckum nomenyuaror (noas 7oukn 0). HecMotpsa Ha Hannyme <0coGofi>» TOUKH
B Hayane KOOpAMHaT —TaM (QYHKuuM X, Y TEpNAT paspbi, MHTErpan oT Bhipa-
wennn (13) no 3aMKHYTOMY KOHTYpY GyldeT HynaeM, Hawe, e€ClH¥ KOHTYp OXBarhi-
BaeT Hayalo.

[pu nepemeiteHud TOYKH U3 Nonoxenua A B NOJOKeHHe B cHapl noas
npouaselyt pagory [cM. (12)]

rg Ta

A=t _*

Tle ry u rg CyTb paccToaHHa toyek A u B oT uentpa.

2) Iaockoe yemanosusweecs medenue Hecocumaemoli scudxoemu. Ecau
uepes u, v O0G6O3HAuWTbL CHaralulde 110 OCAM BEKTOPA-CKOPOCTH, TO, KAK Mbl
BoiBeny B n° 335, 2), KONHYECTBO KHUAKOCTH, BTEKAWOWEH B €IHHHLY BPEMEHH
Yepes 3aMKHYTHH KOHTYD (K) BHYTpb, paBHO

Q=S vdx—udy
[¢]

[cv. n° 335, (14)]. Tlpu OTCYTCTBMM HMCTOYHHKOB M CTOKOB STOT MHTErpanx Bceria
Gyner Hynem. OTclofa CRelyeT, YTO CHAralHe 4, U BEKTOPA-CKOPOCTH HEoG-
XONMMO NOAYHHEHb YCIOBHIO

du | ov
=Ty~

Torpa noamHTerpanbHoe BblpaweHue vdx—udy uMeeT NepBOOGpas-
Byw dynkunio ¢ (M)==¢ (x, ¥), KOTOpY10 B rMIPOMEXaHHKE HA3HIBAOT PYHK-
yueid moxa.

Ecau Banth moGyo kpusywo (AB), coemunswomyo Toukd A u B, 70, Kak
ussectHo [n® 335, (14)], K0AMUECTBO WHUIKOCTH, NPOTEKawIeH yepe3 Hee B elH-
HULy BpEMEHY B ONpeleNeHHY CTOPOHY, BLIPAXAeTCA HHTErpajnoM

Q= s‘ vdx—udy,

(AB)

¥) TakoBO e U dseKmpocmamMUHEcKoe nOAE KYAOHOBCK020 NPpUMSNCeHus,
CO3NaHHOE 3apANOM p, MOMelleHHbIM B Hauane (eCNH YYHTHBATb JEACTBHE NOJR
Ha 3apsXKeHHYI0 YacTHuy).
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NpHyeM Hanpapienve Ha KpuBoH (AB) noaxHO OHTb TaKHM, YTO6K HOpManb,

HanpaBieHHas B YNOMAHYTYIO CTOPOHY, COCTaBAAla € NOJOKUTENbHO Hanpa-
T

BJAEHHOH KacaTenbHOH yroa +§. Tenepp Mb BUANM, UTO 5Ta BeJHYHHA MONPO-

CTy paBHAa pPasHOCTU ¢ (B) —¢ (A) 3Hauenudt QyHKUNM TOKA HAa KOHUaxX KpHBOM!

§ 5. 3BAMEHA TNEPEMEHHBIX B IBOUHBIX HWHTEIPAJIAX
352. IlpeoGpasoBanue naockux obaacteit. TTpexnonoxuM, 4TO Ham

7aHbl  JB€ IJIOCKOCTH, OTHECEHHBIE OAHA — K IpPIMOYTOJbHBIM OCSM
X H y, a japyrag-—K TaKHUM Xe 0CaM § u M. PaCCMOTpHM B 3TUX

71

TVIOCKOCTAX JiBE OrpaHHueHHbe 3aMKHyTHe oOaactu: obaacts (D) Ha nao-
CKOCTH Xy M ob6aactb (A) Ha maockoctH §7.

KoHTyp uaM rpanully KaxmoH us stux ofaactei Mm OyaeM npen-
NoJarath MNPOCTOH KyCOUHO-TAaAKOH KpuBof; 0OOO3HAUMM €ro CAMBO-
aom (8) nans obnactm (D) u  cumBonoM (L) jana obaacti (Q)
(puc. 37).

Honycrum, uto B obnacty (A) maHa CHCTEMa HeNpepHBHHX (yHKWuMH:

x=xE ), }

1
y=yG¢ W, ®
kotopas kaxpo# touke (§, 1) o6aactu (A) OTHOCHT OAHY ONpPEAENEHHYIO
TOuKy (X, y) obaactu (D), npuuem nu oaHa Touka (x, y) u3 (D) ne
6yaeT TNponyleHa, TaK YTO Kaxmas Takas TOYKa OTHECeHa XOTh OJHOW
Touke (5, 1) u3 (A).
Ecan pasmuunnm Toukam (5, 7) OTBEYAIOT DasiuuHble Xe TOUKH (X, y)
(uTo Mbl Brpeip u OyneM NpeAnonararb), TaK YTO Kaujas Touka (X, y)
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oTHecena sumb oaHoH Ttouke (§ v), To ypasenna (1) odwo3nauno
paspewumn omuocumensro & u 1. nepeMensnie & 7, B CBOIO OYEpEnb,
IBASIOTCA OMHOBHAUHKIMH (PYHKUHAME OT X, y B obaactu (D)

E=Et(x, ) }

(1a)
=1 y)

Takum obpasom, Meway obnacramu (D) u (A) ycraHasausaerca
63AUMHO OOHO3KA4HOE WNH O00H0-00HO3HAYHOE COOTBeTCTBUE, [OBOPAT
Takxe, 4To Qopmyant (1) ocymwectsasior npeodpazosanue obaacmu (A)
8 obaacrms (D), a dopmyaw (1a) naioT ofpamnoe npeoGpa3osaxue
obracrmu (D) 6 obaacms (A).

MoguepkHem, uto npu 3TOM HeOGXOmUMO mouxam Kormypa (%)
omeedalom umenno mouru xonwmypa (S), ¥ HaoGOpOT.

Ilpennonoxum, nanee, uro ¢yHxkuus (1) He TONBKO HENPEPHBHH, HO
U uMeloT B (A) HempephiBHHE YACTHHE MPOMSBOAHMLIE NEPBOrO NOpPAAKA,

Torna u gyHKkunoHanbHEE onpeneautens

dx dx

D(x, y) _| 0§ 0y

DED | oy o @
03 o

ABASETCA HempepsiBHOH ¢yHxuued or & % B obaactu (A). Bysem cuu-
TaTh, YTO Smom onpedesumers 8ce20d omauier om HyAsf, a CAeAOBa-
Te/NbHO, — N0 HENPEPHBHOCTH — COXPAHAem noCMOAHNNE 3HaK., ITO
NpeArNoNoXeHHe B nocedyomeM OyAeT WrpaTe BaXHYI DPOJb,

Ecnu B3ats B obaactu (A) mpocTyio KycouHo-rnaakyto Kpusyio (A),
TO ¢ nomowpio npeobpazopanus (1) oHa mepeHzer B UOAOOHYIO Xe Kpu-
syw (L) B obaacru (D).

JelcTBUTENBHO, MyCTh YpaBHeHus Kpusod (A) Oyayr.

E=:(), n=1()
e<<t<<P um a=t=p), 3)
npuyem (BCAH OrPaHUYATBECA T/AAaAKHMM KyCKOM KpHBOH) MOXHO cuH-
Tate, 4ro (PyHkuus §(f), M(f) umeOT HempepHBHHE NPOUSBOAHHE, HE
ofpamaomuecs ONHOBPeMeHHO B Hyab Iloacrasass sTu

dyHKUHH B QopMyan mnpeoOpasoBaHus (1), Mbl MOAyuuM napameTpuue-
CKHe YpaBHEHHs COOTBETCTBYiowmeH kpusoit (L):

x=xE@E) nO)=x (),
y=y@E@® 1O)=yO. (4)
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Jlerko Bumeth, YTO 3TH (PYHKIHH TakKe WMEIOT HENPEPHBHHE MPOH3-
BOIHBIE;

¥ O=5%¥O+F 0,

» ®)
YO=FrO+E7 0,

KOTOpHIE TOXE HE MOrYT ONHOBPEMEHHO OGPaTHTHCA B HYJAb, TaK YTO
ocoOnix TOuexk Ha KpusoH (L) uer.

ﬂeﬂcramenbﬂo, B NDOTHBHOM CJy4ae, BBMIY HEDAaBEHCTBA HYJ/IO

D(x )
DE )’
=0 n v=0, uro npoTuBHO mNpeanoaoKeHH,

Ecan touka (§, 7) Ha mnockoctn &% OnMMCHBaET 3aMKHYTHH KOH-
Typ (A), CKaxeM, B MOJOXHTENLHOM HANPaBJEHMM, TO COOTBETCTBYIOILAS
TOUKA (X, ¥) ONMUIUET TAaKKE HEKOTOPHH 3aMKHYTHH ke KOHTYp (L) Ha
NIOCKOCTH XY, HO HANPABACHUE 20 MOMNCem OKa3amscss KaxK HOAO-
JKUMENbHBLM, MAK U ompuyamessHoiM. BONPOC STOT 3aBUCHT, KaK Mbl
ysuaum Hixe [n° 3564, 1°], OT 3sHaka (PYHKOUOHAJBHOTO ONpEmEAHTENs.

3ananue nmaps 3HaueHWH nepemeHHnx & W % u3 obaacta (A) ogwo-
BHAUHO OMNpEENseT HEKOTOPYIO TOUKy B obaactu (D) Ha NMAOCKOCTH XY,
¥ 00paTHO. DTO AAET OCHOBAHWE W UMCAA & 7, HA3BIBATb KOOPOUHQMAMU
moyex obaacmu (D).

Kpusyio, cocraaenHylo u3 Touex o6aactu (D), y KOTOPHIX OfHAa H3
KOOPIAWHAT COXPAaHAET MOCTOSHHOE 3HAUYEHWE, HA3BIBAIOT KOOPOUHANINOL
Aunueli,

Hanpumep, mnoaaras, B (1) =1, MH NOAyudM NMapaMeTphue-
CKO€ NMPEACTABAECHNE KOOPAMHATHOH AUHMM:

onpeaeauTens u3 (5) caenoBano Ob, UTO OXHOBPEMEHHO

X=X (Er 710))
y=yE m)

(poab napametpa sgecs urpaet §). HesasHoe ypasBHeHue To#h xe
JAUHUK TIONYYdM, MOJaras 7==7, BO BTOPOM 3 ypasHeHnm#l (2):

1% V)=

B cBssn ¢ T€M, 4TO KOOpAMHATHEIE JMHUM, BoOOwEe roBops, OymyT
KpUBBIMHY, uucaa §, 7, XapakTepuayroiue MOJNONKEHHE TOYKH Ha MO~
CKOCTH Xy, Ha3blBAIOT KPUBOAUHEEHbLIMIL KOOPOUHAMAMU MOUKU.

Ipunasas xoOpAMHaTe 7 pasAvuHbie (BO3MOXHHE 1] Hee) MOCTOSH-
HBIE BHAYEHHA, Mbl NOAYYUM HENOE CEMEHCTBO KOODAUHATHHIX JUHHMH Ha
NJOCKOCTH Xy. PUKCHPYS 3HAUYEHHE KOODAMHATHI §, ME NMOJYuYMM ApYroe
CEMEACTBO KOOpAMHATHHX JuHUR, I[lpn HaanuuM B3aMMHO OJHO3HAYHOTO
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COOTBETCTBHA MEXIy pAacCMaTpPUBAaeMuIMH 00JacTMH PasJHYHBIE JIMHHU
ODHOTO W TOrO K€ ceMeliCcTBa He MepeceKarnTcs Mexay cobolt, n uepe3
ao6yio Touky oOsacti (D) NPOXOAHT MO OHOH JUHMH U3 KAKAOTO
cemeHcTna.

Bes ceTka KOODAWHATHHIX JMHUH HAa MJIOCKOCTH Xy ABasercs u3ofpa-
WeHueM CeTKH npaMux E==const W m==const Ha maockoctn £7
(puc. 37).

Mepumeprn. 1) IlpoctelnM ¥ BawHe#IMM NpHMepOM KPHBOTHHEHHHIX
KOOPJAMHAT ABIAOTCA noaspHbie xoopdunams r, 6. OHN WMeT HarisgHoe reo-
MeTpUYyeCKOe  HCTONKOBaHMe, KaK HOMAPHBIA

palvyc-BeKTOP M NONSPHbIA Yrod, KO MOryT 6HTb ¥
BBeJeHsl ¥ (OPMaNbHO, C NOMOWIbI0 H3BECTHHIX
COOTHOINEHHHA:

x=r cosb, }
y==rsin 6.

Ecnu 3HaueHus r ¥ 6 OTKIalnBaThb 1O ABYM
B3aMMHO NMEPHEHAMKYIADHHM OCAM, CYMTas, CKa-
weM, r— abcunccolt, a 8 — opaunaroit (npu npa-
BOA OpMeHTalMH ocCeH), TO KawAoH TOYKe mnoO-
aynnockocth r =0 no ykasaHHbiM (OpMylaM
oTBeyaeT O J Ha OnpefeleHHas TOYKa Ha nioO-
CKOCTH Xy.

YuraTenio, HaBepHO, INPUXOAMUIOCH WMETH Puc. 38
Jeno ¢ OTHOCAUIMMHCA K 3TOMY CHyyal Koopiu- e
HATHHIMU JHHUAMH: NPAMBIM I = CONSt OTBEYAKT
KDYTH pajuyca r C LeHTPOM B Havane, a npaMmbiM 0=const orsevanor JiyuH,
HCXofau(Me U3 Hayana moj yriom 8 kK ocum x (puc. 38).

OnHako B fJaHHOM cryyae (Gopmynsl npeoGpa3oBanus BooGuie He OyAyT
OJIHO3HAYHO Pa3peIMMbi; W3MeHeHHe senuyuHb yrna 8 Ha 2kx (rme k— neaoe)
HE OTPa3UTCA Ha 3HAYEHHAX X
¥ y. daa toro yro6ul MOAYYHTb
BCE TOYKH IIIOCKOCTH Xy, HO-
B, CTaTOYHO OTrPAHUYMTLCA 3Haye-
5 HHUAMH

r=0, 0<<b<<2m,

Kaxzgoft Touke (x, y), OTAHYHON
OT Hayanma, OTBeyaeT OJHO 3Ha-
venne r >0 W ogHO 3Hayenue 8
B yKasaHHbx mnpepenax. Ho ne-
yCTPaHUMO€ HapyIIeHHEe OJHO-
Puc. 39. 3HAYHOCTH COOTBETCTBMA  CBAl-
33HO C HAYaJIOM KOODAMHAT: TOY-
ke x=y=0 orBevaer Ha
NAocKoCTH 7 Bea och O (MaM, €CTM YrogHo, oTpe3ok ee or 8=0 mo 8=2x).
Paccmmgplm Ha nnockocTH rf 3aMkHyThift npamoyroabhuk [0, R; 0, 2x] unn
oaBy (puc. 39); nerko BUMAETb, YTO HAa NNOCKOCTM Xy €My OTBEYaeT 3aMKHYTHH
Kpyr, omnucakHufi Boxkpyr Havaza O pamuycom R=0A. Ho Becb xoHTyp
STOr0 Kpyra OTBEYaeT OJHOH AUlllb CTOPOHE o YIMOMAHYTOLO MPAMOYTONbHUKE;
CTOpOHaM oa W By (0GemM!) oTBewaeT OAMH M TOT e pamnyc OA Kpyra; HakoHel,
BCeH CTOpOHE oy oTBeyaeT aumb Touka (. 3jeCh ABIO He COOMIONEHB yKa-
3aHHBIE B NpEAbIAYLIEM HOMepe ycnosHal

MY
<

AN
=

Q)
R
]
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Onnako, ecnd CHBMHYTh CTOPOHY of Ha Malyl0 BEIHUHHY p=—00', 3 CTOPOHY
1B -—Ha e==§f', TO HOBOMY NpPAMOYTONbHHKY o'ad’y’ GyNeT OTBEYaTb Ha TMIOCKO-
ctn xy gurypa O'AB'C’, moayuen-
Hasi M3 KpYyra yjaajeHHeM Majoro
Kpyra pajiMyca p M CEKTOpa C LeHT-
panbHbIM YIIOM g, € COOMIIEHUEM
yxe Bcex TpeGoBanuil. [lpuw nepe-
MEILEHNH TOYKH Ha mnaockoctH rb
no orpesxkay af’, f'Y, 7'¢', 0o'a coor-
BETCTBYIOIlad TOYKA Ha TIIOCKOCTH
Xy ONHLIET MO TNOPALKY: HENOMHYIO
OKpyxHocTb AB' (pammyca R), oT-
pe3ok B’C’, HENOAHYIO OKPYXHOCTDH
Z CO (pammyca p) u orpesox O'A.

3aMeTHM MONMYTHO, YTO MOROMHTENb-

HOMY 06X0ly Ha MIOCKOCTH rf oT-

BEYaeT NONOKKTENLHRH e o6Xox

Ha MIOCKOCTH XY.

PYHKOHONANBHHH OnpefennTens

B JAHHOM Clyyae paBeH

D(x, y)_|cost—rsin6 _
D(r,8) " |sin® rcosb| '

Puc. 46.
OH COXPaHfieT (€CI¥ MCKIIOYUTH Ha-

Yano0) NOAOKNTETbHBIN 3HAK.
2) WHorma ymo6HO Hanepen 3ajaThcs CETKOH KOOPAHMHAaTHHX
THHHA M IO HAM YCTAHOBHTH CHCTEMY KDHBOJHMHEHHHWX KOOpIAWHAT.
PaccMoTpuM, Hanpumep, 1Ba ceMeiicTBa mapaGos (puc. 40):

yﬂ = 2p.x H X3 = qu;

KaxR0€ U3 HUX B OTNAEIbHOCTH 3aMONHAET BCIO NMIOCKOCTh Xy (€CAH HCKIIOYRTHL
OCH KOODIMHAT).

EcrectBenHo BBeCTH §=2p W n=2q B KauecTBe KPUBOIMHEHHHX KOOPIUHAT.
M3 papeHCTB y?=£x H x®=1y nMeeM

—— 2 3
=y, y=y8 n =L, n=§ (x, y£0).

X

Onpenenntenb 3nech paseH

p 22 51
—z 8.3 2.3 3
Dy _|3° "7 38
D, 1) 9 11 1 2 _..Z 3°
Tt 3,3 3&3’1 3

353. BeipameHnHe mIOmMAanH B KpUBOJIMHeAHKX KoopauHaTax. [Ipen-
NOJIOXKHMM, YTO Ha INIOCKOCTH Xy 3alaHa Hekoropas o6aacts (D), orpa-
HHYEHHad NPOCTBIM KyCOuHO-rAankuM KontypoM (S). Ilycte dopmyant (1)
YCTaHaBJMBA/OT ~ B3aUMHO  OJHO3HayHOE COOTBETCTBUHE Mexy 3ToH

o6aacTeio u 06aacThio (A) Ha MIOCKOCTH £, OrPaHMUCHHOH MOJAOGHHLIM XKe
KOHTypoM ().
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Mbl  coxpanuM Bce nNpeRnosoxeHus n°352 OTHOCHTEJBHO 3TOrO
npeo6pasopaumus 06aacTell H, CBEPX TOro, eile NpPeANOIOKUM, UYTO Cy-
LECTBYOT H HempepeBHH B 064actv (A) cMeliasHble TTPOUSBOAHBIE
BTOPOrO IOpsAKa Anf Kakofi-nmubo u3 dynxumi (1), ckamem:

o2y &y
E T

(3 CWIy HENpephIBHOCTH, OHM GyIyT WMeTb paBHHE 3HaueHHs, n°147)%*).
Tpu 3TUX NPEANOJIONEHUAX nocTaBuM cebe 3alauefl BHpPa3uTh MJ0-
madb D paccmarpuBaeMol 06JacTi Ha TVIOCKOCTH Xy B BHAe ABOHHOrO
MHTErpaja, pacnpocTpaHeHHOro Ha o6jactb A Ha miaockocTH §.
Mu GymeM HCXOAMTh M3 (OpMyJsl, Brpakaome# miaomaap D Kpu-
BOJIMHEHHBIM MHTETpa/oM, B3THM NO KOoHTYpy (S) obaactu (D):

D=Sx@ )
(5)
[cM. n° 347, (4)).

IMaan panpHedwmux mnpeoGpa3oBaHu#i Takow: CHavaJa Ml mepehaeM,
[OJb3YACh NAPAMETPHUYECKHUMH YPaBHEHHAMH KOHTYpa, OT KpPHBOJMHEH-
Horo w#HTerpana (6) K OOGBIKHOBEHHOMY ONpENENEHHOMY HHTErpany.
3areM mnpeobpasyeM STOT MNOCJACAHHH ONATL K KPHBOMMHEHHOMY WHTET-
paiy, HO B3ATOMy Ha STOT pa3 yke no KoHrypy (X) obmacrn (A). Ha-
KOHel, 1Moab3ysich (opmy/aofl I'puHa, 3aMEHHM TNOJYYEHHHH KpUBOJMHEH-
HBH MHTErpan ABOHHHIM HHTErpaioM mo obaactu (A).

Bo HcnosHeHWe 3TOrO NJaHAa HaM HYXHB TNapaMeTPHYECKHE YpaBHe-
Hust Koutypa (S). Tak Kak B AajpHeHIieM Mnl HMEeM B Buly nepelitu
K KoHtypy (X), TO ® ceHuac MBl NPEANOUMTAEM HCXOAHTL HMEHHO
M3 ypasHeHHH »sToro KoHrypa. Ilycte (3) maer napameTpHueckoe
npeacrasacHue kpusod (I); Torma (4) JacT, OYEBHIHO, TaKoe e
npeacrasaenne A KpusoHh (S), mockoapKy [Kak caedyeT M8 Hammux
npeanoaoxennfl, n°352] UMEHHO OHa COOTBETCTBYET HA IJIOCKOCTH Xy
kouTypy (X). Ilpemeawm o u P usMeHenns ¢ Mpl BuOepeM Tak, 4TOOH
npu nepexofie or a K § kpusas (S) onuCHBANACL B MOJAOKKETEAbHOM
HanpaB/eHNH; STO BCETAA MOXHO CHEAaTb.

Toraa, coraacso gopmyrae (5*) n°331,

8
D=Sx@y@ﬁ
WM, ecaAu MpHHATL BO BHuMaHue (4) u (5),

i i
D=\ x&® 10)[F¥ O+ F1 O]t @

*) OTMeTHM 31ech e, YTO 9TW HAOMONHHTEJbHbIE IPEANONOXKEeHHA Hecyile-
CTBEHHH IJA CNpPaBeJlJHBOCTH OKORYATENbHOIO pe3ynbTaTa M BBEAEHH JTHIUL INAA
o61eryenus JOoKa3zaTenbCrBa.



280 FJ1, XX1. IBOMHHE WHTEPAJDBE 1353

ConocraBuM 3TOT MHTErpan ¢ KpnaonnHeHHmM HHTET pajioM
Sx(i de+"yd) ®)

B3STHM TO KOHTYpy (I) B MoJnoXuTenbHOM HanpasaeHud, Ecmu
NoXeJaTh CBECTH NOCJAEAHHH MO OGBLIYHOMY npasuay K OOBIKHOBEHIIOMY
OTIpellc/IEHHOMY MHTErpaly, TO NPHILIOCH Obl MOACTABJSTH ClOIa BMECTO
& u n dynkuun £(f) n 4 (¢) U3 napamerpuueckux ypasHeHuH kpusoi (I),
M Mb BEpPHYJUCh Obl K uHTerpany (7).

Bripoyem, HyxKHO WMETh B BHAY elle OZHO OGCTOATEABCTBO. Ilpu
W3MEHEHHH { OT & [0 [ ONNMCHIBAaETCK B INOJOXHTEILHOM HanpaBJeHUH
KOHTYp (S)—Tak MM BuGpaaun stu npeneas. Ho kouryp (X)
NpH 5TOM MOXET OMUCHIBATLCH KaK B MOJOXKHTETbHOM, TaK W B OTpH-
1aTeJbHOM HamnpasJeHud; Takum oOpasoM, uuterpaast (7) u (8) moryr
Ha Jesle Pa3HMTbC 3HaKaMu., Bo Beskom cayuae

0
D= +Sx dit 5P dn, ©)
(£)
npuyeM (MORYEPKHEM STO €IUE Pa3) 3JHAK NANC UMEeNt Mecmo, ecau
noaojcumensHomy 006xody xoumypa (S) omeewaem noaoxHcUmMeENsHbLE
gice 00x00 Kowmypa (L), 1 3HaK MUHYC — B NPOMUBHOM CAYHAE.
OcraeTcs, HakoHen, npeo6Gpas’oBaTh TMOJAYYEHHHH KPHBOJHHEHHBIA

MHTErpajs B ABOHHOM. 112 3TOrO HaAeXUT BOCNOJL3OBATHCA (OPMyToh
I'puna

| P& naitae, n)dn=S§ (R—5) dean
) (o
Fae noJiaraéM

0
P, ”)_xoe' QG n):xav.
Taxk kak
0Q O0x 0y
dEdn_I_ 6110&’
dP __0xdy

o o 3 +xo&,on’

a CMelaHHple MPOM3BOAHBIE BTOPOFO MOPSAKA OT Y PAaBHBl MEXKAY CO-
6o#i, TO
0Q oP __D(x,y)

& o DE )’
¥ MBI MpPUXOAMM K dopMyJe

D=t \'5 Dx 9 gz gy,
‘(A

DG )
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Mp Bugenn n°3562, uro nNpu CAeNaHHEX NPEXMONONKEHHAX Ompe-
JeNNTEND D(x,
6 =3

coxpanser B obnacti (A) onpedeneHHpf 3HAaK. ITOT Ke BSHAK NMeeT
n uprerpal. Ho nepea Hum ewe crTouT ABOHHO# 3Hak —; Tak Kak
B PEe3yJbTaTe HOJKHO MOJYYHTHCS CYIECTBEHHO MOJOXKHTEAbHOE uucao D,
TO fICHO, UTO 3HaK neped uwrmezpasom cosnadaem cO 3HAKOM onpe-
Oeaumensi. Ecav BBeCTH STOT 3HaK B NOAMHTErpaibHYl0 (GYHKLHIO, TO
TaM NOJYYHTCA, OYeBMIAHO, a0CONIOTHAs BEJHYUHA ONPEALTHTEN,

TaK 4TO OKOHYATEABHOE Bblpa)KeHHe AJd naomagn 6y11eT
D=SS‘M|dEdn=SS|J(E,n)|dEdn. (10)
) D& @

310 n ecTh Ta GOPMYyNa, KOTOPYIO MBl XeNaJu YCTaHOBHT,
IMoaunHTerpasbHoe BHIpaXeHHe

D(x
|5 | dtan=17¢ ndidn
OOLIYHO HA3HIBAIOT SAEMEHMOM NAOUA0N 8 KPUBOAUHEIIHHLX KOOpOUHA-
max. MB BuZesnH, HampnMep, YTO B CJay4ae mepexoja K MOJAPHHIM KOOp-
AMHaTaM (YHKUHOHAABHHIA ONpeje]uTeNb paBeH 7, CAEJOBATENbHO, 3Je-
MEHT TJIOULaAH B MOJADHHX KOOpAMHAaTax ecrtb rdrdb.

364. HdonoanuTennHble 3aMeyanus. 1°. Econ conocrauts npasuno,
NO KOTOPOMY BmIGHDAJCs 3HaK, MJIOC WM MUHYC, B dopmyae (9), ¢ Tem
(haKTOM, YTO 9TOT 3HAK HEOOXOAMMO COBNAfaeT CO 3HAKOM (YHKIHO-
HaJbHOTO Ompele/]uTe]d, TO MOJAYYNTCA HHTEPeCHOe CJCACTBHE: ecal
amom onpedeaumens COXPAHSEM NOAONCUMENbKELI 3HAK, MO NOAOIK -
measHble Hanpasaenus ob6xoda xonmypos (S) u (X) coomsemcmeywom
opy2 dpyey no (popmysam npeobpa3osanus; ecau e onpedesumens
uMeem ompuyamensHelll 3KAK, MO NOAONCUMEALHOMY HANPABAEHUIO HA
O0HOM KOHMmYpe COOmEemcmeEyem OmpugamesbHoe HANPagAeHue HQ
Opy20M.

OueBunHO, 3TO Ke HMEET MeCTO W 1O OTHOWIEHHIO K Jiobolt mape
B3aHMHO COOTBETCTBYIOIMX INPOCTHX B3aMKHYTHX KOHTypoB (L) u (A),
aemawnx B obaactax (S) u (T). TloayueHHn#t pesy/ibrar Jerko npo-
BEPSETCs Ha NpuUMepax, npupeleHHHX B n° 352.

2°, Tlpumensin K ¢opmysae (10) teopemy o cpeadem [n° 341, (9)],
NOJNYYNM COOTHOLIEHHE

D=|J¢ m)|-A )

rae (¢, 1) ecTb HekoTopas Touka M3 obaactd (A), a A — maomanb 5ToH
obaacru.
ConocraBuM 310 CoOoTHOUWIeHHe € Gopmyaollt Jlarpanxa

FO—S@=rOG—a @<EP).
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Ecmi x—f () ecTb MOHOTOHHas (YHKUuf, TO OHA B3aUMHO OAHO3HAYHO
CBA3LIBAET MNPOMEXYTOK a=Ct=CfB ¢ npomexyTkoM f(o)<<x=</f(B)
(wm fR)<<x<<f(a), ecan f(x)— yOuBawomas ¢yHkuusn). OGosuauum
AMMHbB 3THX NPOMENYTKOB Yepes & u d; TorAa cdopmyna Jlarpanxa

NpuBOAMUT K dBEHCTB -
P PR @), (12)

CXOAHOMY ¢ paseHcTBoM (11).
Ecau B dopmyne (12) «cxnmaTs» npomexyrtok [o, B] B TOuky §,
TO B pesyAbTaTe NOAYYUM COOTHOLIEHUE

' &) | =1lim .,

TaK YTO aBCOMOTHA BEAMYMHA IMPOUBORHOH SBASETCH Kak OB K03~
duguenmon pacmsascenus npamot & (8 NaHHOR ee TOuYKe) NpH INpe-
00pasoBaHHH ee B MPAMYIO X.
Toudo Ttak xe us dopmyan (11) nyrem «cxaTHa» o6aacTH (A)
B Touky (§, %) noayuaem
D *®)
r

116 | =tim 2

TaK 4TO abcoMOTHAaf BeMMuMHa (PYHKUMOHAALHOTO ONPEdEAUTeNs HrpaeT
poay Kosghgpunuenma pacmsaacenus NAockoctd &y (B JaHHOH €€ TOYKE)
npu npeobpasoBaHuu ee B IUIOCKOCTb XY

ITO0 3ameuaHHe NOJYEPKUBAET elle pa3 TiyBOKYIO aHaJOTHIO Mexay
NPOH3BOAHOR H (YHKUUOHAALHLIM onpenenureneM [cp. raasy XIX].

3°. dopmyna (10) nokasniBaer, yto npH GErPaHUYHOM yMEHbILEHHA
naowatn A rakxe OesrpaHMYHO YMEHbILAETCA M COOTBETCTBYOmas el
naowaas D. Otciona yxe Jerko ycTaHOBMTb, YTO Npeo6pasoBaHue o6aa-
crell, usyyennoe B n°3562, obaadaerT ¥ CACAYOWMM BaXHEIM CBOHCTBOM:
kpusyio (A) ¢ naowadsio, pasroi nyaw, 8 obaacmu (A) ono nepesodum
8 nexomopylo kpusyw (L) 8 obaacmu (D), maxoce umMenuyo Hy1e8yi0
naow,a0s.

4°. dopmyna (10) BHBeleHa B NPEANOTOXEHHH B3aUMHO ORHO3HAY-
HOro COOTBETCTBUA MexAy obnactamu (D) u (A), HENpepHIBHOCTH (PYHK-
uuiA (1) 1 UX YaCTHHX NPOM3BOIAHHIX, @ TAK:XKE COXPAHEHMs 3HAaKa oIpe-
AeauteneM (2). O@Hako Ha NPAKTMKE OGHYHO MPUXOAMTCH CTaJKH-
BaTbCs CO CJAy4YasMd, KOTAa STH NPeANOJOXKEHHd HapyIaloTCsi B OTAEIb-
HHX TOYKAaX WM BHOAb OTAENbHHX KPHBBHIX.

Ecan ynomsHyTHe TOYKM M KpUBHE Ha OOEMX MUIOCKOCTAX MOTYT
OHTb 3aK/IOYEHBI B MPOW3BOMLHO Majme MO Maowamd obaactu (d) u (3),
TO IO BHAEAEHUU HX (POpPMyaa yxKe CTaHOBHICH NPUMEHHUMOMH:

D—d= SS |J¢E W | dédn, (10a)
(8) —(9)

*¥) Mo cytn pena Mn Rud¢epesunpyem unterpaa (10) no obnacTu B Touke
(% m) [n® 342].




355} § 5. 3AMEHA NIEPEMEHHKIX B ABOMHBLIX UHTETPANIAX 9283

IMycrs dyuknuonanpuniit onpeneaurens B o6aactd (A) coxpauser orpa-
HUYEHHOCTh:
[JE D<M

Torda uwnterpan (10a) pasuutcs or muTerpana (10) ma Beaumuuny

S@S |G ) | dE dy < M.

Tlepexoas B (10a) x npemeny npu d n 3—0, BOccTanomuM dop-
myay (10).

Ias wamoctpaunu BepHeMcs K mpumepy 1) B n°3562 n x durypam,
n3oGpaxkeHHsiM Ha puc. 39. HemocpenacTseRHO K NpAMOYTOJBHHKY
A=]0, R; 0, 2=] u k xpyry (D) pamuyca R (c ueHTpOM B HauaJe)
tdopmyay (10), xoTopas Anas 3TOrO Cayyas MPUHHMaeT BUX

D= ‘SA‘S rdrdb,

TpHMEHUTL Heab3g. Ho ecau BHK/IIOUMTL 3alUTPUXOBaHHHWE 06aacTH (mao-
Iaan KOTODHMX BMECTE € p WM & CTPEMATC] K HYMO), TO K NOJyuamo-
nmmMcs o6aacTaM 5Ty (GOpMyJy TNpPHMEHUTb MOXHO; OCTaeTca nepedTH
K mpeneny.

365. Teomerpuueckuit Buieom, Popmyna (10) BrBeAeHa HaMu C no-
MOUIBIO, XOTA W NPOCTHX, HO He HATJASAHH X paccyxaeHndt. Mu npu-
BegeM JApyrod BHIBOA 3TOH J
(opMy/IH, COBEPIUEHHO MPO- 7
3paunnifl ¢ reomerpuvecKko#
CTOPOHH;, OH  NPHHAJJEHUT
Octporpanckomy [cM. Hixe
n° 359].

PaccmoTpum  cHoBa mpe-
o6pasoBanue MJOCKOCTH &y i )
B NJOCKOCTb Xy, KOTopoe £ [3
samaetca dopmyaamu (1). Bpi- a b
nenuM Ha miockoctu §v Gec- Puc. 41,

KOHEUHO Majblfi NPSMOYTrOJb-

Huk ILILILIT; co cropowamn df u dv, napannenbHeiMu ocsM § M 7
(puc. 41, a). NsobpameHueM 3TOr0 NpPAMOYTOJBHMKA B MJAOCKOCTH Xy
CAyMUT KPHUBOJHMHEeHRHH A UYeTHPEXYrodbHuKk PPPyPy (puc. 41, 6);
onpefeaHM €ro nJoliaib,

BepiunHn ApAMOYroibHUKa HAa TAOCKOCTH §7 MMEIOT KOODAMHATH

MG w, TeC4dh w, IE4-d ntdy,  TLE q+dn)

5

«0
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B TaKOM CJyuae COOTBETCTBYIOUIME BEPIUIMHB KPUBOJUHEHHOro dYEThipex-
yroibHuka 6yAyT MMETh TAKHE KOODAMHATBL

PixE ) yGE )

Py(xG-d8 m), y(E-Fdt 1),

Py(x (E4-d& m-dv), y(E4d5 n--dv),
Pi(x & n--dn), yGE n-4-dy).

Ecan orpaHuyuThCs 4JeHaMu NEPBOro Mopsaxa orxocutensHo d, dy, To
HPUOJAHIXKEHHO MOXHO B3AThb TOYKU:

P 3 Pyl & +"y dE)
Pfxt- Gt Gdn g+
P‘(x-{—g—’:dn, 4+ % dr)

rae x=x( 1), y=x (¢ 1) 4, poobille, BCE NPOU3BOAHBE BHIYUCACHH
B Touke (§ 7). Tak Kak npoekuuu orpeskos PPy u P;P; na o6e ocu
COOTBETCTBEHHO DaBHBI, TO OTPE3KH 3TH DaBHBI M MapaAJeNbHBl, TaK UTO
C TOUHOCTBIO [0 ManbiX BHICIIEro MOPAAKA UYETBIPEXYFOMBHUK PyPyPiPy
€CTb MapanaenorpamMm.

Ero naomans paBHa YABOEHHOH Nuomaau TpeyronbHuka PyPyP,;. U3
aHAJIUTUYECKOH e reoMEeTPHH WM3BECTHO, YTO YABOEHHAd IJIOULAAb Tpe-
YTOJbHUKA, BEPIMHHBL KOTOPOrO HAXOAATCS B TOUKAX (Xy, yy), (Xa Vo),
(%3, y3), paBHa abGCONIOTHOH BENMYHUHE ONpEASTHTEN

)

Xg— X1, XN3— X
Yo — V1 Ya—JYa

ITpuMenas sty GopMyay K HalleMy CJyyalo, NOJYYdM, YTO HCKOMAf
TIomane (CHOBa— C TOYHOCTBIO A0 MajbiX BHICINErO MOPSAKA) PaBHa
aBCcoNOTHOH BeAHUHHE ONpeleanTens

0x g 0%
D (x, _V) 3 d
— DG 1)

W W dn &)

Hrak,

D (x, y)
nom. PyPyPyP =‘ +9) | i,
157287374 D(Ey "]) !

Pasnaras ¢urypy (A) Ha NJIOCKOCTH &7 MPAMBIMH, NMapaaiedb-
IBIMH OCAM, Ha OCCKOHEYHO Maibie NPsMOYrONbHHKH (U TpeHeOperas
«HENPaBHIbLHBIMU» 3JIEMEHTAMH Y KOHTYDa), MBI OJHOBDEMEHHO pasJo-
wuM u Gurypy (D) Ha IJIOCKOCTH Xy Ha KPHUBOJHHEeHHBEe ue-
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THPEXYrOJAbHHUKH DaccMOTPEHHOro Bupa. CyMMuUDys TIOMyueHHBIE
BUIPAX¥EHU AAs Taomaned ux, BHOBb npuxoamm K gopmyrne (10)*).

ITpusenennoe paccyxaenve OcTporpaackoro, Takum o6pasoM, Mof-
YEPKHUBAET BAXHYI0 TEOMETPHUECKYIO uielo: cymyrocms Gopuyas (10)
cocrmoum 8 moM, 4mo 0as onpedesenus naowadu guzypet (D) sma
gu2ypa pasaazaemcs He Ha MPaOULUOHHbLE NPAMOY204bHbE IAEMEHNLYL,
C NOMOWBIO CemKU NPAMBLX, NAPAAREALKBX OCAM, @ Ha KpusoalHel-
Hble dAeMEHmEL, ¢ NOMOWbI0 CemKu
KOOpOUHAMHBLX AUHUIL.

B HEKOTOpPHX TNpPOCTHX CJayyasx
MOXHO  HENOCPEACTBEHHO HAaXOOHTb /
BHPaXEHHE <«JJeMeHTa NJOWaan» B =X
KPUBOJMHERHNX KOODIAHHATAX IHOYTH ar
6e3 BhIUKUCAEHHUH,

Hanpumep, B cayvae nepexona 46 r
K TIONSPHBIM KOOPAMHATAM  MOXHO Vi
paccyxnaTh TaK. D/IEMEHTaPHOMY Mps- g o3
MOYTOJIbHHKY CO CTOpOHamu dr u df
B TJIOCKOCTH rf Ha MJIOCKOCTH Xy OT- Puc. 42.

BeuaeT (Urypa, OTrpaHHUEHHAs HYTaMu

OKPYXHOCTEH paaMycoB r M r—-dr W IByMs Jy4yaMH, HCXOLAUWMMH M3
Hauada noz yraamu O u 8--db k ocn x (puc. 42). Ilpunnmas npu6au-
XEHHO 3Ty (UIypy 3a NpSIMOYTOJBHMK CO CTOpoHamu dr u rdf, cpasy
noJayyaeM HCKOMoe BmipaxeHue r dr dfl sneMeHTa mnJowanu.

356. 3amena mnepeMeHHbIX B JABOHHBIX WHTerpanax. Paccmorpum

ZIBOHHON MHTErpad
{765 yyax o, (13)
(D)

rae obaactes (D) orpaHHueHa NMPOCTHIM KYCOYHO-TJAAKMM KOHTYpoM (S),
a ¢yHkumus f(x, y) HenpepmBHa B 3To# obiactu.
Ipeanoaoxum teneps, uto o6aacts (D) ces3ana copmyaamn (1)

x=xE 1), y=yGE )

¢ nexoropolt oGaactoto (A) Ha maockocTH £ ¢ cobaomeHueM Bcex
yCnoBHH, npu KOTOPHX Mel BHBOAMAR B n° 363 dopmyay (10), sepa-
wawomywo naomans ¢uryps (D) B KPHBOJMHEHHBIX KOOpDAHHATax **),
TMocrasuM ceGe ueaplo, 3ameHsss nepeMeHHble B uHTerpane (13), npen-
CTaBUTb €r0 B BHIE HMHTErpaJa, PacnpocTpaHeHHoro Ha ofJacTh (A).

*) Hetpynno cmenaTe 3TOT BHIBOJL M COBEpIIEHHO CTPOTHM.
*¥) Mp npeanonaracMm, TakuM o6pa3oM, TaKKe CyUleCTBOBaHWE U Hernpe-
02 2
PHIBHOCTb CMELI3HHBIX ITIPON3BOAHBIX BTOPOro TNoOpsiKa féiq " —an—*ga Cp.
cHocky Ha cTp. 279.
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Ilns storo pasobbeM o06aacTe (A) ¢ nOMOWBIO HEKOTOPOH CETKH
KyCOYHO-T/IaIKHX KpuBbHX Ha wacta (A;) (i=1, 2, ..., n);, Torxa

obnacte (D) COOTBETCTBYIOLUHMH (TOWE KYCOYHO-IJIAZKAMH) KPUBHIMH
pasobbercs Ha uwactd (D;) (puc. 43, a, 6). B xawmo#i wacran (D))

¥ 7
Jasay

w ! |

a) )

BHOEDEM MNPOHM3BOABLHO TO TOYKE (X,¥;); HAKOHEL, COCTAaBHM
HHTErpajbHyl0 CyMMy s uHrerpana (13):

o= i§f(xn )b,

KOTOpas# MMEET 3TOT HHTErpal CBOMM TNpPEREJIOM NpH CTPEMJEHMH Hau-
Goabiero #3 muamerpos obaactelt (D;) K Hymo.

Ilpumenns k kawaol wactu (D;) dopmyay (11) [n°854], Gymem
UMETh

Dl=|‘](€—l’ 7-11)|.Ai,

rae (5, 1,) ecTb HeKoTOpas oOmpeie/eHHas TOuKA 06JacTH (4;). 3ame-
HAS B CYMME€ 6 KawJoe [); STMUM BRIDAMEHUEM, MOJTY4YHM

°=2i]f(xb )| J(é_i' ;I—l) | Ay

B 1o Bpems kak Touka (5, 7;) RaeTcA TeopeMOH O cpelHeM H B ee
BHIOOpE MBl HE BOJIBHH, TOuKa (Xx; y;) Oeperca B obaactu (D;) coBep-
IWEeHHO Mpon3BOoAbHO. Ilomsysch TUM MPOUSBOJIOM, MOJIOKHMM

xi=xC ) yi=yGE W)

T. €. BulepeM B KauyecTBe TOuKM (X; ¥;) Ty Touky obaacra (D;), Ko-
TOpas oreeyaer Touke (§, v;) o6mactu (A;). Torma cymma o mnpu-
MeT BHJ

o= 2 1)y Co I M)A
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B 3TOM BHJE OHa, OYEBUAHO, ABJAETCI WHTErpaJbHOH CyMMOH mid
WHTEerpasna

(76w & 01v6 nidan a9
(8}

CyliecTBOBaHHE STOrO WHTErPalla BHITEKAET U3 TOrO, YTO NOAWHTErPaJb-
nas QYHKIHSA HenpepeiBHa,

Ecan 3actaBate Teneps avaMerpel BCceX o6aactelt (A;) crpemursCs
K HyJa0, TO N0 HenpepeBHOCTH ¢yHkuuft (1) v mmaMeTpn Bcex ofaa-
creit (D;) takxe OyayT cTpemutbcs K Hymo. Torpa cymma o J0J%Ha
CTPEMUThCA Kak K HHTerpamy (13), tak u Kk uHrerpaay (14), w6o nas
0OOHX OMHOBDEMEHHO CJAYMXHUT wuHTerpaspHo# cymmo#i. Takum o6pasom,

{§re navay={{rec n ye »ve Didtan (9

(D) (8)

dra ¢opMyna W pellaeT MOCTaBJACHHYIO 33afayy — O 3aMeHe mepe-
MEHHHX B JABoiHHOM uHTerpate, Popmyna (10), ouesugHo, ABJAAETCA €€
YaCTHHIM CJAyYaeM H noJjyuaercs orcioaa npu f(x, y)=1.

Wrak, 0412 mozo, 4wmobel ocyuecmsums 3a.MeHny nepesMennsx 8 08oii-
roM unmezpare (13), HysHO Ke moasko nodcmagums 8 PyHKyuw f
sumecmo x u y ux eupasenus (1), Ho u 3amenums sieMmenm nio-
wadu dxdy e20 8uipasceruer 68 KPUBOAURERHHX Koopouxamax.

C nomoupio Co0OpaxeHHH, aHAMOTMYHWX mpUBeAeHHHM B 1n° 354,
4° u 3pech JIETKO yCTaHOBUTb, 4TO (opmyna (15) coxpaHser cnpasea-
JUBOCTb B DA€ CJy4yaeB, KOria YCJOBHf, HaJOXEHHHe Ha mpeoGpaso-
Banue (1), Hapywaworcs B OTIEJbHHX TOYKAX HAM BIOJb OTIEAbHBEIX
JIMHUR,

357. AHaJOreg ¢ OPOCThIM WHTerpanomM. HHTerpasa no OpHEHTHPOBAHHOH
oSnacTh. Popmyna 3aMeHn NMepeMeHHbIX B NBOHHOM HHTerpane BeCbMa CXOfHA
C @opMyIOH 3aMeHEl NepeMeHHOH B NMPOCTOM OlpefeleHHOM HHTerpaie:

b g
Sf(x) dx = S Fx®) x @ & (16)

Onnako B dopmyne (16) oTcyrcTByeT 3HaK aGCOMIOTHOH BeIHYHHH, YTO yMe
HECKONbKO HapyllaeT aHAmOrHi0. JTO pacxoxkleHwe obGbacHAerca npocto. [lpo-
CTOM ompejeNeHHHN HHTerpan GepeTcd MO OPHEHTHPOBAHHOMY mpo-
MewyTKY [n° 180]: Bemb a MoxeT ObTb W MeHblle M Goiblie b, PaBHO Kak
M a MoxeT ObiTb M Menbuie W Gonpwe B. B 10 e Bpema nBofiHOM WHTerpai
MH O CMX NOp paccMarpyBaad JHIlb 1O HEOPHEeHTHUHPOBAHHOH 06-
AacCTH

MoXHO, 0OIHAKO, ¥ B cayuyae NBOHHOTO MHTErpana Iepelity K pacCMOTPEHHIO
OpHeHTHpOBaHHLIX o6aactefi. OpueHtaMs Oo6NaCTH CO3MAETCA TEM, YTO €€ KOH-
Typy mnpuzaeTcs ONpeleleHHoe HanpaBileHdHe 006Xofa — MONOKHTENAbHOE HIH
otpuuarensHoe [n°332]; onHoBpeMeHHO TaKOe e HanpapieHHe o6Xoma TNpH-
NACTCA M BCEM 3aMKHYTHIM MpOCTHIM KPHUBHIM B mpenenax oGnactu. Ecam B~
GupaeTca NONOXMTeNbHOE Hanpasnenne o6xofa, TO TroBopAT, uTo o6aacTh
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MOJIOXKTC/ILHO OPHEHTHPOBAHA, B MPOTHBHOM e CJyYyae — UTO OHA OTPHUATEALHO
OpPHEHTHPOBAHA.

EcrecTBeHHO YCNOBHTBCA 1AA OpHeHTHpoBaHHOM ofnactu (D) B kauecTBe
niaowany 6path ee OOGLIKHOBEHHYIO IIOWafb CO 3HAKOM NIOC, ecad o6aacts
OpPHMEHTHPOBaHA MOJIOXHTENbHO, H CO 3HAKOM MHMHYC — B IIPOTHBHOM chyuyae. Tlpu
paznoxenun obnactu (D) Ha uyacty (D;) 3TH yacTH, KaK YKasbiBanOCb, OPHEHTH-
pyoTCA COrijacHO C OpHeHTauuefi Bcell o6nacTH; COOTBETCTBEHHWM O6pazoM
cHabwawTCA 3HaKaMM M MX IUIOU{afH.

Tenepb, n1a opueHTHpoBaHHON obiracth (D) MoxHo mo o6pasny
n° 338 nocTpouTh NMOHATHe ABOMHOrO MHTErpana

V(reaxa,

(D)

npuyeM 3TOT HHTErpal COBMAajaeT ¢ ONpelelNeHHbM paHblte, eCIH 061acTb
¥IMEeT MOJNOXWTE/NbHYI0 OPHEHTAUHMI0, H OTIHYAeICA OT HEro 3HaKOM B clyyae
OTPYLATEAbHOH OpHMEHTAalHH.

JTa HOBaA TOuKa 3peHHA Ha JBOHHOM MHTerpal MNo3BONAeT NpeXAe BCEro
dopmyny (10) n° 353, smpaxkaomyio mMiIomagb B KPHUBOIMHEHHHX KOOPAMHATAX,
nepenucath Ge3 3HaKa a6COMIOTHOM BelMUMHB NP (YHKUMOHAJbHOM Ofpeje-

JHUTENnE:
D(x, ¥
D= S [((g )dEd'q_SSJ(E ) d$ dv,

eCIM TONbKO OpHeHTanuwobnactelh (D) u (A) nlpouasonun,
CornacoBaHHO. JTO NpAMO CrenyeT W3 3aMeyanus n° 354,

Tpu ToM e ycaosuu dopmyny (11) n°354 Mmoo Hanucath Takxke 6e3
3HaKa aGCOMIOTHON BeNHUMHBI

D=J(E;;l_)'A1

4 B Taxkoil opMe OHa CHYXHUT ecTecTBeHHbiM o6o6ienuem dopmynw Jlarpania.
HakoHen, Temepp ¥ obman dopmyna (15) MoxeT OuniTb HamucaHa A € O-
TN1acOBaHHO OPUEeHTHPOBaHHKEX o6unacTeit (D) u (A) B BuURe

§re maxey = Vfreen v nie nan
(D) (4)

TakuM o6pa3oM, CTOMIO MHIIbL NMOCTAaBUTb NIPOCTHIE ¥ JBOMAHBE WHTEIpadbl B O 1 H=
HaKOBbL € YCNOBHUSA, YTOOB aHanorus crana NonHo#!

BrpoueM, B JaibHefilleM M3MOXEHHH Mbl BCE Ke BepHEMCA K 06biyHOH
TOyKe 3peHMs W OyleM pacCMaTpPHBaTh HIBOHHbIE MHTErpaibl, PaCMpOCTPaHEHHbLIE
Ha HEODHEHTHPOBaHHbIE O6NACTH.

358. Mpumepsl. |) Briuncaum naowmans Gurypel, OrpaHuyeHHON LeMRUCKaA-

moli (puc. 44):
(x* +3°) =24" (x* — %),

Hanuyue pByunena x®-fy* HaTankuBaeT Ha MEICAb NEpPedTH K NOAAPHBIM
KOOpnnHartam, 1oJjaras
=rcosl, y=rsinf,

H BLIYHCAATHD HCKOMYIO muowaigb No dopmyae

D= ggrdr o, a7
(4
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Tax wkak Hama KpMBaA CHMMETPHYHA OTHOCHTENbHO KOOPIMHATHWX OCeH
(3TO N€rKo yCMOTpeThb 43 YDPaBHEHHA KDUBOYH, M60 OHO He MEHAeT BHNA NpH
3aMeHe X Ha -—X WIM ¥ Ha —y), TO [OCTATOYHO ONPEXENUTb MAOLUANb
vacti (D) ¢urypel, comepxaiieficdi B NepBOM KOODIMHATHOM YIJe, a 3aTeM
YUEeTBEpHTH ee.

lMoasapHuiM ypaBHEHHEM NCMHHCKATHI CIYXHT

r®=2a? cos 20,

fipHueM (eClM OrPAHMYHMTHCA MEPBHM KOODIMHATHHIM YraoMm) O HajmexuT u3me-

T
HATH auiib oT 0 po  BBHRY TOro, uto €0s 20 ponxeH ObTh MOJNOKHUTENLHBIM.

Puc. 44.

Taxum o6pa3zom, o6nacts (A) wa naockoctu rb, orBevyawowas (D), orpaHuueHa
KDHBOIO

r=ay) 2cos 2
(o6pa3 neMuMCKaTe), OTPe3KOM OCH r (KOTOpHH OTBEYaeT OTPE3KY OCH X) H
ki
orpeakoM ocu 6, ot 6=0 pno 0=71- (o6pa3 opHOf AMIIBL HayaAbHOH TOYKHM —
C HapylIeHHeM B3aHMHOM OJHO3HAWHOCTH COOTBETCTBHSA ¥)),

MeeM
k3 T
T aVZcos2l T .
D=§d0 S. rdr=a'§cos20d0= %—,
o

TaK YTO BCA MCKOMas nuoinafb ecTb 2a.

2) YKaxeMm Temepb ApYrof#f mopxog X BHOGODY CHCTeMH KDUBOJAHHEHHHX
KOOpPAMHAT, KOTOPHIA YacTO OKa3wBAaeTCA NOAE3HLIM MDH ONpeAeNCHHH MAOWAfH
KPHUBOMHHEHHOr0 YeThpexyroanHuka. Ecan o6e maps! KpPHUBbIX, NPEACTaBAAIOLUAX
HPOTHBONOAOKHHE CTODOHHI STOTO YeTHPEXYrOAbHHKA, BXONAT B COCTaB — Kam-
ag — CBOEro CeMEHCTBa KDHBLX, 3aNOJHAIOMIMX NIOCKOCTD M 3aBHCALIMX OT

*) Cu. no 9TOMy noBony 3aMeyanue 4° B n° 354,
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ONHOr0 napaMeTpa, TO HMEHHO STH J[Ba CeMeHCTBA €CTECTBEHHO NMPUHATHL 3a
CeTKY KOODAMHATHHX NHHUM. MX mapaMeTpm o06biyHO ¥ AT YROGHYIO 1Ad JaH-

HOTO CAyuas CHCTeMY KpHBOIMHeH-
4 HbHIX KOOPAHMHAT.

Pa3bACHAM 9TOT NMpHEM Ha npu-
mepe. [Iyctb Tpe6yeTca HafiTu niao-
uagb (QUrypol, orpaHHYeHHOR Tapa-
6onamu

Y=px, Y =gqux, x*=ay, x*=by,
rie 0 <p<<qgu0<<a<<b(puc. 45).

3nech yno6HO pacCMOTpeThb ABa
cemeficTBa napaoan:

yi=tr (p<i<y)

X=ny (e<<n<)),

Kaxjoe M3 KOTOPHX 3aNoJHAET Ha-
my GUrypy, ¥ M3 HUX COCTaBHMTb
Puc. 45, CeTKY KOODUMHATHHX NuHMH. ITO

PaBHOCHABLHO TOMY, YTO MapaMeTpH

ux § ¥ 71 MH NPEHHAMaEM 3a KPWBOJWHeHHLie KOOpAMHATH. BCe 9TO yxe Ham

8
3nakomMo 1o n° 352, 2); U3 HamNCaHHMLIX YPaBHEHMH HMeeM: x==}/6-q’ H y=
3

=7 &%, Tak uTO (QYHKUHOHANLHHA ONpeneINTElD
1

J=—.

3
Orcona cpasy moayvaem

=3 @—p) b —a).

3) Hatith ofbem V Teaa, Bhpe3aHHOro uMAHHIPOM x? -+ 92— Rx 3 chepu
x:L 2422 R® (puc. 46) (310 Teno MHOrAa HAa3bLIBAETCA <«TEAOM B p-
BHaHH» — N0 HMEHH HTaNbAHCKOrO MaTeMa-
Tika XVII Beka, koTopu#t BnepBLE UM 3auH-
TepecoBancs).

Hmeem [no dopmyne (2) n° 336):

V=4 SS VR =¥ =3 dx dy,
(P)
rae P ecTb MoayKpyr B NepBOM KBaIpaHTe
NAOCKOCTH XY, OTPAHHYEHHLIH IHHUAMHA X ==0
n x: 4 yd=Rx.

HenocpencreeHHoe BHUHCIEHHE 3TOrO
HHTerpaza INpPEeNCTaBAAETCA TPOMO3IKHM; HO
OHO 3HaYHTENbHO YNPOWAETCA NPH TNepexone Puc. 46.

K NMOJAPHHM KOOPAHHATaM.
[MoaspHoe ypasHenue Koutypa (P), T.e.NONyOKPYXHOCTH, ByjeT r==Rcos 0

3
npu usmenennn 6 or 0 mo 5 Takum o6pasom,

k.1
Rcost

MK
I
el
—
:

3 5
V=4§d0 VR’——r"-rdr:%RatS(l—sin'ﬂ)dﬂ:%Ra(
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4) TlonapHnie KOODPIMHATH 4YaCTO GWBAOT TONE3HH NpH YCTAHOBAECHHH CY-
LIECTBOBAHMA <HECOOCTBEHHLIX> JIBOHHHX wuuTerpanos [n° 344, 4) W 3aMeuanne].
Jlaa mpHMepa YCTaHOBMM YCHOBHs CYUIeCTBOBaHHA MHTerpanos (m > 0):

a) SS —(}% (ocobas TOuKa — B Hauane);

x4yl
dx dy

6) S M= — (oco6as NHHHA — eIMHUYHAA OKPYXHOCTs BO-
afpst Y Kpyr Hauana);

dx dy
”) §S @1y (npoctupamnmascs B 6eCKOHEYHOCTb OBAaCTh).
=1

xR
Viveem, B cayuae (a),
1
dxdy dr

—_— =97 _
X8 Hm ram-1
0<ﬂ$x!+y’§l( +,V) s

dr
uyto mpH e¢—0 CTpPeMHTCA K KOHeUHOMy mpegeay 2= FEmT ML eCIH

2m—1<<1, . e. ipn m<<1. B cayuvae (6):

1
dxdy —% 5 rdr on S rdr
o (

x43e=(q —mm a=ry= =™

("pH g 0)»

ecnd m << 1. HakoHeu, pas uHrerpana (B):

oo

R
dxdy dr dr
SS W?-?“SW-’?“S';W

t=x2+yl< R2
(npu R — o),
ecmm 2m—1>1 1. eem>1,

359. Hcropuueckde sameuanus. [JpofiHble WHTerpain BnEpBhie GhIH BBe-
Aenbl JftmepoM — B paborTe, poxoxeHHod IlerepSyprcko#t akamemuu B 1769 r,
CHavyana OH pacCMaTpHBaeT CBOEro poia HeompejeneHHL # IBOHHON MHTe-
rpan SS Zdx dy xak Takyno QYHKUHIO OT X H y, KOTOpas HPHBOAHT K BHpake-
HUW Z dx dy, eciv ee mnocaefoBaTeAbHO NpoAH(depeHINPOBATL N0 STHM nepe-
MEHHBIM B TOM HJH JApyroM mnopsake. TakuM o6pa3oM, STOT ABOHHOR MHTerpan
OTOXAECTBAAETCH C OGOMMH IOBTOPHHMH HHTErpalaMu

(ax(zay u (ay{Zax,

H ofuee ero BBIPRXEHHE COACPHHT B BHIAE ClaraeMnX Kak NPOHU3BONbHY O
q))’HKLlHlO TONbKO OT X, TAK M IPOM3BOJbHYIO Q)yHKl-lVllO TONBKO OT y.
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3areM, B cBAsM C 3alauell o BuiyucaeHuM o6beMa U TOBEPXHOCTH Teaa,
Jitiep BBOAMT oOnpejeleHHB H JBOMHON MHTErpal, TPaKTys €ro OAHOBpe-
MEHHO M KaK CYMMY CBOMX 3J€ME€HTOB, ¥ KaK NOBTODHHIH HHTErpal— TOro Wau
apyroro tuna. Ecan nepsuM Boiuucasercs, ckaxeM, \ Zdy (Ipn DOCTOAHHOM x),

TO OH PaCNpOCTPEHAETCA Ha BCE 3HAYEHUA Yy MeXAy TNpeleNaMH, KOTOphE 3aBH-
caT, Boobuie rosops, oT x. B pesyibTaTe noayyaerca (QYHKUMA OT OZHOTO X
(a HE OT X M ¥, KAK B Clyyae HEONPEJENEHHOr0 MHTerpana), KOTOpas M WHTe-
rpupyeTcd yXe MeX1y NOCTOAHHbIMH MpefenaMu ¥). Bce mpelens onpefnenaorcs
M3 PaCCMOTPEHHA CaMOro <OCHOBaHua» (Tak Jiiiep HasbiBaeT 061acCThb M H-
TErpHpoOBaHHNA: OHa M B CaMOM Jele OObLIYHO CAYXKMT Y Hero OCHO B a-
HH EM LI TOro Tena, 06beM WA¥ NOBEPXHOCTb KOTODOro HuleTcs).

B ynomanyToR Bhime paGoTe Jfinep 3aHHMaeTCA ¥ BONPOCOM O 3aMeHe
NepeMeHHBX X, y NOX 3HAKOM [BOHHOTO HHTErpPaja HOBLIMM TiepeMeH-
HuIMA ¢, u. lIpy 3TOM npennonaraercs, 4TO X, y ABJAKTCA (YHKUUAME OT £, 4,
npuyeM

dx=Rdt+ Sdu, dy=Tdt+ Vdu, (18)

Tak yt0 R, S, 7, V 03HayaioT COOTBETCTBEHHLIC YA CTHH € NMPOM3BOAHL €,
[pegens:, Mewiy KOTODhIMH M3MEHAIOTCA HOBBIE llepeMeHHble, ONpeeasnTCa
NpEeXHUM <OCHOBaHMeM>. Ilocie MOXCTAHOBKM B MOIMHTErpaibHYI0 (YHKUHIO,
BMECTO X H ¥, MX BHPa)eHHWH yepes f M 4 OCTaeTCA OTKPLITHIM JHIIL BONPOC:
YeM 3QMEHUmMb dnemenm naouadu dx dy?

d#inep cpasay Xe OTBepraeT MbICAb O TOM, UTOGH MONMPOCTY NOACTAaBHTh
BMecTo dx M dy wux Buipaxenns (18). OH cnmpaBemniwBO 3aMevaeT paaee, 4TO
BOOOLUE <HEM HUKAKO20 PA3YMHO20 OCHOBAHUS, noYemy Ou 8uipdjicexue, 860-
duxoe 8 guducrenue emecmo dx dy, 004xcHO Obiine eMy paSHO»: BAXHO THUIb,
4TO6HW COBMalal¥ OKOHYATEeNhHBH € pe3yibTaThl HHTErpupoBaHuit. Bmecrte
C TeM 9TO Bblpa¥(eHHEe JOMKHO colepxaTb MHOXHTeneM dfdu, 1. e. UMeTb BHI
Z dt du, naa Toro 4ro6n MHTerpan MO HOBbLIM IEPEMEHHAIM MOXHO OHIIO TaKkke
TPaKTOBaTb KaK MNOBTOPHbIH.

Jlna pasvickanua MHOXHTeaa Z Jitnep npuberaeT Kk NocAegoBaTel b~
HOMY BBEJEHHIO HOBHIX IIEPEMEHHBIX, TaK YTO MDY KaXJOM Iluare eMy NpUXo-
IHTCA NHIIb 3aMEHATb OXHY NMEPEMEHHYI0 B MP O CTO M HMHTerpane (BO BHYTpeH-
HeM). B pesyabTaTe OH NMPHXOAMT K BHIPaXEHHIO

Z=8T— RV,

B KOTOPOM UHTaTel]b Jerko y3naeT @ YHKUHOHAAbHBH ONpPENEAHTEND.
OnHako y Jitnepa BCe Xe BO3HMKACT <«TSKKOE COMHEHME», B CBA3W C TEM, YTO,
AEpecTaBHB X W y, MOXHO 6ui10 OB COBEDPIIEHHO aHAJAOTHYHO MOJYYHTb W Bhi-

paxeHHe
Z=RV—S8T

¢ ofpaTHbiM 3HakoM! OOBACHAETCA 9TO TeM, YTO JHiaep 3Iecb HUrJe He BhIMN-
cbiBaeT NpefieloB MHTErpala ¥ He ylelseT BHHMAaHMA HX DPacCTaHoBKe. 3aTpyn-
jeHWe pa3peuraeTc ¢ MOMOU(LI0 COOGpayeHHA, YTO MAOmMaZb NOMKHA BCErja
noayuarbCs MOMOXHTENbHON, a 3HAYNT W Z HallneXMT 6paTh NOJOKMTEIbHLIM.
TaknM 06pa3oM, OKOHYaTeNLHO, BMeCTO dx dy caenyeT MONCTaBAATH BblpaKeHue

|ST— RV | dt du. (19)

JT0 BHpaweHue Iizep noayuyaeT ¢ NOMOWIBIO YHUCTO (JOPMaNbHLIX Onepa-
uuit, OTHIONb He NMPUPABHHBasA ero 3JACMEHTY naowamy dx dy, HO # BoOGWe He
BHIACHAA €r0 FEOMETPHUECKOIr O CMBCaa.

*) B sToit paGote Dfiaep eumie He CTABHT NpeNeaoB NPH MHTerpaiax.
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HeckonbkuMu rojaMu nosxke Siiepa k TOMy e BONPOCY O 3aMeHe mepe-
MEHHhIX, HO yXe B TPOHHOM HHTerpaie, o6patuica Jlarpanwk. Ecau nepedpasu-
PoBaTb ero coofpaxenHa Ha cayyalh JBOMHOrO HMHTerpasa, TO MOXHO CKa3aTb,
yro Jlarpank npiTaeTcAa NOKa3aTh, GYyATO sAemMeHTapHasa 0io-
mans dxdy NpoCTO paBb Ha Buipaxenuo (19).

Jlume B 1836 r. B coobwenun [leTep6yprckol akaeMHH, 03araaBAeHHOM
«[IpeoGpasoBanne nepeMeHHbX B KDAaTHHX HHTerpa’ax», OCTpOrpaackui BHeC
B BOMPOC MOIHYI0 ACHOCTb. [lpexkne Bcero— Ha NPOCTOM MpHMepe npeo6paso-
BalKs NMEePEeMEHHBIX K MOJADHHIM KOOPIHHATAM — OH YCTaHOBUJ HENPABUIBHOCTD
coobpamenut Jlarpanma. 3aTeM OH [an OpUIHHANBHOE H3MOKEHHE BOIPOCA,
B CYLECTBEHHOM BOCNPOH3BeJeHHOe Bue, B n° 355. Buipawenue (19) noayuuno
OTYCT.IMBOE IeOMETPHYECKOE HCTOJKOBAHHME, KaK MNJIOMalb 3JeMEHTapHOro KpH-
BOIHHERHOTO YETHIPEXYroAbHHKA ¥), NpHYeM BriepBbie Y6EIHTENbHO MOTHBHPYETCA
M HEOGXONMMOCTb PAacCMAaTPUBAHUA MMEHHO a6COJNIOTHON BEeAHYHHM
onpeneauTens.

*) Kotopas BoBCe He 06a3aHa GWTh paBHa MIOLIAAY SNEMEHTAPHOTO NPAMO-
yTrOAbHHKA,



TJTABA ABAILATH BTOPAS

TINIomAlb NOBEPXHOCTH. NOBEPXHOCTHHIE
HHTEIPAJIbI

§ 1. ABYCTOPOHHHE NMOBEPXHOCTH

360. Ilapamerpugeckoe mpeiacTaBJEHHE NOBEPXHOCTH. Mit BepHeMces
X BONpocYy 00 aHaJAMIHMYECKOM MNPEACTABJIEHHH NOBEPXHOCTH B MPOCTPaH-
ctBe [cp. n®213], OCTAHOBMBLIHCH HAa — HE3HAKOMOM €HIE HHUTATEqO —
OYEHb BaXHOM THNE TaKOrO TNpENCTaB/JEHHS, Ha3LBAEMOM MNapamMempl-
YecKuM.

B n°212 yxe Ghiaa pedyb 0 NMapaMeTpHYECKOM NPEACTaBACHMH KPUBOH
B npocrpadcTee [cM. Tam (15))

x=9(), y=9¢@, z=yx0, 8y

TaK YTO NOJOXEHHWEe TOYKM Ha HeHl OnpelennoCh 3HAYEHHEM OAHOrO
napamerpa ?, M3MEHAIOWErocs B HEKOTOpoM npomexytke. [Ipu onmpene-
JIEHHM TIOJNIOXEHHS TOUKM HA ITOBEPXHOCTH, 3aJaHHOH SIBHLIM YDABHEHHEM

ciaen, 2=1(% 3) @

MH HMEJAH AENO yxke C IBYMs NapaMeTpPaMH, POJb KOTODHX 3[€Ch HrpaioT
abcuucca X w opiuHaTa y. B ofmem caydae B KauecTBe NapaMeTpoB
NOABJAIOTCE [ABE MPOHM3BONDbHE € NEPEMEHHBIE U U U, U Napamempu-
wecKoe Nnpedcmasicrile NOBEPXHOCMU OCYMECTBAAETCS C TOMOUIBIO TPEX
YpaBHeHUi

x=¢@W v), y=¢(u v), z=y@ v)*), 3)

rae ¢GyHKUMM ¢, §, ¥ ONpEAEJEHH H HENpepHBHH B HEKOTOpoH obia-
cti (A) Ha <«MJOCKOCTH NapaMeTpoB» uv.

OcHOBHHIM Ass Hac OyIeT cayuall, KOrRa Kaxuaas TOUKa nOBepx-
HOCTH TOJYYaeTcsi JHIIbL 0OpH ONHOR nape 3HaueHUH NapaMeTpoB, Tak
YT0 ypaBHeHHs (3) ycTaHaB/JAMBAalOT B3aHMHO-OAHO3HAay-

*) 3amanue noeepxHOCTEH € NOMOLILIO IBYX NapaMeTPOB, BNEPBHE BBENEHHOR
dhnepoM, oco6EHHO WIHPOKO M MJAOLOTBOPHO OIO KCNOABL30BaHO B Auddepen-
uuaabHol reomerpun Fayccowm.
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HO€ COOTBETCTBHE MEXAY TOUYUKAMR TNOBEDXHOCTH H
TOYKaMu naAocCkKofi oGaactu (A); Takylo nOBEPXHOCTh Oynem
HaswBaTe mpocmol. Ilpn stomM Mm GyldeM npeamosnaraTh, 4TO0 H 06-
71acTe (A) W TNOBEPXHOCTh OTPAHMUYEHH TPOCTHMM 3aMKHYTHMH KOHTY-
paMH; OH#, HeOGXOOHMO, COOTBETCTBYIOT OIHH HpYyromy 1o Qopmy-
aam (3).

IMapameTpn u M U HOCAT HA3BAHHE KPUBOAUHENHWX KOOpOUHAM
cooTsercTByomeld Touku. Ecan B ypasHeHmsix (3) QuKcupoBaTh sHaueHue
ONHOH M3 KDHUBOJMHEHHHX KOODAMHAT, HANpHUMEp, NMOJOXHTb U=U, TO,
OYEBHIHO, NOJYYaTCA YDPaBHCHHS HEKOTOPOH KpuBOH

x=0 Uy, v), y=0(, v), 2=y v)

KOTOpas BCEMHM TOYKaMH JIEXKHT HAa NOBEPXHOCTH. M3MeHas sHaueHue u,,
NoMyunM Lenoe CeMeHCTBO TaKHX «KpHUBHX (4)». AHanoruuso, Quk-
cupys SHaueHHe v==7,, MOJYy4HM TaKke KPUBYIO Ha Hame# MOBEPXHOCTH

x=0¢(@ v), y=9@ n), 2=y )

M3 TaKuX «KpHBWX (U)» TaKie COCTaBaseTca nejgoe ceme#cTro. Bee
noftoGHME JIMHAH HA3HBAOT KOOPJAMHATHHMH JHHHAMH ToO-
BepXHOCTH. Ecau nosepxHOCTh ABAAETCH MPOCTOH, TO uepes Jmobyro
€e TOYKY NPOXOJMT MO OAHON KOODAMHATHOM JIMHAM M3 KaxJaoro ce-
MmelicTpa.

Bce 3TO yKe 3HAKOMO 4MTaTeMio, HO Jullib A TOro CJyuas, Koriaa
nosepxHocTs naockas! [Cu. n°352.]

IMpeanonoxuM Tenepb, 4to (yHKUuM (3) HE TOJBKO HEMPEPHIBHH,
HO ¥ umeloT B o06aacTy (A) HenpepelBHHIE YacCTHHE IPOM3BOAHHIE TNeEp-
BOTO TOPSAKA, N PacCCMOTPHM (YHKUMOHAJIBHYIO MaTpuily

(‘Ptlz q’u Xt«:) )
Pv q"u X
IMycts pas  sHaueHuH MapaMeTpoB (4, 7Tp), ONPENENAOMIMX TOUKY

Mg (xp Vo, 2p) TOBEPXHOCTH, OTJMYEH OT HYJ s XOTb OJMH W3 Onpeje-
autenel BTOPOro nopsaxa Marpuun (4), Hanpumep, nycTb

Pa $u
P2 P
Torna, nepenucas nepssie ABa U3 ypaBHeHmH (3) B BHUIe

# 0.

e, v)—x=0, ¢(u v)—y=0,

Ha ocHoBaHud Teopembl 3 n°317, MoxeM YTBEpKIaTh, uTOo 3TOH cm-
cTeMOM O BYX YypaBHeHHd ¢ Ye THPbMd MNEPEMEHHHMH 4, U, X, ¥
(ecam OrpaHMUMTBCS 3HAYEHMSIMA HX, OJH3KMMH K HHTEpECYIOLUM Hac:
Uy, Ty, Xg Yo) TEPEMEHHHE #, ¥ ONPENSNATC KaK ONAHO3HAYHHE
GyHKIMM OT X, ¥: u=u(x, y), v="10(X, y), HCNPEpHBHHE CO CBOHMH
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npoussoAHnMH. HaKOHEW, NOACTaB/IAst STH BHIPAXKEHHA U, T B TPETHE
u3 ypaHeHu#i (3), NpuAEM K NMpPEeACTAaBJEHHIO 4aCTH NOBEPX-
HOCTH, OKpyxawieh TOUKY My, ABHHM YPDaBHEHHEM

2=y (ux y), v(x y)=/f(x )
tina (2), npuueMm QyHKUUR f TaKKe HENPEPLIBHA M WMEET HenpepHBHHE
NPOH3BOIHKIE.

Jlnmp Toraa, Koraa BCE TPH OnpefeauTens Marpullh (4) omHOBpe-
MeHHO ofpamatorcs B 0 (COOTBETCTBYlOwas TOuKa M, TOBEPXHOCTH
B 3TOM CJyuyae Ha3bBaeTcd 0CO0060H), Takoe NPEACTaBJICHHE MOMET
0Ka3aTbCsl HEAOCTHIKHMBIM,

Bo3spMem Ha npocrofi nosepxHocTH (3) Kakywo-Hubyib He 0C06Yyi0
Touky M(x, y, 2). Torma, Kak MBI TOAbKO UTO BHAEAH, B HEKOTOPOH
€€ OKDeCTHOCTH TOBEPXHOCTb NPEICTaBUMa SBHbIM YDaBHEHHEM TOrO
WAH JDyroro Buia M, crenosarenbHo [n°212], B Touke M uMeer K a-
CaTeAbHYI0 NAOCKOCTH YpaBHeHHe NociefHed MOXET OHTL Hanu-
CaHo B BHIE

AX—=x)+B(Y —9+C(Z—2)=0%), ®)
rae Koadduuuentl A, B, C euwe noanexar onpeieaeHuio.

Ecan B ypaBHEHHSX NOBEPXHOCTH 3aKpPENMWTb 32 U 3HAUEHHe, OTBe-
yaiowee BHOpaHHOM Touke M, TO noayuarcs ypaBHEHMS <«KpDHBOH ()»,
npoxofsuel uepes 3Ty Touky. KacateabHas K 3TOH KpuoH B TOuke M
BEIpa3utTca ypasHeHusimu [n° 212, (16)]

X—x_ Y—y Z—=z
Xp w7
AHan0ruyHo, (PHKCHPYS U, IOAYUUM IPYTYI0 KOOPAHHATHYIO JIMHKIO, NPOXO-
asuyo uepe3 Touky M («kpuByw (1)») M BMEIOLIYI0 B HeH KacaTeabHYio
X—x_Y—y Z-—2z
Xy Vo z

Tak kax ofe 3TW KacareJbHble JONXKHBI Je€Karh B naockoctd (),

TO BHIMOJHAIOTCA YCJOBUS:

Axy—+ Byy -+ C2y =0,
Axy+ By, -+ Czyy=0.

B takom cayuae Kostguuuentst A, B, C 0MKHH ObiTb NMpONOpiMo-
Ha/IbHH ONPEAETHTENAM MaTPHLLLE

(x; Yu z;) )

Xo Yo 2o

(42)

¥) Kax o6niyno, yepe3 X, Y, Z 0603naueHsl TeKyuine KOOPAMHATH, B OTAH-
YyHe OT KOOPAMHAT X, ¥, z PUKCHPOBAHHOK TOUKM Ha NOBEPXHOCTH.

**) Jta MaTpuua aulb 0603HAYEHHAMM OTaMwaetcs oT Marpuusl (4). Hanom-
NMM, YTO B PaCcCMAaTPHBACMOH TOYKE ONpPENEAUTENM €€ — HE BCe HYIHM.
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OO6HKHOBEHHO MX NOJAraioT NPOCTO PABHBIME STHM ONPEIeJHTENAM, TaK
4TO BOpeldb Mbl Bceria OyIeM CUUTaTh

: 2 21 Xi Xu Vi
a=r o gl T o), (©)
Vv 2n 2o Xo Xy Yo
OTMeTuM ellle, YTO Hanpap/floLIRe KOCHHYCH HOpMaiu GYAyT
A B
CoS A= —_—_— OSp— ————,
iVA’-I—Bz—l-C” o iVA'-l—B’—-}-C’ (7)
COS v=— ¢

= VALELC

MH orpaHnyuBajJUCh [0 CHX NOP PpAacCMOTpEHHEM NPOCTH X NO-
sepxHocrei. B oGuiem caywae Mbl OynemM npeanonarath Kak IOBepx-
HOCTH, OrPaHW4EHHBIE KOHTYpaMH, TaK H 3aMKHYTHE HOBEPXHOCTH CO-
CTaBJEHHBHIMH M3 KOHEUYHOT O uMC/a NMPOCTHX KYCKOB, NPHMH K a Io-
wlMX OXHMH K APYroMy, Ho He nepecekamoumuxcs Ecm
TaKyio NOBEPXHOCTb «OOLIEr0 BHAd» W ylaeTcs NPeICTaBUTh MapaMeTpu-
YeCKMMHM YpaBHeHusMH (3), TO — 3aBeOMO C HApDYLICHHEM B3aHUMHOM
OJHO3HAYHOCTH COOTBETCTBHS MEXAY €€ TOuKaMH U TOUKAMM IIOCKOH
obnactu (A).

Mrumeru. 1) PaccmorpuMm cdepy paamyca R ¢ LeHTPOM B Hauane
(puc. 47): x2 4+ y2 4+ 28=R%. epam noayuuth ee o6uyHOE NapaMeTpHYecKoe
NpencTaBIeHUe, NPOBENEM <«IKBATO-
puanbHoe» cevenne AKA', a uepes
«<nomoch» P, P' 1 paccMaTpuBacMyIo
Touky M — «mepunnan> PMKP'.
[Tonoxenne toukun M Ha cdepe Mo-
#eT GHTb ONpefieneHo YriaMH ¢ =
= <X POM u 0=<xA0K. VmeeM
z2=NM=Rcosp. 3arem, ON=
= Rsin ¢, a yvepes ON KOOPIHHATHI
xuy (te e qaa M, yto u paa N)
pupasarca  T1ak: x=ONcos6,
y==0ONsin 8. OxoHyareabro, napa-
MempuHecKue ypasHenus cepol no-
Ayqum 8 suoe:

x=Rsingpcos 8, y=Rsing¢sinb, Puc. 47
Z=RCOS‘P1

npuyeM Yroa ¢ UOCTaToyHo uamepate or 0 mo =, a yroan 6 —or 0 mo 2=

OnHAKO COOTBETCTBHUE MEXAY TOUKaMH cPepHuecKo# IOBEPXHOCTH M TOUKAMH
npamoyroabhuka [0, =; 0, 2r] Ha naockoctTH ¢f He GyNeT BIAUMHO OLHO3HAUHBIM:
He TOJAbKO 3HayeHna 6 =0 u 0 =2z npHBOAAT K ONHHM H TEM XK€ TOYKAM No-
BepXHOCTH, HO TNpH ¢=0(x), KakoBO Obl HHM 6HA0 3HAYeHHe § —nonyyaercs
OLHa AMulb TOYKA— nonc P (P').

Jlerko BugeTh, YTO ONHO CeMe}CTBO KOODIAKWHATHBIX JMHMHA Ra cepe cocra-
BUTCA M3 MepPHAMAHOB (B=const)) a Opyroe—H3 MNapannenbHHX
Kpyros (¢=const).
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2) MoxtHo 0606uUTh NPEULIAYIINH OpHMEp Caefy 0iHM o6pa3om. [TycTb B mno-
CKOCTH X'z 3a1aHa KPUBaA («06pa3yoilasn») CBONMH NaPAMETPHYECKMMH Y PABHCHHUAMM

x=¢p ), z={ (u) (a<<u<h),
npuueM ¢ (#) =0. CraHem BpamaTb ee, Kax TBEPHOe Tejio, BOKPYr OCH z

(puc. 48). Ecnn yepes v 0603Haymth yroa NoBOpOTa, TO YPAaBHEHUA MONy4aeMOH
z NOBEPXHOCMU BPGUWICHUSR HANKIIYTCA B BUAE

x=g¢(u)cosv, y=¢ (u)sinv, z=4¢ (u)
(e<<u<8 0<<ov<<2n)

Ecan B nnockoct xz B3aTe moayok-
PYXHOCTH

x=Rsinu, z=Rcosu
O<ugn)

H BpaiaTh €€ BOKPYr OCH 2, TO TNapa-
MeTpHYecKoe MNpejiCTaBJeCHUE 06pasyemoi
TaKUM TIyTeM cepsl Mbl NoayyuM (C TOY-
HOCTBIO 10 0603HaYEHHH) B NTPeXKHeM BHje.

KOOpAMHATHEIMH JNHHHAMH H 30eChb
Cy}xaT Pa3inuHble TNONOXEHUsas o6pa3yio-
ekl (MEPHAKAHB) W NapannefbHble KPYTH.

361. CTopoHa MOBEPXHOCTH. Yc-

TaHOBMUM BAaXHOE A/ jajbHeiliuero

g M3JI0KEHHSI TOHSTHE CTOPOHH MOBEpX-

Puc. 48, HocTH. B psze cayuyaes 310 nNOHsTHE

MHTYMTHBHO #icHO. Ecan mosepxHOCTBH

3alaeTCA SBHBIM YPaBHEHHeM BHIA 2==f (X, y), MOXHO TOBODUTL O

BepXHEH CTOpOHE uax 0 HUMXHeH cTopoHe moBepxHocTH *), Ecau

NOBEPXHOCTE OrPAHAYMBAET HEKOTOPOE TENO, TO TaKKe JErKo Ipeacra-

BUTH ce0e ee IBE CTOPOHB — BHY TP EHH 010, OOGpAlieHHyI0 K Teny, H
BHEW HIO 0, OOpalleHHYI0 K OKPYXKaiolleMy TeN0 MPOCTPaHCTBY.

HUcxons u3 5TOr0 MHTYHTUBHOrO NpPENCTABJEHHS, MOCTAPAEMCA Te-
nepb AaTh TOYHOE ONpeneseHHe MOHATHS CTOPOHH NMOBEPXHOCTH.

PaccmoTpuM mnosepxHocts (8), 3aMKHYTYI0 WJAH HET, ¥ MNpEANOJO-
KHM, UTO B KAXKAOH TOUKE MOBEPXHOCTH WMeeTCst OnpeaeseHHas Kaca-
TENbHAs IJIOCKOCTb, I0JIOKEHHE KOTOPOH HeNnpephHBHO H3MEHAeTcs
BMECTE ¢ TOYKOH Kacamus.

Bsss Ha MOBEPXHOCTH OmpeleleHHyl0 TOYKY M, nposeaeM B Held
HOpMaJb, KOTODOH TpHNMILEM ONpefeNeHHOE HanpasjieHde — OJHO K3
IBYX BO3MOXHHX (OHM OTJAYAOTCA OJAHO OT JPYrOro 3HAKaMH Hampa-
BJASIOIIMX KOCHHYcoB). [IpoBeneM nO NOBEPXHOCTH 3aMKHYTHIH KOHTYD,
ucxoAawui U3 M, W BoO3Bpamwamuics B My, NpPUYEM HPEANOJIONKUM,
YTO OH He MNnepeceKaeT TrPaHHNH MOBEPXHOCTH (eC/aM  TaKoBas
nymeercs). 3acTaBuM TOUKY M OGOHTH STOT KOHMTYp M B KakaOM M3 NO-
C/1e0BaTe/IbHbIX €€ NoJoXeHnH OyaeM NpUNMUCHBAaTh HOPMadH TO M3 ABYX

*) Mot wacto 6ymem nonb3oBaTbCa MOJOGHLIM Bhipa¥enHeM (Mofpa3yMesas
npy STOM, YTO CaMa OCb 2 HANpaBJAEHA BEPTHKANLHO BB € P X).
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HanpaBJeHHd, B KOTOPOE HENPEDPHBHO MEPEXOAUT HAMPABJIEHHE, BH-
OpaHHOE HAMHM B HaYaJbHOM MOJOMEHHH M,. TIpu 5TOM MOMET CAYYHTbCS
OfHO M3 AByx: auGo nocie o6xoia KOHTypa Ml BEpHeMCs B TOYKY M,
C TEM )K€ HAMpaBJCHHEM HODMaJaH, AuGO Ke — C HanpaBJeHHeM, MPOTH-
BOTOJIOKHBIM UCXOLHOMY.

Ecmu ans kakoH-m6o Toukm M, B Kakoro-am6o nmpoxonsmiero yepes
Hee KOHTYpa MyAM, uMeeT MeCTO mociaedHee 06CTOATEALCTEO, TO M A4S
moGo# npyro#t TOuKM M; J€rko MOCTPOMTb 3aMKHYTHH KOHTYp, KOTO-
pbifl, BHXOAA M3 M; W BO3BpamasCb B Hee e, MpPUBENET HAC B 3Ty
TOUKY C HANpaBJICHUEM HOPMAJW, MPOTMBOMOMOXHHIM MCXOAHOMY. Takum,
HanpuMep, OyneT KOHTYp MyM,AMM,, ecau non MM, pasymerp Ka-
Ky0o-Hu6yIb MNPOXOAAWLYIO MO
NOBEPXHOCTH KPHUBYIO, COEANHSAIO- Zr '.1[';
myio M; ¢ M,, HO He mepece-

Kalomy1o TpaHNIB TMOBEPXHOCTH, /— /—
a nox MyM;—Ty Xe KpuByio - ’
B 0OpaTHOM HanpaBJIEHHUH. &; &J

B 3TOM cayuyae moBepxXHOCTb VA

Ha3HBAIOT 00HOCMOpoKKel. Knac- Puc. 49,

CUYECKHM MPUMEPOM TaKOH mo-

BEPXHOCTH 9BJSETCHA TaK HasnBaeMHH nucT Mebmyca (puc. 49). Mo-
IeMb €e MOXHO MOJYYHTh, eCJU NPIMOYTOAbHEA KycOoK Gymarn ABCD, nepe-
KPYTUB OIMH pas, CKJEUTh TaK, 4ToGwl Touka A coenana ¢ C, a B ¢ D. Ecau
NOJyYeHHOE NMEPEKPYYEHHOE KOJBIIO HAYaTh KPACHTb B KaKOH-1u60 LBET, TO
MOXHO, He MepexoAs Yepe3 ero rpaHHIlbl, MOKPAaCHTb BCE KOJbLIO STHM
1BETOM. MH Bnpedp TOXOGHBIE MOBEPXHOCTH HUCKJIOUHM M3 PACCMOTPEHMS.

IlpennonoxuM Tenepy, 410 kakoBa GH HU Gnaa Touka M, u
KaKoB GH HM OHn /1 BaMKHYTHIH -KOHTYp, NPOXOAAMHN uepes M, u He
nepecekaomui rpaHALE MOBEPXHOCTH, MOcae 06X0Na €ro Mu HEHSMEHHO
BO3BpaIaeMcs B UCXONHYI0O TOYKY My € HCXONHbLIM 1Ke HalpaBACHHEM
HopMa/u. TIpu 3TAX YCIOBHAX MOBEPXHOCTb HA3WBAETCA O08ycmoponnel.

Iycts e §— IBYCTOpOHHAs MNOBEPXHOCTb. Bo3bMeM Ha Hell /o-
Gyl TOuKy M, M HOpMamiH B 3TOM TOUKe MNPHUMAILEM OMpeAe]eHHOE
HamipasJieHue. BasB Kakyio-au60 ApYryo TOuKy M; NOBEPXHOCTH, COeIdH-
HaM M, n M, npou3ssoasHEM nyTem (K), AeXamuM HA NOBEPXHOCTH H
HE MepeceKalluM €e IPaHullH, ¥ 3acTaBUM TOuky M nepelith us M,
B M; no stoMy nytd. Ecau npn 3TOM HENpEepHBHO M3MEHATb HampabJe-
HUe HOpMaad, TO TOuYKa M mnpuier B nojsoxeHwe M; ¢ BhojHe ompe-
Je/IeHHBIM HANPABJEHUEM HODMaaH, HE€ 3aBUCAMIUM OT BHOOpa
nytu (K). IlefictButensHo, ecau Ovl, MpUXods B TOYKY M; u3 Toukm M,
no aByM pasanuHeiM mytaM (K)) v (K;), M moayuaan B TOuKe M, pas-
AMYHHE HaNpaBAEHUS HODMAAH, TO 3aMKHYTHH nyTe My (KD M, (K3)Me *)

*) Nop (K5 ') Mul I&aayueeu KpUBYI0 (K3), HO ONHCaHHYI0O B O6paTHOM Ha-
NpagaeHuH — oT M; k M,,
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npupoui 661 B TOUKY M, C HampaBJeHNeM HOpPMaJlH, OTJAHUYHHIM OT RCXOf-
HOTO, 4YTO MPOTHBOPEUMIO Obi ONPENE/NEHHIO ABYCTODOHHEH NOBEPXHOCTH.

TaxuM 06pasoM, Ha NBYCTODOHHER MOBEPXHOCTH BHIOOp HanmpasJeHHd
HOpMa/nu B OMHOH TOYKE OJHO3HAUHO omnpelenseT BHOOD Hampap/eHUA
HOpMa/i BO BCEX TOYKAX MOBEPXHOCTH. COBOKYNHOCMS 8CEX MO4eK
NOBEPXHROCHU ¢ NPUNUCAKKBLMN HODMAASAM 8 HUX NO YKA3QHROMY
npasuAy HAnpagsAcHUAMU U HAa3wl8aemcss onpedeseHHol CMmOpPOHO L
nogepxrocmu.

Npumepw. 1) MpocTefiluuM 1 HanGONee BaXHBIM NPHMEPOM IBYCTOPOHHEH
NOBEPXHOCTH ABJAETCA HOBEPXHOCTb, BHIPaxKaeMas ABHLIM YpaBHEHHeM 2 ==
=1z (x, ), B NpEANONOXEHHH, YTO (YHKUMA 2z HempepoiBHa B HEKOTOPOH 1o~
cKolt obnacti (D) U HoNyckaeT B HeH HenpepuIBHbIE YaCTHble MPOU3BOAHHIE

e
P=5x q—dy‘
B sToM cnyuae HanpaBidomMe KOCHHYCH HODMAJIH K NOBEPXHOCTH HMeEOT
Buipaxehue |n° 213, (24)):

R e e
1
V= ————————, 8
Ve ®

Bui6pas nepel paaMKaloM OnpelefeHHBIA 3HAK, Ml TeM CaMbiM YCTaHaBJIMBaeM
BO BCEX TOYKaX NOBEPXHOCTH ONpejeleHHOe HaupaBieHue HopmanH. Tax kak
HanpaBiAKIIME KOCHHYCH, B CHIY CHENaHHWX MPENNONOKEHUH, GYNAYT HENpepHs-
HBIMH (QYHKUMAMH KOODPAMHAT TOUKH, TO H YCTAHOBJEHHOE HAlpPaBieHHEe HOPMaIH
GymeT TaKie HenpepuBHO 3aBHCETh OT TNOJOMEHHA TOYKH. OTCIOAa ACHO, 4TO
8ub0p 3narxa neped paduxaroxm 6 Gopsuysrax 0as cos\, cosp, cos v onpedessiem
CMOpOHY nNOBEPpXHOCMU B TOM UMEHHO CMbICIe, KaKOH Bhile IPUNHUCAH
sromg FIOHATHIO.

ciM BwGepeM nepel paiMKaioM 3HaK ITIOC, TO BO BCeX TOYKAax IO-
BEPXHOCTH :

=

GyXeT NONOXKHTENAbHLIM, T. €, YroJ, COCTABNEHHHH C OCbIO 2 HOPMalbl, COOT-
BeTCTBYOIEH BLIOpaHHOH CTOpOHE, 6yneT ocTpw M. TakumM 06pa3oM, CTOpoHa
FIOBEPXHOCTH, ONpejiensaeMas yKasaHHHM BHI60DOM 3HAaKa, OKa3biBaeTcs B e p X-
He# cTopoHo#. HampoTks, BHGOP 3HaKA MHHYC B BHPaKeHHAX HalPaBIAIOIIHX
KOCHHYCOB HODMAIM XapakTePH3YeT HH M H 1010 CTOPOHY MOBEPXHOCTH: HOpMaiau
COCTaBASOT C OCHI0 2 TYNUhH € YIIbl.

2) PaccMoTpuM Tenepb Gonee oGm0 NPOH3BOABHYI0 NPOCTY 0 HOBEpX-
HOCTh (S), 3aaHHYI0O MapaMeTPUYECKHMU YPaBHEHHAMH

CoS v

x=xv), y=y(uv), z=:z( v), (3a)

NMPHYEM TapaMeTpsl &, ¥ H3MEHAKTCA B HEKOTOPOH orpaHHueHHo#t o6aactd (A)
Ha IIOCKOCTH yy. Mol NpeanonokMM NOBEPXHOCTb 2240KOd: 3TO 03HaYaeT, yTo
¢yHkuan (3a) HenpepuoBHH B (A) BMeCTe CO CBOHMH YaCTHHMH
NMPOM3BOAHBMH H YTO HAa NOBEPXHOCTH HETOCOGHX TOUEK
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lns HanpaBJAIOMHX KOCHHYCOB HOPMalnH K TMOBEPXHOCTH MB HMeaH ¢opmy-
avt (7). I B saToM ciayuae sw00p 3HGKa neped paduxanrom XapaKmepusyem
CMOPORY NOBEPXHOCMU, TAK YTO NMOBEPXHOCTb OKa3blBAETCA ABYCTO-
pounef.

HeficteaTeabHO, pa3 3HaK BeIGPaH, dopMyan (7) Kaxmol TOyKe NOBEPXHOCTH
(Tak Kak e} oTBeyaeT oJHa JHIIb Napa 3HayeHW#! u, ol) COMOCTABARIT OMHO
onpefeneHHOe HalpaBleHHe HOPMalH, KOTOPOE NPH NepedBHKEHMH TOYKH H3Me-
HAETCA HenpephBHbLIM 0GPa3oM.

TIpn HapyLieHHH NPelnoJOKeHHA O NPOCTOTE NMOBEPXHOCTH yke Henb3s
6e30TOBOPOYHO YTBEPXKNATh, YTO OHa JBYCTOpPOHHAf. B stoM caygae HafimeTca
ToYKa M, NOBEPXHOCTH, KOTOPOH OTBEYAIOT JBE€ Pa3iMyHule Maphl UW, H UT;
3HAQYEHM} NapaMeTPOB, H MOXET CAYYHTbCH, YTO NPH ITHX 3HaueHUAX Gopmyns (7),
Haxe eClH 3HAaK Nepel PaaMKaaOM BHGDAH OOMHAKOBO, ONPENENAT NPOTH B O-
NO MO XHEB € HanpaBAeHNA HOPManH B TOYKe Mo. Ecan sto neRCTBUTENLHO TaK,
TO NOBEPXHOCTb GYNeT OLHOCTOPOHHEH.

3amMeuAHUE Ecau noaegxnocrb (S) oxa3biBaeTcA 3aMKHYTOR W OrpaHu-
ynBaeT HeKoTOpoe Teno, To [n° 360], XoTA OHa M MOMXeT BhIpPa¥aTbCAd yPaBHEHH-
AMH (3a), HO Ha 9TOT pa3 NpeANOJO¥keHHe O B3aAUMHO OJHO3HAYHOM COOTBET-
CTBHH MeXJy TOYKaMH NOBEPXHOCTH W TOYKAMU NAOCKOH obnactd (A) He ocy-
N eCTBHMO B NOIHON Mepe. Tem He MeHee, TaK KaK Hajlnyme y NOBEPXHOCTH
JBYX CTOPOH—BHellHeH M BHYTPeHHeH—ACHO HENOCPEACTBEHHO, H B
9TOM Ccnyuae 8uw60p 3uaxa 8 gopmyaax (1) 8ce e onpedersiem cmopoORYy
nosepxHOCMU

362. Opuentanus nosepxHocTH u BhHIGOp ee cropoHnl Ilycts (S)
6yzeT mnpocTas [rJajKas INOBEDPXHOCTh, OrpPAHMYEHHAs NPOCTHIM KOHTY-
pom (L); BmbGepem onpelAeleHHYW CTODOHY 3TOH mo-
BepxHocTH [lpanuuem tenep» KouTypy (L) onpejeneHHoe Hampa-
pjeHne 06X0Za B KAuecTBe MOJOMXHUTEJbHOT O MO CjelyiouleMy rnpa-
BUIy: OOXOJ [O/MKEH Kas3aThCd MNPOHUCXOIAIUM NPOTHB YacOBOI
CTpeaku HabmoAaTenl0, ABHUKYIIEMYCA B STOM HAaNpaB/J€HHH O KOH-
TYpY TaK, YTO HOpMaJb K IIOBEPXHOCTH, OTBeuawmas BHOpaH-
HOH CTOpOHE NPOHA3WBAET €ro OT HOr K rosope. CloBa <«NPOTHB
yacoBOH CTpesiKH» O3HAYalT, TOUHee roBOpsd, UTO HalaoAaTenb AOJKEH
BUIETh HEMOCPEACTBEHHO NpWUJETAIOWIYl0 K HEMY 4acTh MOBEPXHOCTH
caena ot cebs. Ilo Tomy e npaBmay ONHOBDEMEHHO YCTaHaBJAMBAETCA
NONOXKNTENbHOE HanpasJeHHe o0O0X0la AJd KaxAOro IpOCTOro
3aMKHYTOTO KOHTYpa, JEXallero Ha [OBEPXHOCTH M OrPaHHYMBAIOLIErO
HekoTopyto ee uacTh *). HanpassieHne o6xoma, o6paTHOe MOJNOKHTENb-
HOMY, Ha30BE€M OTPHL ATEJabHH M.

B COBOKYNHOCTH BCE€ 3TO M COCTaBJAET COAEPIKAHHE TNOHATUA OpHEH-
Tauud NMOBEDXHOCTH.

Ecau ucxoInmTh H3 Apyro#f CTOPOHH MNOBEPXHOCTH, TO HODMaldH u3-
MEHAT CBO€ HanpasjeHne Ha oOpaTHoe, H3MEHMTCA IOJOXEHHe Habioxa-
TENd, B CBS3H C Y€M IO HAlIEMY TNpaBUJIy MNDHUIAETCA NEPECTaBUTb MOJO-
HUTEAbHOE M OTPHMUATENbHOE HANpaBieHHd o6Xola KoHTypa (L) u Apyrux
KOHTYDOB, JEKAUMX Ha NOBEPXHOCTH: NMOBEPXHOCTb H3MEHHT CBOIO O p H-
eHTanuto. Takum oOpasoM, ecan BCeria HepxaTbCs YCTaHOBJAEHHOTO

*) ToabKO € 9TOH YacTbi M HalNeXHT CYNTATLCA NPH ONpelleNeHHH MNOA0-
MHUTEJbHOrO HalPaBAEHUA Ha KOMTYpe.
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Npasuna, 8e60p CMOPOHH NOBEPXROCMU onpedeasem ee OpUueRmayli
u, 06paTHO, 8500p ROAOHCUMENBHO20 HanpasaeHls 00x00a KOHMYpa
nosepxrocmi 0OHO3HA4HO ONpedeasiem ee CMOPOHY.

3amMEuUAHUME. B ocHoBe 3TOro npaBMia JIeWHMT BpallleHHe
NPOTHB YaCOBOM CTpeNAKH, H 8o usbejycanue NYManuyvi Mo
sce20a Oydem u3 Hezo ucxodums.

C sTum Mbl OydeM CBA3HBATb H CaMO€ PACHOJONEHHE KOOPAMHATHHIX
ocet B mpocTpaxcTBe. ViMeHHO, BO BCeX BOMpOcax, AMd KOTOPHX 3TO
HMEET SHaueHue, Mb Oy0er NoAbL308ambCs MaK Ha3vléaemold npaeo i
z Kxoopouramnoil cucmemoli

(puc. 50, a): B He#t ocu pacno-
JaraoTCa TaK, YTO BPAUIEHHE OT

oCH X K OCH y (Ha yron—{—%),

( \ ((\‘ €CJ/M Ha HEro CMOTPETb CO CTO-

z

[ A J a4 z POHH  MOJIOXHTEJbHOH  YacTH

@ 1] OCH 2, KQXETCA NPOUCXOASIIIHAM
NPOTHB YaCoOBOKW CcTpea-

z ¥ Ku ¥). (Ha puc. 50,60 usobpa-
Puc. 50. EeHa CHCTeMa OcCeHl, IOJ9 KOTo-

po# ynomsHyToe BpauleHHe npo-
MCXCIHAT N0 YacOBOH cTpeake *): Takas CHCTeMa Ha3BAeTCA J€BO H.)

Ceftuac Mb JaguM TpPUIONEHHE H3/IO0KEHHOH BHILE HAeM O CBA3HM
MeX1y BHOOPOM CTODOHH TMOBEPXHOCTH M CO3LaHMeM Ha HeH onpene-
JICHHOM OpHEHTalMH K BOMpOCY O BHOOpe 3Haka B cdopmynax (7) aas
HaNpaBAAIOIUX KOCHHYCOB HOPMa/H K NOBEPXHOCTH.

BepHemca K pacCMOTpEHHOH B Hauale HOMepa NoBepXHocTH (S),
cydTas, 4TO Ha He# BhOpaHa onpefeNeHHas CTOPOHAE, 3 C Hew —
u opueHTauusa Kouryp (L) Hamiel nOBEDPXHOCTH COOTBETCTBYET
KOHTYpY (A) obnactu (A) Ha «MIOCKOCTH mnapameTrpoB» uv. Honycrum
(3T0 BCeria JIErk0 OCYLIECTBHTb), YTO MO OXHUTEAbHOMY 00XonYy
KoHTYypa (A) oTBeyaeT NONOXKHUTEJbHHH ¥e 06X0A KOH-
Typa (L) Torra m ana moBbX COOTBETCTBYOIMAX APYT APYTY KOHTYDOB
() B obnacte (4) n (/) Ha noBepxHOCTH (S) HMMEET MECTO TO KE CaMoe:
HOJIONHUTENbHLIH 06X0A () BaeueT 8a COOOH NOJMOMHTENBHBIH 06XO0A (£) *#),

[pu smux ycaosuax 041 xapaxmepucmurxyu 8uOPAHHON CMOPOKbL
nosepxrocmu 8 gopmuyarax (7) 0457 HanpasagOWUX KOCURYCO8 HOpMaal
neped paduKasoMm HYNIHO 83Ame 3HAK NA0C.

Ilns AOKa3aTenbcTBa 3ITOFO JOCTATOYHO YCTAHOBUTb, YTO XOThb B
ONHOW TOYKE HanpaBjIeHHe, ONpelenseMoe STUMY (OPMYJaMH O

*) 310 COXpaHAeTcAa H NP KPYroBHX NEPeCTAHOBKAaX GYKB Xyz.

**) Tak kak o nanpaBieHuM 06XONa KOHTYPa MOXHO CYHOHTb O Hanpasie-
HHIO, B KOTOPOM ONMCEIBaeTca 1106as ero 4acTb, TO BHICKA3aHHO€ YTBEpWICHHE
OYeBHAHO AN KoHTypa (), HMewwero o6y YacTb ¢ (A), a 3aTeM J1erko Me-
PEHOCHTCA ¥ Ha OOWHMH cayvaf,
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3HAaKOM NJIIOC, COBMAZACT C HYXHHM Hanpap/JeHueM HoOpMann. Bosbmewm
Ha NOBEPXHOCTH KaKylo-HMOYydb BRYTpeHHIOW Touxy M, e#f oTBeuaer
TOuKa my, (U, V) B o6aacTh (A). Ilycte B 5TO# TOuke OTAMYEH OT HyJs,
CKaXeM, ONpefeanuTe b

Xu Yu
Xy Yo
Torna Halgercs CTOJb MaJas OKPECTHOCTb TOUKHM M, Ha MJOCKOCTH U,
OrpaHuyeHHas KOHTYpOM (A), uTO COOTBETCTBYIOIAaA e# OKPECTHOCTh
TOYKH M, Ha noeepxHoctH (§), orpaHuyeHHas KoHTypom (/), mpeacra-
BHMa ABHMM YpaBHeHHeM Buia z==f(x, y) [n° 360] n, caenoBarensHo,
NPOEKTHPYETCA Ha JOC- 2 ”

KOCTb Xy B3aHMHO W
oanHo3yayHo. O6o3Ha- 7

ydM KOHTYp STOM mpoek- 751 M N
MM Ha TJIOCKOCTh Xy de- P

pes (k) (puc. 51).

Ecan B paccmarpubae-
Mol TOYKE M B ee okpe-
CTHOCTH onpeaeanTeb
C™>0, 10 noA0KUTENLHO- )
My ofxomy KoHtypa (&) /x
OTBEYAeT MOJOXKUTEAbHHN
we obxon (T. € -—npu Puc. 51,

BHOGPAHHOM PaCHON0KEHHH

oceit —o6xol MPOTHB 4YacCoOBOHR CTpenakwu) KoHTypa (R) [cm.
n° 354, 1)). Kak BuaHo M3 yepTexa, Aa TOro YToOH COOTBETCTBYIOMIMH
sToMy 00XO& KOHTYypa (/) Ha MOBEPXHOCTH TOXE Kaszaaca TNpPOHCXOIs-
uwUM NPOTHUB 4YacCOBON CTPENKH, HAa HETO HYXKHO CMOTpEThb
CBEpXY, TaK YTO HOpMalb B TOuke M, B ITOM c/yyae HOMKHA OuiTb
HampaBneHa BBEPX, T. € JOMKHA COCTaBJAATh C OCbI0 2 OCTPHH
yrod. 3TO HMEHHO N MMeET MecTo 1o QopmynaM (7), ecan B HMX B3ATh
anax nuoc, n6o npu C >0 Toraa u cos ¥ > 0. Haoboport, npu C<C 0 sop-
Manb JOJKHA COCTaBJATb C OCbI0O 2 TYMOH YroJ, YTo TaKike OCywiecT-
BASIETCSl Ha JieJle TIPY yKazaHHOM BhGope sHaka, u6o npu C< 0 u cos v < 0.

863. Cayvah kycouno-raaakoii moeepxnocTH. Pazsuthe B 1° 362
uoed JalOT TakxKe yaoOGHOe CpEACTBO A9 PacNpPOCTPAHEHHA MOHATHS
CTOPOHH NOBEDPXHOCTH Ha OOWMHA CJayyall MOBEPXHOCTH, COCTOsIER H3
HECKOJIbKMX MPOCTH X M FMaAKHX KYCKOB; TaKylo NMOBEPXHOCTb AJs
KpaTKOCTH MBl GyleM HasumBaTb Kycouno-2aadroli. CoobGpaxenus, usio-
weHuple B n° 361,, B 5TOM Cayyae HENOCPENCTBEHHO HEMPUJIOXHMBE,
Tak Kak BIOJb «Pebep», COEOMHSIOIMX HA3BAaHHHE KYCKH TNOBEPXHOCTH,
onpeneseHHOM KacaTenbHOM NJOCKOCTH BOOOLIE HE CYymeCTBYeT, W TpH
nepexoje Yepes HUX O HEMPEPHBHOM M3MEHECHWH HanpaBieHHs HOpMaju
FOBOPUTb HE MPUXOAUTCA.

C=

—
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ITycte naHa mnoBepxHOCTb (§), cocrosmas H3 MNPOCTHX IJIAAKHX
kyckos (Sp), (Sg), ..., NPUMBIKAOWHX OJHH K JApyroMy mno pebpy —
obwett yacTd ¥X KOHTYpoB. IIpeanosioxnum, mpexiae BCEro, UT0 Kaxcosi u3
amux KYcKos 8 omoessHOCMU A8ATEMCA 08YCHIOPORHEN NOBEPXHOCIS10.
Ho sTOro, pasymeercs, HeIOCTaTOYHO AJs TOrO, YTOGH BCIO MOBEPX-
HocTh (S) MOMHO OBlJIO pacCMaTpuBaTh, KaK NBYCTOPOHHIOW; BElb M

e NOBEpXHOCTh Mebuyca JIerko COCTaB-
JASeTCA M3 JBYX TNPOCTHX IJIaaKuX
JBYCTODOHHHX KYCKOB.

Ha koutype (K;) Kammoro Kycka
(S;) (i=1, 2,..) BuGepem B Kaue-
CTBE MOJIOKHTENBHOIO OJHO H3 IBYX
Halpas/JeHUH; 3THM, KaK MH BHIEH,
¢uKcupyeTcsi CTOpOHAa IOBEPXHOCTH
(S). Ecim 3t0T BHGOP MOMHO IpO-

Puc. 52. U3BECTH TaK, 4TOOHW Bcerga obuas

nacms KoOHmMypos *) 06yx npuUMbIKQIO-

WX KYCKO8 ONUCBHBAAACh 0ASL SMIX KYCKO8 8 NPOMILEONOAOH-
Ko x Hanpasaenusx (puc. 52), TO JHMWb TOTAA MOBEPXHOCTH (S) fiB-
asercs ABycTopoHHel. CropoHa mnosepxHoctd (S) ompenmeautcs,
KaK COBOKYIHOCTL CTOPOH ee uacredf, BHOGDaHHHX YKasaHHEM 0O0pasoM.

Ecan XOTb B ONHOM cJydyae HanpaBJjeHue o6X04a KOHTYpPAa 3aMEHHUTb
Ha NPOTHBONOJOXHOE, TO ANA COOMIOJZEHHS HALEro YCJIOBHS NPUAETCA
TO K€ CAeJaTb H CO BCEMH KOHTypamu. Toraa M BHOPAaHHHE CTOPOHH
BCeX KyckoB (S;) 3aMEHATCA NPOTHBOMNOJIONHHMH UM; UX COBOKYIHOCTb
COCTaBUT BTOPYIO CTOPOHY NOBEPXHOCTH.

Coo6paxeHns n° 362 OTHOCHTE/NbHO CBA3W CTOPOHH MOBEPXHOCTH U ee
ODHEHTallM! OCTAlOTCH B CHJe M B OOWEM Ciayyae MOBEPXHOCTH, MMEIOILeH
KOHTYP.

§ 2. INOUIALL KPUBOM MOBEPXHOCTYU

364. Ilpumep Ilsapua. IlonsTe mnJOWAAM KPHBOM NOBEPXHOCTH
MMeeT W3BECTHYIO aHaJOTHI0 C MOHATHEM JUIMHEL KPuBOH JuHuH. [dauny
(He3aMKHYTOR) Ayrm MH ONpeAeas/H KaK Mpelen NEepUMETPa BIMCAHHOM
B AYry JOMaHO{ — MPH YCJOBHH, YTO JJIHHH BCEX €€ CTOPOH CTPeMATCH
K HymTo. B cayyae e KpHBOH NOBEPXHOCTH (TOXE, CKaeM, He3aMKHy-
TOH) €CTECTBEHHO OHJO On paccMaTpuUBaThb BIHCAHHYIO B HEE MHOrO-
rPaHHYIO NMOBEPXHOCTb W ONPEAENsiTh MNJAOMAAL KPUBOH MOBEPXHOCTH Kak
npeae] NJOWAAH STOHW MHOrOrpaHHOH NOBEDPXHOCTH — NPH YCJIOBHH, YTO
JNaMeTpH BCeX TpaHell CTPeMATCH K HYJO.

B rxonye npouno20o crmosemus, onnaxo, 6uaa oOHapysceHa Henp -
200K OCcmb 3moz0 onpedeaerusi. UmenHo, [llpapu B 1883 r. noxasan, uto
YNOMAHYTHH Npeaes He CYLecTBYeT gaxe A/ HPOCTOro Cay4as TOBEPXHOCTH
NPSMOro Kpyrosoro uniuHapa! Mu npusefeM 3TOT NOY4HTeNbHBIA npumep.

*) 3Ta 4acTb MOXET COCTOATb M M3 OTHEJbHBIX KYCKOB.
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Tyctb maH Tako# UMNMHAP palMyca R u BuicoTst /. BnuuleM B Hero MHo-
TOrPaHHYI0 TIOBEPXHOCTH CHEAYIOIUHM 06pa3om. Pasfenus BHICOTY LUMIMHAPA HA m
PaBHHIX YacTel, NIPOBENEM Yepe3 TOYKH JeleHHA INIOCKOCTH, NMepNeHAHKYNAPHbE
K OCH UHNHHIPA, TaK YTO Ha €ro NMOBEPXHOCTH nonyuutca m -+ 1 OKpyXHOCTeH
(BKNIOYaA C0Aa M OKPYXHOCTH OGOMX OCHOBaHMH uunuuupa). Kaxnylo H3 9Tnx
OKpYHOCTeH pa3flenHM Ha n paBHWX YacTelt TaX, YyTo6H TOUKH Je-
NeHHUA BolIeJexalmend OXPYx-
HOCTH HaXOIHMIHWChL Hal Cepe-
OIHHAMH Ayr HHXenexamen
OKPYXRHOCTH.

Bo3abMewm, naiee, TpeyronbHukH, o6pa-
30BaHHble XOPAAaMH BCEX STHUX Ayl U OTpe3-
KaMH, COCIOMHAIOIHMY KOHIH XOPI C TEMH
TOYKAMH JeldeHHA Bblllle- U HHXeNeXalux

Puc. 53. Puc. 54.

OKpyXHOCTEeH, KOTOphie paclioNoXeHn! KaK Pa3 Hal HJIH IO CepelHHAMH COOT-
BETCTBYIOWHMX AYr (puc. 53). B cBOEH COBOKYMHOCTH 9STH 2mn DPaBHHWX TPeYyroib-
HHKOB H 06Pa3ylT HYXHYI0 HaM MHOTOTDAaHHYK NOBepPXHOCTh (L, 5); Monens
ee npencTaBleHa Ha pHC. 54,

[loncyutaeM Tenepb NAOWEAb & KAWAOrO W3 TPEeyroAbHHWKOB. 3a OCHOBaHHe
pHMEM XOply, AAHHA KOTOpOH paBHa

. T
2R sin -
Hsa HaxowneHHA BucoTHl AB TpeyroibHHKa (CM. YepTex) 3aMeTuM, yto AB =
=V AC* I BC% rue

AC=0C—04=R(1— s Z), BC="1,
n m

Taxum o6pa3oM, Miow@Ab OIHOTO TPeyroNbHHKA PaBHA
—Rsin =~ o1 — cos =) (Y
a_.RsmnVR(l cosn) +(m)'

a MAoMaab BCeH MHOrOrpaHHOH NMOBEPXHOCTH 6yleT

2
Im, n=2mns=2R . nsin —:— . VR’m’(l— cos%) +HY,

Korga m M n HeorpaHHyeHHO BO3DAaCTalOT, TO IHAMETPH BCEX TPEYrofb-
AKUKOB CTPEMATCA K HYMO, HO NMAIOW@AKb L, n Npelena ne uMeer. B camom nene,



306 IJ1, XXI. NNOoiuAAb NOBEPXHOCTH. NMOBEPXHOCTHBLIE HHTEIPANR l365

m
HIONYCTHM, YTO It H 1 BO3PacTalT TaK, 4TO OTHOLUEHHe 78 CTPEMHTCA K onpe-
ReaenHoMmy npejeny g:

e q.
HUmeen

. , T
limnasin —=m,
n

a ¢ Apyro# CTOPOHH, B CHAY CHEAAHHOrO NONYIIeHHs

. m\__ .y & wm  at
lnmm(l cos;)—llmm-Qsm 2n—hmT"—,—7q.

CaegnonareabHo,
A ndRﬂ
lim £, 5 =27R —4—q’+H”,

H MB BAIMM, YTO NpPENEN 3TOT CYILeCTBEHHO 3aBHCHT OT BeNMYHHH ¢, T. €, OT
cnoco6a OJNHOBPEMEHHOTO BO3pacTaHusa m W n. Ilpu ¢=0, u ToALKO B 9TOM
cnyuae, HasBaHHHM npellex paBed 2xRH (BeaWuyHe NJIOLIANH, BHBEJEHHON B
HIKOObHOM KYPCe TeOMeTpHH), HO BMECTe C g OH MOXET pPaBHATbCA Naxe Gec-
Koseynoctn. Takum o6pa3oM, NpPH He3aBUCHMOM JPYr OT Jpyra BO3pacTaHHK
yHCed nt M n 10 GECKOHEYHOCTH A NJOWaiH Lo, , ONpelleteHHOro mpefena,
JeHCTBUTENABHO, HE CYLeCTBYET, H NIOBEPXHOCTh HMAMHAPA, €CTH CTOATb Ha TOYKe
3peHns YNOMAHYTOTLO ONpekeneHHs, OKA3HBAaETCs JHIIEHHOM Niomanm.

BaxHo math cefe oTueT B TOM, YeM OTAMYaeTCA NOJONEHMe BemeH B cay-
Yyae JOMaHOW, BIUCAHHOA B KPHBYIO, H B clyyae MHOrOTPaHHOM TOBEPXHOCTH,
BNHCAaHHOA B KPHBYIO INOBepXHOCTb. bBynem &nA NPOCTOTHI CYMTaTh KPHBYIO W
KPHBYI0 MOBEPXHOCTb, O KOTOPHX HAeT peub, raankuMu. Torma, auimib TOABKO
XOpliel, COCTaBAAIOIHE JOMaHYI0, NOCTaTOYHO Majbl, HanpaBiAeHHe KaXIOM W3
HHX CKONb YrOAHO Majo DA3HUTCA OT HalpaBl1eHHMA KacaTelbHOH B A1060H TOYKe
cooTBeTCTBYMIOUeH Ayr#. [losToMy Takas GeCKOHEYHO Manas XOpNa M MOXeT CO
BCe BO3pacTalomied TOYHOCTBIO CAYXKHTb 3aMEHOH COOTBETCTBYIOINErO SAeMeHTa
nyrv. HanmpoTtus, ckonb yrojHo Manas MHOrOYronbHas NJAOIAJKA, BEPIIHHBI KO-
TOpOW JexaT Ha KPHBOH NMOBEPXHOCTH, MOXeET OKa3aThCA BOBce He OAM3KOH mo
CBOEMY DaCNONOXEHHI0 B NPOCTPAHCTBE K KacaTeJbHOH NIOCKOCTH K HOBEPXHO-
CTH; B TaKOM Cly4ae 3aMeHATb 3JEMEHT TIOBEPXHOCTH OHa, NMOHATHO, HE MOMeT.
310 06CTOATENLCTBO NPEKPACHO HINIOCTPUPYETCA TOABKO 4TO PacCMOTPEHHHIM
NPUMEPOM: KacaTebHbie MIOCKOCTH K LUHAMHAPHYECKOH MOBEPXHOCTH BCE B € P T H-
KaAbHBH, a TPEYrojbHsle I'PaHH BIMCAHHOH NMOBEPXHOCTH NMPH GOMBINOM g CTa-
HOBATCA NOYTH FOPH3OHTaAbHBE MH, 06pasyd MeJKHe CKJIALKH.

365. MMaomann mMOBEpXHOCTH, 3alaHHON ABHBIM ypapHeRHeM. Bsuay
yKa3aHHOro B NpeJpAyLleM HOMepe OGCTOATENbCTBA, NMPHXOAMTCA HCKATh
Ipyrux myTed paa oGOCHOBAaHHA MOHATHS IJIOLNAAH KPHBOH TOBEPXHOCTH.
Mp ykaxeM oOAMH B3 Takux nyTeH, XOTf NPOCTOH, HO He JIHIIEHHHH
HCKYCCTBEHHOCTH, NPHYEM HayHeM CO cay4as mosepXHocTu (S), sazanHO#

SIBHHM ypaBHEHHEM
z=f(x, y) 0))

Mycte X, y usMeHAOTCA B KBaApUpyemMo# oGaactu (D) Ha NIOCKOCTH Xy,
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U Z B 3TOH 06/aCTH MMEET HENPePHBHHE YaCTHHE NPOU3BOAHHIE
0z 0z
= N =
P=5% 7 dy”
PasnoxuM 06nacTe (D) € nOMOUWIbId CeTKH KPUBHX (C NJOLIAABIO,
paBHOH HYJ/IO) HAa 3JIEMEHTH

(Dl)' (Di)r ceny (Dn)

N PacCMOTPUM OAUH M3 3TUX 3JemeHTOB, (D;). Ecam mocrponth Ha KOH-
Type 3ToH yaCTHUHOH 06naCTH (Kak Ha HanpapAsOUEH) UHIHHADPAYECKYIO
NOBEPXHOCTb ¢ 0OPasyOIUMH, NAPAIIEAbHBIME OCH 2, TO OHZ BHIPENET
Ha mnopepxHocTh (S) snement (S;). Bass
mobyo Touky P;(x, y;) B npeaenax z
(D,), npoBeneM B COOTBETCTBYIOILEH TOY-
ke M; (X, yi 2;), THE

Z=f(xy ) %
nopepxHocTd (§) KacareabHYIO
NAOCKOCTDb  YnomMsHyTas  Bbille
UMIMHADHUECKaA NOBEPXHOCTb H Ha 3TOH
IJIOCKOCTH BHIPERET 3JEMEHTapHylo ¢u-

rypy (7;) (puc. 55), naowmanp KOTO- 0 Y
4

poit T, Kak OB CJAYXHT NpUOIHIKEHHEM T
K niaomaau snaemenra (S;). TakuMm obpa- P
30M, CYMMy BCeX Takux Iioulaneit s

n
p— 2 T, Puc. 55.
i=]1

13

MOXHO CuMTaTh NpubaMxeHHeM K niowanu nosepxHoctH (S). Met onpe-
deaum naowads S smoli nogepxrocmu Kax npedei

n
S=limc=lim2 T;
=1
npu YCA08UL, HMO CMPEMAMCA K HYAl0 OUaMemps 8cex JACMEHNLO8
(S;) wam —uTO TO Xe — AuaMeTpH BCeX IJIOCKHX 3seMentos (D).
Jlerko mnoxasaTe Tenepb, uTO S BhIPaXaeTCs ABOHHEIM HHTEr PAJIOM

1
D)
rpe, Kak BCEraa, vy O3HauaeT yroJ HOpMaad K NOBEPXHOCTH C OCHIO 2 *).

*) O6pawaeM BHHMaHWe ynTaTens Ha MOAHYI0 aHAJNOTHI0 3TOTO BHPAXKEHHA
(2) ana miowanyw KPUBOMK MOBEePXHOCTH, 3alaHHON ABH B M ypaBHe-
svem (1), n Bupawenna (7) n° 328 anA HAHHB AYTM KPHBOK AHHUH—
TOME B Clyyac €e ABHOL O 3aldHHA ypaBHEHHEM Y= f(x).
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JIleficTBHTENIBHO, €CAM V; €CTb 3HAYEHHE v, OTBEYaKoLlee HMEHHO TOYy-
ke M;, To Am naomaied naockux ¢uryp (7;) n (D;), ¥3 KOTOpHX
BTOpas CJAYXKHT OPTOTOHaJbHOH mpoekuued nepo#, OyaeM HMeTb COOT-

HOLIEHHE
- Dy=T;-|cosv;|,

OTKyZd
_ 1
T |cos v

T" D"O

Cymma
n n .l
= T~: —n'D
i§l i i§1 [cosv;|
ABJSETCS MHTErpapHO# CyMMOH s ABOHHOro HHTerpana (2) u, caeno-
BaTe/JbHO, CTPEMHTCA K HEMY KaK K Tpeleny NPH YKa3aHHOM IMpele/b-
HOM nepexofle, YyTo B TpeBGOBaJOCh AOKA3aTh.
Ecnu scnomuuth dopmyan (8) n° 361, WMeHHO TpeTbHIO H3 HHX,
TO NOJIYYEHHBIH pe3y/bTaT MOXHO NEpenUcaTh TakK:

S=SS1/mdxdy; (22)

(D)

caMoe CymecTsoBaHWe MHTerpana (2) mam (2a) BHITEK3aeT M3 NpeRnoJo-
XEeHHOH HENpepHBHOCTH YAaCTHHIX NPOM3BOIHBIX p H ¢.

3aMEYAHHNE CylmecTBEeHHHIMH HELOCTAaTKAMH 5TOTO MPOCTOrO Onpe-
AeleHust Naowaan S ABJAAIOTCA, BO-NEPBHIX, NPHJIOXKHMOCTb €T0 TOJBKO
K TOBEDXHOCTAM, NPEACTABMMBIM SIBHBIMH YDaBHEHHSMH, H, BO-BTODHX,
KaXymasici 3aBHUCHMOCTb ero OT BHOGOpa KOODPAMHATHOH CHCTEMH.
Mbi BepHEMCl K TOMY B CJAEAYIOlleM HOMepe,

366. MMnomane moBepXHOCTH B o6meM cay4ae. PaccMoTpum Teneps
NPOCTYIO FAaAKYI0 NOBepXHOCTh (§), 3alaHHyl0 NapaMeTpHyecKH.

Ilyctb M — mobGas ee Touka, u B He#l, ckawxeM, C = 0. Toraa, onu-
paack Ha ckasanHoe B n° 360, MOXHO yTBep¥IaThb CJeLyIOLLEE: Cylue-
CTByeT 4acTe (§) noBepxHOCTH (S), okpyxawowass Touky M u obaamaio-
miast CBOHCTBaMM:

1°. noBEPXHOCTb (S) MOMET OHTh NDEACTABJIEHA SBHBIM YpaBHEHHEM
puga (1);

2° ecmu uepe3 (8) 0603HAUMTH COOTBETCTBYIOULYIO 4acTh oGaacTu (A)
Ha MJIOCKOCTH uv, T0 B () onpemenutens C £ 0.

JTO CnpaBefJuBO AN KawJIOH TOYKM M NOBEDXHOCTH C TEM JHllb,
uro oT/MYHEIM OT 0 B Hel MOXeT oOKas3aTbcs M KakoH-nimbo IHpyroh us
onpenesmrened, A uam B, Toraa M fABHOe ypasHeHWe Bupa (1) 3ame-
HHTCS, COOTBETCTBEHHO, SIBHLIM )K€ YpaBHEHHEM ApYroro Tuna

x=h(y, 2) wm y=g( x)

Orcrona creayer (Ha HOKa3aTe/bCTBE UYero OCTAHABAMBATLCA He Gylem),
yToO BC sl NOBepXHOCTh (S) pasnaraeTcd Ha KOHEUHOE YHMCIO KYCKOB
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Bpolie (s). OcTaHoBUMCA HAa BHIYHCJIEHHM MJOIAAM KycKa (S) B coraacuu
C onpeflefleHHeM NpPeABAYIIEFO HOMEpa.
Ecan (d) ecto mpoeKnus (S) Ha NJAOCKOCTs Xy, TO, KaK Mbl 3HaeM

[em. (2)], ee mnomann o S S dx dy ) 3)
(@)

|cos v

Tak kax Touxu o6xactu (d) cB3aHH C TOuKamu obaacta (3) B3aUMHO
OJHO3HAYHKIM COOTBETCTBHEM, M BHINOJHEHH Apyrue TpebGosanus n° 352
u 366, To MoxHO mepeliTu B unrerpane (3), no dopmyae (15) n° 366,
K MEPEMEHHBIM 4, U. YUUTHBad, uTO (JYHKUHOHAJAbHHA ONpeleHTeND

D(x,») __
D (u, v) =G
a
VA+B+C
[cm. n® 360, (7)], B pesyabrate noayuum
S=SSVA9—!—B’—{—C" du dv. )

(%)

3aMeuaTeqpHO, YTO STO BHIPAXKEHHE OKa3aJoCh CHMMETDHYHEIM OTHO-
cutessHo A, B, C, 1 Ha HeM HHKaK He OTpPa3ujoCch TO OBCTOATENLCTEO,
UTO MH [pPEANOJOXUWIH HMEHHO onpedeanTess C OTIAMYHKIM OT HyJs
B (3), 2 noBepxHOCTb (S) — MpEACTaBJCHHON $BHBIM ypaBHeHueM Bnaa (1)
TOT JK€ pe3ynpTaT MOJYYHTCA W MNpPH JAPYTHX BO3MOXHHX IMpPEANOJO0-
weHusx!

Onpedeauxr meneps naowads S 8ced nosepxrocmu (S) kax ¢y XMy
naowadei s omoensuux ee wacmed (s). CxnanpiBas BCE paBEHCTBA
Buaa (4), npuieM K OKOHuaTeabHOH Qopmyse

szss VA B C dudo, )
(8)
OUeBHIHO, HE 3aBHCALIE# OT TOro, Ha KaKHUe 4YacTH pasjara’nacb MOBEpX-
Hocte (S).
3aMeyaHuE [TokaxeM, uto seauyuna (5) naowadu Ha Oeae He 3asucum
om su6¢§pa napamempuqecK020 npedcmaBAERUs PACCMAMPUBIEHOl nosepx-
).

roemu (
[IycTb OT MapaMeTpoB u, ¥, 061aCTbI0 H3IMEHEHHA KOTOPHX CayXHT (4), Mul

NepexoiuM K NapaMerpaM 4, U ¢ oGmacTbio H3MeHeHHA (), mo dopmynam
u=U(a v), v=V (4, D),
yCTaHaBnHBalouulM MEXAY 9THMH 061aCTAMH B3aMMHO ORHO3HAaYHOe COOTBETCTBHE

(¢yukuun U u V NpeanonaraioTcs HENPePHIBHEIME CO CBOHMH NDPOU3BOAHLIMH).
Toraa MoBepxHOCTb BHIPA3UTCA HOBHMH YDaBHEHHAMH

X=X v), y=y@& ?), z=2(4 0)
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nycTb ¥ B 3TOM NPEACTaBJEHHH OHa He HUMeer oco6enHoctell. [lonaras

J__D(u, v)
D, 9)’
HMeeN ¥) _ _ _
A=AJ, B=BJ, C=CJ

[n® 325]. Orciona, MeXxay mpoyWM, AcHo, uto J B () oTaMyHo OT nyns, n6o
WHaye NMOBEPXHOCTh B HOBOM TIPEJICTaBAeHWH MMena Gu ocoGennocty. Teneph no
dopMyie 3aMeHnl NEPEeMEHHHX Cpa3y noayyaem

S=SS I/A’+B’+C”|J|dadz7=55 VA B 3-C diado,
(%) (&)
970 H TPCGOBaHOCb JOKa3aTh.
XKenas npuaare dopmyse (5) apyro#t Bna (B KOTOPOM OHa OOGHUHO
n ynorpefasercs), Bo3BeleM B KBaJApaT MaTrpuuy

Xa Vu Zu
KXo Yo 29
U COCTaBUM ONPEACANTENDL
Xz +yi+ 22 XaXo ~+ YuYo ~+ ZaZs |,
XuXo ~+YuYo—+ Zu2o X3 +yo +25 |
no wussecTHo#t Teopeme aareGpu [cp. n° 326] on OKaxeTcd pPaBAKIM
umenHo A% B} C% OGyiyHo moaaraor

xa+Yi+zi=E XuXo~yuyo-t 2ato=F,
Xg+y2-t23=aG

— 3TO TaK Ha3HBaEMHE 2aycco8bi Kodhunuernms, TNOBEPXHOCTH, Hrpa-
JOWME BaXHYIO poab B AudpepeHunanbHoft reomerpun. B 3Tux 0003Ha-

YEHUAX
A B =EG—F,

TaK yTo (popmMyna (5) MOkKeT OHWTh HAMACaHa U TaK:

S= S S VEG—Fdudv. (5a)

(8)

VA B L C dudv=yEG— Fdudv )

Ha3HBAT INeHMERMOM naowadu 8 lellBO./luHL’l'iHbtx rcoopauﬂamax.

Bripaxenne

3ameuanne C nomompio ¢popMyant (5a), npuBiIeKas SAEMEHTapHhle CO-
o6paxxeHHA M3 OGJaCTH BEKTOPHOrO aHajH3a, JErKO [0Ka3aTh, YTO GupaANCENUE
028 naowadu S He 3asucum om 8u60pa KOOPOUHAMAKOL cucmeMs, TaK Kak Bbl~
paxenua E, F, G cOXpaHAOT CBOX BEM(YUHY NPH NpPeo6pa3oBaHHU KOODAHHAT.

*) OGo3nayenus acHbl camu coboit.
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Mu  orpasmuyuBanuCh IO CHX MOP cayyaeM NpocTod raaako# mno-
pepxHoCTH. ECim NOBEPXHOCTb HE NOAXOAMT NMOX STOT ClyuyaH, HoO
pasiaraeTcd Ha KOHEYHOE UYHCJIO TMPOCTHX TIJAaAKHX KyCKOB, TO €€
MJIOLIA/bI0 HA30BEM CyMMYy I/OW@Ael OTAeabHHX Kyckos. Ilpm 3ToM
JIETKO MOKa3aTh, YTO TaK ONpPEAE/IEHHAs IMOIAAb Ha Aee He 3aBHCHUT
OT TOrO, Kak NaHHasd NOBEPXHOCTb PasqOXKEHAa Ha KyCKd HYMXHOrO THIIE
Ecan BCH [daHHas MNOBEPXHOCTh XaPaKTEPUIYETCs MapaMeTPUYECKHMH
ypaBHeHusMH, XOTA OH ¥ C HapymeHHeM B3auUMHOH ONHO3HaYHOCTH
COOTBETCTBUA B OTAC/IbHBIX TOYKAX WM BROJAb OTHENbHBX JdHUH, TO
naowans €e ¥ B OOWEM Ciyyae no-npexHeMy Bupaxaercs (opmyioh (5)
ni (5a) [cp. 364, 4°).

IToBepXHOCTb, UMEIONIAA TVIOWAAb, HA3HBAETCA K8aopupyemod.

367. Npumepps. 1) Halitu naowans vyacredt ctpepuqecxoﬂ nosepxnocm x4
+y® 4 2= R?, Bupe3aHHbIX H3 Hee UHAHALPOM x?+y*=Rx (Bepxnero u
HH¥HEro OCHOBaHHH «Tena Buemanm», cM. n° 358, 3); ueprt. 46).

PeEmEHUE VMeem fna BepxHero OCHOBaHHA

t=YR—F—p, p=—2, g=—

z
Vitrlr+¢ =

»

R ___
VR—x—p

_dxdy
_2RS
2 ___ 2
- VR—x—y'

npuueM 061aCTbl0 MHTEIPHPOBAHHA CIYXHMT KDYr, OrPAHHYEHHBIl OKPYXHOCThIO
xt - y* = Rx.
[lepexons K NOAAPHBIM KOOPAMHATaM, moaydum [cp. n° 358, 3)]

x

H, Cle10BaTeAbLHO,

2  Recosh p
rdr
d VRs —7rs
BuiIOINAA WHTErpupOBaHHe, OKOHYaTeNbHO HafineM S=4R? (% — 1)_

Taxk xax naowamb NoBepXHOCTH noaycdepsl paBHA 2rR2, To NAOWALb TOBEPX-
HOCTH TOH YacTH Moaycdepsl, KOTOpas OCTaeTcA IO BhAEAEHHH «Tela Busuanm»,
Gynet paBHa 4R® u, cienoBaTenbHO, BbIpaMaercs yepes paauyc R Ge3 npusieye-
HUS KaKux-1u60 MppalHoHaasHOCTeR. C 3THM O0OCTOATENILCTBOM, KOTOPOE IpH-
BIEKa0 BHUMaHWe BuBHany, nocaeaHul ¥ ceA3an 3ajavy, NPeLNTOXEHHYIO HM CBOHM
COBpEMEHHHKaM. 3aMeTHM, YTO 06bEeM YNOMAHYTOH YacTH nonycdepb TaKue Bhi-

paxaerca 6e3 MppanHOHaMLHOCTEH: OH paBeH FR’ [n® 358, 3)].

3aMeyAHHE [IpoBeneHHas BHIKIAAKA Ha jene TpeGyeT HEKOTOPHX Oro-
BOPOK B CBfI3H C TeM, yTo B Touke (R, 0, 0) npousBoanbie p H ¢, & C HHUMH H
NOAKHTErPaIbHOE BhIDAXEHHE TepnaT pa3puiB; CM. 2).

2) Pewnts 3afayy 1), Hcmonb3ya NapaMeTpuyeckoe mnpencrasienue cdepu-
YeCKOH# MOBEPXHOCTH:

Xx=Rsin¢cosd, y=R singsind, z==Rcosy
O<ostm, 00 2m).
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flo mMatpyue NPOU3BOAHEX
( Rcospcos® Rcospsin @ — Rsin <p)
— Rsinesin® Rsingcosb 0

Aerko HaiiTH rayccoBml Koddouuuents cpeph: £ = R%, F=0, G= R?sin® ¢, Tax
yro VEG— F?=R*sin ¢.
OrpaHHunUMcA PacCMOTPEHHEM YETBEPTH H3yyaeMOH MOBEPXHOCTH, Aemaued
B nepBOM OKTaHTe. [aa Touyek «kpuBOH BuBuaHW», T. e. KpHBOH nepeceyenus
k12
_2‘.
JeficTBuTE NIbHO, MONCTABAAA BHPAXEHNA X U y yepe3 ¢ M 0 B ypaBHeHHe
nuannapa x4 y? = Rx, nonyuuM sin ¢ =cosf, ¥ TaKk Kak 1AA paccMaTpuBae-

k12 13
7) Og?g_z')

chepnt M HHAWHApPaA (B Mpelenax NepBOro OKTaHTa), 6ymer ¢4 0=

MHIX TOueK, oyeBujHo, 0<CO<C

m
(p+e=7.

YcTaHOBUB, Ha OCHOBAHWHM CKA3aHHOrO, Ipelelb W3MEHEHHMA NapaMeTpoB ¢
H 0, noayuum no gopmyne (5a)

TO oTciola H cjaeayert, uTO0

T X_

2 2
S=dR® S o S sin ¢ do = 4RS (%—1).
0 0

Mu npHBIAM K TOMY e pe3yabTaTy, HO H306exaB Ha 3TOT pa3 pa3pHBOB
NOARHTErpanbHOM QyHKUHH.
3) Haitu Bmpaxenue 1aA naowadu nosepxHocmu BpalEHUs

x=¢(u)cosv, y=¢(u)siny, z=19¢ (4)
e<<u<p 0<<ov<2n)
[n° 360, 2)]. [To MaTpHuue YaCIHHIX NPOW3BONHBIX
( ¢ (u)cosv ¢ (u)sinv ¢ (u))
— ¢ (u)sinv ¢ (u)cosv 0
COCTaBAAEM BhIPAXKeEHHe
VEG—F=¢@Viy @F+1¥ @F,
TaK YTO MIOMIaNb NMOBEPXHOCTH NPEACTaBUTCA GOpMYIOH
8
s=2 | o) VF@FF 7 @F du

{Cp. ¢ dopmynoft (6a) n° 205.]

§ 3. HTOBEPXHOCTHBIE HHTEFPAJIbI IEPBOr0O THIA

368. OmpezeneHHe NOBepXHOCTHOrO HHTerpaja mnepBOro THAA.
TloBepXHOCTHEIE MHTErpajbl MEPBOTO THMA NPEACTABAAIOT CcOOOH Takoe
We ecTecTBeHHoe o6o0lieHrne ABOMHBIX HMHTErpasioB, KaKUM KDHBOJMHel-
HbI€ HHTErpansl MNEPBOro THMA SABJASIOTCA 10 OTHOWEHHUI0 K MNPOCTHIM
OnpeAe/JEHHbIM HHTErpa/aaM,
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Crpoutcst 510 060Omenne Tak. IlycTh B Toukax HeKOTOpo# mBy-
CTOpOHHER raaako (uaM KyCouHo-rnaakoi) nosepxsoctd (S), orpanu-
YEHHOR KyCOYHO-TIaiIKUM KOHTYpOM, omnpefenena ¢yukuua f(M)=
=f(x, y, 2). Pa3oGbem NOBEPXHOCTh (S) C MOMOIIBIO CETH TNPOUIBOJALHO
JIPOBEJEHHHX KYCOUHO-TAALKMX KDUBHX Ha wactn (Sy), (Sa), ..., (Sn)-
Basp B kaxpoit wactu (S;)) (i=1, 2, ..., n) 0o npousBOAY TOUKY
M; (%, 5, 2;), BHURCAUM B 3TOH TOUKe SHaueHHe (YHKNUHM

fM)=f(x;, y; zy)

U, YMHOXHB €ro Ha INIOlaab Si COOTBETCTBYIOLEH 4YacTH MNOBEPXHOCTH,
COCTaBMM CYMMY BCE€X TAaKMX NPOU3BEACHUH:

= iglf(Mi) Si= iglf(xi’ Yo 2)Sh

KOTOpYI0 Mbl OyJeM HasbiBaTh — [0 CXOACTBY CO MHOIMMHM paHee pac-
CMOTpPEHHEIMU CYMMaMu —HMHTETpadbHOH CcyMMoOM.

HoHeunull npedes 5moli cyMMb. npu cmpeMienuu Ouamempos
scex #acmeii (S;) K HYAI0 Ha3b.8aencs NOBEPXHOCMHB M UHMe-
2pason (nepsozo muna®) om gynxyuu fF(M)=f(x, y, 2) no
nosepxnocmu (S) 1 0003HayaeTCs CHMBOJIOM

V§ranas={§re » 2as (1)
(S)

()

rae dS HanomMuHaeT 00 3JEMEHTapHHX IJOWaAsx S;.

369. Ceenénue X OoGhIKHOBeHHOMY HBOHHOMY WHTerpaay. Orpa-
NHYMMCA CaydaeM NpOCToi raaakod mosepxHoctu (S).

Kakopa 6bl Hu Onaa ¢dyHkums f(x, y, 2), HenpepblBHas B TOYKax
nopepxHoctH (§), muterpan (1) CymwlecTByeT, H HMEET MECTO paBEeHCTBO

SSf(x, ¥, 2)dS=

S)

=(R) S S flx@, v), y@ v), z( v)) VEG— F dudo. )]

(8)

TakuM 00pasoM, 048 C8e0€HUA NOBEPXHOCMHO20 UKME2PAAA Nep8o20
muna K OOtLKHOBEHHOMY OBOLHOMY HYNCHO AUWE 3AMEHUMSs Koopou-
Kamol X, ¥, Z UX BHPANCEHUAMU 4ePe3 napamempsl, @ IAEMERIm NAO-
wadu dS— e20 shpadceruem 8 KPUBOAUHEIHbX KOOpOuUKamax.

OGpatuMcd K OKa3aTe/]bCTBY BHICKA3aHHOTO YTBEPKIAEHUS,

*) B orauyke OT MOBEPXHOCTHHIX MHTErpaioB BIOPOr0 THNa, PACCMATPHBA-
€MBIX HHXE.
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Kak yxe oTMeuanoCh, pasioxennro nopepxuoctd (S) Ha vactd ¢ mo-
MOMIBI0 KYCOYHO-TMAAKHX KDHBHIX OTBeyaerT NOAOGHOE Xe pasJioxueHne
o6aacta (A), 1 o6paTHo. TouHO Tak iKe, €M K HYMO CTPEMATCA AHa-
meTpel uacTelt (§), TO 3TO CNpaBeMIMBO M NO OTHOLIEHHIO K JHaMEeT-
pam yacre#t (A), u obpaTHo.

Pa3noxnM xe COOTBETCTBEHHHIM 0OpasoM noBepxXxHOCTh (S) Ha yvacTd
(Sl)r (Si)) LR (Sn)» a obaacts (A)_Ha 4acTH (Al)r (AQ): ceny (An) "
subepeM B Kaxao# wactu (S;) mo Touke (x;, y, 2;), a B uacth (4;)—
no touxke (; v;), KOTOPHE TaKxe orseyald OH oOfHa ApYrofi, TIK uTO

xXi=x v), yi=y@, v), z=z(, v). ®

CocrasuM Teneps MHTETpaibHYIO Cymmy pAJis uHrerpana (1):

n
°=i§lf(xt: Yo 2) S
Io obuwe#t dopmyae (5a) n° 366 Gyzer

S = 5 g VEG—F® du dv.

ITpumenuB e TeopeMy O CpedHeM, NOJyunM

S;=|VEG—Flyzi, -8,

’D=‘U,-

rae (#; T;) ectb HekoTopas Touka obJaactu (4;).
C nomoupio aTOro BuipaXKeHHs AAs (S;) M BcrioMHHas (3), MBI MOXEM
TIEpenucars CyMMy o Tak:

o= 3 /(e v) ¥ v, 2@ ) [VEG—Flazg, A,

‘D=’Ui

B sToM Buje OHa HAaNOMHUHAET HHTErPaJbHYI0 CYMMY JJds BTOPOrO W3
uHTerpaion (2):

o* "_:‘Zf(x (ulv ‘Ui)i y(uir ‘U")y z(ui! ‘vl))[‘/EG_FQ]H=Il['A['
'v-—-'vi

Pasimune Mexady cyMMaMd ¢ W o* B8aKk/0uaeTcs B TOM, YTO B NOCJed-
He# M caoxkHas ¢yHkums f(...) H KopeHb 1/ BCAKHH pas BhUMC-
JFI0TCA AJS OOHO#t M TOH e TNpOM3BOJbHO B3iTO# TOUKH (x5, T;), a
8. nepeoi — pyHknus f(...) Gepercs B Touke (1; v;), a BHIpAWEHHE

...~—B TouKke (&; ;) (KOTOpas HaBA3LBAETCS TEOpEMOH O cpeaHeM H
HE MPpOHBBOJABHA).
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PacCMOTPHM Da3HOCTb MEXIY OOenMu CcyMmamu:
a_a*=§f(...) VEG=Flucz, —[VEG—Fluzu} A
7= 5‘ v=17,

Tlycte € >0 — nponasoasHO Manoe uucao. B cuay (pasHomepHOH) He-

npepusHoctH (ynkuun Y EG— F?, npu NOCTATOYHO Majpx [BaMeTpax
obaacteit (4;), 6yaer

[VEG—F], -,1,—[1/5—01 — Flum | <.
'D=‘0i ‘U=‘0i
VauteBas OTPAHUUYEHHOCTH HempepuiBHON (yHKLHu f:
Iy 2 <L,
JETKO TIPHXOAMM K OLEHKE
o —ao* | <TeLA,
TaK 4TO
lim (d — c*) =0,

Or1ci0a SCHO, YTO W3 CYUIECTBOBAHHA TIpeJena IS BTOPOH M3 5Tux
CYMM CJedyeT CYUIECTBOBaHHE DaBHOTO €My Tpedena W Aas ApYroi.
OTUM M [0Ka3aHO Halle YTBEPXKIeHHE.

Ecau mosepxHOCTh (S) 33afaHa ABHHIM yDaBHEHHEM:

z=2z(x, y),
TO (opMyna (2) NpHHUMAET BHA
sz(x 3, 9= {(F5 3 2 WVTFP T Pdxay, @)
(D)

rae (D) osnauaeT NpOEKHHIO NMOBEPXHOCTH (S) HA INIOCKOCTB XY,
Tak xak

Vitr+¢=

(roe v, Kak OfAKYHO, €CTh YroJ MexIy HOpDMalblo K TNOBEPXHOCTH M
ocbio z), To dopmyay (4) MOXHO HamucaTh W TaK:

ICOSv]

§ Sf(x, » 9as=® ({1055 20 M7 O

(&) (D)

Mu nipeanosaraan Ao cux nop nosepxHocTe (S), Ha koTopylo Opia
pacnpocTpaHeH MHTerpas, mpocroff m raankol. Hawum pesyasrate Jerko
NepeHoCaTcst M Ha oOmMH Cayua NOBEPXHOCTH, COCTOsIEH M3 KOHEYHOro
YHCAa TaKMX KYCKOB.



316 TJI. XXI1, IJiomAAb NOBEPXHOCTH, NOBEPXHOCTHHE UHTETPAJH l370

370. MexaHHUECKHE NPHJIOXEHHS NOBEPXHOCTHLIX MHTErpajloB NEpPBOro
THOa. 1°. C NoMOWbIO HA3BAHHBIX HHTErPaloB MOXHO ONPENensTb MAacCh, MO-
MEHTbl, KOOPIAHHATHl LEHTPOB TAMECTH M T. N BeAWYHHb! JJIA MATEPHAAbHM X
nosepxHocTeH, BIOAbL KOTOPBIX pachpefleseHH MacChl ¢ ONpeleneHHOfl B KamaoH
TOYKe MOBEPXHOCTHOH NIOTHOCTBIO.

Ha pmene sjgecb HeT HHYEro HOBOTO MO CPaBHEHHIO CO CIyYaeM IJOCKOro
pacnpesieIeHHsl Macc, PaCCMOTPEHHLIM BHILIE,

2°. [pumsasncenue npocmozo caos. TloBepRHOCTHbIE WHTErPaisl NEPBOro THNA
€CTECTBEHHO BXOMAT B PaCCMOTPEHHE NPH HU3YYCHHH NPUTANKEHHA Macc, pachpe-
JleTeHHBIX HAa TOBEPXHOCTH.

[lycte no mosepxHocTH (S) HeNmpepHIBHEIM 06pasoM pacHpefefeHn MacCHl
¢ 3ajaHHOM B Kaxmoli Toyke M (x, y, 2) MOBEPXHOCTH MNAOTHOCTBIO p (M) =
=p (X, ¥, 2) *). [lyctb, nanee, B Toyke A (£, v, {) (B H e NOBEPXHOCTH) HAXONUTCA
cauuuua maccel. Tpe6yerca onpenenuTb, ¢ XKakof no BeJMYMHE W TO Hanpasie-
BHIO CHAOH F NpPHTATMBAETCA TOYKAa A NOBEDPIHOCTBIO (S), ecan B OCHOBY [1ON0~
¥eH HbIOTOHOB 3aKOH MPHTAMEHHA (3AKOH BCEMHPHOTO TATOTEHHs).

Ecau 6ui Toyka A npurtArusagach ONHON JMMb MAaTEPHAILHOM TOYKOH
M (x, y, z) ¢ cocpenoToyenHolt B Heli MaccoH m, TO BeAMYMHA CHAB IIPUTHME-
HMH Gbina 6bl paBHa

m
F= 7 HE)

rlie r ecTb paccroanne AM, T. e,

r=yY&—0*+—n + 07 )

Tak kak 91a cHna HampasaeHa oT A kK M, To ee HanpaBasOUIHE KOCHHYCHI
6ynyt

xX—& y—n z-—(
r ’ r’ r

H, CAe10BaTECAbHO, NMPOEKUHH CHABl TNPHUTAXEHHA -f-“ Ha OCH KOOpIMHAT BHIpa-
3ATCA Tak:

z—1{

gl - Fr=m s O]

1
Fe=m==, Fy=m—0,

B cayyae cucT e M bl NPUTATMBAIOIHE MaTePHANbHLIX TOYEK 9TH BbHIPAKEHHA
3aMEHHINCh Obl CyMMaMH NOROGHHIX BHPAaMeHHH; HAKOHEU, IIPU HeNpepLHBHOM
pacnpejlefieHM Macc N0 MOBEPXHOCTH MOABATCA BMECTO CYMM HHTErpaihl.

[TpuMensan 06bIYHBIA NIPHEM H30XEHHHA, MOXHO GBIIO 6bl PACCMOTPETH 9 11 e-
MeHT dS NoBepxXHOCTH C Maccoff p dS, xak Ob COCPENOTOYEHHOM B OXHOW W3
ero Touek M(x, y, z). OkaspiBaeMoe UM Ha TOYKY A NPHTAXEHHe 6YAeT HMEThb
Apoekunyt Ha ocH [cp. (7))

x—§

- z—CdS

r’ ’

dF, = ds, dFy=pt0ds, dF,=

*) B s10M Cnyvae roBopaT 0 MpoOCTOM CAoe (B OTAUYHE OT MBO Hi-
HOT O C/I0A, KOTOPOTO Mbi HE PACCMATPHBaEeM).

*¥) Kak 06biHO, ¢MOCTOSIMHYIO TATOTEHHA», T. €. MHOXHTEJb NPONOPIHO-
HanbHOCTH B dopMyne HeloTona (3aBHcAWMA OT BbIGOpA €HHUU), Mbl 3aMEHAEM
efuHuued, yTo6n YNpPOCTHTh 3alHCh.
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Flle r o3HayaeT paccroanne AM, Bupaxaemoe gopmyno#t (6). Temepb ocraetcs
AMWb «TPOCYMMHDOBATb> 3TH BBIDAXEHHA, UTO MPHUBEfeT K CIENYIOUIHM (OpMY-

JaM ansa l'IpOCKI.lHl’l cunel F MPHTAXEHHA NPOCTOro CAO0A Ha OCH:

— - —
Fx=Sprra as, Fy=SSpyrandS, ,=Sszrxtds. (8)
(S) S) (S)

JTuM cuna F onpefeneHa MONHOCTBIO KAK TIO BeTMuMHe, TaK M 110 Hanpa-
BAEHHIO.

Ecan 6bl mpuTArMBaeMas TOYKa A H caMa lexana Ha nosepxHocTH (S), TO
NPOeKLUHY NPHTAKEHHA HA OCH MO-NIpexxHeMY BHIpaXanucb 6 uHTerpanamu (8),
110 Ha 3TOT pPa3 MHTErpanbl 3TH ObuiM 6l HECOGCTB € HHB MH, HOCKOAbKY
BOAM3M TOYKM A noavHTEerpanbHble (QYHKUHM BCE€ NEPECTAT O6uiTb OrpaHi-
YeHHbIMH.

3° [Tomenyuas npocmozo caos. B cnyvyae ofHOH npuTaruBamowed TOYKH
M(x, y, 2), KaK Mbl BHJENH, NPOEKUMH MDPHTATHBAlOUWIEH CHAB Ha OCH HMeEWT
soipaxednsn (7). Jlerko ycMoTpeTb, YTO 3TH NMPOEKUHH ABAAOTCA YaCTHBIMU NPO-
M3BOIHEIMH 10 §, 7 M § OT QyHKuuH

m
W, O)=—

r 3

KOTODas Ha3hiBAETCA HbIOMOHOSCKUM NMOMEHYUALOM HA TOUKY A moas TOYKH M.
iCp. n° 351, 1)].

B cayvae uons, CO3MaHHOrO CHCTEMOHM MaTepHalbHbLIX TOUEK, MOTEHUMAN Bbl-
pasniaca Obl CYMMoMt sipoGelt sToro BHAa, NpHueM NPOM3BOAHBIE NMOTeHLHana mo
& 7, { mo-mpexHeMy JaBand Gbl MPOEKUMH CHIbl TMPHTAXKEHHA Ha OCH.

Otciofla eCTeCTBEHHO NpPHXOAHM K TaKOMY BHIDAXCHHIO IIA NOMeRy{udAad
npocmo20 ¢A0R, DPACNONOXKEHHOTO NO NOBEPXHOCTH (S), C MIOTHOCTBIO p, Ha
TOUKy A

N

(]

Bo3unkaeT aMwb BONHPOC, COXPAHAETCA JU AIA 3TOrO NOTEHUHana QpyHIaMen~
TalbHOE CBOACTBO:
ow ow - oW

?E‘=Fx: —o?= » FC‘=F21 (10)
rae Fy Fyp F, cyTb npoekunu cuabl ' NPHTAXKEHHA NPOCTOrO C0A HA OCH H
onpegensioica Gopmynamu (8).

Ecan touka A He NeXHT Ha NOBEPXHOCTH, TaK YTO HHKAKMX HapyHieHHH He-
NpPEePLIBHOCTH HET, TO Jerko MoKasarb, YTO K MHTerpany (9) npu auddepenumpo-
BaHuH ero mo §, v uaM § npuMennMo npaBuao Jle#6Huua (ana aroro no-
Hajo6uaoch Ob IHMb MOBTOPEHHE YXke 3HAKOMBIX HaM paccysknenmil), Takum
nyTeM OMNpaBAbIBAIOTCA H JAA paccMaTpPUBAEMOro Cciayyas pachpelereHus Macc
cooTHowenHa (10).

MNeumerpw. 1) HaltTu cuny npuTAXEHHA TOYKM ONHOPOAHHIM (p==const)
cHepHYECKHM CloeM.

PemEHUE TlycTb LeHTp cdepw NeXHUT B Havane KOOPAHHAT, a NPHUTATH-
BaeMast Toyka A (Macchl 1) HaXOmMTCA Ha MOJOXHTENbHOM OCH Z Ha PacCTOARMM
@ or uentpa. Tlpoekuun Fp u Py CHIN NPUTAKEHHA HA OCH X M Y, OYEBHIHO,

pashm Rymio. [axee, umeem
F,= S S o2 las

(5)
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(r — paccrosnue Mexly TOYKOM A ¥ npouasoanHoM touko#t M coepun). Ecnu
nepefiTh k chepruyeCKAM KOOPAWHATAM:

x=R siny cosh, y=R singsind, z= R cosg,
T0

dS=R® sinpdydb, r=) R*1-a* —2Racos¢

©
F,=2nR% S (R cosp—a) sin g dy

J (R*+a'—2Ra cos g) /2

[Mouncranoskoit R? -+ a® —2Ra cos ¢ =1* npeo6pasyem 970 BhpaX¥EHHe

R e R*—ad® nR R — a®
F,:a—’p S (-T—l) dt = —Fp(2R—m"—|R—a ).
IR—a]

PaccMOTPHM Tenepn IBa MPeRNONOXEHHUA,
(h) Mycrp a << R; B TakoM cayyae | R— a|= R — a, B cKOOKax CTONT Hylb H

F,=0.

Vtak, mo4ka, Haxodauwasacs 8Hy mpu OOHOPOOHO20 cieputeck 020 caos,
HE UCNULMBBAEH CO CMOPOHH NOCAEOHE20 HUKGKO20 NPUMSHCEHUSL.

(2) Ecau xe a> R, 10 | R—a|=— (R—a), 1aKk yT0
47 R?
F=—"20F

[TosToMy mo4ka, Haxo0SWasncs 8HE OGHOPOOHOZ0 ceputeck020 caos, ucnbi-
muisaem cO CIMOPOHB nOCAEOHE20 MAKO0E HCe NPUMANCEHUE, KAKOE UCnHMbeasa
Obt, ecau cocpedomoHuniv 8cio Maccy m==4nRp=S8p cr0s 8 €20 yenmpe.

2) Haitty noreHuman OfHOPOAHOrO CHEPHYECKOro cA0A B NPOM3BONBHO B3s-
TO0H TOUKE.

PeEmegH u e Tlpn npexHNX o603HaYeHHAX MMeeM

. dS__ 3 sin ¢ d¢ —_
W(a)—SSP—r——%TRSPCS V R+ a*—2Ra cos -

(s)
R+ta
2nR 2
==C S at=""Ro (R a—|R—a).
|R>a
Ecnu a << R, 10
W (a) = 4nR,

TAK YTO 8 HY M P U OOHOPOOHO20 CPEPU4ecK020 CLOS €20 NOMEHI LA NOCMOSHEN.
Hanporns, npu a > R 6yner
4z R%p
a b

W (@) =

T. €. NOMEHYuAA, CO30GHHBI ceputeckum Cr0em 80 BHE W HE M NPOCMPAH-
cmee, He U3MEHIMCS, CAll BCI0 MACCY €20 COCPEdOmoums 8 yexmpe.

3amMEYyAaHuE B cayuae a=R B o6enx 3afjayax MNpPUILIOCH Gbl MMeTh
Teso € TaK Ha3biBaeMbiM HECOG CTB € HH b M NMOBEPXHOCTHBIM MHTErpanoM, no-
CKONMbKY NOAMHTErpanbHasd QYHKUMA 06paiaeTcas B GECKOHEYHOCTh.
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§ 4. NTOBEPXHOCTHBIE HHTETPAJIbI BTOPOI'Q THIIA

371. OnpepneseHyue MOBEPXHOCTHEIX MHTErpajsoB BTOPOro THMA, 310
HOBOE MHTErpaJbHOe OOpa3oBaHHE CTPOHTCA N0 06pasily KpUBOJMHEHHOTO
MHTErpaja BTOPOrO THMA.

Tam MB HCXOHMAM ¥3 HAaNMpaBAenHOH (OPUEHTHPOBAHHOH) KpH-
BOH W, pAa3NOKUB €€ Ha SAEMEHTH, KaXIHH TakoH 5JeMEeHT, COOTBET-
CTBEHHO HAaMpaBJAEeHHH H, NPOEKTHPOBaIM Ha KOODAMHATHYIO OCh.
ITpoekuus moayyanacb TOXe HanpaeJeHHOH, W MM Opaqu €e IJIMHY CO
SHAKOM IIOC WJM MUHYC B SaBHCHMOCTM OT TOro, COBNAJano JH ee
HanpaB/eHue C HanpaB/JeHHEM OCH WM HeT.

AHanornuHeM 00pas3oM paccCMOTPUM Tenepp ABYCTOPOHHIOIWO
noBepxHOCTh (S), FIAIKY0 HWIK KYCOUHO-TJIALKYIO, H QHUKCHPYEM KaKyto-
an6o M3 IBYX ee CTOPOH; Kak Mu BHmeau [n° 362], smo pasnocuasno
8H60PY HQ NOBEPXHOCMU ONPedeAeHHOR opuernmayulu.

Ilns onpeleneHHOCTH NPEANOJOKHM CHAaYaja, YTO NOBEPXHOCTH 3a-
NaHa SBHHIM YypaBHEHHEM

z=2z(%, y)

npuueM Touka (x, y¥) usMeHsercs B oOaacth (D) Ha RNAOCKOCTH XY,
OTpaHMUeHHOH KycOuno-TAaAkuM KOHTypoM. Torma BmGop BO3MOMEH
MeXAy BepxHe#l W HuxHeli CcTopoHaMu mnosepXHocTH *). B nepsom cay-
yae 3aMKHYTOH KpuBOH Ha NOBEPXHOCTH INPHNHCHIBAETCH HaNpapJeHUE
NpOTHUB 4YacoBOH CTpENKH, €CTH CMOTPETb CBEepXYy, BO BTO-
poM — o6paTHOe HalpaBJeHHe.

Ecaun noBepxHOCTh pasGuTa Ha 39JeMEHTHl M KaxAHR Takol, coor-
BETCTBEHHO OPHEHTUPOBAHHHH, 3JEMEHT CNPOEKTHPOBATb HA IJOCKOCTb
Xy, TO HampasjeH#e oOX0la KOHTypa INpOexTHpyeMOH ¢urypsl onpene-
AT ¥ HanpasJenue 00XoJa KOHTYpa NMpoekuuH. dro HampasiaeHue Oyner
COBMAafaTh ¢ BPALIEHHEM TPOTHB YacOBOR CTpe/KM, T, €. OTBEUATh OpHEH-
TAMM CcaMOH IVIOCKOCTH XV, ecau (HuKCMpoBaHa OHJa BePXAAA CTO-
poHa noBepXHOCTH (S); B 9TOM CIyyae MH IJOWAAL NpoeKuun Oyaem
6patb €O 3HaKOM nmoc. B cayyae HuxHe#t CTOPOHW BpanleHue Oyaer
oOpaTHHM, M IJOWAAb MNpoekuud Oynem OpaTh €O 3HAKOM MHHYC
[cp. n° 867].

Mycte Teneps B TOYKax AaHHOR mosepxHocTH (S) ompeleneHa HEKO-
topas ¢yuxums f(M)=f(x, ¥, 2). PasIokuB INOBEPXHOCTh CETHIO
KYCOYHO-TJIAIKUX KDUBHX Ha SJEMEHTHI

(Sl)’ (Sg), coey (Sn y

BnGepeM B KaxaoM 3aemente (S)) no Touke M;(x, Yi 2). 3arem
BuyucauM sHaueHue Qyukuun f(M)=7f(x; ¥, 2;) B YMHOXHM ero
Ha naowanAs D; mpoekumun Ha NAOCKOCTb Xy 3aementa (S)),

*) Cm. cHocky Ha cTp. 298,
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CHaGeHHYI0 3HAKOM MO YKasaHHOMY BHuie mpasuay. COCTaBHM, HakKOHeL,
CyMMy (TOXE, CBOGTO DOMla, HHTEI DAJNbHY O CYMMY)

°=i§lf(Mi) Di=i§]f(xir Yo 2)D;. Q)]

Koneunsili npedes smoil cyMmss npu cmpeMmaeHuu K Hyaw Oua-
Mempos gcex wacmell (S;), Ha3bi8alOm NOBEPXHOCMHE M UH M e-
2pasrom (Bmopozo muna) om

f(M) dx dy =f(x! Y, 2) dx dy;

PACNPOCIMPAHERHbM HA 8ELOPAHRYI0 CmopoRy nogepxtocmu (S),
1 0003HaYalT CHUMBOJIOM

I= S(S)S F(Mydxdy= S(S)S Fx y, Hdxdy ®)

(3nech dx dy HanoMuHaeT O MJoWIaf¥ NMPOEKUHHM 3JEMEHTa MOBEpX-
HOCTH Ha MJAOCKOCTHb Xy).

Bnipouem, B 3TOM cHMBOJME HE COAEpXKHUTCH KaK pa3 YKa3aHHd Ha
TO, KaKyl0 HMEHHO CTOPOHY HOBEPXHOCTH HMEIT B BHIY, TaK 4TO YKa-
3aHUE MPHUXOAWTCA HenaTh BCAKMH pas 0cCo-
60. U3 camoro ompefmeseHus CJaeAyeT, 4TO
NpH 3aMEHe paccMaTpUBaeMOX CTOPOHH IMO-
BEPXHOCTH  MPOTUBOMOJOXHOH  cTOpoHOMH
MHTErpajl MEHAeT 3HaK.

Ecny noBepXHOCTb He MMEET YKagaH-
HOrO CNIENHaJbHOTO BHA3, TO MB BCeraa
Bnpeap OyleM NpeAnoJaraT, 4YTO OHA CO-
CTOMT M3 KOHEUHOTO YMCJA KYCKOB, Orpa-
HHYEHHBX KYCOUHO-TIAIKHMH KOHTYDaMH H
au6o Hmelomux 3TOT BHA, JmbO mpenacra-
BJSIOLIMX COOOH 4acTh LMAMHAPHYECKOH mo-
BEPXHOCTH € 00pa3yoniuMy, NapaieabHEIMU
oCu 2 (Hanpas/sOLIas KOTOPOH Ha INIOCKO-

Prc. 56. CTH Xy HMEEeT HYJEBYI IJowanb). B cayuae
3/IEMEHTa, JIeXALIero Ha KyCKe MepBoro

THN3, MB Y€ 3HAEM, KaK NPHIIACHLIBATh 3HAK IIOWAAH €ro NpOeKUuH;
5TH 3HAKH MOTYT OKAa3aTbCi M DA3NUYHBIMKM AJS DA3HHIX 3JEMEHTOB, ec/u
OIHH 3/EMEHTH! MOBEPXHOCTH OKAa3HIBAIOTCH JIEXAWIMMH CBEepXy, a ApYyrue
chudy (puc. 56). UTo ke KacaeTcsi 3JEMEHTa, JIEKAWEro Ha YNOMSHYTOHU
HWWIHHIDHYECKOH TMOBEPXHOCTH, TO NpPOEKUHA ero, CTArUBAIOLIAACH B JH-
HHUIO, HMEET HyJeBYI0 MJOLiafb, U O 3HaKe ee FOBOPUTb He MPUXOAHTCA ¥).

¥4

*) <HenpaenapHnx» sneMeHTOB, MPUHANNEK AWM PASINYHEIM KYCKAM, M3 KO~
TOPHIX COCTOUT NMOBEPXHOCTb, Mbl GyleM H3Gerarb (a MOXHO G6bl10 6bl UMH NO-
npocty npeHebpeus!),
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B ocranpHOM omnpefienieHHe MOBEPXHOCTHOTO WHTErpaia CTPOMTCH H [
obuero cayyas TaK ke, KaK M Bhille,

HMamenss poan oceit (COOTBETCTBEHHO YeMY M3MEHAOTCA
¥ Hamu Tpe6GOBAaHUA K MOBEDPXHOCTH), MOXHO Gbiio OH MpO-
€KTHPOBATh 5AEMEHTH MOBEPXHOCTH, BMECTO IIOCKOCTH Xy, Ha MIOCKOCTH
vz mau zx. Tak noiyyaioTcs [Apyrue JBa MOBEPXHOCTHHX HHTErpana
BTOPOro THMNA:

S(‘S‘Sf(x, W, 2)dydz nau S:S‘)s‘f(x, ¥, 2)dzdx. 2%

B NPpUMOXKECHUAX Yaule BCEro BCTPEYAlOTCA COCAHMHECHUA HUHTErpaoB BCEX
3THX BHWIOB:

SSdedz+ Qdzdx-4-Rdxdy,
(S)

rie P, Q, R cyts dyHKuuu ot (X, y, 2), ONpeleleHHble B TOYKAax Mo~
BepxHOCTH (S).

Eule pa3 nofyepKHeM, uTO 80 8cex cayiasx nosepxuoctes (S) rpeo-
noaczaemcss 08YCMOPOHHED U 4MO UHMEZPAR PACRPOCIMPAHAEICS
HQ ONpedeseHHYI0 ee CMOPOHY.

372. Ceenénde X 0GbIKHOBeHHOMY HBOHHOMY HHTerpany. Meu Oy-
ZeM npeanonarate ¢yHxumo f HenpepoBHOH B TOuKax MNOBEpX-
nocta (S).

1°. PaccMOTpUM CHauana OCHOBHOH ciyualf, Koria nosepxHocTs (S)
33/laHa BHHIM ypaBHEHUeM

2=z(x, y) ((x, y) us (D)),

npuyeM QYHKUMS 2 HeNpepbiBHA BMECT€ CO CBOMMM YaCTHBIMH NPOH3-

BOJHBIMH
=0 0
P=5x» 1= 5"

Ecan wuuterpan (2) Gepercsi no BepXHeH CTOpDOHE NOBEPXHOCTH, TO
B HHTerpansHo# cymme (1) Bce D; monoxurenbHe. Ilofcraeass B 3Ty
CYMMy BMECTO 2; ero 3HaueHue 2 (x; y;), NpuBeleM €€ K BHLY

o= i f(xb Yo z(xir }’:)) Di’

i=1

B KOTOPOM JIETKO Y3HaTb MHTETPAJbHYI0 CyMMy JJa9 OOHKHOBEHHOrO
JIBOHHOrO MHTErpana

® S Sf(x, y, 2(x, y)dxay.

D)



822 T, XX11, MAQALL NMOBEPXHOCTH. NOBEPXHOCTHHE WHTETPANN [372

Ilepexoas & npeaeny, YCTaHOBHM M CyumleCTBOBaHME HHTerpana (2)
B DaBeHCTBO

(§7@ s aaxdy=@ ({103 20 paxay. @

(S) (D)

Ecan pacnpocTpaHuTh HHTErpal Ha HH XK HIO K0 CTOPOHY NOBEPXHO-
cta (S), To OyleM HMETb, GUEBHIHO,

Sfo(x, y» izdy=—@ ({705, 25 Maxay. G0
(

D)

Jlerko Temepb, yCTaHOBHTb (A PacCMAaTPHBAaEMOTroO CaAY-
Yasn) C6A3b MeNc0Y MOBEPXHOCMKBMU UHME2PAAGMU 000UX mMUNOS.
IMycrb cHayana peub maer (Mg MHTErpana BTOPOro THNA) O BepXHel
cTropoHe mosepxHoctd. Ecan B ¢opmyae (5) n° 869, cuuras yroda
¥ OCTpHM, 3aMeHuTs ynxunio f(x, y, 2) vepes f(x, y, 2)cosv, TO
MOXHO OyJleT HamMcaTh:

(R)ng(x. ¥ 2(x y))dxdy=SSf(x, ¥, Z)cos vdS.
(D

(S)
Orciona — ¢ yuerom (3) — moayuaerca uckoMas opmy.aa:

Sij(x, ¥ 2) dxdy=55f(x, ¥y, 2)cos vdS. “)
{

)

3aMeHnsi BEPXHIOIO CTOPOHY MOBEPXHOCTH HU K HEH, MB TEM CaMHM
MEHseM SHaK JeBOH u4acTH paBeHcTBa (4). EcaH OJHOBpEMEHHO C TeM
TOA Y pasyMeTb Ha STOT pa3 TYNnoH yroa ¢ OCbl0 2 HOpMaiH, Hampa-
BJEHHOH BHU3 Xe, TO KOCHHYC, a C HAM M HHTErpaj, TaKXKe H3MEHHT
8HAK, TaK YTO PABEHCTBO COXPAHHTCH.

2°. Ecsm (S) ecTs uacTh UMAMHADHYECKOH MOBEPXHOCTH € oGpasyio-
WHMH, [apaidJe/bHHMH OCH 2, TO BCE €€ SJEMEHTH HMET HYJeBHe
NPOEKINH, TaK YTO B 3TOM CJyuyae

SSf(x, ¥ 2)dxdy=0. (5)
(5)

OuesuaHo siech Takxe uMeeT MecTo Qopmyna (4): Tak kak cos v=0,
TO W NpaBas uacTb 3TOR GopMyam OyHeT HyJeM.

3° Hakonen, ecam mnoBepxHOCTb (S) COCTOMT M3 KOHEYHOTO HHUCIA
KYCKOB, pacCMOTpeHHHX B 1° mau 2° T0, cxJaimBas ¢opMyan Buia (4),
OTHOCALIMECS K OTAEAbHHIM KyCkaM, yGelumcs B ToM, 410 dopMyaa (4)
cnpase/linBa U B OOUIEM CJayuae.

4°. Ananornunsie GOpMyAH MOryT OHTb NOAYYEHH K AMS NOBEPXHO-
CTHHX RHTErpanos (2%). CkaaisiBas BCe TPW (OPMYJH, HanNKHCaHHBE, CO-
OTBETCTBEHHO, AJs MpPOU3BOJNBLHHX HENpEpHEBHHX ¢yukuud P, Q, R,
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npufieM K ofueH ¢opmyae, ceasuBalomel MNOBEPXHOCTHHE HHTErpajsi
BTOpPOTO ¥ NepBOTO THMA:

ggpdydz+ Qdzdx +Rdxdy =
'(s)

= SS (Pcosh4 QcosptRcosv)dS. (6)

()

[Tonuepkuey, 4TO cnpasa 3decs uzypupyiom HanPABASIOULE KOCUHYCH
HopMmaau, coomsemcmeywuwed moil cmopoxe noBepxXHOCMmU, N0 KOMo-
poil 83Am umnmezpas caesa.

5° Ecau nosepxuocts (S) 3afiaHa NapaMeTpHYeCKH, TO MOXHO CBe-
CTH UHTErpan B TpaBo#t YacTH QopMyan (6)-—a C HAM U HHTErpan
B /1IeBOH 4acTH — K OGLIKHOBEHHOMY IBOHHOMY MHTErpaly, pacnpocTpa-
HeHHOMYy Ha ofaacte (A) wusMeHenus napamerpos. [IpeanonoxuM cHa-
Yajla TNOBEPXHOCTE NPOCTOA M TJIafiKOH; IMyCTb OHA OrpaHH4YEHa KYyCOUHO-
rnagkuM KoHtypom (L).

BeibepeM onpeXeneHHyl® CTOPOHY TMOBEDPXHOCTH ¥ TeM CaMbIM
yCTaHOBMM HA Helt ompeneneHHylo opuHeHTauuio. Ecau noanoxu-
TeaAbHOMY o006xoay kKoHTypa (A) o6ractu (A) orsevaer
NoNOXHTENbHHH e 06X0K koHTYpa (L), T0, KaK MH 3HaeM
[n° 362), nanpapasioutke KOCHHYCH HODMalH, XapaKTEpUIYIOUUE HMEHHO
BHODAHHYI0 CTOPOHY NOBEPXHOCTH, ONpeAeNaTcs (HopMynaMu

A B
el — _—
o +VA'+B'+C"°°SE +VALBTC
CO8S V==

+VATBLC
co sHakoM (-+) mnepen kopHem. C apyroH CTODOHH, NpH nepexofe

K [IBOAHOMY HHTErpaly NO NapamMerpaM u, U, 3JeMeHT njomagu 48
HaIeHT SaMEHHTb BRIPANeHHeM

+V A B+ Cdudv

[n°369]. OkoHuaTenbHO, MOMYYHUM DABEHCTBO

gs Pdydz 4 Ddzdx -+ Rdxdy:SS (AP4-BQ-CR)dudv. (7)
() (Y

B npaso#t vactu nompasymepaercs, uto B GyHKuMum P, Q R BMecTo
X, J, 2 TOACTaBNEHH MX BHPAaXEHHS Yepes u u v.

3AMEYAHHE. OJTOT pesyabTar pacnpocTpansercda ¥ Ha Goaee
ofwuA cayuall TOBEpPXHOCTH, COCTAaBJEHHOH U8 MPOCTHX TJIaAKHX
nosepxHocTelt, NpuMbKawwux oaHa K Apyro#. Ho neped unTerpanom
CMpaBa MOXET TNOSBHUTbCA KaK 8HAK NJAIOC, TaK M 3HaAK MHHYC
lcm. n°361, sameuanue].
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873. dopmyana Crexca. OOparumcs Teneps K BHBOAY (GODPMYJH,
CBA3HIBAIOLIEH TMOBEPXHOCTHHIH MHTErpan ¢ KPHBOAWHEHHBIM H cayxaief
oGobiiennem yxe u3BecTHOH Ham dopmyan [puna [n°346).

Mu  coxpadsem noHasany OTHOCHTENLHO MOBepXHOCTH (§) Te ke
NPeANnoNOKEeHYs, Y4TO B MyHKTE 5° NMpeAHAyWero HoMepa.

Ilycte B  HEKOTOpPO# npoOCTpancTBeHHoM 06JacTH, cofepxauiett
BHYTPH ce06f MOBEpXHOCTh S, 3adaHa dyukuus P(x, y, 2), Hempe-
pHBHasg B 3TOH 06JacTH BMECTE CO CBOMMH UYA4CTHBIMM IPOW3BOIHBIMU.
Toraa mmeer Mecto ¢opmyna

pdx_SS"—Pd dx— L dxay, )
L) (S) 7

npuYyeM HampaeieHue 06x0Aa KOHTypa (L) COOTBETCTBYeT TOH CTOpOHE
NOBEPXHOCTH (§), HA KOTOPYIO DAacmpocTpaHeH HHTerpai Crpasa.
Ipexne Bcero npeo6pasdyeM KpPUBOMMHEHHBIH UHTErpan No KPHBOH
(L), 3amenuB ero murerpajoM no KpuBo# (A):
Sde: Sp (% du 4-—@) ©)
&)

PaBeHCTBO 5TO J€rKO MNPOBEPUTH, €CAM BBECTH NAPAMETPUYECKOE MNped-
cTaBjaeHne KpuBod (A):

u=u(t), v=u() a<<t<P)
a yepes Hero — u kpusoH (L):
=x@(@), v@®), y=y@u@), v@), z=z@(), v{).

Torma o0a uuTerpana ceelyTct K OLHOMY M TOMY Xe OOGHKHO-
BEHHOMY HMHTErpajny no mnapaMerpy

fr gt
Teneps Kk murerpany B (9) cnpasa npumeHuM dopmyay [puna:
J ot )= ([ 208 -2 (P s
Tak Kax nocnefHee no;mmerpanbuoe Bupameﬂue B Pa3BEPHYTOM BuAe JaeT
(((;_ig;uv_l—gizi_l—%—[z)gtf) ;TP dvdu
(dP ox + dP dy + 0P 0z 0*x

T \0xdv T dy ov dzdv)du Powd=
0P(0z ox 0Oz 0x> 0P<0x0y dxdy)
H

dudv  dvou

dy

du ov dv du
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TO Mbl MPUXOAUM K ABOHHOMY m—lTerpany

S S & Claua

Ilo dopmynre xe (7) ero nerko npeoGpasosaTh B NOBEPXHOCTHLIA

Herpe V(| SFazaxr—Laxay

(S)
B3ATHH HMMEHHO MO BHOpaHHOR CTOpPOHE NOBEPXHOCTH. ITUM M 3aBep-
11a€TC AOKa3aTebCTBO paBeHCTBA (8) *).

Ita Qopmyna yCTaHOBJEHA HaMM A8 NMpPOCTOH M [JAaAKOH MOBEPXHO-
ctu. Ho ee serko pacnpoctpanuth n Ha ofmm#l cayuat KycoOuHO-
rnaako# mnoBePXHOCTH, OFpPAaHMYEHHOW KyCOUHO-IJIAAKUM KOHTYDOM:
CTOUT JWIb HAaNMCaTh ee RS KaXAOro MNpOCTOrO H I[JAAKOro Kycka
B OTHZEJBHOCTH M MOUNEHHO CJAOKWTL NOJYYEHHBIE DAaBEHCTBA.

ITytem kpyroso# mepecraHoBku OYKB x, y, 2 TIOJMYYdlOTCA elie ABa
aHaJOrMYHBIX PaBEHCTBA:

§ Qdy — ” dxdy — 9 dy dz,
(S (8a)
Rdz = S‘Sdeydz—?dedx,
(L)
rie Q n R-— HOBHE cpyHKuuu OT X, V, 2, YIOBJETBODAIOUIME TeM Xe
yCI0BUAM, uTO U P.
CknaneiBas BCe Tpu paseHcTBa (8) u  (8a), moayunM HCKOMBbIH
pesyabtaT B Haubosee oOwel dopme:

Sde—]—Qdy—]—Rdz:
ZH(S—S ‘”’)d % dy —]—(———)d dz +<‘”’ %ij)dzdx. (10)
S)

ATO paBeHCTBO M HasbiBaeTcs popmyroil Cmorca. Ewe pa3 noo-
HEPKHEM, 4IMO CMOPOHA NOBEPXHOCMU U Hanpasaerue o6xo0a
KOHMY pa 83aUMHO ONPEAEATIOMCS N0 NPABULY, YCMAROBACHHOMY 6 1° 362,

Ecan B kauectBe Kycka mnosepxHocTd (S) B34Tb MJIOCKYW 006aacTh
(D) Ha naockoctd xy, Tak uro z=20, To mosayuuTca Gopmy.a

Sde+Qdy—§S(——— )dxdy,

¥) CaepyeT OTMETHMTb, YyTO NPH BRBOJAE HAMH MCMOAb30BAHBI CYUIECTBOBAHHE
7] 0%x *x
dx’ duov’ dvon’
pesyabTate He yuacTBywr. Ha nene ¢opmyla mMeeT MECTO M 6€3 STHX Npeano-
J0XEHUH.

B HeNpepbiBHOCTh NMPOH3BORHLIX KOTOpbI€ B OKOHYaTeJbHOM
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B KOTOpO# uuraTea» Yy3HaeT ¢opmyay ['pusa; Takum o6pasom, nocsel-
HAS ABJASETCA uwacTHHM cayuaeM dopmyan Crokca ¥).

OTMeTHM, HAKOHEW, YTO HOBEPXHOCTHHWH MHTErpan BTOPOFO THNA
B dopmyne CTOKca MOXET OHTb 3aMEHEH NOBEPXHOCTHHM HHTErPAAOM
nepsoro Tuna. Toraa sta ¢opMyna npumer Bui

5 Pdx-L Qdy 4+ Rdz=
(L)

= SS [(%5—%%) cos l+(%§—g§> cosp - (g—g——g—f) cos v]dS, (1)
(S}

IPUYEM COS A, COSf, COS Y 03HAYAIOT HAMPABASIOWIME KOCHHYCH HOPMaaH,
omseLanyell uMenno 8HOParHol CMOPOHe No8epXHOCHIU,

Orn npusepa «nposepuM> dopmyny Croica, nonoxmHs
P=y'+2), Q=2+4x' R=ux'+y
H B3aB B Kavecrpe (5) MOBEPXHOCTb, BLPE3AHHYI0 UWAHHAPOM
x?4-y'=2rx us chepsi x*+ '+ 22 =2Rx (R>r, 2> 0).

[pn6ernys x mapameTpuyeckoMy NPENCTaBACHUIO KPHBOH

=r(l4cost), y=rsint, 2=V R—=r) VIF cost (0<t<<2n)**),

AT KPRBOAMHEHHOTO MHTErpana Ha#ilieM NOBOJBHO CIOXHOE BHpPAaXE€HUE B BHIE
OGLIKHOBEHHOTO HHTerpana:

2x

S {[r’ sin® £ 4 2r (R—r) (1 + cos £)] (— r sin £) +
]
+[2r (R—r)(1+4 coat)y+r* (14 cost)®}r cost 4

2r(R—r)

4 [ (1 4 cos ) 4 12 sin?¢]- % VW (— sin t) }dt.

Ho nmepsoe M Tperhe caaraeMbie B QUIyPHWX cKO6KaX, yMHOXEHHWe Ha df,

uMelT BUR fF(cos ) d coS ¢, ¥ MHTEerpann OT HHX, BBHAY NEPHONMYHOCTH KOCH-

HYyCa, PaBHM HYNI0. BHNONHHB OCTAIOMYIOCA BHIKIAAKY, MOAYNHM 2mRr:.
ToBepxHOCTHHA Xe HHTerpan BTOPOro THNA

2 SS (y—2)dydz - (z—x)dzdx + (x —y)dx dy,
S)

*) das obnervenna sanommHamma ¢opmysw CTOKCa ykameM, YTo mepBoe
cnaraemoe B WHTerpaie cnpasa— 10 e, 4To H B dopmyse 'puHa, a ocTaabHbie
NOAYYal0TCA H3 HEro Kpyropo#t nepecranoBkoft 6yxs X, y, 2 u P, Q, R.

**) Ecan nosoxuTh X—r=r cosf, y==r sin f{, To reoMeTpHYECKHH cMHCA
napamerpa f siceH; NOACTaBAAA 3TH BHDPAMEHHA B ypasHeHWe cephl, HafileM W
SaBHCHMOCTb 2z oT f. [flpn muamenenmu ¢ or 0 10 2n KpuBasm oMHCHWBaeTCs
MPOTHBYACOBONW CTPeAKH, €CIH CMOTPETh CBepXy.
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PactupoCcTpaHeRHLi Ha B e P X H 10 10 CTOPOHY ymoMAHyToH nopepxHocty, npeobpa-
3yeM CHayala B MHTErpan MepBoro THNA:

ZSS [(y —2) cos A4 (z —x) cosp. 4 (x —y) cosv] dS.

()
Tax xax

*—R =3 =
B! COSP.—R, CoOs v =

T0, NMOACTABAAA 3TH BLIPAKEHHUA, NDOH3BEAEM YIIPOUICHHE N CBEACM HCKOMBIR

MHTETpal K CACLyOLeMy:
2 S S (z —y) dS.

B CH1Y CHMMETDHH NOBEPXHOCTH OTHOCHTEABHO INIOCKOCTH X2, HHTErpan

cos A=

VAN

ydS oxasmBaercs nynem. Ocraomufica xe HHTerpar CHoa npeofpasyen

¢
(S)
K HHTErpasy BTOPOro THNA:

2” 2dS =2 SS 2 drdy=2R Sdedy=21:Rr’.
) & (s

874. lpaaowenne dopmynnt CTokca X HCCAeHOBAHHIO KPHBOJH-
HeflHIX MRTErpanos B mpoctpanctee. Ilycte B oTkpmnro#ft o6iacth (7)
sagaHn OyHknuH P, Q R, HenpepwBHHE CO CBOMMH MPOHSBOAHHMH

oP 9P 9Q Q. OR OR
dy' 0z’ 0z’ ox’ Ox’ dy "
C nomowipio dopmyant CTOKCA JIeTKO YCTaHOBHTb YCAO8UR, Meo0Xo-
Oumbie U docmamoyunsie OAR Mo20, 4mobs OOPAWAGACS 8 KYAb UNMEZDPAA

dex—{— Qdy+Rdz, (12)
}

83AMuE no sw0oMY RpocmoMy 3SaMKRymoMy roumypy (L), aestca-
weny 8 (7).

BrpoueM, maf TOro YTOGH BO3MOXHO OHJIO HCMOMB30BaTH (GOPMYTY
Crokca, Hy®HO HamepeJl HalOXdUTh Ha TpexMepHyio obaacts (T),
K KOTOpPOH OTHOCATCA HaulM PacCMOTDEHHd, eCTeCTBEHHOE OrpaHHYeHue.
Vimenno nyxHo mnotrpeGoBath, uTOONW, Karosa 6u Hu Obsa npocmas
Kycouno-2aadxan 3amxnyman kpusag (L) B obmactu (T), na Hee
MOJCHO OBLAO <HAMAKYMEY KYCOUHO-24a0KYI0 (CAMOHENEPeCeKaou,yIOCsT)
nosepxrocms (S), umeromyn (L) céoum Konmypom u maxsce yesuxom
codepacawyyrocns 8 (T). 3T0 CBOHCTBO aHaJNOrMYHO CBOMCTBY O HO-
CBASHOCTH IVIOCKOH 0064aCTH; NPH HaNAYMM €r0  MPOCTPAHCTBEH-
Hywo obnacts (T) Taioke Ha3wBAOT («<1OBEPXHOCTHO»¥)) oAHO-
CBA3HOH. YnomsHeM [ad mNpuUMepa, UTO TeNO, OrpaHUYEHHOe

*) B oT/AHYHE OT JpYroro THIA ONHOCBA3HOCTH MPOCTPAHCTBEHHON oGaacrh,
0 KoTopoM peub OGyner nmxe [n° 381].
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ABYMSl KOHUEHTPHYECKHUMH CEPUUECKUMH NOBEPXHOCTAMH, OyldeT B 3TOM
CMHIC/IE OZHOCBA3HBIM, & TOD — HeT.

Iycts e obaacte (T) OyaeT (NMOBepXHOCTHO) oOJAHOCBA3HOH. Harg-
HyB Ha kOHTYp (L), xax ckasaHo, mosepxHOCTb (§), 3amenum mo ¢op-
myne Croxca KpuBoJMHeHHBH wuHTerpaa (12) nOBEPXHOCTHHIM WHTE-
rpaioM

S:S.S (%fg—%>dxdy+<%§—‘£>dydz+(g—%g)dzdx.

Ins obpaieHns ero B HyJb, OYEBHIHO, AOCTATOYHBl YCIOBUS

0Q__0P OR__0Q 9P _0R ®)
0x ™ dy’ dy~ 0z’ o9z~ ox°
3TH yCI0BUS B TO XK€ BpeMs M HEOOXOAMMEH, B YeM Jerko y6eauTbCs
(nanogobue n°348), ecau paccMmatpuBaTh naockue ¢uryps (S),
JEXKAME B IJIOCKOCTSX, MNApa/e/bHBIX M[OOYEPEAHO TOH HAM HHOH n3
KOODPJAMHATHHIX MJIOCKOCTEH.

YutaTenp BHAMT, YTO Mbl HMCNOAB30BaaM 3aeck ¢opmyay Crokca
COBEpIUIEHHO TaK e, Kak B n°348 ¢ adasordyHeiMH LeasMu  Oblra
ucnoqb3opaHa Qopmyaa I'puna.

Jlerko nokasaTb, uTo Te xe ycaosus (B) 6Gydym meobxodummmu u
docmamodHomu 0451 moz20, 4mobe. uHme2pan

Sde—[—Qdy—[—Rdz (13)

(AB)

ne 3agucea om pop uu rpugod (AB), coedunswweii awbse 08e
moiku A u B o6aacrmu (T), B NpeNNOJOXKEHHH, KOHEYHO, YTO 3Ta
o0nacTb (MOBEPXHOCTHO) OMHOCBSA3HA.

Heo6xXx0AMMOCTH YCTAaHaBAMBAaETCA TaK XK€, KaK M B IJOCKOM

cayuae [n°349). Yro ke KkacaeTcd AOCTaTOYHOCTH, TO, KaK U TaM, Jerko

HCuepnelBaeTcd cayuad, Koraa nAee

kpussie (AIB) u (AllB), coeluns-

e TOukH A W B, Kpome HEX

@ ofbmux Touek He mmeroT. Ecmu xe

3TO He TaK, W B3fThle KpHUBEIE Ile-

Puc. 57. peceKkalTcd, TO 3Jechb BOMPOC

OKa3miBaeTcs 6oJee MPOCTHIM, HEM

B IJIOCKOM CJy4ae: B CBfi3HOH mnpocTpaHcTeBeHHOH oOaactu (7) Bcerha

MOXHO B3Tb TaKylo TpeTblo Kpusylo (Al/IB), KoTopas yxe He mepece-
Kanace OW HM ¢ oAHOH u3 mpexHux *). Toraa

&)

1
A1y (AllB) (A)S;B) (AIlTB)

b4

*) Kak noxaswiBaer puc. 57, 370 He BCErla MOXeT GHTb CIEAaHO B NAOCKOM
cnyuael
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OTKyaa A CJAeAyeT, uTo BCeria

418y (AllB)

C 5THM HCCAEIOBaHHEM MOXKHO CBS3aThb M BOMPOC 0 MOM, Gydem Al
dugbbepenyuassroe 8oipadicerue

Pdx+-Qdy--Rdz (14)

(nosnbiM) AnddepeHitnaioM OT HEKOTOPOR (QYHKIMM Tpex NepeMeHHHX.
Heob6xoaumocthr ycaosnt (B) mas Ttoro, uro6m 370 OblIO TaK,
NpoBepsAeTcs HemocpeacTseHHo, Kak u B n°350. JocTaToOuUHOCTD
NOKa3HBAeTCs, TOXE KaK B IJOCKOM CJyyae, HENOCPEACTBEHHBIM TMO-
CTPOEHHEM NepBOOGPa3HOH — B BUIE KPHBOJIRHEHHOTO MHTErpasa

(x, 9, 2)
F(x, y, )= S Pdx+-Qdy--Rdz
(%9, Yo, 20)
[cp. (8) B n°350], xoropmit — mpu cobmoaenun ycaosufi (B) —uHe 3a-
BucuT oT nytu. Mrak, mas o6aactu (7T) ykasanwxoro tuna ycaosus (B)

0KQ36L8AIOMCA HEOOXOOUMBIMU 1l QOCMAMOYHBIMU 048 m020, 4mobut
soipasicenne (14) Goino movunsm Ouggheperyuaiom.



IVIABA JIBAILIATH TPETHSI
TPOUHBIE UHTEIPAJIb!

§ 1. TPOAHOA MHTErPAN H ETO BbIYHCIAEHHE

376. 3agaua 0 BMuUMCAeHHH Macc Teaa. IlycTb AaHO HekoTOpOE
Teno (V), samonmenHoe Maccamu, B B KawaoB ero Touke M(x, ¥, 2)
M3BECTHA MIOTHOCTDL

p=p(M)=p(x, y, 2)

pacnpeneneHuss 3TAX MacC. TpebyeTcd ONpeAeauTs BCIO Maccy m Tea.
Iasa peweHun sToH samaud pasnoxum rteao (V) Ha pan vacreft:

(Vl)r (Vi)’ esey (Vn)

n BbiGepeM B mpefienlax Kawaoff M3 HUX 110 TOuKe

M Gy M )

Ilpumem npuGamxeHHo, uro B mpefenax yacth (V) NAOTHOCTL MOCTO-
fiHHA ¥ paBHa Kak pas nnotHoctw p(§, 7, {;) B BHOpaHHO# TouKe.
Torma macca m; sTot yacTH NMPHGAMNKEHHO BHPAZHTCA TaK:

mi=p G m W)V,

Macca Xe BCero Teaa Oyaer

n
m= 1219 Go m T Vi

Ecan AHaMEeTPH BCEX YacTeH CTpEMATCA K HYJHO, TO B npeaene 31O
nplrlﬁ.'IHZI(eHHO& PABEHCTBO CTAHOBHTCHA TOUHBIM, TAK 4TO

n
m=1im IZIP (Ep N tl) Vb V)
U 3ajaya peuieHa.

My BunuM, uTo pemenne 3aaud M 3MeCh TPUBENO K DPAaCCMOTPEHMIO
fipefena CBOEOODasHO# CyMMBl —THNa WHTEFPAJAbHHX CYMM pas-
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AUYHOrO BUA3, C KOTOPHMH MB MHOTOKDAaTHO MMEJH Jen0 Ha MpoTsxe-
HUM BCEro Kypca.

TonoGHOro poma mpefieAs! MPUXOAWTCS YACTO PAcCMAaTPUBATh B MEXa-
HUKe W (GH3HKE; OHW NOJYUHIH Ha3BaHHE MIPOUHNX UHME2PAAos.
B npuHATHX Anf HuX OOGO3HAYEHHAX NOJYYEHHHH BHIlle pPesyAbTaT

3anuINeTcs TakK:
m=s S:‘Sp(x, ¥ 2)dvV. (2)
(

Teopuu TPORHHX HHTErpajoB H HX BaXKHHM TNPHJIOKEHHAM NOCBS-
HIEHa, B OCHOBHOM, HacTosItas raaBa. Tak Kak HeJwit paA mpeAsoe-
HAH, YCTaHOBAEHHHX JJsi JABOHHHX WHTErpanoBs, TIEPEHOCHTCA BMeECTE
€ HMX JIOKa3aTeJNbCTBAMH Ha CJyyaHl TPOHHHX HHTErpaios, TO MH OGHYHO
GyAeM JOBOJLCTBOBATBCA Julb (OPMYJIHPOBKOH STUX NPEANOMKeHnH,
NPEflOCTaB/ssA YUTaTeMo nepedpasHpoBaTh NpexHue AOKa3aTelbCTBA.

376. Tpofino#t wuuHTErpan M ycHOBHe er0 cymecrBoBanuf. llpu
NOCTpoeHuy O6Iiero onpeAe/iieHHs HOBOIG MHTErpaabHOro o6pa3oBaHHf —
TPOHHOrO HHTErpajla — OCHOBHYIO pOJb HrpaeT NMOHATHe 00beMa Tena,
Hanogo6ue TOro KaK MNOHSTHE NAOM AaAK NJIOCKOH HrypH Jnexaso
B OCHOBE Ompeje/eHHss ABOHHOrO HHTErpaja.

C nousTHeM oGbeMa MH YXKe BSHaKOMH MO NMEPBOMY TOMy U CTaJ-
KABAJAHCL C HUM He pa3. YCJOBHe CyWIeCTBOBaHH o0beMa AAs% JAaHHOrO
TeJa BaKAIOYaeTcds B TOM, YTOOM OrFpaHHYHBaKULad €ro MOBEPX-
HOCTb MMeJa oGbeM, paBHnA Hymo [n° 197]. Toabko Takue nOBepXHOCTH
Mo M GyAeM paccMaTpuBaTh, TaK YTO CyHIECTBOBaHHe 06BEMOB BO BCeX
HYMHHX HaM CJay4Yasx TeM caMbM oGecneunBaercs. OTMeTHM, uTO, B
YaCTHOCTH, K 3TOMY KJacCy MNOBEPXHOCTeR OTHOCATCA rAafAKue H
KYCOYHO-TMaAKHe NOBEPXHOCTH.

[Iycrs Temepb B HeKOTOpO# MpocTpaHCTBeHHOH oGaactu (V) 3amawa
oyHkumna f(x, y, 2). PasobbeM 3Ty 067acTb C MOMOIUBLIO CETH MOBEPX-
HocTel Ha Koneynoe umcao uacrel (Vy), (Vo) ..., (V,), #Meommx
cootsercTBeHHo oGvemMnt Vi, Vi, ..., V,. B npemenax {-ro 3iemenra
(V,) bosbmem no npoussoxy TOuKy (5, %W, {;), BHaueHHe (yHKuuR
B 9To#f Touke f(§;, W, ;) YMHOKEM Ha o6beM V, ¥ COCTaBHM HMHTe-
FP2ALHYK CYyMMY

°=l§lf(gb b ci) Vl'

Ipedea | smoi cymmw, npu cmpemaenuu K HYA0 HauboAsulc20
u3 Oduamempos scex obGaacmeii (V;), u Haswsaemcst mpolinum
urmezaparos gyuryuu f(x, y, 2) 8 ofaacmu (V). O o6o3Ha-
Y3aeTcs CHMBOJIOM

= S(& Sf(x, y, 2)dV= S(&Sf(x, y, 2)dxdydz.
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Koneunpi# npenen NOMNOGHOTO BWAA MOXET CYUIECTBOBATb TOJbKO
Ana  orpaHuueHHod (QyHKuuM; A9 Tako# (QYHKIMM BBOAATCHA, KpoMe
MHTETpalbHON CyMMbl o, eme cyMMn lap6y:

s= 2 mV, S= 2 MV,

i=1 i=]
rae
m;=inf {f}, M;=sup {f}.
v vy
O6HIuHBIM nyTeM yCTaHABJAMBAETCA, UTO AA8 CYUIECTBOBAaHHA HHTE-
rpana HeOGXOAMMO M JOCTaTOUHO YCJOBHE

im(S—s)=0
HAHM

n
lim E w; Vi =O,
i=l1
roe w;=M;—m; ectb KoseGanne oynkuuu f B obaactu (V).
[3ameTuM, 4TO RNpU CyMlECTBOBaHMW HHTerpada obe CyMMm s, S Takwke
VIMEIOT €r0 CBOMM Hpeae/oM.)

O1ciona  HEMOCPeNCTBEHHO  CAEAYET, UTO 8CAKAS  HENpepbi8Has
dyuxyun f unmezpupyema,

MoOXHO HECKOAbKO pAaCHIMPUTL 3TH YCJOBMA, a UMEHHO: uHmMezpu-
pyema 8CAKQAR 02PAHUHEHHAST QYHKUUS, 8Ce pa3pbi8sl KOMOPOR aexcam
HA KOHeiHOM Hucae nosepxrocmell ¢ Hyressnm ob6semom. [Cp. n° 339
u 340.]

877. Ceolictea mnaTerpupyemnix GyHkuuii ¥ TpoWHHMX MHTErpanos.
JlOCTaTOYHO MepeuncnuTh STH CBOKCTBA [HAOKA3HIBAIOTCA OHH AHAJIOTHYHO
u3J10XeHHOMy B n° 341).

1°. Cymecmsosanite u 8eAituna mpoiH020 UHME2PAAQ He 3a8UCAM
om  3HaUeHUd, NpuKuUMaeMblx OYHKYUL 80046 KOHE4HO20 HUCAQ
nogepxrocmel ¢ Hyae8uM O0GBEMOM.

2° Ecau (V)y=(V)Y+(V"), mo

S(“S; Sde: S“‘S)Sde-f- S(é"')g s

npudemM U3 CYU,eCmB0BAHUS UHMEPAAQ CACBQ BblMeKaem yoe cytye-
CMm8oBaHUe UHMe2pan0s cnpasa, u 06PamHo.
3° Ecau k=-const, mo

S('S) S EfdV="F S (SV)S fav,

nputem U3 Cyu,ecmsosarus uxmezparq cnpasa C/zeayem u cyuecmso-
8aHue uxmezpasa caesa.
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4° Ecau 8 obaacmu (V) unmezpupyenmss 0ge ghynryuu f u g, mo
unmezpupyena u gyurgun f g, npuven

S(-S) S (fi‘g)dV:S(‘S) Sdei S(‘S) S gdV.

3% Ecau dasm unmezpupyemsix 8 obaacmu (V) pynxyuii f u g
sunoansemcs Hepagencmeo f<< g, mo

S(i Sfdv< S(‘S) S gdV.

6°% B caywae unmezpupyemocmu ynxyuu f unmezpupyema u
dyurgun |f|, u umeem mecmo Hepasercmso

15 7ev]=§ ] funer

7°. Ecau unmezpupyesan 6 (V) gyuryusn f ydosremeopsem nepa-
seHcmsy
m<f<M,

mo

mv< SWS)' Sfd Ve MV.

WHEIME  C/IOBaMH, HMEET MeCTO TEeOopeMa O CpelHeM 3Ha-
YE€HHH

S§Sde=pV (m<p<M).
(§2)

B cayuae nHenmpepsiBHOCTH GYHKuuH f 3Ty QOpMYAYy MOXHO HaNUCaTh
B Bufe

SESde=ﬂZﬂ2)M ®)
(

rae (X, j, 2) ectb HekoTopada Toyka obaacta (V).

Ilanee 7nerko pacmpoCTpaHsieTCs Ha TpexXMepHm# caywa#t u conep-
xanue n° 342: Tax xKe, KaK M TaM, YCTaHABJMBAETCA TNOHATHE QYHKU UK
oT (TpexmepHO#) 06/MacTH, B YaCTHOCTH, AXAUTHUBHONH QYHKI U U
BaxHeiM mpuUMepOM TakoH QyHKUMH (cM. 2°) dBASETCS MHTerpaa mo
nepemeHHoR o6aactu (v):

o@=|{ | s @

(v)
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BBoanTcs, aHAMOrMYHO TIPEXHEMY, TIOHSTHE MPOW3BOAHOH GYyHKIHA
®((v)) no o6nactu B 1aHHOH TouKe M; Tak HaswBaeTcs npeaen

lim 2@
{(v)y-M v
NpA CTATUBAHUM B TOUKY M comepxamedt ee obaactn (v).

8% Ecau nodunmezparsnan (yHKYUS HENPepusHa, no Npou3soonol
no obracmu & mouxe M(x, y, 2) om unmezpara (4) 6ydem xax pa3
3Hauenue noduwmeaparsiol Pynxyuu 8 smoi mouxe, m. e. f(M)=
=f(x, y, 2)

Takum o06pasoM, WUpH CIENAHHOM TNpPEANONOKEHHH wuHTerpan (4)
CAYXKAT AAf PyHKiHH f B HEKOTOPOM CMHICJE <«NEpBOOGPA3HOM>.

378. Buiuncnenue Tpolioro HHTerpana. W sgecy Zdeno cBoARTCA
K BHYHCJEHHIO MOBTOPHM X HHTETPajoB, COCTAaBJAIOLLHXCA U3 HHTE-
rpanoB Husmel kpatHoctd. Ilpeanonowmum ywuxnmio f(x, y, 2) He-
npepHBHOR B paccMarpuBaeModt oOiacTH, ueM obecrneyeHo cymte-
CTBOBaHWE BCEX BCTPEYAINUXCA HUXe uHTerpanos. OcTaHOBUMCH CHavyanaa
Ha cayuae, KOrAa Teno, N0 KOTOpOMY uHterpupyercs ¢yukuns f(x,y, 2),
npeacTasnser co6oH NpAMOYroAsHWH Napajiesnenunesn

(N=la, b ¢, d; ¢ f],
NPOEKTUPYIOLUACS H2 MAOCKOCT, YZ B MPAMOYTOAbHUK
R =lc, d; ¢, f]

Torna umeem, npexnue BCEro,
b

Si Sf(x, 3, z)dT=S dx { £ (5, y 2dR ©)
{ a ®

3amenas [ABOAHOH MHTErpan MOBTODHKM, OKOHYATEALHO MpPHBEAEM BH-
qdcaeHde TPOHHOTO HHTErpasa K NOCAECAOB3TEAbHOMY BHYMCACHUIO T peEX
MPOCTHX HHTEr pajoB:

S’S;Sf(x, » z)dT=§dx§dy S(f(x, ¥, 2)dz. (6)
( J T,

HaoGopot, ecan nepswe [ABa RHTErpaina OOBEAWHHTb B JBOHHOH
uHTErpa’d, TO MOJYYUM

f
S 5} Sf(x, 3, z)dT=S dedy Sf(x, 3, 2)dz, 0
( Q) e

rie (Q=/|a, b; ¢, d]. Bo Bcex sTHX cayuasX, Kak camo co6oio pasy-
MEETCH, POJM MEePEeMEHHHX X, Y, 2 MOXHO MepecTaBiATh.

[peanonoxum Teneps, uro TpOHHOM uHTerpan Gepercs mo Teay (V),
OTJIMYHOMY OT NpaMOyroasHoro mnapaanenenunena. Ilycts sTO Teno
COIAEPKHUTCA MEMIAY IVIOCKOCTAMH X==X, H X=X H KaXJA0l0 mapa-
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JIEJIBHOK MM IUIOCKOCTBIO, OTBEYAIOMIEI0 (UKCHPOBAHHOMY SHAYEHHIO
X(Xg<{x=CX), nepeceKaeTcA N0 HekoTopoHl ¢urype, HveloueH
njaowaap; uvepes (P,) o6osHauum
€e IMpOEKUHd HAa NJOCKOCTb Yz
(puc. 58). Torna

S(é; Sf(x, ¥ 2)dV=

X
=S dx 5 Sf(x,y, 2)dydz. (53)
£ Px

910 — anaxor dopuyas (5).
Ilycrs, nmanee, teno (V) npen-

crapaser COGOH <uuARHApHUECKHi

6pyc», OrpaHHueHHH# CHHSY M CBEPXY, COOTBETCTBEHHO, NOBEPXHOCTAMH

z=2zy(x, y) u z=2Z(x, ),

NPOEKTHPYIOUIMMHCA Ha IVIOCKOCTb X B HEKoTopyw ¢urypy D, orpa-
Huuennylo kpueoio (K) ¢ niromadsio, pasHo#t Hymo; ¢ Gokos Teno (V)

z ¥4
=1
W
b ] /
/
7
\\_}
4 ¥
P &
() N/ N
X ! 9
2 4

Puc. 59. Puc. 60.

OrPaHHYEHO IHJIMHAPHYECKON MOBEPXHOCTBIO ¢ oOfpasylomuMs, napan-
JEMbHEMH OCH 2, U ¢ Kpusolo (K) B poau Hanpasasiomel (puc. 59).

Torpa, ananorauso dopmyiae (7), nmeeM
Z(x, »

S&Sf(x,y, z)dV=S dedy S f(x, ¥, 2)dz (73)
( D 29 (%, ¥)

Ecnu ofbaacte (D) npeacraBaser coGoft KPUBOJKHEHAYIO Tpanemuio,
orpauuueHHyo AByMa KpusbiMu (puc. 60)

Y=Y w y=Y(x) o<x<X)
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H NpAMBIMH X=X, X=X, T0o Teno (V) noaxomur noa ofa Tumna,
PacCMOTpEeHHBIX BBILE. 3aMeHAs MBOHHON WHTErpal— 1o Ju B GQoOpMyne
(5a), T0 11 B dopmyae (7a)— NOBTOPHBIM, IOAYYHM

Yix) Z(x, )

USW’ y B)dV= fdx (o § 1w 2e 69
12]

xo Yo (%) 2o(x, y)

Ora dopmyna obobmwaer dopmyay (6).

Kax u B mpocreimem caydyae, KOTOpHH Obil pPacCMOTDEH BHILIE,
M 3JeCb, Hapaay C YKa3aHHHIMH OpMYJ/JaMH, UMET MeCTO ¥ UM MoA0G-
HBlE, MOJYy4YalIluecss H3 HHX MepecTaHoBKOH
NEPEMEHHHIX X, Y, Z

[Mpumeprr. 1) Buuncaurb uurerpan

dx dy dz
I+xtrFo°
pacnpocTpaHeHnnit Ha Tetpaenp (V), orpanuym-
BaeMbil  naockoctaMy x =0, y=0, z=0wu
x+y+z=1 (puc. 61).
PemEHHME [lpoekuneH Tema Ha MAOCKOCTH
Xy CIY¥HMT TPEYrONbHHK, OGPa3oBaHHHH MPAMBIMU
=0, y=0un x+y=1 Hcho, yro rpanvuamu
Pue. 61. HaMenenna x cuyxar yucaa O ¥ 1, a npu nocrosx-
HOM X B 3THX I'DaHHNAX TlepeMeHHas y H3MeHsercs
or 0 mo | — x. Ecau e QUKCHPOBaHH U X, H ¥,
TO TOYKA MOXET MepeMeulatbCa MO BepTHKan¥ oT maockoctH z2=0 mo naoc-
ll(OC’l‘PI x—+y—+42z=1; rakuM o6pasoM, npelenaMH H3MeHeHun 2z Oynyt O H
—x—.
[To dopmyne (6a) nmeem

1 b-x lex—y
= s‘ dx 5 dy
0

dz
TFxty+o

[TocaenoBatenbHo BHIYHCAAEM HHTEerpansl, HayuHasa C BHYTPEHHEro:

I—x—y

dz ___1_[ 1 __]_J
U+xtyteor ZlUFx+yr 4

7 § (l+x+y>2_71f]" =3 (77r-35)
HaKoHel,
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2) Buiyucauts unTerpan JupHzie

x,9,2=0
x4y+z=l
npexnonaras p, q, r ==1 (uepr. 61).

Ecan Bocnonb3oBathca (opMynod BHRa (9a), MOCTABHB HHTEIrPHPOBAHHE MO
2 Ha MECTO MHTEIPHPOBAHUA MO X, TO [ONYYHM:

1
D= S 2l dz S S xP-1 93~ dx dy.
0

x y=0

3ameno#t mepemendniz x=(1—2)§ y=(1—2)7n cseneM nBoitHOH HHTerpal
K yxe wu3BeCcTHOMY [n°344, 3)]

SR T(p)-T(q)
—2)0%q Pl pq=1 4= — — g, M7 AL
(=nps § § @t gm0y
£, =0
IR
TaK 4TO

T(p+q+1)

HakoHel, BOCHONb30BaBIMHCh H3BECTHHIM BbipaxenueM ¢yHkunE B uepes T
[n° 311, (12)), oxoHuaTenbHO Halmem:

pe IOT@TO
T(p+q+r+1)
— pe3yi1bTaT, COBEPIIEHHO aHATOrHyHbl monyueHHomy B n° 344, 3). Ha nene on
HMeeT MeCcTO U NpH 6osee o6uleM NPENONONEHRR, UMeHHO: p >0,4>0,r >0.
Ho mnpu o6pauleHNH NoARHTErpanbHOH (GYHKIHH B GeCKOHEYHOCTb (HampHMep,
npn 0<<p<<l s10 nposoitner Ha miaockoctH x==0) HHTErpan yxe OKa3b-
BAaeTc <«HECOGCTBEHHBIM» H TpeGyeT NOMOJHHMTENbHOrO NpefXedbHOro Nepexoia.
OnpeneneHve TaKOro HHTerpana CTPOMTCA TaK e, KaK M B Cayyae IBOHHOro
nHTerpasa [cM. n° 344, 4), sameyanue).

379. MexanHyeckne mpHAoKeHns. EcTecTBeHHO, YTO BCe reoMeTpuueckye
U MeXaHHUYecKHe BeNMYMHH, CBA3aHHbHE C pacnpeleneHHeM MacC B Npejenax
Hekortoporo Tena (V) B mpocTpaHcTBe, B NPHHLMNE BHPaXalOTCA Ha 9TOT pa3
TPpOMHBMH MHHTErpaiaMH, pacmpocTpaHeHHsiMH Ha Teno (V). 3mech Takxe
npoute BCero MoAb30OBAThCA HNPUHLHUNOM CYMMHDOBAHHA OG€CKOHEYHO MalbixX
aneMeHToB [cp. n° 204—208 n 345].

O603HauNM Yepe3s p MIOTHOCTh paclpele’eHHs MacC B NPOM3BONbHOH TOUKe
Tena (V); oHa sABAAeTca GYHKUMeN OT KOODIAHHAT TOUKH; 9TY (GYHKUHIO Mb
6yneM BCceria npennonaraTh HempephiBHOH. CyMMHDYA 3JEMEHTH MacChl
dm=pdV=ypdx dydz, n1a BenuuuHbl BCefi Macch OyleM HMeTb

=S(§)SP,1V=S§V)Spdx dy dz )
lcp. u® 375).

Wcxonsa u3 9lleMEeHTapHbIX CTaTHYECKHX MOMEHTOB
dKy,=x dm= xp dV, dK;xy=ydm=ypdV,
dKyy=zdm=zp dv,

1
D= TnT@ S 21 (1—2)P49 dz,
0
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gS@dK 1)

%)

HallleM caMbie CTATHYECKHE MOMEHTHI:

.19

Ky2=S‘§SdeVr sz=S‘)SS.VPth ny':S
( ( €
SS)SXPW SiSypdV S&SZP‘W
. ( _( S
i= m ! = m ! t= m
B cayvae ONHODOAHOT O Tema, p= const, NOIyyaeM Hpouie:
1)

) -_ .

Camn €060t MOHATHH ¥ QOPMYAH NJA MOMEHTOB HHEPHHH OTHOCHTENbLHO
ocefl KOOpAHHaAT:

a N0 HHM —H KOODAHMHATH HEHTPA TAMECTH:
S&Sxdv S&Sde SS‘Sde
t=—Cp— =ty—, =0y
lx=S($') O+ eV, 1,=S(i)§ @+ ) p av,

= S(w (5% p aV a1

HAH OTHOCHTENbHO KOOPDAHHATHHX NAOCKOCTEH:

Iyy= S(S/)S XpdV, L= S(‘S,)S YedV, .
Iey = S(S,S 2% dV.
)

Hakonen, mycrb wMacch, Sanoausiomue teao (V), NPHTATHBAIOT TOUKY
A m, L) (maccw 1) no sakony Hviotona (pHc. 62).
CHaa NpUTAXEHUA CO CTOPOMH snaeMeHTa dm = p dV
MaccH HMeeT Ha OCH KOODIMHAT NPOEKLHH ¥)

x-—
dF .= = epdV,

re : pdv,

Y
dFy=

z—¢

aF, ="

pdV,

S5 -
Puc. 62. r=Yx—8F—PF@—0)p

ecTb DACCTOAHHE SJEMEHTa (MAM TOYKH, B KOTO-
poil MR cuMTaeM cocpelloTO4eHHOR ero Maccy) or touku A, CyMmupys, ans

*) Cu. BTOpYIO CHOCKY Ha cTp. 316,
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npoexuufi monHoft cHanl ? NMPHUTAMERMA Ha OCH KOOPAMHAT NOJYYUM

— —_ —{
px=S§ %’-pdv, F,,=S$s’r,"pdv, F,=S$S”r, p dV. (13)
) ") 4

(
AHanoruuxo ofnpeneaderca H NOTEHUHAaA Halero tTej1a B TOUKe:

wef(“%"-. (14)

Ecan Touka A JewHT BHe Tena, TO BCE STH MHTErpafh OKa3WBAKTCA COG-
CTBEHHHMH. B 9ToM crywae moxuo nuddepenuuposars uuterpan W no moGo#t
U3 nepeMeHHHX § v, { MOX 3HaKOM HHTErpala Ha OCHOBaHHH COOGpaxeHuH,
CXOJHHX C TeMH, KOTOPHMH Mh ROMbL30OBANHCH B OTHOMEHHH NPOCTHX AHTE-
rpagos [n° 297]. B pesyabtate M W noayuum, uto

14 ow ow
%.:Fx’ Wsz’ W:Fz. (15)

B cayyae xe, wor;ma Toyka A cama npuHagnexHr teay (V), B sToff Touke
r=0, u nonunrergaubﬂue Gynkunn B (13) n (14) B6aM3H Hee nepectawT GHTHL
OrpaHMyeHHMBHMH. BripoyeM, 9TH HHTerpamn, KaK <HeCOOCTBEHHHE», BCe e
CYWECTBYIOT, H [/IA HHX BHIOJZHAWTCA OCHOBEHE COOTHoueHHa (15).

3aMruyaHHE B n’ 345 nas craTHYecKMX MOMEHTOB OLHODONHOIO UHIHHA-
pHueckoro Gpyca (npn p=1) Mu HMenH Qopuyau:

Kyz=S S zx dx dy, Kyp= S S zy dx dy, ny=% S S 2 dx dy.
) (P) )

OHn, KOHEYHO, BHTEKaOT H3 o6 dopmyn (9).
Nueew, Hanpumep,

z(x, )
ny=s s‘ Sde= s‘ S dxdy ‘5 zdz
n ()
HO

£(x, y) 22z (x, y)

d =L
2dz =52 .

0 ze=0

YTO ¥ NPHBOXAT K TPeGYEMOMY pe3yabTaty.

B n° 345 psaMeH BEIVHCNCHHA MOCNENHErO WHTErpana GHAH NPHBAEYCHH
COOOpaxeHHA M3 O6NACTH MeXaHHKM (OTHOCHMTENbHO CTAaTHYECKOTO MOMEHT3
SEMEHTAPHOrO CTOJGHKA).

§ 2. YOPMYJIA OCTPOrPAICKOIO

380. ®opmyna Octporpanckoro. B Teopuu HBOHHHX HHTErpaios
MB O3HaKOMHJIMCh C (opmysoft I'puna, ceasuiBatomedt ABOHHOM uHTErpan
no RJOCKOH 00/1aCTé C KPUBOJHHEHHHM MHTETDaJOM NO KOHTYDY 0GJMacTH.
Ee ananoroM B TEOpHH TPOHHHX HHTErpajoB Cayxur Qopmyna Octpo-
FPaACKOro, CBA3HBAWLIA7Y TPOHHOH WHTErpal noO MPOCTPaHCTBEHHOM
00naCTH C MOBEPXHOCTHHM HHTErpajoOM NO rpaHuue 06JacTy,
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Paccmotpum temo (V) (puc. 59), orpaHMueHHOe TrA3AKMMU NOBEPX-

HOCTAMHA

(S1) 2=2,(x, y) }( =2

- 0 ==

(&) 2=Z2(x, »)
M HUJHBAPHYECKOH MOBEPXHOCTIO (Sg), oOpasylomue KOTOpo# napan-
JeabHB OCH 2. Hanpapasiouie#l 3aech CJIYXKHT KYCOUHO-Tafikast 3aMKHYTast
kpuBast (K) (c Hy/JeBoH NJOWIafbIO) HA TUIOCKOCTH Xy, OrpaHMYHBAIOLIast
o6aacte (D) — npoekunto Tesna (V) Ha 3Ty MIOCKOCTS.

Honyctum, uto B o6aactu (V) onpenesena HekoTopas (QyHKUHA

0
R(x, y, 2), HenpepeiBHaf BMeCTe CO CBOeH NpPOHM3BOIHOH 9R BO Bcekl

0z
obaactu (V), Bkmouas ee rpanuny. Torma umeer Mecto ¢opmyna
SS %dxdydz:SSRdxdy, 4}
9] (S)

npudeM (S) eCTb NOBEPXHOCTb, OrPAaHMUUBAWOLIAA TeJO, W HUHTErpan
cnpaBa pacnpocTPaHeH Ha BHEIIHIOI €€ CTOPOHY,
IettcTBuTeNBHO, 1O ¢>opmyne (7a) n° 378

S ” aRdxdydz_SS dx dy S aRdz_

20 (¥, ¥)

_SSR(x, y, Z(x, y)dxdy— SSR(x, v, 20(%, y))dxdy.

Ecau  BBECTM B PacCMOTPEHHE NOBEPXHOCTHBHIE HMHTErpajsl, TO,
B cuay dopmya (3) u (3a) n° 372,

Sgg ORdxdydz_SSR(x’ Y 2) dxdy—l—SSR(x, ¥, dxady,

(Sy)

NIPHYEM NEPBHA M3 HHTErpajoB CnpaBa PacNpPOCTPaHEH HA BEPXHIOIO
CTOPOHY TNOBEPXHOCTH (§;), a BTOPOH — Ha HHUIKHIOI CTOPOHY MNO-
BepxHOCTH (S;). PaBeHCTBO He HapyluHTcd, €cad M npuGaBuM K mpaBoit
€ro YacTH HHTerpals

S R(x, y, 2)dxdy,
(S3)

pacnpoCTpaHEHHHH Ha BHEWIHIOIO CTOPOHY MNOBEpXHOCTH (S§y), TaK
Kak 3TOT wuHTerpan paeeH Hymo [n° 372, (5)]. OGbemunss Bce TpH
MOBEPXHOCTHHIX MHTErpaja B OAMH, MB M mnpuieM K dopmyae (1),
KOTOpas mpejcTasaser cobo#t vacrumfi cayua#h ¢opmyam Ocrtporpas-
cKoro.,

Jlerko nmouath, uyro ¢opmyaa (1) BepHa Jan Gosee UIMPOKOTO
KJacca TeJ, KOTOpHEe MOryT ObTb pas/loXeHH Ha YaCTH M3YUEHHOro
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Tna, Moxwo JOKa3aTe Takue, uro copmyaa (1) cnpasefausa BooGume
AAf TEN, OrpaHMyeHHHX NPOU3BOJBLHBIMH KYCOYHO-F/IaJIKUMH  TOBEPX-
HOCTAMH,

Ananoruuio dopMyse (1) uUMEOT MeCcTO U GOPMYAH:

S(-S,)S P dxdydz= S(S)S Pdydz, @)
SSS%dxdydz:SSdedx, 3)
%) (S}

ecau ¢ynkund P u Q HenpepuBHn B ofaactd (V) BMecTe cO CBOUMH
TNPOU3BOAHBIMH 32 H £

Caoxus Bce Tpu dopmyan (1), (2), (3), Mu # npumew K oOuweft
dopmyae Ocmpozpadcrozo:

§ I (et 5/ G eayae=
)

=SSdedz+dedx+Rdxdy. )

(&)

Ona BhipaxaeT o6lero BUAA TOBEDXHOCTHHH MHTErpaj BTOPOTO THMA,
pPacnpoOCTpaHeHHK Ha BHEIUHIO CTOPOHY SaMKHYTOH MNOBEPXHOCTH,
yepes TPOHHOft HMHTErpad, B3sTHH 0O TeJdy, OrpaHMYeHHOMY 3TOH mo-
BEPXHOCTBIO.

Ecau npusieyb K pPacCMOTPEHHIO MOBEPXHOCTHHIE HMHTErpajsl NepBOro
THNA, TO TOJYYHM JApYyrol, BecbMa ynoTpeGuTeJbHEIR M JIETKO 3amomu-
Haemui#t BuA ¢opmyas OcTporpaickoro:

S('S,)S (‘;—I;—}—%—}—%)dxdydz_—_—

=SS(Pcos)\—}—Qcosp.—}—RCOSV)dS, (®)

S)

rie A\, p, ¥ CyTb yrab, COCTaBJEHHHE BHEIIHEH HOpMa/JbiO K mo-
BepxHOCTH (S) ¢ KOODAHHATHHIMH OCAMH.

3aMeuyauue I. Huorna dopmyny Ocrporpalckoro CBA3bBaiOT C HMeHeM
lFaycca. ¥ Taycca BCTpeyaloOTCa JMIIb OYeHb YaCTHHe CAyyaw 5TOH Qopmyuas,
NpHYeM KawIANH pas HaHOBO HaeTcA WX BHBOA. B o6mel dopme (4) sta ¢op-
Myna BrepBoie Obina mana B 1828 r. OcTporpaackuM, KOTOPHIA NPHMEHUT ee
K BOMPOCY O PacnpoCTpaHeHHH Tenna B TBEPAOM Tele.

3ameuaHuE 1l dopmyam Ipuua, Crokca n Ocrporpaackoro
ofbequHeHH OXHOM uieelt: OHM BHIPaXAOT HHTErpa’a, pacnpocrpa-
HeHHH# Ha HEKOTOPHH reomerpuyeckuft o0pas, yepes MHTErpa’, B3ATHIH
nmo rpanuue 3toro ofpasa, [lpu sTOoM ¢opMysa [IpuHa OTHOCHTCH
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K ClIyuaw J[BYMEpPHOTro NpOCTpaHcTBa, ¢opmyna Croxca — Takike K Cay-
Yal0 JBYMEPHOTO, HO <KPHBOrO» NpPOCTpaHcrBa, a dopmyaa Ocrpo-
TPajiCKOro — K CJAYYal0 TPEXMEPHOro NPOCTPAHCTBA.

Ha ocHoBHy!0 (OpMYAy HHTErpajibHOTO MCHMCACHHUS

b
{rmdr=r6)—r@

MH TOME MOXEM CMOTPETh, KaK Ha HEKOTODHH awanor 3THX (opmys —
ANfi OJHOMEPHOTO NPOCTPAHCTBA,

381. Hexotoppie nphMepnl mnpuaoKeHus ¢opmuyasst OcTporpaiackoro.
1) [Ipedcmasasenue 00sema mesa NOBEPXHOCMHHMU UHMe2PAAGMUY. AHATOTRYHO
n° 347, u B Qopmyae (4) MOXHO pPa3fsHuYHHMM CNOCOGaMH NOAO06paTh (GYHKUHH
P, Q, R tax, uT060 NOAMHTErpaabHOE BHPakKeHHWe B TPOHHOM HHTerpaie Oxasa-
A0Ch PaBHHM €JXAHULE, TaK YTO STOT MHTerpas ceegercs K o6beMy V rena
(V). Takum o6pa3oM, o6beM V npeicTaBHTCA B BHIE MOBEPXHOCTHOIO HHTE-
rpaaa, pacApOCTPaHEHHOro Ha OrpaHMyHBapomyw Tteao (V) noeepxHoctb (S)-
Tax, noaaras B (4) noouepenso

P=ux, Q=ov R=0; P=0, Q=Y» R=0; P=0, Q=0l R=z,

npuieM K dopmynam:

V=SSxdydz=SSSydzdx=SSzdxdy, 6)
(8) () (8)

NpHYEeM BCe HHTErpankl B3ATH NO BHe M H e H cropoHe nosepxnocTd (S). Yno6-
HOM sBaAeTCs Golce CHMMETPHYHaA ¢opMysa, OTBEYAIOM|aA

1 1 1
P=zx Q=3 R=3z
OHa BMeeT BHUI

V=%— SS xdydz4-ydzdx4-2dx dy
$)
HIK — ecaM NepefiTH K HHTerpany nepBoro Tuna —

V=% SS (xcos A 4-ycosp - zcosv) dS
S
(3mech cosA, COSf, COSY O3HAYAKT HANPaBASOIIHE KOCHHYCH BHemHe#f

HOPMaiH 7 K MOBEPXHOCTH).
MoxXHO DpefcTaBuTh 9Ty (OPMYZy eiule MHaye: eCIH PaccMOTPeTh BEKTOP

—
r, COeURAUUA Havalo C MepeMeHHOH TOuKOH NOBEPXHOCTH, C DPOEKUUAMH
X, ¥, 2 Ha OCH KOOpDAHMHAT, TO BHPAXKCHHE B cKOoGKax MoxeT GhiTb nepennHcaHo
B BHIe

r-cos(r, n)

V=—;- SSr - cos (7, n)dS.
[§
B raxo# dopme sToT pesyabtar BcTpeuaerca y I'aycca eme B 1813 r.

H, OKOHYaTeJbHO,
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2) Pagnosecue scecmuoii 3amxnymoii nosepxnocmu. JIokaxeM, 9TO KeCTKas
3aMKHYTaA NOBEPXHOCTb, [OABEPrHYTaA BCECTOPOHHEMY pDaBHOMEDHOMY
IABIEHWIO, OCTaeTcA B PaBHOBECHH.

C 9Toli Uenbl0 YCTAHOBHM, YTO DAaBHH HYNIO 22a8HHG 8eKMOP ¥ 248K
moxenm (OTHOCHTENLHO KaKOH-THG0 TOYKH) BCEH CHCTEMH NPHAOKEHHEIX K TOBepX-
HOCTH CHIL.

Buneanm snement (dS) nosepxHoctH. Ecanm vepes p=—=const 06osnaunth
JaBleHHe, T. e. CHNY, NeflCTBYIOILYI0 Ha eHHUNY NIOUWajH, TO 9SAeMeHTapHas
cHna, RefcTBy0man Ha (dS) N0 HOpMaaM K STOMY SieMeHTy, GydeT MMeTb npoeK-
UHH Ha OCH

—pcoshdS, —pcospdS, —pcosvdS )

(3Hak MuHYC fOCTaBNEH NIOTOMY, 9TO JAaBieHHe HanpasieHO BH YT p b NMOBEPX-
HOCTH, @ A, 4, v CYTb yral BHe ll H e i HOpMand ¢ KOOPAMHATHHIMH OCAMH).

Mpoexuun R,, Ry, R, raaproro BexTopa noxyuwaiotca u3 npoexunft (7)
9JE€MEHTapHBIX CHA CYMMHPOBAHHEM HX:

Rx=_psscosld8, Ry=——pSScospdS, Rz=—pSScosvdS.
(S} S) tS)

Ho Bce 9TH MHTerpaam paBHW HYMO, YTO BHAHO U3 dopmyan Ocrtporpanckoro,
€CNIH NONOXHTL B Heft

P=1, Q=R=0; Q=1, P=R=0;, R=|, P=Q=0.

Wrtax, 2zaensiid sexmop dasaenuii paser ryaio.

Las onpeneneHHs rAaBHOro MOMEHTA CHCTEMH SJEMEHTAPHHX CHA, CKAXKEM,
OTHOCHTENbHO Hayana KOOPIAWHAT, NMPOCYMMHPYEM TNPOEKUHH Ha OCH MOMEHTOB
3THX SJAECMEHTAPHHWX CHI:

p(zcosp—ycosv)dS, p(xcosv—zcos A)dS, p(ycosk —xcosy)dS*®).

TakyM 06pa3oM, NPOEKUMH F[IaBHOFO MOMEATa JaBieHHHi OTHOCHTEAbHO Hayana
6yayT:

Ly=p SS (z cos p— ycos v) dS, Ly=pSS (xcos v— zcos \) dS,
[&) (S)

L,=p SS (ycos A — x cos p) dS.
(&}

Ecan 8 dopmyae Ocrporpanackoro B3are P==0, Q =pz, R= — py, To noayuuy,
yro L,==0. Tak e Nerko ycTaHoBHThb, 4TO H L,=L,==0. I'2a8uuii MoMenm
Oassenuii (OTHOCHTENBHO Hayana) paseR Hyai. DTHM H 3aBepulaeTcs AOKa3a-
TeALCTBO.

3) 3axon Apxumeda. ViseecTHo, uTO HaBleHHe XHUIKOCTH HAa NMOTPYXEHHYIO
B Hee MIOMaAKy BaNmpasleHO MO HOPMald K NIOMAAKe ¥ PaBHO Becy cTonba
MHIKOCTH, OCHOBAHHEM KOTOPOrO CAYXHT 3Ta IJOMAAK3, a BHCOTON — rayGHHa
norpyxeHusa miomanxy. JonyctuMm Tenepb, YTO B XHAKOCTb MOrpyXeHo TBepAoe
teno (V); Ha Kaxnwit snement (dS) ero nosepxHocTH (S) 1O yKa3aHHOMY 3aKOHY

*) HanoMHHM, 4TO eC/H caaraloliye CHIb IO OCAM cyTb X, ¥V, Z u npuioxena
OHa B TOYKE (X, ¥, 2), TO MOMEHT CRJN OTHOCHTelIbHO TOYKH (§ v, {) Mmeer
caefyomue NPOEKIHK Ha OCH:
Li=(—0Z—@E—0Y, Li=E—0)X—(x—§2Z
Li=(x—B¥Y—p—nX
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N4aBHT XHAKOCTb. TpebGyerca oOnpelennTb paBHOLEHCTBYIOMYIO 9MEMEHTApHHX
IaBNEHHA ¥ ee TOUKY TNPHIOXEHHA.

Jlna peuieHHs 3TOM 3ajauy BhHOGEpeM KOODAMHATHYIO CHCTEMY, COBMECTHB
MIOCKOCTb Xy €O CBOGOJHOM NMOBEPXHOCTBLIO XUAKOCTH, a OChb 2z HanpaBHB Bep-
THKaIbHO BHH3.

[MycTh yAeAbHHIH BEeC WHAKOCTH paBeH p, a r1yOHHA NOrpyXeHHs 9ieMeHTa
(dS) ectb z; TOria MCNHLITHIBAEMOE 9THM 9MeMEHTOM NaBueHHe Oyner

p2 dS,
a NMPOEKUHMH €ro Ha OCH:

—opzcosAdS, —pzcospdS, — pzcosvdS.

B rakom cnyvyae nasa l']pOCKLlHﬁ FIaBHOI'O BEKTOPAa Ha OCH HUMeEEM:

R, —pSSzcos)\dS Ry———pSSzcosde

R,=—p SSzcosvdS

S)

C nomouibio dopMyan OcTporpajackoro, Kak ¥ B npeanaymelt 3agaue, 1erko
NOAYYNTh

Re=Ry=0, Re=—¢ { | av=—pv.
12)
TakuM 06pa3oM, 24a8ublil 8eKmop OaBAEHUII HANPABAEH BEpPMUKGALHO 86EpX
U pasex 8ecy uLMECHEHHOU meaoM dHcudkocmu.

PacCMOTPHM TeNepb MOMEHTHl SJEMEHTAPHHIX CHJ OTHOCHTENbHO LEHTpa
takectH C(§ m, {) Tena (31ecb M Nadblie HMeeTCA B BHAY HEHTP
TAXKECTH 2e0MeMpPuU4ECcKk020 Tena, Npy paBHOMEPHOM pac-
NpefeneHUn Macc, OH MOXET He COBMANaTh C LUEHTPOM Tsecrn (dusuue-
cxoro Tena). COCTaBASAIOL(HE SMEMEHTAPHBIX MOMEHTOB MO OCAM GyAyT

pz[(z—{)cos p— (y —m)cos v} dS, pz [(x —E)cosv— (z—L)cos A} dS,
pz [(y —m)cos A — (x —§) cos 1] 48,

a AN COCTABJAIOLHX [TaBHOI'O MOMECHTa (OTHOCHTCﬂbHO TOYKH C) Nony4yum:

L,=p SS 2 [(z —{)cos g — (y — ) cos v] dS,

S)

Ly=p SS z2[(x —E)cosv—(z—{)cos 1)} dS,
(S)

=p SS:[(y—n)cos)\—(x—E)cosu] ds.
(s)

[Tpumensas x nepsoMy nHTerpany dopmyay Ocrtporpaickoro, Hahzem

bome (2570 20—
= Sij = av=p[w—{[[sav] =0,
\%) V) ’
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n6o MHTerpan Ss“fydl? eCTh CTaTHYEeCKHH MOMEHT Tejla OTHOCHTEIbHO Mio-
.

CKOCTH X2z W paBeH 7V. AHalOruuHo ycraHasausaercs, uro L,=70; Henocpen-
CTBEHHO Monyuvaercs, Hakouen, yto u L,=0.

WTaK, 22a8HbLI MOMEHIN OGBAEHLE OMHOCUMENLHO Hermpd MANHCECIL MEAG
pasen Hyawo. COMOCTaBASAA 3TO YTBepXkAEHHe C paHee NOKa3aHHLIM NPeNnoMKe-
HHEM O TIaBHOM BEKTODe, MPHUXOIUM K TAKOMY 3aKNIOUERHIO: HE mMero, no2py-
JHCEHHOE 8 JHCUOKOCMb, €O CIMOPOHH nocreoHed Oeiicmeyem cuaa, pagHas eecy
HCUOKOCMY, BHLMECHEHHOL MEAOM; 3MA CUAQ NPUAONCEHA K YEHmpy MANCECL
(2e0MempudecK020) mesd u HANPGSAEHA BePMUKAALHO 88epX.

4) Hccnedosarue nosepxrocmubx unmezpanos. [1ycTb B HEKOTOPOH OTKphI-
To o6nactn (T) TpeXMepHOTrO MNpPOCTPAaHCTBA 3aNaHB HeNpepHBHBE (YHKUHH
P, Q, R. B3sB 1106y 3aMKHYTYI0 NOBEPXHOCTh (S), Mexau(ylo B 3ToH 061aCcTH
W OrPaHMYHBAWILYI0 HEKOTOPOE TeNo, PaCCMOTDHM TNMOBEPXHOCTHHIH MHTerpaan

Sdedz-l—dea’x-l—Rdxdy:
(S)

=SS(Pcos7\+ Qcos p 4 Rcosv) dS. (8)
(S)

Kakxomy ycaosuro Ooasxcns yoosaemsopsms dynxyuu P, Q, R, 4mobu
unmezpan (g) 8cAKUil pa3 OKA3LIBAACS PABHUM HYM0?

JTa 3amaya aHanOrMyHa 3ajave o6 oGpaleHHH B HYlb KDHBOAMHEHHOro
BHTerpana Mo 3aMKHYTOMY KOHTypy [n® 348 u 374], koTopas nerko paspemanach
¢ moMoubo QopMyan [puna mam Crokca. 3nech xe Mb nmpuGerHem k Qopmyne
Ocrporpanckoro, Npeanonaras, KOHeyHo, 4To Aasa QyHxkuu#t P, Q, R cyuecTsyior
H HenpepbBHH T€ NPOU3BOAHHE, KOTOPbHE (QUTYPHPYIOT B 3TOH (opmyre.

Onnako s Toro 4yro6n WMeTb NpaBo Npeo6pasoBaTh WHTerpar (8) no
topmyne OcTporpaackoro, HeOGXOAMMO H B HaCTOALIEM Clyyae HaNOXHUTb HEKO-
TOPOe OrpaHUYeHHEe HEMOCPENCTBEHHO Ha OCHOBHYKW o6nactb (7). MiMenHo, HY*)HO
noTpe6oBaTh, uTOGH, AUWL MOALKO npocmas 3aMKHymas nosepxxocms (S),
ozpanudusaouass meao (V), npunadaexcum obracmu (T), mo u 3mo meao
makace yeauxom codepacumes 8 obaacmu T. O6nacts, 061afa0UIYI0 9THM
CBOHCTBOM, Ha3LBAWT (<NPOCTPAHCTBEHHO») ONHOCBA3HOHN (cp. n° 374).
CyU{HOCTb 3TOr0 THNA ONHOCBABHOCTH COCTOMT B OTCYTCTBHH <HIbIpP», XOTA OM
H TOYGYHHX; MO OTHONIEHHIO K Tejly, He MPOCTHPAKILEMYCA B 6ECKOHEUHOCTD,
MOXHO OhIIO 6B MONPOCTY NOTpe6oBaTh, YTOGH ero rpaHuied Clyxuna oxHa
€IMHCTBEHHAas 3aMKHyTas nosepxHocTh [cp. n° 348]. [losroMy, HanpHMep,
B OTAWYHE OT CKa3aHHOro MO NOBOAY <«MOBEPXHOCTHOM» ONHOCBA3HOCTH B n° 374
31ech TOp 6yleT OJNHOCBA3HHM TelOM, a Monas cdepa — Her.

Popmyna OcTporpanckoro cpasy NPHBOIUT K HCKOMOMY YCIOBHIO:

oP , 0Q | OR __
Tt ot =0 (B)

JloCTaToYHOCTL €ro OYeBMIHA, @ HeOGXOMUMOCTL Jerko JAOKa3hBAETCA C NMOMOLbIO
IndepeHUMpPOBaHUA TPOHHOro MHTErpana mo o6ractu [n° 377, 8°).

AHanoruyHO CNyyal KPHUBOAHHEHAHBIX WHTErpanoB, BOMpoc 06 o6pauieHun
B HyIb HHTErpana no 3aMKHYTOH NOBEPXHOCTH OKa3HIBAETCH PaBHOCHABHHM
BOTIPOCY O HE3aBHCHMOCTH MHTerpana IO He3aMKHYTOH IOBEDXHOCTH, <HATAHY-
TOH» HAa NaHHHH KOHTYP, OT (POpMbl MoBePXHOCTH. OCTaHABAMBATHCA HA STOM He
CTaHeM,
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§ 3. BAMEHA NEPEMEHHBIX B TPOHHBIX MHTETPAJIAX

382. [Ilpeo6pasoBanue NPOCTPAHCTBEHHBIX o6nacref. Mmeu, pas-
putie B 1°3B2 B cBA3M ¢ mnpeoGpasoBaHHEM IJOCKAX o6nacTed,
€CTeCTBEHHO, MNEPEHOCATC! M Ha cayua#h NpPOCTPAaHCTBEHHHX oO0JacTed.

ITycTe uMeeM NpPOCTPAHCTBO, OTHECEHHOE K CHCTEME MPAMOYrOJbHHIX
KOODAHHAT Xy2, W ApYroe NpOCTPAaHCTBO C cHcTeMOH KoopiauHat %if.
PaccmotpuM JABe 3amkHyTne oOaacta (D) u (A) B 9THX NPOCTPAHCTBAX,
OrpaHHYeHHHE COOTBETCTBEHHO NOBepXHOCTAMH (S8) u (T), KOTOpHe MK
Bcerfia OyJAeM [MpeAnoJaraTe KyCOWYHO-r/aikuMu. JlomycTuM, 41O 3TH
o6nacT CBA3aHH MewAy coO0# B3aUMHO OJHO3HAYHBIM HENpPEPHBHHIM
COOTBETCTBHEM, KOTOPOE OCYINECTBJAETCH (popMynamu:

x=x¢ v L),
y=yGE 10 M
z=z(¢ n 0.

Ilpu s1OM, HeOGXONMMO, mouKaM nosepxnocmu (L) OmMBe4aIOM UMENHO
mouxu nosepxrocmu (S), 1 Hao6opoT.

Ilycte dyukuun (1) uMeor B obaactu (A) HenpepHBHBIE YaCTHBHE
NPOMSBOAHKE; TOrAa W (PYHKOHOHAMLHHMA ONpeae/iHTeb

D(x, y, 2)
DE 0

TaKKe SBAAETCA HEMpepuBHO# ¢yHkuueH B (A). Mw u 3aecs [cp. n° 352]
Gynem cuMTaTh, YTO Smom onpedesumens 8ce2da OMAUMEH OM HYAR
COXPAKASN NOCMOAHHMNE SHAK,

Torna dopmyan (1) npeo6pa3yioT KyCOUHO-F/IAAKYK HOBEDXHOCTD,
coaepxantylocs B 06aacTH (A), B KyCOUHO-F/IafKyl e INOBEDPXHOCT,
aexautyio B (D), u obpario.

Yucaa & v, § onHO3HAUHO XapakTepuaylouiHe NOJOXKEHUWE TOUKH
B MPOCTPAHCTBE XY2, HA3HBAIOTCA KPUBOAUHEHHWMU KOOpOUHAMAMU
3TORt ToukH. TOUKM NpOCTPaHCTBa Xy2, AJAA KOTOPWX O[HA H3 3THX
KOODAHHAT COXpaHfeT IMOCTOSAHHOE 3SHAueHue, OGPAsYIOT KOOPIUHAMHYIO
nosepxrocms. Bcero OyleT CyuwlecTBOBaTb YPHU CeMeHCTBa TaKHUX KOOD-
AMHATHHX MNOBEPXHOCTEH; uepes KaxAyl Touky obaacty (D) mpoxoaut
N0 OAHOM NMOBEPXHOCTH KaXIoro cemedcrna.

BrpoueM, Bce 310 OyAeT TaK Jullb B NPEANOJOKEHHH CTpPOro#
OJIHO3HAYHOCTH COOTBETCTBAA MexAy obaactamu (D) u (A). Ha npaxrtuxe
9Ta OAHO3HAYHOCTb YaCTO HapYILAETCH.

Neuwmern. 1) Lusundpuneckue koopounames npencTaBIAoT COeAHHEHHE
NOAAPHHX KOOPAMHAT B TAOCKOCTH Xy C OOHYHOH NEeKapToBOH annmiHKaTod z
(prc. 63). PopMynni, CBALIBAKWIHE MX C NEKAPTOBHIMH, HMEIOT BHA

x==pcosf, y==psinl, 2=z, )
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A1n dopMyan orobpaxkamT 06aacTh
I<p<too, 0<8<2n, —o<z<4

Ha BCe MNPOCTPaHCTBO Xyz. OTMETHM, ORHAKO, 4TO npaman p=0, z=2 oTobpa-
waerca B oaHy Touky (0, 0, 2); 9THM Hapywiaerca B3aMMHasg OJHO3HAYHOCTb
COOTBETCTBHA.

KoopaHHaTHHE NMOBEPXHOCTH B PACCMATPHBAEMOM ciyyae GynyT:

(a) p = const — NHAHHAPHYECKHE NOBEPXHOCTH C OGpa3yWUKWMHA, Napaanefib-
HHMH OCH 2; HanmpaBIAMHUME RIS HUX CIYXaT
OKPYXHOCTA Ha MJOCKOCTH Xy C UEHTPOM B Hauaae;

(6) 0= const— moaynIoCKOCTH, WPOXORALLE
yepes ochb 2;

(B) 2==const — DJOCKOCTH, NapainenbHLe MI0C-
KOCTH xy.

dysKivoNanbHHA ONpelennTeNb Npeo6pa3oBa-
HHA:

cos® sinf 0
J==|—psin® pcos® O|=p
0 0 1

cos 0 sin 6

-

Puc. 63.

WUckamwuas cayuat p=0, oH coxpaHseT HOJOXHTENbHH 3HAK.
2) Cepuseck e K0OPIUNAMY, HA3LBAEMbIE HHAYE NOARPHHLNY KOOPOUHGMANE
8 npocmpancmee, CBA3aHK € JEKAPTOBHMH HOPMYIaMK

Xx=rsingcos8, y==rsinesinf, z==rcosy,
rae
I<r<4oo, 0o, 0<<O<2n

Teomerpuveckufi cubica BeruunH r, ¢, 0 scen n3 puc. 64: r ecTb pammyc-Bex-
10p OM, coemnusiowHR Hagano (Noawc) ¢ JHaHHoW rtoukoil M, ¢ — yroa,
COCTaBAAEMEN 9THM DajHyCOM-BEKTODOM C OCBIO 2
(nonsapHo# ocbw) B-—yroa, cocraBiseMuft ¢
ocbl0 x npoexuselt OP = r sin ¢ paauyca-sekropa OM
Ha MIOCKOCTb Xy (MepueHIHKYAAPHYIO K NOAAPHOR ocH).

B sToM cryuae Mb CHOBa CTalKHBaeMCA C Hapynie-
HHEM B3aMMHOH OIHO3HAYHOCTH COOTBETCTBEA: KIOC-
Kocth r==0 nmpocTpancrsa r¢fl oro6paxaerca B Havaao
KOOpIHHAT X =y=2z=0, npaMaa ¢=0(=n), r=r
OTOGpaxaeTcs B ONHY TOUYKY

Puc. 64. x=y=0, z=r.

KoopnuHaTHee NMOBEPXHOCTH COCTaBIAIOT TpH ceMeficTa:
(a) r = const — KoHLleHTPRYeCcKHe cdephl C LEHTPOM B Hauale KOODAMHAT;
(6) g=const—xpyronue KOHYCH, OCbI0 KOTODHX CIYXHT OCb 2;

(B) U= const — noaynaocKocTy, NPoXoiAmne 4uepes ocb 2.
Onpefieautens 3TOro NpeoGpasoBaHud:
sin ¢cos 0 sin ¢ sin 6 cos 9
J=| rcosgcos® rcosgsin® — rsin¢|=r2sing.
—rsingsin0 rsin ¢cos b 0

OH coXpaHfeT 3HAK NAC, 33 HCKIOYEHWEM YMOMAHYTHX BHILIE CIyyaeB,
Korga r==0, an6o =10 (x), 1 onpeleautenb o6paulaercs B Hyab,
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383. Boipaxenue o6bemMa B KpuBosguHelHbIX Koopauuarax. Ilpu
npeanoJoxenuax ¥ o6osHauennsx n° 382 nocrasum ceGe 3amauel Bbipa-
3uTh 00beM (OrpasnmueHHoro) Tena (D) B npocTpaHcTBE Xyz TPOHHBIM
HHTErPaJoOM, PacnNpOCTPAHEHHHIM HAa COOTBETCTBYylolee Te10 (A) B mpo-
cTpascToe &l ¥).

Mckompili 06beM BeIpaxkaeTcss NMpexe BCEro NOBEPXHOCTHEIM MHTErpa-
JoM BTOporo tuna [cM. n° 380, (6)]:

D= S zdx dy,
:

pacnpocTpaHeHHsiM Ha BHEIW HIOI0 CTOpoHy nosepxHoctd (S). Orciona

nocrapaeMcs nepefTn K OOHKHOBEHHOMY [BOBHOMY WHTErpalsy.
Bynem ucxomuTe u3 mapaMeTpHuecKHX ypaBHeHuH nosepxnocTH (I):
E=H v), 1=7m v), (= v), 3)

npeAnonarad, 4TO MNapaMeTpbl U3MEHSIOTCH B HekotopoH obaactu (B) na
MN0CKOCTH uv. 3aMeHuM B QopMyaax npeoGpasosanus (1) § v, § Beipa-
KeHusMn (3); TOrZa MH MOJYYHM, OYEBHIHO, NapaMeTpHYECKMe YpaBHe-
HuA noeepxHoctd (S):

x=xE@ v), 1(1, v), L@ vV)=xu v),

Y=y, v), 2=z, v).
Monaras
Dy
C=p (u, v) *

no gopmyae (7) n° 372 [cm. 3ameuaHde] umeeM

D=+ SS 2Cdu dv.
(E)

Tax kak x, y 3aBucar OT u, v yepes MOCPEACTBO NepeMeHHEX &, 7, §,
TO, MO HM3BECTHOMY CBOHCTBY (YHKNUOHAJbHBIX onpefeautened [n° 326,
c=Dx 9 DE ) _l_D(x, ¥ D 9 _l_D(X, ¥) DG §) .

DE ) Dwv)y ' D(,¢) D(u,v) V D, € D4 v)
Tloncrasass BeipaxeHne C B MOJyYeHHBH Bblle HHTErpas, Habiem

D=iSSZ[D(x,y) D, n)+D(X,y) D (x, C)+
(E)

DE ) D@, ) ' D(n, 8) Dy, 0)

D(x,y) D, 6)
—]—D TH D v)] dudv. (4)

*) Kax » B n° 353 Mu ® 31ech NpennonaraeM NOMOMHHUTENLHO CYIIECTBOBA-
HHE U HENpepuBHOCTbL YaCTHHIX IIPOM3BOIHLIX, CKAXEM,
o .
xé’n, x;’le, s Yy y;,’E, ey

970 OG]eryaer JOKa3aTeALCTBO, XOTA HE CYLIECTBEHHO A BEPHOCTH CaMOro
pesyabTara.
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ConocraBuM 3TOT HMHTErPal C NOBEPXHOCTHBIM HHTETPAIOM BTOPOro
THIA, DAcNpPOCTPAaHEHHHIM Ha BHEWIHIO CTOpoHy mnosepxHoctd (I):

D(x, y) D(x, y) Di(x y)
S@)S e o+ o +3Edas] @

Ecmu ero npeoGpasoBaTb, HCXOAS M3 MapaMeTPHUYECKHX ypasHeHn#t (3),
X OOHKHOBEHHOMY NBOHHOMY HHTErpaly, no (OpMyJe, aHaJIOrHUHOH
dopmyae (7) n° 372, To mpuuem xak pas kx uHrerpany (4). Enuncrsen-
HOE Das/uMuMe MEeXAY STUMHM MHTErpalaMy MOXET 3aK/ouaThCd JUIUb
B 3HaKe.

Hakonen, ot wunrerpana (5) no dopmysre OcTporpaackoro MOXHO
nepedTd K TPOMHOMY HMHTerpanly no obaactu (A):

o=+ [[§ 5EA) HR B 1 455} o

nOllHHTeraJIbHOE BBIDAXECHHUE DaBHO

0z D(x,y)_l_dz D(x,y)+02 D(x,y)+

EDH O TomDEEH T ADE D
0 D(x,y) { 0 D(x,9) | 0 D(x,y)
+2ﬁo<n,c)+aao<c.5)+7c0(e,n)]

Cymma, crosuias 3fecb B NepBOH CTPOKE, paBHA (YHKIMOHAMLHOMY
ONpeNe/MUTENO
0x 0x Ox
0 oy ot
D(x, y,2)__ |0y dy oy
DE mC) | 08 oq o |
0z 0z 0z

0t o of
B ueM Jerko yGelHTbCsl, pasaaras 3TOT OIpPEAENUTeNb MO 3JEMEHTAM

nocnefiHe#t CTPOKH; CYMMAa e B KBalPaTHHIX CKOOKaX, KaK MOKasuBaeT
HEMOCPEACTBEHHOE BBIUHC/IEHUE, PABHA HymMo *).

*) Oyesunuo,
0 D(x,y)  x dy 0x 0%  dx dy 0x 9%
% D(n, () OOk OL " Jq OUGE ~ OLOE oy  OC OmoE’
0 D(x,y)__0* dy , 0x 0% 0*x dy OJx 0%
0nD((, €)  olon o " Okdq okoq oL O olon’
0 D(x,y)_  0°x dy , 0x 0% 0°x dy Ox O
O DE n)  0kdw on ' O OnoL  Omok & on Oko%”

CknajniBad 9TH PAaBEHCTBA IOYJAEHHO, MTOAYYHUM ClipaBa TOXAECTBCHHO HYINb.
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Takum o6pasoM, npuxoinM K dopmyae

D= +SSS§§;‘ ;:’t’))dEdndC.

Ecau BCTIOMHUTB, 9TO MO MPEANOJOKEHHI0 (DYHKUMOHAABLHKHA onpenenn-
TeAb COXpaHdeT B8HAK, KOTOPHH OH coobiiaer W HMHTErpany, TO CTaHeT
fACHO (TaK KaK MH 3fiech cuntaeM D> 0), 4To 3HaK nepel HHTErpajioM
OOMKeH COBMAajaTh CO 3HAKOM ompeleauTeas. ITO HaeT HaM MpaBo
nepenncaTh MOJYYEHHHH pesyJbTaT B OKOHuaTeasHolt dopme:

p={\{I5c33

uan, o6osHayan (YHKUMOHANBHHH oOmpelenuTenb A% KDATKOCTH uepes

JGE m O

di dydl (6)

D=S§)S |G w ©)|didndt. (6

IMonwkrerpanbHoe BHpaXeHUe

Dix y, 2)
DE D

OGHYHO HA3WBAIOT SALMENMONM O005EMA 8 KPUSOAUNERNHX KOOPIUKAMAX .
Ecan npuMenuth k dopmyne (6*) Teopemy O cpeaHeM, TO MOAYYHM
COOTHOIEHHE

didydl=|JE v 0)|dtdnd(

D=|JE = Uja g

rae (& W {) ectb HexoTopas Touka us obaactu (A), a A— ob6beM
sTo# obaactu.

O1ci0fa Jerko BHBECTH, YTO TPH CTAFMBAaHAH OOAacT® A B TOUYKY
& 7w C) Gynem umers [cp. n° 877, 8°):

)

VG 2 O=1m2,
Tak 4TO abCOMOTHas BeAWURHA (YHKUHOHAJBHOTO ONpENENHTENT eCThb
KospduuueHT pacrtaxeHnda npocrpanctsa tnl (8 AanHoH ero
TOYKe) IpH NPeo6pa3oOBaHUM €r0 B MPOCTPAHCTBO XY2Z.

3ameuanune. Popmyna (6) [(6%)] BuBeNeHa nNpu WBBECTHHX mNpe-
NOJIOXEHHUSX — B3aHMHO  OJHO3HAYHOE W HENPEpHBHOE COOTBETCTBHE
mMexay obaactamu (D) m (A) u 1. A. Opmuako, kak u B n° 354, 45
MOKHO TMOKa3aTb, YTO HAapYUIEHHEe BSTHX YCJAOBHH B OTAEAbHHX TOUKAX
MAd BOOJMbL OTHEABHHX JWHMH H noBepxHocTedl He Mewaer Qopmyne
OMTb BEpHOH, aumb OH (YHKUUOHAJLHHH oOnpeaenuTeNh OCTaBaJCH
OrpaHHYEHHbIM.
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384. Teomerpnuecku#t BHBON. Buboa ¢opmyan (6) MoxmHo mo-
cTpoutb, creays OCTpOrpaicKoMy, M Ha YHCTO reOMETPHUECKHX €000-
paxenusx [cp. n°3656]. BeckoHeuno MaaoMy npAMOYroJbHOMY Hapal-
Aenenunefty B npocrpanctee &L ¢ uamepennamu df, dv, d{ conocra-
BISETCS 3JIEMEHTADHOE TEJO B NPOCTPAHCTBE XYZ MEXAY KOODAWHATHHIMH
nosepxHocTamu «€> B &4-db», «p u entdp, > u LFdby,
KOTOpOe NpuOAMKEHHO MOMHO pAacCMAaTPHBaTh, KAK KOCOYTOJAbHBH Ma-
pannenenunen. Ero o0beM papeH yumecTepeHHoMy o6beMy TeTpasapa
C BEpIIMHAMH B TOYKAX:

Py(x, y, 2), p,(x+g%de,y+%’—gde, z+%§de),

Pa(x—l—%d&—l—%’:dn y—l—%’d&—l—%dn, z+%§de+g_:dn),

P.(x+%d&+%dn+%dc, y+%{&+%dn+%dc,
z+%§de+g—:dn+g—§dcj.

M NO M3BECTHOH M3 aHaAUTHYECKOH reoMeTpAM GOpMy/e BHIpAKAETCH
(no a6coMmOTHOR BeAHUNHE) ONpeAeauTelNeM

ox ox ox

oy & , o, |__Dix,y 2

* 3 o dn Gdt |=FF% N dbdndt.
0z 0z

0z
CymmHpys ©oTH OTHefbHHE <«3JeMeHTH 0GbeMa», NPUXOAMM K ¢op-
Myae (6).

Taxum oGpasom, cywecmso desa u 30ecs 8 mox, 4mo 043 onpede-
NEHUSL O0BEMO MEAQ OHO PA3AG2AEMICS HA SACMERMY He ¢ NOMOUBI0
CUCMeMB BSAUMHO NEPrEeHOUKYAAPHHX naockocmeli, a ¢ NOMOWHIO
cemKu Koopounamuux nosepxrocmei.

B nmpocTHX cayuasx BHpaXeHHe MU «daeMeHTa 06beMa» B KpHBO-
JIMHEMHBIX KOODAMHATaX MOMKET OHTb NOJYYEHO HEMOCPEACTBEHHO.

Jina npuMepa B cayyae HHAMHAPHUYECKHX KOOPAUHAT PacCCMOTPUM
9eMEeHTapHYI0 061acTh (B NMPOCTPAHCTBE Xy2), OrPaHHYEHHYIO ABYMA NHINUHADH-
YeCKHMH NOBEPXHOCTAMUM PaAHYCOB p H p -} dp, ABYMA IOPH3OHTAABHHIMH IJ0-
CKOCTSMH, NEXAIMMH HA BHCOTAaX Z W 2+ d2, W IBYMA NONYITOCKOCTAMY, IPO-
XOIALMMH Yepe3 OCb Z H HaKJOHEHHHWMH K IMIOCKOCTH Xz noxn yraamu 6 u 6 4 46
(puc. 65). CynTaa mpHGIMXKEHHO 9Ty O6GMAacTb MPAMOYIOJbHHWM [apaiielenune-
noM, 6e3 TpyAa HaxolHMM, YTO H3MepeHus ero cytb dp, p db u dz, Tak yto o6bem
ero paseH p dp dB dz, 3 onpenenuTenb, NPeACTABAAICUINE OTHOIIEHHE 3TOrO 06bEMA
K o6beMy dp db dz 3neMeHTapHoro mapaanejenuneaa B NpocTpaHcTse pbz, paBeH p.

AHanornuHo, B ciyyae chepHYeCKHX KOOPAHHAT PacCMOTPUM 3ne-
MEHTapHYI0 0643aCTh (B NPOCTPaHCTBE Xy2), OrPaHHYEBHYI0 cdepaMu pPaguycoB r
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U r-dr, konycaMu ¢ u ¢--dp u npoaymaockoctTsmMu 6 u 64 db (puc. 66).
M 3ty o6nacTb MOXHO NDHHATL 3a NPAMOYIO/MbHLIA Napannenenumen ¢ H3Mepe-
uiamMp AD=dr, AB=r dy n, HakoHen, AC. Tak xak ayra AC paBHa cBoef
npoekunn MN, a nocnaepHss onncaHa paguycoM OM==rsin ¢ U oTBCYaeT UeH-
TparbHoMy yray df, 1o AC=rsin ¢ db. B cuny storo o6peM paccMarpuBaeMoH
o6nacth paseH r®sin ¢ dr dy df, a GyHKUWOHaNLHHIA oOMpefleaHTeab ecTh r2sin ¢,

O6a 3TH pe3synpTara, HalIeHHHX z
H3 3J1EMEHTaPHO-TeOMETPHYECKHX €006~
paxeru#, COrnacyiorca cO CKa3aHHBIM
B n°382, 1) u 2).
?
4
///
//
Kldz
g , 4
z g
a0 s
6 A DX
------ “WN5h0
x
Puc. 65. Puc. 66.

386. 3ameHa mepeMeHHBIX B TPOHMHIX HHTerpajax. C MoMoLibiO
BEIpaXenns o0beMa B KDHBOJMHEHHBIX KOODAMHATAX HETPYAHO YCTaHO-
BUTb U 06wy ¢opMyay 3aMeHBl MEPEMEHHBIX B TPOHHHIX WHTErpajax.

Ilycte mexay o6aacramn (D) u (A) npoctpancts xyz u &t cyue-
CTBYET COOTBETCTBHE, oOXapakTepuzoBanHoe B n°382. Cunras coGumo-
ACHHLIMH BCE€ YCJIOBHMd, INpPHU KOTOPHX Owina BhBeldeHa dopMmyaa (6), Mbl
NOKaxXeM Tenepb, YTO WMEET MECTO CJENYIOlee PAaBEHCTBO:

SSSf(x, Y, )dxdydz=

{2
={{l7cenoran0 260006 w0 Eme @©

(8)
D Ly
(r,ae JGE 1, C)ZD%,—?;,Z;)

BNOJHE aHAJOTHYHOE (OpMYyJE 3aMEHbl NepEMEHHHIX B [BOMHBHIX HHTE-
rpanax. Ilpn sTom ¢yHrunio f(X, y, 2) Mb npeano/iaraeM HenpephBHOH.
Takum oOpasom, cywecrsoBaHue o0GOMX uHTErpaiop B paseHcTBe (8)
HE BHI3LIBAET COMHEHHH; HYXKHO YCTAHOBWTb JMUIL CAMOE DaBEHCTBO.
Ilns nokasaTenpcTBa NMOCTYynaeM Tak e, kak # B n° 366. Paanoxus
KYCOYHO-T/IaAKHMH noBepxHOcTAMH o6aactu (D) n (A) Ha (COOTBETCT-
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BYIOUINE ADYr Apyry) ajementapubie yactu (D)) v (A) (=1, 2,..., n),
npuMeHuM K KaxwaoH nape obaactet (D)), (A,) dopmyay (7); Ms no-

AYSUM o
Di=|JGp np )| A, e

rae (8, m; {;) €cTb HEKOTopas TOuKa obJacT# A, He sasucsmas oT
Hawero BuiGopa. BosbMeM COOTBETCTBYIOWLY® TOYKY (X, i Zi)
obaactu (D)), 1. e. mosoKuM

Z=xCE M ), =y & M L), zi=2G, 1 L), (10
M COCTAaBHUM MHTErPaJbHYI0 CyMMy AJs NEPBOrO W3 WHTErpaqoB (8):

°=Zi]f(fh o 2) Dy

TMonactasue crofa BmecTo X, ¥;, 2; Bupaxenus (10), a smecro D; — Bu-
paxenue (9), mpuieM x cymMe

°=Zi]f (x (Ei! ;11: Ei)» J (Ei’ ;li» Ei), Z(Eir ‘;l-i’ Ei)) |J (E-b ;lb Ei)‘ A,

KOTOpas, OYEBUMAHO, YK€ SBJAACTCA HHTETpajJbHOM CyMMOH /s BTOpOro
13 uHTerpaaos (8).

YcTpeMuM K Hymo auamerpnl obaacte#t (A;), BcaeacTBHE Yero B CHAY
HENPEPHIBHOCTH COOTBETCTBUA YCTDEMATCA K HYJAI0 W JAHaMerpn 06.aa-
cret (D;). CymMa o NOMKHA CTPEMHTbCA ONHOBDEMEHHO K OOGOUM HHTE-
rpajiaM, OTKyAa M caegyer Tpe6yeMoe DaBeHCTBO.

Kax u B caysae aBofiHbix uHterpano, ¢opmyna (8) umeer mecro
B psfie CAyyaes, XorAa C(OpMYINpOBAHHEE BHIILE NPEANOJOXEHH Hapy-
1WATCA B OTAEAbHBHIX TOYKaX HJM BAOJAb KOHEYHOrO 4YHCJIa JIHHUH o
NOBEPXHOCTEH.

386. MNprmepnl. 1) Bhiuyucante o6beM Tena, OrpaHUYEHHOrO TNOBEPIHOCTHIO
(x® +y2 4 2% = g3z,

PemEHnE Teno pacnonoxeHo CHMMETPUYHO OTHOCHTENbHO NAOCKOCTelt
vz ¥ zx, w60 X U y BXONAT B YpPaBHEHWe TONhKO B KBagpaTax. Manee, NocKoabKy
neBas yaCTb YPABHEHHUA BCerda MOJO¥HTeNbHa, HeobxomiuMo U z =0, T. e. Bce
Teno NeXHT BBEPX OT IOCKOCTH xy. JTH 3aMeUaHHs HO3BOMIT OrPaHHYHTLCA
BHIUHCIEHHEM 06beMa YeTBEPTH HaIlero Tena, Aekauled B HEPBOM OKTaHTe.

Hannyue B ypaBuenun BHpaxenHa x2-4 y® + 2? noAckasuBaeT HaM Nepexof
K chepuyeckum xoopauHataM. [ToncTaBnas B ypaBHeHHe NOBEPXHOCTH BHPAXEHUR

x=rsin pcos8, y=rsinesind, z=rcosq,

NpHieM K YPaBHCHHIO NOBCPXHOCTH B CePHUECKHUX KOOPAMHATAX:

=a3/cos ¢

Tax kax nepBHi OKTaHT XapaxTepH3yeTcA HepaBEeHCTBAMH

0<p< 3, 0<0< T,
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TO, YYHTHBAA SHaueHue QYHKUHMOHanbHOro onpefeautera J=r?sin ¢ [n° 382, 2)],
OyneMm umeth

% = 3
5 5 a 3/ cose

Vet V do § de § r’sin:pdr:%na’

ey DO R

sin ¢ cos ¢ do =% nad.

0

2) [pumeHerre yuauHOpudecKux KOOPOuHam K BHUHCIEHHWI0 o6heMa Tela
NpPHBOMMT K HHTepecHOR dopmyase.
PaccMoTpuM Teno (V), orpannueHHoe KYCOYHO-TJaAKoil MOBEPXHOCTHIO, M
NpelNoNnOXHUM, YTO MCXONNILAA M3 OCH Z NOAYNIOCKOCTh, OTBeyawwman § = const,
liepeceKaeT Teno Mo HeKOTOpoH niIockoR durype (Qg)
z npy u3mecHenun 9 ot « po B (pue. 67). Torna

v:S(&g,dpdedbfdeggpdpd,,

(Qp)

npuyeM ¢urypy (Qg) yROGHO OTHECTH K NPAMOYrOAbHON
CMCTEMe KOOPAMHAT pz, Bpawamwuiefica BMecTe ¢ yno-

[ MAHYTOR MOAYNAOCKOCTLIO BOKPYT OCH z *).
Teneps nerko BuAeTs, 4TO HKBOHHOR uMHTerpax

pdpdz npencraBiferT CTaTHYECKHH MOMeHT ¢wu-

Z Qg
)
Puc. 67. rypu (Qp) OTHOCHTENBHO OCH 2, KOTODHH paBeH mpo-
ussenesnio nromaay Q (9) stoll ¢urypm Ha paccros-
Hue pe (8) ee ueprpa Taxectu C ot ocu z:

sspdpdz=o(e>~pc(e).
Q8)

[ToacTapasa 9TO B BHpaxende aAna o00beMa, NPHIEM K OKOHYaTeabHOf
thopmyne:

B
v={ 0w s

Ora ¢opmyna Omaa yxkasana II. I1. KyckosuM. Ona oco6enHo ymo6Ha maa onpe-
DeneHua oGhema Tel, NMONYYAIOWHXCA NPH BUHTOBOM ABHXKEHHH NIOCKOH QHUIypw
(noctosnHoft mam JnedopmupywoweHca), KaK TO: BHHTOBWMX Hape3oK, NPYduH
HT I

Ecan teno (V) ecTh NONpocTy Te X0 Bpalll e B U A HenaMeHHoH durypmn (Q&,
He NepecexaoueH ocH 2, BOXpYr 3TOH ocH, TO Q== conmst, pp=const, a==0,
B=2=x, n GopMyra NPHHHMACT BHA

V=20Q  2np.

OHa pHpamaeT H3BeCTHYIO TeopemyY [ yabmamua, raacamyw, yro 06zes
meAa 8pawenus nAOCKOL uzyps. 0KOAO He nepeceKaiowel ee Ocu pased npo-

*) BMecTo TOro, 4TOGH TOXKAECTBEHHYIO C KeH QUrypY OTHOCHThL K Hemo-
JBHXHON NAOCKOCTA pz B mpocTpaHcrse pbz.
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u3sedenuro naowadu 3moii Pueypu Ha OAUHY OKPYHCHOCHIN, ORUCBHHOL LEHmMPO M
msioceemu Puzypu. Takum o6pasoM, ¢dopmyna Kyckosa ABaseTcs eCTECTBEHHBIM
0606ueHHeM 9TOM KAacCHYeCKOH TeopeMH H, HaoGOpOT, NErKO MOWET OuTh H3
Hee MOAYUEHA.

3) Haitth npuTAKeRHe, HCOHTHBAaEMOE NPOU3BOAbLHOH TOYKOH A NPOCTPaH-
cTBa (Macchl 1) co cToponn onHOPOXHOH cdepu, ¢ MAOTHOCTBIO p.

Hycte panuyc cdepbl paBen R, a paccrosHne OA=—a. OcH KoopAHHAT pac-
NONOKHM TaK, YTO6W TOUKa A HaXoJuiach Ha MNOMOKHTENLHOH YacTH OCH Z.

Torna
F,= p(z—a) :
} (Sns oy ra—arr Y

Nepefina ¥ chepHyeckNM KoOpAHHATAM, HalileM

x = R
_ S‘ or (rcos ¢ — a) sin ¢ dr dp db
* ) (r*+4a —2arcosg)’s

Ho, onpepeasa nputsxendne cdepHueckum cuoem [n°370, 1)], Mu yxe Haulau
3HaueHHE NBOMHOrO MHTerpana

2 x 0
(rcose—a)sinodedd 4 fpH <1,
—_— T
(r® + a? — 2ar cos ¢)*/ ——5 Tpua>r.
B takom cayvae npu a >R
R
4xp 4 1
Fom G ar =GRy g5,
0
anpu a<R
a
4zp 4
F,=—F§r'dr=—§npa.

B 10 me Bpems, oueBHiHO, Fp=F,==0. Wrak, Bo BCex cayyaax nmpuTaxenue
HaNpaBAEHO X UEHTPY cdephi.

Ipu smom mo4ka, HaxoOswasnca 8ne chepu (a>R), ucnumusaem
CO CMOpOHB nOcreONed maKoe ce nNPUMANCEHUE, KAKOe ucnumusara Ou,

4
ecau Ovi 8 yeumpe cgepul Guiaa cOCpeOOMOHEHA 6CA €€ Macca m= ©R3.

C npyroft CTOPOHH, TaK KaK fl10 OTHOMIEHHIO K TOYKe, Mewawes# BH YT PH Chepn
(@ << R), NpUTAKEHHE HE 3aBHCHT OT R W HMeeT TaKylo e BEIHYHHY, KaK H B
cayyae R==a, TO ACHO, UTO NapyscHuiil ceputeckud crol He OKa3vieaem Ha
BHYMPEHHIOD MOYKY HUKAKO020 Jelicm8us.

_neayeT OTMETHTb, YTO NMpH @ > R (KOrja NpUTArHBaeMas TOYKA A NexuT
BHe cheph) MOAMHTErpaabHasa QYHKUHA COXPAHAECT HENPEPHBHOCTD, H BbIKIAAKH
HH B KAaKHX MNOACHEHWAX He HyXnawtca. Muaue o6cToHT peno mpy a<C R
(xorga Touka A JexHT BHYTPH cbhepw HIM HAa €€ MOBEPXHOCTH)
B 9TOM cayyae, MMEHHO B OKPECTHOCTH TOYKH A, NOAMHTerpanbHas QyHxRus
nepectaer OuiTh OrPaHMYEHHOW, M HHTEFPal HYXHO NOHHMAThb Kak lec o 6-
¢ TBenHH™ i [Tocae 3aMeHH NepeMEHHBX 0COOEHHOCTb HCYE3AeT; 3TO OGCTOATENb-
CTBO MMO3BOAAET H YCTAHOBUTH CYWIECTBOBAHHE HHTErpana, H ONpaBjaTh BCe Boi-
KAAJKH.
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387. UcTopHueckue 3aMedanust. TpoliHoie MHTErpalb BNEpBHE MOABAAKTCA
B omHo# paGote Jlarpanma 1773 r. (onyG6aMKOBaHHOH HBYMA [OJaMH MO3Ke),
KOTOpas B OCHOBHOM Oblfia MOCBALEHA TeODMH NpPUTANKeHUA. Onpeleius Ans
CHJIBI PHTAXKEHHA TOYKH <371€MEHTapHHIM NapannencnunenoM» dx dy dz ee Mpoek-
UMM Ha TPH KOODIMHATHBIE OCH, JlarpaHx 3aHMMaeTcs MX HHTEIDUPOBaHHEM, KO-
TOpO€ OH Npeanoaaraer «pacnpocTPaHEeHHLIM Ha BCe TOYKH Teaas. 3nech Jlarpans
M JaeT onpemeneHpe TPONHOrO MHTErpaia, KoTophifl (Kak JABoHHOH y dfiaepa,
cM. n°359), monyyaercA MOBTOPHbBM HHTErPHPOBaHHEM NPH 9TOM
ACHO YKa3hiBaeTcs, MeXNY KaKMMH MpeleNaMH HajjaexHT 6paTh MOCHENOBATEALHO
Kay bl U3 Tpex NpocThiXx MHTerpanoB. OnHoBpeMeHHO Jlarpank paccmaTpuBaer
TPOHHOM HHTErpHA Kak CYMMY H Jaxe 0603HayaeT ero MHo# pas 3HakoM Y.

Y6equBmHch B TOM, 4TO (lake B cayyae c(eps) UHTErPHPOBAHHA OKa3bl-
BAIOTCA TPYIHbIMH, JlarpaHm ykasbiBaeT, YTO MIA ofneryeHHa MX caefoBano Gul
HCIOAb30BaTh JpYyrHe MepeMenHbie, W CTaBUT B o6UieM BHIE 3a1ayy 3aMeHhl
nepeMeHHMX B TPOiHOM HyTerpane. Mcmonbays 3aBHCHMOCTH MexAy muddeped-
UHanaMH CTapblX W HOBBIX MEpPeMEeHHbIX:

dx=Adp+ Bdg-+ Car,
dy=Ddp-+ Edq- Fadr,
dz=Gdp+ Hdg+1dr

(A, B, C, ...—nanHbie ¢yskuuMM OT p, g, r), JlarpaHk nbiTaeTca HaHTH mMo-
NPOCTY BhIpaXeHWe CTaporo sjemeHta o6bema dx dy dz uepe3 HoBbil dp dg dr u
HPUXOJUT — C MOMOMbI0 HeyGenMTeNbHbIX PacCyXAeHMA—K PABEHCTBY

ABC
dxdydz=|D E F|dpdqadr®),
GHI

KoTOpoe BooGule HesepHo [cp. n°359]. Mm yme ymoMHMHam¥, 4TO Ha oOMHGOY-
HOCTb paccyxaenui Jlarpanxka B 1838 r. ykasan Octporpancku#t; Ocrporpanckus
TaKe TeOMETPH Y € CKH OCMBICHNI TO BhIPAKEHHE, KOTOPOE nodcmagAnemes
BMECTO CTapOro <aneMenta obbema> dx dy dz, ne Oydydu emy pasusim. [loxpo6-
Hee 06 sTOM CM. n° 384,

§ 4. JEMEHTbHI TEOPHH NMOJA

388. Cransippl H BeKTOpbL [lpuMmeHeHue MHTErpanbHOrO HCYMCIAEHHA K BO-
NpOCaM MaTeMatHuecKod (U3MKM H MEXaHHKH YacTo yHoGHee NpPOBONHMTb B BEK-
TOpHOH (hopme. TI0ITOMY YHTATENIO MONEIHO O3HAKOMUTHCA C HEKOTOPHIMH OCHOB-
HBIMH NMOHATHAMYH BEKTOPHOTO aHanM3a, KOTOPbie MPHBOJAT K BEKTOPHOH HHTep-
MpeTalHy HHTErpalbubix OGPA30BAHMA H CBA3LIBAIOLIAX UX (OPMYN HHTErpaibHOTO
HCYUCHEHHA.

Mpl mpennonaraem, yTO YWTaTelb YXe 3HAKOM C MOHATHEM CKaJgapa HIM
CKanApHOW BENMYHHb, KOTOpasas BNOJHE XapaKTepU3YeTCA CBOMM YHCIeH-
HHIM 3HayeHueM (Kak, HampuMep, OOGbeM, Macca, IIOTHOCTb, TeMmeparypa), H
C NOHATHEM BEKTODPAa HIXW BEKTODHOH BeTMYHHB, KOTOpas Ind noa-
HOFO CBOEro onpellefeH¥a TpeGyeT eule YKa3aHHA Ha HampaBleHue (mepeMenie-
HHE, CKOPOCTb, YCKOPeHHWe, CHAZ M T. I.). [ 0BOPA O BeKTOpe, Mbl, Kak 0GHnYHO,
GyneM npencrasaaTh cefe wu306paxaiowuil €ro HampasJeHHbIH OTPE3OK. Ycao-

BYMCA 0603HayaTh BEKTODbl GYKBAMH CO CTpeJKaMn Haj HuMM A, r, 0, ... ;
Te e CykBn Ge3 cTpenox: A, r, v, ... 6YIYT 03HayaTb LIHHH BEKTOPOB:

A=A, r=|F|, v=|7]}, ...,

*) TIpHBbIYHOTO HaM 0603Haye€HUs onpelennTensn Jlarpaux He ynoTpeGaser
U NHIET ONpejeNuTenb B Pa3sBepHYTOM BHIE.
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a GykBH CO 3HayKaMu: Ay, Ty, Up, ...— UX NPOEKUHH, COOTBETCTBEHHO, HA OCH
x, y, 1, ... [lpoexunu Ay, Ay, A, BexTOpa A Ha KOODJMHATHBIE OCH BIIOJHE €ro
onpefeNflT H N0 AAUHEe (YHCAEHHOMY 3HAYEHHI0) U MO HaNpaBAEHHIO.

Mbl cyMTaeM TaKxke, YTO YHTATeJb BJaJeeT M OCHOBHHMH CBEICHHAMH H3
BeKTOpHOH aareGpbl. OrpaHHYMMCA HaNOMHMHAHHEM, YTO CKAAAPHUM npou3eede-

HitemM BEKTOpPOB Amn E HA3bIBACTCA CKand P (‘lHCJ‘lO)
Z-B’=ABcos(Z, E),
KOTOpO€ uepe3 IMPOEKLUHH Ha OCH BhIPAXaeTcd Tak:
A-B=AB,+A,B, 4 A,B,. ()

[TonoXHM BIpeAb B OCHOBY Bpal{eHHEe MPOTHB YaCOBOH CTpEeNKH
W, CICLOBaTeNbHO, MPaBYy IO CUCTEMY koopiauHaTr [n°362, 3ameuanue|. Torma
sexmoproe npoussedenie BexkTopoB A u B ecTb B e K T 0 p ¢ Nannowo AB sin (4, B),
IIePNEeHINKYTAPHBIE K OGOHM COMHOXHTENAM W HanpaBAeHHLH B Ty CTOPOHY,

¢ KOTOpOH BpamieHue oT Ak E(Ha yroa, MeHbluui 180°) KawmeTca NMPOUCXONAMHM

NDPOTHB YacoOBOH CTpeaKy, ero oGosHayaoT yepes A X B. [poekunu
BEKTOPHOro NPOM3BENCHHA Ha OCH OYAYyT

AyB,—AB,, ABi— A:B, AB,—A,B,, )

ccay (HamOMHHM 3TO) B OCHOBY NOJOXEHa I paBas CHCTeMa KOOPIOHHAT.

389. CkanapHoe W BeKTopHoe mous. Ecau ¢ xaxnoit Toykol M onpenenen-
HOJ NPOCTpaHCTBEHHOH o6nacTH (KOTOpas MOMET OXBAaThIBaTb M BCE NPOCTPaH-
CTBO) CBA3aHA HEKOTOpaf CKalApHAasA WIH BEKTOPHAA BEJHYHMHA, TO FOBOPAT, YTO
3alaH0 N0A€ 9TOH BENMYHMHL, COOTBETCTBEHHO, CKAAAPHOE HWIN BeKMmOpHOe.
B 6nmkaMiiMx HoMepax HaM Bce BpeMs NpPHIETCss HMEeTb JeJ0 ¢ TaKUMH
MONAMH.

[IpuMepoM CKaZApHOro MO/ MOXET CAYXHTb NMOoJe TeMNEeparypbl WIM 3JeK-
TpUyeckoro noteHuuasa. Ecin nosoxeHne Toyku M ompenensrb ee KOOpIHHa-
TaMH N0 OTHOMICHHIO K HEKOTOPOH NMPOH3BONbHO Bbi6PaHHOH KOODAMHATHOH CH-
creme Oxyz, TO 3ajaHMe MNons CKAaJAPHOW BeAMYHHH U PaBHOCHABHO MPOCTO
3a1aHu0 uHucaoBOX ¢yHkumu U (x, y, z). Mpb Bcerna 6ysem mpelnojaratb, 410
9Ta (QyHKLHs MMEeT HenmpephiBHLIEC YACTHbIE NPOM3BONHLIE MO BCEM IE€PEMEHHBIM.
Ecay 'sTH npou3BoiHmE He 06pamaloTcs OJHOBPEMEHHO B HYlb, TO ypaBHEHHE

Ux, y,2)=C (C=const)

onpelenseT HEKOTOPYIO MOBePXHOCTb (6e3 0co6bix TOYEK), BAOAb KOTOPOH Beau-
yuna U coxpaHser NOCTOAHHOE 3HAYECHHE; TaKas NOBEPXHOCTb HA3LBaeTCs no-
8epXHOCMbIO yposus. Bea paccMaTpuBaeMas 064acTh 3allOJHEHA STHMH NOBepX-
HOCTAMHK, TaK UYTO Yepe3 KAaXAyl0 TOYKY ee MPOXONHT OJHA M TOJbKO OfHa
II0BEPXHOCTb YPOBHs. S§ICHO, YTO MOBEPXHOCTH YPOBHA Memay co6oil He mepe-
CeKaTCA.

[1pMMepOM BEKTOPHOro NOoas MOKET CIYXMTb CHAOBOE NOJE MIH MONe CKO-
pocTel; NOJOGHEIE MOAS HAM YXe BCTPEYa’uch. Ecnu monoxuTe B OCHOBY He-

KOTOPYX CHCTEMY KOOpIMHAT Oxyz, TO 3ajlaHHE noasa BeKTopHOﬁ BEJAHYHHbI Z
MOXeT GHITh OCyLIeCTBJACHO NYTEM 3alaHusa ee NpOEKUHA Ha OCH

Ax (xy yr Z), Ay (xr yr Z), AZ (xr yr 2) (3)

KaK (YHKUMI OT KOOpAMHAT TouykKH M, ¢ KoTopoit BeanuuHa A cpasana, U st
BYHKUKH Mhl GyleM NpennonaraTb MMEIOIHMM HENpPephLiBHLIE NpPOM3BONHHE. [1pn
H3YYeHHH BCKTODHOTO 1onsA BaXHYW POJb HMPalOT 8eKmOpHHe AUHUU; BEKTOD-
HOM JuHHMeH Ha3blBAaeTCA KPHBAs, HanpaB/CHHE KOTOPoR B Kammol ce Touke M
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coBmajaeT ¢ HanpaBBCHHEM BEKTOpa A, oteevalomero stofi Touke. Ecam Bcnom-
HUTb [0°212]; YTO HanpaBiAIOINE KOCHHYCH KacaTeldbHOR K KpHBOH nponopuuo-
KalbHbl Jnd@epesunanram dx, dy, dz, To NONYYHICA, UYTO BEKTOPHAA AHHHA
XapaKkTepH3yeTca PaBEHCTBaMH

dx __dy dz

AT ATAS

B npennonoxeHuH, 410 BeKTOp A He ofpaulaeTcs B HYAb, MOXHO J0Ka3aTh,
OMMpasCh Ha <TeOpeMY CYUWIECTBOBAHHA» U3 TEODHHM CHCTEM IHQQEpeHUHATbHHX
ypaBHeHuii, 4TO BCA PacCMAaTPHBaeMas 064acTh 3aM0AHAETCA BEKTOPHEIMH IHHUAMY,
npuyeM yepes KaxAylo TOYKY ee IpPOXOINHT OIHAa M TONbKO OJlHA TaKasA AHHHU1.
BexTopHbie TMHHM MeXJy COGOH He mepecekaioTcs.

WUnorna NpuxoAMTCA paccMaTpuBaTh NOBEPXHOCTH, COCTaBJEHHLHE H3 BEKTOP-
HHX JHHMH, HX Ha3blBalOT BeKMOPHWMU nosepxHocmamu. BekTopHas noBepx-
HOCTb XapaxTepH3yeTcs TeM, YTo B KaxJOH ee Touke M coorBercTBylomuft Bex-

T0p A (M) ReXHT B TIOCKOCTH, KacaTelbHO# K NOBEPXHOCTH B 9TOH TouUKe (MM

=
TeM, YTO NpoeKuHs A, BEKTOpPa A Ha HOPMalb £l K NOBEPIHOCTH BO BCEX €€
TOYKaX paBHAa HYII0). Fem saams B paccMarpusaeMoit 061acTH KaKky10-HHOY b
JHHUIO, OTAMYHYIO OT BEKTODHHIX JAHHHH, ¥ uepe3 KaXAYI0 ee TOYKY NPOBECTH
BEKTOPHY® JHMHHIO, TO reOMETPHUECKOe MECTO STHX NHHHMH H JacT HaM BEKTOp-
HYI0 NOBEPXHOCTb. B clyyae, eCiM yIOMAHYTaA <HaNpaBAALWAA» AHHHA ABAAETCA

z 3aMKHYTOH, noayuaerca Tpy6koo6pa3nas Bek-
f TOpHAaA TOBEPXHOCTb, KOTOPaA M Ha3bBaeTcs

sexmoproii mpybroi.

390, Mpou3ponyas Ho 3aaaHHOMY Hampa-
Bienuio. I'paguent. [lycTh 3agaHo ckaaspHoe
nore U(M). Bo MHOrHX BoNpocax mpexcrasaser
HHTEPEC <CKOPOCTb H3MEHEHHA» 9TOR QyHKuam
————— “>  TOYKH HIH <IIPOHM3BOJHAAY €€ NO A1060xMy 3adan-
HOMY HanpasaeHuso. Y TOYHUM STO NOHATHE.

Ha npoussoabHoi nanpasaenHo npamoft
] (nag ocy) ! BO3bMEM INOCTOAHHYK TOUKY M, H

nepeMeHny Touxy M (puc. 68); nox MM Gynem
pasyMeTb BE€AHYHHY HalpaBIeHHOro OTpe3sKa
ot M, 10 M, 1. e. 1AHHY €ro CO 3HAKOM NIIOC, ECAH

Puc. 68, Hanpasaesne MM cosnanaer ¢ HampaBaesHeM

ocHu /, ¥ €O 3HAKOM MHHYC — B IPOTHBHOM Cayuae.

flycts M, Heorpannuenno npubanxaerca k M, [Tpou3soduoi om
PyHKgun U(IV?) 6 moike M, no nanpasaenusno | nasvsaemes npedes

-

~
o

AN
‘\l N

UM —UM,)
] .
MimMo MM !

OB 0603HauaeTcd CHMBONOM:

oU (M,)

DT1a NpoH3BOJHAA ¥ XapaKTepPH3yeT «CKOPOCTb H3MeHeHus» Ha3BaHHOH (YHK-
upH B Touke M, no sanpasaenmio /.
Tlonoxum B OCHOBY HEKOTOPYIO KOOPRMHAaTHYI0 cHcTeMy Oxyz H JONYCTHM,
4TO (QYHKUMA KOOpQHHAT
UM=U(x 3 2)
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HMeeT B pacCMaTpHBaeMOH o06naCTH HenpepuHBHBE YaCTHHE NPOH3BOJHHE NO
Kawjoft 3 nepemeHHunx. Torma, Kak M JOKaxeM, npou3soldnan (4) cyumecrsyes
W Bhipasmaercs GopMynof
ou _oU
ol ~ ox
rie BCe NMPOHM3BOUHbIE BHYHCIEHH B Toyke M, (x, ¥4 2,), 2 cosa, cosB, co8Y

CyTb HampaBaspouHe KocHHycs ocH . Ecau nosoxuts M M =, T0 KoopauHaTH
nepeMeHHON TOYKH M OCHM BHpassrca Tak:

X=Xx,--fcosa, y=y,}tcosP, z=z,-+LcosT.
Vickomas npou3sonHas 6yneT NMPOU3BONHOA CHOXHON QyHKUuH OT £
U(xottcosa, y,4tcosh, 2z,+tcosy)

npu £=0. [To npaBuay nHQ)Q)epeHu}%ponaHm CnoxHOM QYHKUHMH ee BeaWYyHHA
KaK pa3 W npejacTaBurca gopmyaoi (9).
Bgeoes sexmop g, ¢ npoexyusmu Ha ocu
ou oUu oU
9% 3y’ o (©)

e20 Hasviearom 2paduenmo x sesuduns U n 0603Ha5aOT CHMBOTOM

ou ou
cosa+5cosﬂ+5;cosy, )

g=gradl.

Ecau BepryThes kK popmyae (5) u yepe3s A 0603HAYHUTL O P T (€AWHHUHHHA BEKTOP)
npoBejleHHuHl B HANMPaBACHAH /, TO €e MOXKHO MepeiHcaTh H TaK:

%‘—[]= grad U-Y= grad; U.

Otciona BHAKO, YTO HauGOAbUIErO 3HAYEHHA 3Ta NPOH3BOAHAag HNOCTUTaEeT B TOM
ciayyae, KOrjla HanpaBlcHHE ! COBHaflaeT ¢ HANpaBJAEHHEM rpaaveHTa, npuyeM STO
Hau6onbliee 3HayeHHe DaBHO

ad U _V(OU>'+ oU T 0U>7
g = dx (dy) (Oz '

310 no3ROAAET HAM TeNepb, B3aMeH NPHUBENEHHOrO0 BHIle (GOpPMasbHOFO
onpeneneHdA rPajHeHTa, HCHOAb3YIOMEro KOODAHHATHYK CHCTEMY, AaTh Apyroe:
2paduemon CcKAARprOG sesudurv. U Hasweaemcst sexmop, Komopuid no 4uc-
AEHHOMY 3HGYEHUI0 U NO HANPABALHUI0 XAPAKmMEpu3yem HauboAbuiyio cKopocms
u3meHenus eeaudquns. U. 31ech yie KOOPIAHMHATHAA CHCTEMa He YNOMHHAETCHA
BOBCE, YeM H BHABAAETCA (AKTHYECKAR HE3aBHCHMOCTb MOHATHA rPajHeHTa OT
ee BhIGOpa.

Jlerko ycMOTDeTb, YTO HampaBieHWe TIpajHeHTa COBNAjAAeT C HANpaBNCHHEM
HopMmand k nosepxHoctd yposua U(x, y, 2)=C, npoxonswell yepes nannyio
TOYKY.

l;h'ax, ckangpuoe none U(M) nopoxnaer BeKkTopHOe noae
rpaguenta gradU.

[FaMuabTOH ®) BBe# B pacCMOTpPeHHe CHMBOJAHMYECKHH BeKTOpP
C ¢TPOEKUHAMH>

¢ a 0

dx’ dy’ 0z

*) YurbaM Poyan Tamuaston (1805—1865) — anraufickuit MaTemaruy.
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Ha OCH KOOpIMHAT, KOTODhI# OH Ha3Bax <HabnoM» u o6o3nayun vepes V. [loab-
3YACh 9THM OGO3HAUEHKEM, MOXHO HAMHCaTb, YTO

gradU=V U.

JeHAcTBUTENBHO, €CTH YNOMARYTHIA <BEKTOP» hOpManbHO YMHOXHTb Ha ckaxap U,
TO W NMOAYYHTCA BEeKTOp ¢ mpoexunamu (6)!

Meumerb. 1) O6osnavas vepes r paguyc-sextop OM, coennnsowuit He-
KOTOpYI0 [oCTOoAHHYI0 Toyky (O ¢ nepemeHHolt Touko# M npocTpaHcTsa, a ye-
pe3 r— ero JIHMHY, NOJIOWHM

UMy=¢(r)

rae ¢— KakaA-Hu6ylb CKanApHasa (GYHKUHUA OT NOJOXHTENbHOTO CKalISAPHOrO ap-
TYMEHTa r, HMeloUiasa NPOM3BOAHYIO NMOCTOAHHOrO 3Haka. [IOBEPXHOCTAMH YpOBHS,
oueBHaHO, 6YNyT chepbl pamuyca r ¢ unentpoM B O, Tak YTO HanpaBieHHe Ipa-
I¥EHTa COBMajaeT C PafHalbHLIM WIH NMPAMO NMPOTHBOMONOXHO €My, CMOTPsS 1O
TOMY, GyneT au ¢’ (r)>0 nau << 0. Jlerko BHIeTb, 4TO

grade (ry=y¢" (r)-

!

B vactHoOCTYH,

¢ ¢ —
rad - =——r ¢ = const).
grad £ =— 57 )
Ecau noMectutb B Toyke (O MacCy m U pPacCMOTPETh MOAE HbLIOTOHOBCKOI'O

NPUTAKCHASA, TOCro HanpaxenueF B Touke M Gymer

= mr m —~
F=———-——= —_——
rer rs
H, TaKUM 00pa3oM,
m
F= grad F—.

Bonpoc 0 TOM, MOXeT NIH I aHHOe BEKTOPHOe Noje ObTb PacCMaTPHBAEMO
KaK noje TIPalMeHTa A HEKOTOPOH CKaNAPHOM BENHYHHBI, HMeeT GOnbllyio
BaXHOCTh. [lO CYIieCTBY OH A8 Hac He HOB; Mbl BEPHEMCH K HEMY HHXC
[n® 393

2) PaccmoTpuM none TemnepaTypu U. B3as anemeHt nosepxHoctH (4S)
C OmpeleNeHHbIM 06Pa30M HaNpPaBAeHHON HOPMAbIO 72, NOACYMTAEM KONHYECTBO dQ
Tenaa, NPOTEeKUIero yepe3a 3TOT M€MEHT B HANPaBIEHHM N 3a GECKOHEYHO Manuiii
NpOMeXYTOK BpeMeHH dt. Temno Tewer or Gonee HarpeThx yacredl Teaa WAH
cpellbl K MEHE€ HAarpeTbiM, W INPUTOM TeM ObicTpee, yeM GbicTpee Y6 M Ba €T
teMnepatypa. O6bYHO NPHHUMAIOT, YTO YIOMAHYTOE BhILLE SMEMEHTAPHOE KOXH-

on
yepes k>0 xo3ddHUHEHT NPONOPHHOHANBHOCTH («KOSOEHLUCHT BHYTpeHHEH
TEMIONPOBOAHOCTHS A AaHHOIO MECTa), MOXHO HanucaTh
ou,

dQ=—hdSdt 5

B COri1acHH CO CKa3aHHbIM BBbIHIE KOJHUYECTBO Temia dO OKa3plBa€TCA NOJOXU-

ou
uyecTBO Temna dQ@Q mnponopunoHaieno dS, dt W, Hakomen, ‘77 . O6osnayan

U
TEALHHIM HMCHHO B TOM CIyuae, KOLAA 5- OTPHLATEAbHO, T. €. KOFLA B Hanpa-
BIEHHM n Temnepatypa U/ yGhiBaer.
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Ecan BBecTH Tak Ha3biBaeMbl#t BCEKTOp nNoToOKaTemna

_ti =—k grad U,
TO BhIpaxeHde 1ns dQ MOXHO mepemucaTb KoOpoye:
dQ=dSdt q,.

391. lMoToxk BeKTOpa uepe3 NOBEePXHOCTb. [lycTs Temepb 3a1a3HO HEKOTO-

poe BextopHoe mone A(M), T. e. 3amann Tpu QyHKuuu (3). Bosbmem nosepx-
pocTb (S) M, BLGpaB ONpeseNeHHYI0 ee CTOPOHY, 0603HauMM Yepe3 COS A, COS
COS v HANpaBAAIOUKE KOCHKYCHl COOTBETCTBEHHO HampasnenHoH Hopmanu n. Torua
NOBEPXHOCIMHB UHMESPAL

) S S (Axcosh + Aj cosp 4 Az cosv)dS
(S)

HO38GI0M NOMOKOM BeKmopa A Yepe3 nosepxnocms (S) 8 YKAIAHHYIO CMOPOHY.
Ecny TOT e HHTErpan HamucaT, B BHIE

SS ApdsS,

(S)

TO CTaHeT BNOJNHE ACHOW €ro He3aBUCHMOCTb
OT BbI60Pa KOOPIMHATHOH CHCTEMBI.

OGpaTHMCA K TPHMEPA M.

1) Camoe HasBaHMe <IOTOK» CBA3aHO C
HEXOTOPOH ruapomexaHHyeckoll 3agayel. Pac-
CMOTPHEM JIBHXX€HHE HAKOCTH B MPOCTPAHCTBE;
B o6uleM Ciayyae Mbl He NpeNnojaraeM ero
CTaULWOHADHB M, TAK YTO CKOPOCTb JBH-

WEeHHst U 33BHCMT He TONLKO OT MONONEHUs
ToykH M, X KOTOpPOH OHa OTHOCHTCH, HO H
or Bpemenu £. [locTaBum cefe 3agayed Bbi-
YHCIUTbL KOMHYECTBO XXHAKOCTH, MPOTEKalomee
yepe3 MOBepXHOCTb (S) B ompelneneHHYyo CTO- Puc. 69.

POHY 3a G6eCKOHeYHO Maibil NPOMEXYTOK

Bpemenn df. Uepes sieMeHT (dS) noBepXHOCTH MPOTEYET KOAHUYECTBO KHMIKOCTH,
KOTOPO€ 3anOAHHT CO60f LHIMHIED C OCHOBaHMeM dS u BHICOTOH v,dt (puc. 69),
TI€ HOPMalb 7 NpPeLNnoNaraeTcsa HampaBlieHHOM MMeHHO B BHIGPAHHYIO CTOPOHY *),
Ecau vyepes p 0GO3HAYNTb NAOTHOCTb XHAKOCTH, KOTOPas TaKe MOXeT 3aBH-
ceTh M OT MOJNOXEHHWA TOYKH M OT BpEMEeHH, TO Macca nporekilelt vepes dS
WKHUIKOCTH 6yner p dSv,dt.

(U) z,

Jan Bcefi moBepxHOCTH (S) moayyum

dt S S pv,dS.

)
KOHH‘IQCTBO e nporexu.leﬂ WHUIKOCTH Q, OTHECEHHOE X eIUHule BPEMEHH,
BRIDA3UTCA MHTErPajoM
Q=SS p0dS; @
(S)

yuTaTeNMb Y3HAET B HEM <MOTOK BEKTOPa» pU yepes mopepxHocTh (S)

%) Cp. cHOCKY Ha cTp. 23],
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3amMeEuyanne Tak Kak IBHmeHHE MHIKOCTH Mu HE OPEANONOMWIH YyCTa-
HOBHBIIMMCA, TO Ha JeA¢ BelHyHHa @ cama, BOOGuie FOBOPA, 3aBUCHT OT BpPeMEeHH
H TOYHEeEe MOXET GHTh Ha3BaHa CKOPOCMbI BO3PAaCTaHUSN
KonHyecTBa NpoTekmweh yepes (S) XUAKOCTU B paccMaTpH-
BaecMbii MOMEHT BPEMEHH.

[Momo6Hoe e 3aMedanpe MOXHO Obio Gbl MOBTODHTL H O <MPOTEKLIEM
yepe3 (S) KomMyecTBe Temuma, OTHECEHHOM K eNMHUUEe BPeMEHM> [CM. CTeRYIOmHH
npumep]: BCE 9TO BEAMYMHBI, HMEIOMME XapPaKTEP CKOPOCTH.

2) AHanorMyHo MOXKHO TOBOPMTE H O NOTOKe Temaa. JIerko BHEETh,
yTo [npu o6o3xauenusx n° 390, 2)] 3a Bpems dt uepes nosepxHocTh (S) mporeuer
KOJIHYEeCTBO Tenaa, paBHoe

dt S S g, dS.

(S}

Ecau oTHeCTH KOAHYECTBO IpoTeKlIero Tenna K eAMHHUE BpEMeHH, TO

moNyuHM
[
(S

T. €. «NOTOK BeKTopa» ¢ wepe3 moBepxHocTh (S). OTciofa M HasBaHHe BeKTOpa

g=—hkgradU
— cnexro‘% NOTOKA Temaar.

392. ®opmyna Ocrporpasckoro. Juseprennud. Bosspamaace x obwemy
cnyyao BekTopHoro moas A, paccmotrpuM Teno (V), orpaHuMuyeHHoe 3aMKHYTOH
noBepxHocThbo (S); yepe3a n GyneM 0603HayaTh B H € LI H 1010 HOPMalb K r0BepX-
uoctH. Torza mo dopmyne Octporpanckoro [’ 389, (5)], ecaM mnoaOXHTL B Hei

P=A,, Q=A,, R=A, MOXHO noTok BexkTopa A uepe3 nosepxHoCTb (§)
BOBHE npeo6pa3oBaTh B TPOHHON uHTerpan;

SS A, dS= SS (Agcos A4 Agycosp 4 A cosv) dS =
(& (S)

-t

Cmosuee nod 3HGKOM MPOIHOZO UKMEZPANA  BbiPANCEHUE HA3WBACMCA
Ougepeengueil (ueu pacxodumocmsw) sekmopa A n o6o3nayaerca
CHMBOJIOM oA oA B

— A
divA=—2%}—2¢ £,
ax Toy T o ®)

Takum o6pasoM, dopmyna OCTPOrpaickoro NepenuumieTrca B BHIE

5::5 ApdS= S(S)S divAay, )

B KaKOM OHa vyaille BCero ¥ NpHMeHseTcH.
BseneHnas TOAbKO YTO BEIHYHHA, AHBEPreHIHA, eCcTh CKAIAp, HO ee
onpeaenenue GopmanhHo CBA3aHO C BLIGOPOM KoopAwHaTHOH cucTemul. [aa Toro
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yT06H OCBOGONMTLCA OT STOFO HEHNOCTAaTKa, NOCTYNHM CHEAYIOILHM o6pa3soM.
OxpyxuM Touky M KakuM-HUGYAb Tesom (V) ¢ nosepxHocThi0 (S) H Hanumem
dopmyny (9); ecanm obe yacTH pasflenHTb Ha o6beM V Tema u mnepefiTh k mpe-
neny, ctarusas teno (V) B touky M, 10 [n° 377, 8°] cnpasa kak pa3 W moay-

vurca div A B Tovke M. Mrax,
S S Ap ds

o . [&)
divA= lim Sy (10)

9TO PABEHCTBO TaKXE MOMET CAYXHTb onpeleleHHeM IHUBEPreHUWH, MNpPHYEM
B 9TOl (opMe onpefenenHe yixe He 3aBHCHT OT BHGOPA KOODAHHATHON CHCTEMM.

HastorpasBexTopHoe noaneA nopoxnaer ckaaapHoenone
auseprennnu div A

3ameruM, yto onpeaeneHue (8) IMBEPreHUMH MOXeT GHTb C NMOMOIBIO CHM-
BOJHYECKOro BeKTOpa y [aMMIbTOHA 3aMHCAHO TakK:

div?f::—-v-ﬁ?

9TO CTaHeT ACHO, €CIH BCIIOMHHTb BHpaxeHue (1) CKanADHOTO NpPOH3BEAEHHA
JBYX BEKTODOB.

MMepumer. OcraHOBHMCA Ha JBHXECHHH HECHHMaeMOH XHAKOCTH
(p==1) npy HarMy¥M MCTOUHHKOB MIHM CTOKOB. [Ipou3so0umesbROCIbIO UCMOYRU-
* K08, 3aKAOUYEHHBIX BHYTPH 3aMKHYTOA NMOBCPXHOCTH (S), HA3LBAETCA KOMHYECTBO
BuTekawmef sepes (S) HUAKOCTH, OTHECEHHOE K €NHMHANE BPEMEHH, T. €. MIOTOK

—

BEKTOPa-CKOPOCTH ¥
g S v, dS

“5)

[cm. n® 391, 1)]. Ecan ncTouHHKH pacnpefiefieRs HeNnpepH B H O N0 paccMaTpu-
BaeMOK 061aCTH, TO BBONMTCA NMOHATHE NAOMHOCMY UCMOYRUK0S8. TaK HasKWBAWOT
npejenbyoe 3HaYEHHe NMPOU3BOIAMUTENbHOCTH HCTOUHHKOB B Teae (V), oxpymaio-
HEeM TOYKY M, paccuMTanHoe Ha exunmny obbema, T. €.

S S UndS
fim

W-u V7

-
Ho, xak mb Toabko yTo BHIeaH [cM. (10)], sTor npemen papen div v, wurak,
divo u ecTb TAOTHOCTb HCTOYHHKOB.

AHalorHyHoe paccMOTpeHHe MOXHO NpPOBeCTH M 1JA TEJIOBOr0 NOTOKA MPH
HaJHYMM MCTOYHHUKOB TEMnra, JHillb BMECTO BEKTOPa-CKOPOCTH NPHINNOCh O B3ATh
BEKTOP MOTOKA Temaa.

Ecan div A=0, To nose Ha3WBaeTCA CO4eHOUOGABHYIN, T. €. Mpybiamux,
OT FPEYecKoro CnAOBa dohév==TPy6Kka. ITO YCJOBME —B NPENNONOKCHHH, YTO
3aHUM2€eMas MOJIEM YacTb NPOCTPAHCTBA ONHOCBA3HA (MPOCTPAHCTBEHHO) —
PaBHOCHABHO TPEGOBaHHIO, UTOGH MOMOK 6eKmOpa A 4epes npou3soabHyIO 30 MK=
HYMYI0 U 02PGRUYUBAIONYI0 MEAO NOBEPXHOCTIL 8 0 8 H ¢ Obla PasER HYAI0:

S;S ApdS=0
!
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[n° 381, (B)]. PaccmoTpuM Temeph BeKTOPHYI0 TPpYG6kY (puc. 70) Mewnay
NBYMs NpPOH3BOAbHBIMH ee ceyenuaMu (S;) ¥ (S:); NoBepXHOCTL caMoH TPYOKW
o6o3HaunM yepes (S;). Torna no ckasaHHoMY

(1§ s

(S1) (Sp)  (S3)

NpHYCM HOPMajb BO BCEX CIyYasX HampaBileHa B 0 B H e. Bpoab mosepxHoctH (Sy),
ouesuano, A, =0 [n°389]; ecan B ceuennnu (S,) U3MeHUTH HanpaBleHHe HOPMANH
TaK, 4TOObl OHO OLIIO COMJIACHO € Hampasie-
HueM HopManu B (Ss), TO MpuieM K paBeHCTBY

SSS A, dS= S S A, dS.

1) (S2)

TakuMm o6pa3oM MblI moayyaeM 3ameyaTelabHOe
CBOWCTBO COJEHOUNANLHOrO NOJAS: NOMOK CO-
AEHOUQBRBHO20 BEKMOPA HEPE3 NOnepevnsie
Puc. 70. ceqenus 8ekmopHroil mpybxu coxparsiem no-
CMOSHHYIO 8€AUYUKY, €€ HA3KBAOT M HT € H-

CHBHOCTDb 10 BEKTOPHOH TPYGKH.

Ecau BepHyTbCA K NpuBelleHHONH BbIE HIPOMEXaHWYEeCKO! HMHTeprpeTauyy
BEKTOPHOIrO MOMA, TO OKaXeTCs, YTO B CAy4Yae HEC)KMUMAEMON KMAKOCTH M N pH
OTCYTCTBHR HCTOUYHHKOB (div A=—0) pacxod KHIKOCTH yepe3 monepey-
HOoe ceueHHe BCKTODHOH TpyOKH HMEeT OfHO M TO e 3HayeHHe AR BCex
CeyeHHit.

393. Uupxyasnus BeuTopa;tbopmyna Ctoxca. Buxpsb. Ilycts cHoBa gano
Kakoe-HUGyab BektopHOe mnone A (M). Humeepaa

Smu+@@+&u=gmu
) )

s3amuiii no Hexomopoi xpusoii () 8 npedesax paccmampusaemoi o6racmu,
HO36l80EMC AU H el ol M Unmeeparor om sexmopa A 800ab kpugoi (I).
B ciyyae 3aMKHYTO# KPUBOH 3TOT MHTErpan HasbiBaloT KUPKyasyueil 8ex-
mopa A 8doab (I).

Ecan none A ectb cunoBoe mome, To NKHEHHHH MHTEerpan BhpaxaeT paGoTy
CHI ToAsA NMPH MepeMemenndd TOYKH no KpuBoH (/) |Kak W B NIOCKOM Ciyyae,
cp. n° 335, 1)).

lpencrasum ceGe HEKYIO MOBEPXHOCTh (S), OrPAHUYEHHYIO 3AMKHYTHIM KOH-
TypoM (/). Torna no u3BecTHOH yxe uutatemwd ¢opmyne Croxca [n° 373, (11)]

HHUPKYAAUUA BEKTOpa A BLOJAb 3TOrO KOHTYypa MOXET OLITh Bhlpa¥xeHa I1I0BEpx-
HOCTHBIM MHTErpajoM:

_ 04, 04 0A, 04,
SAldI—SS§{(W —Laz>cos7\+(a—z—v)c03p+

[O)] (
—+ k%——”——%)cosv} ds.

Bexmop ¢ npoexyusmu na ocu
0A; 04y 0Ay_0A, 0Ay _0A, "
dy dz! o0z ox’' oOx dy )
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HO3b68ACMCT B U X P e s UAL POMOP O M BEKTOPa A M 0603HAUAETCA CUMBONOM

1ot A #),
Taxum o6pasoM, B BexTOpHOH (dopme tdopmyna CTokca 3amMIIETCA TakK!
S Ardl = SS rot, A dS. (12)
i (S)

Uupxynsuns BekTopa BIOAb 3aMKHYTOrO KOHTYpa OKa3KBAETCH PAaBHOH TOTOKY
BHXpA Y€DE3 MlOBEPXHOCT, OrPAHMUEHHYI0 ITHM KOHTYpoM. IIpH sToM wanpamae-
e 06X0Jla KOHTYPa H CTODOHA MOBEPXHOCTH HOMKHbHI COOTBETCTBOBATH Ipyr
IPYry, Kak STO pa3bAcHeHO B n° 362.

aHHOE Bhille ODpefleleHke TOHATHA <BUXDb»
CTpanaer oOLIYHHIM HENOCTAaTKOM: B HeM HCob3yeTca
onpeieneHHas KOOpIHHaTHas cHCTeMa. BasaB nw6oe
HaNpaBienye n, UCXONALLEE M3 NAHHOHM TOUKM M, okpy-
HYM €e B nepneHINKYNAPHON K 1 NJOCKOCTH Miomai-
Koit (¢) ¢ xontypom (A) (puc. 71). Torna no dopmyse
Croxca

§ Ay dh= rot,Ads;
*) (

Pke. 71.

pasiendB o6e YacTH DaBEHCTBA HAa MIOWAlb ¢ YNOMAHYTOH TIOWANKH H <CTArM-
Baf» MOCIERHIOK K NaHAOH TOYKe, B mpedene NOAYYHM

g A\

ror,,ﬁ’: lim Q)—
@-m ¢

**)

Taknm ofpasoM ynaetcs ompefeanTsh NpoeKuMIO BeKTOpa rotA Ha 1106 yio
OCb, a 3HayuT,— M CaM BEKTOD, 6e3 BCAKOH CCHIAKM Ha
TnpeBapuTesHO BLGPAHHYI KOOPIMHATHYIO CHCTEMY.

[TonyepkHeM, YTO 31eCh BEKTOpPHOE nmoOXe
NOpOXMNaeT BEKTOPHOE Xe lole BUXpA
rot A.

C noMoumbio raMMIbTOHOBZ BEKTOpPA | MOXHO
IpOCTO 3aNUCaTh H ONpele’ieHHEe BHUXDA:

rot2’=v x A

[cM. Boipawenus (2) AN nPOEKUMHE BEKTOPHOrO PO~
usBefenual].

P uMEP. PaccMOTPHM NpOM3BOJbHOE NBHNKEHHE
HEKOero TBEPAOro TelNa BOKPYI HENOIBHXHOR TOYKH
Puc. 72. O (puc. 72). Kak IokaswBaeTcd B KHHEMaTHKe, A

*) OT aHrauiCKoro ciosa rotation ==Bpaniesne; ynorpeSuTensHo U 0603Ha~
yeuue curl A— oT aHram#ickoro ciaoBa curl, 03HaYaOLIErO «3aBHTOK».

*%) Jlerko yCMOTpeTh 3fech cBoeo6pasnoe I depeHUUpOBaHKE 1O 06AACTH;
060CHOBATh €ro IpeflocTaBifeM YHTATENIO,
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a6oro MOMEeHTa BpEMEHH Iojle CKOPOCTH © TOYEK Tena onpemeaserca ¢op-
My 10H

<)
I
£
X

i€ o — MTHOBEHHAA <YL/OBAA CKOPOCTb», 4 F— PAlHYC-BEKTOp, COENMHAIOIIHH
Touky O ¢ npoH3BONbHON Touyko M Tena. [Ipoexuunm 9TOrO0 BeKTOpa Ha OCH
npousBosbHOit ciucTeMbl Oxyz 6ynyr [cM. (2)]

WyZ—— 0z, WX —0xZ, Opf-—wyX.

Ecan, Bocnonb3oBasmucy Bhpaxenuamu (11), mojacynTaTrh mpoeKUMH BUXpPHA MAf
9TOro 110Jifl, TO MOAYYHM 2w, 2my, 2w, TaK 4TO

1

5 rot v.

—_
w ==

Takum 06pa3oM, ¢ TOYHOCTHIO BO YHCJAOBOrO MHOXHTENA, POTOP HOAA CKO-
POCTH U [aeT KaK Pa3 MTHOBEHHYIO YIJIOBYIO CKOPOCTb BpAlEEeHHA; OTCIOLA ¥ Ca-
MO€ Ha3BaHHe <«POTOP>.

BepHemcs Tenmepb K BOMPOCY O TOM, IPH KaKMX YCJHOBHAX A a HH O € BEKTOp-
Hoe rofe A GyJeT moseM rpajMeHTa s HEKOTOPOi CKansapHOH Beanyuss U:

A=grad U. (13)
ITO paBeHCTBO PZBHOCHABHO CIENYIOUIUM TpeM:

ouU ou ou
Ax-a;: A_y'—‘a-_y'r AZ__&r

T. €. pPaBHOCHAbHO YTBCPXKIEHHIO, YTO BhipaxeHHE

Adx -+ Aydy +- Adz

asaserca (noanwM) mnddepenusvasom or ¢yskumn U (x, v, 2). Ipu Haanumm
paBenctsa (13) mone A HasmBaeTCA ROMERYUAALHHM, 2 IEPBOO6PA3Han QYHKUNA
U — nomenyuanrbroii gynxyued nona.

Ecnn orpaHMyuThCA MpPENNONOXeHHEM, YTO PACCMATPHBaeMasn 064aCTh (I10BepX~
HOCTHO) ONHOCBA3HA, TO, meped)pasupya yxe H3BECTHHE HaM BewH [n° 374, cM.
ycaosua (B)], moxno ckasath, uto 04f% moz20, 4mobu nose A 6wa0 nomen-
LUANbHBLM, HEOOX00UMO U OOCMGMOYHO, YmOBu 80 6ceii 00aacmi 8HROAKAAUCH

pasesncmsa
0A, 04, O0A,_0A, 0A,  0A,

dy ~ 0z' 0z ox' Ox  ay’

1. e. 4mobu tot A obpawaacs 6 uyap. oHdATHE MOTEHUHANBLHOT O MOAA
OKa3bBAETCA COBMANAOLINM C MOHATHEM <«Ge3BHXpeBoro» mnond. B Taxkom mone
LUHPKYJIAUMA MO 3AMKHYTOMY KOHTYpY 6yHeT HyJeM; echu xe 6paTb JHHEHHH
HHTerpan mo KpuBof, coemmusaouieit Mo6bie ABE TOYKH, TO €0 BENHYHHA OKa3bi-
BaeTCA He 3aBHCAMlEA OT QOpPMH KPHBOH.

Bce 3TH QaxTe MOAYYaOT €CTECTBEHHOE HCTONKOBAHME B TEPMHHAX «paGoTh>
Anfl CAYyYas MOTEHUHANbHOrO CHAO0BOT O moad. Takum O6yneT, Kak H3BECTHO,
HafpEMED, NONE HLIOTOHOBCKOIO MNPHTAMEHMA Kak B ciy4ae OTHeAbHBIX IpH-

TATHBAIOMNX UEHTPOB, TaK W NPH HENPEPLIBHOM pacnpeAeNeHHH NPHTACHMBa-
0IHX MacC.
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§ 5. MHO'OKPATHBIE HHTEIPAJIbI

394, O6bem m-MepHOro TeNa H m-KPaTHuR HHTerpah. [loTpeGHOCTH aHa-
2M3a M ero NPUAOKEHHA He MCYEepNbIBAlOTCA YK€ M3YYEeHHHMM THIIaMH onpele-
JEHHHX WHTerpaioB: NPOCTHIMH, ABOMHBIMU M TPORHLIMH.

Hanogo6ne TOro, K&K mnpH ONpeleNeHHH INPOCTOro, ABOHHOro, TpofiHoro
MHTErpana, Msl MoJb30BAaAHCh NMOHATHEM A1 M H B OTPE3Ka, 0 2 O 1l a A M NIOCKOH
duryps, 061 e M a IPOCTPaHCTBEHHOrO Tela, B OCHOBE OfpelefeHHs m-KpaT-
HOro MHTerpana NexHT NMOHATHe 06 b e M a *) m-mepHoA o6nacTu. [as mpocTel-
uef m-MepHOH 06NacTH — m-MEPHOrO NPAMOYTOAbLHOrO mapannelenunesa

lay, by; @s, bs; ...; Gy by 9))
061beMOM Ha3HBaeTcA NpOU3BECIEHHE ero HamepEHHﬁ

by —a,) (s —as) ... (b — ).

CaMo c06010 ACHO, YTO pasyMeTb noj OGbEMOM Tena, COCTABIEHHOTO H3 KOHey-
HOFO YMCTa TaKHMX napanjielrenuneioB. JTeMEHTaPHO MOXHO NOKa3aThb, YTO 06beM
He 3aBHCHT OT TOro, KakMM 06pa3oM TeNO0 Pa3ioKEHO Ha Mapanienennnelsl,

PaccmaTpuBas TakMe «napafdnerenunelafbHHE» Tena, BXOAAIME B JaHHOE
m-MepHOe Teno (V) ¥ BHIXOXALME U3 HEro, MOXHO OGHYHHM 06Pa3oM JIOCTPOHTD
nouaTe o6veMa V mns tena (V) [cp. n® 197]. Mu GymeM HMeTh 1eJ0 TONLKO
¢ TeaamH, N8 KOTOPHX 0GbEeM CYHIECTBYET; OH 3aBEIOMO cyutecTBYeT Aaa TeJ,
OrpPaHMYEHHHX TTaIKHMH HIH KYCOUYHO-T A2 KHMH NOBEPXHOCTAMH **),
B 4acTHOCTH, JAs NPOCTefiIUMX m-MepHHWX o6nactefl: m-mepHoH NHPaMALL

x,=0, x3=20,.., x,=20, x;+x:+ ... +xp<h
u m-mepHolt chepu
x;-—}-x;—}- o Fx LTS

HUXE MH BHYHCIMM HX OGLEMH.

[lycts B ofzacth (V) 3amaHa QYHKHMA m NepeMeHHHX f(Xxy, Xz, ooy Xp)k
TOrga, pasnaras 37y o6nacTb Ha 9A€MEHTapHHE YaCTH M NOBTOPAA XPYTHE CTOAb
NPUBHYHHE, yxe HaM ofepanud [cp. n° 376), npuieM K NOHATHIO mM-KPAaTHOro
WHTerpana m
P ]

I=S Sf(x,, Xy ees y X)) @XdXs .. dXpye 2)
\%)

B cayvyae HenmpepuBHOH NOZMHTErpanbHol GQYHKUHH OH HaBEPHO CYIMECTBYeT.

guqucueune TaKOrO MHTErpana NPHBONHTCA K BHIYACHIECHHIO MHTErpanoB HHU3-
mef KpaTHOCTH, BIAOTb NO MPOCTHX. B cayyae, xorma o6aacTe HHTErpHpOBa-
nus (V) npexcraBaser co60i0 NPAMOYroabHu# napaanenenvnen (1), nMeer Mecro
dopmyna, anaaornunas dopmyne (6) n° 378:

b bg b
I= g dx, S dxg... Sl" F(xy Xay ooy Xp)dxp, 3)
ay ag am

*) Mo pelIHAH COXpaHHTh STOT TEPMHMH, XOTR CMHCH €50, pa3ymeercs,
MEHAETCR BMecTe C m; peub uieT 06 «m-MEPHOM» O6beMe.

#*¢) Tnank off NOBEPXHOCTHIO Ha3HBAeTCs 31ech 06pas B m-MEPHOM NPoO-
CTpaHCTBe, ONpeleNfAeMufi m NapaMeTPHYECKUMH YpaBHewAsMH ¢ m—1 mapa-
MeTpaMH, NpHyeM QHUIYpHpYlomHEe B YPaBHEHHAX QYHKUMM 1IADAMETPOB LOMMKHH
6HTh HENmpepHBHb BMECTe ¢ YaCTHHIMH IIPOU3BOJHKMY, ¥ onpelenuTenn (m — 3)-ro
NOpAfKa MaTPHUN NPOH3BOAHWX He AOMKHM OJHOBPEMEHHO 06pamaThCR B HYb.
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Hdna o6racTed Gonee ofuiero BMAR, XapaKTepu3yeMblX HePaBeHCTBAMHU
X< X, X)) e << X (xy)y .ny
Xy (Xp eois X)) S X < Xy (X oon s Xpa)s

npuMeHuMa GopMyna, aHanoruyHas dopmyne (6a) n° 378:
X1 Xz (x1) Ho gy ey X o)
1=\ dx, dxs ... S F(xp Xay einy Xp) dXpp. “)
L2
5 gl P

TMono6ubiM e 06pa3oM (LaA COOTBETCIBYloumlero Buma oGaacTed, KOTOpBiH
B KawJIOM cC/iyyae HeTPYIHO YCTAHOBHTb) HMMCIOT MECTO M Ipyrue ¢opMyam,
ananoruunnie gopmynam (5a) u (7a) n° 378, rae BolUMCAECHHE M-KPAaTHOrO HHTErpana
NPUBOJUTCA K NOCIENOBATEALHOMY BLIYMCIEHHIO MHTErpajoB HU3LINX KPAaTHOCTEH,
B CyMMe JAIOILHUX M.

Bce 3To M0Ka3bBa€TCA COBEPILEHHO TaK Xe, KAK 14 ClyyaeB m=2 W
m=23, 6e3 NpuUBIeYeHUsl KaKHX Gbl TO HY GBIIO HOBHIX WJeH, TaK UYTO HeT HajoO-
HOCTH Ha 5TOM 3aJCPXHBATbCA.

3ameEyAaHHKE Ocrporpaickuit B Memyape 1834 r. BmepBbie CO BCEIO Tmia-
TeNbHOCTBIO BHIACHAET Npefelbl HHTEIPUPOBAHMH NO OTHENbHbLIM II€PEMCHHBIM
Xy Xgy ooy Xmy K KOTOPHIM CBOJMTCA BHIYMCI€HWE MHOIOKDaTHOIO HHTerpafa,
PacmpoCTPaHEHHOr0 Ha BCE 3HAaUEHHS 9STUX MepeMeHHbX, YIOBIETBOPALLINE
HepaBeHCTBY Buna L (Xy, Xz, ..., X)) << 0. 30ech xe Mb HaxomHM M QopMyny,
06o6maomyo HaBecTHY0 Yxe HaM ¢opMmyay Octporpaackoro [n® 380, (4)] na
cayyalt mwo60oro uyucaa IepeMCHHMX ¥ CBS3bIBAIOLIYW WHTErpal, B3aTbl No
(m — 1)-MepHO#l 3aMKHYTOH NOBEPXHOCTH C HEKWM m-KPaTHBIM HHTErpaioM,
PacnpocTpaHeHHHM Ha OIpaHHYEHHOEe eJo Tello.

395. Mpumepel. 1) Haittn o6bem T, m-MepHOR MUpaMuibl

(Tm):x; 220, ooy X220, X+ wio << h
Prmenne Vmeem

m_ R h—x h—¥1—...—x,
Ty = S S dx,dxg...dx,= § dx, S dxs... § dxX .
(T b

3aMeHnsas B STMX I P O CT bl X MHTErpajax mocieloBaTenbHO NepeMeHHble no Qop-
MynaM
x,=h&, xXg=hGs, ., Xp="hEp,

npulieM K pe3yabTaTy

1 11— =8~ =8,
Tmzthd‘él S dés ... S ds, =
0 0 0
m
e N,

=ha\ ... dt, ... d5; =ayhh,
E12=0,...,5,=0

51+...+En$|

ecnu uepe3 d, 0603HAYNTH 3HAYEHME WHTErpana, MOJLOGHOIO MpemNOKEHHOMY, HO
oTBevalomero A==1.
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C npyro#t me cTOpoHH, UMeeM (ITOMYTHO WCHONL3YR MOXYYEHHsIH pe3yabTaT)

n—1
1 i 1
a,,=§ dg, S S aty ... dEp_ =uap S (1 —En)"-lden=£"7[_‘l.
=0, =0 b

Halinentoe pexkyppenTHoe COOTHOWIEHHe (C YYeTOM TOro, uTo a,=1) faeT HaM

1

Qp = —r
n ﬂl,

TaK YTO OKOHYaTeldbHO

hn
Tn=r

2) Haittu o6vem V, m-mepno#t coepnr [n° 126]
(Vm): x2+ 22+ .. x5 <R

Pewenue Ha 9101 pas peus uieT o pelyMcieHMM UHTErpana

m
e e,

V= dx,dxg...dxy,.
X+ ... xh <Re
flonaras
Xy =R€n xg=REs, ... y Xm= RE’m
Kax M TOJbKO YTO, NETKO MONYuHTb, yT0 V,—=8,R™, rge uucnosoft xosbdu-

uMenT B, BolpaxaeT o6beM m-MepHO# cdepn paruyca L
Hnsa onpenenenua B, npeoGpazyem

,._L
ﬁ,,,= e dE; dEs oo d&m'-—'—
Hte+...+Ep=l
1 m-—1
- S d,y S S &y e

SR PP L RS -

BuyTpennufi HMHTerpan npeicTaBaseT 06beM (m—l?-MepHoﬂ chepel pamuyca
m—

]/1 —4& u, clenoBaTenbHo, paBeH Bp,_y (1 —E2) 2, Tloncrasins, npuzem

CHOBA K PEKYPPCHTHOMY COOTHOILUEHHIO

Bp =285, \ sin™0db

Mw]ﬂ



370 Il XXill. TPOUHBIE MHTETPANLI

r(2F )
em=em—x‘V7‘_—-

()

uin [cm. n° 312, 2))

‘5
rof4-[ 2
oo

Tak kak B,=—=2, TO nerkoe BHYHCIEHHE HAET

m
2
N L
r(z+1)
Hckomuill xe o6beM papen
m
2
V= ——— &™.
r(3+1)

Has cayuaes m yeTHOTO W HEYETHOro NOAYyaoTcs GoOpMyan

2 2z

n
Van = :—! R, Vigu= IS R,

{395

B vacthocty, pas V,, V,, V,, ecrectBenno, HaXOAMM XOPOHIO M3BeCTHHE 3HAUE-

nus 2R, ©RE, %nRa.



IIABA ABALUATbh YETBEPTAS
PAIbl ®YPBE

§ 1. BBEAEHUE

396. llepuonuueckue BeAHYHAL M rapMOHUYECKHH aHaan3. B Hayke
M TEXHHKE UYacTO TNpPHUXOJMTC WMETb €10 € NMEePUOAUYECKHUMHU
ABJAEHHAMH, T. € TaKHUMH, KOTOpHE BOCNPDOU3BOAATCA B npe)KHEM
BUWIE dYepe3 ONpefe/eHHLIR NPOMEXYTOK BpeMeHH 7, Ha3biBaeMHH nepuo-
goM. IlpumepoM MOXeT CJyXUTb YCTaHOBMBIUEECH JABUXEHHWE MNapoBOH
MalIBHL, KOTOpas N0 HCTEYEHHUH IMMOJHOro o6opora CHOBA@ NPOXOIMT 4YEpE3
CBOE HauyaJbHOE MOJIOWEHUE, 3aTEM fBJEHHE NEPEMEHHOT0 TOKa, M T. I
Pasauynsie BEJIHUYWHB, CBA3aHHHE C paccMaTpHUBaEMbIM nepHOLlquCKHM
SIBJICHUEM, MO HCTCYEHHH NEepHoda T BO3BpAWIAIOTCA K CBOMM TMpEXHHM
3HayeHUAM W NPEACTABJAT, CJACAOBATCAbHO, MEPDHOAHUYECKHUE ¢)YHK-
LMK OT BpEMEHH f, XapakTepH3yeMble DaBEHCTBOM

e(t+TD =0 ().

Takosel, Hanpumep, CHJa M HaNpsKEHHE NEPEMEHHOr0 TOKAa WJIH —B
npumepe napoBolt MalMHH — NyTb, CKODOCT» H YCKOpeHue KpeHuxonda,
JlaB/ieHHe T1apa, KacaTeJbHOE YCHJHE B Najiblle KPUBOWIMNA M T. A.

Ipocreftwielt U3 nepuoauyeckuX QGYHKUMR (ec¥ He CYHTATh MOCTOSH-
HOH) ABJASETCR cunycoudasrsHas sesntuna: Asin(of | a), rae o ectb
4acToTa, CBA3aHHas C nepHoAoM 7 COOTHOLIEHHEM:

2r
0=z )

U3 noao6HHX mnpocTeHliux nepuoauyeckux ¢yHkuu# moryt OHTh
cocTapiieHn M Gosee caoxubie. Hanepea acHO, 4TO COCTaBAfIOUIHE CHHY-
COMAA/IbHBIE BEJHUMHH JOKHE OHTb DasHHX 4acToT, 160, KaK JIerKo
y6eduTbCs, CHOMKEHHE CHHYCOHAAJbHHX BEJMYHH OAHOH H TOH ke ua-
CTOTH He AAeT HHYEro HOBOI'O, TAK KaK NPUBOJMT ONATH K CHHYCOMAANbHOM
BEJWUHHE, NPHTOM TOH e yactoTel. HaoGopoT, eciM CJAOKHTL HECKOJABKO
B€JIMUHH BHAA

Yo==Ap 1==A;sin(of +-a), Yz==Agsin (2ut | ay), }

2
ya= Azsin (But ay), ... @)
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KOTOpbIE, eC/M HE CYUTaTb NOCTOSHHOH, UMEIT YacTOTH

o, 20, 3o, ...,
KpaTHHle HauMeHbIUEH W3 HHX, ®, U NEPHOIH

1 1
T) _Z—Tr E‘T, “eay

TO TOJYYWTCR MepuoiuvecKas ¢ynxuua (c mepuomoM T), HO yxe
CYILIECTBEHHO OT/JMYHag OT BeJHunH Tuma (2).

¥
L5
o a8
7
\ \\
/AN \
4 = B\ 7 RN
/7 /"’ \\ /II ! \\\'
05T~ X — Lo - -
7N, 3 7 IR /
14 \ \ ) N F; \ A\ ’
7 NV NN VAN o | N N2V ;
g | N/ AT NN Y i
R NN N X i A o
A N\ i N 5
‘ﬂf . 7 "\. A ? ]/ -7 ', |4
B I, Fsin gt \, ‘\ i I/ | /
- Iﬂ L KUY ] A A
e S SN 2E IV 77 ISV 717
10 imu A NSl
B — | \ _ |
\
| ——— sint s sinit \ J/ \\
—— sint+fsindt +fsindt | ~J
15 1 1 L Lol |
Puc. 73.

Ilasi mpumepa MBI BOCIIDOM3BOXMM 3iech (puc. 73) croxeHHe Tpex
CHHYCOR/JaNbHBIX BEJUYMKH:

sint—'r-%sin 2t-{—%sin 3t

rpaduK 3TOH QYHKUMHM O CBOEMY XapaKTepy YXe B3HAuMTEJbHO pa3-
HUTCA OT cuHycoudel. Eme B Ooapie#t creneHu 3TO HMEET MeCTO Aas
cyMMBl GECKOHEUHOro psfia, COCTAaBJAEHHOTO M3 BEAWYMH Buia (2).
Tenepb ecTeCTBEHHO NMOCTaBHTb OOPATHEIR BOMPOC: MOXHO /W JIa H-
HY 10 NEpPUOIMYECKyl0 GYHKUHIO ¢ (f) mepuonda 7T NpEACTaBHTL B BHIE
CyMMbl KOHEYHOrO HJHM XOTH Obl OECKOHEUHOFO MHOMXECTBA CHHYCOM-
NanbHLIX BeAMuuH BuAa (2)? Kak yBHIUM HHXE, 1O OTHOWIEHHIO K J0-
BOJBHO WIHMPOKOMY Kaaccy ¢YHKUMH Ha 3TOT BOMPOC MOXHO AaTh
YyTBEPDAUTEAbHLH OTBET, HO TOJLKO €CJH TNPHBIEUL HMEHHO BCIO
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6ECKOHEUHYI0 [OCACHOBATENbHOCTy BeanyuH (2). Jlag  dynxuui
STOrO0 KJacca WMEET MECTO DPa3/JOMEeHHE B <«TPUTOHOMETDUUECKHH Psia»:

¢ () == Ay = A, sin (o }- ;) + Ag sin (20f - ay) +-
- Agsin Bot o) ... == A, - Z_ 1A,, sin(not 4-a,),  (3)

npuueM Ay, A, @, As %, ... CyTb NOCTOfIHHBE, HMeloUIHe OCOObIE
SHAuUEHHs IS KaxAOH TakoH ¢yHKHMH, 2 YacToTa @ Aaercs ¢opMy-
aot (1).

leoMeTpuyecku 5T0 03Hauaer, uTo epagux nepuodutecxol Pynxyuu
noaysaemca nymem HaarosceHus paoa cunycoud. Ecam xe wucroa-
KOBaTh KaXIYI0 CHHYCOUMANbHYIO BEJHUMHY MEXaHHYECKH KaK NpeacTaB-
JAIIOULYI0O TaPMOHHYECKOE KOJeGaTe/NbHOE [ABHKEHHE, TO MOXHO TaKXKe
CKa3aTh, YTO BAECh CAOMCHOE KoqeGanue, xapaxmepusyemoe Hyuxyuei
o (1), pazaazaemcs Ka omodessHble 2apMonnieckue KoaeOanus. B ceasu
C 3TUM OT/AE/bHHE CHHYCOWAAJbHLIE BEJIMUMHH, BXOAfUIME B COCTaB pas-
aoxeHus (3), Ha3BIBAOT 2APMOHUMECKUMU COCMABALIOWUME  DHYHK-
uun @ () nam npocto ee 2apmonnxamu (nepoH, sTopo#t n T. ). Camuit
e TPOIECC Pas/JOXEHHS NepUOAUUECKOR YHKIMEA Ha TapDMOHMKHM HOCHT
}{a3BaHHE 2aPMOHULECKO20 QHAAUSA.

Ecan 32 HesaasMCHUMYIO NepeMeHHylo BeIOpaTh

2nt

x=wt=7,

TO TOJAYUHTCS (PYHKHUS OT X:

FE@=e(F),

TOXKE NEPUOAMYECKas, HO CO CTAaHAApTHHM nepuoaoM 2w Pazmo-
weune (3) npuMeT BUA

F (€)= Ag-t- Ay sin (5 ) Ag sin (2 5) -
+Agsin@xta) b= Ak X Asinr o) @

PassepHyB uJeHH 3TOrO psaa 1o (opmysae s CHHYCAa CYMMH M
NOJIOXKHB
Ay=a, A,sina,=—a, A,c08a,=b, n=1,2 3 ..)
MHI TIDHAEM K OKOHUAaTeJbHOR (JOPME TDUrOHOMETDHUECKOIO PasiOMEHHS;
J(x)=ay-- (a1 c0s x - b, 8in x) +- (a3 cOS 2x +- by sin 2x) -
- (a3 c08 3x 4 b3 sin 3x)+-.,.=

:a°+n§1 (@, cos nx - b, sin nx), )
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B KOTOpOH Mbl Bcerma n Oylem ero paccMarpmeath *). 3neck YHKuus
OT yria X, uMeloulas nepuoi 2w, OKa3LBAeTCAd pPasNOKEHHOH MO KOCH-
HycaM ¥ CHHyCaM YIJIOB, KDAaTHHX X.

MBI npuIIM K pasnoXesur (PYHKUMH B TPHIOHOMETDHUECKHH psag,
OTNPABJAAAiCh OT MNEPHOAKUECKHX, KOJIeOaTe/bHHX ABJACHHH W CBA3AHHMIX
C HHMU BEJMYMH. BaoKHO ommemums, 00KaKO, yice ceidac, 4mo no-
0o6Hbte PASAOHCERUS HACMO OKA3WEAIOMCA NOACIHWMU 1 npu uUcCae-
dosanun PYHKYUE, 3a0aHKOLX AIWs 8 ONpedefeHHOM KOKELHOM npo-
MexcymKe U 808ce HE NOPONCOEKHNX HUKAKUMU KOoAeCamersHuMU
ABACHUSLMU,

397. Onpenesenne kos3dduunenToR no Merony dinepa— Pypre.
IOas Toro uto6n YCTaHOBHTb BO3IMOXHOCTb TPHUIOHOMETPHUECKOrO paa-
noxenuns (5) Ans 3amaHHOR yHkumu f(X), uMmeiomel nepuon 2w, HYKHO
HCXOAHTb M3 onpenesneHHOro Habopa KO3(PPBUMEHTOB aq, ay, by, g, by, ...
Mu yxaxem npueM Ijs onpeleneHHs WX, KOTOpHH BO BTOpOiH noJosnHe
XVIII Beka 6ua npumeHen JWAepoM W HE3aBMCHMO OT HEro B Hayane
XIX Bexa — ®ypee.

Eydem s8npeds npednosazams @dynxyup f (x) nenpepusnou uan
KYCcOo4HO-Henpepuigroli 8 npomescymie [— =w, x| **

HonycTnwM, uTo pasnoxeHne (5) MMEeT MeCTO, H NPOUHTErpHPYEM
€ro NOUYJIEHHO OT — T J0 =; MB NOJYUHM

S:‘f(x)dx=21ra0+ i [a,, fcosnxdx—{—b,, §sinnxdx].

- n=1 —_

Ho, kak Jerko BWIETS,

®
sin nx |®
Scosnxdx: =0
n —=x
—=
n ( (6)
k.3
Ssinnx dx=— S o,
n ]

L3

*) Ot 9T0Tr0 Pa3NOXEHHA, Pa3yMeeTcs, Ierko nepefiTH B CAyyae HanoGHOCTH
ofpaTHO K pa3JoxeHHio BuAa (4).

*¥) ¢ynkuua f(x) Ha3bBaeTcds KYCOUYHO-HeNpepDHBHOMN B npoMe-
KyTKe [a, b], eciu OHAa B HEM HelPePLIBHA, 32 HCKAIOUEHHEM KOHEYHOrO YHCAa TO-
yex, rne Hamuilo ckaukd. TakuMm o6pasoM, NpoMmexyTok [a@, b] pasnaraerca na
KOHEYHOE YHCAO YACTHUHWX DPOMEXYTKOB, B KAXIOM H3 KOTODHWX B OTHeNb-
HOCTH QYHKNuA f(X) CHIOWIb HENpEpHBHA, KaXe BKAIOYAA HX KOHINH,
€ClTH TaM 3AMEHHTb 3HaYeHWA QYHKIMH-—ee NpeleabHW MW 3HaUeHHAMH.
MoxHo npenctaBuTh cefe KYCOYHO-HENPEPHBHYI0O (QYHKNMIO KaK Ob <CKAIEEH-
HOH» H3 HECKOJbKHX HellpepHBHHX (PYHKIHA, C TEM AMLIL, YTO B «TOYKAX CTHKAY
(paBHO KaK M Ha KOHNAX MPOMENYTKA) €€ 3HayeHHsA YCTaHABAMBAKWICA o0coGo.
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[TosTOMY BCE W4JEHH MO SHAKOM CYMMH OyAyT HyJaMU, ¥ OKOHYa-
TeJbHO HaboeM

@y = 71"— S f (%) dx. )

Hng TOoro uroGH YCTaHOBUTbL BENHUMHY KO(DODHUUHEHTA @, YMHOXHM
ofe yacTH paeeHCTBAa (5), KOTOpOE MH BCE BpeMs NpeAnoaaraem
BLITOJMHEHHHM, HA COS /72X H CHOBAa TMPOWHTErpUpYEM MOUIEHHO B TOM XKe
MPOMEKYTKE:

b3

Sf(x) cos mxdx=a, S cos mx dx -

iy —x

o) b3 =
+ 2 [a,, Scosnx cos mxdx—b, Ssinnx cos mx dx].
n=1 —x

—x

[Tepenlt unen cnpaba ucyesaer suny (6). lanee umeeM

S sin nx cos mxdx=—;— S [sin(n+m) x4 sin(n — m) x}dx =0, (8)

S COSnx Cos mxdx =

% S {cos (n+ m)x -+ cos (n —m)x]dx =0, (9)
ecan n # m, U, HaKoHel,
*

S cosmx dx =

J 1 4+ cos 2mx
S-i—‘;——dx=n. (10)

Takam 06pa3oM, o6PaIIAOTCA B HYJb BCE MHTErpajH MoJ 3HAKOM CYMML,
KpoMe MHTErpaja, Npy KOTOPOM MHOXHUTENEM CTOHUT HMEHHO Ko3ddu-
UHEHT @, OTcloda 5TOT KO3hOdHUMEHT 1 onpelensercs:

am:% Shf(x) cos mxdx (m=1, 2,3, .,) (1

AHaJOTMYHO, YMHOXaA I[pelBapHUTENbHO pasnoxende (5) Ha sin mx
M 3aTeM MHTErPpUPYA [OYJNEHHO, ONpeleAuM KO3(DDHUUHEHT INpU CHHYCe:

b,,,=% "f(x)sin mx dx m=1,2 3, ..) 12y
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ITpu sTOM, KpoMe (6) u (8), Mn onupaemcs eme Ha Jerko npoBepse-
MBI€ COOTHOLIEHHS:
™
S sinnx sinmxdx =0, (13)
—z

ecau nEm, u

Ssin“mxdx:m (14)

dopmyant (7), (11) u (12) usBecTHH 1NOX uMeHeM gopmyr Siise-
pa— Dypee; BHYKCAEHHHE MO 3TUM QopMysnaM KO3(QPALMEHTH Ha3kl-
BAOTCH Koaghgpuyuenmanu Dypse NaHHOW (QYHKUMHM, a COCTaBJIEHHHH
C UX TNOMOLbI TpPUrOHOMEeTpHuecKu# psam (5) —ee prdom Pypse.
Pagamy Pyphe Mbl UCKJIOUATENbHO M OyldeM 3aHMMaTbCd B  HacTod-
LIEH raase.

Hagem Tenepb cefe OTYET B TOM, KaKOBa JIOTHYECKas LEHHOCTb NPO-
BeleHHbIX paccyxaeHnti. Tak Kak Mbl UCXOAWAM U3 MPEANOJNO KEHHUS,
YTO TPHUrOHOMETDHYECKOE pasfoxeHue (5) HMMeeT MeCTO, TO BOMPOC
O TOM, OTBEYaeT JM 3TO AeHCTBUTEJNbHOCTH, €CTECTBEHHO, OCTaeTCH
oTkpuTHM Ho ybGeauTenrbHsl JAu Te cooOpaxeHus, ¢ [TOMOLLbIO
KOTOpHIX MO npumepy Jiiiepa U Pypbe MH ONpeAedIn KO3(POHULHEHTHE
pasnoxenus (5), Aaxe B MPEANOJOKEHHH, YTO OHO OCYILECTBASETCH?
Mbl  N0/b30BAJHCh MOBTOPHO MOYJEHHHM HHTETrDHUDOBAHHEM
psda, a STa onepaums He Bcerda AossojutenbHa [n° 269] IlocTaTouHeIM
yCIA0BHEM A/ €€ MPUMEHUMOCTH SBJASETC] paBHOMEpHasf CXOMAH-
MOCTb psda Ilo3TOMy CTpPOro YCTaHOBJEHHBIM MOXHO CYHTaTh JHIDb
caeayioniee:

ecau gynxyus f(x) pazsazaemes 8 pagsroMepHo cxodamuiicn
mpuzonomempuveckui prd (5) *), mo nocaednuit Heofxoduso Gydem
ee padox Dypse.

Ecau xe ne mpeamosaraTs Haneped PaBHOMEDHOCTH CXOIHMOCTH, TO
HAlIM COOGpaKeHUs He NOKA3bBAOT Jaxe W TOTro, UTO (YHKIHUA MOXKET
pasnaratbci TOABKO B pan Pyppe. KakoB xe CMBICA NpPUBEAEHHBIX
coobpaneHuit? x MOXHO paccmaTpuBaTh JHMIMbL KaK HaBeJdeHHe [0-
CTaToYyHOE M/ TOro, uToGH B MOMCKaX TPUrOHOMETPUYECKOrO pasjoxe-
HUS AaHHOH (QYHKUWH HayaTh €€ € paga Pypbe, 00a3yace (yxe co BCewo
CTPOTOCTbIO!) YCTaHOBUTH YCJAOBHS, NDH KOTOPHIX OH CXOMUTCA U MpH-
TOM — UMEHHO K JaHHOH (YHKUHMH.

IToka e 3TO He CAENaHO, MH MMEeM MpaBo JHllL POpPMaNbLHO
paccvaTpupate psif ®yppe naHHOM dyHKuEM f(X), HO He MOXEM O HeM
HUYErO YTBEPMHAaTh, KPOME TOrQ, YTO OH <«MOpOXKZEH» ¢yHkmueh f(x).

*) 3aMeTuM, Y10 paBHOMEpHaA CXOAMMOCTh COXPaHHTCA W NPH YMHOXEHH A
BCEX YJCHOB pANla HAa OrpaHHUYyeHHbIE (p)’HKLlHH €Oos mx, s mx,
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A1y ero cBa3b ¢ dyHkuned f o6buHO 0603HauaOT TakK:

f(x) ~ay-+- 2,(0" cos nx 4 b, sinnx), (52)

uaberass 3HaKa DaBeHCTBA.

398. Oproronaabubie cucreMm dynxknuii. Wsaoxennoe B npean-
IyuleM HOMepe siBjseTcs 0OpasloM pacCymIeHHH, KOTODHMH 4YacTo NpH-
XOIMTCA M0/b30BaTbCAd B MaTEMAaTHUYECKOM aHAJH3€ NPHU H3YYEHHH MHOTHX
pasJoxeHuH.

Hasosem aBe ¢yHkmuu ¢ (x) u O(x), onpeaeneHHbe B NPOMEXYTKE
[a, b], OpTOrOHaJbHHIMH B 3TOM IpPOMEXYTKE, €CJAM HX [POH3BEACHUE
wMeeT HHTerpas, pPaBHRH HY 10

b
{e@pax=o.

PaccMoTpuM cucTeMy ¢yHkuul {o, (x)}, onpeldeneHHHX B NpPOMEXyTKe
[a, b] u HenpepbIBHBIX B HEM WJM, 0O KpaliHe# Mepe, KycoyHO-Hempe-
puBHHX. Ecau ¢yHKUMH AaHHOHM CHCTEMH IONAPHO OPTOrOHAJbLHBL

b
S ¢r (%) o (X) dx =0, (15)

(n, m=0,1,2 ..., n#£m)

TO ee HasHBAOT Opmo20HarsHOk cucmenmol ¢yHknui., Ilpn sToM MM
Bceraa OyleM NpeANoJaraTb, 4YTO

b
S o (¥)dx=1,>0. (16)

Ipu coGmozennu ycaosu#t A, =1 (n==0, 1, 2, ,.) cucreMa Hazw-
BAETCA HOpMaasHO. ECAN Ke 3TH yCJIOBHS He BHIIOJHEHH, TO NPH Xe-
Pn (%)

Vi,
AeT HOpMaJIbHOH.
BaxueHium npumepoM OpTOroHaibHOR cucteMbl ¢(yHKuuld Kak pas
U ABJMETCA TPHrOHOMETpUYecKas CHCTEMa

JaHUH MOXHO mepelT K cucreme { }, KOTOpas yxe 3aBeioMo O6y-

1, cos x, sinx, cos 2x, sin2x, ..., cosnx, sinnx, .., (17)

B 1POMEXYTKE [— =, ], KOTOPYIO MbI PacCMaTpHBalW BHIE, €€ OpPTO-
rOHaJBHOCTb caedyeT u3 cooTHowenuh (6), (8), (9) u (13). Oanaxo
nopMaiapHol oHa He Gymer Beuay (10) u (14). YMHOXad TpUroHOMETpH-
yeckne dynkuud (17) na HagnexauMe MHOXHUTENM, JIETKO [OJYYHTb
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HOPMAJIbHYI0 CHCTEMY:

! cos X sin x cos nx sin nx
V2_TE’ V;C—' 1;—, LR} ,V-; ] ,V-; P s

Ilycte B npomexytke [a, b] #aHa Kakas-HuGydb OPTOrOHaJtbHas
cuctema {p, (x)}. 3amanumca uebio pasnokuTb oOnpeienenHyio B [a, b]
¢dyukumio f(X) B «psd no QyHKuUAM ¢> BUAA

F ()= copo (¥) €11 () + ...+~ €9, (X) ... (18)

Ilas onpenenenus Ko3h@UUHEHTOB 3TOr0 pasioXeHWs, AONYcKas ero
BOBMOXKHOCTb, MOCTYMAM TaK, Kak Mbl 3TO CleNad¥ B YaCTHOM CJayyae
Bolie. MMenHo, yMHOXMB 0Ge uYaCTH pasnOWeHUs Ha @, (X), MPOMHTErpH-
pyeM €ro mnou/eHHo:

(17%)

[4 =] [
§ 70 emmar= Y ¢, | e om0 ax.

n=10 a

B cuny oproromancmoctd [cM. (15) u (16)], Bce wuHTErpajs cnpasa,
KpOME€ 04HOTO, GYAYT HYJAMH, M JETKO MOJAYYaeTCH:

4
C'":Xl;-Sf(x)q’"'(x)dx (m:O, 1, 2, ...) (19)

[popmyaw (7), (11), (12) sBamOTCA uvacCTHHMH caydasmu 3ToH dop-
Mysi].

Pan [18] ¢ kosdduunentamy, cocraBieHHsiMu no Qopmyaam (19),
HaswiBaeTc (0000wennsin) padosx @ypse NaHHOW GYHKUMM, 2 caMu
Ko3punuentst —ee (0000ueHnsLmu) KosPpuyuenmarnu @ypse 0THO-
cateabto cucTeMbl {¢, (x)}. Ocobenno mpocro BHrAAAT dopmyan (19)
B CIyuae HODPMAaJbHOMW CHUCTEMB TOrAa

]
Cm= Sf(x) o (%) dx. (19a)

Koneuto, 3gech MOryr OHTb MNOBTODEHB TE KE 3aMEYAHUA, KAKUMH
MB 3aKOHUWJM npeabiaymuit nomep. O6oGmenHnit psg dypoe, noctpoen-
Hf 1718 naHHOH yHkuuM f(X), cBISaH C Hew Julb GOPMAaJbHO.
U B oBwem cayuae cBA3b Meway ¢yukuned f(x) u ee (0606uieH-
HBIM) pagoM Pypbe 0603HAUAOT TaK:

o0
f(x)N; €nPn (X)- (18a)
CxomuMocTe 3TOr0 psima K GyHKuMH f(X), KaK H B CaAyuae TPUFOHO-
METPHYECKOTO DAfia, MOMJENHT elle UCCAEAOBAHHIO.
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§ 2. PA3JIOXXEHHE ®YHKUUA B PAL ®YPLE

399. Ilocranoska Bonpoca. Unterpan Hupuxae. ITycts f(x) Gy-
IET HenpepeBHAaR WM KyCOUHO-HENpepHBHas (YHKIMR ¢ NEepHoioM 2.
BuiuncauM nocTosHHue (ee Koadduunentni Pypoe):

am:% Sf(u)cosmudu, bm=% \‘f(n)sinmudu 0))

(m=0,1,2 ) (m=1, 2,3, ..)

M N0 HHM coctaBuM pax Pypbe HawmeH ¢yHKIuH

o0
a .
f(x)~7°+ 2 (e, cos mx -+ b, sin mx). ®)
m==1
UurtaTeJp 34MEYAET 3JieChb MajdeHbKOE OTCTyNJAeHue oT 06GosHaueHuft
n° 397: koadduuneHt a, MH onpenenseM Tenepr no obuwe#t popmyne
aas a, npu m=—20, B paspes ¢ dopmysoit (7) ynomsHyTOro HOMepa,
a
HO 3ato cBOGomuLH Y/JeH psla NHLIEM B Buie —2“—
3ameEyanue. Ecan ¢yskuus F(u) Kycouno-HenpepmBHa B J0GOM
KOHEYHOM MPOMEXYTKE M K TOMY e MMeeT NepuoA 2w, TaK yTo

F(u--2n)=F(w),

a-2n
§ F(©)du

no npomesxcymxy OAUNb 2w He 3asucum om a.
JleficTBuTeIbHO, OrpaHMYMBARCL CJAydaeM HenpepusHOH ¢yHkuua F,
nMeeM

TO geauduHra uxmezpasa

a4 2% 0 2r a -+ 2n
§ F(u)du=SF(u)du—{—§ F (u) du—- S F (@) du.
a 2

Ecau B nocaenseM uHTerpaze cAeaath NOACTAHOBKY u=2%-}f, To oH
NpUBeAETC K HHTErpajy

SF(t+2n)dt=§F(t)dt
0

¥ Jumb 3HaKoM OyIET OTAMYaThC OT nepBoro uurerpana. Takum oGpa-
30M, pacCcMATPUBAEMBIH HHTErpaj] OKAa3HBAeTCH PABHLM HHTErpany

2r

§ F(u) du,
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y®e He copepameMmy o. Jlerko pacnpoCcTpaHdTb STOT pe3yJbTaT M Ha
ciyyalt moOol KyCOUYHO-HENPEPHBHOH (DYHKLINU.

DTUM 3aMeuaHueM Mbl B nocieaymouem OyldeM mno/b30BaThCsd. B ua-
crtHoctH, u B dopmyaax (1), onpemensiomux Koapduunents dypoe,
wHTETpabl MOTYT ObITb B3ATHI N0 JIOOOMY INDOMEKYTKY MJIMHBL 27; Ha-
npuyMep, MoxHO Opio GBI nucath

2n 2n
am—_—:% S f(x) cos mx dx, bm=% § f(x)sinmxdx  (la)
b

(m=0,1,2 ..) (m=1,23,..)
H T. IL
Ilas Toro uto6H MCCAEAOBaTh MNoBeAeHHe pafa (2) B Kako#H-HuOyab
OMpefieNeHHON TOUKE X ==X, COCTaBUM YAOOHOE BBHIPANEHUE MIJ5 €ro
4aCTHYHOH CYMMBI

n
S, (%)= %"- + 2 (2, cos mxy -+ by, sin mxy).

[MoacrasuM BMecTO @, ¥ D, nmx uHTerpajpHeie BHpaxeHus (1) u nog-
BeleM MOCTOSHHB € YUCAA COS MX), SINmX, NOL 3HAK MHTErpaja:

8, (%) =§1— S (1) du -+

-+ 2 Sf(u) cos mu cos mx, -} sin mu sin mx,| du =

m=1

T

svf(u) —l—i cosm(u—xo)}du_

- m=1

Jlerko npoBepuTb TOXAECTBO

n
]7-}— 2 COS mo. ==

— it 2 [sm(m—l- )a—-—sin(m—%)a]}:

25m—— m=1

2
sin (2n + 1)%

. [+
2 sin 7
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Bocnosb3oBapuiuce UM 175 npeoﬁpasosaﬂmx MOABIHTEFPANLHOIO Bhi-
paXCHHA, OKOHYATEC/JbLHO MOJY4YUM

™

s ==\ f® du, @
D 2

—_T

DT0T HHTerpal OOGHIKHOBEHHO Ha3BIBAOT uHmezpasos [upuxae (XOTs
y dyppe OH BCTpevaeTcs Topasao pasbuiel).

Tak xak Mpl uMeeM 3fech Aesq0 ¢ QYHKUMAMH OT ¥ nepuota 2w, TO
NPOMEXYTOK HHTETPUPOBAHMS [—m, =] NO CAEJAHHOMY BHIUE 3aMeua-
HHIO MOXXHO 3aMEHHTb, HalpuMep, NPOMEXYTKOM [Xxy — w, Xo- =

Xo+m
sin (2n -+ 1)%

1
Sp (x()) = =~ f(u) 9 sin w—x, du.
2

Xo—*

INoacranoBkoR £ ==u — x, npeobpasyeM STOT HHTETPast K BHAY
? !
1 sin (n—i— 5) t
spxy=—\ fla+t ————at.
2sin ¢
Y 2

ki 0
33T€M, pa36naaﬂ WHTETpaJT Ha [ABa: S—[—- X, W NpHBOAA BTOpOH HHTE-
0

—
rpaj nmyTeM H3MeHEHHd 3HaKa mnepeMeHHOH Toxe K npomexyTtky [0, =],
npuaeM K TAaKOMY OKOHUAaTEJbHOMY BBIPAXKEHHIO 1A UaCTHUHOH CyMMbl
paaa Pypee:
"
1 sin (n + —;‘)t
Spsx)=— \ o+ +flxg—8)] ——————dt. (4

2 sin 7t

Takum o06pa3oM, den10 CBOAWTCS K HMCCIACAOBAHHIO TIOBEAEHHS HMEHHO
9TOrO WHTETpaja, colepiallero napamerp n. Csoeobpa3ue npedcmas-
anpuelics 30ecy 3adadll 3aKAO4AEMCST 8 MOM, MO 8 IMOM caydae
He Mooem Obme UCNOAb30BAH npedessHuill nepexod nod 3HaAKOM
unmezpasa *), Koropufl o cux nop [cm. rnasy XVII] cayxun Ham

¥) B maHHOM CIyyae NOAMHTErpanbHOE BHIPAKEHHE NPH n — CO BOBCE He
uMeeT npejena.
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€JMHCTBEHHNM CPEACTBOM JIA pa3biCKaHWA TIpefiela MHTErpana, Co-
nepxauiero napamerp. M ¢ Takum nojoxeHuneM sewied HaM B 3TOR
FJ2B€ MPHACTCA CTaJKUBAThCA CHCTEMATHUECKH.

400. Ocnosnas semMma. [Ilpexae yeM npPOMOMKMTIB Halle HCCaENO-
BaHue, NOKaXeM Caelyloliee BaxHoe J[Jas JAajbHeHllero yTsepxieHue,
KOTOpO€ NpUHAMNEKAT PuMany:

Ecau ynxyun g(t) Henpepsisna uau Kyco4HO-HENPEpbLIBRA 6 He-
KOmopom KoweinoMm npomesxcymre [a, b), mo

b
lim \ g(f) sinpt dft =0
D~ Y
U, QRAA0RUHHO,
b
lim \ g(f)cos ptdt=0.

©
Land ol 4

HokaszarenbCcTBO [OCTaTOYHO MHPOBECTA IJd TEPBOTO H3 3THUX
npenesos, Npeanoaaras QyHKuuw g{f) HenpepuBHOH.

3aMeTHM NpefBApPUTE/bHO, YTO, KaKOB On HH OnJ KOHEUHHH mnpo-
MeXyTOK |a, B], MMeeM Takylo omenky:

’fsinptdtlzrw <%. 5)

Paso6oem npomexytoxk [a, b] Ha n uacTel TOUKaMM
a=t0<t1<...<t,<ti+!<,,.<t"=b (6)

U B COOTBCTCTBHH C 3THM DAa3JOXHM W HHTErpan

b n—1 fiy
Sg(t) snptdt= N \ g(t)sinptdt.
a

e
=07,

OG6osHauns uyepes m; HamMmelbliee M3 3HaueHu#t g(f) B I-M npoMexyrke,
MOXHO TNpeoOpasoBaTh 3TO BHPAaXEHHE Tak:

b n—1 f,';H n—1 f1+1
Sg(t) sin pt df = )s (g@®—msinptdt+ Y m S sin pt dt.
a =0 1 =0 fl

Ecad o; ectb KoneGanue ¢yHkumn g(f) B {-M NpOMENyTKe, TO B €ro
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npenenax g(t)—m;<Cw; C yueroM Hepasenctsa (5) Temepb Jerko
NOJYUNTh AJS HALIETO MHTETpana OLEHKY:

b n—1 n—1
. 2
t tl\ ¥ 2y
|§g()smptd <i=0w,At,—|—pi=0|m,

3anaBWHCL NPOM3BOABHHM uncioM & >0, BuGepem cHayana ApoBae-
13
nue (6) Tak, yro6n GELIO “"<2(T—'a—)’ TaK 4TO

n—1

Zw,At,<—;-;
i=0

STO C/€NaTh MOXHO BBHIY HENpEPHBHOCTH (yHkuuM g. Teneps, Tax
KaK 4uCaa m; TeM CaMHM yXe onpeAeeHbl, MOXEM B3iTh

l’>‘:*z.|”’i|

H AJ8 3THX SHaAyYeHu# p HOle‘lHM
b
, Sg(t) sin pt di ‘ <e
a

YTO M JOKA3HBAET Hallle yTBEpXAEHHE,

My ofpamaem BHuManue uHTaTens Ha To, yTo yxe smech npeaens,
K KOTODHIM CTPEMATCA MHTErpajinl, YCTaHOBJIEHH NOMMMO Npefe Jb-
HOTo nmepexola NMOX SHAKOM HHTErpaJa.

Ecau secnomnuts dopmynn (1), Bhpaxamouine kosdduuuenTs dypre,
TO B KaYeCTBE NEPEOTO HEMOCPEACTBEHHOTO CJIEACTBHS OTCIOAZ MOJY-
YaEeTCA yTBEPXKACHHE:

Rosgppunuenmer dypve a,, b, Kycosno-xenpepssnod dynrguu
RpU M — OO CMPEMAMES K NYAK.

401. TlpuHuMn AOKaNUBALUK. BTOPHIM HEMOCPENCTBEHHMM Xe cien-
CTBHEM JOKAa3aHHOM JIEMMHE SBJSETCA TaK HASHIBAEMBH <MPHHIMI JIO-
Kanu3anuns.

Bass nponssosbHoe nosoxmrensHoe umcao 8<w, pasoGbeM unte-

k3 k3

8
rpan B (4) Ha Asa: §=S—|—§ Ecan Bropodl w3 Hux nepenucats
0

B Bufe
% §f(*"o+‘)+f(x°_t) sin (n -{—%)tdt,

2sin 7’:
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TO CTaHET SCHO, UTO MHOXWUTCJAbL NPH CHHYCE
S+ )+ F(x—1)
2 sin % t

ABJASETCS KyCOYHO-HENpEPHBHOH (yHkuued oT £ B npomexyTke [3, =),
u60 TakoBa (QYHKUMS OT £, CTOAIAA B YUCJAHTENE, B TO BpEMs Kak

.1
sHaMeHaTenbp 2 smft, He ofpamawomuiica B HYJIb B 5TOM JIPOMEXYTKe,

COXpaHfET HENpepnlBHOCTb. B TakoM c/ayyae MO JIeMMe 3TOT HHTErpan
Tpu n— 0O CTPEMUTCA K HyJlo, TaK YTO W CaMO€ CYIIECTBOBAHHE Rpe-
Jena Aas vacTuyHo# cymmbl paga dypwe, s,(Xg), W BeAHuMHa 3TOro
npelesa LEJHKOM ONMpEIeNAloTCs MOBEAEHHEM OMHONO JMWIL HHTErpana

8 sin (n—l—%)t

2 sin —2—t

Ho B 5TOT wWHTErpaj BXOAST JMWbL 3HaueHds (yHKuUMM f(x), oTBEuaio-
A€ W3MEHEHNI0 apIrYMEHTa B IIPOMEXKYTKE OT Xo— 8 M0 Xo—F3. IdTuM
MpocToiM  coO6paxKeHueM M JIOKa3HBaeTCd  <«MPHHIMI  JOKAJH3allHKy,
COCTOALIMA B CJAEAYIOIIEM:

Teopema. [losedenue pada PDypse dynxyuu f(x) 8 Hexomopoli
moure X,*) 3asucum UCKAOLUMEABRO OmM 3HA4eRUll, npURUMAeMNX
amoli ynxyuell & Henocpedcmsernoll Gauzocmu paccuamplugaemol
mouxu, T. €. B CKOJb YrOAHO MaJo#l ee OKPEeCTHOCTH.

Takum oO6pasoM, ecau, HanpuMep, B3siTb JABE (YHKLAH, 3HAYEHHA
KOTODBIX B MPOM3BOJIBHO Majlo# OKPECTHOCTH X, COBMAJaioT, TO KakK 6H
OH¥W HHM DPAa3HHJAMCH BHe 3TOH OKpPECTHOCTH, COOTBET-
cTByollMe 3TUM (YHKIMAM paan Pypbe BelyT ceba B TOUKE X, OAH-
HakoBo: an60 o06a CXOAATCS, W NPUTOM K OJHOK u TOH Ke CyMme,
au6o o6a pacxodsrcd. DTOT pesyabTaT NOKamercs eme 60/ee pasuTeb-
HEIM, €C/IH MOMYEPKHYTb, YTO CaMble ko3dduuueHtnl Pypre paccmaTpu-
BaeMHIX (YHKIMH, 3aBUCAIME OT BCEX HUX SHaueHu#, MOryT OKasaTbCH
COBEPLIEHHO DPAa3JUUHBIMA!

Ara TeopeMa OOBIYHO CBA3HIBACTCS C uUMeHeM Pumana, n6o spasercs
cnedctBueM GoJsee ofuief ero TeopeMsl, Jdokadanuo# B 18353 r. Cae-
AYET, OJHAKO, OTMETHTb, UTO WMAEA <«MPUHIKNA JIOKAJH3alUH» CONEPHHUTCA
ywe B oAaHoH pabore Ocrtporpaackoro 1828 r. mo mMatemaTuyeckoH
({usuKe, a TaKxke OTpameHa B uccaedoBaHnsx JloGauesckoro 1834 r.
M0 TPUTOHOMETPHUECKHM DsadaM,

402. NpencraBnenne GyHkuun psaom Pypoe. Bosppatumcd k npe-
PBaHHOMY MCCJIEJOBAHHMIO IIOBEJEHUS YaCTHYHOH CyMMBl S, (X,) psaa
dypbe, Aasz KOTOPOH MH HOJAYYWIM HHTerpaibHOe RpeacTanienue (4).

1

0 () =;6§ f (o =0 47 (g — )] it ()

*) Mbl MOHMMaeM TOA 3TUM CXOAMMOCTbL MIY PacxoauMOCTh pafia B TOUKE X,
a TakiKe¢ HAAHYHE JIA HEro —B Cayyae CXONUMOCTH — TOR HMAM WHOH CYMMHL.
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Hanowum Teneps Ha d¢ynkunio f(x) Gonee Tawenoe TpeGoparnue,
4 UMEHHO — npednoaodcuM ee KycowHo-Oupdeperyupyemoi 8 npose-
scymre [— =, w]*).

Torna umeer mecro obuias

Teopema. Ecau gynwyus f(X) ¢ nepuodom 2m wycouno-dugghe-
penyupyema 8 npomexcymre [—=, =], mo ee pad Dypse 8 Kasdol
mouke X ==x, CX00UMCR U umeem cyMMmy

S S+ 0)+f(x,—0)
[ 2 .

Ama cyxma, ovesudno, pasna f(x,), ecau 8 mouke x=—x, BYREGUR
HenpepsLena.

HJoxasaTEAbCTBO. OTMETHM, uTO paBeHCTBO (4) uUMeeT MecTo
A Kawnao# dysknuu f(x), yEOBAETBODSIOWEH INOCTaBJAEHHHM YCJ0-
pusM. Ecam, B vacrdoctd, B3ate f(X)=1, 10 S,(¥)=1, u us (4)
NOJYYdM, YTO

z g L
1=%SM# ®
0

VMuowag o6e YacTH STOrO paBeHCTBA Ha MOCTOAHHOE YHCAO Sy H
BHUHNTas Pe3yJbTaT u3 (4), HaitaeM

() —S== | Vet O+Sro——
0

sin (n—l— —%—) t

2sin- ¢
"3
An9 HawieW neaqH HYXKHO HOKasaTb, YTO HHTErpan clpasa mpu n— co
CTPEMHTCH K HyJIo.
IIpencrabuM ero B Bufe

—J(%o+0) —f (0 — )] dt;

=

L § g(t)sin (n+)tat, ©)

*) ¢ynkuua  f(x) HasmBaeTcA KYyCOYHO-IMpdepeHnupyeMoH
B NMpoMexyTKke [a, b], ecaM 9TOT MPOMEEYTOK pasnaraercs Ha KOHEYHOE YHCIO
YaCTHYHHIX MPOMEXYTKOB, BHYTPH KOTOPHX (YHKUHs NuddepeHuypyema, a Ha
KOHIaX He TOJABKO HMeeT mnpelefbHBE 3HAYEHHSA, HO H ONHOCTOPOHHHE NPOH3BOA-
Hble, NPH YCNOBHH 3aMEHH Ha 3THX KOHLAX 3HAYEHHH QYHKIHM YIIOMAHYTHIMH
npenenbHRMK 3HaYeHHAMH. MOXHO NMPEACTaBHTh ce6e KycouHo-auddepenyupye-
MY QYHKUMIO KaK 6B «CKIeeHHOH» U3 HECKOMbKHMX QYHKIHH, AHddepeHuupyeMbX
(a crenoBaTeNbHO, H HENPEPHIBHNX) B 3aMKHYThIX YACTHYHHX NMPOMEKYTKAX C TeM
AHIUb, YTO B ¢TOYKaX CTHKa» (PaBHO KAK W Ha KOHUAX 2 W § OCHOBHOrO mpo-
MeXyTKa) ee 3HAYEHHA YCTaHAaBAHBAWTCA 0COGO.
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rae I1noJ0XEHO

Ly

gt)= [f (x,+1) ’t"f(xo +0) ___f(xo"‘ t):tf(xo—O)J 2 —; (10)

Sinft

ecid OH Ham YAanoCh YCTAHOBHTb, YTO 39Ta (YHKUHA KyCOUHO-HEmpe-
pHiBHa, TO u3 JeMMH 1n° 400 crenoBano OH yxe, yro unterpaa (9) uMeer
npeaenoM Hyab npu n-—oo. Ho B mpomexytke (0, =] ¢yHxuns g(f)
BOOOIE HENpEPHBHA, 3a HCK/AOUEHWEM DasBe JHIb KOHEYHOTO YHCJA3
TOueK, I/le OHa MOXeT MMeTb CKauku — u6o TakoBa QyHkuus f. Ocraer-
€l OTKDWTHM JHIlb BOMPOC O MOBeAeHWH Gynkuun g(t) npu £ 0.
MBI JOKaxeM CyllecTBOBaHHE KOHEUYHOTo mpelena

lim g)=K;

{40
nonoxue toraa g(0)=K (2o cux nop 5TO SHaueHHE OCTaBan0Ch ¢op-
MaJbHO HeonmpefeseHBEM!), MH B Touke f{==0 nojayuum HempepHBHOCTS,
W MPUMEHEHHE JEMMB OKaxXeTcs ONpaBHaHHBIM. Ho BTOpOH MHOXHTEb
B npapo#i yactu pasenctsa (10) ABHO uMeeT NpeneloM exuuMUy; 00pa-
TUMCA K BBIDAXEHHIO B KBaJpaTHHX CKOOKax.

I[lycTs, A NMPOCTOTH, CHAaYaJa TOYKA Xo JEKUT BHYTPH NpOMe-
WyTKa, rae ¢ynkuua f(x) anddepennupyema. Torna f(x,- 0)=
=f(xy— 0)=1(x), ¥ Kamaoe H3 OTHOMEHHH

f X3 1) —f(x,) flxe—10)—f(x0) 11)

t ! —t
crpemurcs K mpeseny f'(xy), a [...]—x nymo. Ecau xe x, ects
«TOUKa CTHKa», TO MPH 3TOM OHA MOMET OKa3aTbCi KaK TOUKOH He-
NPEPHIBHOCTH, TaK M TOYKOH paspuBa. B nepsoM cayuvae MH onarb
CTOJMIKHEMCA C oTHOWeHHsAMH (11), HO oHH OyAYyT CTPEMHTBCH Ha STOT

i

i
'
0i z z 0l Z z
o ]
Puc. 4.

pas K Das/MYHBIM INIDEENaM, COOTBETCTBEHHO — K TNPOH3BOZHOH CrmpaBa
M K 1npousBofHOH caesa (puc. 74, a). K aHanornyHomy pesyabraty
NpUAEM M B Cayyae DaspuiBa, HO 37eCb 3HaueHue f(x,) 3aMeHWTCH 3SHa-
yeHusMy f(x,=0) Tex ¢yHkumf, OT «CKJIEHBAHHA» KOTOPHIX noayyu-
JlaCh [JaHHas, a NpeAe]aMu OTHOWEHWH OyIyT OZHOCTODOHHHE MpPOM3-
ROMHBIE YMOMSHYTHX (YHKIMH npun x =X, (uept. 74, 6).

Wrak, Hauwe sakmouenue CMpapefJMBO BO BCEX Caydasx.
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403. Cayuait uemepHomnyecxoli ¢pyHxuud. Bca noCTPOEHHAs BHie
TEOPKS UCXOAuJa U8 MPEANONOWKEHHs, YTO B8ajgaHHas QyHKUUA onpele-
JeHa JJ BCeX BEIECTBEHHWX 3HaueHH# X W NPHTOM uMeeT meproi 2.
Mexay TeM vaule BCero NPHXOIMTCA HMETh HeJO ¢ HenepHOARYe-
ckof ¢yHkume#t f(x), MHOM pas Jaxe 3aZaHHOR TOJABKO B MpOMe-
KyTKe [—*, =]

Yto6n HMETb MNPaBO MNPUMEHHTb K TaKOH GYHKUMM W3JIOXEHHYIO
TEOpHIO, BBENEM B3aMEH Hee BCNOMOraTenbHyl ¢yHkumio f* (x), ompe-
AeneHnylo caepyiomnM o6pasom. B npomexyTke (— =, ®] MB OTOXUe-

craseM f* ¢ f:
fF)=r(x) (—rlxr<m), (12)
3aTeM MnojaraeM
fE(—m)=[*(m)=f (),

a Ha OCTaJbHHE BEUECTBEHHHE 3HAYEHMA X PacupoCTPaHseM (yHKIHO
S*(X) no 3aKOHy NEPUOAHUYHOCTH.

K mocrpoenHo#t Takum oGpazoM ¢yHKHuM f*(x) c nepuogoM 2%
MOXHO YXe NpPHMEHATb JOKa3aHHyl0 TeopeMy pasnoxenns. OnHako,
€C/AH peyb HAET O TOYKE X, JAexameR CTPOro Mexay
—= u %, 70, BBHAY (12), Ham npuwaoce Gx UMeTb Aeno JHIIb C 3a-
naHHo# QyHkumedt f(x). ITo Toft e npHumHe M KO3(pPUIHEHTH Pasno-
HEHHS MOXHO BHUHCASTL no QopMyaam (1), He mnepexoas K ¢yHK-
il f* (x). Kopoue rosops, 8ce 0oxazawnoe B8bime HenacpedcmseHHo
nepesocumces Ka 3adannyo @ysxyuo f(X), MuHys BCNOMOTaTeIbHYIO
dyskunio f* (x).

Oco6oro BHUMaHHMs, OAHAKO, TPEOYIOT KOHUB NpPOMEXYTKa x=_t m.
Tlpu npumenenuw Kk ¢yHkuun f*(x) Teopems n° 402, ckaweM, B TOu-
K€ X==m, HaM MpUIWJOCh OH HMETb HEJNO KaK CO 3HAYECHHAMH BCMOMO-
rarefbHolt QyHkumH f*(x) caneBa OoT X===, rle OHH COBNAAAOT
C COOTBETCTBEHHHIMH B8HaueHusMM JaHHOH ¢ynkumn f(x), Tak u co
3HaueHusMn J¥(x) cupasa or x===, 20e¢ oHu cosnadawm yxice
co 3nasenunmu f(x) cnpasa om x—=—=. HostoMy ana x= tr B
KayecTBe SHaueHus S, Hamnemano OH B3ATH

S.,=f*("+°)jf'("—°)= f“(—1:+0)2—|—f‘(1:—0) —
— f(—v=+0)2+f(n—0) )

TakuM o6pasoM, ecau sagaHHas ¢yHkuus f(x) naxe HempepHBHA
npu x==ot T, HO He UMeeT mepuona 2= Ttak uro f (%) # f(—=),
To — npu  cobmolennn TpeGopaHus KycouHolh auddepeHunpyeMocTd —
cymmolt pama Pypee Gyner uyucio

S 7‘)2+f (=) ,
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orimuHoe Kak oT f(— =), Tak u oT f(x). Has Taxo#t dyHKuuu pasmo-
KEHUe MOXET AMEeTb MeCTO JHUIlb B OTKDHITOM NpOMexyTke (— T, 7).

Crefyloulee 3aMeyaHHe 8ac/JyxWBAET CEPbE3HOTO BHHMAHHR UYMTAaTeNd.
Ecan rtpuroHomerpuyeckuft psi (2) CXOAMTCA B NpPOMeXyTKe (— %, =]
K @yHKuuH f(x), TO BBHAY TOTO, YTO €ro0 UYJEHH HMMEIT NEPHON 2w,
OH CXOMMTCA BCIOAY, H cymMMa ero S(x) oka3mBaeTcs TOXe NEpHOAU-
ueCKkOH QyHkuue#t oT x c mepuolloM 2%. Ho sma cymma GRe YKa3aH-
Ho20 npomescymra 80o0ue yauce He cosnadaem ¢ dyrxyued f(x)
(ecim nocnefnss Owaa 3afaHa Ha Bcelt BemecTBeHHOH# ocu). Humwe aTo
3amMeuaHue OyleT NPOHIMOCTPHPOBAHO NPHMEPAMH.

OTmeTnM, HaKOHEN, YTO BMECTO TpoMexyTka [—m, ©] MOXHO
Obi10 OH B3STh MOGOH TPOMEXYTOK [, & - 2x] AauHE 2.

404, Cuyvait npou3BOJALHOrO RpoMexyTKa. IlpeanonoxuM, uTO
oynxuna f(x) sagaHa B npoMexytke [—/, /] npouaBoJbHOR AMMHE 2/
1 KycouHo-Audpepenunpyema B Hem. Ecau npuberHyTh K NOACTAHOBKE

x=17":— (—r<<y<nm)

TO MOJyuyHTca GyHKuus f (1%) OoT y B npoMexytke [—, =|, Tome

KycouHo-AntdepeHunpyemas, K KOTOPOH yie NPUIOKUME PACCMOTDPEHHS
npeabaymero Homepa. Kaxk mel Bufiesn, 3a UCK/IIOUEHHEM TOYEK Pa3pHBA H
KOHUOB — T, T NPOMEXYTKA, MOKHO pasJOXuTh ee B pad Pypbe:

1 [oo]
f(%) = .a2—° - Z, (a, cos ny -} b, sin ny),
Ko

Ko3thduUIeHTH KOTOpOro onpefensorca dopmyaamu SHaepa — Oypoe:

a,,=%_§ f(—%) cos ny dy, b, =—11; S‘f(%) sin ny dy.

n=0,1,2..) n=12 3 ..)

Bephemca Teneps K mnpexHeit nepeMenHoH X, moJaras
y==-

Toraa mm noayuum paspowenne SafaHHOH dyukuud f(x) B TpPHrOHO-
METPUUYECKHH DSA HECKOMbKO H3MEHEHHOrQ THMa:

f(x)=%+i(a,, cos"%v—}—b,, sin"%v). 13)

ne=}
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X
To
Moxuo 6b10 GW u opMyaB Aas onpeseneHus KOSQMUILUEHTOB STOrO
pasnoxeHns npeo6pas3osaTh TOH e MOACTAHOBKOH K BUAY

31ech KOCHHYyCH ® CHHYCH OepyTcs OT yriioB, KDATHHX He X, 8

1] 1]
a, = Sf(x)cos’l’;—"dx, b= Sf(x) sin ", (14)
-1 —1

(n=0, 1, 2,..) (n=1,92 3,..)

B oTHOlIEHMH KOHUOB NMPOMEKYTKA X ===t/ COXpaHMOT CHIy 3ame-
YaHus, CAeNaHHble B NPEAbIAYLIEM HOMEpE OTHOCHTENbHO TOuek x =k x.
Koneuno, npomexyrtok (—/, /] Moxer OnTb 3aMeHeH MOOHM ADYTHUM
NPOMEKYTKOM AJMHH 2/, B yacTHocTd, mpomexytkom (0, 2/]. B mocnen-
Hem ciayuae ¢opmyasl (14) Ao/mKHB OHTL SaMeHeHs! (GOpMyaamu

2 A
ap = {Flo)cosSEdx, b, =1 {Feosin Fax. (40
0 0

n=0,1,2..) r=1, 2, 3,..)
405. PasnoxeHne TOJAbKO MO KOCHAYCAM HJAH TOJABKO IO CHHY-
caM. Haunem co ciaeAyrollero saMeuanus: eCad 3aJaHHas B NPOMEKYTKe

[—= =] (HenpepniBHas wau, TO KpaliHe#l Mepe, KYCOYHO-HENpPEpPHIBHAsS)
¢ynkuus f(x) Oyrer neueTHOH, To AJA Hee

®
S F(x)dx=0.
-1
T
B sTOM nerxko yGeauTbesl, TPEACTABUB MHTETpal s‘ B BUIE CYMMb WH-
__.1:

® 0
TErpanos: S—I— S H 3aMCHHUB BO BTOPOM M3 HHX X Ha — X. TakuM Ke
0 —n

NyTeM YCTaHaBAUBAETCH, YTO B CAyuae YeTHOHR ¢yuxunn f(x):
Sf(x)dx=2 Sf(x) dx.
'z 0

Iycrs Temeps f(x) Oyzer KycouHo-auddepeHuupyeMas B npome-
WyTke [— =, ®] yeTHasn ¢yHkuus. Toraa npousseldenue f(x) sinnx
OKaMeTcd HEYETHOMN ¢yHKuneld, 0 N0 CKa3aHHOMY

b,,=% Sf(x) sin nx dx =0,
-z
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Takum oGpasoy, prd Dypse demnoli Gyrrguu codepicum OOHU ANILS
KoCUHyCH:

f)y=% >+ Z‘, a, Cos nx. (15)

Tak Kax f(x)cosnx B 9TOM ciyuae TOXe OyZeT 4eTHOM OyHKuuef,
TO, NPUMEHMB ClOJla BTOPOE M3 CAEJaHHBIX BHINE 3aMeuaHul, MoxeM
KO3 DHUILHEHTH @, DasJOXEHHs HamucaTh B BUAE

a, =% Sf(x) cos nx dx (n=0,1,2..) (16)
¢

Ecay xe ¢ynkuus f(x) Oyler HeyeTHOH, ToO HeueTHOH Oy-
Jder u dysxuus f(x) cos nx, Tak yro

an=% Sf(x)cosnxdx:O n=0,1, 2,..)

Mub npuxomuM K 3akmoueHuio, yto pad Dypse Hewemnol Gyuwuyui
codepacim OOHU AUWLL CUHYCH:

f(x)= f_‘l b, sin nx. a7

n=1

Ilpu 5TOM BBHAY YETHOCTH NpousseleHHs f(X) Sim7x MONKHO NMHUCATH:
k3
by =%§f(x) sinnxdx  (1=1, 2, 3,..). (18)

OTMeTHM nONmyTHO, uTO KawZad dQyHkuua f(x), safanHag B npoMe-
Kytke [—, ©], MoxeT OHWTL NpEACTaBJAeHa B BHAe CYMMH 4YeTHOH H
HEYeTHOH cocTaBasmoWux QyHKut:

F @) =f(x)+fi (%),
rae
fi()= f(x)+f(—-x) fg(x)=f(x)—£(—x).

OueBugHo, 4TO paA bepbe oyHkuuu f(X) Kak pas M COCTaBHTCH 43
Da3/IOKEHHS MO KOCHHycaM (yHKumu fi(X) ¥ pAsNOKEHUs N[O CHHYCaM
dynxunu fo (x)-

Ipennonoxum, Aatee, yTo QyHKuHa f(x) 3afaHa AHWb B NPO-
mMexyTKe [0, ] Xenas pasnokuTe ee B 3TOM NPOMEXYTKE B Pil
dypre (2), Ml AONMOJAHHMM ONpEAE/icHUe HameH QysKuuu Aas SHaye-
Hult x B npomexyrtke [—w, 0) no mnpomusBoLy, HO C COXpaHEHHEM
KycouHolt muddepennmnpyemocTn, a saTeM nmpuMeHHM ckasaHnoe B n° 403.
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INomuepkHyTwH# BHIle NPOHSBOM B onpefeieHAn GYHKUAH JaeT BO3-
MOXHOCTb TOJYYHTh TaKUM NYTEM DA3/MUYHHE TPUTOHOMETPHYECKHE DRAHL

MosHO uCnOAb30BaTL NPON3BOJ B ONpefeseHHd (YHKUMA B TpOMe-
KyTke [—=, 0) Tak, utoOn moayumth Ana f(x) pasjaoxeHne TOJAbKO
N0 KOCHHYCaM WM TOJbBKO NO CcHHYCaM. JleicTBATEBHO,
npeacrapuM cebe, yto A1 0<x <<= Mu no-

Jlaraem y
J(—x)=f(x), (19 A
\‘ Paar
\ /
TaK 4TO B pE3yJbTaTe MNOJYYATCA YeTHad ~-
QyHKHA B npoMexytke [—m, ®) (puc. 75,a). 7 77
Ee pasnoxenne, Kak MH Bulean, Oyier cojep- 2
XaTb OQHH TOAbKO KOCHHYCH. KosddmuneHTH ¥

Pas/NOXEHH MOXHO BHUYHMCAATL MO dopMmynam
(16), xyma BXOAAT JHIUb SHAYEHHA MEpBOHA-
YaJbHO 3aflaHHOH QyHKuMM f ().

AHa/IOruyHO, ecaM NONOAHHTb ONpeleNeHHE -7

§_---._--

dyuxunn ycaosueM (mas 0<x<<m) i 0 z
I, \\\
f(—=x)=—f(») @) i/ M 8
{
Tak, uTOGH OHa OKasazaCb HEYETHOH Puc. T5.

(puc. 75,6), TO B ee pazaoxeHan Oyayt
YYaCTBOBATb TOJBKO 4WJEHH C cuHycamH. KosdduuueHTH ero ompene-
aawotca no dopmyaam (18).

Taknum oGpasom, 3adannyio 8 nposesxcymxe [0, =] Pynxyuo npu
COOAI00eHUL U3BECMHBLX YCAOBUL OKA3BBALMCE BO3MONCHWM pa3na-
2ams KaK 8 pAO NO KOCUHYCaM, MaK U 6 psd Nno CUHYCAM.

Oco6oro uccaenoBanus TpeGyloT, BNpoueM, TOUKE X=0 0 x=r.
3nece 06a pasnoxeHHs BeAyT ce6s mno-pasHomy. Ilpexnonoxmm AJs
MPOCTOTH, 4TO BajaHHaR ¢yHKumMa f(x) HenpepwBHa npn x==0 H
X==7, M pPacCMOTPUM CHa4aJa pasJOXeHHe MO KOCHHycaM. YcaoBHe
(19) npexne Bcero coxpaHseT HenpepHBHOCTh mpn x—0, TaK
yto pax (15) npm x=0 Oymer cxommrbci umenHo K f(0). Tak Kak,

nanee,
f(—r4+0)=f(r—0)=/(x),

TO H NPA X =7 UMEET MECTO aHAaJOTHYHOEe OGCTOATENbCTBO.

WHaue o6cToMT neno ¢ pasioxkeHueM no cuHycaM. He Baasascs
B cOOOpaxceHUs OTHOCHTENBHO HapylLleHHs HeMpepHBHOCTH ycaoBdeM (20)
M T. M, MH TNPOCTO 8aMeTHM, YTO B Toukax x=0 B X== cyMMa
pana (17) sBHo Oynmer HysaeM. IlosToMy oOHa MOXET HaTh HaM 3Haue-
nus f(0) u f(x), oueBWAHO, JHIIBD B TOM CJyuyae, €CJH M 3TH 3HAYeHUd
PABHH HYJIO.
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Econ dynkuns f(x) samasa B mpomexytke [0, /] (/>>0), T0, npu-
OerHyB K TOH e 3aMeHe mnepemeHHOH, uto U B n°404, Mb cBemem
BONPOC O DA3JOXEHUH €e B DPSA MO KOCHHYCAM

fon]
) - g
5+ Zla,,cos 7
Pipen

HI¥ B DA MO CHHYCaM

(o]
. Nwx
2 b, sin —=
{
n=1

K TOJMBKO uTO paccMorpennomy. Ilpa sToM KkosdduuuenTs pasnoxenutt
BHIUUC/AIOTCH, COOTBETCTBEHHO, MO (OpMynaM

l
anz%Sf(x)cos#dx (n=0, 1,2..) @1
0
nan

1
bn =21 Sf(x) sin "1—7£dx (ﬂ= 1) 2) 3’ . --)' (22)
0

406. TIpumepel. PYHKUHH, KOTOPHE HHMe NPHBOLATCA B BHIE NPHMEpOB,
KaK TMPaBH0, OTHOCATCA K Kiaccy AHpdepeHUHpYeMBIX HIH KYC OyHO-AHpdepeH-
UHpyeMBIX. [10STOMY CcaMan BO3MOMHOCTb HX pa3noxeHHs B pag Pypbe — BHe
COMHEHHS, H Mbl Ha 9TOM BOIIPOCE OCTAHABAHBATHCA HEe GYAEM.

1) Paznoxutb dynxunio

T—X

foy="5

8 npomexyTtke (0, 2n).
[To dopmynam (la) u° 399:

2n

ao=%S X dx=i(nx—%x’)
¢
2r

2 2n

tp=- { "= cosnxdr=
" a 2 -
¢

2n
1 sin nx |?= i .
=2—R(n—x)—n~ N +2_n7:-5 sin nx dx =0,
0
n=1,223..)
2= 0
— 2
bn=%sn 2x sinnx dx = —an(n—x) cosnnx T

a3
———1—— S cos nx dx=-l—,
2nm n
0
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TakuM o6pa3oM, Mbt NPUXOAMM K 3aMevuarenbHOMY IO MPOCTOTE pas3noxe-
HHIO, CONEePHKAIEMY OHH JHIIb CHHYCH:

co

n;x - 2 smnnx (0< x <2%).

n=1

Tpn x=0 (uau 2=) cyMMa psana PaBHa HYMI0, ¥ PAaBEHCTBO HapylIaeTcs.
He 6yleT paBeHCTBa ¥ BHe YKa3aHHOro mpoMexyTka., 'padmk cymmu paga S (x)
(pHc. 76) cocToMT u3 GeCUHCIEHHOr0 MHOXECTBA IapallelbHHX OTPE3KOB H
pAla OTAENbHBIX TOYEK Ha OCH X.

ZFTNp N{: JIZNF z

Puc. 76.

2) Vs pasnoxenna B 1) yxe Oe3 BHYMCIEHWH MOXHO MONYYHTb H Apyrue
HHTEpecHb e pa3noeHHs. 3aMeHss B HEM X Ha 2x M feias o6e YyaCTH PaBeH-
CTBa Ha 2, HafjeM:

o0
T X sin 2kx
T2 21 —og - O<*<m,
B=

BbIYNTaA XK€ ONHO pa3jOoxkeHHEe W3 APYroro, IoXyyuM

o0
N sn(@k—1)x

INE

Ecan uyepes S (x) 0603HaunTb CyMMy mocaenHero paga, o S (0) =S (z)=0.
WaMensa 3Hak x, AJAA NpoMexyTKa (—, 0) 00 HeueTHOCTH CHMHYCa HailjeM,

uto S (X)==— % ; 151 IPOYMX XKe 3Ha- -VT
uepn#t ¥ cymma S(x) noayuaercs mo t ——
33aKOHY NEPHOAMYHOCTH, TaK YTO, B HaCT- — - i
HOCTH, 1A NPOMEXYTKa (2n, 3n) cHOBA j” 2 iﬂ % "

T
S(x)=-4—, n 1. o Ppaduk dynxunn Puc. 1.

S(x) wm3oBpaxen Ha puc. 77; pHCY-
HOK 78 xapaKkTepH3yeT MOCTeneHHOe MPUONMKEHHEe K 9TOH DaspmBHOH (QYHKIHM
YacTHYHBIX CYyMM paja.
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S

3aMeyanue Ecinm nomownte B paccMaTpHBaeMOM DA3NOXEHHH X =
TO NOXYyHM yixe H3BecTHHR HaM pam Jlef6unuua [n° 255, (20))

n 1 1 1
=3 t5g—7+

nof @

¥

TN
por / \ﬁ
T=l Py

¥ N
4 - \
f
Y e - o
S N N A=l ~- — e T L
I/
\ e - /)
VA S ‘
Puc. 78.

Covyeras monyuenHoe smech PasnoMeHHe C PA3TOMEHHEM B 1), nerxko npuiATH
K pany ana (GyHKUMH

[ee]
x=2 2 ) B (e <
ne==1



406) § 2. PA3JIOXEHHME OYHKUWH B PAL ¢YPHE 305

HenocpencTeenno M monyyaem ero axumb juia 0 << x <<w, HO PaBEHCTBO HABHO
uMeeT MecTo I x=—0 H, KpoMe TOoro, o6e ero yaCTH, ONEBHIHO, NPEACTABIAPOT
BeyeTHn e OYHKIHH, TaK YTO OKOHYATENbHO pAa3nOXKEHHE OKa3bBaeTCA
BEPHBHIM Jasi BCErO NPOMEXYTK3 (— =, =).

y ,

/Zn’ - 7 (4 7.3 z
Vd
7

,/
//
/

Pnc. 79.

Puc. 80.

F'paduk CyMMbl pAla NIDH M3MEHEHHH X OT — oG 0 -} co JIerko ce6e npel-
craputh no puc. 79. Ha puc. 80 npusenes rpadguk yacTUYHOH CYMMBI

sin 2x , sin3x  sin4x , sin 5x)

y=s;(0)=2(smc— B2 SBr_ SmAx S
3) Pasnoxutb:
(ag YeTHY©0 OYyHKnHi f;(x)==cosax 0o KOCHHycaM B [—m, =),

(6) HeyeTHY 0 dyHrumo fo(x)=sinax no cuHycam 8 (—=x, =) (yu~
€10 @ 3MeCh NMPERINONAraeTCsA He I e B M).
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(a) Vimeem
T
1 1§ sin ax
0 =— \ cosaxdx=——
2 T an
T
)
ap=--\ cosax cos nx dx —
0
1 ki3 2 .
_1g _ 1w a  sin an
_ﬂS[cos(a-l-n)x-l-cos(a nxldx= (=) m—x5 ——
0
TaK Y10
1 [ee]
= cosax _ 1 "acosnx ey
2 Sinar 2 2 A —nt Cr<x<mn.
(6) Omgem:
5 o]
& sinax nn sin nx .
i 21( et (—r<x<m).
n=

3ameEuaHnE OTMETHM NONYTHO, YTO MpH X =0 U3 (a) moxyuaercs:

1
sinax + 21( Dl (a-u)” (rm)“
n=
HIH, €CIH NONOXWUTb an==z:
o]
1 1
smz=z T 2 = —(m:)2=
n=1

=—+2(—1)n[ n+z+1mr]

(smecs z —nw6oe YHCHO, OTAHYHOE OT KPAaTHOTO m). Mpl NPHUIIM K €pa3foxe-

HHIO Ha NPOCThle APOGH> PYHKUUH (KOTOpLIM MBI yXe IONb30BANHCh

B n° 293, 3° u 308, 1°). MMonaras ke B (a) X ==m, MOXHO NIONYYNTh <PA3NOXKECHHE
Ha TIpoCThie APOGH» (QYHKUMH cig 2:

(o) [ee]
1 2z 1 1 1
crgz=7+2 22—-(nn)”=7+ 2 [z—rm+z+m:]'
n=1 n=1}
4) PasnoxnTs QYHKUAIO
x?  wx
fX)=7—5

no KOCHHEYcam B npomexyTke [0, n].
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Jlerko Buyncauts, no gopmynan (16):

T
a_o_l X nx _ =
7= S (‘4“"2—)"“ ~%
0

1 janee (IBaX(IBl MHTErPHPYS MO YaCTAM)

0_2"£, e dx=
n =7 Y7 ) cosnxrax=
1)

® 1
o~ n=

4 2

- n

2 (x’ nx) sin nx
T

®
§(x—n) sin nx dx =

-::nz—l—"t (x —m) cosnx ’:_":“§ cosnxdx=7:§ (n=1,23..)

Paznoxenne

BhiBeJIeHHOE Jiaa nmpoMexyTka [0, =], Ha OJene HMeeT MecTo Jdake B NpoMe-

xyTRe [0, 2n), MocKOABKY 0Ge YaCTH PABEHCTBA He MEHAIT CBOEro 3HAYEHHA NMpU

3aMeHe’ X Ha 21— X,

3 3aMEvYAHHE Ecan nonoxuts agech x==0, TO MOAYYAM 3HAMEHHTHH pAX
Haepa:

407. PasjoxeHHe HenpepuBHOR (GYHKIHH B pAJ TPHrOHOMETPHYECKHX
MHOTO4JeHOB. [IpH Noka3saTeIbCTBe TEOPEMh O pasgoweHWH B pal Pypbe
[n°402] MB— HIR  NPOCTOTHI — OTPAHHYHAHCh KYCOYHO-KM(depeHuupyeMbIMu
¢yskunamu. Ha pene knacc Qynkuu#, 10NyCKaOmAX Takoe pasnoxeHde, 3HayH-
TENBLHO LIUPE, HO BCe e B HErO BXOJAT He BCe HenpepuiBHHE QYyHKUHU C ne-
puosoM 2n! [CMm. n°424.] B HekoTOpOM CMbiCle 3/leCb CO3MA€TCA MNOIOXKeHHe,
CXONHOE C TeM, O KOTOPOM 6blia peub B N°278 no OTHOWIEHHIO K Pa3TOXEHHUIO
(GyHKUHH B cTemeHHoi pai. M napany c (HanoxenHolt TaM) Teopemoit Beftep-
WTPacca O pPa3NOXeHHH NPOH3BOIbHOA HeNnpephBHOH (YHKUHM B PaBHOMEDHO
cxopAmuics pal M3 anreO6pauvuyecKHX MHOTOYIEHOB, TEM K& aBTOPOM
Obiia IOKa3aHa U BTOpas TeOpeMa — O pPa3floXEHUH NPOM3BONLHOR HENPEPHBHOA
(YHKUHH C NepHOXOM 27 B DaBHOMEDHO CXOHNAWMHCA pSl W3 TPUTLOHOMe-
TPHYE€CKWX MHOTOYNEHOB, T. €. M3 CYMM BHIa

A+ i (Ap cos kx - By, sin kx). (23)
k=‘

Takum 06pa3oM, Kak K Bhime, pacuiMpeHne 06JACTH TIDHMEHHMOCTH Da3noXeHHA
JNOCTHFaeTCl 3a CYeT YCIOXHEHHA XapaKTepa CAMHX YJeHOB pa3nokeHHs:
BMECTO OMHOYIEHHHX BHIPAXEHMH NPOCTOro BHAA MOABIAITCA MHOrOYIEHHHE
CYMMH HX,
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Bropyo Teopemy Befiepmrpacca Mu, Kak M nepBywo, chopMymHpyem Ha
A3b0Ke nocienoBaTenbHOCTel:

Teopema Beiiepumpacea. Ecau @ynuxyusa f(x) uenpepvisna 8 npome-
acymre [— =, w] u umeem nepuod 2r:

f(_ “) =f(1!),

mo cyuwecmgyem nocae0o8ameabHOCms  MPULOHOMEMPUYECKUX MHOZ04ALR08,
KOMOpan 8 3MOM NPOMENCYMKE PABHOMEPHO cxofumest k f (x) *).

Haunem nokasaTenbcTBo Teopemsl ¢ MPOCTOrO 3a M€ 4 a H M A, YTO NPOU3BE~
IeHHe NBYX TPHFOHOMETDHYECKMX MHOrouseHoB Tuma (23) Toxe MOXeT GWTH
FPEJCTABIEHO B BHIE TPHIOHOMETDHUECKOrO MHOrOuieHa. 3TO HenocpeiCcTBEHHO
cieflyeT W3 TOro, YTo BCEBO3MOXHbIE NPOH3BENEHHA —

cos kx .« cos lx, coskx- sinlx, sinkx. sinlx

MO U3BECTHHM (JOPMYAaM TPHUTOHOMETPHA — NMPEACTABJIAIOTCA B BHMAE TAaKHX MHO-
FOUIeHOB, HanmpuMep,

cos Rx » cmlx:% cos(R-+0)x +—;- cos (R—1) x.

Teopema Gynmer NokasaHa, ect Mu YCTaHOBMM, YTO Mia JK060ro wucaa
¢ >0 Halinerca Tako#f TpPUrOHOMeTpHUYe CKHU I MHOorowteH T (x), uto Las
BCeX X B NmpoMexyTke [— =, n] Gyner

[F(x)—T(x)| <e. (24)

3710 nerko yCTaHOBHTh NS CAyyas Yemwuoii yuxguu f(x). Vcnonbaya nep~
By Teopemy Beftepmrpacca [n° 278], Mu npeucie Bcero noCTpOMM TaKoi a AT e-
6pavueckuil MHorounen P (f), yro6n 118 BCEX 3HAYeHHH f B NpOMexyTKe

[—1, 1] 6unmo
| f (arccos ) — P () | < e *¥),
ITonaran snech £ = cosx, rae 0<CX<Cw, NOAYUMM 1A BCEro 9STOTO INpome-
WYTK
| f{x)— P (cos x)|<e.

Bauny wernoctH GyHKuBi#l f(x) B COs X, 3TO HEPaBEHCTBO COXPAHNTCA M NPH 32-
MeHe X Ha —.X, T. e. GYIeT BWNONHATBCA IAA BCEX 3HAYEHHH X B IPOMeXyTKe
[—=, =], a B cuAy NEPUONMYHOCTH — ¥ BO BCEM NpOMEXyTKe (— oo, -+ co). Tak
K&K — 0 3aMeYaHHI0 BHayane — BhipaxeHue P (cosx) MoxeT GHTb HanmHCEHO
B BHJle TPMUrOHOMETPHUYECKOrO MHOrouYfeHa, TO [As PacCMaTpPMBaeMOro ciyvas
H2lle YTBEPXIEHHE ONpaBlaHO.

OGpaTumca Tenepb K OGLIEMY CAYYAI0 — NPOU3BOALROL Henpepui8HOol PyHK~
guu f(x) ¢ nepuodom 2r. Oas yeTHLIXx QyHKuMA

fi (x)=f(x)—+2f(:ﬁ’ fi(x)= f(x) "'2f(—x) .

sin x
10 N0Ka3aHROMY, CYIUECTBYIOT TakHe TPHUIOHOMeTpuuyecKHe MHorounessl T, (x) H
Ty (x), uto
€ e
=T <3, [L()=Tax) <7 (—oo<x<+x).
*) M 6ynem npencraBasth ceGe GyHKUMIO f(X) HePHOLMYECKH pacipo-
©0).

CTpaHeHHOH Ha Bech NMPOMEXYTOK (— oo, -+
**) HanomnuwM, 4To 3HaveHus arccos { 3aONHAT HPOMEXYTOK [0, =]
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Orciona caeayer
e
|fisin® £ — Ty« sinf x| <5, |fysinx—T,- sin x| <,

a 3aTeM, €ClH CTOXUTb 9TH HepaBeHCTBa:
e
|f(x)- sin®x — Ty ()| <<, (25
rae Ty (x) ecTb TPHIOHOMETPHYECKHH MHOrOYAeH

Ty=T,-sin®x 4 T, sin x
[cM. 3amevanne].

[MonoGHuM Xe 06pa3oM K 1A GYHKUHE f (x -+ %) HalJeTcsi TPHIGHOMETpHYE-
ckufi mHorouned T, (x), Takoft, uto

|f(x+g).sm=x—r.(x)|<§.

k1
3avenss agech x Ha X—5 H 06o3Hauad uepe3 Ty (X) TPHroHOMeTpHYECKHH
MHOrOY/eH, KOTOPHA NpH 9TOH 3ameHe HONyuHTCs M3 Ty (x), Hallew, uTO

1£ () costx — T (x) | < 5. (26)

Haxonen, n3 (25) u (26) cnoxennem noxysgum (24), nonaraa T= Ty -+ Ty Teo-
pema IOKaszaHa.
Mo%HO cHOpMYIHPOBaTb STY TeopeMy ¥ Ha sawike pagoB [cp. n® 278]:
Henpepuignas diynxyus f(x), ¢ nepucdom 2z, moxcem Ouimb pa3LONCLHE
8 PABBHOMEPHRO CXO0AUWULCR K Heli psod, cocmosuyui u3 mpuzoHoMempude-
CKUX MKO2044€H08.

§ 3. HHTETPAJl ®YPBE

408, Unrerpan ®ypbe kak mpexenbHbifi caysaft paga Pypbe. Mu xoTHM
BOCNPOM3BECTH 3M€Chb B CYIIECTBEHHHX YepTax Te 3aMevaTelbHHe M0 HX Npo-
3payHOCTH, XOTA M JAWMEHHhe CTPOroCTH, COOGPakeHHs, KOTOpHE NpPHBEIH
dyphe K ero BHTerpanbHoft gopmyse *).

Ecan dyHkuna f(x) 3ajasa B XOHeyHOM mpoMexyTke [—/, [], To npH ompe-
HeNeHHHX YCHOBHAX, KOTOPHiE HAac 3J€Ch HEe HHTEPECYIOT, ee MOXHO NpeICTABHTH
B 9TOM NPOMENKYTKE TPHrOHOMETDHYECKHM PALOM:

o]
a mrx . mnx
f(x)=?°-|- Z an cos——7;—~-|—b,,,sln 7
m=1
rae
d 1 : mzu
am=% S.f(u) cos ﬂl"—uda, lz,,,=—l—S f(u) sin -—;‘—du.
= =1
(m=0,1,2..) (m=12,..)

¢) Jra popMyna, HeaaBucHMO oT Pypwe, Guxa nosyuesa u Koum.
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|cM. n® 404). TMoncraBassa BmecTo KodhdHUHEHTOB @, ¥ b, HX BHpaMeHus,
MOXHO nepenucaTb pal B BHAE

{ o5} i
f(x)=%gf(u)du+ Zlilslf(u) cos'l;-:(u—x)du. 0y

-1

[Tycte tenepb dynkuus f(x) GyHeT ompegeneHa BO BCEM GECKOHEUHOM MpoO-
MexyTke (— oo, + o). B 3toM cayvae, KakoBo 6b HH 6LAO X, COOTBETCTBYIOWLCE
3HaueHse f(x) pBbipasHTCA pasnoxkenHeM (1) npu nw6oM [>|x| [Nepexons
31eCb K npefmeay mpu [ — -} co, MOMbITaeMCst YCTAHOBHTL <lipellenbHylo Gopmy»
STOr0 PasNoMCHUSA,

[Ipo nepeuifi unen npasoit wacTu paeeHcTBa (1) ecTeCTBEHHO CUMTaTh, UTO
OH CTpeMHTCA K Hyaw *). O6pamasch e K GeckOHeyHOMY PsAY, Mbl MOMEM

mn
pacCcmaTpuBaTb MHOMXHTENH T nox 3HaKOM KOCHHYCa Kak JHCKpeTHble 3Ha-

UYCHHUA

w 2n mn
BT BT e =

HeKoeli mepeMerHOH 2, HempepolBHO MeHalowekca OT 2,==0 [0 - oco; npu ITOM
npHpalleHue
T

bzp=1zpy —2p== 7

OYEBU/JHO, CTPEMHTCA K HYAK Npu ! — 4+ co. B 9THX 0603HAUEHHAX Hall pak
flepenyIleTCs TaK:

l
—71? Az, Sf(u) €S 2 (4 — x) du.
g

N8

OH HanoMWHaeT WHTErpalbHYI0 CyMMy AAa DYHKUHMH

+ o
71:- S f(u) cosz(u—x)du

ot z B npomexytke [0, 4 co]. Ilepexons x mpegeay npu [ — - oo, BMeCTO pana
g)ony'mm HHTErpaf; TaKMM NYTeM M TNPHXONMM K HHTerpaabHod dopMyae
ypbe:
1 o + oo
f(x)=-;Sa’z f(u) cosz (u—x) du.
0

— 0

*ZFSTO CTaHOBHTCA OYEBHWIHLIM, HAIPUMEP, €CAH NPEANONOKHTb, YTO KHTC-
(2

rpan 5 f(4) du cxonurcs,

-— 00
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MoxHo npemcTaBHTL STY (OPMyay, pacKphiBas BHIpAXeHHE KOCHHYCa pas-
HOCTH, ¥ B BHIe
o

fx)= g [a (2) cos zx + b (2) sin zx] dz,
b
rae

+ oo + oo
a(z)=% S S (u) cos zu du, b(z)=71:— Sf(u)sinzudu.

3nech ACHO OOHAPYMHMBACTCA AHANOTHA C TPHTOHOMETPHUECKHM Da3fNOMEHHEM:
JHLIb NapaMeTp m, npoberapwnit Pl HaTYpaibHBIX SHauUECHHH, 3aMEHEH 37eCb
HENPEPHBHO H3MEHAMUMCA NapaMeTPoM 2, a GeCKOHEUHRH psaj) — HHTETPaloM.
Kosdpduunent a(2) u b(z) Takke no cBoeli CTPYKType HanmoMHHAOT Koaddu-
uneHTH Pypbe.

Koneuno, Bce 9TH cO0OpaxeHHs HMEWT XapakTep /[HIUIb HaBelLeHHMs; Heh-
CTBHTENbHBE YCIOBHs CNpPaBeINHBOCTH (opMynnl Pypbe eme NOATERAT BhIACHE-
Huo. Ho W npu nposenerun CTPOrMx paccysaeHHit Mu Gynem Clel0BaTb OCHOB-
HbHIM 9TanaM pacCysIeHHH, CBA3aHHHIX ¢ psfamu Pypbe.

409, MpenBapHTenbHbie 3aMedaHHs, OmHocumebHO %ymcuuu F(x) npeo-
noaoxcuxM meneps, 4mo 1) OHG KYCOHHO-HENPEPHBHA 8 KANCOOM KOHEHHOM NpO-
MedcymKe u 2) a6conOMHO unmezpupyema 8 6eck GHEHHOM NPOMENCYMKE
[—oo, 4-co]. B sTom npeanonoxennn paccMOTpHM HHTErpan

1 A 4o
J(A)= - dz \ f(u) cosz(u—ux,)du,
ol

rme A ecTb NpPOM3BOJBHOE KOHEYHOE NONOXKHTENbHOE YHCIO, a X, — MoGoe
GbukcHpoBaHAOe 3HayeAHe Xx. DTOT MHTErpal NPeNCTAaBAAET aHANOT YACTHU-
HOH cymMmu paga Pypoe: u3 Hero MHTerpan dypbe

+owo Jo
% g dz S F(u) cos z(u—x,)du 2)
b —

noayvyaerca B npepene npu A-— -f-co.
ITpn no6om KoHeyHoM B > 0, no teopeme 4 n° 298, Gynem uMeTh

A B B A
‘dz Sf(u) cos 2 (4 — x,) du == Sf(u)du g cosz(u—ux,)dz=
® -B -'B b
B .
= SB Sy 22— %) l‘j_(f;x") du. ®)

D70 HEMOCPENCTBEHHO ClefyeT W3 YNOMAHYTOH TeopeMm, eciu QyHKuua
f(u) B npoMexyrke [— B, B] HenpepwBHa; B NPOTUBHOM cliyyae TeOpeMy NpH-
WI0Ch OR IPUMEHHTb, B OTHENbHOCTH, K KaXIOMY M3 TeX IPOMEXYTKOB, B KO-
TOPHX (YHKUKA HempephBHa.

Ho wunterpan

+ co

S F(u) cosz(u—x,)du 4)

-
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MaXKOpHpYyeTCa CXORMAIMMCA 1O NPEANION0XEHRI0 HHTErpanoM

+ o0
{17 (au
-
n, CﬂenOBaTeﬂbHO, CXOoOoHuTCHA p aBHOME p HO OTHOCHTEAbHO 2 (Kal( "p"
u=-} 00, TaK U NPH & ==— CO) N7 MOGOr0 MPOMexXYTKA ero sHayeHufi. TaknM

o6pasoM, HHTerpax
B
S f(u) cosz(u—xy)du
-8

npyr B — - co cTpeMuTCa K cBoeMy npeneay (4) paBHo M e p H o. [Tostomy, nepe-
018 B paBeHcTBe (3) k npeleny npu B — -} 0o, B MHTerpane cieBa npejelb-
HHH NMepexol MOKHO BHNOAHMTD NMOJ 3HAKOM MHTerpaxa [reopemal
n°206] *). O1ciona nas J (A) monyyaeTcs BHpakeHMe B BHIE MHTerpana

1+ in A(

sin A (u— x,)
A)=— u) ————du
JAO=7 \ F@) = du,

- 00
HanomuHawwero yuterpan Hupuzne [n° 399] u, B AeACTBUTENLHOCTH, HIPAIOWIETO
TaKyl0 X€ TOYHO POJib. DNeMEHTApHHIM Npeo6pasoBaHueM ero Nerko NpHUBECTH
K BHLY

+ o i
1= et T a=
== § LF o 1) £ (e 1] S0AL g, @)

Jnsa paapHefitero uanomeHWs HaM MOHaNOGMTCH caenywlulee OyeBHAHOE RO~
nonHeHne K OCHOBHOH nemme n° 400:

Ecau ynxyusn g (t) xycouno-nenpepuisna 8 Kaxcdoli KonewHoi 4acmu npo-
Mexcymra [a, +oo] u abcoaomMRO unmezpupyema 8 3MOM GecKOHEHHOM
npoxescymie, mo

+ oo

lim S g (¢)sin pt dt =0
p-to o

{paBHO Kak H
+ 00

lim S & (t) cos pt dt =0).
p—+too Y

JleficTBATEAbHO, 3aNaBIIHCL NPOM3BOAbHLIM YHCAOM &> 0, MH CHayana B-
GepeM A cToMbL 6OABLIKM, YTOOGH GHIO

«+ o
€
lg(®)|dt <,
A
*) Cp. reopemy 4 n°305, rie NOIKHTErpaabHY® (QYHKUHD MH Npefnoaa-
Tal¥ HEMPEPHBHOH. 3/leCh MH TaKOro MpeANONOXEHHA He KedaeM.
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a 2NaYHT ¥ MONABHO
4o 4o
|5 g@snptat|< { le@lat<,
A
¥ TIPHTOM — KaKoOBO Okl HH 6HINO p. A 3ateM, K HHTerpany

A
Sg(t)sinpt dt
a

NPUAOXUM HENOCPEACTBeHHO aemMMy n° 400, Tak yto Aas RocraTouHo GoabuIMX p
6ymeT

A
|Sg(t)sin ptdt|<-;-;
a

oA TeX Xe 3HayeHHH p, OUEBHIHO,

[os]
‘ Sg(t)sinptdt|<e,
a

uTO # TpeGoBanochb LOKa3aTh.

410. MpeacraBaenne (yHKUHR wHuTerpajsom dypbe. CoBepmenHo awaio-
THYHO TeopeMe n° 402 u 3nech uMeeT MecTo

Teopema. IMycmo ynkyun f(x) kKycouno-Ouddepenyupyema 8 KaIcOOM
KOHEHHOM npOMeICYMKe U, K MOMY %ce, a 6 0210 I K O UHMeZpUpyema 6 npo-
Mevicymre [—oo, ool Tozda 8 Kaxcdold mouxe x=x, ee unmezpar Pypve
cxodumes u umeem 3HadeHue

S, =f(xo +0 ‘é‘f(xo —0)

(xomopoe, ouesudno, obpawaemcs 8 f(x,), ecau PyHK{us 8 MoyKe X =x,
Henpepuiena).

OKA3ATENBCTBO. YMHOXHB 06e yacTu paBeHCTBa
o

1=3§ sin A? 4 (A>0)

T t

|n° 293, sameuanme; n° 308, 2°] ma nocTOAHHOE YMCIO S, BHYTEM pPE€3yAbTaT
NOYJAEHHO U3 PaBeHCTBA (5); ME TOAYYHM

J(A)—so=%§ F Ce ot )7 (cam)—F (ot O—F (ra— 0 2 . 6)

Bass nmocroanHoe wucno k>0, nepenuineM MHTETpan STOT B BHAE

L s’:[f(xo+t)—t—f(xo+0)_f(xo—t):{(xo—0)]sm Atdt+
b

o2 o8]
+_1_:_ s‘f(xo'!—t)'rf(xo_t) sin Atdt—2—i—" S smtAt

dt.

h h
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Crpemienye X HYJIIO MPH A — oo NEepBOro WHTErpana yCTaHaBIHBAETCH TaK e,
KaK M NpH JOKalareabctBe TeopeMbl n° 402. Bo BropoM uHTerpaze npo6Hoe BrIpa-
WeHHe, BMeCTe C f, NpeACTaBJiAeT KYCOYHO-HeNpPephBHYI0 (YHKUHIO B MOGOH
KOHeYHOR YacTH npoMmexyTtka [A, co]; kK TOMy e 3Ta QyHKuMA a6COMOTHO MHTe-
rpupyeMa B Ha3BaHHOM npoMmexyTke., CnefoBaTelbHO, NO 3aMEYAHUIO B KOHLE
npefpayulero n°, ¥ BTOPOH HHTEerpas MMeeT NpH A — co npemenoM Hyiab. Ha-
KoHel, Nojlaraa B NoclelHeM uHTerpale Af ==z, NpHUBENEM €ro K BHALY

25, ( si
_ S,,S szdz,
T z
Ah

Tak YTO M OH Npu A— 00 cTpeMutcsa K Hymo. OTCioga 3aKa0gaeM, yTO BIpa-
xeHHe 8(6) npH A — co MMeET NpefeloM Hylb, T. €. CywecTBYeT MHTerpax (2) #H
pasen S,.

411. Pasananbie BuAbl dopmyan Pypbe. [lpennonaras BhNOJHEHHHIMH
YKa3aHHEIE BHIIE YCIOBHA NDHMEHHMOCTH (opMyam Pypbe, 6yneM cuuTaTh Ais
NPOCTOTE], YTO B paccMaTpHBaeMOR TOouke X (YHKLUMA f(x) HeNpepwBHA HIH,
€Clld DPaspHBHa, TO YAOBNETBOPAET YCJIOBHIO

f(x)= f(x+0)_2l_f(x_0) .
Torma BO BcAKOM cayyae HMeeM +
f(x)=-11? § dz Sf(u) cos z (4 — x) du. )

Beungy TOro, yTo BHYTPEHHHH MHTErpaa ABHO MPEACTaBAfAeT COGON UETHYO
¢ynxuuio ot 2, 9Ty QopMyny MOXHO mepenucaTb M Tak:

© oo
f(x)=2ln S dz S F(u) cosz (u— x)du. ®)

Jlerko noxasaTh fafee, uTO NPH cAenabHHX B n° 410 06mHX NpEAMONOKEHUAX
OTHOCHTEIBbHO (QYHKLHH f(.fz CYHIECTBYET H HMHTerpax
o0

S S (u) sin z (u— x) du. )
-— 00
OT0T UHTErpaf, K TOMY e, ABIAETCA HeNpepHBHO! QyHKuMER OT 2 M, OYEBHIHO,
HeYyeTHOH.
BooGme rosops, a8 37off GPYHKUHH yxe Heab3d pYuyaTbCA 32 CYIECTEBOBa-
HHE HECOGCTBEHHOrO HHTerpaza Ot — oo 0 - co.
B cayvae, KOrfa nas KakoH-HHOGYmb QYHKUMH ¢ (2) He CyWEeCTByeT MHTE-
rpara oTr —co 10 -+ oo, T. e. npenena
N

lim d;
M- o S ?(2) z
N—oowo-—-M

NpH He3aBHCHUMOM cTpemieHnd M um N K 6ecKoHeYHOCTH, MOXET OKa3aThCs
CywmeCTBYIOMMM Npefend, OTBeyalOWMH YaCTHOMY mpeanoloxeHuio M= N.
Takoit npemea, caenys KouiM, Ha3HBAIOT 24G6HWM 3HAYEHUEM URMEZPAAa H
o6osHavaor 6yksamu V. p. (Valeur principale)

+e M
V. p. S ¢(z)dz= lim S ¢(z) dz,
M—voo_M
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Ecnu MHTErpan CymecTsyeT B COTNACHEM C OGLIYHBIM ONpefeNeHHEM HecoBCTBeH-
HOro_WHTErpana, TO OH, OYEBHAHO, COBMajaeT C e€ro rNaBHAM 3HayeHHEM.
Bsuny HeueTHOCTH QyHKUuM (9) OT z, GyIeM HMETh

M +
S dz Sf(u)sinz(u—x)du:
—-M —o
n B npegene npu M— oo Toxe moayyurca Hyan. WTak, Bo BCAKOM cayyae
4+ 4o
V. p. S dz S f(u)sin z(4—x) du=0.
— 00
YMHO¥Kan 3TO pPaBeHCTBO Ha 2i U ckaaguiBas ¢ (8), NpUAEM K COOTHOIIEHHIO
4o Joo
flx)= 5 S dz S f(w) eiz =% gy, (10)

— 0

rie HapYXHbI MHTerpan IOHMMAaeTCA B CMbICTe TAaBHOIO 3HayeHWs. B stoM
BHae GopMyna Onina BnepBhie npepcrarneHa Komm.
Bosspamance ¥ ¢opMyne (7), HanumeM ee B BHAE

o -|-oo
f(x)=%§ cos 2x dz f(u) cos zu du -
-— 00
oo -+ o
—|—-% g sin zx dz s‘ f(u)sin zu du.
[ o
Ecau f(u) ectb weTHan GyHkuus, 10
] o] “+ oo
S f(u) cos zudu=2 SI f(u) cos zu du, S f(u)sin zu du=0,
-] 0 — o0
¥ M NOAYYHM YNPOUIEHHYI (GOpMYNY, COREPXAIYI0 AUIIb KO CHHYC bl
[e] [oc]
f(x)=72t- g coszxdzgf(u) cos zu du. (1)
8 ‘0

Ananorvyno, B ciyyae HeuyeTHOH dyHKunM f(x) Mbp npuxoauM K dopmyne,
coxepxaiuedl JHIMb CHHY C bl
o] oo

f(x)=% g sin zx dz. Slf(u) sin zu du. (12)
9

flycts Tenepe dynkuwa f(x) 3amana aumb B npoMexytke [0, -}-oo] n yno-
BNETBOPSAET B STOM NPOMEXYTKe YCNOBHAM, aHANOTHYHBIM TEM, KOTODHE paHbiie
Oniy MOCTaBNEHB 10 OTHOWIEHHIO KO BCEMY NPOMERYTKY (—- 0o, 4~ oo). Toraa,
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pacnpocTpanas ¢yrxumio f(x) Ha npomexyToK (— co, 0) ¢ MOMOMULbIO PaBEHCTB

(x> 0):
fl=x)=f(x) v f(—x)=—Ff(x),

MH TIOJYYHM B MEPBOM CAyyae YE€THYIO, a3 BO BTODOM-—HEeYeTH Y10 yHK-
UHIO B NPOMEXYTKe (— 0O, -+ co). [lns noNoKHTEeNbHHX 3HAUEHUH X MB MOMXEM,
TakHM 06pas3oM, MOAb30BAThCA KaK Gopmyno# (11), Tax u dopmynont (12).

Ecan B Touke x =10 npexnonoxurs QyHkuvio f(x) HenpepwBHOH, TO (op-
myaa (11) m B sTOM Touke npuAOKMMa, U6O NPONONKEHHAA YETHHM O6DPa3OM
GYHKUMA COXPAHHT 31eChb HenpepbiBHOCTb. PopMyna xe (12) Bo o 6 uye B Toyke
x=0 HenpurokuMa: OHa BOCNPOM3BOAMT 3Hauenue f(0) nuuib B TOM Cayuae,
€Cl} 9TO 3HaYeHHe eCTb HYIb.

3TH coo6paxeHun BIOJHE aHANOIMYHH CKa3aHHOMY B n° 405 o pagax Pypbe.

412. Tlpeo6pasosanne @Pypbe. [Ipn Hawux npeanonoxesuax dQopmyna
®ypbe (10) HMeeT MecTO anA BCeX 3HaYeHHH x B MpoMexyTke (— co, -+ co).
91y GopMyay MOxkHO ce6e npenCcTaBUTh, KaK CYNEPHO3KUMIO TAKHX ABYX GOpMYy:

+o
vE

-0
Dyukyus F(z), conocmasasemas no nepsol dopmyre gyuryun f(x), Hasu-
saemcs ee npeobpasosanuen ©Pypse. B cBoo ouepens no Bropots dop-
Myze @yHkuus f(x) ssasemca (06pamuuvm) npeobpa3osarHuen
dypbe (pasHuua B 3Hake npH {1) ana dynkunu F(x). 3ameTuM, yto dynkuns F
6yzneT, BOOGILE TOBOPA, KOMINEKCHOM Jaxe NPH BEIECTBEHHOH f; BOpoueM,
MOXHO Onilo OH 31ecb M HCXOMHYI0 GYHKUMIO f NPeNNONOKHTb KOMMJZEKCHOM.

PaBeHcTBO

4o
F(z)= f (u) et du, f(x)=VL2_“ S F(2)eixzdz%).  (13)

L e
flx)= V—2_ﬂ —Soo F (z) e142 g,

rae GyHkuua f(x) X aHa, MOXHO PAaCCMAaTPHMBATh, KAK UHME2PAALHOE YPABHEHUL
OTHOCHTENbHO He U3 BeCTHO N Gynkuuu F (2), croslwed noX 3HAKOM HHTErpajia.
PeluenHe ypaBHEHHA JOCTaBageTCA Gopmynolt

<+
Fz=L 1) eé®B dy,
@=15 Sf() a

EcTeCTBEHHO, 9TH PaBEHCTBA MOXHO U TOMEHATH DONAMU.

OGpatumca Temepb K ¢opmyne (l1); ona BHNIONHAETCA A8 BCEX NOROXH-
TeNbHHX 3HAYEHWH X, H €€ MOXHO NPEACTaBHTb, KaK CYMEePMO3HLUUI0 ABYX —
Ha STOT Pa3 BEUIECTBEHHMX M COBEPUIEHHO CHMMETPHYHHX! — (hopMya

F, ()= ]/g §f(u) cos zu du,

1

|
e t (14)

flx)= V% § F. (2) cos xz dz. l

J

#) Mocnensudt wHTErpan, eci¥ CHeNaHH JHMb Te MPELTONOXEHHS OTHOCH-
TeNbHO f(x), O KOTOpbIX Ohia peyb BHIE, NOHHMAETCA B CMHICIE <IAaBHOIO
3HaYeHHAr.



412) $3. MHTETPAJl GYPBE 407

Ananornyno n Qopmyna (12) momer 6uTL pasnoxena Ha nBe:

Fs(2)= -‘/% S.Pf(u) sin zu du,
0

f)= -‘/% lj Fy (2) sin xz dz.
)]

@yaryun Fo(z) u Fg(2) Ha3618010mCs, COOMBEMCMBEHHO, K OCUHKYC-N D é-
o6pa3dosanuexm uat Ccunycnpeolbpazosanuexn Dypbve 0Oan
dynryun f(x). Kak Buanm, q‘)IHKllHH f no Fg (uan Fg) nonyuaerca CoBepUIEHHO
TaK We, Kak M F¢ (Fg) no £. Uewmn caosamy, dynkuun fu F.(F5) B3auMHoO
ABNATCA KOCHHYC- (CHHYyc-) npeo6pazoBaHHaMH. KOmM HasBan mapw QyHKuu# f
u F, umu f u Fg, COOTBETCTBEHHO, CONPAXEHHHMM QYHKUHMAMH NepBOTo H BTOPOro
pona. M spech Takike xawmoe u3 paseHctB (14) [mam (15)] MoxHO paccmatpu-
BaTb, KaK UNMEZPAAbHOE YpasHenue, B KOTOPOM ({YHKUHA BHe MHTErpana Hana,
a (GyHKUWA MOX 3HAKOM WHTErpana pPa3biCKHBAETCSH; PeUleHAE JNaeTcA APYIHM pa-
BEHCTBOM.

Conoctasaaa ¢yakumy F, F, u Fg, MoXHo cxasath cnenyiouee. B cnyuae
yeTHOH QynKuHH f(x) HMeeM

F(:)=F,(2)

(19)

(na 3sHavenpa z<<0 &ynxuma F,(2) pacmpocTpaHseTcA Y e TH bl M 06pasoM), a
B CAyyae HeweTHOMN f(x)

F(2)=1iF;(2)

(na 3HaveHnA z << 0 dynkuua F,(z) pacnpocTpaHdeTcs HeuyeTHH M 06Gpasowm).
B o6uiem cnyyae ¢yrkuna f(x) pasnaraeTca Ha CyMMy ueTHO# W HeueTHOH

GyHKuuh:
g(x)=f(x)+2f("‘_x), h(x)=f(x)—2f(_x).

Torpa
F(2)=G,(2)+1H; (2) *).

B cBA3M € 9THM 0GCTOATENBCTBOM NOCTaTOYHO OTPAHHYBTLCS NPHMEPAMH
KOCHHYC- M CHHYC-npeoGpa3oBaHufl.

1) Mycts ¢ynxuMs f(x)=e% (a>0, x=0); Torna ee kocuuyc-npeoGpa-
3opaHueM 6yneT QyHKuwd

—_® —

2 _ 2 a
Fc(x)= -‘/--;lj e azCOSZde=-‘/-';:- m,

a CHH)'C-HPEO6PQSOBHHHCM —q)yHKllHﬁ
PR 2
-0z g A
F_,(x):]/-—;‘—ge“‘mnzxdz_ i
)

*) G.(z) o6o3HayaeT Kocumyc-npeobpasoBanne naa Qysxnuu g(x), a
Hj (z) — crHyc-npeo6pasosanue aaa QyHKumu h (x).
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Tax wkax e %* uHTerpupyeMa B npomexyTtke [0, co], TO HOMKHH HMETb,
MECTO H B3aHMHbl€ COOTHOILEHMA

o0
2a €0S 2X
T

2= (x=0)
a? + 22 =h
p +
2 oo
* zsin zx .
0
nunu
o] o0 .
COS X2 ] zsin xz w
e dz = ¢ e dz =« €0,
Saz-{-z” 2a ! a® Lz a 2
0 0

Mu y3HaeM B STMX MHTerpanax wusBeCTHHE Yywe HaM uHmezpaaw Jlanaaca
{n°® 308, 4°].
Takum o6Gpasom, B auile nap QyHKUUK
e ax ..g. ,_.__a H e ax 3 .____x
' n a®+ x? ! © a® -} x*®

MBI JIMEeM 3Jlech NMPUMepPH COMpPAXEHHB X (G yHKUHH NepBOro W BTOPOro
posa (no Kowmmu) Ecam 6w wuHTerpans Jlamnaca HaM He GwayM M3BECTHbI, TO
H3/M0¥KEeHHAs TEOPHA OTKphIIAa On MYTh K MX BHUMCIEBHIO.

2) Paccmotpum Temeps QyHKUMIO, OnpefleleHHYIO paBeHCTBaMHU

[ 1 ma O<<x<a
f(x)= % A x=a (a>0)
0 m1a x>a

g - .
Fc(x)=]/%§ coszxdz:]/% Eﬂxﬂf.

XKenan ¥ Ha 9TOM nMpHMepe mpoBepuTh dhopmyny Pypbe, HalifeM KOCHHYC-
npeoGpa3oBanne Ana MOayyeHHOH (ymKiuu:

B sTom cnyuae

o0 ..
2 sin gz

— cos z2x dz.
™

Ecan nepenHcaTb STOT MHTErpan B BHAE
1 «© 0 1 o »
sm (a X S a—
_SMdz+_§Md,,
T 2z T z
0

TO Cpasy CTaHOBHUTCA scHHM [n° 283, 3ameuanme], yTo ero sHauenue, AeHcTBH-
TeNbHO, COBNajaer ¢ HCXoAHOH (ynxumeir f(x)!



413} § 4. BAMKHYTOCTb W IOJHOTA CUCTEMHB &YHKLHX 400

§ 4. 3BAMKHYTOCTb M MOJHOTA TPUTOHOMETPHYECKOM
CHCTEMbBI ®YHKLWH

413, Mpubauxenne dynkuudi B cpexnem. IxcTpeManbHble CBOf-
cTBa oTpeskoB psana Pypse. Ecan ans kakoft-nmiGo dyukuuu f(x),
B KauecTBe e¢ MpHOJNUMIKEHHA B MPOMEXYTKe [a, b], paccMmarpu-
BAIOT APYryto QYHKUU©O g(X), TO mOoYHOCMmS STOro NpubAnKeHHs MOXHO
OlEHHBATb I110-DasHOMY. B OCHOBY, ecTecTBEHHO, KJ/alercs paccMoTpe-

HHE Da3HOCTH
r(x)=r5(x)—g(x)

B Tex ciyuasx, Koria Mol OJHHaKOBO 3aUHTEPECOBAHH B MajoOM
OTK/IOHEHWH OAHOH M3 3ITHX ¢ynKuudl OT JApyrof BO BCEX OTAEABHO
B3ATHIX TOYKaX, 3a Mepy OJAM30CTH NPUHUMAOT X MaKcumarsbHoe om-
KA0HeHue

8= sup |r(x)|
a=sxsh

Onnako 4acTo MNpEANOUHTAIOT, BMECTO <«PaBHOMEPHOH» GJH30CTH
GYHKIMM BO BCEX TOUKAX, PacCMaTpHBaTh JMLIb OJM30CTh HX «B Cpel-
Hem»>. B atoM cayvae 3a mepy 6amsocTn ux GepyT HMX cpednee omK.ao-
Herue

i

,—
8 T b—a

b
S|r(x)[a’x

a

HAW, 4ero MBI W OyleM JepxaTbCs B MOCAEAYIOUIEM, cpedHee K 8adpa-
mu4ecKkoe OmKAOHEHUE

—
8'=l/ b—l-a S r* (x) dx.

BmecTo 3TOrO BEIpaxeHus, BmpoueM, yZoGHee paccMarpuBath GoJjee
NPOCTYIO BEJUUHHY:

b
A=Sr’(x)a’x=(b—a)8”’.

O6paTuMc BHOBb K pacCMOTDEHHMIO TIPOM3BONLHOH O DTOT OH a1 b-
HO N B npoMexyTke [e, b] cucreMu dynKun# {e, (x)} (m=0, 1, 2,..)
[n° 389). Iycts f(x)— sajaHHas B TOM XK€ NPOMEXYTKe (YyHKuUWs *¥)
M n— QUKCHpPOBAHHOe HarypaiabHoe umncao. IToctaBum cefe Takywo 3a-
lauy: u3 8cex Aunelinbix KomOunayui nepgoix n-+1 dyrxgui ¢:

0, (£) = Cio () 4 Cip1 (¥) + ... + Co9n (%) M

*) Kak o6wyHO, MblI BCe paccMarpuBaeMbie QYHKUHH, H 9, H f CyleM
CYHTaTb HEMPEPHBHBIMH AW — Gonee 06U — KYCOUHO-HEPEPHIBHEIMH,
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npu npoussoassHom Habope rosgpguyuenmos C, C, ..., C, nalimu
my, Komopas ocywecmsafem HAUAY4Y W ee—B CMHCIE CPENHEro
KBaAPaTHUECKOrO OTKIOHEHN — npubauzcenue ¥ @ynryuu f(x). VHuMn
caoBamy, Tpebyercsi AOOMTBCA HaWMEHbUIEr0 BHAUEHHA [ BEJWUUHE

b
b= [ () — o, () dx.

Noacrasu  ciopa  BMecTo  o,(X) €e DasBePHYTOE BHDAaKEHHE,
Moy 4nM

A —Sf"(x)dx—2 2 Sf(x)cpm<x>dx+

m=0
+m2=0 CmS om(x)dx 42 Z CiCr S(Pk(x)?m(x) dx.

IMocaennss CyMMa HCY€3aeT BBHAY OpPTOrOHa/JAbHOCTH HallleR CHCTEMH.

BBols nocTOAHHHE
b

A= { oh (0 dx

a

u (0Go6iwenHee) koadduunent Pypve Qynkunu f(x)
1
=3 j £ (%) 9m () div,
MOXHO MepenucaTh BHIPAXeHHEe AAd A, B Bule

b n n
A,,=S Fx)dx—2 Y ApenCat I AnChe
a m=0 m=0

Uro6n MOX 3HAKOM CYMMH MNOJIYYHTh TOJHEIE KBaADATH, HYXHO BBECTH
TyRa elle YAeHH A,Ch. Jlo6aBMB MX C MUIOCaMU U C MHHYCaMH, OKOH-
yaTe/bHO nonyan:

A —ng(x)dx— 2 Al 2 A (C — €)™

m=0 m=0

Teneps AcHO, uT0 A, ROCTHraeT CBOEr0 HAaUMEHBLUI €T 0 SHAUEHUd
TOrfa, Koraa o6pallaeTcs B HyJAb NOCTe[Hss CyMMa, a 5To OyAer mph

Co——"Co, Cl=¢'n ceer C,.=C,‘.



413] § 4. BAMKHYTOCTb M TIOJIHOTA CHCTEMH &YHKLIAA 411

Takum o6pasom, u3z 8cex MHo2044¢H08 8uda (1) umenno ompesox
(0o600uennoz0) proa Pypse

$n (¥) = €49y (X) + €191 (%) + ... a9 (%)

docmasssem Gesutune A, HauMeH s UL ee BO3MOJNCHOE 0AR Hee BHa-
yeHue

b b n
h={UV@—s@Pir={r@d— Y i ©

m=0

CHoB2 Halle BHHMaHHE NPHKOBHMBAeTCA K Koa(dumuentaMm ®Pypoe Kak,
B HEKOTODOM CMHCJE, <Jy4IINM> B3 BCeX BOSMOXHHX! BaxHo ormeruTs
NpH 3TOM, YTO KO3()PHIMEHTH, OKasaBLIMecs <«JyYLIMMH» NpH (HKCHPO-
BaHHOM #, COXPaHAOT CBOIO POMb M NPH OOJBIIAX SHAYEHMAX A, K HUM
JYIb NPHCOENUHSIOTCS €lle HOBHE KO3({HuIHEHTH!

Papencrso (2) HasmBawT moscdecmsom bBeccean. W3 dero noay-
YaKTCA HEPABEHCTBA

n b

Z Al << Sf‘(x) dx
a

u (ecam mepefiTu K mpefeny NpA 71— 00)

i Al << § Fx)dx. (3)

m=20

10 — Hepasencmeo Beccess. JloGoNmTHO, yTo pad B (3) OKaswBaercd
BCErla CxofammMce, KakoBa OH Hu Ounna ¢yHkuua f(x) paccMatpuba-
€MOro KJacca.

{lpn BospactaHuu 7 BeauuuHa &, yGLiBaeT, MOCKOJBKY B €€ BH-
paxenun (2) J00aBAAIOTCA HOBHE OTPHIATEAbHHE CJAdaraeMme, Yem
Gonpmwe n, TeM Oamxe CyMMa S,(X) <B CpeAHEM> MOIXOAMT K paccma-
TpuBaeMOR QyuximM f(x). EcTecTBEHHO BO3HHMKAeT BOMPOC: MOKHO
MM 838 CYET YBEAHYEHHMI # HOOHTHCA CKOJAb YrOAHO
Manoro CpefiHEro KBaApPaTHYECKOr0 OTKAOHEHHSH, T. €
cmpesumen s 8, ¥ 0 npu n— oco?

Ecan 3TO BRNOJMHAETCS, TO TOBOPAT, YTO CyMMa S,(X) cxoauTcsa
K ¢ysknun f(x) <«B cpemneM» (YTO — NOAYEDKHEM 3TO — BOBCE He
ApeanosaraeT <«TOYEYHOU> CXOAMMOCTH S, (X) k f(x) B OOHYHOM CMHCJIE
cqoBa). U3 TomaecTBa Beccens CHO, UTO cxodumocms 8 cpedHeM CYMMb
Sq(x) & ynxgun f(x) pasnocussra Hasusuw pasencmsa [cp. (3)]

0 b
N Aph= S () dx. 0

m=0
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3T0 pPABEHCTBO HA3WBACTCH ypasuenuesm 3amxuymocmu. Ecam oHo
BHNOJHAETCA 18 KaXAoR HempepeBHON ¢yHkuud f(x), TO caMoe cu-
cremy {¢,(x)} HasbBaloT ZamMKHYmMOL.

414, 3aMKHYTOCTb TpPHroHomerpuueckoff cucreMmnl. IIpumeHum
TENEpPb BCE CKa3aHHOE, B YAaCTHOCTH, K TPHUrOHOMETPHYECKOH cucTeme

yHKIHH
1, cos x, sinx, cos 2x, sin2x, ..., cos mx, sinmx, ... (5)
B npoMexytke [0, 2w]*).
Bmecto cymmbr Buaa (1) smece npupercs paccMaTpuBaTb TPHUT O-
HOMETDHYECKHE MHOTOYJEHH

T,(x)=A,+ 2 (A, cos mx -+ B, sin mx). (1a)
=1

Ocywecrpasemoe umn npuGamxenne kK ¢yHxkuud f(x) «B  cpeaHeMm»
XapaKTepUsyeTcs BeIuyHHON
2r

b= f )~ T (w)ax.
0

Kak cneayer wus ofulero pacCyXueHus, npu @PUKCUPOBAHHOM n R aU-
MeHbuee 3HaueHue 3moll Besuuune 00CMasAfem COOMEEMCHNEYI0~
wui ompe3ox psia Pypve

n
a
Sy (x):—zl—l— Z (@ cos mx - by, sin mx). .
m=]
CaMO e HaWMEHbIIEE 3HAYEHHE BHIPAKAETCS DABEHCTBOM

2n
b= | I/ () —su () dx=
[}

n n
=\r@a—{F+ Y @a+m}, @
0 m=1

KOTOpPOE W NpeiCcTaBaseT mogicdecmso bBecceas nna cuctems (5). Hs
Hero, Kak u B OOGWEM CAyyae, BHTEKAET CXOAMMOCTb psila, COCTABJEH-
HOFO M3 KBaAparoB xosd¢uuuentoB dypbe, u Hepasencmso bLecceas

n 2=
2+ Y @htt<t (PEdx (32)
m=1 0

¥) Ham ynmoGuee B manpHelnieM B KaueCTBe OCHOBHOrO MMeTh B BHAY MMCHHO
npomexyrok [0, 2xj.
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Ho aas paccmaTpupaeMO# KOHKDETHOH CHCTEMH TPHMOHOMETPHYECKHX
GYyHKUMA OSTOT pesy/bTaT MOXET OHTb YTOYHEH, H BOMPOC, NOCTaBJeEH-
HHH B KOHE NpPENLAYUIEro HOMepa, pewaeTcs NoJHocTbo. Mmento,
UMEET MECTO CJIEAYIOMmlan BaxHas

Teopema. Kaxosa Ow Hu 6baa KYCOUWHO-HENPEpuLBHAR 8 NpoMe-
sgcymre [0, 2n] dyrxyua f(x) daq nee

2n
lim &, =lim S [f (%) —s, (¥)]}dx =0,
¢

max wmo cymma S, (x) cxodumcn ¥ @ynxyuu f(x) «8 cpednem».
Wammu  cropamu: 04s  ynomsanymoii dynxyun f(x) scezda smnos-
HREMcA ypasrenue 3aMKRymocmu

=] 2%
2+ Y @t o=r | e, (42)
m==1 0

IMpu nokasareancTBe MH O6yAeM nOJb30BaTBCA OOEHMH DaBHOCHJD-
HEIMH  GODMY/THPOBKAMH B 8aBUCUMOCTH oOT yaoGcrBa. Mm  nposenem
JlIOKa3aTeabCTBO B HECKOJBKO 3Tamnos.

1°, YcTanoBuM CHayala O[HO BCMIOMOraTeNbHOE HepaBeHCTBO. Pac-
CMOTpMM [IBE KYCOYHO-HENpepHBHHE (QYHKIMA f(x), f(x), u mycms
J (x)=f(x)i?(x). OG6osHauas uyepTOYKaMM HABEPXY BENHYMHEI, OTHO-
camMecs K QyHKuuaM f u f, oueBuaHo, GydeM HMMeTb

f=s=0—s)EF—5,).
W3 snementapHoro HepaseHctBa (2=t b)?<<2 (a1 8% caenyer, uro
F—sP<2((f =8+ — s},

a oTcraa
2 on . 2
(5 (F—srds<2] S F — 50 dx -+ S F—srast. @
0 0

Ecmu npu n— co o6a uHTerpana cnpasa cTpemarcd K 0, TO U HHTe-
rpan cnea Oyaer crpemutbcs K 0. VIHEIME croBamu: ecan ypasnerue

3QMKRYMOCIU 8HNOANACMCA NOPo3Ns 048 06yx @ynxuyui f u f, mo

OHO gumnoansemcs w 048 UX CYMMB usu paznocmu f =f-f. 3ror
pesy/abTaT, OYEBUAHO, OYZET CNpaBeMJMB M [AJA CYMMbI HECKOJBKHX
bynkuuh.

#) XoTa paccMOTPEHHe GIM3KHX K STOMY COOTHOLIEHHIO BONPOCOB OTHOCHTCA
eme k navaay XIX Beka, Ho mepBoe CTpOroe HOKasaTeabCTBO €r0, INO-BHAWMOMY,
6bno jgawo aumb B 1892 r, e na Banne [MyccenoM OCOGEHHO MHOrO
3aHuMManca ofwed TeopHel 3aMKHYTOCTH OPTOrOHaJbHHX CHCTeM Qyuxuuii u ee
NPUIOKEHHAMH PYCCKHH MaTeMaTHK akaleMHK Bragumnp Annpeesny CTekno08
(1863—1926). Emy npuHamnexuT B caMuifi TEDMBH <ypaBHEHHE 3aMKHYTOCTH?.
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2°. PaccMOTpHM Temeph TpPOCTYI0 ¢yHKDMI £, (X), NpPHHHMAIOLNLYIO
Wb B2 SHAYEHHS:

ecmn 0<<x <o,

1,
fa(x)={ (0<a<27)

—— B NpOYNX TOYKaxX.

Ilns Hee nerko HeMOCPEACTBEHHO NPOBEPUTh BHIMOJNHEHHE ypaB-
HEHHl SaMKHYTOCTH, ONWpasCh Ha M3BECTHOE HaM pa3noweHHe [cM.
1° 406, 4) u sameuanne):

o0
X2 omx 2 cosnx —1
4 2 n
neal

Je#HcTBuTenbHO, A9 Halel ¢yHKUMH

a

o=\ dx=2, =1 cosnx—1 sin e
L TF Ty = n !
0
1 1—cosna
bp=o——,

TaK 4To

Lo [°]
3 2 1 in® 1— 2
?2—+Z(a3‘+b;)=%z+;s sin na-}-(ng €0S ne) _
1

ne=1

2 1—cosna a
1:"+ = .,;s+.,;s[ ] ==
n=1

n

== § [f. ()P d.

Ouesnano, dopMyna (4a) ocTaercd BEpHOH M B TOM CJIyuae, eci
sHayenne 1 GyJeT 3aMeHeHO NI OHM ADYFrHUM NOCTOAHHHM 3Ha-
YyeHHeM c.

3% Hycts  f, 3 (%) f (X)—f.(®) (0<a<B=<2x); noCKOMBKY
ana yukumnt f, H f ypaBHeHHe 8aMKHYTOCTH BEINOJIHAETCSA, OHO BHI«
TOJNIHWTCA, B CuAy 1°, R 19 MX DasHOCTH fﬂe’ KOTOpadA NpPUHUMAET SHa-
ueiue 1 BHyTpu npomexyTka [e¢, B] u 3sHauenue 0 BHe Hero; H
31eChb 3HaueHMe 1 MOXeT OwTh 3aMeHeHO NOGOH NOCTOAHHOH c.

PaccMoTpum Teneps TNPOUSBOJBHYIO KYCOYHO-ROCHOAKRKYKO (HYHKIHIO

JF(x)*). TlockoABKY OHa —C TOUHOCTBIO JO 3HAYEHAN B KOHEUHOM

*) 3T0 3HAyMT, YTO OCHOBHOH NMPOMEXYTOX DA3NAraercA Ha KOHEUHOE YHC-
n0 uvacTeHt, BHYTPH KaxaoH M3 KOTOPHX GYHKUHA COXPaHAET MNOCTORHHOE
sHayeuue,
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yucae TOUYEK — MOXeT OblThb NpEACTaBAeHAa B BHAE CYMMBl HECKOJbKHX
GYHKIMH TOABKO 4YTO pPAcCMOTPEHHOTO THNA, TO M ARd Hee, B cHay 1°
paBeHcTBO (4a) clipaBejJHBO.

4° Tlepexoas, HakOHeu, K NPOM3BOJBHOH KyCOYHO-HENpepbsroL
GYHKIMM, Mbl MOXEM CHOBA — C TOYHOCTHIO IO AHauYeHHH B KOHEUHOM
yicsae TOYEK — PacCMaTpuBaTh €€ Kak cymMy oyHkmmi f(x), Kaxzas
M3 KOTOpPHIX HelpepeBHA B HEKOTOpPOM npomexyrtke [, PB], rae

<<a<P={2w, u pasna O BHe Hero. B cuay 1° ans noxasarenbcTBa
TEOPEMH [HOCTAaTOYHO YCTAaHOBHTb CNPaBEMJIMBOCTb YDaBHEHHA BaMKHY-
TOCTH AJa MoOOH (yHKUMH 3TOro THma.

Ilpeasaputenpio mnpeoGpasyeM HecKoJabKO HepaBeHCTBO (6). WmenHo
u3 ToxAectBa bBeccena (2a) — ecau TNpUMEHHTL €ro K Qyskmmn [ —
SICHO, YTO

2n 2 e
5 Fx)—5, (Fde < § V ()] dx.

IlostoMy HepamencTBO (6) JMIIbL YCHAMTICA, €CAM Hamkcath €ro B BHAE

2n 2r

[y —s@ra<a{ [F@—scr+ j Feoras), @
0

TNpH STOM MHl CuMTaeM no-npexuemy f= f--f.
Bosspamasce k ¢yHkunn f, 0 KOTOpOH peub OHMA BHIIE, NOKaMeM,
YyTO AJI Hee MO¥eT OHTb NOCTPOEHAa TaKasd KYCOUHO-NOCTOSIHHAdA (yHK-

g ,7, YTO BO BCeM OCHOBHOM mpoMexyTke [0, 2x] Gyner

F@—F@I<V & @)

Ie#cTBuTensho, N0 caeacTeno u3 TeopeMn Kawtopa [n® 75, npo-
MexyToK [a, B] MOXHO pasnoXuTb Ha KOHeuyHoe uHcao uyacTelt [a; B;]
(i=1, 2,..., n) Tak, uTo6W B KaxZOH M3 HHUX KojeOaHue (YHKIHH

6Limo MeHbIe 1/8—; Monoxum Tenepr QyHkumio f paswoft f(x;) B
Kaxaom npomexytke [a;, B;) aaa i<n u f(z,) B npomexyrke (@p Brl

a BHe mnpomexyTtka [« B) mycts f=0. OueBumno, ¢pyuwuns f u Oyaer
HCKOMOH.

Ecau ssath f=f — f, 10 B cuay (8),

= — ™
A< ]/8{;, Tak 47O S Feorde <.
0
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Ho nepenfl nnterpan B HepaBeHcTBe (7) cmpasa mpu n— oo, BBHAY 3%
crpemurcst K O m i AOCTaTO4HO OOMbUIMX 3HAueHUH NI TOXe CTaHET

e
MEHBLIE . Jng Tex e sHayeHui

2r

{fe—s,arae<e,

0

YTO M 3aBepilaeT AOKa3aTENbCTBO.

B 4acTHOCTH, OTCIO[a BHITEKAET, YTO MPUIOKOMEMPULECKAST CUCMEMA
dynryui (5) 8 npomesxcymre [0, 2n] samrnyma.

415. Toanora TpuroHomerpuueckoit cucremnl. JokasanHas oOuias
TEOpeMa MMEET DAL CJAEACTBHMH, TaKXe INpPEACTABJASIOUIMX MHTEpEC.

C ee moMouibio MOXET ObITh AOKa3aHa

Teopema. Kpome hywryuu, mocoecmsenno pasnol Hyao, He c¢y-
wecmeyem HenpepesHol Gyryull, Komopas 8 npomexcymre [0, 2] *)
Gutaa 6ot opmozonassna [n°398) xo scem dhynwyuam mpuzoromempu-
neckoli cucmemst ()

1, cosx, sinx, cos2x, sin2x, ..., cosmx, sinmx, ..,

VinniMu cnioBamu, ecau Henpepsisrasi 6 npoxmescymre [0, 2] ghynk-
uusn f(x) umeem kKosguyuenms Pypse, 8ce pasrbie HYMO, MO U
cama PYHKBUR CBO0UMCT MONCOECMBEHHO K HYAH.

JleHcTBUTENLHO, COPJIACHO YPAaBHEHHIO  3AMKHYTOCTH, JJd Tako#
dyHkunu Oyaer

2%
{reapax=o.
0

Tak kak NMOAUHTEr paJibHAA (p)’HKllHﬂ 34eCh HEOTpHUATEABbHA, TO W IIO-

IaBHO
X

{rerde=o

0

ans Bcex X B [0, 2r). uddepenunpys no BepxHeMY mpelenay, ¢ yue-
TOM HENpPEPHLIBHOCTH MNOAMHTErpaipHOft  GdyHKuuu, noayuum [n° 183},
YTO TOMXAECTBEHHO

f(x)=0.

CBOHCTBO TPHUrOHOMETPHYECKOH CHUCTEMH, BBICKA3aHHOE B TEODEME,
¥ HaswBalOT €€ NOAHOMOIl: TOBOPAT, YTO mpuzoHomMempuseckas cu-
cmemMa NoAHa— 8 KAQCCe Henpepbl8Huix yuruull.

¥) Unn B KakoM-HUGYAb APYroM NPOMEMYTKE MIMHbLI 27,
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Hanee, ecau O0se nenpepeisusie dynxyun fi(x) u f2(x) uneom oonu
u me e Koghghuguenmes Pypse, Mo oHU HEOOXODUMO MONCOECINBEHHEYL,
u60 Mx pasHOCTh fy(x¥)— fy(x) GOyzer umets koadpduuuentsr dypbe,
croWb pasHeie Hymo, Taxum o6pasom, wenpepeisnas @DYKKGUA OOHO-
3HQUHO onpedessemch c8ouUMU woaghuguenmanu Pypse. IT0 — NUlb
apyras  (OpMYJHpOBKA CBOHCTBA IOJNHOTH TPHUFOHOMETPHUECKOH CH-
CTEMBL.

3aMeuAHnE Bce ckasaHHoe coxpamser cuay UM Aaa  JoGoOH
3aMKHYTOH B HEKOTODOM IIpOMEXyTKe [a, b| OpTOrOHaJbHOH CH-
crembl QyHKunft {9, (¥)}: M3 ypaBHeHHs 3aMKHYTOCTH NOJYyYaercs IO J-
HOTa, M T. A

416. OGoOmeHHOe ypaBHeHHe SaMKHYTOCTH. IlycTb HdaHm ABe
oyuxkunu  f(x) u g(x), HenpepeBHHE WIM KyCOUHO-HENPEPHIBHLIE B
npoMexytke [0, 2x]; TakoBw ke Oyayt u oyukumn f-Lg u f—g.
Ecav 0603HauuTh COOTBETCTBEHHO Yepe3 a,, b, W o, B, Kosddn-
uneHTsl dypve dyukun# f uw g, To Aasn @yskuu# f-t g ouesuano,
Kosbduuuentamn dypve Oyayr a, o, b, B,

Ilpimenus ypaBHeHWE B3aMKHYTOCTH NODPO3Hb K (yHKuMIM f--g n
f— g mnoayuum

© 2n
G L2 | B (@nt- 2+ Cnt Bl = | [f gl dx
1]

m=1

© 2n
G2t N (e — o b — B =1 | F— gl ax.
m=I 0

Ecau nouseHHO BHYECTb 5TH ABa paBeHCTBa OAHO M3 ApYroro, TO, NpH-
HUMasi BO BHHMAHHE TOXAECTBO

(a-- b)! — (e — b)* =4ab,

NPHIAEM K 0GOGUEHHOMY YPABHENWIO 3aMKKYmMocm
ot 2%
\ 1
%;o =+ Z (@mtm =+ bmBm) = = Sf (x) g(x)dx. 9
m=l 0

Vpasuenue (4a) moayuaercs orciofa npu g=f.

3aMEYAHuHE. WM B oOmeM ciayyae NPOHSBOALHOM OPTOrOHaNLHOM
B npomexyrke [a, b] cucremnt Qynkunii {o, (x)}, ecam ypasHeunue
3aMKHYTOCTH (4) BHIMOJHSAETCS AJNA KawJOH HenpephiBHOR (MIM KyCOuHO-
HENpPepHBHOH) (QYHKLMH, TO AJ9 ABYX TAKUX (YHKUHH HMEET TaKke
MECTO OGOGLIEHHOE YDaBHEHHE SaMKHYTOCTH

o b
Y dncatn={ F D g @) dx,
m=0 a
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€M ¢, W Y, CYThb o6oOmieHHHe KosuuuenTH Oypbe ¢yHkun#t f
# g. JIOKa3HBa€TCs 9TO B TOYHOCTH TaK ke, KAK M TOJBKO YTO.

417. Tounennoe wunrterpupoBanue paga Pypee. [Ipeanonoxnm
¢yukuno  f(x), Kak OOHYHO, KyCOUHO-HENPEPHBHOH B HPOMENYTKE
[0, 2x], » nycTs

[ee)
‘—'29—]— 2 a, cos mx -+ b, sin mx (10)
m==1
6yaner ee psaa Pypne.
Bmecte ¢ Hew paccMOTPUM (TOXe KYCOUYHO-HENpPEpHBHYW0) (YyHK-
o g(x), KOTopas onpeaenseTcs Tak:

g(x)={

1, eciu 0<C x << x,,
0 B mpounx TOYKax.

Ee koapunmentn Pypbe paBHH

X0
=lde, a,,,:LScosmxdx,
k7 k7

xo

—%Ssinmxdx (m=1, 2, 3,..)
¢

Ecav K 3THM QYHKIMAM NPUMEHMTh OOOOIIEHHOE YpaBHEHWE S8aMKHY-
TocTd (9), TO MoayyHMm:

o Xo

Sa°dx—|—2 S(a,,,cosmx—I—b smmx)dx—Sf(x)dx (11)
]

m=10

Takum oOpasom, usumezpar om ghyuxyuu f(x) noaytaemcs no-
Y AEHR b M UHMe2puposanieM coomsememsyiouezo el pada @ypse.
ToT ¢aKT, YTO HOYJEHHOE HHTerpupoBaHue psma Odypbe OKasbBaeTcs
8ce20a Odonycmumoeim, TeM Oojiee 3aMeuyaTesNeH, YTO MB YCTaHOBMJH
ero, Haxe He AeJas NpeANONOXEHHHT O CXOAHUMOCTH Ca-
moro psaxa (10) k dynxkuun f(x)!¥)

MoxHo ckasath Aaxe Goabwe. Iloacrasue B dopmyay (9), Bmecro
ko3ppunrentos dypre a,, B, QyHKUUH g HX H3BECTHHE BbIPAKEHHA

a,,,=% Sg(x) cos mx dx, B,,,=% S g(x)sinmx dx,
0 ¢

(m=0,1,2..) (m=1,23..)

*) TTepBylo MOMBITKY JAOKa3aTh ROMYCTUMOCTb MOYAEHHOLO HHTErpHPOBAHHA
psna ®ypbe Haxonum y JloGauesckoro (1834 r.).
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NpUBElEM ee K SKBMBAJNEHTHOR dopme:

2 w© 2z

S %!g(x) dx -} Z S (am cOs mx - b, sin mx) g (x) dx =

0 m=) 0 )
={fmegax
0

DT0 paBeHCTBO MOXET OMTh HCTOAKOBaHO Tak: pad Dypse (10) dynr-
yuu f(X) MOMHO nousenro unmezpuposams Oasce NOCAE yMHONCENUS
€20 44eN08 Ka (YHKLuIo g(X)— B KauecTBE CYMMH NOJy4HTCS Kak
pas uHTErpak OT npoussenenns Qyskuuh f u g 3necb peub uaer o6
HHTErpUpoBaHWH B 1npoMexyTtke [0, 2z]. Ecam MH 3anHTepecoBaHW B
moGom npyrom mnpomexyrtke [0, x,] (0<lxp<2%), TO HyxHO JHMib
nonoxurb g(x)=0 BHE 3TOr0 NpPOMEKYTKa,

418. TeomeTpuuecKass HHTepnpeTauMs. MH XOTHM NO3HAKOMUTD
YuTaTENd C COBEPINEHHO HOBOH TOUKOW 3pEHUs Ha TO, UYTO MH WU3Y-
wyaau B 3TOM maparpade. OrpaHuymMcs pacCMOTpEHHEM HeNPepHBHHIX
¢yHkuufl f(X) B HEKOTOPOM KOHEYHOM NpOMeXyTKe [a, b] w nONONHM
B OCHOBY IpOM3BOJbHYI0 3aMKHYTywo [n°418] oproroHaapnyio ch-
creMy (HENpepHBHHX Xe) dyHkumn#t {9, (¥)}; Aa9 ynpomeHna M Aaxe
NPEANONOKUM STy CHCTEMY HOPMaJAbHOH, TaK uTo

b
{lenPar=1 @m=0112..). (12)
a

Hanpumep, yutareab Moxer ceGe npeiacTaBnTb, uTO peyb MAET O HOP-
MUpDOBaHHOH TPHFOHOMETDHUUECKOH cucrteme

b cos X sinx  cos 2x sin 2x €os mx sin mx
V2—-xv V;y ;, ;9 V—’;—yu--, : ? —E‘ 9 s
B npomexytke [0, 2x) wau [— =, =] [cM. n°398, (17 ¥)].

-

Mu crasem paccmatpmeaTh BCe (yHKudr f(X) Kak ssemenms f
HeKOMOopo20 <«BEKIMOPHO20 NpOCMPancmsa», ONpenenss CAOXKeHHE
ABYX TAKHX BJEMCHTOB U YMHOXCHHE 3JEMCHTa HA CKanap ¢ ecre-
CTBEHHBIM 00pasoM:

Fre=fm+tew), of=cd)

Tlon osunoli «BextOpas f==f(x), uawe Ha3niBacMOH €ro HOpPMOM, MH
GyZeM pasyMETb HEOTPHIATEJbHOE YHCIO
b
1fl=q/ (Uerdx (13)

a
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dta pauua pasHa 0, OueBMAHO, TOJAbKO Aaa ¢yHkuun f(x), TOxIe-
crBeHHo pasHOH 0; COOTBETCTBYIOIIMH <«BEKTOP» €CTb <«HYAc80H BeK-
mops» Hauero NpOCTPaHCTBA.

Oas toro uroOw onpaBAaTh Ha3BaHHE <JIHHA», HYXKHO YAOCTOBE-
pUTBCA B BHINOJIHEHMM TaK HA3LIBAEMOH <«aKCHOMBI TPEYroJsHukas [cp.
n° 125, (2)]

17 +gl<(71+glh

T. €. HEPABEHCTBA

U+ gapar<

b B
<q/ §Uera+y/ (leera

Ecm BospecTd ofe e€ro uyacty B KBaApaT, TO OHO INPUBEAETCS K He-
paBeHCTBY

b e A
Vfwewar<y/ (repacq/ (g@rae a
7048
b . b b
{{7@ewaxf < [ earas. {reearas.

ITO — u3BECTHOE Hepasencm8o BYHAKOSCK020 *), KOTOPOE CAYKHT MH-
TErpajibHBIM 2HAJOrOM YK€ BCTPEYABIUEroCs HaM aare0panyecKoro He-
paeeHcTBa Kowm:

m m m
Eaibi< Ea%' Ebf
i=|

i=] =l

[cm. n°125 u cHocky Ha crp. 222 mepBoro ToMal. IlokasaTeabCTBO

*) Axanemux Buxtop flkoBaesuy Byunakoscxn#t (1804—1889) — pyccku#t
MaTeMaTHK. YMOMAHYTOE B TEKCTEe HEPABEHCTBO 6bINO OMY6AMKOBAHO MM B 1859 r.
Yacro omMIH6OYHO CBA3LIBAIOT 3TO HepaBeHCTBO ¢ wmeneM 1B apua, B paborax
KOTOpOTO OHO BCTpeyaercsa auuib ¢ 1834 r,
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HEPAaBEHCTBA ByHﬂKOBCKOFO MOXHO OCYWMECTBUTh TaK XK€, KaK #u He-
PaBEHCTBA Komuu: KBaApaTHHIA TpPEXYJEeH OTHOCHUTENIbHO [EPEMEHHOH 2

b
/()4 g(rar=

a

b b
=2 {U@rar+2 (709 g0 ar+ (lg0or s

b
.
a a

a

HE NMPpHHRMAET OTpHUILATENbHBIX SHH‘JEHHH, CJ1e10BaTENLHO,
b b b .
VUerde (g@ra—{{r@emad’ =0,

a a a
T I

Yno6no Beectw noHatme «yraa» 6 mMexay «eexropamu» f n g

6= (f, g), ompelenss ero U3 paBeHCTBA
b

S £(x) g (x) dx

a

b b ; (1 5)
]/ S Lf (o)) dx - ]/ { e corax

HepaBeHcTBo (14) mnokassiBaeT, YTO aGCOMOTHAd BEJAHUMHA BHPAKEHHS
cupaBa He NPEBOCXOAMT eAuHMIEL. <«OpTOroHanbHOCTL» (yHKLUH f(x)
1 g(x) [n°398]:

cosbf=

b
Sf(x)g(x)dx=0

paBHOocunbHa TOMy, uT0 C0S0=0, Tak yro yron O okassBaercs
IPAMEIM.
YuutbiBas onpepenesue nopmul [cM. (13)], us (15) nomyuaem

b
{7eg de=I171-lIgl|-cost

9TO Jac€T OCHOBanuWe pacCMAaTpuUBaTb WHTErpan <cJaAeBa KakK craagproe

-—

npoussedenite <BeKTOpos» f u E:
b
{f@emdr=F-g

a
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Ecan pexTOp g €CTb <«CAMHHYHHHA BEKTOp», MAH <OpT», T. €.
€c/AM ero HopMa ||g||==1, TO CKaaspHoe INPOHMSBELEHHE

f-g=|fll-cosb
-
MOXHO PAacCMaTpPUBaThb KaK MPOEKyul0 <«sexmopas f Ha smom «opm>:
np. /.
g -
Ecan nana mocaeiosaTenbHOCTh <BEKTOpOB» {f,}, TO npedeson ee
HasHBAETCA TakKOH <«BexTOp» f, IS KOTOpPOro
| fa— fll—0 npu n— oo
Bosspamasce k cooTercteyiomny dyuxunaM {f, (x)}, f(x), nmeem, no
onpeaenennio Hopuu fcm. (13)],

[
{a—r@prax—o,

TaK YTO CX00UMOCME NOCAC008AMENSHOCIIU <BEKNOPO8> {};} ¥ npe-
deasHoMy «Bekmopy> f o3Hawaem He 4mo uHoe, KK cxodumocms 8
cpednen [n°418] nocaedosamersnocmu gynwguii {f,(x)} & npe-
dessnoli gynrguu f(x).

BepHemcs Tenmepb K NOJMOMEHHOH B OCHOBY ODPTOTOHAaJAbLHOH M

HopMaabHOH [cM. (12)] cucreme dynkuu#t {o,(x)}. Ee wmoxHO
TPAKTOBATb Kak CHCTEMY B3aMMHO ODTOTOHAJbHHX <«OPTOB»

{¢m}. BeHLy DNpEANONOKEHHOH BaMKHYTOCTH  YIOMSHYTOH CHCTEMH
(GyHkun# ona GymeT Takxe W nmOAHOH [n°415, 3aMeuaune], a stoO

BHAYUT, YTO K OCHOBHOW cucmeme «opmos» {9,} Heas3n Goaswe npu-
COeOUHUME HUKAKO20 HOB020 <OPMA>, KOMOPHE Gsa Obl OPMO20HANEH

-
Ko 6cex ¢! R
PaccMoTpuM NPOEKUMIO TIPOM3BO/JIBHOTO  «BEKTOpa» [ Ha KaKofi-

HUOYAL M3 OCHOBHHX <OPTOB> @

b
en=1p. =7 on=\ 7 (4) on (x) dx.
P a
Mu ysHaeM B STOM BHID&KEHHH TONPOCTY OAHWH U3 (0G0OLICHHEIX)
Kosduumuentos dypre [n°398] dyuxkumm f(x)*). ITockoapky yHk-

*) Hanomunaem o tom, uto dynkunn {¢,(x)} HOPMHpOBaHH, Tak HYTO BCe
yncaa A, =1 [em. (12)].
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uus f(x) onHO3HAuHO omnpenenserca cBouMu Kosdduudentamn Pypoe
[n° 415, 3aMeuanue], TO <Bexmop» f o0Ho3Ha4HO onpedessemcs ez2o0

NPOEKRUAMU HA <OPMBL> OCHOBHOL cucmems {on).

—

Ipoussenenue ¢, -9y, (X), T. € BEKTOP CpPpm=Sm €CTECTBEHHO

—

HasBaTh COCMABAAIW we i «8exmopas [ no HanpasseHud «opma» @,,.
Kax e Temepe MOXeT OuTh HCTO/NKOBaH 0600meHHHH pafx dypove
¢dyHkuun f (x) [n° 398]:

oo (X) o1 (¥)+ .ov F P ()4 .02 (16)

OrMernM mpexnue BCEro, uTO BBUAY NPENNONOKEHHOH 3aMKHY-
TOCTH cuctembt {@, (x)} uacruuHas cymMa s,(x) paga (16) npm n—oo
cxomuTcs B cpeaHeM K ¢yHkuun f(x) [n°413], a sT0 sHaumt, urtO
8cez0a uimeem Mecmo passoxcumocms 8 pad Dypse, ecau cxX00UMOCIMS

—

NORuUMams UMEHHO 8 cpeaueﬂ. WHnmu CJ0BaMu, <«BEKTOP» S, CTpe-

o
MUTCS K [OpeNeNbHOMY <«BEKTOpYy» f, uTO MOXHO 3ankcaTe B ¢opme
PasIoKeHns

F=crt et ooo +Cnpmt oo =FotFit o FFat ...

-
— Kaowonl sexmop [ npedcmaganemca 8 8ude cy M ME 8Cex €20
COCMAasAIOWIX NO HANPABACHUAM OCHOBHOELX «opntos». Takos reo-
MeTpHYeCKHH CMBICH pas/oxeHus B psa dypsel

VYpasHenue 3samkHyrtocth [n°413], meumy (12), Hanuer-

cd Tak:
]

b
VU pax= Y c

m=0
HIH

2

- o -
1A= 2 I fmII*
m==0
Ksadpam O0aunst <8eKmopa» OKa3bl8aeNMCA PABHUM CYMME K8adpamos
0AUH 8cex ez2o cocmasagouux. ITO — eCTeCTBeHHOe 0600ImeHue
teopems Iludparopa (oTBevawmel ciayyalo ABYMEPHOFO BeK-
TOpa, PAa3/IOKEHHOTO Ha JB€ B3aUMHO NEPNEHINKYJSIPHHE COCTaBJg-
iomue).
BcriomuiM B 0Go6GueHHOe YypaBHeHHE BaMKHYTOCTH

[n° 416, sameuanue]
o0

b
{remar= Y cntm

m=0
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rae ¢ — kosdduunente  Pypoe  dyHxkumm f, a 7, — K03(QPUUHEHTEI
dypbe ¢QyHkuuu g EcJM nepenucarb ero Tak:

7§=Z Con'Tms

m=0

TO 3€Ch MOXHO YCMOTPETb aHaJOrHio C NPHUBHIUHBIM BHIPAMEHHEM CKa-
ASPHOTO MPOM3BENEHHMS [BYX BEKTODOB B TPEXMEPHOM MpOCTpPAHCTBE
uepes WX MPOEKUMM HA TPU B3aUMHO MepneHAuKyaspHsie ocu [n° 388, (1)].

IOas yrayGaenus aHalOrMM MEWAY pPacCMaTPHBAEMBIM  <NPOCTpaH-
cTBOM» (YyHKUHH M OOBIYHBIM 3BKJMAOBHM MPOCTPAHCTBOM IIOHAAOGH-
J0Ch OB, BO-NEPBHX, DACHIMDHTB KJAACC PaccMaTPUBAaeMHIX (YHKIMH H,
BO-BTOPHIX, 060GWHTL HCMOAB3YEMOE oOmpeaeseHne uHTerpaia. W 1o u
apyroe BROCAEACTBHM OymeT caenaHo B KypCe TaK HasbiBaeMOH Teopuu
GyHKUHH BEMECTBEHHOH nepemenno#t [cM. 3akaoueHnue, pasgen VI

3aMeuaHuE [lapannessHo ¢ BeKTOpHOH uHTepnperauuel
MHOXeCTBA {f} BCEX HeNpepHBHBIX (YHKUMH MOXHO G6HAIO 6Bl paccma-
TPHBAaTb €r0 TOUYEYHYIO HHTEPHPETALHIO, CUUTAs OTHEAbHHIE HErpe-
puiBHbie GyHKLHH f=f(x) Kak 6n <«TOYKaMH» COCTAB/JEHHOrO W3 HUX
«IPOCTpaHCTBa». B aTOM cayuae uenecoo6pasHO BBECTH NOHATHE pac-
cmosnnug p(f, g) Mexny aByms <«Toukamu» f=f(x) n g=g(x) cae-
AywomnM o6pasoM:

4
o0 O=I7 —é’||=l/ §f—girax.

To, uto Boie OblJIO Ha3BAHO 04UKOI «BEKTOpa» f, €CTb HE YTO HHOe,
KaKk paccmosihue «TOYKH» f OT HauaabHOH «Touku» O,

Ecan f, g h cyTb TpM «TOYKW» HAWIEro <NPOCTPAHCTBA», TO HMEET
MECTO «daKCHOMa TpeyroabHHKa» B dopMe

e(f, h<<e(f, ©-Fr(g h).

Sra dopma noayuaercs W3 npexnef, eciu 3amennts Tam f Ha f —g,
ag—Ha g—h.

§ 5. OYEPK HCTOPHH TPUTOHOMETPHYECKHX PAIOB

419. 3agava 0 KoneGaHUM CTPYHbl. JTa 3HAMeHWTan 3alava, NPHBJAEKUIAsn
K cc6e BuuManue psafa Bupaowmuxcs MatematukoB XVIII Bexa, coirpana Baw-
HY pPOiab B CaMOH MOCTAHOBKE 80NPOCA O BOIMONCHOCHIL MPUSOHOMEMPIUYECK 020
Pa3A03CeRUs npou3soavholl Pynrguu. TIo3ToOMy MBI CHayana NO3HAKOMHM YMTa-
TeIA C YNOMAHYTOH 3ajaued M ee PCHICHHEM.

[lycTs omnoponHaa cTpyHa mauHbl [ 3aKkpendena KOHUaM¥ B Toukax x =0
¥ x==[ OCM X W NOX NeHCTBMEM HEKOTOPOro HAaTAXEHHA PACIOIAraeTca B pas-
HOBeCHM BIOIb 9TOH ocu (puc. 8l1). TlpemcraBum ceGe, uTo B MOMeHT (=0
CTPYHa BHIBOAHMTCA M3 MOJOXKEHHs PaBHOBECHA B MIOCKOCTH Xy (KOTOpPYIO, HampH-
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Mep, GymeM npenmonarath BePTHKANbHOA) M NpeNoOCTaBaseTCAa caMa cefe #),
Toria TOYKH CTPYHbl HAUHYT KOneGaThCsa B BEePTHKaALHOH e maockoctH. Ecam
NOMYCTHTb, YTO Kacaas TOoyka M crpyHsl ¢ afcuMccoft x Kome6aeTcs CTporo
BePTHKalbHO, TO €€ I[IOJOXEHHE B MO-

MeHT BpeMeHd (=0 onpemerurca ee y
OpAMHATOH y, KOTOpasa INpPEeACTaBUT ee M
OTKIOHEHHE Of TOJAOXEHUA PaBHOBECHS. |
S1a opnavHata 6yneT QyHKuMeH OT o6eMx iy
X :
lIEPEMEHHBIX X H [ al z M i
=y(x, !
y=y( 1) (h Puc. 81.

KOTOpas M TOLNEXHT  ONpeleleHHIO.

[1p# HEKOTOPHX — YNPOILAOIMX BONPOC — MPEANON0KEHHAX ABIEHUE OMU=
ChHIBAETCA CAEAYOIMM THPGepeHuUMalbHEM YyPaBHEHUEM B yacT-
HEX MPOMU3BOMHBK X

2 2.
e @
ot ox?

rae a-— nocTofAHHag, 3aBHcsAllag OT q)ﬂ3H‘leCKHX CBOJCTB CprHbI.

Kpome 3TOro ypaBHeHHA, HCKOMas (YHKUMA y (x, £) LOMKHA YNOBIETBOPATH
eme paLy TpeGosanui. [1pexae BCEro, HONKHB BHIONHATLCA TAK HA3bIBAEMbIE
npelelbHHE YCAOBHUM

y(0, t)=01 y(lr t)=0 (tEO)r (3)

BhIpaxaiolie (PaKT 3aKperieHus KOHLOB CTPYHHL. 3aTeM, ecAlt 8 Ha4a 2bH bl i
Momenm t =0 omxroHeHUs movex CMPyHu xapaxmepusyromes dynxyuell f(x)
(0<< x << !), a ckopocmu pasuet HYA10 *), TO HAANEKHUT NOTPe6OBATL BHIIOJHC-
HMd H HayaJdbHHX YyCAOBHH

ye0=r0, 2E0_0 <r<. 4)

TakuM 06pasoM, OKOHYaTelNbHO, 3aflaya CBOANTCA K PAa3HCKAHHIO
TakoH @ yHrudn y(x, £), kotopaa nna 0<Cx<</ m =0 ynosue-
TBOopana 6b ypaBHeHHD (2) U ycaosuam (3) u (4).

3aAMEuYAHHE Ilockoabky &yHkUMA y (x, £), 00pawauascs npu ¢ =10
8 f(x), lomkHa YIOBAETBOPATb YPaBHeHH (2) M ycnosuaM (3), 8 wacmuocmu
It 8 HGYGAbHBI MOMeHM 8pemexu, T0 camoe (QYHKUMIO f(Xx) HeOo6XOAMMO npu
3TOM NPEANOIOXKHUTh NBaX Ab ANGGepeHUHDpYEMOH B MpOMEXYTKe
[0, /] u, kpoMe TOro, MOAYHHKTbL elie YCIOBUAM

F(0)=0, F)=q, (52)

fO=0,  f (=0 (56)

420. Pemenne JanamGepa m SfijJepa. DTHMH YYeHHIMH M GbUIO BrepBLIE
ABHO copMynHpoBaHO ypaBHeHHe (2). Ero oGuiee pemenne o6a oum — cHavana
Janambep (1747 r.), a satem Ditnep (1748 r.) —mpencrasuau B Takoi dopme:

y=¢(x+a)+¢(x—ar). ()

a TaKxe

*) MB 1A ONpeleNeHHOCTH OFPaHHYHMCA MPENNONOXeHHEM, YTO KoneGaHus
CTPYHB HAYHHAIOTCA W3 COCTOAHHMA NMOKOA., VIMEHHO 3TO NpeANoNOMeHHe MEeXHT
B OCHOBE PEUIEHHA 3ajayy, AaHHOro DHnepoM (CM. cleAywuHMA Homep).
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3nech ¢ (z) v ¢ (v) 03HAUAT «NMpoW3BOAbLHHIE>» (YHKUUM, 3aKaHHHE IAA BCeX
3HaueHHH apryMmenToB. [Ins Hamel uenH JNOCTaTOYHO HEMOCPEXACTBEHHO
NpoBepHThb, YTO Bhipaxenue (6) NpH Bcex 3HayYeHHAX X U £ YAOBIETBOPAET YCAO-
BHIO (2), KAKOBH Gbl HU GbIIM ABaX A B AHG G EepeHUUD yeMbl e QYHKUHU

u .
? enepb BO3HHKAET BOMPOC O BeIGOpe 3THUX (GYHKUMA TaK, YTOGw YHoBiae-
TBOPEHH OHAN TaK¥e npejenbHbie W HayalibHbHE YCHAOBHSA, T. €, YTOGH 6HJI0

[eM. (3)]
@) +¢(—a)=0, o(U+ta)t+i(t—o)=0 (£=0) (3a)
u [em. (9)]
PO FYE)=r (%), @)=Y )=0 O<x<)). (4a)

[pn 97oM, oueBHIHO, GYHKUMIO ¢ (#) AOCTATONHO ONpefenuTs maa =0, a
¢ynxuno U (v)—aaa v<< [
Tlpexne Bcero, HHTerpupya BTO D Oe H3 paBeHCTB (43), HalileMm

p(x)=4¢(x) ¥) O=sx<l)
Torna, B cuay nepBoOro U3 STHX PaBeHCTB, 06€ (QYHKUMH paBHHI %f(x); Ta-
KuM 0o6pasoM, B npomexyTke [0, /] oHn yxe onmpefenenn (rpadMk Mx Ha pHc. 82

12
M

N z /1
N

B z

Puc. 82.

usobpaxen kpuBo#t OMA). Tax Kak (GYHKUHA ¢ NMOMIEMHT elue onpejeneHHIo
TONbKO B npoMexyTke (/, - oo), a QyHKUMA ¢ — B HeHanerawmeM Ha Hero
npouexyrke (— oo, 0), To mas YNpPOIEHHA 3aNMHCH MOXHO QYHKUHOHANbHYIO
XapaKTePHUCTHKY ¢ 3aMeHHTh Ha ¢ W OnpefenTh GYHKUHIO ¢ (X) B ITHX npoMe-
HYTKAX, UCXOAS M3 ycnoBuit [cM. (3a))

¢ (%) +¢(—x)=0, M

(x=0)
eU+x)+¢(—x)=0. ®

MNpewxne Bcero, uaMenss B (8) x or 0 mo [, Mb onpexenuM ¢ B npoMe-
wyTtke (I, 2

1
¢UF+)=—¢(l—x)=—5F(—x)
(xpusan ANB Ha yepr. 82). Temeps, Korma (yHKUHA ¢ NONHOCTBIO onpejeneHa
*) Bes ymaneHua OGIIHOCTH MOXHO He BBOIAMTb MOCTORHHOM HHTerpHposa-

1
nua C, H60, OTHAB —2—C OT ¢ ¥ npH6aBUB ?C K §, Bcerza MOXHO ocCyule-
CTBUTH UMEHHO YKAa3aHHOE PaBEHCTBO.
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B mpomexytke [0, 2/], npruem—sB cuny (5a)— BroGasok ¢ (0) =1 (2/)==0,
Mbl JIOKaXeM, YTO OHa BOOOIIC MMeeT NMe pH ONR 2/, U TeM CaMHM ONpefenHM
ee yxe BO BCEM NpOMexyTKe (— oo, -+ co).

Mycrs cravasa §=—/ nonoxne B (8) x=E-/, noayymu [c yuerom (7)]
¢E+2)=—¢(—E =2 ().

Anasornuno, mpu §<C—1! BosbMeM B (8) x=— (§+/) u [cHoBa ommpasch
na (7)] npupem k Tomy me. B obmeM, B kavecTBe rpaguka GyHKHMU ¢ MH NO-
nyymM (N0 BeipameHHi0 Jinepa) <«3MeeBHIHYIO KDHBYi0», H30GpaxeHHYI0 Ha
puc. 82, OHa CHMMETDHYHa OTHOCHTENbHO Hayana, KaK M JONXHO OmTb, HGO
B cuny (7) dynxusa ¢(x) HeyeTHas.

Tak xax ¢yskuua f(x) umeer B npomexyrke [0, /] IBe NpPOU3BOAHHE H
K TOMY Xe YHOBIeTBOpsaeT ycaoBHaM (5a) ¥ (56), TO — KaK MOXHO TNOKasaTh —
onpeleNeHHas YKa3aHHHIM 00pPasoM (YHKUHA ¢ (X) OGyleT MOBCHONY ABAMKAH
Inddepennvpyema, He HCKAlouaa Toyex Buma kI (=0, =1, +2, ..), rae
«CKIEHBAIOTCA> OTHeAbHMeE KyCKH KpuBOH. Uepes 3Ty ¢yHKUHIO HCKOMOE pelie-
HHEe OKOHYaTelbHO M IPENCTaBHICA B BHIE

y=¢ (x4 at) +¢(x—af). 9

421. Pemenne Tefinopa u Ji. Bepryaau *). Eme B 1713 r. Tefiaop nsyuvaa
BOMPOC O NBHXEHHUH HATAHYTOR CTPYHH H onpeleaan nepHol ee KoneGaHus.
OtnpaBHOH TOYUKON IA HEro CAYXHI0 HEKOe NpelNoXeHue, PaBHOCHAbHOE N0
cyutecTBY ypaBHeHHio (2). B pesyibTare OH NpHILeN K BbIBORY, YTO €cau
CMPYHE KOACOAEMCA KAK YeA0e, TO OHa B KaxIniR MOMEHT umeeT (OpMY apKu
CHHYCOMIHL.

Pa3ymMeercs, 9T0 — AHLIb OXAWH M3 BO3MOXHHIX JJA CTPYHW BHIOB KoaeGa-
nusa. U3 paccymnenutt Tetnopa BmTeKaer cymiecrBOBanHe O€CYMCAEHHOTO MHO-
KeCTBa TAKHX BHIOB: CTOMT JiMIlib, Pa3neauB CTPYHY Ha n(Z=2) paBHHX yyacT-
KOB, X Ka¥JOMY B OTILENbHOCTM NpPAMEHHTb NpexHu# BHBOL. B TakoM ciyuae
¢opMa CTPYHH HPEICTaBHT CcoG0f n MOCAENOBATEAbHHWX CHHYCOMIAAbHLIX aPOK.

Mu noayuum Bce STH YaCTHHE pPelleHHA YpaBHEHHA (2) YHCTO aHa-
JTUTRYECKHM MyTeM, HCXONA HenocpeiCTBEHHO H3 YpaBHeHHs. CTaHeM HCKaTb
ero peuiesde (OTTHVYHOE OT OYeBHIOHOIO, HO HEe HHTEPECROTO HaM pelle-
HHA—H Yy 1) T0J BHIOM NpPOM3BeNeHHA IBYX (YHKUMH, M3 KOTOPHX OJHAa 3a-
BHCHT TOAbKO OT X, a Ipyras— TOAbKO OT f:

y=X(x)-T(¢).
YpaBHenne (2) B 9TOM Clyyae NPHHAMaeT BHI
XT"'=a*X"T

(rae WTPHXH O3HAYAIOT NIPOM3BOMHHE NO TOH nepeMeHHOl, OT KOTOPOH QyHKumus
3aBHCHT) WIH, HaKOHel,
" 1
T X

=0 (10)

Tak Kak neBas YacTb STOO PaBEHCTBA He 3aBHCHT OT X, a mpaBasd— OF [, TO
ux ofnlee sHaueHHe (aKTHYECKH He 3aBHCHT HH OT X, HH OT f, T. €. CBOAHTCA
K NOCTOAHHOHR, KOTOPYi0o Ml BO3bMeM B (opme — a®A? (npm A > 0). Torma ypas-
Henue (10) pacnapaerca Ha IBa:

T + aSA!T____ 0' X" + ASX= 0'

#) llanunn bBepuynam (1700—1782), cwn Horanna DBepHynam W Apyr
Atinepa. B nepnon ¢ 1725 no 1733 r. meareabHo paboran B leTepSyprckod aka-
LKEMHH HayK.
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ofuiMe pEHIEHHA STHX — YyKe OGLIKHOBEHHbIX — AN depeHuHanbHEIX YPABHEHWH,
COOTBETCTBEHHO, HMEIOT BHI:

T=Acos akt -+ Bsin ar ¢, X=Ccos Ax + Dsin rx.

Jlaa Toro uto6pl dyHKkuMA y==XT yIOBIeTBOPAJA H NpeLeIbHLIM YCIOBUAM (3),
pM JommHa ynosnetBopath ¢ysknua X. Ilonaras B He#t x==0, cpasy BuIuM,
uro C=0; monaras xe X=1_, ¥ yuuTwiBag, uTo D yXe He MOKeT O6biTb HYyieM,
npugeM K ycnosuio sin M =0, oTkyla M =n= npu HaTypanbuoM . TakuM 06~
pa3oM, A MOXeET HMeTb IHlIb OLHO M3 CIeXYIOUIUX 3HayeHHM:

T 2n nr
L= )‘s=7, ey Ap=— v ®)

X T

Ecan cunmrath yTO HaYyanbHB € CKOPOCTH BCEX TOYEK CTPYHH PaBHH
Hymo, To T'(0)=0, a orciona B=0. O6osnavaa npu X=X, nocrosruy AD
yepes b,, Mbl U TNIPHIEM K YIOMAHYTOH MocaefoBaTenb=

/ HOCTH YaCTHHX pelieHHH ypaBHeHnsa (2)
—t-sme.

Yp=2>b,c0s i

Ecan cTpyHa ocymecTBaseT Kone6aHme N0 TaKOMy

Z@@ 33KOHY, TO 8C€ €€ MOYKU KOAEOAIOMCS ¢ OOHUM U MEM
oice nepuodom
2
7 n=— na 1)
= = KOmopomy omseqaem mox onpedeseHnoil ssicomsl. AMnnu-
Tyla ®e Kkoac6aHMH KaXJOH TOYKH 3aBHCHT OT €€ I10J0-
y AEHHA ¥ paBHa
e in 27
by sin— x|,
[]
Puc. 83 Bca cTpyna pas6uBaeTcs Ha 7 PaBHHX YYACTKOB, NMpHYeM

TOYKM OLHOrO y4yacTKa HaxXONATCA BCe B OJMHAKOBBIX (ha-

3aX, a TOYKM COCEIHHX YYacTKOB— B MPOTHBOMONOXHBX
(a3ax. [lociegoBaTenbyble NONOWERMA CTPYHbl Naa caydae n==1, 2, 3, 4 u3o-
6paxcenbl Ha puc. 83. ToukH, oTmelrAoIMe OLMH YUYaCTOK OT JPYroro, oKasmi-
BAalOTCA B MOKOE, 3T0 — TaK HasbiBaeMble <«y3nbl»., CepefuHEl YYaCTKOB — ely4-
HOCTH> — KONeGMIOTCA ¢ HauGombief aMIANTYNOM.

TMocne nosBieHna o6wmux uccienosauust JanamGepa u Dinepa o koaebaHuH
CTpYHH C paGoTo#i Ha Ty e remy suctymun [, Beprymau (1753 r.). Hanomnus
0 TOM, YTO MHOXECTBEHHOCTb BHIOB KoxeGaHus CTPYHb Ghiia He6e3b3-
pecTHa eule Teftnopy, BepHynin — oCHOBLIBasICh Ha PU3NYECKUX HaGNIOIEHUAX —
BLABMHYN YTBEDMIEHUE, YTO 6CC IMU KOACOGHUSN OCYWECMBASIOMES CpaA3y U
cmpyna OOHOSPEMEHHO u30aem mOKs pa3sudnol escomsi. TIPOUCXONHT, IO €ro
BLIPAWEHHNIO, «CMemleHHe» (Mbl CKa3axH Gbl — HalNOXEHHe) OTJenbHbIX KoneGaHui,
TaK YTO NOJHOEe KoneGaHHE CTPYHH MOXET ObITh 0XapaKTePH3OBAHO PABEHCTBOM

o0
y=2 b,,cos’lz‘—"tsm ’%‘x. (1)

n=1

*) Ecnin 6u Mul B3AAM NOCTOAHHOE 3Hayenue oTHoieHu#t (10) B dopme a®h?,
TO NpeReNbHbIM YCAOBHAM MOrAa Obl YROBIETBOPATb TOAbKO (yHKUMA X, TOM-
LeCTBEHHO paBHaf HYII0,
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OcHOoBHON TOH onpeaenserca nepsoft cocraBasiowel y,; €H OTBeyaer

nepvon Ty==—. OcTanbHble TOHH, H3/laBaeMble CTPYHOH, MIH O0GE PTOHbI,

a

1
XapaKTePH3YIOTCA APYTMMH COCTABIAOWMMY; HM OTBEYAIOT MepHolb T = 5 T,,
1
Ts=? Ty, ... Ecan npHKOCHYTbCA ManbueM K CepefiMHe CTPYHH, TO Cpasy 3a-

rAOXHYT KaK OCHOBHOH TOH, TaK M HeYeTHHe OGEPTOHbI, AAA KOTOPHIX TaM Ghlna
nyyHocTb. HeTHne OGEPTOHBI, JIAA KOTOPHIX HA CePeAHHY CTPYHbl NPHXOANTCA
y3en, BCE COXPAHATCA; JIA HHX POJb OCHOBHOro GyjeT Hrpath BTOpPOft 06epToH,
M CTPYHa CTaHET H3laBaTh OKTaBY INepPBOHayaibHOro ToHa. MmeHso 6orar-
CTBO (M3MYECKOr0 COJEPXAHHA, NP MOIHOM COrJaCHH C IKCIEPHUMEHTOM, 3a-
craBuI0 Beprynan npeanoyectb peutenue (11) s#imepoBy pewtennio (9). Hyxuo
CKa3aTb, YT0 Jitmep M caM ynomusaetr o peilenun (11), HO aMib KaK O BO3-
MOXHOM vacTHoM penteHHd. [aa BepHymmn B Ty INOpYy-—no COGCTBEHHOMY
NPH3HAHUIW — BONPOC 06 OGIIHOCTH ero pelieHds 6bin elie HENOCTaTOYHO ACEH,
HO OH OTKAa3LBAETCA NMOHATb, KAKOH ((u3uyeckuit) cMpica MoraW Obl MMEThb ApY-
rHe penienus, ecay 6bl OHH CYLIECTBOBANH.
bl JOKaxeM ceHyac, ONMMpasch Ha PasBUTYIO Bhillle TEOPHIO, YTO —np U
nadrexnmawyenm sibope kospduyguenmos s Popuyse (11) *)—ona
npocmo moxcdecmsenna ¢ fopmuyaoi (9). [1pH 9T0M MBI IpearNonaraeM, KOHeYHO,
BbIMTOAHEHHLIMH T€ YCIOBHA OTHOCHTENbHO (GYHKUMH f(x), KOTOpHe paHbile
6blId Ha Hee HanoweHul [n° 419, sameuyannue].
Haynem umenHo ¢ Bu6opa Kosdguunentos b,. Ecau Mu xornm, yro6u ¢op=-
myia (11) maBana peiiesHe, yIOBIETBODAIOUIEE HAYANBHOMY YCIOBHI (4)

y(x, 0)=Ff(x) O=<x<),
10, monaras B (11) ¢£=0, 1omKHH uMmeTb

Zb,,sin Dr=fx) (O<x<)). (12
1

Tak kax Qyskuua f(x) nuppepennupyeMa B Ha KOHHIAX npoMexyTka [0, /]
o6pamaercs B HYIb, TO TaKoe Da3noxeHHe, NEHCTBHTENLHO, HMEET MeECTO BO
BCEM NPOMEXYTKE, eclH B3AThb [cM. n° 405, (22))

I3
bn=% Sf(x)singdx (n=1, 2, 3, ..)
0

410 MH M 6yleM Npeanoiarath.
Ho pan (12) cxonutca mpH B Ce X 3JHAYEHHAX X, H C €r0 MOMOUILIO BO BCEM
NPOMEXYTKE OT — 0O J0 - cO MOXeT 6HTh OmpefiesieHa (QYHKRUHA

1 x
. nmX
¢()== 2 by sin —=.
n=1
Takum o6pa3oM, B mpoMexytke [0, /] sta QyHkuus pasHa %f(x); KpOMe TOro,

KaK J€rKo HemOCPEACTBEHHO NPOBEPHTb, NIA Hee BHINOAHAITCA YCaAOBHA (7) H
(8). Orciona yxe BbiTeKaeT, YTO OHa B TOYHOCTH COBHajaer ¢ TOH ¢QyHkuneR o,
0 KOTOpOH OHJAa peyb B NpeasyiyuieM HoMepe, NMOCKOABKY BCE YIIOMAHYThiE
yCIOBHSA, BMECTE B3ATHE, ONMpelenald ee ONHO3HAYHO.

*) Bonpoca o xosdduuneHtax BepHyanin He 3arparuBaer,
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B TaxkoM ciyuae ye W3BeCTHOe HaM 3HnepoBo petieHue (9) Temeps Moxer
6H5Th NPENCTABAEHO B BHIE

0 0
y-_=_‘. 2 b,,[sin rm(x[—l-at) + sin nn(x[—at) ]= 2 bpcos =2 ¢ sin T x,

2 { {
n=1 n=1
Tak yTo pasnoxkenue (11) npu ykasaHHOM BbGope KO3ddHLUMEHTOB NeHCTBUTENLHO
aeT pelieHue ypaBHeHHA (2), ¥ NPHUTOM — TOXACCTBEHHOE C NPERHUM.

422. Cnop no moBORy 3axa4H O KOAeOAHHH CTPYHBI. JTOT CNOp pasro-
peica Mo ABYM HalpaBieHHAM.

[pex e BCero, HeCMOTpPA Ha QOpPManbHOe CXONCTBO pelieHHH, NpernoKeH-
nbix Janam6epom u DitnepoM, BCKOPE BHIACHHAOCH, YTO MEWEIY OGOMMH YYeHBLIMA
CymecTByeT raiy60okoe pacxoxjeHue 1O BOMPOCY O TOM, Kakue Fyrkguu 0o-
nycmumo paccMampusams 8 aHaAu3e, V— B YACTHOCTH — KaKOHM JOMXKHa GHTb
(QyHKUNA f, XapaKTepPU3ylomasa HayasbHyK (QOpMY CTPYHH.

diinep He TpeGoBan, uto6bl 3Ta (YHKUHMA ONpeNCIANACL BO BCEM NpOMe-
wyTke [0, /] eIMHWM aHaMUTHYECKHM BHIpaxkeHHeM (MOROGHYIO (yHKuMio Sftnep
Ha3WBal <HenpepuBHOM»). JTa PyHKUHA MOraa ObiTh M «CMeIlaHHOH», T. e. 3a-
NaBaThbCA B DPa3HHX YacTAX NPOMEKYTKA Pa3nUUHHIMH BbIPaXEHUAMH. DHnep
CYMTan BO3MOXHBIM Jake ONpeleNaTh HavyalbHOe NONOXEHHE CTPYHH JIPOCTO
<KPHBOH, HauepTaHHOH CBOGONHBLIM JBHMEHHEM DYKH»: Belb H B 3TOM clyuae
6H10 OCYHNIeCTBHMO YKa3aHHOE WM NMOCTPOeHHe rpaduka (QyHKuud ¢ (puc. 82),
a Mo HeMy yxe Nerko 6blI0 FeOMeTPUUECKH YCTAHOBHTb BHI CTPYHH B 11060H
MOMEHT BPEMEHH.

Wuoti 6maa nosuuus Janambepa: He TOIbKO HCXOXHad QYHKUHA f(X), HO U
onpenenseMas o HeH yxe B 6eCKOHEUHOM NPOMeXyTke QYHKUHA ¢ (x) KOMKHE —
no ero y6exjaeHH0 — MOJYMHATLCA €AHHOMY aHANHTHYECKOMY 3aKOHY; pelueHHe
3alayM CPeICTBAMH aHaNW3a BO3MOXHO NHIIb B TOM CIyyae, KOINAa «Pa3THYyHHE
NONOXEHHA KOJeGaomiefica CTPYHH MOFYT ObiTb 3aKMIOUEHH B OLHOM M TOM Xe
ypaBHeHuu». Bnocnencrsnn Janambep COCDENOTOYHA CBOM BO3PaXEHHA Ha BO-
npoce O KDHBH3He, KOTOpas NOMKHA GHTb ONpENeleHHOR BO BCEX TOUKAX, HO-

CKOMbKY B CaMOM YpaBHEHHMH ¢urypupyer BTOpas NMPOH3BOXHAA 0;’2: MEXNYy TeM

NPOM3BOABHOCTb 3aJaHMA f M «CKICHBaHHe» rpaduka ¢ M3 KYCKOB ee CyulecTBO-
BaHHA He 06eCNeyHBaIoT.

Eciu 006MBaThCA BHIMONHEHHA YpaBHEHHA (2), TO NMOCAeNHEMY COO6paxeHHIO
Henb3s OTKa3aTh B yGeIMTENbHOCTH [CP. Te OrpaHHuYeHHs, KOTOphie Mh! BhILIE
Hano¥MaH Ha @ynkumio f (n° 419, 3amMevanne)].

Bolpoc 0 Xapakrepe <«NPOU3BONbLHHX (YHKUMA», BNEpBHEe BCTPETHBIUMXCA
NpH pellleHHH JH(QepeHUManbHbX YPaBHEHHH B YaCTHHX NPOH3BOI-
HH X ¥), emle Koaro geGatHpoBancsa cpeid MateMatHkos. B 1787 r.— yxe nocae
cMepTH 06OMX TNPOTUBHHKOB — lTetep6yprckas axkajieMHs BHIABHHYJTa UMEHHO
9TOT CNODPHHH BOMPOC Ha COMCKaHHe TNPeMHH, XoTopas B 1790 r. 6uina mpucy-
xneHa Jlyy Ap6ora, GIM3KOMY Nno CBOMM B3riaasaM K Jinepy.

[lepelineM Tenepb KO BTOPOMY NpeRMeTy CIOpa, MMEIOUIEMY YXke Hemocpei-
CTBEHHYIO CBfi3b C OCHOBHHIM CONEP¥AHHEM HacTosamtero ouepka. Ha stor paa
B OXHOM narepe oxasaauch JHnep u HanamGep, KOTOpHe 06a BHCTYNHUIH NMPOTHB
Bepuynny, yTBepxias, YTO €ro peilieHHe He ABIsETCA OGWMM, TAK KAK HaleKo
He UCYEpNbIBaeT BCeX BO3MOMHLIX 3aKOHOB KONeGaHHWA CTpYHH.

ditnep ACHO NMOHMMal, YTO BCE CBOAUTCA K BOMPOCY: MOxcem Au ai00as
gynryus f(x) (xapakTepusywomasn HauaabHY© $HOpMY CTPYHH) Obmb pa3roxcend
8 pAd no cumnycax kpamusx Oyz? CaM OH OTBeyan Ha STOT BOMPOC OTPHUA-
TenbHo. [Ipexne Bcero, HayaabHaa KpHBas, NO KOTOPOH pacronaraiach CTPyHa,

*) Hanomo6ne npousBOJbHBIX MOCTOSAHHHX, yXe BCTPEYaBUIMXCHA MPH peile~
HHH OGBLIKHOBEHHHX JHddepeHUnalbHHX ypaBHEHHH,
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Moria 6bl OKa3aTbCA BOBCE He BHPa3HMON HHKAKMM YDaBAEHHEM, 3HAYNT, B Yacl~
HOCTH — H ypaBHenHem (12) Bepuyamu. Ho paxe ecam ona M npencrasianach
aHaTMTHYECKHM BhIpAXEHHEM, TO 3TO NOCHejHee MOTMO He 0GAAAATh TEMH O C O~
GeHHOCTAMH, KOTODHE OTHHYAT KauAYH KPHBYIO, BHPANAEMYIO YpaBHe-
neM suga (12). K TakuM 0COGEHHOCTAM NpPHHALIEXHT, BO-NEPBbIX, HEGETHOCT
OpIUHATH, KaK QYHKUMH OT aCUMCCH, H, BO-BTOPHY, HaiyuHe y 5ToH OyHKuUHH
neproaa 21.

Bospawenne Diinepa Tpefyer mnoscHenuf: Benb GyHKuMs F(x) a3ajaercs
aniis B npoMexyTke oT O go I, rie sTH oco6eHHOCTH BooGme W He Moray Gu
npoasuTscal Ho B Ty mopy eme cuntazoch caMo o600 pasymemwiuuMcs, Y10
080 GRAAUMUYECKUX BHPANCERURA, NOAYLAOWUX PABHBE IHAHEHUS
npu U3MEHEHIL NepeMENnOli 8 KaKoM-Aub0 NPoOMeNCYMKE, MEM CAMBM OMONC-
Oeccmeasiomes 4 nogciody ene Hezo. IlosToMy, Hanpusep, ecad HYHKuma f(x)
B npomexyrtke (0, [) 6mia 3ajgaHa C MOMOIBI0 A AT€6PAaKUYECKOFO BH Pa-
X € H U fl, KOTOpoe HHKOrZa He o6MafaeT BTOPHM H3 YROMABYTHIX CBOHCTB, TO —
B CHNY CKasaHHOro— Jaxe B Mpejenax OJHOro STOro MPOMEXYTKA OHA Yyxe
He MOIfa COBNajaTh C BHpakeHueM Buia (12).

JlanamGep B CBOHX BO3paMeEHHMAX NOUled eumle Raiblie: 1O €ro MHEHHI,
Haxe ecliu OTHelbHbie YacTH SHnepoBoil KpHBO# OKAa3WBAKTCA BCE CBA3AHHWIMH
elMHHM aHaMHTHYECKHM BHpaXeHHEM, TO OHa BCe e He O0A3aHa CIel0BaTh
3aKOHY, YKka3anHoMy DBepuyann. Tak [JanamGep oTBepr pemeHuHe, KOTOpOe Kak
pPa3 A OCYILECTBAANO ero co6CTBeHHOE TpeGOoBaHHe, YTOOH Ppa3nHYHbE FHONOMKe-
HHA KONeGmomeHcs CTPYHH GBI <33KMI0YEHB B OJHOM M TOM e YDaBHEHHH»!

Co cBoeit cTopoHH, DepHyimm Teneps yxe ¢ Géabmed HacTOHUMBOCTBIO
yTBep# Ak, YTO ypaBReHHeM BHAa (12) 0XBaTHBAIOTCA BCEBO3MOXHBE KPHBHIE:
pacronarasi 6eCKOHEUHHM MHOXECTBOM KO3QHUHEHTOB, MOXHO Belb 3aCTaABHTh
BEIPAXAEMYIO HM KDHBYIO MPO#ATH uepe3 mi060€ YMCAO Hamepel 3aNaHEHI TOYeK.
Ipu sToM oco6ylo LEeHHOCTL B €ro riaasax BCe xe, HO-NpexHeMy, NpeicTaBisia
Gu3nvYecKasn CTOPOHA 1end, 8 HMEHHO <BO3MOXHOCTb NPUBECTH CYUIeCIBYIO-
e B NPApOJe NBAXKEHHA, KOTOPhE KaXYTCA HEMOAYHHEHHHIMH HHKAaKOMYy 3a-
KOHY, K IIPOCTHM M30XPOHHHM JBHXEHHAM ...y,

423, PasnoxkenHe PYHKUHA B TPHrOHOMETPHYECKHe DPARLI, ONpeiesenne
KosddrnHenToB. CaMBM YIWBHTEIbLHHM BO BceHl 3Toft XMCKycCHM Ohlio TO,
yTo JfAep B 9TO BpeMsA yke CaM PAacnosaran MPUMEPAMH Pa3NOXEHHA HMEHHO
anre6panyYyeCcKUX GYHKUUH B TPUTOHOMETPHYECKHE pAnbl (KOHEWHO,
NONYYEHHBIMH COBEpHIEHHO (QOPMalbHO).

B «Jdudpdepenunanrnion ucuucneHun» (1755 r.) MH HaxXomum pasnoxenue

sin 2x , sin 3x |, sin 4x T— X

sin x + 5 + 3 + 7 +..= 5 (13)

[cp. n° 406, 1)}, o koTopom Dfinep eme B1744r.coo6man B nucbMe
coesy Apyry ToabpGaxy. B 1760 r. Bemna B cBeT paGoTa 3Siinepa, Halucak-
nvas B 1764 r., rue, uCX0AR M3 Pa3sOXEHHA

oS X—a

14 a* —2acosx
H, mojaras ¢= 1, OH cHayala NPUXOJMT K PACXOINANH MC A pPaaaM

1
cos x -+ cos 2x -} cos 3x -} cos 4x =,

| (14)
cos X — €08 2x -+ cos 3.x — cos 4x+...=?,
a 3aTéM MHTErpupyeT NMOWIEHHO BT OD O# M3 HHX M NONYyYaeT pe3y/bIar:

sin 2x , sin 3x  sin4x x
7 t—3 ——g t..=% a3

=c0s x -+ acos 2x + a®cos 3x } atcos 4x ...

sin x —
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[cp. n° 406, 2)&. <HeT HamoGHOCTH RPHCOENMHATL NOCTOAHHYIO, MOACHAET Diaep,
6o npu x =0 cama cymMma ucueszaer». Hukakux yxkasanuit Ha o6racTb mpume-
HUMOCTH 3THX W MONOGHBIX MM Pa3moOXeHHH y DHnepa Her.

VuTepecHo, uyto dfinep He noayyaer pasnoxenHa (13) nyreM mounennoro
UHTErpHPOBAHNA T epBOT O W3 pagos (l14). dro aums Bnocaenctsd (1772 r.)
pomonnua J. Bepuyanun. OH nojuepkuBaeT NpexAe BCero, 4YTo ONpejeNeHHe
NOCTOAHHOR MHTErpUpOBaHNA B PaBEHCTBE

. sin2x . sin3x | sin4x X
sin x -}~ 5 -+ 3 -+ T +.,.=C——2—

Tpe6yeT <«OCMOTPHTENBHOCTH»: HAmpHUMep, He TOOMTCA AnA 9TOH WLeaM mpocto

T
noncraButs x = 0; Bepuynnn nonaraer X=- M, UCTOMLIYA U3BECTHHIH pap

Jle#t6unua [n° 255, (20)], NpUXOOUT K PaBEHCTBY

m 1 1 T T
C—T=1_7+?— o=, OTKYAR C =3
Bepuynnun (Bnepsblel) TOUHO yKa3piBaeT 061acTh TNPUMEHHMOCTH TNOAYYEHHOTO
pasnoxeHHs — NpoMexyTok orf O 10 2x, npuyeM maa x=0 (2z) paBeHCTBO
MecTa He nUMeeT. Boabire Toro: nast Apyrux NmpoMexyTKoB: OT 2= 10 4w, of 4n
1o 6% ¥ T. L. NPHXONHTCA TNOCTOAHHYI0O HMHTETPHUPOBAHMA COOTBETCTBEHHO H3Me-
HATb (X0TA 3TO0 M ¢KaxeTcd NPOTHBOPCYALIHM 33KOHY HeNpepbiBHOCTH»).

BaxHbifi BONPOC 06 onpedesenuu Ko3IpPuyuenmos mpuzoHomempuieckozo
pa3r0dcerus Haneped 3a0aHHOi Pysxyuu—B 06EM BUIE — NO-BH-
IMMoMy, BnepBble moctasun Knepo B 1757 r. B onnoft paGore no TeopeTHyeckok
acTpoHOMHH. Peub B Hell HIeT 0 pa3noxeHUH QYHKUHMH B NMpoMexyTke ot 0 o=
B pAL no Kocunycam. CHayama aBTOp pelaeT MHTEPMOJAAUMORHYIO 3amauy, orpa-
HUYHBAACh KOHEUHbIM YHCJIOM 72 UJCHOB PANA H NOGUBAACH COBNANEHHUA UX CYMMBI
CO 3HayeHWeM (QYHKUMH B TaKOM e uMCle DaBHOOTCTOAWMX TOUeK; Kosddu-
UMEHTbl MOJYYaOTCA B BHJE HEKOTOPHIX CyMM. 3aTeM JHIIb OH «GepeT n Gecko-
HEYHBLIM», T. €., 10 CYWeCTBY, NEPEXOOHT K Npeneny, H YCTAHABIMBAET <TOUHbIE
3HaueHHd Ko3((HUHEHTOB B BHIE 3HAKOMBIX HAaM WHTErPalbHbIX BbIPAXKEHHH
[n° 405, (16)] *).

Takue e dopmynnl B 1777 r. monyuun caM DHIep, Ha 3TOT Pa3-— UMEHHO
mem Memooom, KOMOpud HoM menepe npusvideH, M. e. ¢ NOMOWLID NOYAeH~
HO20 unmezpuposanus. (PaGota J#nepa Guina ony6ANKOBaHA CO 3HAUMTEJbHBIM
onosfanneM — auuib B 1798 r) Ceo# pesyabrar 3finep ¢GopMyinpyer B Bane
«oOIEH TEOpeMpl», B yCIOBHE KOTOPOH BXOLUT NP €N 1010 K € HH €, YTO QyHK-
uMs NONYCKAaeT Pa3lOXeHHE B pAl N0 KoCHHycaM, O mOM, 4mo npou3 s o1 b=
H a5 yHKyua e20 donycrkaem, u 30ech pedu Hem.

[TepenoM B CaMOM OTHO W € HUH K 9TOMY BOMPOCY Obtl CO3MAH ye B Ha-
yaje NPoWJOro BEKa HCCHeNOBaHHAMH Pypbe, NOCBAIEHHbIMH MareMaTHUECKOW
TEOPHH pAacNpOCTPAHEHHA Temaa. DTH HCCAEHOBaHUA, KOTOpble HOKMANbIBANHChH
TlapumCKoOl aKkajleMHMH B BHIE OTHENbHBIX COOGLIEHMH M MEMYyapoB, HauMHas
¢ 1807 r., 6bimi B 3HAYUTENbHOH YaCTH NOABLITOXEHbl B COUMHEHMH <AHanUTH-
yeckas teopus Tenaa» (1822 r.), 6bicTpo MOJYYHBLIEM H3BECTHOCTb.

dypre, nomoGHo Dimepy, TaKKe YCTAHABAMBAET HMHTErpanbHbie GOpMYymbl
1A Ko3p(UUMEHTOB TPHTOHOMETPHUECKOIO PpAa3TOkKeHHA (GYHKUHH C NOMOLbIO
TIOYIEHHOrO MHTErPHPOBaHUA. B merkoff Bo3MOXHOCTH BBLIUMCIATH 1O STUM Gop-
MylaM KO3(QHUIHENTh AN <COBEPIIEHHO NMPOM3BOIbHHX (YHKUHUNA> OH MOUEPNHY &
YBEDEHHOCTb B QONYCIMUMOCHIL CAMOZ0 DG3AONCEHUA IS BCEX TaKHX (YHKUHH.
CuibHOE BrevaTieHMe Ha COBPEMEHHHKOB Pypbe NIPOMZBOIMAM Ppas3loXeHUs

*) Vintepnonsuvonnyo 3ajauy —B CBA3SH C BOMpocoM o ¢opme KoneGaio-
ULeHCA CTPYHBI — HECKOAbKUMM [OAAMH TO3Ke pewaa # Jlarpank,
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(YHKUUH, NOAYRHAKOIINXCA B PAa3HHIX YacTAX INIPOMEXYTKA Pa3HHM 3aKOHaM,
HanpuMep: - x

1— cosna . o 0 << x <<a,
2 —— sinnx= 2

n=1 0 A a<<x<<m,

dypbe pasnaran (B npoMexytke oT O mo n!) yeTHY O (YHKIMIO €OS X MO CH-
pycaM, 2 HeYeTHY 0 QYHKUHIO SN X NO KocuHycaM. Bcem sTuM HaHocmica
pelinTelbHHA yIap MO NpPEeXHUM BO33PEHHAM: 6e0b C2AGICUBAAACH PA3HLYA
MEHCOY SCMEUWGHHBLMUY U <HenpepuleHuMU> @PyHKyamy (0 TEPMHHOMOTHH
D#taepa). Bmecte ¢ TeM cmapuii cnop O mMpPUZOHOMEMPUYECKOM PA3A0NHCeHUU
<NPOU3BONBHOI> PYHKYUL ¢ OnpedeneHHOCTbIO pa3pewiarcs 8 noav3y bLepuyaau!

B psane clryuaeB MOXHO Gbl10 HEMOCPENCTBEHHO NMPOBEPHTh CXOAHUMOCTH MO-
CTpoeHHHX Pyphe pasnomeHnii K COOTBETCTBYIOWUM QyHKuuAM. C IpYro# CTOpoRnHI,
9TH pa3foXeHUA HAXOIMMHM BCe Golee LIMPOKOe NPHUMEHEHHEe B MaTeMaTHyecKom
¢usmuke. OnHako, HeCMOTpPA Ha Bce 3TO, uiuer Pypre NO Hayany BCTpeTHAH
Mallo COYYBCTBMA: MOUJICHHOE WHTErpHpPoBaHHe OblTO0 B O6bluae TOrO BPEMEHH,
HO OHO Befib He NOKAa3bBaeT, a MpPefAnNonaraeT JONYCTHMOCTb pa3-
NOXEHHs, U OCTAHOBKA Ohlla HMEHHO 3a OKAa3aTeNbCTBOM 3Toft JomycTHMocTul

424. Jloxa3aTeNbCTBa CXOAHMOCTH psfoB Pypbe H JApyrHe BONPOCHL.
IlpaBna, cam Pyppe B KOHUE CBOEr0 COYMHEHAA JenaeT NOMbLITKY NOKa3aTh
CIpPaBeNMHBOCTb TPHTOHOMETPHYECKOro pasnoskenHa (GyHKUHH, HO €ro paccyxie-
HUA ObIIW JANCKH OT aHANHUTHYeCKOH CTPOrOCTH, XOTA OCHOBHaA ero muies, KoTo-
polt oH TpMNa’l reoMeTpuyeckyio (opMy, M 6ba NpaBHAbHOH 3areM
NOCAeNOBalN NONLITKY APYrHX aBTOPOB, B ToM yHcie Koid, HO M OHH BBI3BalH
BO3paXeHHA.

[epBoe nmeHcTBUTENBHO CTP OT O € NOKA3aTeNbCTBO YTBEPXAECHHSA, BHICKA3aH-
soro Pypoe, npuuanaexut Jupuxiae (1829 r.); oHo no cymecTBy HCHONb3yeT UIEI0
camoro Pypne. XoTh B 3arofioBke oTHoCsAWecA cloxa paGoThl ¥) elle ynoMHHaeTCs
0 ¢IIPON3BONbHOM QYHKLMK>, HO Ha fene Jlupyxne TOYHO OTpaHHYHBaeT pac-
CcMaTpHBacMui HM Kinacc Qynkuui: 3TO QYHKUMH, onpeleleHHhEe W KOHeYHble
B NPOMEXYTKE [— m, ], KYCOUHO-HENPEPHIBHbIE H KYCOUHO-MOHOTORHbIE *¥). Ecan
dyskuua f(x) yuoBieTBOpAeT OTMM Tpe6OBaHMAM, TO—KaKk JOKa3uBaer
JAMpHXNe — TPUrOHOMETPHUYECKHH pAL, COCTaBleHHbHIH 1A Hee Mmoo ¢opMyram

Pypbe, CXOZUTCE K CyMMe
fx+0+f(x—0)
2

npy —n << X <7, B K CyMMe

40470

npH X = -+ 7.

Yepes xoporkoe Bpems (B 18341835 r.) JloGaueBcknft Toxe nanm mokasa-
TenbCTBO TeOpeMbl Pas3liomeHNs, HAaNOXHB, ONHAKO, HA QYHKIHIO YCIOBHSA APYroro
thna, yeM Jupuxne. Vimenno JloGayescku#t npenmonaraer d¢GyHKUMIO BooGme
nHddepeHuypyeMol, 3a HCKNOUEHYEM pasBe JHUlb KOHEYHOrO YHCHA CKaYKOB,
a Takxe Toyek, rie caMa (YHKUHA HIH ee NMPOM3BORHAA OO6paIlaeTca ¢ Tof M
C APYro#l CTOPOHH B -+ CO; NPH 3TOM (YRKIMA NOMKHA OCTABATHCA MHTETPHpYye-

)T, Jexen-JAupuxne, «O CXOXMMOCTA TPHTOHOMETPHY €CKHX DAJIOB,
cAyxamyx JAs NpeACTaBIeHHA B JaHHHWX IIpejelax IPOM3IBOILHOH l‘ngKuHH)
(Xapzéxoggr)caﬂ Mamemamuyeckass Oubauomexe, cepus B, c6. Ne 2, 1914,
crp. 3—23).

¥¥) DTO 3HAaUWT, YTO OCHOBHOI NPOMEXYTOK MOXET OHTb pasAOKeH Ha
KOHEYHOe YHCHO yacTef, BHYTPHM KaXIOH H3 KOTOPHX B OTHENbHOCTH (yHKuws
N3MEHAETCH MOHOTOHHO.
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MOl — B CO6CTBEHHOM MIH B HeCOGCTBEHHOM cMbicne ¥). Ycnosua [dupuxae u Jlo-
GayeBCKOro B3aHMHO He TePeKpHBAloTCH,

BnocneacTsuy ApPYrMMH aBTOpaMHM GBI yCTaHOBJEH LeNuH pAx Gonee o6MX
ROCTAaTOYHB X NPU3HAKOB CXOAMMOCTH pana Pypre K HcXomHo#t (yHKUMM.

BawHoe MeCTO B Pa3BUTHH TEODHM TPHTOHOMETDHYECKHX DANOB 3aHHMaeT
W3BecTHasn aucceprauus Pumana ¥*) (1854 r.; omyGmukosana B 1867 r.). Haym-
HaeTCA OHA OUEPKOM HCTODHMM BOMpPOCa. 3aTeM aBTOP OCTaHABAMBAETCA Ha YTOUHE-
HHM MOHATHA ONpENENEHHOIO MHTErpaja M yCTaHaBAMBAET YCHOBHA €ro Cyiue-
CTBOBaHMA. 3THM OGbnIa pacmiMpeHa o6nacTb NPHUMEHHMOCTH pAfoB Pypbe
(B YacTHOCTH, HaIPHMep, CTaja SACHOH HEHYXHOCTb KaKMX-IHGO mpeanonoxeHutt
O HenmpepLH BHOCTH QyHKuud B Teopeme [lupuxne). Ho rnasnoe conepxanue
paGoTH CBA3AHO C PACCMOTPEHKEM TPHrOHOMETPHYECKHX PANOB 0 6G1lero BUaa

fee)
a
24 Zl a, cos nx 4- b, sin nx (16)
n=

H BHIAACHEHHEM HE€O0GXONHMMHN X YCHIOBUH NpeNCTaBICHHA NOAOGHEIM PAIOM
NpOH3BONbLHON GYHKUKK f (x) ¢ mepronoM 2x. Pany (16) Puman comoctaBaseT pax

(e o]

a, cos nx -+ b, sin nx

4 - n3 ’
n=1

KOTOPH# U3 Hero moayvaeTcs (OpMaibHO NOYNEHHHM ABYKPATHHIM HHTEIPHPOBa-
wueM. B npeanonoxenun, yto a, — 0 u b, — 0 (a K STOMY CAyyal0 BCETAd MOXHO
CBECTH f1e10), MOCTeHUN PAN CXONHTCA PAaBHOMEPHO BO BCEM NPOMEXYTKe OT
— 00 10 -}-0o | onpefiensieT B HeM HempepuiBHYl ¢yHKuUM0 F(x). CsolicTBam
dynxunu F(x) u ee cpasu ¢ Qynkuvel f(x) mOCBAIIEHA NOCHeHAs 4acTb pa-
Gotw. K nucceprauuu PHMana NpHMhIKaeT psx paGoT APYIHX aBTOPOB, HCIONb30-
BABIIHX €ro MeTOX HccaenoBaHua paAga (16) ¥ monyyeHHnle WM pe3yAbTaThl.

lMpexne BCEro BO3HHK 80npOC 06 eQUHCIMBERHOCMU MPU2OHOMEMPULECKO20
pasaoxcerus dynxyuu: Benb GopMynn Sfirepa — Pypbe, pawiuue Koshdu-
UMEHTH TaKOro pas3foxeHHs, GbAM YCTaHOBIEHH C MOMOLIBIO MOYJEHHOTO HHTE-
rPHPOBaHHA PAAd, 2 BO BTOPOH NONOBHHE NMPOUIIOrO BeKa yxke OhlIa OCO3HaHA
HEJIONYCTHMOCTb 6e30rOBOPOYHOrO HCMONb30OBAHMA MOROGHOro npuema. [lepBuM
ynoMaHyTeift Bonmpoc moctaBua B 1870 r. Tefine ¥¥¥), Ho nonHoe pemenne
ero Torga xe gaan KanTtop, nokasaBiu# crenyomylo oGiiyi0 TeopeMy: ecan
orn  dynxyuu f(x) 8 nposmeswcymxe [—m, ©] 8006uje 803MONMCHO pa3A0-
gcenue 8 pad suda (16), mo maxoe pasnozcenue eduncmeeHHo. Eann-
CTBEHHOCTb COXPAaHAETCA W NPH HaNMYMA B YKA3aHHOM NPOMEXYTKe HCKIIOYH-
TeNbHHX TOYEK, AN KOTOPHX HHYEro He W3BECTHO O CYMMe psja M xaxe o6 ero
CXOAMMOCTH (AWIIb €CTH MHOXECTBO TaKHX MCKIOYHTENbHHX TOYEK 6 € CKOo-
HeYyHOo, OHO NMONMEXHT eile HEKOTOPHM OrPaHHYECHHAM).

KakoBu ®e KOS(PHIHEHTH 9TOr0O € AHHCTBEHHOT O Pa3NokeHUsa QyHk-
uMH f(x) (ecaiu DONMYCTHTb €ro BO3MOXHOCTB)? Bcezda au Onu 6yOym umenno
Koagpduguenmamu Pypse? KoHEUHO, ITOT BONPOC MONKHO GHNO CTaBUTH TOABKO
no OTHOINEHHI0 K TakMM (YyHKuUMAM, 111 KOTOPHIX MHTErpann, (urypupymoiuue
B dopmynax firepa — Pypbe, BooOmie HMEIOT CMHICH. BecbMa 3amevaTenbHo,

*) HHU. Jlo6auenckufl, «O6 HCueaaHHH TPArOHOMETPUYECKHUX CTPOK>
H «Cnoco6 yBepATbCA B HCYE3AHHH GECKOHEUHHX CTPOK...» ([104Hoe cobpanue
coyunenuii, 1. V, 1951, ctp. 31—80 u 81—162).

%) BepHrapa Puman, «O B0O3MOXKHOCTH NpEACTaBAEHUA QYHKUAH
NOCPe/ICTBOM TpHroHoMeTpHyeckoro psana» (CGOPHHK, YKa3aHHWH B CHOCKE Ha
npeamaymed crpanune, crp. 27—85, uan Codunenus, 1948, crp. 225—261).

w#%) Cenpux Anyapn [ efine (1821—1881) — nemeuxu#i MareMaTus.
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UTO Oméem OKA30ACS ymeepOumenbNbiM, KaK 9TO CHayana ycTaHoBun B 1872 r,
LA Henpepu BHHX QyHkunk Ackonu *), a 1874 r. ansa Qynxumit, UnTerpu-
pyeMbix B COGCTBEHHOM cMbicie,— o  Bya-Pefimon *¥). Bmocaenctsunm stor
pe3yabTaT 6Ll PaCMPOCTPaHEH M Ha (PYHKUMM, HMHTerpupyembie B Gonee oGuiem
cMuicne, Smumu pabomasmu O6ua0 8nepsvie y6edumesbHO MOMUBUPOSANO MmO
UCKAIOHUMEAbROE BRUMAHUE, KOMOPOe YOeASAO0Ch UCCAO08BMEAMU PAIAOHCE-
Huw Pyuruuii umenno 8 psds Pypoe.

OcTaHOBMMCA elle JHUb Ha OJHOM Bompoce. [lupuxae Ou y6exaeH B TOM, YTO
Kawxjaasa HenpepHBHaA QyHKHUHUSA, C NepHOIOM 27, Da3NOXKHMA B PAX
Pypbe, X0TA B He MOr 9TO JoKasaTb. ITO yGewjeHHe, NMO-BHARMOMY, Pasfeqsalu
W apyrue MateMmatHku. OnHako mio Bya-Pefimon, nmocre psja GecniofHeix MoIs-
TOK JIOKa3aTb CHpaBelIMBOCTS mpeanonoxenus [Qupuxne, B 1876 r. npumepom
ONpPOBEPT €ro, NOCTPOHB TAKYI0O HCIPEPHBHYIO PYHKUHIO, 118 KoTopoli paxn Py-
pbe PacXoIMTCA B GECUHCAEHHOM MHOXECTBE TOYeK B MpelelaX CKOAb YromHO
Majloro INpoMexyTKa.

Ha sToM Mu 3akaHuMBaeM HaIl OYEpK, TAK KaK — XOTA SJEMEHTapHas YacTb
TEOPHH TPHUIOHOMETPHUECKHX PAJOB HECOMHEHHO OTHOCHTCH K OCHOBaM aHa/IH3a —
B JafbHeHlIeM CBOEM DAa3BMTHH STa TEOPHs YXe OKa3hnBaeTCA CBA3aHHOH ¢ 6o-
Jee TOHKMMH MOHATHAMH H YTBEPMICHHAMH, KOTOPHE YUTATENIO HE3HAKOMBL

425, 3aka09HTelbHbIE 3aMedaHns. Mpl XoTenH Obl MOJYEPKHYTH 31eCh TO
HCKIOYNTeNbHOE TIONOXEHHE, KOTOpPOe B MCTOPHM aHalM3a 3aHMMaeT TeopHsA
TPUrOHOMETPHYECKAX PALOB.

[lpexne Bcero, TeCHO CBA3aHO C 9TOH TeopHel yTOYHEeHHE CaMOToO
noHatTna byuxuuu Cnop Ifizepa n J. BepHyanu no noBoay pasnomeHHs
<fIpOH3BONAbHONY (YHKHMH B TPHrOHOMETPHUECKMH PsI MHOro cone#tcTsoBal
YCTDaHEHHI0 HEKOTOPHX MpEIB3ATHX W HEBEDHHIX MbicAeH, NMONYyyHBIIEMY 3aBep-
menHe B paborax Pypbe. CoBpeMenHoe oGuiee onpeneneHue QyHKUHH
Mbl He cnyyafiHo HaxoguM y JloGauesckoro M JIMpHXIe HMEHHO B MX HCCIeNOBa-
HHAX N0 TPHTOHOMETPHYECKHM prafam!

B cBa3u ¢ norpe6HocTAMU TeOpHH paAxoB Pypbe, 60 PHMaHOM yTOYHeHO
H 0606uieH0 MOHATHE ONMpelNeNeHHOro MHTerpaaa. Iepsue wmaru
KanTopa B CO3jaHHOR M TeODHH 6ECKOHEYHH X MHOX €CTB ObH Clle-
JaHH NO MOBOJY BOMPOCa 06 €NHHCTBEHHOCTH TDPHIOHOMETPHYECKOro pPasioxe-
HuA. CoBpeMeHHaA TeopUA 060G EeHHOTrO CYMMHPOBAHHKA pacxo-
TAMAXCA PANOB BeleT Haya€o oT Hccaenosanni Ilyaccona ¥**) no cymmupo-
BAHMIO TPUFOHOMETPHUECKMX PaAfoB. [axe eca¥ Te MAM ZPYrHe TOHKHE MOHATHA
aHanu3a (HampuMep, a6conwTHas M HEaGCONIOTHAA CXONMMOCTb YHCIOBOIO PAKA,
paBHOMEPHasA M HEPaBHOMEpPHAsA CXONHMOCTb QYHKIHOHAIbHOIO pAfa) MOABAANNCH
H BHE CBA3H C TeOpHeH TPHrOHOMETPHYECKHX PANOB, TO OHH HEMENIEHHO MpPHMe-
HAIHCH K 3THM PAKaM, KOTODhle CHAYXHIM KAaK Gbl OCENKOM JAA UCHBITAHUA HX
snauuMocTH. Takoe monoxenue Bewled COXPaHAETCA H MO CHIO MOPY.

TpuroHoMeTpHuecKAe psAxH HAaXOMAT ce6e HEMOCDEACTBERHOE NMPHMEHEHHE
B MaTeMaTHueCkoli ¢H3MKe (HEKOTOpOe MNpeNCTaBiCHHEe 06 ITOM YHUTaTelNb MOKET
COCTaBHUTb HAa NpPUMepe PacCMOTPEHHOM Bhblle 3afayH O KOXeGaHMH CTPYHH)
W BO MHOIMX pa3jielax TexHukd. Ho eumje Goree mHMPOKYo 06racTb NMPHMEHEHWA
HMEIT TaK Ha3blBaeMhle «ofo6uieHHble pand Pypber, T. €. Pa3noxkeHAs NO pas-
JHYHBM IDYFMM CHCTEMaM OPTOrOHANbHHIX (YHKUMA, ANA KOTOPHX O06GpasiloM
CyXaT TPHUTOHOMETPHUECKHE pA3NOMECHHA W TCOPHA KOTOPHX TeCHO mepennae-
TaeTca ¢ TeopHed pamos Pypoe.

#) Ixynuo A ckxoan (1843—1896) — uranbAHCKMII MaTeMaTHK.
**) [lonb nwo Bya-Pefimon (1831—1889) — HeMeuxuhi MmareMaTHk, NoO
TIPOMCXOXJEHNIO IIBefilapell.
*#%) Cumon [fenu Ilyaccon (1781—1840) — Buinaomuitcs ¢panily3CKuh
MeXaHHK, QH3NK N MaTeMaTHK.



SAKJIOYEHHE

OYEPK JAJLHEHWIIETO PA3BUTHSA
MATEMATUYECKOTO AHAJIU3A

Tocae ocBoeHHa 0 CH OB MaTEMaTHUECKOro aHANTH3a 1Ia yMTaTena NpeacTa-
BAT HHTEpeC 03HAKOMHTbCH, XOTA Gbl B CaMBIX OGWHX WYePTax, C TEMH MaTeMa-
THYECKMMH IMCUMMIMHAMM, KOTOpble B LENOM HblHE M COCTAaBAAIOT MAaTe MaTH-
YeCKHH aHaJdK3, NOHHMaeMblf B INUPOKOM CMbICTE.

I. TEOPHSI JHODEPEHIHAJIbHBIX ¥YPABHEHHH

C sToit oTpacnblo aHamM3a YMTAaTeNb YK€ 3HAKOM M3 YHHBEPCHTETCKOro
Kypca, YTO JaeT HaM MpaBo ObITb B NAHHOM CIyyae KpPaTKUMH.

Eme 8B npexucTopuu quhdepeHHalbHOrO ¥ HUHTErpalbHOLO UCYHCIE-
HHAl BCTPEYANHCh — KAaK MX HasplBaNM TOIAa — «oGpaTHble 3alayd Ha KacaTelb-
Hule», T. €. 3a]layM, B KOTOPHIX HILYTCA KPHBbHIE NO 3aJaHHOMY CBOHCTBY Kaca-
TeabHbIX K HUM. O6 3THX 3ajlavax ynoMHHaeTCA B H3BeCTHOH nepenucke HbioTona
c Jlei6uuuem [n° 228]; taM snepsne JIeRGHUL NpuMenna TepMun «auddepeHuy-
albHHIE YDaBHEHHA».

Bropas ocHoBHas npoGreMa, BbiaBUHYTan HbioToHoM B ero «Metone ¢aiok-
cult»: no OanHoMy YpasHenuio, codepxcawjemy @aorcul, HALMU COOMHOUEHLE
Mexcdy aronmanu, Kak Mol ykazand B n° 225, U ectb obuias 3ajava MHTErpu-
poBaHUA 06biKHOBerHO20 Ougipepenyuarsiozo ypasHenus. HbwoToH, kKak npasuno,
pelraeT €e C NOMOWIbIO CTEIIEHHHX PAJNOB, He CTPEMACh NPEACTaBUTb pElIeHHe
B BHMIE ¢KOHEYHOTO» AHANTMTHYECKOrO BbIPaweHHs. MHoro saHUManHch mudde-
peHUManbHLIMU  ypaByeHMAMH JleHO6HuMU u 6paTba Bepuysnu, uuo#t pa3s rtakxe
NoNb3YACh GECKOHEUYHmMH palaMH. Ho B To 3e BpeMa MMeHHO MM NpUHAIIERaT
nepBbie CHCTEMATHYECKHE NONLITKM PElIEHHA HEKOTOPHIX THIOB YpaBHEHHI! nep-
BOrO NMOPANKA NYyTeM CBEeNLEeHHMA K KBaapaTypam.

Jluwb B XVIHI Beke teopus nuddepeHuHanbHHX YpaBHEHWNA pa3BHIACh
HAacTONbKO, YTO €e CTaly pacCMaTPUBATb KaK CAMOCTOATENbHYI0 HAYYHYIO HUCUH-
nauHy. BofbMyi0 ponb B 9TOM CHIIPadd MHOrOUHCHEHHbE H Pa3HOOGDPA3HbIE TPYIbI
ditnepa.

Hamomuum, 4t0 MMeHHO Diinep BBea MOHATHA <NOAHOro» (0 6 Ul €T 0) U «ya-
CTHOrO» pellieHHs O6bIKHOBEHHOro AMphepeHIHaIbHOrO yPaBHEHUA; MHOTO 32HHU-
MalCA OH M pelIeHHAMH, HE COJAepHKALXHMHCA B IIONTHOM HHTerpane (0 C 0 6 B M H).
OH #MPOKO pa3BUl METOL HHTETrpUPYIIEro MHOXHTEAR He TONbKO
A8 YpaBHEHHH NepBOro, HO M BHICINEro MOpPAAKA. DHaepy NPHHAMIECKHUT METOR
peuieHuss OMHOPOAHOro AuHefiHOro auGdepenManbHOrO YpaBHEHHA C NOCTOAH-
HbLIMH KO3(Q@HUUHEHTAMH C NOMOIUbI0 XapAKTEPUCTHYECKOTrO ypaBHe-
HY A ¥ BoliACHEHHEe (opmbl ero obuero MHTerpana. B cBasu ¢ npoGaemo# Kome-
GaHua KpYrosBo#t MeMO6paHpl Ditnep nepBmM IpPHUIE] K PacCMOTPeHMI0 obuiero
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YpaBHEHNS UM IHHAPHYECKHX QYyHKUUH
2 l du |, d?u
o BN Ldn du
(a r’)u rdr ' dr? 0

(no3mHee Ha3BaHHOro <«ypaBHenneM bBeccens»), NpeACTaBHB pellleHHe ero B BHAE
GecKOHeyHOro paAfa. JHaepy e NPHHALNEKUT MepBHHA MeTol NPUGINKEHHOTO
peleHNs OGHKHOBEHHbIX AN(depeHUHaNbHHIX ypaBHEHHH.

Pa6otnt Dfinepa, BMecte ¢ paGoramu Kiuepo, Jlarpasxa w apyrux mareMa-
tHkoB XVIII Bexa, manexo mpompuHyin GopManbHYI0 TEOPHIO 00 bl K HO-
8e HHB X Oufdepenyuarviox ypasrenui.

OGpaTtnMca Tenepb K QuPPepenyjuarbHoir YPABHEHUAM 8 4G C M H B X NP O-
#3600Hbx. V1 B sTOf O6GMacTu Ditaep mMeeT 3HayuTeNbHbIE 3acAyru. Pam mc-
ClefoBaHMH OH TMOCBATHI YpPaBHEHHsAM MNepBoro nopsika. C Ipyrod CTOpOHHI,
MHOTHE 3afiayd MeXaHMKH M (M3UKM YacTO NMPHBOZMIM Diinepa K PacCMOTPEHHIO
ypaBHeHHH BTOpOro (M Bbicilero) mopsiika *). Oco6eHHOCThIO YpaBHeHHMit B yacT-
HBIX TNPOM3BOOHHX OLIIO NOfABIEHHE B COCTaBe PEIUEHUs NMPOH3BOAbHHX
G YHKUHMH ODTO mepBbIM 3aMeTUd HA NIPHMepe YpaBHeHMA KoJeGaHHA CTPYHBI
Hanam6ep [n° 420], HO MMeHHO Jinep MCNONb30BaJl NMPOU3BOJbHbE QYHKUHH ANA
TOro, 4To6Ll yROBIETBOPUTh HAaUaJbHBIM HaHHBIM, BBITEKAOIUM M3 paccMaTpuBae-
MOl 3amayy, U TeM [NOBECTH UCCIEeNOBaHHE A0 KOHLA.

Boabioe BAMAHKE Ha MOCIENylOluee Pa3BUTHE MaTeMaTHYeCKOH QH3MKH OKa-
3a1H TaKxe pasHooGpasHbie paboThl coBpeMeHHUKa DHnepa — dannuna Bepnynan.
EmMy npunamnexut o6muft MeTON AAA pelleHHA 3ajay O KOJeGaHHM YNPYIHX CH-
cTeM, NMPH KOTOPOM MHCKOMOe pellleHHe COOTBETCTBYIOINer0 YDaBHEHHA pa3na-
raeTcs B DAL MO NMPOCTEHIINM €ro pelHeHHAM; MPHMEPOM STOrO MOMET CAYXHUTb
peutenye ypaBHenus KoneGaHus c1)'(py1-u>| [n° 421]. Pacuser MaTeMaTHyecko# QH3NKH
NPHXOAUTCA Yxe Ha Havano XIX Bexa W cBa3aH C wmmeHamu Ilyaccona, Pypee,
Komm u Octporpaackoro.

O6uwee cTpeMaeHHe K MOBBINIEHHIO CTPOTOCTH €CTECTBEHHO MPHBJIEKIO BHH-
MaHHE K BOMPOCY O CaMOM CYINE€CTBOBAaHMWH pelieHUs INddepeHUnaTbHbIX
ypaBHeHHH (MJM COCTaBAeHHBIX M3 HUX cucrteM). [lo OTHOEHMIO K 0 6 BIKH 0=
BEeHHB M YpaBHEHHAM NepBble pe3ynbTaThl 3fech GulaM moayyeHo Koum, a no
OTHOIIEHHIO K YDaBHEHNSM B YAaCTHH X Npou3BonhbXx— Copuett Kopa-
NEBCKOH *¥),

B KoHLe mpomioro Beka, B CBA3H C MOTPECHOCTHMM MEXaHHUKH M acTPOHO-
MHH, TOABHANCb HCCIAENOBAHUA MO KGYECMBEHHOU meopul 00LKHOBEHHBX Oud-
PEPEHLUANbHBLX YPABHEH UL 11 UX cucmes, YCTaHABINBAKOLME PasnuyHble CBOACTBA
pelueHnit — 10 CAMHM YPaBHEHHUsAM, 6e3 UX MHTerpupoBaHua. OCHOBOMONOKHUKAMK
sTol Teopun Ooum [lyankape u JlamyHoB ***). Muen JlanyHoBa monyynau janb-
gefimee pasBHTUE Yxe B TPYNAX COBETCKHX MATEMaTHKOB.

OTMmeTuM eme, YTO B NOCAeIHEE BPeMs IPOSBHIOCH OMNpeleleHHOe BAHMsHHE
Ha TeopHuio IH(@CpeHUHaNbHbBIX YpaBHEHHR (0CO6EHHO — B YaCTHBIX NMPOH3BOJ-
HbIX) CO CTOPOHH MOJOIBIX aHAaJINTHYECKHX AHCUMIITHH ~— meopuu dynkyuil scue-
CMBEHHOI NEPEMEHHOI Y PYHKYUOHAAbHO20 aHaru3a (CM. paspenst V M VI).
3TO BIMAHME He TONbLKO OTPA3HIOCh Ha OGLIHX TOYKAX 3PEHHA W NOIXOIE K OC-
HOBHHIM NOHATHUAM TeOpUH INddepeHUHalbHbX yPaBHEHHH, HO ¥ NMPHBENO K BaX-
HbIM KOHKDETHHIM Pe3yabTaTaM B 3TOH TEOpHH.

*) Tlopo6Hble 3aJlayd M pellleHHe COOTBETCTBYIOLIUX YPaBHEHHH COCTaBAAIOT
npegMeT Tak Ha3blBaeMoH mamemamuueckoii duluru.
**) Codusa BacumbeBna Kopanescxas (1850—1891) 6rna nepeo#t meH-
MUHOH, MoayyuBLIeH 3BaHME Npodeccopa MAaTEMaTHKH.
*%%) OpaHLy3cKUH YueHblit H};IH Myanxape (1854—1912) u pycckui axa-
aeMHK Anexcanpp Muxatinosny Jlanysos (1857—1918) — Beinajomueca marte-
MaTHKH.
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1. BAPHALIHOHHOE HCYHCJEHHE

Bapuaunonnoe Hcyucienwe BO3HMKNO B KoHue XVII Beka, Bckope mnocae
CO3JaHYA CaMOr0 <aHanHW3a GECKOHEYHO ManhiX», HO BMeCTe C TéM OHO COCTa-
g  BAAeT Kak OW TIaIaBy Tak Ha3HlBaeMOro ¢fyHk-
y YUOHALbNO20 GHGAU3A, KOTOPHIP pa3BAACHA yike
B HaileM Beke (CM. pasgexn VI).

‘flﬁ Das ACHOCTH M3NOMEHHA, YCTAHOBHUM CHAaYana
) OIHO MOHATHE, TPHHA RN EXalmee HMENHO

A O YHKUVOHAAbHOMY aHAAH3Y,
[lycth uMeeM mnockyo kpusywo (puc. 84)

y=F(x), (e x <L x)).

Pacemorpum: 1) nmaomanb P orpasuyeHHoOl
€10 KDHBOAMHeMHOH Tpameuun, 2) RAHHY
KpyBo#l, 3) nromaxb Q NOBEPXHOCTH, NOAY-
YEeHHON MpH BpaluleHHH KPHBOA BOKPYr OCH X, H,
nakoHel, 4) o6 bem U Tena BpauweHus, orpa-
HHYEHHOro 9ToHft nosepxHOCThIO. Bcé stro npm-
MEepH BelHYHH, 3a8UucAuux om 8 u0a Kpusol
Puc. 84. Il —uTO TO Ke—oOm 6uda gyHKyuu f,
T. €. ¢cpa3y Oom 6cex ee 3HaveHUD.
Has npuBeseHHHX BENMYHH M HMENH B CBOE BDEMA MHTEIpaibHbie NMPENCTaBie-
nua [n° 196, 201, 205, 198]:

x

P==§y(x)dx, S=S VI1+0 MF dx,

X0

1 . M
0=2 {y) V TFT@OFax, Vs {1y rax

Mu BumMM, YyTO QYHKIHA y HFpaer Polb CBOEOGPA3HOrO <apryMeHTa»: ee 3ada-
HUexM OOHOBHGYRO onpedensiemcst 3xaqenue xaxcOofi u3 smux eesutun. B no-
RoGHOM cayuae, Ko0208 fyrxyuu y=y (X) omHocumcs nO OnpedescHHOMy npa-
8UAY HUCA0B0C SHAYEHUEL HEKOMOPOR BEAUYURHW, MY BEAUMUKY HA3KEAOM
GYHKYyUORAAON OM PYHKGUY ¥ U 0603HAYAIOT

um®.

Bce @ynkunosann (1) comepikarcs, KaK yacTHue CAYYaH, B CAEAYIOMEM:
Xq Xt
vo)={ Py yyax={ Fenyeo, y oy ax @
X Xo

rre moa F pasymeerca maHHan QyHKUMA OT TPEX apIYMEHTOB, a Y=y (x) —
n1062asa (HenpepnsHO nHdPepenunpyeman) GyHKUMA OT X, K18 KOTOPOH MONHH-
TErpanbHOE BHIPAXEHHE H CaMbifl MHTErpal MMEKT CMBICIH.

OrpaHHYMBasnCh 113 KPaTKOCTH HMEHHO (YHKUHOHaNaMH THNa (2), Mbl MOXeM
Tenep, CPOPMyAHpOBaTL MPOCTEN 1Ny 10 BAPHALMOBHYIO 3a4a¥y: cpedu gcex

*) Heabaa nyratb G YHKUHOHAA C GYHKUHER OT GYHKUHH,
T. € COCNOXHON GyHKUYeE N, KOTOPaA KAKNOMY 3HAYECHHIO X B OTAENLHO-
CTH OTHOCHT YHCHO, B TO BpeMA KakK (yHKUHMOHAal OTHOCHT YHMCIO BCeH ¢yHKUHH
y(x) B neaom!
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2sa0Kux Kpusnx y==y (x), coeounsouux 08e mouKu (x,, ¥,) # (x,, ¥,), Haiimy
my, 048 Komopoii dynkguonas (2) umeem Hauboasuiee (Haumenbuiee) sHAYenye,

Hame, pmpoyem, QyHKUMOHAA HCCAENYETCH HA <MOKANbHBIA> MAKCHMYM (MHHH-
MYM) — 3HayeHRe (YHKIHOHANa HAa MCKOMOfi KDHMBOH CPaBHHMBAETCA C €r0 3Ha-
YEHHAMH IMIib Ha KPHBHX, AOCTaTOUHO ¢OAM3KMX> (B TOM HIH MHOM CMHICHE)
K HCKOMoft. Jlerko ycMOTpeTb 3meCh aHalOrHI0 C ONpeNeNeHHEM <«JIOKadbHHX»
9KCT ;MyMﬁB B cayyae (GYHKUMH OT OfHOH HJM HECKONbKHX fepeMeHHHX
n° 112, 151).

[ 3apoxneHHe BapYaUMOHHOrO HCYHCIeHHA O6MuyHO matupyior 1696 r., korma
V. Bepuyanu GpocHa BH30B MaTeMaTHKaM CBOErO BPEMEHH Ha peuieHue (Io-
cTaBaenHo#t eme I'anuneem) 3ada4u 0 6pa xu-
cmoxpone (¢KpHBOH KpaTuafiliero BpeMe-
HH»). BoT B veM OHa COCTOMT: u3 8cex Aunuil,
coedunsiiomux 06e Oaunve moyxuy A u B
(puc. 83), He aexcamue na 00nOll Sepmuxaau,
mpefyemca Halimu my Kpugyw, no Komopoil
MAMEPUARbHA MOYKA cKamumess u3 mo4xku A
8 mo4Kky B-— 0e3 nauaavHol ckopocmu u noo
Oeiicmauex OOHOR Aums cunsk maxNcecmu —
8 Kpamuyaitmee gspems. VickoMol KpHBOH
OKasajnacb LU HKJAOHIa OCHOBAHHE KOTOPOH Puc. 85.
TOPH30HTaRbHO, a OCTPHE HAXOAMUTCH B TOYKEe A.

TlokaxeM, 4TO M B 3TOH 3ajlave MM HMeeM Hen0 € (QYHKUHOHANOM THDa ).
Tlyctb KoOpI¥HATHBIE OCH PaCMONOMEHH, KaK YKa3aHO Ha yeprexe. IIpu mepe-
MeLleHHH MaTepHalbHOM TOUKH MAacCH m 10 NPOM3BOALHOH KpHBOH y=y (x),
coenunsome# Toukn A (0, 0) u B(x, y,), H3 NonokeHHAs A B IHONOWKeHHe
M(x, y), cuna TANeCTH NpOM3BEAET DAbOTY M-y, KOTOPaA— M0 3aKOHY XH-

A

BHIX CHI— JOMKHA GHTb PaBHA KUHETHYECKOH 9HEprum —Z-mu” Toykd. Ortciona
ds 5
V=g = Vi

di— ds _ 1 Vl-{-—y”dx
V% V% Vy
Wnterpupyem 1o x oT 0 1o x,, ¥ Torfa Ana BpeMenn T, 3aTPauMBaeMoro na
BCe nepeMelieHHe u3 A B B, OKOHYaTelbHO MONYYHM BbiPAXEHHE

X1
L (VIigy”

=yl v
BHaa (2).

3a sToft 3amavelt nocnenoBanM JPYrHe; BCe OHH peaNHCh NO-Pa3HOMY M
Tpe6oBaNH Ka¥as 0CO60ro NOAX01a: CO31aN0Ch MONOKEeHHE, HallOMUHABIIEe MpeN-
HCTODHIO CaMOro aHanM3a 6eCKOHeYHO MaJbix|

1726 r. B nsganusx IleTepOyprckoit axaleMuu Havancs PAX MyGHuKaluf
Diinepa, MOCBAWEHHNX IKCTPEMAAbHEIM 3aJla9aM 3TOr0 HOBOFO THia. OHH GHIH
MOALTOMEHN B 3HAMEHWTOM TpakTaTe <«MeTON HaXOXIEHHs KPHBHX JWHHH,
OGMafal0UWUX CBOHCTBOM MaKCHMyMa J1HG6O MHHHMYMa,...»» (1744 r).¥). 3necs
BIEPBHE JAeTCA <NpaMofi» OCIHA METOX PElMeHHs pasHbLIX THNOB BAPHAUHOH-
HHX 3ajay. 3aMeHAS KPHBYI0 JAHHHIO /J0MaHOM, Diinep CBOAHT BapHALHOHHYIO
33J1a¥y K 3ajaye HA Pa3HCKAHHE SKCTPEMYMAa QYHKUHMH HECKOAbKHX M€pPeMEHHBIX-

®

#) Ectb pyccxuti nepeson (CTTH, 1934),
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Hanpumep, B cayyae npocTeif e # BApHAWOHHOH 3alayM, peyb HIET 06

IKCTpeMyMe CYMMbi 0
£ s
2 F (x‘i’, Yo, 23.;”.)) CAxth

i

KaK GYHKUMH OT opaumat y'! noMaHoit. lMpupasuas HYNO NPOU3BOUHYIO 9TOrO
BHIDAX¥EHUA MO N060H opmuHaTe, Diinep B KOHEYHOM CyeTe INIPUXOAMT K A H -
hepeHNHAaNbHOMY YDaBHEeHWI BTOpOro nopanka
. d o
Fy — iz Fy, =0

HIH ~— B Pa3BEPHYTOM BHJE —

Fy"—Fx),r_Fyyr‘y _Fyryr
3To ypaBHeHMe, TakMM o006pa3oM, BHpPaxaeT He0oOGXONHMOE YCNOBHE ana
1070, yTOOb KpMBas y==y (x) KocraBasana ¢Qyuxumonany (2) skcrpemym. Ecau
yraeTcs pemMTh auddepeHUHaNbHOe ypaBHeHMe Jiinepa, C YUETOM MNpelelbHbIX
YCHOBHH: ¥ (Xy) =Y ¥ (X,)=Y;, TO yamie BCEro Cpa3y M INONYYyaeTcA HCKOMaA
kpuBas. Tak, B Ciyyae 3ajayu O GPaxXMCTOXPOHE MOXHO B3ATL [cM. (3)]

AET5
1:==—————::——3
Vy

'y“=0'

H ypaBHenrMe Jftnepa MpHHNAMAcT BHI:
2yy" 4y 1=0.
O1crona, MOHMXKAA NOPANOK, JETKO HAWTH MepPBBH HHTErpan

yr4+1)=2C,

- y
dx= ]/2 ropp—r dy.

Nonaras 3nech y=C, (1 —cos ), naitnem, uro dx=C, (1 —cost) dt, caenona-
TenbHo, x = C, (¢ — sin £) 4 Co. Cynras, uyt0 Npn f=0 KPHBAA NPOXOMHT Yepes
Hayano, uMeeM Cy=0; nocroanHasa xe C, onpenenutca U3 TpeGOBaHMUA, UTO KPH~
Bas NPOXOIWT M uepes BTOPYIO JauHylo Toyky. Taxk M molnyuaeMm yNOMAHYTYIO
BHIE WHKIOHNY.

HecMoTps Ha rpoMO3AKOCTL METONOB JHNepa W HECTPOrOCTb €r0 paccyxie-
HUH, UMEHHO 9mu UCCAE00BAHUA NOAOHCUAL HAYGAO0 BAPUALUOHHOMY UCHUCAE-
Huw Kax ocoboi mamemamudeck ol ducqgunaune.

HeckonbKo mno3xke Monomok TOraa JlarpaHx OTKPWA HOBYI CTpPaHMUY
B MCTODMH BapHALMOHHOIO MCYMCIEHMA CO3JaHHEM Memooa sapuaqui, OTKYHa H
CaMO MCUHCHeHHe NOoAYYHIo cBoe HauMeHnosanwe. B 1755 r. o coobmun ero
ditnepy, KOTOpPHIH B MO3IHEHMMX pa6oTax M caM yxe MOAb3YETCA HOBHIM METO-
aom. [loHsTue BapuauMn CPOAHM MOHATHIO HUddepeHunana B O6HYHOM aHanm3e,
HO CRA32HO HE C M3MEHEHHMEM NEPEMEHHOH X, a C M3MEHEHWEM («BAPbUPOBAHUEM>)
Buaa dyuxunn y (x). Ecnn dynxuma y=y (x) nocraeaser ¢yuxuuonaay U (y)
skcTpeMyM, To BaprHauua U, dU, oGpamjaeTcs B HyaIb (CHOBA — NMHIb He 06 X O-
A HMOe ycaoBue!).

lMpepuBas Ha 3TOM MOMEHTE MCTOPHIO BaDHAaLHOHHOrO HCUHCIEHUs, Mbl YHO-
MAHEM NHIUb, YTO JarpaHxeBa Teopus Gbiia pacrmpocTpaHeda OCTPOrpagcKuM
Ha cayyalt KPAaTHbL X WHTErpasoB; B JajbHeHuieM OblIH YCTAaHOBAEHW H I O-
CTAaTOYHbBIE YCIODMA KCTPEMyMa; HAKOHEL, B NOCAENHHE AECATHIETHS BHOBbL

Tax 4YT1o
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BO3HMK UHTEpPeC K uieaM JHicpa, H ero Merofsl INOCAYWMIH NpPOOGPa3oM pas
«MpAMBX» METOJOB PelIeHHS BAPMALHOHHKIX 3ajay (B 3HAaYUTEIbHOH Mepe —
B TpYJax COBETCKHX MaTeMaTHKOB).

IToyTn BCe OCHOBHBIE 3aKOHBI MEXaHWKHM H (H3NKH O6bIYHO (OpMYIHpYIOTCA
KaK <BapHalHOHHLIE MPHUHUHINbI», YyCTaHaBAWBalONiHe, YTO BapHau¥a TOrO0 MIH
WHOro (PyHKUMOHa#a HomkHa 6bTb HyneM. B CBA3H ¢ STHM BapHaUMOHHOE HCYHU-
CICHUE JOCTABIAET PEUIEHHE MHOTHX BaXHbIX 33a7aY (UIUKH M TEXHHKH.

Ill. TEOPHS ®YHKLHA KOMIIEKCHOW MEPEMEHHOM

KomnaekcHbie YMcia NOABHUIANCH B MaTeMaTHUeCKOM oO6MXOxe C Hayana
XVI Bexa, HO OCBAHBAJTHCb OHH HA NPOTAKEHUH CTONETHH MELJEHHO W C TPYIOM.
Jiumws B XVII Bexe dfinep (cHOBA MH JHOMKHL Ha3BaTh UMA 3TOrO [E€HHATBHOIO
W CTOJNb Pa3HOCTOPOHHEIO YyyeHorol) cran paccMaTpUBaTh KOMTIIEKCHY IO
NnepeMeHHY 0 M (GYHKUHHM OT Hee. B TeyeHHe TPHILATHX M COPOKOBEIX FONOB
OH pa3paboTan BCIO MEOpU INEMEHMAPH B X PYHK{UE KOMNAEKCHOU ne-
PEMEHHOII, NCTONB30BaB ANA 3TOr0 He TONBKO aNMmapaTr CTeNeHHHX piloB (H3Be-
cTHH# co BpemeH HboToHa), HO Takxke GeCKOHeuHble NPOH3BENEHHA U PANBI Npo-
cThix apoGelt. VM xe, kak Mbl Yxke 3HaeMm [n°254], Gblna ycraHoBjeHa 3aMeya-
TenbHas CBA3b MEXJY MOKa3aTenpHOH M TPUIOHOMETPUYECKUMH (GYHKUMAMHU.

Jipyro# BaxHbIH UMKI paboT Jiimepa OTHOCHTCE K UHMEZPUPOBAHUO 10
KoMmMnaeKkcrhoOid nepemMeHnOd (30eCb—B CMbLICIE BbHYHCIEHUHA
nepBooG6pa3Ho#H) B onHoft u3 nux, npeacraBneHHo#t IlerepOyprckoit axa-
nemun B 1777 r., Ho ony6ankoBaHHOH avmb B 1793 r., O#mep paccmaTpusaer

unterpax \ Z(z)dz, pasymeanon Z(z) dyHkuuio, 3agaHHy10 aHa-

IWTHYECKH (HanpuMep, CTENEHHLIM PAIOM), U TOACTaBAfeT ClOJa BMeCTo 2z
MHUMYI0 BenHuMHY x -+ yi *). Torna cam uHTerpan npunumaer sup P(x, y) -
-+ Q (x, y){, a noguHTErpanbHoe BhIpaxeHue nmpeobpasyeTcsa Tak:

(M(x, )+ N(x, y)i] [dx+dyi]=[Mdx— Ndy] + [N dx + M dy] .

CpaBHe}me NMOPO3Hb BEHIECTBEHHbIX ¥ MHUMEIX YacTeH NoNyyaeMoro paBeHCTBa
NPUBOJMT K ABYM HHTErpanam

P=Sde—-Ndy, Q=SNdx+Mdy.

Tak xak puddepeHunanvueie Boipaxenus Mdx— Ndy u Ndx-+4 Mdy oxasw-
BalOTCA, TAKMM 06pa3oM, TOYHbIMM nuddepeHuHanaMd (CoOTBEeTCTBEHHO, nna P
u Q), 70 M u N HeoGXORNMO CBA3AHKW XapaKTCPHbIMH AnA TOUHWX Auddepenun-
anos [n° 350] cooTHoIIEHHAMH
oM oN " ON _ oM @)
ay dx dy ~ ox*

Tak BmepBbie BoBuieM BHJe NOABIAIOTCA COOTHOIEHHA MEXAY YacT-
HbIMH MTPOU3BOJHBIMM BelECTBEHHON W MHHMOH yacTel PyHKUNH Z KOMILTEKCHOM
nepeMeHHOH #¥). 3THM COOTHOINEHUAM CYWJEHO GbLIO CHIFPAaTh BaXHYIO PONb KaK
B JaibHeWIieM Pa3sBUTHH CaMoli TCOPMH (PYHKUHMH, TAK U B €€ NPHUIOKEHHAX.

CnaBy co3panna 3TOH TeOPUH KaK CAaMOCTOHATENbHOMH M GoraToMt
CopepXaHHEM HAaYYHOH NMCUKNAUHDL pasgeaswT Komu ¥ Puman.

*) Mu Ansa KPaTKOCTH 3jleCb W Jajbllle MUUIEM MPUBHYHOE HaM i, XOTA
B 3ToM MecTe Dinep numer eute ) — 1. Bckope MMeHHO OH BBex 06O3HaueHHe I
KoTopoe, OJHAaKO, MPHBUIOCL JaleKo He Cpasy.

#%) lonoGHLIe COOTHOIIEHHA, BNPOYEM, yXKe BCTPEuanHcb B THIPOMEXaHHUE-
cKux HccnepoBahnax [MamamGepa (1752 r.) u camoro Jitnepa.
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B caMoM Hauane cBoero s«MeMyapa o6 oOnpeleleHHbBX HHTErpanax, B3ATHIX
Mex1y MHUMbIMH npenenaMu» (1825 r.) Komm ycranasauBaeT MNOHATHE onpe-
deneHHO20 unmezpana

X4 vi
f(z)dz (5)

xo + Yol

KaK mpejena HMHTerpaibHLIX CYMM —Hanojlo6ve KPHBOAHMHEHHOTr O HHTe~
rpaaa [n° 330]. BnpoueM, ynoMMHaHHe O <KPHBOH» Mb HAaXOIHM B JAPYroM Me-
cTe mMemyapa, a 3necb KoM npocTo paccMaTpuBaeT [(B€ MOHOTOHHBIE Hemlpe-
pbiBHbie (QYHKUHH, HMeoLiHe (HeMmpephHBHbiE) NPON3BOAHMIE:

x=9(f), y=1t) (<t<T) (6)

Mmox ycnoBueMm, 4To

e(t)=xp ¢(D=X; x(t)=yp (N=VY,

¥ CBOIWT uHTerpaxn (5) Kk OOGLIKHOREHHOMY HHTErpajay IO Bel(eCTBEHHOH mepeMeH=
Ho#t ¢ [cp. n® 331, (6)}:

T
Sf@U%FHOD@%ﬂ+xWﬁ0ﬂ-
fo

3nech ke — B NPeANoNOXeHHH, YTO QYHKUHA f(z) NMeeT (HenpephHBHYIO) Npo-
H3BOIHY10 — yCTaHAaBAMBAEeTCA (YHIAMEHTaAbHadA TeOPEMAa O HE3aBUCUMOCTI
unmezpaara (5) om subopa dyuxyui (6) (1. e. OT nyTH MHTErpHposanus). [oka-
3aTensbCTBO TeopeMbl KOWM NMPOBOAMT BapHAaLMOHHHIM METONOM.

[pu sToM ke mONyLIEHHH OTHOCHTeNbHO QyHKuWMH f(z) Komu B xaabHeH-
WX NY6GAHKAUHAX W B CBOHX JEKUHMAX YCTaHaBANBaeT GaKT OOPGUIEHUR 6 HyAb
UHMEZPANa N0 3GMKHYMOMY KOHMYpY, a TaK¥e BLIBOXMT 3HAMEHHTYIO dopmyay,
HOCAIYI0 €ro uMf:

f@=%§ﬂ%%
€)

rie wHTerpan B3AT mo KOoHTypy (C) o6aactu (K) Ha KOMNAEKCHOM NAOCKOCTH, a
z—mo6as BHYTpeHHAA Touka 9Tofi o6nactd. Mbl CcTankuBaemcs 31ech
C 3aMeyaTelbHbIM CBOACTBOM pacCMaTpHBaeMoro kaacca QyHxuum# KoMmnaekcHoft
nepeMeHHo: 3nauenus ynrkyun suympu obaacmu OOHO3HBYHO ONPedeAsomea
ee 3HAYEHUAMU HA KOHmypel

Xora ¢opmyna Komu 6bina foka3aHa MM NPH OAHOM AHIIb TNpPeXNONOXKEHHH,
yto Qynkuua f(z) umeeT B paccMaTpuBaeMoH 061acTH (HeNpPEPLIBHYIO) e PB Y 10
NPOU3BOJHY10, HO M3 CaMOH QOpPMYnbl, HanpuMep, € INOMOLIbIO TNOCIeNOBaTeNb-
BHOro AnddepeHurnpoBanna N0 2z MOJ 3HAKOM HMHTErpana, HemoCpPeiCTBEHHO BBHIBO-
IATCA, YTO 048 f(Z) OOHOBPEMEHHO CYWECMSYIOm U npou3soOHMe 6cex nopad-
xo08! Boabule TOro: mpmHUMas 3a o6aactb (K) KPyr paamyca r C LLeHTPOM B TOY-
K€ 2, MOXHO YTBEDXKNaTb, UTO 8 IMOM Kpy2e qiyumguﬂ f(2) pazaazaemcs 8 psd
no cmeneHsiM z—z,, Komopuii oxaswsacmes ee padox Teiinopa |[cp. n® 277}
Orcona shiTekaeT W obllee yTBEPXIEHHE, ClenaHHoe KON OTHUCHTENLHO pa-
auyca CxosMMOCTH pana Tefinopa: amom paduyc sce20a pasen paccmosiHulo om
mo4xu z, 00 Gaudncaiimed <oco6oii» moyku f(z)—B OKPECTHOCTH KOTOPO# f(2)
nepecraer G6biTh OfHO3HAUHOH dyHKIHEH, UMeloLLel (HeTPePHIBHYI0) TPOM3BOAHYIO.
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DTHM TpPOAHBAETCA CBET, HAPHMEP, HA TO 3araJloYHOE OGCTOATENBCTBO, 4TO
GyHKUMA arctg X M ee NpOUIBOLHASA - x3 PA3MArA0TCA B PAL MO CTemeHaM x

JUIIb BHYTPH NPOMExyTKa OT — 1 10 -1, ¢ pagHycoM CXOIMMOCTH exuuMia.
Ha BemecTBenHOM O0CH y HHX BoOGme «oCOGeHHOCTel» HEeT, HO eclH
nepeATH B KOMNIEKCHYI 06GNACThb, TO AJA COOTBETCTBYIOUIUX GyHKUHE KOMINeKCc-

HOM nepemeHHOH 2: arctgz M gl <OCOGHIMH» TOYKAaMH GYAYT TOUKA 2=+ {

Ha MHUMOH 0CH, BCICICTBHE Yero PajHyc CXOXHMOCTH DaBeH MOLYMO OGOMX
9THX YHcel, T. €. eAMHuue. Tak Teopus QYHKUMA KOMD I e KCHOH MepeMeHHOMN
NO3BOAAET HHOR pa3 OCO3HATh 3aKOHOMEPHOCTH, OTHOCAUIMECH K GYHKUMAM B e-
wecTBEeHHOHN nepeMeHHOHI

oneano math ce6e oTYeT B TOM, YTO TPeGOBAaHHE CYUECTBOBAHHA NPOM3-
BOJHOR OT QyHKUMH W==F(2) N0 ee KOMNACKCHOMY APIYMEHTY Zz HECpaB-
HEeHHO TAXedee yeM (GOpPMaNbHO aHAJAOrHYHOE TPEGOBAHHE B OTHOILIEHHH
GYHKUHH OT éeujecmeeHno20 apryMenta. Benb npenen

im fw _dw
Az 0 Az T dz

HOonXkeH GblTb ONHHM M TEM e, HEe308UCUMO OM HANPAEAEHUR, NO
xomopoxy z - Az npubsunceemca k z. B 3TOM U COCTOHT MCTHHHOE OGBACHE-
HHE TeX NOPasHTEAbHHX CACACTBHH, KOTOpHhe BaedeT 3a co60H NpocToft (aKT
CymEeCTBOBAHHA (HENPEPHBHOR) NMPOH3BOIHOK OT (QYHKUHH N0 KOMRAEKCHOMY
apryMenty. Bonpoc 06 ycaosusx cywecmsosanus maroii eduncmeennoii npo-
u"600HO{ BO3HMK CPaBHMTENbHO MO3fHO: KOWM NPWXOAMT K 3TOMY BOMpOCY
B 1847 r,, a Puman B 1851 I. MMEHHO ¢ Hero HayHHAET CBOI AHCCEPTAUHIO
«OcHoBn ofwe#t TeOpHH GYHKIMA OfHOM KOMIIEKCHOH nepeMenHoit> *). Ecan no-
NOXHTh 2==X-yi ¥ W=U-vl, TIe 4, U CYTb BemeCTBCHHBE GYHKUMH OT
HBYX BEuleCTBEHHHX I[I€PEMEHHHX X, ¥, TO YNOMAHYTHE YCIOBUA CBOAATCA
K COOTHOIIEHHAM du_do o0 u 4a

dx 9y’ ox 9y’ )
B KOTOPHIX YHMTaTenb ysHaeT sHnepoBW ypaBHeHHs (4). DTH coOTHOmIeHHA W cay-
XaT OCHOBOH [1A TeX NPHMEHEHHH, KOTOPHE HAXOAAT (YHKUUH KOMIIIEKCHOH
nepeMeHHOH B SAEKTPOCTaTAKE, FHAPO- A apPOMEXaHHKe, TEOPHH YIPYrOCTH H,
HaKoHell, B TEOPHH PacCnpoCTpaHeHHsa Temaa.

Ecan KOMNIEKCHEIE NepeMEHHble z H @ MCTOZKOBaTh KaK TOYKH Ha COOT-
BETCTBYIOUIHX TIOCKOCTAX, TO (YHKUHOHANbHAA SaBHCHMOCTb MEXIAY HHUMH
w=f(2) OTHOCHT KaXJOR TOYK e z B 061acTH Z Ha NIOCKOCTH 3HavYeHHA apry-
MeHTa — OMPERENCHHYI0 TOYKY @ B 061acTH W Ha MAOCKOCTH 3HayeHHH QYHK-
uun, VIHBIMH ClOBaMH, QYHKUNA w=f(z) oCyulecTBIseT mo4ednoe npeobpa3o-
sanue obaracmu Z 6 obaacmp W (puc. 86). Us cyuwiecTBoBanma B ofnacty £
s @yHkuwy f (2) enMHCTBeHHOM nNpoH3BOZHOM (nMiub 6w OHa He o6paunianach
B Hyabl) PHMal BHBOIMT Takoe 3aMeyaTeabHOE CBOHCTBO 3TOro Mpeo6pa3oBaHHsA:
ecau 83amb 8 o0aacmu F 06 nepecekamuecs kpusue (zz, ¥ 2z, Ha puc. 86),
a 8 obaacmu W—coomeemcmsywyue um Kpushe (ww, ¥ ww,), mo
yean MeNcOy RuMu 8 000oux cayianx 6ydym 00xu u me okce (IpY ONMHAKOBHX
HanpaBIEHHAX OTCYeTa). MpPeoGpa3OBAHHE OKA3LWBAETCA COXPAHAKNIUM
y T 1 B, HI¥, KaK FOBOPAT, KOHG O P MH ki Ml

Konopmunie n1peoGpasoBaHus, B CBA3H C BONPOCOM O YePYEHHH KapT, pac-
cMatpusanuch DftnepoM, Jlarpanwem u CayccoM 3amoaro no Pumana. Ho Puwman
nepBuH OTYETIHBO CBA3AN CBOACTBO (YHKUMR @ = f(z) coBepmath KOH(MODMHOE
npeoGpasoBaHHe C HANTHYHEM Yy Hee ONpejeneHHod mpouspoaHoi. On  xe

#) Cw. Bepurapn P u m a n, Coqunenun (Ioctexnsnar, 1948), ctp. 49—87.
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JI0Ka3al OCHOBHYIO B TEODHH KOHQ)ODMHHEIX NMpeo6pa3oBaHU#l TeOopeMy O 803MONC-
rocmu (a OpH oONpeleneHHMX YCIOBHAX — UM EIHHCTBEHHOCTH) KOHPOpMHOZ20
npeobpa3oganus Kpy2a 8 npou3goAsHYI0 O0HOCBA3NYI0 O0b6aacms, u 00pamuo,

Y U

0 T 0, u
Puc. 86.

[MTono6HbIMH npeo6pa3oBaHHAMH YACTO MOMB3YIOTCA B DA3AHYHBIX MPHIOXEHHAX
TCOPHH (YHKUMH KOMIIEKCHOW mnepeMeHHO. 3Ta HMMEHHO MbICIb M Jexana
B OCHOBe co3laHHO# XXyKOBCKMM ¥) TeopHH Kphlaa camoneTa.

Ha nanbHeitmreM 6necTauleM pa3BHUTHH TEOPHH QYHKUHH KOMINIEKCHOH mepe-
MEHHOH Mbl yXe He OCTaHaBJHBaeMCH.

IV. TEOPHSl UHTECPAJIbHBLIX YPABHEHU#

YpaBHeHHe OTHOCHTENLHO MCKOMOM QyHKUHMH, colepixalilee 911y (YHRUMIO nox
3HAKOM HMHTErpana, Ha3uBaeTC WHMEZpAsbHuM YpasHernues **). l1pu passickaHuH
HCU3BECTHOM QYHKUMHM yacTo GbiBaeT ynoGHee MCXOLHTb HMEHHO W3 HHTEIpalb=
HOrO ypaBHEHHs, NPeANOYTHTe bHO nepen AudpepeHunanbHeIM. C TakUM noJao-
KeHHeM Belledl YMTaTeNb yxe CTafnKMBAJACA NMDH NOKAa3aTeNbCTBE <TeOPEMH! Cylie-
CTBOBAaHHA» B TeOPHU AHpdepeHUHaNbHLIX yDaBHEHHi: TaM, HanpHMep, ypaBHe-
HHe y' =f (X, y) BMeCTe C HayaJbHEIM yCNOBHEM ¥ (X,) ==Y, 3aMEHANOCh ONHHM
MHTErpalbHB M YPaBHEHHEM

y= Sf(x. ¥)dx 4 Yo

K KOTOpOMY 3aTeM C YAOGCTBOM NPUMEHANCA MeTOl IOCHefOBATENbHBIX NPHEIH-
weHu#. B HauteM kypce Mul yxe, GOpPManbHO rOBOPA, UMENN 1eN0 € WHTErPalb-
HHIMH ypaBHEHWAMH, KOIia H3yyaiu npeob6pasoBanus Pypbe B [n° 412
Gopuyan (13), (14), (15)).

Baxuyio poip B DNpPUBJACYCHHH BHMMaHHA MATEMATHKOB K HHTErpPalbHBIM
ypaBHEHHAM Chirpaja OfHA MeXaHHYecKas 3ajaya, MOCTaBIeHHaR H pelnleHHad
Agenem (1826 r.). B He#t Tpe6oBanoch Haldmu makywo kpusyw AB 8 sepmurxarsnol
naockocmy  (puc. 87), 4mobsl spems T, 6 mMeEYeHue KOmopo20 mANCeNdsk

*) Hurona#t Eropoemu XyxkoBckui (1847—1921) — sHamenutnit pyc-
CKMH yuellbif.

*%) DTOT TepMMH BnepBuie BCTpeyaercs B 1888 r. y 110 Bya-Pefimona;
nocnefuui OTYETAMBO FOBOPHT O TOM, YTO YCNEXH B TeOPUH IHDdepeHUUaIbHHIX
yPaBHEHUN B YACTHHIX MPOH3BOIHBIX CBA3AHbI C H3YYEHUEM MHTEIDANbHHIX YPaBHe-
HU#, <O KOTOPHIX, OfiHAKO, HMUYETO HEH3IBECTHO?!
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MOMEPUANbHAR MOYKE, 8unYueHHas u3 nob6ol mouku D Ges wnatarvHol cxo-
pocmu, ckamuisaemcs 80025 N0 Kpusod 0o neunuswed ee mosxu A, npedema-
s1firoHaneped 3a0 an Y0 HENPEPUBHYIO BYHKLUIO Om 8ucombl a modxu D:
T=¢(a). PacnoxoxuM KOOpIANHATHbIE OCH, KAK YKa3aHO Ha DHCYHKe,H NYCTb yp4BHC-

HHE HCKOMOW KpuBoH Oylder y=y (x). Iipu nepe- p z
XOJle TOYKM M3 HayalibHOI'O nmonoxenna D B M, no
32KOHY HBBIX CHJI, 6yAeM HMeTb (KaK W Bbile —
B 3afaye o GpaxHCTOXpoHE)
Dh—-——————— = e
1 N
smr=mga—x), v=L=—VIaE—mn",
2 dt
oTKyJHa
-------- z
N S ”
Vga—x'
a S
2
! (VI ®F 4. 5 ™4
Zg ¢ Ve—x Puc. 81.

O6osnavans V' 14 [y (x)]° uepes V 2gu(x), A18 ONpENENCHHA HEM3BECTHON
¢ysxnun u (x) 6yaeM MMeTb HHTErpalbHOE YpPaBHEHHE

a
n(x)dx
——— =9 (a). 7
Via—x ¢ (a) Q)
Ab6enp dakTHuecKH pemas naxe Gonee oulee ypaBHeHue
u(x)dx
ﬁ=‘?(a) O<a<l)

MbI 1A MPOCTOTH OTPaHHYMMCH ypasHeHHeM (7).

YMHOXHM 06e yacTH ero Ha

¥ npounterpupyem no a or 0 po z:
z—a

< ¢(a)da 5‘ 5‘ u(x)dx
§Vi—a Ve—a@—x

[TepectaBum HHTCFpHpOBaHHﬁ B TOBTOPHOM HHTerpane cnpasa, no dopmyne (9)
**):

d da
fros ) =ty

*) HanomunaeM, yTo ¢ BO3pacTanneM { ayra S=—

= v AM y6uiBaer.
*¥) O6nacrb|o (P), o xotopo#t ymoMHHaeTca B 3aMe-
yahuu 1 1n° 344, anech Cay uT TpeyroabHUK, H306paXeHHbI i
Puc. 88, Ha puc. 88. BrpoueM, BBUAY OGpAlleHHsi MOABIHTErpaib-
HOM OYHKUMM B ©O NPH 4==X HIH @=2, HYXHO
G6bio  6H €me  OONONHWTENbHO O0GOCHOBaTL  NEPECTAHOBKY  HHTErpalos.
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Tak Kak BHYTpEHHE# HHTerpan sgecb paseH = [n° 292, 1)}, To npuzoaum Kk pa-
BEHCTBY

z

&)_d_a_ == \ u(x)dx
¢ Vz—a 'S

¥ — nudpdeperinpys No 2z — OKOHYATEIbHO TMNOJAYYaeM TaKoe BHipaXeHue Ana

HCKOMOH (YHKUHH:

1 a4 d p(a)da
=g | vy

3uan u (x), HETpKJJ,HO yxe 3aTeM onpepemuts u ¥ (x).

Ypasnenue AGensi— ¢ coXpaHeHMEM NPHHUMNA €r0 peuIeHHA — 3HAYUTENbHO
nosxe (1884 r.) 6pao o6o6iweno ConuHbM *). Bompoc kazancs 3aBepLICHHHM,
korga B 1896 r. BoarTeppa **) Hauan nmySauKauvio psjna MCCRELOBaHUH, B KOTO-
PHX M3naranach o6uias TEOPHA WHTErpajbHHX ypaBHEeHHMH BHIa

SN(x. s)e(s)ds=F(x) u ep(x)-}—SN(x, s) ¢ (s) ds=F (x),

NONYYHBIUKUX BIOCAEICTBUH HANMEHOBaHNE <HHTErpabHLIX ypasHeHuit Boanteppas,
COOTBETCTBEHHO, NMEPBOTO W BTOPOro pofa. 31ech HMCKOMOA (yHKIHER sBaseTcs
9(x), a N(x, s) u F(x) cytb nanuele ¢yHkuun. Bckope xe nocne storo, B
nepuog ¢ 1900 mo 1903 r., nossuauch 3amevatenbHbie paGoThi PpearonbMa *+#),
NOCBAILEHHbE YPABHEHHAM

b b
SN(x, se(s)ds=F(x) n e¢(x)+ SN(x, sye (s)ds=F (x).

A1u <ypaBreHua ®pexproibMar nepsoro M BTOPOro poia OTAHYAKTCA OT ¢«ypaB-
HeHu# BonbTeppa», TeM, UTO 3fecb B WHTerpajax o06a npenesa NOCTOAHHMHE,
(BnpoueM, MOXHO CYMTaThb ypaBHeHHs BoabTeppa uYacTHHM CinydaeM ypasHeHul
dpenronbMa, ecan noaoxuTh N (x, §)=0 ara s> x.)

He Bxons B ManoxeHue Teopun Ppenrorbma, OrpaHHUYBMCA  yKa3aHHeM, YTO
OHa NPENCTaBAAeT B HEKOTOPOM CMHICAE Kak Obl NpeledbHH Cayyadl TeopuH
anre6pavuecKuE AHHEHHBIX YPaBHEHHH.

B Teuenue uCTeKuiel NMOKOBUHBI HAalIEro BEKA TEOPUA HWHTErpanbHbIX Ypas-
HeHMit NONyymia WKPOKOE PA3BUTHE B Pa3HbIX HaMpaBleHMAX W npuobpena Bax-
HOCTb KaK MOCYileCTBEHHOE CPeNCTBO MCCAeNOBAHHA ABNEHHWA NPHPOAHI.

*) Axanemuk Huxonaht flkosnesuu Couun (1849—1915).
¢*) Buto BoansTeppa (1860—1940) — uranvanckuk maTeMaTHK.
#+%) Jpuk Msap P penronbm (1866—1927) — meencknit maremarthw.
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V. TEOPHS ®YHKHHHA BEIMECTBEHHO! NMEPEMEHHOM

Xora BeCh Kypc MaTeMaTHYeCKOro 3HaZm3a O NMOCBAILEH HMEHHO M3yye-
HHIO QYHKUMHR OT BEIECTBEHHNX NEePEMEHHH X, HO IO YKa3aHHEIM
B 3ar0JiOBKe Ha3BaHHEM pa3yMelOT He 9Ty <KNaCCHYECKYH>» vYacThb aHalu3a, a
Gonee BO3BHIIEHHYIO M TOHKYIO TEOPHIO, MOABHBUIYIOCA UMb C HAaya’sa Hauiero
cTonerHa. BnpoyeM, HCTOKH €€ MOMXHO YCMOTPeTb B TOM KPHTHUYECKOM
HanpaBIeKHH B MaTeMaTHKe, BosHukmeM B konue XVIII u B nayaze XIX Bexa,
0 KOTOPOM He pa3 yIOMHHANOCh. [losuuaiowuecs mpebosanus kK cmpozocmu
Mamemamudeckux 00Ka3amesbems 3GCMASAAAU YCOMHUMbCR 8 pde HAUBHBX
paceyxcdenuii cmapux mamexamurxos. Hanpumep, nonutka Amnepa (1806 r.) u
eille HeKOTOPHX ABTOPOB JOKa3aTh IHdepeHUAPYeMOCTh M0G0 HempepHBHOH
(GYUKUMH, HCKAOYaA pasBe NHIIb OTAeNbHEE TOYKW, BHI3BAaNa K XH3HH MPOTHBO-
peuawmye 9ToMy npuMepn Boabuano, Befiepmrpacca um ap. [cp. n® 271]. C npy-
roft CTOpOHbBI, 803HUKWEE cmpeMaerue K 00w Hocmu u camo no cebe co3da-
8440 UHMEPEC K GYHRK YUAM € PA3AUMHOLMY ANAMOAOSUMECKUMIL> OCOOEHHOCIMAMY,
YacTo MAYILHMH Bpa3pe3 ¢ Hamel MHTYHUHeM.

Bce 910 nHanpaBnenue, HOCHBIIee Hera TH BHL # xapakTep (M, KCTaTH CKa-
3aTh, BRI3LIBaBLI€E APKOE HEJOBOALCTBO CO CTOPOHH MpejcTaBHTeleft «K1acCH-
YyeCKOro» aHanau3a) OTHOCHTCA K NPEeNHCTODHH 3aHHMapmwed Hac ceffyac
HayYHOH IMCUMNAWHH. [lepexon OT KPHTHKH CTaporo W yBieueHus emaToaormeits
K NO3HTHUBHOMH TeopHu OHI B BHICOKOH Mepe CTHEMYIHDOBaH meopueii Oec-
KONEHHBX MHOXCECMO, CO3NAHHOH B CEMHIECATHX W BOCBMHIECATHX T[OIax
npomnoro cronetHst Feoprom Kanropowm Ero muen toxe scrpernpurne mo-
Hayaly CO CTOPOHH COBDEMEHHHKOB HPOTHBOJNE/CTBHE, BIOCAEACTBHA OKa3alH
Goabuioe BIASHHWE HA Pa3BHTHE MHOTMX o6aacTeff MaTeMaTHKH, B OCOGEHHOCTH
we — meopuu EyRKyull eUEcMBERHOE NEpeMEHHOt.

dTa nocaelHAs KaK CaMOCTOATENbHAA HaAYYHas NUCUMNAMHA OQOpMHIACH HA
py6exe XIX u XX cronern#i B Tpymax ¢paHuny3cko#f MaTeMaTHyeCKoH mIKOMH,
BUIHCABIMMA NPENCTABHTEAAMH KOTOPOH ABAATCA dMuab Bopean (1871—1956),
Pese Bap (1824—1932) u Anpu JleGer (1875—1941).

Bawnylo poab curpaio BBeneHHoe Dopenem (1898 r.) n JleGerom (1902 r.)
NOHATHE MEPHL AUHELHK 020 MOYEHHO20 MHONCECMEA, NPHMEHHMOE K OY e Hb
IHPOKOMY KINacCy TaK Ha3HBaEMbIX u3Mmepumvix MHoxkectB. Mepa mE
TOYEYHOro MHOkecTBa E o6o6iiaeT MOHATHE AN KHbL npoMexyTxa. [Togo6HO
I7HHe, OHa o6najaeT CBOMCTBOM a IXHMTHBHOCTH, HO B eille 601ee WIMPOKOM
CTeneHy: MMEHHO, eClH OrpaHHueHHOe MHOXecTBO E npencrasaser coGo#t oobean-
HeHHe KOHEeYHOro YMCJa HIM Haxe 6eCKOHEYHOTro (HO B 9TOM clyyae —
HENPEMEHHO HYM EPOBAaHHOIO0) MHOX eCTBa H3MEDHMHI MHOXECIB

Ey Es ooy Epy oy

He MMEIAX MoNapHo OGIWNX Toyek, To F uU3MepuMo, npuueM mepa E pasue
cymame (MO cyMMe D silla) mep muoxcecms Eg:

mE =Y, mE,.
n

Ecnu ToyeyHoe MHOXeCTBO E MOMeT GHITh ITOKPHTO KOHEUHOH HiaH (Hyme-
poBaHHOfl) 66CKOHETHOH CHCTEMOH MPOMEXYTKOB C MPOHU3IBOABHO Manoh
cyMmMoR naun, ToeromepapaBHa Hyaw. Ilycts dynkuna f(x), sa-
JaHHaA B MpoMmexyTke [a@, ], o6nagaer ompemeneHHbM CBOHICTBOM BO BCEX TOW-
Kax MpPOMEXYTKa 38 HCKIIYE€HHEM pa3Be AHUD TOYEK HEKOTO-
POro MHOXECTBAa HYJeBOM MeD Hl; TOrJla FOBOPAT, YTO QYHKIMA AMeeT
9TO CBOHCTBO «NOYTH BCIOAY>» B Ha3BaHHOM IPOMEXYTKeE. Mb HCHAONb3YEM STO
BhIpaxeHHe B (ODMYIHPOBKAX CHelyIOMIHX IBYX Teopem JleGera:

I. @ynxyus f(x), monomonnass 8 npomexcymxe |[a, b), umeem nouwma
8¢ 0y 8 IMOM NPOMEHCYymMKe 0BYXCMOPORHIOID KOHEYHYIO NpPOU3BOOHYIO.
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1. Henpepoisran cnpasnanemas kpusas y=f(x) (a<x<b) umeem
noumu BCOOY ONPEOCACHHYIO KACAMEABHYIO.

DTH TeopeMbl NMPUBENEHH KaK IPUMepPLl MO 3 W T U B H bl X Pe3yabTaToB HOBOH
TEOpHH; KaK BHIMM, B HMX HeT PEUH O «NaTOJOTHH», & YCTaHaBIMBAWOTCA obuue
U BecbMa TOHKHE 3aKOHOMEDPHOCTH, ¥ NPUTOM B TAKHX 061acTAX, rie Me-
TOAB! KJAACCHYECKOro aHaNIu3a OKasanuch GeCcCHILHBIMH.

Boabuioe 3HayeHHe B COBDEMEHHOM aHanM3e Npuofpeno TNpPHHAAMexanlee
JleGery ofofuieHre NOHATHA oMpeleneHHOro uHTerpauxna. [ycts yyra-
Teab BCMOMHAT DHMaHOBO oOmpeledeHue sToro noHarua [n° 176]. Has cayuas
HempepHBHOM G YyHKUUHF) OHO BNONHE €CTECTBEHHO: rOBOPA TIeOMeTpH-
YeCKH, MPY Ma /a1 0M Ax; Bce OpIMHaThl KPHBOH y==f (x), OTBeyaiiie N3MeHe-
HUI0 aGCLMCChl MEXIY X; U Xy, MANO OTNHYAWTCA OT NI0O6OH U3 HUX,
(&), u, 3aMeHsia NPHOAMKEHHO STEMEHTADHYIO NONOCKY SMEMEHTAPHBIM MPAMO~
yroabHUROM ¢ naowanbio f (§;) - Ax; MOXHO XHaTb, 4TO MpPEH e CYMMb

li ;) A
i S0

¥ IacT T O Y HO BeIHUMHY muowm@any mol xpueoi. Ecny xe ¢ynxkuua f(x) paa-
pLIBHAa, TO ANA YNOMAHYTOH 3aMeHH Yxe HeT ocHoBaHuli! B nelficTBHTeAbHOCTH
e onpeneneHre PHMaHa OKa3biBaeTca (OPMaibHO NPUMEHHMMBIM JHIUIb K Y3KOMY
KIacCy pa3poiBHLIX (QYHKHHHM, B HEKOTOPOM CMbICIE <«Mano pAasHALMXCA» OT He-
npepuiBHLIX (a2 WMEHHO, Kak noka3an JleGer, —aumb K QYyHKUHAM, KOTOpbIe
<JIOYTH BCIOAY®» HENpEepHBHbI).

B 9T0#i CBA3¥ YMECTHO BCOMHHTb, UTO eci¥ (YyHKuMA F (x) HMeeT B mpo-
MexyTke (2, bl HempepBH BHY 10 NPOM3BOAHYI £~ (x), TO MO 3To#f mMpou3Bon-
HO# nepBoeGpasHas QyHKUMA JErKO <«BOCCTaHaBAMBAaeTCA» C MOMOLILIO ONpeje-
nensoro unrterpana [n° 155 u 183, (12°)]:

Fx)=(R) S F'(x)dx+C. ®)

OnHako B cayyae pa3sphBHOM (x0T 651 ¥ OrpaHMyeHHofl) mpou3BojgHOH 9Ta
¢dopMyna MOXET OKa3aTbCAd HENPHIOXHMON NpOCTO M3-32 TOro, YTO PHMAHOB
nuterpan gas F’ (x) ne cywmecryer. Tako#t mmenno npumep ewme B 1881 r. mo-
ctpoun BoabTeppa.

Bce sTn o6CTOATenbCTBAa M NOCAYXHANW OCHOBAHHEM JJA CO3JAaHHA HOBOIO,
06o06uieHHOr 0, ONPelleNeHNA TOHATHR HHTerpana.

BuisCHMM OCHOBHYIO MAeo neferoa ompejeneHHA MHTerpana Aas orp a H k-
yenHOIl dynkuun f(x)

A<f(x)y<B (a<<x<b)

Jle6er npoGUT Ha YacTH He MPOMEXYTOK M3MEHEHHMA He3aBHCHMON mepeMeHHOH,
a mpoMexyToK [A, B], B KOTODOM COJepXaTCA 3HAYEHHA CaMOH (yHKuHu:

A=3<¥ <P < ooo <N <Vin1 < 0o <Yp=25,

u paccmatpuBaer (opu i=0, 1, ..., n—1) mnoxectso E; Tex Touexk, B KOTO-
pHiX 3HAayeHHA GYHKUMH nexaT MeXLY y; M ¥y

Yis<f(X) <Yigr
Mpu ManoMm Ay;=y;,—y; Bce STH 3HaueHus, JeHCTBHTEIbHO, BN U3 KK

*) HanoMHKM, 4TO WMEHHO LAS 3TOro ciyyas oHO M Ghiao BniCKasaHo Koun
3anoaro go Pumana.
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MexJy COGOH M M a i o PasHATCH, HAMPHMep, OT y; 3aMeHAs HX BCe Ha y; M
YMHOXAA 3TO YHCAO Ha M e Py MHOXecTBa E; COCTaBHM CyMMY

> yi-mEq (9)
i

KoHeuno, mpH STOM HYXHO NpPENNONOXHTb, YTO MHOXECTBO Touek x H3 [a, b),
LA KOTODHX 3HaueHHsl QYHKUHH f(X) nexaT MeMJy KaKWMH-HHGYLb YHCIAMH a
B (B>a), Bcersa H3Me PH MO, TONbKO TakHe Gysxumn JleGer u paccmarpu-
BaeT, HaswBas WX usmepumuimu. dns cymmu (9), KakoBa 6b HM Omia orpaHH-
yeHHas H3MepHMasn QYHKUMA f(x), BCErla CYIECTBYeT KOHEYHNH mpenen
npu Ay;—0; oH M npencTaBaseT coboit zebe208 unmezpar @ynxyuu f(x) om
a 00 b ¥ 0603HavaeTCA CHMBOJNOM

b
@) S Fx) dx.

O6nacTe npuMeHHMOCTH MHTerpana JleGera HecpaBHEHHO IMpe, YeM HHTerpaia
PuMana. B yaCTHOCTH, C €ro noOMOWpBI0 BCEeT 1a MOXHO <BOCCTAHOBHMTb> mep-
BoOGpasHyio GyHKuMIO F(x) No ee orpaHH Y eHHOH# npoussogHol F’ (x):

Flx)=(L) S F(x)dx+C. (8a)

JleGeroBo onpenenenne pacnpocTPaHAeTCss U Ha CAYuall HeOTrpaHH VY e H-
HOMH @ yHKLHY noayyaeMulit [1pH 3TOM MHTerpan OKasniBaeTcs a 6COAITHO
CXONALMMCs. BriociefcTBHH GBLUIH NpellokeHN W HaibHeHmne 0606ueHHNs MOHs-
THs WHTerpana, IpH KOTOPHIX MHTErpaj MOMXeT CXOXHTHCA M Hea6CONITHO,
HO HHM OJHO M3 HMX He HALIIO TaKOI'0 UIHPOKOrO M IOLOTBOPHOrO NpPHMEHeHHs
B pa3HbiX 061acTAX aHamu3a, Kak MHTerpan JleGera.

JanbHedune ycnexu TeopuH (yHKUMH BeuleCTBEeHHOH mepeMeHHOH Cyiue-
CTBEHHO CBA3aHbl C [EATENbHOCTHIO MOCKOBCKOH MaTeMaTHYeCKON
LI KON B, OCHOBaTenaMH koTopoit Omau [Juurpuit Pegoposny Eropos
(1869—1931) n akagemuk Huxona#t Huxonaesmu Jlysmn (1883—1950). [Ipuso-
IMMble HUXe, B BHIe NpuMepa, JBe (YHNAMEHTalAbHble TeOpeMbl MPHHaLIeXaT:
nepsaa — Eroposy, a Bropas — Jlyanny. OHH NOKa3kBaiOT, YTO — HECMOTPA Ha
Yype3BHYafHYI0 O6UHOCTb 06GBEKTOB, U3yUaeMLIX COBDEMEHHO! TeopHeH
(YHKUHH — CBA3b ¢ KNACCHYECKUM aHAAM30M, B HEKOTODOM CMBICIe, He yTepsHa.
Bor st Teopemsni:

I. Cxodumocms 210 6 0 ii nocaedosamenvrocmu {f, (x)} usmepumoix dynk-
yuit Kk npedensnoii dynxyuu f(x) orxasvigaenmcst pasHoOMEPHO i, ecau npe-
HeOpeub HeKOMOpoM MOHEUHWM MHONCECMBOM NPOU3IBONBHO MAAOL MEPH.

. JTwb6as usmepumas @yuxyus f(x) okxa3wsaemcs Henpep o 8-
RO, ecau npeHebpeub HEKOMOPHLM MOHEHHBM MHONCECMEOM NPOU3BOALHO
MAn0d Mepyl.

3acayro# MOCKOBCKOH MIKONH ABAsieTCA He TOJAbKO JaibHeRilee pa3BHUTHE
caMoii Teopn¥ QYHKUMH 8eilleCTBEHHON MepeMeHHOH, HO W BHeApeHHe ee MOHs-
TH#t M MeTOROB B Ipyrue o0G6AaCTH aHaNW3a, a TaKke B TEOPHIO BePOATHOCTEH.

Jlo cux nmop Mbpl Beny peub JHUIb O TaK HasblBaeMOW mempuyeckoii meopuu
yricyud, CYyIWECTBEHHO UCNONb3YIOWE! NOHATHE M e p bl TOYEYHOI'0 MHOMeCTBa.
[pyras BeTBb HOBOH TeOpPHM dYHKUMHA, Ha3biBaeMasi OECKpUNMUBHON, BELET Npo-
ucxoxuenne oT pa6otr bspa (1899 r.) m Jle6era (1905 r.), B KOTOPHIX H3Y Ya10Ch
CTpOEHHe M CBOHCTBA Pa3PbiBHBIX (YHKUMH € TOYKM 3peHUs HX O06pa30BaHHs
H3 HENPEPHBHHX QYHKUMA C NOMOWLI0 INOCHENOBAaTC]bHbLIX MpPENeNbHHX Mepe-
XON0B. ITH MCCIEI0BAHHs TECHO CBA3AHB C OECKPUNMUBHOL meopueti MHOMcecms,
rIe H3yyaoTca BCe G0lee M Gonee CHONKHBE KI3CCH TOUCYHHX MHOXECTB,
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1I0AyYaeMbX ¢ MOMOMIO PANA NPOCTeHIIMX OMmepauuii U3 MPOMEXYTKOB (NPAMO-
YrOAbHMKOB ¥ T. I.). Benymas poab B HaibHeHimeM Pa3BUTHH M YIAYGReHHH Has-
BAHHOH TEODHH TaxXe NPHHaLneXHUT JIY3HHY M €ro yueHHKam.

KocHeMCa 3lech ke eme OXHOH BeTBH MaTeMaTHYeCKOro aHanm3a, Ha3hl-
BaeMOH KoxcmpyxmugHold meopueii dynxyuii. OHa 3aHUMaeTCa BONPOCAMH IPH-
GAMKEHHOrO NMpelCTaBieHHs (YHKUHM C MOMOWbI0O pPa3THYHHIX aHaAUTHYECKHX
annapatoB, NPOCTeHUIMMH NpPHUMEPAaMH KOTOPWX ClymaT aareGpauyecKue HIH
TPHrOHOMETPHYECKHE MHOTOWIEHBI.

Naduyruit JlbBoBuy Y e 6 bl w1 & B B paGore «Teopusa MeXaHM3MOB, H3BECTHHX
noj Ha3BaHWeM napaaienorpammos»®) (1854 r.) orMerns, yro OTpe3oK paxa
Te#inopa ¢ynkunu f(x)

Ta ()= () + L8 (i o 4L (e

aAyymie IPYTHMX MHOTOUNEHOB TOft ke CTeNeHH MNpeACTaBAseT GYHKUHIO Auilb
86au3u movxku x = x, Ecin me peub HIeT 0 NPHOAHXEHHOM MNpeCTaBIeHHH
GYHKUMH MHOTOWIEHOM n-# CTemeHH 8 durxcuposannosm npomedxcymee [a, b), 10
TeHOpOBY MHOrOYAEHY crelyeT NMPeXNoYecTb NPYro#i MHorouneH, P, (x), c TeM,
yTo6H «Tpefien ero YykIOHeHH# 0T f(x) B LaHHOM NpPOMEXYyTKe Obl1 MeHee
TIpefeNnoB YKNOHeHHH BCceX NPYTMX MHOrOYJIEHOB To#H ke cTemedu». Tak, BmepBHe
Gbi1a MoCTaBieHa 3ajlaya O «MHOrouyjeHe Hauayuuero npubammeHus», onpene-

J€MOro H3 YCIOBHA, YTO
max_ | Py (x)—f(x)]
a=<x=<b

UMeeT HaHMMEHb LI € € BO3MOXHOE 3HaueHHe; TociefHee OGLIYHO O0603HayaoT
yepes E, (f). Wccnenosanna Ye6umeBa NOCAYXHMAH HCXONHHM TYHKTOM IUIA
OGIUMPHOrO psaXa pa6oT NeTepOGYPrcKOU MaTeMaTHYECKOH WKOMKL.

B 1885r. Beftepuitpacc ony6anxoBan TeopeMy [n° 278], H3 KOTOpOH ABCTBYyeT,
yTo IIA MOGOH HempephiBHOR B [a4, d] dyHkuMH f(Xx)

lim E,(f)=0;
n— oo

pasymeercs H, Hao60pOT, H3 HAAMYMA NOCAERHEr0 COOTHOIIEHUA BHITeKaeT Henpe-
PHBHOCTE QYHKUMA f[n° 266]. 10 O6HAO NpocTeHIIHM NPHUMEPOM B3aHMOCBA3H
MEXIY CTPYKTYPHHM cBOHCTBOM QYHKURH f (HENPEePHBHOCTb) H MO B -
HeHHeM Beanuunn £, (f) (cTpemaenne X HYIo).

Wnen Ye6biuéna u %eﬁepmrpacca NMONYYHIH CYLeCTBEHHOE Pa3BUTHE B HCCIe-
noBaHuax akagemuxa Ceprea Hartawosnua BepHmrefina (pon. B 1830 r.) n
JIPYTHX COBETCKHX MaTeMaTHKOB, a TaKwke aMepHKaHCKOro yuvexoro Jlanxema
AxexcoHna (1888—1946). Uepes sTH paGoTH KPaCHOM HHTHIO NIPOXOAMT MBICAD
0 BIHAHHH IH{OEpeHUHaNbHNX M MHHX CTPYKTYPHHIX CBOHCTB QYHKUHH f (x)Ha
GLICTPOTY CTpeMieHus BeanuuHn E, (f) k Hy:o, ¥ Hao6opoT.

VI. ®YHKILHOHAJIbHBIR AHAJIU3

3To — camasa Monoxas M3 BCeX BeTBell MaTeMaTHYECKOro aHalHM3a: ee BO3PACT
HUCYHC/IAETCA HEMHOIMMH JecATuneTuamMH! BO3HHKHOBEHMIO (GYHKUMOHANBbHOrO aHa=
JAW3a CHOoCOGCTBOBaNa He Pa3 3aMeyaBIIasACA aHAMOT MA MexIy JaleKHMH Ha
nepBuift B3rasn o6beKkTaMy, NOGYKHAOMAA HCKaTh KaK OGDbEANHALINE HX N1 O H -
THA, Tak ¥ ofiqMe pacCywIeHH A, KOTOpHEe MOKPHBAaIH OB YacTHbie pac-
CYXJEeHHA HaJl 9TUMH OGBEKTAaMH, MCNONb3ys AMIbL TO, YTO B HUX Ha Jene Cylle-
CTBEHHO.

*) IToanoe cobpanue couunenuis 1. J1. Yebouwesa, 7. 1l (m3p. Axagemu
Hayk, 1947), crp. 23—51.
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3aMevatenbHO NMPH 9TOM, 4YTO MHOroOGpa3sHA paccMaTpPHBAEMMX O6DHEKTOB
OGHYHO YNOROGHAITCA B TEX MIH HHHX OTHOWEHHAX PEATBLHOMY I po-
CTPAaHCTBY. DTH MHOTOOGPa3HA TOXE HA3WBAOT NPOCMPAHCMBAMY, XOTA
9J€MEHTaMH HMX MOryT ObiTb — CMOTPA IO CAYYal0 — O6BbeKTH CaMol pasHo-
06pasHoft MPUPORH: KPHBHE HAH NMOBEDXHOCTH, GPYHKUHMH OT OHHOH MAH HECKONb~
KHX HENMpepHBHO MEHAOWMXCA apryMeHTOB, KOHEYHHE CHCTeMb HAH MOCHeNo-
BATENLHOCTH BEIECTBEHHMWX YHCeN (T. €. QYHKUMM OT HATYpaabHOLO aprymenta)
H T. B, Mol yie CTaIKHBaAHCh C MOLOGHWMH <TDOCTPaHCTBaMH» B n° 125 (apud-
METHYECKoe m-MepHOe NPOCTPaHCTBO), B n° 418 (NMPOCTPAaHCTBO HenpepHBHBIK
QyHKuHI) o, HaKoHew, B pasfede I, MOCBAWIEHHOM BAPHAUHOMHOMY MCYHCAEHHIO
(MPOCTPAHCTBO rAaAKHX KPHBHIX HIM HEMPEPHBHO NHPDepeHUHpYeEMbIX dyHKuuft).
B raxom npoctpancTe X=/{x} paccMaTpuBaIOTCA M M3YYA0TCA PYHKLUOHALH-

Hble onepamopst
y=U(x) (10)

(o6o6uienne DPHBHYHOTO HAM MOHATHA <«(YHKUHA>), KOTOPHE CONOCTABIAIDT —
N0 TOMY HAH HHOMY 3aKOHY HAH NpPaIuHily — KawAOMY 9neMeHTY x u3 X onpe-
NeNeHHut aneMeHT y TOro e MAM Ipyroro npocrpanctsa Y. B ToM uyacTHom
cayuae, Xoria Y ecTb NPOCTO MHOXECTBO BEIECTBEHHBX YHCed, TaK YTO sae-
MEHTY X CONOCTaBAAETCA Y H CJAO0, G(YHKUMOHAABHHA ONEepaTrop Ha3wWBAETCA
g‘»yurcl?uoua/zox ~—C 9THM TNIOHATHEM Mbl TOXe Bbllle yXe HMeAH Heao (CM. pas-
nex ).

MH OCTaHOBHMCA JAMIIb Ha ONHOM BAaXKHOM THIE HPOCTPAHCTB, UMEHHO Ha
Mempudeckux npocmpancmgax. Tak HA3mBaeTCA NPOCTPaHCTBO X, €CaAH 1aA
Kawofl mapn NpHHANAEHAIMHX €My 9AEMEHTOB X H X ONpeNeNeHO paccmofHue
(«MeTpHYECKAn (QYHKUMA>), T. €. HEOTPHUATEAbHOE BEWECTBEHHOE YHCAO p (X, X),
HMEOLlee CAeNyoLIMe CBOficTBa:

1) p(x, X)="0 paBHOCHABHO X = X;

2) p (X, x)=p(x, %) u, HakoHe1,

3) p(x, D)< p(x, X)+p (X, X) [cakcHoMa Tpeyroanuukas; cp. n° 125 u 418].

CXOnMMOCTb TNOCNEROBATENBHOCTH {X;} K NpENeIbHOMY 3AEMEHTY X ONpe-
HenAeTCAs COOTHONIEHHEM

p(xn X)—0;
HpH 9TOM NHMYT
x=limx, WM Xx,— X

[IpuBeneM NMPHMEPH METPHYECKHX HPOCTPBHCTB.
A. ApndmeTHueckoe NpPOCTPAHCTBO — AHHEHHOE MAH BoOGWle m-MepHoe,
B nMHEHHOM Clyyae 9JeMEHTH X CYTb BELECTBEHHHE YHCAA H
plx, R)y=|x—2x|

Tipy m > 1 sneMeHTR X ABAAIOTCA YXe YHOPALOYEHHHIMH CHCTEMAMH BEM|ECTBEH«
BhX yHcen: x==(;, &, ..., &), IN€ § — <KoOpAMHATH> TOUKM X. B stoMm caygae

pn =V 6@ —8) 4 ..+ o —En)®
ecnu yepes §; OGO3HAYHTL <KOODAMHATH> TOYKH X.
B. I1pocTpanCcTBO HenpepuBHEX — B NpoMexyTKe [a4, b] — dynkuni x = x (f)
C MeTpHKORH

plx, 2)= max |x(t)—x(®)).
a=si=d

B. To e MmHoroo6pasmue, HO c Apyroi MeTpuk oM

b
v =) [ro—zere

[cp. n° 418, 3ameuanne].
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r. ﬂpOCTpchnao MOCAEN0OBATENBHOCTER BELECTBEHHBX YHCEN

X=(E‘, oy veus Em ),

o0
NAs KOTOPHX pal 2&,’, cXoAunTCHA Merpuka:

1
p (x, X)=l/$(ﬁn—ﬁl)”.

1. TlpoCcTpancTBO Or paHHM U € HHB X NOCAEN0BATENBHOCTEHN BelecTBeHHAIX
ypcen ¢ MeTPHKOH

p(x, X)==sup |t —&,
n

Jlerxo nokasaTb, MOAL3YACH ¢aKCHOMON TpeyroabHUKa», YTO — Ald N0 60T 0
MEeTPHYECKOro NPOCTPAHCTBAa — M3 CXOAMMOCTH MNOCIENOBAaTEAbHOCTH 31€MEHTOB
{xp} K DpepesbHOMY 31EMEHTY X BbITEKaeT BHINONHEHHE YCIOBHS, aHAIOTHYHOTO
H3BecTHOMY ycnosuio Bonbuano — Koww [cp. n°® 52):

p(x, Xp)<<e, JaHUB TOALKO 7, 1" > N,

O6paTHoe 3aKA0UCHHE — O CYLIECTBOBAHMHA MpPEfeNbHOr0 SAeMeHTa X IS Kawaoh
NOCAeN0BaTeNbHOCTH {X,}, YAOBAeTBOpAIOUWE” 3TOMY YCAOBHIO, — BEepHO He Aas
BCeX METPHUECKMX NPOCTPAaHCTB. Te NPOCTPAHCTB3, I8 KOTOPBIX OHO BEPHO,
Ha3bIBAIOTCA NOAHBLAMU, TAKOBBl, Hanpumep, npoctpanctea A, b, I, I. B 10 xe
BpeMs NPOCTPaHCTBO B He moaHo *).

Tenepb, INsi TOro 4YTOGbl YHTATENI CTala fiCHOW MOJE3HOCTL TOR BEICOKOH
CTenenu OTBIEYeHHA M 0GOGLIEHNs, KOTOPas OCYIECTBANAETCA B QYHKIUHOHANLHOM
ananuae, npuBefeM B BHIe IpUMepa OJHY TEOPEMY HM3BCCTHOTO MOALCKOTO MaTe-
maTnuka Credana banaxa (1892— 1945), onsoro ua cosnarenel COBpPeMEHHOTO
dyHKUMOHanbROro ananusa. OHa raacur:

Tlycme Oan PyHryuonareuni onepamop (10), onpedeseHHnil 6 noaH OM
MempueckOm npocmpancmee X=={x} u nepesoosuuii 3nemenmno. x us X cHosa
8 saemermol moeo okce npocmpancmsd. Ecau npu amosm ecezoa

pUx), UR)<<a p(x, X), 20e 0<<a<],
mo cywecmeyem (i npUmMOM eOUHCMBEHHAS) MOYKA X, MAKAS, 4MO
U (xy)=xo. (1D

Jta TOYKA Ha3bIBAeTCA HENONBHUXHOHK TouKoMh onepatopa U; oHa
€CTb He UTO WHOe, KAK <KOPEHb» (HYHKHLUOHAAbHO20 YPABHEHUS

x=U(x).

Crnenywuee coob6paxerye MOCIYXHT Kak Ohl HaBelLeHHeEM K JOKasa-
TenscTBY. ECIn x—n106as TOYKa, a X,—HENOABHKHAA TOYKA (IPEAMOAOKHUM,

*) OHO MOXeT OhTb CHEAaHO TIOAHBIM, €CNH K HeMy J0GaBHTb M BCe pas-
poiBHbe QYHKUWK X (£), MHTerpupyembie no JleGery BMecTe CO CBOMMM KBajpa-
Tamy. [1pyn 9TOM 1Be QyHKUMY, KOTODbIE «NOYTH BCIOAY» COBNAKAIOT, PACCMATpPH-
BAWTCA KaK ONMH 3JE€MEHT LpPOCTpaHCTBa.
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YTO ona cymecTtByet!), TO
o (Ulx), Ulxo))=p (U (x) xo)<<e-p(x xo),

TaK yTo snement x,=U(x) 6anxe x x, uem x. EcrecTBenno nosropurn
3TOT MpPOLECC, HCXOAS M3 Xy

p(Uxy), xo)<<a-p(xy, xp) <<a®-p(x, xy),

W 31eMeHT xy=U (x,) oKasniBaeTcd eute 6AMKe K x| IT0 U MoACKa3biBaeT
MbIC/Ib, HCXOlA M3 TNPOU3BONBHO B3ATOrO SNEMEHTa X, MOCTPOUTb, MMOBTOPHO
npuaarag oneparop U, mocnenoBaTeNbHOCTb 31eMEHTOB

xy=U(x), xy=U(xy), ..., Xp=U(xp_s), ... (12)

Iag sToff nmocnemoBatensHocTH {xy,} MOKa3bIBaeTCA BLINONHEHHE YCJAOBHA
Boasuano—Komm, oTkyaa (sBray n on?-x 0T bl MPOCTPAHCTBA) CAelyeT, YTO OHa
CXONMTCA K HEKOTOPOMY NpeledbHOMY SaeMEHTY x,. 3aTeM ycTaHaBAuBaercs,
YTO 9TO M €CTb MCKOMBIA HEMONBHUWHBIA 3JeMEHT (M NMPUTOM eIHH-
crBenHbift). TakoB naaH 10KasaTeabCTBA, KOTOPOro B MOAPOGHOCTAX NPOBOAHTH
He 6yneM.

O6paumiaeM auiib BHUMAaHME YuHTaTelds Ha NDHMEHEHHe, Jad NMOJAYYEHUA X,
MeTONa nocineNoBaTeAbHBX NPpUGAUKeHHUN no cxeMe (12). Jlerko
NOAYYUTb U OWEHKY R-TO NPUOIHKEHUA:

p(xn, Xo)<< Ma® (M=const).

[Tepeupcnnm Tenmeph HECKOAbKO 3alay M3 Pas3HLIX oGracrelt, KOTopwe Cpa3sy
MOAYYalwT pelieHHe Grarofaps HCHOAb3OBAHUIO YCTAHOBAEHHOro <«NPUHUUNA
HEMOJABHXHOA TOUKH».

1) WU3sectHoe B TeopeTHueckolt acTpoHOMHH «ypaBHeHHe Kemnaepar

x=m,+¢- sinx (13)

onpejenseT TaK Ha3blBaeMYI0 3KCUEHTPHUYECKYI0 aHOMaJNHUI0O X Iia-
HeTH N0 JaHHOH ee CpelHeH aHOMANHUK My U IKCUCHTPUCHTETY MAAHETHOH
op6utH £ (e <<l).

[Tycts «npocTpaHcTBO» X eCTb MPOCTO MHOXECTBO BCEeX BelleCTBEHHBIX
yycen (cM. A), a «PyHKUHOHAABHBIA omepaTop» ecTb OGBIKHOBEHHaA (yHKUMA OT
YHCNOBOH nepeMeHHOH x:

U(x)y=m,-+ ¢ sin x.

flcHO, UTO HeMOABHXHAA TOYKA X, 3TOr0 <OMEPaTOPa» KaK pas M €CTb HCKOMBIH
KOpeHb ypaBHeHua (13)!
Tak Kak

pU(x), UX)=|U(x)—U(X)|=c¢-] sin x — sin X| <
<e-lx—%[=c¢-p(x, X)
TO yCMOBHE TeopeMsl BHIMOAHeHO. TakuM 06pa3oM, MBI NPUXONMM K YTBEpXKIe-
HUIO O CYUIeCTBOBAHMM €IMHCTBEHHOrO KODHA X, ypaBHenusa (l3), mpuueM ero
BHUHCACHHE MOXeET GHTh BHITONHEHO MO METOAY MOCAENOBATENbHBIX IPHOIHKENHTL.

2) Dyctb maHo MHTerpaibHoe ypaBHeHHe Ppearoabma BTOpPOro poja, Cofep-
mauiee MPOU3BONbHBIH YMCIOBOA mapaMerp A:

b
X (8)=F(5) A S K(s, £)x(2) dt, (14)

rie f(s) HenpephBHa B mpoMexyTke [a, b], a K (s, ) HenpcphBHa B KBajl-
pare [a, b; 4, b], n NYCTb WWETCA HeNMPepHBHOE Xe pelieHHe X (s) 9TOr0O ypas-
Henns, [TpocTpaHcTBo X 31ech ecTh NPOCTPAHCTBO HEMpPEPHIBHLIX QyHKUMH B [a, O]
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€ MeTPHKOH
p(x, X)=max |x()— % ()]
ax=l=<d

(cM. B). Oneparop
b
U (x)=F(s)+ Slas, 1) x (1) dt

COMOCTaBAAET KAXIOH HenpepHBHON QyHKUUH x (f) TOME HEKOTOPYK HeNpepHs-
Hylo ¢yskuupo or s. Y agech HenomBuxnam TOYKa X, (£) 9TOTO ONEpatopa Gyaer,
OYeBHHO, pelleHHeM ypaBHenus (14).

[IposepuM BHINOMHEHHE YCHOBHA TeopeMul. 1o OrpaHHYeHHOCTH HempepwB-

Ho# (yHxuHu K:
|K(s t)|<<M (M==const)
GyneM MMeTb:

=

b
p(U(x), U(R)=|hr|- amz;x<b‘ S K(s, t) [x (¢)—x ()} dt | <

<IM M-(b—a): max |x(@)—X(t)|=IA]-M(b—a)p(x, %)

Orciona SICHO, 4TO, JMHUIUL TOAbKO

-

M@®d—a)’

ycnosHe TeopeMbl BunonseHo. CnenoBatenbHo, AAA JOCTATOYHO MaXHx (Mo a6co-
JIOTHOX BeJWuMHe) 3HadeHM#H mapaMerpa A ypaBHenue (14) MMeeT eIMHCTBeHHOe
peineHne x, (£), KOTOpoe K TOMY e MOXeT GuTh NMOAYYEHO MO cMocoby moche-
JIOBATeNLHHX MPHGRHXEHHH.

Z? B kadecTse nocnenHero npHMepa pacCMOTPHM BONPOC O PEIIEHHH CHCTEMH
3 6eCKOHEUYHOTO (HYMEPOBAaHHOTO) MHOMXECTBA JMHEHHBIX YpaBHeHHH
C 6eCKOHeYHHM X e (CHOBa — HYMEDOBaHHHIM) MHOXECTBOM HEH3BECTHHX;
TaKafA CHCTeMa BCETAA MOXeT GhITb HalyCaHa B BUAe:

(o]
= Yambet+b (=123 ..) (15)
k=i

rae a;, ¥ b;— naunpie KosddunuentH, a §; — HeusBecTHue. [Ipeanonoxus,
Y10 KO3QQHUUEHTH a;,, ¥ b; YNOBAETBOPAIOT YCAOBUAM

(o]
Dlal<a<l, [b1<B (=1,23..). (16)
k=1

Hac Gynmer unrepecoBath OTpaHH4YEHRHOe pewenne cucreMu (13), 1. e. Takas
OrpaHHYEeHHan TOCAENOBATENLHOCTL yKcen {§;}, KoTopasa ymoBaeTBOpAia 6H
BceM ypaBHenuaMm (15).

Uuratemo, BEPOATHO, SICHO, UTO B OCHOBY 3HeCh HANMEXHUT NMOTOKHTH HPO-
CTPaHCTBO X OrpaHHYeHHHX nocneloBareabHocTed x == {§;} ¢ meTpuko#

p (%, x)=siup|Ez—€]I

(cM. O). PaBencrsa

"]i=k21ai’kel+bi (=123, ) (17)
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KaXIOMYy OTpaHHYeHHOMY Habopy x=={§,} COMOCTaBAAOT OrpaHMYeHHMM We —
B cuay (16)—mabop y=={n;}, T. e. TOke SJIEMEHT INPOCTPAHCTBA X; STHM H
onpeneasercsa onepatop U (x). Ecan B3ATh eute anemeHT X =={f,}, T0 coormer-
CTBYIOL\HM eMy 3HayenueM U (X) sToro onepatopa 6ynxer saemeHT J=={7;},
onpenenseMult paseHcTBaMH, aHaaornynuMe (17). Tax xak [mo mepsoMy W3 nepa-
seHcts (16)]

P, y)=sgp{|k§_,‘la,,k(ek—&)|}<a-sgp|ek—€kl=a-p(x, ),

TO — BCE 110 TOH Xe TeopeMe — HCKOMOE pellleHMe CYLleCTBYEeT M eJIHHCTBEHHO.
Jna nonyueHus ero Taxue MoweT GHTh HCNOJB30BAH METON MOCHENOBaTelbHHX
npUGNHKeHUH.

BecbMa moyyuTenbHa CaMas BO3MOXHOCTDb PeIUeHUs CTOXb PA3HOPOIHHX 3a/1ay,
HCXOIf H3 OJHOTO MCTOUHWKA. DTOT NpHMep NMOSBONMT YHTATENIO NyYmle NOHATD,
Kak ofmHe TeopeMh GYHKUHOHAJAbHOIO aHajH3a MOTYT HaXOIMThb IIPHIOXEHHA
B CaMbX Pa3HOoOOpasHWX o6nactax. Cuaa 9TOTO METON3, KaXKyuleroca CToib
a6CTPaKTHHM, HMEHHO B TOM, YTO OH HCCAeAyeT O6bEKTEH H OTHOIIEHHA MewJy
HAMH B nNpocTeftme# ¢ opMe, OTBAEKAACh OT HECYWECTBERHWE 1iA JHena
MX YacTHHX ocofenHocTeft. Kak yacTo M B MPOIUAOM MPOTpecC B MaTeMaTHKe
OCYLIeCTBAANCA MOJOGHBIM Xe nyTem!

Uro6n nogyepKHYTh 3HayeHHe (YHKUHMOHAIBHOTO AHANH32 B LeJOM (MHl Belb
KOCHYIHCb JHUIb €r0 SJEMEHTOB), JOCTATOYHO YNMOMAHYTb, YTO (YHKUHOHAAbHHIR
AHaNW3 —B €ro BBICOKMX YaCTAX — CYUECTBEHHO HCMOAb3YETCH B COBPEMEHHOH
meopemuseckoli uaukxe, 0COGEHHO B KBAHMOBOH MexaHure, KOTOpas H caMa,
B CBOK Ouepefib, HECOMHEHHO, BIMANA Ha Da3BHTHe (YHKMMOHAABHOrO aHANH3a.

WUrak, npeodoaesas ne pas owubku u 3a6AynHcOeHUS OMOEAbHBX UeCALQ0-
sameneli u 0axce noxosexuil, mamemamudeckuil aHAAu3 8nAOmMb 00 HAUWE20
8pemeny npoooAdCaem pacmu U pa3susamscs, YKPAUAsScy 8C€ HOBKMU 11 HOBRML
scusumu nobezamu. Huve HOBbE 8emBl AHAAUSA B03HUKAIOM HENOCPEOCMEERHO
43 nompelHOCMU NO3KAKUR OKPYNCAOWE20 HGC MUDA, 8 OPY2UX HE CAyHaAsX
OHU NORBARIOMCA, NOOYUHARCH ECMECMBEHANM 3GKONGM pA3BUMUS CAMO20
ARAAU3G, U AUL NOMOM 0002a14810MCcs NPULOHCERURMY. Pasauinve semsu
GHAAU3G NOCMENERHO NPORUKAM O0HG 8 apyeguo U, COXpaHAs cneyuduynocms
csoux sadas u memo0os, sce zce o6pa3zyiom edunoe yeroel
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Abeas 92, 108, 177, 444—446

A6ens teopema 92, 108

AGcomoTHO wWHTerpupyemas (yHkumns
118, 128

— CXOffieecs npousseleHne 47

o~ — -, fIepeMeCTHTeNbHOE CBOMCTBO 47

— CXOAAWMHACA HeCOGCTBEHHBIA HHTe-
rpan 118, 128

— — pan 30, 54, 107

— — —, NepeMecTHTeNbHOE

— — —, yMHO¥eHHe 41, 55

AnautuBHas QyHKUMA oORacTH f10-
cko#i 245

— — — npocTpaHcTBeHHON 333

— — npoMexyTKa 246

Axnep 447

Apboza 430

Apkcunyc, crenenHodt pang 95, 103

Apxranrenc, cteneHHoit pag 55, 94

Apxumena sakon 343

Ackoau 435

CBOHCTBO

banax 452

Bepryaru Januur 427—429, 436, 439,
435, 437

— Hoeaun 32, 103, 104, 142, 436, 439

— Sro6 104, 107, 436

Beprwmeiin 99, 451

BepHmTeHiHa MHorounens 99

becceap 96

BECCCIIﬂ;IH(b(bEpCHuHaﬂbHOE ypasHeHHe

— HepaseHcTBo 411, 412

— roxjaectso 411, 412

Bera-¢pynkuna 167

~— —, peKyppeHTHas popmyia 167—168

— —, CBA3b C ramma-gyHkuues 172

~— —, CHMMeTPHYHOCTH 167

Bunomuanvuuift pax 59, 102, 104, 108

Boavyano 107, 448

boasiano — Ko ycnopue CXOARMOCTH
paga 29

Bopeav 447

Bpoyurep 102

byusixoscrui 420
BynsakoBckoro HepaseHcTso 420
Bap 447, 449

Baane Myccen, 0e ra 178, 413
Banrauc 102

Baaanca ¢opmysna 59, 133
Ban-0dep-Bapoen 86
BapuaunonHoe ucuncienne 438
Beiiepwmpace 85, 109, 447, 450
Begepintpacca npusnak 74

— Tteopemst 98, 398

Bekrtop 356

—, HopMa 419

— motoka Tenna 361
Bektopuas nuuua 357

— mnosepxHocTh 358

— Tpy6xa 358

— -—, HHTeHCHBHOCTH 364
BekrtopHoe mone 357

— npousseenne 357

— mpoctpancteo 419

Busuann teno 290, 311

Buxpe 365

Boabmeppa 446, 448
Bpaimenna nopepxnocts 298, 312
BoiuncneHue MHTErpanos:

Insin x dx 132

e dx 132, 164, 173

sin

* dx 134, 152, 163
X

SR8 St Tl y
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Brivucnenne HHTErpanos:
Loed

o
cos ax X sin ax -
151, 152,
‘Sku”" “ S 163 o
0 ?
& 1
s
S T dx 161
0

— norapudMoB, NpHOAMKEHHOE 65

~— MOAYZA I Mepexola oT HaTypailb-
HbIX NOrapHMoOB K AeCATHYHHIM 66

-— OnpeJieJeHHbIX MHTerpanos, nudde-
eHUMpOBaHKe @O mapaMerpy 147,
163, 165, 166, 170

~- — —, HHTETPUPOBAHHNE MO NNapaMeTpy
147, 164, 172

— — —, HCKYCCTBeHHsble npueMH 32—
36

— — —, OCHOBHas (JOpMya HHTerpaib-
HOro Hcyuciaenna 112, 124, 271

— — —, noxacraHoska 130, 132

— — —, npefieNbHbH Mepexol o napa-
meTpy 163, 165, 169, 402

— — —, pasnoxenue B paa 82, 135, 162

— yucna =, npubrnxeHHoe 64

CamuabTon 359

Famma-pynxuns 169

— —, rpaduk 171—172

— —, JAonoiHeHHa dopmyna 173

— —, Jlexannpa gopmyna 174

—_—— gekyppeﬂmaﬂ popuyna 171

— —, Jitnepa—laycca dopmyna 170

I'apMonuxu 373

I'apMonHyeckde KoaeGaHua 373

CapMonuyeckut ananus 373

— pan 16, 21, 28, 27, 29, 104, 105

TIayce 107, 170, 177, 263, 294, 341, 342,
443

l'aycca — Ditnepa dopmyaa 170

layccoBbl KO PHUHEHTH NMOBEPIHOCTH
310

Teiine 434
I'nnepreomerpuyeckus pax 107
CnaBHoe 3Havenue HECOGCTBEHHOrO HH-

o
Terpana j‘ 404
o0

Mnankas kpusaa 228, 237

— noBepxHocTs 300, 367
pannent 359

I'peeopu 103

Tpun 263, 341

I'puna gopmyna 263, 326, 341

,lI(ﬁ(fMGep 106, 107, 425, 430, 431, 437,

Manam6epa npusnak 22, 23, 32
,Lla2%68y CYMMBbl InA ABOKHOTO MHTerpana

~— — — Tpo#iHOro MHTerpana 332
[HeoitHoit unTerpan 234, 238, 291
-—2;(; I depennuposanre no o6aactu

_276 KaK ajIuTHBHAA QYHKUHUA 06aacTH

— —, KJIaCCHl MHTErpHPyeMbIX G YHKUHA
240242 el oy

— — Heco6cTBenHbH 256—257, 291

——7, npHUBeJeHHe K NOBTOPHOMY 234,

— —, CBOHcCTBa 242

— —, yCIOBHe cyulecTBOBaHuA 239

JBycTOpOHHsA noBepxHOCTh 299

Hocercon 450

[Juamerp TOYEYHOr o MHOMecTBa
238

[useprennus 362

Hunu 71, 109

— Teopema 77, 78

— —, aHaaor 157

— —, ofobuteHue 139

Hupuxae (Jeawcen-) 36, 108, 172, 433,
434, 435

~— Teopema 36, 108, 433, 434

— wuHrerpan 381

— (opmyaa 256, 337

Judpdepennvan Toyubi#f, UHTErpupoBa-~
Hue 269—273, 329

— —, npH3naku 269, 329

,lepq;ep;HuHaanoe ypaBHenue Beccensa

— — Kone6GaHua cTpynn 425

— — ——, pewenne [Janambepa u
ditnepa 425—427

— — — —, pemente Te#tnopa u . Bep-
Hyanu 427—430

[nddepennvansyble  ypaBHEHHA B
YaCTHBIX NPoM3BOAHWX 425, 430,
437

— —, o6ukHOBenHbte 103, 104, 166, 436,
437

- —, TeopHua 436

HNuddepeHarpoBaHne uuTerpana no na-
paMeTpy MOJ 3HAKOM WKTerpaxa 142,
146, 159, 161, 177, 178

— — no o6nactv 246, 334

— psala mouneHHoe 84

— — CTeneHHOro noyierHoe 95, 97

Honkun 207

Mo bya-Peiison 435, 444



458

Ez2opos 449
Epmarcos 107

Wunkoctd nsuxenue 361, 363

— — naocxkoe ycraHosuBmeecs 230,273
— HCTOYHHKH H CTOKH 232, 363

— xoanyectso 231, 361

— morok 361

JHyroscruii 444

3asucuMocTh GyHKuuit 203—208

3aiidesp 109, 149

3aMeHa nepeMeHHOH B HecOOGCTBEHHOM
uuterpane 129

— nepeMeHHHX B JBOHHOM HHTerpaie
285, 292

— — — TpoiiHom uHTerpane 352, 356

3aMKHYTOCTH ypaBHeHHe 413, 423

— — o6o6uenHoe 417, 423

3aMKHYTOCTb OPTOrOHadbLHOH CHCTeMH
dynxunit 412

-— TPHrOHOMETDHYECKO# cHCTeMbl D YHK-
uui 412

3HakonepeMeHHH paa 32

— —, OleHKa ocTaTka 33, 103

Huepuun MoMeHT maocko#t ¢uryps 258

— — rena 338

— — UMAMHADHYecKoro 6pyca 259

WuterpanbHas cymma 213, 219, 237,
313, 320, 331

WurerpanbHbie ypaBHenus 406, 407, 444

— — Boabreppa 446

— — ®pearoabMa 446

HWurerpanbuuiit Kocunyc 121

— norapugm 127

— cunyc 121

—lr(l)pnauax Maxknopena — Kourn 26,

5

WHrerpupoBaHie HHTerpaia Ino napa-
MeTpy MOJ 3HaKOM HMHTerpama 144,
157, 159, 161, 177, 178

— moxacragosko#t 130

— mo yactam 129

— psana, nounenxoe 81, 108, 156, 177

— — CTeneHHoro, noynesnoe 94

— — Pypbe, nounesnoe 418—419

— ToyHux auddepenunanos 269—271,
329

Unterpupyemans dyrkuma 110, 122, 238

WHrerprupyemocts ycnosne ans pudde-
peHLnanbHKX Bhipawennft 269, 329

— —— bynxuun 239, 332

Hcrounukn wuakoctu 232, 363

Hctounnkos naoTHocTh 363

— NpPOM3BOAHTENLHOCTL 363

AJIGABUTHHI YKA3ATE/b

Kanmop 434, 447

Ka;;genbnan M0CKOCTh K IIOBEPXHOCTH

KBanpupyemas naockas ¢urypa 237

— mnoBepzHocTh 311

Ksanpupyemoctu ycaopue 237

Kaepo 177, 272, 432, 437

Kosanrescxan 437

KoMnnexcHaa nepeMenHas 53

— —, npepen 53

Koopaunarswie auHnm 276, 295

— noBepxHOCTH 346

Kocunyc uyrerpansumn 121

— -npeo6pa3osanne dypbe 407

—, CTelneHHoO# pax 52, 105

KoTaHrenc, pasnoxeHHe Ha INpoCThe
Kpo6u 396

Kowu 23, 51, 61, 62, 105, 107, 108,
177, 399, 404, 405, 407, 420, 433, 437,
441—443, 448

——igonbuaﬂo ycnoBHe CXOAMMOCTH pajla

— -Maknopesa nmpu3Hak 26

— mnpu3nax 21

— Tteopema 30, 41

— dopmyna 442

Kpatumi#t unterpan 367

KpuBonuHeNHble KOODAMHATH B NpPO-
cTpaHcTBe 346

—— — — —, 31eMeHT 00beMa 350

— — Ha nmockoctH 276

— — — —, 3neMeHT maouiany 281

— — — mnosepxHOCTH 295

— — — —, sneMeHT naouaay 310

KpuBonnHeRHUH HHTerpan BTOPOro THNa
219, 272, 442

— — — —, BLIUHCIIEHHE Yepe3 NepBo-
ofpasHyw 271

-—27-—1——, auddepeHUHpoBaHHe 269—

— — — —, He3aBHCHMOCTb OT nyTH 266,
272, 328

~ — — — N0 3AMKHYTOMY KOHTYpY 224,
265, 327

— — — —, npuGaMmKeHHe MHTerpaioM
no nomano#t 267

— —— —, CBelleHHe K
HoMY uHTerpany 221

— — — —, CBA3b C KPHBOJNHHEHHHIM Hil~
TerpanoM nepsoro Tuma 228

— — nepBoro THma 213

- — — —, CBEleHHe K
HOMY wuHTerpaay 214

Kyckoea ¢opMmyna 354

Kycoyno-rnankas kpupas 229, 237

— = — moBepxHOCTb 303

06bIKHOBEH-

06LIKHOBEH=
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Kycoyno-nuddepenuupyeman QyHxuus
384

~— -MOHOTOHHas (yHKuHa 433
— -HenpepuiBHan GyHkuua 374
— -nocrosHHas ynkuus 414

Jlazpanoc 51, 62, 105, 106—107, 198,
293, 356, 432, 437, 440, 443

Jlanrac 165

Jebez 447—449, 452

Jleas xoopuMHaTHas
302

— OpHeHTalUMsi NAOCKOCTH 225

Jlexwcandp 167, 169, 170, 174

Jlewxanapa dopmyna 174

Jeiibruy 32, 103, 142, 177, 437

Jlefi6unua npasuno 142, 177

— psan 56, 103—104

— TeopeMa 32, 103

Jlunetinwti MHTerpan 364

Jlobayesercui 107, 135, 170, 176, 384,
418, 433—435

Jlorapudm unTerpanpapft 127

Jlorapudmuueckan dyHKkums, creneHHoR
pan 56, 94, 102, 103

JlorapudmoB Buiuncaenne 65—67

Jlokannsauny npuHuun 383

Jysun 449, 450

Jlanynos 437

cucTeMa 225,

Maxopantuuft pan 74

Maxrropen 28, 104, 107

Maxnopena — Komu npusnak 26

— pag 51

Macca xpuBo#i 212

— noBepxHocTH 316

— naockoft durypuw 257

— tena 330, 337

Mé6uyca auct 299

Mepramop 102

m-xpaTHu#t uuTerpaa 367

— —, NpUBELEHHE K MOBTOPHOMY 368—
369

Ha6aa 360, 363, 365
Hanpasnenne Ha 3aMKHYTOM KOHTYype
225

Havyanbubie ycnoBua 425

Hea6conoTHo cxonameecs npoussene-
nye 47

— cxomAWMfica HeCOGCTBEHHHH HHTe-
rpan 118, 121

— —pan 31, 34

— — —, HapYLIEHHE JIepeMeCcTHTEeNLHO-
ro csofictea 38

HesaBucymocts ¢yuxuust 201—203

HeomnpeneaeHHHX Kos@dUUHEHTOB Me-
toa 96—97, 103

— MHOXHUTenelt MeTon 198

HenpepwBHas QyHKUHs 6e3 HPOH3BOX-
nott 85

HenpepuBHOCTL HHTerpaaa no napa-
metpy 141, 145, 157, 161

— npepensHo#t dynkuuu 77, 139

— CyMMH psaga 76, 108

— - — crenegHoro 90, 92

HCI%BHOMCPHaﬂ CXOXHMOCTb HHTErpana

— — (nocnenoBatensHOCTH W) pspa 71

HecoOctBennnit WHTErpan, aHanorus
c pamamu 113

-— — pBoftHO#i 256-—237, 291

-— — 0T HeorpaHuyenHo#t ¢yHkuum 122

~— — ¢ 6GeckoHeunnM npegenom 28, 110

—;2 cxoaaumitcs, pacxomaumtica 110,
1

— —, NPH3HAKH cxoguMocTH 115, 116—
117, 119, 125—126

~— —, TeopeMn cpaBHeHHs 116

— — tpoftHoft 337, 339

——, ycnoBue cxopumoctu 117, 128

HeuerHaa ¢ynxuns 389, 405

HesBube ¢ynkuun 180—191

— —,reoMeTpHYecKHe Npuiaoxenvs 185,
186, 190, 295

~ —, nuddepenuypopanne 191

HopMans K nOBepXHOCTH, HampaBiaAw-
ue KocHHycw 297, 300—30%, 302

HopMmanbHas opToroHaibHas CHCTEMa
dynkuntt 377, 419

Hyomon 60, 102—103, 177, 436, 441

HbpoToHOB 3aK0H npuTmkenus 217, 316,
317, 338, 355

— noTeHuuan 273, 317, 318, 339

OGpautende cucteMn ynxuust 209

— crenenHoro psaa 102

O6veM Tena B KpHBOMHHEAHBIX KOOPAH-
HaTax 348

—3;4— UHIMHIPHYECKHX KOOpIMHATax

- —, BBpaxXeHHe MOBEPXHOCTHHIM WH-
TerpanoM 342

— —, ycaoBHe cyuiecTBoBaHus 331

— uMnuHEApHYyeckoro Gpyca 233, 240

—— m-MepHoro mapaanenenunena 367

— —rTtena 367

— m-MepHO#t nMpaMuan 368

— — cepw 369

OnHOCBA3HOCTL MIOCKOR o6racth 265

— npocrpaHcTBeHHON o6nacru 327, 345

OnHoCTOPOHHAS MOBEPXHOCTh 299
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OpuenTauua nIocKoctTH 225

— nosepxnoctu 301, 304

— —,CBA3b C BHIGOPOM CTOPOHB MO-
sepxuoctn 302, 304

OpuenTHpoBaHnas NIockas o6nacts 288

— — —, uuTerpan no Hef 288

Oproronanbubie GyHxuun 377, 421

OproroHanbHaa cucTeMa ¢yHxuuét 377,
409

OcHoBHas  (opMynra HHTErpanbHOro
Hcuncaenna 112, 124, 271

Oco6as Toyka kpusoit 190

— — noBepxHoCTH 295

Ocratok psga 13

— —, olieHKa 33, 63

OctaToyHoe nMpousBejenue 45

Ocmpozpadcrcui 177, 207, 283, 285,
293, 341, 351, 356, 368, 384, 437,
440

OcTporpaackoro
362, 368

tdopmyna 339—341,

Mapamerp 137

[lapameTpuyeckoe npejucTaBlIeHHE [10-
BepXHOCTH 294

lMepBooGpasHan Qyukuua 1A audde-
peHIyanbHOro Bhipaxenna 269, 271,
329

[TepemecTHTeNbHOE CBOHCTBO A6COMIOTHO
cxojAmeroca npoussenenus 47

—-———psana 36

[Mepuognueckan dyuxuns 371

— —, uaterpas no nepuoay 379

[lnrockoe ycTaHOBWBILIEeCA HABHMeEHHe
wuaxoctu 230, 273

[lnoTHOCTb AMHelHaa 212

— o6bemHan 331

— nosepxHocTHas 257, 316

Mnowags xpuso# nosepxnocty 307—
311

— MJIOCKO! (Urypn B KPHUBOIHHEHHBIX
KoopauHatax 281, 283

— — —, BBIPaX€HHEe  KPHBOJHHEHHBIM
uHTerpaiom 263

[ToBepXHOCTHBIH HHTEr Al BTOPOrO THOA
320

— — — —, HE3aBUCHMOCTb OT opMbl
NMOBEPXHOCTH 345

— — — —— 110 3aMKHYTOH MNOBEPXHOCTH
345

— —-——,CBEIEHHE K
321, 323

— —— —, CBA3b C NOBEPXHOCTHLIM MH~
TerpanoM nepsoro Tuna 322, 323

— —nepBoro Tuna 313

— ———,CBeeHue X jABO/HOMY 313

ABOHHOMY

[ToBepxHocTh Bpaienna 298, 312

— ypoBHa 357

[MosTOpHEINt wuTerpan 234, 247, 251,
291, 356

[TokasaTeabnan QyHKIUA, CBA3b C TPH-
TOHOMETPHYECKHMHU 53

— —, cTeneHno# pan 52, 103, 105

— — B KOMMJIeKCHOH o6aactu 53, 55

[onxota opToronanbHOH CUCTEMB (D YHK-~
unt 417

— TPUTOHOMETPUYECKOHN CHCTEMbI BYHK~

uui 416

[TonapHble KOOPAHHATH B IPOCTPAHCTBE
347

~— —— -, 37eMeHT ofbemMa 351—352

ﬂ%nﬂpﬂue KOOPAMHATH Ha IOCKOCTH
77

— —— —,3aeMeHT mromann 281, 285

lMocnenoBaTenbHOCTh (YHKLHMOHAIbHAA
68

— —, IpefgeabHan GyHkuusa 69

[MoTeHuHan HbIOTOHOBCKMH, CO3JaHHBIA
MaTepHanbHOH NOBepXHOCTbIO 317

— —, — MaTepuasbHOH Touko# 273

— —, — chepuyeckum cioem 318

— —,— TeaoM 339

[MotenunanvHana gyHkuua 272, 366

[Motenunanbhoe none 272, 366

FloTox BexTOpa uepes MoBepxHOCThL 361

— tenna 362

— —, Bexrop 361, 362

IMoynennoe anddepeHunpoanue pana
84, 95, 97, 177

— nHTerpupoBanue paga 81, 94, 108,
156, 177

— —— dypre 418—419

— CloXeHHe pAfoB 14

— yMHOXeHHe panos 40, 55

Hoténeﬂﬂbm nepexof K npeieny B pame
7

[TpaBas KOOPAMHATHas cucTema 225, 302

— OpHeHTanus IIOCKOCTH 225

flpeneabnas (yHKUHs, HENPEPHBHOCTD
71, 108, 139

[pegensubie ycnosua 425

TpegenbHblil NePexXox B MHTErpaze no
napaMmeTpy NOJ 3HaKOM HHTerpasa
83, 140, 155—156, 161

— —— psale, NoYJIeHHb 79

[Ipeo6pasosanne naockux obnacres 274

— NPOCTPAHCTBEHHHX oOnacTell 346

ﬂpl(d)gnm(eﬂue GyHxnu# paBHOMepHOeE
4

——B cpegHem 409
TpubiuxenHble BhUNCIEHHA C 10-
Moulpio pagos 62—67, 83, 95, 103
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Tipunoxenna K MexaHHKe H Quauke
nHTerpana jsokHoro 257—260

—————— KPHBOJIHHEHHOrO BTO-
poro tuma 230, 232, 272—274, 364

——————— nepsoro THna 212,
217—218, 230, 231, 364

—————— NnoBepXHOCTHOr v 316—
318, 343—345, 361, 363

—————— TpoitHore 337—339, 355

Tputaxenue MaTepuanbHOM TOYKH KpDH-
Bowo 217

— — — noBepxXHOCThIO 316

— —— chepuyecknm caoem 317

— — —ctepoh 355

~— —— TexoM 338

[Tpoussenenue GeckoneyHoe 43

— — a6conoTHO cxopnaueeca 47

— —, npeobpasosanue B pag 48, 49

— —, NMPU3HAKH CXOAMMOCTH M pacxo-
nuMocTH 46—47

— — pacxojaueeca 44

— —, cBA3b C paAgaMH 46

— — cxogsauleeca 44

— —ocraToyHoe 45

— yYacTHyHOe 43

TponssogHan (GYHKUHN KOMILUIEKCHOM
nepeMeHHolt 444

—— 10 3afaHHOMY HanpaBieHuio 358

— — — obnactu 246, 334

[Tpocras kpusas 212

— NMOBepXHOCTb 295

MpoctpancTso BekTopHoe 419

— MeTpuyeckoe 451

[TpocTbie xpo6u, pasnoxenue QyHKLHH

105, 162, 396

citgx u —
sin x

ITyankape 437

Hyacron 435, 437

Paabe 24

— npu3Hak 24

Pa6ora cunosoro noxa 229, 272, 364,
366

PaBHOMepHass CXOJMMOCTb MHTerpajia
148, 152

— ——, npusnakn 150, 151, 153

———, ycaosue 150, 153

— — (nocnenoBaTeabHOCTH H) paga 70,
109

— — —, pu3HaK 74

— ——, ycaoBue 73, 74
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