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Про новий метод побудови розв’язкiв
нелiнiйних хвильових рiвнянь
В.I. ФУЩИЧ, А.Ф. БАРАННИК

We proposed a new simple method of constructing some classes of exact solutions of
multidimensional nonlinear wave equations.

У статтi пропонується конструктивний i простий спосiб побудови деяких кла-
сiв точних розв’язкiв нелiнiйних рiвнянь математичної фiзики, який базується
на iдеї редукцiї [1, 2]. Основнi положення нашого пiдходу ми викладатимемо на
прикладах рiвнянь Даламбера i Шродiнгера.

1. Розглянемо нелiнiйне рiвняння Даламбера

�u = F (u), u = u(x0, x1, x2, x3), (1)

� — оператор Даламбера, F (u) — нелiнiйна гладка функцiя. Побудовi точних
розв’язкiв рiвняння (1) присвячено багато робiт (див. [2, 3] i цитовану там лiте-
ратуру).
Для побудови розв’язкiв рiвняння (1) використаємо симетрiйний (або умовно-

симетрiйний) анзац [1, 2]. Нехай цей анзац має вигляд

u = f(x)ϕ(ω1, . . . , ωk) + g(x) (2)

або

h(u) = f(x)ϕ(ω1, . . . , ωk) + g(x),

де ω1 = ω1(x0, x1, x2, x3), . . ., ωk = ωk(x0, x1, x2, x3) — новi незалежнi змiннi, h(u)
— деяка задана функцiя. Пiдстановка (2) дозволяє побудувати бiльш загальний
анзац, а саме: анзац (2) будемо вважати частинним випадком анзацу

u = f(x)ϕ(ω1, . . . , ωk, ωk+1, . . . , ωl) + g(x) (3)

де ωk+1, . . . , ωl — невiдомi змiннi, якi необхiдно визначити. Змiннi ωk+1, . . . , ωl
будемо визначати з умови, що редуковане рiвняння, яке вiдповiдає анзацу (3),
збiгається з редукованим рiвнянням, що вiдповiдає анзацу (2).
Розглянемо, наприклад, симетрiйний анзац u = ϕ(ω1), ω1 = x2

0 − x2
1 − x2

2 − x2
3.

Узагальнений анзац u = ϕ(ω1, ω2) буде редукувати чотивимiрне рiвняння (1) до
рiвняння

4ω1ϕ11 + 8ϕ1 + 2ϕ12AµB
µ + ϕ2�ω2 + ϕ22(Bµ)2 + F (ϕ) = 0,

Aµ ≡ ∂ω1

∂xµ
, Bµ ≡ ∂ω1

∂xµ
, ϕkl ≡ ∂2ϕ

∂xk∂xl
, ϕk ≡ ∂ϕ

∂xk
.

(4)

Накладемо на рiвняння (4) умову, щоб воно збiгалося з редукованим рiвнянням

4ω1ϕ11 + 8ϕ1 + F (ϕ) = 0. (5)

Доповiдi НАН України, 1996, № 10, С. 48–51.
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При цьому припущенi рiвняння (4) розпадається на два рiвняння

4ω1ϕ11 + 8ϕ1 + F (ϕ) = 0, (6)

(Bµ)2ϕ22 + ϕ2�ω2 + 2ϕ12AµB
µ = 0. (7)

Важливо пiдкреслити, що (6) є звичайним диференцiальним рiвнянням. Очеви-
дно, що якщо знайти таке ϕ, яке задовольняє систему (6), (7), то ми побудуємо
розв’язок (1). Рiвняння (7) буде виконутуватися для довiльної функцiї ϕ, якщо
на змiнну ω2 накласти умови

�ω2 = 0, (Bµ)2 =
∂ω1

∂xµ

∂ω2

∂xµ
= 0, (8)

AµB
µ ≡ ∂ω1

∂xµ

∂ω2

∂xµ
= 0. (9)

Отже, якщо нову змiнну ω2 вибрати так, щоб задовольнялись умови (8), (9),
то багатовимiрне рiвняння (1) редукується до звичайного диференцiального рiв-
няння (6) i його розв’язки дадуть нам розв’язки рiвняння (1). Проблема редукцiї
зведена до побудови загальних або частинних розв’язкiв системи (8), (9).
Перевизначена система (8) детально вивчена в роботах [4–6]. Рiвняння (8) має

унiкальнi властивостi:
а) загальний розв’язок (8) задається формулою [5]

aµ(ω2)xµ + b(ω2) = 0, (10)

aµ(ω2)aµ(ω2) = a2
0 − a2

1 − a2
2 − a2

3 = 0; (11)

б) довiльна функцiя вiд розв’язку (8) є знову розв’язком [6]. Використаємо
формули (10), (11) для побудови у явному виглядi функцiй ω2. З (9)–(11) випли-
ває, що b(ω2) = 0. Отже, рiвняння

aµ(ω2)xµ = a0(ω2)x0 − a1(ω2)x1 − a2(ω2)x2 − a3(ω2)x3 = 0, (12)

a2
0 − a2

1 − a2
2 − a2

3 = 0, (13)

задають умови, коли рiвняння (1) редукується до звичайного диференцiального
рiвняння (6). Розв’язавши систему (12), (13), знаходимо явний вигляд змiнної ω2.

2. Побудуємо за наведеним способом деякi класи точних розв’язкiв рiвняння
Даламбера

�u+ λuk = 0, k �= 1. (14)

Шукаємо розв’язки (14) у виглядi

u = ϕ(ω1, ω2), ω1 = βµx
µ, βµβ

µ = −1, (15)

βµ — довiльнi параметри.
У цьому випадку система для визначення ω2 має вигляд (10), (11) з додатко-

вою умовою

βµ
∂ω2

∂xµ
= 0, βµβ

µ = −1. (16)
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Рiвняння (14) редукується до

d2ϕ(ω1ω2)
dω2

1

− λϕk = 0. (17)

Багатопараметрична сiм’я розв’язкiв рiвняння (19) має вигляд

u =
{
λ(1 − k)2(βµxµ + ω2)

2(k + 1)

} 1
1−k

, k �= −1, (18)

де ω2 — довiльний розв’язок системи функцiональних рiвнянь

a0(ω2)x0 − a1(ω2)x1 − a2(ω2)x2 − a3(ω2)x3 = 0,
a2
0 − a2

1 − a2
2 − a2

3 = 0, aµ(ω2)βµ = 0.
(19)

Таким чином, формула (18) визначає розв’язок рiвняння (14), якщо ω2 є будь-
яким розв’язком системи (19). Розв’язки (14), якi одержанi в [2] методом симе-
трiйної редукцiї, належать множинi (18).

3. Побудуємо розв’язки (14) за допомогою анзацу

u = ϕ(ω1, ω2, ω3). (20)

Задамо функцiї ω1 i ω2 у виглядi [7]

ω1 = x2
0 − x2

1 − x2
2, ω2 = x3. (21)

Анзац (20), (21) редукує (14) до рiвняння

4ω1ϕ11 + 6ϕ1 − ϕ22 + λϕk = 0, (22)

якщо

�ω3 = 0,
(
∂ω3

∂xµ

)2

= 0, (23)

∂ω1

∂xµ

∂ω3

∂xµ
= 0,

∂ω2

∂xµ

∂ω3

∂xµ
= 0. (24)

Розв’язок рiвняння (14) задається формулою

u1−k =
λ(1 − k)2

4(k − 2)
[
x2

0 − x2
1 − x2

2 − (x3 + h(ω3))2
]
, (25)

λ �= 0, h(ω3) — довiльна функцiя вiд розв’язку системи (22), (23).
Розв’язки рiвняння Лiувiлля

�u+ λ exp(u) = 0,

побудованi за наведеним способом, задаються формулою

u = ln
4

λ [x2
0 − x2

1 − x2
2 − (x3 + h(ω3))2]

.
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4. Розглянемо нелiнiйне рiвняння Шродiнгера

i
∂Ψ
∂t

= χ∆Ψ + F (|ϕ|) Ψ, Ψ = Ψ(t, x1, x2, x3). (26)

Формула

Ψ = exp
{
i(x2

1 + x2
2 + x2

3)
4χt

}
ϕ(ω1, ω2)

є анзацем для рiвняння (25), якщо ω1 = t, а ω2 задовольняє рiвнянням

i
∂ω2

∂t
= χ∆ω2, (27)

(
∂ω2

∂x1

)2

+
(
∂ω2

∂x2

)2

+
(
∂ω2

∂x3

)2

= 0. (28)

Редуковане рiвняння має вигляд

i
∂ϕ

∂ω1
− 3i

2ω1
ϕ− ϕF (|ϕ|) = 0. (29)

Таким чином, формула (26) задає сiм’ю розв’язкiв нелiнiйного багатовимiр-
ного рiвняння Шродiнгера (25), якщо ϕ задовольняє (29), а ω2 є розв’язком (27),
(28).
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Симетрiйна редукцiя як метод
розмноження розв’язкiв систем лiнiйних
диференцiальних рiвнянь

В.I. ФУЩИЧ, Л.Л. БАРАННИК

We propose to use the symmetry reduction method to reproduce solutions for systems
of linear differential equations on their traces with respect to generators of invari-
ance algebra. By means of this approach, new exact solutions of the one-dimensional
Schrödinger equation with potential are constructed.

Постановка задачi. Нехай S — система лiнiйних диференцiальних рiвнянь з
n незалежними змiнними x1, . . . , xn i m шуканими функцiями u1, . . . , um. Кожен
лiнiйний оператор симетрiї [1]

Y = ξi(x)
∂

∂xi
+B(x), x = (x1, . . . , xn)

системи S переводить будь-який її розв’язок в розв’язок цiєї ж системи (по iнде-
ксах, що повторюються, проводиться пiдсумовування).
У цiй роботi метод редукцiї [2] буде використано для вiдтворення розв’язку

системи S за його образами вiдносно генераторiв алгебри симетрiї розглядуваної
системи. За допомогою цього пiдходу знайдено новi точнi розв’язки лiнiйного
рiвняння Шрoдiнгера з потенцiалом.

Обгрунтування пiдходу. Надалi, говорячи про алгебру симетрiй системи S,
ми маємо на увазi алгебру симетрiй в сенсi Лi [1–3]. Припустимо, що для S iснує
нетривiальна алгебра симетрiй. Нехай вона породжується скiнченновимiрною ал-
геброю Лi K операторiв вигляду

ξi(x)
∂

∂xi
+ bkq(x)uq

∂

∂uk
(1)

i операторами

X = fj(x)
∂

∂uj
,

де u =
(
f1(x), . . . , fm(x)

)
є довiльним розв’язком системи S. Для проведення

симетрiйної редукцiї нам потрiбнi тiльки такi пiдалгебри Лi алгебри K, якi не
мiстять операторiв виду (1) з умовою ξi(x) = 0 для всiх i = 1, . . . , n. Нехай L —
одна з цих пiдалгебр i нехай Y1, Y2, . . . , Ys — її базис. Припустимо, що

[Yα, Yβ ] = CγαβYγ (α, β, γ = 1, 2, . . . , s). (2)

Доповiдi НАН України, 1996, № 12, С. 44–49.
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Означення. Слiдом розв’язку
(
f1(x), . . . , fm(x)

)
на операторовi Yα будемо на-

зивати такий розв’язок
(
f

(α)
1 (x), . . . , f (α)

m (x)
)
системи S, що[

Yα, fj(x)
∂

∂uj

]
= f

(α)
j (x)

∂

∂uj
.

Якщо

Yα = ξαi (x)
∂

∂xi
+ bαkq(x)uq

∂

∂uk
,

то

f
(α)
j = ξαi (x)

∂fj
∂xi

− bαjqfq. (3)

Слiд
(
f

(α)
1 (x), . . . , f (α)

m (x)
)
є, очевидно, образом розв’язку

(
f1(x), . . . , fm(x)

)
вiдносно оператора

ξαi (x)
∂

∂xi
−Bα(x),

де

Bα(x) = (bαkq(x)).

Твердження 1. Послiдовнiсть розв’язкiв (f1α, . . . , fmα) (α = 1, . . . , s) системи
S є послiдовнiстю слiдiв деякого розв’язку системи S на генераторах Y1, . . . , Ys
вiдповiдно алгебри L тiльки тодi, коли

Yα(fjβ) − Yβ(fjα) = Cγαβfjγ (j = 1, . . . ,m; α, β, γ = 1, . . . , s).

Справедливiсть твердження 1 випливає з комутацiйних спiввiдношень (2).
Твердження 2. Розв’язок системи S є L-iнварiантним тодi i тiльки тодi,
коли його слiди на генераторах цiєї пiдалгебри є нульовими.
Твердження 3. Розв’язки u = f(x) i u = f ′(x) системи S мають однаковi
слiди на вiдповiдних генераторах пiдалгебри L тодi i тiльки тодi, коли розв’язок
u = f(x) − f ′(x) є L-iнварiантним.
На пiдставi твердження 3 розв’язок вiдтворюється за своїми слiдами на гене-

раторах алгебри L не однозначно, а з точнiстю до доданкiв, що є L-iнварiантними
розв’язками (будемо говорити: з точнiстю до L-iнварiантних розв’язкiв).
Теорема. Для того, щоб розв’язок (f1, . . . , fm) системи S мав слiд (f1α, . . . ,
fmα) на генераторi Yα (α = 1, . . . , s) пiдалгебри L, необхiдно i достатньо, щоб
(f1, . . . , fm) був L̃-iнварiантним розв’язком, де L̃ — алгебра Лi з базисом

Ỹα = Yα + fjα
∂

∂uj
(α = 1, . . . , s).

Доведення. Нехай

uj = fj(x) (j = 1, . . . ,m) (4)
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є L̃-iнварiантним розв’язком системи S. Тодi

Ỹα(uj − fj) = bαjquq + fjα − ξαi
∂fj
∂xi

∣∣∣
(4)

= bαjqfq + fjα − ξαi
∂fj
∂xi

= 0,

звiдки випливає, що

fjα = ξαi
∂fj
∂xi

− bαjqfq
(3)
= f

(α)
j .

Це означає, що розв’язок (f1α, . . . , fmα) є слiдом розв’язку (f1, . . . , fm) на Yα
(α = 1, . . . , s). Аналогiчно доводиться i обернене твердження теореми.
Наслiдок. L̃-iнварiантнi розв’язки системи S i тiльки вони мають ту вла-
стивiсть, що їх слiд на Yα збiгається з (f1α, . . . , fmα) (α = 1, . . . , s).

Розмноження розв’язкiв рiвняння Шродiнгера. Як встановлено в [4, 5],
одновимiрне рiвняння Шродiнгера з потенцiалом

i�
∂ψ

∂t
= − �

2

2m
∂2ψ

∂x2
+ V (x)ψ (5)

має нетривiальну алгебру симетрiй тодi i тiльки тодi, коли V (x) збiгається з
однiєю з таких функцiй:

ax+ b,
c

x2
+ k2x2,

c

x2
− k2x2, (6)

a, b, c, k — дiйснi числа, причому k ≥ 0, a �= 0 або a = b = 0.
Домовимося розв’язком рiвняння (5) називати пару дiйсних функцiй f(t, x),

g(t, x), пов’язаних з хвильовою функцiєю ψ(t, x) формулою ψ(t, x) = f(t, x) +
ig(t, x).
Рiвняння (5) рiвносильне системi Шродiнгера

∂f

∂t
+
∂2g

∂x2
− gV (x) = 0,

∂g

∂t
− ∂2f

∂x2
+ fV (x) = 0.

(7)

Використовуючи доведену теорему та наслiдок з неї, знайдемо деякi розв’язки
системи (7) для потенцiалiв (6).

1. Випадок V (x) = 0. При цiй умовi система (7) є iнварiантною вiдносно
операторiв

D = 2t
∂

∂t
+ x

∂

∂x
, Z = f

∂

∂f
+ g

∂

∂g
.

Вiдтворимо розв’язок системи (7) за його слiдом f = x2 − 2t, g = x2 + 2t на
операторi D+Z. Для цього згiдно наслiдку з теореми потрiбно знайти розв’язки
системи (7), iнварiантнi вiдносно оператора

Ỹ = D + Z + (x2 − 2t)
∂

∂f
+ (x2 + 2t)

∂

∂g
.

Оператор Ỹ має такi основнi iнварiанти:

fx−1 − ω − 2
ω

x, gx−1 − ω + 2
ω

x, ω =
x2

t
.
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Вiдповiдний їм анзац

f = xϕ1(ω) + (ω − 2)t, g = xϕ2(ω) + (ω + 2)t (8)

редукує систему (7) до системи

−ωϕ̇1 + 6ϕ̇2 + 4ωϕ̈2 = 0,
ωϕ̇2 + 6ϕ̇1 + 4ωϕ̈1 = 0.

(9)

Система (9) має розв’язок

ϕ1 = −γ 2√
ω

cos
ω

4
− δ

2√
ω

sin
ω

4
−
√

2π
[
γS
(ω

4

)
− δC

(ω
4

)]
,

ϕ2 = −γ 2√
ω

sin
ω

4
+ δ

2√
ω

cos
ω

4
+
√

2π
[
γC
(ω

4

)
+ δS

(ω
4

)]
,

де C
(
ω
4

)
, S
(
ω
4

)
— вiдповiдно косинус- i синус-iнтеграл Френеля [6]. Пiдставляючи

вирази для ϕ1 i ϕ2 в формули (8), одержуємо вiдтворений розв’язок рiвняння
Шредiнгера (5)

u = {x2 − 2t} − 2
√
t

(
γ cos

x2

4t
+ δ sin

x2

4t

)
−
√

2πx
[
γS
(
x2

4t

)
− δC

(
x2

4t

)]
,

v = {x2 + 2t} − 2
√
t

(
γ sin

x2

4t
− δ cos

x2

4t

)
+
√

2πx
[
γC
(
x2

4t

)
+ δS

(
x2

4t

)]
.

Зауважимо, що у фiгурних дужках подано компоненти вихiдного розв’язку. Вна-
слiдок лiнiйностi i однорiдностi рiвняння (5) пiсля вилучення з поданих виразiв
цих компонент ми знову одержимо розв’язок рiвняння (5).

2. Випадок W (x) = ax + b (a �= 0). Якщо на операторi T = ∂
∂t розв’язок має

слiд

f = C1 cos
(
−atx− a2

3
t3 − bt+ C2

)
, g = C1 sin

(
−atx− a2

3
t3 − bt+ C2

)
,

де

C1 =
3
√

2
2
a, C2 =

3π
4

+ 2πq або C1 = −3
√

2
2
a, C2 = −π

4
+ 2πq, q ∈ Z,

то з точнiстю до 〈T 〉-iнварiантних розв’язкiв його можна подати у виглядi

f = C1

∫ t

0

cos
(
−atx− a2

3
t3 − bt+ C2

)
dt+

+ (−ax− b)1/2
[
Z(1)

1/3

(
− 2

3a
(−ax− b)3/2

)
+

+
1
2
Γ
(

1
3

)
Γ
(

2
3

) ∞∑
l=0

(−1)l
(
− 1

3a (−ax− b)3/2
)1+2l

Γ
(

4
3 + l

)
Γ
(

5
3 + l

) ]
,
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g = C1

∫ t

0

sin
(
−atx− a2

3
t3 − bt+ C2

)
dt+

+ (−ax− b)1/2
[
Z(2)

1/3

(
− 2

3a
(−ax− b)3/2

)
+

+
1
2
Γ
(

1
3

)
Γ
(

2
3

) ∞∑
l=0

(−1)l
(
− 1

3a (−ax− b)3/2
)1+2l

Γ
(

4
3 + l

)
Γ
(

5
3 + l

) ]
,

при цьому x ≤ − b
a . В наведених формулах Z

(j)
ν (z) = A(j)Jν(z)+B(j)Yν(z), Z(j)

ν (z)
— цилiндрична функцiя, Jν(z), Yν(z) — функцiї Бесселя першого та другого роду
вiдповiдно [7].

3. Випадок V (x) = c
x2 (c �= 0). Наведемо два розв’язки, якi заданi своїми

слiдами на операторi T .
Якщо c = − 1

4 i слiдом є розв’язок

f = x1/2(A1 +A2 lnx), g = x1/2(B1 +B2 lnx),

то вiдтворений розв’язок має вигляд

f = x1/2 (A1 +A2 lnx) t+ x1/2 (K1 +K2 lnx) + x5/2

(
B1 −B2

4
+
B2

4
lnx
)
,

g = x1/2 (B1 +B2 lnx) t+ x1/2 (L1 + L2 lnx) + x5/2

(
A2 −A1

4
− A2

4
lnx
)
.

Якщо c > − 1
4 , а слiдом є розв’язок

f = A1x
γ +A2x

δ, g = B1x
γ +B2x

δ,

де γ = 1+
√

1+4c
2 , δ = 1−√

1+4c
2 , то пiсля вiдтворення вiдносно оператора T отри-

маємо розв’язок

f = (A1x
γ +A2x

δ)t+K1x
γ +K2x

δ +

+
B1

(γ + 2)(γ + 1) − c
xγ+2 +

B2

(δ + 2)(δ + 1) − c
xδ+2,

g = (B1x
γ +B2x

δ)t+ L1x
γ + L2x

δ −
− A1

(γ + 2)(γ + 1) − c
xγ+2 − A2

(δ + 2)(δ + 1) − c
xδ+2.

1. Фущич В.И., Никитин А.Г., Симметрия уравнений квантовой механики, М., Наука, 1990,
400 с.

2. Fushchych W., Shtelen W., Serov N., Symmetry analysis and exact solutions of equations of
nonlinear mathematical physics, Dordrecht, Kluver Academic Publishers, 1993, 436 c.

3. Ovsyannikov L.V., Group analysis of differential equations, New York, Academic Press, 1982,
400 p.

4. Anderson R., Kumei S., Wulfman C. Invariants of the equations of wave mechanics, I, II, Rev.
Mexicana Fis., 1972, 21, 1–33, 35–57.

5. Boyer C., The maximal kinematical invariance group for an arbitrary potential, Helv. Phys.
Acta, 1974, 47, 589–605.

6. Прудников А.П., Брычков Ю.А., Маричев О.И., Интегралы и ряды, М., Наука, 1981, 800 с.
7. Камке Э., Справочник по обыкновенным дифференциальным уравнениям, М., Наука, 1971,
576 с.



W.I. Fushchych, Scientific Works 2004, Vol. 6, 10–23.

Галiлей-iнварiантнi рiвняння типу
Бюргерса та Кортевега–де-Фрiза
високого порядку
В.I. ФУЩИЧ, В.М. БОЙКО

We describe nonlinear Galilei-invariant higher-order equations of Burgers and Korte-
weg–de Vries types. We study symmetry properties of these equations and construct
new nonlinear extentions for the Galilei algebra AG(1, 1).

Описанi нелiнiйнi галiлей-iнварiантнi рiвняння типу Бюргерса та Кортевега–де-
Фрiза високого порядку. Дослiджено симетрiйнi властивостi цих рiвнянь. Побу-
дованi новi нелiнiйнi розширення для алгебри Галiлея AG(1, 1).

Розглянемо нелiнiйнi одновимiрнi рiвняння вигляду

u(0) + uu(1) = F
(
u(2), u(3), . . . , u(n)

)
, (1)

де u = u(t, x); u(0) = ∂u
∂t ; u(n) = ∂nu

∂xn ; F
(
u(2), u(3), . . . , u(n)

)
— довiльна гладка фун-

кцiя, F �= const.
До класу рiвнянь (1) належать широко вiдомi рiвняння гiдродинамiки, такi

як рiвняння простої хвилi, Бюргерса, Кортевега–де-Фрiза, Кортевега–де-Фрiза–
Бюргерса:

∂u

∂t
+ u

∂u

∂x
= 0, (2)

∂u

∂t
+ u

∂u

∂x
+ µ

∂2u

∂x2
= 0, (3)

∂u

∂t
+ u

∂u

∂x
+ β

∂3u

∂x3
= 0, (4)

∂u

∂t
+ u

∂u

∂x
+ µ

∂2u

∂x2
+ β

∂3u

∂x3
= 0. (5)

Рiвняння (2)–(5) широко використовуються для опису реальних хвильових
процесiв в гiдродинамiцi, зокрема теорiї мiлкої води, акустицi [1–4]. Дослiдженню
рiвнянь такого типу, зокрема, їх симетрiйних властивостей, присв’ячено ряд пуб-
лiкацiй [5–9].
Ми розглянемо деякi новi узагальнення рiвнянь типу (2)–(5) високого поряд-

ку з теоретико-алгебраїчної точки зору. Проведемо їх симетрiйну класифiкацiю,
побудуємо деякi класи точних розв’язкiв.
Спочатку сформулюємо твердження про лiївську симетрiю деяких з рiвнянь

(1). Розглянемо рiвняння:

u(0) + uu(1) = F
(
u(2)

)
, (6)

Укр. мат. журн., 1996, 48, № 12, С. 1589–1601.
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u(0) + uu(1) = F
(
u(3)

)
, (7)

u(0) + uu(1) = F
(
u(4)

)
. (8)

Теорема 1.Максимальною алгеброю iнварiантностi рiвняння (6) в залежностi
вiд F

(
u(2)

)
є такi алгебри Лi:

1) 〈P0, P1, G〉, якщо F
(
u(2)

)
— довiльна;

2) 〈P0, P1, G, Y1〉, якщо F
(
u(2)

)
= λ
(
u(2)

)k, k = const; k �= 0; k �= 1; k �= 1
3 ;

3) 〈P0, P1, G, Y2〉, якщо F
(
u(2)

)
= lnu(2);

4) 〈P0, P1, G,D,Π〉, якщо F
(
u(2)

)
= λu(2);

5) 〈P0, P1, G,R1, R2, R3, R4〉, якщо F
(
u(2)

)
= λ
(
u(2)

)1/3.
В умовах теореми λ = const, λ �= 0, а для базисних елементiв алгебр Лi

використовуються наступнi позначення:

P0 = ∂t, P1 = ∂x, G = t∂x + ∂u,

Y1 = (k + 1)t∂t + (2 − k)x∂x + (1 − 2k)u∂u,

Y2 = t∂t +
(

2x− 3
2
t2
)
∂x + (u− 3t)∂u,

D = 2t∂t + x∂x − u∂u, Π = t2∂t + tx∂x + (x− tu) ∂u,
R1 = 4t∂t + 5x∂x + u∂u, R2 = u∂x,

R3 = (2tu− x) ∂x + u∂u, R4 = (tu− x) (t∂x + ∂u) .

Доведення. Зауважимо, що в рiвняннi

u(0) + uu(1) = F
(
u(n)

)
+ C,

константу C можна завжди покласти рiвною нулевi, виконавши замiну змiнних

t̃ = t, x̃ = x− 1
2
Ct2, ũ = u+ Ct. (9)

Симетрiйну класифiкацiю (6) проводимо в класi диференцiальних операторiв
першого порядку

X = ξ0(t, x, u)∂t + ξ1(t, x, u)∂x + η(t, x, u)∂u. (10)

Знайшовши друге продовження оператора (10), умову iнварiантностi для рiвня-
ння (6), згiдно з пiдходом Лi [5, 6], запишемо у виглядi

X
2

(
u(0) + uu(1) − F

(
u(2)

))∣∣∣
u(0)=F(u(2))−uu(1)

≡ 0, (11)

де

X
2

= X +
{
ηα + ηuuα − uj(ξjα + ξjuuα)

}
∂uα

+

+
{
ηαi + ηαuui + ηiuuα + ηuuuiuα + ηuuαi − uji(ξjα + ξjuuα) −

− uj(ξ
j
αi + ξjαuui + ξjiuuα + ξjuuuαui + ξjuuαi) − uαj(ξ

j
i + ξjuui)

}
∂uαi

,

α, i, j = 0; 1.
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Розписавши умову (11), пiсля розщеплення за похiдними u01, u1 отримуємо
систему визначальних рiвнянь на ξ0, ξ1, η, F (через нижнi iндекси позначено
диференцiювання по вiдповiднiй змiннiй):

ξ01 = 0, ξ0u = 0, ξ1uu = 0, ηuu = 2ξ11u, (12)

η − ξ10 + u
(
ξ00 − ξ11

)− Fξ1u − Fu11

(
2η1u − ξ111 − 3u11ξ

1
u

)
= 0,

η0 + ηuF − ξ00F + uη1 − Fu11

(
η11 + u11(ηu − 2ξ11)

)
= 0.

(13)

Розв’язок (12) можна записати у виглядi

ξ0 = p(t), ξ1 = a(t, x)u+ b(t, x),
η = a1(t, x)u2 + c(t, x)u+ d(t, x),

(14)

де p(t), a(t, x), b(t, x), c(t, x), d(t, x) — гладкi функцiї, що пiдлягають визначеню.
Пiдставивши (14) в (13), пiсля розщеплення за степеннями u, одержуємо систему
рiвнянь для визначення p, a, b, c, d, F :

c+ p0 − a0 − b1 = 0, d− b0 − aF − Fu11(2c1 − b11 − 3au11) = 0,
a11 = 0, a01 + c1 = 0, c0 + 2a1F + d1 − c11Fu11 = 0,
d0 + cF − p0F − Fu11

(
d11 + u11(c− 2b1)

)
= 0.

(15)

В залежностi вiд вигляду F розв’язання системи (15) зводиться до одного з на-
ступних випадкiв:

Випадок I. F — довiльна функцiя. Розщепивши (15) по похiдних функцiї F ,
одержуємо систему

a = 0, c1 = 0, d0 = 0, c+ p0 − b1 = 0,
d− b0 = 0, c0 + d1 = 0, c− p0 = 0, c− 2b1 = 0,

розв’язок якої визначає випадок 1 теореми 1.
Випадок II. Fu11u11 = 0 (F �= const). Отже

F = λu11 + λ0, λ0, λ = const, λ �= 0. (16)

Внаслiдок замiни змiнних (9) можна покласти λ0 = 0. Пiдставивши (16) в (15),
пiсля розщеплення по u11 одержуємо

a = 0, c1 = 0, c0 + d1 = 0, p0 = 2b1,
c+ p0 − b1 = 0, d− b0 = 0, d0 = 0.

(17)

Розв’язок системи (17) визначає вигляд базисних елементiв у випадку 4 теоре-
ми 1.

Випадок III. Fu11u11 �= 0. Диференцiюючи друге рiвняння системи (15) по u11,
пiсля спрощення одержуємо

2aFu11 − Fu11u11(2c1 − b11 − 3au11) = 0. (18)

Оскiльки Fu11u11 �= 0, тодi роздiливши (18) на Fu11u11 i продиференцiювавши по
u11, одержуємо

2a
(

Fu11

Fu11u11

)
u11

+ 3a = 0. (19)
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Необхiдно розглянути випадки a = 0 i a �= 0. Якщо a = 0, тодi з системи (15),
одержуємо випадки 2 та 3 теореми. Випадок 5 теореми одержуємо з (19), (15),
якщо a �= 0. Теорема доведена.
Теорема 1 уточнює результат отриманий в [8]. Рiвняння Бюргерса (3), як ча-

стинний випадок (6), включається в випадок 4 теореми 1.
Слiд зазначити, що найбiльш широку симетрiю в класi рiвнянь (6) (7-вимiрна

алгебра) має рiвняння

u(0) + uu(1) = λ
(
u(2)

)1/3
, (20)

Оператори 〈P0, P1, G,R1, R2, R3, R4〉, що визначають алгебру iнварiантностi (20),
задовольняють наступнi комутацiйнi спiввiдношення:

P0 P1 G R1 R2 R3 R4

P0 0 0 P1 4P0 0 2R2 R3

P1 0 0 0 5P1 0 −P1 −G
G −P1 0 0 G P1 G 0
R1 −4P0 −5P1 −G 0 −4R2 0 4R4

R2 0 0 −P1 4R2 0 −2R2 −R3

R3 −2R2 P1 −G 0 2R2 0 −2R4

R4 −R3 −G 0 −4R4 R3 2R4 0

Для зручностi, ми використовуємо таблицi для задання комутацiйних спiввiд-
ношень мiж базисними елементами алгебр Лi. Так, за допомогою наведеної вище
таблицi визначаємо

[P0, R1] = 4P0.

Наведемо cкiнченнi перетворення, що вiдповiдають операторам G, R1, R2, R3,
R4:

G : t→ t̃ = t,
x→ x̃ = x+ θt,
u→ ũ = u+ θ,

R1 : t→ t̃ = t exp(4θ),
x→ x̃ = x exp(5θ),
u→ ũ = u exp(θ),

R2 : t→ t̃ = t
x→ x̃ = x+ θu,
u→ ũ = u,

R3 : t→ t̃ = t,
x→ x̃ = x exp(−θ) + tu exp(θ),
u→ ũ = u exp(θ),

R4 : t→ t̃ = t,
x→ x̃ = x+ θt (ut− x) ,
u→ ũ = u+ θ(ut− x),

θ — груповий параметр.
Наведемо точний розв’язок (20) (нижче вказується оператор, анзац, редуко-

ване рiвняння та отриманий внаслiдок редукцiї та iнтегрування редукованого
рiвняння розв’язок):
оператор: R3 = (2tu− x) ∂x + u∂u,
анзац: xu− tu2 = ϕ(t),
редуковане рiвняння: ϕ′ = λ(2ϕ)1/3,
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розв’язок:

xu− tu2 =
1
2

(
4
3
λt+ C

)3/2

. (21)

Формула (21) задає сiм’ю точних розв’язкiв рiвняння (20) у неявному виглядi.
Теорема 2.Максимальною алгеброю iнварiантностi рiвняння (7) в залежностi
вiд F

(
u(3)

)
є такi алгебри Лi:

1) 〈P0, P1, G〉, якщо F
(
u(3)

)
— довiльна;

2) 〈P0, P1, G, Y3〉, якщо F
(
u(3)

)
= λ
(
u(3)

)k, k = const; k �= 0; k �= 3
4 ;

3) 〈P0, P1, G, Y4〉, якщо F
(
u(3)

)
= lnu(3);

4) 〈P0, P1, G,D,Π〉, якщо F
(
u(3)

)
= λ
(
u(3)

)3/4.
В умовах теореми λ = const, λ �= 0,

Y3 = (2k + 1)t∂t + (2 − k)x∂x + (1 − 3k)u∂u,

Y4 = t∂t +
(

2x− 5
2
t2
)
∂x + (u− 5t)∂u.

Доведення теореми 2 проводиться аналогiчно доведенню теореми 1. Рiвнян-
ня Кортевега–де-Фрiза (4), як частинний випадок (7), включається у випадок 2
теореми 2 при k = 1.
Теорема 3.Максимальною алгеброю iнварiантностi рiвняння (8) в залежностi
вiд F

(
u(4)

)
є такi алгебри Лi:

1) 〈P0, P1, G〉, якщо F
(
u(4)

)
— довiльна;

2) 〈P0, P1, G, Y5〉, якщо F
(
u(4)

)
= λ
(
u(4)

)k, k = const; k �= 0; k �= 3
5 ;

3) 〈P0, P1, G, Y6〉, якщо F
(
u(4)

)
= lnu(4);

4) 〈P0, P1, G,D,Π〉, якщо F
(
u(4)

)
= λ
(
u(4)

)3/5.
В умовах теореми λ = const, λ �= 0,

Y5 = (3k + 1)t∂t + (2 − k)x∂x + (1 − 4k)u∂u,

Y6 = t∂t +
(

2x− 7
2
t2
)
∂x + (u− 7t)∂u.

Доведення теореми 3 проводиться аналогiчно доведенню теореми 1. Теореми
1–3 дають повну симетрiйну класифiкацiю рiвнянь (6)–(8). На основi теорем 1–3
сформулюємо деякi узагальнення стосовно симетрiї рiвняння (1).
Зауваження 1. Легко переконатися, шо рiвняння (1) при довiльнiй функцiї
F
(
u(2), u(3), . . . , u(n)

)
iнварiантне вiдносно алгебри Галiлея, яка визначається опе-

раторами P0, P1, G.
Проведемо тепер симетрiйний аналiз наступного рiвняння з класу (1)

u(0) + uu(1) = F
(
u(n)

)
. (22)

Теорема 4. Для довiльного натурального n ≥ 2 максимальною алгеброю iнварi-
антностi рiвняння

u(0) + uu(1) = lnu(n) (23)
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є 4-вимiрна алгебра 〈P0, P1, G,A1〉, де

A1 = t∂t +
(

2x− 2n− 1
2

t2
)
∂x +

(
u− (2n− 1)t

)
∂u.

Теорема 5. Для довiльного натурального n ≥ 2 максимальною алгеброю iнварi-
антностi рiвняння

u(0) + uu(1) = λ
(
u(n)

)k (24)

є 4-вимiрна алгебра 〈P0, P1, G,A2〉, де

A2 = ((n− 1)k + 1) t∂t + (2 − k)x∂x + (1 − nk)u∂u,

k, λ — дiйснi константи, k �= 0, k �= 3
n+1 , λ �= 0, при n = 2 додаткова умова

k �= 1
3(див. випадок 5 теореми 1).

Теорема 6. Для довiльного натурального n ≥ 2 максимальною алгеброю iнварi-
антностi рiвняння

u(0) + uu(1) = λ
(
u(n)

)3/(n+1)
, λ = const, λ �= 0 (25)

є 5-вимiрна алгебра

〈P0, P1, G,D,Π〉. (26)

Зауваження 2. Якщо в (25) n = 1, то одержуємо рiвняння

u(0) + uu(1) = λ
(
u(1)

)3/2
. (27)

Теорема 7. Максимальною алгеброю iнварiантностi рiвняння (27) є 4-вимiрна
алгебра 〈P0, P1, G,D〉.
Доведення теорем 4–7 проводиться за допомогою алгоритму Лi.

Зауваження 3. Досить цiкавим є той факт, що (26) визначає алгебру iнварiан-
тностi рiвняння (25) для будь-якого натурального n ≥ 2.
В таблицi наведено комутацiйнi спiввiдношення для операторiв (26):

P0 P1 G D Π
P0 0 0 P1 2P0 D
P1 0 0 0 P1 G
G −P1 0 0 −G 0
D −2P0 −P1 G 0 2Π
Π −D −G 0 −2Π 0

Зауваження 4. Оператори (26) визначають зображення узагальненої алгебри
Галiлея AG2(1, 1) [5].
Скiнченнi груповi перетворення, що вiдповiдають операторам D, Π в зобра-

женi (26):

D : t→ t̃ = t exp(2θ),
x→ x̃ = x exp(θ),
u→ ũ = u exp(−θ),

Π : t→ t̃ =
t

1 − θt
,

x→ x̃ =
x

1 − θt
,

u→ ũ = u+ (x− ut) θ,

θ — груповий параметр.
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Дослiдимо iнварiантнiсть рiвняння (1) вiдносно зображення (26). Вiрне насту-
пне твердження:

Теорема 8. Рiвняння (1) iнварiантне вiдносно узагальненої алгебри Галiлея
AG2(1, 1) (26) тодi i тiльки тодi, коли воно має вигляд

u(0) + uu(1) = u(2)Φ
(
ω3, ω4, . . . , ωn

)
, (28)

де Φ — довiльна гладка функцiя,

ωk =
1
u(2)

(
u(k)

)3/(k+1)
, u(k) =

∂ku

∂xk
, k = 3, . . . , n.

Доведення. Iнварiантнiсть рiвняння (1) вiдносно групи Галiлея очевидна. Ви-
яснимо, при яких F

(
u(2), . . . , u(n)

)
рiвняння (1) iнварiантне вiдносно перетворень,

що визначаються операторами D, Π. Використаємо алгоритм Лi. Подiявши n-м
продовженням оператора Π на рiвняння (1), одержимо

(x− tu)u(1) +
(−u− 3tu(0) − u(1)x

)
+

+
(
1 − 2tu(1)

)
u+ 3tu(2)Fu(2) + 4tu(3)Fu(3) + · · · + (n+ 1)tu(n)Fu(n) = 0.

Врахувавши (1), пiсля деяких спрощень отримуємо на F лiнiйне неоднорiдне
рiвняння в частинних похiдних першого порядку

3u(2)Fu(2) + 4u(3)Fu(3) + · · · + (n+ 1)u(n)Fu(n) = 3F. (29)

Загальний розв’язок (29) можна записати наступним чином

F = u(2)Φ(ω3, ω4, . . . , ωn) , (30)

де Φ — довiльна гладка функцiя,

ωk =
1
u(2)

(
u(k)

)3/(k+1)
, u(k) =

∂ku

∂xk
, k = 3, . . . , n.

Отже, якщо F
(
u(2), . . . , u(n)

)
визначається згiдно iз спiввiдношеннями (30), то-

дi рiвняння (1) буде iнварiантним вiдносно оператора Π. А з спiввiдношення
[P0,Π] = D випливає iнварiантнiсть рiвняння (28) вiдносно оператора D. Тео-
рема доведена.

До класу рiвнянь (28) належить рiвняння Бюргерса (3) (при Φ = const) та
рiвняння (25). Рiвняння (28) включає, як частинний випадок, наступне рiвняння,
яке можна трактувати як узагальнення рiвняння Бюргерса та використовувати
для опису хвильових процесiв

u(0) + uu(1) =
n∑
k=2

λk
(
u(k)

)3/(k+1)
, (31)

λk — довiльнi дiйснi константи.
В таблицi наведенi одновимiрнi пiдалгебри для алгебри (26) та вiдповiднi ан-

заци.
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анзац

P1 u = ϕ(t)

G u = ϕ(t) + xt−1

P0 + αG, α ∈ R u = ϕ
(
x− α

2
t2
)

+ αt

D u = t−1/2ϕ
(
xt−1/2

)
P0 + Π u = (t2 + 1)−1/2ϕ

(
x

(t2 + 1)1/2

)
+

tx

t2 + 1

Розглянемо зображення узагальненої алгебри Галiлея AG2(1, 1) (26). Ми опи-
шемо всi рiвняння другого порядку, що iнварiантнi вiдносно
алгебри Галiлея AG(1, 1) = 〈P0, P1, G〉,
розширеної алгебри Галiлея AG1(1, 1) = 〈P0, P1, G,D〉,
узагальненої алгебри Галiлея AG2(1, 1) = 〈P0, P1, G,D,Π〉.
Сраведливi наступнi твердження:

Теорема 9. Рiвняння другого порядку iнварiантне вiдносно алгебри Галiлея
AG(1, 1) тодi i тiльки тодi, коли воно має вигляд

Φ
(
u1;u11;u0 + uu1;u00u11 − (u01)2;u01 + uu11

)
= 0, (32)

де Φ — довiльна функцiя.
Теорема 10. Рiвняння другого порядку iнварiантне вiдносно розширеної алгебри
Галiлея AG1(1, 1) тодi i тiльки тодi, коли воно має вигляд

Φ
(

(u11)2

(u1)3
;
u0 + uu1

u11
;
u11u00 − (u01)2

(u1)4
;
u01 + uu11

(u1)2

)
= 0, (33)

де Φ — довiльна функцiя.
Теорема 11. Рiвняння другого порядку iнварiантне вiдносно узагальненої ал-
гебри Галiлея AG2(1, 1) тодi i тiльки тодi, коли воно має вигляд

Φ

((
u00u11 − (u01)2 + 4u0u1u11 + 2uu11(u1)2 − 2u01(u1)2 − (u1)4

)3
(u11)8

;

u0 + uu1

u11
;

(
u01 + uu11 + (u1)2

)3
(u11)4

)
= 0,

(34)

де Φ — довiльна функцiя.
Спiввiдношення (32)–(34) дають повний опис галiлей-iнварiантних рiвняння

другого порядку (зображення алгебри Галiлея та її розширень визначаються ба-
зисними операторами (26)).
На завершення наведемо результат симетрiйної класифiкацiї одного нелiнiй-

ного рiвняння гiдродинамiчного типу. В роботах [10, 11] запропоновано наступне
узагальнення рiвняння Нав’є–Стокса

λ1L�v + λ2L(L�v) = F
(
�v 2
)
�v + λ4∇p, (35)
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де

L ≡ ∂

∂t
+ vl

∂

∂xl
+ λ3�, l = 1, 2, 3,

�v =
(
v1, v2, v3

)
, vl = vl(t, �x), p = p(t, �x), ∇ — градiєнт, � — оператор Лапласа,

λ1, λ2, λ3, λ4 — довiльнi дiйснi параметри, F
(
�v 2
)
— довiльна гладка функцiя.

В одновимiрному скалярному випадку (при λ3 = 0, λ4 = 0) рiвняння (35) має
вигляд

λ1Lu+ λ2L(Lu) = F (u), (36)

де u = u(t, x), L ≡ ∂t + u∂x.
У тому випадку, коли λ2 = 0 та F (u) = 0, рiвняння (36) — рiвняння простої

хвилi. Якщо λ2 �= 0, тодi рiвняння (36) можна переписати у виглядi

L(Lu) + λLu = F (u), λ = const, (37)

або в розгорнутому виглядi

∂2u

∂t2
+ 2u

∂2u

∂t∂x
+
∂u

∂t

∂u

∂x
+ u

(
∂u

∂x

)2

+ u2 ∂
2u

∂x2
+ λ

(
∂u

∂t
+ u

∂u

∂x

)
= F (u).

Очевидно, що при довiльнiй F (u) рiвняння (37) iнварiантне вiдносно двови-
мiрної алгебри трансляцiй, яка визначається операторами

P0 = ∂t, P1 = ∂x. (38)

Проведемо симетрiйну класифiкацiю рiвняння (37), тобто опишемо функцiї
F (u), при яких рiвняння (37) допускає бiльш широкi алгебри Лi, нiж двовимiрна
алгебра трансляцiй (38). Наведемо деякi класи точних розв’язкiв рiвняння (37),
що задаються неявно. Зрозумiло, що для дослiдження симетрiї рiвняння (37)
принципово рiзними будуть випадки λ = 0 та λ �= 0. Якщо λ �= 0, то завжди
можна вважати λ ≡ 1 (iснує замiна змiнних ), тому ми розглянемо випадки λ = 0
та λ = 1.
I. Розглядаємо рiвняння (37) у випадку λ = 0, тобто рiвняння

L(Lu) = F (u). (39)

Випадок 1.1. F (u) — довiльна неперервно-диференцiйовна функцiя. Макси-
мальною алгеброю iнварiантностi рiвняння (39) у цьому випадку є двовимiрна
алгебра трансляцiй (38).

Випадок 1.2. F (u) = a exp (bu), a, b = const, a �= 0, b �= 0. Не обмежуючи
загальностi можна вважати, що b ≡ 1 (iснує замiна змiнних). Максимальною
алгеброю iнварiантностi рiвняння

L(Lu) = a exp (u) (40)

є 3-вимiрна алгебра з базисними операторами

P0, P1, Y = t∂t + (x− 2t)∂x − 2∂u. (41)
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Слiд вiдмiтити, що Y в (41) можна представити як лiнiйну комбiнацiю опера-
торiв дилатацiї та Галiлея

Y = (t∂t + x∂x) − 2(t∂x + ∂u) = D − 2G.

Оператори D та G комутують, тому перетворення, що вiдповiдають Y , можна
iнтерпретувати як деяку композицiю дилатацiйних та галiлеївських перетворень,
тобто як композицiю розтягу по t i x i перетворень Галiлея, хоча розширена ал-
гебра Галiлея не є алгеброю iнварiантностi рiвняння (40). Аналогiчнi результати
мають мiсце й для iнших випадкiв рiвняння (37).

Випадок 1.3. F (u) = a(u+b)p, a, b, p = const, a �= 0, p �= 0, p �= 1.Максимальною
алгеброю iнварiантностi рiвняння

L(Lu) = a(u+ b)p

є 3-вимiрна алгебра з базисними операторами

P0, P1, R = t∂t +
(
p− 3
p− 1

x− 2b
p− 1

t

)
∂x − 2

p− 1
(u+ b)∂u.

Випадок 1.4. F (u) = au + b, a, b = const, a �= 0. Внаслiдок замiни змiнних,
завжди можна покласти a ≡ 1 або a ≡ −1. Розглянемо цi випадки.
a) Алгеброю iнварiантностi рiвняння

L(Lu) = u+ b

є 7-вимiрна алгебра з базисними операторами

P0, P1, Y1 = (x+ bt)∂x + (u+ b)∂u,
Y2 = ch t∂x + sh t∂u, Y3 = sh t∂x + ch t∂u,
Y4 = ch t∂t + (x+ bt) sh t∂x + ((x+ bt) ch t+ b sh t)∂u,
Y5 = sh t∂t + (x+ bt) ch t∂x + ((x+ bt) sh t+ b ch t)∂u.

b) Алгеброю iнварiантностi рiвняння

L(Lu) = −u+ b

є 7-вимiрна алгебра з базисними операторами

P0, P1, R1 = (x− bt)∂x + (u− b)∂u,
R2 = cos t∂x − sin t∂u, R3 = sin t∂x + cos t∂u,
R4 = − cos t∂t + (x− bt) sin t∂x + ((x− bt) cos t− b sin t)∂u,
R5 = sin t∂t + (x− bt) cos t∂x − ((x− bt) sin t+ b cos t)∂u.

Випадок 1.5. F (u) = a, a = const. У випадку a �= 0 (iснує замiна змiнних) не
обмежуючи загальностi можна покласти a ≡ 1. Тому окремо розглянемо випадки
a = 0 та a = 1.
a) Максимальною алгеброю iнварiантностi рiвняння

L(Lu) = 0
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є 10-вимiрна алгебра з базисними операторами

P0, P1, G = t∂x + ∂u, D = t∂t + x∂x, D1 = x∂x + u∂u,

A1 =
1
2
t2∂t + tx∂x + x∂u, A2 =

1
2
t2∂x + t∂u, A3 = u∂t +

1
2
u2∂x,

A4 = (tu− x)∂t +
1
2
tu2∂x +

1
2
u2∂u,

A5 =
(
t2u− 2tx

)
∂t +

(
1
2
t2u2 − 2x2

)
∂x +

(
tu2 − 2xu

)
∂u.

(42)

b) Максимальною алгеброю iнварiантностi рiвняння

L(Lu) = 1

є 10-вимiрна алгебра з базисними операторами

P0, P1, G = t∂x + ∂u, A2 =
1
2
t2∂x + t∂u, B1 = t∂t + 3x∂x + 2u∂u,

B2 =
(
x− 1

6
t3
)
∂x +

(
u− 1

2
t2
)
∂u,

B3 =
1
2
t2∂t +

(
tx+

1
12
t4
)
∂x +

(
x+

1
3
t3
)
∂u,

B4 =
(
u− 1

2
t2
)
∂t +

(
1
2
u2 − 1

8
t4
)
∂x +

(
tu− 1

2
t3
)
∂u,

B5 =
(
tu− x− 1

3
t3
)
∂t +

(
1
2
tu2 − 1

2
t2x− 1

24
t5
)
∂x +

+
(

1
2
u2 +

1
2
t2u− tx− 5

24
t4
)
∂u,

B6 =
(
t2u− 2tx− 1

6
t4
)
∂t +

(
1
2
t2u2 − 2x2 − 1

3
t3x− 1

72
t6
)
∂x +

+
(
tu2 − 2xu+

1
3
t3u− t2x− 1

12
t5
)
∂u.

(43)

Слiд зазначити, що пiдалгебри 〈P0, P1, G〉, 〈A1,−A2, G〉 та 〈P0, P1, G〉, 〈B3,
−A2, G〉 в зображеннях (42) i (43) вiдповiдно визначають два рiзнi нееквiвален-
тних зображення алгебри Галiлея AG(1, 1).
II. Розглядаємо рiвняння (37) у випадку λ �= 0 (вважаємо, що λ ≡ 1).
Випадок 2.1. Максимальною алгеброю iнварiантностi рiвняння

L(Lu) + Lu = F (u),

якщо F (u) — довiльна функцiя, є 2-вимiрна алгебра (38).
Випадок 2.2. F (u) = au3 − 2

9u, a = const, a �= 0. Максимальною алгеброю
iнварiантностi рiвняння

L(Lu) + Lu = au3 − 2
9
u

є 3-вимiрна алгебра з базисними операторами

P0, P1, Z = exp
(

1
3
t

)(
∂t − 1

3
u∂u

)
.
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Випадок 2.3. F (u) = au + b, a, b = const, a �= 0. Алгеброю iнварiантностi
рiвняння

L(Lu) + Lu = au+ b

є 5-вимiрна алгебра з базисними операторами

P0, P1, Z1 =
(
x+

b

a
t

)
∂x +

(
u+

b

a

)
∂u,

а два iншi оператори в залежностi вiд значення константи a мають вигляд:
a) a = − 1

4

Z2 = exp
(
−1

2
t

)(
∂x − 1

2
∂u

)
, Z3 = exp

(
−1

2
t

)(
t∂x +

(
1 − 1

2
t

)
∂u

)
;

b) a > − 1
4 , a �= 0

Z4 = exp(αt)(∂x + α∂u), Z5 = exp(βt)(∂x + β∂u),

де

α =
−1 −√

4a+ 1
2

, β =
−1 +

√
4a+ 1

2
;

c) a < − 1
4

Z6 = exp(γt)(sin δt∂x + (γ sin δt+ δ cos δt)∂u),
Z7 = exp(γt)(cos δt∂x + (γ cos δt− δ sin δt)∂u),

де

γ = −1
2
, δ =

√−(4a+ 1)
2

.

Випадок 2.4. F (u) = a, a = const. Алгеброю iнварiантностi рiвняння

L(Lu) + Lu = a

є 5-вимiрна алгебра з базисними операторами

P0, P1, G = t∂x + ∂u,

Q1 =
(
x− a

2
t2
)
∂x + (u− at)∂u, Q2 = exp(−t)(∂x − ∂u).

Таким чином, проведена симетрiйна класифiкацiя рiвняння (37) (описанi ма-
ксимальнi алгебри iнварiантностi за виключенням випадкiв 1.4, 2.3, 2.4). Отрима-
нi новi, сутт’єво нелiнiйнi, зображення алгебр Лi, зокрема нелiнiйнi розширення
алгебри Галiлея AG(1, 1) (див. (42), (43)). Бiльш детальнiше результати симе-
трiйної класифiкацiї рiвняння (37) наведенi нами в [12, 13].
У випадку, коли рiвняння (37) має вигляд

L(Lu) + λLu = a, a, λ = const, (44)
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замiна змiнних

t = τ, x = ω + uτ, u = u (45)

дає можливiсть побудови загального розв’язку (44) (детальнiше див. [14]). Вна-
слiдок замiни змiнних (45)

L =
∂

∂t
+ u

∂

∂x
→ ∂τ , Lu =

∂u

∂t
+ u

∂u

∂x
→ uτ

1 + τuω
.

Рiвняння (44) пiсля виконання замiни матиме вигляд

∂τ

(
uτ

1 + τuω

)
+ λ

(
uτ

1 + τuω

)
= a. (46)

Один раз проiнтегрувавши рiвняння (46), необхiдно враховувати випадки λ, a =
0, або �= 0, отримуємо лiнiйне неоднорiдне рiвняння в частинних похiдних пер-
шого порядку. Знайшовши першi iнтеграли вiдповiдної системи рiвнянь характе-
ристик i виконавши обернену замiну змiнних, знаходимо розв’язки (44).
Зауваження 5. Розв’язком рiвняння 1 + τuω = 0 в змiнних (t, x, u) є x = f(t),
де f(t) — довiльна функцiя, тому (44) в цьому особливому випадку еквiвалентне
звичайному диференцiальному рiвнянню.
Наведемо деякi класи побудованих нами розв’язкiв для (44):
1) L(Lu) = 0

1.1) x− ut+
C

2
t2 = ϕ(u− Ct);

1.2) u± ln(x− ut∓ t) = ϕ
(
t2 − (x− ut)2

)
;

1.3) u+
t(x− ut)3

t2(x− ut)2 − 1
= ϕ

(
t2 − 1

(x− ut)2

)
;

1.4) u = ϕ

(
x− ut

exp (t2)

)
− x− ut

exp (t2)

∫
exp
(
t2
)
dt;

2) L(Lu) = a

x− ut+
a

3
t3 +

C

2
t2 = ϕ

(
u− a

2
t2 − Ct

)
;

3) L(Lu) + Lu = a

x− ut− C(t+ 1) exp(−t) +
a

2
t2 = ϕ (u+ C exp(−t) − at)

C = const, ϕ — довiльна функцiя.
Зауваження 6. Вище наведенi класи неявних розв’язкiв з однiєю довiльною
функцiєю. В загальному випадку розв’язки можна задавати в параметричнiй
формi.
Отже, в статтi побудованi новi нелiнiйнi галiлей-iнварiантнi узагальнення рiв-

нянь Бюргерса та Кортевега–де-Фрiза високого порядку. Описанi одновимiрнi
рiвняння другого порядку, якi iнварiантнi вiдносно узагальненої алгебри Галiлея.
Проведена симетрiйна класифiкацiя нелiнiйного одновимiрного рiвняння L(Lu)+
λLu = F (u), L = ∂t + u∂x, одержано новi нелiнiйнi розширення алгебри Галiлея.
Для F (u) = const побудованi деякi класи неявних розв’язкiв.
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Пониження порядку та загальнi розв’язки
деяких класiв рiвнянь математичної
фiзики
В.I. ФУЩИЧ, В.М. БОЙКО

The procedure of lowering the order and construction of general solutions for some
classes of partial differential equations is proposed. A number of examples are
presented. The classes of general solutions of some linear and nonlinear equations
of mathematical physics are constructed.

В данiй статi пропонується процедура пониження порядку та побудови загаль-
них розв’язкiв деяких класiв диференцiальних рiвнянь в частинних похiдних.
Розглянемо диференцiальне рiвняння в частинних похiдних

L(D[u]) + F (D[u]) = 0, (1)

де u = u(x), x = (x0, x1, . . . , xk); L — диференцiальний оператор першого порядку
(лiнiйний або нелiнiйний):

L ≡ ai(x, u)∂xi
, (2)

по i сумування вiд 0 до k; ai(x, u) — довiльнi гладкi функцiї, що одночасно не є
тотожними нулями; D[u] — диференцiальний вираз n-го порядку

D[u] = D
(
x, u, u(1), u(2), . . . , u(n)

)
, (3)

u(m) — набiр похiдних m-го порядку, m = 1, n; F — довiльна гладка функцiя
вiд D[u]. Як частинний випадок D[u] може залежати лише вiд x i u (в цьому
випадку будемо говорити, що порядок спiввiдношення (3) — нульовий). Таким
чином, (1) — рiвняння в частинних похiдних (n+ 1)-го порядку.
Для рiвнянь типу (1) пропонується простий спосiб пониження порядку та

побудови розв’язкiв, який базується на локальнiй замiнi змiнних, яка зводить
оператор (2) до оператора диференцiювання за однiєю з незалежних змiнних,
тобто деяка “дiагоналiзацiя”.
Вводимо замiну змiнних

τ = f0(x, u),

ωa = fa(x, u), a = 1, k,
z = u,

(4)

де z(τ, �ω) — нова залежна змiнна, �ω = (ω1, . . . , ωk).
Функцiї f0, fa визначаємо з умов

L(f0) = 1, L(fa) = 0, a = 1, k, (5)

Доповiдi НАН України, 1996, № 9, С. 43–48.



Пониження порядку та загальнi розв’язки деяких класiв рiвнянь 25

причому f1, . . . , fk, u повиннi утворювати повний набiр функцiонально незалеж-
них iнварiантiв оператора (2). А f0 вибираємо як деякий частинний розв’язок
рiвняння Ly = 1.
Спiввiдношення (5) визначають замiну змiнних (4), при якiй оператор L зво-

диться до оператора диференцiювання

L⇒ ∂τ . (6)

Знайшовши вигляд спiввiдношення (3) в нових змiнних (4), вихiдне рiвняння
(1) можна переписати у виглядi

∂τ
(
D̃z
)

+ F
(
D̃z
)

= 0, (7)

де D̃z — диференцiальний вираз Du в змiнних (4).
Рiвняння (7) — звичайне диференцiальне рiвняння першого порядку вiднос-

но τ для D̃z. Один раз проiнтегрувавши (7), знаходимо D̃z. Таким чином, розв’я-
завши (7), одержуємо диференцiальне рiвняння в частинних похiдних n-го по-
рядку вiдносно z(τ, �ω) (понизили порядок рiвняння (1) на одиницю) з однiєю
довiльною функцiєю вiд �ω — константою iнтегрування рiвнняня (7).
Зауваження. Алгоритм буде також ефективним i у випадку, коли в (1) F =
F (Du, f0, f1, . . . , fk), при цьому, iнтегруючи рiвняння (7), змiннi ωa будемо вва-
жати параметрами.
Проiлюструємо описаний алгоритм на прикладах для конкретних рiвнянь ма-

тематичної фiзики.
Розглянемо одновимiрне хвильове рiвняння

∂2u

∂t2
− ∂2u

∂x2
= 0. (8)

Рiвняння (8) можна записати у виглядi (1) наступним чином(
∂

∂t
− ∂

∂x

)(
∂u

∂t
+
∂u

∂x

)
= 0. (9)

Замiна змiнних

τ = t, ω = x+ t, z = u,

дає можливiсть переписати рiвняння (9) у виглядi

∂τ (zτ + 2zω) = 0,

раз проiнтегрувавши яке, одержуємо

zτ + 2zω = g(ω). (10)

Внаслiдок довiльностi g(ω), покладемо g(ω) = 2h′(ω), тодi система рiвнянь хара-
ктеристик для (10) матиме вигляд

dτ

1
=
dω

2
=

dz

2h′(ω)
.
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Знайшовши першi iнтеграли системи характеристик, одержуємо розв’язок рiвня-
ння (10)

z − h(ω) = f(ω − 2τ), (11)

h, f — довiльнi функцiї свого аргументу. Переписавши (11) в змiнних (t, x, u),
знаходимо добре вiдомий загальний розв’язок рiвняння (8)

u = h(x+ t) + f(x− t).

Розглянемо рiвняння, яке було запропоновано в [1, 2] для опису руху рiдини,

L(Lu) = 0, L ≡ ∂t + u∂x. (12)

Дане рiвняння можна розглядати як узагальнення одновимiрного рiвняння Нью-
тона–Ойлера для рiдини (рiвняння простої хвилi). В розгорнотому записi рiвня-
ння (12) матиме вигляд

∂2u

∂t2
+ 2u

∂2u

∂t∂x
+
∂u

∂t

∂u

∂x
+ u

(
∂u

∂x

)2

+ u2 ∂
2u

∂x2
= 0.

Замiна змiнних

τ = t, ω = x− ut, z = u,

дає можливiсть записати рiвняння (12) у виглядi

∂τ

(
zτ

1 + τzω

)
= 0. (13)

Проiнтегрувавши (13), одержуємо параметричний розв’язок

z ±
∫

dω√
h(ω) + p

= ϕ(p)

τ2 − h(ω) = p,

де p — параметр, h, ϕ — довiльнi функцiї.
Повернувшись до старих змiнних, одержуємо розв’язок рiвняння (12). Деякi

приклади неявних розв’язкiв з однiєю довiльною функцiєю для рiвняння (12)
наведенi нами в [3, 4].
Рiвняння

∂2u

∂t2
− ∂2u

∂x2
− ∂2u

∂y2
+ 2

∂2u

∂x∂y
= 0 (14)

можна записати у виглядi (1) наступним чином(
∂

∂t
− ∂

∂x
+

∂

∂y

)(
∂u

∂t
+
∂u

∂x
− ∂u

∂y

)
= 0. (15)

За допомогою замiни змiнних

τ = t, ω1 = t+ x, ω2 = t− y, z = u, (16)
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використовуючи описаний алгоритм, одержимо наступний розв’язок рiвняння
(14)

u = f(t+ x, t− y) + g(t− x, t+ y).

Зауваження. Природнє узагальнення описаного алгоритму для (1) на класи
диференцiальних рiвнянь в частинних похiдних наступного вигляду

Lm(Du) + bm−1L
m−1(Du) + · · · + b1L(Du) + b0 = 0, (17)

де bj = bj(Du, f0, f1, . . . , fk), j = 0,m− 1; Lm = LLL · · ·LL︸ ︷︷ ︸
m

; L, Du, f0, f1, . . . , fk

визначаються вiдповiдно з спiввiдношеннями (2)–(6).
Пiсля замiни (4)–(6) задача пониження порядку рiвняння (17) зводиться до

проблеми iнтегрування звичайного диференцiального рiвняння m-го порядку.
Для рiвняння

Dn(u) = 0, D ≡ xµ∂xµ
, µ = 0, k,

використавши замiну змiнних

τ = lnx0, ωa =
xa
x0
, a = 1, k, z = u,

одержано наступний розв’язок

u = Cn−1(lnx0)n−1 + Cn−2(lnx0)n−2 + · · · + C1 lnx0 + C0,

де Ci = Ci

(
x1
x0

; . . . ; xk

x0

)
, i = 0, n− 1.

Одерданi результати легко узагальнюються на випадок систем рiвнянь вигля-
ду

L( �D[�u]) = �F
(
f0, f1, . . . , fk, �D[�u]

)
,

де �u = (u1(x), . . . , um(x)), x = (x0, x1, . . . , xk); L, f0, f1, . . . , fk визначаються вiд-
повiдно з спiввiдношеннями (2), (4), (5), (6), де u ≡ �u; �D[�u] = (D1, . . . , Dm), де
Di = Di

(
x, �u, �u(1), �u(2), . . . , �u(n)

)
, i = 1, . . . ,m, �u(i) — набiр похiдних m-го поряд-

ку вiд кожної з компонент вектора �u; �F = (F 1, . . . , Fm). Як частинний випадок
компоненти �D[�u] можyть залежати лише вiд x i �u. Нижче наведемо приклади
реалiзацiї запропонованого алгоритму для систем.
Розглянемо систему рiвнянь Ойлера руху невязкої, нестисливої рiдини

∂�v

∂x0
+ vk

∂�v

∂xk
= �0, (18)

де �v = (v1, v2, v3), vl = vl(x0, x1, x2, x3), l = 1, 2, 3.
Систему (18) можна записати так:(

∂0 + vk∂k
)
vl = 0, l = 1, 2, 3 (19)

Пiсля замiни змiнних

τ = x0, ωa = xa − vax0, a = 1, 2, 3, zl = vl, l = 1, 2, 3
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система (19) матиме вигляд

∂τz
l = 0, l = 1, 2, 3. (20)

Iнтегруючи рiвняння (20) i виконавши обернену замiну змiнних, одержуємо роз-
в’язок системи (18) у неявному виглядi

vl = gl
(
x1 − v1x0, x2 − v2x0, x3 − v3x0

)
.

де gl — довiльнi гладкi функцiї. Даний розв’язок системи (18) спiвпадає з розв’яз-
ком, одержаним iншим шляхом в [5].
Розглянемо систему рiвнянь для вектор-потенцiалу

Aν
∂Aµ

∂xν
= 0, µ = 0, . . . , 3. (21)

Вважаємо, що A0 �= 0. За допомогою замiни змiнних

τ =
x0

A0
, ωa = xaA

0 − x0A
a, a = 1, 2, 3, Aµ = Aµ, µ = 0, 1, 2, 3

одержуємо розв’язок системи (21)

Aµ = gµ
(
x1A

0 − x0A
1, x2A

0 − x0A
2, x3A

0 − x0A
3
)
,

де gµ — довiльнi гладкi функцiї.
Нехай тепер маємо деяку систему рiвнянь в частинних похiдних, що визначає-

ться набором операторiв L1, . . . , Lr вигляду (2) (u ≡ �u), причому кiлькiсть опера-
торiв повинна не перевищувати кiлькiсть незалежних змiнних. Якщо оператори
утворюють комутативну алгебру Лi i ранг матрицi, складеної з коефiцiєнтiв опе-
раторiв L1, . . . , Lr, дорiвнює r, тодi iснує локальна замiна змiнних, що приводить
цi оператори до r операторiв диференцiювання вiдносно r перших незалежних
змiнних.
Розглянемо одновимiрну систему

(∂t + v∂x)u = 0,
(∂t + u∂x)v = 0,

(22)

де u = u(t, x), v = v(t, x), u �= v. Пiсля замiни змiнних

τ =
x− ut

v − u
, ω =

x− vt

u− v
, U = u, V = v (23)

система (22) матиме простий вигляд

∂τU = 0,
∂ωV = 0.

(24)

Проiнтегрувавши (24) та виконавши обернену до (23) замiну змiнних, одержуємо
розв’язок системи (22)

u = f

(
x− vt

u− v

)
, v = g

(
x− ut

v − u

)
,

де f , g — довiльнi гладкi функцiї.
Робота виконана при фiнансовiй пiдтримцi AMS, фондiв Сороса та INTAS.
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On unique symmetry of two nonlinear
generalizations of the Schrödinger equation
W.I. FUSHCHYCH, R.M. CHERNIHA, V.I. CHOPYK

We prove that two nonlinear generalizations of the nonlinear Schrödinger equation
are invariant with respect to a Lie algebra that coincides with the invariance algebra
of the Hamilton–Jacobi equation.

Nowadays many authors, who start from various physical considerations, have
suggested a wide spectrum of nonlinear equations which can be considered as some
nonlinear generalizations of the classical Schrödinger equation. It is necessary to note
that some of the suggested equations do not satisfy the Galilean relativistic principle.
As a rule this requirement is not used in construction of nonlinear generalizations.
Meantime it is well known that the linear Schrödinger equation is compatible with
the Galilean relativistic principle and, besides, is invariant with respect to scale and
projective symmetries (see, e.g. [1] and references cited therein).
In the [1–6] the construction of nonlinear generalizations of the Schrödinger equa-

tion was based on the idea of symmetry and the following problems were solved:
1. Nonlinear Schrödinger equations, which are compatible with the Galilean relati-

vistic principle, are described.
2. All nonlinear equations, which preserve nontrivial AG2(1, n)-symmetry of the

linear Schrödinger equation, are constructed.
Let us adduce some nonlinear generalizations of the Schrödinger equation that

have AG2(1, n)-symmetry, namely:

iUt + ∆U = λ1|U |4/nU, [1, 2] (1)

iUt + ∆U = λ1
|U |a|U |a
|U |2 U, [3, 4] (2)

iUt + ∆U = λ1
∆|U |2
|U |2 U, [6] (3)

where U = U(t, x) is an unknown differentiable complex function, Ut ≡ ∂U
∂t , ∆ ≡

∂2

∂x2
1

+ · · · + ∂2

∂x2
n
, x = (x1, . . . , xn), |U | =

√
UU∗, |U |a ≡ ∂|U |

∂Xa
, and ∗ is the sign of

complex conjugation.
Consider the generalization of the nonlinear Schrödinger equations (2)–(3) of the

following form

iUt + ∆U =
(

1
2
λ0

∆|U |2
|U |2 − λ1

|U |a|U |a
|U |2 +

1
2
λ2 ln

U

U∗

)
U, (4)

where λk = ak + ibk, ak and bk ∈ R, k = 0, 1, 2.

J. Nonlinear Math. Phys., 1996, 3, № 3–4, P. 296–301.
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It is easily seen that some nonlinear equations, which have been suggested by
many authors as mathematical models of quantum mechanical, are particular cases
of this nonlinear generalization of the Schrödinger equation. Indeed, we obtain from
equation (4) (for λ0 = λ1 and λ2 = ib2) the following equation

iUt + ∆U =

(
λ1

∆|U |
|U | + ib2 ln

(
U

U∗

)1/2
)
U, (5)

which was proposed in [7] for the stochastic interpretation of quantum mechanical
vacuum dissipative effects.
Equation (5) for b2 = 0 reduces to the form

iUt + ∆U = λ1
∆|U |
|U | U, (6)

which was studied in [7–11]. The term on the right hand side of (6) takes into consi-
deration the effect of quantum diffusion. In all these papers the authors, starting from
some physical models, assumed that the parameters Reλ1 and b2 in (5) and (6) are
small (λ1 �= 0, b2 �= 0).
The main purpose of the present paper is to draw attention to equation (5). If we

reject the mentioned assumptions as it was done in all mentioned papers [7–11] and
put λ1 = 1, then the equations

iUt + ∆U =
∆|U |
|U | U (7)

and

iUt + ∆U =

(
∆|U |
|U | + ib2 ln

(
U

U∗

)1/2
)
U (8)

have the unique symmetry, which is the same as symmetry as of the Hamilton–Jacobi
equation [1].
It means that the nonlinear second-order term ∆|U |/|U | changes and essentially

extends symmetry of the linear Schrödinger equation.
Let us note that equation (7) for n = 2 can be obtained from the nonlinear

hyperbolic equation [12]

|ψ|�ψ − ψ� |ψ| = 0,

where ψ = ψ(y0, y), y = (y1, y2, y3), � = ∂2

∂y2
0
− ∂2

∂y2
1
− ∂

∂y2
2
− ∂2

∂y2
3
, by means of the

ansatz

ψ = ϕ(t, x1, x2) exp(aµyµ), t = bµyµ, x1 = cµyµ, x2 = dµyµ,

where the parameters aµ, bµ, cµ, dµ, µ = 0, 1, 2, 3 satisfy the following conditions:

aµbµ = 1, bµcµ = cµaµ = aµdµ = dµcµ = 0, a2
µ = d2

µ = −1.

Now let us formulate theorems which give the complete information about local
symmetry properties of equation (4).
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Statement 1. Equation (4) for arbitrary complex constants λ0, λ1 and λ2 is invariant
with respect to the Lie algebra with the basic operators

Pt =
∂

∂t
, Pa =

∂

∂xa
, I = U

∂

∂U
+ U∗ ∂

∂U∗ ,

Jab = xaPb − xaPb, a, b = 1, . . . , n,
(9)

X =


(

2a2

b2
I +Q

)
exp b2t, b2 �= 0,

2a2tI +Q, b2 = 0,
(10)

where Q = i
(
U ∂
∂U − U∗ ∂

∂U∗
)
.

Statement 2. Equation (4) for λ2 = ib2 is invariant with respect to the Lie algebra
with the basic operators (9) and

Ga = exp(b2t)Pa +
b2
2
xaQ1, Q1 =

1
2

exp(b2t)Q. (11)

Note that the algebra AG(1, n) with basic operators (9) (without I) and (11) is
essentially different from the well-known Galilei algebra AG(1, n) in that it contains
commutative relations [Pt,Ga] = b2Ga, [Pt, Q1] = b1Q1, since in the AG(1, n) algebra
[Pt, Ga] = Pa, [Pt, Q] = 0.
The operators Ga generate the following transformations
t′ = t, x′a = xa + va exp(b2t), a = 1, . . . , n,

U ′ = U exp
[
i
b2
2

exp(b2t)
(
xava +

vava
2

exp(b2t)
)]
,

(12)

where v1, . . . , vn are arbitrary real group parameters.
Some classes of equations with the AG(1, n)-symmetry were constructed and stu-

died in [4] (see the part II), [13].
Statement 3. Equation (4) for λ2 = 0 is invariant with respect to the Lie algebra
with the basic operators (9) and

Ga = tPa +
xa
2
Q, Q, D = 2tPt + xaPa − n

2
I,

Π = t2Pt + txaPa +
|x|2
4

Q− nt

2
I.

(13)

It is clear that operators (9) and (13) generate the well known generalized Galilei
algebraAG2(1, n) with the additional unit operator I. The linear Schrödinger equation

iUt + ∆U = 0 (14)

is invariant with respect to the 〈AG2(1, n), I〉 algebra, too. It is well known that
operators Ga, a = 1, . . . , n generate the Galilean transformations

t′ = t, x′a = xa + vat, U ′ = U exp
[
i

2

(
xava +

vava
2

t
)]

(15)

which are essentially different from (12).
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So, equation (5) for arbitrary λ1 and b2 �= 0, which is a particular case of equa-
tion (4), is invariant with respect to the algebra 〈AG(1, n), I〉, but in the case b2 = 0
(see equation (6)) it has the AG2(1, n)-symmetry with the additional unit operator I.
Statement 4. Equation (5) for λ1 = 1 and b2 = 0 (see equation (7)) is invariant
with respect to the Lie algebra with the basic operators (9), (13) and

G1
a = −i ln U

U∗Pa + xaPt, D1 = −i ln U

U∗Q+ xaPa,

Π1 = −
(

ln
U

U∗

)2

Q− 2i ln
U

U∗xaPa + |x|2Pt + in ln
U

U∗ I,

Ka = txaPt −
( |x|2

2
+ it ln

U

U∗

)
Pa + xaxbPb − n

2
xaI − ixa

2
ln

U

U∗Q.

(16)

If we make the substitution U = ρ exp iW , where ρ and W are real functions, then
operators (16) are simplified, and we can note that the algebra (9), (13) and (16) is
that of the Hamilton–Jacobi equation. So, equation (7) has the same algebra of Lie
symmetries as the classical Hamilton–Jacobi equation [1].
Statement 5. Equation (5) λ1 = 1 and b2 �= 0 (see equation (8)) is invariant with
respect to the Lie algebra with the basic operators (9) and

Ga = exp(b2t)
(
Pa +

b2
4
xaQ

)
, D = exp(−b2t)(Pt + b2WQ),

Π = exp(b2t)
[

1
b2
Pt + xaPa +

(
W +

b2
4
|x|2
)
Q− n

2
I

]
,

G1
a = exp(−b2t)

[
WPa +

1
2
xaPt +

b2
2
xaWQ

]
, D1 = 2WQ+ xaPa,

Π1 = exp(−b2t)
[(
W +

b2
4
|x|2
)
WQ+WxaPa +

|x|2
4
Pt − n

2
WI

]
,

Ka =
xa
b2
Pt +

(
2
b2
W − |x|2

2

)
Pa + xaxbPb + 2xaWQ− n

2
xaI,

(17)

where W = − i
2 ln U

U∗ , the operators Q and I are defined in (9)–(10).
The algebra (9), (13), (16) and one (9), (17) contain the same numbers of basic

operators. Moreover, we found the following substitution

|U | = |V |, U

U∗ =
(
V

V ∗

)exp(b2t)

, V = V (τ, x), τ =
1
b2

exp(b2t) (18)

that reduces the algebra (9), (17) to one (9), (13), (16) for the variables V, τ, x1, . . . , xn.
It is easily proved that the substitution (18) reduces equation (8) to equation (7) for
the function V . So, equation (8) and equation (7) are locally equivalent equations,
and are invariant with respect to the algebra of the Hamilton–Jacobi equation.
Note that in [6] the coupled system of Hamilton–Jacobi equations was constructed,

which preserves the Lie symmetry of the single Hamilton–Jacobi equation. On the
other hand, in [14] generalizations of the Hamilton–Jacobi equations for a complex
function were constructed, which are invariant with respect to subalgebras of the
algebra of the Hamilton–Jacobi equation.
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Finally, we consider the last case, where equation (4) has the nontrivial Lie sym-
metry. In this case equation (4) has the form

iUt + ∆U =
(

∆|U |
|U | +

1
2
λ2 ln

U

U∗

)
U. (19)

It is easily checked that equation (19) for λ2 = a2 + ib2 can be reduced with the
help of substitution (18) to the same equation but with λ2 = a2. So, we assume that
b2 = 0 in equation (19).
Statement 6. Equation (19) for λ2 = a2 ∈ R is invariant with respect to the Lie
algebra with the basic operators (9), (10) at b2 = 0, and

D1 = 2tPt + xaPa, D2 = tPt +
i

4
ln

U

U∗ Q.

Note. The substitution

U = ρ exp iW,

where ρ(t, x) and W (t, x) are real functions, reduces equation (7) to the following
system

∂ρ

∂t
= −ρ∆W − 2

∂ρ

∂xa

∂W

∂xa
,

∂W

∂t
+
∂W

∂xa

∂W

∂xa
= 0,

in which the second equation is the Hamilton–Jacobi one.

Our work was carried out under the financial support from INTAS and SCST of
Ukraine.
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Про новi нелiнiйнi рiвняння, iнварiантнi
вiдносно групи Пуанкаре в двовимiрному
просторi-часi
В.I. ФУЩИЧ, В.I. ЛАГНО

New representations of the Poincaré P (1, 1) and extended Poincaré P̃ (1, 1) groups by
Lie vector fields are constructed. The result is used to obtain new second-order scalar
differential equations, invariant under these groups.

У даному повiдомленнi проведено класифiкацiю зображень групи Пуанкаре
P (1, 1) та розширеної групи Пуанкаре P̃ (1, 1) в класi векторних полiв Лi, побуду-
вано загальний вигляд диференцiальних рiвнянь в частинних похiдних другого
порядку, iнварiантних вiдносно цих груп, а також розглянуто симетрiйну реду-
кцiю одержаних рiвнянь.

1. Новi реалiзацiї зображень алгебр AP (1, 1) та AP̃ (1, 1). Як вiдомо [1–
3], векторнi поля Лi, якi генерують деяку групу Лi G, задають базис алгебри Лi
AG цiєї групи. Тому задача вивчення зображень даної групи G в класi векторних
полiв Лi еквiвалентна вивченню реалiзацiї векторними полями Лi алгебри Лi AG.
Розглядатимемо реалiзацiю алгебр Лi в термiнах векторних полiв в просторi

X ⊗ U двох незалежних та однiєї залежної змiнної. В нашому випадку X —
двовимiрний простiр Мiнковського з координатами x, t, U — простiр дiйсних
скалярних функцiй u(t, x). Векторнi поля мають форму

V = ξ(t, x, u)∂x + τ(t, x, u)∂t + η(t, x, u)∂u. (1)

Тут i далi ∂x = ∂
∂x , ∂t = ∂

∂t , ∂u = ∂
∂u , ξ, τ , η — гладкi функцiї своїх аргументiв.

Будемо позначати генератори трансляцiй, поворотiв Лоренца та дилатацiї че-
рез P0, P1,K,D, вiдповiдно. Вказанi генератори задовольняють комутацiйнi спiв-
вiдношення

[P0,K] = P1, [P1,K] = P0, [Pµ,D] = Pµ (µ = 0, 1),
[P0, P1] = 0, [K,D] = 0.

(2)

Вважаємо, що генератори P0, P1, K, D задають алгебру Пуанкаре AP (1, 1) =
〈P0, P1,K〉 та розширену алгебру Пуанкаре AP̃ (1, 1) = AP (1, 1)+⊃ 〈D〉, якщо
1) вони лiнiйно незалежнi;
2) вони задовольняють комутацiйнi спiввiдношення (2).
Класифiкацiю зображень алгебр AP (1, 1) та AP̃ (1, 1) в класi векторних по-

лiв (1) проводимо з точнiстю до дифеоморфiзмiв, тобто з точнiстю до довiльної
гладкої взаємно-однозначної замiни змiнних

x′ = f(t, x, u), t′ = g(t, x, u), u′ = h(t, x, u). (3)

Доповiдi НАН України, 1996, № 11, С. 60–65.
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Оскiльки генератори P0, P1 утворюють комутативний iдеал для алгебри AP (1, 1),
розгляд починаємо з них.
Лема. Iснують перетворення (3), якi зводять генератори P0, P1 до однiєї з
двох форм:

P0 = ∂t, P1 = ∂x; (4)

P0 = ∂t, P1 = x∂t. (5)

Доведення леми випливає з таких мiркувань. Згiдно з теоремою Лi про спрям-
лювання векторних полiв [2, 3], ми завжди можемо покласти P0 = ∂t. З виконан-
ня комутацiйного спiввiдношення [P0, P1] = 0 одержуємо, що найбiльш загальний
вигляд оператора P1 буде

P1 = τ(x, u)∂t + ξ(x, u)∂x + η(x, u)∂u.

Ввiвши в розгляд матрицю

M =
(

1 0 0
τ ξ η

)
,

складену з коефiцiєнтiв при похiдних в генераторах P0, P1 бачимо, що можливi
лише два випадки: rankM = 2 або rankM = 1. Далi неважко переконатися, що з
умови rankM = 2 випливає реалiзацiя (4), а з умови rankM = 1 — реалiзацiя (5).
Реалiзацiя зображень алгебр AP (1, 1), AP̃ (1, 1), AC(1, 1) для генераторiв P0,

P1 форми (4) вивчена в [4]. Тому тут ми детально зупиняємося на випадковi (5).
Отже, нехай P0 = ∂t, P1 = x∂t. З виконання комутацiйних спiввiдношень (2),

одержуємо, що

K = (xt+ τ(u))∂t + (x2 − 1)∂x + η(u)∂u.

З точнiстю до перетворень (3) маємо один клас реалiзацiї зображення алгебри
AP (1, 1), який можна подати у такому виглядi:

P0 = ∂t, P1 = x∂t, K = xt∂t + (x2 − 1)∂x. (6)

Одержана реалiзацiя зображення алгебри AP (1, 1) допускає розширення до зо-
браження алгебри AP̃ (1, 1), якщо додати оператор дилатацiї D. З виконання ко-
мутацiйних спiввiдношень (2) випливає, що

D =
(
t+ τ(u)

√
|x2 − 1| )∂t + η(u)∂u.

Неважко показати, що iснують перетворення (3), якi залишають вигляд (6) опе-
раторiв P0, P1, K незмiнним, а оператор D зводять до вигляду

D = t′∂t′ + εu′∂u′ , ε = 0, 1.

Тим самим ми побудували двi новi реалiзацiї алгебри AP̃ (1, 1):

P0 = ∂t, P1 = x∂t, K = xt∂t + (x2 − 1)∂x, D1 = t∂t; (7)

P0 = ∂t, P1 = x∂x, K = xt∂t + (x2 − 1)∂x, D2 = t∂t + u∂u. (8)
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Отже, справедлива така теорема.
Теорема. З точнiстю до перетворень (3) зображення алгебр AP (1, 1), AP̃ (1, 1),
AC(1, 1) векторними полями Лi (1) вичерпуються реалiзацiями, побудованими
в роботi [4], а також зображеннями (6)–(8).
Зауваження 1. Неважко переконатися в тому, що зображення (7), (8) алгебр
AP̃ (1, 1) не допускають розширення до зображень векторними полями (1) кон-
формної алгебри AC(1, 1).
Зауваження 2. Коварiантнi зображення векторними полями (зображення, для
яких ранг матрицi M збiгається з розмiрнiстю простору Мiнковського) узагаль-
нених груп Пуанкаре P (n,m) та їх розширень до конформної групи включно в
(n+m)-вимiрному просторi Мiнковського, для випадку однiєї залежної функцiї
u вивчалися в роботах [5–7]. Там було показано, що в загальному випадку цi гру-
пи допускають лише стандартнi зображення. Тiльки для груп P (1, 2), P (2, 2) та
їх розширень, до конформної групи включно, були побудованi новi коварiантнi
зображення векторними полями Лi.

2. Диференцiальнi iнварiанти та iнварiантнi рiвняння. Процедура по-
будови iнварiантних рiвнянь в класичному пiдходi Лi є стандартною. Так нехай
Xa (a = 1, . . . , N) складають базис алгебри Лi AG групи симетрiї G, що дiє в
просторi X ⊗ U . В нашому випадку X ⊗ U є простiр {x, t, u}, а всi Xa мають
вигляд (1). Розглядаємо рiвняння

F (x, t, u, ux, ut, uxx, utx, utt) = 0, (9)

де F — довiльна гладка функцiя. Рiвняння (9) буде iнварiантним вiдносно гру-
пи G, якщо функцiя F задовольняє спiввiдношення [2, 3]

Xa
2
F = 0, ∀ a. (10)

Тут Xa
2
— другi продовження операторiв Xa. Розв’язавши систему (10), одержи-

мо множину елементарних диференцiальних iнварiантiв Jk(x, t, u, uµ, uµν) (µ, ν =
x, t), а iнварiантне рiвняння матиме вигляд

Φ(J1, . . . , Js) = 0.

Отже, щоб описати найбiльш загальний вигляд рiвняння iнварiантного вiдносно
групи G, потрiбно знайти множину всiх елементарних iнварiантiв даної групи.
Оскiльки число змiнних у спiввiдношеннях (9), (10) дорiвнює 8, алгебри AP (1, 1)
та AP̃ (1, 1) є розв’язними, загальнi орбiти продовжених груп є три- та чотири-
вимiрними, вiдповiдно, то ми отримаємо п’ять для групи P (1, 1) та чотири для
групи P̃ (1, 1) функцiонально незалежних елементарних диференцiальних iнварi-
антiв.

1. Випадок алгебри AP (1, 1) з базисними генераторами (6). Тут

P0
2

= P0, P1
2

= P1 − 2utx∂uxx
− utt∂utx

,

K
2

= K − (tut + 2xux)∂ux
− xut∂ut

− 2(ux + 2xuxx + tuxt)∂uxx
−

− (ut + tutt + 3xutx)∂utx
− 2xutt∂utt

,
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тому базис фундаментальних розв’язкiв системи (10) складають функцiї

J1 = u, J2 = u2
t (x

2 − 1), J3 = utt(x2 − 1),
J4 = (x2 − 1)2(uxutt − ututx) − x(x2 − 1)u2

t ,

J5 = (x2 − 1)3(uttuxx − u2
tx) + 2x(x2 − 1)2(uxutt − ututx) − x2(x2 − 1)u2

t ,

а найбiльш загальне P (1, 1)-iнварiантне рiвняння (9) має вигляд

Φ(J1, J2, J3, J4, J5) = 0. (11)

2. Випадок алгебри AP̃ (1, 1) з базисними генераторами (7). Врахувавши, що
найбiльш загальне P (1, 1)-iнварiантне рiвняння (9) має вигляд (12) i що

D1
2

= D1 − ut∂ut
− 2utt∂utt

− utx∂utx
,

одержали такi чотири елементарнi диференцiальнi iнварiанти для алгебри
AP̃ (1, 1) з генераторами (7):

Σ1 = J1, Σ2 = J−1
2 J3, Σ3 = J−1

2 J4, Σ4 = J−1
2 J5, (12)

де значення Jk наведенi в (11).
3. Випадок алгебри AP̃ (1, 1) з базисними генераторами (8). Тут

D2
2

= D1 − ux∂ux
− utt∂utt

+ uxx∂uxx
,

а тому алгебра AP̃ (1, 1) має такi чотири елементарнi диференцiальнi iнварiанти
другого порядку:

Σ1 = J1J3, Σ2 = J2, Σ3 = J4, Σ4 = J5, (13)

де значення Jk наведенi в (11). Найбiльш загальне P̃ (1, 1)-iнварiантне рiвнян-
ня (9) має вигляд

Φ(Σ1,Σ2,Σ3,Σ4) = 0.

де Σk (k = 1, 4) набувають значення (13) у випадку алгебри AP̃ (1, 1) з генерато-
рами (7) або (14) — у випадку алгебри AP̃ (1, 1) з генераторами (8).
Зауважимо, що для розглянутих реалiзацiй алгебр AP (1, 1), AP̃ (1, 1) iнварi-

антними є рiвняння, якi є узагальненням вiдомих рiвнянь Монжа–Ампера.
3. Симетрiйна редукцiя iнварiантних рiвнянь. Iнварiантнiсть одержа-

них рiвнянь вiдносно групи Пуанкаре P (1, 1) або однiєї з розширених груп Пу-
анкаре P̃ (1, 1) дозволяє провести симетрiйну редукцiю цих рiвнянь до звичайних
диференцiальних рiвнянь. Процедура симетрiйної редукцiї вимагає попередньої
класифiкацiї пiдалгебр вiдповiдної алгебри симетрiї з точнiстю до спряженостi,
яку визначає група iнварiантностi даного рiвняння. Тут ми використовуємо вiдо-
му класифiкацiю пiдалгебр алгебр AP (1, 1), AP̃ (1, 1) (див., наприклад, [8]), дода-
тково ввiвши вiдношення еквiвалентностi пiдалгебр алгебри симетрiї на множинi
розв’язкiв iнварiантного рiвняння [8]. Крiм того, обмежуємося пiдалгебрами, для
яких анзац мiстить всi незалежнi змiннi.
Вказанi вимоги задовольняє єдина одновимiрна пiдалгебра алгебри AP (1, 1),

а саме, L1 = 〈K〉. Їй вiдповiдає анзац
u = ϕ(ω), (14)
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де ω = t2(x2 − 1)−1. Пiдстановка анзацу (16) в рiвняння (12) приводить до зви-
чайного диференцiального рiвняння

Φ(ϕ, 4ωϕ̇, 2ρ, 0, 4ωϕ̇ρ) = 0.

Тут i далi ϕ̇ = dϕ
dω , ϕ̈ = d2ϕ

dω2 , ρ = ϕ̇+ 2ωϕ̈.
У випадку алгебри AP̃ (1, 1) з генераторами (7) крiм пiдалгебри L1 вказанi

вимоги задовольняють пiдалгебри L2 = 〈K + αD〉 та L3 = 〈D + ε1K + ε2P0〉,
де α �= 0, α ∈ R, а ε1, ε2 незалежно одне вiд одного набувають значення ±1.
Крiм того, в даному випадку D = D1. Анзац (16) у випадку алгебри L1 редукує
рiвняння (15) до рiвняння

Φ
(
ϕ,

1
2
ω−1ρ, 0, ρ

)
= 0.

Алгебрам L2, L3 вiдповiдає анзац (16), де ω = t2(x − 1)−1−α(x + 1)α−1 для L2

та ω = 2t+ε2
2(x−ε1) − ε1ε2

4 ln x+ε
x−ε1 для L3. Редукованi рiвняння (15) мають вiдповiдно

вигляд

Φ
(
ϕ,

1
2
ϕ̇−2ω−1ρ, α, (1 − α2)ϕ̇−1ρ− α2

)
= 0,

Φ(ϕ, ϕ̈ϕ̇−2, ε1, ε1, ε2ϕ̈ϕ̇
−1 − 1) = 0.

Нарештi, у випадку алгебри AP̃ (1, 1) з генераторами (8), крiм пiдалгебри L1,
L2, L3, вказанi вимоги задовольняє пiдалгебра L4 = 〈D〉. Тут D = D2. Редукцiя
рiвняння (15), що вiдповiдає алгебрi L1, приводить до рiвняння

Φ(2ϕρ, 4ωϕ̇, 0, 4ωϕ̇ρ) = 0.

Пiдалгебрам L2, L3, L4 вiдповiдає анзац

u = f(x, t)ϕ(ω),

де f =
(
x+1
x−1

)−α
2
, ω = t2(x+ α)α−1(x− 1)−1−α — для алгебри L2; f =

(
x+1
x−1

)− ε1
2
,

ω = 2t+ε2
2(x−ε1) − ε1ε2

4 ln x+ε
x−ε1 — для алгебри L3; f = t, ω = x — для алгебри L4.

Редукованi рiвняння (15) мають вiдповiдно вигляд

Φ(2ϕρ, 4ωϕ̇2, 2αϕρ, 2ρ, 2ρ(2ω(1 − α2)ϕ̇− α2ϕ)) = 0,
Φ(ϕ̈, ϕ̇2, ε1ϕϕ̈, (ϕ+ ε1ε2ϕ̇)ϕ̈) = 0,
Φ(0, (ω2 − 1)ϕ2,−(ω2 − 1)ϕ[(ω2 − 1)ϕ̇+ ωϕ],−(ω2 − 1)[(ω2 − 1)ϕ̇+ ωϕ]2) = 0.
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Symmetry classification of multi-component
scale-invariant wave equations
W.I. FUSHCHYCH, P.V. MARKO, R.Z. ZHDANOV

We describe systems of nonlinear wave equations of the form �uj = Fj(u1, . . . , u4),
j = 1, . . . , 4 invariant under the extended Poincaré group P̃ (1, 3). As a result, we have
obtained twenty inequivalent classes of nonlinear P̃ (1, 3)-invariant systems of partial
differential equations.

It is well-known that the maximal symmetry group admitted by the nonlinear
wave equation

�u ≡ ux0x0 −�3u = F (u) (1)

with an arbitrary smooth function F (u) is the 10-parameter Poincaré group P (1, 3)
having the following generators:

Pµ = ∂µ, Jµν = gµαxα∂ν − gναxα∂µ, (2)

where ∂µ = ∂/∂xµ, gµν = diag(1,−1,−1,−1), µ, ν, α = 0, . . . , 3. Hereafter, the sum-
mation over the repeated indices from 0 to 3 is understood.
As established in [1], equation (1) admits the wider symmetry group in two cases

1. F (u) = λuk, k �= 1, (3)

2. F (u) = λeku, k �= 0, (4)

where λ, k are arbitrary constants, only.
Equations (1) with nonlinearities (3), (4) admit the one-parameter groups of scale

transformations D(1) having the following generators:

1. D = xµ∂µ +
2

1 − k
u∂u,

2. D = xµ∂µ − 2
k
∂u.

(5)

The Lie transformation group generated by the operators (2), (5) is called the
extended Poincaré group P̃ (1, 3) [2].
Let us note that in [3] a partial symmetry classification of P̃ (1, 3)-invariant partial

differential equations (PDEs) of the form

�u = F (u, u∗) (6)

have been performed and two classes of P̃ (1, 3)-invariant PDEs have been constructed.
A complete solution of the problem of classifying two-component wave equations (6)
admitting the extended Poincaré group has been obtained in [4].

Preprint ASI-TPA/8/96, Arnold-Sommerfeld-Institute for Mathematical Physics, Germany,
1996, 9 p.
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In the present paper following an approach suggested in [4] we classify systems of
four PDEs

�uj = Fj(u1, u2, u3, u4), j = 1, . . . , 4, (7)

for real-valued functions ui = ui(x0, x1, x2, x3), i = 1, . . . , 4 admitting the extended
Poincaré group P̃ (1, 3) and the conformal group C(1, 3).
Before formulating the principal assertions we make an important remark. As a

direct check shows, the class of equations (7) is invariant under the linear transfor-
mations of dependent variables

uj → u′j =
4∑
k=1

αjkuk + βj , j = 1, . . . , 4, (8)

where αjk, βj , j = 1, 2, 3, 4 are arbitrary constants and what is more det ‖αjk‖ �= 0.
That is why, we carry out symmetry classification of equations (7) within the

equivalence transformations (8).
Theorem 1. Let generators of the Poincaré group be of the form (2). Then system
of partial differential equations (7) is invariant under the extended Poincaré group
P̃ (1, 3) if and only if it is equivalent to one of the following systems (for all cases
Fj = Fj(Ω1,Ω2,Ω3), j = 1, . . . , 4):

1. �u1 = F1u
λ1−2

λ1
1 , �u2 = F2u

λ2−2
λ2

2 , �u3 = F3u
λ3−2

λ3
3 , �u4 = F4u

λ4−2
λ4

4 ,

Ω1 =
uλ2

1

uλ1
2

, Ω2 =
uλ3

1

uλ1
3

, Ω3 =
uλ4

1

uλ1
4

;

2. �u1 = F1 exp
(
−2
b
u1

)
, �u2 = F2 exp

{
(λ2 − 2)

u1

b

}
,

�u3 = F3 exp
{

(λ3 − 2)
u1

b

}
, �u4 = F4 exp

{
(λ4 − 2)

u1

b

}
,

Ω1 = λ2u1 − b lnu2, Ω2 = λ3u1 − b lnu3, Ω3 = λ4u1 − b lnu4;

3. �u1 =
{
F1 +

u1

u2
F2

}
exp
{

(λ1 − 2)
u1

u2

}
, �u2 = F2 exp

{
(λ1 − 2)

u1

u2

}
,

�u3 = F3 exp
{

(λ2 − 2)
u1

u2

}
, �u4 = F4 exp

{
(λ3 − 2)

u1

u2

}
,

Ω1 =
exp
(
λ1

u1
u2

)
u3

, Ω2 =
exp
(
λ2

u1
u2

)
u2

, Ω3 =
exp
(
λ3

u1
u2

)
u4

;

4. �u1 = (F1 + F2u2) exp
(
−2
b
u2

)
, �u2 = bF2 exp

(
−2
b
u2

)
,

�u3 = F3 exp
{

(λ1 − 2)
u2

b

}
, �u4 = F4 exp

{
(λ2 − 2)

u2

b

}
,

Ω1 = 2bu1 − u2
2, Ω2 = λ1u2 − b lnu3, Ω3 = λ2u2 − b lnu4;

5. �u1 = (F1 + F2u3) exp
{

(λ1 − 2)
u3

b

}
, �u2 = bF2 exp

{
(λ1 − 2)

u3

b

}
,

�u3 = F3 exp
(
−2
b
u3

)
, �u4 = F4 exp

{
(λ2 − 2)

u3

b

}
,

Ω1 = b lnu2 − λ1u3, Ω2 = b
u1

u2
− u3, Ω3 = b lnu4 − λ2u3;
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6. �u1 =
(
F1 + F2

u2

u3
+ F3

u1

u3

)
exp
{

(λ1 − 2)
u2

u3

}
,

�u2 =
(
F2 + F3

u2

u3

)
exp
{

(λ1 − 2)
u2

u3

}
,

�u3 = F3 exp
{

(λ1 − 2)
u2

u3

}
, �u4 = F4 exp

{
(λ2 − 2)

u2

u3

}
,

Ω1 = λ1
u2

u3
− lnu3, Ω2 = 2

u1

u3
−
(
u2

u3

)2

, Ω3 = λ2
u2

u3
− lnu4;

7. �u1 =
(
F1 + F2Ω0 + F3Ω2

0

)
exp(−2Ω0),

�u2 = (F2 + 2F3Ω0) exp(−2Ω0),
�u3 = 2F3 exp(−2Ω0), �u4 = F4 exp {(λ− 2)Ω0} ,
Ω0 =

u3

b
, Ω1 = 2u2 − u2

3

b
, Ω2 = u1 − u2u3

b
+
u3

3

3b2
,

Ω3 = λu3 − b lnu4;

8. �u1 = (u2
1 + u2

2)
− 1

2 (F1u2 + F2u1) exp
(
a− 2
b

arctan
u1

u2

)
,

�u2 = (u2
1 + u2

2)
− 1

2 (F2u2 − F1u1) exp
(
a− 2
b

arctan
u1

u2

)
,

�u3 = F3 exp
(
λ1 − 2
b

arctan
u1

u2

)
, �u4 = F4 exp

(
λ2 − 2
b

arctan
u1

u2

)
,

Ω1 =
(u2

1 + u2
2)
λ1

u2a
3

, Ω2 =
exp
(
λ1
b arctan u1

u2

)
u3

, Ω3 =
exp
(
λ2
b arctan u1

u2

)
u4

;

9. �u1 =
(
F1 cos

(
b

c
u3

)
+ F2 sin

(
b

c
u3

))
exp
(
a− 2
c

u3

)
,

�u2 =
(
F2 cos

(
b

c
u3

)
− F1 sin

(
b

c
u3

))
exp
(
a− 2
c

u3

)
,

�u3 = F3 exp
(
−2
c
u3

)
, �u4 = F4 exp

{
(λ− 2)

u3

c

}
,

Ω1 = ln(u2
1 + u2

2) − 2a
u3

c
, Ω2 = arctan

u1

u2
− b

u3

c
, Ω3 = λu3 − c lnu4;

10. �u1 =
(
F1 +

u1

u2
F2

)
exp
{

(λ1 − 2)
u1

u2

}
, �u2 = F2 exp

{
(λ1 − 2)

u1

u2

}
,

�u3 =
(
F3 +

u3

u4
F4

)
exp
{

(λ2 − 2)
u3

u4

}
, �u4 = F4 exp

{
(λ2 − 2)

u3

u4

}
,

Ω1 =
exp
(
λ1

u1
u2

)
u2

, Ω2 =
exp
(
λ2

u3
u4

)
u4

, Ω3 =
u1

u2
− u3

u4
;

11. �u1 =
(
F1 + F2

u3

u4
+ F3

u2

u4
+ F4

u1

u4

)
exp
{

(λ− 2)
u3

u4

}
,

�u2 =
(
F2 + F3

u3

u4
+ F4

u2

u4

)
exp
{

(λ− 2)
u3

u4

}
,

�u3 =
(
F3 + F4

u3

u4

)
exp
{

(λ− 2)
u3

u4

}
, �u4 = F4 exp

{
(λ− 2)

u3

u4

}
,
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Ω1 =
exp
(
λu3
u4

)
u4

, Ω2 = 2
u2

u4
−
(
u3

u4

)2

, Ω3 = 3
u1

u4
+
(
u3

u4

)3

− 3
u2u3

u2
4

;

12. �u1 = (u2
1 + u2

2)
− 1

2 (F1u2 + F2u1) exp
(
a1 − 2
b1

arctan
u1

u2

)
,

�u2 = (u2
1 + u2

2)
− 1

2 (F2u2 − F1u1) exp
(
a1 − 2
b1

arctan
u1

u2

)
,

�u3 =
(
F3 +

u3

u4
F4

)
exp
{

(λ− 2)
u3

u4

}
, �u4 = F4 exp

{
(λ− 2)

u3

u4

}
,

Ω1 = arctan
u1

u2
− b

u3

u4
, Ω2 =

exp
(
λu3
u4

)
u4

,

Ω3 = (u2
1 + u2

2)
1
2 exp

(
−au3

u4

)
;

13. �u1 = (u2
1 + u2

2)
− 1

2 (F1u2 + F2u1) exp
(
a1 − 2
b1

arctan
u1

u2

)
,

�u2 = (u2
1 + u2

2)
− 1

2 (F2u2 − F1u1) exp
(
a1 − 2
b1

arctan
u1

u2

)
,

�u3 = (u2
3 + u2

4)
− 1

2 (F3u4 + F4u3) exp
(
a2 − 2
b2

arctan
u3

u4

)
,

�u4 = (u2
3 + u2

4)
− 1

2 (F4u4 − F3u3) exp
(
a2 − 2
b2

arctan
u3

u4

)
,

Ω1 = b2 arctan
u1

u2
− b1 arctan

u3

u4
, Ω2 =

exp
(
arctan a1u1

b1u2

)
(u2

1 + u2
2)

1
2

,

Ω3 =
exp
(
arctan a2u3

b2u4

)
(u2

3 + u2
4)

1
2

;

14. �u1 =
(
F1 + F2

u1

u2

)
Ω0, �u2 = F2Ω0,

�u3 =
(
F3 + F4

u3

u4

)
Ω0, �u4 = F4Ω0,

Ω0 = exp
{

(a− 2)
u1

u2

}
sec

bu1

u2
, Ω1 =

Ω0 exp
(
au1
u2

)
u2

,

Ω2 =
Ω0 exp

(
au3
u4

)
u4

, Ω3 =
u1

u2
− u3

u4
;

15. �u1 =
(
F1 + F2

u2

u3
+ F3

u1

u3

)
exp
{

(λ− 2)
u2

u3

}
,

�u2 =
(
F2 + F3

u2

u3

)
exp
{

(λ− 2)
u2

u3

}
,

�u3 = F3 exp
{

(λ− 2)
u2

u3

}
, �u4 = F4 exp

(
−2

u2

u3

)
,

Ω1 = λ
u2

u3
− lnu3, Ω2 = 2

u1

u3
−
(
u2

u3

)2

, Ω3 = b
u2

u3
− u4;
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16. �u1 = (F1 + F2u4) exp
{

(λ− 2)
u4

b

}
, �u2 = bF2 exp

{
(λ− 2)

u4

b

}
,

�u3 = (F3 + F4u4) exp
(
−2
b
u4

)
, �u4 = bF4 exp

(
−2
b
u4

)
,

Ω1 = λ
u1

u2
− lnu2, Ω2 = b

u1

u2
− u4, Ω3 = 2bu3 − u2

4;

17. �u1 =
(
F1 + F2Ω0 + F3

Ω2
0

2
+ F4

Ω3
0

6

)
exp(−2Ω0),

�u2 =
(
F2 + F3Ω0 + F4

Ω2
0

2

)
exp(−2Ω0),

�u3 = (F3 + F4Ω0) exp(−2Ω0), �u4 = F4 exp(−2Ω0),

Ω0 =
u4

b
, Ω1 =

u3

b
− 1

2

(u4

b

)2

, Ω2 =
u2

b
− u3u4

b2
+

1
3

(u4

b

)3

,

Ω3 =
u1

b
− u2u4

b2
+
u3u

2
4

2b3
− u4

4

8b4
;

18. �u1 = (F1 + F2u2) exp
(
−2
b
u2

)
, �u2 = bF2 exp

(
−2
b
u2

)
,

�u3 = (F3 + F4u4) exp
(
−2
c
u4

)
, �u4 = cF4 exp

(
−2
c
u4

)
,

Ω1 = 2bu1 − u2
2, Ω2 = 2cu3 − u2

4, Ω3 = bu3 + cu1 − u2u4;

19. �u1 =
{
F1 cos

(
b

c
u4

)
+ F2 sin

(
b

c
u4

)}
exp
(
a− 2
c

u4

)
,

�u2 =
{
F2 cos

(
b

c
u4

)
− F1 sin

(
b

c
u4

)}
exp
(
a− 2
c

u4

)
,

�u3 = (F3 + F4u4) exp
(
−2
c
u4

)
,

�u4 = cF4 exp
(
−2
c
u4

)
, b �= 0, c �= 0,

Ω1 = ln(u2
1 + u2

2) − 2a
u4

c
, Ω2 = arctan

u1

u2
− b

u4

c
, Ω3 = 2cu3 − u2

4;

20. �uj = 0, j = 1, . . . , 4,

where F1, F2, F3, F4 are arbitrary smooth functions and a, b, c are arbitrary constants.

Furthermore, the basis generators Pµ, Jµν are given by formulae (2) and generators
of corresponding groups of scale transformations are given by the following formulae:

1. D = xµ∂µ + λ1u1∂u1 + λ2u2∂u2 + λ3u3∂u3 + λ4u4∂u4 , λ1 �= 0;
2. D = xµ∂µ + b∂u1 + λ2u2∂u2 + λ3u3∂u3 + λ4u4∂u4 ;
3. D = xµ∂µ + λ1 (u1∂u1 + u2∂u2) + u2∂u1 + λ2u3∂u3 + λ3u4∂u4 ;
4. D = xµ∂µ + u2∂u1 + b∂u2 + λ1u3∂u3 + λ2u4∂u4 ;
5. D = xµ∂µ + λ1(u1∂u1 + u2∂u2) + u2∂u1 + b∂u3 + λ2u4∂u4 ;
6. D = xµ∂µ + λ1(u1∂u1 + u2∂u2 + u3∂u3) + u2∂u1 + u3∂u2 + λ2u4∂u4 ;
7. D = xµ∂µ + u2∂u1 + u3∂u2 + b∂u3 + λu4∂u4 ;
8. D = xµ∂µ + a1(u1∂u1 + u2∂u2) + b1(u2∂u1 − u1∂u2) + λ1u3∂u3 + λ2u4∂u4 ;

(9)
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9. D = xµ∂µ + a1(u1∂u1 + u2∂u2) + b1(u2∂u1 − u1∂u2) + c∂u3 + λu4∂u4 ;
10. D = xµ∂µ + λ1 (u1∂u1 + u2∂u2) + u2∂u1 + λ2 (u3∂u3 + u4∂u4) + u4∂u3 ;
11. D = xµ∂µ + λ(u1∂u1 + u2∂u2 + u3∂u3 + u4∂u4) + u2∂u1 + u3∂u2 + u4∂u3 ;
12. D = xµ∂µ + a(u1∂u1 + u2∂u2) + b(u2∂u1 − u1∂u2) +

+ λ (u3∂u3 + u4∂u4) + u4∂u3 ;
13. D = xµ∂µa1(u1∂u1 + u2∂u2) + b1(u2∂u1 − u1∂u2) +

+ a2(u3∂u3 + u4∂u4) + b2(u4∂u3 − u3∂u4);
14. D = xµ∂µ + a1(u1∂u1 + u2∂u2) + b1(u2∂u1 − u1∂u2) +

+ a2(u3∂u3 + u4∂u4) + b2(u4∂u3 − u3∂u4) + u3∂u1 + u4∂u2 ;
15. D = xµ∂µ + λ(u1∂u1 + u2∂u2 + u3∂u3) + u2∂u1 + u3∂u2 + b∂u4 ;
16. D = xµ∂µ + u4∂u3 + b∂u4 + λ(u1∂u1 + u2∂u2) + u2∂u1 , b �= 0;
17. D = xµ∂µ + u2∂u1 + u3∂u2 + u4∂u3 + b∂u4 ;
18. D = xµ∂µ + u2∂u1 + b∂u2 + u4∂u3 + c∂u4 , b �= 0, c �= 0;
19. D = xµ∂µ + a(u1∂u1 + u2∂u2) + b(u2∂u1 − u1∂u2) + u4∂u3 + c∂u4 ;
20. D = xµ∂µ.

Theorem 2. System of PDEs (7) is invariant under the conformal group C(1, 3) iff
it is equivalent to the following system:

�uj = u3
1F̃j

(
u1

u2
,
u1

u3
,
u1

u4

)
, j = 1, 2, 3, 4.

Proofs of Theorems 1, 2 are carried out with the help of the infinitesimal Lie
algorithm (see, e.g. [2, 5, 6]). Here we present the scheme of the proof of Theorem 1
only.
Within the framework of the Lie method, a symmetry operator for system of PDEs

(7) is looked for in the form

X = ξµ(x, u)∂µ + ηj(x, u)∂uj
, j = 1, . . . , 4, (10)

where ξµ(x, u), ηj(x, u) are some smooth functions.
The necessary and sufficient condition for system of PDEs (7) to be invariant under

the group having the infinitesimal operator (10) reads

X̃(�uj + Fj)
∣∣∣
�ui−Fi=0, i=1,...,4

= 0, j = 1, . . . , 4, (11)

where X̃ stands for the second prolongation of the operator X.
Splitting relations (11) by independent variables, we get the Killing-type system

of PDEs for ξµ, ηk. Integrating it, we have:

ξµ = 2xµgαβxαkβ − kµgαβxαxβ + cµαgαβxβ + dxµ + eµ, µ = 0, . . . , 3,

ηk =
4∑
j=1

akjuj + bk(x) − 2gαβkαxβuk, k = 1, . . . , 4.
(12)
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Here kα, cµν = −cνµ, d, eµ, akj are arbitrary constants, bk(x) are arbitrary functi-
ons satisfying the following relations:

4∑
k=1

(
4∑
l=1

aklul + bk(x) − 2gαβkαxβuk

)
Fjuk

+ �bj(x) +

+ 2(d+ 3gαβkαxβ)Fj −
4∑
l=1

ajlFl = 0, j = 1, . . . , 4.

(13)

From (12), (13) it follows that system of PDEs (7) is invariant under the Poincaré
group P (1, 3) having the generators (2) with arbitrary F1, F2. To describe all functions
F1, F2 such that system (7) admits the extended Poincaré group P̃ (1, 3), one has to
solve two problems:
1) to describe all operators D of the form (10), (12) which together with opera-

tors (2) satisfy the commutation relations of the Lie algebra of the group P̃ (1, 3) (see,
e.g. [2])

[Pα, Pβ ] = 0, [Pα, Jβγ ] = gαβPγ − gαγPβ ,

[Jαβ , Jµν ] = gανJβµ + gβµJαν − gαµJβν − gβνJαµ,

[D,Jαβ ] = 0, [Pα,D] = Pα, α, β, γ, µ, ν = 0, . . . , 3;

2) to solve system of PDEs (13) for each operator D obtained.
On solving the first problem, we establish that the operator D has the form

D = xµ∂µ +
4∑
i=1

 4∑
j=1

Aijuj +Bi

 ∂ui
, (14)

where Aij , Bi are arbitrary constants.
As noted above, two operators D and D′ connected by the transformation (8)

(which does not alter the form of the operators Pµ, Jµν) are considered as equivalent.
Using this fact we can simplify substantially the form of the operator (14).
On making in (14) the change of variables (8) with βj = 0, we have

D′ = xµ∂µ +
4∑
i=1

 4∑
j=1

Ãiju
′
j + B̃i

 ∂u′
i
,

where

‖Ãij‖ = ‖αij‖‖Aij‖‖αij‖−1,

B̃i =
4∑
k=1

αikBk, i = 1, 2, 3, 4.
(15)

As an arbitrary (4×4)-matrix can be reduced to a Jordan form by transformation
(15), we may assume without loss of generality that the matrix ‖Aij‖ is in the Jordan
form. The further simplification of the form of operator (14) is achieved at the expense
of transformation (8) with αik = 0.
As a result, the set of operators (14) is split into twenty equivalence classes, whose

representatives are adduced in (9).
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Next, integrating corresponding system of PDEs (13), we get P̃ (1, 3)-invariant
systems of equations given above.
Note that when proving Theorem 1, we solve a standard problem of the repre-

sentation theory, namely, we describe inequivalent representations of the extended
Poincaré group which are realized on the set of solutions of system of PDEs (7). But
the representation space (i.e., the set of solutions of system (7)) is not a linear vector
space, whereas in the standard representation theory it is always the case. This fact
makes impossible a direct application of the methods of the classical theory of linear
group representations [7].
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New scale-invariant nonlinear differential
equations for a complex scalar field
R.Z. ZHDANOV, W.I. FUSHCHYCH, P.V. MARKO

We describe all complex wave equations of the form �u = F (u, u∗) invariant under
the extended Poincaré group. As a result, we have obtained the five new classes of
P̃ (1, 3)-invariant nonlinear partial differential equations for the complex scalar field.

It is well-known that the maximal symmetry group admitted by the nonlinear
wave equation

�u ≡ ux0x0 −�3u = F (u) (1)

with an arbitrary smooth function F (u) is the 10-parameter Poincaré group P (1, 3)
having the following generators:

Pµ = ∂µ, Jµν = gµαxα∂ν − gναxα∂µ, (2)

where ∂µ = ∂/∂xµ
, gµν = diag(1,−1,−1,−1), µ, ν, α = 0, 1, 2, 3. Hereafter, the

summation over the repeated indices from 0 to 3 is understood.
As established in [1] Eq. (1) admits a wider symmetry group only in the two cases:

(1) F (u) = λuk, k �= 1, (3)

(2) F (u) = λeku, k �= 0. (4)

where λ, k are arbitrary constants.
Eqs. (1) with nonlinearities (3) and (4) admit the one-parameter groups of scale

transformations D(1) having the following generators:

(1) D = xµ∂µ +
2

1 − k
u∂u,

(2) D = xµ∂µ − 2
k
∂u.

(5)

The 11-parameter transformation group with generators (2) and (5) is called the
extended Poincaré group P̃ (1, 3).
The above result admits the following group-theoretical interpretation: on the set

of solutions of the nonlinear wave equation (1) two inequivalent representations of
the extended Poincaré group are realized. Each representation gives rise to a P̃ (1, 3)-
nonlinear wave equation with a very specific nonlinearity.
Surprisingly enough, there is no an analogous result for the complex nonlinear

wave equation

�u = F (u, u∗) (6)

Physica D, 1996, 95, P. 158–162.
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which is a more realistic model for describing a charged meson field in the modern
quantum field theory. Eq. (6) admits the Poincaré group with generators (2) under
arbitrary F (u, u∗). It is natural to formulate the following problem: to describe all
functions F such that the said equation admits wider symmetry groups. We are
interested in those equations of the form (6) which are invariant under the natural
extensions of the Poincaré group — the extended Poincaré and the conformal groups.
A usual approach to the description of partial differential equations admitting

some Lie transformation group is to fix a representation of the group and then use
the infinitesimal Lie method (see, e.g. [2, 3]) to obtain an explicit form of the unknown
function F . In this way in the paper [4] two classes of P̃ (1, 3)-invariant equations of the
form (6) were constructed. But this approach may result in loosing some subclasses
of invariant equations (which is the case for the paper mentioned). It means that one
should not fix a priori a representation of the group. The only thing to be fixed is the
commutational relations of the corresponding Lie algebra. This approach guarantees
that all equations admitting a given group will be obtained.
In the paper [5] Rideau and Winternitz study two-dimensional PDEs admitting

the extended Poincaré group P̃ (1, 1) using the approach described above. They have
classified second-order P̃ (1, 1)-invariant equations within the change of independent
and dependent variables.
In the present paper we will describe within the affine transformations all equa-

tions belonging to the class (6) which are invariant under the 11-parameter extended
Poincaré group.
Putting u = u1 + iu2, u∗ = u1 − iu2 we rewrite the complex equation (6) as a

system of two real equations

�uj = Fj(u1, u2), j = 1, 2. (7)

Before formulating the principal assertions we make a remark. As a direct check
shows, the class of Eqs. (7) is invariant under the linear transformations of dependent
variables

uj → u′j =
2∑
k=1

αjkuk + βj , (8)

where αjk, βj , j = 1, 2 are arbitrary constants with det ‖αjk‖ �= 0.
That is why we carry out symmetry classification of Eqs. (7) within the equivalence

transformations (8).

Theorem 1. The system of partial differential equations (7) is invariant under the
extended Poincaré group P̃ (1, 3) iff it is equivalent to one of the following systems:

(i) �u1 = u
(a−2)/a
1 F̃1(ω),

�u2 = u
(b−2)/a
1 F̃2(ω), ω = ub1u

−a
2 ;

(ii) �u1 = exp
(

(a− 2)
u1

u2

){
F̃1(ω) +

u1

u2
F̃2(ω)

}
,

�u2 = exp
(

(a− 2)
u1

u2

)
F̃2(ω), ω = a

u1

u2
− lnu2;
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(iii) �u1 = exp
(
a− 2
b

u2

)
F̃1(ω),

�u2 = exp
(
−2
b
u2

)
F̃2(ω), ω = au2 − b lnu1;

(iv) �u1 = (u2
1 + u2

2)
−1/2 exp

(
a− 2
b

arctan
u1

u2

){
u2F̃1(ω) + u1F̃2(ω)

}
,

�u2 = (u2
1 + u2

2)
−1/2 exp

(
a− 2
b

arctan
u1

u2

){
u2F̃2(ω) − u1F̃1(ω)

}
,

ω = b ln(u2
1 + u2

2) − 2a arctan
u1

u2
;

(v) �u1 = exp
(
−2
b
u2

){
F̃1(ω) + u2F̃2(ω)

}
,

�u2 = b exp
(
−2
b
u2

)
F̃2(ω), ω = 2bu1 − u2

2;

(vi) �u1 = 0, �u2 = 0;

(9)

where F̃1, F̃2 are arbitrary smooth functions, a, b are arbitrary constants.
And what is more, the basis generators Pµ, Jµν are given by the formulae (2) and

the generators of the corresponding groups of scale transformations are given by the
following formulae:

(i) D = xµ∂µ + au1∂u1 + bu2∂u2 , a �= 0;
(ii) D = xµ∂µ + a(u1∂u1 + u2∂u2) + u2∂u1 ;
(iii) D = xµ∂µ + au1∂u1 + b∂u2 , b �= 0;
(iv) D = xµ∂µ + a(u1∂u1 + u2∂u2) + b(u2∂u1 − u1∂u2), b �= 0;
(v) D = xµ∂µ + u2∂u1 + b∂u2 , b �= 0;
(vi) D = xµ∂µ.

(10)

Theorem 2. The system of PDE (8) is invariant under the conformal group C(1, 3)
iff it is equivalent to the following system:

�uj = u3
1F̃j

(
u1

u2

)
, j = 1, 2.

where F1, F2 are arbitrary smooth functions.
Proofs of the Theorems 1, 2 are carried out with the use of infinitesimal algorithm

by Lie [2, 3]. Here we present the proof of the Theorem 1 only.
Within the framework of the Lie’s approach a symmetry operator for the system

of PDE (7) is looked for in the form

X = ξµ(x, u)∂µ + η1(x, u)∂u1 + η2(x, u)∂u2 , (11)

where ξµ(x, u), ηj(x, u) are some smooth functions.
Necessary and sufficient condition for the system of PDE (7) to be invariant under

the group having the infinitesimal operator (11) reads

X̃(�uj − Fj)
∣∣∣�u1−F1=0

�u2−F2=0
= 0, j = 1, 2, (12)

where X̃ stands for the second prolongation of the operator X.
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Splitting relations (12) by independent variables we get a Killing type system of
PDE for ξµ, ηk. Integrating it we have:

ξµ = 2xµgαβxαkβ − kµgαβxαxβ + cµαgαβxβ + dxµ + eµ, µ = 0, 3,

ηk =
2∑
j=1

akjuj + bk(x) − 2gαβkαxβuk, k = 1, 2,
(13)

where kα, cµν = −cνµ, d, eµ, akj are arbitrary constants, bk(x) are arbitrary functions
satisfying the following relations:

2∑
k=1

(
2∑
l=1

aklul + bk(x) − 2gαβkαxβuk

)
Fjuk

+ �bj(x) +

+ 2(d+ 3gαβkαxβ)Fj −
2∑
l=1

ajlFl = 0, j = 1, 2.

(14)

From (13) and (14) it follows that the system of PDE (7) is invariant under the
Poincaré group P (1, 3) having the generators (2) with arbitrary F1, F2. To describe
all functions F1, F2 such that system (7) admits the extended Poincaré group P̃ (1, 3)
one has to solve the following two problems:

• to describe all operators D of the form (11), (13) which together with the
operators (2) satisfy the commutational relations of the Lie algebra of the group
P̃ (1, 3):

[Pα, Pβ ] = 0, [Pα, Jβγ ] = gαβPγ − gαγPβ ,

[Jαβ , Jµν ] = gανJβµ + gβµJαν − gαµJβν − gβνJαµ,

[D,Jαβ ] = 0, [Pα,D] = Pα, α, β, γ, µ, ν = 0, 3;

• to solve system of PDE (14) for each operator D obtained.
Substituting the operator D ≡ X with ξµ, ηk of the form (11) and (13) into

the above commutational relations and computing the coefficients of the linearly-
independent operators ∂xµ

we arrive at the following relations:

kα = 0, cµν = 0, α, µ, ν = 0, . . . , 3,
∂bk(x)
∂xµ

= 0, k = 1, 2, µ = 0, . . . , 3.

Consequently, the generator of the one-parameter scale transformation group D
admitted by the PDE (7) necessarily takes the form

D = xµ∂µ +
2∑
i=1

 2∑
j=1

Aijuj +Bi

 ∂ui
, (15)

where Aij , Bi are some constants.
Before integrating the determining Eqs. (14) we simplify the operator D using

the equivalence relation (8). Making in (15) the change of variables (8) with βj = 0
(which does not alter the form of the operators Pµ, Jµν) we have

D′ = xµ∂µ +
2∑
i=1

 2∑
j=1

Ãiju
′
j + B̃i

 ∂u′
i
,
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where

Ãij =
2∑

k,l=1

αik Akl α
−1
lj , B̃i =

2∑
k=1

αikBk, i = 1, 2. (16)

Here α−1
lj are elements of the (2 × 2)-matrix inverse to the matrix ‖αij‖.

Since an arbitrary (2 × 2)-matrix can be reduced to the Jordan form by the
transformation (16) we may assume, without loss of generality, that the matrix ‖Ãij‖
is in Jordan form. The further simplification of the form of operator (15) is achieved
at the expense of the transformation (8) with αik = 0.
As a result, the set of operators (15) is divided into the six equivalence classes

whose representatives are adduced in (10).
Next, integrating corresponding system of PDE (14) we get P̃ (1, 3)-invariant sys-

tems of equations (9).
Note 1.When proving the Theorem 1 we solve the classical problem of representation
theory: the description of inequivalent representations of the extended Poincaré group
which are realized on the set of solutions of the system of nonlinear PDE (7). The
representation space (i.e. the set of solutions of system (7)) is not a linear vector
space, whereas in the standard representation theory it is always the case. This fact
makes impossible a direct application of the standard methods of linear representation
theory (for more detail, see [5, 6]).
Note 2. If one put in the formulae (1) and (3) from (6) a = k1, b = k2 and a = k1,
b = 0 respectively, then we get P̃ (1, 3)-invariant systems of PDE constructed in [4].
Further, if we make in (6) the change of variables

u1 =
1
2

(u+ u∗) , u2 =
1
2i

(u− u∗) ,

then we get the six classes of inequivalent PDE for complex field invariant under the
extended Poincaré group.
Equations of the form (3) are widely used in the quantum field theory to describe

at the classical level spinless charged mesons [7]. But PDE (3) with arbitrary F1, F2 is
“two general” to be used as a reasonable mathematical model of a real physical process.
The nonlinearities F1, F2 should be restricted in some way. To our minds the symmetry
selection principle is the most natural way of achieving this target. Furthermore, the
wide symmetry of the equation under study makes it possible to apply the symmetry
reduction procedure to obtain its exact solutions. Since all connected subgroups of
the extended Poincaré group are known [8–10] one can apply the said procedure to
reduce and to construct particular solutions of the PDE (9). This problem is now
under consideration and will be a topic of our future paper.
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von Humboldt Foundation. The authors are thankful to the referee for useful sugges-
tions.
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Some exact solutions of a conformally
invariant nonlinear Schrödinger equation
P. BASARAB-HORWATH, L.L. BARANNYK, W.I. FUSHCHYCH

We consider a nonlinear Schrödinger equation whose symmetry algebra is the confor-
mal algebra. Using some of these symmetries, we construct some ansatzes for solutions
of the equation. This equation can be thought of as giving a wave-function description
of a classical particle.

1 Introduction
Many authors have proposed nonlinear generalisations of the linear equation of the
following type [1, 2, 3, 4, 5, 6, 7]:

iut + �u =
(
λ1

�|u|
|u| + λ2

|u|a|u|a
|u| + λ0 ln

u

u∗

)
u, (1)

where ut = ∂u
∂t , |u|a = ∂u

∂xa
, |u| = uu∗, a = 1, . . . , n, λ0, λ1, λ2 are constants, and

we sum over repeated indices. These types of equations were introduced to include
effects such as dissipation and diffusion.
The symmetry properties and classification of equations of type (1) are studied in

[6, 7]. An important property of all equations of the above type is their admit the
Galilei group G(1, n) as symmetries.
In this article we shall consider the following equation belonging to the class (1):

iut + �u =
�|u|
|u| u (2)

which has remarkable symmetry properties. Indeed, it has the largest local symmetry
algebra of all known nonlinear Schrödinger equations, being invariant under the
conformal algebra AC(1, n+1) of n+2-dimensional Minkowski space. Thus, since this
algebra contains the Poincaré algebras AP (1, n+1), AP (1, n) and so on, equation (2)
obeys the principle of Lorentz–Poincaré–Einstein relativity as well as Galilei relativity
(see [8] for more details on this effect).
There are other reasons for considering equation (2). First, (2) can be obtained as

a reduction of the hyperbolic equation

|Ψ|�Ψ − Ψ�|Ψ| = −κΨ. (3)

Equation (3), with κ = m2c2/�2 was proposed by Vigier and Gueret [3] and by Guerra
and Pusterla [2] as an equation for de Broglie’s double solution [1]. Using the following
ansatz in (3)

Ψ = ei(κτ−(εx)/2)u(τ, βx, δx),

Preprint LiTH-MAT-R-97-11, Department of Mathematics, Linköping University, Sweden, 1997,
12 p.
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where τ = αx = αµx
µ and ε, α, β, δ are constant 4-vectors with α2 = ε2 = 0,

β2 = δ2 = −1, αβ = αδ = εβ = εδ = 0, αε = 1, we obtain the equation

iuτ + �2 =
�2|u|
|u| u

with�2 = ∂2

∂y2
1
+ ∂2

∂y2
2
, y1 = βx, y2 = δx. This is just equation (2). The ansatz described

above is used in reducing nonlinear complex wave equations to nonlinear Schrödinger
equations (see [9] for more details).
A second reason for considering (2) is that it arises in connection with the so-called

classical limit of quantum mechanics (� → 0). Indeed, writing

ψ = A(t, �x)eiθ(t,�x)/�

in the free Schrödinger equation

iψt = − �

2m
�ψ

we obtain the system

θt +
1

2m
(∇θ)2 =

�
2

2m
�A
A

, ∂t(A2) + ∇
(
A2∇θ

m

)
= 0

which, on taking the limit � → 0 gives

θt +
1

2m
(∇θ)2 = 0, ∂t(A2) + ∇

(
A2∇θ

m

)
= 0

which is the same system we obtain when we put u = Aeiθ into (2) (when m = 1/2).
It is thus possible to think of a classical particle having a wave-function u satisfying
(2), but we shall not pursue this interesting question here.
The main aim of our paper is to exploit the symmetry algebra AC(1, 4) to construct

exact solutions of equation (2) for n = 3. It is not yet possible to give a physical
interpretation of the solutions we obtain, but we believe that nontrivial solutions
of nonlinear equations are always of interest and give useful information about the
possible flows (trajectories, evolutions, bifurcations, asymptotics) of the dynamical
system described by (2). Of course, initial and boundary conditions will pick out
some special solutions of the equation which can be given a physical interpretation.
In order to construct solutions of (2) in explicit form, it is necessary to know all

inequivalent subalgebras of the algebra AC(1, 4), and then to construct corresponding
ansatzes which reduce (2) to equations in fewer independent variables, even ordinary
differential equations. It is not possible to realise this scheme (see [10] for details) in
full in this paper: we merely list those subalgebras of the extended Poincaré algebra
AP̃ (1, 4) = 〈AP (1, 4),D〉 which reduce (2) to ordinary differential equations which
we are able to solve in general or find particular solutions for. The solutions of these
ordinary differential equations give us exact solutions of (2).



58 P. Basarab-Horwath, L.L. Barannyk, W.I. Fushchych

2 Symmetry of (2) in terms of amplitude and phase

To simplify our work, it is convenient to go over to the amplitude-phase representation
of the function u:

u(t, �x) = A(t, �x)eiθ(t,�x) = eR(t,�x)+iθ(t,�x)

in terms of which equation (2) becomes:

θt + ∇θ · ∇θ = 0, (4)

Rt + �θ + 2∇θ · ∇R = 0. (5)

Using the standard algorithm for calculating Lie point symmetries (see, for examp-
le, [11, 13, 12, 8]) we find the following result:

Theorem 1. The maximal point-symmetry algebra of the system of equations (4), (5)
is algebra with basis vector fields

Pt = ∂t, Pa = ∂a, Pn+1 =
1

2
√

2
(2∂t − ∂θ), N = ∂R, Jab = xa∂b − xb∂a,

J0,n+1 = t∂t − θ∂θ, J0a =
1√
2

(
xa∂t + (t+ 2θ)∂xa

+
1
2
xa∂θ

)
,

Ja,n+1 =
1√
2

(
−xa∂t + (t− 2θ)∂xa

+
1
2
xa∂x0

)
,

D = −
(
t∂t + xa∂a + θ∂θ − n

2
∂R

)
,

K0 =
√

2
((

t+
�x2

2

)
∂t + (t+ 2θ)xa∂xa

+
(
�x2

4
+ 2θ2

)
∂θ − n

2
(t+ 2θ)∂R

)
,

Kn+1 = −
√

2
((

t− �x2

2

)
∂t +(t− 2θ)xa∂xa

+
(
�x2

4
− 2θ2

)
∂θ − n

2
(t− 2θ)∂R

)
,

Ka = 2xaD − (4tθ − �x2)∂xa
.

The above algebra is equivalent to the extended conformal algebra AC(1, n+1)⊕
〈N〉. In fact, with new variables

x0 =
1√
2
(t+ 2θ), xn+1 =

1√
2
(t− 2θ) (6)

the operators in Theorem 1 can be written as

Pα = ∂α, Jαβ = xα∂β − xβ∂α, N = ∂R,

D = −xα∂α +
n

2
N, Kα = −2xαD − (xµxµ)∂α.

(7)

Remark 1. It follows from Theorem 1 that the nonlinear Schrödinger equation (2) is,
in 1+3 time-space, invariant with respect to the Poincaré group P (1, 4) of 1+4 time-
space. The basis elements of the algebra AP (1, 4) are 〈P0, P1, P2, P3, P4, Jαβ , J04, J4a〉.
We also have that the new “time” x0 and the new coordinate x4 in (6) depend linearly
on the phase function θ and on t, the time.
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3 Subalgebras of AP (1, 4) ⊕ 〈N〉:
ansatzes and solutions

In this section we exploit those subalgebras of the algebra AP (1, 4)⊕〈N〉 which reduce
the equation (2) in 1+3 time-space dimensions to ordinary differential equations which
we are able to solve. In fact, we use the system (4), (5), since we construct ansatzes for
the functions θ and R which, when substituted into (4) and (5), yield exact solutions
of (2).
Using the methods exposed in [15, 10], we have made a detailed subalgebra analysis

of AP (1, 4)⊕〈N〉, and we have described all inequivalent subalgebras of rank 3. Here,
we give a list of these algebras, the ansatzes and the exact solutions obtained.
A1 = 〈J12 + dN,P3 +N,P4〉 (d ≥ 0)
Ansatz:

θ = −1
2
t+ f(ω), R = x3 − d arctan

(
x2

x1

)
+ g(ω), ω = x2

1 + x2
2.

Solution:

θ = −1
2
t+ ε

√
x2

1 + x2
2

2
+ C1, ε = ±1,

R = x3 − d arctan
(
x2

x1

)
− 1

4
ln(x2

1 + x2
2) + C2,

where C1, C2 are constants. These solutions describe processes which have phase
linear in time and amplitude constant in time, linear in x3.
A2 = 〈J04 + dN,P1 +N,P2〉
Ansatz:

θ =
1
t
f(ω), R = ln t+ x1 + g(ω), ω = x3.

Solution:

θ =
1
4t

(x3 + C1)2, R = d ln t+ x1 − 2d+ 1
2

ε ln |x3 + C1| + C2, ε = ±1.

A3 = 〈J04 + d1N, J12 + d2N,P3 + d3N〉
Ansatz:

θ =
1
t
f(ω), ω = x2

1 + x2
2, R = d1 ln t− d2 arctan

(
x2

x1

)
+ d3x3 + g(ω),

where d1, d2, d3 are constants.
Solution:

θ =
(
√
x2

1 + x2
2 + C1)2

4t
,

R = d1 ln t− d2 arctan
(
x2

x1

)
+ d3x3 − 1

4
ln
(
x2

1 + x2
2

)−
−
(
d1 +

1
2

)
ln
∣∣∣∣√x2

1 + x2
2 + C1

∣∣∣∣+ C2.
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A4 = 〈J04 + dN, J23, P2, P3〉
Ansatz:

θ =
1
t
f(ω), R = d ln |t| + g(ω), ω = x1.

Solution:

θ =
(x1 + C1)2

4t
, R = d ln |t| −

(
d+

1
2

)
ln |x1 + C1| + C2.

A5 = 〈G1, J04 + d1N,P3 + d2N〉 with d1 arbitrary and d2 = 0, 1
Ansatz:

θ =
x2

1

4t
+

1
t
f(ω), R = d1 ln |t| + d2x3 + g(ω), ω = x2.

Solution:

θ =
x2

1 + (x2 + C1)2

4t
, R = d1 ln |t| + d2x3 − (d1 + 1) ln |x2 + C1| + C2.

A6 = 〈J12, J13, J23, P4 + dN〉 (d = 0, 1)
Ansatz:

θ = −1
2
t+ f(ω), R = −d

√
2t+ g(ω), ω = x2

1 + x2
2 + x2

3.

Solution:

θ = −1
2
t+ ε

√
x2

1 + x2
2 + x2

3

2
+ C1, ε = ±1,

R = −d
√

2t+ dε
√
x2

1 + x2
2 + x2

3 −
1
2

ln(x2
1 + x2

2 + x2
3) + C2.

A7 = 〈G1, G2, J04 + d1N, J12 + d2N〉
Ansatz:

θ =
x2

1 + x2
2

4t
+

1
t
f(ω), R = d ln |t| − d2 arctan

x2

x1
+ g(ω), ω = x3.

Solution:

θ =
x2

1 + x2
2 + (x3 + C1)2

4t
,

R = d1 ln |t| − β arctan
x2

x1
−
(
d2 +

3
2

)
ln |x3 + C1| + C2.

A8 = 〈J12, J23, J14, J23, J24, J34〉
Ansatz:

θ = −1
2
t+ f(ω), R = g(ω), ω = (t− 2θ)2 + 2

(
x2

1 + x2
2 + x2

3

)
.

Solution (in implicit form):

θ = − 1
2 t+ 1

2

√
(t− 2θ)2 + 2(x2

1 + x2
2 + x2

3) + C1,

R = −3
4

ln
(
(t− 2θ)2 + 2(x2

1 + x2
2 + x2

3)
)

+ C2.
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A9 = 〈J01, J02, J03, J12, J13, J23〉
Ansatz:

θ =
1
4t
f(ω) +

x2
1 + x2

2 + x2
3

4t
, R = g(ω), ω = θ − 1

2
t.

Solution:

θ =
�x2 − 4C1t+ 8C2

1

4t− 8C1
, R = −3

2
ln
∣∣∣∣�x2 − 2(t− 2C1)2

t− 2C1

∣∣∣∣+ C2.

A10 = 〈J12 + P0 + d1N,P3 + d2N,P4〉 (d1 ≥ 0, d2 > 0)
Ansatz:

θ = f(ω) − 1
2
t− 1√

2
arctan

x2

x1
, R = g(ω) − d1 arctan

x2

x1
+ d2x3,

ω = x2
1 + x2

2.

Solution:

θ = −1
2
t− 1√

2
arctan

x2

x1
+
ε

2

(√
x2

1 + x2
2 − 1 − arctan

√
x2

1 + x2
2 − 1

)
+ C1,

R = −d1 arctan
x2

x1
+ d2x3 − 1

4
ln |x2

1 + x2
2 − 1| −

− εd1 arctan
√
x2

1 + x2
2 − 1 + C2, ε = ±1.

A11 = 〈G1 + 2T + dN,P2 +N,P3〉
Ansatz:

θ = f(ω) − t3

6
+
x1t

2
, R = g(ω) +

d√
2
t+ x2, ω = t2 − 2x1.

Solution:

θ =
ε

6
(t2 − 2x1)3/2 − t3

6
+
x1t

2
+ C1,

R = −1
2
(t2 − 2x1) − εd√

2
(t2 − 2x1)1/2 +

d√
2
t+ x2 + C2, ε = ±1.

A12 = 〈G1 + 2T + dN, J23, P2, P3〉
Ansatz:

θ = f(ω) − t3

6
+
x1t

2
, R = g(ω) +

d√
2
t, ω = t2 − 2x1.

Solution:

θ =
ε

6
(t2 − 2x1)3/2 − t3

6
+
x1t

2
+ C1,

R = −1
2
(t2 − 2x1) +

εd√
2
(t2 − 2x1)1/2 +

d√
2
t+ C2, ε = ±1.
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A13 = 〈G1 + d1N,G2 + P2 + d2N,P3 + d3N〉 (d1, d2, d3 ≥ 0)
Ansatz:

θ = f(ω) +
x2

1

4t
+

x2
2

2
√

2(
√

2t+ 1)
,

R = g(ω) +
d1x1√

2t
+

d2x2√
2t+ 1

+ d3x3, ω = t.

Solution:

θ =
x2

1

4t
+

x2
2

2
√

2(
√

2t+ 1)
+ C1,

R =
d1x1√

2t
+

d2x2√
2t+ 1

+ d3x3 − 1
2

ln |t| − 1
2
|
√

2t+ 1| + C2.

4 The extended subalgebras of the extended
Poincaré algebra AP̃ (1, 4)

If we add the dilatation operator D to the algebra AP (1, 4)⊕N , we obtain the algebra
AP̃ (1, 4) ⊕ N = 〈Pµ, Jµν , N,D〉. In this section we give a list of the subalgebras of
AP̃ (1, 4)⊕N which are not equivalent to subalgebras of AP (1, 4)⊕N , as well as the
corresponding ansatzes and solutions of (4), (5).
A14 = 〈J04 + a1N,D + a2N,P3〉 (a1 ≥ 0, a2 arbitrary)
Ansatz:

θ =
x2

1

t
f(ω), R = g(ω) + a1 ln |t| −

(
a1 + a2 +

3
2

)
ln |x1|, ω =

x1

x2
.

Solution:

θ =
x2

1

4t
, R = a1 ln |t| +

(
a2 − a1 +

1
2

)
ln |x1| − 2(a2 + 1) ln |x2| + C.

A15 = 〈J12 + a1J04 + a2N,D + a3N,P3〉 (a1 > 0)
Ansatz:

θ =
x2

1 + x2
2

t
f(ω), R = g(ω) +

(
3
4

+
a3

2

)
ln
(
x2

1 + x2
2

)− a2 arctan
x2

x1
,

ω = 2 ln |t| − ln(x2
1 + x2

2) + 2a1 arctan
x2

x1
.

Solution:

θ =
x2

1 + x2
2

4t
,

R = g

(
2 ln |t| − ln

(
x2

1 + x2
2

)
+ 2a1 arctan

x2

x1

)
−

− a2 arctan
x2

x1
− 1

2
ln
(
x2

1 + x2
2

)
,

where g is an arbitrary function of one variable.
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A16 = 〈J04 + a1N, J12 + a2N,D + a3N〉 (a1, a2 ≥ 0; a3 arbitrary)
Ansatz:

θ =
x2

1 + x2
2

t
f(ω),

R = g(ω) + a1 ln |t| − a2 arctan
x2

x1
− 2a1 + 2a3 + 3

4
ln(x2

1 + x2
2),

ω =
x2

1 + x2
2

x2
3

.

Solution:

θ =
x2

1 + x2
2

4t
,

R = a1 ln |t| − a2 arctan
x2

x1
− a1 + 1

2
ln(x2

1 + x2
2) −

1 + 2a3

2
ln |x3| + C.

A17 = 〈J04 + a1D + a2N, J12 + a3D + a4N,P3〉 (a2
1 + a2

3 �= 0).
Ansatz:

θ =
x2

1 + x2
2

t
f(ω),

R = g(ω) +
3a1 + 2a2

2
ln |t| − 3a3 + 2a4

2
arctan

x2

x1
−

− 3a1 + 2a2

4
ln
(
x2

1 + x2
2

)
,

ω = a1 ln |θ| − a1 ln |t| + 2a3 arctan
x2

x1
− ln

(
x2

1 + x2
2

)
.

Solution:

θ =
x2

1 + x2
2

4t
,

R =
a1 + 2a2

2
ln |t| − a1 + 2a2 + 2

4
ln(x2

1 + x2
2) −

a3 + 2a4

2
arctan

x2

x1
+ C.

A18 = 〈J04 +D + aN, J23, P2, P3〉
Ansatz:

θ = x2
1f(ω), R = g(ω) −

(
a+

3
2

)
ln |x1|, ω = t.

Solution:

θ =
x2

1

4t+ C1
, R = (a+ 1) ln |4t+ C1| −

(
a+

3
2

)
ln |x1| + C2.

A19 = 〈G1, J04 + a1D + a2N,P3〉 (a1 �= 0, a2 arbitrary)
Ansatz:

θ =
x2

2

4t
f(ω) +

x2
1

4t
, R = g(ω) − 3a1 + 2a2

2a1
lnx2, ω = tx

(1−a1)/a1
2 .

Solution:

θ =
x2

1 + x2
2

4t
, R =

a1 + 2a2

2
ln |t| − a1 + 2a2 + 2

2
lnx2 + C.
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A20 = 〈J04 −D +M + aN, J23, P2, P3〉
Ansatz:

θ = f(ω) +
1

2
√

2
ln |t|, R = g(ω) +

(
a− 3

2

)
ln |x1|, ω =

x2
1

t
.

Solution:

θ =
1

2
√

2
ln |t| + x2

1

t
(|x1| + ε

√
x2

1 − 4
√

2t) +
ε

2
√

2
ln

∣∣∣∣∣∣
√
x2

1 − 4
√

2t− |x1|√
x2

1 − 4
√

2t+ |x1|

∣∣∣∣∣∣+ C1,

R =
a− 1

2
ln |t| − 1

4
ln |x2

1 − 4
√

2t| + ε(2 + a)
2

ln

∣∣∣∣∣∣
√
x2

1 − 4
√

2t− |x1|√
x2

1 − 4
√

2t+ |x1|

∣∣∣∣∣∣+ C2.

A21 = 〈J12, J13, J23, J04 −D +M + aN〉
Ansatz:

θ = f(ω) +
1

2
√

2
ln |t|, R = g(ω) +

2a− 3
4

ln �x2, ω =
�x2

t
.

Solution:

θ =
1

2
√

2
ln |t| + |�x|

8t

(
|�x| + ε

√
�x2 − 4

√
2t
)

+

+
ε

2
√

2
ln

∣∣∣∣∣
√
�x2 − 4

√
2t− |�x|√

�x2 − 4
√

2t+ |�x|

∣∣∣∣∣+ C1, ε = ±1,

R =
4a− 1

2
ln |t| − 2a+ 1

4
ln �x2 +

εa

2
ln

∣∣∣∣∣
√
�x2 − 4

√
2t− |�x|√

�x2 − 4
√

2t+ |�x|

∣∣∣∣∣−
− 1

4
ln |�x2 − 4

√
2t| + C2.

5 Structure of the solutions
Most of the solutions we have obtained can be put into six classes, as follows.

Class 1: The phase and amplitude depend linearly on t and have the following
structure:

θ = θ11t+ θ12(�x), R = R11t+R12(�x)

with θ11 and R11 being constants.
Class 2: The phase and amplitude have the structure

θ =
θ21
t

+ θ22(�x), R = R11 ln |t| +R22(�x)

with θ21 and R21 being constants.
Class 3: The phase and amplitude depend logarithmically on t:

θ =
θ31
t

+ θ32(w, �x), w =
�x2

t
, R = R31 ln |t| +R32(w, �x)

with θ31 and R31 being constants.



Some exact solutions of a conformally invariant nonlinear Schrödinger equation 65

Class 4: The phase depends on t inversely, and the amplitude depends on t
inversely and logarithmically

θ =
θ41(�x)
t

+
θ42(�x)
t+ a

+ θ43(�x),

R =
R41(�x)
t

+
R42(�x)
t+ a

+R43(�x) ln |t| +R44(�x) ln |t| + a.

Class 5: The amplitude is an implicit function of the phase:

θ = θ51t+ θ52(w), w = (t− 2θ)2 + 2�x2, R = R51(w)

with θ51 a constant.
Class 6: The amplitude and phase depend on two invariants w and �x2:

θ =
θ61(w)
t

, w = θ − 1
2
t, R = R61(w).

Since equation (2) is invariant under the conformal group C(1, 4), with the infi-
nitesimal operators of the conformal algebra given in Theorem 1, we can act on the
solutions we have obtained with group elements (see [8] for the formulas giving this
action explicitly) and obtain families of solutions of equation (2). These families of
solutions, or orbits of the group passing through a given exact solution, are what
Petiau called guided waves [16].
We leave open the question of the physical interpretation of equation (2) and

its solutions. However, we note that, in as much as the system (5), (6) does not
contain Planck’s constant �, the nonlinear Schrödinger equation (2) does not describe
a quantal system in the standard sense of this term. The system (5), (6) is also
obtained when ψ = Aeiθ/� is substituted into (...).
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Implicit and parabolic ansatzes:
some new ansatzes for old equations
P. BASARAB-HORWATH, W.I. FUSHCHYCH

We give a survey of some results on new types of solutions for partial differential
equations. First, we describe the method of implicit ansatzes, which gives equations
for functions which define implicitly solutions of some partial differential equations.
In particular, we find that the family of eikonal equations (in different geometries) has
the special property that the equations for implicit ansatzes are also eikonal equations.
We also find that the eikonal equation defines implicitly solutions of the Hamilton–
Jacobi equation. Parabolic ansatzes are ansatzes which reduce hyperbolic equations
to parabolic ones (or to a Schrödinger equation). Their uses in obtaining new types
of solutions for equations invariant under AO(p, q) are described. We also give some
results on conformally invariant nonlinear wave equations and describe some exact
solutions of a conformally invariant nonlinear Schrödinger equation.

1 Introduction
In this talk, I would like to present some results obtained during the past few years in
my collaboration with Willy Fushchych and some of his students. The basic themes
here are ansatz and symmetry algebras for partial differential equations.
I wrote this talk after Wilhelm Fushchych’ untimely death, but the results I give

here were obtained jointly or as a direct result of our collaboration, so it is only right
that he appears as an author.
In 1993/1994 during his visits to Linköping and my visits to Kyiv, we managed,

amongst other things, to do two things: use light-cone variables to construct new
solutions of some hyperbolic equations in terms of solutions of the Schrödinger or
heat equations; and to develop the germ of new variation on finding ansatzes. This
last piece is an indication of work in progress and it is published here for the first
time. I shall begin this talk with this topic first.

2 The method of implicit ansatzes

2.1 The wave and heat equations
Given an equation for one unknown real function (the dependent variable), u, say,
and several independent (“geometric”) variables, the usual approach, even in terms
of symmetries, is to attempt to find ansatzes for u explicitly. What we asked was
the following: why not try and give u implicitly? This means the following: look for
some function φ(x, u) so that φ(x, u) = C defines u implicitly, where x represents the
geometric variables and C is a constant. This is evidently natural, especially if you

Proceedings of the Second International Conference “Symmetry in Nonlinear Mathematical
Physics. Memorial Prof. W. Fushchych Conference” (July 7–13, 1997, Kyiv), Editors M. Shkil, A. Ni-
kitin and V. Boyko, Kyiv, Institute Mathematics, 1997, 1, P. 34–47.
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are used to calculating symmetry groups, because one then has to treat u on the same
footing as x. If we assume, at least locally, that φu(x, u) �= 0, where φu = ∂φ/∂u,
then the implicit function theorem tells us that φ(x, u) = C defines u implicitly
as a function of x, for some neighbourhood of (x, u) with φu(x, u) �= 0, and that
uµ = −φµ

φu
, where φµ = ∂φ

∂xµ . Higher derivatives of u are then obtained by applying
the correct amount of total derivatives.
The wave equation �u = F (u) becomes

φ2
u�φ = 2φuφµφµu − φµφµφuu − φ3

uF (u)

or

�φ = ∂u

(
φµφµ
φu

)
− φuF (u).

This is quite a nonlinear equation. It has exactly the same symmetry algebra as the
equation �u = F (u), except that the parameters are now arbitrary functions of φ.
Finding exact solutions of this equation will give u implicitly. Of course, one is entitled
to ask what advantages are of this way of thinking. Certainly, it has the disadvantage
of making linear equations into very nonlinear ones. The symmetry is not improved in
any dramatic way that is exploitable (such as giving a conformally-invariant equation
starting from a merely Poincaré invariant one). It can be advantageous when it comes
to adding certain conditions. For instance, if one investigates the system

�u = 0, uµuµ = 0,

we find that uµuµ = 0 goes over into φµφµ = 0 and the system then becomes

�φ = 0, φµφµ = 0.

In terms of ordinary Lie ansatzes, this is not an improvement. However, it is not
difficult to see that we can make certain non-Lie ansatzes of the anti-reduction type:
allow φ to be a polynomial in the variable u with coefficients being functions of x.
For instance, assume φ is a quintic in u: φ = Au5 + Bu + C. Then we will have the
coupled system

�A = 0, �B = 0, �C = 0,
AµAµ = BµBµ = CµCµ = AµBµ = AµCµ = BµCµ = 0.

Solutions of this system can be obtained using Lie symmetries. The exact solutions
of

�u = 0, uµuµ = 0

are then obtained in an implicit form which is unobtainable by Lie symmetry analysis
alone.
Similarly, we have the system

�u = 0, uµuµ = 1

which is transformed into

�φ = φuu, φµφµ = φ2
u



Implicit and parabolic ansatzes: some new ansatzes for old equations 69

or

�5φ = 0, φAφA = 0,

where �5 = � − ∂2
u and A is summed from 0 to 4.

It is evident, however, that the extension of this method to a system of equations
is complicated to say the least, and I only say that we have not contemplated going
beyond the present case of just one unknown function.
We can treat the heat equation ut = �u in the same way: the equation for the

surface φ is

φt = �φ− ∂

∂u

(∇φ · ∇φ
φu

)
.

If we now add the condition φu = ∇φ · ∇φ, then we obtain the system
φt = �φ, φu = ∇φ · ∇φ

so that φ is a solution to both the heat equation and the Hamilton–Jacobi equation,
but with different propagation parameters.
If we, instead, add the condition φ2

u = ∇φ · ∇φ, we obtain the system
φt = �φ− φuu, φ2

u = ∇φ · ∇φ.
The first of these is a new type of equation: it is a relativistic heat equation with
a very large symmetry algebra which contains the Lorentz group as well as Galilei
type boosts; the second equation is just the eikonal equation. The system is evidently
invariant under the Lorentz group acting in the space parametrized by (x1, . . . , xn, u),
and this is a great improvement in symmetry on the original heat equation.
It follows from this that we can obtain solutions to the heat equation using Lorentz-

invariant ansatzes, albeit through a modified equation.

2.2 Eikonal equations
Another use of this approach is seen in the following. First, let us note that there are
three types of the eikonal equation

uµuµ = λ,

namely the time-like eikonal equation when λ = 1, the space-like eikonal one when
λ = −1, and the isotropic eikonal one when λ = 0. Representing these implicitly, we
find that the time-like eikonal equation in 1 + n time-space

uµuµ = 1

goes over into the isotropic eikonal one in a space with the metric (1,−1, . . . ,−1︸ ︷︷ ︸
n+1

)

φµφµ = φ2
u.

The space-like eikonal equation

uµuµ = −1
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goes over into the isotropic eikonal one in a space with the metric (1, 1,−1, . . . ,−1︸ ︷︷ ︸
n

)

φµφµ = −φ2
u

whereas

uµuµ = 0

goes over into

φµφµ = 0.

Thus, we see that, from solutions of the isotropic eikonal equation, we can construct
solutions of time- and space-like eikonal ones in a space of one dimension less. We
also see the importance of studying equations in higher dimensions, in particular in
spaces with the relativity groups SO(1, 4) and SO(2, 3).
It is also possible to use the isotropic eikonal to construct solutions of the Hamil-

ton–Jacobi equation in 1 + n dimensions

ut + (∇u)2 = 0

which goes over into

φuφt = (∇φ)2

and this equation can be written as(
φu + φt

2

)2

−
(
φu − φt

2

)2

= (∇φ)2

which, in turn, can be written as

gABφAφB = 0

with A,B = 0, 1, . . . , n+ 1, gAB = diag (1,−1, . . . ,−1) and

φ0 =
φu + φt

2
, φn+1 =

φu − φt
2

.

It is known that the isotropic eikonal and the Hamilton–Jacobi equations have the
conformal algebra as a symmetry algebra (see [15]), and here we see the reason why
this is so. It is not difficult to see that we can recover the Hamilton–Jacobi equation
from the isotropic eikonal equation on reversing this procedure.
This procedure of reversal is extremely useful for hyperbolic equations of second

order. As an elementary example, let us take the free wave equation for one real
function u in 3 + 1 space-time:

∂2
0u = ∂2

1u+ ∂2
2u+ ∂2

3u

and write it now as

(∂0 + ∂3)(∂0 − ∂3)u = ∂2
1u+ ∂2

2u
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or

∂σ∂τu = ∂2
1u+ ∂2

2u,

where σ = x0−x3

2 , τ = x0+x3

2 . Now assume u = eσΨ(τ, x1, x2). With this assumption,
we find

∂τΨ =
(
∂2
1 + ∂2

2

)
Ψ

which is the heat equation. Thus, we can obtain a class of solutions of the free wave
equation from solutions of the free heat equation. This was shown in [1]. The ansatz
taken here seems quite arbitrary, but we were able to construct it using Lie point
symmetries of the free wave equation. A similar ansatz gives a reduction of the free
complex wave equation to the free Schrödinger equation. We have not found a way
of reversing this procedure, to obtain the free wave equation from the free heat or
Schrödinger equations. The following section gives a brief description of this work.

3 Parabolic ansatzes for hyperbolic equations:
light-cone coordinates and reduction to the heat
and Schrödinger equations

Although it is possible to proceed directly with the ansatz just made to give a
reduction of the wave equation to the Schrödinger equation, it is useful to put it
into perspective using symmetries: this will show that the ansatz can be constructed
by the use of infinitesimal symmetry operators. To this end, we quote two results:
Theorem 1. The maximal Lie point symmetry algebra of the equation

�u = m2u,

where u is a real function, has the basis

Pµ = ∂µ, I = u∂u, Jµν = xµ∂ν − xν∂µ

when m �= 0, and

Pµ = ∂µ, I = u∂u, Jµν = xµ∂ν − xν∂µ,

D = xµ∂µ, Kµ = 2xµD − x2∂µ − 2xµu∂u

when m = 0, where

∂u =
∂

∂u
, ∂µ =

∂

∂xµ
, xµ = gµνx

ν ,

gµν = diag (1,−1, . . . ,−1), µ, ν = 0, 1, 2, . . . , n.

We notice that in both cases (m = 0, m �= 0), the equation is invariant under the
operator I, and is consequently invariant under αµ∂µ + kI for all real constants k
and real, constant four-vectors α. We choose a hybrid tetradic basis of the Minkowski
space: α: αµαµ = 0; ε: εµεµ = 0; β: βµβµ = −1; δ: δµδµ = −1; and αµεµ = 1,
αµβµ = αµδµ = εµβµ = εµδµ = 0. We could take, for instance, α = 1√

2
(1, 0, 0, 1),
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ε = 1√
2
(1, 0, 0,−1), β = (0, 1, 0, 0), δ = (0, 0, 1, 0). Then the invariance condition (the

so-called invariant-surface condition),

(αµ∂µ + kI)u = 0,

gives the Lagrangian system

dxµ

αµ
=
du

ku

which can be written as

d(αx)
0

=
d(βx)

0
=
d(δx)

0
=
d(εx)

1
=
du

ku
.

Integrating this gives us the general integral of motion of this system

u− ek(εx)Φ(αx, βx, δx)

and, on setting this equal to zero, this gives us the ansatz

u = ek(εx)Φ(αx, βx, δx).

Denoting τ = αx, y1 = βx, y2 = δx, we obtain, on substituting into the equation
�u = m2u,

2k∂τΦ = �Φ +m2Φ,

where � = ∂2

∂
y2
1

+ ∂2

∂
y2
2

. This is just the heat equation (we can gauge away the linear

term by setting Φ = e
m2τ
2k Ψ). The solutions of the wave equation we obtain in this

way are given in [1].
The second result is the following:

Theorem 2. The Lie point symmetry algebra of the equation

�Ψ + λF (|Ψ|)Ψ = 0

has basis vector fields as follows:
(i) when F (|Ψ|) = const |Ψ|2:
∂µ, Jµν = xµ∂ν − xν∂µ, Kµ = 2xµxν∂ν − x2∂µ − 2xµ

(
Ψ∂Ψ + Ψ∂Ψ

)
,

D = xν∂ν −
(
Ψ∂Ψ + Ψ∂Ψ

)
, M = i

(
Ψ∂Ψ − Ψ∂Ψ

)
,

where x2 = xµx
µ.

(ii) when F (|Ψ|) = const |Ψ|k, k �= 0, 2:

∂µ, Jµν = xµ∂ν − xν∂µ, D(k) = xν∂ν − 2
k

(
Ψ∂Ψ + Ψ∂Ψ

)
,

M = i
(
Ψ∂Ψ − Ψ∂Ψ

)
.

(iii) when F (|Ψ|) �= const |Ψ|k for any k, but Ḟ �= 0:

∂µ, Jµν = xµ∂ν − xν∂µ, M = i
(
Ψ∂Ψ − Ψ∂Ψ

)
.
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(iv) when F (|Ψ|) = const �= 0:

∂µ, Jµν = xµ∂ν − xν∂µ, M = i
(
Ψ∂Ψ − Ψ∂Ψ

)
, L =

(
Ψ∂Ψ + Ψ∂Ψ

)
,

L1 = i
(
Ψ∂Ψ − Ψ∂Ψ

)
, L2 = Ψ∂Ψ + Ψ∂Ψ, B∂Ψ,

where B is an arbitrary solution of �Ψ = FΨ.
(v) when F (|Ψ|) = 0:

∂µ, Jµν = xµ∂ν − xν∂µ, Kµ = 2xµxν∂ν − x2∂µ − 2xµ
(
Ψ∂Ψ + Ψ∂Ψ

)
,

D = xµ∂µ, M = i
(
Ψ∂Ψ − Ψ∂Ψ

)
, L =

(
Ψ∂Ψ + Ψ∂Ψ

)
,

L1 = i
(
Ψ∂Ψ − Ψ∂Ψ

)
, L2 = Ψ∂Ψ + Ψ∂Ψ, B∂Ψ,

where B is an arbitrary solution of �Ψ = 0.
In this result, we see that in all cases we have M = i

(
Ψ∂Ψ − Ψ∂Ψ

)
as a symmetry

operator. We can obtain the ansatz

Ψ = eik(εx)Φ(αx, βx, δx)

in the same way as for the real wave equation, using M in place of I. However, now
we have an improvement in that our complex wave equation may have a nonlinear
term which is invariant under M (this is not the case for I). Putting the ansatz into
the equation gives us a nonlinear Schrödinger equation:

i∂τΦ = −�Φ + λF (|Φ|)Φ
when k = −1/2. Solutions of the hyperbolic equation which this nonlinear Schrödinger
equation gives is described in [2] (but it does not give solutions of the free Schrödinger
equation).
The above two results show that one can obtain ansatzes (using symmetries) to

reduce some hyperbolic equations to the heat or Schrödinger equations. The more
interesting case is that of complex wave functions, as this allows some nonlinearities.
There is a useful way of characterizing those complex wave equations which admit
the symmetry M : if we use the amplitude-phase representation Ψ = Reiθ for the
wave function, then our operator M becomes ∂θ, and we can then see that it is those
equations which, written in terms of R and θ, do not contain any pure θ terms (they
are present as derivatives of θ). To see this, we only need consider the nonlinear wave
equation again, in this representation:

�R−Rθµθµ + λF (R)R = 0,
R�θ + 2Rµθµ = 0

when λ and F are real functions. The second equation is easily recognized as the
continuity equation:

∂µ(R2θµ) = 0

(it is also a type of conservation of angular momentum). Clearly, the above system
does not contain θ other than in terms of its derivatives, and therefore it must admit
∂θ as a symmetry operator.
Writing an equation in this form has another advantage: one sees that the impor-

tant part of the system is the continuity equation, and this allows us to consider other
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systems of equations which include the continuity equation, but have a different first
equation. It is a form which can make calculating easier.
Having found the above reduction procedure and an operator which gives us the

reducing ansatz, it is then natural to ask if there are other hyperbolic equations which
are reduced down to the Schrödinger or diffusion equation. Thus, one may look at
hyperbolic equations of the form

�Ψ = H(Ψ,Ψ∗)

which admit the operator M . An elementary calculation gives us that H = F (|Ψ|)Ψ.
The next step is to allow H to depend upon derivatives:

�Ψ = F (Ψ,Ψ∗,Ψµ,Ψ∗
µ)Ψ

and we make the assumption that F is real. Now, it is convenient to do the calculations
in the amplitude-phase representation, so our functions will depend on R, θ, Rµ, θµ.
However, if we want the operator M to be a symmetry operator, the functions may
not depend on θ although they may depend on its derivatives, so that F must be a
function of |Ψ|, the amplitude. This leaves us with a large class of equations, which
in the amplitude-phase form are

�R = F (R,Rµ, θµ)R, (1)

R�θ + 2Rµθµ = 0 (2)

and we easily find the solution

F = F (R,RµRµ, θµθµ, Rµθµ)

when we also require the invariance under the Poincaré algebra (we need translations
for the ansatz and Lorentz transformations for the invariance of the wave operator).
We can ask for the types of systems (1), (2) invariant under the algebras of

Theorem 2, and we find:
Theorem 3. (i) System (1), (2) is invariant under the algebra 〈Pµ, Jµν〉.

(ii) System (1), (2) is invariant under 〈Pµ, Jµν ,D〉 with D = xσ∂σ− 2
kR∂R, k �= 0

if and only if

F = RkG

(
RµRµ
R2+k

,
θµθµ
Rk

,
θµRµ
R1+k

)
,

where G is an arbitrary continuously differentiable function.
(iii) System (1), (2) is invariant under 〈Pµ, Jµν ,D0〉 with D0 = xσ∂σ if and only

if

F = RµRµG

(
R,

θµθµ
RµRµ

,
θµRµ
RµRµ

)
,

where G is an arbitrary continuously differentiable function.
(iv) System (1), (2) is invariant under 〈Pµ, Jµν ,D,Kµ〉 with D = xσ∂σ − R∂R

and Kµ = 2xµD − x2∂µ if and only

F = R2G

(
θµθµ
R2

)
,

where G is an arbitrary continuously differentiable function of one variable.
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The last case contains, as expected, case (i) of Theorem 2 when we choose G(ξ) =
ξ − λR2. Each of the resulting equations in the above result is invariant under the
operator M and so one can use the ansatz defined by M to reduce the equation but
we do not always obtain a nice Schrödinger equation. If we ask now for invariance
under the operator L = R∂R (it is the operator L of case (v), Theorem 2, expressed
in the amplitude-phase form), then we obtain some other types of restrictions:
Theorem 4. (i) System (1), (2) is invariant under 〈Pµ, Jµν , L〉 if and only if

F = G

(
RµRµ
R2

, θµθµ,
Rµθµ
R

)
.

(ii) System (1), (2) is invariant under 〈Pµ, Jµν ,D0, L〉 with D0 = xσ∂σ if and only
if

F =
RµRµ
R2

G

(
R2θµθµ
RµRµ

,
RθµRµ
RµRµ

)
.

(iii) System (1), (2) is invariant under 〈Pµ, Jµν ,Kµ, L〉, where Kµ = 2xµxσ∂σ −
x2∂µ − 2xµR∂R, if and only if

F = κθµθµ,

where κ is a constant.
The last case (iii) gives us the wave equation

�Ψ = (κ− 1)
jµjµ
|Ψ|4 Ψ,

where jµ = 1
2i

[
Ψ̄Ψµ − ΨΨ̄µ

]
, which is the current of the wave-function Ψ. For κ = 1,

we recover the free complex wave equation. This equation, being invariant under
both M and N , can be reduced by the ansatzes they give rise to. In fact, with the
ansatz (obtained with L)

Ψ = e(εx)/2Φ(αx, βx, δx)

with ε, α isotropic 4-vectors with εα = 1, and β, δ two space-like orthogonal 4-vectors,
the above equation reduces to the equation

Φτ = �Φ − (κ− 1)
�j ·�j
|Φ|4 Φ,

where τ = αx and � = ∂2/∂y2
1 + ∂2/∂y2

2 with y1 = βx, y2 = δx, and we have

�j =
1
2i

[Φ̄∇Φ − Φ∇Φ̄].

These results show what nonlinearities are possible when we require the invariance
under subalgebras of the conformal algebra in the given representation. The above
equations are all related to the Schrödinger or heat equation. There are good reasons
for looking at conformally invariant equations, not least physically. As mathematical
reasons, we would like to give the following examples. First, note that the equation

�p,qΨ = 0, (3)
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where

�p,q = gAB∂A∂B, A,B = 1, . . . , p, p+ 1, . . . , p+ q

with gAB = diag(1, . . . , 1︸ ︷︷ ︸
p

,−1, . . . ,−1︸ ︷︷ ︸
q

), is invariant under the algebra generated by

the operators

∂A, JAB = xA∂B − xB∂A, KA = 2xAxB∂B − x2∂A − 2xA
(
Ψ∂Ψ + Ψ∂Ψ

)
,

D = xB∂B , M = i
(
Ψ∂Ψ − Ψ∂Ψ

)
, L =

(
Ψ∂Ψ + Ψ∂Ψ

)
,

L1 = i
(
Ψ∂Ψ − Ψ∂Ψ

)
, L2 = Ψ∂Ψ + Ψ∂Ψ,

namely the generalized conformal algebra AC(p, q) ⊕ 〈M,L,L1, L2〉 which contains
the algebra ASO(p, q). Here, ⊕ denotes the direct sum. Using the ansatz which the
operator M gives us, we can reduce equation (3) to the equation

i∂τΦ = �p−1,q−1Φ. (4)

This equation (4) is known in the literature: it was proposed by Feynman [7] in
Minkowski space in the form

i∂τΦ = (∂µ −Aµ)(∂µ −Aµ)Φ.

It was also proposed by Aghassi, Roman and Santilli [8] who studied the representation
theory behind the equation. Fushchych and Seheda [9] studied its symmetry properties
in the Minkowski space. The solutions of equation (4) give solutions of (3) [14]. We
have that equation (4) has a symmetry algebra generated by the following operators

T = ∂τ , PA = ∂A, JAB , GA = τ∂A − xAM,

D = 2τ∂τ + xA∂A − p+ q − 2
2

L, M =
i

2
(Φ∂Φ − Φ̄∂Φ), L = (Φ∂Φ + Φ̄∂Φ),

S = τ2∂τ + τxA∂A − x2

2
M − τ(p+ q − 2)

2
L

and this algebra has the structure [ASL(2,R) ⊕ AO(p − 1, q − 1)] � 〈L,M,PA, GA〉,
where � denotes the semidirect sum of algebras. This algebra contains the subalgebra
AO(p− 1, q − 1) � 〈T,M,PA, GA〉 with

[JAB , JCD] = gBCJAD − gACJBD + gADJBC − gBDJAC ,

[PA, PB ] = 0, [GA, GB ] = 0, [PA, GB ] = −gABM,

[PA, JBC ] = gABPC − gACPB , [GA, JBC ] = gABGC − gACGB ,

[PA,D] = PA, [GA;D] = GA, [JAB ,D] = 0, [PA, T ] = 0, [GA, T ] = 0,
[JAB , T ] = 0, [M,T ] = [M,PA] = [M,GA] = [M,JAB ] = 0,

It is possible to show that the algebra with these commutation relations is contained
in AO(p, q): define the basis by

T =
1
2
(P1 − Pq), M = P1 + Pq, GA = J1A + JqA,

JAB (A,B = 2, . . . , q − 1),



Implicit and parabolic ansatzes: some new ansatzes for old equations 77

and one obtains the above commutation relations. We see now that the algebra
AO(2, 4) (the conformal algebra AC(1, 3)) contains the algebra AO(1, 3)�〈M,PA, GA〉
which contains the Poincaré algebra AP (1, 3) = AO(1, 3)� 〈Pµ〉 as well as the Galilei
algebra AG(1, 3) = AO(3)� 〈M,Pa, Ga〉 (µ runs from 0 to 3 and a from 1 to 3). This
is reflected in the possibility of reducing

�2,4Ψ = 0

to

i∂τΦ = �1,3Φ

which in turn can be reduced to

�1,3Φ = 0.

4 Two nonlinear equations
In this final section, I shall mention two equations in nonlinear quantum mechanics
which are related to each other by our ansatz. They are

|Ψ|�Ψ − Ψ�|Ψ| = −κ|Ψ|Ψ (5)

and

iut + �u =
�|u|
|u| u. (6)

We can obtain equation (6) from equation (5) with the ansatz

Ψ = ei(κτ−(εx)/2)u(τ, βx, δx),

where τ = αx = αµx
µ and ε, α, β, δ are constant 4-vectors with α2 = ε2 = 0,

β2 = δ2 = −1, αβ = αδ = εβ = εδ = 0, αε = 1.
Equation (5), with κ = m2c2/�2 was proposed by Vigier and Guéret [11] and by

Guerra and Pusterla [12] as an equation for de Broglie’s double solution. Equation (6)
was considered as a wave equation for a classical particle by Schiller [10] (see also [13]).
For equation (5), we have the following result:

Theorem 5 (Basarab-Horwath, Fushchych, Roman [3, 4]). Equation (5) with
κ > 0 has the maximal point-symmetry algebra AC(1, n+1)⊕Q generated by operators

Pµ, Jµν , Pn+1, Jµn+1, D
(1), K(1)

µ , K
(1)
n+1, Q,

where

Pµ =
∂

∂xµ
, Jµν = xµPν − xνPµ, Pn+1 =

∂

∂xn+1
= i(u∂u − u∗∂u∗),

Jµn+1 = xµPn+1 − xn+1Pµ, D(1) = xµPµ + xn+1Pn+1 − n

2
(Ψ∂Ψ + Ψ∗∂Ψ∗),

K(1)
µ = 2xµD(1) − (xµxµ + xn+1x

n+1)Pµ,

K
(1)
n+1 = 2xn+1D

(1) − (xµxµ + xn+1x
n+1)Pn+1, Q = Ψ∂Ψ + Ψ∗∂Ψ∗ ,
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where the additional variable xn+1 is defined as

xn+1 = −xn+1 =
i

2
√
κ

ln
Ψ∗

Ψ
, κ > 0.

For κ < 0 the maximal symmetry algebra of (9) is AC(2, n) ⊕Q generated by the
same operators above, but with the additional variable

xn+1 = xn+1 =
i

2
√−κ ln

Ψ∗

Ψ
, κ < 0.

In this result, we obtain new nonlinear representations of the conformal algebras
AC(1, n + 1) and AC(2, n). It is easily shown (after some calculation) that equation
(5) is the only equation of the form

�u = F (Ψ,Ψ∗,∇Ψ,∇Ψ∗,∇|Ψ|∇|Ψ|,�|Ψ|)Ψ
invariant under the conformal algebra in the representation given in Theorem 5. This
raises the question whether there are equations of the same form conformally invariant
in the standard representation

Pµ =
∂

∂xµ
, Jµν = xµPν − xνPµ,

D = xµPµ − n− 1
2

(Ψ∂Ψ + Ψ∗∂Ψ∗), Kµ = 2xµD − x2Pµ.

There are such equations [3] and [4], for instance:

�Ψ = |Ψ|4/(n−1)F
(
|Ψ|(3+n)/(1−n)�|Ψ|

)
Ψ, n �= 1,

�u = �|u|F
(

�|u|
(∇|u|)2 , |u|

)
u, n = 1,

4�Ψ =
{

�|Ψ|
|Ψ| + λ

(�|Ψ|)n
|Ψ|n+4

}
Ψ, n arbitrary,

�Ψ = (1 + λ)
�|Ψ|
|Ψ| Ψ,

�Ψ =
�|Ψ|
|Ψ|

(
1 +

λ

|Ψ|4
)

Ψ,

�Ψ =
�|Ψ|
|Ψ|

(
1 +

λ

1 + σ|Ψ|4
)

Ψ.

Again we see how the representation dictates the equation.
We now turn to equation (6). It is more convenient to represent it in the amplitude-

phase form u = Reiθ:

θt + ∇θ · ∇θ = 0, (7)

Rt + �θ + 2∇θ · ∇R = 0. (8)

Its symmetry properties are given in the following result:
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Theorem 6 (Basarab-Horwath, Fushchych, Lyudmyla Barannyk [5, 6]). The
maximal point-symmetry algebra of the system of equations (7), (8) is the algebra with
basis vector fields

Pt = ∂t, Pa = ∂a, Pn+1 =
1

2
√

2
(2∂t − ∂θ), N = ∂R,

Jab = xa∂b − xb∂a, J0n+1 = t∂t − θ∂θ,

J0a =
1√
2

(
xa∂t + (t+ 2θ)∂xa

+
1
2
xa∂θ

)
,

Jan+1 =
1√
2

(
−xa∂t + (t− 2θ)∂xa

+
1
2
xa∂θ

)
,

D = −
(
t∂t + xa∂a + θ∂θ − n

2
∂R

)
,

K0 =
√

2
((

t+
�x2

2

)
∂t + (t+ 2θ)xa∂xa

+
(
�x2

4
+ 2θ2

)
∂θ − n

2
(t+ 2θ)∂R

)
,

Kn+1 = −
√

2
((

t− �x2

2

)
∂t + (t− 2θ)xa∂xa

+
(
�x2

4
− 2θ2

)
∂θ − n

2
(t− 2θ)∂R

)
,

Ka = 2xaD − (4tθ − �x2)∂xa
.

The above algebra is equivalent to the extended conformal algebra AC(1, n+1)⊕
〈N〉. In fact,with new variables

x0 =
1√
2
(t+ 2θ), xn+1 =

1√
2
(t− 2θ) (9)

the operators in Theorem 1 can be written as

Pα = ∂α, Jαβ = xα∂β − xβ∂α, N = ∂R,

D = −xα∂α +
n

2
N, Kα = −xαD − (xµxµ)∂α.

(10)

Exact solutions of system (7), (8) using symmetries have been given in [5] and
in [6]. Some examples of solutions are the following (we give the subalgebra, ansatz,
and the solutions):
A1 = 〈J12 + dN,P3 +N,P4〉 (d ≥ 0)
Ansatz:

θ = −1
2
t+ f(ω), R = x3 − d arctan

(
x1

x2

)
+ g(ω), ω = x2

1 + x2
2.

Solution:

θ = −1
2
t+ ε

√
x2

1 + x2
2

2
+ C1, ε = ±1,

R = x3 + d arctan
(
x1

x2

)
− 1

4
ln(x2

1 + x2
2) + C2,

where C1, C2 are constants.
A4 = 〈J04 + dN, J23 + d2N,P2 + P3〉
Ansatz:

θ =
1
t
f(ω), R = d ln |t| + g(ω), ω = x1.
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Solution:

θ =
(x1 + C1)2

4t
, R = d ln |t| −

(
d+

1
2

)
ln |x1 + C1| + C2.

A9 = 〈J01, J02, J03, J12, J13, J23〉
Ansatz:

θ =
1
4t
f(ω) +

x2
1 + x2

2 + x2
3

4t
, R = g(ω), ω = θ − 1

2
t.

Solution:

θ =
�x2 − 4C1t+ 8C2

1

4t− 8C1
, R = −3

2
ln
∣∣∣∣�x2 − 2(t− 2C1)2

t− 2C1

∣∣∣∣+ C2.

A14 = 〈J04 + a1N,D + a2N,P3〉, (a1, a2 arbitrary)
Ansatz:

θ =
x2

1

t
f(ω), R = g(ω) + a1 ln |t| −

(
a1 + a2 +

3
2

)
ln |x1|, ω =

x1

x2
.

Solution:

θ =
x2

1

t
, R = a1 ln |t| +

(
a2 − a1 +

1
2

)
ln |x1| − 2(a2 + 1) ln |x2| + C.
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Solutions of the relativistic nonlinear wave
equation by solutions of the nonlinear
Schrödinger equation
P. BASARAB-HORWATH, W.I. FUSHCHYCH, L.F. BARANNYK

Using an ansatz for nonlinear complex wave equations obtained by using Lie point
symmetries, we show how to construct new solutions of the relativistic nonlinear wave
equation from those of a nonlinear Schrödinger equation with the same nonlinearity.
This ansatz reduces the number of space-time variables by one, and is not related to a
contraction. We give some examples of other types of hyperbolic equations admitting
solutions based on nonlinear Schrödinger equations.

1 Introduction
That nonlinear equations should play a role in quantum theory is not a new idea.
This idea was propagated by de Broglie, Iwanenko and Heisenberg [1–3]. Nonlinear
wave mechanics was taken up again by Bialynicki–Birula and Mycielski [4]. This
theme has also been of interest more recently [5], and much work on exact solutions
and modelling of nonlinear equations in quantum theory has also been done [12, 21,
22, 6].
In this article we consider a new aspect of some types of nonlinear relativistic

equations, and we obtain a connection between solutions of nonlinear Schrödinger
equations and our nonlinear relativistic equations. Our starting point is the nonlinear
hyperbolic wave equation

�Ψ + λF (|Ψ|)Ψ = 0, (1)

where

� =
∂2

∂x2
0

− ∂2

∂x2
1

− ∂2

∂x2
2

− ∂2

∂x2
3

,

with

xµ = gµνx
ν , µ, ν = 0, . . . , 3, gµν = gµν = diag(1,−1,−1,−1), |Ψ| = (ΨΨ̄)1/2,

and Ψ = Ψ(x0, x1, x2, x3) is a complex function, Ψ̄ being the complex conjugate of Ψ,
and we use summation over repeated indices (here and in the rest of the paper).
Using Lie point symmetries, exact solutions have been obtained for different choices
of the nonlinearity F [7–12]. In this paper we obtain a new class of solutions to (1) by
using the symmetries of (1) to establish a connection between (1) and the nonlinear
Schrödinger equation

i
∂v

∂τ
= −∆v + λF (|v|)v. (2)

Reports on Math. Phys., 1997, 39, № 3, P. 353–374.
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Equation (2) is invariant under point transformations generated by the Gali-
lei group. Therefore it seems at first surprising that a Poincaré-invariant equation
should be connected with a Galilei-invariant one. It is, however, known that the Poin-
caré algebra contains the Galilei algebra [20], and the conformal algebra contains the
Schrödinger algebra [13–16]. The invariance of a restricted class of solutions of the
generalized Bhabha equations (invariant under the 1+4 Poincaré group) with respect
to the Galilei group was remarked upon in [20]. However, it is important to note that
equation (1) is not invariant under the Galilei group.
The novelty of our result is that we use a hitherto unexploited symmetry of (1)

to construct an ansatz (called the Galilei or parabolic ansatz) reducing (1) to (2), for
arbitrary nonlinearities in the right-hand side of (1). Thus, we show how nonlinear
equations themselves give rise to this connection. The ansatz we construct is shown
to work in other cases where the nonlinearity contains derivatives. This is explained
by the fact that the equations in question admit the same symmetry operator which
is crucial to the construction of the ansatz. Furthermore, we do not establish the
connection in terms of contractions, as is done in [13, 14].
The article is organized as follows: first, we give a symmetry classification of equa-

tion (1) and show how to construct the ansatz connecting (1) to (2). We also give the
symmetry classification of (2), exhibiting the parallel with the symmetry classification
of (1). We list the subalgebra classification of the symmetry algebra of (2), together
with the corresponding ansatzes and reduced equations, in the appendix. Because of
the types of nonlinearity, we are able to solve only some of the reduced equations, in
Section 3. In Section 4, we give some examples of other equations for which our ansatz
works, and give solutions of the relativistic equations which are related to solitons of
the corresponding (using our reduction) Schrödinger equations in 1+1 space-time
dimensions. We do not list exact solutions based on the heat equation: these can be
obtained by using the results of [19].

2 Symmetry and Galilei ansatz for equation (1)
2.1. Symmetry classification. For the sake of completeness, we give the symmetry
classification of equations of type (1) in the following result.
Theorem 1. The Lie point symmetry algebra of equation (1) has basis vector fields
as follows:

(i) when F (|Ψ|) = const |Ψ|2:
∂µ, Jµν = xµ∂ν − xν∂µ, Kµ = 2xµxν∂ν − x2∂µ − 2xµ(Ψ∂Ψ + Ψ̄∂Ψ̄),
D = xν∂ν − (Ψ∂Ψ + Ψ̄∂Ψ̄), M = i(Ψ∂Ψ − Ψ̄∂Ψ̄),

where x2 = xµx
µ and ∂µ = ∂/∂xµ, ∂Ψ = ∂/∂Ψ;

(ii) when F (|Ψ|) = const |Ψ|k, k �= 0, 2:

∂µ, Jµν = xµ∂ν − xν∂µ,

D(k) = xν∂ν − 2
k

(Ψ∂Ψ + Ψ̄∂Ψ̄), M = i(Ψ∂Ψ − Ψ̄∂Ψ̄);

(iii) when F (|Ψ|) = const |Ψ|k for any k, but Ḟ �= 0:

∂µ, Jµν = xµ∂ν − xν∂µ, M = i(Ψ∂Ψ − Ψ̄∂Ψ̄);
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(iv) when F (|Ψ|) = const �= 0:

∂µ, Jµν = xµ∂ν − xν∂µ, M = i(Ψ∂Ψ − Ψ̄∂Ψ̄),
L = Ψ∂Ψ + Ψ̄∂Ψ̄, L1 = i(Ψ̄∂Ψ − Ψ∂Ψ̄), L2 = Ψ̄∂Ψ + Ψ∂Ψ̄, B∂Ψ,

where B is an arbitrary solution of �Ψ = const Ψ;
(v) when F (|Ψ|) = 0:

∂µ, Jµν = xµ∂ν − xν∂µ, Kµ = 2xµxν∂ν − x2∂µ − 2xµ(Ψ∂Ψ + Ψ̄∂Ψ̄),
D = xµ∂µ, M = i(Ψ∂Ψ − Ψ̄∂Ψ̄), L = Ψ∂Ψ + Ψ̄∂Ψ̄,

L1 = i(Ψ̄∂Ψ − Ψ∂Ψ̄), L2 = Ψ̄∂Ψ + Ψ∂Ψ̄, B∂Ψ,

where B is an arbitrary solution of �Ψ = 0.

The first case, F (|Ψ|) = |Ψ|2, gives us the extended conformal algebra, the second
case gives the extended Poincaré algebra. In all five cases (which exhaust all possible
nonlinearities of the given type), the symmetry algebra contains the subalgebra 〈Pµ,
Jµν〉, which is the Poincaré algebra, and the operator M = i(Ψ∂Ψ − Ψ̄∂Ψ̄). It is
this operator which we combine with the generators of space-time translations ∂µ
in order to build an ansatz which reduces equation (1) to a nonlinear Schrödinger
equation. This gives a reduction of a hyperbolic equation to a parabolic equation,
and for this reason we call it a parabolic symmetry of the nonlinear wave equation.
In this fashion we are able to construct new solutions of (1), even making a contact
with the Zakharov–Shabat soliton solution [18] when F (|Ψ|) = |Ψ|2. The appearance
of the parabolic symmetry M is a feature of the fact that Ψ is a complex-valued
function and of the type of nonlinearity we consider. In our previous article [19] we
considered a similar reduction of a linear equation (corresponding to F = const) to the
heat equation using the operator u∂u which is the counterpart of the other parabolic
symmetry operator L. Using M , we improve upon our result in that we are able to
include nonlinearities and still obtain a reduction to a parabolic equation. If we were
to use L instead, then we would reduce (1) to the heat equation with a complex
function. This, however, may be done only in the cases F = const �= 0 and F = 0, as
it is only then that L appears as a symmetry. On writing Ψ = ueiw, one finds that
L = u∂u whereas M = ∂w. Therefore, equations admitting the symmetry M involve
only the derivatives of the phase.
In [17] we investigated equation (1) from a slightly different point of view: taking

the phase-amplitude representation of Ψ, we used results about the compatibility of
the system

�v = F1(v), ∂µv∂µv = F2(v),

to obtain new solutions of non-Lie type (that is, not obtainable by reduction by Lie
symmetries). The same approach can be taken for the nonlinear Schrödinger equation,
and the methods of [17] can also be combined with those of this article.

2.2. The Galilei ansatz and reduction to the Schrödinger equation. Equa-
tion (1) is invariant under ∂µ and M , and therefore under any constant linear combi-
nation of them:

εµ∂µ + kM. (3)
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The operator (3) gives rise to the invariant surface conditions

εµ∂µΨ = ikΨ, εµ∂µΨ̄ = −ikΨ̄
for Ψ and Ψ̄, where εµ and k are real constants. These conditions give us the Lagran-
gian system

dxµ
εµ

=
dΨ
ikΨ

=
dΨ̄

−ikΨ̄ . (4)

It is straightforward to show that (4) is equivalent to

d(cx)
cε

=
dΨ
ikΨ

=
dΨ̄

−ikΨ̄ (5)

for any constant four-vector c, where cx = cµxµ, cε = cµεµ. Then choose ε light-like,
so that ε2 = 0 and, further, choose α, β, δ so that

α2 = β2 = −1, δ2 = 0, αβ = αδ = αε = βδ = βε = 0, δε = 1.

That is, α, β, δ, ε is a hybrid 2+2 basis of Minkowski space consisting of two space-like
vectors (α, β) and two light-like vectors (δ, ε). Then put c in (5) successively equal to
α, β, δ, ε, and we obtain the Lagrangian system

d(αx)
0

=
d(βx)

0
==

d(εx)
0

=
d(δx)

1
=

dΨ
ikΨ

=
dΨ̄

−ikΨ̄ . (6)

The system (6) then integrates to give

Ψ = eik(δx)v(εx, αx, βx), Ψ̄ = e−ik(δx)v̄(εx, αx, βx), (7)

where v is a smooth function. Substituting equations (7) as ansatzes in (1), we obtain
(after some elementary manipulation) the equation

i
∂v

∂t
=

1
2k

∆v − λ

2k
F (|v|)v,

where we have used the notation t = εx, y1 = αx, y2 = βx and ∆ = ∂2

∂y2
1

+ ∂2

∂y2
2
. For

convenience, we choose k = − 1
2 , and we then have the nonlinear Schrödinger equation

in 2+1 space-time dimensions

i
∂v

∂t
= −∆v + λF (|v|)v. (8)

This is a well-studied equation, at least in 1+1 space-time dimensions, exhibiting
soliton solutions and being completely integrable (possessing infinitely many commu-
ting flows) for F (|v|) = |v|2 (see [18]). It has been studied in other dimensions in
[20–23, 27] in terms of symmetries and conditional symmetries.
The Cauchy problem for equation (8) is well-posed for t > 0, and (8) has solutions

which are singular for t = 0. This leads to similar problems for the wave equation
when εx = 0, which is a characteristic (ε2 = 0), and so the initial-value problem of (8)
is related to the initial-value problem of (1) on a characteristic, known as Goursat’s
problem. For the linear equation, this has been studied in [28].
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It is an interesting question as to what quantum-mechanical implications (8) has
for (1), but we shall not pursue this in the present article.
We emphasise that the connection between the hyperbolic equation (1) and the

Schrödinger equation (8) is obtained by an ansatz which reduces the number of space-
time dimensions by one; it is not a contraction as in [13].

2.3. Symmetries of the Schrödinger equation (8). The symmetry algebra
of equation (8) is given by the following result: its classification according to the
type of nonlinearity is in a direct correspondence to that of the symmetry algebra of
equation (1).
Theorem 2. Equation (8) has maximal point symmetry algebra (with the given vector
fields as basis) depending on the nonlinearity F (|v|):

(i) AG2(1, 2), when F (|v|) = const |v|2:
T = ∂t, Pa = −∂a, J12 = x1∂x2 − x2∂x1 ,

Ga = t∂a +
1
2
ixa(v∂v − v̄∂v̄), D2 = 2t∂t + xa∂a − (v∂v + v̄∂v̄),

S = t2∂t + txa∂a +
1
4
ixaxa(v∂v − v̄∂v̄) − t(v∂v + v̄∂v̄),

M = −1
2
i(v∂v − v̄∂v̄);

(ii) AG1(1, 2), when F (|v|) = const |v|k, k �= 0, 2:

T = ∂t, Pa = −∂a, J12 = x1∂x2 − x2∂x1 , Ga = t∂a +
1
2
ixa(v∂v − v̄∂v̄),

D2 = 2t∂t + xa∂a − 2
k (v∂v + v̄∂v̄), M = −1

2
i(v∂v − v̄∂v̄);

(iii) AG(1, 2), when F (|v|) �= const |v|k, for any k but Ḟ �= 0:

T = ∂t, Pa = ∂a, J12 = x1∂x2 − x2∂x1 ,

Ga = t∂a +
1
2
ixa(v∂v − v̄∂v̄), M = −1

2
i(v∂v − v̄∂v̄);

(iv) AG2(1, 2) ⊕ 〈B〉, when F = 0, where 〈B〉 infinite space of arbitrary solutions
of the free Schrödinger equation:

T = ∂t, Pa = ∂a, J12 = x1∂x2 − x2∂x1 , Ga = t∂a +
1
2
ixa(v∂v − v̄∂v̄),

S = t2∂t + txa∂a +
1
4
ixaxa(v∂v − v̄∂v̄) − t(v∂v + v̄∂v̄),

M = −1
2
i(v∂v − v̄∂v̄), D = 2t∂t + xa∂a, L = v∂v + v̄∂v̄, B∂v,

where B is an arbitrary solution of the free Schrödinger equation.
The algebra in Theorem 2i is the Schrödinger algebra [14], which is a subalgebra of

the conformal algebra. This is reflected in the fact that the nonlinearity in Theorem 2i
is the same as in Theorem 1i, for which the wave equation (1) is invariant under the
conformal group. Note that Theorems 2iv, v correspond to Theorem 1v, since for
equation (8) the case F = const �= 0 can be gauged to the case (iv) on putting
v̂ = eitλF v, and then v̂ satisfies the free (no potential) Schrödinger equation. The
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above is an exhaustive list of the types of symmetries for all the different types of
nonlinearities. Again, in each of the four cases, we find the operatorM = i(v∂v− v̄∂v̄),
and we can use this in a similar way to the reduction of the wave equation, in order to
reduce (8) to the corresponding Schrödinger equation in 1+1 space-time dimensions;
this time with the same nonlinearity and ‘coupling’ constant λ. Thus we can think
of the linear and nonlinear Schrödinger equations as part of a chain of successive
reductions, beginning with a nonlinear (hyperbolic) wave equation in n + 1 space-
time dimensions, as in (1).
Theorem 2 now allows us to classify the reductions of equation (8), according to

the type of nonlinearity. If we exclude the case F = 0, then there are only three types
of algebras: AG(1, 2) = 〈T, Pa, Ga, J12,M〉, AG1(1, 2) = 〈T, Pa, Ga, J12,M,D〉, and
AG2(1, 2) = 〈T, Pa, Ga, J12,M,D, S〉. These are the maximal symmetry algebras of
the equations:

i
∂v

∂t
= −∆v + λF (|v|)v, with F (|v|) �= |v|k, Ḟ �= 0, (9)

i
∂v

∂t
= −∆v + λ|v|kv, k �= 0, 2, (10)

i
∂v

∂t
= −∆v + λ|v|2v, (11)

respectively. The Lie algebra AG2(1, 2) was considered in [19]. It is the semi-direct
sum

ASL(2,R) ⊕AO(2) +̇ 〈M,Pa, Ga〉,
where ASL(2,R) is the Lie algebra of the group SL(2,R), and AO(2) is the Lie
algebra of the group O(2). The other two algebras are subalgebras of AG2(1, 2).

3 Some exact solutions
In this section we obtain some exact solutions of the wave equation using results from
the tables in the appendix. The other reduced equations are difficult to solve, so we
leave them for future consideration, remarking only that they give exact solutions of
equation (1) when we use the ansatz in equation (7).
First, we take the case of the subalgebra 〈P2, T + 2αM〉 from Table 1 in the

appendix, with F (|φ|) = |φ|n and n > 0. The reduced equation is then

φ̈+ aφ = λ|φ|nφ.
On putting

φ(ω) = ρ(ω)eiθ(ω)

into this equation, with ρ, θ being real functions and ρ > 0, we obtain

ρ̈+ aρ− ρθ̇2 = λρn+1, (12)

ρθ̈ + 2ρ̇θ̇ = 0. (13)
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Equation (13) readily integrates to give us

θ̇ =
A

ρ2
, (14)

where A is a constant of integration. Put now equation (14) into equation (12) and
we find

ρ̈+ aρ− A2

ρ3
= λρn+1,

which is the Ermakov–Pinney [31] equation when λ = 0. Multiplying this equation
by 2ρ̇ and integrating, we obtain

ρ̇2 + aρ2 +
A2

ρ2
=

2λ
n+ 2

ρn+2 + C, (15)

where C is another constant of integration. We now consider three cases of equa-
tion (15).

Case 1. A = 0, C = 0, a �= 0. Since A = 0 here, we have θ = const, and (15)
becomes

ρ̇2 =
2λ
n+ 2

ρn+2 − aρ2,

from which we deduce∫
dρ√

2λ
n+2ρ

n+2 − aρ2
= ±ω + C1.

On writing u = −ρ−n/2, this integral reduces to∫
du√

2λ
n+2 − au2

= −n
2

(±ω + C1).

For λ > 0, a < 0 we obtain (after some calculation)

u2 =
λ

a(n+ 2)
[
1 − cosh

(
n
√−a(C1 ± ω)

)]
or

ρ = n

√
a(n+ 2)

λ

1
1 − cosh

(
n
√−a(C1 ± ω)

) .
Finally, noting that we have ω = y1 = αx, in the notation of Section 2.3, we find that

Ψ = e−i(a(εx)+(δx)/2) n

√
a(n+ 2)

λ

1
1 − cosh

(
n
√−a(C1 ± αx)

)
is a solution of

�Ψ = −λ|Ψ|nΨ,
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when λ > 0, a < 0. If we take λ > 0, a > 0, then we obtain, with similar calculations,
that

Ψ = e−i(a(εx)+(δx)/2) n

√
a(n+ 2)

λ

1
1 − cos

(
n
√
a(C1 ± αx)

)
is a solution of

�Ψ = −λ|Ψ|nΨ.
Case 2. A = 0, n = 2, a �= 0. In this case we also have θ = const, and (15) becomes

ρ̇2 + aρ2 − 1
2
λρ4 = C. (16)

Equation (16) can be solved using Jacobian elliptic functions. For the definitions, we
refer to [29]. Following [30], we take a, λ and C as functions of a real parameter κ,
with |κ| < 1, and using the generic notation E(ω, κ) for solutions of (16), we have the
following table of exact solutions:

E(ω, κ) a(κ) λ(κ) C(κ)
sn 1 + κ2 2κ2 1
cn 1 − 2κ2 −2κ2 1 − κ2

dn κ2 −2 κ2 − 1
ns = 1/sn 1 + κ2 2 κ2

nc = 1/cn 1 − 2κ2 2(1 − κ2) −κ2

nd =1/dn κ2 − 2 2(κ2 − 1) −1
sc = sn/cn κ2 − 2 2(1 − κ2) 1
sd = sn/dn 1 − 2κ2 2κ2(κ2 − 1) 1
cs = cn/sn κ2 − 2 2 1 − κ2

cd = cn/dn 1 + κ2 2κ2 1
ds = dn/sn 1 − 2κ2 2 κ2(κ2 − 1)
dc = dn/cn 1 + κ2 2 κ2

Using this table and the notation of Section 2.3, we find that

Ψ = e−i(a(κ)(εx)+(δx)/2)E(αx, κ)

is an exact solution of

�Ψ = −λ(κ)|Ψ|2Ψ,
where a(κ) and λ(κ) are the appropriate functions of the parameter κ, as given in the
above table. This gives us elliptic solutions of a nonlinear relativistic wave equation.
We note that solutions of nonlinear wave equations in terms of elliptic functions were
obtained by Petiau [35]. The solutions we present here are for a different nonlinearity.

Case 3. n = 2, a = 0. If we put n = 2 and a = 0 in (15), we obtain the equation

ρ̇2 +
A2

ρ2
=
λ

2
ρ4 + C.
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On multiplying this equation by ρ2, and putting z = ρ2, we obtain the following
equation for z:

ż2 =
λ

2

[
4z3 +

8C
λ
z − 8A2

λ

]
,

which gives us the solution

z = ℘

(√
1
2
λω

)
,

where ℘(ξ) is the Weierstrass elliptic function (see [29]), provided that 27A4+8C3/λ �=
0 (the equation (dξ/ds)2 = 4ξ3−g2ξ−g3 has ℘(s) as solution provided g3

2−27g3 �= 0).
From this it is straightforward to deduce that

Ψ =

√√√√℘

(√
1
2
λ(αx)

)
exp

[
−
(
δx

2
+

2A
λ

∫ √
λ
2 (αx) dσ

℘(σ)

)]

is a solution of

�Ψ = −λ|Ψ|2Ψ.
Next we turn to the case 〈G1 + aP1, G2〉 in Table 1. The reduced equation is

φ̇+
1
2

(
1

ω − a
+

1
ω

)
φ = −iλF (|φ|)φ.

Using the amplitude-phase representation φ = ρeiθ in this equation, as before, we find
the following system:

ρ̇+
1
2

(
1

ω − a
+

1
ω

)
ρ = 0, (17)

θ̇ = −λF (ρ). (18)

Equation (17) integrates immediately to give

ρ =
C√

ω(ω − a)
,

where C is a constant of integration. Using this, (18) now yields

θ = −λ
∫
F

(
C√

ω(ω − a)

)
dω + C1.

Combining this with the corresponding ansatz for the solution v of (8), and using the
notation of Section 2.3, we obtain that

Ψ =
C√

(εx)2 − a(εx)
×

× exp

[
−i
(
λ

∫ εx

F

(
C√

ξ(ξ − a)

)
dξ +

δx

2
+

(αx)2 + (βx)2

4εx

)]
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is an exact solution of

�Ψ = −λF (|Ψ|)Ψ,
and when F (ξ) = ξn, with n ≥ 2, we have

Ψ =
C√

(εx)2 − a(εx)
×

× exp
[
−i
(
−λ Cn

(n− 1)[(εx)2 − a(εx)](n−1)/2
+
δx

2
+

(αx)2 + (βx)2

4εx

)]
as an exact solution.

4 Special solutions of some nonlinear
complex wave equations

In this section we give some particular solutions of some multi-dimensional hyperbolic
(‘relativistic’) equations which can be reduced to Schrödinger equations with our
ansatz (7). In some cases, the nonlinear Schrödinger equation involved admits a soliton
solution in 1+1 space-time.
First we take the hyperbolic equation

�Ψ = λ|Ψ|nΨ.
The ansatz (7) (with k = −1/2) reduces this to

ivt + ∆v + λ|v|nv = 0,

as we have already noted. It is a simple matter to verify that for λ = a2b2 2
n

(
2
n + 1

)
we have

v =
exp(4ia2b2t/n2)

cosh2/n(ba · y)

as a solution. Here a = (a1, a2), y = (y1, y2), where a = (a1, a2) is an arbitrary vector
and b an arbitrary real number. Applying the Galilean boosts (which are symmetries
of the above nonlinear Schrödinger equation)

Ga = t∂a +
1
2
ixa(v∂v − v̄∂v̄) (19)

(where a = 1, 2) to this solution, we obtain the solution

v =
exp[i(4a2b2t/n2 + V · y/2 − V 2t/4)]

cosh2/n(ba · (y − V t))
,

where V = (V1, V2) is an arbitrary vector. For n = 2 and in 1+1 space-time, we have

v =
exp[i(a2b2t+ V y/2 − V 2t/4)]

cosh(ab(y − V t))
,
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which is the Zakharov–Shabat soliton. Finally, using (7), we obtain

Ψ =
exp[i(−δx/2 + 4a2b2(εx)/n2 + (V1(αx) + V2(βx))/2 − V 2(εx)/4)]

cosh2/n(b[a1(αx− V1t) + a2(βx− V2(εx))])

as a solution of

�Ψ = a2b2
2
n

(
2
n

+ 1
)
|Ψ|nΨ

in 1+3 space-time.
There are some other hyperbolic equations which can be reduced to nonlinear

Schrödinger equations, but with nonlinearities involving derivatives. The hyperbolic
equations of the form

�Ψ = λF (|Ψ|, |Ψ|µ|Ψ|µ)Ψ (20)

can also be reduced to nonlinear Schrödinger equations with derivative nonlinearities,
using the same ansatz (7) (which is not surprising as the same symmetry operator is
responsible for the ansatz). Indeed, ansatz (7) with k = −1/2 gives us

ivt + ∆v + λF (|v|,−|v|a|v|a)v = 0, (21)

where |v|a|v|a = |v|2y1 + |v|2y2 . Equations of the type (21) were discussed in [21] from
a group-theoretical point of view. One of this type of Schrödinger equations is

ivt + ∆v = 2
|v|a|v|a
|v|2 v, (22)

with λ = −2 and F (|v|, |v|a|v|a) = |v|a|v|a
|v|2 . Equation (22) admits the two solutions:

v = A
exp(−ia2t)
cosh(a · y)

, v = A
exp(−ia2t)
sinh(a · y)

,

where a = (a1, a2) is an arbitrary vector and A is an arbitrary number. Applying the
Galilei boosts (19) (they are symmetries of (22)) to these solutions, we find

v = A
exp[i(V · y/2 − tV 2/4 − ta2)]

cosh(a · y − a · V t)
,

and

v = A
exp[i(V · y/2 − tV 2/4 − ta2)]

sinh(a · y − a · V t)
,

as solutions of (22), with V = (V1, V2) an arbitrary vector. From this we find that
the hyperbolic equation

�Ψ = −2|Ψ|µ|Ψ|µ
|Ψ|2 Ψ

admits the solutions

Ψ = A
exp[i(V1(αx)/2 + V2(βx)/2 − V 2(εx)/4 − δx/2 − a2(εx))]

cosh(a1(αx) + a2(βx) − (a · V )(εx))
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and

Ψ = A
exp[i(V1(αx)/2 + V2(βx)/2 − V 2(εx)/4 − δx/2 − a2(εx))]

sinh(a1(αx) + a2(βx) − (a · V )(εx))
.

Note that we have only used two Galilean boosts to obtain these two-parameter
families of solutions. We can introduce more parameters by using the other symmetries
of the hyperbolic equation and the corresponding Schrödinger equations.
A third example is the hyperbolic equation

�Ψ = 2p|Ψ|2Ψ − C
ΨµΨµ

Ψ
(23)

with C �= 1. Using the ansatz

Ψ = e−i(δx)/2(1+C)v(αx, βx, εx)

is straightforward to show that (23) reduces to the equation

ivt + ∆v + 2p|v|2v = −C vava
v

. (24)

In 1+1 space-time, equation (24) is the Malomed–Stenflo equation [32] in plasma
physics which admits solitons. Equation (24) admits the solution

v = A sech (n · y) exp(i(C + 1)n2t)

(which in 1+1 dimensions is the Malomed–Stenflo soliton), where A2 = n2(C+2)/2p
and n = (n1, n2) is an arbitrary vector. We can now act on this solution with the
Galilean boosts

Ga = t∂a +
iya

2(1 + C)
(v∂v − v̄∂v̄),

which are symmetries of (24), and we obtain

v = A sech (n · y − n · V t) exp
[
i

(
(C + 1)n2t+

V · y
2(1 + C)

− V 2t

4(1 + C)

)]
as a two-parameter family of solutions of (24). We are then able to construct the
following solution of (23):

Ψ = A
exp
[
i
(
(1 + C)n2(εx) − δx

2(1+C) + V1(αx)
2(1+C) + V2(βx)

2(1+C) − V 2
(εx)

4(1+C)

)]
cosh(n1(αx) + n2(βx) − (n · V )(εx))

.

5 Conclusions

These are just some examples of hyperbolic equations which reduce down to nonlinear
Schrödinger equations. There are of course more. For instance, the hyperbolic equation

�Ψ =
�|Ψ|
|Ψ| Ψ − λΨ, (25)
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which arises in the context of de Broglie’s double solution [33, 1], reduces, with our
ansatz, to

i∂tv = −∆v +
∆|v|
|v| v + λv; (26)

an equation which was considered by Guerra and Pusterla [34] in the context of
a nonlinear Schrödinger equation. The terms �|Ψ|/|Ψ| and ∆|v|/|v| are called the
quantum potentials [1]. Both equations (25) and (26) are conformally invariant, (25)
being invariant under the conformal algebra AC(1, n+2), and (26) under AC(1, n+1)
in n+ 1 space-time dimensions (see [40]). These remarkable symmetry properties are
due to the quantum potential term. They share this symmetry with a wide class of
other equations [36, 37].
Despite this connection, we are as yet unable to give a clear physical meaning

to the reduction and the ansatz, other than the purely Lie-algebraic one. That we
should expect some sort of physical interpretation is suggested by the use of complex
hyperbolic equations by Grundland and Tuszynski in [10] in the context of superflui-
dity and liquid crystal theory.
It is also natural to ask if it is possible to obtain a nonlinear complex hyperbolic

wave equation from a Schrödinger equation. It is, of course, not possible from an
equation of the form

ivt + ∆v = F (|v|)v.
However, if we consider

ivt +
∂2v

∂x2
− ∂2v

∂y2
= F (|v|)v,

and put

v = ei(x+y)w(x− 2t, y + 2t),

then we find that w satisfies the equation

∂2w

∂ξ2
− ∂2w

∂η2
= F (|w|)w,

with ξ = x − 2t, η = y + 2t. It thus seems of interest to investigate equations of the
type

i
∂Ψ
∂t

+ �Ψ = F (|Ψ|)Ψ.
This type of equation is also of interest in quantum physics: the equation

i
∂Ψ
∂t

=
1

2m
(� −m2)Ψ

(with interaction terms involving the electromagnetic potential) was used by Fock as
an analogue of the Hamilton–Jacobi equation in quantum mechanics, where t was
interpreted as the proper time (see [38] for more details on parametrized relativistic
quantum theories). Feynman in [39] considered the equation

i
∂Ψ
∂t

=
1
2
(∂µ − eAµ)(∂µ − eAµ)Ψ.
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It has interesting symmetry properties, with its symmetry algebra containing both
the Poincaré and Galilei algebras. We intend to return to this equation in future
publications.
Finally, let us note that our ansatz relates the Schrödinger equation with any

equation related to the wave equation, such as the Dirac equation. Indeed, the Dirac
equation is

(iγµ∂µ −m)Ψ = 0,

so that we may represent Ψ as

Ψ = (iγµ∂µ +m)Φ, (27)

where Φ is a four-component vector of functions satisfying

�Φ +m2Φ = 0.

Clearly, each of the components can be related (independently) to the Schrödinger
equation by using our ansatz (7). In this way, we can use (27) to construct solutions of
the Dirac equation from the Schrödinger equation. Similarly, we can use the complex
heat equation

∂v

∂t
= ∆v

to construct solutions of the Dirac equation. Instead of ansatz (6), which uses the
operator M , we have the ansatz

Ψ = ek(δx)v(εx, αx, βx), Ψ̄ = ek(δx)v̄(εx, αx, βx),

which uses the operator L of Theorem 1. Exact solutions of the complex heat equation
in 1+2 space-time dimensions can be obtained from those of the real heat equation
given in [19]. Thus we see that solutions of the Dirac equation can be obtained from
the Schrödinger and heat equations, or a mixture of both.

6 Appendix
In the following tables we give inequivalent ansatzes for equations (9), (10) and (11)
constructed from one- and two-dimensional subalgebras of the corresponding algebras
of invariance. This is organized as follows: we consider subalgebras in the ascending
chain AG(1, 2) ⊂ AG1(1, 2) ⊂ AG2(1, 2) (strictly speaking, this is incorrect, since the
dilatation operator D has a different representation in AG1(1, 2) and AG2(1, 2), but
but here we treat the inclusions as abstract Lie algebra inclusions up to isomorphism).
In Tables 1, 2 and 3, we give a list of inequivalent two-dimensional subalgebras, with
the corresponding ansatzes and reduced equations (these are ordinary differential
equations); in Tables 4, 5 and 6, we do the same for one-dimensional subalgebras of
the chain, the reduced equations being partial differential equations. The reductions
have been verified using MAPLE.
In order to avoid repetition in the reduced equations, we shall, in the following,

regard the function F in equation (9) as being arbitrary; in equation (10), k is an
arbitrary real number, so that with this convention equation (10) is a particular case
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of equation (9), and equation (11) is a particular case of equation (10). Further, in
performing the symmetry reductions of (9) for arbitrary F , we use the inequivalent
subalgebras (of dimensions 1 and 2) of AG1(1, 2) the symmetry reduction of (10) is
done using those subalgebras of AG2(1, 2) which are not equivalent to subalgebras
of AG(1, 2); the reductions of (11) are done with respect to subalgebras of AG2(1, 2)
which are not equivalent to subalgebras of AG1(1, 2).
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On a new conformal symmetry
for a complex scalar field
P. BASARAB-HORWATH, W.I. FUSHCHYCH, O.V. ROMAN

We exhibit a new nonlinear representation of the conformal algebra which is the
symmetry algebra of a nonlinear hyperbolic wave equation. The equation is the only
one of its type invariant under the conformal algebra in this nonlinear representation.
We also give a list of some nonlinear hyperbolic equations which are invariant under
the conformal algebra in the standard representation.

In this note we examine a nonlinear wave equation for a complex field, having the
following structure

�u = F (u, u∗,∇u,∇u∗,∇|u|∇|u|,�|u|)u, (1)

where u = u(x) = u(x0, x1, . . . , xn), ∇u = (ux0 , . . . , uxn
), ∇u∗ = (u∗x0

, . . . , u∗xn
),

∇|u|∇|u| = |u|µ|u|µ = gµν ∂|u|∂xµ

∂|u|
∂xν , gµν = diag(1,−1, . . . ,−1), and we use the usual

summation convention. Here, F is an arbitrary real-valued function.
Examples of equations such as (1) can be found in the literature, the most common

being the nonlinear Klein–Gordon type [2, 3],

�u = F (|u|, |u|µ|u|µ)u. (2)

Another such equation is that proposed (independently of each other) by Guéret and
Vigier [9] and by Guerra and Pusterla [10],

�u =
�|u|
|u| u− m2c2

�2
u. (3)

This equation arose in the modelling of an equation for de Broglie’s theory of the
double solution [1]. Guéret and Vigier were able to show that a solution to this
problem, obtained by Mackinnon [11] satisfied Eq. (3). Guerra and Pusterla obtained
(3) as a relativistic version of a nonlinear Schrödinger equation they had found by
applying stochastic methods to quantum mechanics.
Eq. (3) is from our point of view (namely, the symmetry view) a remarkable

nonlinear equation, since it is invariant under the conformal algebra AC(1, n+ 1) in
an unusual representation.
It is well-known (see, for instance, Refs. [3, 7]) that the free wave equation �u = 0

is invariant under the conformal group AC(1, n) with infinitesimal operators

Pµ =
∂

∂xµ
, Jµν = xµPν − xνPµ, (4)

D = xµPµ − n− 1
2

(u∂u + u∗∂u∗), Kµ = 2xµ − x2Pµ, (5)

Physics Letters A, 1997, 226, P. 150–154.
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with x2 = xµx
µ. The wave equation is also invariant under the operators

I = i(u∂u − u∗∂u∗), Q = u∂u + u∗∂u∗ ,

L1 = u∗∂u + u∂u∗ , L2 = i(u∗∂u − u∂u∗),

which are important in reducing the wave equation to the Schrödinger and heat equa-
tions (see Refs. [4, 5, 6]).
The conformal operators Kµ generate the finite conformal transformations

xµ → x′µ =
xµ − x2cµ

1 − 2cαxα + c2x2
, (6)

u→ u′ = (1 − 2cαxα + c2x2)(n−1)/2u, (7)

where cµ are parameters.
All equations of the form (2) invariant under the conformal group with infinitesimal

generators given in the representation (4), (5) were classified in Ref. [2]. In particular,
it was shown there that when the function F is independent of the derivatives of u,
then the equation is conformally invariant under (4), (5) if and only if

F (u) = λ|u|4/(n−1), (8)

where n ≥ 2 and λ is an arbitrary parameter. Thus, Eq. (1), when the right-hand
side does not depend on the derivatives of u, has the same conformal invariance as
the free wave equation if and only if F is given by (8).
An analysis of the proof of this statement shows that two things are fixed at the

outset: the independence of F of the derivatives; and the representation of the algebra
AC(1, n). One then sees that the following natural question arises: does there exist
a representation of AC(1, n) different from (4), (5)? That is, are there operators Kµ,
D which are not equivalent to those given in (5)? Our answer to this question is that
there exists such a representation.
To this end, we have calculated the Lie point symmetry algebra of the equation

(see, for instance, Ref. [12, 3])

�u =
�|u|
|u| u+ λu, (9)

with λ an arbitrary parameter. It is evident that this equation is Poincaré invariant
with respect to the operators (4). On the other hand, it is definitely not invariant
under the conformal operators given in (5). However, this does not mean that it is
not at all conformally invariant, as we see from the following result.
Theorem 1. Eq. (9) with λ < 0 has maximal point-symmetry algebra AC(1, n+1)⊕Q
generated by operators

Pµ, Jµν , Pn+1, Jµn+1, D
(1), K(1)

µ , K
(1)
n+1, Q,

where

Pµ =
∂

∂xµ
, Jµν = xµPν − xνPµ, Pn+1 =

∂

∂xn+1
= i(u∂u − u∗∂u∗),
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Jµn+1 = xµPn+1 − xn+1Pµ, D(1) = xµPµ + xn+1Pn+1 − n

2
(u∂u + u∗∂u∗),

K(1)
µ = 2xµD(1) − (xµxµ + xn+1x

n+1)Pµ,

K
(1)
n+1 = 2xn+1D

(1) − (xµxµ + xn+1x
n+1)Pn+1, Q = u∂u + u∗∂u∗ ,

where the additional variable xn+1 is defined as

xn+1 = −xn+1 =
i

2
√−λ ln

u∗

u
, λ < 0.

For λ > 0 the maximal symmetry algebra of (9) is AC(2, n) ⊕Q generated by the
same operators above, but with the additional variable

xn+1 = xn+1 =
i

2
√
λ

ln
u∗

u
, λ > 0.

Remark 1. In this theorem we have introduced a new metric tensor

gAB = diag (1,−1, . . . ,−1, gn+1n+1)

with gn+1n+1 = 1 when λ > 0 and gn+1n+1 = −1 when λ < 0.
Direct verification shows that the above operators satisfy the commutation relati-

ons of the conformal algebra AC(1, n + 1) ⊕ Q when λ < 0 and AC(2, n) ⊕ Q when
λ > 0.
The meaning of the new operators Pn+1, Jµn+1, K

(1)
µ , K(1)

n+1 is best understood
when Eq. (9) is rewritten in the amplitude-phase representation, namely, on putting
u = Reiθ with R and θ being real functions. Then equation (9) becomes the system

gµνθµθν = −λ, (10)

R�θ + 2gµνRµθν = 0. (11)

The symmetry algebra of Eq. (9) is actually obtained by first calculating the symmetry
algebra of the system (10), (11). Then we have, in the amplitude-phase representation

Pn+1 =
∂

∂θ
, Jµn+1 =

(
xµ

∂

∂θ

)
− θ

∂

xµ
, (12)

D(1) = xµ
∂

∂xµ
+ θ

∂

∂θ
− n

2
R
∂

∂R
, (13)

K(1)
µ = 2xµD(1) − (xµxµ + gn+1n+1θ

2)
∂

∂xµ
, (14)

K
(1)
n+1 = 2gn+1n+1θD

(1) − (xµxµ + gn+1n+1θ
2)
∂

∂θ
. (15)

From the expressions (12)–(15), we see that the phase variable θ has been added to
the n+1-dimensional geometric space of the xµ. This is the same effect we see for the
eikonal equation [3], and it is not surprising, since the first equation of system (10),
(11) is indeed the eikonal equation for the phase function θ. What is novel here is that
equation (11), which is the equation of continuity, does not reduce the symmetry of
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equation (10). On using an appropriate ansatz (see Ref. [5]) for θ and A one can reduce
system (10), (11) to another system consisting of the Hamilton–Jacobi equation and
the non-relativistic continuity equation. This second system also exhibits surprising
symmetry properties [8]: it is again conformally invariant.
Let us remark that the operators D(1), K(1)

µ , K(1)
n+1 are a nonlinear representation

of the dilatation and conformal translation operators. They generate the following
finite transformations:

D(1) : xµ → x′µ = exp(b)xµ, θ → θ′ = exp(b)θ,
R→ R′ = exp(−bn/2)R;

K
(1)
µ : xµ → x′µ =

xµ − cµ(xαxα + gn+1n+1θ
2)

1 − 2cνxν − 2cn+1θ + c2(xαxα + gn+1n+1θ2)
,

θ → θ′ =
θ

1 − 2cνxν − 2cn+1θ + c2(xαxα + gn+1n+1θ2)
,

R→ R′ =
(
1 − 2cνxν − 2cn+1θ + c2(xαxα + gn+1n+1θ

2)
)n/2

R;

K
(1)
n+1 : xµ → x′µ =

xµ
1 − 2cνxν − 2cn+1θ + c2(xαxα + gn+1n+1θ2)

,

θ → θ =
θ − cn+1(xαxα + gn+1n+1θ

2)
1 − 2cνxν − 2cn+1θ + c2(xαxα + gn+1n+1θ2)

,

R→ R′ =
(
1 − 2cνxν − 2cn+1θ + c2(xαxα + gn+1n+1θ

2)
)n/2

R.

where b, cν , cn+1 are the group parameters and c2 = cνc
ν + cn+1c

n+1 with the
usual lowering and raising of indices using the metric gAB used in Theorem 1. The
expressions for these finite transformations can be compared with those given in (6),
(7). The form is exactly the same, but the new feature is that θ is considered as
a geometrical variable on the same footing as the xµ, and it is the amplitude R which
transforms as the dependent variable, just as u does in (7).
It should be added that Eq. (9) is the only equation of type (1) which is invariant

under AC(1, n + 1) ⊕ Q in the representation given in Theorem 1. This is not the
standard representation. However, if we keep the standard representation (4), (5) of
the conformal algebra but allow dependence of the nonlinearity in (1) on the deri-
vatives, then we find that there are other equations of this type which are invariant
under the conformal algebra:

�u = |u|4/(n−1)F
(
|u|(3+n)/(1−n)�|u|

)
u, n �= 1,

�u = �|u|F
(

�|u|
(∇|u|)2 , |u|

)
u, n = 1,

4�u =
{

�|u|
|u| + λ

(�|u|)n
|u|n+4

}
u, n arbitrary,

�u = (1 + λ)
�|u|
|u| u,

�u =
�|u|
|u|

(
1 +

λ

|u|4
)
u,

�u =
�|u|
|u|

(
1 +

λ

1 + σ|u|4
)
u.
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Thus, we see that wave equations which have a nonlinear quantum potential term
�|u|/|u| have an unusually wide symmetry. This is in sharp contrast with nonli-
nearities not containing derivatives. Moreover, we see that the representation of
a given algebra plays a fundamental role in picking out certain equations which
are invariant. This remark leads us to asking how one can construct all possible
representations, linear and nonlinear. Linear representation theory is well-developed,
but nonlinear representations are not at all well understood. Certainly, the equation
dictates the symmetry and the representation of the symmetry, and both equation
and representation are intimately tied together. From the symmetry point of view,
we cannot truly distinguish between them as phenomena.
Finally, we remark that given an equation, its symmetry algebra can be exploi-

ted to construct ansatzes (see, for example, [3]) for the equation, which reduce the
problem of solving the equation to one of solving an equation of lower order, even
ordinary differential equations. We examine this question for some of the equations
we have given above in a future article, and we hope that some of them will find
some application in nonlinear quantum mechanics or optics, not least because of their
beautiful symmetry properties and relation to nonlinear Schrödinger equations.
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Симетрiя рiвнянь лiнiйної та нелiнiйної
квантової механiки
В.I. ФУЩИЧ

We describe local and nonlocal symmetries of linear and nonlinear wave equations
and present a classification of nonlinear multi-dimensional equations compatible with
the Galilei relativity principle. We propose new systems of nonlinear equations for
the description of physical phenomena in classical and quantum mechanics.

Описанi локальнi i нелокальнi симетрiй лiнiйних та нелiнiйних хвильових рiв-
нянь, класифiкацiї нелiнiйних багатовимiрних рiвнянь, сумiсних з принципом
вiдносностi Галiлея. Запропоновано новi системи нелiнiйних рiвнянь для опису
фiзичних процесiв в класичнiй та квантовiй механiцi.

Проблема побудови нелiнiйних математичних моделей для опису процесiв в
механiцi фiзицi, бiологiї була i є однiєю з головних задач математичної фiзики
[1–4]. Сьогоднi ми не можемо вважати, що класичнi рiвняння Ньютона–Лоренца,
Даламбера, Нав’є–Стокса, Максвелла, Шродiнгера, Дiрака та iншi рiвняння руху
послiдовно i повно описують реальнi фiзичнi процеси. У зв’язку з цим досить
сказати, що нинi ми не знаємо жодного рiвняння руху в квантовiй механiцi для
двох частинок, яке було б сумiсне з принципом вiдносностi Лоренца–Пуанкаре–
Айнштайна. Широкий спектр рiвнянь, якi запропонованi багатьма дослiдниками,
як правило мають принциповi недолiки i часто приводять до абсурдних фiзичних
наслiдкiв.
Характерна особливiсть сучасного математичного опису реальних процесiв

полягає у тому, що рiвняння руху для частинок, хвиль, полiв є складними нелi-
нiйними системами диференцiальних i iнтегро-диференцiальних рiвнянь. Як бу-
дувати такi рiвняння? Як розв’язувати i дослiджувати такi системи? Очевидно,
що пiдхiд Лагранжа–Ойлера (механiчний у своїй основi) до побудови рiвняння
руху у багатьох випадках є обмеженим. Досить нагадати, що в рамках класично-
го методу Лагранжа–Ойлера неможливо одержати без переходу до потенцiалiв
рiвняння Максвелла для електромагнiтних хвиль.
В наших роботах [3–12] запропоновано нелагранжевий пiдхiд для побудови i

класифiкацiї рiвнянь руху. В основi цього пiдходу лежать принципи вiдносностi
Галiлея та Лоренца–Пуанкаре–Айнштайна. Короткий огляд деяких результатiв
у цьому напрямку подається далi.

1. Короткий коментар про вiдкриття Шродiнгера. Перш за все нага-
дуємо, що 70 рокiв тому Ервiн Шродiнгер вiдкрив рiвняння руху i цим самим
заклав математичну основу квантової механiки. 21 червня 1926 р. Шродiнгер
представив до друку роботу [2], в якiй запропонував рiвняння

SΨ = 0, S = p0 − p2
a

2m
− V (t, x),

p0 = i�
∂

∂t
, pa = −i� ∂

∂xa
, a = 1, 2, 3,

(1)

де Ψ = Ψ(x0 = t, �x) — комплекснозначна хвильова функцiя, V — потенцiал.

Укр. мат. журн., 1997, 49, № 1, C. 164–177.
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Ця робота була останньою з серiї чотирьох статею пiд однiєю назвою, в яких
розв’язана проблема квантування в атомнiй фiзицi.
Чи можна сказати, що Ервiн Шродiнгер вивiв своє рiвняння?
Знайомство з оригiнальною роботою [2] дає нам однозначну вiдповiдь на це

питання. Шродiнгер не вивiв рiвняння. Рiвняння (1) було написано без строгого
обгрунтування, бiльше того, Шродiнгер вважав, що правильним рiвнянням ру-
ху у квантовiй механiцi повинно бути рiвняння четвертого порядку для дiйсної
функцiї, а не рiвняння (1) для комплексної функцiї. Шродiнгер розглядував рiв-
няння (1), як деяке допомiжне, промiжне рiвняння, яке дає змогу спрощувати
обчислення.
В основi попереднiх його робiт були рiвняння

∆Ψ − 2(E − V )
E2

∂2Ψ
∂t2

= 0, (2)

∆Ψ +
8π2

�2
(E − V )Ψ = 0, (3)

де Ψ — дiйсна функцiя.
Коли потенцiал V не залежить вiд часу, Шродiнгер виводить з (2), (3) хви-

льове рiвняння четвертого порядку(
∆ − 8π2

�2
V

)2

Ψ +
16π2

�2

∂2Ψ
∂t2

= 0, (4)

де Ψ — дiйсна функцiя.
Про рiвняння (4) Шродiнгер пише: “ . . . рiвняння (4) є єдиним i загальним

хвильовим рiвнянням для польового скаляра Ψ . . . хвильове рiвняння (4) за-
ключає в собi закон дисперсiї i може служити основою розвинутої мною теорiї
консервативних систем. Його узагальнення на випадок потенцiалу вимагає де-
яку обережнiсть . . . спроба перенести рiвняння (4) на неконсервативнi системи
зустрiчається з складнiстю, яка виникає через член ∂V

∂t . Тому далi я пiду по iн-
шому шляху, бiльш простому з обчислювальної точки зору. Цей шлях я вважаю
принципово самим правильним. (4) є рiвняння коливання пластинки.”
У листi до Лорентца (6 червня 1926 р., Цюрiх) Щродiнгер пише: “ . . . з рiвнянь

(2) i (3) ми одержуємо загальне хвильове рiвняння (4), яке не залежить вiд кон-
станти iнтегрування E. Воно точно спiвпадає з рiвнянням коливання пластинки,
яке мiстить квадрат оператора Лапласа. Вiдкриття цього простого факту забра-
ло у мене багато часу.”
У листi до Планка (14 червня 1926 р., Цюрiх) Щродiнгер пише: “ . . . отже

справжнiм хвильовим рiвнянням є рiвняння четвертого порядку вiдносно коор-
динат . . .”.
I далi Шродiнгер виписує рiвняння (1) для комплексної функцiї Ψ. Якраз у

цьому мiсцi статтi [2] Шродiнгер робить генiальний (i алогiчний) крок, записуючи
рiвняння (1) для комплексної функцiї.
Вiдносно рiвняння (1)Шродiнгер пише: “Деяка труднiсть, без сумнiву, виникає

в застосуваннi комплексних хвильових функцiй. Якщо вони принципово необхi-
днi, а не є тiльки спосiб полегшення (спрощення) обчислень, то це буде означати,
що iснують принципово двi функцiї, якi тiльки разом дають опис стану системи
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. . . Справжнє хвильове рiвняння, найбiльш вирогiдно, має бути рiвняння четвер-
того порядку. Для неконсервативної системи

(
∂V
∂t �= 0

)
менi, одначе, не вдалось

знайти таке рiвняння”.
З наведеного ми можемо зробити такi висновки.

Висновок 1. В 1926 роцi Шродiнгер вважав, що правильним рiвнянням руху в
квантовiй механiцi має бути рiвняння четвертого порядку. Для випадку, коли
потенцiал не залежить вiд часу, це рiвняння має вигляд (4).

Висновок 2. В червнi 1926 року Шродiнгер вважав, що рiвняння (1), першого
порядку за часом i другого порядку за просторовими змiнними, для комплексної
функцiї є промiжним (не основним), яке треба використати тiльки для спро-
щення обчислень.

Висновок 3. Шродiнгер вважав, що у тому випадку, коли потенцiал V зале-
жить вiд часу, рiвняння руху має бути також четвертого порядку для дiйсної
функцiї (йому його не вдалось одержати).

Висновок 4. Шродiнгер нiколи пiзнiше не обговорював рiвняння четвертого
порядку.

Сьогоднi можна однозначно сказати, що Шродiнгер помилявся вiдносно важ-
ливостi (фундаментальностi) рiвнянь (1), (4). Дiйсно, рiвняння (1) є основним
рiвнянням руху квантової механiки, а рiвняння (4) не може бути рiвнянням руху,
оскiльки воно не сумiсне з принципом вiдносностi Галiлея.
Це твердження є наслiдком симетрiйного аналiзу рiвняннь (1) i (4) [3]: рiвнян-

ня (1) iнварiантне вiдносно групи Галiлея. У зв’язку з наведеним у наступному
параграфi дано вiдповiдь на такi питання:

1. Якi лiнiйнi рiвняння другого, четвертого, n-го порядку сумiснi з принципом
вiдносностi Галiлея?

2. Чи iснують лiнiйнi рiвняння першого порядку за часовою змiнною i четвер-
того порядку за просторовими змiнними, якi сумiснi з принципом вiдносно-
стi Галiлея?

Пiд принципом вiдносностi Галiлея ми розумiємо iнварiантнiсть (у сенсi Лi)
рiвняння вiдносно перетворень

t→ t′ = t, �x→ �x′ = �x+ �vt, (5)

коли хвильова функцiя перетворюється за лiнiйним зображенням групи (5) [4]:

Ψ → Ψ′ = TgΨ. (6)

Перш нiж дати вiдповiдь на сформульованi питання наведемо добре вiдомi
факти про локальну симетрiю лiнiйного вiльного (V = 0) рiвняння Шродiнге-
ра (1).

Теорема 1 [3]. Максимальною (у сенсi Лi) алгеброю iнварiантностi (1) є 13-
вимiрна алгебра Лi

AG2(1, 3) = 〈P0, Pa, Jab, Ga,D,Π, Q〉,
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з базисними елементами

P0 = i
∂

∂x0
= p0, Pa = −i ∂

∂xa
= pa, Jab = xapb − xbpa,

Ga = tpa −mxa, a = 1, 2, 3, D = 2x0p0 − xapa,

Π = x2
0p0 − x0xapa +

in

2
x0 − m

2
x2
a, Q = i

(
Ψ
∂

∂Ψ
− Ψ∗ ∂

∂Ψ∗

)
.

(7)

Оператори Ga породжують (генерують) перетворення Галiлея (5) i таке пере-
творення для хвильової функцiї

Ψ → Ψ′ = exp
{
i

(
�v�x+

�v2t

2

)}{
Ψ(t, x)

∣∣∣
�x→�x+�vt

}
. (8)

Деталi доведення див. у [4] i цитованiй там лiтературi.
Ми вживаємо наступнi позначення:

AG(1, 3) = 〈P0, Pa, Jab, Ga〉 — 10-вимiрна алгебра Галiлея;
AG1(1, 3) = 〈P0, Pa, Jab, Ga,D〉 — розширена алгебра Галiлея;
AG2(1, 3) = 〈P0, Pa, Jab, Ga,D,Π〉 — повна алгебра Галiлея;
AE(1, 3) = 〈P0, Pa, Jab〉 — алгебра Евклiда;
AE1(1, 3) = 〈P0, Pa, Jab,D〉 — розширена алгебра Евклiда.

Теорема 2 [5]. Максимальною алгеброю iнварiантностi рiвняння (4 ) (V = 0)
є розширена алгебра Евклiда AE1(1, 3).
З наведених теорем маємо такi наслiдки.

Наслiдок 1. Рiвняння (4) несумiсне з принципом вiдносностi Галiлея (5). Це
означає, що (4) не може розглядуватись, як рiвняння руху частинки (поля) в
квантовiй механiцi. Вся множина розв’язкiв рiвняння (4) не iнварiантна вiд-
носно перетворень Галiлея (5), (6).
Зауважимо, що будь який гладкий розв’язок рiвняння (1) є розв’язком рiв-

няння (4) (при V = 0), тобто множина розв’язкiв (4) мiстить у собi розв’язки (2).
2. Виведення рiвняння Шродiнгера i рiвняння високого порядку.

Виведемо рiвняння Шродiнгера з вимоги iнварiантностi рiвняння вiдносно пере-
творень Галiлея (5), (8) i групи часових i просторових трансляцiй.
Розглянемо довiльне лiнiйне рiвняння першого порядку за часом i другого

порядку за просторовими змiнними

i
∂Ψ
∂t

= alk(t, �x)
∂2Ψ

∂xl∂xk
+ bl(t, �x)

∂Ψ
∂xl

+ c(t, �x)Ψ, (9)

де alk(t, �x), bl(t, �x), c(t, �x) — довiльнi гладкi функцiї.
Теорема 3 [5, 6]. Серед множини рiвнянь (9), iнварiантних вiдносно групи (5)
i групи трансляцiй, для комплексної функцiї Ψ є тiльки одне рiвняння, яке ло-
кально еквiвалентне рiвнянню Шродiнгера (1).
Отже, клас лiнiйних рiвнянь, якi сумiснi з класичним принципом вiдносностi

Галiлея, зводиться до одного рiвняння (1).
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Зауваження 1. Якщо в (9) Ψ — дiйсна функцiя, то єдиним рiвнянням сумiсним
з принципом Галiлея є рiвняння теплопровiдностi

∂u

∂t
= λ∆u, (10)

λ — довiльний параметр.
В [7] запропоноване таке узагальнення рiвняння (V = 0) Шродiнгера (1)(

λ1S + λ2S
2 + · · · + λnS

n
)
Ψ = λΨ,

S2 =
(
p0 − p2

a

2m

)2

, . . . , Sn =
(
p0 − p2

a

2m

)n
,

(11)

λ, λ1, λ2, . . . , λn — довiльнi параметри.
Рiвняння (11) сумiсне з принципом вiдносностi Галiлея i iнварiантне вiдносно

алгебри Галiлея AG(1, 3), але не iнварiантне вiдносно маштабного D i проектив-
ного Π операторiв (λ1 �= 0, λ2 �= 0).
Повну iнформацiю про симетрiю рiвняння (11) дає наступна теорема.

Теорема 4 [13]. Серед лiнiйних рiвнянь довiльного порядку є тiльки рiвняння
(11), яке iнварiантне вiдносно алгебри AG(1, 3). У випадку, коли λ = λ1 = λ2 =
· · · = λn−1 = 0, рiвняння (11) iнварiантне вiдносно алгебри AG2(1, 3).
Таким чином, клас лiнiйних галiлей-iнварiантних рiвнянь довiльного порядку

досить вузький i зводиться до рiвняння (11). Всi iншi галiлей-iнварiантнi рiвня-
ння локально еквiвалентнi рiвнянню (11).

3. Алгебра Лоренца для рiвняння Шродiнгера. Лiнiйне рiвняння Шро-
дiнгера (коли V = 0 i при деяких специфiчних видах потенцiалiв V (t, x)) має крiм
локальної (теорема 1) i нелокальну симетрiї (див. [4] i цитовану там лiтературу).
Наведемо одну з таких незвичних (нелокальних) симетрiй.
Теорема 5 [8]. Рiвняння Шродiнгера (1) (коли V = 0) iнварiантне вiдносно
алгебри Лоренца AL(1, 3) = 〈Jab, J0a〉, базиснi елементи якої задаються опера-
торами

Jab = xapb − xbpa, J0a =
1

2m
(pGa +Gap),

p ≡ (p2
1 + p2

2 + p2
3)

1/2 = (−∆)1/2,
Ga ≡ x0pa −mxa, [J0a, J0b] = −iJab.

(12)

Важливо пiдкреслити, що псевдодиференцiальнi оператори 〈J0a〉 не генерують
нi перетворення Лоренца, нi перетворення Галiлея:

xa → x′a = exp{iJ0ava}xa exp{−J0bvb} �= лоренц-перетворення, (13)

x0 → x′0 = exp{iJ0ava}x0 exp{−J0bvb} = x0. (14)

Час при таких нелокальних перетвореннях не мiняється.
4. Нелокальна галiлей-симетрiя еволюцiйного рiвняння четвертого

порядку. Розглянемо рiвняння першого порядку за часовою змiнною i четвер-
того порядку за просторовими змiнними

p0Ψ = H(p2)Ψ, H(p2) = a0m0 + a2p
2 + a4

p4

8
, (15)
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p2 = p2
a = p2

1 +p2
2 +p2

3 = −∆, a2 = 1
2m0

, a0, a2, a4, m0 — довiльнi дiйснi константи.
Гамiльтонiан (15), коли a0 = 1, a4 = −m−3

0 , являє собою першi три члени
розкладу в ряд Тейлора релятивiстського гамiльтонiана

H(p2) = (p2 +m2
0)

1/2 = m0 +
p2

2m0
− p4

8m3
0

.

У тому випадку, коли a0 = a4 = 0, рiвняння (15) спiвпадає з рiвнянням Шро-
дiнгера (1).
З стандартної (загально прийнятої) фiзичної точки зору рiвняння (15) не мож-

на розглядувати як рiвняння руху в квантовiй механiцi, оскiльки воно не iнва-
рiантне нi вiдносно групи Галiлея, нi вiдносно групи Лоренца. Тобто нi один з
вiдомих принципiв вiдносностi (Галiлея або Лоренца–Пуанкаре–Айнштайна) не
виконується для рiвняння (15).
Застосовуючи метод Лi, можна довести, що максимальною алгеброю iнварiан-

тностi рiвняння (15) є алгебра Евклiда AE(1, 3) = 〈P0, Pa, Jab, I〉, I — одиничний
оператор. Виявляється, що крiм локальної симетрiї рiвняння (15) має широку
нелокальну симетрiю. Зокрема, рiвняння (15) iнварiантне вiдносно алгебри Галi-
лея AG(1, 3), базиснi елементи (оператори Ga) якої задаються операторами 3-го
порядку. Бiльш точно, має справедливе наступне твердження.
Теорема 6 [9, 10]. Рiвняння (15) iнварiантне вiдносно 20-вимiрної алгебри Лi,
базиснi елементи якої задаються операторами

P0 = i
∂

∂t
, Pa = −i ∂

∂xa
, Jab = xapb − xbpa, (16)

Ga = (tVa − xa)m0, (17)

Va =
1
m0

(
1 + a4

p2

2m2
0

)
pa, (18)

Rab = a4

(
PaPb +

1
2
δabP

2

)
. (19)

Оператори (16)–(19) задовольняють комутацiйнi спiввiдношення

[Jab, Gc] = i(δacGb − δbcGa), [Pa, Gb] = iδabI, [Ga, Gb] = 0,
[P0, Ga] = iVa, [Va, Gb] = i(Rab − a2δabI),
[Jab, Rcd] = i(δacRbd + δbdRac − δbcRad − δadRbc),
[Jab, Vc] = i(δacVb − δbcVa), [Ga, Rbc] = ia4(δabPc + δbcPa + δacPb).

Пiдкреслимо, що оператори (17)–(19) є операторами третього i другого поряд-
ку, а це означає, що вони породжують нелокальнi перетворення. Так, оператори
Галiлея Ga (17) генерують стандартнi локальнi перетворення для часу i коорди-
нат

t→ t′ = exp(iuaGa)t exp(−iubGb) = t,

xa → x′a = exp(ivbGb)xa exp(−vlGl) = xa + vat,
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i нелокальнi перетворення для хвильової функцiї [3]

Ψ(x) → Ψ′(x) = exp
{
im0

(
xaua +

�u2

2
t− 1

2
a4tuaPaP

2

)}
Ψ. (20)

Як добре вiдомо, швидкiсть частинки в релятивiстськiй механiцi визначається
за формулою

va =
pa
m
, m = m(�v2), m = m0(1 − v2)−1/2. (21)

У механiцi, побудованiй на базi рiвняння (15), вiдповiдна формула має вигляд

va =
pa
m0

+
a4p

2

2
pa. (22)

Якщо швидкiсть частинки задати формулою (21) i використати (22), то ми
одержуємо формулу залежностi маси, в новiй механiцi, вiд швидкостi

m

m0
+
a4

2
m3v2 − 1 = 0. (23)

Розв’язавши кубiчне рiвняння (23), ми одержимо (в залежностi вiд знака коефi-
цiєнта a4) такi формули:

m = m0
3
ω

sin
{

1
3

arctan
ω√

1 − ω2

}
, a4 < 0, ω �= 1, (24)

m = m0
3
ω

sh
{

1
3

ln(ω +
√

1 + ω2)
}
, a4 > 0. (25)

ω =
(

3
2

)3/2

(�v)2
√
m3

0|a4|.

Отже, у квантовiй механiцi, побудованiй на рiвняннi (15), виконується не-
стандартний принцип вiдносностi Галiлея (формула (20)) i маса частинки (поля)
залежить вiд швидкостi згiдно формул (24), (25).

5. Принцип вiдносностi Галiлея i нелiнiйнi рiвняння типу Шродiнге-
ра. За останнi роки багато авторiв, виходячи з рiзних мотивiв i мiркувань, запро-
понували широкий спектр нелiнiйних узагальнень рiвнянь Шродiнгера. Багато з
нелiнiйних рiвнянь, запропонованих для опису нелiнiйних ефектiв в плазмi, опти-
цi, квантовiй механiцi, не задовольняють принципу вiдносностi Галiлея. У зв’яз-
ку з цим в серiї наших робiт [3, 4, 6, 7, 11] проведено симетрiйну класифiкацiю
нелiнiйних рiвнянь типу Шродiнгера, якi iнварiантнi вiдносно групи Галiлея та
рiзних її розширень.
У цьому пунктi наведемо деякi результати про класифiкацiю нелiнiйних рiв-

нянь типу Шродiнгера, якi мають таку ж симетрiю (або ширшу), як i лiнiйне
рiвняння Шродiнгера (1).
Розглянемо нелiнiйне рiвняння другого порядку

i
∂Ψ
∂t

+
1
2
∆Ψ + i

∆ϕ(Ψ∗Ψ)
2Ψ∗Ψ

Ψ = F
(
Ψ∗Ψ, (�∇(Ψ∗Ψ))2,∆(Ψ∗Ψ)

)
Ψ, (26)

де ϕ, F — довiльнi гладкi функцiї.
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Теорема 7 [7, 11]. Рiвняння (26) у випадку, коли ϕ = 0, а функцiя F (Ψ∗Ψ) не
залежить вiд похiдних, iнварiантне вiдносно повної алгебри AG2(1, n) з бази-
сними елементами (7) тодi i тiльки тодi, коли

F (Ψ∗Ψ) = λ|Ψ|4/n, (27)

n — число просторових змiнних.
Теорема 8 [12]. Рiвняння (26) iнварiантне вiдносно алгебри AG2(1, n) i опера-
тора I тодi i тiльки тодi, коли

F
(
Ψ∗Ψ, (�∇(Ψ∗Ψ))2,∆(Ψ∗Ψ)

)
=

∆|Ψ|
|Ψ| N

(
|Ψ|∆|Ψ|
(�∇|Ψ|)2

)
, ϕ(Ψ∗Ψ) = |Ψ|2, (28)

де N — довiльна гладка функцiя.
В тому випадку, коли N = 1/2, ϕ = 0 рiвняння (26) набуває вигляду

i
∂Ψ
∂t

+
1
2
∆Ψ =

1
2

∆|Ψ|
|Ψ| Ψ. (29)

Рiвняння (29) запропоновано у роботах [14–18]. Воно має унiкальну симетрiю.
Теорема 9 [19]. Рiвняння (29) iнварiантне вiдносно алгебри Лi з базисними
операторами

P0 = i
∂

∂t
, Pa = −i ∂

∂xa
, I = Ψ

∂

∂Ψ
+ Ψ∗ ∂

∂Ψ∗ ,

Jab = xaPb − xbPa, a, b = 1, 2, . . . , n

Ga = tPa +
xa
2
Q, Q = i

(
Ψ
∂

∂Ψ
− Ψ∗ ∂

∂Ψ∗

)
,

D = 2tP0 + xaPa − n

2
I, Π = t2P0 + txaPa +

|�x|
4
Q− nt

2
I,

(30)

G(1)
a = −i ln Ψ

Ψ∗Pa + xaP0, D(1) = −i Ψ
Ψ∗Q+ xaPa,

Π(1) = −
(

ln
Ψ
Ψ∗

)
Q− 2i

(
ln

Ψ
Ψ∗

)
xaPa + |�x|2P0 + in

(
ln

Ψ
Ψ∗

)
I,

Ka = txaP0 −
( |�x|2

2
+ it ln

Ψ
Ψ∗

)
Pa + xaxbPb − n

2
xaI − i

xa
2

(
ln

Ψ
Ψ∗

)
Q.

(31)

Виписана алгебра еквiвалентна конформнiй алгебрi AC(2, n) в (2 + n)-ви-
мiрному просторi Мiнковського. Якщо вiд комплексної функцiї Ψ перейти до
амплiтуди-фази

Ψ = A(t, x) exp{iΘ(t, x)},
то наведенi формули значно спрощуються. Алгебра симетрiї рiвняння (29) еквi-
валентна алгебрi симетрiї класичного рiвняння Гамiльтона [3]

∂u

∂t
=

∂u

∂xk

∂u

∂xk
.
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Отже, нелiнiйне рiвняння (29) має значно ширшу симетрiю, нiж лiнiйне рiвня-
ння Шродiнгера (1). Аналогiчний ефект має мiсце i для пуанкаре-iнварiантного
нелiнiйного хвильового рiвняння [16, 17]

�Ψ =
�|Ψ|
|Ψ| Ψ. (32)

6. Нелокальна симетрiя лiнiйного пуанкаре–iнварiантного хвильо-
вого рiвняння. Сiмдесят рокiв тому, у 1926 р. майже одночасно сiм учених:
Шродiнгер, де Броль, Дондер ван Дунген, Клейн, Фок, Гордон i Кудар вiдкрили
рiвняння

(p2
0 − p2

a)u(x0, �x) = m2u (33)

для скалярної комплексної функцiї u. У випадку, коли m = 0 (33) спiвпадає з
хвильовим рiвнянням Даламбера.
Вiдомо, що рiвняння (33) iнварiантне вiдносно алгебри Пуанкаре AP (1, 3) з

базисними елементами

P0 = p0, Pk = pk, k = 1, 2, 3,
Jµν = xµpν − xνpµ, µ, ν = 0, 1, 2, 3,

(34)

тобто виконуються умови:

[p2
0 − p2

a −m2, Jµν ] = 0, [p2
0 − p2

a −m2, Pµ] = 0. (35)

Алгебра AP (1, 3) = 〈Pµ, Jµν〉 являється максимальною (у сенсi Лi) алгеброю
iнварiантностi рiвняння (33).
Оператори 〈J0a〉 генерують стандартнi перетворення Лоренца
xµ → x′µ = exp(iJ0ava)xµ exp(−iJ0bvb) = перетворення Лоренца.

В [20] поставлено i дано позитивну вiдповiдь на таке питання: чи має рiвняння
(33) додаткову симетрiю, вiдмiнну вiд (34)?
Щоб виявити додаткову (нелокальну) симетрiю (33), перепишемо його у ви-

глядi системи двох рiвнянь першого порядку за часовою змiнною i другого по-
рядку за просторовими змiнними

i
∂Φ
∂t

= HΦ,

H =
1
2κ

{
(E2 + κ2)σ1 + i(E2 − κ2)σ2

}
,

E2 = −∆ +m2, κ �= 0, Φ =
(

Φ1

Φ2

)
, κΦ1 = i

∂u

∂t
, Φ2 = u,

(36)

κ — довiльна константа, σ1 i σ2 — (2 × 2) матрицi Паулi.
Теорема 10 [20]. Рiвняння (36) iнварiантне вiдносно алгебри Пуанкаре, базиснi
оператори якої мають вигляд

P
(1)
0 = H, P

(1)
k = pk, J

(1)
ab = xapb − xbpa = Jab, (37)

J
(1)
0a = x0Pa − 1

2
(Hxa + xaH) �= J0a. (38)
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Прямою перевiркою можна переконатись, що оператори (37), (38) задоволь-
няють умови[

i
∂

∂t
−H,J0a

]
= 0,

[
i
∂

∂t
−H,Jab

]
= 0. (39)

Iстотна рiзниця мiж операторами J (1)
0a i J0a полягає у тому, що: J

(1)
0a — оператори

другого порядку i генерують нелокальнi перетворення; J0a — оператори першого
порядку i генерують стандартнi локальнi перетворення Лоренца.
Пiдкреслимо, що оператори J (1)

0a генерують тотожне перетворення для часу,
тобто час iнварiантний вiдносно операторiв J (1)

0a :

t→ t′ = exp(iJ (1)
0a va)t exp(−iJ (1)

0b vb) = t. (40)

Просторовi перетворення змiнних xa, якi генеруються операторами J
(1)
0a , не спiв-

падають з перетвореннями Лоренца:

xk → x′k = exp(iJ (1)
0a va)xk exp(−iJ (1)

0b vb) �= перетворення Лоренца. (41)

Таким чином ми встановили, що множина розв’язкiв рiвняння (33) має дуаль-
ну симетрiю:

1. Лоренцову (локальну) симетрiю. Час змiнюється при переходi вiд однiєї
iнерцiйної системи до iншої за формулами Лоренца.

2. Нелоренцову (нелокальну) симетрiю (40), (41). Час не змiнюється при пе-
реходi вiд однiєї iнерцiйної системи до iншої.

7. Нелокальна галiлей-симетрiя релятивiстського псевдодиференцi-
ального хвильового рiвняння. Розглянемо псевдодиференцiальне рiвняння

p0u = Eu, E ≡ (p2
a +m2)1/2, u = u(x0, �x). (42)

Рiвняння (42) можна розглядувати як “корiнь квадратний з хвильового опера-
тора (33)” для скалярної комплексної функцiї u. Прямим обчисленням можна
переконатись, що рiвняння (42) iнварiантне вiдносно стандартного зображення
алгебри Пуанкаре (34) i не iнварiантне вiдносно стандартного зображення алге-
бри Галiлея (7).
Теорема 11 [9]. Рiвняння (42) iнварiантне вiдносно 11-вимiрної алгебри Галiлея
з такими базисними операторами:

P
(2)
0 =

p2

2m
= − ∆

2m
, P (2)

a = pa = − ∂

∂xa
, J

(2)
ab = xapb − xbpa ≡ Jab,

G(2)
a = tp̃a −mxa, p̃a ≡ m

E
pa, E = (p2

a +m2)1/2.
(43)

Доведення теореми зводиться до перевiрки умови iнварiнтностi

[p0 − E,Ql]u = 0, (44)

де Ql — будь який оператор з набору (43).
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Оператори (43) задовольняють комутацiйнi спiввiдношення алгебри Галiлея;
G

(2)
a — псевдодиференцiальнi оператори, якi генерують, на вiдмiну вiд стандар-

тних операторiв Ga, нелокальнi перетворення.
Отже, множина розв’язкiв рiвняння руху (42) для скалярної частинки (по-

ля) з позитивною енергiєю має нелокальну галiлеєву симетрiю, алгебра Лi якої
задається операторами (43).

8. Нелокальна галiлей-симетрiя рiвняння Дiрака. Вiдомо, що рiвняння
Дiрака

p0Ψ = (γ0γapa + γ0γ4m)Ψ = H(p)Ψ (45)

iнварiантне вiдносно алгебри Пуанкаре з базисними операторами (див., напри-
клад [3, 4])

P0 = i
∂

∂x0
, Pk = −i ∂

∂xk
,

Jµν = xµpν − xνpµ + Sµν , Sµν =
i

4
[γµ, γν ].

(46)

Рiвняння Дiрака, як це встановлено в наших роботах автора (див., наприклад,
лiтературу в [3]) має широку нелокальну симетрiю.
У цьому пунктi встановимо нелокальну галiлей-симетрiю рiвняння Дiрака.

Для цiєї мети, наслiдуючи метод [4], за допомогою iнтегрального оператора

W =
1√
2

(
1 + γ0

H

E

)
, E = (p2

a +m2)1/2, H = γ0γapa + γ0γ4m (47)

перетворимо систему чотирьох зв’язаних диференцiальних рiвнянь першого по-
рядку на систему незв’язаних псевдодиференцiальних рiвнянь

i
∂Φ
∂t

= γ0EΦ, γ0 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 , (48)

Φ = WΨ, γ0E = WHW−1. (49)

Встановлюючи додаткову симетрiю рiвняння (48), ми одночасно встановлює-
мо симетрiю рiвняння Дiрака 45).
Теорема 12 [9]. Рiвняння (48) iнварiантне вiдносно 11-вимiрної алгебри Галiлея
з базисними операторами

P
(3)
0 =

�p2

2m
, P (3)

a = pa = − ∂

∂xa
, I,

J
(3)
ab = xapb − xbpa + Sab, G(3)

a = tp̃a −mxa, p̃a ≡ γ0
m

E
pa.

(50)

Оператори (50) задовольняють комутацiйним спiввiдношенням алгебри Галi-
лея AG(1, 3).
Для доведення теореми треба переконатися, що умова iнварiантностi

[p0 − γ0E,Ql]Ψ = 0 (51)



116 В.I. Фущич

виконується для довiльного оператора Ql з набору (50); G
(3)
a — iнтегральний

оператор, що генерує нелокальнi перетворення, якi не спiвпадають з класичними
перетвореннями Галiлея.
Отже, рiвняння (48), а тому i рiвняння Дiрака (45), має нелокальну симетрiю,

яка задається операторами (50). Явний вигляд операторiв (50) для рiвняння (45)
обчислюється за формулою

Q̃l = W−1QlW. (52)

9. Деякi новi рiвняння нелiнiйної математичної фiзики. У цьому пун-
ктi наведено серiю нових нелiнiйних рiвнянь, якi можна розглядати як матема-
тичнi моделi для опису нелiнiйних процесiв у класичнiй та квантовiй механiцi,
електродинамiцi, гiдродинамiцi.
1. Рiвняння Ньютона–Лоренца для зарядженої частки природно узагальнити

так:

d

dt
(m�v) = λ1

�D + λ2
�B + λ3(�v × �D) + λ4(�v × �B) +

+ a1( �E × �D) + a2( �E × �B) + a3( �H × �D) + a4( �H × �B),
(53)

m = m(�v2, �E2, �H2, �E �H,�v �E,�v �H) — маса частинки, яка залежить вiд швидкостi �v2

i ( �E, �H) — електромагнiтного поля, яке створює сама заряджена частинка; ( �D, �B)
— зовнiшнє електромагнiтне поле; λ1, λ2, . . . , a1, a2, . . . — деякi параметри.
У випадку, коли маса m є константою i a1 = a2 = a3 = a4 = 0, λ2 = λ3 = 0,

рiвняння (53) спiвпадає з класичним рiвнянням Ньютона з силою Лоренца.
Явна залежнiсть маси вiд �v2 i власного електромагнiтного поля ( �E, �H) може

бути встановлена з вимоги iнварiантностi (53) вiдносно групи Галiлея або групи
Пуанкаре.
Гiдро-електродинамiчнi узагальнення рiвняння Ойлера для зарядженої час-

тинки мають вигляд(
∂

∂t
+ vl

∂

∂xl

)
m(�v2, �E2, . . .)�v = λ1

�D + λ2
�B + a1( �E × �D) +

+ a2( �E × �B) + · · · , l = 1, 2, 3.
(54)

Пуанкаре-iнварiантне рiвняння для зарядженої частинки має вигляд(
vα

∂

∂xα

)
m(vνvν , �E2 − �H2, �E �H)vµ = λRµνv

ν ,

де Rµν — антисиметричний тензор зовнiшнього електромагнiтного поля ( �D, �B).
Нелокальне (псевдодиференцiальне) узагальнення рiвняння Ньютона для ча-

стинки можна подати у виглядi(
m2 d

4

dx4
+ λ

)1/2

�x(t) = F (t, �x, �̇x, �̈x). (55)

У випадку, коли параметр λ = 0, (55) спiвпадає з класичним рiвнянням руху
Ньютона.
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2. Рiвняння для скалярного комплексного поля u зi змiнною швидкiстю v
можна задати так:(

−�
2 ∂

2

∂t2
+ �

2v2∆ −m2v4

)
u = F (|u|)u, (56)

∂vk
∂t

+ vl
∂vk
∂xl

= g(|u|)∂|u|
∂xk

, v2 ≡ v2
1 + v2

2 + v2
3 , (57)

g(|u|) — довiльна гладка функцiя.
Швидкiсть розповсюдження поля u задається рiвнянням (57). Отже, хвильо-

ве рiвняння (56) (i при F (|u|) = 0) з умовою (57) є нелiнiйним рiвнянням. При
стандартному пiдходi v2 = c2, де c — постiйна швидкiсть розповсюдження свiтла
у вакуумi; у цьому випадку рiвняння (56) лiнiйне. Явно пуанкаре-iнварiантне
рiвняння для поля u має вигляд(

vµvν
∂2u

∂xµ∂xν
−m2v4

)
u = 0, (58)

vα
∂vµ
∂xα

= g(|u|)∂|u|
∂xµ

, vµv
µ ≡ v2

0 − v2
1 − v2

2 − v2
3 > 0. (59)

Важливою властивiстю цiєї системи є те, що вона лоренц-iнварiантна, швидкiсть
поля vµ не є сталою величиною i залежить вiд амплiтуди i швидкостi змiни ам-
плiтуди поля.
3. Стандартна класична i квантова електродинамiка побудована в термiнах

потенцiалiв Aµ. Однак до цього часу не використанi iншi можливостi (моделi)
формулювання електродинамiки. Не вводячи потенцiалiв, можна запропонувати
таку пуанкаре-iнварiантну систему рiвнянь для тензора електромагнiтного поля
Fµν i спiнорного поля Ψ:

∂Fµν
∂xν

= jµ, jµ = g1Ψ̄γµΨ + g2Ψ̄pµΨ,

∂Fµν
∂xα

+
∂Fνα
∂xµ

+
∂Fαµ
∂xν

= g

(
∂Ψ̄SµνΨ
∂xα

+
∂Ψ̄SναΨ
∂xµ

+
∂Ψ̄SαµΨ
∂xν

)
,

(60)

γµ (pµ − γαFµα) Ψ = mΨ, pµ = igµν
∂

∂xν
,

Sµν =
i

4
[γµ, γν ] ≡ i

4
(γµγν − γνγµ).

(61)

Другу модель електродинамiки, без потенцiалiв, можна будувати на основi
нелiнiйних рiвнянь другого порядку

�Fµν = gΨ̄SµνΨ, (62)

(pµ − λγνFµν)(pm − λFµαγα)Ψ = m2Ψ. (63)

4. Одне з можливих нелiнiйних узагальнень рiвнянь Максвелла для електро-
магнiтного поля, яке розповсюджується зi змiнною швидкiстю v, має вигляд [21]

d �E

dt
= v rot �H +�j, div �E = ρ,

d �H

dt
= −v rot �E, div �H = 0, v = (v2

1 + v2
2 + v2

3)1/2,

(64)
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λ1

(
∂

∂t
+ vl

∂

∂xl

)
vk + λ2

(
∂

∂t
+ vl

∂

∂xl

)2

vk + λ3vk =

= a1Ek + a2Hk + a3εklnElHn, k, l, n = 1, 2, 3,
(65)

d

dt
≡ ∂

∂t
+ b1El

∂

∂xl
+ b2Hl

∂

∂xl
+ b3vl

∂

∂xl
,

λ1, λ2, λ3, a1, a2, a3, b1, b2, b3 — функцiї, якi залежать вiд iнварiантiв �E2 − �H2,
�E �H, �v2.
Виписана система спiвпадає з класичним рiвнянням Максвелла при умовi, що

v є постiйною величиною i всi λ1, λ2, ḃ3 рiвнi нулевi.
Рiвняння другого порядку для електромагнiтного поля ( �E, �H) зi змiнною

швидкiстю має вигляд(
∂2

∂t2
− v2∆

)
�E = c1 �E + c2 �H + c3( �E × �H) + c4(�v × �E) + c5(�v × �H),(

∂2

∂t2
− v2∆

)
�H = d1

�E + d2
�H + d3( �E × �H) + d4(�v × �E) + d5(�v × �H).

Швидкiсть �v електромагнiтного поля ( �E, �H) визначається з рiвняння (65)
5. Пуанкаре-iнварiантне узагальнення класичного рiвняння Ойлера має ви-

гляд

(λ1L+ λ2L
2)vµ = r1vµ + r2

∂P

∂xµ
+ r3

(
vα
∂vν
∂xα

)2

vµ,

L ≡ vα
∂

∂xα
, L2 ≡

(
vα

∂

∂xα

)(
vα

∂

∂xα

)
,

(66)

r1, r2, r3 — гладкi функцiї вiд iнварiантiв vαvµ, P.
Застосування виписаних нелинийних рiвнянь до опису конкретних фiзичних

процесiв дає можливiсть уточнити довiльнi функцiї, якi входять у рiвняння. Ви-
мога iнварiантностi до запропонованих рiвнянь вiдносно групп Галiлея, групи
Пуанкаре та їх рiзних розширень дозволяє iстотно звузити класи допустимих
моделей.
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Що таке швидкiсть електромагнiтного
поля?
В.I. ФУЩИЧ

A new definition of the velocity of electromagnetic field is proposed. The velocity
depends on the physical fields.

Питання, винесене в заголовок, до сьогоднiшнього дня, на диво не вирiшено
навiть на рiвнi дефiнiцiї. Згiдно з сучасними припущеннями свiтло є електро-
магнiтним полем (з вiдповiдними частотами), тому, очевидно, що вiдповiдь на
поставлене фундаментальне питання не може бути простим.
Сьогоднi найбiльш часто користуються такими визначеннями швидкостi свi-

тла [1, 2]:

1) фазова швидкiсть (the phase velocity);

2) групова швидкiсть (the group velocity);

3) швидкiсть передачi енергiї (the velocity of energy transport).

Визначення фазової та групової швидкостей базується на припущеннях, що
електромагнiтну хвилю можна характеризувати функцiєю Ψ(t, �x), яка має спецi-
альний вигляд [1, 2]

Ψ(t, �x) = A(�x) cos(ωt− g(�x)), (1)

або

Ψ(t, �x) =

∞∫
0

Aω(�x) cos(ωt− gω(�x))dω, (2)

де A(�x) — амплiтуда хвилi, g(�x) — довiльна дiйсна функцiя. Фазова швидкiсть
визначається за формулою

v1 = ω/|�∇g(�x)|. (3)

З наведених формул ясно, що визначення фазової (групової) швидкостi ба-
зується на припущенi, що будь-яка електромагнiтна хвиля має структуру (1)
(або (2)) i її швидкiсть не залежить вiд амплiтуди A. Крiм того нiколи не уто-
чнюється якому рiвнянню задовольняє функцiя Ψ. Це дуже важливий момент,
оскiльки Ψ може задовольняти стандартному лiнiйному хвильовому рiвнянню
Даламбера або, наприклад, нелiнiйному хвильовому рiвнянню [3]. Цi два випадки
iстотно вiдрiзняються один вiд одного i приводять до принципово рiзних резуль-
татiв. Слiд також зауважити, що фазова i групова швидкостi не визначаються
безпосередньо в термiнах електромагнiтних полiв �E i �H.

Доповiдi НАН України, 1997, № 1, C. 51–53.
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Швидкiсть передачi електромагнiтної енергiї визначається за формулою

�v2 =
�s

W
, �s = c( �E × �H), W = �E2 + �H2, (4)

де �s — вектор Пойтинга–Хевiсайда.
Формула (4) має таку ваду: якщо при переходi вiд однiєї iнерцiйної систе-

ми до iншої �E i �H перетворюються за формулам Лоренца, то швидкiсть �v2 не
перетворюється при цьому як вектор вiдносно групи Лоренца.
Мета цiєї замiтки — дати декiлька нових визначень швидкостi електромагнi-

тного поля.
Якщо електромагнiтне поле є деякий потiк енергiї, то швидкiсть такого пото-

ку, по аналогiї з гiдродинамiкою [4], задамо такою формулою (рiвнянням)

∂�v

∂t
+ vl

∂�v

∂xl
= a1( �D2, �B2, �E2, �H2, �D �E, . . .) �D +

+ a2( �D2, �B2, . . .) �B + a3( �D2, �B2, . . .) �E + a4( �D2, �B2 . . .) �H +

+ a5( �D2, �B2, . . .)

(
c(�∇× �H) − ∂ �D

∂t
− 4π �J

)
+

+ a6( �D2, �B2, . . .)

(
c(�∇× �E) +

∂ �B

∂t

)
.

(5)

Структура i явний вигляд коефiцiєтнiв a1, . . . , a6 визначаються з вимоги, щоб
рiвняння (5) було iнварiантним вiдносно групи Пуанкаре, якщо поля перетворю-
ються за вiдповiдними формулами Лоренца [5].
Основна перевага формули (5), в порiвняннi з (1), (2), полягає у наступному:
1) швидкiсть електромагнiтного поля визначається безпосередньо через спо-

стережуванi величини �D, �B, �E, �H, �J та їх першi похiднi;
2) рiвняння (5) при вiдповiдних коефiцiєнтах iнварiантне вiдносно групи Пу-

анкаре;
3) у тому випадку, коли коефiцiєнти a1 = a2 = a3 = a4 = 0, a поля �D, �B, �E,

�H задовольняють рiвнянню Максвелла

c(�∇× �H) − ∂ �D

∂t
− 4π �J = 0, c(�∇× �E) +

∂ �B

∂t
= 0,

швидкiсть електромагнiтного поля �v є постiйною величиною

∂�v

∂t
+ vl

∂�v

∂xl
= 0.

Очевидно, що для застосування формули (5) треба конкретизувати коефiцi-
єнти.
Явно-коварiантне визначення швидкостi електромагнiтного поля можна зада-

ти такою формулою [5]

vµ
∂vα
∂xµ

= a( �E2, �H2, �E �H)Fαβvβ . (6)
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Використовуючи рiвняння Максвелла у вакуумi можна, одержати таку фор-
мулу для швидкостi електромагнiтного поля

|�v| =

1
2

(
∂ �E
∂t

)2

+
(
∂ �H
∂t

)2

(rot �E)2 + (rot �H)2


1/2

. (7)

З формули (7) видно, що швидкiсть залежить тiльки вiд похiдних полiв. Слiд
зауважити, що |�v| є умовним iнварiантом вiдносно перетворень Лоренца, тоб-
то якщо �E i �H задовольняють повнiй системi рiвнянь Максвелла у вакуумi, то
|�v| буде iнварiантом групи Лоренца. Iншими словами, умовний iнварiант — це
така скалярна комбiнацiя з полiв, яка зберiгається (iнварiантна) при умовi, що
поля задовольняють деяким рiвнянням (якi мають нетривiальнi розв’язки). Доб-
ре вiдомi iнварiанти для електромагнiтного поля �E �H i �E2 − �H2 є абсолютними
iнварiантами групи Лоренца.
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Symmetry of equations
of nonlinear quantum mechanics
W.I. FUSHCHYCH

The paper is devoted to description of nonlocal symmetries of linear and nonlinear
equations of quantum mechanics and to symmetry classification of nonlinear multi-
dimensional equations, compatible with Galilei relativity principle.t

The plan of the talk

• Discovery of the Schrödinger equation
• Derivation (uniqueness) of the Schrödinger equation
• High order equation of the Schrödinger type
• Nonlocal symmetry of the Schrödinger equation [2, 7]
• High-order evolution equations. Dependence of mass on velocity in the nonlocal
Galilei-invariant theory [6, 19]

• Galilei relativity principle and nonlinear Schrödinger-type equations [2, 5, 10–17]
• Nonlocal symmetry of the linear Schrödinger–de Broglie–Klein–Gordon–Fock–
Kudar–de Donder–Van Dunger [3, 18, 8]

• Nonlocal Galilei symmetry of a relativistic equation [8, 9]
• Nonlocal Galilei symmetry of the Dirac equation [7]
• Galilei symmetry of a relativistic equation.

1 Brief comment on discovery of the Schrödinger
equation of motion in quantum mechanics

First I would like to remind that 70 years ago Erwin Schrödinger discovered motion
equations and thus created the mathematical foundation for the quantum mecha-
nics. On 21 June, 1926 E. Schrödinger submitted the paper “Quantisierung als Ei-
genwertprobleme” to the journal “Annalen der Physik” (1926, Vol. 81, 109–139, [1])
where he suggested the equation

SΨ = 0, S = p0 − p2
a

2m
− V (t, x),

p0 = i�
∂

∂t
, pa = −i� ∂

∂xa
, a = 1, 2, 3,

(1)

where Ψ = Ψ(x0 = t, �x) is a complex-valued wave function, V is a potential.

Proceedings on the XXI International Colloquium on Group Theoretical Methods in Physics,
Group21 “Physical Applications and Mathematical Aspects of Geometry, Groups, and Algebras”
(July 15–20, 1996, Goslar, Germany), Editors: H.-H. Doebner, W. Scherer, P. Natterman, Singapore,
Word Scientific, 1997, V.1, P. 439–446.
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This paper was the last of the series of four papers with the same title where the
quantization problem in the atom physics was solved.
Can we say that E. Schrödinger had derived his equation?
Acquaintance with the original paper by E. Schrödinger gives us an ultimate answer

to this question. E. Schrödinger had not derived this equation. The equation (1) was
written without accurate substantiation. Moreover E. Schrödinger believed that the
correct motion equations in the quantum mechanics should be fourth-order equations
for the real function, and not the equation (1) for the complex function. E. Schrödinger
considered the equation (1) as some auxiliary (interim) equation which enables to
simplify calculations.
His previous papers were based on the equations

∆Ψ − 2(E − V )
E2

∂2Ψ
∂t2

= 0, (2)

∆Ψ +
8π2

�2
(E − V )Ψ = 0, (3)

where Ψ is a real function, E is energy.
When the potential V does not depend on time, Schrödinger derives from (2), (3)

the fourth-order wave equation(
∆ − 8π2

�2
V

)2

Ψ +
16π2

�2

∂2Ψ
∂t2

= 0, (4)

where Ψ is a real function.
Schrödinger write about the equation (4): “ . . . the equation (4) is the unique

and general wave equation for the field scalar Ψ . . . . the wave equation (4) contai-
ns the dispersion law and can serve as a foundation for the theory of conservati-
ve system which I had developed. Its generalization for the case of time-dependent
potential demands some caution . . . an attempt to generalize the equation (4) for
non-conservative systems encounters the difficulty arising because of the term ∂V

∂t .
Therefore in the following I will go the other way which is simpler from the point of
view of calculations. I consider this way to be the most correct in principle.”
Further Schrödinger writes down the equation (1) for the complex function Ψ. Just

in this place of the paper [1] Schrödinger makes a step of genius (and non-logical),
writing the equation (1) for a complex function.
As to the equation (1) Schrödinger writes: “There is certainly some difficulty in

application of complex wave functions. If they are necessary in principle, and not only
as a way to simplify calculations then it means that in principle two functions exist
which only together can give the description of the state of the system . . . The fact that
in the pair of equations (1) we have only a substitute, which is extremal convenient at
least for calculations. The real wave equation most certainly must be a fourth-order
equation. Though I have not succeeded to find such equation for a non-conservative
system

(
∂V
∂t �= 0

)
.”

We can make following conclusions from the above:
Conclusion 1. In 1926 Schrödinger thought that the correct equation in quantum
mechanics has to be a fourth-order equation. For the case when the potential does not
depend on time this equation has the form (4).
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Conclusion 2. In June, 1926 Schrödinger considered that the equation (1) which is
first order in time and second order in space variables for the complex function is
interim (not principal), which is to be used only to simplify calculations.
Conclusion 3. Schrödinger considered that in the case when the potential V depends
on time, the motion equation has to be also of the fourth order for the given function.
He could not derive such equation.
Now we can undoubtedly say that E. Schrödinger did a mistake in respect of

importance (fundamental role) of the equations (1), (4). Really, the equation (1) is
a principal equation of the quantum mechanics, and the equation (4) cannot be a
motion equation as it is not compatible with the Galilei relativity principle.
This statement follows from the symmetry analysis of the equations (1) and (4)

[2, 4]:
the equation (1) is invariant with respect to the Galilei group;
the equation (4) is not invariant with respect to the Galilei group.
With respect to the above we shall answer the following questions below:
1. Which linear equations of second, fourth, n-th order are compatible with the

Galilei relativity principle?
2. Does linear equations which are first-order in time variable, fourth order in space

variables and are compatible with the Galilei relativity principle exist?
Theorem 1 [4] [Fushchych, 1987]. The Euclid algebra AE1(1, 3) is the maximal
invariance algebra of the equation (4) (V = 0).
We have the following corollaries of the adduced theorems.

Corollary 1. The equation (4) is not compatible with the Galilei relativity principle.
This means that (4) cannot be considered as an equation of particle motion in quantum
mechanics.

2 Derivation of the Schrödinger equation
and higher order equations

Let us derive Schrödinger equation out of the requirement of invariance of an equati-
on with respect to the Galilei transformations and to the group of space and time
translations.
In [6] is proposed the following generalisation (V = 0) of the Schrödinger equation

(1) (
λ1S + λ2S

2 + · · · + λnS
n
)
Ψ = λΨ,

S2 =
(
p0 − p2

a

2m

)2

, . . . , Sn =
(
p0 − p2

a

2m

)n
,

(5)

where λ, λ1, λ2, . . . , λn are arbitrary parameters.
The equation (5) is compatible with the Galilei relativity principle and is invariant

with respect to the Galilei algebra AG(1, 3), but it is not invariant with respect to
the scale operator D and projective operator Π (λ1 �= 0, λ2 �= 0).
The complete information on the symmetry of the equation (5) is given by the

following theorem.
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Theorem 2 [19] [Fushchych and Symenoh, 1997]. There is only one equation
among linear arbitrary order equations which is invariant with respect to the algebra
AG(1, 3), and that is the equation (5). In the case when λ = λ1 = λ2 = · · · = λn−1 =
0, the equation (5) is invariant with respect to the algebra AG2(1, 3).
Thus the class of linear Galilei-invariant equations of arbitrary order is rather

narrow and reduced to the equation (5). All other Galilei-invariant equations are
locally invariant to the equation (5).

3 Nonlocal Galilei symmetry of the relativistic
pseudodifferential wave equation

Let us consider a pseudodifferential equation

p0u = Eu, E ≡ (p2
a +m2)1/2, u = u(x0, �x). (6)

We may consider the equation (6) as a “square root of the wave operator” for a scalar
complex function u.
We can check by direct calculation that the equation (6) is invariant with respect

to the standard representation of the Poincaré algebra and not invariant with respect
to the standard representation of the Galilei algebra.
Theorem 3 [8] [Fushchych, 1977]. The equation (6) is invariant with respect to
the 11-dimensional Galilei algebra with the following basis operators:

P
(2)
0 =

p2

2m
= − ∆

2m
, P (2)

a = pa = − ∂

∂xa
, J

(2)
ab = xapb − xbpa ≡ Jab,

G(2)
a = tp̃a −mxa, p̃a ≡ m

E
pa, E = (p2

a +m2)1/2.
(7)

The proof of the theorem is reduced to checking the invariance condition

[p0 − E,Ql]u = 0, (8)

where Ql is any operator from the set (7).
The operators (7) satisfy the commutation relations of the Galilei algebra.
G

(2)
a are pseudodifferential operators which generate, as distinct from the standard

operators Ga, nonlocal transformations.
So the set of solutions of the motion equation (6) for a scalar particle (field) with

positive energy has a nonlocal Galilei symmetry, whose Lie algebra is given by the
operators (7).

4 Nonlocal Galilei symmetry of the Dirac equation
It is well-known that the Dirac equation

p0Ψ = (γ0γapa + γ0γ4m)Ψ = H(p)Ψ (9)

is invariant with respect to the Poincaré algebra with the basis operators (see [2])

P0 = i
∂

∂x0
, Pk = −i ∂

∂xk
, Jµν = xµpν − xνpµ + Sµν , Sµν =

i

4
[γµ, γν ]. (10)
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The Dirac equation, as it was established in our papers (see references in [2]) has wide
nonlocal symmetry.
In this paragraph we shall establish nonlocal Galilei symmetry of the Dirac equa-

tion. For this purpose, using the method described in [2], by means of the integral
operator

W =
1√
2

(
1 + γ0

H

E

)
, E = (p2

a +m2)1/2, H = γ0γapa + γ0γ4m (11)

we transform the system of four connected first-order differential equations to the
system of non-connected pseudodifferential equations

i
∂Φ
∂t

= γ0EΦ, γ0 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 , (12)

Φ = WΨ, γ0E = WHW−1. (13)

Having found additional symmetry of the equation (12), we simultaneously establi-
sh symmetry of the Dirac equation (9).
Theorem 4 [8] [Fushchych, 1977]. The equation (12) is invariant with respect to
the 11-dimensional Galilei algebra with the following basis operators:

P
(3)
0 =

�p2

2m
, P (3)

a = pa = − ∂

∂xa
, I,

J
(3)
ab = xapb − xbpa + Sab, G(3)

a = tp̃a −mxa, p̃a ≡ γ0
m

E
pa.

(14)

The operators (14) satisfy the commutation relations of the Galilei algebra
AG(1, 3).
To prove the theorem is necessary to make sure that the invariance condition

[p0 − γ0E,Ql]Ψ = 0 (15)

is satisfied for any operator Ql from the set (14).
G

(3)
a are integral operators which generate nonlocal transformations, which do not

coincide with the standard Galilei transformations.
Thus the equation (12), and also the Dirac equation (9), has the nonlocal sym-

metry, which is given by the operators (14). The explicit form of the operators (14)
for the equation (9) is calculated by means of the formula

Q̃l = W−1QlW. (16)
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Симетрiйна редукцiя по пiдалгебрах
алгебри Пуанкаре однiєї нелiнiйної
системи диференцiальних рiвнянь
для векторного поля
В.I. ФУЩИЧ, Л.Л. БАРАННИК

The procedure of constructing linear ansatzes is algorithmized. Invariant solutions are
found by means of linear ansatzes corresponding to three-dimensional subalgebras of
the Poincaré algebra AP (1, 3).

Система нелiнiйних диференцiальних рiвнянь

∂Ek
∂t

+Hl
∂Ek
∂xl

= 0,
∂Hk

∂t
+ El

∂Hk

∂xl
= 0 (k, l = 1, 2, 3) (1)

була запропонована в [1] для опису векторних полiв. Цю систему можна розгля-
дати як узагальнення рiвняння Ойлера для iдеальної рiдини, що дослiджувалася
в [2–6]. В [7] встановлено, що максимальною алгеброю iнварiантностi системи (1)
є афiнна алгебра AIGL(4,R). Вона породжується векторними полями:

Pα =
∂

∂xα
(α = 0, 1, 2, 3), Γ00 = −x0

∂

∂x0
+ El

∂

∂El
+Hl

∂

∂Hl
(l = 1, 2, 3),

Γaa = −xa ∂

∂xa
− Ea

∂

∂Ea
−Ha

∂

∂Ha
(немає сумування по a),

Γ0a = −xa ∂

∂x0
+ EaEk

∂

∂Ek
+HaHk

∂

∂Hk
(k = 1, 2, 3),

Γa0 = −x0
∂

∂xa
− ∂

∂Ea
− ∂

∂Ha
,

Γac = −xc ∂

∂xa
− Ec

∂

∂Ea
−Hc

∂

∂Ha
(a �= c; a, c = 1, 2, 3).

(2)

Алгебра AIGL(4,R) мiстить алгебру Пуанкаре AP (1, 3) з базисними елементами

J0a = −Γ0a − Γa0, Jab = Γba − Γab, Pα (a, b = 1, 2, 3; α = 0, 1, 2, 3).

Метою наших дослiджень є побудова iнварiантних розв’язкiв системи (1) за
допомогою симетрiйної редукцiї цiєї системи до систем звичайних диференцiаль-
них рiвнянь (ЗДР) по пiдалгебрах алгебри Пуанкаре AP (1, 3).
Алгебра AIGL(4,R) є пiдпрямою сумою афiнної алгебри AIGL(4,R)′ з бази-

сними елементами

Γ′
αβ = −xβ ∂

∂xα
, P ′

α =
∂

∂xα
(α, β = 0, 1, 2, 3)

Доповiдi НАН України, 1997, № 8, С. 50–57.
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i повної лiнiйної алгебри AGL(4,R)′′ з базисними елементами

Γ′′
αβ = Γαβ − Γ′

αβ .

Твердження 1. Нехай L — пiдалгебра алгебри AIGL(4,R), r — ранг L, а r′ —
ранг проекцiї L на AIGL(4,R)′. Якщо r = r′, то dimL = r.
На пiдставi твердження 1 та необхiдної умови iснування невироджених iнва-

рiантних розв’язкiв [8] доходимо висновку, що для редукцiї системи (1) до систем
ЗДР нам потрiбнi тривимiрнi пiдалгебри алгебри AP (1, 3), якi мають тiльки один
основний iнварiант вiд змiнних x0, x1, x2, x3.
Неважко переконатися, що система (1) є iнварiантною вiдносно перетворення

x′0 = x0, x′1 = −x1, x′2 = x2, x′3 = x3,

E′
1 = −E1, E′

2 = E2, E′
3 = E3, H ′

1 = −H1, H ′
2 = H2, H ′

3 = H3.

Тому пiдалгебри алгебри AP (1, 3) можна розглядати з точнiстю до афiнної спря-
женостi.
Позначимо Ga = J0a − Ja3 (a = 1, 2).

Твердження 2. З точнiстю до афiнної спряженостi тривимiрнi пiдалгебри
алгебри AP (1, 3), що мають тiльки один основний iнварiант, залежний вiд
змiнних x0, x1, x2, x3, вичерпуються такими пiдалгебрами:

〈P1, P2, P3〉, 〈J12 + αJ03, P0, P3〉, 〈J12 + αJ03, P1, P2〉 (α �= 0),
〈J03, P1, P2〉, 〈G1, P0 + P3, P2 + αP1〉, 〈G1, G2, P0 + P3〉, 〈G1, J03, P2〉,
〈J12, J03, P0 + P3〉, 〈G1, G2, J03〉, 〈G1, G2, J12 + αJ03〉 (α > 0),
〈J12 + P0, P1, P2〉, 〈J03 + P1, P0, P3〉, 〈J03 + γP1, P0 + P3, P2〉 (γ = 0, 1),
〈G1 + P2, P0 + P3, P1〉, 〈G1 + P0 − P3, P0 + P3, P2〉,
〈G1 + P0 − P3, P0 + P3, P1 + αP2〉, 〈G1, G2 + P2, P0 + P3〉,
〈G1, G2, J12 + P0 + P3〉, 〈G1 + P2, G2 − P1 + βP2, P0 + P3〉,
〈G1, J03 + αP1 + βP2, P0 + P3〉.

Щоб одержати цей перелiк, потрiбно до перелiку пiдалгебр алгебри AP (1, 3),
що розглядаються з точнiстю до P (1, 3)-спряженостi [9], застосувати афiнну спря-
женiсть, при якiй, зокрема, можна ототожнювати всi одновимiрнi пiдпростори
простору трансляцiй 〈P0, P1, P2, P3〉.
Пiдалгебру Лi алгебри AIGL(4,R) утворює лiнiйна оболонка Q системи опера-

торiв, одержаної з базису (2) в результатi вилучення операторiв Γ0a (a = 1, 2, 3).
Кожен оператор Y ∈ Q можна подати у виглядi

Y = aα(x)
∂

∂xα
+ bij

(
Ej

∂

∂Ei
+Hj

∂

∂Hi

)
+ ci

(
∂

∂Ei
+

∂

∂Hi

)
, (3)

де x0 = t; x = (x0, x1, x2, x3); bij , ci — дiйснi числа; α = 0, 1, 2, 3; i, j = 1, 2, 3.
Означення. Iнварiант пiдалгебри Q, який є лiнiйною функцiєю вiдносно змiн-
них Ea, Ha (a = 1, 2, 3), будемо називати лiнiйним.
Нехай

B =

 b11 b12 b13
b21 b22 b23
b31 b32 b33

 , �C =

 c1
c2
c3

 ,
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U =

 u11(x) u12(x) u13(x)
u21(x) u22(x) u23(x)
u31(x) u32(x) u33(x)

 , �V =

 v1(x)
v2(x)
v3(x)

 .

Теорема. Система функцiй fq = uqi(x)Ei + vq(x), q = 1, 2, 3, є системою лiнiй-
них iнварiантiв оператора Y , функцiонально незалежних вiдносно змiнних E1,
E2, E3, тодi i тiльки тодi, коли

aα(x)
∂U

∂xα
+ UB = 0, aα(x)

∂�V

∂xα
+ U �C = 0 (4)

i detU �= 0 в деякiй областi простору точок x.

Твердження 3. Нехай

Xj = a(j)
α (x)

∂

∂xα
+

3∑
i,k=1

b
(j)
ik

(
Ek

∂

∂Ei
+Hk

∂

∂Hi

)
+

+
3∑
i=1

c
(j)
i

(
∂

∂Ei
+

∂

∂Hi

)
(j = 1, 2, 3)

(5)

— оператори виду (3) i нехай вiдповiднi їм матрицi B1, B2, B3 є лiнiйно неза-
лежними i задовольняють комутацiйнi спiввiдношення

[B3, Bj ] = Bj (j = 1, 2), [B1, B2] = 0.

Матриця U =
3∏
i=1

exp
[
fi(x)Bi

]
задовольняє систему рiвнянь

a(i)
α (x)

∂U

∂xα
+ UBi = 0 (i = 1, 2, 3) (6)

тодi i тiльки тодi, коли

a(1)
α (x)

∂f1
∂xα

e−f3 + 1 = 0, a(1)
α (x)

∂f2
∂xα

= 0, a(1)
α (x)

∂f3
∂xα

= 0,

a(2)
α (x)

∂f1
∂xα

= 0, a(2)
α (x)

∂f2
∂xα

e−f3 + 1 = 0, a(2)
α (x)

∂f3
∂xα

= 0,

a(3)
α (x)

∂f1
∂xα

= 0, a(3)
α (x)

∂f2
∂xα

= 0, a(3)
α (x)

∂f3
∂xα

+ 1 = 0.

Твердження 4. Нехай Xj (j = 1, 2, 3) — оператори (5) i нехай вiдповiднi їм
матрицi B1, B2, B3 = B′

3 + B′′
3 є лiнiйно незалежними i задовольняють кому-

тацiйнi спiввiдношення

[B′
3, Bj ] = ρBj (j = 1, 2), [B′′

3 , B1] = −B2, [B′′
3 , B2] = B1,

[B′
3, B

′′
3 ] = 0, [B1, B2] = 0.
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Матриця U =
3∏
i=1

exp
[
fi(x)Bi

]
задовольняє систему рiвнянь (6) тодi i тiльки

тодi, коли

a(1)
α (x)

∂f1
∂xα

= −eρf3 cos f3, a(1)
α (x)

∂f2
∂xα

= eρf3 sin f3, a(1)
α (x)

∂f3
∂xα

= 0,

a(2)
α (x)

∂f1
∂xα

= −eρf3 sin f3, a(2)
α (x)

∂f2
∂xα

= −eρf3 cos f3, a(2)
α (x)

∂f3
∂xα

= 0,

a(3)
α (x)

∂f1
∂xα

= 0, a(3)
α (x)

∂f2
∂xα

= 0, a(3)
α (x)

∂f3
∂xα

+ 1 = 0.

Нехай

�E =

 E1

E2

E3

 , �H =

 H1

H2

H3

 .

Легко бачити, що коли для деякої 3×3-матрицi U = U(x) компоненти вектор-
функцiї U �E + �V є лiнiйними iнварiантами пiдалгебри F ⊂ Q, то лiнiйними iнва-
рiантами цiєї пiдалгебри F є також компоненти вектор-функцiї U �H + �V .
По пiдалгебрах з твердження 2 конструюємо анзаци вигляду

U �E + �V = �M(ω), U �H + �V = �N(ω) (7)

або

�E = U−1 �M(ω) − U−1�V , �H = U−1 �N(ω) − U−1�V , (8)

де �M(ω), �N(ω) — невiдомi трикомпонентнi функцiї, а матрицi U , �V є вiдомими,
при цьому detU �= 0 в деякiй областi простору точок x.
Анзаци вигляду (7) або (8) називаємо лiнiйними.
Оскiльки генератори G1, G2, J03 є нелiнiйними диференцiальними операто-

рами, то на пiдалгебри, що їх мiстять, подiємо внутрiшнiм автоморфiзмом, який
вiдповiдає елементу g = exp

(
π
4X
)
, де

X = −Γ03 + Γ30 = x3
∂

∂x0
− x0

∂

∂x3
− E3Ek

∂

∂Ek
−H3Hk

∂

∂Hk
− ∂

∂E3
− ∂

∂H3
.

Позначимо J ′
αβ = gJαβg

−1, P ′
α = gPαg

−1, G′
a =

√
2

2 gGag
−1 (α, β = 0, 1, 2, 3; a =

1, 2). Неважко переконатися, що

G′
a = J ′

0a − J ′
a3 = x0

∂

∂xa
+ xa

∂

∂x3
+

+ Ea
∂

∂E3
+Ha

∂

∂H3
+

∂

∂Ea
+

∂

∂Ha
(a = 1, 2),

J ′
03 = −x0

∂

∂x0
+ x3

∂

∂x3
+

2∑
i=1

(
Ei

∂

∂Ei
+Hi

∂

∂Hi

)
+ 2E3

∂

∂E3
+ 2H3

∂

∂H3
,

J ′
12 = J12 = x2

∂

∂x1
− x1

∂

∂x2
+ E2

∂

∂E1
− E1

∂

∂E2
+H2

∂

∂H1
−H1

∂

∂H2
,

P ′
0 =

√
2

2
(P0 + P3), P ′

1 = P1, P ′
2 = P2, P ′

3 = −
√

2
2

(P0 − P3).
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Нехай Ea = Ma(x), Ha = Na(x) (a = 1, 2, 3) — розв’язок, iнварiантний вiд-
носно пiдалгебри алгебри AP (1, 3)′ = gAP (1, 3)g−1 (алгебри Пуанкаре AP (1, 3) з
штрихованими операторами). Тодi розв’язок, iнварiантний вiдносно вiдповiдної
пiдалгебри алгебри AP (1, 3) має вигляд

Ea =
√

2Ma(x′)
M3(x′) + 1

(a = 1, 2), E3 =
M3(x′) − 1
M3(x′) + 1

,

Ha =
√

2Na(x′)
N3(x′) + 1

(a = 1, 2), H3 =
N3(x′) − 1
N3(x′) + 1

,

де

x′ =
(
x′0, x

′
1, x

′
2, x

′
3

)
, x′0 =

√
2

2
(x0 − x3),

x′1 = x1, x′2 = x2, x′3 =
√

2
2

(x0 + x3).

В наведеному у твердженнi 2 перелiку пiдалгебр алгебри AP (1, 3) є 10 пiдал-
гебр, якi мають двовимiрний перетин з простором трансляцiй. Це означає, що з
точнiстю до спряженостi розв’язки системи (1), якi iнварiантнi вiдносно деякої з
цих пiдалгебр, є функцiями тiльки вiд однiєї просторової змiнної xa. Тому часто
зручно проводити редукцiю не всiх шести рiвнянь системи (1), а тiльки двох з
них, що мiстять функцiї Ea i Ha. Iншi компоненти розв’язку Ek i Hk (k �= a)
системи (1) будуть записанi у виглядi довiльних функцiй вiд Ea i Ha вiдповiдно,
якi пiдбираємо так, щоб розв’язок був iнварiантним вiдносно всiх генераторiв
пiдалгебри.
Проiлюструємо сказане на прикладi пiдалгебри F = 〈J ′

12 + αJ ′
03, P1, P2〉 (α �=

0). У цьому випадку Ei, Hi (i = 1, 2, 3) є функцiями вiд x0, x3. Якщо розглядати
тiльки систему рiвнянь

∂E3

∂x0
+H3

∂E3

∂x3
= 0,

∂H3

∂x0
+ E3

∂H3

∂x3
= 0, (9)

то до уваги треба брати лише оператор

−x0
∂

∂x0
+ x3

∂

∂x3
+ 2E3

∂

∂E3
+ 2H3

∂

∂H3
.

Оскiльки повну систему iнварiантiв цього оператора в класi функцiй вiд x0, x3,
E3, H3 утворюють ω = x0x3, E3x

2
0, H3x

2
0, то анзац має вигляд

E3 =
1
x2

0

M3(ω), H3 =
1
x2

0

N3(ω).

Цей анзац редукує систему (9) до системи

−2M3 + (ω +N3)Ṁ3 = 0, −2N3 + (ω +M3)Ṅ3 = 0. (10)

Припустимо, що ми знайшли розв’язок (M3, N3) цiєї системи, причому M3 �= 0,
N3 �= 0. Тодi Ei = Fi(y), Hi = Ki(z) (i = 1, 2), де y = 1

x2
0
M3(ω), z = 1

x2
0
N3(ω),
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а Fi, Ki — невiдомi функцiї, якi ми знайдемо з умови iнварiантностi розв’язку
вiдносно J ′

12 + αJ ′
03. З рiвностей(

J ′
12 + αJ ′

03

)(
E1 − F1(y)

)
= E2 − α

dF1

dy
2y + αE1 = 0,(

J ′
12 + αJ ′

03

)(
E2 − F2(y)

)
= −E1 + αE2 − α

dF2

dy
2y = 0

випливає

F1 = αF2 − 2αy
dF2

dy
, (1 + α2)F2 + 4α2y2 d

2F2

dy2
= 0.

Розв’язуючи останнє рiвняння, що є рiвнянням Ойлера другого порядку вiдносно
функцiї F2, i пiдставляючи знайдений розв’язок у формулу для F1, одержимо такi
функцiї:

F1 = C1y
1/2 sin

ln y
2α

− C2y
1/2 cos

ln y
2α

,

F2 = C1y
1/2 cos

ln y
2α

+ C2y
1/2 sin

ln y
2α

.

Аналогiчно знаходимо

K1 = C3y
1/2 sin

ln y
2α

− C4y
1/2 cos

ln y
2α

,

K2 = C3y
1/2 cos

ln y
2α

+ C4y
1/2 sin

ln y
2α

.

Система (10) має розв’язок

M3 = N3 =
1
2

[
2ω + C ±

√
4Cω + C2

]
.

Тому розв’язок системи (1), iнварiантний вiдносно пiдалгебри F , можна записати
у виглядi

E1 = C1y
1/2 sin

ln y
2α

− C2y
1/2 cos

ln y
2α

,

E2 = C1y
1/2 cos

ln y
2α

+ C2y
1/2 sin

ln y
2α

, E3 = y,

H1 = C3y
1/2 sin

ln y
2α

− C4y
1/2 cos

ln y
2α

,

H2 = C3y
1/2 cos

ln y
2α

+ C4y
1/2 sin

ln y
2α

, H3 = y,

де y = 1
2x2

0

[
2x0x3 + C ±√

4Cx0x3 + C2
]
; C, Ci (i = 1, 4) — довiльнi сталi.

Аналогiчно дiємо i у випадку, коли пiдалгебри мають одновимiрний перетин
з простором трансляцiй.
Тепер наведемо приклад редукцiї системи (1) по пiдалгебрi, яка має нульовий

перетин з простором трансляцiй:

〈G′
1, G

′
2, J

′
12 + P3〉 :

E1 =
x1

x0
+M1(ω) cos f3 −M2(ω) sin f3,

E2 =
x2

x0
+M1(ω) sin f3 +M2(ω) cos f3,
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E3 =
x2

1 + x2
2

2x2
0

+
1
x0

(
x1 cos f3 + x2 sin f3

)
M1(ω) −

+
1
x0

(
x1 sin f3 − x2 cos f3

)
M2(ω) +M3(ω),

H1 =
x1

x0
+N1(ω) cos f3 −N2(ω) sin f3,

H2 =
x2

x0
+N1(ω) sin f3 +N2(ω) cos f3,

H3 =
x2

1 + x2
2

2x2
0

+
1
x0

(
x1 cos f3 + x2 sin f3

)
N1(ω) −

+
1
x0

(
x1 sin f3 − x2 cos f3

)
N2(ω) +N3(ω),

де ω = x0, f3 = x2
1+x

2
2

2x0
− x3.

Редукована система має вигляд

Ṁ1 +
1
ω
N1 +N3M2 = 0, Ṁ2 +

1
ω
N2 −N3M1 = 0, Ṁ3 = 0,

Ṅ1 +
1
ω
M1 +M3N2 = 0, Ṅ2 +

1
ω
M2 −M3N1 = 0, Ṅ3 = 0.

Її частинному розв’язку

M1 = A1ω +
B1

ω
, M2 = A2ω +

B2

ω
, M3 = 0,

N1 = −A1ω +
B1

ω
, N2 = −A2ω +

B2

ω
, N3 = 0

вiдповiдає такий розв’язок системи (1), iнварiантний вiдносно пiдалгебри 〈G′
1,

G′
2, J

′
12 + P3〉:

E1 =
x1

x0
+
(
A1x0 +

B1

x0

)
cos f3 −

(
A2x0 +

B2

x0

)
sin f3,

E2 =
x2

x0
+
(
A1x0 +

B1

x0

)
sin f3 +

(
A2x0 +

B2

x0

)
cos f3,

E3 =
x2

1 + x2
2

2x2
0

+
(
A1 +

B1

x2
0

)
[x1 cos f3 + x2 sin f3] −

−
(
A2 +

B2

x2
0

)
[x1 sin f3 − x2 cos f3] ,

H1 =
x1

x0
+
(
−A1x0 +

B1

x0

)
cos f3 +

(
A2x0 − B2

x0

)
sin f3,

H2 =
x2

x0
+
(
−A1x0 +

B1

x0

)
sin f3 +

(
−A2x0 +

B2

x0

)
cos f3,

H3 =
x2

1 + x2
2

2x2
0

+
(
−A1 +

B1

x2
0

)
[x1 cos f3 + x2 sin f3] +

+
(
A2 − B2

x2
0

)
[x1 sin f3 − x2 cos f3] .

Отже, алгоритмизовано процес побудови лiнiйних анзацiв. За допомогою лi-
нiйних анзацiв, що вiдповiдають тривимiрним пiдалгебрам алгебри Пуанкаре



136 В.I. Фущич, Л.Л. Баранник

AP (1, 3), знайдено iнварiантнi розв’язки однiєї нелiнiйної системи диференцiаль-
них рiвнянь для векторного поля.
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Continuity equation in nonlinear quantum
mechanics and the Galilei relativity principle
W.I. FUSHCHYCH, V.M. BOYKO

Classes of the nonlinear Schrödinger-type equations compatible with the Galilei relati-
vity principle are described. Solutions of these equations satisfy the continuity equa-
tion.

The continuity equation is one of the most fundamental equations of quantum
mechanics

∂ρ

∂t
+ �∇ ·�j = 0. (1)

Depending on definition of ρ (density) and �j = (j1, . . . , jn) (current), we can construct
essentially different quantum mechanics with different equations of motion, which are
distinct from classical linear Schrödinger, Klein–Gordon–Fock, and Dirac equations.
In this paper we describe wide classes of the nonlinear Schrödinger-type equations

compatible with the Galilei relativity principle and their solutions satisfy the conti-
nuity equation.

1. At the beginning we study a symmetry of the continuity equation considering
(ρ,�j) as dependent variables related by (1).
Theorem 1. The invariance algebra of equation (1) is an infinite-dimensional algebra
with basis operators

X = ξµ(x)
∂

∂xµ
+
(
aµν(x)jν + bµ(x)

) ∂
∂jµ

, (2)

where j0 ≡ ρ; ξµ(x) are arbitrary smooth functions; x = (x0 = t, x1, x2, . . . , xn) ∈
R
n+1; aµν(x) = ∂ξµ

∂xν
− δµν

(
∂ξi

∂xi
+ C

)
; C = const, δµν is the Kronecker delta; µ, ν, i =

0, 1, . . . , n,
(
b0(x), b1(x), . . . , bn(x)

)
is an arbitrary solution of equation (1).

Here and below we imply summation over repeated indices.
Corollary 1. The generalized Galilei algebra [1]

AG2(1, n) = 〈Pµ, Jab, Ga,D(1), A〉 (3)

is a subalgebra of algebra (2).

Corollary 2. The conformal algebra [1]

AP2(1, n) = AC(1, n) = 〈Pµ, Jab, J0a,D
(2),Kµ〉 (4)

is a subalgebra of algebra (2).

J. Nonlinear Math. Phys., 1997, 4, № 1–2, P. 124–128.



138 W.I. Fushchych, V.M. Boyko

We use the following designations in (3) and (4)

Pµ = ∂µ, Jab = xa∂b − xb∂a + ja∂jb − jb∂ja , (a < b)
Ga = x0∂a + ρ∂ja , J0a = xa∂0 + x0∂a + ja∂ρ + ρ∂ja ,

D(1) = 2x0∂0 + xa∂a − nρ∂ρ − (n+ 1)ja∂ja , D(2) = xµ∂µ − nρ∂ρ − nja∂ja ,

A = x2
0∂0 + x0xa∂a − nx0ρ∂ρ + (xaρ− (n+ 1)x0j

a)∂ja ,

Kµ = 2xµD(2) − xνx
νgµi∂i − 2xνSµν , Sµν = gµij

ν∂ji − gνij
µ∂ji ,

gµν =


1, µ = ν = 0,

−1, µ = ν �= 0,
0, µ �= ν,

µ, ν, i = 0, 1 . . . , n; a, b = 1, 2, . . . , n.

Corollary 3. The continuity equation satisfies the Galilei relativity principle as well
as the Lorentz–Poincaré–Einstein relativity principle.

Thus, depending on the definition of ρ and �j, we come to different quantum
mechanics.

2. Let us consider the scalar complex–valued wave functions and define ρ and �j in
the following way

ρ = f(uu∗),

jk = −1
2
ig(uu∗)

(
∂u

∂xk
u∗ − u

∂u∗

∂xk

)
+
∂ϕ(uu∗)
∂xk

, k = 1, 2, . . . , n.
(5)

where f , g, ϕ are arbitrary smooth functions, f �= const, g �= 0. Without loss of
generality, we assume that f ≡ uu∗.
Let us describe all functions g(uu∗), ϕ(uu∗) for continuity equation (1), (5) to be

compatible with the Galilei relativity principle, defined by the following transforma-
tions:

t→ t′ = t, xa → x′a = xa + vat.

Here we do not fix transformation rules for the wave function u.
Theorem 2. If ρ and �j are defined according to formula (5), then the continuity
equation (1) is Galilei-invariant iff

ρ = uu∗, jk = −1
2
i

(
∂u

∂xk
u∗ − u

∂u∗

∂xk

)
+
∂ϕ(uu∗)
∂xk

, k = 1, 2, . . . , n. (6)

The corresponding generators of Galilei transformations have the form

Ga = x0∂a + ixa (u∂u − u∗∂u∗) , a = 1, 2, . . . , n.

If in (6)

ϕ = λuu∗, λ = const, (7)

then the continuity equation (1), (6), (7) coincides with the Fokker–Planck equation

∂ρ

∂t
+ �∇ ·�j + λ∆ρ = 0, (8)



Continuity equation in nonlinear quantum mechanics 139

where

ρ = uu∗, jk = −1
2
i

(
∂u

∂xk
u∗ − u

∂u∗

∂xk

)
, k = 1, 2, . . . , n. (9)

The continuity equation (1), (6), (7) was considered in [2, 6].
Let us investigate the symmetry of the nonlinear Schrödinger equation

iu0 +
1
2
∆u+ i

∆ϕ(uu∗)
2uu∗

u = F
(
uu∗, (�∇(uu∗))2,∆(uu∗)

)
u, (10)

where F is an arbitrary real smooth function.
For the solutions of equation (10), equation (1), (6) is satisfied and is compatible

with the Galilei relativity principle. Schrödinger equations in the form of (10), when
ϕ(uu∗) = λuu∗ for fixed function F , were considered in [1–8].
In terms of the phase and amplitude

(
u = R exp(iΘ)

)
, equation (10) has the form

R0 +RkΘk +
1
2
R∆Θ +

1
2R

∆ϕ = 0,

Θ0 +
1
2
Θ2
k −

1
2R

∆R+ F
(
R2,
(
�∇(R2

))2
,∆R2

)
= 0.

(11)

Theorem 3. The maximal invariance algebras for system (11), if F = 0, are the
following:

1. 〈Pµ, Jab, Q,Ga,D〉 (12)

when ϕ is an arbitrary function;

2. 〈Pµ, Jab, Q,Ga,D, I, A〉 (13)

when ϕ = λR2, λ = const.
In (12) and (13) we use the following designations:

Pµ = ∂µ, Jab = xa∂xb
− xb∂xa

, a < b,

Ga = x0∂xa
+ ixa∂Θ, Q = ∂Θ, D = 2x0∂x0 + xa∂xa

, I = R∂R,

A = x2
0∂x0 + x0xa∂xa

− n

2
x0R∂R +

1
2
x2
a∂Θ,

µ = 0, 1, . . . , n; a, b = 1, 2, . . . , n.

(14)

Algebra (13) coincides with the invariance algebra of the linear Schrödinger equation.
Corollary 4. System (11), (7) is invariant with respect to algebra (13) if

F = R−1∆RN

(
R∆R

(�∇R)2

)
,

where N is an arbitrary real smooth function.
3. Let us consider a more general system than (10)

iu0 +
1
2
∆u = (F1 + iF2)u, (15)
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where F1, F2 are arbitrary real smooth functions,

Fm = Fm
(
uu∗, (�∇(uu∗))2,∆(uu∗)

)
u, m = 1, 2. (16)

The structure of functions F1, F2 may be described in form (16) by virtue of
conditions for system (15) to be Galilei-invariant.
In terms of the phase and amplitude, equation (15) has the form

R0 +RkΘk +
1
2
R∆Θ −RF2 = 0, Θ0 +

1
2
Θ2
k −

1
2R

∆R+ F1 = 0, (17)

where Fm = Fm
(
R2,
(
�∇(R2

))2
,∆R2

)
, m = 1, 2.

Theorem 4. System (17) is invariant with respect to the generalized Galilei algebra
AG2(1, n) = 〈Pµ, Jab, Ga, Q, D̃, A〉 if it has the form

R0 +RkΘk +
1
2
R∆Θ −R1+4/n M

(
(�∇R)2

R2+4/n
;

∆R
R1+4/n

)
= 0,

Θ0 +
1
2
Θ2
k −

1
2R

∆R+R4/n N

(
(�∇R)2

R2+4/n
;

∆R
R1+4/n

)
= 0,

where N , M are arbitrary real smooth functions. The basis operators of the algebra
AG2(1, n) are defined by (14) and D̃ = D − n

2 I.
Theorem 5. System (17) is invariant with respect to algebra (13) if it has the form

R0 +RkΘk +
1
2
R∆Θ − ∆R M

(
R∆R

(�∇R)2

)
= 0,

Θ0 +
1
2
Θ2
k −

1
2R

∆R+
∆R
R

N

(
R∆R

(�∇R)2

)
= 0,

(18)

where N , M are arbitrary real smooth functions.
System (18) written in terms of the wave function has the form

iu0 +
1
2
∆u =

∆|u|
|u|

(
N

(
|u|∆|u|
(�∇|u|)2

)
+ iM

(
|u|∆|u|
(�∇|u|)2

))
u. (19)

Equation (19) is equivalent to the following equation

iu0 +
1
2
∆u =

∆(uu∗)
(uu∗)

(
Ñ

(
(uu∗)∆(uu∗)

(�∇(uu∗))2

)
+ iM̃

(
(uu∗)∆(uu∗)

(�∇(uu∗))2

))
u.

Thus, equation (18) admits an invariance algebra which coincides with the inva-
riance algebra of the linear Schrödinger equation with the arbitrary functions M , N .
Remark 1. With certain particular M and N the symmetry of system (18) can be
essentially extended. E.g., if in (18) N = 1

2 , then the second equation of the system
(equation for the phase) will be the Hamilton–Jacobi equation [5].
Let us consider some forms of the continuity equation (1) for equation (18).
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Case 1. If M = 0, then for solutions of equation (18) equation (1) holds true,
where the density and current can be defined in the classical way (9).

Case 2. If ∆R M = −λ
(
∆R +

(�∇R)2

R

)
, then for solutions of equation (18), the

continuity equation (1), (6), (7) (or the Fokker–Planck equation (8), (9)) is valid.
Case 3. IfM is arbitrary then for solutions of equation (18), the continuity equation

is valid, where the density and current can be defined by the conditions

ρ = uu∗, �∇ ·�j =
∂

∂xk

(
−1

2
i

(
∂u

∂xk
u∗ − u

∂u∗

∂xk

))
− 2|u|∆|u|M

(
|u|∆|u|
(�∇|u|)2

)
.

Thus, we constructed wide classes of the nonlinear Schrödinger-type equations
which is invariant with respect to algebra (13) (maximal invariance algebra of the
linear Schrödinger equation) and for whose solutions the continuity equation (1) is
valid.
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Higher symmetries and exact solutions
of linear and nonlinear Schrödinger equation
W.I. FUSHCHYCH, A.G. NIKITIN

A new approach for the analysis of partial differential equations is developed which
is characterized by a simultaneous use of higher and conditional symmetries. Higher
symmetries of the Schrödinger equation with an arbitrary potential are investigated.
Nonlinear determining equations for potentials are solved using reductions to Wei-
erstrass, Painlevé, and Riccati forms. Algebraic properties of higher order symmetry
operators are analyzed. Combinations of higher and conditional symmetries are used
to generate families of exact solutions of linear and nonlinear Schrödinger equations.

1 Introduction

Higher order symmetry operators (SOs) have many important applications in modern
mathematical physics. These operators correspond to hidden symmetries of partial
differential equations, including Lie–Bäcklund symmetries [1, 2], as well as super- and
parasupersymmetries [3–7].
Higher order SOs can be used to construct new conservation laws which cannot

be found in the classical Lie approach [3, 8]. These operators are applied to separate
variables [9]. Moreover, one should use SOs whose order is higher than the order of
the equation whose variables are separated [10].
In the present paper we investigate higher order SOs of the Schrödinger equation,

which are “non-Lie symmetries” [8, 11]. The simplest non-Lie symmetries are consi-
dered in detail and all related SOs are explicitly calculated. The potentials admitting
these symmetries are found as solutions of the corresponding nonlinear compatibility
conditions. It is shown that the higher order SOs extend the class of potentials which
were previously obtained in the Lie symmetry analysis.
Algebraic properties of higher order SOs are investigated and used to construct

exact solutions of the linear and related nonlinear Schrödinger equations. We propose
a new method to generate extended families of exact solutions by using both the
conditional symmetries [8, 12–14] and higher order SOs.
The Schrödinger equation with a time-independent potential V = V (x) is studied

mainly. Time-dependent potentials V = V (t, x) are discussed briefly in Section 6.
By this, we recover the old result [15] connected with the Lax representation for
the Boussinesq equation, and generate some other nonlinear equations admitting this
representation.
The distinguishing feature of our approach is that coefficients of symmetry opera-

tors and the corresponding potentials are defined as solutions of differential equations
which can be easily generalized to the case of multidimensional Schrödinger equation
contrary to the method of inverse scattering problem.

J. Math. Phys., 1997, 38, № 11, P. 5944–5959; Preprint ASI-TPA/9/96, Arnold-Sommerfeld-
Institute for Mathematical Physics, Germany, 1996, 23 p.



Higher symmetries and exact solutions of Schrödinger equation 143

This paper continues (and in some sense completes) our works [16–18] where non-
Lie symmetries of the Schrödinger equation were considered. A detailed analysis of
higher symmetries of multidimensional Schrödinger equations will be a subject of our
subsequent paper.

2 Symmetry operators of the Schrödinger equation

Let us formulate the concept of higher order SO for the Schrödinger equation

LΨ(t, x) = 0, L = i∂t −H,

H =
1
2
(−∂2

x + U(x)
)
, ∂t ≡ ∂

∂t
, ∂x ≡ ∂

∂x
.

(2.1)

In every sense of the word, a SO of equation (2.1) is any (linear, nonlinear, di-
fferential, integro-differential, etc.) operator Q transforming solutions into solutions.
Restricting ourselves to linear differential operators of finite order n we represent Q
in the form

Q =
n∑
i=0

(hi · p)i, (hi · p)i = {(hi · p)i−1, p}, (hi · p)0 = hi, (2.2)

where hi are unknown functions of (t, x), {A,B} = AB +BA, p = −i∂x.
Operator (2.2) includes no derivatives w.r.t. t which can be expressed as 1

2

(
p2 + U

)
on the set of solutions of equation (2.1).
Definition [8]. Operator (2.2) is a SO of order n of equation (2.1) if

[Q,L] = 0. (2.3)

Remark. The more general invariance condition [3] [Q,L] = αQL, where αQ is
a linear operator, reduces to relation (2.3) if L and Q are operators defined in (2.1),
(2.2). Terms proportional to i ∂∂t cannot appear as a result of commutation of Q and L;
hence, without loss of generality, αQ = 0.
For n = 1, 2 SOs (2.2) reduce to differential operators of the first order and can

be interpreted as generators of the invariance group of the equation in question. For
n > 2 these operators (which we call higher order SO) correspond to non-Lie [8, 11]
symmetries.
The Lie symmetries of equation (2.1) were described in Refs. [19–21]. The general

form of potentials admitting nontrivial (i.e., distinct from time displacements) sym-
metries is as follows

U = a0 + a1x+ a2x
2 +

a3

(x+ a4)2
, (2.4)

where a0, . . . , a4 are arbitrary constants. No other potentials admitting local invari-
ance groups exist.
Group properties of equation (2.1) with potentials (2.4) were used to solve the

equation exactly, to establish connections between equations with different potentials,
to separate variables, etc. [9]. Unfortunately, all these applications are valid for a very
restricted class of potentials given by formula (2.4).
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The class of admissible potentials can be essentially extended if we require that
equation (2.1) admits higher order SOs [17]. The problem of describing such potentials
(and the corresponding SOs) reduces to solving operator equations (2.2), (2.3). Eva-
luating the commutators and equating the coefficients for linearly independent diffe-
rentials we arrive at the following system of determining equations (which is valid for
arbitrary n) [5]:

∂xhn = 0, ∂xhn−1 + 2∂thn = 0,
∂xhn−m + 2∂thn−m+1 −

−
[m−2

2 ]∑
k=0

(−1)k
2(n−m+ 2 + 2k)!

(2k + 1)!(n−m+ 1)!
hn−m+2k+2∂

2k+1
x U = 0,

∂th0 +
[n−1

2 ]∑
p=0

(−1)p+1h2p+1∂
2p+1
x U = 0,

(2.5)

where m = 2, 3, . . . , n, and [y] is the entire part of y.
Formulae (2.5) define a system of nonlinear equations in hi and U . For n = 2 the

general solution for U is given by formula (2.4).
Let us consider the case n = 3, which corresponds to the simplest non-Lie sym-

metry, in more detail. The corresponding system (2.5) reduces to

h′3 = 0, h′2 + 2ḣ3 = 0, 2ḣ2 + h′1 − 6h3U
′ = 0, (2.6a)

2ḣ1 + h′0 − 4h2U
′ = 0, ḣ0 − h1U

′ + h3U
′′′ = 0, (2.6b)

where the dots and primes denote derivatives w.r.t. t and x respectively.
Excluding h0 from (2.6b) and using (2.6a) we arrive at the following equation:

F (a, b, c;U, x) ≡ aU ′′′′ − (2äx2 + 6aU + c− 2ḃx)U ′′ −
− 6(2äx+ aU ′ − ḃ)U ′ − 12äU − 2(2∂4

t ax
2 − 2

...

b x+ c̈) = 0,
(2.7)

where a, b, c are arbitrary functions of t.
Equation (2.7) is nothing but the compatibility condition for system (2.6). If the

potential U satisfies (2.7) then the corresponding coefficients of the SO have the form

h3 = a, h2 = −2ȧx+ b, h1 = g1 + 6aU,

h0 = −4
3
...
a x3 + 2b̈x2 − 2ċx− 4ȧϕ+ 4(b− 2ȧx)U + d,

(2.8)

where

g1 = 2äx2 − 2ḃx+ c, ϕ =
∫
Udx, u = ϕ′, d = d(t). (2.9)

3 Equations for potential

Equation (2.7) was obtained earlier [17] (see Ref. [22]) and, moreover, particular
solutions for U were found [17]. Here we analyze this equation in detail.
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First of all, let us reduce the order of equation (2.7). Integrating it twice w.r.t. x
and choosing the new dependent variable ϕ defined in (2.9) we obtain

a[ϕ′′′ − 3(ϕ′)2] − (g1ϕ)′ =
1
3
∂4
t ax

4 − 2
3
...

b x
3 + c̈x2 + dx+ e. (3.1)

Using the fact that ϕ depends on x only while a, b, c, d, e are functions of t, it is
possible to separate variables in (3.1). Indeed, dividing any term of (3.1) by a �= 0,
differentiating w.r.t. t and integrating over x we obtain the following consequence

ġ1a− g1ȧ

a2
ϕ = ∂t

1
a

(
1
15
∂4
t ax

5 − 1
6
...

b x
4 +

1
3
c̈x2 +

1
2
dx2 + ex+ f

)
. (3.2)

Consider equation (3.2) separately in two following cases:

ġ1a− g1ȧ �= 0, (3.3a)

ġ1a− g1ȧ = 0. (3.3b)

Let condition (3.3a) be valid. Then dividing the l.h.s. and r.h.s. of (3.2) by ∂t(g1/a)
we come to the following general expression for ϕ

ϕ = α3x
3 + α2x

2 + α1x+ α0 +
α4

x+ α5
+

β1x+ β2

x2 + β3x+ β4
, (3.4)

where α0, . . . , α5, β1, . . . , β4 are constants.
It is possible to verify by a straightforward but cumbersome calculation that relati-

on (3.4) is compatible with (3.1) only for β1 = β2 = 0. We will not analyze solutions
(3.4) inasmuch as they correspond to potentials (2.4) and to SOs which are products
of the usual Lie symmetries [19–21].
If condition (3.3a) is valid, we obtain from equation (3.2)

ä = ak1, ḃ = k2a, c = k3a, (3.5)

where k1, k2, k3 are arbitrary constants. The corresponding equation (3.1) reduces to

ϕ′′′ − 3(ϕ′)2 − (G′′ϕ)′ = 2k1G+ k4x+ k5, (3.6)

where

G =
1
6
k1x

4 − 1
3
k2x

3 +
1
2
k3x

2, G′′ = g1 = 2k1x
2 − 2k2x+ k3, (3.7)

k4 and k5 are constants.
Let us prove that, up to equivalence, equation (3.6) can be reduced to one of the

following forms:

U ′′ − 3U2 + 3ω1 = 0, (3.8a)

U ′′ − 3U2 − 8ω2x = 0, (3.8b)

(U ′′ − 3U2)′ − 2ω3(xU ′ + 2U) = 0, (3.8c)

ϕ′′′ − 3(ϕ′)2 − 2ω4(x2ϕ)′ =
1
3
ω2

4x
4 + ω5, U = ϕ′, (3.8d)
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where ω1, . . . ω5 are arbitrary constants. Indeed, by using invertible transformations

ϕ→ ϕ+ C1x+ C2, x→ x+ C3, (3.9)

where Ck (k = 1, 2, 3) are constants, it is possible to simplify the r.h.s. of (3.6). These
transformations cannot change the order of polynomial G, and so there exist four
nonequivalent possibilities:

k1 = 0, k2 = 0, k4 = 0, (3.10a)

k1 = 0, k2 = 0, k4 �= 0, (3.10b)

k1 = 0, k2 �= 0, (3.10c)

k1 �= 0. (3.10d)

Setting in (3.9)

C1 = −1
6
k3, C2 = C3 = 0, k5 − 1

12
k2
3 = ω1, (3.11a)

C1 = −1
6
k3, C2 = 0, C3 = −k5

k4
+

k2
3

12k4
, k4 = 8ω2, (3.11b)

C1 =
k4

4k2
, C2 =

k5

2k2
+

3k2
4

32k3
2

+
k3k4

8k2
2

, C3 =
k3

2k2
+

3k4

4k2
2

, k2 = −ω3, (3.11c)

C1 = −1
6
k3 +

k2
2

12k1
, C2 = − k4

4k1
− k2k3

6k1
+

k3
2

24k2
1

,

C3 =
k2

2k1
, k1 = ω4, k5 − k2

3

12
+
k2k4

2k1
+
k2
2k3

3k1
− k4

2

16k2
1

= ω5

(3.11d)

for cases (3.10a)–(3.10d) correspondingly, we reduce (3.6) to one of the forms (3.8a)–
(3.8d) respectively.
From (2.2), (2.8), (3.4), (3.9)–(3.11) we find the corresponding symmetry operators

Q = p3 +
3
4
{U, p} ≡ 2pH +

1
2
Up+

i

4
U ′, (3.12a)

Q = p3 +
3
4
{U, p} − ω2t, (3.12b)

Q = p3 +
3
4
{U, p} + ω3

(
tH − 1

4
{x, p}

)
, (3.12c)

Q± =
1√
24

[
p3 ± i

4
ω{{x, p}, p} +

1
4
{3ϕ′ − ω2x2, p}±

± i

2
ω

(
ϕ+ 2xϕ′ − ω2

3
x3

)]
exp(±iωt), ω =

√−ω4,

(3.12d)

where U and ϕ are solutions of (3.2) and H is the related Hamiltonian (2.1).
Thus, the Schrödinger equation (2.1) admits a third-order SO if potential U satis-

fies one of the equations (3.8). The explicit form of the corresponding SOs is present
in (3.12).
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4 Algebraic properties of SOs

Let us investigate algebraic properties of SOs defined by relations (3.12). We shall see
that these properties are predetermined by the type of equations (3.8) satisfied by U .
By direct calculations, using (2.3), (2.1) and (3.12), we find the following relations

[Q,H] = 0, (4.1a)

Q2 = 8H2 − 3
2
ω1H − C

8
(4.1)

if the potential satisfies equation (3.8a) (C is the first integral of equation (3.8a), refer
to (5.1));

[Q,H] = iω2I, [Q, I] = [H, I] = 0 (4.2)

if the potential satisfies equation (3.8b);

[Q,H] = −iω3H (4.3)

if the potential satisfies equation (3.8c), and

[H,Q±] = ±ωQ±, (4.4a)

[Q+, Q−] = ω

(
H2 +

1
48

(2ω2 + ω5)
)

(4.4b)

if the potential satisfies (3.8d).
It follows from (4.1)–(4.3) that non-Lie SOs Q and HamiltoniansH form consistent

Lie algebras which can have rather nontrivial applications.
Formula (4.1b) presents an example of the general theorem [23, 24] stating that

commuting ordinary differential operators are connected by a polynomial algebraic
relation with constant coefficients. In Section 7 we use relations (4.1) to integrate the
related equations (2.1).
Relations (4.2) define the Heisenberg algebra. The linear combinations a± =

1√
2
(H ± iQ) realize the unusual representation of creation and annihilation operators

in terms of third-order differential operators.
In accordance with (4.3), Q plays a role of dilatation operator which continuously

changes eigenvalues of H. Indeed, let

HΨE = EΨE , (4.5)

then the function Ψ′ = exp(iλQ)ΨE (where λ is a real parameter) is also an eigen-
vector of the Hamiltonian H with the eigenvalue λE.
It follows from (4.4) that for ω4 < 0 the operators Q+ and Q− are raising and

lowering operators for the corresponding Hamiltonian. In other words, if ΨE sati-
sfies (4.5) then Q±ΨE are also eigenfunctions of the Hamiltonian which, however,
correspond to the eigenvalues E ± ω:

H(Q±ΨE) = (E ± ω)(Q±ΨE). (4.6)
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Relations (4.6) are typical for creation and annihilation operators of the quantum
oscillator. This observation shows a way for constructing exact solutions of the Schrö-
dinger equation whose potential satisfies relation (3.8d). Moreover, relations (4.4a)
allow Q to be interpreted as a conditional symmetry [8, 12]; such symmetries are of
particular interest in the analysis of partial differential equations [14, 25, 26]. Thus,
third-order SOs of equation (2.1) generate algebras of certain interest. Moreover,
algebraic properties of these SOs are the same for wide classes of potentials described
by one of equations (3.8).

5 Reduction of equations for potentials

Let us consider equations (3.8) in detail and describe the corresponding classes of
potentials. A solution of some of these nonlinear equations is a complicated problem
which, however, can be simplified by using reductions to other well–studied equations.

5.a. The Weierstrass equation. Formula (3.8a) defines the Weierstrass equation
whose solutions are expressed via either elementary functions or via the Weierstrass
function, depending on values of the parameter ω1 and the integration constant.
Here we represent these well-known solutions (refer, e.g. to the classic monograph
of E.T. Whittaker and G.N. Watson [28]) in the form convenient for our purposes.
Multiplying the l.h.s. of (3.8a) by U ′ and integrating we obtain

1
2
(U ′)2 − U3 + 3ω1U = C, (5.1)

where C is an integration constant which appeared above in (4.1b). Then by changing
roles of dependent and independent variables it becomes possible to integrate (5.1) and
to find U as an implicit function of x. We will distinguish five qualitatively different
cases:

C2 − 4ω3
1 = 0, C > 0, (5.2a)

C2 − 4ω3
1 = 0, C < 0, (5.2b)

C = ω1 = 0, (5.2c)

C2 − 4ω3
1 < 0. (5.3a)

C2 − 4ω3
1 > 0. (5.3b)

For (5.2a)–(5.2c), solutions of (5.1) can be expressed via elementary functions,
while (5.3a,b) generate solutions in elliptic functions.
For our purposes, it is convenient to transform (5.1) to another equivalent form.

Using the substitution

U = V − µ

2
, (5.4)

where µ is a real root of the cubic equation

µ3 − 3ω1µ+ C = 0, (5.5)
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we obtain
1
2
(V ′)2 − V 3 − ω̄0V

2 + 4ω̄1V + 8ω̄0ω̄1 = 0, (5.6)

where ω̄0 = 3
2µ and ω̄1 = 3

4 (ω1 − µ2) are arbitrary real numbers.
The substitution (5.4), (5.5) transforms conditions (5.2), (5.3) to the following

form:

ω̄1

(
ω̄1 − ω̄2

0

)2
= 0, ω̄0 < 0, (5.7a)

ω̄1

(
ω̄1 − ω̄2

0

)2
= 0, ω̄0 > 0, (5.7b)

ω̄1

(
ω̄1 − ω̄2

0

)2
= 0, ω̄0 = 0, (5.7c)

ω̄1

(
ω̄1 − ω̄2

0

) �= 0, ω̄1 > 0, (5.8a)

ω̄1

(
ω̄1 − ω̄2

0

) �= 0, ω̄1 < 0. (5.8b)

If relations (5.7a) are satisfied, then ω̄1 = ω̄2
0 or ω̄1 = 0. Moreover, the correspon-

ding solutions for V differ by a constant shift: V → V + 2ω̄0, ω̄0 → ω̄0/2. Without
loss of generality we restrict ourselves to the former case, then solutions of equation
(5.6) corresponding to conditions (5.7a-c) have the following forms:

V = ν2
[
2 tanh2 (ν(x− k)) − 1

]
, ω̄0 = −1

2
ν2, ω̄1 =

1
4
ν4, (5.9a)

V = ν2
[
2 coth2 (ν(x− k)) − 1

]
, ω̄0 = −1

2
ν2, ω̄1 =

1
4
ν4, (5.9a′)

V = ν2
[
2 tan2 (ν(x− k) − 1)

]
, ω̄0 =

1
2
ν2, ω̄1 =

1
4
ν4, (5.9b)

V =
2

(x− k)2
. (5.9c)

Here, k and ν are arbitrary real numbers.
For the cases (5.8) the general solution of (5.1) has the form

V = 2℘(x− k) +
1
2
µ, (5.10)

where ℘ is a two-periodic Weierstrass function, which is meromorphic on all the
complex plane. The invariants of this function are g2 = − 4

3

(
ω̄2

0 + 3ω̄1

)
and g3 =

− 4
27 ω̄0

(
ω̄2

0 − 9ω̄1

)
. Moreover, if condition (5.8a) holds, the corresponding solutions

are bounded and can be expressed via the elliptic Jacobi functions

V = Bcn2(Dx+ k) + F, (5.11a)

where

B = (e3 − e2), D =
√

(e1 − e3)/2, F = e2, (5.11b)

e1 > e2 > e3 are real solutions of the cubic equation from the r.h.s. of (5.6).
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We note that formulae (5.9) present the set of well-known potentials which cor-
respond to the exactly solvable Schrödinger equations [27]. In accordance with the
above, these equations admit extended Lie symmetries.

5.b. Painlevé and Riccati equations. Relation (3.8b) defines the first Painlevé
transcendent. Its solutions are meromorphic on all the complex plane but cannot be
expressed via elementary or special functions.
Equation (3.8c) is more complicated. However, by using the special change of

variables and applying the Miura [29] ansatz, we shall reduce it to the Painlevé form
also. Indeed, making the following change of variables

U = − 3

√
ω2

3

6
V, x = − 3

√
1

6ω3
y, (5.12)

we obtain

V ′′′ + V V ′ − 1
3
xV ′ − 2

3
V = 0, V ′ = ∂V/∂y. (5.13)

The ansatz

V = W ′ − 1
6
W 2 (5.14)

reduces (5.13) to(
∂y − 1

3
W

)(
W ′′′ − 1

6
W 2W ′ − 1

3
yW ′ − 1

3
W

)
= 0.

Equating the expression in the second brackets to zero and integrating it we come
to the second Painlevé transcendent

W ′′ =
1
18
W 3 +

1
3
yW +K, (5.15)

where K is an arbitrary constant.
To make one more reduction of equation (3.8c) we take U = ϕ′. Then, integrating

the resultant equation, we obtain

ϕ′′′ − 3 (ϕ′)2 − 2ω3 (xϕ)′ = C. (5.16)

Then, defining

ϕ = 2 3
√

2ω3ξ +
1
4
y2 +

C

2ω3
, y = 3

√
2ω3x,

Ŵ = ξ′ − ξ2 − 1
2
y, ξ′ =

∂ξ

∂y

(5.17)

we represent (5.16) as

Ŵ ′′ − 4ξ′Ŵ + 2ξŴ ′ − yŴ = 0. (5.18)

The trivial solutions of (5.18) correspond to the following Riccati equation for ξ:

ξ′ − ξ2 − 1
2
y = 0. (5.19)
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It follows from the above that any solution of equations (5.15) or (5.19) generates
a potential U defined by relations (5.12), (5.14) or (5.17). The corresponding Schrö-
dinger equation admits a third-order SO.
The last of the equations considered, i.e., equation (3.8d), is the most complicated.

The change

ϕ = 2f − 1
3
ω4x

3 (5.20)

reduces it to the following form:

f ′′′ − 6(f ′)2 + 4ω4(f ′x2 − xf) = ω4 +
1
2
ω5. (5.21)

Multiplying (5.21) by f ′′ and integrating we obtain the first integral

1
2
(f ′′)2 − 2(f ′)3 + 2ω4(f − xf ′)2 −

(
ω4 +

1
2
ω5

)
f ′ = C (5.22)

which is still a very complicated nonlinear equation.
Let us demonstrate that (5.21) can be reduced to the Riccati equation. To realize

this we rewrite (5.21) as follows

F ′′ + 2fF ′ − 4f ′F =
1
2
ω5 − ω4, (5.23)

where

F = f ′ − f2 − ω4x
2.

Choosing ω5 = 2ω4 we conclude that any solution of the Riccati equation

f ′ = f2 + ω4x
2 (5.24)

generates a solution of equation (3.8d), given by relation (5.20).
One more possibility in solving of equation (3.8d) consists in its reduction to

the Painlevé form. Making the change of variables ϕ =
√−w4χ, x = 1√−ω4

y and
differentiating equation (3.8d) w.r.t. y, we obtain(

Ũ ′′ − 3Ũ2
)′′

+
(
6Ũ + 6xŨ ′ + +2Ũ ′′

)
= 4x2, (5.25)

where Ũ = ∂χ
∂y = − 1

ω4
U .

Using the following generalized Miura ansatz

Ũ = −V ′ + V 2 + 2V y + y2 − 1, (5.26)

we reduce equation (5.25) to the form

∂y (∂y − 2V − 2y − 2) ×
× (V ′′′ − 6V 2V ′ − 4V2 − 12yV V ′ − 4yV − 4V ′y2 − 2V ′) = 0.

Equating the expression in the right brackets to zero, integrating and dividing it
by 2V , we come to the fourth Painlevé transcendent

V ′′ =
V ′2

2V
+

3
2
V 3 + 8yV 2 +

(
2y2 − 1

)
V +

b

V
. (5.27)
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We note that the double differentiation and consequent change of variables

ϕ′ = −
√
ω4

3

(
Φ +

1
6
y2

)
, x =

1
4
√

4ω4
y

transform equation (3.8d) to the form

∂4Φ + Φ′′Φ + Φ′Φ′ − 1
3
(
8Φ + x2Φ′′ + 7xΦ′) = 0

which coincides with the reduced Boussinesq equation [3, 12]. The procedures outlined
above reduces the equation either to the fourth Painlevé transcendent (5.27) or to the
Riccati equation (5.24).
Thus, the third-order SO are admitted by a very extended class of potentials descri-

bed above. We should like to emphasize that in general the corresponding Schrödinger
equation does not possesses any nontrivial (distinct from time displacements) Lie
symmetry.

6 Equations for time-dependent potentials
Consider briefly the case of time-dependent potentials U = U(x, t). The determining
equations (2.6) are valid in this case also. Moreover, the compatibility condition for
system (2.6) takes the form

F (a, b, c;x,U) + 12aÜ − 4(b− 2ȧx)U̇ ′ = 0, (6.1)

where F (a, b, c;x,U) is defined in (2.7).
Equation (6.1) is much more complicated than (2.7) due to the time dependence

of U , which makes it impossible to separate variables. For any fixed set of functions
a(t), b(t), and c(t), formula (6.1) defines a nonlinear equation for potential. Moreover,
any of these equations admits the Lax representation

[H,Q] = i
∂Q

∂t
, (6.2)

cf. (2.3). Refer to Refs. [30, 31] for the general results connected with arbitrary ordi-
nary differential operators satisfying (6.2).
We will not analyze equations (6.1) here, but present a few simple examples

concerning particular choices of arbitrary functions a, b, and c.
a = const, b = c = 0:

−12Ü + U ′′′′ − 6(UU ′)′ = 0; (6.3)

a, b are constants, c = 0:

12Ü − (4bU̇ − U ′′′ + 6UU ′)′ = 0; (6.4)

ȧ = c = 0, ḃ = ω3a:

12Ü − 4(ω3t− 2x)U̇ ′ + (U ′′ − 3U2)′′ + 2ω3(xU ′ + 2U)′ = 0; (6.5)

a = exp(t), b = c = 0:

12Ü + 8xU̇ ′ + (U ′′ − U2)′′ − 12(Ux)′ − 2x2U ′′ − 4x2 = 0. (6.6)
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Formula (6.3) defines the Boussinesq equation. The Lax representation (6.2) for
this equation is well known [15]. Formulae (6.4)–(6.6) present other examples of non-
linear equations admitting this representation and arise naturally under the analysis
of third-order SOs of the Schrödinger equation.

7 Exact solutions
Let us regard the case of potentials satisfying (3.8a) or (5.4), (5.6). Taking into account
commutativity of the corresponding SO (3.12a) with Hamiltonian (2.1) it is convenient
to search for solutions of the Schrödinger equation in the form

Ψ(t, x) = exp(−iEt)ψ(x), (7.1)

where ψ(x) are eigenfunctions of the commuting operators H and Q

Hψ(x) = Eψ(x), (7.2a)

Qψ(x) = λψ(x). (7.2b)

Using (7.2a), (3.12a), and (5.4) we reduce (7.2b) to the first-order equation(
2E +

V

2
+ ω̄0

)
ψ′ =

(
1
4
V ′ + iλ

)
ψ (7.3)

whose general solution has the form

ψ = A
√
V + 4E + 2ω̄0 exp

(
2iλ
∫

dx

V + 4E + 2ω̄0

)
, (7.4)

where A is an arbitrary constant. Then, expressing ψ′ via ψ in accordance with (7.3)
and using (5.6), we reduce (7.2a) to the following algebraic relation for E and λ
(compare with (4.1b)):

λ2 = 8E2(E + ω̄0). (7.5)

Thus there exists a remarkably simple way to integrate the Schrödinger equation
which admits a third order SO. The integration reduces to the problem of solving the
first-order ordinary differential equation (7.3) and algebraic equation (7.5).
Let us show that the existence of a third-order SO for the linear Schrödinger

equation enables one to find exact solutions for the following nonlinear equation:

i∂tΨ̃ =
1
2
p2Ψ̃ +

1
2A2

(Ψ̃∗Ψ̃)Ψ̃. (7.6)

Indeed, if λ2 > 0, solutions (7.1), (7.4) satisfy the following relations

Ψ∗Ψ = A2(V + 4E + 2ω̄0). (7.7)

Using (7.2a) and (7.7) we make sure that the functions

Ψ̃ = exp(iεt)ψ(x), ε = −3E − ω̄0 (7.8)

(where ψ(x) are functions defined in (7.4)) are exact solutions of (7.6).
Thus, we obtain a wide class of exact solutions of the nonlinear Schrödinger equati-

on, which depend on arbitrary parameters ε, ω̄0, ω̄1, k (see (7.8), (7.4), (5.6), (5.8)).
Properties of these (and some more general) solutions are discussed in the following
section.
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8 Lie symmetries and generation of solutions
It is well known that equation (7.6) is invariant under the Galilei transformations
(refer, e.g., to Refs. [2, 3])

x→ x′ = x− vt,

Ψ(t, x) → Ψ′(t, x′) = exp
[
i

(
vx− v2

2
+ ϕ0

)]
Ψ(t, x),

(8.1)

where v and ϕ0 are real parameters. Using (8.1) it is possible to generate a more
extended family of solutions starting with (7.8)

Ψ̄ = A
√
V (x− k − vt) + 4E + 2ω̄0 ×

× exp

{
i

[
(2ε− v2)

t

2
+ vx+ ϕ0 + 2λ

∫ x−k−vt

0

dy

V (y) + 4E + 2ω̄0

]}
.
(8.2)

Here, V is an arbitrary solution of equation (5.6), v, ω̄0, ω̄1, k, ϕ0 and E are real
parameters, λ and ε are defined in (7.5), (7.8).
In order for λ to be real we require ε ≥ 0, other parameters are arbitrary.
Solutions (8.2) are qualitatively different for different values of free parameters

enumerated in (5.7). If ω̄0 and ω̄1 satisfy (5.7a) or (5.7c), possible V are given by
formulae (5.9a), (5.9a′) or (5.9c). Solutions (8.2), (5.9a) are bounded for any x and t,
whereas solutions (8.2), (5.9a′) and (8.2), (5.9c) are singular at x − k − vt = 0.
For ω̄0 and ω̄1 satisfying (5.7b) the modulus of the complex function (8.2), (5.9b)
is periodic and singular at x − k − vt = (2n + 1)π/2ν. All the above mentioned
singularities are simple poles. If ω̄0 and ω̄1 satisfy relations (5.8a), the solutions (8.2)
are expressed via the two-periodic Weierstrass function ℘ (refer to (5.10)) and are,
generally speaking, unbounded. But if we restrict ourselves to solutions (5.11) for
potential, the corresponding solutions (8.2) are periodic and bounded.
To inquire into a physical content of the obtained solutions let us consider in more

detail the cases (8.2), (5.9a) and (8.2), (5.11).
For potentials (5.9a) the corresponding relation (7.5) reduces to

λ2 = 4E2ε, ε = 2E − ν2, (8.3)

and the integral in (8.2) can be easily calculated. This enables us to represent solutions
(8.2), (5.9a) as follows

Ψ̃ =
Aν

cosh[ν(x− k − vt)]
exp
{
i

[(
ν2 − v2

2

)
t+ vx+ ϕ0

]}
, E = 0; (8.4)

Ψ̃ = A
{
ν tanh[ν(x− k − vt)] ± i

√
ε
}×

× exp
{
i

[(
ν2 − v2

2
− 3E

)
t+ (v ∓√

ε)x+ ϕ0

]}
, E �= 0, ε ≥ 0.

(8.5)

For potentials (5.11) we obtain from (8.2)

Ψ̃ = Ψ̃1 = A
√
B cn [D(x− vt) + k] exp[if1(t, x)], E = 0; (8.6)

Ψ̃ = Ψ̃2 = A
√
B cn2[D(x− vt) + k] + F exp(if2(t, x)], E + ω̄0 = 0, (8.7)
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where

f1(t, x) = f2(t, x) +
3
2
Ft =

(
F − v2

2

)
t+ vx+ ϕ0,

B, D and F are parameters defined in (5.11b).
For another values of E solutions (8.2), (5.11) are also reduced to the form (8.7)

where the phase f2(t, x) is expressed via elliptic integrals.
Formula (8.4) presents a fast decreasing one-soliton solution [31]. Relation (8.5)

defines a soliton solution whose behavior at x→ ∞ is typical of solitons with a finite
density. Formulae (8.6), (8.7) describe “cnoidal” solutions for the nonlinear Schrödinger
equation.

9 Conditional symmetry and generation of solutions
Let us return to the linear Schrödinger equation (2.1) with the potential U satisfying
(3.8a). Generally speaking it possesses no non-trivial (distinct from time displace-
ments) Lie symmetry. Nevertheless, its solutions can be generated within the frame-
work of the concept of conditional symmetry [2, 3, 12, 14, 32]. Indeed, these solutions
satisfy (7.7), and equation (2.1) with the additional condition (7.7) is invariant under
the Galilei transformations (8.1) (i.e., condition (7.7) extends the symmetry of equa-
tion (2.1)).
This conditional symmetry enables us to generate new solutions. Starting with

(7.1), (7.4) and using (8.1) we obtain

Ψ = A
√
V (x− k − vt) + 4E + 2ω̄0 ×

× exp

i
−(2E + v2)

t

2
+ vx+ ϕ0 + 2λ

x−k−vt∫
0

dy

V (y) + 4E + 2ω̄0

 .
(9.1)

Functions (9.1) satisfy the Schrödinger equation with a potential V (x − k − vt)
where V (x) is a solution of equation (5.6). In the particular case E = − ω̄0

2 these
functions are reduced to solutions (8.2) of the nonlinear equation (7.6).
One more generation of solutions can be made using a third-order SO. Inasmuch

as V (x) satisfies (5.6), then V (x − vt) satisfies the Boussinesq equation (6.3). It
means that the corresponding linear Schrödinger equation admits a third-order SO.
In accordance with (2.2), (2.6) this SO can be represented in the form

Q = p3 +
1
4
{3V + 2ω̄0 + 6v2, p} +

3
2
vV ≡

≡ 2pH +
1
2
(V + 2ω̄0 + 6v2)p+

3
2
vV +

i

4
V ′.

(9.2)

Formula (9.2) generalizes (3.12a) to the case of time-dependent potential.
Acting by operator (9.2) on Ψ in (9.1) we obtain a new family of solutions

Ψ′ = QΨ = aψ + iv2Ψ1, (9.3)

where a = λ+ 4Ev + ω̄0v − 4v3, Ψ is the initial solution (9.1),

Ψ1 =
V ′ + 4iλ

2(4E + V + 2ω̄0)
Ψ. (9.4)
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We note that if Ψ is a soliton solution

Ψ =
νA

cosh[ν[x− vt)]
exp
[
i

(
−v

2

2
t+ vx+ ϕ0

)]
(9.5)

(the corresponding potential is present in (5.9a)), then (9.4) is a soliton solution too:

Ψ1 =
ν2A sinh[ν(x− vt)]

cosh2[ν(x− vt)]
exp
[
i

(
−v

2

2
t+ vx+ ϕ0

)]
. (9.6)

Starting with the potential (5.11) we obtain from (9.1) a particular solution

Ψ = A
√
B cn2z + F exp

[
i

(
−v

2

2
t+ vx+ ϕ0

)]
, z = D(x− vt). (9.7)

The corresponding generated solution (9.4) reads

Ψ1 = −ABD cn z sn z dn z
B cn2z + 2F

exp
[
i

(
−v

2

2
t+ vx+ ϕ0

)]
(9.8)

and is also bounded.
Acting by SO (9.2) on solutions (9.3), (9.8) we again obtain new solutions. Mo-

reover, this procedure can be repeated. In particular, in this way it is possible to
construct multisoliton solutions of the linear Schrödinger equation.
We see that higher order SOs present efficient possibilities for solving equations of

motion and generating new solutions starting with known ones.

10 Conclusion

Higher order SOs present a powerful tool for analyzing and solving the Schrödinger
equation. The concept of higher symmetries enables us to extend the class of privileged
potentials (2.4) and to investigate invariance algebras of the equations whose poten-
tials satisfy one of relations (3.8).
We note that potentials (5.9) can be represented in the form V = W 2 +W ′ where

W = ν tanh[ν(x − k)] for solution (5.9a) (superpotentials W for solutions (5.9a)–
(5.9c) can be also easily calculated). Moreover, the corresponding superpartners Ṽ =
W 2−W ′ reduce to constants, therefore it is possible to integrate easily the Schrödinger
equation with potentials (5.9) using the Darboux transformation [33].
It is worth to note that invariance condition (2.3) for operators (2.1), (3.12) can

be treated as a zero curvature condition for equations associated with the eigenvalue
problem for operator Q, or as the Lax condition where a role of the Lax operator L
is played by a SO, refer to (6.2). The reasons stimulating our research of such a well-
studied subject and distinguishing features of our approach are the following:
(1) The main goal of our paper is to present a constructive description of potentials

for the Schrödinger equation which admit higher symmetries. In this way we extend
the fundamental results [19–21] connected with the search for potentials admitting
usual Lie symmetries.
To solve the deduced determining equations for potentials we use direct reductions

to the Painlevé or Riccati forms. The obtained results can be used for analysis and
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solution of the Schrödinger equation as well as for construction of exact solutions of
the Boussinesq equation, see item 5 in the following.
In the method of inverse problem, description of pairs of operators (2.1), (2.8) sati-

sfying the Lax condition (6.2) is reduced to the Gelfand–Marchenko–Levitan equati-
ons [34] or to the Riemann problem [15, 31] which can be solved explicitly for a
restricted class of potentials.
(2) We use non-Lie symmetries of the Schrödinger equation for construction and

generation of exact solutions. Moreover, we are interested not so much in finding
new solutions as in developing a new method of their derivation, which consists in
simultaneous using of higher order and conditional symmetries. Nevertheless, the
cnoidal solutions (9.7), (9.8) and (8.6), (8.7) for the linear and nonlinear Schrödinger
equations can be of interest for physicists as well as infinite series of soliton and cnoidal
solutions generated by a repeated application of the procedure described in Section 9.
We believe that the combination “higher order symmetries + conditional symmet-

ries” may be used effectively in the investigations and analysis of other equations of
mathematical physics.
(3) Our approach admits a direct generalization to multidimensional Schrödinger

equations. Note that higher symmetries of the three-dimension Schrödinger equation
were investigated in [18, 35] for particular potentials.
(4) Algebraic relations (4.1)–(4.4) are valid for extended classes of potentials. They

open additional possibilities in the application of algebraic methods to investigate the
Schrödinger equation, in particular, the use of raising and lowering operators for this
equation with potentials satisfying (3.8d). We note that relations (3.8d) are valid also
for time-independent operators Q̃± = exp(∓iωt)Q± where Q± are given by relations
(3.12d).
(5) Equations (3.8) which describe potentials that admit third-order symmetries

are equivalent to the reduced versions of the Boussinesq equation, which appear under
the similarity reduction [36] (this is the case for (3.8a,d)) and the reduction with using
symmetries [14, 25, 26] (the last is valid for (3.8b,c)). Thus, the results obtained in
Section V can be used to construct exact solutions of the Boussinesq equation.
A systematic study of higher symmetries of multidimensional Schrödinger equa-

tions is planned to be carried out elsewhere.

Acknowledgements.We are indebted to our anonymous referee for the rigorous
criticism and helpful suggestions. This work is partly supported by the Ukrainian
DFFD foundation (Project 1.4/356).
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Умовна симетрiя рiвнянь Нав’є–Стокса
В.I. ФУЩИЧ, М.I. СЄРОВ, Л.О. ТУЛУПОВА

The conditional symmetry of the Navier–Stokes equations is studied. The multipara-
meter families of exact solutions of the Navier–Stokes equations are constructed.

Вивчена умовна симетрiя рiвнянь Нав’є–Стокса. Побудованi багатопараметричнi
сiм’ї точних розв’язкiв рiвнянь Нав’є–Стокса.

Розглянемо систему рiвнянь Нав’є–Стокса

�u0 + (�u�∇)�u+ λ∆�u = −1
ρ
�∇p,

ρ0 + div (ρ�u) = 0, p = f(ρ),
(1)

де �u = �u(x) ∈ R
n, ρ = ρ(x) ∈ R, p = p(x) ∈ R, x = (x0, �x) ∈ R

1+n.
Лiївська симетрiя рiвнянь (1) добре вивчена (див., наприклад, [1]). Результати

цих дослiджень можна сформулювати у виглядi наступного твердження.
Теорема 1. Максимальна алгебра iнварiантностi рiвнянь (1) складається з
операторiв:

1) ∂0 =
∂

∂x0
, ∂a =

∂

∂xa
, Ga = x0∂a + ∂ua ,

Jab = xa∂xb
− xb∂xa

+ ua∂ub − ub∂ua ,

якщо F (ρ) — довiльна гладка функцiя, де F (ρ) = ḟ(ρ)/ρ;

2) ∂0, ∂a, Ga, Jab, D1 = ρ∂ρ, D2 = 2x0∂0 + xa∂a − ua∂ua ,

якщо F (ρ) = 0;

3) ∂0, ∂a, Ga, Jab,

D3 = 2x0∂0 + xa∂a − 2
k + 1

ρ∂ρ − ua∂ua , k — довiльне,

якщо F (ρ) = λρk;

4) ∂0, ∂a, Ga, Jab, D4 = 2x0∂0 + xa∂a − nρ∂ρ − ua∂ua ,

Π = x2
0∂0 + x0xa∂a − nx0ρ∂ρ + (xa − x0u

a)∂ua ,

якщо F (ρ) = λρ(2−n)/n.
В цiй роботi дослiджено умовну симетрiю системи (1). Докладнiше про поня-

ття умовної симетрiї див. роботи [1–4].
Розглянемо спочатку одновимiрний випадок. При x = (x0, x1) та u = u(x)

система (1) має вигляд

u0 + uu1 + λu11 + F (ρ)ρ1 = 0,
ρ0 + uρ1 + ρu1 = 0,

(2)

Укр. мат. журн., 1997, 49, № 6, С. 806–813.
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де F (ρ) = ḟ(ρ)/ρ. Оператор умовної iнварiантностi будемо шукати у виглядi

Q = A(x, ρ, u)∂0 +B(x, ρ, u)∂1 + C(x, ρ, u)∂ρ +D(x, ρ, u)∂u, (3)

де A, B, C, D — гладкi функцiї. Диференцiальний оператор першого порядку Q
дiє на многовидi (x, ρ, u) ∈ R

4.
Справедлива наступна теорема.

Теорема 2. Рiвняння (2) Q-умовно iнварiантнi вiдпосно оператора (3), якщо
функцiї A, B, C i D задовольняють систему диференцiальних рiвнянь в одному
з таких випадкiв:

I. A �= 0 (не втрачаючи загальностi можна покласти A = 1):
1) B �= u:

(u−B)
{

1
ρ
[Cu(B − u) − C(Bu + 1)] + Cρ

}
−B0 −BB1 +D +

+ (BDu −BuD) + (Dρρ−Duu) = 0,
−2BuC

ρ

[
D +

C

ρ
(B − u)

]
+

1
B − u

(BρC +Dρρ)
(
λ

ρ
C1 − λC

ρ2
Cu −D

)
+

+

{
λ

ρ3
BuuC

3 +
λ

ρ2
C2(Duu − 2B1u) +

C

ρ
[B1u−D +B0 + FCu +

+ λB11 − 2λD1u + 2B1(B − u)] +D0 +D1u− FC1 + λD11 + 2B1D

}
= 0,

C

ρ
[Cu(B − u)− C(Bu + 1)] + C0 + CuD + C1u+D1ρ+ C(B1 + Cρ−Du)= 0,{
λC

ρ2

[
C

B − u
(Bu − 2) + 2Cu

]
+

+
1
ρ

[
2C(B − u) +

λC

B − u
(Cρ −B1) − λC1

]
+ 3D +

CF

B − u

}
+

+
2
ρ
Bu

{[
2C
ρ

(B − u) +D

]
(B − u) + FC

}
+

+
λ

B − u
Dρ

{
1
ρ
[Cu(B − u) − C(2 −Bu)] + Cρ −B1 +

Fρ

λ

}
−

− B1

ρ
[Fρ+ (B − u)(2B − u)] + λ

{
3
ρ3
BuuC

2(u−B) +

+
2C
ρ2

[(B − u)(2B1u −Duu) − CBρu] +

+
1
ρ
[2C(B1ρ −Dρu) + (B − u)(2D1u −B11)] + 2D1ρ

}
Bρ −

− CḞ − FCρ +DuF − B − u

ρ
(B0 −D + FCu) = 0,

Bρρρ
2 + (2Bρuρ)(B − u) +Buu(B − u)2 +Bρρ(2 −Bu) − 1

B − u
B2
ρρ

2 = 0,
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Bρ

{
− 2F − 2

(B − u)2

ρ
+
λ

ρ

[
1
ρ
(2C[2 −Bu] − Cu[B − u]) +

+B1 − Cρ − 1
B − u

(BρC +Dρρ)

]}
− 2(B − u)

ρ
Bu

[
F +

(B − u)2

ρ

]
+

+ λ

{
(B − u)2

ρ2
Duu +

1
ρ
[2(B − u)Du + (2 −Bu)Dρ] +Dρρ

}
+

+ λ
B − u

ρ2

{
3C(B − u)

ρ
Buu + 2[2CBρu −B1u(B − u)] +

+ ρ[2CBρρ − 2B1ρ(B − u)]

}
= 0;

(4)

2) B = u:

Dρ = 0,

D0 +D1u− FC1 +
C

ρ
(FCu − 3D) + λ

(
C2

ρ2
Duu − 2C

ρ
D1u +D11

)
= 0,

C0 + CuD − CDu − CCρ + C1u+D1ρ− 2C2

ρ
= 0,

F

(
2C
ρ

+Du − Cρ

)
− CḞ = 0.

II. A = 0 (не втрачаючи загальностi можна покласти B = 1):

D0 + FCDu +D1u− C2Ḟ −DDρρ+ (λDρ − F )(C1 + CuD + CCρ) +
+ λ[D11 +D(2D1u +DDuu + 2CDρu) + C(2D1ρ + CDρρ)] +D2 = 0,

FCCu − λCu(D1 +DDu + CuDρ) +D(2C +Duρ) + C0 + C1u+D1ρ = 0.

Доведення. Випадок I.1. При A = 1 оператор (3) має вигляд

Q = ∂0 +B(x, ρ, u)∂1 + C(x, ρ, u)∂ρ +D(x, ρ, u)∂u, (5)

тодi

Qρ = ρ0 +Bρ1 − C = 0,
Qu = u0 +Bu1 −D = 0.

(6)

Запишемо умову iнварiантностi системи (2) вiдносно оператора (5):

Q̃S1 = 0η1 + 1η1u+ λ11η1 +Du1 − CḞρ1 − F 1η0 = 0,

Q̃S2 = 0η0 + 1η0u+ 1η1ρ+Dρ1 + Cu1 = 0,
(7)

де

S1 = u0 + uu1 + λu11 + F (ρ)ρ1, S2 = ρ0 + uρ1 + ρu1,

ξ0 = 1, ξ1 = B(x, ρ, u), η0 = C(x, ρ, u), η1 = D(x, ρ, u),
βηα = Dβη

α − uδDβξ
δ, βγηα = Dγ

βηα − uδβDγξ
δ,

Dα — оператор повного диференцiювання; а α, β, γ, β набувають значень 0 i 1.
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Переходячи на многовид (x, ρ, u), маємо

ρ00 +Bρ01 = L1, ρ01 +Bρ11 = L2, u00 +Bu01 = L3,

u01 +Bu11 = L4, ρ00 + uρ01 + ρu01 = L5, ρ01 + uρ11 + ρu11 = L6,

L1 = D0C − ρ1D0B, L2 = D1C − ρ1D1B, L3 = D0D − u1D0B,

L4 = D1D − u1D1B, L5 = −ρ1u0 − ρ0u1, L6 = −2ρ1u1.

(8)

Складемо систему лiнiйних рiвнянь (8) вiдносно других похiдних функцiй ρ
та u. Ця система буде сумiсна, коли виконуватиметься умова

L5 − L1 − uL2 +BL6 − ρL4 = 0. (9)

Виберемо вiльну змiнну ρ11. Тодi

ρ00 = L1 −BL2 +B2ρ11, ρ01 = L2 −Bρ11,

u00 = L3 −BL4 +
B2

ρ
[L6 − L2 + (B − u)ρ11],

u01 = L4 − B

ρ
[L6 − L2 + (B − u)ρ11], u11 =

1
ρ
[L6 − L2 + (B − u)ρ11].

(10)

Щоб визначити першi похiднi функцiй ρ та u, складемо систему з другого рiв-
няння системи (2) та системи (6). Оскiльки ранг одержаної системи 3, а кiлькiсть
змiнних — 4, буде одна вiльна змiнна, за яку вважатимемо ρ1. Отже, маємо

ρ0 = C −Bρ1, u1 =
1
ρ
[(B − u)ρ1 − C],

u0 = D − B

ρ
[(B − u)ρ1 − C].

(11)

Розв’язуючи одночасно перше рiвняння системи (2) та останнє рiвняння си-
стеми (10), знаходимо

ρ11 =
1

B − u

{
ρ1

λ
[Fρ+ (B − u)2] +

1
λ

(Cu−Dρ−BC) +
2ρ1

ρ
[(B − u)ρ1 − C]+

+
1
ρ
(Cu −Buρ1)[(B − u)ρ1 − C] + C1 + Cρρ1 −B1ρ1 −Bρρ

2
1

}
.

(12)

Пiдставляючи ρ11 з (12) в (10), одержуємо вираз для всiх iнших других похiдних
через ρ1. Потiм, пiдставляючи вирази для всiх похiдних через ρ1 в (7) та умову
сумiсностi (9) i розщеплюючи цi рiвняння за степенями ρ1, одержуємо рiвнян-
ня (4).
Випадки I.2 та II доводяться аналогiчно. Теорему доведено.

Для того щоб виписати оператор (3), необхiдно знайти розв’язок системи (4),
що, очевидно, в загальному випадку зробити неможливо.
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При деяких значеннях функцiї F (ρ) вдалося знайти частиннi розв’язки цих
систем i за ними побудувати такi оператори:

F = λ, Q1 = ∂0 + u∂1 + kρ2∂ρ,

F = λ, Q2 = x0∂1 +
1

mx0
∂ρ + ∂u,

F = λρ, Q3 = x0∂1 − m

x2
0ρ

2
∂ρ + ∂u,

F = −k2ρ, Q4 = (x2
0 +m2)∂1 +

m

k
∂ρ + x0∂u,

F = λρ3, Q5 = 3x0∂1 +
2u
ρ3
∂ρ + ∂u,

F = f(ρ), Q6 = x1∂1 + u∂u,

F = f(ρ), Q7 = F (ρ)∂1 + ∂ρ,

(13)

де λ, m, k — довiльнi сталi.
Оператори Qi використанi для побудови апзацiв, редукцiї та знаходження то-

чних розв’язкiв системи (2). Нижче наведенi анзаци, якi побудовано за операто-
рами (13) i якi дозволяють редукувати систему (2) до систем звичайних диферен-
цiальних рiвнянь, та точнi розв’язки системи рiвнянь Нав’є–Стокса, що одержанi
пiсля розв’язання вiдповiдних редукованих рiвнянь:

1. x0u− x1 = ϕ1(u), x0u− x1 = Φ(u),

x0 +
c1
ρ

= ϕ0(u); x0 +
c1
ρ

= Φ(u);

2. ρ =
x1

mx2
0

+ ϕ0(x0), ρ =
x1

mx2
0

[
x1 − M

m
(lnx0 + 1) + c

]
+

k

x0
,

u =
x1

x0
+ ϕ1(x0); u =

1
x0

(
c+ x1 − M

m
lnx0

)
;

3.
ρ2

2
= −mx1

x3
0

+ ϕ0(x0),
ρ2

2
= −mx1

x2
0

(
Mm2

2x2
0

− mx1

x0
+ c2

)
,

u =
x1

x0
+ ϕ1(x0); u =

1
x0

(
x1 − Mm

x0

)
;

4. ρ =
mx1

k(x2
0 +m2)

+ ϕ0(x0), ρ =
m2x1 − c1x0

km(x2
0 +m2)

,

u =
x0x1

x2
0 +m2

+ ϕ1(x0); u =
c1 + x0x1

x2
0 +m2

;

5.
ρ4

4
=

x2
1

9x2
0

+
2ϕ1x1

3x0
+ ϕ0(x0),

ρ4

4
=

x2
1

9x2
0

+
2c1x1

3x2
0

+ ϕ0(x0),

u =
x1

3x0
+ ϕ1(x0); u =

x1

3x0
+

c2

x
4/3
0

;

6. ρ = ϕ0(x0), u = x1ϕ
1(x0); ρ =

c2
x0 + c1

, u =
x1

x0 + c1
;

7.
∫
F (ρ)dρ = x1 + ϕ0(x0),

∫
F (ρ)dρ = x1 +

x2
0

2
− c1x0,

u = ϕ1(x0), u = c2 − x0.

Через Φ позначено довiльну гладку функцiю; M , c, c1, c2, k, m — довiльнi сталi.
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У випадку довiльної кiлькостi змiнних в рiвняннях (1) дослiдження умовної
симетрiї пов’язане з громiздкими перетвореннями i в цiй статтi не наводиться.
Однак деякi з операторiв умовної симетрiї n-вимiрних рiвнянь (1) можуть бути
одержанi безпосереднiм узагальненням операторiв (13). Такi узагальнення наве-
денi нижче разом з анзацами, побудованими за цими операторами, i вiдповiдними
точними розв’язками системи Нав’є–Стокса (1).
Оператор Qa = x0∂a +

αa
mx0

∂ρ + ∂ua , F = µ:

ρ =
�α�x

mω2
+ ϕ0(ω), ρ =

�α�x+ k

mx2
0

− M(lnx0 + 1)
m2x2

0

+
λ

x0
,

�u =
�α(�α�x)
ω

+ �ϕ(ω), ω = x0; �u =
�α(�α�x)
x0

− M�α lnx0

mx0
+
k�α

x0
.

Оператор Qa = x0∂a +
mαa
ρx2

0

∂ρ + ∂ua , F = µρ:

ρ2

2
= −m(�α�x)

ω3
+ ϕ0(ω),

ρ2

2
= −m(�α�x) + k

x3
0

+
Mm2

x4
0

+
k

x2
0

,

�u =
�α(�α�x)
ω

+ �ϕ(ω), ω = x0; �u =
�α(�α�x+ k)

x0
− Mm�α

x2
0

.

Оператор Qa = (x2
0 +m2)∂a +

mαa
k

∂ρ + x0∂ua , F = −k2ρ:

ρ = − m(�α�x)
k(ω2 +m2)

+ ϕ0(ω), ρ = [m2(�α�x+ c2) − c1x0]
km

x2
0 +m2

,

�u =
ω�α(�α�x)
ω2 +m2

+ �ϕ(ω), ω = x0; �u =
x0�α(�α�x+ c2) + c1�α

x2
0 +m2

.

Оператор Qa = (2n+ 1)x0∂a +
2nua

ρ3
∂ρ + ∂ua , F = ρ3:

ρ4

4
=

n

2n+ 1
�x2

ω2
+

2n
2n+ 1

�x�ϕ

ω
+ ϕ0(ω),

ρ4

4
=

n

2n+ 1
�x2

x2
0

+
n�λ2

x2
0

+

+
2n

2n+ 1
�x�λ

x2
0

+ kx
−4n/(2n+1)
0 ,

�u =
�x

(2n+ 1)ω
+ �ϕ(ω), ω = x0; �u =

�x

(2n+ 1)x0
+

�λ

x0
.

Оператор Qa = (2n+ 1)x0∂a +
xa − x0u

a

x0ρ3
∂ρ + ∂ua , F = ρ3:

ρ4

4
=

n

2n+ 1
�x2

ω2
− 1

2n+ 1
�x�ϕ

ω
+ ϕ0(ω),

ρ4

4
=

n

(2n+ 1)2
�x2

x2
0

+
�λ2

4n
−

− 1
2n+ 1

�x�λ

x2
0

+ kx
−4n/(2n+1)
0 ,

�u =
�x

(2n+ 1)ω
+ �ϕ(ω), ω = x0; �u =

�x

(2n+ 1)x0
+ �λ.
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Оператор Qa = 3x0∂a +
2αa
ρ3

�α�u∂ρ + ∂ua , F = ρ3:

ρ4

4
=
(
�α�x2

3ω

)2

− 2(�α�x)(�α�ϕ)
3ω

+ ϕ0(ω),
ρ4

4
=
(
�α�x

3x0

)2

+
2k(�α�x)

3x0
+
k2

x2
0

+ λx
−4/3
0 ,

�u =
�α(�α�x)

3ω
+ �ϕ(ω), ω = x0; �u =

�α(�α�x)
3x0

+
k�α�x

x0
.

Оператор Qa = 3x0∂a +
αa
x0ρ3

(�α�x− x0�α�u)∂ρ + ∂ua , F = ρ3:

ρ4

4
=
(
�α�x2

3ω

)2

− (�α�x)(�α�ϕ)
3ω

+ ϕ0(ω),
ρ4

4
=
(
�α�x

3x0

)2

+
(�α�λ)2

3x0
−

− (�α�x)(�α�λ)
3x0

+ kx
−4/3
0 ,

�u =
�α(�α�x)

3ω
+ �ϕ(ω), ω = x0; �u =

�α(�α�x)
3x0

+ �λ.

Оператор Qa = �α�x∂a + αau
b∂ub , F = F (ρ):

ρ = ϕ0(ω), ρ =
k

x0 + λ
,

�u = �α�x�ϕ(ω), ω = x0; �u =
�α(�α�x)
x0 + λ

+ �λ.

Оператор Qa = f∂a + �α∂ρ, F = F (ρ):∫
f(ρ)dρ = �α�x+ ϕ0(ω),

∫
f(ρ)dρ = �α�x+

x2
0

2
− �λ�αx0 + k,

�u = �ϕ(ω), ω = x0; �u = �λ− �αx0.

В цих формулах �α — довiльний вектор, для якого виконується умова (�α)2 = 1;
�λ — довiльний вектор;M , k, m, c1, c2 — довiльнi сталi; n — розмiрнiсть простору.
Зауважимо, що n-вимiрне узагальнення оператора Q1 знайти не вдалося, а

оператор Q5 узагальнено чотирма рiзними способами.
Таким чином, наведенi результати вказують на те, що рiвняння Нав’є–Стокса

мають прихованi симетрiї, якi не можна одержати за допомогою алгоритму Лi. Цi
симетрiї можна використати для знаходження точних розв’язкiв даних рiвнянь.
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High-order equations of motion in quantum
mechanics and Galilean relativity
W.I. FUSHCHYCH, Z.I. SYMENOH

Linear partial differential equations of arbitrary order invariant under the Galilei
transformations are described. Symmetry classification of potentials for these equa-
tions in two-dimensional space is carried out. High-order nonlinear partial differential
equations invariant under the Galilei, extended Galilei and full Galilei algebras are
studied.

Non-relativistic quantum mechanics is based on the equation

LΨ ≡ (S + V )Ψ = 0, (1)

where S = p0 − p2
a/2m, p0 = i∂/∂x0 = i∂/∂t, pa = −i∂/∂xa, V = V (x,Ψ∗Ψ). In the

case where V is a function only of x, equation (1) coincides with the standard linear
Schrödinger equation.
The fundamental property of (1) (in the case V = 0) is the fact that this equa-

tion is compatible with the Galilean relativity principle. In other words, equation (1)
(V = 0) is invariant under the Galilei group G(1, 3). The Lie algebra AG(1, 3) =
〈P0, Pa, Jab, Ga〉 of the Galilei group is generated (see, e.g., [1, 2]) by the operators

P0 = p0, Pa = pa, Jab = xapb − xbpa, a �= b, a, b = 1, 2, 3,
Ga = tpa −mxa.

(2)

The operators 〈Ga〉 generate the standard Galilei transformations
t→ t′ = t, xa → x′a = xa + vat.

Definition 1. We say that the equation of type (1) is compatible with the Galilei
principle of relativity if it is invariant under the operators 〈P0, Pa, Jab, Ga〉.
Let X be one of the operators 〈P0, Pa, Jab, Ga〉.

Definition 2. Equation (1) is invariant under the operator X if the following condi-
tion is true:

X
(2)
LΨ
∣∣∣
LΨ=0

= 0, (3)

where X
(2)

is the second Lie prolongation of the operator X [1–4].

The equation of type (3) is a Lie condition of invariance of the equation under the
Lie algebra. In our case, it is the condition of invariance under the algebra AG(1, 3).
Theorem 1 [1, 2, 5]. Among linear equations of the first order in t and of the second
order in the space variables x there exists the unique equation (1) (V = λ = const)
invariant under the algebra AG(1, 3) with the basic elements (2).

J. Phys. A: Math. Gen., 1997, 30, № 6, L131–L135.
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Conclusion. We can regard the theorem formulated above as a method of deriving
the Schrödinger equation from the Galilei principle of relativity [5, 6].
In the present paper, we give the answer on the following question: Do there exist

equations not equivalent to the Schrödinger equation for which the Galilei principle
of relativity is true?
In [6, 7], the following generalization of the Schödinger equation was proposed

(λ1S + λ2S
2 + · · · + λnS

n + V )Ψ = 0, (4)

S2 = SS, . . . , Sn = Sn−1S, λ1, λ2, . . . , λn are arbitrary parameters.
If V = 0, equation (4), as well as equation (1), is invariant under the algebra

AG(1, 3), i.e. this equation is compatible with the Galilei principle of relativity. Is
this equation unique among high-order linear equations? In what follows, we get the
positive answer for this question.
More precisely, we solve the following problems:
(i) We describe all linear equations of arbitrary order invariant under the algebra

AG(1, 3).
(ii) We describe the maximal (in Lie sense) symmetry of equation (4) in the two-

dimensional space (t, x).
(iii) We describe nonlinear equations of type (4) invariant under the algebra

AG(1, 3), the extended Galilei algebra AG1(1, 3) = 〈AG(1, 3),D〉, and the full Galilei
algebra AG2(1, 3) = 〈AG1(1, 3), A〉.D and A are the dilation and projective operators,
respectively.
(i) For solving the above problems we use the method described in [1, 2, 5, 6, 7].

Theorem 2. A: Among linear partial differential equations (PDE) of arbitrary even
order 2n

LΨ = 0,

L = A+Bµ∂µ + Cµν∂µν +Dµνσ∂µνσ + · · · + E

2n︷ ︸︸ ︷
µνσ...κ∂µνσ...κ︸ ︷︷ ︸

2n

,
(5)

there exists the unique equation

(λ1S + λ2S
2 + · · · + λnS

n)Ψ = λΨ (6)

invariant under the algebra AG(1, 3).
B: There are no linear PDE of arbitrary odd order 2n+ 1

LΨ = 0,
L = A+Bµ∂µ + Cµν∂µν +Dµνσ∂µνσ + · · ·

· · · + E

2n︷ ︸︸ ︷
µνσ...κ∂µνσ...κ︸ ︷︷ ︸

2n

+G

2n+1︷ ︸︸ ︷
µνσ...κρ∂µνσ...κρ︸ ︷︷ ︸

2n+1

,

(7)

with one non-zero coefficient of the highest derivatives at least, invariant under
AG(1, 3).

Here, A,Bµ, Cµν ,Dµνσ, . . . , E

2n︷ ︸︸ ︷
µνσ...κ, G

2n+1︷ ︸︸ ︷
µνσ...κρ are arbitrary functions of t and x;

λ1, λ2, . . . , λn, λ are arbitrary constants, λn �= 0; ∂µ ≡ ∂/∂xµ, ∂µν ≡ ∂2/∂xµ∂xν , . . .
(µ, ν, . . . , ρ = 0, 3).
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Proof. The scheme and idea of the proof of the theorem is very simple but the
concrete realization is not simple. We describe in more details the proof of part A.
Part B is proved in the same way as the first part of the theorem.
According to the Lie method [1, 3, 4], we find the 2nth prolongations of the

operators (2) and consider the system of determining equations

X
(2n)

LΨ
∣∣∣
LΨ=0

= 0, ∀ X ∈ AG(1, 3). (8)

Writing equations (8) in the explicit form and equating coefficients for equal deri-
vatives, we solve the system of partial differential equations to obtain functions A,

Bµ, Cµν , Dµνσ, . . ., E
2n︷ ︸︸ ︷

µνσ...κ.
Invariance of equation (5) under the operators P0, Pa results in the fact that functi-

ons A, Bµ, Cµν ,Dµνσ, . . ., E
2n︷ ︸︸ ︷

µνσ...κ do not depend on t and x, i.e. these coefficients are
arbitrary constants. In other words, our PDE has the form LΨ ≡ Q(1)(p0, pa)Ψ = 0,
where Q(1) is a polynomial in (p0, pa) with constant coefficients.
After taking into account the invariance under the operators Jab, we find that the

equation has the form LΨ ≡ Q(2)(p0, p
2
a)Ψ = 0, where Q(2) is a polynomial in (p0, p

2
a).

After considering the invariance under the Galilei operators Ga, we obtain that the
equation has the form LΨ ≡ Q(3)(p0 − 1

2mp
2
a)Ψ = 0, where Q(3) is a polynomial in

(p0 − 1
2mp

2
a). In other words, the equation has the form (6). The theorem is proved.

Consequence. Among fourth-order linear PDE there exists the unique equation in-
variant under the algebra AG(1, 3) with basic operators (2). This equation has the
form

(λ1S + λ2S
2)Ψ = λΨ,

where λ2 �= 0.
(ii) Now, we consider equation (4) in two dimensions t, x and carry out symmetry

classification of potentials V = V (x) of this equation, i.e., we find all functions V =
V (x) admitting an extension of symmetry of (4). The following statement is true.
Theorem 3. Two-dimensional equation (4) with λn �= 0, n �= 1 is invariant under
the following algebras:

(1) 〈P0, I〉, iff V (x) is an arbitrary differentiable function;
(2) AG(1, 1) = 〈P0, P1, G, I〉, iff V = const;
(3) AG2(1, 1) = 〈P̃0, P1, G,D,A, I〉, iff V = V1 = const the following equalities

are true:

λk
λn

=
(
n

k

)(
V1

λn

)(n−k)/n
, k = 1, . . . , n− 1; (9)

(4) 〈P̃0,D,A, I〉, iff V = V1 + C/x2n, V1, C are constants and (9) are true;
(
n
k

)
are the binomial coefficients.
The operators in Theorem 3 have the following representation:

P0 = p0, P1 = p1, G = tp1 −mx, P̃0 = p̃0 = P0 + n
√
V1/λn,

D = 2tp̃0 − xp1 − (i/2)(2n− 3), A = t2p̃0 − tD − (1/2)mx2,
(10)

I is the unit operator.
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Consequence. The 2nth-order PDE

(Sn + V (x))Ψ = 0

is invariant under the following algebras:
(1) 〈P0, I〉, iff V (x) is an arbitrary differentiable function;
(2) AG(1, 1) = 〈P0, P1, G, I〉, iff V = const;
(3) AG2(1, 1) = 〈P0, P1, G,D,A, I〉, iff V = 0;
(4) 〈P0,D,A, I〉, iff V = C/x2n, where C is an arbitrary constant.
The above operators have representation (10) with V1 = 0.
Note that symmetry classification of potentials for the fourth-order PDE of the

form

(λ1S + λ2S
2 + V (x))Ψ = 0

was carried out in [8]. In this case, symmetry operators have representation (10) with
V1 = λ2

1
4λ2

and n = 2.
(iii) Now, let us consider nonlinear PDE of type (4) in (r + 1)-dimensional space:

SnΨ + F (ΨΨ∗)Ψ = 0, (11)

where Ψ∗ is complex conjugated function, n is an arbitrary integer power, F is an
arbitrary complex function of ΨΨ∗.
We study symmetry classification of (11), i.e. we find all functions F (ΨΨ∗) which

admit an extension of symmetry of equation (11).
Theorem 4. Equation (11) is invariant under the following algebras:

(1) 〈P0, Pa, Jab, Ga, Q1〉, iff F is an arbitrary differentiable function;
(2) 〈P0, Pa, Jab, Ga, Q1, Q2〉, iff F = const �= 0;
(3) 〈P0, Pa, Jab, Ga, Q1, D̃〉, iff F = C(ΨΨ∗)k, k �= 0;
(4) 〈P0, Pa, Jab, Ga, Q1,D,A〉, iff F = C(ΨΨ∗)(2n)/(r+2−2n);
(5) 〈P0, Pa, Jab, Ga, Q1, Q2,D,A〉, iff F = 0.
Here, indices a, b are from 1 to r, a �= b, k is an arbitrary number (k �= 0), and

the above operators have the following representation:

P0 = p0, Pa = pa, Jab = xapb − xbpa, Ga = t∂xa
+ imxaQ1,

Q1 = Ψ∂Ψ − Ψ∗∂Ψ∗ , Q2 = Ψ∂Ψ + Ψ∗∂Ψ∗ ,

D̃ = 2t∂t + xc∂xc
− (n/k)Q2, D = 2t∂t + xc∂xc

− r + 2 − 2n
2

Q2,

A = t2∂t + txc∂xc
+ (i/2)mxcxcQ1 − r + 2 − 2n

2
tQ2,

where summation from 1 to r over the repeated indices c is understood.
Thus, in the present paper, we have described the unique linear PDE of arbit-

rary even order which is invariant under the Galilei group. We have investigated the
exhaustive symmetry classification of potentials V (x) of (4) and functions F (ΨΨ∗)
of the nonlinear equation (11), i.e. we have pointed out all functions admitting an
extension of the invariance algebra.

The authors would like to thank an anonymous reviewer for kindness and helpful
suggestions. The paper is partly supported by INTAS, Royal Society, and the Inter-
national Soros Science Education Program (grant No PSU061097).
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Symmetry of equations
with convection terms
W.I. FUSHCHYCH, Z.I. SYMENOH

We study symmetry properties of the heat equation with convection term (the equa-
tion of convection diffusion) and the Schrödinger equation with convection term. We
also investigate the symmetry of systems of these equations with additional conditions
for potentials. The obtained results are applied to construction of exact solutions of
the system of the Schrödinger equation with convection term and the Euler equations
for potentials.

Study of symmetry properties of evolution equations is an important problem in
mathematical physics. These equations are thoroughly investigated by a number of
authors (see, e.g., [1, 2, 3]). The fundamental property of these equations is the fact
that they are invariant under the Galilei transformations.
It is known [4] that the nonlinear heat equation

∂u

∂t
− λ�u = F (u) (1)

is not invariant under the Galilei transformations if F (u) �= 0. It is Galilei–invariant
only in the case of linear equation, i.e., in the case where F (u) = 0 (up to equivalence
transformations). Therefore, it is important to consider nonlinear evolution equations
which admit the Galilei operator.
In the present paper, we study symmetry properties of equations with convection

terms, namely, the heat equation with convection term (the equation of convection
diffusion) and the Schrödinger equation with convection term. We also investigate the
symmetry of systems of these equations with additional conditions for potentials Vk.
The results of symmetry classification are applied to constructing exact solutions of
the system of the Schrödinger equation with convection term and the Euler equations
for potentials.

1 Symmetry of the equation of convection diffusion

The equation of convection diffusion has the form

∂u

∂t
− λ�u = Vk

∂u

∂xk
, (2)

where u = u(t, �x) is a real function, λ is a real parameter, the index k varies from 1
to n.
To extend the symmetry of equation (2), we apply the idea proposed in [4, 5, 6].

Namely, we assume that the functions Vk = Vk(t, �x) are new dependent variables on

J. Nonlinear Math. Phys., 1997, 4, № 3–4, P. 470–479.
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equal conditions with the function u. In other words, we seek for symmetry operators
of equation (2) in the form

X = ξµ∂xµ
+ η∂u + ρk∂Vk

, (3)

where ξµ, η, ρk are real functions of t, �x, u, �V . Applying the Lie algorithm [7, 8, 9],
we find that the unknown functions ξµ, η, ρk have the form

ξ0 = 2A(t), ξk = Ȧ(t)xk +Bkl(t)xl + Uk(t),

ρk = Bkl(t)Vl − Ä(t)xk − Ḃkl(t)xl − U̇k(t) − Ȧ(t)Vk, η = C1u+ C2,
(4)

where A, Bkl, (k, l = 1, n, k �= l), Bkl = −Blk, Uk (k = 1, n) are arbitrary smooth
real functions of t; C1, C2 are arbitrary constants. Thus, the following assertion is
true:
Theorem 1. The equation of convection diffusion (2) in the class of operators (3) is
invariant under the infinite-dimensional Lie algebra with infinitesimal operators

QA = 2A(t)∂t + Ȧ(t)xr∂xr
− [Ä(t)xr + Ȧ(t)Vr]∂Vr

,

Qkl = Bkl(t) [xl∂xk
− xk∂xl

+ Vl∂Vk
− Vk∂Vl

] − Ḃkl(t)(xl∂Vk
− xk∂Vl

),

Qa = Ua(t)∂xa
− U̇a(t)∂Va

, a = 1, n,
Z1 = u∂u, Z2 = ∂u,

(5)

where we mean summation from 1 to n over the repeated index r and no summation
over indices k, l, and a.
Remark 1. Infinite-dimensional algebra (5) includes the Galilei operator Qa. This
operator generates the following transformations:

t→ t̃ = t,

xb → x̃b = xb + αbU
b(t)δab,

u→ ũ = u,

V b → Ṽ b = Vb − αbU̇
b(t)δab,

(6)

where αb is an arbitrary real parameter of transformations, δab is the Kronecker
symbol, there is summation from 1 to n over the repeated index b and no summation
over the repeated index a. We see that the function u is not changed under the action
of this operator. This fact is essentially different from the Galilei transformations for
the standard free heat equation

∂u

∂t
− λ�u = 0, (7)

where the Galilei operator has the form

Ga = t∂xa
− 1

2λ
xau∂u. (8)

For operator (8), the function u is changed as follows:

u→ ũ = u exp
(
−xaαa

2λ
− t(αa)2

4λ

)
, (9)
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Thus, the operators Qa and Ga are essentially different representations of the Galilei
operator.
Let us now investigate the symmetry of systems including equation (2) and addi-

tional conditions for the potentials. Note that in [3], the authors find a nontrivial
symmetry of the nonlinear Fokker–Planck equation by imposing the additional condi-
tions for coefficient functions.
Let the additional conditions for the potentials Vk be the Euler equations. In other

words, consider the following system:
∂u

∂t
− λ�u = Vk

∂u

∂xk
,

∂Vk
∂t

− λ1Vl
∂Vk
∂xl

= 0, k = 1, n.
(10)

Symmetry of the nonlinear system (10) essentially depends on the value of the
parameter λ1. There are two different cases.

The first case. λ1 = 1. In this case, system (10) in the class of operators (3) is
invariant under the Lie algebra with the basis operators

P0 = ∂t, Pa = ∂xa
, Jab = xa∂xb

− xb∂xa
+ Va∂Vb

− Vb∂Va
,

G̃a = t∂xa
− ∂Va

, D = 2t∂t + xk∂xk
− Vk∂Vk

,

A = t2∂t + txk∂xk
− (xk + tVk)∂Vk

, Z1 = u∂u, Z2 = ∂u.

(11)

The Galilei operator G̃a generates the following finite transformations:

t→ t̃ = t,

xb → x̃b = xb + tαbδab,

Vb → Ṽ b = Vb − αbδab,

u→ ũ = u,

(12)

where we mean summation from 1 to n over the repeated index b.
Conclusion 1. Thus, the scalar function u, unlike the heat equation, is not changed
under the Galilei transformations.

The second case. λ1 �= 1. In this case, the invariance algebra of system (10) is
essentially more restricted and does not include the Galilei operator and the projective
one. In other words, for λ1 �= 1 in the class of operators (3), system (10) is invariant
under the Lie algebra with basis elements P0, Pa, Jab, D, Z1, Z2 of the form (11).
The first case is essentially more interesting and important that the second one.

Therefore, in what follows, we consider system (10) in the case where λ1 = 1.
Consider now system (10), where the Euler equations have the right-hand sides of

the form F (u) ∂u∂xk
, i.e., the following nonlinear system:

∂u

∂t
− λ�u = Vk

∂u

∂xk
,

∂Vk
∂t

− Vl
∂Vk
∂xl

= F (u)
∂u

∂xk
, k = 1, n,

(13)

where F (u) is a smooth function of u. Let us carry out symmetry classification of
system (13), i.e., determine all classes of functions F (u), which admit a nontrivial
symmetry of system (13). We consider the following six cases:
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Case 1. F (u) is an arbitrary smooth function. System (13) is invariant under the
Galilei algebra

AG(1, n) = 〈P0, Pa, Jab, G̃a〉, (14)

where the basis operators have the form (11).
Case 2. F = C exp(κu) (κ and C are arbitrary constants, κ �= 0, C �= 0). In this

case, the symmetry of system (13) is more extended and includes algebra (14) and
the dilation operator

D(1) = 2t∂t + xk∂xk
− Vk∂Vk

− 2
κ
∂u.

Case 3. F = Cuκ (κ and C are arbitrary constants, κ �= 0, κ �= 1, C �= 0). In
this case, system (13) is invariant under the extended Galilei algebra (14) with the
dilation operator

D(2) = 2t∂t + xk∂xk
− Vk∂Vk

− 2
κ+ 1

u∂u.

Case 4. F = C
u (C is an arbitrary constant, C �= 0). The maximal invariance

algebra is

〈P0, Pa, Jab, G̃a, Z1〉,
where Z1 = u∂u.

Case 5. F = C (C is an arbitrary constant, C �= 0). The maximal invariance
algebra is

〈P0, Pa, Jab, G̃a,D
(2), Z2〉,

where Z2 = ∂u. In this case, the dilation operator D(2) has the form

D(2) = 2t∂t + xk∂xk
− Vk∂Vk

− 2u∂u.

Case 6. F = 0. In this case, system (13) admits the widest invariance algebra,
namely,

〈P0, Pa, Jab, G̃a,D,A,Z1, Z2〉,
where the dilation operator D and the projective operator A have the form (11).
Conclusion 2. It is important that system (13) is invariant under the Galilei transfor-
mations for an arbitrary smooth function F (u). It should be stressed once more that,
unlike the standard heat equation, the function u is not changed under the Galilei
transformations.
Consider other examples of systems of the equation of convection diffusion and

additional conditions for the potentials Vk.
Let the functions Vk satisfy the heat equation, i.e., we investigate the following

system:

∂u

∂t
− λ�u = Vk

∂u

∂xk
,

∂Vk
∂t

− λ1�Vk = 0, k = 1, n,
(15)

where λ1 �= 0 is an arbitrary real parameter.
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Theorem 2. System (14) in the class of operators (3) is invariant under the Lie
algebra with the basis operators

P0, Pa, Jab, D, Z1, Z2

of the form (11).
The case where the functions Vk satisfy the Laplace equation is more important:

∂u

∂t
− λ�u = Vk

∂u

∂xk
,

�Vk = 0, k = 1, n.
(16)

Theorem 3. System of equations (16) in the class of operators (3) is invariant under
the infinite-dimensional Lie algebra with the basis operators

QA, Qkl, Qa, Z1, Z2

of the form (5).
Note that the symmetry of system (16) is the same as the symmetry of equa-

tion (2). In other words, the conditions �Vk = 0 do not contract the symmetry of the
equation of convection diffusion.

2 The Schrödinger equation with convection term
Consider the Schrödinger equation with convection term

i
∂ψ

∂t
+ λ∆ψ = Vk

∂ψ

∂xk
, (17)

where ψ = ψ(t, �x) and Vk = Vk(t, �x) (k = 1, n) are complex functions. For exten-
sion of symmetry, we regard the functions Vk as dependent variables. Note that the
requirement that the functions Vk are complex is essential for the symmetry of (17).
Let us investigate the symmetry of (17) in the class of first-order differential

operators

X = ξµ∂xµ
+ η∂ψ + η∗∂ψ∗ + ρk∂Vk

+ ρ∗k∂V ∗
k
, (18)

where ξµ, η, η∗, ρk, ρ∗k are functions of t, �x, ψ, ψ∗, �V , �V ∗.
Theorem 4. Equation (17) is invariant under the infinite-dimensional Lie algebra
with the infinitesimal operators

QA = 2A∂t + Ȧxr∂xr
− iÄxr(∂Vr

− ∂V ∗
r
) − Ȧ(Vr∂Vr

+ V ∗
r ∂V ∗

r
),

Qkl = Bkl(xl∂xk
− xk∂xl

+ Vl∂Vk
− Vk∂Vl

+ V ∗
l ∂V ∗

k
− V ∗

k ∂V ∗
l
) −

− iḂkl(xl∂Vk
− xk∂Vl

− xl∂V ∗
k

+ xk∂V ∗
l
),

Qa = Ua∂xa
− iU̇a(∂Va

− ∂V ∗
a
),

Z1 = ψ∂ψ, Z2 = ψ∗∂ψ∗ , Z3 = ∂ψ, Z4 = ∂ψ∗ ,

(19)

where A, Bkl (k < l, k, l = 1, n) , Ua (a = 1, n) are arbitrary smooth functions of t,
Bkl = −Blk, we mean summation over the index r and no summation over indices
a, k, and l.
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This theorem is proved by the standard Lie algorithm in the class of operators (18).
Note that algebra (19) includes as a particular case the Galilei operator of the

form:

G̃a = t∂xa
− i∂Va

+ i∂V ∗
a
. (20)

This operator generates the following finite transformations:

xb → x̃b = xb + βbtδab,

t→ t̃ = t,

ψ → ψ̃ = ψ, ψ∗ → ψ̃∗ = ψ∗,

Vb → Ṽb = Vb − iβbδab, V
∗
b → Ṽ ∗

b = V ∗
b + iβbδab,

where βb is an arbitrary real parameter and we mean summation from 1 to n over the
repeated index b. Note that the wave function ψ is not changed for these transforma-
tions. Operator (20) is essentially different from the standard Galilei operator

Ga = t∂xa
+

i

2λ
xa(ψ∂ψ − ψ∗∂ψ∗). (21)

of the free Schrödinger equation (Vk = 0). Note that we cannot derive operator (21)
from algebra (19). Thus, we have two essentially different representations of the Galilei
operator: (20) for the Schrödinger equation with convection term and (21) for the free
Schrödinger equation.
Remark 2. If we assume that the functions Vk are real in equation (17) and study
symmetry in the class of operators

X = ξµ∂xµ
+ η∂ψ + η∗∂ψ∗ + ρa∂Va

, (22)

where the unknown functions ξµ, η, η∗, ρa depend on t, �x, ψ, ψ∗, �V , then the maxi-
mal invariance algebra of equation (17) is sufficiently restricted. Namely, in the class
of operators (22), equation (17) is invariant under the Lie algebra with the basis
operators

P0, Pa, Jab = xa∂xb
− xb∂xa

+ Va∂Vb
− Vb∂Va

,

D = 2t∂t + xr∂xr
− Vr∂Vr

, Z1 = ψ∂ψ, Z2 = ψ∗∂ψ∗ , Z3 = ∂ψ, Z4 = ∂ψ∗ .

Thus, in the case of real functions Vk, equation (17) is not invariant under the Galilei
transformations.
Consider now the system of equation (17) with the additional condition for the

potentials Vk, namely, the complex Euler equations:

i
∂ψ

∂t
+ λ∆ψ = Vk

∂ψ

∂xk
,

i
∂Vk
∂t

− Vl
∂Vk
∂xl

= F (|ψ|) ∂ψ
∂xk

.

(23)

Here, ψ and Vk are complex dependent variables of t and �x, F is a smooth function
of |ψ|. The coefficients of the second equation of (23) provide the broad symmetry of
this system.



Symmetry of equations with convection terms 177

Let us investigate symmetry classification of system (23). Consider the following
five cases.

Case 1. F is an arbitrary smooth function. The maximal invariance algebra is
〈P0, Pa, Jab, Ga〉, where

Jab = xa∂xb
− xb∂xa

+ Va∂Vb
− Vb∂Va

+ V ∗
a ∂V ∗

b
− V ∗

b ∂V ∗
a
,

G̃a = t∂xa
− i∂Va

+ i∂V ∗
a
.

Case 2. F = C|ψ|k (C is an arbitrary complex constant, C �= 0, k is an arbitrary
real number, k �= 0 and k �= −1). The maximal invariance algebra is 〈P0, Pa, Jab, G̃a,
D(1)〉, where

D(1) = 2t∂t + xr∂xr
− Vr∂Vr

− V ∗
r ∂V ∗

r
− 2

1 + k
(ψ∂ψ + ψ∗∂ψ∗).

Case 3. F = C
|ψ| (C is an arbitrary complex constant, C �= 0). The maximal

invariance algebra is 〈P0, Pa, Jab, G̃a, Z = Z1 + Z2〉, where
Z = ψ∂ψ + ψ∗∂ψ∗ , Z1 = ψ∂ψ, Z2 = ψ∗∂ψ∗ .

Case 4. F = C �= 0 (C is an arbitrary complex constant). The maximal invariance
algebra is 〈P0, Pa, Jab, G̃a,D

(1), Z3, Z4〉, where
Z3 = ∂ψ, Z4 = ∂ψ∗ .

Case 5. F = 0. The maximal invariance algebra is 〈P0, Pa, Jab, G̃a,D,A,Z1, Z2, Z3,
Z4〉, where

D = 2t∂t + xr∂xr
− Vr∂Vr

− V ∗
r ∂V ∗

r
,

A = t2∂t + txr∂xr
− (ixr + tVr)∂Vr

+ (ixr − tV ∗
r )∂V ∗

r
.

Thus, system (23) is invariant under the Galilei transformations generated by
operator (20) for an arbitrary function F (|ψ|).
Let us now apply these results to obtain invariant solutions of system (23) with

λ = 1 in two-dimensional space-time in the case where F (|ψ|) = 0:

i
∂ψ

∂t
+
∂2ψ

∂x2
= V

∂ψ

∂x
, i

∂V

∂t
− V

∂V

∂x
= 0. (24)

The invariance algebra of system (24) includes the translation operators, Galilei,
dilation, and projective operators:

P0 = ∂t, P1 = ∂x, G̃ = t∂x − i∂V + i∂V ∗ ,

D = 2t∂t + x∂x − V ∂V − V ∗∂V ∗ ,

A = t2∂t + tx∂x − (ix+ tV )∂V + (ix− tV ∗)∂V ∗ .

1) The one-dimensional subalgebra G̃+αP0 is associated with the symmetry ansatz

ψ = ϕ(2αx− t2), V = − i

α
t+ U(2αx− t2). (25)



178 W.I. Fushchych, Z.I. Symenoh

Ansatz (25) reduces system (24) to the following system of ordinary differential equa-
tions:

2αϕ′′ = Uϕ′,
1
α
− 2αUU ′ = 0, (26)

where ϕ′ ≡ ∂ϕ
∂ω , ω = 2αx− t2. The general solution of system (26) has the form

U =

√
C1 +

1
α2
ω, ϕ = C2

∫
exp
{
α

3
(C1 +

1
α2
ω)3/2

}
dω + C3, (27)

where C1, C2, C3 are arbitrary constants. Thus, we obtain the partial solution of
system (24), where ψ has the form (27), and

V = − i

α
t+

√
C1 +

1
α2
ω.

2) The subalgebra

G̃+ α(Z3 + Z4) = t∂x − i∂V + i∂V ∗ + α(∂ψ + ∂ψ∗)

is associated with the symmetry ansatz

ψ = α
x

t
+ ϕ(t), V = −ix

t
+ U(t). (28)

Ansatz (28) reduces system (24) to the following system of ordinary differential equa-
tions:

iϕ̇ =
α

t
U, U̇ +

U

t
= 0

with the general solution of the form

U =
C1

t
, ϕ = i

C1α

t
+ C2,

where C1, C2 are arbitrary constants. Thus, we get the partial solution of system (24):

V = −ix
t

+
C1

t
, ψ = α

x

t
+ i

C1α

t
+ C2.

3) The subalgebra

G̃+ α(Z1 + Z2) = t∂x − i∂V + i∂V ∗ + α(ψ∂ψ + ψ∗∂ψ∗)

is associated with the symmetry ansatz

ψ = exp
(
α
x

t

)
ϕ(t), V = −ix

t
+ U(t). (29)

Ansatz (29) reduces system (24) to the following system of ordinary differential equa-
tions:

iϕ̇+
α2

t2
ϕ = U

α

t
ϕ, U̇ +

U

t
= 0
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with the general solution

U =
C1

t
, ϕ = C2 exp

(
i

t
C1α− iα2

t

)
,

where C1, C2 are arbitrary constants. Thus, we get the partial solution of system (24):

V = −ix
t

+
C1

t
, ψ = C2 exp

(
αx

t
+
i

t
C1α− iα2

t

)
.

4) The subalgebra

A+ αi(Z1 − Z2) = t2∂t + tx∂x − (ix+ tV )∂V + (ix+ tV ∗)∂V ∗ +
+ iα(ψ∂ψ − ψ∗∂ψ∗)

is associated with the symmetry ansatz

ψ = exp
(
−iα

t

)
ϕ
(x
t

)
, V = −ix

t
+

1
t
U
(x
t

)
. (30)

Ansatz (30 reduces system (24) to the following system of ordinary differential equa-
tions:

U = 0, ϕ′′ − αϕ = 0.

where ϕ′′ ≡ ∂2ϕ
∂ω2 , ω = x

t . Consider the following two cases:
4a) α > 0. In this case, system (24) has the following solution:

V = −ix
t
, ψ = exp

(
−iα

t

) [
C1 exp

(√
α
x

t

)
+ C2 exp

(
−√

α
x

t

)]
,

where C1, C2 are arbitrary constants.
4b) α < 0. In this case, system (24) has the following solution:

V = −ix
t
, ψ = exp

(
−iα

t

) [
C1 cos

(√−α x
t

)
+ C2 sin

(√−α x
t

)]
,

where C1, C2 are arbitrary constants.
5) The one-dimensional algebra

A+ α(Z3 + Z4) = t2∂t + tx∂x − (ix+ tV )∂V + (ix+ tV ∗)∂V ∗ + α(∂ψ + ∂ψ∗)

is associated with the symmetry ansatz

ψ = −α
t

+ ϕ
(x
t

)
, V = −ix

t
+

1
t
U
(x
t

)
, (31)

which reduces system (24) to the following one:

U = 0, ϕ′′ + iα = 0.

where ϕ′′ ≡ ∂2ϕ
∂ω2 , ω = x

t . Solving this system, we obtain the exact solution of
system (24):

V = −ix
t
, ψ = −α

t
− i

α

2
x2

t2
+ C1

x

t
+ C2,

where C1, C2 are arbitrary constants.
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On new Galilei- and Poincaré-invariant
nonlinear equations for electromagnetic field
W.I. FUSHCHYCH, I.M. TSYFRA

Nonlinear systems of differential equations for �E and �H which are compatible wi-
th the Galilei relativity principle are proposed. It is proved that the Schrödinger
equation together with the nonlinear equation of hydrodynamic type for �E and �H
are invariant with respect to the Galilei algebra. New Poincaré-invariant equations
for electromagnetic field are constructed.

1. It is usually accepted to think that the classical Galilei relativity principle does
not take place in electrodynamics. This postulate was accepted more then 100 years
ago and it is even difficult to state the following problems:

1. Do systems of differential equations for vector-functions ( �E, �H) or ( �D, �B) which
are invariant under the Galilei algebra exist?

2. Is it possible to construct a successive Galilei-invariant electrodynamics?

3. Do the new relativity principles different from Galilei or Poincaré–Lorentz–
Einstein ones exist?

The positive answers to this questions are given in [1–6]. But from the physical
and mathematical points of view this fundamental problems still require detailed
investigations. In the paper we continue these investigations. Further we give theorems
on local symmetries of the following systems of differential equations

∂ �D

∂t
= rot �H,

∂ �B

∂t
= −rot �E,

div �D = 0, div �B = 0;
(1)

a1
�D + a2� �D = F1

(
�E2, �B2, �B �E

)
�E + F2

(
�E2, �B2, �B �E

)
�B,

b1 �H + b2� �H = R1

(
�E2, �B2, �B �E

)
�E +R2

(
�E2, �B2, �B �E

)
�B;

(2)

∂ �E

∂t
= rot �H +N1

�∇P1,
∂ �H

∂t
= −rot �E +N2

�∇P2, (3)

div �E = N1
∂P1

∂t
, div �H = N2

∂P2

∂t
, (4)

where N1, N2, P1, P2 are functions of w1 = �E2 − �H2, w2 = �E �H;

∂Ek
∂t

+Hl
∂Ek
∂xl

=
∂F1(Ψ†Ψ)

∂xk
,

∂Hk

∂t
+ El

∂Hk

∂xl
=
∂F2(Ψ†Ψ)

∂xk
, k = 1, 2, 3;

(5)

J. Nonlinear Math. Phys., 1997, 4, № 1–2, P. 44–48.
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i
∂Ψ
∂t

=

− 1
2m

[
∂l − ieλ( �E − �H)

(
∂ �E

∂xl
− ∂ �H

∂xl

)]2

+

+ eλ( �E − �H)

(
∂ �E

∂t
− ∂ �H

∂t

)}
Ψ − e

2m
�σ( �E − �H)Ψ,

(6)

�σ are the Pauli matrices, Ψ is a wave function;

i
∂Ψ
∂t

=

− 1
2m

[
∂l − ie

(
λ1

El√
�E2

+ λ2
Hl√
�H2

)]2

+

+ eλ1

(
λ1√
�E2

+
λ2√
�H2

)}
Ψ − e

2m
β

[
�σ

(
λ3

�E√
�E2

+ λ4

�H√
�H2

)]
Ψ,

(7)

where λ, λ1, λ2, λ3, λ4, β are functions of �E2, �H2, �E �H.(
∂

∂t
+ vl

∂

∂xl

)
m(�v2)�v = a1( �E + �v ×H) + a2( �H − �v × E), (8)

where �v = (v1, v2, v3), a1, a2 are smooth functions of �v2, �E2, �H2, �v �E, �v �H, �E(�v× �H),
�H(�v × �E).
Equation (8) can be considered as a hydrodynamics generalization of the classical

Newton–Lorentz equation of motion.
2. To study symmetries of the above equations (1)–(4), we use in principle the

standard Lie scheme and therefore all statements are given without proofs. But it
should be noted that the proofs of theorems require nonstandard steps and long
cumbersome calculations which are omitted here.
As proved in [9], system (1) of undetermined equations for �D, �B, �E, �H is invariant

with respect to the infinite-dimensional algebra which contains the Poincaré, Galilei
and conformal algebras as subalgebras. This fact allows us to impose some conditions
on functional dependence of �D, �B, �E, �H and to select equations invariant under the
Galilei algebra AG(1, 3).

Theorem 1. System (1) is invariant with respect to the Galilei algebra AG(1, 3) with
basis operators

P0 = ∂t =
∂

∂t
, Pa = ∂xa

=
∂

∂xa
,

Jab = xa∂xb
− xb∂xa

+ Ea∂Eb
− Eb∂Ea

+Ha∂Hb
−Hb∂Ha

+
+Da∂Db

−Db∂Da
+Ba∂Bb

−Bb∂Ba
,

Ga = t∂xa
+ εabc (Bb∂Ec

−Db∂Hc
)

if

�D = N( �B2, �B �E) �B, �H = −N( �B2, �B �E) �E +M( �B2, �B �E) �B, (9)

where M , N are arbitrary functions of their variables.
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Choosing concrete form of M and N , we obtain families of Galilei-invariant equa-
tions (1) with conditions (9). So, when N = �B �E, M = 1, then (9) takes the form

�D =
( �E �H)2

(1 − �E2)2
�E +

�E �H

1 − �E2
�H, �B =

�E �H

1 − �E2
�E + �H.

Corollary 1. The transformation rule for �E and �H has the form

�E → �E′ = �E + �u× �B, �H → �H ′ = �H − �u× �D,

�D → �D′ = �D, �B → �B′ = �B

under Galilei transformations, where �u is a velocity of an inertial system with respect
to another inertial system.
Theorem 2. System (1), (2) is invariant with respect to the Poincaré algebra AP (1, 3)
with basis elements

P0 = ∂x0 , Pa = ∂xa
,

Jab = xa∂xb
− xb∂xa

+ Ea∂Eb
− Eb∂Ea

+Ha∂Hb
−Hb∂Ha

+
+Da∂Db

−Db∂Da
+Ba∂Bb

−Bb∂Ba
,

J0a = x0∂xa
+ xa∂x0 + εabc (Db∂Hc

+ Eb∂Bc
−Hb∂Dc

−Bb∂Ec
)

if and only if

F1 = R2 = M( �B2 − �E2, �B �E), F2 = −R1 = N( �B2 − �E2, �B �E),

a1 = b1 = a( �B2 − �E2, �B �E), a2 = b2 = b( �B2 − �E2, �B �E).

Theorem 3. System (3) is invariant with respect to the Poincaré algebra AP (1, 3)
with basis elements

P0 = ∂t, Pa = ∂xa
,

Jab = xa∂xb
− xb∂xa

+ Ea∂Eb
− Eb∂Ea

+Ha∂Hb
−Hb∂Ha

,

J0a = t∂xa
+ εabc (Eb∂Hc

−Hb∂Ec
)

if and only if �E and �H satisfy system (4).
System (5) was proposed in [4] and its symmetry has been studied in [10], when

F1 = 0, F2 = 0.
Corollary 2. System (5), (6) can be considered as a system of equations describing
the interaction of electromagnetic field with a Schrödinger field of spin s = 1/2.
Theorem 4. System (5), (6) is invariant with respect to the Galilei algebra AG(1, 3)
whose basis elements are given by formulas

P0 = ∂t, Pa = ∂xa
,

Jab = xa∂xb
− xb∂xa

+ Ea∂Eb
− Eb∂Ea

+

+Ha∂Hb
−Hb∂Ha

+
1
4

([σa, σb]Ψ)n ∂Ψn
,

Ga = t∂xa
+ ∂Ea

+ ∂Ha
+ imxaΨk∂Ψk

.

(10)

if λ is a function of W =
(
�E − �H

)2.
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Theorem 5. Equation (7) is invariant with respect to the Galilei algebra AG(1, 3)
with the basis elements Pµ, Jab (10) and

Ga = t∂xa
− EaEk∂Ek

−HaHk∂Hk
+ imxaΨk∂Ψk

. (11)

if λ1, λ2, λ3, λ4, β are functions of W = �E2 �H2

(�E �H)2
.

Corollary 3. Operators Ga (11) give the nonlinear representation of the Galilei
algebra. Thus, one can consider system (5), (7) as a basis of the classical Galilei-
invariant electrodynamics. The fields �E, �H, Ψ are transformed in the following way

�E → �E′ =
�E

1 + θaEa
,

�H → �H ′ =
�H

1 + θaHa
no sum over a,

Ψ → Ψ′ = exp
{
imxaθa + im

θ2a
2
t

}
under transition from one inertial system to another, θa is group parameter.
Theorem 6. System (8) is invariant with respect to the Poincaré algebra AP (1, 3)
with basis elements

P0 = ∂t, Pa = ∂xa
,

Jab = xa∂xb
− xb∂xa

+ Ea∂Eb
− Eb∂Ea

+Ha∂Hb
−Hb∂Ha

+ va∂vb
− vb∂va

,

J0a = t∂xa
+ εabc (Eb∂Hc

−Hb∂Ec
) + ∂va

− va (vk∂vk
)

(12)

if

m(�v2) =
m0√
1 − �v2

.

and a1, a2 are functions of W1, W2, W3, where W1 = �E �H, W2 = �E2 − �H2, W3 =
1

1−v2 [(�v �E)2 + (�v �H)2 − �v2 �H2 − �E2 − 2 �E(�v × �H)].
Corollary 4. From this theorem we obtain the dependence of a particle mass from
�v2, as a consequence of Poincaré-invariance of system (8).
Theorem 7. System (8) is invariant with respect to the Galilei algebra AG(1, 3) with
Pµ, Jab from (12) and

Ga = t∂xa
+ ∂va

only if m = m0 = const, a1 = a2 = 0.
Corollary 5. Operators (12) give a linear representation for �E and �H [8] and a
nonlinear representation for velocity �v. The explicit form of transformations for �v
generated by G1 is

v1 → v′1 =
v1 + θ1
1 + θ1v1

, v2 → v′2 =
v2

1 + θ1v1
, v3 → v′3 =

v3
1 + θ1v1

.

Remark 1. In conclusion we note that there exists the nonlinear representation of
the Galilei algebra AG(1,3), generated by the operators Pµ, Jab from (12) and

G(1)
a = t∂xa

− EaEk∂Ek
−HaHk∂Hk

− vavk∂vk
.
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Reduction of self-dual Yang–Mills equations
with respect to subgroups of the extended
Poincaré group
V.I. LAHNO, W.I. FUSHCHYCH

For the vector potential of the Yang–Mills field in the Minkowski space R(l, 3), we
construct the ansatze that are invariant under three-parameter subgroups of the
extended Poincaré group P̃ (1, 3). We perform the symmetry reduction of self-dual
Yang–Mills equations to systems of ordinary differential equations.

1 Introduction
Classical SU(2)-invariant Yang–Mills equations (YME) comprise a system of twelve
nonlinear partial differential equations (PDE) of the second order in the Minkowski
space R(1, 3). On the other hand, once the Yang–Mills potentials satisfy the self-
duality conditions, the YME are automatically satisfied. This allows one to construct
a broad subclass of solutions to the YME using the condition of self-duality, which
amounts to a system of nine first-order PDE,

Fµν =
i

2
εµνγδF

γδ, (1)

where Fµν = ∂µ �Aν − ∂ν �Aµ + e �Aµ × �Aν is the Yang–Mills strength-tensor, εµνγδ
is the rank-four antisymmetric tensor, and e is the gauge coupling constant, with
µ, ν, γ, δ,= 0, 3. Equations (1) are called the self-dual Yang–Mills equations (SDYME).
Self-duality properties have allowed exact solutions to YME to be explicitly con-

structed, starting with the ansatze for the Yang–Mills fields proposed by Wu and
Yang, Rosen, ’t Hooft, Corrigan and Fairlie, Wilczek, and Witten. One should also
note the Atiyah–Drinfeld–Hitchin–Manin construction that has been applied in the
construction of instanton solutions to YME (see reviews [1, 2] and the bibliographies
cited therein).
Recently, increasing interest has been given to SDYME and the corresponding Lax

pairs in the Euclidean space R(4) in view of the possibility of reducing them to classical
integrable equations (Euler–Arnold, Burgers, Kadomtsev–Petviashvili, Liouville, and
others). This problem was considered, in particular, in [3–5], where reduction with
respect to translations was performed. In [6], SDYME were reduced with respect to all
subgroups of the Euclidean group E(4), while in [7, 8], SDYME and the corresponding
Lax pairs in four- dimensional Minkowski space with the signature (+ + −−) were
reduced with respect to Abelian subgroups of the Poincaré group P (2, 2).
In this paper, we continue our investigation of the problem of the symmetry

reduction of YME and SDYME in the Minkowski space R(1, 3). It is known [9] that the
maximal symmetry group (according to Lie) of the YME is the group C(1, 3)⊗SU(2);

Theor. and Math. Phys., 1997, 110, № 3, P. 329–342.
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this group also preserves SDYME (1). The presence of high symmetry allows one to
apply the method of symmetry reduction [10, 11] to the equations and, further, to
obtain exact solutions. Several conformally invariant solutions of YME were found
in [12] (see, also, [13]). A systematic investigation of conformally invariant reductions
of YME and SDYME was initiated in [14, 15], where YME and SDYME (1) were
reduced, with respect to three-parameter subgroups of the Poincaré group P (1, 3), to
systems of ordinary differential equations (ODE) and new solutions to the YME were
constructed. The unified form of the P (1, 3)-invariant ansatze made it possible [16] to
perform a direct reduction of the YME to systems of ODE and to obtain conditionally
invariant solutions of the YME. In this paper, we consider the symmetry reduction
of SDYME (1) to systems of ODE that correspond to three-parameter subgroups of
the extended Poincaré group P̃ (1, 3).
The paper is organized as follows. In Section 2, we consider the general procedure

for constructing linear ansatze. Section 3 is devoted to the derivation of the unified
form of P̃ (1, 3)-invariant ansatze and to the reduction of SDYME (1) to systems of
ODE. In the last section, we consider some of the reduced systems and obtain exact
real solutions of (1).

2 Linear form of P̃ (1, 3)-invariant ansatze
As noted above, SDYME (1) are invariant under the conformal group C(1, 3), in which
the generators

Pµ = ∂µ, Jµν = xµ∂ν − xν∂µ +Amµ
∂

∂Amν
−Amν

∂

∂Amµ
,

D = xµ∂µ −Amµ
∂

∂Amµ
,

(2)

span a subgroup isomorphic to the extended Poincaré group P̃ (1, 3). Here, ∂µ =
∂
∂xµ
, with µ, ν = 0, 3 and m,n = 0, 3. Here and henceforth, we sum over repeated

indices (from 0 to 3 for the indices µ, ν, γ, δ, σ = 0, 3, and from 1 to 3 for m,n =
1, 3). The indices µ, ν, γ, δ, and σ are raised and lowered by the metric tensor gµν =
diag (1,−1,−1,−1).
Let AP̃ (1, 3) be the extended Poincaré algebra whose basis is given by genera-

tors (2) and let AP̃ (1, 3) be the extended Poincaré algebra generated by the vector
fields

P (1)
µ = ∂µ, J (1)

µν = xµ∂ν − xν∂µ, D = xµ∂µ.

In the classical approach, due to Lie [10, 11], symmetry reduction of SDYME (1)
to systems of ODE is associated with those subalgebras L of AP̃ (1, 3) that satisfy
the condition r = r(1) = 3, where r is the rank of L and r(1) is the rank of the
projection of L onto AP̃ (1)(1, 3). As can be easily seen, we have dim L = r = 3, which
means that in order to perform the reduction, we need to know the three-dimensional
subalgebras of AP̃ (1, 3) satisfying the above condition. Taking into account that
SDYME (1) are invariant under the conformal group C(1, 3), we can restrict ourselves
to the three-dimensional subalgebras of AP̃ (1, 3) determined up to conformal conjuga-
tion. Such subalgebras of the AP̃ (1, 3) algebra are known [17, 18]. Since the case of
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the Poincaré algebra AP (1, 3) has been considered in [14, 15], we limit ourselves to
those subalgebras of AP̃ (1, 3) that are not C(1, 3)-conjugates to the subalgebras of
AP (1, 3). We use the results and notation of [18], in particular, the fact that the
list of three-dimensional subalgebras of AP̃ (1, 3) that are not conjugate to the three-
dimensional subalgebras of AP (1, 3) is exhausted, up to C(1, 3)-conjugation, by the
following algebras:

L1 = 〈D,P0, P3〉, L2 = 〈J12 + αD,P0, P3〉,
L3 = 〈J12,D, P0〉, L4 = 〈J12,D, P3〉,
L5 = 〈J03 + αD,P0, P3〉, L6 = 2〈J03 + αD,P1, P2〉,
L7 = 〈J03 + αD,M,P1〉 (α �= 0), L8 = 〈J03 +D + 2T, P1, P2〉,
L9 = 〈J02 +D + 2T,M,P1〉, L10 = 〈J03,D, P1〉,
L11 = 〈J03,D,M〉, L12 = 〈J12 + αJ03 + βD,P0, P3〉,
L13 = 〈J12 + αJ03 + βD,P1, P2〉,
L14 = 〈J12 + α(J03 +D + 2T ), P1, P2〉, L15 = 〈J12 + αJ03,D,M〉,
L16 = 〈J03 + αD, J12 + βD,M〉, (0 ≤ |α| ≤ 1, β ≥ 0, |α| + |β| �= 0),
L17 = 〈J03 +D + 2T, J12 + αT,M〉 (α ≥ 0),
L18 = 〈J03 +D,J12 + 2T,M〉, L19 = 〈J03, J12,D〉,
L20 = 〈G1, J03 + αD,P2〉 (0 < |α| ≤ 1), L21 = 〈J03 +D,G1 + P2,M〉,
L22 = 〈J03 −D +M,G1, P2〉, L23 = 〈J03 + 2D,G1 + 2T,M〉,
L24 = 〈J03 + 2D,G1 + 2T, P2〉.

(3)

Here,M = P0+P3, G1 = J01−J13, and T = 1
2 (P0−P3); also, α, β > 0 unless explicitly

stated otherwise. In what follows, α and β take on the values given in list (3).
Note that all of the subalgebras Lj (j = 1, 24) satisfy the condition r = r(1) = 3.
Let us demonstrate that, similar to [14, 15, 19], the ansatz for the �Aµ fields can

be taken, without any loss of generality, in the linear form

�Aµ(x) = Λ(x) �Bµ(ω), (4)

where Λ(x) is a known square nondegenerate order-12 matrix and �Bµ(ω) are new
unknown vector-functions of the independent variable ω = ω(x), with x = (x0, x1, x2,
x3) ∈ R(1, 3).
Obviously, the fact that the sought for ansatz is linear requires that the algebra

Lj contain an invariant ω(x) independent of �Aµ, as well as twenty linear invariants
of the form

fmµ0(x)A
m
0 + fmµ1(x)A

m
1 + fmµ2(x)A

m
2 + fmµ3(x)A

m
3 ,

which are functionally dependent as functions of Am0 , Am1 , Am2 , and Am3 . These invari-
ants can be considered as components of a vector F �A, where F = (fmµν(x)), while

�A =


�A0

�A1

�A2

�A3

 .
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Here, the matrix F is nondegenerate in some domain in R(1, 3). According to the
theorem on the conditional existence of invariant solutions [11], the ansatz F �A = �B(ω)
results in a reduction of system (1) to a system of ODE that relates the independent
variable ω, the sought for functions Bmµ , and the first derivatives thereof. Setting
Λ = F−1(x), we arrive at ansatz (4).
Let L = 〈X1,X2,X3〉 be one of the subalgebras of AP̃ (1, 3) from list (3), with Xk

being an operator of form (2), i.e.,

Xk = ξkm(x)∂µ + ρmσλ(x)Amλ
∂

∂Amσ
(k = 1, 2, 3).

The function fnδγ(x)A
n
γ is an invariant of the operator Xk if and only if

ξkµ(x)
∂fnδγ(x)
∂xµ

Anγ + ρkσλ(x)Anλf
n
δσ(x) = 0

or

ξkµ(x)
∂fnδγ(x)
∂xµ

+ fnδσ(x)ρkσγ(x) = 0 (5)

for all values of γ. Let F (x) = (fnδσ(x)) and Γk(x) = (ρkσγ(x)) be square matrices
of order 12. Then the second term on the left-hand side of (5) is an element of the
matrix F (x)Γk(x).
These observations lead us to the following theorem.

Theorem 1. The system of functions fnδγ(x)A
n
γ is a system of functional invariants of

a subalgebra L if and only if F = (fnδσ(x)) is a nondegenerate matrix in some domain
of R(1, 3) and satisfies the system of equations

ξkµ(x)
∂F (x)
∂xµ

+ F (x)Γk(x) = 0 (k = 1, 2, 3). (6)

Similarly, the function ω(x) is an invariant of the operator Xk if and only if Xkω = 0,
i.e.,

ξkµ(x)
∂ω

∂xµ
= 0. (7)

Since all of the algebras Lj satisfy the condition

rank ‖ξkµ(x)‖ = 3,

systems (6) and (7) are compatible.
Theorem 1 assigns a matrix Γk to every generator Xk of the subalgebra L of

AP̃ (1, 3). Let us indicate the explicit form of these matrices for all generators (2) of
the algebra AP̃ (1, 3).
Since the operator Pµ is independent of ∂

∂Am
µ
, the corresponding Γ is a zero matrix.

Denote by −Sµν the Γ-matrix that corresponds to the operator Jµν . It is easy to verify
that

S01 =


0 −I 0 0
−I 0 0 0
0 0 0 0
0 0 0 0

 , S02 =


0 0 −I 0
0 0 0 0
−I 0 0 0
0 0 0 0

 ,
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S03 =


0 0 0 −I
0 0 0 0
0 0 0 0
−I 0 0 0

 , S12 =


0 0 0 0
0 0 −I 0
0 I 0 0
0 0 0 0

 ,

S13 =


0 0 0 0
0 0 0 −I
0 0 0 0
0 I 0 0

 , S23 =


0 0 0 0
0 0 0 0
0 0 0 −I
0 0 I 0

 ,

where 0 is the zero and I is the unit matrix of order 3.
The D operator corresponds to the matrix −E, where E is the unit order-12

matrix.
The above matrices determine a matrix representation of the algebra AQ̃(1, 3) =

AQ(1, 3) ⊕ 〈D〉, because
[Sµν , Sδγ ] = gµγSνδ + gνδSµγ − gµδSνγ − gνγSµδ, [E,Sµν ] = 0.

Let a = (1, 0, 0, 0), b = (0, 1, 0, 0), c = (0, 0, 1, 0), d = (0, 0, 0, 1), and k = a + d.
Denote by aµ, bµ, cµ, and dµ, the µth component of the vectors a, b, c, and d,
respectively. Then,

x0 = ax = aµx
µ, x1 = −bx = −bµxµ,

x2 = −cx = −cµxµ, x3 = −dx = −dµxµ.
Theorem 2. For every subalgebra Lj (j = 1, . . . , 24) from list (3), there exists a linear
ansatz (4), in which ω is a solution to system (7) and

Λ−1 = exp{− log θE} exp{θ0S03} exp{−θ1S12} exp{−2θ2(S01 − S13)}.
Moreover, the functions θ, θ0, θ1, θ2 and ω can be represented as follows:

L1 : θ = |bx|−1, θ0 = θ1 = θ2 = 0, ω = cx(bx)−1,

L2 : θ = Ψ− 1
2

1 , θ0 = θ2 = 0, θ1 = Φ, ω = log Ψ1 + 2Φ,
L3 : θ = |dx|−1, θ0 = θ2 = 0, θ1 = Φ, ω = Ψ1(dx)−2,

L4 : θ = |ax|−1, θ0 = θ2 = 0, θ1 = Φ, ω = Ψ1(ax)−2,

L5 : θ = |bx|−1, θ0 = α−1 log |bx|, θ1 = θ2 = 0, ω = cx(bx)−1,

L6 : θ = |Ψ2|− 1
2 , θ0 =

1
2

log |(ax− dx)(kx)−1|, θ1 = θ2 = 0,

ω = (1 − α) log |ax− dx| + (1 + α) log |kx|,
L7 : θ = |cx|−1, θ0 = α−1 log |cx|, θ1 = θ2 = 0, ω = |kx|α|cx|1−α,
L8 : θ = |ax− dx|− 1

2 , θ0 =
1
2

log |ax− dx|, θ1 = θ2 = 0,

ω = kx− log |ax− dx|,
L9 : θ = |cx|−1, θ0 = log |cx|, θ1 = θ2 = 0, ω = kx− 2 log |cx|,
L10 : θ = |cx|−1, θ0 = log |(ax− dx)(cx)−1|, θ1 = θ2 = 0,

ω = Ψ2(cx)−2,

L11 : θ = |cx|−1, θ0 = − log |(kx(cx)−1|, θ1 = θ2 = 0, ω = cx(bx)−1,
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L12 : θ = Ψ− 1
2

1 , θ0 = −αΦ, θ1 = Φ, θ2 = 0, ω = log Ψ1 + 2βΦ,

L13 : θ = |Ψ2|− 1
2 , θ0 =

1
2

log |(ax− dx)(kx)−1|,

θ1 = − 1
2α

log |(ax− dx)(kx)−1|, θ2 = 0,

ω = (α− β) log |ax− dx| + (α+ β) log |kx|,
L14 : θ = |ax− dx|− 1

2 , θ0 =
1
2

log |ax− dx|, θ1 = −1
2

log |ax− dx|,
θ2 = 0, ω = kx− log |ax− dx|,

L15 : θ = Ψ− 1
2

1 , θ0 = −αΦ, θ1 = Φ, θ2 = 0, ω = log[Ψ1(kx)−2] + 2αΦ,

L16 : θ = Ψ− 1
2

1 , θ0 =
1
2

log |Ψ1(kx)−2], θ1 = Φ, θ2 = 0,

ω = log[Ψ1−α
1 (kx)2α] + 2βΦ,

L17 : θ = Ψ− 1
2

1 , θ0 =
1
2

log Ψ1, θ1 = Φ, θ2 = 0, ω = kx− log Ψ1 + 2αΦ,

L18 : θ = Ψ− 1
2

1 , θ0 =
1
2

log Ψ1, θ1 = Φ, θ2 = 0, ω = kx+ 2Φ,

L19 : θ = Ψ− 1
2

1 , θ0 = −1
2

log |kx(ax− dx)−1|, θ1 = Φ, θ2 = 0,

ω = Ψ1|Ψ2|−1,

L20 : θ = |Ψ3|− 1
2 , θ0 =

1
2α

log |Ψ3|, θ1 = 0, θ2 =
1
2
bx(kx)−1,

ω = |kx|2α|Ψ3|1−α,
L21 : θ = |cxkx− bx|−1, θ0 = log |cxkx− bx|−1, θ1 = 0, θ2 =

1
2
cx,

ω = kx,

L22 : θ = |kx|− 1
2 , θ0 = −1

2
log |kx|, θ1 = 0, θ2 =

1
2
bx(kx)−1,

ω = ax− dx+ log |kx| − (bx)2(kx)−1,

L23 : θ = |cx|−1, θ0 =
1
2

log |cx|, θ1 = 0, θ2 = −1
4
kx,

ω = [4bx+ (kx)2](cx)−1,

L24 : θ = |4bx+ (kx)2|−1, θ0 =
1
2

log |4bx+ (kx)2|, θ1 = 0, θ2 = −1
4
kx,

ω =
[
ax− dx+ bxkx+

1
6
(kx)3

]2
[4bx+ (kx)2]−3.

Here, Φ = arctan cx
bx , Ψ1 = (bx)2 + (cx)2, Ψ2 = (ax)2 − (dx)2, and Ψ3 = (ax)2 −

(bx)2 − (dx)2.
Proof. All of the cases are analyzed similarly, so we can limit ourselves to the
subalgebra L2 = 〈J12 + αD,P0, P3〉.
According to Theorem 1, the entries of column Λ−1 �A are invariants of the subal-

gebra L2 if and only if

−x1
∂Λ
∂x2

+ x2
∂Λ
∂x1

+α

(
xµ

∂Λ
∂xµ

)
−Λ(S12 +αE) = 0,

∂Λ
∂x0

= 0,
∂Λ
∂x3

= 0.(8)
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The last two equations in (8) demonstrate that Λ = Λ(x1, x2), while the first equation
implies that one can set θ0 = θ2 = 0 in the expression for Λ. By the Campbell–
Hausdorff formula, we have, in this case,

ξµ
∂Λ
∂xµ

= −Λξµ

(
∂θ

∂xµ
+
∂θ1
∂xµ

)
.

Hence, the common factor of Λ can be canceled from the left on the left-hand side
of the first equation in (8), which gives an equation whose left-hand side can be
represented as a combination of the matrices E and S12. Equating the coefficients in
these combinations to zero, we arrive at the system of equations below:

1
θ

{
x1

∂θ

∂x2
− x2

∂θ

∂x1
− α

(
x1

∂θ

∂x1
+ x2

∂θ

∂x2

)}
− α = 0,

x1
∂θ1
∂x2

− x2
∂θ1
∂x1

− α

(
x1
∂θ1
∂x1

+ x2
∂θ1
∂x2

)
− 1 = 0,

(9)

which is equivalent to (8). It is not difficult to verify that system (9) is satisfied by
the functions

θ = (x2
1 + x2

2)
− 1

2 = [(bx)2 + (cx)2]−
1
2 , θ1 = arctan

x2

x1
= arctan

cx

bx
.

Equations (7) for ω(x) are of the form

−x1
∂ω

∂x1
+ x2

∂ω

∂x2
+ α

(
xµ

∂ω

∂xµ

)
= 0,

∂ω

∂x0
= 0,

∂ω

∂x1
= 0.

This implies that

ω = log(x2
1 + x2

2) + 2 arctan
x2

x1
= log[(bx)2 + (cx)2] + 2 arctan

cx

bx
,

which proves the theorem.

3 Covariant form of the linear ansatz
and symmetry reduction of SDYME

By Theorem 2, the ansatze that correspond to the subalgebras Lj (j = 1, . . . , 24), are
of the linear form (4), where

Λ(x) = exp{2θ2(S01 − S13)} exp{θ1S12} exp{−θ0S03} exp{log θE}.
Thus, it follows that

Λ = θ


[cosh θ0 + 2θ22e

−θ0 ] 2[−θ2 cos θ1] 2[θ2 sin θ1] [sinh θ0 + 2θ22e
−θ0 ]

2[−θ2e−θ0 ] [cos θ1] [− sin θ1] 2[θ2e−θ0 ]
[0] [sin θ1] [cos θ1] [0]

[sinh θ0 + 2θ22e
−θ0 ] 2[−θ2 cos θ1] 2[θ2 sin θ1] [cosh θ0 − 2θ22e

−θ0 ]

 ,

where [f ] denotes [f ] = f · I and I is a unit matrix of order 3.
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In view of the above, ansatz (4) can be represented in the following form:

�A0 = θ[cosh θ0 �B0 + sinh θ0 �B3 + 2θ22e
−θ0( �B0 − �B3) + 2θ2(sin θ1 �B2 − cos θ1 �B1)],

�A1 = θ[cos θ1 �B1 − sin θ1 �B2 − 2θ2e−θ0( �B0 − �B3)],
�A2 = θ[sin θ1 �B1 + cos θ1 �B2],
�A3 = θ[sinh θ0 �B0 + cosh θ0 �B3 + 2θ2e−θ0( �B0 − �B3) + θ2(sin θ1 �B2 − cos θ1 �B1)],

(10)

and, as is not difficult to verify,

�Aµ = aµ �A0 + bµ �A1 + cµ �A2 + dµ �A3,

�B0 = aν �B
ν , �B1 = −bν �Bν , �B2 = −cν �Bν , �B3 = −dν �Bν ,

where aµ, bµ, cµ, and dµ are the µth components of the vectors a, b, c, and d, respec-
tively, given in Section 2.
In these notations, the linear ansatz (10), as well as the linear ansatz (4) can be

represented as

�Aµ(x) = θaµν(x) �Bν(ω) = θ{(aµaν − dµdν) cosh θ0 + (dµaν − dνaµ) sinh θ0 +

+ 2(aµ + dµ)[θ2 cos θ1bν − θ2 sin θ1cν + θ22e
−θ0(aν + dν)] +

+ (bµcν − bνcµ) sin θ1 − (cµcν + bµbν) cos θ1 −
− 2e−θ0θ2bµ(aν + dν)} �Bν)} �Bν(ω).

(11)

The values taken by the functions θ, θ0, θ1, θ2, and ω in (11) are given in Theorem 2
for each of the subalgebras Lj (j = 1, . . . , 24).
Thus, we have written the P̃ (1, 3)-invariant ansatz for the �Aµ(x) fields in a mani-

festly covariant form.
Let us note that ansatz (11) can be obtained from (10) by applying the proliferation

formulas that correspond to the Lorentz group AO(1, 3) to the functions �Aµ from (10)
with the generators (2) (see, for instance, [14, 15]). Therefore, the vectors a, b, c, and
d can be viewed as a general system of orthonormalized vectors in the Minkowski
space R(1, 3), which can be expressed as

aµa
µ = −bµbµ = −cµcµ = −dµdµ = 1,

aµb
µ = aµc

µ = aµd
µ = bµc

µ = bµd
µ = cµd

µ = 0.

The unified form of the P̃ (1, 3)-invariant ansatze derived in (11) allows us to perform
the reduction of SDYME (1) in the general form.
Lemma. The ansatz (11) allows one to reduce SDYME (1) to the system

Tµν =
i

2
εµνσδT

σδ, (12)

where

Tµν = Gµ(ω)
d �Bν(ω)
dω

−Gν(ω)
d �Bµ(ω)
dω

+Hµ(ω) �Bν(ω) −
−Hν(ω) �Bµ(ω) + Sµνγ(ω) �Bγ(ω) + e �Bµ(ω) × �Bν(ω).

(13)
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In (13), the functions Gµ(ω), Hµ(ω), and Sµνγ(ω) are determined from

θGγ = aµγ
∂ω

∂xµ
, Hγθ

2 = aµγ
∂θ

∂xµ
, θSδσγ = aµδ

∂aµγ
∂xν

aνσ − aµσ
∂aµγ
∂xν

aνδ.

To prove the lemma, it suffices to substitute ansatz (11) into SDYME (1) and to
contract the resulting expression with the tensor aµσaνδ , using the fact that aµν satisfies
aµνaµγ = gνγ .
According to the lemma, the construction of the reduced systems associated with

subalgebras Lj is tantamount to finding the functions Gγ(ω), Hγ(ω), and Sδσγ(ω)
for every such subalgebra. We skip the cumbersome calculations and give only the
explicit form of these functions for each of the subalgebras Lj in the following list:

L1 : Gγ = ε1(cγ − bγω), Hγ = −ε1bγ , Sδσγ = 0,
L2 : Gγ = 2(bγ + cγ), Hγ = −bγ , Sδσγ = (bδcσ − bσcδ)cγ ,

L3 : Gγ = 2
√
ω(bγ − ε2

√
ωdγ), Hγ = −ε2dγ , Sδσγ =

1√
ω

(cσbδ − bσcδ)cγ ,

L4 : Gγ = 2
√
ω(bγ − ε3

√
ωaγ), Hγ = −ε3aγ , Sδσγ =

1√
ω

(cσbδ − bσcδ)cγ ,

L5 : Gγ = ε1(cγ − bγω), Hγ = −ε1bγ ,
Sδσγ = ε1α

−1[bσ(dδaγ − dγaδ) − bδ(dσaγ − dγaσ)],
L6 : Gγ = ε4(1 − α)(aγ − dγ) + ε5(1 + α)kγ ,

Hγ = −1
2
ε6[ε5(aγ − dγ) + ε4kγ ],

Sδσγ =
1
2
[ε4(aγ − dγ) − ε5kγ ](aσdδ − aδdσ),

L7 : Gγ = ω[ε5αkγω− 1
α + ε7(1 − α)cγ ], Hγ = −ε7cγ ,

Sδσγ = ε7α
−1[cσ(aγdδ − dγaδ) − cδ(aγdσ − dγaσ)],

L8 : Gγ = kγ − ε4(aγ − dγ), Hγ = −1
2
ε4(aγ − dγ),

Sδσγ =
1
2
ε4[(aγ − dγ)(aσdδ − aδdσ)],

L9 : Gγ = kγ − 2ε7cγ , Hγ = −ε7cγ ,
Sδσγ = ε7[cσ(aγdδ − dγaδ) − cδ(aγdσ − dγaσ)],

L10 : Gγ = ε4[(aγ − dγ)ω + kγ ] − 2ε7cγω, Hγ = −ε7cγ ,
Sδσγ = ε4(aγ − dγ)(aσdδ) − aδdσ) − ε7cσ(aγdδ − dγaδ) +

+ ε7cδ(aγdσ − dγaσ),
L11 : Gγ = ε7ω(cγ − bγω), Hγ = −ε7cγ ,

Sδσγ = ε7[cσ(aγdδ − dγaδ) − cδ(aγdσ − dγaσ)] − ε5kγ(aσdδ − dσaδ),
L12 : Gγ = 2(bγ + βcγ), Hγ = −bγ ,

Sδσγ = cγ(cσbδ − cδbσ) − α[cσ(dδaγ − aδdγ) − cδ(dσaγ − aσdγ)],
L13 : Gγ = ε4(α− β)(aγ − dγ) + ε5(α+ β)kγ ,

Hγ = −1
2
ε6[ε4kγ + ε5(aγ − dγ)],



Reduction of self-dual Yang–Mills equations 195

Sδσγ =
1
2
[ε4(aγ − dγ) − ε5kγ ](aσdδ − aδdσ) − 1

2α
[(ε4(aσ − dσ) −

− ε5kσ)(bδcγ − cδbγ) − (ε4(aδ − dδ) − ε5kδ)(bσcγ − cσbγ)],

L14 : Gγ = kγ − ε4(aγ − dγ), Hγ = −1
2
ε4(aγ − dγ),

Sδσγ =
1
2
ε4[(aγ − dγ)(aσdδ − aδdσ) − (aσ − dσ)(bδcγ − cδbγ) +

+ (aδ − dδ)(bσcγ − cσbγ)],

L15 : Gγ = 2(bγ + αcγ − kγe
1
2ω), Hγ = −bγ ,

Sδσγ = cγ(cσbδ − cδbσ) − α[cσ(dδaγ − aδdγ) − cδ(dσaγ − aσdγ)],
L16 : Gγ = 2[(1 − α)bγ + αkγ + βcγ ], Hγ = −bγ ,

Sδσγ = cγ(cσbδ − cδbσ) − kγ(aσdδ − aδdσ) + bσ(dδaγ − aδdγ) −
− bδ(dσaγ − aσdγ),

L17 : Gγ = kγ − 2bγ + 2αcγ , Hγ = −bγ ,
Sδσγ = bσ(dδaγ − aδdγ) − bσ(dσaγ − aσdγ) + cγ(cσbδ − cδbσ),

L18 : Gγ = kγ + 2cγ , Hγ = −bγ ,
Sδσγ = bσ(dδaγ − aδdγ) − bδ(dσaγ − aσdγ) + cγ(cσbδ − cδbσ),

L19 : Gγ = 2bγω − ε6ω
√
ω(ε4kγ + ε5(aγ − dγ)), Hγ = −bγ ,

Sδσγ =
1
2
√
ω[ε4(aγ − dγ) − ε5kγ ](dδaσ − aδdσ) + cγ(bδcσ − cδbσ)

L20 : Gγ = ε5ω[(1 + α)kγω− 1
2α + ε8(1 − α)(aγ − dγ)ω

1
2α ],

Hγ = −1
2
ε5[kγω− 1

2α + ε8(aγ − dγ)ω
1
2α ],

Sδσγ = ε5[
1
2α

(kγω− 1
2α + ε8(aγ − dγ)ω

1
2α )(aσdδ − dσaδ) +

+ bγ(kδbσ − kσbδ)ω− 1
2α ],

L21 : Gγ = kγ , Hγ = −ε9[cγω − bγ ],
Sδσγ = ε9[(cσω − bσ)(aγdδ − dγaδ) − (cδω − bδ)(aγdσ − dγaσ)] +

+ cσ(kδbγ − kγbδ) − cδ(kσbγ − kγbσ),

L22 : Gγ = aγ − dγ + ε5kγ , Hγ = −1
2
ε5kγ ,

Sδσγ = ε5[bγ(kδbσ − kσbδ) − 1
2
kγ(aδdσ − dδaσ)],

L23 : Gγ = ε7(4bγ − ωcγ), Hγ = −ε7cγ ,
Sδσγ =

1
2
ε7[cσ(aγdδ − dγaδ) − cδ(aγdσ − dγaσ)] − 1

2
kγ(kδbσ − kσbδ),

L24 : Gγ =
√

|ω|
[
1
2
kγ + 2ε10(aγ − dγ)

]
− 12ε10ωbγ , Hγ = −4ε10bγ ,

Sδσγ = 2ε10[bσ(aγdδ − dδaδ) − bδ(aγdσ − dγaσ)] − 1
2
kγ(kδbσ − kσbδ).

Here, εk = 1 for ϕ > 0 and εk = −1 for ϕ < 0. The values of the functions ϕ for every
k are given in Table 1.
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Table 1
k ϕ k ϕ
1 bx 6 (ax)2 − (dx)2

2 dx 7 cx
3 ax 8 (ax)2 − (bx)2 − (dx)2

4 ax− dx 9 cxkx− bx
5 kx 10 4bx+ (kx)2

4 On the exact real solutions of SDYME

Before we proceed to analyzing the reduced systems and constructing their exact
solutions, let us make the following remark. Whereas the YME and SDYME are real
in four-dimensional Euclidean space, in Minkowski space, the YME are a system of
real second-order PDE, while SDYME (1) are a system of complex first-order PDE.
Therefore, self-dual solutions to YME in Minkowski space are, in general, complex,
which is an undesirable property.
On the other hand, the systems of PDE that represent SDYME (1) (and, hence,

the reduced systems (12) and (13), as well) are not completely defined. Moreover, the
symmetry reduction of SDYME preserves their symmetric form, which allows one to
address the problem of finding real solutions of these equations. Clearly, the necessary
condition for building real solutions of the systems of equations (12) and (13) is given
by the equations

Tµν = 0, (14)

which lead us to another system of first-order ODE, this time an overdetermined one.
By imposing additional conditions on the functions �Bµ, we have succeeded, in some
cases, in reducing system (14) to an integrable form and in obtaining nontrivial real
non-Abelian solutions of SDYME (1). In what follows, we describe these cases in some
detail.
We use the notation �e1 = (1, 0, 0), �e2 = (0, 1, 0), and �e3 = (0, 0, 1). In order to

restore the explicit form of systems (13) and (14), we choose a = (1, 0, 0, 0), b =
(0, 1, 0, 0), c = (0, 0, 1, 0), and d = (0, 0, 0, 1).

The case of the L1 algebra. Let us set �B0 = λ0
�B and �B3 = λ3

�B, where λ0 and
λ3 are arbitrary real constants such that λ2

0 + λ2
3 �= 0. Equations (13) and (14) take

the following form:

ε1
d �B

dω
+ e �B2 × �B = 0,

ε1ω
d �B2

dω
+ ε1

d �B1

dω
+ ε1 �B2 − e �B1 × �B2 = 0,

ε1ω
d �B

dω
+ ε1 �B + e �B × �B1 = 0.

(15)

Further, let us assume that, in (15), �B = gm(ω)�em, �B1 = hm(ω)�em, and B2 = f(ω)�e2,
m = 1, 2, 3. Then the first two equations of (15) yield the following system for the
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functions gm, hm, and f :

ε1
dg1
dω

+ efg3 = 0, ε1
dh1

dω
+ efh3 = 0, ε1

dg2
dω

= 0,

ε1ω
df

dω
+ ε1

dh2

dω
+ ε1f = 0, ε1

dg3
dω

− eg1f = 0, ε1
dh3

dω
− eh1f = 0.

(16)

We set f = Cω−1 in (16), with C being an arbitrary constant. Then, g2 = C1 and
h2 = C2, where C1 and C2 are arbitrary constants, while the functions g1, g3, h1,
and h3 are to be determined from two similar systems of equations, which amounts
to solving the Euler equations. In particular, the system of equations for g1, g3 reads

ε1
dg1
dω

+ eCω−1g3 = 0, ε1
dg3
dω

− eCω−1g1 = 0,

from which we have the equation

ω2 d
2g3
dω2

+ ω
dg3
dω

+ e2C2g3 = 0,

whose general solution is given by

g3 = C3 sin(eC log |ω| + C4),

and, thus,

g1 = ε1C3 cos(eC log |ω| + C4).

Similarly, we obtain

h1 = ε1C5 cos(eC log |ω| + C6). h3 = C5 sin(eC log |ω| + C6).

where C3, C4, C5, and C6 are arbitrary integration constants.
Finally, having checked the last of the equations in (15), we obtain the following

solution:

�B0 = λ0
�B, �B3 = λ3

�B, �B = gm(ω)�em, �B1 = hm(ω)�em, �B2 = f(ω)�e2,

where

g1 = ∓ε1C3 cos(eC1 log |ω| + C2), g2 = C3,

g3 = ∓C3 sin(eC1 log |ω| + C2), h1 = ±ε1e−1 sin(eC1 log |ω| + C2),
h2 = −C1, h3 = ∓e−1 cos(eC1 log |ω| + C2), f = C1ω

−1,

(17)

and C1, C2, and C3 are arbitrary constants.
The case of the L9 algebra. Let �B0 = �B3 = �B and �B1 = �0. Then the systems

of equations (13) and (14) reduce to the equation

2ε7
d �B

dω
+
d �B2

dω
+ 2ε7 �B + e �B × �B2 = 0. (18)

Let us set �B2 = f(ω)�e2 and �B = g(ω)�e1 + h(ω)�e3. Then it follows from (18) that

2ε7
dg

dω
+ 2ε7g − efh = 0,

df

dω
= 0, 2ε7

dh

dω
+ 2ε7h+ efg = 0,
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which is solved by the functions

f = C1, g = e−ωC2 sin
(
eC1

2
ω + C3

)
, h = ε7e

−ωC2 cos
(
eC1

2
ω + C3

)
, (19)

where C1, C2, and C3 are arbitrary integration constants.
The case of the L17 algebra. Setting �B0 = �B3 = �B, we obtain the following

reduction of the system of equations (14):

d �B1

dω
+ 2

d �B

dω
+ 2 �B + e �B × �B1 = 0,

2α
d�B

dω
− d �B2

dω
+ e �B2 × �B = 0,

2
d �B2

dω
+ 2α

d�B1

dω
+ 2 �B2 − e �B1 × �B2 = 0.

(20)

In (20), we set �B1 = λ1�e1, �B = f(ω)�e2 + g(ω)�e3, and �B2 = h(ω)�e2 + u(ω)�e3, where
λ1 �= 0 is an arbitrary constant. Then the functions f , g, h, and u can be determined
from the system of equations

2
df

dω
+ 2f + eλ1g = 0, 2

dh

dω
+ 2h+ eλ1u = 0, 2

dg

dω
+ 2g − eλ1f = 0,

2
du

dω
+ 2u− eλ1h = 0, hg − uf = 0, 2α

df

dω
− dh

dω
= 0, 2α

dg

dω
− du

dω
= 0.

The general solution of the first four equations is given by the functions

f = C1e
−ω cos

(
λ1e

2
ω + C2

)
, g = C1e

−ω sin
(
λ1e

2
ω + C2

)
,

h = C3e
−ω cos

(
λ1e

2
ω + C4

)
, u = C3e

−ω sin
(
λ1e

2
ω + C4

)
,

where C1, C2, C3, and C4 are arbitrary constants. Having checked the last three
equations of the system, we arrive at the following solution of (20):

�B0 = �B3 = �B = f�e2 + g�e3, �B2 = h�e2 + u�e3, �B1 = C3�e1,

where

f = C1e
−ω cos

(
eC3

2
ω + C2

)
, g = C1e

−ω sin
(
eC3

2
ω + C2

)
,

h = 2αC1e
−ω cos

(
eC3

2
ω + C2

)
, u = 2αC1e

−ω sin
(
eC3

2
ω + C2

)
,

(21)

and C1, C2, and C3 are arbitrary constants, with C3 �= 0.
The case of the L18 algebra. In this case, we set �B0 = 1

2
�B2 = �B3 = �B. Then

Eqs. (14) reduce to the equation

d �B

dω
+ 2 �B + e �B × �B1 = 0. (22)
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In (22), let �B = λ�e3, �B1 = gm(ω)�em, m = 1, 2, 3, and λ �= 0 be an arbitrary constant.
Then we have the equations

dg1
dω

− eλg2 = 0,
dg2
dω

+ eλg1 = 0,
dg3
dω

+ 2λ = 0,

whose general solution is given by the functions

g1 = C1 sin(eλω + C2), g2 = C1 cos(eλω + C2), g3 = −2λω + C3,

with C1, C2, and C3 being arbitrary integration constants. Thus, we have constructed
the following solution to (22):

�B0 =
1
2
�B2 = �B3 = C4�e3,

�B1 = C1 sin(eC4ω + C2)�e1 + C1 cos(eC4ω + C2)�e2 + (C3 − 2C4ω)�e3,
(23)

where C1, C2, C3, and C4 are arbitrary integration constants, with C4 �= 0.
Inserting the solutions of the reduced equations found in (17), (19), (21), and

(23) into ansatz (10), we obtain, respectively, the following exact real solutions of
SDYME (1):

(1) �A0 = λ0|bx|−1[∓ε1C3 cos(eC1 log |cx(bx)−1| + C2)�e1 + C3�e2 ∓
∓ C3 sin(eC1 log |cx(bx)−1| + C2)�e3],

�A1 = |bx|−1[±ε1e−1 sin(eC1 log |cx(bx)−1| + C2)�e1 − C1�e2 ∓
∓ e−1 cos(eC1 log |cx(bx)−1| + C2)�e3],

�A2 = ε1C1(cx)−1�e2,

�A3 = λ3|bx|−1[∓ε1C3 cos(eC1 log |cx(bx)−1| + C2)�e1 + C3�e2 ∓
∓ C3 sin(eC1 log |cx(bx)−1| + C2)�e3],

(2) �A0 = �A3 = (cx)2e−kxC2

[
sin
(

1
2
eC1(kx− 2 log |cx|) + C3

)
�e1 +

+ ε7 cos
(

1
2
eC1(kx− 2 log |cx|)|C3

)
�e3

]
,

�A1 = �0, �A2 = C1|cx|−1�e2,

(3) �A0 = �A3 = e−ωC1

[
cos
(

1
2
eC3ω + C2

)
�e2 + sin

(
1
2
eC3ω + C2

)
�e3

]
,

�A1 = [(bx)2 + (cx)2]−1
[
(bx)C3�e1 − 2αC1(cx)e−ω ×

×
(

cos
(

1
2
eC3ω + C2

)
�e2 + sin

(
1
2
eC3ω + C2

)
�e3

)]
,

�A2 = [(bx)2 + (cx)2]−1
[
(cx)C3�e1 + 2αC1(bx)e−ω ×

×
(

cos
(

1
2
eC3ω + C2

)
�e2 + sin

(
1
2
eC3ω + C2

)
�e3

)]
,

ω = kx− log[(bx)2 + (cx)2] + 2α arctan cx(bx)−1,
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(4) �A0 = �A3 = C4�e3,

�A1 = [(bx)2 + (cx)2]−1
[
C1(bx)(sin(eC4ω + C2)�e1 + cos(eC4ω + C2)�e2 +

+ (C3 − 2C4ω)�e3) − 2C4(cx)�e3
]
,

�A2 = [(bx)2 + (cx)2]−1
[
C1(cx)(sin(eC4ω + C2)�e1 + cos(eC4ω + C2)�e2 +

+ (C3 − 2C4ω)�e3) + 2C4(bx)�e3
]
, ω = kx+ 2arctan(cx(bx)−1).

The values of ε1 and ε7 are given in Table 1, α is given in the list of subalgebras, and
λ0, λ3, C1, C2, C3, and C4 are arbitrary real constants.

Conclusions
In this paper, we have investigated the structure of P̃ (1, 3)-invariant ansatze for the
vector potential of the Yang–Mills field. The linear form we obtained for the ansatze
is reduced to a covariant form, which allows us to simplify considerably the procedure
for the symmetry reduction of SDYME (1) to systems of ODE. We have demonstrated
the possibility of constructing real solutions of SDYME (1).
Let us note that ansatz (11) can also be used for symmetry reduction in the

Minkowski space R(1, 3).
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Time-dependent symmetries
of variable-coefficient evolution equations
and graded Lie algebras
W.X. MA, R.K. BULLOUGH, P.J. CAUDREY, W.I. FUSHCHYCH

Polynomial-in-time dependent symmetries are analysed for polynomial-in-time de-
pendent evolution equations. Graded Lie algebras, especially Virasoro algebras, are
used to construct nonlinear variable-coefficient evolution equations, both in 1 + 1
dimensions and in 2 + 1 dimensions, which possess higher-degree polynomial-in-time
dependent symmetries. The theory also provides a kind of new realisation of graded
Lie algebras. Some illustrative examples are given.

It is well known that the usual family of KdV equations has polynomial-in-time
dependent symmetries (ptd-symmetries) which are only of the first-degree. This is
because only master symmetries of first degree are so far found. Moreover there are
usually1 no higher-degree ptd-symmetries for time-independent integrable equations
in 1 + 1 dimensions; but this may not be so in 2 + 1 dimensions.
However a form of special graded Lie algebras, namely centreless Virasoro sym-

metry algebras is apparently common to all time-independent integrable equations
in whatever dimensions both in the continuous case and in the discrete case. This
feature would therefore seem to be an important one in the discussion of integrability
and integrable nonlinear equations. For the higher dimensional integrable equations,
there may also exist still more general graded symmetry Lie algebras.
The purpose of the present paper is to discuss ptd-symmetries for evolution equa-

tions with polynomial-in-time dependent coefficients (conveniently expressed in terms
of monomials in t as in equation (4) below). We provide a purely algebraic structure for
constructing such integrable equations with these forms of symmetries. This way we
show there do exist integrable equations in 1+1 dimensions which possess these forms
of symmetries and we construct actual examples. Graded Lie algebras, and especially
centreless Virasoro algebras, are used for these constructions. In consequence new
features are extracted from the graded Lie algebras which provide new realisations of
these algebras and most particularly of the centreless Virasoro algebras.
We first define a symmetry for an evolution equation, linear and nonlinear [1–5].

For a given evolution equation ut = K(u), a vector field σ(u) is called its symmetry
if σ(u) satisfies its linearized equation

dσ(u)
dt

= K ′[σ], i.e.
∂σ

∂t
= [K,σ], (1)

where the prime and [·, ·] denote the Gateaux derivative and the Lie product

K ′[S] =
∂

∂ε
K(u+ εS)|ε=0, [K,σ] = K ′[σ] − σ′[K], (2)

J. Phys. A: Math. Gen., 1997, 30, № 14, P. 5141–5149.
1The Benjamin–Ono equation is a counter-example.
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respectively. Of course, a symmetry σ may also depend explicitly on the time variab-
le t. For example, σ may be of polynomial type in t, i.e.

σ(t, u) =
n∑
j=0

tj

j!
Sj(u) = S0 + tS1 + · · · + tn

n!
Sn, (3)

where the vector fields Sj(u), 0 ≤ j ≤ n, do not depend explicitly on the time
variable t.
If we consider a variable-coefficient evolution equation ut = K(t, u) of the form

ut = K(t, u) =
m∑
i=0

ti

i!
Ti(u) = T0 + tT1 + · · · + tm

m!
Tm, (4)

where the vector fields Ti(u), 0 ≤ i ≤ m, do not depend explicitly on the time
variable t, either, then a precise result may be obtained which states (3) is a symmetry
of (4). At this stage, we can have

∂σ

∂t
=

n∑
i=0

ti−1

(i− 1)!
Si(u) =

n−1∑
k=0

tk

k!
Sk+1(u),

[K,σ] =

 m∑
i=0

ti

i!
Ti(u),

n∑
j=0

tj

j!
Sj(u)

 =
m+n∑
k=0

tk

k!

∑
i+ j = k
0 ≤ i ≤ m
0 ≤ j ≤ n

(
k

i

)
[Ti, Sj ].

Therefore a simple comparison of each power of t in (1) leads to

Sk+1 =
∑

i+ j = k
0 ≤ i ≤ m
0 ≤ j ≤ n

(
k

i

)
[Ti, Sj ], 0 ≤ k ≤ n− 1, (5)

∑
i+ j = k
0 ≤ i ≤ m
0 ≤ j ≤ n

(
k

i

)
[Ti, Sj ] = 0, n ≤ k ≤ m+ n. (6)

These equalities in (5) and (6) constitute a necessary and sufficient condition to state
that (3) is a symmetry of (4). If we look at them a little more, it may be seen that

S1 = [T0, S0],
S2 = [T0, S1] + [T1, S0],
· · · · · · · · · · · · · · · · · · · · · · · ·
Sn =

(
n−1

0

)
[T0, Sn−1] +

(
n−1

1

)
[T1, Sn−2] + · · · + (n−1

n−1

)
[Tn−1, S0],

where Ti = 0, i ≥ m+1, and so a higher-degree ptd-symmetry σ(t, u) defined by (3) is
determined completely by a vector field S0. However this vector field S0 needs to satis-
fy (6). This kind of vector field S0 is a generalisation of the master symmetries defined
in [2] which here we still call a master symmetry of degree n for the more general
evolution equation, equation (4). We conclude the discussion above as a theorem.
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Theorem 1. Let ρ be a vector field not depending explicitly on the time variable t.
Define

S0(ρ) = ρ, Sk+1(ρ) =
k∑
j=0

(
k

j

)
[Tj , Sk−j(ρ)], k ≥ 0, (7)

where we assume Ti = 0, i ≥ m+1. If there exists n ∈ N so that Sj(ρ) = 0, j ≥ n+1,
then

σ(ρ) =
n∑
j=0

tj

j!
Sj(ρ) (8)

is a polynomial-in-time dependent symmetry of the evolution equation (4).
We shall go on to construct variable-coefficient integrable equations which possess

higher-degree ptd-symmetries as defined by (3). We need to start from the centreless
Virasoro algebra

[Kl1 ,Kl2 ] = 0, l1, l2 ≥ 0,
[Kl1 , ρl2 ] = (l1 + γ)Kl1+l2 , l1, l2 ≥ 0,
[ρl1 , ρl2 ] = (l1 − l2)ρl1+l2 , l1, l2 ≥ 0

(9)

in which the vector fields Kl1 = Kl1(u), ρl2 = ρl2(u), l1, l2 ≥ 0, do not depend
explicitly on the time variable t and γ is a fixed constant. Although the vector fields ρl,
l ≥ 0, are not symmetries of any equations that we want to discuss, an algebra
isomorphic to this kind of Lie algebra commonly arises as a symmetry algebra for
many well-known continuous and discrete integrable equations [3–5]. In equation (9),
the vector fields ρl, l ≥ 0, may provide the generators of Galilean invariance [6] and
invariance under scale transformations for any standard equation ut = Kk(u). Let us
choose a set of specific vector fields

Tj = Kij , 0 ≤ j ≤ m, (10)

which yields the following variable-coefficient evolution equation

ut = Ki0 + tKi1 +
t2

2!
Ki2 + · · · + tm

m!
Kim . (11)

This equation still has a hierarchy of time-independent symmetries Kl, l ≥ 0, and
therefore it is integrable in the sense of symmetries [7]. What is more, it will inherit
many integrable properties of ut = Kl, l ≥ 0. For example, if ut = Kl, l ≥ 0, have
Hamiltonian structures of the form

ut = Kl = J
δHl

δu
, l ≥ 0,

where J is a symplectic operator and Hl, l ≥ 0, do not depend explicitly on t,
then the Hl are still conserved densities of equation (11) and equation (11) is then
completely integrable in the commonly used sense for pdes. In what follows, we need
to prove that ρl is a master symmetry (as explained above) of degree m+ 1 of equa-
tion (11). In fact, according to (7), we have

S0(ρl) = ρl, Sk+1(ρl) = [Tk, S0(ρl)] = [Kik , ρl] = (ik + γ)Kik+l, 0 ≤ k ≤ m,
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and further we can prove that Sj(ρl) = 0 when j ≥ m + 2, which shows that ρl is a
master symmetry of degree m + 1 of equation (11). Therefore we obtain a hierarchy
of ptd-symmetries of the form

σl(t, u) =
m+1∑
j=0

tj

j!
Sj(ρl) =

m+1∑
j=1

ij−1 + γ

j!
tjKij−1+l + ρl =

=
m∑
j=0

ij + γ

(j + 1)!
tj+1Kij+l + ρl, l ≥ 0,

(12)

for the variable-coefficient and integrable equation (11). Moreover these higher-degree
ptd-symmetries together with time-independent symmetries Kl, l ≥ 0, constitute the
same centreless Virasoro algebra as (9), namely

[Kl1 ,Kl2 ] = 0, l1, l2 ≥ 0,
[Kl1 , σl2 ] = (l1 + γ)Kl1+l2 , l1, l2 ≥ 0,
[σl1 , σl2 ] = (l1 − l2)σl1+l2 , l1, l2 ≥ 0.

(13)

For example, we can calculate that

[σl1 , σl2 ] =

 m∑
j=0

ij + γ

(j + 1)!
tj+1Kij+l1 + ρl1 ,

m∑
j=0

ij + γ

(j + 1)!
tj+1Kij+l2 + ρl2

 =

=

 m∑
j=0

ij + γ

(j + 1)!
tj+1Kij+l1 , ρl2

+

ρl1 , m∑
j=0

ij + γ

(j + 1)!
tj+1Kij+l2

+ [ρl1 , ρl2 ] =

=
m∑
j=0

(l1 − l2)(ij + γ)
(j + 1)!

tj+1Kij+l1+l2 + (l1 − l2)ρl1+l2 = (l1 − l2)σl1+l2 .

The algebra (13) also gives us a new realisation of centreless Virasoro algebras. By
now we may very much see that there exist higher-degree ptd-symmetries for some
evolution equations in 1 + 1 dimensions. Moreover our derivation does not refer to
any particular choices of dimensions and space variables. Hence the evolution equa-
tion (11) may be not only both continuous and discrete, but also both 1+1 and 2+1
dimensional.
Actually there are many integrable equations which possess a centreless Virasoro

algebra (9) (see [3–5, 8, 9] for example). Among the most famous examples are the
KdV hierarchy in the continuous case and the Toda lattice hierarchy in the discrete
case. Through the theory above, we can say that a KdV-type equation

ut = tK0 +K1 = tux + uxxx + 6uux (14)

possesses a hierarchy of second-degree time-polynomial-dependent symmetries

σl =
3
2
tKl+1 +

1
4
t2Kl + ρl, l ≥ 0, (15)

where the vector fields Kl, σl, l ≥ 0, are defined by

Kl = Φlux, ρl = Φl(u+
1
2
xux), Φ = ∂2 + 4u+ 2ux∂−1, l ≥ 0.



Time-dependent symmetries of variable-coefficient evolution equations 205

They constitute a centreless Virasoro algebra (9) with γ = 1
2 [8, 10] and thus so do

the symmetries Kl, σl, l ≥ 0. We can also conclude that a Toda-type lattice equation

(u(n))t =

(
p(n)

v(n)

)
t

= K0 + tK1 +
t2

2!
K0 =

=
(

1 +
1
2
t2
)(

v(n) − v(n− 1)
v(n)(p(n) − p(n− 1))

)
+

+ t

(
p(n)(v(n) − v(n− 1)) + v(n)(p(n+ 1) − p(n− 1))

v(n)(v(n− 1) − v(n+ 1)) + v(n)(p(n)2 − p(n− 1)2)

) (16)

possesses a hierarchy of third-degree time-polynomial-dependent symmetries

σl = tKl + t2Kl+1 +
1
6
t3Kl + ρl, l ≥ 0, (17)

where the corresponding vector fields are defined by

Kl = ΦlK0, K0 =

(
v − v(1)

v(p− p(−1))

)
, l ≥ 0,

ρl = Φlρ0, ρ0 =

(
p

2v

)
, l ≥ 0,

in which the hereditary operator Φ is defined by

Φ =

(
p (v(1)E2 − v)(E − 1)−1v−1

v(E−1 + 1) v(pE − p(−1))(E − 1)−1v−1

)
.

Here we have used a normal shift operator E: (Eu)(n) = u(n+ 1) and u(m) = Emu.
These discrete vector fields Kl, l ≥ 0, (see [11] for more information) together with
the discrete vector fields ρl, l ≥ 0, constitute a centreless Virasoro algebra (9) with
γ = 1 [4] and the symmetry Lie algebra of σl, l ≥ 0 and Kl, l ≥ 0, has the same
commutation relations as that Virasoro algebra.
More generally, we can consider further algebraic structures by starting from

a more general graded Lie algebra. In keeping with the notation in [12], let us write
a graded Lie algebra consisting of vector fields not depending explicitly on the time
variable t as follows:

E(R) =
∞∑
i=0

E(Ri), [E(Ri), E(Rj)] ⊆ E(Ri+j−1), i, j ≥ 0, (18)

where E(R−1) = 0. Note that such a graded Lie algebra is called a master Lie algebra
in [12] since it is actually not a graded Lie algebra as defined in [13]. However we still
call it a graded Lie algebra because it is very similar. Choose

Ti = Ki ∈ E(R0), 0 ≤ i ≤ m, (19)

and consider a variable-coefficient evolution equation

ut =
m∑
i=0

ti

i!
Ti = K0 + tK1 +

t2

2!
K2 + · · · + tm

m!
Km. (20)
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Before we state the main result, we derive two properties of the generating vector
fields Sj , j ≥ 0.
Lemma 1. Assume that Ti, 0 ≤ i ≤ m, are defined by (19), and let l ≥ 0 and
ρl ∈ E(Rl). Then the vector fields Sj(ρl), j ≥ 0, defined by (7) satisfy the following
property

S(α−1)(m+1)+β(ρl) ∈
l−α∑
i=0

E(Ri), 1 ≤ α ≤ l, 1 ≤ β ≤ m+ 1, (21)

Sj(ρl) = 0, j ≥ l(m+ 1) + 1. (22)

Proof. Note the definition (7) of Sj(ρl), j ≥ 0, and Ti = Ki, 0 ≤ i ≤ m. We can
calculate that

Sα(m+1)+β+1(ρl) =
m∑
γ=0

(
α(m+ 1) + β

γ

)[
Kγ , Sα(m+1)+β−γ(ρl)

]
=

=
β−1∑
γ=0

(
α(m+ 1) + β

γ

)[
Kγ , Sα(m+1)+β−γ(ρl)

]
+

+
m∑
γ=β

(
α(m+ 1) + β

γ

)[
Kγ , S(α−1)(m+1)+[(m+1)−(γ−β)](ρl)

] ∈
∈
l−(α+2)∑
i=0

E(Ri) +
l−(α+1)∑
i=0

E(Ri) =
l−(α+1)∑
i=0

E(Ri),

where in the last but one step we have used the induction assumption. This result
shows that (21) is true by mathematical induction. The proof of (22) is the same so
that the proof of the Lemma is complete.
Lemma 2. Assume that Ti, 0 ≤ i ≤ m, are defined by (19), and let l1, l2 ≥ 0 and
ρl1 ∈ E(Rl1), ρl2 ∈ E(Rl2). Then we have

Sk([ρl1 , ρl2 ]) =
∑
i+j=k

(
k

i

)
[Si(ρl1), Sj(ρl2)], k ≥ 0, (23)

where the Sj(ρ), j ≥ 0, are defined by (7).
Proof. We use mathematical induction to prove the required result. Noting that
Ti = Ki, 0 ≤ i ≤ m, we can calculate that

Sk+1([ρl1 , ρl2 ]) =
∑
i+j=k

(
k

i

)[
Ki, Sj([ρl1 , ρl2 ])

]
=

=
∑
i+j=k

(
k

i

)Ki,
∑

α+β=j

(
j

α

)
[Sα(ρl1), Sβ(ρl2)]

 (by the induction
assumption) =

=
∑
i+j=k

(
k

i

) ∑
α+β=j

(
j

α

)
[Ki, [Sα(ρl1), Sβ(ρl2)]] =

=
∑

i+α+β=k

k!
i!α!β!

[Ki, [Sα(ρl1), Sβ(ρl2)]] =
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=
∑

i+α+β=k

k!
i!α!β!

{[[Ki, Sα(ρl1)] , Sβ(ρl2)] + [Sα(ρl1), [Ki, Sβ(ρl2)]]} =

=
∑

j+β=k

(
k

j

) ∑
i+α=j

(
j

i

)
[Ki, Sα(ρl1)] , Sβ(ρl2)

+

+
∑

α+j=k

(
k

j

)Sα(ρl1),
∑
i+β=j

(
j

i

)
[Ki, Sβ(ρl2)]

 =

=
∑

j+β=k

(
k

j

)
[Sj+1(ρl1), Sβ(ρl2)] +

∑
α+j=k

(
k

j

)
[Sα(ρl1), Sj+1(ρl2)] =

=
∑

i+j=k+1

(
k + 1
i

)
[Si(ρl1), Sj(ρl2)] , k ≥ 0,

and this yields the key step in the mathematical induction. On the other hand, we
easily see that

S0([ρl1 , ρl2 ]) = [ρl1 , ρl2 ] = [S0(ρl1), S0(ρl2)].

Therefore mathematical induction gives the proof of the equality (23).
Theorem 2. Assume that Ti, 0 ≤ i ≤ m, are defined by (19), and let l ≥ 0 and
ρl ∈ E(Rl). Then the vector field

σ(ρl) =
l(m+1)∑
j=0

tj

j!
Sj(ρl), (24)

where the Sj(ρl), 0 ≤ j ≤ l(m+1), are defined by (7), is a time-independent symmetry
of (20) when l = 0 and a polynomial-in-time dependent symmetry of (20) when l > 0.
Furthermore we have

[σ(ρl1), σ(ρl2)] = σ([ρl1 , ρl1 ]), ρl1 ∈ E(Rl1), ρl2 ∈ E(Rl2), l1, l2 ≥ 0, (25)

and thus all symmetries σ(ρl) with ρl ∈ E(Rl), l ≥ 0, constitute the same graded
Lie algebra as (18) and the map σ : ρl �→ σ(ρl) is a Lie homomorphism between two
graded Lie algebras E(R) and σ(E(R)).
Proof. By Lemma 1, we can observe that σ(ρl) defined by (24) is a symmetry of
(20). We go on to prove (25). Assume that ρl1 ∈ E(Rl1), ρl2 ∈ E(Rl2), l1, l2 ≥ 0. By
Lemmas 1 and 2, we can make the following calculation

[σ(ρl1), σ(ρl2)] =

l1(m+1)∑
i=0

ti

i!
Si(ρl1),

l2(m+1)∑
j=0

tj

j!
Sj(ρl2)

 =

=
(l1+l2−1)(m+1)∑

k=0

tk

k!

∑
i+j=k

(
k

i

)
[Si(ρl1), Sj(ρl2)] (by Lemma 1) =

=
(l1+l2−1)(m+1)∑

k=0

tk

k!
Sk([ρl1 , ρl2 ]) (by Lemma 2) =

= σ([ρl1 , ρl2 ]).

The rest is then obvious and the required result is obtained.
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A graded Lie algebra has been exhibited for the time-independent KP hierar-
chy [14] in [2, 12], and it includes a centreless Virasoro algebra [5, 15]. The ordinary
time-independent KP equation being considered here is the following

ut = ∂−1
x uyy − uxxx − 6uux. (26)

From this we may now go on to generate the corresponding graded Lie algebra of ptd-
symmetries for a resulting new set of variable-coefficient KP equations, but in this
connection the reader must be referred to the comparable analysis in [16] mentioned
below.
The idea of using graded Lie algebras as described in this paper is rather similar

to the thinking used to extend the inverse scattering transform from 1 + 1 to higher
dimensions [17]. Moreover the resulting symmetry algebra consisting of the σ(ρl),
l ≥ 0, provides a new realisation of a graded Lie algebra (18). The theory also shows us
that more information can be extracted from graded Lie algebras, which is itself very
interesting. What is more, we have shown here that there do exist various integrable
equations in 1 + 1 dimensions, such as KdV-type equations, possessing higher-degree
polynomial-in-time dependent symmetries. We report a graded Lie algebra of ptd
symmetries for a corresponding new set of variable coefficient modified KP equations
in a second article [16]. In [16] we display this modified KP hierarchy explicitly, the
time independent modified KP equation being, in comparison with (26), the equation

ut =
1
4
uxxx − 3

8
u2ux − 3

4
ux∂

−1
x uy +

3
4
∂−1
x uyy. (27)

In [16] we show also that this hierarchy actually has two Virasoro algebras and two
graded Lie algebras.
We also hope to show elsewhere the connections between the rather general al-

gebraic structure established in this paper and the specific representation of the W∞
and W1+∞ algebras developed in connection with two-dimensional quantum gravity
as described in in Refs. [18, 19]. (In [18, 19], these two infinite dimensional algebras
were developed for the ordinary KP hierarchy and included the algebra, containing
the centreless Virasoro algebra, of Ref. [5].) In this connection, we note already that
if, for example, E(Ri) = span{Aim|m ≥ 1}, i ≥ 0, and we impose

[Aim, Ajn] =
i+j−2∑

l=min(i−1,j−1)

al(i− 1, j − 1,m− 1, n− 1)Al+1,m+n−1,

where the coefficients al are defined by[
xi+m+1 d

i+1

dxi+1
, xj+n+1 d

j+1

dxj+1

]
=

i+j∑
l=min(i,j)

al(i, j,m, n)xl+m+n+1 d
l+1

dxl+1
,

then the E(R) =
∞∑
i=0

E(Ri) is a sub-algebra of the W1+∞ algebra of Refs. [18, 19]

by the identification Aim = τi−1,m−1; here the τi−1,m−1 are the elements forming the
W1+∞ algebra [18, 19] and they may be realized by xi+m−1 di

dxi .
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On new representations of Galilei groups
R.Z. ZHDANOV, W.I. FUSHCHYCH

We have constructed new realizations of the Galilei group and its natural extensions
by Lie vector fields. These realizations together with the ones obtained by Fushchych
& Cherniha (Ukr. Math. J., 1989, 41, № 10, 1161; № 12, 1456) and Rideau & Win-
ternitz (J. Math. Phys., 1993, 34, 558) give a complete description of inequivalent
representations of the Galilei, extended Galilei, and generalized Galilei groups in the
class of Lie vector fields with two independent and two dependent variables.

1. Introduction
As is well known, the problem of classification of linear and nonlinear partial differen-
tial equations (PDEs) admitting a given Lie transformation group G is closely con-
nected to the one of describing inequivalent representations of its Lie algebra AG in
the class of Lie vector fields (LVFs) [1–3]. Given a representation of the Lie algebra
AG, one can, in principle, construct all PDEs admitting the group G by means of the
infinitesimal Lie method [1, 2, 4].
In the present paper we study representations of the Lie algebra of the Galilei

group G(1, 1) (which will be called in the sequel the Galilei algebra AG(1, 1)) and its
natural extensions in the class of LVFs

Q = ξ1(t, x, u, v)∂t + ξ2(t, x, u, v)∂x + η1(t, x, u, v)∂u + η2(t, x, u, v)∂v, (1)

where t, x and u, v are considered as independent and dependent variables, corres-
pondingly, and ξ1, . . . , η2 are some sufficiently smooth real-valued functions.
Representations of the Galilei group with basis generators (1) are realized on the

set of solutions of the linear and nonlinear (1 + 1)-dimensional heat, Schrödinger,
Hamilton–Jacobi, Burgers and KdV equations to mention only a few PDEs (for more
details, see [4]).
We say that operators P0, P1, M , G, D, A of the form (1) realize a representati-

on of the generalized Galilei algebra AG2(1, 1) (called also the Schrödinger algebra
ASch(1, 1)) if

• they are linearly independent,
• they satisfy the following commutation relations:

[P0, P1] = 0, [P0,M ] = 0, [P1, M ] = 0,
[P0, G] = P1, [P1, G] = 1

2M, [P0,D] = 2P0,

[P1,D] = P1, [P0, A] = D, [P1, A] = G,

[M,G] = 0, [M,D] = 0, [M,A] = 0,
[M,G] = 0, [M,D] = 0, [M,A] = 0,
[G,D] = −G, [G,A] = 0, [D,A] = 2A.

(2)

J. Nonlinear Math. Phys., 1997, 4, № 3–4, P. 426–435.
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In the above formulae, [Q1, Q2] ≡ Q1Q2 −Q2Q1 is the commutator.
The subalgebra of the above algebra spanned by the operators P0, P1, M, G, is

the Galilei algebra. The Lie algebra having the basis elements P0, P1, M , G, D is
called the extended Galilei algebra AG1(1, 1).
It is straightforward to verify that relations (2) are not altered by an arbitrary

invertible transformation of the independent and dependent variables

t→ t′ = f1(t, x, u, v), x→ x′ = f2(t, x, u, v),
u→ u′ = g1(t, x, u, v), v → v′ = g2(t, x, u, v),

(3)

where f1, . . . , g2 are sufficiently smooth functions. Invertible transformations of the
form (3) form a group (called diffeomorphism group) which establishes a natural
equivalence relation on the set of all possible representations of the algebra AG(1, 1).
Two representations of the Galilei algebra are called equivalent if the corresponding
basis operators can be transformed one into another by a change of variables (3).
In the papers by Fushchych and Cherniha [5, 6] different linear representations

of the Galilei group and of its generalizations were used to classify Galilei-invariant
nonlinear PDEs in n dimensions with an arbitrary N ∈ N (see also [7]). The next
paper in this direction was the one by Rideau and Winternitz [8]. It gives a description
of inequivalent representations of the algebras AG(1, 1), AG1(1, 1), AG2(1, 1) under
supposition that commuting operators P0, P1, M can be reduced to the form

P0 = ∂t, P1 = ∂x, M = ∂u (4)

by transformation (3).
The results of [8] can be summarized as follows. The basis elements P0, P1, M are

given formulae (4) and the remaining basis elements are adduced below
1. Inequivalent representations of the Galilei algebra

(a) G = t∂x + 1
2x∂u + f(v)∂t,

(b) G = t∂x + 1
2x∂u + v∂v.

(5)

2. Inequivalent representations of the extended Galilei algebra

(a) G = t∂x + 1
2x∂u, D = 2t∂t + x∂x + f(v)∂u,

(b) G = t∂x + 1
2x∂u, D = 2t∂t + x∂x − 1

2v∂v,

(c) G = t∂x + 1
2x∂u + v∂t, D = 2t∂t + x∂x + 3v∂v,

(d) G = t∂x + 1
2x∂u + ∂v, D = 2t∂t + x∂x + ε∂u − v∂v.

(6)

3. Inequivalent representations of the generalized Galilei algebra

(a) G = t∂x + 1
2x∂u, D = 2t∂t + x∂x + f(v)∂u,

A = t2∂x + tx∂x +
(

1
4x

2 + f(v)t
)
∂u,

(b) G = t∂x + 1
2x∂u, D = 2t∂t + x∂x + 2v∂v,

A = t2∂x + tx∂x +
(

1
4x

2 + εv
)
∂u + (2t+ αv)v∂v,

(c) G = t∂x + 1
2x∂u + ∂v, D = 2t∂t + x∂x + ε∂u − v∂v,

A = t2∂t + tx∂x +
(

1
4x

2 + εt
)
∂u + (x− tv)∂v.

(7)
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Here

f(v) =
{
α,
v,

α is an arbitrary constant and ε = 0, 1.
Remark 1. Representation (7b) with (ε = 0, α = 0) were obtained for the first time
in [5, 6].
Remark 2. The forms of basis operators of the extended Galilei and generalized
Galilei algebras are slightly simplified as compared to those given in [8]. For example,
the operators D, A from (7c) read as

D̃ = 2t∂t + x∂x + ε∂u − 1
2
(1 + 2 ln ṽ)ṽ∂ṽ,

Ã = t2∂t + tx∂x +
(

1
4
x2 + εt

)
∂u +

(
x− 1

2
t(1 + 2 ln ṽ)

)
ṽ∂ṽ.

It is readily seen that the operators {D,A} and {D̃, Ã} are related to each other
by the transformation v = ln(ṽe

1
2 ).

Generally speaking, basis elements P0, P1, M have not to be reducible to the
form (4). The requirement of reducibility imposes an additional constraint on the
choice of basis elements of the algebras AG(1, 1), AG1(1, 1), AG2(1, 1), thus narrowing
the set of all possible inequivalent representations. This is the reason why formulae
(5)–(7) give no complete description of representations of the Galilei, extended Galilei,
and generalized Galilei algebras. As established in the present paper, there are five
more classes of representations of AG(1, 1), six more classes of representations of
AG1(1, 1) and one new representation of the generalized Galilei algebra AG2(1, 1).

2. Principal results
Before formulating the principal assertion we prove an auxiliary lemma.
Lemma 1. Let P0, P1, M be mutually commuting linearly independent operators of
the form (1). Then there exists transformation (3) reducing these operators to one of
the forms

P0 = ∂t, P1 = ∂x, M = ∂u; (8)

P0 = ∂t, P1 = ∂x, M = α(u, v)∂t + β(u, v)∂x; (9)

P0 = ∂t, P1 = x∂t, M = 2∂u; (10)

P0 = ∂t, P1 = x∂t, M = γ(x)∂t; (11)

P0 = ∂t, P1 = x∂t, M = 2u∂t, (12)

where α, β, γ are arbitrary smooth functions of the corresponding arguments.
Proof. Let R be a 2× 4 matrix whose entries are coefficients of the operators P0, P1.

Case 1. rankR = 2. It is a common knowledge that any nonzero operator Q of
the form (1) having smooth coefficients can be transformed by the change of variables
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(3) to become Q′ = ∂t′ (see, e.g. [1]). Consequently, without loosing generality, we
can suppose that the relation P0 = ∂t holds (hereafter we skip the primes). As the
operator P1 commutes with P0, its coefficients do not depend on t, i.e.,

P1 = ξ1(x, u, v)∂t + ξ2(x, u, v)∂x + η1(x, u, v)∂u + η2(x, u, v)∂v.

By assumption, one of the coefficients ξ2, η1, η2 is not equal to zero. Without loss
of generality, we can suppose that ξ2 �= 0 (if this is not the case, we make a change
x→ u, u→ x or x→ v, v → x). Performing the transformation

t′ = t+ F 1(x, u, v), x′ = F 2(x, u, v), u′ = G1(x, u, v), v′ = G2(x, u, v),

where the functions F 1, F 2 are solutions of PDEs

P1F
2 + ξ1 = 0, P1F

2 = 1

and G1, G2 are functionally independent first integrals of the PDE P1F = 0, we
reduce the operators P0, P1 to become P0 = ∂t, P1 = ∂x.
Next, as the operator M commutes with P0, P1, its coefficients do not depend on

t, x. Consequently, it has the form

M = ξ1(u, v)∂t + ξ2(u, v)∂x + η1(u, v)∂u + η2(u, v)∂v.

Suppose first that (η1)2 + (η2)2 �= 0. Then, the change of variables

t′ = t+ F 1(u, v), x′ = x+ F 2(u, v), u′ = G1(u, v), v′ = G2(u, v),

where F 1, F 2, G1 are solutions of PDEs

MF 1 + ξ1 = 0, MF 2 + ξ2 = 0, MG1 = 1

and G2 is a first integral of the PDE MF = 0, reduces the operators P0, P1, M to
the form (8).
If η1 = 0, η2 = 0, then formulae (9) are obtained.
Case 2. rankR = 1. If we make transformation (3) reducing the operator P0 to

the form P0 = ∂t, then the operator P1 becomes P1 = ξ(x, u, v)∂t (the function ξ does
not depend on t because P0 and P1 commute). As ξ �= const (otherwise the operators
P0 and P1 are linearly dependent), making the change of variables

t′ = t, x′ = ξ(x, u, v), u′ = u, v′ = v

transforms the operator P1 to be P1 = x∂t.
It follows from the commutation relations [P0,M ] = 0, [P1,M ] = 0 that

M = ξ̃(x, u, v)∂t + η̃1(x, u, v)∂u + η̃2(x, u, v)∂v.

Subcase 2.1. η̃1 = η̃2 = 0. Provided the equalities ξ̃u = ξ̃v = 0 hold, formulae
(11) are obtained. If (ξ̃u)2 + (ξ̃v)2 �= 0, then making the transformation

t′ = t, x′ = x, u′ = ξ̃(x, u, v), v′ = v

we arrive at formulae (12).
Subcase 2.2. (η̃1)2 + (η̃2)2 �= 0. Performing the change of variables

t′ = t+ F (x, u, v), x′ = x, u′ = G1(x, u, v), v′ = G2(x, u, v),
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where F , G1, G2 satisfy PDEs

MF + ξ̃ = 0, MG1 = 2, MG2 = 0,

we rewrite the operators P0, P1, M in the form (10). The lemma is proved.
Theorem 1. Inequivalent representations of the Galilei algebra by LVFs (1) are ex-
hausted by those given in (6) and by the following ones:

1. P0 = ∂t, P1 = ∂x, M = 2u∂x,
G = (t+ xu)∂x + u2∂u;

(13)

2. P0 = ∂t, P1 = ∂x, M = 2
(
u∂t ± x

√
λu2 − 2u ∂x

)
,

G = xu∂t +
(
t± x

√
λu2 − 2u

)
∂x ± u

√
λu2 − 2u ∂u;

(14)

3. P0 = ∂t, P1 = ∂x, M = 2(u∂t + v∂x),
G = xu∂t + (t+ xv)∂x + uv∂u + (u+ v2)∂v;

(15)

4. P0 = ∂t, P1 = x∂t, M = − 2
λ

(
1 ±
√

1 + λx2
)
∂t,

G = tx∂t +
(
x2 + 1

λ

(
1 ±
√

1 + λx2
))

∂x + ε∂u;
(16)

5. P0 = ∂t, P1 = x∂t, M = 2u∂t,
G = tx∂t + (x2 − u)∂x + xu∂u,

(17)

where λ is an arbitrary real parameter, ε = 0, 1.
Proof. To prove the theorem it suffices to solve the commutation relations for the
basis operators P0, P1, M , G of the Galilei algebra in the class of LVF (1) within
diffeomorphisms (3). All inequivalent realizations of the three-dimensional commuta-
tive algebra having the basis operators P0, P1,M are given by formulae (8)–(12). What
is left is to solve the commutation relations for the generator of Galilei transformations
G = ξ1(t, x, u, v)∂t + ξ2(t, x, u, v)∂x + η1(t, x, u, v)∂u + η2(t, x, u, v)∂v

[P0, G] = P1, [P1, G] = 1
2M, [M,G] = 0 (18)

for each set of operators P0, P1, M listed in (8)–(12). Since case (8) has been studied
in detail in [8] and shown to yield representations (5), we will restrict ourselves to
considering cases (9)–(12).

Case 1. Operators P0, P1, M have the form (9). It is easy to establish that, using
transformations (3), it is possible to reduce the operator M from (9) to one of the
forms

M = 2(λ∂t + u∂x), M = 2(u∂t + β(u)∂x), M = 2(u∂t + v∂x),

where β is an arbitrary smooth function and λ is an arbitrary real constant.
Subcase 1.1. M = 2(λ∂t + u∂x). Inserting the formulae for P0, P1, M into (18)

and equating the coefficients of linearly independent operators ∂t, ∂x, ∂u, ∂v yield the
following over-determined system of PDEs for coefficients of the operator G:

ξ1t = 0, ξ2t = 1, η1
t = 0, η2

t = 0, ξ1x = λ, ξ2x = u,

η1
x = 0, η2

x = 0, λξ1t + uξ1x = 0, λξ2t + uξ2x − η1 = 0
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As a compatibility condition of the above system, we get λ = 0 and what is more

ξ1 = F 1(u, v), ξ2 = t+ xu+ F 2(u, v), η1 = u2, η2 = F 3(u, v),

where F 1, F 2, F 3 are arbitrary smooth functions.
Making the change of variables

t′ = t+ T (u, v), x′ = x+X(u, v), u′ = u, v′ = V (u, v), (19)

where t, X, V are solutions of the system of PDEs

u2Tu + F 3Tv + F 1 = 0, u2Tu + F 3Tv + F 1 = 0, u2Vu + F 3Vv = 0.

we transform the operator G to become

G = (t+ xu)∂x + u2∂u,

thus getting formulae (13).

Subcase 1.2. M = 2(u∂t + β(u)∂x). Substituting the expressions for P0, P1,
M into (18) and equating the coefficients of the linearly-independent operators ∂t,
∂x, ∂u, ∂v give the following over-determined system of PDEs for coefficients of the
operator G:

ξ1t = 0, ξ2t = 1, η1
t = 0, η2

t = 0, ξ1x = u, ξ2x = β(u),

η1
x = 0, η2

x = 0, uξ1t + β(u)ξ1x − η1 = 0, uξ2t + β(u)ξ2x − β̇(u)η1 = 0.

The general solution of the above system reads

ξ1 = xu+ F 1(u, v), ξ2 = t+ xβ(u) + F 2(u, v),
η1 = uβ(u), η2 = F 3(u, v),

where

β(u) = ±
√
λu2 − 2u,

F 1, F 2, F 3 are arbitrary smooth functions and λ is an arbitrary real parameter.
Performing, if necessary, the change of variables (19), we can put the functions

F 1, F 2, F 3 equal to zero. Thus, the operator G is of the form

G = xu∂t +
(
t±
√
λu2 − 2u

)
∂x ± u

√
λu2 − 2u ∂u

and we arrive at representation (14).
Subcase 1.3M = 2(u∂t+v∂x). With this choice ofM , the commutation relations

(18) give the following system of PDEs for coefficients of the operator G:

ξ1t = 0, ξ2t = 1, η1
t = 0, η2

t = 0, ξ1x = u, ξ2x = v, η1
x = 0, η2

x = 0,
uξ1t + vξ1x − η1 = 0, uξ2t + vξ2x − η2 = 0,

which general solution reads

ξ1 = xu+ F 1(u, v), ξ2 = t+ xv + F 2(u, v), η1 = uv, η2 = u+ v2.

Here F 1, F 2 are arbitrary smooth functions.
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Making the transformation (19) with V ≡ v, we reduce the operator G to the form

G = xu∂t + (t+ xv)∂x + uv∂u + (u+ v2)∂v,

thus getting representation (15).
Case 2. Operators P0, P1, M have the form (10). An easy check shows that

the system of PDEs obtained by substitution of P0, P1, M from (10) into (18) is
incompatible.

Case 3. Operators P0, P1, M have the form (11). In this case, the commutation
relations (18) give rise to the following system of PDEs for the coefficients of the
operator G:

ξ1t = x, ξ2t = 0, η1
t = 0, η2

t = 0, xξ1t − ξ2 = γ(x), γ(x)ξ1t + γ̇(x)ξ2 = 0.

Solving it, we have

ξ1 = xu+ F 1(x, u, v), ξ2 = x2 − γ(x), η1 = F 2(x, u, v), η2 = F 3(x, u, v),

where

γ(x) = − 1
λ

(
1 ±
√

1 + λx2
)
,

F 1, F 2, F 3 are arbitrary smooth functions and λ is an arbitrary real constant.
Making the change of variables

t′ = t+ T (x, u, v), x′ = x, u′ = U(x, u, v), v′ = V (x, u, v) (20)

transforms the operator G as follows

G = tx∂t +
(
x2 + 1

λ

(
1 ±
√

1 + λx2
))

+ ε∂u, ε = 0, 1.

Consequently, representation (16) is obtained.
Case 4. Operators P0, P1,M have the form (12). Inserting these into commutation

relations (18) we get the system of PDEs for coefficients of the operator G

ξ1t = x, ξ2t = 0, η1
t = 0, η2

t = 0, xξ1t − ξ2 = u, uξ1t + η1 = 0

having the following general solution:

ξ1 = tx+ F 1(x, u, v), ξ2 = x2 − u, η1 = xu, η2 = F 2(x, u, v),

where F 1, F 2 are arbitrary smooth functions.
The change of variables (20) with U ≡ u reduces the operator G to the form

G = tx∂t + (x2 − u)∂x + xu∂u, which yields representation (17). The theorem has
been proved.

Below we give without proof the assertions describing extensions of the Galilei
algebra in the class of LVFs (1).
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Theorem 2. Inequivalent representations of the extended Galilei algebra AG1(1, 1)
by LVFs (1) are exhausted by those given in (7) and by the following ones:

1. P0 = ∂t, P1 = ∂x, M = 2u∂x,
G = (t+ xu)∂x + u2∂u, D = 2t∂t + x∂x + u∂u + ε∂v;

2. P0 = ∂t, P1 = ∂x, M = 2
(−u∂t ±√

2u ∂x
)
,

G = −xu∂t +
(
t± x

√
2u
)
∂x ±

√
2u3/2∂u,

D = 2t∂t + x∂x + 2u∂u + ε∂v;
3. P0 = ∂t, P1 = ∂x, M = 2(u∂t + v∂x),

G = xu∂t + (t+ xv)∂x + uv∂u + (u+ v2)∂v,
D = 2t∂t + x∂x + 2u∂u + v∂v;

4. P0 = ∂t, P1 = x∂t, M = x2∂t,

G = tx∂t + 1
2x

2∂x, D = 2t∂t + x∂x + ε∂u;
5. P0 = ∂t, P1 = x∂t, M = x2∂t,

G = tx∂t + 1
2x

2∂x + ∂u, D = 2t∂t + x∂x − u∂u;
6. P0 = ∂t, P1 = x∂t, M = 2u∂t,

G = tx∂t + (x2 − u)∂x + xu∂u, D = 2t∂t + x∂x + 2u∂u,

where ε = 0, 1.

Theorem 3. Inequivalent representations of the generalized Galilei algebra AG2(1, 1)
by LVFs (1) are exhausted by those given in (8) and by the following one:

P0 = ∂t, P1 = ∂x, M = 2
(−u∂t ±√

2u ∂x
)
,

G = −xu∂t +
(
t± x

√
2u
)
∂x ±

√
2u3/2∂u, D = 2t∂t + x∂x + 2u∂u,

A =
(
t2 − 1

2ux
2
)
∂t +

(
tx± 1

2x
2
√

2u
)
∂x +

(
2tu± x

√
2u3/2

)
∂u.

Proof of Theorems 2, 3 is analogous to that of Theorem 1 but computations are
much more involved.
Let us note that the list of inequivalent representations of the Lie algebra of

the Poincaré group P (1, 1) and its natural extensions in the class of LVF with two
independent and one dependent variables given in [9] is also not complete. The reason
is that these representations are constructed under assumption that the generators of
time and space translations can be reduced to the form P0 = ∂x0 , P1 = ∂x1 , which is
not always possible. If we skip the above constraint, one more representation of the
Lie algebra of the Poincaré group is obtained

P0 = ∂x0 , P1 = x1∂x0 , J01 = x0x1∂x0 + (x2
1 − 1)∂x1 . (21)

And what is more, there is one new representation of the Lie algebra of the
extended Poincaré group AP (1, 1), where the basis operators P0, P1, J01 are of the
form (21) and the generator of dilations reads D = x0∂x0 + ε∂u, ε = 0, 1.
In [10], we have studied realizations of the Poincaré algebras AP (n,m) with n +

m ≥ 2 by LVFs in the space with n + m independent and one dependent variables.
It was established, in particular, that, provided the generators of translations Pµ,
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µ = 0, 1, . . . , n+m−1 can be reduced to the form P ′
µ = ∂x′

µ
, each representation of the

algebra AP (n,m) with n+m > 2 is equivalent to the standard linear representation

Pµ = ∂xµ
, Jµν = gµαxα∂xν

− gναxα∂xµ
,

where

gµν =


1, µ = ν = 1, . . . , n,
−1, µ = ν = n+ 1, . . . ,m,
0, µ �= ν

and the summation over the repeated indices from 0 to n+m is understood. In view
of the results obtained in the present paper, it is not but natural to assume that if
there will be no additional constraints on basis elements Pµ, then new representations
will be obtained. Investigation of this problem is in progress now and will be reported
elsewhere.

3. Conclusions
Our search for new representations of the Galilei algebra and its extensions was moti-
vated not only by an aspiration to a completeness (which is very important) but also
by a necessity to have new Galilei-invariant equations. Since the representations of
the groups G(1, 1), G1(1, 1), G2(1, 1) obtained in the present paper are in most cases
nonlinear in the field variables u, v, PDEs admitting these will be principally different
from the standard Galilei-invariant models used in quantum theory. Nevertheless, bei-
ng invariant under the Galilei group and, consequently, obeying the Galilei relativistic
principle, they fit into the general scheme of selecting admissible quantum mechanics
models.
Furthermore, (1+1)-dimensional PDEs having extensive symmetries are the most

probable candidates to the role of integrable models. A peculiar example is the seven-
parameter family of the nonlinear Schrödinger equations suggested by Doebner and
Goldin [11]. As established in [12] in the case when the number of space variables
is equal to one, all subfamilies with exceptional symmetry are either linearizable
or integrable by quadratures. Another example is the Eckhaus equation which is
invariant under the generalized Galilei group (see, e.g., [8]) and is linearizable by a
contact transformation [13].
But even in the case where a Galilei-invariant equation can not be linearized or

integrated in some way, one can always utilize the symmetry reduction procedure
[1, 2, 4] to obtain its exact solutions. And the wider is a symmetry group admitted by
the PDE considered, the more efficient is an application of the mentioned procedure
(for more details see [4]).
Thus, PDEs invariant under the Galilei group G(1, 1) and its extensions possess

a number of attractive properties and certainly deserve a detailed study. We intend
to devote one of our future publications to construction and investigation of PDEs
invariant under the groups G(1, 1), G1(1, 1), G2(1, 1) having the generators given in
Theorems 1–3.
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On the classification of subalgebras
of the conformal algebra with respect
to inner automorphisms
L.F. BARANNYK, P. BASARAB-HORWATH, W.I. FUSHCHYCH

We give a complete justification of the classification of inequivalent subalgebras of the
conformal algebra with respect to the inner automorphisms of the conformal group,
and we perform the classification of the subalgebras of the conformal algebra AC(1, 3).

1 Introduction

The necessity of classifying the subalgebras of the conformal algebra is motivated by
many problems in mathematics and mathematical physics [1, 2]. The conformal algeb-
ra AC(1, n) of Minkowski space R1,n contains the extended Poincaré algebra AP̃ (1, n)
and the full Galilei algebra AG4(n − 1) (also known as the optical algebra). The
classification of the subalgebras of the conformal algebra AC(l, n) is almost reducible
to the classification of the subalgebras of the algebras AP̃ (1, n) and AG4(n− 1).
Patera, Winternitz and Zassenhaus [1] have given a general method for the classi-

fication of the subalgebras of inhomogeneous transformations. Using this method, the
classification of the subalgebras AP (1, n), AP̃ (1, n), and AG4(n− 1) was carried out
in Refs. [1–9] for n = 2, 3, 4. In Refs. [7–11], this general method was supplemented by
many structural results which made possible the algorithmization of the classification
of the subalgebras of the Euclidean, Galilean, and Poincaré algebras for spaces of arbi-
trary dimensions. Indeed, this was done in Refs. [9] and [10], where the subalgebras
of AC(1, n) were classified up to conjugation under the conformal group C(1, n) for
n = 2, 3, 4.
In order to perform the symmetry reduction of differential equations, it is necessary

to identify the subalgebras of the symmetry algebra (of the equation) which give
the same systems of basic invariants. This observation has led to the introduction
in Ref. [12] of the concept of I-maximal subalgebras: a subalgebra F is said to be
I-maximal if it contains every subalgebra of the symmetry algebra with the same
invariants as F . In Ref. [13], all I-maximal subalgebras of AC(1, 4), classified up to
C(1, 4)-conjugation, were found in the representation defined on the solutions of the
eikonal equation. Using these subalgebras, reductions of the eikonal and Hamilton–
Jacobi equations to differential equations of lower order were obtained in Refs. [9]
and [12]. We note that the list of I-maximal subalgebras for a given algebra can differ
according to the equation being investigated.
In the above works, the question of the connection between conjugation of the

subalgebras of the algebra AP̃ (1, n) under the group P̃ (1, n) (or the group AdAP̃ (1, n)
of inner automorphisms of the algebra AP̃ (1, n)) and the conjugacy of these subal-
gebras under the group C(1, n) was not dealt with. This, and the same problem for

J. Math. Phys., 1998, 39, № 9, P. 4899–4922.
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subalgebras of the Galilei algebra AG4(n−1), is the problem we address in the present
article.
Since the group analysis of differential equations is of a local nature, we concentrate

on conjugacy of the subalgebras under the group of inner automorphisms of the
algebra AC(1, n). Going over to conjugacy under C(1, n) is not complicated, and
requires only a further identification of the subalgebras under the action of at most
three discrete symmetries. The results of this paper allow us to obtain a full classifi-
cation of the subalgebras of AC(1, n) for low values of n. On the basis of these results,
we give at the end of this paper a classification of the algebra AC(1, 3) with respect
to its group of inner automorphisms. The list of subalgebras obtained in this way can
be used for the symmetry reduction of any system of differential equations which are
invariant under AC(1, 3).

2 Maximal subalgebras of the conformal algebra

We denote by AdL the group of inner automorphisms of the Lie algebra L. Unless
otherwise stated, conjugacy of subalgebras of L means conjugacy with respect to the
group AdL. We consider AdL1 as a subgroup of AdL2 whenever L1 is a subalgebra
of L2. The connected identity component of a Lie group H is denoted by H1.
Let R1,n (n ≥ 2), be Minkowski space with metric gαβ , where (gαβ) = diag [1,−1,

. . . ,−1] and α, β = 0, 1, . . . , n. The transformation defined by the equations

xα = xα(y0, y1, . . . , yn), α = 0, 1, . . . , n

of a domain U ⊂ R1,n into R1,n, is said to be conformal if

∂xµ
∂yα

∂xν
∂yβ

gµν = λ(x)gαβ ,

where λ(x) �= 0 and x = (x0, x1, . . . , xn). The conformal transformations of R1,n

form a Lie group, the conformal group C(1, n). The Lie algebra AC(1, n) of the group
C(1, n) has as its basis the generators of pseudorotations Jαβ , the translations Pα, the
nonlinear conformal translations Kα, and the dilatations D, where α, β = 0, 1, . . . , n.
These generators satisfy the following commutation relations:

[Jαβ , Jγδ] = gαδJβγ + gβγJαδ − gαγJβδ − gβδJαγ ,

[Pα, Jβγ ] = gαβPγ − gαγPβ , [Pα, Pβ ] = 0, [Kα, Jβγ ] = gαβKγ − gαγKβ ,

[Kα,Kβ ] = 0, [D,Pα] = Pα, [D,Kα] = −Kα, [D,Jαβ ] = 0,
[Kα, Pβ ] = 2(gαβD − Jαβ).

(1)

The pseudo-orthogonal group O(2, n+1) is the multiplicative group of all (n+3)×
(n+3) real matrices C satisfying CtE2,n+1C = E2,n+1, where E2,n+1 = diag [1, 1,−1,
. . . ,−1]. We denote by Iab the (n+ 3)× (n+ 3) matrix whose entries are zero except
for 1 in the (a, b) position, with a, b = 1, 2, . . . , n+ 3. The Lie algebra AO(2, n+ 1) of
O(2, n+ 1) has as its basis the following operators:

Ω12 = I12 − I21, Ωab = −Iab + Iba (a < b; a, b = 3, . . . , n+ 3),
Ωia = −Iia − Iai (i = 1, 2; a = 3, . . . , n+ 3),



222 L.F. Barannyk, P. Basarab-Horwath, W.I. Fushchych

which satisfy the commutation relations

[Ωab,Ωcd] = ρadΩbc + ρbcΩad − ρacΩbd − ρbdΩac (a, b, c, d = 1, 2, . . . , n+ 3),

where (ρab) = E2,n+1. Let us denote by R2,n+1 the pseudo-Euclidean space of n + 3
dimensions with metric ρab. The matrices of the group O(2, n + 1) and the algebra
AO(2, n+1) will be identified with operators acting on the left on R2,n+1. Then, with
this convention, O(2, n+ 1) is the group of isometries of R2,n+1.
It is known (see for instance Ref. [9]) that there is a homomorphism Ψ : O(2, n+

1) → C(1, n) with kernel {±En+3}, where {En+3} is the unit (n+3)× (n+3) matrix.
Thus we are able to identify O(2, n+ 1) with C(1, n). This homomorphism of groups
induces an isomorphism f of the corresponding Lie algebras, f : AO((2, n + 1) →
AC(1, n), which is given by

f(Ωα+2,β+2) = Jαβ , f(Ω1,α+2 − Ωα+2,n+3) = Pα,

f(Ω1,α+2 + Ωα+2,n+3) = Kα, f(Ω1,n+3) = −D (α, β = 0, 1, . . . , n).

We shall in this article identify the two algebras, using this isomorphism, so that we
can write the previous equations as

Ωα+2,β+2 = Jαβ , Ω1,α+2 − Ωα+2,n+3 = Pα,

Ω1,α+2 + Ωα+2,n+3 = Kα, Ω1,n+3 = −D (α < β; α, β = 0, 1, . . . , n).

We shall use the matrix realization of the conformal algebra.
Each matrix C which belongs to the identity component O1(2, n+ 1) of the group

O(2, n+ 1) is a product of matrices which are rotations in the x1x2 and xaxb planes
(a < b; a, b = 3, . . . , n + 3) and hyperbolic rotations in the xixa planes (i = 1, 2;
a = 3, . . . , n + 3). Thus each such matrix C can be given as a finite product of
matrices of the form expX, where X ∈ AO(2, n+ 1). From this, it follows that each
inner automorphism of the algebra AO(2, n+ 1) is a mapping

ϕC : Y → CY C−1, (2)

where Y ∈ AO(2, n + 1) and C ∈ O1(2, n + 1), and conversely each mapping of this
type is an inner automorphism of the algebra AO(2, n+ 1).
In the process of our investigation mappings of the above type (2) will occur for

certain matrices C ∈ O(2, n + 1), so we call these types of mappings O(2, n + 1)-
automorphisms of the algebra AO(2, n+ 1) corresponding to the matrix C.
If G is the group of O(2, n + 1)-automorphisms of the algebra AO(2, n + 1), and

H is the subgroup of G consisting of its inner automorphisms, then H is normal in
G and [G : H] ≤ 4. Representatives of the cosets of G/H different from the identity
will be

C1 = diag [−1, 1, . . . , 1,−1], C2 = diag [1, 1,−1, 1 . . . , 1],
C3 = diag [−1, 1,−1, 1, . . . , 1,−1],

(3)

or

C1 = diag [−1, 1, . . . , 1,−1, 1], C2 = diag [1, 1,−1, 1 . . . , 1],
C3 = diag [1,−1,−1, 1, . . . , 1,−1, 1].

(4)
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Given a subspace V of R2,n+1, there is a maximal subalgebra of AO(2, n + 1)
which leaves V invariant. We call this algebra the normalizer in AO(2, n + 1) of the
subspace V .
Let Q1, . . . , Qn+3 be a system of unit vectors in R2,n+1. Then the normalizer in

AO(2, n+ 1) of the isotropic subspace 〈Q1 +Qn+3〉 is the extended Poincaré algebra
AP̃ (1, n) = 〈P0, P1, . . . , Pn〉 � (AO(1, n) ⊕ 〈D〉),

where � denotes semidirect sum, and ⊕ denotes direct sum of algebras; AO(1, n) =
〈Jα,β : α, β = 0, 1, . . . , n〉. The normalizer in AO(2, n+ 1) of the completely isotropic
subspace 〈Q1 +Qn+3, Q2 +Qn+2〉 is the ful1 Galilei algebra

AG4(n− 1) = 〈M,P1, . . . , Pn−1, G1, . . . , Gn−1〉 � (AO(n− 1)⊕〈R,S, T 〉⊕〈Z〉),
where

M = P0 + Pn, Ga = J0a − Jan (a = 1, . . . , n− 1), R = −(J0n +D),

S =
1
2
(K0 +Kn), T =

1
2
(P0 − Pn), Z = J0n −D.

The generators of the algebra AG4(n− 1) satisfy the following commutation rela-
tions:

[Jab, Jcd] = gadJbc + gbcJad − gacJbd − gbdJac, [Ga, Jbc] = gabGc − gacGb,

[Pa, Jbc] = gabPc − gacPb, [Ga, Gb] = 0, [Pa, Gb] = δabM, [Ga,M ] = 0,
[Pa,M ] = 0, [Jab,M ] = 0, [R,S] = 2S, [R, T ] = −2T, [T, S] = R,

[Z,R] = [Z, S] = [Z, T ] = [Z, Jab] = 0, [R,Ga] = Ga, [R,Pa] = −Pa,
[R,M ] = 0, [R, Jab] = 0, [S,Ga] = 0, [S, Pa] = −Ga, [S,M ] = 0,
[S, Jab] = 0, [T,Ga] = Pa, [T, Pa] = 0, [T,M ] = 0, [T, Jab] = 0,
[Z,Ga] = −Ga, [Z,Pa] = −Pa, [Z,M ] = −2M,

with a, b, c, d = 1, . . . , n− 1.
From these commutation relations we find that

〈R,S, T 〉 = ASL(2,R), 〈R,S, T 〉 ⊕ 〈Z〉 = AGL(2,R),

where R denotes the field of real numbers.
Let F be a reducible subalgebra of AO(2, n + 1). That is, there exists in R2,n+1

a nontrivial subspace W which is invariant under F . If W is isotropic, then there
exists a totally isotropic subspace W0 ⊂W which is invariant under F . Since dimW0

is 1 or 2, then, by Witt’s theorem [14] there exists an isometry C ∈ O(2, n+ 1) such
that CW0 is either 〈Q1 + Qn+3〉 or 〈Q1 + Qn+3, Q2 + Qn+2〉. Taking into account
that the matrices (3) do not change these subspaces and represent all the components
of the group O(2, n + 1) different from the identity component O1(2, n + 1), then
we may assume that the above C lies in O1(2, n + 1), the identity component. Thus
there exists an inner automorphism ϕ of the algebra AO(2, n + 1) such that either
ϕ(F ) ⊂ AP̃ (1, n) or ϕ(F ) ⊂ AG4(n− 1).
If W is a nondegenerate subspace, then, by Witt’s theorem, it is isometric with

one of the following subspaces: R1,k (k ≥ 2), R2,k (k ≥ 1), Rk (k ≥ 1). Each of the
isometrics (3) leaves invariant each of these subspaces, so that we may assume that the
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isometry which mapsW onto one of these subspaces belongs to O1(2, n+1). From this,
it follows that a subalgebra F is conjugate under the group of inner automorphisms
of the algebra AO(2, n+ 1) to a subalgebra of one of the following algebras:

(1) AO′(1, k) ⊕AO′′(1, n− k + 1),
where AO′(1, k) = 〈Ωab : a, b = 1, 3, . . . , k + 2〉 and
AO′′(1, n− k + 1) = 〈Ωab : a, b = 2, k + 3, . . . , n+ 3〉 with n ≥ 3
and k = 2, . . . , [(n+ 1)/2];

(2) AO(2, k) ⊕AO(n− k + 1), where
AO(n− k + 1) = 〈Ωab : a, b = k + 3, . . . , n+ 3〉 with k = 0, 1, . . . , n.

In order to classify the subalgebras of these direct sums it is necessary to know
the irreducible subalgebras of algebras of the type AO(1,m) (m ≥ 2) and AO(2,m)
(m ≥ 3). It has been shown in Ref. [15] that AO(1,m) has no irreducible subalgebras
different from AO(1,m). In Refs. [16] and [17] it has been shown that every semisimple
irreducible subalgebra of AO(2,m) (m ≥ 3) can be mapped by an automorphism of
this algebra onto one of the following algebras:

(1) AO(2,m);
(2) ASU(1, (m/2)] when m is even;
(3) 〈Ω12 +

√
3Ω13 + Ω25,−Ω15 + Ω24 −

√
3Ω23,Ω12 − 2Ω45〉 when m = 3.

It follows then that when m > 3 is odd, the algebra AO(2,m) has no irreducible
subalgebras other than AO(2,m). If m = 2k and k ≥ 2, then, up to inner automor-
phisms, AO(2,m) has two nontrivial maximal irreducible subalgebras: ASU(l, k) ⊕
〈Y 〉, and ASU(l, k)′ ⊕ 〈Y ′〉, where

Y = diag [J, . . . , J ], Y ′ = diag [J,−J, J . . . , J ]

with

J =
(

0 −1
1 0

)
.

We note that a subalgebra L of AG4(n−1) is conjugate under AdAO(2, n+1) with
a subalgebra the algebra AP̃ (1, n) if and only if the projection of L onto AGL(2,R) =
〈R,S, T 〉 ⊕ 〈Z〉 is conjugate under AdAGL(2,R) with a subalgebra of the algebra
〈R, T, Z〉.

3 Conjugacy under Ad AP (1, n) of subalgebras
of the Poincaré algebra AP (1, n)

The Poincaré group P (1, n) is the multiplicative group of matrices(
∆ Y
0 1

)
,
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where ∆ ∈ O(1, n) and Y ∈ Rn+1. Let I ′ab, a, b = 0, 1, . . . , n+1 be the (n+2)×(n+2)
matrix whose entries are all zero except for the ab-entry, which is unity. Then a basis
for AP (1, n) is given by the matrices

J0a = −I ′0a − I ′0a, Jab = −I ′ab + I ′ba, P0 = I ′0,n+1, Pa = I ′a,n+1,

with a < b; a, b = 1, . . . , n. These basis elements obey the commutation relations (1).
It is sometimes useful in calculations to identify elements of AO(1, n) with matrices
of the form

X =


0 β01 β02 · · · β0n

β01 0 β12 · · · β1n

β02 −β12 0 · · · β2n

· · · · ·
β0n −β1n −β2n · · · 0


and elements of the space U = 〈P0, . . . , Pn〉 are represented by n + 1-dimensional
columns Y . In this case, we take

P0 =


1
0
...
0

 , P1 =


0
1
...
0

 , . . . , Pn =


0
0
...
1


and with this notation it is easy to see that [X,Y ] = XY . We endow the space U
with the metric of the pseudo-Euclidean space R1,n, so that the inner product of two
vectors

x0

x1

...
xn

 ,


y0
y1
...
yn


is x0y0 − x1y1 − · · · − xnyn. The projection of AP (1, n) onto AO(1, n) is denoted
by ε̂. We also note that AO(n), contained in AO(1, n), is generated by Jab (a < b;
a, b = 1, . . . , n).
Let B be a Lie subalgebra of the algebra AO(1, n) which has no invariant isotropic

subspaces in R1,n. Then B is conjugate under AdAO(1, n) to a subalgebra of AO(n)
or to AO(1, k) ⊕ C, where k ≥ 2 and C is a subalgebra of the orthogonal algebra
AO′(n− k) generated by the matrices Jab (a, b = k + 1, . . . , n). In the first case, B is
not conjugate to any subalgebra of AO(n− 1).
Proposition 1. Let B be a subalgebra of AO(n) which is not conjugate to a subalgebra
of AO(n− 1). If L is a subalgebra of AP (1, n) and ε̂(L) = B, then L is conjugate to
an algebra W �C, where W is a subalgebra of 〈P1, . . . , Pn〉, and C is a subalgebra of
B ⊕ 〈P0〉. Two subalgebras W1 � C1 and W2 � C2 of this type are conjugate to each
other under AdAP (1, n) if and only if they are conjugate under AdAO(n).
Proof. The algebra B is a completely reducible algebra of linear transformations of
the space U and annuls only the subspace 〈P0〉 (other than the null subspace itself).
Thus, by Theorem 1.5.3 [9], the algebra L is conjugate to an algebra of the form
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W �C whereW ⊂ 〈P1, . . . Pn〉 and C ⊂ B⊕〈P0〉. Now letW1�C1, andW2�C2 be of
this form, conjugate under AdAP (1, n). Then there exists a matrix Γ ∈ P1(1, n) such
that ϕΓ(W1 � C1) = W2 � C2, and from this it follows that ϕΛ(B1) = B2 for some
Λ ∈ O1(1, n). Let V = 〈P1, . . . , Pn〉. Since [B1, V ] = V , then [B2, ϕΛ(V )] = ϕΛ(V )
and ϕΛ(V ) = V . Thus we can assume that Λ = diag [1,Λ1] where Λ1 ∈ SO(n), so
that the given algebras are conjugate under AdAO(n). The converse is obvious.
Proposition 2. Let B = AO(1, k) ⊕ C, where k ≥ 2 and C ⊂ AO′(n − k). If L
is a subalgebra of AP (1, n) and ε̂(L) = B then L is conjugate to L1 ⊕ L2 where
L1 = AO(1, k) or L1 = AP (1, k), and L2 is a subalgebra of the Euclidean algebra
AE′(n − k) with basis Pa, Jab (a, b = k + 1, . . . , n). Two subalgebras of this form,
L1 ⊕L2 and L′

1 ⊕L′
2 are conjugate under AdAP (1, n) if and only if L1 = L′

1 and L2

is conjugate to L′
2 under the group of E′(n− k)-automorphisms.

Proof. The proof is as in the proof of Proposition 1.
Lemma 1. If C ∈ O(1, n) and C(P0 + Pn) = λ(P0 + Pn) then λ �= 0 and

C =


1 + λ2(1 + v2)

2λ
λvtB

−1 + λ2(1 − v2)
2λ

v B −v

−1 + λ2(1 + v2)
2λ

λvtB
1 + λ2(1 − v2)

2λ

 , (5)

where B ∈ B(n−1), v is an (n−1)-dimensional column vector, v2 is the scalar square
of v and vt is the transpose of v. Conversely, every matrix C of this form satisfies
C(P0 + Pn) = λ(P0 + Pn).
Proof. Proof is by direct calculation.
Lemma 2. Let C ∈ O(1, n) have the form (5), with λ > 0. Then

C = diag [1, B, 1] exp[(− lnλ)J0n] exp(−β1G1 − · · · − βn−1Gn−1),

where Ga = J0a − Jan and β1

...
βn−1

 = B−1v.

Proof. Direct calculation gives us

exp(−θJ0n) =

 cosh θ 0 sinh θ
0 En−1 0

sinh θ 0 cosh θ


and

exp(−β1G1 − · · · − βn−1Gn−1) =


1 +

b2

2
bt

b2

2
b En−1 −b

b2

2
bt 1 − b2

2

 ,
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where b = (β1, . . . , βn−1)t. On putting λ exp θ we have

cosh θ =
λ2 + 1

2λ
, sinh θ =

λ2 − 1
2λ

.

Since we have
λ2 + 1

2λ
0

λ2 − 1
2λ

0 En−1 0
λ2 − 1

2λ
0

λ2 + 1
2λ




1 +
b2

2
bt

b2

2
b En−1 −b

b2

2
bt 1 − b2

2

 =

=


1 + λ2(1 + b2)

2λ
λbt

−1 + λ2(1 − b2)
2λ

b En−1 −b

−1 + λ2(1 + b2)
2λ

λbt
1 + λ2(1 − b2)

2λ

 ,

then

exp(−θJ0n) exp(−β1G1 − · · · − βn−1Gn−1) = diag [1, β−1, 1]C

from which it follows directly that

C = diag [1, B, 1] exp[(− lnλ)J0n] exp(−β1G1 − · · · − βn−1Gn−1)

and the lemma is proved.
The set of F of matrices of the form (5) with λ > 0 is a group under multiplication.

The mapping

C →
(
λB λv
0 1

)
is an isomorphism of the group F onto the extended Euclidean group Ẽ(n− 1). Thus
we shall mean the group F when talking of the extended Euclidean group, and the
connected identity component Ẽ1(n− 1) will be identified with the group of matrices
of the form (5) with λ > 0 and B sinSO(n − 1). From Lemma 2 it follows that the
Lie algebra AF of the group F is generated by the basis elements Jab, Ga, J0n (a < b;
a, b = 1, . . . , n− 1).
Lemma 3. If C ∈ O1(1, n) and C(P0 + Pn) = λ(P0 + Pn) then λ > 0 and B ∈
SO(n− 1) in (5).
Proof. Since

1 + λ2(1 + v2)
2λ

> 0,

then we have λ > 0. From Lemma 2, diag [1, B, 1] ∈ O1(1, n), so that detB > 0. Thus
B ∈ SO(n− 1) and the lemma is proved.
Lemma 4. If C ∈ O(1, n) and ±C �∈ Ẽ(n − 1) then C = ±A1C

′A2 where A1, A2 ∈
Ẽ(n− 1) and C ′ = diag [1, . . . , 1,−1].
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Proof.We can choose a matrix Λ ∈ O(n−1) so that ΛC(P0+Pn) = αP0+βP1+γPn
where α2 − β2 − γ2 = 0. If β �= 0 then α− γ �= 0. Let θ = β/(α− γ). Then,

exp(θG1)(αP0 + βP1 + γPn) =
α− γ

2
(P0 − Pn)

and so there exists a matrix Γ ∈ Ẽ(n − 1) such that ΓC(P0 + Pn) = λ(P0 + Pn) or
ΓC(P0 + Pn) = λ(P0 − Pn). In the first case, ±ΓC ∈ Ẽ(n− 1), so that then we have
±C ∈ Ẽ(n−1), which is impossible. In the second case, C ′ΓC(P0 +Pn) = λ(P0 +Pn).
For λ > 0 we find C ′ΓC ∈ Ẽ(n− 1). Put C ′ΓC = A2, Γ = A−1

1 . Then C = A1C
′A2.

If λ < 0 then we put −C ′ΓC = A2, in which case C = −A1C
′A2, and the lemma is

proved.
Lemma 5. If C ∈ O1(1, n) and C �∈ Ẽ1(n − 1), then C = D1QD2, where D1,D2 ∈
Ẽ1(n− 1), and Q = diag [1,−1, 1, . . . , 1,−1].
Proof. If ±C ∈ Ẽ(n − 1), then C(P0 + Pn) = γ(P0 + Pn). By Lemma 3, γ > 0 and
C ∈ Ẽ1(n−1), which contradicts the assumption. Thus, ±C �∈ Ẽ(n−1). By Lemma 4,
C = ±A1C

′A2. From this it follows that C = D1ΓD2, where D1,D2 ∈ Ẽ1(n−1), and
F is one of the matrices ±C ′, ±Q. However, Γ ∈ O1(1, n), since Γ = D−1

1 CD−1
2 , find

from this it follows that Γ = Q. The Lemma is proved.
Direct calculation shows that the normalizer of the space 〈P0 + Pn〉 in AO(1, n)

is generated by the matrices Ga, Jab, J0n (a, b = 1, . . . , n − 1), which satisfy the
commutation relations

[Ga, Jbc] = gabGc − gacGb, [Ga, Gb] = 0, [Ga, J0n] = Ga.

This means that the normalizer of the space 〈P0 +Pn〉 in the algebra AO(1, n) is the
extended Euclidean algebra

AẼ(n− 1) = 〈G1, . . . , Gn−1〉 � (AO(n− 1) ⊕ 〈J0n〉)
in an (n−1)-dimensional space, where the generators of translations are G1, . . . , Gn−1

and the generator of dilatations is the matrix J0n.
Let K be a subalgebra of AP (1, n) such that its projection onto AO(1, n) has an

invariant isotropic subspace in Minkowski space R1,n. The subalgebra K is conjugate
under AdAP (1, n) with a subalgebra of the algebra A = AG1(n − 1) � 〈J0n〉 where
AG1(n−1) is the usual Galilei algebra with basisM , T , Pa, Ga, Jab (a, b = 1, . . . , n−
1), and M = P0 + Pn, T = 1

2 (P0 − Pn).
Proposition 3. Let L1 and L2 be subalgebras of A, with L1 not conjugate under
AdA to any subalgebra having zero projection onto 〈G1, . . . , Gn−1〉. If ϕ(L1) = L2

for some ϕ ∈ AdAP (1, n), then there exists an inner automorphism ψ of the algebra
A with ψ(L1) = L2.
Proof. Since AdA contains automorphisms which correspond to matrices of the form

exp

(
n∑
γ=

aγPγ

)
(6)

and since P (1, n) is a semidirect product of the group of matrices of the form (6)
and the group O(1, n) of matrices of the form diag [∆, 1], then we may assume that
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ϕ = ϕC with C ∈ O1(1, n). If C �∈ Ẽ1(n− 1), then by Lemma 5, C = D1QD2. In that
case we find that

(D1QD2)ε̂(L1)(D−1
2 QD−1

1 ) = ε̂(L2),

whence

Q(D2ε̂(L1)D−1
2 )Q = D−1

1 ε̂(L2)D1. (7)

However,

QGaQ = Q(J0a − Jan)Q =

{
J0a + Jan, when a �= 1,
−(J01 + J1n), when a = 1.

This means that QGaQ �∈ A. Because of this, the left-hand side of (7) does not belong
to A, whereas the right-hand side of (7) is a subalgebra of A. This then implies that
we must have C ∈ Ẽ1(n− 1) and thus we have ψ(L1) = L2 for some ψ ∈ AdA.
Proposition 4. Let Ã be a Lie algebra with basis P0, Pa, Pn, Jab, J0n (a, b =
1, . . . , n− 1) and let L1, L2 be subalgebras of Ã such that at least one of them has a
nonzero projection onto 〈J0n〉. If ϕ(L1) = L2 for some ϕ ∈ AdAP (1, n), then there
exists an inner automorphism ψ ∈ Ã so that either ψ(L1) = L2 or ψ(L1) = ϕQ(L2)
where Q = diag [1,−1, 1, . . . , 1,−1].
Proof. As in the proof of Proposition 3, we may assume that ϕ = ϕC where C ∈
O1(1, n). We shall also assume that the projection of L1 onto 〈J0n〉 is nonzero. If
C ∈ Ẽ1(n − 1) and C �∈ Õ1(n − 1) then the projection of the algebra ϕ(L1) onto
〈G1, . . . , Gn−1〉 is nonzero, and hence the projection of L2 onto 〈G1, . . . , Gn−1〉 is
nonzero, which contradicts the assumptions of the proposition. Thus, if C ∈ Ẽ1(n−1)
then ϕ ∈ Ad Ã.
Let C �∈ Ẽ1(n − 1). By Lemma 5, C = D1QD2 where D1,D2 ∈ Ẽ1(n − 1). Then

ϕ(L1) = L2 can be written as

ϕQ(σD2(L1)] = ϕD−1
1

(L2).

If D2 �∈ Õ1(n−1) then the projection of ϕD2(L1) onto 〈G1, . . . , Gn−1〉 is nonzero and
hence ϕQ[ϕD2(L1)] does not belong to A. But then ϕD−1

1
(L2) is also not in A. This is

a contradiction. Thus D1,D2 ∈ Õ1(n− 1). From this it follows that ϕQ(ψ(L1)) = L2

where ψ = ϕD is an inner automorphism of the algebra Ã. This proves the proposition.
Proposition 5. Suppose 2 ≤ m ≤ n− 1. Let F be a subalgebra of the algebra AO(m)
which is not conjugate under AdAO(m) to a subalgebra of AO(m− 1), and let L be
a subalgebra of 〈P0, P1, . . . , Pn〉 � F such that ε̂(L) = F . Then L is conjugate to an
algebra W �K, where W is a subalgebra of 〈P1, . . . , Pm〉 and K is a subalgebra of F ⊕
〈P0, Pm+1, . . . , Pn〉. Two subalgebras W1 �K1 and W2 �K2 of this type are conjugate
under AdAP (1, n) if and only if there exists an automorphism ψ ∈ AdAO(m) ×
AdAO(1, n−m) such that ψ(W1 �K1) = W2 �K2 or ψ(W1 �K1) = Q(W2 �K2)Q
where

AO(1, n−m) = 〈Jαβ : α, β = 0,m+ 1, . . . , n〉
and Q = diag [1,−1, 1, . . . , 1,−1].



230 L.F. Barannyk, P. Basarab-Horwath, W.I. Fushchych

4 Conjugacy of subalgebras of the extended Poincaré
algebra AP̃ (1, n) under Ad AC(1, n)

Lemma 6. If C ∈ O(2, n+ 1) and C(Q1 +Qn+3) = λ(Q1 +Qn+3) then λ �= 0 and

C =


1 + λ2(1 − v2)

2λ
−λvtE1,nB

−1 + λ2(1 + v2)
2λ

v B −v

−1 + λ2(1 − v2)
2λ

−λvtE1,nB
1 + λ2(1 + v2)

2λ

 , (8)

where B ∈ O(1, n), E1,n = diag [1,−1, . . . ,−1], v is an (n + 1) × 1 matrix and v2

is its scalar square in R1,n. Conversely, every matrix C of the form (8) satisfies the
condition C(Q1 +Qn+3) = λ(Q1 +Qn+3).
Proof. Direct calculation.
Lemma 7. Let C ∈ O(2, n+ 1) have the form (8), with λ > 0. Then

C = diag [1, B, 1] exp[(lnλ)D] exp(−β0P0 − β1P1 − · · · − βnPn),

where
β0

β1

...
βn

 = B−1v.

Proof. The proof of Lemma 7 is similar to that of Lemma 2.
The mapping

f : C →
(
λB λv
0 1

)
is a homomorphism of the group of matrices (8) onto the extended Poincaré group
P̃ (1, n). The kernel of this homomorphism is the group of order two, {−En+3, En+3}.
Let us denote by H the set of matrices of the form (8) with λ > 0. Then f is an
isomorphism of H onto P̃ (1, n). For this reason we shall, in the remainder of this
article, mean the group H when referring to P̃ (1, n). Its Lie algebra is the extended
Poincaré algebra AP̃ (1, n) given in Section 2.
Lemma 8. Let C ∈ O1(2, n + 1) and let it be of the form (8) with λ > 0. Then
B ∈ B1(1, n).
Remark 1. Note that when λ < 0 it is possible that B does not belong to O1(2, n+1).
Lemma 9. If C ∈ O1(2, n+ 1) and ±C �∈ P̃ (1, n) then either C = ±A1QA2 or C =
A1F (θ)A2, where A1, A2 ∈ P̃ (1, n), Q = diag [1, . . . , 1−1] and F (θ) = exp[(θ/2)(K0+
P0 +Kn − Pn)].
Proof. There exists a matrix ΛP̃ (1, n) such that

ΛC(Q1 +Qn+3) = α1Q1 + α2Q2 + α3Qn+2 + α4Qn+3,
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where α2
1 + α2

2 − α2
3 − α2

4 = 0 and α2α3 ≥ 0. If α1 �= α4 then, as in the proof of
Lemma 4, we obtain that

exp(β0P0 + βnPn)ΛC(Q1 +Qn+3) = γ(Q1 ±Qn+3)

for some real numbers β0, βn, γ. From this it follows that

Γ exp(β0P0 + βnPn)ΛC(Q1 +Qn+3) = λ(Q1 +Qn+3),

where λ > 0 and Γ = ±En+3 or Γ = ±Q. By Lemma 6 and Lemma 7, we obtain
Γ exp(β0P0 + βnPn)ΛC = Λ̃, Λ̃ ∈ P̃ (1, n).

Since ±C �∈ P̃ (1, n), then Γ = ±Q, and so C = ±A1QA2, where A1 = Λ−1 exp(−β0P0

−βnPn), A2 = Λ̃.
If α1 = α4, then also α2 = α3. It is easy to verify that

F (θ)ΛC(Q1 +Qn+3) = (α1 cos θ + α2 sin θ)(Q1 +Qn+3) +
+ (α2 cos θ − α1 sin θ)(Q2 +Qn+2).

If α1 = 0 then we put θ = (π/2), when α2 > 0 and θ = −(π/2), when α2 < 0. If
α1 �= 0 then we let α2 cos θ − α1 sin θ = 0. In that case,

tan θ =
α2

α1
, α1 cos θ + α2 sin θ = α1 cos θ(1 + tan2 θ).

We choose the value of θ so that α1 cos θ > 0. With this choice of θ we have

F (θ)ΛC(Q1 +Qn+3) = λ(Q1 +Qn+3),

where λ > 0. But then, as a result of Lemma 6 and Lemma 7, F (θ)ΛC = Λ̃, Λ̃ ∈
P̃ (1, n), and so C = A1F (−θ)A2, where A1 = Λ−1, A2 = Λ̃. The result is proved.
Lemma 10. Let L1 and L2 be subalgebras of AP̃ (1, n) which are not conjugate under
AP̃ (1, n) to subalgebras of AÕ(1, n) = AO(1, n) ⊕ 〈D〉. Then L1, L2 are conjugate
under AdAC(1, n) if and only if they are conjugate under AdAP̃ (1, n) or if one of
the following conditions holds:

(1) n is an odd number and there exists an automorphism ψ ∈ AdAP̃ (1, n) with
ψ(L1) = C2L2C

−1
2 (see Eq. (3) for notation);

(2) there exist automorphisms ψ1, ψ2 ∈ AP̃ (1, n) with

ψ1(L1) = F (θ)[ψ2(L2)]F (−θ).
Proof. Let CL1C

−1 = L2 for some C ∈ O1(2, n+ 1). By Lemma 9, we may assume
that ±C ∈ P̃ (1, n) or that C is one of the matrices ±A1QA2, A1F (θ)A2 (we use the
notation of Lemma 9) . If C ∈ P̃ (1, n) then, by Lemma 8, C belongs to the identity
component of the group P̃ (1, n) and thus ϕC is an inner automorphism of the algebra
AP̃ (1, n). Now suppose −C ∈ P̃ (1, n). Then by Lemma 7, C = −diag [1, B, 1], where
B ∈ O(1, n) and ∆ ∈ P̃1(1, n). Thus we may assume that C = −diag [1, B, 1]. From
this it follows that B ∈ O1(1, n) for odd n and we have

diag [1, 1,−1, 1, . . . , 1, 1]B ∈ O1(1, n)
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For even n this means that the algebras L1, L2 are conjugate to each other under
AdAP̃ (1, n) or that there exists an automorphism ψ ∈ AdAP̃ (1, n) such that ψ(L1) =
C2L2C

−1
2 .

Let C = ±A1QA2. Then C = Γ1∆Γ2 with Γ1,Γ2 ∈ P̃ (1, n) and∆ = ±diag [1, ε1, 1,
. . . , 1, ε2,−1] with ε1, ε2 ∈ {−1, 1}. Clearly, ∆ ∈ O1(2, n + 1). When C = A1Q2 we
have ε1 = 1, ε2 = −1 and when C = −A1QA2, ε1 = 1, ε2 = (−1)n. Since

∆Pn∆−1 = ±Kn, ∆Pα∆−1 = ±Kα

with α < n, then from Γ−1
1 L2Γ1 = ∆(Γ2L1Γ−1

2 )∆−1 it follows that the algebra
Γ−1

1 L2Γ1 has a nonzero projection onto 〈K0,K1, . . . ,Kn〉, which is impossible. Thus
the matrix C is different from ±A1QA2.
Now let C = A1F (θ)A2. If Γ is one of the matrices (4), then ΓF (θ)Γ−1 = F (±θ),

so that

C = A′
1F (θ)A′

2∆,

where A′
1, A

′
2 ∈ P̃ (1, n) and ∆ = E or ∆ is one of the matrices (4). Since ∆ can be

represented as a product of matrices in O1(2, n), then the last case is impossible, and
we have proved the Lemma.
Theorem 1. Let L1 and L2 be subalgebras of AP̃ (1, n) which are not conjugate under
AP̃ (1, n) to subalgebras of AÕ(1, n) and such that their projections onto AO(1, n)
have no invariant isotropic subspace in R1,n. The subalgebras L1 and L2 are conjugate
under AdAC(1, n) if and only if they are conjugate under AdAP̃ (1, n) or when there
exists an automorphism ψ ∈ AdAP̃ (1, n) such that ψ(L1) = C2L2C

−1
2 , where C2 =

diag [1, 1,−1, 1, . . . , 1].
Proof. By Lemma 10 we may assume that ψ1(L1) = F (θ)[ψ2(L2)]F (−θ) for some
ψ1, ψ2 ∈ AP̃ (1, n). Under the given assumptions, the projection of ψ2(L2) onto
AO(1, n) contains an element of the form

X =
n−1∑
b=1

(αbJ0b + γbJbn) +
n−1∑
b,c=1

σbcJbc,

where αq �= −γq for some q (1 ≤ q ≤ n− 1). Since

F (θ)J0qF (−θ) = J0q cos θ +
1
2
(Kq + Pq) sin θ

and

F (θ)JqnF (−θ) = Jnq cos θ +
1
2
(Kq − Pq) sin θ

we have that F (θ)XF (−θ) contains the term
F (θ)[αqJ0q + γqJqn]F (−θ) = (αqJ0q + γqJqn) cos θ +

+
1
2
[αq(Kq + Pq) + γq(Kq − Pq)] sin θ

and from this it follows that (αq + γq) sin θ = 0 so that sin θ = 0. But then θ = mπ.
When m = 2d we have F (θ) = En+3. When m = 2d + 1 then F (θ) = diag [−1,−1,
En−1,−1,−1]. However,

F (θ)[ψ2(L2)]F (−θ) = (−F (θ))[ψ2(L2)](−F (−θ))
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from which it follows that we may assume that ψ1(L1) = C[ψ2(L2)]C−1 where C =
diag [1, 1,−En−1, 1, 1]. If n is odd, then ϕC is an inner automorphism of AP̃ (1, n).
If n is even, then ϕC2ϕC is an inner automorphism of the algebra AP̃ (1, n). In the
first case, ψ3(L1) = L2 where ψ3 = ψ−1

2 ϕ−1
C ψ1 is an inner automorphism of the

algebra AP̃ (1, n). In the second case, ψ(L1) = ϕC2(L2) for some ψ ∈ AdAP̃ (1, n).
The theorem is proved.
Theorem 2. Let L1 and L2 be subalgebras of AÕ(1, n) having no invariant isotropic
subspaces in R1,n. The subalgebras L1, L2 are conjugate under AdAC(1, n) if and
only if they are conjugate under AdAÕ(1, n) or when there exists an automorphism
ψ ∈ AdAÕ(1, n) such that ψ(L1) = CL2C

−1 where C is one of the (n+ 3)× (n+ 3)
matrices

diag [1, 1,−1, 1, . . . , 1], diag [1, . . . , 1,−1], diag [1, . . . , 1,−1,−1].

We note that AÕ(1, n) ⊂ AO(2, n+ 1) and that the matrix C is (n+ 3)× (n+ 3).

5 Subalgebras of the full Galilei algebra
Lemma 11. Let C ∈ O(2, n + 1) and W = 〈Q1 + Qn+3, Q2 + Qn+2〉. If CW = W ,
then

C = exp[θ(S + T )] diag [1, ε,K, ε, 1] exp(αR+ βZ) ×

× exp

(
n−1∑
i=1

γiGi

)(
δM + λT +

n−1∑
i=1

µiPi

)
,

(9)

where ε = ±1, K ∈ O(n− 1).
Proof. We have

C(Q1 +Qn+3) = α1(Q1 +Qn+3) + α2(Q2 +Qn+2)

and so

F (−θ)C(Q1 +Qn+3) = (α1 cos θ − α2 sin θ)(Q1 +Qn+3) +
+ (α2 cos θ + α1 sin θ)(Q2 +Qn+2).

If α1 = 0 then we put θ = (3π/2) when α2 > 0 and θ = (π/2) when α2 < 0. If α1 �= 0
then we put α1 sin θ+α2 cos θ = 0 and then tan θ = −α2/α1 and α1 cos θ−α2 sin θ =
α1 cos θ(1 + tan2 θ). We choose θ so that α1 cos θ > 0. For this choice of θ we have
F (−θ)C(Q1 +Qn+3) = ξ(Q1 +Qn+3), where ξ > 0. Using Lemma 7, we obtain

F (−θ)C = A = diag [1, B, 1] exp([ln ξ]D) exp

(
−

n∑
i=0

βiPi

)
∈ P̃ (1, n),

where B ∈ O(1, n). Then C = F (θ)A. The matrix A has the form (8). Direct calcula-
tion gives

A(Q2 +Qn+2) = α(Q1 +Qn+3) + βQ2 + γQn+2 +
n+1∑
i=3

δiQi.
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From this it follows that

F (θ)A(Q2 +Qn+2) = (α cos θ + β sin θ)Q1 + (−α sin θ + β cos θ)Q2 +

+ (γ cos θ − α sin θ)Qn+2 + (γ sin θ + α cos θ)Qn+3 +
n+1∑
i=3

δiQi.

Now we have F (θ)A(Q2 +Qn+2) ∈W , from which we have

α cos θ + β sin θ = γ sin θ + α cos θ, −α sin θ + β cos θ = γ cos θ − α sin θ

and so we conclude that β = γ and δj = 0, j = 3, . . . , n+ 1. But in that case we have

diag [1, B, 1](Q2 +Qn+2) = β(Q2 +Qn+2).

By Lemma 2, we have

±B = diag [1,K, 1] exp[(− ln |β|)J0n] exp

(
n−1∑
i=1

γiGi

)
,

where K ∈ O(n− 1). We note that

K0 + P0 −Kn − Pn = 2(S + T ), J0n =
1
2
(Z −R), D = −1

2
(Z +R),

P0 =
1
2
(M + 2T ), Pn =

1
2
(M − 2T ), [D,Ga] = 0, [D,J0n] = 0.

The lemma is proved.
Lemma 12. Let C ∈ O1(2, n + 1) and W = 〈Q1 + Qn+3, Q2 + Qn+2〉. If CW = W
then the matrix C has the form (9) with ε = 1 and K ∈ SO(n− 1).
Proof. From the conditions of Lemma 1 1 and the fact that we ask for C ∈ O1(2, n+1),
it follows that diag [1, ε,K, ε, 1] ∈ O1(2, n+ 1). It follows now that ε > 0 and that∣∣∣∣ K 0

0 ε

∣∣∣∣ > 0

and thus we have ε = 1 and |K| > 0, whence K ∈ SO(n− 1). This proves the lemma.
The matrices of the form (9) with ε = 1 and K ∈ SO(n− 1) form a group under

multiplication, which we denote by G4(n − 1) since its Lie algebra is the full Galilei
algebra AG4(n− 1). It is easy to see that G4(n− 1) ⊂ O1(2, n+ 1).
Lemma 13. If C ∈ O1(2, n + 1) but C �∈ G4(n − 1), then C = A1ΓA2, where
A1, A2 ∈ G4(n− 1) and Γ is one of the matrices

Γ1 = diag [1, . . . , 1,−1], Γ2 = diag [1, 1,−1, 1, . . . , 1,−1, 1]. (10)

Proof. Let

C(Q1 +Qn+3) =
n+3∑
i=1

αiQi, α2
1 + α2

2 − α3
3 − · · · − α2

n+3 = 0.

There exists a matrix Λ = diag [1, 1,∆, 1, 1] with ∆ ∈ SO(n− 1) such that ΛC(Q1 +
Qn+3) does not contain Q4, . . . , Qn+1. Hence we may assume α2

1+α2
2−α2

n+2−α2
n+3 =

0.
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Since

S + T =
1
2
(K0 + P0 +Kn − Pn) = Ω12 + Ωn+2,n+3,

then, up to a factor exp[θ(S+T )], we may suppose that α1 �= 0, α2 = 0. If α2
1 = α2

n+3

then α3 = 0, αn+2 = 0. Assume α1 �= αn+3. As in the proof of Lemma 4, we find that

exp(β1P1 + β2P2)(α1Q1 + α3Q3 + αn+2Qn+2 + αn+3Qn+3) =
= α′

1Q1 + α′
n+3Qn+3,

where α′2
1 − α′2

n+3 = 0. Thus there exists a matrix A1 ∈ G4(n− 1) such that

A−1
1 C(Q1 +Qn+3) = γ(Q1 ±Qn+3),

A−1
1 C(Q2 +Qn+2) = δ1Q1 + δ2Q2 + δ3Q3 + δ4Qn+2 + δ5Qn+3.

(11)

Since the pseudo-orthogonal transformations preserve the scalar product, it follows
that the right-hand sides in (11) are also orthogonal, which implies that γ(δ1∓δ5) = 0
so that δ5 = ±δ1. If δ2 �= δ4 then multiplying the left- and right-hand sides in (11) by
exp(θG1) does not change the right-hand side of the first equality, and allows us to
eliminate δ3 by transforming it into 0. If δ2 = δ4, then one easily deduces that δ3 = 0.
Thus we may assume that δ3 = 0. But then we have δ4 = ±δ2 because δ5 = ±δ1 and
δ21 + δ22 − δ24 − δ25 = 0.
Let W = 〈Q1 + Qn+3, Q2 + Qn+2〉. The above reasoning implies that for some

matrixA1 ∈ G4(n−1) we have ΓA−1
1 CW = W where Γ is one of the matrices (10). The

fact that ΓA−1
1 C ∈ O1(2, n+ 1) implies, using Lemma 12, ΓA−1

1 C = A2 ∈ G4(n− 1).
Thus C = A1ΓA2 and the lemma is proved.
Lemma 14. The subalgebras L1 and L2 of AG4(n−1) are conjugate under AdAC(1, n)
if and only if they are conjugate under AdAG(n− 1) or if there exist automorphisms
ψ1, ψ2 in AdAG4(n− 1) with ψ1(L1) = Γ[ψ2(L2)]Γ−1, where Γ is one of the matri-
ces (10).
Proof. The result follows immediately from Lemma 13.
In the following table we give the action on the full Galilei algebra AG4(n− 1) of

the automorphisms where

C4 = exp
(π

2
(S + T )

)
, C5 = exp(π(S + T ))

(see (3) and (10) for the notation).
Theorem 3. Let L1 and L2 be subalgebras of AG4(n − 1) which are not conjugate
under AdAG4(n− 1) with subalgebras of

〈M,T, P1, . . . , Pn−1〉 � (AO(n− 1) ⊕ 〈D,J0n〉
and

AO(n− 1) ⊕ 〈S + T,Z〉.
Then the subalgebras L1 and L2 are conjugate under AdAC(1, n) if and only if they
are conjugate under AdAG4(n− 1).
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Table 1. Action of automorphisms on elements of AG4(n − 1) for n ≥ 2.

Element of
AG4(n − 1)

ϕΓ1 ϕΓ2 ϕC1 ϕC4 ϕC5 Restrictions

P1 K1 −P1 −P1 −G1 −P1

Pa Ka Pa −Pa −Ga −Pa a = 2, . . . , n − 1
M K0 − Kn 2T −M M M
G1 J01 + J1n −(J01 + J1n) G1 P1 −G1

Ga J0a + Jan J0a + Jan Ga Pa −Ga a = 2, . . . , n − 1
J1a J1a −J1a J1a J1a J1a a = 2, . . . , n − 1
Jab Jab Jab Jab Jab Jab a, b = 2, . . . , n − 1
R −R Z R −R R
S T 1

2
(K0 − Kn) −S T S

T S 1
2
M −T S T

Z −Z R Z Z Z

Proof. If the subalgebras L1 and L2 are conjugate under AdAG4(n−1) then they are
conjugate under AdAC(1, n). Now suppose that they are conjugate under AdAC(1, n).
In order to prove their conjugacy under AdAG4(n− 1) it is sufficient (by Lemma 14)
to show that for an arbitrary ψ ∈ AdAG4(n − 1) and for each matrix Γ of the form
(10), the subalgebra Γψ(L1)Γ−1 either equals ψ(L1) or is not contained in AG4(n−1),
for then the only possibility is that they are conjugate under AdAG4(n− 1).
If the projection of ψ(L1) onto 〈G1, . . . , Gn−1〉 is nonzero, then, using Table 1, the

subalgebra Γψ(L1)Γ−1 contains an element Y whose projection for some a, 1 ≤ a ≤
n−1 onto 〈J0a, Jan〉 is of the form λ(J0a+Jan) with λ �= 0. If Γψ(L1)Γ−1 ⊂ AG4(n−1),
then the projection of Y onto 〈J0a, Jan〉 would have the form µ(J0a−Jan) which would
imply λ = µ = −µ = 0, an obvious contradiction.
Now let the projection of ψ(L1) onto 〈G1, . . . , Gn−1〉 be zero. Denote by τψ(L1)

the projection of ψ(L1) onto 〈R,S, T 〉. If τψ(L1) = 〈R,S, T 〉, then 〈R,S, T 〉 ⊂ ψ(L1).
From this it follows that Γ2ψ(L1)Γ−1

2 is not a subset of AG4(n−1). If we assume that
Γ1ψ(L1)Γ−1

1 ⊂ AG4(n − 1), we obtain, from Table 1, that the projection of ψ(L1)
onto 〈P1, . . . , Pn,M〉 is zero, and consequently we have either ψ(L1) = 〈R,S, T 〉 or
ψ(L1) = 〈R,S, T 〉 ⊕ 〈Z〉. In this case, Γ1ψ(L1)Γ−1

1 = ψ(L1). If τψ(L1) = 〈R +
αS, T +βS〉, with α �= 0, then Γ2ψ(L1)Γ−1

2 is not contained in AG4(n− 1). If we had
Γ1ψ(L1)Γ−1

1 ⊂ AG4(n− 1), then the projection of ψ(L1) onto 〈P1, . . . , Pn,M〉 would
be zero. But then ψ(L1) would be conjugate under AdAG4(n− 1) with a subalgebra
of AO(n − 1) ⊕ 〈R, T, Z〉, which contradicts the assumptions of the theorem. The
theorem is proved.
Theorem 4. Let L1 and L2 be subalgebras of the algebra

L = 〈M,T, P1, . . . , Pn−1〉 � (AO(n− 1) ⊕ 〈D,J0n〉)
having nonzero projection on 〈J0n〉 and 〈D〉 and are not conjugate under AdL with
subalgebras of the algebra 〈M,T 〉 � (AO(n − 1) ⊕ 〈D,J0n〉). Then L1 and L2 are
conjugate under AdAC(1, n) if and only if they are conjugate under AdL or if there
exists an automorphism ψ ∈ AdL such that ψ(L1) = ΛL2Λ−1 where Λ is one of the
matrices Γ2, C5, Γ2C5 (see Table 1).
Proof. If ψ ∈ AdAG4(n− 1), then ψ = ϕC where C is a matrix of the form (9). By
theorem IV.3.4 of Ref. [9], the subalgebra L1 is, up to an automorphism of AdAG4(n−
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1), one of the following algebras:

(1) (U1 + U2 + U3) � F, where U1 ⊂ 〈M〉, U2 ⊂ 〈T 〉, U3 ⊂ 〈P1, . . . , Pn−1〉
and F ⊂ AO(n− 1) ⊕ 〈D,J0n〉;

(2) (U1 + U2) � F, where U1 ⊂ 〈T 〉, U2 ⊂ 〈P1, . . . , Pn−1〉
and F is a subalgebra of AO(n− 1) ⊕ 〈R,M〉;

(3) (U1 + U2) � F, where U1 ⊂ 〈M〉, U2 ⊂ 〈P1, . . . , Pn−1〉
and F is a subalgebra of AO(n− 1) ⊕ 〈Z, T 〉.

By assumption, the projection of L1 onto 〈P1, . . . , Pn−1〉 is nonzero.
If ψ(L1) = L2, then in formula (9) θ = 0 or θ = π because for other values

of θ the projection of ψ(L1) onto 〈G1, . . . , Gn−1〉 is nonzero. For this reason, γ1 =
· · · = γn−1 = 0 and so ψ ∈ AdL or ϕC5ψ ∈ AdL. Let there be automorphisms
ψ1, ψ2 ∈ AdAG4(n−1) with Γψ1(L1)Γ = ψ2(L2) where Γ is one of the matrices (10).
If AdL did not contain ψ1 and ϕC5ψ1, then the projection of ψ1(L1) on 〈G1, . . . , Gn−1〉
would be nonzero, and so, by Table 1, ψ2(L2) would not be in AG4(n−1). Thus ψj or
ϕC5ψj belongs to AdL for each j = 1, 2. For Γ = Γ1 the projection of Γψ1(L1)Γ onto
〈K1, . . . ,Kn−1〉 is nonzero, so we have Γ = Γ2. In this case Γψ2(L2)Γ = ψ′

2(ΓL2Γ).
Using Lemma 14, the theorem is proved.
In a similar way, one proves the following results.

Theorem 5. Let B be a subalgebra of the algebra

N = 〈M,P1, . . . , Pn−1〉 � (AO(n− 1) ⊕ 〈D,T 〉)
and let B have nonzero projection onto 〈D〉. Then B is conjugate under AdAC(1, n)
to the algebra

F = (W1 ⊕W2) � E, (12)

where E is a subalgebra of the algebra AO(n−1)⊕〈D〉, W1 ⊂ 〈P1, . . . , Pn−1〉 and W2

is one of the algebras 0, 〈P0〉, 〈Pn〉, 〈Pn〉, 〈P0, Pn〉. If W2 = 〈Pn〉, or W2 = 〈P0, Pn〉
then the subalgebra W1 �E is not conjugate under AdAO(n− 1) with any subalgebra
of 〈P1, . . . , Pn−2〉 � (AO(n − 2) ⊕ 〈D〉). Subalgebras F1, F2 of the type (12) of the
algebra N with nonzero projection onto 〈D〉, which are not conjugate under AdN to
subalgebras of 〈M,T 〉 � (AO(n − 1) ⊕ 〈D〉), will be conjugate under AC(1, n) if and
only if they are conjugate under AdL or when there exists an automorphism ψ ∈ AdL
with ψ(F1) = Γ2F2Γ−1

2 (see (10)), where L = AO(n− 1) (we consider AdAO(n− 1)
to be a subgroup of AdAC(1, n)).
Theorem 6. Let B be a subalgebra of the algebra

N = 〈M,P1, . . . , Pn−1〉 � (AO(n− 1) ⊕ 〈J0n, T 〉)
and let B have nonzero projection onto 〈J0n〉. Then B is conjugate under AdAC(1, n)
with the algebra

F = W � E, (13)

where E is a subalgebra of the algebra 〈P1, . . . , Pn−1〉 � (AO(n − 1) ⊕ 〈J0n〉) and W
is one of the algebras 0, 〈M〉, 〈P0, Pn〉. Let L = N � 〈D〉. Subalgebras F1, F2 of the
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type (13) of the algebra N which are not conjugate under AdN with subalgebras of
the algebra 〈M〉 � (AO(n− 1)⊕ 〈J0n, T 〉), will be conjugate under AdAC(1, n) if and
only if they are conjugate under AdL or if there exists an automorphism ψ ∈ AdL
with ψ(F1) = ΛF2Λ−1 where Λ is one of the matrices Γ2, C5, Γ2C5 (see Table 1).
Theorem 7. Let L1, L2 be subalgebras of the algebra L = 〈M,S+T,Z〉⊕AO(n− 1)
which have nonzero projection onto 〈S + T 〉. The algebras L1 and L2 are conjugate
under AdAC(1, n) if and only if they are conjugate under AdL or if there exists an
automorphism ψ ∈ AdL such that ψ(L1) = Γ1L2Γ−1

1 (see Table 1).

6 Subalgebras of AC(1, 3)

We recall that in this article the conformal algebra AC(1, 3) is realized as the pseudo-
orthogonal algebra AO(2, 4). It turns out that it is convenient to divide the subalgeb-
ras of AO(2, 4) into seven classes:

(1) subalgebras not having invariant isotropic subspaces in R2,4;

(2) subalgebras conjugate to subalgebras of AG1(2);

(3) subalgebras conjugate to subalgebras of AG1(2) � 〈J03〉 and having nonzero
projection onto 〈J03〉;

(4) subalgebras conjugate to subalgebras of AP (1, 3) but not conjugate to subalgeb-
ras of AG1(2) � 〈J03〉;

(5) subalgebras conjugate to subalgebras of AG1(2)� 〈J03,D〉 but not conjugate to
subalgebras of AG1(2) � 〈J03〉;

(6) subalgebras conjugate to subalgebras of AP (1, 3) but not conjugate to subalgeb-
ras of AG1(2) � 〈J03,D〉;

(7) subalgebras conjugate to subalgebras of AG4(2) but not conjugate to subalgeb-
ras of AP (1, 3).

Since subalgebras conjugate under AdAC(1, 3) are identified, we omit mentioning
conjugacy when referring to classes. So, for instance, we shall consider the second class
as consisting of subalgebras of AG1(2). In order to have a better survey of subalgebras
it is convenient to split the classes into subclasses corresponding to certain properties
of the projections of the subalgebras of a class onto the homogeneous part of the
algebra.
The division of the set of subalgebras of AC(1, 3) into the classes (1)–(7) allows

us easily to construct the set of subalgebras of each of the algebras AG1(2), AP (1, 3),
AP̃ (1, 3), AG4(2). Up to conjugacy under AdAC(1, 3) we have

(a) the set of subalgebras of AG1(2) coincides with class (2);

(b) the set of subalgebras of AP (1, 3) is the union of classes (2), (3) and (4);

(c) the set of subalgebras of AP̃ (1, 3) coincides with the union of classes (2)–(6);

(d) the set of subalgebras of AG4(2) is the union of classes (2), (3), (5), and (7).

We use the notation F : U1, . . . , Um for U1 � F, . . . , Um � F .
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A. Subalgebras not possessing invariant isotropic subspaces
in R2,4

This class is divided into subclasses by the existence for the subalgebras of invariant
irreducible subspaces of a particular kind in the space R2,4.

1. Irreducible subalgebras of AO(2, 4)

AC(1, 3);
ASU(1, 2) = 〈P0 +K0 + 2J12, P0 +K0 +K3 − P3, P1 +K1 + 2J02,

P3 +K3 +K0 − P0,K2 − P2 + 2J13, P2 +K2 − 2J01,

D + J03,K1 − P1 − 2J23〉;
ASU ′(1, 2) = 〈P0 +K0 − 2J12, P0 +K0 +K3 − P3, P1 +K1 − 2J02,

P3 +K3 +K0 − P0,K2 − P2 − 2J13, P2 +K2 + 2J01,

D + J03,K1 − P1 + 2J23〉;
ASU(1, 2) ⊕ 〈P0 +K0 − 2J12 −K3 + P3〉;
ASU ′(1, 2) ⊕ 〈P0 +K0 + 2J12 −K3 + P3〉;
〈P0 +K0 − 2J12 −K3 + P3〉 ⊕ 〈P1 +K1 + 2J02, P3 +K3 +K0 − P0,

K2 − P2 + 2J13〉;
〈P0 +K0 + 2J12 −K3 + P3〉 ⊕ 〈P1 +K1 − 2J02, P3 +K3 +K0 − P0,

K2 − P2 − 2J13〉.
2. Irreducible subalgebras AO(1, 4)

AC(3).

3. Irreducible subalgebras of AO(2, 3)

AC(1, 2);

〈P2 +K2 +
√

3(P1 +K1) +K0 − P0,D + J02 −
√

3J01, P0 +K0 − 2(K2 − P2)〉;
〈P2 +K2 −

√
3(P1 +K1) +K0 − P0,D + J02 +

√
3J01, P0 +K0 − 2(K2 − P2)〉.

4. Subalgebras of AO(2, 2) ⊕ AO(2) with irreducible projection onto
AO(2, 2)

〈J01 −D,K0 − P0 − P1 −K1, P0 +K0 −K1 + P1〉 ⊕
⊕ 〈P0 +K0 +K1 − P1〉 ⊕ F, where F = 0 or F = 〈J23〉;

〈J01 +D,K0 − P0 + P1 +K1, P0 +K0 +K1 − P1〉 ⊕
⊕ 〈P0 +K0 −K1 + P1〉 ⊕ F, where F = 0 or F = 〈J23〉;

AC(1, 1), AC(1, 1) ⊕ 〈J23〉, where AC(1, 1) = 〈P0, P1,K0,K1, J01,D〉;
〈J01 −D,K0 − P0 − P1 −K1, P0 +K0 −K1 + P1〉 ⊕

⊕ 〈P0 +K0 +K1 − P1 + αJ23〉 (α �= 0);
〈J01 +D,K0 − P0 + P1 +K1, P0 +K0 +K1 − P1〉 ⊕

⊕ 〈P0 +K0 −K1 + P1 + αJ23〉 (α �= 0).

5. Subalgebras of the type AO(2, 1) ⊕ F with F ⊂ AO(3)

AC(1) ⊕ L, where AC(1) = 〈D,P0,K0〉,
and L is one of the algebras: 0, 〈J12〉, 〈J12, J13, J23〉.



240 L.F. Barannyk, P. Basarab-Horwath, W.I. Fushchych

6. Subalgebras of AO(2) ⊕ AO(4) having an irreducible projection

〈P0 +K0〉; 〈P0 +K0〉 ⊕ 〈2J12 + α(K3 − P3)〉 (|α| ≤ 1);
〈P0 +K0〉 ⊕ 〈J12,K3 − P3〉; 〈P0 +K0〉 ⊕ 〈J12 + J13, J23〉;
〈P0 +K0〉 ⊕ 〈2J12 + ε(K3 − P3), 2J13 − ε(K2 − P2),

2J23 + ε(K1 − P1)〉 (ε = ±1);
〈P0 +K0〉 ⊕ 〈2J12 + ε(K3 − P3), 2J13 − ε(K2 − P2), 2J23 + ε(K1 − P1)〉 ⊕

⊕ 〈2J12 − ε(K3 − P3)〉 (ε = ±1);
〈P0 +K0〉 ⊕ 〈K1 − P1,K2 − P2,K3 − P3, J12, J13, J23〉;
〈P0 +K0 + 2αJ12〉 (α �= 0, |α| �= 1);
〈P0 +K0 + 2αJ12 + β(K3 − P3)〉 (α �= 0, |α| �= 1, β ≥ α, β �= 1);
〈2J12 + α(P0 +K0),K3 − P3 + β(P0 +K0)〉

(α �= 0, β ≥ 0, with |α| �= 1 when β = 0);
〈α(P0 +K0) + 2εJ12 −K3 + P3〉 ⊕ 〈2εJ12 +K3 − P3, 2εJ13 −K2 + P2,

2εJ23 +K1 − P1〉 (α ≥ 0);
〈2εJ12 +K3 − P3, 2εJ13 −K2 + P2, 2εJ23 +K1 − P1〉 (ε = ±1);
〈2εJ12 +K3 − P3, 2εJ13 −K2 + P2, 2εJ23 +K1 − P1〉 ⊕

⊕ 〈2εJ12 −K3 + P3〉 (ε = ±1);
〈K1 − P1,K2 − P2,K3 − P3, J12, J13, J23〉.

7. Subalgebras of AO(1, 2) ⊕ AO(1, 2)

〈P1 +K1, P2 +K2, J12〉 ⊕ 〈K0 − P0,K3 − P3, J03〉;
〈P1 +K1 + 2εJ03, P2 +K2 +K0 − P0, 2εJ12 +K3 − P3〉 (ε = ±1);
〈P1 +K1, P2 +K2, J12〉 ⊕ 〈K3 − P3〉.

B. Subalgebras of AG1(2)

The classical Galilei algebra AG1(2) is the semidirect sum of a solvable ideal, generated
by 〈P1, P2,M, T 〉, and the Euclidean algebra AE(2) = 〈G1, G2, J12〉. The projection
of AG1(2) onto AO(1, 3) coincides with AE(2), which has, up to inner automorphi-
sms, the subalgebras 0, 〈J12〉, 〈G1〉, 〈G1, G2〉, 〈G1, G2, J12〉. The first two subalgebras
are completely reducible algebras of linear transformations of Minkowski space R1,3,
whereas the others are not of this type. Thus we divide this class into two subclasses A
and B.

1. Subalgebras with completely reducible projection onto AO(1, 3)

0, 〈P0〉, 〈P1〉, 〈M〉, 〈P0, P3〉, 〈M,P1〉, 〈P1, P2〉, 〈M,P1, P2〉, 〈P0, P1, P2〉,
〈P1, P2, P3〉, 〈P0, P1, P2, P3〉;

〈J12〉 : 0, 〈P0〉, 〈P3〉, 〈M〉, 〈P0, P3〉, 〈P1, P2〉, 〈P0, P1, P2〉, 〈M,P1, P2〉,
〈P1, P2, P3〉, 〈P0, P1, P2, P3〉;

〈J12 + P0〉 : 0, 〈P3〉, 〈P1, P2〉, 〈P1, P2, P3〉;
〈J12 ± P3〉 : 0, 〈P0〉, 〈P1, P2〉, 〈P0, P1, P2〉;
〈J12 ± 2T 〉 : 0, 〈M〉, 〈P1, P2〉, 〈M,P1, P2〉.
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2. Subalgebras whose projection onto AO(1, 3) is not completely redu-
cible

〈G1〉 : 〈P2〉, 〈M,P1〉, 〈M,P2〉, 〈M,P1 + αP2〉, 〈M,P1, P2〉,
〈P0, P1, P3〉, 〈P0, P1, P2, P3〉 (α �= 0);

〈G1 ± P2〉 : 0, 〈M〉, 〈M,P1〉, 〈P0, P1, P3〉;
〈G1 + 2T 〉 : 0, 〈P2〉, 〈M〉, 〈M,P1〉, 〈M,P2〉, 〈M,P1 + αP2〉,

〈M,P1, P2〉 (α �= 0);
〈G1, G2〉 : 〈M,P1, P2〉, 〈P0, P1, P2, P3〉;
〈G1 + εP2, G2 − εP1,M〉, 〈G1 + εP2, G2 − εP1 + αP2,M〉 (ε = ±1, α �= 0);
〈G1 + αP2, G2 + 2T,M,P1〉 (α ∈ R);
〈G1 ± P2, G2,M, P1〉, 〈G1, G2 + 2T,M,P1, P2〉;
〈G1, G2, J12〉 : 〈M,P1, P2〉, 〈P0, P1, P2, P3〉;
〈G1, G2, J12 ± 2T,M,P1, P2〉, 〈G1 + εP2, G2 − εP1, J12,M〉 (ε = ±1).

C. Subalgebras of AG1(2) � 〈J03〉 with nonzero projection
onto 〈J03〉

We divide also this class into two subclasses which are distinguished by whether or
not they have a completely reducible projection onto AO(1, 3).

1. Subalgebras with completely reducible projection onto AO(1, 3)

〈J03〉 : 0, 〈P1〉, 〈M〉, 〈P0, P3〉, 〈M,P1〉, 〈P1, P2〉, 〈P0, P1, P3〉, 〈M,P1, P2〉,
〈P0, P1, P2, P3〉;

〈J03 + P1〉 : 0, 〈P2〉, 〈M〉, 〈P0, P3〉, 〈M,P2〉, 〈P1, P2, P3〉;
〈J12 + αJ03〉 : 0, 〈M〉, 〈P0, P3〉, 〈P1, P2〉, 〈M,P1, P2〉,

〈P0, P1, P2, P3〉, (α �= 0);
〈J12, J03〉 : 0, 〈M〉, 〈P0, P3〉, 〈P1, P2〉, 〈M,P1, P2〉, 〈P0, P1, P2, P3〉.

2. Subalgebras with projections onto AO(1, 3) which are not completely
reducible

〈G1, J03〉 : 0, 〈M〉, 〈P2〉, 〈M,P1〉, 〈M,P2〉, 〈M,P1 + αP2〉, 〈M,P1, P2〉,
〈P0, P1, P3〉, 〈P0, P1, P2, P3〉 (α �= 0);

〈G1, J03 + P2〉 : 0, 〈M〉, 〈M,P1〉, 〈M,P1 + αP2〉, 〈P0, P1, P3〉, (α �= 0);
〈G1, J03 + P1〉 : 〈M〉, 〈M,P2〉;
〈G1, J03 + P1 + αP2,M〉 (α �= 0);
〈G1, G2, J03〉 : 0, 〈M〉, 〈M,P1〉, 〈M,P1, P2〉, 〈P0, P1, P2, P3〉;
〈G1, G2, J03 + P1,M〉, 〈G1, G2, J03 + P2,M, P1〉;
〈G1, G2, J12 + αJ03〉 : 0, 〈M〉, 〈M,P1, P2〉, 〈P0, P1, P2, P3〉 (α �= 0);
〈G1, G2, J12, J03〉 : 0, 〈M〉, 〈M,P1, P2〉, 〈P0, P1, P2, P3〉.
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D. Subalgebras of AP (1, 3) which are not conjugate
to subalgebras of AG1(2) � 〈J03〉

This class consists of those subalgebras of the Poincaré algebra AP (1, 3) whose projec-
tion onto AO(1, 3) do not possess isotropic invariant subspaces in R1,3. Since the
projections are simple algebras, then each subalgebra of the fourth class splits. The
full list of such algebras is

AO(1, 2) : 0, 〈P3〉, 〈P0, P1, P2〉, 〈P0, P1, P2, P3〉;
AO(3) : 0, 〈P0〉, 〈P1, P2, P3〉, 〈P0, P1, P2, P3〉;
AO(1, 3) : 0, 〈P0, P1, P2, P3〉.

E. Subalgebras of AG1(2) � 〈J03, D〉 which are not conjugate
to subalgebras of AG1(2) � 〈J03〉

Let K be a subalgebra of AG1(2) � 〈J03,D〉 with nonzero projection onto 〈D〉, and
let θ̂ be the projection of K onto 〈J03,D〉. By Propositions IV.2.3 and IV.2.5 in
Ref. [9], the algebra K, as a subalgebra of AP̃ (1, 3), is split whenever θ̂(K) is one of
the subalgebras 1) 〈D〉; 2) 〈γD − J03〉 (γ �= ±1, 0, 2); 3) 〈D,J03〉. This leads us to
dividing this class of subalgebras into two subclasses of nonsplittable subalgebras K of
AP̃ (1, 3), denoted by D and E, for which the projection onto 〈G1, G2〉 is non-zero, and
for which θ̂(K) is 〈J03±D〉 and 〈J03−2D〉 respectively. It is also useful to distinguish
the subclass A of subalgebras having zero projection onto 〈G1, G2〉. The subalgebras in
this subclass differ from the other subalgebras in that their projections onto AO(1, 3)
are completely reducible algebras of linear transformations of Minkowski space R1,3.
All the other subalgebras are split, and we divide them formally into subclasses B
and C, depending on the dimension of their projection onto 〈D,J03〉.

1. Subalgebras with zero projection on 〈G1, G2〉
〈D〉 : 〈P0〉, 〈P0, P3〉, 〈P0, P1, P2〉, 〈P1, P2, P3〉, 〈P0, P1, P2, P3〉;
〈J12 + αD〉 : 〈P0〉, 〈P3〉 : 〈P0, P3〉, 〈P0, P1, P2〉, 〈P1, P2, P3〉,

〈P0, P1, P2, P3〉 (α > 0);
〈J12,D〉 : 〈P0〉, 〈P3〉 : 〈P0, P3〉, 〈P0, P1, P2〉, 〈P1, P2, P3〉, 〈P0, P1, P2, P3〉;
〈J03 + αD〉 (0 < α ≤ 1);
〈J03 + αD,M〉 (0 < |α| ≤ 1);
〈J03 + αD〉 : 〈P1〉, 〈P0, P3〉, 〈P1, P2〉, 〈P0, P1, P3〉, 〈P0, P1, P2, P3〉 (α > 0);
〈J03 + αD〉 : 〈M,P1〉, 〈M,P1, P2〉, (α �= 0);
〈J03 −D ± 2T 〉 : 0, 〈P1〉, 〈M〉, 〈P1, P2〉, 〈M,P1〉, 〈M,P1, P2〉;
〈J03,D〉 : 0, 〈P1〉, 〈M〉, 〈P0, P3〉, 〈P1, P2〉, 〈M,P1〉, 〈M,P1, P2〉,

〈P0, P1, P3〉, 〈P0, P1, P2, P3〉;
〈εJ12 + αJ03 + βD〉 (0 < α ≤ β, ε = ±1);
〈J12 + αJ03 + βD,M〉 (0 < |α| ≤ |β|);
〈εJ12 + αJ03 + βD〉 : 〈P0, P3〉, 〈P1, P2〉, 〈P0, P1, P2, P3〉 (ε = ±1, α, β > 0);
〈J12 + αJ03 + βD,M,P1, P2〉 (α �= 0, β �= 0);
〈J12 + α(J03 −D ± 2T )〉 : 0, 〈M〉, 〈P1, P2〉, 〈M,P1, P2〉 (α �= 0);
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〈J12 + αJ03,D〉 : 0, 〈M〉, 〈P1, P2〉, 〈P0, P3〉, 〈M,P1, P2〉,
〈P0, P1, P2, P3〉 (α �= 0);

〈J03 + αD, J12 + βD〉 : 〈P0, P3〉, 〈P1, P2〉, 〈M,P1, P2〉,
〈P0, P1, P2, P3〉 (α2 + β2 �= 0);

〈J03 + αD, J12 + βD〉 : (|α| ≤ 1, β ≥ 0, |α| + β �= 0);
〈J03 + αD, J12 + βD,M〉 : (|α| ≤ 1, β ≥ 0, |α| + β �= 0);
〈J03 + αD, J12 + βD,M,P1, P2〉 : (α, β ∈ R, α2 + β2 �= 0);
〈J03 −D ± 2T, J12 + 2αT 〉 : 0, 〈M〉, 〈P1, P2〉, 〈M,P1, P2〉;
〈J03 −D,J12 ± T 〉 : 0, 〈M〉, 〈P1, P2〉, 〈M,P1, P2〉;
〈J03, J12,D〉 : 0, 〈M〉, 〈P0, P3〉, 〈P1, P2〉, 〈M,P1, P2〉, 〈P0, P1, P2, P3〉.

2. Subalgebras with two-dimensional projection onto 〈J03, D〉 and non-
zero projection onto 〈G1, G2〉

〈G1, J03,D〉 : 〈P2〉, 〈M,P1〉, 〈M,P2〉, 〈M,P1 + αP2〉, 〈M,P1, P2〉,
〈P0, P1, P3〉, 〈P0, P1, P2, P3〉;

〈G1, G2, J03,D〉 : 〈M,P1, P2〉, 〈P0, P1, P2, P3〉;
〈G1, G2, J12 + αJ03,D〉 : 〈M,P1, P2〉, 〈P0, P1, P2, P3〉 (α �= 0);
〈G1, G2, J03 + αD, J12 + βD,P1, P2〉 (|α| ≤ 1, β ≥ 0, |α| + β �= 0);
〈G1, G2, J03 + αD, J12 + βD,P0, P1, P2, P3〉 (α2 + β2 �= 0);
〈G1, G2, J03, J12,D〉 : 〈M,P1, P2〉, 〈P0, P1, P2, P3〉.

3. Split subalgebras with one-dimensional projection onto 〈J03, D〉 and
nonzero projection onto 〈G1, G2〉

〈G1 +D〉 : 〈P0, P1, P3〉, 〈P0, P1, P2, P3〉;
〈G1,D〉 : 〈P0, P1, P3〉, 〈P0, P1, P2, P3〉;
〈G1 +D,G2, P0, P1, P2, P3〉, 〈G1, G2,D, P0, P1, P2, P3〉;
〈G1, J03 + αD〉 : 〈P2〉, 〈M,P1〉, 〈M,P2〉, 〈M,P1 + βP2〉

(|α| ≤ 1, α �= 0, β �= 0);
〈G1, J03 + αD〉 : 〈M,P1, P2〉, 〈P0, P1, P3〉, 〈P0, P1, P2, P3〉 (α �= 0);
〈G1, G2, J03 + αD,M,P1, P2〉 (0 < |α| ≤ 1);
〈G1, G2, J03 + αD,P0, P1, P2, P3〉 (α �= 0);
〈G1, G2, J12 + αD,P0, P1, P2, P3〉 (α �= 0);
〈G1, G2, J12,D, P0, P1, P2, P3〉;
〈G1, G2, J12 + αJ03 + βD,M,P1, P2〉 (0 < |α| ≤ |β|);
〈G1, G2, J12 + αJ03 + βD,P0, P1, P2, P3〉 (β �= 0).

4. Nonsplit subalgebras of AG1(2) � 〈J03 ∓ D〉 with nonzero projection
onto 〈G1, G2〉 and 〈J03 ∓ D〉

〈J03 −D,G1 ± P2〉 : 0, 〈M〉, 〈M,P1〉, 〈P0, P1, P3〉;
〈J03 −D ± 2T,G1 + αP2,M, P1〉;
〈J03 −D ± 2T,G1,M, P1, P2〉, 〈J03 −D +M,G1, P2〉;
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〈J03 −D,G1 + εP2, G2 − εP1 + αP2,M〉 (ε = ±1, α ∈ R);
〈J03 −D,G1 ± P2, G2,M, P1〉, 〈J03 −D ± 2T,G1, G2, P1, P2,M〉;
〈J12 + α(J03 −D), G1 + εP2, G2 − εP1,M〉 (ε = ±1, α �= 0);
〈J12 + α(J03 −D ± 2T ), G1, G2,M, P1, P2〉 (α �= 0);
〈J12 ± 2T, J03 −D,G1, G2,M, P1, P2〉;
〈J12 + 2αT, J03 −D ± 2T,G1, G2,M, P1, P2〉 (α ∈ R);
〈J12, J03 −D,G1 + εP2, G2 − εP1,M〉 (ε = ±1).

5. Nonsplit subalgebras of AG1(2) � 〈J03 − 2D〉 with nonzero projection
onto 〈G1, G2〉 and 〈J03 − 2D〉

〈J03 − 2D,G1 + 2T 〉 : 0, 〈M〉, 〈P2〉, 〈M,P1〉, 〈M,P2〉, 〈M,P1 + αP2〉,
〈M,P1, P2〉 (α �= 0);

〈J03 − 2D,G1, G2 + 2T 〉 : 〈M,P1〉, 〈M,P1, P2〉.

F. Subalgebras of AP̃ (1, 3) not conjugate to subalgebras
of AP (1, 3) and of AG1(2) � 〈J03, D〉

This class consists of those subalgebras of AP (1, 3) whose projection onto AO(1, 3)
do not have invariant isotropic subspaces in R1,3 and with a nonzero projection onto
〈D〉. We have

AO(1, 2) ⊕ 〈D〉 : 0, 〈P3〉, 〈P0, P1, P2〉, 〈P0, P1, P2, P3〉;
AO(3) ⊕ 〈D〉 : 0, 〈P0〉, 〈P1, P2, P3〉, 〈P0, P1, P2, P3〉;
AO(1, 3) ⊕ 〈D〉 : 0, 〈P0, P1, P2, P3〉.

G. Subalgebras of AG4(2) which are not conjugate
to subalgebras of AP̃ (1, 3)

LetK be a subalgebra of AG4(2) and τ(K) its projection onto AGL(2,R). By Proposi-
tions V.2.1 and V.2.2 of Ref. [9], the algebra K belongs to this class if and only if
τ(K) is conjugate to one of the following algebras: 〈S + T 〉, 〈S + T 〉+ 〈Z〉 (subdirect
sum), ASL(2,R) = 〈R,S, T 〉, AGL(2,R) = 〈R,S, T, Z〉. Because of this, we divide
this seventh class into three subclasses, each of which consists of subalgebras having
a corresponding projection onto AGL(2,R); those sub-algebras whose projections are
either ASL(2,R) or AGL(2,R) are put into the same subclass.

1. Subalgebras whose projection onto AGL(2, R) is 〈S + T 〉
〈S + T 〉 : 0, 〈M〉, 〈G1, P1,M〉, 〈G1 − α−1P2, G2 + αP1,M〉,

〈G1, G2, P1, P2,M〉 (0 < |α| ≤ 1);
〈S + T ±M〉, 〈S + T + αJ12 ±M〉 (α �= 0);
〈S + T + αJ12〉 : 0, 〈M〉, 〈G1 + εP2, G2 − εP1,M〉, 〈G1, G2, P1, P2,M〉

(ε = ±1, α �= 0);
〈S + T + εJ12〉 : 〈G1 + εP2〉, 〈G1 + εP2,M〉, 〈G1 + εP2, G1 − εP2,

G2 + εP1,M〉 (ε = ±1);
〈S + T + εJ12 ±M,G1 + εP2〉 (ε = ±1);
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〈S + T + εJ12 + εG1 + P2〉 : 0, 〈M〉, 〈G2 − εP1,M〉,
〈G1 − εP2, G2 + εP1,M〉, 〈G2 − εP1, G1 − εP2, G2 + εP1,M〉 (ε = ±1);

〈J12, S + T 〉 : 0, 〈M〉, 〈G1 + εP2, G2 − εP1,M〉,
〈G1, G2, P1, P2,M〉 (ε = ±1);

〈J12 ±M,S + T + αM〉 (α ∈ R);
〈J12, S + T ±M〉.

2. Subalgebras whose projection onto AGL(2, R) is the subdirect sum
〈S + T 〉 + 〈Z〉

〈S + T + αZ〉 : 0, 〈M〉, 〈G1, P1,M〉, 〈G1 − β−1P2, G2 + βP1,M〉,
〈G1, G2, P1, P2,M〉 (0 < |β| ≤ 1, α �= 0);

〈S + T,Z〉 : 0, 〈M〉, 〈G1, P1,M〉, 〈G1 − α−1P2, G2 + αP1,M〉,
〈G1, G2, P1, P2,M〉 (0 < |α| ≤ 1);

〈S + T + αJ12 + βZ〉 : 0, 〈M〉, 〈G1 + εP2, G2 − εP1,M〉,
〈G1, G2, P1, P2,M〉 (ε = ±1, α � −0, β > 0);

〈S + T + αJ12, Z〉 : 0, 〈M〉, 〈G1 + εP2, G2 − εP1,M〉,
〈G1, G2, P1, P2,M〉 (ε = ±1, α �= 0);

〈S + T + εJ12 + αZ〉 : 〈G1 + εP2〉, 〈G1 + εP2,M〉,
〈G1 + εP2, G1 − εP2, G2 + εP1,M〉 (ε = ±1, α �= 0);

〈S + T + εJ12, Z〉 : 〈G1 + εP2〉, 〈G1 + εP2,M〉,
〈G1 + εP2, G1 − εP2, G2 + εP1,M〉 (ε = ±1);

〈J12 + αZ, S + T + βZ〉 : 0, 〈M〉, 〈G1 + εP2, G2 − εP1,M〉,
〈G1, G2, P1, P2,M〉 (ε = ±1, |α| + |β| �= 0);

〈J12, S + T,Z〉 : 0, 〈M〉, 〈G1 + εP2, G2 − εP1,M〉,
〈G1, G2, P1, P2,M〉 (ε = ±1).

3. Subalgebras whose projection onto AGL(2, R) contains ASL(2, R)

〈R,S, T 〉 : 0, 〈M〉, 〈G1, P1,M〉, 〈G1, G2, P1, P2,M〉;
〈J12〉 ⊕ 〈R,S, T 〉 : 0, 〈M〉, 〈G1, G2, P1, P2,M〉;
〈J12 ±M〉 ⊕ 〈R,S, T 〉;
〈R,S, T, Z〉 : 0, 〈M〉, 〈G1, P1,M〉, 〈G1, G2, P1, P2,M〉;
〈R,S, T 〉 ⊕ 〈J12 + αZ〉 : 0, 〈M〉, 〈G1, G2, P1, P2,M〉 (α �= 0);
〈R,S, T 〉 ⊕ 〈J12, Z〉 : 0, 〈M〉, 〈G1, G2, P1, P2,M〉.
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Lowering of order and general solutions
of some classes of partial differential
equations
V.M. BOYKO, W.I. FUSHCHYCH

A procedure of lowering the order and construction of general solutions for some clas-
ses of partial differential equations (PDEs) are proposed. Some classes of general
solutions of some linear and nonlinear equations of mathematical physics are
constructed and a series of examples is presented.

The construction of the general solution of a definite partial differential equation
is in a number cases an unsolved problem. In what follows, we propose an algorithm
of lowering the order and constructing general solutions of specific partial differential
equations.
Consider the following partial differential equation

L(D[u]) + F (D[u]) = 0, (1)

where u = u(x), x = (x0, x1, . . . , xk); L is a first-order differential operator of the
form

L ≡ ai(x, u)∂xi
, i = 0, 1, . . . , k, (2)

and ai(x, u) are arbitrary smooth functions which are not identically equal to zero
simultaneously. D[u] is an n-order differential expression

D[u] = D
(
x, u, u(1), u(2), . . . , u(n)

)
, (3)

where u(m) is the collection of m-th order derivatives, m = 1, . . . , n, and F is an
arbitrary smooth function of D[u]. As a particular case, D[u] may depend only on x
and u. In this case we say that D[u] is of order zero. In general, (1) is an (n + 1)-th
order partial diffrential equation.
For equations of the type (1), we propose a method of lowering the order and

construction of solutions based on the local change of variables which reduces opera-
tors (2) to the operator of differentiation with respect to one of independent variables.
We introduce the change of variables

τ = f0(x, u), ωa = fa(x, u), a = 1, . . . , k, z = u, (4)

where z(τ, �ω) is a new dependent variable, �ω = (ω1, . . . , ωk).
We determine functions f0, fa from the conditions

L(f0) = 1, L(fa) = 0, a = 1, . . . , k, (5)

Reports on Math. Phys., 1998, 41, № 3, P. 311–318.
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and functions f1, . . . , fk and u must form a complete collection of functionally-in-
dependent invariant of operator (2). We choose f0 as a particular solution of the
equation Ly = 1.
Relations (5) determine the change of variables (4) such that operator L is reduced

to the operator of differentiation with respect to the variable τ , i.e.,

L⇒ ∂τ . (6)

We obtain a new form of (3) in new variables (4) and rewrite the initial equation
(1) in the form

∂τ
(
D̃[z]

)
+ F

(
D̃[z]

)
= 0, (7)

where D̃[z] is D[u] in the new variables (4).
Relation (7) is the first order ordinary differential equation with respect to the

variable τ . We integrate it and obtain D̃[z]. Thus, when we solve (7), we obtain
an n-th order partial differential equation with respect to z(τ, �ω) with one arbitrary
function depending on �ω which is a “constant” of integration of Eq. (7).
Remark. This algorithm is also effective in the case where Eq. (1) has the form

L(D[u]) + F (D[u], f0, f1, . . . , fk) = 0. (8)

Here, functions f0, . . . , fk must satisfy relations (5). In this case, integrating the
corresponding ordinary differential equation (an analog of equation (7)) we regard
variables ωa as parameters.
Example 1. Consider the one-dimensional wave equation

∂2u

∂t2
− ∂2u

∂x2
= 0. (9)

Equation (9) can be written in the form (1), namely:(
∂

∂t
− ∂

∂x

)(
∂u

∂t
+
∂u

∂x

)
= 0. (10)

After the change of variables

τ = t, ω = x+ t, z = u,

Eq. (10) can be rewritten in the form

∂τ (zτ + 2zω) = 0.

We integrate this equation and obtain

zτ + 2zω = g(ω), (11)

Since g(ω) is arbitrary, we set g(ω) = 2h′(ω). Then characteristic system of for the
inhomogeneous quasi-linear Eq. (11) has the form

dτ

1
=
dω

2
=

dz

2h′(ω)
.
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We find the first integrals of the characteristic system and we get the following solution
of Eq. (11),

z − h(ω) = f(ω − 2τ), (12)

where h and f are arbitrary functions. Then we rewrite (12) in variables (t, x, u) and
get the following well-known general solutions of Eq. (9)

u = h(x+ t) + f(x− t).

Example 2. Consider the following equation proposed in [3] for description of motion
of a liquid,

L(Lu) + λLu = 0, L ≡ ∂t + u∂x. (13)

This equation can be regards as a generalization of the one-dimensional Newton–Euler
equation (the equation of simple wave). In the explicit form, Eq. (13) has the form

∂2u

∂t2
+ 2u

∂2u

∂t∂x
+
∂u

∂t

∂u

∂x
+ u

(
∂u

∂x

)2

+ u2 ∂
2u

∂x2
+ λ

(
∂u

∂t
+ u

∂u

∂x

)
= 0.

Since Eq. (13) belongs to the class of (1), the change of variables

τ = t, ω = x− ut, z = u,

allows us to write it as

∂τ

(
zτ

1 + τzω

)
+ λ

zτ
1 + τzω

= 0. (14)

Having integrated (14), e.g., for λ = 0, we obtain the parametric solution

z ±
∫

dω√
h(ω) + p

= ϕ(p), τ2 − h(ω) = p, (15)

where p is a parameter, h and ϕ are arbitrary functions.
Then we return to the initial variables and obtain a solution of Eq. (13). Below, we

give several classes of solutions of Eq. (13) with one arbitrary function [1] (The fact
that we have only one arbitrary function associated with the problem of integration
of system of type (15)).

1. L(Lu) = 0:

1.1 u± ln(x− ut∓ t) = ϕ
(
t2 − (x− ut)2

)
,

1.2 u+
t(x− ut)3

t2(x− ut)2 − 1
= ϕ

(
t2 − 1

(x− ut)2

)
,

1.3 u = ϕ

(
x− ut

exp (t2)

)
− x− ut

exp (t2)

∫
exp
(
t2
)
dt.

2. L(Lu) = a:

x− ut+
a

3
t3 +

C

2
t2 = ϕ

(
u− a

2
t2 − Ct

)
.
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3. L(Lu) + Lu = a

x− ut− C(t+ 1) exp(−t) +
a

2
t2 = ϕ (u+ C exp(−t) − at) .

Here, C = const, ϕ is arbitrary function.
Example 3. The equation

∂2u

∂t2
− ∂2u

∂x2
− ∂2u

∂y2
+ 2

∂2u

∂x∂y
= 0 (16)

can be written in the form (1) as follows:(
∂

∂t
− ∂

∂x
+

∂

∂y

)(
∂u

∂t
+
∂u

∂x
− ∂u

∂y

)
= 0.

Using the change of variables

τ = t, ω1 = t+ x, ω2 = t− y, z = u,

and applying the algorithm described earlier, we obtain the following solution of
Eq. (16)

u = f(t+ x, t− y) + g(t− x, t+ y),

where f and g are arbitrary functions.
It is natural to generalize the described algorithm for equations of the form (1) to

the classes of partial differential equations of the form

Lm(D[u]) + bm−1L
m−1(Du) + · · · + b1L(D[u]) + b0 = 0, (17)

where

bj = bj(Du, f0, f1, . . . , fk), j = 0,m− 1; Lm = LLL · · ·LL︸ ︷︷ ︸
m

;

L, D[u], f0, f1, . . . , fk are determined according to the relations (2)–(6).
After the change of variables (4)–(6), the problem lowering the order of Eq. (17) is

reduced to the problem of integrating the m-th order ordinary differential equation.
Example 4. For

Dn(u) = 0, D ≡ xµ∂xµ
, µ = 0, . . . , k,

we use the change of variables

τ = lnx0, ωa =
xa
x0
, a = 1, k, z = u,

and we obtain the solution

u = Cn−1(lnx0)n−1 + Cn−2(lnx0)n−2 + · · · + C1 lnx0 + C0,

where Ci = Ci

(
x1

x0
; · · · ; xk

x0

)
, i = 0, n− 1.
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The obtained results can be easily generalized to the case of system of equations

L( �D[�u]) = �F
(
f0, f1, . . . , fk, �D[�u]

)
,

where �u = (u1(x), . . . , um(x)), x = (x0, x1, . . . , xk); L, f0, f1, . . . , fk are determined
according to relations (2), (4), (5) and (6). Here, u ≡ �u ; �D[�u] = (D1, . . . , Dm), where
Di = Di

(
x, �u, �u(1), �u(2), . . . , �u(n)

)
, i = 1, . . . ,m, �u(i) is a collection of i-th order

derivatives for each component of the vector �u; and �F = (F 1, . . . , Fm). In particular,
the components of the vector �D[�u] can dependent only on x and �u.
Example 5. Consider the system of Euler equations

∂�v

∂x0
+ vk

∂�v

∂xk
= �0, (18)

where �v = (v1, v2, v3), vl = vl(x0, x1, x2, x3), l = 1, 2, 3.
The system (18) can be written as follows:(

∂0 + vk∂k
)
vl = 0, l = 1, 2, 3. (19)

After the change of variables

τ = x0,
ωa = xa − vax0, a = 1, 2, 3,
zl = vl, l = 1, 2, 3

the system (19) takes the form

∂τz
l = 0, l = 1, 2, 3. (20)

Then we integrate Eq. (20), apply the inverse change of variables, and obtain a solution
of system (18) in an implicit form (compare this solutions with one from [2])

vl = gl(x1 − v1x0, x2 − v2x0, x3 − v3x0).

where gl are arbitrary functions.
Example 6. Consider the following system of equation for vector-potential Aµ,

Aν
∂Aµ

∂xν
= 0, µ = 0, . . . , 3. (21)

Assume that A0 �= 0. By the change of variables

τ =
x0

A0
,

ωa = xaA
0 − x0A

a, a = 1, 2, 3,
Aµ = Aµ, µ = 0, 1, 2, 3

we obtain the following solutions of system (21)

Aµ = gµ(x1A
0 − x0A

1, x2A
0 − x0A

2, x3A
0 − x0A

3),

where gµ are arbitrary functions.
Consider a system of partial differential equations determined by the collection

of operators L1, . . . , Lr of the form (2) (u ≡ �u), and the number of operators must
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not exceed the number of independent variables, i.e., r ≤ k + 1. In other words,
consider the system of partial differential equations which consists of m equations of
the form (8), where L is one of the operators L1, . . . , Lr and D[u] ≡ �D[�u]. If these
operators form a commutative algebra Lie and the rank of the matrix consisting of the
coefficients of the operators L1, . . . , Lr is equal to r, then there exists a local change
of variables which transforms these operators to r operators of differentiation with
respect to r first independent variables. Thus, if the above conditions are satisfied for
a system, we can lower its order and in some cases construct its solutions (at least in
principle).
Example 7. Consider the system(

∂t + v∂x

)
u = 0,(

∂t + u∂x

)
v = 0,

(22)

where u = u(t, x), v = v(t, x), u �= v.
After the change of variables

τ =
x− ut

v − u
, ω =

x− vt

u− v
, U = u, V = v (23)

the system (22) takes the simple form

∂τU = 0,
∂ωV = 0. (24)

Integrating (24) and performing the change of variable inverse to (23), we obtain
a solution of (22) in the form

u = f

(
x− vt

u− v

)
, v = g

(
x− ut

v − u

)
,

where f and g are arbitrary functions.
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What is the velocity
of the electromagnetic field?
W.I. FUSHCHYCH

A new definition for the electromagnetic field velocity is proposed. The velocity de-
pends on the physical fields.

The question posed by the title of this paper is, surprisingly, not yet answered
uniquely today; not even by way of definition. According to modern assumptions the
light is the electromagnetic field (with corresponding frequencies) and therefore it is
obvious that the answer to the posed fundamental question is not obvious.
Today the following definitions of the velocity of light are used [1, 2]:

1) phase velocity,
2) group velocity,
3) velocity of energy transport.

The definition of phase- and group velocity is based on assumptions that the
electromagnetic wave can be characterized by the function Ψ(t, �x), which has the
following form [1, 2]

Ψ(t, �x) = A(�x) cos(ωt− g(�x)) (1)

or

Ψ(t, �x) =
∫ ∞

0

Aω(�x) cos(ωt− gω(�x))dω, (2)

where A(�x) is the wave amplitude and g(�x) is an arbitrary real function. The phase-
velocity is defined by the following formula

v1 = ω/|��g(�x)|. (3)

By the above formulas it is clear that the definition of the phase- and group-velocity is
based on the assumption that the electromagnetic wave has the structure (1) (or (2))
and its velocity does not depend on the amplitude A. Moreover, the equation which is
to be satisfied by Ψ, has never been clearly stated. This is, in fact, a very important
point since Ψ can satisfy the standard linear wave equation (d’Alembert equation) or,
for example a nonlinear wave equation [3]. These two cases are essentially different
and lead to principly different results. One should mention that the phase- and group-
velocities cannot directly be defined in terms of the electromagnetic fields �E and �H.
The velocity of electromagnetic energy transport is defined by the formula

�v2 =
�s

W
, �s = c( �E × �H), W = �E2 + �H2, (4)

where �s is the Poyting–Heaviside vector.

J. Nonlinear Math. Phys., 1998, 5, № 2, P. 159–161 (translated by Marianna Euler and reprinted
from Dopovidi of the Academy of Sciences of Ukraine, 1997, № 4, P. 51–53).
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Formula (4) has the following disadvantage: Both E and H are invariant under
the Lorentz transformation, whereas v2 does not have this property.
The aim of the present paper is to give some new definitions of the electromagnetic

field velocity.
If the electromagnetic field is some energy flow, then we define the velocity of such

flow, in analogy with hydrodynamics [4], by the following equation

∂�v

∂t
+ vl

∂�v

∂xl
= a1( �D, �B2, �E2, �H2, �D �E, . . .) �D + a2( �D, �B2, �E2, �H2, �D �E, . . .) �B +

+ a3( �D, �B2, �E2, �H2, �D �E, . . .) �E + a4( �D, �B2, �E2, �H2, �D �E, . . .) �H +

+ a5( �D, �B2, �E2, �H2, �D �E, . . .)

(
c(��× �H) − ∂ �D

∂t
− 4π �J

)
+

+ a6( �D, �B2, �E2, �H2, �D �E, . . .)

(
c(��× �H) +

∂ �B

∂t

)
.

(5)

The structure and explicit form of the coefficients a1, . . . , a6 is defined by the demand
that equation (5) should be invariant with respect to the Poincaré group if the fields
are transformed according to the Lorentz transformation [5].
The main advantage of (5), in comparison with (1), (2), lies in the following:

1. The velocity of the electromagnetic field is directly defined by the observables
�D, �B, �E, �H, �J , and their first derivatives.

2. For particular coefficients, eq. (5) is invariant under the Poincaré group.

3. In the case where a1 = a2 = a3 = a4 = 0 and the fields �D, �B, �E, �H satisfy
Maxwell’s equation

c(��× �H) − ∂ �D

∂t
− 4π �J = 0, c(��× �E) +

∂ �B

∂t
= 0, (6)

then the velocity of the electromagnetic field is of constant value, with

∂�v

∂t
+ vl

∂�v

∂xl
= 0. (7)

In order to use eq. (5) one should concretely define the coefficients a1, . . . , a6.
The explicitly-covariant definition of electromagnetic field velocity can be given

the following equation [5]

vµ
∂vα
∂xµ

= a( �E2, �H2, �E �H)Fαβvβ . (8)

Using Maxwell’s equation in vacuum, one can obtain the following formula for the
velocity of the electromagnetic field

|�v| =

{
1
2

(∂ �E/∂t)2 + (∂ �H/∂t)2

(rot �E)2 + (rot �H)2

}1/2

(9)
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From (7) it is clear that the velocity depends only on derivatives of the fields. |�v| is
a conditional invariant with respect to the Lorentz transformation, i.e., if �E and �H
satisfy the full system of Maxwell’s equations in vacuum, then |�v| would be an invariant
of the Lorentz group. In other words, the conditional invariant is a particular scalar
combination of the fields, for which the fields satisfy some equations with nontrivial
solutions. Well known invariants for the electromagnetic field �E �H and �E2 − �H2 are
absolute invariants with respect to the Lorentz group.
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Лiнiйнi та нелiнiйнi зображення груп
Галiлея в двовимiрному просторi-часi
В.I. ФУЩИЧ, В.I. ЛАГНО

We study the Galilei groups represented as groups of the Lie transformations in the
space of two independent and one dependent variables. We classify the representations
of groups AG1(1, 1), AG2(1, 1), AG3(1, 1), AG̃1(1, 1), AG̃2(1, 1), and AG̃3(1, 1) in the
class of Lie vector fields.

Дослiджуються зображення груп Галiлея як груп перетворень Лi у просторi двох
незалежних та однiєї залежної змiнних. Проведена класифiкацiя зображень груп
AG1(1, 1), AG2(1, 1), AG3(1, 1), AG̃1(1, 1), AG̃2(1, 1) та AG̃3(1, 1) у класi векторних
полiв Лi.

У сучасному теоретико-груповому аналiзi диференцiальних рiвнянь з частин-
ними похiдними актуальною є задача опису найбiльш загального вигляду рiв-
нянь, що допускають дану групу перетворень Лi [1, 2]. Серед таких груп цен-
тральне мiсце посiдають групи Пуанкаре та Галiлея, якi є групами симетрiї ряду
фундаментальних рiвнянь вiдповiдно релятивiстської та нерелятивiстської фi-
зики [3–5]. Зокрема, широкi класи рiвнянь еволюцiйного типу, якi допускають
групу Галiлея, було отримано в роботах [6–8]. Але питання про побудову всiх
таких рiвнянь залишається вiдкритим.
У зв’язку з цим виникає проблема опису можливих зображень цих груп у

класi векторних полiв Лi. Вiдзначимо, що деякi класи зображень груп Пуанкаре
та Галiлея для випадку однiєї залежної функцiї було отримано в робогах [9–
12], розширених груп Галiлея в двовимiрному просторi-часi для двох залежних
функцiй — у роботi [13].
У данiй статтi ми розв’язуємо проблему опису всiх можливих зображень груп

Галiлея в двовимiрному просторi-часi для випадку однiєї залежної функцiї.
Вiдзначимо, що iснування розв’язкiв систем лiнiйних диференцiальних рiв-

нянь з частинними похiдними першого порядку, на яке ми спираємося пiд час
доведення тверджень, випливає з загальної теорiї диференцiальних рiвнянь з
частинними похiдними [14], в рамках припущень щодо гладкостi функцiй, якi
входять у такi рiвняння.

1. Говорячи про групу Галiлея в двовимiрному просi орi-часi, ми маємо на
увазi локальну групу перетворень у просторi V = R2 ⊗ U , де R2 = 〈t, x〉 — про-
cтiр двох незалежних дiйсних змiнних, а U = 〈u〉 — простiр дiйсних скалярних
функцiй u = u(t, x). Як вiдомо [1–3], векторнi поля Лi, що генерують деяку групу
Лi G, складають базис алгебри Лi AG цiєї групи. Тому задача вивчення зобра-
жень даної групи G у класi векторних полiв Лi еквiвалентна вивченню зображень
алгебри Лi AG у класi диференцiальних операторiв першого порядку, якi в на-
шому випадку мають вигляд

Q = τ(t, x, u)∂t + ξ(t, x, u)∂x + η(t, x, u)∂u, (1)

Укр. мат. журн., 1998, 50, № 3, С. 414–423.
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де τ , ξ, η — деякi дiйснi гладкi функцiї у просторi V , ∂t = ∂/∂t, ∂x = ∂/∂x,
∂u = ∂/∂u.
Нехай AG = 〈X1,X2, . . . , XN 〉 — алгебра Лi, базиснi генератори якої задоволь-

няють комутацiйнi спiввiдношення

[Xk,Xm] = CnkmXn, (2)

де Cnkm — дiйснi сталi величини, що називаються структурними константами i
визначають саму алгебру AG, k,m, n = 1, 2, . . . , N .
Означення. Оператори Xi, i = 1, 2, . . . , N , вигляду (1) реалiзують у просторi V
зображення векторними полями Лi алгебри Лi AG, якщо вони

1) лiнiйно незалежнi;
2) задовольняють комутацiйнi спiввiдношення (2).
Отже, проблема опису всiх зображень даної алгебри Лi AG зводиться до

розв’язання спiввiдношень (2) у класi векторних полiв Лi, що в загальному ви-
падку викликає iстотнi труднощi. З iншого боку, комутацiйнi спiввiдношення (2)
не змiнюються при довiльнiй взаємно однозначнiй замiнi змiнних

t1 = h(t, x, u), x1 = g(t, x, u), u1 = f(t, x, u), (3)

де h, g, f — гладкi у просторi V функцiї. Звiдси випливає, що на множинi зо-
бражень векторних полiв Лi алгебри AG можна ввести таке спiввiдношення: два
зображення 〈X1,X2, . . . , XN 〉, 〈X ′

1,X
′
2, . . . , X

′
N 〉, якi одночасно визначенi у про-

сторi V , будуть еквiвалентними, якщо вони трансформуються одне в iнше в ре-
зультатi виконання у просторi V деякого перетворення (3). Таким чином, пере-
творення (3) утворюють у просторi V групу (назвемо її групою дифеоморфiзмiв),
яке задає природне спiввiдношення еквiвалентностi на множинi всiх можливих
у просторi V зображень алгебри AG. Ця група розбиває таку множину на кла-
си A1, A2, . . . , As еквiвалентних зображень. Тому для опису всiх можливих зо-
бражень досить побудувати по одному представнику вiд кожного класу еквiва-
лентностi Aj , j = 1, 2, . . . , s. Саме використання групи дифеоморфiзмiв робить
задачу опису зображень векторними полями Лi групи Лi конструктивною.
У подальшому розглядi зображень ми використовуємо наступну класифiкацiю

алгебр Галiлея (див., наприклад, [15]).
Класичною алгеброю Галiлея називається алгебра AG1(1, 1) = 〈T, P,G〉, бази-

снi оператори якої задовольняють комутацiйнi спiввiдношення

[T, P ] = −0, [T,G] = −P, (4)

[P,G] = 0. (5)

Спецiальною алгеброю Галiлея називається алгебра AG2(1, 1) = AG1(1, 1)+⊃
〈D〉, базиснi оператори якої задовольняють комутацiйнi спiввiдношення (4), (5)
та спiввiдношення

[D,P ] = −P, [D,G] = G, [D,T ] = −2T. (6)

Повною алгеброю Галiлея називається алгебра AG3(1, 1) = 〈T, P,G,D, S〉, ба-
зиснi оператори якої задовольняють комутацiйнi спiввiдношення (4)–(6) та спiв-
вiдношення

[S,G] = 0, [S, P ] = G, [T, S] = D, [D,S] = 2S. (7)
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Нехай M — оператор, що задовольняє такi комутацiйнi спiввiдношення:

[M,T ] = [M,P ] = [M,G] = [M,D] = [M,S] = 0, (8)

[G,P ] = M. (9)

Алгебри

AG̃1 = 〈T, P,M,G〉,
AG̃2 = 〈T, P,M,G,D〉,
AG̃3 = 〈T, P,M,G,D, S〉,

базиснi оператори яких задовольняють комутацiйнi спiввiдношення (4), (6)–(9),
називаються розширеною класичною алгеброю Галiлея, розширеною спецiальною
алгеброю Галiлея та розширеною повною алгеброю Галiлея (алгеброю Шрьодiн-
гера) вiдповiдно.

2. Спочатку розглянемо класифiкацiю зображень класичної, спецiальної та
повної алгебр Галiлея. Оскiльки спецiальна алгебра Галiлея отримується з кла-
сичної за допомогою доповнення останньої оператором D, а повна алгебра Галi-
лея — доповненням спецiальної оператором S, то розгляд розпочинаємо з алгебри
AG1(1, 1) = 〈T, P 〉+⊃ 〈G〉, яка мiстить комутативний iдеал I = 〈T, P 〉.
Лема 1. Нехай T , P — лiнiйно незалежнi оператори вигляду (1). Iснують пе-
ретворення (3), якi зводять цi оператори до однiєї з форм:

T = ∂t, P = −∂x, (10)

T = ∂t, P = −x∂t. (11)

Доведення. Згiдно з теоремою про подiбнiсть векторних полiв (див., напри-
клад, роздiл 1, § 3 [1]), ми завжди можемо покласти T = ∂t. Оскiльки оператори
T , P утворюють комутативний iдеал, то оператор P має такий найбiльш загаль-
ний вигляд:

P = τ(x, u)∂t + ξ(x, u)∂x + η(x, u)∂u.

Введемо в розгляд матрицю

A =
(

1 0 0
τ ξ η

)
,

яка складена з коефiцiєнтiв при похiдних в операторах T , P . Очевидно, що мо-
жливi лише два випадки: rankA = 2 або rankA = 1.
Нехай rankA = 2. Тодi завжди можемо вважати, що в A ξ �= 0. Справдi, якщо

це не так, тобто ξ = 0, η �= 0, застосувавши замiну змiнних за правилом

t1 = t, x1 = u, u1 = x (12)

та повернувшись до початкових позначень, одержимо шуканий результат. Замiна
змiнних

t1 = t+ h(x, u), x1 = g(x, u), u1 = f(x, u) (13)
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залишає вигляд оператора T iнварiантним: T → ∂t1 . Вважаючи в (13) функцiї
h(x, u), g(x, u), f(x, u) розв’язками системи

ξhx + ηhu + τ = 0, ξgx + ηgu = −1, ξfx + ηfu = 0,

оператор P зводимо до вигляду P = −∂x1 , тобто з точнiстю до позначень одер-
жуємо (10).
Нехай тепер rankA = 1. Тодi ξ = η = 0, τ �= 0 i, крiм того, τ не є сталою вели-

чиною. Тому з точнiстю до замiни (12) можемо вважати, що τx �= 0. Поклавши

t1 = t, x1 = −τ(x, u), u1 = u,

одержуємо (11). Нееквiвалентнiсть зображень (10) та (11) очевидна. Лему дове-
дено.
Теорема 1. Нееквiвалентнi зображення векторними полями Лi класичної ал-
гебри Галiлея AG1(1, 1) вичерпуються зображеннями

AG1
1(1, 1) : T = ∂t, P = −∂x, G = t∂x;

AG2
1(1, 1) : T = ∂t, P = −∂x, G = u∂t + t∂x;

AG3
1(1, 1) : T = ∂t, P = −∂x, G = t∂x + u∂u;

AG4
1(1, 1) : T = ∂t, P = −x∂t, G = xt∂t + x2∂x.

Доведення. Здiйснимо розширення iдеалу I оператором G. Для побудови пред-
ставникiв класiв еквiвалентних зображень будемо використовувати тi з перетво-
рень (3), якi залишають форму операторiв T , P незмiнною.
Нехай оператори T , P мають вигляд (10), а оператор G — вигляд (1). Перевi-

ряючи виконання комутацiйних спiввiдношень (4), (5), переконуємося, що

G = τ(u)∂t + (t+ ξ(u))∂x + η(u)∂u. (14)

Найбiльш загальна замiна змiнних, вiдносно якої вигляд операторiв T , P є
iнварiантним, має вигляд

t1 = t+ h(u), x1 = x+ g(u), u1 = f(u). (15)

Якщо в (14) η = 0, то, покладаючи в (15) h = ξ, зводимо оператор G до вигляду
G = τ̃1(u1)∂t1 + t1∂x1 . Якщо τ̃(u1) = 0, то має мiсце зображення AG1

1(1, 1). Якщо
τ̃1(u1) �= 0, τ̃u1 �= 0, то, поклавши в (15) f = τ̃ , одержимо зображення AG2

1(1, 1).
Нарештi, якщо τ̃ = k = const, то G = k∂t1 +t1∂x1 , тобто G є лiнiйною комбiнацiєю
операторiв T та t1∂x1 , що вiдповiдає зображенню AG1

1(1, 1).
Якщо в (14) η �= 0, то вважаючи в (15) функцiї h, g,f розв’язками системи

ηhu + τ = 0, ξ + ηgu = 0, hfu = 1,

одержуємо зображення AG3
1(1, 1). Неважко переконатися, що серед замiн (15)

не iснує такої, що переводить зображення AG1
1(1, 1), AG2

1(1, 1), AG3
1(1, 1) одне в

iнше.
Нехай тепер оператори T , P мають вигляд (11). З виконання комутацiйних

спiввiдношень (4), (5) отримуємо

G = [tx+ τ(x, u)]∂t + x2∂x + η(x, u)∂u.
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Найбiльш загальне перетворення, яке залишає незмiнною форму операторiв T ,
P , має вигляд

t1 = t+ h(x, u), x1 = x, u1 = f(x, u). (16)

Вважаючи в (16) функцiї h та f розв’язками системи

τ + x2hx + ηhu = xh, x2fx + ηfu = 0,

одержуємо зображення AG4
1(1, 1). Очевидно, що це зображення не є еквiвален-

тним жодному з отриманих вище. Теорему доведено.
Наслiдок 1.1. Нееквiвалентнi зображення векторними полями Лi спецiальної
алгебри Галiлея AG2(1, 1) вичерпуються зображеннями

AG1
2(1, 1) : T = ∂t, P = −∂x, G = t∂x,

D = 2t∂t + x∂x + εu∂u, де ε = 0, 1;
(17)

AG2
2(1, 1) : T = ∂t, P = −∂x, G = t∂x + u∂u,

D = 2t∂t + x∂x + u(λ− ln |u|)∂u, λ ∈ R;
(18)

AG3
2(1, 1) : T = ∂t, P = −x∂t, G = xt∂t + x2∂x,

D = 2t∂t + x∂x + εu∂u, де ε = 0, 1;
(19)

AG4
2(1, 1) : T = ∂t, P = −∂x, G = u∂t + t∂x,

D = 2t∂t + x∂x + 3u∂u.

Наслiдок 1.2. Нееквiвалентнi зображення векторними полями Лi повної ал-
гебри Галiлея AG3(1, 1) вичерпуються зображеннями

AG1
3(1, 1) : T, P, G, D вигляду (17), де ε = 0, S = t2∂t + tx∂u;

AG2
3(1, 1) : T, P, G, D вигляду (17), де ε = 1,

S = t2∂t + (tx+ ε1u
3)∂x + u(t+ λu2)∂u,

де ε1 = ±1, λ ∈ R або ε = 0, λ = 0,±1;
AG3

3(1, 1) : T, P, G, D вигляду (18),
S = t2∂t + tx∂x + [ux+ (λ− ln |u|t)]∂u, λ ∈ R;

AG4
3(1, 1) : T, P, G, D вигляду (19), де ε = 0, S = t2∂t + xt∂x.

Для доведення наслiдку 1.1 потрiбно кожне з отриманих в теоремi 1 зображень
класичної алгебри Галiлея розширити оператором D вигляду (1) до зображення
спецiальної алгебри Галiлея, вимагаючи виконання спiввiдношень (6). Аналогiч-
но, для доведення наслiдку 1.2 доповнюємо отриманi зображення спецiальної ал-
гебри Галiлея оператором S вигляду (1), вимагаючи виконання спiввiдношень (7).
Вiдзначимо, що зображення AG3

2(1, 1), ε = 1, та AG4
2(1, 1) не допускають розши-

рення до зображень повної алгебри Галiлея.
3. Розглядаємо класифiкацiю зображень розширених алгебр Галiлея, викори-

стовуючи той же алгоритм, що i для опису зображень алгебр Галiлея. Оскiльки
алгебра AG̃1(1, 1) = 〈T, P,M〉+⊃ 〈G〉 мiстить комутативний iдеал I = 〈T, P,M〉,
розгляд розпочинаємо iз класифiкацiї зображень I.
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Лема 2. Нехай T , P , M — лiнiйно незалежнi оператори вигляду (1). Iснують
перетворення (3), якi зводять цi оператори до однiєї з форм:

T = ∂t, P = −∂x, M = u∂u, (20)

T = ∂t, P = −∂x, M = α(u)∂t + β(u)∂x, (21)

T = ∂t, P = −x∂t, M = γ(x)∂t,
∂γ

∂x
�= const, (22)

T = ∂t, P = −x∂t, M = 2u∂t, (23)

T = ∂t, P = −x∂t, M = 2∂u. (24)

Тут α(u), β(u) — довiльнi дiйснi функцiї, що одночасно не є сталими.
Доведення. Згiдно з лемою оператори T i P зводяться до вигляду (10) або (11).
Нехай має мiсце (10). Тодi внаслiдок комутативностi iдеалу Ĩ оператор M має
вигляд

M = τ(u)∂t + ξ(u)∂x + η(u)∂u,

який допускає зведення до вигляду (20) перетвореннями (15) лише у випадку
η �= 0. Якщо η = 0, то оператор M зводиться до оператора u1∂t1 + β(t1)∂x1 при
dτ
du �= 0, та до оператора u1∂x1 при

dτ
du = 0. Обидва випадки вiдповiдають (21).

Нехай тепер має мiсце (11). Тодi

M = τ(x, u)∂t + η(x, u)∂u,

i матриця Ã, складена з коефiцiєнтiв при похiдних в операторах T , P ,M , набуває
вигляду

Ã =

 1 0 0
−x 0 0
τ 0 η

 .

Очевидно, що можливi два випадки: rank Ã = 2 або rank Ã = 1.
Якщо rank Ã = 2, то η �= 0. Вважаючи в замiнi (16) функцiї h та f розв’язками

системи

ηhu + τ = 0, ηfu = 2,

зводимо оператор M до оператора M = 2∂u1 . Отже, має мiсце зображення (24).
Якщо rank Ã = 1, то η = 0, τ �= 0. При τu = 0 маємо випадок (22) . Якщо

τu �= 0, то поклавши в (16) h = 0, f = τ/2, зводимо оператори T , P , M до
вигляду (23). Нееквiвалентнiсть усiх випадкiв випливає з попереднiх мiркувань.
Лему доведено.
Теорема 2. Нееквiвалентнi зображення векторними полями Лi розширеної
класичної алгебри Галiлея AG̃1(1, 1) вичерпуються зображеннями

AG̃1
1(1, 1) : T = ∂t, P = −∂x, M = u∂u, G = t∂x + xu∂u;

AG̃2
1(1, 1) : T = ∂t, P = −∂x, M = ϕ∂t + u∂x,

G = xϕ∂t + (t+ xu)∂x + (u2 + ϕ)∂u,
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де ϕ = 0, або ϕ = ϕ(u) задовольняє спiввiдношення 2ϕ(Cϕ−1)=u2, C=const∈R;

AG̃3
1(1, 1) : T = ∂t, P = −x∂t, M = γ(x)∂t,

G = xt∂t + (x2 − γ(x))∂x,

де функцiя γ = γ(x) (dγ/dx �= 0) задовольняє спiввiдношення Cγ2 + 2γ = x2,
C = const ∈ R;

AG̃4
1(1, 1) : T = ∂t, P = −x∂t, M = 2u∂t,

G = xt∂t + (x2 − 2u)∂x + ux∂u.

Доведення. Для доведенння теореми потрiбно кожне iз зображень (20)–(24)
розширити оператором G вигляду (1) до зображень розширеної класичної ал-
гебри Галiлея AG̃(1, 1). Усi випадки розглядаються аналогiчно, тому детально
зупинимося лише на деяких iз них.
Нехай оператори T , P , M мають вигляд (22). Перевiривши виконання кому-

тацiйних спiввiдношень (4), (8), (9), переконуємося, що

G = (tx+ τ(x, u))∂t + (x2 − γ(x))∂x + η(x, u)∂u,

де функцiя γ(x) задовольняє рiвняння

xγ − (x2 − γ)
dγ

dx
= 0,

загальний розв’язок якого має вигляд

Cγ2 + 2γ − x2 = 0, C = const ∈ R.

Замiна змiнних

t1 = t+ h(x, u), x1 = x, u1 = f(x, u),

де функцiї h та f є розв’язками системи

(x2 − γ)hx + ηhu + τ = xh, (x2 − γ)fx + ηfu = 0,

приводить нас до зображення AG̃3
1(1, 1).

Нехай оператори T , P , M мають вигляд (24). Виконання комутацiйних спiв-
вiдношень (4), (8), (9) для оператора G приводить до рiвностi 2 = 0. Отримана
суперечнiсть показує, що зображення (24) iдеалу Ĩ не допускає розширення до
зображення алгебри AG̃1(1, 1).
Нееквiвалентнiсть отриманих зображень алгебри AG̃1(1, 1) випливає з нееквi-

валентностi зображень (20)–(24) iдеалу Ĩ. Теорему доведено.
Наслiдок 2.1. Нееквiвалентнi зображення векторними полями Лi розширеної
спецiальної алгебри Галiлея AG̃2(1, 1) вичерпуються зображеннями

AG̃1
2(1, 1) : T = ∂t, P = −∂x, M = u∂u, G = t∂x + xu∂u,

D = 2t∂t + x∂x + λu∂u, λ ∈ R;
(25)

AG̃2
2(1, 1) : T = ∂t, P = −∂x, M = ϕ∂t + u∂x,

G = xϕ∂t + (t+ xu)∂x + (u2 + ϕ)∂u,

D = 2t∂t + x∂x + u∂u, де ϕ = 0 або ϕ = −1
2
u2;

(26)
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AG̃3
2(1, 1) : T = ∂t, P = −x∂t, M =

1
2
x2∂t, G = xt∂t +

1
2
x2∂x,

D = 2t∂t + x∂x + εu∂u, де ε = 0, 1;

AG̃4
2(1, 1) : T = ∂t, P = −x∂t, M = 2u∂t,

G = tx∂t + (x2 − 2u)∂x + ux∂u, D = 2t∂t + x∂x + 2u∂u.

Наслiдок 2.2. Нееквiвалентнi зображення векторними полями Лi розширеної
повної алгебри Галiлея AG̃3(1, 1) вичерпуються зображеннями

AG̃1
3(1, 1) : T, P, G, D вигляду (25),

S = t2∂t + tx∂x +
(

1
2
x2 + λt

)
u∂u, λ ∈ R;

AG̃2
3(1, 1) : T, P, G, D вигляду (26), де ϕ = −1

2
u2,

S =
(
t2 − 1

4
x2u2

)
∂t +

(
xt+

1
2
x2u

)
∂x +

(
t+

1
2
xu

)
u∂u.

Для доведення наслiдкiв 2.1, 2.2, як i у випадку наслiдкiв 1.1, 1.2, потрiбно
спочатку розширити отриманi в теоремi 2 зображення розширеної класичної ал-
гебри Галiлея до зображень розширеної спецiальної алгебри Галiлея, а отриманi
зображення останньої — до зображень розширеної повної алгебри Галiлея. За-
уважимо, що зображення AG̃3

2(1, 1), AG̃4
2(1, 1) розширеної спецiальної алгебри

Галiлея не допускають розширення до зображень розширеної повної алгебри Га-
лiлея.

4. Результатом проведеної класифiкацiї є розбиття всiєї множини зображень
векторними полями Лi груп Галiлея на нееквiвалентнi класи. Очевидно, що для
довiльного зображення групи Галiлея iснує замiна (3), яка зводить його до вiдпо-
вiдного представника єдиного класу еквiвалентностi. Наведемо ряд iлюстрацiй-
них прикладiв.
1. Рiвняння Кортевега–де Фрiза

ut + uxxx + uux = 0

iнварiантне вiдносно чотирипараметричної групи, яка мiстить як пiдгрупу кла-
сичну групу Галiлея з базисними генераторами

T = ∂t, P = −∂x, G = t∂x + ∂u.

Використавши замiну змiнних за правилом t1 = t, x1 = x, u1 = ±eu, перекону-
ємося, що данi генератори задають зображення класичної алгебри Галiлея, яке
мiститься в класi AG3

1(1, 1).
2. Рiвняння Бюргерса

ut − 2uux − uxx = 0

iнварiантне вiдносно повної групи Галiлея з базисними генераторами

T = ∂t, P = −∂x, G = t∂x − ∂u, D = 2t∂t + x∂x − u∂u,

S = t2∂t + tx∂x − (x+ tu)∂u,



264 В.I. Фущич, В.I. Лагно

якi замiною змiнних t1 = t, x1 = x, u1 = ±e−u зводяться до зображення повної
алгебри Галiлея AAG3

3(1, 1) при λ = 0, наведеного в наслiдку 1.2.
3. Рiвняння Бюргерса (модифiковане)

ut = uxx + u2
x

iнварiантне вiдносно нескiнченновимiрної групи, яка мiстить як пiдгрупу розши-
рену повну групу Галiлея з базисними генераторами

T = ∂t, P = −∂x, M = −1
2
∂u, G = t∂x − 1

2
x∂u,

D = 2t∂t + x∂x − 1
2
∂u, S = t2∂t + tx∂x − 1

4
(x2 + 2t)∂u.

(27)

Замiна змiнних t1 = t, x1 = x, u1 = e−2u показує, що тут має мiсце клас
зображень з представником AG̃1

3(1, 1), де λ = 1.
Зауважимо, що до цього ж класу належить розширена повна група Галiлея з

базисними генераторами

T = ∂t, P = −∂x, M = −1
2
u∂u, G = t∂x − 1

2
xu∂u,

D = 2t∂t + x∂x − 1
2
u∂u, S = t2∂t + tx∂x − 1

2
(x2 + 2t)u∂u.

(28)

Замiна t1 = t, x1 = x, u1 = eu зводить оператори (27) до вiдповiдних опе-
раторiв (28), а модифiковане рiвняння Бюргерса — до добре вiдомого рiвняння
теплопровiдностi ut = uxx, для якого розширена повна алгебра Галiлея (28) є
алгеброю iнварiантностi.
Вiдзначимо, що вiдомi зображення груп Галiлея виникають тодi, коли ранг

матрицi, яка складена з коефiцiєнтiв при похiдних в операторах T , P , дорiвнює
двом (у випадку класичної, спецiальної чи повної груп Галiлея), або ранг матрицi,
яка складена з коефiцiєнтiв при похiдних в операторах T , P , M , дорiвнює трьом
(у випадку розширених груп Галiлея). Саме такi зображення розши рених груп
Галiлея для двох залежних функцiй вивчалися в роботi [13]. Випадки, коли ранги
вказаних матриць рiвнi 1 або 2, наскiльки нам вiдомо, ще не розглядались.
Зупинимося на випадках зображень AG2

2(1, 1) та AG3
3(1, 1) при λ �=0, AG̃2

1(1, 1),
AG̃2

2(1, 1) та AG̃2
3(1, 1) при ϕ = − 1

2u
2. Базиснi оператори в цих зображеннях мi-

стять u нелiнiйно. Такi зображення, як i в роботах [9–11], називаємо нелiнiйни-
ми. Зауважимо, що при λ = 0 залежна змiнна u входить у вибранi представники
класiв AG2

2(1, 1), AG3
3(1, 1) нелiнiйно, але, як показано вище (приклад рiвнян-

ня Бюргерса), iснують перетворення (3), якi лiнеаризують цi зображення. Вiд-
значимо, що проведена класифiкацiя може бути використана для лiнеаризацiї
галiлей-iнварiантних рiвнянь, що проiлюстровано вище на прикладi модифiкова-
ного рiвняння Бюргерса.
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in Symmetry Analysis of Equations of Mathematical Physics, Kiev, Inst. Math., 1992, 62–65.

10. Fushchych W., Zhdanov R., Lahno V., On linear and non-linear representations of the genera-
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Конформна симетрiя нелiнiйного
цiлiндрично симетричного хвильового
рiвняння
В.I. ФУЩИЧ, М.I. СЄРОВ, Ю.Г. ПОДОШВЄЛЕВ

Conformal symmetry of the nonlinear cylindrically symmetric wave equation �u −
N
xn

un = λuk, N = 1 − n + 4
k−1

, is studied. The symmetry of this equation is used to
construct its exact solutions for n = 2. An isomorphism of the algebras AC(1, 1) and
AO(2, 2) is used to obtain conformal algebra invariants. Formulas multiplicating the
solutions found are presented.

Вiдомо, що максимальною в розумiннi С. Лi алгеброю iнварiантностi хвильо-
вого рiвняння

�u = F (x, u), (1)

при F (x, u) = 0 є конформна алгебра AC(1, n), базиснi елементи якої мають
вигляд

∂µ =
∂

∂xµ
, Jµν = xµ∂ν − xν∂µ,

D = xµ∂µ +
1 − n

2
u∂u, Kµ = 2xµD − x2∂µ,

де µ, ν = 0, n; при F (x, u) �= 0 рiвняння (1) зберiгає конформну симетрiю AC(1, n)
лише у випадку

F (x, u) = λu
n+3
n−1 , n �= 1

де λ — довiльна стала. При опису реальних фiзичних процесiв застосовується
рiвняння (1) при n = 3, тобто

u00 − u11 − u22 − u33 = F (u). (2)

Нехай процес, що описується рiвнянням (2), цилiндрично симетричний. Це озна-
чає, що

u(x0, x1, x2, x3) = u(x0, x1, ρ), (3)

де ρ =
√
x2

2 + x2
3. Пiдставляючи (3) в (2), одержимо

u00 − u11 − uρρ − 1
ρ
uρ = F (u).

Перепишемо сказане вище на випадок довiльної кiлькостi незалежних змiнних

u = u(y0, y1, . . . , yn+N ).

Доповiдi НАН України, 1998, № 4, С. 64–68.
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Вважаючи, що процес, який описується рiвнянням

u00 − u11 − · · · − un+N,n+N = F (u),

має узагальнену сферичну симетрiю, тобто

u = u(y0, y1, . . . , yn−1, ρ),

де ρ =
√
y2
n + . . .+ y2

n+N , аналогiчно отримаємо рiвняння

u00 − u11 − · · · − un−1,n−1 − uρρ − N

ρ
uρ = F (u). (4)

Якщо покласти y0 = x0, y1 = x1, . . ., yn−1 = xn−1, yρ = xn то рiвняння (4) матиме
вигляд

u00 − u11 − · · · − unn − N

xn
un = F (u), (5)

де u = u(x), x = (x0, x) ∈ R1+n. Перепишемо рiвняння (5) наступним чином:

�u− N

xn
un = F (u). (6)

Дослiдимо, чи володiє воно конформною симетрiєю.
Теорема. Рiвняння (6) при N �= 0 iнварiантне вiдносно конформної алгебри
AC(1, n− 1):〈

∂α, Jαβ ,D = xα∂α + xn∂n +
1 − n−N

2
u∂u, Kα = 2xαD − (xβxβ − x2

n)∂α

〉
,

α, β = 1, n− 1, тодi i тiльки тодi, коли

F (u) = λuk, N = 1 − n+
4

k − 1
, (7)

де λ i k �= 1 — довiльнi константи.
Теорема доводиться методом С. Лi [1].
У випадку n = 2 i за умови (7) рiвняння (6) має вигляд

u00 − u11 − u22 − N

x2
u2 = λuk

, N =
5 − k

k − 1
, N �= 0, k �= 1. (8)

Застосуємо симетрiю рiвняння (8) для знаходження його розв’язкiв, котрi будемо
шукати у виглядi

u(x) = f(x)ϕ(ω), (9)

(див., напр., [2]). У формулi (9) ϕ(ω) — невiдома функцiя, яку потрiбно визна-
чити, а iнварiантнi змiннi ω = ω(X) та функцiя f(x) визначаються як розв’язки
системи Лагранжа–Ейлера

dx0

ξ0
=
dx1

ξ1
=
dx2

ξ2
=
du

η
.



268 В.I. Фущич, М.I. Сєров, Ю.Г. Подошвєлев

Розв’язуючи рiвняння dx2
ξ2 = du

η , одержуємо вигляд анзаца (9) та функцiї f(x),
а нелiнiйну систему диференцiальних рiвнянь

dx0

ξ0
=
dx1

ξ1
=
dx2

ξ2

за допомогою iзоморфiзму мiж алгеброю AC(1, 1) i алгеброю Лоренца AO(2, 2)
[3] зведемо до лiнiйної. Даний iзоморфiзм здiйснюється перетворенням змiнних

x0 =
z2

z4 − z1
, x1 =

z3
z4 − z1

, x2 =
z5

z4 − z1
,

x2 − x2
2 = x2

0 − x2
1 − x2

2 =
z4 + z1
z4 − z1

, z1 =
x2 − x2

2 − 1
2x2

z5,

z2 =
x0

x2
z5, z3 =

x1

x2
z5, z4 =

x2 − x2
2 + 1

2x2
z5

(10)

i дiє на конусi z2
1 +z2

2 −z2
3 −z2

4 −z2
5 = 0 точно. Зв’язок мiж операторами конформ-

ної алгебри AC(1, 1) та алгебри Лоренца AO(2, 2) = {J ′
ab}, a, b = 1, 4 задається

формулами ∂0 = J ′
12 − J ′

24, ∂1 = J ′
13 − J ′

34, J ′
01 = J ′

23, D = −J ′
14, K0 = J ′

12 + J ′
24,

K1 = J ′
13 + J ′

34. Вiдповiдна система Лагранжа–Ейлера лiнiйна, однорiдна i має
вигляд

dz1
−c21z2 + c31z3 + c41z4

=
dz2

c21z1 + c32z3 + c42z4
=

dz3
c31z1 + c32z2 + c43z4

=

=
dz4

c41z1 + c42z2 − c43z3
=
dz5
0

= dt.

(11)

Система (11) розпадається на двi пiдсистеми: перша з них

ż5 = 0, (12)

а друга в матричнiй формi має вигляд

Ż = AZ, (13)

де

Z =


z1
z2
z3
z4

 , A =


0 −c21 c31 c41
c21 0 c32 c42
c31 c32 0 c43
c41 c42 −c43 0

 .
Розв’язком (12) є z5 = const. Вигляд розв’язкiв системи (13) визначається вигля-
дом коренiв характеристичного рiвняння

det[A− λE] = 0, (14)

(E — одинична матриця). У даному випадку (14) має вигляд

λ2(λ2 +M) +G = 0,

де M = c221 + c243 − c231 − c232 − c241, G = (c31c42 − c32c41 − c21c43)2. В залежностi вiд
значень M , G та рангу матрицi (A − λE) можливi 9 рiзних випадкiв розв’язку
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системи (13). Для кожного з цих випадкiв, скориставшись перетвореннями замiн-
них (10), знайдемо шуканi iнварiанти ω та вигляд функцiї f(x). Не приводячи
громiздких обрахункiв, кiнцевий результат наведено за допомогою табл. 1.
В табл. 1 введенi такi позначення: ax = a0x0 − a1x1, bx = b0x0 − b1x1, x2 =

x2
0 − x2

1, a, b, α, β — довiльнi сталi вектори, що задовольняють умови a2 = −b2,
ab = 0, α = a+ b, β = a− b, m = const.

Таблиця 1. Iнварiантнi змiннi групи C(1, 1).

№ f(x) ω1 ω2

1 1 x2 αx

2 1 x2 x2

3 x
2

1−k
2

bx
x2

x2−x2
2+1

x2

4 x
2

1−k
2

αx
x2

x2−x2
2+1

x2

5 x
2

1−k
2

αx
x2
2

βx + m ln x2

6 x
2

1−k
2

αx
x3
2

x2βx

7 x
2

1−k
2

βx(x2−x2
2)+αx

x2
2

(x2−x2
2+1)2+4(bx)2

x2
2

8 x
2

1−k
2 arctg

x2−x2
2−1

2ax
− 2 arctg

x2−x2
2+1

2bx

(x2−x2
2+1)2+4(bx)2

x2
2

9 x
2

1−k
2

βx(x2−x2
2)−αx

x2
2

1
2

ln
(x2−x2

2)2+(αx)2

x2
2

− arctg
x2−x2

2
αx

Розглянувши формулу (9) сумiсно з табл. 1, де вказано вiдповiднi значення
iнварiантних змiнних ω1, ω2 та функцiї f(x), отримаємо дев’ять нееквiвалентних
анзацiв. Пiдставивши їх в рiвняння (8), отримаємо наступнi редукованi рiвняння
для визначення функцiї ϕ(ω):

ϕ11 +
5 − k

(k − 1)ω1
ϕ1 + λϕk = 0,

ϕ11 − 2ω1ϕ12 − 4ω2ϕ22 +
5 − k

(k − 1)ω1
ϕ1 − 4

k + 1
k − 1

ϕ+ λϕk = 0,

(ω2
1+1)ϕ11+ω1ω2ϕ12+(ω2

2+4)ϕ22+3ω1ϕ1+3ω2ϕ2+4
k − 2

(k − 1)2
ϕ+λϕk = 0,(15)

ω2
1ϕ11 + ω1ω2ϕ12 + (ω2

2 + 4)ϕ22 + 3ω1ϕ1 + 3ω2ϕ2 + 4
k − 2

(k − 1)2
ϕ+ λϕk = 0,(16)

4ω2
1ϕ11 − 2(1 +mω1)ϕ12 +m2ϕ22 + 8ω1ϕ1 − 2mϕ2 + 4

k − 2
(k − 1)2

ϕ+ λϕk = 0,

9ω2
1ϕ11 − (2 + ω1ω2)ϕ12 + ω2

2ϕ22 + 15ω1ϕ1 − ω2ϕ2 + 4
k − 2

(k − 1)2
ϕ+ λϕk = 0,

(ω2
1 + 1)ϕ11 − ω1(ω2 + 2)ϕ12 + ω2(ω2 + 4)ϕ22 + 2ω1ϕ1 +

+ 2(ω2 + 2)ϕ2 + 4
k − 2

(k − 1)2
ϕ+ λϕk = 0,

(17)
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4
ω2

+
1

ω2 + 4

)
ϕ11 +ω2(ω2 +4)ϕ22 +2(ω2 +2)ϕ2 +4

k − 2
(k − 1)2

ϕ+
λ

4
ϕk = 0,(18)

4(ω2
1 + 1)ϕ11 + 2(ω1 − 1)ϕ12 + ϕ22 + 8ω1ϕ1 − 2ϕ2 + 4

k − 2
(k − 1)2

ϕ+ λϕk = 0.

Проаналiзувавши отриманi редукованi рiвняння, вкажемо частковi розв’язки
деяких з них. Якщо в рiвняннi (15) або (16) покласти ϕ1 = 0, отримаємо

(ω2
2 + 4)ϕ22 + 3ω2ϕ2 + 4

k − 2
(k − 1)2

ϕ+ λϕk = 0, k �= 1,

частковим розв’язком якого є функцiя

ϕ(ω2) =
[
−λ(k − 1)2

8(k + 1)
ω2

2

] 1
1−k

, k �= 1,

що приводить до розв’язку рiвняння (8)

u(x) =
[
−λ(k − 1)2

8(k + 1)
(x2 − x2

2 + 1)2
] 1

1−k

, k �= 1.

Рiвняння (17) при ϕ2 = 0 набуває вигляду

(ω2
1 + 1)ϕ11 + 2ω1ϕ1 + 4

k − 2
(k − 1)2

ϕ+
λ

4
ϕk = 0,

Його частковий розв’язок вдається знайти при k = 4:

ϕ(ω1) =
[
−9λ

40
ω2

1

]− 1
3

,

а, отже, розв’язком рiвняння (8) при k = 4 є функцiя

u(x) =

[
−9λ

40

{
βx(x2 − x2

2) + αx

x2

}2
]− 1

3

.

Поклавши в (18) ϕ1 = 0, отримаємо звичайне диференцiальне рiвняння

ω2(ω2 + 4)ϕ22 + 2(ω2 + 2)ϕ2 + 4
k − 2

(k − 1)2
ϕ+

λ

4
ϕk = 0,

частковим розв’язок якого є

ϕ(ω2) =
[
− λ

16
(1 − k)2ω2

] 1
1−k

. (19)

Анзац (9) i функцiя (19) дають можливiсть знайти розв’язок рiвняння (8)

u(x) =
[
− λ

16
(1 − k)2{(x2 − x2

2 + 1)2 + 4(bx)2}
] 1

1−k

.



Конформна симетрiя нелiнiйного хвильового рiвняння 271

При ϕ2 = 0 в (17) одержимо рiвняння

(ω2
1 + 1)ϕ11 + 2ω1ϕ1 + 4

k − 2
(k − 1)2

ϕ+
λ

4
ϕk = 0,

Частковий розв’язок знаходимо при k = 4
7 :

ϕ(ω1) =
[
− 9λ

616
ω2

1

] 7
3

,

а, отже, i частковий розв’язок рiвняння (8)

u(x) =

[
− 9λ

616

{
βx(x2 − x2

2) − αx

x2

}2
] 7

3

.

Одержанi вище результати можна розмножити за допомогою перетворень iн-
варiантностi рiвняння (8). Цi перетворення мають вигляд:

xα → emcαβ(xβ − θβ(x2 − x2
2))

σ
, x2 → emx2

σ
, u→ u

[
em

σ

] 2
1−k

,

де σ = 1 − 2θαxα + θαθ
α(x2 − x2

2), aα, cαβ , θα, m — довiльнi параметри.
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Лiївська та умовна симетрiя системи
рiвнянь Гамiльтона–Якобi
В.I. ФУЩИЧ, М.I. СЄРОВ, М.М. СЄРОВА, А.В. ГЛЄБА

Lie and conditional symmetries of the Hamilton–Jacobi system of equations are in-
vestigated.

В роботi [1] встановлено, що максимальною в класi операторiв C. Лi алгеброю
iнварiантностi рiвняння Гамiльтона–Якобi

U0 +
1

2m
(�∇U)2 = 0 (1)

є алгебра, базиснi елементи якої мають вигляд

∂0, ∂a, ∂u, Jab = xa∂b − xb∂a,

GIa = x0∂a +mxa∂u, GIIa = u∂a +mxa∂0,

DI = x0∂0 +
1
2
xa∂a, DII = u∂u +

1
2
xa∂a,

ΠI = x2
0∂0 + x0xa∂a +

1
2
m�x2∂0, ΠII = u2∂u + uxa∂a +

1
2
m�x2∂0,

Ka = 2xaD + s2∂a.

(2)

В формулах (1), (2) введенi такi позначення:

u = u(x) ∈ R1, x = (x0, �x) ∈ Rn+1, ∂0 =
∂

∂x0
, ∂a =

∂

∂xa
, u0 = ∂0u,

D = DI +DII , s2 =
2
m
x0u− �x2, m = const,

за iндексами a, b якi повторюються, слiд розумiти суму вiд 1 до n.
В роботi [2] дослiджено, що в класi скалярних диференцiальних рiвнянь 1-го

порядку рiвняння (1) є єдиним, iнварiантним вiдносно алгебри (2).
В роботi [3] показано, що алгебра (2) локально iзоморфна конформнiй алгебрi

AC(1, n+ 1), де роль xn+1 вiдiграє функцiя u.
Узагальнимо рiвняння (1) на випадок двох функцiй u1, u2 такою системою

рiвнянь:

u1
0 +

1
2m

(�∇u1)2 = 0, (3)

u2
0 +

1
m
�∇u1�∇u2 = 0. (4)

Система рiвнянь (3), (4) в бiльш розширеному варiантi дослiджена в роботi [4].

Доповiдi НАН України, 1998, № 12, C. 49–52.
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Дослiдимо лiївську та умовну симетрiю як рiвняння (4), так i системи рiвнянь
(3), (4).
Теорема 1. Максимальною лiївською алгеброю iнварiантностi рiвняння (4) є
нескiнченновимiрна алгебра з iнфiнiтезимальним оператором

X = a∂0 +
[
1
2
(ȧ+ b)xa + cabxb + da

]
∂a +

+

[
bu1 +m

(
ä+ ḃ

4
�x2 + �d�x

)
+ h

]
∂u1 +K∂u2 ,

де cab = −cba — довiльнi сталi; a(x0), b(x0), da(x0), K(u2) — довiльнi гладкi
функцiї.
Теорема 2. Базиснi елементи максимальної лiївської алгебри iнварiантностi
системи рiвнянь (3), (4) задаються формулами (2), в яких u ≡ u1, та нескiн-
ченним оператором

B = K(u2)∂u2 ,

де K(u2) — довiльна гладка функцiя.
Теореми 1, 2 доводяться стандартним методом C. Лi [5].

Теорема 3. Система рiвнянь (3), (4) при додатковiй умовi

(�∇u2)2 − 1 = 0 (5)

iнварiантна вiдносно алгебри

∂0, ∂a, ∂u1 , Jab = xa∂b − xb∂a, Jn+1a = u2∂a + xa∂u2 ,

GIa = x0∂a +mxa∂u1 , GIn+1 = x0∂u2 −mu2∂u1 ,

GIIa = u1∂a +mxq∂0, GIIn+1 = u1∂u2 −mu2∂0,

DI = x0∂0 +
1
2
(xa∂a + u2∂u2), DII = u1∂u1 +

1
2
(xa∂a + u2∂u2),

ΠI = x2
0∂0 + x0(xa∂a + u2∂u2) +

1
2
m(�x2 − (u2)2)∂u1 ,

ΠII = (u1)2∂u1 + u1(xa∂a + u2∂u2) +
1
2
m(�x2 − (u2)2)∂0,

Ka = 2xaD + s2∂a, Kn+1 = 2u2D − s2∂u2 ,

(6)

де D = DI +DII , s2 = 2
mx0u

1 − (�x2 − (u2)2).
Доведення. Критерiй умовної iнварiантностi системи (3), (4) згiдно з [3] має
вигляд

Q̃S1 = λ1S1 + λ2S2 + λ3S3, Q̃S2 = λ4S1 + λ5S2 + λ6S3,

Q̃S3 = λ7S1 + λ8S2 + λgS3.

Розглянемо, наприклад, оператор Q̃ = αa(u2∂a + xa∂u2), де αa — довiльнi
константи. Якщо знайти друге продовження цього оператора i подiяти ним на
кожне з рiвнянь (3), (4), (5), то можна одержати:

Q̃S1 = −αau1
aS2, Q̃S2 = −αau2

aS2 +
1
m
αau

1
aS3, Q̃S3 = 2αau2

aS3,
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де S1, S2, S3 — лiвi частини рiвнянь (3), (4), (5) вiдповiдно. Аналогiчно встанов-
люється умовна iнварiантнiсть системи (3), (4) вiдносно iнших операторiв алгеб-
ри (6). Теорема доведена.
Теорема 4. Алгебра (6) локально iзоморфна конформнiй алгебрi AC(1+1, n+1).
Доведення. Перейдемо вiд змiнних (x0, �x, u

1, u2) до змiнних (y0, �y, yn+1, t) за
формулами

y0 =
1√
2

(
x0 +

u1

m

)
, �y = �x, yn+1 =

1√
2

(
x0 − u1

m

)
, t = u2. (7)

У просторi (y0, t, �y, yn+1) з метричним тензором gAB сигнатури (+,+,−, . . . ,−︸ ︷︷ ︸
n

,−)

базиснi оператори конформної алгебри AC(2, n+ 1) мають вигляд

P̃0 =
∂

∂y0
, P̃t =

∂

∂t
, P̃a =

∂

∂ya
, P̃n+1 =

∂

∂yn+1
,

J̃0t = y0P̃t − tP̃0, J̃0a = y0P̃a + yaP̃0, J̃0,n+1 = y0P̃n+1 + yn+1P̃0,

J̃ta = tP̃a + yaP̃t, J̃t,n+1 = tP̃n+1 + yn+1P̃t, J̃ab = yaP̃b − ybP̃a,

J̃a,n+1 = yaP̃n+1 − yn+1P̃a, D̃ = y0P̃0 + tP̃t + yaP̃a + yn+1P̃n+1,

K̃0 = 2y0D̃ − s2P̃0, K̃t = 2tD̃ − s2P̃t,

K̃a = 2yaD̃ + s2P̃a, K̃n+1 = 2yn+1D̃ + s2P̃n+1,

(8)

де s2 = y2
0 + t2 − �y2 − y2

n+1.
Формули (7) встановлюють взаємнооднозначний зв’язок мiж операторами ал-

гебри (6) та (8). А саме:

∂0 =
1√
2
(P̃0 + P̃n+1), ∂u1 =

1
m
√

2
(P̃0 − P̃n+1), ∂a = P̃a, ∂u2 = P̃t,

Jn+1a = J̃ta, Jab = J̃ab, DI =
1
2
(D̃ + J̃0,n+1), DII =

1
2
(D̃ − J̃0,n+1),

GIn+1 =
1√
2
(J̃0t + J̃t,n+1), GIIn+1 =

m√
2
(J̃0t − J̃t,n+1),

GIa =
1√
2
(J̃0a − J̃a,n+1), GIIa =

m√
2
(J̃0a + J̃a,n+1),

ΠI =
1

2
√

2
(K̃0 + K̃n+1), ΠII =

m

2
√

2
(K̃0 − K̃n+1), Ka = K̃a, Kt = K̃n+1.

Цей факт i доводить твердження теореми.
Дослiдимо тепер лiївську симетрiю систем (3), (5); (4), (5). Як i теореми 1, 2,

за допомогою методу Лi доводяться такi твердження.
Теорема 5. Базиснi елементи максимальної лiївської алгебри iнварiантностi
системи рiвнянь (3)–(5) задаються формулами вигляду

∂0, ∂a, Jab = xa∂b − xb∂a, Ga = x0∂a +mxa∂u1 ,

DI = x0∂0 +
1
2
(xa∂a + u2∂u2), DII = u1∂u1 +

1
2
(xa∂a + u2∂u2),

Π = x2
0∂0 + x0(xa∂a + u2∂u2) +

m

2
�x2∂u2
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та нескiнченним оператором R = K(x0)∂u2 , де K(x0) — довiльна гладка фун-
кцiя.
Теорема 6.Максимальною лiївською алгеброю iнварiантностi системи рiвнянь
(4), (5) е нескiнченно вимiрна алгебра з iнфiнiтезимальним оператором

X = α∂0 +
[
(α̇+ β)xa + cabxb + ca,n+1u

2 + da
]
∂a +

+
[
βu1 +m

(
1
4
(α̈β̈)(�x2 − (u2)2) + ḋaxa − ḋn+1u

2

)
+ γ

]
∂u1 +

+
[
1
2
(α̇+ β)u2 + can+1xa + dn+1

]
∂u2 ,

де α(x0), β(x0), da(x0), dn+1(x0), γ(x0) — довiльнi гладкi функцiї, ca,n+1 =−cn+1,a

сталi.
3 наведених результатiв випливає, що природним узагальненням рiвняння

Гамiльтона–Якобi є система (3), (4), (5) для двох функцiй u1 i u2. Внаслiдок
широких симетрiйних властивостей вона є претендентом для опису реальних фi-
зичних процесiв.
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The Schrödinger equation
with variable potential

W.I. FUSHCHYCH, Z.I. SYMENOH, I.M. TSYFRA

We study symmetry properties of the Schrödinger equation with the potential as
a new dependent variable, i.e., the transformations which do not change the form of
the class of equations. We also consider systems of the Schrödinger equations with
certain conditions on the potential. In addition we investigate symmetry properties of
the equation with convection term. The contact transformations of the Schrödinger
equation with potential are obtained.

1 Introduction

Let us consider the following generalization of the Schrödinger equation

i
∂ψ

∂t
+ ∆ψ +W (t, �x, |ψ|)ψ + Va(t, �x )

∂ψ

∂xa
= 0, (1)

where ∆ =
∂2

∂xa∂xa
, a = 1, n, ψ = ψ(t, �x ) is an unknown complex function, W =

W (t, �x, |ψ|) and Va = Va(t, �x ) are potentials of interaction.
When Va = 0 in (1), the standard Schrödinger equation is obtained. Symmetry

properties of this equation were thoroughly investigated (see, e.g., [1–4]). For arbitrary
W (t, �x ), equation (1) admits only the trivial group of identical transformations �x→
�x ′ = �x, t→ t′ = t, ψ → ψ′ = ψ [1, 3].
In [5–7], a method for extending the symmetry group of equation (1) was suggested.

The idea lies in the fact that, in equation (1), we assume that W (t, �x, |ψ|) is a new
dependent variable on equal conditions with ψ. This means that equation (1) is
regarded as a nonlinear equation even in the case where the potential W does not
depend on ψ. Indeed, equation (1) is a set of equations when V is a certain set of
arbitrary smooth functions.

2 2. Symmetry of the Schrödinger equation
with potential

Using this idea, we obtain the invariance algebra of the Schrödinger equation with
potential, i.e.,

i
∂ψ

∂t
+ ∆ψ +W (t, �x, |ψ|)ψ = 0. (2)

J. Nonlinear Math. Phys., 1998, 5, № 1, P. 13–22; Preprint, Department of Mathematics, Li-
nköping University, Sweden, 1996, 15 p.
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Theorem 1. Equation (2) is invariant under the infinite-dimensional Lie algebra
with infinitesimal operators of the form

Jab = xa∂xb
− xb∂xa

,

Qa = Ua∂xa
+
i

2
U̇axa (ψ∂ψ − ψ∗∂ψ∗) +

1
2
Üaxa∂W ,

QA = 2A∂t + Ȧxc∂xc
+
i

4
Äxcxc (ψ∂ψ − ψ∗∂ψ∗)−

− nȦ

2
(ψ∂ψ + ψ∗∂ψ∗) +

(
1
4
...

A xcxc − 2WȦ

)
∂W ,

QB = iB (ψ∂ψ − ψ∗∂ψ∗) + Ḃ∂W , Z1 = ψ∂ψ, Z2 = ψ∗∂ψ∗ ,

(3)

where Ua(t), A(t), B(t) are arbitrary smooth functions of t, over the index c we
mean summation from 1 to n, a, b = 1, n, and over the repeated index a there is no
summation. The upper dot stands for the derivative with respect to time.
Note that the invariance algebra (3) includes the operators of space (Ua = 1) and

time (A = 1/2) translations, the Galilei operator (Ua = t), the dilation (A = t) and
projective (A = t2/2) operators.

Proof of Theorem 1. We seek the symmetry operators of equation (2) in the class
of first-order differential operators of the form:

X = ξµ(t, �x, ψ, ψ∗)∂xµ
+ η(t, �x, ψ, ψ∗)∂ψ +

+ η∗(t, �x, ψ, ψ∗)∂ψ∗ + ρ(t, �x, ψ, ψ∗,W )∂W .
(4)

Using the invariance condition [1, 8, 9] of equation (2) under operator (4) and the
fact that W = W (t, �x, |ψ|), i.e., ψ ∂W∂ψ = ψ∗ ∂W

∂ψ∗ , we obtain the system of determining
equations:

ξjψ = ξjψ∗ = 0, ξ0a = 0, ξaa = ξbb , ξab + ξba = 0, ξ00 = 2ξaa ,

ηψ∗ = 0, ηψψ = 0, ηψa = (i/2)ξa0 ,
η∗ψ = 0, η∗ψ∗ψ∗ = 0, η∗ψ∗a = −(i/2)ξa0 ,

iη0 + ηcc − ηψWψ + 2Wξnnψ +Wη + ρψ = 0,
−iη∗0 + η∗cc − η∗ψ∗Wψ∗ + 2Wξnnψ

∗ +Wη∗ + ρψ∗ = 0,
ρψ = ρψ∗ = 0,

(5)

where an index j varies from 0 to n, a, b = 1, n, over the repeated index c we mean
the summation from 1 to n, and over the indices a, b there is no summation.
We solve system (5) and obtain the following result:

ξ0 = 2A, ξa = Ȧxa + Cabxb + Ua, a = 1, n,

η =
i

2

(
1
2
Äxcxc + U̇cxc +B

)
ψ, η∗ = − i

2

(
1
2
Äxcxc + U̇cxc + E

)
ψ∗,

ρ =
1
2

(
1
2
...

A xcxc + Ücxc + Ḃ

)
− n

2
iÄ− 2WȦ,

where A, Ua, B are arbitrary functions of t, E = B − 2inȦ + C1, Cab = −Cba and
C1 are arbitrary constants. The theorem is proved.
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The operators QB generate the finite transformations:

t′ = t, �x ′ = �x,

ψ′ = ψ exp(iB(t)α), ψ∗′
= ψ∗ exp(−iB(t)α),

W ′ = W + Ḃ(t)α,

(6)

where α is a group parameter, B(t) is an arbitrary smooth function.
Using the Lie equations, we obtain that the following transformations correspond

to the operators Qa:

t′ = t, x′a = Ua(t)βa + xa, x′b = xb (b �= a),

ψ′ = ψ exp
(
i

4
U̇aUaβ

2
a +

i

2
U̇axaβa

)
,

ψ∗′
= ψ∗ exp

(
− i

4
U̇aUaβ

2
a −

i

2
U̇axaβa

)
,

W ′ = W +
1
2
Üaxaβa +

1
4
ÜaUaβ

2
a,

(7)

where βa (a = 1, n ) are group parameters, Ua = Ua(t) are arbitrary smooth functions,
there is no summation over the index a. In particular, if Ua(t) = t, then the opera-
tors Qa are the standard Galilei operators

Ga = t∂xa
+
i

2
xa (ψ∂ψ − ψ∗∂ψ∗) . (8)

For the operators QA, it is difficult to write out the finite transformations in the
general form. We consider several particular cases:

(a) A(t) = t. Then

QA = 2t∂t + xc∂xc
− n

2
(ψ∂ψ + ψ∗∂ψ∗) − 2W∂W

is a dilation operator generating the transformations

t′ = t exp(2λ), x′c = xc exp(λ),

ψ′ = exp
(
−n

2
λ
)
ψ, ψ∗′

= exp
(
−n

2
λ
)
ψ∗,

W ′ = W exp(−2λ),

(9)

where λ is a group parameter.
(b) A(t) = t2/2. Then

QA = t2∂t + txc∂xc
+
i

4
xcxc (ψ∂ψ − ψ∗∂ψ∗) − n

2
t (ψ∂ψ + ψ∗∂ψ∗) − 2tW∂W

is the operator of projective transformations:

t′ =
t

1 − µt
, x′c =

xc
1 − µt

,

ψ′ = ψ(1 − µt)n/2 exp
(

ixcxcµ

4(1 − µt)

)
,

ψ∗′
= ψ∗(1 − µt)n/2 exp

( −ixcxcµ
4(1 − µt)

)
, W ′ = W (1 − µt)2,

(10)

µ is an arbitrary parameter.
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Consider the example. Let

W =
1
�x 2 =

1
xcxc

. (11)

We describe how new potentials are generated from potential (11) under transforma-
tions (6), (7), (9), (10).
(i) QB :

W =
1

xcxc
→W ′ =

1
xcxc

+B(t)α→W ′′ =
1

xcxc
+B(t)(α+ α′) → · · · ,

where B(t) is an arbitrary smooth function, α and α′ are arbitrary real parameters.
(ii) Qa:

W =
1

xcxc
→W ′,

W ′ =
1

(xa − Ua(t)βa)2 + xbxb
+

1
4
ÜaUaβ

2
a +

1
2
Üaβa(xa − Uaβa),

W ′ →W ′′,

W ′′ =
1

(xa − Ua(t)(βa + β′
a))2 + xbxb

+
1
4
ÜaUa(β2

a + β′2
a )+

+
1
2
Üa(βa + β′

a)(xa − Ua(βa + β′
a)) +

1
2
ÜaUaβaβ

′
a → · · · ,

where Ua are arbitrary smooth functions, βa and β′
a are real parameters, there is no

summation over a but there is summation over b (b �= a). In particular, if Ua(t) = t,
then we have the standard Galilei operator (8) and

W =
1

xcxc
→W ′ =

1
(xa − tβa)2 + xbxb

→

→W ′′ =
1

(xa − t(βa + β′
a))2 + xbxb

→ · · ·

(iii) QA for A(t) = t or A(t) = t2/2 do not change the potential, i.e.,

W =
1

xcxc
→W ′ =

1
xcxc

→W ′′ =
1

xcxc
→ · · ·

3 The Schrödinger equation and conditions
for the potential

Consider several examples of the systems in which one of the equations is equation (2)
with potential W = W (t, �x ), and the second equations is a certain condition for the
potentialW . We find the invariance algebras of these systems in the class of operators

X = ξµ(t, �x, ψ, ψ∗,W )∂xµ
+ η(t, �x, ψ, ψ∗,W )∂ψ +

+ η∗(t, �x, ψ, ψ∗,W )∂ψ∗ + ρ(t, �x, ψ, ψ∗,W )∂W .
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(i) Consider equation (2) with the additional condition for the potential, namely
the Laplace equation.

i
∂ψ

∂t
+ ∆ψ +W (t, �x )ψ = 0,

∆W = 0.
(12)

System (12) admits the infinite-dimensional Lie algebra with the infinitesimal opera-
tors

P0 = ∂t, Pa = ∂xa
, Jab = xa∂xb

− xb∂xa
,

Qa = Ua∂xa
+
i

2
U̇axa (ψ∂ψ − ψ∗∂ψ∗) +

1
2
Üaxa∂W , a = 1, n,

D = xc∂xc
+ 2t∂t − n

2
(ψ∂ψ + ψ∗∂ψ∗) − 2W∂W ,

A = t2∂t + txc∂xc
+
i

4
xcxc (ψ∂ψ − ψ∗∂ψ∗) − n

2
t (ψ∂ψ + ψ∗∂ψ∗) − 2Wt∂W ,

QB = iB(ψ∂ψ − ψ∗∂ψ∗) + Ḃ∂W , Z1 = ψ∂ψ, Z2 = ψ∗∂ψ∗ ,

(13)

where Ua(t) (a = 1, n ) and B(t) are arbitrary smooth functions. In particular,
algebra (13) includes the Galilei operator (8).
(ii) The condition for the potential is the heat equation.

i
∂ψ

∂t
+ ∆ψ +W (t, �x )ψ = 0,

W0 + λ∆W = 0.
(14)

The maximal invariance algebra of system (14) is

P0 = ∂t, Pa = ∂xa
, Jab = xa∂xb

− xb∂xa
,

D = 2t∂t + xc∂xc
− n

2
(ψ∂ψ + ψ∗∂ψ∗) − 2W∂W ,

Z1 = ψ∂ψ, Z2 = ψ∗∂ψ∗ , Z3 = it (ψ∂ψ − ψ∗∂ψ∗) + ∂W .

(iii) The condition for the potential is the wave equation.

i
∂ψ

∂t
+ ∆ψ +W (t, �x )ψ = 0,

�W = 0.
(15)

The maximal invariance algebra of system (15) is

P0 = ∂t, Pa = ∂xa
, Jab = xa∂xb

− xb∂xa
, Z1 = ψ∂ψ, Z2 = ψ∗∂ψ∗ ,

Z3 = it (ψ∂ψ − ψ∗∂ψ∗) + ∂W , Z4 = it2 (ψ∂ψ − ψ∗∂ψ∗) + 2t∂W .

(iv) The condition for the potential is the Hamilton–Jacobi equation.

i
∂ψ

∂t
+ ∆ψ +W (t, �x )ψ = 0,

∂W

∂t
− λ

∂W

∂xa

∂W

∂xa
= 0.

(16)
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The maximal invariance algebra is

P0 = ∂t, Pa = ∂xa
, Jab = xa∂xb

− xb∂xa
,

Z1 = ψ∂ψ, Z2 = ψ∗∂ψ∗ , Z3 = it(ψ∂ψ − ψ∗∂ψ∗) + ∂W .

(v) Consider very important and interesting case in (1+1)-dimensional space-time
where the condition for the potential is the KdV equation.

i
∂ψ

∂t
+
∂2ψ

∂x2
+W (t, x)ψ = 0,

∂W

∂t
+ λ1W

∂W

∂x
+ λ2

∂3W

∂x3
= F (|ψ|), λ1 �= 0.

(17)

For an arbitrary F (|ψ|), system (17) is invariant under the Galilei operator and
the maximal invariance algebra is the following:

P0 = ∂t, P1 = ∂x, Z = i (ψ∂ψ − ψ∗∂ψ∗) ,

G = t∂x +
i

2

(
x+

2
λ1
t

)
(ψ∂ψ − ψ∗∂ψ∗) +

1
λ1
∂W .

(18)

For F = C = const, system (17) admits the extension, namely, it is invariant under
the algebra 〈P0, P1, G, Z1, Z2〉, where P0, P1, G have the form (18) and Z1 = ψ∂ψ,
Z2 = ψ∗∂ψ∗ .
The Galilei operator G generates the following transformations:

t′ = t, x′ = x+ θt, W ′ = W +
1
λ1
θ,

ψ′ = ψ exp
(
i

2
θx+

i

λ1
θt+

i

4
θ2t

)
,

ψ∗′
= ψ∗ exp

(
− i

2
θx− i

λ1
θt− i

4
θ2t

)
,

where θ is a group parameter. Here, it is important that λ1 �= 0, since otherwise,
system (17) does not admit the Galilei operator.

4 Finite-dimensional subalgebras
Algebra (3) is infinite-dimensional. We select certain finite-dimensional subalgebras
from it. In particular, we give the examples of functions Ua(t) and B(t), for which the
subalgebra generated by the operators

P0, Pa, Jab, Qa, QB , Z1, Z2 (19)

is finite-dimensional.
(a) Ua(t) = exp(γt). In this case, subalgebra (19) has the form

P0, Pa, Jab, Z1, Z2,

Qa = eγt
(
∂xa

+
i

2
γxa (ψ∂ψ − ψ∗∂ψ∗) +

1
2
γ2xa∂W

)
, a = 1, n,

QB = eγt (iψ∂ψ − iψ∗∂ψ∗ + γ∂W ) .
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(b) Ua(t) = C1 cos(νt) + C2 sin(νt). Then subalgebra (19) has the form:

P0, Pa, Jab, Z1, Z2,

Q(1)
a = cos(νt)∂xa

− i

2
ν sin(νt)xa (ψ∂ψ − ψ∗∂ψ∗) − 1

2
ν2 cos(νt)xa∂W ,

Q(2)
a = sin(νt)∂xa

+
i

2
ν cos(νt)xa (ψ∂ψ − ψ∗∂ψ∗) − 1

2
ν2 sin(νt)xa∂W ,

X1 = i sin(νt) (ψ∂ψ − ψ∗∂ψ∗) + ν cos(νt)∂W ,
X2 = i cos(νt) (ψ∂ψ − ψ∗∂ψ∗) − ν sin(νt)∂W .

(c) Ua(t) = C1t
k+C2t

k−1 + · · ·+Ckt+Ck+1. Then subalgebra (19) has the form:

P0, Pa, Jab, Z1, Z2,

Q(1)
a = tk∂xa

+
i

2
ktk−1xa (ψ∂ψ − ψ∗∂ψ∗) +

1
2
k(k − 1)tk−2xa∂W ,

Q(2)
a = tk−1∂xa

+
i

2
(k − 1)tk−2xa (ψ∂ψ − ψ∗∂ψ∗) +

1
2
(k − 1)(k − 2)tk−3xa∂W ,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
Q(k)
a = t∂xa

+
i

2
xa (ψ∂ψ − ψ∗∂ψ∗) ,

Q
(1)
B = it (ψ∂ψ − ψ∗∂ψ∗) + ∂W ,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
Q

(2k−2)
B = it2k−2 (ψ∂ψ − ψ∗∂ψ∗) + (2k − 2)t2k−3∂W .

5 The Schrödinger equation with convection term
Consider equation (1) for W = 0, i.e., the Schrödinger equation with convection term

i
∂ψ

∂t
+ ∆ψ = Va

∂ψ

∂xa
, (20)

where ψ and Va (a = 1, n ) are complex functions of t and �x. For extension of
symmetry, we again regard the functions Va as dependent variables. Note that the
requirement that the functions Va are complex is essential for symmetry of (20).
Let us investigate symmetry properties of (20) in the class of first-order differential

operators

X = ξµ∂xµ
+ η∂ψ + η∗∂ψ∗ + ρa∂Va

+ ρ∗a∂V ∗
a
,

where ξµ, η, η∗, ρa, ρ∗a are functions of t, �x, ψ, ψ∗, Va, V ∗
a .

Theorem 2. Equation (20) is invariant under the infinite-dimensional Lie algebra
with the infinitesimal operators

QA = 2A∂t + Ȧxc∂xc
− iÄxc

(
∂Vc

− ∂V ∗
c

)− Ȧ
(
Vc∂Vc

+ V ∗
c ∂V ∗

c

)
,

Qab = Eab
(
xa∂xb

− xb∂xa
+ Va∂Vb

− Vb∂Va
+ V ∗

a ∂V ∗
b
− V ∗

b ∂V ∗
a

)−
− iĖab

(
xa∂Vb

− xb∂Va
− xa∂V ∗

b
+ xb∂V ∗

a

)
,

Qa = Ua∂xc
− iU̇a

(
∂Va

− ∂V ∗
a

)
,

Z1 = ψ∂ψ, Z2 = ψ∗∂ψ∗ , Z3 = ∂ψ, Z4 = ∂ψ∗ ,

(21)
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where A, Eab, Ua are arbitrary smooth functions of t. We mean summation over the
index c and no summation over indices a and b.
This theorem is proved by analogy with the previous one.
Note that algebra (21) includes, as a particular case, the Galilei operator of the

form:

Ga = t∂xa
− i∂Va

+ i∂V ∗
a
. (22)

This operator generates the following finite transformations:

t′ = t, x′a = xa + βat, x′b = xb (b �= a),

ψ′ = ψ, ψ∗′
= ψ∗, V ′

a = Va − iβa, V ∗′
a = V ∗

a + iβa,

where βa is an arbitrary real parameter. Operator (22) is essentially different from
the standard Galilei operator (8) of the Schrödinger equation, and we cannot derive
operator (8) from algebra (21).
Consider now the system of equation (20) with the additional condition for the

potentials Va, namely, the complex Euler equation:

i
∂ψ

∂t
+ ∆ψ = Va

∂ψ

∂xa
,

i
∂Va
∂t

− Vb
∂Va
∂xb

= F (|ψ|) ∂ψ
∂xa

.

(23)

Here, ψ and Va are complex dependent variables of t and �x, F is an arbitrary functi-
on of |ψ|. The coefficients of the second equation of the system provide the broad
symmetry of this system.
Let us investigate the symmetry classification of system (23). Consider the followi-

ng five cases.
1. F is an arbitrary smooth function. The maximal invariance algebra is 〈P0, Pa,

Jab, Ga〉, where
P0 = ∂t, Pa = ∂xa

,

Jab = xa∂xb
− xb∂xa

+ Va∂Vb
− Vb∂Va

+ V ∗
a ∂V ∗

b
− V ∗

b ∂V ∗
a
,

Ga = t∂xa
− i∂Va

+ i∂V ∗
a
.

2. F = C|ψ|k, where C is an arbitrary complex constant, C �= 0, k is an arbitrary
real number, k �= 0 and k �= −1. The maximal invariance algebra is 〈P0, Pa, Jab, Ga,
D(1)〉, where

D(1) = 2t∂t + xc∂xc
− Vc∂Vc

− V ∗
c ∂V ∗

c
− 2

1 + k
(ψ∂ψ + ψ∗∂ψ∗).

3. F =
C

|ψ| , where C is an arbitrary complex constant, C �= 0. The maximal

invariance algebra is 〈P0, Pa, Jab, Ga, Z = Z1 + Z2〉, where
Z = ψ∂ψ + ψ∗∂ψ∗ , Z1 = ψ∂ψ, Z2 = ψ∗∂ψ∗ .

4. F = C �= 0, where C is an arbitrary complex constant. The maximal invariance
algebra is 〈P0, Pa, Jab, Ga,D

(1), Z3, Z4〉, where
Z3 = ∂ψ, Z4 = ∂ψ∗ .
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5. F = 0. The maximal invariance algebra is 〈P0, Pa, Jab, Ga,D,A,Z1, Z2, Z3, Z4〉,
where

D = 2t∂t + xc∂xc
− Vc∂Vc

− V ∗
c ∂V ∗

c
,

A = t2∂t + txc∂xc
− (ixc + tVc)∂Vc

+ (ixc − tV ∗
c )∂V ∗

c
.

6 Contact transformations
Consider the two-dimensional Schrödinger equation

iψt + ψxx = V (t, x, ψ, ψx, ψt). (24)

We seek the infinitesimal operators of contact transformations in the class of the
first-order differential operators of the form [1, 9]

X = ξν(t, x, ψ, ψt, ψx)∂xν
+ η(t, x, ψ, ψt, ψx)∂ψ +

+ ζν(t, x, ψ, ψt, ψx)∂ψν
+ µ(t, x, ψ, ψt, ψx, V )∂V ,

(25)

where

ξν = −∂W
∂ψν

, η = W − ψν
∂W

∂ψν
, ζν =

∂W

∂xν
+ ψν

∂W

∂ψ
(26)

for a function W = W (t, x, ψ, ψx, ψt). The condition of invariance of equation (24)
under operators (25), (26) implies that the unknown function W has the form

W = F 1(t)ψt + F 2(t, x, ψ, ψx),

where F 1 and F 2 are arbitrary functions of their arguments.
Then

ξ0 = −F 1(t), ξ1 = −F 2
ψx

(t, x, ψ, ψx),

η = F 2 − ψxF
2
ψx
, ζ0 = F 1

t ψt + F 2
t + ψtF

2
ψ, ζ1 = F 2

x + ψxF
2
ψ,

µ = i(Wt + ψtWψ) +Wxx + 2Wxψψx −
− (iψt − V ) (Wxψx

+Wψ + ψxWψψx
) + (ψx)2Wψψ −

− (iψt − V ) (Wxψx
+ ψxWψψx

− (iψt − V )Wψxψx
) .

Thus, equation (24) is invariant under the infinite-dimensional group of contact trans-
formations with the infinitesimal operators:

QF 1 = −F 1∂t + F 1
t ψt∂ψt

+ iF 1
t ψt∂V ,

QF 2 = −F 2
ψx
∂x + (F 2 − ψxF

2
ψx

)∂ψ + (F 2
t + ψtF

2
ψ)∂ψt

+

+ (F 2
x + ψxF

2
ψ)∂ψx

+
{
iF 2
t + iψtF

2
ψ + F 2

xx + 2F 2
xψψx + (ψx)2F 2

ψψ −
− (iψt − V )(2F 2

xψx
+ 2ψxF 2

ψψx
+ F 2

ψ) + (iψt − V )2F 2
ψxψx

}
∂V ,

where F 1 = F 1(t) and F 2 = F 2(t, x, ψ, ψx) are arbitrary functions.
Consider the special case. Let F 1(t) = 1, F 2(t, x, ψ, ψx) = −(ψx)2. Then W =

ψt − (ψx)2. The operators of the contact transformations have the form

QF 1 = ∂t, QF 2 = 2ψx∂x + (ψx)2∂ψ − 2(iψt − V )2∂V . (27)
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The operator (27) generate the finite transformations:

x′ = 2ψxθ + x, t′ = t,

ψ′ = (ψx)2θ + ψ, ψ′
x = ψx, ψ′

t = ψt,

V ′ =
2iθ(V − iψt)ψt + V

2θ(V − iψt) + 1
.

(28)

Transformations (28) can be used for generating exact solutions of equation (24) from
the known solution and for constructing nonlocal ansatzes reducing the given equation
to the system of ordinary differential equations.
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Stationary mKdV hierarchy and integrability
of the Dirac equations by quadratures
R.Z. ZHDANOV, I.V. REVENKO, W.I. FUSHCHYCH

Using the Lie’s infinitesimal method we establish that the Dirac equation in one
variable is integrable by quadratures if the potential V (x) is a solution of one of the
equations of the stationary mKdV hierarchy.

Consider the eigenvalue problem for the Dirac operator L = iσ1 d/dx− V (x)σ2,

(L − λ)u ≡ iσ1
du

dx
− (V (x)σ2 + λ)u = 0, (1)

where σ1, σ2 are 2 × 2 Pauli matrices, u = (u1(x), u2(x))T , V (x) is a real-valued
function and λ is a real parameter. We remind that Eq. (1) is one of two equations
composing the Lax pair for the mKdV equation,

vt + vxxx − 6v2vx = 0, (2)

integrable by the inverse scattering method (see, e.g., Refs. [1, 2]). Next, as the identity

(L − λ)(L + λ) = − d2

dx2
+ V 2 − σ3

dV

dx
− λ2,

holds, components of the vector-function u fulfill the stationary Schrödinger equation,

d2ui
dx2

+
(

(−1)i+1 dV

dx
− V 2 + λ2

)
ui = 0, i = 1, 2. (3)

The aim of the present Letter is to show that there exists an initimate connection
between integrability of system (1) (in what follows we will call it the Dirac equation)
by quadratures and solutions of the stationary mKdV hierarchy.
Integrability of system (1) will be studied with the use of its Lie symmetries. As

usual, we call a first-order differential operator

X = ξ(x)
d

dx
+ η(x),

where ξ is a real-valued function and η is a 2 × 2 matrix complex-valued function,
a Lie symmetry of system (1) if commutation relation

[L,X] = R(x)L, (4)

holds with some 2 × 2 matrix function R(x) (for details, see, e.g., Ref. [3]).
A simple computation shows that if X is a Lie symmetry of system (1), then an

operator X + r(x)L with a smooth function r(x) is its Lie symmetry as well. Hence
we conclude that without loss of generality we can look for Lie symmetries within the

Physics Letters A, 1998, 241, P. 155–158.
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class of matrix operators X = η(x). Furthermore, inserting X = η(x) into Eq. (4)
and computing the commutator yield that the matrix η(x) is necessarily of the form

η =

∥∥∥∥∥ f(x) g(x)
h(x) −f(x)

∥∥∥∥∥ , (5)

where f(x), g(x), h(x) are arbitrary solutions of the following system of ordinary
differential equations,

df

dx
= iλ(g − h),

dg

dx
= 2iλf + 2gV,

dh

dx
= −2iλf − 2hV. (6)

With a solution of system (6) in hand we can integrate the initial equations (1) by
quadratures using the classical results by Elie Cartan [4]. Since these results are well-
known we will give them without derivation in the form of the following lemma.
Lemma 1. Let the functions f(x), g(x), h(x) satisfy system (6). Then the general
solution of the Dirac equation is given by the formulae

u1(x) = C1(R(x) + f(x))(h(x))−1/2(R2(x) − ∆)−1/2,

u2(x) = C1(h(x))1/2(R2(x) − ∆)−1/2,
(7)

where ∆ = f2(x) + g(x)h(x) is constant on the solution variety of system (6),

R(x) =



√
∆ tanh

(
C2 − iλ

√
∆
∫

dx

g(x)

)
, ∆ > 0,(

C2 − iλ

∫
dx

g(x)

)−1

, ∆ = 0,

√−∆ tan
(
C2 + iλ

√−∆
∫

dx

g(x)

)
, ∆ < 0,

and C1, C2 are arbitrary complex constants.
However, solving system of ordinary differential equations (6) is by no means

easier than solving the initial Dirac equation. This is a common problem in applying
Lie symmetries to integration of ordinary differential equations. The key idea of our
approach is to restrict a priori the class within which Lie symmetries are looked for
and suppose that they are polynomials in λ with variable matrix coefficients.
Introducing the new dependent variables ψ1(x), ψ2(x),

f(x) =
i

4λ

(
−dψ1

dx
+ 2V ψ2

)
,

g(x) =
1
2
(ψ1(x) + ψ2(x)), h(x) =

1
2
(ψ1(x) − ψ2(x)),

(8)

we rewrite Eq. (6) in the following equivalent form,

d2ψ1

dx2
= −4λ2ψ1 + 2V

dψ2

dx
+ 2ψ2

dV

dx
,

dψ2

dx
= 2V ψ1. (9)

As mentioned above solutions of system (9) are looked for as polynomials in λ,
namely

ψ1(x) =
n∑
k=1

pk(x)(2λ)2k, ψ2(x) =
n∑
k=1

rk(x)(2λ)2k. (10)
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Inserting the expressions (10) into (9) and equating the coefficients by the powers
of λ yield pn = 0 and

drk
dx

= 2V pk, k = 1, . . . , n (11)

d2pk
dx2

= 2V
drk
dx

+ 2
dV

dx
rk − pk−1, k = 1, . . . , n− 1, (12)

where we set by definition p−1(x) = 0. Eliminating from Eqs. (11), (12) the functions
rk(x), we get recurrent relations for the functions pk(x),

pk−1(x) =
{
− d2

dx2
+ 4

dV

dx
D−1
x V + 4V 2

}
︸ ︷︷ ︸

Q

pk(x), k = n, n− 1, . . . , 0. (13)

Here D−1
x denotes integration by x.

A reader familiar with the theory of solitons will immediately recognize the opera-
tor Q as the recursion operator for the mKdV equation (2) (see, e.g., Refs. [5, 6]).
Acting repeatedly with this operator on the trivial symmetry S0 = 0 yields an infinite
number of higher symmetries S1, S2, . . . admitted by the mKdV equation [5]. Hence it
is not difficult to derive that the functions pk, k = 0, . . . , n−1 are linear combinations
of the higher symmetries S1, . . . , Sn with arbitrary constant coefficients Ci,

pn−k(x) =
k∑
i=1

CiSk+1−i, k = 1, . . . , n, (14)

where Si are determined by the recurrent relations

Si+1(x) = −d
2Si(x)
dx2

+ 4
dV

dx

∫ x

x0

V (y)Si(y)dy + 4V 2Si(x), i = 1, . . . , n− 1,

with S1
def= dV/dx.

The above formulae (14) give the general solution of the first n equations from
Eq. (13). Inserting these into the last equation yields equation for the function V (x)
of the form

n+1∑
k=1

CkSn+2−k = 0. (15)

As S1 = dV/dx, Eq. (15) is nothing else than an equation of the stationary mKdV
hierarchy, which is obtained from the higher mKdV equations by setting v(t, x) =
v(x+ Ct), C = const.
Integrating Eqs. (11) yields

rk(x) = 2
k∑
i=1

Ci

x∫
x0

V (y)Sk+1−i(y)dy + C̃k, k = 1, . . . , n, (16)

where C̃i are arbitrary complex constants.
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Thus, the formulae (10), (14), (15), (16) give the general solution of the system of
determining equations (11), (12) within the class of functions of the form (10). This
means, in particular, that provided the function V (x) is a solution of Eq. (15) with
some fixed n and C1, . . . , Cn, the Dirac equation possesses a Lie symmetry. Hence we
conclude that it is integrable by quadratures due to Lemma 1. Consequently, we have
proved the following remarkable fact.
Theorem 1. Let V (x) be a solution of an equation of the mKdV hierarchy of the
form (15). Then the Dirac equation (1) is integrable by quadratures.
Note that the equations of the stationary mKdV hierarchy are transformed to the

equations of the stationary KdV hierarchy with the help of the Miura transformation
and the latter are integrated in θ-functions with any n ∈ N [7].
There is a deep relationship of the above results with those obtained by Novikov

in Ref. [8], where it was established, in particular, that periodical solutions of the
stationary KdV hierarchy give rise to the integrable stationary Schrödinger equa-
tions (3). This relationship is established via the Lax representation for higher KdV
equations. Since we consider the stationary KdV equations, the Lax representation
reduces to the condition that there exists an Nth-order differential operator

Q =
N∑
i=0

qi(x)
di

dxi
,

commuting with the Schrödinger operator d2/dx2−W (x), providedW (x) is a solution
of the corresponding higher stationary KdV equation. Consequently, Q is the higher
symmetry of the Schrödinger equation in a sense of [3].
On the set of solutions of the Schrödinger equation (3) we can reduce the opera-

tor Q to a first-order Lie symmetry of the form (for more details, see Ref. [9])

Q̃ = ξ(x, λ)
d

dx
+ η(x, λ),

where ξ, η are polynomials in λ. This gives us the ansatz for a Lie symmetry used at
the beginning of this Letter.
Thus, the approach to integrating ordinary differential equations suggested here is

based on their high-order Lie symmetry. To the best of our knowledge, the high-order
Lie symmetries were not used until now for integrating ordinary differential equations.
It is important to note that within the framework of the Lie approach one always

deals with the set of solutions as a whole. This means that specific properties of subsets
of solutions (like periodicity) are not taken into account. To study these one needs
more subtle analytic methods. On the other hand, the Lie approach has the merit
of being a universal tool applicable to a wide range of ordinary differential equations
having the same algebraic-theoretical properties. For example, it is not difficult to
generalize the technique developed for integrating the Dirac equation (1) in order to
integrate an arbitrary system of ordinary differential equations of the form

iΩ1
du

dx
− (V (x)Ω3 + λ)u = 0, (17)

where Ω1, Ω2 are arbitrary finite- or infinite-dimensional constant matrices forming,
together with the matrix Ω3 = −i[Ω1,Ω2], a basis of the Lie algebra su(2). The result
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will be the same, namely, if V = V (x) is a solution of an equation of the stationary
mKdV hierarchy, then the system of ordinary differential equations (17) is integrable
by quadratures.
In conclusion let us demonstrate how the above procedure works for the simplest

case n = 1. With this choice of n, Eq. (15) reads

C2

C1

dV

dx
− d3V

dx3
+ 6V 2 dV

dx
= 0, (18)

which is exactly the stationary mKdV equation and is obtained from Eq. (2) via the
ansatz v(t, x) = V (C2x− C1t).
A simple computation yield the form of the coefficients of the Lie symmetry (5),

f(x) = − i

4λ

(
C1
d2V

dx2
− 2C1V

3 − C2 − 4C1λ
2)
)
,

g(x) =
1
2

(
C1
dV

dx
− C1V

2 − 1
2
C2 − 2C1λ

2

)
,

h(x) =
1
2

(
C1
dV

dx
+ C1V

2 +
1
2
C2 + 2C1λ

2

)
,

(19)

which satisfy the determining equations (6) inasmuch as the function V (x) is a solution
of the stationary mKdV equation.
Thus, the Dirac equation with potential V (x) satisfying the stationary mKdV

equation (18) is integrable by quadratures and its general solution is given by formu-
lae (7) and (19).
Note that due to the remark made at the very beginning of the paper components

of the function u fulfill the stationary Schrödinger equation (3). This is in a good
accordance with results of Ref. papers [9].

One of the authors (R.Zh.) is supported by the Ukrainain DFFD Foundation
(project 1.4/356).

1. Zakharov V.E., Manakov S.V., Novikov S.P., Pitaevski L.P., Theory of solitons: the inverse
scattering method, New York, Consultants Bureau, 1980.

2. Lamb G.L., Jr., Elements of soliton theory, New York, Wiley, 1980.

3. Fushchych W.I., Nikitin A.G., Symmetry of equations of quantum mechanics, New York,
Allerton Press, 1994.
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Конформна iнварiантнiсть системи
рiвнянь ейконалу
В.I. ФУЩИЧ, М.I. СЄРОВ, Ю.Г. ПОДОШВЄЛЕВ

The conformal symmetry of the system of eikonal equations uα
µuβ,µ = gαβ , uα

µuβ,µ =
−δαβ , where gαβ is the metric tensor with the signature (+,−) and δαβ is the
Kronecker symbol, is studied. The symmetry of the above system is used for finding
its exact solutions at n = 1. The isomorphism of the algebras AC(2, 2) and AO(3, 3)
is used to construct invariants of the conformal algebra. Formulas concerning the
multiplication of solutions are presented.

Одним з основних рiвнянь геометричної оптики є рiвняння ейконалу

uµu
µ = m, (1)

де uµ = ∂u
∂xµ
, u = u(x), x = (x0, �x) ∈ R1+n, µ = 0, n; m — довiльна стала. В фор-

мулi (1) i скрiзь нижче пiд iндексами, якi повторюються, слiд розумiти суму.
В роботах [1–6] детально вивченi симетрiйнi властивостi цього рiвняння, прове-
дена редукцiя та побудованi класи його точних розв’язкiв. Зокрема в [5] вста-
новлено, що при m = 1 рiвняння (1) iнварiантне вiдносно конформної алгебри
AC(1, n+1), а при m = −1 — вiдносно алгебри AC(2, n). Дiя цих алгебр визначе-
на в n+1-вимiрному просторi Пуанкаре–Мiнковського R(1, n+1) з координатами
x = (x0, x1, . . . , xn, xn+1 ≡ u).
Поставимо задачу узагальнити рiвняння (1) на випадок системи рiвнянь для

функцiй u1 i u2, яка була б iнварiантною вiдносно алгебри AC(1 + 1, n + 1), або
AC(1 + 2, n) в просторi R(1, n + 2) з координатами x = (x0, x1, . . . , xn, xn+1 ≡
u1, xn+2 ≡ u2). Розв’язком поставленої задачi е таке твердження.
Теорема. 1. Максимальною алгеброю iнварiантностi системи рiвнянь

uαµu
β,µ = gαβ , (2)

є конформна алгебра AC(1+1, n+1), де gαβ — метричний тензор з сигнатурою
(+,−).

2. Максимальною алгеброю iнварiантностi системи рiвнянь

uαµu
β,µ = −δαβ ,

є конформна алгебра AC(1 + 2, n), де δαβ — символ Кронекера, α, β = 1, 2.
Теорема доводиться стандартним методом С. Лi [8].
У випадку n = 1 система рiвнянь має вигляд

(u1
0)

2 − (u1
1)

2 = 1,
(u2

0)
2 − (u2

2)
2 = −1,

u1
0u

2
0 − u1

1u
2
1 = 0.

(3)

Доповiдi НАН України, 1999, № 1, C. 43–47.
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Використаємо симетрiю системи рiвнянь (3) для знаходження її точних розв’яз-
кiв, якi будемо шукати у виглядi

v = ϕ1(ω), w = ϕ2(w) (4)

(див., наприклад, [5]), де ϕ1(ω) i ϕ2(ω) — невiдомi функцiї, якi потрiбно визначи-
ти, а ω = ω(x, u1, u2), v = (x, u1, u2) та w = w(x, u1, u2) — iнварiанти конформної
алгебри. Для знаходження iнварiантiв конформної алгебри необхiдно проiнтегру-
вати нелiнiйну систему звичайних диференцiальних рiвнянь. Основна складнiсть
полягає в тому, що не iснує загальних методiв розв’язування таких систем. Але
дану систему можна звести до лiнiйної, використовуючи iзоморфiзм мiж кон-
формною алгеброю AC(m, k) та алгеброю Лоренца AO(m+ 1, k + 1). У випадку
m = k = 2 даний iзоморфiзм здiйснюється за допомогою замiни (бiльш детально
про це див., наприклад, [7]):

x0 =
z2

z6 − z1
, x1 =

z5
z6 − z1

, x2 =
z4

z6 − z1
, x3 =

z3
z6 − z1

,

x2 = x2
0 − x2

1 − x2
2 + x2

3 =
z6 + z1
z6 − z1

, z1 =
x2 − 1
x2 + 1

z6,

z2 =
2x0

x2 + 1
z6, z3 =

2x3

x2 + 1
z6, z4 =

2x2

x2 + 1
z6, z5 =

2x1

x2 + 1
z6,

(5)

i дiє на конусi z2
1 + z2

2 + z2
3 − z2

4 − z2
5 − z2

6 = 0 точно. Зв’язок мiж операторами
конформної алгебри AC(2, 2) та алгебри Лоренца AO(3, 3) = {J ′

ab}, a, b = 1, 6,
задається формулами

Pα = f(J ′
1α+2 − J ′

α+2n+3), D = −f(J ′
1n+3), Jαβ = f(J ′

α+2β+2),

Kα = f(J ′
1α+2 + J ′

α+2n+3).

Вiдповiдна система Лагранжа–Ейлера є лiнiйна, однорiдна i в матричнiй формi
має вигляд

Ż = AZ,

де A — числова матриця розмiрностi 6× 6. Вигляд розв’язкiв системи (6) визна-
чається виглядом коренiв характеристичного рiвняння

det(A− λE) = 0, (6)

(E — одинична матриця). Розкриваючи визначник шостого порядку i виконуючи
елементарнi перетворення, (7) матиме вигляд

λ6 +Mλ4 + Tλ2 + P = 0,

де M , T , P — числа, якi визначаються через елементи матрицi A. Залежно вiд
значеньM , T , P та рангу матрицi (A−λE) знайдено 15 рiзних випадкiв розв’язку
системи (6). Для кожного з цих випадкiв при використаннi замiн (5) знайдено шу-
канi iнварiанти w, v i w. Не наводячи громiздких обчислень, кiнцевий результат
зобразимо за допомогою табл. 1.
В табл. 1 введенi позначення: ax = aAx

A, x2 = xAx
A, a, b, c, d, a′, b′, c′, d′

— довiльнi сталi вектори, якi задовольняють умови a2 = −b2 = −c2 = d2 = 1,
ab = ac = ad = bc = bd = cd = 0, A = 0, 3.
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Таблиця 1. Iнварiантнi змiннi групи C(2, 2).

№ ω v w

1 a′x c′x d′x

2 b′x c′x x2

3 ax
dx

bx
dx

x2+1
dx

4 ax
cx

x2(dx+bx)+dx−bx

(cx)2
(x2+1)2+4(bx)2

(cx)2

5 ax
dx

ln x2−2cx−1
dx

− arctg x2+1
2bx

(x2−1)2−4(cx)2

(dx)2

6 x2+1
dx

x2−2cx−1
ax−bx

(ax)2−(bx)2

(dx)2

7 x2+1
dx

(x2−2cx−1)dx

(ax−bx)2
(ax)2−(bx)2

(dx)2

8 x2−1
cx

arctg x2+1
2bx

− 2 arctg ax
dx

(ax)2+(dx)2

(cx)2

9 x2+1
bx−1

2cx
bx−1

+ (ω + 2) arctg ax
dx

(ax)2+(dx)2

(bx−1)2

10 x2+2bx−1
ax

2cx
ax

+ ω arcthx2+1
2dx

(x2+1)2−4(dx)2

(ax)2

11 x2−2dx+1
ax−bx

2 arctg bx
ax

− arcth 2cx
x2−1

(x2−1)2−4(cx)2

(ax)2−(bx)2

12 (x2+1)dx−2axbx

(ax)2+(dx)2
ln x2−2cx−1

x2+2cx−1
− arctg ax

dx
(x2−1)2−4(cx)2

(ax)2+(dx)2

13 x2−2dx+1
ax−bx

arcth bx
ax

− arcth 2cx
x2−1

(x2−1)2−4(cx)2

(ax)2−(bx)2

14 arctg x2+1
2bx

+ arcth 2cx
x2−1

arctg ax
dx

− 2 arctg x2+1
2bx

(x2−1)2−4(cx)2

(ax)2−(dx)2

15 (x2−2cx−1)(x2−2dx+1)

(ax−bx)2
arcthax

bx
− 2arcth 2dx

x2+1

(x2+1)2−4(dx)2

(ax)2−(bx)2

Пiдставивши анзац (4) в систему рiвнянь (3), одержимо

vav
A − 2ωAvAϕ̇1 + ωAω

A(ϕ̇1)2 = 0,
wAw

A − 2ωAwAϕ̇1 + ωAω
A(ϕ̇2)2 = 0,

vAw
A − ωAw

Aϕ̇1 − ωAv
Aϕ̇2 + ωAω

Aϕ̇1ϕ̇2 = 0.
(7)

Розглянувши систему (8) разом з табл. 1, де вказанi вiдповiднi значення iнварi-
антних змiнних ω, v та w, одержимо редукованi системи рiвнянь для визначення
функцiй ϕ1(ω) i ϕ2(ω). Наведемо декiлька таких систем:

1) (c′)2 − 2a′c′ϕ̇1 + (a′)2(ϕ̇1)2 = 0,
(d′)2 − 2a′d′ϕ̇2 + (a′)2(ϕ̇2)2 = 0,
c′d′ − a′d′ϕ̇1 − a′c′ϕ̇2 + (a′)2ϕ̇1ϕ̇2 = 0;

3) −1 + (ϕ1)2 − 2ωϕ1ϕ̇1 + (ω2 + 1)(ϕ̇1)2 = 0,
−4 + (ϕ2)2 − 2ωϕ2ϕ̇2 + (ω2 + 1)(ϕ̇2)2 = 0,
ϕ1ϕ2 − ωϕ2ϕ̇1 − ωϕ1ϕ̇2 + (ω2 + 1)ϕ̇1ϕ̇2 = 0;

9) (ϕ1)2 + 4
(

1 − (ω + 2)2

ϕ2

)
− 2(ω + 2)ϕ1ϕ̇1 + (ω + 2)2(ϕ̇1)2 = 0,

ϕ2(1 − ϕ2) + (ω + 2)ϕ2ϕ̇2 − (ω + 2)2

4
(ϕ̇2)2 = 0,

2ϕ1ϕ2 − 2(ω + 2)ϕ2ϕ̇1 − (ω + 2)ϕ1ϕ̇2 + (ω + 2)2ϕ̇1ϕ̇2 = 0;



294 В.I. Фущич, М.I. Сєров, Ю.Г. Подошвєлев

11)
(

1 +
4
ϕ2

)
− ωϕ̇1 = 0,

4 + ϕ2 − ωϕ̇2 = 0,
2ϕ2 + ϕ̇1 + ϕ̇2 = 0.

Номер системи вiдповiдає номеру iнварiантiв в табл. 1.
Якщо розв’язати редукованi рiвняння i використати вiдповiднi їм iнварiанти

i анзац (4), то одержимо розв’язки системи (3). Наведемо деякi з них:

u1 = aµx
µ, u2 = bµx

µ;

u1 = aµx
µ, u2 =

√
(aµxµ)2 − xµxµ;

u1 =
√
xµxµ + (bµxµ)2, u2 = bµx

µ;
u1 − ax = m1(u2 − bx), xAx

A = m2(u2 − bx),

де aµ, bµ — сталi вектори; aµaµ = −bµbµ = 1, aµbµ = 0, µ = 0, 1; m1, m2 — довiльнi
сталi.
Одержанi iнварiанти алгебри AC(2, 2) та розв’язки системи (3) можна розмно-

жити за допомогою перетворень iнварiантностi. Цi перетворення мають вигляд

xA → cAB(xB − θBxAx
A)

1 − 2θAxA + θAθAxAxA
,

де x2 ≡ u1, x3 ≡ u2, cAB , θA — довiльнi сталi параметри.
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On covariant realizations of the Euclid group
R.Z. ZHDANOV, V.I. LAHNO, W.I. FUSHCHYCH

We classify realizations of the Lie algebras of the rotation O(3) and Euclid E(3) groups
within the class of first-order differential operators in arbitrary finite dimensions. It
is established that there are only two distinct realizations of the Lie algebra of the
group O(3) which are inequivalent within the action of a diffeomorphism group. Using
this result we describe a special subclass of realizations of the Euclid algebra which
are called covariant ones by analogy to similar objects considered in the classical
representation theory. Furthermore, we give an exhaustive description of realizations
of the Lie algebra of the group O(4) and construct covariant realizations of the Lie
algebra of the generalized Euclid group E(4).

1 Introduction
The standard approach to constructing linear relativistic motion equations contains
as a subproblem the one of describing inequivalent matrix representations of the
Poincaré group P (1, 3). So that if one succeeds in obtaining an exhaustive (in some
sense) description of all inequivalent representations of the latter, then it is possible to
construct all possible Poincaré-invariant linear wave equations (for more details see,
e.g. [1–3]). It would be only natural to apply the same approach to describing nonli-
near relativistically-invariant models with the help of the Lie’s infinitesimal technique.
However, in the overwhelming majority of the papers devoted to symmetry classifi-
cation of nonlinear differential equations admitting some Lie transformation group G
the realization of the group was fixed a priory. As a result, only particular classes
of partial differential equations invariant with respect to a prescribed group G were
obtained. One of the possible reasons for this is that the problem of describing inequi-
valent realizations of a given Lie transformation group reduces to constructing general
solution of some over-determined system of nonlinear partial differential equations (in
contrast to the case of the classical matrix representation theory where one has to
solve nonlinear matrix equations).
We recall that given a fixed realization of a Lie transformation group G, the

problem of describing partial differential equations invariant under the group G is
reduced with the help of the infinitesimal Lie method to integrating some over-
determined linear system of partial differential equations (called determining equa-
tions) [4–7]. However, to solve the problem of constructing all differential equations
admitting the transformation group G whose realization is not fixed a priori one has

• to construct all inequivalent (in some sense) realizations of the Lie transforma-
tion group G,

• to solve the determining equations for each realization obtained.
And what is more, the first problem, in contrast to the second one, reduces to solving
nonlinear systems of partial differential equations. In this respect one should men-
tion the Lie’s classification of integrable ordinary differential equations based on his

Commun. Math. Phys., 2000, 212, P. 535–556.



296 R.Z. Zhdanov, V.I. Lahno, W.I. Fushchych

classification of complex Lie algebras of first-order differential operators in one and
two variables [8]. However, it seems impossible to give an exhaustive description of
all Lie algebras of first-order differential operators. Till now there is no complete
classification of them even for the case of first-order differential operators in three
variables, though a partial classification was obtained by Lie a century ago [8].
The classification problem is substantially simplified if we are looking for inequi-

valent realizations of a specific Lie algebra. It has been completely solved by Ri-
deau and Winternitz [9], Zhdanov and Fushchych [10] for the generalized Galilei
(Schrödinger) group G2(1, 1) acting in the space of two dependent and two inde-
pendent variables.
Yehorchenko [11] and Fushchych, Tsyfra and Boyko [12] have constructed new

(nonlinear) realizations of the Poincaré groups P (1, 2) and P (1, 3), correspondingly
(see also [13, 14]). Some new realizations of the Galilei group G(1, 3) were suggested in
[15]. A complete description of covariant realizations of the conformal group C(n,m)
in the space of n + m independent and one dependent variables was obtained by
Fushchych, Zhdanov and Lahno [16, 17] (see, also [18]). It has been established,
in particular, that any covariant realization of the Poincaré group P (n,m) with
max{n,m} ≥ 3 in the case of one dependent variable is equivalent to the standard
realization. But given the condition max{n,m} < 3, there exist essentially new reali-
zations of the corresponding Poincaré groups.
The present paper is devoted mainly to classification of inequivalent realizations of

the Euclid group E(3), which is a semi-direct product of the three-parameter rotation
group O(3) and of the three-parameter Abelian translation group T (3), acting in the
space of three independent (x1, x2, x3) and n ∈ N dependent (u1, . . . , un) variables.
Being a subgroup of such fundamental groups as the Poincaré and Galilei groups, the
Euclid group plays an exceptional role in modern mathematical and theoretical physi-
cs, since it is admitted both by equations of relativistic and non-relativistic theories.
In particular, group E(3) is an invariance group of the Klein–Gordon–Fock, Maxwell,
heat, Schrödinger, Dirac, Weyl, Navier–Stokes, Lamé and Yang–Mills equations.
The paper is organized as follows. The second section contains the necessary notati-

ons, conventions and definitions used throughout the paper. In the third section we
give an exhaustive classification of inequivalent realizations of the Lie algebra of the
rotation group O(3) within the class of first-order differential operators. The fourth
section is devoted to description of covariant realizations of the Euclid algebra AE(3).
We give a complete classification of them and, furthermore, demonstrate how to reduce
the realizations of AE(3) realized on the sets of solutions of the Navier–Stokes, Lamè,
Weyl, Maxwell and Dirac equations to one of the two canonical forms. In the forth
section the results obtained are applied to describe covariant realizations of the Lie
algebra of the generalized Euclid group AE(4).

2 Basic notations and definitions

It is a common knowledge that investigation of realizations of a Lie transformation
group G is reduced to study of realizations of its Lie algebra AG whose basis elements
are the first-order differential operators (Lie vector fields) of the form

Q = ξα(x, u)∂xα
+ ηi(x, u)∂ui

, (1)
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where ξα, ηi are some real-valued smooth functions of x = (x1, x2, . . . , xm) ∈ R
m

and u = (u1, u2, . . . , un) ∈ R
n, ∂xα

= ∂
∂xα
, ∂ui

= ∂
∂ui
, α = 1, 2, . . . ,m, i = 1, 2, . . . , n.

Hereafter, a summation over the repeated indices is understood.
In the above formulae we have two “sorts” of variables. The variables x1, x2, . . . , xm

and u1, u2, . . . , un will be referred to as independent and dependent variables, respecti-
vely. The difference between these becomes essential when we consider AG as an
invariance algebra of some system of partial differential equations for u1(x), . . . , un(x).
Due to properties of the corresponding Lie transformation group G basis operators

Qa, a = 1, . . . , N of a Lie algebra AG satisfy commutation relations

[Qa, Qb] = CcabQc, a, b = 1, . . . , N, (2)

where [Qa, Qb] ≡ QaQb −QbQa is the commutator.
In (2) Ccab = const ∈ R are structure constants which determine uniquely the

Lie algebra AG. A fixed set of Lie vector fields (LVFs) Qa satisfying (2) is called
a realization of the Lie algebra AG.
Thus the problem of description of all realizations of a given Lie algebra AG

reduces to solving the relations (2) with some fixed structure constants Ccab within
the class of LVFs (1).
It is easy to check that the relations (2) are not altered with an arbitrary invertible

transformation of variables x, u

yα = fα(x, u), α = 1, . . . ,m,
vi = gi(x, u), i = 1, . . . , n,

(3)

where fα, gi are smooth functions. That is why we can introduce on the set of reali-
zations of a Lie algebra AG the following relation: two realizations 〈Q1, . . ., QN 〉
and 〈Q′

1, . . . , Q
′
N 〉 are called equivalent if they are transformed one into another by

means of an invertible transformation (3). As invertible transformations of the form
(3) form a group (called diffeomorphism group), the relation above is an equivalence
relation. It divides the set of all realizations of a Lie algebra AG into equivalence
classes A1, . . . , Ar. Consequently, to describe all possible realizations of AG it suffices
to construct one representative of each equivalence class Aj , j = 1, . . . , r.

Definition 1. First-order linearly-independent differential operators

Pa = ξ
(1)
ab (x, u)∂xb

+ η
(1)
ai (x, u)∂ui

,

Ja = ξ
(2)
ab (x, u)∂xb

+ η
(2)
ai (x, u)∂ui

,
(4)

where the indices a, b take the values 1, 2, 3 and the index i takes the values 1, 2, . . . , n,
form a realization of the Euclid algebra AE(3) provided the following commutation
relations are fulfilled:

[Pa, Pb] = 0, (5)

[Ja, Pb] = εabcPc, (6)

[Ja, Jb] = εabcJc, (7)
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where

εabc =


1, (abc) = cycle (123),

−1, (abc) = cycle (213),
0, in the remaining cases.

Definition 2. Realization of the Euclid algebra within the class of LVFs (4) is called
covariant if coefficients of the basis elements Pa satisfy the following condition:

rank

∥∥∥∥∥∥∥
ξ
(1)
11 ξ

(1)
12 ξ

(1)
13 η

(1)
11 . . . η

(1)
1n

ξ
(1)
21 ξ

(1)
22 ξ

(1)
23 η

(1)
21 . . . η

(1)
2n

ξ
(1)
31 ξ

(1)
32 ξ

(1)
33 η

(1)
31 . . . η

(1)
3n

∥∥∥∥∥∥∥ = 3. (8)

3 Realizations of the Lie algebra
of the rotation group O(3)

It is well-known from the classical representation theory that there are infinitely many
inequivalent matrix representations of the Lie algebra of the rotation group O(3) [1].
A natural equivalence relation on the set of matrix representations of AO(3) is defined
as follows

Ja → V JaV
−1

with an arbitrary constant nonsingular matrix V . If we represent the matrices Ja as
the first-order differential operators (see, e.g. [7])

Ja = −{Jau}α∂uα
, (9)

where u is a vector-column of the corresponding dimension, then the above equivalence
relation means that the representations of the algebra AO(3) are looked within the
class of LVFs (9) up to invertible linear transformations

u → v = V u.

It is proved below that provided realizations of AO(3) are classified within arbitrary
invertible transformations of variables

vi = Fi(u), i = 1, . . . , n, (10)

there are only two inequivalent realizations.

Theorem 1. Let first-order differential operators

Ja = ηai(u)∂ui
, a = 1, 2, 3 (11)

satisfy the commutation relations of the Lie algebra of the rotation group O(3) (7).
Then either all of them are equal to zero, i.e.

Ja = 0, a = 1, 2, 3 (12)
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or there exists a transformation (10) reducing these operators to one of the following
forms:

1. J1 = − sinu1 tanu2∂u1 − cosu1∂u2 ,

J2 = − cosu1 tanu2∂u1 + sinu1∂u2 ,

J3 = ∂u1 ;
(13)

2. J1 = − sinu1 tanu2∂u1 − cosu1∂u2 + sinu1 secu2∂u3 ,

J2 = − cosu1 tanu2∂u1 + sinu1∂u2 + cosu1 secu2∂u3 ,

J3 = ∂u1 .

(14)

Proof. If at least one of the operators Ja (say J3) is equal to zero, then due to the
commutation relations (7) two other operators J2, J3 are also equal to zero and we
arrive at the formulae (12).
Let J3 be a non-zero operator. Then, using a transformation (10) we can always

reduce the operator J3 to the form J3 = ∂v1 (we should write J ′
3 but to simplify

the notations we omit hereafter the primes). Next, from the commutation relations
[J3,J1] = J2, [J3,J2] = −J1 it follows that coefficients of the operators J1, J2 satisfy
the system of ordinary differential equations with respect to v1,

η2iv1 = η3i, η3iv1 = −η2i. i = 1, . . . , n.

Solving the above system yields

η2i = fi cos v1 + gi sin v1, η3i = gi cos v1 − fi sin v1, (15)

where fi, gi are arbitrary smooth functions of v2, . . . , vn, i = 1, . . . , n.
Case 1. fj = gj = 0, j ≥ 2. In this case operators J1, J2 read

J1 = f cos v1∂v1 , J2 = −f sin v1∂v1

with an arbitrary smooth function f = f(v2, . . . , vn).
Inserting the above expressions into the remaining commutation relation [J1,J2] =

J3 and computing the commutator on the left-hand side we arrive at the equality
f2 = −1 which can not be satisfied by a real-valued function.

Case 2. Not all fj , gj , j ≥ 2 are equal to 0. Making a change of variables

w1 = v1 + V (v2, . . . , vn), wj = vj , j = 2, . . . , n

we transform operators Ja, a = 1, 2, 3 with coefficients (15) as follows

J1 = f̃ sinw1∂w1 +
n∑
j=2

(f̃j cosw1 + g̃j sinw1)∂wj
,

J2 = f̃ cosw1∂w1 +
n∑
j=2

(g̃j cosw1 − f̃j sinw1)∂wj
,

J3 = ∂w1 .

(16)

Here f̃ , f̃j , g̃j are some functions of w2, . . . , wn.
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Subcase 2.1. Not all f̃j are equal to 0. Making a transformation

z1 = w1, zj = Wj(w2, . . . , wn), j = 2, . . . , n,

where W2 is a particular solution of partial differential equation
n∑
j=2

f̃j∂wj
W2 = 1

and W3, . . . ,Wn are functionally-independent first integrals of partial differential
equation

n∑
j=2

f̃j∂wj
W = 0,

we reduce the operators (16) to be

J1 = F sin z1∂z1 + cos z1∂z2 +
n∑
j=2

Gj sin z1∂zj
,

J2 = F cos z1∂z1 − sin z1∂z2 +
n∑
j=2

Gj cos z1∂wj
,

J3 = ∂z1 .

(17)

Substituting operators (17) into the commutation relation [J1,J2] = J3 and
equating coefficients of the linearly-independent operators ∂z1 , . . . , ∂zn

we arrive at
the following system of partial differential equations for the functions F,G2, . . . , Gn:

Fz2 − F 2 = 1, Gjz2 − FGj = 0, j = 2, . . . , n.

Integrating the above equations yields

F = tan(z2 + c1), Gj =
cj

cos(z2 + c1)
,

where c1, . . . , cn are arbitrary smooth functions of z3, . . . , zn, j = 2, . . . , n.
Changing, if necessary, z2 by z2 +c1(z3, . . . , zn) we may put c1 equal to zero. Next,

making a transformation

ya = za, a = 1, 2, 3,
yk = Zk(z3, . . . , zn), k = 4, . . . , n,

where Zk are functionally-independent first integrals of partial differential equation
n∑
j=3

Gj∂zj
Z = 0,

we can put Gk = 0, k = 4, . . . , n.
With these remarks the operators (17) take the form

J1 = sin y1 tan y2∂y1 + cos y1∂y2 +
sin y1
cos y2

(f∂y2 + g∂y3),

J2 = cos y1 tan y2∂y1 − sin y1∂y2 +
cos y1
cos y2

(f∂y2 + g∂y3),

J3 = ∂y1 ,

(18)

where f , g are arbitrary smooth functions of y3, . . . , yn.
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If g ≡ 0, then making a transformation

ũ1 = y1 − arctan
f

cos y2
, ũ2 = − arctan

sin y2√
cos2 y2 + f2

, ũk = yk,

where k = 3, . . . , n, we reduce the operators (18) to the form (13).
If in (18) g �≡ 0, then changing y3 to ỹ3 =

∫
g−1dy3 and y2 to ỹ2 = −y2 we

transform the above operators to become

J1 = − sin ỹ1 tan ỹ2∂ỹ1 −
(

cos ỹ1 − α
sin ỹ1
cos ỹ2

)
∂ỹ2 +

sin ỹ1
cos ỹ2

∂ỹ3 ,

J2 = − cos ỹ1 tan ỹ2∂ỹ1 +
(

sin ỹ1 + α
cos ỹ1
cos ỹ2

)
∂ỹ2 +

cos ỹ1
cos ỹ2

∂ỹ3 ,

J3 = ∂ỹ1 .

(19)

Here α is an arbitrary smooth function of ỹ3, . . . , ỹn.
Finally, making the transformation

ũ1 = ỹ1 + f, ũ2
2 = g, ũ3 = h, ũk = ỹk,

where k = 3, . . . , n and f(ỹ2, . . . , ỹn), g(ỹ2, . . . , ỹn), h(ỹ2, . . . , ỹn) satisfy the compa-
tible over-determined system of nonlinear partial differential equations

fỹ2 = sin f tan g, fỹ3 = sin ỹ2 − α sin f tan g − cos ỹ2 cos f tan g,
gỹ2 = cos f, gỹ3 = sin f cos ỹ2 − α cos f,
hỹ2 = − sin f sec g, hỹ3 = (cos f cos ỹ2 + α sin f) sec g,

reduces operators (19) to the form (14).
Subcase 2.2. fj = 0, j = 2, . . . , n. Substituting the operators (16) under fj = 0

into the commutation relation [J1,J2] = J3 and equating coefficients of the linearly-
independent operators ∂z1 , . . . , ∂zn

yield system of algebraic equations

−f2 = 1, fgj = 0, j = 2, . . . , n.

As the function f is a real-valued one, the system obtained is inconsistent.
Thus we have proved that the formulae (13)–(12) give all possible inequivalent

realizations of the Lie algebra (7) within the class of first-order differential opera-
tors (11). The theorem is proved.

If we realize the rotation group as the group of transformations of the space of
spherical functions, then the basis elements of its Lie algebra are exactly of the form
(13) [1]. Hence it follows that the realization space V of the Lie algebra (13) is a di-
rect sum of subspaces V2l+1 of spherical functions of the order l. Furthermore, if we
consider O(3) as the group of transformations of the space of generalized spherical
functions [1], then the operators (14) are the basis elements of the corresponding Lie
algebra.
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4 Realizations of the algebra AE(3)

First we will prove an auxiliary assertion giving inequivalent realizations of Lie algeb-
ras of the translation T (3) group within the class of LVFs.
Lemma 1. Let mutually commuting LVFs

Pa = ξ
(1)
ab (x, u)∂xb

+ η
(1)
ai (x, u)∂ui

,

where a, b = 1, . . . , N , satisfy the relation

rank

∥∥∥∥∥∥∥∥
ξ
(1)
11 . . . ξ

(1)
1N η

(1)
11 . . . η

(1)
1n

...
...

...
...

...
...

ξ
(1)
N1 . . . ξ

(1)
NN η

(1)
N1 . . . η

(1)
Nn

∥∥∥∥∥∥∥∥ = N. (20)

Then there exists a transformation of the form (3) reducing operators Pa to become
P ′
a = ∂ya

, a = 1, . . . , N .
Proof. To avoid unessential technicalities we will give the detailed proof of the lemma
for the case N = 3.
Given a condition N = 3, relation (20) reduces to the form (8). Due to the latter

Pa �= 0 for all a = 1, 2, 3. It is well-known that a non-zero operator

P1 = ξ
(1)
1b (x, u)∂xb

+ η
(1)
1i (x, u)∂ui

can always be reduced to the form P ′
1 = ∂y1 by a transformation (3) with m = 3.

If we denote by P ′
2, P ′

3 the operators P2, P3 written in the new variables y, v, then
owing to the commutation relations (5) they commute with the operator P ′

1 = ∂y1 .
Hence, we conclude that their coefficients are independent of y1.
Furthermore due to the condition (8) at least one of the coefficients ξ′(1)22 , ξ

′(1)
23 ,

η
′(1)
21 , . . ., η

′(1)
2n of the operator P ′

2 is not equal to zero.
Summing up, we conclude that the operator P ′

2 is of the form

P ′
2 = ξ

′(1)
2b (y2, y3, v)∂yb

+ η
′(1)
2i (y2, y3, v)∂vi

�= 0,

not all the functions ξ′(1)22 , ξ
′(1)
23 , η

′(1)
21 , . . ., η

′(1)
2n being identically equal to zero.

Making a transformation

z1 = y1 + F (y2, y3, v),
z2 = G(y2, y3, v),
z3 = ω0(y2, y3, v),
wi = ωi(y2, y3, v), i = 1, . . . , n,

(21)

where the functions F , G are particular solutions of differential equations

ξ
′(1)
22 (y2, y3, v)Fy2 + ξ

′(1)
22 (y2, y3, v)Fy3 + η

′(1)
2i (y2, y3, v)Fui

+ ξ
′(1)
21 (y2, y3, v) = 0,

ξ
′(1)
22 (y2, y3, v)Gy2 + ξ

′(1)
22 (y2, y3, v)Gy3 + η

′(1)
2i (y2, y3, v)Gui

= 1

and ω0, ω1, . . . , ωn are functionally-independent first integrals of the Euler–Lagrange
system

dy2

ξ
′(1)
22

=
dy3

ξ
′(1)
23

=
dv1

η
′(1)
21

= · · · =
dvn

η
′(1)
2n

,
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which has exactly n+1 functionally-independent integrals, we reduce the operator P ′
2

to the form P ′′
2 = ∂z2 . It is easy to check that the transformation (21) does not alter

form of the operator P ′
1. Being rewritten in the new variables z, w it reads P ′′

1 = ∂z1 .
As the right-hand sides of (21) are functionally-independent by construction, the

transformation (21) is invertible. Consequently, operators Pa are equivalent to opera-
tors P ′′

a , where P ′′
1 = ∂z1 , P ′′

2 = ∂z2 and

P ′′
3 = ξ

′′(1)
3b (z3, w)∂yb

+ η
′′(1)
3i (z3, w)∂vi

�= 0.

(Coefficients of the above operator are independent of z1, z2 because of the fact that
it commutes with the operators P ′′

1 , P ′′
2 .) And what is more, due to (8) at least one

of the coefficients ξ′′(1)33 , η′′(1)31 , . . ., η′′(1)3i of the operator P ′′
3 is not identically equal to

zero.
Making a transformation

Z1 = z1 + F (z3, w),
Z2 = z2 +G(z3, w),
Z3 = H(z3, w),
Wi = Ωi(z3, w), i = 1, . . . , n,

where F , G, H are particular solutions of partial differential equations

ξ
′′(1)
33 (z3, w)Fz3 + η

′′(1)
3i (z3, w)Fwi

= −ξ′′(1)31 (z3, w),

ξ
′′(1)
33 (z3, w)Gz3 + η

′′(1)
3i (z3, w)Gwi

= −ξ′′(1)32 (z3, w),

ξ
′′(1)
33 (z3, w)Hz3 + η

′′(1)
3i (z3, w)Hwi

= 1,

and Ω1, . . . ,Ωn are functionally-independent first integrals of the Euler–Lagrange
system

dz3

ξ
′′(1)
33

=
dw1

η
′′(1)
31

= · · · =
dwn

η
′′(1)
3n

,

we reduce the operators P ′′
a , a = 1, 2, 3 to the form P ′′′

a = ∂Za
, a = 1, 2, 3, the same

as what was to be proved.
Note 1. In the papers [9, 17] mentioned above a classification of realizations of the
groups G2(1, 1), C(n,m) was carried out under assumption that mutually commuting
LVFs

Qa = ξaα(x)∂xα
, a = 1, . . . , N

can be simultaneously reduced by the map

yα = fα(x), α = 1, . . . , n (22)

to the form Q′
a = ∂ya

.
It is not difficult to become convinced of the fact that this is possible if and only

if the condition

rank ‖ξaα‖N n
a=1α=1 = N (23)

holds.
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The sufficiency of the above statement is a consequence of Lemma 1. The necessi-
ty follows from the fact that function-rows of coefficients of operators Q′

1, . . . , Q
′
N

transformed according to formulae (22) are obtained by multiplying function-rows of
coefficients of the operators Q1, . . . , QN by a Jacobi matrix of the map (22), i.e.

ξ′aα = ξaβfαxβ
, a = 1, . . . , N, α = 1, . . . , n

which leaves the relation (23) invariant.
Consequently, in [9, 17] only covariant realizations of the corresponding Lie algeb-

ras were considered, which, generally speaking, do not exhaust a set of all possible
realizations.
Now we can prove a principal theorem giving a description of all inequivalent

covariant realizations of the Euclid algebra AE(3).

Theorem 2. Any covariant realization of the algebra AE(3) within the class of first-
order differential operators is equivalent to one of the following realizations:

1. Pa = ∂xa
, Ja = −εabcxb∂xc

, a = 1, 2, 3; (24)

2. Pa = ∂xa
, a = 1, 2, 3,

J1 = −x2∂x3 + x3∂x2 + f∂x1 − fu2 sinu1∂x3 −
− sinu1 tanu2∂u1 − cosu1∂u2 ,

J2 = −x3∂x1 + x1∂x3 + f∂x2 − fu2 cosu1∂x3 −
− cosu1 tanu2∂u1 + sinu1∂u2 ,

J3 = −x1∂x2 + x2∂x1 + ∂u1 ;

(25)

3. Pa = ∂xa
, a = 1, 2, 3,

J1 = −x2∂x3 + x3∂x2 + g∂x1 − (sinu1gu2 + cosu1 secu2gu3)∂x3 −
− sinu1 tanu2∂u1 − cosu1∂u2 + sinu1 secu2∂u3 ,

J2 = −x3∂x1 + x1∂x3 + g∂x2 − (cosu1gu2 − sinu1 secu2gu3)∂x3 −
− cosu1 tanu2∂u1 + sinu1∂u2 + cosu1 secu2∂u3 ,

J3 = −x1∂x2 + x2∂x1 + ∂u1 .

(26)

Here f = f(u2, . . . , un) is given by the formula

f = α sinu2 + β

(
sinu2 ln

sinu2 + 1
cosu2

− 1
)
, (27)

α, β are arbitrary smooth functions of u3, . . . , un and g = g(u2, . . . , un) is a solution
of the following linear partial differential equation:

cos2 u2 gu2u2 + gu3u3 − sinu2 cosu2 gu2 + 2 cos2 u2 g = 0. (28)

Proof. Due to Lemma 1 operators Pa can always be reduced to the form Pa = ∂xa

by means of a properly chosen transformation (3). Inserting the operators

Pa = ∂xa
, Ja = ξab(x, u)∂xb

+ ηai(x, u)∂ui
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into the commutation relations (6) and equating the coefficients of the linearly-
independent operators ∂x1 , ∂x2 , ∂x3 , ∂u1 , . . . , ∂un

we arrive at the system of partial
differential equations for the functions ξab(x, u), ηai(x, u),

ξacxb
= −εabc, ηaixb

= 0, a, b, c = 1, 2, 3, i = 1 . . . , n.

Integrating the above system we conclude that the operators Ja have the form

Ja = −εabcxb∂xc
+ jab(u)∂xb

+ η̃ai(u)∂ui
, a = 1, 2, 3, (29)

where jab, η̃ab are arbitrary smooth functions.
Inserting (29) into the commutation relations (7) and equating coefficients of

∂u1 , . . . , ∂un
show that the operators Ja = η̃ai∂ui

, a = 1, 2, 3 have to fulfill (7) with
Ja → Ja. Hence, taking into account Theorem 1 we conclude that any covariant
realization of the algebra AE(3) is equivalent to the following one:

Pa = ∂xa
, Ja = −εabcxb∂xc

+ jab(u)∂xb
+ Ja, a = 1, 2, 3, (30)

operators Ja being given by one of the formulae (12)–(14).
Making a transformation

ya = xa + Fa(u), vi = ui, a = 1, 2, 3, i = 1, . . . , n,

we reduce operators Ja from (30) to be

J1 = −y2∂y3 + y3∂y2 +A∂y1 +B∂y2 + C∂y3 + J1,

J2 = −y3∂y1 + y1∂y3 + F∂y2 +G∂y3 + J2,

J3 = −y1∂y2 + y2∂y1 +H∂y3 + J3,

(31)

where A, B, C, F , G, H are arbitrary smooth functions of v1, . . . , vn.
Substituting the operators (31) into (7) and equating coefficients of linearly-inde-

pendent operators ∂y1 , ∂y2 , ∂y3 , ∂v1 , . . . , ∂vn
result in the following system of partial

differential equations:

1) J2A = −C, 6) J3C − J1H = G,

2) J3F = −B, 7) J1G− J2C = H −A− F,

3) J3A = B, 8) J3B = F −A−H,

4) J1F − J2B = G, 9) A− F −H = 0.
5) J2H − J3G = C,

(32)

Case 1. All operators J1, J2, J3 are equal to zero. Then, (32) reduces to the
system of linear algebraic equations

B = C = G = 0, H −A− F = 0, F −A−H = 0, A− F −H = 0,

whence it follows immediately that A = F = G = 0. Substituting the above results
into formulae (31) we arrive at the realization (24).

Case 2. Suppose now that not all operators J1, J2, J3 vanish. Then, they are given
either by formulae (13) or (14), where one should replace u1, . . . , un by v1, . . . , vn. As
for the both cases J3 = ∂v1 , a subsystem of equations 2, 3, 8, 9 forms a system of



306 R.Z. Zhdanov, V.I. Lahno, W.I. Fushchych

linear ordinary differential equations for functions A, B, F , H with respect to v1.
Integrating it we have

A = B0 +B1 sin 2v1 −B2 cos 2v1, B = 2B1 cos 2v1 + 2B2 sin 2v1,
F = B0 +B2 cos 2v1 −B1 sin 2v1, H = 2B1 sin 2v1 − 2B2 cos 2v1,

(33)

where B0, B1, B2 are arbitrary smooth functions of v2, . . . , vn.
Subcase 2.1. Let the operators J1, J2, J3 be of the form (13). Then, making

a transformation

z1 = y1 +R1 cos v1 +R2 sin v1,
z2 = y2 +R2 cos v1 −R1 sin v1,

z3 = y3 +
1
2
(R2v2 + tan v2R2) cos 2v1 − 1

2
(R1v2 + tan v2R1) sin 2v1 +

+
1
2
(tan v2R2 −R2v2),

where the functions R1, R2 are solutions of the system of partial differential equations

R1v2 +
1
2

tan v2R1 = −2B2, R2v2 +
1
2

tan v2R2 = 2B1,

we reduce the operators (31) with A, B, F , H given by (33) to the form

J1 = −z2∂z3 + z3∂z2 + Ã∂z1 + C̃∂z3 + J1,

J2 = −z3∂z1 + z1∂z3 + Ã∂z2 + G̃∂z3 + J2,

J3 = −z1∂z2 + z2∂z1 + J3.

(34)

Here Ã, C̃, G̃ are arbitrary smooth functions of v1, . . . , vn, and what is more, Ã does
not depend on v1.
Given such a form of operators Ja, system (32) reduces to three differential equa-

tions

J2Ã = −C̃, J1Ã = G̃, J1G̃− J2C̃ = −2Ã. (35)

Inserting expressions for the operators J1, J2 from (13) into the first two equations
we have

C̃ = − sin v1Ãv2 , G̃ = − cos v1Ãv2 .

Substituting the above formulae into the third equation of the system (35) we
conclude that it is equivalent to the differential equation

Ãv2v2 − tan v2Ãv2 + 2Ã = 0,

whose general solution is given by (27). At last, inserting the results obtained into
(34) we get the formulae (25).

Subcase 2.2. Let the operators J1, J2, J3 be of the form (14). Then, making
a transformation

z1 = y1 +R1 cos v1 +R2 sin v1,
z2 = y2 +R2 cos v1 −R1 sin v1,
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z3 = y3 +
1
2

(R2v2 − sec v2R1v3 + tan v2R2) cos 2v1 −

− 1
2
(R1v2 + sec v2R2v3 + tan v2R1) sin 2v1 +

+
1
2
(tan v2R2 − sec v2R1v3 −R2v2),

where the functions R1, R2 are solutions of the system of partial differential equations

2B1 = R2v2 − sec v2R1v3 + tan v2R2,

2B2 = −R1v2 − sec v2R2v3 − tan v2R1,

we reduce the operators (31) with A, B, F , H given by (33) to the form (34), where
Ã, C̃, G̃ are arbitrary smooth functions, and what is more, Ã does not depend on v1.
Given such a form of the operators Ja, system (32) reduces to three differential

equations (35). Inserting expressions for the operators J1, J2 from (13) into the first
two equations of (35) we have

C̃ = − cos v1Ãv2 + sin v1 sec v2Ãv3 ,

G̃ = − sin v1Av2 − cos v1 sec v2Ãv3 .
(36)

Substituting the above formulae into the third equation of (35) after some algebra
we arrive at the conclusion that it is equivalent to equation (28). Inserting (36) into
(34) yields formulae (26).
Thus we have proved that if LVFs Pa, Ja realize a covariant realization of the

Euclid algebra AE(3), then they can be reduced to one of the forms (24)–(26) by
means of an invertible transformation (3). The theorem is proved.
While proving Theorem 1, we have established, in particular, that any realization

of the Euclid algebra satisfying the condition (8) can be transformed to become

Pa = ∂xa
, Ja = −εabcxb∂xc

+ jab(u)∂xb
+ η̃ai(u)∂ui

, a = 1, 2, 3.

If we choose in the above formulae

jab(u) = 0, ηai(u) = −Λaijuj , a, b = 1, 2, 3, i = 1, . . . , n,

where Λaij = const, then the following realization

Pa = ∂xa
, Ja = −εabcxb∂xc

+ Ja, a = 1, 2, 3 (37)

with Ja = −Λaijuj∂ui
is obtained.

A realization of the Euclid algebra with generators of the form (37) is called in the
classical linear representation theory a covariant realization. That is why it is natural
to preserve for a realization of the algebra AE(3) within the class of LVFs obeying
(8) the same terminology.
As an illustration to Theorem 2 we will demonstrate how to reduce realizations of

the Euclid algebras realized on sets of solutions of the heat, wave, Laplace, Navier–
Stokes, Lamè, Weyl, Dirac and Maxwell equations to one of the three canonical forms
(24)–(26). First of all, we note that the realization (24) is exactly the one realized
on the sets of solutions of the linear and nonlinear heat (Schrödinger), wave, Laplace
equations.
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Symmetry algebras of the Navier–Stokes and Lamè equations contain as a subal-
gebra the Euclid algebra having basis elements (37), where (see, e.g. [6])

Ja = −εabc vb∂vc
, a = 1, 2, 3. (38)

The change of variables

v1 = u3 sinu1 cosu2, v2 = u3 cosu1 cosu2, v3 = u3 sinu2

reduce these LVFs to the form (25) with f = 0.
Next, if we consider the Weyl equation as the system of four real equations for

four real-valued functions v1, v2, w1, w2, then on the set of its solutions realization
(37) of the algebra AE(3) is realized, where [3, 7]

J1 =
1
2
(w2∂v1 − v1∂w2 + w1∂v2 − v2∂w1),

J2 =
1
2
(v2∂v1 − v1∂v2 + w2∂w1 − w1∂w2),

J3 =
1
2
(w1∂v1 − v1∂w1 + v2∂w2 − w2∂v2).

(39)

Making the change of variables

v1 = u4

(
sin

u1

2
sin

u2

2
cos

u3

2
+ cos

u1

2
cos

u2

2
sin

u3

2

)
,

v2 = u4

(
cos

u1

2
cos

u2

2
cos

u3

2
− sin

u1

2
sin

u2

2
sin

u3

2

)
,

w1 = u4

(
cos

u1

2
sin

u2

2
cos

u3

2
− sin

u1

2
cos

u2

2
sin

u3

2

)
,

w2 = u4

(
sin

u1

2
cos

u2

2
cos

u3

2
+ cos

u1

2
sin

u2

2
sin

u3

2

)
reduces the above LVFs to the form (26) with g = 0.
On the solution set of the Maxwell equations the realization of the Euclid algebra

(37), where

Ja = −εabc (Eb∂Ec
+Hb∂Hc

) , a = 1, 2, 3,

is realized [19].
This realization is reduced to the form (26) under g = 0 with the help of the

change of variables

E1 = u6 sinu1 cosu2,

E2 = u6 cosu1 cosu2,

E3 = u6 sinu2,

H1 = u4(cosu1 sinu3 + sinu1 sinu2 cosu3) + u5 sinu1 cosu2,

H2 = u4(cosu1 sinu2 cosu3 − sinu1 sinu3) + u5 cosu1 cosu2,

H3 = −u4 cosu2 cosu3 + u5 sinu2.

Taking the Dirac matrices γµ in the Majorana representation we can represent the
Dirac equation as the system of eight real equations for eight real-valued functions
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ψ0
1 , . . . , ψ

3
1 , ψ0

2 , . . . , ψ
3
2 (for details, see e.g. [7]). With this choice of γ-matrices, on the

set of solutions of the Dirac equation realization of the Euclid algebra (37) with

J1 = −1
2
(
ψ3

1∂ψ0
1
+ ψ2

1∂ψ1
1
− ψ1

1∂ψ2
1
− ψ0

1∂ψ3
1
+ ψ3

2∂ψ0
2

+ ψ2
2∂ψ1

2
− ψ1

2∂ψ2
2
− ψ0

2∂ψ3
2

)
,

J2 =
1
2
(− ψ2

1∂ψ0
1
+ ψ3

1∂ψ1
1
+ ψ0

1∂ψ2
1
− ψ1

1∂ψ3
1
− ψ2

2∂ψ0
2
+ ψ3

2∂ψ1
2
+ ψ0

2∂ψ2
2
− ψ1

2∂ψ3
2

)
,

J3 = −1
2
(
ψ1

1∂ψ0
1
− ψ0

1∂ψ1
1
+ ψ3

1∂ψ2
1
− ψ2

1∂ψ3
1
+ ψ1

2∂ψ0
2
− ψ0

2∂ψ1
2
+ ψ3

2∂ψ2
2
− ψ2

2∂ψ3
2

)
is realized on the set of solutions of the Dirac equation.
Making the change of variables

ψ0
1 = u4

(
cos

u1

2
cos

u2

2
sin

u3

2
+ sin

u1

2
sin

u2

2
cos

u3

2

)
,

ψ1
1 = u4

(
sin

u1

2
cos

u2

2
sin

u3

2
− cos

u1

2
sin

u2

2
cos

u3

2

)
,

ψ2
1 = −u4

(
cos

u1

2
cos

u2

2
cos

u3

2
− sin

u1

2
sin

u2

2
sin

u3

2

)
,

ψ3
1 = −u4

(
sin

u1

2
cos

u2

2
cos

u3

2
+ cos

u1

2
sin

u2

2
sin

u3

2

)
,

ψ0
2 = u5

(
sin

u1

2
sin

u2

2
sin

u3 + u6

2
− cos

u1

2
cos

u2

2
cos

u3 + u6

2

)
+

+ u7

(
sin

u1

2
cos

u2

2
sin

u3 + u8

2
− cos

u1

2
sin

u2

2
cos

u3 + u8

2

)
,

ψ1
2 = −u5

(
sin

u1

2
cos

u2

2
cos

u3 + u6

2
+ cos

u1

2
sin

u2

2
sin

u3 + u6

2

)
−

− u7

(
sin

u1

2
sin

u2

2
cos

u3 + u8

2
− cos

u1

2
cos

u2

2
sin

u3 + u8

2

)
,

ψ2
2 = −u5

(
cos u1

2 cos u2
2 sin u3+u6

2 + sin u1
2 sin u2

2 cos u3+u6
2

)
+ u7

(
cos

u1

2
sin

u2

2
sin

u3 + u8

2
+ sin

u1

2
cos

u2

2
cos

u3 + u8

2

)
,

ψ3
2 = u5

(
cos

u1

2
sin

u2

2
cos

u3 + u6

2
− sin

u1

2
cos

u2

2
sin

u3 + u6

2

)
−

− u7

(
cos

u1

2
cos

u2

2
cos

u3 + u8

2
− sin

u1

2
sin

u2

2
sin

u3 + u8

2

)
reduces the above realization to the form (26) with g = 0.

5 Covariant realizations of the Lie algebra
of the group E(4)

We recall that the basis elements of the Lie algebra of the Euclid group E(4) fulfill
the following commutation relations:

[Pα, Pβ ] = 0, (40)

[Jµν , Pα] = δµαPν − δναPµ, (41)
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[Jαβ , Jµν ] = δαµJβν + δβνJαµ − δανJβµ − δβµJαν , (42)

where α, β, µ, ν = 1, 2, 3, 4.
Using the results of the previous sections and the fact that the Lie algebra of

the rotation group O(4) is the direct sum of two algebras AO(3) we will obtain
a description of covariant realizations of the Lie algebra (40)–(42) within the class of
LVFs

Pµ = ξµν(x, u)∂xν
+ ηµi(x, u)∂ui

,

Jµν = ξµνα(x, u)∂xα
+ ηµνi(x, u)∂ui

with Jµν = −Jνµ. Here the indices µ, ν, α take the values 1, 2, 3, 4 and the index i
takes the values 1, . . . , n.
As we consider covariant realizations, mutually commuting operators Pµ satisfy

(20) with N = 4. Hence due to Lemma 1 it follows that they can be reduced to the
form Pµ = ∂xµ

, µ = 1, 2, 3, 4. Next, using the commutation relations (41) we establish
that the operators Jµν have the following structure:

Jµν = xν∂xµ
− xµ∂xν

+ fµνα(u)∂xα
+ gµνi(u)∂ui

(43)

with arbitrary sufficiently smooth fµνα, gµνi.
In what follows we will restrict our considerations to the case when in (43) fµνα ≡

0. This means geometrically that the transformation groups generated by the opera-
tors Jµν in the space of independent variables are standard rotations in the planes
(xµ, xν). With this restriction LVFs Jµν take the form

Jµν = xν∂xµ
− xµ∂xν

+ Jµν , (44)

where

Jµν = gµνi(u)∂ui
(45)

and, furthermore, gµνi(u) = −gνµi(u).
Inserting LVFs (44) into (42) we come to conclusion that the operators Jµν satisfy

the commutation relations of the Lie algebra of the rotation group O(4)

[Jαβ , Jµν ] = δαµJβν + δβνJαµ − δανJβµ − δβµJαν . (46)

An exhaustive description of inequivalent realizations of the above Lie algebra
within the class of LVFs (45) is given below. It is based on results of Section 2 and
on the well-known fact that the algebra AO(4) is decomposed into the direct sum of
two algebras AO(3). This is achieved by choosing the basis of AO(4) in the following
way:

J±
a =

1
2

(
1
2
εabcJbc ± Ja4

)
, (47)

where the indices a, b, c take the values 1, 2, 3. Due to (46) LVFs J−
a , J+

a fulfill the
following commutation relations:

[J +
a ,J +

b ] = εabcJ +
c , (48)

[J +
a , J−

b ] = 0, (49)
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[J−
a , J−

b ] = εabcJ−
c , (50)

which is the same as what was required. Now we are ready to formulate an assertion
giving an exhaustive description of LVFs (45) satisfying commutation relations (46)
or, equivalently, (48)–(50).
Theorem 3. Any realization of the Lie algebra AO(4) within the class of LVFs (45)
is given by the formulae (47) and by one of the formulae 1–6 presented below.

1. J +
1 = − sinu1 tanu2∂u1 − cosu1∂u2 ,

J +
2 = − cosu1 tanu2∂u1 + sinu1∂u2 ,

J +
3 = ∂u1 ,

J−
1 = − sinu3 tanu4∂u3 − cosu3∂u4 ,

J−
2 = − cosu3 tanu4∂u3 + sinu3∂u4 ,

J−
3 = ∂u3 ;

2. J +
1 = − sinu1 tanu2∂u1 − cosu1∂u2 ,

J +
2 = − cosu1 tanu2∂u1 + sinu1∂u2 ,

J +
3 = ∂u1 ,

J−
1 = − sinu3 tanu4∂u3 − cosu3∂u4 − sinu3 secu4∂u5 ,

J−
2 = − cosu3 tanu4∂u3 + sinu3∂u4 − cosu3 secu4∂u5 ,

J−
3 = ∂u3 ;

3. J +
1 = − sinu1 tanu2∂u1 − cosu1∂u2 − sinu1 secu2∂u3 ,

J +
2 = − cosu1 tanu2∂u1 + sinu1∂u2 − cosu1 secu2∂u3 ,

J +
3 = ∂u1 ,

J−
1 = secu2 cosu3∂u1 + sinu3∂u2 − tanu2 cosu3∂u3 ,

J−
2 = − secu2 sinu3∂u1 + cosu3∂u2 + tanu2 sinu3∂u3 ,

J−
3 = ∂u3 ;

4. J +
1 = − sinu1 tanu2∂u1 − cosu1∂u2 − sinu1 secu2∂u3 ,

J +
2 = − cosu1 tanu2∂u1 + sinu1∂u2 − cosu1 secu2∂u3 ,

J +
3 = ∂u1 ,

J−
1 = − sinu4 tanu5∂u4 − cosu4∂u5 − sinu4 secu5∂u6 ,

J−
2 = − cosu4 tanu5∂u4 + sinu4∂u5 − cosu4 secu5∂u6 ,

J−
3 = ∂u4 ;

5. J +
1 = − sinu1 tanu2∂u1 − cosu1∂u2 − sinu1 secu2∂u3 ,

J +
2 = − cosu1 tanu2∂u1 + sinu1∂u2 − cosu1 secu2∂u3 ,

J +
3 = ∂u1 ,

J−
1 = k sinu4 secu5∂u3 − sinu4 tanu5∂u4 − cosu4∂u5 ,

J−
2 = k sinu4 secu5∂u3 − cosu4 tanu5∂u4 + sinu4∂u5 ,

J−
3 = ∂u4 ;

6. J +
1 = − sinu1 tanu2∂u1 − cosu1∂u2 − sinu1 secu2∂u3 ,

J +
2 = − cosu1 tanu2∂u1 + sinu1∂u2 − cosu1 secu2∂u3 ,
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J +
3 = ∂u1 ,

J−
1 = u6 sinu4 secu5∂u3 − sinu4 tanu5∂u4 − cosu4∂u5 ,

J−
2 = u6 sinu4 secu5∂u3 − cosu4 tanu5∂u4 + sinu4∂u5 ,

J−
3 = ∂u4 ,

where k = const, k �= 0.
Proof. We will give the principal steps of the proof omitting intermediate computa-
tions.
According to Theorem 1, there are two inequivalent realizations of the algebra

AO(3) with basis elements J +
1 , J +

2 , J +
3

1. J +
1 = − sinu1 tanu2∂u1 − cosu1∂u2 ,

J +
2 = − cosu1 tanu2∂u1 + sinu1∂u2 ,

J +
3 = ∂u1 ;

2. J +
1 = − sinu1 tanu2∂u1 − cosu1∂u2 − sinu1 secu2∂u3 ,

J +
2 = − cosu1 tanu2∂u1 + sinu1∂u2 − cosu1 secu2∂u3 ,

J +
3 = ∂u1 .

(51)

To complete a classification of inequivalent realization of AO(4) we have to find all
triplets of operators J−

1 ,J−
2 ,J−

3 which together with the operators (51) satisfy (49),
(50).
Analyzing the commutation relations (49) we arrive at the following expressions

for operators J−
1 , J−

2 , J−
3 :

1. J−
a =

n∑
i=3

fai(u3, . . . , un)∂ui
,

2. J−
a =

3∑
b=1

fab(u4, . . . , un)Qb +
n∑
i=4

fai(u4, . . . , un)∂ui
,

where fij are arbitrary smooth functions and

Q1 = secu2 cosu3∂u1 + sinu3∂u2 − tanu2 cosu3∂u3 ,

Q2 = − secu2 sinu3∂u1 + cosu3∂u2 + tanu2 sinu3∂u3 ,

Q3 = ∂u3 .

Note that the operators Qa fulfill the commutation relations of the algebra AO(3).
Hence, we conclude that for the case 1 from (51) the operators J−

a are given by
the formulae (51), where one should replace ui by ui+2, correspondingly.
Let us turn now to the second realization of the algebra AO(3) from (51).
Case 1. fai = 0, a = 1, 2, 3, i = 4, . . . , n. In this case we can reduce J−

1 to the
form

J−
1 = r̃(u4, . . . , n)Q1

with the help of equivalence transformation

X → X̃ = VXV−1, V = exp

{
3∑
a=1

FaQa

}
, (52)
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where Fa are some functions of u4, . . . , un. Note that transformation (52) does not
change the form of the operators J +

a , since [J +
a ,Qb] = 0, a, b = 1, 2, 3.

From commutation relations (50) it follows that r̃ = 1 and furthermore J−
2 = Q2,

J−
3 = Q3. Thus we get the following forms of the operators J−

a :

J−
1 = secu2 cosu3∂u1 + sinu3∂u2 − tanu2 cosu3∂u3 ,

J−
2 = − secu2 sinu3∂u1 + cosu3∂u2 + tanu2 sinu3∂u3 ,

J−
3 = ∂u3 .

Case 2. Not all fai vanish. Then the operators J−
1 , J−

2 , J−
3 can be transformed

to become

J−
a = fa(u4, . . . , un)Q1 + ga(u4, . . . , un)Q2 + ha(u4, . . . , un)Q3 + Za,

where a = 1, 2, 3, and

Z1 = − sinu4 tanu5∂u4 − cosu4∂u5 − ε sinu4 secu5∂u6 ,

Z2 = − cosu4 tanu5∂u4 + sinu4∂u5 − ε cosu4 secu5∂u6 ,

Z3 = ∂u4 ,

and ε = 0, 1.
Now using the transformation (52) we reduce the operator J−

3 to the form Z3 =
∂u4 . Next, from commutation relations

[J−
3 ,J−

1 ] = J−
2 , [J−

3 ,J−
2 ] = −J−

1

we get

J−
1 =

3∑
a=1

(Ga cosu4 +Ha sinu4)Qa + Z1,

J−
2 =

3∑
a=1

(Ha cosu4 −Ga sinu4)Qa + Z2,

where Ga, Ha are arbitrary smooth functions of u5, . . . , un.
Making use of the equivalence transformation (52) with Fa being functions of

u5, . . . , un we can cancel coefficients Ga. The remaining commutation relation [J−
1 ,J−

2 ]
= J−

3 yields equations for H1, H2, H3

Hau5 − tanu5Ha = 0,

whence

Ha = H̃a secu5, a = 1, 2, 3,

H̃a being arbitrary functions of u6, . . . , un. Consequently, the operators J−
a read

J−
1 =

3∑
a=1

sinu4 secu5H̃aQa + Z1,

J−
2 =

3∑
a=1

cosu4 secu5H̃aQa + Z2,

J−
3 = Z3.
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If ε = 1, then using the transformation (52) with Fa being functions of u6, . . . , un
we can cancel H̃a, thus getting J−

a = Za, a = 1, 2, 3. If ε = 0, then making use of the
transformation (52) with Fa being functions of u6, . . . , un we can put H̃1 = H̃2 = 0.
Provided H̃3 = 0, we get the realization which is reduced to that given by the

formulae 2 from the statement of the theorem.
Provided H̃3 = const �= 0, we get the formulae 5. At last, if H̃3 �= const, then

performing a proper change of variables we arrive at the realization given by the
formulae 6 from the statement of the theorem. The theorem is proved.
It follows from the above theorem that formulae (47) and 1–6 of the statement of

Theorem 3 give six inequivalent realizations of the Lie algebra of the Euclid group
E(4) having the basis elements Pµ = ∂xµ

and (44), (45). To get all possible realizations
of the algebra in question belonging to the above class it is necessary to add to the
list of realizations of the algebra AO(4) obtained in Theorem 3 the following three
realizations of the operators J−

a , J +
a :

1. J +
1 = − sinu1 tanu2∂u1 − cosu1∂u2 ,

J +
2 = − cosu1 tanu2∂u1 + sinu1∂u2 ,

J +
3 = ∂u1 , J−

a = 0;
2. J +

1 = − sinu1 tanu2∂u1 − cosu1∂u2 − sinu1 secu2∂u3 ,

J +
2 = − cosu1 tanu2∂u1 + sinu1∂u2 − cosu1 secu2∂u3 ,

J +
3 = ∂u1 , J−

a = 0;
3. J +

a = 0, J−
a = 0,

where a = 1, 2, 3. This yields nine inequivalent realizations of the Lie algebra of the
group E(4).
In particular, the basis generators of the Euclid groups realized on the sets of

solutions of the Dirac and self-dual Yang–Mills equations in the Euclidean space R
4

are reduced to such a form that the generators of the rotation groups are given by
(44), (45), Jµν being adduced in the formulae 4 of the statement of Theorem 3.

6 Concluding remarks
Summarizing the results of Sections 3 and 4 yields the following structure of realizati-
ons of the Lie algebra of rotation group by LVFs in n variables:

• If n=1, then there are no realizations.
• As there is no realization of AO(3) by real non-zero 2 × 2 matrices, the only
realization for the case n = 2 is given by (13). Furthermore, this realization is
essentially nonlinear (i.e., it is not equivalent to a realization of the form (9)).

• In the case n = 3 there are two more realizations (38) (which is equivalent to
(13)) and by formula (14). The latter realization is essentially nonlinear.

• Provided n > 3, there is no new realizations of AO(3) and, furthermore, any
realization can be reduced to a linear one (say, to (39)).

An evident (and very important) consequence of Theorem 1 is that there are only
two inequivalent classes of O(3)-invariant partial differential equations of order r.
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They are obtained via differential invariants of the order not higher than r of the Lie
algebras having the basis elements (13), (14). In particular, the Weyl, Maxwell, Dirac
equations are the special cases of the general system of first-order partial differential
equations in n ≥ 8 dependent variables invariant with respect to the algebra (14). We
intend to devote one of our future publications to description of first-order differential
invariants of the Lie algebra of the Euclid group E(3) having the basis elements (13),
(14) and (37). Let us note that this problem has been completely solved provided
basis elements of AE(3) are given by formulae (12) [20].
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