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PREFACE

Spatial data consist of points, lines, rectangles, regions, surfaces, and volumes. The
representation of such data is becoming increasingly important in applications in
computer graphics, computer vision, database management systems, computer-aided
design, solid modeling, robotics, geographic information systems (GIS), image pro-
cessing, computational geometry, pattern recognition, and other areas. Once an appli-
cation has been specified, it is common for the spatial data types to be more precise.
For example, consider a geographic information system (GIS). In such a case, line
data are differentiated on the basis of whether the lines are isolated (e.g., earthquake
faults), elements of tree-like structures (e.g., rivers and their tributaries), or elements
of networks (e.g., rail and highway systems). Similarly region data are often in the
form of polygons that are isolated (e.g., lakes), adjacent (e.g., nations), or nested (e.g.,
contours). Clearly the variations are large.

Many of the data structures currently used to represent spatial data are hierarchi-
cal. They are based on the principle of recursive decomposition (similar to divide and
conquer methods [Aho74]). One such data structure is the quadtree (octree in three
dimensions). As we shall see, the term gquadtree has taken on a generic meaning. In
this book, it is my goal to show how a number of hierarchical data structures used in
different domains are related to each other and to quadtrees. My presentation concen-
trates on these different representations and illustrates how a number of basic opera-
tions that use them are performed.

Hierarchical data structures are useful because of their ability to focus on the
interesting subsets of the data. This focusing results in an efficient representation and
in improved execution times. Thus they are particularly convenient for performing set
operations. Many of the operations described can often be performed as efficiently, or
more so, with other data structures. Nevertheless hierarchical data structures are
attractive because of their conceptual clarity and ease of implementation. In addition,
the use of some of them provides a spatial index. This is very useful in applications
involving spatial databases. ~
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As an example of the type of problems to which the techniques described in this
book are applicable, consider a cartographic database consisting of a number of maps
and some typical queries. The database contains a contour map, say at 50-foot eleva-
tion intervals, and a land use map classifying areas according to crop growth. Our
goal is to determine all regions between 400- and 600-foot elevation levels where
wheat is grown. This will require an intersection operation on the two maps. Such an
analysis could be rather costly, depending on the way the maps are represented. For
example, since areas where com is grown are of no interest, we wish to spend a
minimal amount of effort searching such regions. Yet traditional region representa-
tions such as the boundary code [Free74] are very local in application, making it
difficult to avoid examining a corn-growing area that meets the desired elevation
criterion. In contrast, hierarchical representations such as the region quadtree are
more global in nature and enable the elimination of larger areas from consideration.

Another query might be to determine whether two roads intersect within a given
area. We could check them point by point; however, a more efficient method of
analysis would be to represent them by a hierarchical sequence of enclosing rectangles
and to discover whether in fact the rectangles do overlap. If they do not, the search is
terminated. If an intersection is possible, more work may have to be done, depending
on which method of representation is used.

A similar query can be constructed for point data— for example, to determine
all cities within 50 miles of St. Louis that have a population in excess of 20,000.
Again we could check each city individually. However, using a representation that
decomposes the United States into square areas having sides of length 100 miles
would mean that at most four squares need to be examined. Thus California and its
adjacent states can be safely ignored.

Finally, suppose we wish to integrate our queries over a database containing
many different types of data (e.g., points, lines, areas). A typical query might be,
“Find all cities with a population in excess of 5,000 people in wheat-growing regions
within 20 miles of the Mississippi River.” In this book we will present a number of
different ways of representing data so that such queries and other operations can be
efficiently processed.

This book is organized as follows. There is one chapter for each spatial data
type, in which I present a number of different data structures. The aim is to gain the
ability to evaluate them and to determine their applicability. Two problems are treated
in great detail: the rectangle intersection problem, discussed in the context of the
representation of collections of small rectangles (Chapter 3), and the point location
problem, discussed in the context of the representation of curvilinear data (Chapter 4).
A comprehensive treatment of the use of quadtrees and octrees in other applications in
computer graphics, image processing, and geographic information systems (GIS) can
be found in [Same90b].

Chapter 1 gives a general introduction to the principle of recursive decomposi-
tion with a concentration on two-dimensional regions. Key properties, as well as a
historical overview, are presented.
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Chapter 2 discusses hierarchical representations of multidimensional point data.
These data structures are particularly useful in applications in database management
systems because they are designed to facilitate responses to search queries.

Chapter 3 examines the hierarchical representation of collections of small rec-
tangles. Such data arise in applications in computational geometry, very large-scale
integrations (VLSI), cartography, and database management. Examples from these
fields (e.g., the rectangle intersection problem) are used to illustrate their differences.
Many of the representations are closely related to those used for point data. This
chapter is an expansion of [Same88a].

Chapter 4 treats the hierarchical representation of curvilinear data. The primary
focus is on the representation of polygonal maps. The goal is to be able to solve the
point location problem. Quadtree-like solutions are compared with those from com-
putational geometry such as the K-structure [Kirk83] and the layered dag [Edel86a].

Chapter 5 looks at the representation of three-dimensional region data. In this
case, a number of octree variants are examined, as well as constructive solid geometry
(csG) and the boundary model (BRep). Algorithms are discussed for converting
between some of these representations. The representation of surfaces (i.e., 2.5-
dimensional data) is also briefly discussed in this chapter.

There are a number of topics for which justice requires a considerably more
detailed treatment. However, due to space limitations, I have omitted a detailed dis-
cussion of them and instead refer interested readers to the appropriate literature. For
example, surface representations are discussed briefly with three-dimensional data in
Chapter 5 (also see Chapter 7 of [Same90b]). The notion of a pyramid is presented
only at a cursory level in Chapter 1 so that it can be contrasted with the quadtree. In
particular, the pyramid is a multiresolution representation, whereas the quadtree is a
variable resolution representation. Readers are referred to Tanimoto and Klinger
[Tani80] and the collection of papers edited by Rosenfeld [Rose83a] for a more
comprehensive exposition on pyramids.

Results from computational geometry, although related to many of the topics
covered in this book, are discussed only in the context of representations for collec-
tions of small rectangles (Chapter 3) and curvilinear data (Chapter 4). For more
details on early work involving some of these and related topics, interested readers
should consult the surveys by Bentley and Friedman [Bent79b], Overmars [Over88a],
Edelsbrunner [Edel84], Nagy and Wagle [Nagy79], Peuquet [Peuq84], Requicha
[Requ80], Srihari [Srih81]," Samet and Rosenfeld [Same80d], Samet [Same84b,
Same88a], Samet and Webber [Same88c, Same88d], and Toussaint [Tous80].

There are also a number of excellent texts containing material related to the
topics that I cover. Rosenfeld and Kak [Rose82a] should be consulted for an ency-
clopedic treatment of image processing. Mintyld [Mdnt87] has written a comprehen-
sive introduction to solid modeling. Burrough [Burr86] provides a survey of geo-
graphic information systems (GIS). Overmars [Over83] has produced a particularly
good treatment of multidimensional point data. In a similar vein, see Mehlhorn’s
[Mehl84] unified treatment of multidimensional searching and computational
geometry. For thorough introductions to computational geometry, see Preparata and
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K-structure and the layered dag in Section 4.3 are relevant to computational geometry.
Bucket methods such as linear hashing, spiral hashing, grid file, and EXCELL, in Sec-
tion 2.8, and R-trees in Section 3.5.3 are important in the study of database manage-
ment systems. Methods for multidimensional searching that are discussed include k—d
trees in Section 2.4, range trees and priority search trees in Section 2.5, and point-
based rectangle representations in Section 3.4. The discussions of the representation
of two-dimensional regions in Chapter 1, polygonal representations in Chapter 4, and
use of point methods for focussing the Hough Transform are relevant to image pro-
cessing. Finally the rectangle-representation methods and plane-sweep methods of
Chapter 3 are important in the field of VLSI design.

The natural home for courses that use this book is in a computer science depart-
ment, but the book could also be used in a curriculum in geographic information
systems (GIS). Such a course is offered in geography departments. The emphasis for
a course in this area would be on the use of quadtree-like methods for representing
spatial data.
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Shamos [Prep85] and Edelsbrunner [Edel87] (also see [Prep83, ORou88]). A broader
view of the literature can be found in related bibliographies such as the ongoing col-
lective effort coordinated by Edelsbrunner [Edel83c, Edel88], and Rosenfeld’s annual
collection of references in the journal Computer Vision, Graphics, and Image Pro-
cessing (e.g., [Rose88]).

Nevertheless, given the broad and rapidly expanding nature of the field, I am
bound to have omitted significant concepts and references. In addition at times I
devote a disproportionate amount of attention to some concepts at the expense of oth-
ers. This is principally for expository purposes; I feel that it is better to understand
some structures well rather than to give readers a quick runthrough of buzzwords. For
these indiscretions, I beg your pardon and hope you nevertheless bear with me.

My approach is an algorithmic one. Whenever possible, I have tried to motivate
critical steps in the algorithms by a liberal use of examples. I feel that it is of
paramount importance for readers to see the ease with which the representations can
be implemented and used. In each chapter, except for the introduction (Chapter 1), I
give at least one detailed algorithm using pseudo-code so that readers can see how the
ideas can be applied. The pseudo-code is a variant of the ALGOL [Naur60] program-
ming language that has a data structuring facility incorporating pointers and record
structures. Recursion is used heavily. This language has similarities to C [Kern78],
PASCAL [Jens74], SAIL [Reis76], and ALGOL w [Baue68]. Its basic features are
described in the Appendix. However, the actual code is not crucial to understanding
the techniques, and it may be skipped on a first reading. The index indicates the page
numbers where the code for each algorithm is found.

In many cases I also give an analysis of the space and time requirements of dif-
ferent data structures and algorithms. The analysis is usually of an asymptotic nature
and is in terms of big O and £ notation [Knut76]. The big O notation denotes an
upper bound. For example, if an algorithm takes O(log,N) time, then its worst-case
behavior is never any worse than log,N. The £ notation denotes a lower bound. As
an example of its use, consider the problem of sorting ¥ numbers. When we say that
sorting is £2(N'log,N) we mean that given any algorithm for sorting, there is some set
of N input values for which the algorithm will require at least this much time.

At times I also describe implementations of some of the data structures for the
purpose of comparison. In such cases counts, such as the number of fields in a record,
are often given. These numbers are meant only to amplify the discussion. They are
not to be taken literally, as improvements are always possible once a specific applica-
tion is analyzed more carefully.

Each chapter contains a substantial number of exercises. Many of the exercises
develop further the material in the text as a means of testing the reader’s understand-
ing, as well as suggesting future directions. When the exercise or its solution is not
my own, I have preceded it with the name of its originator. The exercises have not
been graded by difficulty. They rarely require any mathematical skills beyond the
undergraduate level for their solution. However, while some of the exercises are quite
straightforward, others require some ingenuity. Solutions, or references to papers that
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contain the solution, are provided for a substantial number of the exercises that do not
require programming. Readers are cautioned to try to solve the exercises before turn-
ing to the solutions. It is my belief that much can be learned this way (for the student
and, even more so, for the author). The motivation for undertaking this task was my
wonderful experience on my first encounter with the rich work on data structures by
Knuth [Knut73a, Knut73b].

An extensive bibliography is provided. It contains entries for both this book and
the companion text [Same90b]. Not all of the references that appear in the bibliogra-
phy are cited in the two texts. They are retained for the purpose of giving readers the
ability to access the entire body of literature relevant to the topics discussed in them.
Each reference is annotated with a key word(s) and a list of the numbers of the sec-
tions in which it is cited in either of the texts (including exercises and solutions). In
addition, a name and credit index is provided that indicates the page numbers in this
book on which each author’s work is cited or a credit is made.
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A GUIDE TO THE INSTRUCTOR

This book can be used in a second data structures course, one with emphasis on
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example, the detailed examples can be skipped or used as a basis of a term project or
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The book can also be used to organize a course to be prerequisite to courses in
computer graphics and solid modeling, computational geometry, database manage-
ment systems, multidimensional searching, image processing, and VLSI design. The
discussions of the representations of two-dimensional regions in Chapter 1, polygonal
representations in Chapter 4, and most of Chapter 5 are relevant to computer graphics
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INTRODUCTION

There are numerous hierarchical data structuring techniques in use for representing
spatial data. One commonly used technique is the quadtree, which has evolved from
work in different fields. Thus it is natural that a number of adaptations of it exist for
each spatial data type. Its development has been motivated to a large extent by a
desire to save storage by aggregating data having identical or similar values. We will
see, however, that this is not always the case. In fact, the savings in execution time
that arise from this aggregation are often of equal or greater importance.

In this chapter we start with a historical overview of quadtrees, including
definitions. Since the primary focus in this book is on the representation of regions,
what follows is a discussion of region representation in the context of different space
decomposition methods. This is done by examining polygonal and nonpolygonal til-
ings of the plane. The emphasis is on justifying the use of a decomposition into
squares. We conclude with a detailed analysis of the space requirements of the quad-
tree representation.

Most of the presentation in this chapter is in the context of two-dimensional
regions. The extension of the topics in this chapter, and remaining chapters, to three-
dimensional region data, and higher, is straightforward and, aside from definitions, is
often left to the exercises. Nevertheless, the concept of an octree, a quadtree-like
representation of three-dimensional regions, is defined and a brief explanation is given
of how some of the results described here are applicable to higher-dimensional data.

1.1 BASIC DEFINITIONS

First, we define a few terms with respect to two-dimensional data. Assume the
existence of an array of picture elements (termed pixels) in two dimensions. We use
the term image to refer to the original array of pixels. If its elements are black or
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white, then it is said to be hinary. If shades of gray are possible (i.e., gray levels), the
image is said to be a gray—scale image. In the discussion, we are primarily concerned
with binary images. Assume that the image is on an infinite background of white pix-
els. The border of the image is the outer boundary of the square corresponding to the
array.

Two pixels are said to be 4-adjacent if they are adjacent to each other in the
horizontal or vertical direction. If the concept of adjacency also includes adjacency at
a corner (i.e., diagonal adjacencies), then the pixels are said to be 8-adjacent. A sets
is said to be four —connected (eight —connected) if for any pixels p, g in S there existsa
sequence of pixels p =pg,p;, ", P, =¢q In S, such that p,,, is 4-adjacent (8-
adjacent) top;, 0<i < n.

A black region, or black four-connected component, is a maximal four-
connected set of black pixels. The process of assigning the same label to all 4-
adjacent black pixels is called connected component labeling (see Chapter 5 of
[Same90b]). A white region is a maximal eight —connected set of white pixels defined
analogously. The complement of a black region consists of a union of eight-
connected white regions. Exactly one of these white regions contains the infinite
background of white pixels. All the other white regions, if any, are called koles in the
black region. The black region, say R, is surrounded by the infinite white region and R
surrounds the other white regions, if any.

A pixel is said to have four edges, each of which is of unit length. The bound-
ary of a black region consists of the set of edges of its constituent pixels that also
serve as edges of white pixels. Similar definitions can be formulated in terms of rec-
tangular blocks, all of whose pixels are identically colored. For example, two disjoint
blocks, P and Q, are said to be 4-adjacent if there exists a pixel p in P and a pixel g in Q
such that p and g are 4-adjacent. Eight-adjacency for blocks (as well as connected
component labeling) is defined analogously.

1.2 OVERVIEW OF QUADTREES AND OCTREES

The term quadtree is used to describe a class of hierarchical data structures whose
common property is that they are based on the principle of recursive decomposition of
space. They can be differentiated on the following bases:

1. The type of data they are used to represent
2. The principle guiding the decomposition process
3. The resolution (variable or not)

Currently they are used for point data, areas, curves, surfaces, and volumes.
The decomposition may be into equal parts on each level (i.e., regular polygons and
termed a regular decomposition), or it may be governed by the input. In computer
graphics this distinction is often phrased in terms of image-space hierarchies versus
object-space hierarchies, respectively [Suth74]. The resolution of the decomposition
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Figure 1.1 An example of (a) a region, (b) its binary array,
(c) its maximal blocks (blocks in the region are shaded), and
(d) the corresponding quadtree

(i.e., the number of times that the decomposition process is applied) may be fixed
beforehand, or it may be governed by properties of the input data. For some applica-
tions we can also differentiate the data structures on the basis of whether they specify
the boundaries of regions (e.g., curves and surfaces) or organize their interiors (e.g.,
areas and volumes).

The first example of a quadtree representation of data is concerned with the
representation of two-dimensional binary region data. The most studied quadtree
approach to region representation, called a region quadtree (but often termed a quad-
tree in the rest of this chapter), is based on the successive subdivision of a bounded
image array into four equal-sized quadrants. If the-array does not consist entirely of
Is or entirely of Os (i.e., the region does not cover the entire array), then it is subdi-
vided into quadrants, subquadrants, and so on, until blocks are obtained that consist
entirely of 1s or entirely of Os; that is, each block is entirely contained in the region or
entirely disjoint from it. The region quadtree can be characterized as a variable reso-
lution data structure.

As an example of the region quadtree, consider the region shown in Figure 1.1a
represented by the 2* x 2% binary array in Figure 1.1b. Observe that the 1s correspond
to picture elements (i.e., pixels) in the region, and the Os correspond to picture ele-
ments outside the region. The resulting blocks for the array of Figure 1.1b are shown
in Figure 1.1c. This process is represented by a tree of degree 4 (i.e., each nonleaf
node has four sons).
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In the tree representation, the root node corresponds to the entire array. Each
son of a node represents a quadrant (labeled in order NW, NE, SW, SE) of the region
represented by that node. The leaf nodes of the tree correspond to those blocks for
which no further subdivision is necessary. A leaf node is said to be black or white
depending on whether its corresponding block is entirely inside (it contains only 1s) or
entirely outside the represented region (it contains no 1s). All nonleaf nodes are said
to be gray (i.e., its block contains Os and 1s). Given a 2" x 2" image, the root node is
said to be at level n while a node at level O corresponds to a single pixel in the image.!
The region quadtree representation for Figure 1.1c is shown in Figure 1.1d. The leaf
nodes are labeled with numbers, while the nonleaf nodes are labeled with letters. The
levels of the tree are also marked.

Our definition of the region quadtree implies that it is constructed by a top-down
process. In practice, the process is bottom-up, and one usually uses one of two
approaches. The first approach [Same80b] is applicable when the image array is not
too large. In such a case, the elements of the array are inspected in the order given by
the labels on the array in Figure 1.2 (which corresponds to the image of Figure 1.1a).
This order is also known as a Morton order [Mort66] (discussed in Section 1.3). By
using such a method, a leaf node is never created until it is known to be maximal. An
equivalent statement is that the situation does not arise in which four leaf nodes of the
same color necessitate the changing of the color of their parent from gray to black or
white as is appropriate. (For more details, see Section 4.1 of [Same90b].)

The second approach [Same81a] is applicable to large images. In this case, the
elements of the image are processed one row at a time—for example, in the order
given by the labels on the array in Figure 1.3 (which corresponds to the image of Fig-
ure 1.1a). This order is also known as a row or raster-scan order (discussed in Section
1.3). A quadtree is built by adding pixel-sized nodes one by one in the order in which
they appear in the file. (For more details, see Section 4.2.1 of [Same90b].) This pro-
cess can be time-consuming due to the many merging and node insertion operations
that need to take place.

The above method has been improved by using a predictive method [Shaf86a,
Shaf87a], which only makes a single insertion for each node in the final quadtree and
performs no merge operations. It is based on processing the image in row order (top
to bottom, left to right), always inserting the largest node (i.e., block) for which the
curtent pixel is the first (upper leftmost) pixel. Such a policy avoids the necessity of
merging since the upper leftmost pixel of any block is inserted before any other pixel
of that block. Therefore it is impossible for four sibling nodes to be of the same color.
This method makes use of an auxiliary array of size O(2") for a 2" x 2" image. (For
more details, see Section 4.2.3 of [Same90b].)

The region quadtree is easily extended to represent three-dimensional binary
region data and the resulting data structure is called a region octree (termed an octree

! Alternatively we can say that the root node is at depth O while a node at depth n corresponds to a single
pixel in the image. In this book both concepts of level and depth are used to describe the relative position of
nodes. The one that is chosen is context dependent.
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Figure 1.2  Morton order for the pixels of Figure 1.1

in the rest of this chapter). We start with a 2" x 2" x 2" object array of unit cubes
(termed voxels or obels). The octree is based on the successive subdivision of an
object array into octants. If the array does not consist entirely of Is or entirely of Os, it
is subdivided into octants, suboctants, and so on until cubes (possibly single voxels)
are obtained that consist of 1s or of Os; that is, they are entirely contained in the region
or entirely disjoint from it.

This subdivision process is represented by a tree of degree 8 in which the root
node represents the entire object and the leaf nodes correspond to those cubes of the
array for which no further subdivision is necessary. Leaf nodes are said to be black or
white (alternatively, full or void) depending on whether their corresponding cubes are
entirely within or outside the object, respectively. All nonleaf nodes are said to be
gray. Figure 1.4a is an example of a simple three-dimensional object, in the form of a
staircase, whose octree block decomposition is given in Figure 1.4b and whose tree
representation is given in Figure 1.4c.

The region quadtree is a member of a class of representations characterized as
being a collection of maximal (according to an appropriate definition) blocks, each of
which is contained in a given region and whose union is the entire region. The sim-
plest such representation is the runlength code, where the blocks are restricted to
1 x m rectangles [Ruto68]. A more general representation treats the region as a union
of maximal square blocks (or blocks of any other desired shape) that may possibly
overlap. Usually the blocks are specified by their centers and radii. This representa-
tion is called the medial axis transformation (MAT) [Blum67, Rose66]. Of course,

other approaches are also possible (e.g., rectangular coding [Kim83, Kim86], TID
[Scot85, Scot86]).
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-Figure 1.3  Raster-scan order for the pixels of Figure 1.1
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Figure 1.4 (a) Example three-dimensional object; (b) its
octree block decomposition; (c) its tree representation

The region quadtree is a variant on the maximal block representation. It
requires the blocks to be disjoint and to have standard sizes (i.e., sides of lengths that
are powers of two) and standard locations. The motivation for its development is a
desire to obtain a systematic way to represent homogeneous parts of an image. Thus
to transform the data into a region quadtree, a criterion must be chosen for deciding
that an image is homogeneous (i.e., uniform).

One such criterion is that the standard deviation of its gray levels is below a
given threshold r. Using this criterion, the image array is successively subdivided into
quadrants, subquadrants, and so on until homogeneous blocks are obtained. This pro-
cess leads to a regular decomposition. If one associates with each leaf node the mean
gray level of its block, the resulting region quadtree will then completely specify a
piecewise approximation to the image where each homogeneous block is represented
by its mean. The case where =0 (i.e., a block is not homogeneous unless its gray
level is constant) is of particular interest since it permits an exact reconstruction of the
image from its quadtree.

Note that the blocks of the region quadtree do not necessarily correspond to
maximal homogeneous regions in the image. Most likely there exist unions of the
blocks that are still homogeneous. To obtain a segmentation of the image into maxi-
mal homogeneous regions, we must allow merging of adjacent blocks (or unions of
blocks) as long as the resulting region remains homogeneous. This is achieved by a
‘split-and-merge " algorithm [Horo76]. However, the resulting partition will no longer
be represented by a quadtree; instead the final representation is in the form of an adja-
cency graph. Thus the region quadtree is used as an initial step in the segmentation
process.

For example, Figure 1.5b—d demonstrates the results of the application, in
sequence, of merging. splitting, and grouping to the initial image decomposition of
Figure 1.5a. In this case. the image is initially decomposed into 16 equal-sized square
blocks. Next the ‘merge’ step attempts to form larger blocks by recursively merging
groups of four homogeneous ‘brothers’ (the four blocks in the NW and SE quad-
rants of Figure 1.5b). The ‘“split’ step recursively decomposes blocks that are not
homogeneous (the NE and SW quadrants of Figure 1.5¢) until a particular homo-
geneity criterion is satisfied or a given level is encountered. Finally the "grouping’
step aggregates all homogeneous 4-adjacent black blocks into one region apiece;
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Figure 1.5 Example illustrating the ‘split-and-merge’
segmentation procedure: (a) start, (b) merge, (c) split,
(d) grouping

the 8-adjacent white blocks are similarly aggregated into white regions (Figure 1.5d).

An alternative to the region quadtree representation is to use a decomposition
method that is not regular (i.e., rectangles of arbitrary size rather than squares). This
alternative has the potential of requiring less space. Its drawback is that the determi-
nation of optimal partition points may be computationally expensive (see Exercise
1.10). A closely related problem, decomposing a region into a minimum number of
rectangles, is known to be NP-complete? [Gare79] if the region is permitted to contain
holes [Ling82].

The homogeneity criterion ultimately chosen to guide the subdivision process
depends on the type of region data represented. In the remainder of this chapter we
shall assume that the domain is a 2" x 2" binary image with 1, or black, corresponding
to foreground and 0, or white, corresponding to background (e.g., Figure 1.1).

2 A problem is in NP if it can be solved nondeterministically in polynomial time. A nondeterministic
solution process proceeds by ‘guessing’ a solution and then verifying that the solution is correct. Assume
that 7 is the size of the problem (e.g., for sorting, 7 is the number of records to be sorted). Intuitively. then,
a problem is in NP if there is a polynomial #(n) such that if one guesses a solution, it can be verificil in
O (p(n)) time, whether the guess is indeed a correct solution. Thus the verification process is the hey to
determining whether a problem is in NP, not the actual solution of the problem,

A problem is NP-complete if it is ‘at least as hard’ as any other problem in NP, Somew hat nmore
formally, a problem £, in NP is NP-complete if the following property holds: for all other problems #. in Ni. i
P, can be solved deterministically in O (f(n)) time, then p; can be solved in O (P (f(n))) time for sone
polynomial /. It has been conjectured that no NP-complete problem can be solved deterministicallv 111
polynomial time, but this is not known for sure. The theory of NP-completeness is discussed in detml W
[Gare79].
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Nevertheless the quadtree and octree can be used to represent multicolored data (e.g.,
a landuse class map associating colors with crops [Same87a]).

It is interesting to note that Kawaguchi, Endo, and Matsunaga [Kawa83] use a
sequence of m binary-valued quadtrees to encode image data of 2™ gray levels, where
the various gray levels are encoded by use of Gray codes (see, e.g., [McCI65]). This
should lead to compaction (i.e., larger-sized blocks) since the Gray code guarantees
that the binary representation of the codes of adjacent gray level values differ by only
one binary digit.? Note, though, that if the primary interest is in image compression,
there exist even better methods (see, e.g., [Prat78]); however, they are beyond the
scope of this book (but see Chapter 8 of [Same90b]). In another context, Kawaguchi,
Endo, and Yokota [Kawa80b] point out that a sequence of related images (e.g., in an
animation application) can be stored compactly as a sequence of quadtrees such that
the i element is the result of exclusive oring the first i images (see Exercise 1.7).

Unfortunately the term quadiree has taken on more than one meaning. The
region quadtree, as described earlier, is a partition of space into a set of squares whose
sides are all a power of two long. This formulation is due to Klinger [Klin71] and
Klinger and Dyer, who used the term Q-tree [Klin76], whereas Hunter [Hunt78] was
the first to use the term quadtree in such a context. Actually a more precise term
would be guadtrie, as it is really a trie structure [Fred60] in two dimensions.* A simi-
lar partition of space into rectangular quadrants, also termed a quadtree, was used by
Finkel and Bentley [Fink74]. It is an adaptation of the binary search tree [Knut73b] to
two dimensions (which can be easily extended to an arbitrary number of dimensions).
It is primarily used to represent multidimensional point data, and we shall refer to it as
a point quadtree where confusion with a region quadtree is possible.

As an example of a point quadtree, consider Figure 1.6, which is built for the
sequence Chicago, Mobile, Toronto, Buffalo, Denver, Omaha, Atlanta, and Miami’

3 The Gray code is motivated by a desire to reduce errors in transitions between successive gray level
values. Its one bit difference guarantee is achieved by the following encoding. Consider the binary
representation of the integers from 0 to 2" — 1. This representation can be obtained by constructing a binary
tree, say T, of height m where each left branch is labeled O while each right branch is labeled |. Each leaf
node, say P, is given the label formed by concatenating the labels of the branches taken by the path from the
root to p. Enumerating the leaf nodes from left to right yields the binary integers O to 2" ~ 1. The Gray
codes of the integers are obtained by constructing a new binary tree, say 77, such that the labels of some of
the branches in 7/ are the reverse of what they were in 7. The algorithm is as follows. Initially, 77 is a copy
of 7. Next, traverse T in preorder (i.e.. visit the root node, followed by the left and right subtrees). For each
branch in 7 labeled 1. exchange the labels of the two descendant branches of its corresponding branch in 77,
No action is taken for descendants of branches in 7 labeled 0. Enumerating the leaf nodes in 77 from left to
right yields the Gray codes of the integers 0 to 2" — 1. For example, for 8 gray levels (i.e., m =3), we have
000.001,011,010,110. L1, 101. 100.

% In a one-dimensional trie structure, each data item or key is treated as a sequence of characters where each
character has a possible values. A node at depth i in the trie represents an M-way branch depending on the
i" character. The data are stored in the leaf nodes, and the shape of the trie is independent of the order in
which the data are processed. Such a structure is also known as a digital tree |[Knut73b],

3 The correspondence between coordinate values and city names is not geographically correct. This liberty
has been taken so that the same example can be used throughout the text to illustrate a variety of concepts.
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Figure 1.6 A point quadtree and the records it represents

in the order in which they are listed here.® Its shape is highly dependent on the order
in which the points are added to it. Of course, trie-based point representations also
exist (see Sections 2.6.1 and 2.6.2).

Exercises

1.1. The region quadtree is an alternative to an image representation that is based on the use
of an array or even a list. Each of these image representations may be biased in favor of
the computation of a particular adjacency relation. Discuss these biases for the array, list,
and quadtree representations.

1.2. Given the array representation of a binary image, write an algorithm to construct the
corresponding region quadtree.

6 Refer to Figure 2.5 to see how the point quadtree is constructed in an incremental fashion for Chicago,
Mobile, Toronto, and Buffalo.
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1.3. Given an image represented by a region quadtree with 8 black and w white nodes, how
many additional nodes are necessary for the nonleaf nodes?

1.4. Given an image represented by a region octree with 8 black and w white nodes, how
many additional nodes are necessary for the nonleaf nodes?

1.5. Suppose that an octree is used to represent a collection of disjoint spheres. What would
you use as a leaf criterion?

1.6. The quadtree can be generalized to represent data in arbitrary dimensions. As we saw,
the octree is its three-dimensional analog. The renowned artist Escher [Coxe86] is noted
for etchings of unusual interpretations of geometric objects such as staircases. How
would you represent one of Escher’s staircases?

1.7. Let ® denote an exclusive or operation. Given a sequence of related images,
<P,, P,_1, """, Py>, define another sequence <Q,, 0,1, * " *,Q¢> such that g4 = P, and
0, =P; ®Q,;_, fori > 0. Show that when the sequences P and Q are represented as quad-
trees, replacing sequence P by sequence Q results in fewer nodes.

1.8. Prove that in Exercise 1.7 the sequence P can be reconstructed from the sequence ¢. In
particular, given Q; and @;_,, determine ;.

1.9. Write an algorithm to construct the Gray codes of the integers 0 to 2™~1.

1.10. Find a polynomial-time algorithm to decompose a region optimally so that its quadtree
representation uses a minimum amount of space (i.e., a minimum number of nodes). In
this case, you can assume that the decomposition lines can be placed in arbitrary posi-
tions so that the space requirement is reduced. In other words, the decomposition lines
need not split the space into four squares of equal size. Thus the decomposition is similar
to that induced by a point quadtree.

1.3 HISTORY OF THE USE OF QUADTREES AND OCTREES

The origin of the principle of recursive decomposition, upon which all quadtrees are
based, is difficult to ascertain. Below, to give some indication of the uses of the
region quadtree, some of its applications to geometric data are traced briefly. Most
likely it was first seen as a way of aggregating blocks of zeros in sparse matrices.
Indeed Hoare [Hoar72] attributes a one-level decomposition of a matrix into square
blocks to Dijkstra. Morton [Mort66] used it as a means of indexing into a geographic
database (i.e., it acts as a spatial index).

Warnock, in a pair of reports that serve as landmarks in computer graphics
[Warn68, Warn69b], described the implementation of hidden-line and hidden-surface
elimination algorithms using a recursive decomposition of the picture area. The pic-
ture area is repeatedly subdivided into rectangles that are successively smaller while
searching for areas that are sufficiently simple to be displayed. Klinger [Klin71] and
Klinger and Dyer [Klin76] applied these ideas to pattern recognition and image pro-
cessing, while Hunter [Hunt78] used them for an animation application.

The SRI robot project [Nils69] used a three-level decomposition of space to
represent a map of the robot’s world. Eastman [East70] observes that recursive
decomposition might be used for space planning in an architectural context and
presents a simplified version of the SRI robot representation. A quadtree-like represen-
tation in the form of production rules called DF-expressions (denoting ‘depth-first’) is
discussed by Kawaguchi and Endo [Kawa80a] and Kawaguchi, Endo, and Yokota



1.3 HISTORY OF THE USE OF QUADTREES AND OCTREES || 11

[Kawa80b] (see also Section 1.5). Tucker [Tuck84a] uses quadtree refinement as a
control strategy for an expert vision system.

The three-dimensional variant of the region quadtree—the octree—was
developed independently by a number of researchers. Hunter [Hunt78] mentioned it
as a natural extension of the quadtree. Reddy and Rubin [Redd78] proposed the
octree as one of three representations for solid objects. The second is a three-
dimensional generalization of the point quadtree of Finkel and Bentley [Fink74]—that
is, a decomposition into rectangular parallelepipeds (as opposed to cubes) with planes
perpendicular to the x, y, and z axes. The third breaks the object into rectangular
parallelepipeds that are not necessarily aligned with an axis. The parallelepipeds are
of arbitrary sizes and orientations. Each parallelepiped is recursively subdivided into
parallelepipeds in the coordinate space of the enclosing parallelepiped. Reddy and
Rubin prefer the third approach for its ease of display.

Situated somewhere between the second and third approaches of Reddy and
Rubin is the method of Brooks and Lozano-Perez [Broo83] (see also [Loza811), who
use a recursive decomposition of space into an arbitrary number of rectangular paral-
lelepipeds, with planes perpendicular to the x, y, and z axes, to model space in solving
the findpath or piano movers problem [Schw88] in robotics. This problem arises
when planning the motion of a robot in an environment containing known obstacles
and the desired solution is a collision-free path obtained by use of a search. Faverjon
[Fave84] discusses an approach to this problem that uses an octree, as do Samet and
Tamminen [Same85g] and Fujimura and Samet [Fuji89].

Jackins and Tanimoto [Jack80] adapted Hunter and Steiglitz’s quadtree transla-
tion algorithm [Hunt78, Hunt79b] to objects represented by octrees. Meagher
[Meag82a] developed numerous algorithms for performing solid modeling operations
in an environment where the octree is the underlying representation. Yau and Srihari
[Yau83] extended the octree to arbitrary dimensions in the process of developing
algorithms to handle medical images.

Both quadtrees and octrees are frequently used in the construction of meshes for
finite element analysis. The use of recursive decomposition for meshes was initially
suggested by Rheinboldt and Mesztenyi [Rhei80]. Yerry and Shephard [Yerr83]
adapted the quadtree and octree to generate meshes automatically for three-
dimensional solids represented by a superquadric surface-based modeler. This has
been extended by Kela, Voelcker, and Goldak [Kela84b] (see also [Kela86]) to mesh
boundary regions directly, rather than through discrete approximations, and to facili-
tate incremental adaptive analysis by exploiting the spatial index nature of the quad-
tree and octree.

Parallel to the development of the quadtree and octree data structures, there has
been related work by researchers in the field of image understanding. Kelly [Kell71]
introduced the concept of a plan, which is a small picture whose pixels represent
gray-scale averages over 8x8 blocks of a larger picture. Needless effort in edge detec-
tion is avoided by first determining edges in the plan and then using these edges to
search selectively for edges in the larger picture. Generalizations of this idea
motivated the development of multiresolution image representations—for example,
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Figure 1.7  Structure of a pyramid having three levels

the recognition cone of Uhr [Uhr72], the preprocessing cone of Riseman and Arbib
[Rise77], and the pyramid of Tanimoto and Pavlidis [Tani75]. Of these representa-
tions, the pyramid is the closest relative of the region quadtree.

Given a 2" x 2" image array, say A(n), a pyramid is a sequence of arrays {A(7)}
such that A(—1) is a version of A(7) at half the scale of A(i). A(0) is a single pixel. Fig-
ure 1.7 shows the structure of a pyramid having three levels. It should be clear that a
pyramid can also be defined in a more general way by permitting finer scales of reso-
lution than the power of two scale.

At times, it is more convenient to define a pyramid in the form of a tree. Again,
assuming a 2" x 2" image, a recursive decomposition into quadrants is performed, just
as in quadtree construction, except that we keep subdividing until we reach the indi-
vidual pixels. The leaf nodes of the resulting tree represent the pixels, while the nodes
immediately above the leaf nodes correspond to the array A(n—1), which is of size
2""1'% 2" The nonleaf nodes are assigned a value that is a function of the nodes
below them (i.e., their sons) such as the average gray level. Thus we see that a
pyramid is a multiresolution representation, whereas the region quadtree is a variable
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Figure 1.8 Example pyramid A(3)
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Figure 1.9  A(2) corresponding to Figure 1.8
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Figure 1.10 The overlapping blocks in which pixel 28
participates

resolution representation. Another analogy is that the pyramid is a complete quadtree
[Knut73a].

The above definition of a pyramid is based on nonoverlapping 2 X 2 blocks of
pixels. An alternative definition, termed an overlapping pyramid, uses overlapping
blocks of pixels. One of the simplest schemes makes use of 4 x 4 blocks that overlap
by 50% in both the horizontal and vertical directions [Burt81]. For example, Figure
1.8 is a 23 x2® array, say A(3), whose pixels are labeled 1-64. Figure 1.9 is A(2)
corresponding to Figure 1.8 with elements labeled A-P. The 4 x4 neighborhood
corresponding to element F in Figure 1.9 consists of pixels 10-13, 18-21, 26-29, and
34-37. This method implies that each block at a given level participates in four
blocks at the immediately higher level. Thus the containment relations between
blocks no longer form a tree. For example, pixel 28 participates in blocks F, G, J, and K
in the next higher level (see Figure 1.10 where the four neighborhoods corresponding
to F, G, J, and K are drawn as squares).

To avoid treating border cases differently, each level in the overlapped pyramid
is assumed to be cyclically closed (i.e., the top row at each level is adjacent to the bot-
tom row and similarly for the columns at the extreme left and right of each level).
Once again we say that the value of a node is the average of the values of the nodes in
its block on the immediately lower level. The overlapped pyramid may be compared
with the Quadtree Medial Axis Transform (see Section 9.3.1 of [Same90b]) in the
sense that both may result in nondisjoint decompositions of space.

Pyramids have been applied to the problems of feature detection and extraction
since they can be used to limit the scope of the search. Once a piece of information of
interest is found at a coarse level, the finer resolution levels can be searched. This
approach was followed by Davis and Roussopoulos [Davi80] in approximate pattern
matching. Pyramids can also be used for encoding information about edges, lines, and
curves in an image [Shne81c, Krop86]. One note of caution: the reduction of resolu-
tion has an effect on the visual appearance of edges and small objects [Tani76]. In
particular, at a coarser level of resolution, edges tend to get smeared, and region
separation may disappear. Pyramids have also been used as the starting point for a
‘split-and-merge’ segmentation algorithm [Piet82].

Quadtree-like decompositions are useful as space-ordering methods. The pur-
pose is to optimize the storage and processing sequences for two-dimensional data by
mapping them into one dimension (i.e., linearizing them). This mapping should pre-
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Figure 1.11  The result of applying a number of different
space-ordering methods to an 8 x 8 image whose first ele-
ment is in the upper left corner of the image: (a) row order,
(b) row-prime order, (c) Morton order, (d) Peano-Hilbert
order, (e) Cantor-diagonal order, (f) spiral order

serve the spatial locality of the original two-dimensional image in one dimension. The
result of the mapping is also known as a space-filling curve [Gold81, Witt83] because
it passes through every point in the image.

Goodchild and Grandfield [Good83] discuss a number of space-ordering
methods, some of which are illustrated in Figure 1.11. Each has different characteris-
tics. The row (Figure 1.11a), also known as raster-scan, and row-prime orders (Figure
1.11b) are similar in the same way as are the Morton [Mort66, Pean90] (Figure 1.11c)
and the Peano-Hilbert [Hilb91] (Figure 1.11d) orders. The primary difference is that
in both the row-prime and Peano-Hilbert orders every element is a 4-adjacent neigh-
bor of the previous element in the sequence, and thus they have a slightly higher
degree of locality than the row and Morton orders, respectively. Both the Morton and
Peano-Hilbert orders exhaust a quadrant or subquadrant of a square image before exit-
ing it. They are both related to quadtrees; however, as we saw above, the Morton
order does not traverse the image in a spatially contiguous manner (the result has the
shape of the letter ‘N’ or ‘Z’ and is also known as N order [Whit82] and Z order
[Oren84]),

_For both the Morton and Peano-Hilbert orders, there is no need to know the
Maximum values of the coordinates. The Morton order is symmetric, while the
Peano-Hilbert order is not. One advantage of the Morton order is that the position of
each element in the ordering (termed its key) can be determined by interleaving the
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bits of the x and y coordinates of the element; this is not easy for the Peano-Hilbert
order. Another advantage of the Morton order is that the recursion necessary for its
generation is quite easy to specify.

Other orders are the Cantor-diagonal order (Figure 1.11e) and the spiral order
(Figure 1.11f). The Cantor-diagonal order proceeds outward from the origin and visits
the elements in an order similar to row-prime with the difference that elements are
visited in order of their increasing ‘Manhattan’ (or ‘city block’) distance.” Thus it is
good for ordering a space that is unbounded in the two directions emanating from the
origin which has been relocated to the center of the image. On the other hand, the
spiral order is attractive when ordering a space that is unbounded in the four directions
emanating from the origin.

The most interesting orders, as far as we are concerned, are the Morton and
Peano-Hilbert orders since they can also be used to order a space that has been aggre-
gated into squares. Of these two orderings, the Morton order is by far the more fre-
quently used as a result of the simplicity of the conversion process between the key
and its corresponding element in the multidimensional space. In this book we are pri-
marily interested in Morton orderings. (For further discussion of some of the proper-
ties of these two orderings, see [Patr68, Butz71, Alex79, Alex80, Laur85].)

Exercises

1.11. Write an algorithm to extract the x and y coordinates from a Peano-Hilbert order key.

1.12. Write an algorithm to construct the Peano-Hilbert key for a given point (x,y). Try to
make it optimal.

1.13. Suppose that you are given a 2" x 2" array of points such that the horizontal and vertical
distances between 4-adjacent points are 1. What is the average distance between succes-
sive points when the points are ordered according to the orders illustrated in Figure 1.11?
What about a random order?

1.14. Suppose that you are given a 2" X 2" image. Assume that the image is stored on disk in
pages of size 2™ x 2™ where n is much larger than m. What is the average cost of retriev-
ing a pixel and its 4-adjacent neighbors when the image is ordered according to the orders
illustrated in Figure 1.11?

1.15. The traveling salesman problem [Lawl85] is one where a set of points is given and it is
desired to find the path of minimum distance such that each point is visited only once.
This is an NP-complete problem [Gare79] and thus there is a considerable amount of work
in formulating approximate solutions to it [Bent82]. For example, consider the following
approximate solution. Assume that the points are uniformly distributed in the unit
square. Let d be the expected Euclidean distance between two independent points. Now,
sort the points using the row order and the Morton order. Laurini [Laur85] simulated the
average Euclidean distance between successive points in these orders and found it to be
d/2 for the row order and d/3 for the Morton order. Can you derive these averages
analytically? What are the average values for the other orders illustrated in Figure 1.11?
What about a random order?

7 The Manhattan distance between points (x,, y,) and (x,, y,) is |X1 = X2 |+ |y, — ¥z | (for more details, see
Section 9.1 of [Same90b]).
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1.16. Suppose that the traveling salesman problem is solved using a traversal of the points in
Morton order as discussed in Exercise 1.15. In particular, assume that the set of points is
decomposed in such a way that each square block contains just one point. This yields a
point representation that is analogous to the region quadtree (termed a PR quadtree and
discussed in Section 2.6.2). How close does such a solution come to optimality?

1.4 SPACE DECOMPOSITION METHODS

In general, any planar decomposition used as a basis for an image representation
should possess the following two properties:

1. The partition should be an infinitely repetitive pattern so that it can be used
for images of any size.

2. The partition should be infinitely decomposable into increasingly finer pat-
terns (i.e., higher resolution).

In this section, the discussion is restricted to two-dimensional data. Thus we are
dealing with planar space decompositions. Space decompositions can be classified
into two categories, depending on the nature of the pattern. The pattern can consist of
polygonal shapes or nonpolygonal shapes. The polygonal shapes are generally com-
putationally simpler since their sides can be expressed in terms of linear relations
(e.g., equations of lines). They are good for approximating the interior of a region.
The nonpolygonal shapes are more flexible since they provide good approximations,
in terms of measures, of the boundaries (e.g., perimeter) of regions as well as their
interiors (e.g., area).®?

Moreover, the normals to the boundaries of nonpolygonal shapes are not re-
stricted to a fixed set of directions. For example, in the case of rectangular tiles, there
is a 90 degree discontinuity between the normals to boundaries of adjacent tiles. This
lack of continuity is a drawback in applications in fields such as computer graphics
where such tasks as shading make use of the directions of the surface. However,
working with nonpolygonal shapes generally requires use of floating point arithmetic,
and hence it is usually more complex.

The remainder of this section expands on a number of polygonal decomposi-
tions and compares them. It also contains a brief discussion of one nonpolygonal
decomposition that consists of a collection of sector-like objects whose arcs are not
necessarily part of a circle. This method is based on polar coordinates where the arc
joining two distinct points is formed by linear interpolation. The term sector tree is
used to describe it. This discussion is of an advanced nature and can be skipped on an
initial reading.

% Recall the statement in Section 1.2 that hierarchical data structures are often differentiated on the basis of
whether they specify the boundaries of regions or organize their interiors,
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1.4.1 Polygonal Tilings

Bell, Diaz, Holroyd, and Jackson [Bell83] discuss a number of polygonal tilings of the
plane (i.e., tessellations) that satisfy property 1. Figure 1.12 illustrates some of these
tessellations. They also present a taxonomy of criteria to distinguish between the vari-
ous tilings. The tilings, consisting of polygonal tiles, are described by use of a nota-
tion based on the degree of each vertex as the edges (i.e., sides) of the ‘atomic’ tile are
visited in order, forming a cycle. For example, the tiling described by [4.8%] (Figure
1.12¢) has the shape of a triangle where the first vertex has degree four while the
remaining two vertices have degree eight apiece.

A tiling is said to be regular if the atomic tiles are composed of regular
polygons (i.e., all sides are of equal length as are the interior angles). A molecular tile
is an aggregation of atomic tiles to form a hierarchy. It is not necessarily constrained
to have the same shape as the atomic tile. When a tile at level & (for all £ >0) has the
same shape as a tile at level O (i.e., it is a scaled image of a tile at level 0), then the til-
ing is said to be similar.

Bell et al. focus on the isohedral tilings where a tiling is said to be isohedral if
all the tiles are equivalent under the symmetry group of the tiling. A more intuitive
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Figure 1.12 Sample tessellations: (a)[4*%] square;
(b) [63] equilateral triangle; (c)[4.8%] isoceles triangle;
(d) [4.6.12] 3060 right triangle; (e) [3°] hexagon
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Figure 1.13 Examples of (a) isohedral and
(b) nonisohedral tilings

way to conceptualize this definition is to assume the position of an observer who
stands in the center of a tile having a given orientation and scans the surroundings. If
the view is independent of the tile, the tiling is isohedral. For example, consider the
two tilings in Figure 1.13 consisting of triangles (Figure 1.13a) and trapezoids (Figure
1.13b). The triangles are isohedral, whereas the trapezoids are not, as can be seen by
the view from tiles A and B.

In the case of the trapezoidal tiling, the viewer from A is surrounded by an
infinite number of concentric hexagons, whereas this is not the case for B. In other
words, the trapezoidal tiling is not periodic. Also note that all of the tiles in Figure
1.13a are described by [6°], while those in Figure 1.13b are either [3%.42], [3%.6%], or
[3.4.62] (i.e., tiles labeled 1, 2, and 3, respectively, in Figure 1.13b). When the
isohedral tilings are classified by the action of their symmetry group, there are 81 dif-
ferent types [Griin77, Griin87]. When they are classified by their adjacency structure,
as done here, there are 11 types.

The most relevant criterion to the discussion is the distinction between limited
and unlimited hierarchies of tilings. A limited tiling is not similar. A tiling that
satisfies property 2 is said to be unlimited. Equivalently, in a limited tiling, no change
of scale lower than the limit tiling can be made without great difficulty. An alternative
characterization of an unlimited tiling is that each edge of a tile lies on an infinite
straight line composed entirely of edges. Interestingly the hexagonal tiling [3°] is lim-
ited. Bell et al. claim that only four tilings are unlimited. These are the tilings given
in Figure 1.12a—d. Of these, [44], consisting of square atomic tiles (Figure 1.12a), and
[6], consisting of equilateral triangle atomic tiles (Figure 1.12b), are well-known reg-
ular tessellations [Ahuj83]. For these two tilings we consider only the molecular tiles
given in Figures 1.14a and 1.14b.

The tilings [4*] and [67] can generate an infinite number of different molecular
tiles where each molecular tile at the first level consists of n> atomic tiles (n > 1).
The remaining nonregular unlimited triangular tilings, [4.82] (Figure 1.12c) and
[4.6.12] (Figure 1.12d), are less well understood. One way of generating [4.8%] and
[4.6.12] is to join the centroids of the tiles of [44] and [63], respectively, to both their
vertices and midpoints of their edges. Each of the tilings [4.82] and [4.6.12] has two
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Figure 1.14  Examples illustrating unlimited tilings: (a) [4*]
hierarchy, (b) [6°] hierarchy, (c) ordinary [4.82] hierarchy,
(d) ordinary [4.6.12] hierarchy, (e) rotation [ 4.82] hierarchy,
(f) reflection [ 4.6.12] hierarchy

types of hierarchy. [4.8%] has an ordinary (Figure 1.14c) and a rotation hierarchy
(Figure 1.14e) requiring a rotation of 135 degrees between levels. [4.6.12] has an
ordinary (Figure 1.14d) and a reflection hierarchy (Figure 1.14f), which requires a
reflection of the basic tile between levels.

The distinction between the two types of hierarchies for [4.8%] and [4.6.12] is
necessary because the tiling is not similar without a rotation or a reflection when the
hierarchy is not ordinary. This can be seen by observing the use of dots in Figure 1.14
to delimit the atomic tiles in the first molecular tile. Similarly broken lines are used to
delimit the components of tiles at the second level (assuming atomic tiles are at level
0). For the ordinary [4.82] and [4.6.12] hierarchies, each molecular tile at the first
level consists of 7% (n > 1) atomic tiles. In the reflection hierarchy of [4.6.12], each
molecular tile at the first level consists of 3 -n% (n > 1) atomic tiles, while for the
rotation hierarchy of [4.8°], 2 n? (n > 1) atomic tiles comprise a molecular tile at the
first level.

To represent data in the Euclidean plane, any of the unlimited tilings could have
been chosen. For a regular decomposition, the tilings [4.82] and [4.6.12] are ruled out.
Comparing ‘square’ [4*] and ‘triangular’ [6%] quadtrees, we find that they differ in
terms of adjacency and orientation. Let us say that two tiles are neighbors if they are



20 I 1 INTRODUCTION

adjacent either along an edge or at a vertex. A tiling is uniformly adjacent if the dis-
tances between the centroid of one tile and the centroids of all its neighbors are the
same. The adjacency number of a tiling is the number of different intercentroid dis-
tances between any one tile and its neighbors. In the case of [4], there are only two
adjacency distances, whereas for [6] there are three adjacency distances.

A tiling is said to have uniform orientation if all tiles with the same orientation
can be mapped into each other by translations of the plane that do not involve rotation
or reflection. Tiling [4*] displays uniform orientation, while [6*] does not. Under the
assumption that uniform orientation and a minimal adjacency distance is preferable,
we say that [44] is more useful than [6°]. It is also very easy to implement. Neverthe-
less, [6°] has its uses. For example, Yamaguchi, Kunii, Fujimura, and Toriya
[Yama84] use a triangular quadtree to generate an isometric view from an octree
representation of an object (see Section 7.1.4 of [Same90b]).

Of the limited tilings, many types of hierarchies may be generated [Bell83];
however, in general, they cannot be decomposed beyond the atomic tiling without
changing the basic tile shape. This is a serious deficiency of the hexagonal tessella-
tion [3%] (Figure 1.12e) since the atomic hexagon can be decomposed only into tri-
angles. Nevertheless the hexagonal tessellation is of considerable interest. It is regu-
lar, has a uniform orientation, and, most important, displays a uniform adjacency (i.e.,
each neighbor of a tile is at the same distance from it).

There are a number of different hexagonal hierarchies distinguished by classify-
ing the shape of the first-level molecular tile on the basis of the number of hexagons
that it contains. Three of these tiling hierarchies are given in Figure 1.15 and are
called n-shapes where n denotes the number of atomic tiles in the first-level molecular
tile. Of course, these n-shapes are not unique.

Figure 1.15 Three different hexagonal tiling hierarchies:
(a) 4-shape, (b) 7-shape, (c) 9-shape
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The 4-shape and the 9-shape have an unusual adjacency property in the sense
that no matter how large the molecular tile becomes, contact with two of the tiles (i.e.,
the one above and the one below) is along only one edge of a hexagonal atomic tile,
while contact with the remaining four molecular tiles is along nearly one-quarter of
the perimeter of the corresponding molecular tile. The hexagonal pattern of the 4-
shape and 9-shape molecular tiles has the shape of a rhombus. In contrast, a 7-shape
molecular tile has a uniform contact with its six neighboring molecular tiles.

The type of quadtree used often depends on the grid formed by the image sam-
pling process. Square quadtrees are appropriate for square grids and triangular quad-
trees for triangular grids. In the case of a hexagonal grid [Burt80], the 7-shape hierar-
chy is frequently used since the shape of its molecular tile is more like a hexagon. It
is usually described as rosette—like (i.e., a septree). Note that septrees have jagged
edges as they are merged to form larger units (e.g., Figure 1.15b). The septree is used
by Gibson and Lucas [Gibs82] (who call it a generalized balanced ternary or GBT for
short) in the development of algorithms analogous to those existing for quadtrees.

Although the septree can be built up to yield large septrees, the smallest resolu-
tion in the septree must be decided upon in advance since its primitive components
(i.e., hexagons) cannot later be decomposed into septrees. Therefore the septree
yields only a partial hierarchical decomposition in the sense that the components can
always be merged into larger units, but they cannot always be broken down. For
region data, a pixel is generally an indivisible unit, and thus unlimited decomposition
is not absolutely necessary. However, in the case of other data types such as points
(see Chapter 2) and lines (see Chapter 4), we will see that the decomposition rules of
some representations require that two entities be separated, which may lead to a level
of decomposition not known in advance (e.g., a decomposition rule that restricts each
square to contain at most one point). In this book the discussion is limited to square
quadtrees and their variants.

When the data are spherical, a number of researchers have proposed the use of a
representation based on an icosahedron (a 20-faced polyhedron whose faces are regu-
lar triangles) [Dutt84, Feke84]. The icosahedron is attractive because, in terms of the
number of faces, it is the largest possible regular polyhedron. Each of the triangular
faces can be further decomposed in a recursive manner into n?(n> 1) spherical tri-
angles (the [6°] tiling).

Fekete and Davis [Feke84] let n =2, which means that at each level of decom-
position, three new vertices are generated by halving each side of the triangle; con-
necting them together yields four triangles. They use the term property sphere to
describe their representation. The property sphere has been used in object recogni-
tion; it is also of potential use in mapping the globe because it can enable accurate
modeling of regions around the poles. For example, see Figure 1.16, which is a prop-
erty sphere representation of some spherical data. In contrast, planar quadtrees are
less attractive the farther we get from the equator due to distortions in planarity caused
by the earth’s curvature. Of course, for true applicability for mapping, we need a
closer approximation to a sphere than is provided by the 20 triangles of the
icosahedron. Moreover, we want a way to distinguish between different elevations.
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Figure 1.16 Property sphere representation of some
spherical data: (a) data, (b) decomposition on a sphere,
(c) decomposition on a plane

Dutton [Dutt84] lets n = V3, which means that at each level of decomposition,
one new vertex is created by connecting the centroid of the triangle to its vertices.
The result is an alternating sequence of triangles so that each level is fully contained
in the level that was created two steps previously and has nine times as many triangles
as that level. Dutton uses the term triacon to describe the resulting hierarchy. As an
example, consider Figure 1.17, which illustrates four levels of a triacon decomposi-
tion. The initial and odd-numbered decompositions are shown with heavy lines, and
the even-numbered decompositions are shown with broken and thin lines.

Figure 1.17  Example of a triacon hierarchy
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The icosahedron is not the only regular polyhedron that can be used to model
spherical data. Others include the tetrahedron, hexahedron, octahedron, and dodeca-
hedron, which have 4, 6, 8, and 12 faces, respectively. Collectively these five
polyhedra are known as the Platonic solids [Peuq84]. The faces of the tetrahedron
and octahedron are equilateral triangles, while the faces of the hexahedron and do-
decahedron are squares and regular pentagons, respectively.

The dodecahedron is not an appropriate primitive because the pentagonal faces
cannot be further decomposed into pentagons or other similar shapes. The tetrahedron
and hexahedron (the basis of the octree) have internal angles that are too small to
model a sphere properly, thereby leading to shape distortions.

Dutton [Dutt84] points out that the octahedron is attractive for modeling spheri-
cal data such as the globe because it can be aligned so that the poles are at opposite
vertices and the prime meridian and the equator intersect at another vertex. In addi-
tion, one subdivision line of each face is parallel to the equator. Of course, for all of
the Platonic solids, only the vertices of the solids touch the sphere; the facets of the
solids are interior to the sphere.

Other decompositions for spherical data are also possible. Tobler and Chen
{ Tobl86] point out the desirability of a close relationship to the commonly used sys-
tem of latitude and longitude coordinates. In particular, any decomposition that is
chosen should enable the use of meridians and parallels to refer to the data. An addi-
tional important goal is for the partition to be into units of equal area, which rules out
the use of equally spaced lines of latitude (of course, the lines of longitude are equally
spaced). In this case, the sphere is projected into a plane using Lambert’s cylindrical
projection [Adam49], which is locally area preserving. Authalic coordinates
[Adam49], which partition the projection into rectangles of equal area, are then
derived. (For more details, see [Tobl86].)

The quadtree decomposition has the property that at each subdivision stage, the
image is subdivided into four equal-sized parts. When the original image is a square,
the result is a collection of squares, each of which has a side whose length is a power
of 2. The binary image tree (termed bintree) [Know80, Tamm84a, Same88b] is an
alternative decomposition defined in a manner analogous to the region quadtree except
that at each subdivision stage we subdivide the image into two equal-sized parts. In
two dimensions, at odd stages. we partition along the x coordinate, and at even stages,
along the y coordinate. The bintree is equivalent to the region quadtree if we replace
all leaf nodes at odd stages of subdivision by two identically colored sons.

The bintree is related to the region quadtree in the same way as the k-d tree
[Bent75b] (see Section 2.4) is related to the point quadtree [Fink74]. The difference is
that region quadtrees and bintrees are used to represent region data with fixed subdivi-
sion points, while point quadtrees and k-d trees are used to represent point data where
the values of the points determine the subdivision. For example. Figure 1.18 is the
bintree representation corresponding to the image of Figure 1.1. We assume that for
the x (y) partition, the left subtree corresponds to the west (south) half of the image
and the right subtree corresponds to the east (north) half. Once again, as in Figure 1.1,
all leaf nodes are labeled with numbers, and the nonleaf nodes are labeled with letters.
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Figure 1.18 Bintree representation corresponding to Fig-
ure 1.1: (a) block decomposition, (b) bintree representation
of blocks in (a)

The quadtree and bintree decompose a region into equal-sized parts. Kanatani
[Kana85] suggests using splitting rules based on the Fibonacci sequence of numbers.
The Fibonacci numbers consist of the sequence of numbers f; that satisfy the relation
fi=fi—1 + fi—p, with fo =1 and f; = 1. We can try to devise both quadtree and bintree
splitting rules based on such a sequence. Generally for a decomposition scheme to be
useful in geometric applications, it must have pixel-sized squares (i.e., 1 x 1) as the
primitive tiles. At first glance, it appears that the Fibonacci sequence gives quite a bit
of leeway in deciding on a splitting sequence and on the sizes of the regions
corresponding to the subtrees and the primitive tiles.

*  One possible quadtree splitting rule is to restrict all shapes to squares with sides
whose lengths are Fibonacci numbers. Clearly not all the shapes can be squares since
we cannot aggregate these squares into larger squares that obey this rule. Another
possibility is to restrict the shapes to rectangles the length of whose sides are either
equal Fibonacci numbers or are successive Fibonacci numbers (see Exercise 1.26).
We term this condition the 2-d Fibonacci condition.

In this discussion, we have assumed splitting rules that ensure that vertical sub-
division lines at the same level are colinear as well as for horizontal lines at the same
level. For example, when using a quadtree splitting rule, the vertical lines that subdi-
vide the NwW and SW quadrants are colinear, as well as for the horizontal lines that sub-
divide the NW and NE quadrants. An alternative is to relax the colinearity restriction;
however, the sides of the shapes must still satisfy the 2-d Fibonacci condition (see
Exercise 1.27).

As can be seen in Exercises 1.26 and 1.27, neither a quadtree nor a bintree can
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Figure 1.19 (a) An arbitrary space decomposition and
(b) its BSP tree. The arrows indicate the direction of the
positive halfspaces.

be used by itself as a basis for Fibonacci-based space decomposition; however, a com-
bination of the two structures could be used. When the lengths of the sides of a rec-
tangle are equal, the rectangle is split into four rectangles such that the lengths of the
sides satisfy the 2-d Fibonacci condition. When the lengths of the sides of a rectangle
are not equal, the rectangle is split into two rectangles with the split along a line (an
axis) parallel to the shorter (longer) of the two sides. Interestingly the dimensions of
the A-series of European paper are based on a Fibonacci sequence—that is, the ele-
ments of the series are of dimension f; X f;_, multiplied by an appropriate scale factor.

Another variation on the bintree idea, termed adaptive hierarchical coding
(AHC), is proposed by Cohen, Landy, and Pavel [Cohe85b]. In this case, the image is
again split into two equal-sized parts at each stage, but there is no need to alternate
between the x and y coordinates. The decision as to the coordinate on which to parti-
tion depends on the image. This technique may require some work to get the optimal
partition from the point of view of a minimum number of nodes (see Exercise 1.29).

An even more general variation on the bintree is the BSP tree of Fuchs, Kedem,
and Naylor [Fuch80, Fuch83]. Its variants are used in some hidden-surface elimina-
tion algorithms (see Section 7.1.5 of [Same90b]) and in some implementations of
beam tracing (see Section 7.3 of [Same90b]). It is applicable to data of arbitrary
dimension, although here it is explained in the context of two-dimensional data. At
each subdivision stage, the image is subdivided into two parts of arbitrary size. Note
that successive subdivision lines need be neither orthogonal nor parallel. Therefore
the resulting decomposition consists of arbitrarily shaped convex polygons.

The BSP tree is a binary tree. To be able to assign regions to the left and right
subtrees, we associate a direction with each subdivision line. In particular, the sub-
division lines are treated as separators between two halfspaces.® Let the line have the

d
® A (linear) halfspace in d-space is defined by the inequality 3 a;-x, 20 on the d + 1 homogeneous
1=0
coordinates (x, = 1). The halfspace is represented by a column vector a. In vector notation, the inequality is
written as a - x 2 0. In the case of equality, it defines a hyperplane with a as its normal. It is important to
note that halfspaces are volume, not boundary, elements.
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equation ¢ -X +b -y + ¢ =0. We say that the right subtree is the ‘positive’ side and
contains all subdivision lines formed by separators that satisfy a -x +b -y +¢ 20.
Similarly we say that the left subtree is ‘negative’ and contains all subdivision lines
formed by separators that satisfy a -x +b -y + ¢ < 0. As an example, consider Fig-
ure 1.19a, which is an arbitrary space decomposition whose BSP tree is given in Figure
1.19b. Notice the use of arrows to indicate the direction of the positive halfspaces.

Exercises

1.17. Given a [6"] tiling such that each side of an atomic tile has a unit length, compute the
three adjacency distances from the centroid of an atomic tile.

1.18. Repeat Exercise 1,17 for [3%] and [4%], again assuming that each side of an atomic tile has
a unit length.

1.19. Suppose that you are given an image in the form of a binary array of pixels. The result is
a square grid. How can you view this grid as a hexagonal grid?

1.20. Show how the property sphere data structure can be used to model the earth. In particu-
lar, discuss how to represent landmass features, such as mountain ranges and crevices.

1.21 Suppose that you use an icosahedron to model spherical data. Initially there are 20 faces.
How many faces are there after the first level of decomposition when n =2? n =37

1.22. What is the ratio of leaf nodes to nonleaf nodes in a bintree for a d-dimensional image?

1.23. What is a lower bound on the ratio of leaf nodes in a bintree to that in a quadtree for a d-
dimensional image? What is an upper bound? What is the average?

1.24. Is it true that the total number of nodes in a bintree is always less than that in the
corresponding quadtree?

1.25. The Fibonacci numbers are defined by the relation f, =f,_, +f,.». Devise a two-
dimensional analog of this relation to correspond to a splitting rule that would have to be
satisfied in a Fibonacci-based space decomposition that yields four parts. Generalize this
result to n dimensions.

1.26. Give a counterexample to the use of a quadtree splitting rule in a Fibonacci-based space
decomposition.

1.27. Give a counterexample to the use of a bintree splitting rule in a Fibonacci-based space
decomposition.

1.28. Suppose that you use the combination quadtree-bintree approach to a Fibonacci-based
space decomposition. Prove that any image such that the lengths of its sides satisfy the
2-d Fibonacci condition can be decomposed into subimages whose sides obey this pro-
perty and with a primitive tile of size | x 1.

1.29. Suppose that you use the AHC method. How many different rectangles and positions must
be examined in building such a structure for a 2" x 2" image?

1.4.2 Nonpolygonal Tilings

In the previous section we focused on space decompositions based on polygonal tiles.
This is the prevalent method in use today. For certain applications, however, the use
of polygonal tiles can lead to problems. For example, suppose that we have a decom-
position based on square tiles. In this case, as the resolution is increased, the area of
the approvimated region approaches the true value of the area, however, this is not
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true for a boundary measure such as the perimeter. To see this, consider a quadtree
approximation of an isosceles right triangle where the ratio of the approximated per-
imeter to the true perimeter is 4/(2 + V2) (see Exercise 1.30). Other problems include
the discontinuity of the normals to the boundaries of adjacent tiles.

There are a number of ways of attempting to overcome these problems. The
hierarchical probe model of Chen [Chen85b] is an approach based on treating space
as a polar plane and recursively decomposing it into sectors. We say that each sector
consists of an origin, two sides (labeled 1 and 2 corresponding to the order in which
they are encountered when proceeding in a counterclockwise direction), and an arc.
The points at which the sides of the sector intersect (or touch) the object are called
contact points. (p,0) denotes a point in the polar plane. Let (p;, 6;) be the contact
point with the maximum value of p in direction ;. Each sector represents a region
bounded by the points (0,0), (p;,0;), and (p,,6,), where O, =2kmn/2" and
8, =0, + 2m/2" such that k£ and » are nonnegative integers (k < 2"). The arc between
the two nonorigin contact points (p,, 0,) and (p», 0,) of a sector is approximated by
the linear parametric equations (0 <r < 1):

pY=p +(P2—p) -t OB)=0,+(0,-0))-1.

Note that the interpolation curves are arcs of spirals due to the linear relation between
p and 6.

The sector tree is a binary tree that represents the result of recursively subdivid-
ing sectors in the polar plane into two sectors of equal angular intervals. Thus the
recursive decomposition is only with respect to 0, not p. The decomposition stops
whenever the approximation of a part of an object by a sector is deemed to be ade-
quate. The computation of the stopping condition is implementation dependent. For
example, it can be the maximum deviation in the value of p between a point on the
boundary and the corresponding point (i.e., at the same value of 8) on the approximat-
ing arc. Initially the universe is the interval [0,27).

In the presentation, we assume that the origin of the polar plane is contained
within the object. See Exercise 1.36 for a discussion of how to represent an object
that does not contain the origin of the polar plane. The simplest case arises when the
object is convex. The result is a binary tree where each leaf node represents a sector
and contains the contact points of its corresponding arc. For example, consider the
object in Figure 1.20. The construction of its sector tree approximation is shown in

Figure 1.20 Example convex object
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Figure 1.21  Successive sector tree approximations for the
object of Figure 1.20: (a) m intervals, (b) n/2 intervals, (c) n/4
intervals, (d) n/8 intervals

Figures 1.21a—d. The final binary tree is given in Figure 1.22 with interval endpoints
labeled according to Figure 1.21d.

The situation is more complex when the object is not convex. This means that
each side of a sector may intersect the boundary of the object at an arbitrary, and pos-
sibly different, number of contact points. In the following, each sector will be seen to
consist of a set of alternating regions within and outside the object. These regions are
three-sided or four-sided and have at least one side that is colinear with a side of the
sector. The discussion is illustrated with the object of Figure 1.23a whose sector tree
decomposition is given in Figure 1.23b. The final binary tree is given in Figure 1.24.
A better indication of the quality of the approximation can be seen by examining Fig-
ure 1.23c, which contains an overlay of Figures 1.23a and 1.23b.

When the boundary of the object intersects a sector at two successive contact
points, say P and Q, that lie on the same side, say S, of the sector, then the region

(0,27)

(0,7/2)
[O,w/4)!
{1,2)

[w/4 37w/8)
{

(37/8,7/2)
2,3) (3.9

Figure 1.22 Binary tree representation of the sector tree
of Figure 1.20
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Figure 1.23 (a) Example object, (b) its sector tree descrip-
tion, and (c) a comparison of the sector tree approximation
(thin lines) with the original object (thick lines). Note the
creation of a hole corresponding to the region formed by
points A, B, 6, 7, C, D, and 5

bounded by § and PQ must be approximated. Without loss of generality, assume that
the region is inside the object. There are two choices. An inner approximation
ignores the region by treating the segment of S between P and Q as part of the approxi-
mated boundary (e.g., the region between points 9 and 10 in sector [97/8, 5t/4) in
Figure 1.23b).

An outer approximation inserts two identical contact points, say R and T, on the
other side of the sector and then approximates the region by the three-sided region
formed by the segment of § between P and Q and the spiral arc approximations of PR
and QT. The value of R (and hence T) is equal to the average of the value of p at P and
Q. For example, the region between points 4 and 5 in sector [57t/4, 37/2) in Figure
1.23b is approximated by the region formed with points C and D.

Of course, the same approximation process is applied to the part of the region
outside the object. In Figure 1.23b, we have an inner approximation for the region
between points 7 and 8 in sector [37/2, 2m), and an outer approximation for the region
between points 5 and 6 in sector [97/8, 51t/4), by virtue of the introduction of points A
and B.

One of the problems with the sector tree is that its use can lead to the creation of
holes that do not exist in the original object. This situation arises when the decompo-
sition is not carried out to a level of sufficient depth. For example, consider Figure
1.23b, which has a hole bounded by the arcs formed by points A, B, 6, 7, C, D, and 5.
This is a result of the inner approximation for the region between points 7 and 8 in
sector [31/2, 21) and an outer approximation for the region between points 4 and 5 in
sector [Sm/4, 3n/2). This situation can be resolved by further decomposition in either
or both of sectors [3n/2, 2n) and [51t/4, 3n/2).

The result of the approximation process is that each sector consists of a collec-
tion of three-sided and four-sided regions that approximate the part of the object con-
tained in the sector. This collection is stored in the leaf node of the sector tree as a list
of pairs of points in the polar plane. It is interesting to observe that the boundaries of
the interpolated regions are not stored explicitly in the tree. Instead each pair of points
corresponds to the boundary of a region. Since the origin of the polar plane is within
the object, an odd number of pairs of points is associated with each leaf node. For
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Figure 1.24 Binary tree representation of the sector tree
of Figure 1.23

example, consider the leaf node in Figure 1.24 corresponding to the sector
[5m/4,37/2). The first pair, together with the origin, defines the first region (e.g.,
(6,7)). The next two pairs of points define the second region (e.g., (5,C) and (4,D)),
with each successive two pairs of points defining the remaining regions.

The sector tree is a partial polar decomposition, as the subdivision process is
based only on the value of 8. A total polar decomposition would partition the polar
plane on the basis of both p and 8. The result is analogous to a quadtree, and it is
termed a polar quadiree. There are a number of possible rules for the decomposition
process (see Exercise 1.42). For example, consider a decomposition that recursively
halves both p and 0 at each level. In general, the polar quadtree is a variant of a maxi-
mal block representation. As in the sector tree, the blocks are disjoint. Unlike the
sector tree, blocks in the polar quadtree do have standard sizes. In particular, all
blocks in the polar quadtree are either three sided (i.e., sectors) or four sided (i.e.,
quadrilaterals, two of whose sides are arcs). Thus the sides of polar quadtree blocks
are not based on interpolation.

The primary motivation for presenting the sector tree is to show that space
decompositions could also be based on nonpolygonal tiles. In the rest of this book the
primary concern is with space decompositions based on rectangles (especially
squares) and showing how a number of operations can be performed when they serve
as the underlying representation. The techniques are quite general and can be applied
to most space decomposition methods. Thus the sector tree is not discussed further
except in the context of its adaptation to the representation of three-dimensional data
(see Section 5.6). Nevertheless, the following contains a brief mention of some of the
operations to which the sector tree lends itself.

Set operations such as union and intersection are straightforward. Scaling is
trivial as the sector tree need not be modified; all values of p are interpreted as scaled
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by the appropriate scale factor. The number of nodes in a sector tree is dependent on
its orientation—that is, on the points chosen as the origin and the contact point chosen
to serve as (p,0). Rotation is not so simple; it cannot be implemented by simply rear-
ranging pointers (but see Exercise 1.40). Translation is computationally expensive
since the change in the relative position of the object with respect to the origin means
that the entire sector tree must be reconstructed.

1.30.

1.31.
1.32.

1.33.

1.34.

1.35.

1.36.

1.37.

1.38.

1.39.

1.40.

1.41.
1.42.

Exercises

Prove that for an isosceles right triangle represented by a region quadtree, the ratio of the
approximated perimeter to the true perimeter is 4/(2 + V2).

Repeat Exercise 1.30 for a circle (i.e., find the ratio).

When the objects have linear sides, polygonal tiles are superior. How would you use the
sector tree decomposition method with polygonal tiles?

In the discussion of the situation arising when the boundary of the object intersects a sec-
tor at two successive contact points, say P and Q, that lie on the same side, say s, of the
sector, we assumed that the region bounded by § and PQ was inside the object. Suppose
that this region is outside the object. How does this affect the inner and outer approxima-
tions?

Can you traverse the boundary of an object represented by a sector tree by visiting each
leaf node just once?

When using a sector tree, how would you handle the situation that the boundary of the
object just touches the side of a sector without crossing it (i.e., a tangent if the boundary
is differentiable)?

How would you use a sector tree to represent an object that does not contain the origin of
the polar plane?

The outer approximation used in building a sector tree always yields a three-sided region.
Two of the sides are arcs of spirals with respect to a common origin. This implies a sharp
discontinuity of the derivative at the point at which they meet. Can you devise a way to
smoothe this discontinuity?

Does the inner approximation used in building a sector tree always underestimate the
area? Similarly does the outer approximation always overestimate the area?

Compare the inner and outer approximations used in building a sector tree. Is there ever
a reason for the outer approximation to be preferred over the inner approximations (or
vice-versa)?

Define a complete sector tree in an analogous manner to a complete binary tree—that is,
all leaf nodes are at the same level, say n. Prove that a complete sector tree is invariant
under rotation in multiples of 2m/2".

Write an algorithm to trace the boundary of an object represented by a sector tree.
Suppose that it is desired to decompose space into nonpolygonal shapes. Develop a
quadtree-like data structure based on polar coordinates (i.e., p and 8). Investigatc dif-
ferent splitting rules for polar quadtrees. In particular, you do not need to altcrnate the
splits—that is, you could split on p several times in a row, and so on. This technique is
used in the adaptive k—d tree [Frie77] (see Section 2.4.1) by decomposing the quartering
process into two splitting operations—one for the x coordinate and one for the y coordi-
nate. What are the possible shapes for the quadrants of such trees (e.g.. a lorus,
doughnut, wheels with spokes)?
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1.5 SPACE REQUIREMENTS

The primary motivation for the development of the quadtree was the desire to reduce
the amount of space necessary to store data through the use of aggregation of homo-
geneous blocks. As we will see in subsequent chapters, an important by-product of
this aggregation is the reduction of the execution time of a number of operations (e.g.,
connected component labeling, component counting). However, a quadtree imple-
mentation does have overhead in terms of the nonleaf nodes. For an image with 8 and
w black and white blocks. respectively, 4 - (8 + W)/3 nodes are required. In contrast, a
binary array representation of a 2" x 2" image requires only 2% bits; however, this
quantity grows quite quickly. Furthermore, if the amount of aggregation is minimal
(e.g., a checkerboard image), the quadtree is not very efficient.

The overhead for the nonleaf nodes can be reduced at times by using a pointer-
less representation. Pointer-less representations can be grouped into two categories.
The first, termed a DF-expression, represents the quadtree as a traversal of its consti-
tuent nodes [Kawa80a]. For example, letting ‘B’, ‘W’, and ‘G’ correspond to black,
white, and gray nodes, respectively, and assuming a traversal in the order NW, NE, SW,
and SE, the quadtree of Figure 1.1 would be represented by GWGWWBBGWGW
BBBWBGBBGBBBWW.

The second approach treats the quadtree as a collection of the leaf nodes
comprising it. Each node is represented by a pair of numbers [Garg82c]. The first
number is the level of the tree at which the node is located. The second number is
termed a locational code. 1t is formed by a concatenation of base 4 digits correspond-
ing to directional codes that locate the node along a path from the root of the quadtree.
The directional codes take on the values 0, 1, 2, 3 corresponding to quadrants Nw, NE,
SW, SE, respectively. For exampie, node 15 in Figure 1.1 is represented by the pair of
numbers (0,320), which i1s decoded as follows. The base 4 locational code is 320.
The pair denotes a node at level O that is reached by a sequence of transitions, SE, SW,
and NW, starting at the root. A quadtree representation based on the use of locational
codes is called linear quadiree by Gargantini [Garg82a, Garg82c] (because the
addresses are keys in a linear list of nodes). Pointer-less representations are discussed
in greater detail in Chapter 2 of [Same90b].

The worst case for a quadtree of a given depth in terms of storage requirements
occurs when the region corresponds to a checkerboard pattern as in Figure 1.25. The
amount of space required is obviously a function of the resolution (i.e., the number of
levels in the quadtree), the size of the image (i.e., its perimeter), and its positioning in
the grid within which it is embedded. As a simple example, Dyer [Dyer82] has shown
that arbitrarily placing a square of size 2™ x 2™ at any position in a 2" X 2" image
requires an average of O (2% + n—m) quadtree nodes. An alternative characteriza-
tion of this result is that the average amount of space necessary is O (p +n) where p is
the perimeter (in pixel widths) of the block.

Dyer’s O (p+n) result for a square image is merely an instance of the earlier
work of Hunter and Steiglitz [Hunt78, Hunt79a] who proved some fundamental
theorems on the space requirements of images represented by quadtrees. In their
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Figure 1.25 A checkerboard and its quadtree

studies, Hunter and Steiglitz used simple polygons (polygons with nonintersecting
edges and without holes); however, these theorems have been observed to hold in
arbitrary images (see [Rose82b] for empirical results in a cartographic environment).

In Hunter and Steiglitz’s formulation, a polygon is represented by a three-color
variant of the quadtree. In essence, there are three types of nodes: interior, boundary,
and exterior. A node is said to be of type boundary if an edge of the polygon passes
through it. Inrerior and exterior nodes correspond to areas within, and outside,
respectively, the polygon and can be merged to yield larger nodes. The resulting
quadtree is analogous to the MX quadtree representation of point data described below
(for more details, see Section 2.6.1), and this term will be used to describe it. In par-
ticular, boundary nodes are analogous to black nodes, while interior and exterior
nodes are analogous to white nodes.

Figure 1.26 illustrates a sample polygon and its MX quadtree. One disadvantage
of the MX quadtree representation for polygonal lines is that a width is associated with
them, whereas in a purely technical sense these lines have a width of zero. Also shift-
ing operations may result in information loss. (For more appropriate representations
of polygonal lines, see Chapter 4.)

An upper bound on the number of nodes in such a representation of a polygon
can be obtained in the following manner. First, we observe that a curve of length
d + € (e >0) can intersect at most six squares of side width 4. Now consider a
polygon, say G, having perimeter p, that is embedded in a grid of squares each of side
width 4. Mark the points at which G enters and exits each square. Choose one of
these points, say P, as a starting point for a decomposition of G into a sequence of
curves. Define the first curve in G to be the one extending from P until six squares
have been intersected and a crossing is made into a different seventh square. This is
the starting point for another curve in G that intersects six new squares, not counting
those intersected by any previous curve.
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Figure 1.26 Hunter and Steiglitz’s quadtree representa-
tion of a polygon

We now decompose G into a series of such curves. Since each curve adds at
most six new squares and has length of at least d, we see that a polygon with perimeter
p cannot intersect more than 6 - [ p/d] squares. Given a quadtree with a root at level
(i.e., the grid of squares is of width 2"), at level i each square is of width 2'. Therefore
polygon G cannot intersect more than B(i) = 6 -[ p/2'| quadrants at level i. Recall that
our goal is to derive an upper bound on the total number of nodes. This bound is
attained when each boundary node at level / has three brother nodes that are not inter-
sected. Of course, only boundary nodes can have sons, and thus no more than
B (i) nodes at level i have sons. Since each node at level / is a son of a node at level
i +1, there are at most 4 -B(i + 1) nodes at level i. Summing up over n levels
(accounting for a root node at level n and four sons), we find that the total number of
nodes in the tree is bounded by

n=2
1+4+34-B>+1)
i=0

n-2

<5+24.% [-£]
=0 2

n-2

<5+424. 3 (1+-E0)
i=0 2

<5+24-(n=1)+24-p - iziil
=0

<24.n-19+24.p.
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Therefore, we have proved:

Theorem 1.1  The quadtree corresponding to a polygon with perimeter
p embedded in a 2" x2" image has a maximum of 24 -n - 19+24.p
(i.e., 0(p +n)) nodes. O

The proof of Theorem 1.1 is based on a decomposition of the polygon into a
sequence of curves, each of which intersects at most six squares. This bound can be
tightened by examining patterns of squares to obtain minimum lengths and
corresponding ratios of possible squares per unit length. For example, observe that
once a curve intersects six squares, the next curve of length d in the sequence can
intersect at most two new squares. In contrast, it is easy to construct a sequence of
curves of length d + € (¢ > 0) such that almost each curve intersects two squares of
side length d. Such a construction leads to an upper bound of the form
a-n+b+8-p where a and b are constants (see Exercise 1.48). Hunter and Steiglitz
use a slightly different construction to obtain a bound of 16 -n — 11 + 16 - p (see Exer-
cise 1.49).

Nevertheless, the bound of Theorem 1.1 is attainable as demonstrated by the fol-
lowing examples. First, consider a square of side width 2 that consists of the central
four squares in a 2" x 2" image (see Figure 1.27). Its quadtree has 16 - n — 11 nodes
(see Exercise 1.50). Second, consider a curve that follows a vertical line through the
center of a 2" x 2" image. Now, make it a bit longer by making it intersect all of the
pixels on either side of the vertical line (see Figure 1.28). As n increases, the total
number of nodes in the quadtree approaches 8 - p where p = 2" (see Exercise 1.51). A
polygon having a number of nodes approaching 8 - p can be constructed in a similar
manner by approximating a square in the center of the image whose side is one-fourth
the side of the image (see Exercise 1.52). In fact, it has been shown by Hunter
[Hunt78] that O (p+n) is a least upper bound on the number of nodes in a quadtree
corresponding to a polygon (see Exercise 1.53).

Figure 1.27 Example quadtree with 16 - n— 11 nodes
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Figure 1.28 Example quadtree with approximately 8 - p
nodes

Theorem 1.1 can be recast by measuring the perimeter p in terms of the length
of a side of the image in which the polygon is embedded—i.e., for a 2" X 2" image
p =p’-2" Thus the value of the perimeter no longer depends on the resolution of
the image. Restating Theorem 1.1 in terms of p” results in a quadtree having
O(p’-2"+ n)nodes. This leads to the following important corollary:

Corollary 1.1  The maximum number of nodes in a quadtree
corresponding to an image is directly proportional to the resolution of the
image. ]

The significance of Corollary 1.1 is that when using quadtrees, increasing the
image resolution leads to a linear growth in the number of nodes. This is in contrast to
the binary array representation where doubling the resolution leads to a quadrupling of
the number of pixels.

Since in most practical cases the perimeter, p, dominates the resolution, n, the
results of Theorem 1.1 are usually interpreted as stating that the number of nodes in a
quadtree is proportional to the perimeter of the regions contained therein.!® Meagher
[Meag80] has shown that this theorem also holds for three-dimensional data (i.e., for
polyhedra represented by octrees) when the perimeter is replaced by the surface area.
The perimeter and the surface area correspond to the size of the boundary of the
polygon and polyhedron—that is, in two and three dimensions, respectively. In d
dimensions this result can be stated as follows:

Theorem 1.2: The size of a d-dimensional quadtree of a d-dimensional
polyhedron is proportional to the sum of the resolution and the size of the
boundary of the object. Ll

10 Of course, the storage used by runlength codes is also proportional to the perimeter of the regions.
However, runlength codes do not facilitate access to different parts of the regions (i.e., they have poor spatial
indexing properties).
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Aside from their implications on the storage requirements, Theorems 1.1 and 1.2
also directly affect the analysis of the execution time of algorithms. In particular,
most algorithms that execute on a quadtree representation of an image instead of an
array representation have an execution time proportional to the number of blocks in
the image rather than the number of pixels. In its most general case, this means that
the application of a quadtree algorithm to a problem in d-dimensional space executes
in time proportional to the analogous array-based algorithm in the (d —1)-dimensional
space of the surface of the original d-dimensional image. Thus quadtrees are some-
what like dimension-reducing devices.

Theorem 1.2 assumes that the image consists of a polyhedron. Walsh [Wals85]
lifts this restriction and obtains a weaker complexity bound. Assuming an image of
resolution n and measuring the perimeter, say p, in terms of the number of border pix-
els, he proves that the total number of nodes in a d-dimensional quadtree is less than
or equal to 4 - n - p. Furthermore he shows that the number of black nodes is less than
orequalto (2=1)-n -p/d. ‘

The complexity measures discussed above do not explicitly reflect the fact that
the amount of space occupied by a quadtree corresponding to a region is extremely
sensitive to its orientation (i.e., where it is partitioned). For example, in Dyer’s exper-
iment, the number of nodes required for the arbitrary placement of a square of size
2" x 2™ at any position in a 2" x2" image ranged between 4-(n-m)+1 and
4.p+16-(n—-m)—-27, with the average being O (p+n-m). Clearly shifting the
image within the space in which it is embedded can reduce the total number of nodes.
The problem of finding the optimal position for a quadtree can be decomposed into
two parts. First, we must determine the optimal grid resolution and, second, the
partition points.

Grosky and Jain [Gros83] have shown that for a region such that w is the max-
imum of its horizontal and vertical extent (measured in pixel widths) and
2"~! < w < 2", the optimal grid resolution is either n or n+1. In other words embed-
ding the region in a larger area than 2"*' x 2"*! and shifting it around will not result
in fewer nodes. Using similar reasoning, it can be shown that translating a region by
2k pixels in any direction does not change the number of black or white blocks of size
less than 2* x 2* [Li82].

Armed with the above results, Li, Grosky, and Jain [Li82] developed the follow-
ing algorithm that treats the image as a binary array and finds the configuration of the
region in the image so that its quadtree requires a minimum number of nodes. First,
enlarge the image to be 2"+ x 2"*! and place the region within it so that the region’s
northernmost and westernmost pixels are adjacent to the northern and western bord-
ers, respectively, of the image. Next apply successive translations to the image of
magnitude power of two in the vertical, horizontal, and corner directions and keep
count of the number of leaf nodes required. Initially 2°"*? leaf nodes are necessary.
The following is a more precise statement of the algorithm:

1. Attempt to translate the image by (x,y) where x and y correspond to unit
translations in the horizontal and vertical directions, respectively. Each of
x and y takes on the values O or 1.
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2. For the result of each translation in step 1, construct a new array at one-half
the resolution. Each entry in the new array corresponds to a 2 X 2 block in
the translated array. For each entry in the new array that corresponds to a
single color (not gray) 2 X 2 block in the translated array, decrement the
leaf node count by 3.

3. Recursively apply steps 1 and 2 to each result of steps 1 and 2. This pro-
cess stops when no single-color 2 X 2 block is found in step 2 (i.e., they are
all gray) or if the new array is a 1 X 1 block. Record the total translation
and the minimum leaf node count.

Step 2 makes use of the property that for a translation of 2*, there is a need to
check only if single-color blocks of size 2% % 2% or more are formed. In fact, because
of the recursion, at each step we check only for the formation of blocks of size
2k+1 5 2%*1 " Note that the algorithm tries every possible translation since any integer
can be decomposed into a summation of powers of two (i.e., use its binary representa-
tion). In fact this is why a translation of (0,0) is part of step 1. Although the algo-
rithm computes the positioning of the quadtree with the minimum number of leaf
nodes, it is also the positioning of the quadtree with the minimum total number of
nodes since the number of nonleaf nodes in a quadtree of 7 leaf nodes is (7—1)/3.

As an example of the algorithm, consider the region given in Figure 1.29a
whose block decomposition is shown in Figure 1.29b. Its quadtree requires 52 leaf
nodes. The first step is to enlarge the image, place the region in the upper left corner,
and form the array (Figure 1.30). The optimal positioning is such that Figure 1.30 is
shifted 7 units in the horizontal direction and 3 units in the vertical direction. This
corresponds to a sequence of translations (1,1), (1,1), and (1,0). The intermediate
translated arrays are shown in Figure 1.31. All gray nodes in the translated arrays are
labeled with a ‘G’ while black nodes are shaded. The optimal quadtree contains 46
leaf nodes and is given in Figure 1.32.

Now let us trace the algoritbm as it applies the optimal sequence of translations,
in more detail. Initially the leaf node count is 256. A translation of (1.1) leads to Fig-
ure 1.31a where 58 of the array entries correspond to single-color 2 x 2 blocks in the
translated array. The leaf node count is decremented by 58 - 3 =174, resulting in

a b
Figure 1.29 Example (a) image and (b) its block decom-

position used to demonstrate the optimal positioning
process
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Figure 1.30 The array corresponding to the image in Fig-
ure 1.29 prior to the start of the optimal positioning process

82. The next translation of (1,1) leads to Figure 1.31b, where 11 of the array entries
correspond to single-color 2 x 2 blocks. Therefore 11 -3 =33 is subtracted from 82,
and the leaf node count is now 49. The final translation of (1,0) leads to Figure 1.31c,
where only one of the array entries corresponds to a single-color 2 X 2 block in the
translated array. Decrementing the leaf node count results in 46 nodes, and the pro-
cess terminates. Of course, we have failed to describe the remaining 4" — 3 transla-
tions that were also attempted.

Despite trying all possible translations, the algorithm is quite efficient. The key
is that for each translation, only the blocks whose motion can lead to space saving
need to be considered. This is a direct consequence of the property that a translation
of 2% does not change the number of blocks of size less than 2* x 2. For an image
that has been enlarged to fitin a 2"*! x 2"*! array, the algorithm will have a maximum
depth of recursion of n. Since at each level of recursion we need an array at half the
resolution of the previous level, the total amount of space required is (4/3) - Q2n+2

Figure 1.31 The successive translated arrays at half-
resolution after application of (a)(1,1) and (b)(1,1), and
(c) (1,0) to the original image array of Figure 1.30
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Figure 1.32 Optimal positioning of the quadtree of Figure
1.29

The basic computational task of the algorithm is to count 2 x 2 blocks of a single

color. It can be shown that 4 - n

.22"*2 array elements are examined in this process

(see Exercise 1.63). Thus the algorithm uses O (22") space and takes O (n - 2°") time.
Nevertheless experiments with typical images show that the algorithm has little effect

(e.g.,

1.43.

1.44.

1.45

1.46

1.47.

1.48.

[Same84c]).

Exercises

Consider the arbitrary placement of a square of size 2™ x 2™ at any position in a 2" x 2"
image. Prove that in the best case 4 - (n—m) + 1 nodes are required, while the worst case
requires 4 - p + 16 - (n—m)— 27 nodes. How many of these nodes are black and white,
assuming that the square is black? Prove that on the average, the number of nodes that is
required is O (p +n—m).

What are the worst-case storage requirements of storing an arbitrary rectangle in a quad-
tree corresponding to a 2" x 2" image? Give an example of the worst case and the
number of nodes it requires.

Assume that the probability of a particular pixel’s being black is one-half and likewise for
being white. Given a 2" X 2" image represented by a quadtree, what is the expected
number of nodes, say £ (n), in the quadtree? Also compute the expected number of black,
white, and gray nodes.

Suppose that instead of knowing the probability a particular pixel is black or white, we
know the percentage of the total pixels in the image that are black. Given a 2" x 2"
image represented by a quadtree, what is the expected number of nodes in the quadtree?
The proof of Theorem 1.1 and the subsequent discussion raise the question of how ~
squares should be arranged so that each is intersected by a curve of minimum length
extending to the outside of the squares on each end. Such a configuration leads to a
minimal curve in the sense that it has a maximal ratio of squares to length. For which
value of w is this ratio the smallest?

Try to prove that the upper bound of Theorem 1.1 can be tightenedtobe a -n+b6 +8 -p
where a and b are constants.
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Decompose the polygon used in the proof of Theorem 1.1 into a sequence of curves in
the following manner. Mark the points where G enters and exits each square of side
width d. Choose one of these points, say P, and define the first curve in G as extending
from P until four squares have been intersected and a crossing is made into a different
fifth square. This is the starting point for another curve in G that intersects four new
squares, not counting those intersected by any previous curve. Prove that all of the
curves, except for the last one, must be at least of length d. Using this result, prove that
the upper bound on the number of nodes in the quadtree is 16 - n — 11 + 16 - p.

Prove that the quadtree corresponding to a square of side width 2 consisting of the central
four squares in a 2" x 2" image has 16 - n — 11 nodes (see Figure 1.27).

Take a curve that follows a vertical line through the center of a 2" x 2" image and
lengthen it slightly by making it intersect all of the pixels on either side of the vertical
line (see Figure 1.28). Prove that as » increases, the total number of nodes in the quad-
tree approaches 8 - p where p =2".

Using a technique analogous to that used in Exercise 1.51, construct a polygon of perime-
ter p by approximating a square in the center of the image whose side is one-fourth the
side of the image. Prove that its quadtree has approximately 8 - p nodes.

Prove that O (p+n) is a least upper bound on the number of nodes in a quadtree
corresponding to a polygon. Assume that p <2%" (i.e., the number of pixels in the
image). Equivalently the polygon boundary can touch all of the pixels in the most trivial
way but can be no longer. Decompose your proof into two parts depending on whether p
is greater than 4 - n.

Can you prove that for an arbitrary quadtree (not necessarily a polygon), the number of
nodes doubles as the resolution is doubled?

Derive a result analogous to Theorem 1.1 for a three-dimensional polyhedron represented
as an octree. In this case the perimeter corresponds to the surface area.

Prove Theorem 1.2.

Assuming an image of resolution n and measuring the perimeter, say p, in terms of the
number of border pixels, prove that the total number of nodes in a d-dimensional quad-
tree is less than or equal to 4 - nn - p.

Assuming an image of resolution n and measuring the perimeter, say p, in terms of the
number of border pixels, prove that the total number of black nodes in a d-dimensional
quadtree is less than orequalto (24 = 1) - n - p/d.

How tight are the bounds obtained in Exercises 1.57 and 1.58 for the number of nodes in
a d-dimensional quadtree for an arbitrary region? Are they realizable?

Prove that for a region such that w is the maximum of its horizontal and vertical extent
(measured in pixel widths) and 2"~! < w < 2", the optimal grid resolution is either n or
n+l.

Prove that translating a region by 2* pixels in any direction does not change the number
of black or white blocks of size less than 2% x 2*.

Can you formally prove that the method described in the text does indeed yield the
optimal quadtree?

Prove that 4 - n - 2%"*? array elements are examined in the process of constructing the
optimal quadtree.

How would you find the optimal bintree?



POINT DATA

Multidimensional point data can be represented in a variety of ways. The representa-
tion ultimately chosen for a specific task is heavily influenced by the type of opera-
tions to be performed on the data. As our discussion unfolds, the following issues will
be seen to dominate, and thus it is useful to set them forth briefly. Should we organize
the data or the embedding space from which the data are drawn? Is the database static
or dynamic (i.e., can the number of data points grow and shrink at will)? Can we
assume that the volume of data is sufficiently small so that it can all fit in core, or
should we make provisions for accessing disk-resident data?

For data represented in core using trees, are the data restricted to the leaf nodes,
or can they appear in nonleaf nodes as well? Disk-resident data implies grouping the
data into physical units, termed buckets, and leads to questions about their size and
how they are to be accessed. Do we require a constant time to retrieve a record from a
file, or is a logarithmic function of the number of records in the file adequate? This
is equivalent to asking if the access is via a directory in the form of an array (i.e.,
direct access) or by a tree. How large can the directories be allowed to grow? Also
should ordering play a role in determining how individual records are grouped in
storage?

The field of multidimensional point data structures is developing rapidly. There
are no definitive ways to deal with these issues. In this chapter, our focus is on
dynamic files and applications involving search. The presentation is limited to
methods that can be viewed as direct applications of a quadtree-like recursive subdivi-
sion approach. These considerations will be seen to have a strong influence on the
scope of the discussion of the above issues. However, whenever possible, references
are given to alternative methods.
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2.1 INTRODUCTION

Our database is a collection of records. termed a file. There is one record per data
point. Each record contains several attributes or keys. A query is a request for all
records that satisfy a predicate or have specific values or ranges of values for specified
keys. Assume that a file contains N records with k keys apiece. Knuth [Knut73b] lists
three typical querics:

1. A point guery. which determines if a given data point is in the database
and, if so, yields the address corresponding to the record in which it is
stored.

2. A range query (i.e., region search), which asks for a set of data points
whose spccified keys have specific values or values within given ranges
(this category includes the partially specified queries, also known as partial
match and partial range, in which case unspecified keys take on the range
of the key as their domain).

3. A Boolean query, which consists of combinations of types 1 and 2 with the
Boolean operations AND, OR, NOT, and so on.

Another common qucry seeks the n nearest neighbors of a given point [Bent75a].

Nievergelt, Hinterberger, and Sevcik [Niev84] group searching techniques into
two categories: thosc that organize the data to be stored and those that organize the
embedding space from which the data are drawn. In computer graphics, this distinc-
tion is often phrased in terms of object-space hierarchies versus image-space hierar-
chies, respectively |Suth74]. In a more formal sense, the distinction is between rrees
and tries [Fred60], respectively. The binary search tree [Knut73b] is an example of
the former since the boundaries of different regions in the search space are determined
by the data being stored. Address computation methods such as radix searching
[Knut73b] (also known as digital searching) are examples of the latter. since region
boundaries are chosen from among locations that are fixed regardless of the content of
the file.

An alternative way of viewing the distinction between trees and tries is by com-
paring the region quadtree with the point quadtree [Fink74]. The region quadtree is
based on a regular decomposition, while the point quadtree is not. Nevertheless, as
we shall later see, this categorization is not as clear-cut as the discussion seems to
imply. In particular, some of the methods that are discussed will be characterized as
hybrid in the sense that some attributes are organized in one way and the remaining
attributes in another way. Still other methods will be described as organizing the
embedding space, although the organization will be dictated by the data being stored.

There are a number of approaches 1o the problem of designing a representation
for a file of multidimensional point data. The feasibility of these approaches depends.
in part, on the number of attributes and their domains. At one extreme is a pure bit-
map representation of the attribute space with one bit reserved for each possible
record in the multidimensional point space whether or not it is present in the file. This
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representation may be of some value when the domains of the attributes are discrete
and small (e.g., binary).

For a large set of attributes, as well as attributes with a continuous domain, the
pure bitmap representation is not feasible for reasons that include the requirement of
an impractical amount of storage. Instead we concentrate on files with records that
have a finite number of attributes with large, but linearly ordered, domains. It will
become clear that although the bitmap representation in its pure form is inappropriate,
the grouping of bits into n-dimensional (n < k) cells (rectangles in two dimensions) is
the key to a large number of solutions. The result of applying these methods is analo-
gous to a compressed bitmap representation.

In this chapter, our attention is focused primarily on hierarchical data structures
such as the quadtree and its variants, as well as the k-d tree. We also examine some
data structures (such as the range tree) designed especially for optimal execution of
range queries, albeit with significantly higher storage requirements. These hierarchi-
cal structures are compared with nonhierarchical data structures that include those
based on grid methods. Actually they also exhibit hierarchical behavior but in a very
limited sense. The discussion is primarily in the context of in-core applications. It is
followed by a presentation of bucket methods aimed at ensuring efficient access to
disk data. These are differentiated by the ways in which the buckets are accessed
(e.g., directly or via trees). At the end we compare the various methods and show
how closely related they really are. (Readers who are interested are urged to consult
the surveys of Bentley and Friedman [Bent79b] and Overmars [Over88a], and the
monograph of Overmars [Over83].)

All of the examples in this chapter are limited to two dimensions, although they
can be easily generalized to an arbitrary number of dimensions. Multidimensional
data arise in two ways. The domain may be intrinsically multidimensional, as in a
multiattribute database. Alternatively such data may result from the application of a
mapping from another domain. For example, in a two-dimensional space, rectangular
objects with sides parallel to the coordinate axes can be represented as points in a
four-dimensional space (see Section 3.4). As another example, Arvo and Kirk
[Arvo87] make use of such a mapping in a ray tracing application (see Section 7.3 of
[Same90b]). They represent a ray in a three-dimensional space as a point in a five-
dimensional space by specifying the ray in terms of the x, y, and z coordinate values of
its origin and the 0 and ¢ parameters of its direction.

This chapter stresses techniques for building hierarchical data structures, to the
extent that detailed algorithms are given for some of them (i.e., insertion and deletion
of records), and on how they facilitate search queries, in particular, a range query. At
times we also evaluate storage requirements of the various representations. For the
purposes of the discussion, we shall assume that each field in a record occupies one
computer word.
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NAME X1y

CHICAGO | 35| 40
MOBILE | 50| 10
TORONTO( 60 | 75
BUFFALO| 80| 65
DENVER | 5 | 45
OMAHA | 25| 35
ATLANTA( 85] IS
MIAM| 90| 5

Figure 2.1  Sequential list

2.2 NONHIERARCHICAL DATA STRUCTURES

The simplest way to store point data is in a sequential list. Given N records and k attri-
butes to search on, searching such a data structure is an O(N - k) process since each
record must be examined. As an example, consider the set of eight cities and their x
and y coordinates as shown in Figure 2.1.! Another common technique is the inverted
list method [Knut73b], in which for each key a sorted list is maintained of the records
in the file.

Figure 2.2 is the inverted list representation of the data in Figure 2.1. There are
two sorted lists, one for the x coordinate and one for the y coordinate. Note that the
data stored in the lists are pointers into Figure 2.1. This enables pruning the search
with respect to one key. In essence, the endpoints of the desired range for one key can
be located efficiently by using its corresponding sorted list (e.g., by use of binary
search). This resulting list is then searched by brute force. The average search has
been shown in [Frie75] to be of O(N '~1%), under certain assumptions.

A popular method used by cartographers is called the fixed grid (or cell) method
[Knut73b, p. 554; Bent79b]. It divides the space into equal-sized cells (i.e., squares
and cubes for two- and three-dimensional data, respectively) having width equal to

X Y

DENVER | MIAMI
OMAHA | MOBILE
CHICAGO | ATLANTA
MOBILE |OMAHA
TORONTO | CHICAGO
BUFFALO | DENVER
ATLANTA| BUFFALO
MiAMI TORONTO

Figure 2.2  Inverted lists corresponding to Figure 2.1

I Recall from Section 1.2 that the correspondence between coordinates and city names is not geographically
correct. This liberty has been taken so that the same example could be used throughout the text to illustrate
a variety of concepts.
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(0,100) (100,100)
(60,75)
TORONTO
(80, 65)
1 BUFFALO
(5,45%)
DENVER (3%,40)
b CHICAGO
[ ]
(25, 35)
OMAHA
(50,10) (85.15)
MOB.ILE ATLANTA
(90,%)
[}
MIAMI
(0,0) (100, 0)

Figure 2.3 Grid representation corresponding to Figure
2.1 with a search radius of 20

twice the search radius for a rectangular range query.? These cells arc often referred to
as buckets. The data structure is essentially a directory in the form of a k-dimensional
array with one entry per cell. Each cell may be implemented as a linked list. to
represent the points within it.

Figure 2.3 is a grid representation for the data in Figure 2.1 for a search region
consisting of a square of size 20 x 20. Assuming a 100 x 100 coordinate space, we
have 25 squares of equal size. We adopt the convention that each square is open with
respect to its upper and right boundaries and closed with respect to its lower and left
boundaries. Therefore Toronto, located at (60,75), is found in the square centered at
(70,70). Also all data points located at grid intersection points are said to be contained
in the cell for which they serve as the SW corner (e.g., the point (20,20) is contained in
the square centered at (30,30)).

The average search time for a range query using the fixed grid method has been
shown by Bentley, Stanat, and Williams [Bent77b] to be O(F .2%) where F is the
number of records found. The factor 2* is the maximum number of cells that must be
accessed when the search rectangle is permitted to overlap more than one cell. For
example, to locate all cities within a 20 x 20 square centered at (32,37) we must exam-
ine the cells centered at (30,30), (50,30), (30,50), and (50,50). Thus, four cells are
examined and, for our example database, the query returns Chicago and Omabha.

If range queries are made using only a fixed search radius, the fixed grid is an
efficient representation. It is also efficient when the data points are known a priori to
be uniformly distributed over space (it is analogous to hashing [Knut73b]). For a non-

2 This method can also be described as yielding an adaptive uniform grid to emphasize that the cell size is a
function of some property of the points (e.g., [Fran84, Fran88]).
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uniform distribution, it is less efficient because buckets may be unevenly filled, lead-
ing to nearly empty pages as well as to long overflow chains.

A number of deficiencies are associated with the inverted list and the fixed grid
method. The fixed-grid method is characterized as organizing the embedding space of
the data into regions (i.e., buckets) that contain records. In the inverted list, the values
of the primary key determine the region boundaries so that the bucket occupancies are
uniform. The domain of the secondary keys is partitioned independently of the data to
be stored. This is not optimal in an environment where several attributes are equally
significant since range searching may require an excessive number of records to be
retrieved. The fixed grid method is satisfactory for independent, uniformly distributed
attributes. However, when the domains of the attributes are not uniformly distributed,
some buckets will overflow, and others will be underutilized.

The problem with bucket overflow is that it leads to a large number of disk
accesses for all subsequent queries involving the bucket that overflowed. These prob-
lems and some solutions based on hashing are discussed in Section 2.8. It should be
clear that a properly chosen hashing function, by virtue of its randomizing nature,
could be used to overcome the nonuniform distribution. However, the property of
randomization may destroy the order that is crucial to the efficient implementation of
range queries. Thus the hashing function chosen should be order preserving (see Sec-
tion 2.8.2.1).

Exercises

2.1. Given a file containing ¥ records with £ keys apiece, implemented as an inverted list,
prove that the average search for a particular record is O(v '~'%).

2.2. Given a file containing records with & keys apiece, implemented using the fixed-grid
method such that each cell has a width equal to twice the search radius of a rectangular
range query, prove that the average time for the range query is O(F - 2%) where F is the
number of records found and 2* is the number of cells that must be accessed.

2.3 POINT QUADTREES

The point quadtree, invented by Finkel and Bentley [Fink74], is a marriage of the grid
method and the binary search tree that results in a tree-like directory with non-
uniform-sized cells containing one element apiece. The k-d tree, invented by Bentley
[Bent75b] (and discussed in Section 2.4), is an improvement over the point quadtree
because it reduces the branching factor at each node and the storage requirements.
(Other data structures, which are primarily of theoretical rather than practical interest,
have been described by Lueker |Luek78]., Lee and Wong [Lee77b], Willard [Will82],
Bentley [Bent79a], and Bentley and Maurcr [Bent80d].)

The point quadtree is implemented as a multidimensional generalization of a
binary search tree. In two dimensions each data point is represented as a node in a
quadtree in the form of a record of type node containing seven fields. The first four
fields contain pointers to the node’s four sons corresponding to the directions (i.e.,



2.3 POINT QUADTREES I 49

(0,100) (100, 100)
(60,75)
TORONTO
(80, 65)
BUFFALO
Y (5,45)
DENVER (35, 40)
CHICAGO
(25, 35)
OMAHA
(85, 15)
(50, 10) ATLANTA
MOBILE
(90,5)
MIAM!
(0,0) (100,0)
[
CHICAGO

DENVER TORONTO OMAHA MOBILE

A

BUFFALO ATLANTA MIAMI

A A

Figure 2.4 A point quadtree and the records it represents

quadrants) NW, NE, SW, and SE. If P is a pointer to a node and / is a quadrant, then
these fields are referenced as SON(P, I). We can determine the specific quadrant in
which a node, say P, lies relative to its father by use of the function SONTYPE(P), which
has a value of 7 if SON(FATHER(P),/) = P. XCOORD and YCOORD contain the values of
the x and y coordinates, respectively, of the data point. The NAME field contains
descriptive information about the node (e.g., city name). For example, see Figure 2.4,
which is the point quadtree corresponding to the data of Figure 2.1.

We assume that each data point is unique. Should an application permit colli-
sions (i.e., several data points with the same coordinates), then the data structure could
contain an additional field in which a pointer to an overflow collision list would be
stored. It could be argued that devoting an extra field to a rare event such as a colli-
sion wastes storage; however, without it, we would require a considerably more com-
plicated node insertion procedure.

2.3.1 Insertion

Records are inserted into point quadtrees in a manner similar to that done for binary
search trees. In essence, we search for the desired record based on its x and y coordi-
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nates. At each node a comparison is made by use of procedure PT_COMPARE and the
appropriate subtree is chosen for the next test. Upon reaching the bottom of the tree
(i.e., when a NIL pointer is encountered), we find the location where the record is to be
inserted. For example, the tree in Figure 2.4 was built for the sequence Chicago,
Mobile, Toronto, Buffalo, Denver, Omaha, Atlanta, and Miami. Figure 2.5 shows

(0, 100) (100,100)
Y
(35, 40)
CHICAGO
(0,00 (100, 0)
X—
a
(0, 100) (100, 100)
Y
(35, 40)
CHICAGO
(50, 10)
MOBILE
(0,0) (100,0)
X—>
b

Figure 2.5 Sequence of partial quadtrees demonstrating
the addition of (a) Chicago, (b) Mobile, (c) Toronto, and
(d) Buffalo
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how the tree was constructed in an incremental fashion for Chicago, Mobile, Toronto,
and Buffalo. The actual insertion is achieved by use of procedure PT_INSERT.

To cope with data points that lie directly on one of the quadrant lines emanating
from a data point, say P, we adopt the same conventions used for the grid method; the
lower and left boundaries of each block are closed, while the upper and right boun-
daries of each block are open. For example, in Figure 2.4, insertion of Memphis with
coordinates (35,20) would lead to its placement somewhere in quadrant SE of the tree
rooted at Chicago (i.e., at (35,40)).

(0,100) (100,100)
(60,75)
TORONTO
Y
(35, 40)
CHICAGO
(50,10)
MOBILE
(0,0) (100, 0)
X —>
c
(0,100) (100, 100)
(60,75)
TORONTO
(80,65)
BUFFALO
Y
(35, 40)
CHICAGO
(50,10)
MOBILE
(0,0) (100,0)
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quadrant procedure PT_COMPARE(P,R);
/* Return the quadrant of the point quadtree rooted at node R in which node P belongs. */
begin
value pointer node P,R;
return(if XCOORD(P) < XCOORD(R) then
if YCOORD(P) < YCOORD(R) then ‘SW’
else ‘NW’
else it YCOORD(P) < YCOORD(R) then ‘SE’
else ‘NE’);
end;

procedure PT_INSERT(P,R);
/* Attempt to insert node P in the point quadtree rooted at node R. */
begin
value pointer node P;
reference pointer node R;
pointer node FT;
quadrant Q;
if null(R) then R « P /* The tree at R is initialty empty */
else
begin
T« R;
while not(null(T)) and not(EQUAL_COORD(P,T)) do
begin
F « T;/* Remember the father */
Q < PT_COMPARE(P,T);
T « SON(T,Q);
end;
if null(T) then SON(F,Q) « P; /* P is not already in the tree */
end;
end;

The amount of work expended in building a point quadtree is equal to the total
path length (TPL) [Knut73a] of the tree as it reflects the cost of searching for all of the
elements. Finkel and Bentley [Fink74] have shown empirically that the TPL of a point
quadtree under random insertion is roughly proportional to N - log4N, which yields an
average cost of inserting, as well as searching for (i.e., a point.query), a node of
O(log4N). The extreme case is much worse (see Exercise 2.10) and is a function of
the shape of the resulting point quadtree. This is dependent on the order in which
nodes are inserted into it. The worst case arises when each successive node is the son
of the currently deepest node in the tree. Consequently there has been some interest in
reducing the TPL. Two techniques for achieving this reduction are described.

Finkel and Bentley [Fink74] propose one approach that assumes that all the
nodes are known a priorl. They define an optimized point quadtree so that given a
node A, no subtree of A accounts for more than one-half of the nodes in the tree rooted
at A. Building an optimized point quadtree from a file requires that the records in the
file be sorted primarily by one key and secondarily by the other key. The root of the
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tree is set to the median value of the sorted file, and the remaining records are
regrouped into four subcollections that will form the four subtrees of A. The process is
recursively applied to the four subtrees.

The reason that this technique works is that all records preceding A in the sorted
list will lie in the NW and SW quadrants (assuming that the x coordinate serves as the
primary key) and all records following A will lie in the NE and SE quadrants. Thus the
requirement that no subtree can contain more than half the total number of nodes is
fulfilled. Of course, this construction method still does not guarantee that the resulting
tree will be complete? (see Exercise 2.4).

The optimized point quadtree requires that all of the data points are known a
priori. Overmars and van Leeuwen [Over82] discuss an alternative approach that is a
dynamic formulation of the above method—that is, the optimized point quadtree is
built as the data points are inserted into it. The algorithm is similar to the one used to
construct Finkel and Bentley’s optimized point quadtree, except that every time the
tree fails to meet a predefined balance criterion, the tree is partially rebalanced. For
more details, see Exercise 2.7.

Exercises

2.3.  Suppose that a point quadtree node is implemented as a record with a FATHER field con-
taining a pointer to its father. Modify procedure PT_INSERT to take advantage of this addi-
tion.

2.4. Suppose that you could construct the optimized point quadtree (i.e., minimal depth) for ~
nodes. What is the worst-case depth of an optimized point quadtree?

2.5.  What is the maximum TPL in an optimized point quadtree?

2.6. Analyze the running time of the algorithm for constructing an optimized point quadtree.

2.7. In the text, we intimated that the optimized point quadtree can also be constructed
dynamically. Given & (0 < & < 1), we stipulate that every nonleaf node with a total of m
nodes in its subtrees has at most [ m/(2 — 8)] nodes in each subtree. Give an algorithm
to construct such a point quadtree.

2.8. Prove that the depth of the optimized point quadtree constructed in Exercise 2.7 is always
at most log,_s # + O (1) and that the average insertion time in an initially empty data

. | . .
structure 1s O(—S—loggN). n denotes the number of nodes currently in the tree and N is the

total number of nodes that have been inserted.

2.9. The TPL can also be reduced by applying balancing operators analogous to those used to
balance binary search trees. Give the point quadtree analogs of the single and double
rotation operators [Knut73b, p.454].

2.10. What is the worst-case cost of building a point quadtree of ¥ nodes?

3 A t-ary tree containing ~ nodes is complete if we can map it onto a one-dimensional array so that the first
element consists of the root, the next z elements are the roots of its ¢ subtrees ordered from left to right, the
next r* elements are the roots of all of the subtrees of the previous ¢ elements again ordered from left to
right, and so on. This process stops once » is exhausted. Thus all but the deepest level of the tree contain a
maximum number of nodes. The deepest level is partially full but has no empty positions when using this
array mapping. For more details, see Knuth [Knut73a, pp. 400-401].
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Figure 2.6 Idealized quadtree deletion situation

2.3.2 Deletion

Deletion of nodes in two-dimensional point quadtrees is rather complex. Finkel and
Bentley [Fink74] suggest that all nodes of the tree rooted at the deleted node must be
reinserted—usually an expensive process. In the rest of this section we describe a
more efficient process developed by Samet [Same80c]. It may be skipped on an initial
reading.

Ideally we want to replace the deleted node (say 4 at (x,, y,)) with a node (say B
at (x,, ¥,)), such that the region between the lines x =x, and x =x, and the region
between the lines y =y, and y =y, are empty. The shaded area in Figure 2.6 illus-
trates this concept for nodes A and B in that A is deleted and replaced by B. The term
hatched is used to describe the region that we would like to be empty. Unfortunately
finding a node that will lead to an empty hatched region requires a considerable
amount of search. In fact, 1t is not uncommon that such a node fails to exist, as when
deleting node A in Figure 2.7.

Figure 2.7 A quadtree and the records it represents
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Figure 2.8 Example binary search tree

The algorithm we describe proceeds in a manner analogous to the method for
binary search trees. For example, for the binary search tree of Figure 2.8, when node
A is to be deleted, it can be replaced by one of nodes D or G—the two ‘closest’ nodes
in value. In the case of a quadtree (e.g., Figure 2.7), it is not clear which of the
remaining nodes should replace A because no node is simultaneously the closest in
both the x and y directions. No matter which of the nodes is chosen, some of the
nodes will assume different positions in the new tree. For example, in Figure 2.7, if L
replaced A, then J would no longer occupy the Nw quadrant with respect to L and, thus,
J would need to be reinserted, along with some of its subtrees, in the quadrant rooted
atF. Similarly E and I would have to be reinserted, along with some of their subtrees,
in the quadrant rooted at N.

In a point quadtree there are four candidate nodes for the replacement node—
one for each quadrant. They are located by procedure FIND_CANDIDATE, given below.
FIND_CANDIDATE is invoked once for every son of the node to be deleted. This pro-
cess 1s facilitated by the primitive OPQUAD(Q), which yields the quadrant that is 180
degrees apart from quadrant Q (e.g., OPQUAD(‘NW’) = ‘SE’). For example, Figure 2.9
shows how node D is selected as the candidate node from the NE quadrant of node A.

pointer node procedure FIND_CANDIDATE(P,Q);

/* P is a pointer to the son in quadrant Q of the node to be deleted. Starting at P, repeat-
edly follow the branch corresponding to OPQUAD(Q) until a node having no subtree
along this branch is encountered. If P is initially NIL, then use INF to return a pointer to
a fictitious point in the quadrant that is farthest from the deleted node (e.g., (—, —0) in
the SW quadrant). */

Figure 2.9 Application of the FIND_CANDIDATE
procedure in the NE quadrant of node A
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begin
value pointer node P;
value quadrant Q;
if null{P) then return{INF(Q));
while not{(null(SON(P,OPQUAD(Q)))) do P « SON{P,OPQUAD{(Q));
return(P);
end;

Once the set of candidate nodes is found, an attempt is made to find the ‘best’
candidate, which becomes the replacement node. There are two criteria for choosing
the best candidate. Criterion 1 stipulates the choice of the candidate that is closer to
each of its bordering axes than any other candidate on the same side of these axes, if
such a candidate exists. For example, in Figure 2.7 the candidates are B, 1, M, and N,
with B being the best candidate according to this criterion. Note that the situation may
arise that no candidate satisfies criterion 1 (e.g., Figure 2.10) or that several candidates
satisfy it (e.g., B and D in Figure 2.11). In such a case, the candidate with the
minimum L; metric value is chosen. This is called criterion 2. It is also known as the
city block metric (or the Manhattan metric).

The L; metric is the sum of the displacements from the bordering x and y axes.
To justify its use, we assume that the nodes are uniformly distributed in the two-
dimensional space. Our goal is to minimize the area obtained by removing from the
hatched region the rectangle whose opposite vertices are the root node and the candi-
date node (e.g., nodes A and B in Figure 2.6).

Figure 2.11 Quadtree with two nodes being closest to
their bordering axes
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Figure 2.12 Example of a two-dimensional space

Assume that the two-dimensional space is finite, having sides of length L, and L,
parallel to the x and y axes, respectively. Let this space be centered at the node to be
deleted. Assume further that the candidate node is at a distance of d, and d, from the
x and y axes, respectively. Under these assumptions, the remaining area is
L, -dy +Ly-d,—2-d, -d, (Figure 2.12). We can ignore the area of the rectangle
with sides d, and d, because the candidate selection process guarantees that it is
empty. AsL, and L, increase, as occurs in the general problem domain, the contribu-
tion of the 2 - d, -d, term becomes negligible, and the area is proportional to the sum
of d, and d, *

Criterion 2 is not sufficient by itself to ensure that the selected candidate parti-
tions the space so the hatched region contains no other candidate. For example, see
Figure 2.13, in which O has been deleted and A satisfies criterion 2 but only C satisfies
criterion 1. A pair of axes through C leaves all other candidates outside the hatched
region, while a pair of axes through A results in B’s being in the hatched region.

If no candidate is found to satisfy criterion 1, then criterion 2 guarantees that at
least one of the candidates, say X, has the property that no more than one of the
remaining candidates occupies the hatched region between the original axes and the
axes passing through X. To see this, we examine Figure 2.10 and note that whichever
candidate is selected to be the new root (say C in the Nw quadrant), then the candidate
in the opposite quadrant (i.e., SE) lies outside the hatched region. In addition, the can-
didate in a quadrant on the same side of an axis as is C, and to which axis C is closer
(i.e., B), lies outside the hatched region.

Figure 2.13 Example of the insufficiency of criterion 2 for
an empty hatched region

4 Actually this statement holds only forL, =r,. However, this approximation is adequate for the purpose of
this discussion. '
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Figure 2.14  Result of deleting node A from the quadtree
of Figure 2.7 and replacing it with node B

We are now ready to examine the deletion algorithm. It makes use of the pro-
perties of the space obtained by the new partition to reduce the number of nodes
requiring reinsertion. The algorithm consists of two procedures ADJQUAD and NEW-
ROOT. Let A be the node to be deleted, and let 7 be the quadrant of the tree containing
B, the replacement node for A. Note that no nodes in quadrant OPQUAD(/) need to be
reinserted. Separately process the two quadrants adjacent to quadrant / using pro-
cedure ADJQUAD described informally below.

Procedure ADJQUAD Examine the root of the quadrant, say r. If R
lies outside the hatched region, then two subquadrants can automatically
remain in the quadrant and need no further processing while the remaining
subquadrants are separately processed by a recursive invocation of ADJ-
QUAD. Otherwise the entire quadrant must be reinserted in the quadtree,
which was formerly rooted at A. L]

For example, consider Figure 2.7 where node A is deleted and replaced by node
B in the NE quadrant. The subquadrant rooted at J and the subquadrant rooted at K
remain in the NW quadrant, while the subquadrant rooted at L is recursively processed.
Eventually L must be reinserted in the tree rooted at M. The SE quadrant of A (rooted at
N) does not require reinsertion. Figure 2.14 shows the result of the deletion.

Once the nodes in the quadrants adjacent to quadrant / have been processed, we
must process the nodes in /. Clearly all of the nodes in subquadrant 7 of 1 will retain
their position. Bearing this in mind, we apply procedure NEWROOT, described infor-
mally below, to the remaining subquadrants of /.
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Figure 2.15  Subquadrants processed by ADJ when node
0 is deleted and replaced by node 4

Procedure NEWROOT Apply procedure ADIQUAD to the subqua-
drants adjacent to subquadrant / and iteratively reapply NEWROOT to
subquadrant OPQUAD(/ ). This is done until an empty link in direction OP-
QUAD(/) is encountered (i.e., at this point we are at B, the node replacing
the deleted node). Insert the nodes in the subquadrants adjacent to
subquadrant / of the tree rooted at B in the quadrants adjacent to quadrant /
of the tree rooted at A. Recall that by virtue of the candidate selection pro-
cess, subquadrant OPQUAD(/) of the tree rooted at B is empty. Also
subquadrant / of the tree rooted at B replaces subquadrant OPQUAD(/) of
the previous father node of B. ]

Figure 2.15 illustrates the subquadrants that are processed by ADJIQUAD when
node O is deleted and the resulting tree is rooted at node 4. For the example of Figure
2.7, the tree rooted at G is left alone. Trees rooted at H and I are processed by ADI-
QUAD. Trees rooted at D and E are reinserted in quadrants NW and SE, respectively.
The tree rooted at C replaces B as the son of F in subquadrant SW. Figure 2.14 shows
the result of deleting A from Figure 2.7.

A more formal specification of the deletion algorithm is given below using pro-
cedures PT_DELETE, ADIQUAD, and NEWROOT. PT_DELETE controls the deletion process
by first finding a replacement node for the deleted node and then invoking ADIQUAD
and NEWROOT to rearrange the quadtree to be consistent with the new root node. In
the process, we make use of CQUAD(Q) and CCQUAD(Q), which yield the adjacent qua-
drants in the clockwise and counterclockwise directions, respectively, from Q. Pro-
cedure INSERT_QUADRANT(P, R) inserts the nodes of the subtree rooted at P in the sub-
tree rooted at R.
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procedure PT_DELETE(P,R);

/* Delete node P from the point quadtree rooted at node R. If the root of the tree was

deleted, then reset R. */
begin
value pointer node P;
reference pointer node R;
pointer node J, T;
quadrant Q;
if HAS_NO_SONS(P) or HAS_ONLY_ONE_SON(P) then
begin /* Set P’s father to the son of P if one exists; otherwise, return NIL */
J « FIND_FATHER(P);
if null(J) then R «~ NON_EMPTY_SON(P)
else SON(J,SONTYPE(P)) « NON_EMPTY_SON({P);
returntoavail (P);
return;
end
else /* Find the ‘best’ replacement node for P and rearrange the tree */
begin
J « ‘best’ replacement node for P;
Q « quadrant of P containing J;
XCOORD(P) « XCOORD(J); /* Copy the coordinate values of node J to node P */
YCOORD(P) « YCOORD(J);
/* Rearrange the remaining quadrants */
ADJQUAD(CQUAD(Q),OPQUAD(Q),CQUAD(Q),P,P);
ADJQUAD(CCQUAD(Q),OPQUAD(Q),CCQUAD(Q),P,P);
if PT_COMPARE(SON(P,Q),P) = Q then
begin /*/* Open-closed conventions force reinsertion */
T « SON(P,Q);
SON(P,Q) « NIL;
INSERT_QUADRANT(T,P);
end
else NEWROOT(Q,SON(P,Q),P,P); /*/* Rearrange quadrant Q */
returntoavail(J); /*/* Return node J to AVAIL since it is no longer needed */
end;
end;

recursive procedure ADJQUAD(Q,D,S,F,R);

/* Rearrange subquadrant SON(F,S) of quadrant Q of the tree rooted at R. R is the node
that has been deleted. D is the quadrant in which nodes in the subquadrant rooted at

SON(F,S) may have to be reinserted. Otherwise, they remain in quadrant Q. */

begin

value quadrant Q,D,S;

value pointer node F,R;

pointer node T;

T « SON(F,S);

if null(T) then return /* An empty link */

else if PT_COMPARE(T,R)=Q then

/* Node T and subquadrants SON(T,Q) and SON(T,OPQUAD(D)) need no reinsertion */
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begin
ADJQUAD(Q,D,OPQUAD(Q),T,R); /* Rearrange subquadrant SON(T,OPQUAD(Q)) */

ADJQUAD(Q,D,D,T,R); /* Rearrange subquadrant SON(T,D) */

end

else /* Unlink subquadrant S from F so that it will not be found upon reinsertion

begin /* should it belong to the same quadrant */
SON(F,S) « NIL;
INSERT_QUADRANT(T,R);

end;

end;

recursive procedure NEWROOT(Q,S,R,F);

/* Rearrange the quadrant containing the replacement node for the deleted node—i.e.,
quadrant Q of node R. R is the node that has been deleted. S is the root of the
subquadrant currently being processed and is the son of F. */

begin

value quadrant Q;
value pointer node S,R,F;
if null(SON(S,OPQUAD(Q))) then
/* S is the replacement node. Insert its subquadrants and reset the father of the
replacement node. */
begin
INSERT_QUADRANT(SON(S,CQUAD(Q)),R);
INSERT_QUADRANT(SON(S,CCQUAD(Q)),R);
if R = F then /* Reset the father of the replacement node */
SON(F,OPQUAD(Q)) « SON(S,Q)
else SON(F,Q) « SON(S,Q);
end
else /* Rearrange the quadrants adjacent to quadrant Q of the tree rooted at S and
begin /* reapply NEWROOT to SON(S,OPQUAD(Q)) */
/* Rearrange subquadrant SON(S,CQUAD(Q)) */
ADJQUAD(Q,CQUAD(Q),CQUAD(Q),S,R);
/* Rearrange subquadrant SON(S,CCQUAD(Q)) */
ADJQUAD(Q,CCQUAD(Q),CCQUAD(Q),S,R);
/* Rearrange subquadrant SON(S,OPQUAD(Q)) */
if PT_COMPARE(SON(S,OPQUAD(Q)),R) # Q then
begin /* Open-closed conventions force reinsertion */
F « SON(S,OPQUAD(Q));
SON(S,OPQUAD(Q)) « NIL;
INSERT_QUADRANT(F,R);
end
else NEWROOT(Q,SON(S,OPQUAD(Q)),R,S);
end;
end;

Theoretical and empirical results for the above deletion method are described by
Samet [Same80c]. It is shown theoretically that for data that are uniformly distrib-
uted, the average number of nodes requiring reinsertion is reduced by a factor of
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Figure 2.16 A pseudo quadtree and the records it represents

five-sixths (i.e., 83%) when the replacement node satisfies criteria 1 and 2. The relax-
ation of the requirement that the replacement node must satisfy both criteria, and its
substitution by a selection at random of one of the candidates as the replacement node,
caused the factor by which the average number of nodes required reinsertion to
decrease to two-thirds (i.e., 67%). Of course, the candidate selection process becomes
considerably simpler in this case.

The empirical tests led to the following interesting observations. First, the
number of comparison operations is proportional to log4N versus a considerably larger
factor when using the deletion method of Finkel and Bentley [Fink74]. Second, the
total path length of the tree after deletion using Samet’s method [Same80c] decreases
slightly, whereas when Finkel and Bentley’s method [Fink74] is used, the total path
length increases significantly. These data are important because they correlate with
the effective search time (see also [Bent77b, Lee77b]). In other words, the smaller the
total path length. the faster a node can be accessed.

Deletion in point quadtrees is complex because the data points also serve to par-
tition the space from which they are drawn. The pseudo quadtree of Overmars and
van Leeuwen [Over82] simplifies deletion by using arbitrary points, not in the set of
data points being represented, for the partitioning process. The pseudo quadtree is
constructed by repeatedly partitioning the space into quadrants, subquadrants, and so
on, until each subquadrant contains at most one data point of the original set. This
means that the data points occur as leaf nodes of the pseudo quadtree. The partition
points are chosen in a manner that splits the remaining set in the most balanced way.
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Overmars and van Leeuwen show that for any N data points in a k-dimensional

space, there exists a partitioning point such that every quadrant contains at most
[N/(k+1)] data points. They also demonstrate that the resulting pseudo quadtree has a
depth of at most [ log,,;N| and can be built in O(N - log;,N) time. For example, Fig-
ure 2.16 is the pseudo quadtree corresponding to the data of Figure 2.1. Efficient dele-
tion and insertion in a pseudo quadtree requires that the bound on the depth be weak-
ened slightly (see Exercise 2.23).

2.11.

2.12.

2.13.

2.14.

2.15.

2.16.

2.17.

2.18.

2.19.

2.20.

Exercises

Suppose that a point quadtree node is implemented as a record with a FATHER field con-
taining a pointer to its father. Modify procedure PT_DELETE to take advantage of this
addition.

Let T be a tree containing ~ nodes with TPL(7) denoting its total path length. Prove that
the sum of the sizes of its subtrees is TPL(T) + N. Show that this result holds for binary
trees and quadtrees as well.

Define a nontrivial subtree to be a subtree with two or more nonempty subtrees. Let Q(v)
be the expected nontrivial subtree size in a complete point quadtree of ¥ nodes. Prove
that as v gets large, o(v) is 4 - log,(¥ - N) — 4/3. Do not take the root of the subtree into
account. Note that (V) is the cost of deletion when the method of Finkel and Bentley
[Fink74] is used. A complete point quadtree is used because such a configuration mini-
mizes the average cost of deletion in this case since, recalling Exercise 2.12, the sum of
the subtree sizes for a given tree T containing ~ nodes is TPL(T') + N. This quantity is at a
minimum when 7 is a complete tree.

Assuming a complete point quadtree of ¥ nodes, let r(~) denote the proportion of nodes
that do not require reinsertion when using the deletion method of Samet [Same80c]. Let
A and B be the deleted and replacement node, respectively, where B is a node returned by
FIND_CANDIDATE. Assume that the nodes are partitioned uniformly throughout the parti-
tion of the two-dimensional space rooted at A. Use values of one-half for the probability
that a node needs to be reinserted. Show that when B satisfies criteria 1 and 2, r(N) is
five-sixths or three-quarters depending on whether none of the adjacent quadrants has its
candidate replacement node in the hatched region. Similarly show that r(~) is two-thirds
when the replacement node is chosen at random from the set of nodes returned by pro-
cedure FIND_CANDIDATE.

Can you prove that the point quadtree deletion algorithm encoded by procedure PT_DE-
LETE is O(logyN)?

Why do the resulting trees get bushier when the point quadtree node deletion algorithm
given in procedure PT_DELETE is used?

Extend the deletion method of Samet [Same80c] to handle k-dimensional point quadtrees
and compute r(¥).

Write an algorithm, BUILD_PSEUDO_QUADTREE, to construct a pseudo quadtree for two-
dimensional data.

Given a set of N points in k-dimensional space, prove that there exists a partitioning point
such that every quadrant contains [ N/ (k+1)] points.

Given a set of N points in k-dimensional space, prove that there exists a pseudo quadtree
for it with a depth of at most [ log;,;N] .
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2.21. Show that the upper bound obtained in Exercise 2.20 is a strict upper bound in that there
exists a configuration of ~ points such that there is no corresponding pseudo quadtree
with depth less than [ log;, V] .

2.22. Prove that the pseudo quadtree of Exercise 2.20 can be built in O(~ - log; . N ) time.

2.23. Prove that for any fixed 8 (0 < & < 1) there is an algorithm to perform ~ insertions and
deletions in an initially empty k-dimensional pseudo quadtree such that its depth is
always at most log, ., _s n + O (1) and that the average transaction time is bounded by

1
O(-—S—

log3n ). n denotes the number of nodes currently in the tree.

2.3.3 Search

The point quadtree is suited for applications that involve proximity search. A typical
query is one that requests the determination of all nodes within a specified distance of
a given data point—such as all cities within 50 miles of Washington, D.C. The
efficiency of the point quadtree data structure lies in its role as a pruning device-on the
amount of search required. Thus many records will not need to be examined.

For example, suppose that in the hypothetical database of Figure 2.1 we wish to
find all cities within eight units of a data point with coordinates (83,10). In such a
case, there is no need to search the NW, NE, and SW quadrants of the root (i.e., Chicago
with coordinates (35,40)). Thus we can restrict the search to the SE quadrant of the
tree rooted at Chicago. Similarly there is no need to search the NW and SW quadrants
of the tree rooted at Mobile (i.e., coordinates (50,10)).

As a further illustration of the amount of pruning of the search space achievable
by use of the point quadtree, we make use of Figure 2.17. In particular, given the

Gl
N

Problem: Find all nodes within radius r of point A,

Solution: If the root is In region I, then continue to seorch
in the quadronts specified by 1.

I. SE 6. NE 11, All but SW
2. SE,Sw 7. NE, NW 12. All but SE
3. SwW 8. Nw 13. Al

4, SE,NE 9. All but NW

5. SW,NwW 10. All but NE

Figure 2.17  Relationship between a circular search space
and the regions in which a root of a quadtree may reside
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problem of finding all nodes within radius r of point A, use of the figure indicates
which quadrants need not be examined when the root of the search space, say R, is in
one of the numbered regions. For example, if R is in region 9, all but its NW quadrants
must be searched. If R is in region 7, the search can be restricted to the NW and NE
quadrants of R.

Similar techniques can be used to search for data points in any connected figure.
For example, Finkel and Bentley [Fink74] give algorithms for searching within a rec-
tangular window of arbitrary size. To handle more complex search regions such as
halfspaces and convex polygons, Willard [Will82] defines a polygon tree where the
x —y plane is subdivided by J lines that need not be orthogonal, although there are
other restrictions on these lines (see Exercise 2.29). When J = 2, the result is a point
quadtree with nonorthogonal axes.

Thus we see that quadtrees can be used to handle all three types of queries
specified by Knuth [Knut73b]. Range and Boolean queries are described immediately
above while simple queries (e.g., what city is located at a given pair of coordinate
values) are a by-product of the point quadtree insertion process already described.

The cost of search in a point quadtree has been studied by Bentley, Stanat, and
Williams [Bent77b] (see Exercise 2.25) and Lee and Wong [Lee77b]. In particular,
Lee and Wong show that in the worst case, range searching in a complete two-
dimensional point quadtree takes O(2 - N 172y time. This result can be extended to k
dimensions to yield O(k - N '~'"*) and is derived in a manner analogous to that for k-d
trees as discussed in Section 2.4. Note that complete point quadtrees are not always
achievable as seen in Exercise 2.4. Partial range queries can be handled in the same
way as range searching. Lee and Wong [Lee77b] show that when ranges for s out of &
keys are specified, the algorithm has a worst-case running time of O(s - N ''/),

Exercises

2.24. Write a procedure PT_REGION_SEARCH that performs a region search for a circular region.
Repeat for a rectangular region.

2.25. Bentley and Stanat [Bent75¢] define a perfect point quadtree of height m as a point quad-
tree that (1) has 4' nodes at level m—i where the root is at level m, 0 <i <m-1, and (2)
every node is at the centroid of the finite space spanned by its subtrees. Assume a search
space of [0,1]° and a rectangular search region of sides of length x and y where x and y
are in [0,1]. Find the expected number of nodes visited in a perfect point quadtree of
height m when a region search procedure is applied to the above search region.

2.26. Bentley and Stanat [Bent75c] also define the concept of overwork of a search algorithm
as the difference between the number of records visited and the number of records in the
search region. Assume a search space of [0, 1]> with N records and a square search region
of side length x where x is in [0,1]. Compare the amount of overwork for an inverted file
and a perfect point quadtree.

2.27. Prove that the worst-case running time for a partial range query such that ranges for s out
of k keys are specified is O(s - ¥ '~'%).

2.28. Perform an average-case analysis for a region query in a point quadtree.

2.29. What are the restrictions on the choice of subdivision lines in Willard’s polygon tree
[Will82]?
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24 K-D TREES

Point quadtrees have several deficiencies. First, at each node a test (i.e., a PT_COM-
PARE operation) requires testing all £ keys for a k-dimensional quadtree. Second, each
leaf node is rather costly in terms of the amount of space required due to a multitude
of NIL links.” Third, the node size gets rather large for a k-dimensional tree since
k + 2% + 1 words are required for each node. Also the same data structure cannot be
used to represent a node for all values of k. The k-d tree of Bentley [Bent75b] and its
variants is an improvement that serves to alleviate some of these deficiencies.

In the term k-d tree, k denotes the dimensionality of the space being represented.
In principle, it is a binary search tree with the distinction that at each depth a different
attribute (or key) value is tested when determining the direction in which a branch is
to be made. In two dimensions (i.e., a 2-d tree), we compare x coordinate values at
the root and at even depths (assuming that the root is at depth 0) and y coordinate
values at odd depths.

Each data point is represented as a node in the k-d tree in the form of a record
of type node containing six fields. The first two fields contain pointers to the node’s
two sons corresponding to the directions ‘LEFT’ and ‘RIGHT’. If P is a pointer to a
node and ! is a direction, then these fields are referenced as SON(P, ). At times, these
two fields are also referred to as LOSON(P ) and HISON(P ), corresponding to the left and
right sons, respectively. We can determine the side of the tree in which a node, say P,
lies relative to its father by use of the function SONTYPE(P), which has a value of / if
SON(FATHER(P), I) = P. XCOORD and YCOORD contain the values of the x and y coordi-
nates, respectively, of the data point. The NAME field contains descriptive information
about the node (e.g., city name). The DISC field indicates the name of the coordinate
that the node discriminates (i.e., tests).

We adopt the convention that when node P is an x-discriminator, then all nodes
having an x coordinate value less than that of P are in the left son of P and all those
with x coordinate values greater than or equal to that of P are in the right son of P. A
similar convention holds for a node that is a y-discriminator. Actually the DISC field
is not necessary since it is easy to keep track of the type of node being visited as the
tree is descended. Figure 2.18 illustrates the 2-d tree corresponding to the same eight
nodes as in Figure 2.1. Note that it is assumed that each data point is unique, although
this assumption can be overridden by using collision lists.

In the definition of a discriminator, the problem of equality of keys is resolved
by stipulating that equal keys are in the right subtree (i.e., HISON). As an alternative,
Bentley [Bent75b] defines a node in terms of a superkey. Given a node P, let Ky(P),
K, (P), etc., refer to its k keys. Assuming a value of j for DISC(P ), then for any node Q
in LOSON(P), K; (Q) < K; (P), and likewise for any node R in HISON(P ), K; (R) > K, (P).
In the case of equality, a superkey, s, (P), is defined by forming a cyclical concatena-
tion of all keys starting with k;(P). In other words, §;(P)=K;(P) K;,,(P)
Kioy(P) Ko(P) -+ K;_;(P). Now, when comparing two keys P and 0 we turn to the

5 Of course, these NIL pointers can be avoided in an efficient implementation (e.g.. see Section 2.1.2 of
[Same90b)).
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Figure 2.18 A k-d tree and the records it represents

left when §;(Q) < §;(P) and to the right when s, (Q) > §; (P). If 5; (@) =5, (P), then all
k keys are equal, and a special value is returned to so indicate. The algorithms
presented below do not make use of a superkey.

The subdivision lines of the k-d tree as defined here are constrained to be
orthogonal. The BSP tree of Fuchs, Kedem, and Naylor [Fuch80], discussed in Section
1.4.1, is an example of a k-d tree where the subdivision lines are not necessarily
orthogonal. In the BSP tree, each node is represented by its linear halfspace equation,
which is a line in two dimensions and a plane in three dimensions. Similarly in two
dimensions each node’s block is a convex polygon, while in three dimensions it is a
convex polyhedron.



68 I 2 POINTDATA

2.4.1 Insertion

Records are inserted into k-d trees in a manner analogous to binary search trees. In
essence, we search for the desired record based on the values of its x and y coordi-
nates, comparing x coordinate values at even depths of the tree and y coordinate
values at odd depths. The comparisons are made by use of procedure KD_COMPARE.
When we reach the bottom of the tree (i.e., when a NIL pointer is encountered), we
find the location where the node is to be inserted. As in the case of point quadtrees,
the shape of the resulting k-d tree depends on the order in which the nodes are inserted
into it. Bentley [Bent75b] shows that given N points, the average cost of inserting, as
well as searching for (i.e., a point query), a node is O(log,N ).

Figure 2.18 is the k-d tree for the sequence Chicago, Mobile, Toronto, Buffalo,
Denver, Omaha, Atlanta, and Miami. Figure 2.19a—d shows how the tree was con-
structed in an incremental fashion for these four cities. The actual insertion is
achieved by use of procedure KD_INSERT.

It should be clear that in the insertion process described here, each node parti-
tions the portion of the plane in which it resides into two segments. Thus, in Figure
2.18, Chicago divides the plane into all nodes whose x coordinate value is less than 35
and all nodes whose x coordinate value is greater than or equal to 35. In the same
figure, Denver divides the set of all nodes whose x coordinate value is less than 35
into those whose y coordinate value is less than 45 and those whose y coordinate value
is greater than or equal to 45.

direction procedure KD_COMPARE(P,Q);
/* Return the son of the k-d tree rooted at node Q in which node P belongs. */
begin
value pointer node P,Q;
return(if DISC(Q)="X’ then
if XCOORD{P) < XCOORD(Q) then ‘LEFT’
else ‘RIGHT’
else if YCOORD(P) < YCOORD(Q) then 'LEFT’
else ‘RIGHT’);
end;

procedure KD_INSERT(P,R);
/* Attempt to insert node P in the k-d tree rooted at node R. */
begin
value pointer node P;
reference pointer nodeR; pointer node F, T;
direction Q;
if null(R) then begin R « P; DISC(P) « 'X’; end
else
begin
T« R; /* Initialize T since R is a reference variable */
while not(null(T)) and not(EQUAL_COORD(P,T)) do
begin
F « T: /* Remember the father */
Q « KD_COMPARE(P,T);
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T « SON(T,Q);

end;

if null(T) then /* P is not already in the tree */

begin
SON(F,Q) « P;
DISC(P) « NEXT_DISC(F);

end;

end;
end;

As in the case of the point quadtree, the amount of work expended in building a
k-d tree is equal to the total path length (TPL) of the tree as it reflects the cost of

{0,100} {100,100) {0, 100) {100, 100)
Y Y
138,40 (35, 40)
CHICAGO 1 cHicaco
(80,10)
MOBILE
{0,0) {100,0) {0,0) {100,0)
X ——» X ——
a b
{0, 100) {100, 100) {0, 100) {100,100)
160,75) { (60,75) ¢ (80,65)
I TORONTO) T TORONTO| BUFFALO
Y Y
138,40 (35,40)
CHICAGO CHICAGO
{50,10) {30,10)
MOBILE MOBILE
10,0} {100,0) {0,0) {100, 0)
X— X—
c d

Figure 2.19  Sequence of partial k-d trees demonstrating the addition of (a) Chicago,
(b) Mobile, (c) Toronto, and (d) Buffalo
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searching for all of the elements. Bentley [Bent75b] shows that the total path length
of a k-d tree built by inserting N points in random order into an initially empty tree is
O(N - logy;N) and thus the average cost of inserting a node 1s O(log,N). The extreme
cases are worse since the shape of the k-d tree depends on the order in which the
nodes are inserted into it, thereby affecting the TPL. In the following, we examine the
static and the dynamic approaches to reducing the TPL.

The static approach assumes that all nodes are known a priori. Bentley
[Bent75b] proposes an optimized k-d tree, which is constructed in the same manner as
the optimized point quadtree of Section 2.3.1. An alternative static data structure
incorporating ‘adaptive partitioning’ is the ‘adaptive k-d tree’ of Friedman, Bentley,
and Finkel [Frie77]. Unlike the standard k-d tree, and in the spirit of the pseudo quad-
tree of Overmars and van Leeuwen [Over82] (see Section 2.3.2), data are stored only
at the leaf nodes. Each interior node contains the median of the set (along one key) as
the discriminator.

(0,100) (100, 100)
]
(60,75)
TORONTO . (80,65)
T BUFFALO
Y
]
(5,45) o (35,40)
DENVER N CHICAGO
(25, 35)
OMAHA
(85,15)
ATLANTA o
(50, 10) °
MOBILE (90, 5)
MIAMI
(0,0) (100, 0)
X —r

DENVER  OMAHA MOBILE CHICAGO MIAMI  ATLANTA TORONTO BUFFALO
(5,45)  (25,35) (50,10) (35,40) (90,5) (85,15) (60,75) (80, 65)

Figure 2.20 Adaptive k-d tree: (a) set of points in 2-space,
(b) 2-d tree
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Figure 2.21  Example demonstrating deletion in k-d trees
(? indicates the node being deleted): (a) original k-d tree,
(b)—(f) successive steps in deleting node A, (g) final k-d tree

The discriminator is chosen to be the key for which the spread of the values of
the key is a maximum. This spread can be measured by any convenient statistic, such
as the variance or the distance from the minimum to the maximum value (usually nor-
malized with respect to the median value). All records with key values less than the
discriminator are added to the left subtree, and all records with key values greater than
or equal to the discriminator are added to the right subtree. This process is continued
recursively until only a few nodes are left in a set, at which point they are stored as a
linked list. Note that we no longer require a cyclical discriminator sequence. In other
words, the same key may serve as the discriminator for a node and its father, as well
as its son.

Figure 2.20 shows the adaptive k-d tree corresponding to the data of Figure 2.1.
Note that although Figure 2.20b leads to the impression that the adaptive k-d tree is
balanced, this is not necessarily the case. For example, when several nodes have the
same value for one of their attributes (e.g., nodes E and F of Figure 2.21), then a mid-
dle value is impossible to obtain. The concept of a superkey is of no use in such a
case.

The adaptive k-d tree is a static data structure in the sense that we must know all
of the data points a priori before we can build the tree. Thus deletion of nodes is con-
siderably more complex than for conventional k-d trees (see Section 2.4.2) since we
must obtain new partitions for the remaining data. Searching in adaptive k-d trees
proceeds in an analogous manner to that in conventional k-d trees.
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The dynamic approach to reducing the TPL in k-d trees constructs the tree as the
data points are inserted into it. The construction algorithm is similar to that used to
construct the optimized k-d tree except that every time the tree fails to meet a
predefined balance criterion, the tree is partially rebalanced. This approach is dis-
cussed by Overmars and van Leeuwen [Over82] (see also Willard [Will78]), who
present two variations; the first is analogous to the optimized point quadtree and the
second to the pseudo quadtree. Such methods are characterized by Vaishnavi
[Vais84] as yielding ‘severely’ balanced trees in that they are generalizations of com-
plete binary trees for one-dimensional data. As such, they cannot be updated
efficiently.

Vaishnavi proposes a relaxation of the balancing criterion by generalizing the
height-balancing constraint for height-balanced trees (also known as AVL trees
[Adel62, Aho74]). This is done by storing data in a nested sequence of binary trees so
that each nonleaf node tests a given attribute, say P with DISC(P )=/. Each nonleaf
node P has three sons. The left and right sons point to nodes with smaller and larger,
respectively, values for the s attribute. The third son is the root of a (k—1)-
dimensional tree containing all data nodes that have the same value for the /" attribute
as the data point corresponding to P. The ‘rotation’ and ‘double rotation’ restructuring
operations of height-balanced trees are adapted to the new structure. For N points,
their use is shown to yield O(log,N + k) bounds on their search and update times (i.e.,
node insertion and deletion). This data structure does not appear well-suited to range
queries.

Exercises

2.30. Suppose that a k-d tree node is implemented as a record with a FATHER field containing a
pointer to its father. Modify procedure KD_INSERT to take advantage of this addition.

2.31. Modify procedures KD_COMPARE and KD_INSERT to handle a k-d tree node implementation
that makes use of a superkey in its discriminator field.

2.32. Prove that the TPL of a k-d tree of N nodes built by inserting the ¥ points in a random order
is OV - logyN).

2.33. Write a procedure, BUILD_OPTIMIZED_KDTREE, to construct an optimized k-d tree.

2.34. Write a procedure, BUILD_ADAPTIVE_KDTREE, to construct an adaptive k-d tree.

2.35. Analyze the running time of procedure BUILD_ADAPTIVE_KDTREE.

2.36. Recall from the text that the optimized k-d tree can also be constructed dynamically.
Given & (0 < & < 1), show that there exists an algorithm to build such a tree so that its
depth is always at most log, _s # + O (1) and that the average insertion time in an initially

. 1 .
empty data structure is O(EloggN ). n denotes the number of nodes currently in the tree,

and N is the total number of nodes in the final tree.

2.37. Define a pseudo k-d tree in an analogous manner to that used to define the pseudo-
quadtree in Section 2.3.2. Repeat Exercise 2.23 for the pseudo k-d tree. In other words,
prove that the same result holds for ~ insertions and deletions in a k-dimensional pseudo
k-d tree.

2.38. Give the k-d tree analogs of the single and double rotation operators [Knut73b, p. 454].
Make sure that you handle equal key values appropriately.
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Figure 2.22 Example of a k-d tree in (a) whose right
son (b) is not a k-d tree

2.4.2 Deletion

Deletion of nodes from k-d trees is considerably more complex than for binary search
trees. Observe that, unlike the binary search tree, not every subtree of a k-d tree is
itself a k-d tree. For example, although Figure 2.22a is a k-d tree, its right subtree
(Figure 2.22b) is not. This is because the root node in a 2-d tree discriminates on the
value of the x coordinate, while both children of the root node in Figure 2.22b have x
coordinate values that are larger than that of the root node. Thus we see that special
care must be taken when deleting a node from a k-d tree.

In contrast, when deleting a node from a binary search tree, we simply move a
node and a subtree. For example, deleting node 3 from Figure 2.23a results in replac-
ing node 3 with node 4 and replacing the left subtree of 8 by the right subtree of 4 (see
Figure 2.23b). However, this cannot be done, in general, in a k-d tree because the
nodes with values 5 and 6 might not have the same relative relationship at their new
depths.

Deletion in a k-d tree can be achieved by the following recursive process. Let
us assume that we wish to delete the node (a,b) from the k-d tree. If both subtrees of
(a,b) are empty, replace (a,b) with the empty tree. Otherwise find a suitable replace-
ment node in one of the subtrees of (a,b), say (c,d), and recursively delete (c,d) from
the k-d tree. Once (c,d) has been deleted, replace (a,b) with (c,d).

6

o

a b

Figure 2.23 (a) Example of a binary search tree and
(b) the result of deleting its root



74 | 2 POINT DATA

{a,b)
(c,d)

{c,n)

Figure 2.24 Example k-d tree illustrating why the replace-
ment node should be chosen from the right subtree of the
tree containing the deleted node

At this point, it is appropriate to comment on what constitutes a ‘suitable’
replacement node. Recall that an x-discriminator is a node that appears at an even
depth, and hence partitions its space based on the value of its x coordinate. A y-
discriminator is defined analogously for nodes at odd depths. Assume that (a,b) is an
x-discriminator. We know that every node in (a,b)’s right subtree has an x coordinate
with value greater than or equal to a. The node that will replace (a,b) must bear the
same relationship to the subtrees of (a,b). Using the analogy with binary search trees,
it would seem that we would have a choice with respect to the replacement node. It
must either be the node in the left subtree of (a,b) with the largest x coordinate value
or the node in the right subtree of (a,b) with the smallest x coordinate value.

Actually we do not really have a choice, as the following comments will make
clear. If we use the node in the left subtree of (a,b) with the maximum x coordinate
value, say (c¢,d), and there exists another node in the same subtree with the same x
coordinate value, say (c,/), then when (c,d) replaces node (a,b), there will be a node
in the left subtree of (c¢,d) that does not belong there by virtue of having an x coordi-
nate value of c. Thus, we see that given our definition of a k-d tree, the replacement
node must be chosen from the right subtree. Otherwise a duplicate x coordinate value
will disrupt the proper interaction between each node and its subtrees. Pictorially this
can be seen by examining Figure 2.24. Note that the replacement node need not be a
leaf node.

(a,b) (c,d)

(c,d)
a b

Figure 2.25 (b) The result of deleting (a,b) from the k-d
tree in (a)
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The only remaining question is how to handle the case when the right subtree of
(a,b) is empty. This is solved by the following recursive process. Find the node in the
left subtree of (a,b) that has the smallest value for its x coordinate, say (c,d).
Exchange the left and right subtrees of (a,b) with (c,d) and recursively apply the dele-
tion procedure to node (¢,d) from its prior position in the tree (i.e., in the left subtree
of (a,b); see Figure 2.25).

The problem of deleting a node (a,b) from a k-d tree is reduced to that of finding
the node with the least x coordinate value in a subtree of (a,h). Unfortunately locating
the node with the minimum x coordinate value is considerably more complex than the
analogous problem for a binary search tree. In particular, although the node with the
minimum x coordinate value must be in the left subtree of an x-discriminator, it could
be in either subtree of a y-discriminator. Thus search is involved, and care must be
taken in coordinating this search so that when the deleted node is an x-discriminator at
depth O, only one of the two subtrees rooted at each odd depth is searched. This is
done using procedure FIND_D_MINIMUM (which is not given here).

As can be seen from the discussion, deleting a node from a k-d tree can be
costly. We can obtain an upper bound on the cost in the following manner. Clearly
the cost of deleting the root of a subtree is bounded from above by the number of
nodes in the subtree. Letting TPL(T) denote the total path length of tree 7, it can be
shown that the sum of the subtree sizes of a tree is TPL(T ) + N (see Exercise 2.12).

Bentley [Bent75b] proves that the TPL of a tree built by inserting N points in a
random order is O(N - log,N ), which means that the average cost of deleting a ran-
domly selected node from a randomly built k-d tree has an upper bound of O(log,N ).
This relatively low value for the upper bound reflects the fact that most of the nodes in
the k-d tree are leaf nodes. The cost of deleting root nodes is considerably higher.
Clearly it is bounded by N. Its cost is dominated by the cost of the process of finding a
minimum element in a subtree that is O(N '~'/%) (see Exercise 2.43) since on every k"
level, only one of the two subtrees needs to be searched.

As an example of the deletion process, consider the k-d tree in parts a and b of
Figure 2.21. We wish to delete the root node A at (20,20). Assume that A is an x
discriminator. The node in the right subtree of A with a minimum value for its x coor-
dinate is C at (25,50). Thus C replaces A (see Figure 2.21c), and we recursively apply
the deletion procedure to C’s position in the tree. Since C’s position was a y-
discriminator, we seek the node with a minimum y coordinate value in the right sub-
tree of C. However, C’s right subtree was empty, which means that we must replace C
with the node in its left subtree that has the minimum y coordinate value.

D at (35,25) is the node in the left subtree that satisfies this minimum value con-
dition. It is moved up in the tree (see Figure 2.21d). Since D was an x-discriminator,
we replace it by the node in its right subtree having a minimum x coordinate value. H
at (45,35) satisfies this condition, and it is moved up in the tree (see Figure 2.21e).
Again, H is a x-discriminator and we replace it by I—the node in its right subtree with
a minimum x coordinate value. Since is a leaf node, our procedure terminates. Fig-
ure 2.21f and 2.21g shows the result of the deletion process. Procedures KD_DELETE
and KD_DELETEI, given below, are a formal description of the deletion process.
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procedure KD_DELETE(P,R);
/* Delete node P from the k-d tree rooted at node R. If the root.of the tree was deleted,
thenreset R. */
begin
value pointer node P;
reference pointer node R;
pointer node F,N;
N « KD_DELETE1(P);
F « FIND_FATHER(P);
if null{F) then R « N /* Reset the pointer to the root of the tree */
else SON(F,SONTYPE(P)) « N;
returntoavail(P);
end;

recursive pointer node procedure KD_DELETE1(P);
/* Delete node P and return a pointer to the root of the resulting subtree. */
begin
value pointer node P;
pointer node F,R;
direction D;
if null(LOSON(P)) and null{(HISON(P)) then
return(NIL) /* P is a leaf */
else D « DISC(P);
if null(HISON(P)) then /* Special case when HISON is empty */
begin
HISON(P) « LOSON(P);
LOSON(P) « NIL;
end;
R « FIND_D_MINIMUM(HISON(P),Dj};
F « FIND_FATHER(R);
SON(F,SONTYPE(R)) « KD_DELETE1(R); /* Reset the father of R */
LOSON(R) « LOSON(P);
HISON(R) <« HISON(P);
DISC(R) « DISC(P);
return(R);
end;

The above discussion required a special provision to account for the definition
of a k-d tree node as a partition of space into two parts—one less than the key value
tested by the node and one greater than or equal to the value tested by the node.
Defining a node in terms of a superkey alleviates this problem since we no longer
have to choose the replacing node from the right subtree, we now have a choice. The
best algorithm is one that ‘flip-flops’ between the left and right sons, perhaps through
the use of a random number generator (see Exercise 2.41). Of course, node insertion
and search are slightly more complex since it is possible that more than one key will
have to be compared at each level in the tree (see Exercises 2.31 and 2.47).
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Exercises

2.39. Suppose that a k-d tree node is implemented as a record with a FATHER field containing a
pointer to its father. Modify procedures KD_DELETE and KD_DELETE! to take advantage of
this addition.

2.40. Convince yourself that procedures KD_DELETE and KD_DELETEI! really work by hand trac-
ing their operation on Figure 2.21; that is, delete node A.

2.41. Modify procedures KD_DELETE and KD_DELETE! to handle a k-d tree node implementation
that makes use of a superkey in its discriminator field.

2.42. Given a node P in a k-d tree that discriminates on attribute D, write an algorithm, FIND_D_-
MINIMUM, to compute the D-minimum node in its left subtree. Repeat for the right subtree
of p. Generalize your algorithm to work for either of the two subtrees.

2.43. Prove that the cost of finding a D-minimum element in a k-d tree is O(v

2.44. Modify procedures KD_DELETE and KD_DELETEI so that they need not recompute the father

of the node being deleted.

I—I/k).

2.4.3 Search

Like point quadtrees, k-d trees are useful in applications involving search. Again we
consider a typical query that seeks all nodes within a specified distance of a given
point. The k-d tree data structure serves as a pruning device on the amount of search
required; that is, many nodes need not be examined. To see how the pruning is
achieved, suppose we are performing a region search of distance d around a node with
coordinates (a,b). In essence, we want to determine all nodes (x,y) whose Euclidean
distance from (a,b) is less than or equal to d—that is, d 2 > (a — x)2 +(b - y)2.

Clearly this is a circular region. The minimum x and y coordinate values of a
node in this circle cannot be less than @ —d and b —d, respectively. Similarly the
maximum x and y coordinate values of a node in this circle cannot be greater than
a+d and b +d, respectively. Thus if the search reaches a node with coordinate
values (e,f) and KD_COMPARE((a —d, b —d),(e,f)) = ‘RIGHT’, then there is no need to
examine any nodes in the left subtree of (e,f). Similarly, the right subtree of (e,f)
need not be searched when KD_COMPARE((a + d, b + d),(e,f)) = ‘LEFT .

For example, suppose that in the hypothetical data base of Figure 2.18 we wish
to find all cities within three units of a point with coordinates (88,6). In such a case,
there is no need to search the left subtree of the root (i.e., Chicago with coordinates
(35,40)). Thus we need only examine the right subtree of the tree rooted at Chicago.
Similarly there is no need to search the right subtree of the tree rooted at Mobile
(coordinates (50,10)). Continuing our search, we find that only Miami, at coordinates
(90,5), satisfies our request. Thus we had to examine only three nodes during the
search,

In general, the search cost depends on the type of query. Given N points, Lee
and Wong [Lee80a] have shown that in the worst case, the cost of a range search of a
complete k-d tree is O(k - N '"'*). To see how this bound is obtained we assume that
k = 2 and, without loss of generality, consider a rectangular search region (see
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Figure 2.26 Example k-d tree illustrating the worst case
for the search procedure

Exercise 2.45), marked hatched, in Figure 2.26. We use the number of nodes visited
while searching the tree as a measure of the amount of work that needs to be
expended.

Since we are interested in the worst case, we assume that B and C (Figure 2.26)
partition the tree rooted at A in such a way that the search region is overlapped by the
regions rooted at B and C. If B is within the search region, the tree rooted at D need not
be searched further. If B is outside the search region (as is the case here), the tree
rooted at E need not be searched further. Similarly if F is within the search region, the
tree rooted at H need not be searched further. Finally, when F is outside the search
region (as is the case here), the tree rooted at I need not be searched further. G is
chosen in such a way that both of its subtrees will have to be searched. Further parti-
tioning of G is analogous to a recursive invocation of this analysis two levels lower
than the starting level (see the cross-hatched region in Figure 2.26).

The remaining subtrees of B and F (D and H) are equivalent to each other and
enable the elimination of two subtrees from further consideration at every other level.
For example, the sons of D are P and Q, with sons R and S, and v and w, respectively.
Both s and W need no further processing.

We are now ready to analyze the worst case of the number of nodes that will be
visited in performing a range search in a 2-d tree. Let r; denote the number of nodes
visited when dealing with a k-d tree rooted at level i. Let u; denote that number of
nodes visited when dealing with a subtree of the form illustrated by the trees rooted at
nodes D and H in Figure 2.26. This leads to the following recurrence relations:

f,'=1+1+1+[,-_2+M,—_2+1+ll,'_3
upi=l+1+1+2 u;_,

with initial conditions ro =ug=0and t; =u, = 1.

t; and u; can best be understood by referring to Figure 2.27, which is a tree-like
representation of the k-d tree of Figure 2.26. The terms in #; correspond to nodes A, B,
C, G, D, F, and H in order, while the terms in u; correspond to nodes D, P, Q, R, and V in
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Figure 2.27  Tree representation of Figure 2.26

order. The square nodes in the figure (e.g., E, I, S, and W) correspond to subtrees that
have been pruned; they do not have to be searched.

When these relations are solved, we find that, under the assuraption of a com-
plete binary tree (i.e., N=2"""), 1, is O(2 - N'/?). Note that, unlike the point quadtree,
a complete binary k-d tree can always be constructed (see the optimized k-d tree of
Bentley [Bent75b] discussed in Section 2.4.1). In general, for arbitrary %, 1, is
Ok - N -5,

Partial range queries can be handled in the same way as range searching. Lee
and Wong [Lee77b] show that when ranges for s out of k keys are specified, the algo-
rithm has a worst-case running time of O(s - N I-17ky " For an alternative derivation, see
Exercise 2.50.

As is the case for the point quadtree, the k-d tree can be used to handle all three
types of queries specified by Knuth [Knut73b]. The range query is described above.
Simple queries are a by-product of the k-d tree insertion process. Boolean queries are
straightforward. Range queries can be facilitated by use of a bounds array B[i] of 2 - k
elements stored at each node. It contains the range of values for all of the coordinates
of the points stored in the k-d tree rooted at the node.

Exercises

2.45. Why was the search region in Figure 2.26 chosen in the lower left corner of the space
instead of somewhere in the middle?

2.46. Write a procedure KD_REGION_SEARCH to determine all the nodes in a given k-d tree that
intersect a given rectangular region in k-dimensional space. Use a bounds array to facili-
tate your task. KD_REGION_SEARCH should make use of a pair of auxiliary functions—one
to determine if a subtree can be pruned and the other to determine if a node is indeed in
the search region.

2.47. Modify procedure KD_REGION_SEARCH of Exercise 2.46 to handle a k-d tree node imple-
mentation that makes use of a superkey in its discriminator field.
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2.48. Solve the recurrence relations for 7; and u; used to analyze range searching in a k-d tree.

2.49. A partial match query is closely related to the range query. In this case. values are
specified for 7 (1 < k) of the keys, and a search is made for all records having such values
for the specified keys. Show how you would use procedure KD_REGION_SEARCH of Exer-
cise 2.46 to respond to a partial match query.

2.50. Given a complete k-d tree of N nodes where N =2*""—] and all leaf nodes appear at
depth k - 1 — 1, prove Bentley’s [Bent75b] result that, in the worst case, O(x “ %) nodes
are visited in performing a partial match query with r out of & keys specified.

2.51. In Exercise 2.25 a peifect point quadtree was defined and used to analyze the expected
number of nodes visited in performing a region query for a 2-dimensional point quadtree.
Define a perfect k-d tree in an analogous manner and repeat this analysis.

2.52. Perform an average-case analysis for region queries and partially specified queries in a
k-d tree.

2.4.4 Comparison with Point Quadtrees

From the previous discussion we see that k-d trees alleviate many of the deficiencies
of point quadtrees pointed out earlier. Assuming a A-dimensional space, at each node,
only one key needs to be compared instead of %, as is the case with point quadtrees.
Terminal nodes, as well as other nodes, do not occupy too much space since the
number of pointers per node is reduced to 2 for all values of k instead of 2*.

Nevertheless, the k-d tree node is still not of uniform size for all values of &
since the & key values must be stored at each node. Therefore the total space require-
ment per node is 4 + k£ words: one word each for the NAME and DISC fields, two words
for the LOSON and HISON pointers, and £ words for the & key values. Actually we can
get by with 3 + & words per node since the DISC field is not necessary. If the adaptive
k-d tree is used, then no data need to be stored in the nonleaf node, except for the par-
tition value of the discriminator key, which requires one word. However, a DISC field
must be stored in such a case. Therefore the total space requirement is five words per
nonleaf node, and our goal of a uniform node size has been attained.

The point quadtree does have one advantage over the k-d tree. The point quad-
tree is an inherently parallel data structure, and thus a key comparison operation can
be performed in parallel for the & key values. This cannot be done for the k-d tree.
Therefore we can characterize the k-d tree as a superior serial data structure and the
point quadtree as a superior parallel data structure. For a discussion of the use of
point quadtrees in a multiprocessor environment, see Linn [Linn73].

2.5 RANGE TREES AND PRIORITY SEARCH TREES

Finding efficient data structures for range searching has been an area of much interest.
The range tree of Bentley and Maurer [Bent79a, Bent80d] is an asymptotically faster
search structure compared to the point quadtree and the k-d tree; however, it has
significantly higher storage requirements. It stores points and is designed to detect all
points that lie in a given range.
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The range tree is best understood by first examining the one-dimensional range
searching problem. A one-dimensional range tree is a balanced binary search tree
where the data points are stored in the leaf nodes and the leaf nodes are linked in
sorted order by use of a doubly linked list. A range search for [L : R] is performed by
searching the tree for the node with the smallest value that is 2 L and then following
the links until reaching a leaf node with a value greater than R. For ¥ points, this pro-
cess takes O(log,N + F) time and uses O(N ) storage. F is the number of points found.

A two-dimensional range tree is a binary tree of binary trees. It is formed in the
following manner. First, sort all of the points along one of the attributes, say x, and
store them in the leaf nodes of a balanced binary search tree, say 7. With each nonleaf
node of T, say I, associate a one-dimensional range tree, say T,, of the points in the sub-
tree rooted at / where now these points are sorted along the other attribute, say y.

A range search for ([L, : R,], [L, : R,]) is performed by procedure 2D_SEARCH,
given below. It makes use of procedure 1D_SEARCH, not given here. Procedure 2D_-
SEARCH starts by searching T for the smallest value that is 2 L, say L,,, and the largest
value that is <R, say R,,. Let 0 be the common ancestor of L, and R, in T that is
closest to them (and hence the farthest from the root in terms of node links). Let {L;}
and {Rr;} denote the sequences of nodes excluding Q that form the paths in T from Q to
L., and R,,, respectively. Let LEFT (P ) and RIGHT (P ) denote the left and right sons,
respectively, of nonleaf node P. RANGE_TREE(P ) is the one-dimensional range tree for
y that is stored at nonleaf node P.

For each P that is an element of {L;} such that LEFT(P) is also in {L;}, 2D_-
SEARCH performs a one-dimensional range search for [L, : R,] in the one-dimensional
range tree for y rooted at node RIGHT (P ). For each p that is an element of {R;} such
that RIGHT (P) is also in {R;}, 2D_SEARCH performs a one-dimensional range search for
[L, : R,] In the one-dimensional range tree for y rooted at node LEFT (P ). 2D_SEARCH
also checks if L., and r,, are in the two-dimensional range.

procedure 2D_SEARCH(LX,RX,LY,RY,T);
/* Perform a range search for the two-dimensional interval ([LX:RX],[LY:RY]) in the two-
dimensional range tree rooted at T. */
begin
integer LX,RX,LY,RY;
value pointer node T;
pointer node LXP,RXP,P,Q;
set PATH_TO_LXP, PATH_TO_RXP;
LXP « find closest node > LX;
RXP « find closest node < RX;
report LXP if it is in the range;
report RXP if it is in the range;
Q « closest common ancestor of LXP and RXP;
PATH_TO_LXP « {nonleaf nodes on the path from Q to LXP};
PATH_TO_RXP « {nonleaf nodes on the path from Q to RXP};
foreach P in PATH_TO_LXP do
begin
if LEFT(P) € PATH_TO_LXP then
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1D_SEARCHI(LY,RY,RANGE_TREE(RIGHT(P)));

end;

foreach P in PATH_TO_RXP do
begin
if RIGHT(P) ¢ PATH_TO_RXP then

1D_SEARCHI(LY,RY,RANGE_TREE(LEFT(P)));

end;

end;

For example. the desired closest common ancestor of L, and R, in Figure 2.28 is
Q. One-dimensional range searches would be performed in the one-dimensional range
trees rooted at nodes A. B, C, and D since {L;} = {L,, L, L3, L.} and {R;} = {R|, Ry, R3,
R,}. For n points. procedure 2D_SEARCH takes O(log3n + F) time where F is the
number of points found (see Exercise 2.57). The two-dimensional range tree uses
O(N - log,N ) storage (see Exercise 2.56).

Figure 2.28 Example 2-d range tree to illustrate 2-d range
searching

TORONTC

DENVER BUFFALO

OMAHA ATLANTA

DENVER OMAHA  CHICAGO MOBILE TORONTO BUFFALO ATLANTA MIAM|
(5,45) (25,35) (35,40) (50,10) {60.75) {8C,65) (85,15) (90,5)

Figure 2.29  Priority search tree for the data of Figure 2.1.
Each leaf node contains the value of its x coordinate. Each
marked nonleaf node contains the value of its y coordinate
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The range tree also can be adapted easily to handle k-dimensional data. In such
a case, for N points, a k-dimensional range search takes O(login + F) time where F is
the number of points found. The k-dimensional range tree uses O(N - log§~!~) storage
(see Exercise 2.58).

Edelsbrunner [Edel81a] has reduced the order of execution time for the two-
dimensional range searching query to O(log,N + F) time (but still using O(N - log,N)
storage) by making use of McCreight’s priority search tree [McCr85]. The priority
search tree is a data structure designed for solving queries involving semi-infinite
ranges in two-dimensional space. A typical query has a range of the form ([, : R,],
[Ly : o))

A priority search tree is built in the following manner. Assume that no two data
points have the same x coordinate value (see Exercise 2.63). Sort all the points along
the x coordinate, and store them in the leaf nodes of a balanced binary search tree (i.e.,
a range tree), say T. We proceed from the root node toward the leaf nodes. With each
nonleaf node of 7, say /, associate the point in the subtree rooted at ; with the max-
imum value for its y coordinate that has not already been stored at a shallower depth in
the tree. If such a point does not exist, leave the node empty. For example, Figure
2.29 is the priority search tree for the data of Figure 2.1. For ~ points, this structure
uses O(N ) storage (see Exercise 2.61).

It is not easy to perform a two-dimensional range query of the form ([L, : R.],
[L, : R,]) with a priority search tree. The problem is that only the values of the x coor-
dinates are sorted. In other words, given a leaf node I that stores point (x,, y,), we
know that the values of the x coordinates of all nodes to the left of 7 are smaller than x,
and all those to the right of 7 are greater than x,. On the other hand, with respect to the
values of the y coordinates, we know only that all nodes below nonleaf node 7 with
value y, have smaller values; the y coordinate values associated with the remaining
nodes in the tree may be larger or smaller than that of 1.

This is not surprising because a priority search tree is really a variant of a range
tree in x (see Exercise 2.53) and a heap (i.e., priority queue) [Knut73b] in y. A heap
enables finding the maximum (minimum) value in O(1l) time. More generally the
largest (smallest) F out of N values can be determined in O(F) time, but the F values
are not sorted. Whether the heap is used to find the largest or smallest values depends
on how it is constructed. The way in which we specify the priority search tree enables
finding the largest values.

However, priority search trees make it very easy to perform a semi-infinite
range query of the form ([L,:R.], [L,:e]). The control structure is quite similar to that
of 2D_SEARCH. Descend the tree léoking for the nearest common ancestor of L, and
R, say 0. Apply the following tests during this descent, letting P be the point associ-
ated with the examined node, say T. If no such P exists, we are finished with the entire
search as all points in T’s subtrees have already been examined and/or reported.
Examine the y coordinate value of P, say p,. If P, <L,, then we are finished with the
entire subtree rooted at T since P is the point with the maximum y coordinate value in
7. Otherwise (i.e., P, 2 L,), check if the x coordinate value of P (i.e., P,) is in the range
[L, 1 R,], and if yes, then output P as satisfying the query. Once Q has been found,
recursively determine where the search is to be continued, applying the above tests at
each step. In particular, if both T and its right son are on the path from Q to L., then
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continue in the right son of 7. If both T and its left son are on the path from Q to Rr,,
then continue in the left son of 7; otherwise continue in the two sons of 7.

For N points. performing a semi-infinite range query in this way takes
O(log,N + F ) time. F is the number of points found (see Exercise 2.62). To answer
the two-dimensional range query ([L, : R.], [L, : R,]), perform the semi-infinite range
query ([L, : R.]. [L, : =]) and discard all points (x, y) such that y > R,.

Edelsbrunner [Edel81a] introduces a variation on the priority search tree, which
we term a range priority tree, to obtain an O(log,N + F) algorithm for range searching
in a two-dimensional space. Define an inverse priority search tree to be a priority
search tree § such that with each nonleaf node of s, say /, we associate the point in the
subtree rooted at/ with the minimum (instead of the maximum) value for its y coordi-
nate that has not already been stored at a shallower depth in the tree. The range prior-
ity tree is a balanced binary search tree, say T, where all the data points are stored in
the leaf nodes and are sorted by their y coordinate values. With each nonleaf node of
T, say /, which is a left son of its father, we store a priority search tree of the points in
the subtree rooted at /. With each nonleaf node of T, say /, which is a right son of its
father we store an inverse priority search tree of the points in the subtree rooted at ;.
For N points, the range priority tree uses O(N - log,N ) storage (see Exercise 2.69).

Performing a range query for ([L, : R,], [L, : R,]) using a range priority tree is
done in the following manner. We descend the tree looking for the nearest common
ancestor of L, and R,. say 0. The values of the y coordinates of all points in the left
son of Q are less than R.. We can obtain them with the semi-infinite range query
(L, : R.], [L, : e=]). This can be done by using the priority tree associated with the left
son of 0. Similarly, the values of the y coordinates of all points in the right son of @
are greater than L.. We can obtain them with the semi-infinite range query ([L, : R, ],
[ oo :R]. This can be done by using the inverse priority search tree associated with
the right son of 0. Thus for N points the range query takes O(log,N + F ) time where F
is the number of points found (see Exercise 2.71).

Exercises

2.53. Is there a difference between a balanced binary search tree where all the data are stored in
the leaf nodes and a one-dimensional range tree?

2.54. Why does procedure 2D_SEARCH provide the desired result?

2.55. Prove that no point is reported more than once by the algorithm for executing a range
query in a two-dimensional range tree.

2.56. Show that O(n - log,~ ) storage suffices for a two-dimensional range tree for N points.

2.57. Given a two-dimensional range tree containing N points, prove that a two-dimensional
range query takes O(log3n + F) time, where F is the number of points found.

2.58. Given a k-dimensional range tree containing N points, prove that a A-dimensional range

query lakes O(logn + F) time, where F is the number of points found. Also show that

O(N - logh™'n') storage is sufficient.

Write a procedure to construct a two-dimensional range tree.

. Write a procedure to search a two-dimensional range tree for a rectangular search region.

. Prove that a priority search tree for N points uses O(N ) space.

n
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2.62. Prove that for a priority search tree with v points, a semi-infinite range query can be per-
formed in O(log,~N + F) time. where F is the number ot points found.

2.63. Why can’t two data points in a priority search tree have the same .x coordinate value?

2.64. How can you get around the restriction that no two data points in a priority search tree
have the same x coordinate value?

2.65. Prove that the construction of a priority search tree takes O(~ - log>~ ) time for N points.

2.66. Write a procedure to construct a priority search tree.

2.67. Write a procedure to search a priority search tree for a semi-infinite range query.

2.68. Can you extend the priority search tree to handle k-dimensional data? If so, show how
you would do it.

2.69. Prove that a range priority tree for ~ points uses O(N - log,N ) space.

2.70. Prove that the construction of a range priority tree takes O(~N - log>N ) time for N points.

2.71. Prove that for a range priority tree with N points, a two-dimensional range query can be
performed in O(log,N + F) time, where F is the number of points found.

2.72. Can you extend the range priority tree to handle k-dimensional range queries? What is
the order of the execution time of the query? How much space does it use?

2.73. Write a procedure to construct a range priority tree.

2.74. Write a procedure to search a range priority tree for a rectangular search region.

2.6 REGION-BASED QUADTREES

The quadtree is a member of a class of hierarchical data structures based on the princi-
ple of recursive decomposition. For the point quadtree and the k-d tree, the points of
decomposition are the data points themselves (e.g., in Figure 2.4, Chicago at location
(35,40) subdivides the two-dimensional space into four rectangular regions). Requir-
ing that the regions resulting from the subdivision process be of equal size leads to the
region quadtree. In this section we show how the region quadtree can be adapted to
handle point data.

Although conceivably there are many ways of adapting the region quadtree to
represent point data, our presentation focuses on two methods, the MX and the PR
quadtrees, and outlines in detail how they are created and updated, as well as a brief
review of some of their applications. We omit a discussion of search operations
because they are performed in the same manner as in point quadtrees and k-d trees.
We conclude with a comparison of these methods with the point quadtree.

Since the bintree is related to the region quadtree in the same way as the k-d tree
is related to the point quadtree, the bintree can be adapted in an analogous manner to
handle point data. This is left as an exercise. Note that the type of structure described
in this section is also known as a trie [Fred60]. A trie is a branching structure in
which a data item or key is treated as a sequence of characters where each character
has M possible values. A node at level / in the trie represents an M-way branch
depending on the value of the i character.
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Figure 2.30 MX quadtree and the records it represents

2.6.1 MX Quadtrees

There are a number of ways of adapting the region quadtree to represent point data. If
the domain of data points is discrete, we can treat data points as if they were black
pixels in a region quadtree. An alternative characterization is to treat the data points
as nonzero elements in a square matrix. This characterization will be used in the sub-
sequent discussion. To avoid confusion with the point and region quadtrees, the
resulting data structure is termed an MX quadtree (MX for matrix), although the term
MX quadtrie would probably be more appropriate.

The MX quadtree is organized in a similar way to the region quadtree. The
difference is that leaf nodes are black or empty (i.e., white) corresponding to the pres-
ence or absence, respectively, of a data point in the appropriate position in the matrix.
For example, Figure 2.30 is the 2°x2* Mx quadtree corresponding to the data of Figure
2.1. It is obtained by applying the mapping f such that f{z) = - div 12.5 to both x and ¥
coordinates. The result of the mapping is reflected in the coordinate values in the
figure.
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Each data point in an MX quadtree corresponds to a 1x1 square. For ease of
notation and operation using modulo and integer division operations, the data point is
associated with the lower left corner of the square. This adheres to the general con-
vention followed throughout this presentation that the lower and left boundaries of
each block are closed, while the upper and right boundaries of each block are open.
We also assume that the lower left corner of the matrix is located at (0,0). Note that,
unlike the region quadtree, when a nonleaf node has four black sons, they are not
merged. This is natural since a merger of such nodes would lead to a loss of the iden-
tifying information about the data points, as each data point is different. On the other
hand, the empty leaf nodes have the absence of information as their common property,
so four white sons of a nonleaf node can be safely merged.

Each node in an MX quadtree is stored as a record of type node containing six
fields. The first four fields contain pointers to the node’s four sons corresponding to
the four quadrants. If P is a pointer to a node and 7 is a quadrant, these fields are refer-
enced as SON(P, 7). The fifth field, NODETYPE, indicates whether the node contains a
data point (BLACK), is empty (WHITE), or is a nonleaf node (GRAY). The NAME field
contains descriptive information about the data point stored at a node (e.g., city name).
There is no need to store information about the coordinates of the data point since this
is derivable from the path to the node from the root of the MX quadtree.

We assume that each data point is unique. If more than one data point were per-
mitted to have the same coordinates, an overflow list would be required at each data
point node. In such a case, we have a hierarchical variant of the fixed-grid (or cell)
method discussed in Section 2.2. The difference from the fixed-grid method is that
empty sibling cells are merged. The minimum size of the space spanned by an MX
quadtree is a square 1x1 matrix. The empty MX quadtree is represented by NIL. Using

these conventions, the function MX_COMPARE, given below, determines the quadrant
in which a given data point lies relative to a grid subdivision point.

quadrant procedure MX_COMPARE(X,Y,W);
/* Return the quadrant of the MX quadtree of width 2 - W centered at (W, W) in which data
point (X,Y) belongs. */
begin
value integer X,Y,W;
return(if X < W then
if Y < W then 'SW'
else ‘NW
else if Y < W then ‘SE'
else ‘NE’);
end;

Data points are inserted into an MX quadtree by searching for them. This search
is based on the location of the data point in the matrix (e.g., the discretized values of
its x and y coordinates in our city data base example) and is guided by the function
MX_COMPARE. If the search is unsuccessful, we end up at a leaf node. If this leaf
node is occupied by another record, it is replaced by a record corresponding to the
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Figure 2.31 Sequence of partial MX quadtrees demon-
strating the addition of (a) Chicago, (b) Mobile, (c) Toronto,
and (d) Buffalo

data point being inserted (although the location is the same, some of the attribute
information may have changed). If the leaf node is NIL, then we may have to subdi-
vide the space spanned by it repeatedly until it is a 1 X 1 square. This will result in the
creation of nonleaf nodes. This operation is termed splitting. For a 2" x 2" MX quad-
tree, splitting will have to be performed at most n times.

The shape of the resulting MX quadtree is independent of the order in which data
points are inserted into it. However, the shapes of the intermediate trees do depend on
the order. [For example, Figure 2.31a~d shows how the tree was constructed in incre-
mental fashion for Chicago, Mobile, Toronto, and Buffalo. The actual insertion is
achieved by procedure MX_INSERT given below.

procedure MX_INSERT(P,X,Y,R,W);

/* Attempt to insert node P corresponding to data point (X,Y) in the MX quadtree rooted at
node R of width W. If the tree is empty, then R is set to point to the new root. Nodes
are created by use of CREATE_PNODE. GRAY is used to specify nonleaf nodes. */
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begin
value pointer node P;
reference pointer node R;
value integer X,Y,W,
pointer node T;
quadrant Q;
if W=1 then
begin /* The tree corresponds to a one element data set */
R« P;
return;
end
else if null(R) then
R <« CREATE_PNODE('GRAY’); /* The tree at R is initially empty */
T<R;
W« W/2;
Q <« MX_COMPARE(X,Y,W);
while W>1 do
begin
if null(SON(T,Q)) then SON(T,Q)) « CREATE_PNODE('‘GRAY");
T « SON(T,Q);
X< Xmod W,
Y <Y mod W:
W« W/2:
Q <« MX_COMPARE(X,Y,W);
end;
SON(T,Q) « P;
end;

pointer node procedure CREATE_PNODE(C);
/* Create a node with color C and return a pointer to it. */
begin
value color C;
pointer node P;
quadrant [;
P < create(node);
NODETYPE(P) « C;
for lin {{NW’, 'NE’, ‘'SW', ‘'SE’} do SON(P,1) « NIL;
return(P);
end;

Deletion of nodes from MX quadtrees is considerably simpler than for point
quadtrees since all records are stored in the leaf nodes. This means that we do not
have to be concerned with rearranging the tree as is necessary when a record stored in
a nonleaf node is being deleted from a point quadtree. For example, to delete Omaha
from the MX quadtree of Figure 2.30 we simply set the SW son of its father node, H, to
NIL. Deleting Toronto is slightly more complicated. Setting the SW son of its father
node, E, to NIL is not enough. We must also perform merging because all four sons of



90 I 2 POINTDATA

E are NIL. This leads to replacing the NW son of E’s father, B, by NIL and returning
nonleaf node E to the free storage list. This process is termed collapsing and is the
counterpart of the splitting operation that was necessary when inserting a record in an
MX quadtree.

Collapsing may take place over several levels. In essence, we apply the collaps-
ing process repeatedly until encountering a nearest common ancestor with an addi-
tional non-NIL son. As collapsing takes place, the affected nonleaf nodes are returned
to the free storage list. For example, suppose that after deleting Toronto from Figure
2.30 we also delete Buffalo. The subsequent deletion of Buffalo means that nodes F
and B are subjected to the collapsing process, with the result that the NE son of node A
is set to NIL and nonleaf nodes B and F are returned to the free storage list.

The actual deletion is achieved by procedure MX_DELETE, which follows. The
execution time of MX_DELETE is bounded by two times the depth of the quadtree. This
upper bound is achieved when the nearest common ancestor for the collapsing process
is the root node.

procedure MX_DELETE(X,Y,R,W);

/* Delete the node corresponding to data point (X,Y) from the MX quadtree rooted at node
R of width W. If (X,Y) is the only data point in the tree, then the root will be set to NIL. If
all of (X,Y)'s brothers are NIL, then the nearest ancestor of (X,Y) that has more than
one non-NIL son is set to point to NIL in the direction of (X,Y). The nonleaf nodes that
are bypassed as a result of this collapsing process are returned to the free storage
list. */

begin

reference pointer node R;
value integer X,Y,W;
pointer node F,T,TEMP;
quadrant Q,QF;
if null(R) then return /* The tree is empty */
else if W =1 then
begin /* The resulting tree is empty */
returntoavail(R);
R « NIL;
return;
end;
T« R;
F « NIL;
do
begin /* Locate the quadrant in which (X,Y) belongs */
W« W/2:
Q <« MX_COMPARE(X,Y ,W);
if not(null(SON(T,CQUAD(Q))) and
null(SON(T,OPQUAD(Q))) and
null(SON(T,CCQUAD(Q)))) then
begin /* As the tree is descended, F and QF keep track of the */
F « T; /* nearest ancestor of (X,Y) with more than one son */
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QF « Q;
end;
T « SON(T,Q);
X< XmodW;
Y <Y modW,;
end;
until W = 1 or null(T);
if null(T) then return /* Data point (X,Y) is not in the tree */
else
begin /* Collapse as much as possible */
T « if null(F) then R /* The entire tree will be collapsed */
else SON(F,QF);
Q « ‘NW’;
while GRAY(T) do
begin /* Collapse one level at a time */
while null(SON(T,Q)) do
Q « CQUAD(Q); /* Find non-NIL son */
TEMP < SON(T,Q);
SON(T,Q) « NIL;
returntoavail(T);
T « TEMP;
end;
returntoavail(T);
if null(F) then R < NIL /* The tree contained just one node */
else SON(F,QF) « NIL; /* Reset the link of the nearest ancestor */
end;
end;

Performing a range search in an MX quadtree is done in the same way as in the
point quadtree. The worst-case cost of searching for all points that lie in a rectangle
whose sides are parallel to the quadrant lines is O(F + 2") where F is the number of
points found and » is the maximum depth (see Exercise 2.80).

The MX quadtree is used in a number of varied applications. It can serve as the
basis of a quadtree matrix manipulation system (see Exercises 2.81-2.85). The goal is
to take advantage of the sparseness of matrices to achieve space and execution time
efficiencies (e.g., [Abda88, Wise87a, Wise87b]). Algorithms for matrix transposition
and matrix multiplication that take advantage of the recursive decomposition are easy
to develop. Letelier [Lete83] makes use of the MX quadtree to represent silhouettes of
hand motions to aid in the telephonic transmission of sign language for the hearing
impaired. The region quadtree formulation of Hunter and Steiglitz [Hunt78, Hunt79a]
(see Sections 1.5 and 4.2) utilizes a three-color variant of the MX quadtree to represent
digitized simple polygons. De Coulon and Johnsen [DeCo76] describe the use of the
MX quadtree in the coding of black and white facsimiles for efficient transmission of
Images.
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Exercises

Suppose that an MX quadtree node is implemented as a record with a FATHER field con-
taining a pointer to its father. Modify procedures MX_INSERT and MX_DELETE to take
advantage of this addition.

Convince yourself that procedure MX_DELETE really works by hand tracing its operation
on Figure 2.30; that is, delete nodes Atlanta, Miami, and Mobile in sequence.

In the implementation of an MX quadtree node, there is no need to store a NAME field with
nonleaf nodes. Modify the definition of an MX quadtree node to make a distinction
between leaf and nonleaf nodes and show the changes that must be made to procedures
MX_INSERT and MX_DELETE.

Adapt the bintree to handle point data by defining a data structure called an MX bintree.
Give procedures MX_BIN_INSERT and MX_BIN_DELETE to insert and delete data points in an
MX bintree.

Write an algorithm to perform a range search for a rectangular region in an MX quadtree.
Show that the worst-case cost of performing a range search in an MX quadtree is
o(F + 2™), where F is the number of points found and # is the maximum depth. Assume a
rectangular query region.

The MX quadtree can be used to represent sparse matrices. Give an algorithm to compute
the transpose of a matrix represented by an MX quadtree.

How many interchange operations are necessary when transposing an MX quadtree
representation of a 2"x2" matrix such that there is no sparseness (i.e., all blocks are of
size 1)?

Compare the savings in space and time requirements when a matrix is represented as an
MX quadtree and as an array. Use the time required to perform a transpose operation as
the basis of the comparison. You should assume the worst case, which occurs when there
is no sparseness (i.e., all blocks are of size 1).

Give an algorithm for multiplying two matrices stored as MX quadtrees.

Why would an MX bintree be a better matrix representation than the MX quadtree?

Unless there is a large number of square blocks of zeros, the MX quadtree is not a particu-
larly attractive representation for matrix multiplication. The problem is that this is
inherently a row and column operation. Thus it would seem that a runlength representa-
tion would be better. However, ideally we would like to have both the rows and columns
encoded using this technique. Can you see a problem with using such a dual representa-
tion?

2.6.2 PR Quadtrees

The MX quadtree is feasible as long as the domain of the data points is discrete and
finite. If this is not the case, the data points cannot be represented using it because the
minimum separation between the data points is unknown. This observation leads to
an alternative adaptation of the region quadtree to point data, which associates data
points (which need not be discrete) with quadrants. We call it a PR quadtree (p for
point and R for region) although. the term PR quadtrie would probably be more
appropriate. The PR quadtree is organized in the same way as the region quadtree.
The difference is that leaf nodes are either empty (i.e., white) or contain a data point
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Figure 2.32 PR quadtree and the records it represents

(i.e., black) and its coordinates. A quadrant contains at most one data point. For
example, Figure 2.32 is the PR quadtree corresponding to the data of Figure 2.1.

Orenstein [Oren82] describes a k-d trie, an analogous data structure that uses
binary trees instead of quadtrees. Using our terminology, such a data structure would
be called a PR k-d tree or a PR bintree. Figure 2.33 shows the PR k-d tree correspond-
ing to the data of Figure 2.1.

Each node in a PR quadtree is stored as a record of type node containing eight
fields. The first four fields contain pointers to the node’s four sons corresponding to
the four quadrants. If P is a pointer to a node and / is a quadrant, these fields are refer-
enced as SON(P, I). The fifth field, NODETYPE, indicates whether the node contains a
data point (BLACK), is empty (WHITE), or is a nonleaf node (GRAY). The NAME field
contains descriptive information about the data point stored at a node (e.g., city name).
XCOORD and YCOORD contain the x and y coordinates, respectively, of the data point.
We assume that each data point is unique. If more than one data point were permitted
to have the same coordinates, an overflow list would be required at each data point
node. The empty PR quadtree is represented by NIL.
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To cope with data points that lie directly on one of the quadrant lines emanating
from a subdivision point. we adopt the convention that the lower and left boundaries
of each block are closed. while the upper and right boundaries of each block are open.
For example, in Figure 2.32, Mobile with coordinates (50,10) lies in quadrant SE of the
tree rooted at (50,50). Using this convention, the function PR_COMPARE, given below,
determines the quadrant in which a data point lies relative to a grid subdivision point.

quadrant procedure PR_COMPARE(P,X,Y);
/* Return the quadrant of the PR quadtree rooted at position (X,Y) in which node P
belongs. */
begin
value pointer node P;
value real X.Y;
return(if XCOORD(P) < X then
if YCOORD(P) < Y then 'SW’
else ‘NwW'
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else if YCOORD(P) < Y then ‘SE’
else ‘NE’);
end;

Data points are inserted into PR quadtrees in a manner analogous to that used to
insert in a point quadtree. First, an appropriate record is formed for the data point.
Next, we search for the desired record based on its .x and y coordinates, using the func-
tion PR_COMPARE to guide the search. If a record with the same x and y coordinates
already exists, we replace it with the new record.

Actually we do not search for the record. Instead we search for the quadrant in
which the record, say A, belongs (i.e., a leaf node). If the quadrant is already occupied
by another record with different x and y coordinates, say B, then we must subdivide the
quadrant repeatedly (termed splitting) until nodes A and B no longer occupy the same
quadrant. This may cause a large number of subdivision operations, especially if the
two points are contained in a very small quadtree block. A necessary but not
sufficient condition for this situation to arise is that the Euclidean distance between A
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Figure 2.34 Sequence of partial PR quadtrees demon-
strating the addition of (a) Chicago, (b) Mobile, (c) Toronto,
and (d) Buffalo
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and B is very small. As a result, we observe that every nonleaf node in a PR quadtree
of a data set consisting of more than one data point has at least two descendant leaf
nodes that contain data points.

It should be clear that the shape of the resulting PR quadtree is independent of
the order in which data points are inserted into it. However, the shapes of the
intermediate trees do depend on the order. For example, the tree in Figure 2.32 was
built for the sequence Chicago, Mobile, Toronto, Buffalo, Denver, Omaha, Atlanta,
and Miami. Figure 2.34a~d shows how the tree was constructed in an incremental
fashion for Chicago, Mobile, Toronto, and Buffalo. The actual insertion is achieved
by procedure PR_INSERT given below.

procedure PR_INSERT(P,R,X,Y ,LX,LY);

/* Attempt to insert node P in the PR quadtree rooted at node R which is the center of an
LX x LY rectangle located at (X,Y). If the tree is empty, then R is set to point to the new
root. Nodes are created by use of CREATE_PNODE. GRAY is used to specify nonleaf
nodes. */

begin

value pointer node P;
reference pointer node R;
value real XY ,LX,LY;
pointer node T,U;
quadrant Q,UQ;
/* XF and YF contain multiplicative factors to aid in the location of the centers of the qua-
drant sons while descending the tree */
preload real array XF['NW’,'NE’,'SW’,'SE’] with -0.25,0.25,-0.25,0.25;
preload real array YF['NW’','NE’,'SW',"SE’] with 0.25,0.25,-0.25,-0.25;
if null(R) then /* The tree at R is initially empty */
begin
R« P;
return;
end
else if not(GRAY(R)) then /* The tree at R contains one node */
if XCOORD(P) = XCOORD(R) and YCOORD(P) = YCOORD(R)
then return
else /* Special handling when the tree initially contains one node */
begin
U« R;
R <« CREATE_PNODE(‘GRAY");
Q < PR_COMPARE(U,X,Y);
SON(R,Q) « U;
end;
T« R;
Q < PR_COMPARE(P,X,Y);
while not(null(SON(T,Q))) and GRAY(SON(T,Q)) do
begin /* Locate the quadrant in which node P belongs */
T < SON(T,Q);
X « X+ XF[Q]*LX;
LX « LX/2.0;



2.6 REGION-BASED QUADTREES || 97

Y « Y+YF[Q]+LY;
LY « LY/2.0;
Q < PR_COMPARE(P,X,Y);
end;
if null(SON(T,Q)) then SON(T,Q) < P
else if XCOORD(P) = XCOORD(SON(T,Q)) and
YCOORD(P) = YCOORD(SON(T,Q))
then return /* Node P is already in the tree */
else
begin /* Node P’s quadrant is already occupied by node U */
U « SON(T,Q);
do /* Repeatedly subdivide quadrant Q until nodes */
begin /* P and U no longer occupy the same quadrant */
SON(T,Q) « CREATE_PNODE('‘GRAY’);
T « SON(T,Q);
X « X+XF[Q]+LX;
LX « LX/2.0;
Y « Y+YF[Q]=<LY;
LY « LY/2.0;
Q < PR_COMPARE(P,X,Y);
UQ < PR_COMPARE(U,X,Y);
end
until Q = UQ;
SON(T,Q) « P;/* Insert node P */
SON(T,UQ) « U; /* Insert node U */
end;
end;

Deletion of nodes in PR quadtrees is considerably simpler than for point quad-
trees since all records are stored in the leaf nodes. This means that there is no need to
be concerned with rearranging the tree, as is necessary when records stored in nonleaf
nodes are being deleted from point quadtrees. For example, to delete Mobile from the
PR quadtree in Figure 2.32, we simply set the SW son of its father node, D, to NIL.

Continuing this example, deleting Toronto is slightly more complicated. Setting
the NW son of its father node, B, to NIL is not enough since now we violate the property
of the PR quadtree that each nonleaf node in a PR quadtree of more than one record has
at least two descendant leaf nodes that contain data points. Thus we must also reset
the NE son of A to point to Buffalo and return nonleaf node B to the free storage list.
This process is termed collapsing and is the counterpart of the splitting operation
necessary when inserting a record in a PR quadtree.

At this point, it is appropriate to elaborate further on the collapsing process.
Collapsing can take place only when the deleted node has exactly one brother that is a
leaf node and has no brothers that are nonleaf nodes. When this condition is satisfied,
we can perform the collapsing process repeatedly until encountering the nearest com-
mon ancestor that has more than one son. As collapsing occurs, the affected nonleaf
nodes are returned to the free storage list.
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As an example of collapsing, suppose that we delete Mobile and Atlanta in
sequence from Figure 2.32. The subsequent deletion of Atlanta results in Miami’s
meeting the conditions for collapsing to take place. Miami’s nearest ancestor with
more than one son is A. The result of the collapsing of Miami is that Miami becomes
the SE son of A, and nonleaf nodes D and F become superfluous and are returned to the
free storage list.

Procedure PR_DELETE, given below, is a formal description of the deletion pro-
cess. The execution time of PR_DELETE is bounded by two times the depth of the
quadtree. This upper bound is achieved when the nearest ancestor for the collapsing
process is the root node.

procedure PR_DELETE(P,R,X,Y,LX,LY);

/I Delete node P from the PR quadtree rooted at node R which is the center of an LX x LY
rectangle located at (X,Y). If P is the only node in the tree, then the root will be set to
NIL. If P has exactly one brother that is a leaf node, say B, and no brothers that are
nonleaf nodes, then the nearest ancestor of P that has more than one non-NIL son is
set to point to B. The nonleaf nodes that are bypassed as a result of this collapsing pro-
cess are returned to the free storage list. */

begin

value pointer node P;
reference pointer node R;
value real X,Y,LX,LY;
pointer node F,FT,T, TEMP;
quadrant Q,QF;
integer S;
/* XF and YF contain multiplicative factors to aid in the location of the centers of the qua-
drant sons while descending the tree */
preload real array XF['NW’,'NE','SW’,'SE’] with -0.25,0.25,-0.25,0.25;
preload real array YF['NW'‘NE’,'SW’,'SE"] with 0.25,0.25,-0.25,-0.25;
if null(R) then return /* The tree is empty */
else if not(GRAY(R)) then /* the tree contains exactly one node */
if not(XCOORD(P) = XCOORD(R) and YCOORD(P) = YCOORD(R))
then return
else
begin
returntoavail(R);
R « NIL:
return;
end,
T« R;
F < NIL;
do
begin /* Locate the quadrant in which node P belongs */
Q <« PR_COMPARE(P,X,Y);
if GRAY(SON(T,Q)) and
not(null{SON(T,CQUAD(Q))) and
null(SON(T,OPQUAD(Q))) and
null(SON(T,CCQUAD(Q)))) then



2.6 REGION-BASED QUADTREES

begin /* As the tree is descended, F and QF keep track of the */
F « T; /* nearest ancestor of (X,Y) with more than one son */
QF «Q;
end;
FT « T;
T « SON(T,Q);
X & X+XF[Q]*LX;
LX « LX/2.0;
Y < Y+YF[Q]=LY;
LY « LY/2.0;
end
until null(T) or not(GRAY(T));
if null(T) or
not{XCOORD(P) = XCOORD(T) and
YCOORD(P) = YCOORD(T)) then
return /* Node P is not in the tree */
else
begin /* Determine if collapsing is possible */
returntoavail(T);
SON(FT,Q) < NIL;
S« 0;
for Qin {{NW’, ‘NE’, ‘'SW’, ‘SE’} do
begin /* Determine the number of brother leaf nodes */
if not (null (SON(FT,Q))) then
if GRAY(SON (FT,Q)) then return /* No collapsing is possible */
else S « S+1;
end;
if S>1 then return /* No collapsing is possible */
else
begin
T « if null(F) then R
else SON(F,QF);
Q « ‘NW’;
while GRAY(T) do
begin /* Collapse one level at a time */
while null(SON(T,Q)) do
Q < CQUAD(Q); /* Find non-NIL son */
TEMP « SON(T,Q);
SON(T,Q) « NIL;
returntoavail(T);
T « TEMP;
end;
if null(F) thenR « T
else SON(F,QF) « T;
end;
end;
end;

99
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Analyzing the cost of insertion and deletion of nodes in a PR quadtree depends
on the data points already in the tree. In particular, this cost is proportional to the
maximum depth of the tree. For example, given a square region of side length s, such
that the minimum Euclidean distance separating two points is d, the maximum depth
of the quadtree can be as high as [log,((s/d) - V2)|. Assuming that the data points
are drawn from a grid of size 2" x 2", for N data points the storage requirements can be
as high as O(~ - n). This analysis is somewhat misleading as ¥ and n do not neces-
sarily grow in an independent manner. Often the storage requirements are propor-
tional to N (see Exercises 2.93 and 2.94).

Performing a range search in a PR quadtree is done in basically the same way as
in the MX and point quadtrees. The worst-case cost of searching for all points that lie
in a rectangle whose sides are parallel to the quadrant lines is O(F + 2"), where F is the
number of points found and # is the maximum depth (see Exercise 2.96).

Anderson [Ande83] makes use of a PR quadtree (termed a uniform quadtree) to
store endpoints of line segments to be drawn by a plotter. The goal is to reduce pen
plotting time by choosing the line segment to be output next whose endpoint is closest
to the current pen position.

Rosenfeld, Samet, Shaffer, and Webber make use of the PR quadtree in a geo-
graphic information system [Rose83b]. There the PR quadtree is implemented using a
linear quadtree [Garg82a]. This is a pointer-less representation, described briefly in
Section 1.5, and in much greater detail in Section 2.1 of [Same90b]. The linear quad-
tree is a collection of all the leaf nodes in the quadtree. Each leaf node is encoded by
a pair of numbers corresponding to its level and a locational code. The latter is a base
4 number corresponding to a sequence of directional codes that locate the leaf along a
path from the root of the quadtree. This is equivalent to taking the binary representa-
tion of the values of the x and y coordinates of a designated pixel in the block and
interleaving them (i.e., alternating the bits for each coordinate value).

Let us look at an example of the linear quadtree representation of the PR quad-
tree. Let the codes 0, 1, 2, and 3 correspond to quadrants NW, NE, SW, and SE, respec-
tively, and assume that Figure 2.32 is 2® x 2® image. The block containing Atlanta is
represented by the numbers 3 and 60 (in base 10) corresponding to the level (the root
is at level O in this case) and the locational code, respectively. There is also a value
field indicating the actual coordinate values of the point associated with each PR quad-
tree node.

One of the shortcomings of the PR quadtree is that when the data are not uni-
formly distributed (e.g., when the data are clustered),® the tree contains many empty
nodes and thereby becomes unbalanced. For example, inserting Ambherst at location
(79,64) in the PR quadtree given in Figure 2.32 will result in much decomposition to
separate it from Buffalo, which is at (80,65). This effect is explicitly shown by the
amount of decomposition necessary to separate Omaha and Chicago in the PR k-d tree
given in Figure 2.33.

6 See [Tamm85a] for an analysis of this situation.
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This shortcoming is overcome by using test compression techniques similar to

; those devised by Ohsawa and Sakauchi [Ohsa83a, Ohsa83b] in their development of
: the BD tree (also termed a BANG file by Freeston [Free87]).7 In essence, the PR quad-

i
7

tree is compressed so that all nonleaf nodes that have just one non-NIL son are elim-
inated. In particular, these nodes are replaced by one nonleaf node that indicates the
results of the comparisons performed in accessing the first node in the path that has
more than one non-NIL son. This is similar to the notion of Patrician tries in digital
searching [Knut73b, p. 490].

As an example of the use of test compression techniques, let us examine their
application to the PR k-d tree given in Figure 2.33. The BD tree as described by
Ohsawa and Sakauchi is a bucketing method in the sense that the nodes in the tree
correspond to buckets and are split once they overflow. In our example, we assume a
bucket capacity of 1. Each nonleaf node in the BD tree contains a variable-length
string, say s, consisting of Os and 1s that indicates the results of the tests that lead to
the left son of the node. The right son is accessed when the test result does match the
DZE. We say that O and 1 correspond to ‘<’ and ‘>’, respectively. This string is
termed a discriminator zone expression (DZE) by Ohsawa and Sakauchi.

Figure 2.35a—h shows how a BD tree is constructed in an incremental fashion for
Chicago, Mobile, Toronto, Buffalo, Denver, Omaha, Atlanta, and Miami, in order.
All nonleaf nodes are labeled with their DZEs, indicating a sequence of alternating
X, ¥, X,y, ***, tests starting at the left end of the DZE. For example, in Figure 2.35b,
the root has a DZE of 0, which means that the left son corresponds to x < 50 (the left
half of the space spanned by the quadtree). As a more complicated example, the left
son of the root in Figure 2.35¢ has a DZE of 000, which means that the left son of the
left son of the root corresponds to x < 25 and y < 50.

At this point, let us make a few observations about the BD tree. First, the BD tree
is not unique. Rotation operations can be applied to reformulate the tests in the non-
leaf nodes so that a greater degree of balancing is achieved. Such transformations are
easy to express in terms of the DZEs [Ohsa83b]. Second, when the bucket capacity is
greater than 1, say B, we can decide to continue splitting until no region contains more
than x-B (0 <x < 1) points. Ohsawa and Sakauchi suggest choosing x =2/3
[Ohsa83a, Ohsa83b]. Third, unlike the PR quadtree and PR k-d tree, a BD tree does not
result in the partitioning of space into a collection of hyperrectangles.

It should be clear that the BD tree can be used for data of arbitrary dimensional-
ity. (For more details on how to implement basic operations such as insertion and
deletion, as well as answering exact match, partial match, and range queries for BD
trees, see Dandamudi and Sorenson [Dand86]. For an empirical performance com-
parison of the BD tree with some variations of the k-d tree, see Dandamudi and Soren-
son [Dand85].)

7 The hs-tree of Lomet and Salzberg [Lome89, Lome90, Salz88] is closely related to the BD tree.
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Exercises
Suppose that a PR quadtree node is implemented as a record with a FATHER field contain-
ing a pointer to its father. Modify procedures PR_INSERT and PR_DELETE to take advan-
tage of this addition.
Convince yourself that procedure PR_INSERT really works by hand tracing its operation
on Figure 2.32. For example, insert Pensacola with coordinates (48,8).
Convince yourself that procedure PR_DELETE really works by hand tracing its operation
on Figure 2.32. For example, delete nodes Mobile and Miami in sequence.
Write a pair of procedures PR_BIN_INSERT and PR_BIN_DELETE to insert and delete,
respectively, data points in a PR bintree.
Assuming that keys are uniformly distributed real numbers in [0,1) represented in
binary, prove that the average depth of a PR bintree is O(log,N). Can you extend this
result to PR quadtrees?
Assume that the minimum Euclidean distance separating two points is d. Given a
square region of side length s, show that [ log,((s/d) - \/7)] is the maximum depth of
the PR quadtree.
Suppose that you are given N data points drawn from a grid of size 2" X 2", Construct
an example PR quadtree that uses O(N - n) storage.
Under what situation does the PR quadtree use storage proportional to N?
Write an algorithm to perform a range search for a rectangular region in a PR quadtree.
Show that the worst-case cost of performing a range search in a PR quadtree is
O(F +2"), where £ is the number of points found and 7 is the maximum depth. Assume
a rectangular query region.
Exercises 2.97-2.104 are based on an analysis of PR quadtrees performed by Hunter
[Hunt81]. Assume that you are given point data that are uniformly distributed in the
unit square. What is the probability of a node at level k containing a particular point?
Continuing the previous exercise, for a collection of v points, what is the probability
that none of them lies in a given cell at level k?
What is the probability that exactly one of the v points lies in a given cell at level k?
What is the probability that a given cell at level k contains two or more points (i.e., it
corresponds to a parent node)?
Each of the nodes that contains two or more points in it must be a nonleaf node and
hence will have four sons. From the probability of the existence of a nonleaf node at
level k. derive the expected total number of nodes (i.e., leaf plus nonleaf nodes) at level
k+1.
From the expected number of nodes at level k + 1, derive the expected number of nodes
in the entire PR quadtree, say £. Can you find a closed form solution to it?
Calculate the ratio of £/v, the expected number of nodes per point. Does it converge?
Extend these results to data that are uniformly distributed in the m-dimensional unit
hypercube.
In general, the BD tree does not result in the partitioning of space into a collection of
hyperrectangles. Under what conditions do some of the subtrees correspond to hyper-
rectangles?
Is it necessary to store the entire DZE with each node in the BD tree?
Write a procedure to insert a point into a two-dimensional BD tree.
Write a procedure to delete a point from a two-dimensional BD tree.
Write a procedure to perform a point search in a two-dimensional BD tree.
Write a procedure to perform a range search for a rectangular region in a two-
dimensional BD tree.
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2.6.3 Comparison of Point and Region-based Quadtrees

The comparison of the MX, PR, and point quadtrees reduces, in part, to a comparison of
their respective decomposition methods. Both the MX and PR quadtrees rely on regular
decomposition (i.e., subdivision into four identical rectangular regions). Data points
are associated only with leaf nodes in MX and PR quadtrees, whereas for point quad-
trees, data points can also be stored at nonleaf nodes. This leads to a considerably
simpler node deletion procedure for MX and PR quadtrees since there is no need to be
concerned about rearranging the tree as is the case when nonleaf nodes are being
deleted from a point quadtree.

A major difference between the three data structures is in the size of the rec-
tangular regions associated with each data point. For both the MX and PR quadtrees,
the space spanned by the quadtree is constrained to a maximum width and height. For
the point quadtree, the space is rectangular and may at times be of infinite width and
height. For the MX quadtree, this region must be a square with a particular size associ-
ated with it. This size is fixed at the time the MX quadtree is defined and is the
minimum permissible separation between two data points in the domain of the MXx
quadtree (equivalently it is the maximum number of elements permitted in each row
and column of the corresponding matrix). For the PR quadtree, this region is also rec-
tangular, and its size depends on what other data points are currently represented by
nodes in the quadtree.

In the case of the MX quadtree, a fixed discrete coordinate system is associated
with the space spanned by the quadtree, whereas no such limitation exists for the PR
quadtree. The advantage of such a fixed coordinate system is that there is no need to
store coordinate information with a data point’s leaf node. The disadvantage is that
the discreteness of the domain of the data points limits the differentiation between
data points.

The size and shape of a quadtree are important from the standpoints of
efficiency of storage and search operations. The size and shape of the point quadtree
is extremely sensitive to the order in which data points are inserted into it during the
process of building it. This means that for a point quadtree of N records, its maximum
depth is N — 1 (i.e., one record is stored at each level in the tree), while its minimum
depth is [log,((3 - N+ 1)/4)] (i.e., each level in the tree is completely full) where we
assume that the root of the tree has a depth of 0.

In contrast, the shape and size of the MX and PR quadtrees are independent of the
insertion order. For the MX quadtree all nodes corresponding to data points appear at
the same depth in the quadtree. The depth of the MX quadtree depends on the size of
the space spanned by the quadtree and the maximum number of elements permitted in
each row and column of the corresponding matrix. For example, for a 2" x 2" matrix,
all data points will appear as leaf nodes at a depth of n.

The size and shape of the PR quadtree depend on the data points currently in the
quadtree. The minimum depth of a PR quadtree for v > 1 data points is [ log;N] (i.e..
all the data points are at the same level). There is no upper bound on the depth in
terms of the number of data points. Recall from Section 2.6.2 that for a square region
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of side length s, such that the minimum Euclidean distance separating two points is d,
the maximum depth of the quadtree can be as high as [ log,((s/d) - V)T,

The volume of data also affects the comparison among the three quadtrees.
When the volume is very high, the MX quadtree loses some of its advantage since an
array representation may be more economical in terms of space, as there is no need for
links. While the size of the PR quadtree was seen to be affected by clustering of data
points, especially when the number of data points is relatively small, this is not a fac-
tor in the size of a point quadtree. However, when the volume of data is large and is
uniformly distributed, the effect of clustering is lessened, and there should not be
much difference in storage efficiency between the point and PR quadtrees.

Exercises
2.111. Use the uniform distribution over [0,1] to construct two-dimensional point quadtrees,
MX quadtrees, and PR quadtrees and compare them using the criteria set forth in this sec-
tion. For example, compare their total path length and maximum depth.
2.112. Perform an average-case analysis of the cost of a partial match query (a subset of the
range query) for a point quadtree and a PR quadtree when the attributes are independent
and uniformly distributed.

2.7 BIT INTERLEAVING

Whether using in-core methods or bucket methods, an important factor in the choice
of representation of multidimensional point data is that the resulting structure be bal-
anced. This has a critical impact on the performance of operations such as search and
update. As we saw in the previous discussions, balancing is not always possible.
Since balancing techniques for one-dimensional data are well known (e.g., AVL trees
[Adel62, Aho74]), it has been suggested by a number of researchers that multidimen-
sional data points should be first mapped into one-dimensional data points, termed
codes, and then represented using balanced binary tree methods or some other
representations that have a similar effect. For example, Tropf and Herzog [Trop81]
propose bit interleaving and bit concatenation as two alternative mappings.

Bit interleaving consists of taking the bit representations of the keys comprising
a record and forming a code consisting of alternating bits from each key. For
example, for k=2, the code «corresponding to data point A=(X,Y)=
(xmxm—l X0 YmYm-1 T Yoy is YmXm¥m-1Xm-1 ~ " YoXo, where attribute y is
arbitrarily deemed to be the most significant. Figure 2.36 is an example of the bit
interleaving mapping when k =2. The codes corresponding to the cities of the exam-
ple database of Figure 2.1 have been labeled by applying the mapping f defined by
f(z)==zdiv 12.5 to the values of their x and y coordinates. Recall that the same map-
ping was used to obtain the MX quadtree of Figure 2.30. Bit concatenation consists of
concatenating the keys (e.g., for data point A the concatenated code would be

Ym¥m-1 """ YoXm¥m-1 ~ " X()).
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Figure 2.36 Example of the bit interleaving mapping as
applied to two keys ranging in values from 0 to 8. The city
names correspond to the data of Figure 2.1 scaled by a fac-
tor of 12.5 to fall in this range.

It should be clear that in the light of our interest in range searching, bit interleav-
ing is superior to the bit concatenation method since the latter results in long, narrow
search ranges, whereas the former results in square search ranges. This argument
leads to the conclusion that bit concatenation is analogous to the inverted list method,
while bit interleaving is analogous to the fixed-grid method. In fact, bit concatenation
results in the records being sorted according to a primary key, secondary key, and so
on.

It is difficult to determine the origin of the notion of bit interleaving. Orenstein
and Merrett [Oren84] term it Z order while reviewing its use in a number of data struc-
tures in the context of range searching. The first mention of it was by Peano [Pean90].
It was used by Morton [Mort66] as a linear index into a two-dimensional spatial data-
base (see Section 2.1.1 of [Same90b]). It was proposed by Tropf and Herzog
[Trop81] to give a linear order on multidimensional data in forming a binary search
tree or balanced variant thereof, while White [Whit82] used it to form a B-tree
[Come79]. Orenstein and Merrett term the result a zAkd free, while cautioning that it
differs from the k-d tree of Bentley [Bent75b] since an in-order traversal of a k-d tree
does not necessarily yield the nodes in Z order.

Bentley [Bent75b] attributes bit interleaving to McCreight as a way to use B-
trees [Come79] to represent multidimensional data. The resulting B-tree is called an
N-tree by White [Whit82], while Orenstein and Merrett term it a zkd Btree. Note that
the result is different from the k-d-B-tree of Robinson [Robi81] (see Section 2.8.1).



2.7 BITINTERLEAVING I 107

21-MIAM)

14-CHICAGO 54-BUFFALO

12-OMAHA 16-MOBILE  22-ATLANTA 56-TORONTO

10-DENVER

Figure 2.37 The 1-2 tree corresponding to the city data-
base of Figure 2.36

Tamminen [Tamm81b] uses bit interleaving to implement EXCELL (on the basis
of EXHASH, the extendible hashing function [Fagi79]). It has been adapted by Bur-
khard [Burk83] (who terms it shuffle order) in an analogous manner to serve as the
hashing function in linear hashing [Litw80, Oren83, Ouks83] (see Section 2.8.2.1). It
also serves as the cycling order in which individual bits of component keys of a record
are tested in the k-d trie (i.e., PR k-d tree) of Orenstein [Oren82]. The difference is
that in the case of the PR k-d tree, the discriminating key is part of the data structure.
On the other hand, bit interleaving is part of the data representation itself, and there
still remains a choice as to how to structure the data.

As an example of the utility of bit interleaving in range searching® we examine
how it is used by Tropf and Herzog [Trop81]. They chose to structure the data by use
of 1-2 brother trees [Ottm80] because of their conceptual simplicity, although the AVL
tree [Adel62, Aho74] would also have been an appropriate choice. These trees are
height-balanced search trees in which each nonleaf node either has two sons or, if it
has one son, then its brother has zero or two sons. Insertion and deletion for 1-2
brother trees have O(log,N ) worst-case execution times. Nevertheless, in the exam-
ple, a binary search tree is used, although the range-searching algorithm described can
be applied to balanced trees as well. Figure 2.37 is a binary search tree corresponding
to the city data base of Figure 2.1 encoded as in Figure 2.36.

Range searching using the binary search tree is fairly straightforward. The code
range is specified by the minimum and maximum codes in the search area. For exam-
ple, to find all the cities within the rectangular area defined by (25,25), (50,25),
(50,63), and (25,63), which is represented by codes 12, 24, 50, and 38 (see Figure
2.38), respectively, we must examine the codes between 12 and 50. The simplest
algorithm is recursive and traverses the binary search tree starting at its root. If the

8 This example is very specialized and can be omitted. In such a case, skip this and the following four
paragraphs and continue with the discussion of Gray codes.
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Figure 2.38 lllustration of the range search process when
using bit interleaving

root lies between the minimum and maximum codes in the range, both subtrees must
be examined (e.g., code 21 in Figure 2.37). Otherwise one subtree needs to be
searched (e.g., the left subtree of code 54 in Figure 2.37).

This algorithm is inefficient because many codes lie in the range between the
minimum and maximum codes without being within the query rectangle. This is illus-
trated by the two staircases in Figure 2.38. Codes above the upper staircase are
greater than the maximum search range code, while codes below the lower staircase
are less than the minimum search range code. All remaining codes are potential can-
didates, yet most are not in the query rectangle.

To prune the search range when the root lies within the search range (e.g., code
21 in Figure 2.37), Tropf and Herzog define two codes, termed LITMAX and BIGMIN,
which correspond to the maximum code in the left son and the minimum code in the
right son, respectively, that are in the query rectangle. The subsequent search of the
left son uses LITMAX as the maximum code in the range (e.g., 15 in the left subtree of
Figure 2.37) whilc the search of the right son uses BIGMIN as the minimum code in the
range (e.g., 24 in the right subtree of Figure 2.37), with the result that many codes are
eliminated from cousideration (e.g., codes between 16 and 23 in Figure 2.37 after exa-
mining the root for the query rectangle between 12 and 50).

Experiments veported by Tropf and Herzog [Trop81] show that given ~ records,
for small hypercube ranges, the average number of records inspected is
O(k - logyN + F ). where F is the number of records found. White [Whit82] shows how
to perform the same task when using a B-tree as the underlying representation with the
same order of exccution time.
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Figure 2.39 Orderings induced on points from {0,1,2,3}
and the result of the partial query X = 2 shown shaded:
(a) Gray codes prior to interleaving, (b)bit interleaving
without Gray codes, (c) bit concatenation with Y being more
significant than X

An interesting twist on bit interleaving that improves the efficiency of partial
match, and potentially for range queries, is reported by Faloutsos [Falo86]. He sug-
gests that the attributes be encoded by their Gray codes (recall the definition in Section
1.2) prior to the application of bit interleaving. The result is that the transitions
between successive points in the ordering are either in the horizontal or vertical
directions—not diagonal as is the case for the Z order, which characterizes the normal
bit interleaving process. Faloutsos feels that diagonal transitions between successive
records are undesirable because these records do not have any attribute values in com-
mon. This is most visible when performing a partial match query.

As an example of the use of Gray codes, suppose k =2 and the attributes are X
and Y with ranges between O and 3. The query X 22 means that we need to examine
only one cluster of points (e.g., Figure 2.39a) when bit interleaving is applied after
coding the attributes with their Gray codes (but see Exercise 2.118). In contrast, for
the same query, using bit interleaving without a Gray code means that we must exam-
ine two clusters of points (e.g., Figure 2.39b). Using bit concatenation such that attri-
bute ¥ is more significant than X, the same query requires us to examine four clusters
of points (e.g., Figure 2.39¢).

Depending on how the data are structured, a multiplicity of clusters may have a
significant impact on the cost of retrieving the answer. Faloutsos [Falo88] has shown
that for a partial match query, using the Gray codes never increases the number of
clusters and can reduce the number of clusters by at most 50%. Faloutsos further con-
jectures that the use of Gray codes has a similar effect on range queries, although at
the present this is an open problem. The overhead incurred by using Gray codes is
that of conversion from a binary representation, which is linear in the size of the code
word [Rein77].

To summarize, bit interleaving makes it possible to balance a data base of mul-
tidimensional point data dynamically. It leads to logarithmic insertion, deletion, and
search algorithms. It does have drawbacks, however. First, and most serious, is that
bit interleaving is not performed efficiently on general computers. Its complexity
depends on the total number of bits in the keys. Thus in & dimensions, when the max-
imum depth is n, the work required is proportional to £ - n. In contrast, a quadtree
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or bintree node at depth d requires work proportional to d. Nevertheless bit interleav-
ing is a useful conceptual model in the analysis of quadtree and bintree data structures.
Second, it is primarily useful for discrete rather than continuous data. Finally, code
words may get rather large as k increases.

Exercises

2.113. Write an algorithm to perform bit interleaving of the x and y coordinates of a point in an
efficient manner.

2.114, Write a procedure BI_SEARCH to perform a range search for a rectangular region in a 2-
dimensional database implemented as a binary search tree with bit interleaving as the
mapping function. ’

2.115. Assume a k-dimensional database implemented as a B-tree with bit interleaving as the
mapping function. Write a procedure BTREE_SEARCH to perform a range search for a k-
dimensional rectangular region.

2.116. Given a database of ~ records, prove that for a small rectangular k-dimensional region,
the range search in Exercise 2.115 takes O(k - log,~ + A) time where 4 is the number of
records found.

2.117. Give an algorithm for converting between a binary representation and a Gray code and
vice-versa.

2.118. Give an example partial match query involving attributes X and Y with ranges between 0
and 3 such that the use of Gray codes prior to interleaving does not result in a decrease
in the number of clusters from the number of clusters that result from normal bit inter-
leaving.

2.119. Prove that for partial match queries, using Gray codes prior to bit interleaving never
increases the number of clusters and can reduce them by a maximum of 50%.

2.120. Derive a method of enumerating all the possible partial match queries for two attributes.
Evaluate the expected number of clusters when using bit concatenation, bit interleaving,
and bit interleaving using Gray codes.

2.121. What is the effect on range queries of using Gray codes prior to bit interleaving?

2.122. One of the problems with the Gray code encoding is the existence of long horizontal
and vertical transitions between successive elements in the order. Find an ordering that
avoids this problem (recall Section 1.2).

2.8 BUCKET METHODS

Most of the data structures discussed in Sections 2.3-2.7 make use of trees. Thus they
are primarily designed for in-core applications, although their uses can be extended
elsewhere. The problem is that when data are stored in external storage, tree struc-
tures often require that pointers be followed. This invariably gives rise to page faults.
To overcome this problem, methods have been designed to collect the points into sets
(termed buckets) corresponding to the storage units (i.e., pages) of the disk. The
remaining task is to organize the access to these buckets by use of an appropriate
directory to facilitate address computation. We term such techniques bucket methods.
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The goal of bucket methods is to ensure efficient access to disk data. The sim-
plest bucket method is the fixed-grid (or cell) method (discussed in Section 2.2) whose
directory is a k-dimensional array with one entry per cell. The major deficiency of
this method is that the fixed size for the blocks results in both overflow and underfiow.
The methods presented next are examples of attempts to address this deficiency from
both hierarchical and nonhierarchical viewpoints (using directories in the form of trees
and arrays, respectively).

2.8.1 Hierarchical Bucket Methods

The use of a directory in the form of a tree to access the buckets was first proposed by
Knott [Knot71]. Orenstein [Oren82] discusses a hybrid k-d trie, a bucket method hav-
ing a directory in the form of a k-d trie. This is a bucket analog of the PR k-d tree in
which regions are split until no subregion contains more data points than the bucket
capacity. Matsuyama, Hao, and Nagao [Mats84] define a bucket PR quadtree in an
analogous manner.

Figure 2.40 is the bucket PR quadtree corresponding to the data of Figure 2.1
when the bucket capacity is 2. Having buckets of capacity ¢ (¢ > 1) reduces the
dependence of the maximum depth of the PR k-d tree on the minimum Euclidean dis-
tance separation of two distinct points to that of two sets of ¢ points. The term bucket
PR k-d tree is used to refer to this structure. The effect of the minimum Euclidean dis-
tance separation of two distinct points can be further reduced by using a BD tree with
bucket capacity ¢ (¢ > 1), as discussed in Section 2.6.2.

Nelson and Samet [Nels86b, Nels87] analyze the distribution of nodes in a
bucket PR quadtree in terms of their occupancies for various values of the bucket capa-
city. They model a quadtree as a collection of populations in which each population
represents the set of nodes in the quadtree that have a particular occupancy. Thus the
set of all empty nodes constitutes one population, the set of all nodes containing a
single point constitutes another population, and so on. The individual populations
contain nodes of different sizes.

As points are added to the bucket PR quadtree, each population grows in a
manner that depends on the other populations. For example, when the bucket capacity
is ¢, the probability of producing a new node with occupancy i/ depends both on the
fraction of nodes with occupancy i — 1 and on the population of full nodes (occupancy
¢), since nodes of any occupancy can be produced when a full node splits.

The result of the analysis is the determination of a steady state where the pro-
portions of the various populations are constant under addition of new points accord-
ing to some data model (e.g., uniform distribution, Gaussian distribution). This steady
state is taken as a representative distribution of populations from which expected
values for structure parameters such as average node occupancies are calculated.

The population model is an alternative to the use of a statistical analysis to
define a ‘typical’ structure. The statistical analyses are based on the computation,
relative to some model of data distribution, of statistical sums over the space of possi-
ble data structure configurations. Statistical analyses for uniformly distributed data
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Figure 240 Bucket PR quadtree corresponding to Figure
2.1 for bucket size = 2

have been applied by Fagin et al. to extendible hashing [Fagi79], Flajolet and Puech
[Flaj83] to tries, Regnier to the grid file (see Section 2.8.2.3) [Regn85], and Tam-
minen to EXCELL (see Section 2.8.2.4) [Tamm383].

The advantage of the population model is that dependencies between various
populations and the steady state can be determined with relative ease. Moreover, the
method is sufficiently flexible that it can be applied to other data structures in which
the decomposition is determined adaptively by the local concentration of the data.

Nelson and Samet [Nels86b, Nels87] computed the average bucket occupancies
for a number of different bucket capacities when points were generated under a uni-
form distribution. They found that the theoretical occupancy predictions were con-
sistently slightly higher than the experimental values and that the size of the
discrepancy had a cyclical structure. They use the terms aging and phasing, respec-
tively, to describe these phenomena.

The population model of bucket splitting assumes that the probability of a
point’s falling into a node of type n; (i.e., occupancy i) is proportional to the fraction
of the total type n, nodes. This means that the average size of a node is independent
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of its occupancy. In actuality nodes with a larger area are formed before the nodes
with a smaller area and, hence, the origin of the term aging. These larger nodes will
tend to have a slightly higher average occupancy than the smaller nodes. Therefore to
maintain a steady-state situation, the fraction of high occupancy nodes must be less
than predicted by the model, with the result that we have more lower occupancy
nodes, thereby yielding a smaller average bucket occupancy.

When nodes are drawn from a uniform distribution, the nodes in the quadtree
will tend to split and fill in phase with a logarithmic period repeating every time the
number of points increases by a factor of four. In particular, all nodes of the same size
tend to fill up and split at the same time. This situation is termed phasing. It explains
why the average bucket occupancy for a fixed bucket size oscillates with the number
of data points. In contrast, when the distribution of points is nonuniform (e.g., Gaus-
sian), then initially there is oscillatory behavior; however, it damps out as node popu-
lations in regions of different densities get out of phase.

The nodes in a B-tree can also be used as buckets. A linear ordering on multidi-
mensional point data can be obtained by using bit interleaving, as mentioned in Sec-
tion 2.7, and then storing the results in a B-tree (recall the zkd B-tree). Unfortunately,
in such a case, a B-tree node does not usually correspond to a k-dimensional rectangle.
Thus the representation is not particularly conducive to region searching. To over-
come this deficiency, Robinson [Robi81] introduces the k-d-B-tree, which uses an
adaptive k-d tree partition to dictate the contents of each B-tree node. The problem
with this technique is that B-tree performance guarantees are no longer valid. For
example, pages are not guaranteed to be 50% full without very complicated record
insertion and deletion procedures. Nevertheless Robinson [Robi81] reports that
empirical tests led to 60% page occupancy for uniformly distributed data.

The nodes of the k-d-B-tree correspond to disjoint regions. The R-tree of Gutt-
man [Gutt84] is another adaptation of the B-tree for representing point data that does
not require the regions covered by the nodes to be disjoint. The k-dimensional point
data are stored in the leaf nodes, while the nonleaf nodes are the minimum covering
k-dimensional rectangles for the area covered by their elements. Using such an
approach enables the B-tree performance guarantees to hold. However, search opera-
tions are not as efficient since a point may be in the space covered by more than one
node. Roussopoulos and Leifker [Rous85] suggest that this shortcoming can be allevi-
ated, in a static environment, either completely by using rotations or partially by using
the packed R-tree. The R-tree is more commonly used for two-dimensional spatial
data such as rectangles. It is discussed in greater detail in Section 3.5.3.

Matsuyama, Hao, and Nagao [Mats84] use the adaptive k-d tree as a basis for
bucket methods in a geographic information system (see also the spatial k-d tree of
Ooi, McDonell, and Sacks-Davis [O0i87], which is discussed in Section 3.4). A
bucket is split whenever it overflows its capacity, and in contrast to the bucket PR k-d
tree, there is a choice as to the dimension across which to split. For example, consider
Figure 2.41, the bucket adaptive k-d tree corresponding to the data of Figure 2.1 when
the bucket capacity is 2. The splitting rule is one that uses as a discriminator the attri-
bute that maximizes the spread of the values of the key.
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Figure 2.41 Bucket adaptive k-d tree corresponding to
Figure 2.1 for bucket size = 2

O’Rourke [ORou81, ORou84] also uses the bucket version of the adaptive k-d
tree, calling it a Dynamically Quantized Space (DQs). It is useful for cluster detection
as well as for multidimensional histogramming, in particular, to aid in focusing the
Hough Transform. The rest of this section elaborates further on the use of the DQS and
its relative, the Dynamically Quantized Pyramid (DQP) [Sloa81, ORou84], in conjunc-
tion with the Hough Transform. This discussion is very specialized, and thus the rest
of this section can be skipped.

The Hough Transform facilitates the detection of arbitrary sparse patterns, such
as curves, by mapping them into a space where they give rise to clusters. A DQS has k
attributes or dimensions corresponding to a set of parameters that can be mapped by
an appropriate function to yield image patterns. The buckets correspond to the param-
eter regions. Associated with each bucket is a count indicating the number of times
that an element in iIs region appears in the data. The goal is to find evidence for the
presence of clusters in parameter space.

The DQS is particularly useful in parameter spaces of high dimension (i.e., > 2).
However, for the sake of this discussion, we look at only two-dimensional data. In
particular, consider a large collection of short edges and try to determine if many of
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them are colinear. We do this by examining the values of their slopes and y-intercepts
(recall that the equation of a line is y =m - x + b). It turns out that a high density of
points (i.e., counts per unit volume) in the (m, b) plane is evidence that many colinear
edges exist. We want to avoid wasting the space while finding the cluster (most of the
space will be empty). To do this, we vary the sizes of the buckets (i.e., their parame-
ter regions) in an attempt to keep the counts equal.

In two dimensions, the Hough Transform for detecting lines is quite messy
unless each detected point has an associated slope. The same would be true in three
dimensions where we would want not only a position reading (x, y, z) but also the
direction cosines of a surface normal (o, B, y). We can then map each detection into
the parameters of a plane, e.g., (p, o, B), where p is the perpendicular distance from
the plane to the origin. If there are many coplanar detectors, this should yield a cluster
in the vicinity of some particular (p, o, B).

As the buckets overflow, new buckets (and corresponding parameter regions)
are created by a splitting process. This splitting process is guided by the two indepen-
dent goals of an equal count in each bucket and the maintenance of a uniform distribu-
tion in each bucket. This is aided by keeping a count and an imbalance vector with
each bucket. When the need arises, buckets are split across the dimension of greatest
imbalance. There is also a merging rule, which is applied when counts of adjacent
neighbors (possibly more than two) are not too large and the merge will not produce
any highly unbalanced region. This is especially useful if the data are dynamic.

Sloan [Sloa81, ORou84] addresses the same problem as O’Rourke, albeit with a
different data structure which he calls a Dynamically Quantized Pyramid (DQP). It is
based on the pyramid data structure (i.e., a full balanced tree where each nonleaf node
has 2% sons [Tani75]—see Section 1.3 for more details). In this case, the number of
buckets (i.e., parameter regions) and the relationship between fathers and sons are
fixed. The DQP differs from the conventional pyramid in that the partition points
(termed cross-hairs) at the various levels are variable rather than fixed. Thus the
result is analogous to a complete point quadtree with buckets.

The partition points of a DQP are initialized to the midpoints of the different
attributes. They are adjusted as data are entered. This adjustment process occurs at
all levels and is termed a warping process. One possible technique when inserting a
new data point, say P, in a space rooted at @, is to take a weighted average of the posi-
tion of P, say @, and of Q, say (1 — a). This changes the boundaries of all nodes in the
subtree rooted at Q. P is recursively added to the appropriate bucket (associated with a
leaf node), which causes other boundaries to change.

Figure 2.42 is an example of a two-dimensional DQP for three levels. It should
be clear that regions grow smaller near inserted points and that the shape of the DQP
depends on the insertion history, thereby providing an automatic focusing mechanism.
The warping process is analogous to the splitting operation used in conjunction with a
DQs. The advantage of a DQP over the DQS is that it is easier to implement, and merg-
ing is considerably simpler. On the other hand, the DQP allocates equal resources for
each dimension of the parameter space, whereas the DQS can ignore irrelevant dimen-
sions, thereby yielding more precision in its focusing. Also, the DQS takes up less
storage than the DQP.
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Figure 242 Example two-dimensional DQP for three levels

Exercises

Let the size of a data item be bounded by 4 (i.e., the maximum total number of bits in
the k keys) and let the bucket capacity be ¢. Suppose that a bucket in a bucket PR k-d
tree overflows. Assuming that each bit has an equal probability of being 0 or 1, find the
expected number of bits that must be tested to resolve the overflow.

Assuming a file with N records, can you adapt the B-tree to handle multidimensional
point data in a way that guarantees worst-case performance of insertion and deletion of
records in O(log,~ ) time and that pages are always at least 50% full? Searching for i-
dimensional rectangular ranges should have performance of O(log,~ + F), where F is
the number of records found.

Implement a BD tree with a bucket capacity of c¢. In particular, write procedures to
insert and delete nodes from it. The key issue is how to handle bucket overflow and
underflow. Try to use techniques analogous to those used for B-trees—such as rotation
of elements between adjacent buckets that are not completely full.

Implement an R-tree for n points so that there is no overlap—that is, each point appears
in just one node at all levels in the tree.

Can you apply the techniques used to solve Exercise 2.126 to deal with a collection of
rectangles rather than points?

How would you use the Hough Transform to detect if some range data (i.e., x, v, = read-

ings) are coplanar?

2.8.2 Nonhierarchical Bucket Methods

The nonhierarchical bucket methods discussed in this section use a directory in the
form of an array. The first method is an adaptation of linear hashing. This is analo-
gous to implicitly using a directory in the form of a one-dimensional array. The
advantage of linear hashing is a linear growth of the directory (i.e., one bucket at a
time). It breaks up the file into a set of primary and overflow buckets. At most, two
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hash operations are required to determine the primary bucket to be accessed. A draw-
back of linear hashing is that the manner in which the directory grows is unrelated to
the probability of the occurrence of an overflow in the bucket that is expanded. The
second method, spiral hashing, overcomes this disadvantage by always expanding the
bucket that has the highest probability of overflowing.

The remaining methods, the grid file and EXCELL, are closely related. Both
organize space into buckets corresponding to k-dimensional rectangles, use a directory
in the form of a k-dimensional array, and guarantee the retrieval of a record with two
disk accesses. They differ in the nature of the directory and the rate at which it grows.
Their similarity to the quadtree lies in the mappings induced by the directories (i.e.,
EXCELL with the region quadtree and the grid file with the point quadtree).

2.8.2.1 LINEAR HASHING
In the previous sections we examined methods based on comparing a data item with
values stored in the data structure (e.g., the point quadtree) and methods that use the
digits of the data item as a means of directing the process (e.g., the k-d trie). Hashing
[Knut73b] is an alternative. Given a point P, hashing consists of computing a function
(termed a hashing function) h (P) whose value is the address of a bucket where P and
its associated data are stored. Hashing functions are chosen so that they will scramble
the data by distributing them equally among all the buckets. Thus they typically de-
stroy order. Unfortunately it is rather difficult to discover hashing functions that will
map each data point into a unique bucket, and it is not customary to channel too much
energy in attempting to do so.

Buckets are usually of finite capacity, although they may be implemented as
linked lists. As the amount of data increases, the buckets may get too full and
overflow. Since the number of buckets is usually fixed by the hash function, we must
modify the hash function to generate more buckets. Ideally this modification should
require a minimal amount of rehashing—that is, only a few records should have to be
moved to new buckets. Generally most hashing methods do not allow the number of
buckets to grow gracefully.

Knott [Knot71] suggests storing the buckets using a trie in the form of a binary
tree. In this scheme, bucket overflow is rather trivial since the bucket is split into two
parts. The problem with such a scheme is that accessing a bucket at depth / requires /
operations. Extendible hashing, as defined by Fagin et al. [Fagi79], is analogous to a
trie except that the buckets are at varying levels (trie), while the directory is at a single
level. It is usually implemented as a directory of pointers to buckets. This means that
accessing a bucket can be done in one operation; however, when a bucket overflows,
the size of the directory may have to be doubled.

Linear hashing has been proposed by Litwin [Litw80, Lars88] as a technique
providing for linear growth of the file (i.e., one bucket at a time). Its principal innova-
tion is the decoupling of the bucket splitting decision from the identity of the bucket
that overflowed. There are many variations of linear hashing. The ones explained
here are motivated by the desire to represent multidimensional point data in a manner
that makes range searching practical. Given a file containing m (2" <m <2"*! - 1)
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buckets starting at address 0, and a key X, Litwin’s method uses the hashing function
h, (k) = kK mod 2" to access buckets m — 2" through 2" — 1, and A,,,,(X) = K mod 2"*!
to access buckets O through m — 2" — 1 and buckets 2" through m—1. Such a file is
said to be of level n,n+1 so that the buckets accessed by 4, are at level n while those
accessed by 4, are at level n+1. Note that when m = 2", no buckets are accessed by
hn+l°

A file implemented using linear hashing has both primary and overflow buckets.
When a record hashes to a full primary bucket, it is inserted into an overflow bucket
associated with the primary bucket. Generally the overflow buckets are chained to the
primary bucket. When the buckets are addressed from O to m — 1, there is no need for
a directory. The storage utilization factor, 7, is defined to be the ratio of the number of
records in the file to the number of positions available in the existing primary and
overflow buckets.

When the storage utilization factor exceeds a predetermined value, say «, then
one of the buckets is split. When bucket b is split, its records are rehashed using 4,
and distributed into buckets » and b + 2". The identity of the next bucket to be split is
maintained by the pointer s that cycles through the values O to 2" — 1. When s reaches
2", all of the buckets have been split, and thus # is incremented and s is reset to 0. A
bucket split does not necessarily occur when a record hashes to a full primary bucket,
nor does the split bucket have to be full.

The principle behind linear hashing is that eventually every bucket will be split,
and ideally all of the overflow buckets will be emptied and reclaimed. This is similar
to the rationale used for analyzing algorithms using the ‘amortization’ method
[Bent80a]. Technically when the storage utilization factor falls below a predeter-
mined value, say B, buckets should be merged (i.e., the bucket splitting process should
be reversed). However, this has not been the subject of much research, and we ignore
it here (see Exercise 2.130). Note also the similarity to the ‘buddy system’ [Knut73a]
of dynamic storage allocation, although the buddies (i.e., the buckets that are merged)
are formed differently.

As an example of linear hashing, consider the database of Figure 2.1. First,
apply the mapping f such that f(z) =z div 12.5 to both x and y coordinates. Next,
apply bit interleaving to its keys to yield the mapping given in Figure 2.36. Recall that
in this case the value of the y coordinate is deemed more significant than that of the x
coordinate. Assume that the primary and overflow buckets are both of size 2 and that

0 I -2 3 4 5
MOBILE [cHICAGO OMAHA | MIAMI
TORONTO] [puFFaLo

{DENVER:

(ATLANTA]

Figure 2.43 Result of applying linear hashing to the data
of Figure 2.1 using a hashing function equal to interleaving
the bits
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a bucket will be split whenever T, the storage utilization factor, is greater than or equal
to 0.66 (i.e., o= 0.66).

Figure 2.43 shows the resulting partition. In the figure, solid lines designate pri-
mary buckets, broken lines designate overflow buckets, and a rightward-pointing
arrow indicates the next bucket to be split. There are six primary buckets, labeled
0-5, and one overflow bucket. To understand the splitting process, let us examine
more closely how linear hashing copes with a sequence of insertion operations. In
particular, we observe how Figure 2.43 is constructed for the records of Figure 2.1 in
the order in which they appear there: Chicago, Mobile, Toronto, Buffalo, Denver,
Omaha, Atlanta, and Miami.

Initially only bucket O exists, it is empty, and the file is of level 0,1. The pointer
to the next bucket to be split, s, is initialized to 0. The insertion of Chicago and
Mobile yields T = 1.00, causing bucket O to be split and bucket 1 to be allocated. s
retains its value of 0, and both Chicago and Mobile remain in bucket O (Figure 2.44a).
Toronto is inserted in bucket 0, but T=0.75, which causes bucket O to be split, s to be
set to 1, bucket 2 to be allocated, and Chicago to be placed in it (Figure 2.44b). Our
file is now of level 1,2. Next, we try to insert Buffalo. It belongs in bucket 2. How-
ever, now T = 0.67, causing bucket 1 to be split, s to be reset to 0, and bucket 3 to be
allocated (Figure 2.44c).

Attempting to insert Denver causes bucket 2 to overflow and leads to the alloca-
tion of an overflow bucket attached to bucket 2 once Denver has been placed in it.
Similarly inserting Omaha results in an overflow of bucket 0 and the allocation of an
overflow bucket attached to it, once Omaha has been placed in it. Atlanta belongs in
bucket 2, and, since it is full, it is placed into its overflow bucket (see Figure 2.44d).
Miami is inserted into bucket 1, resulting in T=0.67. This causes bucket O to be split,
s to be set to 1, bucket 4 to be allocated, and Omaha to be moved to bucket 4. Qur file
is now of level 2,3. Since bucket 0’s overflow bucket is now empty, it is deallocated,
yielding T=0.67. Thus bucket 1 is split, s is set to 2, bucket 5 is allocated, and Miami
is moved to it (Figure 2.43).

~0 [ —-0 [ 2 3
CHICAGO MOBILE | cHICAGO
MOBILE TORONTO [purFaLo
a c
0 —= 2 —0 [ 2 3
MOBILE CHICAGO MOBILE [cHicAGo
TORONTO TORONTO [BuFFaLo
T
LOMARA S LDENVER)
i : IATLANTAI
_______ 4 Lrmrre—ed
b d

Figure 2.44  Sequence of linear hashing bucket contents
demonstrating the insertion of (a) Chicago and Mobile,
(b) Toronto, (c) Buffalo, and (d) Denver, Omaha, and
Atlanta
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Linear hashing as described may require complex searches when many of the
records hash to a subset of the buckets. Let S denote this subset. This means that
several overflow buckets will be associated with each element of . On the other hand,
there will be few overflow buckets associated with the remaining primary buckets
(i.e., not elements of §). Ramamohanarao and Sacks-Davis [Rama84] suggest that the
same hashing function be applied to the contents of all of the overflow buckets. This
technique is called recursive linear hashing, and the result can be viewed as a separate
file, termed an overflow file. This process is applied as many times as necessary
(hence the term recursive), each time creating an additional overflow file. However,
in practice, it is rare for the hashing function to be applied more than three times
[Rama84]. The only difference from the original application of the hashing function
is that for the second and subsequent applications of the hashing function, the
overflow file is at a lower (i.e., smaller) level from that of the original file.

One problem with recursive linear hashing is that when primary bucket P is split,
records in the overflow files that originally hashed to 7 may have to be moved to a pri-
mary bucket or another overflow file. A similar problem arises when two primary
buckets are merged. Of course, these problems also arise with conventional linear
hashing. Nevertheless recursive linear hashing has the property that all records that
originally hashed to P will be stored in a single bucket in each of the overflow files
(see Exercise 3.84). Hence the insertion costs for recursive linear hashing and for
conventional linear hashing with optimal overflow bucket size [Lars80, Rama82] are
similar [Rama84]. (For more details on recursive linear hashing, see [Rama85].)

Linear hashing was proposed initially as a technique for dealing with one-
dimensional data. The partitioning imposed by the hash function 4,(k) =k mod 2"
has the effect that all of the records in a given bucket agree in the n least significant
bits. This is fine for random access; however, it does not support efficient sequential
file access since different buckets must be accessed. If the most significant bits of the
key were tested instead, then all of the records in a given bucket would be within a
given range. Assuming a fixed key length (i.e., the number of bits is fixed), this can
be achieved by redefining the hashing function to be A,(k) = reverse (k) mod 2". An
implementation of linear hashing satisfying this property is termed order preserving
linear hashing (OPLH).

In one dimension, OPLH is analogous to a trie. For multidimensional data (e.g., &
dimensions), the same effect is obtained by interleaving the bits from the various keys,
reversing the result, and then performing a modulo operation. The result is analogous
to a k-d trie and was discussed in greater detail under the general heading of bit inter-
leaving in Section 2.7. The combination of reversed bit interleaving with linear hash-
ing seems to have been proposed independently by Burkhard [Burk83], Orenstein
[Oren83], and Ouksel and Scheuermann [Ouks83] (see also [Tamm84b]). This com-
bination is applied to range searching by Burkhard [Burk83] and Orenstein and Mer-
rett [Oren84], although different search algorithms are used.

As an example of the partitioning that results when reversed bit interleaving is
used with linear hashing. consider again the database of Figure 2.1 after the applica-
tion of the mapping f(z) =z div 12.5 to the values of both the x and vy coordinates.
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Table 2.1  Reversed bit interleaving applied to
the result of f{z) = z div 12.5.

Name tx | y | CODE(x) | CODE(y)
Chicago 2|3 44 28
Mobile 410 1 2
Toronto 4 6 11 7
Buffalo 6 5 39 27
Denver 0 3 40 20
Omaha 2 2 12 12
Atlanta 6 1 37 26
Miami 7 0 21 42

The result of this mapping is given in columns 2 and 3 of Table 2.1. Next apply bit
interleaving to its keys to yield the mappings given in columns 4 and 5 of the same
table. Two mappings are possible since we can either take the value of the x coordi-
nate as the most significant (column 4 and labeled CODE(x)) or the y coordinate
(column 5 and labeled CODEC(y)).

Assuming that the y coordinate is the most significant yields the partition of the
database shown in Figure 2.45. Using the same bucket capacities and storage utiliza-
tion factor as in Figure 2.43, we find that there are six primary buckets, labeled 0-5,
and two overflow buckets. To understand the splitting process, we examine
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Figure 2.45 Linear hashing using reversed bit interleaving
representation corresponding to Figure 2.1. Overflow
bucket contents are in boxes whose sides are broken lines.
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Figure 2.46 Sequence of linear hashing bucket contents
using reversed bit interleaving demonstrating the insertion
of (a) Chicago and Mobile, (b) Toronto, (c) Buffalo, and
(d) Denver and Omaha. Overflow bucket contents are in
boxes whose sides are broken lines.

more closely how Figure 2.45 is constructed for the records of Figure 2.1 in the order
in which they appear there: Chicago, Mobile, Toronto, Buffalo, Denver, Omaha,
Atlanta, and Miami.

Initially only bucket O exists, it is empty, and the file is of level 0,1. The pointer
to the next bucket to be split, s, is initialized to 0. The insertion of Chicago and
Mobile yields T = 1.00, causing bucket O to be split and bucket 1 to be allocated. s
retains its value of 0 and both Chicago and Mobile remain in bucket O (Figure 2.46a).
Toronto is inserted in bucket 1, but T =0.75, causing bucket 0 to be split, s to be set to
1, bucket 2 to be allocated, and Mobile to be placed in it (Figure 2.46b). Our file is
now of level 1,2. Next we try to insert Buffalo. It belongs in bucket 1. However,
now T =0.67, causing bucket 1 to be split, s to be reset to 0, bucket 3 to be allocated,
and Toronto and Buffalo to be placed in it (Figure 2.46c). Denver is inserted in
bucket O.

Attempting to insert Omaha finds it belonging in bucket O, but T = 0.75, causing
bucket O to be split, s to be set to 1, bucket 4 to be allocated, and Denver and Chicago
to be placed in it. Our file is now of level 2,3. Unfortunately Omaha also belongs in
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bucket 4, and thus an overflow bucket must be allocated, attached to bucket 4, and
Omaha is placed in it (see Figure 2.46d). Atlanta is placed in bucket 2. Miami is
inserted into bucket 2. However, now T =0.67, causing bucket 1 to be split, s to be set
to 2, and bucket 5 to be allocated. After the bucket split we still have too many items
in bucket 2, and thus an overflow bucket must be allocated, attached to bucket 2;
Miami is placed in it (Figure 2.45).

Orenstein [Oren83] discusses a number of problems associated with OPLH. In
particular, records may not be well distributed in the buckets when the data are not
uniformly distributed. This means that overflow will be more common than with trad-
itional hashing methods. It also has the effect of possibly creating a large number of
sparsely filled buckets. Consequently random access is slower since, in the case of
overflow, several buckets may have to be examined. Similarly sequential access will
also take longer as several buckets will have to be retrieved without finding too many
records. The problem is that linear hashing requires that all buckets be stored at one
of two levels. This has the advantage that at most two hash operations are required to
determine the primary bucket to be accessed (see Exercise 2.129).

Orenstein proposes a technique he terms multilevel order preserving linear
hashing (MLOPLH). It alleviates the sparseness problem by storing parts of the file in
buckets at lower levels than n. Such buckets result from the combination of a sparse
bucket with its brother(s). The major problem with the MLOPLH method is that now
we may require n+1 disk read operations (equal to the number of bucket accesses) to
locate a bucket, whereas previously at most two hash operations were necessary.

The reason so many buckets may have to be accessed is that linear hashing
methods do not make use of a directory. Thus encountering an empty bucket is the
only way to detect that records of one bucket have been merged with those of another
bucket at a lower level. Even more buckets will have to be accessed when deletion of
a record causes a sparse bucket to be combined with its brother. In contrast,
directory-based methods such as the grid file and EXCELL (as described in sections
2.8.2.3 and 2.8.2.4) do not suffer from such a problem to the same extent. The reason
is that the sparseness issue can be avoided because the directory consists of grid
blocks, and several grid blocks can share a bucket.

Exercises

2.129. Give an algorithm to look up a record with key « in a file implemented with linear hash-
ing of m buckets. The file is at level n,n+1. Do you use 4, first or h,,,? If it makes a
difference, explain why,

2.130. Discuss the issue of merging buckets for linear hashing—that is, when the storage utili-
zation factor falls below a particular threshold, say B.

2.131. The insertion algorithm for linear hashing described in the text splits bucket s whenever
insertion of a record causes the storage utilization factor, T, to exceed a predetermined
value. This is done even if bucket s does not overflow or if no records will move as a
result of the bucket splitting operation. Of course, allocating an overflow bucket is also
a method of reducing the storage utilization factor. Modify the insertion algorithm so
that when the storage utilization factor is too high and there is overflow, a split of
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bucket s occurs only if it will resolve the overflow; otherwise allocate an overflow
bucket. If there is no overflow, bucket s is split as before. Define a measure to compare
these two methods, and do so analytically and empirically.

Exercises 2.132-2.139 are based on an asymptotic analysis of linear hashing described
by Larson [Lars88]. Assume that there are no deletions. The implementation is slightly
different from the one described in the text. The capacity of the buckets is not re-
stricted, and thus there is no need for overflow buckets. Each bucket is implemented as
a linked list (i.e., a chain). In this case, the storage utilization factor 1 is the total
number of records in the table divided by the number of buckets. Suppose that no
bucket splits are ever allowed. Compute s(t) and u (1), the expected number of key
comparisons for a successful and unsuccessful search, respectively. In your answer, for
the unsuccessful search case, assume that no key comparison is necessary when the key
value is hashed to an empty bucket.

For this exercise and through Exercise 2.139 assume that a bucket is split each time the
storage utilization factor exceeds . At any instant, let x (0 £ x < 1) denote the fraction
of the buckets that have been split and z the expected number of records in an unsplit
bucket. The expected number of records in a split or new bucket is z/2. Show that
=0 (1 +x).

Let s(a, x) denote the expected number of key comparisons for a successful search
when a fraction v of the buckets have been split. Calculate S (a, ).

Calculate U (a., v), the expected length of an unsuccessful search.

When do the minimum expected search lengths occur?

When do the maximum expected search lengths occur?

Calculate the average search cost over a cycle (i.e., as x ranges from 0 to 1).

The cost of each insertion of a record can be decomposed into two parts. The first part
is the cost of placing the record at the end of the chain. The second part reflects the
situation that a bucket is split and the table is expanded. The cost of the first part is the
same as that of an unsuccessful search and the cost of linking the record to the end of
the chain. The second part arises with a probability of 1/¢a. Here we must rehash each
record on the chain and update some pointers. Calculate A(, x), the expected number
of rehashing operations per record that is inserted, and its average over a cycle.

Repeat the analyses of Exercises 2.132-2.139 when the primary buckets have a finite
capacity, say ¢. This means that overflow buckets will be necessary. Assume an
overflow bucket capacity of v.

Write a procedure LIN_SEARCH to perform a range search for a rectangular region in a
2-dimensional database implemented with linear hashing and reversed bit interleaving
as the hashing function.

Give an algorithm to insert a record with key k in a file implemented with recursive
linear hashing of m primary buckets that is at level n,n+1.

Give an algorithm to look up a record with key « in a file implemented with recursive
linear hashing of m primary buckets that is at level n,n+1.

Give an algorithm to delete a record with key x from a file implemented with recursive
linear hashing of » primary buckets that is at level n.n+1.

Prove that recursive linear hashing has the property that all records that originally
hashed to primary bucket p will be stored in a single bucket in each of the overflow
files.
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2.8.2.2 SPIRAL HASHING
One of the drawbacks of linear hashing is that the order in which the buckets are split
is unrelated to the probability of the occurrence of an overflow. In particular, all the
buckets that are candidates for a split have the same probability of overflowing.
Moreover the expected cost of retrieving a record and updating the table of active
buckets varies cyclically in the sense that it depends on the proportion of the buckets
split during a bucket expansion cycle (see Exercises 2.132-2.139).

Proposed by Martin [Mart79, Lars88, Mull85], spiral hashing is a technique
whose performance (i.e., the expected search length in a bucket) has been observed to
be independent of the number (or fraction) of the buckets that have been split. Thus it
is said to have uniform performance (see Exercise 2.172). This is achieved by distri-
buting the records in an uneven manner over the active buckets. Moreover it always
splits the bucket that has the highest probability of overflowing.

Spiral hashing is similar in spirit to linear hashing. To simplify the explanation,
we identify the buckets by their addresses. The central idea behind spiral hashing is
that there is an ever-changing (and growing) address space of active bucket addresses
that is moving forward (e.g., Figure 2.47). This is in contrast to linear hashing in
which the active bucket addresses always range from O to m—1. Recall that in linear
hashing, when the bucket at address s is split, a new bucket is created at location m,
and the previous contents of bucket s are rehashed and inserted into buckets s and m,
as 1s appropriate.

In the following discussion, we assume that a bucket can be split into d buckets
rather than just 2 as was the case in the presentation of linear hashing. d is called the
growth factor. We assume further that d is an integer; however, this restriction can be
lifted. Let s and ¢ denote the addresses of the first and last active buckets, respec-
tively, so that each bucket with address i (s <i <) is active. Define the storage utili-
zation factor, T, in the same way as for linear hashing—that is, the ratio of the number
of records in the file to the number of positions available in the existing primary and
overflow buckets. A bucket is split whenever T exceeds a predetermined value, say o.
When 7 falls below a predetermined value, say 3, buckets should be merged (i.e., the
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Figure 2.47 Example of a changing (and growing)
address space of active bucket addresses. When a bucket
is split, three new buckets are created, and the bucket that
has been split is no longer active.
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bucket splitting process should be reversed). However, this has not been the subject
of much research, and we ignore it here (see Exercise 2.154).

When the bucket at address s is split, say into d buckets, then d new buckets are
allocated starting at bucket address ¢ + 1, and the contents of bucket s are rehashed
into these new buckets. Bucket address s is no longer used (but see Exercise 2.156),
and the active bucket addresses now range from s + 1 to t + d. As we will see, the
manner in which the hashing function is chosen guarantees that the expected load (i.e.,
the expected number of records per bucket) is always at a maximum at bucket s and is
at a minimum at bucket 7. Moreover, the expected load of bucket / + 1 is less than the
expected load of bucket i (s <i < t).

The presentation is simplified considerably if we assume that initially there are
d — 1 active buckets starting at address 1. For example, when d = 2, initially there is
one active bucket starting at address 1; after the first split, there are two active buckets
starting at address 2; after the second split, there are three active buckets starting at
address 3; and so on. When 4 = 3, initially there are two active buckets starting at
address 1; after the first split, there are four active buckets starting at address 2; after
the second split, there are six active buckets starting at address 3; and so on. This
splitting sequence (i.e.. for d = 3) is illustrated in Figure 2.47. In general, it can be
shown that for arbitrary values of d, after the occurrence of s bucket split operations,
there are always (s + 1) - (d — 1) active bucket addresses (see Exercise 2.146).

The growth pattern described above can be modeled by observing the behavior
of the function y = d*. We know that d**! —d* =d* . (d—1). Assume that bucket s
has just been split. Letting d* = s+ 1, we find that d**' —4* = (s +1) - (d— 1) which
is the number of active bucket addresses. Moreover, d* = s +1 is the address of the
first active bucket which means that the last active bucket is at 4**! — 1. This relation
serves as the basis of a combination of two hashing functions.
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Figure 2.48 The functiony =2
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Table 2.2  Bucket address mapping for d = 2

Bucket address Hash interval Relative load
1 [0.0000,1.0000) 1.0000
2 [0.0000,0.5849) 0.5849
3 [0.5849,1.0000) 0.4151
4 [0.0000,0.3219) 0.3219
5 [0.3219,0.5849) 0.2630
6 [0.5849,0.8073) 0.2226
7 [0.8073,1.0000) 0.1927
8 [0.0000,0.1699) 0.1699
9 [0.1699,0.3219) 0.1520

10 [0.3219,0.4594) 0.1375
11 [0.4594,0.5849) 0.1255
12 [0.5849,0.7004) 0.1155
13 [0.7004,0.8073) 0.1069
14 [0.8073,0.9068) 0.0995
15 [0.9068,1.0000) 0.0932

The first function, say A(K), is used to map key K uniformly into a value in [0,1).
Next, we map h(K) into its bucket address, denoted by y(K) such that y(K) is in the
range [s+ 1,s+ 1+ (s+ 1) . (d—-1)). This is achieved by the function y(K) =
| *®] , where x(K) is in the range [log, (s + 1), log, (s + 1)+ 1). The difficulty lies
in defining x(K). A simple solution is to let x(K) = log; (s+1) + A(K). Unfor-
tunately, in this solution, x(K) changes whenever s changes. This is unacceptable as it
means that whenever a bucket split occurs, all keys have to be rehashed. What we
want is a definition of x(K) such that once bucket s has been split, all keys K whose
previous x(K) value was in the range [log; (s), log, (s + 1)) (i.e. keys in bucket s) are

RELATIVE
LOAD

1O+

0.54
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o' 1]
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1234567 83I01112131415 NUMBER

Figure 2.49 Relative load of buckets 1-15 whend =2



128 | 2 POINT DATA

Table 2.3  Bit interleaving the result of f{z) = z div 12.5

Name x | y | CODE(x) | CODE(x)/64 | CODE(y) | CODE(y)/64
Chicago | 2 | 3 13 0.203125 14 0.218750
Mobile 410 32 0.500000 16 0.250000
Toronto | 4 | 6 52 0.812500 56 0.875000
Buffalo 6 |5 59 0.921875 54 0.843750
Denver 0|3 5 0.078125 10 0.156250
Omaha 2 12 12 0.187500 12 0.187500
Atlanta 6 |1 41 0.640625 22 0.343750
Miami 710 42 0.656250 21 0.328125

rehashed to one of the newly generated buckets by a new x(K) in the range [log, (s) +
1, logy; (s+1) + 1). In contrast, the new x(K) value of all other keys whose previous
x(K) value was in the range [log; (s+1), log; (s) + 1) are unchanged. This is
achieved by letting x(K) = log; (s + 1) — h(K)] + h(K) (see Figure 2.48 for d = 2).
Therefore, x(K) is a number in the range [log; (s + 1), log; (s + 1) + 1) whose frac-
tional part is h(K). Thus once K is hashed into a bucket with a particular bucket
address, say b, K is guaranteed to continue to be hashed into b until b has been split.
Table 2.2 illustrates the use of the second hashing function for d =2. Given a
bucket address, it shows its corresponding interval from [0,1) and the proportion of
the data that the bucket contains (labeled ‘relative load’). Notice that the relative load
decreases as the bucket addresses increase (see also Figure 2.49). This verifies the
claim that the bucket to be split is the one with the highest probability of overflowing.
Now, let us see the use of spiral hashing by examining its behavior for the
database of Figure 2.1. First, apply the mapping f such that f(z) =z div 12.5 to the

(0,100) (100,100)
TORONTO
56
BUFFALO
54
Y CHICAGQ
. |® cg @D
DENVER $OMAHA!
12
""""" ATLANTA
Migeu 22
© |
(0,0 {100,0)

X ——

Figure 2.50 Spiral hashing representation corresponding
to Figure 2.1. Overflow bucket contents are surrounded by
broken lines.
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Figure 2.51 Sequence of spiral hashing bucket contents
using bit interleaving demonstrating the insertion of
(a) Chicago and Mobile, (b) Toronto, (c¢) Buffalo, Denver, and
Omaha, and (d) Atlanta. Overflow bucket contents are sur-
rounded by broken lines.

values of both the x and y coordinates. The result of this mapping is given in columns
2 and 3 of Table 2.3. Next, apply bit interleaving to its keys to vield the mappings
given in columns 4 and 6 of the same table. Two mappings are possible since we can
either take the x coordinate as the most significant (column 4 and labeled CODE(x)) or
the y coordinate (column 6 and labeled CODE(y)). Finally, reduce each interleaved
value to a point in [0,1) by using & (k) = k/64 to yield columns 5 and 7 of the same
table.

In the following example, we assume that the y coordinate is the most
significant, that the primary and overflow buckets are both of size 2. d =2, and that a
bucket will be split whenever 1, the storage utilization factor, is greater than or equal
to 0.66. Figure 2.50 shows the resulting partition. In the figure, solid lines designate
primary buckets, broken lines designate overflow buckets, and a rightward-pointing
arrow indicates the next bucket to be split. There are six primary buckets, at addresses
6-11, and one overflow bucket. To understand the splitting process, let us examine
more closely how spiral hashing copes with a sequence of insertion operations. In
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particular, we observe how Figure 2.50 is constructed for the records of Figure 2.1 in
the order in which they appear there: Chicago, Mobile, Toronto, Buffalo, Denver,
Omaha, Atlanta, and Miami.

Initially only bucket 1 exists, and it is empty. The pointer to the next bucket to
be split, s, is initialized to 1. Applying the hashing function to Chicago and Mobile
yields the values 0.21875 and 0.25, respectively. Since these values are in the range
[0,1), both belong to bucket 1, in which they are inserted. However, this results in
7= 1.00, causing bucket 1 to be split, s to be set to 2, buckets 2 and 3 to be allocated,
and both Chicago and Mobile are moved to bucket 2 (Figure 2.51a) since their hash
values are both in the range [0,0.5849). Bucket 1 is no longer active. Buckets 2 and 3
are now the active buckets.

Toronto hashes to 0.875. This value is in the range [0.5849,1) and Toronto is
inserted in bucket 3. As a result of this action T =0.75, causing bucket 2 to be split, s
to be set to 3, buckets 4 and 5 to be allocated, and both Chicago and Mobile are
moved into bucket 4 (Figure 2.51b) since their hash values fall in the range [0,0.3219).
Bucket 2 is no longer active. The active buckets now range from 3 to 5.

Buffalo hashes to 0.84375. This value is in the range [0.5849,1) and Buffalo is
inserted in bucket 3. However, now T = 0.67, causing bucket 3 to be split, s to be set
to 4, buckets 6 and 7 to be allocated, and both Toronto and Buffalo are moved into
bucket 7 since their hash values fall in the range [0.8073,1). Bucket 3 is no longer
active. The active buckets now range from 4 to 7.

Denver hashes to 0.15625. This value is in the range [0,0.3219), which belongs
to bucket 4. However, attempting to insert Denver causes bucket 4 to overflow and
leads to the allocation of an overflow bucket attached to bucket 4, once Denver has
been placed in it. Omaha hashes to 0.1875. This value is in the range [0,0.3219),
which belongs to bucket 4. Bucket 4 already has an overflow bucket associated with
it, and thus Omaha is placed in it (Figure 2.51c¢).

Atlanta hashes to 0.34375. This value is in the range [0.3219,0.5849), which
belongs to bucket 5. However, now T = 0.70, causing bucket 4 to be split, s to be set
to 5, and buckets 8 and 9 to be allocated. In addition, Denver moves to bucket 8 since
its value falls in the range [0,0.1699), while Chicago, Mobile, and Omaha belong in
bucket 9 since they fall in the range [0.1699,0.3219). This means that an overflow
bucket must be allocated and attached to bucket 9, and Omabha is placed in it (Figure
2.51d). Bucket 4 is no longer active. The active buckets now range from 5 to 9.

Miami hashes to 0.328125. This value is in the range [0.3219,0.5849), which
belongs to bucket 5. But T =0.67, causing bucket 5 to be split, s to be set to 6, buckets
10 and 11 to be allocated, and both Atlanta and Miami are moved into bucket 10 (see
Figure 2.50) since they fall in the range [0.3219,0.4594). Bucket 5 is no longer active.
The active buckets now range from 6 to 11.

The example used the hashing function 4 (k) = k/2", where n is the total number
of bits that make up the interleaved key value. It has the same effect as the function
h’(k) = reverse(k) mod 2", where reverse corresponds to reversed bit interleaving,
which was used in the discussion of linear hashing (see Section 2.8.2.1). In particular,
for linear hashing, /#’(k) has the property that all the records in a given bucket agree in
the n most significant bits of K, and hence all are within a given range. Unfortunately
this property does not hold always when using spiral hashing.
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Although the records in each bucket are within disjoint ranges of values of key
k, the most significant bits of their keys are not necessarily the same. The problem is
the nonuniformity of the relative load of the buckets. This means that there is no
analogy to the quadtree-like decomposition that is achieved when using linear hash-
ing; that is, the space is not being split into halves, quarters, and so on. In fact, the
spatial regions associated with some of the buckets may even be noncontiguous (e.g.,
bucket 11 in Figure 2.50). Instead the space is partitioned into contiguous regions
according to Z order (recall Section 2.7).

The main advantage of spiral hashing over linear hashing is that the bucket that
is split is the one that is most likely to overflow. There are two disadvantages to spiral
hashing. The first is that the buckets that have been split are not reused. This problem
can be overcome by using one of a number of alternative mappings between logical
and physical addresses [Lars88, Mull85] (see Exercises 2.156 and 2.159). The second
is that it is computationally expensive to calculate a function such as y =d"—the
bucket address. Of course, most programming languages have a runtime library
where such functions are available. However, their computation is time-consuming
since it usually requires a polynomial approximation.

Martin [Mart79] suggests replacing d* by another function f (x), which is easier
to compute. In particular, f(x) is used to approximate 4~ in [0,1] so that 4 is approx-
imated in [n, n+1] (n is an integer) by d” - f (x—n). One such function, according to
Martin, is

0<x<1.

_ b
f)y=a+ -

The values of a, b, and ¢ are obtained by calculating the value of f at three points. The
most appropriate points are the endpoints—x =0 and x = 1-—and another point in
[0,1] such as x = 0.5. We also need the inverse of f(x), which is

xX=c+ :
a-y

Larson [Lars88] reports on some experiments that compare spiral hashing with
linear hashing, as well as unbalanced binary search trees and a traditional hashing
scheme that makes use of chaining. In each case, the tables and trees are all stored in
main memory. Using large files, averaging over many insertions, and different
storage utilization factors, he found that linear hashing consistently outperformed
spiral hashing in terms of average CPU time per key in both loading the tables and
searching them. The differences ranged from 1% to 20%. Larson attributes these
differences primarily to the cost of address computation.

Further experiments with binary search trees showed that loading was faster for
small key sets than linear hashing; however, in all cases searching was faster when
hashing methods were used. A comparison of linear hashing with a traditional hash
table implemented using double hashing, so that the costs of a periodic reorganization
of the hash table are taken into account, resulted in a definite trend showing that the
cost of linear hashing is usually lower (although at times slightly higher).
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Figure 2.52  Spiral corresponding to p = g{/n2)-8/2n — 56/2n

When the tables and trees are not constrained to be stored in main memory, the
results of the comparison may be different. Recall that the number of overflow
records and their distribution over the buckets of the file (table) are different for linear
and spiral hashing. In particular, at certain stages of a cycle, linear hashing has more
overflow records, clustered on a few pages. The expected search lengths per bucket
depend on how these overflow records are handled. For example, some overflow han-
dling methods, such as linear probing [Knut73b], are more sensitive to clustering of
overflow records. In such a case, spiral hashing should have better performance than
linear hashing. Moreover, since we are dealing with external files, the fact that spiral
hashing has a higher address computation cost is not important.

At this point, it is interesting to explain the motivation for the qualifier ‘spiral’
used to describe this variant of linear hashing. In the earlier discussion, we mapped
each key value into a real number x, which was, in turn, mapped into an address y by
the function y=|d*|. This mapping can be rewritten in terms of polar
coordinates—p and 6—as p =| (¢*)®] =[e*®] with p, *, and 8 taking on the roles
of y, d, and x, respectively. This is the equation of a spiral. For example, Figure 2.52
is the spiral corresponding to p = ¢"? *®2" and is equivalent to p = 2%/?". Of course,
any spiral (i.e., ce) can be used, not just the natural spiral.

Using polar coordinates in this way means that the active buckets are always
within one complete arc of the spiral. For example, if the first active bucket is at
a=|e* "] (ie. at @ =b), then the last active bucket is at ¢ =[e* " ?+*2™7 — 1. This
is illustrated in Figure 2.52 by the infinite line that emanates from the origin and
passes through p =3, 6. 12, ---. A bucket split has the effect that the active bucket
at p=aga (i.e.,, at O=>5) is split, and its contents are distributed into buckets ¢ + |
through ¢ where g = e* " *2"*® | and ¢ =b —In(a + 1)/k. The value of ¢ is the
solution of ¢ + 1 = ¢* " *®_ Buckets a + 1 through g are now the active buckets.

Two 1tems are worthy of further note. - First, instead of using the hash function
h (K) initially to map key kK uniformly into [0,1), we use a different hash function, say



28 BUCKETMETHODS I 133

he(K), initially to map key k uniformly into a value in [0,21). Second, the length of
the arc of the spiral is also meaningful as it has a constant value between successive
integer values of p (see Exercise 2.173); however, it has no relation to the capacity of
the bucket.

Exercises

2.146. Prove that for arbitrary values of d, after the occurrence of s bucket split operations,
there are always (s + 1) - (d — 1) active bucket addresses.

2.147. Suppose that regardless of the value of the growth factor 4, initially there is just one
active bucket. How does this affect the function that maps % (k) into a bucket address?

2.148. Suppose that spiral hashing is used to store two-dimensional point data, and each point
is mapped to a key by use of bit interleaving. Prove that each bucket will span at most
two spatially noncontiguous regions.

2.149. Suppose that spiral hashing is used to store point data of arbitrary dimension, and each
point is mapped to a key by use of bit interleaving. What is the maximum number of
spatially noncontiguous regions that can be spanned by a bucket?

2.150. Can you come up with a mapping for multidimensional point data to a key so that when
it is used in conjunction with spiral hashing each bucket will span just one spatially
contiguous region?

2.151. Show the result of applying spiral hashing to the database of Figure 2.1 using reversed
bit interleaving. Thus instead of using the hashing function # (k) = k/2" where n is the
total number of bits that make up the interleaved key value, use the function
h”(K) = reverse(k)/2", in which reverse reverses the value of key k prior to the
application of the hashing function. Is there a difference in this example between using
the value of the .x coordinate as the more significant or that of the y coordinate?

2.152. Is there any advantage to using reversed bit interleaving with spiral hashing?

2.153. Show the result of applying spiral hashing to the database of Figure 2.1 when the capa-
city of the buckets is not constrained to be finite. Instead each bucket is implemented as
a linked list (i.e., a chain). Thus there is no need for overflow buckets. The storage
utilization factor 7 is the total number of records in the table divided by the number of
buckets.

2.154. Discuss the issue of merging buckets—that is, when the storage utilization factor falls
below a particular threshold, say .

2.155. In the discussion of the use of polar coordinates, we calculated a value of ¢ to determine
the buckets into which the contents of the split bucket were to be redistributed. It is
given as the solution of g + 1 =e*"®*®_ Why did wenotuse a + 1 =[ e+ %] 2

2.156. One of the deficiencies of the implementation of spiral hashing described is that each
time a bucket is split, its address is no longer used. This can be wasteful of storage. It
would be nice if these locations could be reused. This is facilitated by making a distinc-
tion between a bucket’s logical and physical address and finding a way to map a
bucket’s logical address into its physical address. This mapping is necessary for the
implementation of all operations (e.g., insert, split, merge, access). Mullin [Mull85]
suggests the following approach. Assume again that initially there are d — 1 buckets
with logical addresses 1 through d — 1 occupying physical addresses 1 through 4 — 1.
The first bucket split is at logical address 1. This split results in the creation of d new
buckets at logical addresses d through 2 .d — 1. The buckets at logical addresses d
through 2 - d —2 are stored at physical addresses d through 2 -4 —2 while physical
address 1 is reused to store the bucket at logical address 2 - d - 1. The second bucket
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split again results in the creation of 4 new buckets at logical addresses 2 - d through
3 .d — 1. This time the buckets at logical addresses 2 - d through 3 - d — 2 are stored at
physical addresses 2 - d — 1 through 3 - 4 — 3 while physical address 2 is reused to store
the bucket at logical address 3 -d — 1. It should be clear how the rest of the splits are
handled. Give an algorithm that takes as its input the logical address of a bucket and
returns its physical address.

The solution to Exercise 2.156 is specified using recursion. However, it is tail recur-
sive, and thus can be rewritten using iteration. Given a growth factor of d and a max-
imum logical bucket address f, what is the maximum number of iterations?

Assume that a bucket at physical address s is split. Let ¢ be the maximum logical
address that corresponds to physical address p. In such a case, the technique described
in Exercise 2.156 creates d new buckets starting at logical addresses ¢ + 1 through r + 4.
The buckets at logical addresses ¢ + 1 through r + d — 1 are stored at physical addresses
p + 1 through p +d — 1. The bucket at logical address ¢+ d is stored in physical
address s. Suppose that instead we store the buckets at logical addresses ¢ + 2 through
t +d in physical addresses p + 1 through p +d —1 and store the bucket at logical
address r + 1 at physical address s. Give an algorithm that takes as its input the logical
address of a bucket and returns its physical address.

Mullin’s [Mull85] technique of reusing the space occupied by the buckets that have
been split requires the computation of an algorithm that maps a logical address into a
physical address. As we saw in Exercise 2.157, its execution time may grow with the
size of the logical address space. Can you avoid this growth by using a limited amount
of extra space? In other words, devise a data structure that tries to reuse most of the
buckets but is not guaranteed to reuse every bucket at each instance.

Suppose that the addresses corresponding to the buckets that have been split are reused
as in Exercise 2.156. Repeat Exercise 2.154 in such an environment, discussing the
issue of merging buckets.

Suppose that the addresses corresponding to the buckets that have been split are reused
as in Exercise 2.159. Repeat Exercise 2.154 in such an environment, discussing the
issue of merging buckets.

Suppose that the function y =d”* is approximated by d"-f(x—n) where
f(x —n)=a+b/(c —x+n), such that x is in [#, n + 1]. Calculate the values of a, b,
and ¢ ford =2 by usingx =0,x =0.5,and x = 1.

Suppose that the function y=d* is approximated by d”"-f(x —n) where
f&x—n)y=a+b/(c —x+n),suchthatxisin[n, n +1]. Does use of the approximation
affect the bucket split algorithm?

Suppose that f(x) is approximated by a second-degree polynomial instead of by
a + b/(c —x). What is the disadvantage of such an approximation?

Exercises 2.165-2.170 are based on an asymptotic analysis of spiral hashing described
by Larson [Lars88]. Assume that d =2 and that there are no deletions. The implemen-
tation is slightly different from the one described in the text. The capacity of the buck-
ets is not restricted, and thus there is no need for overflow buckets. Each bucket is
implemented as a linked list (a chain). In this case, the storage utilization factor 1 is the
total number of records in the table divided by the number of buckets. Assume that the
overall value of 1 is kept constant at a (ot > 0). However, the expected value of 1 for
the different buckets can and does vary over the bucket address space. Assume a nor-
malized address range [1,2) as any address in the range [2*, 2' + 1) can be normalized
by multiplying it by 27*. Let p (y) be the probability that a key hashes to a normalized
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address in [y, y + dy)c[1,2). Show that p (y) is dy/(y - In2), and hence the probability
density function is 1/(y - In2).

2.166. Assume that the expected value of the storage utilization factor of a bucket at address y,
say T(y), is proportional to the insertion probability at y. Use the result of Exercise
2.165 to show that t(y) = a/(y - In2).

2.167. Assume that each record is equally likely to be retrieved. Therefore the probability that
a successful search lands on a bucket at address y, say g (y), is proportional to the
storage utilization factor of the bucket. Show that g (y)=1/(y - In2).

2.168. Noting that each bucket is implemented as a linked list, calculate the expected cost of a
successful search.

2.169. Noting that each bucket is implemented as a linked list, calculate the expected cost of
an unsuccessful search.

2.170. When a record is inserted, its cost can be decomposed into two parts. The first part is
the cost of placing the record at the end of the chain. Its cost is the same as that of an
unsuccessful search plus the cost of linking the record to the end of the chain. The
second part reflects the situation that a bucket is split and its contents need to be
rehashed so that they can be properly distributed in the new buckets. This situation
arises only for the first bucket. What is the expected number of extra hashing opera-
tions per record that is inserted?

2.171. What is the effect of using an arbitrary value of d in Exercises 2.165-2.170?

2.172. Prove that spiral hashing has uniform performance. In other words, prove that the
expected search lengths in the buckets is independent of the table size, which in turn is
a function of how many bucket split operations have taken place.

2.173. Prove that the length of the arc of a spiral has a constant value between successive
integer values of p (i.e., it is directly proportional to p).

2.8.23 GRIDFILE
The grid file of Nievergelt, Hinterberger, and Sevcik [Niev84, Hinr85a, Hinr85b] is a
variation of the fixed-grid method, which relaxes the requirement that cell division
lines be equidistant. Its goal is to retrieve records with at most two disk accesses and
to handle range queries efficiently. This is done by using a grid directory consisting of
grid blocks that are analogous to the cells of the fixed-grid method. All records in one
grid block are stored in the same bucket. However, several grid blocks can share a
bucket as long as the union of these grid blocks forms a k-dimensional rectangle in the
space of records. Although the regions of the buckets are piecewise disjoint, together
they span the space of records.

The purpose of the grid directory is to maintain a dynamic correspondence
between the grid blocks in the record space and the data buckets. The grid directory
consists of two parts. The first is a dynamic k-dimensional array, containing one entry
for each grid block. The values of the elements are pointers to the relevant data buck-
ets. Usually buckets will have a capacity of 10 to 1000 records. Thus the entry in the
grid directory is small in comparison to a bucket. We are not concerned with how
records are organized within a bucket (e.g., linked list, tree). The grid directory may
be kept on disk.

The second part of the grid directory is a set of k one-dimensional arrays called
linear scales. These scales define a partition of the domain of each attribute. They
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Figure 2.53  Grid file partition for the data of Figure 2.1

enable access to the appropriate grid blocks by aiding the computation of their address
based on the value of the relevant attributes. The linear scales are kept in core. It
should be noted that the linear scales are useful in guiding a range query by indicating
the grid directory elements that overlap the query range.

Thus we see that the two goals of the grid file are met. Any record is retrieved
with two disk accesses—one disk access apiece for the grid block and bucket. Range
queries are efficient, although since the sizes of the grid blocks (the ranges of their
intervals) are not related to the query range, it is difficult to analyze the amount of
time necessary to execute a range query.

As an example, consider Figure 2.53, which shows the grid file representation
for the data in Figure 2.1. Once again we adopt the convention that a rectangle is
open with respect to its upper and right boundaries and closed with respect to its lower
and left boundaries. The bucket capacity is 2 records. There are k£ = 2 different attri-
butes. The grid directory consists of 9 grid blocks and 6 buckets labeled A-F. We
refer to grid blocks as if they are array elements; grid block (i, j) is the element in
column i (starting at the left) and row j (starting at the bottom) of the grid directory.

Grid blocks (1,3), (2,2), and (3,3) are empty; however, they do share buckets
with other grid blocks. In particular, grid block (1,3) shares bucket D with grid block

X: o|45|7o||oo
} 2 3
a

Y: 0 |42 |70 100
12 3
b

Figure 2.54 Linear scales for (a) x and (b) y correspond-
ing to the grid directory of Figure 2.53
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(1,2), grid blocks (2,3) and (3.3) share bucket B, and grid blocks (2.,2) and (3,2) share
pucket E. The sharing is indicated by the broken lines. Figure 2.54 contains the linear
scales for the two attributes (i.e., the x and y coordinates). For example, executing a
point query with x = 80 and y = 65 causes the access of the bucket associated with the
orid block in row 2 and column 3 of the grid directory of Figure 2.53.

- The grid file is attractive, in part, because of its graceful growth as more and
more records are inserted. As the buckets overflow, we apply a splitting process,
which results in the creation of new buckets and a movement of records. To under-
stand the splitting process, let us examine more closely how the grid file copes with a
sequence of insertion operations. Again we assume a bucket capacity of 2 and
observe how a grid file is constructed for the records of Figure 2.1 in the order in
which they appear there: Chicago, Mobile, Toronto, Buffalo, Denver, Omaha, Atlanta,
and Miami.

The insertion of Chicago and Mobile results in bucket A’s being full. Insertion
of Toronto leads to an overflow of bucket A, causing a split. We arbitrarily split the y
coordinate at y = 70 and modify the linear scale for attribute y accordingly. Toronto is
inserted in B, the newly allocated bucket (Figure 2.55a).

Next we try to insert Buffalo and find that the bucket in which it belongs (A) is
full. We split the x coordinate at x =45 and modify the linear scale for attribute x.
This results in the insertion of Buffalo in bucket C and the movement of Mobile from
bucket A to bucket C (Figure 2.55b). As a result of this split, both grid blocks (1,1)
and (1,2) share bucket A, although grid block (1,2) is empty. Alternatively we could
have marked grid block (1,2) as empty when the x coordinate was split. This has the
disadvantage that should we later wish to insert a record in grid block (1,2), we would
have to allocate a new bucket or search for a neighboring bucket that is not full and
whose grid blocks form a convex region with grid block (1,2).

The insertion of Denver proceeds smoothly. It is placed in bucket A. Omaha
also belongs in bucket A, which means that it must be split again. We split the y coor-
dinate at y =42 and modify the linear scale for attribute y. In addition, we create a
new bucket, D, to which Denver is moved while Omaha and Chicago remain in bucket
A (Figure 2.55¢). By virtue of the requirement that all buckets be convex, we must
associate grid block (1,3) with bucket D instead of bucket A. As a result of this split,
both grid blocks (2,1) and (2,2) share bucket C, contributing Buffalo and Mobile,
respectively.

Attempting to insert Atlanta finds it belonging in bucket C, which is full, yet grid
block (2,1) is not full. This leads to splitting bucket C and the creation of bucket E.
Bucket C now contains Mobile and Atlanta and corresponds to grid block (2,1), while
bucket E now contains Buffalo and corresponds to grid block (2,2) (Figure 2.55d).
Note that we did not have to partition the grid in this case. Thus no change needs to
be made to the linear scales; however, the grid directory must be updated to reflect the
association of grid block (2,2) with bucket E instead of bucket C.

Finally insertion of Miami finds it belonging to bucket C, which is full. We split
the x coordinate at x = 70 and modify the linear scale for attribute x. A new bucket, F,
is created to which Atlanta and Miami are moved (Figure 2.53). Once again
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Figure 2.55 Sequence of partial grid partitions demonstrating the addition of
(a) Chicago, Mobile, and Toronto, (b) Buffalo, (c) Denver and Omaha, and (d) Atlanta

we observe that as a result of this split, grid blocks (2,3) and (3,3) share bucket B,
although grid block (3,3) is empty. Similarly grid blocks (2,2) and (3,2) share bucket
E, although grid block (2,2) is empty.

At this point, we are ready to elaborate further on the splitting process. From
the discussion, we see that two types of bucket splits are possible. The first, and more
common, occurs when several grid blocks share a bucket that has overflowed (e.g., the
transition between Figures 2.55c¢ and 2.55d upon the insertion of Atlanta). In this
case, we merely need to allocate a new bucket and adjust the mapping between grid
blocks and buckets.

The second type of a split arises when we must refine a grid partition. 1t is trig-
gered by an overflowing bucket, all of whose records lie in a single grid block (e.g..
the overflow of bucket A upon insertion of Toronto in Figure 2.55a). In this case we
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have a choice with respect to the dimension (i.e., axis) and the location of the splitting
point (i.e., we do not need to split at the midpoint of an interval). Without any exter-
nal knowledge or motivation, a reasonable splitting policy is one that cycles through
the various attributes (e.g., first split on attribute .v, then attribute y, attribute x, etc., as
. was done in Figure 2.55) and uses interval midpoints. This is the approach used in the
grid file implementation [Niev84].

An alternative splitting policy is an adaptive one favoring one attribute over oth-
ers. This is akin to a favored attribute in an inverted file. It results in an increase in
the precision of answers to partially specified queries where the favored attribute is
specified. Such a policy is triggered by keeping track of the most frequently queried
attribute (in the case of partial match queries) and by monitoring dynamic file content,
thereby increasing the granularity of the attribute scales. Splitting at locations other
than interval midpoints is also an adaptive policy.

The grid refinement operation is common at the initial stage of constructing a
file. However, as the file grows, it becomes relatively rare in comparison with the
overflowing bucket that is shared among several grid blocks. Nevertheless the fre-
quency of grid refinement can be reduced by varying the grid directory as follows.
Implement the grid directory as a k-dimensional array whose size in each dimension is
determined by the shortest interval in each linear scale (i.e., if the linear scale for attri-
bute x spans the range 0—64 and the shortest interval is 4, then the grid directory has
16 entries for dimension x).

This variation is a multidimensional counterpart of the directory used in extend-
ible hashing [Fagi79] and is the basis of EXCELL [Tammg8]1a] (see Section 2.8.2.4). Its
advantage is that a refinement of the grid partition will cause a change in the structure
of the directory only if the shortest interval is split, in which case the grid directory
will double in size. Such a representation anticipates small structural updates and
replaces them by a large one. It is fine as long as the data are uniformly distributed.
Otherwise many empty grid blocks will arise.

The counterpart of splitting is merging. There are two possible instances where
merging is appropriate: bucket merging and directory merging. Bucket merging, the
more common of the two, arises when a bucket is empty or nearly empty. Bucket
merging policy is influenced by three factors. First, we must decide which bucket
pairs are candidates for merging. This decision can be based on a buddy system or a
neighbor system.

In a buddy system [Knut73a], each bucket, say X, can be merged with exactly
one bucket, say B;, in each of the k dimensions. Ideally the chosen bucket, say B;,
should have the property that at some earlier point it was split to yield buckets x and
B;. We call this buddy the ‘true’ buddy. For example, consider the grid directory of
Figure 2.56, which contains buckets A-K and X. Assume that when a bucket is split, it
is split into two buckets of equal size. Since k£ =2, the only potential buddies of
bucket X are I and J. We can keep track of the ‘true’ buddies by representing the split-
ting process as a binary tree, thereby maintaining the buddy relationships.

In a neighbor system, each bucket can be merged with either of its two adjacent
neighbors in each of the & dimensions (the resulting bucket region must be convex).
For example, in the grid directory of Figure 2.56, bucket X can be merged with any
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Figure 2.56 Example grid directory illustrating bucket
merging

one of its neighbors (buckets C, I, or J). Note that X cannot be merged with neighbor
bucket G since the resulting bucket region would not be convex.

The second factor influencing bucket merging policy deals with the ordering
among possible choices should there be more than one candidate. In the case of the
buddy system, we give priority to the ‘true’ buddy. Otherwise this factor is relevant
only if it is desired to have a varying granularity among attributes. If the splitting pol-
icy favors some attributes over others, then the merging policy should not undo it.

The third factor is the merging threshold: when should a candidate pair of buck-
ets actually be merged? It should be clear that the sum of the bucket occupancy per-
centages for the contents of the merged bucket should not be too large, as otherwise it
would soon have to be split. Nievergelt et al. [Niev84] conducted simulation studies
showing the average bucket occupancy to be 70% and suggest that this is an appropri-
ate merging threshold for the occupancy of the resulting bucket.

Directory merging arises when all the grid blocks in two adjacent cross-sections
(i.e., slices along one axis) in the grid directory are associated with the same bucket.
For example, consider the two-dimensional grid directory of Figure 2.57, where all
grid blocks in column 2 are in bucket C and all grid blocks in column 3 are in bucket
D. In such a case, if the merging threshold is satisfied, buckets C and D can be merged
and the linear scales modified to refiect this change.

Generally directory merging is of little practical interest since even if merging is
allowed to occur, it is probable that splitting will soon have to take place. Neverthe-
less there are occasions when directory merging is of use. First, directory merging is
necessary in the case of a shrinking file. Second, it is appropriate when the granularity
of certain attributes is being changed to comply with the access frequency of the attri-
bute. Third, it is a useful technique when attempting to get rid of inactive attributes.
In such a case, the attribute could be set to a ‘merge only’ state. Eventually the
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BI|IC/D| G

Figure 257 Example grid directory illustrating directory
merging
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partition will be reduced to one interval, and the corresponding dimension in the grid
directory can be removed or assigned to another attribute.

Merrett and Otoo describe a technique termed multipaging [Mer78, Merr82],
which is similar to the grid file. It also uses a directory in the form of linear scales
called axial arrays. Instead of using a grid directory, however, multipaging accesses a
data page and its potential overflow chain using an address computed directly from the
linear scales. There are two variants of multipaging. In dynamic multipaging
[Merr82], performance is controlled by setting a bound on the probe factor (defined as
the average number of pages accessed in a probe). In static multipaging [Merr78],
performance is controlled by setting a bound on the load factor, or the average page
occupancy.

Comparing the grid file and multipaging, we find that the grid file uses multipag-
ing as an index to the grid directory. Therefore multipaging saves space by not requir-
ing a grid directory, but this is at a cost of requiring bucket overflow areas. This
means that multipaging can obtain good average-case performance, but it cannot
guarantee record retrieval with two disk accesses. In addition, insertion and deletion
in multipaging involves whole rows or columns (in the two-dimensional case) of data
pages when splitting or merging buckets, while the grid file can split one page at a
time and localize more global operations in the grid directory.

The grid file guarantees that any record can be retrieved with two disk accesses.
This is fine for point queries (exact match); however, range queries require consider-
ably more disk accesses. Kriegel [Krie84] reports on an empirical comparison of the
grid file and a pair of versions of a multidimensional B-tree termed the kB-tree
[Giiti80, Giiti81] and the MDBT [Sche82]. Kriegel's data show that when the attributes
are correlated and nonuniformly distributed, the grid file is superior with respect to
insertions, deletions, and point queries while the B-tree variants are superior with
respect to range queries. On the other hand, when the attributes are independent and
uniformly distributed, the grid file is superior on all counts. In all cases, the storage
requirements of the grid file are always lower than the B-tree variants. The relative
performance of the kB-tree and the MDBT was comparable.

Exercises
2.174. Implement a database that uses the grid file to organize two-dimensional data.
2.175. Calculate the expected size of the grid directory for uniformly distributed data.

2.8.24 EXCELL

The ExCELL method of Tamminen [Tamm§1a] is a bintree together with a directory in
the form of an array providing access by address computation. It can also be viewed
as an adaptation of extendible hashing [Fagi79] to multidimensional point data. It
implements EXHASH, the extendible hashing hash function, by interleaving, in princi-
ple, the most significant bits of the data (analogous to the locational codes discussed in
Section 2.1 of [Same90b]). Similar in spirit to the grid file, it is based on a regular
decomposition and also makes use of a grid directory; however, all grid blocks are of
the same size.
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Figure 2.58 EXCELL representation corresponding to
Figure 2.1

The principal difference between the grid file and EXCELL is that grid refinement
for the grid file splits only one interval in two and results in the insertion of a (k—1)-
dimensional cross-section. In contrast, a grid refinement for the EXCELL method splits
all intervals in two (the partition points are fixed) for the particular dimension and
results in doubling the size of the grid directory.

The result is that the grid directory grows more gradually when the grid file is
used, whereas use of EXCELL reduces the need for grid refinement operations at the
expense of larger directories in general due to a sensitivity to the distribution of the
data. However, a large bucket size reduces the effect of nonuniformity unless the data
consist entirely of a few clusters. The fact that all grid blocks define equal-sized
regions (and convex as well) means that EXCELL does not require a set of linear scales
to access the grid directory, as is needed for the grid file. Thus grid directory access
operations are considerably faster for EXCELL.

It should be clear that since EXCELL is a regular decomposition of the data space,
the partition points are fixed and are not chosen on the basis of the data, as is the case
for the grid file. This means that range queries are efficient. Their execution time is
proportional to the number of data buckets corresponding to the grid blocks that
comprise the range being searched.

An example of the EXCELL method is given in Figure 2.58, which shows the
representation for the data in Figure 2.1. Again the convention is adopted that a rec-
tangle is open with respect to its upper and right boundaries and closed with respect to
its lower and left boundaries. The capacity of the bucket is 2 records. There are k =2
different attributes. The grid directory is implemented as an array, and in this case it
consists of 8 grid blocks (labeled in the same way as for the grid file) and 6 buckets
labeled A-F. Note that grid blocks (3,2) and (4,2) share bucket C, while grid blocks
(1,2) and (2,2), despite being empty, share bucket D. The sharing is indicated by the
broken lines. Furthermore when a bucket size of 1 is used, the partition of space
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induced by EXCELL equals that of a PR k-d tree [Oren82], although they differ by vir-
tue of the presence of a directory in the case of EXCELL.

As a database represented by the EXCELL method grows, buckets will overflow.
This leads to the application of a splitting process, which results in the creation of new
buckets and a movement of records. To understand the splitting process, we examine
how EXCELL copes with a sequence of insertion operations corresponding to the data
of Figure 2.1. Again we assume a bucket capacity of 2 and that the records are
inserted in the order in which they appear in Figure 2.1: Chicago, Mobile, Toronto,
Buffalo, Denver, Omaha, Atlanta, and Miami.

The insertion of Chicago and Mobile results in bucket A’s being full. Insertion
of Toronto leads to an overflow of bucket A, which compels us to double the directory
by splitting along attribute x. We split bucket A and move Mobile and Toronto to B,
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Figure 259 Sequence of EXCELL partitions demonstrating the insertion of

(a) Toronto, (b) Buffalo, and (c—d) Omaha
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the newly allocated bucket (Figure 2.59a). Next we insert Buffalo and find that the
bucket in which it belongs (B) is full. This causes us to double the directory by split-
ting along attribute v. We now split bucket B and move Toronto and Buffalo to C, the
newly allocated bucket (Figure 2.59b). Note that bucket A still contains Chicago and
overlaps grid blocks (1.1) and (1,2).

The insertion of Denver proceeds smoothly, and it is placed in bucket A. Omaha
also belongs in bucket A, which has now overfiowed. Since bucket A overlaps grid
blocks (1,1) and (1,2). we split it, thereby allocating a new bucket. D. such that buckets
A and D correspond to grid blocks (1,1) and (1,2), respectively (Figure 2.59¢). How-
ever, neither Denver, Chicago, nor Omaha can be moved to D, thereby necessitating a
directory doubling along attribute x. We now split bucket A and move Chicago and
Omabha to E, the newly allocated bucket (Figure 2.59d). Note that buckets B, C, and D
retain their contents, except that now each bucket overlaps two grid blocks.

Next Atlanta is inserted in bucket B. Insertion of Miami causes bucket B to
overflow. Since B overlaps grid blocks (3,1) and (4,1), we split it, thereby allocating a
new block, F, such that buckets B and F correspond to grid blocks (3,1) and (4,1),
respectively. Atlanta and Miami are moved to F (see Figure 2.58).

From the discussion, we see that two types of bucket splits are possible. The
first, and more common, occurs when several grid blocks share a bucket that has
overflowed (e.g., the transition between Figures 2.59d and 2.58 caused by the
overflow of bucket B as Atlanta and Miami are inserted in sequence). In this case, we
allocate a new bucket and adjust the mapping between grid blocks and buckets.

The second type of a split causes a doubling of the directory and arises when we
must refine a grid partition. It is triggered by an overflowing bucket that is not shared
among several grid blocks (e.g., the overflow of bucket A upon insertion of Toronto in
Figure 2.59a). The split occurs along the different attributes in a cyclic fashion (first
split along attribute x, then y, then x, etc.).

For both types of bucket splits, the situation may arise that none of the elements
in the overflowing bucket belongs to the newly created bucket, with the result that the
directory will have to be doubled more than once. This is because the splitting points
are fixed for EXCELL. For example, consider bucket A in Figure 2.60a with bucket
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Figure 2.60 Example showing the need for three directory
doubling operations when inserting Z (bucket capacity = 2)
using EXCELL
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capacity 2 and containing points X and Y. Insertion of point Z (Figure 2.60b) leads to
overflow of A and causes three directory doublings (Figure 2.60¢). In contrast, the
fact that the splitting point is not fixed for the grid file means that it can be chosen so
that only one grid refinement is necessary. Thus we see that the size of the EXCELL
grid directory is sensitive to the distribution of the data. However, a large bucket size
reduces the effect of nonuniformity unless the data consist entirely uf a few clusters.

Although, for pedagogical purposes, the grid directories of Figures 2.53 and
2.58 were constructed in such a way that EXCELL required fewer grid blocks than the
grid file (eight versus nine), this is not generally the case. In fact, splitting points can
always be chosen so that the number of grid blocks and buckets required by the grid
file is less than or equal to the number required by EXCELL. For exinple, if the space
of Figure 2.53 were split at x =55 and y = 37, then only four grid blocks and buckets
would be necessary.

The counterpart of splitting is merging; however, it is considerably more limited
in scope for EXCELL than for the grid file. Also it is less likely to arise because EXCELL
has been designed primarily for use in geometrical applications where deletion of
records is not so prevalent. There are two cases where merging is appropriate.

The first, and more common, is bucket merging, which artses when a pair of
buckets is empty or nearly empty. The buckets that are candidates for merging, say X
and Y, must be buddies in the sense that earlier one of them was split, say X, to yield X
and Y (e.g., A and E in Figure 2.58 but not A and C). Once such a bucket pair has been
identified, we must see if its elements satisfy the merging threshold. In essence, the
sum of the bucket occupancy percentages for the contents of the merged bucket
should not be too large, as otherwise it might soon have to be split.

The second instance where merging is possible is directory merging. It arises
when each bucket-buddy pair in the grid directory either meets the merging threshold
(e.g., B and C, and D and E in Figure 2.61), or the bucket overlaps more than one grid
block (e.g., bucket A overlaps grid blocks (1,2) and (2,2), and bucket F overlaps grid
blocks (3,1) and (4,1) in Figure 2.61). This is quite rare.

Earlier we observed that EXCELL yields the same partitioning of the space as is
obtained by the bucket PR k-d tree (also known as a hybrid k-d trie [Oren82]) dis-
cussed in Section 2.8.1. The difference is that the directory of EXCILL corresponds to
the deepest level of a complete bucket PR k-d tree. Alternatively 1:XCELL provides a
directory to a database that is implemented as a bucket PR k-d tree. In particular
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Figure 2.61 Example demonstrating the possibility of
directory merging using EXCELL
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EXCELL results in faster access to the buckets since the k-d trie search step (i.e., fol-
lowing pointers in the tree) is avoided. However, if the longest search path in a bucket
PR k-d tree has length s, the EXCELL directory has 2° entries.

EXCELL is also closely related to linear hashing when reversed bit interleaving is
used as the hashing function (see Section 2.8.2.1). The key difference is that EXCELL
has a directory and a set of buckets. In contrast, linear hashing has an implicit direc-
tory in the sense that there is one directory element per primary bucket, and a primary
bucket also serves as a directory element.

Other differences are that in EXCELL a bucket overflow may trigger a bucket
split or a doubling of the directory, whereas in linear hashing at most two new buckets
are allocated (one for a bucket split and one for an overflow bucket—recall the inser-
tion of Omaha in the transition from Figure 2.46¢ to 2.46d in Section 2.8.2.1). In
essence, using linear hashing there is a more gradual growth in the size of the direc-
tory at the expense of the loss of the guarantee of record retrieval with two disk
accesses. In addition, assuming equal bucket sizes, linear hashing requires more
buckets, since the bucket that is split is not necessarily the one that has overflowed.

To facilitate a comparison between EXCELL and linear hashing, suppose that we
implement EXCELL by splitting along the y coordinate first. This yields Figure 2.62 as
the EXCELL representation corresponding to Figure 2.1. Comparing Figures 2.45 and
2.62 finds that using EXCELL requires 16 directory elements and 7 buckets, whereas
linear hashing requires 6 primary buckets and 2 overflow buckets. Note that EXCELL
never requires overflow buckets; this is at the expense of a possibly large directory.

The gradual growth of the number of directory elements when using linear hash-
ing can be illustrated by comparing the EXCELL representation of Figure 2.58 with a
similarly constructed linear hashing representation. To see this relationship, we need
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Figure 2.1 when the y coordinate is split before the x
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Figure 2.63 Linear hashing using reversed bit interleaving
representation corresponding to Figure 2.1 when the x coor-
dinate is taken as the most significant

to revise the bit interleaving hashing function so that the x coordinate is the most
significant prior to the reversal of the bits (see Table 2.1 for the result of applying such
a mapping to the data of Figure 2.1).

Assuming the same bucket sizes and storage utilization factor used in the con-
struction of Figures 2.43 and 2.44, the application of such a hashing function to the
data of Figure 2.1 yields Figure 2.63. Note that linear hashing requires seven buckets
whereas EXCELL needs only six buckets since it split only the buckets that were full.
Of course, the next bucket to be split by linear hashing will be bucket 3, whereas the
next bucket to be split by EXCELL could result in a doubling of the number of directory
elements (e.g., the insertion of New Orleans at (45,10)).

Exercises

2.176. Implement a database that uses EXCELL to organize two-dimensional data.

2.177. Compare the rate of growth of directory elements when using linear hashing with
reversed bit interleaving, grid file, and EXCELL.

2.178. Why does linear hashing usually require at least as many buckets as EXCELL?

2.179. Given a large set of multidimensional point data, which of the three bucket methods
would you use? Take the volume of the data and their distribution into account. Can
you support your choice using analytic methods?

2.9 CONCLUSION

The introduction mentioned that searching techniques can be grouped into three primi-
tive categories: those that organize the data to be stored (denoted by D), those that
organize the embedding space from which the data are drawn (denoted by E), and
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those that require no organization (denoted by N). At this point, it is useful to review
the various data structures described in the previous sections and see how they fit into
the taxonomy. To understand better their interrelationship, we make use of Figure
2.64, a tree whose nodes are data structures.

For each node we draw an approximation of how it represents the data of Figure
2.1. We make no special distinction between bucket and nonbucket methods; how-
ever, when a data structure corresponds to a bucket method., we use a bucket capacity
of 2. Also. we assume two-dimensional data (k =2). Each node is labeled with the
name of the corresponding data structure. In addition, to each node we attach one of
the labels D, E. H, and N corresponding to the category in which it belongs. # denotes a
hybrid category and indicates that the data structure exhibits behavior that we associ-
ate with at least two of D. E. and N.
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The depths of the nodes in the tree also convey important information on the
relationship between the various data structures. We assume that the root of the tree is
at depth 0. Note that these characterizations are not necessarily unique. Other charac-
terizations are undoubtedly equally valid (see Exercise 2.184), and some characteriza-
tions or data structures may have been omitted (see Exercise 2.183). Nevertheless an
attempt has been made to place each of the data structures discussed in an appropriate
position relative to the other representations.

Depth O represents no identifiable organization of the data. The data are main-
tained in a sequential list that usually corresponds to the order in which it was inserted
into the data base.

Depth | corresponds to a partition of space that takes only one attribute into
consideration. The inverted list appears at this depth and is characterized as being
hybrid. The attribute governing the partition exhibits behavior of type D. In contrast,
the data values of the remaining attributes have no influence on the way the space is
organized and hence exhibit behavior of type .

At depth 2, all attributes are taken into account resulting in a partition that yields
a decomposition into a fixed number of cells. We distinguish between cells of equal
size and of varying size. The fixed-grid method, type E, is an example of the former
and the Dynamically Quantized Pyramid (DQP), type D, is an example of the latter.

Depth 3 is a generalization of depth 2. It permits the cells of the representations
at depth 2 to vary in number. The fixed-grid method is refined to yield the grid file,
type D, with varying cell boundaries, and EXCELL, type E, with fixed cell boundaries.
Notice that the representations at depths 2 and 3 use directories in the form of arrays
to access the data. In addition, the representations at depth 3 enable the retrieval of a
record in constant time.

When a cell in one of the representations at depth 4 overflows, only that particu-
lar cell is partitioned. In contrast, at depth 3 a partition is made over a (k—1)-
dimensional cross-section. The partition in the representations at depth 4 results in a
cell being decomposed into 2 cells. At this depth, we find that the grid file is refined
to yield the point quadtree of type D. EXCELL is refined to yield an MX quadtree of type
E and a PR quadtree of type H. The PR quadtree is of type H because the partition
points are fixed; however, the number of partition points depends on the relative posi-
tion of the data points.

When a cell in one of the representations at depth 5 overflows, it is partitioned
but it is only decomposed into two cells in contrast with 2¥ for depth 4. The partitions
that are made at the different levels in the relevant data structures cycle through the
attributes. At this depth, we find that the point quadtree is refined to yield a k-d tree of
type D, and the PR quadtree is refined to yield a PR k-d tree of type H.

When a cell in one of the representations at depth 6 overflows, a partition is
made using the attribute that has the greatest spread in values across the cell. Thus,
we no longer need to cycle through the various attributes as was done for the represen-
tations at depth 5. The adaptive k-d tree, as well as the Dynamically Quantized Space
(DQS), both of type D, are characteristic of this class of data structure.
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At this point, it is appropriate to ask how bit interleaving fits in our taxonomy.
One possibility is to look at the shape of the search region corresponding to a range
query. All of the data structures examined so far, save for the sequential list, result in
each range query having a convex shape in the form of a k-dimensional rectangle.
This is not the case for bit interleaving as can be seen by the staircase corresponding
to the range query as shown in Figure 2.38.

Thus, it would seem that we should insert the bit interleaving data structure as
another son of the sequential list, where the inverted list corresponds to rectangular
search regions while the bit niterleaving method does not.

Actually, this line of reasoning is erroneous because bit interleaving does not
per se fit into our taxonomy since it is simply a part of the data representation. Only
when we have decided how to structure the data that has been the subject of bit inter-
leaving (e.g., by using a B-tree, binary search tree, etc.), can we place it in our taxon-
omy.

Exercises

2.180. How does linear hashing using bit interleaving fit into the taxonomy of Figure 2.647

2.181. How does spiral hashing using bit interleaving fit into the taxonomy of Figure 2.64?

2.182. How does the BD tree fit into the taxonomy of Figure 2.64?

2.183. The taxonomy shown in Figure 2.64 could be formulated differently. First, we qualify
the £ and D categories as being of type 1 or k depending on whether they take 1 or &
dimensions into account. Also, let depth 3 be characterized as a refinement of depth 2
with overflow handling. Add another data structure, termed a pyramid, which yields a
2* growth in the directory upon a bucket overflow. Now, depth 4 can be recast as
replacing a directory in the form of an array by a directory in the form of a tree. How
would you rebuild depths 3-6 of Figure 2.64 using this new taxonomy? How does
linear hashing with reversed bit interleaving fit in?

2.184. [Markku Tamminen] In the opening section of this chapter a number of issues was
raised with respect to choosing an appropriate representation for point data. Can you
devise a taxonomy in the same spirit as Figure 2.64 using them? For example, let each
depth of the tree correspond to a different property. At depth 0, distinguish between an
organization of the data and an organization of the embedding space. At depth 1, dis-
tinguish between dynamic and static methods. At depth 2, distinguish between the
number of sons. At depth 3, distinguish between the presence and absence of a direc-
tory. At depth 4. distinguish between bucketing and nonbucketing methods.

2.185. The Euclidean matching problem consists of taking a set of 2 - N points in the plane and
decomposing it into the set of disjoint pairs of points so that the sum of the Euclidean
distances between the components of each pair is a minimum. Would any of the
representations discussed in this chapter facilitate the solution of this problem? Can
you solve this problem by building a set of pairs, finding the closest pair of points, dis-
carding it. and then applying the same procedure to the remaining set of points? Can
you give an example that demonstrates that this solution is not optimal?

2.186. An alternative solution to the one proposed in Exercise 2.185 proceeds in a manner
analogous to that used in constructing the adaptive k-d tree in Section 2.4.1. In essence,
we sort the points by increasing x and y coordinate values and then split them into two
sets by splitting across the coordinate with the largest range. This process is applied
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recursively. Implement this method and run some experiments to show how close it
comes to achieving optimality. Can you construct a simple example where the method
of Exercise 2.185 is superior?

Suppose that you are given ~ points in a two-dimensional space. and a rectangular win-
dow, say R, whose sides are parallel to the coordinate axes. Find a point in the plane at
which the window can be centered so that it contains a maximum number of points in
its interior. The window is not permitted to be rotated—it can only be translated to the
point. Would any of the representations discussed in this chapter facilitate the solution
of this problem?



COLLECTIONS
OF SMALL
RECTANGLES

The problem of how to represent collections of small rectangles arises in many appli-
cations. The most common example occurs when a rectangle is used to approximate
other shapes for which it serves as the minimum enclosing object. Of course, the
exact boundaries of the object are also stored, but usually they are accessed only if a
need for greater precision exists. For example, bounding rectangles can be used in
cartographic applications to approximate objects such as lakes, forests, and hills
[Mats84]. In such a case, the approximation gives a rough indication of the existence
of an object. This is useful in processing spatial queries in a geographic information
system. Such queries can involve the detection of overlapping areas, a determination
of proximity, and so on. Another application is the detection of cartographic
anomalies that require further resolution when a map is printed.

Rectangles are also used for design rule checking in very large-scale integration
(vLSI) as a model of chip components for the analysis of their proper placement.
Again the rectangles serve as minimum enclosing objects. This process includes such
tasks as determining whether components intersect, ensuring the satisfaction of con-
straints involving factors as minimum separation and width. These tasks have a prac-
tical significance in that they can be used to avoid design flaws.

The size of the collection depends on the application; it can vary tremendously.
For example, in cartographic applications, the number of elements in the collection is
usually small, and frequently the sizes of the rectangles are of the same order of mag-
nitude as the space from which they are drawn. On the other hand, in VLSI applica-
tions, the size of the collection is quite large (e.g., millions of components), and the
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sizes of the rectangles are several orders of magnitude smaller than the space from
which they are drawn.

In this chapter, we focus primarily on how to represent a large collection of rec-
tangles common in VLSI applications. The techniques, however, are equally applicable
to other domains. We assume that all rectangles are positioned so that their sides are
parallel to the x and y coordinate axes. We start with a general introduction to the
problem domain and to the tasks whose solutions such representations are intended to
facilitate. The issues that arise are reminiscent of earlier discussions on handling point
data (see Chapter 2).

Initially representations designed for use with the plane-sweep solution para-
digm [Sham76, Prep85] are presented. For many tasks, use of this paradigm yields
worst-case optimal solutions in time and space. We examine its use in solving two
problems:

1. Reporting all intersections between rectangles (the rectangle intersection
problem).

2. Computing the area of a collection of d-dimensional rectangles (the meas-
ure problem).

We focus on the segment, interval, and priority search trees. They represent a
rectangle by the intervals that form its boundaries. However, these representations are
usually for formulations of the tasks in a static environment. This means that the iden-
tity of all the rectangles must be known a priori if the worst-case time and space
bounds are to hold. Furthermore, for some tasks, the addition of a single object to the
database may force the reexecution of the algorithm on the entire database.

The remaining representations are for a dynamic environment. They are dif-
ferentiated by the way in which each rectangle is represented. The first type of
representation reduces each rectangle to a point in a higher (usually) dimensional
space and then treats the problem as if it involves a collection of points. The second
type is region based in the sense that the subdivision of the space from which the rec-
tangles are drawn depends on the physical extent of the rectangle; it does not represent
a rectangle as just one point.

Many of the representations are variants of the quadtree. We will see that these
quadtree variants are similar to the segment and interval trees used with the plane-
sweep paradigm. Moreover, we will observe that the quadtree serves as a multidimen-
sional sort and the process of traversing it is analogous to a plane sweep in multiple
dimensions. Finally. we discuss some representations that are more commonly
used in a problem domain that involves a relatively small number of rectangles (e.g.,
as found in a cartographic application).
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3.1 INTRODUCTION

In choosing a representation for a collection of objects,! we are faced with two issues:
choosing a representation for the objects and then deciding whether (and if so, then
how) to organize the objects making up the collection. During the decision process
we will be confronted with many of the same issues that arose in the representation of
multidimensional point data discussed in Chapter 2.

For example, we must decide between a static and a dynamic representation,
between making use of comparative search and address computation, between
retrieval on one key, which is a combination of all the keys, and using a subset of the
keys. There are many other options and factors, and thus a choice can be made only
after a careful consideration of the type of operations (including queries) that we wish
to support. Not surprisingly the operations are similar to those considered in Chapter
2.

There are situations in which the representation issue is not as crucial. For
example, implementing an operation using plane-sweep methods (see Section 3.2)
implies a sequential process in which only a subset of the objects is generally of
interest. Thus there is no need to be concerned about how to represent the entire col-
lection of objects.

Hinrichs and Nievergelt [Hinr83, Hinr85a] suggest that the representations of
the individual objects can be grouped into three principal categories. First, we can use
a representative point (e.g., the centroid). Such an approach is not good for proximity
queries if the object’s extent (e.g., lengths of the sides for a rectangle) is not stored
together with the coordinate values of the representative point.

Second, we can represent an object by its characteristic parts. There are many
choices, among them the following:

1. The representation can be based on the interior of the object. For example,
we can decompose the object into smaller units (e.g., a decomposition of a
rectangle into squares as would be done by a region quadtree). Each unit
contains a pointer to the complete description of the object.

2. The representation can be based on the boundary of the object. For exam-
ple, polygons are often represented as an ordered collection of vertices or,
equivalently, by the line segments comprising their boundaries.

3. The representation can be procedural—that is, a combination of choices 1
and 2 according to a well-defined set of rules. The combination can also be
based on a decomposition into units of a smaller dimension. For example,
a rectangle is often represented as the Cartesian product of two one-
dimensional spheres (i.e., intervals).

U'n this section, we assume that the objects have an arbitrary shape, although the subsequent discussion is
restricted to rectangles.
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There are several difficulties with such approaches. One problem is that updat-
ing (e.g., insertion or deletion) will generally require processing several units. A more
serious drawback is that at times a query is posed in such a manner that none of the
characteristic parts of an object, say 0, that satisfies the query will match the query’s
description, yet 0 does satisfy the query. The problem is that not all properties are
inherited by the parts. For example, suppose that we are dealing with a collection of
polygons stored so that each polygon is represented by the line segments that consti-
tute its edges. We wish to determine if a given polygon contains a given rectangle.
Clearly no edge of the polygon will contain the rectangle. Hence a solution to this
problem requires that with each edge of a polygon (or rectangle) we store an identifier
that indicates the polygons or objects associated with each of its sides. (For more
details, see the discussion in Section 4.2.3.6.)

Third, we can represent an object by partitioning the space from which it is
drawn into cells adapted to the objects. Each cell is like a bucket that contains refer-
ences to all objects that intersect it. The cells may be disjoint or may be permitted to
overlap. In the latter case, if the partition is such that there always exists at least one
cell that contains the object in its entirety, then we can avoid the redundancy that is a
natural consequence of the multiple references to the object. Of course, the fact that
cells may overlap will increase the costs of certain query operations since several cells
may cover a specific point.

Once a representation has been selected for the individual objects, we must
decide how to represent the collection of the objects. There are numerous ways of
doing so. One class of methods consists of variations of linked lists, and one such
method, corner stitching, is discussed in Section 3.4. In this book, we are primarily
interested in hierarchical representations, so the bulk of the discussion concentrates on
hierarchical methods and on operations for which they are useful. As we will see, the
method used depends to a large degree on the manner in which the individual objects
are represented.

When objects are represented using representative points, then data structures
such as those discussed in Chapter 2 are applicable (e.g., grid file, k-d trees, point and
PR quadtrees, variations on B-trees). The choice depends on whether we wish to
organize the data to be stored (i.e., methods based on comparative search) or the
embedding space from which the data are drawn (i.e., methods based on address com-
putation). Similar considerations apply when individual objects are represented by
their characteristic parts, as is the case when using variants of the region quadtree.

The principal tasks to be performed are similar to those described in Chapter 2.
They range from the basic operations, such as insertion and deletion, to more complex
queries that include exact match, partial match, range, partial range, finding all objects
(e.g., rectangles) in a given region, finding nearest neighbors with respect to a given
metric for the data domain, and even join queries [Ullm82]. The most common of
these queries involves proximity relations and is classified into two classes by Hin-
richs [Hinr85a]. The first is an intersection query, which seeks to determine if two
sets intersect. The second is a subset relation and can be formulated in terms of enclo-
sure (i.e., 1s 4 a subset of B?) or of containment (i.e., does A contain B ?).
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In describing queries involving these relations, we must be careful to distinguish
between a point and an object. A point is an element in the d-dimensional space from
which the objects are drawn. It is not an element of the space into which the objects
may be mapped by a particular representation. For example, in the case of a collec-
tion of rectangles in two dimensions, a point is an element of the Euclidean plane and
not a rectangle, though we may choose to represent each rectangle by a point in some
multidimensional space.

In the following sections, the focus is on three types of proximity queries. The
first, and most common, is the point query, which finds all the objects that contain a
given point. The second type is a point set query, which, given a relation @ and a set
of points Q (typically a region), finds the set of objects S such that S®Q holds. An
example is a query, more commonly known as a window operation, that finds all the
rectangles that intersect a given region. In this example, the relation @ is defined by
s®Q if SNQ # 9, and Q is the query window. The third type of query is a geometric
join query which for a relation ®, and two classes of objects 0, and 0, with
corresponding subsets §; and S,, finds all pairs (P;,P,) with P, € §|, P, € S5, and
P,®P,. An example is a query that determines all pairs of overlapping rectangles. In
such a case both 0, and 0, correspond to the set of rectangles, and @ is the intersec-
tion relation.

Other tasks, less general and more intimately tied to the application domain, are
often solved just as efficiently without using hierarchical methods. In the following,
we briefly examine them. For example, in a VLSI application it is desired to perform
circuit extraction (the determination of electrical connectivity). In this case, two rec-
tangles A and B are said to be electrically connected if and only if there is a sequence
of rectangles <R, Ry, - - R,> such that R, =4, R, =B, and R; intersects R;,; for
1 £i < n. This is analogous to connected component labeling in images (see Section
5.1 of [Same90b]).

Channel finding [Oust84] is similar to circuit extraction. It finds paths through
areas that are not intersected by any of the data rectangles. This is useful for tracing
signal paths and is related to performing connected component labeling on the back-
ground portion of the image. Once a circuit has been extracted, it is often the case that
we wish to view it, and for this purpose it is preferable to eliminate all lines within it
so that it can be plotted. This is analogous to hidden line elimination in computer
graphics (see Section 7.1 of [Same90b]).

At times, it may be desired to insert a rectangle, but there is no room for it. In
such a case, a plowing operation [Oust84] is attempted. It tries to move existing rec-
tangles to make room for the new rectangle while still preserving the design rules and
topological properties of the circuit, such as connectedness. Compaction [Oust84] is a
somewhat related operation that tries to eliminate the empty space between non-
overlapping rectangles. Compaction in a single direction can be achieved by plowing
a large rectangle across the space from which the rectangles are drawn.
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3.2 PLANE-SWEEP METHODS AND THE RECTANGLE
INTERSECTION PROBLEM

The term plane-sweep is used to characterize a paradigm employed to solve geometric
problems by sweeping a line (plane in three dimensions) across the plane (space in
three dimensions) and halting at points where the line (plane) makes its first or last
intersection with any of the objects being processed. At these points, the solution is
partially computed, so that at the end of the sweep, a final solution is available. In this
discussion, we are dealing with two-dimensional data. Assume, without loss of gen-
erality, that the line is swept in the horizontal direction and from left to right.

To use the plane-sweep technique, we need to organize two sets of data. The
first set consists of the halting points of the line (i.e., the points of initial or final inter-
section). It is usually organized as a list of x coordinate values sorted in ascending
order. The second set consists of a description of the status of the objects intersected
by the current position of the sweep line. This status reflects the information relevant
to the problem to be solved, and it must be updated at each halting point.

The data structure used to store the status must be able to handle updates, but it
may take advantage of characteristics of the data discovered while the data were
sorted. In other words, the data structure may use knowledge about the entire batch of
updates. For this reason, these data structures are sometimes called batched dynamic
[Edel85b]. The characteristics of this data structure will determine, to a large extent,
the efficiency of the solution.

The application of plane-sweep methods to rectangle problems is much studied.
The solutions to many of these problems require the data to be ordered in a manner
that makes use of some variant of multidimensional sorting. In such cases, the execu-
tion times of optimal algorithms are often constrained by how fast we can sort, which
for N objects usually means a lower bound of O(N -log,N). At times an increase in
speed can be obtained by making use of more storage. The text of Preparata and
Shamos [Prep8S] contains an excellent discussion of a number of problems to which
such techniques are applicable.

We assume that each rectangle is specified by four values: the x coordinates of
its two vertical sides and the y coordinates of its two horizontal sides (equivalently
these are the x and y coordinates of its lower left and upper right corners). We also
assume that each rectangle is closed on its left and bottom sides and open on its top
and right sides. Applying the same open-closed convention to the boundaries of a rec-
tangle finds that its horizontal (vertical) boundaries are closed on their left (bottom)
ends and open on their right (top) ends. Alternatively the boundaries can be described
as being seniiclosed.

In this section, we focus on the efficient solution of the problem of reporting all
intersections between rectangles and, to a lesser extent, on some related problems.
Note that a naive way to report all intersections is to check each rectangle against
every other rectangle. This takes O(N?) time for N rectangles. The plane-sweep solu-
tion of the problem consists of two passes. The first pass sorts the left and right boun-
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Figure 3.1 (a) A collection of rectangles. Members of the col-
lection are designated by solid lines and labeled alphabetically
(A-G). Query rectangles are designated by broken lines and
labeled numerically (1-3). P and Q are query points. (b) The
locations of the endpoints of the rectangles and the points in
(a). For a rectangle, x; and xg correspond to its left and right
boundaries, respectively, while Yg and Y; correspond to its
bottom and top boundaries, respectively. For a point, x, and yg
are its x and y coordinate values respectively.

daries (i.e., x coordinate values) of the rectangles in ascending order and forms a list.
For example, consider the collection of rectangles given in Figure 3.1. Letting R, and
R, denote the left and right boundaries of rectangle R, the result of the first pass is a list
consisting of 3, 6, 8, 21, 23, 25, 26, 31, 33, 34, 35, 37, 38, 38 corresponding to A, E;,
A,, Dy, G, B, E., F,, C, B,, F,, C,, D,, G,, respectively.

The second pass sweeps a vertical scan line through the sorted list from left to
right, halting at each one of these points. This pass requires solving a quasi-dynamic
version of the one-dimensional intersection problem. At any instant, all rectangles
that intersect the scan line are considered active (e.g., rectangles D, E, and G for a verti-
cal scan line through x = 24 in Figure 3.1). We must report all intersections between a
newly activated rectangle and currently active rectangles that lie on the scan line. The
sweep process halts every time a rectangle becomes active (causing it to be inserted in
the set of active rectangles) or ceases to be active (causing it to be deleted from the set
of active rectangles). The key to a good solution is to organize the active rectangles
so that intersection detection, insertion, and deletion are executed efficiently.

The first pass involves sorting, and thus it takes O(N - log,N ) time. Insofar as
the second pass is concerned, each rectangle is nothing more than a vertical line seg-
ment (or equivalently a one-dimensional interval). Several data structures can be used
to represent line segments. If we care only about reporting the intersections of
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boundaries (i.e., vertical boundaries with horizontal boundaries), then a balanced
binary tree is adequate to represent the bottom and top boundaries (i.e., y coordinate
values) of the active rectangles [Bent79d] (see Exercise 3.41). Unfortunately such a
representation fails to account for intersections that result when one rectangle is totally
contained within another.

In the rest of this section, we focus on solutions to the rectangle intersection
problem that use the segment, interval, and priority search trees to represent the active
line segments. We first examine the segment tree and then show how the order of the
space requirements of the solution can be reduced by using either the interval or prior-
ity search trees while still retaining the same order of execution time. Although the
interval tree solution for the rectangle intersection problem requires less space than
the segment tree solution, the segment tree is important due to its simplicity and finds
use in a number of applications. We conclude by briefly examining some alternative
solutions and point out related problems that can be solved using the same techniques.

3.2.1 Segment Trees

The segment tree is a representation for a collection of line segments devised by Bent-
ley [Bent77a]. It is useful for detecting all the intervals that contain a given point. It
is best understood by first examining a simplified version that we call a unit-segment
tree, which is used to represent a single line segment. For the moment, assume that
the endpoints of the line segments of our collection are drawn from the set of integers
{ijo<i< 2"}, Let s be a line segment with endpoints / and r (I < r). S consists of the
set of consecutive unit intervals [j : j+1) (! £j < r). The unit-segment tree is a com-
plete binary tree of depth 4 such that the root is at level 4 and nodes at level O (i.e., the
bottom) represent the sequence of consecutive intervals [ : j+1) (0 < j < 2"). A node
at level 7 in the unit-segment tree represents the interval [p : p + 2 (i.e., the sequence
of 2 consecutive unit intervals starting at p, where p mod 2' is 0).

Representing line segment S in a unit-segment tree is easy. We start at the root
of the tree and check if its corresponding interval is totally contained in S. If yes, then
we mark the node with S. In such a case, we say that S covers the node’s interval.
Otherwise we repeat the process for the left and right sons of S. This process visits at
most four nodes at each level while marking at most two of them. Thus it is easy to
see that inserting a line segment into a unit-segment tree in a top-down manner can be
achieved in O(h) time. An equivalent bottom-up description of this process is that a
node is marked with § if all (i.e., both) the intervals corresponding to its sons are
totally contained in S, in which case the sons are no longer marked with S.

For an example of the unit-segment tree, consider a collection of line segments
with integer endpoints that are in the range [0:16). In this case, there are 16 possible
intervals, each of unit length. The unit-segment tree for a line segment, named A, of
length 8 whose endpoints are at 3 and 11, is given in Figure 3.2, Note that the interval
li: i+1) is represented by the node labeled /. From the figure, it is easy to observe the



3.2 PLANE-SWEEP METHODS I 161

Figure 3.2 The unit-segment tree for the segment [3:11)
labeled A in the range [0:16)

close analogy between the unit-segment tree and a one-dimensional region quadtree
[Rose82a] where the unit intervals are the one-dimensional analog of pixels. The
analogy is completed by letting black (white) correspond to the labeled (unlabeled)
nodes, and merging brother nodes of the same color.

The unit-segment tree is inadequate for two reasons: it can represent only one
line segment, and it is defined only for line segments with integer endpoints. The seg-
ment tree is an adaptation of the unit-segment tree that enables the use of one data
structure to represent a collection of line segments with arbitrary endpoints by remov-
ing the restriction that the intervals be of uniform length, and by replacing the mark at
each node by a linked list of the names of the line segments that contain that node.

This adaptation is achieved in the following manner. Given a set of N line seg-
ments, we first sort their endpoints and remove duplicates to obtain yg, y;, *** , Yn
(m <2 -N). Next we form the segment tree in the same way as the unit-segment tree
with the exception that interval [j : j+1) is replaced by the interval [y; : y;i)
(0<j <2"and 27! <m < 2"). Each line segment s with endpoints y, and y, consists
of the sequence of consecutive intervals [y; : y;1 ) ({ £ j <r).

A node at level i in the segment tree represents the interval [y, : y,4) (i.e., the
sequence of 2 consecutive intervals starting at y, where p mod 2' is 0). Each node is
marked with the names of all the line segments that cover the node’s corresponding
interval and do not cover the corresponding interval of the parent node. As in the case
of the unit-segment tree, both a node and its brother cannot be marked with the same
line segment. The set of line segments associated with each node is represented as a
doubly linked list. This will be seen to facilitate deletion of line segments.

For example, Figure 3.3 is the segment tree for the set of line segments that
correspond to the vertical boundaries of the rectangles in Figure 3.1. Although there
are seven line segments, the segment tree contains twelve intervals as there are only
thirteen different endpoints. Since the segment tree is a complete binary tree, in this
case it has four unused intervals. Each leaf node is labeled with its corresponding
interval number and the leftmost endpoint of the interval—node i corresponds to the
interval [y;: y;,;). Nodes are also labeled with the sets of names of the line segments
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Figure 3.3 The segment tree for the set of line segments
corresponding to the vertical boundaries of the rectangles in
Figure 3.1. Terminal node i corresponds to the interval

[yi"yi+1]'

that cover their corresponding intervals. For example, the interval [23:34) is labeled
with {A,C} because it is covered by these line segments.

Inserting a line segment in the segment tree is analogous to inserting it in the
unit-segment tree. The only difference is that the line segment must also be inserted
in the list of line segments associated with the node. It can be placed anywhere in the
list, and thus we usually attach it to the front of the list. In a domain of N line seg-
ments, insertion (into the tree and list) takes O(log,N ) time per line segment.

Deleting a line segment from a segment tree is somewhat more complex. We
must remove the line segment from the doubly linked list associated with each node
that contains it. This could be expensive since, in the worst case, it requires the
traversal of O(log,N) linked lists, each containing O(N) entries. This difficulty is
avoided by maintaining an auxiliary table with one entry for each of the ~ line seg-
ments. Each table entry points to a list of pointers. Each pointer points to a list entry
for the line segment in a node, say P, of the segment tree such that P’s interval is
covered by the line segment (see Exercise 3.3).

This table is built as the line segments are entered into the segment tree. It con-
tains at most N entries and can be accessed or updated in O(log,N ) time when imple-
mented as a balanced binary tree (or even in constant time if implemented as an array,
in which case each line segment must be represented by a unique integer in the range
1 --- N). We can use an array instead of a dictionary because we know the identities
of the rectangles in advance (i.e., a static environment).

A segment tree for N line segments has a maximum of 2 - N leaf nodes. Each
line segment covers the intervals of at most 2 -[ log,N| nodes of the segment tree. At
each of these nodes, deletion of the line segment can be done in constant time since
the segment lists that are associated with these nodes are implemented as doubly
linked lists. Thus the total cost of deleting a line segment is O(log,N). The segment
tree has a total of O(N') nodes, and, since each line segment can appear in (i.e., cover)
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O(log,N ) nodes, the total space required (including the auxiliary table) in the worst
case is O(N -logyN). Interestingly, Bucher and Edelsbrunner [Buch83] have shown
that the average space requirement for a segment tree is also O(N - logyN ).

Given F rectangle intersections, using a segment tree to determine the set of rec-
tangles that intersect each other is somewhat complex [Bent80f] if we want to do it in
O(N -logyN + F) time. In particular, it involves considerably more work than just
inserting a line segment and reporting the rectangles associated with the line segments
encountered during the insertion process. We will see by means of an example why
this is so, once the algorithm has been described.

Conceptually the problem is quite straightforward. For each line segment s,
with starting and ending points / and r, respectively, we want the set of line segments
A such that A; N § is nonempty for each A; € A. Recalling that the segment tree is good
for detecting all intervals that contain a given point, we formulate the problem as an
infinite set of point queries: for each point p; in line segment S, find all line segments
that contain it. This process takes O(log,N) time for each point queried. To avoid
looking at every point in § (an infinite number!), we can restrict the search to the end-
points of the line segments that are overlapped by S. An obvious, but unacceptable,
solution is to store with each line segment the set of segments that intersect it, at a
total storage cost of O(N?).

A more reasonable solution, which makes use of the above restriction on the
search, is given by Six and Wood [Six80, Six82], who decompose the search into two
disjoint problems. They make use of the obvious fact that any line segment with a
starting point greater than r or with an ending point less than / does not intersect the
line segment S. The first problem consists of determining all line segments with start-
ing points less than / that have a nonempty intersection with S. The second problem
consists of determining all line segments with starting points that lie between / and r.
Thus there is a need to be concerned only with an ordering based on the starting
points.

One way to solve the first problem is to use a balanced binary tree to store the
starting points of the line segments. We search for all line segments with starting
points that are less than / and check if the ending points are greater than /. Unfor-
tunately this could require us to examine every node in the tree (if / is large). An
alternative solution is to perform a point query for point / on the segment tree
representation of the line segments. To determine all the line segments that contain /,
we simply locate the smallest interval containing it. Since a segment tree for N line
segments has a maximum of 2 - N leaf nodes, this search visits at most [ log,n| + 1
nodes, and for each node visited, we traverse its associated list of line segments and
report them as containing /. This process takes O(log,N + F;) time, where F; is the
number of line segments that contain /. Since a segment tree is used, the solution uses
O(N - log,N ) space.

The second problem is solved by performing a range query for range [/ : r) on
the set of starting points of the line segments. This query is one for which a range tree
that stores the starting points of the line segments is ideal. Recall from Section 2.5
that a range tree is a balanced binary tree where the data points are stored in sorted
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order in the leaf nodes that are linked in this order by use of a doubly linked list.
Therefore both insertion and deletion are O(log,N ) processes.

A range query consists of locating the node corresponding to the start of the
range, say L, and the closest node to the end of the range, say R, and then reporting the
line segments corresponding to the nodes that lie between them by traversing the
linked list of nodes. This process takes O(log,N + F),) time, where F, is the number of
line segments with starting points in [/ : r). Since a balanced binary tree is used, it
needs O(N ) space.

The combination of the point and range query solution uses O(N - log,N ) space
and takes O(N -log-N + F) time, where F is the number of rectangle intersections.
At this point, let us see if we can improve on these bounds. Since the first pass also
takes O(N - log,N ) time, the only room for improvement is in the space requirement,
which is bounded from below by O(~) as a result of using the range tree (i.e., a
balanced binary search tree with double links between adjacent elements) for the
range query.

Suppose that instead of using a segment tree, we use an additional range tree for
the ending points (as well as a range tree for the starting points). We perform a range
query for range [/ : r') on the set of ending points of the line segments. Unfortunately
the results of the two range queries are not disjoint, so we will have to remove dupli-
cates. The number of duplicate entries per range query can be as large as N, and we
will have to sort them prior to removal. This means that the algorithm has a total
worst-case execution time that can be as high as O(N? - log,N).

Alternatively we could try to determine the set of rectangles that intersect each
other by using just a segment tree. The problem with this approach is that upon inser-
tion of a line segment, say S, in a segment tree, we cannot find all of the existing line
segments in the tree that are totally contained in S, or partially overlap s, without
examining every node in each subtree containing S. For example, consider the seg-
ment tree of Figure 3.3 without line segment A (for segments B, C, D, E, F, and G).
Upon inserting line segment A in the node corresponding to interval [14:23), the only
way to determine the existence of line segment F (corresponding to the interval
[15:19)) that is totally contained in A is to descend to the bottom of the subtree rooted
at [14:23).

The problem is not restricted to the situation of total containment; it also arises
in the case of partial overlap. For example, consider the segment tree of Figure 3.3
without line segment B (for segments A, C, D, E, F, and G). Upon inserting line segment
B in the node corresponding to interval [34:38), the only way to detect the partial over-
lap of B with line segments A and C in the interval [34:36) is to descend to the bottom
of the subtree rooted at [34:38). Checking for total containment or partial overlap in
this way takes O(N) time for each line segment or O(N?) for all the line segments.
Thus we must find a more satisfactory solution since we wish to perform this task in
O(N - logaN + F) time. This is achieved by using the interval tree, the subject of the
next section.
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Exercises

Under what restriction is a segment tree equivalent to a unit-segment tree?

[s it true that whenever two line segments overlap, at least one node in the segment tree
will have more than one line segment associated with it?

The implementation of the segment tree described in the text makes use of an auxiliary
table that contains an entry for each line segment. This entry points to a list of pointers,
each of which points to a list entry for the line segment in a node of the segment tree
whose intervals are covered by the line segment. Why is this a better solution than
merely pointing to the node whose intervals are covered by the line segment?

Why can’t you formulate the sweep pass of the rectangle intersection problem as locating
all line segments that start within a given line segment and those that end within the line
segment? In this case, there is no need for the segment tree. Instead use two range trees:
one for the starting points and one for the ending points.

Given a point P on a line, devise an algorithm to find all intervals that contain p. This is
known as a stabbing query. Assume that the intervals are represented using a segment
tree. What is the order of the execution time of the algorithm when there are ~ intervals?
Suppose that we are interested only in the number of intervals that contain . This is
known as the stabbing counting query. Assume that the intervals are represented using a
segment tree. Given ~ intervals, how fast can you determine a solution to this query, and
how much space does it require?

Write an algorithm to insert a line segment in a segment tree.

Write an algorithm to delete a line segment from a segment tree.

Write an algorithm to determine if a line segment intersects an existing line segment in a
segment tree.

How would you use a segment tree to determine all the one-dimensional intervals totally
contained within a given one-dimensional interval? Given ~ intervals, and F contained
intervals, does your algorithm run in O(log,~ + F) time? If not, explain why, and give an
alternative solution.

How would you use a segment tree to determine all the one-dimensional intervals that
contain a given one-dimensional interval? Given ~ intervals, and F containing intervals,
does your algorithm run in O(log,~ + F) time? If not, explain why.

Write an algorithm to determine all the intersecting rectangles using a segment tree.

3.2.2 Interval Trees

The problem discussed at the end of Section 3.2.1 with using the segment tree as the
basis of the solution to the rectangle intersection problem can be overcome, in part, by
making the following modifications. Link each marked node (i.e., a node whose
corresponding interval overlaps at least one line segment), say P, to some of the nodes
in P’s subtrees that are marked. This could be implemented by an auxiliary binary
tree with elements that are the marked nodes. Since each line segment can be associ-
ated with more than one node in the segment tree, the number of intersections that can
be detected is bounded by 2 - N2 - log,N (see Exercise 3.13), while the number of dif-
ferent intersections is bounded by ¥2. Removing duplicates will require sorting, and
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even use of the bin method [Weid78], which is linear, still leaves us with an
O(N? - logsN ) process.

However, duplicate entries can be avoided by redefining the segment tree so that
a line segment is associated only with one node: the nearest common ancestor? of all
the intervals contained in the line segment (e.g., the node corresponding to the interval
[3:38) for line segments A and C in Figure 3.3). The absence of duplicate entries also
means that the space requirements can be reduced to O(N ).

The above modifications serve as the foundation for the development of the
interval tree of Edelsbrunner [Edel80a, Edel83a, Edel83b] and the tile tree of
McCreight [McCr80]. The difference between them is that the tile tree is based on a
regular decomposition, while the interval tree is not. In the rest of this section, we dis-
cuss only the interval tree.

The interval tree is designed specifically to detect all intervals that intersect a
given interval. It is motivated by the dual goals of reducing the space requirement to
O(N) and maintaining an execution time of O(N - log,N + F). The interval tree solu-
tion also makes use of the decomposition of the search into two disjoint tasks:

1. Determining all line segments that overlap the starting point of the query
line segment.

2. Determining all line segments with starting points that lie within the query
line segment.

Once again, assume that we are given a set of N line segments such that line seg-
ment S; corresponds to the interval [/; : r;); /; and r; are its left and right endpoints,
respectively. The endpoints of the N line segments are sorted (with duplicates
removed) to obtain the sequence yq, ¥1, * - , Ym (m <2 -Nand 27! <m < 2"). The
interval tree is a three-level structure in which the first (and principal) level is termed
the primary structure, the second level is termed the secondary structure, and the third
level is termed the rerriary structure. Figure 3.4 illustrates the discussion. It is the
interval tree for the set of line segments corresponding to the vertical boundaries of
the rectangles in Figure 3.1.

The primary structure is a complete binary tree with m + 1 external (i.e., leaf)
nodes such that when the tree is flattened and the nonleaf nodes are removed, external
node / corresponds to v;. In Figure 3.4, the primary structure is denoted by solid lines.
In the example, although there are seven line segments, the primary structure contains
only 13 external nodes as there are only 13 different endpoints. Each leaf node is
labeled with its corresponding endpoint (i.e., y; for leaf node i (0<i <2 .~). Each
nonleaf node is assigned an arbitrary value, stored in the field VAL, that lies between
the maximum value in its left subtree and the minimum value in its right subtree (usu-
ally their average). For example. the root node in Figure 3.4 is labeled 22.

2 The principle of associating key information with the nearest common ancestor is similar to Chazelle and
Guibas’s fractional cascading [Chaz86a, Chaz86b). It is also used as the basis of an efficient solution of the
point location problem by Edelsbrunner. Guibas. and Stolfi [Edel86a] (see Section 4.3.2).
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Figure 3.4 The interval tree for the set of line segments
corresponding to the vertical boundaries of the rectangles in
Figure 3.1. The primary structure is shown by solid lines.
The secondary structure is shown by dotted lines. The terti-
ary structure is shown by broken lines with the active nodes
circled with thick lines. The interrelationships between the
endpoints of the line segments are also shown.

Given a line segment corresponding to the interval [/ : r), we say that its nearest
common ancestor in the interval tree is the nonleaf node containing / and r in its left
and right subtrees, respectively. For example, in Figure 3.4, node 22 is the nearest
common ancestor of line segment A, which corresponds to the interval [6,36).

Each nonleaf node in the primary structure, say v, serves as the key to a pair of
secondary structures LS and RS that represent the sets of left and right endpoints,
respectively, of the line segments for which v is the nearest common ancestor (i.e.,
they contain v’s value). Elements of the sets LS and RS are linked in ascending and
descending order, respectively. In Figure 3.4, the secondary structure is denoted by
dotted lines emanating from each nonleaf node with a nonempty secondary structure.
The sets LS and RS are distinguished by dotted lines emanating from the nonleaf node
to its left and right sides, respectively.

When the sets LS and RS contain more than one entry, we show them linked in
increasing and decreasing order, respectively (e.g., LS of the root node shows 6 point-
ing to 21 since the corresponding intervals are [6:36) and [21:36)). Each starting
(ending) point appears in LS (RS) as many times as there are line segments that have it
as a starting (ending) point. For example, 36 appears twice in RS of the root node in
Figure 3.4 as it is the ending point of line segments A and C. To support rapid inser-
tion and deletion, the sets LS and RS are implemented as balanced binary trees (as well
as doubly linked lists).

Each nonleaf node in the primary structure has eight pointers: two to its left and
right subtrees in the primary structure (LP and RP), two to the roots of LS and RS in the
secondary structure, one to the minimum value in LS, one to the maximum valuc in RS,
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and two (LT and RT) to its left and right subtrees in the tertiary structure. The LT and
RT pointers are discussed below.

A nonleaf node in the primary structure is marked active if its corresponding
secondary structure is nonempty or both of its sons have active descendants; otherwise
it is marked inactive. The active nodes of the primary structure form the tertiary
structure, which is a binary tree. It is rooted at the root of the primary structure and is
linked via the LT and RT fields of the nonleaf nodes of the primary structure. If node v
of the primary structure is inactive, then LT(v) and RT(v) are € (i.e., pointers to NIL). If
v is active, then LT(v) points to the closest active node in the left subtree of v (i.e., in
LP(v)), and RT(v) points to the closest active node in the right subtree of v (i.e., in
RP(v)). If there are no closest active nodes in the left and right subtrees of v, then
LT(v) and RT(v), respectively, are .

In Figure 3.4, the tertiary structure is denoted by broken lines linking all of the
active nodes (e.g., nodes 22, 12.5, 7, 17, 35, and 25), also enclosed by thick ellipses.
The tertiary structure is useful in collecting the line segments that intersect a given
line segment. It enables us to avoid examining primary nodes with no line segments.
Note that more than half of the elements of the tertiary structure (i.e., active nodes)
have nonempty secondary structures (see Exercise 3.15).

Inserting the line segment [/ : r) in the interval tree is very simple. We start at
the root and using the primary structure locate the first node v such that / < VAL(v) < r.
In this case, we insert / into LS(v) and r into RS(v). Both of these processes can be
achieved in O(log,N ) time. Updating the tertiary structure requires us to traverse it in
parallel with the primary structure and takes O(log,N) time. Deletion of a line seg-
ment is performed in a similar manner and with the same complexity.

Reporting the rectangle intersections in an interval tree is straightforward,
although there are a number of cases to consider. Again this task is performed while
inserting a vertical line segment, say S corresponding to the interval [/ : r). During this
process we search for and report the line segments that overlap S. Assume that the
interval tree is rooted at T;. The search has three stages:

1. Start atT, and find the first node v such that / < VAL(v) < r-.
2. Start at v and locate [ in the left subtree of v.
3. Start at v and locate r in the right subtree of v.

This search involves the secondary structures of the nodes in the primary structure.
The tertiary structure reduces the number of nodes in the primary structure with empty
secondary structures that must be examined. Note that all of the overlapping line seg-
ments will be reported, and each will be reported only once as it is associated with the
secondary structure of just one node in the primary structure.

The following contains the main ideas of the three stages. Figure 3.5 aids the
visualization of the symbols used in the explanation for [/ : r). All secondary and terti-
ary structures that are visited are marked with dotted and broken lines, respectively.

Let us start with stage 1. {7;} denotes the set of nodes encountered during the
search for v. We use the insertion of line segment [6:20) into the interval tree of
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Figure 3.5 Example of an interval tree search for the inter-
val [l:r]. All secondary structures that are visited are
marked with dotted lines. All tertiary structures that are
visited are marked with broken lines.

Figure 3.4 as the example. The secondary structures associated with each 7; must be
checked for a possible overlap with s. This is quite simple. Either / < r < VAL(T;) or
VAL(T;)) <[ < r.

If r < VAL(T;), then we need only report the line segments in the secondary struc-
ture of 7; with starting points less than r (e.g., line segment A upon examining the non-
leaf node with value 22). To achieve this, we visit LS(7;) in ascending order until we
encounter a line segment with a starting point exceeding 7. We then search the left
subtree of T; (i.e., LP(T;)).

Similarly if VAL(T;) < /, then we need only report the elements of the secondary
structure of 7; with ending points greater than /. To do this, we visit RS(7;) in des-
cending order until encountering a line segment with an ending point less than /. The
search is then continued in the right subtree of T; (i.e., RP(T;)).

Both cases are executed in time proportional to the number of intersections
reported. Once node v has been located, we report all elements of its secondary struc-
ture as intersecting S. In the example, we would report line segment G, since v is the
nonleaf node with value 12.5.

Now let us understand stages 2 and 3. Since they are very similar, we look at
just stage 2 and use the insertion of line segment [6:34) into the interval tree of Figure
3.4 as the example. In this case, v is the root of the tree (the nonleaf node with value
22). Let {L;} denote the set of nodes encountered during the search for / in this stage.
Recall that / < vAL(v). Either / < VAL(L;) or VAL(L;) < /.
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If 1 < VAL(L;), then S intersects every line segment in the secondary structure of
L;. S also intersects all the line segments in the secondary structures in the right sub-
tree of L;. The first set consists of just the line segments in RS(L;) (e.g., line segment G
upon examining the nonleaf node with value 12.5). The second set is obtained by
visiting all the active nodes in the right subtree of L;, RT(L;) (e.g., line segment F dur-
ing the processing of the nonleaf node with value 12.5 since F is associai2d with the
active nonleaf node with value 17).

Notice the use of the pointers LT(L;) and RT(L;) avoid visiting irrelevant nodes
when forming the second set. Since more than half of the elements of the tertiary
structure have nonempty secondary structures (see Exercise 3.15), the time necessary
to execute this process is proportional to the number of intersections reported. The
search is continued in the left subtree of L;, i.e., LT(L;).

If vAL(L;) < [, then we report the line segments in the secondary structure of L;
with ending points greater than /. To do this, we visit RS(L;) in descending order until
encountering a line segment with an ending point less than /. This process is executed
in time proportional to the number of intersections reported. The search is continued
in the right subtree of L;, i.e., RT(L;).

Solving the rectangle intersection problem using an interval tree uses O(N)
space and takes O(N - log,N + F) time, where F is the number of rectangle intersec-
tions.? The space requirements are obtained by observing that for N line segments we
need at most 2 - N leaf nodes in the primary structure; the same is true for the secon-
dary structures. The tertiary structure is constructed from nodes in the primary struc-
ture, and thus it requires no additional space except for the pointer fields. Making use
of the fact that the interval tree is a complete binary tree, the number of nonleaf nodes
in the primary and secondary structures is bounded by 2 - N — 1.

The execution time requirements are obtained by noting that searching the pri-
mary structure for the starting and ending points of a line segment takes O(log,N)
time. The number of nodes visited in the secondary structure is of the same order as
the number of rectangle intersections that are found. Since at least half of the active
nodes have nonempty secondary structures, the number of nodes visited in the tertiary
structure is no more than twice the number of nodes visited in the secondary structure.
Constructing the interval tree takes O(N - log,N) time since the endpoints of the line
segments forming the sides of the rectangles must be sorted.

Exercises

3.13. Suppose that you modify the definition of the segment tree so that each marked node. say
P, is linked (i.e., a node with a corresponding interval that overlaps at least one line seg-
ment) to the nodes in P ’s subtrees that are marked. Show that the number of intersections
that can be detected is bounded by 2 - ¥ - log,N.

3 . . . . . .

- For the tile tree, the execution time is O(N - log,(max(~.k)) + F), where the horizontal boundaries of the
rectangles are integers between 0 and k — |. The execution time becomes O(n - log.n + £) if the 2 -n ¥
coordinate values are first sorted and then mapped into the integers from 010 2 -~ — 1.



3.2 PLANE-SWEEP METHODS I 171

3.14. Can you implement the segment tree as a complete binary tree with m + 1 external nodes
as was done for the interval tree—that is, merge the leaf nodes corresponding to the
unused intervals? If so, the segment tree would have the same node configuration as the
primary structure of the interval tree. If yes, show how the nodes would be marked.

3.15. Why do more than half the elements of the tertiary structure (i.e., active nodes) of the
interval tree have nonempty secondary structures?

3.16. Assume that a set of intervals is stored using an interval tree. Given a point P on a line,
devise an algorithm to find all intervals that contain P (i.e., a stabbing query). What is the
order of the execution time of the algorithm when there are » intervals?

3.17. Can you use the interval tree to determine the number of intervals containing P (i.e., a
stabbing counting query) without storing the identities of the intervals? In other words,
just store the number of intervals with each nonleaf node.

3.18. Prove that solution of the rectangle intersection problem based on its decomposition into
a point and region query does not report an intersection more than once.

3.19. Write an algorithm to insert a line segment in an interval tree. Remember that you must
also update the secondary and tertiary structures.

3.20. Write an algorithm to delete a line segment from an interval tree. Remember that you
must also update the secondary and tertiary structures.

3.21. How would you use an interval tree to determine all the one-dimensional intervals that
are totally contained within a given one-dimensional interval? Given ~ intervals and F
contained intervals, does your algorithm run in O(log,~ + F) time? If not, explain why.

3.22. How would you use an interval tree to determine all the one-dimensional intervals that
contain a given one-dimensional interval? Given ~ intervals, and F containing intervals,
does your algorithm run in O(log,~ + F) time? If not, explain why.

3.23. Write an algorithm to determine all the intersecting rectangles using an interval tree.
Remember that during this process you must also simultaneously traverse the tertiary
structure.

3.2.3 Periority Search Trees

Using an interval tree, as described in Section 3.2.2, yields an optimal worst-case
space and time solution to the rectangle intersection problem. The interval tree solu-
tion requires that we know in advance the endpoints of all of the vertical intervals as
they must be sorted and stored in a complete binary tree. Thus given N rectangles, the
storage requirement is always O(N). The solution can be slightly improved by adapt-
ing the priority search tree of McCreight [McCr85] to keep track of the active vertical
intervals.

In this case, the storage requirements for the sweep pass depend only on the
maximum number of vertical intervals that can be active at any one time, say M.
Moreover, there is no need to know their endpoints in advance and thus there is no
need to sort them. This also has an effect on the execution time of the algorithm since
the data structure used to keep track of the endpoints of the vertical intervals is the
determinative factor in the amount of time necessary to do a search. Therefore when
using the priority search tree, the sweep pass of the solution to the rectangle intersec-
tion problem can be performed in O(N-log,M + F) time rather than in
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(3,8) (6,36} (11,14)  (15,19) (21,36) (23.27)

Figure 3.6  The priority search tree for the set of line seg-
ments corresponding to the vertical boundaries [yg, y;) of
the rectangles in Figure 3.1. Each vertical boundary [yg, y1)
is treated as a point (x,y) in a two-dimensional space. The
leaf nodes contain the yg values, while the internal nodes
contain the maximum y values.

O(N - logyN + F) time. However, sorting the endpoints of the horizontal intervals,
which is the first pass of the plane sweep, still takes O(N - logyN ) time.

The priority search tree has been described in Section 2.5. It keeps track of
points in a two-dimensional space. Briefly, it is designed for solving queries involving
semi-infinite ranges in such a space. A typical query has a range of the form
([Ly : R,],[Ly : e0]). A priority search tree is built in the following manner. Assume
that no two data points have the same x coordinate value (see Exercise 2.63). Sort all
the points along the x coordinate and store them in the leaf nodes of a balanced binary
search tree, say T. We proceed from the root node toward the leaf nodes. With each
nonleaf node of T, say 1, associate the point in the subtree rooted at / with the max-
imum value for its y coordinate that has not already been stored at a shallower depth in
the tree.

Figure 3.6 is an example of the priority search tree. It is based on treating the
vertical boundaries [y,,y,) of the rectangles in Figure 3.1 as points (x,y). For N points,
the priority search tree uses O(N ) storage (see Exercise 2.61). The priority search tree
is good for performing a semi-infinite range query ([L, : R],[L, : ]). For N points,
this process takes O(log,N + F) time, where F is the number of points found (see Exer-
cise 2.62).

There are two keys to understanding the use of the priority search tree in solving
the rectangle intersection problem. Assume, again, that all intervals are semiclosed
(i.e., they are closed on their left ends and open on their right ends). First, each one-
dimensional interval, say [a : b), is represented by the point (a,b) in two-dimensional
space. This two-dimensional space is represented by a priority search tree.

Second, we observe that the one-dimensional interval [a : b) intersects the inter-
val [c¢ : d) if and only if a < d and ¢ < b (see Exercise 3.24). An equivalent observa-
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tion is that the point (c¢.d) lies in the range ([—ec : b),(a : «=]). This equivalence means
that to find all one-dimensional intervals that intersect the interval [a : b), we need
only perform the semi-infinite range query ([~ : b),(a : *]) in the priority search tree.
If the priority search tree contains M one-dimensional intervals, then this operation
takes O(log, M + F ) time, where F is the number of intersecting intervals found.

For the space and time bounds to be comparable with the interval tree, we must
also show that a one-dimensional interval can be inserted and deleted from a priority
search tree in O(log,M) time. This is achieved by implementing the priority search
tree as a ‘red-black’ balanced binary tree [Guib78]. The red-black balanced binary
tree has the property that, for M items, insertions and deletions take O(log,M) time
with O(1) rotations [Tarj83]. McCreight [McCr85] shows that the priority search tree
adaptation of the red-black balanced binary tree can be maintained at a cost of
O(log,M ) per rotation (see Exercise 3.29). The use of a red-black balanced binary
tree does not affect the O(M ) storage requirements of the priority search tree. Hence,
the desired time and space bounds are achieved.

When the priority search tree is implemented as a red-black balanced binary
tree, its node structure differs from the way it was defined in Section 2.5. In particu-
lar, the nonleaf nodes now also contain intervals. The interval associated with a non-
leaf node, say 1, is the one whose left endpoint, say L, is the median value of the left
endpoints of the intervals in/’s subtrees. All intervals in/’s left subtree have left end-
points less than L while the intervals in /’s right subtree have left endpoints greater
than L.

Comparing the interval and priority search tree solutions to the rectangle inter-
section problem, we find that the priority search tree is considerably simpler from a
conceptual standpoint than the interval tree. The execution time requirements of the
priority search tree are lower when the sort pass is ignored. Also the priority search
tree enables a more dynamic solution than the interval tree because, for the priority
search tree, only the endpoints of the horizontal intervals need to be known in
advance. On the other hand, for the interval tree, the endpoints of both the horizontal
and vertical intervals must be known in advance.

Exercises

3.24. Prove that the one-dimensional interval [a : b) intersects the interval [c : d) if and only if
a<dandc < b.

3.25. The adaptation of the priority search tree as a red-black balanced binary tree differs from
the version of the priority search tree described in Section 2.5 in that the data items
appear in both leaf and nonleaf nodes. Show that this does not cause any problems in
executing the semi-infinite range query.

3.26. Write an algorithm to insert the interval [a : b) in a priority search tree.

3.27. Write an algorithm to delete the interval [a : b) from a priority search tree.

3.28. Prove that a point can be deleted from a red-black balanced binary tree of M items in
O(log,M ) time with O(1) rotations.

3.29. Prove that the priority search tree adaptation of the red-black balanced binary tree can be
maintained at a cost of O(log,M ) per rotation.
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3.30. Assume that a set of intervals is stored using a priority search tree. Given a point P on a
line, devise an algorithm to find all intervals that contain P (i.e., a stabbing query). What
is the order of the execution time of the algorithm when there are M intervals?

3.31. Write an algorithm that uses a priority search tree to find all one-dimensional intervals
that partially overlap or are contained in a given one-dimensional interval.

3.32. Write an algorithm that uses a priority search tree to find all one-dimensional intervals
[x : y] that completely contain the one-dimensional interval [a : b].

3.33. In Section 2.5, an inverse priority search tree was defined to be a priority search tree in
which with each nonleaf node of 7, say /7, we associate the point in the subtree rooted at/
with the minimum (instead of the maximum!) value for its y coordinate that has not
already been stored at a shallower depth in the tree. Write an algorithm that uses an
inverse priority search tree to find all one-dimensional intervals [x : y] completely con-
tained in the one-dimensional interval [a : b].

3.34. Repeat Exercise 3.33 by using a priority search tree instead of an inverse priority search
tree.

3.35. Write an algorithm to determine all the intersecting rectangles using a priority search tree.

3.2.4 Alternative Solutions and Related Problems#

The time requirements of the interval and priority search tree solutions of the rectan-
gle intersection problem can be reduced further if we can make use of knowledge
about the distribution of the data. Such an approach is reported by Bentley, Haken,
and Hon [Bent80c]. They performed an empirical study on the distribution of com-
ponents in VLSI design and determined that the rectangles are uniformly distributed.
This distribution was used to organize the segments for the second pass so that the
entire plane-sweep algorithm has a linear expected-time behavior.

Bentley et al. obtained expected linear performance in the following manner.
The sorting operation of the first pass takes expected linear time by use of the bin
method [Weid78]. For the second pass, instead of using an interval tree to store the
vertical segments that intersect the sweep line, bins of equal width are used. They are
accessed by an array of pointers. Each bin contains a linked list of all the vertical seg-
ments that overlap it. The observed data were used to choose a bin width equal to the
average width of a rectangle. This implies that each vertical segment is contained in
two bins on the average.

The linear expected-time depends on an assumption that the expected number of
rectangles per bin 1s a constant (i.e., independent of the number of rectangles ~). This
assumption means that the total number of bins is some multiple of \~, which is true
as long as the data are not highly clustered (e.g., under a uniform distribution).” Under
these hypotheses, initialization of the bins is an O(y/N) process. Inserting and deleting

* The exercises in this section are quite difficult.

* When the data are not uniformly distributed, the hierarchical methods described in Section 3.5 may prove
more attractive since the bins are of different sizes. Such methods make use of a tree traversal in the order
of a space-filling curve (see Section 1.3) instead of sweeping a line across one dimension.
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a vertical segment merely involves traversing a linked list of constant expected size.
Checking a vertical segment, say S, for intersection with existing vertical segments is
achieved by visiting the bins containing S and comparing § with the vertical segments
stored within them. This is also achieved in constant time.

A related problem is finding the containment set (also known as the inclusion or
enclosure set) of a collection of rectangles. The containment set is the set of all pairs
of rectangles 4 and B such that A contains B. Variants of the segment tree are used by
Vaishnavi and Wood [Vais80] to solve this problem in O(N-log%N+F) time and
O(N - log3N ) space (see Exercise 3.43). The space requirement is reduced to O(~) by
Lee and Preparata [Lee82a] who map each rectangle into a point in four-dimensional
space and solve a point dominance problem.

As described in Section 3.1, the rectangle intersection problem is closely related
to the following problems:

o

Determining all rectangles contained in a given rectangle.

Determining all the rectangles that enclose a given rectangle.

3. Determining all rectangles that partially overlap or are contained in a given
rectangle (a window query).

g

The plane-sweep approach is not appropriate for these problems since, regard-
less of the data structures employed (e.g., segment, interval, or priority search trees),
sorting is a prerequisite, and thus any algorithm requires at least O(N - logyN ) time for
N rectangles. In contrast, the naive solution of intersecting each rectangle with the
query rectangle is an O(N ) process.

The problems described can be solved by segment trees and interval trees
without making use of a plane sweep (e.g., Exercises 3.50 and 3.59) [Over88a]. The
key is to adapt these representations to store two-dimensional intervals (see Exercises
3.44 and 3.55) in a manner similar to that in which the two-dimensional range tree
was developed from the one-dimensional range tree (see Section 2.5) [Edel81b,
Edel82].

For example, for N rectangles, the execution time of the solution to the window
query is O(log3n + F), where F is the number of rectangles that satisfy the query. The
difference is in their storage requirements; the segment tree solution uses O(N - log3n )
space, while the interval tree solution uses O(N -log,N) space. For both of these
structures, judicious use of doubly linked lists ensures that rectangles can be inserted
and deleted in O(log3N) time (see Exercises 3.45 and 3.56). Of course, these struc-
tures must still be built, which takes O(V - log%N) time in both cases (see Exercises
3.46 and 3.57). It is not clear how to adapt the priority search tree to store two-
dimensional intervals.

The plane-sweep paradigm for solving the geometric problems discussed earlier
in this section (e.g., the rectangle intersection problem) assumes that the set of rectan-
gles is processed once. It can be shown that for many of these problems, plane-sweep
methods yield a theoretically optimal solution. A disadvantage is that such solutions
assume a static environment.
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In contrast, in a dynamic environment where update operations occur frequently
(i.e., rectangles are added and deleted), the plane-sweep approach is less attractive.
Plane-sweep methods require that the endpoints of all rectangles are known a priori,
and that the endpoints are sorted prior to the sweep pass. This is not a major problem;
as it is easy to maintain a dynamically changing set of points in sorted order. A more
serious problem is that in a dynamic environment, the sweep pass of a plane-sweep
algorithm will usually have to be reexecuted because there is no data structure
corresponding to it. Methods based on persistent search trees [Sarn86, Dris89] may
be useful in avoiding the reexecution of the sweep pass.

Exercises

3.36. The rectangle intersection problem is a special case of the problem of determining if any
two of a set of A lines in the plane intersect. Give an O(N - log,N~ ) algorithm to solve the
line intersection problem.

3.37. Suppose that you are given a set of ¥ vertical line segments in the plane, say v, and a hor-
izontal line segment, say H. Representing v as a segment tree, give an O(log3n + F) algo-
rithm to find all elements of v that intersect # that uses O(N - log,N) space. F is the
number of intersecting elements.

3.38. Suppose that you are given a set of ¥ arbitrary line segments in the plane. say L, and a rec-
tilinear rectangle. say R. Using range trees and segment trees, give an O(log3~ + F ) algo-
rithm to find all elements of L that intersect R that uses O(N - log,N) space. F is the
number of intersecting elements.

3.39. Suppose that instead of reporting all intersecting rectangles, you only want to report if
there is at least one pair of intersecting rectangles (including the case that a rectangle is
totally enclosed in another rectangle). Once again, a plane-sweep method can be used
with a scan from left to right. However, Bentley and Ottman [Bent81] suggest the use of
a balanced binary search tree instead of a segment tree to organize the sorted list of bot-
tom and top boundaries of the currently active rectangles during the sweep pass. Show
how this technique can be used to yield a simpler O(~ - log,~N ) algorithm to detect the
existence of an intersection. Assume that the boundaries are stored in both leaf and non-
leaf nodes in the tree.

3.40. Why can’t you use the balanced binary search tree method of Exercise 3.39 instead of the
segment tree to report all intersections between rectangles? Give an example in which it
fails to detect an intersection.

3.41. Given a collection of n rectangles with £ intersections between their vertical and horizon-
tal boundaries. how would you use the balanced binary search tree method of Exercise
3.39 to find all the intersections in O(~ - log,N + F) time and O(N ) space? In this prob-
lem, if rectangle A is totally contained in rectangle B, then 4 and B do not intersect.

3.42. Assume that the result of Exercise 3.41 is used to detect all rectangles that have intersec-
tions between their horizontal and vertical boundaries. Add another pass using a segment
tree to report all pairs of rectangles in which one rectangle is totally enclosed by the other
in O(N - log,N + F) time. F is the number of pairs of rectangles that satisfy the query.

3.43. Using a segment tree, devise a plane-sweep algorithm to report all rectangles contained in
other rectangles. In other words, for each rectangle in a collection of rectangles, report
all the rectangles contained in it.

3.44. The segment tree can be adapted to represent rectilinear rectangles in a manner analogous
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to the way in which the one-dimensional range tree was extended to solve two-
dimensional range queries in Section 2.5. In particular, project the rectangles on the
axis and store these intervals in a segment tree, say 7. Let7 be a nonleaf node in 7 and et
R, denote the rectangles whose horizontal sides are associated with 7. For each s, build a
segment tree for the projections of R, on the y axis. Show that this structure uses
O(N - log3n ) storage for N rectangles.

Assuming N rectangles, prove that a rectangle can be inserted and deleted in O(log3n)
time in the two-dimensional extension of the segment tree described in Exercise 3.44.
Prove that the construction of the two-dimensional extension of the segment tree
described in Exercise 3.44 takes O(N - logZn ) time for N rectangles.

Using the two-dimensional extension of the segment tree described in Exercise 3.44,
show that the two-dimensional stabbing query (i.e., find all rectilinear rectangles that con-
tain a given point P) can be determined in O(log3n + F) time. N is the total number of
rectangles, and F is the number of rectangles that contain p.

How would you generalize the solution to the two-dimensional stabbing query to &
dimensions? How much storage is required, and what is the order of the execution time
of the query?

Can you modify the two-dimensional extension of the segment tree so that the execution
time of the two-dimensional stabbing query is reduced to O(log,N + F) with the same
space and preprocessing costs? Assume that there are N rectangles, and that F is the
number of rectangles that satisfy the query.

Suppose that you are given a set of ~ rectangles, say V, and a rectangle, say R. All rectan-
gles are rectilinear. Using range trees and the two-dimensional extension of the segment
tree described in Exercise 3.44, give an O(log3n + F) algorithm to find all elements of v
that intersect ® that uses O(~ - log3n~ ) space. F is the number of intersecting elements.
How do you avoid reporting some intersections more than once in the solution to Exer-
cise 3.50?

Suppose that you are given a set of ~ rectangles, say v, and a rectangle, say R. All rectan-
gles are rectilinear. Using range trees and the two-dimensional extension of the segment
tree described in Exercise 3.44, give an algorithm to find all elements of v contained in r.
Suppose that you are given a set of ~ rectangles, say V, and a rectangle, say R. All rectan-
gles are rectilinear. Using range trees and the two-dimensional extension of the segment
tree described in Exercise 3.44, give an algorithm to find all elements of v that enclose R,
Repeat Exercise 3.43 with an interval tree.

How would you use the interval tree to represent N rectilinear rectangles in a manner
similar to the adaptation of the segment tree described in Exercise 3.44? Show that the
storage requirement is reduced from O(~ - log3n) to O(N - log,N ).

Assuming N rectangles, prove that a rectangle can be inserted and deleted in O(login)
time in the two-dimensional extension of the interval tree described in Exeicise 3.55.
Prove that the construction of the two-dimensional extension of the interval tree
described in Exercise 3.55 takes O(N - logﬁN) time for N rectangles.

Using the two-dimensional extension of the interval tree described in Exercise 3.55, show
that all rectilinear rectangles that contain a given point P can be determined in
O(log,N + F) time. N is the total number of rectangles and F is the number of rectangles
that contain .

Suppose that you are given a set of ~ rectangles, say v, and a rectangle, say . All rectan-
gles are rectilinear. Using range trees and the two-dimensional extension of the interval
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tree described in Exercise 3.55, show that all elements of v that intersect R can be deter-
mined in O(log3w~ + F) time. F is the number of intersecting elements.

3.60. Repeat Exercise 3.52 with an interval tree.

3.61. Repeat Exercise 3.53 with an interval tree.

3.62. Repeat Exercise 3.43 with a priority search tree.

3.63. How would you adapt the priority search tree to store two-dimensional intervals? If this
is not possible, explain why. If you are successful, use this data structure instead of the
two-dimensional extension of the segment tree to solve Exercises 3.50, 3.52, and 3.53.

3.64. Consider a collection of ~ right triangles so that two of the sides are always parallel to the
x and y axes and the third side has a negative slope. Devise an algorithm to report all the
intersections between triangles. Can you get its execution time and space requirements to
be O(w - log,~ ) and O(N ), respectively?

3.65. Repeat Exercise 3.64 by permitting the third side of the right triangle to have an arbitrary
slope.

3.66. Consider a collection of ~ arbitrary triangles. Devise an algorithm to report all the inter-
sections between triangles. Can you get its execution time and space requirements to be
O - log,~N) and O(N ), respectively?

3.3 PLANE-SWEEP METHODS AND THE MEASURE
PROBLEMS®

Data structures such as the segment tree can be used with the plane-sweep paradigm
to solve a number of problems other than rectangle intersection. In fact, the segment
tree was originally developed by Bentley [Bent77a] as part of a plane-sweep solution
to compute the area (also termed a measure problem [Klee77]) of a collection of
rectangles where overlapping regions are only counted once. It can also be used to
compute the perimeter, although it is not discussed here (but see Exercise 3.72).

The central idea behind the use of the segment tree to compute the area is to
keep track of the total length of the parts of the vertical scan line, say L; at halting
point X;, that overlap the vertical boundaries of rectangles that are active just to the left
of X;. This quantity is adjusted at each halting point. The total area is obtained by
accumulating the product of this quantity with the difference between the current halt-
ing point and the next halting point—that is, L; - (X; — X;_{).

To facilitate the computation of the area, each node P in the segment tree con-
tains three fields, called INT, LEN, and COUNT. INT(P) is the interval consisting of the
union of the intervals corresponding to the subtrees of P. COUNT(P) is the number of
active rectangles whose vertical boundaries contain INT(P). LEN(P) contains the
length of the overlap of the marked’ components of P’s corresponding interval with
the vertical scan line.

® This section contains some difficult material. It may be skipped on an initial reading.

7 Recall from Section 3.2.1 that given a line segment 2s, a node p in the segment tree is marked with s if P's
interval is totally contained in's.
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As an example of the computation of the area, consider the collection of rectan-
gles in Figure 3.1. When the scan line passes over x =7, the lengths of its overlaps
with the nodes corresponding to intervals [6:8), [3:8), [8:14), [3:14), [14:23), |3:23).
[23:34), [34:36), [34:38), [23:38), [23:%), and [3:e0) (i.e., the values of their LEN
fields) are 2, 5,6, 11,9, 20, 11, 2,2, 13, 13, and 33, respectively.

In our example, when x =7, the nodes corresponding to the intervals |6:8).
[3:8), [8:14), [14:23), [23:34), and [34:36) are marked once (i.e., their COUNT fields
have a value of 1). It turns out that in this example no node is ever marked more than
once (see Exercise 3.69). In other words, no node’s COUNT field value ever exceeds 1.
The values of the LEN and COUNT fields are adjusted whenever a vertical boundury of a
rectangle is inserted into, or deleted from, the segment tree—that is, at each halting
point. For N rectangles, this adjustment process is performed O(log,N ) times per halt-
ing point for a total of O(N -log,N) for the area of the entire collection. The total
space requirement is O(N) (see Exercise 3.70).

The unit-segment tree is analogous to a region quadtree in one dimension. This
analogy is exploited by van Leeuwen and Wood [vanL81] in solving measure prob-
lems in higher-dimensional spaces (i.e, d > 2). A typical problem is the computation
of the volume occupied by the union of a collection of three-dimensional rectangular
parallelepipeds. In this case, they use a plane-sweep solution that sorts the boundaries
of the parallelepipeds along one direction (say z) and then sweeps a plane (instead of a
line) parallel to the x—y plane across it. At any instant of time, the plane consists of a
collection of cross-sections (i.e., two-dimensional rectangles). This collection is
represented using a region quadtree, which is the two-dimensional analog of the seg-
ment tree.

The region quadtree in this case is a complete quadtree. It is built as follows.
Note that there is a maximum of 2 - ¥ boundaries in all directions. First, sort the x and
y boundaries of the parallelepipeds (removing duplicates) obtaining xq, x|, - , x,
(P <2-N)yg. Y, " v ¥q (@ <2 -N), and k-1 < max(p,q) < 2", Assume without
loss of generality that the boundaries are distinct. If not, there are fewer subdivisions.
Also add enough subdivision lines so that there are 2" subdivisions in each of x and y.
This grid is irregular (i.e., the cells are of varying size). Next, form a fixed (termed
regular) grid with an origin at the lower left corner. Each cell in the regular grid with
lower left corner at (i,j) corresponds to the cell in the irregular grid with (x;,y;) as its
lower left corner and of size (x;,; — X;) X (yj41 — Y))-

A node at level  in the region quadtree represents the two-dimensional interval
corresponding to the Cartesian product of the intervals [x, : x, . ,/) and g : Yy+2)
where p mod 2 and ¢ mod 2’ are 0. The presence of a cross-section of a particular
parallelepiped (a rectangle) is represented by marking the nodes that overlap it (recall
the definition of marking in the discussion of the computation of area). The rectangle
(corresponding to the cross-section) is inserted in the quadtree in a top-down manner
analogous to the way a line segment is inserted in a segment tree. As in the computa-
tion of the area, we need to record only how many active parallelepipeds contain a
particular node (i.e., how many times it is marked), not their identity.
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The volume is computed in the same way as the area. The difference is that
now we keep track of the total area of the parts of the scan plane, say 4;, at halting
point Z;, that overlap the cross-sections of the parallelepipeds active just to the left of
z;. This quantity is adjusted at each halting point by inserting or deleting the cross-
sections from the quadtree. The total volume is obtained by accumulating the product
of this quantity with the difference between the current halting point and the next halt-
ing point—A; - (Z; — Z;_).

Insertion and deletion of a rectangle in a region quadtree is an O(N) process,
since a rectangle can appear in at most O(N ) nodes (see Exercise 1.44). Thus we see
that a plane-sweep algorithm employing the region quadtree will execute in time
O(N - log,N + N?) or O(N?) as there are O(N ) halting points. The O(N - log,N) term is
contributed by the initial sort of the boundaries of the parallelepipeds.

This is an improvement over a solution of Bentley [Bent77a] that recursively
performs a plane sweep across each of the planes (i.e., it reduces the area problem to N
one-dimensional subproblems) for an execution time of O(N? - log,N). Generalizing
van Leeuwen and Wood's algorithm to d dimensions reduces the time requirement of
Bentley’s solution from O(N ¢~ - log,N ) to O(N“~1); however, this increases the space
requirement from O(N ) to O(N ?). The new bounds are achieved by recursively reduc-
ing the d-dimensional problem to N (d —1)-dimensional problems until we obtain the
three-dimensional case and then solving each three-dimensional problem as discussed.

Lee [Lee83] uses the same technique to develop an algorithm to compute the
maximum number of rectangles with a nonempty intersection (also termed a maximum
clique [Hara69]). Given N rectangles, the two-dimensional problem can be solved
using a segment tree in O(N - log,N ) time and O(N ) space. In d dimensions, an adap-
tation of the region quadtree is used that solves the problem in OW“~') time and
O(N?) space. Note that these algorithms only yield the cardinality of the maximum
clique; they do not report its members. The algorithm can be modified to report the
members of the maximum clique with the same time bound but using O(N - log,N)
space when d =2 and O(N?) space when d > 2. Lee points out that the solution to the
maximum clique problem can be used to solve a rectangle placement problem (see
Exercise 3.79).

Recently Overmars and Yap [Over88b] have shown how to solve the d-
dimensional measure problem in O(N?'? -log,N) time with O(N) space. For d >3,
this is a significant improvement over the solutions of Bentley [Bent77a] and van
Leeuwen and Wood [vanL.81]. Below we examine Overmars and Yap’s construction
for three dimensions; the generalization to d > 3 is relatively straightforward. They
also use a plane-sweep solution that sorts the boundaries of the parallelepipeds along
one direction (say -) and then sweeps a plane parallel to the x—y plane across it.

At any instant of time, the plane consists of a collection of cross-sections (i.e.,
two-dimensional rectangles). Elements of the collection are termed active rectangles.
This collection is represented as a set of cells (very much like buckets). Each halting
point of the sweep pass requires inserting and/or deleting an active rectangle. Over-
mars and Yap are able to perform each insertion and deletion into the appropriate cells
in O({N -log,N) time. This means that their algorithm runs in O(N - N - log,N)
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Figure 3.7 A trellis

time. The key to their algorithm is to partition the space into cells of a particular size
so that their contents (i.e., rectangles) form a trellis and to use the properties of a
trellis in an efficient way.

A trellis inside a rectangular cell is a collection of rectangles such that for each
rectangle, either its left and right (i.e., vertical) boundaries coincide with the cell
boundary, or its top and bottom (i.e., horizontal) boundaries coincide with the cell
boundary (Figure 3.7). A horizontal rectangle is a rectangle whose left and right
boundaries coincide with the cell boundary (e.g., rectangle H), and a vertical rectangle
is a rectangle whose top and bottom boundaries coincide with the cell boundary (e.g.,
rectangle V).

Trellises are useful because of the following property. Suppose that the cell is
of width L, and height L,. Let M, be the aggregate length of the projections of the
union of the vertical rectangles on the x axis, and let M, be the aggregate length of the
projections of the union of the horizontal rectangles on the y axis. The area of the
union of the rectangles forming the trellis is M, - L, + M, - L, — M, - M, (see Exercise
3.81).

To keep track of the total area of the union of rectangles in a trellis, it is neces-
sary only to keep track of the lengths of the projections on the axes (the numbers M,
and M,). This can be done by using two segment trees to store the two sets of pro-
jected intervals. It follows that if all the rectangles that are ever active within a cell
form a trellis and if there are k such rectangles, the measure of the union of the rectan-
gles can be updated at a cost of O(log,k) per insertion or deletion. Thus the geometry
of the trellis enables the exploitation of the fullness of the cell (i.e., bucket).

To exploit the properties of trellises, the plane containing the rectangles is parti-
tioned as follows. First, the horizontal range is split into N intervals, such that the
interior of each interval contains at most 2 - \N projections of vertical boundaries of
rectangles. This partitions the region into \N vertical slabs. Next, each slab is parti-
tioned by horizontal segments into cells.

The partitioning within each slab makes use of the concept of a v-rectangle and
an H-rectangle. If the interior of a slab contains at least one of the left and right (i.e.,
vertical) boundaries of a rectangle, we call the rectangle a V-rectangle with respect to
the slab. If the interior of the slab does not contain either of the left or right



182 | 3 COLLECTIONS OF SMALL RECTANGLES

SLAB S SLABT SLABU

B

A

[0

G |

2 €|

—

Figure 3.8 The partition of the collection of rectangles of
Figure 3.1 into slabs and cells

boundaries of a rectangle but does contain some portion of the rectangle’s top or bot-
tom (i.e., horizontal) boundaries, we call the rectangle an H-rectangle with respect to
the slab.

The partitioning of slabs into cells is performed as follows. Within each slab, a
horizontal line is drawn through each top and bottom boundary of a V-rectangle, and
through every YN " top or bottom boundary of an H-rectangle. Since there are \N
slabs, it can be shown that the partitioning results in a total of O(N) cells. Figure 3.8
is the result of applying this partition to the collection of rectangles in Figure 3.1,
where query rectangles 1 and 3 are treated as members of the collection. The slabs
are labeled s, T, and U. For example, in slab T, rectangles 1, B, D, and G are V-
rectangles, and rectangle D is an H-rectangle.

To see that the partitioning does indeed yield O(N) cells, we observe that there
are at most 2 - N V-rectangles in each slab because of the way the x axis was parti-
tioned. Therefore there are at most 4 - YN top and bottom boundaries of V-rectangles
in each slab. Moreover, at most 2 - N top and bottom boundaries of H-rectangles are
chosen to be cell boundaries within a slab. Hence there are at most 6 - \N cells in
each slab. Our desired result of O(N) cells follows since there are N slabs.

It is not hard to show (see Exercise 3.82) that the following properties hold for
the partitioning:

1. The boundary of each rectangle intersects at most O(\/N ) cells.
2. Each cell intersects the boundary of at most O({/N ) rectangles.
3. Foreach cell, the intersection of the rectangles with the cell forms a trellis.

To exploit the cell structure efficiently, a tree having these cells as its leaf nodes
is built as follows. Within each slab, vertically adjacent cells are merged (creating a
father node). This process continues until there is one node per slab. Then, neighbor-
ing slabs are merged. This tree, called an orthogonal partition tree, is a variant of the
k-d tree (sce Section 1.3). The x coordinate value serves as the discriminator near the

root of the tree, while the y coordinate value serves as the discriminator at the deeper
nodes.
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Figure 3.9 The orthogonal partition tree for Figure 3.8.
Only slab T is fully expanded.

Since there are O(«/N ) slabs and O(J/N ) cells per slab, the orthogonal partition
tree has a maximum depth of O(log,N ). Figure 3.9 partially illustrates the orthogonal
partition tree for Figure 3.8. In the figure, we expand only the portion corresponding
to slab T (containing 11 cells). The cells in each slab are numbered in sequence start-
ing from the top. Thus the cell labeled T; corresponds to the i cell from the top of
slab T.

As the plane sweep progresses, data rectangles (i.e., two-dimensional cross sec-
tions of parallelepipeds) are added to the tree (i.e., become active) and deleted from it
(i.e., become inactive). Each node P in the orthogonal partition tree has associated
with it five fields, called LEFT, RIGHT, RECT, COUNT, and AREA. LEFT(P) and RIGHT(P)
are the left and right sons, respectively, of p.

RECT(P) is the rectangle consisting of the union of the cells descended from P.
This rectangle is called the associated rectangle of P. COUNT(P) is the number of
active data rectangles that contain RECT(P). AREA(P) is the area of the intersection of
the union of the active data rectangles with RECT(P). Associated with each leaf node
are two segment trees for the trellis of rectangles in the corresponding cell. These
segment trees store the projection of the vertical rectangles on the x axis and the pro-
jection of the horizontal rectangles on the y axis.

Initially all segment trees associated with leaf nodes are empty, and all AREA
and COUNT fields are zero. To insert rectangle R in the tree, we start at the root and
proceed recursively as follows. Assume that we are processing node P. There are
three cases. If rectangle R contains RECT(P), then we increment COUNT(P). Otherwise
there are two cases, depending on whether P is a leaf node. If P is a leaf node, then by
property 3, rectangle R is either a vertical or a horizontal rectangle of a trellis, and we
insert it in the appropriate segment tree. If P is not a leaf node, we insert rectangle R in
the two sons of P.
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In all three cases, after the insertion, if COUNT(P) is nonzero, then we set
AREA(P) to the area of RECT(P). If COUNT(P) is zero, then we set AREA(P) to the sum of
AREA(LEFT(P)) and AREA(RIGHT(P)) (for a nonleaf node) or to the area of the trellis of
rectangles in the corresponding cell (for a leaf node). Deleting a rectangle is similar
(see Exercise 3.83).

Using the above structure, inserting rectangle R (i.e., making it active) requires
at most O(/N -log,N) time. To see that this is true, we observe that two classes of
nodes are visited: leaf nodes and nonleaf nodes. By property 1, the boundary of any
data rectangle intersects at most O({/N ) leaf nodes. Updating the two segment trees
of each leaf node intersected by R requires at most O(log,N) time. Therefore
O(JN -log,N) time is sufficient to update the AREA fields of all leaf nodes that inter-
sect R. For each leaf node visited, the path from the root visits at most O(log,~ ) nodes
for a total of O(\/N -log,N) nodes. For each leaf node visited, the sons of at most
O(log,yN) of the nodes encountered along the path starting from the root have their
COUNT field updated. This accounts for all of the nodes that have their COUNT field
updated.

The algorithm of Overmars and Yap uses O(N - N ) space, as there are O(N)
segment trees (one per cell), each using O(«/N ) storage (see Exercise 3.84). Over-
mars and Yap [Over88b] show that the total storage requirement can be reduced to
O(N) by using a technique called streaming, due to Edelsbrunner and Overmars
[Edel85b]. The basic idea behind streaming is to build only a portion of the tree at a
time and to perform all updates to that portion of the tree together. In other words the
updates within the structure are grouped sequentially according to location within the
structure rather than according to the time at which they occur. (For more details, see
[Edel85b].)

Exercises

3.67. Devise an O(N - log,N ) algorithm to compute the total length of a collection of ~ parallel
line segments that can overlap. Overlapping parts should be counted only once.

3.68. Compute the total area spanned by the collection of rectangles in Figure 3.1. Letting
(X minsY mins¥man-Vman) TEPresent a rectangle, rectangles A, B, C, D, E, F, and G are at
(3,6,8,36), (25,34.34,38), (33,21,37,36), (21,23,38,27), (6,3,26,8), (31,15,35,19), and
(23,11,38,14), respectively. Overlapping parts should be counted only once.

3.69. Why is no node marked more than once in the computation of the total area spanned by
the collection of rectangles in Figure 3.17 In particular, what about the nodes
corresponding to intervals [23,34) and [34,36)?

3.70. Prove that an algorithm that uses a segment tree to compute the total area spanned by a
collection of ¥ rectangles uses O(~ ) space.

3.71. Write a procedure SWEEP_AREA to compute the area of a collection of possibly overlap-
ping rectangles. Use the plane-sweep approach with a segment tree. You must code pro-
cedures to insert and delete the vertical boundaries of the rectangles from the segment
tree.

3.72. Write a procedure SWEEP_PERIMETER to compute the perimeter of a collection of possibly
overlapping rectangles. Use the plane-sweep approach with a segment tree. You must
code procedures to insert and delete the vertical boundaries of the rectangles from the
segment tree.
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Write a procedure MAX_2D_CLIQUE to compute the cardinality of the maximum clique of
a collection of possibly overlapping rectangles. Use the plane-sweep approach with a
segment tree.

Modify your solution to Exercise 3.73 so that the identities of the members of the max-
imum clique, not just the cardinality of the clique, are also reported.

Write a procedure SWEEP_VOLUME to compute the volume of a collection of possibly
overlapping three-dimensional rectangles. Use the plane-sweep approach with a quad-
tree. You must code procedures to insert and delete the x—y boundaries of the rectangles
from the quadtree.

Write a procedure SWEEP_SURFACE_AREA to compute the surface area of a collection of
possibly overlapping three-dimensional rectangles. Use the plane-sweep approach with a
quadtree. You must code procedures to insert and delete the x —y boundaries of the rec-
tangles from the quadtree.

Write a procedure MAX_3D_CLIQUE to compute the cardinality of the maximum clique of
a collection of possibly overlapping three-dimensional rectangles. Use the plane-sweep
approach with a quadtree.

Modify your solution to Exercise 3.77 so that the identities of the members of the max-
imum clique, not just the cardinality of the clique, are also reported.

Consider the following placement problem. Given n points in a two-dimensional space
and a rectangular window, say R, whose sides are parallel to the coordinate axes, find a
point in the plane at which the window can be centered so that it contains a maximum
number of points in its interior. The window is not permitted to be rotated; it can only be
translated.

Consider a variation of the placement problem of Exercise 3.79 where the points are
weighted. Find the location of ® in which the sum of the weights of the points in it is
maximized.

Consider a trellis inside a rectangular cell of width L, and height L,. Let M, be the aggre-
gate length of the projections of the union of the vertical rectangles on the horizontal axis,
and let M, be the aggregate length of the projections of the union of the horizontal rectan-
gles on the vertical axis. Show that the area of the union of the rectangles forming the
trellisisM, - Ly + M, - L, — M, - M,.

Show that properties 1, 2, and 3 used in the construction of Overmars and Yap’s solution
to the measure problem hold for d = 3.

Give an algorithm to delete a rectangle from an orthogonal partition tree when using
Overmars and Yap’s solution to the measure problem for d = 3.

Prove that each segment tree in Overmars and Yap’s solution to the measure problem in
three dimensions for v parallelepipeds uses O(\/N ) space.

Can you use Overmars and Yap’s approach to compute the size of the maximum clique in
time O(N'? - log,~N ) with O(~) space for v rectangles in a d-dimensional space?

Suppose that you apply Overmars and Yap’s approach to report the members of the max-
imum clique for N rectangles in a d-dimensional space. What are the time and space
requirements? In particular, how much space is needed to store the segment trees in each
of the cells?

Why can’t you use a (d—1)-dimensional quadtree (e.g., an octree in three dimensions) to
compute the measure of a d-dimensional space containing ¥ rectangles in O(N*) time—
that is, represent a (d—1)-dimensional cross-section by a (d—1)-dimensional quadtree to
get the execution time of the algorithm down to O(~?) and O(~v¢™") space?
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3.88. Consider a collection of ~ right triangles so that two of the sides are always parallel to the
x and y axes and the third side has a negative slope. Devise an algorithm to compute the
area of the collection. Can you get its execution time and space requirements to be
O(N - log,N) and O(N), respectively?

3.89. Repeat Exercise 3.88 by permitting the third side of the right triangle to have an arbitrary
slope.

3.90. [Mark H. Overmars] Consider a collection of ~ arbitrary triangles. Devise an algorithm
to compute the area of the collection. Can you get its execution time and space require-

ments to be O(~ - log,~N ) and O(N), respectively?

3.4 POINT-BASED METHODS

This section contains a discussion of the representation of rectangles as points fol-
lowed by an examination of the representation of the collection of points. A common
solution to the problem of representing a collection of objects is to approximate ele-
ments of the collection by simpler objects. One technique is to represent each object
by using one of a number of primitive shapes that contain it. Up to now we have used
rectangles, but other shapes, such as triangles, circles, cubes, parallelepipeds,
cylinders, and spheres, are also possible.

This approach is motivated, in part, by the fact that it is easier to test the con-
taining objects for intersection than it is to perform the test using the actual objects.
For example, it is easier to compute the intersection of two rectangles than of two
polygons for which the rectangles serve as approximations. More complex approxi-
mations can be created by composing Boolean operations and geometric transforma-
tions on instances of the primitive types. In fact, this is the basis of the Constructive
Solid Geometry (CSG) technique of representing three-dimensional objects [Voel77,
Requ80], discussed further in Section 5.5.

The advantage of using such approximations is that each primitive can be
described by a small set of parameters and can in turn represent a large class of
objects. In particular, if primitive P is described by k parameters, then each set of
parameter values defines a point in a k-dimensional space assigned to the class of
objects in which the members are all the possible instances of primitive P. Such a
point is termed a representative point. Note that a representative point and the class to
which it belongs completely define all of the topological and geometric properties of
the corresponding object.

Most primitives can be described by more than one set of parameters. For
example, using Cartesian coordinates, a circle is described by a representative point in
three-dimensional space consisting of the x and y coordinates of its center and the
value of its radius. On the other hand, using polar coordinates, a circle can also be
described by a representative point in three-dimensional space consisting of the p and
0 coordinates of its center and the value of its radius. For other primitives, the choices
are even more varied. For example, the class of objects formed by a rectangle in two
dimensions with sides parallel to the x and y coordinate axes is described by a
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representative point in four-dimensional space. Some choices for the parameters are
as follows:

1. The x and y coordinates of two diagonally opposite corners of the rectangle
(e.g., the lower left and upper right).

2. The x and y coordinates of a corner of the rectangle, together with its hor-
izontal and vertical extents.

3. The x and y coordinates of the centroid of the rectangle, together with its
horizontal and vertical extents (i.e., the horizontal and vertical distances
from the centroid to the relevant sides).

The actual choice depends on the type of operations that we intend to perform on the
objects formed by them.

Different parameters have different effects on the queries; thus making the right
choice is important. Hinrichs and Nievergelt [Hinr83, Hinr85a] divide the parameters
into two classes: location and extension. Location parameters specify the coordinates
of a point, such as a corner or a centroid. Extension parameters specify size, for
example, the radius of a circle. This distinction is always possible for objects that can
be described as Cartesian products of spheres of varying dimension.

Many common objects can be described in this way. For example, a rectangle is
the Cartesian product of two one-dimensional spheres, whereas a cylinder is the Carte-
sian product of a one-dimensional sphere and a two-dimensional sphere. Whenever
such a distinction between location and extension parameters can be drawn, the prox-
imity queries that are described in Section 3.1 have cone-shaped search regions. The
tip of the cone is usually in the subspace of the location parameters and has the shape
of the query point or query object.

The importance of making the right choice can be seen by examining the class
of one-dimensional intervals on a straight line. As an example, consider the collection
of rectangles given in Figure 3.1. Each rectangle can be represented as the Cartesian
product of two one-dimensional spheres corresponding to the sides that are given as
horizontal and vertical intervals in Figure 3.10. These intervals can be represented
using any of the three representations enumerated above. Representation 1 yields an
ordered pair (L,R) where L and R correspond to the left and right, respectively, end-
points of the interval. Figure 3.11 shows how the horizontal intervals would be
represented using this method.

In most applications the intervals are small. Therefore for representation 1, L
and R are very close in value. L <R means that the representative points are clustered
near and above the diagonal. Thus the representative points are not well distributed,
and hence any data structure based on organizing the embedding space of the data
(e.g., address computation), in contrast to one based on the actual representative points
stored (e.g., comparative search), will have to pay a price for the empty half of the
embedding space.

On the other hand, Hinrichs and Nievergelt point out that separating the location
parameters from the extension parameters results in a smaller embedding space that is
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Figure 3.10 The (a) horizontal (i.e., x) and (b) vertical
(i.e., y) intervals corresponding to the sides of the rectan-
gles in Figure 3.1. Solid lines correspond to rectangles in
the collection, and broken lines correspond to the query rec-
tangles.

filled more uniformly. For example, representation 3 is used in Figure 3.12, where the
horizontal intervals are represented as an ordered pair (CX,DX) such that CX is the cen-
troid of the interval and DX is the distance from the centroid to the end of the interval.
Representation 2 is similar to representation 3 (see Exercise 3.97).

Bearing the above considerations in mind, representation 3 seems to be the most
appropriate. In such a case, a rectangle is represented by the four-tuple (c,.d,.cy.d,),
interpreted as the Cartesian product of a horizontal and a vertical one-dimensional
interval—(c,.d,) and (c,.d,), respectively.® This representation is used by Hinrichs
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Figure 3.11  Representation of the horizontal intervals of
Figure 3.1 as ordered pairs (L, R) where L and R are the left
and right endpoints, respectively, of the interval

¥ The notation (¢,.d, ) corresponds 1o a point in a two-dimensional space. It is nor the open one-dimensional
nterval whose left and right endpoints are at ¢, and d,. respectively.
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Figure 3.12 Representation of the horizontal intervals of
Figure 3.1 as ordered pairs (CX, DX) where CX and DX are
the centers and half-lengths, respectively, of the interval

and Nievergelt [Hinr83, Hinr85a]; the following examples of its utility are due to
them.

Proximity queries involving point and rectangular query objects are easy to
implement. Their answers are conic-shaped regions in the four-dimensional space
formed by the Cartesian product of the two-interval query regions. This is equivalent
to computing the intersection of the two query regions but is much more efficient. It
also enables us to visualize our examples since the horizontal and vertical intervals
correspond to the projections of the query responses on the ¢-d, and c¢,-d, planes,
respectively.

The discussion is illustrated with the collection of rectangles given in Figure 3.1
along with query point P and query rectangles 1, 2, and 3. When the query objects are
not individual points or rectangles, the representation of a rectangle as the Cartesian

DX

Figure 3.13  Search region for a point query on P for (a)
the horizontal intervals and (b) the vertical intervals of Fig-
ure 3.1. All intervals containing P are in the shaded regions.
Intervals appearing in the shaded regions of both (a) and (b)
correspond to rectangles that contain P.



190 | 3 COLLECIIONS OF SMALL RECTANGLES

DX

Figure 3.14 Search region for a window query on query
rectangle 1 of Figure 3.1 for (a) the horizontal intervals and
(b) the vertical intervals of that figure. All intervals that con-
tain points of rectangle | are in the shaded regions. Intervals
appearing in the shaded regions of both (a) and (b)
correspond to rectangles that intersect rectangle 1.

product of two orthogonal intervals is not that useful (e.g., query regions in the form
of an arbitrary line or circle as in Exercises 3.101 and 3.102, respectively).

For a point query, we wish to determine all intervals that contain a given point,
say p. Thesc intervals form a cone-shaped region with a tip that is an interval of
length zero centered at p.° For example, the horizontal and vertical intervals contain-
ing P are shown shaded in parts a and b, respectively, of Figure 3.13. To find all the
rectangles that contain a given point, we access a specific region in the four-
dimensional space defined by the Cartesian product of the horizontal and vertical
point-in-interval query regions. For example, P is in the set of rectangles with
representative points in the intersection of the shaded portion of parts a and b of Fig-
ure 3.13, that is, {C,D} is the intersection of {C,D,G} and {A,C,D}.

A window query is a bit more complex. In this case, the one-dimensional ana-
log of this query is to find all intervals that overlap a given interval, say /. Again the
set of overlapping intervals consists of a cone-shaped region with a tip that is the
interval /. For example, the horizontal and vertical intervals that overlap the horizon-
tal and vertical sides of query rectangle 1 are shown shaded in parts a and b. respec-
tively, of Figure 3.14. To tind all the rectangles that overlap the query window, we
access a specific region in (he four-dimensional space defined by the Cartesian pro-
duct of the horizontal and vertical interval-in-interval query regions. For example,
query rectangle 1 overlaps ihe intersection of the shaded portion of parts a and b of
Figure 3.14, that is, {B,D} is the intersection of {B,D,E,G} and {A,B,C.D}.

? McCreight [McCr80] uses the satiy technique in conjunction with representation | to solve this problem.
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Figure 3.15 Search regions for a containment query on
query rectangle 2 of Figure 3.1 for (a) the horizontal inter-
vals and (b) the vertical intervals of that figure. All intervals
contained in one of the intervals forming rectangle 2 are in
the shaded regions. Intervals appearing in the shaded
regions of both (a) and (b) correspond to rectangles con-
tained in rectangle 2.

For a containment query, the one-dimensional analog is to find all the intervals
totally contained within a given interval, say /. The set of contained intervals consists
of a cone-shaped region with a tip at/ and that opens in the direction of smaller extent
values. This makes sense because all intervals within the cone are totally contained in
the interval represented by the tip. For example, the horizontal and vertical intervals
contained in the horizontal and vertical sides of query rectangle 2 are shown shaded in
parts a and b, respectively, of Figure 3.15. To find all the rectangles contained in the
query window, we access a specific region in the four-dimensional space defined by
the Cartesian product of the horizontal and vertical contained-in-interval query
regions. For example, query rectangle 2 contains the intersection of the shaded por-
tion of parts a and b of Figure 3.15, that is, {F}. _

For an enclosure query, the one-dimensional analog is to find all the intervals
that enclose the given interval, say /. The set of enclosing intervals consists of
cone-shaped region with a tip at 7 that opens in the direction of larger extent values.
This is logical because the interval represented by the tip is contained (i.e., enclosed)
by all intervals within the cone. To find all the rectangles that enclose the query win-
dow, we access a specific region in the four-dimensional space defined by the Caric-
sian product of the horizontal and vertical enclose-interval query regions. For exam-
ple, the horizontal and vertical intervals that enclose the horizontal and vertical sides
of query rectangle 3 are shown shaded in parts a and b, respectively, of Figure 3.16.
For example, query rectangle 3 contains the intersection of the shaded portion of parts
a and b of Figure 3.16, that is, {E}.
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Figure 3.16 Search regions for an enclosure query on
query rectangle 3 of Figure 3.1 for (a) the horizontal inter-
vals and (b) the vertical intervals of that figure. All intervals
that enclose one of the intervals forming rectangle 3 are in
the shaded regions. Intervals appearing in the shaded
regions of both (a) and (b) correspond to the rectangles that
enclose rectangle 3.

In spite of the relative ease with which the queries are implemented using the
representative point method with representation 3, there are queries for which it is ill
suited. For example, suppose that we wish to solve the rectangle intersection problem.
In fact, no matter which of the three representations we use, to solve this problem we
must intersect each rectangle with every other rectangle. The problem is that none of
these representations is area oriented; they reduce a spatial object to a single represen-
tative point.

Although the extent of the object is reflected in the representative point, the final
mapping of the representative point in the four-dimensional space does not result in
the preservation of nearness in the two-dimensional space from which the rectangles
are drawn. In other words, two rectangles may be very close (and possibly overlap),
yet the Euclidean distance between their representative points in four-dimensional
space may be quite large, thereby masking the overlapping relationship between them.
For example, although rectangles B and D intersect query rectangle 1, we cannot easily
tell if they intersect each other except by checking their sizes.

This discussion has emphasized representation 3. Nevertheless, as we will see,
the other representations are also commonly used. Interestingly although a rectangle
whose sides are parallel to the x and y axes requires four values to be uniquely
specified, it is also frequently modeled by a representative point in a two-dimensional
space. The representative point corresponds to the centroid of the rectangle or to one
of its corners (e.g., lower left).
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If rectangles are not permitted to overlap, such a representation is sufficient to
ensure that no two rectangles have the same representative point. Of course, since
two values do not uniquely specify the rectangle, the remaining values are retained in
the record corresponding to the rectangle associated with the representative point. If
rectangles are permitted to overlap, then such a representation means that there may
be more than one record associated with a specific representative point.

Once a specific representative point method is chosen for the rectangle, we can
use the techniques discussed in Chapter 2 to organize the collection of represertative
points. Again the choice of representation depends to a large extent on the type of
operations that we will be performing. Ousterhout [Oust84] uses a nonhierarchical
approach where each rectangle, treated as if it were a point, is connected to its ticigh-
bors by means of links. This technique is termed corner stitching. In particular, for
each rectangle, there are two links from the lower left corner to the two neighbors to
its left and bottom and two links from the top right corner to the two neighbors to its
top and right. This is similar to using representation 1 for the representative point of
the rectangle.

The comer stitching representation imposes a partition of the plane that resem-
bles a mosaic consisting of two types of tiles: space and solid. The solid tiles
correspond to the rectangles and the space tiles to the void space, if any, between the
rectangles. The space tiles are maximal horizontal strips, which means that no space
tile is adjacent to a space tile immediately to its left or right. The maximality restric-
tion implies that the decomposition into space and solid tiles is unique.

Links exist between all types of tiles; solid tiles can be linked to both solid and
space tiles and likewise for space tiles. It can be shown that for ¥ rectangles, therc are
at most 3 - N+ 1 space tiles (see Exercise 3.108). Figure 3.17 is an example of the
space decomposition imposed by corner stitching for a nonoverlapping subset of the
collection of rectangles given in Figure 3.1. The space tiles are delimited by solid and

Figure 3.17 Example of the space decomposition
imposed by corner stitching for a nonoverlapping subset of
the collection of rectangles given in Figure 3.1. The rectan-
gles are delimited by solid lines, while the space tiles are
delimited by broken lines. Some of the corner stitches are
shown.
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Figure 3.18 An example collection of rectangles A, B, C,
D illustrating the worst case when wishing to locate the rec-
tangle associated with point P when the search starts at rec-
tangle A and proceeds in an upward direction.

broken lines, and the rectangles are delimited by solid lines. The corner stitches (i.e.,
links) are also shown for some of the rectangles and space tiles.

Corner stitching greatly facilitates operations that involve finding nearest neigh-
bors. Overlapping rectangles, however, are not easily handled by it. Moreover, since
the only way to move from one rectangle to another is through the links, in the worst
case, accessing the rectangle associated with a given point requires that all rectangles
be examined (see Exercise 3.110). As an example of this worst case, consider the set
of rectangles given in Figure 3.18. A is the first rectangle in the set. We wish to
access the rectangle associated with point P and do so by traversing the up links shown
in Figure 3.18. The worst case could be overcome by imposing an additional structure
in the form of one of the hierarchical organizations described below while still retain-
ing the links. In such a case, however, both the solid and space tiles would have to be
represented in the structure. (For a discussion of algorithms using comer stitching
see, Shand [Shan87].)

Lauther [Laut78] and Rosenberg [Rose85] make use of a balanced k-d tree
(somewhat like the adaptive k-d tree discussed in Section 2.4.1 with the exception that
the coordinates are tested in a cyclic order) to organize the rectangles whose represen-
tative point uses representation 1. Lauther discusses the solution of the rectangle
intersection problem using the balanced k-d tree. The solution is an adaptation of the
O(N?) algorithm. It first builds the tree (equivalent to a sorting process) and then
traverses the tree in inorder and intersects each rectangle, say P, with the remaining
unprocessed rectangles (i.e., the inorder successors of P).!0

Two rectangles with sides parallel to the axes intersect if their projections on the
X axis intersect and their projections on the y axis intersect. The one-dimensional ana-
log of this condition has been used in the segment and interval tree solutions to the
rectangle intersection problem (see Sections 3.2.1 and 3.2.2). More formally, we say
that in order for rectangle Q to intersect rectangle P, all four of the following condi-
tions must be satisfied:

'O In this discussion, # is used to refer to both a rectangle and its corresponding node in the tree. The correct
meaning should be clear from the context.
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L. xpin(Q) £ X pax(P)
2. Y min (Q) < Y max (P)
3. xXqin(P) L xnmax(Q)
4. Y min (P) < Y max (Q)

Armed with this formulation of the problem, we see that there is no need to visit
all of the inorder successors of P since, whenever one of these conditions fails to hold
at a node @, the appropriate subtree of Q need not be searched. These conditions can
be restated in the following manner, which is more compatible with the way in which
the balanced k-d tree is traversed:

X min(Q) < X max(P)
Y min (Q) = ymax(P)
—X max (Q) < X min (P)
—Y max (Q) < —Y min (P)

AN,

Now, we build a balanced k-d tree with discriminators Ky, K;, K., K3,
corresponding tO X mins ¥ min» —Xmax» aNd =y max» respectively. Whenever we encounter
node Q discriminating on K such that K;(Q)>K4.2) mod 4(P ), then no nodes in the right
subtree of 0 need be examined further.

Solving the rectangle intersection problem as described has an upper bound of
O(N?) and a lower bound of O(N - log,~N). The lower bound is achieved when pruning
is assumed to occur at every right subtree (see Exercise 3.117). When the rectangle
intersection problem is posed in terms of conditions 5-8, the relation ‘<’ between @
and P is said to be a dominance relation [Prep85]. In such a case, the intersection
problem is called the dominance merge problem by Preparata and Shamos [Prep85].
Given F rectangle intersections, the algorithm of Preparata and Shamos solves the
rectangle intersection problem in O(N -log3N+F) time instead of the optimal
O(N - logyN + F) time.

A balanced k-d tree takes more time to build than an ordinary k-d tree since
medians must be computed to ensure balance. The balanced k-d tree makes point
searches and region searches quite efficient. For such operations, the balanced k-d
tree is preferable to corner stitching because of the implicit two-dimensional sorting of
the rectangles. In addition, overlapping rectangles can be easily. handled with the bal-
anced k-d tree, whereas this is quite complicated with comer stitching. However, for
operations involving finding nearest neighbors, corner stitching is superior to the bal-
anced k-d tree.

Rosenberg compares the performance of the balanced k-d tree, a point method
in his formulation, with linked lists'! and the area-based quadtree approaches dis-
cussed in Section 3.5.1 and concludes that the point methods are superior. However,
he takes into account only point and window queries. Comparisons using queries such
as finding all intersecting rectangles may lead to a different conclusion.

! The rectangles are stored in a doubly linked list.
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Figure 3.19 Blocks examined when searching for points
within a conic region for a collection of intervals represented
by (a) a grid file and (b) a k-d tree

Hinrichs and Nievergelt [Hinr83, Hinr85a, Hinr85b] make use of the grid file
(see Section 2.8.2.3) to organize the rectangles whose representative point uses
representation 3. The result is that proximity queries are answered by examining all
grid blocks that intersect the cone-shaped search regions. They prefer this method to
one based on a tree (e.g., the k-d tree) because the relevant grid blocks are in contigu-
ous regions, whereas in a tree, contiguous blocks may appear in different subtrees.
Hinrichs and Nievergelt are quite concerned with reducing the number of disk access
operations necessary to process such queries.

Figure 3.19a is an example of a conic-shaped search region for a grid file organ-
ization of rectangles. Figure 3.19b is an example of a conic-shaped search region for
a k-d tree organization of rectangles. In the case of a grid file, blocks A, B, C, D, E, and
F would be examined, while for a k-d tree blocks G, H, I, J, K, L, and M would be exam-
ined. Note that blocks I and K are in a different subtree of the k-d tree than are blocks
G, H, J, L, and M. In the worst case, solving the rectangle intersection problem when
using a grid file takes O(N ?) time. This is achieved by using the naive method of Sec-
tion 3.2. However, the expected cost will be lower since it is assumed that the points
corresponding to the rectangles are well distributed among the grid blocks. (For an
analysis of grid file methods on randomly distributed point data, see Regnier
[Regn85].)

The techniques discussed for organizing the collection of representative points
assume that the representative point lies in four-dimensional space. Another possibil-
ity is to use a representative point in two-dimensional space and to represent the col-
lection by one of the two-dimensional quadtree variants, such as the PR quadtree and
the k-d tree. Recall that the PR quadtree is a regular decomposition quadtree that
decomposes space until there is only one point per block (for more details, see Section
2.6.2).

As an example of the use of the PR quadtree, suppose that in our application we
must perform a point query (i.e., determine the rectangles that contain a given point).
In this case, when the representative point is the centroid, a PR quadtree requires that
we search the entire data structure because the rectangle centered at a given point can
lie in all of the quadrants. Of course, pruning can occur at deeper levels in the tree. In
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contrast, using the lower left corner as the representative point niay permit the pruning
of up to three quadrants in the search. For instance, when the query point lies in the
sw quadrant of a tree rooted at Q, then no rectangle with a representative point that lies
in the NW, NE, or SE quadrants of Q can contain the query point.

Ooi, McDonell, and Sacks-Davis [O0i87] make use of a variant of a k-d tree
that they call a spatial k-d tree. Once again the representative point is the centroid of
the object. Aside from storing the value and identity of the discriminating key, each
nonleaf node, say P discriminating on key K;, also contains information on the spatial
extent of the objects stored in its two subtrees. In particular, it stores the maximum
value of the j coordinate for the objects stored in LOSON(P ) and the minimum value of
the j coordinate for the objects stored in HISON(P ). This information aids in reducing
the number of nodes that need to be examined when executing a point query. In the
worst case, however, the entire tree will still have to be searched.

Exercises

3.91. Suppose that the representative point corresponding to each rectangle is its centroid and
that the collection of rectangles is represented using a PR quadtree. Moreover, rectan-
gles are not permitted to overlap. What is the maximum horizontal or vertical separa-
tion of two rectangles with representative points that are contained in brother nodes in
the PR quadtree (i.e., at level { in a 2" x 2" image with a root at level n)?

3.92. Using the same representation and assumption about no overlapping rectangles as in
Exercise 3.91, write an algorithm to determine the rectangle associated with a given
point. If the representative point is stored in a block at level i, what is the maximum
size of the neighborhood that may have to be searched to perform the operation?

3.93. How would you adapt representation 3 to represent a region quadtree for a binary image
as a collection of representative points stored as a PR quadtree?

3.94. Prove that storing the region quadtree using a PR quadtree, such that the black nodes are
representative points that correspond to the centers of black blocks, never requires more
space (i.e., more nodes) than the region quadtree.

3.95. How would you represent a sphere in terms of location and extension parameters?

3.96. How many parameters are necessary to represent a rectangle in a general position in
two-dimensional space?

3.97. Discuss the use of representation 2 for the representative points of the horizontal and
vertical intervals comprising the sides of a rectangle. Draw a graph such as Figures
3.10 and 3.11 for the horizontal intervals of Figure 3.1 using this representation. What
are the advantages and disadvantages in comparison to representations 1 and 3?

3.98. Suppose that you are using representation (1) for the representative point of each inter-
val in a collection of one-dimensional intervals. What is the shape of the search region
for a query that seeks all the intervals that contain point P ?

3.99. What is the relationship between representations 1 and 3?

3.100. How would you implement a point query for a collection of rectangles with a represen-
tative point that uses representation 2? Repeat for a point set query involving intersec-
tion (i.e., windowing), as well as the two subset relations (i.e., containment and enclo-
sure).

3.101. Given a line from point (a,b) to point (¢,d) and a collection of rectangles with a
representative point that uses representation 3, describe the search regions for all the
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rectangles intersected by the line and all the rectangles that enclose the line. Note that
the line need not be horizontal or vertical.

Given a circle of radius r centered at point (a,b) and a collection of rectangles with a
representative point that uses representation 3, describe the search regions for all the
rectangles intersected by the circle, the rectangles contained in their entirety in the cir-
cle, and the rectangles that enclose the circle.

Suppose that the representative point for a circle in the x-y plane uses representation 3.
Describe the search regions for an object intersection query in which the object is a
(a) point, (b) line, (c) circle, or (d) rectangle.

Suppose that the representative point for a circle, say C, in the x-y plane uses representa-
tion 3. Describe the search regions for (a) all circles contained in ¢ and for (b) all cir-
cles enclosing C.

Consider a collection of two-dimensional objects and the implementation of a graphics
editor that permits a graphical search and replace operation. Suppose that the objects
are represented by their enclosing curves. Moreover, let each curve be approximated by
a piecewise linear approximation. Give some possible representative points for the
objects. Consider also the issue of translation, rotation, and scale invariance.

Write an algorithm to insert a rectangle into a corner stitching representation.

Write an algorithm to delete a rectangle from a corner stitching representation.

Prove that for N rectangles, the comner stitching representation implies a maximum of
3.~ + 1 space tiles.

Under what conditions is the number of space tiles fewer than 3 - N+ 17

Write an algorithm to find the rectangle that covers a particular point location when the
rectangles are represented using comer stitching.

Write an algorithm to find all rectangles that intersect a given window when the rectan-
gles are represented using corner stitching.

Can we say that whenever two rectangles intersect, the corner of one rectangle is con-
tained in the other rectangle?

By definition, each node in a k-d tree that discriminates on key k; serves as an upper
bound for all the k; values in the LOSON and as a lower bound for all the k; values in the
HISON. To ensure that point and region searches are efficient in the k-d tree, it is useful
to know more about the region below each node. Thus a bounds array is stored with
each node to indicate the information necessary to cut off unproductive search. For k-
dimensional data, 2 -k items are needed to specify completely the k-dimensional
volume spanned by the node. Thus for the 4-d trees used for the collection of rectan-
gles, we need eight values at each node. Show that with each node we .need to store
only three values to specify the two regions (i.e., two-dimensional areas) that comprise
the LOSON and HISON of a node. Describe how they would be used to cut off the search.
In addition, show that if the only information stored in the bounds array at a node is the
region spanned by the node, rather than the regions spanned by LOSON and HISON, then
only two values are needed.

Write an algorithm to find all rectangles that intersect a given point (in two-dimensional
space) when each rectangle is represented by a point in four-dimensional space and the
collection of rectangles is organized by a balanced k-d tree.

Repeat Exercise 3.114 for all rectangles that intersect a rectangular window given by p.
Write an algorithm to determine all the intersecting rectangles using a balanced k-d tree.
Prove that O(~ - log,N) is a lower bound on solving the rectangle intersection problem
when using the balanced k-d tree.
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3.118. What is the expected cost of solving the rectangle intersection problem using the grid
file?

3.119. Suppose that you use the spatial k-d tree [O0i87]. Under what circumstances will a
point query require that both sons of a nonleaf node £ be examined?

3.5 AREA-BASED METHODS

The problem with using trees in conjunction with representative point methods such as
those discussed in Section 3.4 is that the placement of the node in the tree (i.e., its
depth) does not reflect the size (i.e., the spatial extent) of the rectangle. It primarily
depends on the location of the representative point. In this section, we focus on alter-
native representations provided by area-based methods that associate each rectangle
with the blocks containing it or the blocks that it contains. The sizes and positions of
these blocks may be predetermined, as is the case in an approach based on the region
quadtree; however, this need not be the case, nor must the blocks be disjoint.

As an example of a representation based on the region quadtree, suppose that we
represent each rectangle by its minimum enclosing quadtree block (i.e., a square).
The rectangle is associated with the center of the quadtree block. Of course, more
than one rectangle can be associated with a given enclosing square and a technique
must be used to differentiate among them. Observe that in this case we do not
explicitly store a representative point. Instead there is a predefined set of representa-
tive points with which rectangles can be stored. In some sense this is analogous to
hashing where the representative points correspond to buckets. These techniques,
which we term CIF quadtrees,'> have been developed independently by Kedem
[Kede82] (called a quad-CIF tree) and by Abel and Smith [Abel83].

This section expands on the area-based approaches. We first examine a detailed
implementation of one variant of the CIF quadtree that is related to the MX quadtree
(see Section 2.6.1). The specific implementation details of the insertion, deletion, and
search algorithms may be skipped on an initial reading. Next we look at some
quadtree-based alternatives that permit a rectangle to be associated with more than
one quadtree block. We conclude by discussing the R-tree [Gutt84] and some of its
variants. The R-tree is a hierarchy of rectangular regions containing the data rectan-
gles. The hierarchy is constructed by rules similar to those used to define a B-tree.
The regions need not be disjoint. Analyzing the space requirements of these represen-
tations, as well as the execution time of algorithms that use them, is quite difficult
because they depend heavily on the distribution of the data. In most cases, a limited
part of the tree must be traversed, and thus the execution time depends in part on the
depth and the shape of the tree.

12 ¢/r stands for Caltech Intermediate Form.



200 I 3 COLLECTIONS OF SMALL RECTANGLES

3.5.1 MX-CIF Quadtrees

The MX-CIF quadtree associates each rectangle, say R, with the quadtree node
corresponding to the smallest block that contains R in its entirety. Rectangles can be
associated with both leaf and nonleaf nodes. Subdivision ceases whenever a node’s
block contains no rectangles. Alternatively subdivision can also cease once a quadtree
block is smaller than a predetermined threshold size. This threshold is often chosen to
be equal to the expected size of the rectangle [Kede82]. In this section we will
assume that rectangles do not overlap (but may touch), although the techniques can be
modified to handle this situation. Figure 3.20 contains a set of rectangles and its
corresponding MX-CIF quadtree. Once a rectangle is associated with a quadtree node,
say P, it is not considered to be a member of any of the sons of P. For example, in Fig-
ure 3.20, rectangle 11 overlaps the space spanned by both nodes D and F but is associ-
ated only with node D.

It should be clear that more than one rectangle can be associated with a given
enclosing block (i.e., node). There are several ways of organizing these rectangles.
Abel and Smith [Abel83] do not apply any ordering. This is equivalent to maintaining
a linked list of the rectangles. Another approach, devised by Kedem [Kede82], is
described below.

Let P be a quadtree node and S be the set of rectangles associated with P.
Members of § are organized into two sets according to their intersection (or the
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Figure 3.20 An MX-CIF quadtree and the rectangles it
represents
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Figure 3.21 Binary trees for the (a) x axis and (b) y axis
passing through node A in Figure 3.20

colinearity of their sides) with the lines passing through the centroid of 7 's block. The
terms axes or axis lines are used to refer to these lines. For example, consider node »
whose block is of size 2 - LX X 2 - LY and is centered at (CX,CY ). All members of § tha(
intersect the line x = X form one set, and all members of § that intersect the linc
y = CY form the other set. Equivalently these sets correspond to the rectangles inter-
secting the y and x axes, respectively, passing through (CXx,CY). If a rectangle inter-
sects both axes (i.e., it contains the centroid of P ’s block), then we adopt the conven-
tion that it is stored with the set associated with the y axis.

These subsets are implemented as binary trees (really tries), which in actuality
are one-dimensional analogs of the MX-CIF quadtree. For example, Figure 3.21 illus-
trates the binary tree associated with the x and y axes passing through A, the root of the
MX-CIF quadtree of Figure 3.20. The subdivision points of the axis lines are shown by
the tick marks in Figure 3.20.

The MX-CIF quadtree is related to the region quadtree in the same way as the
interval tree is related to the segment tree. It is the two-dimensional analog of the tile
tree. The analogy is with the tile tree instead of the interval tree because the MX-CIF
quadtree i1s based on a regular decomposition. In fact, the tile tree and the one-
dimensional MX-CIF quadtree are identical when rectangles are not allowed to overlap.

At this point, it is also appropriate to comment on the relationship between the
MX-CIF quadtree and the MX quadtree. The similarity is that the MX quadtree is defined
for a domain of points with corresponding nodes that are the smallest blocks in which
they are contained. Similarly the domain of the MX-CIF quadtree consists of rectangles
with corresponding nodes that are the smallest blocks in which they are contained. In
both cases, there is a predetermined limit on the level of decomposition. One major
difference is that in the MX-CIF quadtree, unlike the MX quadtree, all nodes are of the
same type. Thus data are associated with both leaf and nonleaf nodes of the MX-CIF
quadtree. Empty nodes in the MX-CIF quadtree are analogous to white nodes in the MX
quadtree. In the algorithms described below, an empty node is like an empty son and
is represented by a NIL pointer in the direction of a quadrant that contains no rectan-
gles.

Instead of using the one-dimensional analog of the MX quadtrees to organize the
set of rectangles covered by a particular quadtree node, we could have adapted the
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one-dimensional analog of one of the other quadtree point representations discussed in
Chapter 2. Not surprisingly, the advantages and disadvantages are similar to those
outlined in Section 2.6.3. They are summarized briefly below. In this summary the
term guadtree refers to the corresponding one-dimensional analog.

An advantage of the point quadtree (a binary search tree in one dimension) is
that the depth is reduced when the tree contains a small number of rectangles. This is
also an advantage of the PR quadtree, although it is not necessarily true when the rec-
tangles are very close. However, when using a point quadtree, deletion of a rectangle
forces us to expend some work in locating a suitable replacement node. The shape of
the point quadtree depends on the order in which the rectangles are inserted.

For the PR quadtree, the placement of the rectangle in the tree depends on what
other rectangles are present. As rectangles are added to the PR quadtree, existing rec-
tangles may have to be moved to positions farther away from the root (in a node dis-
tance sense). On the other hand, once a rectangle is inserted into the MX quadtree, it
maintains that position forever since its position is independent of the order of inser-
tion and of the other rectangles present. Another advantage of the MX and PR quad-
trees over the point quadtree is that since they are based on a regular decomposition,
there is no need to store the subdivision points.

Although the algorithms are defined under the assumption that the rectangles do
not overlap (but may touch), this restriction can be removed quite easily. First,
observe that when rectangles are permitted to intersect, there will often be more than
one rectangle associated with a node of the one-dimensional MX-CIF quadtree that
corresponds to a subdivision point. Thus the issue becomes how to organize these
rectangles. The simplest solution is to maintain a linked list of these rectangles. An
even more natural solution is to use a tile tree to organize them.

Recall that the tile tree and the one-dimensional MX-CIF quadtree are identical
when rectangles are not permitted to overlap. In such a case, the secondary structures
of the tile tree consist of, at most, one rectangle. When the tile tree is used in this con-
text, it is not a complete binary tree. Alternatively the tile tree is not necessarily bal-
anced since the subdivision points are fixed by virtue of regular decomposition, rather
than being determined by the endpoints of the domain of rectangles as in the definition
of the interval tree.

3.5.1.1 INSERTION
The MX-CIF quadtree data structure consists of three types of records, termed cnode,
bnode, and rectangle. We use P to denote a pointer to a record. A rectangle is
represented by a record of type rectangle with five fields that contain the coordinates
of its centroid, the distance from the centroid to the borders of the rectangle, and its
name. C(P,A) and L(P,A) indicate, respectively, the coordinates of the centroid, and the
distance from the centroid to the border of the rectangle. A takes on the values X and Y
corresponding to the names of the coordinate axes. The NAME field contains descrip-
tive information about the rectangle stored at a node.

Nodes in the binary trees of the set of rectangles associated with each node of
the MX-CIF quadtree are represented by records of type bnode with three fields. There



35 AREA-BASED METHODS |II 203

XE
YE
XM XN s
4

X0 XP
3

a b

Figure 3.22 Binary trees for the (a) x axis and (b) y axis
passing through node E in Figure 3.20

is one node of type bnode for each axis subdivision point that is contained in a rectan-
gle or has descendants that contain rectangles. Two of the fields of a hnode record are
called SON(P,/) and contain pointers to the left and right sons of P, distinguished by 7.
The third field, called RECT, points to a record of type rectangle that contains the axis
subdivision point, if such a rectangle exists and is not already included in the binary
tree structure associated with an ancestor node in the quadtree structure. Notice that
no rectangle is stored in the left (right) subtree of node XN (XM) in Figure 3.22a
though rectangle 4 contains it. In this example, rectangle 4 is associated with the y
axis that passes through node E (i.e., node YE).

Each node in the MX-CIF quadtree is represented by a record of type cnode that
contains six fields. Four fields are termed SON(P,/), in which 7 corresponds to one of
the four principal quadrant directions. The two remaining fields represent pointers to
the binary trees for the rectangles associated with the node. These fields are called
BIN(P,/) where / corresponds to one of the two axis names. Note that there is no need
to store information about the coordinates of nodes in the MX-CIF quadtree (in records
of type bnode and cnode) since this information can be derived from the path to the
node from the root of the MX-CIF quadtree. We assume that each rectangle is unique
and does not overlap (but may touch) any other rectangle in the MX-CIF quadtree.

If a rectangle, say R, lies entirely within a block, say B, and if the left or bottom
sides of R are colinear with axis lines of B, we adopt the convention that R is associated
with B, which is analogous to what we used for points in Chapter 2. Using this con-
vention, the functions CIF_COMPARE and BIN_COMPARE, given below, determine the
quadrant and axis segment, respectively, in which a given rectangle lies relative to a
grid or axis subdivision point.

quadrant procedure CIF_COMPARE(P,CX,CY);
/* Return the quadrant of the MX-CIF quadtree rooted at position (CX,CY) in which rectan-
gle P belongs. */
begin
value pointer rectangle P;
value real CX,CY;
return(if C(P,'X’) < CX then
if C(P,'Y") < CY then ‘SW’
else ‘NW’
else if C(P,'Y’) < CY then ‘SE’
else 'NE’);
end;
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direction procedure BIN_COMPARE(P,CV,V);
/* Determine if rectangle P lies to the left, right, or contains the line V = CV. */
begin
value pointer rectangle P;
value real CV;
value axis V;
return(if (C(P,V) - L(P,V)) < CV and CV < (C(P,V) + L(P,V)) then ‘BOTH'
else if CV < C(P,V) then ‘RIGHT’
else 'LEFT’);
end;

A rectangle is inserted into an MX-CIF quadtree by a top-down search for the
position it is to occupy. We assume that the input rectangle does not overlap (but may
touch) any of the existing rectangles. This can be ascertained by preceding the inser-
tion by a call to procedure CIF_SEARCH, described in Section 3.5.1.3. The position to
be occupied by a rectangle is determined by a two-step process. First, locate the first
quadtree block such that at least one of its axis lines intersects the input rectangle.
This search is guided by procedure CIF_COMPARE and controlled by procedure CIF_IN-
SERT. Second, having found such a block and an axis, say V, repeat the subdivision
process for the v axis until locating the first subdivision point contained within the rec-
tangle. This search is guided by procedure BIN_.COMPARE and controlled by procedure
INSERT_AXIS.

During the process of locating the destination position for the input rectangle we
may have to subdivide repreatedly the space spanned by the MX-CIF quadtree (termed
splitting) and in the process create new nodes. As was the case for the MX quadtree,
the shape of the resulting MX-CIF quadtree is independent of the order in which the
rectangles are inserted into it, although the shapes of the intermediate trees are depen-

dent on it. Procedures CIF_INSERT and INSERT_AXIS are set forth in greater detail
below.

procedure CIF_INSERT(P,R,CX,CY,LX,LY);

/* Insert rectangle P in the MX-CIF quadtree rooted at node R. It corresponds to a region
of size 2 - LX x 2 - LY centered at (CX,CY). If the tree is empty, then R is set to point to
the new root. Procedure create sets all pointer fields to NIL. */

begin

value pointer rectangle P;

reference pointer cnode R;

value real CX,CY,LX,LY;

pointer cnode T;

quadrant Q;

direction DX,DY;

/* XF and YF contain multiplicative factors to aid in the location of the centers of the qua-
drant sons while descending the tree: */

preload real array XF['NW'‘'NE’,'SW’‘'SE’] with -1.0,1.0,-1.0,1.0;

preload real array YF['NW','NE’,'SW',‘SE’] with 1.0,1.0,-1.0,-1.0;

if null(R) then /* The tree at R is initially empty */
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R « create(cnode);
T« R;
DX « BIN_COMPARE(P,CX,'X’);
DY « BIN_COMPARE(P,CY,Y’);
while DX = BOTH’ and DY = BOTH' do
begin /* Locate the axis of the quadrant in which P belongs */
Q « CIF_COMPARE(P,CX,CY);
if null(SON(T,Q)) then SON(T,Q) « create(cnode);
T « SON(T,Q);
LX « LX/2.0;
CX « CX + XF[Q]*LX;
LY « LY/2.0;
CY « CY + YF[Q]*LY;
DX « BIN_COMPARE(P,CX,'X’);
DY « BIN_COMPARE(P,CY,'Y");
end;
if DX='"BOTH’ then /* P belongs on the Y axis */
INSERT_AXIS(P,T,CY,LY,Y")
else INSERT_AXIS(P,T,CX,LX,'X’); /* P belongs on the X axis */
end;

pointer bnode procedure INSERT_AXIS(P,R,CV,LV,V);

/* Insert rectangle P in the V binary tree rooted at CIF node R. It corresponds to a seg-
ment of the V axis of length 2 - LV centered at CV. If the V axis is empty, then R is set
to point to the new root. Procedure create sets all pointer fields to NIL. */

begin

value pointer rectangle P;
reference pointer cnode R;
value real CV,LV;
value axis V,;
pointer bnode T;
direction D;
/* VF contains multiplicative factors to aid in the location of the centers of the segments
of the axis while descending the tree: */
preload real array VF['LEFT,'RIGHT’] with -1.0,1.0;
T « BIN(R,V);
if null(T) then /* The V axis at T is initially empty */
T « BIN(R,V) « create(bnode);
D « BIN_COMPARE(P,CV,V);
while D # ‘BOTH’ do
begin /* Locate the axis subdivision point that contains P */
if null{SON(T,D)) then SON(T,D) ¢ create(bnode);
T « SON(T,Dy;
LV « LV/2.0;
CV « CV + VF[D]*LV;
D « BIN_.COMPARE(P,CV,V);
end;
RECT(T) « P;
end;
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Building an MX-CIF quadtree of maximum depth n for N rectangles has a worst-
case execution time of O(n - N). This situation arises when each rectangle is placed at
depth n.13 Therefore the worst-case storage requirements are also O(n - N). Of course,
the expected behavior should be better.

3.5.1.2 DELETION
Deletion of nodes from MX-CIF quadtrees is analogous to the process used for MX
quadtrees. The only difference is that collapsing needs to be performed for nodes in
the binary trees corresponding to the axes, as well as for the nodes in the MX-CIF quad-
tree. As an example, to delete rectangle 9 (i.e., node XH in the binary tree for the x
axis through node A in Figure 3.21a) from the MX-CIF quadtree of Figure 3.20, we set
the RECT field of node XH to NIL and return the space associated with the rectangle
record to the free storage list. In addition, since XH has no left or right sons, we can
delete it as well. This requires us to set the right son of XH’s father node, XA, to NIL.

Deleting rectangle 5 (i.e., node XP in the binary tree for the x axis through E in
Figure 3.22a) is slightly more complex. Again we return the space occupied by the
RECT field of XP to the free storage list. However, setting the right son of XP’s father
node, XN, to NIL is not enough. We must also perform merging since both sons of XN
are now NIL. This leads to replacing the right son of XN’s father, XE, by NIL and
returning XN and XP to the free storage list. This process is termed collapsing and is
the counterpart of the splitting operation that was necessary when inserting a rectangle
into an MX-CIF quadtree.

Collapsing can take place over several levels in both the binary tree and in the
MX-CIF quadtree. In essence, collapsing is repeatedly applied in the binary tree until
encountering the nearest ancestor that has an additional non-NIL son. If the collapsing
process brings us to the root of the binary tree (e.g., after deletion of rectangles 3, 4,
and 5 from the MX-CIF quadtree of Figure 3.20), then further collapsing of MX-CIF
quadtree nodes is possible only if both axes are empty. This process terminates upon
encountering a nearest ancestor that has an additional non-NIL son or nonempty axes.

As the collapsing process takes place, the affected nodes are returned to the free
storage list. For example, suppose that after deleting rectangle 5 from Figure 3.20 we
also delete rectangles 3 and 4. This means that nodes XE, XM, and YE in Figure 3.22
are subjected to the collapsing process, with the result that the axes through E are
empty. Since nodes E and E’s ancestor, C, have empty axes and no other non-NIL sons,
collapsing is applicable with the result that the NE son of A is set to NIL and nodes C, E,
XE, XM, XO, and YE are returned to the free storage list.

Procedure CIF_DELETE, given below, is a formal description of the deletion pro-
cess. The spatial relationships among directions and axes are specified by use of the
functions OPDIRECTION and OTHERAXIS. OPDIRECTION(D) yields the direction directly
opposite to D (e.g., OPDIRECTION(‘LEFT’) = ‘RIGHT’ and OPDIRECTION(‘RIGHT’) =
‘LEFT’ while OPDIRECTION(‘BOTH’) is undefined). Given A as one of two coordinate

'3 n is the sum of the maximum depths of the MX-CIF quadiree and of the binary tree.
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axes, OTHERAXIS(A) returns the name of the second axis (e.g., OTHERAXIS(‘X') = ‘Y").
The execution time of CIF_DELETE is bounded by two times the maximum depth of the
MX-CIF quadtree (including the binary trees for the axes). This upper bound is
attained when the nearest ancestor for the collapsing process is the root node.

procedure CIF_DELETE(P,R,CX,CY,LX,LY);
/* Delete rectangle P from the MX-CIF quadtree rooted at node R. It corresponds to a
region of size 2 - LX x 2 - LY centered at (CX,CY). */
begin
value pointer rectangle P;
reference pointer cnode R;
value real CX,CY,LX.LY;
pointer cnode T,FT,RB,TEMPC;
pointer bnode B,FB,TEMPB,TB;
quadrant Q,QF;
direction D,DF;
axis V;
real CV,LV;
/* XF and YF contain multiplicative factors to aid in the location of the centers of the
quadrant sons while descending the tree: */
preload real array XF['NW','NE’,'SW’,‘SE"] with -1.0,1.0,-1.0,1.0;
preload real array YF['NW','NE’,'SW','SE'] with 1.0,1.0,-1.0,-1.0;
/* VF contains multiplicative factors to aid in the location of the centers of the segments
of the axis while descending the tree: */
preload real array VF['LEFT','RIGHT’] with -1.0,1.0;
if null(R) then return; /* The tree is empty */
Te«R;
FT « NIL;
while BIN_.COMPARE(P,CX,V « ‘X’) # '‘BOTH’ and
BIN_COMPARE(P,CY,V « 'Y") # 'BOTH' do
begin /* Locate the quadrant in which P belongs */
Q « CIF_COMPARE(P,CX,CY);
if null(SON(T,Q)) then return; /* P is not in the tree */
if not(null(SON(T,CQUAD(Q)))) or
not(null(SON(T,OPQUAD(Q)))) or
not(null(SON(T,CCQUAD(Q)))) or
not(null(BIN(T,'X"))) or
not(null(BIN(T,'Y"))) then
begin /* Reset the common ancestor CIF node with more */
FT « T; /* than one son or at least one nonempty axis. */
QF « Q; /" FT and QF keep track of this information */
end;
T « SON(T,Q);
LX « LX/2.0;
CX « CX + XF[Q]*LX;
LY « LY/2.0;
CY « CY + YF[Q]=LY;
end,
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V « OTHERAXIS(V); /* Reset the axis since V=CV passes through P */
RB«T;
FB « NIL;
B « BIN(T,V);
CV « if V='X' then CX
else CY;
LV «if V = ‘X' then LX
else LY;
D « BIN_COMPARE(P,CV,V);
while not(null(B)) and D # ‘BOTH do
begin /* Locate the point along B’s V axis containing P */
if not(null(SON(B,OPDIRECTION(D)))) or not(null{RECT(B))) then
begin /* Reset the nearest ancestor binary tree node which has */
FB « B; /* arectangle associated with it or more than one */
DF « D; /* son. FB and DF keep track of this information */
end;
B « SON(B,D);
LV « LV/2.0;
CV « CV + VF[D]=LV;
D « BIN_COMPARE(P,CV,V);
end;
if null(B) or not(SAMERECTANGLE(P,RECT(B))) then
return /* P is not in the tree */
else if not(null(SON(B,'LEFT"))) or not{null(SON(B,'RIGHT"))) then
returntoavail(RECT(B)) /* No collapsing is possible */
else
begin /* Attempt to perform collapsing */
TB « if null(FB) then BIN(RB,V) /* Collapse the entire binary tree */
else SON(FB,DF);
D « ‘LEFT;
while TB = B do
begin /* Collapse the binary tree one level at a time */
if null(SON(TB,D)) then D « OPDIRECTION(D);
TEMPB « SON(TB,D);
SON(TB,D) « NIL;
returntoavail(TB);
TB « TEMPB;
end;
returntoavail(RECT(B));
returntoavail(B);
if not(null{(FB)) then /* The V axis is not empty */
SON(FB,DF) « NIL
else /" The V axis is empty */
begin /* Try to collapse MX-CIF nodes */
BIN(RB,V) « NIL;
if not(null(BIN(RB,OTHERAXIS(V)))) or not(null(SON(RB,'NW"))) or
not(null(SON(RB,'NE"))) or not(null(SON(RB,'SW"))) or not(null(SON(RB,‘SE")))
then return; /* No further collapsing is possible */
T « if null(FT) then R /* Collapse the entire MX-CIF quadtree */
else SON(FT,QF);
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while not(null(T)) do
begin /* Collapse one level at a time */
for Q in {{NW''NE’,'SW''SE’} do
begin
if not(null(SON(T,Q))) then exit_for_loop;
end;
TEMPC « SON(T,Q);
SON(T,Q) « NIL;
returntoavail(T);
T « TEMPC;
end;
if null(FT) then R « NIL /* The tree contained just one node */
else SON(FT,QF) « NIL; /* Reset the link of the nearest ancestor */
end;
end;
end;

35.1.3 SEARCH
MX-CIF quadtrees are used to represent small rectangles, and thus one of the most
common search quenes is to determine if a given rectangle overlaps (i.e., intersects)
any of the existing rectangles. This operation is a prerequisite to the successful inser-
tion of a rectangle. It is achieved by use of procedures CIF_SEARCH and CROSS_AXIS,
given below. Note the use of Boolean-valued function RECT_INTERSECT to indicate
whether two rectangles overlap (i.e., the intersection must have a nonzero area).

Boolean procedure CIF_SEARCH(P,R,CX,CY,LX,LY);
/* Determine if rectangle P intersects any of the rectangles in the MX-CIF quadtree rooted
at node R. It corresponds to a region of size 2 - LX x 2 - LY centered at (CX,CY). */
begin
value pointer rectangle P;
value pointer cnode R;
value real CX,CY,LX,LY;
quadrant Q;
/* XF and YF contain multiplicative factors to aid in the location of the centers of the
quadrant sons while descending the tree: */
preload real array XF['NW'‘NE’,'SW’,'SE’] with -1.0,1.0,-1.0,1.0;
preload real array YF['NW’'NE’,'SW’,'SE’] with 1.0,1.0,-1.0,-1.0;
it null(R) then return(false)
else if not(RECT_INTERSECT(P,CX,CY,LX,LY)) then return(false)
else if CROSS_AXIS(P,BIN(R,Y"),CY,LY,'Y") or
CROSS_AXIS(P,BIN(R,'X"),CX,LX,'X") then
return(true)
else
begin
LX « LX/2.0;
LY « LY/2.0;
for Qin {{NW', ‘NE’, ‘SW’, ‘SE’} do
it CIF_SEARCH(P,SON(R,Q),CX+XF[Q]*LX,CY+YF[Q]*LY,LX,LY) then
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return(true);
return(false);
end;
end;

Boolean procedure CROSS_AXIS(P,R,CV,LV,V);

/* Determine if rectangle P intersects any rectangles stored in the binary tree rooted at
node R which corresponds to a segment of the V axis of length 2 - LV centered at
Cv. "/

begin

value pointer rectangle P;
value pointer bnode R;
value real CV,LV;
value axis V;
direction D;
/* VF contains multiplicative factors to aid in the location of the centers of the segments
of the axis while descending the tree: */
preload real array VF['LEFT','RIGHT'] with -1.0,1.0;
if null(R) then return(false)
else if not(null(RECT(R))) and
RECT_INTERSECT(P,C(RECT(R),'X"),C(RECT(R),'Y"),
L(RECT(R),'X’),L(RECT(R),'Y")) then
return(true)
else
begin
D « BIN_.COMPARE(P,CV,V);
LV « LV/2.0;
return(if D="BOTH’ then
CROSS_AXIS(P,SON(R,‘'LEFT"),CV-LV,LV,V) or
CROSS_AXIS(P,SON(R,'RIGHT"),CV+LV,LV,V)
else CROSS_AXIS(P,SON(R,D),CV+VF[D]*LV,LV,V));
end;
end;

Range queries can also be performed; however, they are more usefully cast in
terms of finding all the rectangles in a given area (i.e., a window query). Another
popular query is one that determines if one collection of rectangles can be overlaid on
another collection without any of the component rectangles intersecting one another.

These two operations can be implemented by using variants of algorithms
developed for handling set operations (i.e., union and intersection) in region-based
quadtrees [Hunt78, Hunt79a, Shne81a]. The range query is answered by intersecting
the query rectangle with the MX-CIF quadtree. The overlay query is answered by a
two-step process. First, intersect the two MX-CIF quadtrees. If the result is empty,
they can be safely overlaid, and we merely need to perform a union of the two MX-CIF
quadtrees. It should be clear that Boolean queries can be easily handled.

When the rectangles are allowed to intersect, reporting the pairs of rectangles
that intersect each other is achieved by traversing the MX-CIF quadtree and for each



3.5 AREA-BASED METHODS I 211

node examining all neighboring nodes that can contain rectangles intersecting it. In
the worst case, for some rectangles we may have to examine the entire MX-CIF quad-
tree. If this is the case, then the remaining rectangles will not require this much work.
Nevertheless, the worst-case execution time of this task is O(n - N2) for a tree of max-
imum depth n with ¥ rectangles. The expected behavior should be better.

An alternative solution to the rectangle intersection problem could be formu-
lated by adapting the plane-sweep method described in Section 3.2 to use the MX-CIF
quadtree [Same88a]. This is quite straightforward and relies on the observation that a
quadtree traversal is analogous to a two-dimensional plane sweep. The effect of the
sort phase is obtained by the process of building the MX-CIF quadtree since a quadtree
decomposition is equivalent to a multidimensional sort. The effect of the sweep phase
is obtained by traversing the quadtree in some order (e.g., Morton order).

The border between the nodes that have been encountered in the traversal and
those that have not is the analog of the scan line in the one-dimensional plane sweep.
This border is known as the active border [Same85f, Same88b] (see Sections 4.2.3 of
[Same90b], 5.1.3 of [Same90b], and 6.3.3 of [Same90b]). The adaptation is com-
pleted by devising data structures to represent the active border with properties analo-
gous to those of the segment and interval trees (i.e., space and time).

Note that in the plane-sweep solution described in Section 3.2, the sort was per-
formed in one dimension and the sweep in the other direction. In contrast, in the MX-
CIF quadtree solution, both the sort and the sweep are performed in the same direction.

The efficiency of operations such as search can be improved by adding a pair of
fields, termed CROSS, to the data structure to indicate the size of the minimum enclos-
ing rectangle for the rectangles that intersect each of the two quadrant lines emanating
from the subdivision point. However, these additional fields will increase the com-
plexity of the insertion and deletion procedures since they must always be updated.

Exercises

3.120. In the following exercises you are to implement functions that may be of use in an
information management system for handling a collection of small rectangles based on
the MX-CIF quadtree. Assume that the rectangles do not overlap. An MX-CIF quadtree is
built by a combination of procedures, CREATE_RECTANGLE, and a variant of CIF_INSERT.
A rectangle is created by specifying its centroid and distances to its borders and assign-
ing it a name for subsequent use. You will also want to keep the names in a directory
so that rectangles can be retrieved by name without requiring an exhaustive search
through the MX-CIF quadtree. This is useful when rectangles have not yet been inserted
into the MX-CIF quadtree or after they have been removed. Write a procedure CREATE._-
RECTANGLE to do this. It is invoked by a «call of the form
CREATE_RECTANGLE(N,CX,CY,LX,LY) in which N is the name to be associated with the
rectangle, CX and CY are the x and y coordinates, respectively, of its centroid, and LX and
LY are the horizontal and vertical distances, respectively, to its borders from the cen-
troid.

3.121. Modify procedure CIF_INSERT to take just one argument corresponding to the name of a
rectangle and insert it into the MX-CIF quadtree if it does not overlap any of the
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existing rectangles. To do this, you will need to invoke procedure CIF_SEARCH. If two
rectangles only touch along a side or a corner, they are said not to overlap. You are to
return true if the query rectangle does not overlap any of the intersecting rectangles;
otherwise do not insert it, and return the name associated with one of the intersecting
rectangles (i.e., if it intersects more than one rectangle).

Given the x and y coordinates of a point, write a procedure DELETE_POINT to delete the
rectangle in which the point is located. Make use of procedure CIF_DELETE.

Write a procedure DISPLAY to display the block decomposition corresponding to an MX-
CIF quadtree on a sheet of line printer output. Assume that the space in which the rec-
tangles are embedded is of size 128 x 128, with the origin at the lower left corner hav-
ing coordinates (0,0). Note that the endpoints and widths of the rectangles need not be
integers. Each rectangle is displayed by a rectangle with a border consisting of aster-
isks, while the name of the rectangle appears somewhere inside its boundary. The name
is printed horizontally. You may fill the interior of the rectangle with asterisks as long
as the name appears as well. All names are restricted in such a way that the number of
characters comprising the name of a rectangle never exceeds its length. All rectangles
are of size 3+i x 3+j, where 0 </ <125 and 0 < £125. In other words, the smallest
rectangle is of size 3 x 3 and the largest is 128 x 128. The quadrant lines are to be
displayed using ‘or’ symbols (|) and ‘hyphens’ (-) for vertical and horizontal, respec-
tively. Use a ‘plus’ symbol (+) at a point where the axes intersect. To facilitate the
display of a rectangle, truncate the coordinates of its lower left corner and its side
lengths. Do not worry if truncation causes some rectangles to overlap in the display.
Write a function called LIST_RECTANGLES to list all the elements of a rectangle database
in alphanumerical order. This means that letters come before digits in the collating
sequence, and shorter identifiers precede longer ones. For example, a sorted list is A,
AB, A3D, 3DA, 5. LIST_RECTANGLES yields for each rectangle its name, the x and y coordi-
nates of its centroid, and the horizontal and vertical distances to its borders from the
centroid. With this list you are to include the coordinates of its lower left corner and the
lengths of its sides. This is of use in interpreting the display since sometimes it is not
possible to distinguish the boundaries of the rectangles from the display. The problem
is that no asterisks are printed for thin rectangles, and thus several names may run
together.

Write a procedure TOUCH to determine if a given rectangle touches (i.e., is adjacent
along a side or a corner) an existing rectangle in the MX-CIF quadtree. It returns a name
of a touched rectangle if one is found and NIL otherwise.

Write a procedure WITHIN to determine if a given rectangle is within a given distance of
an existing rectangle in the MX-CIF quadtree. This is the so-called lambda problem.
Given a distance d, WITHIN returns the name of a rectangle found to be < d horizontal or
vertical distance units from a side or corner of the query rectangle and NIL otherwise.
Write a pair of procedures HORIZ_NEIGHBOR and VERT_NEIGHBOR to find the nearest
neighbor in the horizontal and vertical directions, respectively, from a given rectangle.
HORIZ_NEIGHBOR and VERT_NEIGHBOR return as their value the name of the neighboring
rectangle if one exists and NIL otherwise.

Write a pair of procedures DRAW_HORIZ_NEIGHBOR and DRAW_VERT_NEIGHBOR to draw
lines between the two neighbors found in Exercise 3.127.

Write a procedure LABEL that assigns the same label to all touching rectangles. By
touching, it is meant that the rectangles are adjacent along a side or a corner. The col-
lection of rectangles is represented by an MX-CIF quadtree. Display the result of this
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operation by outputting the MX-CIF quadtree so that all touching rectangles are shown
with the same label.

Write a procedure to find all rectangles that intersect a rectangular window in an MX-CIF
quadtree in which rectangles are not permitted to overlap.

Write a procedure to find all rectangles contained in a rectangular window in an MX-CIF
quadtree in which rectangles are not permitted to overlap.

In Exercises 3.132-3.136, assume that the MX-CIF quadtree allows rectangles to inter-
sect. Use an interval tree to organize the rectangles that cross the axes. Write a pro-
cedure to insert a rectangle in an MX-CIF quadtree that permits overlap.

Write a procedure to delete a rectangle from an MX-CIF quadtree that permits overlap.
Write a procedure to find all rectangles that intersect a rectangular window in an MX-CIF
quadtree that permits overlap.

Write a procedure to find all rectangles contained in a rectangular window in an Mx-CIF
quadtree that permits overlap.

Write a procedure to find all rectangles that enclose a rectangular window in an MX-CIF
quadtree that permits overlap.

Analyze the expected cost of inserting a rectangle into an MX-CIF quadtree.

What is the expected cost of solving the rectangle intersection problem using the MX-CIF
quadtree?

In the text we saw that the rectangle intersection problem could be solved by using a
plane-sweep technique based on a traversal of the MX-CIF quadtree. This requires a data
structure with properties similar to the interval tree to represent the active border. Dev-
ise such a data structure. What are the space and time requirements of a solution to the
rectangle intersection problem that uses it?

Exercise 2.185 discusses the Euclidean matching problem. Can you use a variant of the
MX-CIF quadtree to try to attack this problem? You may wish to represent pairs of
points as rectilinear rectangles having the two points as the extreme vertices. In partic-
ular, for each point find the closest point, and let them form a rectangle. It should be
clear that a point may participate in more than one rectangle. The idea is to obtain a set
of rectangles that cover all the points yet have no common points (i.e., they do not
touch). Give an example that shows that it is not always possible to find such a set of
nontouching rectangles.

Modify the method proposed in Exercise 3.140 so that it computes a solution without
using the greedy-method heuristic (see Exercise 2.185).

3.5.2 Multiple Quadtree Block Representations

Determining how many rectangles intersect a window (e.g., in the form of a rectangle)
may be quite costly when using the MX-CIF quadtree and other representations that
associate each rectangle with the smallest enclosing quadtree block. The problem is
that the quadtree nodes that intersect the query rectangle may contain many rectangles
that do not intersect the query rectangle, yet each must be individually compared with
the query rectangle to determine the existence of a possible intersection.

For example, consider the MX-CIF quadtree in Figure 3.23, corresponding to the

collection of rectangles given in Figure 3.1. Unlike in the examples of the MX-CIF
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Figure 3.23 The MX-CIF quadiree (b) and the block
decomposition induced by it (a) for the rectangles in Figure
3.1

quadtree in the previous section, we permit the rectangles to overlap. Although query
rectangle 1 (see Figure 3.1) is in the NE quadrant of the root of the MX-CIF quadtree,
we still have to check some of the rectangles stored at the root of the entire quadtree
since these rectangles could conceivably overlap the query rectangle.

This work could be avoided by using a more compact (in an area sense)
representation of each rectangle. Such a representation would use more, and smaller,
quadtree blocks to represent each rectangle, but the total area of the blocks would be
considerably less than that of the smallest enclosing quadtree block. The result is that
more rectangles would be eliminated from consideration by the pruning that occurs
during the search of the quadtree. A number of alternatives are available to achieve
this effect.

One possibility is to use a region quadtree representation for each rectangle.
Such a representation would lead to many nodes since its underlying decomposition
rule requires that the block corresponding to each node be homogeneous (i.e., that it
be totally contained within one of the rectangles or not be in any of the rectangles).
Permitting rectangles to overlap forces a modification of the decomposition rule. In
particular, it implies that decomposition ceases when a block is totally contained
within one or more rectangles. However, if a block is contained in more than one rec-
tangle, it must be totally contained in all of them.

Abel and Smith [Abel85] present a less radical alternative. They propose that
instead of using the minimum enclosing quadtree block, each rectangle is represented
by a collection of enclosing quadtree blocks. They suggest that the collection contain
a maximum of four blocks, although other amounts are also possible. The four blocks
are obtained by determining the minimum enclosing quadtree block, say B, for each
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Figure 3.24 The expanded MX-CIF quadtree (b) and the
block decomposition induced by it (a) for the rectangles in
Figure 3.1

rectangle, say R, and then splitting B once to obtain quadtree blocks B; (i€ {NW, NE,
SW, SE}) such that g; is the portion of R, if any, that is contained in B;. Next, for each B;
we find the minimum enclosing quadtree block, say D;, that contains ;. Now, each
rectangle is represented by the set of blocks consisting of D;. We term such a
representation an expanded MX-CIF quadtree.

As an example of the expanded MX-CIF quadtree, consider Figure 3.24,
corresponding to the collection of rectangles of Figure 3.1. Several items are worthy
of note. First, each node appears at least one level lower in the expanded MX-CIF
quadtree than it did in the MX-CIF quadtree. Second, some of the D; may be empty
(e.g., rectangle A in Figure 3.24 is covered by blocks 2 and 4; rectangle F in Figure
3.24 is covered by block 14). Third, the covering blocks are not necessarily of equal
size (e.g., rectangle E in Figure 3.24 is covered by blocks 4 and 12). It should be clear
that the area covered by the collection of blocks D; is not greater than that of B.

The worst-case execution time for building the expanded MX-CIF quadtree and
the space requirements are the same as for the MX-CIF quadtree: O(n - N) for a tree of
maximum depth n with N rectangles. The worst-case execution time of the rectangle
intersection problem is also the same as that for the MX-CIF quadtree: O(n - ¥ 2). Abel
and Smith suggest that the search process can be made more efficient by applying the
splitting process again to the blocks D;. Of course, the more times that we split, the
closer we get to the region quadtree representation of the rectangles. Also this
increases the space requirement and the insertion and deletion costs.
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Figure 3.25 The RR, quadtree (b) and the block decom-
position induced by it (a) for the rectangles in Figure 3.1

Shaffer [Shaf86a] presents a pair of data structures termed an RR quadtree that is
somewhat related to the expanded MX-CIF quadtree. Two variants are given. The first,
called an RR| quadtree, makes use of a decomposition rule that splits until each node
contains either just one rectangle or all of the rectangles in the node intersect each
other (i.c., all the rectangles associated with the node form a clique [Hara69] in the
intersection graph). Thus all rectangles are associated with leaf nodes.

When rectangles are not permitted to overlap, this decomposition rule means
that no block can contain a part of more than one rectangle. In such a case, the rule is
analogous to that used as the basis of the PM quadtree family of line representations
described in Section 4.2.3. For example, consider Figure 3.25, which is the RR, quad-
tree corresponding to the collection of rectangles of Figure 3.1. Note that node 3 had
to be decomposed further since rectangles B, C, and D do not mutually intersect each
other.

The storage requirements of the RR;| quadtree are much higher than those of the
MX-CIF and expanded MX-CIF quadtrees. This is due to the need to decompose the col-
lection when many rectangles are near each other without mutually intersecting each
other—such as, a chain formed by intersecting rectangles. This problem is partially
resolved by loosening the decomposition criterion of the RR; quadtree. In particular, a
node, say N, is permitted to contain a pair of rectangles if they intersect or are part of a
chain of connected rectangles so that each rectangle in the chain is also in the node.
The resulting structure is called an RR, quadtree. For example, consider Figure 3.26,
which is the RR, quadtree corresponding to the collection of rectangles of Figure 3.1.
Note that now, unlike in the RR| quadtree, node 3 need not be further decomposed to
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Figure 3.26 The RR, quadtree (b) and the block decom-
position induced by it (a) for the rectangles in Figure 3.1

deal with rectangles B, C, and D. These three rectangles form a chain but they do not
mutually intersect each other.

The RR, quadtree still requires considerably more storage than the MX-CIF and
expanded MX-CIF quadtrees. However, the advantage of the RR quadtree family is that
if two rectangles intersect, they must be stored in the same node. This makes window
queries quite efficient since fewer rectangles must be examined for intersection. In
particular, the number of rectangle comparisons required by a window query in an RR,
quadtree is equal to the number of comparisons that would be made were the query
rectangle being inserted into the tree.

Circuit extraction (see Section 3.1) is another operation for which the RR quad-
tree family is useful since electrical connectedness is easy to detect. Once a circuit
has been extracted, it is often desirable to draw it in such a way that all internal lines
have been removed (analogous to hidden line elimination in computer graphics). In
other words, we want to see only the circuit’s outer boundary. This operation is easy
to execute in an RR quadtree. For each node, say P, compare each rectangle associated
with P with every other rectangle associated with P. Although at first glance this is an
O(N?) operation, in this case, N is the number of rectangles associated with a node
which is usually much smaller than the total number of rectangles.

The space requirements of the region quadtree and the RR quadtree family are
dependent on the amount of space required to store an individual rectangle. In all
three cases, for a tree of maximum depth 7, a rectangle uses O(2") space. For N rec-
tangles, the time required to build the region quadtree is O(~ - 2"), while for the RR
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quadtree family it may be as high as O(N? - 2") since each rectangle must be checked
against the rectangles in each node in which it is contained. There are O(2") such
nodes, and each can contain N rectangles. Solving the rectangle intersection problem
is quite easy; it is done by traversing the tree and reporting all nodes that contain more
than one rectangle. The execution time and space requirements are of the same order.
Each intersection needs to be reported once only (see Exercise 3.160).

Exercises

3.142. Write a procedure called EXPANDED_INSERT to insert a rectangle, R, into an expanded
MX-CIF quadtree. Rectangle R may overlap existing rectangles.

3.143. Analyze the expected cost of inserting a rectangle into an expanded Mx-CIF quadtree.

3.144. Write a procedure called EXPANDED_WINDOW to find all rectangles that intersect a win-
dow in an expanded MX-CIF quadtree.

3.145. Analyze the cost of EXPANDED_WINDOW,

3.146. Prove that the worst-case execution time for building the expanded MX-CIF quadtree, the
space requirements, and the worst-case execution time of the rectangle intersection
problem are the same as for the MX-CIF quadtree.

3.147. Write a procedure called RRI_INSERT to insert a rectangle, R, into an RR; quadtree. Rec-
tangle R may overlap existing rectangles.

3.148. Analyze the expected cost of inserting a rectangle into an RR, quadtree.

3.149. Write a procedure called RRI_WINDOW to find all rectangles that intersect a window in
an RR; quadtree.

3.150. Analyze the cost of RRI_WINDOW.

3.151. What is the expected cost of solving the rectangle intersection problem using an RR;
quadtree?

3.152. Write a procedure called RR2_INSERT to insert a rectangle, R, into an RR, quadtree. Rec-
tangle R may overlap existing rectangles.

3.153. Analyze the expected cost of inserting a rectangle into an RR, quadtree.

3.154. Write a procedure called RR2_WINDOW to find all rectangles that intersect a window in
an RR, quadtree.

3.155. Analyze the cost of RR2_ZWINDOW.

3.156. Define circuit extraction as a process that finds chains of intersecting rectangles. Write
a procedure to perform circuit extraction in an RR, quadtree.

3.157. Write a procedure to eliminate the internal lines in a circuit represented by an RR, quad-
tree.

3.158. What is the expected cost of solving the rectangle intersection problem using an RR,
quadtree?

3.159. A variant of the RR quadtree that stores only one rectangle in each node can be used to
represent a binary image. In this case, the image consists of a collection of adjacent but
nonoverlapping rectangles. To construct such a quadtree, you merely need to modify
the merge routine of the raster-to-quadtree conversion algorithm (see Section 4.2.1 of
[Same90b]). In particular, four nodes are merged to form a larger node not if they are
leaf nodes with the same value, but, instead, if they are all leaf nodes so that the rectan-
gle descriptions that they store can be merged to form a larger rectangle. For example
in Figure 1.1, nodes 2, 3, 4, and 5 can be merged to form a node containing the
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rectangle formed by black blocks 4 and 5. Write a procedure that builds such a variant
of the RR quadtree for a binary image.

3.160. [Clifford A. Shaffer] How would you avoid reporting duplicate intersections when solv-
ing the rectangle intersection problem using an RR quadtree (both RR; and RR;)?

3.5.3 R-Trees

The R-tree [Gutt84] is a hierarchical data structure derived from the B-tree [Come79].
In section 2.8.1, its use was mentioned in representing multidimensional point data. In
this section I describe its use in the organization of a collection of arbitrary geometric
objects by representing them as d-dimensional rectangles. Each node in the tree
corresponds to the smallest d-dimensional rectangle that encloses its son nodes. The
leaf nodes contain pointers to the actual geometric objects in the database, instead of
sons. The objects are represented by the smallest aligned rectangle in which they are
contained.

Often the nodes correspond to disk pages, and thus the parameters defining the
tree are chosen so that a small number of nodes is visited during a spatial query. Note
that rectangles corresponding to different nodes may overlap. Also a rectangle may
be spatially contained in several nodes, yet it can be associated with only one node.
This means that a spatial query may often require several nodes to be visited before
ascertaining the presence or absence of a particular rectangle. This discussion is lim-
ited to the representation of rectangles in two dimensions.

The basic rules for the formation of an R-tree are similar to those for a B-tree.
All leaf nodes appear at the same level. Each entry in a leaf node is a 2-tuple of the
form (R,0) such that R is the smallest rectangle that spatially contains data object 0.
Each entry in a nonleaf node is a 2-tuple of the form (®,P) such that R is the smallest
rectangle that spatially contains the rectangles in the child node pointed at by P. An
R-tree of order (m,M) means that each node in the tree, with the exception of the root,
contains between m <[M/2] and M entries. The root node has at least two entries
unless it is a leaf node.

For example, consider the collection of rectangles given in Figure 3.1, and treat
the query rectangles (i.e., 1, 2, and 3) as elements of the collection so that there are 10
rectangles. Let M =3 and m =2. One possible R-tree for this collection is given in
Figure 3.27a. Figure 3.27b shows the spatial extent of the rectangles of the nodes in
Figure 3.27a, with broken lines denoting the rectangles corresponding to the subtrees
rooted at the nonleaf nodes. Note that the R-tree is not unique. Its structure depends
heavily on the order in which the individual rectangles were inserted into (and possi-
bly deleted from) the tree.

The algorithm for inserting an object (i.e., a record corresponding to its enclos-
ing rectangle) in an R-tree is analogous to that used for B-trees. New rectangles are
added to leaf nodes. The appropriate leaf node is determined by traversing the R-tree
starting at its root and at each step choosing the subtree whose corresponding rectan-
gle would have to be enlarged the least. Once the leaf node has been determined, a
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Figure 3.27 (a) R-tree for the collection of rectangles in
Figure 3.1 and (b) the spatial extents of the enveloping
rectangles

check is made to see if insertion of the rectangle will cause the node to overflow. If
yes, then the node must be split, and the m + 1 records must be distributed in the two
nodes. Splits are propagated up the tree.

There are many possible ways to split a node. One possible goal is to distribute
the records among the nodes so that the likelihood that the nodes will be visited in
subsequent searches will be reduced. This is accomplished by minimizing the total
areas of the covering rectangles for the nodes (i.e., coverage). An alternative goal is
to reduce the likelihood that both nodes are examined in subsequent searches. This is
accomplished by minimizing the area common to both nodes (i.e., overlap). Of
course, at times these goals may be contradictory. For example, consider the four rec-
tangles in Figure 3.28a. The first goal is satisfied by the split in Figure 3.28b while the
second goal is satisfied by the split in Figure 3.28c.

Guttman [Gutt84] reports on the performance of three node-splitting algorithms
based on the minimization of the total area of the covering rectangles (i.e., the first of
the goals described). The first is an exhaustive algorithm trying all possibilities. In
such a case the number of possible partitions is 2"—1 (see Exercise 3.169). This is
unreasonable for most values of M (e.g., M = 50 for a page size of 1024 bytes).

The second is a quadratic cost algorithm that first finds the two rectangles that
would waste the most area were they to be in the same node. This is determined by
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Figure 3.28 (a) Four rectangles and the splits that would
be induced, (b) by minimizing the total area of the covering
reclangles and (c) by minimizing the area common to the
covering rectangles of both nodes

subtracting the sum of the areas of the two rectangles from the area of the covering
rectangle. These two rectangles are placed in the separate nodes, say j and k. Next,
examine the remaining rectangles and for each rectangle, say i, compute d;; and dj,
which are the increases in the area of the covering rectangles of nodes j and & when i
is added to them. Now find rectangle n such that |d,, i~ d,,k| is a maximum, and add n
to the node with the smallest increase in area. Repeat this process for the remaining
rectangles.

The third is a linear cost algorithm that first finds the two rectangles with the
greatest normalized separation along all of the dimensions. For example, assuming
that the origin is at the upper left comer of the space, in the vertical dimension these
are the rectangles with the maximum lower side and the minimum upper side. The
remaining rectangles are processed in arbitrary order and placed in the node whose
covering rectangle is increased the least by their addition. Empirical tests showed that
there was not much difference between the three splitting algorithms in the perfor-
mance of search (i.e., in CPU time and in the number of pages accessed). Thus the fas-
ter linear splitting algorithm was found preferable even though the quality of the splits
was somewhat inferior.

Deletion of a rectangle, say R, from an R-tree proceeds by locating the leaf node,
say L, containing R and removing R from L. Next, adjust the covering rectangles on the
path from L to the root of the tree while removing all nodes in which underflow occurs
and adding them to the set U. Once the root node is reached, if it has just one son, the
son becomes the new root. The nodes in which underflow occurred (i.e., members of
U) are reinserted at the root. Elements of U that correspond to leaf nodes result in the
placement of their constituent rectangles in the leaf nodes, while other nodes are
placed at a level so that their leaf nodes are at the same level as those of the whole
tree.

The deletion algorithm for an R-tree differs from that for a B-tree in that in the
case of underflow, nodes are reinserted instead of being merged with adjacent nodes.
The difficulty is that there is no concept of adjacency in an R-tree, although we could
merge with the sibling whose area will be increased the least, or alternatively just dis-
tribute the elements of the underflowing node among its siblings. Nevertheless,
reinsertion is used by Guttman [Gutt84] because of a belief that it enables the tree to
reflect dynamically the changing spatial structure of the data rather than the gradual
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degradation that could arise when a rectangle maintains the same parent throughout its
lifetime.

Searching for points or regions in an R-tree is straightforward. The only prob-
lem is that a large number of nodes may have to be examined since a rectangle may be
contained in the covering rectangles of many nodes while its corresponding record is
contained only in one of the leaf nodes (e.g, in Figure 3.27, rectangle 1 is contained in
its entirety in R1,R2, R3, and RS). For example, suppose we wish to determine the iden-
tity of the rectangle element, in the collection of rectangles given in Figure 3.1, that
contains point Q at coordinates (21,24). Since Q can be in either of R1 or R2, we must
search both of their subtrees. Searching R1 first, we find that Q could be contained
only inR3. Searching R3 does not lead to the rectangle that contains Q even though Q is
in a portion of rectangle D that is in R3. Thus we must search R2. We find that Q can
be contained only in R5. Searching R5 results in locating D, the desired rectangle.

The insertion algorithm and the accompanying node splitting techniques
described above are based on a dynamic database. If the database can be expected to
be static and all of the objects are known a priori, then a different technique can be
used to build an R-tree. Roussopoulos and Leifker [Rous85] propose the use of a
packed R-tree. This is an R-tree built by successively applying a nearest neighbor rela-
tion to group objects in a node after the set of objects has been sorted according to a
spatial criterion. Once an entire level of the tree is built, the algorithm is reapplied to
add nodes at the next higher level, terminating when a level contains just one node.
This is a static method, which fills each node to capacity.

Although the packed R-tree does not necessarily result in a minimum coverage
and/or overlap, empirical tests [Rous85] of its performance on point searches in a
database of two-dimensional points show its use leads to significant improvements
vis-a-vis an R-tree built using the conventional R-tree insertion routine. In these tests
each node was constructed by selecting an object from a spatially sorted list and then
adding its M — 1 nearest neighbors. Once all the nodes at a given level have been con-
structed, the process is applied recursively, forming nodes at successively higher lev-
els in the tree until just one node remains. A better approach, although far costlier
from a combinatorial standpoint, is to choose the M objects simultaneously so that the
area of the resulting covering rectangle is minimized.

Another alternative to the R-tree in dealing with rectangles is the R*-tree
[Ston86, Sell87], an extension of the k-d-B-tree [Robi81] (see Section 2.8.1). The
motivation for the R*-tree is to avoid overlap among the bounding rectangles. In par-
ticular, all bounding rectangles (i.e., at levels other than the leaf) are nonoverlapping.
Thus, each rectangle is associated with all the bounding rectangles that it intersects.
The result is that there may be several paths starting at the root to the same rectangle.
This will lead to an increase in the height of the tree; however, retrieval time is
speeded up.

Figure 3.29 is an example of one possible R*-tree for the collection of rectangles
in Figure 3.1. Once again the query rectangles (i.e., 1, 2, and 3) are treated as ele-
ments of the collection, so that there is a total of 10 rectangles. This particular tree 1S
of order (2,3), although in general it is not possible to guarantee always that all nodes
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Figure 3.29 (a) R*—tree for the collection of rectangles in
Figure 3.1 and (b) the spatial extents of the enclosing
rectangles

will have a minimum of two entries. Notice that rectangles D and E appear in three
different nodes, while rectangle B appears in two different nodes. Other variants are
possible since the R*-tree is not unique.

The cell tree of Giinther [Giint87, Giint88] is similar to the R*-tree. The differ-
ence is that the nonleaf nodes of the cell tree are convex polyhedra instead of bound-
ing rectangles. The sons of each node, say P, form a binary space partition (BSP)
[Fuch80] of P (see Section 1.4.1). The cell tree is designed to deal with polyhedral
data of arbitrary dimension. As in the R*-tree, the polyhedral data being represented
may be stored in more than one node.

It is interesting to note that the decomposition into blocks induced by the R*-tree
is similar to the way a region quadtree would be used to represent a collection of rec-
tangles (see Section 3.5.2). An extension of the k-d-B-tree, the R*-tree has a draw-
back: B-tree performance guarantees are no longer valid. For example, pages are not
guaranteed to be half full without very complicated record insertion and deletion pro-
cedures. Nevertheless, empirical tests by Faloutsos, Sellis, and Roussopoulos
[Falo87] reveal reasonable behavior in comparison to the conventional R-tree.

These tests were coupled with a limited analysis of the behavior of the two data
structures when used to represent one-dimensional intervals of equal length by



224 || 3 COLLECTIONS OF SMALL RECTANGLES

transforming them to points in two dimensions using representation 2 of Section 3.4.
Sellis, Faloutsos, and Roussopoulos [Sell87] suggest that performance of the R*-tree
can be improved by a judicious choice of partition lines, as well as by a careful initial
grouping of the rectangles at the leaf level. The latter can be achieved by applying
heuristics similar to those used to build a packed R-tree.

Assume that the R-tree and the R -tree are constructed in a batch manner; that
is, all the rectangles are known prior to the construction and hence are arbitrarily
grouped together. For N rectangles, the construction time and space requirements of
these two data structures are both O(N) and O(Nz), respectively. The reason for the
higher costs for the R™-tree is that a rectangle may appear in N nodes because of its
intersection with N other rectangles. This analysis assumes that no optimization is per-
formed when a node overflows. In both cases the worst-case execution time of the
rectangle intersection problem is O(N %) (see Exercises 3.170 and 3.181).

Exercises

3.161. What is the difference between the definition of a node in an R-tree and a node in a B-
tree?

3.162. What is the maximum height of an R-tree of order (m,m ) with ¥ rectangles (not nodes)?

3.163. What is the maximum number of nodes in an R-tree of order (m.m ) with N rectangles?

3.164. Write an algorithm to insert a rectangle into an R-tree. You will have to choose one of
the described techniques for splitting a full node with @ + 1 records.

3.165. Analyze the expected cost of inserting a rectangle into an R-tree.

3.166. Write an algorithm to delete a rectangle from an R-tree.

3.167. Write an algorithm to perform a point query in an R-tree.

3.168. Write an algorithm to perform a window query in an R-tree.

3.169. Prove that there are 2" — 1 possible partitions of an R-tree node with s + | records into
two nonempty subsets.

3.170. Prove that the worst-case execution time of the rectangle intersection problem for » rec-
tangles using an R-tree is O(V?).

3.171. What is the expected cost of the rectangle intersection problem for ~ rectangles using an
R-tree?

3.172. Write an algorithm to build a packed R-tree for a collection of two-dimensional objects.
You must decide on a spatial criterion by which to sort the objects prior to inserting
them in the tree and for choosing the nearest neighbor. Construct each node by select-
ing an object from the spatially sorted list and then adding its & — | nearest neighbors.

3.173. Repeat Exercise 3.172 with a node construction algorithm that chooses the m objects
simultaneously so that the area of the resulting covering rectangle is minimized.

3.174. Prove that the packed R-tree construction algorithms of Exercises 3.172 and 3.173 result
in reducing coverage and overlap. How close do they come to minimizing them? Per-
form an empirical study to support your conclusion.

3.175. What are the minimum and maximum heights of an R*-tree of order (m.M) with N rec-
tangles (not nodes)?

3.176. Write an algorithm to insert a rectangle into an R*-tree.

3.177. Analyze the expected cost of inserting a rectangle into an R* -tree.

3.178. Write an algorithm to delete a rectangle from an R*-tree,



3.179.
3.180.
3.181.

3.182.
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Write an algorithm to perform a point query in an R’ -tree.

Write an algorithm to perform a window query in an R’ -tree.

Prove that the worst-case execution time of the rectangle intersection problem for » rec-
tangles using a R* -tree is O(V ?).

What is the expected cost of the rectangle intersection problem for ¥ rectangles using a
R"-tree?



CURVILINEAR
DATA

The region quadtree is an example of a region representation based on a description of
its interior. In this chapter, we focus on hierarchical representations that specify boun-
daries of regions. This is done in the more general context of hierarchical data struc-
tures for curvilinear data. The emphasis is on regions having linear boundaries (i.e.,
specified by straight lines). The data are usually in the form of a network of adjacent
polygons resulting in a subdivision of space termed a polygonal map. Vector
representations such as chain codes [Free74] or lists of points (e.g., [Nagy79]) are not
discussed. For a brief summary of these methods, see the conclusion in Section 4.4.

Curvilinear data can be differentiated on the basis of whether the lines are iso-
lated, are elements of treelike structures, or are elements of networks. In the case of
networks, the regions bounded by the network are usually polygons. However,
polygons also arise outside the context of a network, as is the case when they are iso-
lated (e.g., lakes) or nested (e.g., contours). It is possible to represent the boundary of
each polygon separately (e.g., using a vector or a chain code representation for each
curve that bounds two adjacent polygons). However, it is preferable to represent the
complete network of boundaries with a single data structure. This is the approach
taken in this chapter.

Section 4.1 contains a brief discussion of methods based on rectangular approxi-
mations to the data as typified by the strip tree [Ball81]. Section 4.2 presents a
number of data structures based on the region quadtree. This presentation includes
descriptions of many related data structures and details their interrelationship.

The techniques discussed in Sections 4.1 and 4.2 have been developed primarily
because they facilitate set operations. Other data structures for representing curvi-
linear data have been motivated by other applications. For example, ease of display is
a characterization of B-splines and Bezier methods [Cohe80] (see also Chapter 6 of
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[Same90b]). Section 4.3 addresses the point location problem by reviewing a couple
of solutions that are rooted in computational geometry [Edel84, Tous80]. This prob-
lem involves determining the identity of a region that contains a given point. These
solutions are compared with one that is based on the region quadtree.

4.1 STRIP TREES, ARC TREES, AND BSPR

Ballard’s strip tree [Ball81] is a hierarchical representation of a single curve that is
obtained by successively approximating segments of it by enclosing rectangles. The
data structure consists of a binary tree whose root represents a bounding rectangle for
the entire curve. For example, consider Figure 4.1 where the curve between points P
and Q, at locations (x,,y,) and (x,,y,), respectively, is modeled by a strip tree. The
rectangle associated with the root, A in this example, corresponds to a rectangular strip
that encloses the curve, two of whose sides are parallel to the line joining the end-
points of the curve (i.e., P and Q). These sides pass through the points on the curve at a
maximum distance from the line joining the curve’s endpoints. The resulting rectan-
gle is really a truncated version of what is termed a band by Peucker [Peuc76].

Next, this rectangle is decomposed into two parts at one of the points (termed a
splitting point) on the rectangle that is also part of the curve. There is at least one
such splitting point. If there are more, the decomposition is performed using the point
at a maximum distance from the line joining the endpoints of the curve. If the curve is
both continuous and differentiable at the splitting point, the boundaries of the rectan-
gle that pass through these points are tangents to the curve. This splitting process is
recursively applied to the two sons until every strip is of a width less than a predeter-
mined value.

For Figure 4.1, the first splitting operation results in the creation of strips B and
C. Strip C is further split, creating strips D and E, at which point the splitting process
ceases. Figure 4.2 shows the resulting binary tree. Each node in the strip tree is
implemented as a record with eight fields. Four fields contain the x and y coordinates
of the endpoints, two fields contain pointers to the two sons of the node, and two

Figu