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Cy1ecTByeT ycToHunBoe MHEHME O TOM, UTO KAUECTBO YIEOHUKOB
U yu4eOHBIX mocobuii mo (pusuKe, M3TAaHHBIX B IPEKHUE I'OABI, BHIIIE,
yeMm ceiyac. C TOUKM 3peHUs IeJarormyecKoro MacTepPCTBAa MX aBTO-
POB, YBasKeHUA K IIPeIMeTy U K CTyAeHTaM, OOIIeil BBICOKOUN KYJbTY-
pbBI, 5TO, HECOMHEHHO, MPaBUJIbHO. VI XO0Ts Kypc 00Ieil pusuKu Ijis
BY30B ceiiuac 3aMeTHO OTJIMYaeTCs OT TOTO, KAKUM OH ObLI B HAUaje u
naxke B cepequHe XX BeKa, MHOTHEe yueOHBIe M3JaHUS O (GUBUKE
TOT0 BPEMEHHU eIlfe JAaJIeKO He NCUePIATIN 3aJI0KEeHHbBIN B HUX MEeTOAMYe-
CKUH TOTEeHITHAJ.

B ki1accuuecKux yueOHMKAX U YUEOHBIX IIOCOOMSIX OOBIUHO OUEHDb
IeTalbHO aHAJIUBUPYETCA MOHATUHUHBIN ammapar GU3UKM, TPAHUIILI
IPUMEHUMOCTY TEOPETUUECKUX MOJesiell, BHYTPeHHSAA JOTUKA U eUH-
cTBO (hU3UUeCKOil KapTUHBI Mupa. HaKoHell, 3Ty JUTEpaTypy IIPOCTO
MHTEPEeCHO YUTaTh, UYYBCTBYS, KAK ONBITHBIA IIeZaror MacTepCKU
PacKpHIBAET Ilepe]] UUTaTeJeM KPacoTy Mupa (QU3UKHU.

YuureiBasg, 4TO MHOT'ME U3 3TUX M3LAHUN celiuac SIBIAIOTCA OuO-
auorpaduyecKoil PeJKOCThI0, M IOHMMAas Ba’KHOCTH (hopMUPOBAHUA
IEePCIeKTUBHBIX IIJIAHOB U3AAHUA U IIePepaboTKY CYIeCTBYIOIIUX yueo-
HUKOB U y4eOHBIX mocobuii, HayuHno-meroguueckuit coser (HMC) mo
dusuxke MuHumcTepcTBa 00pasoBaHuA M HayKu Poccuiickoit Penpepa-
muu u 000 UsmarenbcTBO «JlaHb» NPUHAIM PeIleHUe O BBIIYCKe
cepuu «Kiaccuueckass yuebHasaA urTeparypa mo GusukKe», B KOTOPYIO
BOMAYT Jsiyuinime yueOHbIe M3JAHUA MO (hU3UKe AJIA BBICIINX YUeOHBIX
3aBeJIeHUli, II0 KOTOPBIM M3ydaiu (PU3UKY MHOTHE IIOKOJIEHUA HAIIUX
U 3apy0eKHBIX CTYIEHTOB. OTHU KHUTH HEM3MEHHO IPUCYTCTBYIOT B
CIIMCKAaX OCHOBHOM M JOIIOJHUTEJIBHOI JUTEPATYPhl B IPUMEPHBIX IIPO-
rpaMMax 1o (GusuKe IJA GOJIBIIMHCTBA HANPABJIEHUN U CIEIUAIbHO-
CTelf, II0 KOTOPHIM BeJeTcs IOATOTOBKa 0aKaJaaBpOB, MarucTpoOB, UH-
JKeHEPHBIX KaJAPOB B HaIel crpane. MoXKHO ¢ yBepEeHHOCTHIO CKa3aTh,
YTO BBICOKUII aBTOPUTET POCCUMCKOTO (hu3myecKoro ob6pasoBaHUA BO
MHOT'OM OIMpPaeTcA Ha IEPBOKJACCHYIO 06a3y yueOHOI JUTepaTyphl IO
9TON MUCIUILIUHE.

HMC mo ¢usvuke mIaHuUDPYeT He TOJHKO (hOPMHUPOBATH CIIMCOK
cepuu, HO U OCYIIECTBJIATH HEOOXOAMMYIO peJaKIIMOHHO-KOPPEKTOp-
CKYIO IPaBKy, BHOCUTHb YTOUHSIOIINE NPUMEUAHUS U JOTOJHEHUS B
TEKCT TOT'0 WJIM MHOT'O0 M3JAHUA C IeJbI0 IIPUBEJEHUS €r0 B COOTBET-
CTBUE C CYIIECTBYIOIMMHU I'OCYJaPCTBEHHBEIMYU 00pPa30BaTeILHBIMU CTaH-
napTaMu, C COBPeMEHHBIM YPOBHEM HAay4YHO-METOAMUYECKON TepMUHO-
JIOTUU U CONEPKaTeIbHOI 6as3bl JUCIIUILINHBI, BKJIIOUAA TeXHUUECKUI
YpPOBeHb (HhU3UYECKOI'0 SKCIIEPUMEHTA W TEeOPeTHUKO-MaTeMaTUYeCKUn
YPOBEHb MeIyKTUBHBIX BLIBOJIOB.

Bce moskenmanus u 3amMeuaHUsA IO YUeOHBIM HUBIAHUAM CEPUU
«Kmaccuueckass yuebHasA juTepatypa mo ¢pusuke» OyayT ¢ Oaaromap-
HOCTBIO TPUHATHI U paccMorperbl B HMC mo ¢usuxe u B Msgarenn-
ctBe «JlaHb».

Hayuno-memoduueckuil coeem no gusuke
Munucmepcmea o6pasoganus u Hayku PP
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H3 NMPEAWCIOBUSA K TEPBOMY W3RAHUIO

Hacrosuas kunra npegHasHauaercs B NEpBYIO Oucpeib AJs
JIHLL, 3aHTHIX 3IKCIEPHMEHTANbIbLIMH  HCCACAOBANKAMH B 06JacTu
()13MKH NOAYNPOBOAHHKOB. OHA, BEPOATHO, OKAXKErCs MOAe3HOH W
W1 CTYAEHTOB (PU3UUECKHX creuuasniocTeil.

OcnoBHoe BHHMAHMe B KHHIe YieJeHo DBOMpocaM KoJjeGamiit
KPHCTALINYECKON PEILeTKH, 3aKOHAM JIBHIKEH S 3/eKTPOHA B 111eaJlb-
HOM W BO3MYNICHHOM IEPHOAHUECKHX IOJAX, KHHETHYECKOMY YpaB-
HEHHIO ¥ SIBJCHUSIM NepeHoca (MPOXOXKAEHHIO TOKa).

Has utenus KHUTH TpeGyeTcst 3HAKOMCTBO ¢ MAaTeMaTHKOMN,
KBAlTOBOH MCXAHIKOH M craTHCrHueckodl (H3uKOil B ofbeMme mpo-
rpamMM  (Gu3HuecKOro QakyabreTa yHHBEpCHTETa HJAH (DM3HKO-MaTe-
MaTHYeckoro QakyJnbTeTa MoJHTeXHHYECKOro HHCTHTYTa, Ilpu aToM
He 06s3aTeJbli0 JeTaJbHOe 3HAKOMCTBO C STHMH KYPCAMH, HO MpPei-
10J1araeTcs, YTO YKTATeNb CHOCOOEN Pa3obpatTbCst B COOTBETCTBYIO-
WHX naparpadax y4eOHBIX KHHT, €CJH Ha HHX IEJAeTCsi CChLIKA.

OcoBenHOCTLIO KHUMH  fBJIAETCA TO, YTO B HEH Ha OCHOBE 3THX
NPpOCTERILNX CBejen1il Bee GOPMYJbl BHBOAATCS M, KaK st HAaACoch,
NOCTATOYHO TMOAPOGHO AJIA TOTO, UTOGHL! CAeJaTh ee ROCTYMHOR yKa-
3aHHOMY BEILIE KPYry JHL.

Hexotopule MaTeMaTHueCKHe BHIROABI, 6Ojee CJIOKHHIE H MeHee
CBA32HHBIE C OCHOBHBIM TEKCTOM, IPHBEAEHBl B KOHUE KHUIU B [IpH-
JIOXKEHH X .

EcrecTBenno, uTo 1MoApo6HBIE BLIBOJ OCHOBHLIX COOTHOLLIGHH
NpH OrPaHHYEHHOM OO0bLeME KHHUIH 3aCTaBHJ OTKAa3aTbCA OT H3J0-
KEHMSl Psijla BaXKHbIX BONPOCOB M OT NOAPOGHOTO CpaBHEHHsl TEOPHH
€ IKCIIEPIMEHTOM.

) Kuura sra MHO0 nocBAmleHa CBETJON NaMsTH A6pama Pegopo-
siya Hodde, no MununaTHBe KOTOpOro oHa 6uija HanucaHa.

Bbipaxcaio Hckpenniolo mpusHateabHocts pepaxropy I. E. ITu-
KYCy 338 MHOTrOUHCJIEHHbIC 3aMeYaHHsl, BO MHOTOM CIIOCOGCTBOBABILINE
VIYULIEHHIO KHHTH.



[Mocsstacmea navamu A6pama Pedoposuna HODDE
NPEAUCAOBUE KO BTOPOMY H3JAHUIO

B HoBOoM 11312HHH KHH#ra BLIXOAHT B 3HAUMTEJBLLO JOMOANCHHOM
H mepcpaboTaniioM Bllje.

Opnaxo oCuiic-uend i NMPCAHA3HAYEHHE KIHTH OCTaJjHCh NpPeXx-
Himu. Kak n l-¢ nspanue, 2-e aApecoBano B OCHOBHOM TOMY XKe
KPYry uuraTefell —cTyjneHraM (H3HYeCKHX CIeLHaJbHOCTEd W Qi-
3HKAM-3KCICPHMEHTATOPaM. IDT0 W ONpEIessieT YPOBCHb 3HAHHI,
HEOOXOAHMBIH AJISI UTCHHSI KHWIH.

Jdast 2-ro usjlauus Hamdcanbl JBe HOBblE TIJIaBbl; DJICMEHTH! TeOo-
PHM TpYNIl  H CHMMeTpHR KpucraJgnaos (ra. 1I) 1 onruka mo-
nynpopogHnkoB (ra. VII); kpome Toro, mepepaGoranbl cTapele mMa-
parpadsl ¥ aobapaennt Hopuie: §§ 6—10 ra. 111, §§ 8—14 ra. 1V,
§1ra V,§9rn VI, §6ra. VIIL, §§ 2—6, 9, 11 ra. 1X u ap.

Ilpu neoGo3puMO BOspocuUIcM OOGDBEME COBPEeMEHHOH (IU3HKH
TBEPJOro TeCJa BLIOOD JAONOJHWTENLHO BKJIOYEHUOro MaTepuasa
eCTEeCTBEHHO HOCHJ CYGLCKTIBHBIE xapakrep.

SI mo-npexHeMy cTapaJscs p3jgaraTh MaTepHas Tak, uTOObl «uH-
TaTesb NOJAYUUJ HEKOTOPOEe YROBOJBCTBHE OT UYTEHWSI KHHIH H OT
HAIETO KeJNaHus He NPUBOAHTL ero B JJWTeNbHOE 3aMEIlaTeLCTBO
npn  ¢pase «1erko MOXKeT ObiTb [I0Kasalo»» (13 I[PEAMCJ0BHA
I1. T. JlanncGepra k kuure Solid Stale Theory./ ed. by P. 7. Lands-
berg,— London, 1969).

XoTa ofbeM KHHIH BO3pOC MOYTH B IOJATOPA pasa, MHOTHe
BaXilble Pa3AeJibl TEOPHH 1101y PDOBOJHHUKOB (CHJIbHBIE 3JIECKTPHYECKHe
NoJig, HEeYNOPAAOYEHHBIE TIOJYIIDOBOAHHKM, ONTHKA TPHMECHBIX
LUEHTPORB, MOJYNPOBOAHHKOBASI 3ACKTPOHHKA H Jp.) HE CMOrJHU ObiTh
BKJIIOUEHBl B KHUTY.

ITockonbKy KHHWra SABJAsercs YyueGHbIM nocobHeMm, B Hell MOUTH
NOJIHOCTBIO OTCYTCTBYIOT CChLAKH HAa OpHTHHAMLNblE paGoTel. B cooT-
BETCTBYIOULHX YaCTHX KHMIH Jaulbl CChIJKH Ha PEKOMEHIVEeMble Mo-
Horpaduu ¥ ydyebHble 110CO0NS; YACTHUHO OHHM ObIIM HCIOJb30BaHbI
npu pagore nHax Kuuroit. Kpome Toro, wHcnosnbszoBaw Marepuan
JIEKUMA 10 TCOPHH TIOJNYNPOBOAHHKOB, KOTOpbe s uuTan B JIeHUH-
rpajicKkoM TMOJAHTEXHHYECCKOM HHcTUTyTe um. M. M. Kaauuuna n
Jlenunrpajackom rocyllapcTBeNHOM yHUBepcHTeTe M. A. A. JKnauosa.

S BbIpaXalo  CBOIO MCKPEHHIOID MPU3HATEJBHOCTS T PUTOPHIO
EsrenbeBnuy Tlukycy, TILATENbHO NPOMUTABILEMY BCIO PYKOMUCD,
3a MHOT'OUHC/IEHHbIE COBETHl M 3aMEUaHHs, 3HAYHTEJhHO CNOCOBCT-
BOBaBIIHE yJyulueHWio Kuurx. §1 Gaaronapen FO. H. O6pasuosy u
T. JI. Bupy| sa ofcysxnenue psiza BONPOCOB, CNOCOGCTBOBAaBIIee
yayunieHno texera, d A. T. ApoHoBy 3a HxomoJHeline (NyHKT 3),
HanucaHHoe K § 8 rn. VII.

B xHure npuunTta camocTosTensHasl HymepauHs mnaparpados B
Kaxao raase. [Taparpadel pas6urel Ha nyHkTbl. CCBIIKM Ha Ta-
parpadpl 1 GOpMyJLI M3 APYTO raBLl COLEPKAT PHMCKYIO Hudpy —
HOMCP 3TOil TrJashl,

A. Ancerom



TJABA 1

FEOMETPHS KPUCTAJIIMYECKHUX PERIETOK
W IN®PAK U PEHTTEHOBCKHUX JIYUEH

§ 1. MNMpocTbie M CROMHBIE KPHCTAIHUECKHE DelIeTKH

1. BOABLWINHCTBO TBEPALIX FOJYNPOBOIHIKOB il TBEplble MeTab
0012 1a10T KDHCTAJIHYECKOH CTPYKTY POil, T. €. NMpPeAcTaBJasloT coBoil
COBOKYMHOCTH OCPOMHOTO UHCJA 4aTOMOB, YMOPSAOUEHHO PACMOJ0-
KEHHBIX B fpocTpanctse. Iloj yrnopsioueHHBIM pPacROJOXKEHHEM
4TOMOB B MNPOCTPAHCTBE Mbl MOHWMACM CBOHCTBO NpOCMpPAHCMOCHHOL
nepuoOU{HOCIU, WM MPAHCAAYUOHHOL CUMMEMPUL, KOTOPBIMIT 06.1a-
JaeT KpHcranauueckas pewertka. MlHaue roBopsi, Mbl mpeanosaraem,
YTO CYUi€CTBYIOT TPY HEKOMIJAHADHBIX (T. €. He JEeXaltuX B OAHOM
IJIOCKOCTH) BEKTODA @, @, H @, TAKUX, YTO INpU CMEIeHHH BCero
KPHCTa/1/1a KaK UeJoro Ha JI0B0H M3 3THX BEKTOPOB OH COBMeLIA-
erca cam ¢ cobow. ITpu 3ToM MBI OTBJEKaeMCsi, KOHEUHO, OT Cylle-
CTBOBAaHHA TEMNJOBOTO [ABHXEHHS aTOMOB M HaJHyusl Y KPHCTAJLIA
BHelllHeH nOBepxHOCTH. KakK Gyner BUAHO HIMKe, RamnpabJiciiis
BEKTOPOB &; ({=1, 2, 3) MOryT 6biTh BLIGPAHbl B DEUETKE pPAasTuu-
HeM 0OpasoM. Kpome Toro, OYEBHAHGC, UTO CMEUIEHHE KpilCTaJa
Ha BEKTOD®I, KPATHBIE @;, TOXKE MPHBOZUT K COBMEILEHilk) ero c
camuM cofof. B nanbHefiizem Mbl 101 @; GVAEM NOHHMATh HAHMEHD-
Wne 1o IJHHE BEKTOPhI NpH X (QUKCHPOBAHHOM Hanpasaenny. 11pi
TAKOM BbIOOpPE BEJHYIH @; OHH HAa3BIBAIOTCS MPAHCAAUUOH HOMU,
MOCHUMAOHOLMU WI OCHOGHDIAL GEKMOPAsY, I MPAHCASLUOHHIAY
nepuodamu Kpuctaanudeckoil pewerki. ITapangescuunen, nocrpoen-
Helil HAa TPeX BEKTODaX &, HA3bIBAETCSI IACHEHMAPHOL WIW Kpu-
CMAAAUHECKOG AMedKoE. YCAOBUMCS DPACHONAraTh BeKTOPWl @, @, i
@, B TaKo#l e [O0CJcJ0BaTeIbLHOCTH, KaK M IOJIOXHTENbHbBIE OCH
X, Y ¥ z B TNpaBoil KOOPAHHATHOH cHcTeMe. [loMb3ysich OBLIYHBIM
ONpeJefieHHeM BEKTOPHOIO NPOH3BEAEHHMA B NPABOH KOOPAMHATHOMH
CHCFeMe, MOXKHO TOKa3aTh '), yto o0DLEM 3JeMCHTapHOH suciiku

Q= (a,[a.a,]) = (a,[a,a.]) = (a, [a,a,]). (1.1)

) Cuwpuos B. M. Kype wucmeii marematniit, —21 131 —M.: Hayxa,
1974, 1. 2, u. 117.



10 TEOMETPHSI PELIETOK M AHMPPAKUMS PEHTFEHOBCKHX JIYUEH [CJL. 1

2. MB!l HauHeM wW3YUeHHe I'€OMETPHH KDHCTAJJIHUECKHX PeLIeTOK

C PacCMOTPEHHS JIHHEHHOH (OAHOMEpPHOM) pelleTKH, T. €. COBOKYI-

HOCTH YaCTHIL, NepPHOAHUECKH DAaCMOJOXEeHHBIX BAOJb GeCKOHeuUHOM

npsimol JuHuM. Takas peletka MoxeT OBITH NOJyuYeHa NOCPeX-

CTBOM IIOCJIeJOBATENIBHOrO CMeLleHHsl BAOJb TNPAMOH JIMHHU aToMa

a HJH TPYNNbl aTOMOB Ha paBHbIE

- OTpesKH a. B cayuae sunefiHoU

a) —O_O_/O_ ZO 0—0 pelIeTKH MbI HMEEeM TOJIbKO OAHH

a TPaHCJSALHOHHBIH BeKTOp | @, |=

-_— =g, U «00beM» 3JieMEHTapHOH

8 —O0-0—0—0—"0-"0— gyeiiku Q, paBeH AJauHe OTpe3Ka

a. Ha puc. 1.1 npeacrasnens! Tpu

—_— nuHe#Hble pelteTky. Bedsle n uep-

§)—O—@—O—8—O0—@>= pyple KPyXKKH H306paXkaior aToMbl

pasJIMYHOro COPTa. YUHTHIBAA, UTO

Prc. 1. 1. TPaHCJ/SLUHOHHBIA NEePHOL @ eCTh

HalMeHbllee pPacCTOsHHE, Ha KO-

TOpO€ HajJ0 CMeCTHTL peleTKy, YTo6Ll oHa coBmaja cama ¢ coboH,

MBI BHIHM, UYTO pelieTKa @) COAEDPXKHUT OMHH aTOM B 3JieMeHTapHOM

sueiike ,=a, a peweTkn 6) H 6)—no ABa aToMa. Peerka q)

HasblBACICH APOCHION WK NPUMUMUEHON, A PEeLIeTKH ) U 8) —CA0X-
HbLMU.

Ha puc. 1.2, @ n3o6paxena niockasi peuieTka ¢ aToOMami, pac-

TIOJIOKEHHBIMY B BeplIHHAX NapaJJesorpaMmoB. OHa MOXer ObiThk

noJyyeHa B pesyJibTaTe MapaJsuic/JbHCrO CMeUIeHHs B MJOCKOCTH Ha
paBHble pacCTOsHUSI NpocTOR JuHeliHod pewetku (puc. 1.1, a). Kak
nokaspiBaer puc. 1.2, @ BHIGOP TPAHC/MIIOHHBIX BEKITOPOB @, H &,
HEOJHO3HayeH. neMeHTapHble syefiky [ v [/ cojepxaT No OAHOMY
aToMy K «ob6bem» Hx £,=[a,a,]||, paBHblil NJOLIAAH 33aLITPHXOBAH-
HBIX lapaJjneJiorpaMMmoB, OAMHaxkoB. Ha npumepe sjemeHTapHOM
Auedkn ///, copeprkauieir TpH aroMa, Mbi BHAMM, YTO H B NPOCTOH
pelieTe MoKeT ObiTh CKCHCTPYHPOBAHA 3J¢MCHTapHasT sidefika, co-
Jepxauwas Gosee OAHOro aroma. LECJi OCHOBHbIE BEKTODbE &; BBI-



§1] NPOCTLIE N CAOWHBIE KPUCTANNIYECKHE PEWETKI il

GpaHbl Tak, 4ro No6asd TPAMCAS LU PEUETKH MOXeT ObITh
' MpeicTaBicHa KaK D A, C LEJOYMCJAEHHLIMH 3HAaYe-
i

HHAIMH n;, TO 3jicMeHTapHas sdefika, NocTpoeHnas lia @;, Hasbl-
BaeTCs npumumuerow. diementapHeie siueitku [ w /I Ha puc. 1.2, a
NPUMUTHBHEE, a sAueidxka [J// ne npumutHBHAs. B camom jgeJe,
B MOCJERHEM CJyyae CMeIlCHHe BJOoJb OCH X Ha ORHY (ABE) MHHH-
MaJblble TPAHCASUMH PaBHO 1,a, +n,a, ¢ ny=n,=*,=(=%,).
Ecau mpuMuTHBHAA siueiika COZCPKIT OUHH aTOM, TO DEILETKa 1ia3bl-
BaeTcsl npocmoti, ecau 6GoJblle OQHOTO aToMa, TO — CAOMCHOW; 3TO
onpejesenHHe PACNpOCTPAHSRTCS H HA TPEXMEPHYIO PRINETKY.

Takum obpasom, pemerka Ha puc. [.2, a npocras.

Ha puc. 1.2, 6 n3cOpaxena ppyras npocras peuieTka, KOTOpas
nosyyaercsi 113 PELIeTKH, [PHBEACHHON Ha puc. 1.2, a, ecan Ha
nepeceyennd JUaroHased IMapa’gseaorpaMMoB  TOMECTHTL — ATOMBI
toro e copra. IlpumuTHBHAs siueiika MoxeT ObiTh Ternepb BHIOpa-
Ha TaK, Kak 370 mokasaHo na puc. [.2,6. Ecan mbl caBHHEM
OJMHAKOBbIM O6pa30M BCe aTOMbl, HAXOAALIMECH Ha fepeceyeisnx
auaronasei (cm. puc. 1.2, ¢), TO noayuynM yiKe CJ0XKHYIO PellerKy
C JABYMS aTroMaMil Ha HAPHMHTIBIIYIO siYeHKY, KOTOPYIK Mbl MOXKEM
BbIOpaTh Tak, KaK 370 MOKa2aHO Ha pICYHKe. DTy CJAOCKHYIO pe-
WEeTKY Mbl MOXKeM cef¢ NpeACTaBuUTh Kak jBe OAHHAKOBbIE NPOCTbIE
PelIeTKH, BABHHYTLIE OAHA B ApPYTYI0. [ZCAM Mbl Ha nepeceveHHax
puaroHajell napaJaJgedorpammos (puc. 1.2, 6) nomectum atombi Apy-
roro copTa, TO MLl MOJYUHM CJOXSHYIO peuteTKy, Tak Kak y3.abl
pelieTKH B 3TOM CJydyde l'e Gy,AYT 3KBHBAJEHTHBIMH.

Ha puc. 1.3, a u3ofpaxena BecbMa CHMMETDHYHAs TJIOCKAasA pe-
HIeTKa, aToMbl KOTOPOH MOMELLeHbl B BEpLIMHAX ILCCTHYTOJBHUKOB,
3aTNOJHSAIOMMX [J0CKOCTh. FletipyaHo y6eRuThCA B TOM, UTO 3T4
peleTKa CJOXKHAaf, Tak KaK NPHMHTHBHaA sueiika, Hzobparkaemas
Ha PHCYHKe BEKTOpaMM @, H @, COAEPXHT JBa arToma. Ecau xe
JOMIOJHUTENBHO B  LEHTPe KaXJOro IeCTHYrOJBHHKA IOMECTHTD
TAKOH e aToM, TO MBl mpuaem K npocroil pewetke (1.3, 6).
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3. B cayuae TpexMepHOit KPHCTAAMMYECKOH PElIETKH B e OCHOBE
JIEKHT 2seMeHTapHas aueiika B QopMe napaJdnenennuena, n1ocTpoeH-
HOr0 HAa OCHOBMBIX BeKTOpax @,, @, W @, (puc. l.4; uepes a,,
0003HAYEH Yroi Memiy @&, H @, W T. 1.).

OcHOBHBle BEKTODPLI PELIETKH MOTYT ObiThb BHOpaHbl GeCcKOHeu-
HBIM 4HCJA0M crocofoB. ITycTh HOBble («UITPHXOBaHHbBIE») OCHOBHLIE

BEKTOPLI
a; =2 Byua, (1.2)

rae f;,—uensie yncaa. Jas toro urofbl
BEKTOD pELIeTKH

a=n,a,-na,-tn,a,, (1.3)
rie n,, n,, N, — ueJhle Yhucaa, BbipaxaJcsa

uepes @; hopmyJaoil, auagornuHoit (1.3),
11ecOXOAMMO | JIOCTATOYHO, YTOOHI OIlpe-

Pue. 1.4, JeJIuTe b
1Binl==1. (1.4)
B camom jene, ns (1.2) cnepyer, uro
a,= Z Pi @i, (1.5)
rie kosdpdHuneHTsl ofpaTHoro npectpasoBaHiis )
Pt = ABiw) (1.6)

[Birl *
3necy A (B,,)—anreGpanueckoe JonosHenue (I, k)-ro ujexa onpe-
Jeauteas |B,,[.
Toacragassa (1.5) u (1.6) B (1.3), mosyunm

~ ~ A (B,’I‘-) ’
a = n,a, = 1 — Q;.
zk- Kk 12- Y I
2 R, §

Hns Toro ytoGel 00ecneyuliTh 1LeN0UHCAEHHOCTh KOshPHIIHEHTOB Tpu
a; Aaa Mobblx 1, HecOXOAHMO MNOTpe6OBaTh BLINOMHENHE YcJo-
Bus (1.4).

4. Mbl yxe yKaseiBaan Ha TO, 4TO €CAM NPHMHTHBHAs siuefika
COJEPXMT OMMH aTOM, TO pellleTKa HasbiBaetcst npoctofl. CacxkHble
peweTKH, KOIjla Ha NPHMHTHBHYIO sUeHKY TNPHXOAHTCS ABA HJIH
Goee aTOMOB, PEANU3YKICA KAaK B PCUIETKAX C OJHHM COPTOM aTo-
MOB, TAK M MPHM HaJHUMH HECKOJNbLKHX CODTOB aToMoB. PaccMmorpum
HECKOJIBKO OCHOBHBIX MNPOCTHIX PelIeTOK.

Ha puc. 1.5 jizo6paxensl TpH Ky6GuYeckHe PeLiCTKH, s KOTO-
PbIX OCHOBHBIE BEKTOPBl @&;, @&, H @; B3aHMHO ilePIEHAHKYJIsIPHBI

) Cumupuon B. M. Kypc srcweii maTemaTnin,— 10 w3g. —M.: Hayxka,
1974, 1. 3, u. 1, ra. II.
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{0, =gy = ;3 = 90°) H HMEIOT OJHHAKOBYIO AJIHHY @, =a,=a,==a.
Ilpo takHe pelueTKw roBOPAT, UTO OHH FPHHANNENKAT K Kybudeckoli
cucmeme. Peinetka Ha puc. 1.5, a HasbiBaercst npocTol KyOnuecKoi.
OnemenTapHble fuefiku Ha puc. 1.5, 6, @ HasbiBawTCs o6BemHOyEHM-
PUPOBAHAHBIM  KYybOM W epaMeyenmpuposannsis Kybom. B mnepeom
cjlyyae JOMOJHHTEJbHBIH aToM NMOMELIEH B UeHTpe Kyfa, BO BTOPOM
cllyyae—B LEHTpax luecTH OOKOBbIX IpaHell Kyba.
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Puc. 1.5.

IMogcuuraeM 4YKCJIO aTOMOB B 3JeMEHTAapHLIX sueHKax KyOuue-
CKuX peluerok. [IJsi TOro yuTeM, 4TO B BeplldHe Ky0a cONpHKa-
CalOTCs BOCEME 3JIEMEHTApHLIX siueeK (KyGoB), NO3TOMY Ha OAHY
AYeKy NPHXOAHMTCA 1/, aToma; aTOM, PAacloJIOXeHHbIH Ha GOKOBOH
rpaHH fAYelKH, BHOCHT B Hee !/, aToMa (NMONYTHO 3aMETHM, 4TO
aToOM, KOTOPBifl Opt1 6bl pacnojiokeH Ha pebpe suefiKH, BHOCHJ Obl
B Hee !/, aToMa)}. Mbl BHIHM, YTO B CJiydae INpOCTOro Kyba 3Je-
MEHTapHas sAuelika CONepXKHUT !/, X8=1 aTom; B ciyyae 06BEMHO-
LLEHTPHPOBAHHOTO Ky6a—1/, X 8- 1 =2 aToMa; B clyuae rpaHeleHT-
pupoBaHHoro kyba—1/ x8-1/,x6=4 aroma. OaHako OOBEMHO-
UeHTPUPOBAHHAsA H TpAHELEHTPHPOBAHHAs  DeIUETKH SBJSAIOTCH
NPOCTHIMK, TaK KaK WX IPHMHTHBHbIE SUEHKH COAEPXKAaT MO OLHOMY
atomy. B cnyuae Ky6a ¢ LEHTPHPOBaHHBIMH TpaHAMH (KOTAa Ha
BCIO KYOHUYECKYI0 AUeHKY NPUXOAMTCA 4 aTOMa) OCHOBHBIE BEKTOPSLI
NPHMHTHBHOH siuefiki MOTyT GbITb HalpaBJeHBl H3 BePLIMHB Ky0a
K IleHTpaM NPHJeraloHX rpaHedl, KaK 310 11300paxeHo Ha pHuc, 1.6, a.
B 3TOM cayyae B NPUMHTHBHOH sueiiKe (0= Oy ==, = 60°) co-
LEPHHTCA OAHH aToM. B OGbeMHOUEHTPHPOBAHHOH KyOHuecKoH pe-
IeTKe OCHOBHbI€ BEKTOPbl NPHMHTHBHOH fUeiKH MOXHO HanpaBHTb
M3 BepIUMHBl Ky6a K LIeHTPaM COCelHHX KyGOB, KaK 3TO Hzobpa-
2&KeHo Ha puc. 1.6, 6.

Ha puc. 1.5, e usobpameHa Tak HasbiBaeMasi 2eKCA20HAALHAA
Adelixa B BUJE NPABHJbHOM lLeCTHrPaHHOH RMpH3Mbl, 60KOBble pebpa
KOTOpOH TMepneHNMKYJNAPHbl K OCHOBAaHHIO NPaBHJ/BLHOrO IUECTH-
yroibHuKa. B npocToii pelleTke OAHHAKOBBIE aTOMbl PACIHOJOXKEHDI
B BepIIMHAX NPH3Mbl M B LEHTpax OcHoBaHH#. B rexcaronasbHOH
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pelleTKe MOXKHO HANpaBlTh OCHOBHBEIE BEKTOPbI MPHUMHTHBHON syeil-
KH o TpeM peGpaM LIECTHIPAHHON MPN3MLI, CXOLAILHMCS B OQHOH
BepLlvHe.

Paspesiensie penieTok Ha NPOCTbIe H CJIOXKHbIE FIPeICTaBJAAETCS
CYHIECTBEHHBIM MNPH H3yueHHM KoJseGaHu#l aTOMOB B KpHCTaJax,
TaK KaK TOJIBKO CJICXKHBIC PelIeTKH 00J1aal0T ONTHYECKHMH BETBSIMH
KoseGaHnil.

B of6wem cnyyae osnemeHTaphas fyeftka, JNmemowas QopMy
napaJJesenunena, He obaajaer cHMMeTpHeH KDHCTa JHyecKo#
pewerkHd. Tax, Hanpumep, Ha puc. [.3,0 NOBOPOTH IJIOCKOH

pelleTKd BOKPYT JoGoro atoma Ha yros B 60° MpHBOZAT pelleTky
K CaMOCOBNAJEHHIO, B TO BPeMsl KaK NPUMHTHBHAS sueiika, 3allTpH-
xoBaHHas Ha puc. 1.3, 6, Takoi cummeTpuell He oBmamaer. Que-
BHAHO, YTO MNPHMHTHBHAs sAYeHKa TIpaHeUeHTPUPOBAHHOTO Kyba,
u3obpaxkeHHas Ha pHc. 1.6, a, He obnasaer cuMmerpueli Ky6a.

BurHep u 3eliTi NoKasaJiH, KakK BbIGpaTb NPHUMHTHBHYIO SIYEHKY
TaK, yTo6bl OHa o6safasia CHMMETpHEH KPHCTANJNHYECKOH peleTKH,
BosbMem HexkorTophifi atoM pemietkd O M NpOBefieM H3 HErO OTPE3KH
K 6MH:KaHIIHM aToMam, NMOCTPOHM 4Yepe3 CepelHHbl 3THX OTPe3KOB
NIIOCKOCTH, MEepTeHAHKYyAsipHble K HUM. IlepeceueHuss 3THX IJOCKO-
CTell ONpeNeNsT HEKOTOPbIH MHHHMAJbHBIH MHOIOrPaHHHK, CONep-
Kalni BHYTPH yses O; 3TOT MHOTOrpaHHHK Ha3biBAaeTCH AHelKod
Buenepa— 3eiimya. OueBHIHO, TaKWMU sueHKaMH MOXHO IJIOTHO
3aM0JHHTh BCE NPOCTPAHCTBO KpHCTaJsl1al).

Ecnin nposectd 3Ty mnpoueaypy AJds IUJIOCKOH pelleTKH Ha
puc. 1.3, 6, 10 sivefixa Buruepa—3elitua 6yzner umeth Qopmy npa-
BHJIBHOT'O IUECTHYTOJIbHHKA, 00/1aJaI0UEr0 CHMMET prefi reKcaroHaJib-
HOH pelueTKH.

Sueiixa BurHepa—3efitua ans npocroli KyOGuuecKol pelieTKu
nmeer dopMy Kyba. Kak 6yJner BuIasjgeTh syetika Burnepa — 3eiiTua

1y CoxHast peweTKa COCTOMT H3 pfHAa OZHHAKOBBIX [IDOCTHIX pELIETOK,
BABHHYTBIX APYL B Apyrd; B 3TOM CJydae yKa3aHHOe IIOCTPOEHHE BbIIOJHSETCH
ANE OXHOH H3 IPOCTHIX IHOAPELIeTOK.
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s 0OBeMHOLEHTpHPOBaHHOH KybHueckKoH pelleTkn? BrpibepeM B Ka-
yectBe ys3na O aTtoM B LeHTpe Ky6a. BoceMb neprneHAMKYJIsIpHbIX
MAOCKOCTeH, MPOBEACHHBIX 4Yepe3 cepefMHbl OTPe3KOB, COEAMHSIIO-
mux O ¢ atoMamMy B BOCbMM BeplHHAX Kyba, oOpa3ylT NpaBHJIb-
Hbl BocbMMIpaHHuK (oxkmasdp). llecTb nepneHAHKYJASPHBIX MJjO-
CKOCTeH, NpOBEJEHHBIX Hepe3 CcepejiiHbl OTPE3KOB, COeAMHsIOWHX O
C LEeHTPAaJbHBIMH aTOMaMH COCEAHHX KyOOB, OTCEKYT LUECTb BEPLUHH
OKTasapa o6pa3ysi ueTbipHAJAUATHTPAHHHK, H300paXKeHHBII Ha
puc. IV.5, a. BoceMb rpaHeil ero—nmnpaBuJjibHble INECTHYTOJBHHKH;
a lecThb rpaneil—xBajpaTthl. YeTnlpHajuaTurpanHas sdvefika Bur-
Hepa—3efitua ofaapgaer cumMmerpuell KyGa. AHAJNOTHYHO MOI'YT
6bITb noCTpoeHbl Ayeiikd Burhepa—3efitia And ApYLHX KpucTad-
JHYECKHX PelLeToK.

§ 2. Ilpumepbl KOHKPETHBIX KPHUCTAJJIMYECKHX CTPYKTYp

1. PaccMOTpuM HEKOTODblE KOHKDETHbIe KPHCTaJ/IHYeCKHEe CTPYK-
TYphI, WIJIOCTPHUPYIOILKE MOJOXEHHS] NpeAbAyliero naparpada H
CyLIeCTBEIIHBIE AR JaJIbHEeHero H3y4YeHHs1 TeOpHH.

PeHTreHOCTPYKTYpHbI aHa/M3 MOKa3blBaeT, 4TO GOJbIINHCYBO
KPHCTAJIIOB UHUCTHIX METAJJO0B TNPHHAAJEHHT K KYOGUUECKOH HJH
rekcarosaJibHo#l cucremam (puc. 1.5, @)'). OnHoBaseHTHHE uieNOY-
ueie meraaanl Li, Na, K, Rb u Cs, asyxpasenTnnii Ba, nepexos-
Hble MeTaJJbl, a-, - M O-MOoAM(DHKAUHH Xese3a W psaja APYLHX 3Je-
MEHTOB KPHCTAJJIU3YIOTCS B BHAE OOBEMHOLEHTPHPOBAHHOrO Ky6a
(puc. 1.5, 6). Meranant Cu, Ag, Au, Al, Pb, y-mogudpukauus xe-
gesa, Ni, Ir, Pt u Apyrue KpucTannusyioTcst B GopMe TpaHeueHT-
pupoBansoro ky6a (puc. 1.5, 8). Diemenrs Be, Mg, Zn, Cd u
ApYTHE WMEIOT 5JIEMEHTapHYI0 AuefiKy reKcaroHaJIbHOH CTPYKTYpHI
{puc. 1.5, 2). IlocpencTBOM pEHTTEHOCTPYKTYPHOTO aHasin3a GbLio
MoKa3aHo, 4TO B TOCJEAHEM CJyuae Mbl HMEEeM JIeJi0 C TaK Hasbl-
BaeMOH NJOTHOH rekcaroHaibHOH YyrnakoBKoH. B stom caydyae iue-
CTUIPAHHAsA NPH3Ma COAEPKHT AOMOJHUTENBHO B O6beMe TpH aToM4d,
KaK 370 nokasaho Ha puc. 1.7. Tlpu nuaorHoi#t rekcaronaJibHoH
YyNaKOBKE peweTka He fBJAAETCA NPOCTOH H CONEPXHT JBa aTOMa
B NPHMHTHBHOH sdelike.

2. PaccmoTpuM Borpoc o uncie GAHXKafWHUX aTOMOB, OKpy:Kalo-
IIHX JAHHBIH aTOM B KPHCTaJJe U HaxOAsUWHXCH OT HETO Ha OLHOM
M TOM M€ paccTosiHuu d. DTO YHCJ/IO, HA3BIBAEMOE KOOPOUHALUOHMbIM
yucaom, obosnayum 6ykBoit z. B moGoii mpocrofi peruetke uucao z
OHHAKOBO IJIsi BCeX ee y3noB. B npocroit kyGuuecKofi peweTke
2="06 u paccTosiue d aTOMOB KOOPAHNALHOHHON IPYNINIBI KO Y3/1a paB-
HO JJiHHe pebpa ky6a a. B ob6beMHOLEHTPUPOBAlHON KyGHueckol

1y I'II'ouHoe OlpefeIeHe KPHCTAIMYECKOH CHCTEeMbl MJIH CHHTOHHH GyAer AaHo
s ra I, § 4.
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3 . .

peuierke z=8 H d:VTa; B rpaHeleHTpPHPOBAHHOH KyOHuecKoi
V2

peuieTke z=12 u d:T a. B camoMm nene, asst rpaHeueHTpu-

poBaHHOH Ky6HuecKo# pelleTKH OJWXKaHUWIKUMH N[O OTHOLIEHHIO K
BepliHHe Ky6a OyIyT aTOMbl, pACMOJIOXKEHHLIE B UEHTPAaX IpHJe-
TalulHX rpaHed U OTCTOSLHE OT BepLIMHBI Ha pacCTOSHHU _1/2_2[1'
OueBiaHO, UYTO B TpexMeplOil pelleTKe B BEpLIMHE KakKIoro Kyba
CXOASITCS JIBEHAJUaTh TaKHX rpaHell (z=12).
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Puc. 1. 7. Puc. [. 8.
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3. JIs penTreHOCTPYKTYDHOrO aHa/jH3a HMeeT 3HayeHHe BOompoc
O pAa3JIMYHBIX TUJIOTHBIX YNAKOBKaX TBEPAbiX LIApPOB OAHHAKOBOIO
Anamerpa. [lpn NJIOTHOH yXJajke WapoB OAHHAKOBOrO AHaMerpa
la TOPH3OHTaJNbHOH IJIOCKOCTH I@HTPbl CONPHKACaMIKHXCA 11apoB
pacno/araiorcst B BepIIHHAX  PaBHOCTOPOHHHX TPeYrONbHHKOB
CO CTOpOHaMH, pasHbME JHaMerpy mapoB (puc. 1.8). Bropo#t
FOPH30HTAJbHBIA CJOH 1UapoB, MJOTHO YJIOXKEHHbIH Ha NEpBbiH,
TOXe 06pasyeT CeTKY TaKHX e DPABHOCTOPOHHHX TPEYrOJIbHHKOB.
[{eHTpBl WapoB BTOPOrO CJIOSI PACIIOJOXKEHHL! 0 OTHOLIEHHIO K Tpe-
YrOoJbHUKAM INE€PBOr0 CJOS TaK, KaK 3TO HOKA3aHO KDYyXKKaMmy Ha
puc. [.8,6. Tperufi ropu3oOHTaNbLHBIH CJOH 11apOB MOMeET ObiTh
VJOKEH pa3JqWYHO, KaK 3TO MOKasblBaeT puc. 1.9, rae @ —atoMsi
nepBoro ¢Josi, O—aTombl BTOPOIO CJOS W+ —aTOMbl TpETbEro
caosi. Ha puc. 1.9, 6 1eHTpbl aTOMOB TPETBLETO C/05 PAaCiOJIOMEHbE
Haj UEHTpaMH aTOMOB MepBOro cJOA. B 3TOM cJayuae Mbl HMeeM
AeJI0 C TJOTHOH rekcarowasibHodl ynakoBkoit. Ha puc. 1.9, 6 ceve-
HHE LIECTUTPAaHHOA NPH3Mbl reKCaroHaJ/JbHOH CTPYKTYpPHI BBIIEJIEHO
NyHKTHPOM. MoxHO nokasaTth, uTo ynakoske .9, @ coorBeTcTBYyeT
CTPYKTypa rpaHeUeHTPHPOBaHHOrO Ky6al!) (nnoTHas KybBuueckas
yNaKoBKa).

H )Kxanos I'. C. OcHOBB DEHTIEHOBCKOrO CTPYKTYPHOro ananusda.—M.:
locrexusnar, 1940, c¢. 80,
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CJsepyeT TOJIBKO HMeTb B BHAY, YTO B 3TOM cJydyae HH onHa
rpaib Ky6a He 6yleT napaJieibHa TOPH30HTAJbHON NJIOCKOCTH.
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Puc. 1.9.

4. Ilenounoranouaunie coegunenuss NaCl, LiF, Nal, KCI u
T. L., @ TaKkke OuHapHbie coelndeuuss MgO, CaO, MgS, CaSe,
BaTe u ap. kpucranausytorcs B dopme mpoctoil KyGuuecko# pe-
IIeTKH, y3Jbl KOTOPOH IONepEMEHHO 3aHATHl aTOMaMu (TOYHEE
HOHAMH) 3/IEMEHTOB COeLHHeHus. Takol THH KpHCTAJJIHUECKOH pe-
IETKH HOCHT Ha3BaHHE CTPYKTYPH KaMeHHO! COJIH MO HMEHH BeChMa
pacnpocTtpaHeHHoro coepdHedns NaCl. B atom cJsiydae, Hanpumep,
Kaxapli HoH Na* okpyxed wWwectblo donamu Cl- u  HaoGopoT
(puc. 1.10, a). Jlerko suaersb, 4yto pemerky u3 Na*t (uan Cl7)

a) ' 6)
Puc. 1. 10.

06pa3yoT CTPYKTYpy Kyba C LEeHTPHPOBAHHBIMH rpaHamMu. Peerku
CO CTPYKTYpoH KaMeHHOH cosi MpPeACTaBJSIOT COGOH C/0XKHbIE
peweTkH C AByMsi aTOMaMH Ha 3JleMeHTapHYIo avelky. TpaHcasa-
IIHOHHbIE BEKTOPbl 3JieMeHTapHOW Aueliku, cojepxaljef ABa artoMa,
MOryT ObITh B CJlyuae CTPYKTYpPHl KaMeHHOH cOJIM BHIGpaHBI TaK Xe,
KaK B CJyyae [npoctoro Ky0a ¢ LeHTPHPOBAHHBIMH TIpPaHIMH
(puc. 1.6, a).
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Coenunenns CsCl, CsBr, Csl umetor cTpykTypy 06beMHOUEHTPH-
poBaHHOro Ky6a. B artom cayuae kaxabifi uoH Cs* OKpyxKeH BoO-
CeMbIO OTPHIIATEeJbHBIMH HOHAMH TaJiOMfa H aHaJOTHYHO KaXXblH
HOH rajoujia—Bocemblo HoHamu Cs* (puc. .10, 6).

B paccmaTpuBaeMblx KpHCTaJIaX UYHCJO MOJOXKHTEJIbHLIX HOHOB
PaBHO YMCJY OTPHLATEJbHbIX, MO3TOMY KaK KpHCTaJJ. B IeJoM,
TaK M 3JIeMEHTapHag KpHCTaJinueckas sueika HEHTpaJibHbI.

Jlerko y6eAHTbCST B TOM, YTO BO BCeX CAyuasX KpPHCTaJlIHye-
CKas suelika He TOJILKO 3JeKTPHUECKH HeHTpa.JbHa, HO €€ JAUMOJb-
HBIf 2JIEKTPHYECKHH MOMCHT pa- oY
BeH Hymo. Hanpumep, B ciavyae /Cj 2 n s
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Puc. 1. 11. Pue. 1.12.

siyefki 00beMHOUeHTpHpoBatkoro kyBa (CsCl) siexTpuyecKHH Mo-
MEHT sTYeHKH, paBHBbl HYJIO, TEOMETPHUECKH CKJa/blBaeTcs H3
BOCbMH LHMOJBHLIX MOMEHTOB, HAaMNpaBJEHHBIX MO YeTbipeM OGBeM-
HblM  JHaroHansaM Ky6a (BeAMUHMHA KaXKAOTO MOMEHTa paBHa
L,.a¥3

8 2
sueiikn). TenJioBoe nBHXKEHHE HOHOB HApYILAET YCJOBHS PaBEHCTBA
HYJtO AHIIOJNBHOTO MOMEHTa fuelKH. JT0 O6CTOATEIbCTBO, KaK MbI
YBHJIHM HHXKe, NPUBOAHT K pPacCESHMIO 3JIEKTPOHOB MPOBOAHMOCTH
B MOHHBIX KpHCTaJJax.

5. 3a moc.siefiHe TOAbl MOJYUIJAN BAXKIOE TEXHHYECKOE IpHMe-
Henve nekoropoie Beuiectsa (Ge, Si, InSb), umewwne xkpucraniu-
UECKY!O0 peuwleTKy THna asamasa. B pemlieTke 3TOro THma KasKablH
aToM, TOMelleHUbIH B LEHTPE NpPaBHJBHOIO TeTpasipa, OKpYXKeH
YeTLIpbMA aToMaMu Toro :xe copra (Ge wan Si) nan apyroro (InSb),
pacnoJioxeHnbIMH B ero BepiminHax. Ha puc. 1.11 nsobpaxen ysed
a4/IMa3HOA peuleTKH O ¢ 4eTbIPbMs OKPYXKAOLIUMH €ro aToOMaMH
1—4, pacnonomeHHbIMH B BepiIMHAX NPABHJILHOTO TETpasnpa, BIIH-
CaHHOro B Ky6. Jlerko yGemuTbCst B TOM, YTO yroJ MeXAy ABYMSHA

HAUDABNeHHAMH OT y3Ja 0 K OKPYXAiOWHMM ero aToMam pa-
Ben 109°28’, /

, TIe e—3apsil OJHOBAJICHTHbLIX HOHOB H a— pebpo Kyba
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PelieTky asiaa3a MOXKHO TaK#e PacCMaTpHBATb KakK HaJOMKeHHe
IBYX KyOWUeCKNX [palielleHTPHPOBAHHBIX PELIETOK, CABHHYTLIX APYT
OTHOCHTEJIbHO ApPyra B HanpaBJeHHH obbeMHo#l AHarodaau Ha !/,
ee AJHHBL. DTo xopowo BuAHo Ha puc. 1.12. [lycTb BHauage Mmbl
WMEJIH TpaHEUEHTPHPOBaHHbIl Ky6 CO CBETJLIMH KpYMKamu O-ato-
Mamd, Ecan Mbl CABHHEM ero B HanpaBiieHHli 00beMHON NHAroHafu
AB ua !/, ee fauHb, TO O-aToM [ nepefiger Ha MecTo @-atoma [’,
O-aToM 2--Ha MecTo @-aToMa 2, O-aToM 3—Ha Mecto ®@-atoma 3’
u O-atoM 4 na Mmecto @-atoMa 4’. Tak Kak KyGuueckas rpaHeleHT-
pHpOBaHHAs peuleTKa sBJjseTcs MPOCTOH pelweTKoH, TO B pelleTKe
aJ/1Ma3a MOXHO BbLIEJNHTb 3Je-
MeHTapHylo siuefiKy, cojepxa-
LyI0 fBa aTOMa.

Ilnst repmanus Genble U dep-
Hble KpyxKe Ha puc. 1.]12
n306paxalor aToMbl ORHOrO
COpTa, HO JJsi COEJHHEHHS
InSb— pasnoro copra (nanps-
mep, O-atombel In u @-aro-
Mbl Sb).

Mbl MOXKEM BbILEJIHTD B aJ-
Ma3HOi pelleTKe Trpynny u3
18 aromoB, ob6pasylomHx Ky-
6uuecKy1o siYeiKy, H306paXKeH- Pue. 1.13.

Hyto Ha puc. [.13. Pacro-

JIOXKEHHE aTOMOB B 3TOH Tpymne MOKHO TIpejcTaBHTb cele cJae-
ayoinM  o6pasoM. PasoGeem Ky ¢ LEHTPUPOBAHHBIMH TPaHAMH
Ha BOCEMb OAMHAKOBBIX KyGoB ([—V/II) (puc. 1.12). Tlomecrim
B LIeHTPLl HeThIPEX H3 3THX Ky0oB, KaK 3TO MOKa3aHO Ha DHCYHKe,
aToMbl (4epHble KPYMKKHM). Mbl mojyuuMm peiueTKy THMA a/Masa,
nzobpaxennyio Ha puc. 1.13. TlopcuMrtaeM uuc/a0 aTOMOB B TaKOi
ky6uuecko#t suedixe. M3 puc. 1.12 BuAno, yTO 8 aTOMOB pacnoJio-
MeHbl B Bepluuyax Kyba, 6 atoMoB—Ha ero rpaHsx u 4 aroma—
B ero ofbeme. Orcioga CaefyeT, uTo YHCJIO ATOMOB BO Bcell KyOu-
uyecKoll slueHke paBHO

1 1

He caenyer nymatb, uto KyGuueckas suedika (puc. 1.12 u 1.13),
BbleJieHHAsT HaMH B pelleTKe anmasa, o0JajaeT BCEMY 3JIEMEeHTaMH
cummerpru Kyb6a. Tak, Hanpumep, HpH NOBOpPOTE BOKPYT BEpTH-
KaabHOH OcH, Mpoxoasuiell yepes UEHTp KyGa, wa yroa 90°, aToMbl
He COBMellaloTcst caMu ¢ coboll. MoxHO, OfHAKO, MOKa3aTb, UTO IO
CBOHM MAaKpPOCKOTIMYECKHWM CBOHCTBAM KpPUCTAAI ajMa3a obnajaer
Ky6u4ecKoi CHMMeTpHeH.
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§ 3. Tlpavasa u obpaTHad pelIeTKH KpHCTamja

1. T'naBuefilyuM CBOHCTBOM HAEAJIBHOIO KpHCTaJJla, KakK yXKe
YIIOMHHAJIOCh Bbillle, SIBJASETCS MEpHOLHYECKOE DAaCMOJIOKEHHE aro-
MOB (TOYHee aTOMMBIX $ijep) B IPOCTPAHCTBE. DTO O3HAYAET, YTO
NpH CMelleHHH BCEro KpPHCTalJa B LEJOM Ha BEKTOD

a=a, =na,+na,+n;a,, (3.1

TIE @;— TPAHCJALMOHHBIE BEKTOpHl peIIeTKH, a n;— LeJble YHCJa
(i==1, 2, 3), xpucraan coBMelaercss cam ¢ co6oH.

OyeBuHO, YTO TAKHE BEJIHUHHBI, KAK 3JEKTPOCTATHYECKHH TIO-
TEHUMAM WK TIJIOTHOCTb 3JeKTPOHOB, DAacCMaTpHBAaeMble B HEKOTO-
pol TOYKe BHYTPH KpHCTaJla, SBJAAIOTCS MPOCTPAHCTBEHHO- HJIH
TpexMepHO-NepHOAHYecCKUMH dyHKUUsMu. B camom hese, Hekotopas
TOYKa BHYTDH KpHCTaJJa, onpejesseMas pPafgHyCOM-BEKTOPOM r, H
TOYK4d F--@, OU3HYECKH 3IKBHBAJeHTHbl. IlosTOoMy, HampuMep,
3MIEKTPOCTATHYECKHHA TOTeHLHAN

Viry=V(r+a.,). (3.2)

Jasi pasnoxends mepuoanyeckoi ¢yuxuuu V(r) B paa Pypbe
BBeJleM KOOpAHHATH &, &, H &, KOCOYroJLHOH CHCTeMbl KOOPHHAT,
OCH KOTOPOH HamnpaBJIeHbl IO BEKTOpaM &,, @, H Q;.

B stom cayuyae dyukuua V(r) nepuoinuHa B NepeMeHHBIX &,
E, m &, ¢ mepuonamy a,, a, U a,. Pa3snoxuM [MepHOLHYECKYIO
dynkunio V (r) B tpoiino#i psa Pypbel), KOTOpbIA Mbl 3anlHIUEM B
KOMIIJIEKCHOH dopme:

+ @ + ® +w .(ﬁ_*_kzgz ﬁs_éi)
a4,

V= X 3 3 Vigwe Vo wa) 33

rae k,, k, n ky—1IleJble NOJOKHTENbHBIE H OTpHLATE/bHblE UHCHZ,
BKJIIOYAst HYJIb.

INepexons B (3.3) oT KOCOyrosbHbiX Koopauxar E; K NpsiMo-
YTOJIbHBIM KOOpDAWHATaM x; (CM. HpuHJoKeHHe 1) Mo dopmyaam

8y == 0y 0¥, Xy,
By =y, + CpaXy + g Xy, (3.4)
85 == 0y X5 OlgpX, ot gy Xy,
THe o, —KO3QOHIUHEHTE, 3aBUCALLME OT YLJIOB MEXAY OCAMH KO-
COYTONbHOi H IPSMOYTONbHOH KOOPAMHATHBIX CHCTEM, MOJyYHM

V(£) = 3 3 3 Vsoypye Grraowmat busa, (3.5)

by by by

Y Cmupuos B. H. Kypc sbiciiefi MateMatvkn, —21 uag. — M.: Hayxa,
1974, 1. 2, nn. 174, 175; caegyeT uMeTb B BuAY, uTo B KHHre B. M. CMupHOBa
nepuoy ofosHauaeTcs uepe3 2/, MOITOMY B NoOKa3saTtese 3KCIIOHEHTH OTCYTCTBYeT
MHOXH1eab 2. :
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3necob by, b, u b, —xospduunentsl, 3aBucsiiue o1 oy, k;, a; Cym-
miipoBanue B (3.5) HaA0 BeCcTH IO BCeM pPA3/HUHLIM 3HAUEHHSM Be-
JIMGHH b;, COOTBETCTBYIOWIMX BCEM LEJIOYHCJIEHHbIM 3HAYEHHSM HH-
dexcos k;. PaccmatpuBas by, b, u b, Kak NpsMOyrosibHbE KOMIO-
HEHTHl BexTopa b, 3anuiuem (3.5) 8 BWAS

V (r)=3 Vet @, (3.6)

[Tpome Bcero onpefesnTb b W3 TpeGoBanus mepwoguuHocTd V (7)
(3.2):
vV (r -+ a”) — Z Vbei (b, rdapgy — Z Vbei (brypl (bay):
b

b

Orcioga coegyer, 4to €/%9n) JO/KHO paBHSTbCS efUHHLE, T. e.
(ban) = n, (ba)) |- n, (ba,) + n, (ba,) = 21 X uenoe yucuo AJs1 Beex Le-
JIOUHCJIEHHLIX 3HAYeHWH n,, f, U N, YTO BO3MOMHO TOJbKO B TOM
coyuae, Korja

ba,=2ng,, ba,=2ng, ba,=2ng,, (3.7

rue gy, g, H gs—TpOU3BNJIbHbIE LeJbie MOJOXKHTeNbHLIE HJH OTPH-
uaTesibHble 4HCJa (BKJouad HyJb). Bceaxuii BekTop onpepesserca
TpeMs CBOHMH COCTaBJISIOLUMMH (KOMIIOHEHTaMH), O3TOMY TPEX He-
3aBHCUMBIX ypaBHeHHH (3.7) AOCTATOYMO JJIsl ONpEJeJ]eHHS BEKTO-
pa b. Moxno nokasars (ITpuaoxkenue 2), uto

ngb =g,b, +gzb2 + gybs,
rae
b1:2n[a2’a3] b2:2nla3va1] b =2n [a,, a,]

Qo ) Qo ’ 3 Qo » (3 8)

a Q =(a,[a,, a,])—obbeM asnemMeHTa pHON AUEHKH.

Jlerko npoBepHTh, 4T0 Ba, = bg@, =27 X LeJj0e unciao=2mw (1,4, -+
41,8, +n,8;). Henocpencrsenno u3 onpepcnennss (3.8) Bekropos
b, cienyer, uto

0 npu is=k,
aibk:?msik:{% npu i==k. (3.9)

Hao6opor, ucxoxa u3 ypasHeHH#t (3.9), MOXHO IIOKasaTh, 4TO
BEKTODPbI b, onpelensioTcsl Bhipaxenusamu (3.8). Bekropwl &, Hasbl-
BAIOTCH MPAHCAAYUORROIMU, MACUMABHOIMU VMK OCHOBHOIMUL BEKMO-
panu obpamnot peutemikit, BekTOpHl @. W bg Ha3bIBAIOTCS BEKTOPAMU
npamol w obpamroil pewemox. BeKTophl b, HUMEIOT pPasMEPHOCTb,
o0paTHyl0 AJHHE, KaK 3To chenyer u3 (3.8). BeckoHeunas nepuo-
AvuecKas pelieTKa, MOoCTPOEHHAsl Ha TPaHC/SLUHOHHBIX BEeKTOpax &,
Ha3bIBaeTCH oBpaTHOM peweTkoit. IlpocTpaHcTBO 06paTHO# petier-
KM UMeeT pasMepHOCTb (AauHa)~3. Ilapassenenunes, NOCTPOEHHLIA
Ha Bektopax b,, HasbiBaeTcss 3/€MEHTapHOH fAueHKoH o6paTHOH
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pewwerkys. Moxio nokasarn!), uto ero «oGrem» pased (b, [b,, b,])=
= (27)*/€,.

s ycnoBust (3.8) Bumio, uto BeKTOp &, NEpneHIUKYJIAPEH BEK-
TOpaM @, H @,, BEKTOp H,—BEeKTOpaM @, U @,, BEKTOD b, — BEKTO-
pam @, u @,. Ecau snemenTaphas syefika npsiMoil pelleTKH HMeeT
dopMy 0PAMOYTOJIBHOTO NapaJaeseruncia, To BeKTOpb &, B,, b,
napansiesibHbl COOTBETCTBEHHO BeKTOpaM @,, &,, a, u b;=2n/q,.
OueBHIHO, 4YTO eCJNH TpsiMas pelieTKa TNpocTas KyOHuecKas, TO
ofpaTHas pellerka Toxe npocras Kybuueckas ¢ b, =b,=b, = 2nja.

Ilpeacrasyienre o6 o6partHoll peleTke BO3HUKJIO HENOCPEACTBEH-
HO M3 3ajayu pasjoxenus B pald Dypbe pynuxuud, obaajawouieir ne-
PHOAHYHOCTLIO NPAMOA pewlerku. B jaambHefiieM Mbl YBUIHM, Kak
noHATHe 06 OGPATHOH PeLieTKe MIIOAOTBODHO HCIOAL3YETCST NPH pac-
CMOTPEHHH AH(PPAKUHH DPEHTTEHOBCKHX Jlyyed B Kpucraanax, NpH
HCCJIeI0BaHEH KoNeOaHui aTOMOB B KPHCTAJJaX M NpPH KBaHTOBO-
MEXAHHYECKOM HM3YYGHHH JBIDKECHUSA 3JIGKTPOHA B TeEPHOSUYECKOM
noJse.

2. BBejieM BaXiOe NOHATHE O MHUJNEPOBCKUX HHIeKcax (hkl),
TECHO CBA3aHHOE ¢ TpeAcTaBjeHueM 06 OGPaTHOH peieTke.

[TpeacTaBum cebe B KpUCTanJe MIOCKOCTb, [POXOASAULYIO uepes
uentpul atomo. Ha puc. 1.14 nzobpawmens ueTelpe Takue mnJoc-
KOCTH, OPHEHTHDPOBAHHBIE DPA3JIHYHBIM 06pPa30M OTHOCHTEJNLHO 3.e-
MeHTapHOH AdelikM mnpocToil KyGudeckoli peierku. Ilonoxenue

N

(OpHeHTaLHIO) TJIOCKOCTH B KpHCTaJle, OpoXojsiueil yepes aToMbl,
6vJICM XapaKTCPH30BATL MHJNEPOBCKUMH Hifexcamu (hkl), KoTopble
onpefenuM caelylouldM ofpasoM. IlycTe uesbie uyucja S;, S, ¥ S,
H3MEDAIOT B €JMHHUAX a,, A, H @, TPH OTPe3Ka, OTCeKaeMblX MJoC-

KOCTbI0 MO KOOPAWHATHBIM OCAM @&,, @, U Q,. CocTaBHUM OTHOLLEHHE

.11
— ' H BbIpa3uM €ero 4Yepe3 OTHOWEHHE TpeX HaAWMEeHLIIUX Lie-

S Sy Sg

Jeix gmces. Ilocsieine ¥ HOCAT HAa3BaHHE MUAACPOSCKUX LHOEKCOB
111

(hkl). Takum obpasoMm, h:k:/=—:—:—. Ha puc. .14, a nzobpa-

Sy 7Sz 3
XeHbl OCH @&,, @, H as.O'-leBHZLHO, UTO 3alUTPHXOBAaHHAasA TNJOCKOCTH

1) Kounn H. E. Bekroproe wncuncieHue H HauyaJo TEH30PHOIO HCYHCJIe-
HuA.— 9 usg.— M.: Hayka, 1965.
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ua puc. 1.14,a MMeeT MHJIEPOBCKHE HHAEKCDI Si:—l—:i:+:l: I

1 S2 S3 w oo
=1:0:0, 1. e. (hkl) = (100). AHaNOTKYUHO 3aLUTPHXOBAHHBIE TJOCKOCTH
Ha puc. 1.14,6,6 u e umeror muJIepoBckHe HHAexchl (110), (111),
(111), rae 1 03HAYaeT MHHYC €AWHHUY H COOTBETCTBYET TOMYV, UTO
3aIUTPHXOBAHHAA NJOCKOCTb B caywae [.14,2 OTceKaer OTpesoK a
Mo oTpHuaTesbHOH OCH @y. OyeBH/HO, UTO 3a/lalHbIE MHJIJIEPOBCKHE
WHIEKCH (hkl) onperensT He OAHY MJOCKOCTb, a UeJoe ceMeHCTBO
napajjenpHbix MJockoctedt. Jlerko yGeanThbcs, HanpHMep, B TOM,
uto (hkl) = (hkl).

CoBOKYNHOCT @H3MUECKH 3KBUBAJEHTHB X NMAOCKOC-
Tei, Hanpumep Bcex LIeCTH rpaHeit kKyba, oB6o3HayaeTcs CUMBOJIOM
{100}. Hampasaenne npamoll B KpHcTasJe, Npoxojsuleii yepes
LEHTPbl aTOMOB, yKa3blBaeTcs CHUMBOJIOM [uvw], TAe u, U H W—TPH
HAUMEHBIUMX LEJbIX YHC/IA, OTHOLIEHHE KOTOPbIX 1:V:w PaBHO OT-
HOWIGHHIO ATHM (B €JMHHIAX @,, @, K @,) COCTaBJAIOUIUX BEKTOPA
no ocsiM @, @, U @,;, HanpaBJeHHOro BROJADb AaHHOH npsiMoil, Tax,
HanpuMep, ochk X Ha puc. [.14, coBmajaowas ¢ BEKTOPOM @,, NMEET
cumBoa [100]. Hanpasnenuro ofGbemHOH Anaronann Kybd, NpPoxo-
Asiledi 4epes HayaJo KOOPAMHAT, COOTBETCTBYeET ciiMBod [111]. Pu-
3YYeCKH 3KBHBAJIEHTHbie HANpaBJieHHs] B KpPHCTaJe 0B03HaualoTCs
cumBosioM <uvw). B KyOuueckoM KpHcTajJe HanpabjeHHe [uvw)|
TIePNEHAHKYISPHO TJIOCKOCTH (UUW), UTO HE HMEeEeT MecTa B KpHC-
Tannax Gojee HU3KOH CHMMETpHH.

JokaxkeM JBa BaKHbIX nosjoxeHHs. ITocTponM B TpOCTpaHCTBE
NpsAMOH peweTKH, yananl KOTOPOH OIPCAJIMIOTCA BEKTOpPaMu a@;, 06-
paTHYIO peileTKY, Y3Jbl KOTOPOH ONpejeNsioTcs BeKTOpaMmH &,
OpHEHTHPOBAHHBIMH OTHOCHTEJBHO @; corJjacHo dopMynam (3.8).
KoneyHo, Macuura6 BEKTOPOB b; OCTaCTCs 1Pl 3TOM MPOU3BOJILHBIM,
TaK KaK OHU HMEIOT Pa3MepHOCTh cit~?. JloxaneM Tenepb, YTO BEKTOD
o0paTHOW peinetku &, = g,b, 4 g,b, - g,0, nepueHiHKyAIpen nioc-
KOCTH C MHUJUICDOBCKHMH MHHEKcamu (hkl), ecau g,:g,:g,=h:k:l.
OueBuano, uTo KOHUBLI BEKTOPOB @,/h, @,k W a,/l nexat Ha mjoc-

a a, a a
Koctd (hkl), TO3TOMY BEKTODHI (I—l‘——/f u —E‘——[f)nemaTBnnoc-
Koctu (hkl). Bo3sbMeM BeKTOp b, == hb, -I- kb, + 1b,, napainsesnsubii
BEKTOPY b,, 1 JOKa)em, 4TO B, NePHeHIUK Y IAPEH TIJIOCKOCTH (AkL).
It 31T0rO JOCTaTOYHO yGeAUTHCA B TOM, YTO CKAaJsipHble NPOU3Be-
JeHns

b, (%—-%) = (hb, +- kb, Ib,) (_‘%{_‘Zz) -0,

b (%_%> = (hb, +-kb, 1 1b,) (%‘——%) =0,

Kak 1o caenyer u3 (3.9).
Hokax<eM, BO-BTODBIX, 4TO paccTOsiue d,,, MEXK1y COCEXHHMH
NJIOCKOCTAMY ceMeiicTBa (fkl) paBHO 2m/by,,,. Ilyets m=0,,,/0,, —
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€/IMHUYHBIA BeKTOp HOpMaJu K nJjockoctam (Akl). Toraa
_ (& bl 2%
A= (G 1) = 5 @y (0D, + kb, + 10)) = 2=

IlpoBepuM, uTO paccrosinue Mex Ay naockocramu (100) B ky6u-
uyeckofi pellleTKe paBHO NOCTOsIHHOH peweTky a. [leificTBUTeNbHO,
B 3ToM cayyae by, =b,,,=0,=2n/a u, crenoBaTesbHO, d ;=
=2n/b,,, =0a. TaK xe npocTo MOXKeT ObITh BLIYHC/IEHO PACCTOSHHE MeX-

Ay rnockoceTamn (111) B KyGuueckoit peietke: b,,, =V bi+ bF -+ bi=
=2n)/3/a, t. e. d,,; =2n/by,, =a/l 3.

§ 4. ®opmynn Jlays u Byastha — Bparra pas audpakuuu
PEHTreHOBCKHX Jyyedd B KpHcTause.
AToMHBIA ¥ CTPYKTYPHBIH (aKTOPbl paccesHus

1. Paccmorpum  ycnoBus Audpakuili peHTreHOBCKHX JyueH B
KpHctaase no Jlays. Ha puc. 1.15 usobpaxenel asa atoma O u A4,
7 pas3jeseHHbIe TPAHCAALHOHHLIM BEKTOPOM
a,. [Tagaowuit B HanpaBaeHun n (n=1)
» 4 4 TIYUOK DEHTIEHOBCKMX JyueH paccenBaer-
Cq aTOMaMH MO BCeM HamnpaBJeHusM. Pac-
g CMOTPHM pacCesiHHbIH NMy4YoK RS B Takom
HaMNpaBJICHHH, OMNpPCALAAEMOM eIHHHYHLIM
g BeKTOpoM 12’ (n'=1), AJ KOTOpPOroO JAyuH
o€ s [AR u KOS ycumuBawT Apyr Apyra B
Puc. 1.15. peay/lbTaTe HHTepdepeHuun. [as 3Toro
HECOXO0AHMMO, YTOOBl HX TreoMeTpHuyecKas
pazHoctb  xoma B0 + OC  paBusinach 1eJIOMYy 4YHCJY BOJH,
T. e. BO+0C=—(an)+(an’)=a,(n'—n)=gh, rie g, —npo-
H3BOJLHOC Lies1oe YHeso. B TpexmepHoli peieTke yc/oBHE HHTEp-
(epeHLHOHHOTO YCHIEHH A MyuKa JO/NKHO OJHOBPEMEIHO BLITONHATLCA
LN BCEX ATOMOB KpHCTaJJa, COOTBETCTBYIOWHX TPAHCISALUAM @,
a, H @, DTo JacT caeflytoule ycsJoBHA HHTepdepeHuun Jlays:

a, (n’——n) =gr a, (Il’-—ﬂ) =gk, a, (Il’—tl) =gsh,  (4.1)
KOTOpLle MOFyT ObIThb 3anucaHbl B 0osee MpPHBLIYHOM BHJE:
a, (cosoy —cosa,) =g,A, @,(Cosa;—cosa,)=g,A,

a, (COsot;—COS ay) = g, A,

(4.2)

€c/i BBECTH YFJbl &; U @; MEXJY HaNpaBJEHHAMM MaJaioulero u
pacCesiHHOTO JIyYeH M KPHCTAJUIHYECKHMH OCAMH @, T. €. MOJOXHTb
an=a;cosa; v a;n’ =a;cosa;.
n n
W3 (4.1) caepyer, uto BeKTOp 27U (T"_T) YIOBJIETBOPSIET TeM
Xe ypaBHenuam (3.7), uto u BekTop b. OTcropa ciaenyer, 4To

o ("T—L;) —b,, (4.9)
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rae b,=g,b, +g.,b,+ g,b,—Bexrop ofparHO# pemeTKH. VYcJoBHE

(4.3) MOXKHO paccMaTPHBATL KaK 3KBHBAJIEHTHOE ypaBHeHusaM Jlays
(4.1) nu (4.2).

“ 2n

BBegnem, N0 onpeneseHHIO, BOJHOBO# BEKTOp k:T”' B sromcay-

yae ycjosue (4.3) npuoGperaer BHJ

K—k=b,. (4.4)

Tak Kak k'=k, 10 na (4.4) cuenyer: k*=k">=(b,-+k)*=0%+
+ k2+2(bgk), OTKYyjia

by +(bgk) =0, (4.5)

4TO, KOHEYHO, TaKKe 3KBHBaJeHTHO (4.1) u (4.3).

2. TlokaxeM, Kak MOryT GbiTb B [POCTPAHCTBE 0fpaTHO¥ pe-
LIeTKH TeOMEeTPHUECKH HHTEpINpeTHPOBaHbl ycJjoBus Jlays B dopme
(4.4). Ha puc. 1.16 usofpaxeHa /s HArJsAHOCTH mJjockas o6pat-
Hast peuwetka. [TocTpouM H3 nponsBosbHOro yajna O of6paTHO# pe-
LIETKH BEKTOpP — k& H U3 Hauana ero R onulueM OKPYHHOCTh pajuyca
k=2n/)h (cpepa Banmbia). Ecan 3ta oKpyxHocTh (chepa) mpoiaer
HEMOCPeACTBEHHO BOJMH3H APYroro yanaa S o6paTHOM pELeTKH, TO

—_—
BeKTOp RS paBeH Kk'—BOJNHOBOMY BEKTOpY pACCESAHHOTO IyyKa,
yCHJIEHHOTO nHTepdepeHuueit. [Ipu sTom

BEKTOD 06paTHOH pewetku OS paseH by,
YIOBJIETBOPAIOLIEMY  DaBEeHCTBY  (4.4).
Taxkum o6pa3soM, KOHCTpyupys coepy
OBajbla B NPOCTPAaHCTBE OOpPATHOH pe-
UIETKH, Mbl MOXEM OmNpejesHTb rpadu-
YeCKH BC€ HanpaBJeHHS, 0[O KOTOPbIM
O6ynyT HabMOAATHCS HHTe phepeHIMOHHbIE
MaKCHMYMBI.

3. ¥c/10BH S HHTE pdhe pEHLIHH PEHTTEHOB-
CKHX Jyueit JIays (4.1)— (4.5) Moryt GuiTh Puc. 1. 16.
copMyupoBaHbl B UHOM BHJe. [TpoBeneM
npaMyio (IJ0cKocTb) PQ, neprneHAHKYJISPHYIO BEKTOpy oGpaTHoi pe-

wetku b, = OS (puc. [.16). Kak 611710 DOKA3aHO B KOHIE NpeAbIAYLIETO
naparpadga, 3Ta NJOCKOCTb B NPOCTPAHCTBE NPAMOH pelueTKH ornpe-
HeJISIET aTOMHYIO NJIOCKOCTb ¢ MHJIIEDOBCKHMH HHAeKcaMHu (hkl), rpe
h:k:l=g :g,:g,. O603Hayas OGHIHH MHOMKHTENb YHCEN g,, g, H &
uepes n, uMeeM b, =nb,,,. C APYrodi CTOPOHbI, paccTosiHHe MEXAy
COCeHHMH nJOCcKocTAMU (hkl) paBHo d=2n/b, ,, = 2nn/b,. PaccMor-
puM Temepb TpeyroJashuk ORS. O6osHayas yroa {QRgS yepes 0,

umeeM 0S =2RS sin 0 uiu bg=2k Sin@=2 %11 sin®. BBoas B nocJsejpHee

paBeHcTBO BesuHHYy d, monyyum ¢opmyny Byanda —DBparra
2dsin® = nh. (4.6)
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W3 puc. 1.16 BuAHO, YTO mapmatoulMil Mydok & H paccesHHbIN B
bopMasLHO MOXKHO PacCMaTpPUBaTh KaK 3CPKAJLHOC OTPaXKenne nyyka
OT aToMHO# mjockoctH PQ ¢ MuanepoBckuMy ungexcamu (Akf). Ta-
KUM o6pa3om, ycjoBue Bynnda— Bparra (4.6), skBHBasenTHOE
ycaosuam Jlays (4.1), bopmasibHO MOXKHO paccMaTpHBATL Kak 3ep-
KaJibHOE OTpa)keHUe Jiyuell OT aTOMHBIX MJOCKOCTeA KpHCTaJJa 1oj
yraamu 0, ynoB/eTBOpSIOWHMH COOTHOWEHUIO (4.6).

4. Bpesem noHsiTHe 00 aTOMHOM (aKTOpe paccesiHds f, ydUUTHI-
BalOLIeM TMpH pacCesiHHW DEHTreHOBCKHX JIyueH pacrnpejesenue
3JIEKTPHYECKOTO 3apsja B arome. [lycrs p (r)dr—cpeanee uncno

3JIEKTPOHOB B o6beMe aToMma dt. OueBuJHO, YTO Spdr:Z——nonHoe

YHCJIO 3/eKTPoHOB B aTome. Ha puc. [.17 n3o6paken uLeHTP atoMma
1z O n sneMeHT ero obbema dt, NONOKEHHe
KOTOpPOro B Touke A onpejensercs palu-

7

il
ycom-BekTopom QA =r.Ilyctb OS— Ha-
fpaB/eHyue Jyda, pPacCeSTHHOIO OJHHM
HNEKTPOHOM, KOTOPHIEI Mbt MBICJIEHHO IO-
MeCTHM (4J11 TPOCTOTH! pacueTa) B LEHT-
pe aroma O. AMIJIUTYAa 3TOr0 paccesH-
HOrO M3JlyyeHHs B HEKOTOpOH, jocTaTou-
Pue. 1,47, HO YHAaJenHo# (MO CpaBHEHHIO C pasMe-

paMi aTomMa) TOYKE B 3aJaHHbI MOMEHT

BpeMenu f pasHa A ({). Cuntasi paccessHde KOT€PEHTHbIM H YYHThI-
Basl, YTO €ro aMrIdTyAa NMpPOMOpLHOHAJNbHA YHMCJY pacCeHBaIOIMX
3JIEKTPOHOB, MOJYYHM JUIS aMnyuTyiel ayua AR B TOH XKe TOukKe
Hab/MIOeHHA 1| B TOT Ke MOMEHT BpemeHU [ BuipaeHue dA,(f) =
=A(H)pdte!®. 3pech pdT—UUCAO 3HJEKTPOHOB PACCEHBAIOETO
obbema dt u ®—pasuocts daz ayuyeir {AR n KOS. Ouesjso, 4TO

2
pasHocTh a3 P = %d, rje d—reoMeTpuyeckas pasiocTh XoAa pac-

cmatpuBaembtx Jyueii. U3 puc. 1.15 BuaHO, uTO BBIUHCJAAEMAs pas-
HocTh xona ayued AR u KOS, paccesnubix atomamut O u A, npu
onpejesiensi ycJoBuil nuteppeperuny Jlays, ceBepuleHHO TOMKACCT-
BEHHA ¢ pa3HOCTbIO XOAA JyyeH, PpacCesHHBLIX LEHTPOM aToMa U
snemeHToM ero ofbema dt. Ilostomy d=r(n'—n), rae n n n'—
eMHUYHbIE BEKTODbl B HAMpaBJEHHH TMaJalollero U PaccesHHOro
1yykos. Be3 orpannyerns OGIHOCTH MOXHO CUUTATBL, UTO r, 12’ M
n nexart B OfHOH mjockocTH (4eprexa). IlocTponn och napanfesbHo
BEKTOPY § =#'—n ¥ NaockocTb POQ NeprneHgnKyasapHO ocH 2z (M.
puc. 1.17). Ecnu paccmaTpuBaeMblil 11aMH aTOM IIPHHAMJIEIKHT KPHC-
TaJJy W HANpaBJeHWS NAaJaloUlero W pPacCesiHHOro MYUKOB COOTBET-
CTBYIOT HHTCpdhepCHUHOHHOMY MakcumyMy, To POQ ecTb aToMHas
CeTYaTas MJOCKOCTh, OT KOTOPOH IPOHCXOMUT 3€pKaJbHOE BYJbd-
GparroBckoe orpaxenue. B atom ciyuae yroa 3 POK =3 Q0S =86
yioBaeTBOpsieT ypasHeHuio Bysabdpa —Dbpsrra (4.6). M3 puc. [.17



§ 4] DPOPMYJIbI JIAYD M BVYJb®A -— BPIITA 27

. 2n 2n
BUHO, 4TO § = 2sin 0 (n =n" = 1), nostomy D=5 (rs)==-srcosh =
=4Tnsinercosﬁ, rae 9 —yroa Mexay HanpasieHHeMm s (ocH z) M
pajiycoM-BCKTOPOM F.

AMI]JIIlTy[La paccessHHA BCEMH 3JICKTPOHAMH aToMa
Ap(ty=A(1) § o (r) e dr.

TlycTb 2/€KTPOHBI B 4TOME pacnpefieensl chepHIecKH CHMMET-
pHYHO, T. e. p=0p(r): nonaras dtv=2mnr:drsinddd, noayunm pas
aTOMHOro (JAKTOPa paccessHus, N0 ONPELEJEHHIO,

o JU
f= ’2"(([’)) =9n (‘5 ;5 p (r) reeter cos ¥ drsin § 49,

4 .
rae a=--sin0. HMurerpnpys no ¥, mosnyunM, Kax NokasaHo HHKe,

f:SW/(r)Sm#dr, (4.7)
0

rae W (r)dr =4nr®p (r)dr —BeposaTHOe (CpeaHee) YHCJIO 3JEKTPOHOB
B 1apOBOM CJIoe MeXAy r H r-+dr B aToMe.
n

Jas Bbiudc/ienust uHTerpaJda ge""’““ %sin 9 d9 nosokuM cos § =x;
0

toraa dx=—sindd3 u npegennl WHTerpasa paBHb 41 u —1.
B pesynsrate uuTerpan pasen
+1

1 . . 2 .
Selarx dx = — (efer —e~iary — Zsinar,
iar ar
~1

Taxum ofpasoM, amomneil gaxmop paccesnus ') paBen OTHO-
IIEHHIO aMIIUTY bl DACCE€AHHOLO BCEMH 3JI€KTPOHAMH aToMa H3Jy-
YEHHS N0 HEKOTOPOMY HANPABJCHMIO K aMIJHTYAE H3JyyeHHs, pac-
CESTHHOTO OJIHWMM 3JIGKTPOHOM B TOM e HamnpaBJieHUH.

Bequunna W (r), BxoAsiuas B onpesiesienre f, MOXeT GHITL Bbl-
YHCJICHA KBAHTOBOMEXaHuueckH (Metold Xaprtu — oKa) WJIH CTATHC-
THueckn (Meton Tomaca— @epmu). Ha puc. .18 npuseseHsr peayJib-
TaThl pacyeTa aTtoMHOro ¢akrtopa f ans Hatpus. Jlas 0=0 dopmy-
Jga (4.7) paer f=Z (4HCNO ATOMHBIX 3JEKTPOHOB). DKCHEPHMEH-
TaJIbHO? H3yueHHE DPACHPE]CJCHHA HHTCHCHUBHOCTH BOJIH3H HHTED(de-

1) B nesoropeix cayuasx (K xanos I, C. OcHOBb pelTICHOBCKOTO CTpYK-
TypHoro ananmisa.—M.— JL: Tocrexnsgar, 1940, c¢. 300) seauunna [ nHasuisaeTcs
ATOMHOIl aMIIMTYI0!l, a aToMHBIM (PAKTOPOM HA3LIBAETCSl Beanyuua /2, KOTOpPOil
TPOROPUHOHAJBIA OTIOCHTEIbHAN HITERCHBHOCTL PUCCESTHUOTO H3JYyUCHHI.



28 TEOMETPMUSA PEWETOK W AHOPAKUMS PEHTIFEHOBCKHX NYUEH [rAa. 1

PEHLHOHHBIX MAKCHMYMOB pAcCesHHS (npH yyeTe TeMIEepaTypHOro
¢$akTopa pacce€AHHA) MOATBEPIHJIO ¢ GQJIbIOA TOYHOCTHIO TEOPETH-
YeCKHe pPacueThl BEJHUHHBL f. IDTH Ke HCCNENOBaHUA TNPH HU3KUX
TeMnepaTypax MOATBEPIHJIH HAJAHUHE HY/IEBOH IHEPIrMH KojeGaHus
aTOMOB B pelueTxe.

5. Mol BmiBEH uMHTEpDEpPEHIHOHHBE ycaoBua Jlays (4.1) wau
3KBHBAJIEHTHBIE KM YCaoBis Byawha—Bpsrra (4.6), paccmatpuBas
paccesstHHe Ha TOXJAECTBEHHBIX aTo-

i Max mnpocTof pemetkd. Kaxk wu3-
A MEHATCH  pe3ysibTaThl, €CJd pac-
CMOTpeTb paccesiHHe Ha CJOXHOH
peweTke ¢ 6a3HCOM, COAEPMKALIUM S
g T aTOMOB, TNOJIOXXEHHE KOTOPbIX OTHO-
CHTeJILHO HayaJia KOODAHMHAT syeH-

3 KH onpelessieTcst BeKTopaMil

\ r,=u,a, - v,a, + W, ay

4 (n=1,2,...,s).

Tax xax nojppeweTka AJs Kax-
z =< goro n-ro aroMa suefikH HMeeT
Te e TPAHCJSUHOHHBIE BEKTOPbL

T a,, a, v a;, TO OHA JaeT HHTep-

; ) 4 6 sin  (hepeHUMOHHBlE MAKCHMYMbI, OMNpe-

4 JefsieMble  TeM e COOTHOLICHHEM

Puc. [.18. (4.1), xak W s atoma ¢ n=1,

pacIlOJIOXXEHHOI 0 B y3Je (Hauaje

KOOpAMHAT siueiikH). ONHAKO B CHJY KOTEPEHTHOCTH H3Jy4YeHHs He-

06X0AMMO YYeCTh (a30BLIE COOTHOLIGHHSA NPH PAaCCeAHHH OT PA3HbBIX

nojpeneTok. BBeneM CTPYKTYPHYI aMIJHTyly paccesnus F (hkl),

PaBHYI0 OTHOLIEHHIO AMIJIMTY/bl PACCEAHHsT B MaKCHMyMe HHTepe-

pernuu (hkl) OT BceX nOAPEIETOK K AMMIHTYAE PaccesiHusi B TOM
2Ke HanpaBJeHHH OT OJHOrO 3JeKTPOHA.

Ecan f,—aToMHbIH (akTOp pacce€siHus A-ro atoma, TO

F (hkl) = élf,,e"“’n, (4.8)

rae @,—pasHocTb Gas Aas Jyded, pacCesHHbIX HA n-M aTOME U
aToMme, pPacho/ioKeHHOM B HauaJjie KoopauHaT siqeiikn (n=1). Ipu
5TOM HAC HHTEpecyeT WHTeD(hepeHUHOHHBIA MaKCHMYM, onpejeJse-
ML yeqoBusmp (4.1) ¢ g, =h, g,=k 1 g,=1.

CoBepwenHo aHaJOrHUHO BhluucaeHHo D B npeapiiyuiem pasjesne
nMeeM, yuuteiBas (4.1),

(Dn = 2Tn r, (n’_n) = 2Tn (unal - v, —I" wuaa) (”I _n) =

=2n (hu, + kv, +1w,). (4.9)
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M3 (4.8) u (4.9) cuenyer, u4TO CTPYKTYpHHIH ¢aKTOp paccesiHus,
OfpeesIoniHil MHTEHCIIBHOCTD pacCesHnsa, paBCH

S

|F (k) 2= 2 f, cos 2 (hu,, |- ko, -+ lw,)
n=1

2

_+._

K 2
A X Fosin 2 (hu, + ko, + w,) | . (4.10)
=1
Ecnn Bce aTombl KpucTasja OAHOro copra, 10 fi=f,=...=f u
F (hkl)=f Eez.ﬂ:i Ruptkontlon) = fS, @.1n

n=l
rle

S=

n

Mu.

e (hun+ku,,+{wn). (41 ]a;
1

f

PaccmatpuBas pelleTKy UEHTPHPOBAHHOTO KyBa KaK CJIOXKHYIO, C
6asucom (0, 0, 0; 1/2, 172, 1/2), nosyunum
S=1 - hth+d,

Ecau h -+ k£ -+l —mHeuetHoe uuctio, 1o e Rik+h — 1 4 §=-0, 1. e.
HHTEHCHBHOCTb COOTBETCTBYIOUIMX MAKCHMYMOB paBHa HYIIIO.

TakuMm 06pa3oM, B OOBLEMHOLUEHTPHPOBAHHON KyBHUecKOl peller-
Ke, COCTOsle M3 aTOMOB OJHOro copTa, He OyAyT, Hanpumep,
HaGmonatbcs Makcumymel wHTepdepenuun (100), (111), (210), (300)
u T. 1. Koneuno, aasi peuierky o6beMHOLEHTPHPOBAHHOrO Kyba
9TOT JKE PE3YJIbTAT MOXKHO NOJMYUHTh, HE NOJb3YSCh NOHATHEM CTPYK-
TYPHOH AMMIHTYIbl, €CJNi BHJENHTh 3JIEMEHTAPHYIO sI4EiKYy, COOT-
BETCTBYIOLLYIO NPOCTOH pelleTKe.



FJTABA 11
JIEMEHTBI TEOPHUHM TPYNIN N CUMMETPHUS KPUCTAJIOB

§ 1. Baepenne

1. B @usKKy H, B 4acCTHOCTH, TEOpUIO NOJYNPOBOAHHKOB BCe
GoJsice NMPOHHKAIOT METOJbl TEOPHH TPYIIM.

HecmoTps Ha To, 4TO Teopusi TPYNM K ee NpPHUMEHEHHE K PU3HKe
U3JOXEHBl B psile MOHOTpapuii H yueGHUKOB!), MBI COUJH HEOGXO-
JQHMBIM TOCBATHTD €H OTAEJIbHYIO TJ/aBy.

Bo-nepBbiX, GOJBLWIMHCTBO KHHT 1O TEOPHM TpyNN HalHCAHO
CJIMIIKOM CJOXKHO H COAEPXKHT CJHWIKOM MHOrO MaTepuaja, BO BCs-
KOM cyyyae, Ass (DH3HKOB-3KCMepHMeHTaTopoB. Bo-BTOphIX, Mbl He
cTaBHM cebe 1e/bl0 O0YYHTb YWTATe s NMPHMEHEHHIO TEOPHH TPyI,
KaK 3TO jiejlaeT OOJIBIIMHCTBO KHHF, 4 XOTHM TOJIBKO O3HAKOMHTH
€ro C TeM MHHIIMYMOM, KOTOPblH HEoOXOAUM A/ MOHUMAHHS Oa/b-
HeAWHX TIJIAaB KHHCH H COBPeMEHHBIX cTaTtef Mo (H3HKe mnoaympo-
BOJHHKOB.

Teopusi rpynnm cTaBHT cebe Leqblo, HCXOAsS TOJBKO H3 CBOHCTB
CHMMETDHH (DH3HYECKOH CHCTEMbl, OTBETHTL 11a psJl BONPOCOB, CBA-
3aHHBIX ¢ ee cocTosnueM. Ilpw aTomM Hac Oyner rjaBHbIM 06pasom
HHTEPECOBATL CHMMETPHS MNOTEHIIHAJBHOTO MOJIA, AeHCTBYIOMEro Ha
CHCTEMY (HanpuMep, CHMMETPHA TNepUOAMUECKOro 1NoJs, NeHCTBYIO-
IIETO HA 3JEKTPOHEl MPOBOAMMOCTH B KPHUCTaJJe), a TaKXKe CHMMeT-
pud, cBs3anHasd ¢ obpalleHHeM BpeMeHH: ! — —{.

PaspiBas HekoTopble ofliHe METOAbl, TEOPHS TPYMIN TO3BOJASET:
1) cHcTeMaTH3HPOBATL KPHCTAJJIBI MO HX CHMMETPHH, 2) Xaaccudu-
IHPOBATh HOPMaJIbHEIE KOJleGaHua KPUCTada, J) KaaccHQUUpoBaTh
KBaHTOBOMEXaHHYECKHE COCTOSIHHA 3JIeKTPOHOB MPOROANIMOCTH B XPH-
crajjle H 3JeKTPOHOB Ha NpPHMECHBIX atoMax, 4) onpefe/uTs mpa-
BHJIa OTOOpa AJsl MATPHYHBIX 3JIEMEHTOB MEpPeXoia B CHCTEME H Ap.

') Solid State Theory./Ed. by P. T. Landsberg. — London, 1969, raase 1V
H V-—oueHb MOCJEA0BATENLHOE H TMOHATHOE Hanoxenwe, Tinkham M. Group
Theory and Quantum Mechanics.—New-York, 1964—of#a #3 NyYLINX KHHT 10
NPUMEHEHHIO TEOPHH TPYNn B ¢H3RKe (COGCTBEHHO TLEPAOMY Tesy MOCBALIEHA
Tobko nocieansia VIII rnaga); Bup T JL, Tluxye . E. Cammerpus u ge-
Gbopmaunonnvie pdexrol B nonynpoBognKkax,—M., 1972—Bechma oSuiHpHOE K
riyGoKoe H3JIOKeHHe BONpoca,
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2. PaccMOTpHUM IBa NMPOCTBIX IPIAMCpA, KOTAA CJIEJCTBHS, BbITe-
Kalolllie H3 CHMMETPUI CHCTEMbl, MOCYT GLITL IOJIYUYeHbl 3JIeMeHTap-
HbIM AYTCM, 6€3 TphMelieHHsl anmapaTta TeophH FPyM.

A. PaccMoTpIiiM aToM Tejiist, y KOTOPOrO HMEIOTCS 1Ba 3JEKTpO-
Ha. Ecann npexebpeub cnaGbiM B3akMOAeHCTBHEM MeXAY CHHHAMIT
57EKTPOHOB H ¥X OPOHTANbHBIM [BHXKEH!CM, TO TOJHAs BOJHOBAd
(QYHKUHS 3JEKTPOHOB MoMeT ObiTb NPEACTaBJeHA B BHAE [POU3-
BeJleHHs1 KOOpJAHHaTHOH ®yuxuuu P (r,, r,) (r,, ¥ r,— pagxychl-
BEKTOPHl JIEKTPOHOB) HA CMHHOBYIO MYHKUMIO V (S,;, S,0) (S, H S, —
MPOEKUHH CIUHOB 3JEKTPOHOB Ha oOcb z). B cHay KBaHTODOH He-
pasaHY¥MOCTH 3/1eKTPOHOB KOODAHMHATHAS YacTb BOJHOBOIH (GyHKUHH
P (ry, r,) MPH NepecTalOBKe 3JEKTPOHOB MOXKET MPHOGPECTH TOIBLKO
MHOXMTeNIb €, paBHbIl no MoAy/o ejuHuile. Ho B peayabrare
JABAXKAB MPOHM3BEAEHHOH MEPECTAHOBKH 3JEKTPOHOB

Y(ry, r)=ep(r,, r)=e(r, r,),
oTKyJa e*=1 u, caepoBatenvho, ¢=-+1 nau e=—1. Takum 00-
pas3oM, Mbl MOXEM KJ/1aCCH(HILHPOBATL COCTOSTHHS 3JIEKTPOHOB B aTOMe
reJsus:

Y (ry, ry)=v(r, r,)—napaeeauti ¢ CHMMETPHYHOH KOOpAHHAT-
HOU BOJIHOBOH (yHKUHel;

Y (r,, r,)=—Y(r,, r,)—opmozesuil c AaHTHCHMMETPUYHON KOOp-
JMHATHOH BOJIHOBOH (PYHKUHEH.

Tak xak nosHas BoJHOBasl QPyHKLUMS, PABHAS IPOH3BEJEHHIO
Y (ry, #,)Vv(S,, S,;), AOMKHA ObiTb, B COOTBETCTBHU C MPHHIUIIOM
INaysan, aHTHCHMMETDHYHOH, TO CHUHOBas BOJIHOBasi (YHKULHSA
v (S;, Sy;) ANA Taparesust aHTHCHMMETDHYHA, a MJIsl OPTOreJusi —
CUMMETpPHYHA.

W3 cuMMeTpuH, . CBSI3aHHOH C I@PECTAHOBKOH HEPa3JiyHMbBIX
3JIEKTPOHOB, CJeJdyer, UTO Maparesuid ¢ aHTHCHMMETPHUHOH CITMHO-
BOH (YHKIUEH COOTBETCTBYET CUH2ACHIHOZ COCTOSIHUE C TPOTHBOINO-
JIOXKHO HaNpPaBJEHHBLIMH CIIHHAMH ¥ C OGLLUM CITHHOM, PABHBIM HYJIO;
AHAJIOTHYHO MOXHO MOK23aTbh, YTO OPTOTEJHI0 ¢ CHMMETPHUHON Cry-
HOBON (yHKilHEH COOTBEICTBYeT mpuniemnoe COCTOSIHHE ¢ Napad-
JeJbHBIME CTTMHAMH, € CyMMAPHBIM CITHHOM, DaBHbIM 7i.

B camom gese, nyctb (i) # P (i)—cOuHOBble (PYHKLHHK {-TO
3JIEKTPOHA JIIsl CIHMHOB, COOTBETCTBEHHO HAIPABJEHHBIX «BBEpX» H
«BHH3», TOIA@ TPH CHMMCTPHUHBIE CMHHOBHlE (QYHKUMH IS OGOHX
5NeKTPOHOB paBHBI

a(e @), p(p), “OEALOLO,
rae V'2 BBefeH A8 HOPMHPOBKH. MOXHO [0Ka3aTb, WTO NOJIHbI
CTIHH KaXJAOTO M3 3THX TPeX COCTOAHMI paBeH A (Iisi mepBbiX JBYX
310 04eBnano ). C ApYrof CTOPOHBI, MOXHO COCTABHTH TOJBKO OLHY

1) Haa Tpetvero eMm. Baoxuuues J. M. OcHosbl KBaHTOBON MeXaHHKH.—
5 nag. —M.: Hayka, 1976, § 12].
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AHTHCHMMETPHYHYIO CTTHHOBYIO QYHKUHIO, PABHYIO LAOK (2)17_: @8 M ,

¢ o6lWHM CIIHHOM, PaBHBIM HYJIO.

MBbl BHANM, 4TO KJacCHPHKALHIO SJIEKTPOHHBIX COCTOAHHH aToma
resHss MOXKHO TPOH3BECTH HA OCHOBAHHH TIPOCTBIX COOOparkeHui
CUMMETPHH, CBSI3aHHBIX C HEPA3JHYMMOCTHIO JIEKTPOHOB.

B. B kauectse BTOpPOro InpuMepa pacCMOTPHM MATPHUHBIH 3Je-
MEHT JMIIOJBHOIO MOMEHTa

M= §§ 93 (7) 2, (r) dx dydz,

BO3HUKAIILKHA B aToMe, ecJlM 3JeKTPHUECKOe NOJI€ CBETOBOH BOJIHBI
KoJie6nerca BAOJb OCH Xx. 3deck ¢, (r) u ¥, (r)—BoJHOBbE (YHK-
LMK BAJIEHTHOTO 3JIEKTpOHA B aToMe. BeposiTHOCTb NOrJIOWEHHS
cBeTa B JMNOJBHOM NMpUOGJUNKEHHH JAs nepexoja P, — ¢, npornop-
LIMOHAJIbHA KBAajAPATY MOLYJS MATPHYHOrO ajemenTa, T. e. | M, [*.
CocTosiHUS 3JIeKTpOHa B chepHYecKH CHMMETPHYHOM noJe aTtoma
MOXKHO KJIacCH(QUIUHPOBATD 110 ero opéUTaILHOMY KBAHTOBOMY YHCIY [

[=0,...,5—COCTOSIHHE HEBLIPOXACHHOE,
[=1, ..., p—cOCcTOsHHE TPHXIbl BbIPOKAEHHOE,
[=2,... d—cocrosiiie NMATHKPATHO BBIPOKICHHOE

H T. A.; S-COCTOSIHHIO COOTBETCTBYeT CcdhepHUeCKH CHMMETPHUHAs
BoJIHOBaA QyHKUHS Y, (r) (r=|r|); p-cOCTOSHUIO —TPH BOJHOBbIE
GYHKLHH, KOTOphie MOTYT OBITb 3amucaHbl B dopme: x¢(r), yo(r),
z@(r) ¥ T. 1. Dra PopMa BOJHOBEIX (DYHKUHH 3JEKTpPOHA SBJAETCA
HENMoCPeJCTBEHHLIM CJIEACTBHEM chepHuYecKod CHMMETPHH JeHCTBYO-
Llero Ha HEero mnoJs.

Jlerko Bujerb, 4TO ecan 06a COCTOSIHHS SJIEKTPOHA P; H P,
SIBJAIOTCA  S-COCTOSIHUSIMH, TO TNOJABIHTEr pajbHOE BbipameHHe B M,
6yaer HeuerTHOH (yHKUHMeH X, NO3TOMY HPH UHTErPHPOBAHHH NO X
Or —oo Jo --oco HHTerpas 6yjer paBeH HyJio. Eciu e ofHO
COCTOSIHHE €CTb §-COCTOSIHHE, a BTOpPOE — p-COCTOAHHE, TO AJI BOJ-
HOBOH Q®YHKUHH p-COCTOSIHHS X@ (r) NMOABIHTEr paJIbHOE BhIpaXKeHHe —
yeTHas (QYHKIHS OT BCeX MepeMeHHbIX M, CJeJOBaTesbHO, M, =% 0.

Myl npHXOMMM K CllelyiollHM INpaBHJaM orGopa. B aunoabHoM
NPHOJTHMEHHH BEPOATHOCTb NMOrJIOLLEHHS CBETa NMPH MEPexofie Mexay
S-COCTOSIHHAMH paBHa HyJw. EcJH Xe mepexols COBepILAKOTCS
MEXJY S- M p-COCTOSTHHSIMH, TO OHa OTJHYHA OT HyJ.

Teopusi rpynn Ho3BoJifieT OTBETUTb Ha BOMPOCH!, NMOJOGHBIE pac-
CMOTPEHHBIM B NyHKTax A u B, ¥ B 3HayuTesNbHO GoJiee CJOXKHBIX
caygasx.
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§ 2. JaeMeHTH AGCTPAKTHOH TEOPHH rpynn

1. Tpynno# HaspiBaeTCs1 KOHEWHOE HJIH GECKOHEYHOe MHOMKECTBO
pasnuuHbIXx 3nementoB: A, B, C, ..., P, @, R ..., ynoBJIeTBo-
psioliue CNeAYIOIHM YeThipeM CBOfiCTBaM.

I. lng kKampo¥t nappl 3JeMEeHTOB, B3ATHIX B ONpeAesIeHHOH IIo-
CJIEJIOBATENbHOCTH, ONpefeNeHo NeHCTBHEe YMHOMXEHHSI'), B pesyJib-
TaTe€ KOTOPOro MPOM3BENEHHIO COMOCTABJSIETCS ONpefeseHHbIH 3je-
MEHT TOro e MHoMecTBa. Hanpumep, npousBejienue 3/1eMeHTOB B
Ha A Hauero MHOXeCTBA PaBHO 3JIeMEHTY TOro e MHoxecTtBa C,
4yTO 3amuchBaercs Tak: AB=C?2).

ITpuMeuyaHue: B obweM cJayuae npoHU3BeJEHHE 3JEMEHTOB
rPYOnbl HENepeMecTUTENbHO (HEKOMMYTaTHBHO), T. e. ABstBA;
€CJIH e BCe 3JIEMEHTbl CPYNNbl KOMMYTHPYIOT Mexpy co6oto, TO
rpynna HasblBaeTcs abeaefol WM KOMMYMAamueHOL.

II. Ins npou3BeneHHs] 3JeMEHTOB T'PYINIBl CHpaBefJMB coyeTa-
TeJIbHBIH (acCOLHATHBHHI) 3akoH, T.e. (AB)C = A (BC).

111. MHOXeCTBO 3/1€MEHTOB T'PYINIbl AOJIKHO COAEPKATb 3JEMEHT,
HasblBaeMblll edunudnoim (Mbt 6yleM obosHauath ero E), ofsapnaio-
wHi cBoiictBoM ER=RE =R, rie R—mo6oil 3JeMEHT IpYyIIbL.

1V. Ins Kaxaoro 3jeMeHTa rpynisl @ HoJKeH Cpedd 3JEMEHTOB
rpynnsl CYINECTBOBATb 06pamusil 3JeMeHT (Mbl GyjeM o003HauaThb
ero @~1) takoit, uto Q'@ =QQ@'=E

ITpumeyanue. IlokaxeM, 410 (ABC) =(C-1B-1A-'. B camom
nene, (ABC) 1 (ABC)=E: ymHOXas ofe 4YacTH NOCJERHEro paBeH-
crBa cnpaBa Ha C-1, sareM Ha B~! u 3ateM Ha A~! M HENOJb3Yys
coueTaTeNbHEI 3aKOH, MOJYYHM TpebyeMoe,

3aMeTuM, YTO YHCJO 3JIEMEHTOB KOHEYHOR TDYNNbl Ha3bIBAETCA
ee nopadKoM.

2, Tlpumepn rpynm.

A. Ilesible MONOXKHTEJbHbIE ¥ OTPHUATE/NbLHBIE YHC/IA H HYJb 00-
pasytor OeckoHeunyito (aGesieBy) rpymmy, €cJd MNOA YMHOMXEHHEM
B rpynmne moHMMaTh ajareGpaHyeckoe cJjoxeHue. ENMHHUHBIA 3se-
MEHT B 3TOM CJyuae paBeH HyJo (E=0), oOpaTHLii 3JeMEHT MJIs.
sneMeHTa (yucaa) Q pasen — Q.

ITo oTHOWEHHIO K OOGLIMHOMY YMHOXEHHWIO NEJIble YHCJA [PYMILl
He 06pasyloT, TaK Kak oGpaTHbIl 3jeMeHT 1/Q He sIBNETCH LEJBIM
YHCJIOM, T. €. He BXOOHT B IpYMNmy.

B. MHOXeCTBO BCeX MOJIOXHTEJNbHBIX PalHOHAJBHEIX dHcen 06-
pasyer GecKOHeuHY10 aGesieBY IPYNNy OTHOCHTE/IbHO OOBIMHOTO apug-
METHYECKOro YMHOXeHHA. B 3TOM ciyuae eiHHHYHBIH sieMenT £ =1,
Heum Q=A/B, To Q~1=B/A.

1) Mu He OyaeM nucaTh CJOBAa «yMHOXeHHe», «NPOH3BEJEHHE» B KaBBIYKAX,
XOTH COOTBETCTBYLlee AeHCTBHE MOMET GHTh BeCbMa AaJeKHM OT OGBIYHOrO yM-
HOXENHA B aJnrelpe.

%) B npousseleHHH MHOXHTENH YHTAKOTCA CNpaba Haseso.
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B. CoBOKynHOCTb BeKTOPOB @ ofpa3yeT GeckoHeuHyl abenesy
rpynny, €cjy¥ YMHOXKE€HHeM B TpyHne sBJSETCA reoMeTpHYecKoe
CoXeHHe BeKTOpoB: @+ &’ =a". EjuHnunbii anement £E=a=0;
ofpaTHbI 2jeMeHT (@)~ !=—a.

I'. TloyuuTeIbHBIM NPHMEPOM TPYMNNbI ABJIAIOTCA BpatieHHs paB-
HOCTOPOHHETO TpeyrojibHuka 123 (puc. 11. 1) ¢ HeNOABMIKHBIM LEHT-
poM O, npHBOAfilHE K COBNAJEHHIO
ero ¢ camuMm coboil (omepauHu camo-
coBnanzHusa). BhicoTel TpeyrosbHuKa
la, 2b v 3c nepecekarorcsi B LEHTpe
TPeYroJibHHKa O u Asagwprcs OJAHOB-
PEMEHHO ero GHCCeKTpHCAMH H Meaua-
HaMH.

Beemem caepyroumne o603HaueHHA
st OomepalHil caMocoBmajeHHsl Tpe-
YTCOJbHHKA:

1) Bpainenne Ha 180° BOKpyr BHI-
cotel la—A;

2) Bpawenue Ha 180° Bokpyr BHI-
cothl 2b— B;

3) spawenne wa [180° Bokpyr
BLICOTB 3¢—C;

4) Bpawenne Ha yrosn 120°=2m/3, no uacoBo# CTpeJsiKe, BOKPYT
OCH, TMEepNEeHJAUKYJAPHOH K TpPeYroJbHHKY, npoxoasiulell uepes
uenrp O0—D;

5) BpauleHHe BOKDYr TOi e OCH H B TOM K€ HanpabBJeHHH,
KaK W B mpeapiayumeM ciayuae, Ha yroa 120°x2=240°=4n/3 (310
JKe TlepeMelleHHe MOXKHO MNpeJcTaBHTh cefe Kak BpalleHHe BOKPYT
TOH 7€ OCH TNPOTHB YacOBOH CTPEJKH HAa OTPHDATENbHBLIH YIoJ
120° =2n/3) — F;

6) oTcyTcTBHe nepeMelieHHs TpeyroJbHHKa HJH BpalleHde ero
Ha yroJ 2; BOKpPYr Jwbeix oceft — E.

Hapagy ¢ paccMOTpPeHHBIMH ONepalUsIMH BPAULEHHH HMEIOTCS
TaxKxke ONepalHu CHMMETDHH, CBfI3aHHBIE C OTPAXKEHHEM B MNJOCKOC-
TAX, NepneHAdKyAAPHBIX K IJIOCKOCTH TPEeYroJbHHKA, NPOXOMSHX
uepes BbICOTH la, 268, 3¢c. Mbl OyjieM, OJIHAKO, pacCMaTpHBaTh TpyMNy
6-ro nopsaxka, CoCTOSILYIO M3 OAHUX Bpawenuit A, B,

CnenyeT OTMETHTb, YTO ONEPAUHs CAMOCOBNAJEHHH TeJa MOXKeT
paccMaTpHBaTLCA ¢ ABYX 3IKBMBAJIGHTHBIX TOWEK 3penusa: |) Koop-
AHHATHASA CHCTeMAa (xy) HENOABMIKHA, NepeMelraeTcsl TeJIO; C STOM
TOYKH 3penus onepauws D, Hanpumep, eCTb BpPAILEHHE M pPeyeOrb-
nuxka Ha 120° no wacogoli cmpeaxe, TAK YTO BEPLUNHBI TPEYrOABHIKA
Hepexo;arT Apyr B Apyra mo cxeme: [ —2, 2—+38, 3—1; 2) Teq0
HENO/IB!KHO, HO MEpeMeLaeTcsl KOOPHHATHAS CHCTeMa: ¢ 9TOH TOUKH
apetns onepauna D ecrtb noBopor xoopdunamnofi cucmess na 1207
npomus vacoeot cmpeaku. KHinorga 6yner ypo0Hee nOJIb30BaThCH

Puc. 1.1,
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ONHOH TOYKOH 3peHHs, uHorjga apyro#i. Hamo Toabko moMHUTBH, YTO
BCE ONpefeNisieTCsl OTHOCHTEJbHbIM IeDEeMelieHHeM Tesa H KOOpAH-
HAaTHOH CHCTEMHI.

Ilon npousBesenreM AB NOHHMaeTCs MOC/€A0OBAaTesNBHOE NPHMe-
HeHHe BHayaJse onepauuu B, 3atem onepauun A (aHajoruyso nefi-
CTBHIO onepaTtopoB Ha ¢ynkuuio). [lpu 3TOM BCe ocH BpaileHHS
COXDaHsIIOT CBOE MNOJIOXKEHHe, He NepeMeulasicb BMecTe C TPeyroJb-
HHKOM. M306pasuM npousseseHHe AB nocpeicTBOM CXEMbI:

(1 ( 2 3 (!
AB{AY=a{ A= A=D{ A}
s 2 {2 2 1 3 2
OTKYJa BHIHO, YTO 3TO IpPOM3BEjJEeHHE paBHO D.

JIerko mpoBepuTh, U4TO JaHHOE MHOMXECTBO H3 IIECTH 3JEMEeHTOB
yRoBaeTBopsier BceM I—IV nmoctynatam rpynnsl.

ITpousBenenne IByX 3JIeMEHTOB TPYNMbl gaet sceraa Tperuii. Ha-
npHMep, JIErKO NpoBeputh, 4To AB=D, BA=F, AA=A*=E,
DD =D*=F. TIlocaenosate/ibHoe npuMeHeHue onepauuii B u A
3KBHBA/IEHTHO onepauuu D, a MpuMeHeHHe 3TUX XKe onepauuil B 06-
paTHOM TOpsiiKe SKBMBaJeHTHO onepauuu F. TakuMm o6pasom,
rpynna HeabeJjieBa.

HenocpeacTBeHHO M3 reoMeTpPHYECKOTO CMBicsa cenyer: A~1=A,
B-'=B, C*=C, D*=F, F''=D. B pesyJbrate Mbl MOXeM
COCTAaBHThb CJAECAYIOMYI0O TabJaHLy yMHOXeHHs rpynnsl (taba. I1.1).
STy rpynny LecToro nopsiaxKa oGO3HAYAT YacTo Kak Dy.

Tadanua I1.1

<« 1-B MBOXHTEIb
(0paBbiit)

2-i1 MuOMUTEND
(nesmfi)
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3. 3amernm, yTo B Kaxjo#l cTpoke M Kaxjgom ctoabue Tabx. 11.1
KaXAplfl 3JIEMEHT TPYNMBl BCTPEYaeTcs TOJBKO OAHH pa3. D10 CBs-
3aHO C TeM, YTO ecJid Mbl umMeeM rpynny A ={A,=F, A,, A,, ..., A,)}
NOPAAKAa A M COCTABMM MNPOU3BEJEHHE H3 BCEX 3JIEMEHTOB TIpYIIbI
Ha OJMH M3 HHX, T. €.

AE, A, A, ..., A, @.1)

TO MBI NMOJIYYHM BCe 3JIEMEHTBbI TPYNIbI, HO B HHOM Nopsike (cdsue
no epynne). B camoM jese, Ijisi 3TOro HaJgo TOJNbKO MOKa3aTb, 4YTO
BCEe MPOM3BEJEHHUS pasHble, TAK UTO He MOXKET, Halpumep,

ApAy = A4As;

B CaMOM JeJie, YMHOXKHM cJieBa ofe 4acTH 3TOro paBeHCTBa Ha Azl,
toraa A;'A A= AitA A, wm EA,=EA;, nim A;= A, B nporu-
BOPEYUH C ONpefesieHHEM TpYNMBl.

Ecnu Mbl 6yneM xakoi-su6o sneMeHT A, BO3BOAHTbL B CTElNeHb,
To 6yleM NoJyuaTh Apyrue 3JEMEHTH TPYMNbl J0 TeX Mop, MOKa
He JIOCTHTHEM CTENEHH n, HAa3LBAaeMOH nopadkom 3J1eMeHTa A,, TaKo#,
uyro Af=E. B peayJbTate NONYYHM [OCJEAOBATEJLHOCTD 3JEMEHTOB

A, A% AL, ..., AL=E. 2.2)

ITpu nanbHefiieM Bo3BeJlEHHM B CTEEHDb 3Ta NOCJENOBATEBHOCTD
6yzner nosropaTtees (A= AfA,=EA,=A,), no3ToMy OHa Ha3bl-
BaeTcsi nepuodom snementa A, n obosHauaerca: {A4,}. Hanpumep,
as snementa D rpynmnet D, nmeem {D}={D, D*=F,
D3 =E}.

OyesunHo, 4TO mepuox asementa A, o6pasyer aGeseBy rpynmy
nopsiika n, OHa Ha3blBaeTcs yuxaudeckod. Boobiue, ecau Mbl B 3a-
JAHHOH Tpynne MOXeM BBIJENUTh HEKOTOPOE MHOMKECTBO 3JIEMEHTOB,
TOXe 00pasyioliuX Ipynny, To OHa HasbiBaeTcs nodepynnoti. Takum
obpasom, E, D, F—rmogrpynna rpynnel D,. TpuBHaabHOH nof-
PPYONOH NEpBOro MOpsiiKa (AJA KaxAOH TPYNIH) SIBJASETCH €XH-
HU4HBIA 37eMentT E. Tak Kak Kaxias IOATpYMNNa JOJEKHA COZep-
KaTh €IMHHUYHHIA 3JIeMEHT, TO U3 TpPYNObl MOXET GBITh BbIAEJEHA
TOJIBKO OJiHA NMOATPYNINA, TaK KaK OCTABILHECH IMOCJE ee BblieJeHus
3JIeMeHTH BOOCIE He COAEpKAT €AHHHUYHOrO 3JeMEeHTa.

JJisl KOHEYHBIX TPYNN MOXHO AOKas3aTb, WTO NOPANOK MOATPYI-
N6 g ecTh LeJHIHA JennTesb NMOpsiAika rpynnsl A, T. €. h/g—uenoe
YHCT0Y).

HOna  uwukauyeckoit nomrpynnel  {D} rpynnst D, umeem:
6:3=2. Orciofa, B 4YaCTHOCTH, CJeAYyeT, YTO €CJH NOPSAOK TpyM-
nbl h—MpocToe YKHCJO, TO OHA MMEET TOJILKO OAHY (TDPHBHAJBHYIO)
noxrpynny E.

1) Burnep E. Teopus rpynn.—M.: HUJ, 1961, c. 77,
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4. ToBopsAT, YTO 3JeMeHT B compsikeH sjementy A, eciu
B=V—A4V, (2.3)

rae V—oauH U3 anemeHToB rpynnbl. YMHOXKas (2.3) Ha V chaeBa u
V-1 conpasa, nosyuum

A=VBV-1=(/-1)1BV-1=U"1BU,

rie U=V-I—T1oxe HEKOTOpHIH 3JeMeHT rpymnnbl. TakuM o06pasoM,
ecnd B conpsxen ¢ A, to A conpsxed ¢ B.

[Toxaxem, uto ecqu B compsxed ¢ A u C conpsiken ¢ A, To
B conpszxen ¢ C. Vmeem

B=V-14V, C=X"1'AX,
Torpa A=XCX1!, a
B=V-1XCX-WV=(X"V)"1CX~-V=2-1CZ,

rae Z= X"V -—Toxe HEKOTOPBIH 3JEeMEHT Tpymnrbl. TakuM 06pasom,
ecan B (2.3) Mel BMecTO V GyaeM mocsiefoBaTesIbHO TIOACTABJISTE Bee
3JIEMEHTHl TPYNIH, TO NOJYYHM COBOKYIHOCTh BCEX B3aUMHO CONpS-
JKEHHBIX 3JIEMEHTOB, KOTOpas HasblBaeTcsi kaaccom. ONpefesuM Kaace
rpynnel Dy, conepxaluil snemeHT A; 3/7eMeHTHI, CONpSKeHHble ¢ A:

E-'AE=A, A-'AA=A, B'AB=B"'D=C,
C-'AC=B, D 'AD=C, F-'AF=B3B,

rae Mbi BocnoJsibaoBasauck Tab6a. I1.1. Takum o6pasoM, coorserct-
BylOWUA Kaace ecte: A, B, C.

Enunuuselil anemeHT caM no ceGe o6pasyerT KJacc, TakK Kak
V-1EV =E pna mob6oro V. Jlerko moxasaTb, 4TO 3JieMeHTH D u F
ToXe obpasylor Kjacc rpynmet D,. Takum oGpasoM, rpynny D,
MOXHO pa3GUTb Ha TPH KJacca:

1) E, 2 A, B,C, 3)F,D. (2.4)

Bcsikasa rpynma MoxeT ObITh pasbuTa Ha KJAacchl, NPHYEM OJIHH
U TOT )Ke 3JIeMeHT He MOXEeT BXOIAHTb B ABa pasHBbIX KJacca.

Kaxnpiit snement aGeseBoil rpynnsl oGpasyer Kijacc. B camom
nese, 1y abeJsieBoll (KOMMyTaTHBHO#M) rpynnel VAV =V-VA=A
s oboro V, T. e. KaXABIH 3JIEMEHT CONPSKEH TOJbKO C CaMUM
co60il.

ITonsiTHe Ksacca upe3sbiyaitHo Ba)KHO. OHO, KOHEYHO, He COBMa-
aeT ¢ noHsTHeM moArpynubl. Bcee xisacchl, kpome E, Hampumep
Kaacchl 2) v 3) B (2.4), He HMEIOT eUHHYHOTO 3JIeMeHTa, §e3 KOoTo-
pOr0 He MOXET CYLeCTBOBATb MOArpPYNMa.

Ioarpynna, cocTosilias H3 ONHOTO MJIH HECKOJIBKHX UEJBIX KJac-
COB, Ha3blBAETCA UHBAPUARMHOU WM HopMmaabHbism Oeaumenres. (Bo-
of1Lle TOBOPS, NOATPYMNA He BCETjia COCTOHT H3 LEJIOT0 YKCJIa KJIACCOB, )

Ecs nostoMy a— asieMeHT MHBapHaHTHOH MOArpynmet %% rpyn-
nbl G, T0 BCe a/leMeHTHl a' =g~ 'ag, rae g— MoGoH aJieMeHT rpyNmsl
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G (g € G) npHHaANEXUT HHBApUAHTHOH NOArpynmne (310 CJeAYET H3
TOTO, YTO BCE 3JEeMEeHThl KJacca BXOAST B NOArpynny 7).

Bce sneMeHTB OJHOTO KJacca UMEIOT OJMH H TOT Ke NOPSIAQK 71;
B caMoM jfieqie, ecad A"=E, 10 B1=(V-1AV)"=V-14AVV-14V. ..
. VTMAV =V-1A7V = E. Jlerko yBujaeTh, YTO 3JIEMEHTBl OJHOTO
Kaacca 06,1aJal0T HEKOTOphIM «HofobKem». Kaace 2) B (2.4)—Bpa-
wenust Ha yroa 180°, a ksacc 3) —BpaweHus Ha yroa 120°. B paab-
HefilleM Mpl 60J/iee TOYHO YCTAHOBHM CYLLHOCTb «[IOJOGHA» 3J1E€MEHTOB
OJIHOTO KJacca.

5. IlycTb umerorcs ABe, BooOue TOBOpSA, He aGeseBbl I'pYMIbl

U={A,=E, Ay Ay, ..., Ans}, B={B,=E, B, B, ..., Bp} (2.5)

NopsiiKOB A, u hy. I1ycTh 3/1eMeHTHl Pa3HbIX UPYIIN PasJHUHbL (KpoMe
equuuuHoro: A =B =E) 4 KOMMYTHDYIOT ApYrL C ApYroM, T. e.
A.B,=B,A, (naa Bcex k u ). CocTaBum h,h, npousBefenust A,B,
¥ [OKaXeM, YTO 3TO MHOXKECTBO— FPYINaA.

B nepByio ouepeab MOKaXKEM, UTO NPOH3BEAEHHE JABYX 3JEeMEH-
TOB MHOXKECTB2 €CTb 3JIEMEHT TOrO XK€ MHOMXECTBa:

(AwBr) (AxB)) = (Ar-Ay) (Bi.B)) = A,B,,
rne ApA,=A, w B.B,=B,. Ilpousserenne A,B, ecTb 3/eMeHT
TOTO K€ MHOMECTBA.

[Tokaxem, yto y MHOXecTBa A,B, CyliecTByeT eIHHHYHBIH H
0oGpaTHbIE 3JIEMEHTD!.

Ma (2.5) cmepyer, uTo eAMHUYHbIA 3/eMeHT mHOXecTBa A,B,
paBed A,B,=EE=E. OOpaTHblit 3jeMeHT 3jemeHta A,B, pasen
(AB)~'=B'Ag*= A;'Br' v ToXe NPHHAIEKHT PACCMATPHBaEMO-
MY MHOXECTBY.

Fpynna u3 aseMeHTOB A,B, Ha3bIBAETCSA ApAMbIM NpOUICEDEHUEM
rpynn U u B u obosnauaercs uepes U x V. Ilopsgok rpynmnel nps-
moro npousseseHuss UXB paBeH NPOH3BEAECHHIO HOPAAKOB T'pymN
AuB

DneMeHTBl KJjacca rpynmel U XDV, onpemensieMoro 3JeMeHTOM
A.B,, paBHbl
(Ap.B;)~* (AxB,) (Ar.B,)) = B} A5t A,B,A,. B, =

= (Az!A,Ay) (Bi*B,B,) = AwBy, (2.6)
rle Mbl BOCHMOJNb30BAaJNHCh KOMMYTATHBHOCTBIO 3JIEMEHTOB, OTHOCS-
muxcsa K pasubiM rpynnam A u B, B (2.6) A, u B, nociaenosa-
TeJbHO PaBHBL BceM sjementaMm rpymn U u B. Ecan A, npunaane-
XUT HEKOTOpPOMY KJaccy o rpynnsl ¥, a B,— HeKoTOpoMy KJaccy f
rpynnsl B, 10 Ap u B, ToXe NpuHanjexar Kaaccam « K B. Dae-
MeHT Ap.B,, 6yler npunajjiexartsb kJjaaccy rpynnsl U x B, npoucxo-
asaweMy ot KaaccoB o H i rpynn U u V. Takum o6pasoM, Kax oK
nape KaaccoB rpynn U u B coorBerctByer kaacce rpynmsl U x B,
C/IeJOBATe/IbHO, YHCJIO KJACCOB NMPSMOrO MPOM3BEEHHA T'PYIIN PABHO
NPOH3BEJIEHHIO YHCJIA HX KJaccoB.
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6. ITycrs uMerorcsl fBe rpynnbl «HELWITPHXOBAHHAS» H KIUTPHXO-
Banuas»: G=1A, B,C,...,Q, ...} uG ={A",B",C",...,Q", ...},
BoOOILe TOBOPSA, C 3JeMeHTaMH Pa3HOH NPHPOALI H Pa3HbIM CMbIC-
Jgom. Ecay Mexay sJjemeHTamu ofGeHX TpyNn MOMHO YCTaHOBHTL
TaKoe B3aWMHO OjIHO3HAuHOe cooTBeTcTBHe: A« A', BB, ...
oy, QeQ, ..., utoBb npH BA=Q wumeno Mecro B'A'=Q’,
T. €. 4yTOGBl [1s1 00edX TpYNNn HMesaach OAMHAKoBas TabJuua yMHO-
KEHMSA, TO TPYNNbl HA3bIBAIOTCR U30MOphHbimu. Hlanpumep, sneMeH-
TaMi rpynobsl G MOrYT SABJSIThCS ONepaluy JABHXKEHHST TeOMETpH-
yeckO# QHrypbl, NPHBOAsALIHE ee K COBMNAAECHHIO ¢ cCOOOH (CM. rpymnny
PAaBHOCTOPOHHEIO TpPeyroJbHHKa D,), a »JeMeHtamu rpynnsl G’
MOTYT ObITb MAaTPHIbl OJHOTO paHra, NepeMHONXaloWHeCs MO TOH e
tabnuue ymHOmeHusn ') (tabua. [[.1). C Touku 3peHHs abcTpakTHOR
TEOPUH Ipynn H30MOpP(HbIE TPyl TOXACCTBEHHBI.

Ecny 2xe HeckoNbKHM 3JieMeHTaM rpynnsl G CONOCTaBJsieTCH
OMH 3JeMeHT rpynnbt G°, nanpumep: A — A, B—A’, ... Q—Q’,
npu atom H3 BA=Q caepyer A’A’=(A")*=Q’, 1o rpynna G ua-
3biBaercs eomomopgroi rpynne G’. TomoMopduble rpynnbl HMeROT
pasHblii Nopsiaok (tak kak B rpynne G’ BCe 3/EMEHThI JOJKHBI GbITh
pasHbiMH). TprBHaJIbHBIH TIPUMEP TOMOMODP(PH3Ma — 3TO CONOCTaBJe-
HUe BCeM aneMenTaM rpynnel G eaununb: A—1, B—1,..., Q—1
C 3aKOHOM apudMETHYECKOro yMmHOXKeHHst B rpymme G'. B atom
caydae moboOM rpyume CONOCTABAseTCA TIpynna NEepBOro nopsijika
(h=1).

Ecsn kamnoi omepaunn cuMMeTpHH Tpeyrodbiuka (E, A, B, ...)
ua puc. [1.1 conocrasuTh nepecraHoBkKy uucen /, 2 U 3, oTMeuaro-
HIHX €ro BEpLUHHBI, TO MHOMXECTBO MepPeCTAHOBOK (UHCJIO KOTOPHIX
pasHo 3! =6) obpasyer rpynny, usomoppHyio Dy:

Eo(l, 2,8, Aod, 8, 2, B3, 2, 1), ...

§ 3. Toueunsie rpynnsi ?)

1. Takue mepemeuieHHss TeJa KOHEUHBIX Pa3MepoB (Hampumep,
MOJIEK yJIbl), KOTOpble NMPUBOLAT K COBHAJEHHIO €r0 C CamuM Co6oi
(camocoBmazenuio), o6pasylOT TaK HAa3bLIBAEMYKO TOYEYHYIO Tpynmy.
Is Tena KOHEUHBIX Pa3MepOB TAKHMH NepeMelleHHsIMH MOTYT OHIThb
TIOBOPOTHL HA HEKOTOPHE YTJILl BOKPYr OCeH, HMEeWHX 06 Y0 TOUKY
nepeceueHusi, W OTPaXeHHS B MJOCKOCTSX, CONEPIKAILUX 3Ty XKe

1y B caexyowel raase Ml MOAPOGHO PACCMOTPHM STOT CJAywaii.

%) Mpekpachoe u Gosiee TOJHOC M3JIOMEHIC BONPOCA MOKHO HAHTH B KHHIE:
JMauwpay J. I, Judwny E. M. /Teoperuyeckas ¢usmka, T. 3. — Ksanro-
Basi mexannka—3 u3g. —M.: Hayka, 1974, § 91, 93, xoropoii Ml 6au3ko npu-
AepXHUBaeMcsl B STOM naparpade.
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toyky?). Ocb Bpawelusi Ha yroa 2s/n o6osnauaercs yepes C,
a ua yroa p(2n/n) uepes Cf; ecaud n KpaTHo p, TO Ch=Cpp. Oue-
BHJHO, 4TO CP=E -—eJ{HHHYHOMY 3JIEMEHTY, TaK KaK COOTBETCTBYET
NOBOPOTY Ha yrod nQT“=2n UK OTCYTCTBMIO MOBOPOTA, MOITOMY
C,=E.
3epKaJibHOE OTpaKeHie B MJOCKOCTH 0603HAYAETCH CHMBOJIOM O
oyeBHAHO, 0%=E —elHHUUHOMY 3JIeMEHTY. BepTHKaJbHO pachoJa-
raloT o6blYHO OCcb HanboJee BBICOKOH CHMMETPHH (C HanGOMbLIHM
n). TliocKocTh OTpaXKeHHsS, NPOXONALLYIO Yepe3 TaKyl BepTH-
C KaJibHYI0 0cb, 0603HayaloT o, (vertical), a naoc-
7 P KocThb OTpa)ieuusi, NepHeHIUKYJISPHYIO K Ta-
[~ Jer/n kol ocu,—uepes a, (horizontal).
1 3epKkaJibHO-NIOBOPOTHOE npeo6pazoBaHue

!
T (ocb) S, onpenensercs MocJie JOBATEJbHbIM
] NpHUMeHeHHeM IBYX onepalud C, H oy

G ]

4 H 0,C,=C,0,=S,. (3.1)
[N o
R Teno, o6nanailuee 3epKasbHO-MOBOPOTHOH
7 cuMmeTpuefi  S,, coBmajaer camo ¢ COGOH,

Pue. 1. 2. €CJIM TOBEPHYTb €ro BOKPYT OCH CHMMETDHM
Ha yroJ 271/n W NOCJe 3TOr0 OTpa3uTh B IJOCKOCTH, MepIeHAHKY-
JsapHOR K ocH C, (WJH BBIIOJHHUTH 3TH ONEpaluH B 0O6paTHOM IO-
psiake), cMm. puc. I1.2.
U3 (3.1) BumHo, uto S,=0,. Baxubll yacTHbfl caydaii:

0,C,=C,0,=85,=/J, (3.2)

rae J—onepauusa uneepcuy. ITpH ollepaiuy HHBEPCHH KamAas TOYKA
Tesna P npeo6Gpasyercs B Touky P’, Jexauwylo Ha DpsMOH, NpPOXO-
P

5
nawel depez P W HemonBHxHbIA uentp O, Tak uro OP =—O0P’.
[Ipu npuMmeHeHWM omepaTopa WHBEPCHH J K KOODAWHATAM X, y, 2
OHH MeHsIOT cBoft 3Hak, T.e. J {x, y, 2} ={—=x, —y, —z}, nostomy
npaBas KOODIMHATHAS CHCTeMa nepeXxofuT B Jesylo. U3 (3.2) cue-
ayer, yro Jo,=C, 0 JC,=0,; TakKuM 06pa3oM, TPH 3JI€MEHTa CHM-
MeTpHH C,, 6, H J B3aUMHO CBS3aHBI, TAK YTO HAJHYHe JBYX H3
HUX aBTOMATHYECKH NPHBOAHT K HAJHUHIO TPETbEro.

2. YkaxeM pSL reOMETPHUECKHX CBOHCTB, MPUCYIUHX MOBOPOTAM
BOKPYr OCH M OTPa¥eHHAM B IIJIOCKOCTH, MOJE3HLIX NPH H3YyYeHHH
TOYEUHEIX TPYII.

W3 xnHemMaTHku TBEpAOro Teja XOpOLIO H3BECTHO, YTO ABA IO-
CNIeNOBaTENbHBIX TIOBOPOTA BOKPYT NepeceKalomMxcsl oceil 3KBHBa-

1) B camoMm fente, ec/H OCH BpauleHHs! (M IJIOCKOCTH OTPaXXEHH:) He HMEIOT
ofuiefi TOUKH (JHHHMH [epeceyeHHs), TO 0CJeNOBATeNbHBIC ONePAUHH BPALIEHHH H
OTpaKeHHH MOryT OPHBECTH K NOCTYNAaTe/JbHOMY ABHJKCHHIO TeJa, NpH KOTOpOM
OHO COBMECTHTBLCSI ¢ COGOH HE MOXMET.
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JIEHTHBl OJHOMY MOBOPOTY BOKDYI OCH, NPOXOAALIEH uepes Ty xe
TouKy '). TIpH 5TOM pe3ysbTHPYIOLWH MOBOPOT 3aBUCHT OT NOPAA-
Ka, B KOTOPOM NpPOH3BOAATCA 06a MOBOPOTA (T. €. NOBOPOTHI HAa KO-
KOHEUHBIE YIJIbl HE KOMMYTHPYIOT; MO3TOMY HX HeJb3s W306paKathb
BEKTOPAMH).

ITocnenoBaresibHOe OTpakeHHe B JBYX [epeCeKaloWpXcs APYyT
C APYrOM IJIOCKOCTAX 3KBHMBAJIEHTHO NOBOPOTY BOKPYT OCH, COBHa-
Aajolleit ¢ MPSAMOM NepeceyeHns MJIOCKOCTe#, Ha YroJi, B JBa pasa
GONMbIWHA yraa MeXIY IJIOCKOCTAMH @, )
T. €. pK’ 6'

0,0, =C (2¢). (3.9) AN °

okasaTenbcTBO 3TOH TEOPEMBI HENOCpe- N

CTBEHHO  BBITEKaeT H3  PACCMOTPEHUS -
puc. 11.3 (3ameTHm, 4TO H3MeHeHUe MOPSIJ- :
Ka OTpa)keHWH MeHser 3Hak Bpauwenus). 07 -~=I.__ 1

Ymuoxas (3.3) cneBa Ha 0, H YuH- pf‘\--
TblBasg, 4T0 Of=FE, nojyuum Puc. 11. 3
0;=0,C (29), (3.32)

T. €. NPOH3BeJEHHe NMOBOPOTA U OTPAXKEHHS B IJOCKOCTH, MPOXOJs-
wef yepes och MOBOPOTA, 3KBHBAJEHTHO OTPa)KEHHIO B JApyro#t
NJIOCKOCTH, INPOXOAALLEH Yepe3 Ty XKe Ocb H 06pasyIollylo ¢ NepBoi
NJIOCKOCTBIO YroJl, PaBHBIH MOJIOBHHE yrja noBopora. OTciofa Bbi-
TEKaeT, YTO ecauH uyepe3 ocb C, MPOXOAHUT IJOCKOCTH G, TO aBTO-
MaTHYeCKH BO3HHKAlOT ewe n—l1 NJocKocTed OTPa)Ke€HMs, NMPOXO-
IAMHX 4epe3 Ty e OCb, TaK YTO YIJIbl MEX]y HUMH DaBHBL Jt/n.
AHanoruyHo MOXHO NMOKa3zaTh 2), uTo Hajuuue ocd C,, NepHeHH-
KyJasapHo# K ocH C,, aBTOMAaTHYeCKH MPHBOJMT K MOSBJEHHIO €lle
n—1 ocert C,, mepneHAMKYJApHRX K C,, TaK UYTO yTJIbl MeXAy
HHMH paBHHl JU/n.

XoTs pe3yJbTaT JABYX IOCJEfOBaTe/NbHbIX MNpeofpa3oBaHHH 3a-
BHCHT, BOOOLle TOBOps, OT HX MNOpAJKa, B CJAEAYIOLIHX cjayyasx
omepayHu KOMMYTATHBHBI (HepemecTHTesipHB): 1) aBa mNoOBOpoOTa
BOKPYT OAHOH M TOi Xe ocH; 2) ABa MOBOpOTa HA YroJ T BOKPYT
B3aUMHO MEPIEHAUKYJIAPHBEIX ocelf; 3) ABa OTPaXKEHHA BO B3aHMHO
NePNEHHK YIS PHBIX IJIOCKOCTSX; 4) MOBOPOT M OTpaXieHue B MJOC-
KOCTH, TEpIEeHAHKYJspHOR K ocH mosopota (cM. (3.1)); O) mobGon
NOBOPOT (HJIM OTpaXKEHHe) M HHBEPCHS B TOuKe, JexamweHl Ha OCH
BpalleHHs (WM TJIOCKOCTH OTpPaKeHHS).

B § 2n. 4 Mbl yXe yNOMHHAJIH Ha npumepe rpynne D, o
«IoNoBUM» 3/eMEeHTOB, IIPHHAJJIeXallHX K OAHoMy KJjaccy. [na

) 3omMmepdennn A Mexannka. —M.: WJI, 1947, § 22
2} Jlanpgay JI. O, Judbwnu E. M. /TeopeTuueckan ¢usuka, 7. 3. —
KBanToBasi MexanWka—3 HM3g. —M.: Hayka, 1974, c. 4i9.
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0COGiIEHHST 3TOrO JOKAXEM TEOpeMy: JABa NMOBOPOTA HA OJHHAKOBHLIA
Yyroj BOKPYr pasHbiX oceil (HJd ABa OTpPaX{eHHsl B PasHbIX IJIO-
CKOCTAX) MPHHAAMENKAT K ONHOMY KJAacCy TOUEYHOH TpYMMbi, eCJd
CPeAH 3JIEMEHTOB MOocJefHell ecTh OMEpaunn, COBMELLAOWAs pasHble
OCH MOBOPOTa (WJIH pa3Hble MJOCKOCTH OTPAarKEeHHs).
Hoxasamesvcmso. Ha puc. 11.4 usobpamenst ocu Oa u Ob;
3MeMeHT To4edHoil rpynnst B nepeBojuT ocb Oa B ock Ob; C, un
C,—rmnoBopoThl Ha yros 2m/n Bokpyr oceil Oa v Ob. Tlpoussesenne

ahk
- P

% R N . ]
-~ ~ -~ S -~ .
4 Ay 4 A AY
t ] I ) t
\ PR Y (”" L
s e N - il TON N

by

o

g Ts ) 03
Puc. II. 4. Puc. 11. 5.

B-IC, B uMeeT cJaeiylomiH reoMerpudecknii cmeica: ock Oa mnoBo-
pauuBaercs A0 coBnajeHus ee ¢ ockio Ob, BOKpYr mocjepHeit npous-
BOAHMTCA MOBOPOT HA yros 2m/n, mocJe yero ocb Ob moBopauuBaeTcs
10 cosnapennsa ee ¢ Oa. OueBHIHO, YT pe3ysbTaT e€CTh BpallleHHe
Ha yroa 2m/n BOKpyr ocH Oa, T.e.
C,=B"'C;B,

HO 3TO M o3sHayaeT, uto C, W C; B33aUMHO CONPAMKEHHbIE 3/IEMEHTHL,
T. . NPUHALJIERKAT K OJHOMY KJaccy.

JoKa3aTesibCTBO JJisi OTPaXKEHWH B JBYX pasHbIX IJOCKOCTsAX
coBeplieHHo aHajoruuto. Takme oCH | MJIOCKOCTH, KOTOpbIE COB-
MELLAIOTCH OJHHM H2 3JIEMEHTOB TPVYINEI, HA3LIBAKOTCA IKGUEANCHM-
HoLMu.,

Jlga noBopoTa BOKpYr OAHOH M TGil Ke OCHM Ha OJHHAKOBbIE
YIJBI, HO B TPOTHBONOJIOXKHBIX HAMpABJCHIAX, T.e. 2JeMeHTh CF
H (C¥™' npuHanexar K OAHOMY KJacCy, eC/ii CpefH 3/EMEHTOB
rpynnel ¥Meercst ocb C,, NMEpPNeHAMKYJ/SPHAR K OCH NMOBOPOTA, WJIH
NJIOCKOCTh G, MPOXOHsillasi yepe3 Hee. B camom nese, B stoM cay-
yae onepauuu C, H 0, MEHAIOT HalpaBJeHWe BPALleHHA HA MPOTHBO-
nosioxkHoe. B arom cayuae ock Bpaieuns C, HasbBaercst 0syxcmo-
pORHell. 3aMeTHM, YTO OTpaXKeHue B MJOCKOCTH O, MepreH/HKy-
JAsipHOft K ocu C,, e H3MeHsieT HANpaBJ/eHue BPAUIEHUST U HIO3TOMY
He JeJ1aeT OCb JBYXCTOPOHHE.

PaccMoTpuM oCHOBHBIE TOUEeUHBIE TpYNMBl; MPH 3TOM Mbl HE
6yleM CTPeMHTbCA HH K IOJIHOTE, HH K HCUepNbIBAaIOLEMY H3J0XKe-
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HHto Bonpoca., CHMBOJIBI TOYeYHHIX rpynn GyleM n3obpaxaTb XHp-
HbIMH JIATHHCKUMH OYyKBaMH.

I. Tpynnet C,. Drv rpynnsl COCTOAT H3 OAHOH OCH CHMMETDHH
n-ro nopsiika, T.e. CAMOCOBMNajeHWe TesJa MHMeeT MeCTO NpH Bpa-
LIeHHH ero BOKPYr OcH Ha yroa 2a/n. I'pynna uukadueckas,
cocrosimas M3 n aaementoB: C,, Ci, ..., Cr=FE. Kaxabiil s/eMeHT
asnaercs Knaccom. I'pynna C, coctouT M3 oaHoro sjementa C, = E;
el COOTBETCTBYET OTCYTCTBHE BCAKOH cuMMeTpuu. Ha puc. I[.5
H3obpaxeHn Teja ¢ cimmerpueit C,, C, n C;1).

I1. I'pynno S,,. 3epkanbHO-MOBOPOTHAS OCh S, MPH HEUYETHOM
n=2p- 1 CBOAMTCH K OCH CHMMETDPUH C,,,, W NEPIEHLHKYISPHOH
K HeH IIJIOCKOCTH CHMMETPUHM Cy; B CaMoOM JeJe, S%gt}———oh, Tax
4YTO B 3TOM CJiyyae 3epKafbHO-NOBOPOTHAaA OCb COOTBETCTBYET BHAY
cumMmeTpuH, paccmorpentiomy B I[l: rpynne C,,.

INpu wetHoM n=72p rpynna §,,— LUKJIHUCCKAR, COCTOALIAR H3
2p anementoB: S,,, S3,. ..., Sif=FE, Kaxnbiii U3 KOTOPHX ABJKETCH
OTAeNbHBIM KJjaccoM. [pynma §, cOCTOMT M3 JBYX 3JIeMEHTOB:
S,=C,0,=J —uHBepcun ¥ S{=FE-—eAMHNYHOrO 3)eMEHTa, OHa
o6osnauaercss yepe3d C;. Ha puc. 11.6 usobGpaxkeno Teno, umerolee

Cyy
Puc. 1.6,

cumnmerpuio S,. B caMom fesie, mpH BpalleHWM KECTKOro Kapkaca
(H306paKeHHOr0 KHPHBIMKH JHHUsAMU) Ha yroa 2m/4=90° u orpa-
EHHU B IJIOCKOCTH G, MpOXoAsdiel uepes ueHtp O, Kapkac coBna-
JaeT CO CBOMM Haya/ibHbIM MOJOMKEHHEM (4O BpalIEHHS).

Il. Tpynne C,,. dtu Trpynmsl 0OJdy4aloTcsi MPHCOEAHHEHHEM
K ocu C, nmeprneHZHKYJADHOH K Hel mJjockocTy o,. I'pynna cogep-
XKHT 2n 3JIEMEHTOB: 1 NOBOPOTOB BOKPYr ocH C, U n 3epKanbHbIX
noBOpoTOB 2); Cko, =Sk, k=1,2, ..., n (B TOM YHCJE OTpaXKeHWe
Clo,=0,). Bce snemeHtsl rpynnbi KOMMYTaTHBHEI, T. €. Tpymna
aGeseBa; YHCJO KJAaCCOB paBHO UHCJIY 3JeMeHToB. Ecau 7 yeTHo

1) OcH cHMMETDPHH BTOPOTrO, TPeThEro, YeTBEPTOTO W T. A. NOPAAKOB of03Ha-
qalTea yepes @, A, & U T. A

%) pynna gomKHa yAOBAETBOPSTH YCJHOBHIO: TNPOUIBEACHHE ABYX 3/1EMEHTOB
TPYNNBl JOJIXKHO JaBaTh TOXKE SJNEMENT Irpynnn,
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(n=2p), TO rpynna COAEPMKHT UEHTP CHMMETPHH (HHBepCHIO) (T.e.
Cto0,=Cyo,=1J). Ilpocrefimana rpynma C,, COAepXHT [Ba 3Je-
MeHTa £ W 0,; ee of6osnauaior takke uepes C,. Ha puc. 1.6
H3ob6paxeHo Teno, obJanarwuiee cumMerpued C,,.

Tak xax npu uetHoMm n=_2p rpynna C,, , COAEPKHT HHBEPCHIO,
10 rpynny C,, , MOXHO NpPEICTaBHTb B BHAE NPSIMOro NpOH3Beje-
nuad C,,x C;, 'rre C;={E, J}.

1V, Tpymna C,,. 3ra rpynna moayuaetcs, ecau X ocu C, npwu-
COEeJMHHTb NIPOXOASILYI0 uepe3 Hee IJIOCKOCTb 0,. COrJacHo noKa-
3aHHOH BBIlIE TeOpeMe 3TO ABTOMATHYECKH IpPHBEJET K MOABJEHUIO
eme n—1 nJaockocrefl, npoxoasuux yepes och C,, TaK YTO YIJbI
MeX1y HuMH GyayT pasbl m/n. Taxum obpasom, rpynna C,, conep-
KHT 2n 3JIeMeHTOB: # BpalleHH# Bokpyr ocH C, M n OTpaXKeHHH
B IJIOCKOCTAX O,. Hauauune nJockocreidr o, fesaer ocb C, ABYX-
CTOPOHHEH.

Pacnpenenenue no xjaccaM pasyiH4HO AJs WETHHX U HEUETHBLIX 1.
Ecau n HedetHo (n=2p-1), TO nocsaeroBaTe/ibHble MOBOPOTHI
COBMELIAIOT BCE IJIOCKOCTH O, APYr € ADYroM H, cJeloBaTelb-
HO, n OTpa)eHWH NpHHajJexaT OAHOMY KJaccy. Tak kak ocb C,
IBYXCTOPOHHSSI, TO Kaxjas mapa BpaweHuil C%,,, H (CQ?,,,,,)‘1
(k=1,2, ..., p) NIpHHAANEIKHT OJHOMY KJaccy, ofLIee YHCJIO KOTOPHIX
paBuo p. HakoHeu, C32{; = E —eaMHHUHBIH 3/1eMEHT —TOXeE OTAeb-
Hblil Kaacc. TakuM o6pa3oM, Mbl HMeeM Bcero p -+2 KJjacca.

Ecan n detHo (n=2p), TO mnocJejoBaTe JbHBIMH I10BOPOTAMH
MOKHO COBMECTHTh TOJILKO uepeAylolHecsi yepe3 OJHY IJIOCKOCTH;
B 3TOM CJy4Yae HMEIOTCS JBEe CHCTEMbl 3KBHBAJEHTHHIX MJIOCKOCTEH
H, CJEAOBaTeJbHO, ABa KJacca. YUTo Kacaercsi MOBOPOTOB BOKPYT
ocu, 10 C35=E n Cf,=C, obpasyioT Kaxiablil cam 1o cefe kJacc,
a OoCTaJbHble TMOBOPOTHl IONAPHO CONMpsKedbl M AaloT ewe p—1
kjaacc. Taxkum o6pasoM, MOJIHOE UYHCJO KJAaccoB paBHo: 22 4
+(p—=p+3.

Ha puc. 11.6 usobpaxeno Teso, ob6nanawinee cumMmerpueil C,,
(nBe IJIOCKOCTH O, NMPOXOIAT yepe3 OCb CHMMETPHH W XKHUPHbIE AHA-
METphl; IBe JApYrie IJIOCKOCTH feJIsIT MonosaM YrJjel, o6pa3oBaH-
Hble MePBBIMH IJOCKOCTSIMH).

V. Ipynnot D,. Ecau x BepruxkanbHOH ocu cummeTpun C jpoba-
BHTb MNePNeHAHKYJIAPHYI0O K Hell ropH3oHTa/bHYyI ock C,, TO 3TO
aBTOMAaTHYeCKH INpHBeJET K MOSBJEHHIO ellle 11— 1 TOpH30HTAJbHBIX
oceit C,, TaK 4TO yrJbl MeXAy HHMH GyAyT paBHbI fi/n (CM. BbILIE),
YHcj10 3JeMEeHTOB paBHO 21 (n MOBOPOTOB BoKpyr C, M n Bpalle-
HuH Bokpyr ocefl C,). Ock C, saBafercs NByXcTopoHHel. Pacmpe-
JeJleHHe TI0 KJaccaM COBepLieHHO aHaJjoruydo rpynnam C,,. Ha
puc. I1.7 nao6pameno teso ¢ cummerpreil [, (oGpaTHTe BHUMaHHE
Ha pasuuny Mmexay D, u C,,); yetbipe ocu C, NpoXoAsiT uepe3
ueHtp O. 3aMeTHM, YTO TpyNNa pPaBHOCTOPOHHErO TpPeYroJbHUKA
(§ 1.2) ects rpynna D,



§31 TOUYEUHDbIE I'PYIINbl 45

VI. Tpynnut D,,. Ecan po6asutb K cucTeme oceit D, ropusod-
TaJbHYIO MJOCKOCTb OTPaXKEHHS O, TO 3TO ABTOMATHYECKH NPHBE-
JeT K MOSBJEHHIO f BePTHKaJbHHIX IJOCKOCTeH @, MPOXOAAMHX
yepes ocb C, W ORHY H3 MEPNEHIMKYNAPHBIX K Hel oceilt €, (310
caeayeT 3 (3.3a), eCnu NOJNOXKHTb O, =0, M 2¢=180°). Ilosyua-
omasAcsA NpH 3ToM rpymna D, conepXHUT 41 sae-
MEHTOB: 2n 3JeMeHTOB rpynnel [, n OTpaxeHu#

6, ¥ N 3ePKaJbHO-NOBODOTHBIX NpeobpasoBaHuil T .
Ckay,. '\/>
OrpaxkeHUe G, KOMMYTHDYET CO BCEMH OCTafdb- “<_

HEIMH 3JIEMEHTAMH [PYMNILl;, MO3TOMY MOXKHO H2IH-
caTh D,, B Buge npsamoro npoussefesus D, X C;
(mmn C,,xC,), rae C, ecTb rpynna u3 ABYX 3Je-

meutoB E u o,. Otcioga cnegyer, YTO YHCJIO S-t--n
KjaaccoB B rpynne D,, paBHO YyJABOeHHOMY YHCIY (\>

kaaccoB B rpynne D,. IlonoBrH2 M3 HHUX COBIIA- <>
JaeT ¢ kjaaccamu rpynnel D, a Jpyras MoJIOBHHa
noJ1y4aeTcs YMHOXeHHeM uX Ha 0,. Odesuauo,
yTO NpH uYeTHoM n=2p, Koraa rpynna D,,,, co- Dy
INEpXHT HHBepcHiO J, MOXHO HalHcaTh l_fgp_hz Pue. 11.7.
=D,,xXC;.

vil. Ipynnw D,,. Ecau npoBecTd NJOCKOCTb CHUMMETDHH depe3
ock C, rpynne D,, Tax uTo6bl OHA JesMJia MNONOJAM Yrol Mex:1y
cocefHHMH ocamMH C,, TO 3TO MNpUBeleT K NOABJeHHIO eme n— |
NJCCKOCTEH, TPOXOAALHX 4eped ocb C,..

TMoayuvaroinascs NpH 3TomM rpynna D, , COepXuT 4n 3jeMeH-
toB. K 9n snementaM rpynnsl D), NpHCOSJHHAIOTCA n OTPaXKeHHH
B BePTHKa/bHLIX MJOCKOCTSAX, 0603HauaeMblx yepes o4 (d—oOT ciioBa
diagomal) u n npeo6pasosannit Buja C,0,. MoxHo nokasatbl),
yro C,0,=S¥", rpe k=1, 2, ..., (n—1), T. e. npeacraBJsOT
co60fl 3epKa/ibHO-NOBOPOTHEIE NMPeoGpPa3OBaHHA BOKPYL BepTHKAJb-
HOH OCH, KOTOpas OKa3pBaeTCsi He TOJbKO OCbIO CHMMETPUM 71-TO
NopsAAKA, HO W 3€PKajbHO-NOBOPGTHOM OCBIO 2n-TO MOPAAKA.

[NepeiineM Tenepp K pPacCMOTPEHHMIO BECbMa BAaXKHHIX TOYEUHBIX
rpynn 6oJiee BHICOKOH CHMMETPHUH (KOTJA HMEETCH HECKOJBKO Iepe-
ceKaloluxca ocell A-ro MopAjKa), HAsbIBAEMBIX KyGudeckumu. Hasbl-
BalOTCA OHM TaK NOTOMY, YTO UX 3JI€MEHTbl CHMMETDHH MOMHO BEI-
6paTh W3 uucna ocefl W NJOCKOCTeH cUMMETpHM KyO6a.

VHI. Tpynna oceit terpasspa 7. 3rta rpynma COCTOHT H3
Tpex oceft C, H uetnipex oceil C, mpaBuibHOrO TeTpaszpa. Ha
puc. I1.8,a,6 noxkazaHo, Kak 3TH OCH NPOBECTH B TeTpasipe
K KaK HX MOXHO BbiGparb B KyGe (ocH C, NepHeHAHKYJNspHbI
rpansM Ky6a, ocu C, COBNANAOT ¢ ero OGbeMHBIMH XHATOHaJsMH);

3 NNangay JI. 4., Judwuu E. M., Ksadropasa mexasuka.— M. 1974,
crp. 420.
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Ha puc. I1.8, 6 B Ky6 BmHCAaH TEeTPa3Ap ¢ BeDIIHHON @ M OCHOBaHHEM
bed. Beero vimeercst 12 snementoB: E, 3C,, 4C,, 4Ci(=4C;"). Tpu ocu
C, sxBuBasteHTHH. QOcu C, TOXKe 3IKBHBAJEHTHbI, HO HE SBJSIOTCH

Puc. II. 8.
JIBYXCTODOHHHMH, [I03TOMY 3JeMeHTbl rpynnbl 7T pachpezressiorcs
110 4YeTbIPEM KJaccam:

E; 3C,; 4C,; 4Ch.

Cummerpusi T He siBifeTCs mNoOJHOM cuMMeTpHel TeTpasipa (CM.
rpynny T4). Has Toro utobel moJy4yuTb ¢urypy, o06Jajarolulyo
cummerpueilt T, AOCTaTOUHO B3STh MPOW3BOJLHOE TeJsO, He 006J1aaalo-
Lee CHMMETpHeH W IOABEPrHYThero BceM JBeHaALaTH MpeoOpa3oBaHH M

a rpynnst T; MBI HOJy4HM Qurypy, of-
7T Japawoyo cummerpueit T.

Y_¢ Takas d&urypa musobpaxkeHa Ha

\5 o d puc. 11.9. Mertka / mocJsie0BaTesIbHO

z TIORBEPrHyTa BCEM Ipeobpa3oBaHHAM

‘/L. rpynnbl T. TloBopothl C, BoKpyr oceit

z Y % X, Y, z npeobpasytor / B 2, 3, 4, no-

; BOPOTHI C, n Ci{=C3" Bokpyr ocef,

: NPOXOAALIUX uepe3 BePIIMHBI TeTpa-

4 L@ sppa a, b, ¢, d, pa3MHOXKAIOT METKY MO

noJioXeuusm 5, ..., 12.
Puc. I1.9. IX. Tpymma 7T,. 3ra rpynna

COJIEDMHUT BCe MpeoGpa3oBaHHsA CHM-
MeTpuH Terpasapa. Has Toro urtobbl ee NOJY4YHTb, HAaJ0 K TpeM
ocam C, H uetslpeM ocsiM C, f0BaBUTb 1HeCTh IJOCKOCTeH oTpae-
HHs, KaX/Jasf U3 KOTOPHIX MPOXOJAHUT uepe3 oiHy och C, H JBe OCH
C, (cm. puc. 11.8,81)). Ilpn stom ocu C, mpespawialorTcs B 3ep-
KaJbHO-TIOBOPOTHElE ocH S,. B camom pesie, mpousBeJeHHe MOBO-
pora C, Bokpyr oci Ox no uacoBoi crpeske (puc. II.8,6) u orpa-
XeHHs B MNOCKOCTH @Od nepemelnaer BepLUMHBI TeTpasipa CJepyko-
wum obpasom: a—c¢, d—b, b—d—a, ¢—a—d. C papyroi

1) Bropas naocKocTh, NPoXoAdillas uepe3 Ty e ochb C, Ha puc. II. 8,6,
TIPOXOLHT uepes peGpo afb H TOuKY e.
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CTOPOHBI, 3¢pKaNbHbl{l NOBOPOT BOKPYT ock 0z Ha yros m/2 ¢ mocJe-
LYIOWUM OTpa)keHHEM B MJIOCKOCTH, MEpneHAHKynsApHOH K 0z (Kax-
Jas W3 3THX onepaun#i B OTAENBHOCTH He HABJAETCA ONepaiuel
CHMMETpHH TeTpasapal), nepemeliaer BepLIKHEL TeTpasapa TaK: b —q,
d—b, a—c, c—d, uTO COBNajaeT C pe3yJbTaTOM NEPBHIX JABYX
onepauuil. Orciofa cjenyer, uTo B TeTpa3jiipe HMEKOTCA OCH CHM-
MeTphu S,, HanpaBJeHHele BoJb oceit C,. ITocko/bKY MJIOCKOCTH
CUMMETPHH NPOXOAST uepe3 ocH C,, NOC/eJiHHE CTAHOBATCH JABYX-
CTOPOHHAMM H, Cjef0BaTesbHO, saemeHTH Cy u Ci=C3' npunatie-
JKaT K OJHOMY KJaccy. Bce MJockocTH M OCH KaX[aOro poja 3KBH-
BaJeHTHbl. [103TOMYy 24 3jleMEHTa TPYMNME PACAPeNENIAIOTCA MO CJje-
IYIOmUM NATH KJaccam l):

E, 8(C, C) 6o, 6(S, S9, 3C,.

X. Fpyrmna 7,. dta rpynna noJyuaercd, ecad K rpynne T
106aBUTL LIEHTP CHMMeTpuH (HHBepcuic), Tak uto T, =Tx C; B pe-
3yJpTaTe NOJyyaeTcsi BABOe GOJibliee YHCJIO 3JIEMEHTOB M KJaCCOB,
yem B rpynne T (T. e. 24 s7eMeHTa, PAcOJIOKEHHHIX MO 8 Kyaccam).

XI. I'pynna oceél ky6a Q. D10 ojHA W3 HAUOOJIEE BAXKHBIX TOYEY-
HBIX TPpyMNM: OH& COCTOHT H3 BCeX OCell CHMMETpHH Ky6a; Tpex
oceiit C,, MPOXOASWHX 4Yepe3 UEHTPbl NpPOTHBOMOJIOXKHBIX TIpaHeH,
yerhipex oce#t C,—uepe3 NPOTHBOMOJIOKHbBIE BEPUIHHBI H LIECTH

SING 8

’ | ’ 1
P N S U Vg '
RNV
I ) t
; g NN
I 4 7’
1 // I,
]
] rd e
vl ’

é
2 g,
Puc. 11.10.

oceift C,—uepes cepelnHbl NMPOTHBOMOJOXKHBIX peGep (puc. II.10).
Bce ocu onMHaKoBOro MNOpsifika 5KBHBAJEHTHbI H BCe OCH IBYX-
croponnue. ITosromy 24 asjemeHTa rpynnsl pacrnpejensiorcs no
CJeYIOIHM NSATH KJaccaM:

E, 8(C, CY), 3(C,=C%, 6C, 6(C, C).
IMopuepkHem, uto rpynna O He jpaerT MOJHOM CHMMETPHH Kyda.
Qurypa, obnajaomas cuMmeTpreil (), MoxKeT 6bITh MOJyYeHa aHa-

1) 3neck M Kanblie YHCICHHBI KOXDOHUHEHT PaBeH TMOJHOMY YHCJYy SJIEMEHTOB
2
KJacca, Hanpumep 8 (Cs, C3)=4C3+4C§.
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JIOTHYHO ONKcaHHOMY B rpynne 7T, T.e. «pa3MHOXEHHeM» HEKOTO-
poit HECHMMETpHuUHOR (urypsl 24 mnpeo6pasoBaHUSIMH CHMMETDHU
rpynnsl Q. HerpyaHo nokasare, uto rpynna Q usomopdHa rpynne
terpasapa Ty,.

XIl. Fpynna O,. Dra rpynna ecTb Tpynna HOJHOH CHMMETPHH
Ky6a (oxTtasgpa). OHa Hapsiay cO BCceMH OCSIMH CHMMETPHH Ky6a
COLEPXHT LEHTP cHMMeTpud (uMHBepcHio). Tak kak E u uHBepcus J
KOMMYTHPYIOT CO BceMH 3JjeMeHTamH rpynnsl O, 1O rpynna Q,
paBHa npsiMomMy npousseienuio rpynn QO u C,={E, J}, T. e.
0,=0xC;. Moxuo nokasatb, yTo rpynna Q, MOXeT GHTh npej-
CTaBJeHa M Kak npsiMoe mnpousBenenve rpynn T, u C; T. e.
0,=T,xC;Y). YHucno sseMentoB rpynnu @, paBuo 48(24x2),
yucso KnaccoB paBHO 10(5x2). Bce asjemeHTS H KJjacchi Tpynmbi
0, MoryT ObiTb IIOJYYEHH YMHOMEHHEM 3JIEMEHTOB H KJacCoB
rpynnsi O (vau Ty) wa E u J (orcioma chelyer, YTO NOJIOBHHA
3J1eMEHTOB H KJaccoB rpynnel O, cOBNajaeT ¢ 3J€MEHTAMH W KJac-
caMu rpynn O nan T, a OCTallbHBIE TIOAYMEIOTCE YMHOXKEHHEM Ha J).
Jo6aBrenve ieHTpa HHBEPCHH aBTOMAaTHYECKH MPHBOAHT K MOMBJe-
HHIO0 IUECTH NJIOCKOCTEHl OTPaKeRMsl, MPOXOASIHX 4Yepe3 MNpOTHBO-
noJoXKHbie pebpa (3TO MOXHO NOKa3aTbh, Hcnoabsys (3.2)). Jlerko
TaKxe NOKa3aTb, KaK W B cjyuae rpynnsl T,;, 4TO IIPH 3TOM OCH
C, npeBpauaioTcss B 3epKaJbHO-MOBOPoTHEIE ocH S, (puc. II.10),
a ocd 4-r0 nMopsiAKa B 3€pKaJIbHO-MOBOPOTHBIE OCH S,, B pPe3yJib-
TaTe yero NOABJSIOTCS €lle TPH INJIOCKOCTH OTPaXKeHHS, NepreHjH-
KYJsipHBle 3THM OCfIM, T. €. IapaJjesbHble TPaHsM Ky6a.

Takoii e cummerpuelt 06/1aatoT, KAK Mbl YXKe OTMeda d B I'J. I,
§ 1, auediky BurHepa — 3efiTua A5 06HEMHOUEHTPHPOBAHHOIO Ky6a
(ueTHIpHAJUATHI PAHHHK, H300pakeHHBlt Ha puc. IV.5,a) n anas
TPaHeUEHTPHPOBAHHOIO Ky6a (ABEHaJUATUrPAHHUK HJIM JOREKa’ap,
H3o6paxeHHHi Ha puc. IV.6,q).

§ 4. Ipynna TpaHcAsuuil.
CHHroHHH (XpHCTAJIMUECKHE CHCTeMbl) M pelleTKH Bpase

1. PaccMOTpUM MHOMXECTBO BEKTOPOB PELIETKH
a=a,=na,+na,+ n,a,, 4.1)

COOTBETCTBYIOIWHX HLEJJOUHCJIEHHbIM 3HAUYEHHAM n,, N, u n,. MHoxe-
crBo (4.1) obpasyer rpynny, ec/ii B KauecTBE 3aKOHA YMHOMXEHHSH
NPHHATbL TEOMETPHYECKOE CJOXKEeHHe BEKTOPOB @&; CAMHHUHBIH 3Je-
MEHT TpYyNIbl

E=a,=0. 4.2)

OneMeHT, O6paTHHHA @., paBeH —@,. JTa rpynna, KOTOPYi0 Mkl
6ynem 0603sHauaTb 4yepe3 of , HA3bIBAETCA TPYNNOH TPaAHCJAAUMHA.

%) Bosee noxpoBHo 3T0 Gyger Mokasauo B rit. 1V, § 8.
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OueBHAHO, YTO Tpynna of siBJasiercsi abesleBOH, TaK YTO KaXKAblH
ajemeHT (4.1) ABJsAeTcs KJjaccom TPyNmb.

I HieaabHOro O6eCKOHEYHOrO KpHCTan/aa TPaHCJSLHOHHAA
rpynna OeckoHeuHa. B § 8, m. 1 Mpl nokaxem, Kak OeckoHeyHas
rpynna TPAHCJSAUMA TOCPEACTBOM 33JaHHA HEKOTOPHIX YCJIOBHH
(UWHKJIMYHOCTH) MOXeT ObiTh NpeBpaileHa B KOHEYHYIO Trpynny
¢ 60JIBHINM, HO KOHEUHHIM YHWCJIOM 3JIEMEHTOB.

Ecnu B Kaxmwlil ysen n(n,, n, n,) (4.1) TOMECTHTbL OLHHAKO-
Boll aToM cepHueckoll (OpMEI, TO MBI MNOJYYHM npocmyi (W
nycmyio) KPHCTAJJIHYECKYIO PeILeTKY.

[TpocTeie peileTKH MOTYT YJIOBJETBOPSTH He TOJBKO TPSAHC/ALHU-
OHHOW CHMMeTDHH (4.1), HO M JONOJHHTENLHO CHMMETPHH TOYEYHOH
rpynnel. Hanpumep, npocrass kyGuueckas peleTka, YIOBJETBODSIO-
mas TPAaHCJASUHOHHOH CHMMETPHM ¢ TpeMs B3aHMHO TNeEpPIEHIMKY-
JSDHBIMH OCHOBHBIMH BeKTOpaMu @; (i =1, 2, 3) oqHHaKOBOW# AJNUHEL,
CHMMETPHYHA OTHOCHTEJbHO NpeoGpa3oBaHuil ToueyHoR rpynnsl O
(Hayas0 KOOpAHHAT MOJKHO IIOMECTHTb B OJMH M3 Y3J/0B peIUeTKH
HIH B UeHTp KyOuueckol syefiku). Touednywo rpynny cHMMETPHUH
npocToil peileTkH MBI GyjJeM o0Go3HauyaTb of . OueBHAHO, JIOGOH
3J1eMeHT R rpynmsl ¢ npeo6pasyer JioGOH BEKTOD PEIUeTKH &, B APY-
rofl BEKTOD DELIETKH Qn, T. €. Rln = Qp .

Meul nokaxeMm, yTo TpaHcasluoHHas cHMMetpus (4.1) (npu mpo-
M3BOJIbHBIX @;) HaJlaraeT OrpaHHYeHHs Ha TPYMNBl TOYEYHOH CHM-
METPHH o , KOTODBIM [JOJJKHA YJIOBJETBOPSITH [POCTas pelleTKa.
Kak Bl cefiyac nokaxeM, A1l NPOCTBIX peIeTOK HMeeTCs TOJBKO
CeMb TOYEYHBIX TPYNN (CUHeOHWli), COBMECTHMEIX C TPaHCJSLIHOH-
HOH CHMMeTpHeii.

B mepBylo ouepesb OTMETHM, YTO TaK KaK Hapsay C BEKTOPOM
PEIeTKH @, CYUECTBYET BEKTOD PELIeTKH — @, (AJ1s 3TOro JocTa-
TOUHO y BCeX UeNBIX YHCeJ 7; TOMEHSTh 3HaKH Ha 06DAaTHHE), TO
npocras pellerka CHMMETpHYHAa (MHBAaPHAHTHA) OTHOCHTEJIbHO HH-
Bepciu J. CaoxkHas peluetka (cM., Hanpumep, puc. 1.2, 8), BooOGlue
TOBOpsl, HE HHBapHaHTHAa OTHOCHTEJLHO ONepanHy¥ HMHBEPCHH.

Bo-BTOpBIX, MOKaXKeM, YTO € TPAHCJIAUHOHHOH CHMMeTpHeH coB-
MECTHMBI TOJBKO OCH CHMMETpHH 2-ro, 3-ro, 4-ro H 6-ro MOpSIAKOB.
Ocu 5-ro, 7-ro U GoJiee BBICOKHX [OPHAAKOB CYIECTBOBAThH B KpH-
cTajaax He MOryrT.

IlpuBenemM H3AnIHOE JOKA3aTEeAbCTBO 3TOrO, NpHH2JJeRallee
IT. Hurrau (1919).

[TpoBeseM B KpHUCTal/e IUIOCKOCTh, NEPNEHIHKYJAPHYIO OCSM
cummerpuu C, (n =2x/a, oc— HaHMeHbIIUHA yroJ NOBOPOT2 BOKpPYT
ocu cummetpuu C,). TlycTb 3Ta MIOCKOCTh COBMNajaeT ¢ MJIOCKOCTBIO
prc. 11.11. A n B—caeapl AByx Gawkahuinx APYr K APYry ocei

Cp
(ecM @, He JEKHT B PacCMaTPHBAEMOH NJIOCKOCTH, TO AB—npoek-

TaK 4TO 0Tpe3oK AB=a = Ia1Ha OCHOBHOIO BEKTODa pelleTKH
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UUA @, Ha 3Ty OJIOCKOCTh). Bpaluas Kpucrann Bokpyr oceit A u B

Ha YyroJl o B YIPOTHBOMOJOXHbIX HAIPABJEHUSX, YIONYYHM paBHO-

6okyio Tpaneunio ABA'B’, B xoropo#i BA'=AB =a,. Ecan Bpa-

LIeHHE Ha YroJql o.—oOnepauds CUMMETPHH KPHCTaJla, TO Yepes

s

5 2, , Toukn A’ u B’ Toxe NmpoxomsT ocH
= = C,, nosromy B'A"=pa,, rne p—ue-

JIOE YHCJIO (BKJIOUAs HYJIB).

U3 puc. I1.11 cnenyer, uTO

B'A" =a, +2a,sin(a—90°) = pa,,
OTKyJ/ia

I—p
Puc. 1111, cosa=—5—. (4.3)
Tak kax [cosa|<C1, TO BO3MOXHBI TOJBKO CJeLYIOLHe 3HAUEHHS
p=3,2,1,0, —1. DM 3HaueHUSIM p COOTBETCTBYIOT CJeAYyiolLHe
YIJIBL o

p=3,  cosa=—I1, a=180°=2mn/2,
p=2, cosa=—1, a=120°=2n/3,
p=1, cosa=0, a=90° = 2mn/4, 4.4)
p=0, cosa=1/, oa=60°=2a/6,
p=—I1, cosa=1, o=0° uau 2.

Takum ofpa3oM, B KpHCTas/leé MOTYT CYLLECTBOBATb TOJBKO CJe-
Aywumue ocH cummerpuu: C,, C,, C, n Cs.

TpeTbe orpanHuueHsne, HaK/najfblBaeMOe HA TOYEUHYIO TPYNNY of,
3aKJ/I0YaeTca B TOM, 4YTO €CJIM TO4eYHas Ipynmna MpOCTOH peleTKH
couepXuT ocb C, (rpe n >2), To OHA YJOBJETBOPSeT H CHMMET-
pud Cpop ).

Eciu npocMoTpeTh BCe TOuedHble rpynmbl (§ 3), TO MOXKHO ycTa-
HOBHTb, YTO TOMLKO ceMb Ipynm, a umenHo S,, C,,, D,,, Dy, Dy,
Ds, v O, yIOBETBOPAIOT BCEM TPEM NOCTABJEHHbIM BbILIE YCJIOBHAM.

Jlerko Bugers, uto rpymnst S,, C,, u D,, YyIOBJETBODSIOT IO-
CTaBJIEHHEIM Bbllle Tpe6OBaHUAM (B 3TOM cayyae n =2, H TpeThe
ycirosue He TpeGyercs). [lajgee rpynmel C,, He coAepiaT LeHTpa
HHBepcHY, a rpynmel C,, (n>>2) He copepxar noarpynny C,,.
pynnet D,, 1 Ds, YROBJETBOPAIOT BCEM TPEM OCTABJIEHHBIM BhILe
TpeGosanuaM. I'pynna D,, He HMeeT LEHTpAa HHBEPCHH H JOMIXK-
Ha ObThb 3aMeHeHa ua rpynny D,,?). Hakonen, ua KyGuueckux
rpynon TOCTABJIEHHHIM BBIiliE YCJOBHSIM YJIOBJIETBOPSET TOJBKO IPYII-
na 0,.

1) HoxasatensctBo cM. y JIwo6apckoro I'. d. Teopua rpynn 4 ee nps-
MeHeHue B Quanke.— M., 1957, c¢. 32.
422()) Jangay JI. ., JIupwuu E. M. Ksantosas Mexanuka.— M., 1974,
c. .
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VKasaHHbIe Bbllie CeMb TOUEUHBIX TPYNN of , 06pasyollHe ceMb
KPUCMarAudecKux Cucmem WM CUHeoHull, UMEIOT cjejylollye Ha3Ba-
Husl 1 0603HAYeHHA:

1) rpuxkauuHan (S,) ... tr,

2) moHokaHHHas (C,,) ... m,

3) pombuueckasi uiau oproroHanabHas (D,,)..

4) TetparoHasbHas uau KBaapaTHasn (D,;).. 4.5)

5) pomOoazpuueckast HJIM TpHroHaJbHas (D, ) h,

6) rekcaronanbHas (Dsy)...h,

7) xy6uueckas (0,)...c.

MOXHO AOKa3aTh, YTO K OJHOIl CHHTOHHH MOT'YT OTHOCHTBCSl He-
CKOJIbKO Da3J/IMYHBIX THIOB IIPOCTBHIX peluieTok. Hanpumep, K Ky6Hu-
ueckoll cuHronuu (¢) orHocsrtces: npocras (I',), o6beMHOLEHTPHPO-
BauHas ([%) wu rpaneuentpupoBannas (I']) KyGuueckue pelIeTKH
(cm. puc. 1.5, puc. I1.13). MoxHO mnokazaTh, YTO He CYIIECTBYeT
IPYTHX MPOCTHIX pelleToK, 06JalalonX ToueuHol cumMmerpHelt 0.

Tpukaunnast cuHrouusa (fr) obnajaer HaWHW3LIEH CHMMETpDHEH
S,=C;={E, J}, xoropoii ynoBnerBopsier npocras pewerka (I%)
C OCHOBHbIMH BEKTODaMH NPOH3BOJILHOH IJHHBL (@, 5% a,=a,), Npo-
H3BOJIbHO ODHEHTHPOBAHHBIMH IO OTHOIUEHHIO K APYT APYTY.

®pannysckuil kpucramtorpad A. Hpage (1850 r.) mokasaJ, 4ro
cyuectByer Bcero 14 THDOB TpocThIX peweTok (pewemox bpase),
COOTBETCTBYIOUIMX CeMH CHHTOHHSM.

[TokaxkeM Ha NpUMepe MOHOKJ/JHHHOH CHHTOHWH (m), KaK mocJe-
JIOBATENbHO OMNpeJe/ISIOTCS BO3MOXKHBIE THNBI peleTok bpase.

[Toka:kem BHauaJse, 4TO B CJyyae MOHOKJHHHOH CHHTOHHH, KOrAa
pelietka oGsnafaet cimMerpueil C,,, 1Ba OCHOBHBIX BEKTOpA peLIeTKH
(HanpUMep, @, ¥ @,) JieKaT B MJOCKOCTH O, Te€PHeHAHKYJIsPHOH
K oci C,. BospMeM 1Ba BeKTOpa pelleTKH @ H @', He Jiexaliue
B OJHOM TIOCKOCTH Mpoxoxsied uepes ock C,. BekTopel a+to,au

a' - oha —TOXE BEKTOPH PELeTKH (0,@—BEKTOp PpelIeTKH, MoJy-
yaeMbl# H3 @ OTpayKeHHWEM ero B NJOCKOCTH O),) M, KaK Jerko BH-
JI€Tb, JieKaT B NJOCKOCTH O,. Ho 3To 3HauuT, 4TO JABa OCHOBHBIX
BEKTOpa @; H @, MOXKHO BHIGpAaTh B MJOCKOCTH Oj.

ITpeactaBUM TpeTHH OCHOBHOH BEKTOD B BHJAE

a,=a-p,
rie a|C, u B | C,. BeKTop peweTKH
Czaa"'aa Cy(l@et-B)—a—P=a— B_a_ﬂ—‘— p
JIEKUT B IJIOCKOCTH GO, MO3TOMY
B=ma,+ma,
(m, v my—uesple yucaa WM HyJb). Takum obpasoM,
a,=a+tp=a+a +52a, (4.6)
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Jlerko BHAeTb, YTO ec/JM OT @, OTHATbL BEKTOp n,@,+n,a, (n, u
n,—uejLie 4ucna), To

a;=a;,—n.a,+na,
AIBJISIETCS] TOXKE OCHOBHBIM BEKTOPOM DelUeTKH (JJ/151 NJIOCKOH pelieTkH,
B 9TOM MOXHO y6enuthcsi, paccmartpuBas pdc. 1.2,a). Ilonoxnm
TPEeTHH OCHOBHON BEKTOP paBHbIM

. my mg
G=0— 10,0, — N0, =G+ 5 @) 5 A — 1,8, — N8, =
my my
= a+ ('2——'n1> al + (—Q——HZ) az
1 BuiGepeM KOI(pHLMEHTH NIpH @, H @, TAKHMH, YTOOBI OHH OBIIH
TOJIOKUTENbHEL U He MNpeBbIAAd eNHHMIlY; TOrAa, B 3aBHCHMOCTH
or Toro, OYAyT Ji m, H m, YETHHIMM HJH HEYETHBIMH YHCIaMH,
NOJIY4YHM CJedYIoLiHe YeThlpe cayyas:
) az=0; 2) az=a+/a,;
3) az=o+1,a, 4,4, 4) az=at/,a,
JIerko BHAETh, YTO 2) oTaudaercsi OT 4) TOJABKO NepeoGo3HadyeHHEM
BEKTOPOB @, H @&,, a 4) nepexoaur B 3), ec/¥ 3aMEHHTb OCHOBHOH

(4.7)

as a _
IR
a3
. G | NI
2 - <
3 2“3‘“2
I m
a) 6)
Puc. I1.12.

BEKTOp @, Ha a,-+a,. CyuecTBeHHO Pa3/UYHBIMH MPOCTHIMH pelleT-
KaMH ABJSIOTCA CAyyan 1) u ONMH U3 TpeX OCTasbHBIX (Halpumep, 4)).
3THM cay4yasM, Kak 310 caenyer 13 (4.7), COOTBETCTBYIOT CJelYHO-
L{HE B3aHMHBIC OPHEHTAIHU OCHOBHBIX BEKTOPOB (Mbl ONyCKaeM IITPHX
y ay):

) a, a, | a,, 2)a, a, | 2a,—a,. (4:8)
Pemerku Bpase, cooTBercrByiomue cnyyanm (4.8) (puc. [1.12), nasst-
BatoTcA npocmod monoxaurnoid (T',) U MOHOKAURHOL ¢ Yermpupoean-
Homy ocrnosaruamu (I'%). Ml BuauMm, uTo ans tuna I'% neHTpy HuX-
HEro0 OCHOBAHHS COOTBETCTBYET BEKTOP &,, 4 UEHTPY BEPXHEro OC-
HOBaHHSA —BeKTOp @, a,. LleHTpel ocTasbHBIX yeTwlpex rpaHefi
paccMaTpHBaeMOro napaJiiesienunesia He COBNIAJAaloT C KOHIAMH BEK-
TOPOB TPAHCJAAUHOHHON TpYINIHL.
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3ameTHM, 4TO y THna I', 1IecTh BEKTOPOB =+4&,, =@, =a,
¥HBApPHAHKTHB! OTHOCHTEJbHO ipeoGpasoBanus rpynnst Cy,. Y Tuna I'y

N
L&

- \

"‘nﬁ

3

N
!

s
~T

~=

E S

~

I I 7
Puc. 11.13.

MHBAPHAHTHBIMH OTHOCHTEJBHO 3THX I1peoGpasoBaHuil ABJAIOTCA BEK-
TOpPH =+a,, +a, 1 +(2a,—a,).

Hccnenys aHasorsyHo NSTh OCTAJNbHBIX CHHTOHHH, MOXHO HOJY-
guth Bce 14 pemerok Bpase, n3o6paxenHux Ha puc. 11.13.
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Pom6uueckof HJHM OPTOroHasnbHOH CHHrOHHM ¢ cHmMerpuelt D,,
coorBercTByeT uerbipe peuwerku Iy, T, T3 u ). Mx ajsemedrapHbIMH
AYEHKaMM SIBJSIIOTCS TNPAMOYTOJIbHBlE NapaJJjefenunels C TpeMs
HepaBHbIMH pe6paMu. Tunsl pewerox I, u I'f coBepiueHHO MOAOGHBI
pewerkam I', u T%. Pewerkn TIY u I'} nasbiBaloTcs  pombuteckoli
06DEMHOYEHM PILPOGAHHOL W POMOULCCKOL 2PAHEYEHM PUPOBAHHOL.

TerparosajsbHOW CHHTOHHH ¢ cuMmeTpued D,, COOTBETCTBYIOT
pewerkd 'y u T'j. Ouu oryinyaiotess oT poMOHYECKHX PELIETOK TeM,
UTO B HX OCHOBAaHHSX JleKaT He TMNpAMOYroJbHHUKH, a KBajAparhbl.
CyulecTBYIOT jJBa THNA TETParOHaJ bHHX pewerok: npocmas L'y u
ob6vemuoyermpuposannas Ty, 1lenTpnpoBaHHe BepXHEro H HHXHErO
ocHOBaHUH y siuefixn I'; He NpUBOMIT K HOBOMY THIY peLIeTKH, TaK
KaK Mbl MOJY4HM TAKYIO Ke MpPOCTYI0 TeTParoHajbHYIO CTPYKTYPY,

HO CO CTOpOHOH KBagpaTa, B } 2 pas MeHblueil.

PomMB03ADHYECKOl CHHFOHHH ¢ cuMMeTpHell D,, COOTBETCTBYIOT
oana pewetka BpaBe ¢ o, =0, =0, =60° n a,=a,=a, (0003Ha-

KRR yeHHs cM. Ha puc. 1.4). Bra pewerka Mo-
SN NN JKeT ObITb MOJYYeHa IIyTeM pacTsKeHHs Kyba
Y=Y BiOJb o0peMHOH jauaroHaad. OHa o6o3Ha-
SN SN yeHa Ha pHc. I1.13 kak T,,.

AV [ekcaroHa/ibHOH CHHIOHHMH C CHMMETpHeil

D, coorBeTcTBYyeT ojHa pewerka [',, B Ko-

R-——R =R TOpOil TpPaHCASANHOHHBIE BEKTOpBI MPOCTOH
SN O SN Y peuweTKyd MOTryT ObiTh HarlpaBJeHbl 10 TPeM
%‘:-\%“j‘\%‘:‘\‘)’ peGpam Luef:THl"paHHOI:I NPHU3MBI, CXOAALLHM-
A AN Cs B OJIHOH BepuIHHe,

NN Irp s pasbueiiiero nonesHo ykasaTb Ha

Puc. 11.14. 0CcOGEHHOCTH reKcaroHaJbHOH H poMGO3ApH-

yecKOH pelleToKk. B 0of6enx pelnerkax aToMbl
pacrnosarawTest B MJOCKOCTAX, MEPNEHAHKYJASPHBIX COOTBETCTBEHHO
K ocaM 6-ro m 3-ro nopsaakoB. B obGoux caywyasax aToMmel B mJjoc-
KOCTAX pacroJiarafoTcs B BePUIHHAX PABHOCTOPOHHHX TPEYrOJbHHKOB.
OpfHako B TO BpeMs, KaK B rekcaroHanbHoii pemwetke I', aTombl BO
BCE€X IIJIOCKOCTSIX PACNOJIOKEHB APYT Hajd APYroM (MO3TOMY TreKca-
roHanbHas pelierka o6Jjajgaet ocblo cHmmeTpHH Cg; puc. 11.14),
B pom6oaapuueckoil pewerke I',, aTOMbl COCEAHErO HMIKHErO CJIOS
pacnoJioxeHsl NOJ LeHTPAMH TPeyroJIbHHKOB BEPXHEro Cyost (X H o
Ha puc. 11.14).

Haxonew, Kak Mbl y:Ke OTMETHJH, KyOKHUECKOH CHHTOHHH C CHM-
merpHeit O, COOTBETCTBYIOT TpH pewerkd DBpase: npocras xyOu-
yeckas I',, o6beMHOUEHTpHpOBaHHAs [ W rpaneueHTpupoBanHas I
(puc. 11.13). Bra. I, § 1, n. 3 Mbi paccMOTpesi BONIPOC, KaK JOJKHAI
ObITb BBIGpAHBI OCHOBHblE BEKTOPH! B OOBEMHOUEHTPHPOBAHHOM H
rpaHeleHTPHPOBAHHOM Ky6ax, AJISl TOrO 4TOOLI MPUMHTHBHLIE AYEHKH
cojepand OAMH ATOM.
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§ 5. Kpucraanuueckue xnaccol. FlpoctpaHcTseHHbie rpynnbl

1. B npeabiaywem naparpade Mbl paccMOTpenH CBOHCTBA CHM-
METPHH NPOCTBIX pelleToK. Mbl NpHILIKM K 3aKJIOYEHHIO, YTO CYIILECT-
BYIOT TOJIBKO C€Mb KPHCTaJJHYeCKMX CHCTEM (CHHIOHHIH), KOTODBIM
MOXKET YIOBJIETBODATb CHMMETPHS MPOCTHIX pelleToK, H 14 THnos
NpocTHIX peleTok (pewerTok bBpaBe). ONHAKO BCe XMMHYECKHE CO-
eNMHEHHs], @ TaKXXe HEKOTOpble MPOCThie BELECTBA KPHCTAJIIH3YIOT-
cs, obpasys CJOXKHble pelweTKH. B sTOM cayuyae npuMHTHBHAsS AYeii-
Ka KpucTaasia CoAepXHT 6oJiblile OJAHOrO aTOMa, B pe3yJIbTaTe 4ero
CUMMETPUH KPHCTaJ/1a MOXKeT TOJNBKO MOHU3HTbeA. [IpocTefiuuil npu-
Mep 3TOrO Mbl YK€ yKasbiBa/d Bblllle. [170cKasi CJOXHaA pelieTKa
Ha pHc. 1.2, b He UMeeT LeHTpPa HHBepCcHH, KOTOpbIM 06JajaeT mpoc-
Tasi pelleTKa, NoJyyawoulasca NpH yAaJeHHH aToMa, pacloJIoXKeH-
HOTO BHYTpU siueiiku. )

PaccMOTPHM € 3TOH TOYKH 3pEHUs CJOXKHYIO pelleTKY aJiMasa
(Ge, Si), nzobpaxkenHyo Ha puc. 1.12. Kak H3BecTHO, 3Ta pelieTKa
MoeT GbITb MOJy4YeHa B pe3yJibTaTe CMeLleHUs OJHOH TpaHeueHT-
pHpoBaHHON KYOHYeCKOH pelleTKH OTHOCHTENbHO APYroil BIOJIb
obvemHol puaronanu AB (puc. 1.12) Ha Y/, ee anuHbl. KyGuueckyro
AyefiKy a/nMa3sa MOXHO TMpeACTaBHTb cebe cocrosiwedl ©3 BOCHMH
MaJbix Ky60oB («KyOHKOB»), NpPOHYMepOBaHHbBIX Ha puc. [.12: ],

11, ..., VIII. Tlpu onucannoM Bbiue cMeweHud (Ha '/, AB)
@ -artomul I', 2', 3' u 4 pacnojaramoTcss B LEHTpPax KyOukos /,
111, VI, VIII. BriGupasi MPUMHTHBHYIO SYEHKY TaK, KaK 3TO [O-
Ka3aHo Ha puc. 1.6, a, ybeiuMcs, 4TO OHa COAEPKHUT JBa aToMa.

[TokaxaM, 4TO CHMMETPHS CJIOXKHOH pPelieTKH aJMa3a HHXKe CHM-
METPHH NPOCTOH pelIeTKH TpaHeLeHTPHpOBaHHOrO Kyb6a. Ecau mno-
MECTHTb HauaJO KOODAHHAT B OAHH M3 y3JIOB pelieTKH ajMmasa, TO
OHa He HMHBAPHAHTHA OTHOCHTEJbHO MHBepcHH. Ocu C, rpaHeueHT-
puposanHoro xy6a (puc. 11.10) npespawarwTest B pelueTke aJjMasa
B ocu C,; B caMOM jeJie, NpH BpalleHHH BOKPYr BEPTHKAJbHON
OCH, NPOXOAfINEH yepe3 UEHTpP rpaHu Kyba Ha yroJ m/2, aTombt I’
m 2, a Takxe 3’ u 4° He CaMOCOBMELIAIOTCH, YTO UMEeT MeCTO
TOJNBKO NpH noBopoTe Ha yroa m. Ocu C,, coBnajawuue ¢ o6neM-
HbIMH JHaTOHAJIAMH Ky0a, SBJSIOTCH H OCSAMH CHMMETPHH pelleTKH
a/Masa; 0pu BpalleHMH Ha yrod 2m/3 BOKpyr aHaroHaau AB mpo-
UCXOAAT CJeAYKILHe cOBnajeHus atomoB: 2'—4', 3'-—-2' 4’538,
Haxonen, mJIOCKOCTH OTpa)KeHUs, IPOXOAfALLIKE yepe3 ock C, H 1Be
ocu C, (puc. 11.8, 8) ABJAIOTCS NJOCKOCTSIMH CHMMETDHH pELIETKH
a/mMa3a. Ecyiu 1POBECTH NJI0CKOCTh OTPaXKeHHs Yepe3 BEpLIHHBL Kyba
ABCD, to atombl I’, 2’ GyayT JeXaTb B 3TOH NJOCKOCTH, @ aTOMBbI
3’, 4 6yAyT pacrnoJsioXXeHbl OTHOCHTEJBHO Hee CHMMETPHUHO, MO3TO-
MY IJIOCKOCTb 3Tda OYAET MJIOCKOCTBK CHMMETPHH ajMasHoli peler-
ku. Takum ofpa3oM, pelneTka ajMasa obfiafaeT cHMMeTpHell Toueu-
HOH rpynnsl T, sBaswwedcs nmoarpymnoit rpynnst Q.
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OvyeBHaHO, YTO BO BCEX CJy4asx TOYEUHAs YPYIna CJAOXKHOIO
KpHCTaJ1a, noJlyyaouascs B pe3yJ/ibTate 3aloJHEHHS ATOMAaMH OpH-
MHTHBHOR AuelKy NpPOCTON pelleTKH, GyAeT MOArPYINoi CHHrOHHH
npocTo#l pelieTKH (peweTkn Bpase).

IonHblll HabOp TOYEUHBIX TPYMI of KPHUCTAJJIOB, Ha3blBAEMBIX
Kpucmarauteckumu KAaccamu, COBNajaeT IMO3TOMY C Ha6opOM Beex
BO3MOMXHBIX NOATPYNIN, COAEPXKAUIMXCSH B CEMH CHHTOHHSIX MNPOCTBIX
pewetok Bpase.

BrinnieM Bce BO3MOXHBIE NOATPYINH, BXOASIIHE B CEMb CHH-
TOHU#A:

Cuneonuu uau Kpucmanauueckue rxaaccet
KpUCmaraudeckue Cucmemsl (nodepynnoet cunzonudi)
1) tpukaunHas S,=C;: E, C;={E, J};
2) MoHoKJHHHAs C,,: C,,=C,={E, o0,}, C,, Cy;
3) pombuueckas D,,: Cy, D,, D,,;
4) terparoHasbHas D,,: C,.Cy, C., S;, Dy, D, D,;;; (5.1)
5) poMGosapuueckas D,,: C, S, C,, D,, D,
6) rexcaronanbHas D,,: Cs, Cyy Coy, Coy, Dy, Dy, D3
7) xybuueckas O T, T, T, O, O,.

Uroro: 32 kpucraanugeckHx KJjacea.

Tlpu onmpenesieHHH KPHCTAJJIHYECKHX KJAaccOB OGBIYHO OKAa3bIBa-
€TCsA, UTO KaXJBi M3 HHUX SIBJSETCH NOATPYNNOfi He OAHOHN CHHTO-
HHH, @ HECKOJBKHX. Bo Bcex 3Tux cayuasx KpHCTaJJIHYecKHH
KJ1acC OTHOCAT K CHCTEMe (CHHTOHHH) HaWHHM3LIeH cummerpuu. Ha-
npHMep, KpHcTauyeckuil Kaace C;={E, J} saBuasercs noarpynmnoit
BCeX CHHTOHHH, TaK KaK BCE NPOCTble PEIIETKH 06J]afaioT LEeHTPOM
WHBEPCHH J, HOMBI OTHOCHM C; K TPHKJHHHON cHCcTeMe, He 06.Jajao-
el HUKaKWMH APYTHMH 3/IEMEHTAaMH CHMMETpHH. [Ipy onpeesieHkH,
K NpHMepy, KJacCOB poMmOuuyeckodt CHHroHuH D,, yuuTbisaeMm, 4TO
rpyana D,, cOCTOWT u3 BocbMH snementoB: E, C,, 2C; (TOpH3oH-
TaJbHEIE OCH BTOPOro nopsagka), 26,, o,, C,0,=J; noarpynnsl E,
C;, C,={E, 6,} H Cy IOMKHB ObiTb OTHECEHBl K TPHKJIHHHOW H
MOHOKJIHHHOA CHHTOHHAM, NO3TOMY K PpOMOHUYECKOHl CHHTOHHH MBI
OTHOCHM TOJIbKO KDHCTaJiIndeckHe Kjacchl C,,, D, u D,,.

YcnoBure, COTIaCHO KOTOPOMY Mbl OTHOCHM KJacc K CHHTOHHH
HaWHU3IEeHd CHMMETDHH, HaxoiuT cebe ompaBianue B (GU3HYIECKHX
coofpaxeHUsiX. ManoBeposiTHO, UTO6bI aTOMBI KPHCTAJ1a, OTHOCH-
HHecs K OIpelesieHHOMY KpPHCTaNJNYecKOMY KJjaccy, ofpasoBatiu
pemerky Bpase Gosee cHMMeTpHuHYIO, 4eM 3TO HEOGXOAHMO [Jis
OCYIIECTBJIEHHA 3TOrO Kjacca (MOXKHO AyMaTth, YTO 3TO CBfI3aHO C
MHHHMYMOM TePMOJHHAMHUECKOTO IOoTeHuHana KpHucraaia). Ecap
Obl monoOHasi MaJIOBEpOSTHAS CUTYalMsi OCYIIECTBHJAACh, TO KpPHC-
TaJl Haxofu/cs Obl B METacTabuJbHOM COCTOSSHHH H Majioe BO3MY-
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1eHHe (HampHMep, HarpeBaHHe) Nepeneso Obl €r0 B PaBHOBECHOE
COCTOSIHHE C MeHee CHMMeTpHYHOH pewleTKod Bpase. Ecau, nanpu-
Mep, KpHcTaaa Kjacca D,, KOTophlfl MOXeT peajv30oBaThCA B Ter-
ParoHaJbHOH CHCTeMe, KPHCTAJIN30Bajca Obl B 6oJiee CHMMETPHY-
HOH KyGHMYecKoil cHcTeMe, TO YyXe He3HauHTe/JbHOe BO3JICHCTBUE
Op1710 6B CHOCOGHO YXJHMHUTL MW YKODOTHTBH OAHO H3 pefep KyGH-
YecKoH sdeiiKW, NPEeBpPaTHB ee B NpPSAMYIO NPH3MY C KBaJApaTHHIM
OCHOBAHHEM.

s sToro npumepa BUIZHO, YTO JJIS OCYLIECTBJEHHS NpPHHIHIA
KPHCTAJ/NIH3allHH B pellierke BpaBe HauHU3weHd cHMMeTPHH HeoGXo-
IMMa BO3MOXKHOCTb HENPEPHIBHOIO MEpEXoAa NOCpeicTBoM GecKo-
HEUHO MaJioH JepopManuy OT pelieTKM DpaBe BbICLHICH CHMMeTpHH
K HH3Ibed.

CpaBnuBas Mex[Iy coGof pewieTkM DBpaBe pa3HOH CHMMETDHH,
MOXHO Yy6eaHTBCA B TOM, YTO HMeEeTCsl OJHO HCKJIOYeHHe, KOraa
TaKoe HenpephlBHOE NpeBpalleHHe HeBO3MOXKHO. VIMeHHO, rekcaro-
Ha/lpHAs peleTKa HHMKakoH OeckoHewHo MaJsiofi Jedopmanued He
MOxkeT OBITb NepeBejeHa B pOMOO3APHUECKYI0 pelleTKy ¢ GoJee
HH3KOH cuUMMeTpHell. B camom Jejle, aTOMBI COCEIHHX CJIO€B pOM-
603/ pHUeCKOl peuieTKH CABHHYTHl JPYT OTHOCHTEJBHO JApYra Ha
KOHEUHYI0O BEJHYHHY, B TO BpeMsl KaK B IeKCaroHaJ/JbHOH pelleTke
OHH pAacnojoxeHH JApyr mofx apyrom (cM. puc. 11.14). B 3tom
CMBbICJIE OTHECEHHE BCeX KPHCTANJIHYECKHX XJaccoB K poMGo3apn-
YeCKOH CHHIOHHH FBJSETCS YCJIOBHBIM, TAK KaK BCE OHH, SBJSSACH
noarpynnaMd rpynns Dgj,, MOTYT OCYLIECTBJASITECS B I'€KCATOHAJb-
HO#i CTpYKTYpe.

Takum ob6paszoM, Mbl HpHUULIK K 3aKJIOYEHHIO, YTO Jr00OH CJIOX-
HBIH KPHCTaJJl MOXKeT ObIThb OMMCAH ONpeiesieHHO# CHHTOHHeH, pe-
meTKo#l BpaBe U KPHCTAJ/UIHUECKHM KJIACCOM.

OueBHAHO, 9TO CHMMETPHA KPHCTaNAHYeCcKOTo KJjacca, CBH3aH-
Haf ¢ ONpejieieHHBIMH TIOBOPOTaMH, OTpaXkeHHsIMH H MHBepCHeH, oll-
pelesser ¢H3MUECKH 3KBHBAJECHTHble HAaNpaB/JeHHs B KpHCTaJJe.
Iocko/sbKY 3Ta cHMMETDHS He CBSi3aHa ¢ AUCKPETHHIMH TPaHCJALH-
SIMH, MOXHO CKa3aTb, YTO OHA ONpejesfeT MAKPOCKOMHYECKYIO CHM-
METPHI0 aHH30TPOMHOrO KOMTHHYYMa. Takasi cHMMeTpHS OIlpejeJaser
TakHe (H3HYecKHe sBNEeHMS, KaK, HampHMep, paclpoCTPaHEHHE CBe-
Ta B KpHCTaJlle, ero TeNJIOBOE pacilMpeHHe H ero MeXaHHYecKue
CBOHCTBA NpPH JeACTBHH BHEWIHHX CHJI.

2. Mbl HM3y4HJH CBSI3b, KOTOpasi CYIIECTBYET MeXIAy THIaMH
npocThix peweTtok (Bpame) M ux ToueyHo# cuMMeTpHeH (CHHTOHMA-
MHK). Mbl HccJIeOBaJIH CHMMETPHIO HalpaBJeHHWH B KpHCTaJJax
(k71accel), onpejeaslOYI0 KX MaKpOCKONIHYecKHe CBOHCTBA.

[MepefimeM K H3y4eHHIO MOJHOH CHMMETPUHM KPHCTaNJOB, T.e€.
K Npeo0pasoBaHHAM, NPHBOXALLUM K COBMNAajeHHIO BCEX aTOMOB OA-
Horo copra. COBOKYNHOCTb TaKUX NpeoOpa3oBaHHH HaJX KpHCTal-
JoM ofpasyeT Ipynny, HashlBaeMylo npocmpancmeennold epynnod.
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DTa CHMMETpHS KpHCTaja, 3aBUCALLAA OT PACHONONKEeHHS BCeX ero
aTOMOB, KOTOPYIO €CTeCTBEHHO Ha3BATb MHKDPOCKOMHYECKOH, ofipe-
JesseT, HAmpHMep, paccesiHHe DEHTTeHOBCKHX Jiyyel KpPHCTaJJIOM,

Besikuit KpHcraaa vHBapuaHTeH (ec/M OTBJAEUBCA OT HANHUMA
Yy Hero joBepXHOCTH H JedeKTOB) OTHOCHTEJbHO TPAHCJAALMH ¢ He-
KOTOPbIMH OCHOBHBIMH BEKTOpPaMH @,, &, U Q.

Fpynna tpancasuut of

A=0Qn =0, +n,8,+ N,a;, (5.2)
TAe n,, n,, ny,—ueaple 4ucsaa (BJaw4as HyJaAb), €CTh HHBAPHAHT-
Has abejeBa NMOATPYNNA MPOCTPAHCTBEHHOH TPYIMIILL.

Hapsgy c TpaHcasiuHaMy @, NIpOCTPaHCTBEHHAs rpynna, B obmem
cjyyae, BKJIOYaeT B ceOsl passnuHble npeo6pa3oBaHUA ToYEUHOH
CHMMETpHHW: BDAIIEHHST BOKDPYr INDPOCTEIX H
3epKaJibHO-NOBOPOTHBIX ocelt 2-ro, 3-ro, 4-ro
M 6-T0 MOpSAKOB, OTPaXKeHHs B MJOCKOCTAX
¥ HHBEPCHIO (KOTOpas COBMajaeT C 3epKaJib-
HO-MOBOPOTHOH OCbIO BTOpOTo ToOpAAka S,).
OpHako HapsAy ¢ TakMMH NpeobpasoBaHUAMH

A4 e ° L] L) ° L) L] L] L4
b e . 3 L] .

A e . ———2=0 o . . ] .

ay
¥og ° L) o ] e
Pt — -t e e et - === D'
F e . . . .
A e . 3 . . . . . o .
Puc. 11.15. Puc. 11.16.

TOYeUHON CHMMETPHHM TPOCTPAHCTBEHHAsl Trpynma (T.e. KpHCTasLI)
MOXeT 06/1a7aTh eille CAeAYICIIMMH 2JIeMEHTAMH CHMMETDHH. 6UH-
MOBOLL 0CbI0 M NAOCKOCMOI0 CKOALHEHUS.

BuHTOBOR OCBiO Ha3biBaeTcst Npeo6pa3oBAHKHE CHMMETDHH KDHC-
Tajdaa, cocrosiiiee W3 ABYX TMOC]EAOBATENbHbIX OnepaumHid (B3AThIX
B NPOH3BOJILHOM TNOPfAJKe): BPAlleHHs BOKPYT OCM Ha yroa 2m/n
C NOC/IeAYIOW MM CMelleHleM BAQJDb GCH Ha HEKOTOPYIO HeJaylo 4acThb
BEKTOpPA pElIeTKH, Ha3bIBAEMBbIM HeCOOCMECHHOU mpancaiyuet.

Ha puc. 11.15 wusobpaxena BuHTOBast ockb 3-ro mopsaaka Cj.
Tpu atoma pasHoro copra @, (O, ¥ pacnojoXKenbl [O OKPYXKHO-
CTH, NMEepreHMKYaspHOIl K OCH, Ha PaBHBIX PacCTOSHHSIX APYT OT
npyra. Co6CTBEHHOM TpPAHC/ASILHI BAOJb OCH COOTBETCTBYET CMellle-
Hue Ha paccroanue a. OHAKO CaMOCOBNAREIIHE HMEET MECTO U [IPH MO~
BOpOTE BOKPYT OCH Ha yroJ o= 2m/3=120° ¢ nocseaywleli HeCo6-
CTBEHHOM TpaHcasuuel Na BesmuuHy /3. IlocKoJabKy BpallleHHE H
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MOCTYNATeNbHOE ABHMKEHHE COOTBETCTBYIOT NpaBoMy BHHTY, oCb Cj
Ha3bIBACTCH NPABOGUHIMOB0L 0Cbt0 3-TrO MOPAAKA.

PaccMOTpuUM elle OfHH 3JeMEHT CHMMETDHH pelleTKH, CBs3aH-
HBIH ¢ HeCOGCTBEHHOH TPaHCJALHEH, — NJOCKOCTh CKoMbXenuda. Ha
puc. 11.16 wu3obpaxena nJjockas (A/Ms HArJsAHOCTH) pelleTka, 00-
Jajampmas NJA0CKOCThIO CKoJbXeuus PP’. IIpH OTpaxeHuu B 1JOC-
KocTH PP’ pelueTka He COBMellaercs cama ¢ coGoit (cqiom A cos-
najaimot, cjaon B—Her). Ecan ke mnocsne oTpaxeHHss CMeCTHTb
pelleTKy B HanpasJeHud PP’ Ha @,/2, TAe @,—OCHOBHOH BEKTOP
B HampaBJeHHu PP’, To pelleTka cOBHajeT cama ¢ CoB6OH (MOMKHO
BHayaJie CABHHYTb DelUeTKY Ha @,/2, a 3aTeM OTpPas«Tb ee B IJOC-
KocTu PP’'). MoxXHO NOKasaTb, YTO B KPHCTaJJe He MOT'YT CYLIECT-
BOBaTb JPyrHe 3JEeMEeHThHl CHMMETDPHH, CBf3aHHbe C HeCOOCTBEHHOM
TpaHc/sLHed, KpoMe JABYX PacCMOTPEHHBIX BhILUE.

PaccMotpum pelwerky anmasa (puc. 1.12) ¢ TOYKH 3pEHHS CY-
L(ECTBOBAHHS Y HEE HECOGCMBEHHbIX SAMEHMO8 cummempuu, T. €.
3JIEeMEHTOB CHMMETPHH, CBA32HHBIX C HeCOGCTBEHHBIMH TPaHCIALH-
AMH. Dyjsem HasbiBaTb TI'pPaHELEHTPHPOBAHHYIO KYOWUECKylo peller-
Ky, cocrosmyio H3 () -aTOMOB, OCHOBHOH, a M3 @ -aTOMOB CABH-
HYTOH.

B n. ! nacrosmero naparpada MBE NOKasa/ii, YTO pelleTKa aj-
Ma3a MHBAPHAHTHA OTHOCHTEJBHO NpeoGpa3oBaHHH TOUEUHOM Cpym-
net T, Hccneayem nas Hee onepauun JTy=T,J (rne J—wuHBep-
cusa). Tak kax omepauuu rpynnst T, OCTaBJsiOT pelleTKy ajMasa
WHBAaPUAHTHOMH, JOCTATOYHO HCC/Ie0BaTh AefictBue nuBepcHu J. Ilpu
npuMeHeHHH HHBepcHH K ()-aToMaM OCHOBHOH peleTkH (BbiGepem
atoM A OCHOBHOH pelleTKH 3a HayaJo KOODAHHAT) Mbl BOCIPOH3-
BeJeM OCHOBHYIO PELIETKY, KOTOpasi mocjie HecoOGCTBEHHON TpaHC/s-
uuH Ha !/, AB coBmajaer co CABHHYTOH pelleTkoli @ - aTOMOB.
[Ipu npuMeHeHHH Ke HHBepcHH X @-aToMaM CABHHYTOH pelleTkH
(npu TOM Ke Hauasle KOOpAWHAT B A) OHM MONajyT Ha «IyCTble
MecTa», HO Nocne HecoGCTBeHHOM TpaHcasuuu !/, AB oHM coBna-
ayr ¢ O-atoMaMi oCHOBHO# pemerks. Takum 006pasoM, omepa-

usn JT,, cOnpoBoMKIaeMble HeCOGCTBEHHOH TpaHcasuued '/, AB,
TaK¥XKe SIBJSIOTCS ONEpPalHAMY CHMMETPHH pelIeTKH aJ/Masa.
YuraTtesb MOXKeT ObITb CMYLIEH TeM, YTO, KaK Bbille YTBEpXKAa-
JIOCb, CYILECTBYIOT TOJIbKO [BE HEeCOOCTBEHHbIe ONepally CHMMETPHH
KpHCTaJJla —BHHTOBasl OChb H MJIOCKOCTh CKOJIbXEHHs, B TO BpeMs
KaK B a/JMasHO pelLleTKe NOsIBJseTcsi, Kak OyaTo Obl HOBbIA He-
cOBCTBEHHBL 3JIEMEHT CHMMETPHH, CBSI3aHHBIH C WHBEPCHEH.
Crefyer, 0JHaKO, CKasaTb, YTO BBIJEJEHHE HECOOCTBEHHBIX dJe-
MEHTOB CHMMETPHH B HEKOTODOM OTHOWEHHH YycJoBHO. Ecau Obl
Mbl TIOMECTHJ/IH HAuaJjIO0 KOOpIWHAT He B aToMe A, a MOCpeauHe MeX-
Iy HHM u @-artomoM I’, TO penjeTka aimasa Oblla Obl MHBapHAHT-
Ha OTHOCHTENbHO MHBEPCHH (HE COMPCBOMXJAEMOH HECOGCTBEHHOM
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TpaHcasuuelt). OnHAKO TPH 3TOM IOSIBHJHCH GEHl B pelleTKe ajiMasa
NJIOCKOCTH CKOJIBXKEHHSH ).

B 3aKJi0ueHHe 3aMeTHM, UTO cypbMaHUCTHIA uuauil (InSb), xpwuc-
TaJUIH3YIOUIHHCA B a/Mas30nofoGHOR peiueTke, He 06s1ajdaeT HeCo6CT-
BEHHBIMH 3JIEMEHTAMH CHMMETDHH, TaK Kak B 3ToM cjydae O -ato-
Ml 1 @ -atombl (puc. 1.12) pasnoro copra (In u Sb). Cummerpus
InSb ectp Toneunas rpynna T.

3. Bce Bo3MOXHBHIE NPOCTPAHCTBEHHBIE I'PYNIB KPHCTAJJIOB IO-
JYy4aTcA NpPH COrJacoBaHHM BceX pelueTok DpaBe co Bcemu BO3-
MOXKHbIMH OCSIMH BpaIaTeNbHOR CHMMETPHY, NJOCKOCTAMH OTpaje-
HHS, BUHTOBHIMH OCAMH M MJOCKOCTAMH CKoJbKeHHus. Jlas Toro
uToCbl NpeACTaBHTb ceGe OCOOEHHOCTH TAKOrO COIVIACOBAHMS, BBE-
AeM oneparop (3JeMeHT) NpocTpaHcTBeHHOH rpynnhl {R | (R)+aa.},
rae R-—3/eMeHT TOUeyHOH rpyNmbl KPHCTAJJIMYECKOTO KJAcCad of
(noBOpOT, 3epKaJbHBI NOBOPOT, OTPAXKEHHE B IJIOCKOCTH, HHBEPCHS),
®(R) —HecoOGCTBCHHAA TPAHCAAUHA (06A3aTEJLHO  pAaUMOHANLHAS
94CTh BEKTOPA PELUETKH), COOTBETCTBYIOLIAs 3N€MeHTY R, H @, — BeK-
TOD PElUeTKH; ACHCTBHE ITOTO ONepaTopa Ha pajuyc-BEKTOP r onpele-
JIAM PaBeHCTBOM ?2)

{R|a(R)y+a,}r=Rr+oa(R)-+a,. (5.3)
3fece R B rnpaBoil 4acTH paBeHCTBA —MATPHUA OPTOrOHAJbHOIO
npeoSpa3oBaHUsi BpalleHHs!, HHBEPCHH WJM OTpaxeHus R. [las Tex
3/1EMEHTOB R, A/ KOTOPEIX HECOGCTBEHHAsI TPAaHCJSLHS PaBHA HYJIO:
a(R)=0. IIna toro yro6ul oneparop

g={R|e(R)+a,} (5.4)
ABJAJCA 3NEMEHTOM IIPOCTPAHCTBEHHOR TIDYNMBl KpuCTajia, Heo6-
XONMMO, 4TO6bl MHOXKeCTBO (5.4) conepaJio elWHHYHBI H o6paT-
HBl€ 3JIEMEHTH H YTOOBI NPOM3BEAEHHE JBYX 3JEMEHTOB MHOXeCTBa
(5.4) npunaanexano Tol e COBOKYIHOCTH.

OueBHAHO, UTO €NMHHUHBIF 3JeMeHT MHOXKecTBa (5.4) paeeH
{E |0}, rae E—efuHUYHEIH 3JEMEHT TOUEUHOH TPYNObl o, B CAMOM
Jede,

{E|O}r=Er=r. (5.5)
Q6patubit snemeHT (5.4) paBeH
g7 ={R|(R)+as} " ={R*|—Ra(R)—R'a.}, (5.6)
B CAMOM JeJe,
g7gr={R™1|— R a(R)— R 'a.} {Rr +a(R)+a,}=
=R 'Rr+ R '2(R)+ R ‘an —R‘a(R)—R'a, =r=
={E|0} r. (6.7)

Iy Axourc . Teopus 30H BpuamosHa U 3JIeKTPOHULIX COCTOSHHIA B KpHC-
tanaax. — M.: Mup. 1968, § 34.

2) Mgl NOJIL3YEMCA PACIPOCTPAHEHHBIM 0603HayeHHEM oneparopa (SﬂEMEHTa)

NMpOCTPAaHCTBEHHOR FpYyNNul, I'le ciepBa QeHCTBYeT Ha r omeparop R, CTORIMHHA
cJ€Ba OT BePTHKANbHOH uepTH, a 3atem onepatop G(R)--a, (cmewenne), CTOfl-

WM CHpaBa OT YepTHl.
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Hakoner, mokaxeM, mpy KakHX YCJOBHAX [POU3BEJEHHE NABYX 3Jie-
MEHTOB MHOXecTBa (5.4) NpHHAAJEeXKUT TOMY >Ke MHOXecTBY. Eciu
R, v R,—Ba 3J€MEHTA TOYEYHOH IPYNMBl KPHCTalJa o, TO

{R:|(R))+am} {R,|e(R)) +-an} r=
={R,|®(R,) +@m} (R +-(R,)) +an} =
=R,R,r + Ro(R,) + R,@n +(R,) + . (5.8)

[lepBoe cJnaraemoe npaBofl yacti (5.8) HMeeT CTPYKTypy MepBOro
caaraemoro mpasoi uyacti (5.3), Tak Kak R,R,= R= 3jeMeHTy TO-
YeyHOH Ipynnsl of . JKECTKHM yCJIoBHEM AJISi 3JEMEHTOB MPOCTPAHCT-
Benno# rpynnst (5.4) siBasiercs TpeGoBaHHe, yTOOBI OCTaJIbHbIE YeThl-
pe caaraembix B (5.8) umenu crpykrypy (5.3), T. e.

Ro(R,)) +Ra, +a(R,)+am=a(R)+a,, (5.9)

rae a(R)—HecoGCTBeHHAs TPAHCJAUMSA, COOTBETCTBYIOLLAs 3JjeMeH-
1y R=R,R,, a @, —KaKoli-1160 BeKTop pelueTkH. SlcHo, uto (5.9)
MOXKeT ObITb BHINOJHEHO TOJIBKO MpH OMpeliesIeHHO# COrJacoBaHHOC-
Ti onepauuit e(R,), HecoBCTBEHHBIX Tpancasunil o(R;), a(R,), ¢(R,R,)
¥ OCHOBHBIX BEKTODOB DELUETKH &, &,, &,. TulaTeJbHEIH aHaau3, mpo-
BeJeHHbi B 1891 T., He3aBMCHMO, pPYCCKAM KpHCTaJjorpadom
E. C. ®egoposeiM 1 HeMenkum A. llléndancoM, mokasas, 4TO BCero
umeercss 230 MPOCTPaHCTBEHHBIX Tpynm?').

IMpocTpancTBeHAbLIe TPYNMbL, y KOTOpeIX @{R)=0 ana Bcex R,
HA3LIBAIOTCH NPOCMbIMU VJH CUMMOPHHBIMU; €C e XOTsA Obl jJa
onanoro R, e (R)=:0, rpynna HasbiBaeTcst HecummoppHoil.

Jnsa cummopdubix rpynn ycaosue (5.9) ynpoutaercs, npuobpe-
Tast BUJ

R.a,+ am=ap. (5.10)

Ecnu R,—onepalus BpalleHWsi BOKPYr OCH, To TpeGosaHnue (5.10)
NPHBEJIO HAC K BO3MOMKHOCTH CYLIECTBOBAHHS OCeif TOJbKO 2-T0, 3-TO,
4-ro n 6-ro nopsaxkos (§ 4, n. 1).

MOXHO TOJIyUHTb MpeiCTaBJIeHHe O UYHCJe CHMMODQHBIX HpPOCT-
PANCTBEHHBIX TPYMH, €CJH MPHHATH BO BHHMAHHE, UTO KaXIbli KpH-
cTaIMuecKHil KJace, KOMOHHHPYsl ¢ BO3MOXHOH pelieTkod Bpase,
ob6pasyeT npocTpaHcTBennyto rpynny. Hanpumep, pomGuuecknil cHH-
rouun D,, COOTBETCTBYIOT TPU KJjacca (cM. (.1)) u yeTnlpe peileTKu
Bpase T,, T3, T3, I} (puc. I1.13), nosToMy Mul MOJY4HM JJisl STOrO
cayuas no XpaliHell Mepe JBeHaAlaTb [IPOCTPAHCTBEHHBIX CHMMOPGd-
HbIX TpyNn. Y4uTBIBas, 4YTO KJacCHl pPOMOGO3ADUUECKOR CHHIO-
HHH MOTYT CONEpXAaThbCsl H B IeKCAroHaJbHOH, MOJYYMM AJIsi BCeX
14 pewerox Bpase u 32 xusaccoB (5.1) 61 npocTpaHCTBEHHYIO

1) depnopos E. C. CuvMeTpus H CTPYKTypa KpHcramios.— M., 1949,
Schonflies A. Theorie der Kristallstrukturen.— Berlin, 1923.
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Ta6anunua I1.2
Uncso
CHHTOHHH WM Toueanne | npocrpan- | [10HOe uncno
KPHCTAMNHYECKHE PemerkH Bpase rpynae | cTeennbix | MPOSTPaHCT-
CHCTeMAl rpyam BEHHAIX Fpynn
E 1
TpukJHHHAs TpHKJIHHHAA ¢ 1 2
ITpocTast MOHOKJIHHHas, Cip 4
MoHokaHBHBas JBYXTPaHeLleHTPHpoO- C, 3 13
BAHHAS MOHOKJIHHHAS Cop 6
ITpoctas pombGuueckas, Csy 22
JBYXTPaHELEeHTPHPO- D, 9 59
BaHHas pOMOHYecKas, Dy, 28
Po;asq_lgir%cﬂxaaﬂs;::: UEHTPHPOBAHHAS POM-
P 6uueckasg, OGBEMHO-
UeHTPHPOBAHKASA DPOM-
GuuecKan
Cy 6
Ipoctas TeTparokasb- g‘"’ Ig
TerparoHasbHas Haft, OGbHEMHOUEHTPH- s"‘ 9 68
HJH KBajipaTHas pOBAHHAS TeTparo- D“d 12
2
HaJbHAA D, 10
Dy, 20
C, 4
Pom6oanpuueckas S 2
HJIH TPHroHaJdb- | TpHronanbras Csy 6 25
Has Dy 7
Dgy 6
Cs 6
Csp 1
Cen 2
lexcaronanskas | I'excaronajbHasi Csy 4 27
Dy, 4
Dy 6
Dgy, 4
Ilpoctas  ky6Huyeckas, T 5
rpaHeleHTPHPOBAHHASA Ty 7
Ky6uueckas Ky6HUYeCKasi, 00BEMHO- T4 6 36
HEHTPHPOBAHHAST  KY- 0 8
GHyeckas (1) 10
Hroro 14 32 230 230
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cummopdHyto rpynny. Eciit ele yuecTb, 4TO B HEKOTODBIX CJydyasx
3J€MEHTbl CHMMETPHH KDHCTaJJHUYeCKOro KJjacca MOryT GhITh 110-pas-
HOMY PpacrnoJioXeHbl OTHOCHTE/NbHO TPAHCJASLMOHHLIX BEKTOPOB (Ha-
TNpHUMep, ABOHHbIE FOPH30HTAJIbHBIE OCH B KJacce [, rekcaroHaJbHoOd
CTPYKTYPbl MOMHO HanpaBUTb K BepUIMHAM IUECTHYrOJbHHKA H K
cepellHHaM €ro CTOPOH), TO MOJHOE YUCJIO CHMMOP(QHBIX Tpymia
BO3pacraeT A0 73.

BHHTOBbIE OCH, NMJOCKOCTH CKOJIBXEHHS MPEeACTABJAIOT LUHPOKHE
JIOIIOJIHHTE IbHble BO3MOMHOCTH KOHCTPYHPOBAHH I 11POCTPAHCTBEHHBIX
TPYMN; 4YHCIO HeCHMMMOP(HBIX TPYNN OKa3blBaeTCs paBHbIM 157,
TaK 4TO ofliee YHCJAO NMPOCTPAHCTBEHHBIX rpynn paBHO 73 157 =
= 230.

B rtabn. 11.2 paHo pacnpejeneHue BceX MPOCTPAHCTBEHHBIX
TPyIN 1O CHHIFOHHSIM H KPHCTaJAJUUECKHM KJaccaMm.

IlpencraBumM s/1emeHT NpocTpaHcTBeHHO!N rpynnel (5.4) B Buie
TNpOH3BefIeIINS [BYX OIEpaTOpPOB

g={R|a® +a.)={E|a.} {Rle®)},  (11)

rie E—eJHHHYHBIH 3JIeMEHT TOUEUHOH TPYMMbl of C SJeMeHTaMH R.

Xors npeo6pa3oBaHHA {R |a(R)} SABJISIOTCH 5J€MEHTAMH CHMMET-

pHM KpHCTaJ/a, OHH He obpasylor rpynny. B camom nene, ux mpo-
H3BeJleHHe MOXET JaTb BEKTODP pelleTKH @&, NpuHaajexaulel K rpymme
TpaHCHALUH oF .

Hanpumep, npumenss TpH pasa npeofpasopaHHe, COOTBETCT-
Byiollee BHHTOBOH ocw Ha puc. 11.15, nmoayunm cmeuienve Brosb
OocY Ha BeJIHUMHY OCHOBHOrO BeKTOpa @&. AHAaJOrM4HO NpUMEHsAS

ABa pasa oneparop {R ‘%} , Tae R— orpaxenue B nyjockoctd PP’

(puc. 11.16), mosyuum TPaHC/SIUKIO HA OCHOBHOH BEKTOD &,.

B 10O e BpeMsA COBOKYNHOCTb BCeX OPTOrOHAJLHBIX Mpeobpaso-
BaHH#l R (B TOM uHciae M Tex, AJas KOTOpnix o (R)==0) oGpasyer
TOYEUHYIO TDYINY o , ONpeleqsKIYI0 KJace Kpucrania. B camom
nene, u3 (5.8) BumHO, 4TO ecan R, n R,—oOproroHaJbhbie npeobpa-
30BaHHA CHMMETPHH KDHCTaasJa (C HecOGCTBEHHBIMH TPaHCJALHUSA-
MH, PaBHbIMH HJH He PaBHbLIMH HYJIO), TO R,R,= R—TOXe OpTO-
roHajbHOe NpeofpasoBaHHe CHMMETPHH KpiucTtanaa (c & (R)=0 ujnu
o (R) #0).

Takum o6pa3oM, Asd TOro YTOGH! OMpPeAesHTL KJacC KpHCTama,
HAJ0 Y4YecTh BCE OCH W IIJIOCKOCTH CHMMETPHH, 3aMEHHB [pPH 3ITOM
BHHTOBLIE OCH M MJIOCKOCTH CKOJbXXEHWA Ha PaBHO3HAUHEIE 11POCTLIE
OCIl H MJOCKOCTH OTPaEeHIis.
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§ 6. Henpusogumble npefcTaBieHMs Tpymmn
H Teopus XapakTepos

1. IlpuMeHenye Teopuu rpynn B (U3MKE H, B YACTHOCTH, K TBEp-
IOMY Teny, OCHOBAHO HAa TEODHH HENPHBOAMMEIX IIpEACTaBJIEHHH H
TEOPDHH XapaKTepoB1l).

PacemoTpum nekoropyto rpynny @G, cocTOSwYIO U3 A 3J€MEHTOB!
A=E, B, C, ..., §, T, ... lns onpejesJeHHOCTH IpeJCTaBHM
cebe, UTO 3TO TOYEYHAs TpyNHa CHMMETPHH, KaXKAOMY 3JIEMEHTY
KOTODPOH COOTBETCTBYET HEKOTOpOE Npeofpa3oBaHHE KOODAHHAT Tena
X, Yy, 2. Bo3pMeM HEKOTODYIO NPOU3BOJIBHYIO OJHO3HAYHYIO PYHKIIHIO
P, (x, y, 2)=1, (x¥) n npsMenuM K Hell oneparop Prp (R—oAuH u3
3JIEMEHTOB T'PYNIbl), ONpeAeJIeHHbI# c/efyounM o6pa3oM:

Py (%, 4, 2) =1, (R™1) = D (ix). (6.1)
3necs R~*—sneMeHT, o6paTHHH R, R™'X-—OPTOrOHA/JbHOE Npeol-

pasoBaHHe KOODAHHAT, COOTBETCTBYIOLLee deMeHTy R~ Ha nepsaiit
B3rJiA] 6bly10 Obl €CTECTBEHHEe ONpenesuTbh onepatop Pp TakK:

PRy, (x) =1, (Rx). (6.1a)

Msi mokaxeM, OLHAKO, UTO TO/LKO NpH onpefeserru (6.1) onepa-
Tophi Pp 06pasyioT rpynny, usoMmopgHyio ¢ rpynmoit G, T. e.
B camomMm nene, u3 onpepesienusi oneparopa 13R (6.1) cnenyer
PP, (%) = Ps®g (x) = D (S71x) =, (RIS 1x) =
=Y, [(SR)—l'x] = Pgr¥, (¥),
otkyna npsmo cienyer (6.16). I1pu onpenenenns xe (6.1a) mbr noxy-
ynjan 66 PgPi = Pgs, UTO He Bcerxa yno6Ho ?). Bass B {6.1) BMecTo
R Bce 3jemenTef rpynnsl &, Mbl, B obuieM cJaydae, He NMOJyYuM A
JHHEHHO He3aBHCHMbIX QyHKUHH g (x); yHCcJIO AMHEHAHO He3aBHCH-
MbIX QYyHKUMH r 6yner, Booblie TOBOPsi, MEHblUe HJIH PaBHO A, T. e,
r <Ch; o6osHauuM ux uepes Y, (x), P, (x), ..., ¥, (x), rze ¥, (x)—

ozHa w3 3TuX GyHKuMiA (tak Kak R MoxeT paBHsATbeA E). Ilocpen-
CTBOM COOTBETCTBYIOLIETO JHHEHHOTO npeoépasoBaHHﬂ MOXHO Bcer-

na QyHKUMH P, (x) (=1, 2, ..., r) crenats OPTOHOPMHPOBAHHLIMH,
410 MEl M OyjeM Ipeanojaratb B jafbHefilueM, ®DYHKIHH ), (X)
(i=1,2, ..., r) Ha3LIBAWOTCS: 6a3ucHble Gyurkyul, 6asuckoll sexmop

HJIH TpocTo 6asuc. I1pu apyrom BeGOpe GyHKUMKE P, (X), yucyao 6asuc-

1) HeoGxoaumbie AR NOHWMARHS 3TOrO Naparpaa CBESEHHS O MATPHUAX H
HX cBofictBax cofiepxkartcst B [Ipuaoxennn 3.

%) Hexotopsle aBTophi, Hanpumep B xuure Solid State Theory./P. T. Lands-
berg.— London, 1969, c. 157, npegnoyuraior Bee-TakH onpefeneHue (6.1a).
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HBIX QYHKUHH r, Boo6ule roBops, MeHsieTcs. [1pumeHense Pg K onHoil
H3 6a3MCHHIX QYHKIMHA, HanmphMep K P, (X), Bulpaxkaercs depes Jiu-
HEMHYIO CynepnosuuHi 6asucHBX GyHKuMH (310 caefyet M3 (6.1),

€c/d NPUMEHUTh K 06eMM yacTaM paBeHcTBa Pg U yyeCTb, 410
®p () —nunefinas cynepnosHuds QYHKUHH ¢, (%), T. e.

Psi= 2 T (S)us, (6.2)

rae I'(S),;—oanement maTpuusl r-ro panra I' (S)1).

YmHOXas o6e yactu paBeHcTBa (6.2) csieBa Ha Y] (), MHTEr pupys
no dx=dxdydz ¥ HCHOMb3Yys OPTOHOPMHPOBAHHOCTH Ga3HCHHX
(YyHKUHH, MOJyYum

§97 () Ps iy () de = 3T (S)a; § 7 () e () dx =

= kgl r (S)ki 6[/1 =T (S)u' (6-3)

Taxum obpasom, saemeHTs! Matpuus! I'(S) B (6.2) —MaTpuuHble aJe-
MEHTHl onepartopa Pg, B3aThle Ha 6a3ucHBIX GyHKUHUAX P; (x£). Ecau

K ofenm vwactam paseHcrsa (6.2) npuMeHuth oneparop P, T0
ﬁrﬁslpi:i)rsil’t':ZF(TS)H‘P:ZEF(S)kiﬁr‘l’k =

= ; I'(S)u Z T(T)i b = Z ; P (T)is T (Sh o=
=2PMT vy (64)

rae MBl B KOHIlE BOCNOJIL30BAJHCh 3aKOHOM YMHOMKEHHS MaTPHIL.
3jech nepsas cTpoOKa MOJyYeHA OT NpuMeHeHHs P, K JeBOil YacTH
(6.2), a Bropast cTpoka—K mnpaBoit wacru (6.2).

CpasHuBasi Tperbe 3BEHO C MOCJEAHHM, MOJYYUM

P(TS),; =T (T) T (S)]i» (6.5)
I (TS)=T(T)T(S). (6.5a)

MEl BUAHM, 9TO MaTPHIA, COOTBETCTBYIOLLANA NpOoH3BeneHHio T'S, paBua
npouseenenuio matpu aaa T u S. Marpuusr I'(S) B (6.2), rae
S —mi060# 37eMeHT TPYNINE, [ePEMHOMKAIOUIMECH MO TOH Xe TabsHie
YMHOXEHMS, YTO H SJEMEHTHl I'PYIILI, HA3BIBAIOTCA NpPeACmasienuem
epynnoi. EcM BCe MaTpPHUBI PEACTABJIEHHS PA3JIHYHBI, TO OHO HA3bI-

HIH

) Takoe conpsaxenne HoMepa 6asHCIOfN DYNKIHH C NEPBLIM HHAEKCOM MaTPHILI
B cymme (6.2) nenecooGpas’no B CMBIC/IE CONOCTABJEHHS MaTpPHU SJeMEHTaM Ipynnk
(cM. HaXeE).
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BAETCHA MOUYHbLIM, B TIPOTHBHOM CJy4Yae OHO Ha3bIBAETCH HEMO4HbIM.
B nepBoM cayuae MaTpHUHOE mpejcTaBJjeHHe o6pa3yer rpynmy,
M30MOPODHYIO HCXOJHOA TIpyIne; BO-BTOPOM — HCXOJHAf Tpynna
roMoMopHa MaTPHYHOMY TNpeiCTaBJEeHHIO. )

Ecnn Bocnosib3oBaThes oOnpejeseHnem onepatopa Pr (6.1a), To
BMecTo (6.5a) monyumm

T (TS)=T(S)T(T), (6.56)

T. €. MaTpHlbl NPEJCTABJIEHHH NepEMHOXKAOTCH B NOpsAIKe, 06paTHOM
3JeMEeHTaM Tpynnsl (3T0 CBS3aHO € TeM, YTO, KaK OTMEYEHO Bllle,
B cayuae (6.1a) Prs= PyP%). OnHako TpaHCMOHMPOBAHHEIE MATPHILbL
npefcTaBJeHHi W TIPH onpefenenuu Pp (6.1a) nepemuoxaiorcs «npa-

BUJLHOY» coryacHo (6.5a). B camom gmene, u3 (6.56) caeayer

F(rS)=T@)T(T) =T(T)T(S), (6.58)

rie 6eu1o ucnodabsosano (I1.3.30).

B caenyiomeM naparpacde Mbl YBHAMM, KaK €CTECTBEHHO BO3HH-
KaloT npejcTaBJjeHnst W Ga3ucHble (PYHKIHUH TIPHU HCCIEJIOBAHUHM CHM-
MeTPHH KBaHTOBOMEXaHHUECKHX CHCTEM.

EaunuyHoMy snemeHTy Tpynnsl £ COOTBETCTBYeT €INHHHUHAR
MaTpHiia

1 0 ... O
rEy=° " % =18, (6.6)
0o o0 ... 1

rae 8;,=1 npu i=k u 8,=0 npu i==k. B canom geJe,
T(E)T(S)=T(S). (6.7)
JleHeTBHTENBHO,

[F (E) r (S)][k = 2/14 r (E)il r (S)Ik = Z 6ul‘ (S)zk =TI (S)ik»

uto coBnajaetr ¢ (6.7) (1. €. MBl MoKasanH, YTO MATPIYHLIH 3JeMEHT
NPOU3BENEHUA MaTPHI B NeBOfl yacTH (6.7) paBeH COOTBETCTB YIOLIEMY
MaTpuHYIIOMy 3JeMeHTy maTtpuusl I (S)).

Ecan Q-Q =E, 1. e. Q-1—>3nemMent, o6paTHhill Q, TO

I@Q=)=T(Q), (6.8)

T. €. MaTpHla O6PaTHOTO 3JeMeHTa eCcTb 06paTHAas MaTpPHIa MpPsiMOTO
snementa. B camom gene, T'(Q-Y)T (Q)=T (E); ymHOXas obe yacTH
cnpasa Ha ob6paTtHylo Mmatpuuy I'(Q)™?, noayuum (6.8). M3 (6.8)
cJleayeT, 4TO NpeJCTaBJIeHHe IPYIIbl MOXET OCYUIECTBAATECH TONBKO
TaKHMM MaTpHI@MIl, KOTOpble HMEIOT oGpaTHble, T. €. HECHHTYyJasp-
HHIMM MATpHLAMHK (ONpejeJIHTENb TAaKHX MaTPHL He JOJKEH pab-
HATLCS HYJIO).



§61 HETIPUBOAWMBIE MPEACTABJIEHHS TPVYIIN 67

Ec/in Bce MaTDHLbI NPeACTaBJIEHUS HOABEPTHYTD 10e06 pa30sanuo
nodobus (cM. Ilpunoxenue 3, n. 4)

ST (A)S=T (), S-*T(B)S=TI(B),
ST (C)S=F(C), ..., (6.9

rae S-—HeKoTopas (HeCHHTyJsipHas) MaTpHUa, TO HOBHIE («IUTPHXO-
BaHHbIE») MaTpHLbl TOXKEe JAOT NpeACTaBJeHUA rpynmbl. B camom
nene,
I'(B)T(C) =8S'T(B)SST'(C)S =

=S 1I'(B)I' (C) S=S-1I'(BC) S=T'(BC)’, (6.10)

TA€ BO BTOPOM paBEHCTBE HCNOJb30BaHO, 4To SS~*=FE. Tak Kaxk
BLIGOD MaTpHIbLI S 1POU3BOJIEH, TO OYEBHAHO, UTO GECKOHEUHOE MHOTO-
obpasve npexacraBjeRui (6.9) He MOXeT CyLIECTBEHHO OTIHYATBCS
Apyr OT JApyra u JaBaThb pa3Hyio HHGopMalHio. Mbl 6ynem Bce TaKHe
NpeACTaBJCHHSA, JT0JlydaeMble NOCPeICTBOM NpeoGpasoBaHus MOJ0GHs,
HasbLIBaTh 3KkeusANeHMHbLIMYU W OyJeM paccMaTpUBaTh HUX KaK OJHO
npeicTaBjieHHe. B CBA3H C 3THM BaXKHO OTMETHTb, YTO LIMyp (cJex)
MATpPHLbl HE MEHSAETCH NpPH IpeoOpPasOBAHHH MOAOGHSA:

SpT (A) =Sp[S—T (A)S]=Sp[T (4)SS-1]=

=Sp[l'(4) E]=SpT (4), (6.11)
rje Mbl BOCNOJIb30BAJHCh TeM, YTO IINYp NPOH3BEJEHHS ABYX MaT-
PHIl He 3aBHCHT OT NOPAJAKA HX YMHOXKeHHs. TakuM o6pasoM, maT-
PHIBl BceX SKBHBAJEHTHHIX NPEACTABJEHHN MMEIOT A JAHHOTO
3JeMeHTa TPYINL OJHH ¥ TOT Ke WIIyp.

TloxaxeM, 4o ecau GasucHbie QYHKIKH OPTOHOPMHPOBAHH, T. €.
HX CKalspHOe NpOH3BejeHHe

(Pr W) = § ¥} () Py (%) dx =, (6.12)

TO MaTpHubl npexcraBnieHdsi I' (R) yHHTapHBL
B camoMm pedte,

Sin=(;, Yp) = (1312'4’5, Prpy) = (2 T'(R),: ¥, 2 I'(R)s “Ps) =
= 2 F* )sk wrv % ZF * )skarsz
=$F *R)u T R)rk=2rF+(R)IrF(R)rk=[ YR)T (R)]in

Tlpn nepexopmie B 3TOM LenH paBeHCTB OT BTOPOro 3BEHA K TPETHEMY
Mbl BOCMOJIb30BAJIHCH TeM, YTO CKaJsipHOe rpousBefeHne (P p,) He
MEHSIETCA TNPH OPTOTOHAJIbHOM Ipeo6pa3oBaHUH Pp NepeMeHHBIX
MHTETPUPOBaHUsl (AKOGHAH npeo6pasoBaHHs paBeH ejHHIE); NpH
nepexojle OT [ATOTO 3BEHA K IIECTOMY MBI BOCIIOJIb30BAJHChH OPTO-
HOPDMHDPOBAHHOCTRIO DYHKHHH ; (X); HaKOHel, NpH mnepexoje OT
CEeAbMOrO 3B€HA K BOCBMOMY — OIlpejieIeHHeM COMPAXKEHHON MaTPHUILL.
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M3 cpaBHeHHs nepBOro 3peHa ¢ NOCJEHHHM cJELyeT
I'*(R)I'(R)=E, (6.13)

T. €. Marpyubl I' (R) yHUTAapHBI

Herpynno mnokasare (Ha 3TOM MBI OCTAHABJHBATHLCA HE 6yaem),
YTO eCJM cTapble 6asucHble QYHKUHH MOABEPrHYTb MPOH3BOJBHOMY
JHHeHHOMY Ipeo6pa3oBaHHIO

'\P;: ; Ski‘\pkx (6 14)
TO HOBOE (CIUTPHXOBAHHOE») T pejacTaBJeline
I"(R)y=8"T(R)S, (6.15)

T. €. 3KBHBAJIEHTHO CTapoMy.

Jlerko y6eanThbes (MOCPEACTEOM N1PAMOrO HCNBLITAHKS), 4TO TPylina
paBHOCTOpOHHero TpeyrojbHuka D, (§ 2, Taba. 11.1) umeer Tpu
crepyiomre (He3KBHBAJIEHTHbIE) NpPEACTABJEHHs: 1) TpHBHAJbHOE
€JMHWYHOE IIpeJCTaBJieHHe, KOrja BceM 3JeMEeHTaM TpPYIIbl COMo-
CTaBJsgeTcs ejuHuua, rpynna D, romomMopdHa 3TOMY MpeaCcTaBAEHHIO
PasMEpPHOCTH eJHHHUA (TakKMM T[ipeacTaBjeHUeM obJajnaer mobas
rpynmna); 2) npeicraB/eHde pasMepHoCTH efuHuua, B uge: ['(E)=1,
FA)y=TB)y=r({)=—I1, I'(D)=T(F)=1, uto J1erko npoBepHTs,
ncnonb3ys T1aba. 11.1; 3) usomopduHoe npepcraBieHUe PasMEPHOCTH
JBa:

re=(3 0, ra=( %), re=(72 V_3/2>,(6.16)

V32 1/2
_( =12 =V (2 Vae
F(C)_(—Vs_/z 1/2>’ I1(D)_<—1/3‘/2 —1/2>'
(=12 —V3e
F(F)—<V§/2 -1/2,)'

B camoM nene, Hanpumep,

T D) =(, _?)( i ﬁ)—/*”? V‘OT/Q):I‘(B),

—V3ie —172) \V3p2 1/2
(=12 —V32 —1/2 V32\ (1 0y
P(F)P(D)_<V§;2 —1/2><—V37/2 —1/2>—<0 l)_F(E)’

B COOTBETCTBHH C 3aKOHCM YMHOKeHMst MaTpul # Taba. I1.1. 3ame-
TAM, 4TO Bce MatpHubl (6.16) yuurtapHsl. Tak KaK Bce MaTpHILI
npefcrasienua (6.16) pasaHyHBE, TO OHO HA3LIBAETCH TOYHBIM.

BriGpas xaKyio-M60 NpPOM3BOJLHYIO HECHHTYJSPHYIO MATPHIY
BTOpOro paHra § u Hcrnojb3yst (6.9), Mbl MOTJM Obl MaTpHYHOE
npencraBientie (6.16) HammcaTh B COBEpLIEHHO MHOM BHEIIHEM, HO
MO CyMEecTBY 3KBHBAJEHTHOM Blijle.
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JBymepHoe mnpencraBienue (6.16) MoxKeT GbITh MOCTPOEHO, €CJH
BOCIOJIB30BAaThCH 6a3UCHBIMU GYHKIHAMA:

w=1 Zrexo[— it | w=1 Zyexp[— g ot o]

Hasi onpenenenuss matpul I'(S),, Bxoxswunx B (6.2), nopBeprHem
KOOpJHHATH X, y npeobpasoBaHuam rpynnel Dy (§ 2, n. 2)1); npu
3TOM MBlL MOXCM BpaulaTh TPEYroJabHUK, CUNTAs HENOABHKHLIMH OCH
KOOpAHHAT X, Yy (Tak onpeaeneHsl onepaunu A, B, C, ...), uau
BpalllaTh KOOPJAMHATHYIO cHcTeMY (B 06paTHOM HanpaBJ/e€HWHH), cUUTas
HENMOABUXKHBIM TPeyroJbHHK (TaK B HalleM cJaydyae 3TO YyIOGHee).
U3 puc. 11.1 caenyer, uro onepauusiM CHMMETpHU rpynnsl Dy cooT-
BETCTBYIOT npeoGpasoBaHisa (6.2)

ﬁA‘Pl: A—leX, P gp,: A_I!/:_!/

S /P /1 0\ /Y (1 0y,
Pali)=lo =) (%), T@=(5 7);
P 1 3 A A 3 1
Py BTlx=—5x+ [Q—y, P g, B‘1y=VTx+ Y
UK
5 (i —1/2 V3i2\ /i r (B —1/2 V32
PB( ) <V3/2 1/2> (%)‘ (B) = V32 2]’
ARnanornuso MoxHO paccMOTpeTb npeobpa3soBaHus, COOTBETCTBYIOIUIHE
sneMeHTam rpynnwel C, D, F, T. e. nocTpouTb Bce MaTpuunl (6.16).

2. TlpenctaBum cebe, YTO HaM AaHLI JBA HEKBUBAJIEHTHLIX Hpej-
CTaBJIEHHs, BOOOUIE rOBOPS, PasHON PA3sMEPHOCTH r H S:

Iy (A), T'y(B), I (©), ..., Ty (P),
Ty (4), Ty(B), T,(C), ..., T,(P),

Coctasum u3 matpuu I', r-ro pavra u matpun I, s-ro pamra
Gaounble MM K6a3UOUA2OHAAbHbIE MATPHLBL (r 4 S)-r0 paHra BHAa

T (A) = (F'l"('d)"a"“;(')'"')> , T(B)= (F.l'..(.?.)..i......(.) ..... ) ,

HJIH

(6.17)

(6.18)

TAe HYJH B IIPABOM BEPXHEM YIJy 3aMOJHSIOT MPSIMOYTONbEEI 670K
IMPHHON S CTONGLOB M BLICOTOH r CTPOK, a HYJH B JIEBOM HHXKHEM
YrJy —IpSAMOYTOJIbHLIA OJIOK IIMPHHOH 7 CTOJGLOB H BRHICOTOH §
crpox. Iloxaxem, uro matpuusl I' (6.18) Toxe maioT mpeacTaBieHHe

2 1
1) 3aMeTHM, 4YTO MHOXKHTEJb ]/?L— exp | — 7(x'-’-—|—y2) oCTaeTcsl HHBa-
PHAHTHHIM NpH BCeX MPe0o6pa30BAHHAX Ipynnut .
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rpynmsl, T.e. ecan BA=C, To
I'(B)T (A)=T(BA)=T (C).
B camom gese, 3 OpMYJBl, ONpPEeAEJsIOLIH MATPUYHBIE 3J1e-

MEHTHl MAaTpPHIbI, PaBHOH NPOH3BEJCHHIO ABYX APYTHX MATpHL, cJje-
JyeT:

S

T. €. 3JIeMeHTHl i-H CTPOKH NepBOM MaTpHUBl YMHOMXKAIOTCH Ha 3Je-
MEHTbl k-ro crosifua BTOPOH MaTpuubl. Mbl BHAHM, 4TO A0 TeX MOP
noka i meHsercs or 1 go r, k ToXe MeHsieTcss TOJBKO OT | A0 r
(Tak Kax 0OJ/bIUMM 3Hau€HusaM k COOTBETCTBYOT HysHd). Takum o6-
pasoMm, JeBbifi BepxHH#l 670K I'; (B) yMHOXaerTcs Ha JeBblfl BEPXHUH
6nok T, (A). AHajiorHyHas CHTyaUHs HMMEET MECTO IS HHXKHHX
npaBbiXx GJIOKOB; IO3TOMY

_(TuBT(A 0 _(T© 0\ _
P @)1 (A) = ("2t ) = (5 g ) =T ©),

yTto W Tpe6oBaJsoCh N0KA3arhb.

Ecan Mel moaBepriemM Tenepb MaTpuusl I' B npencrasaenuu (6.18)
KaKOMY-JH00 NpeoOpas3oBaHMio NOAOOHA (IOCPeACTBOM KaKoH-1uGo
MaTpHubl (r - §)-ro paura), To Marpuusl I' norepsioT cBOH KBasH-
JHaroHaJibHbIH (GJIOUHBIA) BHA, XOTs mo-NpexkHeMy OYAYT AaBaTh
npeacrabjaenue rpynnsl. [TogBepruyB 3T0 3KBHBAaJIEHTHOE NPeACTaB-
JieHHe 06paTHOMY Npeo6pa30BaHUIo NOJ00HA, MBI IPUBEHEM €r'o ONAThb
K KBa3uAMATOHAJIbHOMY (GJIOYHOMY) BHAY.

TakuM 06pa3oM, MBI NPUXOAMM K 3aKJIOYEHHIO, YTO BO3MOXKHBI
TaKHe CcJy4Yad, Korja, MOABEPTHYB BCe MATDHLbBI NPEJCTaBJEHHA
npeofpasoBaHU0 NOXOOHA, Mbl IPHBENEM HX K KBa3yAHalrOHAJbHOMY
BARY (C OXMHAKOBOH CTPYKTypoH 6soxoB). B s3ToM cayvae mpen-
CTaBJIeHHE HA3BIBAETCH NPUBOOUMbIM.

BecbMa BaxKHBIM SIBJSIETCS YTBEPMKJAECHHE, YTO B HEKOTOPBIX CJY-
Yyasix MaTpHULBl NPEACTABJEHHs HHUKAKHM Ipeobpa3oBaHHeM Nono6HsA
He MOryT GHITb MNpuBelleHbl K KBasKAMAaroHaJbHOMYy Buly. Takue
NpeJCTaBJICHHs HA3bIBAIOTCH HEnpusoduMmbiMiL.

CyulecTBOBaHHEe HEnpUBOJAMMBIX MpeACTABJICHHH B (POPME MATPHIL
BTODOTO MJIH Gojiee BLICOKOTO paHra npelcTaBJsfeTCss BecbMa ecre-
CTBEHHEIM J/Ii HeafeJeBBIX I'PYINN, TAK KaK B 3TOM CJy4yae HEKOM-
MYTaTHBHOCTH YMHOJMKEHHSI 3JIEMEHTOB TDYIINbI MOKET (HO He JOJIKHA
06513aTeJIbHO) COOTBETCTBOBATH HEKOMMYTaTHBHOCTb YMHOMKEHHA MaT-
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punt. Jasi aGesieBbX TPYINI PAa3MEPHOCTH BCEX HEIPHBOAHMBIX Npej-
CTaBJIEHHH JOJIKHBI DaBHATLCS €lNHHHIE.

HenpuBoauMble NpeACTaBJEHHS TPYNN HrpalOT OCHOBHYIO DOJb
B IIDHMEHEHHH Teopuu rpynn kK ¢uanueckum npobnemam. Kak 6yner
MOSICHEHO HHXKE, YHCJIO HENPHBOJAHMBIX MPEJACTaBAECHHH TpyMMel
pPaBHO YHCJY ee KJiacCOB.

3. Jlisi HEMPUBOAMMBIX, HEIKBHBAJIEHTHEIX, YHHTA PHBIX MpeACTaB-
JICHUH HMeeT MeCTO CJEeAYIOWas Mmeopema OpmoOHarbHOCMY 1):

EF:’(R)uvrj(R)aﬂz_?‘.‘aijauaav& (6-19)
R

3n0eCb CYMMHDOBAaHHE BeJeTCsi 10 BCeM A 3JeMeHTaM T PYIIbl
(R=A,, A, A, ..., A,); i 1 j—HOMepa HENPHBOJAUMBIX [1PE/CTaB-
neHuit, [,—pasMepHOCTb i-rO NpeiACTaBNCHHS (TaK KakK IpaBas
yacTb (6.19) oTaHYHA OT HYJS TOJNBKO NIpH i =, TO BMECTO [; MOXHO
mucatb [); T} (R)uy—KOMIUIEKCHO-CONPSDKEHHBIH [v-H  3/1eMeHT
MaTpHUbl [-r0 HENPHBOJHMOTO MPEACTABJIEHHS JAJs  3JEMEHTa
rpynnsl R.

IlpaBast yactb (6.19) oTJIMYHA OT HYJS TOJMBKO NPH i= [, u=a
u v=pf, B 3TOM cJayyae

ST (Ryas = 7 (6.20)
R

Mpl BHIHM, YTO JeBaf 4YacTb OT @ M [ He 3aBUCHT. M3 (6.19)
CNenyeT, 4TO

;F;(R);wf‘,-(R)w=0 npu Qs j,

i (6.21)
;F:(R)P«VF[(R)OLB=O npH p=ea HIH vs&p.

M3 (6.21) Buano, uto MaTpuuHble aneMeHTH I; (A )y, T (v, ...

- i (Ap)uy An2 BCex h 31EMEHTOB IPYNIbl MOXKHO pacCMaTpHBATH
KaK KOMIIOHEHTHl A-MEDHOTO BEKTOpA, KOTOPHIH OPTOTOHANEeH K Jio-
GoMy M3 BEKTODOB, NMOJIYJEHHOMY JJIS ADYTHX HMH/JEKCOB W H V, a
TaKKe OPTOrOHaJleH K JI06OMy U3 MOAOGHBIX BEKTOPOB AJS APYTOro
j-rO HEeNpHBOJAHMOTO IPEACTABJEHHUS.

AHanorHYHO B OGBLIYHOM TPEXMEDPHOM HPOCTPAHCTBE OPTOTOHAJb-
HOCTb TPEXMEDHHX M ABYMEDHBIX BEKTODOB 3alHCHIBAETCHA B BHJE

3
[Zl ab;=ab=0, i=x,y, z,
2
t§1 a,b,-=ab=0, i=x, Y.

HTMetpawens M. ., Tpudounor E. I IpuMesente reopun
B KBaHTOBOH Mexanuke.—M.: Hayka, 1967, ra. 111, n. g opHit rpymn
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Ecnn umeercss BCero § HeNPHUBOAUMBIX TNpPEACTaBJEHHH, TO NOJ-
S

HOE YMC/O TAKMX B3AHMHO OPTOTOHA/MbLHLIX BEKTOPOB paBHO X [%,
i=1

TaK Kak JJd [-TO IIPeJCTABJEHHS YHCJO MATPHYHBIX KOMIIOHEHT
paBHo /4. Ho B npocTpaHcTBe i M3MepEHH HEJb3sT IOCTPOUTh GOJbILIE
5

YeM h B3aUMHO OPTOTOHAJDbHBLIX BEKTOPOB, MmosToMy %, {3<Ch. Mox-
=1

HO NOKa3aTb (Ha YeM Mbl OCTAHABJHBATLCA He OyleM), YTO B 3TOM
COOTHOUIEHHH BBIMOJHAETCA NpefeJbHOE pPaBEeHCTBO!), T. e,

s
> E=h. (6.22)
i=1

BBejleM Ba)KHOe NMOHATHE O wunmype (T. €. CyMME€ AUATOHAJBHbBIX
3/IEMEHTOB) MaTpPHIbl NPEACTABJEHHS; B STOM cJydae iUNyp Hashbl-
Baercs xapaxmepom U ob6osHauaercs uepes y; (R). Hmeem

li
% (R)=SpTI;(R)= Z; T (R)upe (6.23)
u,:.
3nech/;—pasMepHOCTD i-ro npeactasiaeHud. s xapakrepa eiuBuy-
noro aneMerta 3 (6.23) caegyer
1i [N
1 (E) = 2 T (E)pu= 2 1=1, (6.24)
u=1 u=1
T. €. XapakTep HeNpPHBOAUMOrO MPEACTABJEHHA e JUHHIHOTO 3/1eMEH-
Ta TPYRMbl paBeH pas3MepHOCTH MPeACTABJICHUA.

Hs (6.11) crepyer, uto xapaxTep (WOyp npeAcTABNEHHA) He
MEHAETCA NPH NPeolpasoBaHUH NMox0GHs. [T03TOMY XapaKTephl 3KBH-
BaJ€HTHbIX MpefcTaBJeHHH coBmajaioT. Tak kak npeacTaBieHHs
5JIEMEHTOB OJHOTO KJjlacca Trpynmbl CBS3aHbl Npeofpa3oBaHueM IIO-
zobust (M. (2.3)), To I'(B)=T (V)T (A)T (V), u xapakreps AJs
BCEX 3JIEMEHTOB KJlacca OJMHAaKOBHI;, IIOITOMY MOXKHO HamHCaTh

%i (R)=7%; (Cy), eciu REC,, (6.25)

rze C, cumBon k-ro knacca.

Jlis NpuioXeHHE HMeeT BaXKHOe 3HaYeHHe Cllefylowas TeopeMa
OPMOLOHANBHOCILU XAPAKMEPO8:

; %z (R) %, (R) =hd,, (6.26)
UM, yguThiBas (6.25): ’
; Nyxi (Cp) 15 (Cp)= hai}'v (6.27)

) Xamepmem M. Teopus rpymn.—M.: Mup, 1966, c. 133,
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rie N,—uncno sneMeHTOB B KJaacce C, n cymmupoBaHue BejeTcs
no BceM k KnaaccaMm. [ns AokasatenscrBa (6.26) nosoxum b (6.19)
p=v 1 a=f, Toraa 8,.0vs="0uabue="=0u. u

. h
Z Pl (R)uurj (R)aa =_l,-— 511-5,“.
R
CymMupys ofe 4acTH paBeHCTBA [0 W H O, DOJYTHM
. h
ZZ Fi (R)uuz P/ (R)M=Ti-6,-/25ua.
R pn a ue

Hcnonb3ys omnpefesnenne xapaktepoB (6.23) W yuuThiBasi, 4TO
Ddpa=D 1=, (HJIH M bua=1;, uto Ge3pasauYHO), U COKpawas
o v pa :

l; B npaeoit yacti, nonyuuM (6.26). Us (6.27) caenyer, uro

0, ecmn i==j,

; Npx7 (Cp) %, (Cp) :{ h, (6.28)

ecan  i=j.

3aMeTHM, YTO 3TO BHIpaXKEHHE MOXET CJYXHThb KPHTEPHEM He-
IPUBOAMMOCTH npefcTaBjgeHnsi. IlpencraBnenue I'; HenmpHBOAHMO
TOrfa M TOJBKO TOrja, Korja

2Nl (Cp) P =h. (6.29)

Ecau npeacraBnenue I'(R) comepXKuT, HanpuMep, IBa HENpPHMBOLU-
MbiXx npenctaBnerua [ u I, 1o oweBupgno, uto Aas uero ¥ (R) =
=% (R)+¥"(R) (cM. uuxe (6.32)). TlosTomy ZIAA HEro cymma

D% (R)|* pasna 2, ecan npencraBienusi | v 11 HesKBHBAJEHTHBI
R

¥ X XapaKTephl OPTOTOHAJbHEl, H PaBHA 4A, €CJIH OHH SKBHMBAJIEHTHLI.
To ectb ycaoBue (6.29) sBJsieTcss AOCTATOYHBIM H HEOOXOMMMBIM
YCJIOBHEM HellPHBOXHMOCTH.

BymeM Tenepb paccMaTpuBaTb OTHOPMHPOBAHHBIE XapaKTepbl
knaccoB V' N,y; (Cy), VN33, (Cy), ..., V' N,x,; (C,) Kak cocraBansiom He
BEKTOpPa B NPOCTPAHCTBE KJACCOB (aHAJNOTHYHO TOMY, Kak 3TO [2-
Jajoch as cocraBasolix I'; (R)uy). Torza W3 ycnoBHs B3aHMHOM
OPTOrOHA/NBHOCTH TaKHX BeKTOpoB (6.27) caepyer, uTo 4YHCJO He-
NPpUBOJAHMBIX MPEACTABAEHHH MEHbIUE HJH PaBHO YHMCJy KJaaccoB. M
B 3TOM cJlyyae MOMKHO MHOKas3aTh!), 4YTO BHIIOJNHAETCS MPefesbHOE
COOTHOILIEHHE, T. €.

YHCJIO HENPHBOAMMBIX NpeicTaBAeHMHA =yucay KJjaccoB (6.30)
MoxHo BHIBeCTM ?) COOTHOIIEHHe, aHajJoruyHoe (6.27), umerolee
) Tinkham M. Group Theory and Quantum Mechanics. —McGraw-Hill

Book Co, 1964, ra. 3.
2) CM. Tam xe.



74 SJEMEHTBI TEOPHH TPVIIIT H CKUMMETPHS KPHCTAJIJIOB ECJL 11

BUJ
L h
34 (€ 1 (€)== S (6.31)

Fle OPTOrOHaJIbHOCTE XaPAaKTEPOB HMEeT MECTO HE MeXKJYy DPasHbiMH
NpeJCTABJEHHSAMH, 4 MEXAY DAa3HBIMH KJACCAMH.

XoTA xapaKTepbl HEMPUBOAUMBIX MPEACTABJEHHH [al0T MeHblue
HHQOpMALUH, YeM CaMH HENPHBOJAUMbBIE NpeAcTaBJEHHS, BO MHOTHX
Cny4yasaX OHM JOCTAaTOUHBI AJs peleHus puanyeckux zagad. ITostomy
NpefCTaBJAETCS 3aMaHYHBLIM NOJYYHTb XapaKTepbl HEIPUBOAHMBIX
NpelCTaBJCHHH DasHBIX KJACCOB, HE ONpefessAs B ABHOM BHJE CaMM
HENPHBOAUMbBIE TIpEACTABJEHHA. DTO MOXKHO clleslaTh, BOCHOJb30BAB-
IIKCh caeAylomuMH  cooTHomweHusimu: (6.30), (6.22), (6.27), (6.31).

Tabauny xapakTepoB Mbl OyJeM CTPOHTb Tak, YTOObI Kaxmo#
CTPOKE COOTBETCTBOBAJIO ONpeJeJeHHOe HEeNPUBOJAHMOE MNpeacTasJe-
HUe, a KaxJoMy croabuy onpeneneHHull kaacc. Ma (6.30) caeayer,
YTO YHCJIO CTPOK H CTOJOUOB JOJKHO GBITb OAHHAKOBBIM, T. €. Tab-
JHIA XapaKTepoB KBajpaTHas. Ecau nepBofl cTpoKe COOTBETCTBYET
eJMHHUHOEe TNpeJCTaBJeHHe, TO XapaKTepol ee AJs BCeX KJaccoB
paBHBl efuHHUe. Ecnu mepBoMy cronbuy CcOOTBETCTBYET KJjacc E,
TO XapaKTe pbl HENIPHBOAHMBIX N1pe ACTaBJEHHH, coraacHo (6.24), paBHbl
HX pa3MepHOCTAM [;, KOTOpble MOryT ObiTh onpepesnedsl H3 (6.22)
(o6bIYHO NPH 3aJJaHHOM At 1 § BEJIMYHHBI {; ON pefeITIoTCsl OAHO3HAUHO).
3Hasi MepBYIO CTPOKY M MNEPBHIl cToJ6el TaGauubl, MOXHO OCTaJb-
Hbleé XapaKTepbl ONMpeies]siTh NoJ6OpPOM TaK, YTOOLl yAOBJIETBOPANHCH
YC/IOBHSL OPTOHOPMHPOBAHHOCTH XapakTepoB no cTpokaM (6.27) u no
croabuam (6.31). O6blyHO 3THX ycJoBHHl XBaTaeT ¢ H3GBITKOM, Tak
YTO 4acTb MX CJYXHT AJs NpPOBEPKH Tabauusr ).

Hcnoabsys chopMysHpoBaHHble BHILE cBOAcTBA TabJUUBI XapaK-
TEPOB, JIEFKO NOCTPOUThL €€ AAsl JoGofl rpynnel BTOPOro MOPAJKA.
B srom cayuwae rpynna abeneBa W o6a HelnpHBOAHMEIX NpeicTaBJie-
HHMA, Kak 35T0 caedyer u3 (6.22), uMeloT pa3MepHOCTb eAUHHLA.
Hcnonb3ya ycnoBHe OPTOrOHAJBHOCTH CTPOK (MJIH CTOJOLOB), mO-
ayuum gns rpynn C;={E, J} w C,=C,,=|{E, o,} Tmaba. I1.3.

[pouaumocTpupyeM elue NpPHBEAEHHBbIE BHIILE COOTHOIUEHHS Ha
npuMepe rpynnsl D, (§ 2, n. 2). Dra HeabeneBa rpynna LIECTOro
nopsgka (h=~06) COCTOUT U3 TpPeX KJacCoB:

C,=E, C,={A, B,C}=3C, C,={D, F}=2(C,;C3.

Tak Kak 4HCJIO HENPHBOAHMBIX NpeJACTaBJCHHUH 3TOH FpyNNb TOXe
JIO/DKHO DaBHATLCS TPEM, TO TPH HE3KBMBAJICHTHBIC IIDENCTABJEHHSA
(6.16) sABAKIOTCS HENPUBOAHMBIMH NpPEJCTABJIEHHAMH, Mbl BUAHM, UTO

1) He cyuiectyeT onpefeseHHOTO aJIropHTMa AJIsl COCTABJEHHS TaGaHUBl Xa-
paKkTepoB, TaK YTO B ITOM JeJeé HYXHAa HEeKOTOpas CHOPOBKA; NpaBsja, HYyXHO
cKasaTb, YTO AJA HHTepecylWuX (H3UKOB TpPynn TakHe TAGJIHLb HMEITCH.
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Ta6nauma IL.3 Ta6auna II.4
C; E J Ds E 3¢, |2(cy; C3)
Ce E Op It 1 1 I
Ty ] 1 Ty 1 —1 1
r, 1 —1 _ Ty 2 0 —1

AN KaXAOTO MNpeACTaBJEHUsl XapaKTepsl, OTHOCALLHECA K OLHOMY
Ksaccy, omuHakosel. B Ta6a. I1.4 pauwl Xxapaxkrepnl rpynne Dy
(mHoxuremn npu C, n C,, HAIOMHUAAIOT O YHCJIE 3JEMENTOB B KJjacce).
M3 raGauuel BHAHO, YTO CYMMa KBaJApaToB pa3MepHOCTeH INpeJCTaB-
JeHHH paBHa nopsiaky rpynnet (6.22): 124124 22=6. Jlerko npo-
BEPHUThb BLIMONHHMOCTH (6.27), HanpuMmep, yCJOBHE HODMHPOBKH AJS
I', umeer Bug: 2*+3.04-2-(—1)2=6; ycJoBHe OPTOroHAJbHOCTH
mexay I, u Ty 1-243-(—1)-0+2.1-(—1)=0. Tak e MOKHO
nposepuTh BbimoJHuMOCTh (6.31); HampHUMep, HOPMHPOBKA CcToJOLA
C,: 14+ (—1)24+0=6/3=2, a oproroHaneHoctb Mexay C; n C;:
Ix14+1-142-(—1)=0. MoxHO npoBepHTbL H OCTaJbHbie COOTHO-
LIeHHS.

4. TlpeactaBum cebe HeKoTopoe NpPHBOAMMOE npexcraBieHue T
IocpencTBoM COOTBETCTBYIOWErO Npeobpa3oBaHus NOAOGHA Bce MaT-
puubl npuBoguMoro npeacraienuss I' (R) (R-—-sJjeMeHT rpynmsl)
MOTYT OLITb OJHOBPEMEHHO NpUBEAEHBI K KBA3HAHATOHAJbHBIM MaT-
pHLAM OJHHAKOBOH CTPYKTYPHI, B KOTOPbIX HENPHBOAUMOE NpeJCTaB-
nenne I'; (R) Berpeyaercss a; pas?). Mbl OyjleM nucaTh

I=ol +a,l,+ ... +al=al, (6.32)

NOHUMAs YCJOBHOCTb 3TOH 3anucH (cmpaBa y Hac CTOHUT «CyMMar
MaTpUL PasHOro paHra; OHAa HHOIAA Ha3wlBaeTcs npamod cyMmoH).
Tak Kax npH TakoM Npeo6pa3oBAHHH INOAOOHA XapaKTep MaTpPHUILLI

HE MEHSieTCA, TO
% (R)=2la;x; (R) (6.33)

(31eck yxe cyMMa M paBeHCTBO He HOCAT YCJOBHOIO XapakTepa).
IMoab3yschL yCJoBHEM OPTOTOHANBHOCTH XapPaKTEPOB HEMPUBOAMMBIX
npeacrasjeHuil (6.26), noayuum us (6.33)

%‘,x(R)x? (R)=Zai%}x.- (R) X}'(R)=§’]a,-h5i/=ha»

‘\) MoOXHO AOK233Th OAHO3HAUHOCTH TAKOTO pa3oxXeHus; KOHEeUHO, HEeKOTOphle
@; MOTYT OKa3aTbCd DABHBIMH €[lHHHLE HAH HYJIO.
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OTKYZa
=%§ L (R) 1} (R) = %Z Nt (Co) %] (Cp), (6.34)

rae N,—uucao anementos B Kaacce C,.

Ara dopMyaa, onpejpessioumiasi, CK0JbKO pa3 AAHHOE HENPHBO-
IuMoe mTpeicTaBjenue I'; BcTpevaerca B TNPHBOAHMOM I1peJCTaBJe-
Hun ', urpaer Baxmy}o poJib BO BCeX NPUJIOMKEHHAX.

5. B§2 n. 5 Mbl BBeJH TOHATHE O NPSIMOM MPOH3BEAEHHH TPyNI

A={A,=E, Ay Ay, ..., Ay} uB={B,=E, B, B, ..., Bu3},

KOTopoe Mbi ofo3Hayuiu Kak A x B,

ITycts T',—HekoTopoe npencrasienne rpyonsl A, a I'y,—npen-
cTaBfeHue rpymnnet B, sBoofuie rosopsi, Apyro#t pasmepHocTH. [To-
KaXeM, YTO npsiMoe NpousBenenue (cM. Ilpunaoxenue 3, n. 6) npea-
craBnenuil T (A,) X T, (B,) ectb npeacTaB/jeHHe NPAMOTO IpPOU3BeE-
nenus rpyma A X W, TIycTb 3/eMeHTHI I Py NPAMOro IIPON3BeIeHHS
NEepPEeMHOMKAIOTCS N0 3aKOHY

(A4xB)) (AwBr) = (A Ar) (B,Br) = AwBr, (6.35)
rje
Af;"= AkAk' H Bp':B[B['.

IloxaxeM, YTO 3TOMY Ke 3aKOHY YMHOMKEHHS YJOBJETBOPAET Mps-
Moe npousBegeHHe npexctasaenunii I, X T,; nmeeM
[T (A X T, (B)][T, (Aw) X T, (Br)] =

=TI, (Alz) T, (A/") xT,(B)T, (Bir) =

=T, (A, Aw)XT, (B,Br) =T, (Ax) XT; (Br).  (6.36)
3necs nepBoe pasenctBo caexyer u3 (I1.3.50), a nocneanee H3
(6.35). Mbl BupuM, 4TO NpaMble npousBefeHus I x T, yroBaerso-
PSIOT 3aKOHY yMHoeHHs (6.35).

U3 (6.36) crenyer, yto mnpefcTaBjeHHe NPAMOro MPOH3BeAeHUs
TPyNI paBHO NMPSMOMY MPOM3BEACHHMIO NpPEACTaBJEHHH, T. e.

I'(A.B)=T,(A) XTI, (B). (6.37)
Hcnonbsys (I1.3.52), noayuum
SpI' (A, B) =Sp(I', (4) xT, (B)]=SpT,(4:)-Sp T, (By),

WK
X (AxB)) = %1 (Ag) %2 (By), (6.38)

T. €. XapakTep MpPeACTaBJEHHS NPAMOTO MPOM3BEAEHHS TPyNNm AJs
snemeHta A,B, paBeH NpPOM3BELEHMIO XaPAKTEPOB IpeACTaBJeHHH
JJsi 3JleMeHTOR A, u B,.

To, uTO 3TO COOTHOLIEHHe CBA3LIBAET XapaKTepbl HellPHBOJIHMBIX
npejcTaB/eHHi, MomxeT ObITb 060CHOBAHO cJeaywuiuM obpasom. Ha
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(6.38) u (6.26) cnenpyer, yto
2% (ApBy) P =21, (Ap) I2$|X2(Bz)|2=hahb=h,
k, 1 k

rae h,, h, u h yucno snementos rpynn 9, B v ux npsMoro npous-
pegenus Ax Y. Takum o6paszom, ecnun A 1 B — HenpUBOAUMbBE NIpex-
crayenns cpynn A u B, 1o I'; x ', To:xe HenmpuBOANMOE IpeAcTaBIeHHE
rpymnsl A X B {Tak KakK TONBKO AJS HCIPUBOJHMOLO MpPEACTaBJICHHS
BHINOJHAETCH cooTHoweHue (6.26).

CootHowenye (6.38) obneruaer cocraBjeHne TabJHll XapaKTepoB
MJIl TeX TPYMN, KOTODHE MOKHO PAacCMaTpHBaThb Kak MpsMbie Tpo-
uaBeflenust 6oJiee TPOCTBIX TpYMI.

B § 3, n. 4 ™Mbl Buaesw, uro rpynna D,, =D, xC, rae rpynna
C.={Eo,}. B tabn. 11.4 npusejenni xapakrepsl rpynnst Dy,
B rpynne Dy, BaBoe Gosbluee YHCJIO 3JEMEHTOB, KJAccOB W TNpef-
crapienuii, yveM B rpynne D,. Wcnonbsys ¢opmyay (6.38), Jerko
nocTpouTh Tabiuuy xapakrepos rpynmnst Dy, (tabn. 11.5). BooGue,
ec/ii paccMaTpuBaemasi rpynna (G ectb TpsiMoe TPOU3BEJEHHE He-
KOTOpOil Tpynmsl ¥ Ha rpynny sroporo nopsiika C; uaun C; ¢ xa-
paktepamu Ta6a. 11.3, To Ta6nnua xapakTepos rpynns G omnpeje-
nserca mo cxeme rtabha. 11.6, rae y—xapakrepsl rpynnst ¥,

Ta6numa I1.5

Dan E 3C, | 2(CuiCY | on | 304Ca | 20x(CsiCY
T, 1 1 1 1 I 1
T,. I 1 1 ! —1 I
T,. 2 0 -1 2 0 -
r,. I 1 I —1 —1 —1
r,- 1 -1 l 1 1 —1
| 2 0 —1 —2 0 1

B rta6n. 11.7 npusesens xapakrtepst rpynnel O ¥ U30OMOpdHOH
et rpynnst T,. OG6o3HayeHMs: HENPHBOAMMBIX TDEACTABJIEHHH B
nepsoM M BTOPOM cTon6lax JaHbl COOTBeTCTBEHHO mo bBaykepry,



78 SJIEMEHTDB! TEOPHUH I'PYNI H CUMMETPHUS KPHUCTAJJIOB [rji. 1

Ta6nuua 11.6

;
G Kanaceb Knaceer

Henpusonumble b x

NpeacTaBleHRs

Henpusogusere % —X

NpeacTaB/eHHs

Ta6auna I1.7

E | 8C, o 6C, 6C,
0 Ty :

E | 8, | 3Ch 60 6S,
Iy Ay 'y Ajf 1 1 1 1 1
T, A, r, 4, 1 1 1 —1 —1
Iy, E Ty E 2 | —t 2 0 0
T xg; s | Fy 3 | o —1 —1 i
Tes | Fa | T x5 : 3| 0 | —I 1 —1

CMONYXOBCKOMY W BHUrHepY M No CTaTbsM, MOCBALIEHHBIM MOJEKY-
JISIPHBIM CIIEKTPaM (B INOCJeIHeM CJyyae NMpPHHATO 0003HAyaThb 4yepes
A opnomepuble, E— nByMepHbie ¥ F (mau T)—TpeXmepHble mnpej-
CTaBJEHHS).

[TockosibKy MosiHast rpynna cumMerpuu kyba 0,=0XxC;, rae
C,={E, J}, tabnuua xapakrtepoB rpynnsl 0, MoXeT ObITb MOJy-
yeHa u3 Taba. 11.7 mocpeactsoM npumeHeHus cxemel Taba. I1.6.

Ecnv nnis HEeKOTOPOH TOYEYHOH TIpymnnbl 3JemMeHTe! R H R~}
OTHOCATCS K PAasHbIM KJaccaM (3TO MMeeT, HalpuMep, MECTO, ecJiH
OCb BpallEHHs A5 3JeMeHTa R He sBJseTcs ABYCTOPOHHEH), TOrAa
IJ1s1 HEKOTOPOI'O HENPHBOAMMOIO I peJCTaBJeHHs

[(R-)=T"1(R)=T*(R)=I*(R),
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tak kak I'—yHuTapnas MaTpuua; orcioza
F(R™Y)u=T*" Ry
H, C/Ie/lOBaTENbHO,

% (R™) =T (R™);=ZI* R =1" (R),

HJH
x (R =x*(R), (6.39)
T, €. XapaKTepr 3JIEMEHTOB R H R_l KOMNJICKCHO COIIpSAXKEHEI.
Taonvwua 1.8
C, E Cy c:
I 1 1 1
mzezm‘/a
I'y 1 [} w?
Iy 1 »? ®

B rtabn. 11.8 nanbt xapakrepsl rpynmet C,, AJs KOTOPOH 3/eMeH-
Thl H Cy U C3' OTHOCATCHA K paseeIM KJsaccam 1), Mbl BHIMM, 4TO
JeficTBUTeNIbHO Asisl mpeacrapsenus T,

% (Ca) == e2T/3 'X,(C:?l) = (2 = P47/ 3 — e—zm’/a’

¥ (Co) =5 (C31).

AHanoTHyHaA CHTYyaUHs HMEET MecTO JJisi HENPHBOAHMOIO Tpej-
ctaBjerus T,.

§ 7. KsanToBas mexaHuka M TeopHs rpynn

1. B navane § 6 Mbl ye ykasasay, 4YTO MaTpHYHblE MNpeACTaB-
JIEHHS] TPYNN CHMMETPHH €CTECTBEHHO BO3SHHKAIOT IPH PACCMOTPEHHH
(usnyeckux npodJem.

BaxHeHlIMM NPUMEPOM 3ITOTO SIBJIAETCS PAacCMOTpEHHE pelleHuil
cTaunoHapHoro ypasHenus [llpeaudrepa.

[IpeacraBum cebe (U3HYECKYIO CHCTEMY B KOHQHIYpPaUHOHHOM
NPOCTPAHCTBE n KOOPAHHAT X,, X, ..., X, OOPa3yIOUHX 1-MepHbIH

!) Boxee noumbie TaGivLbl XapaKTEpOB TOYEUHBIX TPYMM, CM., HATPHMEpP, y
JdaugayJ. O, Jlupwuu E. M. Ksaurosas mexannka. —M.. Hayka, 1974,
c. 434.
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BEKTOD X = {X,, X,, ..., X,}. BosHoBas QpyHxu#a cucteMsl P (£) B
CTALHOHAPHOM COCTOSIHHH yOOBJeTBOpseT ypasHenuto Llpepuurepa

()P () =&V (x), (7.1)
rae ?Z(x)—rammmonuaﬂ cHCTeMBl, & —COOCTBEHHOE 3HAYEHHE ee
3HeprHu.

Ecau cocTosinne ¢ snepruei & [-KpaTHO BBLIPOMIEHO, TO eMy
COOTBETCTBYIOT [ JHHEHHO He3aBHCHMBIX COGCTBEHHEIX (YHKIIHH:

;q;l (x)v ’lpz(x)r MR | wi (x)) M ) 1‘pl (x)' (7'2)

M3 KBauTOBOM MeXaHHKM M3BECTHO, UTO 5TH (YHKIHH Bcerja
MOXHO CYHMTAThb OPTOHODMHPOBAHHLIMH 1), T. €. CKaJspPHOE [1pOH3BE-
JeHue

(b ) = § 97 (0) Wy (0)dx =8, (7.3)

rie dx =dx,dx, ... dx,.

Jlio6oe pewienue ypaBHenHst (7.1), cooTBeTCTBYyIOLIEe COGCTBEH-
HOMY 3HAueHHI0 &, MOXeT ObIThb NPEeNCTABJEHO KaK JHMHEHHas KOM-
6unauus Qyukuuit (7.2).

IlpencraBum cee, yTo paccMaTpHBaeMas cHcTeMa obJajaer He-
KOTOpOH CHMMETpHe#, HanpuMep NPOCTPAaHCTBEHHOH cUMMeTpHeit He-
KOTOPO# TOYEYHOH TPYNMBl HJH CHMMETDHeH IO OTHOLWIEHHIO K repe-
CTaHOBKAM TOXMAECTBEHHBIX YACTHI MeXay coGoi.

Besikas onepauus Takoll CHMMETpUH (BpalleHne, OTparkeHHe,
HHBEPCHS], NMEePeCTAHOBKA YaCTHL) CBJ3aHAa C HEKOTOPbIM JMHEeHHbIM
npeo6pa3oBaHieM KOH(HIYPALHOHHBIX KOOPAHUHAT CHCTEMEI, KOTOpOe
MOXKeT GBITb 3aIHCAHO B BHJE

x'=Rx, (7.4)

rle R— BewecTBeHHAs OPTOroHaJbHAasi MaTPHLA JHHEHHOro MHpeol-
pasoBanus. O6paTtHoe (7.4) npeofpasoBaHHe HMEET BHA

x=Rx', (7.5)

rae R~'—oGpartHas Matpuua. [as BellecTBEHHBIX OPTOrOHAJbHBIX
matpull R™* =R, 1. e. (R™Y);;=R;; (cm. (I1.3.28)). Hanpuwmep, pas-
HOCTOPOHHWH TpeyroabHuK (pHc. L1.1) MoKeT GblTh ODMCAH LIECTBIO
KOODIHHATAMH X, X,, X3, X,, X; H Xs, KOTOPHIE TIOCJEAOBATEILHO
paBHBl KOOpAMHATAM x U y Bepwun [, 21y 3.

Onepaunn D (Bpawennio Ha 120° 1o 4yacoBOH CcTpeJiKe BOKPYr
OCH, MNepreHJHKY/IAPHOH K NJOCKOCTH TpPeYroJbHHKA H NPOXoAsuiei

1) Cm. B INpusnoxcennu 3 n. 5 aHagoruunuii 5OIPOC 06 OPTOTONAAHSALUH COB-
CTBEHHBIX BEKTOPOB, COOTBETCTBYIOUIHX OAHOMY COGCTBEHHOMY B3HAYEHHIO SPMHTO-
BBIX MaTphL.



§71 KBAHTOBAST MEXAHHKA H TEOPHUSA IPyNMN 81

yepes ero LEHTP) COOTBETCTBYeT npeoGpasoBaHue 1)

Xi=x3=0-%40-x,41-x,+0-x,+0-x,40-x,
x;=xd=0'x1+0'xz+0'xs+1'x¢+o'x5 +0'Xs,

Xg=Xg= . . . . dexg 4., (7.6)
X;=x°= s e e e e e e e e e e e .+1'X5,
Xs=x==lex;4 . . .. ... ...,
Xe=Xa= ... +l-x,4+ . .. ...,
TaK, YTO MaTpHLa OPTOrOHaJbHOTO Npeobpa3oBaHHUs
f0 01 000
000100
000O0T1 0
R= 00 0O0O0O 1] (7.7)
1 00 00O
L0100 0 0]
Jlerko yGeauThcst B TOM, 4TO 06paTHOE MNpeofpasoBaHue
0 000 1 07
00 0 0 0 I
1 00000
-1
R'= 01 0000 (7'8)
001000
L0001 0 0}
¥ 4TO, AeHCTBHTENBHO,
R*=R. (7.9)

Ecin cucrema of/1anaer HekoTopo#t cuMMeTpHedf, TaK 4TO OHa
coBnajaer caMa ¢ coBo# npH npeobpasoBaHHH KoopauHaT (7.5), To
NoTeHLHaJ/IbHAst 3HEPLHA cHCTeMbl V (x), BXOAsLAS B raMuJbTOHH-

aH %(x) B (7.1), ynoBJIeTBOpSiET YCJOBHIO
V)=V (Rx")=V(x"), (7.10)

rie mMel B V (x) mpousBenn npeoGpasoBanue (7.5) or x k x’. Han-
puMep, NMOTEHHHAJIbHAS SHEPTHs 3J1eKTPOHA B NMoJie sapa aToma Ze/r
06JazaeT ceprHyeckoil cUMMETpHEN, T. €. He MEHseTCH IpH JIOGBIX
NOBOPOTaX aTOMAa (H/IM KOOPAMHATHON CHCTEMBI) BOKPYI HayaJa Ko-
OpAHHAT, COBMAJAIOWErO ¢ sApOM. [leHCTBMTENBHO, HPOM3BOAS Op-
TOTOHaJIbHOE TpeofpasoBaxue (7.5) MO OTHOIWIEHHIO K KOOpAHHATAM
3JEKTPOHA X, =X, X,=Y ¥ X, =2, HOJYYdM

Ze? o Ze?

(7.11)

1) Hpu sToM Bepuwiua TpeyroabHHKA | NepexoduT B Beplnny 2, 2 B 34 8 B 1,
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Tak xax onepatop Jlanjaca HHBapuaHTEH OTHOCHTEJbHO OpPTOrO-
HaJbHEIX npeoGpasosaHuil (7.5), To

F(x)=F (R~x') =5 (x). (7.12)

Ecau Mbl npouasejeM saMeHy KoopauHat (7.5) BO BCeM ypaBHEHHH
(7.1), To mosyunm

FZ(x)p(Rx)=EP(Rx'),
rae Mbl nepemeHHbIe x' MOXEM, KOHEUYHO, 0603Ha'{HTb !{epes X
H (x) Y (R71x) = &P (R~ x). (7.13)

Bee npeoGpasoBaHiist cupMETPAN, OCTABASIONIHE FAMHJBTOHNAN HH-
BapHaHTHBIM, HOCAT Ha3Bauue epynnot ypasnenus [lpeduncepa.
Cpasnusas (7.13) ¢ (7.1), Mbl BUAHM, 4TO GyHKnuA P (R1x) =
=@ (X) YIOBJIETBOPSIET TOMY XK€ ypaBHeHWI0, 4T0 U DYHKIHS P (X)
NPH TOM XK€ COGCTBEHHOM 3HAYEHHH HEPrHH &.
Ecau cobetBenHoe 3HayeHHe & He BHIPOXKAEHO, TO @ (X) MOMKET
OTJIHYATLCA OT 1 (X) TONBKO MOCTOSIHHBIM MHOXKHTEJEM, T. €.

¢ (%) = ctb (%), (7.14)

Ecau R*=E, 10 ¢*=1 u, ciepoBatenbHo, ¢ = = 1. Takum o6pasom,
B cayyae RP*=E cyiulecTBYIOT ABa pelueHHsl ypaBHeHus (7.1): ojiHO,
He MEHstoulee CBOH 3HAK NPH NMPeoGpPasOBaHHH CHMMETPUH (CHMMET-
pUYyHOE), H ApYroe, MeHsiomwee cBOH 3HaK Ha obpaTHLIM MNpH npe-
OOPA30BAHHH CHMMETPHM (4HTHCHMMETpPHYHOE) ).

Ecii xe cobcTBeHHOe 3HayeHHe & [-KPATHO BHIPOXKAEHO, TAK YTO
Y (x)=v,(x¥) u paBHa oaHot u3 ¢yHkmui (7.2), 10 Y, (R™'x)
(cM. (7.13)) sBaseTcs pelueHueM ypaBHenus [pemunrepa (7.1) pas
TOFO Ke COOGCTBEHHOIO 3HAYEHUs IHEPIUH &, MOITOMY OHO JOJIKHO
BHIPaXaThbcA JHHEHHO Yepe3 BOJNHOBHE QyHKLMH (7.2):

i (R™%) = Pap; (£) = 2 T (R) i ¥y (). (7.15)

10 BHIpaxeHHe cosnapaeT ¢ (6.2) s npeobpazoBaHus Ga3UCHBIX
bynxumni ;. M3 (6.3) caenyer, uto anemeHTn! MaTpuubl I'(R),; —

MaTPUYHBIE 3JIeMeNTH onepatopa Pp, NOCTPOEHHbIE HA BOJHOBBIX
(Gasucubix) dynkuusx (7.2). Us (6.5a) crenyer, 4To yHUTApHbIE MAT-
puusl T'(R) B (7.15) ocylecTBJISIIOT NMpeacTaBAeHHe TPYNNBI ypas-
nenus Wpegunrepa (7.1).

Mel MoeM cieiaTh Ba)KHGE 3aKJIOYEHHE, YTO KAKIOMY COBCT-
BEHHOMY 3HAYeHHIO HEPruH & COOTBETCTBYET ompenesieHHoe (¢ Tou-
HOCTBIO JI0 TipeobpasoBaHusl MOAOGUsI) NpPeACTaBJEHHe I'PYNNHl ypaB-
nenus Illlpenunrepa.

1) Cum. peusenne pas atoma reaus so BBefenuu (§ 1).



§71 KBAHTOBASI MEXAHHKA H TEOPHUS TPVYIII 83

B nasbHeifimmeM Mbl GyieM CYHTaTh, YTO €CJH HET CAYHALIHOZ0 6bL-
posicdenus, TO HpeicTaBJeHHe rpynnbl ypaBuenus [pemunrepa, co-
OTBETCTBYIOLLEE ONpeReJEeHHOMY COOCTBEHHOMY 3HAUEHHIO 3HEpPIHH,
SIBJIIETCH HET PUBOJAUMBIM,

B camom peje, ecsid 6Bl 3TO NpeAcTaBjeHHe OBIIO MPUBOAUMBIM,
TO MaTpuubl I'(R) MOXHO ObIIO OBl COOTBETCTBYHOLIHM MpeoGpaso-
BaHHEeM NOJOOHS (MJM, HHAye, COOTBETCTBYWOLIMM BhIGOpoM [ Gasuc-
HbIX QyHKuHMi (7.2)) npHBeCTH K KBa3HAMArOHAJbLHOMY BHAY, Ha-
npHUMep K IBYM 6J0KaM DaHroB n M [—n, PacnoJIOKEHHbIX BIOJb
rnaBHOH awaroHasu matpuubl I'(R). B atoM cayyae n ¢yHKuui us
(7.2) npeo6pasoBbIBaNHCh O, MPA BCEX NMPeOBPasOBAHHAX CHMMET-
puH R, TONBKO APYT yYepe3 APYra ¥ TO Ke HMeJO Obl MeCcTo A
ocraJibHeIX [—n Qyukuuit. Takum o6pasoM, Kaxaasa W3 ABYX TPYMI
¢yHkUMA Besa OB ce6s Tak, Kak GYATO OHA NpuHaiJexaja HEeKO-
TOPOMY OIpPeJeJIEHHOMY YPOBHIO 3HEPIHH, HO Torja Guljio 6bl MaJo-
BEPOSITHHIM, H, BO BCAKOM CJyyae, He CBfI3aHHBIM C CHMMeTpuefl

ramMUJIbTOHRAHa F7 (X) TaKoe cayyaliHoe coBlajeHue 06OHX YpOBHEl
SHePTHH (Cayualinoe 8bLpoONCOeHUE).

Takum 06pa3oM, Mbl GyJeM CYHTATD, YTO KA K AOMY YPOBHIO
HEePrHU COOTBETCTBYET OMNpejJeJeHHOE HeNpHBO-
AluMoe npencraBJeHHe rpynnu ypaBHedHus Wpepu-
Hrepa. KoHeyHo, pasHbM ypPOBHSIM 3HEPTHH MOMET COOTBETCTBO-
BaTb OJHO U TO K€ HENPHBOJMMOe MNpejcraBjeHde. Hampumep, bl
yBHIAUM AaJIbllie, YTO HENPHBOJHUMBbIE MNPEACTABJEHHS 3JEKTpPOHA B
aToMe, B OJIHOYACTHYHOM NPHOMUKEHHH, XapaKTepH3YIOTCs OpOHTaNb-
HbIM KBaHTOBEIM YHCJOM [, Tak yTo s-cocTosHue ([=0), p-cocros-
Hue (I=1), d-cocTosiune (/=2) W T. 1. — pasIHYHBIE HEMPHBOLHMEIE
NPEeJCTaBJICHHs HeNnpepEBHONH TIpynnel Bpawenust, IIpu sTom kax-
JIOMYy YDOBHIO 3HEDPTHH 3JIEKTPOHA COOTBETCTBYET CBOE HENPHBOLH-
Moe npeicTaBJieHHe ¢ 3apaHHbM [. Ho, KOHETHO, pasHbIM ypoBHSM
SHEPrU¥ C PAa3JIMYHBIMHM TJ/IaBHBIMH KBAHTOBLIMH YHCJIAMH N MOTYT
COOTBETCTBOBATbH OLHH M Te ke HeIpHBORUMEIE MPEACTABJEHHA C
OJHHAKOBBIM /.

Paccmotpum aToMm B y3sle KyGHYECKOH KPHCTAJTHYECKOH peler-
KH, U NYCTb pe3yJbTHpYIoIee noJe, fefcTByiollee Ha aToM, obJa-
naer cumMerpHed rpynnel O (npuG/aHKeHHe, Korjga peHCcTBHe BCex
OCTa/IbHBIX 3JIEKTPOHOB H Sl PELIETKH MOMHO 3aMEHHTb 3JIEKTpH-
UECKHM TM0J1eM, 00JIafalouiHM CHMMETPHE!l PEIUeTKH), KOTopast HMeeT
ITL HENPHBOAMMBIX NpexacraBienud (taba. I1.7). Torpa Bce ypos-
HH 3JIEKTPOHA aToMa B y3Jie Ky6MYECKOro KPHCTaJJa HOJIKHBI NPH-
HaJJIeKATh K ONHOMY M3 NATH HENDHBOAHMBIX MPEACTABJEHHH T PyI-
nel Q. TakuM 06pasoM, MOKHO CKasaTb, YTO B MOJeE CHMMETpHH O
HE MOTYT CYUIeCTBOBATb YPOBHH SHEPrHH ¢ KPaTHOCTBIO BbIPOKJE-
Hug, Gosbluel Tpex.

B crenyiomem naparpade Mel paccMOTPUM BOMPOC, KaK pacluen-
JAI0TCSA yPOBHU IHEPr¥M BaJIEHTHOTO aTOMa [P JEHCTBHH HA Hero
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KpDHCTaMIMyecKoro mond, ofJanaiomwero cumMerpueit O  uiH
0,).

2. PaccmoTpuM BaxkHBI cayvall, Korja ramusbtoHuan J¢ B (7.1)

MOXeT ObIThb [PEACTAaBJIEH KaK CyMMa

H=F,+%, (7.16)
NpHYeM CHMMeTPHS FZ' HHXKe CHMMETPHUH FZ,, TaK UTO FrPynna CHM-
MeTpHH FZ° sfiBssieTCs MOArpynmnod Trpynmel cuMMmeTpuu J7,. Takas
CHTyalHsi BO3HUKAET, HAaNpPHMED, €CJH HAJOXHUTb BHELIHEE OXHOPOA-
HOE 3/1eKTpHuecKoe noJe £, Ha aToM, B peaysabTaTe uero cepu-
yeckasl CUMMeTpHsSI LSl SJEKTPOHOB aTOMa HapyllaeTcsi BO3Mylle-
nueMm F¢' = —eE 2 (E,| ocu 2).

AHanornyHoe noHuXKeHue CHMMETPHH HMeeT MeCTo, eCcJ/H [oMe-
CTHTh 4TOM B OJHH M3 Y3JIOB KPHCTaJJHYECKOH pelieTKH U CYHTATh,
YTO Ha 3JEKTPOH B aToMe, [IOMHMMO UEHTPAJbHBIX CHJI, JeHCTBYIOUUX
CO CTODOHBI $7pa AaTOMA H €ro OCTAJBbHBIX 3JEKTPOHOB, OOMOJIHH-
TeJbHO JeHCTBYeT YCPeIHEHHOe 3JIeKTDHYeCKoe IIoJje, OnpefelseMoe
cammeTpHell peweTkd. OueBHIHO, YTO CUMMETPHS NOJHOTO FaMHJIb-
TOHHAHa OMNpejesisieTcsl ero MeHee CHMMETPHUHON uacThio F7 .

PaccMoTpuM, YTO NpPOH3OHIET ¢ HEKOTOPHIM, BOOGILE TOBOPS, Bbl-
POXIEHHBIM YpOBHEM 3HEepPrHH &, COOTBETCTBYIOLLHM TaMHJLTOHHA-
HY F7,, TpH «BKJIOUeHHH» ramuibronuaHa F¢’. TlockoJbKy rpynna
' *) sABAsieTCs] NOArpynno# rpynmsl J7Z,, HENpHBOAHMOE Mpe/CTaB-
neHye ypoBHsl &, OyAeT ABJAATbLCH NpelcTaBjeHHeM, Booblle IOBO-
psAl, NPHBOAMMBIM Tpynmel F2'. 3TO NPHBOANMOE MpPEACTABJECHHE MbI
MOKEeM DasJIOKHUTb HA HENDUBOJAMMbIE NPEICTABJEHMS Tpynnbl F',
¥ TOrJa, eCJH 3SHeprus $¢’' MHOro MeHblle PacCTOSHHA MeXLy Tep-

MaMM 3HEprHH HeBO3MYILEHHOro raMHJIbTOHHaHa F¢,, Mbl MoOXeM
CKa3aTh, R4 CKOJBKO YDOBHEi M KaKOH KPaTHOCTH BHIPOXKAEHHS pac-

WeNHTCS YypoBeHb &, NoA AeHcTBHeM noJs 2. OnHaKO MBI HHUEro
HE MOXKeM CKa3aTb HM O BeJIMUHHE 3TOro paclielJieHHsl, HH O TOM,
B KaKOHi IOCJIeJOBATEJbHOCTH DACHOJIOXEHH pacllenJeHHble YPOBHH.

IlycTb HeBO3MyDleHHAas CUCTeMa, T. €. FAMHJbTOHHAH F7,, obna-
naer cumMmetpueil O (cm. Ttaba. I1.7). Hac wuHrepecyer, urto mnpo-
M30MAET C HEIPUBORMMBIM NPEACTaBIIEHHEM F, (TPEXKPATHO BEIPOXK/IEH-
HHM ypoBHeM f,) NnpH HaJoxeHuu noas F¢° ¢ cumMerpueit D, (cm.
tabn. 11.4), ecnn ero ocb C; coBnajaer ¢ ogHoli u3 oceli C, rpyn-
nel 0. MoXHO yBUAeTb, 4TO 3JjeMeHTHl rpymmbl O: E, 2(C,, C3),
3C, obpasyor noarpynny D,. IlpeacraBierue F, siBJisieTcsi npuBoO-

') Kak Mb nokaeM fgaJbute, rpynna @ obnajaeT B 3TOM c.ayuae, C TOYKH
SPEHHSl XapaKTepa pacilenyeHHst TepMOB, TeMH e CBOHCTBAMH, 4YTO H TIpynna
Op=0XC(;.

2) Mbl TOBOPHM IJIs KDATKOCTH «IPYNNa F¢’» BMECTO «rPYNNa CHMMETPHH FL'».
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IHMBIM TIpeACTaBJeHHEM 3TOH MOArpYyNMbl (3TO BHAHO YXe H3 TOro,
yto nogrpynna D, He ¥MeeT HENpHBOAHMBIX NpeiCTaBJeHHA ¢ pas-
MEpHOCTbIO, paBHOll Tpem). MTaK, MBI JOJKHbBI IPHBOAHMOE (A5 D3)
npeacrapnenue F, cxapamepamud 0, | (ans snementoB E, 8 (C,, C3)
n 6C,) pasnoxuth Ha Henpuaonm\xue npeacrasnenuss Iy, T, n T,
rpynnsl D,. Tlo dopmynam (6.32) u (6.34) monyuum
Fy=al +al,-+a,l,
H

31+201+311]1
3.14-2.0-143-1-(—1)| =0,

3-242.0-(—1)+3-1.0| =

c>|— c>|-— cs]—-
T

Taxum 06pa30M,
Fo=T,+T;,

T. €. TPEXKPATHO BBIPOXKJAEHHBIH ypoBeHb F,, NOA AefcTBHeM rnoJjs
cuMMerpur D, pacliensisieTcss Ha HeBBIpOXKJAEHHbIH ypoBeHb I'; u
IBYKPaTHO BEIDOXKAEHHBI! ypoBedb I'y.

3. Hapsaay ¢ npsambM npousBejeHHeM JBYX TpYMNN BBEJeM BaX-
HOe MOHSTHE O NPSIMOM MpPOM3BEJEHHH HENpUBOJAUMBIX NpeicTaBJe-
HAA OQHOH rpymnblL.

TlycTh uMeercsi [1Ba HENPUBOJWUMBIX IpEACTaBJeHUs rpynnsl T,
n ', pasmeprocteit { u m. DasucHble (PyHKLMH 3THX HeNpPUBOAH-
MBbIX TNpEJCTaBleHHH:

Fl: ,q)l’ .4721 ] ‘lpl.) ety ;lplY FQ: (Pu q)27 MR | q)k’ R § (Pm' (7'17)
Jlerko Bujerhb, yro npousBeneHuss V¢, ({=1,2,...,L,k=1,2, ... m)
TOXKe 06pasylor Gas3uc NpejCTaBJeHHsl TPyNnbl pa3MepHocTd [-m.
B camom pene,

i)R (‘Piq’k):ﬁR‘Pi‘ﬁR@kzzri (R)ji ij F2(R)pk Pp=

—Z I, (R); T, (R),,k]w,cpp ZI‘ R); pin by,

rpe mMatpuua I'(R)=T, (R)><I‘ (R), T. e. paBHa npﬂmomy Ipou3-
BegeHuto Matpuu I u F (cM. Tlpunoxenne 3, n. 6).

Orciona, cosepmex—mo TaK Xe Xak B § 6, n. 5, caeayer, uro
NpsMOE MPOU3BEJEHHE MATPHIL HENPHBOAUMEIX TPEACTaBJeHH Irpym-
nBl ecTb TOMe ee npeictaBieHue. OfHAaKo, B TO BpeMs Kak mps-
MOe NpOH3BejleHye HelPHBOAUMBIX MpEeACTaBJIeHHH ABYX Pa3HBIX FPYIN
€CTb TOXe HeNpHBOAMMOE IMpEeACTaBJeHHe MPAMOr0 MpPOU3BENEHHS
TPYNI, —NPAMOE MpPOH3BEJEeHHE HENPHBOAMUMBIX INpeACTaBJIeHHH Of-
HOH rpyNnEl ecThb, BOOOLLE TOBOpPS, €¢ MPHBOAMMOE NpPEACTaBJIEHHE.

Auanoruydo (6.38) moxHO nokasaTh, 4To Xapaxtep ¥ (R) npen-
craBjeHus ' paBeH NpOH3BeNEHHIO XapakTepoB ¥, (R) H y,(R) ne-
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npuBoAMMBIX mpeactaBienudt Iy u Ty, 1. e.
X (R) = %1 (R) %2 (R). (7.18)

IMpusopnmoe npeacraBaenne I'=T', xI', Moxer GbITb Pa3JIOKEHO
o popmynam (6.32), (6.34) Ha HENPHBOAMMEIE IPEACTABJIECHHSA I'PYIIEL

§ 8. IlpumenenHe TeopHH TPYNN K HCCJAEJOBAHHIO paclueneHus
ypPOBHEH 3HEPrud NPHMECHOro aToMa B KPHCTaJIe
H K KaaccHHKanHH HOPMAJBHBLIX KoJeGaHui
MHOTOATOMHOH MOJIEKYJIBI

PaccMoTpuM 1Ba npuMepa NpuUMeHEHUs TEOpHH TpyIn B QU3HKe:
1) pacmensieHHe sHepreTHuecKHX ypoRHeH aToMa (HOHA) B MOJIE KPH-
cTanaa v 2) HeejenoBaHHe COOGCTBEHHBIX KoJeGaHHH MOJEKyJIHl.

IlepBHIl H3 3THX BONPOCOB HMMEET NPSAMOE OTHOLUEHHE K HCCJe-
JOBAHUIO (IPHUMECHBIX ATOMOB B TBEpDAOM TeJie, BTOPOH-— NpPeACTaB-
JsieT coGOH He TOJBbKO NOYYHTEJbHbIH NpHUMep NpHMEHEHHS TEOPHH
rpynil B (u3HKe, HO M CYIIECTBEH JJs H3y4yeHHH KoJyeGaHHH
KPHCTAJIJIHUECKON PELUETKH.

1. [lns vcciiefoBaHUS NEpBOTO BONPOCa NpPEABAPHTEJNbHO pac-
CMOTDHM HENpEpBLIBHYIO IpYINNy BpauleHHH.

Hapsany ¢ KOHeUHBLIMM TOYEYHBLIMH TPYNNAMH, PaCCMOTPEHHBIMH
B § 3, CYLIeCTBYIOT TaK HasblBaeMble HeNpephIBHLIE TOYEYHHIE TPYII-
nbl ¢ GECKOHEYHBIM YHCJIOM 3JIEMEHTOB. DTO TPYNNBl AKCUAAGHOU H
chepueckoli CHMMeTpHH. MBI OCTAaHOBMMCS TOJBKO Ha rpynne cdge-
pHUECKOH CHMMETPHH (R;, KOTOpasg COCTOHT M3 GECKOHEUHOTO YHCJA
NOBOPOTOB Ha IpPOM3BOJIBHBEIE YTJIEl BOKPYT JIOOGLIX OCel, MPOXOAs-
LIMX Yepe3 HeNOBHXHYIO TOuKy O, H OTpaxKeHu#t B MOGOH MJIOCKO-
cti, conepxaiet Ty xe Touky O. Tak kak 0,C,= J-uHBepcuH, T0
MOXHO CKa3aTb, YTO rpynna cepHyecKOH CHMMETDHH COCTOHT H3
NpOH3BOJIbHBEIX BpalleHHH BOKPYr BceX oceH, TPOXOAAIIUX uepes
LIEHTp, W MHBEPCHU. 3aMeTHM, 4TO Noxrpynna chepHyeckoH rpymnim,
COCTOSIULAs TOJBKO M3 BCEX TPOM3BOJIBHBIX BpallleHHll, MNoJyynia
Ha3BaHHE TPYNINbl COOCIMBeHAHbIX 8paujeruti A WJIH NPOCTO TPYMMNLl
Bpawennit (cM. (I1.3.33) u nmaablie), B OTaHYHE OT cepuyeckoi
TPYNILL (BKJOYAIONIEd HHBEPCHIO), KOTOPYIO Ha3bIBAlOT Tak¥ke rpyIm-
no#t necobcmeennstx epawenud. OueBHpHO, uTo R, =RAXC;, TIe
Ci:{E, J}

QueBHAHO, YTO B Ipynne BpalleHHH &£ Bce OCH 3KBHBAJEHTHBI
¥ JBYCTOPOHHH; MO3TOMY KJaccaMH STOH TPYINNbl SABJAIOTCA INOBO-
POTHL Ha 33JlaHHBIA 10 a6COJIOTHOH BEJHYHHE YroJl ¢ BOKPYT JIo-
6oft ocH. Knacchl rpynnbl &; NOJYyYalOTCsi HENOCPEACTBEHHO H3
npsaMoro npoussefeHuss R X C;.

Jlns onpejeneHust XapaKTepoB HeNpepblBHOH TPyNnbl BpalleHHH
R, paccMOTpHM pelueHHs ypaBHeHus lllpenHHrepa ¢ raMHJAbTOHHAHOM,
HHBapHAHTHBIM OTHOCHTEJNbHO Trpynnbl A. PaccMoTpuM 3J€KTpOH
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B noJie chepHuecKodl CHMMETPHH, AT KOTOPOTO FaMHJbTOHHAH

ft(x)=—§v2+wr), 8.1)

rAe TNOTEeHUHanbHasi 3Heprus anexTpoHa V (r)=V (VX244 +2%)
obJaajaer cheprnueckolt cuMMeTpHeil 7).

BonuoBele dyHKUHH ypaBHeHHsi IlpenHrepa ¢ raMHIbTOHMAHOM
(8.1) umeror BUR 2)

Yot (f, {}v (P) = Rnl (f) ylm ({}1 (P) (82)

3nece r, ¥, @—rnonApHEIe KOOPAUHATEL 3JIEKTPOHA, 11, [, m—raas-
HOe, a3HUMYTaJbHOE M MarHMTHOE KBaHTOBble uucna, R, (r)—panu-
asbHasl YacTb BOJHOBOH (YHKUHMH, 3aBHCALIAA OT KOHKDETHOTO BH-
Aa noteruyana vV (r) u '

Yin (8, @)= Py, (cosD)em® (8.3)

— ctepuueckan ¢pyHkuus, rae P, (cos$)—mnoaurom cTeneHu [ ot
cos ¥, HEMOCPEACTBEHHO BBIPAXAIOWIMICS yepes MmosuHOM JlexaHupa
P,(cos ). CobcTBeHHbIe 3HAauYeHHA 3HeprHu &, (2[4 1)-kpatHo Bel-
POXJIEHBI IO MATHHTHOMY KBAHTOBOMY Yucay m in= —I, —[+1,...

N PR 4

Jnist onpenenieHuss HENPHBOJAHMOrO NpEACTABJIEHHS, COOTBETCTBY-
I0Lero MOBOPOTY BOKPYT Jo6OH OCH na yroJ o, BoifepeM B Kavye-
CTBEe OCH MOBOPOTA OCh 2, TOTAA B COOTBETCTBHH ¢ (7.15) nosyuum

Palpnlm = wnlm (a‘_lx) = Rnl (f) le (COS {})eimw_m =
! {

= X Di @bt = >  Di@)urm Ry (1) Pime (c05 8) €72, (8.4)
m=- m=—

rie uepes D, (o) Mbl o6osHaunnn mMaTpany (2/ - 1)-ro panra Henpu-

BOJHMOTO NMPEACTABJIEHHS, COOTBETCTBYIOLIEr0 BPALIEHHIO Ha YTOJ o

(oGosnauenue Burnepa or nemeuxoro cnosa Darstellung —npegcras-

nende). CpaBHHBAas B Lemu paBeHCTs (8.4) TPeTbe 3BEHO C IOCJIEA-

HHM, JIETKO BHJETh, YTO

Dt (a)m'm = 'Sm'me_[m'a’ (85)

rae 8,,.,—cumBos KpoHekepa.

Mel BHAMM, UTO HENpHBOANUMbIE TPEACTABJEHHS HeTNpepPLIBHOM
TPYNIE BpalleHH# XapaKTepH3YIOTCA yucjaoM [ (PasMepHOCThb Tpej-
crasneHnsi pasHa 2[-1). Takum o6pasoM, s-cocrosnne ([=0),
p-coctosiiue ([=1), d-cocrosinue (/=2) u T. X. ABASIOTCH HEMpH-
BOJHMBIMH NPEACTABJIEHHAMH 3JIKTPOHA B CepUUECKU-CHMMETPHY-

) Mpt paccMatpuBaeM ofluuii cayuail, Korga V (r) He KYJIOHOBCKas NOTEeH-
IHAJIbHAS SHEPTHs.

%) Cm., nanpumep, Bunoxwununes J. M. OcHOBB KBAaHTOBOH MEXaHHKH.—
M.: Hayka, 1976, § 25, 49.
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HOM noJjie. Mbl BHAHM, YTO KaK YHCJO HeNpUBOAMMBIX TIIpeicTaBJie-
HHUH, TAK H YHCJO 3JEMEHTOB IpynNbl GECKOHEYHO.
Xapaxktep HenmpuBOAUMOro mnpeactaBjeHHs D, (a) paBeH
{ !
X (a):: Z Dl (a)mm= Zle“’"az

m=—i m=—

=ella+e£(l—1)a+ vee 14 . _f_e—t(l-l)a_f_e-lla-

Mpl HMeeM reoMeTpuYecKylo mporpeccHio us 2/4-1 uneHos ¢ nep-
BHIM WsIeHOM e'/® 1 sHaMeHaTeseM ¢~'%, ee cyMMa paBHa

eiloc [( e—ia)21+l 1 ] e—i (+)a __ eila

K ((Z) = e~ %] = e~ *

YMHOXKAS YHCJAUTeNb ¥ 3HAMeHaTeNb Ha €%/2) [oJyuuM Jas Xa-
paKTepa HempHBOAUMOro npejcrasjenus D, (o)

sin (20+1) %
X)) =—"". (8.6)

SH'I?

2. Ecnu nOMECTHTb NMOCTOPOHHUH aTOM B y3eJ KPHCTaJJIHYeCKOH
pewetky (npuMecHbfl atoM), TO cepHueckas CHMMETPHS MOJs, Jei-
CTBYIOLIErO HA 3JIEKTPOH B CBOGOJHOM aTOMe, CHHXKAETCH JO CHM-
MeTpuy, onpejensieMod cuMMeTpuell KpucTaaaa. Takoe yMeHblueHue
CHMMETpPHH [OJsA, NeHCTBYIOUIEr0 Ha 3/€KTPOH B aTOMe, JOJIKHO,
BOOOWIE TIOBOPSA, BLI3BIBATL pacCILENJIEHIE BbIPOXKACHHBIX Y POBHEH
ero suepruu (§ 7, m. 2).

Ecau none cdepuueckofi CHMMeTPHH 3aMeHHTDb 1oJsieM 0oJjiee HU3-
Kol cHMMeTpHH, HanpuMep Kybugeckod O, To 6asHCHbE QyHKUHH
Y. (%, ) (8.3) 1 B3TOM Calyyae peasiu3yloT npejcraBiaenne rpynns O,
1. e. Matpuubl D, (R) (8.4), rne R—snement rpynnel Q, ocyuiecr-
BJSIOT MpejcTaBjeHue rpynnsl O pasmephocTd (2/+1). Oanako B
ofuieM cayuae 3TO MpefcTaBJeHUe OyAeT NPHBOAHMBIM; 3TO CJEAYET
XoTst Obl M3 TOro, 4TO MAaKCHMaJbHas Pa3MEPHOCTb HENPHBOAHMBIX
npefcraBieHuil rpynnsl O paBHa Tpem, mosTomMy npu (2{-}-1) >3
npeicrasiesne D, (R) XOKHO ObITh NPHBOAUMBIM. TaK KaK MBI mpei-
foJiaraeM, 9TO HENPHBOJAHMBIM MpeJCTaBJ/EHHAM COOTBETCTBYIOT pas-
Hble ypOBHH 3HEDruH aToMa, TO, pasjaras pHBOMHMOE IpeicTaBJe-
uie D, (R) na HenpuBofuMele NpeicTaBiaeHuyst rpynnsl O, Mbl onpe-
JieTUM XapaKTep paclienyeHns ypoBHEH 3HEPruHK ¢ pasHbIMu [ B 1oJie
Kybudeckoil cummerpuu O.

Bocnone3oBaBirch BeipaxeHneM (8.6), ompefennM XapakTeps!
Insg  pasHeix [, Ana kJaaccoB rpynnsl Q. Hanpumep, ans (=1
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(p-cocTonHHe) HMeeM:

_sin (3a./2)
(@) ="y

_ __ [ sin(3a/2) _
0 (B) =1, (0)= [ImCa] 3,

sin 180°

X2 (Ca) =%, (120°) = Y 0,
o in 270°
% (Co) =%, (180°) =07
sin 135°

%1 (€)=, (90°) =18 .,

89

Ananoruuno Moryt ObIThb ONpeleJieHBl XapakTephl ¥, AAS APYTHX
3nauvenut [. B pesyabraTe Mbl MoxkeM cocTaBuTb Tabauny 11.9 mis
NIPHBOJAYMBIX TPEACTaBJEHHNA D,, COOTBETCTBYIOUMX KJaccaMm rpyn-
nel 0. Tlonbsysick Ta6a. 11.7 u dopmynoit (6.34), moxuo onpene-
JIHTh, KaKHe HernpHBOJUMbIE MpeJcTaBJeHUs Ky6uuecko# rpynnsl O
cofilepKaTcs B npejcraBiaeHunx D,.

Do:An
D =F,
D,=E+4F,,

Dy=A,+F,+F,,

D,=A,+E+F,+F,

T. €. HeBBIDOXKJEHHBI YPOBEHb S§-CO-
CTOSIHHSI HE MOXeT, KOHEUHO, paclie-
MUTBCA U NEPEXONHUT B eJUHAUHOE MPel-
craBaeHHe rpynnsl Q.

T. €. TPeXKpaTHO BLIPOXKIEHHBIH YpoO-
BeHb d-COCTOSIHHSI He pacluenseTcs
B roJjie KyGHYeCKOH CHMMETDHH.

NATHKPATHO BBIPOXKJCHHOE d-COCTOSTHHE
JO/IKHO pacILenJaThCs, TaK KaK HaH-
Gosbiiast pasMePHOCTb HeNPHBOAHMBIX
npeAcTaBieHU# rpynnsl O paBHa TpeM;
d-ypoBeHb paclienJsieTcsi Ha ABa ypOB-
H#A: ABYKPAaTHO BHIPOXICHHBIA H TpeXx-
KPaTHO BbIPOXIeHHBIM.

CeMHKDPAaTHO BBIPOXAEHHOE f-COCTOSTHHE
paciienasieTcss Ha OXHO HEeBLIPOXK[EH-
HOEe M JBa TPHXMAbl BHIPOMXKJAEHHBIX CO-
CTOSTHHS.

JeBATHKPATHO BHIPOXKJEHHOE g-COCTO-
SHME pacIlenJ/isieTcs Ha OXHO HeBhI-
POXKAEHHOE, OJHO JBaXJbl BHIPOXKEH-
HOe M JIBa TPHK/bl BBIPOMIEHHBIX CO-
CTOSIHUS,

(8.7)
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Ta6auua II.9

0 E | 8, | aci| ec, | 6C,
Dy 1 1 1 1 1
D, 3 0| —1 | —1 |
D, 5 —1 1 1| —1
D, 7 1 =1 | =1 | =1
D, 9 0 1 1 1

PaccMoTpuM Teneph pacuienseHHe TepMOB aToMa B IOJle KpPHC-
Tajna KyGudecKod CHMMETpUH, 0GJAfaIoerc LEHTPOM HHBEPCHH J,
TOYeYHOH Trpynmoii koroporo ssJsercs rpynna 0,=0xC,;, rie
rpyuna sroporo mopsagka C;={E, J}. B stom cayyae npu gmeficr-
BHH oflepatopa HHBepcHH J Ha BOJHOBYIO QYHKIHIO CHCTEMBL MOCIE/-
HAsl IM60 ocTaeTcid 6Ge3 M3MeHeHHs, MMG0 MeHseT CBOH 3HAK 1)

TP (x) = (—x) = = (%),

3TO HENOCPEACTBEHHO cJeAyeT H3 Toro, uyto J:=FE (cM. (7.14)) u co-
OTBETCTBEHHO

YD) =1, (8.8)

Kak 370 csepyer ua raba. 11.2.

Taknm o6pasoM, XxapakTep HHBEPCHH A8 YETHHIX COCTOSTHHE
CHUCTeMBl paBeH -1, a aus HeyeTHmIX —1].

B nepBom ciyyae BOMHOBYIO DYHKIHIO (H COOTBETCTBYIOILEE CO-
CTOSIHIE) HA3BIBAIOT 4emuoL, a BO BTOPOM — Heuemnoil. Tak Kak aus
paccMaTpHBaeMBIX CHCTeM onepaTtop J KOMMYTHPYET C ramHJIbTOHH-
aHOM %/, TO YETHOCTb WJH HEYeTHOCTh BOJHOBOH (DYHKUHH coXpa-
HfIETC BO BPEMEHH; 3TO MOJIOXKEHHE MOJYYHJO Ha3BaHHE 3QKOHA
CoxXparenus vemuocmu. MOXHO NOKa3aTh, YTO AN OJHO3JEKTPOHHOH
BOJIHOBOH (DYHKUHMH B atoMe YeTHOCTb COCTORHHA paBHa (—1)¢, rae
[—a3uMyTaslpHOE KBAHTOBOE YHCJIO 5JIEKTPOHA. JIJI MHOTO3/IEKTPOH-
HOTO aToMa B OJHOYACTHYHOM MNpuHG/IMKEHWH UYETHOCTh paBua

IT (—1)%, rae l,—a3iMyTanbHoe KBAHTOBOE YHCJIO k-TO 3JIEKTPOHA.
k

" MTaupgay J. O, JIndwnu M. M. KeanToBas MexaHuKa —3 H3L.—
M.: Hayka, 1574, § 30.
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IIpepcTaBuM Temepb, WTO XapakTepbl NpeicraBJeHuit D, () onpe-
JelleHbi He TOJBKO IJs COGCTBEHHBIX BpAUIEHHH o, HO W IJA He-
cobcTBeHHBIX Jo.. Torma ta6a. 11.7 posmkHa OBITH JONOJIHEHA MATHIO
kaaccamu: JE=J, 8JC,, 3JC; u 1. x. XapaxTepbl NpejCTaBJEHU
3THX JONOJIHUTEJbHBIX KJaccoB JHOO COBMAfAOT C XapaKTepamu
ta6n. 11.7 (an1s uyeTHBIX COCTOAHHH), JHOO HMEIOT TIPOTUBONOJIONK-
Hble 3HaKH (/17 HEUETHBIX COCTOSHHI).

Tak Kak B Ta6s. 11.3 npeacrasienue I'; COOTBETCTBYET YETHBIM,
a I',—HeyeTHbIM COCTOSTHHSIM, TO Tabsula XapaKTepOB HelpPHBOAU-
MBIX NpeACTaBJIeHHH rpymisl (BKJOYaIOWEH HHBEPCHIO J) UMEET BUA,
naobpaxennbit Ha Ta6a. 11.6, rae x coenagaer ¢ taba. IL.7.

PaccMoTpuM Tenepb, YTO BHOCSAT OT/esbHBIE KBaApaHThl TabJ. I1.6
B CYMMy MpH BbIYHCJIEHHH Ko3ddulHenTos g, no dopmyse (6.34).
Ksajpauthl 3 H 4 B CyMMe COKpaumaiores, a 1 M 2 1al0T 0JMHAKOBbIE
BKJIaJbl, KOTOpble 3aTEM [eJATC Ha BABoe GoJbluee yucso A. B pe-
ay/ibTaTe I @; NOJNYYAeTC TO XKe 3HAYEHHe, UTO W AJIA OJHOro
KBajpaHTa 1, T. e. Kak H ans rpynnbl O.

3. TloxkaxeM Tenepb, Kak NPHMEHATb TEODUIO I'PYNN K KJjaccH-
HKauHK HOPMaJbHBIX KOJeGaHH# MHOTOAaTOMHBIX MOJEKyJl. Ml pac-
CMOTPUM 33JauYy O MaJiblXx KoJeGaHMAX aTOMHBIX AJEP MOJEKYJbI
TOJIBKO B PaMKaX KJacCHUECKOH MEXaHWKH.

Kak H3BeCTHO M3 KJACCHUECKOW MEXaHMKHU, CHCTeMa u3 NV yacTull,
obaajatoman 3N creneHsiMu cBoGO/bl H COBepLIAOWLAst MaJible Koneba-

HHSL OKOJIO TIOJIOKeHHS paBHOBecHs uyacTau r, (=1, 2, ..., N)
ofnajaet 3Heprueit
1 [L?a 1
%27?;7,- +3:, kza i wpiotinp- (8.9)
3mech u(i=1, 2, ..., N; a=x, y, z)—o-a NPAMOYTOJbHAsA (-

KapToBa) COCTaBJIAOLIAS OTKJOHEHHS (-TO ATOMHOTO SIAPA MOJIEKYJIbl
OT TOJIOXKEHHSI PABHOBECHS F;, Mg, xp— KOIDMHIIMEHT KBA3HYINpY-
TOi CHJIBL 1JISi OTKJOHEHMH ©;q M Uyg. V13 oOwero yucna 3N crenenei
CBOGOJBI MOJIEKYJIBI TPH COOTBETCTBYIOT €€ MOCTYNaTeJbHOMY CMe-
WEHHIO KaK LEeJOMYy, TPH ApyrHe—BpallaTeJbHOMY ABHXKEHHIO MO-
JeKyJsl Kak lejomy. TakuM o6pa3oM, COGCTBEHRO KOJEGATEJbHBIX
crenenell cBoGonbl B MoJiekyJe 3N — 6. CooTBETCTB yIOUUM JIHHE HHBIM
npeo6pa3oBaHHeM MOXKHO M3 (8.9) MCKJ/IOYUMTH 3TH IIECTh CTENEHeH
cBOGOABL. 3aTeM NOCPEeACTBOM COOTBETCTBYIOWIErO JHHEHHOro mpeob-
pa3oBAHUSI MOMKHO BBECTH HOpMaAnbHble KoopOumamoel Qo (i, a=1,
2,3, ..., (3¥—6)1); Torma sHepruu & npHoGpETaIOT BHA

fi
6=3 2 Qutg 2ot L0 (8.10)

Y JNaupay J. L., Judwuu E. M./Teoperuyeckaa ¢usuka, 1. l.—
Mexanuka.—4 w3n.—M.: Hayka, 1973, ra. V.
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THe ®;—YacToTa HOPMaJIbHOrO KoJefaHHs. Mbl BBeJH y HOpMaJib-
HBIX KOODIAMHAT Qo ABOWHOM MHIEKC i, rie i npoberaer 3HaYEHHS,
COOTBETCTBYIOLLHE Pa3JHUUYHBIM YacToTaMm w;, a o npoberaer f;
3HaYeHHH COOTBETCTBYIOUWHX [; JIHHEAHO HE3aBHCHMbBIM HOPMaJbHBIM
KOOpAHHATaM KOJeGMouMMCca ¢ JaHHOH YacToTOH ®;; BeJHYHHA f;
Ha3bIBAETCA KPAaTHOCTBIO BLIPOMJEHHS YaCcTOTHI (;; OYEBHAHO, YTO

3 f, = 3N—6.

OG6BIYHO CTPYKTYPa MOJIEKYJIBI YI0BJETBOPAET HEKOTOPO# rpymnne
ToueyHOH cumMeTpud. Hanpumep, mosexyna ammuaka NH, umeer
(popMy NpaBHJBHOM TPeyroJbHOH MHPAMHUAL], B BepIUMHE KOTOPOIl
pacnosiodXeH aTtoM asota N, a B BepiiMHAaX DPAaBHOCTOPOHHErO Tpe-
YroJIbHHKa OCHOBaHHA TPH aToMa Bojopoxa H. Monekyna NH, o6aa-
naeT BepTHKaJbHOK ocbio cummeTpuu C,, npoxoasiuel yepes atom N
H TpeMs DJIOCKOCTSIMH O, KaX/Jas U3 KOTOPHIX NPOXOJUT Yepes och C,
n onud atom H. T'pynna cummerpuu monexkyasl ammuaka C,, co-
CTOMT H3 IIeCTH 3JeMenToB E, 2C,, 30,,. IIpu npeo6pa3oBaHusx rpynnsl
CHMMETDHUH MOJIEKYJIBl ee JHHAMHYeCKHE KOIPDHIHEHTHI X, 4p H 1;
He MEHAIOTCHA, NO3TOMY He MEHAIOTCH HOPMaJbHble YacTOThi KoJeba-
HHH O;.

Ioneiicteyem oneparopoM Pp (6.1), rge R—3aeMeHT CUMMETPHH
MOJIEKYJIbl, Ha MOTEHUHaJbHYIO 3Hepruwoo B (8.10):

o fi fi
By iéz 0l @)= 720 2. Prltu=

a=1 )
fi
:%megl (ﬁRQia) (PRQ,'@)- (811)

Mpl BHAHM, 4TO Aas TOro, 4YTOGBI NpeoGpasoBaHHblE HOPMaJbHbie

KOOpPAHHATBl PpQ;, COXPAHWJ/H CMBICJ HODMAJBHBIX KOOPAMHAT [IPH
TeX e YacToTax ®;, HeEOGXOZHMO, YTOOHI

ﬁRQiang‘(R)g&QR" @) B (8.11a)

rae R~ ({) =k —noyoxeHne HAEHTHYHOTO ATOMHOTO Afpa MOJEK YJIbI,
a T (R)§,—mMarpuna JHHEHHOTO OPTOrOHAJEBHOTO MPEO6DPA3OBAHUS,
CoBeplIeHHO TaK ke, KaK 3T0 6blJIO cAesaHo B § 6, MOXKHO OKa3aTh,
yto Matpuuel I' (R) ‘" o6pasyior npejicTaBiieHye TPYONbl CHMMETPHH
MOJIEKYJIBl ¢ 6a3ucoM Q. (=1, 2, ..., f;). Ecau uckiaouuts cay-
yallHOe BHIPOKIAEHHE YAaCTOT ;—3TO NnpejcTaBJesnue OyreT Henpu-
BOAHMBIM. Pa3aMepHOCTb 3TOr0 HeNnpHUBOAMMOTO MpeACTABJNEHHS PaBHA
KDaTHOCTH BBIPOXKAEHHS YacTOThl kKoJaeGaius f,.

[peo6pasosanve (8.1la) ananornwno npeofpasosausio (7.15)
B KBaHTOBOM MexaHuxe. Posb BBIpoXpennoro yponus 3HepTHH &
HIpaeT YyacTOTa HOPMAaJbHBLIX KONeOaHHH ®;, a pOJb BOJHOBBIX
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dynkuuit P; (x) (i=1, 2, ..., [)—HopMaJbHBle KOJMe6aHHA Q4
(@=1,2, ..., [).

3agauya onpejeneHHsi COGCTBEHHBIX YaCTOT H HOPMAaJbHBIX KOOP-
JUHAT J1J1 MHOFOATOMHOH MOJIEK yJbl— CJI0XKHAsl AMHAMUyecKasi 3a-
naua. TeopHs rpynn nospoJsier, He pelllas 3TOH 3a4auu, onpeesuTh
yucJ0 COGCTBEHHBIX YACTOT ®;, KPATHOCTb WX BBIPOMKIAEHUS M JaXe
¢opMy COOTBETCTBYIOUIUX HM KOJeGaHHSIM.

s BbinosHeHHa 3ToH NpOrpaMMbi Mbl onpejesuM ofliee NpH-
BOJMMOE TpejCTaBJeHHe, OCYHIECTBJIAEMOE CPa3y BCEMH KoJebaTelib-
HBIMH KOODAMHATAMH, a 3aTeM pAa3JIoXKHM €ro MO HeNnpUBOAUMBLIM
NpeACTABJEHHAM TPYNNsl CUMMETDHH MOJIEKYJbl. [l HaxOMAeHUs
AOJIHOTO NPEJCTABJIEHHSI HCIONBb3YyeM TO, UTO XapaKTepbl MpeiCTaB-
JeHUHl WHBApPUAHTHH OTHOCHTEJBLHO NpeoGpasoBaHHs mopobus. ITo-
9TOMY AJ151 KX BBIYHCJEHHS MOXKHO BOCIOJIb30BAThCS He HOPMAJIbHBIMH
KOOpPJMHATAMH, & MPSAMOYTOJbHBIMH CMEUIEHHSAMH SJED U,q.

Onpegenum JeficTBHe onepatopa Pp Ha nNoJe CMeIUeHHH uq,
Korja R—3/]eMeHT TOYeUHOH TpyMIbl CHMMETPHUH MOJIEKYJbl, mepe-
Mem@armomni aapo { B TOMAECT- y
BeHHoe AApo k=R~ (i).

Ha puc. 11.17 mnpexacrasJie- !
Ha IJIOCKas MOJIeKyJa W3 ye-
TBIPEX OJHHAKOBHIX aTOMOB [, 2,
3, 4, pacnoJioxKeHHBbIX Ha KOHIAX Wy |
PaBHOCTOPOHHETO  IPSAMOYTOJb- Uz ez
Horo Kpecra. ITycre R~ Bpaute- U!yi\g
HHE€ MOJIEKYJIbl BOKPYT €€ IleHTpa o— 7 : T =0 >
O no uacoBoil CTpeJKe Ha yroda
/2. Arom [ cosMewjaercs Ipu ufy
3TOM C 4TOMOM 2, 4aroM 2—c Ay
atoMoM 8 u 1. A. Ecau 6br MbI gy
nepemecTHsn atombl I, 2 H T. A.

BMeCTe C HX CMeHleHWsIMH U,, 3
Y, 1 T. A., TO HHKAKOH HOBOH Puc. 11.17.
unpopManui Mbl He TNOJYUUJIH

Obl, TAK KaK 3TO 35KBHBAJIEHTHO IOBOPOTY MOJIEKYJIBl KaK 1eJioi
B npocrpaHcTBe. Mbl MoXem H3BJeYb YTO-MHOO M3 CHMMETPHH MO-
JIEKYJIBl, €CJIH TIepEeHeceM CMelleHHe X, Ha aToM 2: cMelleHHe U, Ha
atom 3 ¥ T. A. Takoe npeobpaszoBaHue noJs cMmeumleHu#l u; 6yner
BBHY OAMHAKOBOCTH aTOMOB COOTBETCTBOBATH TeM e YacTOTAM @
KoJiebaHuH MOJIEK yJIbl.

Kaxk npeoGpasytorcst npu nosopore C, cMelienus u,, ¥ 4,,? Us
puc. I1.17 Bugno, uto

Ly

Pc_iulx:ugy:—ulx, ch_luly=u2x=u,y. 8.12)

Ecnu R-!'—Bpaumeine Ha yronq I, Tak 4TO aToM ] mnepexoiut
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B aTtoM 3, TO
Peathiy = Uz = — Uyx, Pcz_luly=u3y=—uiy. (8.12a)

O6o6was (8.12) u (8.12a) Ha GoJee CNOXHYIO KOH(HIYpaIHIO MO-

JIEKYNBI, BBIDAa3UM Ppli,, B BHIE JHHEHHOH KOMOHHAUMH BEJHYHH
Upg, T. €.

1, 3N
Ppritjo = % D* (R)up, jattep = ;BA (R)padr,R-1 (U (8.13)

rae R™1(i)==Fk, T. €. siApO [ NepexXOAMT, NpH npeobpasoBaHuH R,
B HJEHTHYHOe siapo k. Matpuua D“ 3N-ro paHra gaer NpHBOAHUMOE
NpeJCTABJIEHHe, OCYL(ECTBJISIEMOE BCEMH KOJEGAHHAMH MOJIEKYJIbl.

Tak Kak onepauud R~1 CMELUEHHS U;, NpeobpasyloTcs KaK KoM-
noHeHTHl noJsipHoro Bektopa (8.12), 10 D*(R) g, ia = A(R)padp, R-1 (s
rae A (R) oproroHanbHash MaTpHla TPETLEro paHra.

Hac wunrepecyer xapaxrep (mmyp) marpunsl D“(R), nostomy,
ecJu k == i, T. e. npeoGpasoBaHue R~ mepemewiaeT saapo { B Ap yroe
HIEHTHYHOE SAPO R, TO COOTBETCTBYOIIMH 3JeMeHT MaTpHubl D* (R)
He JIeXKHT Ha TIJ/IaBHOM AMAarOHAJM M BKJIAJa B XapakTep He J1aerT.
IosTOMY Hac HHTEPECYIT TOJBKO Te siipa, KOTOpble INpH npeobpa-
30BaHHH R ™1 0CTAlOTCS HA MeCTe, HO Nl HUX mMaTpHla D* npuoGperaer
KBasHAMaroHaJIbHBI# BHJ, Bce GJIOKH KOTOpOH (4HCJIO 6JIOKOB DAaBHO
YHCJ1Y ATOMOB, OCTAIOL(HXCS Ha MecTe MpH npeofpasoBaHHM R™1)
paBun A(R).

Ecau npeoGpasosaHue R~! ecTb BpauleHHe CMeEIEHHs & (MBb
ONyCKaeM HHJAEKC i) Ha yroJ ¢ BOKPYT OCH 2, TO

3 u, Cos ¢ +u, sin g,
ISC(CD)ua = ﬁzl A (C)Bauﬁ =4 Uy sin ¢+ u, cos @, (8 ]4)
- U,.

Minyp matpuust A (C) pasen 1-+2cos. Eciu Ha ocH Bpaulenus
pacrnosioxeno N, siiep, To mmyp Matpuun D® B (8.13) pasen

Ne(142cos ). (8.15)

O[HAaKO 3TOT LIMYyp CBsI3aH €O BceMH 3V CTeneHsSIMH CBOGOAB! MoJie-
KYJbl, B TOM YHCJIE H C MOCTyNaTeJIbHbIMH M BpAlLATEJbHbIMU Nepe-
MelLIeHHSAMH MOJIeKYJb! Kak neJoro. IlocTynarenpHoe nepeMellenue
MOJIEKYJIE OMNpefeNsieTCs MOJSPHBIM BEKTODOM CMeLUeHHs LeHTpa
raxecTH U, ans KOToporo xapakrtep (Wnyp) npeo6pasoBaHHsA, Tak
Xe Kak M aja xoneGauuit &, papeH (1 4+ 2 cos ¢). [ToBopoT MONEK Y JIbl
KaK LeJOro Ha Manpil yroj 0 XxapaKTepH3yercsi aKCHaNbHbIM BEK-
TopoM O, HamnpaBNeHHbIM M0 OCH BpallleHHs (N0 NpaBuay 6ypas-
yyka). Tlpu cOGCTBEHHBIX BpallleHHAX KOOPAHHATHOH CHCTEMBI AKCH-
aJbHbIH BekTOp 8Q BeneT ce6s KaK 10JAPHbIH, KOTOPOMY COOTBETCTBYET
wnyp, Tak xe paeHsii (1 4+ 2 cos ). Takum 06pasoM, IJisA ONpefeieHHs
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XapaKTepa MOJHOTO NpEACTaBJEHHS, COOTBETCTBYIOMIEro KoJiebaTe/lb-
HBIM cTeneHaM cBoGOAb!, Hajfo H3 winypa (8.15) Beiuects 2(1 +2 cos ),
TaK 4TO

%2 (C)=(Ns—2) (1 +2cos p). (8.16)

Xapaktep enuuuynoro snementa (No=N, ¢=0) papen y*(E) =
= (N—2)-3=3NV—6. AHaJOTHYHO BBIYHCJAETCH XapaKTep MNOJHOTO
KoJie6aTeqbHOTO IIPeACTaBJIEHUS AJS 3epKaJsbHO-MOBOPOTHOTO Npe-
obpasoBanua S (g), T. e. AJS BpalleHHs] HA yroJl ¢ BOKPYr OCH z
H OTpaxeHus B NJOCKOCTH xy. Ecaum dApo aTtoma He cMmelnaercd
npu 3ToM npeo6pa3oBaHHH, TO CMelleHWe mnpeobpasyercs, aHaJo-
ruydo (8.14), no dopmynam
U, cos o+, sin g,

3
Ps pita= 2 A(S)pattp=1 —u,sing+u,cose, (8.17)
B=1
—u,

KOTOpbIM coOTBeTcTBYeT wnyp (— 1 -+2cos¢). Xapaktep npencras-
JIeHIIsi, OCYLIeCTBJ/ISIEMOTO BCeMH 3/ CTeneHAMH CBOGOJbI, paBel

Ng(—142cosq), (8.18)

rae Ng—4HCNO sifiep, HEMOJBIDKHBIX NpH onepauuu S (¢). Bekropy
cMelleHusT LeHTpa TsxecTH U cooTeercTByeT npu onepautuu S (@)
wnyp (—1-F2cos¢), a axcuagbHoMy BeKTopy OQ npu TOH e
onmepauun-—umnyp (1—2cos@); nocjeanee ciaepyet H3 TOTO, YTO NpH
OTpax<eHWH B MJIOCKOCTH XYy NpaBasi KOOPAMHATHAS CHCTEMA MEPEXOUT
B JIeBYIO, 4 MpPH 3TOM aKCHAJNbHbIA BekTOp 8Q MeHser HanpaBieHue
Ha NpPOTHBOIMOJIOAKHOE; T. €. B NpaBoH yacTh npeobpasosanus (8.17)
Hafi0 3aMEHHUTb U, HA — Hg. MBI BHJAMM, UTO CYMMapHBIH wnyp ot U
n 6Q mpu onepauun S (p) paBeH — 1 +2cos ¢+ 1-—2cos =0, mo-
sTomy (8.18) mpeacraBnsier co6olft xapaKTep MOJHOrO NpPeACTABJIEHHS
BCceX KoJeGaTesbHBIX cTenerell cBOGOAB AJsi onepauuu S (p):

¥ (S)=Ng(— 1 +2cosq). (8.19)

Ecnu S () cBOOMTCA K OFHOMY OTpaeHHio, T. e. S=0 (p=0), T0
x*(0)=Ns.

Hans knaccudukaluy HOPMAJIBHBIX KONeGaHUH MOJEKYJbl 10CTa-
TOYHO Tenepb noJHoe npejcrasienue (8.16), (8.19) pasnoxurte no
HEeNpHBOAUMBIM TIPEACTABJEHHSIM TOUEYHOH TpYMMbl CUMMETPHH MO-
JIeK yJIbl.

PaccmorpuM mosexyay ammuaka NH,, o KoTopoit ynomuHaziocs
Bbiue. Kak yxe oTMeyasoch, ToueyHas rpynna ee cummeTpuu Ci,
COCTOHT M3 IUECTH 3JeMeHTOB, paclpejeseHHBIX MO TpeM KJjaccam:
E, 2C,, 30, (cm. § 3, rpymma IV C,).
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OnpenenumM, noabaysick dopMynamu (8.16) u (8.19), xapakrephl
MOJIHOTO MpeactaBienus D* pas monerynst NH,:

x*(E)=(N—2) (1 +2cos0°) =(N —2)-3=(4—2)-3=6,
28 (Cy) = (No—2) (1 +2 cos 120°) = — (1 + 2 cos 120°) =0, (8.20)
¥ (o) =N,=2.

[Monb3ysce dopmynamu (6.34), (8.20) u rab6n. I11.3 xapakrepoB
rpynnsl D,, usomopduo#t ¢ rpynnoit C,,, Jerko nokasarb, YTO NpH-
BOJAMMOE NpepcraBieHHe D" pacnajaercs Ha clejyloliye HelpHBO-
DUMble mpefcTaBieHust rpynnel C,,

D*=9T, 42T, =24, + 2F, (8.21)

rjle Mbi, KaK 3TO MpPHHATO B MOJIEKYyJspHOH (du3uKe, 0603HAUHIH
efHuyHOe npeactaBienue I', wepes A, W ABAXABI BBHIPOKIEHHOE
npeicraBnenue [', uepes E. Takum 06pasom, mosiekyna ammuaka NH,,
HMeroImas 1ecTb KoaebaresbHbIX cTenedelt cBoOOAb!, 0612 AaeT AByMs
HeBBIPDOMJIEHHBIMH HOPMallbHBIMH KoJebGaHusMH Tuma A, u AByMs
JNBaX]bl BBIPOXKAEHHBIMH KojnebaHusmu Tuma E. IIpu KojeGaHHsX
THna A,, COOTBETCTBYWOILHX €NAMHUYHOMY NpeACTABJIEHHIO, MOJHAs
CHMMETpHS MOJIEKYJbl (I1paBUJIbHAS TPEyrojbHas MHpaMuia) coxpa-
Hsiercsa. Mbl He GyleM 3aHHMaTbCsl PACCMOTPEHHEM XapaKTepa cme-
UIeHUA aToMOB AJs KoJdeGaHui THma E.

§ 9. IlpuMeHeHHe TeOpHH TPyNN K TPAHCAALHOHHOW CHMMETPHH
KpHCTaJia

1. BaxueflllHM BHJOM CHMMETPHH TBEDJOro TeJja SBJSETCS ero
TPAHCHSIMOHHAS CHMMETpPHUS, COrJIACHO KOTOPOH KPHCTaaJHdYecKas
pelieTka CoBMNajaer cama c cob0H [PH CMeLIeHHH KPHCTa/lla Kak
11eJIOTO Ha BEKTOP pelleTKH

An = N,a; 1,8, 1,4y, 9.1)

rie @,, @&, U @;—OCHOBHbIE BEKTOpHI, a f;—IeJble yycaa (ra. I,
§ 3, m. 1). DnemeHTH TpaHCAAUHOHHOK rpynnnl &, sBasoOUedcs
HMHBADHAHTHOH [IOATPYNMOH NMPOCTPAaHCTBEHHOM Ipymmel Kpucranja,
MoryT OHITb 3anucaHbl B Bufe (5.4)

ta= {E | a"} = {E I na, +n,a,+ nsaa} =
= {E I nxax} {Elnzaz} {E | naaa} =1ntnta,, 9.2)

rje R =FE —efHHHYHBIA 3JIEMEHT TOYEYHOH TpYIMBI KpHCTaJga.

M3 (9.2) BuaHo, uro rpynna & MOxKeT OBITh NPeiCTaBJEHa Kak
IpsAMOe MNPOH3BefleHHe TpeX ONHOMEePHBIX TPAHCAALMOHHKIX Trpynn
¢ saementaMu f, ={E|na;} (i=1, 2, 3).

Ipynna TpaHcadauui—abeneBa (M LHKJAWYecKasi), MOSTOMY Kax-
JblH 3/IEMEHT ee ABJSETCH KJaccoM, U ee HelpHBOAHMEIE IPeACTAB-
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JeHHA HMEIOT Pa3MepHOCTb eAHHHUA, T. €. ABJAITCS YHCJIaMH (BO-
obuie roBops, KOMIJIEKCHBIMH). B camom gene, fna abeneBplx rpynn
YHCJIO KJAcCcOB S, PaBHOE YHCJAY HeNPHBOAWMBIX NpeNCTaBJIeHHH,
paBHO MNOPSAAKY rpynnel A; torma u3 (6.22) ciaegyer, yto pasmep-
HOCTH BC€X HENPHBOAWMEIX MpeAcTaBJeHHH [;=1.

Jas toro utoGnl H3beXaTb TPYAHOCTeH, CBA3aHHBIX AJS KOHeY-
HOTO KpHCTajljla ¢ 3aJaHHeM TPaHUYHbIX YCJOBHH, pa3obbeM Oec-
KOHEUHBIl KDHCTaJJ Ha OJAMHAKOBHIE NapaJesenunelst ¢ peGpamu
Ga,, Ga,, Ga,, roe G-—O0oxabuioe uucao (ygob6Ho cuurath G He-
YeTHBIM YHCJIOM). Mpl 3aMeHHM TrpaHHYHBIE YCJIOBHS YCJIOBHAMH
yurauunocmu bopra-— Kapmara, coriacHo KOTOPHIM Bce (u3uue-
CKHe CBOHCTBAa H (QYHKUHH (BOJHOBast QYHKUHs, BOJHA KoJeCaHHUH
aTOMOB KpHCTaJJla ¥ T. [.) HMEIT OJHHAKOBOE 3HaYeHHe B TOY-
Kax r v r+Ga; (i=1, 2, 3), T. e. NnepHOJHYECKH TOBTOPSAIOTCHA
BO BceX MNapaJjllefienunefax, Ha KOTOpble Mpbl Pa36u/u 6eCKOHeYHbIH
KPHCTAJLIL.

Takum o6pa3oM, NpHMeHeHHe YCJOBHHA LHKJHMYHOCTH MO3BOJSAET
paccMaTpHBaTh BCe $fBJIEHHs H CBOHCTBA KpHCTalja B npefenax
OIHOTO BBIJEJEHHOTO B HeM NapaJiieftenunena (ochosuotl obaacmu)
obveMa V =0%,, rae Q,=(a,[a, a;])—ob6bvem sJemMeHTapHOH
siyeRKM KpHCTasIa.

YcnoBusaiM uukauyHocTd BopHa — KapmaHa B ciyuae Tpexmep-
HOTO KpHCTaJlJla HeJb3sl HPHAATH CTOJb HarJsSAHBIA CMBICJ, Kak
B cJyyae OZHOMEPHOH LENOYKH PaBHOOTCTOSIIHKX aToMoB (cM. ra. 111,
§ 2, n. 3). OpHako MOXHO NOKa3aTb, YTO B MaTeMaTHYeCKOM OTHO-
IIEHHH YCJOBHA LMKJHYHOCTH AJs TPeXMEePHOro KpucraJJja 3KBHBa-
JIEHTHBl JIOGbIM TPAaHHYHLIM YCJOBHSIM Ha HOBEPXHOCTH OCHOBHOMH
o6GJlacTH, He BJIMSIOWMM HAa OGBEMHHE CBOHCTBAa KpHCTasial).

Yc0BUS LHMKJIHYHOCTH [JeJAI0T UHKJHYECKYIO TPAHCJSALHOHHYIO
Tpynny KOHEYHOH, TaK KaK CMellleHHI0 (G@; COOTBeTCTBYeT €IHHHY-
Hollt 3seMeHT cMewienus {E|Ga;}={E |0}, Taxum obpasom, TpaH-
CISUMOHHAs Tpynna & uMeeT nopsjok GS.

PaccMOTpuM HeNpPHBOAMMBIE NpPeACTaBJEHHS CPYIIbl TPaHC/s-
unit . OnpenesMM BHayaJse HENPUBOAWMBIE NPEACTABJIEHHA TPYNNbI
ONHOMEPHOH TPAHCJSLUMM BAOJb BEKTOpa @,, COCTOSIEH M3 3Je-
MeHTOB in, = {E|n,a,}.

Iycrs anementy {£|@,} coorBeTcTBYET HENPHBOAHMOE HpPEACTaB-
JeHHe (YHCJIO) §, 9TO Mbl OGO3HAUMM CJ/IEAYIOLIHM 006pasoM:

{E|al}——>s,
TOTAa MONYYHM AJISi 3JeMeHTOB
{E\2a,}={E|a,}{E|a,} —s-s=¢,
{E|na}={E|a,}.. {\E|a@)} —s-s-....5=5m,  (9.3)
{E|Ga,} ={E|0} —s6 =1.

) Bopru M, Kyns X. JIyHaMHueCcKas TEODHA KDHCTAJJIHUECKHX pewe-
ToK. —M.: KJI, 1958, c. 453.
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[locneguee caeayet M3 TOro, YTO €IMHHYHOMY 3JEMEHTY CMeLLeHHS
{E|0} coorBeTCTBYeT HENMPHUBOAUMOE MNpEACTABJEHHE (YHCJO)— efH-
Huua. M3 nmocnepsero pasencTBa cheayet!)

_oam
s=9T=e ¢ “, (9.4)
g.=0,1,2 ..., G—1.

U3 (9.3) u (9.4) crenyer, yrto snementy ¢, ={E|ma,} coor-
BEeTCTBYIOT G HENPHBOAMMBIX [peACTABJEHHH

rae

2ai

Fg, ({n) =s"1=exp < &, &=0 1,2 ..., G=1. (99

Takum oGpaszom, B corJacuu ¢ ofimedl TeopHel, YHCJIO HEMPHBOIH-
MBIX NpPEACTaBJIEHUH DPABHO YHCJAY KJACCOB (3JIeMeHTOB) (cMm. (6.30)).
AHasOTHYHO pAsi ABYX JPYTHX TpPYNN OZHOMEPHOA TPaHCAALHH
C 3JIeMeHTaMH {n, = {E|n,a,} n ¢, ={E|n,a,}, nenpusogumbie npe-
CTaBJIEHUS PaBHbBI

I‘gz(t":)zexp—Qg—ig2n2l g2=01 ]1 2) cey G—l)
. (9.6)
Ty, (ta) ~exp 2o gny,  g,=0, 1, 2, ..., G—1.

B § 6, n. 5 6b10 MOKa3aHo, YTO HENPUBOAHMOE MDPEACTABJEHHE
NPAMOrO MpPOW3BENEHHS] TPYON PABHO NPAMOMY HPOH3BEAEHHIO HX
HeNpHBOAMMBEIX NpeacTaBieHuil. Kax yXe ormeyasock Bhlilie, Tpex-
MepHafa Trpynna TpaHcasuuil & paBHa MOPSIMOMY IIPOH3BEIEHHIO
TPeX OJHOMEPHBIX TPYINN TPAHCASIUHHU C 3JeMeHTaMH f,,, [, H [,
NO3TOMY HENpPHBOAMMOE MpPeJCTaBJEHHe rpynnnl ¢/ paBHO

Fglgzga (t") = FZ: (t’ln) Fgﬂ (t’h) FE: (t"a) =
~exp (gxn + gyt gsn s 9.7)

Kak 310 caeayer u3 (9.5) u (9.6).
Beenem goanosod sexmop

rae b, b, u by—ocHoBHble BekTOpbl o6patHoH pewerku (1.3.8).
QOueBHIHO, UYTO R MMeeT pasMepHOCTb BeKTOpPOB b, T. e. pasMep-
HocTb, o6paTHyo pauue (ca~1). Tpo#Kka uucen g,, g,, g, onpene-
nensier Bextop k. M3 (1.3.9) cnepyer, 4yto mokasaTtesb IKCIOHEHTHI
(9.7) Moxer OmiTh mpeicTaBfell B BuIe ik@A,, N03TOMY (9.7) MOXeT
ObITH 3allHCAaHO B BHjAE

Ti(ta)=e ', (9.9)

Iy Cmupuros B. U Kypc sbcwei MaTeMaTHKH. —23 usg.—M.: Hayka,
1574, 1. 1, § 175.
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rie BOJIHOBOH BEKTOp K HyMepyeT HeNpPUBOAHMOE MpEeACTaBJIEHHE.
Ecnu sameHutb BekTOp B Ha R =R+ B, 18 bn=m b, +m,b, +
+ m,b,— NPOH3BO/IbHLIN BEKTOP OGPATHOW pPEHIETKH, TO

exp (ik'a,) =exp (ika.) exp ((bna,) =
=exp {ika,) exp (2ni X nesnoe yHcyao) =exp (ika,),

rae Mbl BOCNosb3oBasuch Qopmydoii (1.3.9).

Takum o6pasom, £ u k' COOTBETCTBYIOT OJHOMY W TOMY e He-
NPHBOINMOMY MpPEACTABJEHHIO, T. €. OHH 3KBHBaJeHTHb. B cHay
3TOTO MOXHO OrPaHHYHUTbCH pPACCMOTPEHHEM TaKHX 3HaueHHH &,
Ans KoTopuix k@, (i=1, 2, 3) JexaT BHYTpPH HHTepBasja 27 (TaK
KaK, ecau R@; JeXHT BHE 3TOrO HHTEpBaJa, TO OHO MOXeT OBITh
NPHBEJEHO K HeMy HUCKJIOYeHHeM M3 B COOTBETCTBYIOLIETO BEKTODA
00pATHOH pelIeTKH); MBI MOXKeM, HallpHMep, MOJIOKHTb

—n<ka <n (i=1, 2, 3). (9.10)
[oacraBasgs ciofa BMecto R ero 3Havenue (9.8), Hoayynm
—G/2 < g; < G/2, (9.10a)

T. €. MBI NPHXOAMM K TeM Xe ycsoBuam (9.5), (9.6), corsacHo Ko-
TOphiM g; mpoberaer G sHavyennil (u3 (9.10a) Bumno, nouemy yno6HO
BbIOHPATb G HEYEeTHBbIM YHCJIOM).

B kayecTBe of6slacTH HedKBHBAJICHTHBIX 3HaueHH# Bekrtopa (9.10)
MOXeT ObITb BbrépaHa 3JIeMEHTapHas syeflka oO6paTHON peuleTKH
«o0bemar» (2n)*,Q,. Taxoli Bubop obsactu (9.10) me Bcerma ymobeH,
TaK Kak napannenenunea, NOCTPOERKbIH Ha BekTOopax b,, b,, b, He
oGnagaer, BooQlle TOBOpPA, CHMMETpHe#d caMON pelleTKH (npﬁmoﬁ
HJAH 00paTHOH). AHAJOTHYHO TOMY, Kak Oblja MOCTPOEHA CHMMET-
puuHas sveilka Burnepa—3efitTua (ra. I, § I, n. 4), MoxHO H
B cayyae o6paTHOH peweTKH Bcera BbLAeJUTb of6jacts (9.10),
o0/afalomyio noJaHoH cuMmerpued o6paTHOH (¥ mpsiMON) petleTKH.
Has storo mpopefieM 13 HeKoToporo yajna O o6paTHOH pelueTKH
BeKTOpPH! b, Ko BceM APYTHM ee ysjaM. [IpoBeem NMJOCKOCTH yepe3
CepefHbl BEKTOPOB by, NEPHEeHIMKYNSADPHblE K HHM. YpaBHEHHS
3THX NJIOCKOCTEH HMEIOT BMA

,bz—(bgk) =0, (9.11)

rie kB—palnyc-BeKTOp, NPOBEJEHHBI H3 Hauana KoopauHaT O K He-
KOTOPOH TOYKe, [OCTPOGHHOM IJIOCKOCTH. 3aMeTHM, 4YTO YpaBHe-
nue (9.11) cosnagaer ¢ yc/oBHSIMH AMQPAKIHUH PEHTTEHOBCKHX JY-
ueit B kpuctaane (I.4.5) (pasHble 3HaKH nepel CKAaJsAPHbIM NPOU3-
pefenneM B (1.4.5) u (9.11) cBA3aubl ¢ Tem, uTo B B ypaBHEHHH
(I.4.5) nanpaBneH OT NJIOCKOCTH K Hauany xoopauHat O, cM.
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puc. 1.16). 3TH nepecexarwlHecs MAOCKOCTH ONpPeAeOT HEKOTOpbIE
MHOTOTPaHHUKH C LedTpoM B Touke (. Hanmenpuinii MHOTOrpaHHHK
c uentpoM B ToYKe O HasblBaeTCA nepsod HIH npueedeHHod 30HOU
Bpuanosna (MHOTAA TPOCTO Gpunnro3Hosckoti 30HOL); ero «obbem»
ToKe paseH (2m)%/Q, (cM. Huxe). «O6beM», 3aKMIOUEHHBIH MeXay
TOBEPXHOCTbIO NEPBOH GPHJIIIOSHOBCKOM 30HBEI H NOBEPXHOCTLIO CJe-
AYIOLIero MHOTOT PAHHHKA, Ha3bIBAETCA 8MOpPoL O puUAn03H06CKOL 3010l
¥ T. 4. MoXHO mMoKasaTb, YTO «0GbeMbl» BCeX OPHJIIO3HOBCKUX 30H
OMIIHAKOBBL H DPaBHBI (27)%/€2,.

Kak yxe otmewasoch B (ra. I, § 3), obpaTHas pemeTka AJs
npocToil KyGHuecKol peLIeTKH ToXKe NpocTas KyGuyeckas; OTCIOAA
cpasy cJeayer, uTO nepBas GpPHJIOIHOBCKAs 30HAa B 3TOM CJydae
uMeer ¢opmy Ky6a ¢ pebpom 2m;/a (a—peOpo Kyba mpaMmofl pe-
IeTKH); «obbeM» 30HBI DpusmosHa paseH (2;/a)® = (2m)%/ad =
= (2m)3/Q,.

W3 camoro noctpoeHuss neppoil 30oHEl DBpH/MIO3HA cleayeT, 9YTO
BOJIHOBble BEKTOpHl R, KOHLBI KOTOPHIX JIeXKAaT BHYTPH Hee, OTJH-
YajoTcs APYr OT JApYra MeHblle 4YeM Ha BeKTOp OOpaTHOH pewHieTKH.
Ecnx xe KoHel BeKTopa k JIeXUT Ha rpanule 30HH bpHimosna,
TO BCerja CVIUECTBYeT N0 KpaiiHeH Mepe OJMH 3KBHBAJIEHTHHIH eMy
BeKTOp k'=k 4 b;, KOHEL KOTOPOTO TaKxXKe JEXKHT Ha TpaHHLE
6PUIIIOIHOBCKON 30HHI.

Tleppassi soHa BpuamosHa MoxkeT ObITb ONpejesieHa H KaK MHO-
JKEeCTBO TOYEK, pacCTOsHHe KOTOPHIX JO0 JAAHHOro Yyajaa o6paTHOH
pelLLeTKH MeHbllUe, YeM pacCTOsiHHe 10 BCeX APYIHX Y3J0B (TOJBKO
TOYKH, JeXKallye Ha TpaHHle 30HB, OTCTOAT HA OJAHHAKOBHIX pac-
CTOSHMSX OT ABYX Y3JoB o6GpaTHo# peieTkH). Taxk KM o6pa3oM, Bee
TIPOCTPAHCTBO OOpATHOH pelleTKH MOXKHO Pa3buTb Ha NPHBEACHHLIE
GpHJIOHOBCKHE 30HBI, TIOCTPOEHHbIE OKOJIO KaXJOro HS Y3JIOB.

PaccmorpuM 06paTHYI0 pelleTKy, COOTBETCTBYIOLLYID OCHOBHOH
06JIaCTH KpHCTaMIa, cofepxKalel (° ajeMeHTapHBIX fyeeK. [ToJHbIHA
o6beM Takol o6paTHOM pelieTKH paBeH 06bEMY 3JIeMEHTaPHOH sYeHKH
ob6paTHo#l perieTku (2m)3/Q,, mMomHoxeHHOH Ha G°. C apyro# cro-
POHBI, 3TOT 06beM paBeH o6beMy OpDHJJMIOIHOBCKOH 30HHI, NOMHO-
XeHHOH na G?; otcioa cJeayer, 4to o6beM OGPHJITIOSHOBCKOH 30HBI
paBeH 06beMy 3JIEMEHTapHOH syelikH oOpaTHOM pelleTKH, T. €. paBeH
(2m)3/Q,, KaK M YTBEpXKIaJNoChb BbIUIE,

BoJsee noppo6rHoe uccaenoBanue OpHJITIOSHOBCKHX 30H Oyger
faHo B ra. IV npH H3yyeHHH JABUXKEHHS 3JIEKTPOHA B H€aJIbHOM
KpHCTaJIe.

Mul BBeld BOJHOBOH BekTOp K, HMCXOAs TOJBKO H3 CBOHCTB
TPaHCJASAUHOHHON cHMMeTpHH. U XOoTs1, HampHuMep, B C/elyIOLIeH T1aBe
BOJIHOBOH BEKTOp MOSIBUTCS NMPH pELUEHUH MeXaHHYECKOH 33aJaUH O KO-
Je6aHHH aTOMOB KpHCTaJJa, Mbl JO/RKHBI OTAaBaTh cebe OTYET B TOM,
yto GoJiee ray6oKas TNpUYHHA ero MNOABJEHHA —TPAaHCAAUHOHHAA
CHMMeTpHsT KpHCTaJla.
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2. PaccMorpum geficTsue omepatopa Pp (6.1), rae R —rTpaHcas-
WA HA BEKTOP —@n!) Ha BOJIHOBYIO (YHKUHIO 3JIEKTpoHA P (r),
IBHXKYIIEToCsS B NepHORHueckoM mnoJse kpucrtanna. HMuaexc By soa-
HOBOH (JYHKUUHM 03HAYaeT, YTo Mbl paccMaTpHBaeM Ga3HCHYIO (YHK-
UHIO R-F0 HENPUBOAMMOrO NpPEACTaBJEHHS.

Tak KakK HeNnpUBOAHMbIE MPEACTABJEHHS TPYNNb TPAHCJIALHH
MMeIOT pa3MepHocTh eauunua u pasusl (9.9), To u3 (6.1) cnenyer

Pk (F) = b (R717) = r (F + @) = Taps (1) = ™"y (1),
T. €.
Pi (F + @) =Py (r). (9.12)

Jlerko nokaszaTtb, 4TO JAJsg TOro, 4ToObl BOJIHOBAs (YHKIHASA
aJleKTpoHa P (r) yHmoBJeTsopsaa TpaHCPOPMALMOHHOMY COOTHOLLIE-
HHo (9.12), HeobxoaKMoO, 4TOOLL

Y (r)=up (r)e™, (9.13)
rae $yHKuus u (r) obnajaeT NEePUOAHYHOCTBIO DELICTKH, T. €.
Up (r + ap) = ug (r). (9.13a)

B camoMm fiestie, B 3toM cayuae u3 (9.13) caenpyer
Ve (F + @) = Up(r + @) o* (7 an) ug (F) AT gikan =e“m"1Pt¢ (r),

yto coBnanaet ¢ (9.12).

BonuoBasi ¢yukuus ssnektpoHa B KpHcTaane (9.13) HaswBaercs
6a0x06ckol oanosol pynxyued (. Baox, 1928 r.); ee Bux oby-
CJIOBJIEH TOJIBKO TPAHC/IALHOHHO!H cHMMeTpHeH kpHcTasana. Konkper-
Hblil BUA (YHKUHH Ug (#) 32BHCHT OT BHJA IEPHOJHYECKOTO IOTEH-
uuMana, JeHCTBYIOIEro Ha 3JEKTPOH.

3. CrauuoHapible COCTOAHHSI 3JEKTPOHA B MEPHOLHYECKOM IoJe
KpHCcTaJJa onuceiBatoTess ypasHenuem [llpeanunrepa

~ 2
() bary (1) = [ V4 ()] s () = 8, () s (), (2.19)

riie TaMuJLTOHHAH F7 () MHBapHaHTeH NpH BCeX Npeo6pasoBaHHUAX
CHMMETDHH KpHCTaJIa.
Bnoxosckasi BosiHoBast GyHKuHA anekTpoHa (9.13)

‘pnkl (") = unk/ (") eik’ (915)

3aBHCHT HE TOJBKO OT BOJHOBOrO BeKTopa K, HO M OT HOMepa
NOJIOCHE! (30HbI) 3HEpruH n; B OOLWEM CJyyae OHA MOXeT 3aBHCETh
euie OT JOMOJIHHTE/bHBIX KBAHTOBBIX YHCeJ j, XapaKTepH3YIOWHX
pasHble BLIDOXKJACHHbBIE COCTOSAHHS 3J€KTPOHA MPH 3aJaHHLIX 7 U R.

1) MoxHo 6blI0 B, KOHEWHO, ONPEAE]HTL ONEpauxio R KaK TpaHCJALHIO
Ha BEKTOp —+Q,, HO 3TO NpHBEJO bl K MeHee NPHBHYHLIM COOTHOUICHHAM,



102 SNEMEHTbl TEOPHH TPYIINT 1 CHMMETPHUS1 KPHCTAJJIOB [rJj. 11

B (9.14) &, (k) —coGcTBeHHble 3HAUEHUR SHEPTHH 3JeKTpoHa. ITycTs
rpynnoid CHMMETPHH KPUCTaJNJa fBJARETCSl MPOCTPAHCTBEHHAS Trpynna
¢ aJjeMeHTamMu (§ 5 m. 3)

g={R | (R)+an} (9.16)
M ¢ oSpaTHBIMH 371emeHTaMH (5.6)
g '={R*|—R @ (R)—R™'a,}. (9.17)

IonefictByem onepatopom P, (6.1) Ha obe uacTu ypaBHeHus (9.14);
TaK Kak MePUOAMUECKOe MoJie KpHUcTaana V (r) n omepatop KHHe-
THYeCKOH sHeprum (— A%/2m)V? He MEHSIOTCA NpPH BCEX npeo6bpa-
30BaHUAX NPOCTPaHCTBeHHO# rpynnn (9.16), TO

Fr) P gpuny (1) = &, () P o (1), 9.18)

T. e. dyHKuUHa 13g1p,,,,,-(r) TOXe JOJDKHA ObiTh 6J0X0BCKOH PyHK-
1Heli, COOTBETCTBYIOWEH TOH Ke 3Hepruu &, (k).
Us (6.1), (9.17) u (9.15) cnenyer

P npy (1) = P g [tnp; (r) €* | = ttnaj (g7'r) €*¢7" 7 = thnpj (R P —

—R'a(RYy—R~1a,)exp[—ik (R 'a+ R 'a,)]e*R™'r, (9.19)
Bektop R~™'@, paBeB BEKTOPY PpeLUETKH (3TO CnpaBeAJIUBO H aJiA
HecUMMOpP(HBIX Tpynn, Korga R~! moxeT M He OBITh 3JIeMEHTOM
CHMMETPHH CJIOXKHOH pelueTKH). EcaH yuecTb eule, 4TO CKaJisipHoe

npoK3BeJeHHe BEKTOPOB He H3MEHHTCH, €CJH NPHMEHHTb K KaXoMy
H3 Hux npeofpasoBaHHe R, T. e.

kE-R-'r=RR-RR™'r =RRk-Er =RFkr, (9.20)
10 (9.19) MOMKeT ObITb 3aNHCAHO B BHIE
P jbnpj (F) = tnrej (F) eR", (9.21)

rae

Unrrj (F) = tnsj (R™'r—Ra (R)) exp [— iRk (& (R) +a,)] (9.21a)
— nepuoHYecKasi (YHKUMA C MepHOJAMM DeIUeTKH (3TO cJefyeT
M3 TOro, uTo R~'@m paBeH BeKTopy peluerku). BroxoBckasa QyHk-
uua (9.21) ¢ BOJHOBEIMH BeXTOpaMH RR YyLOBJIETBODSET TOMY e
ypasuenuio Illpenunrepa (9.14) ¢ COOCTBEHHBIM 3HAYEHHEM SHEDPTHH
&, (R); OIPYTHMH CJIOBaMH,

&n (k) =&, (RE). 9.22)

Taxum 06pasoM, 3HEpPreTHYECKHe MOBEPXHOCTH &, (R)= const
B GPHJLTIOZHOBCKON 30He A/ BCeX NoJoc (30H) 3HEpruu ofniafa:oT
CHMMETpHEeN TOYeYHO! Tpynnbl KpHCTaJJa.

COBOKYIHOCTb BEKTOPOB RE, rje R —3JeMeHT TOYEUHOU rpynmel
KpUCTalsa ¢ , Ha3blBaeTCs 38e300L B0AH08020 GeKmopa.

[ToxaxeM, YTO HHBapHAHTHOCTH ypaBHenusi UpeauHrepa OTHO-
CHTeJIbHO OfpawieHdsi BpeMeHH (f— —{) NPHBOAMT B HEKOTOPHIX
Cy4asx K NONOJHHTENbHONH CUMMETDHH 3HepPTHH &, ().
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PacemoTpuM BpemenHGe ypabHenue Illpexunrepa

ih 30 = 5 (9.23)

K BO3bMEM €My KOMILJIEKCHO-COMNPAXEHHOe
B OV e

NpH 5TOM Mbl NpeAnosaraeM, YT¢ raMHJBTOHHAaH %7 BeUleCTBeH.
Mbl BHAHM, UYTO COCTOSIHHe * pa3BuBaeTCsi B HampaBJieHHH —!
TaK XKe, KaK COCTOsHHe 1 B HanpasaeHud f. Tak Kak NJIOTHOCTb
BEPOATHOCTH IPONOPHUHOHANbHA |V [?, To ofpalleHHe BpeMeHH Ha
Hee He BJHseT. B To Xe BpeMss CKODPOCTH, NPONOPIHOHAJbLHBLIE
(1/{) $*Vy, MEHAIOT CBOE HallpaBJIeHHE,

Jlnsi cTalMOHApPHOTO COCTOSIHI A

Fp, =&,V (9.24)
Fps =&, (9.242)

H, cJeloBaTenbHO, P, H P, COOTBETCTBYIOT ONHOH H TOH XKe 3Hep-
ruv §,. Ecau ¢, W V; JAuHeHHO HE3aBMCHMBI, TO 3TO MPHBOIHT
K JOTOJHHUTEJbHOMY BrlpoxaenHio. M3 (9.23) u (9.24) Buano, uto
STO JONOJIHHUTENbHOE BBIDOXKACHHE CBf3aHO C CHMMeTpHeH no or-
HOLIEHHIO K OOpalleHHIO BpPEMEHH,

s 37eKTpoHAa B INEPHONHYECKOM [oJie BOJIHOBasl (YHKLHUS
umeer BHA (9.15), mosromy

Vg () =13y, (r) e 7, (9.25)

KOTOpOE OTJIHYaeTCst OT cocrosiHHs (9.15) zamenost B na —4k. Tak
Kak (9.15) u (9.25) yn@OBJETBOPAIOT OAHOMY H TOMY e ypaBHe-

Hyo (9.14), To
En(— k) =&, (). (9.26)

Takum ofpasom, sHepreTHueckHe NOBepxHOCTH &, (k) = const oba-
JaloT LEHTPOM CHMMETPHM He3aBHUCHMO OT Toro, obJajaer Jd MM
npaMas (o6paTHas) pelleTKa KpHCTaslfaa.

Ecau kB pacmonoxed BHYTpM 30HBl BpHiiosHa W HanpasJeH
BIOJIb KaKoH-nu60 U3 ee ocefl MM IJIOCKOCTEH CHMMETDHH, TO
Cpepy 3JIEMEHTOB TpyNnbl & HMETCS TaKue, 4TO

RE=E. (9.27)

Ecnu ke KoHeuw BekTopa B JIeXMT Ha TpaHulle 30HBI BpHJNIO3HA,
TO npeo6pasoBaHue CHMMETPHH R MOXKET IpeBpaTUTb kB B 3KBHBa-
JIEHTHBI# BEKTOp, T. €.

OTKYyAa

RR=k =+ b, (9.27a)
rie b;—ocHOBHOH BeKTOp 06PaTHO pelleTKH.
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DneMeHTH MpocTpaHCTBeHHOH rpynnul kpucraana (9.16), y xo-
TOPbIX TOYeuHble Npeo6pa3oBauus R YJOBIETBOPSIOT COOTHOWEHUAM
(9.27) nnu (9.27a), o6pa3yioT ee MOATPYNNY M HA3LIBAKOTCH 2pYRNOL
802106020 eexmopa Gp. I'pynna G onpefensieT BblpOXKJAEHHE H CHM-
MeTPHI0 OJIOXOBCKMX BOJIHOBBIX (JYHKUHH B TOuke K 6pHJIIO3HOB-
CKOH 30HLI BO BCeX 30HaX (moJiocax) sHepruu n. T. e. Kaxiplh ane-
MeHT rpynnel G npeofpasyer GJIOXOBCKYIO QYHKUHIO C BOJHOBBIM
BeKTOpOM R U sHepried &,(k) B apyrde G6JoXOBcKHe (YHKUMH
C TeM Xe (MJM 3KBMBAJEHTHbIM) BOJIHOBHIM BEKTOPOM H C TOH Xe
sneprued. [iA NpHMEHeHHS TEOPUM CPYNI K OMNpPEeJEeJEHHUIO BhI-
POXKIEHUST H CHMMeTpUH OJIOXOBCKHX (QYHKUHHA B ONpelesIeHHBIX
TOYKax K-npoOCTPAHCTBA Mbl JOJ/DKHBI 3HATh B 3TOH TOUKE HENPHUBO-
AHMble MNpeficTaBjeHHs rpynnsl (e HJAH XOTA OBl MX Xapak-
TEpB.

HenocpeacTBeHHO J1erKO OnpelesHTs XapaKTepbl TOYeYHOH TpyIl-
nsl & &, 37M€MEHTBl KOTOPOH R OCTaBASIOT BEKTOp B HHBapHAHTHBHIM
HJH 1peo0pasyloT €ro B IKBHBAJEHTHH. HiXe Mbl ycTaHOBHM
CBSI3b MEXIY HENPHBOJAHMHIMH TpeicTaBleHHsiMd I' (g) rpynnu BoJ-
HOBOrO BekTOpa Gy W HENPHBOJMMEIMH NpenctaBiaeHHamu I (R)
ToueyHOH rpynnni Fp. Kax MBI yBHIHM pajiblie, AN CHMMODPQHBIX
TPYNN 3TH NpeJCTaBJEHHS COBNAJAIOT.

PaccMoTpHM, B HAIIOCTPATHBHBIX HeJsX, TPYNNY & § AJS MJIOCKOH
KBajpaTHOA peIeTKH NpPH Pa3jIMYHBIX DOJIOKEHHAX BOJHOBOTO BEK-
Topa k. Ecim croposa xBajpaTta NpsMOH peuleTXKH paBHA @, TO
OpH/LIOSHOBCKAsi 30HAa HMeeT Toxe (OpPMy KBajpaTa cO CTOpO-
Holt 2n/a (puc. 11.18). Touewno#t rpynno#t & KpucTaaaa sBJsercs
B 31OM cayyae rpymna C,, c Bocemblo sneMextamu: E, 2C,, C,,
20,, 264 (0, — IJIOCKOCTH OTPAXKEHH, MapaJe/bHble CTOPOHAM KBaj-
pata, 0,— NJOCKOCTH OTpaMeHHs, NPOXOAALIHE Yepe3 ero JMaro-
HaJIH). ‘

B nauGosee obmeM ciyyae a) 3Be3na BOJIHOBOFO BeKTOpa CO-
CTOHT M3 BOCHMH Da3HLIX BEKTOPOB R, MOJYYalOWUXCH I[P IpH-
MEHEHHH BCEX BOCBMH 3JIeMEHTOB rpynnml C,,; rpynna & COCTOHT
NpH 3TOM H3 OjHOro sjemenTa E. B ciyyae 0) BEKTOp JIEXKHT
B Oa0CKOoCTH 0,(AA’) M 3Be3ja BOJIHOBOIO BEKTOPA COCTOHT U3
9€TbIPEX BEKTOPOB; Ipymma &g B 3TOM cjyTae COCTOMT H3 ABYX
sneMeHTOB: E, 0, B ciayyae 6) 3Bessa BOJIHOBOIO BEKTOpa TOXKeE
COCTOHT H3 YeThipeX BEKTOPOB; rpynna & S OOHOIO H3 HEX
COCTOMT W3 3JleMeHTOB E H 04. B ciyyanx &), d) u €) KOHIUb Bek-
TOPOB Kk B 3Besje PaCIIO/IOMEHbl Ha TpPAaHHULE 30HBI BpuimosHa.

2n
Tak kak Bektop k H k’=k—|—7 3KBHMBAJIEHTHEl, TO B CJyyae 2)

R-3B€3a COCTOHT W3 WeTHIpEX BeKTOPOB, a rpymna & H3 ABYX
3neMeHToB: £ n 0, B cayuae ) sBesga BOJIHOBOrO BEeKTOpa Co-
CTOMT M3 NBYX BEeKTODOB, a4 Tpymna &, M3 YeTHIPeX 3JIeMEeHTOB:
E, C, 20,. Hakonenu, B cayyae ¢) Bce YeThipe H300paKeHHBIX BOJI-
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HOBBIX BEKTOpa 3KBWBAJIEHTHB, a rpynna & coBNajaeT ¢ TOYEYHOHR
rpynnoft kpucraina C,,.

4. Tloxaxem, gro ecad I'(R)— HenpuBojuMOe TNpeACTaBJIEHHE
TOYeyHOH Ipynnbl &, TO HENPUBOAMMOE NpeACTaBJEHHe TPYINH
BOJIHOBOTO BeKTopa (ix PaBHO (OrpaHHYeHHE CMOTDH HHXKe)

I'g)=T({R|a(R)+a})=T(R)expilk(x+a)). (9.28)
3recy g={R|o(R)+ a}—anement rpynnsl G, @=a,— BeKTOp

pemeTkH H o (R) = o —HecO6CTBeHHAs TPaHCJAANHSA, COOTBETCTBYIO-
mas sJemMeHTy R.

SN A k |4
LS
N
on/a
a) 6) 8)
A
K k K k
. A T
e a €)
Puc. 11.18.

TMockonbky I'(R)— HenpuBOAHMOe npefCTaB/ieHHe TPYNNbl & :

F(Rle)ZF(Rz)F(Rl)' (9'29)
N3 (9.28) cneayer, uto

I (g) T (g)=T (R)T(R)expiik (o, +a,)+ k(2 +a)]  (9.30)

31ech @, U &, =0 (R,)—BeKTOp PeIeTKH H HeCOBCTBEHHAS TPAaHCIA-
LLHA, COOTBETCTBYIOUlME 3/eMEHTY R, A1a 3neMeHTa g, € G,; aHalo-
THYHBI CMBICJI MMEIOT BEJIMUHHBI @, H O,.

Insa sneMenta g,g, rpynnet G, u3 (9.28) creayer

I'(g:8) =T ({R;| &, +a,} {R, | &, +a,}) =

=T ({Rle | R.a,+ Ra, +a2+a2}) =

=I'(R,R,) expi [k (R + R.a, +a,+a,)), (9.31)
rie Mbl A/ TIPOM3BEAEHUs g,¢, BOCNOJ/b30BAMCh BoipakeHHeM (5.8).

3amensis 3fech, cornacho (9.29), T'(R,R,) va nponspenenue I'(R,)I'(R,)
W BHpakKas KaXauolii u3 3THX MHOXHTeJe#i nocpeacTsoM (9.28),
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MOJTYUHM )
I (g.8:) =T (g,) T (g,) exp [k (R, + R.a,) — k (@, +-a,)].

HMcronb3yst A1l NepBBIX ABYX CJaraeMhiX INOKasaTte/si SKCIOHEHThI
npeo6pasobanue (9.20), nonyuum

I'(g.8) =T (8.) T'(g,) exp i (R7'k — k) (@, +a,)]. (9.32)
Ecay BOJHOBOH BEKTOp NEXHT BHYTPH 30HBI B puimosna, To
Ri'k=k. (9.33)
B stoM cayuae skcnoHenta B (9.32) paBHA eIUHHLE H, CJelOBa-
TeJ/1bHO,
(.21 =T (g T (g)), (9.34)

T. e. I'(g), onpenensieMoe paBeHCTBOM (9.28), — HenpUBOAHMOE Npe-
CTaBJ/ICHHe TPYNNBl BOJHOBOro BekTopa Gp.

Ecan BeKTop B KOHYAeTCss B HEKOTOPOH TOUKE MOBEPXHOCTH
30Hbl DBpHAMIO3HA, TO AJA HEKOTOPHLIX KR;' 3KBUBAJEHTHHIA eMy

BOJIHOBOH BEKTOD
Ri'k=Fk+b, (9.35)

rae b—BekTop obpaTHoit pemeTku. s cuMMopdHoit npocTpaHcT-
BEHHOH Tpynnbl &, =& (R;) =0 u skcnoHeHTa B (9.32) ToXe paBHa
eIHHHLE; B CaAMOM JeJe,

ei [(Rz‘lk—k) a,J = giba, — p2miXuence uncao — ]; (936)

TaKHM obpasoM, n B 3ToM cayvae I' (g) (9.29) nenpuBomumMoe npej-
CTaBJIEHHE TPyNNsl BoJHOBOro Bektopa G,. CioxHee ciayualf, Koraa
KOHeil BeKTopa R pacnoJIOKeH Ha rpaHuue 30Hbl BpummosHa, HO
NpPOCTPAHCTBEHHas IpYNna He cHUMMOp(HA. DTOT cjaydail Mbl 371ech
paccmMaTpuBaTh He 6yaem (cM. ra. IV, § 9).

§ 10. Mpasuna orGopa

BepoATHOCTb nepexofa CHCTEME! H3 COCTOSIHMS C BOJHOBOH (YHK-
uHedt Py, (®-f BosHOBas (6a3xcHad) QYHKUHMSA i{-TO YPOBHS 3HEPTHH,
I'; HenpHBOAHMMOro NpeACTaBJCHIA) B COCTOSIHHE C BOJHOBOH (yHK-
uHed P,g NOA AEHCTBHEM BO3MYILEHHA ( NPONOPLUOHAJNbHA KBaj-
paTy MOALYJs MaTPHYHOrO 3JeMeHTa

M= §9iQ, dr, (10.1)

rae dv—mnpousBeaeHne HH(dePEeHIIHAIOB KOOPARHAT KOHQHIYpaUH-
OHHOTO INPOCTPAHCTBA CHCTEMBI.

Bo MHOrux cayyasx HaM HEH3BECTHBI BOJIHOBbIE (DYHKUHMH CHC-
TeMbl, TaK YTO Mbl HE MOX€M BbIYUCJIUTh MaTpPHUHBIH asemeHT (10.1).
OpHaxo wacTo HaM JOCTATOYHO 3HATh, paBeH JH MaTpPUYHHH 3Jie-
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MEHT HYJIO HJH OTJH4YeH OT Hyas. ITokaxeM, KakK TeopHs TIpynn
No3BOJIAET OTBETHTb HAa 3TOT BOMNPOC, T. €. NO3BOJAET cOPMYJiHpo-
BaTb npasuia ombopa.

s opoctoro cayuas ONTHUECKOrO 3JIEKTPOHa B CBOGOJAHOM
aToMe, KOrja BO3MYIIEHHEM sIBJIAETCS 3JEKTPHUYECKOE I0Jie CBETO-
BOM BOJIHBI, TaKHe MpaBHJa OTOOPa H3BECTHBl M3 KBAHTOBOH Mexa-
HHKH. IS AMIOJbHBIX NIePeX0J0B H3MEHEHHEe a3MMYTaJbHOTO KBaH-
TOBOrO yucha [ JoMKHO paBHATbeA =41 (1. e. Al=H1), a Mar-
HHTHOT'O KBaHTOBOTO uucaa 41 uan 0 (T. e. Am=+1 van Am = 0)).
Hns paccMmorpenns Gosiee obiuero cayyasi Noxaxem, 4To

{ prdr=0, (10.2)

eC/IM HeNpHBOAMMOe npejcTadieHde I'; He ABAseTCcs €AHHHUY-
H bl M.

ITogsepras noisiHTerpagsHyio ¢yakunio B (10.2) oproroHab-
HOMY INpeoGpasoBaHHI0 CHMMETPUH Pg, Tle R—3JeMeHT Tpynmnbl
ypasHenus lpenuurepa, nmoayyum

S Pradr= S Pripyq dv= S %: T (R)paip dr. (10.3)

3nech nepBoe PaBEHCTBO OCHOBAHO HA TOM, 4TO sIKOGHaH OpPTOro-
HaJbHOrO npeofpa3oBaHns X' = Rx paBseH eguHuue, a BTOpOe —Ha
(7.15). :

Cymmupys ofe wactu (10.3) no Bcem sneMeHTaMm Tpymilwl, I10-
AYYHM

hgq,,.am:;g% dr-gl’,(R)ﬁa, (10.4)

TAe A-—TNopsloK TpymNmbl.
Ecau T'; He ecTh eiunnyHoe NpejicraBieHHe, TO

; [ (R)po=0.

310 caenyer u3 (6.19), ecad npeAnosioKUTH, UTO MPEACTABJIEHHE |
ecTh eJHHHYHOe, a [—wHeT. TakuM o6pasoM, nmpaBas uacTb paBeH-
crBa (10.4) paBHa Hymo, caeigoBatedbHo, (10.2) nokasawo.

ITycTb oTaesblble MHOXKHTENH ((YHKLHH) NOAbIHTEr PAJBHOTO Bbi-
pa¥eHHa MaTpuuHoro 3JjemMenta (10.1) npeo6Gpa3yioTcs MO HENpPUBO-
AuMbiM npefctasiaenusaM I'y, T'o v I'; rpynne ramuabronnana. Torga
TIPOM3BEJIEHHE 3THX MHOMXKHTeJeH ecTb 6asHCcHAad (PYHKUHS NPUBOLH-
Moro, B ofieM cJyuyae, NpeACTaBJEHHS MNPSMOro IPOH3BeJleHHS
I, XToXT; (em. § 7, n. 3). Ecau 3To npaAmMoe Nnpon3BefieHie He CO-
JEPKHT EAMHHYHOTO INpejCTaBJCHHR, TO €ro 6asucHble QYHKIHH

I Baoxunues J. U, OcHosul xBaHTOBOH MexaHuKkH.—5 u3g.—M.: Hay-
ka, 1976, § 90.
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He COAEPKHKT 0a3HCHON QyHKIHMH eAMHHYHOrO NpeJCcTaBJeHHd, a Toraa
B cootBeTcTBHU ¢ (10.2) maTpHyHblit asement (10.1) paBeH HyJIo.

Takum obpasom, A5 onpejie/eHHs NpaBHA oTOOPa AOCTATOYHO
ONpeeNuTh, COAEPXHUTCH JH B npsaMoM npousBefeHdd Iy xToxT,
eJMHHYHOe npejAcTaBJeHde. [IpH 3TOM YHCJIO eNUHUYHBIX MpPEACTaB-
JIeHHH, cojepXalluXcs B 3TOM INDOH3BENEHMH, ONpejessieT UHCJO
JHHEeHHO He3aBHCHMBIX MATPHYHBIX 3JIEMEHTOB. DTOT pEUeNT MOXeT
ObITh YMPOiUleH HAa OCHOBAHHM CJefylolleH TeopeMbl.

[IpsiMoe npou3BeaeHHe ABYX pa3JHYHBIX HENPHBOAHMBIX Ipej-
ctaBienni I', X', He cozep:HT eQMHHUYHOro NpelCTaBJEHHSA, a Nps-
MO€ INpOH3BeieHHe JBYX OAHHAKOBBLIX HENDHBOAHMBIX IpeACTaBJIe-
it T')x T, coaepxnT efHHHYHOe NpeicTaBJjeHne ofHH pa3. Ilpuse-
JleM ee J0Ka3aTeJbCTBO.

Hns onpefesieHHsi TOro, CKOJBKO pas eAMHHUHOE MpPeaCTaBJ/eHHE
COJlepXKHTCS B [PHBOAMMOM IIPEACTABJIEHHH, BOCNOJIB3yeMcs GopMy-
Joi (6.34); nosaras B ned q;=a, ¥ ¥, (R)*=1 (XapakTepnl emH-
HHYHOTO NpeACTaBJeHHs AJs BceX R paBHbl eJHHHLE), MOJYYHM

1
a1’=72X(R)-
R
Ins npsmoro mnpoussenenus npejctasaenuit I',x T, coraacho

(7.18), xapakrep
X (R) =% (R) Xm (R),

&= 3 1(R) 1 (R).
R

NO3TOMY

Orciopa no Teopeme 06 OpPTOrOHaJLHOCTH XapaKrepoB (6.26) cue-
AyeT, 4To

a,=0, ecan [£m,

a,=1, ecan [=m.

Takem o6pas3oM, ecad 0OpPH pas3nOXKeHH:I HA HeNPUBOAUMEIE Npe-
crapiernns 'y 1 Tox D', oHu conepxaT ofliHe HenpHBOAHMbLIE Npej-
CTaBJEeHHdA, TO MaTpHuHbid ajemeHT M (10.1) orauued or Hy.as,
B MPOTHBONOJIOXKHOM CJlyyae OH pPaBeH HYJIO.

2. PaccMoTpum B KayecTBe mpuMmepa npaBuaa orbopa mas M-
NOJIbHEIX MepexoAoB (B 3TOM ciyyae () = paguycy-BeKTOpy=7~r =
={x, y, z}) B noJje Kyfuueckoi cummerpud O

Kak 6yger nokasano B ru. IV § 8, paguyc-BekTOp 7, T. €. KOOp-
AHHATRL X, Yy H Z TIPeo6pa3yloTCs N0 HEMPHBOAHMMOMY I1peACTaBJEHHIO
I';; vam F, rpynnu O.

Moabsysck dopmynost (7.18), cocraBuM Tabaully XapaKTepos
(raGa. I1.10) npsimoro mpousBegerus F,xXTI';, rae I';—oaHO u3 He-
NPUBOAUMBIX NpPeACTaBJeHHH rpynnel @, COOTBETCTBYyIoOUiee Oa3uc-
BhIM QYHKUHAM P;q.
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Ta6anua I1.10

Fix<T; | E (8(Cy; C3)| 3CF | 6C, | 6C,4
FixAy| 3 0 —1 | =1 1
Fix Ay 3 0 —1 1 —1
FyxE 6 0 —2 | o 0
FixFq 9 0 1 I 1
FyxXFq 9 0 1 —1 —1

Pasnoxum npsiMble npoussefeuna F < {A,, A,, E, F,, F,} na
HeNpHBOXHMMEIE NpeicTaBjeHus rpynnel O; nonaeaysck ¢GopMyJIoi
(6.34), noanyyum

FIXA1=F1' F1XA2:Fz- F1XE=F1+F21 (10.5)
FXF,—A,+E--F,+F, FxF,=A+E+F,+F, 1%
nOﬂbSyﬂCb AOKa3aHHbLIMH BbIllIe TeOpeMaMH, Mbl BUAHM, YTO MaT-
PHYHBLIE 3JIeMEHThl M OTJIMYHBL OT HYJISA, T. €. pa3pelieHH AMIOJb-
HbIC ﬂepexoﬂbl Me)K}ly COCTOAHHAMHU, COOTBeTCTByIOmHMH BTOpOMy
NpeACcTaBJeHHIO B NPAMOM npou3BeJeHHH B AeBOM YacTH paBeHCTBaA,
H COCTOSIRU MY, HeﬂpHBO)lHMbIMH ﬂpe}lCTaBJIeHP[ﬂMH B npaBoﬁ JacTH
paBeHCTBA. To ectb paspeuledbl Nepexonbl MEXKAY COCTOAHHUAMH

F,e A, E, F, F,; F,oA, E F, F,

YTO HENOCPELCTBEHHO CJeAyeT H3 ABYX mocsefdux pasencts (10.5)
(mepBble TpPH paBeHCTBA HHYEro HOBOTO He jo6asisioT). B To xe
BpeMsi 3alpellleHbl Nepexoibl Mexay F, = A, F,<=A,, A, <A,
uEZA,



r/TABA Il
KOJIEBAHHUY ATOMOB KPHCTAJIJIMYECKOH PEWIETKH

§ 1. Ilpupopa cua B3aHMOAEHCTBHA ATOMOB B KPHUCTAJe

1. To o6cToATeNLCTBO, YTO B OMNpele/EHHBIX YCJAOBHAX aTOMb
MOryT 06pa3oBbIBATL YCTOHYHBBIE MOJEKYJBl M KPHCTaJJbl, CBHAC-
TeJbCTBYET O TOM, 4YTO MMy HHMH MOTYT CYLIECTBOBATb CHJIbI
NPHTAXKEHHSA, KOTOPble YPABHOBEUIHUBAIOTCH Ha PACCTOSHUAX MNOPSA-

% Ka 10~% cu cunamu orrankupanud. Iloutu
BO BCex CllyyasXx npeacraBJjsiercs GoJsee

VAOOHLIM OIEpHPOBATL He C CHJaMH, a

C TOTeHUHAaJbHOH 3Hepruel B3aunMOJe -

CTBHs aToMoB U (R), KOTOPYIO Mbl npej-

fojlaraeM 3aBHCAlled TOJLKO OT pac-

Wi d cToAHHA R Mexay aapaMu aToMoB. Kpu-

0 ;
Bole /| v 2 na puc. III.1 wusobpaxa-
10T BO3MOXKHbIE€ CJyYaH B3aUMOAEHCTBHA
T IBYX aTOMOB, OJAHMH H3 KOTOpbIX HOMe-

Puc. 1111 ueH B Hawyaje KkoopauHat O, a apy-

o roii A MoXeT nepemellaTbcsi BIOJb OCH

R. Tak Kak noTeHUMAJbHasi 3HEPrHs ONpPeAeNAeTCss ¢ TOUHOCTBIO
IO JIOCTOSTHHOTO CJlaTaeMoro, TO BCerja MOMXKHO MoJIOXHTb U =0
npt R —oo. Cuna, jefictByloumias Ha artoM A, paBHa F=

du N
=—grad‘u(R)=——ﬁ%, rpe R=0A—papuyc-BekTop, npose-
" du

geHnpti 3 0 B A. TakuM o6pasom, B TeX TOuUKax, rie —&7?_>0

(F anTHnapaJjensHo R), HMEIOT MECTO CHJbl NMPHUTSXKEHUs, a8 B TeX,

rie % < 0(F napaanensHo R), —cuabiorrankuBanus. Mz puc. 11,1

BHAHO, YTO KpUBas [ COOTBETCTBYET CJYy4alo, KOrja aTOMBbI Ha JII06OM
paccTossHHH R oTrankuBaioTca Apyr oT apyra. KpuBas 2 CooTBeTCT-
ByeT GoJiee CJIOXKHOMY cJ/y4alo, Koraa npu R > R, aTOMbl NPUTHATH-

BaloTcsd, a 0pH R < R, OTTa/NKHBalOTCA APYr OT Apyra. =0

LA
dR /R, R

U
dR /R,

B Toyke R =R, T. e. cuna F=—< =0 u cucrema Hu3
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OoOOHX aTOMOB HAXOMMTCS B COCTOSIHWM YCTOHYHBOIrO DaBHOBECHS.

B 3ToM cJayuae, KaK 3TO HENOCPEJCTBEHHO BHAHO H3 (GOPMBI KpH-.

Bo#l 2, (%)Rzﬁ>0. ITpu Majbix OTKJOHeHHsX aToma A ot mo-
0

JIOXEHHUS] paBHOBECHS

U(R)=U(Ry) + (5 ) o (R—R)+ 75 (G257 o, (R— R+
+E(%%%JR—Rm+m”(LU

C TOYHOCTBbIO N0 BEJHUYHH TpeTbero nopsiika MaJjoctd. Ecnu, kak
3TO HMEET MECTO Ha CaMOM jeJe, CHJbl OTTaJKHBaHHA BOJH3H TOUKH
R =R, Bo3pacraioT GpicTpee, YeM YOBIBAOT CHJIBI NMPUTSAKEHUA, TO
&
(ET;Zé)R =—2y < 0.0603navan U (R,) =—U, ¥ oTkIoHEHHe aToMa A
1]
OT NOJOMXEHUS paBHOBeCHs R—R,= x, NOJy4YHM

U (x)+ Uy ="/ px*—"/3yx>. (1.2)

Cuna, fefcTBylowasi Ha atoM A NIpH ABHXEHMH ero BOJH3H mo-
JIOXKEeHHs1 pPaBHOBECHs BAOJb OCH R, paBHa

F=—2Y—  pxtye. (1.3)

3aMeTHM, YTO CHJA, paccMaTpuBaeMass B NpuOMKeHHH F =-—fx,
HaabiBaeTCsi KBasuynpyro#. MoxHO AyMaTh, YTO MO NOPSJAKY BeJH-
yuHsl = yR,.

2. MocnepoBaTenbHasi Teopus B3aHMOJEHCTBHS aTOMOB (HOHOB) -
JO/DKHA OCHOBBIBATbCH Ha KBaHTOBOMEXaHHUECKOM DacCMOTPEHHH
JBHKEHHMS HX 3JIEKTPOHOB. ATOMHBIE S pa MOXHO NMPH ITOM CUMUTATH
HeNOJBIKHEIMH B CHJY HX GoJjbuliofi Macch (aguabaTHyeckoe OpH-
6amxeHue). [losHas 5HEPrUs 3JEKTPOHOB 3aBHCHT NPH 3TOM OT
NOJIOKEHHST fiJlep Kak oT napaMeTpoB. IIpH H3MeHeHHH pacCTOSHHS
MEXJy aTOMaMH MOJIHAas SHePrHs 3JIeKTPOHOB, HApAAYy C KYJOHOB-
CKHMM OTTaJIKHBAHHEM fJiep, UrpaeT poJb MNOTEHIHAJbHOH 3HEpPrHH
B3aMMOJEHCTBHsI aTOMOB. B HEKOTOpEIX cAyyasix MOXHO npubau-
JKEHHO TMOHATH TNPHPONY B3aMMOZEHCTBHSA aTOMOB Ha OCHOBaHHH
Gonee 3neMeHTapHBIX cooBpaxceHHWH, CBA3AHHBIX CO CTaTHCTHYECKHM
pacCMOTPEHHEM HX 3JIEKTPOHOB.

PaccMoTpuM ¢ 3TOH TOYKH 3DeHHs NPHPOAY CHJ OTTANKHBAHHUA
MeXJy aToMaMH (MoHamu). EciM HCKJIOUHTL TPHBHAJBHBIH Caydail
KYJIOHOBCKOTO B3aHMOAEHCTBHS MEXKJIY OJHOMMEHHBIMH HOHAMH, MPO-
ABJSAIOUWErocss HAa OOJBLIHX PacCTOAHUAX MeXAY HHMH, TO OTTa-
KHBaHHe MeXAY aToMaMH (HOHaMH) Ha GJM3KHX pPacCTOSHUAX BO3-
HHKaeT NMPH B3aHMHOM NPOHHKHOBEHHH HX 3JIEKTPOHHBIX 000JOYEK.
3To OTTaJIKHBaHHe CB5I3aHO B OCHOBHOM C yBeJHYeHHeM KHHEeTHUECKOH
SHePTrHH aTOMHBIX 3JIEKTPOHOB B CHJY npuHuuna [layau.
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Ilnst BoISICHEHHST MPHPOABI 3THX CHJ GyJeM paccMaTpHBATh 5JEKT-
POHBI ATOMOB (HOHOB) KaK BBIPOXKAEHHHIH ¢epMH-ras npH adCcoJioT-
HoM HyJe Temnepatypnl. [IpocToi pacyer mokasmiBaer (IIpunoxe-
HUe 4), YTO NJIOTHOCTb KUHETHYECKOH 3HEPIMH 3JIeKTPOHOB (KHHe-
3%sgt/she
THUECKas 3Heprusi B pacyete Ha | cm3) paBHa £k=Tn/a,
rJie 1 —KOHLEHTPAaUHs 3JeKTPOHOB (B 1aH-
Ho#i Touke), 2mh—nocrosiHHas Ilnanka

é H m-—Macca 3JeKTpoHa. ByzneM B HyJe-

é BOM MPHONHXEHUH CYUTATh, YTO NJIOTHO-

4 CTH 3JIEKTPOHOB 1, H 1, CBOGOJHBIX aTOMOB
(voHoB) a u b(puc. 111.2) He MeHsioTCSH

Prc. 111 2. Npd B3aHMHOM NPOHHKHOBEHHH 3JIEKTPOH-

HBIX 060J/I0¥eK. STO NpPeAnoJIoKEHHE COOT-
BETCTBYeT NpPH KBAHTOBOMEXaHHYECKHX pacueTax MCIOJb3OBaHHIO
HEeBO3MYLIEHHBLIX BOJIHOBbIX (GYHKUHH. B 3TOM cayuae wusMeHeHue
NJIOTHOCTH KHHETHYECKOH 3HEPrHH B 06JIACTH HAJIOXKEHHS 3JEKTPOH-
HbiX 06ONOHEK (3alUTpHXoBaHHAs ofJacTb Ha puc. [11.2) pasHo

35/3 ‘/sﬁz 5 5
A8, =2T (0, + 0y — nlr— nY]. (1.4)

Jlerko BueTb, YTO 5(deKT HaNOKEHHUS 3JIEKTPOHHBIX 000J0YeK
aToMOB @ H b CBf3aH C yBeJHUYeHHeM KHHETHYECKOH 3HEPTHH 3JIeKT-
DPOHOB B CHCTEME, T. €. C BO3HMKHOBEHHEM CHJ OTTAaJKHBaHHA (TeM
60/MbWIKX, YeM MeHbIle PacCTOfHHe MeXAy ¢ H b). K num ciaeayer
J06aBUTb YHCTO KYJIOHOBCKHE CHJILI OTTAaJKHBAHHS MEXAY AAPaMH
aToMOB @ H b, BO3HHMKalollMe NPH NPOHHKHOBEHHH S/pa OJHOroO
aTtoMa B 3JEKTPOHHYIO 06oJjiouky Apyroro. BoJsee noppoGHuil ana-
JIH3 NOKa3biBaeT, YTO yYeT OOMEHHHX 3((peKTOB B paMKax CTaTHC-
THYECKOH TEOPHH NPHBOJHT NMPH B3aWMHOM NDOHHUKHOBEHHH 3JIEKT-
POHHBIX O00OJIOYEK K NOSIBJIEHHIO HEKOTOPHIX CHJI NPUTAXKEHHS, He
MEeHSAIOUHX, OJIHAKO, KAayecTBeHHOH KapTHHH, OMNHUCAHHOH BHIUe.

KBanToBOMEXaHHYECKAsl TEOPHA CHJ OTTAJKHUBAHUS aTOMOB JaeT
NS TOTEHLUHMANbHOH 3HepruH BoipaxeHue Buua Aexp (— R/a), rie
A 1 a—noJoXHTeJbHble KOHCTaHThI.

3. llng o6pasoBaHus YCTOHYMBHIX KPHCTAJVIOB, HAPAAY C CHJAMU
OTTaJKHBAHHA MEXAY aTOMaMH (HOHAaMH), HOJDKHBI CYINECTBOBAThb
CHJIBl NIPUTAKEHUs MeXy HHMH. OGLMHO PacCMaTPHBAIOTCS YEThIpe
OCHOBHBIX THMA CBS3€#l B KDHCTAJIaXx: a) UOHHbE HJIH 2emepono-
A8pHbie, O) KosaneHmHble WU 20MEONOAAPHbIe, B) 6aH-0ep-8aa16C08-
CKUe WM OUCnepCuoHHble W T) MmemannutecKue.

Caenyer oTMeTHTb, YTO B GONBUIHHCTBE CAYyaeB CBA3H B KpPHC-
TaJIaX HOCAT CMELIAaHHbIH XapakTep, MOITOMY HepelKH YTBepXKje-
HHS, YTO CBA3b, HalpHUMEp, HA CTOJBKO-TO MPOLEHTOB KOBAaJI€HTHA,
a Ha CTOJIbKO-TO rereporoJspHa. Korpa Mol 'OBOPHM O CBf3H Of-
HOT'O BHJA, 3TO 3HAYHT, YTO 3TOT THIf CBSI3H NPEBaJHpYeT.



§1] NPHUPOOA CHJ B3AUMOJEWCTBHUS ATOMOB B KPHUCTAJJIE 113

B HauboJsiee YHCTOM BHJE TeTepONOJSAPHAS CBA3b OCYIIECTBJACTCH
B MOHHBIX KPHCTaJJIaX, HalpUMep INEeJIOYHO-TAJNOUAHBIX COSAHHEHHAX
NaCl, KI, CsCl. Ilpu 3ToM B nepBOM HpHOJNHXEHHH BSauMojeHCT-
BHE WOHOB pacCMaTpHBaeTCfl KaK B3aHUMOJEHCTBHe TOYEUHBIX 3aps-
J0B, TIOMEIEHHBIX B y3Jax peileTKH. Tak Kak HOHBI nepBOH KOOp-
JHHAUHOHHOH TPYNNBl UMEIOT BCerja Apyrofl 3HakK, yeM ULeHTpaJib-
HBIi HOH, TO KYJIOHOBCKOE B32aHMOZEHCTBHE BCE€X HOHOB DeEIIETKH
IPUBOANT K HEKOTOPOMY pe3YJBTHPYIOLeMY HNPHTAXeHHIo, ofecne-
YMBAKOIEMYy CTaGHJIbHOCTb DEIeTKH.

BBuay Mea/leHHOCTH YOLIBAHHS KYJOHOBCKHX CHJI C PacCTOSHHEM
B KOJMYECTBEHHOH TeOPHH HeoOXOAHMO YYMTHIBATL B3a¥MOAeHCTBHE
IEHTPAJBHOTO MOHA H ¢ GoJiee JaJIeKHMH HOHAMH OOOHMX 3HAKOB.
B ciepyiomem npHOIHKEHMH YYHTHIBAETCA B3aHMHAs MNOJAPU3ANUSA
HOHOB.

B rn1,§2, 0.4 Ml paccMOTpeNH pelleTKH HEKOTOPHIX HOHHBIX
KPHUCTAJJNOB. B HUX 4YHCJO TMNOJOXHTEJbLHBIX HOHOB PaBHO UYHCJIY
OTpHUATENbHBIX, MOSTOMY KaK KPHCTaJ/J1 B LEJOM, TaK H 3JeMeH-
TapHas KPHUCTaJJHyecKass siueiika HedTpasbHbl. IIpH npuioXeHHH
MeXaHHYECKOr0 HAaMNpsKEeHHs K MOHHBLIM KDHCTaJl1aM OHH BellyT cebs
NO-pPa3HOMY.

B HEKOTOpHIX KPHCTAJIaX, HAa3bIBAEMBIX N6€30INEKMPUKAMU, BEK-
TOp nossipusauud P; (i=wx, y, 2) JHHeHHO 34BHCUT OT KOMIIOHEHT
TEH30pa HaNpsDKeHHS G, 1), T. e.

Pi“_“z,[ YitiOke: (1.5)

3nech y;,,— Nbe303NeKTpUYecKuit TeHnsop 3-ro paura (cM. Ilpuso-
XeHHe 2) (neesonekmpuueckutl modyav).

Kak 6yger nokas3aHo HHe, B KDHCTaJJ/ax C LEHTPOM HHBEPCHH
(nanpumep, NaCl, CsBr) y,,,=0, mostoMy B TaKHX KpHCTaJJax
Nbe303JIEKTPUUECKHH 3¢deKT paBeH HyJ0. ECIH K NMbe303JIeKTpH-
YeCKOMY KDHCTAJly TPHJOKHTH 3JeKTPHUecKoe mnoje E;, B HeM
BO3HUKAeT fedopManusi, NpONOPUHOHAJbHAS NEePBOH CTENEHH 3JIeKT-
PHYECKOTO M0JIs, T. €. KOMIIOHEHTH TeH3opa Aedopmainuu *)

Up =Z YimE- (1.5a)

Wcnonb3yst TepMOAMHAMUKY, MOXKHO MOKa3aTh, YTO TEH30DBl V4
B (1.5) u (1.5a) cosmanaror?). Jegopmauusi KpUCTaJJa B 3JEKTPH-
yeckoM noJie (1.5a) noJiyunsa HasBaHHe 00pPAIMAH020 NbE30INEKMPU-
ueckoeo appexma. Tak Kak TeH3op AedOpPMaUHMH U,, CUMMETpHYEH,
TO TBE303JEKTPHUECKHH TEH30D Y;, CHMMETPHUEH TIO HHIEKcaM R H [,

Y Jlangay JI. ., Jtupwmuu E. M. /Teopernueckas ¢u3nka, 1. 7.—Teo-
pus ynpyroctH, —M.: Hayka, 1965, § 2.

2) JlTangay J. 0., JJudwuu E. M. Tam xe § 1.

%) Hait Jx. dusnueckue cwoiictsa Kpuctaagop —M.: W, 1960, ra. X.
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T. €. Vi=7Yue VI3-338 mocjefHero YCJOBHS MAaKCHMaJbHOE YHCJIO
He3aBHCHMBIX KOMIIOHEHT TEH30Pa Y;,, PaBHO 33 —3*=27—9=18.

[TokamemM, YTO AN KPHCTAJJIOB C LEHTPOM HHBEPCHH BCE KOM-
TNOHEHTBl TEH30Pa Y;,, PaBHbl HYJIO, T. €. TAKHe KPHCTaJJBI He-
TIbE303JIEKTPHKH.

KomnonenTtsl TeH3opa %, NOpeoGpasyldTcsi Kak MpPOH3BeleHHe
NPSIMOYTOJbLHBIX KOOPIAMHAT XX.X,. [IpH npeo6pa3oBaHHH HHBEPCHH
HOBBbIe («IUTPHXOBAHHbIE») KOOPJAHHATHl PaBHLI

X{=—X,, Xp=—X, X3=—X,, (1.6)

T. €. HanpaeJswollHe KOCHHYCH o;, = — §;,, rae 8,,—cumBos Kpo-
Hekepa. Takum 06pasoM, npH npeoOpa3soBaHHH HHBEPCHH

Vire = 2 et pY ianp = — E 6im6kn61pvmnp = Yia- (1 68)
mnp mnp

Ho npeo6pasoBanue uHBepCcHH SIBJAETCH Npeobpa3oBaHHEM CHMMET-
PHH KPHCTaJj1a, [03TOMY MaTepHAaJbHBIH TEH30P Y;,, HE MOXET H3-
MEHUTBCS, T. €. Yia; = Yy OTCIOLA B U3 (1.6a) crenyer, uto v, =0.

PaccMoTpuM Tenepb MNbhe303JeKTPUUECKHe CBOHCTBA KpHCTana
ILHHKOBOH o0O6MaHKH ZnS, KpHCTaJyH3ywollefcss B pelleTKe THIA
repManus (puc. [.13), He obsajaiowieit UEHTPOM HHBepCHH. Touey-
Has TPynna CHMMETpUM Kpucraana ZnS-—rpynna Tterpasapa Tg.
Ucnonpays taba. 1V.2, natouyio npeobpasoBanue KOOpAHHAT X = X,
Yy=x, 2Z==x, 0NpH AeACTBHM 3JeMeHTOB rpynnbl T ,!), NpUMEHUM
npeobpasoBanue R, (x,, X,, X;) K KOMIOHEHTe TEH30DA Yy;,, KOTOPASA
npeobpasyercs KaK xix,. Vmeem yin=—y;, U yuz="7y, OTKyAa
Yu:2= 0. [Ipumenssa 1o xe npeobpas3oBanue R,(x,, X,, X,), MOXHO
N0oKa3aTh, YTO H

Yau = Vs = Va1 = Vaae = Ya3a = 0.
WUcnonbays mnpeobpasosanue R, (x,, X, X,), MOXKHO NOKa3aTb, UTO
Y122 = V12 = Vazs = V22 = Y1 = 0,
a u3 R, (x,, X, X;) CJELYeT, YTO
Y133 = Yas1 = Vaza = Vaza = 0.

Takum o06pa3oM, M3 BOCEMHAALATH HE3aBHCHMBIX KOMMOHEHT TeH-
30pa Y;; OTJIHYHBL OT HYJIST TOJIBKO TPH: Viss, Yza U Vaype HICIONB-
3y npeoBpasoBaHus R, (X, Xy, X;) U Ry (X, X4 X,), MOXHO ro-
KasaTb, 4TO

Viza = Vous = V12 = Yo (1.7)

Taxum 06pa3omM, He paBHblE HYMO KOMIOHEHThLl TEH30DA Y, PaBHb
MexAYy co0oft. Mbl BHJHM, YTO Nbe303JIEKTPHYECKHE CBOHCTBA KPHC-
Tajjia ZnS xapakTepH3yKTCs OjHOH MaTepHaJbHOH KOHCTAHTOH ¥,.

1) Cupica cuMBOaIOB R;(...) ofwsacuen B ra. IV, § 8, n. 2,
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4. KosasieHTHas CBSI3b BO3HHKAET MEXy HelTpaJbHBIMH aTOMaMH
Ha Onu3KHX paccTosHusiX (~1078 cu) npu BLIOJAHEHHH Onpeje-
JIEHHBIX ycJoBuil. B HauGosiee mpocToM BujJe KOBaJeHTHASs CBf3b
peanusyeTcs MexAy aToMmaMu Bojopoxa B moJsexyie H, (B. Tafit-
aep 1 @. Jlonpon, 1927). KoBasenrtHasi cBs3b He Moxer ObiTb HH-
TEpIpeTHpPOBaHa Ha s3blKe MOHATHH KJaccHyeckol ¢uanku. Jas
OObACHEHHS] KOBAJEHTHOH CBA3H CYLIECTBEHHBI KBaHTOBOMEXaHH-
YeCKHe OCOGEHHOCTH MOBeJIEeHHS CHCTEMbl OMHAKOBBIX YacTHL (IJEKT-
ponos) ). Kunaccuyeckas ¢u3anxa 6bl1a COBepPLIEHHO GecCHJbHA
B O0BbACHEHHH CBOHCTBA HAacChlAEMOCTH KOBAJEHTHOH CBSi3H, T. €.
HECNOCOGHOCTH, HaNpHUMep, aTOMa BOAOPOAA K NMpHCOeAUHEeHHIO GoJiee
YeM OJHOTO JPYroro aToMa BOJAOPOjAa. 3TO CBOHCTBO XapaKTepH3y-
€TCSl B XHUMHH TIOHATHEM B6QAEHMMHOCHIL; OHO CBfI3aHO €O CNapHBa-
HYEM 3JIeKTPOHOB OOOHX aTOMOB K 06pa30oBaHHEM CHHIJIETHOrO Co-
CTOfIHUSA, B KOTODOM CIUHBl 3JIGKTPOHOB aHTHNApaJJesbHBl (AJs
TPHIJIETHOTO COCTOSIHHA, B KOTOPOM CITHHBI 2JIe KTPOHOB NapaJlyieIbHbl,
KpHBas B3aMMOACHCTBHA aToMOB umeeT BHA [/ Ha puc. III.1, . e.
aTOMBl Ha BCeX PacCTOAHHAX OTTAJKHBAIOTCS APYr OT ApYyra).

KoBaseHTHast CBSI3b MOMET OCYLIECTBJATHCH HE TOJBKO MEXAY
NBYMsl aTOMaMH BOJOPOAd, HO U MexAy APYTUMH aToMaMmH, o6.a-
NAOIMUMH 3/IGKTPOHAMH, CNOCOGHBIMH K 06pa3’oBaHHiO NMap ¢ aHTU-
napaJJielbHbIMH CITHHAMH,

Hanpumep, atom asora N uMeeT aBa 3JeKTpoHa B 1s-, ABa
3JIEKTPOHA B 25- M TPH 3JIeKTPOHA B 2p-COCTOSIHUH, T. €.. HMEET
3JIEKTPOHHYIO KORH(HUTYpallHio, KoTopylo o6osHavawT (1s)? (2s)? (2p)s.
CneKTpPOCKOMHUYECKHe JaHHLIE MOKAa3bIBAJOT, YTO CIHHH TpeX 3JeKT-
POHOB B 2p-COCTOSIHHH MapaJJiesibHbl, T. €. CIHHOBO He HACHILLEHBI,
ClleJloBaTeIbHO, OHH CIOCOGHbI 06pPa30BaTh TPH KOBAJIEHTHBIE CBS3H;
TaKMM 06pa3oM, a30T TPeXBaJIeHTeH,

OnbiT noxTBepxAAeT 3T0. Tak, HanpHUMep, NMpPH COEAMHEHUH a30Ta
¢ BojoposoM mnoasyuyaeTcs amvuak NH,. AnanoruyHo obpasyercs
NBYXaTOMHast MoJieKyJa a3oTa N,, B KOTOpOH aTOMbl CBSI3aHbl Tpems
napaMH 3JeKTPOHOB C aHTHNapaJsefbHbIMH cNHHaMH. Tpu asex-
TPOHa B aToMeé a3oTa B 2D-COCTOSHHH MMEIOT MarHHTHbIE KBaAHTOBbIE
yucaa m=+1, —1, 0 U UM COOTBETCTBYIOT BOJHOBBE (YHKLMHU
Biga ., = xf(r), v_,=yf(r}) v P,=2f(r), T. e. 3/7eKTpoHHbIE 06-
JlIaKa Tpex BaJIeHTHbIX 3JIEKTPOHOB BBITAHYTHI N0 TpeM B3aUMHO
Nepnen UKy AAPHbLIM HaNpaBJeHUAM X, y n 2%). DHepreruueckii
BLIHTPHII TIpH 06 pa30BaHUH KOBaJeHTHOH CBAI3H CYLIECTBEHRO CBSI3aH
C TepPeKpLITHEM BOMHOBBLIX (PYHKLUHMH 3JEKTPOHOB COOTBETCTBYIOILEH
napel ¢ aHTHNapa/senbHeIMM cnuHaMH. TakuM ofpasoM, cregyer
AyMaTh, 4YTO aTOMbi BOJOPOAA B MOJEKYJle aMMHaka 6yayT pacro-

YY) Broxunuen J. M. OcHoBul KBaHTOBOH Mexanuku.,—M.: Hayxa, 1976,
§ 125.

2y Taktrnep B. Daementapnas xsaHTOBas Mexandka.—M.: Toctexuspar,
1948, c. 36. .



116 KOJMEBAHUS ATOMOB KPUCTAJIMYECKOH PEWETKH [rJL 1t

JIOXEHH 110 OTHOLIEHMI0 K aTOMY a30Ta IO TPeM B3aWMHO [MEepHeH-
JIUKYNADHBIM HaNpaBJeRusM (nanpasrennoe earenmuocmu). OnbiT
mokasbiBaeT, 4To Mosekysna NH; nefictButenpHo wumeer ¢opmy IiH-

paMHJIBI C YTJIOM HT\I\H, 6nuskuM K 90° u paBHbM 109°. Heckoabko
6OMbIIME YIoJ MeXJy HanpaBJ/JeHHbIMH BaJIeHTHOCTAMH B MOJIEKYyJie
NH, o6nscusieTcsi B3aMMHBIM OTTaJKHBAaHHEM AaTOMOB BOJOpOJA.

Atom yraepoga C  HMeeT  3JEKTPOHHYIO  KOHGHIypalHio
(15)* (2s)? (2p)?. Tak Kak B S-COCTOSIHHSIX CIHHBl HACBULEHBI (AHTH-
napaJjiie/ibHel), TO aTOM YrJepoja JoJked Obl Gbl GHTb JABYXBa-
JeHTHBHIM, Tako# BbIBOJ HAaXOAWTCSH, OJHAKO, B NPOTHBODEYHH C JAaH-
HbIMH BCeli OpraHMYecKoil XHMHH, COTIJIaCHO KOTOPOH aToM yrJepoaa
yeTHIpexBaJieHTeH. DoJslee TWaTesbHblH TEOPETHUECKHH M 3KclepH-
MEHTaJbHBIH aHaJK3 Bompoca I[OKas3blBaeT, YTO aToM yrJjepoaa
y4YacTBYeT B XHMHYECKHX COEJHHCHHAX He B OCHOBHOM, & B BO3-
6yxaenHoM coctosinun: (Is)? (2s)! (2p)s. B aToM ciyyae cnuHbl BeeX
YeThIPEX 3JIEKTPOHOB B 25- H 2p-COCTOSTHHAX He HACBUIleHb! (mapai-
JeJIbHB) ¥ MOTYT Yy4YacTBOBaTh B 06Pa30BaHHH KOBAJEHTHOM CBSI3H.
Ecsu roBopdTh TOUHEE, TO aTOM yrJepoia ofpas3yeT KOBAJEHTHYIO
CBSI3b B 3JIEKTPOHHOM COCTOSIHHH, SIBJSIOMIEMcS CyNepNO3HIHe |
omHOTO 2s- M Tpex 2p-coctosinuil. KoaboduuuenTn! (Beca) Kamioro
W3 5THX COCTOSIHH# B JIHHEHHOH CYyNEpNO3HUHH [ HanpaBJ/eHHs
yeTbipeX BaJIEHTHBIX CBSi3el ONpeleJIfioICa M3 YCJIOBHS MHHHUMyMa
5HepTHH 00DPa30BaHHA MOJIEKYJbl. MaTeMaTHuecKHil aHa/u3, KOTOPBLi
Mbl He HMeeM BO3MOMKHOCTH 3jleCb IPHBECTH, IOKasblBaeT, 4To Ha-
npaBJeHHs BaJeHTHbIX CBsi3ell coBmajaioT ¢ Hanpabjenuamu Ol
02, 03 u 04 B Terpasape (puc. 1.11). Ilpu 3TOM, Kak Mbl 3HaeM,
YrAbl MEXAY 3THMH HanpaBseHusMH paBHb 109°,5. Onnit nokassl-
BaeT, yTo MoJjiekyaa MeraHa CH, peficTBHTe/bHO HMEET YKa3aHHYIO
BLILIE TETPasApHYECKYIO CTPYKTYpY. Hanpassiennas ueTbipexBaJeHT-
HOCTb aTOMOB yrJepoja MposiBJsieTcss NpPH o6pa3oBaHHM KpHCTasja
aJMasa, B KOTOpoM Kaxabil arom C pacrnosioXxen B LEHTpe TeTpa-
31pa, 06pa3oBaHHOTO yeThipbMsi Apyrumu C-atomamu (puc. [.13).
ATtom kpemuusi Si umeer 4 snekTpoHa B AM-of0J04Ke B COCTOSIHUH
(3s)2(3p)?, w Tak Kak K- u L-000.04KH CIHHOBO HACHINEHHI, TO
on 6yjer Bectu ce6si MOJLOGHO aToMy Yraepoia. AHA/OrHYHBIMH
cBoficTBaMu ofsnafaoT atom repmaHus Ge, HMelOLlHH 4 3JeKTpoHa
B N-ofojouke B cocTosiHHH (4s)®(4p)?, aToM oJioBa Si, HMEOWHH
4 sjekTpoHa B 0-060/104Ke B cOCTOSIHHH (5s)? (Dp)?, W aToM CBHHLA
Pb, umeromuit 4 sjekTpona B P-ofojouke B cocTosiHHH (6s)? (6p)2.
Je#cTBUTENBHO, KpPeMHHH, repMaHHH H cepoe OJIOBO TaKKe KpHC-
Ta/JNIM3YIOTCA B pellleTKe THIA aJMa3a W NMPHHAAJeXAT K TUIHYHBIM
BaJIEHTHbIM MJH ATOMHBLIM KpHcTa/iaM. UTo XKe Kacaercsi OOBYHOro
(se ceporo) 0J10Ba M CBHHUA, TO B HHX KOBAJIEHTHbIH XapakTtep
CBfI3H aTOMOB He MNposiBjasieTcs, 6yAyuYH MOJABNEHHBIM «METaJJH4Y-
HOCTBIO» COeAHHEHHA (CM. HIXKe).
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DKcnepHMeHTalbHbIE HCC/le IOBaHHUA NMOCAEARHX JIeT OKa3aJjHt, 4To
XHUMHuecKHe coeadHeHus Ttuma AU'BY, T.e. saemeyrtoB Il u V
TpYNN MNepHOAHYECKOH CHCTEMb!, OOJIAfAaldT MHOTHMH CBOHCTBaMH
(KpHCTanIMYeCcKas peilleTKa, CTPYKTypa 3JeKTPOHHbIX 30H), NOA0G-
HbIMM 3JeMeHTaMH 1V rpynnbl—repMaHuio H KpeMuuwo. K uucay
TaKHWX coefHHeHuH oTHocarcst InSb m GaAs. Unpuil umeer B O-060-
JIOUKe TPH 3JIEKTPOHa B KOH(pHrypauuu (5s)*(5p)i, a cypbMa—nsiTh
3JIEKTPOHOB B COCTOSHHH (55)%(5p)3. Taxum 06pa3oB, Kak H B cay-
yae aByx artomoB Ge uim Si nMeercsi 4 3JIeKTpOHA B S$-COCTOSIHUH
H 4—B p-coCcTOSIHHH. EciH ognH p-3JIeKTpOH Sb uyacTHuHO mepei-
IeT XK In, To MOXeT BO3HMKHYTb KOBaJIeHTHast CBs3b, NopoGHAas
TOM, KOTOpas uMeeT MecTo B KpHcrannax Si u Ge. AHajoruuHoe
NoJIOKeHHe uMeeT MecTo B coenuHenud GaAs. Koweuno, mas InSb
n GaAs cBs3b fABNSETCS He YHCTO TOMEONMOJSPHOM, a YacTHYHO
HOCHT HOHHBIH XapakTep.

5. KoBajeHTHas c¢Bsi3b 00pa3yeTcsi TOJIBKO I@PH BHINOJHEHHH
onpelesieHHbIX yeaOBHH. Bo-mepBhix, Heo6X0AMMO, YTOOLE Y aTOMOB
HMEJINChb TaKHe 3JIEKTPOHH, KOTOphle Morau Obl 06pa3oBaTh NpH
COMMKEHHH aTOMOB Napbl ¢ NMPOTHBOMOJOXKHO HANpPABJIEHHBIMH CIIH-
HaMM (CHHIJIETHOe CcOCTOsIHMe). Bo-BTOpBIX, paccTosiHWe MeXAy aTo-
MaMH JMOJIKHO GbLITh TaK MaJio, 4ToObl NPOABHJMCH KBAHTOMEXAaHH-
YecKHe CBOHCTBa, CBfi3aHHbie ¢ MPUHUMMHAJBHOH HEPAas3/IHYMMOCTHIO
TOXJAECTBEHHBIX YacTHll, BXONAWHX B OAHY cHcreMy. Pacuer moka-
3bIBAET, UTO KOBAJIEHTHBIE CHJIbI GBICTPO (SKCMOHEHIIHANbBHO) YOLIBAOT
¢ paccrosndeMm. Ha sTux paccTosHMAX MexAy JIOOGbIMH aTOMHBIMH
CHCTEMaMH HAaYMHAIOT NPOSIBJAATLCH HEKOTOPHE YHHUBEPCAJbHBIE CHJIBI
NpHUTSKeHusi. IDTH CHJBL HA3bIBAIOTCH 6aH-0ep-6aaNbCO6CKUMU, HIIH
JucnepcuoORKbIMI, TaK KaK, C OLHOM CTOPOHBI, OHH SIBAAKTCHA MPH-
YBHOH OTCTYNJIEHHS! B MNOBENEHWH peaJsibHbiX Ta30B OT MAeaJsbHhIX,
a ¢ ApYroW-—BXOAsIHE B HHX NapaMeTphl ONpeRessiorT AHCNEPCHIO
CBETA aTOMaMH. B Tex ciywasx, Korjga mo onpefeseHHbIM NMpHYH-
HaM (3aMKHYTOCTb 3JIEKTPOHHBIX O60JIOYeK, HACbILIEHHOCTb BaJeHT-
HBIX CBsi3ell B MOJIeKyJ/aX, B3aHMOLeNACTBHe KOTOPbIX paccMaTpH-
BaeTCA K T. I1.) OTCYTCTBYIOT KOBAJIEHTHbIE, HOHHbIE H MeTaJJIHIeCKHE
(CM. HHUXKE) CBfI3M, BaH-JepP-BaajbCOBCKOE B3aHMOAEHCTBUE sIBJISICTCA
NPHYHHOH CBA3H YACTHIL B TBePABIX TesjaX (KPUCTAJ/IEl aproHa,
KpHOTOHA, KCEHOMa, MOJEeKYJsIpHble KPHCTaJbl).

Ecnm paccrosnne MeX[Ty aTOMHEMH cucremamu R>>a (a—pas-
Mep aTOMHO# CHCTEMBI), TO BaH-AepP-BaajbCOBCKHE (LHCIEPCHOHHBIE)
‘CHJIBI MOTYT OBIThb BBHIMHCJIEHB! BO BTOPOM MNPHOJHXEHMH KBAHTOBO-
MEXaHUYECKOH TeOPHH BO3MYLEHHH. MOXHO mokasartb!), yTo BaH-
Jep-BaajbCoBCKass 3HEPrHs B3aUMOJEHCTBUA ABYX AaTOMHEIX CHCTEM

U(R) = —W,/R". (1.8)

B Banoxnnues MO M., § 127.
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3aech R— paccTosiHHe MexJy CHCTeMaMH, a

3 JaJ

W, =5 ﬁ;aaab, (1.9)
rae J,, J,—TnoTeHUHWaJbl HOHHM3AUHH, a Q,, O,—TM0JAPU3aLUH
aTOMOB (MOJIEKYJ) a U b.

BaH-fep-BaaJbCcOBCKUE CHJBI, TAK K€ KaK HOHHBE, He 06Ja-
JAI0T HaChINAeMOCThI0, XapaKTepHOHR JJis KOBAJEeHTHOH CBA3M.

Hapsany ¢ paccMOTpeHHBIMH Bbillle HOHHBIMH, KOBaJEHTHBLIMH H
BaH-JeP-BaabCOBCKUMH CHJIAMH CYIECTBYIOT OUNOAbHOIMU U UHOYKL -
OHMble CHJIbI, 00si3aHHBlE HAJIHYHIO TNOCTOSTHHOTO 3JIEKTPHYECKOTO
JHUNOJIBHOTO MOMEHTa y MoJieKyJ. OHM MOTYT MMeTb 3HauCHHe AJd
CJIOXHBIX MOJIEKYJSIpDHbIX pelleToK, W Mbl paccMaTpHBaTh HX He
6yneM.

B kpucTannax, B KOTODbIX aTOMbI HJIH MOJIEKYJbl CBfi3aHbl BaH-
Jep-BaaJIbCOBCKHMU CHJAM{ (UHEPTHble Tasbl [PU HH3KUX TeMe-
patypax, MOJIeKYyJspHBIE KDHCTaJJbl), yc/JoBHe R 3>a He BbINoJ-
HsAeTcs, 1M03ToMy QopMyJda (1.6) B JyuiieMm cjydyae MOKET CJAYKHMTb
JJI1 KayeCTBEHHbIX OLEHOK.

6. Tunnunble MerasJbl, Takue, Hanpumep, Kak Li, Na, K, Cu,
Ag, Fe, Ni u gpyrue, 06/ajaiorT psoM XapakTepPHbIX 3JEKTPU-
YeCKHX, ONTHYECKHX M MeXaHHUeCcKHX cBOHcTB. Bce oHM xapakTe-
PH3YIOTCS OTHOCHTEJIbHO 60JbLIOH 3JeKTPONPOBOJHOCTBIO H KO3(dhu-
LLMEHTOM MOTJIOUIEHH ST CBETA H BbICOKOH MJIACTHYHOCTbIO H KOBKOCTBIO.
OTH CBONCTBAa O/JHO3HAUHO YKA3bIBAIOT Ha TO, YTO B MeTajax
umeeTcss GOJMbIIOE KOJIMYECTBO (NOpsifKa YHCJa aTOMOB) TaK Hasbl-
BaeMbIX «CBOOOJHBIX» 3JEKTPOHOB, T. €. TAKHX 3JEKTPOHOB, KOTODEIE
MOTYT H B CJabblX 3/MEKTPHYECKHUX BHEIUHMX MOJISIX NepeMewlarthcs
no ofbeMy KpHCTaJ/la Ha MakKpocKonuueckue paccrosHus. Hawubo-
Jiee NpocTasi MojeJb MeTa/lla, npejJjioxenHad I pyje, npeicrapJjser
CO60M COBOKYNHOCTb MOJOXHUTENBHO 3apsiKeHHbIX HOHOB, pacroJo-
XKEHHBIX B y3JlaX KPHCTaJJHYecKOH peuleTKy ¥ MAeasNbHOrO rasa
«CBOOOJHBIX» 3JICKTPOHOB, NBHXKYLIMXCS MexAYy HoHaMu. Hecmorps
Ha BCe M3MEHEHHMs H YCJIOXKHEHHUS COBpEeMEHHOH 3JEKTPOHHOH Teo-
pHH MeTaJyIOB (KOTOPbIX Mbl YacTHYHO KOCHEMCA HHKe), Takas
cXeMaTHyeckas MoOJeJb He TIO0TepsJ/a CBOEro 3HAYEHHS, ecJH Mbl
TOJNLKO YUTeM, YTO HMJea/bHbIl ras «CBOGOAHBIX» 3JIEKTPOHOB MpH
BCeX TMPAKTHYCCKH JOCTHXKHMBIX TeMIepaTypax MerajJia CHJbHO
BBIPOXKJCH.

Kak 6bi1o nokasano Bnepsoie §1. M. ®peHkesem (nanbHefiuue
YCOBEPIIEHCTBOBAHHA €r0 HAEH He INPEeACTaBJ/AITCS HAM CYLECTBEH-
HBIMH), CHJbl CLEMJIeHUST B METAJJMYeCKOM KPHCTaJj1e MOryT ObITh
006DBACHEHBl Ha OCHOBE TOH Ke MPOCTOH MOJEJH «CBOGOLHBIX» 3JIEKTPO-
HOB'). ®peHKesNb paccMaTpUBAeT NOJHYI SHEPTHIO CBA3H MeTaJa,

1) ®penkeas SI. U. Bpepenne B rteopuio Meramios.—M., 1958, ra. II.
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COCTOSIIEN W3 JABYX YacTeH: OTpHIULAaTeJbHOHW 3HEPTHH KYJo-
HOBCKOTO B3aUMOJEHCTBUSI «CBOGOAHBIX» 3JIEKTPOHOB C TOJIOXKHTENb-
HpIMH HMOHaMH (OHa o> l/a, rje a—NOCTOsIHHAs PpelUeTKH) W I 0-
JOXHUTENbHOH KHHETHYECKOH 9HEDrMM BLIPOKAEHRHOTO rasa
«CBOOOJHBIX» 3JEKTPOHOB (OHA won*/swnl/a®, The n-—KOHIEHTpa-
UHSA «CBOGOAHBIX» 3JIEKTPOHOB, cM. ITpunoxenue 4).

QueBHjHO, YTO NOJIHAS 3HEPIHA CBS3H UMeeT MHHHMAaJsbHOE 3HA-
YeHye NPH HEKOTOPOM 3HAYEHWH a4, KOTOpoe, Kak NoKasbiBaeT MHpo-
CTOH pacyer, N0 MOPAAKY BesJHYHHbl paBHO 1078 ca.

§ 2. Konebanus u BOAHM
B MPOCTOH OJHOMEDHON (NMHeiiHOM) peleTke

1. AToMBI KpHCTaJJla TNOKOATCH B Y3Jax peLIeTKH TOJBKO TIpH
a6CcoMOTHOM HYJe TemriepaTypsl?). TIpH MMOBLILIEHHH TEMIEpaTypbl
4TOMbl HAYHHAIOT KOJe6AaThCsi OKOJNO CBOHX [OJIOMKEHKH YCTOHYH-
BOTO PaBHOBECHA, [O3TOMY HaM He0GXOAMMO PacCMOTPeTb AHHAMHKY
JBHXKEHHS] aTOMOB B KpHCTaJle.

Mu HaudeM H3yueHiUle BONpOCa C pacCMOTPEHHs1 NpocTefilero
clly4as KoJeGaHHsi OJHHAKOBBIX 4TOMOB B OAHOMepHOH (/uHelHO)

n-/ n n+’
(+)

°
hd ® ®

Upy. Up Hpat

Puc. 111.3.

pelieTke, MOAYHHAIOIHXCS B CBOEM [ABHIKEHHH 3aKOHAM KJaccuue-
CKOM MeXanHKH. Kax Mbl yBHAMM BMOCJIEACTBHH, NOYTH BCE 3aKOHO-
MEPHOCTH, TNOJIyYEHHEIE JJIA TAKOH CXeMaTHUYeCKOH OAHOMEpHOM
MOJie/IH, ONpPAaBABIBANTCA H JJIA TPexMepHHIX peluieToK. Kpome Toro,
BBISACHHTCS, YTO NPH AOCTATOYHO BLICOKHX TeMIlepaTypax ABHXKEeHHe
aTOMOB B KDHCTaJJje JeficTBHTeJbHO NMOJYHHSAETCS 3aKOHAM KJacCH-
YeCcKON MeXaHHKH.

Ha puc. 111.3 n3obpaxeHa JuHeliHan Lenoyka W3 OAHHAKOBLIX
aTOMOB C MaccamH 77, OTKJOHEHHLIX OT DABHOBECHBIX Y3JIOB C HO-
Mepamu (n—1), n, (n41) Ha Besnunnbl 4, _, >0, u, >0, u,,, <O0.
B ojHomepHOM cayyae 6yleM YYHUTHIBATL B3aHMOAEHCTBHE TOJILKO
6mKafinMxX (COCeNHHX) aTOMOB, YTO He OTPAKAETCs CYLIeCTBEHHbIM
o6pasoM Ha pesyJbTaTax. OTKJIOHEHHS u, W CHUJbI, JEHCTBYIOILHE
Ha AaTOMbl, CYUTAIOTCSA TOJIOXKHUTEJLHBIMH, €CJH HX HaIpaBJeHHSA
COBMAajaioT ¢ HANPABJICHUWEM IOJIOXKHTENbHOH OCH H OTpHIATENb-
HbIMH— B NPOTHBOTIOJIONKHOM CJiyyae,

1) Mbl OTBJEKAEMCH 3€Ch OT HAJHUHT KBAHTOBBIX 3pbeKTOB, H4A CaMOM Jede
CYWECTBEHHBIX NPH HH3KHX TeMIepaTypax.
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Kaxk 6w10 nokasano B ra. LI, § 1, n. |, npu Manelx oTksone-
HHAX aTOMOB OT MOJIOXeHHi paBHOBecust (|u,|<€ a—3nech paccros-
HHE MEeXIY Y3JaMH), CUJbl B3aHMOJAEHCTBHA MOXHO PacCMaTpHBAThb
KaK KBA3UYNpYyTHe, T. €. MNPOTNOPLHOHAJNBHbBIE H3MEHEHHIO PaccTos-
HUS MeXAy aTtoMaMu. TakuM o6pasoM CHJIBI, JefCTBYIOIHE Ha n- ﬁ
aToM co cTopoHel (n—1)-ro u (n+ 1)-ro atomoB, paBHB: f, ,
=—B(u’n—un—l) H fn.n+1= B(un un+1) rae 6> O_Koa¢)¢)ﬂ_
IHEHT KBasuynpyrol cuuibl. Peayabtnpylomwas cuiaa, aedcTByromlas

Ha n-#t aTOoM, fn::fn, n-1+fnyn+1=_B(Qun—un—l‘un+1)' ypaB_
HEHMe JBHKEHHS (Macca X YCKODEHHE = CHJA) N-TO ATOMA HMEET BHJ
ﬂlu +B(2u Up—y _'un+1)=0’ (21)
rae
- d2un
u,= e

BHpaxeHue IJs CHJBl f, MOXET ObITb INOJYUYEHO M APYLHM my-
teM. Ilorenunanbunasi sHeprus peieTkH O ectb QYHKUHS OT OTKJO-
HeHHA aToMoB &,. Pasnaras @ B psj No CTemeHSIM MaJblX OTKJO-

HeHHH u,, NOJYyuuM
1 9*D
u,,—l—7;2’1;(—0””0””’)011"11”:-}—..., 2.2)

0-00+5(2)

rie uHgekc 0 yKaspIBaeT, 4to BCe 4, MOJIOXKeHbl PABHBIMU HYJIO.
He orpaunyuBas oOUIHOCTH, f0J1araeM MOTEHIHAJLHYIO 3HEPTHIO
ocHoBHoro coctosHus O (0) =0. Tak kak 3Hayenue u,=0 coorBer-

oD
CTBYET PABHOBECHIO CHCTEMBI, TO ( ) =0. [na 6eckoHewHoH

du, /o
2
ATOMHOH ILENOYKH Koa(b(bmmemu( o > =A(ln—n"]), T. e.

Ounluy, /o
3aBUCAT TOJBKO OT DACCTOSHHS MEXAY A-M H n'-M Y3JaMH,
Tlo onpefeneHHo cuna

a0 ’ ’
f,,——OT——%EH;A(In——n ey (2.3)

0

Ecin Bce wun =const=u,, TO0 cuiaa f,,=0=—quA(|n—n’|),
n

rae n’ npoberaet Bce 3HaueHHs. EcjH ywuTbIBaTh TOJMBKO Giwkaii-
WHX K aToMy n cocefiedi, To n'=n, n+1, n—1, 1 Mbl NOJY4YHM
A0)+A(1)4+ A(—1)=0. Jlerko Bunetrs, uto (2.3) naer To XKe
BHIpAXEHHE AJ1s cuasl f,, 910 H (2.1), ecnn noaoxute A(l) =
=—',A(0)=p.

2. Ha nepBmit B3rsa peilenve GeCKOHEYHOH CHCTEMBI «3alen-
JAIOIUXCA» ypaBHeHHH (2.1), B KOTODHIX HeH3dBecTHass OQyHKUHA
u,({) CBSA3aHA ¢ «COCEAHHMH» HEH3BECTHBIMH QYHKUHAMH U, _, ({)
Hu,,,(f), npeacraBaset Gosbiye TPyAHOCTH. IT03TOMY YAHBHTENLHO,
TIOCPEICTBOM KAKOI0 3JIEMEHTapHOTO NpuHeMa MoxeT OHTh pelleHa

ne
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cucrema (2.1). BeckoHeyHas aToMHas UeNOYKA C KBA3HYNPYro B3aHMO-
JeHCTBYIOIMMH aTOMaMH HanOMHHAeT HATAHYTYo cTpyHy. M3sectHo,
yTo A/ 6eCKOHEYHOH CTPYHBl CYWECTBYET MNPOCTOH THN [ABHXKEHHS
B BHje Geryumefl MOHOXDOMaTHYeCKOl BOJIHBEI, AJS KOTODOH OTKJIO-
HeHHe & CTPYHBI OT [OJIOMEHHS PABHOBECHS B TOYKAX X B MOMEHT !

oyper: u(x, t)=Asin2n (—;——vt ), rae A—amnaurtyna, A— QaHHa

BOJIHBI K v—4acToTa. BBOAS LHUKJHYECKYIO YacTOTY ® = 27V M BOJ-
HOBoe yHcso g=2n/A, noayyum u(x, {)= Asin(gx—ot). Ecan M
YCJIOBUMCH PacCMaTpHBaTbh He TOJILKO NOJIOXKHTEJIbHBIE, HO H OTPH-
naTeJbHBIE 3HaYeHHS ¢, TO HapsiAy C BOJHOM, pacmpocTpaHswoueficsa
BIOJb TIOJNIOXHTeJbHOM ocH x(g > 0), moayyum BOJHBI, Oeryuixe
B NIPOTHBOINOJIOKHOM HamnpasJeHud (g < 0). Hakoden, ecin Mul yu-
TeM, UTO ypaBHeHHe KoseGaHHS CTPYHBI JHHefHO!), Tak 4TO CyMMa
pelueHHH ABJIAETCA TaKXe HHTerpaJjJoM YypaBHeHHSl, TO BO MHOFPHX
clyyasx [MpejiCTaBJseTCs MaTeMaTHYecKH OoJee YAOOHBIM MOMH30-
BaThCs KOMINJIEKCHOH (opMoil peileHns B BHAe U (x, {) = A[cos (gx —
— wt) Fisin(gx—of)] = Aet @x-9) r1pe amMnantysa A Moxer OHThL
KOMIIJIEKCHBEIM YHCJIOM.

Kak Mbl yBHAMM HiKe, Oeryuasi BoJHAa B HeNpephBHO#H
cTpyHe o6JajaeT ABYMst OCOOEHHOCTSIMH, CYIECTBEHHO OTJIHYAIOIHMH
ee OT BOJIH, DacNpPOCTPaHAOMHXCA B AHCKpPeTHH X aTOMHBIX
nenoykax. Bo-nepBhix, a6coJlOTHAas BeJHYHHA BOJIHOBOIO YHCHA ¢
MOXET TpHUHHUMAaTb Bce 3HayeHHs oT O g0 oo, TNDH 3TOM KaXAOMY
3HAYEHHIO ¢ COOTBETCTBYET oinpejesieHHas ¢opMa BoJHH. Bo-BTo-
DbIX, 4aCTOTAa @ ==U,|q| TaKXKe MOXeT H3MeHAThCA oT O g0 oco.

ITonpoGyem cucreMy (2.1) pelInTb HOCPEACTBOM MOACTAHOBKH

u, = Aett4an-ot), 2.9

TAe BMECTO HENPEPBHIBHOM KOODAMHATHI X CTOHT AHCKPETHAs BeJH-
yuHa an(a—paccrosiHie MexAy YyajiaMu). AMnauryna xe A ot
HoMepa y3Jja n He 3aBucHT. [loxcraBasis (2.4) B (2.1), moayuum
nocse cokpauleHust ofenx yacteit Ha Aefwan-o60)

—mo? = —f(2—e~f1e—gia),
Bocno/sb3oBaBICh COOTHOLIEHHEM COSa =1/, {e~** +-e+/%}, noJyauMm
2 __ _B_ _ —_ _E_ i 7_‘11
of =2 — (1 —cos ga) =4 =-sin® =
HJH (2.5)
. gal . na
(D=(Dm|S]nT|—(Dm|S]nT

»

0% 0%
1) Ypasrende cBoGORHMX Kone6aHHR CTPYHH HMeeT BHA: .a_tf-_-ug el
To e
e vy=|—|""; Ty—HaTakKenHe, p—JHHEHHAA [IOTHOCTb CTpyHs. CMm.

CMmupuoB B. M. Kypc sucwedt martemMaTHkn—21 u3a.—M.: Hayka, 1974,
1. 2, § 17, n. 176.
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rae L
o, =2V p/m. (2.5a)

Mbl BHAKM, yTO pewieHus (2.4) tuma Geryuwiefi BOJHBI YIOBJET-
BOPAKT ypaBHeHusM (2.1) ansg moGoro n, ecly 4acToTa ® CBs3aHa
C BOJIHOBBIM UYHCJ/IOM ¢ (MJH AJHHOH BOJIHBL A) coomrouienuem Ou-
cnepcun (2.5). TakuM 06pasoM, B AHCKPETHOM ATOMHOM LENOYKe
HMEeT MeCTO AHMCIEPCHs, T. €. YacToTa () He MPOMNOPLHOHAJbHA BOJ-
HOBOMY YHMCJY ¢, KaK 3TO HMEJIO MeCTO AJISi HelnpephBHOM CTpYHBL.

2m
3amennM B Bolpaxeduu (2.4) g Ha q’:q—l——a—g, rae g—ueJqoe
NOJIOKHTENIbHOE HJH OTpHLATeNbHOe uucjo. HoBast BosHa
u",: Ae[ (gran—wl) — Aei (qan—mt)ei2ngn =y,

TaK Kak exp (i2mgn)=exp ({2m X uedoe uyucso) = 1.

Taxum ob6pasom, BosHa 4;, TOMKAECTBEHHO (BO BCEX TOYKAX U BO
BCe MOMEHTHl BpeMeHHM) coBmajaer ¢ BoJsHOH u,. Ho 310 o3nayaer,
yto ¢ U ¢ GU3MYeCcKH HepasAMuUMBH. Jpyrdmu cJosa-

MH, JOCTaTOYHO paccMaT-

w pHBaTL H3MEHEHHS ¢ B JIiO-

Y R e . 60N HiTepBaje BeJHYHHBI

/ % 2n/a. Tlpu aTOM Bce U3H-

J \ yeCKHe CBOMCTBa HALIEro

/ Y OJHOMEpPHOTO  KpHCTaJa,

’ \ 3aBUCSLIHE OT BOJIHOBOTO

! \ ypC/a, KOJOKHbI ObITH NepH-

/ \ ONMYHBI C MNepuoaoM 2m/a.

/ | Mbl BpIGEpeM B KayectBe

0 Zzn 7 OCHOBHOrO HHTepBaja W3-
a MeHeHHSsI AAst g ofsacThb

afa

Puc. 111. 4.
—nja<Lg< +n/a. (2.6)

Ha puc. 111.4 npepcraBiena 3aBHCHMOCTb ® OT g, KOTOpas B CO-
TJIaCHH C BbILIECKA3aHHbIM NepHOAMYHA C NepuUoioMm 2n/a. B Goub-
LUMHCTBE CJyyaeB JOCTATOYHO OrPAHUYHUTHCH DPACCMOTPEHHEM IOJIO-
JKHUTE/IbHBIX SHAUeHHH ¢ 0T 0 10 g, = /@, TAK KaK KpHBas A4
g < (0 cHMMeTpUuHa. MaKCHMaJNbHOMY 3HAYEHHIO ¢ COOTBETCTBYET
MHHHMaJ/lbHOE 3HayeHHe JJMHBl BOJHBL A. M3 ycaobus ¢p,, =
= 20 /Apin=n/A  chepyer A, =2a. IlpencraBasiercs DIOJIHE Ha-
TJAJHBIM, 4TO B JAHCKDETHONH aTOMHO! llenouKe He MOTYT CyLIeCTBO-
BaTh BOJIHBEI ¢ A/2, meHbllell g. BoJsHe ¢ HaumeHbluel A= Ay, =2a
COOTBETCTBYeT MaKCHMaJjbHas yacrora w, (2.5a). CywecrBoBanue
MaKCHMaJIbHas YaCTOThl TAKXKe SIBJSETCS XapaKTEPHOH 0COBEHHOCTBIO
KOJIeGaHHH JMCKPETHBIX aTOMHBIX CTPYKTYP.

3. Makpockonuyeckue 06pasubl KPHCTaJaJOB COCTOST W3 OYEHb
60J1bIIOrO, XOTS M KOHEYHOT'O uucaa atoMoB. Ecau uucnao atomos G
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B aTOMHOH I[IeNIOYKe OYEHb BEJIHKO ), a CHJIN B3aUMONEHCTBHS MEXKAY
aToMaMH pacnpoCTPAHAIOTCH Ha PACCTOSTHHE OJHOH MJIH HECKOJBKHX
NMOCTOAHHBIX PEIUETKH, TO YCJIOBHSA, B KOTOPBIX HAXOAATCS CpaHHy-
HElE aTOMBl Ha «MOBEPXHOCTH», He BJHAIOT Ha WX [BHXKEHHEe BHYTpH
uenoyku. B yacTHoOCTH, ec/H MBI pacnosoxkum G aTOMOB MO OKPYXK-
HOCTH oOuYeHb OOJbLIOrO pajuyca, TaK, 4YTobul G- W 1-d aToMbl
TOXE HAXOQHJHCh B DAaBHOBECHH HAa DACCTOSHHHU @, TO FPaHUYHEBIE
YCJIOBHSI MOTYT ObiTb 3aMEHEHbl YCJIOBUSAMH LHKJHYHOCTH DopHa —
Kapmana, corJsiacHO KOTODBIM

Uy G=1U,, (2.7)
TaK KaK B 9TOM cJyuae aToM HOMEp n =+ (G CoBhnagaer ¢ aTOMOM
HOMep n.

M3 yenopuit wukanuysoctu (2.7) m ooulpaxkeHus (2.4) caenyer,
uyto (£ igaG)=1, T.e. gaG=2ag, rae g—ueaoe yucjgo. OTciona
u H3 (2.6) caenyer:

2
9=— % ) (2.8)
rre
—G/2 < g< +G/2. (2.8a)

Takum obpasoM, @ KOHEYHOH aToMHON uenoyku ¢ G crene-
HAMH CBOOOAH BOJIHOBOE UHMCJO ¢, MEHSIOLIEECs B HHTepBale oT
—n/a 1o -+ n/a, npudHuMaer U JHCKPETHHIX 3HAYeHHH, onpepeJse-
MbIX HepaBeHcTBOM (2.8a). KoneuHo, MBI Bcerjga MOMKeM (H maxe
JNOJKHB) BHOpaTt G CTOJIb OOMbIIHM, 4TOOH H3MeHeHMe ¢ B (2.8)
MOXHO OblIo Obl DAacCMaTPpHBATL KaK KBasHHENpephBHOe. Takad
«CYETHOCTb» ¢ MpEACTaBJAeTCA BecbMa yAoGHOH /1 BONpPOCOB CTa-
THCTHKH W KHHETHKH. [Ipu 3ToM KoHeudbie (OPMYJIbi, CPaBHHMBbIE
C ONBITOM, He JOJHKHBLI COAeP)KATh NPOU3BOJBHOrO Yucjaa G aTOMOB
OCHOBHOH o6sacTH.

Tak kak o, coracHo (2.5), GYHKIHA g, a g MeHSIeTCA JUCKPETIIO,
TO MOXHO NOCT4BHTH BONPOC O YHcae KoAeOaHUE (C Pa3HBIMH §)
B HHTEpBaJe YacToT OT ® Jo w-dw. M3 ypaBuenuil (2.5) u (2.8)

caenyet, uto do=a ]/% |cosq—;|dq H dg =%g—dg, oTkyna do =

2 B o
=—Fn Hﬁ'cosqz—a dg. Yucno KoseGauuit dz Ha uHTepBaa ya-
crotit do B o6cux BeTBAX ®(g) OT —i/a Ao -+ m/a paBHO
G —
dz=2dg=— ]/-m— e . (2.9)
B cosa—q|
2

1) Kak Mbt YBHENM HHXe, Y10SHO CUHTATh G GOMLLIHM He Y CTH bi M YHCAOM,
4TO, OUEBHIHO, HECYWECTBEHNO,
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U3 Bupaxenns (2.5) caenyer, gro

cos— ]/ 1— sm2 = ]/l 4ﬁ/m ;

orcrofa ¥ u3 (2.9) nosyyMM A8 NJOTHOCTH YHCJa KoJe-
6aHUH HA elIMHUYHBIH HHTEPBAJ YaCTOTHI:

2 _26 1 (2.10)

@ Vg

Ha puc. I11.5 npeacraBiena saBucumocts (2.10). Kak Mbl yBH-
IHM HHXe, AJSA TPEeXMEPHOrO KPUCTajJa B MNPHOAHKEHHH Henpe-
PHIBHOTO KOHTHHYYMa

4. V3 TeopHHM ynpyrocTH H3BECTHO!), UTO CKOPOCTb paclpocTpa-
HEeHHA 3BYKOBOTO HMINYJbCa B TBepAOM crepxkHe v,=} E/p, rae

dz
o
/| E—
Yo
2a
N
26
T
w 14 s 7
g Wy a
Puc. TI1.5. Puc. 111.6.

E —wmonyap YOHra, a p-—naotHocTs. B cnyuae suHeliHON atoMHok
LeNOYKH p=m/a,

— CHJaa __ |in-n—1| __Ba
OTHOCHT. yAJHHEHHE | Up,—up_q| *+
a
OTKyJa .
=V E/p=al)/p/m. (2.11)
Ina nJUHHBIX BOJH WAH MaJbix ¢ u3 (2.5)
w=27)/ B2 _y, (2.12)

) Xafikwy C. 3. Mexaunga./O6wukt kypc dusnku,—2 usg.—M.: Toc-
Texusgar, 1948, 1. 1,
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B ofuieM csnyyae, KOrza HMeeT MeCTO MAHCIEPCHS BOJH, T. e.
YacToTa @ 3aBHCHT OT BOJIHOBOTO YHCJa ¢, HAXO pasjaHyaTh (aso-
8yi0 CKOpoCMb Ug, C KOTOPOH pacnpocTpaHsercs ¢asa MOHOXpoMa-
THYECKOH BOJIHBI, H 2pynnosyld CKOPOCMb U.,, C KOTOPOH pacmpo-
CTpaHAeTCs BOMHOBOH MaKeT W, CJENOBATEJNbHO, SHEPI'HA BOJIH.

Hapectno 1), uto

vy =/|q], (2.13)
v, =| dw/dg|. (2.14)

U3 sripaxkenns (2.12) BHAHO, UYTO AAS IJIHHHBIX BOJH
Up = Urp = U, = CKOPOCTh 3BYKa.

B ofwem cayyae He Maujbix ¢, corsacHo (2.5),

sin—ai
2

Ud,:Uo T y (215)
Il

Upp =1, cosa—;7 . (2.16)

Ha puc. I11.6 npencraBnesa 3aBHCHMOCTb Uy H Uy OT BOJIHO-
BOro uncja g. Cnenyer OTMETHTb, YTO TPYMNOBas CKOPOCTb, C KO-
TOPOH TIEPEHOCHTCA 3Hepris koneGaHuit, Aisl HauboJee KOPOTKHX
BOJIH Majaer A0 HYJs.

§ 3. KoneGanusg ¥ BOJHBI
B CJOXHOH oxHOMepHOH (nuHeHHOH) peuwreTke

1. B npexnelnyiieM naparpage Mbl PacCMOTDEJIH IBHXKEHHE aTo-
MOB B OJHOMEDHOH MOJEJH MNpOCTOR peleTKH, KOTJa 3JieMeHTapHas
AYyeHKa MoXKeT OblTb BbIOpPaHa TaK, YTOGH B HEM CONEPKAJICS OAMH
atoM. TpexmepHBIM 4HAJOroM TaKHX pelIeTOK SBJSIOTCH, HalpH-
Mep, rpaHeueHTPHPOBAHHAs ¥ O0BbeMHOLEHTPHPOBAHHAS KyOGUYeCKHe
PEIETKH, B KOTOPHIX KDHCTAMJIH3YIOTCS OOJIBIIMHCTBO METaJljIoB.
PaccmorpuM Tenepb Kose6aHHS B OLHOMEPHOR MoOJeJH CJOXKHOH
pelleTKH, KOrja ee 3JeMeHTapHas fdeiiKa CONEPKHUT JBa aTOMA4.
Honuple gpucramner NaCl, CsCl u aromune Kpucramisl Si n Ge
ABJAKTCA NPHMEpPAMH pelleTOK, y KOTOPBIX 3JeMeHTapHas sueika
COZEePXKHUT 2 aToma.

2. Ha puc. 111.7 u3o6paxenbl ysJbl CJIOKHON NHHERHOM pemer-
KH. ¥Y3ael n’ 3aHATH aToMaMu ¢ Maccoll m’, a ysJn n”—aToMaMmH
¢ Macco#t m". s obwHocTH 6yaeM MNpeanonaratbh, 4To Kosqxpuuu-
€HT KBasHyNpYrodl CHJIB MeXIy aTOMaMu n’ W A" paBeH B,, a MexAy

1) Bnoxuuues 1. M., § 7.
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atomamu n’ U n’—1 pasen PB,. [NocnenHee MOXKET UMETH MECTO H B
TOM CJlyyae, KOFJa pELIeTKd COCTOHT H3 aTOMOB OJHOFO COPTa
(B 3TOM cayuae m’=m"). JayHa MacliTaGHOro BEKTOpa pELIETKH &
paBHA pacCTOSHHUIO MeXAYy yanamu n'—I1, n’, n'41, ... uau ys-
aamu n"'—1, n", n"+41, .... Ilostomy ajeMeHTapHas suelxa
«obbema» Q,=a cozepxHuT jaBa atoma. O6o3Hauad cmeuileHHs n'-ro
1 n"-ro aTOMOB 4epes u, W u,, NOJYUYUM TpH yueTe B3aMMOAEHCTBUSA

’ "

n-f n-/ non vl a"vl

Puc. 11.7.

TOJIbKO O/HKAHIIMX aTOMOB, B MPHOG/IHMKEHHH KBAa3HYNPYroH CHJIHL,
clejyollHe ypaBHEHHs! IBHKeuus (cm. § 2, n. 1)

m' ity = — By (ur—un)—B, (4 — i), (3.1)

i = — By — 1) — Py (s — ).
[TombTraeMcss y10BNETBOPHTL 3TOH CHCTEME ypaBHeHMH, moJaras

u;=A'ei<‘7“”“°’), ur,z’: A”ei(qan—mt)' (32)

rle ¢ M ®— BOJIHOBOE HHCJO M 4acToTa (OAMHAKOBble B OGOHX BHI-
paxennsx): a A’ == A" —aMIAHTY b

IMoacrasass (3.2) B ypasHenus (3.1), MOJYYHM TOCJE MPOCTHIX
npeofpasoBaHuil W cOKpalleHHsi o0eHX uacTeH paBEHCTB HA MHOXKU-
TeJb eiqan-ol);

[we_Mz] Aur[W] A" =0, (3.3)
[ﬁl—i—fzem]A —{_[co“’ B: - ﬁz] A" =0. (3.32)

MBl nosyuHsH cHcTeMY JIHMHEHHBIX OJHOPOJHBLIX yPABHEHWH OTHOCH-
TEJIbHO HeU3BEeCTHBIX, BOOOLIE FOBOPS, KOMIIEKCHBIX amnautyn A’
n A”. OueBHAHO, 4TO W3 TAKOH CHCTEMEBI MOMHO ONpENENUTh TOJIbKO
oTHoweHnne A’/A", Tak xax ¢A’ u cA” (c=const) Takxe ynoB-
JetBopAtoT ypaBHeHuaM (3.3) u (3.3a). Ji1s coBMeCTHOTro pe-
wenns (3.3) n (3.3a) neo6xoaumo, yrobel oTHoleHHe A’/A”, ompe-
JlefleHHO® M3 KaXJOro ypaBHeHHs, GBbLJIO OJMHAKOBO, T. €.

A BitBes (Bt By e (3.4)
A" (PrH-Po)—m'w? P14 Boesad )

IlonyyenHas npomopuus (3.4) NPHBOZHT K ajareGpanHdyecKoMy
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KBaJpaTHOMY ypaBHEHHIO a8 »2. KopHH 3TOro KBaApaTHOro ypab-

HEHHA ')
f,{l~ ]/l—y sin? q}
3{]—}— ]/l—y sm-—}

(By-Bo) (m' +m") 2 [ BiBa ] [ m'm" ]
= H =16 7 - |. Benuuu-
m'm Y By +B2)2 | L +m")?

Ha Y% JOCTHraeT CBOero HauGoJibllero 3HayeHHs, PAaBHOTO eAMHHLUE,
npu B,=p, u m'=m". Orcioga BHAHO, HTO y’sin”%g 1, uto obec-

[eYHBAeT BELUIECTBEHHOCTh YaCTOT W, U ,.

Mebl BHIMM, YTO aHaJOTHYHO CJYYalo NPOCTOH JHHEHHOH lenoy-
Ku (§ 2) pewexue (3.2) yIOBJETBOPSieT YPaBHEHUAM ABHKeHHA (3.1),
ec/M © H g CBA3aHB 3aKOHOM mucnepcuu (3.5). Onnaxo umeercs H
Ba)KHOE pasjHyHe N[O CPaBHEHHIO C MpeAbAYWHM cayyaem. Tak,
BripaxkenHua (3.5) onpefessiioT ABe BETBHM JMCNEDPCHI, OAHY M3 KOTO-
pLIX ©®, = ®,, Mbl [0 MPHYHHAM, YKa3aHHbIM Hiuxe, 6yJeM Ha3blBaTh
akycmu4eckol, LDYTYIO @, = @y, — ONMU4ecKoL.

Paccyxaas Tak e, Kak B II. 2 nmpeiplaylero naparpada, Mox-
HO M0Ka3aTb, UTO XapakTep peuieHHA (3.2) NO3BONsET OrPAHHYHTHCS
npu pacCMOTPEHHH u3MeHeHHs ¢ HHTepBasoM (0, m/a). M3 sripaxe-
HuA (3.5) cnepyet, uto aas ¢=0, w/a:

[OFY I EE——————
0 (=0, 0 (n/a) =71/ T T—7*,
Gon (0) =0, G (/a) = 759/ 1LY T3
Orclofa BUAHO, UTO
Won (O) =05 > Oy (n/a) > Oy (H/a) > Wy (0) =0. (368)

Hna AnaHEBIX BosH A>>a wna ag <€ | u3 BeipakeHuit (3.5) B npu-

....a

(3.5)

k\')|-—— k\')l

2
2

rae ©f

(3.6)

GnHKeHUH sin%z‘;—q, cJaejyer, IpH pa3JIO}KeHHH KOpHeHd B psA:
O, R 7 QYA N, Wp R 0 ( 32 q ) 3.7)

Bepst npouspoanyio no g ot ®, ;' (cM. (3.5)), JNerko noxasaTb yYTo

(dmax> — (dwnn> =0
dq Jn/a dg /xja ’

ecm y2s=1. HMenosbdysi ato o6cTOsiTenbcTBO W paBeHcTBa (3.6) u
(3.7), Mbl MPUXOAMM K OJAHO3HAUHOMY XOAY RHCAEPCHOHHBIX BETBEH,

1) Tpu anreGpanHuecKHX Npeofpa3oBAHHIX Mhl MOJb30BAJHCH COOTHOLIEHHSIMH:
eltd . g=idd=2cosaqg n |—cosaqg=2sin? %q
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uzobpaxkenHomy Ha puc. I11.8,a. Taxas kapTuHa umeer MecTo,
Korga y® <1, a AJst 9TOrO JAOCTATOYHO, UYTOGBl HJH m’ s&m”, HIH
P, 5= PB,. TlonuepkuBaem eme pas cyunecTBeHHYIO OCOGEHHOCTH aKycC-
THYeCKOM H ONTHYeCKOH BeTBeH: npH A — oo wYacrora o, —0, a
@y = @y 50

PaCCMOTpHM «BblpoxmeHHbIﬁ cayvai» (puc. 111.8,6), xorma m’ =
=m"=m u B,=Pp,=fp, 1. e. y?*=1; U3 Brpaxenuii (3.5) crenyer:

@y =2 ]/ﬁ,sm“"[ Oy =2 ]/m£|cos¥\. (3.8)

B sToM c/lyyae TOXKAECTBEHHOCTH ATOMOB M OJAWHAKOBOCTH CBs3eH
pacCTOSAHHA MeXXIYy BCEeMH aTOMAMH NOJ/DRKHBI ObITh paBHBI, H, cJje-
JOBATCJIbHO, NMOCTOAHHaA DPEIUETKH B HAalUHX 0603HaYeHHU X paBHa

w w
| Won
@
W
A K
7 q
T 24 T
v G g z e
a) ]

Puc. I11.8.

a/2, T. e. BABOe MeHbile cTapoi. Mbl JO/DKHBI Ternepb paccMaTpH-
n

BaTb H3MeHeHWe BOJIHOBOIO UMcC/a § B HHTEpBajie (O, m) . Jlerko

BHIETb, YTO ,, B (3.8) cOOTBeTCTBYeT ®{g) B BhIpaXKeHHH (2.5) aas

HHTEpBaJsa (O, %%) , @ O, —TaKXKe © (§) B BhIpaxkeHUH (2.5) gas

1 =n n

_——_—, == BHDbI
9 a/2,a/2> ¢ 35KBHBAaJIEHTHbIM 3HAQYEeHHEM g, pPaBHBIM

;2 .

9'=7—q; B caMom JeJe,

HHTepBaJja (

9 os(E_% 9
cos— _cos(2 4)-sm T-
3. Hccnepyem xapaxkTtep KoJeGaHHHi aTOMOB B aKYCTHUECKOH H

ontHYyeckofi BeTBAX. M3 cooTHoweHnu# (3.2) u (3.4) cnexyer:

“;! Bit ﬁze"ma
A” B+ Pa) —m'w® " (3.9)
OTMeTHM, YTO AJISl g = O H g = T/@ MHOXKHTeJIb "9 =] H e~#% = —1,

B ofonx ciyyasix, Kak 3TO BHIHO H3 paBeHcTBa (3.9), aMnJIHTYIbl
A" M A" ¥ CMelleHHA 4, M U, MOXHO CYHTATh BELIECTBEHHBLIMH.
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PaccMoTprM BHavase BaXHBIf cayyalf AJHHHBIX (CTPOTO TOBODS,
6eCKOHEYHO AJHHHBIX) BOJIH:

A= o0, q—— 0.

B sToM caywae e~#?=e®=]. Hcnmonpays Beipaxenus (3.6),
T. €. NpeleJbHble 3HAaYEHHA YacTOThl ® AJd ¢ =0, noayyuM uz (3.9)

(&) =1, (&) -2 (3.10)
Un / ax Un /on m

TakuM 06pasoM, B GeCKOHEGUHO [IJMHHON BOJIHE AKYCTHYECKOH
BETBH KOJIeGAHHN aTOMBI JABHMYTCS CHHXDOHHO H OTKJOHEHHS B
KaX/pli MOMEHT BPEMEHH ONHWHaKOBSHI (U, =1,). B 6ecKoHeUHO HJIHH -
HOM onTHueckoH BeTBU KosaeGaHuil aTOMbl AueHKH KOJeOJIOTCS B
NPOTHBOMNOJIOXKHEIX $a3aX, TaK YTO HX LEHTP THAMXKECTH OCTaercs
HEMOABHMKHBIM (m'u;, +m”u;,=0). [IBHXKeHHe aTOMOB B NEPBOM CJYy-
yae COOTBETCTBYET TOMY, UYTO HMEET MECTO NPH pPaclpOoCTPaHEHHH
YOPYrdX aKYCTHYECKHX BOJIH, YeM W OOBSCHMAETCS HasBaHHE COOT-
BeTCTBYMOUleR BeTBM KoneGauuii. Ecau siuelika ciomxHOro KpucraJsia
COCTOHT H3 PA3HOUMEHHBIX HOHOB, TO KOJeOaHHA BTOPOro pojaa CBs-
3aHBl C U3MEHEHHEM 3JIEKTPHYECKOrO MAHIOJBHOIO MOMEHTa SYeHKH
¥ YacTO ABJAIOTCH ONTHYECKM AKTUBHBIMH, T. €. TNPOABJSAIOTCS B
TMOTJIOIEHUN U HCMYCKAHHH HHGbPAKPACHOrO H3JYYEHHH. DTHM 0fb-
sCHsIeTCA, YTO BTOpasi BeTBb KoJeOaHMH HA3bIBA€TCA ONTHYECKOH.

PaccMoTpuM Tenepb ciyuyail KOPOTKHX BOJIH:

A=2a, g=2n/h=nja.

B stoM cayvae e~ =e¢-"=_—|. Ucnosnb3ys BbIPaKEHHA LA
o(n/a) (cM. (3.6)), mosyunm u3 pasenctBa (3.9)
. (B1—Ba)
Un __ (B1+Pa)
u I m+m [l?]/l ~ P mm” (3.11)
(Bi-FB)? (m +m")?

rlie BePXHHH 3HAK Iepe], KOPHEM COOTBETCTBYET AXYCTHYECKOM, a

HUXKHUHA 3HaK —ONTHYECKON BeTBH KoJieGaHui. B jgaHHOM caydae

npejcTaBAsSETCA LeJIecO06Pa3HEIM PACCMOTPETb PSA YACTHBLIX CJAyyYaes.
Ecan B,=8,, To uncaureas B (3.1]1) paBeH Hymo, a 3HaMeHa-

TeJIb OTJIMYEH OT HYJS U paseH (m”—m’)/m" 015 aKyCTHYECKOH BETBH

(B cayuae m' < m"), a pas onTHYecKod —B cjyuae m’ >m”.
Orcroga MOKHO 33KJIIOYHTB, YTO

up=0, u,=0 pss akycTuueckodl BeTBH B cayyae m’ < m”
up,=0, u,0 [Js oOTHYECKON BeTBH B cayuae m' > m’,

Ii1s npefenibHO KOPOTKHX BOJH A =2a B aKycTHYecKOH BETBH He-
NOABMKHBI GoJsiee Jierkue aToMel m’, a KoJebmorcs GoJiee TsKeJble
B onTuueckoit BetBH KoseGanHil —Ha060pOT.

' (3.12)
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Mpl paccMoTpenu AJs aKycTHYecKol BeTBH caygall m' << m” pas
onTHYecKo# —cayyait m’ > m”. Crenaju Mbl 3TO TOJBKO AJs yaob-
ctBa. Ecnu 6bl MBI NpPEANOJIOMUIN AJsi aKYCTHYECKOH BeTBH (BepX-
HUi 3HaK mepep kopHeM B (3.11), uro m’ >m”, To 3HameHaTtesb

n

u 0
oKasancs Obl PaBHBIM HYJIIO H <—,7'>:-6 Pacprm HeonpeaeJen-
Un

’
n

u ’
HOCTb, MHl y6eau.uch Obl, UTO B 3TOM CJiyyae < z ): 00, T. €. u,=40
Un
v u,=0. Ho 310 mnpuseso 6bl Hac K npemHeMy (H3HUECKOMY 3a-
KJIIOYEeHHIO, YTO B aKYCTHYECKOH BETBH HENOXBHXKHBI 6oJiee JerKue
aToMpl m”, a Kosaebmotca GoJee TaxKennle m'.
PaccMoTpum Temepb Bropo#l 4acTHel cayuait: m' =m" u B, > [32

V (Bi—B2)? V(th —B2)*

3namenarens B (3.11) pasen 1—1 4= =
Br+ B2 Br+ B2
oTHoweHHIo (B, —B,)/(B, +P,) — A1 aKyCcTUUECKON BETBH M JJISl ONTH-

yecko# BeTBH —(B,—P,)/(B, +B,). Taxum oBpasom,

U’ U’
an\ g (J) =1, 3.13
(un>ax . uﬂ on ( )

T. €. B 3TOM cJlyyae aTOMbl B MpejielbHO KOPOTKOH aKYCTHYeCKOH
BosiHe KoseG/orcst B (ase, a B NpenesbHO KODPOTKOM ONTHYECKOH
BOJIHE B TpOTHBOdase. AHAJOrMYHO MOMKHO DacCMOTpETh Caydait
B, << B, Torza mpaBble yacTH paBeHCTB (3.13) MEHAWTCA MeCTaMH.

4. Anasnoruyso ToMmy, Kak GbLIO cAesaHo B § 2 m. 3, MOXKHO H
B C/yyae CJIOXKHOH pelleTKH BBECTH LHMKJHYecKHe ycsoBHA Bopua—
Kapmana (2.7), rme Temeps G—4HCJIO siYeeK OCHOBHON 06/1aCTH.

. dz
MoxHo ONpeAC/JUTh NJOTHOCTBH YHCJA KoJieGanHi —&(—DILJIH dKyCTHYeC-

KOl M onTHYeckol BeTBelt MojoOHO TOMY, Kak Mbl clenanad B (2.10).

§ 4. HopmaabHble KOOpAMHATBI AJst NPOCTONH OAHOMEPHOH pellleTKH

B § 2 mbl paccmorpenu koseGaHHA M BOJIHBL B JHMHEHHON 1enog-
K€ H3 OJMHAKOBBIX aTOMOB M MOKAa3aJju, 4TO BhipaxeHue (2.4) ynoB-
JIETBOPAET YPaBHEHHAM ABMXKeHHst (2.1), ecaM BBIMOJIHEHB! COOTHO-
weHHs aucnepcuu (2.5). OueBHAHO, YTO rapMOHHYECKHe BOJIHBL (2.4)
He OMHCHIBAKT Haubosee o6LIero ABMKEHHS aTOMOB uenouyku. IIpo-
H3BOJIbHOE JBHXKEHHEe aTOMOB MOXeT GBITb IpejCTaBJEHO MOCPEeACT-
BOM JIHHEHHON CynepnosHuidd (CYMMbl) BCEBO3MOMHBIX BOJIH THIA
(2.4). OTpenbHBle BOJIHBI OYAYT NpH 3TOM OTJMYATLCH BOJHOBHIM
YHUCJIOM ¢, coorseTCTBymmeﬁ €My 9acToTodl ®(g)=®, H aMIJuTY-
Aok A,, O6HITHO pa3HMYHOH Yy PAa3HBIX BOJIH. TTonoskim peaJibHbIe
BEINECTBeHHHE CMELIeHHUs aTOMOB LENOYKH

U, = A ghaen-od)  Are=iaen-og = 2| A | cos(qan—w,t +a,),
rae A,=|A,|e%q.
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TaxuM o6pasoM, B HauboJsee oOWIEM cJayyae IBHKEHHS aTOMOB

. 1 . _
u,= 2 {Aqei(qan~w) + A;e—t(qan—wq!)} — ﬁ ; {aqeiqan + aze lqan}’

q
4.1
rae aqEVGAqe"‘wa'. Ilpyu 3TOM MBI NpejmosiaraeM, UTo Ha peLIeTKY
HAJIOXKEHO YCJIOBHE UMKJHYHOCTH, TaK 4TO CyMMHpoBaHHe B (4.l)

NPOH3BOAUTCA N0 G OUCKPETHBIM 3HAYEHHAM q=i—gg (cM. (2.8)).

Kax MBI YBHAMM HHXKe, BEJHUHHBI Q, HJIM, TOYHee, HEKOTOpbIE
npocThie KOMOWHAIHW H3 HHX, SABJAIOTCH HOPMAJBbHBIMH KO-
OPAMBATAMH H COOTBETCTBYIOWHMH OGOOGM(E€HBBIMHU | M-
NnynbcaMu Hawe# JUHeAHOH aToMHOU uenouku (IIpusoxkeHue B).
Takum o6pasoM, cooTHoweHue (4.1) MOXKHO paccMaTpuBaTh Kak Ipe-
06pa3oBaHHe OT KOODAWHAT i, K HOPMAJIbHBIM KOODAHHATaM H
MMIyJIbCaM @, (BeJHYHHH @, KOMMJEKCHbI, NI03TOMY HM COOTBETCT-
ByeT 2¢ BeUIeCTBEHHBIX BeJHYHH). D10 INpeobpasoBaHHe HMeeT He-
CKoJ/IbKO GoJiee o6lMH XapakTep, YeM paccMoTpeHHoe B Ilpuioxe-
HHH 5, Tak Kak B (4.]) crapble KOOPAMHATHI 4, BHIPAXKAIOTCS OJHO-
BPEMEHHO Yepe3 HOBble HOPMaJlbHble KOOPAHHATBl H COOTBETCTBYIOULHE
HM MMOYJbCHl (KacaTesbHOE HJH KOHTaKTHOe NpeofpasoBaHuel)).
Kunernueckas sseprus & u norenumaspias @ ana aTOMHOH Le-
MOYKH PaBHHI

G
csr:g Zldz, (4.2)
ﬂ nG_.
Q=73 (t,—t,-,)% (4.3)

B camom nesie, u3 (4.3) caenyer, 49TO cusa, HeHCTBYIOWAA HA A-10
YacTHLLY,

o
fnZ_M:—ﬁ(Qun'—un-l—un+l)r
coBnagaer ¢ (2.1).
Hcnonpsysa (4.1) ¥ yuutsBas, 4ro a,=— iw,a, 0 a =ioa,, n0-
q q-q q a9
JY4HM, YTO KHHETHYeCKas 3Heprus
m G m G 1
“ .. . Y
oq'=72‘unun=-2—z V_EZ {aqelqan+a;e iqan}x
n=1 n=1 q
| ¢
__ Y .eld L e—igtany — __ M Hg+q"
Xr= Z{aqeq“"+aq,e lqan} = 26221“)0@"' {aapetta+aan
q' qq" n=

—aap.ea-a1en —gig e=-ia-a"an | qigh e=i+ddan) (4 4)

) Tangay LI, Nuowau E. M./Teoperuueckaa ¢usuka, T. 1. Mexa-
Huxa.— 4 u3f.— M.: Hayxa, 1973, ca. VII.
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Jlerko nokasartb (cM. Ilpunoxenue 6), uyto

G G .2 0, korpa g0 (uau g=0),
S piaan— ¥ ST 2{ (4.5)

2n
A=\ =g G, xorpa g=0 { unu — X LieJ10e YHC IO ).

Taxknm o6pasom, NpU CYMMHPOBAHHH 1O /i NEPBOro CJIAraeMoro
B ¢urypHo#t cxkobe (4.4) nomyuum
g 0 npu "0
Ze’(“"')“":{ pu g +q' 0, ,
o=y G npu g+¢ =0 (un1 q¢'=-—q).
AHanorMyHO CYMMHpYIOTCA N0 7 BTOpOE, TpeTbe H YeTBepToe

caaraeMoe B QUrypHoil cko6ke B (4.4). YuuTbiBasi, 4TO, COTJIACHO
(2.5), 0., =0, nomyumm

(4.6)

T = 3 0} (20,8, —a,a_,—azal,). (4.7)
q

BelpasuM Terniepb NOTEHLHAAbHYIO 3SHepruio (4.3) depes BeJUYHHE
a, v a;. llogcraBass B (4.3) u, v u,_, u3 (4.1), nonyuum

G G
ﬂ —~ . _
O=F (= tha=s) (=) =55 2, 2, [a,0%" +-aje~von —
n=1 qq’ n=1
__aqe-lqaeiqan_ a;e_iqae—{qan] [aq,eiq’an + a;,e_lq'“" —_ aq,e—iq’aeiq'arz —_
__a;,eiq’ae—[q'an].

IlepeMHEoO)as KBajpaTHble CKOGKH U CPYNNHpYs c/araeMble, IOIYYHM

G

aa, (1 e—i(q+q’)a_e—iqa__e—iq'a el(q+q’)an
“~ g9 ( + ) +

4+ aqa;, (1 _‘__ei.(q'—Q)a._el'Q'ﬂ_._e—[fla) eitg—qan 1
+aja, (1 498 —p-iq'a_—giqa) gile’—q)an
-+ a{,‘a;, (1 +el(q+q’)a__eiqa_elq’a) e—l(q+q’)an}_
Yuutepas ycnoBusa (4.6), BUAMM, 4TO NPH CYMMHDOBAaHUM IO 1
’ o y o
Mbl NOJYYMM pe3yJbTaT, QTJMYHBIY OT HYyJa H paBHbH G TOJBKO B
TeX cJydyasax, Koraa q’=——q HITH q'=+q. HpH 3TOM BCE€ KpYTr-
Jple CKOOKH CTAaHOBATCH PaBHBIMH

2
2—e~199— '8 =2 (1 —cos qr) =4 sin? %=m—(§q,

Kak 310 cheayer u3 (2.5). Taxum o6pasom,
@:—?Zﬁ)g (2a,0; +aza_, +azaly). (4.8)
q

Monnas sHeprus
&= +O=2mD w;aa;. 4.9)
q
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OnpeueJmM BEJIHYHHBL X, U p, NOCPEACTBOM PABEHCTB

ma me,
X,=a,+a;=2Rea,}, pqz—i—q(aq—a;)quQIm{aq}. (4.10)

Ortcrona

1 . Pq . ! . Pq
aq:?<xq+lm_%)’ aq:?(xq—tm). (4.10a)
[MoncTaBigs 5TH 3HaYeHHsi B BhIpaxeHHe (4.9), nosvyum
| 1
&= {or Pt g moih = (x,, p,). @.11)
q

Mbl BUINM, YTO BEJHUMHB X, W p,=mX, HIPAIOT POJb HOPMaJb-
HbIX KOODJHHAT M CONPSMEHHHIX UM UMNYyJbcoB. Bripaxenue (4.11)
npejcTaBafeT co6ofi (QyHKUHIO ['aMHJBTOHA, BHIPAKEHHYI0 B STHX
nepeMeHHbXx. TakuM o6pasoM, nosHas 3Heprus & HauboJee obiero
ABUXEHHS aTOMOB OJHOMEPHOrO KDMCTaJssla MOKer OBIThb NpeictaB-
JleHa Kak CyMMa 3HePrHd HODMAJbHB X Ko/ne6aHu il Benywmx
ce6sn nojo6HO JIMHEHHBIM TapMOHHYECKMM OCLUJIATOPAM C YacTo-
TaMu 0.

§ 5. Kosne6aHus aToMoB TpexMepHON CJOKHOM
KPHCTANIH4YECKOH peweTKH

1. B sToM naparpage Mbl moKa)eM, 4YTO MHOTHE OCOGEHHOCTH
KosieGaHHH oHOMepHON (/uHeHHOH) aTOMHOM HENOYKH HMEIOT MeCTO
U B cllyyae TPeXMEPHOH KPHCTANNHYECKOH peleTKH.

PacCMOTPHM CJIOKHBUT KPHCTAJUT C S PasJHYHbIMH (B obuieM
C/ayyae) aTOMaMM B 3JeMEHTapHOH syelKe, HMEIOUIHMH MAacChl m,
(k=1, 2, ..., s). B nancueiimem Mel 6yeM paccMaTPHBaTb O CH O B-
Hyw0 o6JacTb KpHuCTalsia obbeMa V, HMeroulyto popMy napaJiieie-
nuneja, TNOCTPOeHHOro Ha BekTopax Ga; (i=1, 2, 3), rae a;—
TPAHCJSIIHOHHBIE BEKTOPH NpAMON pelerkd, a G—60Jblloe HeyeT-
Hoe uucso. Ouesnano, uto V=G*(a, [@,a,]) = G3Q, = NQ,, rae Q,—
obbeM 3JieMEHTapHOH suedkH H N =G3. TloJoxeHue atoma k-ro
COpTa B m-i 5JIEMEHTAaPHOH fYeiiKe onpeaesfeTcs paiHyCoM-BEKTOPOM

T =an+r¥, (5.1)
TAe Gn=n,a,-| n,Q,+ 1,4, —BeXTOp TNpPAMOH pelleTKH, a r¥—pa-
AHYC-BEKTOD, ONpELEsIOWHE NMONOXKeHHe R-TO aToMa BHYTPH KpHC-
TaJJINYECKOH fAYeHKH.

O6osnaunM uepe3 u! cMmetleHHe k-ro atoma m-fi svelKM H3 10-
JIO’)KEHHUs! PaBHOBECHA, @ MP AMO YT OJbHBIE TNPOEKUUH 3TOTO CMe-
weHHs —uepe3 uf (a=x, y, 2).

INorenuuansHas sueprus @ OCHOBHOR o6JacTu KpHucTaJaaa sB-
asiercst QyHKuHelh 3sN CmelleHHH 4” H, OYeBHAHO, 06JIala€T MHHH-

MyMOM npH u* =0; Tak uro (00? )020.

una
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pa3JIO7KPIM OB pAx 1O CTENEHAM ﬂpOEKHHﬁ CMelleHHH uk :
uk uk N kE' k" b ok kb
E q) ( ,> u np + 6 L (Daﬁ'y (nn;n” umu",ﬁun,,v .

nn ‘kR'af nn' k' k"
afy

(5.2)

Mu noJoxuau NOTEHIHAJIbHYIO HEPIHI0 B MUHHMYyMe paBHOI';l HYJIIO
H BBEJIH CJeayrouiHe 0603HaYeHHs1:

kit P Rt R P
0 (2 = (22 ) O M) = (22 G5
b oW ol %Y\ nn'n oW DT ) oao (5.2a)

MoxkHO 1n0KasaTh, YTO Ko3((HLUHeHTH pasnoxeuus: (5.2a) yraosier-
BOPSIIOT COOTHOLLEHHSIM:

kR kR . kK kiR
(Docﬁ (nn/) (Docﬁ( ) ) (Daﬂv (nn/nu)=®aﬁv (n_n/,n_n,,) ,

’ (5.3)

By () =0y (42), 50
0 () =0, T 0y (E )20 .30
nk R R

PasencrBa (5.3) clefyloT H3 TOro, u4Tto Ko3(hdHIHEHTHl, Ompenes-

ollHe B3aHMOJEHCTBHE aTOMOB, 3aBHMCAT TOJNLKO OT HX copTa (k, k')
W OT pACCTOSIHHA MeXKJy COOTBETCTBYIOLIHMHM sfuelikamMH (n—n',
n—n"). (5.3a) HemocpeJCTBEHHO BhITeKaeT H3 ompejesends (5.2a).
Ilasi jokasaTesibeTBa (5.30) pasyiokUM B DA IO CMEUIEHHAM aTOMOB

GyHKIHIO O(I)/Ouf,a:

o0 o0 *0 N\
ok (Ouk ) + E <6u duf ) np t
no na’/o g n'p
1 PO P
+3 TE o | Unplny. (5.4)
2 z%@ 6una0un,50un,,v 000

IlycTh Bce AaTOMHEI MCHBITAJH OAHHAKOBOE CMeLleHHe, paBHoe u®;
TOrJa KPHCTAJJl CMECTHJICS B IPOCTPAHCTBE KaK LEJOoe M H3Me-
HeHHe Bcex GYHKUHH, 3aBHCALIMX OT B3aHMHOTO DACHOJOKEHHS

aTOMOB, paBHO HYJIO, T.e. OD/dul, =0 (M3 ycJ0BHE paBHOBecus

(;f > =0>; TakuM ofpa3oM, u3 (5.4) cuaexnyer:
173

0= 2%2%( )+%%u%u‘; > maﬁv(ﬁ’:,f:,,)=o.

n'k! n'n"k' k"

Otcioma, BBHJAY HE3aBHUCHMOCTM IIpoeKnuii u} n u‘.’,, CAENYIOT
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coorHowenus (5.36). KuHeTHueckass sHeprusi IBHKEHHS AaTOMOB
paBIa

= Zm"( = 2‘,_"71,@(11 . (5.5)
nka

2. Knaccuyeckye YPaBHEHUA JABUKEHUA ATOMOB B TapMOHHYe-
CKOM 1'IpH6JlH)KeHHH HMEIOT BHI

- 00 kE&' ,
mku’%a=—auk = 2 q’“ﬁ (nn’) ui’ﬂ (5'6)
n i3
(m=1,2,3,...,N; k=1,2,3, ...,s; a=x, y, 2),

T. €. COBOKYNHOH cHcTeMsl 3sN muddepeHunanbHbiXx ypaBHEHWH ans
3sN ueuaBecTHBIX GyHKUUE uk (f).

AnaJsIorMuHO CJI0XKHOH JHHEHHOH pemetKe (cM. (3.2)) HeM pelie-
HHe cucTeMel (5.6) B Buae Oerywux BOJIH:

~p t.(qa - )
lipe = —— A% (g) ¢ " 7, (5.7)
V”lk
rpe VL_AZ(a=x, Y, 2) TIpOEKUHS KOMMJEKCHON  aMIUIHTYIbI
my
‘—Ak, pasJU4HOH JJ51 pa3HeIX coproB aroMoB (k=1,2,...,5s),
l’ mk2

19 o u
g ==~ v— BONHOBOH BEKTOP (V—eIHHUYHBIH BEKTOp HOpMaJH

K TJIOCKOW BOJIHE, JUIMHA KOTOPOH paBHa Muo=o@=w,—
IMKJWYECKAA YACTOTA. BeHUHHBI Uk, KOMIJEKCHBI, TAK YTO peasb-
Hble CMEIEHHA lhy = Re (). Mbl MOXeM HCKaThb peleHHe ypaB-
Henu#l (5.6) B KommuekcHolt dopme (5.7), cocTosimeH K3 CYyMMbI
KOCHHYCa M CHHyca B cuay JauHeHnoctH (5.6). Tak ke Kak H
B OJHOMEPHOM CJyYae, BOJIHOBOH BEKTOp ¢ 06Jajaet CBONCTBAMH,
OO0 yCJOBJIEHHEIMH TeM, YTO MJOCK4A BoJHa (5.7) pacnpocTpaHsercs
B JUCKDETHOH cHcTeme (peieTke). 3ameHuM B (5.7) g Ha @' =q - by,
ree bg=g,b,+g,b,+ g,0,—BexTOop 00paTHON pelleTKH; TOraa
q an=qa,+2n (n,g, +n,g,+ n,g,)=qa, -+ 2nk (k—uesoe yucJIo0).
Takum oﬁpaaoM u3 (5.7) cnezlyeT

- - I2TCh ~ L
(una) _ Ak i(qga, - of) _ A i (qa, m’)e;.nkzu;a’ (58)
mG mG
TAaK KaK e =1, Ws (5.8) BUIHO, UTO BOJIHA C BOJHOBHIM BEKTO-
poM ¢’ COBMAjaeT ¢ BOJIHOK ¢ BeKTOpoM ¢. Ho 310 o3nauaer, uto
BEKTOP §' (U3HUYECKH SKBUBAJEHTEH BEKTOpY ¢. DTO MNO3BOJSAeT,
TaK ¥e KaK H B OJHOMEPHOM cllyyae, pacCMaTpHBaTh H3MEHeHHs
BOJIHOBOrO BEKTOPa g B OrpaHuueHHoi obaactd. [losarasi @, =a;
W by=0; nonyuuMm q'a;=(q+b)a;=qa;+2x. Orciona BUEHO,
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Y10 BeJIWYHHA @@; Bcerja Momer OHITh BHIOpaHa B HHTepBaJse 2.
MbI oJ10XKHM

—n<{qa;<+n (i=1,2,3". (5.9
Jas ky6uyeckKoro KpHcTasla
—3 <@ <+7 (@=xy2), (5.9a)

ec/M TNpSAMOYroJbHbHIE OCH KOODjHHAaTHOH cHCTeMBl HANpaBuTh IO
pe6paM KyOHYeCKOH AYEHKH.

Jlsif npou3BOJBHON pellleTKH OGJNacTb M3MEHEeHUS ¢a;, PaBHAs
27, MoxeT GbITh BbIGpaHa B BHje 3JieMeHTapHOH suelikM obpaTHOH
pelieTKH, T. €. B ¢opMe napaJJejenunega c pe6pamu b,, b, u b,
HJIH B CHMMETPHYHOH ¢opMe B BHJAE NEPBOH GPHJIIOSHOBCKOH 30HBI
(ra. 11, § 9, . 1). Tloacrasnss (5.7) B cuctemy (5.6) W Jgesns obe

yacTH ypasHeHus Ha muOmuTenb ' 9% 90 nonyuum
& ke Ak
sza=kZ;DapA . (5.10)
TIe 3JEMEHTHI JHHAMHYECKON MAaTPHLBI KPHCTAJAa
o 1 kk x'q(al -a )
Di (g) = 2 gy (1, ) 7 (0700, 5.10a
b (@) ;mGmk’ B\ nn ( )

B or0ii MaTpHlle 35-T0 paHra QBOHHOH MHJEKC (i) HYMepyeT CTPOKH,

k
a WHJIEKC (5) cronbupl. Mbl NmOAYyYuaMm JHHEHHYIO OIHODOJHYIO

anreGpanueckyio cHcTeMy 3§ ypaBHeHHH (BMecto 3SN ypaBHeHui
(5.6)) a5 3s HEH3BECTHBIX KOMIJIEKCHBIX BestnuuH AL (k=1,2,..., s;
a=x, Yy, 2). Cucrema (5.10) Moxer ObITb mepenucaHa B Honee Kom-
NAaKTHOH ¢opme:

%{Dé‘é — 0% Bop} AF =0 (k=1,2,...,8 a=x,y, 2), (5.106)
TJe CHMBOJHL Oger H 8yp, OTVIHUHEIE OT HyJA H paBHBE eJHHHIIE
TOABLKO Npy k=£k' u a=f, aBTOMATHYECKH OOECNEYUBAIOT COBNAKE-
nue cucremnl (5.106) ¢ (5.10).

HaBectno ?), uto cucrema (5.106) mmMeer pelieHHs, OTJHYHEIE OT
HYJ/IeBbIX (TPHBHAJIBHBIX) TOJBKO B TOM CJyyae, eCJH ONpPeReuTeb
CHCTEMBL PaBeH HYJO:

|D’;’§'—w26kk,6aﬁ|=0. (511)

1) Ionesto HanmOMHHTBL, 4TO Gojee TAYGOKOA MNPHYHHOA MOSBJEHHS BOJHO-
BOTO BEKTOpa § M €ro CBOHCTB fBNSETCH TPAHCJSALHOHHAS CHMMETDHS KDHCTaJ-
angeckoft pemetky (cm. ra. IT, § 9).

2y Cuuprop B. U., Kypc suicwell Marematnku.— 10 wuag.— M.: Hayka,
1974, 1. 3, 4. 1., n. 10.
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D10 xapaxkmepucmuueckoe ypasHenue CTeNeHRH 3§ JIA 4YacToTH ©?
MOXKeT OHITh pacnucaHo nojpobHee:

Dix—o?, Dy, DYy D oy DY
Dio  Dly=0f Dz Do DI | (5.11a)
D3, Dzy: 5 Df,ﬁ, ey Df—o?
3 (5.10a) n (5.3a) crepyer, uTO
Dty — Dk, (5.116)

TAe SBe3NOUKA %, KaK BCETla OSHAHAET BE/MUMHY KOMIJIEKCHO-
COTPAKEHHYIO. ManHua D | o6napatomas cBoiictBom (5.116),
HasbBaeTcA 5pMHTOBOH. M3BecTHO, 4TO COGCTBEHHBIE 3HAUECHHA 3PMH-
TOBOH MaTpHibl w2, chaeRyiowue u3 ypaBHeHus (5.11a), BemecT-
BeHHbl {cM. ITpunoxenne 3, n. 5). M3 dusnueckux cooOpaxeHuh
SICHO, UTO OHH LOJIKHBI ObITb MOJOMXKHTEJNbHH. B camoMm pmese, oTpH-
atenbHble ®?s=-—y? < 0 NPUBOAAT B BBIPAKEHHH JJIA BOJHB (5.7)
K MHOXHTEMO eXp (% y{), KOTOpbI#l NpHHHMAeT Heor paHHYeHHO GoJib-
IWHe 3HAYGHHA B NpoilejleM Hau OyaylieM, T. €. BEJeT K paspy-
IUEHUIO peLIeTKH. [JOJONKHUTENbHOCTE 3HAYeHHH @2 MOXeT ObITh
NOKa3saHa ¥ MaTeMaTHYECKH W3 YCJOBHH, HAJIATa€MblX HA CHJIOBLIE

.24 -
k03hdHHeHTH Dyp <nn,) , CJIeYIOUIHE H3 YCJOBHH MHHHMYyMa NOTEH-

UHaJbHO¥ 3HEPrHH pelieTKd B TOJOXEHHH paBHOBECHA.

Takum ofpa3om, B oflieM cJyyae XapaKTepPHCTHYECKOE YypaBHe-
HHe (5 11a) cremenn 3s anst w?* paer 3s pas/MUHBIX BeElleCTBEHHBIX
Kopreil w,;{q) (j=1, 2, 3, , 35), ompejieAIOIKX 35 PASMHYHBIX
BeTBEH xone6a Hu i, yqu CHMMETDHH KPHUCTAJIMYECKOH AYEHKH
NPHBOIMT K TOMY, YTO YacTh KOPHeli ; WHOTJa COBNajaerT, TaK
YTO YHCJO Pa3JHYHB X BeTBEH KOJIe6a HHil MOXKET GhTh MEHbIE
3s. TloacraBnasi 3s KopHe#t ®; (g) B cHCTeMYy OAHOPOAHBIX YpaBHe-
Hnit (5.106), monyuum (c TOYHOCTBIO 10 NOCTOSHHOTO MHO}KHTeJIﬂ)
3S pasHYHBIX peuJeHHH A5 KOMIEKCHbIX aMmiityl A%,

PaccMOTpHM BaXKHBIH BONDOC: B KAKMX CAy4asX ammiutyzasl A%,
BewiecTBeHHbl. OUEBHAHO, UTO aMIIHTY bl A%, BeliecTBeHH ! (c Tquo-
CTBIO [0 HECYLIECTBEHHOro obiiero MHox(menﬂ KOTOpHIH Mozer
6HITE U KOMHJIGKCHbIM) B TOM cJjydae, Korga kKoagduuuentsr D
oxHopoano# cuctembl (5.1006) BetwectBeHnn. Jasg ¢g=0 u ga, =+ 1
MHOXHTeNb eXp[iq (@r—a,)] pasen +1 nmu —I; Ho Torja u3
(5.10a) crenyer, uyto DEY BemecTBenHEL.

Takum 00pasoM, AJs1 GECKOHEUHO AJHHHBIX Y MpelesibHO KOpOT-
KHX BOJH ammuntyabl A%, B (5.7) MOXHO cuuTaTh BelleCTREHHBIMH.

Jlerko noxasaftb, ¥to amnnm-yzu;l Ajq MOXKHO CYMTATh BeILECT-
BEeHHLIMH AN NMPOCToR pelweTkH. B aToM cayuae pelnetka cOCTOHT
U3 OJMHAKOBBLIX aTOMOB, PACUOJIOMKEHHDLIX B y3JaX @.; NPH 3TOM
Hapsjy C aToMOM B yaJle @, BCErja HMeeTCH TaKOi e aToM B y3Je
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— @, . CymmupoBanue B (5.10a) M0OXKHO NpOBeCTH IO NnapaM aToOMOB
@n W — @, Ilonaras @, =0 u yuursiBas, uto Qg (1) = Dgg (—1),
nosiyurm u3 (5.10a)

I ’ -1 al ’ {a'
Do (@) = Y Pup () ™ 7 - @y (—1") € " =

1 , —iga a 2 . .
=Z7H-(Daﬁ (n') (e "y ¢ ") =27(Daﬂ (n')cosqa,. (5.118)
v

.

n

Takum ob6pasom, sJjeMeHTH MaTpuubl 3-ro paHra Dgg(g) BeliecT-
BEHHDI, a CJIejl0BaTeJIbHO, MOTYT OLITL BBIODAHBI BELIECTBEHHLIMH H
aMnauTyAbl Ajg.

U3 onpepenenus (5.10a) crmepyer, urto

D5k (—q)=Dzy (q)*. (5.12)

Orcrona U U3 3pMHTOBOCTH MatpHubl (5.116) caexpyer, yTo xapakre-
pHCTHYecKoe ypaBHeHHe (5.1la) ne wMeHsileTcsa npu 3aMeHe ¢ Ha

—gq, T. €.
o (—q)=0;(q). (5.13)
Ho rorpa ua cucremer (5.106) crenyer, urto
A?a (’— q) = Alfa (Q)*. (5-14)

CootHowenne (5.13) sBasiercs Gosee TayGOKHM CJEICTBHEM HHBa-
PHAHTHOCTH ypaBHEHHsl MEXaHHKH NPH o6palleHHH BpeMeHH (f — —I).
3. Tak kak w,—QyHKUHMA ¢, TO MOXKHO B OpPHJTIO3HOBCKOH
30He NMOCTPOHTb AJIsl KaXKAOH BETBH KoJieOaHHH | CeMeHCTBO noBepx-
HocTell @, (q) = const. CTpyKTypa STMX u30MACMOMH6LX, WM U30-
3HepeemuUHecKux (ﬁmi (@) =&, (q)) noBepxHoCcTeH CyECTBEHHO 3aBH-
CHT OT CHMMeTPHU NpAMOH pelleTKH KPHUCTaJJja. B yaCTHOCTH, CHM-
MeTpUsi B O0o0JblIOH Mepe (XOTS1 H He MOJIHOCTHIO) ONpejeJisieT Te
3HAYeHHUA ¢, NPH KOTOPLIX HMEIOTCH KacaHUs U nepeceyeHHs H30-
3HepreTHYeCKHX INOBepXHOCTell (Pa3HbIX BeTBell KoJieGaHMil).

M3 3KBHMBaJIEeHTHOCTH BOJIHOBLIX BEKTOPOB ¢, pPa3/HyaloliMxcs
Ha by, caeayer, yro (QH3MYECKHe BeJHYMHBI, 3aBUCAILHE OT g,
INOJDKHBL GBITh TPEXMEDPHO-NEPHOANYECKUMH (YHKIUAMH B g-Tpo-
CTPAHCTBe C TepuHojaMH b;, rae b;,— OCHOBHble BEKTOpPbl OOpaTHOH
pemeTkH. B yacTHOCTH, YacToTa

0, (g +bg)=0,(q). (5.19)

TaxuMm o6pa3oM, KapTUHAa M303HEpreTHYECKMX NOBePXHOCTEH

©; (g)=const GyJeT TEPHOAHYECKH IOBTOPHATHCA B 3JEMEHTaPHBIX
Ayefikax o6paTHO# pelUeTKH H 3oHax BpummosHa.

Ycaosue (5.13) mnoxasbiBaeT, YTO H303HEepTreTHUYECKHE

TIOBEPXHOCTH ; () = const, 0GJIaKAIOT B §-NPOCTPAHCTBE KEHMPOM

uMeepcuw, WIH yewmpom cummempuu. U3 yciaosus (5.13), Koneuno,



§5] TPEXMEPHASlI CJIO)XHASl KPUCTAJIJIHUYECKASI PEIIETKA 139

He CJepyeT, ¥T0 B ofmeM cayyae w;(q,)=w;(—4,). Iaa Bunos-
HEHHs TocJefHero HeoOXoAMMO, YyToObl 06paTHas pewleTka obnagaJa
NJIOCKOCTbIO CHMMETPHUU (OTpaxKeHHs) g, = 0, 4To UMeeT MeCTO TOJbKO
B TOM CJyyae, ec/H IpsMas pellieTKa HMeeT COOTBETCTBYIOULYIO
NJOCKOCTh cUMMeTpHH x=0. MOXHO noKasaTb, YTO o6paTHas pe-
uietka 00JajaeT BCEMH 3JeMeHTa-
MH CHMMETDHUH NpSMOH pelleTKH.
Bui6epem Takoe HampaBJeHHe
§ B (-TIPOCTPAHCTBE (3TO MOXET £
ObiTb, B YacTHOCTH, HanpaBJieHHe p'
caMoro BekTopa g), 4tobsl o, {q,)= %
=w;(—¢q,). Ha puc. 1II. 9 uso- p
6paxkeHo nNNTb BeTBe#l KoJeSaHui 5
0;(g;) AN U3MEHEHHS ¢, COOT-
BETCTBYIOLIErO IIpefieslaM HepaBeH-
cTBa (5.9). Mbl BHAMM, YTO B TOY- 0 ¢ ggi—in %
kax 0, A, C u C’ umeer MecTo s !
BbIpDOXJEeHHe, T.e. CoBnaje- Puc. 111, 9.
HHe (epeceyeHHe) HECKOJbKHX BeT-
Be#l KoseGaHuil. IIpy 3TOM BO3HHKaeT BOMPOC, KaK ONPEJENHTb
3aJaHHYI0 BETBb KoJIEGAHWH BO BCeM HHTEpBaJe H3MEHEHHS (.
B camom nese, Mbl MoXMeM 3ajaHHYI0 BeTBb KoJeGaHHH ©; ompeje-
JIUTh, HANPHMED, CJAEAYIOMHMH criocobamu: DMAC’F’ uau D/MAC’E’,
i DMAM’D’. Yenosumes noctynath c/eaylomuM o6pasoM: nepe-
HymMepyeM BeTBH xoJieGaHu#l A5 3ajaHHOTO ¢, = ¢%, HATIpUMEp TaK:

o, (99 < 0, (§) < o, (99) < @, (9%) < w4 (99)

(em. puc. II1.9). ¥YcnoBumes Teneps, yto6bl Al BCeX @, BHIMOA-
HAJIOCh HEPABEHCTBO

o, (95) < 0, (9;) < o, (q,) < o, (g,) < o, (5), (5.16)

KOTOpoe Onpejiesisier Telepb HYMEPaLUHIO BETBH HA BCeM MPOTsKe-

HHH M3MeHEHHS ¢,. Jlerko BuieTh, 4TO B 3TOM cJyuae BeTBU j= |

cootnetcTByeT KpuBas GOG’, j=3—xpuBas DMAM'D’ u j=4

KkpuBass ECAC’E’. ToJbKO TpH TaKoM BhIGOpe BeTBeH BHINOJHSETCS

ycnoBue @;(g)=0w;(—gq). Ilpn szTOM, o0AHAKO, KacaTeJbHas
o ;

(a / =0 AA NAHHOW BETBH HCMLITHIBAeT, BOOOUIe roBOpS, CKa-
Gs s=

Yok (cM. BeTBH GOG’ wau DAD’). Hanpumep, nis aKycTHYeCKO#H

BETBH B OJHOMEDHOM CJy4ae Mbl HMeJH COOTHoweHHe (2.5)

F' o 8

N ™ oM

x

\\(

0? = wf, sin® %a
HJH
. a
0=t0,sinT,
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T. e. Touka g=0 ecTb Touka pa3BetBJchus (puc. III. 10). Ot6pa-
CblBasl YaCTH BeTBel, COOTBETCTBYIOLIME OTPHLATEbHBLIM YacToTaM o,
Mbl onpejesisieM aKyCTHYeCKYI0 BeTBb PaBEHCTBOM

. . qa
0= 0,[sin5,

COOTBETCTBYIOLIMM KpHuBoit GOG’ na puc. I11.9 u IIL. 10.
Koneuno, Hymepauus BeTBeHt B Touke C (puc. 111.9) sBasgerca
YCJIOBHOH, HO Mbl €e TONYHHUM 0OBlueMy MpaBHJY.
Ecnu npu g-=0 ©;(q) moxeT GbiTb pasnomMeHo B pPsf 1o CTe-
MeHAM Go (=X, Y, 2) (3TO HMeeT MecTo, KOrjga B 3TOH TOYKE HET

, BLIDOXKAEHHUSH), TO
2 @ 2 p )
o, (q) =
14
“a = ) "l’%fa% "I"UZﬁRaﬁqaqﬁr
5.17)
- rjae
2,
Prc. 111.10, p :(6_‘"_f> R :L<&>
* 040 /o’ B 2 \090.098 /0"

3amenss g Ha —g M HCNOJL3Ysl COOTHoUleHHe (5.13), mMoJyuHM
2 76Ge=0, UTO BBUIY TMPOM3BOMBHOCTU Gy AAET
a

()(J.)j
o= (532) =0

IlpuBoas TeH3op R,s K TJaBHBIM oCAM, TOJYYHUM
o, (q) =05+ 2 Raugk, (5.18)
&L

T. €., B OTCYTCTBUe BEIPOXKAECHUA B Toyke ¢ =0, pasjoxenue o;— o}
HauHHaeTCcqd C KBaJAPAaTHYHBIX YJEHOB. IJTOT CJyuyaH H3o0paxeH Ha
puc. I11. 9 toukoit B.

I KyGuyecKoro KpHCTaJjja KOMIIOHEHTh TeH3opa R, BBIPOXK-
JamTtces B cKagasp R, Tak uTo

o, (q) = o} + Rq?, (5.18a)

T. €. M303HEPreTHYecKHe NOBEPXHOCTH TpeBpalnarTcs B chephl.
B toyke A pasnoxenue ®; B CTENEHHOH DA HEBO3MOKHO (npo-
U3BOJHAA ®, HeOJAHO3HAuHAa), NOITOMY 3jech, BOoOlle TOBOPA, I

© J
KaxJIoi BeTBH
[0} )
) 0
(611 o# )
Haxounen, otvetdM, uto B oflieM cjydae 3KCTpeMyMEl o, (q;)
MOT'YT HMeThb MeCTO KaK B LIeHTpe M Ha I'paHUUax OpHJ/II03HOBCKOH
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30HBI, TaK H B HEKOTOPBIX TOUKAX BHYTPH Hee (HAmNpHMEp, B TOUKAX
M w M’ Ha puc. III.9).

5. PaccMorpum xapaxkrep pewenu#i ypasuenuit (5.10) B mpe-
IeJbHOM CJydae OuYeHb AJHHHBIX BOJH (g — 0), Korpa, Kak Mbl
yKasplBanH Bblile, amnantyasl A% (0) BewsecTBeHHBl M, cJejoBa-
TEJIbHO, XAPAKTEPH3YIOT PeaJibHble OTKJOHEHWS aTOMOB U OT TOJO-
*KenHil paBHOBeCHS.

Hs (5.10) u (5.10a) caeayer, uto npu g=~0

0 (0) A% (0)= 3 Vl—(p““ (ﬁi) Ak (0). (5.19)
Pl

[MosoxuM A8 j-fi BeTBH aMnJjuTyapl KoieGanuit (cM. (5.7))
A% (0)]V My = const,, (5.20)

T. €. HEe 3aBHCHT OT HOMepa artoMa k’. B 3ToM cJayuae mnpasas
yactb (5.19) pasHa \
] Alp (0) 7%
Vo 2V oy et (e ) =0
B cuay (5.36); Ho Toraa us (5.10) caenpyer, uto
0, {0)=0 (5.21)

(rak xak Hac He wuHtepecyer cayyail A%, (0)=0 aas Bcex Tpex
3HAYeHHH a=x, y, 2). C Apyro# CTOPOHH, AJAA TOro UTO6H HMeJo
mecto (5.21), mocratouno, yro6sr A%, (0) 5= 0 ans ognoro «, nostomy
€CTECTBEHHO TMPEANOJIOXHTb, YTO CYHIECTBYIOT TPH BETBH KoJeGaHHH
(i=1, 2, 3), iz xotopeix ®; (0) =0, T. €. yacToTa CTPEMUTCS K HYJIO,
koraa ¢ — 0. Dt TpH BeTBH KoJeGaHHIl, NI KOTOPLIX XapakTep
ABWXEHHUS aroMoB HmeeT BHA (5.20), Ha3BIBAIOTCA aKyCmutecKuMu,
M OHH aHAJOTHYNbl AKYCTHYECKOH BETBH, pacCMOTpPEHHOH B omHO-
MepHoM cJyyae (§ 3).

PaccMorpum Tenepb cayya#t, xorga ¢ =0, HO Il BHINOJHAETCH
(5.20) u cnenyiowee u3 Hero ycsosue (5.21).

Ilepennwen (5.19) B Buge

AL I EEN 14
= 3 Ay (1) AF (O)
¥ NpoCyMMHpDYyeM ofe 4acTH mo R:

. A8 (0) A5 (0) kK
o (0)2’;;71,, 0 _2_; V”_Z;nz;‘@ap o)

I[Tocnenusigs cyMmma B mpaBo#l wacrs, corJacHo (5.36), paBHa HyJuO.
TaxuM ofpasom, JeBasg 4YacTb paBeHCTBA DABHA HYJIO, a TaK Kak
MBI npeanoJioxuiad, yro ®*(0)==0, To cyMMa 1o K B JIEBOH 4YacTH

0 (0)ym
k’Bn’
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paBna Hymo. Ho Ttorna, ucnoswsys (5.7), noayunm
2 Myt (0) =0, (5.22)
k

T. €. JABM)KEHHE aTOMOB IPOHCXONHT IpPH 3TOM Tax, YTO LEHTp Ts-
XKecTH sAuefiky ocTaercst Ha mecte. Takue BeTBH KoJeGaHHU MoJy-
YHJIM Ha3BaHHWE ONMUuecKUx; X AHAJOr B OJHOMEPHOM cJjydyae Obla
paccMoTpeH B § 3.

Mgl BHAMM, YTO Hapsigy € TpeMd aKYCTHYECKHMH JOJIKHBI CYylle-
CTBOBaTh 3$5-—3 ONTHYECKHE BETBH, MJA KOTOphX @, (0) =0
(j=4,5, ..., 3s).

MoXxHO nokasarh, TaK e KaK B OJHOMEDHOM cJyyae, YTO MOpH
qa;<<]1 yacToTHl aKyCTHYECKHX BeTBeH w,=v,q (j=1,2,3), rae
CKOPOCTb BOJIH Uy, 3aBHCHT He

¢ TOJIBKO OT BeTBH j, HOH OT Ha-
% Onmuvecrug  TID@BJIEHMS BOJIHOBOTO BEKTOpA §.
dembu Jnsi onTHuecKWx BeTBell 3aBHCH-

}Aﬁy;,,,um,m MOCTb @; OT ¢ BGJIM3M HYJIs B OT-

dembu CYTCTBHE BLIPOXKJAEHHS oOINpeje-

JasieTcst BhipaxenueM (5.18), 1. e.

HMeeT 3KCTPEMYM (OOBIYHO MaK-

cumy™m). Ha rpausx sounl Bpua-

0 Ji0O9Ha B OTCYTCTBHE BbIPOXKJE-

HHA BeTBeH KoJeOGaHHH 4acTOThbl
®; () TaKxe 3KcTpemaseHbl Ha
puc. 1I1.]1 cxeMaTHyecKH NpENCTaBJEHBl aKyCTHUECKHE H ONTHYe-
CKHE BETBM (B OTCYTCTBHE BBIDOXKAEHHS) AJSi HEKOTOPOLO Hanpas-
JEHHS! B KPHCTaJLIe, HMEIOWETO JlBa aTOMa B 3JIEMEHTADHOH siyeiike.

Ilas Toro yTo6Bl WUMETB MNOJHYIO KAPTHHY KOJe6aHHH aTOMOB
B KpHCTaJ/jie, HeO6XOMUMO peIUXTh ypaBHeHHe (5.11) agst Bcex 3Ha-
YeHHH ¢ B HHTepBaje — N< qga@;<. -+ N, HIM [1Js BCeX TOUEK
GpHJIJIK)SHOBCKOi:{ 30Hb. Ecan Jaxe u3BecTHBI CHJIOBBIE K03¢u-

Puc. 11111,

k k
nueHTe Dgp (n n’) » TO 3TO MOXKHO BBUIOJIHHTH TOJIBKO MYTEM YHC-

JIeHHBIX pacyeToB. Taxue pacueThl NOKa3bIBAOT, YTO B TPEXMEPHOM
KPHCTaJjle aKYCTHUECKHe M ONTHYECKHe BETBH MNPHOJIH3UTENbHO
UMEIOT BHA, NoAoOHBIA H306pameHHomy Ha puc. III. 1]1.

6. CoBeplueHHO aHAaJOrHYHO TOMY, KaK 3TO HMEJIO MECTO B OfHO-
MepHoOM caydae (§ 2 n. 3), 3aMeHHM rpaHHYHble YCJAOBHS Ha MOBEpX-
HOCTH OCHOBHOH 0O6JIACTH KpHCTaJaJa YCJIOBHAMH LHKJIHYHOCTH
Bopna— Kapmana. B ciyyae TpeXMEPHOTO KPHCTANIA OHH HE HMEKOT
CTO/Ib HATJIAJHOIO CMbiC/1a, KaK B CJyyae OJHOMEPHOro, KOrja Mbl
MOTJIH BCIO LI€TIOYKY ATOMOB PaclOJIOKHTh 110 OKPYIKHOCTH, COMKHYB
I-i u G-# atombl. OpHako MoXeT ObITb MOKasaHOl), YTO B Tpex-

1) Bopn M, Kyns X., OuHaMuueckas TEOpHS KpPHCTA/JJIHYECKHX pelle-
ToK.— M.: WJI, 1658, c. 453.
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MEPHOM KpHCTajljie AJIs1 ONpefeJieHHsi €r0 0GBEeMHBIX CBOHACTB yCJO-
BHsl LMKJHYHOCTU 3KBHBAJIEHTHBI IDAHHUHBIM YCJIOBHSM Ha CBOBOA-
HOH MOBEPXHOCTH OCHOBHOH 06/1aCTH KpPUCTaJJa.

B TpexmepHoM KpHucTasuie ycJ0BHS UHKJAHYHOCTH Bopna—Kap-
MaHa CBOAATCH K TPeGOBAHHIO, YTOOH BOJIHOBOE TMOJE Ueq, NPOMOP-
uHOHaMbHOE €77 | OCTaBasOCh HEM3MEHHBIM NpH CMELeHHH Ha JI060
43 BekTOpoB Ga; (i=1, 2, 3). Jln1s st0r0 Heo6XoauMoO, YTOBHI

%=1, 1.e. G(ga,) =2ng, rue g;—uejoe yucao. Takum 06-
pasom,

o=e)=2g (=12 3. (5.23)

Cpashupas 310 cootHowenne ¢ (I.3.7), mbl BRAuM, uTO (5.23) BHINOMI-
HsleTCs, ecJH

1, 1
9=73Gbe = ¢ (8,0, + 8,0, +8,:b,), (5.24)

rAe b;—OCHOBHBIE BEKTOpbl OOPATHON pelleTKH. JTO IpeicTaBJe-
HHe BekTOpa ¢, aHasoruunoe (2.8), HocHT opmaJsbHEIH xapakTep,
MOCKOMbKY G—NPOH3BOJNBbHOE G6OJbLIOE YUCAO (YAOGHO CUH-
TaTh €ro HEYETHbIM), OT KOTOPOTO He JOJIXKHbI 3aBHCETH (PM3UYECKH
HabJi0/jaeMple BeJTHYHHEL,

Hcnonbays HepaseHcTBO (5.9), noayuum

—G2< g, < G2 (5.25)

aHanoruuno (2.8a). Mnl BHAMM, YTO TpOEKLHMS ¢ Ha Kaxablil M3
BEKTOPOB @; MOXET NPUHHAMATh ( KBa3HJMCKDPETHBHIX 3HaueHufl, u,
C/eJIoBATeJbHO, ¢ HMeeT Bcero G®= N pas3JHYHHIX 3HaueHuii. Io-
CTAaBHM TeNepb BONPOC O HUCJE PA3JHMUYHBIX KOeGaHuil (BO3MOMKHBIX
3HayeHHl ¢) AJIs ONHOW BeTBH KosleGaHHii B o6beme dry = dg, dq,dq,
NPOCTPAHCTBA BOJIHOBOTO BeKTopa. OueBHAHO, 3TO YHCJIO

dz = dg, dg, dg, = (7 ) do, do, dg,, (5.26)
rae
0, =q.a;,+ TyQiy +qzai1'
Ilepefitem OT nepemMeHHBIX @; K NEPEMEHHBIM g, 9y, g, Has
3TOTO BBIYHC/IMM sKOOMAH npeo6pas3oBaHus !):

99i 09 0%y :

0qx 0qx 0qy @y Qpy Gy,

o0 00 g | _ _ o
0q, 9qy 09, | % Gy Gay =(a,[a,a,])) = Q,.
01 09 0ps| [Giz Gy Gy,

d9; 09, 99,

) B. U. Cvupuros. Kypc sbicueii MaTeMaTHKH.— 2] H38.— M.: Hayxa,
1974, 1. 2, c. 195,
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Taxkum o6pasom,

G \3 G \8 Vv
dz:(%) dq)ld(pzd%:(E) Qodqxdqydqz:WdTQ' (5.27)

J1s1 ofHOH BeTBH KoJeGaHM# KpHUCTasJa NOJHOE 9HCIO KoJe6aHHH

Jnsi Bcex BeTBeli KoJe6aHMH CJIOKHOrO KPHCTaJl/Ia 3TO YHCJIO BCerja
paBuo 3sN, T. e. 4ucJgy creneHel CBOOGOAbI aTOMOB OCHOBHOH
obnacTy.

Bo MmHOrux caydasx, HalpHMep NPH HM3YYEHHH CTaTHCTHYECKHX
BOMIPOCOB, Tpebyercs 3HATh YHCJO KoJeOGaHHWH AJs j-H BETBH B HK-
TepBaje OT ® A0 ®--dw. PaccMOTpUM B ¢-MPOCTPAHCTBE MOBEPX-
HOCTH ©; (g) =const ¥ noJoxuM

dt,=dodg, (5.28)
rge do—o>3neMeHT 3TOH mOBEpXHOCTH, a dg; —6eckoHedyHO Maloe

npupallieHHe Mo HopMaJn K do.
OueBUAHO, 4TO

do=|Vqw;|dg, (5.29)

rle V,—TrpajueHT B g-npocTpaHcTBe. [loacrasasgs B (5.27) (5.28)
H (5.29) ¥ MHTETrPHPYA MO [OBEPXHOCTH MOCTOSIHHON YaCTOTHI, HOJY-
YaM IS yucaa KoJgeGaHu#l B j-H  BeTBH, B HHTepBaJe YacroT
(», 0+ dw), BHIpaXKeHHe

14 do
dzy = T § oo/ do=Vg; (®) do, (5.30)
rae
1 do
s (5.31)

— pyRKYUR pacnpedeseHus HACMOom WIH  COOCMBEHHbIX KOAeBaHull
0as e@emou j. Myl BHIHM, UTO AJ1A ee ONPEARNEHHUS HeOOXOLHMO
3HATb 3aBHCHMOCTb @; =, (g), T. €. 3aKon ducnepcuu.

Ecau Hac MHTepecyeT MOJIHOE 4MCJIO KOJMeGaHHH BO BCEX BETBSX
HUCTIEPCHA, TO 1HEOOXOAMMO MOJB30BAaThCSl MOJMHOA OYHKUMEH pac-

npeaeJsieHus 4acTtoTr
3s 3s

g)=2.g (w)=§}[—)325ﬁ‘;7. (5.32)

i=1
[Mpocroét npumep ¢yukuuu pacrpefieseHdst 4acroT GObini JaH Ans
ONHOMEpHO¥ pemieTkH B (2.10).

B nexoropnix cJyyasix yaoGHee moJib3oBaThCsl APYro¥ QyHKilvel
pacrpefiesieHisl 4acToT g (0%), UMeKweil ToT CMbICI, YTo g (0*) dw—
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YHCJI0 KoJleGaunit B MHTepBase OT »? 10 ®?—+ dw?. OyeBHAHO, YTO
g (0) =20g (0%, (5.33)

TaK Kak g (0%) do?=g (0?) 20 do,

§ 6. HopMasbHble KOODAMHATBLI KoJeGaHHK
KPUCTAIHYECKOH PeLIeTKH

1. B § 4 Mbl paccMoTpesiH HOpMaJibHbie KOOPAHHATHI AJS ITPOCTOH
ORHOMEPHOH peIIeTKH.

[Tpn 3TOM Mbl BHauajie BBEJH KOMIIJIEKCHblE HOPMAaJbHBIE KOOp-
AMHATBL @, a 3aTe€M NEPEUIH K BEeCTBEHHEIM HOPMaJIbHBIM KOOD-
AHHATaM x H COOTBETCTBYIOLLMM MM OGOCUIEHHBIM MMIYJBCAM p,.

OT/IWYHTEbHOH OCOBRHHOCTBIO HODMaJIbHBIX KOOPAWHAT SIBJSAETCS
TO, YTO KaXfas W3 HUX rapMOHHYECKH 3aBHCHT OT BPEMEHH, T. €.
NponopuHoHalbia exp (iw,f). DTO SKBUBAJIEHTHO YTBEDPKAEHHIO, YTO
(yHKIHA [aMHJIbTOHA COCTOWUT H3 CYMMBl KBaJpaToOB (C COOTBETCT-
BYIOWHMH KO3(HUIIMEHTAMH) KOODAHHAT H HMIYJbCOB, T. €. HMEeT
BUA (4.11).

Ouesnnno, uto HauGosiee ofliee ABUKEHHE AaTOMOB CJIOMHOH
TPeXMEPHOH KDHCTANNHYECKOH pelIeTKH COCTOMT H3 CYMMHl Bbipa-
xenu#t (5.7) ¢ pa3NUUHEIMH BOJHOBBIMH BEKTOPAMH § M YacTOTAMH
o (g). B camom gene, Takas cyMma Toxe OYIeT YIOBJETBOPATh
ypaBHeHUMAM ABHxKeHUd (5.6) B CHJIYy HX JHHEHHOCTH.

Hnst Toro uroBbl BBECTH HOpMaJibHble KOOPAHHATHI M TPeXmep-
HOH pelleTKH, ONnpeleNHM cobcmeenHbie gexmopeL ; «(q) (B obmem
cyyae KOMIJIEKCHblE) AnHamMuueckue MaTpunb DEY (g) (cm. (5.10a));
umeeM (cM. Ilpunoxenne 3, n. 5)

%Dé'é ) ejwp(q) = 07 (q) €1 (q) (6.1)

TAe exg (=X, y, 2Z)—cocraBaswocuine coBCTEEHHOrO BEKTOpa,
a o}(q)—j-e cobcTBeHHOe 3HAYeHHe AWHAMHYECKOH MaTpuubl. Tak
KaK JuHaMyyeckash MATpHIla 3DMHTOBA, TO €e COGCTBEHHbIE BEKTODbBI
oproronanbibl (cM. ITpusoxenue 3, m. 5), H TaK KakK OHH onpele-
AS0TCA U3 OAHOPOLHON cHcTeMbl (6.1) ¢ TOUHOCTBIO A0 MHOXKHTENA,—
OHM MOTYT ObITh HOPMHPOBaHbl Ha efuHuny. Taknum obBpasom,

2 eikae;"ka = 6/[’ (62)
ak
H
Z eikae;k,ﬁ = Gkk'6a5~ (6.28)

CoGcTBEHHBIE BEKTODBI €j, () OTIHYAIOTCA OT KOMIJIEKCHBIX aMIJIH-
tyn A%, (g), yrosiersopsiomux ypaslieHusM (5.10), TonbKo ycJno-
BHeM HOPMHPOBKH.
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U3 ycmosuit (5.12) caenyer (5.14), 1
€jna (@) = €jua. (— ), (6.3)

TaK KaK TpH 3aMeHe ¢ HA — g Bce Koydduunentsl ypasrenuit (6.1)
MEHSAIOTCH Ha KOMIJEKCHO-COMPSKEeHHbIe,

2. Beenem KommnJexcHble HOPMaJbHblE KOOPAHHATH a; (¢, {) mo-
CPe/ICTBOM COOTHOLLIEHUS

lhe = V_Ze,ka (g, 1) en, (6.4)

Nmy g

TI€ i, — -5 COCTABJAILAS OTKJIOHEIHA aToMa (1, k) OT TosOXe-
HUS paBHOBecHS, N —UYHCJIO 3JeMeHTAPHBIX AUeeK OCHOBHOH 06J1acTH
KpHcTaama, m,—mMacca atoma k-ro copra.

Jlerko mokasaTh, YTO

9 (q) =aj (—q). (6.5)
B camoM jesie, TOJBKO B 3TOM cJydyae OTKJOHEHHS Uf, Bellect-
BeHHB!; AeficTBHTENbHO, W3 (6.4), (6.3) u (6.5) creayer

(ha) = e (9) @} (g) 9% =

Vim s k
VN kze/"a( q)a; (—q) e "% = tng,

TaK KaK CyMMHpPOBaHHe N0 — ¢ SKBHUBAJIEHTHO CYMMHPOBaHHUIO 110 4.
YuuteBas, uto g npobGeraer N KBasHAHCKpPETHBIX 3HAYeHHWHA, a j—
3s 3HaueHuH, To uMeercss Bcero 3sN KOMIJEKCHbIX BENHYHH a;(q).
Ms-3a ycnosus (6.5) 3T0 sKBHBaJNeHTHO 3ajaHuio 3SN BeLLLECTBeH-
HBIX KOODAMHAT (3SN paBHO Yucay creneHeit cBOGOABI CHCTEMBI).

Bripaxenue (6.4) ans cMmeweHH# aToMoB MOxeT GBITh 3a[HCaHO
B HECKOJNIbKO HHOH JJIf HEKOTOpHIX Uelell OoJiee ypo6nolt dopwme.

[TpoBeneM yepes HayasJ o KOOPAMHAT 4-IpPOCTPAHCTBA MJOCKOCTb;
TOTJa BeKTOpPhl § M — g DAacClOJOXKeHb! [0 pa3Hble CTOPOHBI OT 3TOH
MJIOCKOCTH. 3anuileM BbipaxeHue (6.4) yepe3 CyMMBL IO ¢, B3ATHE
N0 pasHble CTOPOHBl OT MJOCKOCTH:

k .
Un e a , etd%n
0= VNmk{qg‘,’k“(q (g, 1) el +
+ 2 einalq) (g, t)e"‘"’"} .
<0,
Mensia Bo Bropofi cymme g Ha —¢g u ucnoabays (6.3) u (6.5),
NOJyYHM
R 1 ! iqa * . -lga
Unpo =—F— E‘ {eira(q) a; (g, ) €99 + ejuq () aj(q, 1) e nh
}/Nmk qi .
(6.4a)
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rAe IITPUX Y CYMMBI 3, O3HAYaeT, YTO CyMMHPOBAHHE IO § BeJEeTCH
Mo MOJIOBHHE 30HHI Bpuiamosna.

Jnst Toro ytoGbl BbIPa3uTh KOMI‘IJIeKCHbIe KOODIHHATH a; (4, t)
gepe3 BElIeCTBEHHbE CMEMICHHS LUy, YMHOXHM 00€ 4acTH paBeH-
ctBa (6.4) na mGe,,ka (q)exp(—zq @,;) ¥ NPOCYMMHDYeM HUX IO
n, kR, a. CymMHpOBaHHe B IpaBOM 4YacTH 1O /& MHOXHTeJs
exp [i (—q') @.] naer, cornacuo (I1. 6.4), Benuununy Ndgq-; CyMMH-
poBaHHe NO R, o MHOMCHTENA €uq (q)ej.r, Raer, coraacHo (6.2),
BEJIHUHHY O ‘OKoHuaTebHO TIOCHE CYMMHDOBaHHS 11O ¢ W j MOJY-

YHM A8 TIPAaBOi YacTH V}T/a,v(q’). ITepeo6osnauas j' u @’ Ha j u

q, TIOJIyUUM
a, (q)— ZV Myllboeire (q)e=19% . (6.6)
nka
JlAst Toro 9ToGh! yéezu»m:cn B TOM, 4TO 4 (q)— HODPMAaJIbHBIE KOOD-
JHHATHl CHCTEMBI, BBIPA3HM YEPe3 HUX KHHETHYECKYIO H NOTeHLHaNb-
HYIO 3HEpruu KpHCTama.
Kunernueckast sHeprasi aTOMOB, B pacueTe Ha OCHOBHYIO 06J1acThb
KpHCTajja, paBHa
T =5 2my (i) =51 [Ze,m (@, t>ewa~] , (6.7
nko ukoc
rJle Mbl BOCIIOJIb30BaJIRCh COOTHOLIeHHeM (6.4).
Tax kak xpajipaTHasi ckob6ka npasol uyactd (6.7) BellecTBeHHa,
TO ee KBajpaT Moxer ObTb (OpPMaJbHO NpeAcTaBjeH KaK MPOH3-
BelleHHe CKOOKH Ha KOMIUJIEKCHO conpsiKeHHylo. Takum obpasoM,

GG/*:—L > leina(@)a (g, 1) 9y (@) Q) (@', ) e 12 ]. (6.8)
nko gjq’j’

W3 (1. 6.4) crenyer, yTo
3 0 Ny,

TIO3TOMY CYMMHPOBaHHE M0 @' MO3BOJIAET BO BCeX MHOXHTEJAX
HOJIOXKHTb @ =¢g; NocJjie 3TOro cywmnposaﬂue no k, @ npoussene-
HHSA e,,me,,ka naer MHoxuTenb O (eM. (6.2)). Haxox—teu, CYMMHPY A
no j’, monyuum nsz (6.8)

C.G/'=%Z a; (g, )] (6.9)
qj

[MoTenunanbHast Heprus OCHOBHOHK 06JacTH KpHCTania B KBaapa-
THUHOM npu6nmxeﬂuu 110 CMEILEHHAM aTOMOB, cornacHo (5.2), paBHa

(D_? Z q)aB( /) ufuxuz”ﬁz

nn'kal’f

= X ‘Daﬁ(kk');/"zema q) af (@) e x

nn'hak’f
* Ve a —— Y g (q) a (g') €7, (6.10)
g
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TAe Mbl BBIDAa3uJH CMelleHHsl aToMoB yepe3 (6.4) u gna ynoGcTea
o k 13
BBIYHCJCHHH 3anucaJjii BeleCTBEHHYIO BENHYHHY Ung YEPE3 (Ung)*.
IlpeoGpasyem cymmy mo n u n':

1 kR’ i(g'a —
Vo Ot e ) €T =
nn’ K R

=Zel(q’—q)an Z 1 (D (kk' )ezq (ap-a,) __ Néqq Dkk, (q )

Vm &My nn

rae Mbl ucmosnzoBanu (I1. 6.4) n (5.10a)?). TlogcraBaas 310 BBHIPa-
xeHue B (6.10), cymmupysa no ¢’ u ucnoansys (6.1), monydum

(D:2L Z D Q') 8gq:€}r0, (@) 0] (@) €11 (9) 01 (") =

jkoj’l'Bgq’
1 * *
=5 2 0} (9) eria (@) €fia (9) a7 (9) 2} (@)

kaji’q

Cymmupys 1mo k, oo ¢ HCroJib3oBaHueM (6.2) W CyMMHpys mo j,
NIOJIYYHM OKOHYATEJIbHO

(D——Zco, (@) P (6.11)

Takum ofpasom, ans noMHOH 3HEpPTHM OCHOBIIOH 061acTH KpH-
CTaJNla NOJNYyYHM

§=J +0=5 ZU q) I -0} (9) |2, () |*]- (6.12)

H3 ctpykTypel 3t0TO Bpra)KeHHﬂ BHJHO, UTO BHEpPrHs KoJeGaHHH
aTOMOB KpHCTaJ/a paBHA CyMMe SHepruil KoseGaHuH OTAeNBHBIX
He3aBHCHMbIX «OCUHJIIATOPOBY C «KPIHeTHlleCKOH 3HeprHei» 1/, ja, (@
W «[IOTEHUHAaNbHOMA 3HeprHeiy 1/,0}(q))a;(q) [ nosToMy BeJHYHHBL
@;(g) yMeCcTHO HasBaTh KOMMACKCHbLML HOPMAABHOIM U KOOPOUHAMAM U,

3. Tak Xak 3akoubl MeXaHHKH CHOPMYJHPOBAHbI ANS BELIECT-
BEHHBIX KOOPJHMHAT ¥ CKOPOCTEM, TO XKeJaTeJIbHO B BHpaxkeHuH (6.12)
nepeiTH K BeleCTBeHHBIM HOPMaJbHBIM KoopiunHaraMm. HawnGolsee
HEMNOCPEACTBEHHO HX MOXHO BBeCTH, no.Jaras

0 @) = 5[0y @ +iQy @) (6.13)

rre Q,;(g) v Q. (q) semectsemisl. Ha nepBbm B3IV Kake1cs,
YTO YUCJIO MX B JBa pasa GoNblue yicna creneieil cBOGOAL, OZHAKO
3 (6.5) crenyer, yToO

Q,(g)=0Q,;(—q), Qy(q)=—0Qy(—0q). (6.14)
1) Hapgo yuecTs, yTO E(...) He 3aBHCMT OT f2, TaK KaK BbIPaXeHHe, CTOA-

mee NOA 3HAKOM CYMMhI, 3aBHCHT TOJLKO OT Pa3HOCTH n—n.
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B cuiy 3170r0 4MCJI0 He3aBHCHMBIX BellECTBEHHBIX HOPMAJbHLIX KOOp-
Aaupar paBHo 3sN, T. e. uucay crenened cBOGOABI (KaK yXe yKa-
3biBajioch nocJe paBeHcTBa (6.5)).

Huast toro yrobbl BeIpa3uTb 3Hepruio & (6.12) uepes HesaBH-
CHMMBble KOOPAHHATHl Q,; ¥ Q,;, MBl TIpOBeleM B @-IPOCTPAHCTBE
IUVIOCKOCTL Yepe3 HayaJo KOOpAMHAT H Tocje noactaHoBKu (6.13)
B (6.12) 6ymeM CcyMMHpOBaTb IO § TOJbLKO IO OJHOH CTOPOHE OT
MJIOCKOCTH, T. €. MO MNOJOBHHE OPHJIJIIOZHOBCKOH 30HBI; TOTJa

& =1 2 {103 @) +6} (@) Q% (@) + (G (@) + 0 (9) Q% (@]} (6.15)
q)

MoxHo nNoKa3aTbh, YTO BELIECTBEHHHIM HOPMaJIbHBIM KOOpAHHATAM
(6.13) coOTBETCTBYIOT CTOSIYME BOJHBI B KPHCTAJJIE, CMEIUEHHblE ApyT
OTHOCHUTEJNbHO Apyra Ha 1/4 juuHbBl BoJIHBIY). 1 npHIOXeHMH
Gosiee ynoGHBIMH SIBJSIOTCS Gerylue BOJIHEL BellecTBeHHble HOp-
MaJsibHble KOOpAHLAaTBl M CKOPOCTH (MMNYJBCH) IJIs 3TOro cJjyyad
6bL1H Bnepeble BBeAcHB! P. [lafiepsicoM NMOCPENCTBOM KAHOHUHECKO20
npeobpa3osanun ®)

a, (@) =a (@) +af (—a). (6.16)

(@)= [Q, (q)++' Q (q)], (6.16a)

rie Q;(g)—peulecTBenHble HOpMaJsIbHble KOOpAMHATH. OueBHAHO,
yto ycsoBHe (6.5) BbINOJIHsieTCS aBToMaTHuecKH. Huxke Gyper noka-
3aHO, YTO Q; (=g)— AeACTBUTENLHO HOpPMaJibHBIE KOODAHHATH, H
[I03TOMY

31ech

Q (=9 =—0}(q) Q; (=49), (6.17)

TIe YuTeHO, uTo &, (-—q) =0, (q) (cm. (5.13)).
Uz (6.16) u (6. 17) NOJYUHM

@ (@) =",[Q, (@) —iw;(q) Q; (a)] +
+1:,[Q; (—q) -+iv, (9) Q; (—q)]. (6.18)
IloacraBasia Terepb (6.16) u (6.18) B (6.12), moayuum

Z%Z Q3 (@) + 0} (g) Q2 (@)] -+ [Q}(—aq) +0%(g) Q3—q)]} =
q)
=+ [0 (@) + (@) (@), (6.19)
q)

TaK KaK CYMMHDOBaHMA MO0 —¢g M ¢ 3KBHMBaJeHTHH, a u3 (5.13)

1) Bopu M,, Kyub X. JluHaMmuueckas TeOpHS KPHCTAJJIHYECKHX pelle-
ToK.— M.: U1, 1908 § 38.

2) JIaHAay JL. I, JTubmwuu E. M. Mexauuka.— 4 usg.— M.: Hayxka,
1973, § 45.
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w; (—q) = @, (g). Vs (6.19) Bunno, uto Q,(q) AeHCTBHTENbHO ABJA-
xorca HOpMaJIbHBIMM  KOODAHHATAMH, 4TO ONPaBAbIBAET BBIpAXKEHHE
(6.17) 1 noaTBepKAAeT, YTO npeobGpasobanue (6.16) — KaHOHHYECKOE.

BBoaa BelecTBeHHBIE 060GLIEHHBIE UMMYJbCH

P, (4)—-——Q (@), (6.20)
CONpsiKEHHBIE KOOpAUHATAM Q-(q) MOXKHO 3amucath (6.19) B Brge

¢=X[rP@+7o@e@]| -7 @ P, 62

rae 57 (Q, P)—¢dyuruusa [aMUJIBTOHAa CHCTEMEL.
[oncrasass (6.16) B (6.4), moayyum s cMewmeHHd aToMOB

e = VN_Ze,ka @ [a; (@) +aj (—q@))e’™.  (6.22)

Ecii BO BTOPOM CJIardeMoM, COJepXKalieM MHOXKUTeNb af (—g),
nepefiTH NpH CYMMUDOBAHHH OT ¢ K —¢g (YTO, OYEBHJHO, PABHO-
CHJIbHO) H BOCHOJIb30BAThCS SIBHBIM BHILOM (6 16), (6.20) u (6.3), ToO

tha == LuRe {eal@) [ @ (@) 157 P @ | €77 | 629
qi
(Re{...} —BeuiecTBeHHas yacTb BBIpAX€HHA, B (PUIYpHOiU CKOGKe).
TloxarkeM, YTO BO36YXAEHHIO OAHOH HOPMaJIbHOH KOOpAMHATHI
Q,(g) coorsercTByer Geryilas BOJHA C BOJHOBBIM BEKTOpOM g H
yacToToll w, (g).
Ecau TOJIbKO onHa HopMasbHas KoopauHaTa Q) (g) OTIMYHA OT
HYJA, TO cyM\aa B (6.22) npeBpaliaeTcs B OAHO cAaraemoe

o= —— Re {e,-a:z(q) [Q,A (9) + —5/"(—7) P, (q)] 'n } . (6.24)

V Nm

Tak xak @ (q)——HopMaanaﬂ KoopauHata, T0 Q;(q) H ij (q)
)

TAPMOHHYECKHM 3aBHCAT OT BpeMeHH, T. €. IpONOpPLUOHAJBHEI

exp (—iw;(q){). O603HaYasT KOMILTIEKCHYIO aMIIHTYLy B ¢GurypHo#

ckobke uyepes Cq(g) e'® (MHOMHTeND, cToAWME nepen Re{...}, BKJIO-

yen B Cq(q)), MoNyyuM

Une = Re {Cq (g) €980 D 1o (6.25)
OTKyJa cJeayer
ne = Co (q) cOS (q@n — @;(9) L+ 9), (6.26)

rae  €(g)—aMnanTyfa NJIOCKOH  BOJIHHI, pacnpOCTpaHﬂwmeﬁCﬂ
B HANPABJIEHUH BOJIHOBOFO BEKTOpa ¢, C HACTOTOH ®; (q); ¢—asa
5TOH BOJHBL. MBI BHAWM, YTO HOPMaJIbHBIM KOOp}IHHaTaM Q,(q),
BBEJIEHHBIM MOCPEACTBOM KaHOHHYECKOoro npeo6pasdosanus (6.16), co-
OTBETCTBYIOT Geryiuue BOJHH (6.26).
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4. B npeppiayuieM naparpade Gbl10 NMOKasaHo, YTO AJIS NPOCTON
pewetkd (pewetku Bpase) amnaurynst A, BemecrBerurl. OueBHAHO,
TO K€ HMEeT MecCTO AJ1s1 COOCTBEHHBIX BEKTOPOB €jg').

Va3 (6.4a) caenyer, uto Aasi NpOCTOMH peleTKH

e VNM Z eia (@) {2, (q. 1) +-a; (q, 1) ™). (6.27)

3pecb M—wmacca aTOMa, a WTPHX y CYMMBI O3HayaeT, YTO CYyMMH-
poBaHue Mo g BeJETCA YO MOJIOBHHE GpPHJIJIOIHOBCKOR 30HHL,
Haxonen, us (6.23) ans mpocroit pemeﬂm caeayer

1 A ) 7 (@)
Una _71\_'—/1_4%‘6’“ Q) { - (q) cos qa,,— (q)sm qa,,] . (6.28)

§ 7. KoseGaHus npocToit kKyOM4eCKOH peleTxu

PaccMOTpUM NpocTyio KyGHUECKYIO PEILETKY, B KaXAOM ysJje
KOTOPO# MOMEIeH aToM Macchl 1.

Ha puc. I11.12 wu3o6paxena 1poctass KyGuueckas pelieTka M
TIPAMOYTOJIbHAA KOOPAUHATHAA CHCTEMA X, y, 2 C HAauajoM B atome 0.
[Hecrs 6mpkaiiinx @-aToMoB
PacCIONOKEHB HA PACCTOSIHHY @ OT 4
ueurpanbHoro QO-atoMa (nepgas
KoopOunayuonras epynna). Cne-
Lyouiie 12 aTOMOB, pacroNoXeH- 2 o 7
HEle HauGosee 6113k0 X O (emo- T
pas KoopOUHAUUOHHAR 2pynna), I !
HaxonsTcss o O Ha pPacCTOSHHU 5" ;
alV/2. U3 nux atombl /, 2, 3, 4 / :
JEeXAaT B IVIOCKOCTH Xy, aTOMbl | / _ &
5, 6,7, 8—B naockoctH yz u & T 97[
atoMel 9, 10, 11, 12—3B nno- F 7
CKOCTH Xz ?). il H A

Jng  ynpouweHuss  3anucu Z ?W
0603HaYUM BEKTOP TNipsAMOH pe- G
LIeTKH a

@n=0n,0,+n0,0,4+ 1,0, =n Puc
a,=0a,=a,=a). (7.1 )

M3 (5.2) caepyer, wro cuia, pefictByiomas Ha atom (7, k) B
HanpasjIeHHH o, NPH CMEWeHHW aroma (', k") B HampaBjeuuu P

[11.12,

) Ipu cymmuposanna B (6.12) 00 DosoBHHE 6PHAMIOSHOBCKOH 30HBI CAELYyeT
ONYCTHTh MHOMXHTENb 1/2

2) Yyer B3auMOJEHCTBHA CO BTOPOI KOODAMHALMOHHOH TIPYNMNoi HEo6XOAMM
A obecrieneHHs cTabHAbHOCTH peleTKy.
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R o
Ha BeJMUHHY U3, B JIHHEHHOM HPH6J1H)K6HHH paBHa

_0“’:_@5(“)%& (7.2)

3
ouna

B cayyae npocTofl pelleTKH HHAEKCHl R H k' OTCYTCTBYIOT H CHJa,
neficTBYIOWast HA aTOM B HauaJle KOOpAWHAT (n=0) B HanpaBJeHHH
OCH o, TIPH CMEIEHWH atoMa #' (=) B HanpaBJeHHU B HA BeJjH-

UHHY Un,p, PaBHA
ao

auga

— @%tnp. (7.3)

Cuaa (7.3) MoxeT ObiTb BblpaXkeHa yepe3 KOHCTaHTY KBa3Hynpyroil
CBS3U 0, 3aBHCSILILYIO, BOOOIE T'OBOPSl, OT PACCTOSHHSI MEXAY aTo-

MamMH n=|n|. Hmeem

DO g =ttty B (7.4)
ap“nB nnB T T :

rle fg U f,— NPOEKLUHMH pacCTOsHKA n Ha ocH [ u a. Orciona

nanﬁ

o __ ___
CDGB— % —

(7.5)

ITpu ompenenenHy Daﬁ (g) no dopmyne (5.10a) HeOGXOAIIMO CyMMH-
poBaTh 1O BCeM n', B TOM uucae W no n' =0; B TO XKe Bpewms
¢dopmyasl (7.4) u (7. 5) NPHMEHHMBl TOJNBKO B cJayuae n=%<0 (Mbl
3aMeHHJH n' Ha n).
Ilis roro utoObl onpenesuTb Mgy, BOCIONb3YyeMCS COOTHOLIEHHEM
(5.36), otkyna
Oop=— X ®og- (7.6)
(n = 0)

3 (5.10a), (7.5) u (7.6) ciemyer naa AMHAMHYECKOH MaTpHIbI

Dup(@=— > oy 2L (1—eiam), (7.7)

(n = 0)
re m-—mMacca aroma.
Beuncaum D, (g). Jlerko Bujerb, 4TO NPOU3BEJEHHE N M, =N}
OTJIMUHO OT HyJs TOJbKO Ajisl ABYX @-aTOMOB, JleXaliuX Ha OCH X
(puc. 111.12), nostomy A/ nepBoil KOOPAMHALHOHHOH TpPynIbl

2
DR@ =4 2 o (1—er)=

(n5=0)
= B[] —eiava | —e-iaxa] =24 (1 —cosg,a)=Hsine 8t (7.9)

Uerklpe aToMa BTOPOH KOOpAMHALMOHHOW rpynnel (5, 6, 7, 8; puc.
I11.12) Braaga B DY) He jawr, TaK Kak Jas HUX n,=0. YuuTsl-
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Basg BKJaL BOCBMM OCTAIOM[HXCS 4TOMOB BTOPOH KOOPAHHALHOHHOM
IPYNNEL, NOJYYUM

Z a'z
(n == 0)
(ﬁ)z [8—2 cos (9.a + g,a) —2 cos(g.a—q,0)—
—2cos (q.a+ q,a) —2cos (g.a—q,0) =
= % [2—cosg.acosga—cosg,acosgal. (7.9)

(2
D3(q

an)

5|8 3|—

I

ITpn BelyuMcyeHun sTON CyMMBI, Hanpumep, atomul 1 u 3 (puc. 111.12)
AT

(1—e" @9y 1 (1—e ™" @+ 9yD) =2 — 2 cos (q,a + 4,9),

aHaJOrHYHO ADYrHe naphl aTOMOB.
Hs3 (7.8) u (7.9) cneayer, urto

D..(q)=D2(q) -+ D (q)=

4OL1 xa 2052

24
sin® 5=+

[2 —cos g,a(cos g,a+cosq,a)]. (7.10)

OcranbHpie AHAaroHaJbHBE UYJEHBl AHHAMHueCKOH Matpuiml D, (g)
¥ D,,(q) nonyuatorca u3 (7.10) mocpefcTBOM LHKJAMYECKOH Mepe-
CTAHOBKH HHEEKCOB X, y U 2.

HepuaroHasnpHple wieHb AHHAMMYECKOH MaTpHIbl, Hampumep,

nyn,
Doy@ = X, gl (1—eian). 7.11)

(n==0)

AtoMH mepBOH KOOpPAHHALMOHHOH rpynmul BKnaa B D, (g) He BHO-
CAT, TaK KakK Al HAX aubo n,, nu6o n, paBHbl HyJ0. M3 BTOpok
Koopunﬂauuonﬂoﬁ TPy anan BHOCHT TOJBKO YeThipe aToMa,
JieXalHe B IMJOCKOCTH XYy:

Dy (@) = (5 ) L1 —e' 07 —
— (1= 92 =D) | (] —~ ¥+ 9D (] —e~ 0,87 00)
= ;7; [2cos(g,a—q,a)—2cos(q.a+ q,0)]=
=2%sin q.asinga, (7.12)
D, (q)= -2% sin g.asing,a. (7.13)

OcranbHpie HefuaroHaJpHble 4JeHBl D, D,, u T. &. MOryT OHITb
NOJIyYeHLl LUKINUECKOH nepecTaHOBKOH.
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M3 (7.10) 1 (7.13) MBI BHAMM, UTO 3JIEMEHTHl JAUHAMHUECKOH
MaTpHUbl BEIIECTBEHHBI B CHMMETPHUUBEL, T.€. Dgg= Dy, KakK 3TO H
JOMKHO OBITh ANS NpocThiX pemetok (cm. (5.11B)). XapakrtepucTH-
g, yeckoe ypaBHeHHe (5.11) umeer
BHJL

| Dog (q) —0*8ap| =0, (7.14)
il rie Dqgg(q) Onpenessiorcss BbIpa-

sgenusamu (7.10) u (7.13).
\r AN X ¥ paBHeHue (7.14) Tpetbeii cTe-

Oy / g, TI€HH OTHOCHTeJIbHO ®%, MO3TOMY
A
I

ero peileHHe B oflleM cJyuae
Pl R bl 3aTPYAHHTEJIbHO; Mbl CGro pelHM
9 .-~ JJIsT U36paHHBIX CHMMETPHUYHBIX
- ToueK (JHHHUH) 30BBl BpHaaos-
Ha.

Puc. II1. 13. Jas npocroit kybuyeckoit pe-
WeTKH 3oHa DBpuaniossa umeer

¢dopmy kyba, usobpasxkennyio Ha puc. [11.13.
Ornpejenum BuA CHNEeKTpa (AKMCIEPCHIO) H HanpaBJeHHE BEKTOPOB

noaspusauny e; (j=1, 2, 3) asia Touex A, T. €. ocH cummerpuu [100].
B stom cnyqae g.=4q, 9,=4,=0, uus (7 10) n (7.13) caenyet, uto
D, =42 gnade  p —p, —Lagedl (715

Bce nenuaronanvuwie unenst Dy, D,, ¥ T. A. paBHbl HYJIO NI03TOMY
XapaKTepUCTHUYECKOE ypPaBHEHHE HMEeT BHA

(D,,—®*) (D, —0**=0, (7.16)
oTkyaa tpu (j=1, 2, 3) ero xopus:

4 (t+204) . ,qa o5 . ,qa
wﬁszx=—‘TSlﬂ27y 2 2 71—5m27. (7.17)

W =0f=
YpaBHEeHHS ANA  TMOJNAPH3ANHMOHHBIX BEKTODOB €, HMEKT BH]
(M. (6.1)):

Dxxe1x:mie1xv

D, ey, =wie,, (7.18)

DZZelZ = m%elz’

D, e, = wse,,,

DuyeZu (’32621/' (7.19)

Dzze2z - (DZeZZ'
YpaBHeHHs AJsA BeKropa e, cosmajaior ¢ (7.19). Pewenus ojHo-
poaubix ypasHeumit (7.18) u (7.19), ¢ yueToM HOPMHPOBKH €,, €,
u e, (cm. (6.2) u (6.3)), umeror Bux: e,(l,0,0), e,(0,1,0) u
e, (0, 0, 1); u3-2a BBIPOKJEHHA YaCTOThl ®,= @, BLIGOP COCTaBJAI-
IMHX Yy €, U e, HEeONHO3HAYeH, MOXKHO, HalpHMep, MOJOXHTb
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e, (0, —1/V2, 1V u e, (0, 1/V2, 1/)/2), uro, onuako, He mpH-
BOJHUT K HOBEIM (PM3HYECKHM HHTEPECHRIM pe3yJkTaTaM.

Takum o6pa3oM, BOJIHA pAaclpOCTPaHAIOIAACA BJOJb OCH X C
BOJIHOBEIM BEKTODOM § = ,, XapaKTepPH3yeTCs NPOAOJNbHEIM BEKTOPOM
nonapusauuu e, (1, 0, 0) u nmonepeyHLIMH BEKTOPAMH IOJISIPH3ALHH
e (0,1,0)u ef (0, 0, 1).

CekyunsipHoe ypaBHeHHe (7.14) MoXeT OBITb INIPOCTO peLLUEHO H
ISl APYFHX CUMMETPHYHBIX Touek (nuHuH) A, £ u Z (puc. I111.13).
OnpejenuB sl 3THX TOYEK COOTBETCTBYIOLIHE 3HAYEHHS ®}, MOXKHO
u3 ypaBHeHu#l (6.1) onpemesuTh TNOJSIPH3AUHOHHBIE BEKTOpHl. Tak
Kak npoueaypa sta nofoGHa mpojesaHHON HAMH BHILLeE JUIS TOYKH A,
Mbl He BOCIIPOH3BOJWM BBIYHCJEHHH AJsi OCTAJbHBIX TOYEK, OTpaHHM-
YHBasiCb NpHBejeHHeM pe3yabraToB B Taba. I11.1.

PaccmatpuBasa Ta6a. I11.1, BuAHM, YTO NOJsSpH3AUHOHHBIE BeK-
TOpEl €; HODMHDOBAHbI Ha €JIHHHLy B cJIyyasx a) u r). B aByx

w w
[ 4zx,+&z?]'/z "
m
L N
4_ . ’
I g x 1% T o rY
, Vi .
f v | [ fie)
et o e e
L‘ ’ Z 14
T p ks X P 9
Puc. 1I1.14.

IPYTHX Ciyuasix, Mbl AJ1S1 HATJAJHOCTH TPEANOYJH HOJOKHTbL paB-
HbIMH == 1, Bce He paBHBIE HYJIO COCTaBJsoWMe y €;. B cayvae
6) BekTOpBl e u e He OPTOrOHANELHBI IPYT K Apyry (oHH ofpa-
sytor yroa B 80°, B yeM MOMKHO YOEIUTHCS, COCTABHB MX CKaJsp-
HOe TpoM3BeJeHHe). IDTO He NPOTHBOpEUYHUT ofiuell TeopeMe, NOKa3aH-
noit B Tlpunoxenun 3 0. 5, Tak Kak co6CTBeHHble BEKTOpHl e’ U e
OTHOCHTCS K OAHOMY COGCTBEHHOMY 3HAUEHHIO ®F= 3. MoXKHO, KO-
HEeYHO, H B 3TOM CJiyyae IOCPEJCTBOM JIHHEHHOro npeoGpa3oBaHus
BBeCTH B3aWMHO OPTOrOHaJIbHbIE COOGCTBEHHBIE BeKTOpHl. B cayuyae
T) BETBH KoseGaHull He pa3AessloTCS Ha NPOAOJbHbIE W TNONEepeyYHble
(trosibko ¢, (0, 1, 0)— nonepeuroe kKoJseGanue).

Ha puc. I11.14 cxemaTnuecku H306paxKeHbl 3aBHCHMOCTH YacTOT
©; 0T ¢" B cnydasx a)—r). B cayvaax a), 6), 6) JMHAK CHMMETDHH
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Ta6anwua III.1

a) Jlunus A: gy =4, 9, =¢,=0.
A0O ‘
[Pagl=[0 B0 A:—%‘l:&l2 sinz%a, B=4m 51”2‘72‘1’
00 B|
wl= 4, e, (1,0, 0
ol=0i=28, e (0, 1, 0), e (0, 0, 1)
6) Jluuun A: qe=q,=q =q’:L
X v z ]/73 .
IA b5 4o qg'a | 4o,
HDO.BHZ; B A B, A== /nl lnzT—l pe = sin qa B___S]n2qa
|8 B
w}=A+28B, e, (1, 1, 1),
w;=0j=A—B8, e (1, —1, 0), e (1, 0, —I).
B) Jlunna £ gy==q’, q,=0, ‘Iz:q’:—l/%.
|40¢C 4 (ay-1-a) a, 2
DaB”: 0 B 0f, A_——’m 2 smzqg —}— 2sm q'a,
C 0A
4 2
Bzﬁsmzﬁ, C:ﬂsinzq’a
m 2 m
0i=A-+C, e, (1, 0, 0,
oi=5, e (0, 1, 0),
wi=A—C, ep (1, 0, —I).
r) Jlunus Z: qxz-_, v=0, G,=¢"= “/q _(_)
400 _day | 2a
|Dagl=[0 B 0. A=T14-=2(3+cosq'a),
0
__<a® Cday ., 0'a | day
B="2 3—cosq'a), ="k 44T
of=A, e, (1, 6, 0),
ol=B, e (0, 1, 0)=eyp,
wi=C, (0, 0, ).
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BHIXOJAT W3 TOYKH I'—leHTpa OpHJJIOSHOBCKOH 30HBI, KOTOPOMY
coorBercTBYeT =0, NMO3TOMY aKyCTHYeCKHE BeTBH B 3TOM CJyuae,
KaK H JOJINHO 6bITb HayuHaiotea ¢ @;=0. Kak cienyer us tabi.
I11.1, B 3TUX caywasx, AJS1 MaJbX 3HAYeHHil BONHOBOFO BeKTOpa ¢,
©=10,9, TIe ¥,—CKOPOCTb 3ByKa (CKOPOCTb PAacCNpOCTpaHeHHs NJIHH-
HpIX BosH: ga=2ma/h <€ 1, T.e. IJIHHA BOJHH A 3>a = [OCTOAHHOH
PeLeTKH).

W3 ta6a. 111.] nerko onpemenuTb CKOPOCTH NMPOROJNBHOM H TMoOTe-
peyHol BOJIH 3ByKa, BO BCeX Tpex ciydasx (a, 6, 6). Hanpuwmep,
B cJyyae a)

- a -+ 20 _ o
Upp=a 1/ m o Yr=4a m’

OTKYyJa caefyeT, YTO U, > Uyr; 3TO HMEeT MeCTO BO BCEX TpeX cay-
vasx (B cayuasx 6) u 6) Hajo nosoxuth ¢' =¢q/V/'3 u ¢ =q/V'2).

Jlunus cuMMeTpud Z He MPOXOMHT 4epes LEeHTP OpHJI09HOBCKOH
soubl (puc. I11.13), nosToMy AMCIIepCHOHHEIE KDHBblE ©;=w;(q) He
HAYWHAIOTCS € HYyJs. 3aMeTuM, 4YT0 ¢,=¢=7m/d B cnyqae a) n
g,=¢q =0 B cJayyae 2) COOTBETCTBYET Of(Ha U Ta Ke TOYKa B GpHUJ-
JIIO3HOBCKOH 30He X, NMO3TOMY NpefenbHLIe 3HAYeHHs 4acToT B 060X
CIyyasix COBIAJAIOT.

§ 8. Tlpumenenne TeopuH rpynn K HCCIACAOBAHHIO
HOPMAJIBHBIX KOJeGaHMM KPHCTANNHYECKOH pPelIeTKH

1. B (rn. 11, § 7) Mbl uccnenoBanu B oOWEM BHAE BONPOC O
NpUMEHEHHH TEOpHHM TpPYNN K KBaHTOBOMEXaHHYECKOW CHCTeMe, ra-
MHJIBTOHHAH KOTOpOH 06J1ajaeT HeKOTOpoH cHMMeTpuedl. B mepsom
NYHKTE HAacTOALEro naparpada Mbl PACCMOTPHM aHAJOTHYHBIA BONpPOC
B [pHMEHEHHH K HOPMaJbHBIM KoJeGaHHAM KPHCTAJlJHYeCKOH pe-
IIETKH; 3aT€M MBI NPUMEHHM MOJyUEHHble De3yJabTaTHl K MpPOCTOH
Ky6uueckoli pelreTke, WccsaefoBaHIIoOf B mNpeAblaylleM naparpade.

BymeM HcxomnThb 13 NOHSTHA TPYONBl BOJNHOBOTO BeKTopa G,
BBeneHHoi B ra. I1, § 8, n. 3. ['pynita BoaHoBoro Bekropa (g ecTh
NOArpynna npoCTpaliCTBEHHOK rpynnel Kpucrasana G, uMewoulas aJe-
menthl g={R|a (R)+ a,} Takue, uto Rg=¢q uan Rg=q-b:, rne
b; — BeKTOp O6pAaTHOM peLIeTKH.

HopneiictByem onepatopom P, (I1.6.1), rae g € Gy, Ha oGe uacT
ypaBHEHH (6.1). Tlpumenenue onepaTopa P K JHHAMHUYECKOH Mat-
pune D (q) (5.10a) ocraBisier ee Ge3 uaMénenus. B camom Jene,
HOCKOJIbe JJIEMEHTBl ¢ ABJSIOTCS 3JEMEeHTaMH CHMMETPHM KpHCTaJlaa

; kK
(g €G4€0), a cunobule KoappHuHeHTE Dyp ( ) 6epyTcs OnA paB-
HOBECHBIX MOJIOKEHHH aATOMOB B pellleTKe, NpeoGpasoBanie P MOKeT

H3MEHHTb TOJIBKO HYMEpalMi0 Y3JOB pelleTkn n, n', 1o KOTOprM
NIDOM3BOAHTCS CYMMHDOBAaHHE T[IPH OINPEACJEHUM D’*" (@) (n moxHo



158 KOJIEBAHH S ATOMOB KPHUCTAJIJIMUECKOXI PEMETKH [IJI. 111

BCErjia MOJIOXUTh DaBHBIM HYJIO); YTO 2Ke KacaeTcs BOJHOBOTO BEK-
TOpa ¢, TO OH He MeHMeTCcs MO ONpEneJeHHIO TPYNNE BOJHOBOTO
BexTopa G4. B pesyabrate mbl u3 (6.1) moayuum

kZﬁ D (9) P gewp (9) = 0% (q) P ina (9). 8.1)

D10 ypaBHeHHe B HEKOTOPOM OTHOLIEHHH aHAJOTHYHO YpaBHEHHIO

[Ipenuurepa (11.7.13): poab, raMuabTOHHAaHa 7 (X) urpaer JHHa-
MMueckass MaTpulia DXy (g), ponb coGeTBeHHBIX GyHKUHE P (x) —
COGCTBEHHLIE BEKTODDI €k () W POJIb COOCTBEHHBIX 3HAUEHUH 3Hep-
rid & —HOpMaJibHble 4acTOThl & (g).

Mpb1 BUAMM, 4TO COGCTBEHHBIE BEKTOPB! &jrg () MIrpaioT posb Oa-
3HCHBIX BEKTOPOB HENPHBOJMMOro TpeAcTaBjenus rpynnu G,. Ecau
co6CTBEHHOE 3HaueHHe f(g) ypaBHeHust (6.1) BbIpoXIeHO, T.e.
HMEEeTCH HECKOJbKO JIHHEHHO-HEe3aBHCHMBIX COOCTBEHHBIX BEKTOPOB
€jke. (), COOTBETCTBYIOIMX HACTOTE (), TO COOCTBEHHBIH BEKTOD

Pjre () MONET ObITb NpEACTABJEH KaK JIMHEHHAs KOMOHHALHs
COOCTBEHHBIX BEKTODOB COOTBETCTBYIOUIMX 4YacTOTe ,(q). Martpuusl
3TOro JIMHERHOTO NpeAcTaBjeHusn, aHajsoruyHo (I1.7.15), ocyuecr-
BJISIIOT HENPHBOJMMOE NPEJACTaBJEHHE TPYIIbI BOJHOBOTO BeKTOopa Gy.
PasmepHOCTh HENPHUBOAHMOrO NPEACTABJIEHHA PaBHA KPATHOCTH Bbl-
POXJEHHA YacCTOTH ©,(q).

Jaa Toro yro6bl NMpPUMEHUTb TEOPHIO TPYNN K KJjaccudHKallHu
KoJieGaHHH KpPUCTAJIJIOB B PasHbIX TOYKAX 30HB Dpuia/mosHa, Hano
4HAJIOTHYHO TOMY, KaK 3TO OpLIO caedaHo anas mojekya (ra. 111,
§ 8, n. 3), onpeneauTs NOJHOE (NPHBOAMMOE) NpeACTaBjieHHE, COOT-
BeTCTBYIOILEE KoJsieGaTeibHBIM CTeNeHAM CBOOOABI A/A ONpeleleH-
HOro g. JlJis CJIOXKHOrO KpUCTaJJja NOJHOe YHCJIO KoJe6aTesbHbIX
cTerneHell cBOGOMBI Ur, paBHO 3Ns—6 ~ 3Ns (N —uucio KpHCTal-
JUYECKHX sYe€K B OCHOBHOH 06J1acTH, S— YHCJO aTOMOB B syelike),
T.€. OUeHb BeJIHKO.

Onnako Hac MHTepecyeT KJaccHukanua KoJsebaHufl B jgaHHOH
TOYKe OGpHJJIIOPHOBCKOH 30HBI, T. €. AJA ONPEeAeJIEHHOTO 3HaYeHHs
BOJIHOBOT'O BEKTOpA ¢, KOTODBIH (/11 OXHOH BeTBU KoJjeGaHHi) caM
npuHumMaer N KBasyRUCKPETHHX 3HaueHu# (5.24). Tlostomy uncjo
KoJ1e6aTeJIbHEIX cTeneHel CBOGOL npy JaHHOM 3HAYEHHH § paBHO 3s,
T. €. pPaBHO YHCJAY cTeleHed cBOOOMbI s ATOMOB 3JIEMEHTApHOM
AYeHKH.

M&I JO/KHEBL OT 3sN CMellenuii aTOMOB Uk, TepelTH K uX dypbe-

ofpasam Ure (g) (KaK 5TO cllelaHO HHXKe) H ONpPEJeJIHTh, N0 KaKHM

npeACTaBJEHHSIM NPOCTPAHCTBEHHOH FPYNIH BOJHOBOro BeKTopa Gy

OHH TpeoBpasyloTcs. v
Bynem HcxoauTb H3 BblpaxeHHs (6.4), KOTOpoe Mbl 3alHUIEM B

BHJlE
uﬁa = Z Uka (q) ¢'%n s (8.2)
q
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rae
1

E Cit ; . .Za

e @) = e B0 @)@, D) (8.22)

31ech €;,— NONAPH3AHOHHBIC BEKTOPHI, @, — KOMIJI@KCHBIE HOPMAJib-

Hble KOODJWHATHI.

YMuoxas obe yactH (8.2) Ha exp(—iq'@,), CyMMHPYs NO R H

ucnonways (I1.6.4), nomyuunm

1 -iga
ho (§) =5 20 Tl (8.3)

(rze MBI B TocJieflHeM BBIpaXXeHHH 0GO3HauwJHK g Yepes g).
[TpuMenum K 3s (Mpu 3aJaHHOM 3HAYEHHH ) BEJIHUMHAM Upg (q)
oneparop P, -1 (I11.6.1), rae
g={R|am+a) (8.4)
—3JIeMEeHT TPYNNLl BOJHOBOrO BeKkTopa G, (OYEBHAHO, g~'—TOXKe

3/1IeMeHT T'PYNNE BOJNHOBOIO BeKTopa G,).
M3 (8.3) caenyer

A~ l —iga, A
Pyt (g) = 2,71 P pmrti?,. (8.5)

Oneparop ﬁg—n nelcTByeT B npaBoit yactu (8.3) TOMBKO Ha cMelne-
HMSA Upg, TAK KaK MHOXKHTENH exp (—iqa@.) sBasioTcs Kodddulumen-
TaMH PA3JOKEHUS BEJHUHHBI g, () 10 CMEIEKUAM Uy (aHANOTHYHO
B ra. 11, § 8, n. 3) onmepatop Pp mpeofpasyeT CMelIEHUS i, aTo-
MOB B MOJIeKyJie, He AeHCTBYA HAa Hymepalulo aTOMOB).

TaK KakKk uﬁa—COCTaBJIHlOLLlaH BeK’I‘Opa CMellleHHs, TO aHaJIOTHYO
(11.8.13)

k - K
Pg-luna—'_- Z D" (g~ wror, nhatina. (86)
n'kio’
Marpuua D* paamepuocTH 3SN OCYIIECTBJSET NpejCTaBJeHUE CMe-
HmlexHi Bcex aTomMoB KpHcraaga. M3 (11.8.13) cmepyer, yro
D* (g_l)n'k’a', nko, = A (g_l)a’aﬁn', g(n)ék’, g (k) (87)

3pech A (g™') —matpuua npeoGpasoBaHHi KOMOOHEHT IIONAPHOTO
BEKTOPA Ung NpPH npeo6pasoBaHHi g~! KOODAHHATHOM CHCTEMBH;
cumBoJIel KpoHekepa Onr, g (), O/, 4 4y YUHTHIBAKOT, YTO B pPe3yJbTaTe
onepaulH g atoM (1, k) NEPEXOIHT Ha MECTO aTOMa TOrO Ke CopTa
(n', £).

Ioncrasnsas (8.7) n (8.6) B (8.5) u npeo6pasys TOXKIECTBEHHO
SKCIIOHEHTY, MOJNYYUM

~ 1 —iqa' &’ _ iq(a' —-a,)
Bpna @)= 2. € mubaA@ Vwee Wy i, g -

n, n, ko
(8.8)



160 KOJIEBAHHS] ATOMOB KPHUCTAJIJIMUECKOH PEIMETKH [T 111

,

iq (@ —an) = iq (g@n— @n) = iq (RAn—+ G+ 06— @n) =
=i[(R"'q—q) an+q@n+a)]. (8.9)

Ecan g='—o3JemMeHT rpynnbl BOJHOBOro BeKtopa Uy, TO
R-'g=q nau R™q=q - b; (8.10)

(b: — BekTOp OOpaTHOi pelletkH). exp [( (R™'¢q—¢q)a,|=1 B obo-
HX CAyuasx, NMO3TOMY

Tak Kak omepauud g npeobpasyer @, B &,, TO

Pg—’uka q)=
I _iga’. & - 1 +a
=N E e~ Uprg. A (g 1)oz’oz e'? em+ %) 6"’. g(n) 6/?', gk (8.1 l)
n, o k'’
Ecaun NpoCyMMHpOBAaTk B npaBoﬁ YacTH 1o 1’ ¥ BOCMOJB30BATHCSH
(8.3), To monyyum

P stihe (q) = ,,,%. A Vaa €D 8 g oy e (@) (8.12)

(CyMMHDOBaHHe TO 7t BHINOJHSETCS aBTOMATHYECKH H3-3a HaJHUHA
MHOKHTENA Opr, g ().

[TokaxkeM, 4TO 1A €MMMOP(HBIX TPYIN BOJHOBOrO BeKTopa Gy,
a TakXe JUIsl BHYTPEHHHX TOYEK 30HBI Bpuasiosna nwobeix rpynm G,
mMaTpHupt A (g™!) exp[iq (&4 @m)]|Op, gy peanusyior Ha Gasuc-
HBIX BEKTOPAX Upe (g) TPEACTABJIEHHS TPYII BOJHOBOIO BeKTOpa Gg4
pasmMepHocTH 3s. B camoMm fnese, Tak Kak yKasaHHble BHILIE MaT-
PHUBL CONePKAT MHOXHTeJb exp (iq (& +a.)], To npousBeneHne mat-
pun g, ={R, |, +a,} v g,= {R,|a,+ a,} nnq snemenToB rpymns Gy
6yneT coepxaTh MHOXHTENb eXxp [iq (o, + @, + &, +a,)].

B T0 Bpems, kak Mnl mnokasaid B (Il. § 9 n.4), yro Henpu-
BoAuMOe npeacTaBieHHe I' (g,g,), B TOM Cliyyae COAEPKUT MHOMKHUTE/Ib:
exp [iq (R, + R2a1+a,+a2h (11.9.31); ofe 3KCHOHEHTHI COB-
najaor, ecad explig (e, 4 a,)]=exp[ig(Re+R,2)], T. e.
exp [i (Ri'q—q)+(e,+a,)|=1, uto, yunteiBas (8.10), BuinoJus-
eTcsl IM60 A CUMMOPPHBIX rpynn (e, =0), au6o A8 BHYTPEHHHX
ToyeK 30HB BpuamosHa (R;'q=¢q).

PacksiafpiBass 3TO NpeACTaBJEHHe Pa3MEPHOCTH 3S IO HENpHBO-
IKMBIM MpeAcTaBJeHHAM rpymnsl G, M MOMeM KJacckpuLUpOBaTh
KoJie6aHHsA KpHCTaljia B TOUKe ¢ ero 6pHJIIO3HOBCKOM 30HK. OTMe-
TuM OGJU3KYI0 aHaJoruio soipaxkenns (8.12) c (11.8.13), mosyuennsm
NpH aHaju3e KoneGaHUH MHOTOATOMHBIX MOJIEKYJI.

Tak Kak Ansa pasjiokeHHsl npeacTaBieHHs (8.7) Mo HenpHBOAH-
MBIM TIPEACTABJEHHAM TPYINbl BOJHOBOrO BeKTopa G4 AOCTATOYHO
3HaTb COOTBETCTBYIOUIHE XapaKTephl, ONpeJes UM XapaKTephl Ipel-
crasnenns (8.7). BocnonpsoBabBwnch (I11.8.15), monyunm npu cober-
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?éaf_iiﬂom BpalleHNH Ha YroJ ¢ AJsl Xapakrtepa npeacraBfeHHs D?
1)
“(C (@) |@) = (1 +-2cos ¢) exp (iga) (8.13)

Y o
rae ne= > 6. C (k) —UHCJIO aTOMOB fYEHKY, OCTAIOUWIHXCSA HA MecTe,
z

npy npeodpasosanuu C (@) =
AHajornuno AN 3epKaJbHO-NOBOPOTHOrO  MpeoOpasoBaHHA
S(p)=S ([1.8.18):

¢)] @) = (—1 -+ 2cos 9) exp (ige) ns. (8.14)

rjle Ag—4YHCAO aTOMOB syeHKH, OCTAIOMHXCH Ha MeCTe NpH npe-
obpasoBanuu S (¢).

2. IIpuMeHHM Tenepb NOJIyYeHHble HAMH pe3yJbTaThl K HCCJEAO-
BaHHUIO Kosie6aHHH B NPOCTOM KyOHYECKOM KpPHCTa/Je, PacCMOTDEH-
HOM B MpejlplAylleM maparpade.

OnpenesuM HenpHBOAMMBIE IIDeJCTaBJEeHHSA TPYNNbl BOJHOBOIO
BexkTopa Gy B LieHTpe OPHJIIIOSHOBCKOH 30HMI (q 0), . e. BTOuke I'
(puc. I11.13). Touka I' o6Gaanaer cummerpueit ky6a 0,=0XxC;
3/lechb O—rpynna cuMMeTpud ocelt kyGa, a C;={E, J}, rne J—
unpepeua (ra. II, § 3). Taon. 111.2Y) xapaKTepOB rpynnsl O,
MOXeT ObIThb no.ny!{eﬂa no cxeMe taba. 1.6, ecsi BOCIOJb30BaThCA
taba. 11.7.

Ilna onpepesieHns xapakrtepos npeactaaesns D4 (8.7) B rouxe I
BOcNOJb3yeMcsl BhipakeHueM (8.13), B KOTOpPOM cJefyeT MNOJIOXKHTh
a=0 u n,=1. Kpome Toro, yurem, 4to Ajsi 3JEMEHTOB, COAEpHKa-
LHX HHBepcHio J,

%2 [JC (9)|@]=— (1+2cosg) exp (iga) nc;,  (8:15)

KaK 3TO CcJefyeT M3 INpexplaywero shiBofa H u3 ([1.8.14), ecan
3aMEHHTb B NPABOH YaCTH BCE Uy HA — Ug.
B pesysabrate MBI MOJYYHM

KHE)=3, x"(C5)=0, x* (Ce ——1 x* (Cy) =—1,
¥ (C)=1, y()=-3, y(C ) 0, x*(JCH=1
(ch)_ I, y*(JC)=—1I. (8.16)

Mb BHAWM, 4TO XapaxTepsl npeactaBjenusi Dp cosnajawor ¢ xa-
paKTepaMH HENPHBOJUMOrO mnpefcraBienus [, (1aba. I11.2), no

1) O6osuauenHst HenpHBOIMMBIX TNpelcTaBienufi B Taba. 111.2 saumcTBOBanbl
u3 cratkh baykapta JI. I, CMoayxosckoro P.,, Burnepa E.
TeopHsi 30H DpHJMOSHA H CBOHCTBAa CHMMETDHH BOJIHOBBIX (pym(uuu B KpHCTan-
aax./ B ku. Hoxe P., Toax A. Cummerpus B Teepaom Tese.— M.: Hayka,
1970, c. 187. 3tu 0603Haqeﬂuﬁ HeNnpHBOAUMBIX NPEACTABJEHHH ONPAaBAAHHBI, IO
MHenuio I. JIKoOHca, «... TaK KaK OHU HAacTOJBKO YCTaHOBHJHCHL B JHTepaType,
YTO MX HCIONb30BAHHE NDEJCTABJAECTCS HEH3OEXKHBIM?,
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Toraa
DE=T,, (8.17)

T. €. TpyNIe BOJIHOBOTO BEKTOpa B LEHTPe OPHJJIIO3HOBCKOW 30Hb
COOTBETCTBYET TPEXKPAaTHO BHIPOXJAEHHOE HENPHBOAUMOE IPeACTAB-
aenue Ty;.

Ias onpejesieHdsi TPyNnbl BOJHOBOrO BeKTOpa B Touke A (cM.
puc. II1.13) paccmorpuM, nop AefcTBHEM KaKHX 3/EMEHTOB IpYIMMbl
BEKTOD s ocTaeTcsi 6e3 H3MeHeHHA. Jlerko BHAETb, YTO 3TO GYAYT
anementsl rpynns C,,:E, C;(ocob q,), 2C,(q,), 2JC (ocu g, H q,),
2JC,; sameruM, uto onepauud JC; u JC,—oTpaxeHHs B IJOCKO-
CTSX, NepneHAMKyasaphbix K ocaM C, H C,, NPOXOASWMX dYepe3
ocb .. Touka T 3ount BpuaiiosHa ynoBJeTBOpsieT TOH Xe rpymmne
ToyeyHo#i cummerpuu C,, (37ech Hajo y4yecTb, YTO HA YeThipex Bep-
THKAJbHBIX peGpax ky6a HMeKTCs yeTblpe SKBHBAJIEHTHHE TOYKK T).
CocraBuM Teneps no obweMy peuenty Ta6sa. I111.3 xapakrepon
TPYNIbI G,,A H Gg,.. AHAaJIOTUYHO MOrYT GBITH COCTaBJeHbl Ta6JIH bl

XapaKTePOB IPYIN BOJIHOBBLIX BEKTOPOB, HANPAaBJEHHHX K TOYKaM A
1 2 (Touka S uMMeeT Ty e CUMMETpPHIO, UTO U Touka 2) (raba. 111.4).

Ta6auua I[11.2

Op E | 8Cy | 20T | 6C, | 6C, | 4 |8JC,|34CT|6JC,|6IC,
r, ’ [ 1 I I 1 I 1 1 1 1
r, 1 1 1 I —1 | -1 I 1 1l =1 | -1
T, 2 | —1 ‘ 2 0 0 2| —1 2 0 0
Iis 3 0| —1 | —t 1 3 0 —1 ] —1 i
Iss 3 0| — b= 3 0| —1 1| —1
r 1 1 I 1 L= | =t | =1 | =1 | =1
r; ! 1 Pl =1 | =1 | =1 | =1 | = 1 1
e 2 | —1 2 0 0| —2 1| —2 0 0
ys 3 0| —1 | —1 1| —3 0 ] L[ —
Tys 3 0| —1 il —1 | —3 0 1| —1 1
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Ta6awuna I11.2

AT E | ¢ |ac,| 20Ch| oc,
A I ] 1 1 1
A 1 1| —1 | —1 1
As I 1] —1 1| —1
As 1 1 Pl =1 | =t
A, 2 | —2 0 0 0
, A , T'is 3 —1 I ] 1
’I"aﬁnHua I11.4
A \ E oC, | 34C, > E Co | ICT - | JC,
A, 1 i 1 o i 1 I !
A, 1 1| —1 %, 1 1 —1 —1
A, 2 —1 0 Za | —1 —1 1
z, 1 -1 I —1
T 3 0 I
s 3 —1 ! 1
a) 6)

Henpusonumble npeacTaBicHHS IPYNAbl BOJHOBOTO BEKTOPA a
MOTyT ObITh onpefeaeHbl ABYMsT CcocobGami. Bo-nepsblX, Mbl MOXeM

OnpejeNHTb XapakTepsl npeactasJenust D (8.7) ans rpynnb C,,:
L E)=3, 1 (C=—1, x*(C,)=1, y*(JCH=1, y*(JC,)=1. (8.18)

D11 xapaxTepnl BbLINHCAHBI B MocseaHel ctpoke Tabs. 111.3. Pazna-
ras npeicrapienue D3 ¢ xapaktepamu (8.18) mo HenpuBogMMbIM
npeactaBnenusaM rpynnsl C,,, NOJAYURM

D{=A, +A,. (8.19)

Tot ke pesayanTarT MOMET ObiTh [OJYYEH, €CAH YUeCTh, YTO NMePEXO
H3 neutpa GpHJHOSHOBCKOH 30Hb [T Ha JMHHHIO A CBfizaH C yMeHb-
wennem cummerpuin ot Q) 10 C,,. Takoe moHiKeHHE CHMMETPHH,
Kak usBectso (ra. I, § 7, n. 2), Brisoser pacuiensiedue yposus [y;.
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BrimuceiBas xapaxtepsl I',;, coOTBeTCTBYIOILME KaaccaM rpynnsr Cy,
BHAHM, YTO OHHU COBNAJAOT C XapakTepamu y* (8.18), moatomy,
JeficTBysi no ofleMy peuenTy, MOJyuYHM

F=A4,+A4,, (8.19a)

T. €. TPEXKpaTHO BEHIPOXKJAEHHOe B LeHTpe coctosHue Iy, pacien-
JeTCS BAOJDL JHHHM A Ha HeBBIPOXKJeHHOe cocTosline A, W ABaXAH
BBIpOXJIEHHOE cocTosiHHe Aj1).

Onnako nepBelii cnocoG, ucnoapdyrouwni (8.18), WMeeT To mpe-
UMYIIECTBO, YTO OH mpUMeHuM H K Touke T (cm. puc. II1.13), ne
conpukacawweicss ¢ ueHtpoM [, HO obGnazawuweld TOR Xe cuMMerT-
puefi C,,, uTO M TOuKa A.

CpaBuuBast (8.19a) ¢ aHA/JHTHYECKHM DellleHHeM YDABHEHHH Me-
XaHWKH B npeabiayweM maparpace (tada. I11.1, puc. 111.14, @), mbl
BHIMM, UTO TEOpMs TPYNIl TOJbKO HA OCHOBAHHH COOGpameHHH,
CBA3aHHBIX € CHMMeTpHefl KyOWuecKol peLIeTKH, MpeJCKasbBaer
CYLIECTBOBAHHE BXOJb JHHWM A 30HBI BpuJIIOSHA ABYX BETBe# KoJe-
6aHHil — HeBLIPOXKIEHHOA TNPONOJbHON (A,) H JBAXIbl BHIPOXKIEHHOH
nonepeusoit (A,). AHaJOrRUHO I JUHHH A monyuuM u3 Ttabn. [11.4

Tyo=A,+ A, (8.20)

T. €. TPEXKDAaTHO BBIPOXIEHHOE COCTOsIHME I, BIOJb JHHHH A
(M. puc. 1I1.13) paciensgercst Ha eJMHWYHOe MpeNCTaBJeHHe A;
¥ ABaXIbl BHIPOXKJIEHHOE TpENCTaBJICHHE A,.

Mbl yXe OTMEYaJsH, YTO CHMMETPHs TOYKH R COBNAJlaeT ¢ CHM-
MeTpued TOuKH I, NOSTOMY OHEBHIHO, YTO B TOYKe R COCTOAHHS
A; M A, CJMBAIOTCA B TPEXKPATHO BBIPOXJEHHOe coctosiHue. TeM
CaMbiM KauyeCTBEHHO OIHChIBaeTCd JMCNEPCUOHHAA KapTHHAa Ha pHC.
111.14, 6. HaroHeu, Ha JuHHM 2 mosayyu u3 tabna. 111.4

[=2+3,+2, (8.21)

TakuM 06pasoM, BIOJb JHHHH 2 MPOMCXOAMT NMOJHOE paclllene-
HHe cocTosiHus [, Ha TPH HeBHIPOMKIEHHBIX COCTOSIHUSA, KAK 3TO CJIe-
LYeT W U3 aHAJUTHHECKOro peienus (raba. I11.1, B, puc. 111.14, ).

Mul BHAMM, uTO cocTosfHue [, B LeHTpe GpPHJIIOIHOBCKOH 30HBE
NpH CMEWeHHH BROAb JHHHH A, A # ¥ OAHO3HAUHO paszjiaraetcs
Ha cocrosanua (8.19a), (8.20) u (8.21). BooOuwe, eclH 3JeMEHThHI
CHMMETPHH COIIPUKACAIOTC S, TO HEMTPHBOAMMBIE IIPENCTABNEHUS I'DYIIIbI
GoJlee BHICOKOH CHMMETPHH OJHO3HAYHO pAa3JlaraloTCA Ha HENpHBO-
JuMble TIpeJCTaBJEHHs TPyNn GoJee HH3KOH CHMMETPUH. DTH YCJIO-
BHSI HOCAT Ha3BaHHe coomuowienud coemecmuocmu. B taba. 111.5
npejCcTaBJeHbl COOTHOLIEHHS COBMECTHOCTH MEXIY HeNPHBOJIHMBIMH
npejcTaBJeHlsiMH B ToukKe I 11 Toukax A, An Z.

1) VIMEHHO NI03TOMY HENPWBOXHMOMY NpeICTaBJEHHI0 I'j; MPUNHCHIBAETCH HH-
ek «15».
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Jlns 3aBeplleHKsl TPYNIOBOro aHasH3a BeTBeH KoseGaHHM mpo-
cToro KyGHUYeCKOro KpPHCTajja HalZo COCTaBHTDL TAGJIMILI XapaKTepoB
rpynn BONHOBBLIX BEKTOPOB AJA Towek X W M, nmeiomed Ty xe

CHMMETpHIO, U Z.
Ta6anua IIL5

1"1 1"2 r]z ris F;a
Ay | A | A, A, AsAs
Al Ag A2A3 AlAS

3
I |2 | &2 Zy23 2y 31355,

Iy | Ti i Iys 1P

AL | As | ALA; A, Ayl
A, A | Ay Ash, Aghy
=, | 2,5, RIS 2,525,

Jnsi onpejeneHusi rpyrnmsl BOJHOBOTO BeKTopa ToukH X (1 M)
clelyeT yuecTb, 4TOo TOYKAa X npHoGpeTaeT MO CPaBHEHHIO C TOY-
Ko#f A jonoJsiguTesbHBE 3JIEMEHTHl CHMMETDHH, CBJ3aHHbLIE C HHBED-
cuell J ToukH X; mpH 3TOM MBI NOJyYaeM SKBHBAJIEHTHBIH BEKTOD ¢,
OTJIA4AIOIHACA OT MCXOAHOrO Ha BeKTop O6paTHOH pelleTKH 2m/a.
Takum ob6pasom, rpynmna BOJIHOBOrO BEKTOpa qu———G,,AxC,- u ee

XapakTepul MOTYT ObITh noJayyeHsl U3 TabJu. I11.3 mo cxeme taba. I1.6.
Ecan 3aTem cocTaBHTB TalJuuUbl COOTHOLUEHHH COBMECTHOCTH AJIS
MuZ, Z, Tuprma X uA, Z, S, To MOXEBO NIpeJcKasaTh Xapax-
Tep CJAMAHMA BeTBe#l B Toyke /M B ciyuae B) M XapakTep pacliellie-
HHs BeTBeHl B cjyyae r).

PaccMoTpuM B 3aK/I0YEHHE HEMPHBOAMMEIE IPEACTABJEHHUS TPy
BOJIHOBOTO BEKTODa, HampaBJjieHHOro K Touke Z (cm. puc. I11.13).
ITockoneKy JinHESt Z He BHIXOAMT M3 IleHTpa I, MBI He MOXeEM IIOJIb-
30BaThCsl YCNOBHSMH COBMECTHOCTH, @ MOJ/DKHBl HCXONUTH M3 Npej-
craBjenus D% (8.7). BosHOBOH BeKTOp, HaNpaBJeHHBIH K Touke Z,
HE MEHsieTCs (WJM IepeXOAMT B 3IKBHBAJIEHTHLIH) NpH CJEAYIOUHX
onepawnax: E, Ci(q,), JCi(q,), JCi(q,) (B ckoBKax yKasaHHI COOT-
BerctByowne ocu C,). Tabnnua xapaxTepoB 3TOH Ipynimsl 4eTBep-
TOro mNOpsifika coBnajaer ¢ Tabsuuell XapakTepoB TCpynnbl aJs
Touex 2 u S (cm. tabn. II1.4)1). Jlerko mokasaTh, 4TO XapaKTephi
npejcTaBienus D% coBmajaloT co 3HAYEHHSIMM [OCJEJHEH CTPOKH
ans T;; nostomy pasnoxenuwe DY mno Z,, Z, ... uMeer BHJ,

1) Heo6X0oauMO TOJbKO 3aMEHHTS NEPBBI CTO/NGEU HA HEMPHBOAMMEE npef-
craBieHns Zy, Zg, Z3 W Z,, a nepsByio CTPOKY Ha E, c: 92), JCE (9x), JCE (qy).
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aHajornyneii (8.21), 1. e.
Dy=2+2,4+2,. (8.22)

Mbl BHAMM, YTO BAOJbL JHHHH Z HMEIOTCS TPH HEBLIPOXAEHHble
BeTBH KoJsebGaHuii, Kak H OblJIO [0Ka3aHO aHaJHTHYeCKH (cM.
ragna. I11.1, puc. I11.14, 2).

YuurbiBasi, KaK CPaBHHTEJBHO NMPOCTO GBIIO B NpeabAylleM Ma-
parpade noJy4yeHO pelleHHe AJA NpOCTOH KyOMuecKOH pewerky,
YUTATENb MOMKET YCOMHHUTbCA B 5(Q(EKTHBHOCTH NDHMEHEHHS TEOpHH
rpynn ¥ HOPMaJbHBIM KONe0aHHAM KpHCTajdna. B cBA3H ¢ 3TUM
OTMETHM, uTO, BO-NEpBBIX, pelneHMe mpeapiaymero naparpada nosy-
YeHO JJIs MOJeNM KYGHYECKOro KpHCTaJnaa, B KOTODPOM yYHThIBAaeTcs
B3aHMOJEHCTBHE Ka)KJIOrO aroMa TOJBKO C MepBOH H BTOPOH KOOp-
IMHAUMOHHOM rpynmno#i aToMoB. B TO BpeMsi Kak pe3yJbTaThl Fpyn-
MIOBOTO aHAJIM3a CIPABEAJHBbI AJIst KyGHYECKOTO KPHCTa1/1a B 0bLeM
cayyae. Bo-BTOpBIX, TEODHSA TPYyNN MOXET Obirh NpUMEHEHa K aHa-
JU3y HOPMAJbHBIX KOJNeOaHHH H B CJy4ae CJOXKHDBIX PElIETOK, KOT/a
NOJYYUTD AHAJMTUYECKOE pellleHHe B 3aMKHYTOH (opMe HEBO3MOXKHO.
Ilpu 3TOM TeopHA TPYNN MO3BOJAET OTGPOCHTL BCE TO, YTO MPOTHBO-
DEYHT CHMMETPHMH CHCTEMBl, TIO3BOJIAS TeM CaMbIM CYWECTBEHHO
YMEHBWHTL YUCJIa BAPUAHTOB, KOTOpbie AOJIKHBI ObITh HCCJIEIOBAHBL
METOJAMM BbIYHCJIHTENbHOH MATEMATHKH.

§ 9. Kone6annsi u BOZHBI B KpHCTanjax
B NPHOIHMEHHH H30TPONMHOTO KOBTHHyyMa

PaccMoTpuM rapMOHMYecKHe BOJIHBI B KPHCTAJJHYECKOH pelleTKe
B KOHTHHYasbHOM npubauxenun ([1. He6ah, 1912). Oyesuawno, uto
TaKoe NpHGJIMKEHHE SIB/ASETCS XOPOLWMM, KOTAa AJHHA BOJIIBI MHOTO
6osplile TOCTOSIHHON pELIeTKH, TaK KaK B 3TOM cJyyae He AOJXKHA
CKa3blBAThCHA AHCKpPETHas (AaTOMHAas) CTPYKTypa KpHcranna. Kak msl
YBHAHM, KOHTHHYaAJbHOE MNPHOJHKEHHE HOCHT BeCbMa pa3JIHUHBIA
Xapakrep AN JUIHHBIX AKYCTHYECKMX BONH M AJIA IJHHHLIX ONTH-
YECKHUX BOJIH B HOHHOM (reTeponosfipHOM) KDHCTaJJe.

1. B cayyae RAHHHBIX aKYCTHYECKHX BOJIH KOHTHMHYaJbHOE IPH-
GJIMKEHHEe JKBHBAJEHTHO [PHUMEHEHHIO TEOPHH ympyrocTul!). Ypas-
HEeHUs ABHXEHHS OJHOPOAHOI'0, H3OTPOMHOro, YNPYTOro KOHTHHYyMa
B OTCYTCTBHE OGBEMHBIX CHJl HMEIOT BHA %)

pTH = (M4 A) grad div -+ MT*u. 9.1)

3nech u(r, {)—BEKTOp CMeLleHHs CPeAbl B TOUKE F B MOMEHT {,

1) TIpH H3JOMEHHH 3TOTO NYHKTa s ciedylo § 2 ri. V1 moedt xHury «OcHOBEI
CTaTHCTHYECKOH (DU3HKH H TepMoIMHaMHKH». — M., 1973 r.

5y Mangay J. I, JTudwnyg E. M./Teopernuecxan ¢usuxa, 1. 7.— Teo-
pua ynpyroctH.— 3 w31.— M.: Hayxa, 1965, § 22.
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M 1 A—nocroannele Kosdduunentsr JlaMs, p—nocTosHHAA IIIOT-
HOCTb OJIHOPOJHOI'0 KOHTHHYYMA.

M3 Teopun ynpyroctu usBectHo!), uTo & = div #— oTHOCHTENB-
Hoe H3MeHeHHe o6beMa AV/V B Touke r, a ¢ =1!/,rot #—yroa no-
BopoTa 3semenTa ofbeMa (KakK 1eJioro) B Touke r. Deps auBepren-
LHIO OT ofeux uyacTeit paBexctBa (9.1), mMoJyunM BOJIHOBOE YpaBHe-
HUe Anf cxatisa ¢

B0,

WZUIV ”&, (92)
rae v, =V (2M + A)/p —CKOpOCTb BOJIH CIKATHS; IpH nosyyeHuH (9.2)
Mbl HCIOJIL30BaJH COOTHOLHEHHSA

d*n
012

Ananoruuno, 6epsi potop ofenx uacteit ypasueuus (9.1), mosy-
YiM BOJIHOBOE YpaBHEHHe AR YIJa KpYueHls ¢:

g2
= 0w, ©.3)

divZ% = (diva), divgrad=¥?, divyiu=ry*diva.

rae v; =V Mjp—CKOpOCTb pacnpocTpaHeHHs BOJH KpydeHHd (6bLIO
HCII0JIb30BaHO, 4TO rotgrad =0). Jlerko Bujerb, 4TO v, > ¥;, uTO
CBSI3aHO C TeM, YTO YNpYroe CONPOTHBJIEHHE IIPH CXKATHH GOJblle,
YeM MPHU KPYUYEHHH.

[TokaxeM, 4TO BOJHBI CKATHH IPOLOJBLHEIE, a BOJHBI KpYueHHs
norepeunbie. PaccMoTpuM MJIOCKYIO BOJIHY, PacipoCTpaHsIoLLyocs
BJIOJIb OCH X (4TO, OUEBHANO, HEe ABJAETCS OrPaHHYEHHEM OBIIHOCTH):

u=Asin2n(vt—%>, (9.4)
rjie A—InoCTOAHHAs aMIJIUTYHA, V—4acToTa H A — JJIHHA BOJIHBL.
Otcrona cnenyer, uto
d

i | Oty 4 e Ax(ﬁﬁ)coszn(w—i) (9.5)

d=diva= 3y = 3 T

H
(p=%rotu= — Ay (%) cos 2m (vt —%) +
+ Ak, (%) cos 2 (vt —%) ., (9.6)

rie Jf, n kB,—opTel oceil y u 2.

s (9.5) u (9.6) HenocpeACTBEHHO BUAHO, HTO BOJHH CXKATHA
ABJAIOTCA NMPOROJBHBIMH (A, = A,=0), a BOJNHBI KPYyUeHHS] @ —TIO-
nepeyubiMi (A, =0).

H Manpay J. IO, Juowuu E. M. Teopua ynpyrocta.—3 Hsg.—
M.: Hayka, 1965, § 22.
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INpoxonrHble BOJHEL CKaTust § (9.5) ¥ momepeyHble BOJHBI KpYy-
YeHHs ¢, U @, (9.6) ABAAIOTCH KOHTHHYaJbHEIM aHAJOroM Tpex
aKYCTHYECKHX BeTBel, DACCMOTPEHHBIX IIpH HM3yYeHHU KoJebanui
aTOMOB CJOMHBIX KpHCTaJuIOB, B § 5, m. 5. MOXHO CKasaTb, 4TO
v, B U,—TIpOROJbHAs M TOIepeyHas CKOpoCTH 3Byka. Omnpejesnm
B paccMaTpHBAeMOM HaMH cJyyae (pyHKIHIO paclpefesieHHst 4acToT
g(w) (5.33), marowyio 4ucao KoJeGaHWi Ha eNHHHYHBIH HHTEpBAaJ
4acTOTH ©.

Bonxosoe ypaBHehne ans ckagspa $ (9.2) aHaJOrHYHO BOJIHO-
BOoMy ypaBHeHHIO (9.3) AN KaXIOH cocraBJsiomledl BEKTOpa Kpy-
YEHHsl §, NO3TOMY AOCTATOYHO paccMoTpeTh ypaBHeHHe (9.2). Pac-
CMOTpHM BonHbl ¢ B KyGe ¢ pebpom L. Hanpasum npsMoyroJibHble
OCH KOOpJHHAT X, y M 2z no peGpam Ky6a; BeifepeM B KauecTBe Ipa-
HHUYHBIX ycJoBuH: ¥ =0 Ha Bcex lecTH rpaHsx xyb6a x=y=z=0
M x=y=z=]. Bolfop rpanuynbplx yc/JoBuHH He MOKeT OMLThb Cyule-
CTBeH, ecJIH JJMHA BOJHH MaJja No cpaBHeHHIO ¢ L. B yacrnocrH,
HHYEro He M3MeHHJOCh OH, ecad Obl Mul NOTpe0OBajM DAaBEHCTBA
HYJIO Ha rpaHsix Ky6a He cxatus ¥, a yODYTHX HanpsxKeHHH (CBO-
6ojHEIe TIOBEPXHOCTH).

HMimem pewenne (9.2) B Bufe

4= A sin ot sinax sinby sin ¢z, .7

rae A—aMIauTyaa, o —IUKJHYecKas yactoTa KoJgebauuh u a, b,
c¢—nocrosiaHule. IloacraBass (9.7) B (9.2), moJayyHM MOCJE COKpa-
meHuss obenx yacted Ha 9:

o=0v) a4 b* 4. (9.8)

Taxum o6pasom, supaxenne (9.7) yaoBaeTsopsier ypasHeHuio (9.2),
ec/H YacToTa ® CBssaHa ¢ a, b, ¢ coornouieHuem (9.8). Has Toro
YTOSHl YLOBJETBOPHTL TPaHUYHBIM YCJIOBHSM, MbI JOJIXKHbI MOJIOXKUTh

al=nm, bL==n,, cL=nyn, 9.9)

rie ny, f,, Mg—IeJble NOJOXKHTENbHBE YHCJA HJIH HyJb (OTpHuA-
TeJbHBIE YHCJA [PUBOAAT K TOMY Ke KoJebaHulo ¢ (asod, cisu-
HYTOH Ha m).

IToacrasasis (9.9) B (9.8), nonyuum

o="2YVn Fni+n}. (9.10)

Kaxjolt TpofiKe Yyuces 7; COOTBETCTBYeT CBOe HOpMaJbHOe Kojela-
Hue ¢ onpefiesenHoll wacrorolt (9.10). Ecau n,, n,, ns—06oJbuine
yucja, T. €. ANHHA BOJHHE KojeGanui MHOro MeHbuie L, TO @ 3aBH-
CHT OT YHCesJ 7, KBa3WHeNnpepsBHO. B 3ToM ciaydae MOXHO
[OCTaBHTL BONPOC O 4HCJe KoJjeGaHHE B HHTEpBaje YaCTOTH
(0, 04 do).

BBeneM BeJHUuHY

R2=n}+4ni+nj, (8.11)
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TOrja gacrora
o="LR. (9.12)

Ha puc. 1I1.15 mpeacranena aekaproBa KOOpAHWHATHAS CHCTEMA,
[0 OCAM KOTOPOH OTJIOKeHbI lleJsible MOJOXMHTENbHBE YHCJAA R, A,
Ny, KaXHoMy ysay xKyGHYyecKoil peluer-
KH, H300paXeHHOH Ha pHCYHKe!), COOT- 7
BETCTBYIOT LEJOYHC/JAEHHEIE KOOPAMHATHL
n,, n, n; H ONpeleNEeHHH pafHyC-BEK- N
top R (9.11). C npyroit cropoHs!, Kax-
IOMY Y37y DpeleTKH COOTBETCTBYET Of-
peZesierHoe HopMaJibHOe KoseGauue (9.7)
¢ yacroroii (9.10). )
Onpenenaum 4HcaO KoseGaHu#l Ha HH- 7y
TepBaJ 4acToThl (0, ® - do), Korga yucsaa
n; Beaukd. M3 (9.12) u (9.11) cnenyer,
YTO 3TO YMC/IO PAaBHO YHCJIY Y3JOB pe-
WEeTKH B IuapoBoM csoe (R, R-+dR) B
KOODJAHHATHOM OKTaHTe. [TocKonbKy 06b-
eM KyGuueckoll sueilKd paBeH eJHHHLE, 5TO UHCIO MPOCTO PaBHO
06beMY COOTBETCTBYIOILETO IIAPOBOIO CJIOA.
TakuM 06pasom, YHC/IO NPOAOJBHBIX KoJMeGaHWHl HA HHTEpPBAJ
4acToTH (®, -+ do), paBHO

4nR?dR Vv
o)do=—""""_
g (@) 8 920}

Kak 370 caenyer H3 (9.12); spech V =L3—o06beM Tena. Jas Kax-
HOH W3 JBYX COCTaBJASIOLIHX BEKTOPa ¢, YIOBJETBOPSAIOIHX YpaB-
Hennio (9.3), cnpaBeIMBLL AHAJIOCHYHLIE COOGpPAXKEHHR; MO3TOMY
YHCJIO MoNepeuHslx KoJebanni B nrTepBate (o, o+ dw) pasHo

¥ e, (9.14)

2,3
2ny;

-1
A

Puc. II1.15.

wido, (9.13)

8¢ (w)do =

rje JBa B YHCJHTEJE YYHTHIBACT HAJHYHE ABYX COCTABJSICLIMX NS
nonepeynoi BoJHbl (9.6).
Honnas ¢yskuusa pacnpenesexus uwacror (5.32) pasua

g (0) =g, (0)+ g (0) = —2—— o3, (9.15)

2n%ed

rae CKOpoctb v, onpenejsaeTcss U3 pABEHCTBA

%zg(LﬂLi)_ (9.16)

3
[ Ul

1) Ias toro yToG He YCIOKHATH PHCYHKA, Ha HeM NPEACTABAEHHl Y3.AHI
PEILETKH TOJBKO B IJIOCKOCTH (f14, Ag).
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MoxHo cxa3aTh, uTO U3 ecTb cpelHsia OT o6paTHOro Ky6a npoaoJib-
HOH H MOmepeyHo#l CKOPOCTH 3BYKA.

OTMeTHM, YTO B. KOHTHHYaJIbHOM (Ze6aeBCKOM) NPHOIHKEHUH 1S
aKYCTHYECKHX KoJieGanuil HyHKIHSA pacnpeneserns yactoT g (o) (5.32)
NPONOpIUHOHANbHA ®*.

2. B npeablaymleM nNyHKTE Mbi BHAEJH, KAaK B KOHTHHYAJbHOM
NPHOJIHKEHUH OMUCHIBAIOTCS AJHHHBIC aKYCTHUECKHE BOJIHBI.

Hccnenyem Tteneph KOHTHHYaJIbHOE NpHOMHXEHUE ANSA AJHHHBIX
ONTHYECKHX BOJIH B Ky6HyeckoM HoHHoM KpucTaadie (K. Xyanr, 1950).
PaccMOTpHM HOHHBIH KPHCTAJJ, KaKaasi syeiKa KOTOPOTO COCTOHT
U3 ABYX pa3HOUMEHHBIX HOHOB ¢ 3(eKTHBHBIMH 3apsiiaMH = e*
H MaccaMH m, M m_. B NJIHHHOBOJOBBIX ONTHYECKHX KoJebaHHAX
JABHXKEHHE HOHOB BO BCEX siyefKax MPOHCXOAUT CHHXPOHHO {(§ 5, n. D),
TI03TOMY JOCTATOYHO PacCMOTpEThb JABMHM<EHHe HOHOB B OJHOH siyeiKe.
Ecnu w, u u_—cMeweHuss NOJOXKHTEJBHOTO H OTPHUATEJBHOTO
HOHOB M3 MNOJIOXEHHH PAaBHOBECHS, TO YPABHEHHS IBHKEHHA HMEIOT
BHA

m, L2 (@, —u)+eE,, 9.17)
d%i_ .
m.—m=—n_—u,)—cE, (9.17a)

3pecs E,—3dpdexTHBHOE 3JeKTpHYecKoe noje, JeH-
CTBYIOIIEE HA WOH CO CTOPOHbI BHELUHETO IOJIA H OCTaJbHbIX HOHOB
KpHCTalna, »-—Ko3(pHUMEHT KBAa3WYNMpPYroi CcHJbl, AeHCTBYOWEH
Ha MOH NPH CMeleHHH €ro OTHOCHTEJbHO apyroro HoHa. Hens (9.17)
Ha m,, (9.17a) Ha m_ u BbLIYHTAs HX NOYJEHHO, NOJYUYHM

d2s

mrw.:—-xs—{—e*Ee, (9.18)
rae m,—rnpuBeAeHHas macca (mpl=mP?+mI'), s=u, —u_—cMe-

leHHe MOMOKUTENBHOTO HOHA OTHOCHTEJNBHO OTPHILATEJbHOIO HOHA.
dddekTHBHOE moJe B KYOHYECKOM HOHHOM KpHcTasue )

E~E+%p, 9.19)

rae E— cpeanee nofe B NUJMEKTPHKE, a BEKTOP MNOJNAPH3aLKH
P=N,[e*(t, —u )t a,E,+a_E,|=N,[ets+aE,]. (9.20)

3necs N,—uncio gueek B efuHHLe o6beMa KpHCTald, Gy HA_—
3NEKTPOHHLIE MOJISPH3YEMOCTH IOJIOKHTEbHBIX H OTPHUATEJHHBIX
HOHOB, a o=, +-a_. KOHTHHYaJlpHOCTb NOAXOAA CBSi3aHa, B YacT-
HOCTH, C HCIOJb30BAHHEM MAKPOCKONHYECKOTO MOHATHA BEKTOpa
nonsipusauuu P.

) Tamm H. E. Ocmossl Teopuu anexktpuuectsa.— 9 uan.— M.: Hayxa,
1976, § 28.
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Hckiouass u3 (9.19) n (9.20) addekrunHoe none E,, noayuum

_ e*'s-+akE

3

Has torc yrofbl HCKAIOUHTH H3 QOPMYN HEH3MEPSEMYIO HEernocpes-
CTBEHHO NMOJIAPH3YEMOCTh &, 6yLIEM HCXONNTL HU3 BbIpameHHsT AJA
BEKTOpa HHAYKUHHU !)

D=E-4nP=¢E, (9.22)
rpe e—mx:—me}ﬂ'puqecxaﬂ MOCTOsIHHAA 2); orcroia
pP= 8_:‘ E. (9.23)

B BLICOKOYACTOTHOM (@ — 00) 3JIEKTPUUECKOM IOJe HOHbl He Yycre-
BT CJEJOBAaTh 32 €ro H3MeHeHKeM, No3ToMy §— 0. Mckiouum
Ana sroro cayyas P n3 (9.21) (rme mer nosoxum §=0) n (9.23)
(Tae Mbl NOJIOXHM e==g,); TOIAA IOJIsSPU3IYEMOCTh

o — 1
SR S B (9.24)
4N, (€ - 2)

IMoncraBnas ato 3naueHue o B (9.21), nmonyuum

P=N, e*(ez—;—g)s +6m4;1E- . (925)

IToacraBass sTo 3HauveHue P B (9.19), xoTopoe 3aTeM HCIOMb-
3yercs ana uckodenns E, uz (9.18), momyuum

L = mats - LD, (9.26)
rae
ot = I_;_r 47&9/5’3_42) (9.262)

BB(’}.{‘?,M HODMHPOBAHUOC» OTKJIOHEHUE

w=VN,m,s (9.27)
H nojctaBuM ero B (9.26) u (9.25); Torama
dz . Ny 4802
o owt Vm_i"’ 8—3—15 (9.28)
H
p— 1/"’" il Zy ptazlp (9.29)

1 Ta\m H. E. OcHosn Teopun 3jekTpuyectsa.— 9 n3x.— M.: Hayxka,
1976, § 2

2) be HCIIOJIb3yeM Bflech NpHBLIYHOE OGO3HAUEHHE AMNS JHSMEKTPHUUECKOH NO-
CTOAIHHOM, He oracasch, UTO & 6yAeT CIYTano ¢ SHEePrHeii.
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Ecun BBeCTH cTaTHUECK YO IH3/IEKTPHUECKYIO MOCTOSHHYIO €, (@ — 0)
B MOCTOAHHOM 3JIeKTPHYECKOM IoJie, 1o 43 (9.23) u (9.29) caenyer
No gua 471 (80 + 2)° (9.30)
m, 9(1)0

Onpenenum otciofia BenuuuHy (No/m,)e** 1 noacraBum ee B (9.28)
1 (9.29), torma nosmyuum

80_8m

d? —e.,
Eﬁz—mmww%y/QﬁLE (9.31)
H
P—o, )/ ey 1= (9.32)
Insa onpepenends XapakTepa ABHXKEHHS HOHOB Mbl MOJOXKHM
W =W, + w,, (9.33)
rAe
divw,;=0, rotw,=0. (9.34)

HaBecTHO, 4TO Takoe npeicTaBjeHHe J0OOOr0 BeKTOpa (W) B BHAE
CYMMBI COJIEHOH 1aJIbHOTO BEKTOPA (W;) H OTEHLHAJIbHOT O BEKTOpa (W)
BCErJa BO3MOXHO M €IHHCTBEHHO 1),

B orcyrcTBHE CBOGOXHBIX 3apsiioB

div D =div E+4n divP=0. (9.35)

Ecau monacrasuth cioga P u3 (9.32) u Bocnosb3oBathed (9.33) M
(9.34), To nonyuum

div E + -~ Lﬁnm—%mww_n (9.36)
OTKYJa
E=—22Vin(s,—e,) ®,. (9.37)
IlopcraBasia (9.33) u (9.37) B (9.31), moayunm
d2
a7 (@) = — ojw,— o} L w,. (9.38)

Paspensia B stom YPaBHEHHH COJICHOHJAJBHYIO H NOTEHUHAJBbHYIO
YaCTH, NOJYYHM

o N

ot =— o, (9.39)
d2

7%=_m%wp (9.40)

Ecnin Mbl npeicTaBHM W, MJIM W, B BUJE [JOCKOH BOJHEI
Aexpl[i(gr—ot)], To nonyuyum w3 (9.39) u (9.40) mas coorer-
CTBYIOUIHX YacTOT: ®; =W, H O, = (8,/€,})"/* @,.

1) Kouwn H. E. BexkTopHoe HcuHC/IeRHE H HAyal0 TEH30PHOIO HCYHCJE-
Hus.—9 n3p.— M.: Hayka, 1965.
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C npyroft cTopoHbl, noacTaBisa B (9.34) BolpareHHR AJA IJOC-
KO BOJIHBI, MOJIyYHUM

divw,=div{A4,exp[i(gr—o/)]»r A,9=0, (9.41)
rot w;, =rot {A,exp[i (gr—o,t)] »n[A,q9]=0, )
OTKyJa caenyer, uro A; | ¢ u A;| g, T. e. coneHounaJbHas BoJHA
W, TOMNepeYHasi, a NOTeHUHaJbHAs BOJHA W, MPOAOJbHASA.

M3 nonyueHHBIX Bbluie Bbipa)KeHH# cefyer cooTHomenue JIni-
AeHa—Cakca — Tennepa

oo, =V e,/c,. (9.42)

Tax xak g, >¢, (cM. (9.30)), TO uacrora NPONOJIBHBIX BOMH ®,
GoJiblle YACTOTHl NMOMEPEYHbIX BOJH ,, YTO AHAJOTHYHO COOTHOLUE-
HUIO U, >0; AJAS aKyCTHYECKHX BOJIH (CM. NpeAblAYyUHH MYyHKT).
Tak xak u3MepHTL Ha OMbITe w, Ipoule, YeM &, To dopmyaa (9.42)
MOXET CJIYXHTb JJISI ONpeJS/IeHHs w,.

§ 10. KepanToBanne KoseGaHMH KPHUCTAJIMYECKON PEWIETKH.
®oHoHB

1. KBaHTOBOMEXaHWYeCKHH TraMHJIbTOHHAH B Q-MpeACTaBJeHHH,
COOTBETCTBYIOIMH GYRKUMH ['aMHIbTOHA HOpPMaJbHBIX KoseGaHHH
peweTkH (6.21), monyyaercs M3 Hee NpU 3aMeHe HMIYJbCOB P; (q)
onepaTopamu

@ =P, @)% % 0.1

rje fi—rnocroanHan [TnaHka, JeneHuas Ha 2w, i=V——1.
FamunbToHKaH, caenyromuil us (6.21), umeer Bud

#@P=Y -5 ta@a@l, (02
5.9

T. €. pacnajaeTcs Ha CyMMY, Ka)k[oe cJlaraemoe KOTOPOHl MMeer
BHJl TAMHJ/ITOHHAHA JIHHEHHOrO ['apMOHHYECKOT0 OCUMJAATOPA C KOOp-
aunatoi Q; (@), yactoroit ®, (q) w Maccoit, paBHoH eanHuue. Eciu
raMHJBTOHHAH CHCTEMBbl COCTOHT M3 CYMMBI, KaXJ0e CJaraemoe
KOTOPOH 3aBHCHT TOJIBKO OT OJHOM KOODAHHATHL H OCHPSKEHHOrO
el HMIyJbca, TO, KaK H3BECTHO M3 KBAHTOBOH MeXaHUKM, BOJIHO-
Basl QYHKUMA CHCTEMbl paBHA MPOU3BEAEHHMIO BOJIHOBBIX (DYHKLHII,
COOTBETCTBYIOIINX KAaXXAOMy cJaraeMoMy, a IHEpPrus paBHA CyMMe
COOTBETCTBYIOIHX SHEPrui.

Paccemotpum otfenbHOe ciaraemoe ramuabroHuana (10.2), npuyem
AJIsl IPOCTOTHE 3AMHCH CIYCTHM CHMBOJIBI | M g Y KoopauHathl Q; (4);
Torja ypasHenue Ulpesunrepa, cOOTBETCTBYIOULEE TAKOMY JIMHEHHOMY



174 KOJIEBAHUS ATOMOB KPUCTAJIJIMYECKOM PEWETKH [TJL 111

OCI_LHJIJIHTOpy, HMEET BUA
’ ke o
— S+ eQrp =, (10.3)

M3 kBaHTOBOM MeXaHMKH H3BECTHO!), YTO COOCTBEHHBIE 3HAYEHHA
H HODMHpPOBaHHble COOCTBEHHble (DYHKLHH 3TOr0 ypaBHEHHUS HMEIOT
BUJL

g==gy—="Rho(N-F1,), (10.4a)

v=h(@=(5)" ety (%) Q] 1049)

3necb N —xBaHTOBOE YHCaA0 ocuuaasitopa, H y [E] —noaunom dpmura

ot GeapasmepHoii koopaunats E=V (It x ©)/AQ = (w/fi)1/2Q.

Kak mbl yBUAMM JaJiblie, NPH H3y4eHHH B3aHMOICHCTBUSA 3JEK-
TPOHOB NPOBOAMMOCTH € KOJeOaHUSAMH DEIIeTKH CYLIECTBEHHOE 3Ha-
yeHHe HMEIOT MATPHUYHBEIE 3JIeMEeHTHI KoOpAuHaTsl Q n ummysbca P
(10.1) Ha BosHoBHX ®yHxuuax (10.46). MoxHO nOXasaTs?), YTO
OHH DaBHBI

N1QIN> = ( vk QuydQ =

- VN, ecan N'=N—1,
=1/2—(i;>< VN1, ecnu N'=N+1, (10.5)

0 BO BCeX OCTaJIbHBIX C/lyyadx;

. e . o
NNPIN> =T (v GEdo=
— —V'N, ecin N'=N—1,
=i} Z2x{ VNFI, ecn N'=N+1, (10.6)

0 BO BCEX OCTAJIbHEBIX ciydyadax.

2. Beesem BMeCTO @, () HOBble KOMILJIEKCHHIE HODMAsbHble KO-
OpIUHATE! ;(g), monaras

4 @=V s [0+ @], (10.7)
a;(9) =i1/ﬁ“’§ D [0} (—q) —a;(q)] (10.8)

By Jlawpay J. A, Jludpwun E. M. Ksaurosas wmexanuxa.— 3 H31.—
M., 1974, § 23.
2) Tau xe.
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OnpefneneHHBIE TAKUM 06pa3oM a, (q) aBTOMATHYECKH YJOBJIETBODS-
10T ycaoshio (6.5). Pewas cucremy (10.7), (10.8), oTHOCHTeNLHO

a,(9) ¥ a;,(—q), moayuHm

(9) . .
“/(q)=]/w;ﬁ a/(q)+‘l/2ﬁm,(q)a/(q)- (10.9)

Bripaxasa ¢;(¢) H zij (q), nocpenctsom (6.16), uepes Q;(q) m
Qi (9) =P, (g), monyuum

w;(q) 1
ay (q)=]/ ;;iq) Q, (q)+il/mp, (9). (10.10)

3. Beenem onepartopbl, COOTBETCTBYIOUIME BeJHYHHAM (;(g) W
aj(q). Onyckasi Ans MpoCTOTHI 3aNMHCH HHAEKC j H apTyMeHT g, ro-
ayquM u3 (10.10y u (10.1)

@) s

(a* —omnepaTop BeJHYHHH (] (q)).
Jlerko mokasaTh, YTO 3TH ONepaTOpPHl He 3PMHTOBHL. Ilpumenss
X K BoJsiHOBOH ¢yHkuuu (10.46), mosyuum

@y =V Ny, (10.13)
a*py =V N+ 19y, (10.14)

B camoM pene, BHIUHCASASA

@M% exp (— wQ%/2Rk) Hy [(%)1/2 Q]
v

by = [(%)WQ +<27L_;>1/2<%} (nh)/3 (2N N2 '

nonyuum (10.13); mpH 3TOM mNpOM3BEJeHHE MEpBOTO CJaraeMoro
B KBaJipaTHOH CKOOKe Ha BOJIHOBYIO GYHKLHIO Y, COKpaluaercs
C Npox3BOAHOH §/0Q OT 3KCNOHEHIHAJILHOTO MHOXKHTENS B Py KPoMe
TOTrO, HaJ0 BOCNOJB30BATLCS TEM, YTO!)

Hiy (§)=2NHy_, (8). (10.15)

AnanornuHo nosyuaetcsi (10.14).

Kak wMpl yBHaHM jaJsiblie, NpH B3aHMOZEHCTBHM HOPMAaJbHBIX
KoJieGaHHH pelIeTKH C 3JIeKTPOHAMH IPOBOAHMOCTH H B3auMOAEH-
CTBHH KoJieBanHil Jpyr ¢ ApyroM 3TH KoJjeGaHUsi BeayT ce6si Kak

) Cuupuor B. M., T I, u. 2, § 158.
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YACTHIB! C SHepryef fuo,. (q) v keasuumnyavcom) lig. i Keasuua-
cmuybt TOJYUHJIH Ha3BaHHE GOHOHOS.

B Q-mpeicTaB/ieHHH COCTOSIHHE KPHCTAaNJa € FaMHJbTOHHAHOM
(10.2) 3agaercss CHMMETPH30BAHHBIM NPOU3BEAEHHEM OCLHJIATOPHBIX
oyukunit (10.46)%), Kaxias H3 KOTODBIX XapaKTEpPH3YeTCH KBAHTO-
BbiM gucioM N = Nj,. B cHly KBaHTOBOH Hepa3nHYNMOCTH ¢GOHOHOB
ORHOro copra (j, ¢) COCTOsSIHMe KPHCTAJJa IOJHOCTBIO ONHCHIBAETCH
yucsaMu (0HOHOB N ;. Taxo# croco6 onucaHHA CHCTEM KBaHTOBO-
TOMJECTBEHHBIX YaACTHIL TIOJIYYHJI Ha3BaHHE Memoda @mopuuHozo
reanmosanus; Onepatopsl ¢ ¥ a', BBeAEHHblE BBIUE, SHBJSIOTCA
orneparopaMH B NpEACTaBJEHWH BTODHYHOIO KBAaHTOBAHMSI, TAaK KakK
OHY HENOCPeJCTBEHHO JNeHCTBYIOT Ha 4ucaa 3anosnerus N. B camom
AeJie, oneparop a, Kak BHAHO u3 (10.13), yMeHbIUaeT 4HC/IO QOHO-
0B N Ha eauHHLY (MO3TOMY OH HA3BIBACTCS OREPAMOPOM YHUYMO-
aenus), a onepatop a*, kak BHAHO u3 (10.14), yBenuuusaer wHcJo
¢oHOHOB N Ha eAMHHUY (NOITOMY OH HA3LIBAETCH ONEPAMMOPOM POXKC-
Oenus).

PaccMOTpHM HekoTOpble CBOMCTBAR onepaTopos a U a*. M3 xBan-
TOBOH MEXaHHKH H3BECTHO, YTO JUIA COMNPSKEHHHX KOOPAMHATHI
QEQI- (q) 1 umnyJabca PEP/ (9) BMeT MecTo NepecTaHOBOYHBIE
COOTHOILIEHHA 3), T. e,

QP—PQ=[Q, P|=ih. (10.16)

IMoxcTaBnss ciofa BMecTo onepatopos Q H P —Q X Bbipaxe-
HHA wepe3 a u a* (cMm. (10.11), (10.12)), nosyunm

aat—ata=[a, a*]=1. (10.17)

Tax xak onepatopnl Q;(q) u P;-(q') npu j= | uanm q=£q Kom-
MYTHPYIOT ApYr € ApyroM, To (10.17) MomxeT GHITL 3alMCaHO B BHIE
[0 (@), 0} (q")]=08;j-0qq". (10.18)
KBasHuacTHIbL (4aCTHIRI), ONEPATOPH POMKIEHUS H YHHYTONKEHHS
KOTODBIX yMOBJIETBOPSAIOT NpaBuiaM KxoMMyranuy (10.18) HazbiBaloTCs
6oge-wacmuyasmyu unu 603oKamu. B COCTOSHHH TepMOAHHAMHYECKOro
PaBHOBECHSl OHH ONHUCHIBAOTCA crmamucmukol bose— Jlinwmetna 4).
Beipasum ramunbronnan (10.2) uepes onepatopn a u a‘; Boc-
nonb3oBaswuck (10.11) u (10.12), nonyunum

%(a)zz@[aw +at*al, (10.19)
e
1) Mbl Ha3blBaeM BeJNHUHHY ﬁq KBA3HHMIYJbCOM, a He HMNYJbCOM, TAK Kak
ona 06/1a1a€T HEKOTOPLIMH OCOGEHHOCTSIMH, HE CBONCTBEHHBIMH HMNYJIbCY CBOGOL-
10#t YaCTHULI; HANDHMEP, NPH CTOJKHOBEHHH CYMMa KBAa3HUMIYJLCOB COXpaHAETCs
C TOYHOCTBIO IO NPOH3BOABLHOrO BEKTOPA OBPATHOH pPeleTKH.
%)y Maupay JI. I, Judwuu E. M. KpauroBas mexaHuka.— 3 H31.—
M., 1974, § 61.
3} Tam xe.

9) Anceanbm A. . OCHOBH CTaTHCTHYECKOH (DH3HKH H TEPMOLHHAMHKH.—
M., 1973 P
N .
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YTO MOMKHO, Hcnoab3ys (10.18), mepenucatbh B BHAE
# (a) =X ho,[a*a+1/,]. (10.20)
I, q
ITpumeHnss onepatop ata K BoaroBo# ¢yHKuuH (10.46), moayuum,
yuuteBas (10.13) n (10.14):
atapy=atV Npy_;= Npy. (10.21)

Me! BHZHM, 4TO COGCTBEHHbIE 3HAYEHHs onepaTopa a'a paBHBEI YHCHY
yactull (doHoHoB) N;, B cocTosHuH (j, q).

[pumensis oneparop amuabrona B dopme (10.20) X coGerBen-
HOH QYHKUHU Yy, NOAYYHM, Hcnonbays (10.21), ans coGcTBeHHBIX

3HaYeHHH SHepruH
€=2 ho, (g) [Njg +1/), (10.22)
» q

yro coraacyercs ¢ (10.4a).
Hcnonbayst (10.13), mosyyum AJA MaTpPUYHBIX 3JEMEHTOB Ore-
PATOPOB YHHYTOXKEHUS H POXKIAEHHS YACTHLL

<N’|a|N>={ VN, ecan N'=N—1, (10.23)
0 BO BCeX OCTAaJbHBIX CJayyasiX;
<N,|a+|N>={ VNFT, ecan N'=N+1, (10.24)
0 BO BCEX OCTaJbHBEIX CJAYyYasiX.

MaTpHyHEIe 3JleMeHTHl ONIePATOPOB, COOTBETCTBYIOUIMX BEJIHYHHAM
a;(q), xax caepyer u3 (10.7), paBHH

<Ngila; (@) | Nop> =

(/EN 120 (@) o
=il/ﬁqu/2wj (g), ecin Nyy=N,—1, (10.25)
0 BO B(C€X OCTaJbHbIX CJly4YyasX;
N lai (@ | Nop> =
_ /]/ﬁ(Nq, 4-1)/2w; (), ecmn N,; =N, +1, (10.26)
i 0 BO BCeX OCTAJIbHBIX CJay4dasXx.

ITpu 3TOM MBI yUWTBIBAEM, YTO MaTpHUHBIE 3JEMEHTH OT ONEPaTOpOB
aj (—g) npu N;,,-:N,,,-ZFI paBHBl HYJIIO; B caMoM jene, B Q-npex-
crasnednd (10.10) sTu omepaTopr 3aBucAT oT Q; (—¢g), B To BpeMs
KaK BOJHOBBIE (DYHKIHH 3aBHCAT OT Q;(q).

MeTo, BTOPHYHOTO KBaHTOBAHHs OCOGEHHO YAOGEH AJS KBaHTO-
BOrO pAacCMOTPEHHS CHCTEM ¢ OYeHb GOJbIIHM (M AaxKe He(UKCHPO-
BAHHBIM) GHUCJOM TOMAECTBEHHBIX uyacTHl (POHOHOB, POTOHOB, 3JIEKT-
POHOB H ABIPOK NPOBOAUMOCTH B KDHCTaJJe, 3JEKTPOHOB H TO3H-
TPOHOB).
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§ 11. Teopus Tena0eMKOCTH KPHUCTANNHUECKOH peuleTKM

OfHHM 13 BaXKHBIX NpPHMEHEHHH TEOPHH KoJeGaHHE KPHCTAJJIH-
YeCKHX DEUIETOK fIBJISIETCS TEOPHS] HX TeNJIOeMKOCTH.

1. OveHb npocTa TEOPHS TENJOEMKOCTH KPHCTAJJIOB B KJACCH-
yecKolt O6GNacTH, KOraa JBHXKEHHE AaTOMOB pEIIETKH [OZYHHSAETCSH
3aKOHAM KJaccHyecKoH MexaHukH. Kak 6bu1o nokasauno JI. Bonbu-
MaHOM, IJIR CHCTEM, HAaXOJSLIMXCH B COCTOSSHHH CTaTHCTHYECKOTO
paBHOBecHs, CpelHsAs KHHETHYECKasl 3Heprus, NpUXOAsWascs Ha
OfHY cTeneHb CBOGOALI, paBHa

1 1
e,m,,=7§o-T=—2—kOT, (1.1
rie R=1,986 kar/epad- moss—rasosas nocrosuxas, Ny=6,023- 10—
yucao ABoOraipo (UHMCIO YACTHI B OJHOM MOJie BELLeCTBa), K, =
=R/N,=1,38.10"18 gpe/epad —nocrosunaa DBoabumana u T —
abCcoJIIoTHaA TeMmepartypa?).

Jlerko nokasatb, 4TO AN JHHEHAHOTO TapMOHMUECKOTO OCLHJ-
JATOpa CpeiHAs MOTeHUHaNbHAS JHEPTUS &, PABHA cpelHell KHHe-
THYECKOH 3HEpTHH & MO3TOMY CpeJHSA IOJIHAA SHePrHs

g:Exmi +En01 = QEKHH‘ (1 1 2)

[ns onHofi rpaMMOJEKy/H KpHCTaJJ/a 3JEMEHTa €ro BHYTPEHHSS
3HEPTHS B COCTOAHMH CTAaTHCTHYECKOTrO DaBHOBECHS, PAaBHA IHEPTHM
3N, HopMasbrEIX KOJeGanuil

g=3N§=3No-2ZKH"=3NONiOT=3RT. (11.3)

I'paMM-MOJIeKynsipHasA TeMJOEMKOCTh TaKOro KpHCTajja MpH [o-
CTOSIHHOM 00bEME paBHA

cy=08&/0T =3R =5,96 xanr/epad-moav, (11.4)

T. €. He 3aBHCHT OT TEMIIEPaTyphl H PaBHO NMPHUMePHO 6 Kaa/epad- moab
(saxon Hworomnea u Ilmu).

Bosbmas npoctora KJaaccHYecKOW TEOPHHM TeIJIOEMKOCTH KpH-
CTaJIJIOB CBsi3aHa ¢ JABYMs OOCTOATEJBCTBAMH; C BO3MOXXHOCTLIO
NPeACTaBNeHUS ABHXEHHS aTOMOB KPHCTaJJa (B TIapMOHHYECKOM
NpUOJTHIKEHHH) B BUJE HOPMAaJbHBIX KOJeGaHHH H YHHBEDPCAJbHOCTbIO
3aKOHA PAaBHOPACMpPENEJIEHHs SHEPTHH N0 CTenmeHsM cBoGoet (11.1).
CootHowuenue (11.4) 10BONBHO XOPOLIO ONpPaBALIBAETCA Ha OMNBITE, B Ya-
CTHOCTH M JJISl METAJIJIOB, 4TO Ha e pBbIf BarJAAN He JOMTKHO HMEeTh Mec-
Ta. B camom fiesie, B MeTassIax YHCJIO CBOGOJHBIX SJIEKTPOHOB NOPAAKA
YHCJIa aTOMOB; KaXAbl¥ CBOGOAHBIH 3JIEKTPOH € KJACCHYECKOH TOYKH
3peHus obJsajaer cpearell KHHETHUECKOH sHeprueit 3/,k,T, 4TO BHOCHT

Y Ancenom A. M. OcHobul cTaTHCTHYECKOR QH3HKH H TePMOIHHAMUKH.—
M., 1973, ra. V, § 3.
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B TenoeMKocThb (11.4) fononHuTe bHBI BKJAX % (No % kT) =% R,

T. €. yBeJMYHBAeT ¢y, B NOJTOpPa pas3a. D70 OQHO H3 OCHOBHBIX
IPOTHBOPEYHI KJaCCHUECKOH 3JEKTPOHHOH TEODHH MeTalsoB Gyler
obcyxpeno B ra. VI, § 3.

2. Mayuyenue TEMJOEMKOCTH TBEDAbIX TeJ NPU HH3KHX TeMIepa-
Typax noxasmiBaer, yro sakoH [Miononra u Iltu (11.4) ssasercs
ACHMITOTHYECKHM 3aKOHOM, CIipaBeJJIHBBIM TOJIbKO TPH BBICOKHX
TeMmeparypax. IIpn MOHWKEHHH TeMIepaTyphl, HAYHHAS C HEKOTOPOH
XapakTepUcTHYecKON Temnepatypsl 7, (TaKk Ha3bBaeMOi
menmnepamypo Jle6as), TENJIOEMKOCTb HauKHAET GHICTPO YMEHbIIATBCA
u npy T—0, ¢y — 0. Temneparypa [e6aa T, pasiuuxa AJsA
pasHbIX BeLlecTB, HO MJIS GOJBLIMHCTBA TBEPABIX TEJ OHA MOpSAKA
100—400°K. Henpumenumocts saxona [iosonra u IltH K TBepAbIM
TeNlaM NpPH HH3KHX TeMmIepaTypax of6ycJioBJeHa TeM, YTO ApH IO-
HIOKEHHH TeMIEePATyPhl YMEHBLIAKOTCH CPEAHHE CKOPOCTH JABHIKEHHS
aTOMOB KpHCTaJJa M, cJjej0BaTelIbHO, YBEJHYHBAeTCS COOTBETCT-
Byloliass UM Ae6poilieBckas JIMHA BOJHBI. 3 KBaHTOBOH MeXaHHKH
H3BECTHO, YTO Koria je6poisieBcKasi JAJHHA BOJIHBI YaCTHLBl CTAHO-
BHTCA CPABHUMOi WJIM NpeBbILLAET JHHEeHHbe pa3Mepbl QdexTHBHOMN
06JacTH JBHMKEHMS, ABH)XKEHHE He NOAYHHAETCH 3aKOHAM KJaccuye-
¢Koft Mexawuku. [1o-3TOMy, TPaKTysl HOpMAJbHble KOJIEGAHHS KpHC-
TaJJia ¢ KBAHTOBOH TOUKM 3peHHs, Mbl JOJDKHBI IIPHMHCATH HM,
corJyiacHo (10.4), sHepruio

ey =ha (N +1/,), (11.5)
Tfle Mbl ONYCTHJIM HHAEKCHl ¢ W j, XapaKTepH3yioliHe BhHGpaHHbIN
OCIHNINIATOP.

BepOf{THOCTb TOTO, UTO B COCTOSIHMH CTATHCTHYECKOro paBHOBE-
CHA OCUHJJIATOP HAXOIHTCA B N-M KBAHTOBOM COCTOSIHHH C 3HEp-

rHefl ey, paBHa 1o boJbumany, wNzce'zN/""T. ITocTosinnas ¢
ey /koT
OTpefieNIsieTcs U3 YCJ0BUS HOPMHPOBKH D@y =c X e “N/*" =1, or-
ry N
KyJa c:(Ze'BN/’“T)_‘. CpelHsisi 3HEPrHs OCUMJIATOPA paBHa
1y

CYMMe SHepruil €,, MOMHOXEHHBIX HA COOTBETCTBYIOILHE BEpOATHO-
CTH Wy, T. €.

—ea kT
ene Ni*o

- o ® —epp/koT -
E= 3 ExWy=C 3 ene NPT NS0 (11.6)
N=0 N=0 3 o~ EN/tT
N=0

Is soiyucaenys (11.6) BBeseM Tak Has3bIBAEMYIO CYMMY COCMOAHUL

Z7=3 T (11.7)
N=0
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Torua
2 eNe'_EN/k"T d

ST T (L
A\ ko7
UTO MOXCHO HEMOCPeJACTBEHHO MPOBEPHTDL, AHdKDepeHLHUpPYs BblpaxKe-

Hue (11.7).
C apyro#t cropomsl, ucnonw3ys (11.5), noayuuM

£ = InZ, (11.8)

-] @D
Z= Y e N*T = p-ho/2kT 3 g-Nho/kT =
N=0 N=0
o= ho/2kT

=e~hm/2kaT[1_+_e—hw/koT+e—2f1m/k.,T+_“]____ (11_9)

| — = ho/kT

no ¢opmyse LI GeCKOHeuHO YOhIBatouieil reoMeTPUUECKOH mporpec-
cud. lloacrasass pesysasrtar (11.9) B meipaxenue (11.8) n nudde-
peHuMpys no aprymenry 1/k,7, nmoaydum

et ko
E=3 holkT —1 (11.10)

rae uieH Y/,fo, He 3aBUCAILMI OT TeMIepaTypbl, Ha3biBAeTCS Hy-
aegoil snepeued ocyuarrsmopa. Boipaxenue (11.10) (TouHee BTOpOE
cJlaraemoe B I1paBOil YacTH 3TOTO BbIPAXKEHH) MOXKET ObITb NOJYU€EHO,
ec/H paccMaTpHBaTh HODMajbHble KOJEOaHHS PELIETKH Kak KBasH-
gacTuusl—doHonsl (§ 10, n. 3).

TocKonbKy ONEepaToOPEl POXKAEHHS H YHHUTOXEHHST POHOHOB yJO-
BJIETBOPSAIOT INpaBHJIaMi kommyTauuu (10.18), QOHOHBI sBJAAOTCH
6030HAMH, T. €. ONHCHLIBAIOTCH B PaBHOBECHU cTaTHCTHKOM Bose —Jitn-
wrefHa.

B HekoTopulx OTHOMIEHHAX (OHOHBI BelyT cefs HE TaK, KaK ras
OGbIYHBIX YACTHIL; HMEHHO MO3TOMY OHH Ha3blBAOTC KBA3HUACTHLAMH,
Bo-nepBrix, NpH B3aHMOJACHCTBHMH C 3JIEKTPOHAMH HJH APYT C ApY-
roM (OHOHBL BO3HHKAIOT M HMcue3arT. Bo-BTOpbIX, cpelHee
YHCJ0 (POHOHOB (MX KOHLEHTPALHs) 3aBHCHT OT Temmepatypel. s
rasa OOBIMHBIX YACTHILL (aTOMOB, 3JIEKTPOHOB) mepemerHble V, T u N
(4MCI0 uACTHL) SBASIOTCS He3aBHCHMbIMH. B ciyuyae QOHOHOB HX
yucao N onpegensiercss npu 3agaHHoM V u T M3 ycJaOBHH paBHO-
BecHsl, T.e. H3 MHHUMYyMa cBoGoaHo#i snepruu & (T, V, N).

Takum oGpasoM,
oF —£=0
oNJr, v !
rae { no onpeiefeHHI0 — XUMUYECKUE NOMEHYUAN.

PaBHoBecHOoe upcso (OHOHOB N B OJHOM KBaHTOBOM COCTOAI-
HMH, T. €. B siuefike ¢asoBoro npocTpaHc1Ba ob6bema (1 cu®XA®),
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c suepruedi o M XuMHYecKMM rnoreHnuaaoMm { =0 pasHO?)

Y 1
NZW. (11103)

OueBHIHO, YTO HX CPeNHsisi SHeprust e =/lhw-N, uTO cOBmajaer co
BTOpbIM cjaraemelM npaBoid uactu (11.10).
Orciona caepyer, 4To (POHOHBI—3TO 3JEMEHTapHbe BO3GYXKAeHHA
~ ﬁ(l)/‘ (q)
KPHCTaJJla Haj ero HyJIeBbIM ypPOBHEM 3HEPTHH &, = Z—-Q—
q

BsaumMozmeficTBy10T ¢ 3JEeKTpPOHAMH I'lpOBOZ[HMOCTHITOJIbKO 3T BO3-
Oy¥KAeHHst, T.e. HyJeBble KoJeGaHusl 00pasyloT KaK Obl HEH3MEHHBIIT
¢oH (BaKyyM) KpHCTa/lsa.

Ecau, oanako, aMmiautyjga HyJeBbHX KosjeGaHHH aTOMOB CTaHO-
BHTCS1 CDABHMMO¥ C MOCTOSIHHON peIUeTKH, TO TaKHE K8aHMO06ble KpU-
cmaaabt DPUOOPETAIOT Ps HHTePeCHLIX CBOMCTB; TAKMMH CBOUCTBaMH,
B ONpejesIeHHbIX YCJOBUAX, 06JafatOT KPHCTAJIbl TBEDAOrO reJus.

Hcnonpaysa Belpaxenue (11.10), noayvyHM B TepMOAHIAMHYECKOM
paBHOBECHH JJs1 TOJHOH BHYTDeHHeH 3HepPrHH KpHCTaJJHYecKoi
peleTkH

&= «5’0+EZ 7o T +EZ hmq}/” ., (1L11)

j=1 -1

rae 6’0:2%2‘“ —He 3aBucswas or T HyleBas 3HEPrUs M BH-
9J
JeleHO CyMMHpPOBAHHE Y, [0 TPeM AKYCTHYECKHM BETBAM.
j=1

3. Byzem cuutaTth (B rpy6oM npHOJHIKEHHH), YTO YACTOThL ONITH-
YeCKHX BeTBE He 3aBHCAT OT ¢ M DaBHbl CBOHUM Tpeje/bHBIM 3Ha-
YeHHAM Of 7’:02) B asTOoM cayuae cyMMupOBaHHe MO @ A/ KaXJIo#
ONTHUECKO! BeTBH SKBHBAJEHTHO yMHOXeHuto Ha N. Buepruio aky-
cTHUeCKMX KoJsieGaHul (BTopoe csaraemoe B (11.11)) Broiuucaum B
npHOJIIKEHHH H30TPONHOro KoHTHHYyMa (§ 9); 370 npubIHKeHHe TeM
Jydiue, yeM GoJblle JJIHHA BOJHL 11O CPAaBHEHHIO C INOCTOSAHHOMH
peureTKH.

Hcnonesys ¢yHkuHio pacnpeleneHust yactor g (w) (9.15), mpex-
CTaBHM 3HEPrHI0 aKYCTHUECKHX KoJieOaHHH B BHlE

Om

& — Lo (@) de = 3vh w o? do (11.12)
ax j\ IVEN g - 3 5‘ ook T ’ '
0 0

T__q 2n2yy —1
Iy AuceasMm A. M., ra. IX, dopmyna (2.9).
2) Hanpumep, nosbsysce (3.6), MOXHO MOKa3aTh, 4TO IUHPHHA ONTHYECKOR
n
BeTBH, T. €. Won (0)—won 7) MaJjia, KOorja Macca OJHOTO aToMa MHOro GoJblie

Macchl Apyroro.
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rae vi—cpepHss ot o6GpaTHOro Ky6a MPONOJBHOH H MOmepeuHoi
CKOPOCTH akKycTHuecKuX BoJiH (9.16).

MaxkcnmanbHas yactoTa o, ONpeleJsieTcss W3 YCJOBHSA, UTO NOJ-
HOe YHUCJO KoseOaHUil PaBHACTCS NOJHOMY YHCJAY HOPMAJbHBIX KO-
aebanuit 3N BO BceX TpeX aKyCTHYECKMX BETBAX. 1akuM o6pasoM,

© Wrn
’ 3V ' Ve
é 2lw) do= ol 5 0*do = 2n2y3 =3V,
OTKYy 4
(6::2\1/« _ Wy, [6a%\1/8
9n= —U;~—<m) : (11.13)

3recy Q,=V/N—ob6bem snemMeHTapHOHN siueHKH, a §,— MAKCHMAJb-
HOe 3HaveHHEe BOJIHOBOro BekTopa. OmpejesHM «[IOCTOSHHYIO peLeT-
KH» paBeHcTBOM Q,=a®. [lo nopsanky BeJHYHHB W, ~ Uy/a H, CJe-
IOBaTeJIbHO, MAKCHMaJibHOe 3HaueHWe BOJHOBOTO BEKTOpPa H MHHH-
MaJbHOE 3HAUEHHe [JIHHKl BOJHBL ¢, =0,/U, ~ lja U Ay, =
=2n/q, ~a. Hdas Ky6udueckoro KpHcrajia OpHJ/JIOHOBCKAs 30HA
umeer ¢opMmy kyba c pe6poM, paBHbIM 27/@, TaK YTO MAKCHMaJbHble
3HAYEHU S IPSIMOYTOJ/bHBIX COCTABJIAIOMNX BEKTOPA ¢ paBHbl t/a (5.9a).

B npubanxenun ynpyroro KOHTHHyyMa Teopun [le6as Bo3MOXHa s
obsiacTh 3HAYEeHHH @ 3akJjwueHa B chepy paauyca g, (11.13).

OnpeflenuM  XapaKTEepPHCTHUYECKYIO TeMOepaTypy
TBepAoOro tena (memnepamypy /ebaa) paBeHCTBOM

o, 6n2\1/3 b
Te=— —<Qa) 7 Vo (11.14)

5
Tak Kak 0,~ 2 ~ e~ 108 u k,~ 1071, 10 T, ~ 100°K.

MoxtHo BBectH TemnepaTypsl [lefas, COOTBETCTBYIOLULHE MPeAe bHBIM
YaCTOTAM ONTHYECKHX BeTBeM:

T = ok, (11.14a)

Kotoppie Toxe nopsgka 10*—10° rpaaycoB KenpBuHa, HO, Boobiue
ropops, T >T..

Beoas B BolpaxkeHue (11.12) mepeMeHHYIO WHTErpHPOBAHHUA X =
= ho/k,T ¥ HMCMO/NB3YyA ONpENeseHHs XapaKTepPHCTHYECKHX TemIe-
patyp (11.14) u (11.14a), umeem :

& =84+ Nk,T {30 () + }2 %} . (1113)

rae gpynsyus Heban
{

D(== (2. (11.15a)
0
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PaccMoTpuM Bhauasie BBICOKHE Temmepartypbl, Koraa T3>>T.; u
tem Gomee T3>T,, tak xaKk T,.<T,.. B s1OM cayyae aprymeHTt
dynkuuu Jebas ¢ =T /T <€ 1. 3amMeHsis B NO/bIHTEr paIbHOH QY HKLHHU
B Bopamenuu (11.15a) e = 1-+x, jerko BugeTb, uto D (f) = .
Passaraf TakKe S5KCINOHEHTY B WIeHaX, COOTBETCTBYIOUIMX ONTHYE-
CKHM BETBfIM, NOJIyYHM

3s 3s
T /T
Z‘ _e—hl/r——l ~ 2 |=3s—3.
1= i=4
Takum obpasoM, &=4&,+ 3sNk,T, a TensoeMKocTb Cy=0&/0T =
= 3sNk, B COOTBETCTBHU ¢ 3akoHoM [ronoura u [Itu (11.4).

PaccMOTpUM Tenepb Cjyyall HM3KHX Temnepatyp, korga T < T,
u tem Gonee T <K T,;. TlpeneGperas BesuunHamu nopsixa’e~Te/T no
cpaBHeHHIO ¢ exuHHUell, or6pocuM B Beipaxenun (11.15) uzeHs,
COOTBETCTBYIOI\HE ONTHYECKHM BEeTBAM, H 3aMEHWM B HHTErpaje
¢yukuua D (f) Bepxuuil npemen Ha oco. Tak Kak?)

w

g‘ xde il:
Jex—1 T 158°
0
TO . SINETY n2V (koT) 1116
E=&t 5T% ot 10363 (11.16)

T.e. 3aBHCALLAS OT TeMIepaTypsl YacTb HEPrHH NMPONOPILHOHAJb-
Ha T4. TenjoeMKOCTb

7] 12n4k T\3
o= 38 =10 (1) (11.17)

5

T. e. npomopuuoHanbHa T?. «3akoH T®» ROBOJILHO XOpOWO ONpaB-
AblBaeTcs] Ha OMbiTe npH Temmepatypax nopsfka 20—50 °K. Teopus
tensoeMkocTH [le6asi, OCHOBAHHASI HAa BbipaXKeHusX Aas g (w) (9.15)
H Qa5 mpefenabHoit yactorsl (11.13), lo7KHA XOPOLUO ONpaBJbIBAThCA
IJs HR3KMX TEMIepaTtyp, KOrga Bo30yKAEHb TONLKO AJHHHbIE BOJIHBI
U, CJeANBATE/bHO, NMpPHMEHKMA aNnnpOKCHMAlMsA yNpyroro KOHTHHY-
yma. C ZpYyro# CTODOHEI, TpH BhICOKMX TeMIepaTypax, KOrpa Te-
NJIOEMKOCTD ONPeJeseTCs IPOCTO YKCIOM CTeneHel CBOGO/B! peLIeTkH,
Teopisa Jle6as TPHBOAMT K NPaBHJIbHOMY Pe3ysibTaTy —3akKoHy [lfo-
goura W Iltu. Juis npoMeXyTOYHBIX TEeMNEePaTyp BblpaeHHe AJA
TeMNJOEMKOCTH Cy, CJeayiouiee n3 Teopun Jebas, MOXKET paccMaTpH-
BaTbCA TONBKO KakK GoJiee WJIH MeHee yRauHas HHTEPNOJAUHOHHASA
¢opmyna. Nudxpepenuupys sbipaxkenue (11.15) mo T, monyuum

35 T jITr Ty
d 7 3(T./T) e (T IT)
CV.—: _—076_3 :3Nko{4D(T> - eT‘/r—_l }+Nk02 (ech/T_/])z .
i=4
(11.18)

N Jawpay J. O, Jupwun E. M /Teopernueckas ¢u3uxa, T. 5,—
CraTHcTHUecKas (gu3nka.—3 u3n.—M., 1976, c. 223.
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TEMrIepaTypHaﬂ 3aBHCHMOCTE TEHJIOEMKOCTH AKYCTHUECKHX BeTBel
XapaKTepH3YeTCs BeJHYHHOMN
Te/T
(D) q
P T, 3TT) | _ofT)\e 1 dx
m—{4D<T)—eT_‘/T—_T =3 (L) [ i, (11.18)
4]
rie npaBas 9acTh MOMeT ObITh MOJydyeHa HHTerpHPOBaHHEM 1O

yacTssM HHTerpaJsa, onpefeasiomero ¢yuknuio D(T/T). Ha
puc. II1.16 mocrpoeHa BeJHumHa

10 ( (11.18a) xax ¢ynkuus T/T . Tlpu Hus-
c? [/Vf"( KHX TeMrnepaTypax OHa IPOMNOPIHO-
Ik, HaneHa (T/T,.)%, 1OpH  BBICOKHX —

45 cTpemMuTcs K epuHHue. OTKJoHeHHe

Bolpaxkenus (11.18a) or emuHHuBl on-
pejesisieT OTCTYIJIEHUE TEeMJOeMKOCTH

ge aKyCTHYECKHX BETBEH OT KJaccuye-
ckoro 3HaueHus 3Nk,. M3 kpuboit

7 ¢ g6 40 I  BWAHO, YTO NDAKTHYECKH XapaKTepH-
e cTHyeckOH TeMNepaTypoH, OTAE/sIO-

Puc. 111. 16. IWeH KJACCHYECKYIO 06JacTb OT KBaH-

ToBOH, #BJaseTcas He T, a cKopee
T.3. Takum ob6pasom, npu Temnepatypax T =T, cnpaBensuBsl
KJIACCHYeCKHe BbIpaxKeRHs JJs TenjoeMkoctdH, a npu T<T /10
JOJKHBI NeHCTBOBATh KBAHTOBHIE 3aKOHHL.

TennoeMKoCT#, COOTBETCTBYIOLHE ONTHYECKHM BETBSM, YaCTO Ha-
3bIBAIOT abiHwmelinosckumny uaenamut). Ilpy T — 0 oHn yOpIBalOT He
o 3akoHy T3, a Obictpee, kak T~2e~7T¢/T. B toM cuaydvae, Korjia
T, > T, (MOJIeKY /1A DHBIE PelIeTKH), BO3MOXKHE! ciyuan, koraa T =T,
H T<<TE,, TaK 4TO AKYCTHYECKHE BETBH MOJHOCTHIO BO30YHAEHDI,
a TenJIoeMKOCTbIO ONTHYECKHX BeTBell MOxHO npeHeGpeub. B stom
cjlydae peweTka BefeT ce6s KakK KJjaccuyeckass OJHOATOMHAsA C

S
MaccaMu «aTomoB» M = D)m,,
k=1

4. Bosee rayGokoe 3KCMepHMeHTaJbHOE M TEOPETHYECKOEe H3Y-
YeHHe TEeMJIOEMKOCTH TBEepDABIX TeJ MPH HU3KHX TeMIeparypax no-
Ka3aJjo, 4TO HCTHHHAs o06JacTh 3aKoHAa T° NpPOCTHpAeTcs TOJBLKO
Ha HECKOJbKO TpajycoB BOJH3H abCOJIOTHOIO HyJas. BuaumocTh xe
BRINOJIHEHHS 3aKoHa T3 npu Temneparypax 20—>50°K obycnopsena
ADYTHMY TNPHYHHAMH, PaCCMOTPEHHBIMH H¥Xe. KOHKpEeTHhE pacue-

T
THl [OKAa3aJ/M, YTO Jaxke MPU HU3KHX TeMIepartypax (T <1—0‘) Tem-

1) Tems10eMKOCTS ONHOATOMHOrO TBEPXOTO Tena 6bIa BliepBHE C KBaHTOBOH
TOYKH 3PeHHst paccmoTpesa A. DBHWTeiHOM; NIPH 3TOM HM GBIJIO CAeNAHO YNpowato-
liee TIPEANIQJIOKEHHE, YTO BCE aTOMb! PEIUETKH KOJ1eGJIOTCA C ORHOM OnpeXe/eHHOMH
4acToTOH. OueBHAHO, YTO INPH 3TOM OH MOJYYHJ BbIpAXeHHE MJIA TelJIOeMKOCTH,
COBMajaiolllee ¢ TEeNJOEMKOCTBIO OAHOA ONTHYeCKOH BeTBH B BHpaxeuun (l1.18)
(yMnoxennofi Ha 3).
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JOEMKOCTb OCTAeTCH YYBCTBHTEJLHOR K AMCKPETHOCTH CTPYKTYpHI
PEILeTKH.

[MpencraBum ce6e, YTO HAMH 3KCIEPHMEHTAJNBHO HJIH TeopeTHYeC-
KH onpejelieHa TOUHAS 3aBHUCUMOCTb TEIIOEMKOCTH ¢y OT TeMIepa-
Typel T. Hcnons3ys Teopuio TensoeMkocTd Jle6asi, OCHOBaHHYIO Ha
npejacTaBJeHHH 06 ynpyroM KOHTHHYYMe, IOJIOXHM

ey (Ty=cP(T.IT), (11.19)

rie oif' — neGaesckas Tenjoemkoctsh (11.18a), 3aBHCAmAs OT TeMme-
patypH M opHoro mapamerpa T.%). Orcrynaenue cy (T) oT Teopuu
TenjsioeMkocT Jle6asi MoxkHO (OpPMABHO ONMCATh, CUHTAsl XapakTe-
pucrageckyo TeMnepatypy T, 3aBHucsuleHl oT TemmepaTtyphi 7.

Tax, panpumep, Kesnnepman 2) nogpoGHo paccMoTpes KoJseGaHus
pewrerkn NaCl, Bemucass kKoadduuuentsl D (g) mo gopmyne
(5.10a) n pewmas xapakrepucTHyeckoe ypapHemue (5.11) st vacro-
Th o2 Ilpn onpejeneHus KyJOHOBCKHX CHJ B3aUMOAEHCTBHS HOHDI
paccMaTpUBaJHCh KaK ToueuHble 3apsifpl. CHJIbl OTTAIKHBAHHA MEX-
Iy HOHAMH ONpEJeJIsSIMCh H3 JaHHHX O CKHMAeMOCTH.

B ofumem ciayuae uncao KoneGaHul BO Bcex 3S BeTBAX Ha Ma-
JIBIA BHTEPBAJ 4YacTOThl A® paBHO %)

3s

g) do= s {{S dg, dg, dg,. (11.20)

=1 0 < 0j (4 gy, 42) € 0+4A0

Ilns onpesesienns orciopa GyHKUHK pacnpejencHns KoJeSanuh g(w)
HEOOXOJIMMO 3HAThb AJs BCEX BETBEH 3aBHCHMOCTb ©;(q% Gys 42), HTO
MOXeT OHITb CAeJaHO TOJBKO NyTeM UYHCJIEHHBIX pacuyeToB. Bripake-
Hue (11.20) MoxeT GBITh HCIONB30BAHO BMECTO I1PHOJIHKEHHOTO BHIpa-
x;emm (9.15) mast onpegesneHnsl BHYTPeHHEH SHEPrHM KPHCTaJIa
(11.12).

Ha puc. I11.17 u I11.18 npexcrasaenst, no Kessepmany, pynruus
pacmpeneneHus Kose6aHnH g(w) ANd aKyCTHUECKHX BeTBEH M C/ejyto-
1as M3 Hee M M3 Teopuu J[ebas saBucuMocTh T, OT TeMOepaTyphi ).
Mut BHAMM, ¥TO g (w) BecbMa CyLIECTBEHHO OTJHYaeTcs OT napado-
Juyeckoro 3akoHa (9.15), npeacraBnensoro Ha puc. I11.17 nyHk-
THPHOH KpuBoH. M3 neGaesckoit dopmyasl (11.17) supso, yto 3a-
KOH T'% peannsyercs TOJBLKO TOrJa, Koraa 7, HOCTHTaeT NpH HHU3KHUX
TeMnepatypax IOCTOSIHHOIO 3HayeHHsl, T. €., KaK BHJIHO H3
puc. IIL.18, nuxe 5—7°K. C apyrofi cTopoHsl, B HHTepBaJe

1) Mel paccMaTpHBaeM TOJNbKO aKyCTHYECKHE BETBH, CUMTAasg 4YTO OMNTHUECKHE
BeTBH He BO3Gy)XKZeHb! B HHTEpecylol(eHl Hac OGJACTH TeMIepaTyp.

®Y Kellermann E. W.—Phil. Trans. Roy. Soc. —1940 v. 238, p. 513; —
Proc. Roy. Soc.—1941. v. A 178, p. 17.

3) Ilpn 5TOM Halo HMeThb B BHAY, UTO, BOOGIle roBOPS, He BCe KOJeGaTeb-
HBle BETBH 00f13aT€JbHO BHOCAT YTO-AHOGO B HLAHHOM HHTepBase ®, O Aw.

4) Kpyxku Ha puc J11.18 —sKkcneprMeHTaJbHbHE JaHHHE,
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20—50°K y T, nabmonaertcs noaoruit MUHUMYyM, B6sn3u Kotoporo T,
MOMKHO CYHTATb MOCTOSIHHOH M, CJled0BaTe/bHO, OXWAaTb HpubIH-
JKEHHOTO BBIMOJHEHHSA 3aKO-

g{w}./ﬂ—lz Ha Ts.

Kennepman ucnoJb3oBad
Ir LJsl pacyeTa TeMJOEMKOCTH
kpucraana NaCl aMnHpHye-
P J/ CKHe JaHHble MO ero CxHMma-
J/ eMocTH. BoJsiee npsaMo#i nyTb —
Y HeNoCpeJCTBEHHOe HCIO0JIb30-
s S Bauue (YHKIUHH pacrpejeJie-
/" HHUS 4acToT g (®), NoJy4deHHOH
L2 H3 OIBITOB IO PaccestHIo

0 ) He/ITPOHOB B TBEpPJAOM TeJie.

&. JIxoncon 4 B. Kou-

@ 12
Zp 10 e pan!) ompeaesuan (QYHKIHIO
Puc. 111.17.

g(w) AnA repMaHHs U3 KpH-
BbIX JHCIEPCHH ;= w,(]),
MOJIyYeHHbIX HA OCHOBaHHH
ONBITOB MO PpAaccesiHiio HeNT-
poHOB. BHuncneHHaa  HMH
IJ1 TepMaHHfd 3aBHCHMOCTb
teMmnepatrypet Jebas T, or
TeMmnepatypsl T (IyHKTHDHAas
KpuBaa Ha puc. 111.19) mo-
KeT ObTh CpaBHEHAa C 3TOH xe
3aBHCHMOCTBIO,  MOJYueHHOI
U3 TemJIOEMKOCTH (CNJIOIHAA
400 KpuBas). CoBnajgeHde, Kak
MEl BHJHM HEMOJIHOE, HO BIOJI-
He YJoBJeTBOpHTesbHOe. Pac-
XOXJeHHe Mbl OTHOCHM  3a
cYeT HETOYHOTO OIpejlesleHus

J00
(YHKIMH pacnpejiesieHuss yac-
TOT g (®).
200 ) . L , § 12. YpasueHHe cOCTOSHHS
20 50 wrorK TBEpAOro TeJa
Pac. 111.19. 1. BoiBenem  ypaBHenwue

COCTOSIHHSI, T. €. YCTaHOBHM
CBAI3b MEX]JY JaBJjieHHeM P, o6vemoM V u Temnepatypoit T TBep-
noro tena. Jlas npocToTh GyAeM paccMaTpHBaTh OLHOATOMHOE TBep-
Joe TeJO B Je6aeBCKOM MPHGJIHKEHHH.

) Johnson F. A, Cochran W.—Proc. Exeter Conf. on Semiconduc-
tors, 1962, p. 498.
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HauGonee npaAmoH nmyTb NOJNYYeHHS YpPaBHEHWs COCTOSIKHS 3a-
KJI0YaeTC B BBIYHCJEHHH CBOGONIHON SHEDPT HH CUCTEMb)

F=—kTInZ, (12.1)
rle CyMMa COCTOSHHIM
Z=7leen/kTQ (e,). (12.1a)

n
3mech Q(e,) —CTATHCTHYECKUH BeC WIM YHCJO PA3JIUYHBIX CO-
CTOAHKUHE CHCTEMBl ¢ OXHOH H TOH XKe sHeprueil ¢,; APYTHMH CJIOBa-
Mi, Q(g,)—~KpPaTHOCThL BHIPOXHEHH s HEPreTHYECKOTO YPOB-
He ¢,. Jlns nMBefiHOro rapMOHHYeCKOro ocuniastopa Q(e,)=1u Z
paBHo Bulpaxenuio (11.9). Tlpn HenpepblBHOM H3MEHEHHH 3Hep-
THH € CYMMa COCTOSINHI 3aMeHSIeTCSI HHTETrpaJoM COCTO S HHH.
M3 TepMOAMHAMHKH KH3BECTHO?), YTO JaBJICHHE

oF
P=—<5«‘7>T, (12.2)
rie npousBoaHasi no V Gepercg mpu nocTosiuHom T .

CeoGonHasi sHeprua OCLHJNATOPA NPH 4YaCTOTE  paBHa

gocu:%’+kor1n(1—e—ﬁw/knf), (12.3)

KaK 3To cJeayer 3 BolpaxeHul (12.1) u (11.9).

Has TBepioro Tesa, onuchBaeMoro 3G?==3N He3aBHCHMBIMH
HOpMaJIbHbIMH KoJle6aHusIMH (OCUHAIATOpaMH), cBOGOAHAS 3HEpPrHs
paBHa CymMMe CBOOOJHEIX SHEPTHH OCUHUINATOPOR:

D Y LIRS (1—e—tonmr). (12.4)
9 Lz

B npubnuxennun neGaeBcKOro KoHTHHyyMa
©

Vv —ha/h,T 2

3:€ﬂ+k0Tﬁ In{1—e—ho/t @ do =

U

J'Igo

Te/T
=é°0+9Nk0T<Tl)3 j’ln(l—e—x)xwx, (12.4a)
¢ i

€CJIM BOCIIO/IB30BaThCs cooTHowenuamu (9.15) u (11.14).

[lpu onpesenenun paaBiexus no dopmyne (12.2) Heo6xozumo
(12.4a) npoanddepenunponars no o6beMy V npH nocTosHHON TeM-
mepatype T. MOxHO NoKasaTh, YTO XapaKTEPHCTHYECKAs] TEMUepary-

) Ancenwrn A, M. OcuoBbl CTaTHCTHUECKOH (HM3HKH H TePMOAMHAMH-
KH.—M., 1973, ¢. 53, 111,
2} CM. Tam xe,
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pa T, uJu NponoplHOHadbHasA el npeje/bHas 4acToTa @, B aHrap-
MOHHYECKOM TPHUGJIHKEHHH 3aBHCAT OT o6reMa V. I[lponsmocTpupyeM
3TO Ha MpUMepe MPOCTOH OJHOMEpIOH pelleTKH, IpeaelbHas YyacToTa

ko.ae6aHHH KOTOpo¥, cornacto (2.5a), paBHa m?nz-,%ﬁ, rie p—

K03(pUIUHEHT KBA3HyNpYroH CHIJIL.
CoraacHo (1.3) cuna B3aMMOLEACTBHS aTOMOB B aHTaPMOHHUYECKOM

NpUBIMKEHHH paBHA
F=—px—+vx~

3neck x=R—R, (R,—paBHOBECHOe pacCTOSIHHE MeXJy aToMaMH),
B=AU(R)>0 u y=—21U"(R,)>0; U(R)—mnoreHuuansnas
JHEpPrusi B3aHMOAeHACTBHS aTOMOB.

[TpH OZHOPOJHOM pacCTSKEHHH HJH CKAaTHH aTOMHOW NENOUYKH Ha
KaXJIbill aToM JONOJIHHTENbHO AeHCTBYeT HEKOTOpOe ORHOPOAHOe
none A=const, sHeprus atroMa B Kotopom paBHa AR. Tak kak
cula B HOBOM TOJIOXKEHHH paBHOBecHsl R,-+ AR, paBHa Hy/MqO, TO
U(R,+ARy)+ A=0. Paznaraa U'(R,+AR,) B psll MO CTerneHam
AR, u yuutpBas, uto U'(R,) =0, monyunm U"(R,) AR, + A =0 nan
A= —PBAR,. C npyro#t CTOpPOHb, H3MeHEHHAasi MpejelNibHAasi YacTo-
Ta O, A®, YyIOBJETBOPAET COOTHOLIEHHIO

(0p+A0,)* = — U (R, +AR,)

(Bropas mpouseozsas mo R or suepruu AR pasua nymo). Pasna-
rasi npasyio uacTb mo AR,, npenebperas cneBa (Aw,)* H HCOOJE-
3ysl 3HaueHHe ®},, TOJYYUM

Aom _ 78R

W p

Mbi BHIHM, 4TO Npeje]bHAas YacToTa ®,, a cjaejoBaTenbHo, H T,
MeHAIOTCA TpH H3MeHeHHH «obbeMa» AR, TOJIbKO B anrapMOHHYEC-
KOM npubauxKenus (y=0). Tak kak f ¥ y NOJOKHTeNbHBI, TO NpPH
yBeJHueHHH «o6seMay AR, TpelejbHasi YacTOTa YMeHbIIAeTcs
(Aw,,<0) u HaoGOpOT.

Takum obpasoM, AaBjIeHHE

) o0& , TN 10T, -
P=— (%)T — —20_3Nk,TD (T> =25 125
ecu npeobpa3oBaTh WHTErpas B BoipameHHH (12.4a) mo wyacTam H
BOCIIOJNIb30BaThCA ofo3nadeHHeM (11.15a).
BBenem B paccMorpenne napamemp [ pionedsena

. VdT,  d0m/0n _ dlnw,
Vo= s Ty = dy O (12.6)

He 3aBucsWAE oT Temmeparypel. M3 ompegenenus (12.6) BuaHo,
YTO OH HENOCPEJCTBEHHO CBA3aH C aHrapMOHA3MOM B3aHWMOJEHCTBHS
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aToMoB. B [PpOCTOM OJIHOMEpHOM cJydae, pacCMOTPEHHOM BhILIE,

_ _ Awn/on _ ¥R
Y6 = —3RgR. = 5 (12.6a)

B rapMoHuyeckoM mnpubmukenun (y=0) napamerp [proneiisena
v =0. O603Hayasi 3aBHCSLYI0 OT TeMIepaTyphl 4acTh BHyTpPeHHeH
sHepruu yepe3 &r=3Nk,TD (T /T), nONyuuM ypasHerue COCMOAHUR
meepdoeo meaa

p— 98 1061 (12.7)

rje OepBulé YseH mpaBo# yactu oT T HE 3aBHCHT.
2. BuiBesieM M3 ypaBHEHHSI COCTOSHHS TaK Ha3blBaeMOE COOMHO-
wenue Tproneisena. Nuddepenuupys Beipaxkenue (12.7) mo T u

YYHTHIBAS, YTO ( r

a7 ), =Cv» TONYHHM
oP _ Yacv
(7%_-‘,—. (12.8)
Bocrosibayencs TepMOJAHHAMHYECKHM TOMIECTBOM 1)
oP 1% oT
( oV )r( aT )p( oP)v_—'l (12.9)
H 3afuHuieM ero B Bupe
oV v oP
(_ar ) = _('aP )r(\ ar )v ’ (12.92)
YTO BO3MOXKHO, TAaK KakK ( ) ( )T u T, A.
Bsoas xosadduuueHT JmHefu OT'0 TEINIOBOTO pacliUpeHHs
1 oV
== (-—OT )P (12.10)
H H30TEPMHUECKYIO CXUMAaeMOCThb
1 av
k=—7<—0P>r’ (12.11)

nosniyudM W3 paseHcrB (12.9a), (12.10), (12.11) u (12.8) cooTHoure-
HHe [proHefi3eHa
3Va = ygkey. (12.12)

OnuiT NoKasbiBaer, YTO, AEHCTBHTEbHO, JeBasi M NpaBasf 4YacTH
3TOr0 PaBEHCTBA HMEIOT OJMHAKOBYIO TEMNEPaTyPHYIO 3aBHCHMOCTh,
€CJM CUMTATh, 4TO Y OT TeMNepatypbl He 3aBHCHT. Mayuyas Ha
ONbITe H3MEHEHHEe CKHMAeMOCTH K TNipH GOJIpLINX JaBJeHHAX P,
MOXHO He3aBHCHMO ONpEAEJIHTb NOCTOSHHYIO ['pioHeliseHa y,;, KOTO-
past XOpoIlO COBMAJaeT C BhIYHCJeHHOH M3 ypaBHenus (12.12).

1 Anceanvu A. H. OcHoBel cTaTHCTHYECKON QH3HKH H TEPMORHHAMHKH.—
M., 1978, c. 117.



190 KOJIEBAHUS ATOMOB KPUCTAJIJIMYECKOA PEIWETKH [TJL 11T

3. PaccmorpuM ra3 paBHOBEeCHEIX (JOKOHOB B KOHTHHYaJIbHOM
(ne6aeBckoM) npuGnmenun. Yucjao paBHOBECHBIX (JOHOHOB B HHTEp-
Basie yactoT (®, ©+ do) paBHO

Y 3V o?do
dN,=Ng(e)do=—=

ondvd R/t __ |

(12.13)

3neck N —cpenHee UHCJIO (OHOHOB B 3JEMENTAPHOH suefike daso-
Boro mnpocrpaHctBa (11.10a), a g(®)—dyHKUUA pacnpesesieHid
yacToT B KOHWTHHyaAbloM npuGmixenun (9.15). Dxeprua 3tux ¢o-

HOHOB . vk ©%do
0 —
d&e=ho dN, onod SR/t ] (12.14)

EcJjit 3aMeHHTb B STOM BblpaKeHUH MHOMHTeNb 3 Ha 2, B COOTBeT-
CTBHH C TOJILKO ABYMS BO3MOMKIIBIMH (IIONEPEYHBIMK) MOJAPH3ALHAMI
GoTOHA, H CKOPOCTb 3BYKa Uy—HA CKOPOCTH CBETA ¢, TO NOJYUNM
usBecTHyo Gopmyay ITnanka aist pacnpefie/ieHus SHEPTHH B CHEKTpe
yeproro Manyuerusi. ITonunoe uucao GoHoHOB B o6beme V' paBHO

@m Te/T
Ne=(dN,= 3V o2 do _ 3V kT \3 xtdx
o S 7 oned h/ke T | 2n2ed h ex—1"
0

(12.15)

rie T,— rtemneparypa JleGas.

U3 Boipaxenns (12.15) caenyer, uro npu T KT, Koraa ¢ Tot-
HOCTBIO O BEJHYMH nopsaka e~T¢/T MOMXHO samenyTh BepXUHH npe-
JeJq HWHTerpaja Ha oo, uncjio (GoHoHoB N oo VTS, [nf BBHICOKHX
TeMnepatyp, koraa 7 >> T . v MOXKHO NoA
3HAKOM HMHTEerpana MoJOXKHTh &¥—1 =
~ x, udcao ¢ouonoe N VT, Ha
puc. 111.20 npeacrassiena 3aBicHMOCTD
KOHUeHTpaluu doroHoB N/V ot Temne-
parypsl T.

Ionuas sHeprus (oHOHOB B 00®B-
eMe V paBHa

7 é:Sdaﬁ

(0]
avh d o3 do
2ny ) phoikeT _ |

Puc. 1II. 20.

(12.16)
yTo B TOYHOCTH COBMAjaeT C 3JHeprHedl HOPMAJBHLIX KoJseba-
wuit (11.12). Takum o6pasom, SHeprus HOPMaJbHBIX KosieGauni
peufeTKH COBMAajaeT ¢ 3Heprued (OHOHOB, DACNpEAEJIEHHBIX MO 3a-
KoHy Dose —3iiHwmredina.

B TepMojvHaMilKe MOKa3blBaeTca ), UTO CBOOGOAHAT SHEPIHS
T)dT
F——1 (&0 (12.17)
HA M Anceann, c. 110,
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rae & (T)—BHYTpeHHsisl 3Heprus cHcTembl. HeonpejeseHHBIR HHTe-
rpaj B (12.17) cooTBeTCTBYET HeonpeieJeHHON alAHTHBHOH KOHCTaHTe
B BHIpaXEHHH JJIsi cBOOoAHOH sHepruu. Ecou noacraButh B (12.17)
& (T) us ypasHenus (12.16) u npoussecTH uHTerpupoBanue no T,
TO MOJYUHM CBOGOJHYIO 3HEpruio, coBnajawmyio ¢ § —&,=&
B BblpaxkeHuu (12.4a). Mbl MoxeM Tenepb cMOTpeTb Ha & 5 B (12.4a)
KaK Ha CBOGOAHYK 3HEpru0 (OHOHHOrO ra3a, a Ha YypaBHEHH:

(12.5) n (12.7) 6e3 ujeHa aav" —KAaxX Ha YpaBHEHHS COCTOSIHHA

doHoHHOro rasa. Kak Mbl yKa3biBaJH BHIle, B TapMOHHUYECKOM
npubanxenun napamerp I'pioHeiizeHa y;=0, Mo3TOMy B 3TOM IpH-
GJXKEeHNH JasjieHue (OHOHHOrO rasa paBHO HYJO.

B aHrapMoHHyeckoM npHOJMKEHWH JaBjeHHe (QOHOHHONO rasa

Pyon =V » (12.18)

KaK 3TO cjejyeT W3 BblpaxeHus (12.7).

Ananus Bompoca NOKasblBaeT, YTO MOTOK MMINYJbca, CBS-
3aHHBIH ¢ NMJOCKOKH rapMoHHuecKOM Geryuwed BoJAHOH
C onpeseseHHBIM KBasHHMNYJALCOM /i, PaBeH HYJMo, T.e. (OHOH
He 00/1ajaeT UMNYJbCOM (KOJHUYECTBOM JiBHKeHHA). B 3ToM poHOH
CYILECTBEHHO OTJIMYaeTCs .OT PO TOHa, KOTOphil 06JiajaeT UMNYJIb-
com fik (B—BoJHOBOM BeKTOp (hOTOHA).

§ 13. TenaoBoe paciinpeHHe M TENJONPOBOAHOCTE TBEPAOrOo Teja

Mbl o6bepunuan B ofHoM mnaparpade siBJ€HHS TelJIOBOTO pac-
WIIPeHHsT U TeNJONPOBOAHOCTH TBEPJAOro Tesja, TaK Kak oHU ofa
ONpefesitoTCS AHTaDMOHHUYECKOH YacThlo CHJI B3aHMONEHCTBHA aTo-
MoB. Kak TennoBoe paculMpeHHe, TAK H TeNJOBOE CO-
npoTuBJeHHel) (paBHoe 1/, The *—Ko3(QPHUHEHT TenJonpo-
BOJHOCTH) HCYE€3aI0T, €CJH MNOJOXKHUTb KO3(PPHIUEHT aHrapMOHHY-
HoctH y =0,

Mbl paccMOTpHM TenJioBoe pacluHpeHHe Ha NPOCTOH MOAEH ABYX
B3aHMOJIeHCTBYIOLMX aTOMOB. JTa MOJeJb JaeT BO3MOMHOCTH BBISIC-
HUTb HE TOJbKO NMPHHLUUNHAJBHYIO CTOPOHY $IBJEHHUS, HO W IO3BO-
JsieT ONpPEAEJHTb NpPABHJIBHBIH NOPSAOK BeJHYHHB Ko3(hduiHeHTa
TEeNJIOBOTO pAaCIIHpEHHS.

B TensionpoBOAHOCTH MBI OTPAHHUYMMCH HEKOTODHIMU OOGLIHMH
coofpaxKeHHsIMH M OTpefeHM KO3P(HIHEHT TeNJONPOBOAHOCTH NpH
BBICOKHX TEMIIEpaTypax H3 coobpaKeHUHl pa3MepHOCTH.

1. PaccvorpuM gBa aTtoMa, KOTOpble NPH MajbiX OTKJIOHEHHSIX
OT TIOJIOXMEHHS1 paBHOBECHs X =R —R, B3auMoAeHCTBYIOT APYT C
Apyrom mo 3akony (1.3), T.e. ¢ cumoit

dU
F:-—W:_ISX‘{"'sz (13.1)

1) O6ycaobaentbie POHOH-GOHOHHLIM B3aHMOEHCTBHEM.
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H TOTeHIHanbHOR 3HeprueH
U = Pt — s, (13.1a)

BeposiTHOCTb OTKJ/IOHEHHSI aToMa OT MOJIOXKEHHS DPaBHOBECHS Ha Be-
JHYHHY x paBHa no Boabumany

flx)=Aexp (—%) ~y Ae~Bx*/2kT ( 3k = ) (13.2)

Tl€ 3KCIIOHEHTa, COOTBETCTBYIOIlAA AHTapMOHHYECKOMY 4YJIEHY, pas-
JIOXKE€Ha B pAA

~ px
eXp(3/eT> V7

TTocrosinnass A B Bolpaxenud (13.2) omnpegmensercss w3 ycaoBus
HOpMHpOBKH

Sf(x de=4 je Prisket (l+ 3/er)dx=1

Hurterpan oT BTOpPOro cJaraeMoro, NpPONOPLHOHAJNBHOTO ¥y, PaBeH
HYJIO BBHJY HEUETHOCTH TNOABIHTErpAJIbHOH (YHKIHH; MO3TOMY

(Ilpunoxenue 7)
A= (__ﬂ_.>” 2
2mk,T *

Cpe;mee OTKJIOHEHHE aTOMa OT IMOJIOXKEHHsS paBHOBECHS

el j xf () dx =

+ o
1/2 x4
= (gt )" [ emormeer (x -8 ) ax= 25, (139)
-
Te MHTEerpaj OT IepBOro CJAaraeMoro, COAepailero MHOXHTeNb X,
BHOBb PaBeH HYJIO BBHJIY HEYETHOCTH NOABIHTETpaJbHOH (QYHKIHH,
Huterpan oT BTOpPOTO cJlaraeMoro BhluHCAsercs snementapuo ([Ipu-
Jaoxenue 7).

Io ompeneneHH0 KospHUHEHT JHHEHHOrO TENJIOBOTO paclIHpe-
HMA o ecTh YIJIMHEHHe B pacyeTe Ha eAMHHLY [INHHH H Ha 1°C;
TakHM 06pasoM,

X Yk
rae a = Ry—nocTosHHas pemleTKH. Mbl BHIHMM, UTO Koadduuuesrt
TEMJIOBOTQ paCIU¥PEHHs TNPONOPLHOHANIeH Ko3dduuueHTy aHrapmo-
HUYHOCTH H IPpH y=0 pabeH HYNO.

I npumepa paccMOTPHM OJHOBAJIGHTHEIA MOHHBIH KpPHCTaJ,
B sTOM cayyae MOXHO no.uomm;

B
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3nech —e*/ R*— KYyJNOHOBCKOE NPHTAKEHHE MEKIY COCETHUMU PasHo-
HMEHHBIMY HejeOpMHpYeMBIMH HOHaMH, B/R!°—cuJa OTTaJKuba-
HHSI MEXIY 3THMH K€ HOHaMH, GHICTPO BO3pacTaioliasl NpH yMeHb-
IIEHHH PACCTORHHA MEXAY HWMH R (NpONOPUHOHAIBHOCTL 3TOfl CH-
Jbl R™*® [0CTaTOYHO XOpOLIO aNNpPOKCHEMHPYET 3KCIOHEHUHAABHYIO
3aBHCHMOCTh, TMOJIyyaeMyw TNpPH KBAaHTOBOMEXaHHYECKOM pacuere).

e? B
B paBHoBecun F=0= ——% + %, TAe a=R,—paBHOBeCHoOe pac-

cTosHHe Mexnay 6JiukafimuMu wodnamu. Otcioga B = e%®.
Taxk kak R=a-+x, To 1jia Ma/jbix X

e* e2a8 8e? 52¢%
F=— CEErERR oty + X% (13.6)
U3 cpasHenus ¢ ypasnennem (13.1) caenyer:
B =8e/a®, y=>52¢%as. (13.6a)
IMoncraBasis peayavrar (13.6a) B Bhipaxenne (13.4), moayuum
o =52ak,/64e*. (13.66)

Has a=3-10"% ca, k,=1,38.10"1¢ spe/epad, e=4,8-10-1° CGSE,
noayuum o==1,5-10"% 2pad~!, yto AaeT NpaBHABIYIO NO NOPAAKY
BEJIHYUHY.

2. Bnepsble [e6a#t (1914) moxasau, 4TO TeNJOBOE CONPOTHBIE-
HHE B TBEPJAOM TeJsie OO0YCJIOBJIEHO AHIapMOHH3MOM KojebaHuM aro-
MOB M YTO, €CJIH Y4YUTHIBATH KOJeGaHHA TOJbKO B rapMOHHUECKOM
NpHOJIHAKEHHH, TO TENJOBOE CONPOTHBJEHHE paBHO HYMO. 310 YT-
BepXKJEeHHe TpejCcTaBJ/feTcs AOCTATOYHO HATJAAHBIM — I TApMOHH-
YeCKHX BOJIH HMeeT MeCTO NpPHHUMN JHHEAHOH Ccynepro3uliu,
COrJIAaCHO KOTOPOMY BOJIHBl pacnupoCTPaHAOTCA B KPHCTajdje Hesa-
BHCHMO, He pacceuBasich IpYr Ha japyre. B Tako#t Mojesu TennoBoe
CONPOTHBJIEHHE PABHO HYJIO, TAK KaK TEMJIOBOH IOTOK pacnpocT-
paHfeTcs cO CKOpOCTbIO 3BYKa. BBHAY TOTO, 4TO IJIOCKOH TapMo-
HHYECKOH BOJIHE C OIpefieleHHBIM BOJHOBBIM BEKTOPOM g COOTBET-
CTBYeT (QOHOH C KBa3MHUMINYJbCOM fig U 3Heprue ﬁ(oq, MOXHO CKa-
3aTh, YTO B rapMOHHYECKOM mpuGIKeHHH (DOHOHBI He B3auMOJeH-
CTBYIOT, T. €. He CTalJKHBawTCA JApYyr ¢ jApyroM. B obwem cayyae
B KPHCTaJUIMYECKOH pellleTKe aHTapMOHHM3M YUHTHIBaeTcs YJieHaMH
TpeTbell CTeneHH B CMEIIEHHAX ATOMOB gy B PA3JIONEHHH MOTEHLH-
ajpHO# sHeprud ®(u) (cM. (5.2)). Teopus mnokasmiBaer, H4TO €CJH
YYHTHIBATb aHATapMOHHYECKHEe YJEeHBl B NoTeHuUa bHOH sHeprun @ (o)
KaK MaJoe BO3MYIleHHe, TO 3TO NPHBOJHT K TNPEJCTABJEHHIO O BO3-
MOKHOCTH OJHOBDEMEHHOIO «CTOJIKHOBEHHs» Tpex ¢oHoHos. Ilpu
JTOM HPOLIECCHI CTOJKHOBEHHS HMEIOT CJEeYIOWHH XapaKTep — 1160
JBa ¢$OHOHA MpeBpawaloTcs B OAHH, JHOO OAMH (OHOH pacmajaercs
Ha jBa. TakuM o6pa3oM, B NpoLecce «CTOJKHOBEHHA» KBa3WYaCTHLE!
¢doHOHBE! poxpaloTcs W Hcue3aror. IlocneoBaTenbHasi TeOpus TeMJO-
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NPOBOJHOCTH KPHCTAJJIOB, OCHOBAHHAS Ha KWHETHYECKOM ypaBHEHUH
s ¢osoHoB, Gnina pasBura Ilafiepacom (1929).

B stom naparpacde mbl OrpaHH4YHMCA oOmnpeieseHhHeM KO3pduuu-
eHTa TeNJIONPOBOJHOCTH % [OJf BBICOKHX TeMneparyp T 3>7,. u3
coobpaxeHu#i pasmephoctH. Kak rteopus ebas, Tak u apyrue 6oJee
NoCJ/Ief0BaTeibHblE TEOPHH IPHBOAST K 3aKJ/IOYEHHIO, YTO IPH BBICO-
kux TteMneparypaX (73>T.) KospduIueHT TenJonpoOBOJAHOCTH
ofpaTHO mNpomnopuuoHaJseH abcomoTiol Temnepatype 7. C apyroi
CTOPOHBI, KO3(POhHLHEHT TENJIONPOBOAHOCTH MPONOPLUOHAJIEH JJIHHE
cBoboziHoro npobera ¢oHOHa [, a Moc/lefHsis OOpPaTHO MNPOMOPLHO-
HaJIbHA BEPOATHOCTH paccesnus (QOHOHA, KOTOpasi B CBOW Ouepeib
NPOMOPUHOHAJbHA KBAAPATY MATPHYHOIO 3J1€MEHTA 3NCPTHH BO3MY-
weHust, Tak Kak 3Heprus aHrapMOHHYECKOrO BO3MYILUELHSI MPONOP-
IHOHAJIbHA Y H, CJeNOBATeJbHO, KBaJpaT MaTPUYHOrO 3JeMeHTa
TPONOpLKOHANeH Y2, TO Ko3pPHUHEHT TEenJonpoBOAHOCTH OOpaTHO
nponopuHonaned y%. Takum oBpasom,

I

[Tpy BBHICOKHX TeMIIEpaTypax, KOrjia HeCYIUeCTBeHHbl KBAHTOBblE
5(QEeKTH, TENJI0NPOBOAHOCTL % AJS NPOCTOi MOJAE/H TBEPLOro TeJa,
no Jle6alo, MOXKeT elle 3aBHCETL OT CJEAYIOWHX BEJHYHH! [OCTO-
AHHOH Bosbumana k,, NMOCTOSIHHOH pelieTKH @, Macchl aToMa KpH-
crajya M W CKOPOCTH 3BYKa U,.

Tak Kak v, =const-al/ f/M, rae p—KoadibHiHeHT KBa3H ynpyroi

CHJIH, TO § He MOxXKeT QHrypHpoBaTh OJHOBPEMEHHO B KauyecTBe
HE3aBHCHMOTO MapamMerpa.

Takum o6pasom, 3amaya CBOAWTCH K ONMpefeseHHI0 MNoKasaTeseH
crenenedl B pa3Me pHOM yDaBHeHHH

k! m Myl
nzconst-—"ayz—TU", (13.8)

rfe const—o6e3pasmepHas MOCTOSTHHAS.

[lpumenss Il-reopemy Bpumkmsnal) (unu npocro noaGupas)
MOXHO MMOKa3arh, YTO [/ OAMHAaKOBOH PasMepHOCTU JIEBOH M mpa-
Bo# yacreft B Bhipaxennu (13.8) tpebyercsi, utofhl

=0, m=—8, n=+43, p=-+7. (13.8a)
Taknm o6pasom,

7
x:const-aMT:?’T. (13.9)

YyureiBas Bulpaxkenue (13.4), a Takxe CBSI3b MEXAY BeJHYHHAMH P
MY, @i M, MOXKHO MCK/TIOUHTD H3 (opmyanl (13.9) HeusBecTHBIH

) Bpuzxman I1. B. Aunanus pasMeprocred.—M.—Jl.: TTTH, 1934,
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Kosquument y*:
kG

XICOﬂSt'W s

(13.92)

riae Gespasmepras mnocTosinHas const uuas, yem B BhIpaxkenuu (13.9).

®opmyaa (13.9a) moxKeT GBITH CpaBHEHa C OIBITOM INOCJE TOrO,
KaK onpegeseHa const nns Kaxkoro-nu60 ojHoro BellecTBa. Bmecto
CKOpOCTH 3BYKa U, MOKXHO B BblpaxeHusax (13.9) u (13.92) BBectH
temneparypy Jebas T, no dopmyae (11.14).

Heo6xonuMo yuuTHIBATBH NpPUOIHMKEHHBIH XapaKTep BbIparkKeHHH
(13.9) u (13.92), Tak Kak noTeHUHaNbHas SHEPrUsi KpHCTaJJa Om-
pefefsieTcsl 31eCh TOJbKO AB Y M3 CHJIOBBIMH KOHCTaHTaMH f u y
(unu v, ¥ ¥). OaHako B paMKax Takoifl Moxenn ¢opmyant (13.9)
u (13.92) abcoaloTHO TOUHBI, H OBblIO Obl 6€CNOJE3HO NHTAThCA
c TeM xe HaCopoM NapameTpoB, OMPEAENRAION{MX CBOHCTBA KpHCTaALIa,
noJiyuHTh GoJjiee TOHIOe BhIpaxKeHHe Aias Ko3pdHLHeHnTa Temaonpo-
BOJHOCTH.



FJIABA IV
AJIEKTPOHBI B HAEAJIbHOM KPHCTAJIJIE

§ 1. O6masa nocraHOBKA 3ajaud.
Anuatarnueckoe npubanxerue

1. Jlio6oe TBepioe Teso MaKpPOCKOMHMYECKHX pasMepoB NpeicTaB-
Jader cofo#l COBOKYNHCCTL OFPOMHOIO YHCJIA aTOMHBLIX SAEP H 3JeK-
TpoltoB. OOLIYHO aTOMHBIE #/1pa2 OQHOrO 3J€MeHTa MpeCTaBJISIOT
€000 ecTeCTBEHHYIO CMeCh €ro H30TONOB, OAHAKO A/ GOJbLIHHCTBA
CBOHCTB TBEPAOrO TeJla 3TC OGCTOATENBCTBO HE SABJSETCS CYILIECT-
BEeHHbIN. BaXHOH OCOGEHHOCTHIO TBEPAOrO TeNa, YCTAHOBJIEHHOH
IMIIHPHUECKH, SIBJASAETCS TO, YTO ATOMHbLIE sjpa 3aHHMAOT B HeM
6oJsiee UM MeHee Cl:)HKCHpOB.’dHHbIG NOJIOXKEeHiisT B NpPOCTpaHCTBE.
B npeanbHom KpucTange 3TH TONGKEHHS OGPasyloT TpPeXMepHYio
NePHONHUECKYIO pelieTKy. B nefiTpanpHoM TBepioM Tese ofuiuii
NOJICXKHTEIbHBIH 3apsil siiep paBeH abCOJIOTHOH BesHYWHE CyMMap-
HOro 3apsina BCeX 3JEKTPOHOB.

B HekoTtopuix cayyamx, OCOGEHHO NIPH H3y4eHHW TpPaHHUB (I0-
BEDXHOCTH) KPHCTa//12, BOJH3H KOTOPOM MOTEHUHANbHAas 3HEprus
3JIEKTPOHOB NPOBOAHMOCTH HMEET APYrOe 3HayeHWe, yeM B ofbeMe,
TIPUXOAHTCH PACCMATPHBATL 3apPSKEHHBIE O6J1ACTH Ted, B KOTOPbIX
00heMHBIH 3aps/l H 3JeKTPOCTaTHYECK Ui NOTEHIHAJ CaMOCOT/1acOBAHBI
APYT C ApYroM.

Ecsi ve uHTEpecoBaThCA TAKMMH TNj0lleccaMd B TBEpPIOM TeJe,
TNpH KOTOPHIX HMEIOT MECTO sIIePHBIE I[3eBpalleHHs H CTaHOBATCS
CYUIECTEEHHBIMH PeJISITHBHCTCKHE S((DEKTh] M CTIHH 90€KTpOHA H sifep 1),
TO CTAUMOHAPHBIE COCTOSIHUS CHCTEMBI ONHCHIBAIOTCA YpaBHEHHEM
Wpennurepa ~

HV=W¥ (1.1)
¢ raMiJIbTOHHAHOM ;
7 ﬁ: 2 2 1 o
# = —WZZ Vi — % ;‘MT VR4V, R),  (l.la)

%) TasecTHo, YTO PAA #BJEHHE B KpHCTaJiax (cmuH-op6uTaNLHOE paculen.e-
HHE SJEKTPOINHOTO CMEKTPA, NAapaMarHHMTILI H AJePHLI Pe3CHaHC W Ap.) cyule-
CTBEHHO SABHCHT OT CMHHA 3/€KTPOHOB M sijep. :
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rl€ KYJOHOBCKAs 3HEpIHs BBaHMOIleﬁCTBHH 3/IEKTPOHOB M sA1Ep
__ ZJZKe ZJe
V(r, R)_E T 2 2 (1.16)

3necb m—Macca anekTpoHa, M,—macca J-ro sapa, r; v R,—
PajHyChi-BEKTOPHl (-0 3JEKTPOHa H J-ro sanpa, R, rip W rijy—
pacCTOSHUSL MeXJYy COOTBeTCTBYIOIIWMH SIAPDAMH H 3JIEKTPOHAMH,
Z,—aToMHbIi HOMep J-ro sjpa.

CnexTp cOGCTBEHHBIX 3HayeHHH 3Hepruu cucrembl W uMmeer,
BooOIe TOBOpS, CJOXHBIH Xapakrep.

Tak Kax noeejeHHe (HIHYECKOH CHCTEMBI MOJIHOCTBIO Omnpeje-
JfeTcs ee BOJHOBOH GyHKuUWel, To pelieHue ypaBHeHus (l.1) mo-
3B0OJIMNO Gbl B NPHHIHNE OTBETHTb HA BCe BOMPOCH!, CBS3aHHHIE CO
CBOHCTBAMHM TBEPAOrO T€Ja, B YACTHOCTH Ha BOTIPOCHI: MOYEMY COBO-
KYMHOCTb AAHHBIX si€p H 3JEKTPOHOB 06pa3yeT KpPHCTaMJHYCCKYIO
peILeTKY TOro HIIH APYroro THIa, KaKOBbl TENJIOBLE, 3MIEKTPHUECKEE,
MarHUTHBIC M OITHYECKIie CBOHCTBA JAaHHOrO TBEPAOro Teja H T. k.

Tak Kax MaKpOCKOMHUYECKHH o6pasell TBEDAOTO TeJia COMEPHKHT
oxoJo 102 yactun M, c/enoBaTes]bHO, BOJIHOBAaA (QYHKUHSA ypaBHe-
Hua (1.1) 3aBHCHT OT TAaKOTO Ke YHcJla NEePeMEHHBIX, TO, KOHEYHO,
NpaKTHUYECKH (faxe HaNucathbl) pewleHHe ypaBHenus (1.1) Hesos-
MOXHO. Dosee toro, ecau 6b] MH J&Xe HallAW CHOco6 HamucaHHs
(3a7aHus) BOJIHOBOH GYHKIMH OT TaKOrd uucJa IePEMEHHbIX, TO
3T0 6bI0 Ob! 6ecCroJie3HO, TaK KaK HCIOJb30BaHHE ee A BblUU-
cleHNA HabolaeMblX Ha OMBITe BeJHYHH HATOJKHYJNOCh OB Ha
3aTPYLHEHHs, KOTOpHIE cJeloBaso 6bl MPH3HATH NPHHIHIHAAbLHEIMA.

3ajaya ¢H3KMuecKoll TEOpHMM Kak pa3s i 3aKJjuioyaeTcs B OTHICKA-
HMU TaKHX JOCTATOYHO OGOCHOBAHHBIX HpPHOJHKEHHH, KOTOpble MOo-
3BOJIMJIM 6Bl MHTEPIPETHPOBATH H BBIYHCJNThL BeMHUHHH, Habuogae-
Mble Ha OIbITe.

2. [Tonpo6yem ynpocTuth ypaBHenue (1.1), BOCMONB30BABIIHCE TEM,
YTO Macca 3J1€KTPOHA /11 MHOTO MEHblIe Macchl aTOMHBIX sigep M, (anua-
GaTHyeckoe npubnwkenue). PaccMaTtpuBas BHayaJje JABHXKEHHE 3JICK-
TPOHOB, 6YleM CUNTATh TAKEbIE AADA Hel'IO,ZLBH)KHbIMH 4TO IIO3BOJ1ﬂGT

Lﬁ
B raMusabtoHiane (1.1) npeneépeyn cjiaraeMelM (—— ) Z o VR,,

CBA3AIHBIM C KHHETHUECKOH 3Hepruei apep. Bom—xoaaﬂ yHKUHA
3NEKTPOHOB ¢, ABHXYIIHXCS B MOJE HENMOABHMHBIX ATOMHBIX fAfep,
YIOBJIETBOPACT YpaBHEHHIO

{_Qﬁ_;vaiJrV(r, R)}(P=<<9q>. (1.2)
{

Tenepp R;—He nepeveHHble AMOPEPEHIHAJLHOTO YypaBHEHUS, a
napaMeTphi, OnpejeJsilOllNe NOTeHIHasbHOe none saep. OyeBHano,
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4TO co6cTBeHliaA PYHKIHA H COOCTBEHHBIE 3HAaYeHHS ypaBHeHHs (1.2)
3aBHCAT OT R, Kak oT napamerpon: ¢ (¥, R) u & (R)1).

INonpo6yem npeacTaBUTbL MOJHYIO BOJHOBYIO GYHKIIHIO CHCTEMBI
3JIEKTPOHOB H s1lep B BHHE

¥(r, R)=D(R) ¢ (r, R). (1.3)

Kax Ml yBHIMM HiKe, Takoe mnpeicTtaBierve ¢yukuuun ¥ sas-
JasieTcas  nprO/HMKEHHBIM, TaK Kak, CTpPOro roOBOps, OTHOIUEHHE
¥ (r, R)
9 (r, R)
dyHrU¥eH, ONHCHIBAOIEH ABHKEHHE fJiep B CpeiHeM IoJje, CO3fa-
BaeMoM 3JexTpoHaMHu. IlonctaBuB Bhipamenue (].3) B ypaBHeHHe
(1.1), monyyuM, yuuteiBas (1.2),

2 ¥
— B 5 [0Vh, O+ 2 (797 D) + DT+ 8 (R) 90 = V.

(1.4)

B camom pmene, @ oT #; He 3aBUCHT, NOSTOMY TNpHMEHEHHE K
npoussenenyio M@ oneparopa KLlleTHYECKOR 3HEPTHH 3JEKTPOHOB
mmoc V cpasy paer, corsacHo ypaBHeHHt0 (1.2), caaraemoe &od.
C zpyro#i CTOpOHBI, NpHMEHEHHE omnepaTopa V?QJ K TIpoH3Beje-
nuw @@, B KOTOPOM KaXIBA MHCHKHTEJNb 3aBHCHT OT R;, naer

(X —npsiMOyTOJIbHAS KOOp}.IHHaTa R)) Bblpa){(eHHe

o op oD
oxe (0, 9)=0 ax2 +2 55 ax TP oxe dx2 :

cnabo 3aBuCHT oT r;. Pynkuus O(R) okaxercs BOJHOBOMH

YuuTbiBast BCe TPHU NPAMOYTOJIbHBIE TIPOEKUMH R;, MOJYYHM BHI-
paxeHHe, cTofdllee B KBajpaTHBIX cKoOkax ypaBHeHHs (1.4).

He orpanuuuBasi OOLIHOCTH, MOXHO CYHTaTb, YTO BOJIHOBAfA
¢GYyHKUUS 3JEKTPOHOB ¢ BelIeCTBEHIa (Mbl HCKJIOYaeM HaJiuHe
MaKDOCKONKYECKHX TOKOB B KpHCTaJJe); TOrjaa ycJosde HOPMH-
DOBKH HMeeT BHJ

(prar=1, (1.5)
rae HHTeI‘pHpOBaHHe BeIeTCcsa II0 BCeM KOOpHHHaTaM SJIeKTpOHOB

no o6beMy KpHCTaJa.
U3 ycaosus (1.5) caenyer:

Ve, § ordi=2( ¢vepdr=0. (1.5a)
YMHOMUM ypaBHenue (1.4) Ha ¢ u npounrterpupyem mo t. Mc-
noas3ys (1.5) u (l 5a), l'IOJIy'-[I‘[M

By o ¢ [8R1—E 5 (o] 0 wo.
J
(1.6)

1) Yuureisas sua V(r, R), Bugno, 4T0 & (R) BK/IOUAET TaKXe KYJOHOBCKYIO
3NePrHi0 B3ANMOAEHCTBHA Ajep.
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BoJee TinatesbHEIA aHA/NU3 MOKA3BIBAGT, YTO B MOCJENHEM BBI-
paxeHNUN MOXHO B KBajpaTHbIX CKCOKax npeledpeys ; 310 CBA-

32HO C TeM, YTO H3-32 MaJICCTH OTHOWeHKH m/M, Bomucsas QyHK-
uns ¢ (#, R) cnabo 3aBucHt OT R, TaK YTO MOXKHO npenebpeyb
4jleHaMu, COJEpPXKALUMH Viv(p. MOXKHO 1noOKasaTb, 4YTO YUCT 3TUX
4JeHOB B ypaBHeHuH (1.6) npuBOAMT NMpH pacycTe pasNMYHBIX (H-
3HYeCKI'X BeJHUYHH K NonpaBkaMm nopsaaka (m/M )13,

Taxun c6pasom, BmecTo (1.6) moayuum

[—%@%v%ﬁ&(m]@:w. (1.7)

Mur BuawM, urto ¢yukuus @, onpegensemas AnddepeHinalbibm
ypaBHenueMm (1.7), JjelictBnTesNBlIO 3aBMCUT OT nepeMeHuBIX R,
Us (1.7) caeayer, uto (D(R)—posHoBas (yHKUUS saep, ABUXKY-
IKUXCS B TNoJe ¢ NoTeHUHaJsabHofl auepruedt & (R), paBHOH cOOCTBEH-
HOMt 31eprui 3JeKTPOHHOH cHCTeMBl MpH 3aJaHHOH Koldurypauuu
A7.6p U HEPriH KYJIOHOBCKOTO B3aHMOJCHCTBUS siep.

MBl BHAUM, YTO TOYHAs KBAHTOBOMEXaHHuecKas 3ajaya O noBe-
JeHUH CHCTeMbl 3JIeKTPOHOB H Silep pacrnajaercs B aguabaTHUYCCKOM
npuOMXEeHHH Ha JBe GoJjiee mpocTole: 1) 3ajauy o IBMKEHMH 3JIeK-
TPOHOB B MOJ€ HEMOABWXKHBIX fifep (1.2) m 2) 3ajauy o ABUIKEHHH
Arep B YCPeIHEHHOM TMoJe, CO3JaBaeMOM 3JeKTpoHaMH & (R)1).
Cnepyer uMeTb B BUAY, YTO B HEKOTOPHIX SIBJEHHSX, HaNpHMep mpu
MHOrO(OHOHHBIX NePeXofax 3JEeKTPOHOB B IPMMECHBIX UEHTPaxX, BTO-
poe cjaraeMoe B KBaApaTHOH cKob6Ke ypaBHeHus (1.6), tTak Haspl-
BaeMbl 4JleH HeagHabaTHYHOCTH, HTpaeT CYUIECTBEHIYIO PpoJib,
ABJNASCh NPUUYMHONK HTHX TIEPCXOLOB.

§ 2. Meton Xaptpu — Poxa

1. B npemeinyuwem naparpade Mul BHAEJNH, K4K HA OCHOBE TdK
Ha3bpIBaeMOro afkadaTHYECKOro MpPiiGauKeHH s MOXeT GbITh YIIpol(eHa
ofas KBaiTOBOMeXallHuecKasi 3ajaya O JABIKEIMH SIIEP K 3JeK-
TPOHOB B KpHcTaJge. ApwaGaTHueckoe mNpub.iKeHHe, 0OCHOBaHHOe
Ha MaJOCTH OTHOWeHus m//M,, NOo3BOJIsET CBeCTH BONMPOC O NMOBeje-
HHH 3JIEKTPOHHO-SIIePHOM CLCTeMB! TBEPJOrO TeJsa K 33ajaue O fBH-
XEHUY 3JIEKTPOHOB B MOJIe HENOABVKHBIX aTOMHbIX sigep. OpHako
M B 3TOM cJlyiae 3ajaya O ABHIKEHHMH COBOKYIHOCTH BCEX 3JIEKTPO-
HOB B KPHCTAJlJIe OCTAeTCl YPe3BBLIYAWHO CJOXKHON W TpeGyer mnpH-
MEHEHHS TeX MJIM HHBIX NPHGMIKEHHbIX MeTonoB. OAHHM M3 TaKHX
BecbMd 3(xpeKTHBHLIX METOROB, MNOJYUYHBIUHX MNpeoG/aajaroliee 3Ha-
YeHHE B 3/IGKTPOHHOH TEODHH KpPHCTAJJ/IOB, SIBJISETCS METOX

1) Kak ormewanoch Bble, & (R) BRJIOMaeT TaKxke KYJOHOBCKYIO 3HEPrHIO
B3aHMOACKCTBHS SIAED.
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Xaprpu—®oKa, NO3BOJAIMHUN CBECTH MHOIO3JIEKTPOHHYIO 3a-
auy K OJHO3JIeKTPOHHOH.

Paccmorpum cuctemy N B3auMMOJEHCTBYIOMLHX APYT € Apyrom
37eKTPOHOB B TOJE HEMOABMIKHBIX sAep. Y pasHenwe Illpennsrepa
JJISL CTALIMOHAPHBIX COCTOAHHH 3TON CHCTEMBI MMeET BHJI

TGPy ey FR)=EO (Frs Far oe s ) @.1)

C TaMHJIbTOHHAHOM

1, N 1, N
~ ~ - 1 [ ]
gg:; :;5[._;_7; o (2.1a)
rae £
Hi=— g VIV (7). (2.16)
b P BBy N
3neck Vi=— + —+—; V(r;)—mnoresunasbHas 3Heprus i-ro
ox; Oy [7]

3JeKTpOHA B NOJie sIAep, WTPHX Yy CyMMBl B Bhipaxkenuu (2.la) yka-
3bIBA€T, YTO B MOTEHUHAJbHOA 3HEPLHH KYJOHOBCKOTO B3aUMOAeH-
CTBHSL 3JIEKTPOHOB HaJ0 OMYCTHTh WJ/IEHHl C i==j.

Metoa XapTpu— DoKa OCHOBaH Ha HJee 3aMEHbl B FaMHJIbTOHHaHe

F¢ noTeHUHaJ bHOH SHEPriuy B3aUMOACHCTBHSA 3JIEKTPOHOB HEKOTOPHIM
5bGeKTUBHEIM BHEWIHUM T0JeM U (F), B KOTOPOM KaX[bl{l 3/IEKTPOH
IBIDKETCS1 HesaBHcHMO. Ilose U [O/DKHO HAHJYYIIHM CIIOCOGOM
OMHMCHLIBATL YCPEeAHEe HHOe AEHCTBHE BCEX OCTAJbHBLIX 3JEKTPOHOB
Ha jaHHbl#. [aMUJBTOHMAH CHCTEMbl paBeH TeNepb CYMMe TaMHJIb-
TOHMAHOB, KaXJBLIA H3 KOTOPBIX 3aBHCHT TOJIbKO OT KOODJAHHAT OJHOTO
3JIEKTPOHA, T. €.

N
5= 5%, 2.2)

rie £ )
Fi=— 5 Vi V) - Uegs (ry). (2.2a)

Huxe 6yner nokasaHo, Kak HaMJy4LINM 06pa3oM BEIGHPATh NoJe
U Herpyauo mokasars, yTo ypapHeHHe (2.1) ¢ raMHJBTOHHaHOM
(2.2) nmeer pelenue:

q’(rlv rz* U] rN)=¢n, (rl)ipn,(ra)' "wnN(rN)' (23)

Hngexe n; y GyHKUHH P, 0603HaYaeT TPU KBAHTOBBIX YHCJE,

XapaKTepH3YIOUWMX KBAaHTOBOE COCTOAHME (-TO 3JEKTPOHA, ONpexe-
JIseMoe ypaBHEHHEM

Fibnlr)=Enn,(r), (2.3a)

rje @S’n‘.—COOTBeTCTBYIOUJ.ee eMy co6CTBEHHOE 3HayeHue SHEpPrBH.
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IIpu 5TOM NOJIHAs SHEPrusi CHcTeMbl B nNpub/uxenHu (2.2) paBHa

N
&= 26y (2.36)

i=1

B camom jesie, mojictaBMM BblpaxeHHe (2.3) B ypaBHeHHe (2.1) npu
yeJoBHH, yTO F7 paBHO cymMe (2.2). HmMeem

2 H [ (1) (7 By ()] = E [0, () (7))
HJIH
Z(a, (1) Wy (P12 By (Fr) -y (0] Fipa, (F)) =
=& [Vn, (F1)- - - Bapy (P,
TaK Kak omneparop f‘t’l IeHCTBYeT TOJbKO Ha KOOPAMHATHL {-I0 3J€K-
TpoHa. Hcnosbsys (2.3a), noayyum

Z[wn, (rl)' . 'wnN(rN)J 63"[ :6‘, [lpn. (rl) .- 'wnN (rN)J‘

Coxpawas ofe 4acTd paBeHCTBA Ha [, (F,)...¥n, (Fy)], moayuyum

BHIpaxenue (2.36).

Taxk kak |1J,J,1'. (#;)?| —NJIOTHOCT BEPOATHOCTH HAXOXAEHUS (-TO
3JIEKTPOHa B TOYKE NPOCTPAHCTBA #;, TO MYJBbTHILIMKATHBHBIA Xxa-
paktep pettieHdsi (2.3) XapakTepusyeT ¢ TOYKH 3PeHHs TEOpeMbl 06
YMHOMEHHH BEPOSITHOCTEH HEe3aBUCUMBI XapakTep JABHXKEHHS BO
BHelHeM noje V4 U He B3aUMOICHCTBYIOLMX APYT C JApYyroM
3JIEKTPOHOB.

2. TloctaBuM Tenephb 3ajayy Haujayuyuwero onpenefeHus Uy (r)
B NPHGJIHIKEHHOM raMUIbTOHHaHe (2.2a). KaK Mbl YBHAHM, 9TO MOXKHO
6yJeT CeaTh Ha OCHOBE HEKOTOPOH caMOCcor/JacOBaHHOH NPOUELY pbl.

Jns Toro utobul fajbHeHiHe BHIKJAAAKH OLIJIY MeHee IPOMO3AKH,
NpOBEAEM HX JJIsi CUCTEMH U3 N =2 5JIeKTPOHOB, a 3aTeM 0BOGMMM
pe3y/bTaTEl Ha NPOU3BOJIBHOE YHCJIO 3JEKTPOHOB V.

st IBYX 2/EeKTPOHOB BHpaxenue (2.3) HMeeT BHA

P (rl'v rz) =’%Pn, (rl) 1J:’n, (rz)-

MBIl JO/DKHBI Tenepb y4ecTh, YTO COCTOSTHHE 2JIEKTPOHA XapaKTepH-
3yeTcsi Hapsigy C TpeMs  IIPOCTPAHCTBEHHBIMH KOODAHHATaMH
X, Y, 2 (=r) 3HaYeHHEM MNPOEKIHU COBCTBEHHOro (BHYTPEHHEro) Mo-
MEHTa KOJIHYecTBa ABHXEHHA (COHHA) S, HAa HEKOTOpoe 3alaHHOe
HanpaBJ/leHHe (HamnpHMep, ock z). TeopHs M OMBLIT NOKA3LIBAIOT, YTO
S, NpHHUMaeT I/ 3J€KTDPOHA TOJIbKO B4 3HAYEHHS +ﬁ/2 H —ﬁ/2;
ecsi Mbl NoJioXuM S, = sk, TO CUMHOBAs KOOPAHHATA S=-+1/2 HJH
s=—1/2. B COOTBeTCTBUH C 3THUM Mbl BBEJ€M CIIHHOBbIE (DYHKUHH
v; (8} ({=1, 2), rie HHAREKC [ XapaKTepH3yeT CIIHHOBOE COCTOAHHE:
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i=1 18 S,=h/2 w i=2 qan S,=—1/2, Tak uto
Vi) =1, vi (=) =0, v, (Y,)=0, v, (—;)=1. (2.4)

[lpy TakoM omnpejieslieHHH CHHHOBBIE (YHKIIHH OPTOHOPMHpPOBAHYI,

T. €.
*
2 Vi(S) Ve (s) =8y (2.5)
s=x1/,

ECJIH He y‘{HTb]BaTb BSaHMO}IEﬁCTBHe MArHUTHOIrO MOMEHTA BJleKTpOHa
(CBHSaHHOI‘O co Cl’IHHOM) C MACHHTHBIM I10JIEM, CcO3J1aBaeMbIM €ro
Op6HTaﬂbeIM JABH2XXeHiieM, TO [MMOJIHa O}lHOSJIEKTpOHHaﬂ BOJIHOBAA
GyHKIHA [-rO 3JeKTpOHA, Haxoasierocs B (1, k) = j-KBAHTOBOM

COCTOsIHHU, DaBHA
Wn[ (F)ve(s) =(Pj(l)- (2.6)

Apryment [ y Gpynknuu ¢, o60o3HavaeT COBOKYMHOCTb YeTLIPEX K0Op-
AWHAT [-rO 3JIEKTPOHA: TPeX NPOCTPAHCTBEHHEIX X,, Y4, 2, U CIHHO-
BOH s, Ilpeanonaras BOJHOBblE QYHKUHH ', OPTOHOPMHPOBaH-
HBIMH, MOJYYHM

S o7 (D oy (1) dr,= S dr, ZS] Pr, (7)) Y, (£)) Vi (s) Vi (s) =
=0, dw=0;. (2.7)

31echk CHMBOJ Sd‘[l O3HayaeT MHTErpHPOBAHHE 110 NPOCTPAHCTBCH-

HbIM KOOpJAHHATaM X,, y,, 2, H CYMMHPOBaHHe IO CHHHOBOH KOOp-
JMHaTe s.

Cornacho npuenHny IlayJ ¥ nojsHas BOJHOBAasg (QYHKIUSA
CHCTeMS! JCJ/IXKHA ObITb aHTHCHMMETpPHYHA, T. €. IPH [epeMeHe
napel 3J€KTPOHOB MecTaMH (IPH MepecTalloBKe HX YeThIPeX KOOpAH-
HaT) JOJ/KHA MeHATb cBoM 3Hak. s ABYX asektponoB (N =2)
TaKas BOJIHOBasl QYIKIMUST HMeeT BHI

1 _ | e (1) @1 (2
O, )=y (e @—n@ e =75 ") “0 ey

B camom gnene, ®(2.1)=—®(1.2). Muoxureas /)2 BBenen
IJIsi HOPMHPOBKII BOJIHOBOI GyHKUUY cHCTeMbl. Mcnoab3ays cooTHo-
wende (2.7), Jerko nokasaTb, UTO

(o1, 900, 2)dr, dr,= 1. (2.8a)

AntHcumMmerpuyHas gopMa Beipakenus (2.8) aBTOMaTHUeCKH ofecre-
uynBaer TpeGoBanue npuunina Ilaysu, cOraacHo KOTOPOMY B ONHOM
KBAHTOBOM COCTOSIH!iH H€ MOXET HaXOJMTbhCAA COoJiblle OAHOrO 3JieK-
Tpona. B camom Azae, eciu ¢, =@, T0 ®=0.

Ob6o6was onpepenuren (2.8) Ha N 3JeKTpPOHOB, MOJYUHM mpa-
BHJIbHYIO aHTHCHMMCTPHYHYIO BOJHOBYIO PYHKIHIO I cHcTeMBl H3 NV
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3JI€KTPOHOB:
| () (2 ... (V)

O(1,2,3, ., N)mgmr | B0 0@ @, (9.80)
en(l) on (@2 ... PN (M)

yIOBAETBOPSIOWY NpstHiny Tlayad.

Ecau o6MmeiisiTh B 3TOM BhIPAXKEeHUWH KOOPAMHATHI Taphl 3JIEKTPO-
HOB, wanpumep 1 <22, TO 3TO 3KBHBAJIEHTHO TIIePeCTaHOBKE ABYX
Cro/IBUOB ONpefesnHTe s, & NPH 3TOM OH H3MEHHT CBOH 3HaK, T. €.
@(1,2,3,...,N)=—0(2,1,3,..., N). Ecau cauTarh ABa KBaHTO-
BbIX COCTOSIHHA COBMAJAlOLIMMK, HanpuMep ¢, =@, TO ABe CTPOKH
onpenesures paBHbi, a B 3TcM cayyae @ =0. Muoxuresb l/l/ N1
oBecneyrBaer HopMHpPOBKY ¢yukunu D (1,2, ..., N) npu yc/JoBHH
2.7).

( l)/Icnoﬂbsyﬂ TOYHBI TraMuJLTOHHAH CHCTeMbl (2.]1a) W BOJHOBYIO
byHkuHo (2.86), BhiyHCIHM moszyio sHepruio cHcrembl ([Tpuaoxe-
nue 8, n. I):

&= Fwdv dv,. . .diy—
1“.N . | l./\i .
=2 fotFe dn+5 X (10 )P L o) @) dv,dr,—
i [

1.N
—z % [oi e, ()2 0 @) 0] @) dr, dr,. (29)
L

3aMeTuM, YTO IITPKXH y BTOPCH W TPETbEH CyMM MOTYT 6HITH ONy-
LUCHBI, TaK KaK YJEHBl C i = COKpallaioTcs.

Tak kak onepatcp &, W e%/r, HE 3aBUCAT OT CMMHOBOIN Iepe-
MEHHO# §,, TO CYMMHDOBAHHE IO Hell MOXKET ObIThL BEIIOJHEHO lie-
33BHCHMO OT HHTEIPHPOBAHUS MO IPOCTPAHCTBEHHLIM KOOPLKHATAM.
OueBuaHO, YTO B TeX CJAyYasx, KOMLA CYMMUDOBAHHE MO §, BeleTCs
RISl napel GYHKUMA @; ¢ OLHHAKOBBIMH MHAEKCAMHM, De3yJbTaT, CO-
racHo ycJoBHio (2.5), paseH eauHule. [l HHTerpaJioB mocJeaHeit
CYMMBI B BhIpaXKeHHH (2.9) pe3ysbTaT paBeH eAMHHIE TOJLKO IPH
CYMMHDOBaHHH N0 3JIEKTPOHAM ¢ MapaJJeJbHEMH CIIMHAMH, B Npo-
THBHOM CJlyyae CyMMHpPOBaHUE RAeT HYJb.

Taxum o6pasom, Belpamenue (2.9) MoxeT GBITh 3aNHcalic B BHAE

I, N
&= 2. § Ui, (r) #n, () dr, +

tdr, dr,—

g 2 o P £, ()

I, N
—5 2 [0 0% ) S () v (r) dr dr,, (2.99)

b
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rIe B TMocJefHeH CyMMe CYMMHpOBaHHe BeNeTCA I10 COCTOSIHHAM
3JIEKTPOHOB C MapaJJeibHLIMH CNHHAMH.
Tax xak s/MeKTPOHHbE QYHKUHH ¢, HE ABJAOTCA cO6GCTBEHHBIMU

(YHKUHAMH TaMHJIbTOHHAHA F7,, TO NepBas CyMMa He €CcTb CyMmMa
SHEPTHH HEB3aHMOJEHCTBYIOUIHX 3/eKTpoHOB. KinTerpassl, BXoasiue
NOJl 3HAK BTOPOA CYMMEl (TOJIOXKHTE/BHOM), HA3BIBAIOTCH KYAOHO6-
CKUMU —OHY PaBHEl TOTEHUXAJbHOH SHEPrHH B3aHMOJEHCTBHA ABYX
3apsnoB, pacnpejeseHHbIX ¢  MJOTHOCTSMH: —e|1p,.l. (r)* u
—elxpn/ (r,) |*. VHrerpajsl, BXOAAUIHE NOA 3HAK MOCJAEAHEH CYMMEL,
HasbpBAOTCH OOMEHHbLIMIL — OHH HE HMEIOT KJAaCCHYECKOrO 3JeKTpo-
CTATHYECKOTO aHaJjiora, UM COOTBETCTBYET KYJOIOBCKOE B3aHMOJEH-
CTBHE C KOMIIJEKCHBIMHY TJIOTHOCTAMH 3apsiaar:

e‘P?;,-(fl) wn/ (ry) u '—ell’:z/ (ry) P, (ra).

O6a snekTpoHa € napaJJeJbHHMH CHUHAMH HAXOMATCA 4YacCTbio
B n,-M, YacThi0 B 1,-M COCTOSHHfX, OHH Kak Obl «0OMeHHBAITCA»
MecTaMH.

OcTaeTcsi OTKPHITBIM BONPOC, KaK HaHJyulinM ofpasom BbIGpaTh
OJHO3/JIEKTPOHHBIE BOJHOBLIE PYHKUHH Y, . [as onpeleneHus Hau-
JIYYLIHX OJHO3JEKTDOHHBIX BOJHOBBIX (YHKLUHH Py, (r) nmorpeGyem,

yTOGEl 3HEpPrHsA CHeTeMbl & OblJla MHHHMAaJbHA 10 OTHOLLIEHHIO K NpO-
H3BOJIbHKIM MaJIbiM H3MeHeHHsM (BapHauuaM) QyHKLUHH wn‘.——ﬂb,,i +

+ 8, Tak Kak QYHKUHH P, KOMIJIEKCHBI (T. e. 3KBHBaJEHTHHI

IBYM BeIUECTBEHHBIM QYHKIHSAM), TO HeO0XOAHMO HE3aBHCHMO Bapb-
HpoBaTh Y, H w;i. OJHaKO ypaBHEHHA, KOTOpbie MOJYYatOTCs NpH

BapHALUKH P}, KOMOJEKCHO COMPSKEHbl C TeMH, KOTOpbIE MOJyva-
JOTCA TpPH BApHAUMH Y,, NOSTOMY Mbl OrPaHHYHMCHA sBapHauuet
omHo# u3 GYHKUHH, HanpuMep: 1p,’,l,—-+‘1p:,‘.+61p;i. Mgl norpebyem
BBINOJHEHIIST YCJOBHA ODTOHOPMHPOBAHHOCTH M IO OTHOIUGHHIO
K BapbHPOBAaHHbIM GYUKIHAM:

§ (s, +8m) wa, dr =8, . (2.10)
Yuureleas ycjoBHe (2.7), noJyuynm

§ 0w pn, dr =0 (2.10a)

Mgt BCeX [ H j.

Bapbupys B mpasoft yacT ypasHenus (2.9a) yHKUMH iy, Bb-
YHCJIHM COOTBETCTBYIOIIEE H3MeHeHHe aHepruu cucrembl 8&. Ilpu-
paphuBasi 6§ HYJIO NpH JNOMOJNHHTE/JBbHOM YcJoBHH (2.10a), koTopoe
VUHTHIEAETCH MeTOAOM HeolpejeseHHBIX MHOMHTesel Jlarpauxa,
MOJYYHM CJejyiollee YpaBHeHMe A oNpeleseHHs QYHKUHH Y,
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({Ipunoxenne 8, n. 2):

H i () + [Z jM drz] ¥, () —

ell’n 2)
—ZJ ) drqu,, (F)—&n, Ha (r) =0 (i=1,2,...). 2.11)

3aech gni—Heonpe,ueneHHbm MHOXuUTENbL Jlarpamka, WHrparouiuil
pOJib COGCTBEHHOI'O 3HAYEHHSA SHEPTHH OAHOIJIEKTPOHHOIO COCTOSAHHUS.
Bropyio cymMMy B BelpaxeHnud (2.11) MoxHO ¢opma/buo NpeACTaBHTh
B BHle omepartopa, AeHCTBYIOWEro Ha P,, W 3aNHCaTh ypaBHeHHe

(2.11) B BUAE

n(2)2
[%+Z(e‘¢ "| r,—

¢ Pay {1
] ,1)56 Vo, () U () drz] Yo (F) =&l (). (2.112)

M3 cpasuenus storo Beipaxeius ¢ (2.3a) BHAHO, 4TO
et [Pn (1) |

U r) =20 | L, —

i 712
Z, Pn (r) [ €%%a; (r2) \L‘n/- (re)
- \Pni (ry)

rae Bo BTOpOH CymMMe CYMMHpPOBAHHE BeJETCA [0 3JEeKTPOHaM co
CITMHAMH, NapaJ/lie/lbHbIMH CHHUY 3JIGKTPOHA B COCTOAHHUM 7.

YpaBHeHus (2.11a) Ha3KBAIOTCA YPABHEHUAMIL CAMOCORALCOBAHHOZ0
noas Xapmpu-—@oka. XapTpH 3aiaBaj BOJHOBYIO (YHKUHIO CH-
crembl B BHAe (2.3), He yuurTbBatolled npunuun Ilaynau; on ¢opmy-
Jauposas ypaBHeuus (2.11a) B Buie, B KOTOPOM OTCYTCTBOBAJa BTO-
pasi CyMMa B KBaAPaTHBIX CKOOKaX, YTO COOTBETCTBYET lipeHeSperse ni0
3Heprued oOMEHHOTO maumo,ueﬁcmuﬂ 310 npeHe6GpeKeHHe NPHBOAUT
kK ownbkaM B 10—20% npd BbIMHCJACHHM MJIOTHOCTH 3JIEKTPONHOIO
o6sJaKka B MHOrO3JeKTPOHHBIX atomax. Crporas TeopHs caMocor.na-
COBaHHOro noJs MHOI‘ODJIeKTpOHHbIX cucreM 6bi1a paseuta B. A. ®o-
xom (1930).

Tak Kak Uy (r)) caMO 32BHCHT OT HEM3BECTHBIX QYHKUHA Y, ,
To ypasHeHHe (2.1la) npeacraBaseT ccGOH CHCTeMY HeNHHEHAHLIX
HHTErpoAUpPepeHUHaIbHBIX YPABHEHHH A QYHKUHUA P,,. MoxHo
NpeAcTaBuTh cebe CJAeAYIOWYIO TIpoUelypy HX pelleHds. 3agafuMm
B HYJeBOM MNPHUOMHKEHUY HEKOTOpble OAHO3JEKTPOHHLIE BOJIHOBBIE
QYHKUHH P, H BHMUCIUM C HHMH 3QOexTHBHOE nose Ug. ITlocrne

3TOr0 MOXKHO H3 CHMCTeMbl ypaBHeHuil (2.11a) onpejpenurs QyHKUMH
Yo, B CHepylomeM, nepBoM npubakenuu. OnpelesHB N0CPEACTBOM

dr,  (2.116)

T12
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HOBHIX ,;, moJie Ucgy B NEPBOM NP HOJIMIKEHHH, MOXKHO, pellas ypas-
Herusi (2.11a), ompenesuTb P, BO BTOPOM MNPHOJIHWKEHHH H T. 1.
Ecan ¢yHKuMH, noactaBisieMble B Uy OYAYT COBMAjaTh C TEMH,
KoTopble 6yAyT HailgeHBl W3 peweHHus ypasHeuus (2.11a), To MOMHO
CUHTaTb, YTO OMpeJeJeHBl CaMOCOT.JAaCOBAaHHBLIE pelIeHHs
ypaBHeHuit Xaptpu— Q@oka. KoHeuHo, (haKTHueCKOe MpoBejieHHE
TaKoH onepalHy TpeACTaB/seT 3HAYHTE bHBIE TP YJAHOCTH.

§ 3. SJeKTPOH B NEPHONHHECKOM I10Jie

1. Kak noxasbBaloT TEOPHS U ONBLIT, MHOrO3JEKTPOHHAA 3ajaua
B KpHCTaJje BO MHOT'HX CJAy4asX MOMKeT ObITb € HOCTATOYHBIM MpH-
6KEHHEM, PacCMOTPeHa KaK OJHO3JMeKTPOHHAsA. JpyruMmu cjaoBamy,
3JEKTPOHBl B KpHCTa/jJe MOTYT ObITb C XOpOLIHM NpHGJIHKEHHEM
onucanel ypaBHeHusaMH XapTpu— Poka. Kaxk [0/KHO ObITb B 3TOM
cayuae BbIOpaHO 3(dexThBHOE nose U, (r) B (2.2a)?

CuMMeTpHA KpHcTaJsa NojcKasbiBaeT, 4To U,y (r) AOMKHO 06-
JlaJaTh MEePHOJHYHOCTBIO KPHCTAJJa.

Bra I, §9, n. 2 6610 noka3aHo, 4TO BOJHOBAf (YHKUMSA
3JIeKTPOHA B nepHojxyeckoMm noJe nmeer Buj (11.9.13)

Ve (F) = uz (F) €7, (3.1)
rfle £—BOJIHOBOH BeKTOD 3JIeKTpPOHA, a aMNJIHTyAHAf (QYHKUUS
Up (F 4 @p) = up (r), (3.1a)

T. e. 06J1aflaeT NepHOJHYHOCTHIO KPHUCTAJIHYECKOH pelleTky. MoxHO
nokasathb (I[Tpusnoxenue 9), uto 6710X0BCKHe BOJNHOBbIE HyHKUHUH (3.1)
nojcTaBJeHHbie B BbipaxkeHue (2.116), aeHcTBHTE/NbHO TIPHBOANAT
K s(pdekTHBHOMY mnomo U (), obnajaiolieMy repHoIHYHOCTHIO
KpHCTaJsla, T. e. 4To pelueHue (3.1) camocorsacoBaHo.

BosnHOBOH BeKTOp 3J€KTpOHAa MOXeT ObIThb NpejcTaBJeH B BHJE
(11.9.8):

k=%‘b,+g—5b2 +&b, (g,=0,1,2,...,6—1), (39
rae G—oO6oabluoe (HeyeTHoe) yucao, a by, b, u b,—ocHOBHBE Bek-
TOopbl 06paTHOH peiteTku. Takum obpasoMm, & npuHuMaer G® KBasu-
JMCKPETHHIX 3HauYeHHi.

K asromy e BbIpaxeHH0 AJs KB Mbl NpHAeM, €CJH BBIICJIHM
OCHOBHYI0 06J1aCTh KpHCTassa B opMme napasiesnenunena ¢ peépamu
Ga,, Ga,, Ga; u oobemom V =(G3Q, (2, =(a, [a,, a;])—ob6beM 3ne-
MeHTAapHOM suelikd Kpucrtanana), W norpeGyeM, yToObl BOJHOBas
¢dyuxuua (3.1) He MeHAsach NpH cMelleRuH Ha BekTop Ga,; (i =1, 2, 3)
(yenoBus yuxkauunocmu bopua— Kapmana; cM. ta. I, § 5, n. 6).
®usnyeckH pasjuyHble (HEIKBHBAJIEHTHBIE) 3HayeHHs B Jsexar
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B npegesax (11.9.10):

—n<ka,<m (i=1,2,3). (3.3)
[oactaBass ciopa (3.2), noayunm (1199.10a)
G G
—?<g,-<7, (3.3a)

TaK uTo B OB6JacTH uaMeHeHns Bektopa R (3.3) oH npunumaer G3
KBa3HAMCKpPETHBEIX 3HaueHu#.

B kauectBe HauboJsiee yaoGHON 06,1aCTH HeIKBHBAJIEGHTHLIX (pas-
HHX) 3HaueHu#l BOJHOBOro BeKTOpa K, MBI BhibepeM 6 pHJJIIOSHOBCK VIO
30HY, Tak Kak oHa omnpeaeneda B ra. II, § 9, m. 1.

Yenosus (3.2), (3.3) u (3.3a) coBnanaor ¢ yeaoBuamu (111.5.9),
(111.5.24), (I11.5.25) nns BOJHOBOrO BEKTOpa ¢, YTO BNOJIHE ecTe-
CTBEHHO, TaK KakK (aMO CYLIECTBOBaH¥Ee BOJHOBOTO BEKTOpa H €ro
cBoficTBa OGYC/IOBJIGHBl HAJIWYHEM TPAHCJIANLHOHHOH CHMMETDHH KpH-
CTaJIJIMYECKOH pelleTKH.

Ecau 6noxosckas poJnosas ¢yHKuusa (3.1) HOpMupoBaHa Ha
OCHOBHYIO 06JaCTb KpHCTaJJa, TO

Cor ) ve(rydor = § Jun(r)raer=1. (3.4)
v G3Q,

Tag Kak |ue(r)|® mepHoauyHO C NEpHOAAMH OCHOBHBIX BEKTODOB
peLieTKH, TO u3 (3.4) caeayer

G § |unirypder=1, (3.4a)

Qo

rje MHTErpUpoBaHue BeAeTcs no 3JeMeHTapHOH siueliKe KpucraJjJa.
B HeKOTOpHIX cJyyasix TpPEACTABJSETCH Lesecoo6pasHblM BBECTH
B 6JI0XOBCKYI0 YHKUMIO B SIBHOM BHAE MHOKHTENb G~3/% T. e.
HOJIOKHTh

I .
Ve ("):muk (r)etr. (3.9)
Torpa Bmecto (3.4a) noayyum
§lue ) paor=1, (3.6)

Qp
H B 3TOM C.nyqae cpe,-mee 3HayeHHe
lue|=1/VQ,. (3.6a)

[oacraBasst 6noxosckylo dynkuio (3.1) B ypasuenne Ulpeann-
repa

";L:—l 2P + V() Vo = €25, (3.7)
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rae V (r)—rnepuopuueckuil noTeHuHas, AeACTBYIOMIHA Ha 3JIEKTPOH
B KpPHCTaJJe, MOJMYYHM, OCTIe COKPAILeHHA Ha MHOXHTeNb eXp (ikr),
cnenywollee ypaBHenHe 1 Uy (r) (Ipunoxenne 10):
he ihe f2ke
'—“‘27 Vzuk‘f'v(r) Uk—T(k'VUk) =<ek—W>uk. (38)
3neco Vu, = grad ue.
Iust k=0 ypasHenue (3.8) nepexoiuT B ypaBHenue

2
—% Viu, +V (r) u, =eyu,, (3.8a)
cosnajamuiee ¢ ypaBHeHueMm (3.7) ans .

2. Mayuenue pasHblX BUIOB NMEPHOAHYECKHX MoJell (ofHOMepHbIE
MOJEeJIH, CayuaH cjaGol W CHJIBHOH CBA3M) U OfLIMe COOBpaXKeHHs
MOKA3bIBAIOT, YTO He BCE 3HAUEHHS SHEPIHH 3JEKTpoHa & B (3.7)
SBASIIOTCA pa3pelleHHbIMH. DHEPreTHUeCKH i ClIEKTp 3JeKTPOHa B ne-
pPHOIHYECKOM I10Jie, B OOWEM CJyyae, pacllajaeTcd Ha paspeuleHHole
W 3anpeujerHsle NoA0cs. UJIH 30H6L FHepeul (He TyTaTh ¢ GPRIIIOIHOB-
CKHMH 30HAMIH).

JpyruMi cJOBaMH, 3aBHCHMOCTb 3HEPrHH 3J€KTPOHA B HEPHOMH-
yecKOM Ilofe OT BOJIHOBOro BeKTopa B (B npeaenax nepBoH 6puJ-
JIIOSHOBCKOI 30HBI) He SIBJISIETCH OAHO3HAUHOH QVHKUHel, a COCTOUT
H3 MHOXecTBa ¢,(k), rie n—uoMmep 30HEI (MOJIOCH) pa3pelneHHOH
sHeprud. CHTyauHs aHaJoruuda oOpa3oBaH:l0 BeTBeH KojeGaHHH
o, (q) (j=1,2,...,3s) (em. ra. 111, § 5, n. 2) ¢ Tem TosbKO OT-
JHYHEM, YTO UMCJO paspelleHHHIX 30H 3IHepruu g,(R) GeCKOHEUHO
BEJIHKO. '

BonHoBast @yHKLHA 37eKTpoHa (3.1) GyAeT 3aBHCETb HE TOJDLKO
OT BOJIHOBOI'O BEKTOpa R, 110 U OT HOMepa 30H®l 71, T. €.

Poe (F) = une (r)exp (ikr).

M3 ¢usiiuecKol 3KBHBAJEHTHOCTH BOJIHOBBIX BEKTOPOB B U B =
= k4 bg (Dg—BEKTOp 0OpATHOH pelueTKH) ciaeayeT, YTO BCe BeJH-
YWHbBI, 33BUCALLHE OT R, JO/KHBI GbITb NEPHOAHYHBI C NEpUOJAMH
OCHOBHbIX BeKTOpOB oOpaTHOH penietkM b, (i=1, 2, 3).

B yactHoOCTH, s 3HEpPrHU &, (k) HMeeM

&, (k+bg)=¢, (k) (3.9)

UTO O3HauaeT, YTO €,(R) MOXeT GbITb PA3JIOKEHO B TPeXMepHbIH psif
Qypbe B R-NpoCTPAHCTBE!

e, (k) = D g™, (3.10)
L

rae L=1{,, [, [,}—uenouncjeHHsle WHIEKCH BEKTOpa npsAMOH pe-
wetky (1.3.1); B camom neJie, 3amenss B (3.10) kra k4 b, nogreepaum
(3.9) (exp (iYqa,) = exp (2ni X nence uynca0) = 1). Paszaoxenue (3.10)
aHasoruyno pasjoxenuo (1.3.6) B r-npocTpaHcTBe.
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BoluncsidM geficTBie oilepartopa exp (@,-V) Ha 6JI0XOBCKY!O BOJ-
HOBYI0O YHKUHIO . (r). Pazyicrast skcrnoHeuty B ps), MOJYYHM

exp (@ V) Yur (F)=[1 +a; v+ ‘/z(a,-v)“r .. .]wm (r)=

1,2,3

= Pnx ( )+alv'¢nk 2 Qg 5 6x ax ['llJnk )] + ... =
— P (P Fap), (3.11)

rje NMOJYYeHHBI pAJ MOXHO paccmatpuBaTh Kak pall Teinopa mo
CTENEHAM MPAMOYIOJIbIEIX COCTABJASAOIINX BEKTOpPa &
Houcras.nﬂﬂ B (3. 10) — iV BMecTO B ¥ vcnoabays (3.11), monyuyum

( lV Ipnk E Cl v'lpnk (r) == 12 Cl'q)nk (r + al) =
— Scie" A (7) = £, () b (r). (3.12)

CootroweHue (3.12) noayunno HasBaHue meopems. Barse; npH
ee BHIBOJE MpeAroJaranochb, 4Y1o sneprus e, (k) npu nanuom B He
BBIPO2KACHA .

[Tycte Ha 3/MEKTPOH MPOBOXMMOCTH B KPHCTaJlle, MOMHMO MEPHO-
AZuyeckoro noas V (r), neHctByeT gomosHuTespHOoe node U (r) (Ha-
NpUMEpP, BHEIIHEEe 3JIGKTPHUECKOe IoJIe MJIH TOTeHIHaJ TPUMECHOTO
HOHa); Torza ypasHeHue Illpeannrepa Asst 3JIeKTPOHA HMeeT BUA

o) =]~V V(A F U [P =ev (). (313

PaasnoxuM BosHOBYI0 GyHKUHIO ¥ (r) MO nonHol cucreme 6s10x0B-
eKUX GYHKUMI Pne (F), YAOBJETBODSIOWKX YypaBHeHHIo (3.7):

=§] ;;cnkxp“k (r). (3.14)

31eCh Cpe— KO3(DDUUHEHTE Pa3JIOKEHHSI.
IoacraBasas (3.14) B (3.13) # yuuTelBasi, 4TO Yup (#) —cobCT-
BeHHble (QYHKUHH YypaBHeHHS (3.7), NoJyuuM

=Z§klcnk e, (B) 4 U (£)] Par =€D(r). (3.15)
Hcnoaways (3. 12) TIOJIYYUM
H (r = 2fen (— V) + U] Lewbas=eP (1) (3.16)

Ecan ¢ gocTaTouHbIM NpHGIHKEHIIEM MOMHO HCHOJB30BATh 6JI0X0B-
CKHe (QYHKLUHH OJHOI 30HBI, Hanpumep n-#, TO

[ex (— V) + U] (r) =2 (r). (3.17)

B stom upubaumxenun ypaBHenue lUpeaunrepa (3.13) saMmensercs
ypaBHendeMm (3.17), B KOTODOM yKe He (bUI'ypUDyeT IePHOAHHECKHH
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norernvan V{(r). Ha neppwil B3rJaal MNpakThueckass Io/b3a OT
3TOrO HeBeJuka, Tak Kak B ypaBHeHuu (3.17) mano sHatb g, (R)
BO Bce#l 30He BpHJa/ozHa, a AJsS 3TOTO HAAO OHPeNeJsIMThL coBCTBEH-
Hble 3HauYeHus 3Hepruu B ypaBdenud (3.13). Moxyo, ogHako, Nbl-
TAaThCH HWCMOAB30BAThH MPHOJHMIKEHHbIE BHIDAXKEHUR AN €, ().

3. Eciu B tmouke k=4k, 3neprus e, (k) obsagaer MHHMMYMOM
WIH MAaKCHMyMOM, TO €€ MOMHO BOJH3H 3TOH TOUKH DPA3JNOXKHUTH
B paj

1 0%, (k
e (B) =¢, (ko) + 725 (% 0;; ) (ra—hae) (b —Fge), (3.18)

rae Rk, ¥ ky—npsaMoyroJbHble cocTaBJjsioulie BekTopa k. Ml orpa-
nauuadch B (3.18) pasnoxKeHHeM 10 KBaJApPATHUYHBIX YJCHOB H YHJH,
YTO B TOYKE SKCTPeMyMa [MepBble NpPOoH3BOAHBIE (08,/0R;)k=r, = 0.
Tak Kaxk 3Heprus g,—CKanip, a K—BeKTOp, TO BeJHYHHEl
(0%¢,,/0k akﬁ)ko—KO\dﬂOHEHTbL tengopa Broporo pasra (Tlpuaoxe-
uue 11). TlpuBogs 3TOT TEH30p K TIaBHbIM OCAM H NEPEHOCsH Hayajo
OTCueTa SHEPTHH H BOJHOBOTO BEKTOpa B TOYKY 3KCTpeMyMma
(e, (ko) =0, ky,=0), noJAyuHM

R = Z(‘Z?) (3.182)

IInsg Toro utoGsl MaKCHMaAbHO NPHOMM3UTL ONMHCAHHE JBHXKEHHSA
3/MEKTPOHA B MEPHOAHYECKOM IOJie K JBHXKEHHIO CBOGOAHOIO 3JeK-
TPOHA, BBEJEM TEH30p 0f6pamnuoll sppexmusnol maccol

1 1 0%,
Mg _ﬁ<akaa/e3 >0' (3.19)
KOMIOHEHTbl KOTOPOro B FJAaBHBIX OCAX PABHEI
L (e (3.192)
my,  h2\ ok,
Bregem xsasuumnynsc
p=lk, (3.20)

OTJHYAIOWKICA OT BOJHOBOLO BEKTOPa B TOJILKO MOCTOSHHBIM MHO-
Kuteqaem B u mostomy obnajalouiud csokicrBamu (3.2) —(3.3a).

3ameTHM, uTo Ten30p o0paTHOH 3(PpeKTHBHOM Macchl KMEET pas-
MepHOCTL (Macca)™!, a KBa3HMMIYJILC — Pa3MEPHOCTH MMMy JIbCA.
Va2 Buipaxkenuin (3.18a), (3.19a) u (3.20) caenyer, uto

e, (k) =Y ke 1 (3.21)
Py ﬂZO‘ % ma

T. €. UMeeT BUul KHHeTquCKOﬁ 3HEPruHt 3ﬂeKTp0Ha C pa3.ﬂl/l‘{HbIMH

MaccaMit 10 OCAM X, 4 M 2. BeJHUHHbI M, UMeIOUIHe Pa3MEpHOCTH

MacChl, He $SIBJIAIOTCST KOMMOHCHTAMM TEH30pa (TaK KaK BeJIMYUHbI,

o6paTHbC KOMIOHEHTaM TeHnsopa, Boobule roBops, He 06pasyloT
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TEH30D), OAHAKO IJs1 COKPAUIEHHS] WX YacTO HA3LIBAIOT MEH30POM
sppexmuenot maccor. Chnepyer vMeTh B Buny, 4yTo dopmyna (3.18)
HMEET MECTO TOJIBKO AJS MajblX p,, T.€. B caydae p, < hja (@ —
NOCTOSTHHAS pelUeTKH), YTO OOBIYHO XOPOIIO BHIMOJIHSIETCS B MOJY-
NPOBOJHHKAX H3-32 MaJsoff KOHLEHTPAaUMH 3JEKTPOHOB MPOBOAH-
MoctH. BOausu Touek k,, B KoTOpeIX ¢&,(R, TNpHHHMaeT
3KCTPeMaJIbHOE 3HAayeHHe, H303HEPreTHYECKHE IIOBEPXHOCTH &, (k)=
= const MMeloT BHI SJIHICOMAOB.

Hakoneu, B TOM cJiyyae, KOTjAa BCe TPH KOMIIOHEHTHI TeH30pa
1/m, OmXMHAKOBHI, MOXKHO BBECTH CKaJsipHYIO 3QDEKTHBHYIO Maccy m*,

TIOJIOXKH B
L__'__i<@*8n) _1 @) —l(a%") (3.22)
m*m, o he\ okE Jr, RPN\ 0K Jn, REN 0K [k, '

SHepriisl 5MEKTPOHA B 3TOM CJydae paBHA
e, (k) =li*k2/2m* = p*/2m*, (3.22a)

T. €. PaBHAa KHHETHUeCKOH 3SHepruu ceoGOJHOro 3/JECKTPOHA € MACCOMH
m* H HMIYJbCOM p.

Y HmMHEro Kpasi 30HB, TaM rjae €, (B) AOCTHTaeT MHHHMYyMa,
L=L<a“i”) >0, T.e. apdexTHBHAS Macca m, MOJOXKHUTENBHA.
my h2 Okg, /&y .
HaoGopor, B6/131 MaKCHMYMa &, (E) BTOpbie 1POH3BOARbIE <%> <0

a /&

1 3(peKTHBHEIE Macchl OTpUUATeNbHBI, Hume Mbl yBUIHM, qToaacp-
(eKTHBHBIE MAacChi, TaK e KaK MW OOCBIUHblE MacChl, OIpPEeJsIOT
OTHOLIGHHE CHJBl K YCKopenHio. Ecan m, <0, TO HanpaBJieHde
YCKODEHHs 3JIeKTPOHA MPOTHBONOJOXKHO HANPAaBJEHHIO IeHCTByIOWeH
Ha HEro cHJblL, 3JTO HEe [O/KHO YIOWBJSTL Hac, TAK KaK MeTof
3(exTUBHONH Macchl npocrefilinuM 06pasoM YYMTHIBAET BJMSHHE Ha
3JIEKTPOH MEePHOAHYECKOro TOJsI KPHCTaJsa, a COBMECTHOE AeHCTBHE
NEPHOJUYECKOTO INOJI K BHEIWIHEH CHJBl MOXET JJsi 3JeKTPOHa,
06./1aa10LEr0 BOJHOBBIMH CBOACTBAMH, IDUBOAHTL K YKa3aHHOMY
Bhlille 3QheKTy.

4. Ecnu noactaBuTh BHIpaenue must sHepruu (3.21) B (3.17),
TO NOJYYHM ypaBHEHHE

[ﬁz @, ht 9

2 f2 52
2 55 T o s P g F LD | B =ev (), (329)

OMHUCBIBAIOIIEE [BHKEHHE 3JIEKTPOHA C HEpaBHbIMH [0 OCSIM Mac-
camu my, m,, m,*) B none U (r). OcobeHHO NPOCTOH BHA HMEET
ypasHenue (3.23), korga TeH30p mz' BBIPOKIAETCA B CKAaJsAp

1) HeoGxopumo nOMHHTE, YTO OCH X, § W 2 COBNAZAIOT C FNABHBIMH OCAMH
Tensopa mcjﬂ‘, T. €. ONpENE/CHHbIM 06DPa30M OPHEHTHPOBAHE OTHOCHTENBHO KpH-
cTanna.
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me=m,=m,=m* u nose U(r)=0, torna

y
;Z* V¥ (r)=ed (r), (3.23a)

4TO COOTBETCTBYET CBOGOAHOH 4acTHUe C NepeHOPMHPOBAHHOH Mac-
colt {m —s m*),

Takas cHTyanusi MOxeT HMETb MECTO, KOIJa MHHHMYM 3Hepruu
¢, (k) HaxomuTcs B uLenTpe GPHUJJIOIHOBCKOR 30HBI KYGHYECKOTO
KpHCTaJ1a,

Crepyer, OQHaKo, HMeTb B BHAY, 4TO ypaBHeHHe {3.23) Gblno
NOJIyyeHO B TNPeANOJONCHHH, uTo €, (B) MomeT OblTh 3aMEHEHO Ha
(3.21) Bo BceH OpUINIW3HOBCKOH 30He, uTo, BOOGLiE
roBops, HEBEPHO, Aaxe B TOM cJydae, KOrjJa 3JEKTPOHBI JBHKYTCH
BOJIM3H 3KCTPEMyMa 3SHEDrHH.

Crporas Teopusi, pasButas B. Kouom u U. Jlartunmxepom
(1955), ofofuieHRass H Ha caydyail BHIPOXKIEHHBIX 30H, MOKA3LIBaeT,
uTO ypaBHeHHe (3.17) OMHCHIBAET TOJBKO IJIABHO H3MEHSIOLLYIOCS
yacTh F (r) BOJHOBOH OYHKUHM, a InojHas BOJHOBAas QYHKLHSA
3JeKTPOHA

PY(ry="F (r) uqs, (r) b, (3.24)

TO€ U, (r)—aMIIHTYAHBIH MHOXKHTeNb ¢QyHkunun bBaoxa (3.1) B
Touke E=£&, C Apyroii cTOpOHB, B HEKOTOPbIX CJAYUAsiX B KauyecTBe
BOJIHOBOH QYHKIHH 3JeKTPOHa JAOCTaTOUHO HCIIOJb30BaTh €€ MJABHO
H3MEHALILYIOCA HacTh F (r), a cOOGCTBEHHBlEe 3HAYEHHS 3HEPrHH
3/IeKTpOHA ONpeeJsaTb B3 ypapHeHns (3.23).

5. B ra. I1, § 8, n. 3 6610 N0KasaHo, YTo »HepreTHYecKas MO-
BEPXHOCTb 3JIEKTPOHA B MoOJe KpHcTanaa e, (k)= const, obnanaer
CHMMETPI€H TOYEYHOH T'PYNMbl pelleTKH & ; OBIIO TakK:e OTMEYEHO,
YTO BO BCeX caydasx e, (—R) =g, (k), T. e. noBepxHOCTh £,(k)-=const
o6najaeT LEHTPOM CHMMETPHH (He3aBHCHMO OT TOro, o0JajaeT Ji
HM KpHCTaJJld4ecKasl pelleTKa).

Takum o6pasom, ecsaH, HampuMep, B KyGuuyeckKoil pelleTKe B
KaKoH-q60 NpOU3BOJNBbHOR TOuKe £, O6pPaTHOrO NPCCTPAHCTBA, He
pacrnosoXeHHOH Ha Kaxkom-Jubo 3JeMeHTe CHMMETDHH, HMeeTcs
sKcTpeMyM e, (k,), To B 3oHe DpuanosHa JOMKHO OniTh ere 48
CHMMETPHYHO paCHOJICKEHHBIX IKCTpeMyMoB. Ecsnn %, coBnagaer
¢ nanpapiexdeM [100], To GygmeT Bcero LiecTb 3KCTPEMYMOB, a H30-
3HepreTH4YecKHe NOBePXHOCTH BYAYT 3JMMHNCOHWAAMH BpalueHus (3.15)
¢ OCAMM CHMMETDHH, COBMN2JaloluMH ¢ Hanpabjemem [100]. Ecau
LUEHTPbl 3THX 3JJHICOHMOB, T.e€., APYrHMH CJOBaMH, MHHHMYMbI
SHEPTHH &,, JexkaT B LeHTpax rpaHed 3oHbl BpH/MO3HA, TO MOJO-
BHHA KaXJOTO 3JUIMIICOMAA pacloJIOXKeHa 3a [pejesaaMi IepBOH
30HBI, HA IOCJIENHIOI0 NPHXOIUTCA DIECTh IOJY3JJIHNCOHIOB, YTO
SKBHBAJICHTHO TpeM LRJBIM 3JJHIICOHIAM.
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AHaJsoruyuasi cuTyauusa HsofpakeHa AMsA MJOCKOH KBajpaTHoOH
pewerku Ha puc. 1V.1. Ha puc. IV.l,a u 6 noxasaus B E-npo-
CTPAHCTBE «3IJJHICH TOCTOSIHHONH B3HEPrHH» JJsi CJydYaeB, KOTja
MHHUMYMBL SHEPTHH PACNOJIOXKEHE! B YeTblpeX 3KBHBAJIEHTHBIX (CHM-
METPiIYHbIX) TOYKAX BHYTPH 30HBI
Bpusmosia M Ha ee  TPAHAX. @ %
Puc. IV.1, ¢ uzobpaxaer nepuaiit-

YECKYIO TMOBTOPSREMOCTb CTPYKTVPHI, © & ») «
KOTopasi nokasaHa Ha puc. [V.1, 6. @
[Toxo6Hble n GoJiee CJIOMKHLIE CTPYK- A
TYpHl 3HEpPreTHYeCKUX 30H SBJs- a) 5)
Y
A
U

10TCSl He TOJIbKO TEOPEeTHYECKH BO3- U
MOXHBIMH, HO H JAEHCTBHTEJNBHO
peaslu3yioTC BO MHOTHX Beulect-
Bax (KpeMHHH, repMmaHuil H ip.).
Huxe ™Mbl ocTaHOBHMCA Ha 3ToM > D
nozxpo6Hee.

6. YcaoBusi uukaHyHocTH Bop- V]
Ha — Kapmana, HaJjaraemple Ha ») >
670X0BCKYI0  BOJIHOBYIO  (DYilKUIO N a) N
3JIEKTpOHA HJ¥ Ha  KoJeOaHHs 4)
aTOMOB pEUIeTKH, NPHUBOAAT K TO- Puc. 1V.1.
My, 4YTO BOJIHOBble BEKTOpHl B H g
nprHHMaoT (% KBasHAMCKpeTHbIX 3HaveHw# (ro. II, § 9, m. 1).
Takum 06pasoM, MOXHO TOBOPHTb O 4YHCJe COCTOSHHH 3JIeKTpOHA
B ob6weMe V B o6nactu E-mpocTpaHcTBa dtp HJM B MHTepBaJe SHep-
rui (e, €4 de).

[ockonrvky Boipaxenue ang g (I11.5.24) cosnamaer ¢ BeIpaxke-
HHeM AJA k (3.2), 4uCJ0 COCTOSIHIHH 3JIGKTPOHA B MHTEPBaJie SHEPTHH
(e, £4de), ecau yuects (II11.5.27), paBHo

g (e) ds:%z SSS ds, (3.25)

n e<ep(R)<etde

a MJOTHOCTb COocTOAHMH, amagoruuyHo (111.5.32), pasha
= o
g(s)—(ms;S Tee] (3.26)

rae Vee,=gradse, (k) U MHTErpypoOBaHHe BeLeTCH 110 NOBEPXHOCTH
e, (k) =const; BuBOj BblpakeHHH (3.25) n (3.26) HHueM He OTJIH-
yaercsi OT BblYHCJeHHs1 (QYHKUHM pacnpeneneHus yactor B ra. III,
§ 5, 0. 6; HEOOXONHMO TOJNbLKO 3aMEHHTb >R H @, ~>&,.
[Ipumenum 3ty GopMyny K NPOCTOMY CJYHaK OLHOH 30HBI, KOIAa
SHEprusi onpefensercs BblpaxeHyeM (3.22a) W, cJeoBaTeIbHO, H30-
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SHepreTHYeCKHe HOBerIlOCTH—CqJQpr. B srom ciyyae

de
|gradee|= =

a nopepxHocTb cdeph o =4mk®?,
[Tnotuoere coctosinuit B 1 caud (V=1 cm3) Gyner paena

V2 m3

dnk? = oo —

g (&) :E‘_ Ve, (3.27)

Tie Mbpl ONATh BOCMNOMNL30OBAJHMCH BhIpaXkeHuem (3.22a) mas ToOro,
4yroObl OT R mepelTH K €.
ITOT e pe3y/abrTaT MOXKIO MOJYYHTb MpsAMo K3 [lpunoxenns 4.
PaccmarpuBass cdopayay (I1.4.1) jasi DepeMeHHOro HMOyasLca p
W, nouuMmaa noa AN =n, 4uCJO KBAaHTOBBIX COCTOSIHHH AJIST CBO-
60AHbIX 3/EKTPOHOB € HMIYJ/JbCOM, MEHbIIHM p, NoayuyuM (AV =1 cu3)

p*dp
dnS:I'I—Z ﬁs

Hepexop,ﬂ K TepeMeHHOH &= p?%/2m*, noJyYuM AJs DJIOTHOCTH CO-
crosnuit 9 —2g (e) popmyny (3.27).
7 qunanM KBaHTOBOMEXAHUWYECK YO CPEHIO CKOPOCTh <> =
== <p> 9JIEKTPOHA B COCTOSIHHH C BOJIHOBbIM BEKTOpPOM R B NepHOAH-

yeckKoM rnoJe. Kaxk Mbl yBHAHM HHXKe, OHA B OGLLEM CJydae OTJHYHA OT
Hyns. TakuM o6pasoM, jaxe B TOM cJyuyae, KOraa MoJHas HEPTUA
5JIEKTPOHA MeHble MAaKCHMyMa ero NoTeHLHaJALHOH SHeprHu B KpH-
cTaJjJje, 3JeKTPOH MOXeT CBOGOIHO NepeMellaThcsl MO BceMy o6beMy
KpHCTaJlJla. DJIEKTPOHY B COCTOSIHHH B COOTBETCTBYeT CpPefHsIfl CKO-
pocTh @ (k) U, cnefoBaTeNbHO, He3aTyXawuuil TOK jf=ev, rae e—
BeJUYHHA 3apsija 3JeKTpoHa. KoHeuHoe 3JieKTpuueckoe CONPOTHB-
JieHue KpHcralaa 06yCcNOBAHBaeTCsl He MOTeHUHaAbHbBIMH §apbepaMu
NePUOAHYECKOTO MOJIS, KOTOpHIE 3JeKTPOH NPOXOAUT «TYHHEJbHBIM»
crnocofoM, a OTCTYMJIEHWSIMH MOJIST KPHCTaJJa OT CTPOro# NMepuoauy-
HOCTH JH60 3a CUET TEIJIOBBIX KoJeGaHuil, Ju6GO0 H3-38 CTATHUECKHUX
Je(PEKTOB peLIETKH.

Ilo obweii ¢opMyne ons cpejHHX 3HAYeHHH B KBaHTOBOH Me-
XaHuKe 1)

0 = —<p»—i—gxpkv¢,, dr, (3.28)

# #i
rie - V= —grad—onepaTop HMNY/bCa; HHTErPHPOBAHHE BEAETCS
N0 OCHOBHO¥ O6JIaCTH KpPHCTaJLIA.

Y Baoxunues M. HU. OcHossl xksantoBOH Mexanuku,— M.: Hayka,
1976, § 19.
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JLst ¢cBOGOAHOTO 3JIEKTPOHA BOJIHOBAs QYHKLHA, HOPMHpPOBAlIHAS
Ha OCHOBHYIO 06J1aCThb, paBHA

1p(k0) =

— efkr 3.29
ARt (3.29)
T. €. UMeeT BHJ MJOCKOH BOJIHBI C MOCTOSIHHOH aMnauTyao#i. 3peck
BOJHOBOH BEKTOD E=p/h, rie p—umnyiasc 2JIeKTpOHAa (He KBasu-
umnyJibcl). ToacraBasas (3.29) B (3.28), yuuteiBas, uro Vel = ike'sr,
NOJYYHM (OmycKas CK06KH y <))
123

P ‘S' PO iRP dt — =% , (3.30)
T. €. TO Xe COOTHOUIeHHe, YTO U B KJACCHYECKOH MeXaHHKe.

Ecau OTOXAECTBUTHL (YUTO A priori He OUYEBHAHO) CPEAHIOID KBaH-
TOBOMEX2aHHYECKYIO CKOPOCTD 3JIEKTPOHA B KPHCTAJJie @ C TPYINOBON
CKOPOCTDLIO BOJIHOBOIO [MaKeTa, COCTABJCHHOTO M3 GJOXOBCKIX
byuxuuii vy, T0?)

9 1 ol I Qe
T e e = SR
H, CJeJOBaTeNbHO,
1 08
V= THE"F gradka(k) (3.32)
B cayyae cBOGOJHOrO /EKTPOHA IHEPTHS
h2ne 2
eb)=5—=14- (3.33)

u dopmyna (3.32) maer (3.30).

B Toykax 3KCTpeMyma 3Heprud (0e/0R)=0 wu, cjenoBaTesibHO,
v=0.

Crporn#t BeiBOJ, dopmynst (3.32) aan B Ilpunoxenun 12.

8. PaccMOTpHM 3JIEKTPOH B IEPHOHUECKOM I10Jie, KOTJA Ha HEro
JIOTIOJIHUTENBHO JeHcTByeT BHelumsAs cugaa F. Ecau cuna F gocra-
TOYHO Majia, TaK YTO fa<(£ TJle @ —TNOCTOSIHHAS PELIeTKH, a &y —
HIHPHHA COOTBETCTBYIOLIEH 3anpemeHHon 30HbI, TO cuja F He 6yjer
BBLI3LIBATh MEPEX0/10B IJEKTPOHA MEXKAY PasHBIMH IHEPreTHYECKHMH
30naMH, a 6YAeT TOJBbKO H3MEHATb BOJHOBOH BEKTOp 3JEKTpoHa K.
Tak Kak KJacCcUYeCKHe YpDaBHEHUS IABHIKEHHS OCTAIOTCS COPaBeJu-
BHIMH /ISl CpPelllIHX KBalTOBOMEXaHWYECKUX 3HAUSHHWH BEJIMYNH, TO
€CTECTBEHHO IPEAMNOJIOXHTE, YTO 3aKOH COXDAaHEHUS IHEPrHH HMeeT

BUA
de (k)
dt

rie @ —CKOPOCTb, onpejessiemast paseHcTBoM (3.32), a € (k) —sHep-
rud 2JCKTPOHA B 30He, B KOTOPO# oH ABMkKercs. PaBeHctBo (3.34)

= oF, (3.34)

) Bunoxuuues O. U, §7.
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yTBEpIAacT, 4ro pabora cujanl F, NpPUJOKEHHOH K 3JCKIpoHy,
B | cex paBHa CKODOCTH H3MeHEHs ero 3Hepruu & (k).

Tax kax
de (k) o dbo

de
s —ar = gradee o

dt’

TO, MCIOJB3Yd DPAaBEHCTBO ( 2), HOMYYHM 13 ypaBHeHHs (3.34)

d(hk) _ dp
— =_dT:F' (3.35)
OTciofa, B YacTHOCTH, BHJHO, UYTO B HEpHOXHYECKOM MOJe KBa3H-
HMIIYAbC 3JIEKTPOHA p—ﬁk HTpaeT B ypaBHEHHH JBuxeHHA (3.35)
poJib WMIyJbca CBOGOJHOrO 3J€KTpOHA.

YcKopeHHe 3JI€KTpOHa, NOHHMaeMoOe KaK CKOpPOCTb H3MEHEHHA
ero cpeaHedi KBaHTOBOMEXAHHYECKOH CKOPOCTH ¥, PaBHO

Z_;’=_gt_<-;:gradke(k)> =%§r(%) )

Tax xkak -g% 3aBUCHUT OT BPEMEHH TOJIBKO uepe3 R, TO
bt ()t B () T S (w2 )2
hodt B\ Oky Okg fi \ Ok, Okg ) di -
(3.36)
COBOKYUHOCTb BEeJHUYHH
| J% ~ -1
= 3= ) = i 3.37
ﬁz(()lea Okg > thads (3.37)

11a30BeM 000OUEHHbIM MeH30poM obpamuoil spgexmusrol maccet. On

oT/Muaercss OT TeHsopa fgp (3.19) TeM, uro saBucur ot k. Ecum
3HEPrusi 3JEKTpoHa pasHa (3.18), T.e. Gepercsi B KBaJApaTHYHOM

NPUGHIKEHHH, TO Mag = Mgg. U3 ypasuenuir (3.35) u (3.36) B raas-
HEIX OCAX TeH30pa Mgg CJEIyeT:

=m3'F,, (3.38)

YTO B CJIyuae mgg =M ' = const IpeacTaB/iser K/JacCHYeCKHe ypaB-
HEeHUS JBHMKEHHS C «aHH30TPONHOH» Maccoi.

Hakoneu, B npuGaMKEHMH CKaJApHOH 3(pdeKTUBHOA Macchl
(3.22) ypaBrenue (3.38) umeer BHR

do

* T
m g

—F, (3.39)

COBIAJaIOUIUA ¢ OGBLIYHBIM YpaBHEHHEM KJIaCCHYECKOW MeXaHHKH.
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§ 4. TloHATHE O NONOXKUTENbHBIX ABIPKAX
NOYTH 3aNOJHEHHOH BaNleHTHOH 30HbBI

1. TTo aHanorHK ¢ KJacCHYECKHM BBIpaXKeHHMeM JJIsi TOKa, co3fa-
BAeMOro 3apsifoM —e, IOBHXKYIIHMCA CO CKOPOCTBIO D, HalHWIlleM
KBAaHTOBOMEXaHHYECKOe BBIDAXKEHHS MJA TOKa, CO3[1aBaeMOro 3JIEKT-
POHOM B R-COCTOSIHHH:

— 2 {rpede=— 2 [ (70, 0,793) dr.
@.1)

Tocnennnfi MHTErpas MOXeT G6bITh HOJYYEH, €CNM yuecThb, YTO Gop-
MallbHO Jg —|—j;=2jk (fe — BelIeCTBEHHAsT BeJHunHa). Mbl BuuM,
YTO NpaBasi YacTb BblpaxKeHus (4.1) AeACTBUTEJBHO NpEACTABJACT
co60it 0oOblUHOE KBAHTOBOMEXAHHUECKOE BbIpaxK€HHE A/A TJOTHOCTH
TOKa, YCpeIHEH!i0e N0 OCHOBIOH 0G/1aCTH KpHCTaia (CTPOro roBops,
AJs ycpeaHeHus uuTerpas B (4.1) Hago 6bl10 OBl pasnenuTh Ha V).
Takoe ycpenHenune ycTpaHseT UHPKYJspHbIE TOKH BHYTPH OTJAEJIbHBIX
KPHCTaJIIMUECKHX siYeeK, TOKH, KOTOpble CBA3aHbl ¢ HAJM4YHEM NepHO-
IHUECKOTO MHOXUTeNS ue(r) B BoJHOBOH ¢ynkuuu DBioxa, He
HMEIOLIHE OTHOHWIEHMS K NOCTYNATeJbHOMY IBHIMKEHHIO 3JIeKTpOHA!).
Mul 3naem, yTo B Kpuctaane joGoi cummerpun (I1.9.26)

e(— k) =¢ (k) 4.2)

v(—Ry=—v(R). 4.3)
IMocsieHee HeNmocpeACTBEHHO BbITEKaeT M3 BhIPAXKEHHH AJsl CDepHeH

ckopocth (3.32).
Hcnonpays pasenctBo (4.3), Jerko nokasartb, YTO

Ev (k) =0, (4.4)

rle CYMMHpOBaHHE DACNpOCTPaHsETCs HA BCe 3HAUeHHA k BHYTpH
soHn Bpuamoswa. CornacHo npunuuny [laynu B xaxjoM k-cocTosi-
HHH MOXeT NaXxoAuTbCcs He OoJblle ABYX 3JIEKTPOHOB C NPOTHBO-
MOJIOXKHO HATIPABJIGHHBIMH CNMHAMM S,. TakuM o6pasoM, TOK MoOJ-
HOCTBIO 3allOJHEHHOH BaJIEHTHOH 30HDI

Je=—cev (k) =

H, CJeI0OBAaTEJbHO,

_j:ij,,=2 ;j,=—e2 gv(k)=o. (4.5)
Ecnn x Kpucranny NpUJIOKHTL 3JIEKTPHYECKOe MmoJie E=—gradg,

TO TOK [OJIHOCTbIO 3aMOJIHEHHOH 30HbBI Nno-npexHeMy paBeH HYJIO.
B camom JeJie, eCJH I0Jie He CJHHUIKOM BEJHKO, TO 3JIEKTPOHBI HE
6Y}IyT H8p86paCbIBaTbCﬂ B 30HY INpPOBOIHMOCTH H BaJleHTHAasl 30Ha

1) Cm. Spenke E. Elektronische Halbleiter.— Berlin: Springer-Verlag,
1956, p. 196.
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OCTaHeTCd 3aMOJHEHHOW H B SNEKTPHUYECKOM II0Je. Ecnau 30Ha
3anoJiHeila 3JeKTpOHaMH 1€ NMOJIHOCThIO, HO BHEIIHCE 3JIEKTpliYecKoe
noje paBHO 11YJIO, TO TOK

j=§'jk=0 (4.6)

M3-33 CHMMETPHH pacrpefesieHns 3JeKTPOHOB B R-NIPOCTPAHCTBE
(lUTPYX Yy CYMMBI O3HAyaeT, YTO CYMMIDOBAHHE BEJETCA HE IO BCeH
30He Dpunmosna). Ho ecnn 31€KTPOHBI He NOJHOCTBIO 3aMOJHSAIOT
30HY M K KPHCTaJJly MpPHJIOMKEHO 3JIEKTpHUECKOoe noJe, To Tok (4.6)
OT/JIHYEH OT HYJf, TaK KaK 9YHCIO KR-COCTOSHMH, 3aMOJIHEHHBIX
3JIeKTPOHAMH, ABKKYIIHMMCA [POTHB I10JIs1, BO3PacTaerT.

Beesem Temepb cuMBON v, (R, S), paBHbIH eIHNHIE, €CJil COCTOSR-
Hve (R, S) 38aHSTO 3JEKTPOHOM, W HYJIO—B IIDOTHBHOM CJy4Yae.
OvyeBHAHO, BEPOSITHOCTb TOTO, YTO COCTOSIHME (R, §) He 3aHATO JJEKT-
poHOM (mbIpKa), paBHa v, (k, s)=1—m,(k, s). Tok (4.6) moxeT OblTb
Tenepb 3alHCaH TakK:

J=—eXv,(k 5) v (k), (4.6a)
rpe CyMMHpOBaHHe BeaeTcd no BCEH 30HEe, HJIH
j=—e§ﬂ—wAhs”vw%:—egvmy+§NAkam%=

=exv,(k, s)v (k). (4.60)
ks

Mbl BHAMM, YTO 3/IEKTPHYECKHE TOK HENOJHOCTBIO 3amnoJHeLHol
3JEKTPOHAMM 30HBI MOXKHO ONHCAaTh KaK TOK IIOJIOKNTEJbHO 3aps-
JKEHHBIX - e KBa3uuyacTHIL HJH JbIPOK, COOTBETCTBYIOLIHX HE3aHATBIM
SJeKTPOHAMH K, S-COCTOSIHKAM, ABHMIKYLLHXCS CO CKOPOCTSIMH U (R).

Konuentpauus abIpoK (HX KosaHyecTBO B 1 ¢cm?) paBHa va(k, s),
ks

eCJM YHMCJO KBAaHTOBEIX COCTOsHuIl GepeTcs B pacuere Ha | ca®.
YTBepKaeHre, UTO MOJ REHCTBHEM 3JIGKTPHUYECKOTO MMOJiA YBEJHUH-
BaeTCsl YHCJIO R-COCTOSIHMH, 3aHATBIX 3JIEKTPOHaMM, CKODPOCTb
KOTOpHX © (k) HanpaBjJeHa NpPOTHB MOJsA, SKBHBAJEHTHO YTBEPHK-
JIEHHIO, YTO YBEJIHUMBAETCS YHCJIO0 R-COCTOAHHH, 3aHSTHIX JBID-
K aMH, CKOPOCTb KOTOPHIX HalpaBJeHa MO MOoJi. BbMHCIHM MOTOK
SHEPrHY W, NepeHOCHMbIR 3JeKTPOHAMH HEMOJHOCTHIO 3aNOJHEHHOI
30HBI, €CJIH MMeeTCsl TIPEHMYLLEeCTBEHHOe HanpaBJIeHHe B HX JABHXKe-
HUH (0GYyCJIOBJIEHHOE T pajHeHTOM TeMIepaTypbl, KOHUECHTPALKH HJIH
noTeHUHa a @):

w=3v, (k, 5) e (k) —eq] o (]) =5 [1—v, (k, 9)][e (k) —eq] v (k)=

ks

= Sle () —eo]o (6) + 2, (k. ) [—e (k) +eolv (&) (47)

Tlepsas cymma B cuay cooTHouwennit (4.2) u (4.3) paBHa HYyJO,
BTOpasi CyMMa MOXeT ObiTb HHTEPNPeTHPOBaHA KaK NMOTOK 3HEpPIHH,
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NepeHOCHMBIA IbIpDKaMH ¢ 3apsAaoM --e¢ H aHeprueli —e (k). Ecau
30Ha TOYTH 3arojHEHAa, TAK YTO SHEPrUs AbIPOK Npu Rk~ k, 6G/u3Ka
K BEpPXHEMY Kpaw 30HB, TO B NPHOJHXKEHHH 3(DEeKTHBHON MacChl
(3.21) umeem

heR,

—e (B =—e (k) + X3y “.7a)

rae sdpeKTHBHAas Macca ABIPKH ~—/M, MOJOXKHTENbHA, TaK Kak
steKTHBHASL Macca JIEKTPOHA M, y BePXHEro Kpas 30Hbl OTpHIA-
TeJIbHA; TakKUM o6pasoM,

mP=—mpP > 0. (4.76)
Tlpu Hanuuuu maruuTHOro nons H Ha 3MeKTPOH HeHCTBYeT cuJia
e
Jlopentna — —[vH], TaK xe KaK 1 B Cy4ae S/€KTPHYECKOro noss

NponopiuonaJgbtaa 3apasy -—e; NMOSTOMY MOXKIO [0Kas3aTh, YTO 1
B 3TOM CJlyyae OCTA€TCA NPHMeNHMOH KOHHEenUHs ABPOK. B jpanb-
Hefiiem GyleT NMoKa3aHo, YTO CTaiHCTHYECKGE MOBEHEHIE 3JeKTPOHOB
NOYTH 3aIoJHeHNOH 30Hbl 3KBUBAJIEHTHO CTATHCTHYCCKOMY MOBEJEHHIO
ZbIPOK, YPOBHH 3HEPIHH KOTOPLIX ONpellefloTcA BhipaXKeHuem (4.7a).
TakuM of6pa3oM, Kak B ONTHYECKHX SBJEHMAIX, TAK H B SBJEHHAX
nepexoca, OOYC/IOBJEHHBIX 3JEKTPHUECKUMH H MACHMTHLIMH MOJISAMH
WJIH TPaJHEHTOM TEeMIepaTyphl HJH KOHUEHTPAaUMH, MOXKHO IOJb30-
BaThbCs MpENCTABJICHHEM O JblpKax.

2. B momynpoBoAHHKaX B o0lieM Jyuyae HOCHTEJSIMH TOKa sB-
JIAIOTCA KaK 3JIEKTPOHBI HHXKEeH 4acTii 30HBI NMPOBOAHMOCTH, TaK M
SJIEKTPOHB! IIOYTH 3aMOJIHEHHOH BaJEHTHOH 30HBI, KOTODbIE MOXKHO
HHTEPTPETHPOBATL KaK KBa3HYACTHIBl € MONOXHTENBHBIM 3apSAiOM
+e W TNOJOXHUTENEHLIMH Maccamu (4.76). Yacto B onpeneneHHoM
TEMNIEPATYPHOM HUTEPBAJIC MCMCHO CUKTATb, YTO SIBJEHHA NEpeHoca
OCYINECTBJAIOTCA JIHOGO OZHLMH 3JEKTPCHAMH 30HbI [IPCBOINHUMOCTH
(3JIEKTPOHHBIH HJIH  N-NIOJNYNPOBOJHUK), JMHGO JAbIpKaMu BaJIEHTHOH
30HBl (ABIPOYHOH HJH p-noaynpoBoAsukK). OueBHAHO, YTO M3YYEHHE
3JIEKTPONPOBOAHOCTH TOJNYNPCBOXHHKA Re MO3BOJISET HAM ONpeje-
JINTb, IPUHAJVIEXHT JH OH K fi- HIH p-TUNYy. Kak MBl YyBHIHM
JaJiblle, 3TO MOXKHO DPEeIIHTb, u3yuas XoJs-3¢¢GeKT n Apyrue rab-
BaHO- M Te[MOMArHHTHLIE ABJEHUS.

CnenyeT 3aMeTHTBb, UTO KOHUENLKS 3JIEKTPOHOB H IABIPOK C HEKO-
TOPHIMH 3(Q(PeKTHBHBLIMM MacCaMH MOXeT ObiTb OGOCHOEaHA TOJbKO
B TOM CJyyae, KOrja Ha 3J€KTPOHBI IPOBOAMMOCTH B KpPHCTAJIe
JeficTBYeT BHeUIHee a/IeKTpOMarkuTHoe nose ). Ecan ke Ha snext-
POHBI MPOBOMIMOCIH B KpHCTaJJie AeficTBYeT rpaBHTALMOHHOE Mone
HJIM CHJIBl HHEDUHH, TO KOHUENLHs JBIPOK H 3JEKTPCHOB ¢ 3hdeK-
THBHLIMH MaccaMH HenpuMenLma. Hawn6osiee nmpsMBIM ONBITOM * s

) Darwin G. G.—Proc. Roy. Soc.— London, 1936, v. A 154, p. Gl.
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O6HApyMeHUs CHJ HHEpLUUH, AeHCTBYIIUMX HA 3JEKTPOHBI TpPOBO-
auMocTH, siBasetcst onblT Cricapra u Toamena (1916). Maest onwita
COCTOUT B CJEAYIOLIEM: LUJMHAPHYECKAaA KaTyllKka ¢ GOJBIIHM YuC-
JIOM BUTKOB NMPHBOJHTCS B ObICTpPOE BpallleHHe BOKPYI CBOEH OCH.
ITpn pe3KoM TOPMOMEHHMH KaTYIIKH 3JEKTPOHBI IIPOBOLMMOCTH TIpO-
RONKAIOT KBMIaThC 1O MHEPUMH W B Heil BO3HHKAeT KpaTKOBpe-
MEHHBI TOK.

Herpyano nokasarb?!), yTo moaHbll 3apafl ¢, DpoTexawliil
B LMK 32 BCE BPEMS TOPMOMCEHHA KaTYIUKH, paBeH

™

]

%, (+.8)

mlS
Q

e U,—HauajbHasg JMHeHHAasw CKGPOCTh NpPOBOAA, [-—ero MJHHa,
R —CcOnpoTHBJEHNE LEIH, € H Mm—3apsiil U Macca YaCTHI Ha KOTO-
phie AeicTBYIOT CHIBl WHepuuH. Mamepsst 3apsl ¢ Ga/sluCTHYECKHM
raJbpBaHOMeTPOM, JErKo OnpelesHTb OTHOIIEHHe e/m (MpH 3a4aHHBIX
LR u ).

OnwiT, B COTJIACHM C TeopHel, NCKasaJ, YTO OTHOLIEHNE e/m o
3MaKy ¥ BeJHYHHe BCeIJa COBMNajaeT CO 3HayeHHeMm Ans cBoGold-
HBIX 3JCKTPOHOB. [105TOMY MOMBITKH OOHAPYXUTb B ONBITAX THIA
Crioapra — ToJIMEHa JBHIKEHHE JABIPOK C 3((EKTHBHEIMH MacCaMH
m*, 6bH 3apaHee ofpedeitbl Ha Heyjady ?).

3. TpuBeneHHOe Bbilie PAaCCMOTPEHHE IBIPOK MOXET TPHBECTH
K HenpaBuJbHOMY INpeICTABJEHHIO, YTO KOHUENUHsi ABIPOK TMCJHO-
CTbI0 5KBHBAJEHTHA KE3aII0JHEHHOH 5JEKTPOHAMH 30HE He3aBUCHMO
OT cTeneHH ee sanoaneHus. CJyenyer, olHaKo, o6paTiTb BHHMAallE
Ha TO, YTO NEPeXOA K JAbIpKaM MDOHCXOAMT nyTem Qoprmannioi

3aMeHHl NMOX 3HAKOM CYMMHL 2, cuMmBoJa v, (R, s) Ha I—wv,(k, 3),
ks

T. e. (U3HUECKH NYTeM 3aMeHbl COBOKYIHOCTH 3JIEKTPOHOB, YaCTHYHO
3aN0JIHAIOLIKX 30HY, Ha COBOKYNHOCTb 3JIGKTPOHOB, TOJIHOCTBIO
3ANONHAILHX 30HY, IJIOC AbIDKH.

B Ganance sBJeHHH rnepedHoca o6e 3TH COBOKYNHOCTH J€HCTBH-
TCNBHO 5KBUBAJEHTHLI, HO HeT OCHOBAHHH CUHTATb HX SKBHBAJEHT-
HLIMH C TOYKH 3pEHHS CaMOCOTJIACOBAHHOTO NEePHOAHYECKOTO MOTEH-
1MaNa OfHOIEKTPOITHON 3aaaui.

B nocnejHeM cjyuyae 3KBHBAJIEHTHOCTb OYJAeT BHINOJHATHCS
TeM Jyyllle, yeM MeRblle KOHLUEHTpalHs ABIPOK, T.e. yeM fosplue
3a010JIHEHA 3;1eKTPOHAMH BaJIeHTHas 30HA.

HC.T.Kanawnrukop. 2ickrpuuectso.—4 ust.— M., Hayka, 1977,
§ 145.
?y Brown S, Barnett S. J.—Phys. Rev., 1952, v. 87, p. 601,
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§ 5. MNpubanxeHye noutH cBeBOIHBIX
(cnaBo cBSI3aHHBIX) 2HEKTHOHOB

PaccMoTpuM aBHIKEHHE 3JeKTpoiia B caboM [IepHOAHYECKOM ToJIe
V(r), 1. e. 6yzem cuutaTh V (r) MajbLlM BO3MVILCHHEM CBOJOAHOrO
IBHXSHHS 3JjeKTpona ([laftepac) ).

Pasnomim mepuonnueckuit motenuuans B pax Dypee (1.3.6):

V(r) 22;2*0 Ve %67, .1)

rae by —Bextop ofpaTHoH pelwleTkH. He orpanuuiBas oGUIHOCTH,
MOXKHO TOJIOMHTbL HYJeBO¥ uJieH B pa3joxeHHu (5.1), T.e. cpennee
3HayeHHe moTeHuuana V,=0. Jln1a BelleCTBEHHOCTH NpaBOH uyacTd
(5.1) HeobGxomumo, 4TOGbl V_ g=V,. ByxeM cuntaTh aMnauTynsl Ve
BeJUYHHAMH NEpPBOTO TNOPsiAKa MmaJsocTH. Paanomnm B psan @ypbe
NepHOSHYECKHHA MHOXKHTENb OJOXOBCKOH BOJIHOBOH (DYHKIHH:

up () =2 aye’ ", (5.2)
It

Tae by — BeXTOp OGpaTHON peLeTKiH.
MoacraBum Bepamenus (5.1) u (35.2) B ypasuenue (3.8) nas
uk(r); TOJy4uM

22 bhd;e bhr)+2 S\ Vga € bg+bh r)+

I g-,&()

+2‘_  (buk) ane' O = Z(ek—ﬁ;f) ane 0. (5.3)
h

B naBoiiHo#l cymMMe cyMMHpOBaHlie NO B W g 3aMeHHUM CyMMHpOBa-
HHeM 1o k—g n g. B 3ToM cayyae B IKCNOHEHTE BEKTOD by -+ ba
HaJo 3aMEHHTb Ha bx, TaK YTO ABOMHAS CyMMa TNpHMET BUJ

; § Vgan_ge 007, (5.3a)

Ilna toro yroGpl paBeHCTBO (5.3) BBIMOJHSJIOCH TOXKAECTBEHHO
JJIs BCeX P, HCOGXOAMMO, YTOOBI CyMMa KO3(QGHLUHEHTOB NpH BCEX
exp i (bsr) paBHSIIACH IYJIO.

Yuursisan (5.32) ¥ OpoU3BOAS HeC/J0XKHOe ajnrefpaiyeckoe npe-
o6pasoBaHye, MHOJNYYHM

[8k—£;(k+bh)2] an— ¥ Vetn-g=0

g0

Ay, Ay, hy= 1, £2, +3,...).

(5.4)

1) TIpyrumu csiopaMil, KoJeGaHWA TNOTEeHLHaJ bHONH 3HEPTHKH 3eKTpoHa V (r}
MaJjibl 10 CPABHEIHIO C ero KHHeTHYecKoll suepruei.
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Mbl mosyunay GecKOHEYHYIO JMHEHHYIO OJAHOPOJAHYIO CHCTEMY
anre6padyccKiiX YpaBHEHHH IS HEH3BECTHBIX KO(PQPULHEHTOB ap .
O6pamanch ¢ cucremoit (5.4) Kak ¢ KOHEUHOH, noTpeGyeMm papeH-
cTBa Hy/JI0 ee GeCKOHeuHOro onpegenutens. Takum o6pasoM, Mbl
MOJYYyuM ypaBHeHHe, H3 KOTOPOro B MPHHLHME MOXHO ONpeJe/HTb
CMeKTp COGCTBEHHBIX 3HAUEHIH IHEPTHM 3JEKTPOHA €, 2 3ATEM H3
ypaBHeHu# (5.4) — COOTBETCTBYIOWLYIO CHCTEMY KO3(MGHLUHEHTOB dy,
T. e. BOJHOBYIO ()YHKLUHIO 37eKTpoHa. KoHeyHO, naxe Npu H3BeCT-
Huix KozguineHtax Ve, T. €. NpH 3alaHHOM NEPHOIHYECKOM MOTEH-
1Hasie, peajbHoe MOJYyUyeHHe pelleHHH 0e3HajekHO CJOXKHO.

PaccmoTpuM  CBOOOJHBIH  3JIEKTPOH, KOrja Bce Vg=0. B atom
cnyuae U3 ypaBHeHul (5.4) cuexpyer:

fi2 <

gk_%(k+bh)2:0, an6o ap =0. (5.9)

Kpome TOTO, A/ CBOSOAHOTO 3JEKTpOHA

e, = g, (k) = h*k*/2m. (5.5a)
s yeacsnit (5.5) u (5.5a) caenyer, yto
a, 0, ar=0 (k=£0). (5.56)

TTosI0XKHM @, =1, UTO COOTBETCTBYET HODMUDOBKe BOJIHOBOH (yHK-
MM CBOGOIHOTO 3JEKTPOHA Ha eJUHHIy o6beMa.

PemnM Tenepb cucremy (5.4) B cayuae €J1aboro nepHogHuecKoro
moJist, Korga Koabduuuentsl Vg MOXIO paccMaTpHBaTbh Kak BeJH-
YHHBl EpPBOTO TOPSKA MaJOCTH. EctecTBeHHO cuMTaTh (UTO MOA-
TBEpAMTCS pacuyeToM), UTO B ITOM CJydae dp-x 040 U TOME 6ynyT
BeJMUHHAMH LepBOTO mopsiaka wmajgocTd. CUATas ¢ TOUHOCTBIO 1D
BeJMUMH MepBOTO IOPSAKA MaJOCTH, YACPKHM B JieBOH uacTH cu-
crembl (5.4) ojHO ciaraemoe ¢ g=»Fh (NpONOPLMOHANLHOE Qo= )u
OJCTABUM BMECTC £ €ro 3Hauenue (5.5a); Torna

2m Vs
a,=—>7———— (h#0). 5.6
h ﬁz b;:*}‘2(bhk) ( QL ) ( )

CoBOK yHOCTb KOA(HLHEHTOB @y 0 (5.6) ompenenaer nonpasky
K BOJIHOBOH (YHKIMH I/€KTPOHA B 1iePBOM MPHOIHMKEHHH.
Jlns ompejeseHHst BO3MYIEIHOH SHeprHi MOJOMHM

hek ,

Sk:80+8,:-2/7",—8 (57)

ToactaBasist peipamenys (5.7) u (5.6) B ypasnenne (5.4), nomyynm
g'an—Va= 2 Vean_g- (5.8)
g+0

Kal( Mbl YBI{JIHM, BI—BTOPOI‘O nopsiika MaJioCTH, MO3TOMY TMOJY-
YeHHOe paBeHCIBO J0CTAaTOUHO pACCMOTPETL A h=0 (BeJIH‘-II/IHbI
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&'dn . 0 —TPETHETO MOPsiAKA MaJjocTH). B atom cayuae
r
e'= 2 Veag. (5.9)
g+0

3aMeHsisl CYMMHPOBaHHE MO g CYMMHDOBAHHEM 10 — &, NOACTABJIAA
Qg ¥ YYMTBHIBASA, YTO V_ng;, NOJIYYHM
ol 2m | Ve l® .
ﬁjz g+#0 "27"'2 (bgk)
Msl BHAMM, UTO NONpPaBKa K 3HepPrHu &’ IpoNoplLHOHAJIbHA |Vg|”,
T. €. BTOpPOrO NOpsaKa MaJIOCTH, KaK MBI YTBepXKJIaJH BBHILLIE.

PaccMOTpUM BaXHBIH Cayvail, KOorja 3HameHaTeJU B BHpaxe-
nusx (5.6) u (5.9a) Gnusku K HyJMO, T. e,

1,0 + (bgk) = (bg, Y/,b k) ~ O. (6.10)

(5.9a)

OueBHEHO, YTO COOTBETCTBYIOHI Ko3(OhHUHEHT @, ¥ TONpaBxa
K 3Heprud & He GYAYT yKe B ITOM CJyyae MaJbiMH, M, CJej0oBa-
TesibHo, caMu GopmyJbl (5.6) H (5.9a) wenpumenumbl. Hano aymats,
YTO ecJIl BOJIHOBOH BEKTOD 3JICKTPOHA R YAOBJETBOPSET MJISA HCKO-
Toporo BexTopa bg ycaosuio (5.10), To moutu cpobogHoe NBHHKeE-
HHE 3JIEKTPOHA TNpeTepleBaeT CHJbHOE BO3MYlleHHEe. ITO BO3MYlIe-
HHE HMeeT XapaKTep 3epKaJIbHOTO OTpaxeHHsI 3JIEKTPOHHOM BOJHBI
no Byabdy —Bparry or aToMHOH MJAOCKOCTH, NepIeHIHK YJIsIpHOM
K BeKTOpYy bp, Tak kak ycjoBue (5.10) B TOYHOCTH coOBmajaer
¢ (1.4.5). B sToM ABJeHHH OCOGEHHO HArJISAHO TPOSBJSIETCS BOJ-
HOBAsi NPHPOAA 3JEKTPOHA, IABHIKYILErocss B HEpPHOJHUYECKOM II10Jie
KpHCTaJa.

C ppyro#t croponel, ycnoBue (5.10) coBmajaer ¢ ypaBHeHHeM
TJIOCKOCTH, Orpanudyupaiomieit 3oubl Bpunmoswa (11.9.11). Taxkum
00pa3oM, ecJIH KOHEIl BOJIHOBOTO BEKTODA 3JIEKTPOHA R JIEKHT BOJIH3U
TPaHMUBl 30HBI BpuJnosHa, TO 9JeKTPOH HCMBITHIBAET B KpPHCTaJe
CHJIbHOe Op3rTOBCKOe OTpaKeHue.

PaccMOTpHM 2JIGKTPOM ¢ BOJIHOBBIM BEKTOPOM K, YAOBJETBODSIIO-
wuM  yeqoshio (5.10), ana saganHoro b,. Ecuu coorBercTByMOIIAN
aMmnautyna Ve B ypaBuennu (5.6) He G6H3Ka K HYJIO, TO Koaddu-
UMEHT @, BeJHK (OJHOBpPEeMeHHO ¢ KosdduuueHToM g,). CHcrema
ypaBHeHUH (D.4) CBOLHTCH B 3TOM CJYYae K ABYM ypaBHEHHAM:

hege
[Ek —_ W:l ao :V_gag,
%2 (5 | 1)
[sk—ﬁ(k +bg)2] g =V,
Cucrema JIMHEHHLIX OQHOPOAHLIX aJrefpanyeckux ypasuenuh (5.11)
LN KO3(BPHUMEHTOB @, W @, HMEeT pellelHsd, OTJHYHBE OT
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HYJI€BOro, €CJH ONpelAeJUTENb CHCTEMEl paBeH HYJIO, T. €,

h2pa A2

[ek—%] [ek~-27(k+bg)2]—|vg|2=o. (.11a)
Pelnas 310 XBajpaTHOe ypaBHEHWe JJIA & W MOJCTaBJAAS B pelue-
Hue (5.10), nonydum

gr=5—+|Vg]|. (5.12)
TakuM ofpas3oMm, A1 R, YILOBJNETBOPSIOWMX HHTEPPEPEHLUHOHHOMY
yenosHio (5.10), sHeprus TepnuT pasphis, paBHbiil 2|Vg|.
PaccMorpuM A1 MAJIOCTPauyl  OJHOMEpHBHT cJaydyail, Korjaa
by =2ng/a u ycnosue (5.10) npuoGperaeT BHA
1 4n?g? R
Te =g 0

Orcioja
k:kg:i%g =123 ... (5.13)

Ha puc. 1V.2 nsobpaxkena 33aBHCHMOCTh 3HEPTHH gr OT k aad
storo cayyas. Ilpn k, panexkux ot k,, monpaBka K 3HEPrHH Mana

Pue. 1V. 2,

ke
(vBagpaTuuHa B |Vg|), T.e. MOXHO CUMTaTh & = 5--, TAe M—

Macca ceoGopHoro anextpona. Ilpu k=kg=i n/a, 4 2n/a, 4+ 3n/a
B SHEPreTHYECKOM CIEKTpe 3JIEKTPOHA BO3HHKAIOT 3aNpelueHHble
yuactku sHepruu umpuuowo 2|V,[, 2|V,|, 2|V,| u 1. 1. Cnektp
SHEPTHH 3JIEKTPOHA MpHOGpeTaeT 30HHBIA XapakTep, T.e. paspe-
LIeHHble YYACTKH SHEPTHH YepedyITCs C 3anpelleHHEIMH, MB BHAUM,
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9TO B CJygae MOYTH CBOGOJAHEX 3JEeKTPOHOB HX 3HepreTHye-
CKHH CMIEKTp HMeeT MOYTH mapaGouyecKH il xapakrep (5.5a).
B coorBerctBun ¢ ycaoBueM (3.9) sHeprus 3JeKTpoHa B Ipefesax
KaXa0H# pa3pelleHHOH 30HBI— [epHOAHYECKas (QYHKLUHSA BOJHOBOrO
BeKTOpa kK, T.e. €,,2n =&t (TOHKHE JIMHHH, NPOJOJIKAIOLLHE BIIEBO
a
H BNpaBO OTpe3KH nNapabGojbl Ha puc. IV.2). 3Dro mnossojser pac-
CMaTpHBaTh BCEe 3HEPreTHYECKHe MOJOCH B MpefesaX INepBOA HJIH

- 11 k14
NpHBeIecHHOA 30HB BpusmtosHa, T.e. Aad ——-;;gkg;. Mper BH-

AMM, 9TO0 AAA cJabo CBA3aHHBIX 3JEKTDOHOB B NPpHUBEJE€HHOH
30He 3Heprus 3/IeKTPOHA B NOCJeOBaTebHbIX SHEPreTHYECKHX 30HaX
npu k=0 nonepeMeHHO NMpPHHHMaeT MHHHMAaJbHOe H MaKCHMAaJbHOe
sHaueHHsi. OpHOMl M3 XxapaKTepHBIX O0COGEHHOCTeH OJHOMEpHOro
cayyasi, mpeacTaBjeHHoro Ha puc. IV.2, sBisercs To, yTo nocJse-
JOBaTeJIbHble 30HBI paspelleHHOH SHEepPTHH 3JeKTpPOHa BCerja pas-
JeNeHbl 3anpeuleHHbIMH yyacTkamu sHepruu 2|V, [, 2|V,| u 1. A

B nBymepHOM H TpexMepHOM CJyyasX 3TO He BCEria HMeeT MeCTO.
TeopHsi W ONBIT MOKasBIBAIOT, YTO B 3THX CJy4YasX SHEPTHA 3JIeKT-
pOHAa B HEKOTOpOH TOYKe OPHUJJIIO3HOBCKOH 3CHBI AJA BepxHel
I0JIOCH (30HH) SHEPIHU MOXKET OKasaTbCsl HHXKe SHeprHH, Boobuie
roBOpS, B APYroH TOYKE HHXKHEH MOJIOCH (30HBI) 3Hepruy. B Takom
c/lyyae MBl I'OBODHM O NEPEeKPLITHH 30H 3HepruH. Takoe nepexphl-
THE 3HepreTHYyecKHX 30H HIpaeT BaXKHYIO podb B MeTajnax. B 3Tux
cyyasgx MOXeT HayaTb 3aMOJIHATBCA 3JEKTPOHAMH BepXHAS 3Hep-
reTH9ecKas 30Ha TNDH HENOJHOCTbIO 3amroJHEHHOH HHXKHeH 30He.

§ 6. 3onn bpnnmosna

1. B ra. II, § 9, 0.1 ™Mbl paccMoTpenH, Kak reoMeTpHYECKH
cTpositcsl 30HBl BpuiatosHa. [1nsi 3Toro npoH3BOJIBHBIH y3en o6part-
HO# pelleTkH O coejuHsieTCsl OTPe3KaMH C OCTAJbHBIMH Yy3JIaMH
PELUETKH H 3aTeM Yepe3 CepeAHHBl 3THX OTPE3KOB NPOBOASTCS NeEpreH-
IHKYNApHblE K HHM IMJOCKOCTH. MHOrOrpaHHHKH, OrpaHHYeHHbIE
3THMHU TIJIOCKOCTSIMH, 006pasyloT 30HB DBpunmtosHa.

Jns naockodl KBajpaTHOH pelUeTKH €O CTOPOHOK @ oGpaTHas
pewleTka TOXe KBajpaTHasg co cropoHow 2m/a. Ha puc. IV.3 u3so-
6pameno 10 mepBrIX GPHJOIHOBCKHX 30H AJA IJIOCKOH KBajpat-
HOH pelueTKH.

Hns tpexmepHoll npoctofi Ky6HuecKoi pelueTKH oGpaTHasi pe-
LeTka—ToXe mnpocTas Kybuueckas. [lepsas 3onma Dbpuanosha,
HMeroilas GopMy Kyb6a, nosyyaercs OT NepeceyeHHs LIeCTH IJIOCKO-
CTeil, NPOXOASILINX Yepe3 cepeMHbl OTPE3KOB, COEAHHSAIOLIHX Hayaso
KOODAMHAT C IUeCTbIO OJHXKAHIIMMH y3JaMH 06paTHOH KyOHYecKOH
peileTKH. B orpaneHuu BTOpOH 30HBI y4YacTBYIOT JABEHAAUATb
IJIOCKOCTeH, NepneHAnK YASPHEX K OTPe3KaM, COeAHHAIOIHM HayaJo
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KOOPJAHHAT C JBEHAJUATbIO CJACAYIOUHMH y3JaMH OOpaTHOHA peleTKH,
Ha puc. 1V.4 npeacraBseHsl nepsbie  4eTblpe GPHIIIO3HOBCKHE
30HBl NPOCTOH KYOHYeCKO# peLIeTKH.

B ra. II, §9, n. 1 Mb OTMeTHJIHM, 4YTO Bce OpHJJIOSHOBCKHE
30HH MMEIOT OJHMHAKOBLIA 0GbeM, paBublll (2m)3/Q,, rie Q,—o6beM

Ay

Wi

I

N} \—

5 67 8 9 1
«B0R00EA0DN
Puc. 1V.3.

aJ1eMeHTapHO# siuelikn Kpucraaaa. C apyro#t croponsl, u3 (I11.5.27)
cle/lyeT, 4TO YHUCJ/O COCTOAHHE B OCHOBHOH obsactd V Ha eauHHUY
ofbeMa MNPOCTPAHCTBA BOJHOBOTO BeKTOpa paBHO V/(2m)2, Takum
06pasom, YHMCJIO KBAHTOBLIX COCTOSHHH 3/IEKTPOHA (6e3 yueTa crixHa)

VvV (2n)3
BO BCeX OpHJIIIO3HOBCKHX 30HaX OJAMHAKOBO M PABHO (QT)"%T)_=
. 0
14
=g~ =0°=N—uHc1y 35/eMeHTapHBIX AYeeK B OCHOBHOHK 06/acTH

0
KpHcTaJa.

B KkayecTBe HCHOJb3yeMOro B JaJibHeHLeM NPHMepa PacCMOTPHM
30Hbl Bpunmiosna s TpaHeleHTPHPOBAHHOM U OGBEMHOUEHTPHPO-
BaHHOH KYOMYeCKOH peluerok.

Moxno nokasats (Ilpunoxenue 13), YTO AJIsl TpaHELEHTPHPO-
BAHHO} KyOHYecKOH pelleTKH obpaTHas pelleTKa — O0GbeMHOUEHTPH-
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poBaHHbi Ky6 M, HaoGopor, ANA NPAMOA KyGHYecKOH "06DbeMHO-
LEHTPHPOBAHHON pelieTKH O6paTHAas —rpaHell@HTPHPOBaHHBIA KYG.
Onpepeanum ¢opMy 1-# 30HH BpuinosHa AJst PEWeTKH rpaHeLeHT-

7 2 O

@O

Pue. IV. 4.

pupoBaHHOro ky6a. OGparHas peleTka B 3TOM cJyyae OGBEMHO-
HEHTPUPOBAHHBIA KY6, H, CNENOBaTEJbHO, KAXKILIA Y3es ee OKpYyKeH
BoCeMbt0 GuumKafuinmu yssnamu (ra. I, § 2, n. 2). Bocemp mnJjo-
CKOCTel, NPOBEJEHHBIX MNepHeHIUKYJIAPHO Yepe3 CepeRHHBI OTpe3-

& P

Puc. 1V. 5,

KOB, COEJUHSIOWIHX HAyaJ0 KOODAHHAT C BOCEMbIO OJHXKaHWHMH
y3JaMH, NPH HX B3aUMHOM NepeceyeHHH OINpPeJeJIsioT NPaBHJbHLIH
BOCBMHUTDAaHHHK (OKTasAp) C LIECTbIO BEpIIHHAMM H [IPABHJABHBIMH
TpeyroJbHHKaMH B BHAe TpaHed. Y3JaMmu crefyiouledl KoopAuHa-
LHOHHOH T'PYNIIH ABJAAIOTCS LIECTb Y3J10B, PACMOJOXKEHHbIX NONAPHO
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Ha paccTOsHUsAX a (pe6po Ky6a) mo ocam x, y u 2. OHH ompele-
JSIOT 1IeCTh IJIOCKOCTeH, OTCeKaloUMX OT OKTasjpa ero LIecTh
Beplldd. B pe3yibrate paa 1-# 30Hel BpunjosHa MBI NOJYYHM
YeTHIPHAAUATHIPAHHHK C IIECTbIO KBaAPaTHHIMH M BOCEMbIO LIECTH-
YrOMIBHEIMH TpaHsAMH, H306paxeHHplll Ha puc. IV.5, a. Bropas
30Ha DPHIJIOSHA B 3TOM CJIydae WMEeT BeChbMa CJOXHYID TeoMeT-
puueckyo GopMy, usobpaxenuyio Ha puc. [V.5, 6. Herpynuo nand-
caTb B 3TOM CJjyyae ypaBHenus (5.10) nas rpaHeir 1-ii 30HBI
Bpuamiosna. [lonarasi, Hanpumep, by =b,, NoJyuuM H3 BhIpaxe-
uuii (5.10) u (I1.13.3)

212 2 .
S Uo—Jy+ ko) + k- (lg—Jy +Fk) =0
HJIH
——kx—f—ky—k,:Sn/a.
310 ypaBHeHHe ONpEJENsieT OAHY H3 BOCbMHM UIECTHYTOJBHBIX TIpa-

o 4
Hell. Ecau nosioxuTh bgzbl—f—bzzTnlo, KaK 3TO cJelyeT H3

a) 5)
Puc. 1V. 6.

(I1.13.3), 10 monyuum u3 ycaosusi (5.10)
k,=—2un/a,

YTO onpefliefifAeT OIHY W3 IECTH KBaJpaTHBIX 1paHei.

AnanornyHo Moxer ObiThb Onpefesena ¢opma 30H BpriTiosHa
Aasl npAMOH  pelleTKH OGbEMHOLEHTpHpOBAaHHOro Ky6a. Tak kak
B 3TOM cJydae o6paTHas pelleTKa MMeeT CTPYKTYDY TIpaHENeHTpPH-
pPOBaHHOrO Ky6a, TO TepBasi KOOpPAMHAaLMOHHAs TpYNNa COCTOHT
3 12 yanos (rar. [, § 2, n.2). IBeHaguaTh nJIOCKOCTEH, NpoBe-
JeHHBIX B COOTBETCTBHH ¢ ypaBHeHHeM (5.10), nonHocTelo ompeje-
JISIOT B 3TOM cJayyae 1-10 304y DBpuiitosHa B (opMe JBeHaAlaTH-
TPaHHKKA (fojeKasipa), usobpamenHoro Ha puc. IV.6,a. Bropasn
30Ha DBpunniosHa B 3TOM ciyyae uMeeT BHJA, H306pa)KeHHBIH Ha
puc. IV.6,6.

2. TlnockocTH B R-NpOCTpPaHCTBE, ONpelessieMbie ypPaBHEHHEM
(6.10), paroT rpaHuny 30HBI (pa3phiBa 3HEPTHH € JJIEKTPOHA)
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TOJILKO TpH YcJOBHH V,y=5£0, Tak Kak TOJbKO B 3TOM cjayuae,
corsiacHoO ypasHeHusMm (5.6) u (5.9a), kosdpduumeHT a, U nonpaska
K 3Hepruu & CTaHOBATCA OGouabluuMu. Ecau pelerka cJoXHas, TO
ycJoBHe WHTephepesliuyd 3JeKTPOHHBIX BOJIH, pacCeHBaeMbiX aTo-
MaMH OTJEJbHbLIX TNOAPELIeTOK, MOXeT IpPHUBECTH K HCYE3HOBEHHIO
HeKOTOPbIX Vg-. B atoMm cjydae 3SHeprusa e AJ4 COOTBeTCTByDH_Lel?{
rpaHu 30Hbl DpHamo3Ha He TepNmUT pa3pbiBa, T. €. COOTBETCTBYIO-
mas rpaHb (akTHYeCKH He fBJAETCA TpaHuueHd 3HepreTHYecKoil
30Hbl. Kax Mbl cefilyac yBMAHM, CUTYalus 34€ch INOJHOCTbIO COBMNA-
JaeT ¢ TOW, ¢ KOTOPOH Mbl BCTPETHMJIHCh NPH ONpelesIeHHH CTPYK-
TYPHOTrO ¢akTopa paccesHHs PeHTIeHOBCKHX Jayuedt (ra. I, § 4, m.5).

PaccMoTpuM clOoXKHYO pelleTky € OCHOBHBIMH TEPHOAAMH
a,,a, 1 @, 1 NycTb INOJIOXKEHHE S ATOMOB SUYeHKH OTHOCHTEJBHO
€e Hayasa onpejessieTcst S BeKTOpaMH r,=u.a,+v,a,+w,.a,
(n=1, 2, ..., 5), Tak 4to 6a3HucC pelleTKH paBeH (4,, v,, W,).
Ecan Bce s atoMoB OAHHaKOBbI, TO NOTEHUHaAJbHAs SHECPLHA 3JEKT-
POHa ajAHTHBHO CKJaIbiBA€TCSl U3 SHEPrHH B3aUMOJEHCTBUSA C KaX-
JOH H3 § MOJpeLUeTOK:

Vi =XV, (r—r,), (6.1)

rae |r—r,|—paccTosiMHe 3JEKTPOHA JO M-ro aroMa B HYJEBOH
siuefike n V, (#)— nepHofMuecKUH INOTEHLMAJ, CO3]laBaeMbiii OJHOH
nozpemerkoi. Takum obpasom,

Vir—r) =2V, %" (6.12)
&
H, CJeJ0BaTeJbHO, X . _
AGEDIDN TRl (6.16)
& n
Sto MOXKeT GbiTh 3aMUCAHO B CJENYIOUEM BHJe:
V(r)=V,.e%", (6.1B)
]
rie
Vg :ngSg (61[‘)
HCTPYKTYDHBIH MHOMXHUTE Db
S S
S = D) e = 3 g2 (@uun+gsvn+gswn), (6.1n)
n=1 n=1

BripaxeHue Afis CTPYKTYPHOrO MHOXKHTeNs 3J1eKTpoHOB (6.1x)
COBMaZaeT ¢ OmpejeJieHHEM CTPYKTYPHOTO MHOXHTENS AJA peHTTe-
HoBckux ayyeit (1.4.11a). Taknm ob6pasoM, eciu Sg=Sg,g,s, PaBHO
HYJIIO, TO BCE COOTBETCTBYIOUIHE QU3HUECKH SKBUBAJIEHTHbIE MJIOCKOCTH
{8.6,6;} He 30eKTUBHB Kak B paccesiHHH DEHTreHOBCKHX JyyeH,
TaK H B BO3MYWEHUH JABMXMeNHS NOYTH CBOGOIHBIX 3JIEKTPOHOR.

PaccMOTpHM mpocTyio KyOGHUecKyw pellleTky, AJS KOTopod o6-
paTHasi pelieTka ToXe NpocTas Kyouueckas, ¢ OCHOBHBIMH BEKTO-
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pamu b;=2mja (i=1, 2, 3). B sToM cayuae paccTosiHHE MJOCKOCTH
{g.g.g;} A0 Havana KOOpAMHAT, KaK 3TO BHIHO M3 YpaBHeHHA /1A
sTofi maockoctu (5.10), pasuo

1 Y e e e
hege, =5 bogies =7 Vai+g+e.
B rta6a. IV.l pmawbl ans psAfa mJockocTeil {g,g,g;) HX uMcio0

U UXx paCCTOﬂHHe A0 HayaJia KOOpILHHaT.
Ta6auna IV.1

[TnockocTs {100} {110} {11} {200} {220}
Uncno nJjockocTe 6 12 8 6 2
a —
hyigugsX 7 1 Ve V3 2 2Y2

B kauecTBe mnepBoro npHMepa CJOXKHOH pELHeTKH pPacCMOTPHM
Ky6 ¢ LEHTPHPOBAHHBIMH rpaHAMH, KOTODBIH Yy¥Ke OblJI pacCMOTpeH
KaK npocTasi peuietka B NpeRbixylieM pasfete. Ecau BrifpaTh
B KauecTBe a; peGpa Kyba, TO 3/1eMeHTapHas syelika rpaHeUEHTpH-
POBAHHOTO Ky0a CONEpHKHT YeTbipe aTtoMa ¢ GasHcoM (4,0,Ww,)=
=(000, 0%/, 1/,, Y, 0Y,, 1, 1/, 0). CTpyKTYypHbI# (paKTOp, cOraacHo
yesoBHio (6.11), paBen

Seigag, = | e~ @48 { o= (€,+8) |- g~ €1+, (6.2)
OTC}OI[a rlpﬂMo cleayeT, UYTO
S100=0, Sy0=0, Siu=4, Su=% (6.2a)

Takum ofpasom, 1-1 30Ha BpuasiosHa orpanuyeHa BOCEMbBIO MJ10-
ckoctamu {l11} u wecrbio mnockocramu {200}. Tlpn mepeceuenun
3THX T[JIocKocTeli ofpasyeTcsi yceyeHHbIH OKTasAp HJIH YeThipHal-
LATHTPaHHHK, H306paxeHHBlll Ha puc. IV.5,a. 3toT peaysbrar
COBMaJaeT ¢ TeéM, YTo ObLIO MOJyYeHO B NpeAbAYILEM HYHKTe.
PaccMoTpuM Tenepb AeHCTBHTE/IBHO CJOKHYIO DELIETKY THNA
aamasza (cM. puc. [.13), He cBogumyl K mnpocToi pewetrke bpase
(ra. I, § 2,0.5). Tak Kak pelueTka THIOA a/iMasa MOXeT ObITh
NpeACTaB/eHa Kak JBe pelleTKH IpaHeleHTPHPOBAaHHOro Ky6a, CABH-
HYThIe APYT OTHOCHTEJIbHO APYra BAOJb OOBEMHON IHarona 1 ky6a Ha
1/, ero AJIHHBI, TO, €CJH BHIGpPAaTh 3JIEMEHTAPDHYI0 AYeiKy B BHJIE
Ky6a (puc. 1.13), oHa Gyzer colep)xaTb BOCEMb aToMOB ¢ (ashcoM
(000, 01/2 1/2) 1/2 O 1/2y 1/2 1/2 01 1/1 l/4 l/qy 1/4 3/43/4) 3/4 1/43/4) 3/4 3/4 l/d)-
CTpyKTypHBIH aKTOp
Sg.gzga =1 J-e- (&) e~ g+g) L= (8+82) |- p—"/aml (g1+ &+ 8a) |
+e—'/2ﬂ" (g‘+3gz+sg.)_|_e-‘/2m'(3g,+g2+3g,)+e—‘/,ﬂ£ (38:+38:+85), (63)
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Orciofia caeayeTt, 4To
810020, Suo‘_“'ov 811126, Szoozor 8211:0: 8220:8: SZ'.H:O'

Tax KaK KpuCTaJJIHUECKHe pelleTKH TepMaHus M KPeMHUS MOXHO
paccMaTpyBaTh Kak Ba CABMHYThIX AP YT OTHOCHTENBHO JpYyra rpaue-
ILeHTPHPOBAHHBIX Ky6a, To -1 3oHa Dpuniosna aJs HUX HMmeer
¢dopmy yeTBIpHaplaTHTpanHHKa, u3obpamennors Ha puc. [V.5,al),

§ 7. Npubanxenne CHIBHO CBA3AHHBIX 3JEKTPOHOB

1. B npenwiaywem naparpade Mbel paccMaTpHBasM TNepHOAHYe-
ckuit noredunan V (r), AeficTBYIOLUHA HA 3JAEKTPOH KAk MaJioe BO3-
MYylleHde ero csoGoaHOro ABHAKeHHA. To/ibKO MpH BBINOJIHEHHH Onpe-
AeJIeHHbIX HHTepdepenuHonHbX yeaosni (5.10) npHxeHHe ssekTpona
UCIILITHIBAET ClJIbHOE BO3MylenHe. Takoe paccMoTpenne KOJIHUECT-
BEHHO ONPaBIAHO TOJLKO B TOM CJIyyae, KOrAa KHHETHUeCKas atep-
THA 3JIEKTPOHA BE/HKa [0 CPABHEHHIO C MPOCTPAHCTBEHHKIMH KOJe-
GatnsMi €ro [OTeHUHAJbHOH 3HeprHu V (r). Jr1OT cayuail peasu-
3yeTcs, Hanpumep, npH o6GJYYeHHH KDHCTAJJa 3JEKTPOHAMH XOTH
6bl B HECKOJIbKO cOT 3. C ApPYrof CTOpOiLI, H3 KBAHTOBOMEXaHH-
YECKOHl TeopeMbl BHpHAJa CJAEIYeT, YTO CpeAHsIs KHHeTHYecKas
SHEPIusi 3JEKTpOHA B aTOME, MOJIEKYJe HJIH KpHCTaJJje AOJIKHA
GuITh  f0psIAKA KOJIEOAHHH ero MNOTeHUHAJIbHOH 3HEeprud, I03TOMY
K 3JIEKTPOHAM KPH(TaJJ1a HefpHMEHHMO NPHOJHKEHe ¢Jabofl CBA3H.
MoxHO mnoneiTaThes NOAOHTH K BONPOCY ¢ APYTOH CTOPOHBI, CYHTAH,
YTO COCTOSIHHE 3JIEKTPOHA B M30JMPOBAHHOM aTOME MAJo M3MEHHTCSH
npH 00pAa3oBaHHK M3 aTOMOB KpucTaana. OYeBHAHO, YTO 3TO MpH-
G/lHKEHHE CHJbHO CBSISAHHBIX 3JEKTPOHOB JIyutle OnNpaBipl-
BaeTCs 451 3JEKTPOHOB TJYOOKHUX 3HEPTreTHYECKHX YpPOBHel aToMOB,
T. €. AJA TaKHX, KOTOpbie OTHOCHTEJbHO cJab0 B3aMMOAEHCTBYIOT
C atoMaMM JIPyTHX Y3J0B peweTkH. KoHeuno, NpHOJIKeHHe HH
CHIIbHO, HH €300 CBS3aHHBIX 3/IEKTPOHOB HE ONMCHIBAET NPABHJBLHO
C KOJIHUECTBEHHOH TOUKH 3DEHHS] COCTOSIHHE 3J/IEKTPOHOB B 30HE
TMPOBOAHMOCTH KpucTansa. [losTomy o6a 51i ApHGIHMEHUS HE MOryT
ObiTb MCNOJIb30BAHDL /ISl KOJMYECTBEHHBIX PACYeTOB SHEPreTHYECKOro
CMEKTPa H BOJIHOBBIX MYHKUHKH 5/16KTPOHOB NIPOBOAHMOCTH B KOHKpET-
HBIX KpHcTannax. CyuwecTBeHHO, OAHAKO, TO, YTO OHH AAIOT XOpO-
LIyl HJMIOCTPAUHIO K OOMMM BLIBOAAM O JIBHXKEHHH 3JEKTpoHa
B NIEPHOJHUECKOM floJie. B HeKoTopblX CJyyasix 3TH HJJIOCTPALUH
NO3BOJIAIOT aTh Psi4 HOBBIX KAYECTBEHHBLIX BLIBOJOB O COCTOSIHMH
3JIeKTPOHa B TepHOMIYECKOM MOJe,

') Jpyrue npumeprl BLUUCHRHIN CTPYKTYPUBIX (aKTOPOB H 301 Bphamo sua 115
CAOKNLIX peuleTok Hmeiorcs B knurax: Mottt N. F.. Jones H. The Theory of
Properties of Melals and Allovs.—- Oxford, 1936 u Wilson A. H. The Theory
of Metals.— Gambridge, 1953.
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2. Tlycte BosmHOBas hyHKUNS 3MeKTpoHa Y, (r) B H30JHPOBaH-

HOM aTOMe€ B S-COCTOSIHHH YAoBJeTBopsieT ypasHeruio Ilpeaunrepa

L —¢ (7.1

~ o Py + U (r) P, =&,0,, 1)

rae U (r)—cdepHyecKH CHMMETPHUHOE ToOJiE H30JHPOBAHHOIO HOHA

(MeTans) WM HEHTPaNbLHOrO aroma (NOJNyNPOBOAHHK, KOUAQ 3JEKT-

POH TIPOBOAHMOCTH <JIHUIHWH» B KPHCTANJE), &,-—3HEPrus paccMar-
pHBaeMOTO COCTOSIHHs 3JeKTpoHAa B uoHe (atoMe). Ilycrts

Sw:wodr= L (7.1a)

T. €. BOJHOBAaA QYHKUHS 1, HOPMHPOBAHA Ha EJHHHULY.

BGnuan n-ro ysia pelueTKH SJEKTPOH B H30JHPOBAHHOM aToMe
ONHChiBaeTcsl BOJHOBOH (yHKUHeHR P, (|F—a.|). B wnoeansnoit pe-
mietke Bce N =G> y3/0B OCHOBHON 00JacTH TOJHOCTbIO 3KBHBA-
JIEHTHbI, TO3TOMY COCTOSIHHE 3JIEKTPOHA C 3Heprueil &, sABJAAETCA
N-kpatHo (6e3 yueTa cruHa) BLIDOXKAeHHBIM. [10[ BAMSHHEM B3aHMoO-
AeHCTBHA 3JIEKTDOHA CO BCEMH aTOMamH YpPOBEHb 3HEpPrud g, pac-
LEeNHTCA B NOJOCY (30HY) W BBIPOXKAEHHE, BO BCHKOM CJyyae
YacTHYHO, 6YJeT CHATO.

Kax M3BECTHO M3 TEOPHH BO3MYIIEHHH BBIPOXKIEHHBIX COCTOSIHHIM 1)
H, KaK MNPEeACTaBJAETCA HarJNAHbIM H3 OOLHX coobGpaxkeHHH, BoJ-
HOBaA (QYHKLHS HYJEBOTO NPHOJHKEHHS JOJKHA GpITh CKOHCTPYH-
poBaHa W3 BCEX BBLIPOXKAECHHBIX BOJHOBHIX (YHKUME B Buae JuHel-

HOrO BbIpa>K€HHA
P (1) =2 Cao (r—a,). (7:2)

ITocrosinble KospduumenTs C, ONMpPEeAesAIOTCH M0 H3BECTHOMY Mpa-
BHJY ?). Mpl BOCriosib3yeMcsl AJsi OnpejeneHdss Koappuuuentos C,
IIPOCTLIM TTPHEMOM, MOTPeGoBaB, YTOOL! (7.2) YIOBJAETBOPANO OGIHM
TpeGoBaHHAM, NpPEebsABJAEMbIM K BHAY 6JI0XOBCKOH BOJHOBOH GYHK-
nuu (3.1). Jlerko BuaeTh, YTO JJiS 3TOrO JOCTATOYHO TOJOXKUTH
Cn =exp (iRaa), T. e.

P (F) =™, (| r—as). (7.22)
B camom nene, 3ammuieM BeipaxeHue (7.23) B Buge
V()= Fe® =y (| r—an)). (7.26)

JoxaxeM, 4TO MHOMXHTeNb, CTOSWHKA NpH e*r, o6nagaeT MepHOAHY-
HOCTBIO peILIeTKH, T. €. MOXET DacCMaTPHBATbCs KaK MOAYJHPYIO-
WKl MHOXKHTENb g (r) B 6NOXOBCKOH BOMHOBOH ¢ynkuun (3.1).

1) Baoxurues . U, § 68.
%) Cm. TaM Xe.



§71 NPUBJWKEHHE CHJIbHO CBSIBAHHDBIX 3JIEKTPOHOB 233

IlofcTtaBHM B 3TOT MHOXHTEJNb BMECTO F BEKTOP F -G, IOAYUHM

et an=r=am Py (| F + @m—an|).
n

lMepefinem oT CyMMHPOBAaHHS 1O M X CYMMHpPOBaHuio no I, monio-
HHUB @n—Q@m=a,;, TOTJA MOJYYUM

S e® a0y, (| r—a.l),
{

YTO, OYEBUAHO, COBMAJaeT C UCXOIHBIM BhipaxeHueM (7.26). Tem
CaMblM Mbl BO BCSIKOM CJlyYae NOKa3aJH, YTO BLIGOp BOJIHOBOH (yHK-
LUH{ 3JeKTpoHa B BuAe (7.2a) YIOBJETBODSET YCJHOBUAM TpPaHCJSA-
HUOHHOH cuMMeTpHH. Kpome TOro, OyeBHAHO, YTO BBHAY 3KCIIOHEH-
I HaJ/bHO OLICTPOro crnajaHusl aTOMHOH BOJIHOBOH (YHKHHH P, BOJ-
HoBasi (DYHKUHA 3JEKTpOoHAa B Kpucrasane (7.2a) BOJH3U n-ro y3Jja
BeneT ceGa npuOIHKEHHO, KakK

VY (r) = const g, (| Fr—anl),

T. €. KaK aToMHas (YHKUHA n-rO yaJja.
Ecan V (r)—camocor/iacoBaHHbIH NMepHOAHYECKMH MOTeHNHAJ,
AeHCTBYIOLIHA Ha 3/IEKTPOH, NPUYEM, KOHeUHO, V (r) 5= 3 U (r —a.),
n

TO TOYHAsi OJHO3JEKTPOHHAas BOJIHOBasg (PYHKIUHS YAOBJETBOPSET
ypaBHEHHIO

Hp—— B GtV (1) b = e, (7.3)

rae €—CcoOcTBeHHOe 3HaueHHe SHEPTHH 3JEKTPOHA, ABHIKYILErocs B
KpucTaJse. YMHoKaA ofe yacTH paBeHctBa (7.3) cJieBa Ha $* u
HHTETPHDYs MO OCHOBHOH 06/1aCTH KpHCTaJja, MOJYYHM

. 2
gpvar [t [— vy o] v

AT o : (7.4)
§wrpar §yrpar

Bbl‘{HC."]HM SHEPIrHIO 3JIEKTPOHA € B npe}mono}KeHHH, YTO BOJIHOBaf

tyHkuna P (r) 3apaerca BeipaxenueM (7.2a). O603Hayas ¥ —@n=_pn,
NOJYYHM

Srv=[— B V()] Xetans, (o) =

n

=g, 3, e*n P, (0n) + D, e[V () —U (0n)] Dy (Pr),

h
rae ObLLIO HCMOb30BaHO ypaBHenue (7.]) pst 3ameHb! — 5 V2, (0n)-
HNoacraBasia nosnyyennoe seipaxenue B (7.4) u 3amenss P* coryacHo
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(7.2a), noayyum
2 XTI L (0 IV (1) — U (0)] Yo (p)

33 o) S Po (0) o (0,) dT

BBujy 3KBHBAJIEHTHOCTH BCEX Y3JIOB YHCJMTE/]b H 3HaMeHaTe/b He
3aBUCAT OT M W K B OTJECJbHOCTH, a TOJNBKO OT HX PAa3HOCTH, T.e€.
OT OTHOCHTEJILHOTO INOJIOXEHHS Y3J0B. [109TOMY MOXKHO MOJIOXHTD
m=0 (1. e. @»=0, psp=r) U CYMMHDPOBAHHE 1O M KAK B UHCJH-
Tesne, TaAK U B 3HaMeHarejle 3aMEHUTb YMHOXEHHEM Ha YHCJO Y3J/0B
ocHoBHO#M o6sacty N. Takum o6pasom,

3% 5 ) IV 1)~ 0,)] o lo,)

3 L () v (p)

n

ByAeM cuutaTb, YTO aTOMHble BOJIHOBble QPYHKLHH P, CNANAIOT TAK
ObICTPO, YTO MOXKHO TNpeHeGpeub WX NEPeKPhITHEM jaxke JIJis cocei-
HUX Y3J0B, T. €.

Swuﬂwum>m:5M:{

£=¢g,+

e=g,-+ (7.5)

0, n+0,
1, n=0.

OGo3HayuM HHTErpas, CTOSAWHI B YucuTese 1pobu (7.5), nas n=0

§0s (N V () —U(r)] o (r) dr = § [0 (7) P[V (1) —U (P)] dT1=—C <0.
(7.7)

OrpunaTesbHoe 3HaueHue HHTerpaJta (7.7) mMoxeT ObiTb 1O HEKOTO-
poit cTeneHn 060CHOBaHO caeayroulty obpasoM. Ha puc. [V.7 cnjour-
2 - HOM JIMHHel NpejiCcTaBJIeH MOTeHHAJ
M30JMpOBaHHOrO aToMa U, a MyHK-
THPHOM — caMOCOTJIaCOBAHHbLIH  Te-
puopuueckuii noreHuuan V. Ecau
clesaTb  JOBOJIBHO  €CTeCTBEHHOE
Npeano/oXKeHne, YTO B3aUMONEHCT-
BUE MeXJy aToMaMH CHHXKaer Io-
TeHllHaJbHble Oapbepbl s 3JeK-
TpOHa, KaK 3TO TOKAa3aHO Ha pH-
Puc. IV. 7. CyHKe, TO KBajJparHas CKOOKa B
uHrerpase (7.7) nosciogy oOTpHLa-

TeJibHa M, CJEelOBATEJIbHO, CaM MHTErpaJ OTpHLATeJeH.
Xors1 Mbl npeHeGperaem NnepekpbITHEM CAMHX aTOMHbIX BOJIHOBbIX
GYHRUMHA pasHbiX y370B, Oy/erT M0C/e0BaTe/bHbIM YYeCTh HHTEr-
pansl B yucauTese Apo6u (7.5) npu n==0 Ans COCEAHHX YIIOB Hy:

§ 00 (7) [V (1) — U (0n,)] W0 (Pny) dT = — An,. (7.8)

(7.6)
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B camoMm nene, Xotsi ¥, {0n,) Mand BOAH3M HYJIEBOTO Y3Ja, HO 3TO
YACTHYHO KOMOeucHpyercss B 3TOH o6sacTH GOJBIIAM 3HaYeHHEM
pasHocTH V (#)—4U (p,,). Hexoropble obuine coobpakeHus, Ha Ko-
TOPBIX Mbl OCTaHaBJHBATbLCS He OyHeM, MO3BOJAIOT MPennosararh,
YTO H B cayyae (7.8) wuHTerpan otpHuaTeseH. M3 COOTHOLIeHUSA
(7.5)—(7.8) nonyuum .

—C—An,e*n. (7.9)

o

Ecnu BosHOBasi GyHKUHS P, {r) OTHOCHTCH K S-COCTOSIHHIO, TO Ap,
3aBHCHT TOJIbKO OT DAaCCTOSIHMA MEXIy HYJeBBIM Y3/J0M H aTOMOM
n, NepBoil KOODAMHATHOH TI'PYMNMbl, T. €. OAWHAKOBO I/ BCEX 3THX
aToMoB. B 3toM cayuae

e=g,—C—A X e*n (7.10)

1y

B npoctoit KyGHUYecKOM pelleTKe KaMKAbli aTOM OKPYIKEH LIECTHIO
GanxafwuMu cocensimi. HanpaBuB ocH x, y H z 110 peGpam Kyba,
noNyqum

2 eika"o — pthxa -+ e~ ikxa %_ gikya _'_e—ikya _'_eikza %_ e-ikaa —
=2[cos ak, - cosak, -+ cos ak,],

rjle a—NoCTosiHHAsA pelleTKH. [foacraBasisi 3TH pesyabratsl B (7.10),
NOJTYYHM
e=g,—C—2A[cosak, + cosak, -+ cosak,]. (7.10a)

B cnyyae o6beMHOLEHTPHPOBAHHOTO Ky6a KaXIblH aTOM OKpYMKeH
BOCeMbI0 ONHKAaHIIHMHU COCesMH, W BMecTO ypaBHenus (7.10a) mul
noayuum ([Tpuaoxenne 14)

ak,
—C—84 cos—cosTcos% (7.106)

AHaNOTHYHO MOXKeT ObITb BLIYHCJIEHA FHEPTHs SJEKTPOHA B pelleTKe
TpaHeleHTPHPOBAHHOTO Kyéa‘

k
C 4A [cos aks cos a; —[— cos T cos %}

(7.108)

M3 pelpaxeunit (7.10a) —(7.10B) BuaHo, u4TO npH o6pasoBaHHH
KDHCTaJlJla M3 OTAGNbLHLIX aTOMOB 3HEPrHsi 3JEKTPOHA B H30JHPO-
BaHHOM aTOMe €&, B pe3yJ/bTare B3aHMOAEHCTBHUS C COCEAHHMH aTo-
MaMH cMellaeTcst Ha BeanuynHy C M pacllenJisieTcsi B 3HepPreTHYec-
KYIO 30HYy, B Npefesiax KOTOPOH 3SHeprusi JeKTPOHA MNepPHOAHYECKH
3aBUCHT OT COCTaBAAIOUIMX BOJIHOBOTO BekTopa k. Takomy pacuien-
JIEHHIO TIOJIBEPTaeTCA Kax /bl CTallHOHAPHLIN 3HEPreTHYeCKHil ypo-
BeHb H30JIHPOBAHHOTO aTOMa; MOITOMY Ka4eCTBEHHO KapTuHa GyjeT
nofo6Ha TOH, KoTopas H306pa)KeHa Ha puc. IV.2 gns mnouru
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cB06OAHBIX 3/1eKTpoHOB. lllHpHHa pa3pelleHHOH 3HEPTreTHUYECKOH 30-
HBI, KAK Mbl YBHIHM HHXKeE, NMPONOpUHOHAJNbHA BeJauuHHe A, T.e.
B 6GOJIbLION Mepe OMpejesiAeTci INepPEKPhITHEM ATOMHbIX BOJIHOBBIX
GyHxuui P, (r) coceiHnx aToMoB. [LJs BHEIUHHX BaJIEHTHBIX 3JIEKT-
POHOB aTOMOB, KOTOpble H4aC O6BIYHO M HHTEPECYIOT, 3TO MepeKpbl-
THe BEJHKO, TaK 9YTO WHDPHHA 3HEPreTHYeCKOH 30Hbl JOCTHUraeT He-
CKOJIbKMX 58, T.€. MOPSAKA U AaxKe MPEBOCXOAMT pacCTOSTHHE MEXAY
YPOBHSIMH 3HEPTHH K30JIHPOBAHHOTO aTOMA.
€ CrpororoBops, 3T0 03HayaeT, YTO Pa3BHTHIA
BBIllIE METOJ CHJLHOH CBS3H HeNpPHMEHHM K
3TOMY cJjy4ato. [Ins 3/IeKTPOHOB BHYTPEHHUX
m 060/04eK aTOMOB 3TO pacuiern/enue Mand:
TaK, AA8 K-3JeKTPOHOB B pelueTKe Merall-
W JIMYECKOTO HATpHsl OHO nopsiaka 2-10719 38,
TaK YTO YPOBEHb NPAKTHYECKU OCTAETCA PE3-
L7727 k. B pesysbTaTe CIEKTP SHepTHHK 3JeKT-
poHa B KpncraJsae npuobperaer BHI, H30-
R IITTTTT 6paxeHHbli Ha puc. IV.8, rae paspewen-
HBle NOJIOCHl 3HEPTHH 3alUTPHXOBAHLL.
Kax moxHO npejctaBuTh cebe ABHMKEHHE
Pue. 1V. 8. 3JIEKTPOHA CKBO3b peLUeTKY C TOUKH 3PEHHsA
NMpHGJIHKEHHS CHBHON cBA3H? B H3oaupo-
BaHHOM aTOMe 3JIEKTPOH MpeOblBaeT Ha CTAuHOHAapPHOM YDOBHE g,
HeoripeslesieHHO fosroe BpeMsa. ITpu cOJimiKeHUH TaKHX OAMHAKOBBIX
aTOMOB Y 00PA30BaHHH DELUETKH 3JIEKTPOH NPHOODPETAET BO3MOXKHOCTD
I0CPEACTBOM KBAHTOBOMEX aHHUYECKOT'O TYHHEJIbHOTO adekTa nepefitn
OT OJHOro y3/a pelneTkd K cocenHemy. Ilpu 3Tom peskuii ypoBeHb
3HEPrHH &, H3-33 B3aHMOJeNCTBHS aTOMOB paclUHpfAeTcs B NOJOCY
ILMPHHOM €,,, KOTOpan CBs3aHa C BPeMEHeM NpeGblBAHHS 3JEKTPOHA
BOJIN3K JAHHOTO Yy3/1a T COOTHOLUEHHEM HeONpPeNesIeHHOCTH €,,T &2 Ib.
Jnsi BHEIUHHX 3JIEKTPOHOB €,,~ 10 36 1 cooTBeTcTBYMOLIHE T |0~ 15cek,
HO aJs K-3/1eKTpOHOB HaTpHs, KOTJlA &,, =~ 2-1071%38, 3J]€KTPOH
Nepexoi1T OT OJHOIO Y3J1a K cOceJlHeMYy B CpejiHeM 3a BpeMsl T 1 yac.
OnHako jaxe B 3TOM NOCJeAHEM cJyyae B CTAallHOHAapHOM
COCTO AHHH 3JEKTPOH pacnpeiener ¢ OANHAKOBOH BepPOSTHOCTHIO
no BceM y3JaM peLleTKH KpHcTasna.

3. IlpouantocTpupyeM cBOHCTBa 3JeKTPOHA, ABHMKYLIETOCS B
HJeasJIbHOM MepHOJUYecKOM nojie (§ 3), Ha INpHMepe CHABHO CBsi-
3aHHBIX 3JIGKTPOHOB B APOCTOH KyBHueckoii peineTke. Byjem 3Hep-
THIO 3JIEKTPOHA € B BbipaxeHHaX (7.10) OTCUHTHIBATH OT YpOBHS

—C, 1. e. nonoxum g,—C =0. M3 (7.10a) BHAHO, 4TO 3HEpTHA
SﬂeKTPOHa e umeer npu k =k, =k, =0, 7. e. B uentpe Gpusio-
3HOBCKOH 30HBI, MHHHMaJIbHOE 3HAueH e, paBHoe &,=—6A4, a npu

k,=k, —k,—n/a T. €. B BepulHHaxX Ky06a 30HbBI,— MaKCHMaJibHOe
aHaueline e, =—+6A. Takum obpasom, B cjayuyae npocToii KyGuyec-
KOH pelleTKH IMHDHHA 30HBl €., =¢&,—&, =124,
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Oas mameix k, 1. €. ak,<€1, ok, €1 n ak,<€1, nonyunm,
pasjiarasi KOCHHYCH! B psij,

e=—24 [ (118" 1 (1 - O0) ()]
| 2=)—6(A+Aa22(/z?fc+£j+k§f=2b+Aa2kz. (7.11)

Takum obpasom, fns maauix k 3Heprus 3JIEKTPOHA, TaK XKe Kax
M B caydae cjaBoil CBA3H, He 3aBHCHT OT HampaBJieHus kB W mpo-
nopuvoHadbha k% Ckanapuas 3¢dGdeKTHBHASE Macca 3JIEKTPOHA Y
HHXXHEro Kpasi 30HbI

. ha %2 6h?
m::(b)z'@:m:az—%;, (7.12)
(31?,2: )b

T. €. TIOJIOKHTEJIbHA, H, €CJIH NPHOJHXKEeHHO CUHTaTh a = const s
PasHBIX KpPHCTaNI0B, 06paTHO NpPOTMOPUHOHANbHA LIHPHHE 30HbI E,,.

v =k, =k, 6ynem cui-
BEPXHEro Kpasi 30HBI MOJNOXHM ——K, =k, U T. L. H GyneM cuu
TaTk ak,<€1 v T. 1., Torja

= —2A[cos (n—ak}) + cos (n—ak,) + cos (n —ak;)| =
=2A[cosak;+ cosak, + cosak,] =
=6A—Aa® (k) + k) +E)=e,—Aak’ . (7.11a)

Anasoruyro >(QexTHBHASI Macca 3/EKTPOHA Y BePXHEro KpPas 30HHI

m;,(a) :L = Rt (7.12a)

( 023> T 2Aa%
oky')a

T. €. oTpualartesbHa. CnefosaTesibHo, 3(deKTHBHAS Macca AbIPKH
m; (a) = — mj (a) = h*/2 Aa?, (7.126)

T. €. coBNazaer ¢ 3(peKTHBHON MaccOl 3JIEKTPOHA HMIKHETO Kpas
30Hb! (7.12).

OueBuaHO, YTO H309HEPreTHYECKHE MOBEPXHOCTH B KR-IpOCTpaH-
cTBe, BO/MK3H LEHTPa 30HBl U y BepLIHH Ky6a (k= 1tk =k, =
=n/a) umeloT coepuyeckyto Qopmy. IlpH NpoMeKyTouHLIX 3Haye-
HHAX 3HEPTUH OHNM HMEKWT Gojiee CJIOKHYIO GOPMY, [OKA3AHHYIO HA
puc. IV.9, rze (a) coorBerctByeT 3Heprus e(k)=—24, a(6) —
sHeprus & (k) =0 (Mbl mo-npexxnHeMy nosaraem g,—C =0).

B cHy NepHOJMYHOCTH SHEPruHM & B R-TIPOCTPAHCTBE € TepHO-
Aamu b; ¢opma mosepXHOCTH &=const nosTopseTcs BO Bcex sJe-
MEHTapHbIX fYelKax (yBesMYeHHbIX B Macwitabe 2m) NpOCTpaHCTBaA
obpaTHolt pewerku. B cayvae, usoBpaxkennom ua puc. 1V.9,6, Muo-
TOCBsI3HAsl OBEPXHOCTb NMOCTOSIHHOH 5HEPrHU HMeeT BHJ, H306pa-
XeHHBIH Ha puc. IV.10. B cnyyae moBepXHOCTH NOCTOSIHHOM 3HEPTHU
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e(k)=—2A (puc. IV.9,a) n0OBepXHOCTH 3HEPTHH COCERHHX sueeK
NPOCTPaNnCTBa O0paTHOH pelleTKH WMEIOT TOJbKO OBU(HE TOUKH CO-
IPAKOCHOBEHHS B NenTpe obpaTHLIX rpaHeii 6pU//IIO3HOBCKOH 30HEL,

/(Z
i
i
|
!
]
3 ’ A{‘z: |/
a)
Puc. 1V. 9.
ITpu sHepruu snekTpoHa, MeHblued &= —24, 3aMKHyTble NOBEpX-

HOCTH NOCTOAHHOH 3HEPTHH B Pa3HBIX fueHKax OGPAaTHOH pelUeTKH
He 6ydyT UMeTb OOIUMX TOYEK COIPHKOCHOBEHHH.

STa TONOJOTHS MOBEPXHOCTEH NOCTOSIHHON 3HepruH Ans € (k),
PaBHOi 3HePruu (hepMH-3JEKTPOHOB NPOBOAUMOCTH MeTadna, Urpaer

NS

Puc. 1V.10. Puc. IV. 11,

k2

B!

== =
&

N7/

BaXXHYIO POJIb IIPH HCCJ/EJOBAHHHM TasibBAHOMAarHUTHHX SBJIEHHH B
MeTaJiJax B cuabHoM MaruutHom noge (M. M. Jlugwun).

Ha puc. IV.11 npepcraBieHbl H303HepreTHYeCKHe JHHHH Ha
niockocTH k,=0. M3sosnepretudeckue oTpeskn THna k, -k, =mn/a
COOTBETCTBYIOT 3HEPTHH

g=—2A][cosak, +cos(n—ak,)+1]=—2A.
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Mmul BHAHM, UYTO NPH 3HEPrHAX, AaJiCKHX OT Kpae€B 30HLI, NOBEAEHHE
CHJBbHO CBA33aHHbIX 3JIEKTPOHOB 3HAYHTEJNbHO OTJIHYAETCHA OT NOYTH

CBOOOJHBIX.
W3 Buipaxenuii (3.32) u (7.10a) caenyer, 4TO CpeaHsisi KBaHTO-
BOMeXaHHUYeCKas CKODOCTb 3JEKTPOHOB B R-COCTOHHU paBHA

24a . . . . .
0= [sinak,i,+sinak,j, +sinak k], (7.13)
T. €. 3aBHCHT He TOJIbKO OT aBCoJIOTHON BeJHUYKHHBL BOJIOBOrO BeK-

Topa R, HO W OT ero HanpaBJjeHus. M3 (7.13) BuAHO, UTO Yy HUXK-
HEero H BePXHero KpaeB 30Hbl CKOPOCTb paBHAa HyJo. [Insi Masbix &

2Aa® 2Aa®
v="5- kudoth Jt ko) =5 k=2E, (7.13a)

rae KpasuuMnyabc p =k, a spdekTiBHAs Macca /), (b) paBHa (7.12).

L : T E 1 1 ]

- - r -l
N AN
N 0 S AN [

! \ 1 7 ! 1 \ 1 / ]
i L ) I ' LS !
i N R4 i I L )
1 AT 1 L A i &
_dn _in _an 0  z ¢ i
a a a v a a a
1 b oemy | -
1 LT N 0 i e \\: P
" A ! ™ - 1
[T | [N H
' ) ! ) ' '
-2 =z z 2an
a a a a
Puec. IV.12.

Monaras k,=k,=0 n k,=*k, 10OJYyUHM LA ABHKEHHA BAOIb X
e=—2Acosak, (7.14)

2Aa .
v:Tsmak. (7.14a)
Ha puc. IV.12 npeacraBiieHa 3aBHCHMOCTb & H U OT K COTJIACHO
(7.14) n (7.14a). B cornacuu ¢ (4.4)
+1/a +n/a
v(k)dkz% S sinak dk =0,
~nja —n/a
T. €. CpelHfAs CKOPOCTb 3JIEKTPOHA (TOK) 1o Bcell 30He paBHa HyJo.
Ha puc. IV.12 ocobeHHO s5iCHO BHAHA NEPHOIHYHOCTb & H U B 3a-
BHCHMOCTH OT BOJIHOBOTO BEKTOpPA R H BO3MOXXHOCTb PACCMOTpPEHHS
HX B Mpenejax MPHBENEHHOH 30Hbi:
1

‘—g<k<+%.
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IMnoTHocTh cocTosiduil Ha 1 ¢m®, cornacHo BelpaXeHHsaM (3.26) n
(7.10a), paBHa

(8)_LS‘ do - 1 S‘ do
g 8x% ) Jgradge] 16n°A4a) Vsin? ak,+ sintak, +sin® ak;, !

rje HHTerpHpoBaHHe BeAeTCs NO NOBEPXHOCTH

(7.15)

g =—2A (cos ak,+ cos ak, + cos ak,) = const. (7.15a)

Hcrnob3ys 3To COOTHOUIEHHE, MOMHO mMpuBecTH uHTerpan (7.15)
ONHOMEPHOMY H BHIYHCJUTL ero npudaumxerno. Kpupas a Ha
puc. 1V.13 npencraBiser pe3yJbTaT TAKOro BHIYHCJEHHS. 3aMETHM,
YTO KpHBasi CHMMETPHYHA OTHOCHTENIBHO TOUKH &,,/2. Kpupast 6 Ha
TOM e pHCYHKe H3o6paxaer g (e) ~ Ve ana cBOGOAHBIX 3JeKTPO-
OB, HO y4YWTHIBaeT, HauHHas C HeKo-
geN . TOPOro €, YyMEHblIEHHe YHCJa COCTON-
! HUH  K3-32 nmepeceyeHHs ChepHUECKOR
' TIOBEPXHOCTH 3HEPTHH € TPAaHAMH Ky-
H 61yeckoft OpPHJNIIOIHOBCKOH 30HLI.
' 4. Jlna o06beMHOLEHTPUPOBAHHOMI
: i Ky6uueckoii peiuetkd 1-1 3ona Bpua-
& JI03HA HMMeeT GOPMY MPABHJABHOTO JO-
' JeKasapa, H300paXeHHOTO Ha PHC.
! 1V.6, a. 3 cootHowenus (7.106) Bua-
g a6 £y HO, YTO 3HEPTHS 3JIeKTPOHA € HMeeT MH-
2 HUMaJbHOe 3HaueHHel) e, =—8A B
Pue. 1v.13. UeHTpe 30HBI IpH B=0 H MaKCHMaJIbHOE
e,=+8A B Touke k. =2n/a, k,=k,=0
H B OATH APYTHX 3KBHBAJEHTHBIX TOYKAaX B LEHTPax KBaApAaTHBIX
rpaueil 30Hbl. TakuM o6pa3oM, LIMPHHA 30HBI &,,=¢&,—&, = 164,
T. €. H B 3TOM cJlyyae NPONOpLHOHAJbHA HHTErpaJly nepekpeitus A.
[TnockoctH k,=m/a K 0OATH OPYTHM 3KBHBAJIEHTHbIM MJOCKOCTAM
COOTBETCTBYeT nocTostHHast sueprua e=0. Ha puc. 1V.14 npeg-
CTaBJIeHbl M303HEPreTHYeCKHe NMHHH, 06pa3oBaHHble ceyeHHeM GpUJI-
JIIO3HOBCKOH 30HBI NJIOcKocTAMH: @) kB, =0 H 6) k,=n/2a.

Amaloruyto TOMy, KakK 3TO OblJIO CAe/JaHO B mpeabjylleM pas-
Jeje JJisi NPOCTOH KyGHYECKOH pelleTKH, MOXHO MOJIyYHTh paaJjio-
»KeHHe 3HepPrud € Yy HHMCHETO H BEPXHEro KpaeB 3HEPreTHYEeCKoH
30HBI, onpejesuTbh 3(PGheKTHBHbIE MAcChl, CPEAHION CKOPOCTh 3J/EKT-
POHAa D ¥ MJIOTHOCTb COCTOAHHMI g (g).

Jlnsa TpaHeleHTPHPOBAHHON Ky6iueckoil pelerkH |-s sona bBpun-
Jfo3Ha HMeeT ¢OpPMYy YCEUEHHOrO OKTasjpa, H300paXKeHHOTO Ha
puc. IV.5,a. U3 ypaBHenus (7.10B) crepyeT, 4To MMHHMAaJbHas
sneprusi npu k=0 paBHa g, =-—124, a mMakcHMaJbHaA 3HEpPTHA
e,=4A ana k. —=2n/a, k,=Fk,=0 1 naTi APYruX 3KBHBAJEHTHbIX

1) Mbi onaTe nosaraeM gg—C =0,
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TOYEK, TaX YTO IUHPHHA 30HH OMATHL €,,= 16A. B meATpax xaxmoi
H3 BOCHMH WLIECTH yTOJIbHbIX IpaHeil (£k,=+k, = +k,= n1/a) sneprus
¢=0. Ha puc. 1V.15 npepcraBnensl ans 3TOro cjyyas H3O3Hepre-
THYECKHE NOBEPXHOCTH, NPUYEM @) COOTBETCTBYET MEHBILEMY, a 6)—

¥ /(y

Z
(S

Q) )]
Puc. 1V. 14,

(AN
N~

GonblueMy 3HadeHHIo aHepruu €. Ha puc. 1V.16 npanwl v3osuepre-
THYECKHE JIMHWH, NOJyHeHHble TPH CEYCHHH GPHJJIIO3HOBCKON 30HHI
nJaockocThio k£, =0.

Koneuno, m B cnyyae IpaHENEHTPHPOBAHHON pPEILETKH MOMKHO
pacCMOTPEThL Pa3JIOMEHHe 3HEPIHH & BOJIHM3H KpaeB IHEPreTHUECKOH

Puc. 1V.15.

30HH!, 3(QheKTHBHBIE Macchl M T. A. Pe3yabraTel, KOTOpHIE NPH 3TOM
NOJYYAIOTCS, HE OTIHYAOTCH KaYeCTBEHHO OT TeX, KOTODbie HMEKT
MeCTO JUISi HPOCTOH M 06eMHOLERTPHPOBAHHOH KYOHYECKHX PEIUETOK.
5. PaccMOTpUM B NpPHOHXKEHHH CHJBHOW CBA3H NOBEJEHHE 3JIeK-
TPOHA B NpOCTOH KyOHYecKo# pelueTke B TOM cJayuyae, KOrJa OH B
H30JIHPOBAHHOM aTOME (HOHR) HAXOLHTCA B P-COCTOSHHH.
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BosHoBasi ¢(yHKUHMSA 3JM€KTPOHAZ B NPOU3BOJIbHOM C(epHYECKH
cUMMeTpHYHOM noJse U (r) umeer BuA!)

lpnlm (f, 31 (P) = Rnl (f) ylm (ﬂ’ (P)‘

rae R, (r)—paauanbHas YacTb BOJIHOBOM (PYHKLHH, 3aBuCsas OT
TJIaBHOTO KBAHTOBOTO YHCJA 7 M OpPOHTAJbHOTO KBAHTOBOIO 4YHC/a
I<n—1,aY,, (3, ¢)—1wapoBas QyHKUHUs, ONHCLIBAIOWLAS YIJIOBYIO
3aBHCHMOCTb BOJIHOBOH (YHKLMHM, 3aBHcAllas OT [/ M MAarHUTHOrO

KBaHTOBOro udcaa m=0, 41, -2, ... oI, DHeprus 3/eKTpoHa
4 3aBHCHT TOJIbKO OT KBAHTOBBLIX YHCEJ N
¥ ¥ | (B KYJIOHOBCKOM NOJIE — TOJNBKO OT 1),
I03TOMY p-COCTOSIHMIO 3NEKTpoHa ¢ [ =]

/ COOTBETCTBYIOT TPH BBIPOXJEHHBIE BOJHO-

Boie $yHkuun ¢ m=0, 41, —1:
3 \1/2
1in:Rnl (l‘) (E) cos ¥,

. 3\l/2 . o
Py = Ry (1) ('ﬁ) sindef®, (7.16)
. 3\L2 . o
¢ kz 1Pnl,—lZRrxl (f) (g) sin de o,
Puc. V. 16. B cuay JMHEHHOCTH M OJHOPOAHOCTH

ypaBHenus lllpenunrepa BCsKas JMHe#-
Has KOMGHHAUMS BOJHOBBHIX (YyHKUMH (7.16) TOXe sBJsieTcsl BOJ-
HOBOH (pyHKuMell p-cOCTOSIHHS 3JeKTpoHa. B aasnbHeiuieM ynoGHo
HCIIONIb30BAaTh B KayecTBe BOJHOBLIX (DYHKLHH TpH cjedytoulne JiH-
He#iHble KoMOGuHauuu (7.16):

3 Do ¥, 1= Ry (1) (7 ) sin B cos @ =] (r) = s (r),

2]_,-[‘%11_‘%1, -1]:Rnl {r) (;—n>l/251n951n¢=y/‘ (f)E‘le (r), (7.162)

. i/2
S Vo= R (1) () 059 =2 (1) =, (1)
3uech x=rsindcosg, y=rsindsing H z=rcos$—npsaMoyro/b-
Hble KOOpAHHATHl 3JEKTpOHa, a f(r)-—HekoTopas palHa/bHO-CHM-
MeTpHuHasi DyHKIHs, 3aBHCAUlas OT BHAa mortenunana U(r).
BosHoBas (yHKIHA 3JEKTPOHA B KpHCTaJJe MOXeT OuTh 3amy-
cana anansoruydo (7.2a). OZHaKO Mbl JOMKHBI Temepb YyuyeCTbh He
TOJIbKO TPAHCJ/ISIIHOHHOE BLIPOXKAEHHE 3JEKTPOHA, YUHThIBAEMOE B
(7.2a) muoxureseM exp i (Ra,) 1 CyMMHDOBaHMEM MO BCeM 3KBHBa-
JIEHTHLIM y3/1aM peleTKd 12, Ho 4 BEIpOXJeHue (7.16). Takum 06-
pasoM, HOJNOXKHM BOJHOBYIO (DYHKLHIO 3JIEKTPOHA B KPHCTaJl/Ie

(1) = 2 o, (r — @n) TP, (r—an) £ 70 (r—an), (717)

Y Banoxunues [ H., § 49.
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rie Ko3h@HIKEHTH &, B H Y JOMKHBI GBITb onpeiesneHbl H3 obuied
TEODHH BO3MYILEHHUS BBIPOXKAEHHBIX COCTOSTHHH.

MoxHo nokasartb ([Ipuioxkenue 15), 4TO B NPOCTOM KyGHUeCcKOM
KDHCTaJlIe COCTOSHUR Y., §, H P, He KOMOHHHDYIOT IApYyrL ¢ ApY-
TOM, T. €. TOJbKO OJIHH H3 Koaq)q)uunemoa o, fp 1y MOXer ObITb
OT/HYeH OT HyJs. TakuM o6pasoM, IpH 3afaHHOM 3HAYEHHH BOJ-
HOBOTO BeKTOpa R 3JIeKTPOHY B KpHCTaJJe COOTBETCTBYIOT TPH BOJ-
HOBble (QYHKUMH, A/t KaXKAOH H3 KOTOPBIX HMEET MECTO CBOS 3aBM-
CHMOCTb 3HEepruu & or k.

JuepreTHyecKHe 30HBI, COOTBETCTBYIOUHE ITHM TPEM BOJIHOBBIM
$YHKUHAM, B TOYHOCTH NEPEKDHIBAIOTCHA, TaK UYTO B IIPOCTOM KYyOH-
YeCKOM KDHCTaJJIe BRIPOXKACHHE p-YPOBHS HE CHHMaercs.

Pacuer nokassisaer (ITpusioxkenne 15), uto ans a==0, p=y=0
SHEPrHfl 3JeKTPOHa

g, =¢,—C+2A cos ak,—2B (cosak, +cos ak,). (7.18)
Haa B0, o=y =0 sHeprus 3JeKkTpoHa

&, =¢g,—C +2A cosak,—2B(cosak, + cos ak,) (7.18a)
uana y550, a=pf=0 sHeprusa 3JeKTpoHa

g, =8,—C +-2A cosak,—2B (cosak,+cosak,).  (7.186)

3mech €,—5HEprHs p-3JEKTPOHA B M30JHDPOBAHHOM aTOMe,

el S AGIAGEL TG (7.19)

’

gmpx(r)mpx(r—an.,)[V<r)—%(|r—an,,l)]dr={ * (1.19)

rae MHTerpasj pabeH A, Korja COCEAHHIH aroM 12, B3AT IO OCH X,
H paBeH —B, Korxa cocelHnii aroM m, B3fAT 1O OCH Yy HJH 2.
B cuny Kybuueckoit cumMerpun nHrerpaJet (7.19) u (7.19a) He me-
HSIIOTCH OT 3aMeHbl 1, Ha P, HIH P,

Hotenuransuble sHeprun V(r) u U(r) HMEIOT TOT XK€ CMBIC,
YTO H B Bhpaxenuax (7.7) u (7.8). 3naku mocTosiHHbix A ¥ B He
MOTyT OBITh YCTAHOBJIEHHl BIIOJNE OAHO3HayHO. MBI paccMoTpuM /Ba
cayyas: I. A>0u B>0u ll. A>0 u B<0. B pajgpueiwenm
MBl OTISATH OyjleM 3HeprHIO 3J1eKTPOHA BO BCEX TPEX COCTORHHAX OT-
CYHTHIBATh OT YPOBHA g, —C, T. e. nojaoxuMm g,—C = 0.

I cayyail: 4>0, B>0. Ina Bcex Tpex COCTOAHHE 3JeKTpo-

a(7.18), (7.18a), (7.186) MHHUMYM 3Heprud paBeH

£y =8y, =8y = —2A—4B. (7.20a)
B KaXaoM H3 Tpex COCTOAHHH IBa SKBHBAJEHTHBIX MHHHMYyMa pac-

[MOJIOKEHBl B LUEHTpPAX JABYX TMPOTHBOMOJOXHBIX KBaJApaTHBIX rpaHeH
30HbI Bpmmoaﬂa MakcHMaJ/ibHOe 3HayeHHe SHEPIHH AJiA BCeX TpeX
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COCTOAHMH TOXe OJAMHAKOBO H paBHO

E1a=Ey =8y, = +2A+4B, (7.20a)
TaK YTO WUHPHHA 30HBI TPEX NEPEKPHIBAIOLHXCS N0J0C 3HEPIHH PaBHA
€ap = E1u— &, —4A +8B. (7.206)

MakcuMyMEl 1011 KaXJIOro M3 TpeX COCTOSAHHH pacroJioXeHbl B
IHEHTpax yeTbipex pebep xyba, MNepneHAHKYJSPHBIX K TpaHAM, Ha
KOTOPbIX PacfoJiararTcsl COOTBETCTBYIOUIME MHHHMYMbI. TakHM o6-
pa3oM, B 30He BpujutiosHa umeercst Bcerna 6 MHHHMYMOB H 12 Mak-
CHMYMOB.

Pasnoxum snepruio g, (7.18) B psig BOIH3H MHHHMYyMa k= n/a,

’ Jt
k,=k,=0, n0 ManbIM BeHUHHAM Ri=——Fk,, k, u k.

&;=2A cos (n—ak;)— 2B (cosak,+cos ak,) =
= —2Acosak,—2B (cosak, +cosak,) =
- (akx)® (aky)? (aks)?
=24 [1—T —9B [(1——21/_) T (1———2—” —
=gy, + Aa*k? + Ba® (k) + k7). (7.21)

Mgt BHANM, YTO BOJIM3H 3TOrO MHHHMYMa H30IHEpTeTHUeCKHe MoBepX-
HOCTH — 2JIVIMNICOHABI BpallueHHsl BOKPYT ocu x. KoMnoHeHTHl TeH30pa
5 QeKTHBHOH Macchl

mim e (Ze) e L
ax ﬁz ak;2>mirl— ﬁz —_— my » 7 2
ot e (e _2BE 1 (7:212)
(4 = fiz ( ()k?/ )min_ fiz - me ‘
M3 Bripaxenufi (7.21) u (7.21a)
2 23 2.3
oy — oy, — 2RE | Bkt R (7.216)

2m, 2m,

Takne xe pasJoXKeHHs HMET MecTO BOJH3H NATH APYTHX TOYEK
MHHMMYMa dHeprud. Takum o6paszoM, XOTf XaX[ABH 3JIJHNCOWZ
B OTAEJbHOCTH He ofJiazaeT KyOU4yecKOH CHMMeTpHel, UX COBOKYIH-
HOCTb YAOBJIETBOPsET TaKoBOH. AHAJIOTHYHbIC Pa3J/IOMKEHHs IHEPFHU
5JIEKTPOHA BO3MOXHBLI BOJH3M TOueK MakcuMmyma. B nuockocru &, =0
SHepPTHH 3JIeKTPOHA pPABHBI

g, =2Acosak,—2Bcosak,—2B, (7.22)
&,=2A cosak,—2Bcosak,—2B, (7.22a)
g;=—2B (cos ak, --cos ak,) + 2A. (7.226)

Ha puc. IV.17, a, 6, u 6 npeacTaB/jieHbl H303HEPTETHYECKHE JHHHH,
COOTBETCTBYIOLLHE €,, €& H €,. DyKBaMH m H M OTMeYeHnl TOUKH
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MHHHMyMa o MaxcuMyma 3Hepriu. Hnas a u 6 ueHTpy 3oHH (R, =
= k,=0) cooTBeTCTBYET CeAM006pa3HasN TOUKA NOBEPXHOCTH SHEPTHH

W

Y /\\\

e(k;, k,). Ha puc. 1V.18 npexcraBieHa 3aBHCHMOCTb 3HEPTHH

e, (ky, k) BIOJb Ocell k., U k.
] c.nyqaﬁ A>0n B< 0. Obosnauas B yepes —B u noJaras

3

Wi

Puc. 1V.17.

ongth g,—C =0, NoJyuHM BMeCTO pa- & (hzyhy)
BeHCTB (7.18) 2 ;
&;=2A cosak,+ 2B (cos ak, +-cos ak,), 'I,/:*E_—-:
(7.23) —
e, =2A cosak, 4 2B (cos ak, +cosak,), - 24-480 ———
(7.23a) /
g;=2Acosak,+ 2B (cos ak, +-cosak,).

Otcioga BHIHO, YTO MHHHMYyMY
3Heprun, paBHoMmy (7.20), cootBer- ;# @
CTBYIOT BO BCeX TpeX COCTOSTHHAX TOY- ’ Pue. 1V. 18
KH +h,=4k ==k =mn/a, T. e )
BeplllHHbI Ky6a 30181 Bpmmoaua MaKCHMyM 3HepTHH, OIHHAKO-
Bblil BO BCeX TpeX COCTOSIHHSIX, JOCTHTAeTcss B LEHTPE 30Hbl NpH
k.=k,=k,=0. Takum 06pa30M obluas IHpHHA SHEPTETHUECKOH
30HBI TaKas e, Kak M B npepaylieM cayuae (7.206). Pasaaras
SHepr¥H 3nekTpona (7.23a), (7.236) B paax no k,, k,, k, BOMM3u
ofLIero MakcHMyma, noayqﬂ'M

Z
(7.236) ? ~24-48 4

&, =(2A +4B)— Aac*ki— Ba® (K + K2), (7.24)
—(2A+4B) — Aa*k: — Ba® (K -1 k2), (7.24a)
& = (2A +4B)— Aa?ki— Ba? (2 + k). (7.246)

TaxkuM 06pa3oM, H303HEPreTHYECKHE TOBEPXHOCTH— OJAHHAKOBBIE
3JJIMIICOUABI C OCAMH BpauleHHsl, HaNPABJIEHHEIMH BJOJb X, Y H Z
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(puc. 1V.19). Ecau 30Ha MOYTH 3aMOJIHEHA 3JE€KTPOHAMH, TO CNEKTP

(7.24), (7.24a), (7.246), B3aThi#l ¢ 06paTHLIM 3HAKOM, COOTBETCTBYET
avipkam. [lonaras k”-——kz=0, BHAHM, YTO

g, =¢ey— Aa’kE, (7.25)

£, = &, = €y — Bak}. (7.25a)

Ha puc. 1V.20 npejcTaB/ieHa 3aBHCHMOCTb IHEPTHH €y, €, €; OT Ky
B mpexnoJsoxennn, uto A << B u, cjenoBatesbHO, Kpusas 2 €OOT-
BETCTBYET ABAXJbl BBEIPOXKIEHHOMY

s COCTOSIHRIO (£, = ).
B HanpaBjenuu k,, T. €. TpH
k,=k,=0,¢, u e, nono6ust (7.25a),
7
ke
/7 2 e z 1
Puc. 1V.19. Puc. 1V. 20.

a e, nogoGuo (7.25). CocTosiHHe B UEHTPE ODPHITIOIHOBCKOH 30HHI
(k=0) sBJasercs 1ECTHKPATHO BHIPOXKIEHHBIM (C YY€TOM CMHHa).

Ec/id He YyYWTHIBATH CNHH-OPOHTA/IbHOTO B3aUMOAEHCTBHSA, TO
T4KOH 3HEpreTHYecKHH creKTp HabJonascs Obl /st AbIPOK BaJEHTHOH
30HBI T€PMAHHA. YYeT CNiH-0pOHTABHOTO B3aUMOAEHCTBHA NPHBOAUT
K YaCTHYHOMY CHSATHIO BBIPOJKIEHHS; OTLIENHBIUEECA NBYKPATHO BbI-
POKIEHHOE COCTOSIHHE CMeIlaeTcs B CTOPOHY 60Jee HH3KHX 3HAYEHHH
3Hepruil, a YeThIPEXKPATHO BbiPOMIEHHOE — LAET JBE BETBU — JIETKHX
H TSKEJBIX JAbIPOK.

§ 8. CTpykTypa 3HepreTHUYECKMX 30H H CHMMETpHSA
BOJIHOBbIX (PYHKLHH B MpPOCTOH KyGHuecKoH peleTke
U B KPHCTaMIe CYPMSHHCTOr0 HHIHSA

1. ITpocrpancTBeHHas rpymnna NMpocTOd KyOHYECKOH pelleTKH —
cHMMOp(HA, TI03TOMY HeNpHBOAHMBIE MPEACTABJEHHS TP YIIbl BOJHO-
Boro BekTopa Gy AJsi Bee MOTYT ObITh KJACCH(HIIMPOBAHDBI N0 HEMPH-
BOJAMMBIM npeacTaBngHusM I' (R)—TodyeyHON rpyInbl, COOTBETCTB YiO-
et BoaHoBOMY Bektopy kB (ra. 11, § 9, n. 4).

Tax Kak pesyJ/bTaThl HCCJIEJOBAHUS CIEKTPa KoseGaHH# B NpocToH
Ky6uueckoit pewerke B ra. I, § 8, ocHoBaHB TOosBKO Ha coobpa-
JKEHHAX CHMMETPHH, TO OHH MOTYT ObITh 6€3 H3MEHEeHHS NepeHeCceHsl
Ha CBOHCTBa 3JIEKTPOHHOIrO cnexkTpa B KyOHWYecKoM xpucraje. Pas-
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HHIIA B4KJ/IOYaeTcss TOJbKO B TOM, YTO B cJAyyae KoJeGaHHH Mbl
JOJKHBL LEHTPY OpHJIITIOIHOBCKOK 30HB! I’ npHnucaTh HENPHBOAKMOE
npeacrasnenue Iy, (111.8.17), B To BpemMsa Kak B cJjyuyae 3/eKTPOH-
HOrO CHEKTpa BLIOOP COCTOAHHS 3JEKTPOHA B Toyke I' B IIMPOKHX
npejesax npoussBoseH. HO eclH Mbl NpeANOJIOXKHM, YTO COCTOSIHHE
3JIEKTPOHA B UEHTPe OpHJIIOSHOBCKOH 30HB TOXE ONpPENeJseTCA
HeMpHBOAWMBIM TnpejcTaBjenieM I');, To Bce BLIBOABI, MOJYYEHHbIE
M1st KonmeGatenbHoro crnektpa B ra. III, § 8, ocraiorcs B chye H
[V JEKTPOHHOrO, HAJ0 TOJLKO 3aMEHHTb NOHSITHE «BETBb KoJelba-
HHH» HA «30HY SHEPIHMH».

Tak, HanpuMep, TPEXKPATHO BHIPOXK/IEHHOE COCTOAHHE 3JIEKTPOHA
I',s npu nepexoge K Touke A (puc. 111.13) pacwensserca Ha HeBHl-
POXKJIEHHOE COCTOSIHHE A, W [ABaxIbi BbIPOXJAEHHOE COCTOsIHHE Ay
(I11.8.192a). Takxke HHTepPNpeTHPYIOTCA A/ 3IJEKTPOHHOrO CNEKTpa
Boipaxenus (111.8.20), (I11.8.21) u (111.8.22). Coortrotenns coBmect-
HOCTH, cBeleHHble B Tabua. I11.5, no3BoJslOT TakKe NpOCTO paccMo-
TpeTbh JADYrHe 3JeKTPOHHble cocTOsiHHsi B LeHTpe I' m ux pacumenne-
HHEe NpH CMELleHHH BHOJb oced A, A, X1).

2. Cocranum Taba. 1V.2 npeoGpa3oBaHHsA NPAMOYIOJbHEIX KOOD-
IHMHAT X, y, Z NpH JeHCTBHH Ha HHUX 3JEMEHTOB I'pYINIbl TeTpasapa
T, (ca. 11, § 3). CoorBercTBylouike 3nemenTsl rpynnbl T, 06o3Ha-
yeHbl B Tabsuue wepes R;(...) (i=1, 2, 3, ..., 24), npuueM
B cKoOKax yKa3aH xapakTep npeobpasoBaHusi KoopanHat. Hanpumep,
R, (yzx) ecTb moBopoT BOKpyr ocH C, (o6vemHON anaroHamu Od Ha
puc. 11.8) na yron 2n/3, cesisaHHBIA ¢ Npeo6pa3cBaHHAMH: X -— Y,

Ta6auua 1V.2

E Ry (xyz)
kloH Ry (xy2), Ry (xy2), Ry (xy2)
8Cs Rs(yzx), Rs(yzx), R;(yzx), Ry(yzX), Ry(zxy), Rio (zxy),

Rii(2xg), Ris (zxy)

6S,=6JC, | Riz(x29), Ris (x2y), Rys(2yx), Rig (24%), Riz (yX2), Ryg (4%2)

60=6JCy | Ryq(x2y), Ryo (x29), Rar (24%), Rap (2y%), Rag(yx2), Ray (5%2)

1) Bonee nonpoGHblii rpynnoBoii aHa/in3 31eKTPOHHLIX CNEKTPOB B KYGHYECKHX
KpHCTaJlsIaX CM. B uMTHpoBanHo# Bbiwe (ra. I, § 8, n. 2) crarbe DBaykapra,
Cumo1yX0BCKOro ¥ Buruepa.
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y—2, 2—x; R,(xyz)—noBOpOT BOKPYr ocd x Ha yroa & (CI),
IDH 3TOM X — X, Y —r—Y, 2 ——Z.

Ilpu peiicteuyn npeo6pasoBauuii R; Ha ¢pyHKuMIO f (X, y, 2) Moay-
YHM, K HpUMEpY

RoRif (x, 4, )=R,f (9, 2, x)= [ (5, Z, ).
Kax cuepyer u3 Taba. 1V.2, 370 3KBHBaJEHTHO AeHCTBHIO 3/IeMEHTa

Rof (x, y, 2) =f(y, 2, x), nosromy R,R;=R,, 4TO MOXKeT GHITb Tpo-
z BEDEHO HENOCPeACTBEHHO IeOMETpHYE-

Mnoeroerme y=z - ¢cKW. Takum obpasoM, MOXKeET GbiThb CO-
/ CTaBJieHa Bcs TabJaHLA YMHOXKEHHsI
, sjleMeHTOB rpynnsl 7T, neMenram
. S; COOTBETCTBYIOT BpAIllEHHSI HA yTroJ

s .- +=m/2 BOKpyr oceit x, y, z (pHc.

Oef,_—— 7 11.8, 6) c mocuaenyoium OTDAEHH-
eM B MJOCKOCTH, NeprneHAHKYJISIPHOL
R ocd BpauweHus. Jlerko BHAaeTb, YTO
& npeo6pasoBande S, SKBHBAJEHTHO
npeoGpasoBanuio JC,, ecid Bpaile-
Prc. 1V. 21, HHA Ha Yyroa m/2 B mepBoM H BTO-
pOM cJyyasix MpPOU3BOAHTb B PAasHbIX
HanpaeJIeHWs1X; Takum obpasoMm, S,=JC,. D/JeMeHTH C CBA3aHLI
C OTpaXeHHEM B INIOCKOCTSIX Y =2, 2= X, X ==, OHH MOTYT
ObiTb NpeACTaBJieHb! K4K BpAlLEHHS HAa YroJd i ¢ MocJegyiome HH-
BepcHeHt (310 mnpsMo cuaeayer u3 (I11.3.2)). Hanpumep, Ry, (x2y),
CBAI3aHHOE C OTPaM€HHeM B IUIOCKOCTH y==2Z, MOXHO NPEACTABHTH
KaK BpallleHHe Ha yroJs T BOKPYT och y=-—2z (x=0) ¢ nocaeayio-
ue# uHBepcueit (puc. 1V.21), nostomy ¢ =JC,. I'pynna cummerpun
TeTpaspa COCTOHT u3 24 s/eMeHTOB M NATH KJaccos: E, 3C%, 8C,,
6S,=6JC,, 60 =6JC, (nocnenoBatebHOCTb KJ/14CCOB BLIGpAaHa TAKOH,
Kak B Tabn. IV.2, a He Takoil, kKak B Tabu. 11.7). Hszomoptuasn
¢ T, xybuueckas rpynna O momyyuTcs, €CJIM 3JEMEHTH IBYX MOC-
JeHHX KuaccoB T, nogBepruyTs npeo6pasoBaHHIO HHBEPCHH; TAKHM
o6pasom, rpynna O cocrout u3 Knaccos: E, 3C}, 8C,, 6C,, 6C,.
Has TOro 4TOGBI MOMYYHTh TaGaHIY NpeoGpa3soBaHHi KOOPAMHAT
rpynnet @, Hago B Taba. IV.2 BO Bcex nBeHaaNaTtH NMOCJAENHHX Sje-
MeHTax R; (i=13, 14, ..., 24) npou3BecTH WHBEpPCHIO (TOrxa, Ha-
npumep, Ry (xzy) — Ry, (xzy)).

[Tosnas ky6Guyeckas rpynna O, MoXeT OblTb NpPEACTABJEHA KaK
npamMoe npouseedeHne rpymnel O wiu T, wa C;={E, J}, 1. e.
0,=0x C;=T,xC;. I'pynna O, cocTout u3 48 3siementoB 1 10 KJac-
COB, NoJy4aeMblX OT yMHOXeHHS 5 KJjaccoB O uan T, Ha s/eMeHTh
E w J. B nepsom ciyuae (0, =O0xC;) Mol nonyyum aas O, cle-
Aylowre 10 xaaccos: E, 3C3, 8C,, 6C,, 6C,, J, 3JC}, 8JC,, 6J/C,,

6/C,; BO BrOpOM ciyyae, NpH YMHOXKEHHM KJ/ACCOB T, va C;, Mol
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noayuum: E, 3Ci, 8C,, 6S,=6JC,, 60=6JC,, J, 3JC;, 8JC;,
6/2C,=6C,, 6J*C,=6C,, 4TO OTJHMYaeTCss TONbKO MOPSIAKOM OT
pesyabrata ymHoxeHHs O X C;.

s Toro 4yrtobbi noayyuTb TabJauly npeobpasoBaHHil KOOPAHHAT
X, Y, 2 pas rpynnsl Q,, Hago gonodHuth Taba. 1V.2.24 npeoGpa-
3oBanusMu R;, R,, ..., Rj,, NojiyyaeMbIMH H3 Hee JeHCTBHEM HH-
BepcHH, TaK 4TO, Hanpumep, Riy=JR; (zyx)=Ri; (2yx) (3ameTum,
yTo Ri; NpuHajjexur kaaccy 6JJC, =6C,.

Ha ocnose Tako#i nosHo# TabaHuel paas O, MOXHO ONpENeJIHTD,
Kak npeobpasyoTcs NOJMHOMBI, COJlepaKalie caaraeMbie Buja xmy"zr.
[Ipy 3TOM BO3HMKAeT BO3MOXKHOCTb OMpeJeJHTb TakKyhe MpOCTeHuInHe
NOJHHOMBL (C HAUMEHbIUMMH 3HAYEHUSMH m, n, p), KoTopee obJa-
JalT CHMMeTpHelH GasHCHBIX (YHKIUE /15 COOTBETCTBYIOUIHX HENpH-
BOJUMBIX TNpeJCTaBleHHH.

Tak, Hanpumep, QYyHKLHH 1) = xyz npeobGpas3ywoTCs N0 HENpHBO-
numomy npencraBaennto I (ta6a. 111.2). B camom gese, ncnodb3ys
ta6a. IV.2, jerko noxkasatb, uTO, HanpuMmep, 